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Introduction

It’s a mystery to me — the game commences

For the usual fee — plus expenses

Confidential information — it’s in a diary

This s my tnvestigation — it’s not a public inquiry.

Nous étudions dans ce document différents problemes d’équations aux dérivées partielles. La majeure
partie de ce document concerne des équations de type elliptique (parties I et II, annexe A et une partie
du chapitre 9), mais nous abordons aussi certaines questions concernant les systémes et équations de type
hyperboliques (partie III ainsi qu’une partie du chapitre 9) et les équations de type parabolique (chapitre
10).

Partie I

La premiere partie de ce travail consiste en une étude d’équations elliptiques non coercitives.

On sait depuis longtemps qu’'une bonne maniere d’aborder les équations aux dérivées partielles de la
forme

(0.1)

—div(AVu) + div(vu) + bu = L dans (2,
u=20 sur 0f2

(avec © ouvert borné de RY) est de considérer une formulation dite ¢

exact, faible) de ces problemes, faisant intervenir la forme bilinéaire

a(u,v) = / AVu - Vv — / uv - Vo —1—/ buv (0.2)
Q Q Q

sur l'espace de Hilbert H} () (on impose des hypothéses d’intégrabilité ad-hoc sur les données pour

que tous les termes de (0.2) aient un sens lorsque (u,v) € H(2)). Le théoréme de Lax-Milgram (un

outil linéaire) donne alors, sous I'hypothese que a est “coercitive” (i.e. a(u,u) > a|ul|3; pour un certain
0]

‘variationnelle” (ou, pour étre plus

a > 0), 'existence et I'unicité de la solution, en un sens faible, & (0.1). Il existe un autre outil, le théoreme
de Leray-Lions (principalement utilisé pour les équations non-linéaires), qui donne, sinon l'unicité, du

moins Pexistence d'une solution sous une hypothese de coercitivité sur a plus faible (& savoir: %ﬁ—“} — 00
H,
0

lorsque [|u|| gz — oo) (*).

1Le théoréme de Leray-Lions demande aussi une propriété de monotonie de ’opérateur.

9



10 INTRODUCTION

On sait bien que ce genre d’hypothese n’est pas totalement dispensable: par exemple, il est impossible,
a cause de existence de valeurs propres pour l'opérateur A : H}(Q) — H (), d’espérer pouvoir
résoudre, dans le cadre fonctionnel HE(Q), 'équation —Awu + bu = f pour tout second membre f (méme
trés régulier) et tout b € R.

Il est alors généralement imposé des hypotheses structurelles de la forme: A est une fonction matricielle
bornée uniformément définie positive et 1div(v) +b > 0. Sous ces conditions, la forme bilinéaire
a précédemment définie satisfait les hypotheéses du théoreme de Lax-Milgram et on a donc un cadre
d’existence et d’unicité de la solution de (0.1).

Chapitre 1

Nous prouvons, dans le chapitre 1, que I’on peut se passer de condition structurelle sur la partie convective
de (0.1) (i.e. d’une hypothese sur div(v)). En considérant des hypotheses de coercitivité uniquement
sur A (A est uniformément définie positive) et sur b (b est positive), la forme bilinéaire (0.2) n’est alors
plus, en général, coercitive (ni au sens de Lax-Milgram, ni au sens de Leray-Lions), mais nous obtenons
néanmoins existence et unicité d’une solution & (0.1) dans un cadre variationnel, i.e. une unique solution
dans Hi(€2). En fait, nous ne nous limitons pas au cas de conditions au bord de type Dirichlet: nous
considérons des conditions au bord mixtes Dirichlet /Fourier. De méme, nous ne traitons pas uniquement
des termes convectifs sous forme conservative: grace au caractere linéaire de 1’équation, nous prouvons
aussi I'existence et I'unicité d’une solution faible lorsque le terme convectif est sous forme non conservative.

La méthode employée pour obtenir ce résultat fait appel au degré topologique de Leray-Schauder. Grace
a cet outil, prouver l'existence d’une solution & (0.1) se ramene & obtenir des estimations a priori sur les
solutions de cette équation.

Une astuce de Boccardo nous permet tout d’abord d’obtenir une estimation sur In(l + |u]); cette
estimation n’est utile que par le controle qu’elle implique sur la mesure de Lebesgue des ensembles
Er = {x € Q| |u(z)| > k}. La principale originalité de ce travail réside dans 'estimation de Sj(u) =
u—max(—k, min(u, k)), qui utilise le controle précédemment trouvé sur la mesure de Fj, afin d’éliminer le
terme quadratique génant en Si(u). L’estimation sur Ty (u) = u — Si(u) est, de son coté, assez évidente.
L’unicité de la solution de (0.1) s’obtient simplement en prouvant l’existence d’une solution pour le
probleme dual, ce qui revient & considérer (0.1) dans lequel le terme convectif sous forme conservative
div(vu) est remplacé par un terme convectif sous forme non conservative v - Vu.

Dans [25], De Giorgi prouve la continuité holdérienne sur les compacts de 2 des fonctions u € H'(Q)
vérifiant —div(AVu) = 0 dans D’(Q). Dans [70], Stampacchia prouve la continuité holdérienne sur Q des
solutions variationnelles de problemes elliptiques avec seconds membres non nuls (mais assez réguliers) et
conditions au bord de type Dirichlet(?); les méthodes employées par Stampacchia sont aussi sensiblement
différentes de celles employées par De Giorgi (et font appel & plus de pré-requis).

Dans 'annexe A, nous montrons, grace a des techniques de transport et réflexion, que les résultats de
[70] concernant la continuité holdérienne sur Q des solutions de problemes elliptiques sont aussi valables
lorsque 'on considere certaines conditions au bord mixtes. Nous avons aussi écrit une preuve du résultat
de [70] concernant la continuité sur les compacts de € en utilisant les méthodes, beaucoup plus abordables
a notre gott, de [25]. Enfin, la maniere dont les différentes estimations obtenues dépendent des données
a été détaillée, ce qui est essentiel pour établir les résultats de stabilité de la section 2.4.

Munis de I'annexe A, nous prouvons alors la régularité holdérienne des solutions d’équations non coerci-
tives de la forme (0.1), ce qui permet ensuite, par la méthode de dualité de [70], d’obtenir Iexistence et
l'unicité (en un certain sens) de solutions pour des problémes elliptiques non coercitifs & seconds membres
mesures.

2La preuve dans [70] de la continuité au bord ne nous parait cependant pas claire...
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Chapitre 2

Le chapitre 2 contient quelques extensions, remarques et résultats supplémentaires a propos des thémes
abordés dans le premier chapitre.

Nous commencons par parler du cas non-linéaire non-coercitif. Comme nous le signalons en section 1.2.2,
I'outil que nous employons dans le chapitre 1, pour prouver 'existence de solutions a des problemes
variationnels linéaires non-coercitif, est non-linéaire et permet de traiter certains termes de convections
non-linéaires. Cependant, la méthode générale employée dans le cas linéaire (i.e. prouver existence
d’un point fixe & une application en utilisant le degré topologique) n’est pas trés adaptée pour traiter les
équations dont les parties non-convectives sont non-linéaires, i.e. de la forme

u=20 sur 0f) (0.3)

{ —div(a(x,u, Vu)) + div(®(z,u)) + blulP~?u = L dans Q,
(car on ne peut, en général, définir comme dans le cas linéaire I’application dont nous pourrions chercher
un point fixe). Nous prouvons cependant que, associées & une méthode d’approximation déja employée
dans [8], le méme genre d’estimations que dans le cas linéaire permet de prouver I’existence d’une solution
“variationnelle” (i.e. lorsque L est dans le dual de l'espace d’energie W, () associé & 'opérateur
div(a(z,u, Vu))) a (0.3).

Pour établir, dans 'annexe A, les résultats de continuité holdérienne des solutions de problemes elliptiques
linéaires avec conditions au bord mixtes, nous imposons une hypothese sur la maniére dont ces conditions
au bord se repartissent sur 9€) (hypothese (1.42)). Nous prouvons dans la section 2.2 que I’on ne peut se
passer d’'une hypothese de ce genre.

Les sections 2.3 et 2.4 établissent quelques résultats concernant les solutions par dualité de problemes
elliptiques a seconds membres mesures, définies dans le premier chapitre. La premiere de ces sections
donne quelques éléments pour comprendre pourquoi ce que nous appelons “solution par dualité” est
effectivement, en un sens, solution d’un probleme elliptique; la seconde section établit un résultat de
stabilité concernant ces solutions par dualité, résultat bien naturel (mais pas évident) puisque l'on a
existence et unicité de cette notion de solution.

Chapitre 3

Dans le troisieme et dernier chapitre de cette partie, nous abordons le probleme de I’étude numérique,
via un schéma de type volumes finis, des équations linéaires non coercitives dont nous parlons dans le
premier chapitre. Essentiellement, cela consiste a adapter les méthodes d’estimation du cas continu au
cas discret.

Cependant, au lieu de considérer une discrétisation de (0.1) avec L € L*(€2), comme c’est le cas par
exemple dans [37], nous discrétisons cette équation avec un second membre de la forme L = f + div(G)
ot f € L?(Q) et G € (C(Q))V; cela n’entraine pas vraiment de difficulté supplémentaire par rapport au
cas étudié dans [37], mais cela a 1’énorme avantage de faire apparaitre les estimations d’erreur comme
conséquences immédiates des estimations a priori sur les solutions du probleme discrétisé.

Nous généralisons aussi [37] dans le sens ou nous prouvons la convergence du schéma volumes finis non
pas uniquement quand la convection v est supposée C! mais aussi quand elle n’est supposée que continue.

Partie 11

La deuxieme partie concerne I'unicité des solutions & des problemes elliptiques non linéaires avec seconds
membres mesures.
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Comme nous I’avons signalé auparavant, Stampacchia a introduit dans [70] une notion de solution pour
des problemes elliptiques linéaires avec seconds membres mesures, notion qui donne existence et unicité
de la solution. Dans le cas de problémes elliptiques non-linéaires, Boccardo et Gallouét ont prouvé
dans [10] (voir aussi [66]) l'existence d’une solution (en un sens faible assez naturel) par des méthodes
d’approximation: en prenant f,, régulier qui converge vers la mesure p du second membre et en notant
u, une solution du probléme avec f, comme second membre, on peut prouver que (& une sous-suite
pres) u, converge vers une solution faible u du probléeme avec pu comme second membre (u est alors
appelée “SOLA”: solution obtenue comme limite d’approximations). Cependant, on sait (cf [65]) que,
meéme dans le cas linéaire, cette solution faible n’est pas unique. Plusieurs notions de solutions ont alors
été développées afin de récupérer I'unicité: SOLA (voir [22]), solutions entropiques (voir [4]) ou encore
solutions renormalisées (voir [21]).

Chapitre 4

Dans le premier chapitre de cette partie, nous établissons 'unicité dans le cadre des SOLA des solutions
d’équations elliptiques non-linéaires (définies par des opérateurs de Leray-Lions div(a(z, u, Vu)) agissant
sur H'(Q)) avec des mesures générales comme second membre. Un résultat similaire avait été établi par
Boccardo (voir [6]), mais avec des hypotheses plus restrictives sur la fonction a (a indépendant de u et de
classe C! par rapport & Vu) et des conditions au bord de type Dirichlet. La principale originalité de ce
chapitre est que nous acceptons une certaine dépendance de a par rapport a u, ainsi que des conditions
au bord plus générales.

La méthode employée pour prouver cette unicité est une méthode de dualité. En effet, bien que le
probléme considéré ne soit pas linéaire, notre résultat d’unicité se base sur l'existence (et la régularité)
d’une solution & un probleme “dual”: siu et v sont deux SOLA pour un méme second membre et (uy)n>1,
(vn)n>1 sont des approximations de u et v, alors on se rend compte que u, — v, vérifie un probléme
elliptique linéaire (P, ) avec un second membre qui tend vers 0 dans (C(£2))’ faible-; en utilisant la solution
¢n, d’un probléme dual de (P,) comme fonction test dans (P,), et grace aux estimations holdériennes

que l'on peut avoir sur ,,, on peut passer & la limite(®) et constater alors que u = v.

A la fin de ce méme chapitre, nous établissons un résultat de stabilité sur la SOLA, beaucoup plus simple
a obtenir (comme on peut s’y attendre, vu la définition méme de ce qu’est une SOLA) que le résultat de
stabilité des solutions par dualité dont nous parlons dans la partie I.

Chronologiquement parlant, ce chapitre a été établi avant les résultats (ou du moins une partie des
résultats) de la partie I. En effet, lorsque 'on considére un opérateur non-linéaire ne dépendant pas de
u, comme c’est le cas dans [6], le probleme dual de (P,,) que 'on doit résoudre est un probleme elliptique
classique

—div(A, V) = f dans 2, (0.4)
on =20 sur 9. :
Mais lorsque 'on accepte une dépendance de a par rapport & u, le probléeme dual de (P,) devient
—div(A,Ve,) + vy -V, =f dans €, (0.5)
wn =20 sur 012, )

v a(x, Up, Vu,) — a(z, vy, Vo)
" Up — Up, '

On voit alors clairement qu’il est impossible d’imposer une condition sur div(vy,) et que résoudre (0.5)
revient donc a résoudre un probléeme linéaire non coercitif, avec un terme convectif sous forme non

3Car le second membre de (Pp) converge dans (C(2))’ faible- et (¢n)n,>1, étant bornée dans un espace de Hélder,
converge fortement & une sous-suite pres dans C(Q).
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conservative. C’est donc lors de ’étude de 'unicité de la SOLA que la résolution de problemes linéaires
non coercitifs s’est avérée nécessaire, et ¢’est pourquoi une étude sommaire (dans un cadre assez restreint)
de ces problemes apparait dans le chapitre 4. Si nous avons ensuite étudié plus a fond ces questions dans
la partie I, c’est qu’elles nous paraissaient intéressantes en soi.

Chapitre 5

Le chapitre 5 clos cette deuxieme partie. Nous y discutons tout d’abord brievement de la maniere dont on
peut approcher les solutions de problémes elliptiques & données mesures (et donc sur la définition méme
de SOLA).

Notre méthode pour prouver 'unicité de la SOLA repose essentiellement sur un résultat de continuité
holdérienne des solutions de problemes elliptiques linéaires; nous avons vu, dans la partie I, que pour
obtenir un tel résultat lorsque I'on considere des conditions au bord mixtes, il est nécessaire de supposer
une hypotheése de “bonne répartition” (hypothése (1.42)) de ces conditions au bord. Nous prouvons a la
fin du chapitre 5 que, sans une hypothese de ce genre, le résultat d’unicité des SOLA n’est plus valable
en général.

Partie 111

Dans cette partie, nous nous intéressons aux systemes linéaires d’équations du premier ordre & coefficients
constants de la forme

(0.6)

ug + Zf\il Ajug, =0 dans |0, T'[x,
u(0) = ug dans 2

(Q est un ouvert de RV et (A;);c[1,n] sont des matrices réelles [ x [).

Il est bien connu que, selon la maniere dont on veut résoudre ces systeémes, il faut ou non imposer certaines
conditions sur les matrices (4;);c1,n): si I'on cherche & résoudre localement (0.6) avec des conditions
initiales analytiques, aucune condition n’est requise (théoreme de Cauchy-Kowalewska, voir [33]); si 'on
veut résoudre, lorsque 2 = RY, ce systeme pour toute condition initiale C*, alors il faut supposer que,
pour tout & € RN, A(¢) = sz\il & A; a des valeurs propres réelles (théoreme de Lax-Mizohata, voir [18]);
si I'on veut résoudre (0.6) pour 2 = R et toute condition initiale dans (L?(R™))!, un raisonnement
passant par la transformée de Fourier nous montre qu'il faut supposer que supgcgn [[1A(§)|| < oo (voir
[67]). Toutes ces conditions sont nécessaires et suffisantes dans le cadre considéré, et ont été énoncées de
la plus faible a la plus forte.

Cependant, aucune de ces conditions ne recouvre exactement le cas qui intéresse les mathématiciens qui
étudient les discrétisations des systeémes du premier ordre. En effet, de nombreux schémas numériques
dans ce domaine (schéma de Roe, de VFRoe; voir [37] par exemple) demandent, pour discrétiser un
systéme de la forme

up + div(f(u)) =0 dans |0, T[x€, (0.7)
u(0) = ug dans €, ’
(ott f = (f1,...,fn) avec f; : Rl — R!), de résoudre des problemes de la forme (0.6) avec une condition

initiale de type “Riemann” (i.e. constante de part et d’autre d’un certain hyperplan de RY). Ce genre de
condition initiale ne rentre ni dans le cadre du théoréme de Lax-Mizohata (elle n’est pas dans C*°(RY)),
ni dans le cadre “Fourier” (i.e. avec une condition initiale de type L2(RY)). On pourrait éventuellement,
a laide d’un théoreéme de propagation & vitesse finie ou en utilisant des espaces construits sur L2(R™V) (de
la forme H*(R™) pour s < 0), considérer que les conditions initiales de type Riemann “rentrent” dans le
cadre Fourier, mais ce serait certainement assez inadapté: en effet, on demanderait alors & résoudre (0.6)
pour beaucoup trop de condition initiales (pour tous les ug dans L?(RY) ou dans H*(R")) et non pas
uniquement pour les conditions initiales qui nous intéressent dans ce cas particulier (conditions initiales
de type Riemann).
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Chapitre 6

Nous établissons, dans le chapitre 6, une condition nécessaire et suffisante pour que (0.6) ait une solution
pour toute condition initiale de type Riemann; il faut noter que, grace a un résultat de propagation a
vitesse finie que nous prouvons dans ce chapitre, la solution en question est alors unique, a condition que
Q =RY (i.e. que I'on ne considere pas de condition au bord).

Cette condition nécessaire et suffisante (que nous appelons “hyperbolicité” de (0.6), comme dans [37],
méme si nous sommes conscients que la terminologie dans ce domaine n’est pas évidente) est simplement la
suivante: pour tout & € RN, A(¢) = Zf\; & A; est diagonalisable sur R. Elle est évidemment strictement
plus forte que la condition obtenue dans le cadre du théoréme de Lax-Mizohata et on prouve, au début
du chapitre 7, qu’elle est strictement plus faible que la condition obtenue dans le cadre “Fourier”.

Il faut aussi noter que, au cours de notre preuve, nous retrouvons deux phénomenes connus: en considérant
le systeéme unidimensionnel
{ ug + Aug =0 dans |0, T[xR, (0.8)

u(0) = ug dans R,

on voit que si A a des valeurs propres complexes (non-réelles), alors on ne pourra en général résoudre ce
systeéme que pour des conditions initiales analytiques (théoreme de Lax-Mizohata) et, si A a des blocs de
Jordan non triviaux, alors la solution de (0.8) est en général moins dérivable en espace que ne l'est ug
(on peut perdre autant de dérivées que la taille du plus gros bloc de Jordan de A moins 1).

Chapitre 7

Dans la remarque 6.2, nous donnons un systeme particulier qui, affirmons-nous, montre la différence entre
notre condition d’“hyperbolicité” et la condition obtenue par analyse de Fourier. Au début du chapitre
7, nous prouvons ces dires. Ce systeéme est ensuite, dans le reste du chapitre, étudié un peu plus a fond,
car il se révele finalement assez riche.

Il permet par exemple de montrer que la condition d’hyperbolicité n’est en général pas suffisante pour
résoudre (0.6) pour toute condition initiale dans L ou dans BVje. (si 'on veut éviter de perdre des
dérivées). Et il permet aussi de prouver que, contrairement & ce qui se passe dans le cas scalaire (cf [54]),
la solution d’un systeme d’équations du genre (0.8) peut ne pas dépendre continuement de la matrice A
définissant ce systeme: si A, — A et méme si, pour tout n € NU {00}, le probleme (0.8) avec A = A,
est bien posé au sens de Hadamard dans (L?(R)), la solution de (0.8) avec A = A,, peut ne pas converger
vers la solution de ce probleme avec A = A.

Partie IV

Cette partie rassemble divers autres travaux de recherche.

Chapitre 8

Le chapitre 8 est un résultat de densité dans les espaces de Sobolev WP(€). Nous prouvons que, sous
certaines hypotheses sur I'ouvert considéré (€2 est soit un ouvert régulier de RY, soit un ouvert polygonal
de RY), les fonctions réguliéres satisfaisant une condition de Neumann sur €2 sont denses dans W1P(€Q);
nous établissons aussi une généralisation au cas des conditions au bord mixtes et un contre-exemple
dans le cas d’un ouvert insuffisament régulier (mais quand méme & frontiere lipschitzienne). Quelques
applications de ces résultats sont données, comme 1’écriture d’une formulation du probleme de Neumann
en faisant passer (comme c’est possible pour le probléme de Dirichlet) toutes les dérivées sur les fonctions
tests, ou encore la possibilité de simplifier certaines démonstrations et de généraliser certains théoremes
de convergence de schémas volumes finis (voir [45] et [55]).
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Chapitre 9

Dans le chapitre 9, nous étudions une discrétisation éléments finis mixtes — volumes finis pour un
systéme modélisant, de maniere simplifiée, un écoulement diphasique (formé de deux phases immiscibles)
au travers d’un milieu poreux. Le systéme se réduit a une équation elliptique donnant une des deux
inconnues, la seconde étant obtenue par résolution d’une équation de transport dont le champ de vitesses
est donné par le gradient de la premiere inconnue. En I'absence de termes de diffusion, ce cas de découplage
est le seul sur lequel des résultats mathématiques sont connus quant a l’existence d’une solution dans un
sens faible. Tl existait déja plusieurs résultats de convergence de schémas numériques pour ce systeme,
avec différentes méthodes pour discrétiser I’équation elliptique (éléments finis conformes, volumes finis).
Nous introduisons dans ce chapitre des maillages non usuels dans le cadre des éléments finis (les mailles ne
sont pas forcément polygonales) et une méthode d’éléments finis mixtes pour I’équation elliptique, dont
I'intérét est de traiter de fagon précise des cas hétérogenes et anisotropes sur des maillages tres généraux
(les méthodes citées précédemment posent des difficultés de fabrication de maillages compatibles avec les
hétérogénéités et les anisotropies), ce qui correspond & un besoin industriel bien identifié. Le raisonnement
est assez classique, mais les difficultés rencontrées pour traiter les preuves mathématiques dans le cas des
mailles considérées demandent des traitements nouveaux.

Chapitre 10

Le chapitre 10 comporte essentiellement deux parties. Dans la premiere, nous introduisons la capacité
parabolique & I’aide d’une approche fonctionnelle dans le méme esprit que [62]. Nous établissons ensuite
un théoréme de décomposition des mesures (en espace-temps) ne chargeant pas les ensembles de capacité
parabolique nulle, similaire au résultat obtenu dans [12] pour le cas elliptique. Dans la deuxieéme partie,
nous prouvons, grace a cette décomposition, I'existence et I'unicité d’'une solution renormalisée pour un
probleme parabolique non-linéaire dont le second membre est une mesure ne chargeant pas les ensembles
de capacité parabolique nulle.

Enfin, pour clore ce panorama, nous souhaiterions signaler quelques autres travaux de recherche qui
ne figurent pas dans ce document mais ont, pour certains, des liens avec quelques-un des chapitres qui
suivent.

Le premier de ces travaux s’est effectué hors du cadre de cette these. Il s’agit d'un article paru dans
Nonlinear Analysis, TMA: “Optimal Pointwise Control of Semilinear Parabolic Equations” (vol. 39
(2000), pp 135-156), co-écrit avec Jean-Pierre Raymond suite & un stage de magistere effectué sous sa
direction.

Le chapitre 9 (en particulier 'appendice) s’appuie beaucoup sur le polycopié [31]. Ce travail est en
grande partie non original mais comporte certaines études sur les ouverts “faiblement lipschitziens”
(appelés “sous-variété lipschitzienne N-dimensionnelle de RY” dans [42] et plus généraux que les ouverts
a frontiere lipschitzienne de [58]) — en particulier la preuve de l'existence d’une normale extérieure et du
théoreme de Stokes pour ces ouverts — qui sont, a notre connaissance, nouvelles.

Beaucoup de résultats de densité et d’intégration par parties (dissimulées) du chapitre 10 trouvent leur
justification au travers des résultats de [32]. On retrouve dans ce polycopié des résultats classiques
(tels que les théorémes d’injections compactes d’Aubin et de Simon), mais certains résultats (comme la
différence entre L>°(0,T; L*°(£2)) et L°>°(]0, T[x12), des résultats de densité ou la justification de certaines
identifications) sont, semble-t-il, nouveaux.

e Le chapitre 1 est un article accepté pour publication dans Potential Analysis.

e Les sections 2.2 et 2.3, ainsi que la section A.4 de 'annexe (concernant le traitement des conditions
au bord mixtes) sont en grande partie tirées, avec quelques légéres modifications, de 1'article [29]
publié dans Advances in Differential Equations.
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Le chapitre 4 est un article co-écrit avec Thierry Gallouét et accepté pour publication dans Rendi-
conti di Matematica.

Le chapitre 6 est un article actuellement soumis pour publication.
Le chapitre 8 est un article actuellement soumis pour publication.

Le chaptre 9 est un article en préparation, co-écrit avec Robert Eymard, Danielle Hilhorst et Xiao
Dong Zhou.

Le chapitre 10 est un article en préparation, co-écrit avec Alessio Porretta et Alain Prignet.

And I'm on the edge
Of an endless fall

Sure enough

He’s come to call

Got to go now

Get on that bus

Me and the wanderlust.
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Chapitre 1

Non Coercive Linear Elliptic Problems

J. Droniou.

Abstract We study here some linear elliptic partial differential equations (with Dirichlet, Fourier or
mixed boundary conditions), to which are added convection terms (first order perturbations) that entail
the loss of the classical coercivity property. We prove existence, uniqueness and regularity results for the
solutions to these problems.

1.1 Introduction

1.1.1 Notations

Let Q be a bounded domain in RY (N > 2) with Lipschitz continuous boundary. We denote by n the
unit normal to 92 outward to © and by o the measure on 0f).

x -y denotes the usual euclidean scalar product of two vectors (z,y) € RY; || is the associated euclidean
norm.

When FE is a measurable subset of RY, |E| denotes the Lebesgue measure of E.

For ¢ € [1,00], ¢ denotes the conjugate exponent of ¢ (that is to say 1/¢+1/¢' = 1). The space (L?(Q2))V
is endowed with the norm ||F||za@y~ = || |F|l|lra); Blg, R) denotes the closed ball in (L(Q2))N of
center 0 and radius R.

If T' is a measurable subset of 9, Wp4(Q) is the space of all functions in W14(Q2) (the usual Sobolev
space) the trace of which is null on T'; it is endowed with the same norm as W14(Q2), that is to say
[[ollwra) = [[v]lLa) + 1 [VV] || La(e)- When g = 2, we denote as usual W'? = H'.

We take, when N > 3, N, = N and, when N = 2, N, €]2, 0.

1.1.2 The Equations

The kinds of equations we will study are

—div(AVU) — div(vUd) + U = L in Q,

U =Uy on Ta, (1.1)
AVU -n+ A+ v -n)U =Uy on Ty,

and
—div(ATVV) +v-VV+ bV =L in Q,
V=V on Iy, (1.2)
ATVY -n+ 2V =Yy on Iy

(where I'y and 'y are measurable subsets of 0€2, the union of which is 92 and such that o(I'qNT'f) = 0).

19
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In fact, we will only study the variational (or weak) formulations of these equations; using functions u
and V the trace on 9Q of which are Uy and Vg, searching weak solutions of (1.1) or (1.2) comes down to
searching solutions of

u € H%d(Q) ,
/AVU'V‘P“‘/ UV'V<P+/ b7L<P+/ Aupdo = <La$0>(H% (Q)",H} () (1-3)
Q Q Q Iy d d
Yo € Hlld(Q)
or
v e Hp (Q),
/S;ATV’U . VQO -+ A YV . V’U -+ ‘/Srz b’UgD +/F )\U(p dO' = <L,@>(H%d(g))/7H%d(Q) y (14)
f
Y € H%d(Q)

(with u =2 —U, v =V — V and L which takes into account £ and (I, Uy) or o, V).

In order that all the terms in (1.3) and (1.4) be defined, the minimal hypotheses on the datas are, thanks
to the Sobolev injections: A : Q@ — My(R) is a matrix-valued essentially bounded measurable function,

be L% (Q), Ae LN—109) and v € (L¥+(Q))V.

The classical framework of study for linear elliptic problems is the Lax-Milgram Theorem, which demands
the coercivity of the bilinear form appearing in (1.3) or (1.4), i.e. additional hypotheses on the datas.
The main coercivity hypothesis is on A, to ensure that the principal part of the operator is elliptic (see
Hypothesis (1.9)).

In order that the lower order terms do not to cause the loss of this coercivity, it is usual to add then
hypotheses on v, b, and A. For the pure Dirichlet condition (I'y = ), this can be

1
f§div(v) +b>c in D(Q),

with ¢ “small enough” in L% () (in general, ¢ is taken equal to 0) — notice that this condition adds an
hypothesis on the regularity of v (when this inequality is satisfied, div(v) must be a Radon measure on
In the case of Fourier or mixed boundary conditions, to cleanly express these additional hypotheses, we
need more regularity on v (to give a sense to v - n). Moreover, in these cases, when we want to obtain
regularity results, the minimal regularity on v seemed to be the Lipschitz continuity (because of the many
integrates by parts we have then to do; see [29]).

Asking for the principal part (—div(AVu) or —div(AT Vv)) to be coercive is quite natural when we search
for solutions in H'(Q). One could wonder if the additional hypotheses on the lower order terms div(vu)
(or v - Vu), bu and Au are really necessary; we will see below that we cannot avoid some hypotheses on
the zero-order terms bu and Au. Concerning the first order terms, works have already been done to get
rid of the coercivity hypothesis on the convection term when it is in conservative form.

In [8], the author proves an existence result, and studies some qualitative properties, for entropy solutions
of

{ —div(a(z,u, Vu)) = f — div(F + @(u)) in Q (15)

u=20 on 09,

where div(a(x, u, Vu)) is a Leray-Lions operator in divergence form acting on Wy *(€) (1-2/N < p < N),
f e L), F e (LF(Q)N and & is a continuous function from R to RY; due to the lack of growth
properties on @, it is crucial in (1.5) to consider pure homogeneous Dirichlet boundary conditions and a
® not depending on z € ).
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In [43], the authors study the existence and uniqueness of renormalized solutions to

Au — div(a(z, Vu) + @(z,u)) = f in Q,
(a(z,Vu) + ®(z,u)) - n=0 on Ty, (1.6)
w=0 on Ly,

where A is a non-negative real number, div(a(z, Vu)) is a Leray-Lions operator in divergence form
notice the independance of a with respect to u — acting on WHP(Q), f € L*(Q2) and @ is a Caratheodory
function with growth properties; the problem is either pure Dirichlet (I'y = () or mixed (I'y # 0 but
o(lq) > 0).

We prove, in Section 2, existence and uniqueness results for (1.3) and (1.4), with no coercivity hypothesis
on the convection term. These results are not consequences of [8] or [43], because the natural space of
entropy or renormalized solutions is not the usual Sobolev space H!(f2).

In Section 3, we will see that the regularity results we already have in the coercive case, when the right-
hand side L is more regular (see [70] and [29]), are still true with general convections terms. Under
stronger hypotheses (v € (L>=(2))" and L € L*>(Q)), the existence and regularity results appear in [30].
We then shortly describe in Section 4 how the regularity results of Section 3 can be transformed in
existence and uniqueness results with measures as datas (as in [70] or [29]).

1.1.3 The Zero-Order Terms

We cannot, in general, solve Problems (1.3) and (1.4) for any b € L= (Q) and A € LN+-=1(9Q). This is
due to the existence of an eigenvalue for the Laplace operator.

Consider pure Dirichlet boundary conditions and take e an eigenvector of —A on H}(f2), that is to say
e € H}(2)\{0} such that —Ae =le for a [ € R (in fact, we have then [ > 0).

Take now b € R and suppose there exists a solution u € H}(Q) of —Au + bu = e; that is to say, for all

p € Hy (9),
/Vu-V(p—i—/bwp:/e(p.
Q Q Q

(l—i—b)/Que:/Qez.

Since e # 0, this last equation can not be satisfied for b = —I; thus, there is no solution u € Hg(Q) of
—Au—lu=e.

The same kind of reasoning can be done in the mixed case, and this shows that we cannot avoid additional
hypotheses on b and A (i.e. we cannot only suppose integrability hypotheses on these datas).

With ¢ = e, we get

In (1.3) we have considered convection terms only in conservative form; in (1.4), we have considered
convection terms only in non-conservative form. A natural question is the following: can we consider, in
the same equation, convection terms both in conservative and non-conservative form? That is to say, can
we solve

—div(AVu) — div(vu) + w-Vu+bu=1L in Q,

u=0 on Iy, (1.7)

AVu-n+A+v-n)u=0 on Iy,

the same way we will solve (1.3) and (1.4) (i.e. without additional hypothesis on the convection terms)?
The answer is no, and is due to the same objection as before. Indeed, take v a regular vector-valued
function; since, for u € Hg (), we have div(vu) — v - Vu = udiv(v), a solution in H}(Q) of —Au —
div(vu) + v - Vu = L (that is to say Problem (1.7) in the case of pure Dirichlet boundary conditions,
with A = Id, b = 0 and w = v) would be a solution to —Au — (div(v))u = L; by taking a regular
vector-valued function v such that div(v) = [, the preceding reasoning proves that, in general, this last
problem has no solution.
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Thus, (1.7) is not solvable without additional hypotheses on the first-order terms.
Problems (1.3) and (1.4) seems thus to be the most general problems we can solve, when we add no
structural hypothesis on the first order terms.

1.1.4 Hypotheses
We make the following hypotheses on the datas.

Iy and T'y are measurable subsets of 9 such that o(I'y N Tf) =0 and 02 =T3UTy, (1.8)

A:Q — My (R) is a measurable matrix-valued function which satisfies:
Jaa > 0 such that A(z)¢ - € > aalé]? for ae. z € Q, for all £ € RY, (1.9)
JA 4 > 0 such that [|[A(z)]| := sup{|A(2)¢], E € RN | |¢] =1} < Ay for ae. 2 € Q,

be L=(Q), b>0ae. onQ, (1.10)
A€ LN10Q), A >0 o-a.e. on 09, (1.11)
v e (LN ()N, (1.12)

L e (Hp, (Q)) (1.13)

(recall that N, = N when N > 3 and that N, €]2, 0o[ when N = 2).

The non-convection parts of equations (1.3) and (1.4) are supposed to be coercive, that is to say:

dbg > 0, dF C 2 such that b > by on FE,
dXo >0, 35S C I'y such that A > Ag on S and either (1.14)
o(Tq) >0or |E|>0oro(S)>0.

The set of variables that give the coercivity of the principal part of the operators in (1.3) or (1.4) is
denoted by B = (2, 4,4, b0, E, Ao, S).

Remark 1.1 [t is well-known that, under Hypotheses (1.8)—(1.11) and (1.14), for all q € [1,2], there
exists K(q,B) > 0 such that, for all ¢ € Hlld(Q),

2
q
K(q, B)ll¢llin ) < aA/Q|V¢\2+ (bo/]5|¢|q+>\o/3|s0qd0>

By denoting Cs(£2, N,) the norm of the Sobolev injection H!(Q) — L () (see [1]), we also take
B
x € [0, 5351 (1.15)

Remark 1.2 When x satisfies (1.15), we have, for all w € B(N.,x) and dall ¢ € Hy (),

/AV@-V@—I—/QDW-ch—i-/bch—I—/ \p? do
Q Q Q Ty

> K@ Bl ) = 1wl [lore @l zne @ Velllee
> (K(2,B) — xCs(2, N))lellin )

with K(2,B) — xCs (2, N,.) > 0 (this exactly means that the bilinear form (@, 1) — [o, AVe-Vi+ [ pw-
Vi + [ bot + frf Aty do is coercive on HE (Q)).

When v € B(N.,x) with x satisfying (1.15), by the Laz-Milgram Theorem, (1.8) and (1.4) have thus
unique solutions; our aim is to prove that we do not need such an hypothesis on v to have existence and
uniqueness results for these problems.



1.2. EXISTENCE AND UNIQUENESS RESULTS 23

Remark 1.3 When v only satisfies (1.12), Problems (1.3) and (1.4) are in general non-coercive not
only in the sense of the Laz-Milgram Theorem (the classical tool for linear elliptic problems) but also in
the sense of the Leray-Lions Theorem (the classical tool for nonlinear elliptic problems). Indeed, consider
the pure Dirichlet boundary conditions with b = X = 0 (for the sake of simplicity) and take w a regular
function such that div(w) # 0; we can find u € H} () such that

/Quw-vu:%/gw-wu?);éo

(take uw € C(Q)\{0}, the support of which is contained in {x € Q | div(w)(z) < 0} or in {z €
Q| div(w)(z) > 0}); let then

Jo AVu - Vu

T fQ uw - Vu

and Vv = sw.

The sequence (up)n>1 = (nu),>1 € HY(Q) satisfies |[wn | fr2 () — 00 as n — oo and

/AVun-Vun—i—/unv-Vun:O for alln > 1,
Q Q

which means that the operator in (1.3) or (1.4) is not coercive in the sense of Leray-Lions (see [53]).

Remark 1.4 When A satisfies (1.9), AT also satisfies (1.9); thus, in (1.4), we could replace AT by A.
We have written (1.4) with AT so that the duality between (1.8) and (1.4) clearly appears.

1.2 Existence and Uniqueness Results

1.2.1 The main result

Theorem 1.1 Under Hypotheses (1.8)—(1.14), there exists a unique solution u to (1.3) and a unique

solution v to (1.4). Moreover, if r > N and A > 0 are such that v € B(N., x)+ B(r,A), with x satisfying

(1.15), and if Ay, is an upper bound of ||L||(H% (), there ezists C' only depending on (N., B, x,r, A, Ar)
d

such that ||ul| g (o) < C and |[v||g1 () < C.

Remark 1.5 For all v € (L™ (Q))Y and all ) > 0, there exists A > 0 such that v € B(N.,n)+ B(co, A);
however, this A does not only depend on the norm of v in (L™ (Q))N. On the other hand, if v is in a
compact subset K of (L™*(Q))N, for ezample, we can choose A only depending on K and 7.

Remark 1.6 In the pure Dirichlet case (T'y = (), we do not need, in this theorem, the Lipschitz continuity
hypothesis on the boundary of ).

Proof of Theorem 1.1

The proof is made in several steps. The main tool to obtain existence and estimates on the solutions of
(1.3) and (1.4) is the Leray-Schauder Topological Degree (see [26]).

The first three steps are devoted to prove an existence result for (1.3). This existence result is then used
in the fourth and fifth steps to prove an a priori estimate on the solution of (1.4) that lead to an existence
result for (1.4). Using the linearity of these equations and a duality argument, we prove, in the last step,
the uniqueness results.

We will simultaneously obtain the existence of solutions to (1.3) and (1.4) and the estimates given in
the theorem; thus, we take from now on r > N, A > 0 and yx satisfying (1.15), and we suppose that
v = v + vy with (vg,vy) € (LN=(Q)N x (L"(Q))N, || |vol ||LN*(Q) < x and |[[vi]|[zr@) < A We will
see that the bound in H'(Q) on the solutions we obtain only depends on (N, B, x,7, A, Ap).

Step 1: a compact application for (1.3).
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For all w € H{ (), since uv € (L*(22))N (because of the Sobolev injection H'(€) — L™ (Q)), there
exists a unique u = F (H) solution to

u € Hrd
/ AVu - Vgo —l—/ bu<,0+/ Aupdo = )(Hld(Q))lyH%d(Q) - /Qﬂv Vo, (1.16)
Vo € H% ().
This defines an application F : H%d(Q) — Hrd Q).
It is quite easy to see that F is continuous; indeed, if u,, — @ in H%d (Q) as n — oo, then u,v — wv in

(L2(2))N so that F(u,) — F(u) in H(Q).
Suppose that (T )n>1 is a bounded sequence of Hf (€2). There exists then w € Hf (€2) such that, up to

a subsequence, U, — u a.e. on {2 and is bounded in L™= (Q); applying Lemma 1.1, we get U,v — uv
in (L2(Q))", which implies F(u,) — F(u) in H'(£2). F is thus a compact operator.

A fixed point of F is a solution to (1.3). To prove, using the Leray-Schauder Topological Degree, that F
has a fixed point, we have to find R > 0 such that, for all ¢ € [0, 1], there exists no solution of u—tF(u) = 0
satisfying |[u||f1(q) = R. This is the aim of steps two and three.
Take t € [0,1] and suppose that u satisfies u = tF(u); we have then

u € H%d (),

/ AVu-ch—i—/ bu<p+/ Mupdo =L, o) m ()y,m. (@) —t/ uv-Ve, (1.17)

Q Q Iy d d Q
Vo € Hy ().

Notice that the equation in (1.17) can also be written as
/ AVu -V +t/ uvg - Vo +/ bup +/ Mupdo = (L, o) a1 (), mH. Q) — t/ uvy - V. (1.18)
Q Q Q Iy d d Q

Step 2: using the ideas of [10], we prove an estimate on In(1 + |ul).

Define, for k > 0, Tx(s) = min(k, max(—s, k)) and ri(s) = T1(s — Tx(s)). Since b > 0 a.e. on 2, A >0
o-a.e. on 0N and sr(s) > 0 for all s € R, and since V(ri(u)) = 1p, Vu, with 1p, the characteristic
function of the set By = {x € Q| k < |u] < k 4+ 1}, we find, by putting ¢ = ri(u) in (1.17),

aA/Q|V(rk(u))|2—l—bO/Erk(u)u—f—)\o/Srk(u)uda

< /AVU-V(rk(u))+/burk(u)+/ Aurg(u) do
Q Q r,
< L @y, o+ [ HVIVEL@)
< 2l @y llre()ll @) + (k+ DI V2o [V (k)] 22 9)-

But |rg(s)| < 1 so that
k()| ) = lIre()llz2i) + [V ()| 22 @) < QY + 11V (e ()] ] 22 (-
We obtain thus

aA/Q|V(rk(u))|2—|—b0/Erk(u)u—|—)\o/Srk(u)uda

< AL 4 AL IV ()] 2 + K+ DIV V]2l Y (R @)] ] 2200
A2 A A |||V|||i2 By,
< AL 4 22 SRV )] 2y + IV ()] 2y + (k+ 1)2—— B
(e 4 4 QA
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that is to say

a A2 ] 1172
A|\|V(rk( ))|Hiz(g)+b0/Erk(u)u+)\g/Srk(u)udaSAL|Q|1/2+i+(k+1)2#(B’°). (1.19)

With k = 0, since sro(s) = |s| as soon as |s| > 1, (1.19) gives
bo/ 1n(l+|u\)—|—)\o/1n(l+|u|)da
E s
< bo/ |u|+>\0/|u|da
E s

< bo/ ’ro(u)u—l—)\g/ ’ro(u)uda—i—bo/ |u|+)\0/ |u| do
En{|u[>1} Sn{|u|>1} En{|u|<1} Sn{|ul<1}

A2 VI
< AL\Q|1/2+—L+m+bo|E|+)\oa(S)
s A
1/2 A7 2 2 2
VALY +a+_(|||vo‘”L2(Q)+|||v1|||L2(Q))+b0|E|+>‘OU(S)
A2
< AL|QV? 4 2L (\ml—* 2+|Q|1*?A2>+b0|E|+>\oa(S) o (1.20)

(recall that v = vo + v1 with || |vol[[zv. ) < x and [[|vi]|[zr@@ < A), with C1 only depending on
(N*vBaX7T7A7AL)-
Since (Bg)ken is a partition of 2, and since |u| > k on By, we find, using once again (1.19),

V@ + )22 = /(Wiu'Q

L+ |uf)
_ Z/ CVul?
5, (L+]u))?
2
§ /|v w)
- 1+ k)2
<

k=0

) 2|||Vol+IV1|||

A2 >
i 2 2
o2 Lt S E L
A
aa

2 2
< = (AL|Q|1/2 +
A 6
2 A2 4|QF -~ 41017 A2
A 6 o4 a’y

where C3 only depends on (N, B, x,r, A, Ap).
Taking together (1.20) and (1.21) we get, thanks to Remark 1.1,

(1 + D[22y < (1 + |u))|lF ) < (@aCo +CF) = Cy (1.22)

with C3 only depending on (N, B, x,r, A, Ar).

Step 3: conclusion for (1.3).
We prove now a H!(Q) estimate on the solution of (1.17).
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Take ¢ = Sy(u) = u — Tk (u) in (1.18). Since Sk(u)u > (Sk(u))?, we have, thanks to Remark 1.2 (notice
that, for all ¢ € [0,1], tvg € B(N., X)),

(K(2.B) — xCs(2, N:))I[Sk ()l 71 (@)

/Av (Sk(w)) - V(S (u —i—t/Sk W)Vo - VSi(u) + /Qb(Sk(u))Q—l—/F A(Se(w))? do

IN

IN

/Q AV V(Sk(w) + t /Q wvo - VSi(u) + /Q buSk(u) + /F i) do
+ / (Sk(u) — w)vo - V(Sk(u))
Q
LS o ol + [ WIS+ [ = Sea)lvol F(Siw)

IN

< |<L,Sk(ﬂ)>(H%d(my,H;d(Q>|+/Q\U*Sk(U)I(\Vo|+|V1|)|V(5k(U))|+/Q|5k(U)||V1HV(5k(U))I-

But |u — Si(u)|] < k and V(Sk(u)) = 0 outside Ej, = {|u| > k}, so that
(K(2. B) — xCs (€, N:))I1Sk(u)l| 711
< KL, Sk(uw))u L (@) H (Q)| +E[| [vo| + [vil 2| [Sk (W)l 1 (@
+l vl flz- Q)||5k(u)|| o 1Skl (@)

__1 1_1
< |<L,Sk<u>><H%d<my,H%d<m|+k(|Ek|2 S B3 A) 11k () s oy
+A\|sk<u>||ﬁ(Q)||sk<u>||m<m. (1.23)

Since 25 < 28 there exists ¢, > -25 only depending on r and N such that H'(Q) < L% (Q); we have

thus, by denotlng Cy the norm of this mJectlon (Cy4 only depends on (£2,7) — a dependence on € takes
into account a dependence on N) and by noticing that Si(u) = 0 outside Ey,

r—2_ 1 r—2_ 1
|[Sk ()] < B[ " [|Sk(u)]|per (@) < Cal B> o |[Sk(u)l| 51 (),

L7 (@) =

which gives, in (1.23),
(K(2,B) — xCs (€, Na))|ISk ()| [371 (0
< L Sk, @y, ) + 5 (1B B3 A) 1Sk o)
+CAA B 7 0[Sk () s o (1.24)
By the Tchebycheff inequality and (1.22), we have

Cs

Bkl = HIn(1 + Ju))? > In(1 + k)?}] < TR

T oz A+ fubllz o) <

Since % — qir > 0, there exists thus kg only depending on (Cs, Cy, A, 1, ¢, K(2,B), x,Cs(S2, Ni)), i.e.
only depending on (N, B, x,r, A, A1), such that, for all & > ko, C4A|Ek|%7i < w
We deduce then form (1.24) that, for all k > ko,

|1k ()| 2 (Q)

<

2 (L Sk(w) (m () a1t @)
K(2,B) — xCs(, N.) Sk ()| m1 (2)

k (|Ek|%’N1* Y+ |Ek|§iA)> (1.25)
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(we have not simplified so far, because this inequality will be useful in the proof of Proposition 1.2).
Taking k = kg, and since Ej C (), we get

2
’C(Qa B) - XCS(Qa N*)
with Cs only depending on (N, B, x,r, A, AL).
Take now ¢ = Ty (u) in (1.17). Since uTk,(u) > (Tke(u))? and V(T (u)) = Lyjy <k} Vu, we have, by
Remark 1.1,

(AL +ko (1213 x+ 1013 7A)) = Cs (1.26)

|[Sko (u)||E1 () <

K2, BTk (W[Fr1) < ALl Tho (W] (0 +/Q|U||V||V(Tko(u))|
< AL]|Tko (W2 (2 + Kol [Vol + [Val L2 [ Tho (W) |1 (02) 5
that is to say
Ar+ ko (0B x 41057+ A)
[T ()| 71 () < K. B) =Cs

with Cg only depending on (N, B, x,r, A, Ar) (recall that ky only depends on these datas).
Since u = Tk, (u) + Sk, (1), we deduce from this last inegality and (1.26) that

|/l oy < Cs + Cs = Cr,
with C7 only depending on (N, B, x,r, A, Ar).

Notice that we have just proven the estimate on the solution of (1.3) given in the theorem: if u is a
solution of (1.3), then it is a solution of (1.17) with ¢ = 1 and we have thus ||u||g1(q) < C7.

Take now R = C7 + 1. For all t € [0,1] and all u € Hf (Q) solution of u — tF(u) = 0, we have
HUHHI(Q) # R; since F is a compact operator, the Leray Schauder Topological Degree allows us to see
that F has a fixed point, that is to say a solution u of (1.3).

Step 4: a compact application for (1.4).
N
Let 7 € HE (Q); we have v - V7 € L~eia (2) € (H(£2))’; there exists thus a unique solution v = G(?) to

v € Hp (),

/ATV’U . V(p +/Qb’l}§0 + )\’UQO do = <L,Q0>(H%d(9))/,H%d(Q) —/QQOV . Vi, (127)

Ly
Vo € Hp (Q).

This defines an application G : Hlld(Q) — H%d (Q). Tt is quite easy to see that G is continuous; indeed, if
U, — 0 in H%d (), then v - V©,, — v - Vv in (HY(Q)), which implies G(v,,) — G(¥) in H*(Q).
We will now prove that G is a compact operator. Suppose that (7, ),>1 is bounded in H%d(Q); then
(v - VU, )n>1 is bounded in (H(Q))" so that, using ¢ = G(v,,) = v, in the equation satisfied by vy, we
get

K2 B)llonllZ oy < (Ar + v F0allars @)l lenl 11 0

which implies that (v,,)n>1 is bounded in H*(€2).

2N,
Up to a subsequence, we can thus suppose that (v, )n>1 converges a.e. on € and is bounded in L™=2 ().
Let n > 1, m > 1; substract the equation satisfied by v,, to the equation satisfied by v, and use
© = vp — U as a test function; by denoting M a bound on (|[Un||g1(q))n>1, this gives

IA

K(2,B)|vn — ”m”%ﬂ(ﬂ)

/(1)n — V)V - (VU — V)
Q
2M || [vnv — vm V| || 2(0)- (1.28)

IN
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But, since v € (LY*(Q))Y and (v,)n>1 is a bounded sequence of L%(Q) which converges a.e. on (2,
Lemma 1.1 tells us that (v,v),>1 converges in (L?(€2))", and is thus a Cauchy sequence in this space.
We deduce from (1.28) that (v,)n>1 is a Cauchy sequence in Hf (€2) and converges in this space.

Since G is a compact operator, to prove that it has a fixed point, we just have to find R > 0 such that,
for all ¢ € [0, 1], there exists no solution of v — tG(v) = 0 satisfying ||v||g1(q) = R.

Step 5: estimate on the solutions of v — tG(v) = 0.
Let t € [0,1] and suppose that v € H (2) satifies v = tG(v). We have then
ve Hp (),
/ATVU -V —|—t/ pv - Vv +/ bvp —|—/ Mpdo = (tL, @) m1 () mL () (1.29)
Q Q Iy d d
Yo € Hlld ().

Since, for all t € [0, 1], tv € B(N., x) + B(r,A), there exists, by the result of step 3, Cs only depending

on (N.,B,x,r, A) such that, for all § € (Hy, (€2))" satisfying 11011 (c2))r < 1, we can find a solution u to
d

ue HE (), |Jullg ) < Cs,

AVu-V(p—I—t/uv-V(p—l—/bucp—l-
Q

A ) s Aupdo = <9,(P>(H11d(9))’,H1£d(Q) ; (1.30)

Vo € Hp (D).
By taking ¢ = v in the equation satisfied by v and ¢ = u in the equation satisfied by v, we get
0.0y o) = o @ym @) < ACs.

Since this inequality is satisfied for all 6 € (Hp (£2))" such that O[]z (@) < 1, we deduce that
d
[0l (@) < ALCs.

Notice that this gives the estimate of the theorem; indeed, if v is a solution of (1.4), then it is a solution
of (129) with ¢ = 1 so that ||’U||H1(Q) < ApCs.

Take now R = ArCs + 1. We have juste proven that, for any ¢ € [0,1], any solution v to v — tG(v) = 0
satisfies ||v|] m (@) < I; thus, by the Leray-Schauder Topological Degree, G has a fixed point, that is to
say a solution of (1.4).

Step 6: uniqueness.

Since (1.3) is a linear problem, it is sufficient to prove that the only solution to (1.3) with L = 0 is the null
function. Let u be a solution to (1.3) with L = 0; let v be a solution of (1.4) with L = sgn(u) € (Hp ()’
(the existence of a solution to this problem is ensured by step 5); by putting ¢ = v in the equation
satisfied by u and ¢ = u in the equation satisfied by v, we get [, |u| = 0, that is to say u = 0.

A similar reasoning gives the uniqueness of the solution to (1.4). m

1.2.2 Existence and uniqueness in a nonlinear case

To prove the existence of a solution to (1.3), we have not really used the linearity with respect to u of the
divergence part div(uv) (indeed, the tool used in the preceding proof — the Leray-Schauder Topological
Degree — is a nonlinear tool). With exactly the same reasoning as in the first three steps of the proof of
Theorem 1.1, we can prove the following result.

Theorem 1.2 Under Hypotheses (1.8) (1.11), (1.18), (1.14), if ® : Q@ x R — RY 4s a Caratheodory
function satisfying

dg € LN+(Q) such that |®(x,s)| < g(x)(1 + |s|) for a.e. x € Q, for all s € R, (1.31)
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and if Ar, is an upper bound of ||L|| (1 (). there exists a solution to
d

we HE ()
/QAVu -V + /Q (-, u)- Vo + /Q bup + /1“f Aupdo = (L, (p)(Hl}‘d(Q))lyHl}‘d(Q) , (1.32)
Vo € Hy ()
such that ||u|g (o) < C, with C only depending(*) on (N.,B, g,AL).

Remark 1.7 Since the proof of the existence of a solution to (1.4) strongly used the linearity of the
equation (the a priori estimate on the solution to (1.4) comes from a duality argument), we cannot state,
with this reasoning, an existence result for a nonlinear problem coming from Equation (1.4) (conversely
to what we have done in Theorem 1.2 for Equation (1.3)).

Adding a Lipschitz continuity hypothesis on @, it is also quite easy to obtain an uniqueness result for
(1.32).

Proposition 1.1 Under the hypotheses of Theorem 1.2, if ® satisfies moreover

3C > 0, 3h € LN+(Q) such that |®(z, s) — ®(z,)| < C (h(w) + 8|7 |t|ﬁ) s —t]
for a.e. x € Q, for all (s,t) € R?,

then the solution to (1.32) is unique.

Proof of Proposition 1.1
Take two solutions u and @ to (1.32) and define

O ()~ (7))
v(z) = { u(e) o) when u(z) #

N
Thanks to the Lipschitz continuity hypothesis on ®, and since (u,u) € H(Q) C L (€2), we have
v € (LN+(Q))V; substracting the equation satisfied by @ to the equation satisfied by u, we see that
w = u — T satisfies (1.3) with L = 0. Since the solution to (1.3) is unique, this gives w = 0, that is to say
U=u. m

Thanks to the existence, uniqueness and estimates results of Theorem 1.1, we could also, as it is classical
in the coercive case, prove existence results for some other non-linear equations built from (1.3) and (1.4).

1.3 Regularity Results
In the coercive case, when the right-hand side satisfies(?)
3p > N such that L € (W' (), (1.33)

(and under additional properties on v, b, A and I'y) we already know that the solutions to (1.3) and (1.4)
are Holder continuous (see [70] in the pure Dirichlet case, and [29] for other boundary conditions and
a convection term in conservative form). We will see that this property is still true in the non-coercive
case.

TAs in Theorem 1.1, C does not depend on g only through gl v Q) but this dependance could be precised by cutting

g into two parts — one small in LN*(Q), the other in L™(Q) for a 7 > N.
2There is a little abuse of notation here. By writing “the right-hand side satisfies (1.33)”, we mean that we solve (1.3)

or (1.4) with L = E‘H% (@) fora Le (W;;p/(Q))’; in the following, we make this abuse of notation by confusing L with L.
d

Under Hypothesis (1.42), this is not an abuse since we can then prove that Hlld(ﬂ) is densely imbedded in er‘:ip’ ().
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1.3.1 L* bound

In the proof of Theorem 1.1, the role played by the convection term in conservative form div(vu) is quite
different from the role played by the convection term in non conservative form v - Vu (the technique used
to obtain estimates on the solution to (1.3) does not work to obtain estimates on the solution to (1.4)).
As it is shown in [70], when considering regularity results, the difference between (1.3) and (1.4) is even
more stronger; when the convection term is in non conservative form, Hypothesis (1.12) is enough, but
when it is in conservative form, v must be (at least for technical reasons) slightly more integrable than
what is strictly necessary to obtain the existence result.

This is why we will have to consider, when dealing with (1.3), the following hypothesis:

3r > N such that v € (L"(Q))V. (1.34)

When v satisfies this hypothesis, we denote by A, an upper bound of || [v|||zr)-

The first regularity results deal with essential bounds on the solutions to (1.3) and (1.4)

Proposition 1.2 Under Hypotheses (1.8)—(1.11), (1.14), (1.33) and (1.34), the solution u to (1.3)
is in L>°(Q). Moreover, if Ap is an upper bound of HLH( ,» there exists C' only depending on

(Nu, By, Ay, p, AL) such that ||ul|peq) < C.

WP (@)

Remark 1.8 In dimension N = 2, (1.12) implies (1.34) (i.e. there is no additional hypothesis on v
with respect to the hypotheses of Theorem 1.1).

Proposition 1.3 Under Hypotheses (1.8) (1.12), (1.14) and (1.33), the solution v to (1.4) is in
L>(Q). Moreover, if r > N and A > 0 are such that v € B(N.,x) + B(r,A), with x satisfying (1.15),
and if Ar, is an upper bound of ||LH( then there exists C' only depending on (N, B, x,r, A, p, AL)

such that ||v||pe @) < C.

’
wr (@)

Proof of Proposition 1.2
The solution u of (1.3) is also a solution of (1.17) with ¢ = 1. Since v € B(N., 0)+ B(r, Ay), the reasoning
in the proof of Theorem 1.1 that has lead to (1.25) can be applied to u with x = 0; there exists thus

ko > 0 only depending on (N, B,r, Ay, p,Ar) (notice that \Q|%_%AL is an upper bound of HL||(H% @))
d
such that, for all k& > ko,

(L, Sk(w) . (yy.mr ()]
1Sk (u)|| 21 () < 2 ( (HE (), H} (2)

+ AVK|ELZ ", (1.35)
K(2,B) HSk(U)HHl(Q) )

with Sg(u) = u — T(u) = v — min(k, max(u, —k)) and Ey, = {z € Q| |u(z)| > k}.

Since S (u) = 0 outside Ey and p’ < 2, we have ||Sk(u)||ly1.7 ) < |Ek|ﬁ_§‘|5k(u)||Hl(Q), so that

I(L, Sk(u)>(Hlld(Q))’,Hlld(Q)| - [1Sk ()| yyro.er 1

&) < A |ELZF. 1.36
B R O (1.36)

Let h > k > ko. Since |Sg(u)| > (h—k) on Ej, and thanks to the Sobolev injection WL1(Q) — L% (1),
there exists C; only depending on {2 such that

(h=B)IBA T < [[Sk@)l| e, < CrllSk(w)llwas (@) < CrIBx ]ISk ()| (0 (1.37)

|y g

(1.36) and (1.37) used in (1.35) give then, for all h > k > ko,

C
h—k

N1 201 | Ey|2
By v < =l
Enl > < K2, B)(h— k)

(1B ™7 + k| B 7),

(ALIBRP 7 + AVKIEE ) <
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1

with C5 only depending on (B, Ay, Ar). Since, for ¢ € {r,p}, |Ek|17% <|Q ) |E)|' " m, there
exists thus C3 only depending on (B, r, Ay, p, A1) such that, for all h > k > ko,

CY(1+ k)P

Eyl <
| h|_ (h—k)’B

|Ex["
with 3= %5 > 0 and v = B(1 — gpi5y) > 1 (vecall that 7 > N and p > N).
For all h > k > 0, we have then

CJ (14 ko)®(1+ k)P
|Enyro] < =2 = )P | Bkt ko

| Y

(because (1 + k + ko) < (1 + ko)(1 + k)), and Lemma 1.2 (a generalization of a classical lemma by
Stampacchia) applied to F(k) = |Ejtk,| gives thus H only depending on (Cs, ko, 3,7,) (notice that
F(0) = |Ek,| < 19]), i.e. on (N, B,r,Ay,p,AL), such that |Fgik,| = 0, that is to say |u| < H + kg a.e.

on ). m

Proof of Proposition 1.3

The idea is identical to that of the preceding proof. We write v.= vy + vy with vo € B(N,,x) and
vy € B(r, A).

Since vSk(v) > (Sk(v))? and Vv = V(Sk(v)) a.e. on the set {Sy(v) # 0}, using Si(v) as a test function
in (1.4), we get

(K(2,B) = xCs(2, NSk (0)||7 0
/QATV’U-V(S]C(U))—F/QS]C(U)VO-V’U—‘F/Qb’l)sk(v)—‘r/r Sy (v) do

(L Sk() @y m @) + AlISk(V)]]| 2, (Q)Hsk(v)HHl(Q)- (1.38)

IN

IN

Since 25 < 2. there exists ¢, > -5 only depending on r and N such that H() — L (Q);

by
denoting Cy the norm of this injection (which only depends on r and Q) and Ey, = {z € Q | |v(z)| > k},
we have then

15 (v)

HLT@(Q

r—2 1
) S CulB T 7o 1Sk ()l -

But, since |Q|%7%AL is an upper bound of ||L||(H% ())» there exists, by Theorem 1.1, C3 only depending
d
on (N.,B,x,r,A,p,Ar) such that |[v]|g1(q) < Co, which implies |Ey| < C3/k? for all k > 0. We can

thus find ky > 0 only depending on (N,,B,x,r, A, p, Ar) such that, for all & > ko, C’1A|Ek|%_% <
(K(2,B) — xCs (2, N.))/2.
We have then, thanks to (1.38) and when k > ko,

2 |(L, Sk (U)>(H11d(ﬂ))’,Hlld(Q)|
X
K(2,B) — xCs(£, Ny) |[Sk(0)[|m1 ()

ISk ()] (@) <

This inequality is similar to (1.35) (it is even simpler), and we can then conclude as in the proof of
Proposition 1.2. m

1.3.2 Holder continuity

To state the Holder continuity results, we need (at least for technical reasons) stronger integrability
hypotheses on b and \; we replace thus (1.10) and (1.11) by

37 > N such that b € L2(Q), A € L™ 1(09)
>0

and b >0 a.e. on O, A o-a.e. on Of). (1.39)
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We denote by Ay an upper bound of [[b]] 7 @ and by Ay an upper bound of [||[z7-1(s0).

We also need an hypothesis on I'y and I'f; these sets must be “well-distributed” on 9. We introduce
thus two kinds of mappings of 92

O is an open subset of RV,
h:0O — B:={x € RN | |z| < 1} is a Lipschitz continuous
homeomorphism with a Lipschitz continuous inverse mapping, (1.40)
ONQ)=B;:={z€ B|zy >0},
h(ONIQ) ={x € dBy | zn =0},

O is an open subset of RV,

h: O — B is a Lipschitz continuous homeomorphism
with Lipschitz continuous inverse mapping,
h(OﬂQ) :B++ = {16 B | N >0, IN-1 >0},
h(O N Ff) = {l S 8B++ | TN_1 = 0},
h(OﬂFd) = {CE € 6B++ | IN = O},

(1.41)

and we suppose that

There exists a finite number of (O, hi)ic[1,m] such that
o C U™, 0; and, for all i € [1,m], (O;, h;) is of one of the following types:
(D) 0,NI0 =0;NT4 and (O;, h;) satisfies (1.40) (1.42)
(F)  0;ndQ=0; NTy and (O, h;) satisfies (1.40)
(DF) (O, h;) satisfies (1.41).

Corollary 1.1 Under Hypotheses (1.8), (1.9), (1.14), (1.83), (1.34), (1.39) and (1.42), the solution u

to (1.3) is Holder continuous on ). More precisely, if Ar, is an upper bound of ||L|\(W1,pr(m),, there exists
T

k > 0 only depending on (Q,aa,Aa,T,7,p) and C only depending on (N.,B,A4,T, /d&b,A,\,r, Av,p,AL)

such that u satisfies ||ul[co.~q) < C.

Remark 1.9 C%*(Q) denotes the space of k-Hdélder continuous functions, endowed with its usual norm.

Remark 1.10 Provided that the function g in (1.31) is in L™ () for a r > N, the results of Proposition
1.2 and Corollary 1.1 are also true for any solution of (1.32).

Corollary 1.2 Under Hypotheses (1.8), (1.9), (1.12), (1.14), (1.33), (1.39) and (1.42), the solution v

to (1.4) is Hélder continuous on Q2. More precisely, if A1, is an upper bound 0f||L||(W1,p/(Q)),, r> N and
g

A >0, there exists n > 0 only depending on (N«, 2, a), k > 0 only depending on (N, Q, aa, Aa, 7,7, A, D)
and C only depending on (N.,B,Aa, 7, Np, Ax, 7, A,p,AL) such that, when v € B(N.,n) + B(r,A), v
satisfies ||v|[co.x(q) < C.

Proof of Corollaries 1.1 and 1.2

Thanks to Proposition 1.2 (respectively 1.3), the solution u to (1.3) (respectively v to (1.4)) is essentially
bounded on €2, and we have an estimate on its L> norm. Thus, thanks to (1.34) and (1.39) (respectively
(1.39)), the terms ¢ — [, up, ¢ — [uv-Vop, ¢ — [, bup and ¢ — fFf Aug do (respectively o — [, bug
and ¢ — fpf Avpdo) are in (Wllt’imf(r’r) (Q)) (respectively (Wllfl (2))), and we have a bound on their
norms in this space.

By putting these terms in the right-hand side, we notice then that u satisfies

u e Hp (),

- 1.43
AVu -V + /Q up = (L, W)(Hlld(Q))’,Hlld(Q) , Vo € Hp (), (1.43)

Q



1.4. THE DUALITY METHOD FOR NON REGULAR RIGHT HAND SIDES 33

with L € (Wlldl,(ﬂ))’ for I = inf (7, r,p) > N. The results of [70] (in the pure Dirichlet case) or of [29] (for
other boundary conditions) give then the Holder continuity of u, as well as the estimates on the Holder
space to which u belongs and on its norm in this space.

For v, we get an equation of the kind

v € Hp (),

=~ 1.44
. ATV - Ve + /Q pv Vo =(L,¢)m ()y.u: (@ VP E Hi, (9), (1.44)

with L € (WFI;II (Q)) for | = inf(7,p) > N. In the pure Dirichlet case, the results of [70] give then the
Holder continuity of v; for other boundary conditions, a slight modification of the methods in [29](%)
gives the Holder continuity (as well as the estimates) of v. m

1.4 The Duality Method for Non Regular Right Hand Sides

As it is shown in [70], the regularity results of Corollaries 1.1 and 1.2 can be transformed into existence
and uniqueness results for weaker right-hand sides.

We suppose here Hypotheses (1.8), (1.9), (1.12), (1.14), (1.39) and (1.42).

Define 7 : (Ht (Q)) — Hf (Q) such that, for all L € (Hf (), TL is the unique solution to (1.4).
Thanks to Theorem 1.1, 7 is well defined, linear and continuous.

Let p €]N, cc[. Thanks to Corollary 1.2,

T,=T

iy V2 (@) — HY(9) e (@)
Ta

is well defined, linear and continuous(*). The adjoint operator of 7, is a linear continuous application
T; - (HY(Q)NC(Q)) — WI};pI(Q) (since 1 < p < oo, W;;p,(Q) is a reflexive space).

Let M(Q) = (C(Q))" (identified, through the Riesz representation theorem, to the space of bounded
measures on Q). Since H!(2)NC(Q) is continuously and densely embedded in C(Q) and in H(Q), M(Q)
and (H'(Q))' are continuously embedded in (H'(Q)NC(Q)).

Thus, we can talk of M(Q) + (H(2))" as a subspace(®) of (H*(Q) NC(Q))".

Let ¢ € M(Q) + (H(R))'. By definition, f, = 7, is the unique solution to

fp € Wl'l‘;p (Q> s
1,p _
VL € (WI‘dp (Q))/ ’ <L7 fp>(W1}ép’(Q))/7W1},dp’(Q) - <<; 7;L>(Hl(Q)mc(ﬁ))lyHl(Q)mC(ﬁ) (145)

=(GTL) (g )ne@)y, v (@) nC@)-
Take now ¢ €]N,p[ and f, the solution of (1.45) when p is replaced by ¢. Let L € (Wll;pl (©))’; since
Wt (Q) «— WEF (9), f, € Wi (Q) and Lyt € (W ()Y, so that, by definition of f,,

Ta

<La fq>(Wr1‘:1pl(Q)),’W11;zpl(Q) = <L‘W1}:’(Q)a fq)(WIE:,(Q))’,Wll:,(Q) = <Ca TL>(H1 (QNC(Q)),HL(Q)NC(Q)"

Thus, f; is also a solution to (1.45) and we have then f, = f, for all g €]N, p[.

3Voir Annexe A.

4H'(Q) NC(Q) is endowed with the norm || - lmio) + 11 ||C(§>.

5Endowed with the norm ||¢|| = inf{||,u||M(§) + Ll a1y » (L) € M(Q) x (H'(Q)), u+ L = ¢}, this is a Banach
space, and it is continuously embedded in (H'(Q)NC(Q))’. In fact, one can show that (H'(Q)NC(Q)) = M(Q)+ (H'(Q))'.
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The solution to (1.45) belongs thus to ﬂq<N/(N,1)WI};q(Q) and is in fact the unique solution to

fe N W@,
q<JX,/(N_1) . (1.46)
Vg< 5. VLE (WF;q(Q))/7 <Laf>(wg;l‘1(§z))f,w§f(9) = <CaTL>(Hl(Q)nC(ﬁ))f,Hl(Q)mC(ﬁ)-

The unique solution to (1.46) is called the duality solution of

—div(AVf) —div(vf) + bf = ¢ in €,
f=0 on Ty, (1.47)
AVf-n+A+v-n)f=0 on I'y.

This gives a notion of solution to (1.1) when the right-hand side L is in M(Q2) + (H(2))’, for which we
have thus existence and uniqueness (as well as estimates, since 7, is linear continuous — its norm is that
of 7,,, which can be bounded thanks to the results of Theorem 1.1 and Corollary 1.2).

To understand why, by solving (1.46), we can say that, in a way, we have solved (1.47), we refer the
reader to [29]. In particular, it is quite easy to see that, when ¢ € (H'(€))’, the solution to (1.3) with
L= C\H%d(ﬂ) is the solution to (1.46); we can also state integral formulations (one equivalent to (1.46), the
other weaker than (1.46)) satisfied by the solution of (1.46) that makes it easier to see why this solution
is a solution to (1.47).

Under Hypothesis (1.34), one can do the same reasoning using the regularity results on the solution to

(1.3). In this case, we obtain a duality solution to

_Av(ATV ) 4 v-Vi+bf=¢ i Q
f=0 on Ty, (1.48)
AT fn4 M =0 onT;.

All the results on the duality solutions obtained in [29] do also apply here; in particular, we could state
a stability result similar to the one of Theorem 4.1 in [29)].

Acknowledgement The author whishes to thank Lucio Boccardo for his invaluable help.

1.5 Appendix: Technical Lemmas

Lemma 1.1 Let (p,q,r) € [1,00] such that ¢ < oo and %—i—% =1 Ifg e LYQ) and (fo)n>1 is a bounded
sequence of LP () which converges a.e. on  to f, then f,g — fg in L"(Q).

Remark 1.11 This results is also true when Q) is replaced by any measured space (X, A, ).

Proof of Lemma 1.1

We have f,g — fg a.e. on €. Since r < oo (because ¢ < oo) and € is of finite measure, thanks to
the Vitali Theorem, we just have to prove the r-equi-integrability of (f,g)n>1 to get the convergence in
L™(2) of this sequence.

Denote by M an upper bound of (||fnl|ir@))n>1. Let E be a measurable subset of €; by the Holder
inequality, we have

I fngllrey < Ifalleee)l9llLaey < M9llLa(E)-

Since ¢ < oo, we have ||g||re(zy — 0 as |E| — 0; this gives the r-equi-integrability of (f,g)n>1 and
concludes the proof of this lemma. m
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Lemma 1.2 Let F': RT — R be a non-increasing function. If there exist 3> 0, v > 1 and C > 0 such

that
CP(1+ k)P

> <
Vh>k>0, F(h) < L

F(k)

and if

then F(H) = 0.

For the proof of this variant of Lemma 4.1, i) in [70], we refer the reader to [29].
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Chapitre 2

Quelques résultats supplémentaires

2.1 Cas non-linéaire

L’outil que nous avons employé pour prouver I'existence d’une solution variationnelle & (1.3), le degré
topologique, est non-linéaire et nous permet donc de traiter, comme nous I’avons vu dans la sous-section
1.2.2, des termes convectifs non-linéaires. Cependant, nous avons fortement utilisé le fait que la partie
non-convective de (1.3) était linéaire; c¢’était nécessaire pour pouvoir définir 'application F dans Iétape
1 de la preuve du théoréme 1.1 (il fallait que la solution de (1.16) soit unique).
Il existe des résultats (cf [11]) qui donnent I'unicité de la solution & certains problémes de la forme
{ —div(a(x,u, Vu)) + blu[P?u = L dans (2, (2.1)
u=0 sur 0f), )

ott —div(a(x,u, Vu)) est un opérateur de Leray-Lions agissant sur W1?(Q). On pourrait donc adapter la
méthode précédente a ces cas-la et prouver ainsi des résultats d’existence, dans un cadre “variationnel”,
pour des problemes elliptiques non-linéaires de la forme

u=0 sur 0f. (2:2)

{ —div(a(x,u, Vu)) — div(®(z,u)) + blulP~?u = L dans Q,
Il faudrait cependant, pour faire ceci, ajouter des hypotheses sur a qui entrainent I'unicité de la solution
variationnelle de (2.1); la méthode employée précédemment dans le cas linéaire n’est donc pas trées adap-
tée, malgre 'emploi du degré topologique, au cas non-linéaire.

Nous nous proposons ici de voir que des estimations similaires a celles du cas linéaire, associées a une tech-
nique d’approximation (déja employée dans [8]), permettent néanmoins d’obtenir un résultat d’existence
de solution variationnelle dans un cas non-linéaire non-coercitif.

La technique d’approximation que nous allons utiliser a aussi été employée dans [43] pour prouver
l'existence, lorsque L € L'(£2), d’une solution renormalisée & (2.2); cependant, que ce soit dans le cadre
des solutions renormalisées de [43] ou dans le cadre des solutions entropiques de [8], on ne cherche des
estimations dans espace d’énergie associé a I'opérateur que sur les tronquées des solutions (en partic-
ulier, on n’estime pas u — T (u) dans cet espace). Les estimations que nous présentons ici dans le cas
variationnel sont donc originales vis-a-vis des travaux précédents.

2.1.1 Hypotheses

Q est un ouvert borné connexe de R & frontiere lipschitzienne; I'y est une partie mesurable de 9 et
Iy = 0O\I'y. o représente la mesure sur J€.

37
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Soit p €]1,00[. Sip < N, on prend D E]%, NN—SD[; si p > N, on pose p = +00. Avec un tel choix de
7, WhP(Q) s’injecte compactement dans LP(2) et W1~ 1/P2(9Q) (Vespace des traces sur 9Q de fonctions
dans W1P(Q)) s'injecte compactement dans L~ P(99).

On note Wlldp (€2) I'espace des fonctions de W1?(£2) dont la trace est nulle sur T'y.

Nous nous intéressons au probleme
—div(a(x,u, Vu)) — div(®(x,u)) + blulP~?u = L dans Q,
u=0 sur g, (2.3)
a(z,u, Vu) -n+ @(z,u) -n+ MulP~2u = Us sur 1'y.

Les hypotheses sur la partie dominante de (2.3) sont:

a: QxR xRN — RN est une fonction de Carathéodory, (2.4)
Ja > 0et © € LY(Q;R1) tels que a(z,s,£) - € > al¢|P — O(x) (2.5)

pour presque-tout = € €2, pour tout (s,¢) € R x RN, )
33> 0, he LP () et 0 € [0,7] si P < 400 ou O € [0, +00] si p = +00 tels que (2.6)

la(z,s,&)| < h(z) + ﬁ|5|9/p, + B\ﬂp/p/ pour presque-tout = € €, pour tout (s,£) € R x RV, '
(a(xasaé)_a(xasan))'(g_n) >0 (2 7)

pour presque-tout = € €, pour tout (s,&,n) € R x RY x RY tels que & # 7. )

Les termes de plus bas degré satisfont:

be LB (@), xe L5 (99). (2.8)

Afin d’obtenir, comme dans le cas linéaire, la coercitivité de la partie non-convective de (2.3), on fait
I’hypothése suivante:

U(Fd) >0,
ou

b > 0 presque partout sur 2, A > 0 o-presque partout sur 02 et b#0, (2.9)
ou

A #£0.

Sous les hypotheses (2.8) et (2.9), un raisonnement par 1’absurde montre que, pour tout ¢ € [1,p], il
existe K > 0 tel que, pour tout u € W;;”(Q), on a

p/q r/q
a/ Vul? + </ b|u|‘1> + (/ )\|u|‘1d0) > K [ullfy1.0 0. (2.10)
Q Q T,

Remarque 2.1 L’opérateur que nous considérons ici est un peu différent des opérateurs de Leray-Lions
tels qu’on les étudie classiquement. Cependant, il n'est pas dur de voir (par les méthodes usuellement
employées) que, sous les hypothéses (2.4)—(2.9), il existe une solution variationnelle & (2.3) lorsque
¢ =0.

Enfin, la partie convective de (2.3) satisfait:

®: QxR — RY est une fonction de Carathéodory telle qu'il existe g € L"(Q),
1% sip<Netr E]p%l,oo[ si p > N, satisfaisant (2.11)
|®(z, s)| < g(z)(1+ |s[P~!) pour presque-tout = € Q et pour tout s € R.

avec r =
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2.1.2 Théoréme d’existence

Théoréme 2.1 Sous les hypothéses (2.4)—(2.9) et (2.11), si L € (WYP(Q)), il existe une solution a
u € Wﬁdp(Q) )
/ a(x,u,Vu) - Vgp—i—/ D(x,u) - V<p+/ b|u|p*2u<p+/ NulP~2up do (2.12)
Q Q Q T,

= (L, @) wre@)ywie@) - Yo € WEP(Q).

Remarque 2.2 Le probléme (2.12) est une formulation faible de (2.3) (avec L qui prend en compte L et
Uys). On remarque aussi que, grice aux injections de Sobolev et auzx hypothéses d’intégrabilité des diverses
données, tous les termes de équation de (2.12) ont un sens.

Preuve du théoréme 2.1

Comme signalé précédemment, nous allons prouver l'existence d’une solution & (2.12) au moyen d’une
technique d’approximation.

En notant, comme d’habitude, T,,(s) = max(—n, min(s,n)) la troncature de niveau n, on pose ®,,(x, s) =
O(z,T),(s)) et an(z,s,&) = alx,s,§) + ,(z,s). ay est clairement une fonction de Carathéodory qui
vérifie (2.7) (car ®,, ne dépend pas de ¢); on a, pour presque tout x € Q et tout (s,&) € R x RN, par
I'inégalité de Young,

al¢l? = O(x) = gla)(1 +n?)lg]
al¢P = O(2) = Cyla)?’ (L+n? 1P = Jel?

an(m, 375) -

Y

v

a ~
21elr - ()

olt C' ne dépend que de (p, @) et © = O+ Cg?' (14+nP 1) € L}(Q) (par hypothése sur g on a g € L¥'(Q)).
Enfin, pour presque-tout z € Q et tout (s,£) € RV, on a

jan (@, 5.€)| < h(w) + g(@)(L+nP~") + Bls|”/7 + sl

avec h + g(1+nP~1) e L¥' (Q).
ay, vérifie donc les hypotheses (2.4)—(2.7) et il existe (cf remarque 2.1) une solution(!) &

un € WP (Q),

a(:c,un,Vun)-ch+/ @(z,Tn(un))-Vg&+/ b|un|p72un<p+/ Aty [P~ do (2.13)
Q Q r

Q f

= <L, g0>(W1,p(Q))17W1,p(Q) , Vo € WI}:’(Q)

Nous allons maintenant obtenir, de la méme maniere que dans le cas linéaire, des estimations sur (uy, )n>1-
Dans toute la preuve qui suit, les différentes constantes C; intervenant ne dépendent pas de n.

Etape 1: estimation sur In(1 + |uy]).
dt

Soit ¢(s) = [, e En utilisant ©(u,) comme fonction test dans (2.13), on a

Vuy, _ _
a(x,un,Vun)-iJr/blunlp 2uncp(un)+/ M [P~ p (1) do
/Q L+ unl)? * Jao r,

|V,

0+ Jun])? Ll wre )y e (wn) | [we - (2.14)

< /Q g(2)(1+ fun[P~Y)

'En fait, contrairement & ce que nous avons pu laissé penser au début de cette section, le degré topologique (ou le
théoréme de point fixe de Schauder) intervient aussi dans cette preuve: son utilisation est cachée dans application du
théoreme d’existence de Leray-Lions.
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Or

Vi, |Vun, P O(x)
>« —
(U fun)P = (L funl)P (1 [ual)?

CL(SC, Unpy vun) )

2 a|V(In(1 + |un|))[” — ©(z). (2.15)

 étant impaire, croissante et ayant le méme signe que s, on a, lorsque |s| > 1, |s|P~2s¢(s) > ¢(1)]s[P~1.
Ainsi, puisque p > 1, la fonction continue s — |s|P~2sp(s) —In(1 + |s|) tend vers I'infini lorsque |s| — oo.
Il existe donc C; tel que, pour tout s € R, [s|P"2sp(s) > In(1 + |s|) — C1. b et X étant positives, on en
déduit

/ bl [P~ 2unp () +/ Nty [P 2unp(uy) do
Q Ty
/g;bh’l(l—i—‘unD—i-/ )\ln(l—i—|un|)dU—C’1||b\|L1(Q) —ClH)\HLl(QQ). (2.16)
Ly
On a1+ [s[P~t <2(1+|s|)P~! pour tout s € R, donc

N\ IVl et
| a@ + P s <2 [ 0@ 5 < 2l ol V000 + D v (217)

Enfin, puisque ¢ est bornée et (1 + |u,|)? > 1+ |uy|, on a

/p

[V, P!
in Lp < —_—

et < G+ (f (s

|V, |P )1/p
Cot [ e
’ <9(1+Un|)p

Co + [ IV(In(1 + [un])] [|Lr(0)- (2.18)

A

A

En injectant (2.15)—(2.18) dans (2.14) et par l'inégalité de Young, on en déduit

ol [ IV (L + fun )2, ) + /Qb1n(1+|un|)+/F AMu(l + un]) do
f

< G+ —|| IV(An(1 + fun 70 q)-

Ainsi, (|| |[V(In(1 + Jun))| [lr@)nz1, (Jo bIn(1 + |un]))n>1 et (frf Aln(1 + |uy|) do)n>1 sont des suites
bornées; par (2.10) (appliqué & ¢ = 1), on en déduit que (In(1 + |uy]))n>1 est bornée dans WHP(Q).

Etape 2: estimation sur Si(u,) = u, — Tk(un).
Soit k > 0. En utilisant Sk (u,) comme fonction test dans (2.13), on a, puisque V.Sk(un) = 1{jy, >k} Viin,
[t [P~ 21, Sk (1n) > |Sk(un)|P et |un| < k + |Sk(un)l,

o [ 1Sl + [ HStunl? + [ Sl do

Ty

< /Qg(ﬂf)(l+Iun|”’1)IV(Sk(un))l+||L|\(ww(myIISk(un)llww(Q)+||@||L1(Q)

IA

/Qg(fr)(l + (2k)P71 4 2071 (wn) [P IV (Sk (un)) |+ 11w ) 1Sk ()l ) + 110220

IA

270 [ @)1Suan) PV + (1 Rl oy + 1El ooy ) 15w oo
+10]lz1 ()
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Soit € > 0 (que I'on fixera plus tard). On écrit g = g1 + g2 avec g1 € L"(Q) tel que ||g1||r) < € et
g2 € L*(Q) (une telle écriture est toujours possible). Par les inégalités de Holder et (2.10), on a donc

KlSk(un)Byiny < 227 Hlgaller@ll 1Sk (wn) P~ Lagy 1Sk (un) w9
+2°7 Y92 poe () 1 1Sk (wn) P71 Lot () 19k () [0 )
FC4(1+ K2 D[Sk (un)llwrr ) + O] L2 (0
< 2P e[Sk (un) [ stpn (g 1S (un) [lw.o ) + Csl 1Sk (un) [ ey 1Sk (un) .o

+C4(1 + kp71)||5k(un)||wl,p(9) + ||@HL1(Q) (2.19)
ol q € [p/, 00 est tel que % + % = ;z% (comme r > p’, un tel ¢ existe bien).
Sip<N,ona7’:N/(p71)doncq(pfl):NN—f;;sipzN,onar>p/(p 1), donc p < q(p—1) <
00. Dans les deux cas, il existe donc, par les injections de Sobolev, Cg tel que ||Sk(un)||Law-1 @) <

Co||Sk(un)|lw.0 (). De plus, par Hélder et I'injection de Sobolev WP (2) < LP(€Q), et puisque Sy (uy,)
0 hors de E}} = {|u,| > k}, il existe C7 tel que

1k (un) |0y < [ER17™5][Sk(un)l| ooy < CrlER |27 (|Sk(un)llwrs(0)-

En revenant dans (2.19), on obtient donc

1_1\P~1
KISk oy < CoellSkun)fpiniay +Cs (1BEP ) 1Skl fyia
+Cs(1+ kP~ )|[Sk (un)lwrr() + 1O L1 (0)

In(1 DI ,
Nous fixons maintenant e = K/(4Cg). Comme, par Tchebycheff, |E}'| < % et, par I'étape 1,

p—1
(In(1+|up|))n>1 est bornée dans LP(§2), on peut fixer k > 0 tel que, pour tout n > 1, Csg <|E,?|%7%> <
K/4. On en déduit alors, pour tout n > 1,

K _
S 1Sk ()10 () < Cs(L+ P18k (un)llwrr o) + 18] 1)
Ainsi, pour ce k, (Sk(un))n>1 est bornée dans WP (Q).

