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Introdution

S'inspirant de l'approhe de V. Vassiliev pour l'�etude des noeuds, T. Ohtsuki
a introduit dans [O℄ une th�eorie d'invariants de type �ni des sph�eres d'homologie
enti�ere. Puis, T. Cohran et P. Melvin l'ont g�en�eralis�ee dans [CM℄ aux 3-vari�et�es
ompates orient�ees.
De fa�on ind�ependante, M. Goussarov et K. Habiro ont introduit une autre th�eorie
d'invariants de type �ni pour les 3-vari�et�es ompates orient�ees et leurs entrelas.
D�evelopp�ee dans [Go℄, [GGP℄ et [Hr℄, leur th�eorie s'aompagne d'une tehnique
alulatoire eÆae et originale, appel�ee alul de lovers ou alul de laspers, et
d�e�nie par des op�erations du type \ouper/reoller".
La restrition aux sph�eres d'homologie enti�ere de la th�eorie de Goussarov-Habiro
se trouve être �equivalente �a elle d'Ohtsuki, et est assez bien omprise (au moins
pour les oeÆients rationnels). En revanhe, pour les 3-vari�et�es homologiquement
non-triviales, la th�eorie de Goussarov-Habiro ne o��nide pas ave elle de Cohran-
Melvin et reste enore m�eonnue.

Une 3-vari�et�e ompate orient�ee peut être �equip�ee de strutures suppl�ementaires,
appel�ees Spin-strutures et Spin-strutures : lorsque la vari�et�e est homologique-
ment non-triviale, elle peut être munie de plusieurs de es strutures. Depuis les
travaux de V. Rohlin, l'�emergene de Spin-strutures puis de Spin-strutures,
dans les th�emes de la topologie de basse dimension s'est r�ep�et�ee. Par exemple, les
Spin-strutures se sont av�er�ees tr�es utiles pour l'�etude des mapping lass groups
des surfaes, autant que pour elle des invariants quantiques des 3-vari�et�es om-
pates orient�ees. De même, les travaux de V. Turaev ont r�ev�el�e l'importane des
Spin-strutures dans la th�eorie des torsions ombinatoires.

Dans ette th�ese, nous proposons1, et nous �etudions, des raÆnements de la
th�eorie de Goussarov-Habiro aux 3-vari�et�es ompates orient�ees munies de Spin-
strutures ou de Spin-strutures. Plus g�en�eralement, nous nous e�or�ons d'illustrer
l'int�erêt que pr�esente la prise en ompte de es strutures pour l'�etude de la th�eorie
de Goussarov-Habiro.

Cette th�ese est onstitu�ee de inq hapitres que nous introduisons maintenant
suessivement.

� � �
Le premier hapitre expose, de fa�on uni��ee et d�etaill�ee, des raÆnements Spin

et Spin de la th�eorie d'invariants de type �ni de Goussarov-Habiro.
A et e�et, nous d�ebutons par quelques rappels sur la th�eorie \brute". Puis,

nous r�evisons les Spin-strutures et les Spin-strutures, et leurs �equivalents tels
que les parall�elisations et les strutures d'Euler g�eom�etriques. Nous mettons alors
sur pied des tehniques de reollement des strutures spinorielles (omplexes). Nous

1Goussarov et Habiro ont annon�e dans [Go℄ et [Hr℄ la possibilit�e de raÆner leur th�eorie
aux 3-vari�et�es munies de Spin-strutures, tandis que Cohran et Melvin ont adapt�e leur th�eorie
au as Spin.
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8 INTRODUCTION

montrons aussi, pour toute 3-vari�et�e M ompate orient�ee �a bord et pour toute
Spin-struture � sur �M , l'existene de Spin-strutures sur M relatives �a �. Not�e
Spin(M;�), l'espae de es strutures joue un rôle essentiel dans la suite.

Ces tehniques de reollement nous permettent de donner une signi�ation Spin
et Spin �a es mouvements hirurgiaux qui onsistent �a modi�er une 3-vari�et�e
ompate orient�ee en la twistant le long d'une surfae ferm�ee onnexe sindante
par un di��eomorphisme agissant trivialement en homologie. Nous pouvons alors,
omme annon�e, raÆner la th�eorie de Goussarov-Habiro aux 3-vari�et�es ompates
orient�ees munies de Spin-strutures ou de Spin-strutures. Le alul de lovers
s'�etend aux as Spin et Spin.

� � �

Le deuxi�eme hapitre reprend la publiation [Ms℄ et s'int�eresse au raÆnement
Spin de la th�eorie de Goussarov-Habiro.

La premi�ere question soulev�ee par une th�eorie d'invariants de type �ni est la
arat�erisation de ses invariants de degr�e 0. Pour la th�eorie de Goussarov-Habiro
et dans le as des vari�et�es ferm�ees orient�ees, un th�eor�eme de S. Matveev exprime
que les invariants de degr�e 0 o��nident ave les invariants du premier nombre
de Betti de M et de la lasse d'isomorphisme de la forme d'enlaement de M :

TH1(M) 
 TH1(M)
�M- Q=Z, o�u TH1(M) d�esigne le sous-groupe de torsion du

premier groupe d'homologie �a oeÆients entiers H1(M).
Maintenant, si (M;�) est une 3-vari�et�e ferm�ee orient�ee munie d'une Spin-struture,

on sait lui assoier une forme quadratique TH1(M)
�M;�- Q=Z au-dessus de �M ,

ainsi que son invariant de Rohlin R(M;�) 2 Z16. Nous montrons le raÆnement
suivant du th�eor�eme de Matveev.

Th�eor�eme 1. Soient (M;�) et (M 0; �0) des Spin-vari�et�es ferm�ees de dimen-
sion 3. Les assertions suivantes sont alors �equivalentes :

(1) (M;�) et (M 0; �0) ne sont pas distingu�ees par les invariants de degr�e 0 ;

(2) il existe un isomorphisme H1(M)
 - H1(M

0) tel que �M;� = �M 0;�0Æ j ;
(3) il existe un isomorphisme H1(M)

 - H1(M
0) tel que �M = �M 0Æ( j)
2,

et R(M;�) = R(M 0; �0) mod 8.

L'�equivalene entre les assertions (2) et (3) du Th�eor�eme 1 est obtenue omme un
orollaire du r�esultat alg�ebrique suivant.

Th�eor�eme 2. Soient G
q- Q=Z et G0 q0- Q=Z des formes quadratiques

non-d�eg�en�er�ees sur des groupes ab�eliens �nis. Les assertions suivantes sont alors
�equivalentes :

(1) il existe un isomorphisme G
 - G0 tel que q = q0 Æ  ;

(2) il existe un isomorphisme G
 - G0 tel que bq = bq0 Æ  
2 et  (q) =

 (q0) 2 C.

Ii, bq est la forme bilin�eaire sym�etrique assoi�ee �a q, d�e�nie par bq(x; y) = q(x +
y)� q(x) � q(y), et  (q) d�esigne la somme de Gauss de la forme quadratique q.

Nous d�emontrons aussi que l'invariant de Rohlin (non-r�eduit) est de degr�e 1,
assurant ainsi la non-trivialit�e de la th�eorie raÆn�ee par rapport �a la th�eorie brute
en degr�es 0 et 1.

� � �

Le troisi�eme hapitre reprend la publiation [MM℄, qui est un travail om-
mun ave J.-B. Meilhan. Nous y �etudions les ylindres d'homologie au-dessus
de surfaes ompates orient�ees.
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Si � est une surfae ompate orient�ee, un ylindre d'homologie au-dessus de � est
un obordisme d'homologie au-dessus de � ave une ondition suppl�ementaire de
trivialit�e homologique. Les ylindres d'homologies sont d'une grande importane
aussi bien dans les travaux de Goussarov que dans eux de Habiro. Pour l'un, les
ylindres d'homologie doivent être des \objets mod�eles" dans la th�eorie d'invariants
de type �ni. Pour l'autre, les ylindres d'homologie sur la surfae � doivent aider
�a la ompr�ehension de son mapping lass group ; ils forment en e�et un mono��de
dans lequel se plonge le groupe de Torelli de �.

Dans e hapitre, nous nous int�eressons au as o�u � est une surfae ompate
orient�ee sans bord, ou ave une seule omposante de bord. Grâe �a des extensions
aux ylindres d'homologie du premier homomorphisme de Johnson et des homo-
morphismes de Birman-Craggs (d�e�nis originellement sur le groupe de Torelli de
�), nous prouvons :

Th�eor�eme 3. Soit � une surfae ompate orient�ee ave au plus 1 omposante
de bord et soient M , M 0 deux ylindres d'homologie au-dessus de �. Alors M et
M 0 ne sont pas distingu�es par les invariants de type �ni de degr�e 1 si, et seulement
si, ils ne sont distingu�es ni par le premier homomorphisme de Johnson, ni par les
homomorphismes de Birman-Craggs.

Ce r�esultat est �a rapproher du th�eor�eme de Johnson sur la struture de l'ab�eliani-
sation du groupe de Torelli de �.
La preuve utilise notamment le raÆnement Spin de la th�eorie de Goussarov-Habiro
et illustre bien en e sens l'apport de la th�eorie raÆn�ee �a l'�etude de la th�eorie
brute (au moins pour les invariants de degr�e 1). En partiulier, nous donnons une
interpr�etation diagrammatique des homomorphismes de Birman-Craggs, bas�ee sur
un syst�eme de poids pour l'invariant de Rohlin.

� � �

Le quatri�eme hapitre est onstitu�e de la pr�epubliation [DM℄, �erite en ol-
laboration ave F. Deloup. Celle-i est onsar�ee �a l'�etude du rôle jou�e par les
fontions quadratiques dans la topologie des vari�et�es ferm�ees orient�ees de dimension
3, et s'int�eresse ainsi au raÆnement Spin de la th�eorie de Goussarov-Habiro.

Nous y d�emontrons le r�esultat suivant.

Th�eor�eme 4. Si M est une 3-vari�et�e orient�ee ferm�ee, il existe alors un plon-
gement aÆne :

Spin(M) �- Quad(LM);

assoiant �a toute Spin-struture � une fontion quadratique �M;� au-dessus de la
forme LM .

Ii, LM est la forme bilin�eaire sym�etrique obtenue par omposition de la forme

d'enlaement �M ave B
2, o�u H2 (M ;Q=Z)
B- TH1(M) est l'homomorphisme

de Bokstein assoi�e �a la suite exate ourte de oeÆients :

0 - Z - Q - Q=Z - 0:

La fontion quadratique �M;� n'est pas n�eessairement une forme quadratique
(elle n'est pas n�eessairement homog�ene). En revanhe, si � provient d'une Spin-
struture via la �ehe naturelle Spin(M) - Spin(M), qui peut ne pas être
injetive ni surjetive, elle o��nide ave la forme quadratique sus-mentionn�ee.

Ayant au pr�ealable raÆn�e le th�eor�eme de Kirby aux Spin-vari�et�es ferm�ees
de dimension 3, nous avons d�e�ni la fontion quadratique �M;� �a partir d'une
pr�esentation hirurgiale de (M;�). Grâe aux formules de hirurgies pour la torsion
de Reidemeister-Turaev, nous d�emontrons alors :
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Th�eor�eme 5. Si (M;�) est une sph�ere d'homologie rationnelle munie d'une
struture spinorielle omplexe, alors sa fontion quadratique �M;� est d�etermin�ee
par sa torsion ab�elienne maximale de Reidemeister-Turaev : �(M;�) 2 Q [H1(M)℄.

Nous donnons aussi une d�e�nition intrins�eque pour �M;� (i.e. ne faisant pas r�ef�eren-
e �a la dimension 4) lorsque � est regard�ee omme une struture d'Euler g�eom�etrique.

Nous arat�erisons en�n les invariants de degr�e 0 du raÆnement Spin de la
th�eorie de Goussarov-Habiro en d�emontrant la g�en�eralisation suivante du th�eor�eme
de Matveev.

Th�eor�eme 6. Soient (M;�) et (M 0; �0) des Spin-vari�et�es ferm�ees de dimen-
sion 3. Les assertions suivantes sont alors �equivalentes :

(1) (M;�) et (M 0; �0) ne sont pas distingu�ees par les invariants de degr�e 0 ;

(2) il existe un isomorphisme H1(M)
 - H1(M

0) tel que �M 0;�0 = �M;�Æ ℄ ;
(3) il existe un isomorphisme H1(M)

 - H1(M
0) v�eri�ant :

{ �M = �M 0 Æ ( j)
2,
{  

�
P�1(�)

�
= P�1(�0) 2 H1(M

0),
{ si s et s0 sont des setions des homomorphismes de Bokstein B

pour respetivement M et M 0, ompatibles dans le sens o�u e dia-
gramme ommute :

H2 (M ;Q=Z) �
s

TH1(M)

H2 (M
0;Q=Z)

 ℄ '
6

�s
0

TH1 (M
0) ;

'  j
?

alors :  (�M;� Æ s) =  (�M 0;�0 Æ s0) 2 C.

Ii, (�) 2 H2(M) est la lasse de Chern de la Spin-struture � et P d�esigne un
isomorphisme de dualit�e de Poinar�e. En�n,  ℄ : H2 (M

0;Q=Z) - H2 (M ;Q=Z)
est l'isomorphisme dual de  pour les formes d'intersetion de M et M 0.
L'�equivalene entre les assertions (2) et (3) du Th�eor�eme 6 se prouve �a partir de la
g�en�eralisation suivante du Th�eor�eme 2, prouv�ee di��eremment.

Th�eor�eme 7. Soient G
q- Q=Z et G0 q0- Q=Z des fontions quadratiques

non-d�eg�en�er�ees sur des groupes ab�eliens �nis. Les assertions suivantes sont alors
�equivalentes :

(1) il existe un isomorphisme G
 - G0 tel que q = q0 Æ  ;

(2) il existe un isomorphisme G
 - G0 tel que bq = bq0 Æ  
2, dq = dq0 Æ  

et :  (q) =  (q0) 2 C.

Ii, dq 2 Hom (G;Q=Z) est le d�efaut d'homog�en�eit�e de q d�e�ni par dq(x) = q(x)�
q(�x) pour tout x 2 G.

� � �

Dans le inqui�eme et dernier hapitre de ette th�ese, nous nous int�eressons aux
torsions ab�eliennes de Reidemeister, telles qu'elles ont �et�e raÆn�ees par Turaev.

On rappelle, lors des premi�eres pages de e hapitre, omment assoier �a toute

Spin-vari�et�e ferm�ee (M;�) et �a tout homomorphisme d'anneaux Z [H1(M)℄
'- F

�a valeurs dans un orps ommutatif F, la torsion ab�elienne de Reidemeister-Turaev :

�' (M;�) 2 F:



INTRODUCTION 11

Si la Spin-vari�et�e ferm�ee (M 0; �0) s'obtient en twistant (M;�) le long d'une
surfae ferm�ee onnexe sindante S par un �el�ement h du groupe de Torelli de S
(tel que ela aura �et�e d�e�ni au Chap. 1), nous �evaluons la variation de torsion. En

d'autres termes, nous herhons C 2 F tel que �'
0

(M 0; �0) = C � �' (M;�). Ce sa-
laire C n'est identi��e qu'�a un fateur multipliatif pr�es dans ' (H1(M)). Il d�epend
notamment de la repr�esentation de Magnus M(h) 2 GL2g(Z) du di��eomorphisme
h. Sous ertaines onditions sur le orps F et l'homomorphisme ', le salaire C est
d�etermin�e. Nous d�eduisons par exemple de ette �etude que :

Th�eor�eme 8. Si h agit trivialement sur le deuxi�eme quotient r�esoluble du
groupe �1 (S), nous avons alors :

�'
0

(M 0; �0) = C � �'(M;�) 2 F;
o�u C 2 ' (H1(M)) est une onstante ind�ependante de �, qui est �egale �a 1 sous
ertaines onditions sur le orps F et sur l'homomorphisme '.

En�n, nous restreignons le alul de lovers en ne onsid�erant plus que les lo-
vers boul�es. C'est une restrition forte puisque J. Levine a montr�e que la hirurgie
le long d'un lover boul�e pr�eserve la lasse de obordisme d'homologie de la 3-
vari�et�e.
Nous d�eduisons de e qui pr�e�ede une formule expliite d�erivant omment varient
les torsions ab�eliennes de Reidemeister-Turaev lors d'un tel mouvement hirurgial.
Nous montrons alors que es torsions, vis-�a-vis de es mouvements, sont multipli-
ativement des invariants de type �ni de degr�e 1, omme il d�eoule de :

Th�eor�eme 9. Soient M une 3-vari�et�e ferm�ee orient�ee, Z [H1(M)℄
'- F un

homomorphisme d'anneaux �a valeurs dans un orps ommutatif F et G1, G2 des
lovers de M disjoints tels que G1 ou G2 soit boul�e. Pour toute � 2 Spin(M),
nous avons alors :

�'G1;G2 (MG1;G2 ; �G1;G2) � �' (M;�) = C � �'G1 (MG1 ; �G1) � �'G2 (MG2 ; �G2) 2 F;
o�u C 2 ' (H1(M)) est une onstante ind�ependante de �, qui est �egale �a 1 sous
ertaines onditions sur le orps F et sur l'homomorphisme '.

� � �

Pour la leture de ette th�ese, notons que les di��erentes parties sont assez
ind�ependantes les unes des autres et peuvent don être lues s�epar�ement. Des r�esultats
et des d�e�nitions appartenant aux hapitres num�erot�es 2 et 4 ont ainsi �et�e repro-
duits au Chap. 1.
Les hapitres premier et dernier sont r�edig�es en fran�ais, les autres hapitres sont
�erits en anglais.





CHAPITRE 1

RaÆnements spinoriels de la th�eorie d'invariants

de type �ni de Goussarov-Habiro

1. Rappels sur la th�eorie de Goussarov-Habiro

Nous rappelons ii les notions essentielles de la th�eorie d'invariants de type
�ni d�eouverte ind�ependamment par Mikhail Goussarov et Kazuo Habiro. Cette
th�eorie se arat�erise hez haun des deux auteurs par la mise en plae d'un alul
topologique, appel�e respetivement alul de lovers dans [GGP℄, et aluls de
laspers dans [Hr℄. Ces tehniques alulatoires sont toutes deux d�eriv�ees du alul
hirurgial de Kirby, et sont en fait essentiellement �equivalentes.

Conventions 1.1. Dans e travail, nous adoptons la terminologie et les onven-
tions de [GGP℄.

En outre, nous restreignons nos rappels �a l'�etude des 3-vari�et�es, alors que la
th�eorie de Goussarov-Habiro s'applique aussi aux entrelas de es derni�eres.

Conventions 1.2. Dans ette setion, les 3-vari�et�es sont suppos�ees lisses, om-
pates et orient�ees.

1.1. Calul de lovers.
1.1.1. Y -graphes et Y -hirurgies. Le mouvement �el�ementaire �a partir duquel

est d�e�nie la th�eorie de Goussarov-Habiro pour les 3-vari�et�es, est la Y -hirurgie
d�e�nie dans [Go℄.

Definition 1.3. Un Y -graphe G dans une 3-vari�et�eM est le plongement non-
orient�e, dans son int�erieur, de la surfae dessin�ee sur la Figure 1.1. Cette surfae
est de plus d�eompos�ee en sous-surfaes appel�ees feuilles (�= S1 � D1), ôt�es (�=
D1 �D1) et sommet (�= D2).

Un Y -graphe G dans M d�etermine, �a isotopie pr�es, un plongement positif du
orps en anses de genre 3 :

H3
�
j- M;

d'image un voisinage r�egulier N(G) de G dans M .

Definition 1.4. La 3-vari�et�e obtenue de M par Y -hirurgie le long de G est :

MG =M n int (N(G)) [jj� (H3)L;

o�u (H3)L est le orps en anses hirurgis�e sur l'entrelas en bande1 �a six omposantes
L de la Figure 1.2. On appelle Y -�equivalene, la relation d'�equivalene parmi les
3-vari�et�es engendr�ee par les Y -hirurgies et les di��eomorphismes positifs.

Notons que la vari�et�e MG vient ave une inlusion M n int (N(G)) � - M
et que, du fait du hoix de N(G) et de sa trivialisation j, MG n'est d�e�nie qu'�a
ertains di��eomorphismes pr�es.

1On utilise la onvention du tableau.

13
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Une des 3 feuilles

Le sommet

Un des 3 côtés

Fig. 1.1 { Surfae sous-jaente �a un Y-graphe.

L

Fig. 1.2 { La signi�ation de hirurgie d'un Y -graphe.

Remarque 1.5. Une Y -hirurgie �equivaut �a une hirurgie Borrom�eenne telle
que d�e�nie par Matveev dans [Mt℄. On en d�eduit2 en partiulier l'existene d'un
di��eomorphisme positif de �3 = �H3 :

�3
h
�=
- �3;

appel�e di��eomorphisme Borrom�een, qui agit trivialement en homologie et tel qu'il
existe une di��eomorphisme positif :

MG
�= M n int (N(G)) [jj�Æh H3;

�xant point par point M n int (N(G)).

1.1.2. Clovers et Yk-hirurgies. Les Y -graphes peuvent être g�en�eralis�es aux lo-
vers d�e�nis dans [GGP℄.

Definition 1.6. Un lover G dans une 3-vari�et�e M est le plongement non-
orient�e, dans son int�erieur, d'une surfae d�eompos�ee en sous-surfaes appel�ees

2Le leteur pourra trouver une justi�ation d�etaill�ee de es faits au Chapitre 2 : Lemme 2.7
et Remarque 2.8.
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feuilles (�= S1�D1), ôt�es (�= D1�D1) et sommets (�= D2). Le orps du lover G
est le ompl�ementaire des feuilles dans la surfae. On demande alors que :

{ le orps soit l'�epaississement d'un graphe unitrivalent, faisant orrespondre
respetivement les sommets et ôt�es de la surfae, aux sommets trivalents et
ôt�es de e graphe ;

{ la surfae s'obtient par reollement du orps ave les feuilles le long de
l'�epaississement des sommets univalents ;

{ la surfae poss�ede au moins un sommet.
Le degr�e du lover G est le nombre de ses sommets : on le note deg(G) � 1. Le degr�e
de boules du lover G est le rang du groupe fondamental de son orps (e-dernier
�etant un groupe libre) : on le note l-deg(G) � 0.

Exemple 1.7. Un lover de degr�e 1 et de degr�e de boules 0 n'est autre qu'un
Y -graphe.

Un lover est don avant tout une surfae plong�ee dans une vari�et�e de di-
mension 3. Il s'obtient par �epaississement d'un objet 1-dimensionnel (son orps
�etant par d�e�nition l'�epaississement d'un graphe unitrivalent, et les feuilles �etant
l'�epaississement de erles). En partiulier, pour dessiner un lover (dans S3 ou
dans le orps en anses Hg), on peut adopter la onvention du tableau : nous ne
dessinerons que es objets 1-dimensionnels, qui devront être �epaissis mentalement
dans le plan de la feuille. De plus, les sommets du lover seront dessin�es en gras
a�n de les distinguer d'un point d'intersetion \feuille/ôt�e".

Exemple 1.8. Est repr�esent�e sur la Figure 1.3 un lover G dans H4. Son degr�e
est 4 et son degr�e de boules est 2 (noter en e�et la pr�esene d'un ôt�e boul�e).

et de graphe uni-

G

d’image:
trivalent associé :

Fig. 1.3 { Un exemple de lover.
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Soit G un lover de degr�e d dans une 3-vari�et�e M . On note alors :

Y (G) �M;

la r�eunion disjointe des d Y -graphes ontenus dans un voisinage r�egulierN(G) de G
dans M , et obtenus de G en modi�ant haque ôt�e joignant deux sommets, suivant
la r�egle illustr�ee sur la Figure 1.4.

Fig. 1.4 { Fission d'un lover.

Definition 1.9. La 3-vari�et�e obtenue de M par hirurgie le long du lover G,
not�ee MG, est la vari�et�e M hirurgis�ee sur haun des Y -graphes que ompte la
famille Y (G).
Pour k � 1, une Yk-hirurgie est une hirurgie sur un lover de degr�e k. On ap-
pelle Yk-�equivalene la relation d'�equivalene parmi les 3-vari�et�es engendr�ee par les
di��eomorphismes positifs et les Yk-hirurgies.

Notons que la vari�et�eMG peut être aompagn�ee d'une inlusionMnint (N(G))
� - MG.
Observons aussi que, lorsque �M est non-vide, la hirurgie sur le lover G induit

une identi�ation anonique �M
�=- �MG.

Definition 1.10. Soient G1 et G2 des lovers dans une 3-vari�et�e M . On dit
que les lovers G1 et G2 sont �equivalents, et on note G1 � G2, s'il existe un orps en
anses H plong�e dans int(M) dont l'int�erieur ontient �a la fois G1 et G2, et s'il existe

un di��eomorphisme positif HG1

f

�=
- HG2 appel�e �equivalene de lovers, dont la

restrition au bord soit ompatible ave les identi�ations anoniques :

�HG1

f j
�=

- �HG2

I�
�
�
�
�

�=
�
�
�
�
�

�=

�

�H

En partiulier, G1 � G2 entrâ�ne MG1
�= MG2 . Pr�eis�ement, via les identi�a-

tions anoniques :

MGi
�= (M n int(H)) [ HGi

l'�equivalene f induit le di��eomorphismeMG1

~f- MG2 d�e�ni par le reollement :

~f = IdMnint(H) [ f:

Le alul de lovers est un orpus de r�egles de alul qui, exprim�ees diagramma-
tiquement, �enonent des �equivalenes de lovers. Le alul de lovers permet don
d�emontrer l'existene de di��eomorphismes positifs entre 3-vari�et�es lorsque elles-i
sont pr�esent�ees par hirurgie le long de lovers. Le leteur d�esireux de d�eouvrir
ette tehnique est renvoy�e �a [GGP℄ ou �a [Hr℄. L'exemple suivant est donn�e �a titre
d'illustration.
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Exemple 1.11. Tout lover de degr�e 2 est �equivalent �a un lover de degr�e 1
suivant la r�egle de la Figure 1.5 (f. [Hr, Prop. 2.5, Move 10℄ ou [GGP, Preuve du
Th. 3.1℄). En partiulier, la relation de Yk+1-�equivalene est plus �ne que la relation
de Yk-�equivalene.

Fig. 1.5 { Une �equivalene de lovers.

1.2. Invariants de type �ni au sens de Goussarov et Habiro. Fixons
M0 une lasse de Y -�equivalene de 3-vari�et�es. On note alors :

(1.1) F(M0) = Z �M0

le groupe ab�elien librement engendr�e par les 3-vari�et�es M appartenant �a M0.
Si M est un �el�ement de M0 et si � y est une famille de lovers Gi deux �a deux

disjoints, on d�e�nit :

[M;�℄ =
X
�0��

(�1)j�0jM�0 2 F(M0);

o�u la somme altern�ee est prise sur toutes les parties �0 de �, de ? �a �, et o�u M�0

d�esigne la vari�et�e obtenue de M par hirurgie le long de haun des lovers de la
sous-famille �0. Une telle famille �, en plus de son ardinal j�j, poss�ede un degr�e
deg(�) d�e�ni omme la somme des degr�es de ses �el�ements. Pour des entiers l � k,
e rohet permet de onstruire les sous-groupes ab�eliens suivants de F(M0) :

F l
k(M0) = h [M;�℄ : M 2 M0; deg(�) = k; j�j = l i ;

Fk(M0) = h [M;�℄ : M 2 M0; deg(�) = k i ;
F l(M0) = h [M;�℄ : M 2 M0; j�j = l i :

Notons qu'alors : Fk(M0) =
S

l�k F l
k(M0) et F l(M0) =

S
k�l F l

k(M0):

Pour des entiers 1 � l � l0 � k � k0, on v�eri�e par des aluls �el�ementaires de
lovers :

F l
k0(M0) � F l

k(M0) � F l0

k (M0):

On en d�eduit en partiulier que :

(1.2) Fk(M0) = Fk
k (M0) = Fk(M0):

De plus, si � est une famille de Y -graphes de M deux �a deux disjoints et disjoints
d'un Y -graphe G dans M on obtient formellement ette �egalit�e :

[M;� [ fGg℄ = [M;�℄� [MG;�℄:

On en d�eduit que la famille
�Fk

k (M0)
�
k�1

est une �ltration desendante de F(M0) :

F(M0) := F0(M0) � F1(M0) � � � � � Fk(M0) � Fk+1(M0) � � � �
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Nous pouvons maintenant �enoner la notion d'invariant de type �ni selon Goussarov
et Habiro :

Definition 1.12. Soit A un groupe ab�elien. Une appliationM0
f- A est un

invariant de type �ni de degr�e au plus k, si son extension F(M0)
f- A s'annule

sur Fk+1(M0). f est un invariant de type �ni de degr�e k, si son extension s'annule
sur Fk+1(M0) mais prend une valeur non-nulle sur Fk(M0).

Remarque 1.13. SiM est Yk+1-�equivalente �aM
0, alorsM�M 0 2 F1k+1(M0),

don M et M 0 ne sont pas distingu�ees par les invariants de type �ni de degr�e k.

Pour A un groupe ab�elien �x�e, l'espae des invariantsM0
- A de degr�e au

plus k s'identi�e don �a :

Hom

� F(M0)

Fk+1(M0)
; A

�
:

Don, l'�etude des invariants de type �ni de degr�e au plus k est ramen�ee �a elle de
du quotient :

F(M0)

Fk+1(M0)
:

L'examen de la th�eorie d'invariants de type �ni de Goussarov-Habiro se sinde don
en deux parties de natures tr�es di��erentes :

(1) reonnâ�tre les lasses de Y -�equivalene,

(2) pour haque lasse de Y -�equivalene M0, �etudier la sous-th�eorie orres-
pondante (F(M0)=Fk+1(M0))k�0.

Dans le as de vari�et�es ferm�ees, le probl�eme (1) de la arat�erisation des invariants
de degr�e 0 est ompl�etement r�esolu. En e�et, omme mentionn�e dans la Remarque
1.5, la Y -�equivalene est engendr�ee par les hirurgies Borrom�eennes de Matveev.
Pour les 3-vari�et�es ferm�ees, ette relation d'�equivalene hirurgiale est arat�eris�ee.

Th�eor�eme 1.14 (Matveev, [Mt℄). Soient M et M 0 des 3-vari�et�es ferm�ees
onnexes. Alors, M et M 0 sont Y -�equivalentes si, et seulement si, il existe un

isomorphisme d'homologie H1(M)
 - H1(M

0) qui fasse orrespondre leurs formes
d'enlaement de torsion :

TH1(M)
 TH1(M)
�M - Q

Z

�
�
�
�
�

�M 0

�

TH1(M
0)
 TH1(M

0):

 
  '
?

Le probl�eme de la arat�erisation de la Y -�equivalene est ainsi ramen�e �a elui
de la lassi�ation des formes bilin�eaires sym�etriques non-d�eg�en�er�ees sur les groupes
ab�eliens �nis. Cette derni�ere, initi�ee par Minkowski, a �et�e entreprise par Wall dans
[W1℄ et ahev�ee par Kawauhi et Kojima dans [KK℄.

2. Strutures Spin et Spin sur les 3-vari�et�es

Apr�es une pr�esentation des Spin-strutures et des Spin-strutures, nous nous
attaquons dans ette setion au d�eliat probl�eme du reollement de es strutures,
lequel probl�eme n�eessite la prise en ompte de versions \rigides" de es strutures.

Conventions 2.1. Si G est un groupe ab�elien, un G-espae aÆne (ou espae
aÆne au-dessus de G) sera un ensemble sur lequel G agit librement et transitive-
ment. Pour es ations, la notation multipliative �a gauhe sera adopt�ee.
De plus, TG d�esignera le sous-groupe de torsion du groupe G.



2. STRUCTURES Spin ET Spin SUR LES 3-VARI�ET�ES 19

Conventions 2.2. Pour les �br�es, nous onviendrons que :
{ les �br�es vetoriels sont stabilis�es par la gauhe ;

{ si G est un groupe, le G-�br�e prinipal universel sera not�e EG
!G- BG ;

{ si F est un morphisme de �br�es, l'appliation sous-jaente pour les espaes
bases sera not�ee ave la lettre de bas de asse orrespondante f .

Conventions 2.3. Conernant les vari�et�es, nous onviendrons que :
{ les vari�et�es prises en ompte sont lisses, ompates et orient�ees, et les di��eo-

morphismes entre-elles sont suppos�es pr�eserver les orientations ;
{ la vari�et�e obtenue de M par inversion de son orientation sera not�ee �M ;
{ si M est une vari�et�e �a bord, �M est orient�e ave la onvention du \premier

veteur normal sortant" ;
{ si M est une vari�et�e, TM (resp. �M ) d�esignera son �br�e tangent orient�e (resp.

stable) et, lorsqueM sera �equip�ee d'une m�etrique, nous noterons FM le �br�e
de ses rep�eres orthonorm�es direts.

2.1. G�en�eralit�es sur les strutures Spin et Spin. La pr�esentation g�en�e-
rale qui suit des strutures spinorielles est tir�ee de [BM℄ ; mutatis mutandis on
obtient elle des strutures spinorielles omplexes.

2.1.1. Groupes spinoriel et spinoriel omplexe. Le groupe spinoriel Spin est le
revêtement double de SO :

1 - Z2 - Spin
� - SO - 1;

et le groupe spinoriel omplexe Spin est d�e�ni omme :

(2.1) Spin =
Spin� U(1)

Z2
;

o�u Z2 est le sous-groupe engendr�e par [(�1;�1)℄ ; d'o�u ette autre suite exate
ourte de groupes :

1 - U(1) - Spin
� - SO - 1;

o�u � envoie [(x; y)℄ sur �(x). On en d�eduit les �brations suivantes pour les espaes
lassi�ants :

BZ2- - BSpin
B�-- BSO;

BU(1)- - BSpin
B�-- BSO:

Nous notons SO le �br�e vetoriel orient�e universel sur BSO, Spin son pull-bak
par B� et Spin son pull-bak par B�.

De fa�on analogue, pour n � 1, on d�e�nit �a partir de SO(n), le groupe Spin(n)
puis le groupe Spin(n).

2.1.2. Strutures absolues. Soit maintenantM une vari�et�e de dimension n (sans
m�etrique sp�ei��ee).

Definition 2.4. Une Spin-struture rigide sur M est un morphisme de �br�es
vetoriels orient�es �M - Spin. Une Spin-struture (ou struture spinorielle) sur
M est une lasse d'homotopie de Spin-struture rigides.
On notera Spin(M) l'ensemble des Spin-strutures surM , et Spinr(M) l'ensemble
des Spin-strutures rigides sur M .

Definition 2.5. On d�e�nit similairement Spinr(M) l'ensemble des Spin-
strutures rigides sur M , et Spin(M) l'ensemble des Spin-strutures (ou stru-
tures spinorielles omplexes) sur M .
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Dans la suite, la lettre � d�esignera un homomorphisme de Bokstein assoi�e �a
la suite exate ourte de oeÆients :

0 - Z
�2 - Z - Z2 - 0:

On rappelle maintenant les r�esultats onernant l'existene et le param�etrage de
es strutures spinorielles.

Proposition 2.6. La vari�et�e M admet une Spin-struture si et seulement si
sa deuxi�eme lasse de Stiefel-Whitney :

w2(M) 2 H2(M ;Z2)

est nulle, auquel as Spin(M) est un H1(M ;Z2)-espae aÆne.
La vari�et�e M admet une Spin-struture si et seulement si la lasse :

w(M) := �w2(M) 2 H3(M)

est nulle, auquel as Spin(M) est un H2(M)-espae aÆne.

D�emonstration. Supposons que �M
G- Spin est une Spin-struture ri-

gide sur M . En omposant G ave le morphisme anonique Spin - SO, on

obtient un morphisme �M
F- SO . Au niveau des espaes bases, M

f- BSO

est une appliation lassi�ante pour �M et M
g- BSpin est alors un rel�evement

de f par B�. Par onstrution de Spin , la donn�ee d'une Spin-struture rigide G
sur M �equivaut �a la donn�ee de (F; g) o�u :

(1) �M
F- SO est un morphisme de �br�es vetoriels orient�es,

(2) g est un rel�evement de f par B�.

Ainsi, se donner une Spin-struture sur M revient �a se donner une lasse d'homo-
topie d'un tel ouple (F; g).
Supposons maintenant que F est �x�e. L'espae de morphismes de �br�es :

MapSO(�M ; SO)

est onnexe par ars et ontratile (voir par exemple [Hu, Ch. 7, Prop. 3.3℄ et
[Hu, Ch.7, Th. 3.4℄). On peut alors d�eduire de es deux faits que se donner une
Spin-struture sur M revient �a se donner un rel�evement g de f par B�, �a ho-
motopie pr�es de rel�evements. Cette observation tr�es utile nous invite �a appliquer

la th�eorie d'obstrution usuelle �a la �bration BSpin
B�- BSO. C'est une �bra-

tion prinipale de �bre BU(1) ' BK(Z; 1) ' K(Z; 2), et de lasse arat�eristique
w := �w2 2 H3(BSO). L'�enon�e de la proposition dans le as Spin en d�eoule.

Dans le as Spin, la �bration est BSpin
B�- BSO : elle est prinipale de �bre

BZ2 ' K(Z2; 1) et de lasse arat�eristique w2 2 H2(BSO;Z2). �

Le lemme suivant nous assure que nos d�e�nitions num�erot�ees 2.4 et 2.5 s'a-
ordent ave les d�e�nitions plus ommunes des Spin-strutures et des Spin-stru-
tures.

Lemme 2.7. Supposons que M est munie d'une m�etrique riemannienne. La
donn�ee d'une Spin-struture sur M est alors �equivalente �a une double donn�ee
(�;H), �a isomorphisme pr�es, o�u � est un Spin(n)-�br�e prinipal de base M , et

o�u �=Z2
H- FM est un isomorphisme de SO(n)-�br�es prinipaux.

De même, se donner une Spin-struture sur M �equivaut �a se donner un ouple
(�;H), �a isomorphisme pr�es, o�u � est un Spin(n)-�br�e prinipal de base M et o�u

�=U(1)
H- FM est un isomorphisme de SO(n)-�br�es prinipaux.



2. STRUCTURES Spin ET Spin SUR LES 3-VARI�ET�ES 21

D�emonstration. Int�eressons-nous par exemple au as Spin, le traitement
du as Spin �etant formellement le même. Soit (�;H) omme dans l'�enon�e : mon-
trons que e ouple d�etermine une Spin-struture rigide G sur M , en montrant
qu'il d�etermine une donn�ee �equivalente (F; g), telle que d�erite dans la preuve de
la Prop. 2.6. Choisissons un morphisme de Spin(n)-�br�es � - !Spin(n) qui,
ompos�e ave le morphisme anonique !Spin(n) - !Spin , donne un ertain

�
~G- !Spin . Ce ~G induit un morphisme �=U(1) - !SO ; en omposant ave

H�1, nous obtenons FM
~F- !SO. ~F induit alors un morphisme �M

F- SO .
On pose g := ~g, induite par ~G au niveau des espaes bases. Alors, l'assignation
(�;H) - (F; g) � G induit la orrespondane annon�ee entre les deux d�e�nitions
de Spin-strutures. �

2.1.3. Strutures relatives. Soit M une n-vari�et�e �a bord. Ayant onvenu de sta-
biliser les �br�es vetoriels par la gauhe et d'orienter les bords ave la r�egle du
premier veteur normal sortant, ��M peut être identi��e ave �M j�M , d'o�u des ap-
pliations de restritions :

Spinr(M)
rest- Spinr(�M) et : Spinr(M)

rest- Spinr(�M):

Definition 2.8. Pour s 2 Spinr(�M) �x�ee, une Spin-struture sur M relative
�a s est une lasse d'homotopie rel �M de Spin-strutures rigides sur M �etendant
s ; on note Spin(M; s) l'ensemble de es strutures relatives.
De même, pour s 2 Spinr(�M) �x�ee, on d�e�nit l'ensemble Spin(M; s) des Spin-
strutures sur M relatives �a s.

La th�eorie d'obstrution peut être appliqu�ee pour obtenir et analogue relatif
de la Proposition 2.6 :

Proposition 2.9. Soit s 2 Spinr(�M) �x�ee. Alors, s peut être �etendue �a M
si et seulement si une ertaine lasse :

w2(M; s) 2 H2(M;�M ;Z2)

s'annule, auquel as Spin(M; s) est un H1(M;�M ;Z2)-espae aÆne. En outre, la
restrition de w2(M; s) �a M est �egale �a w2(M) 2 H2(M ;Z2).
De même, pour s 2 Spinr(�M) �x�ee, s peut être �etendue �a M si et seulement si
une ertaine lasse :

w(M; s) 2 H3(M;�M)

s'annule, auquel as Spin(M; s) est un H2(M;�M)-espae aÆne. En outre, la
restrition de w(M; s) �a M est w(M) = �w2(M) 2 H3(M).

2.1.4. Inversion des orientations. Il existe une �ehe :

Spinr(M)
�- Spinr(�M);

induisant une appliation H2(M)-�equivariante :

Spin(M)
�- Spin(�M):

Elle onsiste �a omposer les strutures rigides ave la r�eexion orthogonale de ��M
vers �M dans la diretion de la premi�ere stabilisation.

Supposons maintenant �M 6= ? et soit s 2 Spinr(�M). Faisons le hoix d'une
setion non-singuli�ere v de �M �etendant le hamp de veteurs normal sortant sur
�M (un tel v existe et est unique �a homotopie relative pr�es). En omposant ave la
r�eetion orthogonale de ��M vers �M dans la diretion de v, on obtient une �ehe
(ind�ependante de v) :

Spin(M; s)
�- Spin(�M;�s);
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qui est H2(M;�M)-equivariante. Le as des Spin-strutures est analogue.
2.1.5. De Spin �a Spin. Consid�erons le diagramme ommutatif de groupes :

Spin
�- Spin

�
�
�
�
�

�
R

SO

�

?

o�u la �ehe � est d�e�nie par �(x) = [(x; 1)℄. Alors, B� = B� Æ B� au niveau des
espaes lassi�ants. D'o�u un morphisme de �br�es : Spin - Spin , d�e�ni de la
fa�on �evidente.
Si M est une vari�et�e, il existe alors une appliation Spinr(M) - Spinr(M),
laquelle induit une appliation :

Spin(M)
�- Spin(M);

qui est aÆne au-dessus de l'homomorphisme de BoksteinH1(M ;Z2)
�- H2(M).

Si maintenant M est une vari�et�e de bord non-vide et si s 2 Spinr(�M), on a une
appliation :

Spin(M; s)
�- Spin(M;�(s));

qui est aÆne au-dessus de l'homomorphisme de Bokstein H1(M;�M ;Z2)
�-

H2(M;�M).
2.1.6. Classes de Chern. Soit M une n-vari�et�e et soit � 2 Spin(M). Alors

du fait de l'homomorphisme de groupes Spin(n) - U(1) d�e�nie par : [(x; y)℄
- y2, la Spin-struture �, prise omme dans le Lemme 2.7, d�etermine (�a

isomorphisme pr�es) un U(1)-�br�e prinipal : soit (�) sa premi�ere lasse de Chern.

Definition 2.10. La lasse (�) 2 H2(M) est appel�ee lasse de Chern de la
Spin-struture �. Si (�) 2 TH2(M), la Spin-struture � est dite de torsion.

Remarque 2.11. L'appliation lasse de Chern Spin(M)
- H2(M), est

aÆne au-dessus de l'appliation arr�e3H2(M) - H2(M) d�e�nie par : x - x2.
Don, � 2 Spin(M) provient de Spin(M) par l'appliation � d�e�nie au x2.1.5 si
et seulement si (�) = 0.

2.2. Strutures en dimension 3. A partir de maintenant, nous traitons le
as sp�ei�que de la dimension 3. Si M est une vari�et�e (ompate lisse orient�ee)
de dimension 3, alors w2(M) est nulle. Don, M admet des Spin-strutures et des
Spin-strutures.

