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PACS. 32.10Fn – Fine and hyperfine structure.

Abstract. – We describe the operation of a laser-cooled rubidium 87Rb frequency standard.
We present a new measurement of the 87Rb hyperfine frequency with a 1.3 × 10−14 relative
accuracy, by comparison with a Cs fountain primary standard. The measured 87Rb ground-state
hyperfine splitting is ν87Rb = 6 834 682 610.90429(9) Hz. This value differs from previously
published values (see Essen L., Hope E. G. and Sutcliffe D., Nature, 189 (1961) 298;
Penselin S., Moran T., Cohen W. and Winkler G., Phys. Rev., 127 (1962) 524; Arditi

M. and Cerez P., IEEE Trans. Instrum. Meas., IM-21 (1972) 391) by about 2-3 Hz and is

104 times more accurate. Because of the low collisional shift in 87Rb, future improvements may
lead to a stability of 1× 10−14τ−1/2 and a relative accuracy in the 10−17 range.

The benefits of laser-cooling techniques for trapped ion and neutral atom frequency stan-
dards are now fully demonstrated [1, 2]. The current accuracy of the mercury ion standard
of ref. [2] is 3.4 × 10−15. The accuracy of the LPTF cold-cesium fountain FO1 is presently
2× 10−15, the best value reported so far among all frequency standards [3]. Using a cryogenic
Sapphire microwave resonator [4] as a local oscillator for the fountain, a short-term stabil-
ity of 4 × 10−14τ−1/2 has been measured [5]. This stability is only limited by the atomic
quantum projection noise, inversely proportional to the square root of the number of detected
atoms [5,6]. At this stage, the most severe limitation of cold cesium standards is the collisional
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Fig. 1. – The rubidium fountain. The microwave cavity is 38 cm above the optical molasses and the
detection zones 12 cm below the molasses. The atomic populations NF=1 (and NF=2) in F = 1
(respectively F = 2) are measured by light induced fluorescence.

shift [7,8]. This shift is proportional to the atomic density and hence to the number of atoms
contributing to the signal. In order to obtain a relative frequency stability well below 10−16, it
will be necessary to stabilize the atomic density at the percent level over days, a delicate task.
To reduce this collisional shift, alternate atomic species have been proposed i.e. 135Cs, 137Cs,
85Rb, 87Rb [9]. Among these atoms, the 6.8 GHz hyperfine transition in 87Rb is expected to
have a collisional shift about 15 times smaller [10], or even less [11] than 133Cs at equal density.
Therefore, using Rb instead of Cs in a fountain standard may lead to an order of magnitude
improvement in frequency stability together with an excellent accuracy. In addition, comparing
the hyperfine energies of various alkali atoms over an extended period of time (∼ year) may
constitute a stringent test of a possible drift of the fine-structure constant α [12]. In this paper
we describe the operation of a laser-cooled 87Rb frequency standard and the first frequency
comparison between two cold-atom fountains with an accuracy of 1.3× 10−14.

The principle of our 87Rb fountain is based on the existing BNM-LPTF Cs fountain
described in [1]. A schematic view of the apparatus is shown in fig. 1. About 108 rubidium
atoms are caught in Lin ⊥ Lin optical molasses from a vapor cell at room temperature, at
a pressure of ∼ 10−8Torr in one second. The molasses cloud has a Gaussian shape with a
1/
√
e diameter of ' 11 mm as measured by a CCD camera. Using the moving molasses

technique [13], they are launched upwards in the (1,1,1) direction with respect to the cooling
beams. The launch velocity is 3-4 m/s. The atoms, all in the 5S1/2F = 2 state, pass through
a cylindrical microwave resonator operating in the TE011 mode. The cavity is made of copper
and has a quality factor of '15000. The microwave frequency is generated from an ultra-stable
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Fig. 2. – Ramsey fringes of the rubidium fountain. NF=1 and NF=2 are the number of detected atoms
in the F = 1 and F = 2 hyperfine levels. The transition probability NF=1/(NF=1+NF=2) is plotted as
a function of microwave frequency detuning. In the absence of selection of the F = 2, mF = 0 Zeeman
sublevel before the Ramsey interactions, the transition probability reaches only 0.2 at resonance. One
point per cycle of duration 1.2 second.

quartz oscillator and tuned to the 87Rb ground-state hyperfine transition near 6.8 GHz. The
microwave power is adjusted so that atoms undergo π/2 pulses between the two hyperfine levels
on the way up and on the way down during their parabolic flight. This is the well-known
Ramsey method. The atoms reach apogee 0.3 m above the cavity, corresponding to a 0.5 s
interaction time. After the Ramsey interactions, populations of both hyperfine levels are
measured by the fluorescence induced by two probe beams located 12 and 13.5 cm below
the molasses region and collected onto two low-noise photodiodes. When crossing the upper
(respectively lower) detection beam, atoms in the F = 2 level (respectively F = 1) emit a
pulse of fluorescence light whose area is proportional to the number NF=2 (respectively NF=1)
of cold atoms in F = 2 (respectively F = 1). The atomic temperature is also deduced from
the width of the time of flight peak. After launch, the temperature is 5 µK, corresponding to a
velocity vrms = 3.5vrec. From the measured populations as a function of microwave detuning,
an error signal is produced to lock the microwave frequency to the atomic resonance.