Etape 3: estimation sur wu,.
En mettant, pour le k fixé dans I'étape 2, Ti(u,) comme fonction test dans (2.13), on a, puisque
[n [P 2w, T (un) > |Ti(un)|P et V(Tk(ur)) = 0 14 ot |u,| > k,

o /Q V(T ()P + /Q T ()P + / AT (11)P

Ly
< Ll wre @)y | Tk (wn)llwre(a) +/Q |g1(1 + EP=H) |V (Th (un))| + O] L1
< (Ll wro@y + L+ KDl 1o @) Tr (wn)llwrr @) + 101 @)

Par (2.10), (Tx(un))n>1 est donc bornée dans WhHP(Q) et on en déduit, grace a I'étape 2, que (up)n>1
est bornée dans W1P(Q).

Etape 4: passage a la limite.
uitte a extraire une suite, on peut donc supposer qu’il existe u € W2P(Q) tel que u,, — u faiblement dans
Ta
Wllf(Q), fortement dans LP(Q) et presque partout sur €. On peut aussi supposer (la trace W?(Q) —

LP(0Q) étant compacte — car p > 1) que les traces de (un)n>1 convergent o-presque partout sur 92 vers
la trace de u.
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Nous allons maintenant montrer que, a une sous-suite pres, Vu,, — Vu presque partout sur €2, en utilisant
la méme méthode que dans le cas variationnel coercitif (Leray-Lions).

On considere donc la fonction intégrable positive fp(x) = (a(z, upn, Vuy) — a(z, up, Vu)) - (Vu, — Vu).
Grace a ’équation satisfaite par u,, on a

/ fo = (Lotn — 0wy i) — / (@, T () - (Viun — V) — / Bttt (1, — 1)
Q Q Q

—/ N [P~ 2y, (uy, — w) do — / a(x, uy, Vu) - (Vu, — Vu). (2.20)
Q Q

Comme u,, — u dans WP (Q) faible, on a (L, u, — w)wi.e(0))y,wie@) — 0.
Puisque 0 < 6 <P on a, par Holder (avec Iexposant p/6 € [1, 0c]) et pour tout E C 2 mesurable,

-2
/E finl® < a1y | B,

Si P < 00, (un)n>1, qui converge dans LP(£2), est p-équi-intégrable et 1'inégalité précédente nous montre
alors que (|u,]?),>1 est 1-équi-intégrable; si p = oo, 1 — % =1 et (up),>1 est bornée dans LP(Q), donc
la méme inégalité nous montre encore que (|u,|?),>1 est 1-équi-intégrable. Ainsi, dans les deux cas,
(|tn|?/?")p>1 est p'-équi-intégrable et, par (2.6), (a(x,un, Vu))p>1 est p'-équi-intégrable. Cette suite de
fonctions convergeant presque partout vers a(z, u, Vu), on en déduit que a(z, upn, Vu) — a(z,u, Vu) dans
(L' ()N et, puisque u,, — u faiblement dans W12(£), que Jo alz,un, Vu) - (Vu, — Vu) — 0.

(un)n>1 étant bornée dans W1P(Q), elle est aussi bornée dans LP(Q); (|t [P %up (un — 1))n>1 est donc
une suite bornée dans LP/P() qui converge presque partout sur  vers 0. Puisque b € L®/ p),(Q), avec
(p/p)" < oo, le lemme 1.1 nous dit que blu, P>y, (uy — u) — 0 dans LY(Q).

De méme, les traces de (u,)n>1 sont bornées dans LV=YP/N(9Q) done ((Jun[P~2uy (un — u))ja0)n>1
est une suite bornée dans LN -DP/Np (09) qui converge o-presque partout sur 92 vers 0. Puisque
A € LIN-Dp/Np) (9Q) avec (N —1)p/Np)’ < oo, le lemme 1.1 (associé & la remarque 1.11) nous dit que
Mt [P~ 2up (uy, — u) — 0 dans L(9Q).

Il reste & voir la convergence du terme [, ®(x, T, (un)) - (Vuy, — Vu). La suite (1 + |u,[P~1),>1 converge
(Nfﬁg%sip<Netq<oosip2N(2).
g étant dans L"(€2), le lemme 1.1 nous dit que (g(1 + |un|P~1))n>1 converge dans LY(Q) avec [ € [1, 00|

telque 1+ =31 Sip< N,onal=p;sip> N, puisque r > p/, on peut trouver ¢ < oo tel que
r q l

presque partout sur §2 et est bornée dans L(Q) avec ¢ =

I = p/. Dans les deux cas, on constate donc que (g(1 + |un|?~"))n>1 converge dans L? (2) et est donc
p/-équi-intégrable sur Q. Comme |®(z, T}, (uy))| < g(1 + |un|P~1), on en déduit que (®(z, Ty (un)))n>1
est aussi p’-équi-intégrable sur Q; cette suite de fonction convergeant presque partout sur € vers ®(x, u),
on a donc ®(x, T}, (uy,)) — ®(x,u) dans (L (Q))N. Puisque u, — u faiblement dans W?(Q), cela nous
donne donc [, ®(z, Ty, (un)) - (Vu, — Vu) — 0.

En rassemblant toutes ces convergences dans (2.20), on en déduit que fQ fn — 0, soit, puisque f, > 0,
que f, — 0 dans L1() et, quitte & extraire une suite, presque partout sur 2.

L’argument classique de [53] nous permet alors de voir que Vu, — Vu presque partout sur . En
effet, en prenant z € Q tel que a(z,-,-) est continue sur R x RY, ©(z) < oo, h(z) < oo, Vu(z) € RY,
fn(z) — 0, up(z) — u(x) et (2.5)-(2.7) soient valides, soit (Vu,(z)),>1 est non bornée dans RY | soit
(Vtuy(z))n>1 est bornée dans RY. Dans le premier cas, cela signifie qu’on peut extraire une suite, encore
notée (Vuy (z))n>1, dont la norme tend vers l'infini; mais alors, par (2.5) et (2.6), on a

fal@) = alVun(@)P = O(2) = h(w)|Vu(x)| = Blun(@)|"” |Vu(@)] = B Vun (@) P [Vu(a)
—la(z, un (), Vu(@))[([Vun (2)] + [Vu(z)]) — oo

2En fait, elle est aussi bornée dans L () si p > N.
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(puisque p > p/p’ et p > 1), ce qui est une contradiction et montre que (Vun(z))n>1 est forcément bornée
dans RY. Quitte & extraire une suite, encore notée (Vu, (z)),>1, on peut donc supposer que Vu, (x) — &
dans RY; on a alors

fn(x) —0= (a(z, U(I),f) - a(x,u(x), VU(Z‘))) : (5 - VU(:C))

ce qui, par (2.7), implique £ = Vu(x); la seule limite des suites extraites de (Vup(z))n>1 étant Vu(z),
cela prouve bien que la suite bornée (Vu,,()),>1 converge vers Vu(x).

On a donc trouvé une fonction u € W;;p () telle que u,, — u faiblement dans WP (Q), presque partout
sur €2, Vu, — Vu presque partout sur Q et u,|pq — 9o o-presque partout sur Jf.

Comme (t,, )1 est bornée dans W2 (Q), (a2, ty, Vit ))n>1 est bornée dans (LP' (22))N et converge donc,
4 une sous-suite pres, faiblement dans cet espace; mais a(x, u,, Vu,) — a(z, u, Vu) presque partout sur
Q donc, par le théoréme de compacité LP — LY, a(x,up, Vuy,) — a(z,u, Vu) fortement dans (L4(Q))N
des que ¢ < p’. La limite faible dans (L7 ()N de (a(z, tn, Viiy))n>1 est donc a(z, u, Vu). Ainsi, pour
tout ¢ € WHP(Q),

/ a(z, up, Vuy,) - Vi — / a(z,u, Vu) - V. (2.21)
Q Q

|t |P %1, — |u[P~2u presque partout sur € en étant bornée dans LP/®~1(Q) donc, par le lemme 1.1,
bltn|P 2w, — blulP~2u dans LP (Q); ainsi, pour tout ¢ € WHP(Q),

/b|un|p72un<p—>/b|u|p72ucp. (2.22)
Q Q

[t [P 2, — |ulP~2u o-presque partout sur 9 en étant bornée dans LN -VP/(NP=1)(9Q) donc, par
le lemme 1.1 et la remarque 1.11, M|u,|P~2u, — Au[P~2u dans LIN=UP/N)(9Q); ainsi, pour tout ¢ €
Whr(Q),

/)\|un|p_2un<,0doﬁ/ NulP~2up do. (2.23)
Ly Ly

On a déja vu que ®(z, Ty (1)) — ® (2, u) dans (LP ()N, donc, pour tout ¢ € W2(Q),

/Q@(x,Tn(un))-Vgoa/be(x,u)-Vgo. (2.24)

(2.21) (2.24) permettent donc de passer a la limite dans ’équation satisfaite par u,, et de constater que
u est bien une solution de (2.12). m

2.1.3 Théoréme d’unicité

Le résultat d’unicité de [11], qui n’utilise pas 'hypothese de coercitivité de 'opérateur, peut s’appliquer
directement dans le cas non-coercitif étudié ici, lorsque 'on considere des conditions au bord de type
Dirichlet; 'adaptation aux conditions au bord mixtes est assez triviale, mais traiter les conditions au
bord de type Fourier demande une petite astuce (3).

Dans la preuve qui suit, la nouveauté par rapport a [11] réside donc essentiellement dans ’étape 1.

Théoreme 2.2 Sous les hypothéses (2.4)—(2.9), (2.11) et les deuz suivantes:

36 >0, He LV (Q) et eg > 0 tels que
|a(z, 5,€) + @(x,s) —al(z,t,€) — ®(x,1)] < bls — t|(H (x) + €[~ + [s|P" /7 + |t]p" /") (2.25)
pour presque-tout x € Q, pour tout (s,t,&) € R x R x RY satisfaisant |s —t| < &g

3A savoir: prouver que, si u et v sont des solutions de (2.12), alors u = v presque partout sur {x € Q | b(z) > 0} et
o-presque partout sur {z € 9Q | A(z) > 0}.
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(ot p* € [1,00[ est un exposant tel que WHP(Q) s’injecte dans LP" (Q) — i.e. p* € [1, NN—_’;] sip< N et
p* €[l,00] sip> N),

L<p<2etIy>0 tel que (a(z,s,€) — al(a,s,n)) - (£ —n) > ([E[P72 + [n[P~2)|¢ —nf?
pour presque-tout x € Q, pour tout (s,&,n) € R x RN x RV
ou
b > 0 presque partout sur €,

(2.26)

la solution de (2.12) est unique.

Preuve du théoréeme 2.2
Supposons qu'’il existe deux solutions u et v & (2.12). En faisant la différence des équations satisfaites
par u et v et en utilisant la fonction test ¢ = Te(w), ot w =u — v et 0 < € < &g, on a, par (2.25),

/Q (a(, w, Vi) — ala, u, Vo)) - V(T (w)) (2.27)
+/§zb(|u|p72u — [vP20) T (w) + /Ff MJulP~2u — [P 20) T (w) do (2.28)

= /Q(a(x,v, V) + ®(z,v) — a(z, u, Vv) — ®(x, u)) - V(T (w))

IA

5/ (| (H + [VolP=" + [P/ + o 7)Yl (2.29)
A

o A. = {0 < |w| < £}. On commence par traiter les termes de plus bas degré (2.28) puis on sépare les
casp>2etp <2

Etape 1: termes (2.28).
On remarque que le terme (2.27) est positif, que 7-(w) a le méme signe que |uP~2u — [v|[P~2v et que

Tw) > lp,,  [Tow)oal > clc,
ou B. ={x € Q| |w(z)] >e}et Cc ={xed| |w(x) >c}
Alnsi, par positivité de b et A, (2.29) donne

5/ blufP?u — |v[P?v| 15, + 5/ Au[P~?u = P ~?v| 1¢, do < 5/ 0] (2.30)
Q Ff Ae

ot ¢ = 8(H + |VolP~t 4 [uf™/P" 4 |[v|P" /) |Vw| € LY(Q) (car (H,|Vo[P~ L, [ulf™/?, [u]p"/P") € LV (Q) et
|[Vw| € LP(Q)). Par convergence dominée, puisque 14, — 0 sur , on a fAE ¢ — 0 lorsque ¢ — 0. En
divisant par e dans (2.30), le lemme de Fatou donne, puisque 1p, — lizcq| w(z)z0} sur Q et 1o, —
1200 | w(x)20} sur 9 lorsque € — 0,

/ bllufP~2u— ol 20| =0 et / A lul?2u — [o]P~20| do = 0,
{20 | w(z)£0} {209 | w(z)#£0}

On en déduit donc que u = v presque partout sur {z € Q | b(x) > 0} et que u = v o-presque partout sur
{ € 00 | A(x) > 0}.

Etape 2: sip > 2.
On a alors, & un ensemble de mesure nulle pres, par (2.26), {z € Q| b(z) > 0} =, donc u = v presque

partout sur Q par I’étape précédente.

Etape 3: sil <p <2,
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Par (2.26) et (2.29), puisque les termes (2.28) sont positifs, on a
3 [Vl 419l DIV @D <8 [l -+ [Top 4 a4 o[V,
Q AE

Mais, par Young, si ¢ = u ou v,

Slw| H|Vw| < %\Vu\p’2|Vw|2+C|w|2H2|Vu|2’p,
Slw| [VoP~ [Vw| = 8lw| |Vo| ¥ |[Vo| 27! [V < %\WII”_QIVMI2 + Clwl*[ Vo,
Slwl P/ |Vuw| < %\W\”’QIV@UI2 + Clwl?| o /' [Vul >,

de sorte que

2 [ (a2 4 9o 9 )

< O [ PRSP+ [Top 4 (P TP ) <2 [ (28
AE AE

ottty = C((H? + |u[>"/?' + v|P"/?")|Vu[>P 4 |Vo|P). Mais H? + [u|>?"/?" + |[v|?P"/P" € LP'/2(Q) (on a
bien p’ > 2 puisque p < 2), |Vul|?> P € LP/C=P)(Q) (p/(2 — p) € [1,00] car 2p > 2) et 1% + 2%” =1, donc
Py € L1<Q)

Par Cauchy-Schwarz, on déduit de (2.31) que

/Q|V(Te(w)>| < Cy (52 /A 1/,1)”2 (/A %)1/2

olt P2 = (|VulP=2 4 |VoP=2)~1. Or, pour tous réels (z,y) positifs, on a (z +y)~! < z7! 4y~ 1, donc
oy < |Vul27P+|Vo|>7P € LY(Q) (car 0 < 2—p < p). Ainsi, puisque 14, — 0 sur , on a, pour i € {1,2},
Ja. i — 0 lorsque € — 0.

On obtient finalement

/Q V(T2 ()] < ew(e) (2.32)

ot w(e) — 0 lorsque £ — 0.

Comme u et v sont dans erdp(Q) et u — v = 0 o-presque partout sur I 1a ot A > 0 (cf étape 1), en
notant I'o =TqU{x € 90 | M) >0}, onaw=u—v € Wll(’)p(Q), donc T (w) € erol(Q) On sait aussi,
toujours par 'étape 1, que w = u — v = 0 presque partout sur Q la ou b > 0.
Par (2.9), on a soit o(I'y) > 0, soit o({z € IQ | A(xz) > 0}) > 0, soit [{z € Q| b(x) > 0} > 0. Dans
n’importe lequel des deux premiers cas, o(I'g) > 0 et I'inégalité de Poincaré nous donne donc C” tel que,
pour tout ¢ € W;(’Jl (),

lellz e < OVl 22 - (2.33)

Dans le deuxieme cas, puisque E = {z € Q | b(z) > 0} est de mesure non-nulle, il est assez aisé de voir
par I'absurde qu’il existe C’ tel que, pour tout ¢ € W1(Q) nulle sur E, on a encore (2.33).

Puisque T:(w) € Wllgl(Q) est nulle presque partout sur E, on peut donc lui appliquer (2.33) qui donne,
associé a (2.32)

/ T (w)] < C'ew(e).
Q

Soit § €]0,e0f; si 0 < € < §, on a |T-(w)] > e sur Bs = {x € Q| Jw(x)| > §}, donc par U'inégalité
précédente, |Bs| < C'w(e). En faisant ¢ — 0, on en déduit que Bs est de mesure nulle pour tout
§ €]0,¢e0], c’est & dire que w = 0 presque partout sur ). m
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2.2 Contre-exemple a la régularité holdérienne

Considérons le probleme mixte élémentaire suivant:

—Au =1L dans €,
u=0 sur Iy, (2.34)
Vu-n=0 sur  I'p.

Lorsque L est régulier (par exemple dans CS°(€2), mais on a vu que 'on a besoin de beaucoup moins
que cela), on a pu prouver la continuité sur Q de la solution variationnelle u de (2.34) d condition de
supposer une hypotheése de “bonne répartition” de T'y sur 9Q (hypothese (1.42)); cette hypothese est bien
stir inutile lorsque 1’on veut prouver la continuité de u a I'intérieur de 2 mais elle est cruciale lorsque I'on
cherche a obtenir la continuité de u jusqu’au bord de {2.

C’est ce que nous nous proposons de voir ici.

2.2.1 Construction d’un I'; singulier

Nous allons exhiber un borélien 'y de 92 pour lequel la solution de (2.34) n’est pas continue sur Q (pour
une treés large classe de seconds membres réguliers L). 1’idée est de trouver I'y suffisament “gros” pour
que toute fonction continue nulle sur I'y soit nulle sur 92, mais de sorte qu’il existe des fonctions de
Ht,(€) qui ne sont pas nulles sur 92 tout entier.

On suppose N = 3 (%) et on prend donc Q ouvert borné de R? & frontiere lipschitzienne.

foa(y) = <1 - u>+ :

Pour z € R? et a €]0, 1], on note

(e

Jz,a est une fonction de H'(R*) qui prend ses valeurs dans [0,1] et dont le gradient fél B(x,a)ﬁ

vérifie |V fz.a| = élB(m’a) (B(z,a) désigne la boule euclidienne de centre z et de rayon «). On a donc
19 fral 1Bogas) = 22 B(z,0)] = Coa, ot Co = [B(O, )]s commme || fa.al 22 gs) < 1B, a)| = Coa®, on en
déduit

| fe.allm @) < C1va, (2.35)

ot Cy ne dépend ni de z ni de « (rappelons que 'on a pris a < 1). Enfin, on a
/ |fraldo < a(002N B(z,a)) < Cza?, (2.36)
aQ

ot Cy ne dépend que de Q (°).

g

Prenons oy, = 5= (¢ €]0, 1] sera fixé plus tard) et (z,),>1 une suite dense dans Q. On pose

Iy = gl (aQ nB (mn %)) .

Notons que I'y est un ouvert dense de 9f2.
Vu le choix de (an)n>1 et la propriété (2.35), la série des (fz,,a, )n>1 €st absolument convergente dans

HY(R3) et
f = Zfzn,an

n>1

4Le raisonnement qui suit pourrait étre effectué avec n’importe quel N > 3. Il n’est cependant pas clair que le résultat
que nous prouvons dans cette section 2.2 soit vrai en dimension N = 2.

5C’est une propriété générale: la mesure (N — 1)-dimensionnelle de intersection d’un bord d’ouvert lipschitzien de RN
avec un ensemble de diameétre de I’ordre de a est un O(aV—1).
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est donc bien défini dans H'(R?). On a aussi, au sens des traces, f =Y. o, fon.,a, dans L?(0Q).

Pour tout n > 1, comme [y, o, > 1/2 sur 902 N B(zy, an/2) (cette fonction étant continue, sa trace sur
00 est égale & sa restriction) et f > fz, o, sur 90 (toutes les fonctions (fz,, .. )m>1 sont positives), on
a f>1/2sur 00N B(zy,a,/2). Ainsi, f > 1/2 sur Ty.

La fonction 1 — 2T} 5(f) € H'(R®) est nulle sur Tgq (T1/2(f) = 1/2 sur Ty, puisque f > 1/2 sur ['y) et sa
restriction g a €2 vérifie donc @y € H%d (Q). Nous allons maintenant choisir ¢ €]0, 1] pour nous assurer
que [, wodo >0 (et que donc @ # 0 sur 92).

Puisque la série définissant f converge au sens des traces dans L2(99Q) — L'(992), on a, par (2.36),

1
2T 5(f da§2/ fdo =2 / fmmandcr§2052 = (.e2
/69| 172(f)] o 321 o 2 nEZI 22 3

ot C3 ne dépend pas de €. On prend alors € €]0, 1| tel que C3e? < o(92)/2; avec ce choix, on a

/ gaodaza(aﬂ)f/ 2T )5(f) do > > 0,
29 29 2
ce que 'on souhaitait.

Pour résumer, on a donc construit un ouvert dense I'y de 9 tel qu'il existe po € Hp () vérifiant
fBQ ©o do > 0.

2.2.2 Non-continuité sur Jf) de la solution de (2.34)

Nous allons maintenant prouver le résultat suivant.

Théoreme 2.3 Avec le I'y construit dans la sous-section 2.2.1, pour tout L € C2°(Q) positive non-nulle,
la solution de (2.34) n’est pas continue sur €.

En fait, nous allons prouver que la trace de la solution u de (2.34) n’est pas continue sur 0f), ce qui
implique en particulier que u n’est pas continue sur {) (mais u est continue sur (2).

Preuve du théoréme 2.3

Prenons L € C°(Q) positive non nulle et raisonnons par ’absurde: on suppose que la trace de la solution
u € Hf,(Q) de (2.34) est continue sur 99; étant nulle o-presque partout sur Iy (car u € Hf (Q)) et T'g
étant un ouvert de 0€), cette trace est donc nulle partout sur I'y; puisque I'y est dense dans 0, cette
trace est finalement nulle sur 02 en entier.

Soit % la solution variationnelle de

Ay =0 dans €,
Y =0 sur Ty, (2.37)
Vi -n=1 sur  I'y,

cest & dire ¢ € HE () vérifiant

/Vw-Vgo:/ ¢do, Yo € Hf ().
Q r;

En mettant © comme fonction test dans I’équation satisfaite par i et i comme fonction test dans
I’équation satisfaite par u, on trouve, puisque u est nulle sur 0f2,

/QLuJ - /Ff wdo = 0. (2.38)

Nous allons voir, en étudiant v, que c’est impossible.
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On commence par constater que 1 n’est pas constante sur 2. En effet, si 1) était constante, en prenant
@o € Hp () (construite dans la sous-section 2.2.1) comme fonction test dans 'équation satisfaite par 1),
on aurait

0= [ Vo Veo= [ ndo 0
Q r,

(car fr, podo = f o0 Po do puisque ¢g est nulle sur T'4), ce qui est une contradiction.

En utilisant ¥~ comme fonction test dans ’équation satisfaite par 1, on a

- [wwr= [ v dezo

Q Ty

donc V() = 0 sur Q, c’est & dire ¢~ constante sur  (on prend, pour simplifier, {2 connexe; dans le cas
contraire, il faut raisonner sur chaque composante connexe de ). Mais ¥~ est nulle o-presque partout
sur I'y, qui n’est pas de o-mesure nulle, donc )~ est en fait nulle presque partout sur £2: ¢ > 0 presque
partout sur 2.

Comme A1) = 0 dans Q, 1 appartient & C°°(2) et, n’étant pas constante, elle ne peut avoir de minimum
dans Q (cf [56]). Puisque ¢ est positive sur Q, on en déduit que ¢ > 0 sur . Mais on avait choisi
L € C°(Q) positive, donc Ly > 0 sur 2 et (2.38) nous donne donc Ly = 0 sur Q; v étant strictement
positive sur €2, on en déduit que L = 0 sur 2, ce qui est une contradiction avec notre choix de L. m

En conclusion, une hypothese de “bonne répartition” de I'y (du genre (1.42)) est essentielle a 1’extension
du résultat de régularité holdérienne de Stampacchia au cas des conditions aux limites mixtes.

2.3 Différentes formulations pour les solutions par dualité

Nous étudions ici un peu plus précisément les solutions par dualité de (1.47) introduites briévement dans
la section 1.4.
Dans toute cette section, nous supposons donc les hypotheses (1.8), (1.9), (1.12), (1.14), (1.39) et (1.42).

2.3.1 Lien avec le cadre variationnel
Lorsque ¢ € (H'(Q))’, il existe une unique solution & (1.47) au sens variationnel: c’est la solution de (1.3)
lorsque L = C|H% (@), dont l'existence et 'unicité est assurée par le théoréme 1.1.

d

Pour que la solution de (1.46) soit effectivement une solution, en un certain sens, de (1.47), il est naturel
d’attendre que (1.46) redonne la solution variationnelle de (1.47) lorsque ¢ € (H*(€2))’. C’est effectivement
le cas.

Pour voir cela, nous allons prouver que la solution variationnelle u € H%d (Q) de (1.47) est aussi la solution
de (1.46).
On constate tout d’abord que l'on a effectivement u € N,y (v_1) Wlldq(Q) Prenons ensuite ¢ <

N/(N—1)et L € (Wﬁ;q(Q))'; par définition de u solution de (1.3) avec (|1 (o) comme second membre,
o d
de T(L g1 (o)) € HE,(Q) NC(Q), et puisque ¢ € (H'(Q))', on a
d

(¢, T(L\H;d @) (1 (@ re@)), B (@)nC@)
= (CTLm @) @), m(9)

Q d Q 4 Q d

Ty

uv - VT(L‘H%‘d (Q)) + ‘/Q bT(L‘H%d (Q))U + /1; )\T(L‘H%d(g))u dO’
f

)\’U,T(L‘H%d (Q)) do

_ /QATV(T(L\H%M)) ' V“/

Q
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= (L @)W @) HE (€
= (L) wise

et u satisfait donc bien 1'équation de (1.46).

2.3.2 Formulation intégrale forte de (1.46)

Il peut étre plus facile de comprendre pourquoi (1.46) résout (1.47) une fois que l'on a transformé (1.46)
en une formulation équivalente faisant intervenir, comme les formulations variationnelles usuelles, des
intégrales. Nous avons cependant besoin, pour faire cela, de quelques préliminaires.

Soit s €]1, oco[. L’application
{ C () — (W3 (Q)Y
p—(0 — [ 99)

est une injection dense de C°(2) dans (WlldS (€))" (la densité vient de la représentation de tout élément de
(WlldS (Q)) comme somme d'un élément de L* (£2) et de la divergence — en un certain sens — d’un élément

de (L*' (€2))N). Cette injection nous permet de considérer C2°(£2) comme un sous-espace de (Wllds (€2)) (et
cette identification est cohérente avec I'injection naturelle de ces espaces dans D'(2) lorsque I'y = 0%2).
Définissons © : Hf, (Q) — (HE,(Q))" par: pour tout (p,v) € Hp (),

(O(0) ¥) 1 (st (@) = / ATV Vi + / Y-Vt / bt + / Aot do
d a Q Q Q r;

Notons deux propriétés de O, qui nous seront utiles par la suite.
i) Pour tout ¢ € H} (), ©(¢)pa) = —div(ATVe) + v - Vo + bp dans D'(Q),
11) OoT = [d(H%d(Q))/ et 7T o0 = IdH%d(Q)
Remarque 2.3 Dans le cas Dirichlet pur, Ty = OS2 et on sait alors que ©(p) € (HE(Q2)) est enticrement

déterminé par ses valeurs sur D(Q); la propriété i) n'est alors plus uniquement valable en restriction d
D(Q), mais dans (HE () en entier.

Preuve des propriétés i) et ii)
La propriété i) étant completement triviale, nous passons directement & la preuve de ii). Pour tout
L € (Ht (9))', par définition de 7 on a, lorsque ¢ € Ht (€2),
(L,zﬁ)(H%d(Q)),,H%d(Q) = /QATV(TL) -V +/Q’l/)V-V(TL) —F/Qb(TL)dH—/F AT L)Y do
s
= <®(TL)aw>(Hlld(Q))’,Hlld(Q)a

ce qui signifie que L = © o T(L) et prouve la premiere partie de ii).
Soit maintenant ¢ € Hf (€2). On a, par définition de O,

p € Hp (),
/QATVSD -V +/Q¢V Vo +/Qb<,01/) +/r Apyp do = <9(@)7¢>(H;d(9))/,}1;d(9) ;
f
Wi € Hi ().

Mais I'unique solution & ce probléme (cf théoréme 1.1) est 7(O(p)), donc ¢ = T(O(p)) et la deuxieme
partie de la propriété ii) est prouvée. m
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On peut maintenant établir une formulation intégrale équivalente a (1.46).
Soit p €]N, co[. Puisque C°(2) est densément injecté dans (Wll;p (€)', (1.45) est équivalent a

fp € Wl"lép,(Q) ’

- (2.39)
VL € C(Q), <Lafp>(Wr1:jp’(Q)),,Wr1;p’(Q) = /Qpr = (¢ TL) (g (@)ne @)y, 1o (@)ne@)-

Mais par le raisonnement ci-dessus, il y a une bijection
C(Q) «—— {p € HE, (), B(p) € C (D)},

qui & L € CX(Q) associe ¢ = TL € Hp () (on a bien, alors, ©(TL) = L € CX()) et qui, &
@ € HE (Q) telle que @( ) € C2(9), associe L = O(p). Notons aussi que, si ¢ € Hp () vérifie
O(p) € C(Q) C (W, ( ))’, alors par le corollaire 1.2, ¢ € HY(Q) N C(Q).

(1.45) est donc équlvalent a

fp € er‘;p (Q)v

. (2.40)
Vi € Hp () tel que O(p) € C2 / O()fp = (G ) (a1 ()ne @)y, (e @) -

Mais, par le lemme fondamental des distributions, lorsque I'élément © () de (Hf (€2)) est dans C°(Q),
il est entierement connu par ses valeurs sur D(Q); par la propriété i) de O, lorsque ©(p) € C°(Q2), on a
donc O(p) = —div(ATVy) + v - Vi + be.

Ainsi, (1.45) est équivalent a

fo € WEP(Q),
Vi € Hy, () tel que O(p) € C*(), (2.41)

. fp(—div(ATV ) + v - Vo + bp) = (¢, @) (H (@)nC @), HY (@)NC (@)

Nous avons vu que la solution de (1.45) est aussi la solution de (1.46) (et, en particulier, appartient &
Wllr;q(Q) pour tout ¢ < N/(N —1)). On en déduit donc une forme équivalente de (1.46):

fe N w9,
g<N/(N-1)
Vo € Hi (Q) tel que O(p) € C°(2), (2.42)

o F(=div(AT V) +v - Vi + bp) = (¢, P) (' (@)NC @), H (Q)NC@)-

Cette formulation est en fait une formulation faible usuelle de (1.47) dans laquelle on a fait passer toutes
les dérivées sur les fonctions tests (les termes de bord sont absorbés par la condition “©(p) € C2°(Q)”).

Remarque 2.4 Dans le cas purement Dirichlet, grdice a la remarque 2.3, la condition “O(yp) € C°(Q)”
est équivalente a “—div(ATVy) +v - Vo +bp € C2(Q) 7.

2.3.3 Formulation intégrale faible de (1.47)

Nous avons vu, dans la partie précédente, qu’on peut obtenir une formulation intégrale équivalente & (1.46)
en faisant passer toutes les dérivées sur les fonctions tests. Mais les formulations variationnelles usuelles
ne font passer qu'une dérivée sur les fonctions tests; on peut donc chercher a obtenir une formulation
faible de (1.47) en ne faisant passer qu'une dérivée sur les fonctions tests et tenter de voir les liens entre
cette formulation et (1.46).
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Soit p €]N, 00 et ¢ € Wﬁ’p(Q) C C(Q). On a, lorsque ¢ < N/(N — 1), Wh4(Q) — LNN_—qq(Q) et
Wi-1/44(9Q) — L5 o (09); comme Niqa — 5 et % — =
ve (LNQ)N, be LE(Q) et A e LT1(99) pour un 7 > N, il existe ¢

lorsque q — NN 7, et puisque

1
2
< w3 tel que I'application
L¢:¢6W17Q(Q)—>/ATVgo-Vw—i—/wv-Vgo—i-/b(pw—i-/ o) do

Q Q Q Iy

est bien définie et dans (W14(2))’. On constate aussi que 7L, = ¢, puisque 7L, et ¢ sont deux
solutions du probleme

w e HE (Q),
Ava vw+/wv Vw+/bww+/ Awip do (2.43)
r

f
= ((Ly )\H%d(n)71/1>(1{1 (), H () , Vi € H% (Q)

qui admet une unique solution.
On a donc, si f est la solution de (1.46), <L“"’f>(Wr1(’f(Q))’1Wr1;q(Q (C.0) (m @)ne@), 7 @)ne@)- Alnsi,
la solution de (1.46) vérifie

fe N W9,

g<N/(N-1)
/AVf Vgo+/fv V90+/bf</?+/ Afpdo = (C, ) (i (@)ne@)y 1 (@)nc@) - (2.44)
Voe U Wr ().
p>N

Cette formulation est la formulation variationnelle naturelle de (1.47) (celle, en particulier, obtenue dans
[10]). Elle n’est cependant pas équivalente a (1.46), car la solution de (2.44) n’est en général pas unique
(voir [65]).

2.4 Théoremes de stabilité pour les solutions par dualité

Nous prouvons ici des théorémes de stabilité pour les solutions par dualité de (1.47) et (1.48).

Pour établir ces résultats, nous utilisons de maniere cruciale le fait que les estimations de continuité que
l’on a sur les solutions de (1.3) et (1.4) sont dans des espaces de Holder, et donnent donc des résultats de
compacité dans C (ﬁ) sur ces solutions; ceci permet de prouver les convergences faibles dans les espaces
W;;’(Q) des solutions par dualité de (1.47) et (1.48). La convergence forte des gradients de ces solutions
est prouvée au travers de leur convergence en mesure, pour laquelle nous utilisons une idée introduite
dans [38].

2.4.1 Résultat de stabilité pour la solution de (1.46)

On fait les hypotheses suivantes:

Ym >0, Ay : Q@ — My(R) est une fonction mesurable,
Jaa > 0 tel que A, (7)€ - € > aalé|? pour tout m > 0, pour presque tout x € €2
et pour tout £ € RY, (2.45)
JA4 > 0 tel que ||Ap(2)]] < Aa pour tout m > 0 et pour presque tout = € €2,
A,, — As presque partout sur Q.

Vm >0, v, € (LN(Q)N

Vin — Voo dans (LN+ ()N (2.46)
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Il existe ¥ > N tel que

Vm >0, b, € L% (Q) et by, > 0 presque partout sur 2,

4 2.47
by — beo faiblement dans Lz () ( )
et B
Vm >0, Am € L"109Q) et A\, > 0 o-presque partout sur €2, (2.48)
Am — Aoo faiblement dans L™ (9Q). '
Vm >0, Gn = pm + Lm avec iy, € M(Q), Ly, € (H(Q)) et (2.49)

fm — loo dans M(R) faible-*, L,, — Lo fortement dans (H'(£))'.

On notera (oo = fioo + Lo € M(Q) + (HY(Q))'.
On suppose aussi que les problemes sont uniformément bien posés, c’est a dire

dbg > 0, AFE C Q tel que, pour tout m > 0, by, > bg sur F,
AXo > 0, IS C I'y tel que, pour tout m > 0, A, > A sur S (2.50)
et soit o(I'g) > 0, soit |E| > 0, soit (S) > 0.

Théoréme 2.4 Sous les hypothéses (1.8), (2.45)—(2.50) et (1.42), si fm est la solution de (1.46) avec
(Ars Vi by Ay Cm) @ la place de (A, v, b, X\, () et foo est la solution de (1.46) avec (Aco,s Voo, Doos Aoos Coo)
a la place de (A, v,b,\, (), alors

m—00

fm =" foo fortement dans Wédq(Q) pour tout ¢ < 7.

Remarque 2.5 Nous verrons aussi (lemme 2.4) que si dans Uhypothése {249) on suppose seulement
“Lim — Loo dans (H' ()" faible-+”, alors on a fm — f faiblement dans Wp'*() pour tout ¢ < N/(N —
1). Cependant, sous la seule convergence faible-* de (Lpm)m>0, alors il est faux en général que fum, — f
fortement dans WHL(Q) (c’est déja le cas pour les problémes variationnels).

2.4.2 Lemmes techniques

Les lemmes de cette partie sont relativement simples et classiques.

Lemme 2.1 Sil € (H'(Q)) N M(Q), alors pour tout ¢ € H(Q) N L>®(Q), on a
|W|M(§)H</’|\Loo(n)-

(L) @)y, m (@) <

Preuve du lemme 2.1

Par définition, dire que [ € (H'(€2)) N M(RQ), c’est dire que [ est un élément de (H*(R))" qui vérifie: il
existe C' > 0 tel que, pour tout ¢ € H'()NC(Q), [(1, ) (1 @)y, (@) | < Cll¢lleqy: comme H'(Q2)NC(RQ)
est dense dans C(Q) (C'(2) est dense dans C(2)), on peut alors étendre 1 (g)ne(q) en une unique

application de (C())" = M(Q); on identifie alors [ et cette unique extension.

Soit ¢ € H(Q2) N L**(Q); on note M = |[p]| Lo (0. Soit ¢, € C=(Q) telles que p, — ¢ dans H'(Q); on
sait alors que T (pn) — Tm(p) = ¢ dans H(Q).

Comme Thr(pn) € H'(2)NC(Q), on a [({L, Tar(on)) (arr @)y, mr @)l < N pay 1T (0n)lle@y < MU pey-
En passant a la limite n — oo, on en déduit le résultat souhaité. m
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Lemme 2.2 Soit A: Q — My(R) mesurable essentiellement bornée et vérifiant, pour presque tout x € Q
et pour tout £ € RN, A(x)¢ - € > 0. Si (am)m>0 € H(Q) converge faiblement vers a dans H*(Q), alors

/ AVa -Va < lim inf/ AVa,, - Va,.
Q Q

m—0o0

Preuve du lemme 2.2
Soit B la forme bilinéaire symétrique définie sur H'(Q) par (AT + A)/2, c’est & dire

T
Y(w, @) € HY(Q), B(w,) :/ #Vm-Vﬁ
Q

L’hypothese sur A nous permet de voir que, pour tout w € H* (),
B(w,w) = / AVw - Vw > 0.
Q

Ainsi, B étant une forme bilinéaire symétrique positive, on peut appliquer 'inégalité de Cauchy-Schwarz
et obtenir, pour tout m > 0,
B(a,am)? < B(am,am)B(a, a). (2.51)

Puisque a,, — a faiblement dans H*({), on a
1 1
B(a,am) = / —(AT + A)Va - Va,, — / —(AT + A)Va-Va = / AVa - Va.
02 02 Q

En prenant la lim inf lorsque m — oo dans (2.51), on obtient donc

2
(/ AVa - Va> < (hm inf | AVa, - Vam> / AVa-Va,
Q m—oo Jo Q

ce qui conclut la preuve de ce lemme. =

Lemme 2.3 Si (Vi,)m>0 est une suite convergeante dans (L™+(Q))Y, alors pour tout n > 0, il existe
A >0 tel que, pour tout m > 0, v, € B(Ny,n) + B(oo, A).

Remarque 2.6 Prouver ce lemme consiste en fait a établir ce que mous avons dit en fin de remarque

1.5.

Preuve du lemme 2.3

On va montrer en fait que, pour tout n > 0, il existe n > 1 tel que, pour tout m > 0, || |T(vm) —
Vil |23 ) < 1 (o1, lorsque X € RY, T),(X) représente le vecteur (T5,(X1),...,Tn(Xn))); on aura alors,
pour tout m > 0, Vi = Vin — Tn(Vin) + Tn(Vin ) avec Vi, — Ty (Vin) € B(N.,n) et Ty (vin) € B(oo,nV/N),
ce qui concluera la preuve.

La démonstration se fait par I’absurde. Supposons donc qu’il existe > 0 tel que, pour tout n > 1, il
existe my > 0 vérifiant || |7, (v, ) = Vin, | [|5- @) > 7. (Vin)m>0 étant convergeante dans (LY (Q))V,
quitte & extraire une suite, on peut supposer que v, — v dans (L¥+(Q))" lorsque n — oo (s0it (m,,)n>1
est bornée, auquel cas il existe une suite extraite de (my,),>1 qui soit constante, soit (m,,),>1 n’est pas
bornée et on peut en extraire une suite qui tend vers l'infini). Puisque T;, est 1-lipschitzienne pour tout
n>1,on aalors || [T (vin,) — Tn(V)| |z~ @) < [ 1Vin, — V[~ (q). Ainsi,

[T (v) — v ||LN*(Q)

> |70 (Vma) = Vi 15 (2 = (1Ta(%) = Ta ()l v @) + 1 1¥m, = ¥ [[23- (@)
> =2 Van, V]l =0 >0 lorsque n — .

(Pest une contradiction, car T},(v) — v sur  en étant dominée par |v| € L¥+(Q), donc T},(v) — v dans
(L (@)Y =
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2.4.3 Convergence des solutions de (1.4)

Proposition 2.1 Soit ¢ < N/(N —1) et L € (WI}dq(Q))’ Sous les hypothéses (1.8), (2.45), (2.46),
(2.47), (2.48), (2.50) et (1.42), en notant vy, la solution de (1.4) avec (Am,Vim,bm,Am) @& la place de
(A, v,b,\) et v la solution de (1.4) avec (Aso, Voo, boos Aac) @ la place de (A,v,b,\), on a vy — Vs
fortement dans H(Q) et dans C(€2).

Remarque 2.7 Pour montrer la convergence forte de (v,)m>1 vers v dans HY(Q), on a juste besoin de
L e (Hf () et Uhypothése (1.42) est inutile.

Preuve de la proposition 2.1

Comme v, — Vs fortement dans (L¥+(Q))¥, pour tout n > 0, il existe A tel que, pour tout m > 0,
Vi € B(N.,n) + B(oo, A) (lemme 2.3); ainsi, le théoréme 1.1 et le corollaire 1.2 donnent x > 0 et C' > 0
tels que, pour tout m > 0, v, € Hp,(Q) NCO%(Q) et [[vom||m () + [[vml|con @) < C.

Etape 1: on montre que v, — v faiblement dans H!(f2).

(Um)m>0 est une suite bornée de Hf () et converge donc, quitte & extraire une suite, vers w faiblement
dans Hf () et fortement dans L*(€2) pour tout s < 2N/(N —2) (pour tout s < oo si N = 2); de plus, la
trace de vy, converge fortement dans L°(0€) vers la trace de w, pour tout s < 2(NV —1)/(N — 2) (pour
tout s < oo si N = 2). Pour tout ¢ € Hp (), on a alors

e A,V — AV fortement dans (L3(Q))Y et Vv, — Vw faiblement dans (L%(Q))Y, donc

/AZ’nvum-v¢_>/AZOVw-v¢,
Q Q

o Vi — Vo fortement dans (LN+(Q)N, ¢ € L¥7(Q) et Vo, — Vw faiblement dans L2(£2), donc
puisque NL* + z\gN:z + % =1,
/ OV - VU, — / PV + VW,
Q Q
27

e by, — by faiblement dans L (), ¢ € L72 (1) et v,, — w fortement dans L7 (Q) (car 27/(F—2) <

2
2N/(N —2)), donc puisque 2 + 22 + =2 =1,

/bmvm(pq/boouxﬂ
Q Q

2(F—1)

® Ap — Ao faiblement dans L7~ 1(99), p € L77== (99) et v,, — w fortement, dans L5 (09) (car
2(F = 1)/(7 - 2) < 2(N = 1)/(N = 2)), donc puisque =15 + 554y + 554y = L.

/ AmUmp do — AW do.
Ly Ty

En passant donc a la limite m — oo dans ’équation vérifiée par v,,, on constate que w est la solution de
(1.4) avec (Aoos Voos boo, Ao ) & la place de (A, v, b, A), c’est & dire que w = vso; la seule limite faible dans
H(Q) d’une sous-suite de (v, )m>0 étant (par le raisonnement précédent) voo, on en déduit que la suite
tout entiere (vy,)m>0 converge vers vy faiblement dans H'(€2), et donc fortement dans L*(£2) pour tout
s < 2N/(N — 2); on obtient aussi la convergence forte dans L*(9€2) pour tout s < 2(N —1)/(N —2) des
traces de (vy,)m>0 vers la trace de vo.

Etape 2: on montre que v,, — v, fortement dans H*().
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En soustrayant ’équation satisfaite par v, de I’équation satisfaite par v,,, on a, pour tout ¢ € Hg . (),

/ ALY (0 — v00) - Vo + / (AL — AT )WV, - Ve —l—/ oV - V(U — Vo)
Q Q Q

—|—/<p(vm—voo)-Vvoo+/bmgo(um—voo)—i—/(bm—boo)govoo—I—/ Am@(Vm — Vo) do
Q Q Q T,

+/ (A — Ao )Uoe do = 0.
Ly

Soit x €]0, %

m >0, vy, € B(N., x)+ B(00, A); notons donc v,,, = vi) + v avec vy € B(N.,x) et vip) e B(oo, A).
L’équation précédente peut s’écrire

[. Comme il a été signalé au début de la preuve, il existe A > 0 tel que, pour tout

/ A%V(vm — Vo) - Vi —I—/ @v%) -V(vm — veo) + / bm@(Um — Vo) +/ Am@(Vm — Vo) do
Q Q Q Iy

= /(Az;o — Aﬂ)Vvoo -V — / govfﬁ) -V (m — Vo) —l—/ (Voo — Vi)« Vo + / (boo — bym) Voo
Q Q Q Q

+/ (Moo — Am)puso do.
Ty

En prenant ¢ = v, — v et en utilisant les propriétés de Ay, by, A €t v,(}l) , cela donne donc, par la

remarque 1.2,

(K(2, B) = XC(@ No)lvm — vscl i )
< 11(Am — Aso)Fosel 2yl 19 (vm — vo0)! @) + Allom — vocl L@yl 1V (em — veo)l 1220

Hlom vl e, o 1V = Vool [l @] Vool L

+

/Q(bm — boo ) (U — voo)voo‘ +

/ (A — Aoo) (U — Voo )0 do| (2.52)
Ty

Or

[ [(Am—Acc)VUso| || 22(0) = 0 (Am—Aose — 0 presque partout en étant bornée dans L>°(€2; My (R)))
et (Um)m>0 est bornée dans H'(Q) donc || [(Am —Ase) Voo | || 220 || IV (Um —vo0)] | 12(2) — 0lorsque
m — oo,

|[Um — Vool|L2(q) — 0 lorsque n — oo (cf étape 1: on a 2 < 2N/(N —2)) et (vm)m>0 est bornée
dans H'(Q) donc Al|vym — veo|| L2y | |V (Um — Vo) ||| L2(0) — 0 lorsque m — oo,

(Um)m>0 est bornée dans L~ (2) (elle est bornée dans H'(2)) et |||V — Vool || 15+ () — 0, donc

o~ vooll, gy 11 o — Vi 12 (V2] 223y — O lorsque m — oc,

bm —bss — 0 faiblement dans L2 (82), vy —vso — 0 fortement dans L7 () (cf étape 1: 27/(T—2) <
2N/(N — 2)) et v € L7 (1), donc Jo (b — boo) (Um — Voo )Voc — 0 lorsque m — oo,

Am = Aso — 0 faiblement dans L™~ (9Q), vy, —ve — 0 fortement dans L% (092) (cf étape 1: on a
= (052), donc frf (A = Aco) (Ui — Voo )Voo do — 0

20—1)/(F—2) <2(N—1)/(N—2)) et voo € L™
lorsque m — oc.
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Le terme de droite de (2.52) tend donc vers 0 lorsque m — 00, ce qui prouve que v, — Vs dans H ().

Etape 3: on montre que v,, — Vs dans C(Q). _
(Um)m>0 est bornée dans C%*(£2), et donc relativement compacte dans C(§2); mais, la convergence dans

C(9) entrainant la convergence dans L*(£2), et puisque v, — Voo dans L*(£2), la seule limite possible
dans C(€2) des suites extraites de (v, )m>0 €St Uso. On a donc bien v, — vo dans C(€2). m

2.4.4 Preuve du théoréme de stabilité

Lemme 2.4 Sous les hypothéses (1.8), (2.45), (2.46), (2.47), (2.48), (2.50) et (1.42), si (ftm)m>0 €
M(Q) converge vers jiso dans M(Q) faible-x et (Lm)m>0 € (H*(Q))" converge vers Lo, dans (H'(S2))
faible-x, en notant f,, la solution de (1.46) avec (Am, Vi, bms A, b + Lim) @ la place de (A,v,b, )\, ()
et foo la solution de (1.46) avec (Aco, Voos boos Aoos fhoo + Liso) @ la place de (A, v,b,\, (), on a fm — fxo
faiblement dans Wlldq(Q) pour tout ¢ < N/(N — 1) et fortement dans L1(2) pour tout ¢ < N/(N — 2).

Preuve du lemme 2.4

Soit, pour m € N U {oc}, ’]f}m) l'application qui, & L € (Wll;q(Q))’, associe la solution %(m)(L) €
Hi (2) N C(Q) de (1.4) avec (A, Vin, by, A) & la place de (4, v, b, A).

Soit ¢ < N/(N —1) et L € (W#;q(Q))’; par définition, pour m € NU {0}, fm = (z(m))*(gm) avec
Gm = Hm + L, donc

<L7 fm - foo>(WI};lq (Q))I7WI}:(Q)

(G T™ (L)) (e (@) ne@)y o @)ne@) — (Goos 7, (L)) (@)ne@)y, 1 (@)ne@)
(K %(m) (L)>(c(§))/,c(ﬁ) = (ftoo: 7:1(00)(L)>(c(§))’7C(5) (2.53)
+(Lon, T (L)) (2 ()12 () — (Loos T (L)) (a1 0y 11 (90)- (2.54)

Or, par la proposition 2.1, 7."™ (L) — 7.°(L) dans H(Q) et dans C(Q); donc, puisque f,, — p dans
M(Q) faible-x et L,, — L dans (H'(Q))" faible-x, les termes (2.53) et (2.54) tendent vers 0 lorsque
m — o0.

On a donc bien f,, — fo faiblement dans Wlldq(Q) et, la convergence faible dans W14(Q) impliquant la

convergence forte dans L"(§2) pour tout r < Nq/(N — q), cela conclut la preuve de ce lemme. m

Lemme 2.5 Sous les hypothéses (1.8), (1.9), (1.12), (1.14), (1.39) et (1.42), si ¢ = p+L avec p € M(Q)
et L€ (H'(Q)), [ estla solution de (1.46) et M vérifie ||[V|| (L. )~ +I1tl iy I Lz () < M, alors
il existe C ne dépendant que de (N., B, M) tel que, pour tout k € RY, Tr(f) € Ht () et [|Tk(f)l|a o) <
C(k+1).

Preuve du lemme 2.5 _ _

Soit (p5)j>1 € (HY())' N M(Q) tel que p; — p dans M(Q) faible-x et, pour tout j > 1, el @y <
|12l a1 () Notons ) 1a solution de (1.46) avec p; + L € (H'(Q))" & la place de ¢; on sait que f() est
en fait la solution de (1.3) avec p; + L a la place de L (cf 2.3.1).

Ainsi, Ty,(f9)) € H%d (Q) et, en utilisant cette fonction dans 1’équation satisfaite par ), on a

/ AV(T(F9)) - V(Ti(19)) + / FOv V(T + / bFDT (D) + / AT (D) do
Q Q Q

Ly

= (uj + L, Te(f9)) (111 9y, 1 (90) -

Mais fOT(f@)) > (Te(f9)))? et, b et X étant positives et supérieures, respectivement, & by sur E et a
Ao sur S, ona fo bf DT(fD) 2 bo [p(Te(F9))? et fo, MDTe(fD) do = Xo [o(Ti(f)))? do: de plus,
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|£0)] < k14 ot V(T5(f9))) # 0 donc on obtient, au vu du lemme 2.1,
aall [V(Ti(fON 120 +50/E(Tk(f(j)))2+)\0/S(Tk(f(j)))2

< KV 2@ NV (T (FONH L2 + kel gy + I @) T () [ @)
k> 2z K(2,B)
< Q)T V]I yyn + 1

K(2,8)
1 2 K(2,B) (12

Par la remarque 1.1, on a finalement
K(2,B)
2

1Tk (FNZ 0y + Rl

k2 K(2,B)

; 1
Ti(F9) 2 () < s QN M2 4 kM M? < 2222 (k4 1)
ot C' ne dépend que de (N,,B,M). On a donc prouvé que (Tj(f)));>1 est bornée dans H{ (Q) par
C(k 4 1). Mais, par le lemme 2.4 (en fait une version simplifiée de ce lemme) f&@) — f fortement dans
L'(9), donc la suite (7;(f));>1 bornée par C(k+1) dans H{._(€2) converge faiblement dans cet espace
vers Ty (f) et on a bien Ty (f) € Hp () avec || T (f)||gr (o) < C(k+1). =

Lemme 2.6 Sous les hypothéses (1.8), (1.9), (1.12), (1.14), (1.39) et (1.42), si ¢ = p+L avec p € M(Q)
et L € (HY(Q)), f est la solution de (1.46) et M vérifie

+IIAI ==

lllaa + 1817 gy + IMLr-somy + 111 2 o + 161 224 oy <

)

alors, pour tout k € RT, tout § €]0,1] et tout ¢ € H%d (Q),

/Q AV (T5(Th41(f) = Ti(¥))) - V(T (Th41(f) — Tu(¥)))
< (2MP 4+ M)§ + (L, Ts(Tri1 (f) = Te(¥)) (2 )y, 17 (92)

- / AV(Ti()) - V(Ts(Tesa (f) - Tu(@))) - / Tors(F)v - V(T5(Ten () — Te(®).

Preuve du lemme 2.6 _ _
Soit (uj)j>1 € (H(Q)) N M(Q) telle que pj — p dans M(Q) faible-* et, pour tout j > 1, il @) <

HMHM(Q)-

Soit fU) la solution de (1.46) avec p; + L a la place de ¢ (fU) est aussi la solution de (1.3) avec p; + L
a la place de L); fU) converge fortement vers f dans L'(Q2) (lemme 2.4) et les suites (Tj11(f")))j>1
et (T5(Th+1(fY9)) — T(¢)))j>1 sont bornées dans H'(Q) (lemme 2.5), donc Tji1(f9)) — Thi1(f) et
Ts(Tir1(f9) — Te(¥)) — Ts(Teia(f) — Ti(v)) faiblement dans H(Q). Quitte & extraire une suite, on
peut aussi supposer que fU) — f presque partout sur €.

En utilisant Ts(Ty41(f9)) = Tx () € HE (€2) comme fonction test dans le probleme variationnel satisfait
par @) on a

[ AVID O TTa (1) = Ti)
= —/ f(j)V'V(Ta(Tk+1(f(j))—Tk(¢)))—/ bf DT5(Thoir (f9) = Tr(¥))
Q Q
—/F M OTs(Trgr (f9) = Ti(¥)) do + (paj, Ts (Trsa (F9) = Ti(W))) (20 )y, 11 ()

+(L, T5(Tk+1(f(j)) = T(V))) (1 (), 1Y () -
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Lorsque V(Tg(Tk_H(f(J)) Te(¥))) # 0, on a [Tpi1(f9)) = Ti(y)| <6 < 1, done |Try1 (f9)| < k +1,
cest a dire fU) = Tpy1(f9)); on en déduit que

/Q AV(Ts(Tios1 (f9) = To())) - V(T3(Teon (F9) — Ta())
=(AAvakHU”U—Tuw>wmnakﬂuﬁh—7uw»
< - / AV(TL () - V(T5(Tees (f9) — To(w)) — / Tior(FOW - V(T3 (Thia (F9) — Ti(¥)))

+68/|b]| f(j)||LF —|—5||>\||Lr 10019 ||L = 90

Follull pr ey + <L,T5(Tk+1(f( D) = Tu()) (1 @y 1 () (2.55)

Lol

Mais
o T5(Thi1(f9) — Ti(v)) — Ts(Tpr1(f) — Ti(v)) faiblement dans H'(£2), donc, par le lemme 2.2,

/QAV(Té(TkH(f) = Ti(¥))) - V(T5(Ths1 (f) = Tk(¥)))

< liminf /Q AV(T5(Ths1 (f9) = Te())) - VITs(Tsa (f9) — Ti(1h)))

J—0o0

o T5(Thr1(fY9)) — Th(¥)) — Ts(Ter1(f) — Tr(v)) faiblement dans H'(Q) et AV(Tx(¢)) € (L2(Q))N
donc

/ AV(Te(¥)) - V(Ts5(Tier1 (f9)) — Ti(2))) — /Q AV(Ti(¥)) + V(Ts(Trs1(f) — Tr())),

o Tii1(f9)v — Ty 1(f)v presque partout sur € en étant majorée par (k + 1)|v| € L*(Q), donc la
convergence a aussi lieu dans (L?(Q))N et, puisque V(Ts5(Tiy1(f9)) — Te () — V(Ts(Tis1(f) —
T1(1))) faiblement dans (L2(2))V, on a

/Q T 1 (fOW - V(Ts5(Thia (f9) — Ti(¥))) — /Q Tros1(f)v - V(T5(Tiega () — Te())),

e fU) — f dans L9() pour tout ¢ < N/(N — 2) (lemme 2.4), donc ||f¥ || 5 @y \|f||L 1 @y
(car 7/(F — 2) < N/(N — 2)),
e fU) tendant vers f faiblement dans W14(Q) pour tout ¢ < N/(N — 1), la trace de f\@) converge
vers la trace de f fortement dans L*(9€) pour tout s < (N — 1)/(N — 2); ainsi, ||f) H . —
r—1)/(r —2 N—-1)/(N—-2
171324 gy (30 (7= D/(F—2) < (N = /(N — 2)),

o Ts5(Tii1(f9) — Tu(@)) — T5(Th1(f) — Ti()) faiblement dans H'(Q) donc (L, Ts(Ths1(f9)) —
T () )y, mr (@) = (L Ts(Trra (F) = Tie () (1 (9)), 11 (92)-

En prenant la liminf de (2.55), on déduit de ces convergences que
/ AV(T5(The1 (f) = Te(¥))) - V(Ts(Tiera () — Ti(¥)))

/ AV(Tx(8)) - V(T3 (Tiia (F) — Tu(®) /Q Teor(F)V - V(T3 (Toia () — Tu(®)

+6]10ll 5 Q)IIfIIL_Q(Q Ol =@ lIf1l =4 g

ol p@y + (Lo Ts(Trar () = Ti())) (10 (), 12 ()5
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c’est a dire le résultat du lemme par hypothese sur M. m

Preuve du théoréeme 2.4

On sait déja que f,, — foo faiblement dans W;dq(Q) et fortement dans L(€2) pour tout ¢ < N/(N —1).
On en déduit que (fym)m>0 est bornée dans Wlldq(Q) pour tout ¢ < N/(N — 1). Nous allons prouver
que, & une sous-suite pres, Vf,, — Vfsx en mesure sur 2; une fois ce résultat établi, nous aurons
alors, & une sous-suite prés, Vf,, — V fo presque partout sur Q en étant bornée dans (L9(22))Y pour
tout ¢ < N/(N — 1) et, par le lemme de compacité L? — L4, Vf,, — Vfs dans (L9(2))" pour tout
g < N/(N — 1); puisque la seule limite possible des sous-suites de (V fm)m>0 dans L1(2) est V foo, ce
raisonnement nous donne finalement la convergence de toute la suite (V f,, )m>0 vers V fo, dans (L9(€2))V
(pour tout ¢ < N/(N —1)).

I faut donc prouver que, & une sous-suite pres, pour tout n > 0, {|Vfm — Vx| > 0} — 0 lorsque
m — o0,

Quitte & extraire une suite, on peut supposer que f,, — foo presque partout sur € (c’est la seule extraction
de suite que nous effectuerons).
On a

{|vfm - vfc>o| > 77} c {|foo‘ > k} U {|fm - foo| > 6} U Ek7m,5a (256>
avec 0 €]0,1[ et Exms = {|Vfm — Viso| > 0} N {|foo|l < k} N {|fim — foo| < I}
Soit € > 0 et fixons k € RT tel que |{|fs| > k}| < e.
Nous allons montrer que l'on peut choisir 6 > 0 et m1 > 0 tel que, pour tout m > m1, |Ekm.s| < €;
une fois ceci effectué, pour J ainsi fixé, on pourra prendre ms > my tel que, pour tout m > mo,
HIfm = fool > 8} < & (fin — foo dans LY(Q), donc en mesure). On aura alors trouvé ma tel que, pour
tout m > ma, |[{|Vfm — Vfx| > n}| < 3¢, ce qui concluera cette démonstration.

Puisque V(T5(Tkt1(fm) — Tk(foo))) = Vifm — Vfoo sur Ej 5, 00 a

aan?|Bem,s| < AAmV(Té(Tk+1(fm) — Tk(foo))) - V(T5(Thi1 (fin) — Ti(fo0)))-

(fm)m>0 étant bornée dans M(Q), (bm)m>o0 étant bornée dans L (), (Am)m>o étant bornée dans
LTH(Q) et (fm)m>o étant bornée dans Wh4(Q2) pour tout ¢ < N/(N —1) (ce qui implique que (f,n)m>0
est bornée dans L7 (Q) et que la suite des traces de f,, est bornée dans L%(GQ)), on peut trouver
M > 0 tel que, pour tout m > 0,

i lLaay + ol 5 gy + Il + 1l oy g + il g o < M

Par le lemme 2.6 appliqué & (A, Vin, by Am, Gm) au lieu de (4, v,b, X, C) et & ¢ = Ti(foo) € Hp (2), on
a alors, pour tout m > 0,

< (2M? + M)6 + (Lo, Ts(Tir1 (Fin) = Ti(foo))) )y, 110
—/QAmV(Tk(foo))-V(T5(Tk+1(fm)_Tk(foo)))

aan?|Ekm.s

_ /Q T i1 (F)Von - V(T (T 1(fn) — Ti(foo)))-

Prenons 8y = aan?e/(8M? + 4M); pour tout § < &g, on a donc, Vm > 0,

€ 1

E < -+
| k,m,6| — 4 aAn2

L /QAmV(Tk(foo)) V(T5(Thy1(fm) — Tk(foo»)‘

aan?

|(Ln . Ts(Ths1(fm) — Ti(foo))) (1)), 1 ()|

+

+

[ Tes(mvon - FTsTis () Tk<foo>>>] | (2.57)

aan?
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Comme L,, — Lo fortement dans (H(Q)) et T5(Tir1(fm) — Tk(foo)) — Ts(Thi1(foo) — Tk(fo))
faiblement dans H(Q) ((Tk+1(fm))m>0 est bornée dans H*(Q) par le lemme 2.5 et converge presque
partout vers Tj11(f) sur ), on a

(L Ts (The1 (fm) — T (fo0))) (m11 (90)) B2 ()
"0 (Loos Ts (T (foo) = Tl foo))) (11 (2) = 9(0)- (2.58)

Comme Ty t1(fm) — Tk+1(f) presque partout sur Q en étant majoré par k + 1 et v,,, — Voo fortement
dans (L2(Q))Y, on a Tii1(fm)vim — Tri1(foo)Voo dans (L2(Q))V; par convergence faible dans H'(Q)
de (Ts(Th+1(fm) — Tk(foo)))m>0 vers Ts(Tr+1(foo) — Tk(foo)), on en déduit que

/Q Tiorr (fon) Vi - V(T5(Ths1 (fin) — Te(fo))

m—0o0

— QTk+1(fcx3)Voo V(T5(Tht1(foo) — Ti(fo0))) = h(9). (2.59)

est évidente puisque |T5(¢0)| < § sur €, et la convergence du gradient vient du fait que V(T5(¢)))
1io<|p|<6} VU et que 1igcjy|<sy — 0 sur @ en étant majorée par 1), donc T5(Trt1(foo) — T(foc)) —
dans H*(Q) lorsque 6 — 0. Ainsi, g(§) — 0 et h(§) — 0 lorsque § — 0. On fixe § €]0, ] tel que
9(0)| < can’e/8 et |h(9)] < avan’e/8.

Par (2.58), (2.59) et ce choix de 4, il existe donc M tel que, pour tout m > M,

Mais, pour tout v € HY(Q), T5(p) — 0 dans H(Q) lorsque § — 0 (la convergence vers 0 dans L?(f2)
0

aan?e
(Lo T3 (s (fin) — T o)) (a1 ()| < 22

. 1 2 (2.60)
/QTkH(fm)Vm NV (T5(Ths1(fm) — Tk(f‘x’)))‘ = QAZ E'

Comme A, V(Th(foo)) — AV(Tk(foo)) dans (L2(Q)N et (T5(Thi1(fm) — Ti(foo)))m>0 converge faible-
ment dans H'(Q) vers T5(Tg+1(foo) — Tk(fo)), on a

/ A (Tk(fo)) - V(T5(Tisr(fon) — Tl foe))) — / AV(Ti(foo)) - V(T3 (Tis1(fo) — Telfoo)).
Mais

V(Tk(f)) - V(T5(Ths1(foo) — Tr(fo0)))

= AVfoo  V(Tkt1(foo) = Th(foo)) 1 {1 oo | <k} L{I T 11 (o)~ Tk (o) <6}

= AVfe (A sul<kr1rifl<rt Voo = 1|t <k} 1{ ful <k} Vo)
= Avfoo : (1{\foo\<lc}(vfoo - vaO)) =0

et on a en fait

/Q AV (Tk(foo)) - V(T5(Tisr (fn) — Te(foc))) — O.

On peut donc trouver M’ > 0 tel que, pour tout m > M’,

2

| AV @) VToTiia () = Tl )| < A= (261)

(2.57), (2.60) et (2.61) donnent donc, avec le choix précédement effectué de § et pour tout m > my =
sup(M, M’), |Ej.m.s| < €. ce qui conclut la démonstration de ce théoreme. m
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2.4.5 Résultat de stabilité pour la solution par dualité de (1.48)

La technique utilisée pour prouver le théoréeme 2.4 peut étre employée pour obtenir le résultat suivant
concernant la stabilité des solutions par dualité de (1.48).

Théoréme 2.5 Sous les hypothéses (1.8), (2.45), (2.47), (2.48), (2.49), (2.50), (1.42) et

3r > N tel que, Ym >0, v,, € (L"(Q)V,

Vin — Voo dans (L"(Q))V, (2.62)

en notant fn, la solution par dualité de (1.48) avec (A, Vi, bmy Am, Gn) @ la place de (A, v,b,\, () et
foo la solution par dualité de (1.48) avec (Aoo, Voo, boos Mooy (o) @ la place de (A, v,b, A\, (), on a

m—0o0

fm — feo fortement dans W () pour tout ¢ < o

Voyons les adaptations a faire (issues du fait qu’il faut changer les termes [, Vi - Vg, et [, f9v-Vi qui

apparaissaient dans les preuves précédentes en fQ UmVm - Vo et fQ ov-VfU )) pour prouver le théoréme
2.5.

Dans toutes les preuves, le changement de (A,,)menufsc} € (A;{z)meNU{oo} n’apporte pas de difficulté.

Adaptation de la proposition 2.1
Enoncé: il faut remplacer I'hypothese (2.46) par ’hypothese (2.62), et “(1.4)” par “(1.3)”.

Preuve: Dans 'étape 1, il faut prouver la convergence de fQ U Vim - V@ vers fQ WV - Vip; mais v, — w
fortement dans L%(Q) (car 2r/(r — 2) < 2N/(N — 2)), vy, — Voo dans (L7(Q))Y et Vi € (L2(Q2))N
r241l41l—-1 o0na
2r r 2 !

/ UmVm - Vi — / WV - V.
Q Q

Dans I'étape 2, apres avoir soustrait I’équation satisfaite par v, de I’équation satisfaite par v, et pris
© = Um — VUso comme fonction test, on trouve (sans séparer v, en deux parties),

K (2, B)l[vm — vl lF1 ()

< |l |(A% - AZo)V'UOO‘ HL2(9)|| |V (0 — voo)] ||L2(Q) + ’/Q(Umvm — Voo Voo) * V(U — Voo)

+

/Q(bm — boo) (U — voo)voo‘ +

/Ff()\m — Aoo) (U — Vs )e do |

Les termes || [(AT — AL)Vuss| |2l [V(0m — voo)| 2202, Joy (B — boo)(Um — Voo )Voc €t fF

Aoo)(Um — Vo )VUso do tendent vers 0 sans adaptation. Comme Um — vso fortement dans L2 2 (Q) (
2r/(r—2) < 2N/(N —2)), v;, — v fortement dans (L"(Q))" et V(v,, —v) — 0 faiblement dans (L2(Q ))
le terme fQ (Vi Vim — Voo Vo) - V(U — o) tend aussi vers 0.

Il n’y a rien a adapter dans 'étape 3.

Adaptation du lemme 2.4
Enoncé: il faut remplacer ’hypothése (2.46) par ’hypothése (2.62), et “(1.4)” par “(1.3)”.

Preuve: pas d’adaptation a faire, le résultat découle directement de la proposition 2.1 adaptée.
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Adaptation du lemme 2.5

Enoncé: il faut remplacer ’hypothese (1.12) par 'hypothese (1.34), f désigne la solution par dualité de
(1.48), M doit vérifier

vl L@y + 1Bl 5 o F A E7=100) + [l Ay + 1Ll (2 )y < M (2.63)

T
2

et C dépend de (N, B,Aa, 7,7, M).

Preuve: pour majorer le terme fQ T(f9)v - V£, on écrit simplement

) Te(fO)W - VD | < kvl mr@pn 1FD e ) < EMFD |y - (2.64)

Or7' < N/(N— 1) done fUY9) = (7..)*(uj+ L), ot T, : (WIE;T, (Q))" — HE (©2)NC(Q) désigne I'application

qui, a 1 € (W dr (©))’, associe la solution 7, (1) de (1.3) avec [ & la place de L. Le théoréme 1.1 et le
corollaire 1.1 donnent Cy > 0 ne dépendant que de (N.,B,Aa,7,r, M) tel que

||7'T’||£((Wll;,(Q))’;H%d(ﬂ)ﬂc(ﬁ)) < CO.
On a alors
1T i @yrmeyswir oy < Co-
Ainsi, )

et on a done, dans (2.64),

Tk(f(j))v . Vf(j) < COM2/€,
Q

ce qui suffit pour conclure comme dans la preuve du lemme 2.5 (et la borne obtenue sur ||Tx(f)||z1 (o)

est en fait en vk + 1).

Adaptation du lemme 2.6

Enoncé: il faut remplacer ’hypothese (1.12) par 'hypothese (1.34), f désigne la solution par dualité de
(1.48) et M doit vérifier (2.63). La conclusion est modifiée en: il existe C' > 0 ne dépendant que de
(Ny,B,A4, 7,7, M) tel que, pour tout k¥ € R, pour tout § €]0, 1] et pour tout 1) € Hlld(Q),

/Q ATN(T5(Tria () = Te(¥))) - V(Ts(Tira (f) — Tu(1))))

< Co+ (L, Ts(Thra (f) = Ti(¥))) (mrr () 11 (02) — /QATV(Tk(i/))) NV (T5(Ths1(f) — Ti(1)))-

Preuve: Puisque rg = inf(7,r) > N, donc r{ < N/(N — 1), comme dans l'adaptation de la preuve du
lemme 2.5, on va trouver Cy ne dépendant que de (N, B,Aa,T,r, M) tel que

||f(J)||W1,T6 () S COM (265)

Dans I'équivalent de (2.55), on a, puisque r{ > 1’ et r{ > 7,

IN

5||V||(LT(Q))NHf(J)HWLT/ () S 5MCleHW11T6(Q) 3
L) = Call fllwr7 (@) < 03Hf||W1,T()(Q) ,

S C4||f||W11Fl(Q) S C5Hf||W11T{)(Q) 3

i Ts(Tpp1 (f9) = Ti(e))v - V9
Il

A

11,224
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ou (C1,Cq,C5,Cy, Cs) ne dépendent que de (2,7, 7) (les injections de Sobolev sont correctes car, étant
donné que7 > N,ona7/(F—2) < N7/ /(N—7) et (T—1)/(F—2) < (N —1)7 /(N —7")). Ces majorations
associées a (2.65) donnent le résultat souhaité.

Adaptation de la preuve du théoréme 2.4

Comme (fi,,)m>0 est bornée dans M(Q), (L, )m>0 est bornée dans (H(£2))', (Vin)m>0 est bornée dans

(L7(2))', (bm)m>o0 est bornée dans Lz (Q) et (Ay)m>0 est bornée dans L™~1(£2), on peut trouver M tel
que, pour tout m > 0,

Vil zr@py +11bmll 5 ) + Amllze=100) + [liml v + [HEmll @) < M-

En appliquant alors 'adaptation du lemme 2.6, on obtient C' > 0 tel que, pour tout m > 0,
aan’|Bems|l < C6+ [(Li, Ts(Ti1 (fm) — Tio(foo))) (12 () 12 ()

T /QATV(Tk(foo))'V(Ta(TkJrl(fm)*Tk(foo») ;

et on conclut comme dans la preuve du théoreéme 2.4 (en plus simple, méme, puisque les termes (2.59)
n’apparaissent pas ici).
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Chapitre 3

Etude d’un Schéma Volumes Finis
pour une Equation Elliptique non
Coercitive

3.1 L’équation

Nous nous intéressons, dans cette partie, a un schéma de type volumes finis pour une équation de la
forme (1.1).

Q est ici un ouvert polygonal de RN, N = 2 ou 3. Afin de simplifier I’étude, nous considérons uniquement
le cas du Laplacien avec des conditions au bord de type Dirichlet homogenes (i.e. A = Id, T'q = 99 et
Uz =0 dans (1.1)).

Le probleme étudié est donc le suivant

{ —Au + div(vu) + bu = f + div(G) dans Q,

u=20 sur 09, (3.1)

et on effectue les hypotheses suivantes sur les données:

ve (@), beL®Q)avecb>0surQ, felIL?Q) et Ge(COQ)N.

La principale nouveauté du travail que nous présentons ici vient du fait que, contrairement au cas classique
étudié dans [37], nous n’imposons aucune condition de signe sur la divergence de v. Il faut aussi constater
que v est seulement supposée continue, et non pas C! comme c’est demandé usuellement.

Le terme “div(G)” n’apparait pas dans [37]; son introduction n’entraine pas de probléme supplémentaire,
mais elle est agréable car elle permet de déduire tres simplement les estimations d’erreurs a partir des
estimations a priori.

On pourrait affaiblir les hypotheses d’intégrabilité sur b et f, mais afin de ne pas compliquer le raison-
nement, nous nous contenterons de celles-ci.

3.2 La discrétisation

La discrétisation de (3.1) par volumes finis demande I'introduction d’une notion dite de “maillage admis-
sible” de 2.

65
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Définition 3.1 Un maillage admissible de §2, noté M, est la donnée d’une famille finie T d’ouverts
polygonaux convezes disjoints inclus dans Q (les “mailles”, ou “volumes de contrdle”), d’une famille
finie £ de sous-ensembles disjoints de 2 contenus dans des hyperplans de RN (les “interfaces”) et d'une
famille P = (zx ) ke de points de §) tels que

Z) ﬁ = UKGTF)
ii) Tout o € £ est un ouvert non vide du bord d’un élément K de T,
iii) En notant Ex = {o € £ |0 COK}, OK = Uycg, T pour tout K € T,

w) Pour tous K et L distincts dans T, soit la mesure (N — 1)-dimensionnelle de KN L est nulle, soit
KNL=7 pour un o €&, que l'on notera alors o0 = K|L,

v) Pour tout K € T, zx € K,
vi) Pour tout o = K|L € €, la droite (v, x1) intersecte orthogonalement o,

vit) Pour tout o € £, 0 C QN OK, la droite orthogonale & o et passant par xx rencontre o.

La taille du maillage est alors définie par hy = sup o, diam(K). On note m(K) la mesure de Lebesgue
de K € 7. La normale a 0 € £k extérieure a K sera notée ng ,-.

On pose &y = {0 € £ | 0 ¢ 00} Tensemble des interfaces intérieures & Q et Eoxy = E\Eimt- Lorsque
o € &, on note m(c) la mesure (N — 1)-dimensionnelle de o; si 0 = K|L € &y, d, est la distance
euclidienne entre les points (zx,zr) et dx, désigne la distance entre zx et o; lorsque 0 € Ex N Eexs,
d, = dg,, est la distance entre xx et 0. La transmissivité au travers d’une interface o est 7, = ":i(:).
désigne la mesure (N — 1)-dimensionnelle sur les interfaces du maillage.

On peut maintenant définir la discrétisation par volumes finis de (3.1) sur un maillage admissible M. En
notant, pour K € 7 et o € &k,

1 1
fK_WAf, GK,U_W/UG'HKygd’-Y (32)
1

b[(:—/ b, et vaa:/v'nK,o-d’y’
m(K) K o

le schéma est défini par

VKET, > Frot Y vkotoqr+m(E)bgux =m(K)fx+ Y m(0)Gr,q, (3:3)

0€EK 0€EK o€l

vO':I(|I/€ginta FK,UZ*TJ(UL*UK);

Vo € gext N gK, FK,U = ToUK , (34)

Vo =K|L € &nt, Uo+t =ur Sivks >0, us+ =ur dans le cas contraire,

. . 3.5
Vo € Eext NEK Ug,+ = UK Si Vi,o > 0, 1us4+ = 0 dans le cas contraire. (3.5)

Les équations (3.3) (3.5) forment un systeéme linéaire de taille Card(7") en les inconnues (ux)rxer. On
remarquera au passage que ce schéma, comme tout schéma de type volumes finis, conserve les flux: si
o=K|L,alors Fx o = —Fr o, Gro = —Gr,o €t Vk o = =V 0.

Remarque 3.1 Le choiz du décentrement (3.5) (décentrement amont) est classique lorsque l'on im-
pose la condition div(v) > 0 et permet d’éliminer les termes de convection dans les estimations; un tel
décentrement est dans tous les cas nécessaire pour obtenir une stabilité inconditionnelle du schéma. Nous
étudierons, dans la partie 3.6, d’autres choix pour le terme de convection, mais nous constaterons que,
dans ce cas, la stabilité obtenue est en général conditionnelle (n’est valable que pour hr assez petit).
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Remarque 3.2 Il peut y avoir une petite indétermination dans le choiz de uq . En effet, sic = K|L €
Eint €t Vi,o = 0, alors on a aussi vy, - = 0, de sorte qu’une lecture de (3.5) nous dit de prendre uy + = uk
et 'autre lecture nous dit de prendre us + = ur. Cette indétermination n’est cependant pas grave car, Vg o
étant nul, le terme impliquant u, + n'apparait pas dans (8.8). Pour lever 'ambiguité sur ces interfaces o
particuliéres (les interfaces pour lesquelles il y a indétermination ne dépendent que de v et du maillage,
et non pas des inconnues (ug)ker ), on peut par exemple, dans ce cas-la, fizer arbitrairement un K tel
que 0 € Ex et poser Uy 4 = UK.

3.3 Estimations a priori sur la solution approchée

Nous prouvons ici des estimations a priori, dans une norme adaptée au probléme, sur les (ux)rer
vérifiant (3.3)—(3.5).

Dans cette partie, il nous importe peu que les (fx)xer et (Gr,o)keT, vce, solent issus de fonctions f et
G au travers des définitions (3.2). C’est pourquoi nous prenons ici des seconds membres plus généraux,
vérifiant seulement:

VK €T, fk €R,

VK €T, Vo €k, Gk, € Ret, pour tout 0 = K|L € &y, Gro = —GLo- (3.6)

On posera alors

1/2 1/2
Mfr.Ga) = <z m(K)f%) 4 (2 m(o)daaz)

KeT oge€

ol G, = |Gk,o| pour un K € T tel que o € Ex (par hypothese sur les (Gr o) keT, secy, la définition de
G, ne dépend pas du K € T choisi tel que o € £k).

La norme adaptée au probleme, avec laquelle toutes les estimations sur les solutions de (3.3) (3.5) seront
obtenues, est la norme HJ discréte suivante.

Définition 3.2 Lorsque M est un maillage admissible sur Q et vr = (Vi )ker, 0On pose

1/2
Hv’THl,M = (Z Ta(Da'vT)2> y

oce€
ot Dyvr = |vg —vyp| lorsque 0 = K|L € Eny et Dyvr = |vk| lorsque o € Eext N EK -
En identifiant naturellement 'espace X (M) des fonctions définies presque partout sur € et constantes
sur chaque maille de M & T'espace [] ., R, on constate aisément que || - [|1, o4 est une norme sur X (M).

3.3.1 Lemmes généraux

La norme || [|1,m est la norme naturelle pour obtenir des estimations a priori sur les solutions de (3.3)—
(3.5). Elle a aussi le double avantage d’étre plus forte que la norme de L?({2) et de donner en fait un
résultat de compacité dans L?(2), comme le montrent les lemmes suivants.

Lemme 3.1 (inégalité de Poincaré discréte) Soit M un maillage admissible de Q. Sivr € X (M), alors
on a
lorllz2 (@) < diam(Q)[Jor[1,pm

(Voir le lemme 9.1 dans [37]).
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Lemme 3.2 (théoréme de Rellich discret) Soit C > 0. Si My, est une suite de maillages admissibles de
Q et v, € X(M,,) vérifie ||vn|l1m, < C, alors (vy,)n>1 est relativement compacte dans L?(S2); de plus,
si hr, — 0 lorsque n — oo, les valeurs d’adhérence de (vy)n>1 sont dans H3 ().

(Conséquence immédiate du lemme 9.3 et du théoréme 14.2 de [37]).

L’obtention d’estimations a priori sur les solutions de (3.3)—(3.5) (i.e. (3.1) discrétisée) suit les mémes
idées que la preuve des estimations a priori sur les solutions de (3.1) (la seule différence étant que
Pestimation sur In(1 + |u|) n’est pas obtenue en prenant des fonctions tests sous une forme de “rondelle”
mais sous une forme globale, comme nous l'avons fait dans le cas non-linéaire de la section 2.1). Nous
aurons donc besoin d’inégalités de Sobolev discretes (lemme 9.5 dans [37]).

Lemme 3.3 Soit M un maillage admissible de Q et ¢ > 0 tel que
VK eT,Voe€lk, dg,o > (d,.

Sivr € X(M), alors il existe C ne dépendant que de Q) et ¢ tel que, pour tout q € [2,400] lorsque N = 2
ou tout q € [2,6] lorsque N = 3,
llorllLey < Callor|li,m-

3.3.2 Estimations a priori sur In(1 + |uz|)

Proposition 3.1 Soit p(s fo W et M un maillage admissible. Si (ug)ker est une solution de
(3.8)—(3.5) avec un second membre vérifiant (3.6), alors

> roluk — uL)(p(ux) — o(ur)) < 2QY2N(f1,Gpm) + 2N (f1,Gam)? + 2N/ [V]F ooy > (3.7)
oef

ot lon a posé, lorsque o € Eing, 0 = K|L et, lorsque 0 € Eexy N Ex, ur, = 0.
Avant d’aborder la preuve de cette proposition, nous établissons un petit lemme technique.

Lemme 3.4 Soit (s) = [ (1+\t\ . Si (z,y) € R? ont méme signe et |x| < |y|, alors

2?(p(x) — o(y)* < (y — 2)((y) — ¢(2)). (3.8)

Preuve du lemme 3.4
On commence par supposer que x et y sont positifs, de sorte que I'on a 0 < z < y. Dans ce cas,

Y dt _ 1 1 y—x
e(y) = ). ot = T T — e ©

2 2 2 |y — I|
*(p(z) —p(y)” < =z m\w(ﬁ) —¢(y)]

x2

< mly —z||p(y) — ¢(z)|.