2.2.1. Groupes spinoriels en dimension 3. Dans e paragraphe, nous rappelons
les isomorphismes Spin(3) ' SU(2) et Spin(3) ' U(2) en faisant des op�erations
quaternioniques.

Soit don H le orps des quaternions :

H = fq = a+ b � i+  � j + d � k : a; b; ; d 2 Rg
et notons R3 le sous-espae des quaternions purs R3 = R �i+R �j+R �k. Le groupe
des quaternions unitaires : S3 = fq = a+ b � i+  � j + d � k : a2 + b2 + 2 + d2 = 1g
s'identi�e �a SU(2) par :

q = a+ b:i+ :j + d:k -
�

a+ b:i �d+ :i
d+ :i a� b:i

�
:

3On rappelle que la notation multipliative a �et�e adopt�ee pour les ations aÆnes.
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On d�e�nit alors l'homorphisme SU(2)
�- SO(3), qui envoie un quaternion uni-

taire q sur la transformation :

R3 �(q)- R3

h - qhq�1:

� est un revêtement �a deux feuilles de SO(3), on peut don poser :

Spin(3) = SU(2):

Grâe �a l'isomorphisme :

SU(2)� U(1)

Z2

'- U(2)

envoyant [(A; z)℄ sur zA, on peut don aussi poser :

Spin(3) = U(2):

Remarque 2.12. L'homomorphisme anonique Spin(3)
�- Spin(3) (voir

x2.1.5) orrespond �a l'inlusion standard SU(2) � - U(2). La suite exate ourte
mettant en jeu les groupes U(1), Spin(3) et SO(3) (x2.1.1) s'�erit :

1 - U(1) - U(2)
�- SO(3) - 1

o�u l'inlusion de U(1) dans U(2) onsiste �a envoyer z sur

�
z 0
0 z

�
, et o�u �(A) =

�

�
1p

det(A)
�A
�
. En�n, l'homomorphisme anonique Spin(3) - U(1) (x2.1.6)

est l'appliation d�eterminant U(2)
det- U(1).

Lemme 2.13. Le diagramme suivant est ommutatif :

SO(2)
'- U(1)- - U(2)

SO(3)
?

?

================== SO(3):

�

?

Ii, SO(2) s'injete dans SO(3) par A - (1) � A, et U(1) s'injete dans U(2)
par : A - A� (1).

D�emonstration. Soit z = ei� 2 U(1) identi��e ave :�
os(�) � sin(�)
sin(�) os(�)

�
2 SO(2):

Si on envoie z dans U(2) puis dans SO(3), on obtient �(A) o�u :

A =

 
ei

�
2 0

0 e�i
�
2

!
2 SU(2):

Mais, A s'identi�e au quaternion pur : q = os(�=2) + sin(�=2) � i. On alule alors
que :

q � (bi+ j + dk) � q�1 = bi+  os(�)j + d os(�)k +  sin(�)k � d sin(�)j:

Don,

�(A) =

0� 1 0 0
0 os(�) � sin(�)
0 sin(�) os(�)

1A :

�
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2.2.2. Strutures relatives en dimension 3. Nous avons introduit plus haut les
Spin-strutures rigides et les Spin-strutures rigides. Ces strutures rigides ap-
paraissent naturellement ave la th�eorie d'homotopie, mais n'ont ependant pas
d'existene l�egitime d'un point de vue g�eom�etrique. Ce manque de l�egitimit�e va
don se ressentir aussi pour les strutures relatives et les notions qui s'y r�ef�erent.
Dans e paragraphe, nous orrigeons partiellement e d�efaut en dimension 3, et
ommen�ons par traiter le as Spin.

Th�eor�eme 2.14. SoientM une 3-vari�et�e de bord non-vide et s0; s1 2 Spinr(�M)
repr�esentant la même struture spinorielle : [s0℄ = [s1℄ 2 Spin(�M). Alors, les
Spin-strutures rigides �(si) peuvent être �etendues �a la vari�et�e M et il existe une
bijetion anonique :

Spin(M;�s0)
�s0;s1- Spin(M;�s1);

qui est H2(M;�M)-�equivariante.

Definition 2.15. Le Th�eor�eme 2.14 nous permet d'assoier �a toute 3-vari�et�e
M de bord non-vide et �a toute � 2 Spin(�M), l'espae :

Spin(M;�)

des Spin-strutures sur M relatives �a la struture spinorielle �. C'est un H2(M
;�M)-espae aÆne.

Exemple 2.16. Int�eressons-nous au as partiulier o�u �M est une r�eunion
disjointe de tores. Le tore T2 a une struture spinorielle pr�ef�er�ee : elle induite par
sa struture de groupe de Lie, nous la noterons �0. Don, �M poss�ede _[�0 omme
struture spinorielle pr�ef�er�ee. On v�eri�e que l'espae Spin(M; _[�0) donn�e par la
D�e�nition 2.15 est en bijetion anonique ave l'espae de Spin-strutures relatives
d�e�ni par Turaev dans [T6, x1.2℄.

Preuve du Th�eor�eme 2.14. L'obstrution w2(M; si) 2 H2(M;�M ;Z2) pour
�etendre la Spin-struture rigide si �a toute la vari�et�e M , v�eri�e :

�(w2(M; si)) = w(M;�si) 2 H3(M;�M);

o�u w(M;�si) est l'obstrution d�e�nie par la Proposition 2.9. On en d�eduit que
w(M;�si) est d'ordre au plus 2 et que don elle s'annule.

On d�emontre maintenant la deuxi�eme assertion. Soit (st)t2I une homotopie
entre s0 et s1 : st est un morphisme de �br�es ��M - Spin. Elle d�e�nit une

Spin-struture rigide ��M�I
s- Spin sur �M � I en posant :

sj(��M�I)j�M�t
:= st;

o�u ��M�I j�M�t est identi��e ave ��M . On d�e�nit alors l'appliation :

Spin(M;�s0)
�s- Spin(M;�s1)

par la formule de reollement : �s([u℄) = [u [ �s℄, o�u u est une Spin-struture
rigide sur M �etendant �(s0) (nous identi�ons ii M ave son \d�ebordement" M [
(�M � I)). Remarquons que �s est H2(M;�M)-�equivariante.
Pour prouver le th�eor�eme, il suÆt de v�eri�er que si (s0t)t2I est une autre homotopie
entre s0 et s1, alors �s = �s0 ; on posera alors �s0;s1 := �s. L'image de l'appliation

Spin(�M � I; (�s0)� 0 [ s1 � 1)
�- Spin(�M � I; (��s0)� 0 [ (�s1)� 1)

est un singleton, puisqu'elle est aÆne au-dessus de :

H1(�M � I; �M � �I ;Z2)
�- H2(�M � I; �M � �I)
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qui est triviale vu que son odomaine est isomorphe au groupe H1(�M) libre de
torsion. On en d�eduit que que les Spin-strutures rigides �s et �s0 sur �M � I
sont homotopes rel �M � �I , et que don �s = �s0 . �

Dans le as Spin, les strutures relatives que nous retiendrons in �ne, seront
les suivantes.

Definition 2.17. Soient M une 3-vari�et�e de bord non-vide et � 2 Spin(�M)
telle que w2(M;�) = 0 2 H2(M;�M ;Z2). Alors,

Spin(M;�) := f� 2 Spin(M) : �j�M = �g :
est appel�e l'espae des strutures spinorielles sur M relatives �a �.

Lemme 2.18. Soient M une 3-vari�et�e de bord non-vide, � 2 Spin(M) telle que

w2(M;�) = 0 et H0(�M ;Z2)
Æ�- H1(M;�M ;Z2) le onnetant assoi�e �a la paire

(M;�M). Alors :

(1) Spin(M;�) est un Coker(Æ�)-espae aÆne s'identi�ant anoniquement �a
Spin(M; s)=Im(Æ�) pour toute s 2 Spinr(�M) repr�esentant � ;

(2) en partiulier, lorsque �M est onnexe, Spin(M;�) est unH1(M;�M ;Z2)-
-espae aÆne s'identi�ant anoniquement �a Spin(M; s) pour toute s 2
Spinr(�M) repr�esentant � ;

(3) en�n, il existe une appliation anonique :

Spin(M;�)
�- Spin(M;�);

qui est aÆne au-dessus de Coker(Æ�)
�- H2(M;�M).

D�emonstration. De la suite exate :

H0(�M ;Z2)
Æ�- H1(M;�M ;Z2)

i�- H1(M ;Z2);

on d�eduit que Coker(Æ�) se plonge dans H1(M ;Z2). L'ation aÆne de Coker(Æ�)
sur Spin(M;�) est la restrition de elle de H1(M ;Z2) sur Spin(M). Ensuite,
l'appliation anonique Spin(M; s) - Spin(M) a pour image Spin(M;�) et est

aÆne au-dessus de H1(M;�M ;Z2)
i�- H1(M ;Z2). Spin(M;�) s'identi�e don

�a Spin(M; s) modulo Im(Æ�) = Ker(i�). Cei prouve (1) et (2). En�n, par e
diagramme ommutatif :

H0(�M ;Z2)
�- H1(�M)

H1(M;�M ;Z2)

Æ�

?
�- H2(M;�M)

Æ�

?

et par le fait que H1(�M) est libre de torsion, on d�eduit que � (Im(Æ�)) = 0.

Ainsi, l'appliation anonique Spin(M; s)
�- Spin(M;�s) ' Spin(M;�), qui

est aÆne au dessus de H1(M;�M ;Z2)
�- H2(M;�M), induit une appliation

�equivariante entre Spin(M;�) et Spin(M;�), prouvant ainsi (3). �

2.2.3. Spin-strutures omme hamps de veteurs : le as ferm�e. Soit M une
vari�et�e ferm�ee de dimension 3. Turaev a d�erit dans [T5℄ omment, en dimension
3, les Spin-strutures pouvaient être identi��ees ave ertaines lasses d'homotopie
de hamps de veteurs tangents �a la vari�et�eM . Nous rappelons ii ette orrespon-
dane.
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Definition 2.19 (Turaev, [T4℄). Une struture d'Euler g�eom�etrique surM est
un hamp de veteurs non-singulier surM , �a homotopie �epoint�ee pr�es. Pr�eis�ement,
deux hamps de veteurs v et v0 sont onsid�er�es omme �equivalents, lorsqu'il existe
un point x de M tel que les restritions de v et v0 sur M nx sont homotopes parmi
les hamps de veteurs non-singuliers sur M n x. On note :

V et(M)

l'ensemble des strutures d'Euler g�eom�etriques sur M .

Si une d�eomposition ellulaire deM est donn�ee, la relation d'homotopie �epoin-
t�ee oinide ave la relation d'homotopie sur le 2-squelette de M . De la th�eorie
d'obstrution, on d�eduit que V et(M) est non-vide (vu que �(M) = 0) et que
V et(M) est un H2(M)-espae aÆne.

Lemme 2.20 (Turaev, [T5℄). Il existe une bijetion anonique et H2(M)-�equiva-
riante :

V et(M)
hM

'
- Spin(M):

D�emonstration. Soit v un hamp de veteurs non-singulier surM . Munissons
M d'une m�etrique riemannienne. Remarquons tout d'abord que v d�etermine une
r�edution de FM �a SO(2) pour ette injetion SO(2) � - SO(3) apparaissant dans
le Lemme 2.13 : ette r�edution est Fv?, le �br�e des rep�eres orthonorm�es direts
du �br�e vetoriel v?, lorsque elui-i est orient�e ave la r�egle de la main droite
(v=poue droit). Alors, par l'homomorphisme SO(2) - U(2) du Lemme 2.13,
Fv? de�nit un U(2)-�br�e prinipal �. D'apr�es e même lemme, e U(2)-�br�e peut-

être aompagn�e d'un isomorphisme de SO(3)-�br�es prinipaux �=U(1)
H- FM ,

et d�e�nit don (d'apr�es le Lemme 2.7) une Spin-struture sur M . Celle-i ne
d�epend que de la lasse d'homotopie �epoint�ee de v : ainsi est d�e�nie hM ([v℄).
De plus, on v�eri�e que l'assignation [v℄ - hM ([v℄) est H2(M)-�equivariante ; elle
est don en partiulier bijetive. �

On d�e�nit une involution de V et(M) en assoiant �a toute struture d'Euler
g�eom�etrique � = [v℄ la struture ��1 := [�v℄. Nous rappelons que nous avons
onvenu de noter multipliativement les ations aÆnes.

Lemme 2.21. Pour toute � 2 V et(M), nous avons :

 (hM (�)) =
�

��1
2 H2(M):

D�emonstration. Les appliations V et(M) - H2(M) qui sont d�e�nies
par � - �=��1 et par � - (hM (�)), sont toutes deux aÆnes au-dessus de
l'appliation arr�e (d'apr�es respetivement [T4, Th. 5.3.1℄ et la Remarque 2.11). Il
suÆt don de montrer l'impliation suivante :

(2.2) (  (hM (�)) = 1 ) =) �
�=��1 = 1

�
:

Munissons M d'une m�etrique. D'apr�es la Remarque 2.12, la lasse d'isomorphisme
de U(1)-�br�es prinipaux d�e�nis par la Spin-struture hM (�), admet Fv? omme
repr�esentant, si bien que  (hM (�)) = 1

�
Fv?

�
. Don, la lasse  (hM (�)) est l'obs-

trution pour trouver une setion non-singuli�ere de TM transverse �a v. On en d�eduit
que l'assertion (2.2) est vraie. �

Dans ette derni�ere preuve, il apparâ�t que l'image de Spin(M) dans Spin(M)
orrespond aux strutures d'Euler � = [v℄ pour lesquelles il existe un hamp de
veteurs non-singulier transverse �a v. Pr�eisons e fait.
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Definition 2.22. Nous noterons :

Parall(M)

l'ensemble des parall�elisations de M , onsid�er�ees �a homotopie �epoint�ee pr�es.

Par parall�elisation de M , nous entendons une trivialisation e = (e1; e2; e3) du
�br�e vetoriel orient�e TM . En dimension � 3, l'espae des trivialisations de TM sur
le 1-squelette deM , qui ont la propri�et�e de s'�etendre au 2-squelette, et onsid�er�ees �a
homotopie pr�es, est par la th�eorie d'obstrution vide ou param�etr�e par H1(M ;Z2),
et peut être mis en orrespondane anonique ave Spin(M) (voir [Ki, Chap. 4℄).
Puisque �2(SO(3)) = 0, nous obtenons :

Lemme 2.23. Il existe une bijetion anonique et H1(M ;Z2)-�equivariante :

Parall(M)
hM- Spin(M):

D�emonstration. La preuve est similaire �a elle du Lemme 2.20. Munissons
M d'une m�etrique riemannienne. Soit e une trivialisation de TM , e e d�etermine
une r�edution de FM au groupe trivial 1 � - SU(2), et permet don de onstruire
un SU(2)-�br�e prinipal � (trivial) ainsi qu'un isomorphisme de SO(3)-�br�es prin-

ipaux �=Z2
H- FM . La Spin-struture orrespondante (donn�ee par le Lemme

2.7) sur M ne d�epend que de la lasse d'homotopie �epoint�ee de e, et est retenue
pour être hM ([e℄). L'appliation ainsi onstruite Parall(M) - Spin(M) est
H1(M ;Z2)-�equivariante, et est don en partiulier bijetive. �

En posant �([e℄) = [e1℄, o�u e = (e1; e2; e3) est une parall�elisation de M , on
d�e�nit une appliation :

Parall(M)
�- V et(M):

Il d�eoule alors diretement des d�e�nitions que :

Lemme 2.24. Le diagramme suivant est ommutatif :

Parall(M)
hM- Spin(M)

V et(M)

�

?

hM
- Spin(M):

�

?

o�u Spin(M)
�- Spin(M) a �et�e d�e�nie en 2.1.5.

2.2.4. Spin-strutures omme hamps de veteurs : le as �a bord. Nous sou-
haitons maintenant d�e�nir des strutures d'Euler g�eom�etriques pour les vari�et�es �a
bord et donner ainsi une version relative du Lemme 2.20 mettant en jeu les Spin-
strutures relatives introduites dans la D�e�nition 2.15.

D'une part, le pr�e�edent paragraphe, plutôt qu'�a la vari�et�e ferm�ee M , �etait en
fait relatif �a son �br�e tangent TM , et vaut pour n'importe quel �br�e vetoriel r�eel
orient�e de dimension 3. En partiulier, si S est une surfae ferm�ee, il s'applique au
�br�e tangent de S stabilis�e une fois. On d�e�nit ainsi :

V et(Sst) et Parall(Sst);

omme �etant respetivement l'ensemble des setions non-singuli�eres de �1 � TS et
elui des trivialisations de e �br�e vetoriel orient�e, toutes �etant en ette dimen-
sion onsid�er�ees �a homotopie pr�es sur S. La th�eorie d'obstrution nous dit qu'ils
sont respetivement des espaes aÆnes au-dessus de H2(S) et de H1(S;Z2). Les
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analogues des lemmes num�erotes 2.20 et 2.23 assurent l'existene d'isomorphismes
aÆnes :

V et(Sst)
hS- Spin(S) et : Parall(Sst)

hS- Spin(S):

En�n, l'analogue du Lemme 2.24 met en relation es deux isomorphismes.

Exemple 2.25. La setion anonique v = (1; 0) de �1 � TS d�e�nit une Spin-
struture hS([v℄) sur S, dont la lasse de Chern est �egale �a la lasse d'Euler e(S)
de la surfae S (puisqu'ii v? = TS � �1 � TS pour une m�etrique produit).

D'autre part, on peut parler de strutures rigides pour n'importe quel type de
strutures d�e�nies omme des lasses d'homotopie d'appliations. Il y a ainsi des
versions rigides de V et(N) et de Parall(N), lorsque N = M pour une 3-vari�et�e
M ou lorsque N = Sst pour une surfae S. Ces versions rigides sont not�ees ave la
d�eoration \r" en indie inf�erieur.
Ainsi, si M est une 3-vari�et�e de bord non-vide et si v 2 V etr ((�M)st) est une
setion non-singuli�ere de �1 � T�M = TM j�M , on sait d�e�nir :

V et(M; v)

l'espae des strutures d'Euler g�eom�etriques sur M relatives �a v. Cet espae est
vide ou bien est un H2(M;�M)-espae aÆne. Le th�eor�eme suivant se prouve alors
omme le Th�eor�eme 2.14.

Th�eor�eme 2.26. SoientM une 3-vari�et�e �a bord et e = (e1; e2; e3); e
0 = (e01; e

0
2; e

0
3)

2 Parallr(�Mst) des trivialisations de �1 � T�M , qu'on suppose homotopes. Alors,
les setions non-singuli�eres e1 et e01 de TM j�M peuvent être �etendues �a toute la
vari�et�e M , et il existe une bijetion anonique :

V et(M; e1)
�e;e0- V et(M; e01);

qui est H2(M;�M)-�equivariante.

Definition 2.27. Le Th�eor�eme 2.26 nous permet don d'assoier �a toute 3-
vari�et�e M de bord non-vide et �a toute � 2 Parall

�
(�M)st

�
, l'espae :

V et(M;�)

des strutures d'Euler g�eom�etriques sur M relatives �a �. C'est un H2(M;�M)-
espae aÆne.

D'o�u ette version relative du Lemme 2.20 qui se prouve de fa�on similaire :

Lemme 2.28. Soit M une 3-vari�et�e �a bord et soit � 2 Parall((�M)st). Il existe
alors une bijetion anonique et H2(M;�M)-�equivariante :

V et(M;�) - Spin (M;h�M (�)) :

2.2.5. Classes de Chern relatives. Nous donnons maintenant un analogue relatif
des lasses de Chern de Spin-strutures (rappel�ees au x2.1.6).

Lemme 2.29. Soient M une 3-vari�et�e �a bord et � 2 Spin(�M). Il existe une
appliation anonique :

Spin(M;�)
- H2(M;�M);

qui est aÆne au-dessus de l'appliation arr�e4 d�e�nie par x - x2.

Definition 2.30. Pour � 2 Spin(M;�), (�) est appel�ee la lasse de Chern
de la Spin-struture relative �.

4On rappelle que la notation multipliative a �et�e adopt�ee pour les ations aÆnes.
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D�emonstration du Lemme 2.29. Soit � 2 Parall ((�M)st) orrespondant �a

� par h�M . Nous allons en fait d�e�nir une appliation V et(M;�)
- H2(M;�M)

(puis appliquer le Lemme 2.28).
Soit e = (e1; e2; e3) une trivialisation de �1 � T�M repr�esentant � et soit � 2

V et(M; e1) repr�esent�e par v : v est un hamp de veteurs non-singulier sur M dont
la restrition �a �M o��nide ave e1. Le hamp de veteurs e2 est une setion non-
singuli�ere de TM transverse �a v d�e�nie sur �M . On d�e�nit alors (�) omme �etant la
premi�ere obstrution pour �etendre e2 �a une setion de TM transverse �a v. On obtient
ainsi une appliation V et(M; e1) - H2(M;�M). Si e0 est un autre repr�esentant
de �, l'appliation V et(M; e01) - H2(M;�M) obtenue similairement o��nide
ave la pr�e�edente via l'isomorphisme �e;e0 du Th�eor�eme 2.26. On onlut �a la bonne
d�e�nition de l'appliation .

Soit maintenant x 2 H2(M;�M) et supposons que son dual de Poinar�e
P�1x 2 H1(M) est repr�esent�e par le noeud lisse orient�e L � int(M). Alors, omme
dans le as ferm�e, on montre que la struture d'Euler g�eom�etrique x�� est repr�esent�e
par un hamp de veteurs w obtenu de v par turbulentisation de Reeb le long de
L (voir [T4, x5.2℄ ou [T8, x1.1℄). Par un alul diret d'obstrution dans la 3-
vari�et�e orient�eeM (pro�tant de la dualit�e de Poinar�e), on montre �a partir de ette
desription onr�ete de w que ([w℄) = x2 � ([v℄). �

Remarque 2.31. Pour � 2 Spin(M;�), sa lasse de Chern (�) s'annule si et
seulement si � provient de Spin(M;�).

Lemme 2.32. Soit M
h

�=
- M 0 un di��eomorphisme entre 3-vari�et�es �a bord, et

soit �0 2 Spin(�M 0). Alors,

8�0 2 Spin(M 0; �0);  (h� (�0)) = h� ( (�0)) 2 H2(M;�M):

D�emonstration. Soit e0 = (e01; e
0
2; e

0
3) une trivialisation de �1 � T�M 0 repr�e-

sentant �0 et soit v0 une setion non-singuli�ere de TM 0 repr�esentant �0 et telle que
v0j�M 0 = e01. On note dh la di��erentielle de h. Alors, dh�1(e0) repr�esente h�(�0) 2
Spin(�M) et dh�1(v0) repr�esente h�(�0) 2 Spin (M;h�(�0)). Le lemme est don
une instane de la naturalit�e des obstrutions. �

On se propose maintenant de aluler modulo 2 es lasses de Chern rela-

tives. Rappelons-nous que le groupe de obordisme 
Spin
1 est isomorphe �a Z2, son

g�en�erateur �etant S1 munie de la Spin-struture induite par sa struture de groupe
de Lie (voir [Ki, p. 35, 36℄). Pour une surfae ferm�ee S, Johnson d�erit dans [J1℄
une bijetion anonique et naturelle :

Spin(S)
q

'
- Quad(�S)

entre les strutures spinorielles de S et les formes quadratiques assoi�ees �a sa forme

d'intersetion modulo 2. Pour � 2 Spin(S), la forme quadratiqueH1(S;Z2)
q�- Z2

se d�e�nit omme suit. Si  est une ourbe simple ferm�ee orient�ee sur S, on pose
alors :

q�([℄) = [(; �j)℄ 2 
Spin
1 ' Z2:

Lemme 2.33. Soient M un 3-vari�et�e �a bord, � 2 Spin(�M) et � 2 Spin(M;�).
Alors :

8y 2 H2(M;�M); < (�); y >= q� (��(y)) mod 2;

o�u < :; : > d�esigne l'�evaluation de Kroneker, et o�u H2(M;�M)
��- H1(�M) est

le onnetant de la paire (M;�M).
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D�emonstration. La r�edution modulo 2 de (�) vaut :

w2(M;�) 2 H2(M;�M ;Z2);

l'obstrution pour �etendre � �a toute la vari�et�e M . Soit � une surfae onnexe
immerg�ee dans M telle que �� = �M \�, �� n'a pas de singularit�e et � repr�esente
la r�edution modulo 2 de y. Alors, < (�); y >=< w2(M;�); y > mod 2 est �egale
�a < w2 (�; �j��) ; [�℄ > modulo 2, don est l'obstrution pour �etendre la Spin-
struture �j�� �a toute la surfae �. Puisque la surfae � est onnexe, ette derni�ere

est aussi la lasse de (��; �j��) dans 
Spin
1 . Nous avons ainsi : < (�); y >=

q� ([��℄) = q� (��(y)) modulo 2. �

Exemple 2.34. Supposons que M est une 3-vari�et�e de bord une r�eunion dis-
jointe de tores. Notons �0 2 Parall

�
(T2)st

�
ette parall�elisation pr�ef�er�ee du tore

orrespondant �a sa Spin-struture pr�ef�er�ee �0 (d�e�nie dans l'Exemple 2.16). Alors,
les strutures d'Euler sur M relatives �a _[�0, telles qu'introduites dans la D�e�nition
2.27, orrespondent aux strutures d'Euler relatives d�e�nies par Turaev dans [T4,
x5.1℄ ou dans [T8, x1.1℄. En partiulier, le Lemme 2.33 est une g�en�eralisation de
[T8, Lemme 1.3℄.

2.3. Reollement de strutures. Comme annon�e, nous proposons mainte-
nant des tehniques de reollement pour les Spin-strutures et les Spin-strutures.

Dans tout e paragraphe, nous nous donnons deux n-vari�et�esM1 et M2 de bord
d�eompos�e :

�Mi = Si _[ Ti

o�u Si 6= ?. Nous onsid�erons aussi un di��eomorphisme �S2 f- S1, qui permet
de onstruire la n-vari�et�e :

M = M1 [f M2;

de bord (peut-être vide) :
�M = T1 _[ T2:

L'inlusion de Mi dans M sera not�ee ji.
2.3.1. Reollement de Spin-strutures.

Lemme 2.35. Soient pour i = 1; 2, des strutures rigides si _[ti 2 Spinr(�Mi)
telles que f�(s1) = �s2. On suppose aussi que les obstrutions relatives w(Mi; si _[ti)
sont nulles. Alors, l'obstrution w(M; t1 _[t2) s'annule et il existe une appliation de
reollement :

Spin(M1; s1 _[t1)� Spin(M2; s2 _[t2)
[f- Spin(M; t1 _[t2);

qui est aÆne au-dessus de :

H2(M1; �M1)�H2(M2; �M2) - H2(M;�M)

Hn�2(M1)�Hn�2(M2)

P�1 � P�1

? j1;� � j2;�- Hn�2(M)

P

6

o�u la lettre P symbolise un isomorphisme de dualit�e de Poinar�e.

D�emonstration. Soit �i 2 Spin(Mi; si _[ti) repr�esent�ee par la struture ri-
gide ai. Alors a1 et a2 peuvent être reoll�ees grâe �a f : on obtient une Spin-
struture rigide sur M dont la lasse d'homotopie ne d�epend pas des hoix de a1
et a2 dans leurs lasses d'homotopie respetives. On la note :

�1 [f �2 2 Spin(M; t1 _[t2):
Montrons que l'appliation [f , ainsi d�e�nie, est e�etivement aÆne.
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Les vari�et�esM1 et M2 �etant lisses, elles sont en partiulier triangulables : soient
C1 et C2 des triangulations de respetivement M1 et M2, telles que C1jS1 et C2jS2
se orrespondent par f . Pour i = 1 ou 2, on note C�i la d�eomposition ellulaire de
Mi duale de Ci.
On forme d'une part la r�eunion C des triangulations C1 et C2 : un simplex de C
est un simplex de Ci, les simplex de S1 �etant identi��es ave eux de S2 par f . On
onstitue d'autre part le reollement C� des d�eompositions ellulaires C�1 et C�2 : une
ellule de C� est une ellule de C�i qui ne touhe pas Si, ou bien est le reollement
par f d'une ellule de C�1 ave une ellule de C�2 le long de faes ontenues dans Si.
Alors, C est une triangulation de M et C� est sa d�eomposition ellulaire duale. La
premi�ere nous servira �a aluler la ohomologie et la seonde servira au alul de
l'homologie.

Soient �i; �
0
i 2 Spin(Mi; si _[ti) (i = 1; 2), � := �1 [f �2 et �0 := �01 [f �02. On

veut montrer ette �egalit�e :

(2.3) j1;�P
�1
��1
�01

�
+ j2;�P

�1
��2
�02

�
= P�1

� �
�0

�
2 Hn�2(M):

Soient ai; a
0
i 2 Spinr(Mi) des repr�esentants respetifs de �i et �

0
i qui o��nident sur

le 1-squelette de Ci (ainsi que, bien sûr, sur �Mi). Nous avons �x�e un morphisme
de �br�es �Mi

- SO, et, omme dans la preuve de la Proposition 2.6, nous
identi�ons la struture rigide ai �a un rel�evement Mi

- BSpin de l'appliation
sous-jaente pour les espaes bases Mi

- BSO. Alors �i=�
0
i 2 H2(Mi; �Mi) est

la lasse du 2-oyle qui assigne �a haque 2-ellule eik de Ci en-dehors de �Mi, et
�el�ement zik de �2(BU(1)) ' �2(K(Z; 2)) ' Z obtenu par reollement de aijei

k
et

a0ijeik le long de �eik. Alors, P�1(�i=�
0
i) = [

P
k z

i
k � e�;ik ℄ o�u e�;ik est la (n� 2)-ellule

duale de eik.
De plus, a := a1 [f a2 et a0 := a01 [f a02 repr�esentent respetivement � et �0.
De fa�on similaire, en utilisant es strutures rigides, on peut d�erire un 2-oyle
repr�esentant �=�0. Ce 2-oyle envoie haque 2-ellule de C1 [f C2 ontenue dans

S1 = �S2 sur 0 2 Z si bien que P�1(�=�0) est repr�esent�e par
P

k z
1
k � e�;1k +

P
k z

2
k �

e�;2k . �

En dimension 3, nous travaillerons ave les Spin-strutures relatives �a des
strutures spinorielles (telles qu'introduites dans la D�e�nition 2.15). Voii le lemme
de reollement que nous pratiquerons pour les Spin-strutures :

Corollaire 2.36. Supposons la dimension n �egale �a 3. Soient pour i = 1; 2,
des strutures spinorielles �i _[�i 2 Spin(�Mi) telles que f�(�1) = ��2. Il existe
alors une appliation de reollement :

Spin(M1; �1 _[�1)� Spin(M2; �2 _[�2)
[f- Spin(M; �1 _[�2);

qui est aÆne au-dessus de :

H2(M1; �M1)�H2(M2; �M2) - H2(M;�M)

H1(M1)�H1(M2)

P�1 � P�1

? j1;� � j2;�- H1(M)

P

6

En outre, pour �i 2 Spin(M;�i _[�i) (i = 1; 2), l'�egalit�e suivante entre lasses de
Chern est satisfaite :

P�1(�1 [f �2) = j1;�P
�1(�1) + j2;�P

�1(�2) 2 H1(M):
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D�emonstration. D'apr�es le Th. 2.14, les obstrutions relatives s'annulent
dans e ontexte : la premi�ere assertion du orollaire est alors une appliation
direte du Lemme 2.35 et de la d�e�nition des Spin-strutures relatives �a des Spin-
strutures. La deuxi�eme assertion est enore un alul de reollement d'obstrutions
sur des vari�et�es orient�ees (pro�tant de la dualit�e de Poinar�e) : la preuve est similaire
�a elle du Lemme 2.35. �

2.3.2. Reollement de Spin-strutures. Le lemme suivant se prouve omme le
Lemme 2.35.

Lemme 2.37. Soient pour i = 1; 2, des strutures rigides si _[ti 2 Spinr(�Mi)
telles que f�(s1) = �s2. On suppose aussi que les obstrutions relatives w2(Mi; si _[ti)
2 H2(Mi; �Mi;Z2) sont nulles. Alors, l'obstrution w2(M; t1 _[t2) s'annule et il
existe une appliation de reollement :

Spin(M1; s1 _[t1)� Spin(M2; s2 _[t2)
[f- Spin(M; t1 _[t2);

qui est aÆne au-dessus de :

H1(M1; �M1;Z2)�H1(M2; �M2;Z2) - H1(M;�M ;Z2)

Hn�1(M1;Z2)�Hn�1(M2;Z2)

P�1 � P�1

? j1;� � j2;�- Hn�1(M ;Z2):

P

6

En pratique, nous travaillerons en dimension 3 ave les Spin-strutures relatives
introduites dans la D�e�nition 2.17.

Corollaire 2.38. Supposons la dimension n �egale �a 3 et que le lieu de reol-
lement S1 �= (�S2) est onnexe. Soient pour i = 1; 2, des strutures spinorielles
�i _[�i 2 Spin(�Mi) telles que f�(�1) = ��2 et telles que les obstrutions relatives
w2(Mi; �i _[�i) s'annulent. Il existe alors une unique appliation de reollement :

Spin(M1; �1 _[�1)� Spin(M2; �2 _[�2)
[f- Spin(M; �1 _[�2);

telle que, si �i 2 Spin(Mi; �i _[�i) et si Spin(M)
j�i- Spin(Mi) d�esigne l'applia-

tion de restrition, alors :

8i 2 f1; 2g; j�i (�1 [f �2) = �i 2 Spin(Mi):

De plus, e diagramme est ommutatif :

Spin(M1; �1 _[�1)� Spin(M2; �2 _[�2)
[f- Spin(M; �1 _[�2)

Spin(M1; �1 _[�1)� Spin(M2; �2 _[�2)

� � �

? [f- Spin(M; �1 _[�2):

�

?

D�emonstration. Soient �1 2 Spin(M1; �1 _[�1) et �2 2 Spin(M2; �2 _[�2).
On hoisit ai 2 Spinr(Mi) repr�esentant �i (i = 1; 2). Par hypoth�ese, f�(a1jS1)
est homotope �a �a2jS2 . Quitte �a homotoper a2 dans sa lasse �2, on peut don
supposer l'�egalit�e de strutures rigides f�(a1jS1) = �a2jS2 , et onstruire grâe au
Lemme 2.37 la struture :

[a1℄ [f [a2℄ 2 Spin (M; (a1jT1) _[ (a2jT2)) ;
induisant une ertaine struture � 2 Spin(M; �1 _[�2). Notons que, par onstrution,
� 2 Spin(M) satisfait j�i (�) = �i 2 Spin(Mi).
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D'autres hoix de strutures rigides a0i 2 Spinr(Mi) repr�esentant �i (i = 1; 2)
onduiront par e pro�ed�e �a une struture spinorielle �0 2 Spin(M; �1 _[�2) v�eri�ant
elle-aussi j�i (�

0) = �i. Or, l'appliation de restritions :

Spin(M)
(j�1 ; j

�
2 )- Spin(M1)� Spin(M2);

est injetive ar elle est aÆne au-dessus de :

H1(M ;Z2)
(j�1 ; j

�
2 )- H1(M1;Z2)�H1(M2;Z2)

qui est elle-même injetive puisque S1 �= �S2 est onnexe. D'o�u, �0 = � e qui nous
autorise �a poser �1 [f �2 := �. �

3. RaÆnements spinoriels de la th�eorie de Goussarov-Habiro

Grâe aux tehniques de reollement de strutures introduites dans la setion
pr�e�edente, nous allons pouvoir raÆner la th�eorie de Goussarov-Habiro.

Conventions 3.1. De nouveau, nous nous restreignons aux 3-vari�et�es, que
nous supposerons lisses ompates orient�ees et �eventuellement �a bord.

3.1. Twists. On se plae dans la situation de reollement �etudi�ee au x2.3. On
onsid�ere don deux 3-vari�et�es M1 et M2 de bord d�eompos�e : �Mi = Si _[ Ti, o�u
Si 6= ? et o�u Ti est �eventuellement vide. Nous onsid�erons aussi un di��eomorphisme

positif �S2 f- S1, qui nous permet de former la 3-vari�et�e :

M = M1 [f M2;

de bord �M = T1 _[ T2, peut-être vide. L'inlusion de Mi dans M est de nouveau
not�ee ji. On suppose que le lieu de reollement S1 �= �S2 est onnexe.

La 3-vari�et�e M peut être modi��ee en la twistant le long de la surfae plong�ee
S2 par un �el�ement de :

T (S2) =

n
S2

h

�=
- S2 : h agit trivialement en homologie

o
isotopie

;

groupe de Torelli de la surfae S2. Pr�eis�ement, la 3-vari�et�e obtenue en twistant M
le long de la surfae S2 par h 2 T (S2) est d�e�nie par :
(3.1) M 0 = M1 [fÆh M2:

Notons que �M 0 s'identi�e anoniquement �a �M : �M 0 = T1 _[ T2: Nous noterons

Mi
�

j0i- M 0 l'inlusion de Mi dans M
0 d�e�nie par (3.1). Par un argument du type

Mayer-Vietoris, il exite un isomorphisme d'homologie :

H1(M)
�- H1(M

0)

d�e�ni sans ambigu��t�e par e diagramme :

H1(M)

�
�
�
�
�

j1;�
� I�

�
�
�
�

j2;�

H1(M1) H1(M2)

�
�
�
�
�

j01;�
R 	�

�
�
�
�

j02;�

H1(M
0)

' �

?



34 1. RAFFINEMENTS SPINORIELS DE LA TH�EORIE DE GOUSSAROV-HABIRO

La proposition suivante aÆrme qu'un tel twist s'aompagne d'une orrespondane
anonique entre les Spin-strutures de la vari�et�e initiale et elles de la vari�et�e
r�esultante.

Proposition 3.2. a) Si �M = ?, il existe alors une bijetion anonique :

Spin(M)



'
- Spin(M 0);

aÆne au-dessus de H2(M)
P�P�1- H2(M 0) et telle que e diagramme ommute :

Spin(M)

 - Spin(M 0)

H2(M)



?

P�P�1
- H2(M 0):



?

b) Si �M 6= ?, et si  2 Spin(�M) orrespond �a 0 2 Spin(�M 0), il existe alors
une bijetion anonique :

Spin(M;)



'
- Spin(M 0; 0)

aÆne au-dessus de H2(M;�M)
P�P�1

'
- H2(M 0; �M 0) et telle que e diagramme

ommute :

Spin(M;)

 - Spin(M 0; 0)

H2(M;�M)



?

P�P�1
- H2(M 0; �M 0):



?

D�emonstration. Nous ne d�emontrons la proposition que dans le as ferm�e,
la preuve dans le as �a bord �etant en tous points similaire.

Pour � 2 Spin(M), 
(�) se d�e�nit omme suit. Choisissons une struture
spinorielle �2 sur S2 et notons aussi �1 = f�(��2) 2 Spin(S1). Comme h in-
duit l'identit�e au niveau de H1(S2;Z2), h agit trivialement5 sur Spin(S2) : don
(fh)�(��2) = �1. D'apr�es le Corollaire 2.36, nous disposons don de deux applia-
tions de reollement :

Spin(M1; �1)� Spin(M2; �2)
[f- Spin(M);

et : Spin(M1; �1)� Spin(M2; �2)
[fÆh- Spin(M 0);

qui sont respetivement aÆnes, via les dualit�es de Poinar�e, au-dessus de j1;�� j2;�
et j01;� � j02;�. Puisque S2 est onnexe, l'appliation [f est surjetive. Choisissons
�1 2 Spin(M1; �1) et �2 2 Spin(M2; �2), telles que � = �1 [f �2. On d�e�nit
alors :

�0 = �1 [fh �2 2 Spin(M 0):

5Cei d�eoule par exemple de la bijetion naturelle entre Spin(S2) et Quad
�
�S2

�
, telle que

rappel�ee au x2.2.5.
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et nous posons 
(�) := �0 2 Spin(M 0).

V�eri�ons maintenant que la pro�edure pr�e�edente d�e�nit sans �equivoque 
(�).
Envisageons d'autres hoix ~�2, ~�1 et ~�2 de respetivement �2, �1 et �2, onduisant
�a ~�0 = ~�1 [fh ~�2 ; nous pr�etendons que �

0 = ~�0.
Pla�ons-nous d'abord dans e as partiulier o�u ~�2 = �2 2 Spin(S2). Alors,

omme �1 [f �2 = � = ~�1 [f ~�2, on a :

j1;�P
�1

�
�1
~�1

�
+ j2;�P

�1

�
�2
~�2

�
= P�1

��
�

�
= 0 2 H1(M):

En appliquant � �a ette derni�ere �egalit�e, on obtient ette identit�e :

j01;�P
�1

�
�1
~�1

�
+ j02;�P

�1

�
�2
~�2

�
= 0 2 H1(M

0);

dont le terme de gauhe �egale P�1 (�0=~�0) vu que �0 = �1 [fh �2 et que ~�0 =
~�1 [fh ~�2. On en d�eduit que �0 = ~�0.

Traitons maintenant le as g�en�eral. Piohons une struture s2 2 Spinr(S2)
dans la lasse �2 et soit s1 = f�(�s2) 2 Spinr(S1), qui don repr�esente �1. Soient
aussi pour i = 1 et 2, une struture ai 2 Spin

r(Mi) repr�esentant �i et telle que
aijSi

= �(si). Alors :

(3.2) � = [a1 [f a2℄ 2 Spin(M);

o�u [f d�esigne ii la version rigide de l'appliation de reollement (elle du Lemme
2.35). Soit aussi une homotopie entre h�(s2) et s2 induisant une Spin-struture
rigide not�ee U 2 Spinr(S2 � I). Alors,

(3.3) �0 = [a1 [fh (�(U) [ a2)℄ 2 Spin(M 0):

Soit ~s2 2 Spinr(S2) repr�esentant ~�2 ; on pose alors ~s1 = f�(�~s2) 2 Spinr(S1) :
elle repr�esente ~�1 := f�(�~�2) 2 Spin(S1). Quoique �2 et ~�2 puissent être di��erentes,
on a toujours : �(�2) = �(~�2) 2 Spin(S2). Il existe don une homotopie entre �(~s2)
et �(s2) induisant une Spin-struture rigide not�ee H 2 Spin

r(S2 � I). Alors,
f�(�H) 2 Spin

r(S1 � I) est une homotopie entre �(s1) et �(~s1). Maintenant, la
Spin-struture rigide sur M :

(a1 [ f�(�H)) [f (H [ a2)

peut être homotop�ee dans M , grâe au double ollier de j2(S2), �a a1 [f a2. L'ap-
pliation de reollement :

Spin(M1; ~�1)� Spin(M2; ~�2)
[f- Spin(M);

envoie don, d'apr�es (3.2), le ouple ([a1 [ f�(�H)℄ ; [H [ a2℄) sur �. D'apr�es l'�etude
du as partiulier pr�e�edent, quelqu'aient pu être les hoix de ~�1 et ~�2, on a don :

~�0 = [a1 [ f�(�H)℄ [fh [H [ a2℄ :

Ainsi, pour une homotopie entre h�(~s2) et ~s2 induisant V 2 Spinr(S2 � I), nous
obtenons :

(3.4) ~�0 = [(a1 [ f�(�H)) [fh (�(V ) [H [ a2)℄ :

De même que pr�eedemment pour M , la Spin-struture rigide sur M 0 :

(a1 [ f�(�H)) [fh (h�(H) [ �(U) [ a2)

peut-être homotop�ee dansM 0, grâe au double ollier de j02(S2), �a a1[fh(�(U) [ a2).
D'apr�es (3.3), nous avons don :

(3.5) �0 = [(a1 [ f�(�H)) [fh (h
�(H) [ �(U) [ a2)℄ :
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D'apr�es (3.4) et (3.5), pour prouver que ~�0 = �0, il nous suÆt de montrer ette
�egalit�e de Spin-strutures relatives �a des strutures spinorielles :

(3.6) [�(V ) [H ℄ = [h�(H) [ �(U)℄ 2 Spin (S2 � I; ~�2 _[ (��2)) :
Puisque H2 (S2 � I; � (S2 � I)) n'a pas de 2-torsion, es Spin-strutures relatives
sont d�etermin�ees par leurs lasses de Chern relatives. Ayant :

 ([�(U)℄) = 0 et :  ([�(V )℄) = 0;

d'apr�es la Remarque 2.31, et le Lemme 2.32 impliquant :  ([h�(H)℄) = h� ( ([H ℄)) =
 ([H ℄), l'�egalit�e (3.6) est satisfaite d'apr�es la derni�ere assertion du Corollaire 2.36.
On onlut don �a la bonne d�e�nition de l'appliation 
.