Magnetic-field fluctuations are reduced by two mumetal shields surrounding the Ramsey
interaction zone and actively compensated by external coils (not represented in fig. 1). Residual
fluctuations are a few 10−10 T. A solenoid produces a homogeneous vertical field of about
10−7 T. All light beams are produced on a separate 90 cm× 90 cm optical bench. A 50 mW
external cavity laser diode (SDL 5402) is locked 160 MHz to the red of 52S1/2F = 2 →
52P3/2F = 3 transition, using an acousto-optic modulator (AOM). Light from this laser is
injected into a 500 mW amplifier (SDL TC30) to provide power for the six cooling beams
(diameter 2w = 18 mm, power 10 mW per beam). In order to launch the atoms, the frequency
of the three up-going beams is tuned a few MHz above the frequency of the three down-going
beams using AOMs. Repumping light on 52S1/2F = 1 → 52P3/2F = 2 transition and light
for the detection on 52S1/2F = 2 → 52P3/2F = 3 transition are produced by two additional
external cavity laser diodes. Light is guided from the optical bench to the vacuum chamber by
polarizing optical fibers and collimators mechanically prealigned with a few 10−4rad accuracy.
This ensures a good reliability of the setup.

The Ramsey resonance as a function of the microwave frequency is plotted in fig. 2. Ramsey
fringes have a width of 1.2 Hz FWHM and the signal-to-noise ratio is about 150/1 per fountain
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Fig. 3. – Allan standard deviation, σy(τ ), of the rubidium fountain against H-Maser. τ is the averaging
time.

cycle (1.2 s). When locking the microwave oscillator to the central fringe, we measure the Allan
standard deviation of the frequency fluctuations using an H-maser as a reference (fig. 3). The
short-term relative frequency stability is 7 × 10−13τ−1/2, where τ is the integration time in
seconds. Around 1-2× 104s, the stability reaches 5-7× 10−15.

In order to measure the rubidium ground-state hyperfine frequency against the cesium
primary standard, we first determine the absolute frequency of the reference H-maser by
comparison with the LPTF’s Cs fountain. This comparison being made with a resolution
better than 1 × 10−15, the H-maser frequency is known with the cesium fountain 2 × 10−15

absolute accuracy. Second, we correct the measured frequency to take into account different
systematic shifts listed in table I.

First, the magnetic field induces a quadratic Zeeman shift of 575.14 × 108 Hz T−2. We
checked the dependence of the clock frequency with applied magnetic field from 15 nT to
180 nT. The magnetic field is measured by the first-order Zeeman effect of the 52S1/2F =
1mF = 1 → 52S1/2F = 2mF = 1 transitions. Above 50 nT, the clock frequency shift scales
as B2 as expected for a mF = 0→ mF = 0 transition. Below 50 nT, the effect of the residual

Table I. – Frequency corrections and related uncertainties for an interaction time of 326 ms, a set-
up temperature T = 300 K, a magnetic field B = 1.3 × 10−7 T and average atomic density n =
5× 107 at cm−3. Corrections below 10−6 Hz, such as second order Doppler effect, light shifts,... have
been neglected.

Effect Frequency shift (10−5Hz) Uncertainty (10−5Hz)

Magnetic Field 97 1.5

Black Body −8.6 0.5

Microwave leakage 0.8 8.5

Cesium fountain – 1.4

Statistics – 1.3

Collisions(a) −2 2

Total uncertainty – 9

(a) The collisional shift is calculated from the theoretical value given in [10].
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magnetic-field inhomogeneities begin to induce a departure from the quadratic dependence.
The observed shift could be due to Majorana transitions induced by B-field rotation near the
entrance hole of the magnetic shields [14] or to Ramsey pulling due to misalignment between
the bias field and the microwave field in the cavity [15].

Second, the black-body radiation at room temperature (T = 300 K) shifts the hyperfine
frequency by [16]

∆ν = K87Rb

(
T

300

)4

. (1)

In order to estimate the K87Rb coefficient, we use our recent Cs measurement of K133Cs,
K133Cs = −1.573× 10−4Hz which has an accuracy of 0.2% [3]. Since the ratio K87Rb/K133Cs

has been measured independently in ref. [17] with 1% accuracy using the static Stark effect,
we get: K87Rb = −8.6× 10−5Hz. We have neglected the (T/300)6 term in eq. (1), of the order
of 1%. We therefore assign a 2% uncertainty to this determination of K87Rb. Due to ±2 K
temperature fluctuations, a 3% uncertainty adds to the previous one.