Or (1+z)(1+y) > (14+2)%? > 22 puisque 0 < 2 < y; de plus, ¢ est croissante, donc |y —z||p(y) — p(x)| =
(y —z)(p(y) — ¢(x)). On déduit alors, de I'inégalité précédente, (3.8) lorsque x et y sont positifs.
Si z et y sont négatifs, puisque ¢ est impaire, on a
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avec | —z| = |x| < |y| =| —y| et (—z, —y) positifs; en appliquant alors (3.8) prouvée précédemment pour
des réels positifs, on en déduit

2 (o(z) — o(y)? < (—y — (—2)(e(—y) — e(—2)) = (z —y)((z) — e(y)) = (y — 2)((y) — ©()),

ce qui conclut la preuve. m

Preuve de la proposition 3.1
En multipliant chaque égalité de (3.3) par p(uk) et en sommant sur K € 7, on obtient

Z Z Fr op(ur)+ Z Z VK olUs + (UK ) + Z m(K)brurp(urk)

KeT océk KeT océk KeT
= Y mE)fre(ur)+ > > m(0)Grop(uk). (3.9)
KeT KeT océk

En rassemblant la sommation par interfaces et en utilisant (3.4), on a

Z Z Froplug) = Z (Frop(ur) + Frop(ur)) + Z Touge(UK)

KeT o€k 0€Eint,c=K|L 0E€Eext ,0EEK
= > moluk —un)(p(ux) —pur) + Y Touxe(ux)
0€Eint,c=K|L 0CEext ,0€EK
= ) 1oluk —up)(plux) — @(us)) (3.10)
oeé

ou l'on a posé, comme annoncé, 0 = K|L lorsque o € &yt et up, = 0 lorsque 0 € Eext N Ek.
Toujours en sommant par interfaces, on a, par conservativité des flux,

Z Z UK,UUG,+‘P(UK)

KeT oclk

= > et (rop(ur) Forepur)) + Y U vk o(uk)
0€Eins, 0=K|L 0EEext, 0EEK

= Y uepvre(plun) —pur) + Y Uy vkep(uK)
0€&int, 0=K|L 0E€Eext, 0EEK

= D o vk (p(ux) — p(uL))

oe€

(rappelons que uy, = 0 — donc ¢(ur) = 0 — lorsque 0 € Eext N Ex). Notons, lorsque o € &, v, = vk 0|
pour un K € 7 tel que o € £k (la définition de v, ne dépend pas du choix d’un tel K). Nous noterons
aussi uq,— le décentrement aval, i.e. uy — est tel que {ug 4, ue —} = {ur,ur}, toujours en posant o = K|L
sio € &t et ur, = 0si 0 € Eext N Ex (en passant sous silence le probléeme d’indétermination dont nous

avons parlé en remarque 3.2, cela revient & poser u, — = ur, lorsque vg , > 0 et us - = ug dans le cas
contraire).

Prenons ¢ € &; si vk, > 0, alors uy + = ug et Uy, = ur, donc vk o (p(ur) — o(ur)) = ve(P(ug+) —
o(ug,—)); st vk, < 0, alors ugy = ur et uy,— = ug donc vr,e(p(ux) — e(ur)) = —vs(p(Ue,—) —

V(Uug+)) = Vo (p(Ue,+) — ©(uy,—)) (le probleme d’indétermination qui peut surgir lorsque vk, = 0 ne se
pose pas ici, puisqu’alors vk » = v, = 0). Ainsi,

Z Z VK,oUg,+P(UK) ngug+ (Uo,+) — o(Ug,—)). (3.11)

KeT oelk el

b étant positive et ¢(s) étant du méme signe que s,

Z m(K)bgurp(ux) > 0. (3.12)
KeT
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Comme ¢ est bornée par 1, on a, par Cauchy-Schwarz,

> om(K) fre(ur)] < > m(K)|fx]
KeT KeT
1/2 1/2
< (Z m(K)) (Z m(K)f?()
KeT KeT
< QAN (f1,Gp)- (3.13)

Par hypothese de conservativité sur les (Gk o) keT,ccex

> m(0)Grop(ux) S m(0)Gro(plur) — (ur))

KeT océk oe€
1/2 1/2
< (Z m(a)dgG§> (Z 7o (i (uL>)2>
o ocf&
1/2
< fr.Gm) (Z T (p(uK) (7LL))2> .
océ

Or ¢ est croissante et 1-lipschitzienne (¢’ est majorée par 1) donc, pour tous (z,y) € R2, (o(z) —p(y))? <
|z —ylle(x) — o(y)l = (= —y)(p(x) — ¢(y)); ainsi,

> ralplur) = p(ur))® <> 7o (ur —ur)(@(ur) — @(ur))-
o€l oel
Par I'inégalité de Young, on en déduit donc que
S Y mlo)Croplur)| < N(fr, Gad + 3 3 molur —ur)(plur) - p(ur)).  (3.14)

4
KeT oeék océ

En injectant (3.10), (3.11), (3.12), (3.13) et (3.14) dans (3.9), on obtient

%Z To(ug —up)(p(ur) — @(ur))

oe€

< |Q|1/2N(f7, Gm) +N(fr,Grm)? — Z Voo, 4 (P(Uo,+) — ¢(Uq,~))
oel
|Q|1/2N(f’2', Gm) + N(fr, GM)2 + Z Votlg,+(P(Ug,—) — P(Ug,+))- (3.15)
oc&

Nous allons maintenant étudier un peu plus précisément chaque terme de la derniére somme, cas par cas.
On utilise pour cela le fait que ¢ est croissante.

e Siug 4 > Us— et ugy >0, alors p(ue,—) — @(Us,+) <0 et ug 4 (P(tq,—) — o(ts4)) <O0.

® Si gy > Ug— €t Uy < 0, alors 0 > Uy > Uy —, donc (Uy +,Us,—) ont le méme signe et
|uo,+| < |ua,,|.

o Si gy < Ug— €t Us+ > 0, alors 0 < Uy < Uy—, donc (Uy +,Us,—) ont le méme signe et
|“0,+| < |7"0,f|-

o Situgy < Uy et Uy <0, alors p(uy ) — @(ty 1) >0 et uy 4 (P(ty,—) — (g 1)) <O0.
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En notant alors Ay = {0 € € | Up,+ > Ug,—, Ust < O} et Ay ={0 € E | Usy < Uy—, Us 4 > 0}, On
constate que, pour tout o € E\(A1 U Az), Voo +(0(ts—) — @(ts+)) < 0. Alnsi,

Z Voo 4+ (P(Uo,~) — p(Ug,+)) < Z Voo 4 (P(to,~) — P(Uc,4)).

ocf c€A1UA2

Comme v, < m(o)||v|[(L~(q))~, on en déduit, par Cauchy-Schwarz,

Z UUUU,-&-(SD(UU,—) - ‘P(uo,+))

oce&
< vllze@yy Y. m(0)|ue il ) — @(uo1)|
ceAUAs
1/2 1/2
< ||V||(L°°(Q))N< > m(ff)do> ( > Toui,+(<ﬂ(ua,—)—@(Uo,+))2> -
oc€A1UA2 oc€A1UA2

Or > ca,ua,m@)ds <5 cem(o)d, = N|Q| et, des que 0 € Ay U Az, (ug 4, Uy ) ont le méme signe
et [ug,+| < |ug,—|, donc par le lemme 3.4 et I'inégalité de Young,

Z Vot +(P(Ug,—) — P(Uo,+))

oc&
1/2
< (NVIQDY2IIV] 2o ey ( Y Tolte - us)(p(ue, ) - <P(Ua,+))>
oc€A1UA2
1
< N|Q| ||VH%L°°(Q))N + 1 Z To (Uo,— = Ug 1) (P(Uo,—) — p(Uo,+))-
oc&
Pour tout ¢ € &, on a {ue+,us—} = {ux,ur}, donc (vy— — ts4)(P(Us,—) — P(Us+)) = (urx —

ur)(p(ur) — @(ur)). En revenant a (3.15), on obtient donc
> rolur —ur)(pur) — (ur)) < 2N (f1,Gad) + 2N (f1, Gan) + 2N Q] [[V][F e 2y »
o€é&

ce qui conclut la preuve de cette proposition. m

Corollaire 3.1 Si M est un maillage admissible et ur = (ug)keT est une solution de (3.3) (3.5) avec
un second membre vérifiant (3.6), alors

1/2
(1 + fur) s ae < (2191 2N (fr, Gar) + 2N (7, Gan)? + 2NIQ [[v] e g )

Preuve du corollaire 3.1
On constate que, pour tout s € R, In(1 + |s]) = fos sgan(rtl)t\dt
Schwarz et par croissance de ¢,

(ln(l+‘x‘)—ln(l+‘y|))2 = (/m %ﬁfmﬁ)

/x dt
y (LH[E)?

En utilisant cette majoration et I'estimation de la proposition 3.1, on en déduit le résultat du corollaire.
[

. Ainsi, pour tous (z,y) € R?, par Cauchy-

IA

|z —yl = |z —yllp(z) — o) = (z — y)(p(z) — p(y)).
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3.3.3 Estimations a priori sur ur

Munis de lestimation sur In(1 + |u7]|), nous pouvons maintenant, comme dans le cas continu, en déduire
une estimation sur uz solution de (3.3)—(3.5).

Proposition 3.2 Soit M un maillage admissible et ( > 0 tel que
VK eT,Vo€lxk, di,o > (d,.

Il existe C ne dépendant que de (||V|| (L))~ 2, () tel que, siur = (ux)KeT est une solution de (3.3)—
(3.5) avec un second membre vérifiant (3.6), on a ||ur||im < CN(fr,Gm).

Preuve de la proposition (3.2)
Dans toute cette preuve, les constantes C; ne dépendent que de (||v|[(ze ()~ £, ().

Etape 1: estimation sur Sg(u7).

Nous supposons ici que ug est une solution de (3.3)—(3.5) avec un second membre vérifiant (3.6) et
N(fr,Gm) < 1. En notant, comme dans le cas continu, pour k € R, Sk(s) = s — Ti(s) = s —
min(k, max(s, —k)), nous cherchons des estimations sur Sy (u7) pour un k bien choisi.

En multipliant chaque égalité de (3.3) par Si(ux), en sommant sur K € 7 et en rassemblant les sommes
par interfaces, on a

> roluk — uL)(Sk(uk) — Se(ur)) = > m(K)fxSk(ux)+ Y m(0)Gro(Sk(ux) — Sk(uL))

oe€ KeT oc&
— Z m(K)bKuKSk(uK) - Z ’U,a’+’UK7,_-,(Sk(uK) — Sk<UL)),
KeT e

oll, comme précédemment, on a posé, lorsque o € &y, 0 = K|L et, lorsque 0 € Egxy N Ex, ur, = 0.
Comme Sy, est croissante et 1-lipschitzienne, on a (Sk(ux) — Sk(ur))? < (ux —ur)(Sk(ug) — Sk(ur));

b étant positive et Sk(s) étant du méme signe que s, bxuk Sk(ug) > 0. Par Cauchy-Schwarz, et puisque
N(fr,Gm) <1,

1/2 1/2
> m(K) fxSk(uxk)| < <Z m(K)f[Q(> <Z m(K)Sk(UK)2> < 1Sk(ur)||L2(o)

KeT KeT KeT
et
1/2 1/2
Zm(U)GK,o(Sk(uK)—Sk(uL))| < (Zm(a)doG?;) (ZTa(Sk(uK)—Sk(UL))Q)
< ISk(ur)ll1,m-

On a donc, par le lemme 3.1 (inégalité de Poincaré discrete),

1Sk (ur) |13 < CollSk(ur)|lim + Ca Y m(o)|ue,+ | [Sk(ur) = Sk(ur)l- (3.16)
oef

1/2 1/2
> m(o)|ug, 1 ||Sk(ur) — S(ur)| < (Zm(o)d0u37+> (ZTU(Sk(uK)—Sk(uL))2>

oge€ oe& oefl
1/2

Su | X m || ISk

KeT 0c€EK | VK, 6 >0

IN

1,M-
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Puisque d, < %deg pour tout o € £x, on a

Z m(o)d, <

0€EK |vK,0 20

S m(o)dic = %n(m,
o€k

N =

donc

> m(o)|to,+ |18k (ur) = Sk(ur)| < Csllurl| 2oyl Sk(ur)|1,m
oce€

Mais uz = Ti(ur) + Sk(ur), donc ||ur||r2) < kY2 + [|Sk(ur)||r2(q), ce qui donne

> m(0) g+ ||Sk(ur) — Si(ur)| < CaklQU2(|Sk(ur)|li, a0 + Csl[Su(ur)l 20 |1Sk(ur)l[100- (3.17)

oel

Soit p > 2; puisque Sk(uz) = 0 hors de Ey = {|ur| > k}, on a, par Holder,

|[Sk(ur)||22(0) < 1Ek|2 ™% |[Sk(ur)|| e (-

Comme, par le lemme 3.3 (inégalité de Sobolev discréte), il existe p > 2 (ne dépendant que de N) et Cy
tels que

[Sk(uT)||Lr(0) < Cal|Sk(ur)

|1,Ma

on en déduit que

1Sk (ur)|| 22y < CalBil 277 [1Sk(ur)||1,m,

ce qui implique, dans (3.17),

> (o) g 4 |[Sk(ur) — Sk(ur)| < CskIQ2|[Sk(ur)|lsam + CsCal Eil2 77| Sk (ur)| [ ar.
occk

En injectant cette inégalité dans (3.16), on a donc

1Sk (ur)12 00 < CollSk(ur)||1an + Csk||Sk(uz)| 1,00 + Cs | Ex 275 ||Sk(ur)||? pe-

On a, grace au corollaire 3.1 et au lemme 3.1, ||In(1 + \uT|)||2Lz(Q) < Cg. Donc, par Tchebycheft,

Cs

|Ek| = {In(1 + Jur|) > In(1 + k)}| < (1L R)?

Puisque % — % > 0, il existe donc kg ne dépendant que de (Cs,Cg,p), i.e. ne dépendant que de

([IV[(zoe )y, 2, C), tel que C’5|Ek0|%7§ < 1/2. On a alors

1Sk (w1 A < 2C1[[Sko (ur) 11,0 + 2C5 ko [Sko (ur) 1,01,

ce qui donne
Sk, (ur)ll1m < Cr. (3.18)

Etape 2: estimation sur urz.

Toujours en supposant que ug est une solution de (3.3)—(3.5) avec un second membre vérifiant (3.6) et
N(fr,Gnm) <1, nous obtenons une estimation sur ||Juz||1 .

Pour le kg trouvé dans la partie précédente, on cherche d’abord une estimation sur Tj,(u7). En mul-
tipliant chaque terme de (3.3) par Tk, (uk), en sommant sur K € 7 et en rassemblant les sommes par
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interfaces, on trouve, puisque 1%, est croissante et 1-lipschitzienne,

D 7o (Thg(ur) = Tho(ur))? <> 7o(ure — up)(Thy (ur) — Tho (1))

el el
= > m(K)fxTh,(ur) + Y m(0)Gr o (T (ur) = Ty (ur))
KeT océ&
=Y mK)bgurTr(uK) = Y o 1 vk 0 (Tho (ur) — Tho (uL))-
KeT oel

Or ugTi,(ug) > 0 et | Ty, (ux)| < ko, donc, par Cauchy-Schwarz, on obtient

1/2 1/2
T (ur) 1T 00 < ko<z m(K)) <Z m(@fﬁ)

<
e 1/12(67- 1/2
+ <Z m(o)daG?;) (Z To (Tho (urc) — Ty (UL))2>
oef océ
1/2 1/2
+Cs (Z m(U)daU37+> <Z 7o (Tho (ur) — Tko(uL))2>
oe€ oceé

IN

1/2
kol QU2 + || Tk (ur) |1, 0 + Cs (Z m(U)daU§,+> [ Tho (uz)l]1 M- (3.19)
oef&

On a déja vu que

1/2
<Z m(a)d0u37+) < Collur||L2()-

el

De plus, puisque |uz| < ko + |Sk, (u7)|, par (3.18) et le lemme 3.1, on a |Juz||L2(q) < Cio-
Ainsi, (3.19) donne ||Tk, (ur)||l1,m < Ci1. Puisque ugr = Ty, (ur) + Sk, (ur), cette inégalité et (3.18)
donnent finalement

[|uz|lim < Cha.

Etape 3: conclusion.

Supposons maintenant que ug est une solution de (3.3)—(3.5) avec un second membre vérifiant (3.6) et
prenons A > N(fr,Ga) (ceci pour éviter de diviser par 0...). Comme le systéme (3.3)—(3.5) est linéaire,
wr /A est solution de ce systeme avec (fx /N xer, (Gr,0 /N KeT, see, comme second membre; ce second
membre vérifiant (3.6) et N(f7/\, Gag/A) < 1, on en déduit, par ce qui précede, que [|[ur/A||1,m < Cia,
c’est a dire que |Jur||1,.m < Ci2A. En faisant tendre A vers N'(f7,Gaq), on obtient finalement le résultat
voulu. m

3.4 Existence, unicité et convergence de la solution approchée

Lemme 3.5 Soit M un maillage admissible de Q2 et { > 0 tel que, pour tout K € T et tout o € &k,
di,s > Cdy. Soit (fx)ker €t (Gro)KeT,oce, définis par (3.2). 1l existe alors une unique solution ur =
(ur)keT a (3.8)—(3.5) et elle vérifie |[ur||lypm < C(||fllr2(0) + |Gl (Lo @)~ ), avec C ne dépendant que
de HV||(LOO(Q))N, C et Q).

Preuve du lemme 3.5
Le systéme (3.3)—(3.5) est linéaire carré en (ux)rxer. De plus, I'estimation a priori de la proposition
3.2 prouve que, si le second membre de ce systéme est nul (ce second membre vérifie (3.6)), alors toute
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solution correspondante est nulle. Ce systéeme est donc injectif et, étant de dimension finie, il est bijectif;
il existe donc, pour tout second membre, une unique solution a (3.3)—(3.5).

Supposons maintenant que le second membre soit donné par (3.2). Alors il vérifie clairement (3.6) et, par
la proposition (3.2), la solution correspondante vérifie ||ur||1, v < CN(fr,Grq) ot C ne dépend que de
[VI](Loe )y~ s € et . Or, pour tout K € T et 0 € €k, fi < ﬁ S5 IfI? et Go < ||G||(Le(q))~, donc

1/2
N(fr,Gm) < Ifllzz) + G|l (L))~ (Z ””(U)da> = 1£llz2(0) + |Gl (Lo @y (N2 Y2,

ogeé

ce qui donne bien ’estimation cherchée dans le lemme. =

Maintenant que nous savons qu’il existe une solution au probleme (3.1) discrétisé, et que nous avons des
estimations sur cette solution, nous pouvons montrer un théoréme de convergence.

Théoréme 3.1 Soit ( > 0. On considére des maillages M de § tels que, pour tout K € T et pour tout
0 €&k, on adgy, > (dy. Alors la solution ur de (3.3)—(3.5) converge, lorsque hr — 0, dans L*(Q)
vers la solution variationnelle u de (3.1).

Remarque 3.3 L’hypothése de minoration de di ,/d, n'est utile que pour obtenir une estimation sur
les solutions discrétisées, i.e. pour pouvoir appliquer le lemme 3.5; nous ne l'utiliserons pas pour prouver
que les limites des solutions discrétisées sont des solutions de (3.1). Ainsi, notre preuve de convergence
permet d’étendre les résultats de convergence de [37] au cas v € (C(Q))N et G € (C(Q))N non nul, sans
hypothése supplémentaire sur les maillages.

Preuve du théoréme 3.1

Par Pestimation du lemme 3.5, on sait que ||ur]||1,pm est borné indépendamment du maillage M. Le
lemme 3.2 nous dit alors que 'ensemble Y des solutions discretes (i.e. solutions de (3.3)—(3.5) pour un
maillage M satisfaisant dx , > (d, pour tout K € T et tout o € k) est relativement compact dans
L2() et que les valeurs d’adhérence de suites (uy)n>1 de cet ensemble, correspondant & des maillages
dont la taille hr, tend vers 0, sont dans H{(2). Nous allons montrer que toute valeur d’adhérence de
ce genre est une solution variationnelle de (3.1); cette solution étant unique (théoreme 1.1), cela nous
donnera bien la convergence, lorsque hy — 0 et sans extraire de suite, de uz vers la solution de (3.1).

Soit donc ur € Y qui converge dans L%(Q), lorsque hy — 0, vers un certain u € H(2). On prend
P € C(Q) et on veut donc montrer que

/QVU-Vz/Jf/qu-VdJ—}—/Qbm/):/waf/QG-Vz/). (3.20)

On s’inspire pour cela en tout point de la preuve de convergence dans [37], en faisant la modification
nécessaire au fait que v et G ne sont que continues ici.
Dans la preuve qui suit, les constantes C; ne dépendent que de 1, Q et d’'un majorant (que I'on a) de

[ur|l1,m-

On prend h7 assez petit tel que 1) = 0 sur K pour tout K € 7 vérifiant K N9Q # (). En multipliant par
Y(zx) 'équation satisfaite par uz et en sommant sur K € 7, on a

> roux —ur)(W(zr)—v(ar) + Y VKot (V(zr) —P(zr) + > m(K)bruxi(zk)

océ& océ KeT

= Y mE)fxd@x)+ Y m(0)Grq(Y(ex) —Plar)).  (3.21)

KeT oc€eE

Notons Ty, Ts, T3, Ty et T les termes de cette égalité.
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Etape 1: convergence de T3 et Ty.
Soit ¢ € X (M) définie par Yx = Y(rk); on a 7 — 1 dans LP(2) pour tout p < oco. Ainsi, puisque
ur — u et fr — f dans L*(Q) et by — b dans LP(£2) pour tout p < 0o, on a

Tgﬂ/gbmﬁ et T4H/qu/z.

Etape 2: convergence de T7.
On commence par remarquer que

Tl’:—Z(UK—uL)/Vi/J-nK,ad“/:_ Z Z UK/vw.nK’Ude:_/QUTAd}

oce€ KeT oelk

converge vers — [, uAY = [, Vu - Vi), De plus, en notant

~ (rr) —Y(rk) 1
Iﬁ{a = dg Tn(a)./£‘7¢"nk;ad7’

on a, par régularité de ¢, |Rk,»| < Cihr. On peut alors comparer 17 et 17:

Ty - Ty < gze:gm((’)wl(*uﬂ QP(QUK)d:w(xL) +m20)/ng'n[(,ad“/

1/2 1/2
< Ciht (Z To (UK —uL)2> (Z m(a)dg>

ogel ogel

< GuNIQDYA ur |l ahr.
Puisque [|uz||1,0¢ est borné, on a donc Ty — T{ — 0 et donc Ty — [, Vu - V.

Etape 3: convergence de T5. B
Nous désirons montrer que T tend vers — [, uv - Vib. Pour cela, on se donne £ > 0 et w € (C'(Q))V
telle que ||v — w||(z~ ()~ < e. En notant wg , = oW ngqdyet

TZI = Z wK,ouo,+(¢($K) — (),

oef

on a

To =Ty = |D (ko — wio)to s ($(rx) - ¢($L))‘
oge€
< Cse Z m(o)dy e, +
o€l
= o (S el + oo
ogel oe€
otli, comme on s’y attend,
pour ¢ € Eint, do + = dk - avec le K € T tel que o € Ei choisi pour définir u, 4+ = ur,

pour 0 € €ext NEx, do 4+ = dr,s 81 VK6 >0, dyy = 0 dans le cas contraire

et dy,— = dy — dy,+. On notera i = {0 € Ex | K a été choisi pour définir u, y = uk}.
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Par l'estimation que 'on a sur ||ur||1,m et le lemme de Poincaré discret,

Y om@)doyslua] = Y luxl Y m(o)dr,e

océ KeT o€k +
< Y luxl Y mlo)dre
KeT o€k
< Nlur|lpy o)
< Cs.
et
Zm(o)dav,|ug,+|
oc&
< Z m(o)do, uo, | + Z m(0)do, o, + — Uq, |
el océ
1/2 1/2
< bl X mioe iy (Do) (Sl e )
KeT 0'6£K\£K,+ oe€ oce€
< Nlurlz: o) + hr (NIQ)?[Jur|l1,m
< Cy.
Ainsi,
T2 — T3 < Cse. (3.22)
Etudions maintenant T3.
o= ) ) wrele+d(x)
KeT o€ék
= D> wko(tor —ur)(zr) + Y u(rr) Y Wk
KeT o€k KeT o€lK
_ T//+T/II
= 1 2

Par régularité de w, on a

T = Y uri(ax) /8 wenedy= Y u(en) /K div(w) — /Q wipdiv(w).

KeT KeT
De plus,
Ty = > (uoy —uk) / yweng dy+ Y Y (g — UK)/W(IK) — Y)W ng s dy.
KeT oc€x 4 KeT océx e

Mais, comme le support de v ne touche pas les mailles au bord de €2,

55 v [oweniodi= X wn ([owenmcodr s [owengan) <o
KeT oeék g g€Eint g g
car Ng,, = —Nr , lorsque 0 = K|L € &py. Comme

Y / bw g gdy=— 3 u /K div(w) = — /Q udiv(iw),

KeT o€k’ KeT
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et

30> (e - /(1/J(wK)—¢)W-nK,ad’Y < Cehrllwllze@yy Y, Y, m(o)|uoy —ux
KeT oelk KeT o€k

< CGh’THW”(Loo Q)N Z |UL - UK|

e
1/2
S CGh’T”W”(Lco(Q))N (Z m(a)d0>
oe&
S C7hTa

on en déduit que Ty — — fQ udiv(yw). Ainsi, Ty — — fQ udiv(yw) + fQ updiv(w) = — fQ uw - Vb; il
existe donc n > 0 tel que, pour tout hy < 7,

T (/Quw-w)’ <e. (3.23)

/ uv - Vi) — / UW - V’l/)‘ <ellull Lzl VY| || L2 () = Cse. (3.24)
Q Q

Mais

(3.22), (3.23) et (3.24) donnent donc, dés que hy < 7,

T — (—/uv-V¢>‘<Cgs7
Q

ce qui signifie bien que T — — fQ uv - V.

Etape 4: convergence de T5.

La méthode employée pour prouver la convergence de T est tres semblable, en beaucoup plus simple (il
s’agit de prendre u, + = 1 dans la démonstration précédente!), a la méthode déja employée pour prouver
la convergence de T5.

Soit & > 0 et H € (C*(Q))N telle que ||G — HI| ()~ < e. On introduit

Ty =Y m(o)Hro(Y(rx) — P(zL)).
geé
ot Hg,, =m(0o)~" [ H ng,dy. On a alors
|T5 — T5I| S 0105 Z m(a)d(, = CHE.
oe€
Mais, par régularité de H et de 1,

T, = Z Z o)Hg o (xK)

KeT oeék

> v(rk) /dw H/dw :f/QH-w;.

KeT

Il existe donc 1 > 0 tel que, pour hy <1, |TE + [, H - Vi| < e. Comme

/H'V¢—/G'V¢‘§Clgf,
Q Q
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on déduit de tout ceci que, des que hr <7, on a

T5—<—/QG-V¢)’§(1+011+012)€;

ce qui prouve bien que T5 — — [, G - V).
Grace aux convergences de T, Ty, T3, Ty et Ts, on constate que u € Ha () vérifie (3.20), ce qui conclut
la preuve de ce théoreme. m

3.5 Estimation d’erreur

Nous prouvons ici, lorsque G = 0 et v € (C*(Q))", une estimation de I’erreur entre la solution approchée
ur et la solution exacte u de (3.1), lorsque cette derniere est dans H2(Q). Pour simplifier, nous prendrons
aussi b constant.

Théoréme 3.2 On suppose que G =0, que v € (C1(Q))N et que b est constant. Soit ¢ > 0. On considére
un maillage M de Q tel que, pour tout K € T et tout 0 € £k, on a dk,; > (dy. On note ur la solution
de (3.3)—(3.5) et u la solution de (3.1). On suppose que u € H?(Q) (ce qui est par ezemple le cas si
est convexe). Alors, en définissant er € X (M) par ex = ux — u(zk), il existe C' ne dépendant que de
[[V[l(zoe v Q et C tel que

ezl < Chrllul oy

Preuve du théoréeme 3.2
Ici encore, on suit fidelement [37].
Dans cette preuve, les constantes C; ne dépendent que de b, || V||~ (q))~, Q et ¢.

u étant dans H?(Q), elle vérifie (3.1) au sens fort. On peut donc intégrer I'équation de (3.1) sur chaque

maille K pour trouver
> Frot 3 Vot [ u= [ f (3.25)
K K

o€fK o€fK

ou FKJ =— fg Vu-ng, et VKJ = fg uv - ng,,. En posant les flux approchés

Fl*(,a = 7T¢7(u(‘rL) - U(fK)) lorsque o = K|L S gint 1]
Ffe o = Tou(rK) lorsque 0 € Eint N Ex

et

Vié,a— = UK,UU($U,+)
ol, pour 0 = K|L € &y (respectivement 0 € Eext N Ek), T+ = T lorsque vg,, > 0 et 254 = 71
(respectivement z, + € o ce qui implique u(z,,+) = 0) dans le cas contraire, il a été prouvé dans [41]
que les erreurs de consistance

1 — 1 — 1
Rio=—"—Fgs—Fro), "Tko=—"—=Vi,— VKo et pK:u:pK——/u

vérifient

IRk .o| < Cihr(m(o)de) ™2 ullg2v,) . |riol < Cihr (m(o)de) ™ 4| |ullwraq,)

3.26
et okl < hem(K) "V ullwrs o) (3:26)

ouV,={tex+(1—t)z, z €0, t€0,1}U{ter +(1—t)z, z €0, ¢t €]0,1[} lorsque 0 = K|L € &iny, et
Vo ={teg+(1—t)x, x € 0, t €]0,1[} lorsque o € Eext NEk (les estimations de [41] sont plus générales,
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mais nous n’utiliserons que cette forme). Remarquez que, puisque v € H2(Q)) et N = 2 ou 3, on a bien
u e Whi(Q).

Par (3.25) et la définition de R o, Tk,o €t px, on a donc, pour tout K € T,
Y Frot Y Vi, +mK)bu(ex) = m(K)fx +m(K)bpx + Y m(o)(Rio + o).
oelk celk ocelk

En soustrayant cette équation a celle vérifiée par uz, on constate donc que e satisfait, pour tout K € 7,

Z ﬁK,g + Z VK,0€0,+ + mM(K)bex = —m(K)bpx — Z m(0)(Rr,o +rk,0),

c€EK c€EK o€k

ol ﬁK,g = —7,(ep —ex) si 0 = K|L € &y, ﬁKﬁ =Toeg i 0 € Eexy NEK, €t €4 4 est le décentrement
amont de er.
er est donc la solution de (3.3)—(3.5) avec, pour second membre,

((_pr)KET7 (_RK,O' - TK,O')KGT,UESK)‘

Ce second membre vérifiant (3.6) (car les flux F, V, F’* et V* sont conservatifs), on peut alors appliquer
la proposition 3.2:
ller|lim < CoN((bpx ) ke, (RE,0 + TR,o)KeT, oetx)- (3.27)

Mais, par (3.26), Cauchy-Schwarz et les inégalité de Sobolev, on a

Y mUIE) e < vhy Y m(E)Y?fullfre

KeT KeT
1/2 1/2
< bVhy (Z m(K)> (Z ||u||LIL/V114(K))
KeT KeT
< BPRZIQ? [ulfe g
< Csh7||ullfz(q)

et, en notant R, = |Rk,s| et ro = |Tk,o| lorsque o € Ex (ces définitions ne dépendent que de o, non du
K tel que o € &k),

> m(o)ds(Rs +71,)* < 207h7 (Z lllrz v, + Z(m(a)do)”QIIM%th(va))
oel oe& océ
1/2 1/2
< 203 ||u||%p(m+<zm<a>da> <Z||u|%w,4(va)>
oeé oe€
< CabZ|lullFe g

(en effet, U,V, = Q & un ensemble de mesure nulle pres, et 'union est disjointe). En rassemblant ces
inégalités dans (3.27), on en déduit le résultat du théoreme. m

3.6 Concernant le décentrement amont

Comme nous 'avons signalé dans la remarque 3.1, on peut aussi étudier des schémas non décentrés amont,
i.e. pour lesquels u, 4 n’est pas donné par (3.5).

Nous allons voir ici que, quel que soit le choix linéaire que 'on effectue entre ux et ur pour u, ., on a
des estimations sur la solution du schéma correspondant, a condition que la taille h7 du maillage soit
assez petite. Munis de ces estimations, la convergence se fait alors comme dans le cas décentré amont.
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Plus précisément: si M est un maillage de §2, on consideére la discrétisation suivante de (3.1)

VK €T, Z FK,O’ + Z VK,olo + m(K)bKuK = m(K)fK + Z m(cr)GKya , (328)

0€EK 0€EK occlk

Vo=K|L € &y, Fro=—T,(ur —ug),

Vo € Ees NEK, Fro=Tour, (3.29)

Vo = K|L € gint y Uo = QK UK + ar cur ,

Vo € 5ext N EK, U+ = OK UK , (330)

ol (k) KeT, veer sont fixés (ne dépendent que des données (v, f, G) du probleme) dans [0, 1] de sorte
que ai,, +are =1des que 0 = K|L € &g

Le choix du décentrement amont consiste a prendre, modulo I'indétermination non génante dont nous
avons parlé en remarque 3.2, ag,, =1 si Vg, > 0 et ag , = 0 dans le cas contraire.

Le choix centré consiste a prendre ak , = % pour tout K € 7 et tout o € k.

L’obtention d’estimations a priori sur les solutions du systeéme linéaire (3.28) (3.30) se fait en le com-
parant au systeme (3.3) (3.5).

Proposition 3.3 Soit ( > 0 tel que le maillage M vérifie: pour tout K € T, pour tout o € €k,
dx,s > Cdo. Il existe hg > 0 et C ne dépendant que de |[V||(Lo)~, Q et ¢ tel que, si hr < ho, toute
solution ur de (3.28)—(3.30) avec un second membre vérifiant (5.6) satisfait ||ur||l1,.m < CN(fr,Gm)-

Preuve de la proposition 3.3

On introduit le décentrement amont u, + de ur comme défini dans (3.5). wz vérifie alors, pour tout
KeT,

Z Fr o+ Z VK, oUg,+ + m(K)bxurx = m(K) fx + Z m(o) <GK,0' + vK—’U(ua,+ - uo’)) ;

oefk o€k 0CEx m(U)

c’est a dire une équation de la forme (3.3) (3.5) ot 'on a remplace Gk, par éKJ =Ggo+ %(ug,+ —

Ug)-
Les flux (vi,0) ke, scex étant conservatifs, ce second membre vérifie (3.6) et on a donc, par la proposition
3.2,

Pour estimer N (fr, GM), on écrit

luzli,m < CIN(f1,Gam),s
ot C1 ne dépend que de ||v|[(zoe()n, Q et (.
o\ 1/2
<Z m(o)d, )
oe€

1/2 2\ 1/2
< V2 (Z m(a)dgG?,) +V2 (Z m(o)dy (%(UH - ug)) ) .

oc€e€ oc&

UK,o

GK,U + Wg)(ua# - Ua-)

Comme v, < [|V|[(Loo()nm(0) et Uy + — Ug| < Dyu (car (ug 4,uy) € [ur,ur] si 0 = K|L € Eng et
(Ug 4, Us) € [0, uk] si o € Eext N Ek), On peut écrire

v 2\ 1/2 1/2
(Z (o) (2 — ) ) < IVl (Z m(a)dawau)z)

oeé oe€
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A

1/2
VIl (Lo ()~ (Z diTo(DaU)2>

ocf

IA

2hr [Vl zoe (o~ [luT|l1m-
Ainsi,
lurllim < CLV2N(f1,Gan) + 2C1V 2R [[V]| (oo @)y~ [Jur |10
Cette inégalité nous montre que le résultat de la proposition est valide avec hg = 1/(4v/2C||v| (Lo (2))¥)
et C = 2\/501 ]

Muni de cette estimation conditionnelle (valable uniquement pour hsz petit), on obtient, exactement
comme dans I'étude du systeme décentré amont, des résultats de convergence et d’estimation d’erreur
pour les solutions de (3.28)—(3.30), a condition de supposer & chaque fois hy assez petit.
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Chapitre 4

A uniqueness result for quasilinear elliptic equations with
measures as data

J. Droniou and T. Gallouét.

Abstract We prove here a uniqueness result for Solutions Obtained as the Limit of Approximations of
quasilinear elliptic equations with different kinds of boundary conditions and measures as data.

4.1 Introduction

4.1.1 Notations

In this paper, Q is a bounded domain in RY (N > 2), with a Lipschitz continuous boundary. The unit
normal to 92 outward to €2 is denoted by n. We denote by z-y the usual Euclidean product of two vectors
(z,y) € RY x RY; the associated Euclidean norm is written |.|. The Lebesgue measure of a measurable
subset £ in R is denoted by | E|; o is the Lebesgue measure on 952 (i.e. the (N—1)-dimensional Hausdorff
measure). I'q and I'y are measurable subsets of 9Q such that 9Q =T'qUT; and o(T¢yNT¢) = 0.

For q € [1,+00], we denote by ¢’ the conjugate exponent of ¢ (i.e. ¢’ =q/(q—1)). WH4(Q) is the usual
Sobolev space, endowed with the norm ||u||w ey = [[u]|La) + || [Vul||La@)- erdq(Q) is the space of
functions of W14(Q) which have a null trace on I'y.

When ¢ = 2, we write Hp (€) instead of Wlldq(Q) The space of the traces of functions in Hp (€2) is

denoted by Hp. 1/ 2(Q) and it is endowed with the norm

ell gy = int {1l s | 7 € HE, () fion = u).

The hypotheses on the function @ that will define our quasilinear elliptic equation are the following;:
a: QxR xRN — RN is a Caratheodory function, (4.1)

Fy >0, © € L(Q) such that a(z,s,§) -
for a.e. z € Q, for all (s,¢) €

> 7\€|2 O(z)

S (4.2)

33 > 0 and h € L*(Q) such that |a(x,s,&)| < h(z ) +B|s| + B¢
(s,€) e R x

for a.e. x € Q, for all (s,&) € RN (4.3)

Ja > 0 such that (a(x, s, &) — a(z, s,1)) - (£ —n) > al¢ —n]? (4.4)
for a.e. z € Q, for all (5,£,17) € R x RV x RV, :

3A > 0 such that |a(z, s, &) — a(z, s,n)| < A€ — 7] (4.5)

for a.e. z € Q, for all (5,£,1) € R x RV x RV,

85
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36 > 0 such that
la(x, s,&) — a(x,t,&)| < d|s —t| for a.e. x € Q, (4.6)
for all (s,t,&) € R x R x RV,

Remark 4.1 Hypotheses (4.1) (4.3) are classical for the Leray-Lions operators in divergence form act-
ing on HY(Q); Hypothesis (4.4) is a stronger form of the classical monotonicity hypothesis

(a(z,5,&) — a(z,s,m)) - (€ —n) >0 for a.e. € Q, for all (s,&,n) € R x RN x RN with & £n.  (4.7)

of the Leray-Lions operators, but is nevertheless classical when we want to obtain a uniqueness result,
even in the variational case (see [11]). Hypothesis (4.5) is not really demanding, since, for example,
a(x,s,&) = a(s)§ (with a € L>(QY)) satisfies this hypothesis, but Hypothesis (4.6) is really strong and we
would rather like to impose a weaker hypothesis, of the kind

36 > 0 such that |a(z,s, &) —a(x,t,&)] < dls —t|(1 + |s| + [t] + [€])
for a.e. x € Q, for all (5,t,£) ER xR x RV

to handle the case a(x, s, &) = a(s)§ with a Lipschitz continuous.

Remark 4.2 There are however many functions which satisfy Hypotheses (4.1)—(4.6). For example,
for M >0, a(z,s,&) = (1 +inf(M,In(1 + |s| + [€]))¢ + ¢(x, s), with ¢ : @ x R — RN a Caratheodory
function, Lipschitz continuous with respect to s € R (with a Lipschitz constant not depending on x € Q)
and such that sup,cg |¢(., s)| € L3(9).

Consider the problem
{ —div(a(z,u,Vu))=f in Q,

u=0 on I. (4.8)

It is well known (see [10]) that, when f is a bounded measure on Q and a satisfies (4.1)—(4.3) and (4.7),

we can find a solution to this problem (even when we consider an operator acting on WO1 PQ),1<p<oo
see also [4] when p < 1 — 2, not only on H}(Q)). The main idea of [10] is to approximate f by

regular functions, find estimates on the corresponding solutions and pass to the limit.

Moreover, when a does not depend on s and f is a function in L'(Q), we can find (see [4]) a formulation

(so-called “entropy formulation”) for (4.8) which ensures the uniqueness of the solution (the existence is

still obtained by approximation).

In [57], the author defines another sense of solution, the “solution by transposition”, which gives an
existence and uniqueness result when a still does not depend on s but f is a bounded measure. This
definition requires the introduction of a particular matrix-valued function M(.,.) : RV x RN — My (R)
satisfying a few properties (general algebraic properties, completely independent of a); the formulation
by transposition uses then the matrix M(Vu — Vv, a(.,Vu) — a(.,Vv)), where u is the solution by
transposition and v is any function in H}(Q). There can be many different possible choices of the matrix
M(.,.) (the matrix chosen by the author depends on a parameter A, which is any real number in |0, o,
where « is given by (4.4)). The solution by transposition seems thus to depend on the particular choice of
M; however, an additional work allows to see that, with the methods of [57], we can prove the uniqueness
of the solution obtained as the limit of approximations (when a is independent of s).

When f is a bounded measure, a satisfies (4.1)—(4.5) but does not depend on s and is of class C! with
respect to &, the uniqueness of the solution obtained as the limit of approximations of Problem (4.8) is
proven in [6].

We will prove here that the ideas of [6] can lead to a uniqueness result when f is a bounded measure, a
depends on s (but satifies (4.6)) and is only Lipschitz continuous with respect to {. The main difficulty
brought by the dependence of a on s is in the resolution of the “dual equation” (4.19) in which the
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operator is not coercive (because of the convection term). We will also consider more general boundary
conditions; they bring a few more difficulties (in particular the regularity result we need on the solution
of (4.19)) which are solved by the results of [29].

The boundary conditions we consider are of the mixed or Fourier kind (that is to say a condition on u
on I'y and a condition on a(z,u, Vu) - n+ Au on I'f).
To get the coercivity that will ensure the existence of a solution, we add the assumption

o(Tq) >0and A € L*(9Q), A > 0 o-a.e. on 99
or (4.9)
Ig=0and X € L*(09Q), A >0 c-a.e. on 9Q, c({zx € 0Q | A\(z) > 0}) £ 0.

Remark 4.3 Under Hypothesis (4.9), a classical reasoning shows that, for all g € [1,+00[, 7 € [1,4] and
p >0, there exists KCy5(p, 2, Tq, A) > 0 such that, for all v € Wll;q(Q), we have

q/7
p/ [Vol? 4+ (/ )\v|qda> > ICq@(p,Q,I‘d,)\)||U\|%V1,q(9). (4.10)
Q r;

The proof of uniqueness we present here uses an existence and regularity result of a solution to a dual
problem. To obtain the required regularity result, we need some hypotheses on the way I'y and I'y are
distributed along 0f2.

Let us introduce two kinds of mapping of 9€2:

O is an open subset of RV,
h:0 — B:={r € R" | |z| < 1} is a Lipschitz continuous
homeomorphism with a Lipschitz continuous inverse mapping, (4.11)
hONQ) =By :={z€ B|zy >0},
h(ONIN) =BN"1:={zxe€dB; |zny =0}

(since 2 has a Lipschitz continuous boundary, there exists a finite number of (O;, hi);e[1,m], such that,
for all i € [1,m], (O, h;) satisfies (4.11) and 92 C U™, 0;) and

O is an open subset of RV,

h: O — B is a Lipschitz continuous homeomorphism
with a Lipschitz continuous inverse mapping,
h(ONQ)=Bir:={xeB|xzn>0, xny_1 > 0},
h(O n Ff) =I:= {T S OB++ | IN—_1 = 0},
’L(O ﬁrd) =I5 := {T (S OB++ | TN = 0}

(4.12)

The additional assumption we make on I'y and I'f is the following:

There exists a finite number of (O, hi)ic(1,m) such that
o C U™, 0; and, for all i € [1,m], (O;, h;) is of one of the following types:
(D)  0,NdN =0;NT4 and (O;, h;) satisfies (4.11) (4.13)
(F)  0;ndQ=0;NTy and (O, h;) satisfies (4.11)
(DF) (O, h;) satisfies (4.12).
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4.1.2 The SOLA and the main result

We recall here some facts about the solutions obtained as the limit of approximations for quasilinear
elliptic equations with measures as data.

We denote by M(Q) the space of bounded measures on 2 and M(99Q) the space of bounded measures
on 0f.
If u € M(Q) and p? € M(99), we consider the problem

—div(a(z,u,Vu)) =p in Q,
u=0 on Dg (4.14)
a(z,u,Vu) - n+Au=p on Ty

The technique of approximation introduced in [10] is the following: let (pin)n>1 € M(Q) N (H'(Q))'(*)
such that ji, — p for the weak-* topology of (C(Q))’, (1?)n>1 € M(Q)N(HY2(99)) such that 2 — u?
for the weak- topology of M(92) and take u,, a solution to

Uy € H%d (Q),
/ a(x, uy, Vuy,) - Vo —|—/

Q Ly
0 1
b @iz oy w2 on) VP € iy ()

Nunp do = (hin, ) (u1 (), 1L (9) (4.15)

We can prove that the sequence (uy,),>1 is bounded in W;;(Q) for all ¢ < N/(N —1); thus, up to a

subsequence, u, — u strongly in L4({2) and weakly in W;;q(ﬂ), it is then possible to prove that, up to a
subsequence, Vu,, — Vu a.e. on (2, which allows us to pass to the limit in the equation of (4.15) to see
that u satisfies

we N WRiQ),
g<N/(N-1)

/a(ﬂ?,u,VU)-Vw/ /\us0=/<pdu+/ pdu’, Yo e | wpl ().
Q ry Q a9 SN

(4.16)

A Solution Obtained as the Limit of Approximations (a SOLA) for (4.14) is any u obtained by the method
detailed above.

Remark 4.4 In [10], where the SOLA (without this name, used for the first time in [22]) have been
introduced, the authors study the pure homogeneous Dirichlet case (with © = 0). But the adaptation of
their methods to the non-homogeneous mixed or Fourier case is quite straightforward (see [66] for the
Fourier case with © =0), even with a non-null © € L*().

When N > 3, the solution of (4.16) is not always unique; indeed, a counter-example by J. Serrin [68]
modified by A. Prignet [65] gives a non-null solution of (4.16) in the linear (a(z, s,£) = A(x){) Dirichlet
case when = 1% = 0 (see also [29] for the adaptation of this counter-example to the mixed case).
However, there is uniqueness of the SOLA for this problem, and this is the main result of this paper:

Theorem 4.1 Under Hypotheses (4.1)—(4.6), (4.9) and (4.13), Problem (4.14) has one and only one
SOLA.

!This means that urn is a measure on 2 such that there exists C' > 0 satisfying, for all € C(Q) N H(Q), | [ pdun| <
Cllellg1(q); by density of C(Q) N H'(Q) in H'(Q), there exists then a unique extension of uy as an element of (H'(2))’.
The same kind of definition and consideration apply to u2 € M(8Q) N (H'/2(8Q))’.
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Remark 4.5 In fact, the proof of the existence of a SOLA to (4.14) does not use all our hypotheses on a
(it only uses (4.1)—(4.3), (4.7) and (4.9)). Our proof of the uniqueness of the SOLA does not use all the
Hypotheses we put on a too; indeed, we will see that we do not use (4.2) and (4.3) in this paper, we only
use the fact that a SOLA exists. Thus, this result of uniqueness can be extented to other equations for
which we know a SOLA exists. For example, in [8], L. Boccardo proves a wide existence result (for a pure
Dirichlet problem this is quite important — with a right-hand side in L') that entails the existence of
a SOLA for an operator defined by a function of the kind

a(x, s,&) = ap(x,8,€) + ¢(s),

where ag satisfies (4.1)—(4.6) and ¢ : R — RY is a Lipschitz continuous function; the hypotheses on ¢
in [8] are in fact much weaker and require thus f € L*(2), but our stronger hypotheses allow us to take
a right-hand side in M(Q). Thus, a satisfies (4.1), (4.4)—(4.6) and the existence and uniqueness result
of Theorem 4.1 is still valid for such an operator in the pure Dirichlet case.

We will also see that this uniqueness result implies the following (very simple) stability result.

Theorem 4.2 Let (ji,)n>1 € M(Q) converges to pu in (C(Q)) weak-+ and (u)n>1 € M(IR) converges
to 1 in M(9SY) weak-x. Under Hypotheses (4.1)—(4.6), (4.9) and (4.13), if u, is the SOLA of (4.14)
with (fin, u2) instead of (u, u°) and u is the SOLA of (4.14), then u,, — u strongly in WI}L’;’(Q) for all

N
I<§N-71

Remark 4.6 In fact, we will prove the following more general result: under Hypotheses (4.1)—(4.3),
(4.7) and (4.9), if un is a SOLA — of a slightly particular kind, see in the proof of Theorem 4.2 —
of (4.14) with (pin, 12) instead of (u, u?), there exists a subsequence (un, )r>1 and a SOLA u of (4.14)

k—oo

such that u,, — u strongly in Wllf(Q) for all ¢ < N/(N —1). The fact that we can, with stronger
hypotheses, get rid of the subsequence is of course due to the uniqueness of the SOLA in this case.

Remark 4.7 Once again, the proof of this stability result only uses the eristence and uniqueness of the
SOLA, not all the hypotheses on a (especially, we do not use (4.2) and (4.8)); thus Theorem 4.2 is also
valid for other kinds of quasilinear equations for which we know a SOLA exists, such as the exzample given
in Remark 4.5.

A uniqueness result for a linear equation is very often linked to an existence result for a dual equation.
It is also the case here, although (4.14) is not a linear problem; so, before the proof of Theorem 4.1, we
study in Section 2 an equation which will appear as the dual equation of a problem coming from (4.14).

4.2 The “dual” equation

We make the following hypotheses:

A:Q — My (R) is a measurable matrix valued function which satisfies:
Ja > 0 such that A(z)¢ - € > al¢)? for a.e. z € Q, for all £ € RY, (4.17)
3M > 0 such that ||A(z)]| :=sup {|A(z)¢|, € RN, [¢| =1} < M for a.e. z € Q,

ve (L)Y, (4.18)

and we take ay a coercivity constant for A, A4 an essential upper bound of ||A(.)|] on Q and A, an
upper bound of || |v| ||z (q)-

We will prove the following existence result:
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Theorem 4.3 Under Hypotheses (4.17), (4.18), (4.9) and (4.13), if 6 € L*>°(Q) then, by denoting by
Ao an upper bound of ||0|| L~ (q), there exists k €]0, 1] depending on (2, aa,Aa, Ay, ), Co depending on
(2, Ty, a,Aa, Av, A\, Ap) and Cy depending on (Q,Tq, aa, Ay, Ag) such that there exists a solution to

f e Hp, () NCo (@),

/QAVf-Vgo—i—/v-Vfgo-i-/

Q Ty,

Medo = [ 8o, v € i}, (9) (4.19)
Q

satisfying || fllco~() < Co and ||f||m1(q) < Ci.
Remark 4.8 We have denoted by C%*(2) the space of k-Hélder continuous functions on 2, endowed

with the norm
1) 1)

[ fllcox @) = [Ifllzoe () +sup
(@) (@ F8up

Remark 4.9 Without Hypothesis (4.13), we obtain a solution of the equation in Problem (4.19) in the
space Hp (Q) N L®°(Y), with the same kind of estimates (we will notice it in the course of the proof);
Hypothesis (4.13) is only useful to apply the results of [29] in order to obtain the Hélder continuity of the
solution.

To prove the existence result of Theorem 4.3, we need an a priori estimate on the solutions of (4.19) (an
L' estimate is enough). This is the aim of Lemma 4.1 for the proof of which the authors wish to thank
Lucio Boccardo (for having given them the key estimate of Step 2).

Lemma 4.1 Let A satisfy (4.17), w € (L®(2))Y and 7 € L>(Q); we denote by Ay, an upper bound of
[[1W| ||z (@) and Ar an upper bound of ||T||L=(q). Under Hypothesis (4.9), there exists Cy depending on
(2, Ty, a4, Aw, A\, Ar) and a solution to

g € Hp, () NL¥(Q),

/ATVg-Vgo—i-/gw-V(p—l—/ )\g<de:/7'<p, V(pEH%d(Q) (4.20)
Q Q r; Q

such that ||g||m1 ) + |19l @) < Co-

Remark 4.10 Once we know that g satisfies (4.20), since p — [, gv -V is in (W;;l(Q))’ (because g is
essentially bounded), the results of [29] show that, under Hypothesis (4.13), g is in fact Hélder continuous
on €.

Remark 4.11 The conclusions of Theorem 4.3 and Lemma 4.1 also hold when 6 or T only belong to

UP>N(W11;p, (Q))" (the proof of this uses the same ideas we present here; see [70] or [29] for the details
concerning the treatment of right-hand sides of this kind).

Remark 4.12 (Lucio Boccardo [7]) A close examination of the second step of the proof of Lemma 4.1
shows that the bound we obtain on ||In(1 + |gn|)||g1 (o) depends on the LY-norm of the right-hand side
d

7. Thus, we can easily prove (by approzimation) an existence result for

—div(ATVg) —div(gv) =7 in Q,
g=0 on Ty4, (4.21)
ATVg-n4+Xg=0 on Ty,

(this problem has, when T is regqular, (4.20) as variational formulation) when T is a bounded measure on
Q; we must however be careful with the formulation of (4.21) since we only obtain a “solution” g such
that, for all k >0, Ty.(g) € Hy () (where Ty(s) = min(k, max(s, —k))).
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Remark 4.13 Using the results of Theorem 4.3 and Lemma 4.1 and the ideas of their proofs, we can
prove, when L € (HY(Q))', the existence and uniqueness of solutions to

feHp, (),
4.22
[ a5 Vot [ vt [ Aodo = (Lo oy, o Vo € HLO (4.22)
f
and
g € Hp, (),
(4.23)

/QATVg-VsaﬂL/QgV-VsaJr/F Agpdo = (L, @)t (@) .Hi () Vi € Hp ().
f

Remark 4.14 In fact, to prove Lemma 4.1 and Theorem 4.3 (as well as the results of Remark 4.13), we
only need v € (L"(2))N with ar > N. But since such an hypothesis on v would not allow us to consider
really better conditions in Theorem 4.1 (using the result of Theorem 4.3 with v € (L" ()N for ar > N
would allow us to weaken Hypothesis (4.6), but not enough to handle the case of functions of the form
a(s, &) = a(s)€), we prefer to consider the stronger Hypothesis (4.18), which is sufficient to our purpose
here.

Proof of Lemma 4.1

We will approximate Problem (4.20) by problems for which we have, thanks to the Schauder fixed point
theorem, a solution; then, by proving estimates on the solutions of these approximate problems, we will
obtain a solution to (4.20) (without passing to the limit!).

Step 1: the approximate problems.
For t > 0, define T}(s) = min(¢, max(—t,s)). Let n be an integer and, if g € L?(12), define F(g) = g as
the unique solution to

g € HE, (),

/ATVg-VsoJr/ /\gde:/wf/Tn(?)W-Vso, Ve € Hp,(Q) (4.24)
Q r, Q Q

(the bilinear form is coercive on Hf () thanks to (4.10) applied to ¢ =7 = 2 and p = aa).
We notice that F : L?(Q2) — L?*(Q) is continuous; indeed, if §,, — g, in L*(Q), and if (for m € N or
m = 00) Ly, is the linear form

<Lm590>(H% ()", HE (Q) :/TSO—/Tn@m)W-Vgo,
d d Q Q

then L,, — Ly in (Hlld(Q))’, so that g = F(J,,) — 9oo = F () in Hlld(Q), thus in L2(9).
Moreover, there exists R > 0 such that, for all g € L*(Q), ||F(g)||s (@) < R: indeed, by taking g as a
test function in (4.24), we get

aall V| |\2L2(Q) +/r Agl? do < ||T||(H11d(Q))’||g||H1(Q) +nll [wl|z2@llgll 7 ()
f

which gives, thanks to (4.10),
Kao(oa, @ Ta, Mgl @) < Ml @) + 0l Wl L2 )3

thus, R = Ka2(aa,Q, Ty, )\)71(||T||(H11d(9))/ +n|| |w|||£2()) satisfies the property.

F : L?(Q) — L*(Q) is thus a compact application (thanks to the Rellich theorem) which sends the whole
space L?(Q) in the ball of center 0 and radius R in L?(2).
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By the Schauder fixed point theorem, F' has a fixed point in the ball of center 0 and radius R; we have
thus proven that there exists g, solution to

gn € Hll‘d(Q) s

/ ATVQn -V + / Tn(gn)w -V + /
Q Q T

Agnp do = / T, Yo € H%d(ﬂ) (4.25)
f Q

satisfying

IN

Ka2(a,Q, Ty, )‘)71(||T||(H11d(9))’ + [l |wl|[2(@)
< Koa(aa, 0T, )7 (A9 +nAw[Q]2).

llgnllm1 (@)

Step 2: we prove that (In(1 + |gn|))n>1 is bounded in H} (), using the technique introduced in [10].
Let us first prove an estimate on fF Agn|do. Take ¢ = Tk(gn)/k € Hy () as a test function in (4.25).
We obtain, since |Tj(s)/k| < 1 for all s € Rand V(Tk(gn)) = 1{0<|g,|<k} Vn a.e. on Q (where 1g is the
characteristic function of a set E),

Tk T
/ )\ k(gn)gn dO' k(gn)

1
—/ ATVgnV(Tk(gn))Jr/ A2 g, do
% Jo k

Ty

Vg
JAER R
Q {0<|gn|<k}
%

/ 1Tl + 1wz </ |V9n|2) - (4.26)
Q {0<|gn|<k}

But gnTk(gn)/k — |gn| on 0Q as k — 0 (if gn(z) = 0. gn(x)Tk(gn(x))/k = 0 and, if gn(x) # 0,
Ty (gn(x))/k — sgn(gn(z))) and |9, Tk(gn)/k| < |gn| € L*(0); thus, by the dominated convergence
theorem, frf Agn (Ty(gn)/k) do — frf A|gn|- Moreover, since Vg, € L?(2) and [{0 < |gn| < k}| — 0 as
k — 0 (this is the non-increasing continuity of the measure, associated to the fact that Ng>0{0 < |gn| <
kg») = ), we obtain f{0<\gn\<k} |[Vgn|? — 0 as k — 0. Thus, passing to the limit & — 0 in (4.26), we
obtain

IA

IA

IN

/ A1n(1+\gn|)dag/ )\|gn\da§/ 7] < |9/A. (4.27)
r, Q

Ty

Let us now prove an estimate on the derivatives of g,,. Let k € N and denote 7 (s) = T1(s — Tk (s)), that
is to say

ri(s) = —1 ifs<—-k—1

r(s)=s+k if—-k-1<s<-—k

re(s) =0 if —k<s<k

re(s)=s—k ifk<s<k+1

re(s) =1 ifk+1<s.
We know that 71 (g,) € Hp (Q) with V(rg(gn)) = 182 Vg, where Bj = {z € Q| k < |gn| <k +1}.
Using 7 (gn) as a test function in (4.25), we get thus, since |g,| < k+ 1 on B} and g,7k(gn) > 0 on 012,

IN

aall IV (i (ga))l 1220 /QATV(Tk(gn))'V(Tk(gn))Jr/ Agnr(gn) do

Ty

— / ATV g, - V(ri(gn)) + / AgnTk(gn) do
Q Ty

= /Qq-rk(gn)—/QTn(gn)W~V(7‘k(9n))
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IN

Il + [ wlloall9(u(g))
B

A Q[+ (k + DIl w28 [ [V (e (g0 ) |22 (2

IN

|l w ||2L2(B")
— R (R4 1)2.
20, kED

IN

aA
A0+ IV (a9 220

Thus, we obtain

on 0 INwlIBa s
190k By < 221 BVEAED (g2 (4.28)
o o

We will use this to show that (V(In(1 + |gn|)))n>1 is bounded in L?(€2).
We have, since € is the disjoint union of (B}!)x>0, and |g,| > k on B},

s [ (el
/Q Yo+ lg )P = [

_ Z/ Vgl
k>0 BE +|g”

‘vrkgn
(1+ k)2

IN

lc>0

Using (4.28), this gives

28,1 :
[ v+ ig)P < St ™
Q k>0 1+k A k>0
wal v e
- 3aa a?

This last estimate, associated to (4.27) and to (4.10) (with ¢ = 2 and § = 1) gives

1 T2ALQ AZ[Q
In(1 e < o W QPAZ ) :=C
1+l Do < Ty (peer g+ 19PA2) =

(C1 depends on (2, g, va, Aw, A, Ar)).
Step 3: we conclude by proving that (gn)n>1 is bounded in L>°((2).
Let Sk(s) = s — Ti(s); we have Sp(gn) € Hf (Q) with V(Sk(gn)) = 1£pVgn (where Ef = {z €

Q| |gn(z)| > k}). Since Si(gn) = 0 outside E} and since ¢,,5k(gn) = |gnl|Sk(gn)| > |Sk(gn)|?, we have,
using Sk(g,) as a test function in (4.25),

sl [ IV (Sk () |2y + / A|Si(gn)? do
I

IN

/Q ATV g, - T (Sk(gn)) + / Agn S (gn) do

IN

A, / Se(gn)] + / w1919 (S (g)

AclISela) ey 1% + [ 1wl(1Sklan)| + B9 (Selan)

IN

IN

A |1Sk(gn)ll 220 [ER 2 + IV (Sk(gn)) L2 @) (Kl (W] [[22(2p) + [ 1W]Sk(gn)||L2(22))
A N1Sk (gl @) |BE 12 + kAW [V (Sk(g0))] | 20| EE 12
[V (Sk(gn )] | 2(0) Aw|[Sk(gn)l| L2 (Ep)- (4.29)

IN
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Thanks to the Holder inequality we have, when p > 2,

nii_1
1Sk (gl L2y < 1Sk (gn)llLe oy | EE1 77

Since 2 < 2N/(N — 2), there exists, by the Sobolev injection, p > 2 and C3 only depending on € such
that
1Sk (gn)llLr (@) < CalISk(gn)|l a7 (0)-

Thus, with (4.29) and (4.10), we get

Kaa(aa, 2 La, VISk(gn) 3y < ArllSk(gn)llz @) BRI + Awkl|Sk(gn)|lz: o) | BRI

1_1
+CoAw| B [7 7% 1Sk (9071 () (4.30)
The Tchebycheff inequality reads
m 1 2
|EE] = {In(1 +|gn]) > In(1 + K)} < m” In(1 + |gnDll72(0)
1
< —— |m(1 n
= (ln(l_’_k))gu n( +|gn|)HH (22)
ct

(In(1+ k))?
where C] is the constant given by Step 2. Since 1/2 > 1/p, there exists thus kg depending on Cs, Ay,
p, C1 and Ka2(aa,Q,Ag, ), ie. depending on (Q,Tg, a4, Aw, A\, A;), such that, for all k£ > k¢ and all

n>1, Coly|EP|? 7 < Kao(oa, Q,Tg, N)/2.
We obtain thus, for all k > ko, thanks to (4.30),

2A 2Nk
S N L < T + w
159l ) (/cz,2<aA, 0 Ta ) | Koslan O,Ta )

)|E7:|% < (14 R)EL L,

where C3 depends on (Q, g, aa, Aw, A, Ar).
By noticing that, when h > k, |Sk(gn)| > (h — k) on E}}, we get, thanks to the Sobolev injection
Wh(Q) — LY/ W-D(Q) (the norm of which, denoted by C4, only depends on ),

(h — k)| BR| N/ 1Sk (gl vsv -

C4||Sk(gn)||W171(Q)
Ca|ER 12 1Sk(gn)ll 1 (20)
C3Cy(1 4 k)| E}-

INIA

ININA

Thus, as soon as h > k > kg, we have, with § = N/(N — 1) > 1,

(C5C2)P(1 + k)°
(h— k)P

(0364(1 + ko))ﬁ(l + k- ko)ﬁ
(e

|ER| < |Bp17 < | BRI

(because, when k > ko, (14 ko)(1 +k — ko) > 1+ k). Lemma 4.2 given just after the end of this proof,
and applied to the non-increasing function G (k) = |E},,, |, allows us to see that, if

1

1 B-1 1 p1
Hy = exp Z 20 C3Cy(1 + ko)|Q2 7 > exp Z 28 C3Cy(1 4 ko)Gr(0) 7
R R PR

(notice that Hy < 400 depends on (2, Ty, aa, Aw, A, A;)), then Gy, (Ho) = 0, that is to say |gn| < Ho+ko
a.e. on () for all n > 1.
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Thus, by taking ng an integer greater than Hy + kg (no depends on (2,4, a4, Aw, A\, A;)) and letting
9 = Yne, We have a solution to (4.20) (because Ty, (gn,) = gn, = g) Which satisfies ||g||re ) < Ho + ko
and [|9|| (@) = ||gnoller (@) < K22(@a, Q,Ta, A)"H(A,|Q|% + noAw|Q[2). This completes the proof of
Lemma 4.1.m

Lemma 4.2 Let G : RT — R™ be a non-increasing function. If there exist 3> 1 and C > 0 such that

CP(1+ k)P

h>Fk> h) <
Vh>k>0, G(h) < = F)

G(k)?

then, with
B—1

H =-exp Z% < 400,
5 )

we have G(H) = 0.

For the proof of this lemma, which is a slight generalization of a lemma by G. Stampacchia ([70] Lemma
4.1, 1)), we refer the reader to Lemma 2.2 in [29].

Proof of Theorem 4.3
The proof of the existence of a solution to

f e HE,(Q),
. . _ 1
/QAVf ch—{—/Qv Vfcp—i—/ Aodo /9090, Vo € Hp, (),

Ty

(4.31)

(i.e. Problem (4.19) without the regularity f € C%%(£2)) uses the topological degree (see [26]); the proof
of the Holder continuity of the solution, as well as the estimates in the Holder space, uses a result of [29].

Step 1: on a cut-off problem.

Let n be an integer. Recall that T,(s) = min(n, max(—n,s)). We know that, for all ¢ € H{ (),
Tn(p) € Hy, (Q) with V(T5,(9)) = 1{jp<n) V-

Let f € Hf (Q); since v - V(T,,(f)) € L*(Q) C (H{ (€)', there exists a unique solution f = F(f) to

feHE (9),

[ 495V [ Apdo= [ bp- [ v-T@.(F)e, v € HE©. (4:52)
Q Ty Q Q

This defines an application F : Hp, (€2) — Hp ().

We will prove, using the topological degree, that F' has a fixed point (conversely to the proof of Lemma
4.1, the Schauder fixed point theorem seems not applicable here).

Notice first that F' is continuous; indeed, if f,, — f in HE (2), then T,,(f,,) — Tn(f) in H (), so that
v-V(T,(f,n) — v - V(T,(f)) in L*(€), thus also in (HE ()" and the solution F(f,,) of (4.32) when
f is replaced by f,, tends thus in H,,(92) to the solution F(f) of (4.32).

We will now prove that, if (f,,)m>1 is a bounded sequence in H%d (), then there exists a subsequence (still
denoted (f,,)m>1) such that (F(f,,))m>1 converges in H} (Q). Since (f,,)m>1 is bounded in HE (€),

(v - V(Tu(f,n)))m>1 is bounded in L*(Q) and there exists thus a subsequence, still denoted (f,,)m>1,
such that v - V(T,,(f,,)) — ® weakly in L(Q).
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Since (F(f,,))m>1 is bounded in HE () (because of the coercivity of the operator in (4.32) and of the

fact that (v - V(T(f,,)))m>1 is bounded in L?((2)), its trace is bounded in L?(9€) and we can also
suppose that, up to a subsequence, (F(f,,))m>1 converges to Fy, weakly in Hlld(Q), strongly in L?(Q)
and its trace weakly in L?(0€)); we see then that Fy is the solution to

FO € Hlld (Q) ’
B . (4.33)
AVF, -Ve+ AFypdo = | Op— [ o, Yo € Hp (Q).
Q Ty Q2 Q

We have now to prove that the convergence of (F(f,,))m>1 to Fp is strong in Hlld (©); to see this, we

subtract the equation satisfied by Fy from the equation satisfied by F(f
¢=F(f,,) — Fo € Hp,(9) to find

m) and we use the test function

aal| IV(F(f ) = Fo)l |72 + / ANF(f ) = Fol? do
Ty

IA

/Q AV(P(F) = Fo)- T (F() = Fo) + [ MF(F) = F)F(F) = R do

- / (@ —v - V(L Fo))EF) - Fo)
< @ = v V(T f 2@ |1 (F) — FollL2o)-

Since (v - V(Ty(f,,)))m>1 is bounded in L2(Q) and F(f,,) — Fy in L?(£2), this inequality, associated to
(4.10), gives

E(f,n) — Follar @) — 0.
Thus, F : H%d Q) — Hlld(ﬂ) is a compact operator. To prove that F has a fixed point by an application
of the Leray-Schauder topological degree, it remains to find R > 0 such that, if ¢ € [0,1] and f € H%d Q)
satisfies f —tF(f) =0, then ||f||H%d(Q) # R.
Suppose we have such a ¢t € [0,1] and such a f € H%d (Q); then f satisfies

/Av?-er Mepdo = t/ Hcp—t/ v-V(T,.(f)e for all ¢ € HE, ().
Q Iy Q Q
Take ¢ = f; since V(T},(f)) = 1{‘?‘<H}Vf, we find, with (4.10),

Koo, 4T V[Fl2ng < aa /Q VTP + / AP do
Ly

< ||9H(H1Ld(Q))’||?HH1(Q) +nl| v |22 | IV I 220
< (10l @y + Il V2@ ) 1Tl o
which gives
19113, )y nll vl 220

— < .
Hf”Hl(Q) - ICZ,Q(aAyﬂ;Fda)\) ’CQ,Z(aA797Fd3)\)

Thus, by taking R = 1+ ([[0][ gz () + 7l V] [|z2(0))/K2.2(a, 2, Tq. A), we deduce from the properties
d

of the topological degree that F has a fixed point in the ball of center 0 and radius R in Hf, ().
We denote by f, such a fixed point, which satisfies

fn € Hp, (),

. V- _ 1 (4.34)
/QAan V<p+/Q V(Tn(fn))wr/rf M do /Q&p, Vo € Hp, ()



4.2. THE “DUAL” EQUATION 97

and [|fullarr (@) < 1+ (161l @)y +nAVIQ12)/Kaa(@a. 2, Ta, N).

Step 2: we prove an L! estimate for the sequence (f,)n>1 constructed in Step 1.
Let w,, = 14|, |<n}V; We have, for all p € Hp (),

/Aan-Vgo—l—/wn-an(p—l—/ )\fncpdcr=/9g0. (4.35)
Q Q r; Q

Since Ay is an upper bound for || [w,[ ||~ (q), we can find, thanks to Lemma 4.1, a g, € H%d (Q) satisfying,
for all p € HE (),

/ATVgn-Vga—{—/gnwn-Vgo—F/ )\gngpdo:/sgn(fn)go, (4.36)
Q Q Iy Q

and such that ||g, ||z~ Q) < Ko, where K¢ depends on (€, I'g, @4, Ay, \) but not n (sgn denotes the sign
function, and we have thus |[sgn(fy)|[z~q) < 1).
By putting ¢ = f,, in (4.36) and ¢ = g,, in (4.35), we get

1l ey = /Q sg(fu) fo = /Q Bgn < KollOl - (4.37)

Step 3: with the same methods as in Step 3 of the proof of Lemma 4.1, we prove an L°° estimate on

(fr)n=1-
Define Sy, as in Step 3 of the proof of Lemma 4.1, and use Si(fy) as a test function in (4.34): we get, by

denoting E]? = {T € | ‘fn(T)‘ > k}a and since fnSk(fn) > |Sk(fn)|23

aall VS ey + [ ASe(h)] do (4.39
Ly

IA

/Q AV - V(Sk(fn) + / AnSi(fn) do

Ty

A

AalISk(fu)l 2o | ERIE + / VI FullSi ()]

{lfnl<n}

IA

AalISk(fu)ll 2o | ERIE + /Q VIV (SIS ()]

AollSk(fo)llar @ B 12 + NV Sk (Dl 2@l YISk (f)llzz o)
< AglISk(fa)llm @) BR1Z + 11V (Sk(fa))l 2@ Avl 1Sk (ol 220 (4.39)

because V f, = V(Sk(fn)) where Sk(f,) # 0.
As before, we notice that, thanks to the Sobolev injection of H', there exists p > 2 and K only depending
on () such that

IA

1

1Sk (f)llzz@y < 11Sk(f)lliry| BRI
K|Sk ()l o | R,
which gives, introduced in (4.39) and thanks to (4.10),
Ka2,2(a, 2 Ta, ISk (fo)l1 71 0
< MollSk(fn) e @ BR TR + KAV IBL 2 1Sk ()l - (4.40)
But, with (4.37) and the Tchebycheff inequality, we see that

Ko|Q|Ag
k 9

A

IN

n 1
|ER] < —llfallLr@) <
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there exists thus kg depending on (K1, Av, p, Ko, Q, Ag, Ko 2(va, 2, Tg, A)) (Le. on (Q,Tg, aa, Av, A, Ag)),
such that, for all n > 1 and all k > ko, KlAV|E}J|%7% < Kapo(aa,Q,Tg,N)/2.
Returning to (4.40), we have then, for all k > kg,

. 20,
- K:272(C¥A, Qa Fda )‘)

1Sk ()l () |Ex |2 = K| Ey|2
where K5 depends on (2, Ty, caua, A, Ag).
Then, reasoning as in the end of Step 3 of the proof of Lemma 4.1, we get, for all h > k > ko,

o MKD g

|Eh| < (h_k)ﬁ‘Ek| ’

with 8 = N/(N —1) > 1 and M depending on €.

Using Lemma 4.2 (or, more directly, Lemma 4.1 i) in [70]), we see thus that there exists Hy depending
on (Q, 3, M, K3), i.e. depending on (2, T4, a4, A, Ag) [notice that a dependence on ) takes into account
a dependence on N] such that, for all n > 1, |[EY; . | = 0, that is to say || fn||L() < Kz = Ho + ko,
where K3 depends on (Q, Ty, aa, Ay, X\, Ag).

o+ko

By taking any integer ng > K3 (such a choice of ng depends on K3, thus on (2,Tg, a4, Ay, A, Ag)) and
letting f = f,,, We get a solution to

[ e Ht, ()
: . _ 1 (4.41)
/QAVf V(p—i—/Qv Vfcp—l—/rf)\fcpda /9090, Vo € HE (),

(because, since ng > K3 > || fug || (0)s Thno(frno) = frno = [f) such that

1
0] ey 2y + noAv €2 -1 Ag|Q? + noAy|Q2

<1 =C
||f||H1(Q) = ICZ,Q(aAaQaFd;)‘) - ICZ,Q(aAaQaFda)‘) b
where Cy depends on (Q,Tg, a4, Ay, A, Ag); notice also that
1 fllz= () < Ks. (4.42)

Since, up to now, we have not used Hypothesis (4.13), this proves what we have claimed in Remark 4.9.
Step 4: conclusion.
It remains to prove that the solution f € Hf (§2) of (4.41) we found in the preceding section is in fact in
CY*(Q) for a x > 0. This is the only part of the proof where we need Hypothesis (4.13).
We have, for all ¢ € H'(Q),

aA 2 A\2/ 2
Rab V| <[Vl llrz@AvllellLz @) < 7” Vel |22 + 2—||<P||L2(Q)-

@A

2
Thus, by taking b =1+ 2[;—‘1’4, the bilinear continuous form

1 q - -
(o) € H'(Q) /QAWJ vw+/ﬁv ww+/9bgaw

is coercive (notice that the choice of b depends on (9, a4, Ay)).
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f is the solution to
feH;, (Q),

/QAVf'V@—F/QV-Vf(p—l-/Ff)xf(pdd—i—/gbf(pz/ﬂé(p, Vo € HE (), (4.43)

where 6 = 6 + bf € L=(1).

Thus, 0 € (Wlld1 (Q))’ and, thanks to (4.42), the norm of 6 in (Wlldl(Q))' is bounded by K, depending
n (Q,Tyg, a4, Av, A, Ag). With our choice of b, a slight adaptation of the methods of [70] and [29]

shows then that (thanks to Hypothesis (4.13)), there exists x €]0, 1[ depending on (2, @4, A4, Ay, A, b),

i.e. depending on (2, as,A4, Ay, ) and Kj depending on (2, s, Aa, Ay, A, b, Ky), i.e. depending on
(Q,Tg. aa,Aa, Ay, X\, Ag), such that the solution f of (4.43) is in C%*(Q2) with || f]|cox (o) < K5. m

4.3 Proof of the uniqueness and stability theorems

We will use, in the course of this proof, the following result.

Lemma 4.3 Let f : Q@ - R, F: Q - RY and G : Q — RY be measurable functions such that
|F — G| € LY(Q). Under Hypotheses (4.1), (4.4) and (4.5), there exists a measurable matriz-valued
function M : Q — My (R) such that

M(x)T -7 > al|t|? for a.e. z €Q, for all T € RV, (4.44)
[|[M(x)]| <A for a.e. € Q, (4.45)
a(z, f(z), F(r)) —a(z, f(2), G(x)) = M(2)(F(z) = G(z)) for a.e. x € Q. (4.46)

Remark 4.15 Notice that « and A do not depend on f, F or G (only on a).

Proof of Lemma 4.3
When a is of class C' with respect to &, it is very simple: just take

L da
o 0€

(Where 96> the partial derivative of a with respect to &, is identified to a N X N matrix; it is easy to see
that this partial derivative satisfies (4.44) and (4.45)).

When q is only Lipschitz continuous with respect to &, it has a partial derivative for a.e. £ € RY, but we
cannot take the preceding expression since F(.) + t(G(.) — F(.)) could take (on the whole of Q and for
any t € [0, 1]) its values where a is not derivable with respect to &.

We solve this problem by the following trick: by denoting (pn)n>1 a sequence of mollifiers in R, we take
an(z,5,€) = (a(z,s,.) * pn)(€); an is a Caratheodory function which is of class C' with respect to £&. We
have thus

M(z) = [ —=z(z, f(2), F(x) + {(G(z) — F(x))dt

an(, f(:v), F(z)) = an(z, f(2), G(2)) = Mu(2)(F(x) = G(2)), (4.47)
where M, ( fl 9an ( z), F(z) + t(G(z) — F(z))dt; by noticing that %= 2 (z,5,€) = (‘g—‘g(x,s, N
) (&), we see that 85? — and thus M,, — satisfies (4.44) and (4.45) for all n 2 1.

Thus, (M,)n>1 being a bounded sequence in (L°°(£2))V*¥ | there exists a subsequence, still denoted
(M,,)n>1, which converges to M in (L°°(Q))N* weak-x; it is then quite clear that M satisfies (4.44) and
(4.45). Moreover, since |F — G| € L*(Q), M,(F — G) — M(F — G) in the sense of distributions. Since
an(z, f(z), F(2)) — an(z, f(x),G(x)) — a(z, f(x), F(x)) —a(z, f(z), G(x)) for a.e. x € Q (for all x € Q

such that a(z,.,.) is continuous) and is dominated by A|F — G| € L!(Q), the convergence is also true in
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(LY(9))N (and thus in the sense of distributions). By passing to the limit (in the sense of distributions)
in (4.47), and since the limits are functions, we get

a(z, f(x), F(z)) — a(z, f(x),G(x)) = M(z)(F(z) — G(x)) for a.e. z €Q,
and the measurable matrix valued function M is thus convenient.m

Proof of Theorem 4.1

Let € M(2), u? € M(99Q) and u, v two SOLA of (4.14).

By definition, there exists (fin,vn)n>1 € M(Q) N (HY(Q))' satistying p, — p and v, — p in (C(Q))’
weak-#, (u2,02),>1 € M(OQ) N (HY2(Q)) satistying u2 — p? and v2 — p? in M(9) weak-*, u, a
solution of (4.15) and v,, a solution of (4.15) with (v,,2?) instead of (u,,pd) such that u, — u and
v, — v in L}(Q) (in fact, the convergence is much stronger but we will not need it).

By substracting the equation satisfied by v,, from the equation satisfied by u,,, we have, for all p € H %d (Q),

/ (a(z, upn, V) — a(z,v,, Vv,)) - Vo + / Mt — v )pdo
Q

Ty

— 1 ’ 1 a - a 1/2 1/2
= (i = Vo ) @y, @) = Vi ) 12 )y, ) (4.48)

Let V:Q xR x R x RN — RN defined, for all (z,s,t,£) € 2 x R x R x RV, by

s—t

V(a,s,t,6) = ULl if g ¢,
V(z,s,t,£) =0 if s =1t.

Thanks to Hypothesis (4.1), V is Borel-measurable (it is Borel-measurable on the Borel set {s # t} and
on the Borel set {s =t}) and, by (4.6), |V(x,s,t,£)| < J for a.e. z € Q, for all (s,¢,£) € R x R x RY; we
also have, for all (z,5,%,£) € @ x R x R x RV,

a(z,s,&) —a(x,t,&) = (s —t)V(x, s,t,§).

V being Borel-measurable and u,,, v,, Vv, being measurable, v,,(.) = V(.,un(.), vn(.), Vo, (.)) is measur-
able on Q and, for a.e. z € Q, we have |v, (z)| < 4.

By denoting M), : @ — My(R) the measurable matrix-valued function given by Lemma 4.3 applied to
f =upn, F =Vu, and G = Vv, (notice that |F — G| € L?(Q) C LY(Q)), we obtain, for a.e. z € Q,

a(x, un (), Vun (1)) — alx, v, (), Vo (z))
= a(z,un(z), Vuy(x)) — a(z, uy(x), Vo, (2)) + a(z, u,(x), Vo (z)) — a(z, v, (z), Vo, (x))
= M, (2)(Vun(z) = Vou(z)) + (un(z) — v (2)) v (2).

By (4.48), wy, = u, — v, is thus a solution to

w, € Hf (Q),
/Mann-Vgo—i—/wnvn-V(p—i—
Q Q Iy

+<:u?z - 2’ SO>(HI1‘;2(BQ))17HI1‘22(BQ) ) V(,O € Hll‘d (Q)

Anpdo = (lin = Vn, ) (13 (@), HE, () (4.49)

MY is a measurable matrix-valued function which satisfies Properties (4.44) and (4.45) (notice that «
and A do not depend on n) and we have v,, € L*°(Q) with 6 > [||v,||[z~(q) (notice that § does not
depend on n).
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Thanks to Theorem 4.3, since sgn(u — v) € L*°(Q), there exists k > 0 and C' > 0 depending on
(€, Ty, a0, A, 6,\) (i.e. k and C do not depend on n) and, for all n > 1, a solution to

fn € HE (2) NCO%(Q),

/ Mgin -V —I—/ Vo - ancp—i—/ Afnpdo = / sgn(u —v)p, Yo € Hlld(Q) (4.50)
Q Q Iy Q
such that || f,|[co.x) < C.
Using f, as a test function in (4.49) and wy, as a test function in (4.50), we obtain
/ wpsgn(u —v) = / M, Nwy, -V, +/ wWpVy, Vi + / Awy, fr, do
Q Q Q Iy
= [ dadln =)+ [ adl ). (4.51)
Q a0

Since (fn)n>1 is bounded in C%*(Q), it is relatively compact in C() (thanks to the Ascoli-Arzela ‘theorem)
and we can thus suppose that, up to a subsequence still denoted (f)n>1, we have f,, — f in C(£2). Since
o — vn — 0 in (C(Q)) weak-* and u2 — v2 — 0 in M(99Q) weak-*, we get

[ gt =)+ [ gl o2 —o.
Q o0

Using the fact that w, — u — v in L'(Q), we deduce then from (4.51), by passing to the limit n — oo,

that
0= / sgn(u —v)(u —v) = / |u — v,
Q Q

which gives u = v a.e. on € and concludes the proof.m

Proof of Theorem 4.2
We first prove the more general result stated in Remark 4.6. We suppose thus, to begin, only Hypotheses
(4.1)—(4.3), (4.7) and (4.9) and we take (uy)n,>1 satisfying: for all n > 1, there exists three sequences
(fn,m)m>1 € M(Q) N (H' ()Y, (ugym)mzl € M(9Q) N (HY2(09)) and (Un,m)m>1 € H%d () such that
fimm = i in (C(Q)) weakes, pd 5 uf in M(9Q) weak-x,
3C > 0 such that [|zm,ml|re) + 115 mllamae) < C for allm > 1 and m > 1, (4.52)
Vm > 1, Upp is a solution of (4.15) with (tn,m., 13 ,,) instead of (un, 1),
Unm 5w in W?(Q) for all g € [1, N/(N — 1)

((4.52) is the additional hypothesis we must make — see below for the reason).

Let {¢k, k > 1} (respectively {¢;, k > 1}) be a countable dense subset of C(Q) (respectively C(99)).
For all n > 1, there exists m,, > 1 such that

. |fQ Ok dfin,m, — fQ Ok dun| < 1/nfor all k € [1,n],
o | [oo Uk dud . — [oq Uk dpd| < 1/n for all k € [1,n],

° ||un7mn - 71/n|‘WF1,N/(N—1)—1/n(Q) S 1/n
d

It is then quite clear that (vp)n>1 = (ftn,m,)n>1 € M(Q) N (HYQ)) and (V))n>1 = (U 0, )nz1 €
M(OQ) N (HY?(99))" converge respectively to p in (C(R2))’ weak-* and to p” in M(982) weak-+. Indeed,
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(Un)n>1 = (fn,my, )n>1 is bounded in M(Q) by C (this is where we need (4.52)) and, for all k¥ > 1, if

n >k,
/Wkdl/n—/sﬁkd,u‘<
Q Q

The bound of (vy),>1 and this convergence on a dense subset of C(Q) gives the weak-* convergence. We
can do the same for (12),>1.
Thus, by definition of a SOLA, since vy, = tn,m,, is a solution of (4.15) with (v, v,

_|_

/gokdun—/gokdu‘ﬁOasnﬁoo.
Q Q

S|

9) instead of (fin, u2),

there exists a subsequence (vn,)r>1 and a SOLA u of (4.14) such that v,, — u in WI}(’;](Q) for all
q€[1,N/(N—1)[. Let ¢ € [1, N/(N —1)[; for all k > (N/(N — 1) — q)~!, since nj > k, we have then
(with 7, = N/(N — 1) — 1/ng > q),
luny, = ullwra@y < [ltng = Ongllwrag@) + [[on, = ullwia@)
< QY lugy, — vnyllwres @) + o, — ullwrage)
sup(L, [2)
ni

IN

+ ||vn, —ullwra) — 0 as k — oo,

which gives the convergence of (uy, )r>1 to u in Wl}f(ﬂ), for all ¢ € [1, N/(N —1)[.