On v�eri�e maintenant que l'appliation 
 est aÆne. Soient pour ela � 2
Spin(M) et x 2 H1(M). Ayant hoisie une Spin-struture �2 sur S2 et notant
�1 = f�(��2), on �erit � sous la forme :

� = �1 [f �2 2 Spin(M);

o�u �i 2 Spin(M;�i). On peut aussi �erire x sous la forme x = j1;�(x1) + j2;�(x2)
o�u xi 2 H1(Mi). Alors, P (x) � � = (P (x1) � �1) [f (P (x2) � �2), d'o�u :


 (P (x) � �) = (P (x1) � �1) [fh (P (x2) � �2)
= P

�
j01;�(x1) + j02;�(x2)

� � (�1 [fh �2)
= P (�j1;�(x1) + �j2;�(x2)) �
(�)
= P�(x) �
(�):

En�n, ave es mêmes notations :

P�1 (
(�)) = P�1 (�1 [fh �2)
= j01;�

�
P�1(�1)

�
+ j02;�

�
P�1(�2)

�
= �

�
j1;�

�
P�1(�1)

�
+ j2;�

�
P�1(�2)

��
= �

�
P�1 ((�))

� 2 H1(M
0):

�

Passons maintenant aux strutures spinorielles. Les �evaluations de Kroneker
permettent les identi�ations :

H1(M ;Z2) ' Hom(H1(M);Z2) et : H1(M 0;Z2) ' Hom(H1(M
0);Z2);

si bien que Hom(�;Z2) d�e�nit un isomorphisme :

H1(M 0;Z2)
�(2)- H1(M ;Z2):

Proposition 3.3. Il existe alors une bijetion anonique :

Spin(M)
�

'
- Spin(M 0)

qui est aÆne au-dessus de H1(M ;Z2)
(�(2))

�1

- H1(M 0;Z2). En outre :
a) si �M = ?, le diagramme suivant ommute :

Spin(M)
�

'
- Spin(M 0)

Spin(M)

�

? '


- Spin(M 0);

�

?
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b) si �M 6= ? et si  2 Spin(�M) est telle que w2(M;) = 0 et orrespond
�a 0 2 Spin(�M 0), alors w2(M

0; 0) = 0, �(Spin(M;)) = Spin(M 0; 0) et le
diagramme suivant ommute :

Spin(M;)
�j
'
- Spin(M 0; 0)

Spin(M;)

�

? '


- Spin(M 0; 0):

�

?

D�emonstration. Supposons �M non-vide : la preuve dans le as �M = ?,
par ailleurs plus ourte, s'en d�eduit ais�ement.

Soient  2 Spin(�M) telle que w2(M;) = 0 et � 2 Spin(M;). On note
�i 2 Spin(Si), �i 2 Spin(Ti) et �i 2 Spin(Mi; �i _[�i) les restritions de � (i = 1; 2).
D'apr�es le Corollaire 2.38, nous avons don :

(3.7) � = �1 [f �2 2 Spin(M;):

Comme h agit trivialement en homologie, (fh)�(��2) = �1. On peut don poser :

(3.8) �0 = �1 [fh �2 2 Spin(M 0; 0):

et d�e�nir �(�) := �0. Le fait que � (�(�)) = 
 (�(�)) d�eoule de (3.7), (3.8), de la
d�e�nition de l'appliation 
 et de la derni�ere assertion du Corollaire 2.38.

Montrons que � est aÆne. Soit y 2 H1(M ;Z2). Puisque j
�
i (y ��) = j�i (y) ��i 2

Spin(Mi) (i = 1; 2), nous avons :

�(y � �) = (j�1 (y) � �1) [fh (j
�
2 (y) � �2)

= P
�
j01;�P

�1j�1 (y) + j02;�P
�1j�2 (y)

� � (�1 [fh �2)
= P

�
j01;�P

�1j�1 (y) + j02;�P
�1j�2 (y)

� ��(�) 2 Spin(M 0):

Il suÆt don de montrer que P
�
j01;�P

�1j�1 (y) + j02;�P
�1j�2 (y)

�
= (�(2))�1(y) 2

H1(M 0;Z2). Or, pour tout x 2 H1(M) tel que x = j1;�(x1) + j2;�(x2) o�u xi 2
H1(Mi), nous avons :

< �(2)P
�
j01;�P

�1j�1 (y) + j02;�P
�1j�2 (y)

�
; x >

= < P
�
j01;�P

�1j�1 (y) + j02;�P
�1j�2 (y)

�
;�(x) >

= < P
�
j01;�P

�1j�1 (y) + j02;�P
�1j�2 (y)

�
; j01;�(x1) + j02;�(x2) >

=
�
j01;�P

�1j�1 (y) + j02;�P
�1j�2 (y)

� �M 0

�
j01;�(x1) + j02;�(x2)

�
=

�
P�1j�1 (y)

� �M1 x1 +
�
P�1j�2 (y)

� �M2 x2
= < j�1 (y); x1 > + < j�2 (y); x2 >
= < y; j1;�(x1) + j2;�(x2) >
= < y; x >

e qui onlut la preuve de la proposition. �

Remarque 3.4. Dans le as o�u �M = ?, on d�eduit des propositions num�erot�ees
3.2 et 3.3 que le diagramme suivant ommute :

H1(M ;Z2) �
�(2)

H1(M 0;Z2)

H2(M)

�

?
P�P�1

- H2(M 0)

�

?
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e qui peut se v�eri�er diretement. En e�et, notons H1(M ;Z2)
D- T2H1(M) la

ompos�ee P�1� �a valeur dans le sous-groupe de 2-torsion de H1(M). L'homomor-
phisme D est arat�eris�e par la propri�et�e suivante :

8y 2 H1(M ;Z2); 8x 2 TH1(M); �M (D(y); x) =
1

2
� < y; x >;

o�u �M d�esigne la forme d'enlaement de M et o�u 1
2 � est l'inlusion usuelle de Z2

dans Q=Z. L'isomorphisme �, restreint aux sous-groupes de torsion, v�eri�e : �M 0 Æ
(�j 
 �j) = �M . Prenons y 2 H1(M 0;Z2). On a alors pour tout y0 2 H1(M 0;Z2)
et pour tout x0 2 TH1(M

0) :

�M 0

�
�D�(2)(y0); x0

�
= �M

�
D�(2)(y0);��1(x0)

�
= 1

2 < �(2)(y0);��1(x0) >
= 1

2 < y0; x0 >
= �M 0 (D(y0); x0)

d'o�u : �D�(2) = D, e qui d�emontre la ommutativit�e du pr�e�edent diagramme.

3.2. Calul de lovers spinoriel. Nous sommes maintenant en mesure de
montrer que les hirurgies le long de lovers font sens pour les vari�et�es munies de
Spin-strutures ou de Spin-strutures.

3.2.1. Yk-hirurgies spinorielles omplexes. Soient une 3-vari�et�e M et un lo-
ver G dans M . On autorise M �a avoir du bord, auquel as nous �xons une Spin-
struture � sur �M et nous notons enore � 2 Spin (�MG) la struture orrespon-
dante par l'identi�ation anonique �M �= �MG.

Lemme 3.5. La hirurgie le long de G induit une bijetion anonique :

Spin(M)

G

'
- Spin(MG) ou : Spin(M;�)


G

'
- Spin (MG; �) ;

suivant que M est ferm�ee ou �a bord. Cette orrespondane est not�ee : � - �G.
En outre, l'appliation 
G est aÆne au-dessus de P�GP

�1, o�u �G est l'isomor-
phisme d'homologie qui est d�e�ni sans �equivoque par le diagramme ommutatif sui-
vant :

H1(M)

�
�
�
�
�

k�
��

H1 (M nN(G))

�
�
�
�
�

k0� RR
H1 (MG) :

' �G

?

Ii, N(G) d�esigne un voisinage r�egulier de G dans M , M n N(G) �
k- M et

M nN(G) �
k0- MG sont les inlusions.

Definition 3.6. La Spin-vari�et�e (MG; �G) est dite obtenue de (M;�) par
Yk-hirurgie spinorielle omplexe, ou Y k -hirurgie, le long de G.
On appelle Yk-�equivalene spinorielle omplexe, ou Y k -�equivalene, la relation d'�equi-
valene au sein des Spin-vari�et�es de dimension 3, engendr�ee par les Y k -hirurgies
et les Spin-di��eomorphismes.
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D�emonstration du Lemme 3.5. Tout d'abord, nous envisageons le as o�u

G est un Y -graphe. Nous �xons un plongement positif H3
�

j- M d'image un
voisinage r�egulier N(G) de G dans M . D'apr�es la Remarque 1.5, il existe un auto-
morphisme h de �3 = �H3 qui a la propri�et�e d'agir trivialement en homologie et
d'être tel qu'il existe un di��eomorphisme :

MG = M n int (N(G)) [jj� (H3)L
f
�=
- M n int (N(G)) [jj�Æh H3;

qui est l'identit�e sur M n int (N(G)). Il y a don une bijetion :

Spin (MG)
f�

'
- Spin

�
M n int (N(G)) [jj�Æh H3

�
:

D'apr�es la Prop. 3.2, il y a aussi une bijetion anonique :

Spin (M)



'
- Spin

�
M n int (N(G)) [jj�Æh H3

�
:

Nous posons alors 
G = f�1� 
. Nous devons v�eri�er que l'appliation 
G ne d�epend
pas des di��erents hoix interm�ediaires.

Nous v�eri�ons l'ind�ependane en la paire (h; f) v�eri�ant la propri�et�e �enon�ee
plus haut. Soit (h0; f 0) un autre hoix, il s'agit de prouver que le diagramme suivant
ommute :

Spin
�
M n int (N(G)) [jj�Æh H3

�

�
�
�
�
�



�

Spin(M)

�
�
�
�
�


0

R
Spin

�
M n int (N(G)) [jj�Æh0 H3

�

g�

?

o�u g = f 0 Æ f�1. Soit � 2 Spin(M). Choisissons une struture � 2 Spin(�3),
et �erivons � sous la forme �1 [ j�(�2) o�u �1 2 Spin (M n int (N(G)) ;�j�(�))
et �2 2 Spin(H3; �). Alors, 
(�) = �1 [jj�Æh �2 et 
0(�) = �1 [jj�Æh0 �2. Nous
avons : g� (
(�)) = �1 [jj�Æh0 (gj)� (�2). Ii, Spin(H3; �)

(gj)�- Spin(H3; �) est
l'identit�e puisque gjH3 agit trivialement en homologie et puisque les �el�ements de
Spin(H3; �) sont lassi��es par leurs lasses de Chern relatives. Il s'en suit que :
g� (
(�)) = 
0(�).

Ensuite, nous v�eri�ons l'ind�ependane en j. Soit j0 une trivialisation d'un autre

voisinage r�egulier N 0(G) de G dans M et soit
�
M

qt- M
�
t2[0;1℄

une isotopie

ambiante entre j et j0 : q0 = IdM et q1 Æ j = j0. Le di��eomorphisme q1 induit un
di��eomorphisme :

M n int (N(G)) [jj�Æh H3
q- M n int (N 0(G)) [j0j�Æh H3:
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Justi�er \l'ind�ependane en j" signi�e prouver la ommutativit�e du diagramme
suivant :

Spin
�
M n int (N(G)) [jj�Æh H3

�

�
�
�
�
�



�

Spin(M)

�
�
�
�
�


0

R
Spin

�
M n int (N 0(G)) [j0j�Æh H3

�
:

q�

?

Soit � 2 Spin(M) qu'on �erit, omme i-dessus, sous la forme : � = �1 [ j�(�2).
Puisque q1 est isotopique �a l'identit�e, il agit trivialement sur Spin(M), alors :
� = (q1)� (�) = (q1j)� (�1) [ j0�(�2). Nous obtenons ainsi : 
(�) = �1 [jj�Æh �2 et

0(�) = (q1j)� (�1) [j0j�Æh �2, si bien que : q� (
(�)) = 
0(�).

Nous envisageons maintenant le as g�en�eral o�u G est un lover de degr�e d � 1.
Remarquons que si G1 et G2 sont deux Y -graphes disjoints de M , il d�eoule alors
de la d�e�nition que, via l'identi�ation anonique entre (MG1)G2

et (MG2)G1
, les

Spin-strutures (�G1)G2
et (�G2)G1

se orrespondent.

Soit Y (G) = fG1; : : : ; Gdg la famille assoi�ee au loverG de d Y -graphes, num�erot�es
de fa�on quelonque. Nous posons alors :


G = 
Gd
Æ � � � Æ
G2 Æ
G1 :

�

3.2.2. Yk-hirurgies spinorielles. Soient une 3-vari�et�e M et un lover G dans
M . Le lemme suivant se d�emontre omme le Lemme 3.5.

Lemme 3.7. La hirurgie le long de G induit une bijetion anonique :

Spin(M)
�G

'
- Spin(MG):

Cette orrespondane est not�ee : � 7! �G.

En outre, l'appliation �G est aÆne au-dessus de P
�
�
(2)
G

��1
P�1, o�u �G est l'iso-

morphisme d'homologie qui est d�e�ni sans �equivoque par le diagramme ommutatif
suivant :

H1(M)

�
�
�
�
�

k�
��

H1 (M nN(G))

�
�
�
�
�

k0� RR
H1 (MG) :

' �G

?

Ii, N(G) d�esigne un voisinage r�egulier de G dans M , M n N(G) �
k- M et

M nN(G) �
k0- MG sont les inlusions.



3. RAFFINEMENTS SPINORIELS DE LA TH�EORIE DE GOUSSAROV-HABIRO 41

En�n, dans le as o�u �M 6= ? et si � 2 Spin(�M) est telle que w2(M;�) = 0 2
H2(M;�M ;Z2), nous avons �G (Spin(M;�)) = Spin(MG; �).

Definition 3.8. La Spin-vari�et�e (MG; �G) est dite obtenue de (M;�) par Yk-
hirurgie spinorielle, ou Y s

k -hirurgie, le long de G.
On appelle Yk-�equivalene spinorielle, ou Y s

k -�equivalene, la relation d'�equivalene
au sein des Spin-vari�et�es de dimension 3, engendr�ee par les Y s

k -hirurgies et les
Spin-di��eomorphismes.

Remarque 3.9. D'apr�es la Prop. 3.3 b), les bijetions �G et 
G sont ompa-
tibles entre-elles via les appliations anoniques �.

3.2.3. Extension du alul de lovers. On v�eri�e dans e paragraphe que le
alul de lovers s'�etend aux adres Spin et Spin.

Lemme 3.10. Soient M une 3-vari�et�e et � 2 Spin(M). Soient aussi G un lover
dans M et H �M un orps en anses plong�e ontenant G. Alors, via l'identi�ation
anonique :

MG
�= (M n int(H)) [ HG;

�G 2 Spin(MG) est l'unique Spin-struture �etendant �jMnint(H).

D�emonstration. Le fait que �G �etende e�etivement la restrition de � �a
M n int(H) est �evident de par la d�e�nition même de la Yk-hirurgie spinorielle le
long de G. L'uniit�e d�eoule de l'injetivit�e de l'appliation de restrition :

Spin(M) - Spin (M n int(H)) ;

laquelle est elle-même une ons�equene de l'injetivit�e de :

H1(M ;Z2)
k�- H1(M n int(H);Z2);

k d�esignant l'inlusion. Notons pour ette derni�ere que : H1 (M;M n int(H);Z2)
' H1(H; �H ;Z2) ' H2(H ;Z2) = 0. �

Remarque 3.11. L'analogue du Lemme 3.10 dans le adre Spin ne vaut que
si le lover G est nul-homologue dans M .

Proposition 3.12. Soient M une 3-vari�et�e, � 2 Spin(M) ainsi que G1 et G2

deux lovers �equivalents de M .
Alors, les strutures �G1 2 Spin (MG1) et �G2 2 Spin (MG2) se orrespondent via
le di��eomorphisme MG1

�= MG2 induit par une �equivalene de lovers entre G1 et
G2.

D�emonstration. Consid�erons une �equivalene entre les lovers G1 et G2 :
d'apr�es la D�e�nition 1.10, 'est la donn�ee d'un orps en anses H ontenant �a la

fois G1 et G2, et d'un di��eomorphisme HG1

f

�=
- HG2 dont la restrition aux

bords est ompatible ave les identi�ations anoniques �HGi
�= �H ; soit aussi

MG1

~f- MG2 le di��eomorphisme induit par ette �equivalene de lovers. D'apr�es
le Lemme 3.10, la struture �Gi

est l'unique Spin-struture de MGi
�etendant

�jMnint(H) (pour i = 1 et 2). Puisque la restrition de ~f �a M n int(H) est l'identit�e,

on en d�eduit que ~f� (�G2) = �G1 . �

Proposition 3.13. Soit M une 3-vari�et�e ainsi que, dans le as o�u �M 6= ?,
une Spin-struture � sur �M . Soient aussi G1 et G2 deux lovers �equivalents de
M et � 2 Spin(M) ou � 2 Spin(M;�) suivant que M est ferm�ee ou �a bord.
Alors, les strutures �G1 et �G2 se orrespondent via le di��eomorphisme MG1

�=
MG2 induit par une �equivalene de lovers entre G1 et G2.
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D�emonstration. Donnons la preuve dans le as �a bord. Soit H un orps en

anses ontenant �a la fois G1 et G2, et HG1

f

�=
- HG2 une �equivalene entre les

lovers G1 et G2 induisant le di��eomorphisme MG1

~f- MG2 (voir D�e�nition
1.10). On d�esire montrer que :

(3.9) ~f� (�G2) = �G1 2 Spin (MG1 ; �) :

Prenons aussi � 2 Spin(�H) telle que w2(H; �) = 0. L'appliation de reollement
donn�ee par le Corollaire 2.36 :

Spin (M n int(H); � _[(��))� Spin(H; �)
[- Spin(M;�)

est surjetive vu que �H est onnexe. Il existe don  2 Spin (M n int(H); � _[(��))
et 0 2 Spin(H; �) telles que � =  [ 0. Vu que :

(3.10) MGi
�= (M n int(H)) [HGi

on a aussi une appliation de reollement :

Spin (M n int(H); � _[(��))� Spin(HGi
; �)

[- Spin(MGi
; �);

et il d�eoule de la d�e�nition de �Gi
que : �Gi

=  [ 0Gi
. Alors ~f� (�G2) =  [

f�
�
0G2

�
, et l'�egalit�e (3.9) d�eoulera don de :f�

�
0G2

�
= 0G1

2 Spin (HG1 ; �).
On peut don supposer sans restrition de g�en�eralit�e que :

w2(M;�) = 0 2 H2(M;�M ;Z2):

Sous ette hypoth�ese, on sait grâe �a la Proposition 3.12 que (3.9) est satisfaite
lorsque � est dans l'image de :

Spin (M;�)
�- Spin (M;�) :

Soit �0 2 Im(�) et y 2 H2(M;�M) tel que � = y � �0. La lasse P�1(y) 2
H1(M) est l'image d'une lasse z 2 H1 (M n int(H)) par k�, M n int(H) �

k- M

d�esignant l'inlusion. On note aussi M n int(H) �
ki- MGi

l'inlusion lue dans la
d�eomposition (3.10). Alors, �G2 = (y � �0)G2

= P�G2P
�1(y) �(�0)G2 , puis : �G2 =

Pk2;�(z) � (�0)G2 . D'o�u : ~f� (�G2) = ~f�Pk2;�(z) � (�0)G1 = P ~f�1� k2;�(z) � (�0)G1

= Pk1;�(z) � (�0)G1 = P�G1P
�1(y) � (�0)G1 . Nous en d�eduisons �nalement que :

~f� (�G2) = (y � �0)G1
= �G1 . �

Par ons�equent, les r�esultats g�en�eraux de la th�eorie de Goussarov-Habiro qui
se d�emontrent par alul de lovers, ont des �enon�es analogues dans les ontextes
Spin et Spin.

Exemple 3.14. De la Figure 1.5, nous d�eduisons par exemple que la relation
de Y s

k+1-�equivalene (resp. Y 
k+1-�equivalene) est plus �ne que la relation de Y s

k -
�equivalene (resp. Y 

k -�equivalene).

3.3. Invariants de type �ni spinoriels au sens de Goussarov-Habiro.
Soit Ms

0 une lasse de Y s-�equivalene de Spin-vari�et�es, �eventuellement �a bord et
soit :

F (Ms
0) = Z � Ms

0

le groupe ab�elien librement engendr�e sur Ms
0. Alors, omme en x1.2, on d�e�nit

suessivement le rohet :
[(M;�);�℄

o�u (M;�) 2Ms
0 et o�u � est une famille de lovers deux-�a-deux disjoints de M , puis

les sous-groupes :
F l
k (Ms

0) ; Fk (Ms
0) et : F l (Ms

0)
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de F (Ms
0). Le alul de lovers valant aussi dans le as Spin (par la Proposition

3.12), les inlusions :

F l
k0(Ms

0) � F l
k(Ms

0) � F l0

k (Ms
0)

sont satisfaites pour des entiers 1 � l � l0 � k � k0. On en d�eduit que la famille
(Fk (Ms

0))k�1 est une �ltration desendante de F (Ms
0).

Definition 3.15. Soit A un groupe ab�elien. Une appliationMs
0

f- A est un

invariant de type �ni spinoriel de degr�e au plus k, si son extension F(Ms
0)

f- A
s'annule sur Fk+1(Ms

0). f est un invariant de type �ni de degr�e k, si son extension
s'annule sur Fk+1(Ms

0) mais prend une valeur non-nulle sur Fk(Ms
0).

En �xantM
0 une lasse de Y

-�equivalene de Spin-vari�et�es, qui peuvent être
�eventuellement �a bord (auquel as les Spin-strutures prises en ompte sont rela-
tives �a des strutures spinorielles), on d�e�nit de fa�on analogue les invariants de
type �ni spinoriels omplexes.

Remarquons qu'une lasse de Y s-�equivaleneMs
0 d�etermine de la fa�on �evidente

une lasse de Y -�equivaleneM
0 et une lasse de Y -�equivaleneM0. On a un dia-

gramme ommutatif :

F(Ms
0)

�- F(M
0)

�
�
�
�
�

oubli
R
F(M0):

oubli

?

Tous es homomorphismes respetent les �ltrations Fk(�). Ainsi, un invariant de
type �ni de degr�e k d�etermine un invariant de type �ni spinoriel omplexe de degr�e
k, et un invariant de type �ni spinoriel omplexe de degr�e k d�etermine un invariant
de type �ni spinoriel de degr�e k.

En�n, omme expliqu�e au x1.2 pour la th�eorie brute, l'�etude de la th�eorie de
Goussarov-Habiro raÆn�ee Spin ou Spin sinde en deux parties.

Remarque 3.16. Le fait que leur th�eorie puisse être raÆn�ee aux vari�et�es mu-
nies de Spin-strutures �etait d�ej�a mentionn�e par Goussarov dans [Go℄ et Habiro
dans [Hr℄.

Remarque 3.17. Nos tehniques (en partiulier, les Propositions 3.3 et 3.2),
permettent de raÆner aux adres Spin et Spin les th�eories d'invariants de type
�ni assoi�ees �a des mouvements �el�ementaires autres que la Y -hirurgie, tant que
eux-i se d�e�nissent par des twists le long de surfaes plong�ees par des �el�ements
de leur groupe de Torelli. Voii des exemples de tels mouvements :

(1) la hirurgie sur les \blinks" (voir [GGP, x1.7℄).
(2) la hirurgie sur les \boundary links" (voir [GGP, x1.6℄).
(3) le mouvement de Whitehead (voir [Mt℄ et [MP, x4.6℄).





CHAPITRE 2

Formes quadratiques et invariants de type �ni des

Spin-vari�et�es ferm�ees de dimension 3

1. Introdution

The notion of Borromean surgery was introdued by Matveev in [Mt℄ as an
example of what he alled a V-surgery. Sine then, this transformation has be-
ome the elementary move of Goussarov-Habiro �nite type invariants theory for
oriented 3-manifolds ([Hr℄, [Go℄, [GGP℄). Matveev showed that the equivalene
relation, among losed oriented 3-manifolds, generated by Borromean surgery is
haraterized by the pair:

(�1(M); isomorphism lass of �M );

where �1(M) is the �rst Betti number of a 3-manifold M and

TH1(M ;Z)
 TH1(M ;Z)
�M- Q=Z

is its torsion linking form, where TH1(M) denotes the torsion subgroup of H1(M).
This result gives a haraterization of degree 0 invariants in Goussarov-Habiro
theory for losed oriented 3-manifolds.

As mentioned by Habiro and Goussarov, their �nite type invariants theory (in
short: \FTI theory") makes sense also for 3-manifolds with spin struture beause
Borromean surgeries work well with spin strutures (see x3). So, the question is:
what is the \spin" analogue of Matveev's theorem?
For eah losed spin 3-manifold (M;�), a quadrati form

TH1(M ;Z)
�M;�- Q=Z

an be de�ned by many ways (see [LL℄, [MS℄, and also [T2℄, [Gi℄). The bilinear
form assoiated to �M;� is �M . Its Gauss-Brown invariant is equal to �RM (�)
modulo 8, where

Spin(M)
RM- Z16

is the Rohlin funtion of M , sending a spin struture � of M to the modulo 16
signature of a spin 4-manifold whih spin-bounds (M;�). The main result is the
following re�nement of Matveev's theorem:

Theorem 1.1. Let (M;�) and (M 0; �0) be onneted losed spin 3-manifolds.
Then, the following assertions are equivalent:

(1) (M;�) and (M 0; �0) an be obtained from one another by spin Borromean
surgeries,

(2) there exists a homology isomorphism f : H1(M ;Z) - H1(M
0;Z) suh

that:

�M;� = �M 0;�0 Æ f j;
(3) RM (�) = RM 0(�0) modulo 8 and there exists a homology isomorphism

f : H1(M ;Z) - H1(M
0;Z) suh that:

�M = �M 0 Æ (f j)
2
:
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The equivalene between assertions 2 and 3 will be the topologial statement of
an algebrai fat: a nondegenerate quadrati form on a �nite Abelian group is de-
termined, up to isomorphism, by its assoiated bilinear form and its Gauss-Brown
invariant.

In x2 we reall Matveev's notion of V-surgery. With this bakground, we then
reall the de�nition of Borromean surgery, and give equivalent desriptions of other
authors.
In x3, we larify how all of these notions have to be understood in the spin ase:
in partiular, spin Borromean surgeries are introdued. As a motivation to Theo-
rem 1.1, FTI for spin 3-manifolds, in the sense of Habiro and Goussarov, are then
de�ned: the Rohlin invariant is shown to be a �nite type degree 1 invariant. It
should be mentioned that Cohran and Melvin have proposed a di�erent FTI the-
ory in [CM℄, and have also re�ned their theory to the ase of spin manifolds.
x4 is of an algebrai nature. We reall some de�nitions and results about quadrati
forms on �nite Abelian groups. We also prove the above mentioned algebrai fat:
the proof makes use of Kawauhi-Kojima lassi�ation of linking pairings.
x5 is the topologial ousin of the former: we review the quadrati form �M;� .
Starting from Turaev 4-dimensional de�nition in [T2℄, we then give an intrinsi
de�nition for �M;� (no referene to dimension 4).
x6 is devoted to the proof of Theorem 1.1. It goes as a re�nement of the orig-
inal proof by Matveev for the \unspun" ase. Last setion will give some of its
appliations.

2. Borromean surgeries and equivalent moves

First of all, we want to reall the unifying idea of V-surgery by Matveev in
[Mt℄. This will allow us to have a more oneptual view of Borromean surgeries.

2.1. Review of Matveev V-surgeries. We begin with some general de�ni-
tions.

Definition 2.1. A Matveev triple is a triple of oriented 3-manifolds:

(2.1) V = (V; V1; V2);

where V is losed and is the union of �V1 and V2 along their ommon boundary
�V1 = �V2, as depited in Figure 2.1.
The triple (�V; V2; V1) is alled the inverse of V and is denoted by V�1.

V

1
V

V

2

Figure 2.1: What will be removed and what will be glued during the surgery.



2. BORROMEAN SURGERIES AND EQUIVALENT MOVES 47

Let now M be a losed oriented 3-manifold and let j : V1 - M be an
orientation-preserving embedding. Form the following losed oriented 3-manifold:

(2.2) M 0 =M n int (j(V1)) [jj� V2:

Definition 2.2. With the above notations, M 0 is said to be obtained from M
by V-surgery along j.

Note that if k denotes the embedding of V2 in M 0, then M is obtained from M 0 by
V�1-surgery along k.

Definition 2.3. Two Matveev triples V and V 0 are said to be equivalent if
there exists an orientation-preserving di�eomorphism from V to V 0 sending �V1 to
�V 0

1 , and V2 to V 0
2 .

Note that, if the triples V and V 0 are equivalent, then they have the same surgery
e�et.

Example 2.4. Let �g denote the genus g losed oriented surfae and let Hg be
the genus g oriented handlebody. Then, eah orientation-preserving di�eomorphism
f : �g

- �g leads to a triple:

Vf := ((�Hg) [f Hg ; Hg ; Hg) :

A Vf -surgery amounts to \twist" an embedded genus g handlebody by f . For
instane, from the standard genus one Heegaard deomposition of S3, integral Dehn
surgery is reovered.

2.2. Review of Borromean surgeries. The original Matveev's point of view
was:

Definition 2.5. A Borromean surgery is a B-surgery with:

B = (B := (�B1) [ B2; B1; B2) ;

where the \halves" B1 and B2 are obtained from the genus 3 handlebody by surgery
on three-omponent framed links as shown in Figure1 2.2.

2B1
B

Figure 2.2: The triple B.

We now reall Goussarov's notion of Y -surgery in [Go℄. This move is equivalent
to the A1-move of Habiro in [Hr℄.

1Blakboard framing onvention is used.
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Definition 2.6. A Y -graph G in a losed oriented 3-manifold M is an (unori-
ented) embedding of the surfae drawn in Figure 2.3, together with its deomposi-
tion between leaves, edges and node.
The losed oriented 3-manifold obtained from M by Y -surgery along G is:

MG := (M n int(N(G))) [ (H3)L;

where N(G) �=+ H3 is a regular neighbourhood of G in M , and (H3)L is the
surgered handlebody on the six-omponent link L drawn on Figure 2.4.
We all Y -equivalene the equivalene relation among losed oriented 3-manifolds
generated by orientation-preserving di�eomorphisms and Y -surgeries.

The node

One of the 
three edges

One of the 
three leaves

Figure 2.3: A Y-graph.

A leaf-component of L, and

node-component of L
the corresponding

Figure 2.4: The surgery meaning of a Y -graph.

Note that a Y -surgery is a Y-surgery if we all Y the triple:

Y = (Y := (�H3) [ (H3)L; H3; (H3)L) ;

the orresponding Y -graph gives the plae where the Y-surgery must be performed.

Lemma 2.7. The Matveev triples B and Y are equivalent. Thus, Borromean
surgery is equivalent to Y -surgery.

Proof. We will show that both of the triples B and Y are equivalent to a
triple Vh, de�ned by an orientation-preserving di�eomorphism h : �3 - �3.
We start with the \half" (H3)L of Figure 2.4: handle-sliding of eah node-omponent
over the orresponding leaf-omponent, followed by some isotopies of framed links
gives Figure 2.5, where only part of the link is drawn. Up to a (+1)-framing orre-
tion, the three depited omponents ai an be normally pushed o� at one towards
the boundary: we obtain three disjoint urves �i on �H3. Note that during this
push-o�, none of the three omponents bi is interseted. Then, the omponents bi
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i

a

b

i

Figure 2.5: The link L of Figure 2.4 after some Kirby's moves.

an also be pushed o� so that the framing orretion is now �1: the result is a
family of three disjoint urves �i. After a onvenient isotopy of the handles, the
urves �i and �i an be depited as on Figure 2.6.

iα i
β

Figure 2.6: The urves �i (on the lefthand side) and �i (on the righthand side)
resulting from the push-o� of the orresponding knots ai and bi of Figure 2.5.

We de�ne h := h�1b Æ ha, where ha and hb are the following omposites of
(ommuting) Dehn twists:

ha =
3Y
i=1

��i
and hb =

3Y
i=1

��i
:

Aording to the Likorish trik [Li, proof of Theorem 2℄, a Y-surgery is therefore
equivalent to a Vh-surgery.

On the other hand, from Figure 2.2, we dedue that a B-surgery is equivalent
to a Vh0 -surgery where h0 := hb Æh�1a . Let mi denote the meridian of the ith handle
of H3, for i = 1; 2; 3. Then, the equation:

(2.3) k�1 = k Æ
3Y
i=1

�2mi

holds for both ha and hb so that h = h0. �
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Remark 2.8 (Fundamental remark). Note that, in the proof of Lemma 2.7,
the urve �i is homologous in the surfae �3 to the orresponding urve �i (look
at Figure 2.6). As a onsequene, the di�eomorphism h : �3 - �3 belongs to
the Torelli group. In the sequel, we will all h the Borromean di�eomorphism.

In order to have a omplete understanding of these equivalent triples B, Y or
Vh, it remains to reognize their underlying losed 3-manifolds.

Lemma 2.9. The losed 3-manifolds B and Y , respetively de�ned by the triples
B and Y, are both homeomorphi to the 3-torus S1 � S1 � S1.

Proof. Aording to Lemma 2.7, B and Y are di�eomorphi. Let us identify
Y . Reall that Y was de�ned as:

(2.4) Y = (�H3) [ (H3)L:

Write L as La _[ Lb where La (resp. Lb) is the sublink ontaining the leaf(resp.
node)-omponents. Note that Lb an be isotoped in Y n La to some Borromean
rings ontained in a 3-ball disjoint from La: make Lb leave the handlebody where
it was lying, towards the handlebody with the minus sign in (2.4). So Y is obtained
from (�H3) [ (H3)La by surgery on some Borromean rings ontained in a little
3-ball. The lemma then follows from the fat that the latter is nothing but S3. �

3. Spin Borromean surgeries

We now go into the world of spin 3-manifolds. We refer to [Ki, Chapter IV℄
for an introdution to spin strutures. As a warm up, we reall a few fats in the
next subsetion.

3.1. Gluing of spin strutures. Let n � 2, and letM be a ompat smooth
oriented n-manifold endowed with a Riemannian metri. Its bundle of oriented
orthonormal frames will be denoted by FM : it is a prinipal SO(n)-bundle with
total spae E(FM) and with projetion p.
Reall that if M is spinnable, Spin(M) an be thought of as:

Spin(M) =
�
� 2 H1 (E(FM);Z2) : �j�ber 6= 0 2 H1 (SO(n);Z2)

	
;

and is essentially independant of the metri. The set Spin(M) is then an aÆne
spae over H1(M ;Z2), the ation being de�ned by:

8x 2 H1(M ;Z2); 8� 2 Spin(M); x � � := � + p�(x):

Lemma 3.1. For i = 1; 2, let Mi be a ompat smooth oriented n-manifold
and let Si be a submanifold of �Mi with orientation indued by Mi. Let also f :
S2 - S1 be an orientation-reversing di�eomorphism and let M =M1 [f M2.
Assume that M1 and M2 are spinnable, that S2 is onneted, and that the set:

J = f(�1; �2) 2 Spin(M1)� Spin(M2) : f� (��1jS1) = �2jS2g
is not empty. Then, M is spinnable and the restrition map:(

Spin(M)
r- Spin(M1)� Spin(M2)

� - (�jM1 ; �jM2) ;

is injetive with J as image.

Proof. For i = 1 or 2, let F+Si be the prinipal SO(n)-bundle derived from
FSi and the inlusion of groups:

SO(n� 1) �
g- SO(n):
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We still denote by g the anonial map from FSi to F+Si. Then,

H1
�
E
�
F+Si

�
;Z2

� g�- H1 (E (FSi) ;Z2)

is an isomorphism. The bundle F+Si an be identi�ed with FMijSi
. In partiular,

there is an inlusion map ki : E (F+Si) � - E(FMi).
Moreover, the di�eomorphism f indues a further identi�ation:

E
�
F+S2

� f

'
- E

�
F+S1

�
;

suh that the total spae E(FM) is homeomorphi to the gluing:

E(FM1) [k1fk�12
E(FM2):

We denote by ji the orresponding inlusion of E(FMi) into E(FM). But now, by
the Mayer-Vietoris sequene, we have:

H1 (E(FM);Z2)
(j�1 ; j

�
2 )- H1 (E(FM1);Z2)�H1 (E(FM2);Z2)

H1
�
E
�
F+S2

�
;Z2

�
:

(k1 Æ f)� � k�2

?

Note that g� Æ (k1 Æ f)� sends eah �1 2 Spin(M1) to f�(��1jS1), while g� Æ k�2
sends eah �2 2 Spin(M2) to �2jS2 . Note also that, sine S2 is onneted, the map
(j�1 ; j

�
2 ) is injetive. The whole lemma then follows from these two remarks and

from the exatness of the Mayer-Vietoris sequene. �

Definition 3.1. With the notations and hypothesis of Lemma 3.1, for eah
(�1; �2) 2 J , the unique spin struture ofM sent by r to (�1; �2) is alled the gluing
of the spin strutures �1 and �2, and is denoted by �1 [ �2.

3.2. Spin V-surgeries. In some ases, a Matveev V-surgery, whose de�nition
has been realled in x2.1, makes sense for spin 3-manifolds.

Definition 3.2. A Matveev triple V = (V; V1; V2) is said to be spin-admissible,
if �V1 = �V2 is onneted, and if the maps:

H1(V ;Z2) - H1(V1;Z2) and H1(V ;Z2) - H1(V2;Z2);

indued by inlusions, are isomorphisms.

Suppose now that V is a spin-admissible triple. Note that the restrition maps:

Spin(V )
r1- Spin(�V1) and Spin(V )

r2- Spin(V2)

are then bijetive. Let alsoM be a losed oriented 3-manifold and let j : V1 - M
be an orientation-preserving embedding. As in x2.1, we denote by M 0 the result of
the V-surgery along j, and we want to de�ne a anonial bijetion:

Spin(M)
�j;V- Spin(M 0):

First, the embedding j allows us to de�ne the following map:(
Spin(M)

�j;V- Spin(V )
� - r�11 (�j�(�)):

From formula (2.2) and from De�nition 3.1, we an de�ne �j;V(�) as the following
gluing:

�j;V(�) := �jMnint(j(V1)) [ r2 (�j;V(�)) :

The inverse of �j;V is �k;V�1 , where k denotes the embedding of V2 in M 0 .
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Definition 3.3. With the above notations, the spin manifold (M 0;�j;V(�)) is
said to be obtained from (M;�) by spin V-surgery along j.

Example 3.2. Let f : �g
- �g be an orientation-preserving di�eomor-

phism. Denote by K the lagrangian subspae of H1(�g ;Z2) spanned by the merid-
ians. Then, as an be easily veri�ed, the triple Vf of Example 2.4 is spin-admissible
if and only if f�(K) = K. For instane, this ondition is satis�ed when f belongs
to the Torelli modulo 2 group.

Lemma 3.3. In the partiular ase of Example 3.2, that is when V = Vf with
f�(K) = K, then for eah � 2 Spin(M), �j;V(�) is the unique spin struture of
M 0 extending �jMnint(j(V1)).

Proof. In that ase, V2 is a handlebody and so H1 (M 0;M n int (j(V1)) ;Z2)
is zero. Therefore, the restrition map Spin(M 0) - Spin(M n int(j(V1))) is
injetive. �

3.3. De�nition of Y s-surgeries. From Lemma 2.7 and from Remark 2.8
above, we have learnt that both of the triples B and Y are equivalent to the triple
Vh where h is the Borromean di�eomorphism whih belongs to the Torelli group.
So, by Example 3.2, they are spin-admissible and the following de�nition makes
sense:

Definition 3.4. A Y s-surgery, or equivalently a spin Borromean surgery, is
the surgery move among losed spin 3-manifolds de�ned equivalently by the triples
Y or B. We all Y s-equivalene the equivalene relation among them generated by
spin di�eomorphisms and Y s-surgeries.

Let (M;�) be a losed spin 3-manifold and let G be a Y -graph in M . The
Y s-surgery along G gives a new spin manifold whih will be denoted by:

(MG; �G):

Let j : H3
- N(G) be an embedding of the genus 3 handlebody onto a regular

neighbourhood of G in M . Then,

(3.1) MG
�= M n int (N(G)) [jj�Æh H3;

and aording to Lemma 3.3, �G is the unique spin struture of MG extending
�jMnint(N(G)).

3.4. Goussarov-Habiro FTI theory for spin 3-manifolds.

Lemma 3.5. Let (M;�) be a losed spin 3-manifold and let G and H be disjoint
Y -graphs in M . Then, up to di�eomorphism of manifolds with spin struture,

((MG)H ; (�G)H) = ((MH)G; (�H )G) :

Proof. The equality (MG)H = (MH)G is obvious. By onstrution, both of
(�G)H and (�H )G are extensions of �jMn(N(G)[N(H)). The lemma then follows from
the fat that the restrition map:

Spin ((MG)H ) - Spin (M n (N(G) [N(H)))

is injetive sine:

H1 ((MG)H ;M n (N(G) [N(H)) ;Z2) = 0:

�

Let S = fG1; : : : ; Gsg be a family of disjoint Y -graphs in a losed 3-manifold
M with spin struture �. Lemma 3.5 says that Y s-surgery along the family S is
well-de�ned. We denote the result by (MS ; �S). Following Habiro and Goussarov
de�nition of a �nite type invariant ([Hr℄, [Go℄), we an now de�ne:
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Definition 3.4. Let A be an Abelian group and let � be an A-valued invariant
of 3-manifolds with spin struture. Then, � is an invariant of degree at most n if
for any losed spin 3-manifold (M;�) and any family S of at least n+ 1 Y -graphs
in M , the following identity holds:

(3.2)
X
S0�S

�(MS0 ; �S0) = 0 2 A;

where the sum is taken over all subfamilies S0 of S. Moreover, � is of degree n if it
is of degree at most n, but is not of degree at most n� 1.

Remark 3.6. Note that the degree 0 invariants are preisely those invariants
whih are onstant on eah Y s-equivalene lass. So, the re�ned Matveev theorem
will quantify how powerful they an be.

The next subsetion will provide us some examples of invariants whih are �nite
type in the sense of De�nition 3.4.

3.5. Rohlin invariant under Y s-surgery.

Proposition 3.7. Let (M;�) be a losed spin 3-manifold, and let G be a Y -
graph in M . Then, the following formula holds:

RMG(�G) = RM (�) +RS1�S1�S1 (�G(�)) 2 Z16;

where the map �G : Spin(M) - Spin(S1 � S1 � S1), indued by the Y-surgery
along G, has been de�ned in x3.2.