We next searched for a systematic frequency shift arising from microwave leakage or phase
gradient inside the microwave resonator. These effects would induce a frequency shift propor-
tional to T−1

f , where Tf is the flight duration above the microwave cavity. By changing the

launch height, we find a shift 2.4(28)×10−6 Hz/Tf consistent with 0. We extrapolate the 87
Rb

frequency for an infinite flight duration and the corresponding uncertainty is 8.5×10−5 Hz. This
represents the largest uncertainty in table I. Changing the microwave power in order to induce
3π/2 pulses instead of π/2 pulses produced no noticeable frequency shift within 6× 10−5 Hz,
for Bbias = 50 nT. This indicates that there is no measurable microwave leakage. It confirms
also that no spurious effect can be detected for magnetic fields greater than 50 nT. Finally,
our measurement of the 87Rb ground-state hyperfine frequency is 6 834 682 610.90429 (9) Hz.
This result is in agreement with the value 6 834 682 608 (7) Hz of Bender et al. [18], but differs
significantly from other atomic beam measurements compiled in ref. [19], 6 834 682 614 (1) Hz
by Essen et al. [20], 6 834 682 614 (3) Hz by Penselin et al. [21], and 6 834 682 612.8 (5) Hz
by Arditi and Cerez [22]. Our measurement is between 104 and 105 times more accurate
than these values, a clear demonstration of the usefulness of cold atom fountains in frequency
metrology.

Another interesting feature of our 87Rb fountain deals with the cold collision frequency
shift. When changing the atomic density from 1×107 at cm−3 to 5×107 at cm−3, no shift was
detected at the 7×10−15 level. For comparison, at n = 5×107 at/cm3 and equal populations in
F = 4 Zeeman substates, our Cs fountain exhibits a relative frequency shift of 5×10−14. This
result indicates that the 87Rb collisional shift is at least a factor 7 below that of Cs at equal
density, which is consistent with the theoretical prediction of ref. [10] (factor 15) and with
[11]. If we apply the small correction due to collisions to our 87Rb frequency measurement,
even though the evaluation of this term only relies upon theoretical calculations, we find the
87Rb ground-state frequency to be 6 834 682 610.90431(9) Hz.

Finally, it is instructive to compare the figure of merit of Cs and Rb fountain clocks. Assume
that the short-term stability expressed as the usual Allan standard deviation, σy(τ), is solely
limited by the atomic quantum projection noise:

σy(τ) =
1

πQ
√
Nd

√
Tc

τ
, (2)

where τ is the integration time, Tc the cycle duration, Q the atomic resonance quality factor
and Nd the number of detected atoms per cycle. Obviously, the higher the number of detected
atoms the better the stability. On the other hand, the collisional shift of the clock transition is
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proportional to the atomic density and hence to the atom number. Fluctuations of this shift
will set a limit to the long-term stability and accuracy of the fountain. This density is difficult
to control over a long period of time and keeping this density constant at the 2% level is a
reasonable assumption. Thus, for a given alkali atom, there will be a trade-off between short-
and long-term stability performances. Assume further that Rb and Cs clocks operate with
equal atomic resonance quality factors Q, so that systematic effects other than the collisional
shift are similar. This means that the interrogation time is larger for Rb than for Cs by a factor
νCs/νRb. If we scale the holes of the cavity to the transition wavelengths and match the size of
the molasses cloud to the hole diameter, and if we aim at the same short-term stability for the
two atoms, it is easy to show that the average density in the fountain is about the same for
Cs and Rb. All other systematic effects being on the same order of magnitude for both atoms,
and controllable within the 10−17 range, the accuracy and stability floor will be ultimately
imposed by the atomic density fluctuations, and therefore will simply scale as the collisional
shift. For instance, with the present Cs fountain stability of σ(τ) = 4 × 10−14τ−1/2, the
fractional collisional shift is ' −2×10−14. The long-term stability reaches a floor of 6×10−16,
probably due to the H-maser used as a comparison oscillator. If this floor were entirely due to
density fluctuations, for 87Rb a stability floor below 4×10−17 would be expected, if indeed the
collisional shift is 15 times lower than for 133Cs. Alternatively, launching more atoms should
make it possible to produce the excellent short-term stability σy(τ) = 1 × 10−14τ−1/2. This
obviously requires an ultra-stable interrogation oscillator for the fountain such as the cryogenic
microwave oscillator used in [5].

The achievement of high-precision Rb clocks also opens the way for several new experiments.
As shown in ref. [12], a search for a possible drift of the fine-structure constant can be done by
comparison of the hyperfine energies of alkali atoms with different Z numbers. Interest in such
a test has been renewed by recent developments of string theory that predict a possible drift
of the fine-structure constant α with time [23]. We estimate that using Rb and Cs fountains,
α̇/α can be tested at a level of 10−16 per year, which would represent a 100-fold improvement
compared to the present best laboratory tests [12].

In summary, we have operated a 87Rb fountain. The present short stability of this Rb clock
is 7× 10−13τ−1/2, a factor five above that of our Cs fountain using a similar quartz oscillator.
Ongoing improvements of stray-light rejection and magnetic-field fluctuations in the detection
zone will soon reduce this difference between Rb and Cs frequency standards. Given its small
collisional shift, 87Rb seems to be able to surpass the 133Cs primary frequency standard and
reach the 10−17 accuracy range.
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We present measurements of cavity frequency pulling and collisional frequency shifts in a 87Rb foun-
tain with a frequency resolution of 3 3 10216. Agreement with theory is found for the cavity pulling
and the measured collisional shifts. The clock shift is found at least 50 times smaller than in 133Cs.