Suppose now that we add the hypotheses of Theorem 4.1, or that we are in the case of Remark 4.5. We
have then the uniqueness of the SOLA.

The SOLA w, thus does not depend on the way we approximate (pi,,x2), and we can always take
(Kn,m» 1, ) m>1 Which approximate these measures and satisfy moreover |[|fn,ml[r@) < ||pnllpq) and
Hug,mHM(aQ) < ]| mca0) for all m > 1; in this case, since (fin)n>1 is bounded in M(€2) and (13)n>1
is bounded in M(92) (they converge for the weak-* topology), we see that (fi,,m, ugym)nzl,mzl satisfy
(4.52).

By supposing that (uy),>1 does not converge to the SOLA wu of (4.14), we would take ¢ > 0 and a
subsequence, still denoted (un)n>1, such that, for a go € [1, N/(N — 1)[, ||un — ul|lwr.a0 () > € for all
n. Applying the preceding reasoning, we get a subsequence (un, )r>1 which converges in Wll;qo (Q) to a
SOLA v of (4.14). The SOLA being unique, we have in fact « = v and this leads to a contradiction, thus
proving Theorem 4.2 and Remark 4.7. m



Chapitre 5

Remarques sur ’unicité des SOLA

5.1 A propos de la définition des SOLA

Dans D'article originel [10], les mesures du second membre sont approximées par des fonctions de L*(£2) N
H=1(Q). Lorsque I'on cherche & obtenir uniquement I'existence de solutions & (4.14), il importe peu de
savoir avec quel genre d’outil (fonctions, mesures...) on approche le second membre.

Cependant, lorsque ’on s’intéresse a I'unicité des solutions ainsi approchées, il faut préciser exactement
de quelle maniere ces solutions ont étés approchées: a priori, on pourrait obtenir plus de solutions si I’on
se permet des approximations avec des mesures que si 'on se permet uniquement des approximations
avec des fonctions; c’est pourquoi nous avons choisi de permettre, dans la définition de SOLA, des
approximations du second membre les plus larges possibles, i.e. non seulement par des fonctions mais
aussi par des mesures.

La question qui se pose cependant, maintenant, est de savoir si tout le raisonnement de [10] est valable
avec le genre d’approximation que 1'on a permis. C’est effectivement le cas.

Les seules propriétés utiles de 'approximation (Ly,)n,>1 de pu+ p? € M(Q), lorsque I'on veut pouvoir
appliquer le raisonnement de [10], sont les suivantes:

L, € (HY(Q), (5.1)
1,r o
Vr >N, Vo € W' (Q), (Ln, @)1 (o), m1(0) — / wdu+/ pdu (5:2)
0 P
et
3C > 0 tel que ,\Vn > 1, Vo € Hp, () NL>(Q), [(Ln, 9} @)y, m@)| < Cllell()- (5.3)

Ces propriétés sont effectivement vérifiées pour le genre d’approximation que nous avons choisi.
En effet, notre approximation consiste a prendre L, = p, + 1l avec p1,, € M(Q) et ud € M(9Q) telles
qu'il existe M > 0 vérifiant, pour tout ¢ € C(Q) N H(Q),

/wdunJr/ odul
Q o

Cette inégalité et la densité de C(Q) N H(Q) dans H'(Q) impliquent que L,, peut s’étendre de maniere
unique en une application de (H'(£2))’, de sorte que (5.1) est vérifée.

Par définition de y, — p dans M(Q) faible-* et de 2 — p? dans M(9Q) faible-*, puisque ¢ € WI};(Q)
est continue sur Q lorsque r > N, on a (L, O (@)), HI(Q) = Jo @ dtint [50 @ dpd — Joedu+ [0 @ du?,
ce qui prouve (5.2).

Comme (Ly),>1 converge dans M () faible-x, elle est borné dans cet espace; notons C' un majorant
de ||L"HM(§)' Soit p € H(2) N L*°(£) et prenons ¢,, € C=(2) qui converge vers ¢ dans H'(Q); les

< M|l @)- (5-4)
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fonctions Tjj,|, ce (o, (¢m) (0t Tar = min(M, max(—M, s))) sont dans C(Q) N HY(Q) et convergent vers
T} o] Loogery () = ¢ dans H(Q). Par définition de C, pour tout n > 1,

(L T | oo ey (Pm)) a1 @)y, 11 (@) | < ClT g e 0y () o) < Ol Lo ()
En passant & la limite m — oo dans cette inégalité, on en déduit (5.3).

Remarque 5.1 Lorsque (comme c’est le cas quand on suppose Uhypothése (4.13)) C(Q) N HE (Q) est
dense dans Hlld (), alors au lieu de prendre une approzimation L, € M(Q) vérifiant (5.4) pour tout p €
C(NHY(Q), on peut se contenter d'une approzimation vérifiant cette inégalité pour ¢ € C(Q) NHE (Q);
Ly s'étend alors en un élément de (Hp (Q)) (et ensuite en un élément de (H'(Q)) par Hahn-Banach,).

5.2 Contre-exemple a 'unicité des SOLA

Nous avons vu (théoreme 2.3) que I'hypothese (4.13) de “bonne répartition” de I'q est essentielle au
résultat de régularité héldérienne jusqu’au bord des solutions de problemes elliptiques, résultat que nous
utilisons fortement pour prouver 'unicité de la SOLA.

Nous allons prouver ici que cette hypothese (4.13) est tout aussi essentielle & 1'unicité de la SOLA (ou
tout du moins que, sans une hypothese de ce genre sur la répartition de I'y le long de 9€2, on n’a plus le
résultat d’unicité de la SOLA).

Soit Q =]0, 1[* (pour simplifier). On prend I'y construit, pour ce €, dans la sous-section 2.2.1.

Théoréme 5.1 Avec ce choiz de Ty, pour tout p € M(Q) et o € M(IQ), il eriste au moins deuz

SOLA a
—Av=yp dans

v=0 sur Ty, (5.5)
Vou-n=p° sur  I'y.

Preuve du théoreme 5.1
Nous commengons par construire une mesure u € M(9S) particulidre, puis nous prouvons la non-unicité
de la SOLA de (5.5) avec u? = pu et u = 0; enfin, nous concluons lorsque y et u? sont quelconques.

Etape 1: construction de ug particuliere.

Prenons L € C°(2) positive non-nulle; on sait alors que la trace de la solution variationnelle v de (2.34)
n’est pas continue sur 99 (cf sous-section 2.2.2).

En particulier, u n’est pas nulle o-presque partout sur d€2. Prenons alors g € 9 tel que

wo € (]0,1*x{0,1}) U (10, 1[x{0, 1}x]0, 1[) U ({0, 1} x]0, 1[*)

(i.e. g est sur une des parties ouvertes planes de 92), zo est un point de Lebesgue de u|sq et u(zq) # 0
(comme on a pris x sur une partie plane de 0{2, la notion de point de Lebesgue est simplement la notion
classique pour des fonctions définies sur des ouverts de R?). Pour simplifier les notations, nous supposons
par exemple que zg €]0, 1[2x{0}.

La mesure particuliere que nous cherchons est pj = 6, € M(952), la masse de Dirac située en z.

Etape 2: Non-unicité de la SOLA de (5.5) lorsque p = 0 et u? = ud.

Une premiére SOLA de ce probleme est la fonction nulle.

Pour voir cela, on prend (yn)n>1 € I'q qui converge vers zqg (c’est possible car I'y est dense dans 052).
xg étant dans ]0,1[2x {0}, on peut supposer que tous les (y)n>1 sont aussi dans ]0, 1[>x{0}; on notera
alors, pour 7 > 0, D(yn,r) = {z € R?2 x {0} | |z — yn| < r} (i-e. le disque dans R? x {0} de centre y,, et
de rayon r).
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'y étant ouvert dans 052, il existe, pour tout n > 1, 8, €]0,1/n[ tel que D(yn, Bn) C (]0,1[>x{0}) N Ty.
Nous notons p,, = mlD(ymﬁn) € L®(9) € M(OQ)N(HY2(98)). Puisque y, — xg et B, — 0,
on a clairement 1, — u° = §,, dans M(99) faible-*.

Soit v, la solution variationnelle de

—Av, =0 dans €,
v, =0 sur Iy, (5.6)
Vu, -n =, sur I'y.

On sait que, & une sous-suite pres, (v, )n>1 converge vers une SOLA de (5.5) avec p = 0 et pu? = Jy,.
Mais, pour tout n > 1, v,, est, par définition, la seule fonction de Hlld (Q) qui vérifie

/an-Vgoz/ Py, do
Q Ty

pour tout ¢ € HE (). Or p, = 0 sur I'y (car D(yn, 3,) C I'q), donc frf pln do = 0; ainsi, vy, est la
seule fonction de Hlld(Q) qui vérifie fQ Vv, - Vi = 0 pour tout ¢ € H%d (), ce qui signifie que v, est la
fonction nulle.

La fonction nulle est donc bien une SOLA de (5.5) avec p = 0 et u? = 6,,.

Nous allons maintenant prouver qu’il existe une SOLA non-nulle de (5.5) avec = 0 et u® = d,,, ce qui
concluera cette étape.
Soit, pour n assez grand (tel que D(zg,1/n) C]0,1[2x{0}), v, = mlD(zo,l/n) € L*>®(092). On a

Up — pd = 64, dans M(99) faible- et la solution variationnelle de

—Aw, =0 dans ),
wyp, =0 sur Ty, (5.7)
Vw, n=uv, sur Ty,

cest & dire la fonction w, € Hf (Q) qui vérifie
/ Vuwy -V = / vnpdo, Y € H%d(Q),
Q r;

converge A une sous-suite pres, encore notée (wy)n>1, dans L'(Q) (et méme mieux) vers une SOLA de
(5.5) avec p1 = 0 et u? = 6,,. Notons w cette SOLA.
En utilisant « (la solution variationnelle de (2.34) fixée dans I’étape 1) dans 'équation satisfaite par wy,

on obtient, puisque u = 0 sur I'y,
/ vpudo = / vpudo = / Lw,,.
o0 Ty Q

Mais, lorsque n — oo, par définition de v,, = mlD((EO,l/n) et du fait que zg est un point de

Lebesgue de ujpq, on a [, vpudo — u(xg) # 0 (par choix de xo). Ainsi, puisque w, — w dans L'(Q),
on a

[ 1= uta) #0.

ce qui prouve que w n’est pas nulle.

Etape 3: linéarité du probléeme.

Les SOLA de (5.5) “dépendent linéairement” de p et p?, c’est a dire que si, pour i = 1 et 2, p; € M(RQ),
pd € M(99) et u; est une SOLA de (5.5) avec (u, u%) = (s, u?), alors us + ug est une SOLA de (5.5)
avec (p, 1?) = (p1 + pa, pf + p3).
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En effet, en prenant, pour i = 1 et 2, " € M(Q) N (HY(Q)) et p™ e M(0Q) N (HY2(09))' qui
convergent respectivement vers y; dans M(Q) faible-x et vers u? dans M(99) faible-x, et telles que la
solution variationnelle de

—Au™ = p{"™ dans
u™ =0 sur Iy, (5.8)
VUE") ‘n= u?’(") sur  I'y

converge vers u;, alors ,ugn) + ,uén) € M(Q) N (HY(Q))" converge vers py + po dans M(Q) faible-x,

ui”(") + ug’(") € M(0Q) N (HY2(0Q))" converge vers pf + pd dans M(9Q) faible-*, donc la solution
variationnelle de

—Au™ = Hgn) + Nén) dans €,
u™ =0 sur  Tg, (5.9)
VU(”) n= “(19,(11) + p,g’(n) sur Ff,

qui n’est autre que u(™® = uﬁ") + ué"), converge a une sous-suite pres vers une SOLA de (5.5) avec

(p, 11?) = (p1 + poy 1€, ). Comme ugn) + ug”) converge vers uj + uz, cela prouve que uj + ug est, comme
annoncé, une SOLA de ce probléme.

Etape 4: conclusion.

Soit maintenant u. € M(Q) et u? € M(99) quelconques.

On prend u une SOLA de (5.5) pour ces données. Comme w et 0 sont des SOLA de (5.5) avec =0 et
p? = ud (cf étape 2), ’étape 3 nous permet de voir que w — 0 = w est une SOLA de (5.5) avec p = 0 et
12 = 0; ainsi, toujours par 'étape 3, u 4+ w est une SOLA de (5.5) avec p = i, et p? = p?. w n’étant
pas nulle, on a donc trouvé deux SOLA distinctes u et u + w de (5.5) avec p = p. et pu® = 2, ce qui
conclut la preuve de ce théoréme. m
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Chapitre 6

A New Approach for the Hyperbolicity Condition of First
Order Systems
J. Droniou.
Abstract We study here first order linear systems of partial differential equations with constant coeffi-
cients. We prove a necessary and sufficient condition for such systems to have solutions when we consider
initial conditions of Riemann type. We also prove that this condition is necessary when dealing with
more regular initial conditions.

6.1 Introduction

We study systems of the form

N
u(z,t) + ZAiumi(x, t) =0, rz €N, teo,T]

i=1 (6.1)

u(z,0) = u¥(z), x €,
where € is an open set of RN (N > 1), T > 0, u = (ug,...,u) : 2 x [0, T[— R, (Ag,..., Ay) are | x [
real matrices and v® = (ul,...,u?) : @ — R! is an initial condition. We will not handle the boundary

conditions, which are anyway unnecessary to obtain the hyperbolicity condition.

When Q = R, a classical way to study this kind of problem is to use the Fourier Transform. In this case,
the natural space of solutions is built on L?(RY) (for example C(R; L?(RY))); when we ask for Problem
(6.1) to be well-posed in this space in the sense of Hadamard, we can then prove that the matrices
(Aj)jen,n) must satisfy: supgcgn ||exp(i Ejvzl &iAG)|| < 400, see e.g. [67] (this condition implies, but
is not equivalent to, the diagonalizability of Zjvzl & A; for all € € RN; see [48] and item ii) in Remark
6.2). Notice that the well-known Friedrichs systems (that is to say systems of the kind (6.1) such that
there exists a symmetric definite positive matrix S satisfying: for all j € [1, N], SA; is symmetric) always
satisfy this condition (see [67]).

Because of the use of the Fourier transform, this method is limited to the case @ = RY and demands
that (6.1) be well-posed in L2(RY).

When we search for classical C*° global (2 = RY) solutions, the Lax-Mizohata theorem (see [18]) gives a
result of the same kind. This theorem however demands that (6.1) be well-posed (in C=(RY x [0, o))
not only for a null right-hand side, but for any C* right-hand side; in this case, it states that, for any
¢ € RV, the matrix Zfil & A; must have real eigenvalues (the Lax-Mizohata theorem is not limited to
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constant-coefficient problems of the first order); in fact, since our system has constant coefficients, it is
even here a sufficient condition for the system to be well-posed in C*° (this is the Garding theorem).
Notice however that the important part in the proof of the Lax-Mizohata theorem is not the initial
condition, but the non-null right hand side (see [18]), which we do not need here; it is also very important
that the datas be C*° regular. Indeed, we prove here that, when we take less regular datas, the matrix
Zf\il &;A; must not only have real eigenvalues, but must also be diagonalizable on R.

Our aim here is to study (6.1) when the functions u® and u are neither in L?, nor regular; in fact, we
will consider very specific initial conditions (of Riemann type) and solutions in the largest possible space
of functions (the largest space of functions which is endowed in the space of distributions), that is to say
L} .. The study of the Riemann problem coming from (6.1) is quite interesting (see item ii) in Remark
6.3).

We will prove, using methods that seem new, that, when we ask for (6.1) to have a local weak solution
in (L, (2 x [0,T))" for any initial condition of Riemann type, then the matrices (A;);cp, v must satisfy
a so-called hyperbolicity condition; this condition will also appear to be a sufficient one. We will not
need to suppose the well-posedness of the system in the sense of Hadamard, neither to consider boundary
conditions: the mere existence of a local solution to the equation inside the open set of study is enough

to obtain the hyperbolicity condition.

6.2 Definitions, remarks and results

Definition 6.1 (local weak solution) Let u® € (L, () and T > 0. A function u € (L (2 x [0, 7))

is a local weak solution on Q x [0, T to (6.1) if, for all p € C*(Q x [0,T7]),

/OT/Qu(m,t)got(x,t) dxdt—I—/OT/QiAiu(x,t)gom(x,t)dmdt—i—/Quo(:v)cp(m,O) dx = 0. (6.2)

Remark 6.1 i) Of course, a solution to (6.1) in the sense of Definition 6.1 is also a solution in the
sense of the distributions on Qx]0,T7.

ii) Notice that (6.2) is an equality in R'. Moreover, to handle the initial condition, we take test
functions @ which do not necessary vanish att =0 (CX (2 x [0,T]) is the space of the restrictions to
Q% [0,T] of functions in C°(2x]—o00,T)); since we do not take into account boundary conditions,
these test functions vanish on the boundary of €.

iii) The technique of Holmgren associated to a simple form of the Cauchy-Kowalewska theorem gives a
finite speed propagation result on the local weak solutions of (6.1) (see Corollary 6.2). In particular,
when Q = RYN | the local weak solution to (6.1) is unique.

Definition 6.2 The system (6.1) is hyperbolic if, for all ¢ € RN, Zf;l & A; is diagonalizable on R.

Remark 6.2 i) There are numerous definitions of “hyperbolicity” for a first order linear system of
equations; some only ask for the matriz Zfil & A; to have real eigenvalues ([18], [46]). The defini-
tion we have chosen here is the one that appears in [37]; it is stronger than in [18] but weaker than
in [67] (see item i) below).

ii) The hyperbolicity condition in [67], namely supg g |[exp(i Zj\;l &iA|| < 400, is equivalent to the
existence of P : SN~1 — GL(I;R) such that, for all ¢ € SN=1, P(¢)~1 Zjvzl &A;P(€) is diagonal
and supgegn—1 ||P(E)[|[|P(€) | < +oo (see [48]). When N =1 or N =1 = 2, this definition
is equivalent to Definition 6.2 (in fact, in these cases, a system which is hyperbolic in the sense
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of Definition 6.2 is a Friedrichs system); however, as soon as N > 2 and |l > 3, the definition of
hyperbolicity in [67] is strictly stronger than our definition. For example, when N = 2 and | = 3,
the system defined by

0 0 0 0 00
A1 = 0 0 0 and A2 = 1 0 2
0 0 1 1 20

is hyperbolic in the sense of Definition 6.2 but not in the sense given in [67] (when we take matrices
P(&) that diagonalize £1A1 + &2 Az, we notice that ||P(€)||||P(€)~1|| must explode when & — (1,0)

When (2 is an open set of R and a € , we define E(£),a) as the set of functions f : Q — R! for which
there exists ¢ € RM\{0} and f* € R such that, for all z € Q, f(z) = f*1z-((z — a) - &), where 1p
denotes the characteristic function of a set £ C R and X -Y is the usual Euclidean product of two vectors
(X,Y) € RV xRY (that is to say, f = 0 on one of the half-space defined by the affine hyperplane passing
by a and having £ as normal vector, and f = f* on the other half-space).

The main result of our paper is the following:

Theorem 6.1 Let 2 be an open set of RV and a € Q. There is equivalence between:

1) For allug € E(Q,a), there exists T > 0 and a local weak solution u € (Li (2% [0,7T]))! on Qx[0,T]
to (6.1).

2) The system (6.1) is hyperbolic.

Remark 6.3 i) In fact, we will see that, when the system is hyperbolic, the local weak solutions we
obtain, for initial conditions of Riemann type, exist for all T > 0.

ii) Some important numerical schemes to compute the solutions of non-linear systems of the kind

N
ug + a(fi(U))zi =0, (6.3)

w(, 0) = uo(a),

reduce to solving linear Riemann problems in one space dimension (for exemple, the Roe and VFRoe
schemes, see [37]). In fact, the linear Riemann problems that occur in the Roe and VFRoes schemes
are often given by matrices of the kind ZZI\; &fl(m), for some ¢ € SN~L anduw € D C R! (where
D is the admissible values of the solution u to (6.3)); thus, thanks to Theorem 6.1, we see that, to
use such schemes, a necessary and sufficient condition is that ZZI\; & fl(u) be diagonalizable on R
for all ¢ € SN~ and all W € D: this is what [37] calls the hyperbolicity condition for non-linear
systems (and we notice that this is consistant with Definition 6.2 in the case of linear systems).

i) In [67], as we have seen in item ii) of Remark 6.2, the hyperbolicity condition obtained on the
matrices (Ai)ici1,ny 5 in general stronger than our hyperbolicity condition; it is however not so sur-
prising since, to obtain this condition, [67] asks for (6.1) to be well-posed in the sense of Hadamard
m LQ(RN ), which is a stronger hypothesis (more initial conditions, more properties on the solutions)
than the one of 1) = 2) in Theorem 6.1.
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Definition 6.3 The system (6.1) is solvable on an open set Q of RN if, for any initial condition u° €
(L>=(2))!, there exists T > 0 and at least one local weak solution u € (L (2 x [0,T]))" on Q x [0,T] to

(6.1).

Remark 6.4 i) Problem (6.1) can also be studied with more regular initial conditions, for example
u® € (CK(0))! (with k € N). In this case, the definition of “solvability” of (6.1) would also demand
that the corresponding solution be as regular in space as u® (since (6.1) is a first order linear system,),
that is to say in (L'([0,T);C*(Q))!. We also study the “solvability” of (6.1) under this definition.

ii) Notice that our definition of “solvable” is much weaker than the classical (Hadamard’s) definition of
“well-posed”; indeed, this last definition demands the uniqueness of the solution to (6.1) (which, in
our case, would oblige us to handle some boundary conditions) as well as the continuous dependence
of this solution with respect to the initial and boundary conditions. In fact, for systems of the kind
of (6.1), there is some sort of uniqueness result: a finite speed propagation result; since we will need
this result, we will talk about it later on.

An immediate consequence (since the functions of E(Q, a) are in (L>(Q2))!) of Theorem 6.1 is the following
corollary.

Corollary 6.1 If the system (6.1) is solvable on an open set of RN in the sense of Definition 6.3, then
it is hyperbolic.

Remark 6.5 i) It is however not sure that the hyperbolicity condition is a sufficient property for (6.1)
to be solvable. This comes from the fact that, as we will see in the proof of Theorem 6.1, when we
solve an hyperbolic system of the kind (6.1) with an initial condition of Riemann type, the bound we
can obtain on the solution with respect to the initial condition depends on the norm of the matrices
(P(€), P(&)"Y) which diagonalize Zfil & Ai; and as we have seen in item ii) of Remark 6.2, there
are examples of hyperbolic systems such that the norm of the matrices P(&) or P(£)™! explodes
when & tends to some &.

ii) We will see in Section 6.3 that, in the 1-dimensional case (N = 1), the hyperbolicity of (6.1) is in
fact equivalent to its solvability (in the sense of Definition 6.3 or in the sense of item i) in Remark

6.4).

As said in item i) of Remark 6.4, we also have a result concerning regular initial conditions.

Theorem 6.2 Let Q be an open set of RN. If, for any ug € (CE(Q))!, there exists T > 0 and a local
weak solution u € (L*([0,T];C*(Q))! on Q x [0,T] to (6.1), then this system is hyperbolic.

Remark 6.6 i) Cf([) denotes the space of functions I — R which have a compact support in I and
are k times continuously derivable on I.

it) In the course of the proof of this theorem, we will find back the Lax-Mizohata result (without the
need of a non-null right-hand side) in our particular case: when we ask for (6.1) to have a C*

solution for any C*° initial condition, then Zi\il & A; must have real eigenvalues.

6.2.1 A preliminary result

In all the sequel, | - | denotes the norm of the suppremum on R and “dist” the associated distance. e
is the vector (1,...,1) of RV,
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Lemma 6.1 Let Q be an open set of RN, P € GL(I,R), 2° € RY, (\,u) € R x R* and O be an open
set relatively compact in Qo , = 2% + pQ. If u® € (L (Q))" and v € (L (Q x [0,T)" is a local

loc

weak solution on Q x [0,T[ to (6.1), then, by denoting To = inf (T, ‘—ildist(O,RN\on7u)>, the function
€ (Llloc(o X [OvTOD)l deﬁ’fl@d by

v(z,t) = Pu <%(aj —2%) + %te,t) , (x,t) € O x [0,T0], (6.4)

is a local weak solution on O x [0, To] to the system (6.1) with uPA; P~ — \Id instead of A; (i € [1,N])
and v°(x) = Pu®((x — 2°)/p) € (L} (0))! instead of uq.

The proof of this lemma is quite straightforward and we leave it to the reader.
Remark 6.7 i) When X =0, we can take any open set O C Qo ,, and To =T

ii) We thus deduce that, for a € Q, if the system (6.1) has a local weak solution for any initial condition
in E(Q,a), then the system (6.1) with uPA;P~1 — \d instead of A; (i € [1,N]) has a local weak
solution for any initial condition in E(O,z° + pa). Of course, one can notice that the hyperbolicity
condition is invariant with respect to the transformations up above of the system.

6.3 The 1-dimensional case
We study here the 1-dimensional case, i.e. N = 1. The system (6.1) is thus reduced to

u(z,t) + Aug(z,t) = 0, x €N, teo,T]
u(z,0) = u¥(z), x €,

and ( is an open set in R.

6.3.1 Particularities of the 1-dimensional case

The case NV =1 is very particular. Indeed, we first notice that an hyperbolic system in one dimension is
always solvable in the sense of Definition 6.3; in fact, in this case, (6.5) has a local weak solution for any
initial condition u® € (L*(Q))! (or (LL.(Q))! if @ = R) and this solution is as regular as u®.

To see this, choose a basis (e1,...,¢;) of R! which is made of eigenvectors of A; if u®(-) = u{(-)e1 +...+
u?(-)e; € (Li (R))! and )\; is the eigenvalue of A associated to e;, then u(z,t) = ul(z — At)e; + ... +
uf(z — Nt)e; € (L (R x RT)) is a (in fact the) local weak solution on R x R* to (6.5); if v0 € (L*(Q2))!,
then define u® € (L!(R))! as the extension of v° by 0 outside Q, take u € (L'(R x R*))! as defined above:
ujoxr+ € (L1(Q x RT))!is a local weak solution on © x RT to the system (6.5) with v° instead of u.

This also proves 2) = 1) in Theorem 6.1 when N = 1.

Remark 6.8 Notice also that, in the one dimensional case and if Q = R, our definition of solvability is
equivalent to Hadamard’s definition of well-posedness. Indeed, if (6.5) is solvable in the sense of Definition
6.3, Corollary 6.1 tells us that A is diagonalizable on R; we know then (they have been computed up above)
the expressions of the solutions to (6.5), and it is clear, with these expressions, that this system is well
posed in the sense of Hadamard.

We will see (Corollary 6.2) that, in any dimension N, we have a “local uniqueness” result for the solution
of (hyperbolic or not) systems of the kind (6.1).

But an interesting consequence of the particularity of the 1-dimensional case is that the proof of this
uniqueness result is, when the system is hyperbolic, far simplier than in the general case.
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With Theorem 6.1 or 6.2, the following proposition tells us that the existence of solutions to (6.5) implies
a local uniqueness of these solutions. The trick which allows us to prove Theorem 6.1 and 6.2 by induction
on the size [ of the system (6.5) is then the following: we split the system of size  (say S) in two systems,
one of size | — 2 (say S1) and the other of size 2 (say S2), in such a way that the existence of solutions
to S implies the existence of solutions to S1; by induction (S1 is of size [ — 2) and Proposition 6.1, we
get the uniqueness of the solution to S1 and we reduce thus the study of S to the study of the remaining
system S2 (of size 2).

We state this very particular and simple case (N = 1, A is diagonalizable) of Corollary 6.2 to see that,
in dimension N = 1 (in converse to the case N > 2), thanks to the trick described up above, we need no
general result on the uniqueness of the solutions to (6.5) to obtain the hyperbolicity condition.

Proposition 6.1 If A is diagonalizable on R then, for any open set O relatively compact in €2, there
exists To > 0 such that, when u® = 0 a.e. on , any local weak solution on Q x [0,T] to (6.5) is null a.e.
on Ox]0,inf (T, T)].

To prove this classical finite speed propagation result, one juste need to take a basis of R! in which A is
diagonal; in this basis, each component of the solution satisfies a scalar transport equation and the result
is then quite obvious; we leave the details to the reader.

6.3.2 Necessity of the Hyperbolicity Condition

Proof of Theorems 6.1 and 6.2 when N =1
We have already seen, at the beginning of Subsection 6.3.1, that (when N = 1) 2) = 1) in Theorem 6.1
holds. It remains to prove Theorem 6.2 and 1) == 2) in Theorem 6.1.

This proof is made by contradiction. We will in fact prove by induction on the size [ of A that, if A is
not, diagonalizable on R, then

i) there exists u* € R! such that, for any open interval I, for any a € I and for any T > 0, (6.5) has

no local weak solution in (L (I x [0,17]))" for the initial condition u® = u*17)_co 4.

ii) for any open interval I and for any k € N, there exists u® € (C¥(I))! such that, for any T' > 0, (6.5)
has no local weak solution in (L([0,T];C*(I)))! for the initial condition u°.

The case | = 1 being trivial (every matrix of size 1 is diagonalizable on R), we begin with the case [ = 2.

Step 1: [ = 2.

Let I be an open interval of R and A € M>(R). Suppose that A is not diagonalizable on R; two cases
arise then: A has two different complex conjugate eigenvalues or A has only one real eigenvalue and is
not in the space RId.

Step 1.1.
Let us handle the case when the eigenvalues of A are different complex conjugate; by denoting A + ﬁ and
A — ﬁ ((\, 1) € R x R*) these eigenvalues, there exists P € GL(2,R) such that

A

1
) = \d+ 2 Ao, (6.6)

> (=

PAP! = (

1
m

0 1
W (000

where
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Let us take J an open interval, 77 > 0 and v" € L(J) such that there exists v = (v1,v2) € (Li, (J X
[0,77[))? a local weak solution on J x [0,T"[ to the system (6.5) with Ag instead of A and (v°,0) as an
initial condition. We have thus, for all ¢ € C°(J x [0,T"]),

T T
/ / o (s )b (., £) da dt + / / v () (2, 1) d dt + / O(@)(@, 0 dz =0,  (6.7)
o Ji o Ju J
T T
/ / va(z, )i (2, t) do dt — / / vy (x, t)(x, t) de dt = 0. (6.8)
o Ji o Ju
Let ¢ € C°(J x [0, T']). By applying (6.7) with ¢ = ¢; and (6.8) with 1 = ¢,, we find

T/
/ / 01 (2, ) A gy, t) da dt + / 0 ()¢ (2,0) do = 0. (6.9)
o Ju J

Define v1 € L _(Jx] —T",1'[) by 01(z,t) = vi(x,t) if t > 0 and v1(2,t) = vi(x,—t) if t < 0. If

loc

p € D(Jx] —=T",T']), a change of variable gives

0 /
/ / 01 (x, t)A(Lt)go(z, t)dxdt / / vy (z, t)A(x’t)go(x, —t) dx dt
=T JJ 0 J

T/
/mb/vdaﬂAuﬁﬁwiﬁhdu
0 J

where @ € C°(J x [0,T"]) is defined by &(x,t) = ¢(z, —t). Using (6.9) with ¢ instead of ¢, we get thus

0
[T,/]ﬁ(x,t)A(z,t)cp(x,t) dxdt:—/]vo(x)&t(x,O) dz:/]vo(x)cpt(x,O) dz, (6.10)

since @i(x,t) = —pi(x, —t).
The definition of v7, associated to (6.9) and (6.10), gives then, for all p € D(Jx] —T",T"]),

/ /a@ﬁmmwwwmmza
-T"JJ

that is to say Av; = 0in D/'(Jx]—T",T'[); by Lemma 6.2, 07 is then in C°°(Jx] —T",T’[) (and even real
analytic). We have thus v; € C*°(J x [0,7"]) and (v7)¢(x,0) = 0. Thanks to some classical integrates by
part in (6.9), we see then that v" is the restriction of v7 to J x {0} and must thus be in C>°(J) (and even
real analytic).

To prove items i) and ii) in this case, we take

u* = Pt ((1]) . I an open interval of R, a € I, u® = u*1jn_o 4 in the case of item i),
and T'> 0
I an open interval of R, w € C¥(I)\C*(I), a € I such that w is not in the case of item ii),

infinitely differentiable at a, u® = P~! (1(';) and "> 0

(notice that u* does not depend on I, a or T') and we suppose that there exists a local weak solution on
Ix[0,T]to (6.5). By taking J an open interval, relatively compact in I, which contains pa, Lemma 6.1
tells us that there exists a local weak solution on J x [0,T"[ (for a T" €]0,T]) to the system defined by
Ag with the initial condition Pu®(z/u) = (v°(z),0); thanks to the preceding reasoning, this means that
vY is C* on .J, which is a contradiction since pa € .J.

Since v° must even be real analytic on J, we also obtain a stronger form of the Lax-Mizohata result in our
particular case: there exists u’ € (C°(I))? such that (6.1) has no local weak solution in (L (I x [0,77))?

loc
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(take u® which is not real analytic). Using the finite speed propagation result of Corollary 6.2, this result
can be extented to the cases [ > 3 and N > 2.

Step 1.2
Let us now treat the case when A has a unique real eigenvalue without being diagonalizable on R. By
denoting A this eigenvalue, there exists P € GL(2,R) such that

Al
0 A

0 1
W (00
Let J be an open interval, 77 > 0 and v € L(J) such that there exists a local weak solution v =

(v1,v2) € (L (J x [0,T7]))? to the system (6.5) with A; instead of A and (0,v°) as an initial condition.
We thus have, for all ¢ € C°(J x [0,T]),

PAP ! = < ) = Ad+ Ay, (6.11)

where

T T
/ / vy (z, t)pi(z, t) de dt + / / va(x, 1)y (2, t) drdt =0, (6.12)
o JuJ o JJ

/OT’/JW(M)%(M)+/Jv0(x)<,p(x,o) dz = 0. (6.13)

By taking ¢ € D(Jx]0,T"[), (6.13) tells us that (vz); = 0 in D'(Jx]0,T’[), so that vs only depends on
x: va(z,t) = Ua(x) a.e. on Jx]0,T'[. Take then ¢(x,t) = ((x)0(t), where ¢ € D(J) and 0 € C°([0,T"]),
6(0) = 1. The same equation (6.13) for this ¢ tells us that

[ @) s = [ P i

J

that is to say 02 = v° a.e. on J.

Then, with ¢(z,t) = ((x)0(t), where ¢ € D(J) and 6 € D(]0,T"[) is such that fOT, O(t)dt =1, (6.12) gives

u /JC(:E) (/OT' o1 (x, 8)0' (1) dt) = —/]C'(m)vo(x) dz,

which means that

T/
(W0 = / nOF B i D). (6.14)
0
We can now conclude this step: take
w* =P~ (]), I open interval of R, a € I, u® = u*11r oo qf in the case of item i),
and T'> 0
I open interval of R, w € C¥(I)\C*¥**(I), a € I such that w is not in the case of item ii),

CHlata, u'=P (%) and T >0
(notice that u* does not depend on I, a or T') and suppose that there exists a local weak solution

ue (LL (I x[0,T]))? in the case of item i),

u € (LY([0, T);CH(I)))? in the case of item ii)

on I x [0,T] to (6.5). Then by taking J an open interval, relatively compact in I, which contains a,
Lemma 6.1 tells us that v(z,t) = Pu(z + At,t) (defined on J x [0,77[ for a T’ €]0,T1]) is a local weak
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solution on J x [0, 7] to the system (6.5) with A; instead of A and Pu?J = (0,v%) € (L*(J))? instead of
u’. In the case of item i), v € (L{ (J x [0,77[))? and the right-hand side of (6.14) defines thus a function
in L} _(J); this means that v° = 174 o of € Wli)’cl(J), which is impossible since a € J. In the case of
item ii), v € (L*([0,7"];C*(J)))? and (6.14) shows us that (v°) € C*(J), i.e. that v* = w € CFF1(J),
which is impossible since a € J.

i) and ii) are thus fully proved in the cases [ =1 and [ = 2. We prove the general case by induction.

Step 2: 1 > 3.

We suppose that i) and ii) are true for systems of size [ — 1 or less, and we prove, by contradiction, that
they are true for systems of size [. Since the ideas of the proofs of both items are the same, we only detail
the proof of item 1i).

Suppose that A € M;(R) is not diagonalizable on R and that, nevertheless, we have: for every u* € R!,
there exists an open interval I, a € I and T > 0 such that (6.5) has a local weak solution u € (L, (I x
[0,T]))" for the initial condition u® = u*1;n]_og qf-

Since A is not diagonalizable on R, there exists P € GL(l,R) such that

. (A C
pari- (4 €),

where C' € My 2(R), B € M;—2(R), 0 is the zero of M;_5 2(R) and A € My(R) is of type (6.6) or (6.11)
(depending whether all the eigenvalue of A are real or not).

Let us first see that B is diagonalizable on R.

Take v* = (vf,...,v} ,) € R'=2 and denote u* = P~1(0,0,v},...,v7 ,) € R; by hypothesis on A, there
exists an open interval I, a € I, T > 0 and a local weak solution u € (LY (I x [0,T]))! on I x [0,T] to
the system (6.5) with ©*17n)_oc q instead of u®. Thus, Pu is a local weak solution on I x [0, 7 to the
system (6.5) with PAP~! instead of A and (0,0,v},..., U/ _5) 110 —o0,q] instead of uY.

The [ — 2 last equations of the system satisfied by Pu = (uy,u2,v1,...,v_2) € (LL (I x [0,T[))" let us
see that v = (v1,...,v-2) € (L (I x[0,T]))' 2 is a local weak solution to the system defined by B with
an initial condition v*17q)—oc -

By induction, the result is true for systems of size [ — 2 (the size of B) and B is thus diagonalizable on R.

Since the result is true for systems of size 2 (Step 1), and since A is not diagonalizable on R, there exists
(uf,u}) € R? such that, for any open interval K, any b € K and any T” > 0, the system defined by A
has no local weak solution in (Lj, (K x [0,7"[))? for the initial condition (u},u3)1xn)—co,p[-

Take u* = (u},u3,0,...,0) € R by hypothesis on A, there exists an open interval I, a € I and T > 0
such that the system defined by A has a local weak solution @ € (L, (I x [0, T]))" for the initial condition
ud = Pilu*llm]_ooya[.

The [ — 2 last equations of the system satisfied by Pu = u = (u1,...,u;) let us see that (us,...,u;) is a
local weak solution on I x [0, T of the system defined by B for a null initial condition; thus, since B is
diagonalizable on R, Proposition 6.1 let us see that, if J is a relatively compact open interval of I, there
exists Ty €]0, T such that (ug,...,u;) =0 a.e. on Jx]0,Ty][.

Taking J which contains a and returning to the first two equations of the system satisfied by u, we see
that (u1,uz2) € (L, (J x [0,7,[))? is a local weak solution on J x [0, 7] of the system defined by A for
the initial conditon (u},u3)17n—cc,q[ this is a contradiction with the choice of (uf,u3). =

Remark 6.9 i) Denote by C~*(Q) the space of the distributions on Q having order k; it is endowed
with the weak-x topology of the distributions on Q. With very few changes (some integrals changed
into duality products), the preceding proof also shows that, if 2 is an open set of RN and if we ask
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for (6.5) to have a local weak solution in (C([0,T];C~*(Q)))! for any initial condition in (C*(Q2)),
then (6.5) must be hyperbolic.

ii) In fact, we could also prove, with the same method, that if A has a non-trivial Jordan block of size
m > 2, there exists a vector u* € R such that, if (6.5) has a local solution u € (L([0,T];C*(Q)))!
with ug = wu* for some w € LY(Q), then w must be in CKTm=1(Q).

6.4 The multi-dimensional case

We now study the case N > 2. The proof of Theorems 6.1 (1) = 2)) and 6.2 in this case uses the
result for N = 1, by taking particular initial conditions that only depends on x1; but to use the result for
N =1, we need to know that the corresponding solutions also only depend on z;. This is why we need
the following uniqueness results.

6.4.1 On the uniqueness of solutions to (6.1)

Here, | - | stands for the Euclidean norm on RY. || || is any norm on R! and, when B € M;(R), ||B||
denotes the induced norm. The following proposition is a form of the Holmgren theorem, but we state
and prove it to give some estimates on the space-time range of uniqueness of the solution to (6.1).

L) and u €

(LL (2 x [0,T))) a local weak solution on Q x [0,T| to (6.1). Let M = ZZ]\LI AT, 2° € Q and
B(2°,7) a ball (for the Euclidean norm) of center z° and radius r relatively compact in Q. If ¢ <
inf(1/4Mr(N 4+ 1),T/r?) and u® = 0 a.e. on B(2°,r) then, by denoting U = {(z,t) € RN xR | z €
Bz, r), 0 <t <e(r? — |z —2"*)}, we have u =0 a.e. onU.

Proposition 6.2 (Finite Speed Propagation) Let € be an open set in RN, ug € (L}

Remark 6.10 The condition er® < T ensures that U C Q x [0, T7.

Proof of Proposition 6.2
Thanks to Lemma 6.1, we see that v(z,t) = u(2° + z,t) defines a function v € (Lj

loc(B(Oa T) X [05 TD)l
which is a local weak solution to

vz, t) + JZ_le Ajvg,(z,t) =0, (x,t) € B(0,r)x]0, T, (6.15)
v(z,0) = 0, z € B(0,7).

Proving that u = 0 a.e. on U is equivalent to proving that v = 0 a.e. on V = {(z,t) € RY xR | |z| <
r, 0<t<e(r?—|z|?)} C B(0,r)x]0,TT.

Let o = (¢1,...,01) € (C(B(0,7)x [0, T[))"; by adding, for j = 1 to [, the j*" component of the equation
satisfied by v when we use ¢; as a test function, and by denoting X - Y the scalar product of two vectors
(X,Y) € R, we find

N
/ U(Iat) "pt(Ivt)+ZAiv(Iat)"pm(xat) dxdt =0,
B(0,r)x]0,T[

i=1

that is to say, with B; = AiT,

/B(O o T[v(x,t) . <<Pt(:z:,t) + ZBi%i(m,tO dzdt =0, Ve e (C°(B(0,r) x[0,T)).  (6.16)

=1

We will see that, thanks to Lemma 6.3, (6.16) implies v = 0 a.e. on V.
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Since 4Mr(N+1)e < 1 (with M = Zf\; | B;|]), thanks to Lemma 6.3, there exists, for all F: RN¥ xR — R/
polynomial function, f € (C*(V))! (with V = {(x,t) € RN x R | |z| < r, |t| <e(r? — |z]?)}) solution to
(6.27).

Suppose that we can use ¢ = f1y, as a test function in (6.16); we would then obtain

/ v(a,t) - F(z,t)dxdt =0 (6.17)
v

for all polynomial function F; since these functions are dense in (C(V))! and since v € (L'(V))!, this
equation would also be true for all F' € (C(V))!, which is enough to see that v = 0 a.e. on V.

Our aim now is to prove that, by approximating f in a precise way, (6.17) is true, which will conclude
the proof of this proposition.

It is, in fact, fairly simple thanks to Lemma 6.4: with the sequence (7,),>1 given in this lemma, we
notice that, for all n > 1, fu = (W f) B0, %07 € (CZ(B(0,7) x [0,T))" (because f € (C>(V))! and
supp(yx) is a compact set of V- C B(0,r)x]| — 0o, T[); thus, ¢ = f, is valid in (6.16) and we get

N
/ v(z,t) - <(fn)t(x,t) + ZBi(fn)zi(m,t)> drdt =0, Vn>1. (6.18)
v i=1
Moreover, for X € {z1,...,znN,t}, we have
O _w, . 0f

ax _ox’'n T gy

The properties of v, gives us dxvn(x,t) = 0 when |z| <r—1/nand 0 <t < e(r? — |z]?) — K/n (with K
given in Lemma 6.4), and v, (z,t) — 1 for all (z,t) € V. Thus, x fn(x,t) — Ox f(z,t) for all (z,t) € V.
We want now to prove that dx f,, is bounded in (L>®(V))!.. Let n > 1/r.

o If x| <r—1/nand 0 <t <e(r? — |z|*) — K/n, then

’ ‘ dfn of

2 0 < ot | ot < | 24 @1

(L= (V)

e If (z,t) € V are such that r —1/n < |z| or e(r? — |z|?) — K/n < t, then there exists 2’ € B(0,r) such

that |z — 2’| < 1/nand [t —e(r?—|2’|?)|] < sup(2er, K)/n (take 2’ = ra/|z| if t < e(r®—|z|?)— K/n
and ' = x else).
Since f is a Lipschitz continuous function on V (it is in (C*°(V))!), and since f(2’,e(r? —|z'|?) = 0
for all |2'| < r, there exists thus Cy > 0 such that, for all n > 1, ||f(z,t)|]| < Cp/n as soon as
r—1/n<|z| <rore(r?—|z[?) — K/n <t <e(r?—|z|?). This gives then, with the properties of
the derivatives of 7, for all such (z,t),

3fn In of
ol fumenien | 2o |3

6.20
(L= (W) ( )

The derivatives of f, converge thus on V to the derivatives of f, and, thanks to (6.19) and (6.20), are

bounded in (L>®(V))!; using the dominated convergence theorem, we can pass to the limit n — oo in
(6.18) to obtain

/vv(:v,t)- (ft(x,t)—i—;Bifzi(x,t)) dxdt:/vv(x,t)-F(m,t)d:vdtzo,

i.e. what we wanted. m
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Corollary 6.2 Let Q =] — 3vvV/N,3vVN[¥ (v € Rf), (A1,...,An) € My(R) and T > 0. There exists
Ty €]0,T] such that, if u € (LL (2 x [0,T)))" is a local weak solution on Q x [0, T to (6.1) for an initial
condition which is null a.e. on | —2vV/N,2vV/ N[N, then u =0 a.e. on ] — v, [~ x]0, Ty|.

Proof of Corollary 6.2

Let 7 = 2vv/N and choose ¢ satisfying the hypothesis of Proposition 6.2 (notice that € only depends on
N, 7, SN ||AT | and T). Let Ty = e(r2 — (r/2)2) = 3er2 /4 (which only depends on N, 7, (Ay,..., Ax),
a and T).

By applying Proposition 6.2 to u and 2° = 0 (in which case B(0,7) C] — 2vv/N, 2vy/N[Y and the initial
condition corresponding to u is null a.e. on B(0,r)), we get u =0 a.e. on U = {(x,t) € RN xR | |z| <
2wVN, 0<t<e(r?—|z*)}.

For all €] — v, V[V, one has |z| < vv/N = /2 so that e(r? — |2]?) > Tp; thus, | — v, v[V x]0, Ty[C U and
the corollary is proved. m

6.4.2 Proof of the main result

We can now prove Theorems 6.1 and 6.2 when N > 2. The proof of Theorem 6.2 being very similar to
the proof of 1) = 2) in Theorem 6.1, we only detail the proof of Theorem 6.1.

Proof of Theorem 6.1 when N > 2
We prove 1) = 2) in the first two steps, and 2) == 1) in the third step.

Step 1: the case £ = (1,0,...,0).

We suppose that €2 is an open set of R™V, that a belongs to §2 and that, for any initial condition in E(2, a),
(6.1) has a local weak solution on Q x [0, T (for some T' > 0 depending on the initial condition), and we
will prove that, under these hypotheses, A; is diagonalizable on R.

Thanks to item ii) of Remark 6.7, we can suppose (by taking an hypercube O =] — 6vv/N, 60/ N| in
—a+Q, P=1Id, p=1and 2° = —a) that (6.1) has a local weak solution for any initial condition in
E(0,0).

To show that A; is diagonalizable on R, we will prove that the system (6.5) with A; instead of A has,
for any initial condition in F(] —v,v][,0), a local weak solution on | — v, v[x[0, T (for a T > 0 depending
on the initial condition); once this result is proved, and since we have already proven Theorem 6.1 when
N =1, this will allow us to conclude that A; is indeed diagonalizable on R.

Let v* € E(Jv,v[,0); we have, for some & € R* and some v* € R! v0(s) = v*1z-(s&). Define
u® € E(0,0) by u°(z) = v* 1z (x - ), where £ = (£1,0,...,0), that is to say u®(z) = v* 1z (21&1).
By hypothesis, there exists 7' > 0 and a local weak solution u € (L .(O x [0,T]))! on O x [0, T to (6.1).

Let h = (0, ha, ..., hx) €]—=3vV/N,3vV/ N[V and define, on | —3vvV/N, 3uvV/N|, up, () = u(z+h). Thanks to
Lemma 6.1 and the first item of Remark 6.7 (with P = Id, A\ =0, p = 1, 2° = —h and | - 3vv/N, 3vv/ N[V
as the open set included in 2° 4+ O), we see that uy, is a local weak solution on | — 3vv/N, 3uV/N[x [0, T
to the system (6.1) with an initial condition u°;(z) = u°(z + h) = u°(z) (by definition of «® and h).
Thus, up — u is a local weak solution on | — 3vv/N, 3vv/N[x[0, T to the system (6.1) with a null initial
condition.

Corollary 6.2 tells us that there exists Ty €]0,T] not depending on h such that up, —u = 0 a.e. on
] -7 V[NX]OaTU['

Thus, for a.e. (z,t) €] — v, [V x]0,To[ and any h = (0, ha, ..., hy) €] — 2v,2v[NC] — 3vV/N, 3vV/ N[V,
we have u(x + h,t) = u(x,t); this means that u);_,, v «jo,1,[ only depends on the first space variable
and on ¢, i.e. that there exists v € (L. (] — v,v[x[0,Tp]))! such that, for a.e. (z,t) €] — v, v[NVx][0, Tp],
u(z, t) = v(z1,1).
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Since u is a local weak solution to (6.1) on O x [0, T7, it is also a local weak solution of the same system
on | — v, v[NV x[0, Tp[, that is to say: for all p € C°(] — v, V[N x[0, To),

N
/ u(x, t)pr(x, t) + Z Aju(x, t) g, (v, t) de dt + / v (1) (2, 0) dz = 0. (6.21)
]—v, [N x]0,To|

i=1 J—vw[N

But, for all ¢ € C°(] — v, v[¥ x[0,Tp[), the Fubini theorem gives, if i > 2,

To
/ / Aju(z, t) g, (z,t) do dt
0 l—v,v[N

To 14
0 J—v,p[N-1 —v
Take now 1 € C(] — v, v[x[0,To[) and @(x,t) = (a1, t)y(x2,...,2N), with v € C°(] — v, [V ~1) the
integral of which is equal to 1. (6.21) and (6.22) gives us

/ U(Il,t)’(/}t(itl,t)+A10(I1,t)’(/}11(11?1,t) dml dt+/ Uo(l‘l)’lﬂ(l‘l,()) dml = 07
]7V7V[><]07T0[

]7‘/7”[

which exactly means that v € (L1 _(] — v,v[V x[0,Tp[))! is a local weak solution on | — v, v[x[0, Ty[ to
(6.5) with A; instead of A and v° instead of u°. Since v" was an arbitrary function in E(] — v, v[,0), this

concludes this step.

Step 2: the general case.

We suppose that €2 is an open set of RV, that a belongs to 2 and that, for any initial condition in £(£, a),
(6.1) has a local weak solution on Q x [0, T (for some T' > 0 depending on the initial condition).

Take ¢ € RV\{0} (the case & = 0 being trivial). We want to show that sz\il A;€&; is diagonalizable on R;
obviously, by dividing this matrix by |£|, we can consider that [£| = 1.

We notice first an easy property of (6.1) with respect to orthogonal changes of variables.

Let Q@ = ((¢i,j))(i.j)e[1,n7> be an orthogonal N x N matrix, and denote €' = Q).

Take u® € (LL () and u € (LL (' x [0,T]))" (for some T > 0) and define v° € (Li_
v e (LLUQ x [0, 7)) by v0(x) = ud(Q1z) and v(z, ) = u(Q Lz.1).

Then one has, for any ¢ € C°(Q x [0,T]), by denoting ¥(x,t) = p(Q 1z, t) € CZ(Q x [0,T[) (which
satisfies ¥4(z,1) = ¢ (Q 12, 1) and V,0h(z,1) = (Q™1)TVap(Q~'2.1) = QVap(Q 12, 1)),

()} and

/0 /Qv(x,t)wt(x,t)+ZAiv(x,t)wmi(x,t)dxdt+/QUO(:E)1/J(I,O)dx

/0 /, u(z, t)pu(x, t) + ZAiu(:L“, t) (QVap), (z,t)dzdt + / u®(2)¢(x,0) dr

’

T N N
| e tveutet) + 3 A3 aigi (ot dndt [ a0t 0)da

’

/0 /, u(z, t)pe(x,t) + Z (Z qm-Ai) u(z, ) e, (z,t) do dt + / u’(z)p(z,0) da.

Thus, if v is a local weak solution on  x [0, 7 to (6.1) with v” as initial condition, then u is a local
weak solution on €' x [0,7 to (6.1) with A4; = Zfil i, A; instead of A; (j € [1,N]) and u° as initial
condition.
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Take now an orthogonal matrix @ such that ¢; 1 = & for all ¢ € [1, N] (this is possible since [£] = 1). We
still denote ' = Q1(Q).

Let u* € E(,Q'a); u’ can be written as u*1gz- ((- — Q@ 'a) - n) for some u* € R! and n € RV\{0}.
v =uloQ 1 is then vV (2) = u*lp- (Q 'z — Q ta)-n) = u*lp ((z —a)-Qn) (because Q! = Q7 since
Q is an orthogonal matrix), and we have then v° € E(Q, a); by hypothesis, there exists thus 7' > 0 and
a local weak solution v € (L{ (2 x [0,T]))! on Q x [0,T[ to (6.1) for the initial condition v°.

Thus, by the preceding calculus, u(z,t) = v(Qx,t) is a local weak solution on ' x [0,7] to (6.1) with
A = Zf\il ¢i,jA; instead of A; (j € [1, N]) and «° as initial condition. Since u° is an arbitrary function
of E(Y,Q 'a), the reasoning of Step 1 shows that A4; = Zi\il & A; is diagonalizable on R.

Step 3: proof of 2) = 1).
Let u® = u*1p-((- — a) - €) € E(Q,a). We can always suppose that || = 1 (because 1z ((- — a) - &) =
e ((-—a) &)

The idea is of course (as indicated by the first step of this proof) to search for a solution u only depending
on the coordinate along &, that is to say u(x,t) = v((z — a) - {,t). We see then that v must satisfy

ve(z,t) + (Zf\;&Ai) vy(2z,t) =0 zeR,t>0 (6.23)
v(z,0) = u*1g-(2) zeR. .

This problem is a 1-dimensional one and, since the matrix Zﬁil & A; is diagonalizable on R, we can solve
it.

Take (e1,...,e;) a basis of R! made of eigenvectors of Zf\il & A; and denote by A\, the eigenvalue of

Zf\il & A; associated to eq (a € [1,1]). We write u* = Zfl:l uleq.
Define u € (L (RN x [0,00))! by u(z,t) = Zla:1 ullp-((x —a) - & — Aat)eq. Then, using the calculus

loc
made in Step 2 (to reduce to the case £ = (1,0,...,0)) and some simple changes of variables, one can see

that u is a weak solution on RY x [0, 00[ to (6.1) with u° as initial condition. m

6.5 About the linearization of a particular non-hyperbolic prob-
lem

Recall that a non-linear problem

{ ug + (f(u)): =0, (6.24)

u(x,0) = u'(z)

is (unconditionaly) hyperbolic if, for every u € R!, the matrix f’(u) is diagonalizable on R (i.e. the
linearized problem around any state @ is hyperbolic).

We have already noticed (see item ii) of Remark 6.3) that the hyperbolicity of a non-linear system of the
kind (6.24) is interesting, for example when we want to apply classical Finite Volumes Schemes to the
problem.

Consider the 2 x 2 following classical system (this is the pressureless gas system):

(pﬂu >t+(pf’;‘2 >m2<8>, zeR, teRS,
(5><m,o>:(5ﬂ)<w>, z €R,
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This system is equivalent, for regular solutions such that p # 0, to

<5)+<u/2)72)=(8>, z€R, te RS,
t x

(6.25)
p P° R
m (‘T?O) - UO (I)v T e R,
Take now u%(z) = =1 if z < 0, u®(z) = +1 if z > 0 and p° € L>®(R).
A straightforward computation lets us see that the functions
Ple—t) ifr<—t,
plz,t)=<¢ 0 if —t<a<t,
Plz+t) ift<a
and
-1 ifx < —t,
x
u(z,t) = n if —t<az<t, (thatisto say the entropy solution of the Burgers problem)
+1 ift<ux,

define a (space and time global) weak solution to (6.25) in the following natural sense: (p,u) € (L™ (R x
[0, +0c]))? and, for all ¢ € C°(R x [0, +00]),

/+oo/ ( ) ,t) e (x, t dxdt+/+°°/ ( 2/ ) T, ), (,t) dxdt+/R< 5(; )(ﬂﬁ)so(x,O)dx —0.

However, the linearization of (6.25) around a state (p,%) € R? is the linear system given by the matrix

A(ﬁ,ﬂ):(g Z)

This matrix being diagonalizable only if p = 0, the system (6.25) is not unconditionaly hyperbolic (it is
conditionaly hyperbolic in the sense that the hyperbolicity of the linearized system depends on the state
around which the linearization has been made).

Moreover, a close examination of the step 1.2 of the proof of Theorem 6.1 when N = 1 shows that the
initial condition (p°, u®) we have chosen here is precisely the kind of initial condition for which the system
defined by A(p,w) has no local weak solution (when p # 0, which is for example the case when we choose
p® =1 and we linearize around a state in the image of the initial condition).

On this example, we have shown that a non-linear system can have a weak solution for a particular initial
datum, although the corresponding linearized system has no solution for this initial datum.

Notice however that, in our example, the solution we have found partly pass, for any ¢ > 0, in the
hyperbolicity zone of (6.25) (i.e. {(p,u) € R?|p = 0}).

6.6 Appendix
6.6.1 Harmonic functions

The following lemma is a very classical result, but we give here a simple and self-contained proof.

Lemma 6.2 Let Q be an open set of RN, with N > 1. If u € L (Q) satisfies Au = 0 in D'(2), then
u € C®(Q).
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Proof of Lemma 6.2

Let us first introduce (or recall) some notations. |.| designates the Euclidean norm in RY; when r € R,
B, is the Euclidean ball in R, of center 0 and radius r and, for z € R, B(z,7) = z + B,. When E is
a borelian set of RY, |E| stands for the Lebesgue measure of E.

Let us take p € C°(RY) whose support is contained in B; and which satisfies
p>0, /RN p(x)dr =1 and p(x) = p(y) whenever |x| = |y|.
Define p,,(z) = n¥p(nz). The function
wnle) = [ utpulo—t)at = [ ulortpu@)dt (since pu(—) = p()
1/n

is well defined and C* on the open set Q, = {z € Q| d(z,Q°) > 1/n}; moreover, one can verify that
Au =0 in D'(2) implies Au,, = 0 in D'(Q,,) (thus in a classical way since uy, is regular).
U, being regular and harmonic on ,,, it is well known that, for all x € Q,, and all r < d(z,QS),

1
() = o /B L i)y (6.26)

Since u € Li (), we know that u, (extented by 0 outside §,) converges, as n — oo, to u in Li (),
thus a.e. up to a subsequence. For a point x € Q where u,(z) — u(z), i.e. for a.e. z € Q, and for
r < d(x,Q°), passing to the limit n — oo in (6.26) (which is satisfied as soon as n > 1/(dist(z, Q%) — r))
gives us

: SR
u(x u(y)dy = )1 (z,r dy.
@) =BG Jown B, B ()

By the dominated convergence theorem, we see from this formula that u is (a.e. equal to) a continuous
function on ; moreover, taking s < r < d(z, 2¢), we obtain

1 / 1
u(y)dy = / u
|B(z,7)\B(, 5)| JB(2,r)\B(z,5) |B(z,7)| = [B(x, 8)| B2,

1
TEEATTFE T oy O
_ Bl 1B
|B(x.7)| — |B(x, )| |B(x,7)| — |B(z, s)]
Using the polar coordinates and passing to the limit s — r gives then, since u is continuous,

1
o(S1)

where Sy = {y € RY | |y| = 1} = 9By and o is the (N — 1)-dimensional measure on Sj.
Using the polar coordinates once again, and the fact that p, is spherically invariant (that is to say,
pn(x) = 0, (|7]) for a 6, : RT — R™), we get, for all n > 1 and all = € Q,,,

up(z) = /Ol/n (/S u(z +ry) da(y)) N0, (r) dr

1/n
- / (SN0, (r) dr

/1/"/51 on(ry)rN Y do(y) dr = u(x )/Bl/n pu(t) dt = u(z),

which implies that u € C*(Q,,) for all n > 1, that is to say u € C*°(Q). m

u(z) = u(zx).

u(z) = / u(z + ry) do(y) for all x € Q and r < d(z, Q°),
S
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6.6.2 Lemmas for Proposition 6.2

Recall that |- | is the Euclidean norm on R, ||-|| is any norm on R! and, when B € M;(R), || B|| denotes
the induced norm.

The following result is a (very simple) particular case of the Cauchy-Kowalewska Theorem (see [33]). We
however state and prove it, because we need the precise estimates on the time-space range of existence
of the “local” solution given by the Cauchy-Kowalewska Theorem.

Lemma 6.3 Let (By,...,By) bel x [ real matrices; we denote M = Efil \|Bi||. Letr € R}, and e > 0
such that 4AMr(N 4 1)e < 1 and denote V = {(z,t) € RN xR | [z < r, [t| < e(r® —|z[*)}. Then, for
any polynomial function F : RNT1 — R!, there exists f € (C(V)) such that

N
fe(z,t) + ZBifmi(x,t) = F(x,t), (x,t) €V,
i=1

f(x,s(r2 - |$|2)) =0, |33'| <

(6.27)

Proof of Lemma 6.3

If M = 0, then B; = 0 for all i € [1, N] and the result is quite simple: the function f(z,t) =
f;(ﬂ_‘xp) F(z,s)ds defined and C* on RY x R is a solution to (6.27).

We suppose thus from now on that M > 0.

Let 6 : RV+L — RN+ be the C-diffeomorphism 6(y, s) = (2My, s +£(r? — |2My]|?)). Denote G = F o0
(G is also a polynomial function), U = {(y,s) € RN | |y| < r/2M , |s| < r/2M} and suppose we have
found g € (C>(U))" solution of

N N
gs(yvs) +4Me (El yiBi) gs(yvs) + ﬁ ; B’Lgyz (yv S) = G<ya 5)7 (yv S) € Ua (628)
9(y,0) =0, lyl < r/2M.

Then, f =go 0~ € (C>®((U)))! and, since O(U) D V (because 4Mre < 1/(N +1) < 1), f € (C>®(V))};
moreover, f(z,t) = g(x/2M,t — e(r? — |z|?)) and we have thus, for all (z,t) € V,

N N
B )+ 3 Bife(t) = gu(e/2M,t = =0 = [of?))) + 2 3 2M oL Big, (a/2M,t — (2 — Ja*)
i=1

i=1
1 N
_ ) 2 2
+307 2 Dit /20t~ €02 ~ o)
= G@/2Mt— e — o)) = F(a,1),

with f(z,e(r? — |z]?)) = g(x/2M,0) = 0 as soon as |z| < r. Thus, solving (6.28) is enough to prove the
lemma.

We search a solution to (6.28) under the form of a power series:

9Wss) = D Gasy™s®

aeNN | keN

(where y® = y{* - y%N) with gox € RL Tt is then well known that, by denoting Dy = Dyl ---Dyx
and o! = an!...an!, we must have g, = Dy D¥g(0,0)/alk!. We will now compute these coefficients by

supposing that g satisfies (6.28) and, then, show that the obtained coefficients define a C>° function on
U.
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Using the second equation of (6.28), we see that D{jg(0,0) = 0 for all a € N¥. By applying, for
(a,k) = (e, ...,an, k) € NV x N, D2D¥ to the first equation of (6.28) and using Leibniz’ formula, we
find

N
DYDE gy, s) + AMeY (y:iBiDgDE g(y. s) + ai BiDy“ DE g(y. 5))
=1
N
1
. +ei nk _ k
+ 5 ;szg “DFg(y,s) = DYDEG(y, s),

where e; is the element of NV which has 1 on the i*® position and 0 on the other positions (Dy~c is the
null operator if a;; = 0). Thus,

N N

. . 1 .

DEDE 1 g(0,0) = DY DEG(0,0) —4Me > a; BiDg ™ DEg(0,0) — 7 > B;iDg e DEg(0,0).
i=1 1=1

Define aq,0 = 0 (for all & € NV) and, by induction on k and |«| = Zf;l i, for « € NN and k € N,

N N
1
a1 = DYDEG(0,0) — AMe § @iBia—e, k41~ 537 § Bio e,k (6.29)
=1

i=1

(no matter the definition of Ga—e; k+1 When a; = 0: since these coefficients are always multiplied by «;,
they can be omited in the sums up above).

We will now obtain an estimate on these aq . By denoting K,, = 2 sup{|laail|, |a| +k = n}, (6.29)
gives us, for all n > 0 and with (a, k) € NV such that |a| + k = n,

N 1 XN
laae1ll < 1Dy DEG(0,0)]] + 4M€; |Billain!Kn + 577 ; 1Bill(n + DUy 41
1
< [|DYDEG(0,0)]| + 4M3e(n + 1)K, + 5+ DK,

Taking the suppremum of this on all (a, k) € NV*! with ||+ k = n (recall that a, 0 = 0 for all & € NV)

and diving by (n + 1)!, we get

SUP|q|+k=n ||D3D§G(Ov O) H
(n+1)!

that is to say, with C,, = ﬁ SUD|o| 1 k=n || Dy DEG(0,0)]],

Kn+1 S

1
+4M?cK,, + 3 Kni1,

K,i1 <C, +8M%*K,  foralln>0.
We deduce from this the estimate that, for all n > 1 (recall that Ky = 0),
Kn<Cn1+ (8M2%)Cp o4 -+ (8M2%e)Cpq 1 + - + (8M2)" 1y,

But, by denoting ng the degree of the polynomial GG, we have C),,_1_; = 0 as soon as n — 1 — [ > ng; by
taking C' = sup(Cy, ..., Cy,) and n > ng + 1, the preceding estimate is reduced to

K, < C@BM?*)" 1" (1+8M?%*+...+ (8M?*c)™).

Thanks to the hypothesis on ¢, there exists thus 2 > 7/2M such that 8M?2%s < 1/(N + 1)R; we can thus
find K € R such that, for all n > 0, K,, < K/((N + 1)R)", that is to say:

K(|a| + k)!

for all (a, k) € NV, [|aq,k (N + )Rl &

| < (6.30)
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Using the fact that, as soon as sup;cy v [yi| < R and [s| < R, the series

> (o + B)! [y -+ [yn |~ |s]*
k!l (N +1)R)lal+k

aeNN | keN
_ (lof + K)! |y1| “ lyn| o |s] k
- 2231 a%;n alk! <<N+ 1>R) (<N+ 1)R> ((N+ 1>R)
_ |y lyn| |s| "
_nzz% ((N+1)R+"'+ (N+1)R+ (N+1)R>

1
"I (nl/(N+ DR+ +ynl/(N+ DR+ [s[/(N + DR)

converges (because (Jy1]+ ...+ |yn| + |s])/((IN + 1)R) < 1), we can prove, thanks to (6.30), that

o Aok o k
gy, s)= Y, TR
aeNN | keN

converges on W = {(y,s) € RY x R | sup,c;y n1|vil < R, |s| < R} and defines a function which is C>
on W (the derivative of g being obtained as the series of the derivatives of (;”,”k’? ysh).

Since aq,0 = 0 for all @ € NV, we have g(y,0) = 0 as soon as (y,0) € W. Moreover, S(y,s) =
gs(y,s) +4M€(Z¢]\L1 YiBi)gs(y, $) + 557 ZZ]\LI Bigy,(y,s) — G(y, s) is a power series on W, the derivatives
of which all vanish at (y, s) = (0,0) (the aq,r have been constructed to satisfy this property): thus, S =0
on W.

But W D {(y,s) e RN xR | |y| < R, |s| < R} D U (recall that R > r/2M), so that g € (C=(U))"
satisfies (6.28). m

Lemma 6.4 Let (r,e) € (R})? and K > 1+ 2er + . There exists C > 0 and (y,)n>1 € C°(RY x R)
such that, by denoting V,, = {(x,t) e RN x R | |z| <r—1/n, |t| < e(r® — |z|*) — K/n}, we have, for all
n>1:

supp(yn) C V = {(z,1) € RY x R [ || <7, [t] < e(r? — |2[*)},
[YnllLoe miv xmy < 1,

=1 onVy,

||v(m7t)’yn”L°°(]RN><R) <Cn.

Proof of Lemma 6.4
Take p € C*(RNF1), the support of which is included in {(z,t) € RN xR | |z| < 1, [t| <1}, p >0
and [oni p(z,t)dedt = 1. Let py(z,t) = nVT'p(nx,nt); the support of p, is included in {(z,t) €
RN xR | |z| < 1/n, |t| < 1/n}
Define v, = 1y, * pan; n is in C°(RY x R) and is bounded by 1 in L>®(RY x R) (Young inequality).
For X € {z1,...,zn,t}, one has

% =1 * pan

Y T X

0X
and, since Ox pan(7,t) = 2n x (2n)NT10x p(2nz, 2nt), we get, thanks to Young inequality,

0Vn
0X

|t
Loo (RN xR) X

L1(RN xR)

dp
< 2n||=%
- ”Hax

LI(RN xR



128 CHAPITRE 6. THE HYPERBOLICITY CONDITION

To conclude the proof of this lemma, we will need the following computations. Let (p,q) € N* and
(z,t) € V,, (2/, ') € RY x R such that |2/| < 1/q and |#'| < 1/¢; we notice first that

1 1
|z + 2’| <|z|+ || <7 — 5 + 7 (6.31)

Since |z + /)% = |z|> + 22 - 2’ + |2']? < |z|? + 2|2|/q + 1/¢® < |z|? + 2r/q + 1/q, we have

K 2er B 1
e(r? —lz4+2'?) > [t|l+— - — =+t~
D q q q

K 4 2 2

(2 b 2P (6.32)
Let us now check that supp(y,) C V. We know that supp(y,) C Vay, + supp(p2y,); by taking p = ¢ = 2n
in (6.31) and (6.32) we see, thanks to the hypothesis on K, that Vs, 4+ supp(p2,) C V.

The last property on 7, is also easy to check. If (z,t) € V, then, with (p,q) = (n,2n) in (6.31) and
(6.32), one sees, thanks to the hypothesis on K, that (z,t) — supp(pn) C Van so that

it = [ pan((e.t) = (s dyds = [ pan(y.s)dyds = 1.
VorN(x,t)—supp(pan) supp(p2n)

The sequence (7y,,)n>1 satisfies thus the conclusions of the lemma. m



Chapitre 7

Un contre-exemple intéressant

7.1 Hyperbolique “Fourier” et Hyperbolique au sens de [37]

Lorsque 'on demande que le probleme soit bien posé au sens de Hadamard dans C(R; L2(RY)), une petite
étude de Fourier (voir [67]) donne la condition nécessaire suivante: supgcg~ ||eiZ§V:1 43| < 400, ce qui
revient & dire (cf [48]) que les matrices E;VZI & A doivent étre uniformément diagonalisables lorsque £ €
RY. Etant donné 'homogénéité de ces matrices, c’est équivalent & dire qu’il existe P : SV~ — GL(I; R)
tel que supgcgv—1 [[P(E)]||P(£) || < +00 et, pour tout & € SV, P(£) ! Zjvzl &AjP(§) est diagonale.
Cette condition semble plus forte que notre condition d’hyperbolicité (olt 'on ne demande pas de borne
sur [|[PE)|]||P(€)71]]). En fait, en dimension N = 1, ces conditions sont trivialement équivalentes (car
SN=1 est alors réduit & deux points, et il n’y a qu’une seule matrice & diagonaliser); lorsque N = [ = 2,
on peut prouver que tout systéme hyperbolique (en notre sens) est symétrisable, et donc hyperbolique
au sens de [67]. Cependant, lorsque N > 2 et [ > 3, les deux notions d’hyperbolicité different et celle de
[67] est strictement plus forte, en général, que la notre (comme cela a déja été signalé en remarque 6.2).

7.1.1 Cas N =[=2 (d’apres ’exercice 3.9 de [67])

On suppose donc que N = [ = 2 et que le systeme est hyperbolique au sens de la définition 6.2; nous
allons montrer que ce systéme est alors symétrisable (i.e. qu'il existe une matrice S symétrique définie
positive telle que SA; et S Az soient symétriques), ce qui impliquera en particulier qu’il est hyperbolique
au sens de [67].

Commencons par remarquer que 1’on peut se ramener au cas ot A; est diagonale; en effet, par hypothese
A; est diagonalisable, i.e. il existe P inversible telle que PA,P~1 soit diagonale.

Supposons que nous ayons trouvé S symétrique définie positive telle que SPA,P~! et SPAy;P~! soient
diagonales; alors S" = PTSP est symétrique définie positive et, pour i € {1,2},

S'A; = PTSPA; = PT(SPA;P~1P

est symétrique.
Quitte a remplacer (A;);ef,2) par (PAiP_l)Z—E[LQ], ce qui ne change pas I’hyperbolicité du systéme, on
peut donc supposer que A; est diagonale.

Si A; est proportionnelle a I'identité, disons ald, alors le résultat est évident; en prenant S symétrique
définie positive telle que SAy est symétrique (un tel S existe toujours: il suffit de prendre une matrice
P inversible telle que PA; P~ soit diagonale, puis de poser S = PTP), on constate que SA; = aS est
aussi symétrique.

On peut donc maintenant supposer que A; = diag(a, §) avec a # (3.

129
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Ecrivons A2 = ((ai,j))(i,j)e[1,22; pour tout A € R, le polynéme caractéristique de AA; + Az, c’est a dire
X2 —(a17 + A+ a2z + AB)X + (a1,1 + Aa)(az,2 + A\3) — ai,2a2,1 ne doit avoir que des racines réelles.
Son discriminant

A = (a11+ a+az2+ 2\3)% + daq pa21 — 4(a1,1 + da)(az,2 + AB)
= (a11 4+ Xa — (az2 + \B))? + 4ay 2021
= (a—PB)°N —2(a—B)(a1,1 — a2 2)A + 4a;1 2021 + (a1 — az,2)*

doit donc toujours étre positif ou nul. Ce discriminant étant lui-méme un polynéme en A\, ses racines
doivent donc étre complexes non réelles ou réelles doubles; cela signifie que son propre discriminant en A
doit étre négatif ou nul:

(= B)*(a1,1 — a2,2)® — (4ay2a2,1 + (a1,1 — az2)?)(a — 3)* <0.

Comme a # 3, cela implique donc aq 2a2,1 > 0.
Siai =0, alors AA; + Ay s’écrit
a1,1 + Ao az,1
0 az2+ A8 )’

Cette matrice devant étre diagonalisable pour tout A € R, en particulier pour A = (az2 — a1,1)/(e — 3)
(A pour lequel les éléments diagonaux sont égaux), on en déduit que az 1 = 0. De méme, si as 1 = 0, on
prouve que a2 = 0.

Ainsi, on a soit a12 = a1 = 0, soit a; 2a21 > 0; dans le premier cas, Ay est diagonale et A; et A sont
donc déja symétriques. Dans le deuxieme cas, a1 2 et az 1 ayant le méme signe,

1 0

= (L)
0 2z

est symétrique définie positive et on constate par le calcul que SA; et SAs sont symétriques.

Le fait qu'un systéme symétrisable soit hyperbolique au sens de [67] est assez simple & voir.

En notant S une matrice symétrique définie positive telle que, pour tout i € [1, N], SA; soit symétrique,
on prend H la racine carrée symétrique définie positive de S et on constate que HA;H~! = H-1SA,H~*
est symétrique; ainsi, pour tout ¢ € RN, H Zf\il &A;H™! est symétrique, donc diagonalisable dans
une base orthonormée: on peut trouver P(¢) orthogonale telle que P(&)H ZZ]\;l EAHTP(E)™! soit
diagonale.

Ainsi, P(¢) = P(¢)H diagonalise ZZ]\;l & A; et, puisque P(¢) est orthogonale, supgegn || P(§)]] < +00 et
supgern [|[P(€) || < +o0, ce qui suffit & voir que le systéme est hyperbolique au sens de [67].

7.1.2 Cas général

Comme nous 'avons dit, lorsque N > 2 et | > 3, les notions d’hyperbolicité de [67] et de la définition 6.2
different. Voici un exemple. Prenons N =2, =3 et

Al = et A2 = (71)

o O O
o O O
_ o O
—= = O
N OO
SN O

Ay est clairement diagonalisable (elle est diagonale!l) et, pour A € R, une étude du polynéme car-
actéristique de AA; + Ay donne pour valeurs propres 0, (A++v/ A2 + 16)/2 et (A— /A2 4 16)/2; ces valeurs
propres étant deux & deux distinctes, AA; + Ay est diagonalisable.
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Ainsi, pour tout £ € R?, & A1 + &3 A5 est diagonalisable: le systeme considéré est donc hyperbolique au
sens de la définition 6.2 (mais non strictement hyperbolique, car A; a 0 comme valeur propre double).
Nous allons cependant prouver que ce systéme n’est pas hyperbolique au sens de [67].

On voit assez simplement que, pour A € R, les sous-espaces propres de AA; + As sont respectivement

ker(AA; + Ay — 0Id) = R(—4,2 — )\, 2)7
A VAT 116
ker <)\A1 4 Ay - %M) —R(0,4, A+ /A2 + 16)7

A— VA2 116
ker ()\Al 1Ay — %Id) =R(0,4,A— /A2 +16)7.

Lorsque Q 1 (AA;1+A42)Q est diagonale, les colonnes de la matrice @ sont des vecteurs propres de AA; + As,
donc des multiples des vecteurs générateurs des sous-espaces propres décrits ci-dessus (car tous ces sous-
espaces propres sont de dimension 1); il existe donc une matrice de permutation P et trois réels non-nuls
a1, as et ag tels que

—4o 0 0
Q = (2 - )\)011 40(2 40[3 P
20[1 ()\ + vV )\2 —|— 16)0[2 ()\ —V )\2 —|— 16)0(3
Notons
7401 0 0
Qa=| 2=Nas 4oy 4o

3
2001 ()\ + VA2 + 16)042 ()\ — VA2 + 16)&3

Un simple calcul par co-matrice donne
-1
— 0 0
40&1
1 8—(2=NA=VAX2+16) VAZ+16— ) 1
Qo = 3200V22 + 16 8azVAZ+16  200VA2 + 16
2= NA+VAEF+16) —8 A+ VAZ+16 1
32a3v 2 + 16 8azV A2 +16  2a3vV A2+ 16
Soit N la norme sur M;(R) du suppremum des coefficients; cette norme étant équivalente a |||/, il existe
C >0 tel que N(-) < || - [|-
Puisque Qo = QP et Q1 = PQ 1, avec P et P! des matrices de permutation, on a N(Q) = N(Qq)
et N(Q 1) = N(Q,'), done N(Qa)N(Q") < C?||Q[ [|Q].
Le coefficient (2,1) de Q4 nous dit que N(Qq) > |2 — Al|aa], et le coefficient (1,1) de Q.' donne
N(Q,") > 1/4|an|; ainsi, N(Qa)N(Q,Y) > |2 — A|/4.
On a donc prouvé que, pour toute matrice @) diagonalisant AA; + Az, on a [|Q|]||Q]]~! > |2 — A|/4C2.

Soit P : ST — GL(I;R) telle que, pour tout & € S, P(&) (&1 A1 + &242) P(€) soit diagonale. Lorsque
& # 0, la matrice P(€) diagonalise %Al + Ag et on a donc ||P()|[||P(&)7| > |2 — &1/&|/4C?, ce qui
prouve que ||P(&)]|||P(¢)~|] ne peut étre borné sur S (cette quantité tend, lorsque & — (1,0) avec
& # 0, vers linfini).

Le systéme considéré n’est donc pas hyperbolique au sens de [67].

7.2 Non-résolubilités du systéme défini par (A4, A,)

Lorsque la condition initiale u® d’un systéme hyperbolique de la forme (6.1) ne dépend que d'une direction

¢ e SN (ie. ug(x) = f(z-€)), on peut exprimer explicitement la solution correspondante en fonction

de u.
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Faisons-le, dans un cas particulier, pour le systéme défini par les matrices (7.1).

Soit f € L .(R) et A € R. Considérons, en notant & = \//\%H()" 1) € S, la condition initiale
4
V@)= 0 | flz-¢) (7.2)
0
Puisque la décomposition du vecteur (4,0, O)T sur la base propre de {1471 + 42 = ﬁ(k/h + Az)
donnée dans la partie 7.1.2 est
4 4 0 0
0 |=| Ax=2 | +al) 4 + 6(N) 4
0 -2 A+vVA2+16 A—VA2+16
avec ( )
2—A 1 AA—2 1
a(d) = + + =0 —= lorsque A — 00
9 8 VA2+16  8/\2+16 <A2) 4
et
2—A 1 A(A—2 A
BA) = ( ) —=(14+~9(\) ouvy(A) =0(1/]) lorsque A — oo,

8 VN+i16 8/ii6 4

la solution u du systéme définit par (A1, As) (lorsque © = R?) pour la condition initiale u%®) est

4 0
uNz,t) = | A-2 | fl@-&=a) +a) 4 [z &= ca(N)t)
2 A+ VA2 +16
0
+8(\) 4 fla &= es(N)t) (7.3)
A—VA2+16

ot ¢1(A) = 0 est la valeur propre associée au premier vecteur propre de ﬁ()\%h + Az), ca(N) =
% V/\’\:_rlw =14 &()) est la valeur propre associée au deuxiéme vecteur propre de ﬁ()\z‘h + As) (on
ae(X) = O(1/)?) lorsque A — o) et c3()\) = % V;‘;Llﬁ = —55(1+n(X)) est la valeur propre associée au
troisiéme vecteur propre de ﬁ()\fh + A) (on a n(\) = O(1/A?) lorsque A — o).

En notant 7, f(2) = f(z 4+ k), on peut donc écrire u™ (z,t) = v (z - £, 1) avec

4 0
vV (z,t) = | A=2 | f(z) +a() 4 T ey f (2)
2 A+ VA2 416
0
+B(N) 4 T_csoef (2)- (7.4)
A—VA2+16

Un changement de variable donné par Q7, ot ) est une matrice orthognale telle que Q¢ = (1,0) (ce qui
est possible puisque |¢| = 1), nous permet donc de voir que (puisque ] — 1, 1[2C By — rappelons que B
est la boule euclidienne de R? de centre 0 et de rayon 2)

1
/ / M (2, )| dadt
0 32
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1
= // 0 (2 - &, )| dadt
0 Bs
1
= [ ] o™ @Qa.0) o
0 B
1
= // [0 (21, t)| daedt
0 Bs

1 1 1
Z / / / |7’(>\)(£U1,t)|dw1 dxsy dt
2 / / (2,t)| dz dt
2 / / [ (2, 1)] dz dt
2 / / A=2)f +4aN)T e, e f +ABNT s fdzdt
> / / A= 2)f = AL+ YA T—ey e f1 dz dt — [|[4a(N)T— ey e f Il £1 (= 1,1(x]0,10)
= W / / = Tesef () dz dt = 4|a) I F 1122 g-1-1es 01141201 = 2 g1
=PVt g-1-tes )11+ 1es01D-
En notant

My =sup|a(N)] < oo, Mz =sup|dy(N)| <oo, Cz=sup|ca(N)] <oo et Cs=suplcs(A)] < oo,
AR AR AR AER

on en déduit

|)\|// F(2) = Toouoef (2)] dz dt

AML |l g =1=contcan + 2l g=1,1p + M2l fll2r g—1-c4,14C5])
oM 22 g-1,11x0,1)2 (7.5)
AMA||fllzr-1-conrcap + 2 FllLrq-1ap + M|l fllLrq-1-0s51405)
M 22 By x[0,11)2- (7.6)

IN

7.2.1 Une fonction f particuliere

L’équation (7.6) nous dit que, si u* est bornée dans L' (B x [0, 1])?, alors

/ 1 / 11 1) = mesnf Gz =0 (137

Nous exhibons ici une fonction f, continue bornée sur R, qui ne vérifie pas cette propriété.

Lemme 7.1 Si « €]0,1], i existe f € C(R), C > 0 et hg €]0,1] tels que, pour tout h €]0, ho[, en notant
ful@) =4 [ F(@)dt, on a

/ F(2) = fu(2)] dz > Che,
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Preuve du lemme 7.1
On cherche f sous la forme f(z) = zPsin(z ™), ou p et n sont des réels strictement positifs & déterminer.