Proof. Aording to Lemma 2.9, we an think of the 3-torus as:

(3.3) S1 � S1 � S1 = (�H3) [h H3:

The surgered manifold MG will be thought of onretely as in (3.1).
Pik a spin 4-manifold W spin-bounded by (M;�), and a spin 4-manifold H spin-
bounded by the 3-torus with �G(�) as a spin struture. Glue the \generalized"
handle H to W along the �rst handlebody of the 3-torus in deomposition (3.3),
using j as glue. We obtain a 4-manifold W 0. Orient W 0 oherently with H and
W , and then give to W 0 the spin struture obtained by gluing those of H and W
(see De�nition 3.1). It follows from de�nitions that the spin-boundary of W 0 is
(MG; �G).
Aording to Wall's theorem on non-additivity of the signature (see [W3℄), we have:

(3.4) sgn(W 0) = sgn(W ) + sgn(H)� orreting term:

The involved orreting term is the signature of a real bilinear symmetri form
expliitly desribed by Wall. It is de�ned by means of the intersetion form in �3,
with domain:

V =
A \ (B + C)

A \ B +A \ C ;
where A,B,C are subspaes of H1(�3;R) de�ned to be respetively the kernels of:

H1(�3;R)
(jj�)�- H1(�N(G);R)

i�- H1(M n int(N(G));R);

H1(�3;R)
i� - H1(H3;R);

and: H1(�3;R)
(h�1)�- H1(�3;R)

i� - H1(H3;R):

No matter who is A, sine the Borromean di�eomorphism h lies in the Torelli group,
we ertainly have B = C. The spae V then vanishes and so does the orreting
term. The announed equality then follows by taking equation (3.4) modulo 16. �
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Corollary 3.8. The Rohlin invariant is a degree 1 invariant of losed spin
3-manifolds for Goussarov-Habiro theory, and its modulo 8 redution is of degree 0.

Remark 3.9. In Cohran-Melvin theory, the Rohlin invariant is a degree 3
�nite type invariant (see [CM, Prop. 6.2℄).

Proof of Corollary 3.8. Last statement is lear from Proposition 3.7 and
from the fat that the Rohlin funtion of the 3-torus takes values in f0; 8g � Z16.
Let us show that the Rohlin invariant is at most of degree 1. Take a losed
spin 3-manifold (M;�) and two disjoint Y -graphs G and H in M . Aording to
Proposition 3.7, in order to show that:

(3.5) RM (�)�RMG
(�G)� RMH

(�H ) +RMG;H
(�G;H) = 0;

it suÆes to show that:

(3.6) �G(�) = �G(�H) 2 Spin(S1 � S1 � S1);

where the left �G is de�ned by G � M and the right �G is de�ned by G � MH .
But this follows from de�nition of the maps �G and from the fat that �H extends
�jMnN(H).
It remains to show that the Rohlin invariant is not of degree 0 (and so it will be
\exatly" of degree 1). For instane, all of the spin strutures of the 3-torus are
related one to another by Y s-surgeries (Cf Example 3.14 below) and so are not
distinguished one to another by degree 0 invariants. But Rohlin distinguishes one
of them from the others. �

3.6. Y s-surgeries through surgery presentations on S3.
We �rst �x some notations. We all VL the 3-manifold obtained from S3 by

surgery along a ordered oriented framed link L = (L1; : : : ; Ll) of length l, and
WL the orresponding 4-manifold obtained from B4 by attahing 2-handles and
sometimes alled the trae of the surgery. Let also BL = (bij)i;j=1;:::;l be the
linking matrix of L.
Reall that H2(WL;Z) is free Abelian of rank l. For eah i = 1; : : : ; l, hoose a
Seifert surfae of Li in S3 and push it o� into the interior of B4: denote the result
by Pi. Then, glue Pi to the ore of the ith 2-handle to obtain a losed surfae Si.
A basis of H2(WL;Z) is then given by ([S1℄; : : : ; [Sl℄).

We now reall a nie ombinatorial way to desribe spin strutures of VL. This
is by means of the so-alled \harateristi solutions of BL" or, equivalently, \har-
ateristi sublinks of L".
A vetor s 2 (Z2)

l or, equivalently, the sublink of L ontaining the omponents Li
suh that si = 1, are said to be harateristi if the following equation is satis�ed:

(3.7) 8i = 1; : : : ; l ;

lX
j=1

bij � sj = bii 2 Z2:

We denote by SL the subset of (Z2)
l omprising the harateristi solutions of BL.

There is a bijetion:

Spin(VL)
' - SL

whih is de�ned by the following omposition:

Spin(VL)
o- H2(WL; VL;Z2)

P

'
- H2(WL;Z2) '

- (Z2)
l

where o sends any � 2 Spin(VL) to the obstrution to extending � to the whole
of WL, P is the Poinar�e duality isomorphism and the last map is de�ned by the
basis ([S1℄; : : : ; [Sl℄). With this ombinatorial desription, Kirby's theorem an be
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re�ned to losed spin 3-manifolds (see [Bl℄).
The following lemma, more general than needed, will allow us to enuniate in those
terms the e�et of a Y s-surgery.

Lemma 3.10. Let L [K be the ordered union of two ordered oriented framed
links in S3 and let H � S3 be an embedded handlebody suh that K is ontained in
the interior of H, L is disjoint from H, and HK is a Z2-homology handlebody.

Suppose that � 2 Spin (VL[K) is represented by a harateristi solution s 2
(Z2)

l+k of BL[K satisfying the following two properties:

(1) (s1; : : : ; sl) 2 (Z2)
l is a harateristi solution of BL,

(2) for all i 2 f1; : : : ; kg suh that sl+i 6= 0, the omponent Ki bounds a
Seifert surfae within H.

Then, the restrited spin struture:

�j 2 Spin(VL[K n int(HK)) = Spin(VL n int(H));

extends to the spin struture of VL represented by (s1; : : : ; sl) 2 (Z2)
l.

Proof. In the following, all (o)homology groups are assumed to be with
oeÆients in Z2. We use the above �xed notations.
Let us onsider the map:

Spin (VL nH)
o- H2 (WL; VL nH) ;

where o(�) is the obstrution to extending any � 2 Spin(VL n H) to the whole
of WL. Let also Æ� : H1 (VL nH) - H2 (WL; VL nH) denote the onneting
homomorphism for the pair (WL; VL nH). Note that the following equation holds:

(3.8) 8x 2 H1 (VL nH) ;8� 2 Spin(VL nH); o(x � �) = o(�) + Æ�(x):

Sine Æ� is injetive, it follows that o is injetive.
The same map o an be de�ned for VL relatively to WL, and for VL[K and VL[K n
HK relatively to WL[K . We have thus the following ommutative diagram:

Spin(VL[K) �
o - H2(WL[K ; VL[K)

'
P
- H2(WL[K)

Spin(VL[K nHK)
?

\

�
o- H2(WL[K ; VL[K nHK)

?

\

'
P
- H2(WL[K ; HK)

?

\

r

Spin(VL nH)

wwwwwwwww
�

o - H2(WL; VL nH)

? '
P
- H2(WL; H) �

Spin(VL)
[

6

�
o - H2(WL; VL)

[

6

'
P
- H2(WL)

i�

[

6

where the letter P stands for a Poinar�e duality isomomorphism, the vertial arrows
are indued by inlusions and the map r is de�ned by planar ommutativity.
From intersetion theory, we dedue that:

(3.9)

� 8i 2 f1; : : : ; lg; r ([Si℄) = [Si℄;
8i 2 fl + 1; : : : ; l + kg; r ([Si℄) = [Pi℄:
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Let now � be a spin struture of VL[K suh that the orresponding harater-
isti solution s of BL[K satis�es the onditions 1 and 2 of the lemma.
We de�ne ~s := (s1; : : : ; sl) 2 (Z2)

l. By hypothesis 1, there exists a unique spin
struture ~� of VL with ~s as assoiated harateristi solution of BL. We want to
show that �j = ~�j. Diagram hasing shows that proving r ÆP Æ o(�) = i� ÆP Æ o(~�)
should suÆe. This follows from hypothesis 2, formulas (3.9) and from the fat
that P Æ o(�) = s and P Æ o(~�) = ~s. �

Let us now ome bak to the ase of a Y s-surgery. LetM be a losed oriented 3-
manifold and letMG be obtained fromM by surgery along a Y -graph G. Aording
to x3.2, Y-surgery along G indues a bijetive map:

Spin(M)
�G- Spin(MG):

With the notations of x3.3, eah � is sent by �G to �G.
Suppose now that we are given a surgery presentation M = VL of M . Isotope

the graph G in M to make it disjoint from the dual of L, so that G is in S3 n L.
Let H be a regular neighbourhood of G. A few Kirby's aluli, inside H , show that
surgery along this Y -graph is equivalent to surgery on the two-omponent link K
of Figure 3.1. We prefer this unsymmetri link to Figure 2.4 beause of the fewer
omponents.

1
K

K2

Figure 3.1: Y -surgery as surgery along a 2-omponent link.

We then have MG = VL[K . The linking matrix of L[K, when K is appropriately
oriented, looks like:

BL[K =

0BBBBB�
x1 0

BL

...
...

xl 0
x1 � � � xl x 1
0 � � � 0 1 0

1CCCCCA :

Writing the harateristi ondition (3.7), we �nd that eah harateristi solution
of BL[K is of the form:

(3.10) TG(s) :=

 
s1; : : : ; sl; 0; x+

lX
i=1

xisi

!
2 (Z2)

l+2;

where s = (s1; : : : ; sl) must be harateristi for L. Equation (3.10) then de�nes a
ombinatorial bijetion:

SL TG

'
- SL[K :
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Lemma 3.11. With the above notations, the map TG is a ombinatorial version
of the map �G in terms of harateristi solutions for surgery presentations on S3.
More preisely, the following diagram is ommutative:

SL TG- SL[K

Spin(M)

'
6

�G- Spin(MG)

'
6

Proof. This follows from the de�nitions and from Lemma 3.10: note that K2

is nul-homologous in H , and that here HK is merely a handlebody. �

Definition 3.12. Let M = VL be a surgery presentation of a 3-manifold M
on S3, and let G be a Y -graph in M . Then, G is said to be simple (with respet
to this surgery presentation), if G an be isotoped in M so that, in S3, its leaves
bound disjoint diss, eah interseting L in exatly one point.

Corollary 3.13. For a Y s-surgery along a simple Y -graph, the spin-di�eomor-
phism of Figure 3.2 holds.

s

Spin

s

s s

s ss j

i

k

i

jk

Y

Figure 3.2: A simple Y s-surgery.

Proof. Replae in the lhs of Figure 3.2, this simple Y -graph by the 2-ompo-
nent link of Figure 3.1 suh that K1 links the ith omponent of L and use equation
(3.10) to obtain the intermediate link of Figure 3.3. Perform then some spin Kirby's

s

is

i

0

s sjk

Figure 3.3: Some intermediate link and harateriti solution.

moves to obtain the rhs of Figure 3.2. �
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Example 3.14. As a onsequene of Corollary 3.13, the Lie spin struture of
the 3-torus is Y s-equivalent to the seven other ones.

Proof. The two spin strutures of S1�S2 are equivalent, so are the eight ones
of ℄3S1 � S2. Furthermore, ℄3S1 � S2 an be obtained from S3 by surgery along a
trivial 0-framed three-omponent link. Surgery on the 0-framed Borromean rings
gives rise to the 3-torus S1�S1�S1, and this link an be obtained from the trivial
link by a simple Y -surgery. �

4. Quadrati forms on �nite Abelian groups

4.1. Linking pairings, quadrati forms on �nite Abelian groups and
their presentations. We reall here standard algebrai onstrutions: notations
are that of Deloup in [De2℄, where a brief review of the subjet an be found.

Definition 4.1. A linking pairing on a �nite Abelian group G is a nondegen-
erate symmetri bilinear map b : G�G - Q=Z.
A quadrati form on G is a map q : G - Q=Z suh that the map bq : G �
G - Q=Z de�ned by bq(x; y) = q(x+y)�q(x)�q(y) is bilinear, and suh that q
satis�es: 8x 2 G; q(�x) = q(x). q is said to be nondegenerate when the assoiated
bilinear form bq is a linking pairing.

Let now (F; f) be a symmetri bilinear form on a free �nitely generated Abelian
group F . We denote by adf : F - Hom(F;Z) the adjoint map, and by af :
F 
Q - Hom(F;Q) its rational extension. Form:

Kf :=
Hom(F;Z) \ Im(af )

Im(adf )
:

Note that Kf = T (Coker(adf )), the torsion subgroup of Coker(adf ). We now
de�ne a linking pairing:

Kf �Kf
Lf- Q=Z

by the formula:

(4.1) Lf (�x; �y) = xQ(~y) mod 1;

where x; y 2 Hom(F;Z) \ Im(af ), ~y 2 F 
Q is suh that af (~y) = y, and xQ 2
Hom(F 
Q;Q) is the rational extension of x. (F; f) is said to be a presentation
of the linking pairing (Kf ; Lf ).

Suppose now that the form (F; f) omes equipped with a Wu lass, that is an
element w 2 F suh that 8x 2 F; f(w; x) = f(x; x) mod 2. We an then de�ne
a quadrati form over Lf , denoted by:

Kf
�f;w- Q=Z

and de�ned by:

(4.2) �f;w(�x) =
1

2
(xQ(~x)� x(w)) mod 1:

�f;w is determined by the modulo 2F lass of w. The triple (F; f; w) is said to be
a presentation of the quadrati form (Kf ; �f;w).
Any linking pairing and any nondegenerate quadrati form admit suh presentations
with f nondegenerate (see [W1, Theorem (6)℄).

Given an arbitrary quadrati form on a �nite Abelian group (G; q), we an
alulate its Gauss sum:

(G; q) =
1pjker(bq)j � jGj �

X
x2G

e2i�q(x) 2 C:
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This omplex number is an 8th root of unity or is 0 (only if q is degenerate).
We then de�ne the orrespondingGauss-Brown invariant B(G; q) 2 Z8 = Z8[f1g
by the formula:

(4.3) (G; q) = e
2i�
8 �B(G;q) 2 C;

using the onvention e2i��1 = 0.
If (G; q) admits a triple (F; f; w) as a presentation, a useful formula of Van der Blij
states that2:

(4.4) B(Kf ; �f;w) = sgn(f)� f(w;w) mod 8:

For (G; b) a linking pairing, denote by Quad(G; b) the set of quadrati forms
with b as assoiated linking pairing, and denote by T2(G) the subgroup of elements
of G of order at most 2. Using the nondegenerativity of b, we easily obtain:

Lemma 4.2. The set Quad(G; b) is an aÆne spae over T2(G), with ation
de�ned by:

8x 2 T2(G); 8q 2 Quad(G; b); x � q := q + b(x;�):
The following lemma says how the Gauss-Brown invariant behaves under this

ation.

Lemma 4.3. Let q 2 Quad(G; b) and let x 2 T2(G). Then,

(G; x � q) = e�2i�q(x) � (G; q):
Proof. Sine (x � q)(y) = q(y) + b(x; y) = q(x+ y)� q(x), we have:p

jGj � (G; x � q) =
P

y2G e2i�(x�q)(y)

= e�2i�q(x) �Py2G e2i�q(x+y)

= e�2i�q(x) �pjGj � (G; q)
�

4.2. Isomorphism lasses of nondegenerate quadrati forms. We now
want to prove the following result:

Theorem 4.4. Let (G; q) and (G0; q0) be two nondegenerate quadrati forms on
�nite Abelian groups. We denote by b and b0 the linking pairings going respetively
with them. The following two assertions are equivalent:

(1) (G; q) ' (G0; q0),
(2) (G; b) ' (G0; b0) and B(q) = B(q0) 2 Z8,

where B(�) denotes the Gauss-Brown invariant of quadrati forms.

Let (G; q) (respetively (G0; q0)) be a nondegenerate quadrati form over the
linking pairing (G; b) (respetively (G0; b0)). Reall that the relation between b and
q is:

(4.5) b(x; y) = q(x+ y)� q(x)� q(y):

From this formula and the de�nition of B(�), \1) 2" of Theorem 4.4 is obvious.
Suppose momentarily that G is a p-group, with p an odd prime. Then, equation

2q(x) = b(x; x) makes b determine q, for if q00 is another quadrati form over b, then
(q� q00) is an order at most 2 element of Hom (G;Q=Z) ' G, and so vanishes. So,
if G and G0 are both p-groups, then b ' b0 implies q ' q0.

2A sketh of proof of this formula an be found in [VdB℄, in ase when f is nondegenerate.
Milnor and Husemoller have inluded a detailed proof in [MH, Appendix 4℄, for f nondegenerate
and w = 0. The general ase an be redued to this speial ase.
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Come bak now to the general ase and suppose that ondition 2 is satis�ed.
(G; b) splits along its p-primary omponents Gp:

(G; b) =
M

p; prime

�
Gp; bjGp�Gp

�
;

and, aording to formula (4.5), the same holds for q. The given isomorphism
between (G; b) and (G0; b0), indues then for eah prime p an isomorphism between�
Gp; bjGp�Gp

�
and

�
G0p; b

0jG0
p�G

0
p

�
. From the above lines, we dedue that, for p

odd,
�
Gp; qjGp

�
and

�
G0p; q

0jG0
p

�
are isomorphi.

In partiular, B
�
qjGp

�
= B

�
q0jG0

p

�
for p odd, and so, by additivity of the Gauss-

Brown invariant, this is also true for p = 2. Consequently, it is enough to prove
Theorem 4.4 when G and G0 are 2-groups.

In the sequel, we reall a onstrution due to Wall (see [W1, x6℄), establishing a
one to one orrespondene (up to isomorphism) between nondegenerate quadrati
forms on 2-groups and linking pairings on 2-groups without diret summand of
order two. Next, we give a brief review of Kawauhi and Kojima lassi�ation of
linking pairings on 2-groups. We will �nally end the proof of Theorem 4.4.

Wall's onstrution. A linking pairing (G0; b0) will be said here to be speial if
G0 is a �nite 2-group without diret summand of order two.
Let give us a speial linking pairing (G0; b0). Set G := G0=T2(G

0) where T2(G
0) is the

subgroup of elements of order at most 2, and denote by � the anonial projetion
G0 - G. Note that G an be any 2-group. De�ne now q : G - Q=Z by:

8x = �(x0) 2 G; q(x) = b0(x0; x0):

The quantity q(x) is well-de�ned beause of the speial feature of the group G0.
Then, q is easily seen to be quadrati and nondegenerate, with assoiated linking
pairing b : G�G - Q=Z de�ned by:

(4.6) 8x = �(x0); 8y = �(y0) 2 G; b(x; y) = 2 � b0(x0; y0):
Let us denote by 	 the onstrution (G0; b0) - (G; q). Wall showed this to
be surjetive onto the set of nondegenerate quadrati forms on 2-groups. He also
proved that if (G0; b01) and (G0; b02) give rise to the same (G; q) by 	, then they have
to be isomorphi (see [W1, Theorem 5℄).

As a onsequene, the lassi�ation, up to isomorphism, of nondegenerate qua-
drati forms on 2-groups is redued to that of speial linking pairings.

Kawauhi-Kojima lassi�ation of linking pairings on 2-groups. Let (G; b) be
a linking pairing on a �nite 2-group. Find a yli deomposition of G:

G '
M
k�1

(Z2k )
rk :

The natural numbers rk = rk(b) are group invariants of G. The very next onstru-
tion is due to Wall (see [W1, x5℄).

Denote by Gk the subgroup of G of elements of order at most 2i for i � k, and
set:

~Gk =
Gk

Gk�1 + 2 �Gk+1

:

The group ~Gk is learly a Z2-vetor spae of rank rk . Let also ~bk : ~Gk� ~Gk
- Q=Z

be de�ned by:

8x; y 2 Gk; ~bk(~x; ~y) = 2k�1 � b(x; y):
The form ~bk was shown by Wall to be nondegenerate (see [W1, Lemma 8℄).
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Consider now the map ~Gk
- Q=Z sending ~x to ~bk(~x; ~x). It is additive, and

so we an de�ne an element ~k = ~k(b) in ~Gk by the equation:

(4.7) 8~x 2 ~Gk ; ~bk(~x; ~k) = ~bk(~x; ~x):

When ~k = 0, the following map an be de�ned:(
G
Gk

qk- Q

Z

�x - 2k�1 � b(x; x):
The form qk = qk(b) an be veri�ed to be quadrati and nondegenerate. In parti-
ular, its Gauss-Brown invariant B(qk) is not equal to 1.
Kawauhi and Kojima de�ned �k = �k(b) 2 Z8 by:

�k =

�
B(qk) if ~k = 0;
1 otherwise,

and showed the following theorem (see [KK, Theorem 4.1℄).

Theorem 4.5 (Kawauhi-Kojima). If (G; b) is a linking pairing on a �nite 2-
group, its isomorphism lass is determined by the invariant family (rk(b); �k(b))k�1.

End of proof of Theorem 4.4. Let (G; q) be a quadrati form on a �nite
2-group G, going with a linking pairing b. Let also (G0; b0) be a speial linking
pairing, giving rise to (G; q) by Wall's onstrution 	.

We want to ompare the invariants rk and �k of b and b0, in order to quantify
how muh (G; b) determines (G0; b0), and so (G; q), up to isomorphism.
Reall that G = G0=G0

1. Denote by � : G0 - G the anonial projetion. The
map � indues a morphism from G0

k+1 onto Gk with kernel G0
1. So, � indues a

natural isomorphism:

~G0
k+1

~�k

'
- ~Gk:

In partiular, the Z2-vetor spaes ~G0
k+1 and ~Gk have the same rank. So,

(4.8) 8k � 1; rk+1(G
0) = rk(G):

Besides, sine G0 is speial, we have:

(4.9) r1(G
0) = 0:

The isomorphism ~�k makes ~b0k+1 and ~bk ommute beause of equation (4.6). As a
onsequene, ~�k sends ~k+1(b

0) to ~k(b). Furthermore, when these (simultaneously)
vanish, the natural isomorphism between G0=G0

k+1 and G=Gk indued by �, make
qk+1(b

0) and qk(b) ommute (beause of equation (4.6)). As a onsequene, these
two quadrati forms will have the same Gauss-Brown invariant. So, to sum up,

(4.10) 8k � 1; �k+1(b
0) = �k(b) 2 Z8:

Sine ~G0
1 = 0, ~1(b

0) vanishes. It remains to be notied that q1(b
0) is nothing but

q. Thus,

(4.11) �1(b
0) = B(q):

Now, from equations (4.8), (4.9), (4.10), (4.11) and Kawauhi-Kojima theorem,
we see that (G; b) together with B(q) determine (G; q) up to isomorphism. What
has been remaining to be proved for Theorem 4.4, then follows. �

We now give a result of Durfee (see [Du, Corollary 3.9℄) as a orollary of
Theorem 4.4.
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Corollary 4.6. Let b : G � G - Q=Z be a linking pairing on a �nite
Abelian group G without yli diret summand of order 2 or 4. Then, 8q; q0 2
Quad(G; b); q ' q0.

Proof. Take some quadrati forms q and q0 over b, and let x 2 T2(G) be suh
that q0 = x � q (see Lemma 4.2). By the hypothesis on G, there exits some x0 2 G
suh that x = 4x0, and so, by homogeneity of q, we have:

q(x) = q(4x0) = 42q(x0):

But sine x0 is then of order at most 8, q(x0) has to be of order at most 2 � 8 = 16
(see [De1, Lemma 1.12℄). It follows that q(x) = 0 and so, by Lemma 4.3, we obtain
that B(G; q) = B(G; q0). Theorem 4.4 allows us to onlude. �

5. The quadrati form �M;�

In this setion, when not spei�ed, integer oeÆients are assumed.

5.1. Turaev 4-dimensional de�nition of �M;�. Let M be a onneted
losed oriented 3-manifold, and let  : VL - M be a surgery presentation on S3

given by an ordered oriented framed link L (see the beginning of x3.6).
We use notations and apply onstrutions of x4.1 to F = H2(WL), taking for f the
intersetion form of WL. Reall that the matrix of f relative to the preferred basis
of F is BL, the linking matrix of L.
The omposite:

H2(WL)
adf- Hom(H2(WL);Z) �' H2(WL)

P

'
- H2(WL; �WL)

is equal to i� : H2(WL) - H2(WL; �WL), indued by inlusion. Sine Coker(i�)
= H1(VL), we obtain the following isomorphism r:

Kf '
- T (Coker(i�))

 �

'
- TH1(M)

r

6

In fat, it is well-known that the above (F;�f) is via r a presentation of the torsion
linking form

�
TH1(M); �M

�
of M , the de�nition of whih we now reall:

Let x; x0 2 TH1(M) be respetively realized by oriented disjoint
knots K;K 0 in M . Let 0 2 N be suh that 0 �x0 = 0. Pik a 0-
times onneted sum of K 0. We obtain a null-homologous knot
in M for whih we an thus �nd a Seifert surfae S0 in general
position with K. Then:

�M (x; x0) =
1

0
K � S0 2 Q=Z;

where � is the intersetion form of M .

Now to eah � 2 Spin(M) is assoiated a harateristi solution of �BL or, alter-
natively, a Wu lass (modulo 2F ) of �f , denoted by w� . Then, Turaev de�ned:

Definition 5.1. The quadrati form of the spin 3-manifold (M;�):

TH1(M)
�M;�- Q=Z

is de�ned to be ��f;w� Æ r�1.
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We still have to verify that �M;� does not depend on the hoie of the surgery
presentation.
Let  0 : VL0 - M be another one. Let s 2 (Z2)

l (resp. s0) be the harateristi
solution of BL (resp. BL0) orresponding to the spin struture  �(�) of VL (resp.
( 0)�(�) of VL0).
Aording to the re�ned Kirby's theorem (see [Bl℄), there exists a sequene of
spin Kirby's moves from (L; s) to (L0; s0), induing a spin-di�eomorphism from
(VL;  

�(�)) to (VL0 ; ( 0)�(�)) isotopi to ( 0)�1 Æ . These Kirby's moves indue a
path (F; f; w�) ; (F 0; f 0; w0

�) whose elementary steps are:�
(F; f; w) - �

F; tSfS; S�1(w)
�

with S 2 Aut(F );
(F; f; w) - (F � Z; f � (�1); w � (1)) :

As a onsequene, this path indues an isomorphism t from (Kf ; �f;w� ) to (Kf 0 ;
�f 0;w0

�
) making the following diagram ommutative:

Kf
t - Kf 0

�
�
�
�
�

r
R
TH1(M)

r0

?

The well-de�nition of �M;� then follows.

5.2. An intrinsi de�nition for �M;�. Let (M;�) be a losed spin 3-manifold
and let K be a smooth oriented knot in M .
Eah parallel l of K de�nes a trivialization of the normal bundle of K in M , and
so allows us to restrit � to a spin struture on K �= S1. We de�ne:

�(K; l) =

�
0 if the indued spin struture on S1 is the \bounding" one,
1 otherwise.

�(K; l) is a Z2-valued invariant of framed knots in M .

Lemma 5.2. Let (M;�) be a losed spin 3-manifold. Then, for eah oriented
smooth knot K in M with l as a parallel and meridian �,

�(K; l + �) = �(K; l) + 1 2 Z2:

Proof. Let S denote the boundary of a regular neighbourhood of K in M .
The normal bundle of S in M is naturally trivialized, so S inherits from (M;�) a
spin struture. Let q be the quadrati form assoiated to the spin smooth surfae
(S; �jS) as de�ned by Johnson in [J1℄. The following identity then holds for eah
parallel l:

�(K; l) = q ([l℄) ;

when l is thought of as a urve on S. Sine q is quadrati with respet to the
modulo 2 intersetion form � on S, we have:

�(K; l + �) = q ([l℄ + [�℄)
= q ([l℄) + q ([�℄) + [l℄ � [�℄
= q ([l℄) + 1
= �(K; l) + 1:

�

We now reall the de�nition of the framing number Fr(K; l) 2 Q of a rationally
nulhomologous oriented framed knot (K; l) in a losed oriented 3-manifold M :
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Choose  2 N� suh that  � [K℄ = 0 2 H1(M). Pik a -times
onneted sum of K. We obtain a null-homologous knot in M
for whih we an thus pik a Seifert surfae S in general position
with the knot l. Then:

Fr(K; l) =
1


� l � S 2 Q:

Lemma 5.3. Let (M;�) be a losed spin 3-manifold and x 2 TH1(M). Choose
a smooth oriented knot K in M representative for x, and pik a parallel l for K
satisfying �(K; l) = 0 2 Z2. Then,

(5.1) �M;�(x) =
1

2
� Fr(K; l) 2 Q

Z
:

Note that, aording to Lemma 5.2, the rhs of (5.1) is an invariant of the oriented
knot K (it does not depend on the hoie of l satisfying the above ondition). This
lemma laims that it only depends on the homology lass x of K, and gives a
3-dimensional de�nition for the quadrati form �M;� .

Remark 5.4. From this lemma, we an see that �M;� oinides with the qua-
drati form de�ned by Lannes and Latour in [LL℄ when speialized to our ase (see
also [MS℄).

Proof of Lemma 5.3. Consider the 4-manifold W1 obtained from M � [0; 1℄
by attahing a 2-handle to M � 1 along (K; l). Identify M with M � 0. Sine
�(K; l) = 0, � extends in a unique way to a spin struture �1 of W1.
(W1; �1) is then a spin obordism between (M;�) and (�M 0;��0), where M 0 is
the losed oriented 3-manifold obtained from M by the orresponding surgery, and
where ��0 is the restrition of �1 to �M 0.
Note also that the ore of the 2-handle is a 2-dis D in W1 with boundary K in M ,
and whose normal bundle an be trivialized in aordane with the trivialization
of the normal bundle of K in M given by l. The framed knot (K; l) will briey be
said to have property (D) in W1.
Aording to Kaplan Theorem (see [Ka℄), the spin 3-manifold (M 0; �0) admits an
even surgery presentation in S3 (i.e. the linking matrix is even and its harateristi
solution orresponding to �0 is the trivial one). Denote by W2 the trae of the
surgery and by �2 the unique extension of �0 to the whole of W2.
By gluing (W1; �1) to (W2; �2) along (M 0; �0), we obtain a spin 4-manifold (W;�)
with boundary (M;�). The 2-handle from M to M 0 an be reversed. After a
rearrangement, the 4-manifoldW appears as B4 to whih have been simultaneously
attahed some 2-handles (one more than W2), with boundary M , and to whih �
an be extended. So, W is the trae of an even surgery presentation.

As a summary, we have found so far an even surgery presentation (L; 0) for
(M;�) suh that (K; l) has property (D) in WL.

Let us work with this surgery presentation of (M;�). Notations of x5.1 will be
used: F = H2(WL), f stands for the intersetion form of WL and so on.
Let the 2-dis D give an element of H2(WL; �WL). The latter is identi�ed with an
element d of Hom(F;Z). Reall from the de�nition of �M;� that, in this even ase,

(5.2) �M;�(x) = �1

2
dQ( ~d);

where dQ is the rational extension of d and where ~d 2 F 
Q is suh that af ( ~d) = d.
Let  2 N suh that  � x = 0 2 H1(M). Then, there exists y 2 F suh that

adf (y) =  � d. So 1
 � y 2 F 
Q works as a ~d. Equation (5.2) an be rewritten as:

(5.3) �M;�(x) = � 1

22
f(y; y):
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When y is seen as belonging to H2(WL), the integer f(y; y) is equal to Y �Y 0, where
Y and Y 0 are 2-yles representatives for y in transverse position in WL. By means
of a \ollar" trik appearing in [De1℄, we will be able to give examples of suh Y
and Y 0.
We add a ollar M � [0; 1℄ to WL suh that M � 0 is identi�ed with M . Let S be
a Seifert surfae for  �K in M in transverse position with l, and S0 be a Seifert
surfae for ( � l)� 1 in M � 1. Beause of the property (D), D an be pushed o�
to a dis D0 in suh a way that �D0 = l and D \ D0 = ?. Figure 5.1 is a good
summary. We de�ne Y = :D � S and Y 0 = (:D0 + (:l)� [0; 1℄)� S0. Then:

(c.l)x[0,1]

Mx0

Mx1

S

c.D

c.K c.K

c.D’

=M

S’(c.l)x1 (c.l)x1

(c.l)x[0,1]

Figure 5.1: Calulating Y � Y 0.

(5.4) f(y; y) = Y � Y 0 = (�S) � (:D0) = � � S � l:
The last � in (5.4) is intersetion in M . The lemma follows from (5.4), (5.3) and
the de�nition of a framing number. �

5.3. Properties of �M;�. The algebrai results of x4 have a topologial mean-
ing. First, it has been shown by Turaev in [T2, Theorem V℄:

Lemma 5.5 (Turaev). For eah � 2 Spin(M), B(�M;�) = �RM (�) mod 8,
where RM is the Rohlin funtion of the 3-manifold M .

Proof. Find an even surgery presentation of the spin 3-manifold (M;�). So
we are led to apply formula (4.4) with w = 0. �

So, in view of Lemma 5.5, the topologial translations of Theorem 4.4 and its
Corollary 4.6 are respetively:

Proposition 5.6. Let (M;�) and (M 0; �0) be onneted losed spin 3-manifolds.
The following two assertions are equivalent:

(1) their quadrati forms �M;� and �M 0;�0 are isomorphi,
(2) their linking forms �M and �M 0 are isomorphi, and RM (�) = RM 0(�0)

modulo 8.

Corollary 5.7. Let M be a onneted losed oriented 3-manifold, suh that
H1(M) does not admit Z2 nor Z4 as a diret summand. Then, all of its quadrati
forms are isomorphi one to another.
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6. Proof of re�ned Matveev theorem

Part of the work has already been done in previous setions. First, \1 =) 3"
follows from Corollary 3.8 and from the easy part of (unspun) Matveev theorem: a
Y -surgery preserves homology and torsion linking forms. This an be veri�ed seeing
Y -surgery as a Vh-surgery (where h is the Borromean di�eomorphism of Remark
2.8), using a Mayer-Vietoris argument and the fat that h belongs to the Torelli
group. Seond, \3 =) 2" follows from Proposition 5.6. What remains to be proved
is then \2 =) 1".

We start by realling an algebrai result of Durfee (see [Du℄) about even sym-
metri bilinear forms on �nitely generated free Abelian groups.
Let (Z2; h) and (Z8; 8) be the unimodular even forms whose matries are respe-
tively:

H =

�
0 1
1 0

�
and �8 =

0BBBBBBBBBB�

2 1
1 2 1

1 2 1
1 2 1

1 2 1 0 1
1 2 1 0
0 1 2 0
1 0 0 2

1CCCCCCCCCCA
:

Definition 6.1. Let (F1; f1) and (F2; f2) be two symmetri even bilinear forms
on �nitely generated free Abelian groups. They are said to be stably equivalent if
they beome isomorphi after some stabilizations with unimodular symmetri even
bilinear forms.

Note that a unimodular even form beomes inde�nite after taking diret sum
with h. Reall that every even unimodular inde�nite form splits as a diret sum of
h and 8 (see for example [Ki, p.26℄). Thus, in De�nition 6.1, h and 8 suÆe as
unimodular even forms to stabilize.

For (F; f) an even symmetri bilinear form on a �nitely generated free Abelian
group, we will shortly denote by �f the quadrati form �f;0 orresponding to the
zero Wu lass.

Proposition 6.2 (Durfee). Let (F1; f1) and (F2; f2) be two symmetri even
bilinear forms on �nitely generated free Abelian groups. Then, the following two
assertions are equivalent:

(1) (F1; f1) and (F2; f2) are stably equivalent,
(2) Ker (adf1) ' Ker (adf2) and �f1 ' �f2 .

Proof. Impliation \1)2" is obvious sine 8 and h are both unimodular.
Now suppose that ondition 2 is satis�ed. For eah i 2 f1; 2g, there exists a

nondegenerate symmetri bilinear form
�
~Fi; ~fi

�
suh that:

(Fi; fi) '
�
~Fi; ~fi

�
� (Zr ; Or)

where ~Fi = Fi=Ker (adfi) (note that it is free), r = rk (Ker (adf1)) = rk (Ker (adf2)),

and Or is the zero form. The form ~fi is still even and � ~f1
and � ~f2

are still isomor-
phi.
Consequently, without loss of generality, we an assume both fi to be nondegener-
ate. But this ase was treated by Durfee in [Du, Corollary 4.2.(ii)℄3. �

3An easier and diret proof of this result was given by Wall in [W2, Corollary 1℄.
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Let (M;�) and (M 0; �0) be onneted losed spin 3-manifolds suh that �1(M) =
�1(M

0) and �M;� ' �M 0;�0 .
Suppose given for them some even surgery presentations (L; 0) and (L0; 0) with
respetive linking matries B and B0. Aording to Proposition 6.2, there exists a
unimodular integer matrix P satisfying for some stabilizations:

tP � (B �H � � �H � �8 � � ��8) � P = B0 �H � � �H � �8 � � ��8:
We have the following geometri realizations of algebrai operations:

(1) stabilizations by H orrespond to onneted sums with S3 surgery pre-
sented on the zero-framed Hopf link,

(2) a stabilization by �8 is onrete when thought of as a onneted sum
with the Poinar�e sphere surgery presented on an appropriate height-
omponent link as in [Ki, Figure 5.3, p.15℄,

(3) ongruene by P an be realized by some spin Kirby's moves (handle-
slidings and hanges of orientation of omponents of L).

The Poinar�e sphere an also be obtained by surgery along a (+1)-framed trefoil
knot ([Ki, Figure 5.3, p.15℄), whih an be obtained from the (+1)-framed unknot
by a simple Y -surgery (see De�nition 3.12). As a onsequene, the Poinar�e sphere
and the sphere S3, equipped with their unique spin strutures, are Y s-equivalent.
Sine Y s-equivalene is ompatible with onneted sums, we an assume that B =
B0.

A theorem of Murakami and Nakanishi ([MN, Theorem 1.1℄4) states that two
ordered oriented links have idential linking matries if and only if they are �-
equivalent. A �-move is a ertain unknotting operation, whih is equivalent to
surgery along a simple Y -graph.
Finally, from Corollary 3.13, we see that a simple Y s-surgery between even surgery
presentations leaves the trivial harateristi solution �xed. We onlude that
(M;�) is Y s-equivalent to (M 0; �0), whih ompletes the proof.

7. Appliations

Aording to Theorem 1.1, two onneted losed spin 3-manifolds are Y s-
equivalent if and only if they are Y -equivalent as plain 3-manifolds and their Rohlin
invariants are idential modulo 8. In other words, while studying the degree 0 part
of Goussarov-Habiro theory, the spin problem an be \fatored out".

Now, given a losed onneted oriented 3-manifold, one an wonder whether
all of its spin strutures are Y s-equivalent one to another. This has been veri�ed
to be true in the ase of S1�S1�S1 by a diret alulation (Example 3.14). More
generally we have:

Corollary 7.1. Let M be a onneted oriented losed 3-manifold suh that
H1(M) has no yli diret summand of order 2 or 4. Then, all spin strutures of
M are Y s-equivalent one to another.

Proof. This follows diretly from Theorem 1.1 and Corollary 5.7. �

On the ontrary, we have:

Example 7.2. The two spin strutures of RP3 are not Y s-equivalent, for the
Rohlin funtion of RP3 takes 1 and �1 as values.

4In fat, the �rst referene is Matveev, but the proof in [Mt℄ is not detailed.





CHAPITRE 3

Invariants de type �ni des ylindres d'homologie

En ollaboration ave Jean-Baptiste Meilhan.

1. Introdution

1.1. Homology ylinders. Homology ylinders are important objets in the
theory of �nite type invariants of Goussarov-Habiro: they have thus appeared in
both [Hr℄ and [Go℄. Let us reall the de�nition of these objets.

Let � be a ompat onneted oriented surfae. A homology obordism over �
is a triple (M; i+; i�) whereM is a ompat oriented 3-manifold and i� : � - M
are oriented embeddings with images ��, suh that:

(i) i� are homology isomorphisms;
(ii) �M = �+ [ (���) and �+ \ (���) = ����;
(iii) i+j�� = i�j��.

Homology obordisms are onsidered up to orientation-preserving di�eomorphisms.
When (i�)�1� Æ (i+)� : H1(�;Z) - H1(�;Z) is the identity, M is said to be
a homology ylinder. The set of homology obordisms is denoted here by C(�),
and HC(�) denotes the subset of homology ylinders. If M = (M; i+; i�) and
N = (N; j+; j�) are homology obordisms, we an de�ne their staking produt by

M �N := (M [i�Æ(j+)�1 N; i+; j�):

This produt indues a monoid struture on C(�), with HC(�) a submonoid. The
unit element is 1� := (�� I; Id; Id), where I is the unit interval [0; 1℄ and where
a ollar of �� is strethed along �� � I so that the seond de�ning ondition for
homology obordisms is satis�ed.

Habiro in [Hr, x8.5℄ outlined how homology ylinders an serve as a powerful
tool in studying the mapping lass groups of surfaes (see [GL℄, [Hg℄, [Le℄). The
onnetion lies on the homomorphism of monoids

T (�) C- HC(�)
sending eah h in the Torelli group of � to the mapping ylinder Ch = (��I; Id; h)
(with, as above, a ollar of �� strethed along ��� I).
In the sequel, we restrit ourselves to the following two ases:

(i) � = �g is the standard losed oriented surfae of genus g � 0, whih here
is referred to as the losed ase;

(ii) � = �g;1 is the standard ompat oriented surfae of genus g � 0 with
one boundary omponent, whih here is referred to as the boundary ase.

69
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The usual notations Tg;1 = T (�g;1) and Tg = T (�g) for the Torelli groups will be
used. Also denote by H the �rst homology group of � with integer oeÆients, by
� the intersetion form on H and by (xi; yi)

g
i=1 a sympleti basis for (H; �).

1.2. Yk-equivalene. The theory of �nite type invariants of Goussarov-Habiro
has ome equipped with a topologial alulus toolbox: this was alled alulus of
laspers in [Hr℄ or alternatively lovers in [GGP℄. We will assume a ertain famil-
iarity of the reader with these tehniques.
In partiular, let us reall that, for k � 1 an integer, the Yk-equivalene

1 is the
equivalene relation generated by surgery on onneted lovers of degree k. Follow-
ing Habiro in [Hr℄, we an then de�ne a desending �ltration of monoids

C(�) � C1(�) � C2(�) � � � � � Ck(�) � � � �
where Ck(�) is the submonoid onsisting of the homology obordisms whih are
Yk-equivalent to the trivial obordism 1�. Note the following fat, a proof of whih
has been inserted in x4.

Proposition 1.1. If � = �g or �g;1, then HC(�) = C1(�).
As mentioned by Habiro, we an show from the alulus of lovers that for every
k � 1, the quotient monoid

Ck(�) := Ck(�)=Yk+1
is an Abelian group. In partiular, C1(�) is the Abelian group of homology ylinders
over � up to Y2-equivalene. This group is the subjet of the present paper.

For k � 2, Habiro gives a ombinatorial upper bound for the Abelian group
Ck(�). Preisely, he de�nes Ak(H) to be the Abelian group (�nitely) generated
by unitrivalent graphs of internal degree k, with yli orientation at eah trivalent
vertex and whose univalent verties are labelled by elements of H and are totally
ordered. These graphs are onsidered modulo the well-known AS, IHX, multilin-
earity relations, and up to some \STU-like relations" dealing with the order of the
univalent verties. In the losed ase, some relations of a sympleti type an be
added. Then, there is a surjetive surgery map

Ak(H)
 k-- Ck(�)

sending eah graph G to (1�) ~G, where
~G is a lover in the manifold 1� with G as

assoiated abstrat graph, whose leaves are staked from the upper surfae � � 1
aording to the total order, framed along this surfae and embedded aording to
the labels of the orresponding univalent verties. The fat that  k is well-de�ned
also follows from the alulus of lovers.

As for the ase k = 1, Habiro does not de�ne any spae of graphs but announes
the following isomorphisms

(1.1)

� C1(�g;1) ' �3H � �2H(2) �H(2) � Z2
C1(�g) ' �3H=(! ^H)� �2H(2)=!(2) �H(2) � Z2

where H(2) = H 
 Z2 and where

! =

gX
i=1

xi ^ yi 2 �2H

is the sympleti element. This fat has been used afterwards in [Le℄.
The goal of this paper is to prove these isomorphisms, in a diagrammati way, by
again de�ning a surgery map

A1(P )
 1- C1(�):

1This equivalene relation is alled (k � 1)-equivalene in [Go℄, and Ak-equivalene in [Hr℄.
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The spae of graphs A1(P ) and the map  1 appear to be meaningfully di�erent
from Ak(H) and  k for k > 1, making thus the ase k = 1 exeptional. Indeed,
their de�nition will involve both the homology group H and Spin (�), the set of
spin strutures on �.