PACS numbers: 32.80.Pj, 06.30.Ft, 34.20.Cf

In the last 10 years, our understanding of the physics
of collisions between ultracold atoms has improved con-
siderably [1]. Data from photoassociation spectroscopy
[2], frequency shifts in atomic clocks [3,4], Bose-Einstein
condensation [5,6], and Feshbach resonances [7] are now
strongly constraining the interatomic potentials. Collisions
play a crucial role in high precision clocks using laser
cooled atoms. The current accuracy of Cs clocks, on which
the SI second is based, now reaches 1.1 3 10215, using a
fountain geometry [8]. Since interactions between cold
atoms represent a major part in the inaccuracy budget, Cs
fountains operate at low atomic density, hence with a small
number of atoms, typically less than 106. Even with detec-
tion at the fundamental quantum projection noise, this sets
a limit to the frequency stability [9]. In 1997, Kokkelmans
et al. predicted that the collisional frequency shift for 87Rb
was 15 times smaller than for 133Cs [10]. Rubidium foun-
tains could then operate with larger atom numbers and rep-
resent an attractive alternative to Cs frequency standards.
In this Letter, we show that another effect which depends
linearly on the atom number must be considered, namely
the cavity pulling frequency shift, well known in hydrogen
masers [11]. Our treatment of the frequency shift measure-
ments takes into account both collisional shift and cavity
pulling simultaneously. By tuning the cavity around the
Rb resonance frequency, we display the characteristic dis-
persive line shape of the cavity pulling effect and find good
agreement with theory with a relative frequency resolution
of 3 3 10216. A quantitative model of the pulling effect
allows us to make a precise determination of the number of
atoms crossing the cavity. After subtraction of its contribu-
tion, we measure collisional frequency shifts in marginal
agreement with the predictions of Ref. [10] and reasonable
agreement with the more recent predictions of [12].

In a fountain standard, the atoms interact twice with
a microwave field (Ramsey method), inducing transitions
between two internal states ja� and jb�. The collisional
frequency shift is due to the interaction between atoms
inside the atomic cloud during the interrogation period.

At very low temperatures, only s-wave scattering occurs
and the collision physics is described using a single pa-
rameter, the scattering length a. For a nondegenerate
gas of N atoms in state a, the total mean-field energy
shift is equal to �4p h̄2�m�an̄aN , where n̄a is the average
atomic density in state ja�. In the fountain, when all the
population is transferred from ja� to jb�, the collisional
frequency shift is given by 2pDn � �4p h̄�m� �abb 2

aaa�n̄, where aaa (abb) is the scattering length for two
atoms colliding in the internal state ja� (jb�). We will also
consider more general cases where states other than a and
b are populated. The mean-field shift is then given by [10]

Dn � 2
2h̄
m

3
X

j

nj�1 1 da,j� �1 1 db,j� �aa,j 2 ab,j� .

(1)

The j index refers to the atomic Zeeman substate jF, mF�.
a � j1, 0� and b � j2, 0� are the lower and higher clock
levels. The Kronecker symbol dij accounts for quantum
statistics. In a fountain, the partial densities nj are space
and time dependent, and the measured frequency shifts
appear as an average over these variables.

The second effect which depends on atom number is
the cavity frequency pulling [11]. In our fountain, the
atomic transition is probed by a 6.8 GHz microwave field
in a TE011 copper resonator with a quality factor Q � 104.
The pulling effect is due to the interference inside the mi-
crowave resonator between the field radiated by the in-
put coupler and the field radiated by the atomic magnetic
dipoles when the atoms pass through the cavity. This inter-
ference induces a time dependent phase shift between the
field inside the resonator and the signal delivered by the os-
cillator. It produces a clock shift that exhibits a dispersive
dependence as a function of the cavity detuning with re-
spect to the atomic resonance (Dncav � ncav 2 nat). The
width of this dispersion curve is proportional to 1�Q. The
amplitude is proportional both to Q and to the number
of atoms crossing the cavity. When the atoms enter the

0031-9007�00�85(15)�3117(4)$15.00 © 2000 The American Physical Society 3117
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cavity in the upper state ( lower state) and deposit
(extract) energy in the cavity, the clock frequency is
pulled towards ( pushed away from) the cavity resonance
frequency.

Our laser cooled 87Rb fountain has been described in a
previous paper [13]. First, in 1 s, up to 7 3 108 atoms
are captured in a magneto-optical trap (MOT) with 6 laser
beams of power 20 mW, diameter 3 cm, and tuned to
the F � 2 ! F0 � 3 transition at 780 nm. A 200 ms
molasses phase at d � 25G (G � 2p 3 6 MHz) allows
for the MOT magnetic field decay. The atoms are then
launched upwards at �3.5 m s21 in 2 ms and cooled down
to an effective temperature of �1.2 mK. After launch,
atoms can be selected in a specific Zeeman substate by
means of microwave and laser pulses. Atoms interact
twice with a 6.8 GHz microwave field synthesized from
a high stability quartz oscillator weakly locked to the out-
put signal of an H maser. The two p�2 Ramsey inter-
actions are separated by �400 ms. The number of atoms
NF�1 (NF�2) in both hyperfine levels are then measured by
time of flight fluorescence (TOF) induced by a pair of laser
beams located below the MOT. From the transition proba-
bilities NF�2��NF�1 1 NF�2� measured on both sides of
the central Ramsey fringe, we compute an error signal to
lock the microwave interrogation frequency to the atomic
transition using a digital servo loop.