Grace a une intégration par parties, on a

1
/f:/zpsm(zin) dz = —/Zp+”+1 (nzfnfl sin(zfn)) dx

n
1 d

- — p+n+1_ 2 —n
L[ oz de
L 1

= _Zp+n+1 COS(Zin) _ w /Zp+n COS(an) dz.
n n

Fixons 3 €]0,af; lorsque h < 1 et 0 < z < h? — h, on a donc

hn ((z+ R cos((z + b)) — 2P cos(=™))

1
Bl = |
hn
op(p+n+1)8-1 (n+p+ 1)h(p+n)ﬁ
+

n n
CyhPnt1)s-1

1 z+h
_ntp+l / 1 cos(s—™) ds
z

IA

ou C7 < 400 ne dépend que de n et p (rappelons que 8 €]0,1[ et que h < 1, de sorte que =P < 1).
Ainsi,
hP—h
/ ()] dz < CLh®+n+28=1, (7.7)
0

s_ o
On veut maintenant minorer foh h |f(2)|dz = foh h 2P| sin(z~"™)| dz. Avec le changement de variable

y =2"" et en notant p, = h® —h, on a

hP—h 1 [ .
[ @l = [ty E i)y
0 "

n

1 2km+m ptndr

- y~ v sin(y) dy.
E>kn 2km

ot ky, = [p,"/27] + 1 ([-] désigne la partie entiere d'un réel). Comme sin > v/2/2 sur [2k7 + 7 /4, 2k7 +
3w /4], on en déduit

/ el

\/5 2km+37 /4 it
> = / yo oo dy
n k>ky, 2km+m/4
ptntl
V2 1 T\ 1B 3\
> %k;k 7&,1 <2kﬂ'+z> (2kﬂ'+z> .
ZKh n

Mais, par le théoréme des accroissements finis, pour tout k € N, il existe 6 € [0, 1] tel que

1—ptntl _ ptn+1

7\ 1= 37 n T p+n+1 T T n
2 — -2 — = — — 1) (2 — -
(k7r+4> <k7r—|—4> 2><< )(kw+4—|—92)

n
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> Oy@k+1)m) T
Z Cgk‘ier:lH»l

ot Cs > 0 et C3 > 0 ne dépendent que de n et p. Ainsi,
h?—=h ptntl
/ F@)ld: > 0 Y K
0 k>kr,

avec Cy > 0 ne dépendant que de n et p. La fonction s — s~ ®T7+1/7 &tant décroissante, on a
1 1 ntptl 1 _ptl

oo
_ptntl _ptn+tl
POLE Z/ s BEamm ke " S amm
k>kp kn n n

En constatant que kj, = [u,"/27] + 1 < (p,"/2m) 4+ 2, on en déduit
_pt1

K8 —h “n — B 1 +
/ If(2)|dz > Cs (”L + 2) = Cs (— + 2;4;) it
0 27 2

ot C5 > 0 ne dépend que de n et p. Puisque pp, = h% — h € [h?/2,1] lorsque h < (1/2)1/(17[3), on a
finalement, pour h < (1/2)*/(-0),

hP—h _pt1
1 n h(p+1)3
/0 f(2)ldz > Cs (5 + 2) T = Ceh @18 (7.8)

ou Cg > 0 ne dépend que de n et p.

De (7.7) et (7.8), on tire, lorsque h < (1/2)Y/(1-5),

IIlf = fallcrgoany = f = fallegons—np
> N flergons—np = NfnllLrqo,ns—np
> Cﬁh(m—l)ﬁ _ Clh(p+n+2)6—1
> (Cg — CLAMHDA= e+ D)5,

On choisit maintenant p > 0 tel que (p + 1) = « (ce choix est possible car § < «a) et n > 0 tel que
(n+1)3—1 > 0; il existe alors hg €]0, (1/2)"/(=A)[ ne dépendant que de n et 3 tel que, pour tout h < ho,
Cg — CLh(nHDA-1 > Cs/2; on a alors, pour h < hy,

Cs
If = Fullergoan = 5 R
ce qui conclut la preuve de ce lemme. m

Prenons o =1/4 et f € C(R), C > 0 et hg €]0,1[ donnés par le lemme 7.1 pour cet a.

On a, pour r > 0,
1 z+r 1 1
pe =1 [ swa= [ feertd= [ niped
z 0 0
Comme c3(\) = — (1 +n(N\)) avec n(\) = O(1/A?) lorsque A — +o0, il existe A; > 0 tel que, pour tout
A > A1, A2 < —e3()) < hg; ainsi, pour tout A > A,

| 11 / ) = s f)] dtdz > / 1

/Ol(f(z> — T_cantf(2)) dt‘ dz
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1 1
> /0 f(Z)*/0 T—cS(»tf(Z)dt‘ dz
1
> i 1f(2) = focaon (2)] dz
> ClesW)* > Ox 1 (7.9)

Cette relation ne faisant intervenir les valeurs de f que sur un compact de R, on peut aussi supposer,
quitte & changer f hors de ce compact, que f € C.(R).

7.2.2 Non-résolubilité L> — [}

loc

Lorsque la condition initiale est de type Riemann, la forme trés particuliere des solutions permet de voir
que l'on a une estimation sur la solution dans les espaces (L{ _(R?x]0, 00[))® en fonction de la norme de
la condition initiale dans (L (R?))® (pour ¢ > 1 assez petit et p < co assez grand), estimation qui est
indépendante de la direction de la condition initiale de type Riemann.

Cependant, cette estimation ne permet pas de résoudre le systeme considéré pour toute condition initiale

dans (L*°(R?))3 (ou méme dans un espace plus petit).

Supposons en effet que, pour toute condition initiale u® € E = (C(IR?))2, on puisse trouver une solution
u€ F = (L (R*x[0,00]))* au systéme défini par (A1, A2) pour la condition initiale u"; par le corollaire
6.2, on a unicité de cette solution et Iapplication L : u® € E — u € F est alors bien définie; on voit
immédiatement que L est linéaire.

Les espaces F et F' étant métriques complets, L est continue si et seulement si son graphe est fermé. Or,
si (u?),>1 € E converge vers u” dans E et (L(u?))n>1 = (un)n>1 € F converge vers u dans F, alors
on constate en passant a la limite dans I'équation faible satisfaite par (u")n>1 que u est la solution du
systéme défini par (A1, A2) pour la condition initiale u°, c’est & dire que u = L(u"). Le graphe de L
étant fermé, L est donc bien continue.

En particulier, en prenant la fonction f € C(R) construite en 7.2.1, A € R et u%N € E définie par (7.2)
(rappelons que & = —=—=(X, 1)), on a [[uM||(z1(B, (0,12 < Cllu®V||g < 4C||fle, (r). ot C ne dépend
pas de A (on a traduit la continuité de L et le fait que u = L(u®W)). En injectant cette estimation
dans (7.6), on en déduit qu’il existe C’ > 0 tel que, pour tout A € R,

!

1 .1 o
/ / |f(z) — chs(A)tf(Z)| dzdt < —.
0o J-1 BY

f vérifiant (7.9), on en déduit que C’A~1 > CA~1/2 pour tout A assez grand, avec C' et C’ indépendants
de A, ce qui est une contradiction.

7.2.3 Non-résolubilité BV, — BV

Supposons maintenant que, pour tout ug € (BViec(R?))3, il existe une solution u € (L{, (R? x [0, 00[))3
au systeme défini par (A;, Az), pour la condition initiale u%, qui soit dans (L{, ([0, c0[; BV (Bz3)))? (*).

Comme au début de la sous-section 7.2.2, par le théoreme du graphe fermé, Iapplication L : u® €
(BVioc(R?))3 — u € (L (R? x [0,00]))* N (L, ([0, 00[; BV (Bz))? serait bien définie et linéaire continue.

En particulier, il existerait R > 0 et C > 0 tel que, pour tout u® € (BVjoc(R?))3,

DL L(u) | 0,1 Mmp (B2 + D2 L)Lt (0,110, (B2))
< Cllu®ll(rr Ry + ClID1U°l| My ()2 + ClID2u’ || My (Br))? - (7.10)

IRappelons que, pour 7 > 0, BV (B;) est le Banach formé des fonctions f € L'(B;) telles que D1 f et Daf soient des
mesures finies sur By, muni de la norme ||f|| (g, + |[D1fllmy B,y + D2 flI My (Br)- BVioe(R?) est I'espace métrique
complet formé des fonctions f € L{ (R?) qui sont dans BV (By) pour tout 7 > 0; il est muni de la famille dénombrable de
semi-normes || |11z, ) + D1/l aes (5 + 1D2fllaty 5, (1> 1):
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Soit f € Cy(R) et F(z) = [ f(s)ds; F est dans C'(R). On se donne A € R et & = m()\ 1).
Lorsque U%WM (z) = (4,0,0)TF( - €), on voit sur 'expression de la solution U™ du systeme défini
par (A;, Az) pour la condition initiale U%XN (UM est donnée par (7.3) ot 'on a changé f en F) que
UM € (CHR? x [0,00[))%; grace & cette régularité, et puisque || = 1, on constate que u™(z,t) =
€10, UM (2,1) + €20, UM (2, 1) € (C(R? x [0,00[))? est solution du systéme défini par (A1, A3) avec la
condition initiale u®»M (z) = (4,0,0)T f(x - £).
f et u™ sont donc liés par (7.6). Mais, puisque U™ est de classe C?,

eV Baxioims < 1€l 1100, UM w1 (Baxio,1mys + €2l 102U 2352 x 10,103

< NIDWU @ oapamte(Ba® + DUVl qoapmy e (7:11)

De plus, par un changement de variable défini par QT (oi1 @ est une matrice orthogonale telle que

QE = (15 0))7
NUO L1 Byys + 1D1U D (ay (B + 11D2U" V|| (ay (B
4/ |F(£L‘1)‘d$1 dxo +4‘§1|/ 1‘1 |d$(}1 dxo +4|§2|/ SL’l |d£L‘1 dxa
Br

A[Br|R||flle, =) + 8IBrl |l.fllc, ) (7.12)

IN

IN

car, lorsque x € Br, |F(z1)] < [z1| [|flle, ) < Rl[flle,®)-
On déduit donc, de (7.6), (7.10) appliqué & U° au lieu de u° et de (7.11), (7.12) que

|)\|// 1f(2) = T_cyoe f(2)| dzdt

< (AM(242C3) + 4 + M3(2 + 2C3) 4 4C|Bgr|R + 8C|Br|)|| fllc, ()

ce qui nous conduit, grace a (7.9) et comme en 7.2.2, & une contradiction.
On ne peut donc, pour tout u® € (BViec(R?))3, trouver une solution u € (Li,.
dans (L ([0,00[; BV (B2)))3.

loc

(R? x [0, 00[))3 qui soit

7.3 Instabilité d’un systeme hyperbolique par rapport au flux

Considérons le probleme

(we)(z,t) + (ge(we))2(2,) =0 t>0, zeR,
{ we(z, O) OEJZ) z €R, (7.13)

ot g : Rl — Rl et w® : R — R!. On suppose que g. converge (en un sens & préciser) vers une certaine
fonction g lorsque ¢ — 0 (w? reste fixé). La question naturelle est de savoir si “la” solution w. de (7.13)
tend vers “la” solution w du systéme (7.13) avec g a la place de g..

Lucier [54] a déja apporté une réponse a cette question dans le cas scalaire (i.e. [ = 1): si g. — g dans
I'espace des fonctions lipschitziennes sur R et si w” € L{ (R) N BVjoc(R), alors la solution entropique de
(7.13) converge, lorsque £ — 0, vers la solution entropique de (7.13) oll g. est remplacé par g. En fait,
grace au principe de comparaison L' des solutions entropiques par rapport & leur condition initiale (cf.
[67]), ce résultat reste vrai lorsque I'on suppose seulement w® € L{ (R).

La question suivante serait de savoir si ce résultat se généralise au cas des systemes. La premiere difficulté
est bien siir de définir “la” solution de (7.13): en général, lorsque g. est non linéaire, on n’a pas de théoréme
d’unicité pour (7.13).
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On peut donc commencer par considérer le cas linéaire, pour lequel la solution faible est unique (corollaire
6.2). Prenons | = 3 et g-(w) = B(e)w, avec B(e) € M3(R) diagonalisable sur R (?). Le systéme alors
considéré est

{ (we)e(2.6) + BE)(we)s(2,) =0 £>0, z€R, (7.14)

we(2,0) = w®(2) z € R,

et on suppose que B(g) — B dans M3(R) lorsque ¢ — 0, avec B diagonalisable sur R. On voudrait savoir
si w. — w, au moins dans (My(Bgr x [0, R[))? faible-* pour tout R > 0 (i.e. contre toute fonction de
C.(R? x [0,00])), avec w solution de (7.14) lorsque B(g) est remplacé par B (remarquons que, avec nos
hypotheses, le probleme (7.14) est, pour tout £ > 0, bien posé au sens de Hadamard dans (L?(R))3).
Mais, contrairement au cas scalaire, méme dans ce cas simple, nous allons voir que la réponse est négative
en général. Et le contre-exemple que nous construisons se base encore une fois sur les matrices (Aj, Az)
données par (7.1).

En notant A = ¢~! on prend B(e) = \/,\>2\+1A1 + \/)\£+1A2 et w’(z) = (4,0,0)T f(z) avec f construite en
7.2.1. B(e) converge, lorsque £ — 0, vers A; (et toutes ces matrices sont bien diagonalisables sur R).
La solution w. de (7.14) est alors v donnée par (7.4). Supposons que, pour un X > 0, (v(/\)))\>3 soit

bornée dans (L},

L (R? % [0,00]))? (ce qui est le cas si w. converge, lorsque € — 0, dans (My(Bg x [0, R]))?

faible-* pour tout R > 0); grace a (7.5), on aurait, pour A > A,

!

1 1 C
/ / ) = s f () dzdt <
e N

ou C’ ne dépend pas de . f vérifiant (7.9) pour X assez grand, cela nous meéne & une contradiction.
we ne peut donc étre bornée, pour ¢ assez petit, dans (Li _(R? x [0,00[))® et ne converge donc pas (au
sens donné précédemment) vers w solution de (7.14) lorsque B(e) est remplacé par A;.

La cause de cette non-convergence peut s’expliquer de la maniere suivante.

Prenons B : R — M3(R) (3) continue telle que B(s) est diagonalisable sur R pour tout s € R. Si B()
a des valeurs propres de multiplicité constante (par rapport & s), alors on peut suivre continuement ces
valeurs propres et, au moins au voisinage de s = 0, une base de R? formée de vecteurs propres de B(-).
On peut alors voir, sur la formule explicite des solutions décomposées sur ces bases de vecteurs propres,
que la solution de (7.14) converge, lorsque € — 0, vers la solution de (7.14) avec B(0) a la place de B(e).
Dans I'exemple précédent, la multiplicité des valeurs propres de B(s) dépend de s (lorsque s = 0, 0 est
valeur propre double de B(0) = Aj, tandis que pour s # 0, toutes les valeurs propres de B(s) sont
distinctes). De plus, lorsque I'on regarde le comportement des vecteurs propres normalisés

. 4
A2
VE+A-22+22 |
0
! 4
Ve + (- VAETI6)2 \ A— VA 16
. 0

4
\/42 + A+ VA2416)2 \ A +VX2+16

de B(g), on constate que deux de ces vecteurs propres tendent vers (0,1,0)7, que le troisieme tend vers
(0,0,1)T et que la direction propre (1,0,0)7 de B(0) = A; n’est jamais atteinte en passant & la limite; la
condition initiale que nous avions choisie était justement portée par cette direction propre particuliere.

?Dans le cas monodimensionnel (N = 1) considéré ici, cette condition est notre condition d’hyperbolicité, qui est
équivalente a celle de [67].
3Ce que nous disons ici n’est pas limité au cas [ = 3.
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On peut aussi comprendre cette non-convergence au travers de la condition exprimant que (7.14) est
bien posé dans (L(R))*: cette condition est supcp |[e’P©)|| < co. Pour e > 0 fixé, elle est satisfaite
(puisqu’elle est alors équivalente & la diagonalisabilité sur R de B(g)). Mais elle n’est pas satisfaite
uniformément lorsque e — 0, i.e. pour tout eg > 0 on a Supg<.<., (Supger |5 ©)[|) = +o0; lorsque cette
condition est satisfaite uniformément pour ¢ — 0 et w® € (L%(R))3, il n’est pas tres dur de voir que la
solution de (7.14) pour £ > 0 converge (au moins dans (L%(]0, T[xR))3) vers la solution de ce probléme
pour ¢ = 0.
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Chapitre 8

A Density Result in Sobolev Spaces

J. Droniou.

Abstract We prove, when 1 < p < oo and € is a polygonal or regular open set in RY, the density
in W1P(Q) of a space of regular functions satisfying a Neumann condition on 9Q. We also give some
applications of this result and a generalization concerning mixed Dirichlet-Neumann boundary conditions.

8.1 Introduction

8.1.1 Definitions

N is an integer greater than or equal to 2. The usual Euclidean scalar product of two vectors (z,y) of

RY is denoted by z - y; | - | is the induced norm and “dist” the associated distance. For § > 0, By/(6)
is the Euclidean ball in R of center 0 and radius 6. When E is a measurable subset of RV, |E| is the
Lebesgue measure of E. For z € RN, we denote 2’ = (z1,...,oy_1) € RN 7L

If Q is an open set of RY and p € [1,00[, WP(Q) is the usual Sobolev space, endowed with the norm
llullwre) = ullLe) + [ [Vul [|Le (o).

Definition 8.1 Let k € N and U be an open set of R (I > 1) or of a submanifold of R'. A function
o : U — R is CPl-continuous on U if ¢ is k times continuously differentiable on U, if the k first
derivatives of ¢ are bounded on U and if the k™ derivative of ¢ is Lipschitz continuous on U. A function
is C°t-continuous on U if it is C*1-continuous on U for all k € N. When a function takes its values
into R™ for a m > 1, it is C*1-continuous if each of its component is C*'-continuous.

We denote by Ck1(U) the set of C*1-continuous functions on U and by C¥1(U) the set of functions in
CH1(U) which have a compact support in U. Notice that, for all k € NU {oc}, if ¢ € (C**(U))™ and
f € CHLR™), then fop € CHL(U).

Definition 8.2 Let Q be an open bounded set of RN (N >2) and k € NU {oc}.

i) Q has a Ck-continuous boundary if, for all a € 0, there exists an orthonormal coordinate system
R centered at a, an open set V of RN containing a, such that V.= V'x] — a,a[ in R, and a
CF-1-continuous function n : V' —] — a, a such that, in R, 00NV = {(y',n(¥)), ¥ € V'} and
QnV ={W.yn) eV |y~ >ny)}

ii) Q has a Lipschitz continuous boundary if it has a C%-continuous boundary.

iii) Q is polygonal if it has a Lipschitz continuous boundary and if its boundary is included in a finite
union of affine hyperplanes.

143
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In the sequel, the open sets ) we consider have at least a Lipschitz continuous boundary. We can then
define a (N — 1)-dimensional measure o on 9 and a unit normal n € (L*(92))" to 9 outward to
(when © has a Ck-continuous boundary, n € (C*~11(9))V).

For ¢ : RV — R and a € 052, we denote, when such a quantity exists,

aSD (a) = lim (p(a + tn(a)) — (p(a) .

on t—0 t

If ¢ is Ct-continuous, this limit exists and is equal to V(a) - n(a).

Definition 8.3 Let k € NU {co}. We define E*(S2) as the space of the restrictions to Q of functions
¢ € CHL(RN) satisfying, for o-a.e. a € 0L, g—ﬁ(a) =0.

8.1.2 Main Results

Theorem 8.1 Let p € [1,00[. If k € N\{0} or k = o0 and Q has a C¥-continuous boundary, then
EX=1(Q) is dense in WHP(Q).

Remark 8.1 i) There is, in [55], an alternate proof of this result to the one we present here. However,
this proof (which relies on the idea of transporting the problem with well-chosen diffeomorphisms)
can only be applied to open sets with at least C>'-continuous boundaries.

i) We will in fact prove a more general result than Theorem 8.1, not asking for 2 to have a C*1-
continuous boundary “everywhere” (see Theorem 8.3).

Theorem 8.2 Let p € [1,00[. If Q is a polygonal open set of RY, then E>(Q) is dense in W1P(§2).

Remark 8.2 i) We will see in Section 8.4 that there exists open sets Q0 with a Lipschitz continuous
boundary such that the space of the restrictions to Q0 of functions in CL(RY) satisfying a Neumann
boundary condition on 9 is not dense in W1P(L).

ii) (Thierry Gallouét [40]) There is an alternate result to Theorem 8.1 which avoid the loss of a
derivative (with respect to the regularity of the open set): if Q has a CY'-continuous boundary or
is polygonal convez, then for all u € H'(Q), there exists (un)n>1 € H?(Y) satisfying, for allm > 1,
Vi, -n=0c-a.e ondQ and such that u, — u in H*(Q).

The idea is to solve the following Neumann problem

V. -n=0 sur 0f2. (8.1)

{ Ve — AV = u dans €,
Q having a C*!-continuous boundary or being polygonal convex, the wariational solution to this
problem is in H*(Q); by multiplying the equation by Ave, we notice that (v:)esq is bounded in
HY(Q) and that it converges weakly in this space to u; by Mazur’s lemma, a convex combination of
the (ve)es0 converges strongly to u.

If this technique avoids the loss of a derivative (we get the density of H? functions when  has a
CY-continuous boundary), in contrary to Theorem 8.1 (density of C%'-continuous functions under
the same hypothesis), the derivatives are however far less reqular than in Theorem 8.1 (in L? instead
of L™ ). Moreover, in the case of a polygonal open set, Theorem 8.2 gives a far better result than
the method up above.
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8.2 Theorem 8.1 and a generalization

As said before, we will prove a more general result than Theorem 8.1. To state this result, we need a
generalization of Definition 8.2: when K is a compact subset of RY and k& € NU {oc}, we say that Q has
a Ck1-continuous boundary on the neighborhood of K if it satisfies item i) of Definition 8.2 not for all
a € 09, but for all a € 90N K.

With this definition, the generalization of Theorem 8.1 is the following.

Theorem 8.3 Let p € [1,00] and Q be an open set of RN with a Lipschitz continuous boundary. Let K
be a compact subset of RN, k € N\{0} or k = oo and suppose that Q has a C**-continuous boundary on
the meighborhood of K. If K is a compact subset of RN and u € WYP(Q) has a compact support in the
interior of K (*), there exists a sequence of functions (u,,),>1 € C¥~V1(RYN) with supports in the interior
of K such that u, — w in W'P(Q) as n — oo and, for alln > 1 and all a € 02N K, %= (a) = 0.

Remark 8.3 i) The global hypothesis on the boundary of Q@ (i.e. the Lipschitz continuity of 02) is
only used, in the proof, to ensure that the restrictions to Q of functions in C°(RY) are dense in
WLP(Q); thus, we could replace this hypothesis by a weaker one (for example asking that Q satisfies
the segment property, see [1]).

ii) Notice that the Neumann boundary condition is satisfied for all a € NN K, even when k =1 (in
which case it is even not obvious that %L;(a) is defined for o-a.e. a € OQNK, let alone for all
a€INNK).

This Theorem is an easy consequence of the following proposition (which states in fact the result of
Theorem 8.3 when u is regular and K = K).

Proposition 8.1 Let p € [1,00[, K be a compact subset of RN and Q be an open set of RN. Ifu €
C=(RMN) has its support in the interior of K and 2 has a C*-continuous boundary on the neighborhood
of K, there erists a sequence of functions (un)n>1 € CE~HHRYN) with supports in the interior of K such
that w, — u in WHP(Q) as n — oo and, for alln > 1 and all a € 99, %Lr;”(a) =0.

Proof of Theorem 8.3

Thanks to the definition of “Q has a C*!-continuous boundary on the neighborhood of K”, we see that
there exists a compact set K’ of RY containing K in its interior such that € has a C*!-continuous
boundary on the neighborhood of K’; let 8 € C$°(int(K”)) such that 6 = 1 on the neighborhood of K.

Q having a Lipschitz continuous boundary, there exists (¢n)n>1 € C°(RY) which converges to u in
Whr(Q).

Let Gg E) C(int(K)) such that © = 1 on the neighborhood of supp(u) and define v,, = Ofyp,, € C°(RY).
vy, — O0u = Ou in WHP(Q) as n — oo and the support of v, is included in the interior of K’ N K;
by Proposition 8.1, there exists thus w, € C¥~11(RY) with support in the interior of K’ N K such that
[vn — wallwiw(oy < 1/n and, for all a € 9, 22 (a) = 0.

Let u, = wy, + (1—0)Op, € Ck~L1(RYN); the support of u,, is a compact subset of the interior of K (since
supp(wy, ) U supp(©) C int(K)). Since 1 — 6 = 0 on the neighborhood of K, one has W =0on
Ko, so that, for all a € KNI, 22 (a) = 0. Since w,, — Ou and (1—0)O¢,, — (1—0)Ou = (1—f)u in
WLP(Q) as n — oo, we have u,, — u in WP(Q2) as n — oo, and this concludes the proof of the theorem.
"

It remains now to prove Proposition 8.1.

IThat is to say, the extension of u to RN by 0 outside Q has a compact support in int(K)
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The idea is the following: the function ¢ = Vu - n is C*~!-continuous on the neighborhood of 9Q N K;
we construct a sequence (v, )n>1 € C¥"LL(RY) which converges to 0 in W1P(Q2) and such that, for all
n>1, %i; = g on 90 N K; the sequence u,, = u — 7, converges then to u in WP(Q2) and satisfies the
Neumann boundary condition on 92 N K.

The main difficulty of this proof is to construct the sequence (v, )n>1-

The first lemma is quite classical when 9 is a regular submanifold of RY. We however prove it completely
because, when 92 is only C':!-continuous, the main tool of the proof is not so common.

Lemma 8.1 Let Q be an open set of RN. If K is a compact subset of RN, k € N\{0} or k = oo and Q
has a C*'-continuous boundary on the neighborhood of K, there exists an open set U of RN containing
QN K and a C*~V-continuous application P : U — 9 such that, for all y € U, P(y) is the unique
x € 0N satisfying dist(y, 9Q) = |y — x|. Moreover, for all a € K N OKY, there exists t, > 0 such that, for
all |t] < tq, P(a+tn(a)) = a.

Remark 8.4 We will also see, in the course of the proof, that U can be chosen so that

Vy € UNOQ, n(P(y)) - (y — P(y)) # 0. (8.2)

Proof of Lemma 8.1

Step 1: local construction.

We prove in this step that, for all @ € 92 N K, there exists an open set U, of RN containing a and
a CF~Ll_continuous application P, : U, — 982 such that, for all y € U,, P,(y) is the unique = € 9%
satisfying dist(y, Q) = |y — x|.

Let a € 9QNK and R, V = V’'x] — a,af and n : V' —] — a, a given for a by the definition of “Q has a
Ck1-continuous boundary on the neighborhood of K”. From now on, all the coordinates are taken in R
(notice that the norm and the distance are not modified by this change of coordinates).

Let us first study, for a given y = (', yn), the solutions 2’ to 2’ — ¢’ + (n(2’) — yn)Vn(z') = 0.

F(2',y) =2’ —y + (n(2') — yn)Vn(a') is C*11-continuous on V' x RY and is null at (z’,y) = (0,0).
Moreover, when it exists, 25 (27, y) = Id+ Vn(z')Vn(z')T + (n(z') —yn)n” (2') (where 1" (2') is confused
with the Hessian matrix of 7).

If k > 2, then F being C* !-continuous and %(0, 0) = Id + Vn(0)Vn(0)T being definite positive, thus
invertible, the classical implicit function theorem gives an open set W C V' of RV ~! containing 0, an open
set U of RY containing 0 and a C¥~!-continuous application f : U — W such that, for all (z’,y) € W x U,
F(z',y) = 0 if and only if 2’ = f(y). Moreover, since f'(y) = — (gf, (f(y),y))71 o %—Z(f(y),y) and F is
Ck:—l,l Ck:—l,l

-continuous, f is in fact -continuous (even if it means to reduce U).

If k = 1, then V7 is Lipschitz continuous on V’; there exists thus C' > 0 such that, for every 2’ € V’,
if n”(a’) exists, then ||n”(2')|| < C (|| - || denotes a norm on the space of (N — 1) x (N — 1) matrices).
Thus, for all ¢ € RVN=1/if (2/,y) is such that %(x’, y) exists, we have

oF

o (&Y€ €7 + (Vn(")T€)* = Cln(z") — yl[¢f*.

Supposing that (z,y) — (0,0) and that lim ) (0,0 %(w’,y) exists, passing to the limit in this in-
equality lets us see that lim . ,y_(0,0) %(I', y) is a 1-coercive matrix (that is tosay a (N —1) x (N —1)
matrix A such that, for all £ € RVN=1 A¢ - ¢ > |¢]?). Thus, any convex combination that can be made
with such limits is also 1-coercive; this implies that, by denoting S the set of (2/,y) € V' x RY such that
F is differentiable with respect to =’ at (z/,y), the set

co{ 1 8F(x',y), (2',y) € S}

(x’,y)lgl(o,(]) %
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is made of invertible matrices. The Lipschitz implicit function theorem of [19] gives then an open set
W C V' of RN~! containing 0, an open set U of RY containing 0 and a Lipschitz continuous application
f:U — W such that, for all («/,y) € W x U, F(2',y) =0 if and only if 2’ = f(y).

Let 8 > 0 such that By_1(8) C W and Bn(3/2) C U; let y € Bn(0,3/2). By compacity of 9, there
exists some points in 92 that are at distance dist(y, dQ) of y. Moreover, since 0 € 99, when z is such a
point, we have |z| < |y| + |z — y| < |y| + |y — 0] < B, that is to say z € By (5).

x can thus be written as (2/,7(2")) for a 2’ € By_1(8) C W; 2/ is then a minimum of the C'-continuous
function |- —y/|> + |n(-) — yn~|*> on V' and we deduce that 2’ — ' + (n(z') — yn)Vn(z') = 0.

Since (2/,y) € W x U, o’ is unique and 2/ = f(y) (f has been constructed up above).

There can thus be only one projection of y on 9€2; it is given by a function of y which is -continuous
on By (d/2). This concludes this step (with U, = By (6/2) and P,(y) = (f(v),n(f(y))) in R).

Clc—l,l

Step 2: we cover the compact set LN 02 by a finite number of U,,, i = 1,...,[, constructed in step 1.
ul_,U,, being an open set of RY containing K NS, there exists an open set U of RY containing X N oS
and relatively compact in Uéleai. Define P : U — 09 by: Vy € U, P(y) is the unique point of 9f2
at distance dist(y, 9Q) of y (since y € U,, for a certain i € [1,!], we know that this point exists and is
unique).

By construction of P and of the (P,;);c[1,), and by uniqueness of the point at distance dist(y, 9§2) of y
when y € U, we have P = P,, on U,,. P is thus C*~11-continuous on U.

Let us now check that, for all @ € K N 9§ and ¢ small enough, we have P(a + tn(a)) = a. Since the
projection of a point of U on 912 is unique, we have, on the neighborhood of a, P = P,. By the study
made in step 1, and using the notations introduced on the neighborhood of a (in which case the expression
of n(a) is (1/1+|Vn(0)[2)~1(Vn(0),—1)T), we see that, for ¢ small enough, P(a + tn(a)) = (z/,n(z"))
where 2’ is the unique solution on the neighborhood of 0 to 2’ — t(1/1 + [Vn(0)[2)~*Vn(0) + (n(z’) +
t(y/1+|Vn(0)|2)~1)Vn(2') = 0; but 2/ = 0 is a solution to this equation. This means that P(a+tn(a)) =
(0,7n7(0)) =0 in R, that is to say P(a +tn(a)) = a.

To conclude this proof, we see that the open set U given above satisfies (8.2).

Let y € U; there exists i € [1,(] such that y € U,,; by the study made in step 1, and with the notations
of this step, we have P(y) = (2/,n(z')) where 2/ € V' satisfies 2’ — ¢/ + (n(2’) — yn)Vn(a’) = 0.
If n(P(y)) - (y — P(y)) = 0, then (Vn(a’),~1)" - (y — 2’,yn — n(a’))" = 0 (because n(P(y)) =
(V1+ |[Vn(@)[2)~1(Vn(a),—1)), so that (v — a’) - Vn(z') — (ynv — n(z’)) = 0. By using the equa-
tion satisfied by 2/, we deduce that (n(z’) — yn)(]Vn(z")|? + 1) = 0, that is to say yn = n(z’) and, once
again thanks to the equation satisfied by 2/, 2’ = y/. This gives y = P(y) € 9Q.

Thus, if y € U\JR, we have n(P(y)) - (y — P(y)) # Om

The following lemma gives the existence of the (v,)n>1 needed in the proof of Proposition 8.1.

Lemma 8.2 Let p € [1,+00[, Q be an open set of RN and K be a compact subset of RN . If k € N\{0}
or k =00, g € Ck-LY(RN) has its support in the interior of K and 2 has a C**-continuous boundary on
the neighborhood of K, then for all € > 0, there exists v € C¥~LY(RN) with support in the interior of K
such that ||v|lw1eq) < € and, for all a € 09, g—Z(a) =g(a).

Proof of Lemma 8.2

Let U and P given for K by Lemma 8.1; we can suppose that U is bounded and satisfies (8.2). Let
6 € C°(int(K) NU) such that =1 on the neighborhood of supp(g) N 9.

Let h € C3°(] — 1,1]) such that h(0) = 0 and »’(0) = 1; when 6 > 0, we take hs(z) = dh(z/9).

Define v5(y) = 0(v)g(P(y))hs(m(P(y)) - (y — P(y))); this function is well defined and C¥~!!-continuous
on Uj; since its support is a compact subset of int(K) N U, its extension to RY by 0 outside U is in
CF=LL(RYM) and has a compact support in the interior of .
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Let us first check that, for all a € 99, %7“@(0,) exists and is equal to g(a). We study different cases,
depending on the position of a on 0.

When a € OQ\K, it is quite clear because, for ¢ small enough, (a,a + tn(a)) & supp(f) so that vs(a +
tn(a)) = vs(a) = 0 = g(a).

When a € 9Q N (K\supp(g)), we have, by Lemma 8.1, P(a ( )) = a for t small enough, so that
¢(P(a + tn(a))) = g(a) = 0; this implies 75(a + tn(a)) = 73(a) = 0 = g(a

When a € 9Q Nsupp(g), then, for ¢ small enough, 6(a + tn(a)) = 0( ) = (0 = 1 on the neighborhood
of supp(g) NN and P(a +tn( )) = a, so that vs(a + tn(a)) — ( ) = g(a)hs(n(a) - (¢ +tn(a) — a)) —
g(a)hs(n(a) - (a — a)) = g(a)hs(t); since hs(0) = 0 and hj5(0) = e deduce that 81‘5 (a) exists and is
equal to g(a).

\_/

Let us now prove that s — 0 in WP(§2) as § — 0; this will conclude the proof of the lemma (by taking
~ = s for 6 small enough).

Notice first that, for all z € Q, |ys(z)| < 6]|h|| Lo @) ||0]| Lo e¥)||g]| Lo mr); thus, when 6 — 0, 75 — 0 in
L>(Q), and so in LP(Q).

Since hy is regular and 6g o P, no P - (Id — P) are Lipschitz continuous, we have, on U,

Vvs = hs(noP-(Id— P))V(fgo P)
+0g o Ph(no P-(Id— P))V(no P-(Id— P)).

But |[hs(no P - (Id — P))V(0g o P)||r~) < 6||h]|L~@[|V(0g o P)||Le< ) — 0 as § — 0. Moreover, by
(8.2), for ally € UNQ, n(P(y)) - (y — P(y)) # 0, so that hi(n(P(y)) - (y — P(y))) — 0 as § — 0 (the
support of hj is included in | — ¢, d]); thus, 0g o Phg(n oP-(Id— P))V(noP-(Id— P)) — 0 on §; since
|[P5]| oo (m) < [|R'|| Lo (m), we deduce, by the dominated convergence theorem, that g o Phi(no P - (Id —
P))V(noP-(Id—P))—0in LP(Q) (no P-(Id— P) is Lipschitz continuous on U, thus its gradient is
essentially bounded on U). m

Proof of Proposition 8.1
Step 1: we prove that Vu -n: dQ — R has an extension g € C¥~11(RY) with support in the interior of
K.

Cover K N OS2 by a finite number of open sets (V;);e(1,) of R such that, for all i € [1,1], there exists an

orthonormal coordinate system R; in which V; = V/ x]— al, ;[ and a C*!-continuous application 7; : V! —
] — o, ] satisfying, in Ry, @NV; = {(y',yn) € Vi [ yn > ni(y")} and 0@ N V; = {(¥',mi(y")), v € V{}.
Take (6;);c(1,) such that, for all i € [1,1], 6; € C*(V;) and 22:1 0; =1 on KNS

Let i € [1,l]. Using the coordinates R;, we have, at a point (y',n;(v')) € Q2 NV;, n(y,n:(y)) =
(V14 [V (y)2) " (Vni(y), —1)T; define then, for (v/,yn) € Vi,

gy yn) = 0:;(' i (W) Vu@' s ni(y) - (V1+ V()12 (Vns(y), —1)T)

(i.e. g; does not depend on yy). g; is C*~1l-continuous on V; and has a compact support in Vj; its
extension, still denoted g;, to RY by 0 outside V; is thus in Ck=L1(RY).

Let © € C2°(int(K)) such that © = 1 on the neighborhood of supp(u) and g = © Zizl gi. g € CFLL(RN)
has a compact support in the interior of . On 952, one has g; = ;Vu - n, so that g = © Zé:l O;Vu-n=
(Zi:l 0;)®Vu-n; but © = Zé:l 0; =1 on supp(Vu-n) (because supp(Vu-n) C LXNIQ and 2221 0, =1
on K N9JN), and we have thus g = Vu - n on 99).

Step 2: conclusion.
By Lemma 8.2, we can find, for all n > 1, v, € C*¥~L1(RY) with support in the interior of K such that
[[vnllwir ) < 1/n and %irf =g = Vu-n on d0. The sequence (u — ¥, )n>1 satisfies thus the conclusion
of the proposition. m
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8.3 Polygonal open set

The idea of the proof of Theorem 8.2 is to approximate any regular function by functions that, on the
neighborhood of each affine part of 92, only depend on the coordinates along this affine part (for example,
on the neighborhood of a vertex of 9€2, the approximating functions will be constant; on the neighborhood
of an edge of 99, it will only depend on the 1-dimensional coordinate along this edge; etc...).

We first introduce some notations and then prove a lemma that entails Theorem 8.2.

Let © be a polygonal open set of RN and Hy, ..., H,, some affine hyperplanes, the union of which contains
90 (we also choose these hyperplanes pairwise distincts and such that, for all ¢ € [1,71], H; N1 0Q # 0).
For i € [1,7], let F}! = H;N9Q. Define ¢ = sup{s > 1| 3J C [1,71] of cardinal s such that N;e; F # 0};
for d € [1,q], we denote Jfl,...,Jﬁd the subsets of cardinal d of [1,r] such that, for all i € [1,74],
Fil =Ny aF #0.

When d € [1,q] and i € [1,74], A(F¢) denotes the affine space of minimal dimension containing F¢ (2)
and V (F{) the vector space parallel to A(F?). The orthogonal projection on V (F¢) is denoted by ]51-‘1; we
also take f¢ € A(F%), so that the orthogonal projection of a point z on A(F4) is Pd(z) = fd+ Pd(z— f4).

When d € [1,q + 1], we say that a function u € C2°(RY) satisfies B, if, for all m € [d,q] and for all
i € [1,mm], u = uwo P/ on the neighborhood of F™ (i.e., on the neighborhood of F}™, u only depends

1
on the coordinates along F!™). Notice that any function in C°(RY) satisfies By+1 (there exists no

meE [q+1,q)).

Lemma 8.3 Let p € [1,00[, d € [2,q+ 1] and K be a compact subset of RY. If u € CZ(RY) has its
support in the interior of K and satisfies Ba, there erists a sequence of fuctions u, € C(RYN) with

supports in the interior of K such that u, — wu in WHP(Q2) as n — oo and, for all n > 1, u, satisfies
Bi-1.

Proof of Lemma 8.3
Before beginning the proof itself, let us make some remarks:

If i # 7, Fid_1 N Fjd_1 is either empty or equal to a certain F}*, for a m € [d, ¢]

and a k € [1,7p]. (8.3)
If F/* C F and x € FJ" + Bn(6), then Pf(x) € F" + Bn (). (8.4)
If F™ C F¢, then P]" o P = P{' o P[* = PJ".

e Proof of (8.3): by definition, F& ™! = ﬁlng_11711 and F;iil = ﬁleJ;;_1Fll, with J?1 and Jffl distinct
(since i # j) subsets of cardinal d—1 of [1,71]. Thus, JidfluJ;‘i*1 has a cardinal m > d; if Fid’lﬂF;l*l # 0,
then ﬂle(Jid—lujj_d—l)El = Fid*1 N Fjd*1 is not empty, so that, by definition, m < g and J{iil U J;lil is a
certain J}*, for a k € [1,7,]; we get then F" = m[GJ’an‘ll =F1n F].d_l.

e Proof of (8.4): we have x = z + h, where z € F[" C A(F?) and |h| < §; since z belongs to A(F{), it is
equal to its projection on this affine space, so that Pi(z) = f& + ]Bid(z — fH+ ﬁid(h) =z+ ]Bid(h); 15{1
being an orthogonal projection, we have |P4(h)| < |h| < 8, and this proves the result.

e Proof of (8.5): we first notice that the range of P/ is included in A(F}"), thus in A(F?); since
P is equal to the identity mapping on A(F{?), we deduce that P¢ o P = P it remains to prove
the second equality. Let » € RY; PI"(x) is the unique z € A(FJ") such that (z — z) LV(FJ"); but
z— P/"(Piz)) = x — Pi(z) + P{(z) — P/"(P{(z)) with z — Pf(z) orthogonal to V(Ff) (by definition of
P, thus also to V(F") € V(F{), and P{(x) — P/*(P{(x)) orthogonal to V(F") (by definition of P;");
thus, P;" (Pd(z)) isin A(Fj") and satisfies (z— P/ (Pid(a:)))J_V(FJ?"), which implies P]m(Pid(a:)) = P/"(x).

2We could also have taken A(F2) = Ny yaHi-
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Step 1: we define a sequence of functions (vp)n>1.
Let 6 > 0 such that, for all m € [d, ¢] and all i € [1,7y,], u =uo P/™ on F;™ 4+ By(9).

When i € [1,r4_1], we define L; = {(m,k) e N> [d<m <q,1<k<r,, F*C Fidfl}. fol =
Fid_l\(u(m,k)eLi (F™ + Bn(6/2))) is a compact set which does not intersect the compact set Uj#Ff_l;
indeed, suppose that the intersection of these compact sets contains a point: this point is then in Fid*1 N
F]‘-i*1 for a j # i, thus, by (8.3), in some F/™ for a m € [d, q] and a k € [1,7,,] such that Fj* ¢ F*~'; this
point can then not belong to fol.

Thus, o = inf(d, inf{dist(fol,U#,-F]fifl), i € [1,7q-1]}) is positive. Take then, for all i € [1,74-1],
0; € C° (Fid*1 + By (60/2)) such that 6; =1 on F&1 4+ Bn(80/4).

Let v € C°(] — 2,2[) such that v = 1 on | — 1,1[; we denote 7, (t) = vy(nt) (notice that ~,(| - |) is
C*-continuous, since 7, is constant on a neighborhood of 0); by denoting Id the identity mapping of

RN we let
Td—1

vn =Y Oy ([Td = PA7Y) (u—wo PI') € C°(RY).
i=1

Step 2: we prove that v, — 0 in WhP(Q) as n — oc.
We have, as n — oo, for all i € [1,74_1], T (|z — P4 ' (2)]) — 0 when z # P !(z), that is to say when
x ¢ A(F?™Y). Thesets (A(F{1));e(1,r,_,) being of null measure (they are included in some hyperplanes),
this means that v, — 0 a.e. on ). By the dominated convergence theorem, since €2 is bounded and

rd—1

llonllzoo(@) < 2D 110illzoe @y 7] Loe ) [l oo ().

i=1
vy, tends thus to 0 in LP(Q) as n — oo.
Let us now study the gradient of v,. It is the sum of

Td—1
> v (Hd= PV (0 (w—uo P (8.6)
i=1
and
Td—1
> 0 (u—uo P, (J1d— PEY) G (8.7)
i=1

I1d—p~!
|Id—P&=1|
By the same argument than before, the term (8.6) tends to 0 in LP(Q) as n — oc.

P! being an orthogonal projection, we have, for a.e. x € RN (for all z ¢ A(F?™1)),

where ¢; = V(|Id — P*7Y|) = (Id — P#~Y) (because T — P71 is symmetric).

2

x — P 1(2)
W(r)] < | —————=1 < 1.
I =T ATE
Thus, the norm in L?(Q) of (8.7) is bounded by
Td—1
d—1 d—1

2 10| e [|(u = wo P 1)y, ([1d — P |)HLP(Q) :
1=

But, 7/ (Jz — P& (x)]) = 0 when |z — P4 ()| > 2/n, that is to say when z ¢ A(F? ') + By(2/n)
(recall that |z — P{~*(z)| is the distance between = and A(F{')); thus, using the Lipschitz continuity
of u and the estimate ||7,,|| L&) < n||7'|| L), we can bound the norm in LP(Q) of (8.7) by

Td—1
. _ 1/
2|17 || @lip(u) > 10:l|L= (o) |20 (AFF) + By (2/n)] " (8.8)
i=1
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Since Q is of finite measure and N,>1(A(F™ 1) 4+ By (2/n)) = A(FS ) is a non-increasing intersection
of null measure, (8.8) tends to 0 as n — oc.
Both terms (8.6) and (8.7) going to 0 in LP(£2) as n — oo, we deduce that v,, — 0 in WP(Q) as n — oc.

Step 3: study of v,, on the neighborhood of a F& 1.
Let i € [1,74 1] and U, be the open set F~' + By (inf(3y/4,1/n)). If x € U; ,,, then |z — P (z)| =
dist(x, A(F?™1)) < dist(z, F*™") < 1/n, so that v, (|Jz — P4~ (z)|) = 1. Thus, on Uj ,,

v, =u—uo P 4 29]-7n(|1d - Pf*1|)(u —uo defl).
J#

Let j # i and = € U;,, such that 0;(x) # 0. We have then z € (F~" + By(50/4)) N (F]fi_1 + Bn(60/2));
by writing * = z + h with z € F;jil and |h| < 609/2, we have z € Fjdf1 N (F! + Bn(300/4)), thus
2 € Um,kyer, (Fi"+Bn(0/2)) by definition of §y (z cannot belong to G?il since the distance between G;l*l
and F~! is greater than or equal to dy); since |z —z| < §o/2 < 6/2, we deduce that 2 € FJ" + By (6) for a
m € [d,q] and a k € [1,r,,] such that F}" C F;i*l. By (8.4), we get then (x,P]dfl(m)) € (F{" + Bn(6))?,
which gives, by definition of 6 and by (8.5), u(z) = u(P{"(z)) and u(PJ‘-ifl(x)) = u(P,i"(P]d*l(x))) =
u(P{™*(x)), which implies u(x) — u(de_l(:v)) =0.

We have thus, on U; ,, v, = u —uo Pidfl.

Step 4: conclusion.

Let © € C°(int(K)) and € > 0 such that © = 1 on supp(u) + By (¢).

Define u,, = u—0uv,, € C°(RY); u,, — uin WHP(Q) asn — oo, the support of u,, is included in the interior
of K and, for all i € [1,74_1], we have, on Ui, t, = u — Qu+O(uo P = (1 - O)u+O(uo P ) =
O(uo P (because 1 — © = 0 on the neighborhood of supp(u)).

Let U, = F* 1 4 By(inf(00/4,1/n,¢/2)) C Uipn. If & € Uin N (supp(u) + By (), then uy,(z) =
O(z)u(P* () = u(P?*(x)) because © = 1 on supp(u) + By (e). If 2 € U, \(supp(u) + By (€)), then
= z+hwith z € F¥ ! and |h| < £/2, so that (z € A(F®!) is equal to its projection on this space)
PI=Y(z) = z+ P71 (h), thus P31 (z) — 2| < |h|+|PY (h)| < £/2+2/2 (because P2~ is an orthogonal
projection on a vector space and satisfies thus | P41 (h)| < |h|); we get then P~ (z) & supp(u) (because
dist(, supp(u)) > ), which gives u,,(z) = O(z)u(P**(z)) = 0 = u(P*~*(x)).

Thus, for all i € [1,74-1],

U, =uo P on U, = F' + By(inf(dy/4,1/n,£/2)). (8.9)
If € U; ,,, then by (8.4), P~ (z) € U, so that, by (8.9) and (8.5),
un (P (@) = w(PTHET (@) = u(Pf 7 (2)) = un(@);

thus, u, = u, o P4~" on the neighborhood of F4!, for all i € [1,74 1].

?
It remains to prove that u, satisfies Bq. Let m € [d,¢] and i € [1,7,,]. There exists j € [1,74_1] such

that F;™ C F{'=' (3); let W = F/™ + By (inf(60/4, 1/n,£/2)) C Uj .
When 2 € W, by (8.9), u,(z) = u(Pin*l(x)). But, by (8.4), P]dfl(:v) € W C F™ + By (9); the definition
of § and (8.5) give thus

un(z) = u(P{~(2)) = u(P" (P~ (2))) = u(P]"(2)). (8.10)
Moreover, by (8.4), P"(z) € W C U, which gives, thanks to (8.9) and (8.5)

un (P (2)) = u(PfHEM (@) = w(P" (2)). (8.11)

3Indeed, one just need to take J C JI™ of cardinal d — 1 and to notice that ﬂleJFll D Niggm Fll =F"# 0, so that J is
a J]‘.if1 fora j € [1,74_1] and Ff*l = F]ZEJFll D F™.



152 CHAPITRE 8. A DENSITY RESULT IN SOBOLEV SPACES

(8.10) and (8.11) give uy, = uy, o P/™ on W, neighborhood of F;™.
u, satisfies thus B,;_1, and this concludes the proof of the lemma. m

Proof of Theorem 8.2

Denote, for d € [1,q + 1], &4 the space of the restrictions to Q of functions in C2°(RY) satisfying By.

Q) having a Lipschitz continuous boundary, £;1 (the space of the restrictions to (2 of functions in C2°*(RY))
is dense in WP(Q). Lemma 8.3 allows us to see that &, is then dense in W?(Q) and, by induction, that
& is dense in W1P(€2). We will prove that & C E°(£2), which will conclude the proof of this theorem.

Let u € C°(RY) satisfying By, d € [1,q] and i € [1,74]. On the neighborhood of F, we have u = u o P{,
so that Vu = (P4)TVu o P¢ = PiVu o P? (an orthogonal projection is always symmetric); thus, by
denoting, for [ € [1,r1], H; the vector hyperspace parallel to H;, we have

Vu € V(FY) m H, on the neighborhood of F. (8.12)
legd

Let x € 9Q and J, = {l € [L,71] | = € H;}; since Nye, F} is not empty (it contains x), J, is a J¢ for a
de[l,ql and ai € [1,74].

On the neighborhood of z, the only hyperplanes (H;); that intersect 9§ are (Hi),cja (because, when
I ¢ J! = J,., the compact sets {z} and F}' = 90N H, are disjoint); thus, for o-a.e. y € 9 on the

neighborhood of x, there exists [ € J& such that n(y) is orthogonal to H;. Since z € F?, we deduce from
(8.12) that Vu -n = 0 o-a.e. on d€ on the neighborhood of z.

We have thus proven that Vu - n = 0 o-a.e. on 9, that is to say ujq € E*(£2). m

Remark 8.5 One can of course prove a similar result for open sets with singularities on the boundary
that are of the same kind than the singularities on the boundary of polygonal open sets. For example,
if we can transform locally, by a C"™*-diffeomorphism (r > 1) that preserves the outer normal (*), the
singularities of an open set ) into the singularities of a polygonal open set, we obtain the density of E"(Q)
in WHP(Q). This gives in fact another proof (the one in [55]) of Theorem 8.1, but only for k > 2.

A crucial example of this is Q = Ox]0,T[ where O is an open set of RN~ with a C"tb-continuous
boundary. Though € has a boundary which is only Lipschitz continuous, the singularities of this boundary
are, up to a C™'-diffeomorphism, equivalent to the singularities of a polygonal open set.

8.4 Applications, Counter-example and Generalization

8.4.1 A new formulation for the Neumann problem

The classical variational formulation of the Neumann problem

—Au=1L in Q,
{ Vu-n=0  ondQ, (8.13)
is the following:
u€ HY(Q),
8.14
Vu-Vo = (L, @) (@),m1 @) Ve € H (Q). (8.14)
Q

With Theorem 8.1 or 8.2 and an integrate by parts, we see that (8.14) is equivalent, when 2 has a
CF 11 continuous boundary (with k € N\{0} or k& = co) or is polygonal (in which case we take k = co

4Such diffeomorphisms can be constructed thanks to the flow of a vector field which is, on 99, equal to the unit normal.
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below),

u e HY(Q),

—/ ulg = (L, @) (m )y, 1) » V¢ € CH(Q) such that Vo -n =0 on 0.
Q

(8.15)

This means that, exactly as for the Dirichlet problem, we have found a formulation of (8.13) — equivalent
to the variational formulation, thus implying existence and uniqueness of a solution — that allows to put
all the derivatives on the test functions.

This formulation can be useful, for example, to simplify the proof of the convergence of the finite volume
discretization of the Neumann problem on polygonal open sets (see [37]): (8.15) allows to prove that the
finite volume approximation converges to the variational solution without the need of a discrete trace
theorem, with the same methods as in the Dirichlet case.

With Theorem 8.4 below, we can do the same for some mixed Dirichlet-Neumann problems.

8.4.2 Application to the convergence of a finite volume scheme

In [45], the authors prove the convergence of a finite volume scheme for a diffusion problem with mixed
Dirichlet-Neumann-Signorini boundary conditions. It is classical, when studying finite volume schemes,
to consider polygonal open sets of RY (see [37]); in [45], the authors must however make an additional
assumption on the open set: they must suppose that the open set is convex.

This restriction comes from the same restriction as in Remark 8.2: the authors need that an element of
a Hodge decomposition be in H?, which is ensured by the convexity of the open set (since this element
comes from the resolution of a Neumann problem).

Theorem 8.2 allows us to see that the results of [45] are still true without the convexity hypothesis on
the open set; moreover, it also simplifies quite a lot the proof of the result in [45] in which the Hodge
decomposition was involved (with Theorem 8.2, the functions appearing in this proof are not only in H?,
but also C*°-continuous, which makes the error estimates easier to obtain).

We will talk about another application of our results to finite volume scheme in item ii) of Remark 8.6.

8.4.3 Counter-example

Though polygonal open sets are not very regular, the singularities of their boundaries are of a kind that
allows the density in WP of C>-continuous functions satisfying a Neumann boundary condition.

There is no similar result for general open sets with only Lipschiz continuous boundary; the loss of regu-
larity noticed in Theorem 8.1 gives us the intuition of this (for open sets with C*!-continuous boundary,
we only get the density of C¥~1'-contiuous functions), and the following example gives us the proof of
this intuition.

Let (sn)n>1 be an enumeration of the rationals in | — 1,1[ and n(s) = Y, ;27" sup(0,s — s,) — ¢
(where ¢ is chosen so that n(0) = 0); n is Lipschitz continuous on | — 1,1[ and its derivative is 7/(s) =
Dons12 s, 11(8) = 3o 55, 27" (15,5 s the characteristic function of the set ]sy, s[). Let Q be
an open set of R? with a Lipschitz continuous boundary and such that QN — 1,1[x] — 1,1[= {(s,t) €
] —1,1[x] = 1,1[| t > n(s)}; we will denote A = {(s,n(s)), s €] —1,1[} C IN.

Let ¢ € CY(RY) such that Vo -n =0 on 9Q. We have then, for a.e. s €] —1,1],

dp

0= (/1417 (s)P)Ve(s,n(s)) - n(s,n(s)) = 77'(8)8—:1:1(87 n(s)) — g—;;(sm(S))- (8.16)
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Let n > 1; there exists two sequences (s )i>1 and (s}° )x>1 converging to s, and such that s;'" > s,,,
sp°7 < s, and (8.16) is satisfied for all s € {s}"", s}" ", k > 1}. We have then /(s}>") — 3 2—m

and 1'(s"") = 22, 55, 27T a8 k — 0.

mlsnzsm

By substracting (8.16) applied to s;*~ to (8.16) applied to s}"", and then passing to the limit k& — oo, we
get 2_”5—96"1(5,1, n(sy)) =0 for all n > 1; (s,,),>1 being dense in | — 1, 1], we deduce that the continuous
function 88—;’;(-, n(-)) is null on | — 1, 1] and, thanks to (8.16), that 597@2(', n(+)) is also null on | — 1, 1[. Thus,
©(+,n(+)) is constant on | — 1, 1[: ¢ is constant on A.

Any limit in W1P() of functions ¢ € C1(RY) satisfying Vo - n = 0 on 99 is thus constant o-a.e. on A;
since there exists functions in W'?(Q) that are not constant o-a.e. on A (for example, u(z) = z7), we
deduce that {¢|q, ¢ € CHRY), Ve n =0 sur 9Q} cannot be dense in WH7(Q).

8.4.4 Mixed Dirichlet-Neumann boundary conditions

Let T be a measurable subset of 9€2; we denote by EE(Q) the set of functions in E*() the supports of
which do not intersect I' (such functions are, in particular, null on T).

WP(Q) is the space of functions in W1?(§) the trace of which is null o-a.e. on T' (if u € W!?(Q) is a
limit in W1P(Q) of a sequence in EE(Q), then we have u € WP(€)). It is endowed with the same norm
as Whr(Q).

By denoting B+ = {(v’,yn) € Bn(1) | ynv > 0}, D = {(y',0) € Bn(1)}, Byy = {(v",yn—1,yn) €
By |ynv—1 >0}, Dy ={(y",yn-1,0) € D | ynv_1 > 0}, we make the additional assumption:

T is closed and, for all a € T, there exists an open U of RY containing a
and a Lipschitz continuous homeomorphism ¢ : U — By (1) with a
Lipschitz continuous inverse mapping such that one of the following cases occurs:
HDUNT=UNN, ¢(UNQ) =By and p(UNIN) =D,
i) { A0 =B 098] = D UL 0am) € B(1) [ >0
and (U NT) =D,

(8.17)

An important example of a T' satisfying this property is, when Q@ = Ox]0,T[ with O open set of RN-1
with a Lipschitz continuous boundary, I' = O x {T'}.

Theorem 8.4 Let p € [1,+oc[. If k € N\{0} or k = oo, Q is an open set of RN with a C¥!-continuous
boundary and T' C 09 satisfies (8.17), then Ellffl(Q) is dense in Wll’p(Q). If Q is a polygonal open set
of RN and T C 09 satisfies (8.17), then ER () is dense in Wé’p(ﬂ).

Remark 8.6 i) Of course, we have the same kind of results when we can locally transform the open
set with a diffeomorphism that preserves the outer normal (see Remark 8.5); for example, if Q =
Ox]0,T| with O open set of RN~ with a C**t11-continuous boundary (k > 1) and T = O x {T},
we can prove the density of EE(Q) in WP ().

it) In [55], the author uses a similar result to prove the convergence of a finite volume scheme for a
diffusion and non-instantaneous dissolution problem in porous medium, when the medium is rep-
resented by an open set with reqular boundary (at least C3-continuous, see item i) of Remark 8.1).
Theorem 8.4 allows to extend the results of [55] to polygonal open sets, which are quite natural when
dealing with finite volume schemes (see [37]).

Proof of Theorem 8.4
Step 1: we prove that any function u € WI}’p (2) can be approximated in WP(2) by functions in
C>(RY) the supports of which do not intersect I
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Cover first the compact set I' by a finite number of mappings (Us, ¢;)icp1 ) given by (8.17). We take, for
i€ [1,1], 0; € C(U;) such that 22:1 6; = 1 on the neighborhood of T'.

Define, for i € [1,1], u; = f;u. The function v; = u; o ¢; * is in W(;f(ijF) (¢i(U; N Q)) and its support is
relatively compact in By (1) (it is included in the support of 6; o ¢; *). We will now handle separately
the cases when (U;, ¢;) satisfies i) or ii) in (8.17).

o Case i): we have v; € WHP(B,); the extension w; of v; to By (1) by 0 outside By is then in
WhP(By (1)) and its support is a compact subset of By (1) included in By ; the extension w; of w;
to RY by 0 outside By (1) is thus in WhP(RN). Let f;n(y) = w;i(y', yn — 1/n); fin is in WEP(RN)
and the sequence (fin)n>1 converges to w; in W P(By(1)) (thus to v; in WhP(¢;(U; N Q)));
moreover, for n large enough, supp(fi,») C supp(w;) + (0,...,0,1/n) is a compact subset of B
and does not intersect ¢;(U; NT) = D.

e Case ii): we have v; € Wé’f(B++). The function v; : By — R defined a.e. by v; = v; on B4y

and 9;(y) = vi(y", —yn—1,yn) if ynv_1 < 0 is in WP(B.) and its support is relatively compact in
Bn(1). By the reasoning made in Case i), there exists thus (fi ,)n>1 € WHP(RY) which converges
to 0; in WHP(BL) (thus to v; in WP (¢;(U; N Q))) and such that, for n large enough, supp(fi ) is
a compact subset of By (1) that does not intersect D D ¢;(U; NT') = D5..

In both cases, taking n large enough, the support of g; , = fin 0 ¢; € WHP(U;) is compact in U;, does
not intersect U; N T and the sequence (g; ,)n>1 converges to u; in WP(U; N Q).

For n large enough, the extension G ,, of g; » by 0 outside Uj is thus in WLP(RN), has a compact support
which does not intersect I' and, since supp(u;) is relatively compact in U;, we have G, ,, — u; in WP(Q)
as n — oo.

Let, for n large enough, U,, = 22:1 G pn; this function of WLP(RY) has a compact support which does
not intersect I' and U, — (3\_, 6;)u in WLP(€).

Since supp(Uy,) is a compact set that does not intersect T', there exists V,, € C>°(RY) the support of which
does not intersect I' and such that ||ty — Vullw1p@yy < 1/n (take (pm)m>1 a sequence of mollifiers such
that supp(pm) C Bn(1/m); since supp(Up, * pm) C supp(Uy) + Bn(1/m) and supp(U,,) and T are disjoint
compact sets, for m large enough, one has supp(Uy, * pm) NI = ; since Uy, * pm — Uy, in WHP(RY) as
m — oo, one sees that, for a m large enough, V,, = U, * p,, is convenient).

Let W,, € C°(RY) such that W,, — u in W'P(Q).

The sequence of functions V,, + (1 — Zi:l 0;)Wy € C*(RYN) converges to (Zi:l O)u+(1— Zé:l 0:)u =u
in WHP(Q) and supp(V, + (1 — Zizl 0:)W,) C supp(Vy,) Usupp(1l — 22:1 0;), that is to say a compact
set that does not intersect I'. This concludes Step 1.

Step 2: To prove the theorem, it is thus sufficient to approximate, in W1?(£2), any function u € C*(RY)
the support of which does not intersect I' by functions in Ekil(ﬂ) the supports of which do not intersect
I.

Let K be a compact subset of RN containing supp(u) in its interior and such that K NT = §.

In the case when Q has a C*'-continuous boundary (for a k > 1), Theorem 8.3 applied to these u and K
concludes the proof.

In the case when () is a polygonal open set, Lemma 8.3 allows to see, by induction, that there exists
a sequence of functions u, € C°(int(K)) satisfying By and converging to u in WHP(Q). Since the
restrictions to Q of functions satisfying B; are in E*°(2) (as seen in the proof of Theorem 8.2), this
concludes the proof. m
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Chapitre 9

Convergence of a finite volume - mixed finite element method
for a system of a hyperbolic and an elliptic equations

J. Droniou, R. Eymard!, D. Hilhorst?, X. D. Zhou?.

Abstract : This paper gives a proof of convergence for the approximate solution of a system of an elliptic equation
and of a hyperbolic equation, describing the conservation of two immiscible incompressible phases flowing in a
porous medium. The approximate solution is obtained by a mixed finite element method on a large class of
meshes for the elliptic equation and a finite volume method for the hyperbolic equation. Since the considered
meshes are not necessarily structured, the proof uses a weak total variation inequality, which cannot yield a
BV-estimate. We thus prove, under an L estimate, the weak convergence of the finite volume approximation.
The strong convergence proof is then sketched under regularity assumptions which ensure that the fluxes are
Lipschitz-continuous.

9.1 Introduction

The purpose of oil reservoir simulation implies to account for several phenomena such as chemical reac-
tions, thermodynamical equilibrium and polyphasic flows. Since the full model is complex too much, a
simplified model, describing the flow of two incompressible immiscible fluids through a porous medium,
has been extensively studied. In this simplified model, two fluid phases, oil and water, low through the
pores of some possibly heterogeneous and anisotropic porous medium; water is injected through injection
wells in order to displace the oil towards production wells. Here we neglect the gravity effects as well
as the capillary pressure, which leads to the study of a first order conservation law for the saturation of
one of the phases coupled with an elliptic equation for the pressure. Assuming the total mobility of the
two phases to be constant and the mobility of water to be linear, the conservation equations of the two
phases in a domain € yield the following system of equations.

ug(z,t) — div(u(z, ) A(z)Vp(z)) = s(z,t) [T (z) — u(z,t) f (z),

(1 —we(w,t) — div((1 — u(@, ) A(2)Vp(z)) = (1 = s(2,0)) [ (2) = (1 — u(z, 1)) [ (2),

for (x,t) € QxRT. In the above equations, the saturation of the water phase is denoted by u, the common
pressure of both phases is denoted by p. The absolute permeability A is a symmetric definite positive
matrix (in anisotropic media, the eigenvalues of the matrix A are not all identical) which depends on the
space variable in heterogeneous media (the symmetry hypothesis has no influence on the mathematical

L'Université de Marne-la-Vallée, 77454 Marne-la-vallée Cedex 2, France
2Laboratoire de Mathématiques, CNRS et Université Paris-Sud, 91405 Orsay Cedex, France
3Laboratoire de Mathématiques, CNRS et Université Paris-Sud, 91405 Orsay Cedex, France
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study of the problem). The function f represents the internal source terms, corresponding to the presence
of wells drilled into the reservoir (f* and f~ denote the positive and negative parts of f). A positive
source term corresponds to an injection well, a negative one corresponds to a production well. The
function s represents the fraction of the water phase in the injected source term, and the saturation u of
the water in place is the fraction of water in the produced source term. This problem, completed with
initial and boundary conditions, is rewritten as follows.

wi(@, ) + div(uq)(z,t) + u(z, ) f~ () = s(z,t) f+(z) for ae. (z,t) € Q x R*, (9.1)
A Y(2)q(z) + Vp(z) =0 for a.e. z € Q, (9.2)

div q(z) = f(z) for a.e. x € Q, (9.3)

a(7) - noa(z) = g(z) for ae. z € OQ, (9.4)

w(z,t) = T@(z, t) for ae. (z,t) € 90~ x R+, (9.5)

u(z,0) = ug(z) for a.e. z € Q, (9.6)

Notice that the boundary condition for the saturation is only given on the part 02~ of the boundary
where the flow enters into the domain, that means q(z) - naq(r) = g(z) < 0.

In Egs (9.1)-(9.6) (refered in the following as Problem (P)) the following hypotheses (refered in the
following as Hypotheses (H)) are used.

Hypotheses (H):

1. Q is an open bounded subset of R (d = 2 or 3 in pratical) such that, locally, Q) either has a C1!
reqular boundary or is convew.

2. A(x) is a measurable application from Q to the set of symmetric real d x d matrices, such that there
exists A\1 > 0 and \a > 0 satisfying \1|z| < |A(z)z| < Xa|z| for almost every x € Q and all z € R

3. feL*9).

4. g =qo - Npq fO’I“ some qop € (HI(Q))d and

[ r@ie= [ g =o.

5. we L0 x RT) where 90~ = {x € 99, g(z) < 0}.
6. uo € L(S).
7. s € L>®(Q x RT).

Here and in the following, when U is an open subset of R? with a sufficient regular boundary (see Definition
9.2), we denote by nsy the unit normal to OU outward to U and by  the (d — 1)-dimensional measure on
OU. |- | is the Euclidean norm in R? and z - y denotes the Euclidean scalar product of (z,y) € R? x R%.
When X is a subset of R%, §(X) denotes the diameter of X, that is to say §(X) = SUD(4,y)e x2 [T — Y-

B(z,r) denotes the Euclidean ball of center z € R? and radius r > 0.
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Remark 9.1 Since we allow Q2 to have a non-reqular boundary, there is no convenient way to characterize
the reqularity condition on g. Indeed, if Q has a CY'-reqular boundary, it is easy to see that g = qo - nag
if and only if g € Hl/Q(OQ), but on the non-reqular parts of R, this condition is not necessary and it is
not even obvious that it is sufficient. For example, take Q =]0,1[%, g = 1 on ({0} x]0,1[) U ({1}x]0,1])
and g = 0 on (]0,1[x{0}) U (J0,1[x{1}); then g does not belong to H'/?(0Q), but g can be written as
do - Noo with qo(z,y) = (—1 + 22,0) € (H*(Q))?.

A weak solution of Problem (P) is defined by the following sense.

Definition 9.1 Under Hypotheses (H), a weak solution of (P) is given by (u,p,q) € L®(Q x RT) x
L*(Q) x Hy(div,Q) such that

/RH /Q“(x’ 2 (%(f’ t) +a(x) - Vo(r,t) — o(z, t)f(x)) de dt =
_/Q wolole ) de + /R+ /agr wa H)ple, (@) dy(z) dt - /R X /Q o(a.)s(x.t)fF (x) dwdt,  (9T)

V¢ € CHR? x R) such that ¢ =0 on 0QT x RT = (9Q\ 907) x Rt

/ y(z) - A (z)q(z) do — / p(z) div y(x)dz =0, Yy € Hp(div, ), (9.8)
Q Q

/ v(z)div q(z)dz = / f(z)v(z)dz, Yo € L*(Q), (9.9)
Q Q

and

/ p(z) dz = 0. (9.10)
Q
where the function spaces H(div, ), Ho(div,§) and Hy(div,2) are defined by

H(div,Q) = {q € (L3(Q))?, div q € L}(Q)}, Ho(div,Q) = {q € H(div,Q), q-nsg =0 on 9Q}
and Hgy(div,Q) = {q € H(div,Q), q-npg = g on 00}.

A number of numerical schemes for this problem in the case A = Id have already been discussed in the
literature. Nevertheless, the numerical schemes used to approximate the solution of this simplified model,
which is a system of an elliptic equation and a scalar hyperbolic equation, have only recently be studied
from a convergence point of view. In particular Eymard and Gallouét [34] have proven the convergence
of a numerical scheme involving a finite volume method for the computation of the saturation u and a
standard finite element for the computation of the pressure p whereas Vignal [73] presents a convergence
proof for a finite volume method for the discretization of both equations. Here we also discretize the
conservation law for the saturation by means of a finite volume method but apply the mixed finite element
method to discretize the elliptic equation. Error estimates have been derived by Jaffré and Roberts [47]
for a semi-discretized problem in the simulation of miscible displacements involving an elliptic equation
for the pressure coupled to a parabolic equation for saturation. For the numerical discretization they
combine the mixed finite element method with an upstream weighting scheme. More recently Olberger
[60] has derived error estimates in the case that the finite volume method is applied for the discretization
of a parabolic equation instead of the first order conservation law (9.1).

Here we deal with a mixed finite element method with an original basis for the elliptic equation. On
a partition of the domain, the hypotheses on which are very large, we define the generalization of the
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Raviart-Thomas space. The proof of the “inf-sup” condition and the proof that the interpolation error
of regular functions tends to zero with the space step make use of Lipschitz-continuous homeomorphisms
with Lipschitz-continuous inverse mappings and of some trace inequalities, for which the constants are
given as functions of the size of the domain (the classical proofs of the trace inequalities with null average,
by the way of contradiction, being unable to yield the relation of such constants with the domain). Then
the hyperbolic equation is discretized by the classical upstream weighting scheme, and the convergence
proof of the scheme is obtained, thanks to some ”"weak BV” inequalities. Such inequalities have only
recently be introduced and proved for the proof of convergence of finite volume schemes on unstructured
meshes for hyperbolic equations, since strong BV estimates have not been actually obtained on the discrete
approximation. Thus this paper completes a lot of previous numerical works in which this scheme has
been used on particular meshes (generally triangular meshes).

The organization of this paper is as follows. In Section 9.2, we present the numerical scheme that we use.
In Section 9.3, we prove a convergence result for the mixed finite element method. In Section 9.4, we deal
with the finite volume scheme, concluding to the weak convergence of a subsequence without additional
regularity hypotheses on the data, and to the strong convergence otherwise.

9.2 The discretization

9.2.1 Admissible discretizations

In order to define the scheme, a notion of admissible discretization is given, which is used below in the
definition of approximate discrete solutions.

Definition 9.2 (Admissible discretization of Q) Let Q be an open bounded subset of R® with weakly
Lipschitz-continuous boundary. An admissible discretization D of §) is given by a finite set M of open
subsets K C §) with weakly Lipschitz-continuous boundaries and a finite set A of disjoint subsets a C 2
such that:

(Z) UKeMF:ﬁ,

(ii) For all K € M, there exists a Lipschitz-continuous homeomorphism Ly from K to B(0,6(K)) such
that the inverse mapping is Lipschitz-continuous as well. One denotes by Ck the maximum value of both
Lipschitz constants and by my the Lebesque measure of K.

(iii) For all (K, L) € M? with K # L, one has KN L = .

() For all a € A, there exists K € M such that a is a non-empty open subset of K. By denoting
Ax ={a € A| a C 0K}, we assume that 0K = Ugeca,a. We denote by mq the (d — 1)-dimensional
measure of a.

(v) The sets A; C A and A. C A are defined by A; = {a € A,I(K,L) e M?, K # L,a CIKNAJL} and
Ac={a€ A K € M,a C OK NN} (*). One assumes that (A;, Ae) forms a partition of A.

(vi) For all a € A;, one between the two different (K, L) € M? such that a C K NOL is selected. Then
we denote K(a) = K and L(a) = L, and we set €, = 1 and e o = —1. The normal vector n,(x) to a
at x € a is defined by ng () = npx(x) = —nyr(z)(®). For all a € A, let K be the unique element of M
such that a C OK NIQ. Then one denotes K(a) = K and ex o = 1. The normal vector ng(z) to a at
x € a is defined by ny(r) = npq(z) = nak (z) (©).

(vii) For all K € M and all a € Ay, one assumes that there exists i, € a and (i, > 0 such that
aDO0KnN B(CL‘K@,CK@5(K)).

40ne can then show that, when a € A;, the {K, L} C M such that K # L and a C 0K N dL are unique; this is the
same, when a € Ae, for the K € M such that a C 0K N oN.

5We can indeed show that, in such a situation, we have ngx = —ngr, on a.

6As for the preceding case, this equality between ngn and nyg is not supposed, it can be proved.
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By denoting T, the mean value of n, on a, the thinness of the discretization D (controling the size of D
and the behaviour of the edges of D) is defined by

. 1 _
thin(D) = max ((5([(),({161%); (THHG — na|Lz(a))> (9.11)

and a geometrical factor, linked to the reqularity of the discretization, is defined by

D)~ o (e s (1)) 012

a€Ax CK,a

Remark 9.2 The definition of an open set with weakly Lipschitz-continuous boundary is given in [31] or
in [42] under the name “d-dimensional Lipschitz-continuous submanifold of R?”. It is far weaker than
the definition of Lipschitz-continuous boundary given in [58].

Remark 9.3 The above definition is easily satisfied for a large variety of meshes. In the case d = 2,
subsets K such that 0K is defined in polar coordinates from an origin Mg € K by a 27- periodic
continuous piecewise C' function satisfy condition (ii). That is the case for convex polyhedra, such as
triangles or parallelograms for example.

Remark 9.4 In the above definition, one cannot define edges by the sets 0K N AL or 0K N OS); indeed,
thin(D) is destined to tend to 0 (in order to obtain the convergence results), which can lead to share the
sets 0K NOL in different edges. In fact, thin(D) — 0 means that the size of the discretization tends to 0
and that the edges become more and more planar.

Notice that if Q is polyhedral and the edges are planes, then thin(D) = maxxeam (K) is simply the size
of the discretization.

Remark 9.5 Hypothesis (vii) is only used for the study of the convergence of the finite volume scheme to
the solution of the hyperbolic equation. It is not used in the proof of convergence of the mized finite element
method. Notice that this hypothesis, along with Hypothesis (i) and Lemma 9.11, implies mq > CS(K)?1,
where C' only depends on d, Cx and (xq.

9.2.2 Discrete function spaces

One now defines the set of basis functions for the mixed finite element method, which is a generalization
of the Raviart-Thomas space RT{ (M) (see [14], [72] or [59]).

Definition 9.3 (Discrete function spaces) Let 2 be an open bounded subset of R with weakly Lip-
schitz-continuous boundary. Let D be an admissible discretization of ) in the sense of definition 9.2.
For all K € M and all a € Ak, one denotes by wi,, € HY(K) the unique variational solution with
Jx Wk,a(x) dz = 0 of the Neumann problem

m,
Awg o(z) = —= for a.e. © € K,
mg

and

Vwg,o(z) nor(z) =1 for a.e. x € a,
Vwg,o(z) - ngg(z) =0  for a.e. z € 0K \ a.

One then defines the function wi q from §Q to R? by Wk o(2) = Vwg,o(z) for a.e. © € K andwg o(z) =0
forallz € Q\ K.

One defines, for all a € A;, Wo = WEK(a),a — WL(a),a and, for all a € Ac, Wo = Wi (q),a- Then one
gets w, € H(div,Q). The set Qp C H(div, Q) is the space generated by the functions (Ws)aca, the set
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Qp,0 C Ho(div,Q) is the space generated by the functions (Wq)aca,, and for any b € L?(0Q), the set

. 1
Qp,» C Qp is the space {q—i— Z m—/b(x) dy(z) we, g € pro}.

acA.

Vp € L?(Q) is the space of functions f = Y kem @K Xi (where, for all K € M, ax € R and xx is the

characteristic function of K) such that [, f(x)dz =3 e pymrag = 0.

9.2.3 The mixed finite element scheme
The mixed finite element approximate of (9.2)-(9.4) is a pair of functions
(pDaQD) € Vp x QD,ga

solution of

/ v(z)div gp(z) dz = / flx)v(x)de,Yv € Vp,
Q Q

and

/ y(z) - A (z)ap(x) dr — / pp(x) div y(z)dz =0, Yy € Qp .
Q Q

The unknown functions can be written as
qp = E daWa
ac A
and

PD= Y PK XK
KeM

(9.13)

(9.14)

Then equations (9.13) and (9.14) lead to the following system of linear equations, with unknowns (¢4 )ac.4

and (px)Ken:

a’€A

da = Ya; Va € -Aea

Z MaGa €K,a :fKa VKEMa

a€AK

Z MKPK = OJ

where we denote

fK:‘/Kf(x)dx, VK € M,

and

Ja = — /g(m) dy(z), Ya € A..

Mgq

Z Qa /wa(x) AT )W (x) dr — Ma(PK(a) — PL(a)) = 0, Va € A,
Q

(9.15)

(9.16)

(9.17)

The existence and uniqueness of a solution (pp,qp) to system (9.13)-(9.14) is stated in the following

lemma.
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Lemma 9.1 (Existence and uniqueness of the discrete approximation) Let us assume hypothe-
ses (H). Let D be an admissible discretization of Q@ in the sense of definition 9.2. Then system (9.13)-
(9.14) defines one and only one approzimate solution (pp,dp) € Vp X Qp 4.

Proof. Since Lemma 9.4 (which is proved below) shows that the only solution of a linear system with
the same matrix as (9.13)-(9.14) and a null right hand side is null, this matrix is invertible. This proves
the lemma.

9.2.4 The finite volume scheme

One denotes, for all K € M and a € Ak, Fx o = MaGaex,a (then Fr(a).a + Fra),a = 0 holds for all
a € Az)

One then discretizes the hyperbolic problem. Let A¢ > 0 be a constant time step. One defines a discrete
source term

1
Ath

Prolonging by 0 the function @ on 9Q% x R, one defines

(n+1)A¢
/ / s(z,t)dxdt, VK € M, Vn € N. (9.18)
niAt K

Sy =

ur = N /nAt /aﬂ(r) dvy(z)dt, Ya € A, Vn € N. (9.19)
The discretization of the initial value (Eq. (9.6)) is given by
1
ul = —/ ug(z)dz, VK € M. (9.20)
mi JKi

The finite volume scheme discretization of equation (9.1) is written:

un+l —u —
m g LK N K | Z ul'Fr o = sk fi —ukfr, VK € M, ¥n € N, (9.21)
ac€Ak

where u} is defined by :

Ug = Ul if g > 0, else u* = UT (0> Va € A;, Vn € N

Uy = U gy if ga >0, else ug =, Va € Ae, Vn € N. (9.22)
For a given discretization D and a time step A, we can define the approximate solution by:
up,n(z,t) = uk, for ae. (z,t) € K x [n&¥, (n+ 1)), VK € M, Vn e N. (9.23)

9.3 The convergence of the mixed method

One has the following result.

Theorem 9.1 (Convergence of the mixed finite element scheme) Under Hypotheses (H), let & be
a fized positive real value and let D be a discretization of ) in the sense of definition 9.2 such that
regul(D) < ¢. Let (p,q) € L3(Q) x Hy(div, Q) be the unique weak solution of the problem (9.8) and (9.9)
with the condition (9.10) and (pp,ap) € Vp x Qp,g be given by (9.13)-(9.14).

Then
li - iv = 07
lim [|p— ppllr2@) = 0.

thin(D)—0
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In order to prove Theorem 9.1, some lemmata must be previously shown. The next lemma deals with an
interpolation result for regular functions.

Lemma 9.2 (Interpolation of regular functions) Let ) be an open bounded subset of R? with weakly

Lipschitz-continuous boundary, let D be an admissible discretization of £ in the sense of definition 9.2

and let ¢ > regul(D). Let q € (HY())2. Lety € H(div,Q) be defined by

y—zma/ ) dy(x) w

Then we have div'y = 3, c v ﬁ S div a(z) dz xx and there exists Cy > 0 which only depends on d
and & such that

la—yllzz(e) < Cithin(D)||all(z1(q))e- (9.25)

One can notice then that, when thin(D) — 0, the function y such defined tends to ¢ in H(div, ).

Proof. In the following proof, C; denotes different positive real values which only depend on £ and d.
The proof of divy = > .o m—lK Jiediv q(z)dz xr is straightforward, since div w, = 0 on K if
K ¢ {K(a),L(a)} and div wq = €x,a7r% on K if K € {K(a), L(a)}.

Let K € M. Let us define the function w € H'(K) by

w= ¥ (o [ o) ar@) wia

a€AK @
which is such that Vw(z) = y(x) for a.e. « € K. Similarly, denoting q = m—lK J a(x) dz, we define
W € HY(K) by
w = Z (L/q-naK(z)d’y(z)) WEK.q-
Ma Jg ’
a€Ak
We get

la—ylZzx) < 3la—allizix) +3lla — Villie g + 3IVD = V|22 g

Let us first deal with A = ||q — fl“iz K)- Thanks to the Cauchy-Schwarz inequality, one has

A<—//|q \2d:vdy,

which yields, using (9.63) proved in Lemma 9.13,

la = allZ: ) < C28(K)?|allfg xy)a- (9.26)

We now turn to the study of B = || — VLT)H%Q . One defines the function h € H%(K) by h(z) =

q-x— W fK 4 - y)dy. This function thus satlsﬁes Vh = q and fK x)dx = 0. Since h — @ is the
variational solution of a Neumann problem on K with null average and A(h W) constant, one gets

B _a;:K/ (q ny () — mia/ad-nax(y) dv(y)) dy(z).

Thanks to the Cauchy-Schwarz inequality, we deduce
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where

- f (q-nam)mia / q-naK(wdv(y))zdv(x).

ac€Ak V@

We use (9.56) proved in Lemma 9.12. It yields Z (w(z) — h(z))? dy(z) < C36(K)B, thus we obtain

acAg @

B < C36(K)B'. (9.27)
We have, by definition of thin(D),

IN

SE)B < S(K)a? Y / (na(z) — 1) dr(2)

ac€Ag V@

%i) /K a@)Pdz Y thin(D)?mq

a€AK

IN

Cy thin(D)z/K|q(w)|2dx i S mo

IN

mg

Using mxg > C53(K)? and max < Cg0(K)?~! (hypothesis (ii) of Definition 9.2 and Lemma 9.11),
relation (9.27) gives

16— V@ ||7x) < Cr thin(D)?[|al|7 (- (9.28)
We finaly study the term C' = |V& — Vw||2L2(K). We have

=% [t - v (o [@-aw) o)) e

m
a€Ag @ asa

Thanks to the Cauchy-Schwarz inequality, one has

where

(L /a((l —q(y)) -nax(y) dﬂ/(y))2 dvy(z)

Thanks again to (9.56) given by Lemma 9.12, we get Z (w(x) — w(x))? dy(z) < C36(K)C, which

acAg "’ ®
leads to

C < C38(K)C. (9.29)

Turning to the study of C’, and using the Cauchy-Schwarz inequality, we have
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Cl

IA

> /q a(y)® dv(y) = /BK(fl—q(y))Qd“/(y)

a€ Ak

/a o / 2 dz dy(y). (9.30)

Thanks again to Lemma 9.12, we get

C" < Co 6(K)allf g 505
and therefore, thanks to (9.29) and (9.30), there exists Cs > 0 such that

IV~ Vol ey < Co 8Kl ey (931)
Summing relations (9.26), (9.28) and (9.31) on K € M gives (9.25).

Lemma 9.3 Under Hypotheses (H), let D be an admissible discretization of Q in the sense of definition
9.2 and ¢ > regul(D). Let v € Vp and let h € H*(Q) be the variational solution of —Ah = v on ,
with a homogeneous Neumann boundary condition and fQ x)dx = 0 (the existence of such a function
resulting from the regularity hypotheses on ), see [42]). Let us deﬁne Y €Qp,o by

y = Z (mia /a Vh(z) - ng d'y(:v)d:r) Wa- (9-32)

acA

Then there exists Cy , only depending on 2, d and & such that ||y||(r2(q))e < Co [|v]|z2(0)

Proof.

Using [|yll(r2()e < Ily =Vl (r2)e + VAl (£2(q))e, one applies Lemma 9.2 for g = Vh, since h € H?(S2)
implies Vi € (H'(Q))?. We thus get [lyl|(r2())s < (C1thin(D) + 1)\l g2(q). By hypothesis (H), one
has [|h]| 2 (q) < Callv]|z2(q), which concludes the proof since thin(D) < max(5(2),2).