1.3. The Abelianized Torelli group. We denote by 
g the set of quadrati
forms with � : H(2) �H(2)

- Z2 as assoiated bilinear form, namely


g =
n
H(2)

q- Z2 : 8x; y 2 H(2); q(x+ y)� q(x) � q(y) = x � y
o
:

Note that 
g is an aÆne spae over H(2), with ation given by

8q 2 
g ;8x 2 H(2); x � q := q + x � (�):
Thus, among the maps 
g

- Z2, there are the aÆne funtions, and more gen-
erally there are the Boolean polynomials whih are de�ned to be sums of produts
of aÆne ones (see [J2, x4℄). These polynomials form a Z2-algebra denoted by Bg ,
whih is �ltered by the degree (de�ned in the obvious way):

B(0)
g � B(1)

g � � � � � Bg:

For instane, B
(1)
g is the spae of aÆne funtions on 
g; the onstant funtion

1 : 
g
- Z2 sending eah q to 1 and, for h 2 H , the funtion h sending eah q

to q(h) are aÆne funtions. Note the following identity:

(1.2) 8h1; h2 2 H; h1 + h2 = h1 + h2 + (h1 � h2) � 1 2 B(1)
g :

Another example of Boolean polynomial is the quadrati Boolean funtion

� =

gX
i=1

xi � yi;

whih is known as the Arf invariant. For any basis (ei)
2g
i=1 for H , there is an

isomorphism of algebras:

(1.3) Bg ' Z2[t1; : : : ; t2g ℄

t2i = ti

sending 1 to 1 and ei to ti.
Reall now from [J2℄, that the many Birman-Craggs homomorphisms an be

summed up into a single homomorphism

Tg;1 � - B(3)
g or Tg �- B

(3)
g

� � B(1)
g

;

aording to whether one is onsidering the boundary ase or the losed ase. Reall
also from [J3℄ that the �rst Johnson homomorphism is a homomorphism

Tg;1 �1- �3H or Tg �1- �3H

! ^H :

Form the following pull-bak:

�3H ��3H(2)
B(3)
g

- B(3)
g

�3H

?

�
 Z2
- �3H(2);

q

?

where the map q is the anonial projetion B
(3)
g

- B
(3)
g =B

(2)
g followed by the

isomorphism B
(3)
g =B

(2)
g ' �3H(2) whih identi�es the ubi polynomial h1h2h3 with
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h1 ^ h2 ^ h3 (this is well-de�ned beause of (1.2) and (1.3)).
We denote by S the subgroup of this pull-bak orresponding to ! ^H � �3H and

� � B(1)
g � B

(3)
g . Johnson has shown in [J4℄ that, under the assumption g � 3, the

homomorphisms �1 and � indue isomorphisms

Tg;1
T 0
g;1

(�1; �)

'
- �3H ��3H(2)

B(3)
g and

Tg
T 0
g

(�1; �)

'
- �3H ��3H(2)

B
(3)
g

S
:

Remark 1.2. Note that, beause of (1.3), the odomains of these maps are
respetively non-anonially isomorphi to �3H��2H(2)�H(2)�Z2 and �3H=(!^
H)� �2H(2)=!(2) �H(2) � Z2.

1.4. Statement of the results. In x2, we will onstrut the spae of graphs
A1(P ) and the surgery map  1 : A1(P ) - C1 (�). Spin strutures play a
prominent role in their de�nitions.
Observe that, C1(�) being an Abelian group, the mapping ylinder onstrution
indues a group homomorphism

T (�)
T (�)0

C- C1(�):

As pointed out by Garoufalidis and Levine in [GL℄ and [Le℄, Johnson homomor-
phisms and Birman-Craggs homomorphisms fator through C : T (�) - HC(�).
These extensions will be detailed in x3.
Next, we will speify in x4 an isomorphism � : A1(P ) - �3H ��3H(2)

B
(3)
g and

the following two theorems will be proved from the previous material.

Theorem 1.3. In the boundary ase, the diagram

A1(P )
 1 - C1(�g;1) �

C Tg;1
T 0
g;1

�
�
�
�
�

�
R 	�

�
�
�
�

(�1; �)

�3H ��3H(2)
B(3)
g

(�1; �)

?

ommutes and all of its arrows are isomorphisms, exept for the two maps starting
from Tg;1=T 0

g;1 when g < 3.

Theorem 1.4. In the losed ase, the diagram

A1(P )

��1(S)

 1 - C1(�g) �
C Tg

T 0
g

�
�
�
�
�

�
R 	�

�
�
�
�

(�1; �)

�3H ��3H(2)
B
(3)
g

S

(�1; �)
?

ommutes and all of its arrows are isomorphisms, exept for the two maps starting
from Tg=T 0

g when g < 3.

Note that Theorem 1.3 and Theorem 1.4 together with Remark 1.2, give Habiro's
isomorphisms (1.1), whih are non-anonial. Also, we will easily dedue the fol-
lowing.

Corollary 1.5. For � = �g;1 or �g, let M and M 0 be two homology ylinders
over �. Then, the following assertions are equivalent:

(a) M and M 0 are Y2-equivalent;
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(b) M and M 0 are not distinguished by degree 1 Goussarov-Habiro �nite type
invariants;

() M and M 0 are not distinguished by the �rst Johnson homomorphism nor
Birman-Craggs homomorphisms.

Finally, if an embedding �g;1 � - �g is �xed, there is an obvious \�lling-up"
map C1 (�g;1) - C1 (�g), through whih the ommutative diagrams of Theorem
1.3 and Theorem 1.4 are ompatible. The reader is referred to x4 for a preise
statement.

2. De�nition of the surgery map  1

In this setion, we de�ne the spae of graphs A1(P ) and the surgery map  1
announed in the introdution.

2.1. Speial Abelian groups and the A1 funtor. Let us denote by Ab the
ategory of Abelian groups. An Abelian group with speial element is a pair (G; s)
where G is an Abelian group and s 2 G is of order at most 2. We denote by Abs
the ategory of speial Abelian groups whose morphisms are group homomorphisms
preserving the speial elements. We now de�ne a funtor

Abs A1- Ab

in the following way. For (G; s) an objet in Abs, A1(G; s) is the free Abelian group
generated by Y-shaped unitrivalent graphs, whose trivalent vertex is equipped with
a yli order on the inident edges and whose univalent verties are labelled by G,
subjet to some relations. The notation

Y[z1; z2; z3℄

will stand for the Y -shaped graph whose univalent verties are olored by z1, z2
and z3 2 G in aordane with the yli order, so that our notation is invariant
under yli permutation of the zi's. The relations are the following ones:

Antisymmetry (AS) : Y[z1; z2; z3℄ = �Y[z2; z1; z3℄;
Multilinearity of olors : Y[z0 + z1; z2; z3℄ = Y[z0; z2; z3℄ + Y[z1; z2; z3℄;

Slide : Y[z1; z1; z2℄ = Y[s; z1; z2℄;

where z0; z1; z2; z3 2 G. For (G; s)
f- (G0; s0) a morphism in Abs, A1(f) maps

eah generator Y[z1; z2; z3℄ of A1(G; s) to Y[f(z1); f(z2); f(z3)℄ 2 A1(G0; s0).

Example 2.1. The map [G - (G; 0)℄ makes Ab a (full) subategory of Abs.
It follows from the de�nitions that the following diagram ommutes:

Ab- - Abs
�
�
�
�
�

�3(�)
R
Ab:

A1
?
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Non-trivial examples will be given in the next paragraph. For future use, note
that this ategory has an obvious pull-bak onstrution extending that of Ab:

(G1; s1)�(G;s) (G2; s2) - (G2; s2)

(G1; s1)
?

f1
- (G; s)

f2

?

where (G1; s1)�(G;s) (G2; s2) is the subgroup of G1�G2 onsisting of those (z1; z2)
suh that f1(z1) = f2(z2), and with speial element (s1; s2).

2.2. Spin strutures and the speial Abelian group P . In this para-
graph, letM be a ompat oriented 3-manifold endowed with a Riemannian metri,
and let FM be its bundle of oriented orthonormal frames:

SO(3)-
i- E(FM)

p-- M:

Let s 2 H1 (E(FM);Z) be the image by i� of the generator of H1 (SO(3);Z) ' Z2.
Reall that M is spinnable and that Spin(M) an be de�ned as

Spin(M) =
�
y 2 H1 (E(FM);Z2) ; < y; s >6= 0

	
;

whih is essentially independent of the metri. The manifold M being spinnable, s
is not 0 (and so is of order 2).

Now, Spin(M) being an aÆne spae over H1(M ;Z2) with ation given by

8x 2 H1(M ;Z2);8� 2 Spin(M); x � � := � + p�(x);

we an onsider the spae
A (Spin(M);Z2)

of Z2-valued aÆne funtions on Spin(M). For instane, 1 2 A (Spin(M);Z2) will
denote the onstant map de�ned by � - 1.
There is a anonial map

A (Spin(M);Z2)
�- H1(M ;Z2):

For f 2 A (Spin(M);Z2), the homology lass �(f) is de�ned unambiguously by

8�; �0 2 Spin(M); f(�0)� f(�) =< �0=�; �(f) >2 Z2;

where �0=� 2 H1(M ;Z2) is de�ned by the aÆne ation of H1(M ;Z2) on Spin(M).
Another anonial map is

H1 (E(FM);Z)
e- A (Spin(M);Z2)

sending a x to the map de�ned by � - < �; x >. Next lemma gives us a nie
understanding of the speial Abelian group (H1 (E(FM);Z) ; s).

Lemma 2.2. a) The following diagram of speial groups is a pull-bak diagram:

(H1 (E(FM);Z) ; s)
e - �

A (Spin(M);Z2) ; 1
�

(H1 (M ;Z) ; 0)

p�

?

�
 Z2
- (H1 (M ;Z2) ; 0) :

�

?

b) Let t be the map�
Oriented framed knots in M

	 t- H1 (E(FM);Z)
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whih adds to any oriented framed knot K an extra (+1)-twist, and next sends it
to the homology lass of its lift in FM . Then,

(i) t is surjetive;
(ii) tK1 = tK2 if and only if K1 and K2 are obordant as oriented knots in M

and if their framings with respet to a surfae with boundary (K1)[(�K2)
then di�er from eah other by an even integer;

(iii) if K1℄K2 denotes the band onneted sum of K1 and K2, then tK1℄K2 =
tK1 + tK2 ;

(iv) the k-framed trivial oriented knot (k 2 Z) is sent by t to k � s.
Proof. We begin by proving a). The ommutativity of the diagram of speial

groups is easy to verify. By funtoriality, we get a map

(H1 (E(FM);Z) ; s)
(p�;e)- (H1 (M ;Z) ; 0)�(H1(M ;Z2);0)

�
A (Spin(M);Z2) ; 1

�
:

The Serre sequene assoiated to the �bration FM gives for homology with integer
oeÆients:

0 - H1(SO(3);Z)
i�- H1(E(FM);Z)

p�- H1(M ;Z) - 0:

The bijetivity of (p�; e) follows from the exatness of this sequene.
We now prove b) and we begin with assertion (iv). Let K be a trivial k-framed

oriented knot, let � 2 K and let e = (e1; e2; e3) 2 p�1(�) be the framing of K at �.
We denote by ~K the lift of K to FM . Then, as a loop in E(FM), ~K is homotopi
to the loop in the �ber p�1(�) de�ned by

[0; 1℄ 3 t - R2�(k+1)t(e);

where R� (with � 2 R) denotes the rotation of oriented axis direted by e3 and
angle �. From an appropriate desription of the generator of �1 (SO(3)) ' Z2, it

follows that
h
~K
i
= (k + 1) � s 2 H1(E(FM);Z), and assertion (iv) then follows.

Let us make an observation. LetK be any oriented framed knot inM ; sine the
framing of K determines a trivialization of its normal bundle in M , it allows us to

restrit any spin struture on M to K. Reall now that the obordism group 
Spin1

is isomorphi to Z2 (with generator given by S1 endowed with the spin struture
indued by its Lie group struture: see [Ki, p. 35, 36℄). The following observation
then makes sense:

(2.1) 8� 2 Spin(M); e(tK)(�) = (K;�jK) 2 
Spin1 ' Z2;

and an be derived from an appropriate haraterization of the spin strutures on
the irle (see [Ki, p. 35, 36℄).

Let now K1 and K2 be some disjoint oriented framed knots in M . There is an
obvious genus 0 surfae with boundary K1℄K2 _[(�K1) _[(�K2). Then, aording to
(2.1), we have e(tK1℄K2) = e(tK1) + e(tK2). Also, p� (tK1℄K2)= [K1℄K2℄= [K1℄ +
[K2℄= p� (tK1) + p� (tK2), and so by a), we obtain that assertion (iii) holds for K1

and K2.
We now justify assertion (ii). Aording to a), tK1 = tK2 if and only if p�(tK1) =
p�(tK2) and e(tK1) = e(tK2). Also, the ondition p�(tK1) = p�(tK2) holds if and
only if K1 and K2 are homologous in M . In this ase, let S be an embedded
oriented surfae in M suh that �S = K1 _[(�K2). Let ki be the framing of Ki with
respet to S and let K 0

i be the oriented framed knot obtained from Ki by adding
an extra (�ki)-twist, so that the framing of K 0

i is given by S. Then, aording to
(2.1), we have e

�
tK0

1

�
= e

�
tK0

2

�
. Moreover, applying assertions (iii) and (iv), we

obtain: e
�
tK0

i

�
= e (tKi

) + ki � s. We onlude that e (tK1) = e (tK2) if and only if

k1 and k2 are equal modulo 2, proving thus assertion (ii).
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Let x 2 H1(E(FM);Z), then p�(x) 2 H1(M ;Z) an be realized by an oriented
knot K in M : we give it an arbitrary framing. By onstrution, p�(tK � x) = 0 2
H1(M ;Z), and so by exatness of the Serre sequene, tK �x = " � s with " 2 f0; 1g.
By possibly band-summing K with a trivial (+1)-framed knot when " = 1, and
aording to assertion (iii) and (iv), the framed knot K an be supposed to be suh
that tK = x; this proves assertion (i). �

We now restrit ourselves to the 3-manifold M = 1� = �� I where � an be
�g or �g;1. The inlusion i+ : � � - 1�, with image �+, indues an isomorphism
between H and H1(M ;Z) and a bijetion between Spin(�) and Spin(M). As
shown by Johnson in [J1℄, there is an algebrai way to think of Spin(�). Indeed,
there exists a anonial aÆne isomorphism

Spin(�)
'- 
g ;

sending any spin struture � to a quadrati form q� whih an be de�ned as follows.
Let x 2 H(2) = H1(�;Z2) be represented by an oriented simple losed urve on
�+; by framing it along �+ and pushing it into the interior of 1�, we get a framed
oriented knot K in 1�. Then,

(2.2) q�(x) = e(tK) (� � I) 2 Z2:
Therefore, aording to Lemma 2.2 a), (H1 (E (F1�) ;Z) ; s) is anonially isomor-
phi to the speial Abelian group de�ned by the pull-bak onstrution

(H; 0)�(H(2);0)

�
B(1)
g ; 1

� e -
�
B(1)
g ; 1

�

(H; 0)

p

?

�
 Z2
- �

H(2); 0
�

�

?

whose projetions are denoted by p and e, and where � is the omposite

B(1)
g

-- B(1)
g =B(0)

g

'- H(2):

The last isomorphism here identi�es h with h(2) for all h 2 H (this is well-de�ned
by (1.2) and (1.3)). We de�ne the speial Abelian group P to be

P = (H; 0)�(H(2);0)

�
B
(1)
g ; 1

�
;

and A1(P ) is the spae of graphs announed in the introdution.

Remark 2.3. Thus, any element z of P an be written as

z =
�
h; h+ " � 1� 2 P;

with h 2 H and " 2 f0; 1g. Observe also the following. Suppose that there exists a
simple oriented losed urve in �+ with homology lass h. Let K be the push-o�
of this urve, framed along �+, with an extra "-twist. Then, it follows from (2.2)
that tK = z 2 P ' H1 (E (F1�) ;Z).

Remark 2.4. Aording to the proof of Lemma 2.2, the Serre sequene for
homology assoiated to the bundle F1� gives the following short exat sequene:

0 - Z2 - P
p - H - 0;

where Z2 is injeted into P by sending 1 to (0; 1). The map s : H - P de�ned by

s(h) =
�
h; h

�
is a set-theoreti setion. Aording to (1.2), the assoiated 2-oyle
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H�H - Z2 is the mod 2 redued intersetion form of �. Thus, P is isomorphi
to H o Z2 with rossed produt de�ned by

(h1; "1) � (h2; "2) = (h1 + h2; "1 + "2 + h1 � h2):
The element

�
h; h+ " � 1� 2 P orresponds to (h; �) 2 H o Z2.

2.3. The surgery map  1. In this paragraph, � is allowed to be �g or �g;1
and the surgery map  1 : A1(P ) - C1(�) is onstruted by means of aluli of
lovers.

Conventions 2.5. Here, we adopt Goussarov's onvention for the surgery
meaning of Y -graphs and lovers [Go℄, [GGP℄.

Denote by ~A1(P ) the free Abelian group generated by abstrat Y-shaped graphs
whose univalent verties are labelled by P , and whih are equipped with an orien-
tation at their trivalent vertex: A1(P ) is a quotient of ~A1(P ). For eah generator

Y[z1; z2; z3℄ of ~A1(P ), where zi 2 P , pik some disjoint oriented framed knots Ki

in the interior of 1� suh that tKi
= zi 2 P ' H1 (E (F1�) ;Z); this is possible

aording to Lemma 2.2 b) (i). Next, pik an embedded 2-disk D in the interior
of 1� and disjoint from the Ki's, orient it in an arbitrary way, and onnet it to
the Ki's with some bands ei. These band sums are required to be ompatible with
the orientations, and to be oherent with the yli ordering (1; 2; 3). See Fig. 2.1
as an illustration. What we obtain in 1� is preisely a Y-graph, as de�ned by

K
3

K
2

e2

e3

1K1
D

e

Figure 2.1: Embedding the Y-graph

Goussarov in [Go℄. We denote it by �
�
Y[z1; z2; z3℄

�
. For example, as follows from

Lemma 2.2 b) (iv), if z1 is the speial element s of P , the orresponding leaf K1 of
�
�
Y[s; z2; z3℄

�
an be hosen to be unknotted and (+1)-framed; suh a leaf is alled

speial in [GGP℄.

We now put ~ 1
�
Y[z1; z2; z3℄

�
to be the Y2-equivalene lass of the surgered manifold

(1�)�(Y[z1;z2;z3℄), so that we get a map

~A1(P )
~ 1- C1(�):

Theorem 2.6. The map ~ 1 does not depend on the hoie of �, and indues a
surjetive quotient map

A1(P )
 1-- C1(�):
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Proof. The proof might be read with a opy of [GGP℄ in hand. Using the

above notation, we begin with showing that ~ 1
�
Y[z1; z2; z3℄

�
does not depend on

the hoie of �
�
Y[z1; z2; z3℄

�
. For this, we reall two fats onerning any Y-graph

G in a homology ylinder M (see Remark 2.7 below):

Fat 1: the Y2-equivalene lass of MG is not modi�ed when an edge of G
is band-summed with a (disjoint) oriented framed knot of M ;

Fat 2: the Y2-equivalene lass of MG is inverted when an edge of G is
half-twisted.

Using these, the independane of the hoie of the disk D, its orientation and the
edges ei is easily shown.
We now show the independane of the hoie of the leavesKi. Suppose for example
that K 0

1 is another hoie of K1. Then, aording to Lemma 2.2 b) (ii), there exists
an embedded oriented surfae F in 1� suh that �F = K1 _[(�K 0

1) and suh that,
if k (resp. k0) is the framing of K1 (resp. K 0

1) with respet to F , (k � k0) is even.
We also assume transversality of F with the edges of the Y-graph, and with the
two other leaves K2 and K3. Let g(F ) denote the genus of F , let m be the number
of intersetion points of F with the edges, and for i = 2; 3, let ni be the number of
intersetion points of F with Ki. If all of the integers g(F ), (k� k0), m, n2 and n3
are zero, the two Y-graphs are isotopi and we are done. In the general ase, reall
from [GGP, x4.3℄ that there is a proedure for simplifying the leaves. The main
tool for this is the following:

Fat 3: if G1 and G2 are two Y-graphs in 1� obtained from a Y-graph G by
splitting a leaf, then (1�)G = (1�)G1 � (1�)G2 2 C1(�) (see Remark 2.7).

Splitting
�
g(F )+ jk� k0j=2+m+n2+n3

�
times the leaf K1, splitting n2 times the

leaf K2 and splitting n3 times the leaf K3, we see that the result ~ 1
�
Y[z1; z2; z3℄

�
in C1(�) de�ned by the hoie of K1 di�ers from the one de�ned by K 0

1 by some
elements of the form (1�)G, where G satis�es one of the following onditions:

(i) G has a leaf whih bounds a genus 1 surfae disjoint from G and with
respet to whih the leaf is 0-framed;

(ii) G has a leaf whih bounds a disk disjoint from G, and with respet to
whih the leaf is (�2)-framed;

(iii) G has a leaf whih bounds a disk with respet to whih it is 0-framed,
and this disk intersets G in exatly one point belonging to an edge;

(iv) G has two leaves whih are linked as the Hopf link.

Let us now verify that all of these elements vanish in C1(�). If G is of type (i),
the surgery e�et of G is the same as a lover of degree 2 (apply [GGP, Lem.
5.1℄ and [GGP, Th. 2.4℄). If G is of type (ii), by again utting its leaf we get
(1�)G = 2 � (1�)G0 where G0 has a speial leaf; but (1�)G0 = �(1�)G0 by Fat 2. If
G is of type (iii), by applying Fat 1 the edge an be slid away from the leaf, we
then get a Y-graph with a trivial leaf whih has no surgery e�et by the \blow-up
move" of [GGP, Fig. 6℄. If G is of type (iv), by applying [GGP, Th. 2.4℄, we
obtain a Y-graph with a looped edge, but this is stated to be 0 in C1(�) by the
so-alled LOOP relation. This relation is easily shown from [GGP, Lem. 2.3℄ and

from Fat 1 and Fat 2. This ompletes the proof of the independane of ~ 1 of �.
The fat that ~ 1 is surjetive follows immediately from the fat that the Abelian

group C1(�) is generated by the homology ylinders (1�)G where G is a single Y-
graph (this is also proved by standard aluli of lovers).

We now show that the map ~ 1 fators through ~A1(P ) - A1(P ). The AS
relation is proved in C1(�) from Fat 2 and an isotopy of the Y -graph { see [GGP,
Cor. 4.6℄.
The multilinearity relation follows from Fat 3. Indeed, let G be a Y-graph in
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1� with K as a leaf. Split the leaf K to K1 and K2, and let G1 and G2 be the
orresponding new Y-graphs. Then, (1�)G = (1�)G1 � (1�)G2 2 C1(�). Sine
K is the band onneted sum of K1 and K2, we have by Lemma 2.2 b) (iii):
tK = tK1 + tK2 2 P .
The slide relation is shown to be satis�ed in C1(�) thanks to the \leaf slide" move
of [GGP, Fig. 6℄. For this, let G be a Y-graph in 1� with some leaves K1 and K2

suh that tK1 = �tK2 . By sliding the leaf K2 along K1, we obtain a new Y-graph
G0 with the same surgery e�et as G, suh that K 0

1 = K1 and suh that K 0
2 is the

band onneted sum of K1 and K2 with an extra (�1)-twist. So, by Lemma 2.2 b)
(iii) and (iv), we have tK0

2
= tK1 + tK2 + s = s 2 P: This shows that the relation

Y[z1;�z1; z3℄ = Y[z1; s; z3℄ (z1; z3 2 P ) is satis�ed in C1(�). The slide relation, as
stated in x2.1, follows then from the AS and multilinearity relations. �

Remark 2.7. The proof of Fat 1, Fat 2 and Fat 3 use alulus of lovers
and an respetively be obtained from the proof of Cor. 4.2, Lem. 4.4 and Cor.
4.3 in [GGP℄. Alternatively, those fats an be onsidered as orollaries of these
results in the following way. Denote by ZC1 (�) the free Abelian group generated
by the set C1 (�), and let

ZC1 (�) = FY
0 (1�) � FY

1 (1�) � FY
2 (1�) � � � �

be its Goussarov-Habiro �ltration [GGP, x1.4℄. Results are stated in [GGP℄ to
hold in the graded spae Gk (1�) = FY

k (1�) =FY
k+1 (1�). Consider also the homo-

morphism of Abelian groups

ZC1 (�) �- C1 (�)
whih assigns to any homology ylinder its Y2-equivalene lass. The invariant �
is primitive, in the sense that it restrits to C1 (�) to a monoid homomorphism,
and is a degree 1 invariant2, as follows from alulus of lovers. In partiular, �
indues a homomorphism G1 (1�) - C1 (�), by whih Fat 1, Fat 2 and Fat 3
are respetively the images of Cor. 4.2, Lem. 4.4 and Cor. 4.3.

3. Johnson homomorphism and Birman-Craggs homomorphisms for
homology ylinders

In this setion, the �rst Johnson homomorphism and the Birman-Craggs ho-
momorphisms are extended to the monoid of homology ylinders.

3.1. The �rst Johnson homomorphism for homology ylinders. In
[GL℄ the notion of Johnson homomorphisms for homology obordisms over �g;1

was introdued. In this paragraph, we allow � to be �g or �g;1, and give the
de�nition of the �rst Johnson homomorphism in both ases.

The fundamental group of � with base point � 2 � will be denoted by �(�), and

�
(�)
k will denote the kth term of its lower entral series, beginning at �

(�)
1 = �(�).

We denote by (xi; yi)
g
i=1 the based loops depited in Fig. 3.1 or their orresponding

images under an inlusion �g;1 � �g. Then,

in the boundary ase, �(�) = F (x1; : : : ; xg ; y1; : : : ; yg);

and in the losed ase, �(�) = hx1; : : : ; xg ; y1; : : : ; yg jQg
i=1[xi; yi℄ = 1i:

Given a homology obordism (M; i+; i�) 2 C(�), the map i� indues an iso-
morphism at the level of eah nilpotent quotient (by Stallings [St℄). We hoose a

2In fat, � is a universal degree 1 primitive invariant for homology ylinders. See [Hr, x6.4℄
for a similar invariant, of any degree, for knots in the 3-sphere.
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g

+

*

x
1

xy
1 g

y

Figure 3.1: The based urves (xi; yi)
g
i=1 on �g;1

path  �M going from i+(�) to i�(�), and then onsider the following omposite:

�(�)

�
(�)
3

i+3
'
- �1(M; i+(�))

�1(M; i+(�))3


'
- �1(M; i�(�))

�1(M; i�(�))3
(i�3 )

�1

'
- �(�)

�
(�)
3

:

Up to inner automorphisms, this is independent on the hoie of , so that there is
a well-de�ned map

C(�) �
(�)
1- Out

 
�(�)

�
(�)
3

!
;

satisfying �
(�)
1 (M �N) = �

(�)
1 (N) � �(�)1 (M). Let ? be another base point in �, and

 an arbitrary path between � and ?. Conjugation by  indues an isomorphism

Out
�
�(�)=�

(�)
3

�
' Out

�
�(?)=�

(?)
3

�
. This isomorphism is independent on the hoie

of the path , and the maps �
(�)
1 and �

(?)
1 are ompatible through it. Therefore,

we get a well-de�ned group denoted by Out(�=�3) and an anti-homomorphism of
monoids

(3.1) C(�) �1- Out

�
�

�3

�
:

If we restrit ourselves to homology ylinders, we are led to a map

C1(�) �1- Ker

�
Out

�
�

�3

�
! Out

�
�

�2

��
:

Observe the following exat sequene:

1 - Hom

 
H;

�
(�)
2

�
(�)
3

!
- Aut

 
�(�)

�
(�)
3

!
- Aut

 
�(�)

�
(�)
2

!

where any f 2 Hom
�
H; �

(�)
2 =�

(�)
3

�
is sent to the automorphism of �(�)=�

(�)
3 whih

sends x to xf(x) (with x 2 �(�)). Hene we have the following exat sequene:

1 -
Hom

�
H; �

(�)
2 =�

(�)
3

�
[H;�℄

- Out

�
�

�3

�
- Out

�
�

�2

�
:

Here, [H;�℄ stands for the subgroup of Hom
�
H; �

(�)
2 =�

(�)
3

�
onsisting of those

homomorphisms [h;�℄ de�ned for any h 2 H by x - [h; x℄, where H is identi�ed

with �
(�)
1 =�

(�)
2 . Consequently, we have de�ned an anti-homomorphism of monoids

C1(�) �1-
Hom

�
H; �

(�)
2 =�

(�)
3

�
[H;�℄ :
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In the sequel, we denote by L(H) = �nLn(H), the free Lie Z-algebra on the Z-
module H , and distinguish the boundary ase from the losed ase.

In the boundary ase, as �(�) is free and H is the Abelianized of �(�), L2(H)

is anonially isomorphi to �
(�)
2 =�

(�)
3 . Also, there is a sequene of isomorphisms

Hom (H; L2(H)) ' H� 
 L2(H) ' H 
 L2(H), with last one indued by �-duality.
Through these, [H;�℄ � Hom (H; L2(H)) beomes Ag;1 � H 
 L2(H) de�ned by

Ag;1 =

(
gX

i=1

(xi 
 [h; yi℄� yi 
 [h; xi℄) j h 2 H

)
:

Thus, �1 takes values in

Hom
�
H; �

(�)
2 =�

(�)
3

�
[H;�℄ ' H 
 L2(H)

Ag;1
:

The group �3H an be seen as a subgroup of H 
 L2(H) in the following manner:

0 - �3H
�- H 
 L2(H)

[�;�℄- L3(H);

where � is de�ned by �(x ^ y ^ z) = x
 [y; z℄ + y
 [z; x℄ + z
 [x; y℄. Composing �
with the projetion H 
 L2(H) -- H 
 L2(H)=Ag;1 still gives an injetion

�3H-
�- H 
 L2(H)

Ag;1
:

This follows from the fat that

(3.2) 8h 2 H; [h; !℄ = 0 2 L3(H) =) h = 0;

where ! =
P

i[xi; yi℄ 2 L2(H) orresponds via the anonial isomorphism L2(H) '
�2H to the sympleti element !, de�ned in the introdution.
We now prove that �1 takes values in the subgroup �3H . Suppose for this that

f 2 Hom
�
H; �

(�)
2 =�

(�)
3

�
� Aut

�
�(�)=�

(�)
3

�
is suh that there exists a lift ~f 2

End(�(�)) of f �xing the boundary element � :=
Qg

i=1[xi; yi℄ modulo �
(�)
4 . Note

that this property is veri�ed by a representative for �1(M) if M is a homology
ylinder, so that proving that f 2 Ker([�;�℄) will prove that Im(�1) � �3H . Let

Xi = x�1i
~f(xi) 2 �

(�)
2 and Yi = y�1i

~f(yi) 2 �
(�)
2 . We have

~f(�) =
Q

i[
~f(xi); ~f(yi)℄

� Q
i[xiXi; yiYi℄

� Q
i[xi; yi℄[Xi; yi℄[xi; Yi℄ mod �

(�)
4 ;

whih implies that
Q

i[Xi; yi℄[xi; Yi℄ � 1 mod �
(�)
4 . Consequently,X

i

(xi 
 Yi � yi 
Xi) 2 H 
 L2(H);

whih essentially orresponds to f , goes to 0 by the braketting map.

Let us now fous on the losed ase. The anonial map L2(H) -- �
(�)
2 =�

(�)
3

indues an isomorphism between �
(�)
2 =�

(�)
3 and L2(H)=!. Thus, in this ase, �1

takes values in

Hom
�
H; �

(�)
2 =�

(�)
3

�
[H;�℄ ' H 
 L2(H)

Ag
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where Ag = Ag;1 +H 
 !. Sine � (! ^H) � Ag , � fators to give

�3H

! ^H
�- H 
 L2(H)

Ag
:

It also follows from (3.2) that this new � is still injetive. Then, �3H=! ^ H an

be seen as a subgroup of Hom
�
H; �

(�)
2 =�

(�)
3

�
=[H;�℄. Similarly to the boundary

ase, one shows that �1 takes values in �3H=! ^H .

So far, we have de�ned some anti-homomorphisms of monoids

C1(�g;1)
�1- �3H and C1(�g)

�1- �3H

! ^H ;

but next lemma allows us to go a bit further.

Lemma 3.1. Let (M;K) be a homology ylinder over � together with a loop
K based on � 2 M . Let also G be a degree 2 lover in M disjoint from K and let
(MG;KG) be the result of the surgery along G. Then, there exists an isomorphism

�1(M; �)
�1(M; �)3

'- �1(MG; �)
�1(MG; �)3

sending [K℄ to [KG℄.

This lemma allows us to onlude with the following proposition-de�nition.

Proposition 3.2. For homology ylinders over � = �g;1 or �g, there are some
well-de�ned homomorphisms

C1(�g;1)
�1- �3H and C1(�g)

�1- �3H

! ^H :

Indued by the map (3.1), they are alled the �rst Johnson homomorphisms.

Remark 3.3. The omposition of �1 with the map C : T (�) - C1(�) is the
lassial homomorphism de�ned in [J3℄.

Proof of Lemma 3.1. Using [GGP, Lem. 5.1℄, one shows that

MG
�=+ M n int(N(G)) [jj� (H4)L

where H4
�

j- M is an oriented embedding of the standard genus 4 handlebody
onto N(G), whih is a regular neighborhood of G in M , and where L is the 2-
omponent framed link shown3 on Fig. 3.2. Through this di�eomorphism KG goes
to K �M n int(N(G)).
Moreover, L is Kirby-equivalent to the 3-omponent link N drawn on the right
part of Fig. 3.2. It turns out that N is a boundary link. More preisely, up to
a (�1)-framing orretion, one an push disjointly N3, N1 and then N2 to the
boundary of H4. We obtain some simple losed urves on �4 = �H4, whih are
bounding urves. Therefore, twist along eah of these urves indues the identity
at the level of �1(�4; �)=�1(�4; �)3. We then obtain the lemma by a Van-Kampen
type argument. �

3Blakboard framing onvention is used.
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3L

N1 N2

N

Figure 3.2: A 2-omponents framed link L assoiated to a degree 2 lover in H4,
and a Kirby-equivalent boundary link N

3.2. Birman-Craggs homomorphisms for homology ylinders. Birman-
Craggs homomorphisms were de�ned in [BC℄ and they were enumerated in [J2℄.
Levine also outlined in [Le℄ how they an be extended to homology ylinders. In
this paragraph, we review Birman-Craggs homomorphisms in a self-ontained way.
For this, we use the spin re�nement of the Goussarov-Habiro theory of �nite type
invariants: see Chapter 2 of the present work, x2.

We �rst �x a little notation. If (M;�) is a losed spin 3-manifold, let R(M;�) 2
Z16 denote its Rohlin invariant. If M is a homology sphere, we will denote its
(unique) spin struture by �0. Reall from Chapter 2 that surgery along a Y -graph
makes also sense among spin 3-manifolds:�

Data: (i) (M;�); a losed spin 3-manifold
(ii) G; a Y -graph in M

�
 Result: (MG; �G):

The following lemma desribes preisely how the Rohlin invariant is modi�ed dur-
ing surgery along a Y -graph.

Lemma 3.4. Let (M;�) be a losed spin 3-manifold, and let G be a Y -graph in
M whose leaves are ordered, oriented and denoted by K1, K2 and K3. Then,

(3.3) R(MG; �G)�R(M;�) = 8 �
3Y

k=1

e(tKk
)(�) 2 Z16;

where 8� : Z2- - Z16 denotes the usual injetion, and where tKk
2 H1(E(FM);

Z) and e(tKk
) 2 A(Spin(M);Z2) have been de�ned in x2:2.

Proof. Let j : H3
� - M be the embedding of the genus 3 handlebody,

determined (up to isotopy) by the Y -graph G in M . Then, it follows from Propo-
sition 3.7 of Chapter 2, that the variation R(MG; �G) � R(M;�) only depends on
j�(�) 2 Spin(H3). Also, aording to equation (2.1) from the proof of Lemma 2.2,
the rhs of (3.3) is determined by j�(�) 2 Spin(H3).
For i1; i2; i3 2 f0; 1g, we denote by Gi1i2i3 the trivial Y -graph in S3 (with ordered
and oriented leaves) and whose leaf number k is trivial and ik-framed; we also
denote by ji1i2i3 : H3

� - S3 the orresponding embedding. Then,

Spin(H3) =
�
j�i1i2i3(�0)ji1; i2; i3 2 f0; 1g	 :

Thus, it is enough to prove (3.3) when (M;�) is
�
S3; �0

�
and when G is a Gi1i2i3 ,

so that we now restrit ourselves to this ase. By Lemma 2.2 b) (iv), the rhs of
equation (3.3) is 8 if i1 = i2 = i3 = 1 and is 0 otherwise. The same holds for the lhs
of equation (3.3). Indeed, surgery along a Y -graph with a trivial leaf has no e�et



84 3. INVARIANTS DE TYPE FINI DES CYLINDRES D'HOMOLOGIE

(by the \blow-up move" of [GGP, Fig. 6℄), and surgery on S3 along G111 gives the
Poinar�e sphere whose Rohlin invariant is 8 2 Z16. It follows that equation (3.3)
holds in these eight partiular ases. �

Let � be �g or �g;1. Let j be an oriented embedding of � in S3, and let
M = (M; i+; i�) be a homology ylinder over �. We an then ut S3 along Im(j),
and glue bak M (using the identi�ations j, i+ and i�). We get a new homology
sphere whih is denoted by

S3(M; j):

It is shown in Corollary 3.8 of Chapter 2 that the Rohlin invariant is a de-
gree 1 invariant: in partiular, it is preserved under a Y2-surgery. Therefore,
R
�
S3(M; j); �0

�
only depends on the Y2-equivalene lass of M (and j). Sup-

pose now we are given a surgery presentation of the Y2-equivalene lass of M on
1�:

 1

 
nX

i=1

Y

h
z
(i)
1 ; z

(i)
2 ; z

(i)
3

i!
=M 2 C1(�):

Reall that the labels z
(i)
k belong to P and thus give some e

�
z
(i)
k

�
2 B

(1)
g . We also

put � = j�(�0) 2 Spin(�), whih an be identi�ed with the quadrati form q� 2 
g

aording to the Johnson onstrution (see x2.2). We then dedue from (3.3) the
following ubi formula:

(3.4)
R
�
S3(M; j); �0

�
8

=

nX
i=1

3Y
k=1

e
�
z
(i)
k

�
(q�) 2 Z2:

In partiular, this shows that:

(i) R
�
S3(M; j); �0

�
only depends on � = j�(�0) 2 Spin(�) (and the Y2-

equivalene lass of M);
(ii) if N is another homology ylinder over �, then:

R
�
S3(M �N; j); �0

�
8

=
R
�
S3(M; j); �0

�
8

+
R
�
S3(N; j); �0

�
8

2 Z2:
We now distinguish the ase � = �g from the ase � = �g;1.

In the boundary ase, any spin struture � on �g;1 an be realized as a j�(�0)
for a ertain embedding j : �g;1

� - S3. In fat, the spei� embeddings of �g;1

whose images are depited in Fig. 3.3 do suÆe.

? OR=

??

Figure 3.3: Some partiular embeddings of �g;1 in S3
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As for the losed ase, observe that any embedding j : �g
� - S3 is splitting,

so that � = j�(�0) is spin-bounding. Conversely, any spin struture on �g whih
spin-bounds an be so realized: hoose an appropriate embedding of �g among the
partiular ones whose images are shown in Fig. 3.4.

?

=? OR

Figure 3.4: Some partiular embeddings of �g in S3

Two other fats about these strutures still have to be mentioned. First, � 2
Spin(�g) spin-bounds if and only if the Arf invariant �(q�) vanishes (see [Ki,

p.36℄). Seond, if f and f 0 are two ubi polynomials on 
g (namely f; f 0 2 B
(3)
g ),

then they are idential on the quadrati forms with trivial Arf invariant if and only
if f � f 0 is a multiple of � (see [J2, Lem. 14℄ for a proof4 of this algebrai fat).

All of our present disussion leads to the following proposition-de�nition.

Proposition 3.5. There exist some well-de�ned homomorphisms

C1(�g;1)
� - B(3)

g and C1(�g)
�- B

(3)
g

� �B(1)
g

;

suh that, for M a homology ylinder over � and for j : � � - S3 an oriented
embedding, we have

�(M)
�
qj�(�0)

�
=

R
�
S3(M; j); �0

�
8

2 Z2:

Remark 3.6. By omposing � with the map C : T (�) - C1(�), we obtain
the lassial Birman-Craggs homomorphisms, as presented by Johnson in [J2℄.

4. Proof of the results

In this setion, we prove the results announed in the introdution.

Conventions 4.1. In the proofs, we will use some spei� tehniques of
Habiro. Reall that its alulus of laspers developped in [Hr℄ is based on the
de�nition of surgery along a basi lasper. So as to be onsistent with our Conven-
tions 2.5, we de�ne here a basi lover C in a 3-manifold M to be the embedding
into M of the surfae depited on the left part of Fig. 4.1. Surgery along C is de-
�ned as the surgery along the 2-omponent framed link shown5 in the right part of
Fig. 4.1. Then, a basi lover is a basi lasper but with opposite surgery meaning.
Consequently, before using one of the thirteen Habiro's moves, we will have to take
its mirror image.

4There, the proof is given for a genus g � 3, but the same arguments allow us to prove that
this fat also holds for a genus g = 0; 1 or 2.

5Blakboard framing onvention is used.
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C

Figure 4.1: A basi lover C and the assoiated framed link

4.1. Y -equivalene: proof of Proposition 1.1. Sine surgeries along lovers
preserve homology, the inlusions C1(�g) � HC(�g) and C1(�g;1) � HC(�g;1) are
lear.

We now prove the inlusion HC(�g;1) � C1(�g;1) using a result of Habegger.
For this, we need the following de�nition. Let k � 0 be an integer, a homology
handlebody of genus k is a pair (M; i) where

(i) M is a ompat oriented 3-manifold whose integral homology groups are
isomorphi to those of Hk, the standard genus k handlebody;

(ii) i : �k = �Hk
- M is an oriented embedding with image �M .

Theorem 4.2 (Habegger, [Hg℄). Let (M1; i1) and (M2; i2) be genus k homology
handlebodies suh that

Ker
�
H1 (�k;Z)

i1;�- H1 (M1;Z)
�
= Ker

�
H1 (�k;Z)

i2;�- H1 (M2;Z)
�
:

Then, (M1; i1) and (M2; i2) are Y -equivalent.

In the sequel we identify H2g with �g;1�I , and so �2g with � (�g;1�I). We also de-
note by (H2g; j) the standard genus 2g handlebody, with inlusion j : �2g � - H2g .
Any homology obordismM = (M; i+; i�) over �g;1 produes a genus 2g homology
handlebody (M; i), by de�ning i : �2g - M to be the di�eomorphism obtained
from the gluing of i+ with i�. Suppose now thatM is a homology ylinder. Proving
that the homology handlebody (M; i) is Y -equivalent to (H2g ; j) will imply that
the homology ylinder M is Y -equivalent to (�g;1 � I; Id; Id).
For this, let x�1; : : : ; x

�
g ; y

�
1 ; : : : ; y

�
g be some disjoint proper ars in �g;1, whih are

\dual" to the loops x1; : : : ; xg ; y1; : : : ; yg of Fig. 3.1, in the sense that x�k (resp. y�k)
transversely intersets xk (resp. yk) one but does not interset the other loops. For
example, hoose the �rst attahing region of eah 1-handle. For eah k, Xk = x�k�I
and Yk = y�k�I are diss in �g;1�I . The kernel of j� : H1 (�2g) - H1 (�g;1 � I)
is spanned by �X1; : : : ; �Xg; �Y1; : : : ; �Yg . On the other hand, observe that ��Yk
(resp. ��Xk) is homologous to xk � 0� xk � 1 (resp. to yk � 0� yk � 1) in �2g .
Therefore, sine M is a homology ylinder, i (�Xk) and i (�Yk) are nul-homologous
in M . As the kernel of i� : H1 (�2g) - H1(M) has to be of dimension 2g, it
is spanned by �X1; : : : ; �Xg; �Y1; : : : ; �Yg. It follows from Th. 4.2 that (M; i) is
Y -equivalent to (H2g ; j), whih proves the inlusion HC (�g;1) � C1 (�g;1).