Our measurement approach uses a differential method.
Every 200 fountain cycles (�350 s), we change the trap-
ping light intensity so that the number of atoms in the
fountain alternates between two values Nhigh and Nlow �
Nhigh�4. We measure the frequency difference between
the two situations. This method efficiently rejects slow fre-
quency fluctuations which are not related to atom number
or density, in particular the H-maser drift. In the differen-
tial method the frequency resolution is �3 3 10213t21�2

where t is the averaging time in seconds. At 350 s the
maser stability is �2.7 3 10215, at least 4 times better
than the fountain stability. The relative frequency reso-
lution on effects which depend on atom number reaches
�1 3 10215 per day.

After launch, atoms are spread among the various mF

substates of the F � 2 manifold. Data have been taken in
three cases. (i) Normal clock operation: atoms in the j2, 0�
substate are transferred to j1, 0� using a microwave p

pulse. Atoms remaining in j2, mF fi 0� are pushed away
by radiation pressure. Only three scattering lengths aaa ,
aab , and abb in Eq. (1) are involved. (ii) No selection:
all Zeeman sublevels in F � 2 are equally populated to
within 2% 3%. The frequency shift of the j2, 0� ! j1, 0�
transition is measured in the presence of j2, mF fi 0�
populations. (iii) Atoms are pumped in F � 1 by a
laser pulse tuned to the F � 2 ! F0 � 2 optical tran-
sition. Atoms remaining in the F � 2 state (#2%)
are pushed away by radiation pressure. The launched
atoms are equally spread among the F � 1 substates to
within 1%. The frequency shift of the j1, 0� ! j2, 0�

transition is measured in the presence of j1, mF fi 0�
populations.

In order to compare the frequency measurements with
cavity pulling and collisional shift predictions, great care
has been taken to measure precisely both the number
of atoms entering the microwave resonator and the av-
erage atomic density during the Ramsey interrogation.
The initial atom number is determined by two methods:
first, an absorption method performed at the end of the
cooling process with an uncertainty of �20%; second, a
detailed analysis of the TOF signals and detection effi-
ciency, which requires a precise knowledge of the initial
spatial and velocity distributions. The spatial distribu-
tion is obtained by imaging the fluorescence of the cloud
onto a CCD camera in the molasses phase 500 ms be-
fore launch, and by measuring the absorption signal for
various apertures of the probe beam. We find a Gauss-
ian distribution with s � 1.4 mm for Nhigh � 4 3 108

atoms, and s � 0.85 mm for Nlow � 8 3 107 atoms.
The velocity distribution is deduced from the time of
flight signals in the detection zone. They clearly ex-
hibit a non-Gaussian shape (Fig. 1a) that we model by
a 3D isotropic distribution �1 1 j �y 2 �ylj

2�y
2
0�2b law,

y0 and b being the free parameters of the fit. This
analytical distribution is theoretically predicted by [14]
and exhibits large wings as expected near the threshold
of operation of the optical molasses. Operating in this
regime is necessary in our experiment in order to ob-
tain the lowest temperature and thus the highest atomic
densities. In cases (i) and (ii), we find y0 � 18 mm s21,
whereas y0 � 23 mm s21 in case (iii) because of optical
pumping. In all three cases, we find b � 2. These val-
ues are monitored during data acquisition. A numerical
simulation provides the time dependent atomic density
and number in the fountain. The calculated fraction of
atoms passing in the detection zone is compared with
the TOF measurements for various launch velocities in
Fig. 1b. This constitutes a test of the 3D velocity dis-
tribution. We also deduce the number of atoms en-
tering the microwave cavity and in the detection zone,
and good agreement is found (20%) with the calibrated
detection.

Partial densities nj in Eq. (1) are time dependent for two
reasons. First, the atomic cloud expands during the Ram-
sey interrogation: the peak atomic density typically varies
by a factor of �30 during the Ramsey interrogation. Sec-
ond, the atomic populations of the j1, 0� and j2, 0� levels
change during the two microwave interactions. We take
into account in our simulation the nonuniform sensitivity
of the clock frequency to a time dependent perturbation of
the atomic frequency [15]. We calculate the time averaged
partial densities �nj�t that each detected atom encounters
during its ballistic flight. Then, we average over the initial
spatial and velocity distributions to determine the effective
partial densities n̄j � �nj�t,�r , �y , used in Eq. (1) for com-
parison with theory. The total effective atomic density is
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FIG. 1. (a) Velocity distribution of the atoms in the moving
frame. The fit with a square of a Lorentzian (see text) cannot be
distinguished from the data (solid line). The Gaussian fit (dotted
line) is clearly not adequate. (b) Fraction of detected atoms as a
function of the launch velocity (squares). Solid line: numerical
simulation. Dotted line: Gaussian velocity distribution.

n̄ �
P

j n̄j . Typically, in case (i) with Nhigh � 4.3 3 107,
n̄ � 1.5 3 107 cm3.

Figure 2 shows the differential measurement of the
clock frequency shift as a function of the cavity detuning
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FIG. 2. Relative frequency shift vs cavity detuning for DN �
3.5 3 107 in case (i). Solid line: fit from Eq. (2).