By noticing that the y defined by (9.32) satisfies div y = —wv, this lemma can also be stated in terms of
an “inf-sup” condition.

Corollary 9.1 (Discrete “inf-sup” condition) Under Hypotheses (H), let D be an admissible dis-
cretization of Q0 in the sense of definition 9.2 and let & > regul(D). Then there exists Co > 0, only
depending on ), d and & such that
v(z) div y(z) dz 1
inf sup

veVo yeqn,o I0lz2() ¥lz2@ye ~ Co

The following lemmata express the classical proof of the convergence of mixed finite element methods
under an “inf-sup” condition and an interpolation result (detailed in [14] or [59] for example). We
prove them for the sake of completeness, thus verifying that our hypotheses are sufficient to apply this
convergence proof.

Lemma 9.4 (Estimate on the discrete approximations) Under Hypotheses (H), let D be an ad-
missible discretization of Q0 in the sense of definition 9.2 and let & > regul(D). Let h € L*(Q) and
r € (L2(2))? be given.

Then, there exists one and only one (pp,dp) € Vp X Qp o solution of

/ div qp(z) v(z)dr = / h(z) v(z)dx, Yv € Vp, (9.33)
Q Q
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and

/ y(z) - A (x)ap(x) do — / pp(x) div y(z)de = / r(z) -y(z)dz, Yy € Qp,0, (9.34)
Q Q

Q
and there exists Cig, only depending on €, d, &, A\1 and Ay such that

lan[1z2()e + IPpllEz@) < Co (IFlFLz (e + 1R 1Z20)- (9-35)

Proof. We first remark that proving (9.35) for any solution (pp,qp) € Vp X Qp,o to (9.33)-(9.34) is
sufficient to prove that for a null right hand side, the discrete unknowns are null, and therefore that the
linear system is invertible. For the proof of (9.35), one chooses, in (9.34), y = ap, and in (9.33), v = pp.
It leads to

1 2

)\_ZHqD”(LQ(Q))d < el z2@)ellanllzz@)ye + 17l 2@l |l L2 ) - (9-36)
One then applies Lemma 9.3, which gives the existence of yg € Qp g such that div yo = pp a.e. in Q and

[voll(z2) < Co llppllL2(0)- (9.37)
Introducing yo in (9.34), one gets

1
HpDH%Q(Q) < Hr”(L?(Q))d||y0H(L2(Q))d + /\_1||qDH(L2(Q))dHyOH(L?(Q))da

which gives, thanks to (9.37),

1
Iplzy < o (Irllasqone + 3o lzzqas ) (9.59

Thanks to (9.36) and (9.38), one gets (9.35).

Lemma 9.5 (Bound on the approximation error by the interpolation error)

Under Hypotheses (H), let £ > 0 and D be a discretization of ) in the sense of definition 9.2 such that
regul(D) < . Let (p,q) € L2(Q) x Hy(div, Q) be the unique weak solution of the problem (9.8) and (9.9)
with the condition (9.10) and (pp,dp) € Vp x Qp g be given by (9.18) and (9.14). Let p € Qp 4 be

1
given and let pp € Vp be defined by pp = Z —/ p(z)dr xk.
Kem MK

Then there exists C11, only depending on Q, d, £, A1 and A2 such that

la — anllfzzaye + Ip — pollZ2(9) < Cui (la — anlliaivoy + 2 — Poll20))- (9.39)

Proof. One gets, using the variational formulations (9.8)-(9.9) and (9.13)-(9.14):

/Q div(ap (z) — & ())o(z) dz = /Q div(a(z) — dp(2))v(z) dz, Vo € Vo,

and

/ y(x) - A7 ()(ap(z) — Gp(x)) dz — / (pp(7) = pp(x))div y () dr =
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For all y € Qp,o, thanks to the definition of pp, one gets /(p(w) — pp(x))div y(z)dx = 0. Thus

Q
(pp — Pp,ap — Qp) is the solution of (9.33) and (9.34) with r = A~!(q — qp) and h = div(q — qp).
Applying Lemma 9.4 yields

- _ 1 . . N
lap — ap |12y + 1P = pll72(0) < Cio ()\_1”(1 — ap|[{2 () + div g — div QD||%2(Q)> :

Using the Cauchy-Schwarz inequality, this leads to

o ) , o
T 1) la = Gol{uzye + 2010 div q — div @2z o)

+2[lp — poll72 (o)

la- ol + 1o ool < 2(

which gives (9.39).

Proof of Theorem 9.1. We apply Lemma 9.5. On the one hand, thanks again to (9.64) proved in
Lemma 9.13, the following inequality holds:

Ip = Ppll72() < Co thin(D)?|| V|20

(notice that, when p € L*(Q2) satisfies (9.8), we have in fact p € H*(?)) and therefore [[p—pp|/ o, tends
to 0 as thin(D) tends to 0. On the other hand, it suffices to prove that one can choose gp € Qp,4 such that
la — apll#(aiv,0) is as small as desired. Notice that, in general, the property q € (HY(Q))? N Hy(div, Q)
is wrong. Therefore, one takes qq € (H'(2))? such that qp - npg = g; then, q — qo € Ho(div, Q) and
since Hypotheses (H) are sufficient to prove that Q is locally star-shaped, we can approximate q — qq
in Hy(div, Q) by regular functions with compact support in £ (see [71]); thus, q can be approximated
in Hy(div,Q) by @ € (H'(2))¢ N Hy(div,$). Then, applying Lemma 9.2, one can approximate ¢ by
ap € Qp,¢ as close as demanded by letting thin(D) tend to zero.

9.4 The convergence of the finite volume method
We now show the following theorem.

Theorem 9.2 (Convergence of the finite volume scheme) Under Hypotheses (H), let & and o €
(0,1) be fized positive real values. Let (p,q) € L*(Q) x H,(div,Q) be the unique weak solution of the
problem (9.8) and (9.9) with the condition (9.10). Let (Dp,)men be a sequence of discretizations of § in
the sense of definition 9.2 such that for all m € N, regul(D,,,) < & and mliIEoo thin(D,,,) = 0. For a given

m € N, let us denote (Dm,dm) the solution (pp,ap) € Vp x Qp,4 given by (9.13) and (9.14) where D
stands for D,,. Let N,, > 0, denoted X, such that the condition

mg

N < (1—«) inf ,
KeM Z Ma(Gacrca)’ + [
a€ Ak

holds. Let u,, € L>®(Q2 x R") denote the function up n defined by (9.18)-(9.23).

(9.40)

Then there exists a subsequence of (um)men, still denoted (upm)men, which converges for the weak *
topology of L>°(2 x RT) to a function u € L*>®°(Q2 x R™) solution of (9.7).

If we add some hypotheses giving that q is Lipschitz continuous on Q0 (for example, O is of class C?, A
is of class C2, f is of class C* and g is of class C?) then

- the function u is unique

- the whole sequence (U )men converges to u in LP(Qx]0,T[) for all p € [1,00) and all T > 0.
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The proof of Theorem (9.2) is classical, and has been developped for various choices of the discretization
of the velocity field q (see [16], [34] and [73]). The originality of this proof is the use of the technical
lemma 9.14, which is non standard.

9.4.1 L estimate

The purpose of this section is to prove the following result.

Lemma 9.6 (L> stability of the finite volume scheme) Under hypotheses (H), let & > 0 and let
D an admissible discretization in the sense of definition 9.2 such that & > regul(D). Let (pp,ap) €
Vp X Qp,g be given by (9.13) and (9.14) and let & > 0 such that

. mg
N < inf . (9.41)
KeMm Z 771(1((1(1‘3‘1(,(1)Jr + f}?‘
ac€ Ak
Then the approzimate solution up a; given by (9.18)-(9.23) is such that
|up,atllLeo@ur+y < max(f|uoll Loy, [Tl L~ a-xz+), ISl Lo @xr+))- (9.42)
Proof. According to the scheme (9.21), we have
n n N n n - n
uK+1 =up — — < Z Ug Fre o + U fre — st;Q> ,
K a€AKk
which gives
N _ N _ N
Wl = (1 - < > F, +fK>) +— D Froul+ m—f}s’;(, (9.43)
K ac Ak K ac Ak K

Thanks to the stability condition (9.41), equation (9.43) expresses u-"' as a convex combination of the

values u%, U, s%. An easy proof by induction concludes the proof of the lemma.
Remark 9.6 If the data are regular enough, the term Y-, 4 Mal|qa| behaves like size(D)*! as size(D)
tends to 0, and the condition (9.41) takes the form N < Csize(D) (where size(D) = maxgem 0(K)).

9.4.2 A weak inequality on the spatial variations

Lemma 9.7 (Weak spatial variations inequality) Under hypotheses (H), let £ >0, « € (0,1), T >
0, and let D be an admissible discretization in the sense of definition 9.2 such that & > regul(D). Let
(pp,ap) € Vp x Qp,g be given by (9.13) and (9.14) and let & > 0 such that the condition (9.40)
holds. Let Nt be such that NpA < T < (Np + 1) and let (u%)kem, nen, (Ul )aca, nen be defined by
(9.18)-(9.22).

Then there exists Cho, which only depends on d, Q, T, &, a, f, s, g, U and ug (but not on D or ),
such that

Z At Z Z Ma(Gafx,a)” (g — U?{)2> < Ciz. (9.44)

n=0 KeM (aGAK
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Remark 9.7 In references [16], [34] and [73], a weak BV-estimate is obtained from (9.44). We do not
do so here, since in the convergence proof, the use of Lemma 9.1/ takes advantage of a local bound of the
diameter of each control volume. Otherwise, we should assume the existence of some 3 > 0 with

d(K) > f size(D), VK € M.

Proof. First, the discrete elliptic scheme (9.15) is used to get

D FhatIe= ) Fratfi (9.45)

ac Ax ac Ak

and therefore the scheme (9.21) also writes

mg (Wt —ul) + A < Z Fie (ufe —ug) + (g — s}?)) =0, VK e M, Vn e N. (9.46)
aCAK

For all n € N and K € M, let us multiply the equation (9.46) by u% and sum the result on K € M and
n=20,...,Np. It gives T} 4+ T> = 0 with

Nt
T, = Z Z mK(u%rl — Uy )ul

n=0 KeM
and
Nt
T,=) N> < > P (ufe — uluf + f(uf — s;g)u?(> )
n=0 KeM \acAx
Writing wf ul = =2 (upt ™t —u)? + L(up)? + (u)?, one gets
Th = Th + Tha,
where
1 &
Ty = ~3 Z Z mp (et — w2
n=0 KeM
and

i = ( S mc((pr? - (u%f)) .

KeM
Using (9.46) and the Cauchy-Schwarz inequality gives
mic (g — i) < ( > Frat f;?) (At > Fr(ul —ui)? + fii(sh = uw) :
a€ Ak a€Ak

VK € M, Vn € N.

Using condition (9.40) and equation (9.45), one gets
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mK(u}z(Jrl_uK) 1—a (At Z FKa 711()2+flj;(5?(_unf()2) ’ (9 47)
a€ Ak .
VK € M, Vn €N.

One computes T. One gets To = To1 + Thy with
197
D=3 & 3 (Z Ffza<u3—u%>2+f;<s’;(—u%>2>
n=0 KeM \acAgk
and
Tor =3 ZAt > (Z FK,a«uw<us>2>+f;<<u’;(>2(s;w?)).
= KeM \acAx

We get thus, thanks to (9.47),

T11 + 151 > aTb;.

Thanks to (9.45), the term Th; can be rewritten as

m-3Sa s (z Frealul)? + F7(03 ) —f;?(s”K)Z)-

= KeM \acAx

Thus, gathering by edges, one gets

Too = ZN <Z maga >+ Z fK U’K f;(s%)2)> .

a€A. KeM

Since terms T12 and T can easily be bounded, using Lemma 9.6 (since condition (9.41) is weaker than
(9.40)), we thus get (9.44).

9.4.3 The proof of the convergence theorem 9.2

We first notice that Lemma 9.6 gives the existence of a subsequence u,, and of a function u € L>®(Q xR™)
such that u,, converges to u for the weak * topology of L>=(Q x RT) as m — +oo. Recall that we have
proved above (Theorem 9.1) that q,, tends to q in H(div,§) as m — +oo. This section is devoted to
the proof that u satisfies (9.7) (the uniqueness part of the proof being studied in the next section).

Let ¢ € C}(R? x R) be such that ¢ = 0 on 9Q\92~ x R. Let T' > 0 be such that
$=0 on R?x [T, +oof. (9.48)

In this proof, we denote by C; various positive real values which only depend on d, 2, ¢, T, &, v, s, f, g,
u, ug and not on D or Af.

In the following, we use the notations D = D,,, and & = AM,,. Let us denote Nt the integer value such
that Np &t < T < (Np + 1), Setting

1 n+1)At
QSK:Ath/ / o(z,t)dxdt, VK € M, ¥n € N,

one multiplies the equality (9.46) by ¢% and sum on K € M and n € N. One obtains E; + E> = 0 with
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Bi=3" 3 mucu - uj)o,

n=0 KeM

and

Nt
=D &) < 3 Fro(uf — a4 fi (ke — s@w() .

n=0 KeM \ac Ak

1 (n+1)A¢
=g [ [ denm@a.

Let us study F;. Thanks to (9.48), for all K € M, ¢X" "' =0 holds and therefore

We also define

Np+1
= > ) mruk(ef = ok)— > mrukdk.
n=1 KeM KeM

Using the weak * convergence of (t,)men to u, we deduce the convergence of E; to

_/wa u(m,t)%(l‘,t) dxdt—/UO(.’L')¢("L"O) dz.

Q

Next we consider the term Fs. It can be written, using (9.22) and gathering by edges, as

Z N Z maQa¢Kd(a) UL(a) ( ))

n=0 acA;

+ Z Nt Z MaGaPK 1 (a) — UK (a)) (9.49)

acA.
+ZN Z fred (ufe — s%),
n=0 KeM

where we define, for all a € A;, Kq4(a) (the “downstream” control volume) by Ky(a) = K(a) if g, < 0,
else K4(a) = L(a), and for all a € A., Ky4(a) = K(a). We set

1
fo(x) = —1fk, forae. zeK,VKeM,
K

for a.e.  (z,t) € a x [n&, (n+ 1)), Ya € A., Vn €N,
= gq, fora.e. x€a, Vae A,

Up,at(,

go(z

where fx, gq, s and @} are respectively defined by (9.16), (9.17), (9.18) and (9.19). We define E5 by

m

sp,a(z,t) = sK, for a.e. (z,t) € K x [n&, (n+ 1)), VK € M, Vn € N,
t) =
)=

By = — / up, a0 (. )ap () - V(. ) dar it
QxR+

+ / p, (2,8 g0 (2) B, 1) dy () dt
OO X R+

[ up sl (@) = 0 (o O (@) 0ot do
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Since up ar converges to u for the weak * topology of L=(Q x R") and since gp converges strongly
to q in L*(Q) as m — +oo, in view of the definitions of up s and gp, we deduce the convergence of

Byto— [ ulta) Vol tydede+ [ e tg@oledi@de+ [ (ule0f (@) -

QxR+ 00~ xR+ xR
s(x, t)f T (x))p(z,t) dr dt as m — +oo.
Using (9.15) and the definition of Wk ,, one can rewrite E3 as

Nt
Es = Z JAY Z maqa¢g(u7£(a) - U}L{(a))

n=0 acA;

Nt
DN maqady (T — U a) (9.50)

n=0 acA,

Nt
+ N (up = sp) b

n=0 KeM

From (9.49) and (9.50), we can deduce that

|Es — Es| < Ey4 + Es,

with
Nt
Ey= ZAt Z ma‘QquﬁZHEZ - ug
n=0 acA.
and
Ny Jr,
By =) N> maltal 167 = 0k, W) = Ul + DA D Maldal 16 — Shyiay] 1 — Wheay-
n=0 a€A; n=0 o€ A

Let us first study E4. Since, for all a € A,, relation (9.22) implies u? = 7w when ¢, < 0, we can write

Nt
By=Y N Y malaallof |y —ugl.
0

n= aCA., qa>0

For all a € A, such that ¢, = mg' [, g(z)dy(z) > 0, one has 90" Na # 0 (recall that 9O+ = {z €
9 | g(z) > 0}); thus, since ¢ = 0 on 9N x RT, there exists x € a such that ¢(x,t) =0 for all £ > 0. By
denoting Ci3 the Lipschitz constant of ¢, one has then |¢(y,t)| < C136(a) for all y € a and ¢t > 0, which
implies |¢?| < C136(a). Using (9.42), one gets then

Nt
Ey < CuthinD) Y A& maldl
n=0 acAe
< Cuthin(D)(T + ) > [ g(x)] dy(x)
acA. v
= C4thin(D)(T + At) / lg(z)| dry(z),
o

which shows that E, tends to 0 as m — +oc.
We turn now to the study of E5. Thanks to the Cauchy-Schwarz inequality, we obtain
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E2 < Ch3? <ZAL‘ Z ma|qa|5(Kd(a))2> (ZAt Z Z Ma(Gatr,a) (Ug — u%)2> .

n=0 acA n=0 KeMaeAk

This gives, using Lemma 9.7 and the Cauchy-Schwarz inequality,

1/2 1/2
E2 < Cy5 thin(D) (Z maqga(Kd(a))) (Z maé(Kd(a))> .

acA acA

One can then apply Lemma 9.14, which yields

S maa2d(Ka(a) < Cis 3 ( /. B e+ 30 /

acA a€A Ka(a)

(divap (z))? dm) .

Under Hypotheses (H) (and in particular item (vii)), one gets that cardAx < Ci7. Therefore, since qp
converges to q in H(div, ), it is bounded and

Z maq26(Kq(a)) < Cis.
acA

Using item (ii) of Hypotheses (H), one gets

> mad(Ka(a)) < Cio.
acA

Therefore, one can conclude

E5 S 020 \/thin(D),

u(e, 1)) - V(e t) dardi + / (e, 1)g(e) bl 1) dy () dt +

which shows that Fs tends to — /
o0~ xR+

QxR+
/ (u(z,t)f~(z) — s(x,t) fT(2))¢p(x,t) dw dt as m — +oo, and concludes the proof of Theorem 9.2.
QxR+

9.5 Uniqueness of the weak solution under regularity on the
data

We do not handle in details this part, since it does not involve the particular discrete frame we have
developed in this paper. Some details can be found in [35], [15], [37] for example. We first state the
following discrete result.

Lemma 9.8 Under hypotheses (H), let £ > 0 and let D be an admissible discretization in the sense of
definition 9.2 such that & > regul(D). Let (pp,qp) € Vp X Qp 4 be given by (9.13) and (9.14) and let
At > 0 such that the CFL condition (9.41) holds.

Then the approzimate solution up ar given by (9.18)-(9.23) is such that

mue(n(uitt) = n(ufk)) + & ( > Fro(ufe) = n(u)) + fn' (uh) (uf — S"K)> <0,
ac Ak
VK € M, Vn €N, Vn € C*(R,R) with n” > 0.
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The proof of this lemma is easy, starting from the discrete relation (9.46) and multiplying it by n’(u’).
From this lemma, one gets, letting thin(D) — 0, the following result, which proves the convergence of
the scheme to a solution of the hyperbolic problem in a very weak sense ([36], [28]).

Lemma 9.9 (Convergence of the finite volume scheme to an entropy process solution)

Under Hypotheses (H), let £ > 0 and « € (0,1) be fized real values. Let (p,q) € L*(Q) x Hy(div, Q) be
the unique weak solution of the problem (9.8) and (9.9) with the condition (9.10). Let (Dp)men be a
sequence of discretizations of ) in the sense of definition 9.2 such that for all m € N, regul(D,,) < & and
ml_i)n+1Oo thin(Dy,) = 0. For a given m € N, let us denote by (pm,dm) the solution (pp,ap) € Vp X Qp,g

given by (9.13) and (9.14) where D stands for Dy,. Let M, > 0, denoted N, such that the CFL condition
(9.40) holds. Let u,, € L>=(Q x R") denote the function up n defined by (9.18)-(9.23).

Then there exists a subsequence of (tm)men, again denoted (um)men, which converges for the nonlinear
weak * topology of L>(2 x RT) to a function u € L=°(2 x RT x (0,1)), solution of

/ //1 < nw@,t#ﬂ)%(m,t) + n(u(x, t, a))div(p(x, t)a(z))+ )dadajdt
e Jodo \ o (ute.t,0)(e 0 @) (500, ) — u(a t,)

+ [ atwnte) o0yt~ [ [ agate) o gta) drto)de > o (9.51)
Vo € CHRY x R,RY) such that ¢ =0 on 90T x RT = (9Q\ 9Q7) x R¥,

vn € CHR,R) with " > 0.

The proof of the above lemma is fully similar to the one which is given in section 9.4.3. Using the classical
“doubling variable technique” and Krushkov entropies [49] lead to a result of uniqueness, under sufficient
hypotheses on the data giving that q is Lipschitz-continuous (see [61] or [74] for the particular problem
of handling the boundary conditions).

Lemma 9.10 (Uniqueness of the entropy process solution) Under Hypotheses (H), and the addi-
tional hypotheses OS) is of class C%, A is of class C?, f is of class C* and g is of class C? (for example), let
(p,q) € L?(2) x Hy(div, ) be the unique weak solution of the problem (9.8) and (9.9) with the condition
(9.10).

Then q is Lipschitz-continuous in €, there exists one and only one function u € L>(Q x Rt x (0,1)),
solution of (9.51), and there exists one and only one u € L>=(Q x R™), solution of (9.7), such that, for
a.e. (z,t,) € QxR x(0,1), u(z,t, @) = a(x,t).

This result of uniqueness yields the convergence in LP(Q2x]0,T), for all p € [1,00) and T > 0, of (um)men
to the unique solution # of the problem.

9.6 Appendix : technical lemmata

Lemma 9.11 Let K be an open subset of R® with weakly Lipschitz-continuous boundary, such that there
exists a Lipschitz-continuous homeomorphism ¢ from Qsxy = | — 6(K),6(K) [4 to K with Lipschitz-
continuous inverse mapping; we denote by & an upper bound of the Lipschitz constants of ¢ and ¢~1.
Then there exists Ca1 > 0 only depending on & and d such that, for all f € L*(0K), f >0,

F@) dy(z) < Cn / f o 6() dv(x). (9.52)

OK 0Qs(k)

Oy ! / fodlz)dv(z) <
0Qs(k)
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Notice that a Lipschitz-continuous homeomorphism with Lipschitz-continuous inverse mapping between
two open sets has a unique extension as a Lipschitz-continuous homeomorphism with Lipschitz-continuous
inverse mapping between the closures of the open sets, and that this extension defines a Lipschitz-
continuous homeomorphism with Lipschitz-continuous inverse mapping between the boundaries of the
open sets.

Remark 9.8 The most useful inequality (and the easiest to obtain) in the following will be the second
one of (9.52). We have also stated the first one in order that (9.52) allows to see that, when A is a
measurable subset of 0K, v(A) and v(¢~1(A)) (7) are comparable, with constants only depending on an
upper bound on the Lipschitz constants of ¢ and ¢~ *.

Proof.
We denote § = §(K).
It is well known (see e.g. [31]) that the application

fELYOK) — fog¢e LY0Qs) (9.53)

is an isomorphism; we want here to estimate the norm of this application (and of its inverse mapping)
only in terms of ¢ and ¢! (with bounds not depending on §).

Let us first recall the definition of the integral on K when K is an open set with weakly Lipschitz-
continuous boundary: if V is an open set of R and 7 :] — 1,1[*"'— 9K NV is a Lipschitz-continuous
homeomorphism with Lipschitz-continuous inverse mapping, then for f € L'(9K), one has

/ F(@) dry(2) :/ For@)Onr A-ee ABaar|(x) da,
OKNV

1,141

where 9;7 denotes the i-th partial derivative of 7 (which is, by the Rademacher Theorem, a function in
(L>°(] — 1,1[¢71))? and is essentially bounded by lip(7)) and A is the inner product in R<.

With this definition, one can verify that the (d — 1)-dimensional measure on 9Qs is the (d — 1)-Lebesgue
measure on each piece of hyperplane the union of which is 9Qs. One can also notice that Qs =
AUUL (] =6, 8[ 7 x{=86}x] — 8,0/ ] — &, 5[t x {6} x] — §,5][?"%) where v(A) = 0 (A is made of sets
of dimension d — 2).

Since (9.53) is an isomorphism, the sets of null measure on 9Q)s are transported by ¢ on sets of null
measure on 0K. Thus, by denoting H; + =] — 6,5 *x{£5}x] — §,5[¢"%, one has, up to a set of null
measure, 0K = UL (¢(H; +) U ¢(H; ). If f € LY(OK), f > 0, the integral of f on OK can thus be
estimated if we estimate all the integrals of f on ¢(H; ).

Let us do it for H; , the other terms being studied the same way.

Define 7 :] — 1,1[%"1— 0K N ¢(H; 1) by 7(x) = ¢(5,6x). T is a Lipschitz-continuous homeomorphism
with Lipschitz-continuous inverse mapping; thus, by definition of the integral on 0K,

/ f@)dy(z) = / For@)Onr A« ABusr|(z) do (9.54)
OKN$(Hy ) ]—1,1[4-1

i-1| 99 ¢
/]_171[0[1 fod(6,02)0 a—y2(5, ST) A=+ A 8_%(6’ 57)| () d.

Thus, by a change of variable,

= ° 99 Lp92
/BKW(HH)f(l‘)dV(I)—/ fod(0.y) |5 0.y A Aayd(&y)'(y)dy.

1-9,8[4—1

"Recall that v denotes the (d — 1)-dimensional measure on the boundary of any open subset of R? with weakly Lipschitz-
continuous boundary.
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Since ¢ is Lipschitz-continuous, we have, for all i € [2,d], ||8B_51HL00(H1’+) < lip(¢) and there exists thus
C2 only depending on ¢ and d such that

/ (@) dr(z) < Cos / fod(6.y)dy
OKN¢(Hy, ) ]—6,8[4—1

But, as we previously noticed, the (d — 1)-dimensional measure on Hq 4 is the (d — 1)-Lebesgue measure
on this piece of hyperplane, and thus

/ fod@y)dy= |  fod)d(a),
]—5,6[d—1

Hy 4

which proves the second inequality of (9.52).

The proof of the first inequality of (9.52) relies on a lemma (mainly algebraic) stating that there exists
C53 only depending on d such that

|81T ARERWA 8d71T| Z 023 (lip(Til))i(dil) (955)

(see [31]). Since 771(2) = 57 1((¢71(2))2s- -, (07 1(2))a), one has lip(r=1) < £571; using this in (9.55)
and returning to (9.54) we get, thanks again to a change of variable, the first inequality of (9.52).

Lemma 9.12 Let K be an open subset of R? with weakly Lipschitz-continuous boundary; we denote by
my the measure of K. One assumes that there exists a Lipschitz-continuous homeomorphism L from K
to B(0,6(K)) with Lipschitz-continuous inverse mapping. Let & be a real value greater than the Lipschitz
constants of L and L. Let g € HY(K). The trace of g on OK is still denoted by g.

Then there exists C's > 0, only depending on & and d, such that

/ / )2 da dry(y) < Cs 6([()/ (Vy(z))? dz,
mK Jorx K
Thus, if ng(x) dx = 0 holds, one has

[ o) < cusm) [ Vot an (9.56)
oK K

Proof. In the following proof, C; denotes real values which only depend on d and &; § denotes §(K).
The application F' : & — (|2|/sup;cp1 4 |7i])> is a Lipschitz-continuous homeomorphism with Lipschitz
continuous inverse mapping between B(0,6) and Q =] — §, 5[%; moreover, the Lipschitz constants of F
and F~! only depend on d. Thus, there exists a Lipschitz-continuous homeomorphism ¢ from Q to K,
with Lipschitz continuous inverse mapping, such that the Lipschitz constants of ¢ and ¢! are bounded
by C34 only depending on d and &.

According to Lemma 9.11, there exists Cy5 only depending on d and £ such that

/BK/ Rdzdyly) < Cs /BQ/ (2))? dz dy(y)

— Oy / / (9(6) — g(d(a' )2 g ala’) da’ dr(y),
2Q JQ

IA

where Jy 4(2') is the absolute value of the jacobian in the change of variable ¢. Setting h = g o ¢, one
has h € H'(Q). Then one gets the existence of Cas > 0, only depending on d and &, such that

/6K/ V2 da dy(y) < Cog /BQ/ )2 dx dy(y).
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The change of variable z = ¢~ 1(2’) proves the existence of Ca7 > 0, only depending on d and ¢ such that

/ (Vh(z))? dz < Cr / (Va(a'))? da’. (9.57)
Q K

Therefore, if one proves the existence of Cag > 0, only depending on d and &, such that

/aQ/ )? dady(y) < Cos 6‘”1/Q (Vh(z))? dz, (9.58)

one gets (9.12) from (9.57) and (9.58) and the fact that the existence of £ ensures that there exists
Cs5 > 0 with mg > Cs 5.

In order to prove (9.58), one may assume by a classical argument of density that h € C*(Q). Since Q is
a cube with 2d edges, it suffices to prove the existence of Co9 > 0, only depending on d and &, such that

(h(y )2 da dy(y) < Cag 6%t [ (Vh(2))? da, (9.59)
AL J

Q

where 0 = {—6} x [=§,6]%71, to get (9.58) with Cog = 2dChg. Let H = [—§,6]! and QT = [0,4] x H.
We can now write, for all z € Q,

// )2 da dry(y <2// V2 dx dvy(y +2// )? dz dy(y).

An integration with respect to z € QT leads to
gd-15d / / 2 4w dy(y) < 2(26)0A + 2(26)1 B, (9.60)

with

//Q 2))? dz dn(y),

/ / 2 dx dz.
Q+
Let us first study A. By definition,

a= || /05<h<<_5,y>>_h(<a,b>>>2 dadbdy,

A—/H/H/06</01Vh((5+9(a+5),y+0(by)))-(a+5,by)d9> dadbdy.

Using the Cauchy-Schwarz inequality, one gets

and

and therefore,

A< (26)2d/H/H/05/01 (VA((=6 4+ 0(a+ 6),y + 0(b—y))))* df dadb dy.

Using the Fubini Theorem and the two changes of variable b — o = b —y € Hy = [—24,25]9!
y—y =y+60b € H, we obtain then
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A< (25)2d/H /05/01/H(Vh((5+0(a+5),y’)))2 dy do da db.

We now change the variable 0 into ¢t = —0 + 6(a + ¢). This yields:

& a
A< (25)2(45)‘#1(1/0 LS/ILI(Vh((t,y’)))ZaLMdy’ dt da.

Since, for all a € [0, 4], %ﬂ; < %, one gets, setting « = (¢,y),

A < 2%§itg /Q (Vh(z))? da. (9.61)

Let us now study B. We have

B< (25)2d/Q+/Q/01 (Vh(z +0(z — x)))* df dx dz.

Using the Fubini Theorem and the the two changes of variable z — 2/ = z — 2 € Qy = [~26,20]¢,

r— 1 =x+602 €Q, we get
B< (25)2(1/ / (Vh(z'))? da’ d2',
2JQ

B < 224+254+2g / (Vh(z'))? da. (9.62)
Q

Thus, using (9.60), (9.61) and (9.62), one concludes the proof of (9.59).

which gives

Assuming now [ g(x)dx = 0, the proof of (9.56) is then a direct consequence of

gy = [ (o - —— [ gw)dy) dvi) < 2 dwdy(y).
/BK /8K< MK Jk 0K

Lemma 9.13 Let K be an open subset of R® with weakly Lipschitz-continuous boundary; we denote
the measure of K by myi. One assumes that there exists a Lipschitz-continuous homeomorphism with
Lipschitz-continuous inverse mapping L from B(0,0(K)) to K. Let £ be a real value greater than the
Lipschitz constants of £ and L. Let g € HY(K).

Then there exists Co > 0, only depending on & and d, such that

2
o / / Zdrdy < Cy6(K)? /K (Vyg(z))” dx. (9.63)
Thus, if [; g(x)dx =0 holds, one has

/ G*(x) dx < Oy 5(K)2/ (Vg(z))? da. (9.64)
K K

Proof. We denote § = §(K). Using the change of variables 2’ = £(z) and 3’ = L(y), and writing for
simplicity of notations B = B(0, §), one gets the existence of C3q, only depending on d and &, such that

// dey<C’30// — g(L(a')))? da’ dy.
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Setting h = go £, one has h € H'(B). Then one gets the existence of C3; > 0, only depending on d and
&, such that

/B (Vh(2))? de < Ca1 /K (Vg(a')? da'. (9.65)

Thus, if one proves the existence of C'33 > 0, only depending on d and &, such that

2dedy < Cs209%2 | (Vh(2))? da, (9.66)
IR J,

B

one gets (9.13) from (9.65), (9.66) and the fact that the existence of £ ensures that there exists C5 with
myg > Cs 8% In order to prove (9.66), one may assume by a classical argument of density that h € C1(B).

One sets
A= / / 2 dux dz.

Using the Cauchy-Schwarz inequality, we get

A< (25)2d/B /B /01 (Vh(z +0(z — )))* df dz d=.

Using the Fubini Theorem and the changes of variable z — 2’ = z—x € By := B(0,26), x — 2’ = x4+ 02/,

we get
A< (25)%1/ / (Vh(z))* do’ d2',
By JB

which gives the existence of some C33, only depending on d, such that

A < Cy38972 / (Vh(z))* dz.
B

This concludes the proof of (9.66).

Assuming now [, g(x)dx = 0, the proof of (9.64) follows, remarking that in such a case

/ng(w’)de/K(g(fﬁ)—m%{/Kg(y)d@ d:1:<—// ? drdy.

Lemma 9.14 Let K be an open subset of R® with weakly Lipschitz-continuous boundary, such that there
ezists a Lipschitz-continuous homeomorphism with Lipschitz-continuous inverse mapping L from K to
B(0,6(K)). One denotes by & an upper bound of both Lipschitz constants. Let a C 0K, such that there
exists xg € a and ¢ > 0 with

0K N B(xo,(5(K)) Ca

Let mq denote the d— 1 Lebesque measure of a. Let q € H(div, K) such that q-npx € L*(OK) and there
exists qq, € R with q(x) - ngx (x) = qq for a.e. © € a.
Then there exists Ci6 , only depending on d, & and (, such that

maq> < Cig (% /K Q*(z)dx +6 /K (div q(:z:))zd:r) (9.67)
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Proof. Denoting § = §(K), let X € 9B(0,0) and n € (0,1]. We have {Z € 9B(0,9) | Z-X >
(1 —n)8%} = 9B(0,8) N B(X V/2nd). Indeed, take Z € 9B(0,6) and denote h = Z — X. One has, since
|Z)? = |X|? = 62, |h|* = 26% — 27 - X; thus, |h\2 < 2né? if and only if Z - X > (1 — n)é>.
Define

B, ={y €K | L(y)- L(z0) > (1 —n)d%} = L7HIB(0,8) N B(L(x0), \/219)).
Let F(z) = (|z|/sup;c(i,q [#i])z. L7 o F~" is a Lipschitz continuous homeomorphism with Lipschitz-

continuous inverse mapping between K and Qs =] — 4, §[%; moreover, the Lipschitz constants of L1 o F~!
and its inverse mapping are bounded by a real number only depending on d and &. Thus, by Lemma 9.11

applied to f = x5, ,
"/(Bn) Z 034 W(FOAC(BW)) = 034 ’)/( (aB(O 5 ﬂB :IL'O \/ 5

with C34 only depending on d and &. Tt is easy to see that v(F(0B(0,68) N B(L(20),v/210))) > Ca5 8971,
where C35 only depends on d and 7 (the set F(0B(0,8) N B(L(xg),/2nd)) contains a significant part of
a (d — 1)-dimensional ball on Qs with radius of order ¢). Thus, one has

Y(B,) > C36 6471, (9.68)

with Cs3g only depends on d, ¢ and 7.
Now, let no = inf(1, (¢/£)?/2) € (0,1] (no only depends on ¢ and &); since £~ ! is Lipschitz-continuous
with constant &, one has

By, C 9K N B(xo, (o) C a. (9.69)

Let us define the function v € H*(K) by

v(z) = (ng)) Vr € K,

where the function ¢ € C([—1,1],[0,1]) is defined by ¢(s) = 0 for all s € [—1,1 — ng], ¥(s) = 2tm-1)

no
for all s € [1—ng,1—1n0/2], ¢(s) =1 for all s € [1—10/2,1]. One has therefore v(x) € [0,1] for all z € K,

v=1o0n B, /, and v=0on IK \ By, D 9K \ a and
w/(ﬁz Ezo)
52

Thus, since |L(zo)| < d, we have ||[Vv||pex) < Csr where C37 only depends on d, ¢ and ¢. For all

x € 0K \ a, v(z) = 0, and therefore the following relation holds

/ Vo(z) - q(z)de = — /K o(z) div q(z) dz + ga / o(z) dy ().

We have [ v(z)dy(z) > v(B,,/2) (because v is non-negative and has value 1 on B, /) and thus, by
(9.68), [, v(z )d’y( ) > C35 6471 with Css only depending on d, & and (. Since ||Vv(2)]| () < €= and
mg < Cs9 8%, one therefore gets

qg < Cuo (5d22(d1)/ q(w)2 dr + 5d72(d71)/ (div q(x))z d:L‘>7
K K

which leads to (9.67), since m, < Cyy 6971

Vo(z) = (DL(x))T L(x0).
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Chapitre 10

Parabolic Capacity and soft measures for nonlinear equations

Jéréme Droniou, Alessio Porretta®, Alain Prignet?.

10.1 Introduction

Let © be a bounded, open subset of R, T" a positive number and @ =]0, T[x€. Let p be a real number,
with 1 < p < 0o, and let p’ be its conjugate Holder exponent (i.e. 1/p+1/p’ = 1).
In this paper we deal with the parabolic initial boundary value problem

up + A(u) = p in ]0, T[x €,
u=0 on ]0,T[x 09, (10.1)
u(0) = ug in Q,

where A is a nonlinear monotone and coercive operator in divergence form which acts from the space
LP(0,T; Wy P(2)) into its dual LP' (0, T; W12 (). As a model example, problem (10.1) includes the
p-Laplace evolution equation:

uy — div(|VuP~2Vu) = g in |0, T[xS,
u=20 on ]0, T[x 01, (10.2)
u(0) = ug in Q.

The main feature of our study is the presence of singular data p and ug, which are bounded measures
(respectively on Q and on Q). Tt is well known that, if © € L? (Q) and ug € L2(Q), J. L. Lions [51]
proved existence and uniqueness of a weak solution. Under the general assumption that g and ug are
bounded measures, the existence of a distributional solution was proved in [9], by approximating (10.1)
with problems having regular data and using compactness arguments.

Unfortunately, due to the lack of regularity of the solutions, the distributional formulation is not strong
enough to have uniqueness, as it can be proved by adapting the counterexample of J. Serrin for the
stationary problem (see [68] and the refinement in [65]). In case of linear operators the difficulty can
be overcome by defining the solution through the adjoint operator, this method is used in [70] for the
stationary problem and yields a formulation having a unique solution. However, for nonlinear operators
a new concept of solution needs to be defined to get a well-posed problem. In case of problem (10.1) with
L' data, this was done independently in [5] and in [64] (see also [3]), where the notions of renormalized
solution, and of entropy solution, respectively, were introduced. Both these approaches are able to obtain
existence and uniqueness of solutions if y € L'(Q) and ug € L*(Q).

Our main goal here is to extend the result of existence and uniqueness to a larger class of measures which
includes the L' case. Precisely, we prove (in the framework of renormalized solutions) that problem

IDipartimento di Matematica, Universita di Roma II, Via della Ricerca Scientifica, 00133 Roma, Italia
2Mathématiques, Université d’Orléans, Rue de Chartres, 45067 Orléans Cedex 2, France
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(10.1) has a unique solution for every measure u which is zero on subsets of zero capacity, where the
notion of capacity is suitably defined according to the operator u; + A(u). In fact, the importance of the
measures not charging sets of null capacity was first observed in the stationary case in [12], where the
authors prove existence and uniqueness of entropy solutions (as introduced in [4]) of the elliptic problem

A(u)=p in Q,
{ u=0 on J€), (10.3)

if p is a measure which does not charge the sets of zero p—capacity, i.e. the capacity defined from
the Sobolev space VVO1 P(Q). Actually, this result relies on the fact that every such measure belongs to
LY(Q) + WP ().

In order to use a similar approach in the evolution case, one needs to develop the theory of capacity
related to the parabolic operator u; + A(u) and then investigate the relationships between time-space
dependent measures and capacity. We introduce here the notion of capacity defined from the parabolic
p-laplace equation in the same spirit of [62], where the standard notion of capacity constructed from the
heat operator is presented in a useful functional approach (without any tool of potential theory or linear
arguments). Indeed, letting

W = {ue L0, T WeP (@) N IA(Q)), g € L (0,75 (W (@) N LA(Q))) }

we define the capacity of a set B as, roughly speaking, minimizing the norm of W for functions greater than
1 on B. This approach allows us to use the same arguments as in [20] and then to obtain a representation
theorem for measures that are zero on subsets of () that are of zero capacity (see Definition 10.5).

Thus our first main result extends the one in [12] for stationary measures and capacity.

Theorem 10.1 Let p be a bounded measure on () which does not charge the sets of null capacity. Then
there exist g1 € L (0, T; W= (Q)), go € LP(0,T; Wy P(Q) N L2(Q)) and h € L'(Q), such that

T T
/sodu:/ <gl,w>dtf/ <sot,gz>dt+/ hop dudt, (10.4)
Q 0 0 Q

for any o € C([0, T) ), where (-,-) denotes the duality between (Wy P (Q)NL2(Q)) and W, P (Q)NL2(R)
()-

Thanks to this decomposition result, for such class of measures (continuous with respect to capacity)
we can still set our problem (10.1) in the framework of renormalized solutions. The idea is that, since
w can be splitted as in (10.4), problem (10.1) can be formally rewritten as (u — g2): + A(u) = g1 + A,
and the renormalization argument can be applied to the difference u — g3. We leave to Section 3 the
precise definition of renormalized solution, let us state here our result of existence and uniqueness of
renormalized solutions.

Theorem 10.2 Let i be a bounded measure on QQ which is zero on subsets of Q that have zero capacity,
and let ug € L*(2). Then there exists a unique renormalized solution u (see Definition 10.7) of (10.1).
Moreover u satisfies the additional regularity: u € L>(0,T; L*(Q)) and Ty(u) = max(—k, min(k,u)) €
LP(0, T; Wy P(2)) for every k > 0.

Let us stress that, as far as the initial datum is concerned, the class of measure data which do not charge
the parabolic capacity of the operator reduces to consider ug in L*(£2), so that no improvement can be
obtained with respect to previous results. This is a consequence of the following lemma, which we prove
in Section 2.

3Notice that, since W 1P’ (Q) — (Wol’p(ﬂ) N L2(Q))’, we have g1 € L¥ (0,T; (Wol’p(Q) N L2(22))’) so that the term
involving g1 in (10.4) is well defined.
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Theorem 10.3 Let B be a Borel set in Q. Let to €]0,1] fized. One has
cap,({to} x B) =0 if and only if measq(B) = 0.

A counterpart of Lemma 10.3 will also be proved (Theorem 10.6), stating that, for any interval (¢o,¢;) C
(0,T), cap,((to,t1) x B) = 0 if and only if the elliptic capacity (defined from W, P(2)) of B is zero.
The plan of the paper is the following. In the next section, we give the definition and prove the basic
properties of parabolic capacity, among which the existence of a unique cap—quasi continuous represen-
tative for functions in W. We also prove Theorem 10.3 as far as the restriction of capacity to sections
{t} x Q is concerned. We investigate then the link between measures defined on the o—algebra of borelians
of () and the previously defined capacity, and we prove the decomposition theorem stated above. In the
third section we give first a result of existence and uniqueness for (10.1) if u € W, the dual space of W,
which seems a natural extension of the classical result of J.L.. Lions. Finally, we give the definition of
renormalized solution and we prove existence and uniqueness.

In the sequel C' will denote a constant that can change from line to line. For v a function of (¢,z) and
for k a real number, we will denote, for example, {v > k} the set {(¢t,z) € @ : v > k}, while x4 denotes
the characteristic function of a set A.

10.2 Parabolic capacity and measures

10.2.1 Capacity

The approach followed to define the capacity is in the same spirit of Pierre ([62]).

Definition 10.1 Let us define V = Wy P (Q)NL2(2), endowed with its natural norm - lwzor ) -2z )
and
W= {u € LP(0,T; V), uy € L¥ (0, T; V’)},

endowed with its natural norm |lullw = |ullLr,7v) + llwell o o7y We will also use the non-
homogeneous (when p # 2) quantity, linked to the energy estimates,

= 112, 0 ety T 1815 iy F 6l 7,50 - (105)

Remark 10.1 Since V — L?*(Q) — V', we see that W is continuously embedded in C([0,T]; L>()) (cf
[24]), which means that there exists C > 0 such that, for all u € W, |lu L (0,r;22(0)) < Cllullw. Thus
one has, for allu e W,

Mwscmmﬂm%wmﬂ,|mws0mm{w%mﬂ}- (10.6)

Remark 10.2 When 0 € C°(R x RY) and u € W, then Ou € W and there ezists C(0) not depending
on u such that ||0u|lw < C(0)||ullw. Indeed, when u € LP(0,T;V), it is quite obvious, by the regularity
of 0, that Ou € LP(0,T; V) with ||0ul|Leo,1;vy < C(0)||ul|Le(o,1;vy- For the time derivative, it is a little
bit tricky; we have, in the sense of distributions, (0u); = 0yu + Ouy. The second term is not a problem:
since ug € LV (0,T5V'), one has Quy € LP (0, T5V') and ||Oue|| o (o, 7y < CO) el o 0,71y For the
first term, that is Oyu, we must use the injection of W in C([0,T); L2()), thus also in L¥' (0,T; L*(Q));
thanks to this injection, it is then easy to get O;u € L¥ (0, T; L*(Q)) with ||0zul| 1o o 7,12 (0y) < C(O)|ullw
L2(Q) being injected in V', we have LP (0, T; L2(Q)) — LP (0, T; V") which gives ,u € LP (0,T; V') and
10sull Lo (0, 73y < C(O)Jullw -
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Remark 10.3 Since LP' (0,T; V') = (LP(0.T;V))' (see [32], V is a separable reflexive space), and since
LP(0,T; V) = LP(0,T; WP (Q)) N LP(0,T; L3(Q)) = ENF, with ENF being dense in E and F, we
have L¥' (0, T; V') = E' + F' = LP (0, T; W52 (Q)) + L? (0, T; L*(Q)) and the norms of these spaces are
equivalent.

In fact, the natural space that appears in the study of the p-laplacian parabolic operator is not W but
W C W, defined as follows.

Definition 10.2 We define

W= {u € LP(0,T; WP (Q)) N L0, T; L*(2)), ug € L (0, T} W—l”"(Q))} .

Remark 10.4 W is continuously embedded in W .

We will define the parabolic capacity using the space W, whereas a more natural definition would perhaps
start from W. However, using this space instead of W would entail some technical difficulties and since,
as we will notice, the sets of null capacity with regards to W are the same than the sets of null capacity
with regards to W there is no loss in working with W instead of W (see Remark 10.7).

Definition 10.3 If U C Q is an open set, we define
cap,(U) = inf {||ul|w : w € W, u > Xy almost everywhere in = Q} (10.7)

(we will use the convention that inf() = +oc), then for any borelian subset B C Q the definition is
extended by setting:
cap,(B) = inf {capp(U), U open subset of Q, BC U} . (10.8)

Proposition 10.1 The capacity previously defined satisfies the subadditivity property, that is

cap,, (U Ei> < Z cap, (E;), (10.9)

for every collection of borelian sets E;.

Proof. Let, for alli > 1, U; be an open set containing £; such that cap,,(U;) < cap,(F;)+ 57, and let u;
be such that u; > xp, a. e. in @ and |u;||w < cap,(U;) + 5. Without loss of generality we can assume
that Y22, cap,(E;) < oo (otherwise (10.9) is trivial); this 1Inphes that Y ., u, is strongly convergent in
W. Let then u = Y,5, u;; clearly u > xy a.e. in Q where U = |J;2, U;, so that, U being open,

cap, (U) < [lullw < Z willw < anpp )+ 2.
Since |J;=; E; C U this implies (10.9). "

Remark 10.5 As usual, the capacity defined above depends in fact of the open ambient set Q and we
should have denoted capp(B,Q) to stress on this dependance. However, Proposition 10.1, along with
Remark 10.2, allows to see that, when B is a borel set of Q and cap,(B, Q) =0, then cap,(B,U) =0 for
all open sets U C Q containing B. Indeed, take a sequence of compacts K,, C U with U = J,,~, Ky, then
we have cap,(B,U) = cap,(Un>1BN Ky, U) < Y -, cap,(BNKy,,U). Since K, is a compact subset
of U and since cap,(B N Kp,Q) = 0, we can prove, using a nonnegative function ¢, € C°(U) such that
Cn =1 on a neighborhood of K,,, that capp(B NK,,U) =0 for any n, which proves our assertion.
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The definition of capacity can be alternatively done starting from the compact sets in @), as follows. We
denote C°([0, T'] x Q) the space of restrictions to @ of smooth functions in R x RY with compact support
in R x Q.

Definition 10.4 Let K be a compact subset of Q. The p-capacity of K with respect to @ is defined as:
CAP(K) = inf {[Jullw : u € CZ°([0,T] x Q), u > Xg}.
The p-capacity of any open subset U of Q is then defined by:
CAP(U) = sup {CAP(K), K compact, K C U},
and the p-capacity of any Borelian set B C Q) by
CAP(B) = inf {CAP(U), U open subset of Q, BC U}.
This second definition of capacity given for compact subsets is motivated by the following theorem.

Theorem 10.4 Let Q) be an open bounded set in RN and 1 < p < co. Then C°([0,T] x Q) is dense in
w.

The proof of this theorem will be given in the appendix.

Remark 10.6 Notice also that, when u € W has a compact support in Q and (py)n>1 is a space-time
regularizing kernel, then u * py, is well defined (at least for n large enough), is a function of C2°(Q) and
w* pp — u in W (see Lemma 10.7 in the appendix).

Proposition 10.2 The capacity CAP satisfies the subadditivity property.

Proof. Let us first prove the subadditivity for finite unions of open sets, starting from compact sets.
Indeed, let K7, K2 be compact subsets of @, then there exist two functions wuy, uz € C°([0,T] x Q) such
that u; > xx, and ||u;||lw < CAP(K;) +¢, i = 1,2. Since

up +ug € CO([0,T] x Q) yur +ug > XK 0K, 5 |Jur +uallw < lua|lw + [luzllw,

it follows that CAP(K; U K3) < CAP(K;) + CAP(K3). Let now A, B be open subsets of @, and
let K be a compact subset of A U B. It is easy to find compact subsets K4, Kp such that K =
KaUKpg, with K4 C A and Kp C B (for instance, define F' = {z € A : dist(z, A°) > T} where
m = IZIél% [dist(z, A°) + dist(z, B°)], then K4 = K N F and Kg = K N F* fit the requirement). Therefore
we have CAP(K) < CAP(K4) + CAP(Kp) < CAP(A) + CAP(B), and taking the supremum over
K C AU B we get

CAP(AUB) < CAP(A) + CAP(B), for all opensets A,BC Q. (10.10)

Finally, let {E;};>1 be borelian subsets of @, and let E = J,~; F;. Assume that >_,.; CAP(E;) < oo
and let A; be open sets such that E; C A; and CAP(4;) < CAP(E;) + &, so that Y ,.; CAP(4;) <
> i>1 CAP(E;) +e. Let A =J;5, A;, and take a compact subset K C A. Since the 4; are a covering of

K, there exists a finite number [ such that K C Uézl Aj;, hence using (10.10) we get

l l o]
CAP(K) < CAP (U Ai> <Y CAP(A;) <Y CAP(E)) +e.

i=1

Taking the supremum over K C A and since £ C A we have

CAP(E) < CAP(A) <Y CAP(E;) +¢,
=1
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which concludes the proof as e tends to zero. [

Note that, in the elliptic case, the two possible constructions of the capacity in the space WO1 P(Q) (from
the open sets of from the compacts) coincide. Here, we are not able to prove the same result (because of
approximation difficulties), nevertheless we have that both capacities yield the same sets of zero capacity,
which is in fact what matters.

Proposition 10.3 Let B be a borelian subset of Q. Then one has CAP(B) = 0 if and only if cap,(B) =
0.

Proof. We first prove that CAP(B) > cap,(B) for every borelian set B, which will imply cap,(B) =0
whenever CAP(B) = 0.

Indeed, let A be open. Assume that CAP(A) is finite, and let K,, = {z € A : dist(z,04) > 1}. By
definition there exists a sequence {¢,,} of functions in C2°([0,T] x ) such that

. 1 1
©Yn > XK, In Q, ”‘PHHW < CAP(Kn) + E < CAP(A) + E .

In particular we have that ¢, is a bounded sequence in W, which is a reflexive space, so that there exists
a subsequence, not relabeled, and a function ¢ € W such that:

Pn — @ weakly in LP(0,T;V),
(San)t — V¢ weakly in P (0’ T VI),
Pn — P almost everywhere in Q.

Last convergence is a consequence of standard compactness arguments (see [69]). Since ¢, > xk, for
every n, we deduce that ¢ € W and ¢ > x4 almost everywhere in @, so that ¢ can be used in Definition
10.3 above. By lower semicontinuity of the norm we get, as n tends to infinity:

lellw < CAP(4),

which yields that cap,(A) < CAP(A). This inequality being satisfied for all open sets A, we deduce from
the definition that it is also true for all borelians of Q.

Now, let us obtain the reverse implication. We take B a borelian such that cap,(B) = 0. Since CAP is
sub-additive, it is enough to prove that, for any compact K C @, one has CAP(B N K) = 0. We take
thus K a compact subset of @ and ¢ € C°(Q) such that ¢ =1 on an open set O which contains K.
Since cap,(B) = 0, there exists, for all ¢ > 0, an open set A. containing B such that cap,(A:) < ; we
can then take u € W such that

u> XA, a.e. in Q, lullw < 2e.

We have (u € W and ||Cullw < 2C(¢)e, with C(¢) only depending on ¢ (see Remark 10.2).

We will now estimate CAP(A. N O). Let L be a compact subset of A. NO and (p,,)n>1 be a regularizing
kernel in R x R¥; since Cu has a compact support in Q, (Cu) * p, € C3°(Q) is well defined (at least for n
large enough) and ((u) * p,, strongly converges to (u in W (see Remark 10.6 and the appendix). We can
thus fix n(L, g) such that ||(Cu) *pp(r,e) — (Cu)||lw < € and (Cu)*py 1,y > 1in L (recall that Cu > 1 on the
open set A, NO and that L is a compact subset of A. NO); with this choice of n(L, ), v = (Cu) * pr(rc) €
C(Q) C C([0,T)x Q) and v > xr. Thus, CAP(L) < |[v]lw < ||[v—Cullw+||Cullw < (1+2C(¢))e. This
being true for any compact subset L of the open set A.NO, we deduce that CAP(A.NO) < (1+2C(())e.
But BN K C A: N O, so that CAP(BNK) < (14 2C(())e for all € > 0. Letting ¢ — 0, we deduce that
CAP(BNK) = 0. .

However, henceforth we will make use of Definition 10.3 of capacity, which can be handled more easily
in many situations, as in the following result, where we give the characterization of sets of null capacity
contained in the sections {tq} x Q of the parabolic cylinder.
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Theorem 10.5 Let B be a borelian set in Q. Let tg €]0, T fized. One has
cap,({to} x B) =0 if and only if measq(B) = 0.

Proof. Assume first that cap,({to} x B) = 0 and let K be any compact set contained in B, so that
cap,({to} x K) = 0. Since, by Proposition 10.3, we also have that CAP({to} x K) = 0, then, for all
d > 0 there exists a function ¢s € C°([0,T] x ) such that ||¢s|w < § and ¥s5(tp) > 1 on K. Since W is
continuously imbedded in C([0, T, L?(£2)), we have

meas o(K) < / [ s (to)* dz < |[Ws]| 7o (0 1202y < Cllslliy < €67,
K

so we deduce that measq(K) < C4%, and from the arbitrariness of § then measq(K) = 0. Since this
is true for any compact subset contained in B, by regularity of the Lebesgue measure we conclude that
meas q(B) = 0.

Conversely, if measq(B) = 0 then there exists, for all 4 > 0, an open set As such that B C As and
meas o(As) < 0. Let us consider ¢ fixed in the following, and let K, be a sequence of compact sets
contained in As such that K,, C K41 C ..., Ur—; K, = As. Let ¢, € C.(As) be such that 0 < ¢,, <1,
on =1 on K, and ¢, < @,+1. Then we solve for ¢ € [to, T,

(¢n)t - diV(|V¢n\p_2V¢n) =0 in ]t07 T[XQ,
P =0 on Jtg, T[x 09, (10.11)
¢n(t0) = ©¥n in Q

Clearly we have that ¥, € LP(to, T; Wy P (2)) N L (to, T; L*(Q)) and (¢,,); € LP (to, T; W59 (Q)). Let
us construct a function v, defined on [0,T], by setting

'[/;n = n in ]tQ,T] x €,
~ [AVAER
s = Uy <T — %) in [0,t0] x Q.
0
It is not difficult to see that @Zn belongs to W and by the energy estimates obtained from (10.11) by using
1y, itself as test function we have (recall the notation in (10.5)) :
[nlw < Cllgnll}s () < Cmeas(As) < C6. (10.12)

By regularity results on the p-laplacian evolution equation (see [27]) we have that 1, is continuous in
[to, T] x ©, hence v, € C([0, T] x Q). Thus we can define the open set U,, : = {1, > 1}. Since U, is open
and 21, > xu, we have

cap,(Un) < 2/[thnllw < Cmax(65,67). (10.13)

Since {¢,} is nondecreasing we have that {4, } is nondecreasing as well, hence U,, C Uy 11, and cap,(Un)
is also a nondecreasing sequence, and bounded too. Setting Uy, = U,:ozl U,, we have that

cap,(Us) = lim cap,(Uy) . (10.14)

Indeed, since U,, C U we have lim cap,(U,) < cap,(Us). On the other hand, let u,, € W be such that

n—oo
. 1
Up > Xy, a.e. in Q and unllw < cap,(Un) + s

(in fact, it can also be chosen u,, such that |[u,|[w = cap,(Uy), but this is not essential). It follows from
(10.13) that w, is a bounded sequence in W, hence there exists a function u € W such that, up to a
subsequence,

Uy — U weakly in W and a.e. in Q.
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The almost everywhere convergence of this subsequence and the fact that (U, ),>1 is nondecreasing imply
that u > yp_ almost everywhere in @); since U is open, we get

cap,(Uso) < [Jullw < liminf [[u,[|w < lim cap,(Un),
n—oo n—oo

so that (10.14) is proved. Since ¢, = 1 on K,, for each n and A5 = |J,~, K,,, we have that Uy, is an
open set which contains {tq} x As D {to} x B, so that we conclude from (10.14) and (10.13)

cap,({to} x B) < cap, (Uso) < Cmax(5%,57'),

which implies that cap,({fo} x B) = 0. L]
The following result can be considered a counterpart of the previous result, since we consider subsets
(0,T) x B, B C .
Theorem 10.6 Let B C Q) be a borelian set, and 0 < tg <ty <T. Then we have

cap,((to,t1) x B) =0 if and only if ~ cap,(B) = 0,
where cap;, denotes the elliptic capacity defined from Wol’p(Q).
Proof.

If cap;;(B) = 0, then there exists, for all 0 < § < 1, an open set Us with B C Us such that Capf,(U(s) < 9.

It is then a well-known result of the elliptic capacity that we can choose vs € WO1 P(Q) with 1 > vs > xu,
a.e. in ) and \|v5||W01,p(Q) < 0. If p > 2, this also gives |[vs]|r2(q) < C6 (C not depending on §); if p < 2,
since |vs| < 1, we have [ lvs|? < Jo lvsP < €67 (C still not depending on §), that is to say |[vs]|z2() <
VC6P/2. Tn either case, we have thus vs > Yy, such that ||v5||W01,p(Q) + [|vs||r2) < C max(8,67/2).
Using then u(t,2) = vs(x) in (10.7) for the definition of the parabolic capacity of (to,t1) x Us we deduce
that cap,((to,t1) x Us) < C max(d, 6P/2), and then as § goes to zero we get cap,((to,t1) x B) = 0.
Conversely, assume that cap,((to,t1) x B) = 0 and take o < t;, <t} < t1. Since cap,((to,t1) x B) =0,
for all § > 0, there exists an open set As such that ((fo,t1) x B) C As and cap,(As) < ¢. For every
fixed x € B, since the compact set [t,t]] x {z} is contained in the open set Ag, there exists an open
set U, C Q such that (ty,t]) x {z} C (£, 1) x Uy C As. Hence, setting U = |J, .5 Ur we have that
B CU CQ,U is an open set and (t,t]) x U C A;, so that cap,((ty,#) x U) < cap,(A4s) < . Let then
us € W be such that us > x(u 1)xv and [lus||w < 6. Defining

1[4
’ngm/ ’U/(Sdt,
1 0 Jtg

we easily check that vs € WO1 P(Q), vs > xu almost everywhere in 2 and

'y
07t1

p—1 p—1

1 g T T+
, < — drdt < —||u < — 9.
el ooy < g [ sl dodt < gl <

Since U is open and contains B, the arbitrariness of § implies capf,(B) = 0.

10.2.2 Quasicontinuous functions

Let us recall that a function w is called cap—quasi continuous if for every € > 0 there exists an open set
F., with cap,(F:) < ¢, and such that ug\r, (the restriction of u to @\ F.) is continuous in @ \ F.. As
usual, a property will be said to hold cap—quasi everywhere if it holds everywhere except on a set of zero
capacity. The following lemma is essential to prove the existence of a cap—quasicontinuous representative
in W. In fact, remark that if v € W, one may have |u| & W, since the time derivative may lack of
regularity. To overcome this obstacle we use some ideas contained in [62].
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Lemma 10.1 (i) Let u belong to W ; then there exists a function z in W (see Definition 10.2) such that
lu] < z and

2l < C max{nuna’;, ||u||av} | (10.15)

(ii) If u belongs to LP(0,T; WyP ()N L>(Q) and uy is in LP (0, T; W12 (Q)) + L' (Q) then there exists
z € W such that |u| < z and:

[Z]W <C (”u”LP(O T WP (Q)) + ||utHLp’(07T;W—1,p’(Q))+L1(Q)
Flull Lo (@) lluell por [0, T;W=1r () +LY(Q) T ||“||%oo(o,T;L2(Q))

Remark 10.7 In case (i), notice that, when ||ullw is small, so is ||z this allows to prove. that the

5
sets of null capacity coming from W are the same than the sets of null capacity coming from w.

The case (ii) of Lemma 10.1 will not be useful to us, but we state and prove it because it allows to see
that, if u is as in this case, then u has a unique cap—quasi continuous representative (see also Remark
10.12).

Proof. We divide the proof in two steps. We will denote Ap(uz) = div(|Vue[P~2Vu,).
Step 1. Let us consider the penalizing problem

(ue)e — Ap(uz) = T(ue —u)~  in ]0,T[xQ,
ue =0 on |0, T[x 09, (10.16)
ue(0) = u™(0) in Q,

which admits a nonnegative solution u. in C([0, T; L3(Q))NL* (0, T; WP (Q)) by results in [51]. Choosing
ue — u as test function in (10.16) we get, for every ¢ in [0, T]:

. — 2t t t
/wdw—i—//|Vu€|pdxdt§//|Vu||Vu€|p71d:1:dt
Q 2 0Ja
// e —u)(ue —u)”

- / (e = ) it + e 02,20

which yields, using also Young’s inequality, and (ue — u)(u. — u)~ <0,

/'“E_“| do + = //|Vu5|pdxdt<0/ \Vul? dadt

! (10.17)
1 2
= [ e =)+ Sl s

If we are in case (i), v is in W and we have

t
/ (ug,ue — u)dt‘
0

T
< [l ue =l
0
T T
< [ v e = gy + [ Tl e = uloo
< Hut”LP’(O,T;V’) e — u||Lp(0,T;W01’p(Q)) + H”t”Ll(O,T;V’) [|1e — 71‘||L°°(07T;L2(Q))
<

Hut”LP’(O,T;V’) e — u||Lp(0,T;W01’p(Q)) + C”ut”LP’(O,T;V’) l[te = ull L (0,1;22(02))
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so that we easily deduce from (10.17), using Young’s inequality:
ot 1 e 72050y + 0212 gy < € e ully ey } - (10.18)
If we are in case (i7), then the duality product f0t<ut, ue — u) in (10.17) is between the spaces

LY (0, T; W5 (Q) + LYQ)  and  LP(0,T; WP (Q)) N L¥(Q),

and we need to prove an L*°(Q) estimate on u.. This can be easily achieved by choosing Gy (u.) = (ue —
k)T (let us recall that u. > 0) as test function in (10.16), with k = |[ul| Le(q) : since G}, = Xjk,00[ = (G})?,
we have

1
VG (ug)|? daedt = G (ue)|Vue |P dedt < — ue —u)~ Gi(ue)dzdt,
€
Q Q Q

and since (u: —u)~ Gg(ue) = 0 for k = |[ul| (), we deduce that [[uc||po (@) < [JullLoe(q). Thus, writing
wy = ul+u? with u} € L (0, 7; W12 (Q2)) and u? € L*(Q) such that [ug || Lot o, -1 @y T Ut i (@) <

2||utHLT"(0,T;W_1’p, (Q)+L1(Q)

t T
/ <ut,u5u>dt‘ < [ 1l ol =l ey e+ eyl =l

< Clluf ¥ + Cllull}

LWl (@) T Cllull=@lluillL @

L? (0,T;W—1»' (Q)) HUEHLP (0,15W,P(Q))

Then

t
A <Ut,U5 _u> dt’ < C”utHLp (0,T;W 12" (Q2))+L(Q)
Husll

Lp OTW1 P(Q +C|| ||Lp 0TW1 P(Q +CHUHLOO(Q)||utHLPI(O,T,W71W,(Q))+L1(Q) ‘

We deduce from (10.17) that, for all ¢ € [0, T7,

t
_ ]2 p p '
/Q\ug ul (t)d:z:—l—/o/ﬂ|Vu5| dq;dth’(/Q|Vu| At + [0l - 07+ 200

Hlull oo el o 0, 0,w -1 (@) 4 L2 (@) + HU’H%OO(O,T;Lz(Q))) )

which implies

2
e Lo 0,252 () + Ielln o rawin )

p/
= C (”u”m 0,T; WP () + ”ut”LP’(O,T;W—LP’(Q))+L1(Q)
Hllullzoe @ luell o 0, 0w 10" (@) 22 (@) + ||u||%°°(0,T;L2(Q))) . (10.19)

From (10.18) or (10.19) we deduce that there exists a nonnegative function w in L*(0,T7; L*(Q)) N
LP(0,T; Wy P (2)) such that (up to subsequences)

u. —w  weakly in L2(0,T; W P()) and weakly-x in L>(0,T; L*(2)).

Note also that if € < 7 then u. > u,; indeed, we have

t t
- / ((ue — un)t, (e —uy) ") dt — / / (|VueP2Vaue — [Vuy|P2Vu,)V(u: — u,)~ dzdt
0 0/

_ _/Ot/Q (é(u ) - %(un —u)—> (e — wy)™ dadt,
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which yields, using the fact that the second term of the last equation is non negative and integrating by

arts,
) %/Q\(ug—un)_(t)\de < /Ot/Q(ug—u,,)_ (%(un—u)_ - %(us—u)_> dadt

S/Ot/ﬂ(ug—u,,)_(u,,—u)_ <%—§> dedt <0,

for every t in ]0,T[. Thus (u.)- is a non negative sequence bounded in L!(Q), moreover it is increasing
as € tends to zero, hence thanks to the monotone convergence theorem, u. converges to w in L'(Q) and
almost everywhere in Q). We have, choosing (u. — u)~ as test function in (10.16),

T T
/((ug)t,(ug—u)jdw/ Va2V V (u. — u)~ dedt = /| )2 dadt,
0 0

which implies

1 —p2 ((ue —w)P(1)  [* _
E/QKUEU) \ dxdt—i—/ﬂfdx—/o (ug, (ue —w)~) dt

+ / |Vue P 2Vue V(ue —u)~ dadt .
Q
Using either (10.18) in case (¢) or (10.19) and the L°° estimate in case (i) we deduce:

1
g/ (e —u)~ [P dodt < C, (10.20)
Q

which implies, by Fatou’s lemma, that w > u, and w > u™ since w > 0.
Step 2: Let us now replace u. by a sequence converging in W. Precisely, we define z. the solution of the
following parabolic problem:

—z5 — Apz® = —2Aju.  in]0,T[xQ,
2£=0 on |0, T[x 09, (10.21)
25(T) = u(T) in Q.

Since —2A,ue > —(u:): — Ap(ue) in distributional sense, we can easily deduce from (10.21) that 2° > w..
Moreover using z¢ itself as test function and integrating between ¢ and T', we have the following energy
estimates:

||Z€||L°° 0,T;L2(2)) + HZ ||Lp 0,T; W] P(Q (” EHLP(O,T;WU]’p(Q)) + ||u5||%°°(0,T;L2(Q)))

10.22
< O Hoz2)

+ el

¢ ”LP'(O,T;W*LP’(Q LP(0,T; WP () LP(O,T;W&”’(Q))) ’

In virtue of (10.22), we get that 2° is bounded in W, hence there exists a function z € L?(0, T’ WP Q)N
L>°(0,T; L2(2)) and a function w € LP (0, T; W ~12'(Q2)) such that (up to subsequences) z° — z weakly
in LP(0,T; Wy ?(Q)) and weakly-* in L>(0,T; L%(Q)) and zf — w weakly-% in L2 (0, T; W12 (Q)); it
is then quite easy to see that z; = w, so that z is in fact in W. The classical compactness argument
contained in [69] implies that 2% is also compact in L!(Q). Thus we deduce, up to subsequences, that z*
almost everywhere converges to z in Q, and since z¢ > u. passing to the limit we obtain that:

z>w>ut a.e. in Q.

Moreover, using either (10.18) or (10.19) and (10.22), we deduce that, if w is in W, then

1213 0.2y + 12020 oy + 1260 oy < C e { Il }
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which implies (10.15), and if w is in LP(0, T Wy ?(Q)) N L°°(Q) and u; belongs to L¥ (0, T; W1 (Q)) +
LY(Q), then
p o’
lelw < Cllaly, o rawim @y F 1l @ zw—10 @)@
2
Hlull o=@ luell o 0, 75w 10 @y 27 (@) T Uz 0,712 (02))) -

A similar construction can be made for the negative part u—, so the conclusion of the lemma follows by
writing |u| =u* +u". "

The previous lemma has the following important consequence.

Proposition 10.4 If u is cap—quasi continuous and belongs to W, then, for all t > 0,

’

C £ o’
cavy ({1 > 1)) < S mac{ | (10.23)

Proof. Let us first handle a simple case, that is to say u € C°([0,T] x Q); then the set {|u| > t} is open
and its capacity can be computed according to (10.7). By Lemma 10.1 there exists a function z > |u|
satisfying (10.15). Since Z > 1 on the set {|u| >t} we have:

lelw _ € 5o
cap, ({Jul > 1)) < 15 < Zmax { fullfy [l

Let us now prove the general case: u is cap—quasi continuous and belongs to W. Let € > 0 and A be
an open set such that capp(AE) < ¢ and wjg\ 4, is continuous in @ \ Ac; by definition, this implies that
{lujg\a.| >t} N (Q \ A:) is an open set of @ \ A., i.e. that there exists an open set U of RY such that
{lujgna. | >t} N(Q\ A) =UN(Q\ Ac). Thus,

{Jul > 3 UA: = ({lugua.l > 1} N (Q\ 42)) UA- = (UUA) NQ

is an open set. Let then z € W be such that z > |u| and (10.15) holds; let w € W be such that
[w|lw < cap,(A:) +¢& < 2e and w > xa,; We have w+ > 1 almost everywhere on { |u| > ¢} U A., hence

1 1
capp({lul >t} U Ae) < Jlwllw + llz]lw < 2 + 2|z ]lw-

Thus we get
1
capp({lul > 1}) < 2e + ~llz]lw,
which implies again (10.23). L]

We can now prove the result on quasicontinuity, whose proof follows the standard approach with the help
of Lemma 10.1.

Lemma 10.2 Any element v of W has a cap—quasi continuous representative v which is cap—quasi ev-
erywhere unique, in the sense that two cap quasi continuous representatives of v are equal except on a
set of null capacity.

Proof. By density of C°([0,7] x ©) in W, there exists a sequence (v™) C C°([0,T] x Q) such that
(v™) converges to v in W. We can also construct (v,,) such that

e P »’
> o max {0 = o ot = o | < o
m=1
Let then define:
W™ = {Jp™t — ™| > 27™}, " = U wm™.

m2>r
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m+1 _ . m

Since v v™ is continuous, w™ is an open set; moreover, by Proposition 10.4, we have

P j
cap, (&™) < O™ max{nvm“ o — vmnvpv} -

Thus we get:
3 p’
cap, (@) < C Y om max{wm“ S o v’mw’v} .

m>r

This proves that lim cap,(€2") = 0. Moreover for any 7
T—00
Vg Q' Vm>r, o™t —o™(z) <277,

oo
hence (v™™) converges uniformly on the complement of each Q" and pointwise in the complement of (] Q.

r=1
Since

o0
cap,, (ﬂ QT> < cap,(2") — 0 as 7 tends to infinity,

r=1
we have that capp(ﬂiil Q") = 0. Therefore the limit of v™ is defined cap—quasi everywhere and is cap—
quasi continuous. Let us call ¥ this cap—quasi continuous representative of v, and assume that there exists
another representative z of v which is cap—quasi continuous and coincides with v almost everywhere in
Q. Then we have, thanks to Proposition 10.4:

1 R,
capp{w,z > —} <Cn max{||1~)z|€v,||vz|‘§,} =0,
n

since v — z = 0 almost everywhere. This being true for any n, we obtain that z = v cap—quasi everywhere,
so that the cap—quasi continuous representative of v is unique up to sets of zero capacity. [

We can also prove the following result.

Lemma 10.3 Let (v,) be a sequence in W which converges to v in W, then there exists a subsequence
of () which converges to v cap—quasi everywhere.

Proof. Let us extract a subsequence of (v,,) such that

P
7

Z 2" max{”vn — |l s [|on — 1)|V’i,} < +oo0.
n=1
Thanks to Proposition 10.4 we have
capy{ [0n, — 9| > 27"} < C2" max{|vn —ol|& lom — ””v?/} . (10.24)

Using (10.24) we can repeat the proof of Lemma 10.2, which proves that v, converges to ¥ cap—quasi
everywhere. [

10.2.3 Measures

In the following, we denote by M,;,(Q) the space of bounded measures on the o—algebra of borelian subsets
of @, and M;;(Q) will denote the subsets of nonnegative measures of M, (Q).

Definition 10.5 We define
Mo(Q) = {p € Mp(Q) : u(E) =0 for every subset £ C Q such that cap,(E) = 0}.

The nonnegative measures in Mo(Q) will be said to belong to M (Q).
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We denote by ((,-)) the duality between W’ and W. W’ N M;(Q) denotes the set of elements v € W’
such that there exists C' > 0 satisfying, for all ¢ € CZ°(Q), [((7,¢))| < Cll¢|lL=(q); in such a case, by
the Riesz representation theorem there exists a unique y™** € M,;(Q) such that, for all ¢ € C(Q),
({(7,9)) = fQ @ dy™== (notice however that, if the knowledge of v € W’ entirely defines y™** € M(Q),
the converse is not true). We denote by W/NM; (Q) the set of v € W/ NM,,(Q) such that v € M (Q).
Now we investigate the link between measures in () and the notion of capacity defined above. The main
theorem in this sense can be obtained from the result on the “elliptic capacity” contained in [20], which
also applies to this context of parabolic spaces. We rewrite thus, with the necessary adaptations to the
parabolic case, the proof of G. Dal Maso.

F C TG ) s that Mg(Q). Then there exists y € WlﬂMzT(Q) and a nonnegative function
fe Ll(Q, dry™es) such that p = fym.

Proof. Let ue ME]" (Q). For any w in W, let @ be the cap—quasi continuous representative of u, which
exists by Lemma 10.2. Since 4 is uniquely defined up to sets of zero capacity we can define the functional
F:W — [0,00] by
F(u) = / atdu
Q
(indeed, this definition does not depend on the cap—quasi continuous representative of u, since two cap—
quasi continuous representatives are equal except on a set of null capacity, that is to say u-a.e.). Clearly
F' is convex, and it is also lower semicontinuous in W thanks to Lemma 10.3 and Fatou’s lemma. By the

separability of W’ there exists then a sequence {a,} of real numbers and a sequence {\,} in W’ such
that:

Fu) = sup{{{An, u)) + an}.

Since, for any positive ¢, tF'(u) = F(tu) > t{{(An,u)) + a, for every n, dividing by ¢ and letting ¢ tend to
infinity we get F'(u) > ((An,u)) for all u in W. For u = 0, we deduce that a,, <0, hence

F(u) = sup{{{An u))} = sup{{(hn ) + an} = Fla). (10.25)

By (10.25) and the definition of F, for all ¢ € C2°(Q), we have

() < /Q o diu < il m@ el (10.26)

thus, applying this inequality to ¢ and —¢, we get [((An, ©))| < ||pllag, @) ll@ll Lo (). Which implies that
An € W' N Mp(Q); moreover, since F'(—p) = 0 for any nonnegative p € C°(Q), we have 0 < ((A,, ) =
fQ @ dAze for all such ¢, which implies Aze=* € M (Q) (that is to say A, € W/ NM; (Q)) and, applying
once again (10.26) to any nonnegative ¢ € C°(Q),

Amess < gy, (10.27)

We have thus, in particular, [[A7°**|| e, @) < |14l Ay (0)-
Thus the series

2*([[Anllwr +1)

is absolutely convergent in W’ and we have, for all ¢ € C°(Q),

_ o (e

y=y (10.28)
n=1

n=1

I @ llell= @)
> n

IN

n=1

HN”Mb(Q)”QD”LOO(Q)a

IN
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Ameas

so that v € W' N My(Q). The series Y .-, T D strongly converges in M;(Q), and we can see,
applying (10.28) to functions of C°(Q), that

- i Aeas
(IXnllwe 4+ 1)

meas

In particular, v is a nonnegative measure (each Am°* is nonnegative).
Since \@e << ™= there exists a nonnegative function f, € L'(Q,dy™) such that \@e = f, =,
thus (10.25) implies:

/ @ du = sup / fnpdy™e, (10.29)
Q n JQ

for any nonnegative ¢ in C°(Q). We also have, by (10.27), f,y™ < pu, that is

/ fndy™e < N(B) )
B

for any borelian subset B in @@ and every n. In particular, we have

/BSUP{flana o fibdym < (B,

for any borelian subset B in @ and any k > 1. Letting k tend to infinity we deduce by the monotone
convergence theorem:

/ [y < p(B),
B

where f = sup f,,. Then we conclude, using (10.29):

/deZSLlp/ fnwdv’““sé/f@dvr‘“e“ﬁ/wdm
Q n JQ Q Q

for any positive ¢ € C°(Q), which yields that p = fy™==, and since u(Q) < +oo it follows that
f e LYQ,dy™). [

In order to better specify the nature of a measure in M(Q), we need then to detail the structure of the
dual space W'.

Lemma 10.4 Let ¢ € W'. Then there exist g1 € Lp,(O,T; W_l’p/(Q)), g2 € LP(0,T5V) and g3 €
LY (0,T; L*(Q)) such that

<<9au>>=/0T<g1-,u>+/0T<ut,gg>+/Qg3udxdt YueW.

Moreover, we can choose (g1, g2, g3) such that
”ngLp’(o,T;W*lvP’(Q)) + ”gQHLP(U:T;V) + ”gSHLP’(O,T;L?(Q)) < CHQHW” (10'30)
with C' not depending on g.

Proof. Let E = L?(0,T;V) x LP (0,T;V") and T : W — E such that T'(u) = (u,us). If we endow E
with the norm

[(v1,v2)lle = [lv1llzeco,7v) + HU2||LP’(0,T;V’)7
then T is isometric from W to E. Let G = T'(W), with the norm of E, thus 7! is defined on G. Let
g€ W and let ® : G — R, ®(v1,v2) = ({g, T (v1,v2))), then ® is a continuous linear form on G.
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Hence thanks to the Hahn-Banach theorem, it can be extended to a continuous linear form on E, also
denoted @, with ||®|| g = ||g|lw+ (since T—! is isometric). There exists thus hy € (LP(0,T;V))" and
hy € (LP (0,T; V")) such that

®(v1,v2) = (h1,v1) (L0 (0,7;v)), L0 (0,7;v) + (h2,V2) (1o (0,75v7)) 17 (0,7;V7)

and |\l (zeo,rvyy + b2l (o 0,75y < Cll@l[e. But LP(0,T:V) is reflexive and (LP(0,T;V))" =
LP'(0,T; W22 (2)) 4+ L¥' (0, T; L2(2)) (with equivalent norms), so that we can find g, € LP(0,T;V),
g1 € LY (0, T; W12 (Q)) and g5 € L¥' (0, T; L?(Q)) satisfying

T T
D (v1,v2) :/ <91,v1>+/ <v2792>+/ g3v1
0 0 Q

and ||gl||LP’(07T;W711P,(Q)) + 192l zr0,7,v) + 93]l o 0,7522(0)) S CllRall@eo,mvyy + IRl (Lo 0, 75v1))) <
Clglhw- ) )
Hence for all u € W, ((g.u)) = ®(T(uw)) = [, (91,u) + [, (w,92) + [, gsu, which concludes the proof.

u

We will need, in the following, to construct suitable smooth approximations of elements v € W/ N M, (Q)
which at the same time converge strongly in W’ and weakly-* in M,(Q). As usual, we would like to
start with measures v having compact support. To this purpose, note that when # is a regular function,
since the multiplication ¢ — ¢ is linear continuous from W to W, we can define the multiplication of
an element v € W’ by 6 thanks to a duality method: v € W’ is defined by ((8v, p)) = ((v, 0)).

Lemma 10.5 Let v € W/ N My(Q) and 0 € CZ(Q). We take (pn)n>1 a sequence of symmetric (*)
mollifiers in R x RY and yp = 0v € W'. Then p € W' N My(Q), p™* = v, u™ has a compact
support in QQ and

meas meas meas

e pullzr@) < o™ “llaw@y s W™ % pn—p in W (10.31)

Proof.
The fact that p € W' N My(2) is quite obvious since, for all ¢ € CZ(Q), |{({u, )| = [({v,0p))] <
Cl0@|Lo= (@) < CllO||L=(@)ll#lL(@)- Moreover, by definition, one has, for all ¢ € C°(Q),

/ o dp™ = (1, 0)) = {(v.0p)) = / O due,
Q Q

so that pme** = Qv™°**; thus, the measure p™°* has indeed a compact support and g™ x p,, is well defined
and is, for n large enough, a function in C°(Q). By a classical result of convolution of measures, one has
e pnllon@) < o™ lmu@- :

Let now (g1,92,93) € LP (0, T;W=4P(Q)) x LP(0,T;V) x LP (0,T;L*(€)) be a decomposition of v
according to Lemma 10.4. Then, for all ¢ € W, one has

(u0)) = /OT<91,990>+/OT<(9<P)t,92)+/Qgs&p

T T T
= / (991,¢>+/ <‘Pta992>+/ <9t90792>+/99390-
0 0 0 Q

Since 0y € L¥' (0,T; L*(Q)) (see Remark 10.2), the term f0T<0t<p, g2) is in fact fQ 0+pga. Moreover, since
g1 € LP' (0, T; W—12'(Q)), there exists G; € (L* (Q))N such that g; = div(G1), so that

/0T<egl,so> - /0T<div<001>.,w> —/OT<Gl-ve,so>.

4That is to say pn(—) = pn(-).
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Gy - V0 e LP (Q) and we have thus in fact

/0T<9gl,<p>: /OT (div(0G), ¢) — /Q Gy - Vo,

Thus, for all ¢ € W, one has

T

(e = [ " iv(6Gy). ) + | ot + /Q 0950 — /Q G- Vog + /Q Ougs. (10.32)

From now on, we take n large enough so that Supp(6) + Supp(p,) be included in a fixed compact subset
K of Q. The support of p= x p, = (fv™***) x p, is then also contained in K; we take ¢ € C°(Q) such
that ¢ = 1 on a neighborhood of K. We also take n large enough so that Supp(¢) +Supp(p,,) is a compact
subset of Q).