Let us now justify the inlusion HC (�g) � C1 (�g). Let j : �g;1
� - �g be an

embedding and let D � �g be its omplementary disk. Take a homology obordism
M = (M; i+; i�) over �g;1. Then, the embedding (i+)j� Æ(jj�)�1 = (i�)j� Æ(jj�)�1 :
�D � - �M an be strethed to an embedding �D�I � - �M . The latter allows
us to attah the 2-handle D� I to M . This results in a homology ylinder over �g .
We have thus de�ned a �lling-up map

C (�g;1)
j- C (�g) ;
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whih is obviously surjetive. Let M 2 HC (�g), and pik a N 2 C (�g;1) suh
that M is a �lling-up of N . Then, N has to be a homology ylinder and so is
Y -equivalent to 1�g;1 . We onlude that M 2 C1 (�g), whih ompletes the proof
of Proposition 1.1.

4.2. The boundary ase: proof of Theorem 1.3. Reall from Example
2.1 that the Abelian group A1(H; 0) an be identi�ed with �3H , and likewise

A1

�
H(2); 0

�
with �3H(2). The following lemma will allow us to identifyA1

�
B
(1)
g ; 1

�
with B

(3)
g .

Lemma 4.3. Let  : A1

�
B
(1)
g ; 1

�
- B

(3)
g be the map given by multiplying the

labels of the abstrat Y -graphs: (Y[z1; z2; z3℄) = z1z2z3. Then,  is a well-de�ned
isomorphism.

Proof. The fat that  is well-de�ned is lear. In order to show that  is an

isomorphism, it suÆes to onstrut an epimorphism B
(3)
g

�-- A1

�
B
(1)
g ; 1

�
suh

that  Æ � is the identity.
By hoosing a basis (ej)

2g
j=1 for H , one determines an isomorphism between B

(3)
g

and Z2�H(2)��2H(2)��3H(2): for k = 1; 2; 3 and j1; : : : ; jk 2 f1; : : : ; 2gg pairwise
distint, the monomial

Qk
i=1 eji is identi�ed with the wedge produt ^ki=1eji , and 1

with 1 2 Z2. Sine B
(1)
g is a period 2 group, so is A1

�
B
(1)
g ; 1

�
by the multilinearity

relation. Then, it suÆes to de�ne � on the above mentioned Z2-basis of Z2 �
H(2) � �2H(2) � �3H(2) ' B

(3)
g . We put �(1) = Y

�
1; 1; 1

�
, �(ej) = Y

�
ej ; 1; 1

�
,

�(ej1 ^ ej2) = Y
�
ej1 ; ej2 ; 1

�
(with j1 6= j2) and �(ej1 ^ ej2 ^ ej3) = Y [ej1 ; ej2 ; ej3 ℄

(with j1; j2; j3 pairwise distint). The map � is surjetive by the multilinearity and
slide relations, and obviously satis�es  Æ � = Id. �

Reall from x2.2 that the maps

P
p- (H; 0) and P

e-
�
B(1)
g ; 1

�
are the anonial projetions of the pullbak of speial Abelian groups

P = (H; 0)�(H(2);0)

�
B(1)
g ; 1

�
:

They happen to be surjetive.

Lemma 4.4. The following diagram ommutes:

A1(P )
 1-- C1(�g;1)

�
�
�
�
�

A1(p) RR
A1(H; 0):

�1

?

Proof. Let us verify that �1 ( 1(Y )) = A1 (p) (Y ) for a generator Y = Y[z1; z2;
z3℄ of A1(P ). We putM =  1(Y ), so thatM = (1�g;1)G where G is an appropriate
Y -graph as desribed in x2.3. Its leaves are in partiular ordered and oriented,
they are denoted by K1, K2 and K3: [Ki℄ = p(zi) 2 H . Set � = �1(�g;1; �) and
let y 2 �=�3 be represented by y 2 �: we want to ompute �1 (M) on y. This
goes as follows: hoose an immersed based urve k in �+g;1 representing y (via the

identi�ation of �g;1 with �+g;1), pik an oriented based knot K � M in a ollar

of �+g;1 whih is a push-o� of k, and �nd another based knot K 0 � M in a ollar
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of ��
g;1 suh that the pairs (M;K) and (M;K 0) are Y2-equivalent. Then (via the

identi�ation of �g;1 with ��
g;1), this knot K

0 determines a y0 2 �, and by Lemma

3.1, the result �1(M)(y) is then y0 2 �=�3. We now explain the proedure how to
onstrut K 0 from K.

In 1�g;1 n G, K an be pushed down in a ollar of ��
g;1 up to some \�ngers"

whih are of two types (see Fig. 4.2):

(i) the �nger is pointing on an edge of G,
(ii) the �nger is pointing on an leaf Ki of G.

type (ii) finger

push
down

K

G
type (i) finger

Figure 4.2: Pushing the urve K down the ylinder

But, eah �nger of type (i) an be isotoped along the orresponding edge towards
its leaf and so an be replaed by two �ngers of type (ii), so that up to some isotopy
of the immersed urve k in �+g;1, we an suppose eah �nger to be of type (ii). Sine
Ki has been oriented, eah �nger omes with a sign. Let ki be an immersed urve
on �+g;1 � 1�g;1 suh that [ki℄ = p(zi) 2 H . We an suppose that Ki is a push-o� of

ki (with possibly an additional twist): there are then as many �ngers as intersetion
points of ki with k in �+g;1; the sign of the �nger orresponds with the sign of the

intersetion point ontributing to [k℄ � [ki℄ 2 Z.
A �nger move an be realized by surgery on a basi lover. Let K 0 be a opy of K

in a ollar of ��
g;1 � 1�g;1 nG. There is then a family of basi lovers

�
C
(i)
j

�i=1;2;3
j=1;:::;ni

in 1�g;1 nG, suh that eah C
(i)
j has a simple leaf whih laesK 0 and another simple

leaf wih laes the leaf Ki, and suh that:

(M;K) is di�eomorphi to
�
1�g;1 ;K

0
��

[i;jC
(i)
j

�
[G

:

Aording to the sign of the orresponding �nger, eah basi lover omes with a
sign denoted by "(i; j). Cutting the leaf K1 (see [GGP, Cor. 4.3℄) n1 times, we

obtain n1 new Y -graphs G
(1)
j (j 2 f1; : : : ; n1g): two leaves of G

(1)
j are opies of

K2 and K3, and the third leaf forms with a leaf of C
(1)
j the Hopf-link. Hene, by

applying Habiro's move 2 (or [GGP, Th. 2.4℄) to C
(i)
j [ G

(i)
j we obtain a new

Y -graph still denoted by G
(i)
j . We do the same for i = 2 and i = 3, therefore:

(M;K) is Y2-equivalent to
�
1�g;1 ;K

0
��

[i;jG
(i)
j

�
[G

:

Up to Y2-equivalene of the pair
�
1�g;1 ;K

0
�
G[

�
[i;jG

(i)
j

�, one an suppose that, for

eah (i; j), the whole of G
(i)
j lies in a ollar neighborhood of ��

g;1 � 1�g;1 . We now
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do the surgery along G, and then along eah of the G
(i)
j : the latter does not modify

the 3-manifold M but hanges the knot. The new knot we obtain is still denoted
by K 0 and satis�es the announed required properties.

We now alulate the y0 2 � de�ned by K 0. In view of Habiro's move 10, the

ontribution of eah Y -graph G
(1)
j to the modi�ation of K 0 is in � the ommutator�

k2; k
�1
3

�"(1;j)
. Therefore, we obtain

(4.1) y0 � y�1 =
Y
i2Z3

�
ki+1; k

�1
i+2

�[k℄�[ki℄ 2 �2
�3
:

Then, as a homomorphism H - �2=�3 = L2(H), �1(M) sends any h 2 H to

�
X
i2Z3

(h � p(zi)) � [p(zi+1); p(zi+2)℄ 2 L2(H):

whih orresponds to
P

i2Z3
p(zi)
 [p(zi+1; p(zi+2)℄ in H
L2(H), to p(z1)^p(z2)^

p(z3) in �3H , and so to A1(p)(Y ). �

Lemma 4.5. The following diagram ommutes:

A1(P )
 1-- C1(�g;1)

�
�
�
�
�

A1(e) RR
A1

�
B(1)
g ; 1

�
:

�

?

Proof. Aording to the de�nition of � we gave in Proposition 3.5, this is a
diret onsequene of equation (3.4). �

We still denote by

(H; 0)
�
 Z2- �

H(2); 0
�
and

�
B(1)
g ; 1

� �- �
H(2); 0

�
;

the maps whih appear in the pullbak diagram for P (see x2.2). Then, as a on-
sequene of the two preeeding lemmas, A1(�)� 1 = A1(�e) = A1 ((�
 Z2)p) =
A1(� 
 Z2)�1 1. Sine  1 is an epimorphism, we get: A1(�)� = A1(� 
 Z2)�1.
Construt the following pull-bak:

A1(H; 0)�A1(H(2);0) A1

�
B(1)
g ; 1

�
- A1

�
B(1)
g ; 1

�

A1(H; 0)
?

A1(�
 Z2)
- A1(H(2); 0)

A1(�)

?

whih, through the above mentioned identi�ations, is essentially the pull-bak

diagram for �3H ��3H(2)
B
(3)
g appearing in x1.3. By the universal property of the

pull-baks, there is then a homomorphism

C1(�g;1)
(�1; �)- A1(H; 0)�A1(H(2);0) A1

�
B(1)
g ; 1

�
' �3H ��3H(2)

B(3)
g :

Moreover, we also have by funtoriality another natural map

A1

�
(H; 0)�(H(2);0) (B

(1)
g ; 1)| {z }

P

� �- A1(H; 0)�A1(H(2);0) A1

�
B(1)
g ; 1

�
:
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Lemma 4.4 and Lemma 4.5 an then be summarized in the ommutativity of the
following diagram:

A1(P )
 1 -- C1(�g;1)

�
�
�
�
�

�
R
�3H ��3H(2)

B(3)
g :

(�1; �)

?

The following lemma will be the �nal step in proving Theorem 1.3.

Lemma 4.6. The map � : A1(P ) - �3H ��3H(2)
B
(3)
g is an isomorphism.

Assume Lemma 4.6. Then, from the previous ommutative diagram, it follows
that  1 is injetive, and so is an isomorphism: as a onsequene, the same holds
for (�1; �). The ommutativity of

C1(�g;1) �
C Tg;1

T 0
g;1

	�
�
�
�
�

(�1; �)

�3H ��3H(2)
B(3)
g

(�1; �) '
?

follows from Remark 3.3 and Remark 3.6. In partiular, when g � 3, C is an

isomorphism beause (�1; �) : Tg;1=T 0
g;1

- �3H ��3H(2)
B
(3)
g is so by [J4℄.

Proof of Lemma 4.6. We proeed as in Lemma 4.3. It suÆes to onstrut
an epimorphism

�3H ��3H(2)
B(3)
g

�-- A1(P )

suh that � Æ � is the identity.
Pik a basis (ei)

2g
i=1 of H : we have seen in the proof of Lemma 4.3 that this hoie

determines an isomorphism between B
(3)
g and �3H(2)��2H(2)�H(2)�Z2. Thus, it

also de�nes an isomorphism between �3H��3H(2)
B
(3)
g and �3H��2H(2)�H(2)�Z2.

We now de�ne � by putting

(i) �(ei ^ ej ^ ek) = Y [(ei; ei); (ej ; ej); (ek; ek)℄, with 1 � i < j < k � 2g,
(ii) �(ei ^ ej) = Y

�
(ei; ei); (ej ; ej); (0; 1)

�
, with 1 � i < j � 2g,

(iii) �(ei) = Y
�
(ei; ei); (0; 1); (0; 1)

�
, with 1 � i � 2g,

(iv) and �(1) = Y
�
(0; 1); (0; 1); (0; 1)

�
.

Here, elements of P are denoted as in Remark 2.3. This assignation well de�nes �
beause (i) determines � on a basis of the free group �3H , while (ii),(iii) and (iv)
assign elements of A1(P ) of order at most 2 to eah element basis of the Z2-vetor
spae �2H(2) �H(2) � Z2. Obviously, � followed by � gives the identity. Take now
any generator Y[z1; z2; z3℄ of A1(P ). For i = 1; 2; 3, zi 2 P an be written as a linear
ombination of some (ej ; ej) and (0; 1). The multilinearity, AS and slide relation
allow us to onlude that Y[z1; z2; z3℄ is realized by �. Thus, � is surjetive. �

4.3. The losed ase: proof of Theorem 1.4. An isomorphism

A1(P )
�- �3H ��3H(2)

B(3)
g

is de�ned formally in the same way as in the boundary ase (see Lemma 4.6). Reall

that S stands for the subgroup of the pullbak �3H ��3H(2)
B
(3)
g orresponding to
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!^H � �3H and ��B(1)
g � B

(3)
g . Then, ��1(S) is the subgroup ofA1(P ) omprising

the elements
gX
i=1

Y [(xi; xi); (yi; yi); z℄ ; where z is any element of P:

Lemma 4.7. In the losed ase, the surgery map  1 de�ned in x2:3 vanishes on
the subspae ��1(S).

As mentioned in the introdution, these sympleti relations ��1(S) appears in [Hr℄
for higher degrees.

Proof of Lemma 4.7. Let z 2 P , we aim to show that

(4.2)

gX
i=1

 1 (Y [(xi; xi); (yi; yi); z℄) = 0 2 C1(�g):

Consider in 1�g a basi lover G with one trivial leaf f , and the other leaf f 0

satisfying tf 0 = z 2 P . Then, f being trivial,
�
1�g
�
G

is di�eomorphi to 1�g .

Furthermore, f an be seen as a push-o� of �D where D is a 2-disk in �+g : in

partiular, f bounds the push-o� of �+g nD whih is an embedded genus g surfae.
By applying Habiro's moves 7 and 5, f an be split in g piees so that G is equivalent
to the union of g basi lovers denoted by G1; : : : ; Gg . See Fig. 4.3. Eah lover Gi

gG2G
G

f

f’

1G

Figure 4.3: Splitting the null-homologous leaf f

has a leaf whih bounds a genus 1 surfae; by applying Habiro's move 10, it is seen to
be equivalent to a Y -graph G0

i. Aording to Remark 2.3, the leaves of G0
i represent

(xi; xi), (yi; yi) and z in P , so that
�
1�g
�
G0
i

=  1 (Y [(xi; xi); (yi; yi); z℄) 2 C1(�g).

Equation (4.2) then follows. �

By the same arguments, appropriate versions of Lemma 4.4 and Lemma 4.5
hold in the losed ase: A1(p) = �1 Æ  1 and A1(e) = � Æ  1. This leads us to a
ommutative diagram

A1(P )

��1(S)

 1 -- C1(�g)

�
�
�
�
�

'
�
R�3H ��3H(2)

B
(3)
g

S

(�1; �)?

' �3H

! ^H �� �3H(2)
!(2)^H(2)

� B
(3)
g

� � B(1)
g

from whih it follows that  1, and then (�1; �), are isomorphisms. The ommuta-
tivity of the right triangle in Th. 1.4 is still given by Rem. 3.3 and Rem. 3.6.
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4.4. Finite type invariants of degree 1: proof of Corollary 1.5. The
equivalene (a),(b) immediately results from the existene of the universal degree
one additive invariant � introdued in Remark 2.7. The equivalene (),(a) is a
diret onsequene of Theorem 1.4 and Theorem 1.3.

4.5. From the boundary ase to the losed ase. In this last paragraph,
we �x an isomorphism

H1(�g;1;Z)
�- H1(�g;Z):

It allows us to identify the sets H , 
g ' Spin(�), Bg and P orresponding to �g;1

with those of �g.
Moreover, let j : �g;1

� - �g be an embedding suh that j� = � at the level of
H1(�;Z). Reall from x4.1 the �lling-up map, whih an be restrited to

C1 (�g;1)
j- C1 (�g) :

Note that it is ompatible with the \extending by the identity" map Tg;1 - Tg
de�ned by j, and that it indues a group homomorphism C1 (�g;1) - C1 (�g).
The latter an be veri�ed to be independent on the hoie of the embedding j suh
that j� = �, and so an be denoted by

C1 (�g;1)
�- C1 (�g) :

The ommutativity of the following diagram is easily proved from the various de�-
nitions:

A1(P )
 1 - C1(�g;1)

�
�
�
�
�

�
R 	�

�
�
�
�

(�1; �)
I�
�
�
�
�

C

�3H ��3H(2)
B(3)
g
�

(�1; �)

Tg;1
T 0
g;1

A1(P )

��1(S)

??
 1 - C1(�g)

�

??

�
�
�
�
�

�
R 	�

�
�
�
�

(�1; �)
I�
�
�
�
�

C

�3H ��3H(2)
B
(3)
g

S

??

�
(�1; �)

Tg
T 0
g

??



CHAPITRE 4

Fontions quadratiques et invariants de type �ni

des Spin-vari�et�es ferm�ees de dimension 3

En ollaboration ave Florian Deloup.

1. Introdution

Ever sine the beginning of algebrai topology, quadrati funtions have played
a prominent role. This hapter is an attempt to study systematially the role of
quadrati funtions in 3-dimensional topology, at least in the ase of losed oriented
3-manifolds.

The �rst part (x2) of the hapter is entirely algebrai and is devoted to the
study of quadrati funtions on torsion Abelian groups. A quadrati funtion
on a torsion Abelian group G is a funtion q : G ! Q=Z suh that the map
bq : (x; y) 7! q(x + y) � q(x) � q(y) is bilinear. If bq is a nondegenerate bilinear
pairing, we say that q is a nondegenerate quadrati funtion. Beause of 2-torsion
in G, a quadrati funtion q annot be reovered from its assoiated bilinear pairing
bq in general. Therefore, the theory of quadrati funtions is �ner than the theory
of symmetri bilinear pairings.
For �nite Abelian groups, only the latter are lassi�ed ([W1℄ over odd p-groups,
and [KK℄ over 2-groups). Note that our de�nition inludes quadrati funtions
that are not homogeneous, that is, that do not satisfy q(x) = q(�x). It is there-
fore natural, for a quadrati funtion q, to onsider the homogeneity defet dq 2
Hom(G;Q=Z), de�ned by dq(x) = q(x) � q(�x). When G is �nite, an invariant
of the isomorphism lass of q is provided by its Gauss sum, whih is de�ned by
(q) = jGj�1=2

P
x2G e

2�iq(x) 2 C . Our main result is the following one.

Theorem 1. Let q : G ! Q=Z and q0 : G0 ! Q=Z be two nondegenerate
quadrati funtions on �nite Abelian groups. Then q is isomorphi to q0 if and only
if there is an isomorphism  : G ! G0 suh that bq = bq0 Æ  
2, dq = dq0 Æ  and
(q) = (q0).

Turning to topology in x3, we then onsider losed oriented 3-manifolds and
some additional strutures with whih they an be endowed, alled omplex spin
strutures or Spin-strutures. They are related to spin strutures in the sense that
if M is a losed oriented 3-manifold, there is then a anonial map Spin(M) !
Spin(M), from the spae of its Spin-strutures to the spae of its Spin-strutures.
Complex spin strutures are also worth to be taking into aount in 3-dimensional
topology, at least beause they are in natural orrespondane with so-alled Euler

93
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strutures, whih have been introdued by Turaev in order to re�ne Reidemeister
torsions.

We give here a general homotopy-theoritial treatment of Spin-strutures (fol-
lowing that of Spin-strutures given in [BM℄). Having in mind the importane of
\ut and paste" tehniques in 3-dimensional topology, we deal with the tehnial
problem of gluing Spin-strutures. For that aim, we de�ne for any ompat ori-
ented 3-manifold with boundary and any Spin-struture � on �M , a spae denoted
by Spin(M;�), of omplex spin strutures on M relative to � (see Theorem 3.10).
We also desribe how Spin-manifolds an be presented by surgery on S3 and we
give the orresponding Spin-re�nement of Kirby's theorem.

We then relate in x4 algebra to topology, quadrati funtions to losed Spin-
manifolds of dimension 3. By means of that Spin-re�nement of Kirby's theorem,
we assoiate to an arbitrary losed Spin-manifold (M;�) of dimension 3 a quadrati
funtion

�M;� : H2(M ;Q=Z)! Q=Z;

whose assoiated bilinear pairing, denoted by LM : H2(M ;Q=Z)�H2(M ;Q=Z)!
Q=Z, is a slight modi�ation of the torsion linking pairing of M . Expliitly, let
�M : TH1(M) � TH1(M) ! Q=Z be the torsion linking pairing of M , where
TH1(M) denotes the torsion subgroup of M , then LM = �M Æ B
2, where B :
H2(M ;Q=Z) ! TH1(M) is the Bokstein homomorphism assoiated to the short
exat sequene of oeÆients 0 ! Z ! Q ! Q=Z ! 0. Note that LM (and
therefore �M;�) is nondegenerate if and only if M is a rational homology 3-sphere.
When � omes from a spin struture, the quadrati funtion �M;� turns out to
be equivalent with previous works ([LL℄, [MS℄, [T2℄). More generally, when � is
torsion (whih means that its Chern lass (�) 2 H2(M) is torsion), �M;� fatorizes
via B to a quadrati funtion:

�M;� : TH1(M)! Q=Z;

over the torsion linking pairing �M and then oinides with analogous onstrutions
from [Gi℄ (see also [De3℄) and [LW℄.

We then show that for a given losed oriented 3-manifoldM , the Spin-strutures
on M are determined by their orresponding quadrati funtions.

Theorem 2. Let M be a losed onneted oriented 3-manifold. Then, the map
[� 7! �M;�℄ de�nes an aÆne embedding:

Spin(M)
� � �M // Quad(LM ):

We also identify the okernel of �M (Theorem 4.10 and x4.3). Via the map �M ,
topologial notions an be put in orrespondane with algebrai notions. For in-
stane, the Chern lass (�) orresponds with the homogeneity defet d�M;�

of the
quadrati funtion �M;�.
When � is identi�ed with an Euler struture, a geometri intrinsi formula (making
no referene to the dimension 4) for the quadrati funtion �M;� is given. When M
is a rational homology sphere, �M;� an be reovered from the Reidemeister-Turaev
torsion (Theorem 4.17).

In the �nal part (x5) of the paper, we apply the previous to solve a problem
related to the Goussarov-Habiro theory for ompat oriented 3-manifolds. Their
�nite type invariants theory (developped in [Go℄, [Hr℄ and [GGP℄) is based on an
elementary move alled Y -surgery. The Y -equivalene, whih is de�ned to be the
surgery equivalene relation generated by this move, is then of ruial and basi
importane in the Goussarov-Habiro theory, sine two manifolds are Y -equivalent if
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and only if they are not distinguished by degree 0 �nite type invariants. It has been
haraterized in the losed ase by Matveev, who showed in [Mt℄ that two losed
oriented onneted 3-manifolds are Y -equivalent if and only if they have idential
�rst Betti numbers and isomorphi torsion linking pairings. We have introdued
in Chapter 2 a non-trivial Spin-re�nement of the Goussarov-Habiro theory and we
have haraterized degree 0 invariants of Spin-manifolds by re�ning that theorem
of Matveev.

Using the gluing tehniques developped in x3, we show that Y -surgeries make
also sense for Spin-manifolds, and generate a surgery equivalene relation among
them alled Y -equivalene. There exists then a Spin-re�nement of the Goussarov-
Habiro theory, the degree 0 invariants of whih are haraterized in the losed ase
by the following re�nement of Matveev's theorem.

Theorem 3. Let (M;�) and (M 0; �0) be two losed onneted oriented 3-
manifolds with omplex spin strutures. The following assertions are then equiva-
lent:

(1) the Spin-manifolds (M;�) and (M 0; �0) are Y -equivalent;
(2) there is an isomorphism  : H1(M)! H1(M

0) suh that �M 0;�0 = �M;� Æ
 ℄;

(3) there is an isomorphism  : H1(M)! H1(M
0) suh that:

- �M = �M 0 Æ ( j)
2,
-  

�
P�1(�)

�
= P�1 (�0),

-  (�M;� Æ s) =  (�M 0;�0 Æ s0) for any pair (s; s0) of ompatible se-
tions of the respetive Bokstein homomorphisms B : H2 (M ;Q=Z) !
TH1(M) and B : H2 (M

0;Q=Z)! TH1(M
0).

In assertion (2),  ℄ : H2 (M
0;Q=Z) ! H2(M ;Q=Z) is the isomorphism dual to  

by the intersetion pairings:

H1(M)�H2(M ;Q=Z)! Q=Z and H1(M
0)�H2(M

0;Q=Z) ! Q=Z;

whih are right nonsingular. In assertion (3), P stands for a Poinar�e duality
isomorphism, and the required ompatibility of setions s; s0 is the ommutativity
of the diagram:

H2 (M
0;Q=Z)

 ℄ '

��

TH1(M
0)

s0oo

H2 (M ;Q=Z) TH1(M):s
oo

 j '

OO

The equivalene between assertions (2) and (3) will be derived from Theorem 1.
The ase of rational homology 3-spheres deserves to be singled out. Indeed, if
M is an oriented rational homology 3-sphere, any � 2 Spin(M) is then torsion
and, aording to what has been said above, �M;� an be regarded as a quadrati
funtion H1(M) ! Q=Z over �M . In that ase, Theorem 3 speializes to:

Corollary 1. Let (M;�) and (M 0; �0) be two oriented rational homology 3-
spheres with omplex spin strutures. The following assertions are then equivalent:

(1) the Spin-manifolds (M;�) and (M 0; �0) are Y -equivalent;
(2) there is an isomorphism  : H1(M)! H1(M

0) suh that �M;� = �M 0;�0 Æ
 ;

(3) there is an isomorphism  : H1(M)! H1(M
0) suh that:

- �M = �M 0 Æ  
2,
-  

�
P�1(�)

�
= P�1(�0),

- (�M;�) = (�M 0;�0).
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It follows also from Theorem 3 and from Theorem 1.1 of Chap. 2 that, although
the anonial map Spin(M)! Spin(M) needs not be injetive, the Spin-re�nement
of Goussarov-Habiro theory embeds in degree 0 into its Spin-re�nement.

2. Quadrati funtions on torsion Abelian groups

Let us �x a few onventions. Given an Abelian group M , TM denotes the
subgroup of M onsisting of all torsion elements. If M and N are two Abelian
groups, Hom(M;N) denotes the Abelian group of all homomorphisms M ! N . A
set X on whih M ats freely and transitively is an aÆne spae over M . For
suh ations, the left multipliative notation is used. Any bilinear pairing b :
M �M 0 ! N , where M; M 0 and N are Abelian groups, has a left (resp. right)

adjoint map
�

bb : M ! Hom(M 0; N) (resp. bb
�
: M 0 ! Hom(M;N)), de�ned by

�

bb(x)(y) = b(x; y) (resp. bb
�
(y)(x) = b(x; y)), x 2 M; y 2 M 0. In the ase when

M =M 0 and b is symmetri,
�

bb = bb
�
is denoted by bb.

If M is a free Abelian group, we set CM = Z; if M is a Q -vetor spae, we set
CM = Q ; if M is a torsion Abelian group, we set CM = Q=Z. In suh ases, it is
onvenient to de�ne the dual of M by M� = Hom(M;CM ).

2.1. Basi notions about quadrati funtions. Let M and N be Abelian
groups. A quadrati funtion onM with values in N is a map q :M ! N suh that
the formula bq(x; y) = q(x+y)�q(x)�q(y), x; y 2M , de�nes a symmetri bilinear
pairing bq :M�M ! N , alled the assoiated bilinear pairing. Note that aording
to the de�nition we adopt in this hapter, any quadrati funtion q satis�es q(0) = 0.
In the ase when q satis�es the additional property that q(rx) = r2q(x) for all
x 2 M , r 2 Z, we say that q is homogeneous. To eah quadrati funtion q, we
assoiate an element dq 2 Hom(M;N), alled the homogeneity defet and de�ned
by dq(x) = q(x) � q(�x), x 2 M . Clearly, q is homogeneous if and only if dq = 0.
The quadrati funtion q is nondegenerate (resp. nonsingular or unimodular) if

the adjoint map bbq : M ! Hom(M;N) is injetive (resp. bijetive). If M is a
�nite Abelian group and N = CM = Q=Z, q is nondegenerate if and only if q is
nonsingular.

A quadrati funtion q :M ! N is a quadrati funtion over b :M �M ! N
if bq = b. Denote by Quad(b) the set of quadrati funtions over b. The Abelian
group Hom(M;N) ats freely and transitively on Quad(b) by addition. Thus, if b
is nonsingular then Quad(b) is an aÆne spae over M with ation de�ned by:

� � q = q +bb(�); � 2M:

It follows that, in that ase, Quad(b) and M are equipotent.
Let  :M 0 !M be an isomorphism of Abelian groups. We de�ne  �b :M 0 �

M 0 ! N to be the symmetri bilinear pairing de�ned by  �b(x; y) = b( (x);  (y))
for all x; y 2 M 0. Similarly we de�ne the quadrati funtion  �q : M 0 ! N by
 �q(x) = q( (x)) for all x 2 M 0. We say that two symmetri bilinear pairings
b; b0 (resp. two quadrati funtions q, q0) de�ned on M and M 0 with values in N
are isomorphi, and we write b � b0 (resp. q � q0), if there exists an isomorphism
 : M 0 ! M suh that  �b = b0 (resp.  �q = q0). An isomorphism  : M 0 ! M
indues a bijetive orrespondene between Quad(b) and Quad( �b). In partiular,
the subgroup Iso(b) of automorphisms of M preserving b ats on Quad(b):  � q =
 �q. The relation between the ation of Hom(M;N) and the ation of Iso(b) on
Quad(b) is the key to the problem of lassi�ation of quadrati funtions.

2.2. Presentations of quadrati funtions.
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2.2.1. Latties and their harateristi forms. A lattie M is a �nitely gen-
erated free Abelian group. A (symmetri) bilinear lattie (M; f) is a symmetri
bilinear form f : M �M ! Z on a lattie M . Then M 
 Q is a Q -vetor spae
whih we denote by V . Any bilinear lattie (M; f) gives rise by extension of salars
to a bilinear pairing fQ : V � V ! Q . Let M ℄ = fx 2 V : fQ(x;M) � Zg be the
dual lattie for (M; f). Clearly M � M ℄. More generally, for any subgroup N of
V , we an de�ne N ℄ = fx 2 V : fQ(x;N) � Zg.
A frational (resp. integral) Wu lass for (M; f) is an element v 2 V (resp. an
element v 2M) suh that:

8x 2M; f(x; x)� fQ(w; x) 2 2Z:

The set of frational (resp. integral) Wu lasses is denoted by WuQ(f) (resp.
Wu(f)) and is ontained in M ℄. Furthermore, WuQ(f) is an aÆne spae over
2M ℄.
A harateristi form for f is an element  2M� satisfying:

8x 2M; f(x; x) � (x) 2 2Z:

The set Char(f) of harateristi forms for f is an aÆne spae over Hom(M; 2Z).
Eah frational Wu lass gives a harateristi form by the equivariant map w 7!
fQ(w;�)jM , WuQ(f)! Char(f).

Lemma 2.1. If f is nondegenerate, then the map w 7! fQ(w;�)jM is a bijetive
orrespondene between WuQ(f) and Char(f).

Proof. f nondegenerate means bf : M ! M� is injetive. Then fQ : V !
V � is bijetive. Hene, the map x 7! fQ(x;�)jM ; WuQ(f) ! Char(f) is also
bijetive. �

The quotient group �M = M=Ker bf is a �nitely generated free Abelian group.
Hene, the short exat sequene:

(2.1) 0 // Ker bf i // M
p // �M // 0

is split. Any setion s of p then indues a (non-anonial) isomorphism:

(M; f) ' �
�M; �f

�� �
Ker bf; 0� ;

where �f : �M � �M ! Z is the nondegenerate pairing indued by f .

Lemma 2.2. There is an injetion p�jChar( �f) : Char
�
�f
�! Char(f) indued by

p, and any setion s of p indues a retration s�jChar(f) : Char(f) ! Char( �f) for
it.

Proof. Sine p Æ s = Id �M , we have: s� Æ p� = Id �M� . Moreover, one easily
veri�es that: p�

�
Char

�
�f
�� � Char (f), and that: s� (Char (f)) � Char

�
�f
�
. �

Lemma 2.3. Every symmetri bilinear lattie (M; f) has a harateristi form.

Proof. Aording to Lemma 2.2, we an suppose that f is nondegenerate. In
the nondegenerate ase, it is shown in [LW, Lemma 1.6 (i)℄ that any (M; f) admits
an integral Wu lass. �
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2.2.2. The disriminant onstrution. Suppose we are given a bilinear lattie
(M; f) as above. Consider the torsion Abelian group Gf = M ℄=M and the sym-
metri bilinear pairing

Lf : Gf �Gf ! Q=Z

de�ned by:

(2.2) Lf ([x℄; [y℄) = fQ(x; y) mod Z; x; y 2M ℄:

Sine M ℄℄ = M +Ker fQ, the radial of Lf is:

(2.3) Ker Lf =
�
M +Ker fQ� =M = Ker fQ=Ker bf =

�
Ker bf�
 Q=Z:

In partiular, Lf is nondegenerate if and only if f is nondegenerate.

Consider the torsion subgroup T Coker bf of Coker bf . The adjoint mapfQ : V ! V �

restrited to M ℄ indues a anonial epimorphism Bf : Gf ! T Coker bf . Hene
the following short exat sequene:

(2.4) 0! Ker Lf ! Gf ! T Coker bf ! 0:

It follows that the symmetri bilinear form Lf fatorizes to a nondegenerate form:

�f : T Coker bf �T Coker bf ! Q=Z:

It also follows from this sequene that M ℄ =M i� Gf = 0 i� f is unimodular.
Suppose next that (M; f; ) is a bilinear lattie equipped with a harateristi

form  2 M�. Denote by Q : V � ! Q the linear extension of  . We assoiate to
(M; f; ) a quadrati funtion

�f; : Gf ! Q=Z

over Lf by putting:

�f; ([x℄) =
1

2
(fQ(x; x)� Q(x)) mod Z; x 2M ℄:

Observe that the homogeneity defet d�f;
2 G�

f = Hom (Gf ;Q=Z) is given by:

(2.5) d�f;
([x℄) = �Q(x) mod Z; x 2M ℄:

Definition 2.4. The triple (M; f; ) is said to be a presentation of the qua-
drati funtion �f; on the torsion Abelian group Gf . The assignation (M; f; ) 7!
(Gf ; �f;) is alled the disriminant onstrution.

Lemma 2.5. The disriminant onstrution preserves orthogonal sums.

Remark 2.6. The quadrati funtion �f; fatorizes via Bf to a (nondegener-
ate) quadrati funtion over �f if and only if  an be taken to be the image of a
frational Wu lass.

In partiular, when f is nondegenerate, this always happens (Lemma 2.1). In

fat, Bf : Gf ! Coker bf is then an isomorphism induing a bijetive orrespon-
dane:

Quad (�f ) ' Quad (Lf ) :

This partiular ase oinides with the usual disriminant onstrution, as presented
for example in [De2, x1.2.1℄.
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2.2.3. Properties of the disriminant onstrution. Consider the bilinear map
M� �M ℄ ! Q=Z de�ned by (�; x) 7! �Q(x) mod Z. This map indues a bilinear
pairing:

h�;�i : Coker bf �Gf ! Q=Z:

Lemma 2.7. The bilinear pairing h�;�i : Coker bf �Gf ! Q=Z is left nonde-
generate (respetively left nonsingular if and only if f is nondegenerate) and right
nonsingular.

For the proof of Lemma 2.7, two points have to be observed. First, by (2:3),

any homomorphism Ker bf ! Z indues by tensoring with Q=Z a homomorphism

Ker Lf ! Q=Z. We denote by

jf :
�
Ker bf�� ! �

Ker Lf

��
the orresponding map. Seond, the following lemma holds.

Lemma 2.8. The okernel of the inlusion T Coker bf ,! Coker bf is
�
Ker bf��.

Proof. Sine M=Ker bf is free, the inlusion Ker bf !M indues a surjetive

map M� !
�
Ker bf�� whih sends bf(M) to 0. Hene we obtain a well-de�ned

surjetive map Coker bf ! �
Ker bf��, the kernel of whih, sine �Ker bf�� is free of

same rank as Coker bf , onsists of all torsion elements. �

Proof of Lemma 2.7. We start with proving that the left adjoint map Cokerbf ! Hom(Gf ;Q=Z) is injetive. Consider the following diagram:

0 // T Coker bf //

�f'

��

Coker bf //

�
h�;�i

��

�
Ker bf�� //

jf

��

0

0 //
�
T Coker bf�� // Hom(Gf ;Q=Z) //

�
Ker bLf

��
// 0:

The �rst row is given by Lemma 2.8. The seond row is obtained from the short
exat sequene (2:4) by applying the exat funtor Hom(�;Q=Z). As follows eas-
ily from de�nitions, that diagram is ommutative. Then, by the \snake lemma",
Ker

�
h�;�i is isomorphi to Ker jf . The homomorphism jf is essentially the map

�
 Q=Z : Hom
�
Zk;Z

�
! Hom

�
(Q=Z)k;Q=Z

�
(if k is the rank of Ker bf), whih is essentially itself the k-fold produt of the
anonial map Z! Hom(Q=Z;Q=Z) de�ned by 1 7! IdQ=Z. The latter is injetive,
so is the map

�
h�;�i.

We now prove that the braket is left nonsingular if and only if f is nondegenerate.
By the above diagram, the map

�
h�;�i is bijetive if and only if Coker jf = 0.

Thus, it suÆes to show that the anonial map Z! Hom(Q=Z;Q=Z) de�ned by
1 7! IdQ=Z is not surjetive. Let Ap denote the subgroup of Q=Z onsisting of all

elements m=pk (mod 1), m 2 Z; k 2 N . The Chinese remainder theorem implies
that Q=Z ' �p2PAp, where P denotes the set of all prime numbers. Consider
the map �p : Ap ! Ap whih is multipliation by p. Then the (strong) produtQ

p �p 2
Q

pHom(Ap;Q=Z) = Hom(Q=Z;Q=Z) does not ome from Z.

Consider now the right adjoint map Gf ! Hom
�
Coker bf;Q=Z�. An element

[x℄ 2 Gf lies in the kernel if and only if �Q(x) = 0 mod Z for all � 2M�. Clearly,
this implies that x 2M , thus [x℄ = 0.
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We now prove that the right adjoint map is surjetive. Consider the anonial
isomorphism V ! V ��; v 7! h�; vi. This map sends M ℄ onto N = fh�; wi 2 V �� :

h bf(M); wi � Zg whih is a subgroup of V ��. The group N0 = fx 2 Hom(M�;Q ) :

h bf(M); xi � Zg embeds in N by linear extension over Q : M� !M�
Q = V �. Any

x 2 N0 indues a map Coker bf ! Q=Z, hene there is an indued homomorphism

N0 ! Hom
�
Coker bf;Q=Z�, whih is obviously surjetive (sine M� is Z-free).

Hene any ' 2 Hom
�
Coker bf;Q=Z� lifts to an element x 2 N0 � N where x =

h�; vi for some v 2 M ℄. Thus ' = h�; [v℄i. �

For any  2 Char(f) and any u 2 M , we have �f;+2f̂(u) = �f;; hene �f;

depends on  only mod 2 bf(M). Also, the Abelian group M�= bf(M) = Coker bf ats

freely and transitively on Char(f)=2 bf(M) by:

[�℄ � [℄ = [+ 2�℄ 2 Char(f)=2 bf(M); � 2M�;  2 Char(f):

The next theorem is the main result of this setion.

Theorem 2.9. The map [℄ 7! �f; indues an aÆne embedding

�f : Char(f)=2 bf(M) ,! Quad(Lf )

over the opposite of the group monomorphism
�
h�;�i : Coker bf ,! Hom(Gf ;Q=Z).

Furthermore,

Coker �f ' Coker jf =

�
Ker Lf

��
jf

��
Ker bf���

and given q 2 Quad(Lf ), q belongs to Im �f if and only if qjKer Lf
belongs to Im jf .

Corollaire 2.1. The map �f is bijetive if and only if f is nondegenerate.

Proof of Theorem 2:9. Let us prove that the map �f is indeed aÆne over
the homomorphism stated above. Let � 2 M� and x 2 M ℄: �f;[�℄�[℄ ([x℄) �
�f;[℄ ([x℄) = �f;+2� ([x℄)� �f; ([x℄) = ��Q(x) mod Z. Hene:

�f;[�℄�[℄ = �f;[℄ � h[�℄;�i:
The fat that �f is injetive follows from Lemma 2.7. Next, Coker �f = Coker

�
h�;�i is also determined from the ommutative diagram drawn in the proof of

Lemma 2.7. We have Coker
�
h�;�i ' Coker jf .

Finally we prove the last statement of the theorem. The homomorphism whih

arises as the restrition of �f; to Ker Lf =
�
M +Ker fQ� =M is given by:

(2.6) �f; ([x℄) = �1

2
Q(x) mod Z; x 2M +Ker bfQ �M ℄:

Hene �f;jKer Lf
= jf

�� 1
2
� 2 Im jf , where we use the fat that 

�
Ker bf� � 2Z.

Conversely, let q 2 Quad(Lf ) suh that qjKer Lf
2 Im jf . Pik a  2 Char(f).

Then the restrition map (Gf )
� !

�
Ker Lf

��
sends q � �f; to Im jf . Sine

Coker
�
h�;�i ' Coker jf ; there is an element [�℄ 2 Coker bf suh that q � �f; =

h[�℄;�i. Sine the map �f is aÆne over Coker bf ,! Hom (Gf ;Q=Z), it follows that
q = �f;[��℄�[℄: �
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2.3. The stable lassi�ation theorem. The goal here is to generalize a
result due to Wall and Durfee ([W2, Corollary 1℄ and [Du, Corollary 4.2.(ii)℄). We
de�ne a natural notion of stable equivalene on latties equipped with a harater-
isti form. The resulting stable lassi�ation problem is shown to be equivalent to
the lassi�ation of the quadrati funtions indued by the disriminant onstru-
tion (x2.2).

There is a natural notion of isomorphism among triples (M; f; ) de�ned by
bilinear latties with harateristi forms: we say that two triples (M; f; ) and
(M 0; f 0; 0) are isomorphi if there is an isomorphism  :M !M 0 suh that  �f 0 =

f and  �0 =  mod 2 bf(M). All suh triples form a monoid for the orthogonal
sum �. Two triples (M; f; ) and (M 0; f 0; 0) are said to be stably equivalent if
they beome isomorphi after stabilizations with some unimodular latties, that is,
there is an isomorphism (alled a stable equivalene) between (M; f; ) � (U; g; s)
and (M 0; f 0; 0) � (U 0; g0; s0) for some unimodular latties (U; g; s) and (U 0; g0; s0)
equipped with harateristi forms s and s0 respetively. Beause, as we have
seen in x2.2, unimodular latties indue trivial disriminant bilinear forms and
quadrati funtions, a stable equivalene between two triples indue an isomorphism
of the orresponding quadrati funtions. We are interested in whether the onverse
holds and to whih extent. In fat, a positive answer is provided in the ase of
nondegenerate latties.