Dncav with respect to the atomic resonance, for atoms
initially selected in j1, 0�, with Nhigh � 4.3 3 107 en-
tering the microwave cavity and Nlow � 0.8 3 107. The
simulation shows that this modulates the effective density
by a factor of �3.3. The frequency and quality factor of
the cavity are measured with an uncertainty of 20 kHz and
4%, respectively, and the cavity is tuned by temperature
[16]. The solid line is a least squares fit of the data using
the following function:

dn�n � A� f�Dncav�DN 1 BDn̄	 , (2)

where A and B are the free parameters of the fit, and
DN � Nhigh 2 Nlow [17]. f�Dncav� is the calculated dis-
persive line shape of the cavity pulling effect for a single
atom in the cavity. A is a common scale factor on the atom
number and is expected to be 1. We find A � 1.26�14�
and B � 27.2�20.0� 3 10224 cm3. Thus, the number of
atoms determined by the cavity pulling effect has an un-
certainty of 11% and agrees with the measurements de-
scribed above, within the combined error bars. This more
precise determination of N is now used for the evaluation
of the collisional shift. B, the collisional shift coefficient,
is surprisingly consistent with zero even with a frequency
standard deviation of 3 3 10216 given by the fit. Thus
in case (i), at a density of 1.5 3 107, 87Rb exhibits no
detectable shift [Fig. 3(i)], whereas 133Cs would exhibit a
shift of 3 3 10214.

Figure 3 summarizes the collisional shifts measure-
ments versus the effective density n̄ [18]. By contrast
to case (i), data recorded in cases (ii) and (iii) show
a clear dependence with the density after subtracting
the cavity pulling effect. The measured value in case
(ii) 250�10� �122

234� 3 10224 cm3 is in reasonable agree-
ment with 256 3 10224 cm3 (Ref. [10]) and 233 3

10224 cm3 (Ref. [12]). The first set of parentheses refers
to the frequency statistical uncertainty (1 standard devia-
tion); the second set refers to the linear combination of
frequency uncertainty and density calibration uncertainty.
From variations of the parameters in the simulation and
experimental calibrations, we deduce a 35% type B
uncertainty on our density. Adding quadratically the
11% statistical uncertainty on atom number, we get a
40% combined uncertainty on the density. This corre-
sponds to a scale factor of 1.4 and 1�1.4 on the density
axis of Fig. 3, defining the acceptance domain of the
measurements (dotted lines). In case (iii), the agree-
ment is similar. We find 260�16� �129

246� 3 10224 cm3

to be compared to 268 3 10224 cm3 (Ref. [10]) and
241 3 10224 cm3 (Ref. [12]). Finally, our data in case
(i), 27.2�20.0� �125

231� 3 10224, show a disagreement at
�3s with the theory of Ref. [10] and seem to favor the
more recent theory of Ref. [12].

In summary, the smallness of the 87Rb clock transition
collisional shift makes this atom very attractive for
high accuracy microwave frequency standards. When
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FIG. 3. Relative frequency shift of the j1, 0� ! j2, 0� transition
vs effective density in cases (i), (ii), and (iii) (atoms initially se-
lected in states j1, 0�, j2, mF � 0, 61, 62� equally populated and
j1, mF � 0, 61� equally populated, respectively), and compari-
son with theories of Ref. [10] (Th.1) and Ref. [12] (Th.2). Open
circles: linear fits to the experimental data with corresponding
statistical frequency uncertainty at the given density. Horizontal
error bars represent the 40% density uncertainty. Dotted lines:
experiment with combined frequency and density uncertainties.

detecting �2 3 107 atoms and with a suitable interroga-
tion oscillator, the quantum limited stability should reach
�1 3 10214t21�2 down to 3 3 10217 at one day.
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Note added.—After completing this work we learned
that related work was performed by C. Fertig and K. Gibble
where a nonzero shift in case (i) was measured [19]. Their
value of 20.38�8� mHz at 1.0�6� 3 109 cm23 is consis-
tent with our measurements.
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Cavity Frequency Pulling in Cold Atom Fountains
S. Bize, Y. Sortais, C. Mandache, André Clairon, and C. Salomon

Abstract—We present an analytical model and a numerical cal-
culation of the cavity frequency pulling effect in cold atom foun-
tains. We report the first measurement of this effect in a87Rb foun-
tain. We find a quantitative agreement with theory.

Index Terms—Atomic fountains, cavity frequency pulling.

I. INTRODUCTION

I N THE cold atom fountain geometry, microwave frequency
standards now currently reach accuracies of the order of

10 [1], [2]. As shown in [3], when the microwave frequency
is derived from a very low phase noise sapphire cryogenic os-
cillator, short-term stabilities as low as (

at 1 day) can be obtained. Here, the stability is limited
by the quantum projection noise which means that the fountain
has to operate with a high number of detected atoms. This obvi-
ously raises the question of atom number dependent systematic
effects in atomic fountains. The two main atom number depen-
dent effects in cold atom fountains are the collisional frequency
shift due to interaction between atoms [4], [5] and the cavity fre-
quency pulling. In this paper, we present a calculation and re-
port the first measurement of the atom number dependent cavity
pulling in a Rb cold atom fountain. In Rb, the cavity pulling
is the dominant atom number effect, due to the smallness of the
collisional frequency shift [6].