By definition of the natural injection C2°(Q) C W', we have, for all ¢ € W,

(a5 pn, ) = /Q QU * Py

For all p € C°([0,T] x Q), we have then

(% pu, ) = /Q Cpue™ s pp = /Q (Cp) * pn dpa™ ™,

since n has been chosen large enough so that the support of ({¢) * p, is a compact subset of @; but
(Cp) * pn, € C°(Q), so that, by definition and (10.32),

(™ % pn, @)
= ({1, (Cp) * pn))

/ C (061, (¢p) % pu) + /

T

(((C@) * pn)e. 0g2) +/Q993(C<p) * Pn
*/ G1-VO(Cp) * pn +/ 092(Cp) * pn-
Q Q
We have chosen n large enough according to the supports of 6 and ( to allow us to write

({1 % pp, ©))

-/ (06 * pu). ) + /

T

(€)1, (0g2) * pn) + / (0g3) * pnCep
Q
—/(G1-W)*aner/(@tgz)*pnCso-
Q Q

But ¢ =1 on a neighborhood of Supp(#) + Supp(py,), so that

(U™ % pn, @)
= iv((0G1) * pn), ¢, (092) * p, 0g3) * pn
/0<d ((0G1) p)w>+/0<<p (092) p>+/Q(g) Pntp

*/(Gl'Vﬁ)*pnswr/(&gz)*pnsa (10.33)
Q Q

This equality has only been established for ¢ € C°([0,T] x ), but since this space is dense in W and
both sides are continuous with respect to the norm of W, this equality is still valid for all p € W.
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We have (0G41) % p, — 0G1 in (LP(Q))N, (0g2) * pn — 0Ogs in LP(0,T;V), (0gs) * pp — Ogs in
LP(0,T; L3(R)), (G1-VO)*p,, — G1-VOin LP (Q) and (0:g2)* pn, — 0:g2 in LP(0,T; L?(Q2)). Substracting
(10.32) and (10.33), we have, for all ¢ € W,

(™ % pn — 11, )

T T
- / (div((0GL) * pu — 0G1),0) + / (e (092) * pu — Og2) + / ((695) * pn — Og3)
0 0 Q

+ /Q (G1- V0 — (G- V0) % pu)p + /Q ((6192) * p — Brg2)0

< OG1) * pn — 0G| (Lo (@)~ V@l Lr() + 1(092) * pn — Ogal[Leo,rv) et Lo (0,7v1)
+1(093) * pr = 093l Lo (0.7, 22 ) 10l Lo (0, 7:22(2)) + 1G1 - VO = (G1 - VO) % pul| o () 2l 27 ()
+1(0g2) * pn — 0292l o (0,5 12(2)) 1]l Lo’ (0,72 (02))
< C (||(9G1) * pn = 0G| (Lo (@~ + 11(092) * pn — 092 Lo 0,7;v) + [[(093) * pn — 093] Lo’ (0,751 ()
HG1- VO = (G1- V) * pall o () + [[(e92) * pn — 9t92||LP(0,T;L2(Q))) llollw
which proves the convergence of p™ x p,, to u in W'. [

Before stating and proving the decomposition theorem for elements of Mo(Q), let us first make a remark
on the preceding proof, that will be useful to approximate elements of My(Q) in a suitable way.

Remark 10.8 When L € W', we say that (G1,92,93, h1, h2) is a pseudo-decomposition of L if G1 €
(LP (@)Y, g2 € LP(0,T;V), g3 € LP(0,T; L*(Q)), ha € LP(Q), hy € LP(0,T;L*(2)) and, for all

vew, T T
(L) = [ t@iv(G. )+ [ (o) + /Q 430+ /Q b+ /Q hag.

The proof of Lemma 10.5 states the following: if (div(G1), ga,93) is a decomposition of v according to
Lemma 10.4, then (0G4, 092,093, —G1 - VO, 0.92) is a pseudo-decomposition of p = 0v (see (10.82)) and
((BG1) * s (892) % ps (B) % prs (—Cy - V8) % pos (B12) * p) s @ pseudo-decomposition of ™ % pyy (sce
(10.83)).

Thus, we have proven that a pseudo-decomposition of U™ x p, converges to a pseudo-decomposition of
w. It is a weaker result than the one that would state that a decomposition of u™  py (i.e. according
to Lemma 10.4) converges to a decomposition of u, but this last result is not clear. Indeed, to compute
the elements of a decomposition of u™ x p, we need to start from a decomposition of u such that each
term of the decomposition has a compact support; to obtain such a property, we need to introduce the
cut-off function 0 (because, in Lemma 10.4, it is not clear at all that, when g has a “compact support”
notice that, in fact, this expression has no sense since g is not a distribution , we can take (g1, g2, g3)
with compact supports too), and the introduction of this cut-off function 6 entails the apparition of the
additional term 0gs, which cannot in general (if p < 2) be put in one of the terms of a decomposition of
1 according to Lemma 10.4. Moreover, when we want to represent the term in ¥ (0, T Wfl’p,(Q)) of a
decomposition of p as the divergence of an element of (Lp, Q)N with compact support (to manipulate this
term using the convolution, we need such an hypothesis on the support), the introduction of the cut-off
function creates the additional term —G1-V6, and finally leads to a pseudo-decomposition of p as defined
above.

Notice however that, if p > 2, the term 0,go € LP(0,T; L?(Q)) can be put into the term Lp,(O, T; L3(2)) but
the term G -V € L¥' (Q) remains; if p < 2, the term Gy - VO can be put into the term Lp'(O, T; L2(%)),
but the term 0ig> remains. In the special case p = 2, both terms Gy - V6O and 0ig> can be put into
the term LP' (0,75 L3()) and, in this case, we have in fact proven that there exists a decomposition of
we sk p, € W (in the sense of Lemma 10.4) which converges to a decomposition of yn € W’.

Let us now prove a decomposition result as in [12].
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Theorem 10.8 If u € Mo(Q), then there exist g € W' and h € L*(Q), such that ;i = g+h, in the sense
that

[ edu=tg.on+ [ npdadt, (10.34)
Q Q
for any ¢ € C([0,T] x Q).

Proof. We follow the proof of [12]. First of all, using the Hahn decomposition of yu, if 4 € Mo(Q) also
ut, T € Mo(Q), hence we can assume that i is nonnegative. Applying Theorem 10.7 above there exists
v € W' N M (Q) and a nonnegative Borel function f € L'(Q, dy™*), such that

n(B) = /B fdyme

for every Borel set B in Q. Now let us replace p with a compactly supported measure. To this end, it is
enough to use the fact that C°(Q) is dense in L1(Q, dy™*) since y™* is a regular measure; there exists
thus a sequence {f,} € C°(Q) such that f, strongly converges to f in L'(Q,dy™*). Without loss of
generality we can assume that >0 || fn— fn 111 (Q,dymess) < 00, s0 that, defining vy, = (fn—fn-1)7 € W/,
we have, by Lemma 10.5, v, € W/ N My(Q) and Y ;" vee =307 (fn — fn—1)7™" = p converges in the
strong topology of measures.

The convergence result of Lemma 10.5 applied to v, implies that p; * v2°** strongly converges to v, in
W’ as [ tends to infinity. We can therefore extract a subsequence l,, such that ||py,, * V2 — vy ||y < 5.
We have then

n n n
Z e = Zplk * VP 4 Z(V;?eas — l/;cneas) ) (1035)
k=0 k=0 k=0

The first member involved in this equality, denoted hereafter by m,,, is a measure with compact support.
The second term, denoted by hy, is a function in C2°(Q). By letting g, = > p_o(vk — pi, * V=) €
W' N Mp(Q), the third term of (10.35) is g=°**; moreover, we can write g, = 0,9, with 6,, € C(Q)
(indeed, take 6, = 1 on a neighborhood of Supp(fo) U -+ U Supp(f,) and on the neighborhood of the
support of the C°(Q) function Y _, pr, * vx). (10.35) is an equality in My(Q), i.e. involving g=*** and
that can be applied only with test functions in C°(Q); but thanks to the preceding remarks concerning
the support of the elements involved in this equality, we can in fact deduce that, for all p € C2°([0,T]x Q)

we have

/ pdmy :/ why + <<gna90>>- (10'36)
Q Q

Indeed, the measures in (10.35) having compact supports, this formula can be applied to functions in
C*°(Q) and since

meas

(95775 0) = (95" Onp) = ((gn: Onip)) = ((gn, ©)),

this gives (10.36).

Now, m,, is strongly convergent in M;,(Q) to p. hy strongly converges in L'(Q) (because |p;, *
el L) < Ve llamy @) and D05 (v is totally convergent in My(Q)); we denote by h its limit.
We also have that g, is strongly convergent in W’ (because ||py, * vp* — vg|lw < Qik) denoting by g its

limit we get, for every ¢ € C2°([0,T] x ),

{{gn. ) — {{g, ©))- (10.37)

By convergence of h,, to h in L'(Q), and since ¢ is bounded, we also have

/h,ﬁp—)/ hep. (10.38)
Q Q

To prove the convergence of fQ @dmy, to fQ @ du, we just recall that there is a natural injection

{ My(Q)—(Co(Q))
m—m  defined by m(f) = fodm
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which is linear and continuous. Thus, since m,, strongly converges in M(Q) to p, my, strongly converges
in (Cp(Q))’ to 1 and, since ¢ € Cp(Q),

/ pdmy, =mn(p) — plp) =/ pdp. (10.39)
Q Q

Gathering (10.36), (10.37), (10.38) and (10.39), we get (10.34). L]

Combining Theorem 10.8 and Lemma 10.4 we deduce the following.

Theorem 10.9 Let 1 € Mo(Q), then there exists a decomposition (f,g1,92) of p in the sense that
FeLyQ), g1 € LP (0, T; W12 (Q)), g2 € LP(0,T;V) and

T T
/sodu=/f¢dmdt+/ <91,90>dt—/ (pr,g2)dt, Vo eC([0,T] x Q).
Q Q 0 0

Of course, there are infinitely many possible different decompositions of the same measure p € My (Q),
so the following lemma will be useful for further purposes.

Lemma 10.6 Let i € Mo(Q), and let (f,g1,92) and (f.§1,32) be two different decompositions of

according to Theorem 10.9. Then we have (g2 — §2)t = f — f + §1 — g1 in distributional sense, g2 — g2 €
C([0,7]; L)) and (g2 — §2)(0) = 0.

Proof. By assumption we have :
~ T T
[ (F=nodedes [ (@ -onphde=- [ (g -gidt veec(0.01x9).  (1040)
Q 0 0

which implies, in particular, that (g2 — g2): = f— f+ 1 — g1 in distributional sense. Thus ¢ga — §o €
LP(0,T; Wy P()) and (g2 — =) € LH(Q) + LP (0, T; W= (Q)). By Theorem 1.1 in [63] it follows that
g2 — g2 € C([0,T]; L*(2)). Since

/0 (Ger o — Ga) dt + / (g2 — G)e. ) dt = — /Q (92 — 32)(0)(0) da

for all ¢ € C2°([0,T] x ) such that ¢(T") = 0, we deduce from (10.40) (since (g2 — g2)e = f — f+ 51— 1)
that

/Q (g2 — 32) (0)(0) i = 0

for all ¢ € C([0,T] x ) such that ¢(T) = 0. Choosing ¢ = (T — t)y, with ¢ € C°(€) implies that
(gg - §2)(0) =0. u

We will now state and prove, thanks to what has been done in the proof of Theorem 10.8 and Remark
10.8, an approximation result concerning elements of Mg(Q), which will allow us to obtain additional
regularity results on the renormalized solution of (10.1).

Proposition 10.5 Let p € Mo(Q). Then there exist a decomposition (f,div(G1),g2) of p in the sense
of Theorem 10.9 and an approzimation p, of p satisfying:

pn € C(Q),  lpnllamy@) < C,T ,
[ mmpdsit = [ ¢ fudser [ @@ it [ongpar e (0.1 x ).
Q Q 0 0

m€eCEQ), fn—f strongly in L*(Q),
Gre(CE@)N, GF— Gy strongly in (Lp' Q)N
gy €CR(Q), 95— 92 strongly in LP(0,T;V).
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Proof. We will prove that there exists a decomposition (f,div(G1), g2) of u such that, for all £ > 0, we
can find p. € C*(Q) satisfying |||l ) < C,

T T
[ nepdude = [ o fdvde+ [aivGDe e~ [ Gongihde. o e (0.7 x9),
Q Q 0 0

with f. € C2°(Q) such that || f- — f||L1(q) < Ce. G5 € (C(Q))YN such that [|G§ = G| (pr gy~ < Ce and
g5 € C2°(Q) such that [|g5 — gal|Lr(0,r;v) < Ce (with C not depending on ).

We use the notations of the proof of Theorem 10.8.

Recalling that v, = (fi — fr—1)7, we take ¢, € C2°(Q) such that {, = 1 on a neighborhood of Supp(fi —
fr—1); there exists C((;) only depending on ( such that,

if Ee {(LP(Q)N, L?(0,T;V), L¥ (0,T; L?(Q))} and h € E, then ||(xhl|z < C(C)||R| 5.

if H € (L (Q))" then [|H - Vv () < CGR)IHII (Lo gy~

if b€ LP(0, 7, L2(52)), then [[(Gu)ihlloo.c2e) < GOl 0.1,22(0)-
Instead of the [; chosen in the proof of Theorem 10.8, we take here lj such that ||p;, * vpe — vg|lw: <
1/(28(C(¢k) + 1)) and ¢ = 1 on a neighborhood of Supp(py, * vj****). With this choice and taking
(div(BY), bk, b5) a decomposition of v, — py, * v{*** as in Lemma 10.4, satisfying moreover

meas

IBE o @y + 1951 Lo .20y + 10511 2o (0,722 00y < Cllvie = pug % v lw

with C' not depending on k (this is possible thanks to (10.30)), we notice that
> i>q (e BY converges in (Lp,(Q))N, > o1 Cebs converges in LP(0,T3V),

Zk; Crbk converges in L¥' (0, T; L*(Q2)) ’721@21 BF - V¢, converges in L¥'(Q), (10.41)
> k=1 (Cr)ib5 converges in LP(0,T; L*(92)).

We denote by G1, —g2, f1, fo and f3 the respective limits of these terms; notice that the last three
convergences imply in particular the convergence in L1(Q).

Since v, — piy, * Ve = Ce(vk — pi, * vpe>) in W’ (by choice of (, and li) and (div(BF),bk,bk) is
a decomposition of vy — py, * Ve, ((eBY, (kbh, (ebk, —BY - Vi, (Ck)b) is a pseudo-decomposition of
Vi — pi, * Ve (see Remark 10.8).

Thus, by (10.36), for all ¢ € C°(]0,T] x £2),

[edm. = [ o, +/ (div (Zo@), /OT«ot,kchkb’@

" / S G + / S(-BE Vae + [ > (ke
0 k=0 Q k=0 @ k=0
and, by the convergences of m,, to u, of h,, to h and (10.41), we deduce that

/deu—/Q(hﬂﬁfz+f3)s0+/0T<diV(G1),90>/0T<90t,92>,

i.e. that (f =h+ f1 — fa + f3,div(G1), g2) is a decomposition of p in the sense of Theorem 10.9.
We fix now ¢ > 0 and take n large enough (in fact n = n. is fixed in dependence of ¢ hereafter) so that

> B -G <e, (10.42)

k=0 (L' Q)N

D GbS + g2 <e, (10.43)

k=0 LP(0,T;V)

B + chbk D (B -VG) > (Ce)bh - <e. (10.44)
k=0 k=0 L1(Q)
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Since vi, — pi,, * Vp* = (Ve — pi,, * VE©™) and (div(Bf), b’g, b’?f) is a decomposition of vy, — py, * Vo™, we
also know that, for j large enough, (((xBY) * pj, (Ckb5) * pj, (Ckb%) * pj, (—BY -V C) * pj, ((Gr)ebh) * pj) is
a pseudo-decomposition of (V7 — py, * V7o) x p; € C2°(Q) (see Remark 10.8). We take j,, such that,
for all k € [0,n],

3

BY) * pj, — G BF |l (1o < 10.45
1€k BY) * £jn — Gk BY |l (Lo ()~ S oxie ( )
1(Ckb5) * pj,, — CebbllLoco,riv) < nrl (10.46)
1(Ckb5) * pg. — kb5l i) + I1(BY - V) * pj, — BY - Vil )
" 3
H((CR)eb5) * pj = (G)eb5 1 L1(@) < ] (10.47)

Define G5 = Y3 (GBY) * pj, € (C°(Q)); we have, by (10.42) and (10.45), [|[GS — G1l 1o (g < 2e.
Let g5 = — > 5_o(Ckb5) * pj, € C(Q); we have, by (10.43) and (10.46), |lg5 — g2|lLr(o.r;v) < 2e. If
fe=hn+ 3Tk (Gkb5) * pj = Yok (BY - VCk) * pj + 3ok ((Ge)ebh)  pj,. € C2°(Q), we have, by (10.44)
and (1047), ||fE — f”Ll(Q) < 2¢.

Define now p. = f. + div(GY) + (95)¢ € C°(Q); it remains to prove that ||u.|[z1) < C with C not
depending on e. To see this, we recall that (¢, BY)*pj,., (Cub5)*pj. . (Cub%)*pj,, (—BE-VCk)*pj,. . ((Co)ibh)*
P, ) is a pseudo-decomposition of (vj**** — py, * V™) % p;, so that

n n

e = B+ (V™ = pry #VE) % s, = B+ (Z(vze“ — pu * v;:m)) Do = i+ G55 5
k=0 k=0

Since, by (10.35), g5 = my — hy, we deduce that [|p.||z1(q) < 2||hnllzr (@) + [IMnlla,(@)- Since {hy,}
converges in L'(Q) and {m,} converges in My(Q), {||hnllr1(@)} and {|lmn | a1, (@)} are bounded, which
imply the desired majoration on ||p.||z1(q)- ]

10.3 The IBV problem with data in M(Q).

Let us turn to the study of initial boundary value problems with data taken in Mqy(Q). We start by
introducing the following nonlinear monotone operators.

Let a:]0,7[xQ x RN — R" be a Carathéodory function (i.e., a(-,-,¢) is measurable on @ for every &
in RV, and a(t, z,-) is continuous on R for almost every (¢,) in @), such that the following holds:

at,z,£) - £ = algfP, p>1, (10.48)
la(t, z,&)| < Bb(t,z) + [¢P71], (10.49)
la(t,z,&) —a(t,z,n)] - (£ —n) >0, (10.50)

for almost every (t,z) in Q, for every &, n in R, with & # 7, where o and (3 are two positive constants,
and b is a nonnegative function in L? (Q).
Let us define the differential operator

A(u) = —div(a(t, z, Vu)), u e LP(0,T; Wy ().

Under assumptions (10.48), (10.49) and (10.50), A is a coercive and pseudomonotone operator acting from
the space LP(0,T; W, P(Q)) into its dual L (0,7; W~ (Q)), hence for € LP (Q) and ug € L*(Q),
(10.1) has a unique solution in W (see Definition 10.2) in the weak sense (see [51]).
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10.3.1 Variational case

Let us justify the interest of W', giving the following existence and uniqueness theorem (this theorem
could also be stated with right-hand sides in W’ with no major modification in the proof).

Theorem 10.10 Let g belong to W', and let ug € L*(2). Assume that (10.48)-(10.50) hold true. Then
there exists a unique solution u of

ug+ A(u) =g in]0,T[xQ,
u=0 on 10, T[x 09, (10.51)
u(0) = ug in Q,

in the sense that u € LP(0,T; V) and satisfies
- / (o) dit — / wop(0) da + / a(t,z, Vu) Ve dedt = ((g,0)), (10.52)
Q Q Q

for all o € W with ¢(T) = 0.
Remark 10.9 Since g € W', there exists
g1 € L7 (0,T; W7 (Q)), g2 € LP(0,T; V) and g5 € L” (0,T; L*(2))

such that

(g, ) —/OT<91,90>/0T<%,92>+/ng¢, Vo e W.

For any such decomposition, we deduce that u satisfying (10.52) is such that (u—g2); = —A(u)+g1+9g3 €
LP'(0,T; W12 (Q)) 4+ L¥ (0, T; L3(Q)) = LY (0,T;V"), so that u — g» € W C C([0,T]; L*(?)) and,
returning to (10.52), we find (u — g2)(0) = ug.

Moreover, for any two solutions u and v of (10.52), we have uw —v = u — go — (v — g2) € W and
(u—0)(0)=0.

Proof of Theorem 10.10. We take (g1, —g2, g3) a decomposition of g according to Lemma 10.4. Let
(g7 )n>1 € C2(Q) strongly converge to g in LP (0, T; W ~12'(Q)), (¢5)n>1 € C°(Q) strongly converge to
g2 in LP(0,T; V) and (g§)n>1 € C2°(Q) strongly converge to gz in L¥' (0, T; L*(2)) (the existence of such
sequences is a consequence of Lemma 10.8 and Remark 10.17). Thanks to [51], there exists a solution uy,
of

up + A(u") = g1 + g5 + (95):  in]0,T[xQ,

"=0 on |0, T[x 0%,
u™(0) = ug in Q,

in the sense that u™ € /V[v/ and

[ = apwetae — [t - gsias - [ wopl0)as

// (s,z,Vu™) chdxdsf/ 91, ds+//g3<pdxds

for all ¢ € W and ¢ € [0,7]. Note that since g5 € C°(Q), we have (u" — ¢g5)(0) = u”(0) = ug. Using
u™ — g5 as test function, and integrating by parts, we find

n __ n2
/(u 32) / // (s,z, Vu™")V(u™ — g%) dzds
Q
:/(gl,u de—{—//gg — g5) dxds
0
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thus, using (10.48), (10.49) and Young’s inequality,

n _ ,n\2 t
/wdl}—i—// Vun|? deds
Q 2 0JQ

< c(|g1|§p(0TW1p( 19812, 0 oy + 19512t 0y + 0l By

1
HI ) + ozl ~ gBlEs o ricsco

IN

p 2 , 2
<|gl HLP 0,T;W~ 1,p’ () + Hg2 ||Lp 0,T; Wl ?(Q)) + ||ggHLTJ’(07T;L2(Q)) + ||u0||L2(Q)

TE n n
B g)) + oz I = Bl e

which implies
Huﬂ - 9721||%°°(0,T;L2(Q)) + HunHiP(O,T;WDl’p(Q)) <C. (1053)

Thanks to the equation, we deduce from this that (u" — g%), is bounded in L¥ (0, T; W= (Q)) +
LP'(0,T; L2(Q)) = L¥'(0,T; V') so that, in fact, (u™ — g2) is bounded in W. There exists thus w € W
such that, up to a subsequence, u™ — g5 — w weakly in W. But, from (10. 53) (u™) is bounded in
LP(0,T; Wy P(52)) and converges thus, up to a subsequence, weakly in L?(0, T; W, *(Q)) to a function w.
Since g3 — go in LP(0,T; WyP(£2)), this implies that u™ — g — u — gy weakly in LP(0, T; Wy () so
that w =u—g2a € W C C([O T1; L*(R2)); note also that, since u — go € W and g2 € LP(0,7;V), one has
uw € LP(0,T;V).

Moreover, A(u™) is bounded in L? (0, T; W~=#'(Q)), thus (up to subsequences) it converges weakly to
an element f in Lp,(O,T; W*LP/(Q)). Using the equation in the sense of the distributions, we have
(u—g2)t + f = g1 + g3, hence, since u — g2 € W,

/0T<¢t’u92>dt/Q(ugg)(())ga(())dx—/oT@lf,(p)dt—!—/Qgggodxdt.

for all ¢ € W such that ¢(T") = 0. On the other hand the equation implies, passing to the limit in n,
that, with ¢ € W such that ¢(T) =0,

T T
*/ (@t u — ga)dt — / uopp(0) dx :/ (g1 — [, <P>dt+/ g3 dxdt
0 Q 0 Q

so that (u—g2)(0) = up. Now using (4" —g%)—(u—gz) as test function (note that ((u”—g5)—(u—g2))(0) =
0), one has

n_ gy — (u— gy))? T
J et D o [ g — g8 (0 g

+ / [a(t,x, Vu™) — a(t,z, Vu)|V(u™ — u) dzdt + / a(t,x, Vu)V(u" — u) dxdt
Q Q

—I-/ a(t,z, Vu™)V(g2 — g% ) dxdt
Q

T
[ g~ g+ [ gl g8) — (u go)) dedr.
0 Q
Since the second term and last four terms converge to 0, thanks to the positivity of the first one and to
(10.50), one gets
lim [ [a(t, z, Vu") — a(t,z, Vu)|V(u" — u) dedt = 0
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hence, using the standard monotonicity argument (see Lemma 5 in [13]), one has the convergence almost
everywhere of Vu™ to Vu and the strong convergence of a(t, z, Vu™) to a(t,z, Vu) in (Lp,(Q))N. This
proves the existence of a solution.

For uniqueness, let us suppose there are two solutions u and v, thanks to Remark 10.9, v — v € W so
that, subtracting the two equations, one can choose u — v as test function, obtaining:

7@7”)2@) x t a(t,z,Vu) — a(t,z, Vv u—v)dxdt =
/Q 04 +/O/Q[ (t,2,Vu) — alt,z, Vo)V (u — v) dadt =0, ¥t €]0,T],

thus u = v using (10.50). m

10.3.2 Definition and properties of renormalized solutions

Now we want to deal with the general problem (10.1) when y is a measure which does not charge sets of
zero capacity. In virtue of Theorem 10.8, this means that we consider measure data which split in a term
of W’ and a term in L'(Q). Tt is then well known that, if dealing with L' data, the concept of solution
in the sense of distributions of problems like (10.1) may turn out to be not convenient in order to prove
uniqueness of solutions. Moreover, we will deal with functions that may not belong to Sobolev spaces, so
that we need to give a suitable definition of “gradient” for functions that enjoy some properties. To this
purpose, if k > 0, we define

Ti(s) = max(—k, min(k, s)), Vs e R,

the truncature at levels k and —k, and ©(s) = [ Tk(t) dt. One has ©(s) > 0.
The truncations will provide very useful for defining a good class of solutions, as in [4].

Definition 10.6 Let u be a measurable function on Q such that Ty (u) belongs to LP(0,T; Wy P(Q)) for
every k > 0. Then (see [{], Lemma 2.1) there exists a unique measurable function v : Q — R such that

VTi(u) = vX{uj<ky, almost everywhere in Q, for every k > 0.

We will define the gradient of u as the function v, and we will denote it by v = Vu. If u belongs to
LY(0,T; W,H(R)), then this gradient coincides with the usual gradient in distributional sense.

Let us introduce the definition of renormalized solution of (10.1).

Definition 10.7 Let p € Mo(Q). A measurable function u is a renormalized solution of (10.1) if there
exists a decomposition (f,g1,92) of u such that

uw— gy € L0, T; LY (), Tp(u— g2) € LP(0,T; WP (Q)) for every k > 0, (10.54)
lim / Vul? dedt =0, (10.55)

{n<Ju—gz|<n+1}
and, for every S € W2 (R) such that S’ has compact support,

(S(u—g2)) — div(a(t,z, Vu)S (u — g2)) + S (u — g2)a(t,z, Vu)V(u — g2) =

=5"(u—g2)f +G1S"(u— g2)V(u — g2) — div(G15'(u — g2)) (10.56)

in the sense of distributions (where g1 = —div(G1)) and

S(u — g2)(0) = S(ug) in L*(R). (10.57)
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Remark 10.10 Note that the distributional meaning of each term in (10.56) is well defined thanks to
the fact that Ty (u — g2) belongs to LP(0,T; Wol’p(Q)) for every k > 0 and since S’ has compact support.
Indeed, by taking M such that Supp(S’) C] — M, M|, since S'(u — g2) = S"(u — g2) = 0 as soon as
|u — g2| > M, we can replace, everywhere in (10.56), V(u — g2) by V(Tar(u — g2)) € (LP(Q))N and Vu
by V(Ta(u— g2)) + Vg2 € (LP(Q))V.

We also have, for all S as above, S(u — g3) = S(Tar(u — g2)) € LP(0,T; Wy P(Q)); thus, by the equation
(10.56), (S(u — g2))e belongs to the space L¥' (0,T; W12 (Q)) + LY(Q), which implies that S(u — g2)
belongs to C([O,TJ;Ll(Q)) (again see [63]). Thus condition (10.57) makes sense. Furthermore, since
(S(u—g2))e € LP (0, T; W1 (Q)) + LY(Q) we can use, as test functions in (10.56), not only functions
in C°(Q) but also functions in LP(0,T; Wy () N L=(Q).

Finally, observe also that condition (10.55) is equivalent to

Jim / IV (u— g2)|P dedt = 0,

n—oo
{n<lu—gz|<n+1}

since go € LP(0,T; WyP () and u — go is almost everywhere finite.

Remark 10.11 The initial condition S(u—g2)(0) = S(ug) is the renormalized version of the requirement
that (u — g2)(0) = ug. Howewver, it also expresses, in a weak sense, that u(0) = ug, as written in (10.1).
This is due to the fact that i is a measure on the o-algebra of the borelians of the open set Q, which
implies that p is taken in a way that it does not charge the sets at t = 0. More precisely, if &-(t) = (=2)*,
for any ¢ € C(2) we have, by Lebesgue’s theorem,

lim | p&du=0.
e—0 Q

It follows then for any decomposition of u

T 5
1
lim f§E<,0d:L“dt+/ (gl,go)§5dt+—/ /gggodxdt:O7
e—0 Q 0 € Jo Q
which implies, by the time regularity of f and g1,

1
lim —
e—0 €

/ / grpdedt =0, Yo e (). (10.58)
0o Jo

Note that (10.58) is a weak expression of the fact that g2(0) = 0, so that (u— g2)(0) = u(0) in some weak
sense thanks to the fact that the measure p is defined in the interior of Q.

On the other hand, it would also be possible to consider measures u on the o-algebra of borelians of
[0,T) x Q, hence p would charge the level t = 0. However, this case easily reduces to the previous
one. Indeed, we can split p = pqg + pi, where p; = pyg—oy is the restriction of p tot = 0 (i.e.
wi(E) = p(E N ({t =0} x Q)) for any set E) and g is the restriction to the open set Q). In this case
problem (10.1) is equivalent to problem

u + Alu) = pg  in]0,T[xQ,
u=0 on 10, T[x 092, (10.59)
u(0) =ug +p;  in S

If 1 is a measure which does not charge sets of zero capacity we have by Theorem 10.5 that p; € L(Q),
and the study of (10.59) reduces to the one we can do for measures p only defined on the interior of Q.

Remark 10.12 As we have already noticed, when u is a renormalized solution of (10.1) and S is as in
Definition 10.7, we have S(u—g2) € LP(0,T; Wy P(Q))NL>®(Q) and (S(u—ga)): € LP' (0, T; W1 (Q))+
LY(Q); this allows, thanks to (ii) in Lemma 10.1, to prove that S(u — g2) has a cap—quasi continuous
representative.
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In order to deal with the renormalized formulation, we will often make use of the following auxiliary
functions of real variable.

Definition 10.8 We define:
0n(s) =T1(s —Tn(s)), hn(s)=1—10.(s)], Sn(s)= / b (r)dr VseR.
0

Let us first prove that the formulation of renormalized solution does not depend on the decomposition of
p. This essentially relies on Lemma 10.6 proved before.

Proposition 10.6 Let u be a renormalized solution of (10.1). Then u satisfies (10.54), (10.55), (10.56)
and (10.57) for every decomposition (f, g1,92) of u.

Proof. Assume that u satisfies the conditions of Definition 10.7 for (f,g1,¢2), and let (f,J1.72) be a
different decomposition of p. In the following we write §; = fdiv(é'l). Note that since, by Lemma 10.6,
g2 — G2 € C([0,T]; L*(Q)) we have u — go € L>(0,T; L*(€2)), hence it is also almost everywhere finite.
First of all we prove that Ty (u — g2) € LP(0,T; Wol’p(Q)) for every k > 0. To do this, we let S = S,, in
(10.56), where S,, is defined in Definition 10.8, and we choose as test function Ty (S, (u — g2) + g2 — §2),
which belongs to L?(0, T; Wy *(€2)) N L®(Q). Using Lemma 10.6 we have:

/0T<(Sn(“ —92) + 92 — G2)t, Ti(Sn (v — g2) + g2 — G2)) dt
T /Q 81\ (u — ga)alt, 2, V) VTk(Sn(u — g2) + g2 — ) ddt
—— [ St = ga)alt. . V) Viu - g2) Tu(Su(u — g2) + 92 — ) ddt
@ (10.60)
" /Q (S — g2) = 1)f + ) Tu(Sn(u — g2) + g2 — 2) dadt
; /Q (Sh(u— g2) — 1)Ch + C1)VT(Su(u — g2) + g2 — Go) drdt
+ /Q Sp(u—g2)G1V (u — g2)Ti(Sn(u — g2) + g2 — Ga) ddt .
Since by (10.49)
\ | S gt 9T o ) TS g2) 5 — )
" /Q S — g2)G1 V(1 — g2)Ti(Sn(u — g2) + g2 — ) dadt

<Ck [ (TP [Tl + Gal ) dot,

{n<lu—ga2|<n+1}

thanks to (10.55) and the fact that u — go is almost everywhere finite, we get

n—oo

lim ‘/ Sil(u— ga)a(t,x, Vu)V(u — g2) Ti.(Sn(u — g2) + g2 — Ga) dzdt
Q

+ / S (1~ 92)Gr ¥ (tu — ga) Tk (Su(u — g2) + g2 — Go) deedt]| = 0.
Q
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Let us denote by w(n) quantities going to zero as n tends to infinity. Integrating the first term of (10.60)
in time, using that k|s| > ©k(s) >0, (g2 — G2)(0) =0 and 0 < §),(s) < 1, we obtain

/ S — ga)alty 2, Vu)VT(Su(u — go) + g2 — G2) dedt
Q

<k(Ifllzr @) + £ @) + lluollzr (o))
+/ ((Sp(u—g2) —1)G1 + él) VTi(Sn(u— g2) + g2 — g2) dedt + w(n).
Q

Setting E,, = {|Sn(u — g2) + 92 — §2| < k} we have:

/ (S5 (v — go)]%a(t, z, Vu)Vu dzdt

n

< k(Ifl L@ +||f||L1(Q)+||UOHL1(Q))+/ (IG1] +1G1]) Sy (u — g2)|Vul dadt

n

+ [ Siu=glalt.a, V)l (il + [Voul) dade
+ [ 15,00 0Pl Tl Voaldadt +2 [ (Ga] +16)) (Vi + (Vg2 dt + ).
Young’s inequality then implies, using also (10.48), (10.49) and SJ,(s) < S5},(5)* + X{n<|s|<n+1} :
/E [S! (u — g2)]?|Vul? dzdt
< Ck(Ifller @) + Ifl (@ + lluoll L1 (e) +C/Q(|G1|P' G + |Vgal? + Vsl + |b]F") dadt

+C / |Vul|P dedt +w(n) .
{n<lu—gz|<n+1}

Using S),(s)? < S),(s) < S;,(5)* + X{n<|s|<n+1} (because 0 < S], < 1) and the fact that g, belongs to
Lr(0,T; WO1 P(2)), we deduce from the preceding inequality that, for all n > 1,

/ XV (Sl — g2 < C.
Q

Since V(Tk(Sn(u— g2) + g2 — §2)) = X2, V(Su(u — g2) + g2 — 2) and since g, §a € LP(0,T; Wy (Q)),
this implies that v, = Ti(S,(u — g2) + g2 — §2) is bounded in LP(0, T} Wol’p(Q)) and converges, up to a
subsequence, to v weakly in LP(0,T; Wy P (€)), thus also in D'(Q); but v, — Ti(u— Ja) a.e. in Q and is
bounded by k, so that v, — Tj(u— g2) in D'(Q). We have then Ty(u — o) = v € LP(0,T; Wy *(2)), for
all £ > 0.

Similarly we prove that (10.55) holds true for go as well : we choose S = S,, and test function (.S, (u —
g2) + 92— g2) in (10.56). Reasoning as above we obtain, setting F,, = {h < |Sp(u—g2)+9g2—g2| < h+1}:

/ [S] (v — go)]%al(t, z, Vu)Vu dzdt
F,

- Sn(uo)
< /Q ((SL, (1 = g2) = 1)f + F)On (Sl — g2) + g2 — o) ddt + /Q / On(r) dr dz

+ / S — g2)(|Ga] + |Ga))| V| drd + / S (u— go)lalt, x, V)| (|Via| + [Vga|) dudt
F Fn

n

+ / 1% (u— g2)Pla(t, 2, V) |Vga ddt + 2 / (1G] + 1) (V] + [Vgal) dadt + w(n).
F,

n n
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As before, thanks to Young’s inequality, (10.49) and by properties of S,, we get:

/ (S, (u — g)]?|Vul? dvdt
- Sn (uo)
< C/(|f|+|f|)|0h(Sn(ufgg)+ggf§2)|dxdt+// 00 () dr dz
Q aJo
4C [ (G + 1A + VGl + [Vaal? + 61 dade
F,

+C / |VulP dedt + w(n) .

{n<lu—gz|<n+1}
Letting n tend to infinity, using (10.55) and since xr, converges to X{n<|u—g.|<h+1} We obtain:

|Vul? dedt < / |uo| dz

{h<|u—ga2|<h+1} {luo|>h}
b [ (1A G+ Il 49320 + [Vgal? + o) dade,
{lu—gz2|>h}

which yields, as h tends to infinity (recall that u — go is almost everywhere finite),

hlim / |Vul|P dedt = 0.
{h<|u—ga|<h+1}

We are left with the proof that the renormalized equation (10.56) and the initial condition (10.57) hold
with go as well. To this aim, we take S = S,, in (10.56), we choose a function S such that S’ has compact
support and we take S’(S,(u — g2) + g2 — G2)¢ as test function in (10.56), with ¢ € C°(Q). By Lemma
10.6 we get:

T
/0 (St — g2)+ g2 — 52)6 5'(Sulu — g2) + g2 — Go)o) dit
+ [ 810 g2) alt,n, V0V 8'(Sa(u = g2) + 2~ Ga)
Q
+ / S;L(u — g2)al(t, z, Vu)V(S'(Sn(u —g2) + g2 — §2))pdxdt
Q
+/ S (u— g2) a(t,z, Vu)V(u — g2) 8" (Sp(u — g2) + g2 — §2) @ dxdt
« ] (10.61)
= /Q((S;L(u —92) = Df+ f)S(Sn(u—g2) + g2 — §2) pdxdt
+ /Q (8L (4 — 2) — )G + C1) V9 S' (S (u — g2) + g2 — o) dadt
+ /Q (8% (u— g2) — )G+ C) V(S (Sulu — g2) + g2 — Go) o drdt

+/ Sp(u—g2) G1V(u— g2)S"(Sn(u — g2) + 92 — §2) pdadt .
Q

We will now pass to the limit in each term of this equation.
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To handle the first one, we write ((Sy(u—g2) 4+ g2 — G2)t, S (Sn(u — g2) + g2 — §2)) = ((S(Sn(u— g2) +
g2 — §2))t, ), so that, by definition of the derivative in D’(Q), this term passes to the limit thanks to the
dominated convergence theorem:

/0 (S(Suti = g2) + g2 — 2))er ) = — / (S (= g2) + g2 — Ga)pr —> / S(u— d2)pr.

To handle the other terms, we take M such that Supp(S’) C [-M, M]. Since S, (z) —1 <z < Sp(z)+1
for all z € [-n — 1,n + 1], one has

Supp (S,, (v — g2) S'(Sn(u — g2) + g2 — §2)) C {|u—g2| <n+1,|u—ga| <M + 1};

thus, in each of the integrals on @ of (10.61), Vu can be replaced by V' = V(Tyq1(u — §2) + §2) €
(LP(Q))N; we can then pass to the limit with the help of the dominated convergence theorem. Since
u— go = Thar4+1(u — g2) whenever S’ (u — g2) # 0 or S”(u — g2) # 0, we can then replace V' by Vu in each
limit term.

Indeed, since S/, — 1 and is bounded by 1, we have

/ S!(u— go)a(t,z, Vu)Vep S (S, (u— g2) + g2 — §2) dzdt
Q
= [ St g2)altn, V) Ve S (Sl g2) + 92 - ) dads
Q

— / a(t,z, V)V S'(u— g2) dedt = / a(t,z,Vu)Vp S’ (u — g2) dzdt.
Q Q
For the third term of (10.61), we write V(S'(Sn(u — g2) + 92 — §2)) = S”(Sn(u — g2) + g2 — §2) (S}, (v —
92)V(u—g2) + V(g2 — §2)) = 5" (Sn(u — g2) + g2 — §2) (S5, (u — g2)(V — Vg2) + V(g2 — §2)) with V, Vg,
Vi € (LP(Q))N so that this term tends to

/ S"(u— g2)a(t,z, V)(V — Vg2)pdrdt = / S"(u— g2)a(t,x, Vu)V(u — g2)¢ dzdt.
Q Q

The fourth term tends to 0, because S;/ — 0 and, in this term, a(t, z, Vu)V(u—gz2) = a(t,z,V)(V—-Vg2) €
LY(Q). A straight application of the dominated convergence theorem show that the fifth term tends to
Jo fS'(u— §2)¢ and that the sixth term tends to Jo G1V @S’ (u — §a).

To study the convergence of the seventh term, we write, as above, V(5'(S, (u—g2)+g2—g2) = S” (Sp(u—
g2) + 92 — G2) (S, (u — g2)(V — Vga2) + V(g2 — g2)) so that, again thanks to the dominated convergence
theorem, the limit of this term is

/ S (u — 92)(}1({/ — Vg2)pdxdt = / S (u — §2)G'1V(1L — go2)p dudt.

Q Q

Since V(u — g2) = V — Vga € (LP(Q))Y in the last term of (10.61), we see that this term tends to 0 as
n — oo. Gathering all the preceding convergences, we see that u satisfies (10.56) with g2 instead of gs.
To get back the initial condition with g2 instead of g2, we take ¢ = (T'—t)y with ¢ € C°(2), and we use,
as before, (10.56) with S = S, and the test function (S, (u—g2)+g2—ga)p € LP(0,T; Wy P(Q))NL>®(Q);
this gives (10.61). Now, however, since ¢(0) # 0, the integration by parts in time in the first term of
(10.61) gives

/0 (S (S (u—g2)+g2—2))er @) = — / S (S (—g2) (0)+ (g2 — §2)(0))2(0)— /Q S(Sn(u—g2)+ 92— ).

Since Sy (u —g2)(0) = Sp(uo) and (g2 — g2)(0) = 0, we have S(Sy(u = g2)(0) + (92 = 92)(0)) = S(Sn(u0))
so that the first term of (10.61) tends now to

—/QS(UQ)(,O(O)—/QS(U_QQ)QO#
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The other terms tend to the same limits as before and we get thus
— /Q S(uo)p(0) — /Q S(u— go)pr + /Q a(t,z,Vu)Vp S’ (u — g2) dzdt
+ /QS"(u — go)a(t, z, Vu)V(u — §o)p dxdt
= /QfS’(u — e+ /Q G1VpS'(u— §2) + /Q S"(u— §2)G1V (u — go)pdxdt.  (10.62)

On the other hand, since S(u — g2) € LP(0,T; W, P(Q)) satisfies (10.56) (with o instead of go), we have
(S(u— §a)): € LY (0, T; W17 (Q)) + L'(Q), so that S(u — g2) € C([0,T]; L*(£2)) and we can use ¢ as a
test function in (10.56) written with go; this gives

- [ $=3200p0) ~ [ St=g)g+ [ a2, VT (0 ) dad
+/ S"(u — g2)a(t,z, Vu)V(u — go)p dxdt
Q
- / fS"(u— g2)g +/ GV S’ (u — §2) +/ 8" (u— §2)G1V (u — go)pdrdt.  (10.63)
Q Q Q

From (10.62) and (10.63) we deduce that [, S(u— g2)(0)¢) = [, S(ug)y for all ¥ € C°(€2), that is to say
S(U*ﬁg)(O) :S(Uo). ]

Remark 10.13 [t should be noted that the definition of renormalized solution is not restricted to the case
that p is a measure, since (10.54)-(10.57) make sense whenever f € LY(Q), g1 € L' (0, T; W12 (Q)),
g2 € LP(0,T;V). Thus the definition of renormalized solution makes sense also if p € LY(Q) + W',
without being necessarily a measure. In this case (f, g1, 92) is a decomposition of u in L*(Q) +W’. Note
also that the conclusion of Lemma 10.6 is still true if u € L*(Q) + W', hence the result of Proposition
10.6 would remain true in this case too.

10.3.3 Proof of existence and uniqueness theorems

We can now start the proof of the existence result for problem (10.1). Following a standard approach,
we obtain the existence of a solution as limit of nonsingular approximating problems. To this purpose,
let p, be an approximation of u given by Proposition 10.5, and let {ug,} € L°(Q) converge to ug
strongly in L*(Q2). Then by classical results (see for instance [51]) there exists a unique solution u,, in
LP(0,T; Wy P () N L>(0,T; L2(2)) of the Cauchy-Dirichlet problem:

(up)y — div(a(t,z, Vuy,)) = p,  in |0, T[x €,
U, =0 on 10, T[x 012, (10.64)

Uun(0) = uop in Q.

Moreover, from Proposition 10.5, u,, satisfies:

t t t
/ ((up, — g5)t, ) ds —I—/ / a(s,z, Vuy,)Ve drds = / / fnp dxds
0 0 Ja 0o Jo

¢ (10.65)
+ / (Gho)ds,  Vee LP(0,T;V), Vi e [0.].
0

Let us begin by getting a priori estimates on u,,.
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Proposition 10.7 Let u, be the solution of (10.64). Then we have:

lwnll Lo 0,501 () < Cs

/ VT (up)|P dadt < Ck
Q

lun = 93|~ 011 (0) < C

/ VT (un — g3)|P dadt < C (k+1), (10.66)
Q

lim | sup / |[Vup|Pdedt | =0, Vk>0.

— 00 mn

{h<lun—g3|<h+k}

Moreover there exists a measurable function u : Q — R such that Ti(u) and Ti(u — g2) belong to
Lr(0,T; Wol’p(Q)), u and u — go belong to L>(0,T; L'(Q)) and, up to a subsequence, for any k >0 :

Uy — U a.e. in Q,
) (10.67)
Ty (un — g5) — Ti(u — g2) weakly in LP(0,T; Wy'P(Q)) and a.e. in Q.
Finally, we have
lim / VP dedt =0, VE>0. (10.68)
— 00

{h<|u—ga2|<h+k}

Proof. First of all, we choose T (uy,) as test function in (10.64) and we integrate in ]0, ¢[ to get:

¢ ¢
/ O (un)(t) dz —|—/ / a(s, , Vu, )V (uy,)deds = / o, Tie(uy,) dzds —|—/ O (ugn) dz ,
Q 0o Jo 0 Q
which yields, from (10.48) and the fact that |[uon| 21 (o) and [|unl[21(@) are bounded:
t
/ O (un)(t) dz —|—/ / |V Tk (up)|P deds < Ck .
Q 0o Ja
Since Oy (s) > 0, for t = T we get that Ty(uy,) is bounded in LP(0, T; Wy (). If k = 1, we also get:
/ O1(up)(t) <C vt e [0,T7,
Q
which implies, since ©1(s) > |s| — 1, that
/|un(t)|d:r§C vt € [0,7].
Q

Taking the supremum on ]0,7'[ we obtain the estimate of u,, in L>(0,T; L*(Q)). Similarly we can get
the estimates on u, — g% : let us choose Ty (u, — g%) as test function in (10.65). Integrating by parts
(recall that g% has compact support, so that u™(0) — ¢%(0) = u™(0) = ug,) and using (10.48) this gives:

t
[0t —g)O0dr+a [ [ 9un g0 -g5111dods
Q 0 Q
t
S/ek(UOn)dm+/ fnTk(unfgg)dIdt+/ /G?VUnX{mn—g;\gk}dIdS
Q Q 0o Jao

t t
—/ /G?Vg;x“un,gg‘gk}dmds—l—/ /a(s,m, Vun)V 93 X{jun—gz|<kydrds.
0 Ja 0 Ja
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Using assumption (10.49) and by means of Young’s inequality we obtain:

a t
/@k(un—gg)(t)dx+§/ / \Vun|px{‘un,g§‘§k}dacdt§k/ (| ddt
Q 0 JQ Q
+0/ e da:dt+0/ \Vgg‘dedt—l—C/ |b(t,x)|P’dq;dt+k/ [uon| dz .
Q Q Q Q

Since G7 is bounded in P (Q), g% is bounded in LP(0,T; W *(Q)) , f, is bounded in L(Q) and uq, is
bounded in L'(Q), we obtain

/ O1(un —gl)(t)dz < C V€0, T],
Q
which implies the estimate of u, — g% in L°(0,T; L}(Q)), and also
/ |Vun|P X{‘un,gg‘gk}dxdt <C(k+1),
Q

which yields that Ty (u, — g%) is bounded in LP(0,T; Wy () for any k > 0 (recall that g itself is
bounded in L?(0,T; Wy(2))). Now, let 9(s) = Ti(s — Th(s)) and take 9 (u, — g%) as test function in
(10.65). Reasoning as above, using that ¢'(s) = x{n<|s|<n+k} and applying Young’s inequality we obtain:

\Vun|pd:rdt§0k/ luon| di + Ck/|fn|d:z:dt+ c/(|G;l|P’+|vgg|f'+|b(x,t)|f")dxdt.

{h<lun—g3 [<h+k} {luon|>h} {lun—g3|>h} {lun—gz|>n}

Since u,, — g% is bounded in L>(0,T; L}(Q2)) we have
hlim (sup meas{|u, — g5 | > h}) =0,

then by means of the equi integrability of the sequences f,,, |G7[P and [Vg2|? in L'(Q) we deduce that:

hlim sup / |Vu,|P dedt | =0, (10.69)
" <oy i<hek)

for every k > 0.

We are going to prove now that, up to subsequences, u, converges almost everywhere in @) towards a
measurable function u. To this aim, let 7;(s) be a C?(R), nondecreasing function such that 7;(s) = s
for |s] < % and 7Ty (s) = sgn(s)k for |s| > k. If we multiply pointwise equation (10.64) by 7,/ (u, — g7)
(equivalently if we choose T} (u, — g5 ) as test function in (10.65) with ¢ € C2°(Q)) we get that:

(Tk (un — g3))e = div(a(t, z, Vun) T (un — g5))
+a(t,z, Vup)V(un — 93) T (un — g5) (10.70)
= Ty (up — g3) o — div(GY Ty (un — g3)) + T (un — g5 )GTV (un, — g5) -

Observe that thanks to the fact that 7; has compact support and since |V, |PX{|u, —gz|<k} is bounded
in L*(Q) we deduce from (10.49) that a(t, z, Vu, )V (un — g5) T (ur, — g%) is bounded in L'(Q) and so is
T (tn—g5) GV (tn—g4) (since GF is bounded in (L¥'(Q))Y). Similarly, we have that a(t, z, Vi ) T (tn—
g%) as well as GPT}! (up, — g% is bounded in (L? (Q))Y, so that we conclude from (10.70) that (T (un—g%))s
is bounded in L7 (0, T; W—1#'(Q)) + L1(Q). Since we have just proven that 7x(u, — ¢%) is bounded in
LP(0,T; Wy P (52)) a classical compactness result (see [69]) allows us to deduce that 7y (u,, — g%) is compact
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in L1(Q). Thus, for a subsequence, it also converges in measure. Let then o > 0 and, given £ > 0, let us
fix i such that, for every n, meas {|u, — g5| > %} < e (this is possible as a consequence of the estimate
of up, — g% in L*(0,T; LY(2))). Since Tp,(un, — g¥) converges in measure, for n and m sufficiently large
we have:

meas{|T(un = g3) = Tn(um — 93")| > 0} <e.

On the other hand we have, by definition of 7j:
meas{|(un — 03) — (m — 5] > 0} < meas{un — ] > 2}
+ meas{|um — g5'| > g} + meas{|Tn(un — g5) — Tn(um — 93")| > o},
hence the choice of h implies, for n and m sufficiently large,
meas{|(un — g5) = (um — 93")| > 0} < 3¢,

so that u, — g% is a Cauchy sequence in measure. Up to subsequences, we deduce that u,, — g almost
everywhere converges in ), and since g4 strongly converges to g2 in U’(O,T;WO1 P(Q)), there exists a
measurable function u such that u,, almost everywhere converges to u and Ty (u, — g%) weakly con-
verges to Tj(u — g2) in LP(0,T} WO1 P(Q2)). The estimates previously obtained on u, also imply that
u € L®(0,T; L*(Q)) (indeed, use Fatou’s lemma on the estimate of (u,) in L>(0,T; L'(Q))) and that
Ti(uy) weakly converges to Ti(u) in LP(0, T; Wy P ().

Let us prove (10.68). Let ¢(s) = Ti(s — Th(s)); one has

/ |V (uy — g3)|P dedt = / |V (tp, — g3)|P dadt < / IVThti(un — g3) P dedt < C,
N {h<lun—g3|<h+k} N

hence ¥(u, — g3) converges (up to subsequences) weakly in L?(0, T; W, **(€2)) and almost everywhere in
Q to ¥(u — g2). Thus

|V (u— g2)|P dedt = / [Vip(u — g2)|P daedt < liminf/ [V (uy — g5)|P dadt
{h<|u—gz2|<h+k} “ “

Moreover
[ 190t -gprasie<e [ (Yl |Vop) deds
Q

{h<lun—g3 |<h+k}

Hence, using (10.69), one gets

hlim / |V (u—g2)|P dxdt =0
{h<|u—g2|<h+k}

as h tends to oo, and (10.68) follows. m

Remark 10.14 [n the proof of Proposition 10.7 we did not use the fact that the approzrimating sequence
Y converging to p is bounded in L*(Q) but for the first two estimates on u,. The estimates concerning
wp — gy in (10.66) as well as (10.67) and (10.68) only needed the “separate”approximations of f, g1,
g2 in the respective functional spaces. In particular, they hold true if u belongs to L*(Q) + W', being
(f,91,92) a decomposition of u.
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Next we prove the strong convergence of Ty (u, — g&) in LP(0,T; Wy P(Q)). To obtain this result, we use
the same technique as in [63] adapted to the sequence u, — g.

We need then to recall the following definition of a time-regularization of Ty (u), which was first introduced
in [50], then used in several papers afterwards (see particularly [23], [9]). Let z, be a sequence of functions
such that:

2, € WP(Q) N L¥(Q), lzullLoe (o) < K,
2z, — Ti(up) a.e. in Q as v tends to infinity,
1

;”Z”Hﬁf(}*”(ﬁ) — 0  as v tends to infinity.

Then, for fixed k > 0, and v > 0, we denote by T (u), the unique solution of the problem

{ 9l — (T (u) — Ti(u),) in the sense of distributions,
0)

ot -
=2z, in Q.

() ( (10.71)

Then T}, (u), belongs to LP(0,T; Wy P(2)) N L®(Q) and Z:We belongs to LP(0,T; W, P(R)), and it can
be proved (see also [50]) that, up to a subsequence,

Ti(u), — Tp(u) strongly in LP(0,T; WyP(Q)) and a.e. in Q,

10.72
|Tk(w)yllpoe(@) <k Vv >0. ( )

Proposition 10.8 Let u,, be the solution of (10.64), where p,, is given by Proposition 10.5. Then there
erists a measurable function u in Q and a subsequence, not relabeled, such that:

Ti(un — g%) — Ti(u — g2) strongly in LP(0,T; Wy *(Q)) for any k > 0.

Proof.

We take a subsequence such that u, — u almost everywhere in ). Let us denote, throughout what
follows, v, = u, — g%, and v = u — g. By Proposition 10.7 we know that v € L*>(0,T;L*(2)) (in
particular it is almost everywhere finite), Ty (v) € LP(0,T; W, *(52)) for every k > 0 and

Ti(vn) — Ti(v)  weakly in LP(0,T; Wy P(Q)) and a.e. in Q for any k > 0. (10.73)

We take a subsequence of Tj(v),, the approximation of Ty (v) defined in (10.71), such that Ty (v), — T (v)
almost everywhere in ) (this subsequence only depends on v and k, i.e. quantities that will not vary in
the following proof). For h > 2k, we then introduce the function

Wn = TZk(vn - Th(vn) + Tk(vn) - Tk(U)V) .

The use of w, as test function to prove the strong convergence of truncations was first introduced in the
stationary case in [52], then adapted to parabolic equations in [63]. The advantage in working with wy,
is that, since

Vw, = V(vy — Th(vy) + Tk(vn) — Ti(v))XE,

with E,, = {Jup — Th(vn) + Tk (vn) — Tk (v),| < 2k}, in particular we have Vw,, = 0 if |v,| > h+4k. Thus
the estimate on T} (vy,) in L2(0, T; WyP(€2)) appearing in Proposition 10.7 implies that w, is bounded in
Lr(0,T; WO1 P(€2)), then by the almost everywhere convergence of v,, to v we deduce:

wy, — Top(v — Th(v) + Ti(v) — Tp(v),) weakly in LP(0, T; W, *(€2)) and a.e. in Q. (10.74)

In the following we set M = h+4k, moreover we will denote by w(n, v, h) all quantities (possibly different)
such that
lim lim limsup |w(n,v, k)| =0, (10.75)

h—+o0 v—=+00 5 400
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and this will be the order in which the parameters we use will tend to infinity, that is, first n, then v,
and finally h. Similarly we will write only w(n), or w(n,v), to mean that the limits are made only on the
specified parameters. Choosing wy, as test function in (10.65) we have:

T T
/ {(vn)e, wp) dt—I—/ a(t, x, Vuy)Vw, dxdt :/ fnwn d:zrdt—l—/ (g7, wp) dt. (10.76)
0 Q Q 0
Then from (10.74) we obtain:

lim /an wy, dedt = /Q fTog(v—Th(v) + T (v) — Ti(v),) dedt

lim (g7, wn) dt = /0 (91, Tok (v = Th(v) + Ti(v) — Ti(v)y)) dt .

n—o0 0

Moreover we have that T} (v), converges to Ty (v) strongly in LP(0,T; W, *(Q2)) and almost everywhere
in @ as v tends to infinity, so that

lim [ fTor(v— Th(v)+ Tk(v) — Ti(v),) dedt = / [ Top(v — Th(v)) dadt,
Q

o QT T
lim (91, Tor(v — Th(v) + Ti(v) — Tk(v),)) dt = /0 (91, Tor.(v — Tr(v))) dt.

V—00 0

By means of Lebesgue’s theorem we can conclude

h—o0

Jim / FTon(v — Th(v)) dadt = 0.
Q

Moreover, since
T
/ (91, Tor(v — Th(v))) dt = / G1VU X (h<|o|<ht2ky dxdt
0 Q

Holder’s inequality implies

=

T
/ (91, Tor (v — T (0))) dt] < [Gall o 0y / IV (u— o) dedt
0

{h<|lu—g2|<h+2k}

Then thanks to (10.68) we obtain:

lim (91, Tor(v — Tp(v)))dt =0.

h—o0 Jq

Thus, recalling the notation introduced in (10.75), we have proven that
T
/ S wp dzdt + / (g7, wp) dt =w(n,v, h). (10.77)
Q 0
Let us estimate the second term in (10.76). Since Vw, = 0 if |v,| > M = h + 4k we have:

/a(t,a:, Vun)andxdt:/ a(t, z, VupX (o, |<m}) Vr -
Q Q
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Next we split the integral in the sets {|v,| < k} and {|vn| > k} so that we have, recalling that E, =
{lvn — Th(vn) + Tr(vn) — Tk(v),| < 2k} and h > 2k:

/ a(t, z, Vuy,)Vwy, dedt :/ a(t, z, VunX{jo,|<k})V(n = Tg(v),) dadt
Q Q

+ / a(t, =, VupX{jv,|<m})V(0n — Th(vn))XE, drdt

10.78
{lvn|>k} ( )

- / a(t,z, Vun X, <my)VIk (V) XE, drdt.
{lvn|>k}

Let us denote (A), (B) and (C) the three terms of the right hand side in (10.78). Let us estimate (B).
Clearly we have

a(t, z, VunX o, <my)V (0n = Th(vn))XE, dzdt
[vn|>k}

< / la(t, 2, V)| [V (un — g dacdt

{h<|v, | <h+4k}

and using (10.49) and Young’s inequality we get:

la(t, z, Vup)| |V (u, — g3 )| dedt
{h<|vn|<h+4k}
<C / |Vup|?P dedt + C / Vg3 |P dedt + C / |b(z, t)[ dadt .
{h<|vn|<h+4k} {h<|vn|<h+4k} {h<|vn|<h+4k}

Thanks to the equi-integrability of [V¢7|P, using (10.66) and that meas{h < |v,| < h + k} converges to
zero as h tends to infinity uniformly with respect to n we obtain:

lim limsup / a(t, =, VupX{jv,<my)V(0n = Th(vn))XE, dzdt| = 0,

h—oo  pooco
lvn|>k}

that is (B) = w(n,h). For (C), let us remark that, since Vu,X{|,,|<m} is bounded in LP(Q), (10.49)

implies that |a(t, z, VunX{|s,|<m})| is bounded in L (Q). The almost everywhere convergence of v,, to
v implies that |VT%(v)|x{ v, >k} strongly converges to zero in LP((QQ), so that we have

lim / a(t,z, VupX{jv,1<m})VTk(v) X8, dzdt = 0.

n—oo

{lval>k}
Thus we get
a(t,z, VupX{jv,)<my) VTk(v)y XE, dodt
{lvnl>k}

=w(n) + / a(t,z, ViupX i, 1<m})V(Tr(v) — T(v)) XE, dxdt.

{lon|>k}
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Using that |a(t,z, VunX{js,|<m})| is bounded in Lp,(Q), applying Holder’s inequality and thanks to
(10.72) we also have

a(t, z, VX, <m})V(Tk(v)y — Ti(v)) xXE, dedt = w(n,v),
{|vn|>k}

therefore we conclude:

) = / a(t, z, VUnX{\vn|gM})VTk(U)u XE, drdt =w(n,v).

{lvn|>k}

We have then obtained from (10.78), using that (B) and (C') converge to 0:
/ a(t, z, Vu,)Vw, dedt = / a(t,z, VupX{jv,|<k})V(0n — Tr(v),) dzdt +w(n,v, h) . (10.79)
Q Q
Putting together (10.77), (10.79) and (10.76) we have:

T
/ ((vn) e, wy) dt + / a(t, z, VupX{jo,<k})V(Un — Tr(v),) dzdt = w(n,v, h).
0 Q

As far as the first term is concerned, that is

T
/0 ((0n)es Tor(vn — Tho(vn) + Ti(0a) — To(w),)) dt

we can apply Lemma 2.1 in [63] to the function v, using the fact that ug, and z, strongly converge
to ug and to Tk(ug) respectively in L'(Q). This lemma, based on the monotonicity properties of the
time-regularization Tj(v),, gives that

T
/ (), wn) dt > w(n,v, h),
0
hence we finally have:
/ a(t,z, VunX o, <k})V(vn — Tk(v),) dzdt < w(n,v, h). (10.80)
Q

Without loss of generality, we can assume that k is such that x,,|<x} almost everywhere converges to
X{lv|<k} (in fact this is true for almost every £, see also Lemma 3.2 in [9]). Then, the strong convergence

of g& in LP(0,T; W, *(2)) and (10.49) imply that a(t,z, V(g5 + T3(v))X{|vn|<k}) Strongly converges to
a(t,z, V(g2 + T(v))x{jo|<ky) in L¥ (Q)V. Since
[ 05,95 + T 0 V0~ Ti(0)
Q
= /Q a(t,z, V(93 + T(0)X{jon|<k})V(Tk(vn) — Ti(v)) dzdt ,

the weak convergence of Ty (v,) to Ti(v) in LP(0,T; W, *(€2)) allows to conclude that:

lim [ a(t, 2, V(g5 + Tr(v)X{vn|<k})V (Vn — Tk(v)) dodt =0,

n—oo Q
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hence we obtain from (10.80), using also the strong convergence of Ty (v), to Tj(v) as v tends to infinity:

lim a(t,z, VX {jv,|<k})
oo Q[ {lonl<k (10.81)

—a(t,, V(93 + Ti(V)X{jvn <kt)] (Vun — V(g5 + T (v))) dedt = 0.

Using that Xy, <k} almost everywhere converges to xyj,<x} and that g3 strongly converges to gz in

LP(0,T; W, (£2)), through the standard monotonicity argument which relies on (10.50) (see Lemma. 5 in
[13]) we can deduce from (10.81) that

VunX {jon|<ky = V(92 + Tk(v))X{j0|<k}y = VUux{o|<ky  a.e. in @,

and then that a(t, z, Vu,x{ju, <k}) Vun strongly converges to a(t,z, Vuxyjs<xy)Vu in LY(Q). Finally,
together with (10.48) this proves that the sequence |V |Px{|u, —gz| <k} 18 equi-integrable in @, which as

a consequence of Vitali's theorem and since g3 strongly converges in LP(0, T; W, **(£2)) yields
Ti(un — g5) — Te(u — g2) strongly in LP(0, T; WP (Q)).

In fact, since we have proved it for almost every k the result holds true for any k& as well. ]

The proof of the existence of a renormalized solution will easily follow from the previous estimates and
compactness results.

Theorem 10.11 Assume that (10.48), (10.49), (10.50) hold true, and let p € Mo(Q), up € L().
Then there exists a renormalized solution u of problem (10.1) in the sense of Definition 10.7. Moreover

u belongs to L°°(0,T; L'()) and Ty(u) € LP(0,T; Wy (Q)) for every k > 0.

Remark 10.15 We already remarked that the definition of renormalized solution does not make use of
the fact that p is a measure (only its decomposition in L'(Q) + W' is needed), in particular all the
regularity asked on renormalized solutions concerns the difference u — g2. However, due to the fact that
w is a measure (and can be approzimated by sequences bounded in L'(Q)) we have found a solution u
with the additional regularity properties u € L>(0,T; L*(Q)) and Ty(u) € LP(0,T; Wy P(Q)) for every
k > 0. Last one in particular says that |VulPx |y <k} € LY(Q), which is not at all contained in the request
IVUulPX (ju—gs|<k} € LY(Q) for renormalized solutions. Actually, this regularity result is consistent with
the first existence result found in [10].

Proof. Let u, be the sequence of solutions of (10.64), where p,, and wug, approximate p and wug respec-
tively in the sense specified above, and let u € L>(0,T; L*(2)) be such that the results of Proposition
10.7 and Proposition 10.8 hold true. Then we have that

Up — U a.e. in Q,

10.82
Tk (un — g5) — Te(u — g2) strongly in L?(0, T; WP (€)) for any k > 0 and a.e. in Q. ( )

Let S € W2°(R) be such that S’ has compact support, and take S’(u,, — g3 )¢ as test function in (10.65),
with ¢ € C2°(Q). Then we have:

— / ot S(uy — g3) dadt + / a(t,z, Vu,)Ve S (u, — g5) dzdt
Q Q

+ [ 8" (un — g¥)alt,z, Vu,)V(u, — g3) o dedt = / InS (U — g3 ) dadt (10.83)
Q Q

+ [ GV S (u, — g%)dzdt —|—/ S" (un — 93)GY V(uy, — g3) pdadt .
Q
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Since Supp(S’) is compact there exists M > 0 such that a(t, z, Vuy,)S' (un — g%‘) = a(t,z, VIn(un —
g2)+Vg2)S (un, —g%), so that (10.82), the strong convergence of g& in LP(0,T; W;*(£2)) and assumption
(10.49) imply that

a(t,z, Vup)S (un — g5) — a(t,z, Vu)S' (u — g2) strongly in (L (Q))N.
Similarly we have that

S" (un, — g3)a(t, z, Vu,)V(un — g5) — 8" (u — g2)a(t,z, Vu)V(u — g2) strongly in L}(Q)

and

8" (un — 93)V(un — g5) — 8" (u — g2)V(u — g2) strongly in (LP(Q))".

Therefore, by means of (10.82) and the dominated convergence theorem, we can pass to the limit in
(10.83) as n tends to infinity obtaining:

- / ©tS(u— g2) dxdt +/ a(t,z, Vu)VpS' (u — g2) dzdt
Q Q
+ / S"(u — g2)a(t,z, Vu)V(u — g2) pdxdt = / fS' (u— g2)p dxdt (10.84)
Q Q

+ / G1Vp S’ (u — g2) dxdt —|—/ S"(u— g2)G1 V(u — g2) pdxdt .
Q Q

Thus u satisfies (10.56), while (10.55) is (10.68) with & = 1 and has been proved in Proposition 10.7.
Finally, passing to the limit (thanks to (10.82)) in (10.83) written in distributional sense we have

(S(un — g3)); s strongly convergent in L? (0, T; W12 (Q)) + LY(Q),
and since S(u, — g3) strongly converges in L?(0, T; W, "*(2)) we deduce (see Theorem 1.1 in [63]) that
S(up —g3) — S(u— g2) strongly in C([0, T; L*(£2)).
In particular, being S(u, — g5)(0) = S(uon) we get that S(u — g2)(0) = S(ug) in L*(2). This concludes

the proof that u is a renormalized solution of (10.1).

Here we prove the uniqueness of the renormalized solution of (10.1)

Theorem 10.12 Assume (10.48), (10.49), (10.50). Let p € Mo(Q), then there exists a unique renor-
malized solution of (10.1).

Proof. Let uy, uz be two renormalized solutions of (10.1), let (f, g1, g2) be a decomposition of y, so that
uy and ugy both satisfy (10.56). Note that the same decomposition of  can be used for both equations of
u1 and us thanks to Proposition 10.6. Let S, be as defined in Definition 10.8, in particular we have that
S, (u1 — g2) belongs to L?(0,T; Wy P(2)) as well as S, (ug — g2). We choose then Tj (S, (u1 — ga) — Sy, (s —
g2)) as test function in both the equations solved by u; and us. In the following we write v1 = u; — g2
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and vy = u2 — g2; subtracting the equations then we have:

/0 ((Sn(v1) = Sn(v2))1, T (Sn(v1) — S (v2))) dt

+ /Q [S] (v1)a(t, z, Vuy) — S}, (v2)a(t, z, Vuz)| - VIi(S,(v1) — Sp(v2)) dadt

- / F(SL(01) — S(02)) Ta(Sn(v1) — Su(02)) dadt
Q (10.85)
+ /Q Gl (S;L(’Ul) - S;L(’Uz)) VTk(Sn(Ul) — Sn(vg)) dxdt

+ / [S;{(vl)Cthl — SZ(UQ)G:LV’UQ] Tk(Sn(Ul) — Sn(vz)) dxdt
Q
+ /Q [SV(v2)a(t, x, Vuz) Vs — S) (v1)a(t, z, Vur ) Vo] T (Sn(v1) — Sy (v2)) dadt .

Let us denote by (A)—(F) the six integrals above, we study the behaviour of each as n tends to infinity.
To this purpose, let us recall that by definition of S,, we have that S/ (s) converges to 1 for every s in R.
This is enough to conclude by means of Lebesgue’s theorem that

lim (C)=0.

n—oo

Let us study the limit of (E) now. We have (E) = (E1) + (E2), where
(El) = / Sf{(vl)G1Vvl Tk(Sn(’Ul) — Sn(’l)g)) d:z:dt .
Q

Since (E-2) has the same form of (E7) with the roles of v and v, interchanged, it is enough to deal with
(E1). Recalling that Sy/(s) = —sign(s)X{n<|s|<n+1}, We have:

(B <k / G| [V | dadt

{n<|v1|<n+1}

so that, using Holder’s inequality we get:

(BV)| < KIG1ll 1o o) / Yy — Vol dadt
{n<|ui—g2|<n+1}
Thus by (10.55) written for u; we get that (Eq) converges to zero as n tends to infinity. The same is true

for (Es), hence we deduce:
lim (E) =0.

n—oo

The term (F) can be dealt with in the same way. First we write (F') = (F}) + (F3), with
(F) = / Sy (va)a(t, x, Vuz) Vo T (Sn(v1) — Sp(v2)) dzdt .
Q

Clearly, by symmetry between (F;) and (F) it is enough to prove that (F;) tends to zero. To this goal,
using again the properties of S}/ and (10.49) we have:

Ik [ 190 (0G0 + [Vl o,

{n<lvz[<n+1}
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which yields, by Young’s inequality:

(F)| < C / (Vgal? + bz, )7 dudt + / Vs ? dudt
{n<|uz—g2|<n+1} {n<Juz—ga|<n+1}

Using that ug — g2 is almost everywhere finite and thanks to (10.55) written for us we conclude that (Fy)
converges to zero, and (F») as well, so that

lim (F) =0.

As regards (D) note that, since S/, (v1) — S, (v2) =0in {jv1] < n,jva] < n}U{|vi| >n+1,|ve| >n+1}

we can split the integral as follows:

G1(S),(v1) = S, (v2)) V(Sn(v1) — Sn(v2))X{|01|<n} X{|va|>n} drdl
{18n(v1)=Sn(v2)|<k}

+ / Gl (S';L(’Ul) - S’II’L(UZ)) V(Sn(vl) - Sn(WQ))X{n<|v1\§n+1} dxdt (10.86)
{[Sn(v1)—=Sn(v2)|<k}
+ / G1 (S, (v1) = S, (v2)) V(Sn(v1) = Sn(v2))X {lus|<n+1} X{jor|>n+1} ddt .

{187 (v1)=Sn(v2)|<k}

We call (D1)—(Ds3) the three integrals in (10.86). Using the properties of S, and S/, (recall that S, (t) =t
if [t| < n, that S, is nondecreasing and Supp(S),) C [-n — 1,n + 1]) we have:

(D)) < / G| [V (ur — go)| dadt + / G|V (2 — g2)| dud

{n—k<|ui—gz2[<n} {n<luz—g21<n+1}

Applying Holder’s inequality and using property (10.55) for renormalized solutions we easily get that
(D1) converges to zero as n tends to infinity. Similarly, since |S,(t)| > n — k implies |t| > n — k we have:

(D)) < / G [V (s — go)| dadi + /' G|V (uiz — go)| drdt

{n<lur—g2|<n+1} {n—k<|uz—g2|<n+1}

Again, Holder ’s inequality together with (10.55) allow to deduce that (Dz) converges to zero as well.
The term (D3) is dealt with in the same way (using that SJ,(¢) = 0 if || > n + 1), so that we finally get
that

Jm (D) =0,
We deal with (B) splitting it as below:
(B) = / la(t, 2, Vi) — alt, 2, Vuz)] - VTy(us — up) dadt
{lvi|<n,|va|<n}
+ / [S) (v1)a(t, z, Vuy) — S, (v2)a(t, x, Vug)] - V(S (v1) — Sy (v2)) dedt
{othin
+ / [S! (v1)a(t, z, Vui) — S, (v2)a(t, z, Vug)] - V(S,(v1) — Sp(ve)) dedt .

{ \Sn(v1)*sn(v2)\ﬁk}
[vg[>n
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Let us set (B1)—(Bs) the three integrals above. Since {|Sy,(v1)— Sy (v2)| < &k, |v1| > n} C {|vi| > n, |Jva| >
n — k}, we have, using that S/ (t) =0 if |t| > n + 1:
[(Bs)] < / la(t, z, Vuq)| |V (u1 — g2)| dadt
{n<lur—g2|<n+1}

+ / |(L(t, €T, V'u1)| ‘V(UZ - gQ)‘X{n—kS\uz—gz\gn-&-l} dxdt

{n<lui—gz|<n+1} (10.87)

+ / |a(t: T, V’LLQ)| ‘v(ul - gZ)‘X{nka\ugng\grhkl} dxdt
{n<|ur—g2|<n+1}

+ / la(t, z, Vug)| |V (ua — g2)| dzdt .
{n—k<|uz—g2|<n+1}

Using assumption (10.49), Young’s inequality and the condition (10.55) for renormalized solutions, we

can conclude as we did before that all the four terms in the right hand side of (10.87) converge to zero.
Thus we get that (Bs) converges to zero. Changing the roles of u; and wuy, the same arguments prove
that (Bs) also converges to zero as n tends to infinity. Thus we conclude, using Fatou’s lemma in (Bj):

liminf(B) > / (a(t,z, Vuy) — a(t,z, Vug)) - VI, (u1 — ug) dxdt .
Q

n—oo

In the term (A) of (10.85) we can integrate using that S, (vy) and S, (v2) belong to C([0,T]; L*(€2)) and
Sp(v1)(0) = Sy, (v2)(0) = Sp(ug). We then obtain:

(4) = /Q O4(Sn(tn) — Su(v2))(T) dr,

where O(s) = f; Ty (t) dt, and since Oy, is nonnegative we conclude that (A) > 0. Putting together the
results obtained on (A)—(F) we obtain from (10.85), as n tends to infinity:

(a(t,z, Vui) — a(t, z, Vusz)) - V(ui — uz) dzdt <0,
{lur—uz| <k}

and then, letting k£ tend to infinity:
/ (a(t,z, Vui) — a(t, z, Vuz)) - V(ur — uz) dzdt < 0.
Q
The strict monotonicity assumption (10.50) then implies that u; = us almost everywhere in Q. [

Remark 10.16 In fact, the proof of the uniqueness of renormalized solutions does not need the strict
monotonicity assumption (10.50) but only that

(a(t,z,€) —a(t,z,n)-(E—n) >0  VY(En) eRY.

This can be seen performing the same proof as in Theorem 10.12 above in the interval 10,t[, with t < T.
Using that the term (A) is not only nonnegative as we already remarked but indeed

n—oo

liminf(4) > /Q On(ur — ua)(¢) dz,

we can obtain
/ O (ur —u2)(t)dx <0 vt €]0,T7,
Q

hence it follows that uy = us.
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10.3.4 Data in L' + W'.

It is possible to extend the result on existence and uniqueness of renormalized solutions to data which
belong to L' + W', without being necessarily measures. In fact, let u € L'(Q)+ W', then a renormalized
solution of (10.1) is defined exactly as in Definition 10.7, where f, g1, g2 is a decomposition of u in
LY (Q) + W', moreover this definition does not depend on the decomposition of ;1 (see Remark 10.13).
Then all the results proved in the previous section apply without any change except for the first two
estimates of Proposition 10.7 for which we used the fact that p was a bounded measure (see Remark
10.14). Thus, we obtain the following result.

Theorem 10.13 Let p € LY(Q) + W', and let ug € LY(2). Assume that hypotheses (10.48), (10.49),
(10.50) hold true. Then there exists a unique renormalized solution of problem (10.1) in the sense of
Definition 10.7.

10.4 Appendix: Proof of the density theorem

10.4.1 The case of compactly supported functions

Lemma 10.7 Let u € W have a compact support in Q and (pp)n>1 be a smoothing kernel. Then, for n
large enough (depending on the support of u), u * p,, is well defined, is in C°(Q) and u * p, — u in W
as n — oo.

Proof. The fact that u x p, is well defined and is in C°(Q) for n large enough is a classical convolution
result. It is still classical, since u € LP(Q) N LP(0,T; L2(£2)), that u * p, — u in LP(Q) N LP(0,T; L*(2)).
Moreover, in the sense of distributions, V(u * p,) = Vu * p, so that, since Vu € (LP(Q))", one has
V(u* pp) — Vu in (LP(Q))V.

Thus, u * p,, — u in LP(0,7;V) and it remains to prove the convergence of the time derivative.

To see this, we take vy € LP (0, T; W= (Q)) and vy € L (0, T; L*(R)) such that u; = vy +va. We have
u = Ou for some § € C°(Q) so that u; = Ou + Ouy = Gvy + (Bvy + O,u) with Gvy € LP (0, T; W12 (Q))
and Qv + Oyu € LP (0, T; L*(2)) (because, u being in W, it is also in C([0, T]; L2(R2))); moreover, #v; and
Ovy + 0;u have compact supports in ). Denote w; = fv; and wy = Ovs + O,u.

We have then, in the sense of distributions, (u * pp)t = ug * pp, = w1 * py, + wa * p, for n large enough.
Since wy € LP (0,75 L2(£2)), we have wy % p, — wy in L¥'(0,T; L*(Q)). For the convergence of wy * pp,
write v1 = div(V3) for some Vi € (L (Q))Y; we have wy = div(0V;) — V4 - VO with 0V € (L' (Q)) and
Vi -V e LP (Q) having compact supports in Q, so that wy % pp = div((OV1) % pn) — (V1 - VO) % pp; since
(OV1) % pp — OV1 in (LP(Q))N and (Vi - VO) % p, — Vi - V6 in LP'(Q), this gives the convergence of
w1 % pp to wy in LP (0, T; W10 (Q)).

We have thus proven that (u * p,); — w1 + wy = w, in L (0,T; W5 (Q)) + L' (0,T; L2()) =
LPI(O, T; V"), and this concludes the proof. [

This technique of approximation is however limited to compactly supported elements of W; for general
elements of W, we must find another kind of approximation by regular functions.

10.4.2 The general case

We prove the density of C°([0,T] x Q) in W, that is Theorem 10.4. To prove this density result, we
will use two main tools: some results coming from the vector-valued integral and Sobolev space theory

and the following theorem, which states a density result in spaces of functions on €. Let us recall that
V =W ()N LA(Q).

Theorem 10.14 If Q) is a bounded open subset of RN and 1 < p < oo, then C°(Q) is dense in V.
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Proof of Theorem 10.14.

Let u eV = Wy P(Q) N L2(Q).

Let S € C*(R) such that S(s) = s when |s|] < 1 and S’(s) = 0 when |s| > 2. We define, for n > 1,
Sn(s) = nS(2); notice that S, (s) — s and S} (s) = S’(%) — 1 when n — oo; moreover, [S,(s)| <
180 Lo oy s| 18] ey < 157 2o

Sy (u) — won Q and is dominated by ||| oo (z)|u| € LP(Q2)NL?(£2); the convergence thus also happens in
LP(Q)NLA(2). Moreover, V(Sy(u)) = S;,(u)Vu — Vu on Q and is dominated by [|S’|| o () |[Vu| € LP(2),
which proves that V (S, (u)) — Vu in (LP(2))N as n — oo. Thus, S,(u) — u in V as n — oo.

Let (om)m>1 € C°(82) such that ¢, — u in Wy () (by definition of W, (), such a sequence exists);
we can suppose, up to a subsequence, that ¢, — u and Vi, — Vu a.e. on 2. We have, for all n > 1,
Sp(om) € C2(Q) and Sy, (¢m) — Sp(u) a.e. on Q when m — o0; since (Sy (¢m))m>1 is bounded in L ()
(by [|SnllLoe(r)) and € is of finite measure, this implies that S, (¢m) — Sy (u) in L(Q2) for all ¢ < oo, and
in particular in LP(Q2) and in L?(Q). We also have V(S,(pm)) = S, (¢m)Vem — S (u)Vu = V(Sp(u))
a.e. on Q and |V(Sy(¢m))| < 19|z @) |Veml; this last inequality tells us that (V(Sn(om)))m>1 is
equi-integrable in (LP(Q))V (because (V@y,)m>1 is equi-integrable in this space, since it converges) and
thus that V(S,(¢m)) — V(S,(u)) in (LP(2))N as m — oo.

We have proven that S, (¢m) — Sp(u) in V as m — oo. Take then m,, > 1 such that ||S,(pm,) —
Sp(uw)|lv < 1/n; since Sp(u) — w in V', we deduce that Sy, (¢m, ) — u in V and this concludes the proof
of this theorem. (]

The results coming from the vector-valued integral and Sobolev space theory we will use here are, for the
most part, very intuitive when one recalls the same results for scalar-valued integral and Sobolev spaces.
We will thus only give the ideas of the reasoning that lead to the use of Theorem 10.14, and refer the
interested reader to [32].

One of these results, however, is a little bit tricky; it comes from the density of simple functions in
LPI(O, T; B), but it is not easy to explain without going further into the theory (and, especially, without
explaining the concept of p-mesurability, which we do not want here). We will thus state it, without
proof, in the following lemma.

Lemma 10.8 Let B be a Banach space and D be a dense subset in B. If 1 < q < oo, then the set

S(D) = {Zdi%, n>1,di €D, ¢ ECOO([OaT]§R)}

i=1
is dense in L1(0,T; B).
Remark 10.17 In fact, the result of this lemma is still true if we take the functions @; in C°(]0, T[; R)

(see [32]).

Let us now give the ideas that lead from Lemma 10.8 and Theorem 10.14 to Theorem 10.4.

Proof of Theorem 10.4. Let u € W, that is to say u € LP(0,T; V) such that u; € )i (0, T;V"). We
want to find (v, ),>1 € C°([0,T] x ) such that v,, — w in LP(0,T;V) and (vy,): — ug in LP (0,T;V").
Step 1: define u : |— T,2T[— V almost everywhere by:
u(—t) ifte]-T,0]
u(t) = < u(t) if t €]0,T7,
w(2T — ) if t €]T,2T].

One has uw € LP(—T,2T;V). Moreover, since we have made two even reflections, it is easy (as for the
classical Sobolev spaces) to see that u; € LP (—T,2T; V') with
— uy(—t) if te]—T,0],
—w(2T — 1) if t €]T, 2T
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Define u € LP(RR; V) as the extension of & by 0 outside | —7', 27 and take (p,)n>1 a smoothing kernel on R
such that Supp(pn) C]—T,T|[. Let U, = u*p, € LP(R; V) (the convolution product is defined exactly as
for scalar-valued integral, and the same results as in the scalar-valued case hold in the vector-valued case).
One has @, € C*(R; V) C C*(R; V') (since V — V') and u,, — @ in LP(R;V); thus, u, = (n))0,r] €
C>([0,T); V) c €>=([0,T]; V') and w,, — w in LP(0,T; V). Moreover, since u; € LP(—T,2T; V"), one can
verify that, by defining v € L?' (R; V) as the extension of %, by 0 outside |— T, 2T, we have (T, ); = v * py,
in C(R; V'). Thus, (un): = (v * pn)jo.r| — Voo = ue in L¥ (0,75 V7).

We thus have found (un)n>1 € C*([0,T];V) such that u, — w in LP(0,T;V) and (up): — wus in
LP(0,T;V").

Step 2: to approximate u in W, we thus just need to approximate in W a given function v € C*°([0,T]; V).
Let v be such a function, and let D = C2°(Q2). According to Theorem 10.14, D is a dense subset of V.
Since v’ € C°°([0,T]; V) € L? (0, T; V), using Lemma 10.8, there exists (wy,)n>1 € S(D) which converges
to v’ in L? (0,T;V), and thus also in L? (0,T;V’). Moreover, in V, one has v(t) = v(0) + fg v'(s) ds.
Define W, (t) = fot wp(s)ds; since w, — v’ in LP'(0,75V), one has W, — [ v/(s)ds = v — v(0)
in L*°(0,T;V), and thus in LP(0,7;V). Taking (d,)n>1 € D which converges to v(0) € V in V, the
functions v, = d,,+W,, converge to v in LP(0,T; V') and the derivatives of these functions, v/, = W, = wy,,
converges to v/ in L? (0, T;V").