Proposition 2.10. Two nondegenerate symmetri bilinear latties (M; f; )
and (M 0; f 0; 0) equipped with harateristi forms are stably equivalent if and only
if their assoiated quadrati funtions (Gf ; �f;) and (Gf 0 ; �f 0;0) are isomorphi.
In fat, any isomorphism  between their assoiated quadrati funtions (Gf ; �f;)
and (Gf 0 ; �f 0;0) lifts to a stable equivalene between (M; f; ) and (M 0; f 0; 0).

Proof. This is proved in [LW, x1.7.3℄ whih relies on [W2℄. �

In the general ase, we have to deal with the potential degeneray of latties.
The �rst observation is that it is not true that any isomorphism between (Gf ; �f;)
and (Gf 0 ; �f 0;0) will lift to a stable equivalene between (M; f; ) and (M 0; f 0; 0).
In fat, the simplest ounterexample is given by the degenerate bilinear lattie
(Z; 0; 0) (with 0 as harateristi form). We have G0 = Q=Z, �0;0 = 0. Trivially
any automorphism of Q=Z is an automorphism of the degenerate quadrati funtion
(Q=Z; 0). However, not every automorphism of Q=Z lifts to an automorphism of
Q .
For eah bilinear lattie (M; f; ), Lemma 2.7 gives an isomorphism h�;�i

�
: Gf !

Hom
�
Coker bf;Q=Z�. Therefore any isomorphism  : Coker bf ! Coker bf 0 indues

an isomorphism  ℄ : Gf 0 ! Gf . The orresponding map:

Iso
�
Coker bf;Coker bf 0

�
! Iso (Gf 0 ; Gf )

is injetive (but not surjetive, unless f; f 0 are nondegenerate: see Lemma 2.13
below). We now state the main theorem of this setion.

Theorem 2.11. Let (M; f; ) and (M 0; f 0; 0) be some bilinear latties with
harateristi forms. Then, they are stably equivalent if and only if their assoi-
ated quadrati funtions (Gf ; �f;) and (Gf 0 ; �f 0;0) are isomorphi via an element

 ℄ 2 Im
�
Iso

�
Coker bf;Coker bf 0

�
! Iso (Gf 0 ; Gf )

�
. Furthermore, any suh iso-

morphism between (Gf 0 ; �f 0;0) and (Gf ; �f;) lifts to a stable equivalene between
(M; f; ) and (M 0; f 0; 0).



102 4. FONCTIONS QUADRATIQUES ET Spin-VARI�ET�ES FERM�EES DE DIMENSION 3

In the sequel, (M; f; ) and (M 0; f 0; 0) denote bilinear latties with harater-

isti forms. We also put: Nf = Ker Lf and Nf 0 = Ker dLf 0 .

Lemma 2.12. Any isomorphism  : Coker bf ! Coker bf 0 indues an isomor-

phism  ℄ : Ker bf 0 ! Ker bf . Furthermore, if  ([℄) = [0℄ then  ℄ is an isomorphism

from the triple
�
Ker bf 0; 0; 0jKer bf 0

�
onto the triple

�
Ker bf; 0; jKer bf

�
.

Proof. Consider the following diagram:

0 // T Coker bf //

 j
TCoker bf '

��

Coker bf //

 '

��

�
Ker bf�� //

[ ℄

��

0

0 // T Coker bf 0 // Coker bf 0 //
�
Ker bf 0�� // 0

where the two exat rows are given by Lemma 2.8 and where [ ℄ is indued by  
and is an isomorphism. Applying Hom(�;Z) to [ ℄ yields an isomorphism [ ℄� :�
Ker bf 0��� = Ker bf 0 ! �

Ker bf��� = Ker bf whih is taken to be  ℄. For the seond

statement, note that
�
 ℄
��

:
�
Ker bf�� ! �

Ker bf 0�� is [ ℄. Then, jKer bf Æ  ℄ =
[ ℄
�
jKer bf

�
= 0jKer bf 0 sine  ([℄) = [0℄. �

Lemma 2.13. Let 	 2 Iso(Gf 0 ; Gf ). Then, the following assertions are equiv-
alent:

(1) there exists  2 Iso
�
Coker bf;Coker bf 0� suh that 	 =  ℄;

(2) 	 (Nf 0) = Nf and the map 	jNf0 : Nf 0 ! Nf lifts to an isomorphism

Ker bf 0 ! Ker bf .
Proof. (1) =) (2): Lemma 2.12 gives an isomorphism  ℄ : Ker bf 0 ! Ker bf

and 	 =  ℄ is given by Lemma 2.7. It follows from the de�nitions that 	jNf0 :

Nf 0 ! Gf oinides with
�
 ℄
� 
 Q=Z : Nf 0 = Ker bf 0 
 Q=Z ! Ker bf 
 Q=Z =

Nf � Gf .
(2) =) (1): A homomorphism y : Gf 0 ! Q=Z belongs to the image of

�
h�;�i : Coker bf 0 ! Hom (Gf 0 ;Q=Z) if and only if yjNf0 : Nf 0 ! Q=Z lifts

to a homomorphism Ker bf 0 ! Z. This follows from the ommutative diagram in
the proof of Lemma 2.7 (sine Coker

�
h�;�i ' Coker jf 0). Thus, by hypothesis,

for any x 2 Coker bf , there exists a unique  (x) 2 Coker bf 0 satisfying:
8y0 2 Gf 0 ; h (x); y0i = hx;	(y0)i 2 Q=Z:

It also follows that the assignation  : x 7!  (x) is additive, and that  is in fat
an isomorphism (sine 	 is bijetive). By onstrution,  is suh that 	 =  ℄. �

Proof of Theorem 2.11. The nondegenerate ase is treated by Proposition
2.10. Consider now the general ase. Let s be a stable equivalene between latties,
say an isomorphism of symmetri bilinear latties s : (M 0; f 0; 0) � (U 0; g0; u0) !
(M; f; ) � (U; g; u) where (U 0; g0; u0) and (U; g; u) are unimodular latties. The
map s indues via the disriminant onstrution an isomorphism 	 : Gf 0 ! Gf
between �f 0;0 and �f; sine unimodular latties indue trivial quadrati funtions.

It also indues in the obvious way an isomorphism  : Coker bf ! Coker bf 0, and it
is easily veri�ed that  ℄ = 	.
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Conversely, suppose given an isomorphism	 between (Gf 0 ; �f 0;0) and (Gf ; �f;)

whih is indued by an isomorphism  : Coker bf ! Coker bf 0. Then, the homo-
geneity defets are preserved by 	: d�f0;0

= d�f; Æ 	. Sine 	 =  ℄, it follows

from (2.5) that  ([℄) = [0℄. Thus Lemma 2.12 implies that
�
Ker bf 0; 0; 0jKer bf 0

�
and

�
Ker bf; 0; jKer bf

�
are isomorphi via  ℄ : Ker bf 0 ! Ker bf .

Let
�
�M; �f

�
be the nondegenerate lattie indued by f (see (2.1)), and pik a

setion s of the anonial projetion p :M ! �M . Lemma 2.2 yields a harateristi
form � = s�jChar(f)() 2 Char( �f). The setion s of p indues a map G �f ! Gf still
denoted by s; this map is suh that � �f;� = �f; Æ s.
Let also s0 : �M 0 ! M 0 be a setion of the anonial projetion p0 : M 0 ! �M 0 suh
that the induep map s0 : G �f 0 ! Gf 0 veri�es:

Gf 0

	

��

G �f 0
s0oo

B �f0

'
// T Coker b�f 0 T Coker bf 0'

oo

Gf G �fs
oo

B �f

' // T Coker b�f T Coker bf:'oo

 j

OO

Set �0 = s0�jChar(f 0)(
0) 2 Char

�
�f 0
�
; then, � �f 0;�0 = �f 0;0 Æ s0. We dedue that:

� �f 0;�0 Æ  j = � �f;�. Sine these quadrati funtions are nondegenerate, Proposition
2.10 applies: the isomorphism  j lifts to a stable equivalene between the latties�
�M; �f; �

�
and

�
�M 0; �f 0; �0

�
.

Hene �nally, there is a stable equivalene between:

(M; f; ) ' �
�M; �f; �

�� �
Ker bf; 0; jKer bf

�
and:

(M 0; f 0; 0) ' �
�M 0; �f 0; �0

�� �
Ker bf 0; 0; 0jKer bf 0

�
;

where the isomorphisms are respetively indued by the setions s and s0. By
onstrution, the isomorphism Gf 0 ! Gf indued by this stable equivalene is
exatly 	. �

Consider two bilinear forms, denoted �1, de�ned on Z by (1; 1) 7! �1, and
both equipped with the Wu lass 1 2 Z. For n 2 N , we denote by n(Z;�1; 1) the
n-fold orthogonal sum of (Z;�1; 1).

Corollary 2.14. Let (M; f; ) and (M 0; f 0; 0) be some bilinear latties equipped
with harateristi forms. Then, the quadrati funtions (Gf ; �f;) and (Gf 0 ; �f 0;0)
are isomorphi if and only if there exists n; n0 2 N suh that (M; f; )�n(Z;�1; 1) '
(M 0; f 0; 0)� n0(Z;�1; 1).

Proof. One diretion is obvious. For the onverse, we apply Theorem 2.11.
We obtain unimodular latties (U; g) and (U 0; g0), equipped with harateristi
forms s and s0 respetively, suh that there is an isomorphism  sending (M; f; )�
(U; g; s) onto (M 0; f 0; 0) � (U 0; g0; s0). By stabilizing if neessary with (Z; 1) and
(Z;�1), we may assume that, as a symmetri bilinear pairing, (U; g) is inde�nite1

and not even2. Then a theorem asserts that (U; g) is isomorphi to an orthogonal
sum of opies of (Z; 1) and (Z;�1) [Se℄. It follows that (U; g; s) is isomorphi to a
sum of opies of (Z; 1; 1) and (Z;�1; 1). (Here we use the fat that any odd integer
a 2 Z indues a harateristi form for (Z;�1) and any suh triple (Z;�1; a) is
isomorphi to (Z;�1; 1).) A similar observation holds for (U 0; g0; s0). We onlude

1i.e. g takes both positive and negative values.
2even means that g(u; u) 2 2Z for all u 2 U .
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that there is a stable equivalene between (M; f; ) and (M 0; f 0; 0) involving only a
stabilization with opies of (Z; 1; 1) and (Z;�1; 1), whih is the desired result. �

Remark 2.15. This is a generalization of [De2, Lemma 2.1(b)℄ (whose proof
ontains a misprint).

2.4. A omplete system of invariants. We present a omplete system of
invariants for nondegenerate quadrati funtions on �nite Abelian groups.
Let q : G! Q=Z be a nondegenerate quadrati funtion on a �nite Abelian group
G. Its Gauss sum is:

(q) = jGj� 1
2

X
x2G

e2i�q(x) 2 S1:

An important observation is the relation:

(2.7) (� � q) = e�2i�q(�)(q); � 2 G:

Reall that bq denotes the assoiated bilinear pairing of q and dq 2 G� is its homo-
geneity defet. The following result is the main result of this setion.

Theorem 2.16. Two nondegenerate quadrati funtions q : G ! Q=Z and
q0 : G0 ! Q=Z on �nite Abelian groups are isomorphi if and only if there is an
isomorphism  : G! G0 suh that  �bq0 = bq,  

�dq0 = dq and (q0) = (q).

Corollary 2.17. Two nondegenerate homogeneous quadrati funtions q :
G ! Q=Z and q0 : G0 ! Q=Z on �nite Abelian groups are isomorphi if and only
if there is an isomorphism  : G! G0 suh that  �bq0 = bq and (q0) = (q).

That two isomorphi quadrati funtions have same Gauss sums and isomorphi
assoiated bilinear pairings and assoiated homomorphisms is obvious. The diÆult
part lies in the onverse. The key step is the following lemma.

Lemma 2.18 (Fundamental Lemma). Let q : G ! Q=Z be a nondegenerate
quadrati funtion on a �nite Abelian group. If � 2 G is an element of order 2
suh that q(�) = 0, then � � q � q.

Proof. De�ne a homomorphism � : G! Z2 by

8x 2 G; 1

2
� �(x) = bq(�; x) 2 Q=Z

where 1
2 � denotes the usual inlusion of Z2 into Q=Z. In the sequel, for any  2 Z2,

we put

G 3  � � =

�
� if  = 1;
0 if  = 0:

Observe that (1 + 2) � � = 1 � �+ 2 � � for any 1; 2 2 Z2 sine 2� = 0.
Let now  : G! G be the map de�ned by  (x) = x+ �(x) � � for all x 2 G. As �
is a homomorphism,  is an endomorphism of G. Furthermore,  is an involution
sine for any x 2 G, we have

 2(x) =  (x+ �(x) � �)
= x+ �(x) � �+ (�(x) + �(�(x) � �)) � �
= x+ 0 + (�(x)�(�)) � �
= x:
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Last identity follows from the fat that 1
2 � �(�) = bq(�; �) = q(2�) � 2q(�) = 0.

Lastly, for any x 2 G, we have

q ( (x)) = q (x+ �(x) � �)
= q(x) + q (�(x) � �) + bq (x; �(x) � �)
= q(x) + 0 +

1

2
� �(x)

= (� � q) (x):
Therefore, q is isomorphi to � � q via the involution  . �

Proof of Th. 2.16. With no loss of generality, we may assume that G = G0,
bq = bq0 , dq = dq0 and (q) = (q0) and then show that q � q0. The equality bq = bq0
implies (f. x2.1) that q0 = � � q for some � 2 G. The equality dq = dq0 implies
2� = 0. The equality (q) = (q0), together with (2:7) imply that q(�) = 0. Hene
Lemma 2.18 applies. �

For further use, we need a version of Theorem 2.16 whih allows for some
degeneray.

Lemma 2.19. Consider the following ommutative diagram of extensions of
Abelian groups:

0 // A
i //

'  jA

��

G

 '

��

p // B // 0

0 // A0 i0 // G0
p0

// B0 // 0:

where the extension of A by B is split. Then the extension of A0 is also split.

Proof. Let [ ℄ : B ! B0 be the isomorphism indued by  . Let also s : B !
G be a setion of p. Then s0 =  Æ s Æ [ ℄�1 is a setion of p0. �

Definition 2.20. Given a diagram as in Lemma 2.19, two setions s and s0 of
p and p0 respetively are said  -ompatible, or simply ompatible, if they are related
as in the proof of Lemma 2.19:

G p
//

 

��

B

[ ℄

��

s
uu

G0
p0

// B0

s0
ii

Let now q : G ! Q=Z be a quadrati funtion on a Abelian group. Then, G

an be regarded as the extension of A = Ker bbq by B = G=Ker bbq . We shall say
that (G; q) meets the �niteness ondition if the following two onditions hold:

- G=Ker bbq is �nite;
- the extension G of Ker bbq by G=Ker bbq is split.

Example 2.21. Let (M; f; ) be a bilinear lattie equipped with a harateristi
form . Then, the quadrati funtion (Gf ; �f;) meets the �niteness ondition sine
the short exat sequene (2.4) is split (a setion of its is indued by any setion of

the anonial projetion M ! �M =M=Ker bf).
In the sequel, we denote by rq : Ker bbq ! Q=Z the homomorphism qjKer bbq .
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Corollary 2.22. Let q : G ! Q=Z and q0 : G0 ! Q=Z be two quadrati
funtions on Abelian groups satisfying the �niteness ondition. Then, they are
isomorphi if and only if there is an isomorphism  : G! G0 suh that  �bq0 = bq,
 �dq0 = dq,  

�rq0 = rq and (q0 Æ s0) = (q Æ s) for some  -ompatible setions s
and s0.

Proof. Consider q1 = q Æ s and q01 = q0 Æ s0: they are nondegenerate quadrati

funtions on �nite Abelian groups. Let  1 be the isomorphism [ ℄ : G=Ker bbq !
G0=Ker bq0 indued by  . We then have:  �

1bq01 = bq1 ,  
�
1dq01 = dq1 and (q1) =

(q01). Then, by Theorem 2.16, q1 and q01 are isomorphi. We then dedue that

(G; q) '
�
G=Ker bbq ; q1���Ker bbq ; rq� is isomorphi to (G0; q0) '

�
G0=Ker bq0 ; q01���

Ker bq0 ; rq0� : �

3. 3-manifolds with omplex spin strutures

We now give a treatment of Spin-manifolds. We begin by some generalities
and then speialize our exposition to the dimension 3.

3.1. Complex spin strutures. The homotopy-theoritial exposition of Spin-
strutures we give here, follows mutatis mutandis from an analogous desription of
Spin-strutures given by Blanhet and Masbaum in [BM℄.

We �rst �x a few onventions. Vetor bundles will be stabilized from left. If
G is a group, !G : EG ! BG will denote the universal prinipal G-bundle. The
map indued by a bundle morphism F on the base spaes is denoted by the orre-
sponding lower ase letter f . All manifolds are assumed to be ompat, smooth and
oriented. The real interval [0; 1℄ will be denoted by I . Unless otherwise spei�ed,
all (o)homology groups are assumed to be with integer oeÆients.

3.1.1. The Spin group. The Spin group is the 2-fold overing of the speial
orthogonal group SO:

1! Z=2Z! Spin
�! SO ! 1:

The group Spin is de�ned by:

Spin =
Spin� U(1)

Z=2Z
;

where Z=2Z is generated by [(�1;�1)℄, hene this short exat sequene of groups:

1 // U(1)
j // Spin

� // SO // 1;

where j sends z to [(1; z)℄, and where � sends [(x; z)℄ to �(x). From this, we obtain
the following �bration for lassifying spaes:

BU(1) // Bj // BSpin
B� // // BSO:

Denote by SO the universal stable oriented vetor bundle over BSO, and by Spin

the pull-bak of SO by B�. Analogously, for any n � 1, starting from SO(n) we
de�ne the groups Spin(n) and Spin(n).

3.1.2. Rigid Spin-strutures. Let M be a n-manifold (assumed to be ompat
smooth and oriented by onvention). We denote by TM (resp. �M ) its oriented
(resp. and stable) tangent bundle.

Definition 3.1. A rigid Spin-struture on M is a vetor bundle morphism
G : �M ! Spin whih is orientation-preserving on eah �ber. A Spin-struture
(or omplex spin struture) on M is a homotopy lass of rigid Spin-strutures
on M . We denote by Spinr(M) the set of rigid Spin-strutures on M , and by
Spin(M) the set of its Spin-strutures.
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In the sequel, the letter � will stand for a Bokstein homomorphism assoiated
to the following short exat sequene of oeÆients:

0 // Z
�2 // Z // Z=2Z // 0:

We now reall a well-known fat onerning existene and parametrization of Spin-
strutures.

Proposition 3.2. The manifold M an be given a Spin-struture if and only
if the ohomology lass:

w(M) := �w2(M) 2 H3(M)

vanishes, where w2(M) is the seond Stiefel-Whitney lass of M . If so, Spin(M)
is an aÆne spae over the Abelian group H2(M).

We use the multipliative notation to denote this aÆne ation. Thus, when
w(M) = 0 and given �; �0 2 Spin(M), the unique h 2 H2(M) suh that �0 = h � �
is denoted by �0=�.

Proof of Proposition 3.2. Suppose that G : �M ! Spin is a rigid Spin-
struture on M . By omposing G with the anonial morphism Spin ! SO, we
obtain a morphism F : �M ! SO. At the level of base spaes, f : M ! BSO
is a lassifying map for �M and g : M ! BSpin is then a lift of f by B�. By
onstrution of Spin , the rigid Spin-struture G on M is equivalent to the data
(F; g) where:

(1) F : �M ! SO is a morphism of oriented vetor bundles,
(2) g is a lift of f by B�.

Thus, giving us a Spin-struture on M is equivalent to giving us a homotopy lass
of suh pairs (F; g). Suppose now that the bundle map F is �xed. The spae of
bundle maps:

MapSO(�M ; SO)

is ar onneted and ontratible (see for instane [Hu, Ch. 7, Prop. 3.3℄ and
[Hu, Ch. 7, Th. 3.4℄). It an then be dedued from these two fats that giving
us a Spin-struture on M is the same as giving us a lift g of f by B�, up to
lift homotopy. This useful observation allows us to apply usual obstrution theory
to the �bration B� : BSpin ! BSO. This is a prinipal �bration with �ber
BU(1) ' BK(Z; 1) ' K(Z; 2), and with harateristi lass w := �w2 2 H3(BSO).
The proposition then follows. �

Let us now explain why our de�nition of Spin-strutures agrees with the usual
one.

Lemma 3.3. Suppose that M omes equipped with a Riemannian metri and
denote by FM the bundle of its oriented orthonormal frames. Then a Spin-struture
on M is equivalent to an isomorphism lass of pairs (�;H), where � is a prinipal
Spin(n)-bundle and where H : �=U(1) ! FM is an isomorphism of prinipal
SO(n)-bundles.

Proof. Let (�;H) be suh a pair: let us prove that it determines a rigid
Spin-struture G on M by showing that it determines an equivalent data (F; g),
as desribed in the proof of Prop. 3.2. Pik a morphism of Spin(n)-bundles
� ! !Spin(n) whih, when omposed with the anonial map !Spin(n) ! !Spin ,

gives a ertain ~G : � ! !Spin . This ~G indues a morphism �=U(1) ! !SO; by

omposing it with H�1, we obtain ~F : FM ! !SO. The map ~F then indues a
morphism F : �M ! SO. We put g := ~g, indued by ~G at the level of base spaes.
Then, the assignation (�;H) 7! (F; g) � G indues the announed orrespondane
between the two de�nitions of Spin-strutures. �
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3.1.3. Relative Spin-strutures. Suppose in this paragraph that M is a n-
manifold with non-empty boundary. We orient �M with the \outward normal
vetor �rst" rule; then sine vetor bundles are stabilized from left, the bundle ��M
an be identi�ed with �M j�M , hene a restrition map Spinr(M)! Spinr(�M).

Definition 3.4. For a �xed s 2 Spinr(�M), a Spin-struture on M relative
to s is a homotopy lass rel �M of rigid Spin-strutures on M whih extend s. We
denote by Spin(M; s) the set of suh strutures.

Obstrution theory an again be applied to obtain the following relative analog
of Proposition 3.2:

Proposition 3.5. Let s 2 Spinr(�M) be �xed. Then, s an be extended to M
if and only if a ertain ohomology lass:

w(M; s) 2 H3(M;�M)

vanishes. If so, Spin(M; s) is an aÆne H2(M;�M)-spae. Furthermore, the re-
strition of w(M; s) to M is w(M) = �w2(M) 2 H3(M).

3.1.4. Orientation reversal. We denote by �M the manifold obtained from M
by reversing its orientation. There exists a map Spinr(M)! Spinr(�M) induing
a H2(M)-equivariant map:

Spin(M)
� // Spin(�M);

It is de�ned by omposing rigid strutures with the orthogonal reetion ��M ! �M
in the diretion of the �rst stabilization.

Suppose that �M 6= ? and let s 2 Spinr(�M). Pik a nonsingular setion v
of �M extending the outward normal vetor �eld on �M (v is well-de�ned up to
relative homotopy). By omposing rigid strutures with the orthogonal reetion
��M ! �M in the diretion of v, we obtain a map:

Spin(M; s)
� // Spin(�M;�s);

whih is H2(M;�M)-equivariant. It does not depend on v.
3.1.5. From Spin to Spin. Replaing Spin by Spin in what has been previously

done, we an analogously de�ne rigid Spin-strutures and reover the usual Spin-
strutures: see [BM℄3 for details. In partiular, the bundle Spin is de�ned to be
the pull-bak of SO by B�. Consider the ommutative diagram:

Spin
� //

�
##G

GG
GG

GG
GG

Spin

�

��
SO

where the morphism � is de�ned by �(x) = [(x; 1)℄. We then have B� = B� Æ B�
at the level of lassifying spaes, hene a bundle map Spin ! Spin , de�ned in the
obvious way.

So, if M is a n-manifold, there exists a map Spinr(M)! Spinr(M). It indues
a anonial map:

Spin(M)
� // Spin(M);

whih is aÆne over the Bokstein homomorphism � : H1(M ;Z2)! H2(M).
If now M has non-empty boundary and if s 2 Spinr(�M), there is also a map:

Spin(M; s)
� // Spin (M;�(s)) ;

3Rigid Spin-strutures are alled \w2-strutures" in [BM℄. Following this terminology, our
rigid Spin-strutures might have been alled \�w2-strutures".
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whih is aÆne over the Bokstein homomorphism � : H1(M;�M ;Z2)! H2(M;�M).
3.1.6. Chern lasses. Let M be a n-manifold and let � 2 Spin(M). Beause

of the group homomorphism Spin(n) ! U(1) de�ned by [(x; y)℄ 7! y2 and sine
� indues an isomorphism lass of prinipal Spin(n)-bundles over M (by Lemma
3.3), � then determines an isomorphism lass of prinipal U(1)-bundles. We denote
by (�) its �rst Chern lass.

Definition 3.6. The lass (�) 2 H2(M) is alled the Chern lass of the
Spin-struture �. When (�) 2 TH2(M), the torsion subgroup of H2(M), the
Spin-struture � is said to be torsion.

Remark 3.7. The Chern lass map  : Spin(M)! H2(M), is aÆne over the
square4 map H2(M) ! H2(M) de�ned by: x 7! x2. It follows that � 2 Spin(M)
omes from Spin(M) by the map � de�ned at x3.1.5 if and only if (�) = 0.

3.2. Spin-strutures in dimension 3. We now give a more spei� treat-
ment of Spin-strutures in dimension 3. Manifolds are still supposed to be smooth
ompat and oriented. Note that any 3-manifold M an be given a Spin-struture
sine w2(M) = 0.

3.2.1. About SO(3), Spin(3) and Spin(3). Let H be the quaternion algebra:

H = fq = a+ b � i+  � j + d � k : a; b; ; d 2 Rg
and let R3 be the subspae of pure quaternions: R3 = R � i + R � j + R � k. The
multipliative group of unitary quaternions S3 = fq = a + b � i +  � j + d � k :
a2 + b2 + 2 + d2 = 1g an be identi�ed with SU(2) by:

q = a+ b:i+ :j + d:k 7!
�

a+ b:i �d+ :i
d+ :i a� b:i

�
We then de�ne an homomorphism � : SU(2) ! SO(3), sending a unitary quater-
nion q to the transformation:

�(q) : R3 ! R3

h 7! qhq�1:

The map � is a onneted two-fold overing. Hene we an put Spin(3) = SU(2).
Beause of the isomorphism:

SU(2)� U(1)

Z2

' // U(2)

sending [(A; z)℄ to zA, we an then also put: Spin(3) = U(2).

Remark 3.8. The anonial homomorphism � : Spin(3) ! Spin(3) (x3.1.5)
orresponds to the usual inlusion SU(2) ,! U(2), while the short exat sequene
involving the groups U(1), Spin(3) and SO(3) an be rewritten as:

1 // U(1)
j // U(2)

� // SO(3) // 1;

where j(z) =

�
z 0
0 z

�
and where �(A) = �

�
1p

det(A)
�A
�
. Finally, the anonial

homomormorphism Spin(3)! U(1) (x3.1.6) is the determinant map det : U(2)!
U(1).

4Reall that the left multipliative notation is used for aÆne ations.
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Lemma 3.9. The following diagram is ommutative:

SO(2)
' //

� _

��

U(1)
� � // U(2)

�

��
SO(3) SO(3);

Here, SO(2) embeds into SO(3) by A 7! (1) � A, and U(1) into U(2) by: A 7!
A� (1).

Proof. It is a short, straightforward alulation. �

3.2.2. Relative Spin-strutures in dimension 3. In the previous setion, rigid
strutures have naturally appeared as representatives for some homotopy lasses.
However, rigid Spin-strutures and so, relative Spin-strutures as they were de-
�ned, are not a natural objet from a geometri-topologial viewpoint. In dimension
3, this an be partially orreted.

Theorem 3.10. LetM be a 3-manifold with boundary and let s0; s1 2 Spinr(�M)
represent the same spin struture: [s0℄ = [s1℄ 2 Spin(�M). Then, the rigid Spin-
strutures �(s0) and �(s1) an be extended to M and there exists a anonial bije-
tion:

Spin (M;�s0)
�s0;s1 // Spin(M;�s1);

whih is H2(M;�M)-equivariant.

Definition 3.11. Theorem 3.10 allows us to assoiate to any 3-manifold M
with boundary and any � 2 Spin(�M), the spae of Spin-strutures on M relative
to �. Denoted by:

Spin(M;�);

it is an aÆne H2(M;�M)-spae.

Example 3.12. Let us onsider the partiular ase when �M is a disjoint
union of tori. The torus T2 has a distinguished Spin-struture: that one whih is
indued by its Lie group struture, we denote it by �0. Thus, �M an be given the
distinguished Spin-struture _[�0. It an be veri�ed that the spae Spin(M; _[�0) is
in anonial bijetion with the spae of relative Spin-strutures de�ned by Turaev
in [T6, x1.2℄.

Proof of Theorem 3.10. Let w2(M; si) 2 H2(M;�M ;Z2) denote the ob-
strution to extending si to a rigid spin struture on M . It satis�es:

�(w2(M; si)) = w(M;�(si)) 2 H3(M;�M);

where w(M;�(si)) is the relative obstrution de�ned by Proposition 3.5. Thus,
w(M;�(si)) is of order at most 2 and so vanishes sine H3(M;�M) is torsion free.

We now prove the seond statement. Let (st)t2I denote a homotopy between
s0 and s1: st is a bundle morphism ��M ! Spin. Suh a homotopy de�nes a rigid
spin struture s : ��M�I ! Spin over �M � I by putting:

sj��M�I j�M�t := st;

where ��M�I j�M�t is identi�ed with ��M . This de�nes a map:

Spin(M;�s0)
�s // Spin(M;�s1)

by the gluing formula: �s([u℄) = [u [ �s℄, where u is a rigid Spin-struture on M
extending �(s0) (here we are identifyingM with its \ollar growing"M[(�M�I)).
Observe that �s is H2(M;�M)-equivariant.
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It suÆes now to prove that if (s0t)t is another homotopy between s0 and s1,
then �s = �s0 . Putting �s0;s1 := �s will give the theorem. The image of:

Spin (�M � I; (�s0)� 0 [ s1 � 1)
� // Spin (�M � I; (��s0)� 0 [ (�s1)� 1)

is a singleton sine it is aÆne over � : H1(�M � I; �M � �I ;Z2) ! H2(�M �
I; �M � �I) whih is trivial (its odomain is isomorphi to the free Abelian group
H1(�M)). It then follows that the rigid Spin-strutures �s and �s0 on �M � I are
homotopi rel �M � �I , so �s = �s0 . �

Remark 3.13. Let M be a 3-manifold with boundary and let � 2 Spin(�M).
We de�ne:

Spin(M;�) := f� 2 Spin(M) : �j�M = �g :
One an show that there exists a anonial map:

Spin(M;�)
� // Spin(M;�);

whih is indued by the map Spin(M; s) ! Spin (M;�(s)), de�ned in x3.1.5, for
an arbitrary s 2 Spinr(�M) representing �.

3.2.3. Spin-strutures as vetor �elds: the losed ase. We now review the
geometri Euler strutures introdued by Turaev in [T4℄. In this paragraph, we �x
a losed 3-manifold M .

Definition 3.14. A geometri Euler struture on M is a nonsingular vetor
�eld tangent to M , up to puntured homotopy. Preisely, two nonsingular vetor
�elds v and v0 on M are onsidered as equivalent, when there exists a point x 2M
suh that the restritions of v and v0 to M n x are homotopi among nonsingular
vetor �elds on M n x.

If a ellular deomposition of M is given, puntured homotopy oinides with
homotopy on the 2-skeleton of M . From obstrution theory, we then dedue that
geometri Euler strutures exist (sine �(M) = 0) and that they form an aÆne
H2(M)-spae denoted by:

Vet(M):

The aÆne ation is denoted multipliatively.

Lemma 3.15 (Turaev, [T5℄). There exists a anonial H2(M)-equivariant bi-
jetion:

Vet(M)
hM // Spin(M):

Proof. Let v be a nonsingular vetor �eld tangent to M . Endow M with a
Riemannian metri. First, v determines a redution of FM to SO(2) with respet
to this injetion SO(2) ,! SO(3) featured by Lemma 3.9: this redution is Fv? ,
the bundle of oriented orthonormal frames of the oriented vetor bundle v?, when
this one is oriented with the right-hand rule (v=right thumb). Then, by the the
homomorphism SO(2) ! U(2) of Lemma 3.9, Fv? de�nes a prinipal U(2)-bundle
�. Aording to that lemma, this U(2)-bundle an be aompanied with an iso-
morphism of prinipal SO(3)-bundles H : �=U(1)! FM , and so de�nes (aording
to Lemma 3.3) a Spin-struture on M . That one only depends on the puntured
homotopy lass of v: so is de�ned hM ([v℄). Moreover, one an verify that the
assignation ([v℄ 7! hM ([v℄)) is H2(M)-equivariant; in partiular, it is bijetive. �

There is a noteworthy involution of Vet(M). Called inversion and denoted by
� 7! ��1, it is de�ned by ��1 = [�v℄ if � = [v℄.
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Lemma 3.16. For any � 2 Vet(M), we have:

 (hM (�)) =
�

��1
2 H2(M):

Proof. Both of the maps Vet(M)! H2(M) whih are de�ned by � 7! �=��1

and by � 7! (hM (�)), are aÆne over the square5 map (aording to [T4, Th. 5.3.1℄
and Remark 3.7). It then suÆes to show the following impliation:

(3.1) (  (hM (�)) = 1 ) =) �
�=��1 = 1

�
:

Give M a Riemannian metri. Aording to the last statement of Remark 3.8,
the isomorphism lass of prinipal U(1)-bundles de�ned by the Spin-struture
hM (�), is represented by Fv? , so that  (hM (�)) = 1 (Fv?). Consequently, the
lass  (hM (�)) is the obstrution to �nd a nonsingular setion of TM transverse to
v. Assertion (3.1) then follows. �

In the latter proof and by Remark 3.7, it appears that the image of Spin(M)
in Spin(M) orrespond to the Euler strutures � = [v℄ for whih there exists a
nonsingular tangent vetor �eld to M transverse to v. Let us make this fat more
preise. We denote by:

Parall(M)

the set of parallelizations of M , up to puntured homotopy. A parallelization of M
is a trivialization e = (e1; e2; e3) of the oriented vetor bundle TM .
Let V be a manifold of dimension n � 3. The spae of trivializations of TV on
the 1-skeleton of V , whih an be extended to the 2-skeleton, and onsidered up
to homotopy, is empty or is parametrized by H1(M ;Z2). It an also be put in a
anonial orrespondane with Spin(M) (see [Ki, Chap. 4℄). Sine �2(SO(3)) = 0
and sine M is of dimension 3, we obtain the following lemma whih an be proved
similarly to Lemma 3.15.

Lemma 3.17. There exists a anonial and H1(M ;Z2)-equivariant bijetion:

Parall(M)
hM // Spin(M):

We de�ne a map:

Parall(M)
� // Vet(M):

by putting �([e℄) = [e1℄, if e = (e1; e2; e3) is a parallelization of M . It then follows
from the various de�nitions that:

Lemma 3.18. The following diagram is ommutative:

Parall(M)
hM //

�

��

Spin(M)

�

��
Vet(M)

hM

// Spin(M):

where the map � : Spin(M)! Spin(M) has been de�ned in x3.1.5.

5Reall that the left multipliative notation is used for aÆne ations.
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3.2.4. Spin-strutures as vetor �elds: the boundary ase. We now want to
de�ne some relative geometri Euler strutures.

On the hand, all of the de�nitions and results of x3.2.3 are relative to TM and
work for any 3-dimensional oriented vetor bundle. In partiular, if S is a losed
surfae, they an be applied to �1�TS, where �

i stands for the i-dimensional trivial
vetor bundle. Thus, we de�ne:

Vet (Sst) and Parall (Sst) ;

to be respetively the set of nonsingular setions of �1�TS and the set of trivializa-
tions of this oriented vetor bundle, all of them being onsidered up to homotopy
in S. Then, obstrution theory says that they are respetively aÆne spaes over
H2(S) and H1(S;Z2). Some analogs of Lemma 3.15 and Lemma 3.17 state the
existene of anonial aÆne isomorphisms:

Vet (Sst)
hS // Spin(S) and Parall (Sst)

hS // Spin(S):

Finally, an analog of Lemma 3.18 states that they �t both together in a ommutative
diagram.

Example 3.19. The anonial setion v = (1; 0) of �1�TS determines a Spin-
struture hS([v℄) on S. Its Chern lass is equal to the Euler lass e(S) of the surfae
S (sine here v? = TS � �1 � TS for a produt metri).

On the other hand, one an speak of rigid strutures for any kind of strutures
whih are de�ned as homotopy lasses of something. Thus, there are rigid versions
of Vet(N) and Parall(N), when N = M is a 3-manifold or when N = Sst with S
a losed surfae. These rigid versions are denoted with a deorating subsript \r".
Thus, if M is a 3-manifold with non-empty boundary and if v 2 Vetr ((�M)st) is
a nonsingular setion of �1 � T�M = TM j�M , one an de�ne:

Vet(M; v)

the spae of geometri Euler strutures on M relative to v. This spae is empty or
is an aÆne H2(M;�M)-spae. In exatly the same way we obtained Theorem 3.10,
we get:

Theorem 3.20. Let M be a 3-manifold with non-empty boundary and let e =
(e1; e2; e3), e

0 = (e01; e
0
2; e

0
3) be some homotopi trivializations of TM j�M . Then, the

nonsingular setions e1 and e01 of TM j�M an be extended to M , and there exists a
anonial bijetion:

Vet(M; e1)
�e;e0 // Vet(M; e01);

whih is H2(M;�M)-equivariant.

Definition 3.21. Theorem 3.10 allows us to assoiate to any 3-manifold with
boundary and any � 2 Parall

�
(�M)st

�
, the spae of geometri Euler strutures on

M relative to �. Denoted by:

Vet(M;�);

it is an aÆne H2(M;�M)-spae.

Hene this relative version of Lemma 3.15 whih may be proved similarly:

Lemma 3.22. Let M be a 3-manifold with boundary and let � 2 Parall ((�M)st).
There exists then a anonial and H2(M;�M)-equivariant bijetion:

Vet(M;�) // Spin (M;h�M (�)):
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3.2.5. Relative Chern lasses. We now de�ne some relative versions of the
Chern lasses of Spin-strutures (x3.1.6).

Lemma 3.23. Let M be a 3-manifold with boundary and let � 2 Spin(�M).
There exists then a anonial map:

Spin(M;�)
 // H2(M;�M);

whih is aÆne over the square6 map de�ned by x 7! x2.

Definition 3.24. If � 2 Spin(M;�), (�) is alled the Chern lass of the
relative Spin-struture �.

Proof of Lemma 3.23. Let � 2 Parall ((�M)st) orrespond to � by h�M . In
fat, we will de�ne a map  : Vet(M;�) ! H2(M;�M) (and then apply Lemma
3.22).

Let e = (e1; e2; e3) be a trivialization of �1 � T�M representing � and let � 2
Vet(M; e1) be represented by v: v is a nonsingular tangent vetor �eld toM whose
restrition to �M oinides with e1. The vetor �eld e2 is a nonsingular setion
of TM on �M transverse to v. We then de�ne (�) to be the �rst obstrution to
extending e2 to a nonsingular setion of TM transverse to v; we are then led to a
map Vet(M; e1) ! H2(M;�M). If e0 is another representant of �, the analogously
obtained map Vet(M; e01) ! H2(M;�M) oinide with the latter one via the
isomorphism �e;e0 involved in Th. 3.20. We then get a well-de�ned map .

Let now x 2 H2(M;�M) and suppose that its Poinar�e dual P�1x 2 H1(M)
is represented by a smooth oriented knot L � int(M). Then, just as in the losed
ase, it an be shown that the geometri Euler struture x � � is represented by
the vetor �eld w obtained from v by Reeb turbulentization along L (see [T4, x5.2℄
or [T8, x1.1℄). It is then not diÆult to prove, by a diret alulus of obstrution
in the oriented 3-manifold M using this onrete desription of w, that ([w℄) =
x2 � ([v℄). �

Remark 3.25. For any � 2 Spin(M;�), the Chern lass (�) vanishes if and
only if � omes from Spin(M;�) (Remark 3.13).

We now give a modulo 2 formula for these relative Chern lasses. Reall that

the obordism group 
Spin1 is isomorphi to Z2: the generator is S1 endowed with
the Spin-struture whih is indued by its Lie group struture (see [Ki, p. 35, 36℄).
For a losed oriented surfae S, Johnson onstruts in [J1℄ a anonial bijetion:

Spin(S)
q

'
// Quad(�)

between spin strutures on M and quadrati forms over the modulo 2 intersetion
pairing � of S. For any � 2 Spin(S), the quadrati form q� : H1(S;Z2) ! Z2 is
de�ned as follows. If  is an oriented simple losed urve on S, we have:

q� ([℄) = [(; �j)℄ 2 
Spin1 ' Z2:
Lemma 3.26. Let M be a 3-manifold with boundary, � 2 Spin(�M) and � 2

Spin(M;�). Then:

8y 2 H2(M;�M); h(�); yi = q� (��(y)) mod 2;

where h�; �i denotes Kroneker evaluation, and where �� : H2(M;�M) ! H1(�M)
is the onneting homomorphism of the pair (M;�M).

6Reall that the left multipliative notation is used for aÆne ations.
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Proof. The modulo 2 redution of (�) is:

w2(M;�) 2 H2(M;�M ;Z2);

whih is the obstrution to extending � to the whole manifold M . Let � be a
onneted immersed surfae in M suh that �� = �M \ �, �� has no singularity
and � represents the modulo 2 redution of y. Then, h(�); yi = hw2(M;�); [�℄i
mod 2 is equal to hw2 (�; �j��) ; [�℄i and so is the obstrution to extending the
Spin-struture �j�� to the whole surfae �. Sine � is onneted, this is the lass

of (��; �j��) in 
Spin1 . Thus, h(�); yi = q� ([��℄) = q� (��(y)) modulo 2. �

Example 3.27. Suppose that M is a 3-manifold with a disjoint union of tori
as boundary. We denote by �0 2 Parall

�
(T2)st

�
this distinguished parallelization

of the torus orresponding to its distinguished Spin-struture �0 (Example 3.12).
Then, the geometri Euler strutures on M relative to _[�0, as introdued in De�ni-
tion 3.21, orrespond to the relative geometri Euler strutures of Turaev (see [T4,
x5.1℄ or [T8, x1.1℄). In partiular, Lemma 3.26 is a generalization of [T8, Lemma
1.3℄.

3.3. Gluing of Spin-strutures. We are now ready to deal with the teh-
nial problem of gluing Spin-strutures.

Let us onsider two oriented ompat smooth n-manifoldsM1 andM2, together
with a positive di�eomorphism f : ��M2 ! �M1. Form the losed manifold:

M = M1 [f M2:

The inlusion Mi ,! M will be denoted by ji.

Lemma 3.28. Let some rigid strutures s1 2 Spinr(�M1) and s2 2 Spinr(�M2)
be suh that f�(s1) = �s2. We suppose that the relative obstrution w(Mi; si) 2
H3(M;�M) vanishes for i = 1 and 2. Then, the absolute obstrution w(M) van-
ishes and there exists a gluing map:

Spin(M1; s1)� Spin(M2; s2)
[f // Spin(M);

whih is aÆne over:

H2(M1; �M1)�H2(M2; �M2) //

P�1�P�1

��

H2(M)

Hn�2(M1)�Hn�2(M2)
j1;��j2;� // Hn�2(M)

P

OO

where the letter P stands for a Poinar�e duality isomorphism.