II. BASIC EQUATIONS

In atomic fountains, the atomic transition is probed by a mi-
crowave field sustained by a resonator with a typical quality
factor of 10 000. As in hydrogen masers [7], the cavity fre-
quency pulling effect is due to the interference inside the mi-
crowave resonator between the field radiated by the input cou-
pler and the field radiated by the atomic magnetic dipoles, when
the atoms pass through the cavity. This interference induces a
time dependent phase shift between the field inside the resonator
and the signal delivered by the interrogation oscillator and thus
a shift of the clock frequency.

Equation (1) gives the general expression for the magnetic
field amplitude inside the cavity mode of interest [7]
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(1)

In this formula, is the cavity eigenmode resonance fre-
quency, represents the spatial dependence of the eigen-
mode, normalized such that at the center of the cavity,
the volume of the mode and the magnetic field being defined as

and

is the mode quality factor. The first term of the right-hand
side in (1) represents the coupling from a microwave guide into
the cavity. The second source term is due to the atomic cloud
oscillating magnetic dipoles with a spatial distribution .
Equation (1) assumes a stationary state of the microwave field.
In atomic fountains, the damping time of the field

s is much shorter than the time it takes for the atoms to
cross the resonator (30 ms). The field thus responds quasi-
instantaneously to the perturbation due to the atomic cloud and
(1) can be rewritten as

(2)

where is the field amplitude in the absence of the
atomic cloud. Here, variable refers to the slow evolution of

and due to the cloud motion.
The atomic internal state evolution is given by the

Schrödinger equation with the time dependent Hamiltonian

(3)

where and are the ground and the excited clock states,
respectively, and is the atomic transition energy. is the
atomic magnetic dipole operator

For the transition under interest, the mag-
netic dipole is collinear with the vertical quantization axisim-
posed by the bias C-field. In (3), is the oscillating

0018–9456/01$10.00 © 2001 IEEE
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microwave magnetic field encountered along the atomic trajec-
tory . In the representation that suppresses the microwave
field oscillation at , and after we make the rotating wave ap-
proximation, the Hamiltonian can be written as

(4)

In this equation, is the component of the field
eigenmode along the C-field axis. is the detuning
between the microwave source and the atomic transition.
is the so-called Rabi pulsation at the center of the cavity

(5)

The complex amplitude of the atomic magnetic dipole along
is given by

(6)

where is the atomic state. Given the values of
for each atomic trajectory, it is in principle possible to calculate
the magnetic dipole distribution entering in (2) to
obtain a set of self-consistent equations.

III. A NALYTICAL EXPRESSION ANDNUMERICAL CALCULATION

In this section, we derive an analytical expression under the
assumption that the atomic cloud is small compared to the wave-
length of the microwave field. In such a case, at a given time, all
the atoms have the same internal state and the spatial integral in
(2) can be simplified to obtain the following equation:

(7)

where is the number of atoms crossing the resonator and
the dipole amplitude calculated along the central

trajectory . can be estimated using the fictitious
spin that we define as

being the vector of Pauli matrices. It can be shown that

Re

Im

(8)

where is the probability for the atom
to be in state . The Heisenberg equation foris

(a) (b)

(c) (d)

Fig. 1. Evolution of the fictitious spin during the Ramsey interrogation when
�=2 pulses are applied in the Ramsey zones and�T = ��=2 (red side of
the central fringe at half maximum). (a) Initial position when starting fromjgi.
(b) During the first Ramsey interaction. (c) During the free flight. (d) During
the second interaction.

At zero order, it can be written in terms of the fictitious spin
components in the following way:

(9)

where we set and . The
evolution of can be seen in a three-dimensional imaginary
space as a rotation with angular pulsation .
In cold atom fountains, the atomic transition is probed using
the Ramsey interrogation scheme, consisting of two short in-
teractions of duration producing a so-called pulse, sep-
arated by a free evolution of duration. Assuming that atoms
are initially in , the evolution of goes as follows. During
the first Ramsey interaction, the Rabi pulsation( 15-30 Hz
in a fountain) is much larger than the detuning( 0.5 Hz at
half the central fringe) so that we can neglect thecomponent
of the rotation. We thus have, for (see Fig. 1)

(10)

During the free evolution ( ), so that
rotates around at pulsation . At half the central Ramsey

fringe, (on Fig. 1, we choose ). The
second Ramsey interaction is identical to the first one and in-
duces again a rotation around(see Fig. 1). From (7), (8), and
(10), we can calculate the field at first order

(11)
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represents a perturbation of the field amplitude. It has
a negligible effect on the clock frequency. is the time
dependent phase perturbation given by

(12)

In this equation, is defined by the condition that .
Coefficient is equal to

(13)

The second factor in (12) is a dispersive function ranging from
1 to 1. The width of this function is equal to the linewidth

of the cavity resonance: . Note that since this linewidth
( 500 kHz) is much larger than the atomic resonance width
( 40 Hz), we can replace with and the phase
shift in the first Ramsey zone is almost independent of the de-
tuning. The third factor represents the dependence of
with time. A similar calculation can be done to find the time
dependent phase shift during the second Ramsey interaction.
However, when the Ramsey pulse is an odd number times
( ) and the central Ramsey fringe is probed at
half maximum (normal operation of the fountain), the time de-
pendent phase shift occurring during the second interaction has
a vanishing contribution to the clock frequency shift. For sim-
plicity, we will assume that these conditions are met and will
only calculate the contribution of the first Ramsey zone. In order
to do so, we use the sensitivity function as prescribed in [8]. The
clock frequency shift is given by