By noticing that v, (t) = d,, + fg wy(s)ds € S(D), we have proven that v is approximable in W by a
sequence of functions in S(D). Since S(D) C C([0,T] x ), this concludes the proof. ]
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Annexe A

Continuité holdérienne des solutions
d’une équation elliptique

Résumé: Nous prouvons ici, par les outils de De Giorgi [25], le théoréme de Stampacchia [70] (étendu aux
conditions au bord mixtes, par les méthodes de [29]) concernant la continuité holdérienne des solutions
d’EDP elliptiques.

A.1 Introduction

A.1.1 Notations Générales

N est un entier supérieur ou égal & 2. Lorsque N = 2, N, désigne un réel fixé dans ]2, co[; lorsque N > 3,

— x 2N,
on pose N, = N. On notera 2" = 5.

Le produit scalaire euclidien de deux vecteurs (a,b) € RY est noté a - b et la norme induite | - |; pour
p > 0, B, désigne la boule ouverte de centre 0 et de rayon p dans RY. La mesure de Lebesgue d'une
partie E C RY mesurable est notée |E|.

Q est un ouvert borné de RY; on note d un majorant du diametre de €.
Soit p € [1,N] et ¢ < NN—Q) lorsque p < N, ou g < +0o0 lorsque p = N. En prenant a € €2, I'injection

de Sobolev W, (a + By) — Li(a + By) et I'inégalité de Poincaré dans W, P (a + By) nous donnent
Cs(N,d,p,q) tel que, pour tout ¢ € W,*(a + By),

llellatasBa) < Cs(N,d, p, )| Vol ||Lr(atBa)
(Cs(N,d,p,q) ne dépend pas de a grace a I'invariance du probléme par translation). Mais, pour tout

p € Wol’p(Q), puisque Q C a + By, Uextension ¢ de ¢ & a + By par 0 hors de Q est dans Wol’p(a + Byg);
ainsi, on déduit de I'inégalité précédente que, pour tout ¢ € WO1 P(Q),

lellLo) < Cs(N, d.p, Q)| [Vl [|Lr ()- (A1)

Lorsque I est une partie mesurable de 99, Wy (Q) est I'espace des fonctions de WP(Q) dont la trace
est nulle sur T'; on le munit de la méme norme que W»(Q).

233
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A.1.2 L’Equation

Nous prenons maintenant I'y une partie mesurable de 92 et, en notant Hlld (Q) lespaces des fonctions
de H'(2) dont la trace sur I'y est nulle, nous nous intéressons aux solutions de
u e Hp (),
A2
/QAVU : VSD‘F/QSOV Vu= (L, )y (@)y.mt @ VP E Hy, (). (4.2)

A.1.3 Matrice de Diffusion

L’équation considérée est elliptique, ce qui signifie que la matrice de diffusion vérifie:

A: Q — My(R) est mesurable,
Jaa > 0 tel que A(z)¢ - € > aalé]? pour presque tout = € 2, pour tout & € RV, (A.3)
JA 4 tel que ||A(z)|| == sup{|A(z)¢|, € € RY | €] = 1} < A4 pour presque tout z € Q.

A.1.4 Terme de convection

Le coefficient de convection vérifie:
v e (LN-(Q)N. (A.4)

Lorsque ¢ € [1,00], espace (L9(Q))Y est muni de la norme [|F||za@))y = |[1F]llLe@). B(Q,q,R)
désigne la boule fermée, dans (L9(Q))Y, de centre 0 et de rayon R.

Afin de préciser les dépendances des différentes constantes vis-a-vis des données du probleme, on se
donnera x > 0 (précisé ultérieurement, selon que l'on étudiera la continuité a I'intérieur ou au bord) et

on supposera que
Fr> N, JA > 0 tel que v € B(Q, N.,x) + B(Q,r, A) (A.5)

(remarquons que, pour tout v € (LN* (Q))N et tout x > 0, il exister > N on peut prendrer =00 et
A > 0 tel que v satisfasse (A.5); cependant, ce A ne dépend pas que de la norme de v dans (L= (2))V).
Pour tout ce qui concerne les résultats & 'intérieur de Pouvert €, le x apparaissant dans (A.5) peut d’ores
et déja etre donné; il suffira qu’il vérifie

X € |0, oot |- (A.6)

A.1.5 Second Membre

On supposera le second membre de (A.2) plus régulier que strictement nécessaire:

3p €N, o0, 3L € (WEP () tel que L = Lim (@) (A7)

On notera alors Az, une borne supérieure de ||£||(W1,p,(Q)),.
Ta

A.1.6 Conditions au bord

'y C 99 est mesurable et vérifie: o(IT'qNITy) =0, 002 =TqUTy.
Afin d’obtenir la continuité holdérienne jusqu’au bord des solutions de (A.2), nous devrons supposer une
hypothese sur I'y et I'y. On définit donc les deux types suivants de cartes locales de 9€:

O est un ouvert de RV,
h:0— B:={z RN ||z| <1} est un homéomorphisme bilipschitzien,
h(ONQ) =By :={zxe€ B|xzy >0},
h(ONIN) =BN"1:={zx€dB; |zny =0}

(A.8)
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et
O est un ouvert de RV,

h : O — B est un homéomorphisme bilipschitzien,
MONQ)=Biy:={r€B|azy >0, any_1 > 0}, (A.9)
h(OﬁFf) =1I:= {1 S 8B++ | TN_1 = 0},
h(O ﬁFd) = FQ = {I S aB++ | TN = 0}

L’hypothese sur I'g et I'¢ est la suivante:

Il existe un nombre fini de (O, hi)ic[1,m) tels que
oY C U™, O; et, pour tout i € [1,m], (O;, h;) est de 'un des types suivants:
(D)  0;NIN =0,NTy4et (O, h;) satisfait (A.8) (A.10)
(F)  0;,ndQ2=0;NTy et (O, h;) satisfait (A.8)
(DF) (O, h;) satisfait (A.9).

Pour établir des résultat de continuité jusqu’au bord de €, il faudra que le x apparaissant dans (A.5)
vérifie (A.6) ainsi que

. QA
x < inf - ST 1=i/N, .
i€ [Lm) 41 7hallz o me ] T VT r cosmam 1707 ot io ey | TR e opran Cs (N 2,2,27) (A1)

(cette estimation est un peu forte; on pourrait faire plus fin en découpant v dans chaque carte O; N {2).

A.1.7 Le Théoréme

Le résultat principal prouvé ici est le suivant.

Théoréeme A.1 Soit M > 0. Sous les hypothéses (A.3)—(A.7), (A.10) et (A.11), il existe k > 0 ne
dépendant que de (0, aa,Aa, Noyx,m, A, p) (1) et C ne dépendant que de (2, aa, Aa, No,y X, 7, A, p, Ap, M)
tels que, si u vérifie (A.2) et ||ul|L2@) < M, alors u € C%"() et ||u||co.x(q) < C.

A.2 L’équation sans second membre

Nous prenons ici U un ouvert inclus dans € et nous nous intéressons aux solutions v € H*(U), de

V@EH&(U),/AVU-V(p+/<pV-Vv:O. (A.12)
U U

Nous notons, pour v : U — R mesurable, o € Q et R €]0,dist(zg, R¥N\U)[, supess(v,zq + Bg) et
infess(v, xg + Br) les bornes supérieure et inférieure essentielles de v sur 29 + Bg. Lorsque ces bornes
sont finies, on note w(v, xg, R) = supess(v, zg+ Br) —infess(v, 2o+ Br) le module de continuité essentielle
de v sur zg + Bg.

Nous cherchons a prouver la proposition suivante, clef du résultat de continuité héldérienne du théoreme
A.l.

Proposition A.1 Sous les hypothéses (A.3)—(A.5) et (A.6), il existe C > 0 et a €]0, 1] ne dépendant
que de
<N7 d7 OCAaAA’quX;T’ A)

tel que, si v € HY(QQ) vérifie (A.12), alors, pour tout xg € Q) et tout R > 0 tel que xg + Bag C U, on a

C
[V]]Loo (wo+BR) < R—%”UHH(U) et w(v,x0, R/4) < aw(v,zg, R).

1Une dépendance par rapport & § prend en compte une dépendance par rapport & N et aux cartes (O, hi)ie[l,m]~
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A.2.1 Résultats préliminaires

Nous démontrons d’abord quelques lemmes techniques qui nous serviront dans la preuve de la proposition
A.l.

Les deux premiers lemmes sont assez intuitifs et simples.

Lemme A.1 Soit (f,g) € C1(R) vérifiant f' € L¥(R) et (g,9') € L>°(R). Siv € HY(Q) N L>®(Q) et
w € HY(Q). alors f(v)g(w) € HY(Q) et V(f(v)g(w)) = f(v)V(g(w)) + g(w)V(f(v)).

Preuve du lemme A.1

La mesurabilité de f(v)g(w) est évidente et, puisque v € L*(Q), f est continue (donc bornée sur les
compacts) et g est bornée, on a f(v)g(w) € L*(Q).

f et g étant régulieres, on a (f(v),g(w)) € H'(Q), donc f(v)g(w) € WHH(Q) avec V(f(v)g(w)) =
F)V(g(w))+g(w)V(f(v)); or g est bornée, donc g(w) € L>®() et, v étant bornée, f(v) € L>(Q) (f est
continue). Ainsi, puisque (V(f(v)), V(g(w))) € (L*(2))", on en déduit que f(v)V(g(w))+g(w)V(f(v)) €
(L2(Q))N, ce qui conclut la preuve de ce lemme. m

Lemme A.2 ] existe Ky ne dépendant que de N tel que, pour tous 0 < p; < pa < 00, il existe n €
C(B,,) vérifiant:

Ko
p2—p1

n >0 sur RN, L@y <1, n=1sur B, et |[[|[Vn||[pemy) <

Preuve du lemme A.2

Soit 6 € C2°(By), positive et d’intégrale égale a 1; un tel choix de 6 ne dépend que de N. On note, pour
5> 0, 05(z) = s~N0(x/s); pour tout s > 0, 5 € C°(Bs) est positive et d'intégrale égale a 1.

En notant p = (p1 + p2)/2 et d = (p2 — p1)/2 > 0, on pose n = 1p_ * O4.

n est de classe C* et a support dans B5 5+ supp(q); supp(fq) étant un compact inclus dans By, le support
de 7 est un compact inclus dans By + Bd C Bpya; or p+d = p2. On a doncn € CX(B,,).

7 est clairement positive sur RV (puisque 1p, et 04 sont positives).

Par I'inégalité de Young, ||77||L(>O(RN) < ||1BHHLOO(RN)||9d||L1(RN) =1.

Prenons = € B, ; on a alors, par définition de d, z + By C Bg, donc supp(fs(z —-)) C x+ Bq C Byp; ainsi

n(r) = /RN 1p,(y)0a(x — y) dy = / Oa(z —y)dy = / Oa(z —y)dy = 1.

a RN
Puisque Vn = 1p, * V6, on a, par Young et pour tout i € [1, N],
[[Dinl| e mvy < 118l poe vy Diflal| 1oy
Or Died(a?) = dfld*ND,-H(x/d), donc ||Di9d||L1(RN) = d71||DZ‘0||L1(RN) et
1Dinl| oo mvy < d Y[ D] L1 vy
En notant donc Ko = 22?;1 |Dif||L1m~y (Ko ne dépend que de N), on en déduit, puisque [Vn| <
Yy Dl aue [ [Vn] [|zee@ny < B2d™1, cest & dire || [Vn] [z @n) < Ko/(p2 — p1)- =

Le lemme suivant est un résultat classique dit & linjection compacte de Hi(U) dans LP(U) lorsque
p < 2N/(N —2).

Lemme A.3 Sir > N alors, pour tout € > 0, il existe K(N,d,r,e) tel que, pour tout p € HY(U),
< el IVelllLzw) + KN, d,r,€)|lel|r2 1)

1) =
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Preuve du lemme A.3

Etape 1: on commence par montrer que le résultat est vérifié avec U = By.

La démonstration se fait par Pabsurde. Fixons donc r > N et £ > 0 et supposons qu’un tel K(N,d,r,¢)
n’existe pas; dans ce cas, pour tout n > 1, on pourrait trouver ¢, € Ha(Bg) tel que

e = (Ba) > el V| ||L2(Bd) + nHSOnHLZ(Bd)-
En posant ¥, = ¢, /||en L2 (m) € H}(By), on aurait donc, pour tout n > 1,
1nll 2y ) =1 (A.13)
1
1199 lzzcon < - (A.14)
1
1Ynllez(s < —- (A.15)

Or 2r/(r —2) < 2N/(N —2) donc H}(By) s'injecte compactement dans L7 (By). Comme, par (A.14)
t (A.15), (¥n)n>1 est bornée dans Hj(By), on peut alors extraire de cette suite une sous-suite, encore
notée (¢n)n>1, telle que ¢, — 1 dans L7 (Bg).

En passant a la limite n — oo dans (A.13), on constate que ||| L7 (B = 1; ¢ n’est donc pas la fonction

nulle. Mais, puisque 2r/(r —2) > 2, la convergence dans L (By) implique la convergence dans L%(By),
ce qui donne, en faisant n — oo dans (A.15), [|[¢|[z2(B,) = 0, ce qui est une contradiction puisque I'on a
vu que ¢ # 0.

Etape 2: passage a U quelconque inclus dans €.

Soit r > N et € > 0.

On prend a € U et ¢ € H}(U); comme ¢(- — a) € HY(U — a) et U — a C By, Uextension ¢ de ¢(- —a) &
By par 0 hors de U — a est dans H} (By).

On a donc, avec le (N, d, r, <) obtenu dans Pétape 1,

2 gy S ENVE 2 + KON, dr.2) 1Bl 5,

Compte tenu de la définition de @, on déduit de cette inégalité:

2 (U) S‘C:|||v<)0|||L2 +K(N7daras)||90||L2(U)a

ce qui conclut la démonstration de ce lemme. m
. - ..
Lorsque E est une partie mesurable de RY de mesure non-nulle et f € L*(E), f désigne la moyenne de
f sur E.
Le lemme suivant sert a estimer, dans l'inégalité de Poincaré moyenne exprimée sur une boule, la

dépendance de la constante par rapport au rayon de la boule.

Lemme A.4 [l existe K1 ne dépendant que de (N, N.) tel que, pour tout p > 0 et tout p € H*(B,),

—B 1—-
lle =272 (B,) < Kip ™ ™[IVl lr2(B,)

Remarque A.1 Lorsque N >3, 1 — Ni =0.
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Preuve du lemme A.4
Soit ¢ € H'(B;) définie par ¥ (z) = ¢(pz). On a

— B,

1
=== [ wlpr)dr = 7/ o(y) dy =p%.
|B1| JB, pN|Bi| B,

Par I'inégalité de Poincaré moyenne et I'injection de Sobolev sur B, il existe K1 ne dépendant que de
(N, N,) tel que

—B,
116 = T 22w ) < Kall [V | 2(30)- (A.16)
Or, par changement de variable,
_Bl * o _ *
/ W) — B dw = p N / lo(y) — 7[> dy (A.17)
By B,
et, puisque Vi (z) = pVo(px),
/B V() de = p 2 /B Veo(y)? dy. (A18)

(A.16), (A.17) et (A.18) donnent donc

_N
P

— 1-N
© =Pl s,y < Kip "2 IV lL2(8,);

comme 1 — % + % =1- va on en déduit le résultat du lemme. m

Nous prouvons maintenant une serie de lemmes spécifiquement liés & la preuve de la proposition A.1.
Lemme A.5 Soit (p,0) €]0,00[. Sip € H(B,,) vérifie
C
I Velllras,) < ;||S0||L2(Bp+c,),

alors il existe Ko ne dépendant que de (Cy, N, N,) tel que

11— 1 1
llze sy < Koo % (542 ) llliaca, oy

Preuve du lemme A.5
Par le lemme A.4, on a

_ _ N C/Clp TNk
o =2l (5,) < Kaip' ¥ [11Vel llz2(5,) < —— ——l¢llc25,.0s
soit
1 C'IC1p1_Nl
L =B *
el (,) < IBpl> 77| + ————IlellL2(5,1.)- (A.19)

Or % < By~ 2ll¢llL2(s,) < 1Bol"2ll¢llL2(B,,.)» done, par (A.19),

pto)

N
CKq1p'~ws 11
lollz2x(B,) < <f +1Bp 72 | llell2(B,40)-

1 1 N N

= |Bi|7¥ "2p2F Tz = Coprl* avec Cp ne dépendant que de (N, N,), on en déduit

o~ (1 1
||(p||L2*(Bp) < SUP(C’ChCO)Pl N (; + ;) ||<P||L2(Bp+g)

c’est a dire le résultat souhaité. m
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Lemme A.6 Soit ¢ : RY — [0,00] mesurable et R €]0, Ro]. S’il existe C > 0 tel que, pour tous
(p, o) €]0, 0] vérifiant p+ o < R et pour tout k > 1, on a

-~ (1 1
¥l s,y < o % (342 1o

alors il existe K3 ne dépendant que de (C, N, Ny, Ry) tel que
Ks
ol (Br/s) < —w I€llL2(Br)-
R>
Preuve du lemme A.6

Notons o = 2~ = M= > 1. En prenant £ > 1 et en notant ¢ = 2k, on a donc, pour tout ¢ > 2 et tous
(p,0) €]0, 0] tels que p+ 0 < R,

2 N,—-2

.~ (1 1 2
el zoa(, < (Cpl 2 (—+;)) lollo(z, . (A.20)

Q

Posons, pour n > 0, ¢, = 2a™, p, = % + Q,L% et oy = QH—IL. On a, pour tout n > 1, pp, +0p, = pp—1 < R

et

1 1 Pn +0on R on+l on+2
+ - = S R 1 1 =71 1 S R
On  Pn Tnpn g X (3t mm) R (3+ 7)) R
En appliquant alors (A.20) avec ¢ = gn—1, p = pn €t 0 = 0y, (pour un n > 1), on trouve donc

1
1N an—1
[l < (2 el
<10 Lq”(Bpn) = R SD anil(BPn—l).

En notant a,, = [|¢||zan(B,,), on obtient donc, puisque p, < R et 1 — Ni* > 0, pour tout n > 1,

1
n 4C \ ont
ap < 2771 X N X Gp—1,
RYNx

ce qui donne, par récurrence, pour tout n > 1,

o 40\ S mr
an < 2 =1 T x < ) X ag-

N

R¥

Comme « > 1, la série 2121 —i=T converge; on a donc, pour tout n > 1,

n 1

40 \ Zi=t ai-T

an < Cq ( N > ao
R™s

avec C7 ne dépendant que de N, (rappelons que a ne dépend que de N,).
De plus, Y5, 1/a" ' =a/(a — 1) = N, /2 donc:

i) Si4C/RN/N+ <1, (4C/RN/NHEZ i T <1< R(])V/Q/RN/2 (rappelons que R < Rp),

ii) Si 4C/RN/N* >1, (40/RN/N*)Z?:1 ﬁ < (40/RN/N*)N*/2 — (4C)N*/2/RN/2.
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Dans tous les cas, il existe C3 ne dépendant que de (C, N, N,, Ry) tel que, pour tout n > 1,

Cc,C
an, < 1ﬂ2a0.
R>

Comme, pour tout n > 1, a, > ||g0||an(BR/2) (car p, > R/2) et, puisque ¢, — oo lorsque n — oo,
limy, oo [|l|Lan (Bg o) = |[¢llLoe(BR ). Passer & la limite n — oo dans I'inégalité précédente donne le
résultat du lemme (avec K3 = C1C5). m

Remarque A.2 Par translation, les résultats des lemmes A.2, A.4, A.5 et A.6 restent valables (sans
changer les constantes) lorsque les boules ne sont plus centrées en 0 mais en n’importe quel point de RN .

A.2.2 Preuve de la proposition A.1

Rappelons qu’une fonction f : R — R est dite “de Stampacchia” si elle est continue, C! par morceaux et
vérifie f' € L>°(R). Une telle fonction a la propriété principale que, pour tout ¢ € HY(Q), f(¢) € H*(Q)
et V(f(v)) = f'(¢)V (cette propriété est en fait aussi vérifiée pour toute fonction lipschitzienne f).

Lemme A.7 Sous les hypothéses (A.3)—(A.6), il existe C ne dépendant que de
(N,d,aa,Na, N, x, 7, A\)

tel que, siv € HY(U) vérifie (A.12), alors, pour toute fonction de Stampacchia convexe positive f, pour
tout xg € Q et tous (p, o) €]0,00] vérifiant zo + Bpro C U, on a

HVF )22 (@o+B,) —Ilf( L2 @0+ By o)+

Preuve du lemme A.7

On suppose pour commencer que f est convexe positive de classe C? et vérifie (f/, f”) € L°(R).

Soit zg € Q et (p,0) €]0,00][ tels que zg + Byyo C U. Par lemme A.2, il existe n € C°(x¢ + Bpto)
positive telle que |[n|[Lec@vy < 1,7 =1 sur zg + B, et || [Vn] || @yy < Ko/o, olt Ky ne dépend que de
N.

On note, pour n > 0, T,,(s) = min(n, max(s, —n)) la troncature au niveau n.

Par le lemme A.1, f(T,,(v))f (v) € HY(U), donc, puisque n? € C°(U), la fonction ¢ = nf (T, (v))f'(v)
appartient & H}(U). En utilisant cette fonction dans (A.12), on obtient

/AW-V(J‘(Tn(v))f’(v)n2 +/ AVv-V(f’(v))f(Tn(v))n2+2/ AV - Vnf'(v) f(Tn(v))n
+/ 1 f(Ta(v) ' (W)v - Vv =0.
U

Traitons chacun de ces termes séparément.

i) AVv-V(f'(v)) = f"(v)AVv - Vv > 0 puisque, f étant convexe, f” > 0; donc, f étant positive,
AV -V (f'(v)) f(Tn(v))n* > 0.

ii) Hors de {|v] < n}, V(f(Tn(v))) = f'(Tn(v))1{jsj<ny Vv = 0 et, sur {[v| < n}, v =T, (v), donc
AV -V (f(Ta () f (0)? AV (T (v)) - V(f (L)) ' (T (0))?

= AV(f(Tu(v))) - V(S (T0(0)))?
Al V(£ (Tn(0)))*n*

v
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i) [AVo -V f () f(Tn(v))nl < AalnV ([ ()| [f(Tn()) V.
iv) [ f(Tn() " (0)v - Vol < Inf(Tu(v)v]InV(f(v))].

En rassemblant ces termes, on trouve donc

aall VT @y < 28all 0V (f @)zl 1 (T (@) Vil |2 @)
I nf (T @)V L2V (F )] L2 @) (A.21)

Lorsque n — oo, f(Tn(v)) — f(v) en étant majorée par Lip(f)|v| + |f(0)] € L> (U) c L*(U); donc,
puisque nv € (LYN=(U))N et Vi € (L>(U))"N le théoreme de convergence dominée donne nf (T, (v))v —
nf(v)v dans (L2(U))N et f(T,,(v))Vn — f(v)Vn dans (L2(U))N.

De plus, V(f(Tn(v)) = f/(Tn(v))Vv — f'(v)Vv = V(f(v)) lorsque n — oo (rappelons que f’ est con-
tinue) en étant majorée par || f'|| L ®)|Vv| € L*(U); par convergence dominée, on a donc nV(f(T,(v))) —
nV(f(v)) dans L2(U).

Le passage a la limite n — oo dans (A.21) donne donc, apres simplification par || [nV(f(v))] ||z < oo,

aallmV(F )2y < 28al[F @)Vl ll2w) + [ nf @)V 2 @) (A.22)
Or Vi =0 hors de 29 + B,y et || |Vn] || @yy) < Ko/, donc

K
@)Vl z2@) € @22 @+ B

Comme v € B(Q, N, x) + B(Q,7,A), n = 0 hors de g + Byio, [n] < 1sur RN et nf(v) € H}(U), on a,
pour tout € > 0, par le lemme A.3 et I'inégalité (A.1) (d est aussi un majorant de U C Q),

Hnf@vlzz@wy < xlnf)lpzx @y + A||77f(v)||L%(U)
< XCs(N,d, 2, 29[|V (nf ()] |22 @) + Ael[ [V f )] | z2@)
+A’C(Na d,r, E)”nf(v)HLZ(U)
XCs(N,d, 2,2%)|[ [nV (f ()] |2 @) + XCs (N, d, 2, 2%)[[ [ f (v) V| || 20
+Ael| DV (f DI 22y + Aell 1 () Vnl ] 220y
+A’C(N’ d,r, E)”nf(v)HLZ(U)
(xCs(N,d,2,27) + Ae)|[ nV (f ()] |2 v

\Cs(N,d,2,2%) + A2)K.
f OO A2 2N AR 010

FARN, d,r, )| f(0)l| 22 (o By -

Puisque y vérifie (A.6), on peut trouver ¢ > 0 ne dépendant que de (x,Cs(N,d,2,2*),A,aq), i.e.
uniquement de (d, a4, Ny, x, A), tel que xCs(N,d,2,2*) + A < a4; on a alors, dans (A.22),

(a4 = xCs(N,d, 2,2%) — eA)|| [V (f ()] |2 (v)
I Cs(N,d,2,2%) + Ae)K
< < 2. 0 + (X S( - ) ) 0 +A’C(N,d,’f‘,€>> ||f(v)|‘L2(IO+Bp+a)

<
<2AA’C0 n (XCS(N, d,2,2*) —|—A6)’C0 n A’C(N, d,r, 8)d

IA

IN

(o g

) 170 22wos 5

(car o < d).
Puisque n = 1 sur zg + B, et aq — xCs(N,d,2,2%) —eA > 0, on en déduit donc || [V (f(v)]||12(co+B,) <

%Hf(v)||L2(x0+Bp+U) avec

_ 2A4K0 + (xCs(N,d,2,2*) + Ae) o + AK(N, d,r,€)d

¢ as — xCs(N,d,2,2%) —eA
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ne dépendant que de (N, d,aa, Aa, Ny, x,7,A), ce qui est le résultat du lemme lorsque f € C2(R) est
convexe positive et (f/, f”') € L>(R).

Supposons maintenant que f n’est plus forcément de classe C?, mais juste de Stampacchia convexe
positive.

Soit (0, )n>1 un noyau régularisant sur R (i.e. pour tout n > 1, 6,, € C°(] — 1/n,1/n[), 6, > 0 sur R et
JoOn=1).

Pour tout n > 1, la fonction f,, = f*60, est de classe C2, positive (car f et 6, sont positifs) et convexe (car
f est convexe et 6, est positive). De plus, puisque f/, = f’ * 6, (comme f/ et f’ 6, sont deux fonctions
continues qui coincident — c’est trivial par dérivation sous l'intégrale — hors des points — en nombre
fini — de discontinuité de f’, ces fonctions coincident partout) et f! = f' = 6., on a (f,, f))) € L>(R)
(avec || frllpee @) < |1 loe@)lO0nllrr) = |1 |lL ) et [ |lLe@) < |1 lLe@)ll0n]|L=(=)). Ainsi, par
le raisonnement précédent, on a, pour tout n > 1,

C
V(a2 @ot5,) < —Ifn(0)l22(0+8,10) (A.23)

avec le méme C' que précédemment.

Mais, lorsque n — oo, puisque f, — f sur R et ||f; |[zoo®) < |[f/]|Lo @), fn(v) — f(v) en étant majorée
par ||/l [0] + 5Dt | ()] € L2(U) (511 [n(0)] < 00 car £u(0) — £(0)); done, par convergence
dominée, f,(u) — f(u) dans L2(U).

Hors des points {s1,...,s;} de discontinuité de f’, on a f, = f' *x 60, — f’; comme Vv = 0 presque
partout sur {x € U | v(z) € {s1,...,8k}}, on en déduit que f!(v)Vu — f(u)Vu presque partout sur
U, en étant majorée par ||f'|| Lo w)|Vo| € L*(U). Par le théoreme de convergence dominée, on a donc
V(Ju(0)) = F4(2)V0 — [/(0)V0 = V(f(2)) dans L2(U).

Alinsi, en passant a la limite dans (A.23), on en déduit le résultat du lemme pour f. m

Corollaire A.1 Sous les hypothéses (A.3)—(A.6), il existe C' ne dépendant que de
(NJ da OéA,AA,N*,X,T, A)

tel que, siv € HY(U) vérifie (A.12), alors, pour toute fonction de Stampacchia convexe positive f, pour
tout xg € U et tout R > 0 tel que o+ B C U,

C
1F @)l @otrs) < T I )lle2worBa)

Preuve du corollaire A.1
Soit £ > 1; on pose, pour tout n > 1,

5P si0<s<mn,
gn(s) =< n* +knF~1(s—n) sis>n,
0 sis <0.

gn € C1([0, 00]) est croissante, positive, convexe et vérifie g/, € L°°(R"). Puisque f est positive, g, o f est
donc positive, continue, C! par morceaux sur R et g, o f' = ¢/,(f)f' € L>*(R). De plus, g,, étant convexe
croissante sur RT et f étant convexe positive sur R, g, o f est convexe sur R.

Par le lemme A.7, on a donc, pour tout zg € U, pour tout R > 0 tel que 29 + Br C U et tous (p, o) tel
que p+ o0 < R (ce qui implique g + Byys C U),

Co
11V (gn o fOD2@o+B,) < —llgn o F ()l L2(20+B,1.0)
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avec Cg ne dépendant que de (N,d,aa,Aa, N, x,7,A). On déduit du lemme A.5 qu’il existe Ky ne
dépendant que de (Co, N, N.) tel que, pour tout (p, o) tel que p+ o < R,

.~ (1 1
o & SOl a5, < Kart % (242 g SO0
et ce pour tout n > 1.

Or 0 < gn(s) < s* pour tout s > 0 (car gn(s) = [ g () dt et g}, (t) = kt" 1y, + knF 11, o < kth1
pour ¢ > 0); on en déduit donc, puisque f est positive,

-~ (1 1
o & Sl oy, < Kapt 5 (24 2) 70 ity

Comme g,(s) — s* lorsque s > 0, le lemme de Fatou nous permet de voir, en faisant n — oo dans
I'inégalité précédente,

-~ (1 1
IO e a5, < Ko % (4 ) 170 s (A21)

Par le lemme A.6 et (A.24), il existe donc de K3 ne dépendant que de (Ka, N, N.,d) (car un R tel que
2o + Br C U vérifie forcément R < d), i.e. uniquement de (d, a4, A4, Ni, x, 7, A), tel que

1 |eteos i < E IOl m01
c’est a dire le résultat voulu. m
Lemme A.8 Sous les hypothéses (A.8)—(A.6), il existe 3 €]0,1[ ne dépendant que de
(N,d,aa,Na, N, x,7, A)
tel que, pour tout xo € U et R > 0 vérifiant xo + Br C U, si v € H*(U) vérifie (A.12), v > 0 presque

partout sur xo+Br et [{x € 20+ Bp/s | v(z) > 1} > %\BR/QL alors v > 3 presque partout sur xo+Bpry4.

Preuve du lemme A.8
Soit € > 0 et g : [0, 0c0o[—] — 00, —¢[ définie par

(5)— —1—¢ sis>1
IE= -5 —1-¢ sio<s<l.

g € C%(]0, 00]) est inférieure & —e sur [0, 00[; f = —In(—g) + In(1 + ¢) est donc dans C?([0,cc[). On a:

f >0 sur [0, 0], (A.25)
(", f") € L>([0, oal), (A.26)
7> 2 sur [0, 0cl. (A.27)

(A.25) vient du fait que, sur [0,00[, —1 — & < g, ce qui implique In(—g) < In(1 + ¢), donc —In(—g) >
—In(1+¢). (A.26) et (A.27) viennent des des formules f' = —g'/g et f" = —g"/g+9?*/9*> = —9" /g + f"*
et du fait que (¢’,¢"”) € L*([0,0]), ¢” > 0 sur [0,00[ et g < —e sur [0, co].

On étend f a R en posant, pour s < 0, f(s) = f(0) + sf’(0). Cette extension fait de f une fonction de
classe C' positive sur R (car f(0) = —In(e) +In(1 +¢) >0 et f/(0) = —(=3)/(—¢) < 0).

Sur [0, oo, puisque f” > f2 >0, f’ est croissante; comme f\/]—oo,o] = f’(0), on en déduit la croissance de
f’ sur R. f est donc convexe sur R.
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f étant C? sur [0, oo et sur | — 0o, 0] avec une dérivée seconde bornée sur R (elle est nulle sur | — oo, 0]),
/' est de Stampacchia.

Soit n € C°(zo + Bg) telle que 0 < 1 < 1 sur RN, n =1 sur zg + Bry et |Vn| < 2Ko/R sur RN (avec
Ko ne dépendant que de N, cf lemme A.2).
f’ étant de Stampacchia, on peut prendre ¢ = f’(v)n? dans (A.12); on obtient alors

Q/UAVv-an’(v)n—f—/UAVv-V(f'(v))n2—I—/Unzf’(v)v-Vv:O. (A.28)

Or, presque partout sur U, AVv - V(f'(v)) = AVv - Vuf”(v). Puisque v > 0 la out n n’est pas nulle, on
déduit de cette égalité et de (A.27), AVv - V(f'(v))n? > aa|Vu[2(f'(v))*n? = aa|V(f(v))|*n* presque
partout sur U.

Injectée dans (A.28), cette inégalité donne

aall vV (F) 2@y < 28l IV F @) 2an VI 2@y + IV () 2 @ot Bam) V] 2220+ BR)»
soit, en simplifiant par || [nV (f(v))|[|z2@) < oo,

4AAKy N
R>=2
R

1

+x|Br|?™% + A|Bg|? . (A29)

aall [V (f )l lzzw) <

N

Or, pour tout ¢ €]0, o], |BR|%_% = |Bl|%_%R%_ ¢ = C’ORl_%R%_1 avec Cy ne dépendant que de
(N,q). Lorsque ¢ > N,ona 1 — % > 0, donc |BR|%_% < CodTRY1 < 4R ot O} ne dépend
que de (N,d,q). On trouve donc, en utilisant cette majoration pour ¢ = N, et ¢ = r dans (A.29), et
puisque 7 = 1 sur zp + Bpgy2,

N_
V(D 220+ Brya) < CoR= (A.30)
avec Cy ne dépendant que de (N, d, a4, Aa, Ny, x, 7, A).

Lorsque v > 1, on a f(v) = 0 donc, en notant £ = {x € 2o + Br/s | v(z) > 1},

——xo+B _
T < sl [ 1)
(xo+Br/2)\E
(70 + Brys| — |B) 17"
< i 1)L (s 5
(L Brjal) %
< W‘U(“)HL?*(ZMBR/Q)
1\
< (5) Bryal Y 1@ (os 0

Par le lemme A.4 et (A.30), on en déduit donc

N
—20+B N R\~
||f(v)||L2*(m0+BR/2) < ‘f(v) o+Bry2 |Br/2| 7 + K1 (5> IV (f(v))] ‘|L2(mo+BR/2)
1\ " N 4 N_ N
< 3 ||f(v)||L2*(azg+BR/2) + 28T Co K R2 TN

(K1 ne dépend que de (N, N,)), soit

1

172% N N N
(1 (3) ) £l (oo 5y < 2% 1k REHE (A.31)
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avec 1 — (1/2)7*/?" > 0 ne dépendant que de N..
f étant une fonction de Stampacchia convexe positive, par le corollaire A.1, on a

Cs
1F @z @o+Br/a) < T @)L2@@o+Br/2),

ou C3 ne dépend que de (N, d,as,Aa, Ny, x,7,A). Donc, par (A.31),

Cs 11
1f )z 2o+ Brya) < R—%\BR\L’ (W22 (2ot Bro)

N

N_N_ N
S CW'4R2 2" N*7

avec Cy > 0 ne dépendant que de (N,d, s, Aa, Ny, x,7,A).

N_N__N _N 1 1) _ N _ . .
Comme 5 — 5% — - =5 ~N(3 ~- = 0, on a en fait prouvé que

I[f ()L 2o+ Bra) < Ca

Soit F = {& € xo + Brya | v(z) < 1}; puisque f = —In((- —1)® + 1 +¢) +In(1 +¢) sur [0,1] et v > 0
presque partout sur o+ Bp/4, on a, presque partout sur ¥, f(v) = —In((v— 123 +1+4¢e)+In(l1+¢) < Cy.
Cette égalité étant vérifiée pour tout € > 0 (et Cy ne dépendant pas de €), on en déduit que, presque
partout sur F, (v — 1)3 > —1 + e~ v étant inférieure & 1 sur F, cela implique donc, presque partout
sur F, [v—1] < (1 —e )3 dottv > 1~ (1 — e C)1/3.

Posons f = 1 — (1 — e “)Y/3 €]0,1[. § ne dépend que de (N,d,aq,Aa, Ny, x,r,A), on a prouvé que

v > 3 presque partout sur F'; comme, sur (2o + Bpr/4)\F, on a v > 1> 3, le lemme est prouvé. m

Nous pouvons maintenant démontrer la proposition clef de cette section.

Preuve de la proposition A.1

L'estimation sur ||v|| e (204 BR) découle du corollaire (A.1) appliqué a f = Id; on déduit de cette estima-
tion que, pour p < R, supess(v, zg + B,) et infess(v, zo + B,) sont finis.

Si supess(v, g + Br) = infess(v, zg + Br), alors v est égale presque partout & une constante sur xg + Bg
et il n’y a donc rien & prouver; on suppose donc que w(v, zg, R) # 0.

Soit

214 2v — supess(u, rg + Br) — infess(v, 2o + Br)
V1=

! supess(v, zg + Bgr) — infess(v, zg + Bgr)
et

5 (1 2v — supess(u, g + Br) — infess(v, 2o + Bg)

vy = —

2 supess(v, g + Br) — infess(v, 29 + Br)

v1 et vy ayant été construites a partir de v en ajoutant et en multipliant par des constantes, elles
vérifient (A.12). Presque partout sur xg + Bg, v et vy sont positives et, puisque v; + v = 2, on a
{z € 20+ Bryo | v1 > 1} U{x € o + Brya | v2 > 1} = wo + Bpys; il existe donc i € {1,2} tel que
|{T € xg + BR/Q | vy > 1}| > %‘BR/2|

Avec 8 donné dans le lemme A.8 (8 €]0, 1] ne dépend que de (N,d,va,A4, Ncyr,A)), on a donc v; > 8
presque partout sur zo + Br/4.

i) Sii =1, cela implique, presque partout sur 2o + B4,
2v > supess(v, g + Br) + infess(v, 29 + Br) + (g - 1) (supess(v, g + Br) — infess(v, zg + BR)).

On en déduit que

2infess(v, xo + Brya) > supess(v, xo + Br) + infess(v, z0 + Br) + (g - 1) w(v, 9, R),
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ce qui donne
2(supess(v, wg + Bp/s) — infess(v, 2o + Bry4))

< 2(supess(v, zg + Brys) — supess(v, 2o + Br)) + (2 - g) w(v, zg, R).

Mais supess(v, 2o + Br/s) — supess(v, 2o + Br) < 0, et on a finalement 2w(v,zo, R/4) < (2 —
BYw (v, 29, R), c’est & dire le résultat voulu avec a = 1 — /4.

ii) Si¢ =2, alors on a, presque partout sur zg + Bpry4,
B .
1-— 5 w(v, 2o, R) + supess(v, zg + Bg) + infess(v, zg + Bg) > 2v,
ce qui implique
2supess(v, 2o + Brys) < supess(v, 2o + Br) + infess(v, 2o + Br) + (1 - g) w(v, zg, R),
d’ou
2(supess(v, xg + Brys) — infess(v, xg + Br/4))

< 2(infess(v, 2o + Br) — infess(v, 20 + Brys)) + (2 - g) w(v, zg, R).

Comme infess(v, zg+Br)—infess(v, 2o+ Bg/4) < 0, on en déduit 2w (v, 29, R/4) < (2—§)w(v, xo, R),
c’est & dire le résultat souhaité avec « =1 — 3/4.

A.3 A lintérieur de

A.3.1 Le probleme de Dirichlet sur des petits ouverts

Commencons par un lemme de Stampacchia.

Lemme A.9 Soit F': RT — RT une fonction décroissante. S’il existe « >0, 3> 1 et C > 0 tels que

Py

> < —
Vh>k70,F(h)7(hik)

et si

alors F(H) = 0.

Preuve du lemme A.9
Si F(0) = 0, le lemme est trivial; on suppose donc que F(0) > 0.
Soit hg =0 et, pour n > 1,

i
L

hy = 25 CF(0) "=

%

Il
=}
—
[\
|m
Q1
-
~—
-
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On constate par récurrence sur n que l'on a, pour tout n > 0, F(h,) < F(0)/2™; en effet, c’est évident
pour n = 0 et, lorsque n > 1, puisque

By — By g = %’
(%)
on a
C&
F(hy) F(hy 1)?

< - -
o (hn - hn l)a
9 (n—1)(B-1) F(o)ﬁ
< X
- 2CaF( yg—1 7 2(n—1)p
£(0)
< o
F étant décroissante, on en déduit que, pour tout n > 0, puisque hy, < H, F(H) < F(h,) < F(0)/2™
en faisant tendre n vers l'infini dans cette derniére inégalité, on obtient F(H) < 0 ce qui conclut la
démonstration du lemme. m

Par un léger abus de notation, lorsque U est un ouvert inclus dans €2, on peut considérer £ € (Wll;p ,(Q))’
comme un élément de W 1P (U); en effet, si ¢ € Wol’p/ (U), on note ¢ € Wll’p/ (€2) son extension par 0 hors

de Q et on pose alors (Z, ®) Etant donné que I'extension

wo @)y Wyt () T <£’¢><w“’ (@) WP (@)

par 0 hors de U est linéaire continue Wol’p,(U) — er;lp (), ceci deﬁnlt bien un £ € WL2(U) (L est en
fait l’imag(i de L par I'application duale de I’extension & Q par 0 hors de U). On notera dans la suite,
par abus, £ = £; de méme, L € (H}(U))' désignera aussi la restriction de £ & H}(U).

Lemme A.10 Sous les hypothéses (A.3)—(A.7), il existe § > 0 ne dépendant que de
(N,d, s, Ny, x, 1, A)
tel que, pour tout ouvert U C ) de mesure inférieure a 6, le probléme
w € Hy(U),

/ AVuw - V<p+/ v - Vw = (L, ) (my vy, my ) » Ve € Hy(U)
U U

(A.32)

admet une unique solution. Il existe de plus C' ne dépendant que de (N,d,ca, Ny, x, 7, A,p,AL) tel que
1
cette solution w vérifie ||w||pe @y < ClU|V ™

Preuve du lemme A.10
Soit U un ouvert inclus dans Q. On a, par (A.5), pour tout ¢ € H}(U),

> aallVolllZ: @) = Hevlllzzanll Vel llzz @)
> aall Vel llZ: @) = Xllell oz @)1 Vel 2 @) = Allel|

Vel |z @)

Or d est aussi un majorant du diametre de U donc (A.1) est valable avec € remplacé par U. De plus,

puisque 25 < 1311’2, on peut prendre ¢ €]-25, 2X 2[ (le choix d’un tel ¢ ne dépend que de r et N); on

déduit donc de I'inégalité précédente et de (A 1) que
/ AVe - Vo + / ev -V (A.33)
U U

. r=2_1
(@4 = XxCs(N,d, 2, 2| [Vl [[12 7y = MU= “sll@llaq 1 Vel |2y
2
(OLA - XCS(N; da 272*) - A|U‘ 2 qCS(Na d72’q))” ‘VQ0| ||%2(10+BR)' <A34)

L7 ()

Vv

V



248 ANNEXE A. CONTINUITE HOLDERIENNE

Or % —% > 0 done, puisque x vérifie (A.6), il existe & > 0 ne dépendant que de (a4, x, N, d, Ny, A, 7, q),
i.e. uniquement de (N,d, a4, N.,x,r, A), tel que, pour tout U vérifiant |U] < 4,
rT—2 1
g — XCS(N, d,2,2*> — A|U|? QCS(N, d,2,q)
> s xCs(N,d,2,2%) — AS 1Cs(N,d,2,q) = Co > 0. (A.35)
Pour tout U ouvert de mesure inférieure & ¢, la forme bilinéaire apparaissant dans (A.32) est donc

coercitive sur H} (U); I'existence et 1'unicité d’une solution & (A.32) est alors la conséquence directe du
théoreme de Lax-Milgram.

Prouvons maintenant I'estimation sur |[w||pe ().
Soit, pour k > 0, Si(t) =t —T(t) (i.e. Sk est continue, affine par morceaux, nulle sur [k, k] et de dérivée

égale a 1 hors de [k, k]). Comme V(Si(w)) = 1{jy|>k Vw, on a Vw = V(Si(w)) 1a ot Si(w) # 0;
ainsi, en prenant ¢ = Sy, (w) € H}(U) dans (A.32), on obtient

<L, Sk(w)>(H3 (U))’,Ha (U) = /UAV’LU - VSk(’LU) + /U Sk(w)v -V

/U AV(Sk(w)) - V(S (w)) + /U Se(w)v - V(Se(w)).  (A.36)

Comme |U| < 6, (A.36), (A.34) et (A.35) donnent donc

Coll IV(Sk@DIZz @y < (L Sk @y a1 ()

o S !y we e
AL|[Se(w)llw.er 17y (A.37)

IN

avec Cy ne dépendant que de (N, d,aa, Ny, x,r,A).

Comme Sj(w) € Wol’p,(U), on a, par 'inégalité de Poincaré et puisque d est un majorant du diametre
de U,

1Sk (W)l @) = 1Sk (@] Lo @y + IV Sk Lo @y < (d+ DIV S H o @y (A-38)

De plus, V(Si(w)) = 0 hors de Ej, = {Jw| > k}, donc

V(S (@) o 0y < [ERP 2V (Sk(w))] ] 22 0)- (A.39)

(A.37), (A.38) et (A.39) donnent donc

1

Coll IV (Sk(w))| |22 @) < (1 + d)AL| Ex|2 5. (A.40)

Soit h > k; comme |Si(w)| > h — k sur Ej, on a, par (A.1) et puisque V(Sk(w)) = 0 hors de Ej,

—1

(h — k)| En| %

N

< ISk,

N
< COs(N,d 1, =)V (Sk())] 22 @)

N 1
< O, 1, ) B9 (Sk(w)] 2o

Utilisée dans (A.40), cette inégalité donne donc, pour tout h > k > 0,

|En| < —|E|° (A.41)

&
(h — k)
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avec C ne dépendant que de (N,d,@a, Nu, X, 7, A, AL), o = % >0et f=(1- %)% > 1 (rappelons
que p > N).

Le lemme A.9 nous donne alors
o

1 1

ne dépendant que de (C1, «, 3), i.e. ne dépendant que de (N,d, aa, Ny, x,7, A, p, A1), tel que

|E

B=1 | = 07
Ho|Eo| «

L p—1 _
ce qui signifie |w| < Hg|Ep| & presque partout sur U. Comme % = %
la preuve de ce lemme. m

5 et |Eg| = |U], cela conclut
A.3.2 Continuité holdérienne sur les compacts de {2

Tout d’abord un petit lemme technique, puis le résultat proprement dit.

Lemme A.11 Soit K un compact de €2, Ry < dist(K,02)/2 et u: 2 — R essentiellement bornée par C
sur K. Sl existe 6 €]0,1[ et C' tels que, pour tout x € K et tout n > 0,

w (u,:z;, &> <c'sm,
4n

alors il eriste k > 0 ne dépendant que de § et C"' ne dépendant que de (C,0,C", Ro) tels que u € CO"(K)

et [|ul|cor () < C”.

Remarque A.3 Le fait que l'on parle de w(u,x, Ry/4A™) suppose que u est essentiellement bornée sur
T + Bpryjan pour tout x € K et tout n > 0.

Preuve du lemme A.11

Soit R €]0, Ry); il existe n > 0 tel que R €]Ro/4™ "1, Ry/4™].

On a alors Ry/(4R) < 4™, soit n1n(4) > In(Ro/4) — In(R), d’ott n > (In(4)) ! In(Ro/4) — (In(4)) ! In(R);
puisque § €]0, 1], cela donne

nn(8) < In(8)(In(4)) "L In(Ro/4) — In(8)(In(4)) " In(R) = In((Rp/4)m@/ 1)) 4 jn(R~1n(0)/In(4))

Ainsi, pour un tel n,
In(8)

Rp\ =@ _In(®)
5" < (f’) x R~ w0 = CyR",
avec Cp ne dépendant que de (4, Rg) et Kk = —1In(d)/In(4) > 0 ne dépendant que de 4.
De plus, puisque R < Ry/4", on a w(u,z, R) < w(u,z, Ry/4™), donc
w(u,z, R) < C'"CoR" = C1R", (A.42)
ot Cy ne dépend que de (6,C’, Ro).
Cette inégalité permet de voir que, pour tout = € K,
1

lim —— u(t) dt

existe dans R; pour cela, on voit que lorsque R < Ry, on a

1

infess(u, z, R) < ~——
|BR| x+Bpgr

u(t) dt < supess(u, z, R).
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Mais, par (A.42), supess(u, x, R) — infess(u, z, R) = w(u, 2, R) — 0 lorsque R — 0, et Iliimo supess(u, z, R)

existe dans R (car R — supess(u,z, R) est croissante et bornée, lorsque R < Rq, par ||u||Loo(z0+BR0)
on a supposé, en parlant de w(u,x, Rg), que cette derniére quantité était finie). On en déduit que

limp_,q infess(u, z, R) existe dans R et vaut limp_,gsupess(u,z, R). Par le théoréme des gendarmes,

. 1 . .

limp_.q TEAl fm+BR u existe donc aussi dans R.

Comme cette limite vaut, pour presque tout € K (en tous les points de Lebesgue de u), u(z), quitte &
changer u sur un ensemble de mesure nulle on peut supposer que

1
u(z) = lim u(t)dt pour tout x € K.

R—0 ‘BR| x+Bpr

Des que R < Ry, on a pour tout y € (x + Bg) N K et tout p < R— ||y — z||, y + B, C & + B, donc
. 1
infess(u, z, R) < —— u < supess(u, =, R)
|Bp| y+B,

ce qui donne, en faisant p — 0 (rappelons que y € K),
infess(u, z, R) < u(y) < supess(u, z, R)
c’est a dire, par (A.42),
sup U — inf  u<w(u,x R)<CiR"
(z+Bgr)NK (z+Br)NK

La continuité holdérienne de u sur K est maintenant aisée & voir. En effet, pour tous (z,y) € K2,

i) Si |z —y| < Ry, alors, en prenant R €]z — yl, Ro], |u(x) — u(y)| < sup,, g, v —infz1p, u < C1R"
c’est a dire, en faisant R — |z — y|, |u(z) —u(y)| < Cilz — y|~,
Y 2|[uf|poe
it) Si |o =yl > Ro, [u(@) — u(y)| < 2fullpegre) < TUEE - ylr < 2z y|~.
En notant donc Cy = sup(Cy, 2C/Rf), qui ne dépend que de (C,§,C’, Ry), on a, pour tous (z,y) € K2,
|u(z) — u(y)| < Calz — y|*; associée a la majoration supposée de ||u||p~(x) par C, cette inégalité donne
le résultat du lemme. m

Proposition A.2 Soit K un compact de Q et M > 0. Sous les hypothéses (A.3)—(A.7), il existe

k >0 ne dépendant que de (N,d,aca, Ag, Ny, x,7, A, p)

et
C ne dépendant que de (N,d, s, Na, Ny, x, 7, A, p, A, K, M)

tels que, si u € H'() vérifie ||ul|r2@) < M et

alors u € CO"(K) et [[ul|cox(ry < C.

Preuve de la proposition A.2

Prenons le § donné par le lemme A.10 (6 ne dépend que de (N,d, aa, Ni, X, 7, A)) et Ry < dist(K,90)/2
tel que |Bag,| < (R ne dépend que de K et §, i.e. de (N,d, a4, Ny, x, 7, A, K)).

Etape 0: préliminaires.



A.3. A L'INTERIEUR DE 251

Soit © € K et R < Ry. Par le lemme A.10, et puisque z + Bagr C £, il existe wy g solution de (A.32)
lorsque U = = + Bag. wg, g vérifie de plus

1 1 _N
[we, Il Lo (24 Bar) < Co|Bar|¥ 7 < C1R' 7, (A.44)

avec Cy et C1 ne dépendant que de (N, d, aa, Ny, x, 7, Ayp, AL).
Soit ¢ € H}(x + Bar); en notant ¢ € H () 'extension de ¢ & Q par 0 hors de Q, on a

/ AVu-V<p+/ pev-Vu = /AVU-V@—F/@V-VU
a+Bar @+Bar Q Q

= (L@, @) 11, @
= (L, ©) (2 (w4 Bar)), H} (v+Bar)

(avec le petit abus de notation concernant L € (H}(x + Bag))' dont nous avons déja parlé).
Ainsi, v p =Uu — Wy R € H'(x + Bag) vérifie (A.12) avec U = = + Bapg.
De la proposition A.1, on déduit 'existence de « €]0,1[ et C3 > 0 ne dépendant que de

(Na da OZA,AA,N*,X,T, A)

tels que
02, Rl o+ 5y < CoBF [0, Rll22 o+ Ban) (A.45)
w(vz,ry T, R/4) < aw(vg,r, T, R). (A.46)
Or, par (A.44),
v, rllL2@s o) < NullL2(etBar) + 1Wa, Rl 22 (24 Bar)

IN

1
l[ull2(0) + | B2r|2||we, Rl Loo (24 Bar)
1-N
< M+ |Bayg,|?CiR, * =Cs,

ou C3 ne dépend que de (N,d,a4,Aa, N, x, 7, A,p, A, K, M). (A.45) peut donc se re-écrire

|02, Rl | Lo (24 By < C2C3R™ (A.47)

Etape 1: borne essentielle de u sur K.
De (A.44) et (A.47) appliqués & R = Ry, on déduit, puisque u = wg ry + Vg, R, SUr T + Br,,

1-N _N
l[ullLoe (@t Bry) < C1Ry 7 +C2CsRy * = Cy, (A.48)

avec Cy ne dépendant que de (N, d, a4, Aa, N, x,7, Ayp, A, K, M).
Mais on a [|ul|pe (k) < supgex ||tl|po (21 Br,)- En effet, pour voir cela, on commence par recouvrir K
par un nombre fini de boules (x; + Br, )ic[1,; (un nombre dénombrable serait en fait suffisant); si on avait
|[ull Lo (r) > supiep g ||ullpos (24 BR, ). alors il existerait un ensemble A de mesure non nulle, inclus dans
K, tel que |u| > sup;eqy g [|ul|poc 2y 4 BR,) Sur A; A étant de mesure non nulle et inclus dans K, il existe
i € [1,1] tel que AN (x; + Bp,) soit de mesure non-nulle; on aurait alors |u| > [|u[|Le (2,1 By,) sSUr un
ensemble inclus dans z; + Bpr, et de mesure non-nulle, ce qui est une contradiction.
On en déduit donc

|lul[ 2o (x) < Ci.

Etape 2: continuité holdérienne de u.
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Comme u = Vg R + Wz,r SUr T + Bpyy, il est aisé de constater que w(u,z, R/4) < w(ve,r, 2, R/4) +
w(wz g, z, R/4).
Or, pour tout p < 2R,

_N
w(we,r, T, p) < 2||we ||~ @+8,) < 2/, Rl (@t Byp) < 2C1R' 7, (A.49)

donc .
w(u, z, R/4) < w(vg g, 2, R/4) +2C1 R %,

De plus, par (A.46), w(vg g, 2, R/4) < aw(vg g, x, R); mais, puisque vy g = 4 — Wy g sUr ¢ + Bg, par
(A49), on a w(vy R, 2, R) < w(u,z, R) + w(wy g, 2, R) < w(u,z,R) + QC’lRl*%, d’olt

w(u,z, R/4) < aw(u,z, R) + 2C1R'" 7 +2aC1 R Y = aw(u, z, R) + CsR”, (A.50)
avec f=1— % et C5 ne dépendant que de (N, d, a4, Aa, Ny, x, 7, A, p, AL).

Soit n > 0; par (A.50) appliqué & R = Ry/4™ €]0, Rg], on a

R R CsRy R C
w (u,z, 4n—£1> < aw (u,x, 4—2) + (45[3)2 = aw (u,x, 4—2) + C—:

avec ¢ > 1 ne dépendant que de (N,p) et Cg ne dépendant que de (N,d, 4, Aa, Ni, x, 7, A, p, AL, K).
Ceci nous permet de voir par récurrence sur n que, pour tout n > 1,

n—-1 Ceam—1-1

5 (A.51)

w <u,x, %) < o™w(u,z, Ry) +

i=0

(cette formule est aussi vérifiée pour n = 0 a condition de poser Z;:lo =0).
En posant v = sup(a, 1/¢) €]0, 1] (rappelons que « €]0,1[ et ¢ > 1) qui ne dépend que de

(N7 d7 aAJAA7N*JX7T7Aap)7

on a, pour tout i € [0,n — 1], puisque n — 1 —47 >0 et ¢ > 0,

anmt n—1—i A} 1—i i 1
— =a T T x| o) ST =T
¢ ¢) =

donc (A.51) nous donne, pour tout n > 0, et puisque w(u, x, Ro) < 2|[u||poo(zyBg,) < 2C1 (cf (A.48)),

R
w (u, x, 4—3) < 204a" 4+ nCey~ty™. (A.52)

Prenons 7 €]y, 1[ (un tel choix ne dépend que de 7, i.e. de (N,d,aa,A4a, Ny, x,7,A,p)); on a alors

n
ny" =n (l) "
v
Or v/7 < 1, donc la suite (n(y/7)™)n>0 est bornée par C7 ne dépendant que de (v,7), i.e. de
(Na da CYA,AA,N*,X,T‘, A’p)

Ainsi, ny™ < C73™ et on a, par (A.52), pour tout n > 0,

R, ~
w <u, z, 4—3) < 26404” + 06077_17n7
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soit, en posant & = sup(a,7) €]0,1[ (6 ne dépend que de (N,d, s, Aa, Nu, x,7, A, p)), pour tout n > 0,
R n
w (u,x, 4—n) < Cgd", (A.53)

avec Cs ne dépendant que de (N, d, a4, Aa, Ny, x,7, Ay p, AL, K, M).
Par le lemme A.11, et puisque u est essentiellement bornée sur K par Cy ne dépendant que de

(N7 d7 CYA,AA,N*,X,T,A,p, ALvKa M)7

u est égale presque partout sur K a une fonction continue et il existe x > 0 ne dépendant que de
(N,d,aa,Aa, Ni, x,7,A,p) et Cg ne dépendant que de (N,d,aq,Aa, Nu,x, 7, A, p,Ap, K, M) tels que
u € CO%(K) avec ||ul|cos (k) < Cy, ce qui conclut cette démonstration. m

A.4 Continuité holdérienne pres du bord de (2

On commence par prouver la continuité dans une carte locale, puis on regroupera toutes les cartes et
I'intérieur.

Proposition A.3 Soit M > 0. Sous les hypothéses (A.3)—(A.7), (A.10) et (A.11), pour tout i €
[1,m] et tout compact K de O;, il existe k > 0 ne dépendant que de (h;,aa,Aa, Ny, x,7,\,p) et C ne
dépendant que de (hi,ca, Aa, Noyx, 7, A, p, AL, K, M) tels que, siu vérifie (A.2) et ||u|[r2q) < M, alors
u € CO’K(Q NK) et ||u||co,n(QmK) <C.

Preuve de la proposition A.3

On commence par transporter le probleme dans une partie de B, puis il faudra différencier selon que
(O;, hy) vérifie (D), (F) ou (DF).
On note Otr = hl(Ol n Q), I'= hl(01 n Fd) et FO = aOtr NoB.

Etape 1: transport dans O,.
Soit ¢ € [1, 0] et E? I'espace vectoriel des fonction de er’q(Otr) & support compact dans B, muni de la
norme de W14(0O,). L’application

Et — F1={f¢c Wcl)’iqmrd (O; N Q) | 6 est & support compact dans O; }
w — @oh;

est linéaire continue bijective, de norme ne dépendant que de (g, h;) (F¢ est muni de la norme de W4(0;N
Q)). De plus, par un lemme classique, ’extension par 0 hors de O; N est une application linéaire continue
F1— Wédq(Q) de norme égale a 1.

La composée de ces deux applications est donc une application linéaire continue

T!: B — er‘;q(ﬂ)
dont la norme ne dépend que de (g, h;).

Soit p € E* et ¢ = T?¢ € Hp (). L'équation satisfaite par u nous donne

/ AVu-V(QDth;)-}-/ poh;v-Vu /AVU-V¢+/¢V-VU
0:nQ 0:nQ Q Q

= (L O)u, @y 13,
= ((THL, o) w2y, B2 (A.54)

o (I7)*: (Hp,(Q2)) — (E?)" est la transposée de T7.
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En posant ug = uj0,nq © h;t € HE(Og) (car u0,n0 € Hp, Ar,(0: NQ)), on a, puisque [[ul|L2q) < M,

1/2
el L2000y < TRl /2 0,00 M- (A.55)

Sur O; N Q, u = ug o hy, done Vu = (h})T Vg o hy; on en déduit que, sur O; NQ,
AV V(g0 hs) = AR Vg o he) - ()Y 0 he) = LAY (Vatge 0 he) - (Vo 0 )

et
pohiv-Vu=pohiv-((h) Vug ohi) = o hihlv - (Vuy o hy);

par le théoréeme de changement de variable (hi_1 : O — O; N Q est un homéomorphisme localement
lipschitzien), on a donc

/ AVu-V(LpOhi)—i—/ pohiv-Vu
0,10 0,10

- / (IJhZII(hQA(hQ)T)Ohfl)VUtr'W’JF/ e(|Jhi H(hiv) o hi ') - Vg (A.56)
Ofr

tr
On a, pour tout § € E2 C EP', et puisque Tip,O =T?20,

<(sz )*[’7 9>(EP’)’,EP’ = <£5,sz 0>(W1}:,(Q))’,Wll’p,(ﬂ) = <L5Ti20>(H%d(Q))’,Hlld(Q) = <(Ti2)*La 0>(E2)’,E2-

d

Cela signifie donc que (T?)*L = ((Tip/)*ﬁ)‘Ea.
Comme, pour tout g €]1,00[, E? est dense dans W;S’FO (Oty), les fonctions (T2)*L € (E?) et (Tip,)*ﬁ €

(EP"Y s’étendent en respectivement en

r

Ly € Hiyp (Ow) et Ly € Wil (O telles que Ly = Lor|H,p (Ou)- (A.57)

Remarquons aussi au passage que

_ D *
||£tr||(W1}L,pr,0(Ocr))' - ||(Tz) ‘CH(EP’)’
< ||(Tip)*||£((W1};p’(9))/7(Ep’)/)H£‘|(WI};P’(Q))/
S ||np||£(Ep’7W1},p’(Q))AL = AL,tra (A58)
d

avec Ap ¢, ne dépendant que de (p, h;, Ap).

On obtient finalement, par (A.54) et (A.56), pour tout ¢ € E?,

| I wamy T h Vot [T i)k Vit = (Lars @)ttt 01t ny (0
tr tr

E? étant dense dans H%UFO (Oy;), on déduit de cette équation que wuy, vérifie

Utr S H%(Otr)a

AtrVutr . VQD + /
Otr

A.59
A PV Ve = (Lie, 9)(H},,, (00) HE oy, (00) 0 79 € Hiyr, (Ow), (A.59)

olt Ay = | TR (R AR, Ty o ht = BACDT =1 (car Jh7' = (Jhioh7')~1) et vie = |JhY|(hlv) o b

[Jhil
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Avant de passer a la suite, étudions un peu Ay, et vi,.
On a, pour presque tout z € Oy,

A (@) < [[Th; 2o @) [R5 (i @) BT (A @) AR (@),

soit, puisque h; ! transporte les ensembles de mesure nulle sur des ensembles de mesure nulle et, pour
H € My(R), |HT|| <||H]||, pour presque tout x € Ok,

1A (@)l < [1Th; ||z~ (0.,)

1] ||%°°(OiﬂQ)AA = A (A.60)

avec A4 ¢ ne dépendant que de (h;, Aa).
De plus, pour presque tout = € Oy, et tout £ € RV, on a

_— ¢ €
()™ s EDEL 2 TSy @l 2 T Y ooy
donc
) mAG?
tr(2)€ - & WO ; (X)E-¢
A )T @))€ - ()T (@)
| Thi(h; ()]
> — |(h)T (b ()€

[T hil| Lo (0,n0)
oA

> . € = aaule (A.61)
17hall 2= e 1102 YT o,

Soit q € [1,00[ et f € (L2(O; N 2))V; on a, pour presque tout = € Oy,

— — —111-1
TR @) (R f) o b ()] < (170 120

(O PN e 0uney [Ty (@)Y4 1 o (),

ce qui implique, par changement de variable,

_ _ —1y1-1
TR (B F) © i M zaqon) < N1Thi Izl TR o 0.y | Fll om0y

(cette égalité est en fait aussi valable avec ¢ = 00). Comme v = vy + vy avec vi € B(Q, Ny, x) et
vy € B(§,1,A), cette inégalité appliquée a (q, f) = (N«, Vi|0,n0) et & (¢, f) = (7, v2)0,n0) nous permet
de voir que

Vir S B(Otr: N*aXtr) + B(Otrara Atr)a (A62)
N —1y1—1/N. —1y1-1/r
ot xer = 1785 Lo IR i X et Aee = (1705 L5 NI |z 0,na A

Soit K un compact de O; et Ko = h;(K) (c’est un compact de B).
Les trois étapes suivantes consistent & montrer, dans chaque cas (F), (D) et (DF), que ut, est holdérienne

sur Ko N Oy. On utilisera pour cela des techniques de réflexion et la proposition A.2.

Etape 2: (O;, h;) est du type (F).

Dans ce cas, Oy = By et I' = ). Nous appelons 7 la symétrie par rapport & la dernicre variable de RY
(ie. 7(z1,...,2n) = (21,...,2N§_1, —2N)); nous confondrons, dans la suite, T et sa matrice dans la base
canonique.

Définissons usy, Asy et vsy presque partout sur B par:

® Ug, = Uy SUr By et ugy = ugr 0 7 sur B = 7(By);
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o Ay = A sur By et Ay = TAy o7T sur B_;
e vy, = Vi sur By et vy = 7vi o7 sur B,

Par un résultat classique, ug, est dans Hl(B) et on a Vugy = Vu sur By, Vugy = TVug o7 sur B_; 7
étant de jacobien égal & 1 en valeur absolue, (A.55) nous donne

1/2
syl | z2m) < 20Tl | 2 0,00y M = Mo (A.63)

(My ne dépend que de (h;, M)). 7 étant une isométrie, on a, pour presque tout = € B et tout ¢ € RV,
par (A.60) et (A.61),
Ay (@)l S Aaer et Ag(2)€- €2 anulél. (A.64)

Enfin, (A.62) donne
Vsy € B(B, N,,2Xt:) + B(B,r,2Aq:). (A.65)

Puisque, pour ¢ € [1,00[ et ¢ € Wy%(B), on a B, +oB_oTE Wl}éq(B+) (rappelons que 'on a ici
Ou = By et Tg = 0B4 NOB); on peut done définir Ly, € (H}(B)) et Ly, € (Wol’p/ (B))" par

(Lsy> )y (m)y 13 m) = (Liespip, + @8- 0 T) (13 (B1)) 2 (B)

et
Lovs ) ! (myy w5y = s P18 + 018 0 T (5, w5,y
On a alors
Lsy = Lsy|H(1J (B) (A66>
et ||£Sy||(W01,p/ By = 2A1 ¢ (AL ¢ est donné dans (A.58)).

Nous allons montrer que usy, vérifie une équation du genre (A.43).
Soit ¢ € Hg(B); en utilisant |, + ¢p_ o7 € Hf (By) dans (A.59), on a

<Lsy7 90>(Hé (B))/7Hé (B)

= (Lu @B, + QB O T)(H} (B4)) HY, (By)

AuVuy - Vo, + / @B, Vir + Vg + AuVug - V(pp_ o)
B

By + By

+/ P|B_ O TVir * Vg
By

/ A Vug - Vo +/ Vi - Vg +/ A oT(Vug o7) - (V) + / v oT Vg oT
By By

/ AV - Vi +/ OV - Vg +/ (TAg oTT)V(ugr oT) - Voo

+/ (Vi 0 7) - V(i 0 7)

/ AsyVusy - Vo +/ PVsy + Vigy.
B B

Cette équation, vérifiée pour tout ¢ € HJ(B), montre que uyy, vérifie (A.43) lorsque  est remplacé par
B, I'y par 02, A par Agy, v par vg, et L par Lg,.

Par la proposition A.2, K, étant un compact de B, ug, vérifiant (A.63), As, vérifiant (A.64), vg, vérifiant
(A.65) avec, par (A.6) et (A.11),
QA tr

0<2xr < ——F———
= o S Co(N, do, 2,2



A.4. CONTINUITE HOLDERIENNE PRES DU BORD DE ) 257

(ol dp = 2 est un majorant du diametre de B), et Ly, vérifiant (A.66), il existe > 0 ne dépendant que
de N, do, o4 tr, Aatr, Ne, 2Xtr, 75 2A¢r €t p, ie. ne dépendant que de

(hia QA, AA) N*a X5 T, Aap)v

et Cp ne dépendant que de N, do, @A tr, Aatrs Ney 2Xtr, 75 20M4r, D, 2AL ¢, Ko et My, i.e. ne dépendant
que de
(hi,aA,AA,N*,X,’I", Aapv ALvKa M)v
tel que ugy, € CO"(Ko) et ||ugy||cor(xy) < Co-
Puisque usy = uge sur By, on en déduit que ug € CO" (Ko N By) et |[ug|cox(xonp,) < Co-

Etape 3: (0;, h;) est de type (D).

La symétrie effectuée est alors cette fois impaire.

OnaOy=DB,,I'=BN"1et Uy =90B,. On note toujours 7 la symétrie par rapport a la derniere
variable de RY.

Définissons usy, Agy et vy presque partout sur B par:
® Ug, = uy sur By et ugy = —ug 07 sur B = 7(By);
o Ay = Ay sur By et Ayy = 7Aoo 7T sur B_;
® Vg, = Vi Sur B et vy = TV o7 sur B_.

Puisque ug € Hpw_1(B4), usy est dans H'(B) (on peut prouver ceci en vérifiant, grace & une intégration
par parties dans By et dans B_ et au fait que uypyv-1 = 0, que la dérivée au sens des distributions de
usy est la fonction de L?(B) égale & Vug, sur By et a —7Vug o 7 sur B_). (A.55) nous donne

syl [z2(5) < 21 Thall 2 0,0y M = Mo (A.67)

(Mp ne dépend que de (h;, M)). Comme précédemment, on a, par (A.60) et (A.61),
Ay (@)|] < Aaee et Ay (2)€-€ > aawlé|? pour presque tout = € B et tout £ € RY,  (A.68)

et, par (A.62),
Vsy € B(B, N, 2Xt:) + B(B,r, 2A¢:). (A.69)

Pour tout g € [1,00[ et tout ¢ € Wol’q(B), ona@p, —@p. oTE€ Wol’q(B+); lappartenance de cette
fonction & W4(B, ) est évidente. Pour la nullité de la trace, on sait que, 7 étant un homéomorphisme
bilipschitzien entre B_ et By, en notant f la trace de pjp_ sur B_, la trace sur 0B de ¢|p_ o T est
égale a f o 1; ainsi, si g désigne la trace de ¢|p, sur 0By, la trace de p|p, —@|p_ o7 est g — for;or
cette fonction est nulle sur Iy car f = 0 sur 9B NIB_ et g = 0 sur B N IB, (puisque ¢ € H}(B)) et
aussi nulle sur BY 1, puisque f o TpN-1=[=g (les traces de ¥\, et de pp_ sur BN~ sont égales).

On peut donc définir Ly, € (Hg(B)) et Lgy € (Wol’p, (B))" par

(Lsys @i By m3 () = (Lars PIBy — PIB. O T)(HY, (By)) HE, (By)

et
(Lovs O awes’ (myywae () = s QB = PIB O Tyt (5, )y wits’ (B,
On a alors
Ley = Loy i1 () (A.70)
et ||Esy||(W01,p/ By < 2AL tr (AL tr est donné dans (A.58)).
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Nous allons montrer ici aussi que ugy, vérifie une équation du genre (A.43).
Soit ¢ € Hj(B). En prenant g, —¢p_ o7 € H}(B) dans (A.59), on a

(Lsy, ) (2 (B)),H(B)
= (LrspiB, — P|B=© 7'>(H1¥0 (By)) H} (By)

- Atrvutr ‘ V‘P\B+ + / <P|B+Vtr * vutr - Atrvutr ‘ V(SO|B, o T)
_/ (10|B, O TVyr * vutr
By
= Ay Vg - Vo + / PV - Vg — Ay oT(Vuge o1) - (V) — / OV 0T - Vg oT
By B, B_ _

/ AuVug - Vo +/ Ve - Vg +/ (TAg o TT)V(—ug 0 7) - Vo
By B,

+/ O(Tvir 0 7) - V(—uge 0 7)

/ Ay Viugy - Vo + / PVsy + Vigy.
B B

Cette équation, vérifiée pour tout ¢ € Hj(B), montre que usy vérifie (A.43) lorsque  est remplacé par
B, I'y par 02, A par Agy, v par vg, et L par Lgy.

Comme dans I'étape 2, par la proposition A.2, puisque Ko est un compact de B, ugy, vérifie (A.67), Agy
vérifie (A.68), vy, vérifie (A.69) avec, par (A.6) et (A.11),

QA tr

0 < 2x¢r _—
= XS Go(N, do, 2,27)

(ol dp = 2 est un majorant du diametre de B), et Lgy, vérifie (A.70), il existe x > 0 ne dépendant que de
N, do, @atr, Aar, Nuy 2Xtr, 7y 2A¢r, et p, i.e. ne dépendant que de
(hia QA, AA; N, x,r, A’p)a

et Cp ne dépendant que de N, do, @ tr, Aatrs Nuy 2Xtr, 7y 204r, D, 2AL ¢, Ko et My, i.e. ne dépendant
que de
(hi’ A, AAa N*a X5 T, Aapa ALa Ka M)a

tel que ugy est k-héldérienne sur Ko avec ||usy||co.x(k,) < Co; ugr étant égale & ugy sur By, on en déduit
que ug € CF (Ko N By ) et |[ue||con(konp,) < Co.

Etape 4: (0;, h;) est de type (DF).
On aici Oy = By et I' =Ty 11 faut effectuer une symétrie par rapport a 'hyperplan zy_1 = 0 pour
se ramener au cas (D).

Soit 7’ la réflexion par rapport & zx_1 =0 (i.e. 7(z) = (z1,..., 2§82, —2ny_1,2n)). On définit uy, A;
et vy presque partout sur B par

® Uy =y sur By, ug = ug o7 sur By =7 (Byy);
e Ay = Ay sur By, Ay =7'Ay o177 sur B_.;

e vi=vysur By, vi =7 vgor sur B_;
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Par (A.55), on a u1 € Hpy_,(By) (rappelons que uy € HE(Biy)) et

1/2 1/2
|22z < 201ThillE2 0,n)M = Bl L2 0,00y M (A1)

(M; ne dépend que de (h;, M)). Par (A.60) et (A.61), on a
A1 (@)]| < Aaee et Aj(2)€-€ > aay|é|?  pour presque tout € By et tout £ € RN, (A.72)

Enfin, par (A.62),
Vi GB(B+,N*,X1)+B(B+,T,A1), (A73)

avec X1 = 2xtr et A1 = 2A¢,.

Pour ¢ € [1,00] et ¢ € W3 %(By), on a o, +oB., 0T € Wll’uqFO(B_H), donc on peut définir
Ly € (H}(By)) et L1 € (Wy™' (By)) par

(L1, @) (3 B4y 13 (Be) = Lans PBy + PIBLL O T )N (Hp, (B Hior, (Bet)

et

— !
Ly @) war' By w5y = L @iy OB, 0T >(Wé’fr’0<B++>>',W§§r'o<3++>’

et on a
Ll :£1|H3(B+) (A74)

avec ||E1\|(W01,pr 2AL ¢ = A1 (A1 ne dépend que de (hy, p,ApL)).

<
(B1)) —
Soit ¢ € Hg (B4 ); en utilisant ¢|p, , +¢p_, o7’ € Hfp (B1y) dans (A.59), on voit avec le méme genre
de calculs que dans I'étape 1 que uy € Hpy_,(By) vérifie

A1Vuy -V +/B v - Vur = (L1, ) (1 (B,)), H (B, )-
+

By
uy vérifie donc (A.59) lorsque Oy, est remplacé par By, I' par BN 1 Ay, par Ay, vy par vi et Ly, par
L;. Avec ces changements de notation, uy vérifie (A.55) avec M remplacé par M; (propriété (A.71)), Ay
vérifie (A.60) et (A.61) (propriété (A.72)), Ly vérifie (A.57) et (A.58) avec Ly, remplacé par L1 et AL ¢
remplacé par Ay 1 (propriété (A.74)) et vy vérifie (A.62) avec ¢ remplacé par x; et Ay, remplacé par
A (propriété (A.73)).

Par (A.6) et (A.11), on constate que

QA tr

<oy < ——Atr
0=2%1 < 50N 2,2.29

On peut donc appliquer le raisonnement de 1’étape 3 en changeant tous les indices “tr” en indices “17,
et on en déduit qu’il existe x > 0 ne dépendant que de N, aa try Aatr, Ns, 2x1, 7, 2A1 €t p, ie. ne
dépendant que de

(hia QA, AA; N*a X5 Ty Aap)a

et Cp ne dépendant que de N, agtr, Aatr, Nx, 2X1, 7 2A1, p, 2AL 1, Ko et My, i.e. ne dépendant que
de
(hi’ A, AAa N*a X5 T, Aapa ALa Ka M)a

tel que uy € CO"(Ko N By) et |[uillcon(xonpy) < Co; comme uy = up sur By, on en déduit que
Uty € CO’H(KO ﬂB++) et que Hutr‘|c0,n(K0mB++) < C[].

Etape 5: conclusion.
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On a donc trouvé, dans I'étape 2, 3 ou 4 (selon que (O;, h;) est de type (F), (D) ou (DF)), x > 0 ne
dépendant que de
(hia A, AA; N, x,m, A’p)a

et Cp ne dépendant que de
(hi7aA7AA7N*7XaT7Aap7AL7K7M)

tels que uy € CO% (Ko N Oyy) et que |[werllco.x (konoy) < Co (rappelons que Ko = h;(K)). Or u = ug 0 h;
sur O; N €2; u est donc continue sur K N2 et

]| oo (knQ) < [|Ueel| oo (hi(knQ)) = [|tte]| Lo (Kon 04y < Co- (A.75)

De plus, h; étant lipschitzienne sur O;, on a, pour tous (z,y) € K NQ, puisque ((h;(x), hi(y)) € KoN Oy,
lu(z) — u(y)| = Jue(hi(z)) — wee(hi(y))| < Colhi(x) = hi(y)[* < CoLip(hi)"™|x — y|*. (A.76)

(A.75) et (A.76) permettent de voir que u € CO*(K N Q) et donnent une estimation de la norme de u
dans cet espace, ce qui conclut la démonstration. m

A.5 Preuve du théoréme A.1

La preuve du théoréeme est maintenant un simple agencement des propositions A.2 et A.3

Preuve du théoréme A.1
Lorsque les hypotheses du théoreme A.1 sont satisfaites, alors celles des propositions A.2 et A.3 le sont
aussi.

On note kg > 0 le k¥ donné par la proposition A.2 et x; > 0 le k donné par la proposition A.3 appliquée
a i€ [1,m]. On pose k = inf(ko,...,%&m) > 0; k ne dépend que de (Q, aa,Aa, Ny, x,7, A, D).

Pour U ouvert de RY et s > 0, on note K4(U) = {z € Q | dist(z,RN\U) > 1/s}; les (Ks(U))s>0 sont
des compacts de U et 'union croissante des intérieurs des (K5(U))s>0 est U.

Pour uniformiser les notations, Og désignera ().

Puisque Q C U™ ,0;, ona Q2 C Usso Uitoint (K (0;)); Q étant un compact de RY, on peut extraire de ce
recouvrement ouvert un recouvrement fini; cela signifie, la suite (U”int(K(O;)))s>0 étant croissante,
qu'il existe sg > 0 tel que Q C U™ int (K, (0;)) (le choix de so ne dépend que de €2).

En notant Cy le C' donné par la proposition A.2 appliquée & K = Ks,,(Og) = Kas,(£2) et, pour i € [1,m],
C; le C donné par la proposition A.3 appliquée a i et K = Ko4,(0O;), on pose H = SUP;¢(o,m) Ci; puisque
le choix de sg ne dépend que de 2, H ne dépend que de (2, q, A, Ni,x, 7, Ayp, A, M).

Par les propositions A.2 et A.3, u étant (presque partout égale & une fonction) continue sur chaque ouvert
int(Ks,(0;)) N Q (i € [0,m]) et Q étant la réunion de ces ouverts, u est (presque partout égale & une
fonction) continue sur €.

De plus, puisque pour tout i € [0, m], SUDK, (0:)nQ lul < supg,, (©)nelul < H, ona

sup |u|] < H. (A.77)
)

Soit (z,y) € Q. Notons i € [0, m] un indice tel que z € K4,(0;) (un tel indice existe par choix de sq).
Siy € Kas,(0;), alors par la proposition correspondante (proposition A.2 si ¢ = 0, proposition A.3 si
i>0),ona lu(z) —uly) < Hlz—y|* < Hlz —y[* |z — y|®; or, d étant un majorant du diametre
de Q,onalz—y| <det ki —k >0, donc |z — y|[" " < d* % On a donc, pour tout y € Kas,(0;),
(@) — u(y)| < Hd“ |z —y|".
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Si ce n’est pas le cas, on a dist(y,RV\0O;) < 1/(2s), donc, par 1-lipschitziannité de la fonction distance,

1 1 1
—y| > dist(z, RN\ O;) — dist(y, RN\ O;) > — — — = —;
[z —y| = dist(z, RT\O;) — dist(y, R™\ )_S0 250~ 25

on déduit alors de (A.77) que |u(z) — u(y)| < 2H < 2H(1/2s0) "|x — y|".
En posant donc C' = sup(sup;¢ (g, (Hd" "), 2H(2s0)"), qui ne dépend que de

(QvaA7AA7N*7X7 T,A,p,AL,M),

on a, pour tous (z,y) € £,
lu(z) —u(y)| < Clz —y[*. (A.78)

Le résultat du théoreme découle alors de (A.77) et (A.78). m






Etude de certaines Equations aux Dérivées Partielles

Résumé
La premiere partie de ce travail concerne les équations elliptiques non coercitives. Nous prouvons, tout
d’abord dans un cadre linéaire, 'existence et I'unicité d’une solution faible dans 'espace d’énergie habituel
H(Q) pour une classe d’équations de convection-diffusion pour lesquelles le terme de convection provoque
la perte de coercitivité. Nous prouvons des résultats de régularité holdérienne sur les solutions de ces
équations qui permettent ensuite de résoudre ces mémes équations avec un second membre mesure. Nous
étendons aussi les résultats d’existence et d'unicité d’'une solution dans des cas variationnels non-linéaires
non-coercitifs et nous étudions, pour une équation elliptique linéaire non-coercitive, la convergence d’un
schéma volumes finis.
La deuxieéme partie concerne 'unicité des solutions a des problemes elliptiques non-linéaires avec seconds
membres mesure.
La troisieme partie aborde la question de la condition d’hyperbolicité des systémes du premier ordre
a coeflicients constants. Nous prouvons une CNS pour qu'un tel systeme ait une solution pour toute
condition initiale de type Riemann (condition initiale naturelle dans I’étude des discrétisations numériques
de ces systeémes). A 'aide d’un systeéme particulier, nous étudions ensuite la différence entre notre CNS et
les diverses conditions d’hyperbolicité de la littérature, puis nous prouvons que la solution d’un systéme
hyperbolique n’est pas toujours stable par rapport au flux.
La quatrieme partie rassemble quelques autres travaux. Le premier concerne la densité dans WP(Q) des
fonctions régulieres satisfaisant une condition de Neumann. Le second est I’étude d’une discrétisation EF
mixtes—VF pour un écoulement diphasique a travers un milieu poreux. Le troisieme et dernier est I’'étude
des mesures sur |0, T[x$2 ne chargeant pas les boréliens de capacité parabolique nulle et 'application de
cette étude a la résolution d’une équation parabolique non-linéaire avec second membre mesure.
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Study of some Partial Differential Equations

Abstract
The first part of this work concerns non-coercive elliptic equations. We first prove existence and unique-
ness of a weak solution in the usual energy space H*(2) for a class of linear convection-diffusion equations
in which the convection term entails the loss of coercivity. We prove Holder regularity results for the
solutions of these equations, and this allows us to solve the same equations with a measure right-hand
side. We also extend the existence and uniqueness results to the variational nonlinear noncoercive case.
We study then, for a linear noncoercive elliptic equation, the convergence of a finite volume scheme.
The second part concerns the uniqueness of solutions to nonlinear elliptic problems with a measure
right-hand side.
In the third part, we study the hyperbolicity condition for first order systems with constant coefficients.
We prove a necessary and sufficient condition for such a system to have solutions for any initial condition
of Riemann type (a natural initial condition in the study of numerical schemes for such systems). Thanks
to a particular system, we study the difference between our condition and the several hyperbolicity
conditions of the literature, and we then prove that the solution of a hyperbolic system is not always
stable with respect to the flux.
The fourth part gathers some other works. The first work concerns the density in WP(£2) of regular
functions satisfying a Neumann condition. The second is the study of a Mixed Finite Element—Finite
Volume scheme for a two-fluids flow through a porous media. The third and last is the study of measures
on |0,T[xQ that do not charge sets of null parabolic capacity and the application of this study to a
nonlinear parabolic equations with measure right-hand side.
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