(14)

Here, is the sensitivity function defined as the response of
the transition probability to a frequency Dirac in the microwave
source

(15)

The sensitivity function can be estimated for
( ) pulses and at half the central fringe
using the fictitious spin picture. Suppose that at timewith

, we apply a frequency Dirac
in microwave field. This will cause a rotation of around

with angle to occur at time , introducing a component
as can been seen in Fig. 2. This perturbation

propagates through the free flight and the second Ramsey
pulse, and results in a change in the transition probability

(a) (b)

Fig. 2. Calculation of the sensitivity function in the fictitious spin picture.
(a) Fictitious during the first Ramsey interaction at timet before applying a
frequency Dirac�!(t) = ��(t � t ). (b) Fictitious spin at timet after the
perturbation.

Replacing in (15), we have:
We thus find, for

(16)

Finally, after some simple algebra, we find that the clock fre-
quency shift is given by

with (17)

Note that the effective interrogation time is positive for
and negative for with the defini-

tion of the sensitivity function of (14)–(16). The last factor
in (17) is a numerical dimensionless factor. For a TEcylin-
drical mode ( ), this factor is equal to 0.445 and
0.074 for and . Finally, the sign of the effect changes
when changing the initial state from to . In order to test
the influence of the atomic cloud spatial and velocity distribu-
tions, we have performed a numerical calculation, that also in-
cludes the perturbation of the microwave field during the second
Ramsey interaction. The atomic cloud is modeled by randomly
choosing atomic trajectories according to the typical spatial and
velocity distributions in the experiment [6]. The internal state
evolution at zeroth and first order is calculated for each trajec-
tory. Fig. 3 shows the results of this calculation compared with
the predictions of (17). The analytical expression (17) is a good
approximation of the cavity pulling effect for .

IV. EXPERIMENT

The Rb fountain experimental setup has already been de-
scribed in [2], [6]. The number of launched atoms is periodically
changed every 350 s between a high value ( atoms in

) and a low value ( atoms). This dura-
tion being shorter than the typical time scale of the fluctuations
of the clock environment, fluctuations of systematic effects that
are not related to the atom number are rejected: magnetic field
and room temperature fluctuations, drifts of the frequency of the
hydrogen maser signal from which the interrogation microwave
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Fig. 3. Relative clock frequency shift as a function of the cavity detuning
! � ! . We choose the parameter values that are currently used in ourRb
fountain:T = 390 ms,� = 28 ms which gives, forn = 1, T = 456 ms,
and� = 18 ms. The cavity mode is a TE cylindrical mode with a quality
factorQ = 10000 and a volumeV = 14:5 cm . The number of atoms
crossing the microwave resonator at first passage isN = 10 .

Fig. 4. Measured relative frequency shift as a function of the cavity detuning
�� .

frequency is synthesized. Doing this, it is possible to operate the
clock for 4 days, the duration that is required to obtain a dif-
ferential frequency resolution of . In order to
obtain a high number of atoms, a long loading duration is nec-
essary which degrades the stability to . The
atom number is changed without perturbing the clock environ-
ment by varying the laser intensities during the loading of the
magneto-optical trap while keeping the loading duration con-
stant. The number of atoms crossing the resonator during the
first passage and the averaged atomic densityduring the
interrogation are carefully determined from a Monte-Carlo sim-
ulation of the cloud evolution based on the measured initial spa-
tial and velocity distributions. This model of the cloud evolution
is described in detail in ref. [6]. is known within 30 . The
microwave resonator is tuned by changing its temperature. The
resonance frequency and the quality factor are measured as de-
scribed in [9], with an uncertainty of 20 kHz and 4, respec-
tively.

Fig. 4 shows the measured frequency shift as a function of the
cavity detuning , for . The plain
line on this plot represents a least squares fit of the data points
using the following theoretical model:

. The first term where is a free parameter,
accounts for the collisional frequency shift. is the fre-
quency shift per atom crossing the resonator deduced from the
numerical calculation. A good approximation for is
given by (17) divided by (see Fig. 3). The free parameter
is thus expected to be 1. We find cm ,
at least a factor 100 smaller than for Cs. We find
well within the 30 error bar on . This corresponds to a fre-
quency resolution given by the fit of .

V. CONCLUSIONS

We have calculated and measured the cavity frequency
pulling effect in a Rb fountain. We find quantitative agree-
ment between experiment and theory. When the fountain is
operated with a large number of detected atoms ( ),
the effect can be . The effect cannot be strongly
reduced by lowering the resonator quality factor. The quality
factor indeed must be high enough to prevent important phase
gradients [10]. Instead, the effect can be reduced well below the
10 level by tuning the cavity resonance frequency onto the
atomic frequency within 1 kHz. This corresponds to a control
of the resonator temperature within 0.01K. A recent and similar
work has been reported in [11].
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