Proof. Let �i 2 Spin(Mi; si) be represented by a rigid struture ai. Then, a1
and a2 an be glued by means of f : we obtain a rigid Spin-struture on M whose
homotopy lass does not depend on the hoies of a1 and a2 in their respetive
lasses �1 and �2. We denote it by:

�1 [f �2 2 Spin(M):

Let us prove that the so obtained map [f is aÆne.
The manifolds M1 and M2 being smooth, they are triangulable. Let Ci be a

triangulation of Mi for i = 1 and 2, suh that C1j�M1 orresponds to C2j�M2 by f .
We denote by C�i the ellular deomposition of Mi dual to the triangulation Ci.
On the one hand, we onsider the union C of the triangulations C1 and C2: a
simplex of C is a simplex of Ci for i = 1 or 2, and simplies on �M1 are identi�ed
with simplies on �M2 by f . On the other hand, we onsider the gluing C� of the
ellular deompositions C�1 and C�2 : a ell of C� either is a ell of C�i whih does
not interset �Mi, either is the gluing by f of a ell belonging to C�1 with a ell of
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C�2 along a fae lying in �Mi. Then, C is a triangulation of M and C� is its dual
ellular deomposition. Cohomology will be alulated with C while homology will
be omputed with C�.
Let �i; �

0
i 2 Spin(Mi; si) (i = 1; 2), � = �1 [f �2 and �0 = �01 [f �02. We want to

prove this equality:

(3.2) j1;�P
�1

�
�1
�01

�
+ j2;�P

�1

�
�2
�02

�
= P�1

� �
�0

�
2 Hn�2(M):

Let ai; a
0
i 2 Spinr(Mi) be some respetive representatives for �i and �0i whih

oinides on the 1-skeleton of Ci (and, of ourse, on �Mi). We have �xed a bundle
morphism �Mi

! SO and, as in the proof of Prop. 3.2, we identify the rigid
struture ai and a0i with some lifts Mi ! BSpin of the orresponding map Mi !
BSO at the level of base spaes. Then �i=�

0
i 2 H2(Mi; �Mi) is the lass of the

2-oyle whih assigns to eah 2-ell eik of Ci outside �Mi, this element zik of
�2(BU(1)) ' �2(K(Z; 2)) ' Z obtenaid by gluing aijei

k
and a0ijeik along �eik. Then,

P�1(�i=�
0
i) =

hP
k z

i
k � e�;ik

i
where e�;ik denotes the (n� 2)-ell dual to eik.

Moreover, a := a1[f a2 and a0 := a01[f a02 respetively represent � and �0. Similarly,
using these rigid strutures, we an desribe expliitly a 2-oyle representing �=�0.
This 2-oyle sends any 2-ell of C1 [f C2 ontained in �M1

�= ��M2 to 0 2 Z so

that P�1(�=�0) is represented by
P

k z
1
k � e�;1k +

P
k z

2
k � e�;2k . �

We now ome bak to the dimension n = 3. Here is the gluing lemma whih
we will pratie.

Corollary 3.29. Let �1 2 Spin(�M1) and �2 2 Spin(�M2) be suh that
f�(�1) = ��2. There exists then a anonial gluing map:

Spin(M1; �1)� Spin(M2; �2)
[f // Spin(M);

whih is aÆne over:

H2(M1; �M1)�H2(M2; �M2) //

P�1�P�1

��

H2(M)

H1(M1)�H1(M2)
j1;��j2;� // H1(M)

P

OO

Furthermore, if �i 2 Spin(M;�i) (i = 1; 2), the following identity between Chern
lasses holds:

P�1(�1 [f �2) = j1;�P
�1(�1) + j2;�P

�1(�2) 2 H1(M):

Proof. Aording to Th. 3.10, the relative obstrutions vanish: the �rst state-
ment is then a diret appliation of Lemma 3.28 and de�nition of Spin-strutures
relative to Spin-strutures. The seond statement is again a alulus of gluing of
obstrutions in oriented manifolds and its proof uses the same arguments as in the
proof of Lemma 3.28. �

Remark 3.30. If M is obtained from M1 and M2 by gluing them along only
part of their boundaries (so that �M 6= ?), there are relative versions of Lemma 3.28
and Corollary 3.29 (involving Spin-strutures on M relative to Spin-strutures).

3.4. Combinatorial desriptions assoiated to surgery presentations
in S3. In this paragraph, we �x an ordered oriented framed n-omponent link L in
S3 and we denote by BL = (bij)i;j=1;:::;n the linking matrix of L. We all VL the
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3-manifold obtained from S3 by surgery along L and we denote by WL the trae of
the surgery. So:

VL = �WL with: WL = D4 [
n[
i=1

�
D2 �D2

�
i
;

where the 2-handle
�
D2 �D2

�
i
is attahed by embedding � �S1 �D2

�
i
into S3 =

�D4 in aordane with the spei�ed framing and orientation of Li.
The group H2(WL) is then free Abelian of rank n. It is given the preferred basis
([S1℄; : : : ; [Sn℄). Here, the losed surfae Si is taken to be

�
D2 � 0

�
i
[ (��i), where

�i is a Seifert surfae for Li in S
3 whih has been push-o� into the interior of D4

as shown in Figure 3.1. Also, H2(WL) will be identi�ed with Hom(H2(WL);Z) by

i

L i

- Σ i

(D 2x 0)

Figure 3.1: The preferred basis of H2 (WL).

Kroneker evaluation, and will be given the dual basis. In the sequel, we simplify
our notation by putting H = H2(WL) (so that H2(WL) is identi�ed with H�) and
by denoting f : H�H ! Z the intersetion pairing ofWL; reall that the matrix of
f relatively to the preferred basis of H is BL. Sine (H; f) is a symmetri bilinear
lattie, it an be applied the results of x2.2.

3.4.1. Combinatorial desription of Spin-strutures. We begin by realling a
ombinatorial desription of Spin(VL) due to Blanhet ([Bl℄). De�ne the set:

SL =

8<:[r℄ = ([ri℄)
n
i=1 2 (Z2)

n : 8i = 1; : : : ; n;

nX
j=1

bijrj � bii mod 2

9=; :

The elements of SL are alled harateristi solutions of BL. Here, SL is refered to
as the ombinatorial desription of Spin(VL), as justi�ed by the following lemma.

Lemma 3.31. There are anonial bijetions:

Spin(VL) '
// Wu(f)=2H

'
// SL:

A re�ned Kirby's theorem dealing with surgery presentations of losed Spin-manifolds
of dimension 3 an then be derived from this lemma (see [Bl, Th. (I.1)℄).

Proof of Lemma 3.31. The preferred basis of H indues an isomorphism
H=2H ' (Z2)

n: the bijetion between Wu(f)=2H and SL is obtained by this way.
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We now desribe a bijetion between Spin(VL) and Wu(f)=2H . Let � be a Spin-
strutures on VL, the obstrutionw2(WL; �) � toWL belongs to the groupH2(WL; VL;Z2) '
H2(WL;Z2) ' H=2H . Sine w2(WL; �) goes to the seond Stie�el-Whitney lass
w2(WL) by the restrition map H2(WL; VL;Z2) ! H2(WL;Z2), a representative
for w2(WL; �) in H has to be a Wu lass for f . �

3.4.2. Combinatorial desription of Spin-strutures. We now give a Spin ana-
logue of the previous paragraph. For this, we de�ne the set:

SL =
fs = (si)

n
i=1 2 Zn : 8i = 1; : : : ; n; si � bii mod 2g

2 � Im BL
;

whih is referred to here as the ombinatorial desription of Spin(VL). Indeed, we
have:

Lemma 3.32. There are anonial bijetions:

Spin(VL) '
// Char(f)=2 � Im bf '

// SL:

Proof. The preferred basis of H de�nes an isomorphism H� ' Zn, whih

indues a bijetion between Char(f)=2 � Im bf and SL.
The restrition map Spin(WL) ! Spin(VL) is aÆne over the map H2(WL) !
H2(VL) indued by inlusion. By exatness of the pair (WL; VL), the latter is sur-

jetive and its kernel oinides with the image of bf : H ! H� (by Poinar�e duality).
Moreover, sine H2(WL) is free Abelian, a Spin-struture � on WL is determined
by its Chern lass (�) 2 H2(WL) ' H�. Suh a form has to be a harateristi
form for f sine its modulo 2 redution oinides with the seond Stiefel-Whitney
lass w2(WL) 2 H2(WL;Z2) ' Hom(H;Z2). There is then a bijetion between

Spin(VL) and Char(f)=2 � Im bf de�ned by � 7!  (~�) where ~� is an extension of �
to WL. �

Conretely, in a surgery diagram for the Spin-manifold (VL; �), we draw the
framed link L with the blakboard framing onvention and we add a deorating
integer si to eah omponent Li of L so that the multi-integer s = (si) is a ombi-
natorial representant for the Spin-struture �.
We now give the orresponding re�ned Kirby's theorem dealing with surgery pre-
sentations of losed Spin-manifolds of dimension 3.

Theorem 3.33. Let L and L0 be some ordered oriented framed links in S3,
and let [s℄ 2 SL and [s0℄ 2 SL0 orrespond respetively to � 2 Spin(VL) and
�0 2 Spin(VL0). Then, the manifolds (VL; �) and (VL0 ; �0) are Spin-di�eomorphi
if, and only if, the pairs (L; [s℄) and (L0; [s0℄) are related one to another by a �nite
sequene of the moves depited on Figure 3.2.

Proof. This follows from the usual Kirby's theorem. It suÆes to show that,
for eah Kirby's move L1 ! L2, the orresponding anonial di�eomorphism VL1 !
VL2 ats at the level of Spin

-strutures as ombinatorially desribed on Figure 3.2.
This is a straightforward veri�ation. �

Example 3.34. Look at the slam dunk move, depited on Figure 3.3, between
surgery presentations in S3 of losed Spin-manifolds. Here, we are onsidering the
ordered union L [ (K1;K2) of a n-omponent ordered oriented framed link L with
a framed oriented knot K1 together with its meridian K2. The move is:

(L [ (K1;K2) ; [(s1; : : : ; sn; y; 0)℄) ! (L; [(s1; : : : ; sn)℄) ;

where y is the framing number of K1. It an be shown by rewriting the proof of
[FR, Lemma 5℄ with Spin Kirby's aluli.
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Figure 3.2: Spin Kirby's moves
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Figure 3.3: A Spin-version of the slam dunk move.

Remark 3.35. As follows from the following ommutative diagram with exat

rows, there is a anonial isomorphism Coker bf = H�=Im bf ! H2(VL) whih we
denote by �:

H2(WL; VL) // H2(WL) // H2(VL) // 0

H

P'

OO

bf // H�

'

OO

// Coker bf
' �

OO

// 0

The aÆne ation of H2(VL) on Spin(VL) writes then ombinatorially:

8[x℄ 2 Coker bf; 8[℄ 2 Char(f)=2 � Im bf; [x℄ � [℄ = [+ 2x℄:

Also, the Chern las map Spin(VL) ! H2(VL) is ombinatorially desribed by the

map Char(f)=2 � Im bf ! Coker bf de�ned by  ([℄) = [℄.
Therefore, as follows from Lemma 3.16, the involution of Spin(VL) de�ned in x3.2.3
orresponds to the involution of SL ' Char(f)=2 � Im bf given by: [s℄ 7! [�s℄.
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3.4.3. From Spin to Spin in a ombinatorial way. We now relate the ombi-
natorial desription of Spin(VL) with that of Spin(VL).

Lemma 3.36. The anonial map � : Spin(VL) ! Spin(VL) is ombinatorially

desribed by the map � : Wu(f)=2H ! Char(f)=2 � Im bf given by �([w℄) =
h bf(w)i

or, equivalently, by the map � : SL ! SL de�ned by � ([r℄) = [BL � r℄.

Proof. Take � 2 Spin(VL) and let r� 2 H2(WL; VL;Z) ' Zn be an integer
representative for the obstrution w2 (WL; �) 2 H2(WL; VL;Z2) ' (Z2)

n
to ex-

tending � to WL. Let also ~� 2 Spin(WL) be an extension of �(�) 2 Spin(VL).
Then, the lemma will follow from the fat that r� goes to (~�) by the natural map
H2(WL; VL) ! H2(WL) when ~� is appropriately hoosen with respet to r� . It
an be proved indiretly as follows. In ase when � an be extended to WL, this is
ertainly true: indeed, we an then take r� = 0 and we may hoose as ~� the image
by � of the unique extension of � to WL, so that (~�) = 0. The general ase an
be redued to this partiular one for the following two reasons. First, it is easily
veri�ed that for eah Kirby's move L1 ! L2 between oriented framed links, the
indued bijetions SL1 ! SL2 and SL1

! SL2
, whih are respetively desribed in

[Bl, Th. (I.1)℄ and Th. 3.33, are ompatible with the maps SLk ! SLk (k = 1; 2)
de�ned by � ([r℄) = [BL � r℄. Seond, aording to a theorem of Kaplan ([Ka℄),
there exists an oriented framed link L0 in S3 related to L by a �nite sequene of
Kirby's moves through whih � 2 Spin(VL) goes to �

0 2 Spin(VL0) suh that �0 an
be extended to WL0 . �

4. Quadrati funtions assoiated to 3-manifolds with omplex spin
strutures

Gille has shown in [Gi℄ (see also [De3℄) that, for a losed oriented 3-manifold,
torsion Spin-strutures are in a anonial one-to-one orrespondane with qua-
drati funtions over its torsion linking pairing. We now aim at generalizing this
result to all Spin-strutures, not only those of torsion.

4.1. A 4-dimensional de�nition. Let M be a losed oriented onneted 3-
manifold and let � 2 Spin(M). In this paragraph, we de�ne a quadrati funtion:

H2(M ;Q=Z)
�M;� // Q=Z

using a surgery presentation of M . Let us hoose an ordered oriented framed link
L in S3 together with a positive di�eomorphism  : VL ! M . We maintain the
notations �xed in x3.4; reall in partiular that (H; f) stands for the bilinear lattie�
H2(WL); intersetion pairing in WL

�
and that it an be applied the results of x2.2.

4.1.1. A ombinatorial desription of H2(VL;Q=Z).

Lemma 4.1. There exists a anonial isomorphism:

H℄

H

�

'
// H2(VL;Q=Z):
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Proof. Consider the following ommutative diagram with exat rows and
olumns:

0 0

0 // H2(VL;Q=Z) // H2(WL;Q=Z) //

OO

H2(WL; VL;Q=Z)

OO

0 // H2(VL;Q ) //

OO

H2(WL;Q )
 //

d

OO

H2(WL; VL;Q )

OO

0 // H2(VL;Z) //

OO

H2(WL;Z) //

a

OO

H2(WL; VL;Z)

b

OO

0

OO

0

OO

H℄ is the subspae of H 
 Q = H2(WL;Q ) omprising those x 2 H2(WL;Q ) suh
that (x) 2 H2(WL; VL;Q ) satis�es: 8y 2 H2(WL;Z); (x) � a(y) 2 Z, where �
is the rational intersetion pairing in WL. So H℄ is �1b(H2(WL; VL;Z)). Seeing
H2(VL;Q=Z) as a subgroup of H2(WL;Q=Z), we dedue the announed isomor-
phism from the map d. �

Reall that the quotient group H℄=H is denoted by Gf in x2.2 and that it an
be involved in the short exat sequene (2.4). We now interpret this sequene as
a universal oeÆients short exat sequene for VL (in partiular, we thus reover
the fat that it is split). We denote by B the Bokstein homomorphism assoiated
to the following short exat sequene of oeÆients:

0 // Z // Q // Q=Z // 0:

Lemma 4.2. (Using the previous notations) The following diagram7 is ommu-
tative:

0 // Ker Lf //

�j '

��

Gf //

� '

��

T Coker bf //

'�

��

0

0 // H2(VL)
 Q=Z // H2

�
VL;Q=Z

�
�PÆB

// T (H2(VL)) // 0;

where the isomorphisms � and � are respetively de�ned in Lemma 4.1 and Remark
3.35.

Proof. Commutativity of the left square is equivalent to the equality:

(4.1) �
�
Ker Lf� = H2(VL)
 Q=Z� H2(VL;Q=Z):

Reall that Ker Lf =
�
Ker fQ +H

�
=H = (H2(VL;Q ) +H2(WL;Z)) =H2(WL;Z)

where the groupsH2(VL;Q ) andH2(WL;Z) are seen here as subgroups ofH2(WL;Q )
Then, by de�nition of � an by the ommutative diagram in the proof of Lemma 4.1,
(4.1) will follow from the fat that the image of the anonial map H2(VL;Q ) !

7Be areful of the minus sign.
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H2(VL;Q=Z) oinides with that of H2(VL) 
 Q=Z! H2(VL;Q=Z). But this an
be dedued from the following ommutative diagram with exat rows and olumns:

0 // H2(VL)
 Q //

��

H2(VL;Q ) //

��

0

0 // H2(VL)
 Q=Z //

��

H2(VL;Q=Z)

0

We now derive ommutativity of the right square from ommutativity of the
left one in the following way. We start with x 2 TH1(VL) ' TH2(VL) and we
represent it by a 1-yle X . Let Y be a relative 2-yle in (WL; VL) suh that
�Y = X and let y = [Y ℄ 2 H2(WL; VL). Let also n 2 N� suh that n � x = 0, and
let S be a 2-hain in VL with boundary n �X . We then de�ne a 2-yle in WL by
setting U = n:Y � S and we de�ne u = [U ℄ 2 H = H2(WL).
First, sine the following diagram is ommutative:

H2(WL; VL)
�� //

P

��

H1(VL)

P

��
H2(WL)

i� // H2(VL);

we have � ([P (y)℄) = P (x).

Seond, 1
nu 2 H 
 Q belongs to the dual lattie H℄: indeed, P�1 bf(u) = i�(u) 2

H2(WL; VL) equals n�y so that bf(u) = n�P (y). Moreover, we have then: fQ � 1nu� jH=
P (y). Sine, the map Gf ! T Coker bf featured by the short exat sequene (2.4)

is de�ned by [x℄ 7!
hfQ(x)jHi, it sends � 1n � u� to [P (y)℄.

Third,
�
S 
 �

1
n

�� 2 H2(VL;Q=Z) is well-de�ned and goes by B to x.

Finally, the anonial map H2(WL;Q ) ! H2(WL;Q=Z) ' H2(WL)
Q =Z sends 1
nu

to u 
 1
n =

�
(n � Y � S)
 �

1
n

��
. Consequently, we get �

��
1
n � u

��
= � �

S 
 �
1
n

��
.

Putting those four fats all together, we onlude the proof of the lemma. �

4.1.2. De�nition of �M;�. Let  2 Char(f) represent  �(�) 2 Spin(VL) as
explained in x3.4.2. To the bilinear lattie with harateristi form (H; f; ), we an
assoiate (see x2.2) a quadrati funtion �f; : Gf ! Q=Z . Reall that �f; only

depends on the lass [℄ of  in Char(f)=2 � Im bf .
Definition 4.3. The quadrati funtion assoiated to the Spin-manifold (M;�)

is the following omposition:

H2 (M ;Q=Z)
'

 � // H2 (VL;Q=Z) '

��1
// Gf

��f; // Q=Z

� �M;� �

OO

Proof of the well-definition of �M;�. We have to verify that De�nition
4.3 does not depend on the hoie of the surgery presentation. Suppose that  0 :
VL0 ! M is another surgery presentation; quantities with a prime will be relative
to this presentation. Aording to Kirby's theorem, there exists a path of Kirby's
moves from L to L0 induing a di�eomorphism h : VL ! VL0 isotopi to ( 0)�1 Æ ;
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we have to verify the ommutativity of the diagram:

H2(VL;Q=Z) '

��1
//

h�'

��

H℄

H
��f;

  A
AA

AA
AA

AA

Q=Z

H2(VL0 ;Q=Z) '

�0�1
// H

0℄

H 0

��f0;0

>>}}}}}}}}

where 0 2 Char(f 0) is representative for ( 0)�(�). Equivalently, de�ne the isomor-
phism t : Gf ! Gf 0 by:

Gf '

� //

t

��

H2(VL;Q=Z)

h� '

��
Gf 0 '

�0 // H2(VL0 ;Q=Z);

we then have to verify that: �f; = �f 0;0 Æ t. We an suppose that L and L0 are
related by one single Kirby's move.
If this Kirby's move is an orientation reversal or a handle sliding move, the dif-
feomorphism h is indued by a di�eomorphism WL ! WL0 , induing itself an
isomorphism T : H ! H 0 making thus f and f 0 ommute. Note that the above
de�ned t is indued by T . Also T indues its dual T � : (H 0)� ! H� whih in turn
indues a bijetion Char(f 0) ! Char(f). Note that 0 an be hoosen to be the
inverse image of  by T �. Then, for all [x℄ 2 H℄=H , we have:

�f 0;0 (t([x℄)) = �f 0;0 ([TQ(x)℄)
= 1

2 �
�
f 0Q(TQ(x); TQ(x))� 0Q(TQ(x))

�
= 1

2 � (fQ(x; x) � Q(x))
= �f; ([x℄)

Finally, if the Kirby's move is a stabilization, we then have H 0 = H �Z, f 0 = f �
(�1) and a formula for t is: 8[x℄ 2 H℄=H , t ([x℄) = [(x; 0)℄. As a 0 2 (H 0)�, we an
take � IdZ (by Theorem 3.33). We then obtain immediately that �f 0;0 (t([x℄)) =
�f; ([x℄), thus onluding the proof of the well-de�nition of �M;� . �

Example 4.4. For instane, suppose thatM is a rational homology sphere and
that L is algebraially split , that is, the linking matrix BL = (bij)ij is diagonal.

Denote by mi the meridian of Li oriented so that: lkS3(Li;mi) = +1 and let
[mi℄ 2 H1(M) = TH1(M) ' H2(M ;Q=Z) be its homology lass. Let also s 2 SL '
Char(f)=2 � Im bf represent the Spin-struture �. It an then be veri�ed from the
de�nitions that:

(4.2) �M;�([mi℄) = � 1

2bii
(1� si) mod 1:

Definition 4.5. The linking pairing on M :

LM : H2(M ;Q=Z)�H2(M ;Q=Z)! Q=Z

is the omposition of the torsion linking pairing �M : TH1(M)�TH1(M)! Q=Z
with B �B.

The map LM is thus a symmetri bilinear form, possibly degenerate with H2(M)

Q=Z as radial.
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Lemma 4.6. �M;� is a quadrati funtion over LM , that is:

8x; y 2 H2(M ;Q=Z); �M;�(x+ y)� �M;�(x) � �M;�(y) = LM (x; y):

Proof. It is well-known that the linking pairing �M an be alulated from
the surgery presentation  : VL !M as follows. On the one hand, the isomorphism

H2(VL) ! Coker bf desribed in Remark 3.35, together with  and the Poinar�e du-

ality, indues an isomorphism TH1(M)! T Coker bf ; on the other hand, we onsid-

ered in x2.2 a symmetri nondegenerate bilinear form �f : T Coker bf�T Coker bf !
Q=Z. Then, �M orresponds to ��f via that isomorphism TH1(M)! T Coker bf .
So, aording to Lemma 4.2, the map LM is determined by the following ommu-
tative diagram:

H2(M ;Q=Z)�H2(M ;Q=Z)
LM //

 �� �

��

Q=Z

H2(VL;Q=Z)
H2(VL;Q=Z)

Gf 
Gf

���

OO

�Lf // Q=Z;

where the form Lf has been introdued in x2.2. The lemma then follows from the
fat that �f; is a quadrati funtion over Lf . �

Next, we investigate the propertie of the map:

Spin(M)
�M // Quad(LM );

de�ned by � 7! �M;� .

4.2. Properties of �M . In the sequel, we �x a onneted losed oriented 3-
manifoldM . Next lemma says that, for any Spin-struture � onM , the quadrati
funtion �M;� is determined on H2(M) 
 Q=Z by the Chern lass (�); note that
if x 2 H2(M), then h(�); xi 2 Z is even sine the mod 2 redution of (�) is
w2(M) = 0.

Lemma 4.7. If � 2 Spin(M), then �M;� is linear on H2(M) 
 Q=Z, and we
have:

8x
 [r℄ 2 H2(M)
 Q=Z; �M;� (x
 [r℄) =
h(�); xi

2
� [r℄:

Proof. The �rst statement follows from the fat that Ker b(LM ) = H2(M)

Q=Z. As for the seond statement, it suÆes to show it whenM = VL; suppose that
� is represented by the harateristi form  2 Char(f) and that x 2 H2(VL) goes to
y in H = H2(WL). Then, x
 [r℄ as an element of H2(VL;Q=Z) orresponds to [r �y℄
in H℄=H . We then have: �M;� (x
 [r℄) = ��f; ([r � y℄) = � 1

2

�
r2f(y; y)� r � (y)�

mod 1, but sine y 2 Ker bf , we obtain: �M;� (x
 [r℄) = 1
2 � r � (y) mod 1, and

aording to Remark 3.35, (y) = h(�); xi. �

Remark 4.8. If � 2 T Spin(M), (�) is torsion and Lemma 4.7 implies that
�M;� vanishes on H2(M)
Q=Z and so �M;� fatorizes to a quadrati funtion over
�M . Then, in this partiular ase, our onstrution is easily seen to agree with that
of [De3℄ and, up to a minus sign, with that of [Gi℄ (see Remark 2.6).

In partiular, if � is indued by a Spin-struture on M via the anonial map
� : Spin(M)! Spin(M), then the fatorization of �M;� to TH1(M) oinides with
the quadrati form de�ned in [LL℄, [MS℄ or [T2℄. In Chapter 2, this quadrati form
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is shown to play a basi role in the Goussarov-Habiro �nite type invariants theory
for manifolds with Spin-strutures.

Lemma 4.9. If � 2 Spin(M), the homogeneity defet of the quadrati funtion
�M;� :

�M;� : H2(M ;Q=Z)! Q=Z

is then de�ned by x 7! h(�); xi.
Proof. Again suppose thatM = VL and that � is represented by  2 Char(f).

Take x 2 H2(VL;Q=Z) represented by y 2 H℄, then �M;�(x) � �M;�(�x) =
��f; ([y℄) + �f; (�[y℄) = Q(y) = h(�); xi by Remark 3.35. �

Reall that Spin(M) is an aÆne spae over H2(M) and that Quad(LM ) is an
aÆne spae over Hom (H2(M ;Q=Z);Q=Z). We denote by:

H2(M)
�M // Hom (H2(M ;Q=Z);Q=Z)

the homomorphism de�ned by �M (y) = hy;�i, and we denote by:

Hom (H2(M);Z)
jM // Hom (H2(M)
 Q=Z;Q=Z)

the homomorphism given by jM (l) = l 
 IdQ=Z. Next results follow diretly from
Th. 2.9.

Theorem 4.10. The map �M : Spin(M)! Quad(LM ) is an aÆne embedding
over the group monomorphism �M . Furthermore,

Coker �M ' Coker jM =
Hom(H2(M)
 Q=Z;Q=Z)

jM (Hom(H2(M);Z))
;

and given q 2 Quad(LM ), q belongs to Im �M if and only if qjH2(M)
Q=Z belongs
to Im jM .

Corollaire 4.1. The map �M is bijetive if and only if M is a rational ho-
mology sphere.

The next paragraph provides an alternative, perhaps more appealing, desrip-
tion of the okernel of the aÆne map �M (and shows that, in a sense, it is not
big).

4.3. The okernel of �M . In this paragraph only, Zp denotes the ring of
p-adi integers. For any prime p, there is a natural embedding Z ,! Zp and with
respet to the p-adi topology, Z is dense in Zp. Let P denote the set of all primes.

Equip bZ =
Q

p2P Zp with the produt (Tyhono�) topology. Via the diagonal
embedding

Z ,! bZ;
Z is again dense (but not losed) in bZ. Here is a ontext (well known to number
theorists) in whih this ring appears:

Lemma 4.11. Hom(Q=Z;Q=Z) ' bZ:
Proof. For p 2 P , denote byAp the subgroup of Q=Z onsisting of all elements

m=pk (mod 1), m 2 Z; k 2 N . Then, Q=Z' �p2PAp. We have:

Hom(Q=Z;Q=Z) = Hom (�p2PAp;Q=Z)

=
Y
p2P

Hom (Ap;Q=Z)

=
Y
p2P

Hom (Ap; Ap)
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Now any endomorphism f of Ap is fully determined by the images of . . . , 1=pk+1,
1=pk, . . . in Ap, whih must be ompatible in the obvious sense. We reover in this
fashion the de�nition of Zp as an inverse limit. Alternatively, Ap is itself a diret

limit: Ap = lim
!



1=pk

�
, k 2 N , where 
1=pk� is the additive subgroup generated by

1=pk in Ap. So, Hom (Ap; Ap) = Hom
�
lim
!



1=pk

�
; Ap

�
' lim
 

Hom
�

1=pk

�
; Ap

� '
lim
 

Hom
�

1=pk

�
;Q=Z

� ' Zp: �

Therefore, from Lemma 4.11, the embedding jM involved in Theorem 4.10 is

interpreted as the diagonal embedding ÆM : H2(M) ,! H2(M) 
 bZ. Hene, we
have:

Coker �M ' Coker ÆM =
H2(M)
 bZ
ÆM (H2(M))

:

4.4. An intrinsi de�nition for �M;�. LetM be a losed onneted oriented
3-manifold and let � be a Spin-struture on M . The goal of this paragraph is to
give an intrinsi de�nition for the quadrati funtion �M;� , i.e. we want it not to
be dependent on the hoie of a 4-dimensional bordism.

Here is the idea. As it is easily veri�ed from Lemma 4.9, we have for any
x 2 H2(M ;Q=Z):

2 � �M;�(x) = LM (x; x) + h(�); xi 2 Q=Z:
If y 2 Q=Z, let us denote by 1

2 � y the set of elements z of Q=Z suh that z+ z = y.

Then, we are going to pik, in a orrelative way, a z1 2 1
2 � LM (x; x) and a z2 2

1
2 � h(�); xi suh that �M;�(x) = z1 + z2.

Definition 4.12. An element x of H2(M ;Q=Z) is said here to be speial if it
an be written as

�
S 
 �

1
n

��
, where n 2 N� and where S is an oriented immersed

surfae in M with boundary n �K, a bunh of n parallel opies of a knot K in M .

Lemma 4.13. Every element x of H2(M ;Q=Z) is speial modulo H2(M)
Q=Z.

Proof. The lass B(x) 2 H1(M) being torsion, there exists some n 2 N�

suh that n � B(x) = 0. Let an oriented knot K realize B(x), and let S be an
immersed surfae with boundary n �K. Then, S
 �

1
n

�
is a 2-yle with oeÆients

in Q=Zwhose image by B is B(x). The lemma then follows from the fat Ker(B) =
H2(M)
 Q=Z. �

Let x 2 H2(M ;Q=Z). Writing x as x0 + x00, where x0 is speial and x00 belongs
to H2(M)
 Q=Z, we obtain:

�M;�(x) = �M;�(x
0) + �M;�(x

00):

Lemma 4.7 gives an intrinsi formula for �M;�(x
00) (then: �M;�(x

00) 2 1
2 �h(�); x00i),

so that we an restrit ourselves to the speial ase.
In the sequel, we take a speial element x of H2(M ;Q=Z) written as x =�

S 
 �
1
n

��
, as detailed in De�nition 4.12. We now give the stepwise reipe for a

3-dimensional formula for �M;�(x).

- Step 1. Choose a nonsingular tangent vetor �eld v to M representing �
and whih is transverse to K (we laim that it is possible to �nd suh v).

- Step 2. Let V be a suÆiently small regular neighborhood of K in M and
let Kv be the parallel of K, lying on �V , obtained by pushing K along
the trajetories of v. Isotope S so that �S � int(V ) and S is in transverse
position with Kv.
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- Step 3. De�ne a Spin-struture �v on � (M n int (V )) by requiring its
Johnson quadrati form q�v (x3.2.5) to be suh that:

q�v (meridian of K) = 0 and q�v (Kv) = 1:

- Step 4. Then, v represents a Spin-struture �v on M n int (V ) relative to
the Spin-struture �v (we laim this). Let

(�v) 2 H2 (M n int (V ) ; � (M n int (V )))

be the relative Chern lass of �v .

Proposition 4.14. From the previous reipe, we get:

(4.3) �M;�(x) =

�
1

2n
�Kv � S

�
| {z }
2 1
2 �LM (x;x)

+

�
1

2n
� h(�v); [S \ (M n int (V ))℄i+ 1

2

�
| {z }

2 1
2 �h(�);xi

2 Q=Z:

Remark 4.15. In [LW℄, Looijenga and Wahl assoiate a quadrati funtion
over �M , to eah pair (M;J ), where

(1) M is a losed onneted oriented 3-manifold,
(2) J is a homotopy lass of omplex strutures on �1�TM whose �rst Chern

lass is torsion

(here �1 denotes the trivial real one-dimensional vetor bundle over M , so that
�1 � TM is an oriented real 4-dimensional vetor bundle).

Suppose instead now that M omes equipped with a nonsingular setion v
of TM representing a torsion Spin-struture �, and endow it with an arbitrary
Riemannian metri. Then �1�TM =

�
�1 � hvi��hvi? is written as the sum of two

oriented real 2-dimensional vetor bundles. So via the inlusion U(1) � U(1) ,!
U(2), v de�nes a omplex struture Jv on �1 � TM . The �rst Chern lass of Jv is
that of hvi? so equals (�) and then is torsion. The quadrati funtion de�ned by
Jv oinides with �M;� (ompare formula (3.4.1) in [LW℄ with our formula (4.3)).

Proof of Prop. 4.14. First of all, we have to justify that the provided reipe
an atually be arried out.
We begin by proving the laim of Step 1. Let v be an arbitrary nonsingular tangent
vetor �eld to M representing �. It suÆes to prove the following laim.

Claim 4.16. Let w be an arbitrary nonsingular tangent vetor �eld to M
de�ned on K. Then, v an be homotoped so as to oinide with w on K.

Proof. Choose a tubular neighborhood W of K, plus an identi�ation W =
(2D2)�S1 suh that K orresponds to 0�S1. We denote by (e1; e2) the standard
basis of R2 � 2D2. We de�ne � : W ! K to be the projetion on the ore. The
solid torus W is parametrized by the ylindri oordinates:��

r 2 [0; 2℄; � 2 R

2�Z

�
; � 2 R

2�Z

�
:

If p; q 2 W are suh that �(p) = �(q) (i.e. they belong to the same meridional
disk 2D2��), we de�ne the transport map tp;q : TpW ! TqW as the unique linear

map �xing the basis
�
e1; e2;

�
��

�
. The vetor �eld v an be homotoped to a vetor

�eld whih is onstant on eah meridional disk D2 ��; this is aomplished by the
homotopy

�
v(t)

�
t2[0;1℄

given at time t and point p 2W by:

v(t)p =

(
t�(p);p

�
v�(p)

�
if r(p) 2 [0; t℄

tq(p;t);p
�
vq(p;t)

�
if r(p) 2 [t; 2℄; with q(p; t) =

�
r(p)�t
1�t=2 ; �(p); �(p)

�
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and at time t and point p =2W by: v
(t)
p = vp. After suh a deformation, the vetor

�eld v satis�es: 8p 2 D2 � S1; tp;�(p)(vp) = v�(p). Now, sine �1(S
2) is trivial,

vjK and w have to be homotopi: let
�
w(t)

�
t2[0;1℄

be suh a homotopy, beginning

at w(0) = vjK and ending at w(1) = w. The homotopy given by:

v(t)p =

(
t�(p);p

�
w
(t�r(p))
�(p)

�
if r(p) 2 [0; t℄

vp if r(p) 2 [t; 2℄

if p 2 W and by v
(t)
p = vp if p =2 W , allows us to suppose that v oinides with w

on K. �

Let now V be a regular neighborhood of K in M , plus an identi�ation V =
D2 � S1 suh that K orresponds to 0 � S1 and suh that vjV orresponds to e1
(reall that (e1; e2) denotes the standard basis of R2 � D2). We apply steps 2 and 3
(note thatKv then orresponds to 1�S1) and we now prove the laim of Step 4. Let
�v 2 Spin(V ) orrespond to the parallelization

�
e1; e2;

�
��

�
of V . Sine (�v j�V ) j1�S1

is the non-bouding Spin-struture and sine (�vj�V ) j�D2�1 spin bounds, we have
�v j�V = ��v, i.e. �v 2 Spin(V;��v) with the notation of Remark 3.13. Thus, v
being e1 on V , it well-de�nes a Spin-struture �v on M n int (V ) relative to �v ,
as laimed in Step 4. For futher use, note that � is the gluing �v [ �(�v), where
� : Spin(V;��v) ! Spin(V;��v) has been de�ned in Remark 3.13.

Set z1 = [1=2n �Kv � S℄ 2 Q=Z and z2 = [1=2n � h(�v); [S0℄i+ 1=2℄ 2 Q=Z,
where S0 = S\(M n int (V )). We then have: 2�z1 = [1=n �Kv � S℄ = [lkM (K;Kv)℄ =
[�M (B(x); B(x))℄ = LM (x; x). Moreover:

2 � z2 = [1=n � h(�v); [S0℄i℄
=

�
1=n � P�1 ((�v)) � [S0℄

�
(intersetion in M n int(V ))

= P�1 ((�)) � x (intersetion in M)

= h(�); xi
where the third equality follows from the fats that x =

�
S 
 �

1
n

��
, P�1 ((�)) =

i�P
�1 ((�v)) + i�P

�1 ((�(�v))) 2 H1(M) (sine � = �v [ �(�v)) and (�(�v)) = 0
(by Remark 3.25).

We now prove formula (4.3), that is �M;�(x) = z1+ z2. We begin by de�ning a
partiular surgery presentation of M . Construt a 3-manifoldM 0 from M by doing
surgery along the framed knot (K; (e1; e2)). Pik a surgery presentation VL0 of M 0;
up to isotopy, the dual knot K 0 of K in M 0 lies in S3 n L0. We then �nd a surgery
presentation VL ofM by setting L to be L0 union K 0 with the appropriate framing.
This surgery presentation ofM has the following advantage: K bounds in the trae
WL of the surgery a disk D whose normal bundle is trivialized by some extensions
of the trivialization (e1; e2) of the normal bundle of K in M .

For suh a surgery presentation, we use the notations �xed in x3.4. In partiu-
lar, H = H2(WL) and f : H �H ! Z is the intersetion pairing in WL. We de�ne
the 2-yle U = n �D� S where n �D is a bunh of n parallel opies of the disk D
with boundary n �K; we also de�ne u = [U ℄ 2 H . Then 1

n � u belongs to H℄ and

the isomorphism � : H℄

H ! H2(M ;Q=Z) sends
�
1
nu

�
to �x = � �

S 
 �
1
n

��
(see the

proof of Lemma 4.2). So, by de�nition:

�M;�(x) = ��f;
�
�
�
1

n
� u
��

= �1

2

�
1

n2
f(u; u) +

1

n
(u)

�
;

where  is a harateristi form representative for �.
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Let us alulate the quantity f(u; u). The 2-yle U is a representant of u, a
seond one is U 0 = n �D0+n �A�S where D0 is a push-o� of D by the extension of
e1 = vjV suh that �D0 = Kv, and where A is the annulus of an isotopy from �Kv

to K in V (e.g. A = �[0; 1℄� S1 in V = D2 � S1). By adding a ollar to WL and
strething the top of U 0, we an make U in transverse position with U 0 (see Figure
4.1). So, f(u; u) = U � U 0 = �nS �Kv where the �rst intersetion is alulated in

n.A-S
M

W

n.K

n.Kv

v

L

n.D’

n.D

-S

.

Figure 4.1: Two representants of u in transverse position

WL and the seond in M ; we are led to:

(4.4) �M;�(x) =
1

2n
S �Kv � 1

2n
(u):

We are now interested in the quantity (u). Let ~� be an extension of � to
the manifold WL and let � be the isomorphism lass of prinipal U(1)-bundles on
WL de�ned by ~�; then  an be hoosen to be 1(�). Let p be a representant of
� and let tr be a trivialization of p on �V . Deompose the singular surfae U 0 as
U 0 = U 0

1 [ U 0
2 [ U 0

3, where U
0
1 = n �D0, U 0

2 = n � A [ (�S \ V ) and U 0
3 = �S0. By

desingularizing U 0 so as to be redued to a alulus of obstrutions in an oriented
manifold, we obtain:

(4.5) (u) = h1 (pjU 0) ; [U 0℄i =
3X
i=1



1
�
pjU 0

i
; trj�U 0

i

�
; [U 0

i ℄
�

where 1
�
pjU 0

i
; trj�U 0

i

� 2 H2 (U 0
i ; �U

0
i) is the obstrution to extend the trivialization

trj�U 0
i
of pjU 0

i
on �U 0

i to the whole of U 0
i . Let T �WL be the solide torus suh that

M 0 = M n int(V ) [ T . Pik a relative Spin-struture �1 2 Spin(T; �v) suh that
�v [ �1 = ~�jM 0 . Then, for some appropriate hoies of p in the lass � and tr, we
have:

1 (pjT ; tr) = (�1) 2 H2(T; �T );

1 (pjV ; tr) = (�(�v)) 2 H2(V; �V );

1

�
pjMnint(V ); tr

�
= (�v) 2 H2 (M n int(V ); � (M n int(V ))) :

Then, equation (4.5) beomes:

(u) = n � h(�1); [D0℄i+ h(�(�v)); [U 0
2℄i � h(�v); [S0℄i 2 Z:
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From the fat that (�(�v)) = 0, we then dedue that:

1

2n
� (u) = � 1

2n
� h(�v); [S0℄i+ 1

2
� h(�1); [D0℄i:

Then, showing that h(�1); [D0℄i is an odd integer together with (4.4) will end the
proof of the proposition. Sine h(�1); [D0℄i = q�v (�[D

0℄) = q�v (Kv) = 1 mod 2
(by Lemma 3.26), we are done. �

4.5. The maximal Abelian Reidemeister-Turaev torsion mod 1. Let
X be a �nite onneted CW-omplex with zero Euler harateristi and set H =
H1(X), whih is denoted multipliatively. We denote by Q(H) the ring of frations
of the ring Z[H ℄. Turaev introdued in [T1℄ the maximal Abelian Reidemeister
torsion of the omplex X : denoted by �(X), it belongs to Q(H) and is de�ned up
to multipliation by an element of �H � Q(H). Moreover, it is shown in [T4℄ that
this indeterminay an be disposed of by speifying two further strutures, alled
homology orientations and ombinatorial Euler strutures.

Suppose now that X is a onneted losed oriented 3-manifold M . On the one
hand, the orientation of M indues a anonial homology orientation; on the other
hand, the ombinatorial Euler strutures onM are in anonial orrespondane with
the geometri Euler strutures onM (x3.2.3) and aording to Lemma 3.15, so they
are with the Spin-strutures on M . Therefore, if (M;�) is any onneted losed
Spin-manifold of dimension 3, one an de�ne its maximal Abelian Reidemeister-
Turaev torsion: �(M;�) 2 Q(H), where H = H1(M). It has the property that:

(4.6) 8h 2 H1(M); h � �(M;�) = �(M;P (h) � �) 2 Q(H):

Suppose now that M is a rational homology sphere. Then, H is �nite and it
happens that Q(H) = Q [H ℄. Let us now reall from [T9, Chap. X, x2.3℄ how, in
this partiular ase, the torsion �(M;�) determines a quadrati funtion. De�ne a
funtion �� : H ! Q by putting:

�(M;�) =
X
h2H

��(h) � h 2 Q [H ℄:

The modulo 1 redution of this funtion satis�es:

(4.7) 8h1; h2 2 H; ��(h1h2)� ��(h1)� ��(h2) + ��(1) = ��M (h1; h2) mod 1;

where �M : H � H ! Q=Z is the torsion linking pairing of M . It immediately
follows that:

8h 2 H; ��(h) = � � qM;�

�
h�1

�
mod 1;

where � = ��(1) 2 Q=Z is a onstant and where qM;� is a quadrati funtion over
the linking pairing �M . It is easily seen from (4.6) and (4.7) that:

(4.8) 8h 2 H; qM;P (h)�� = qM;� + �M (h;�) :
SineM is a rational homology sphere, the Bokstein homomorphism B is then

an isomorphism H2(M ;Q=Z) ! H1(M), so that that �M;� an be regarded as a
quadrati funtion �M;� : H ! Q=Z over �M . Moreover, as follows from Theorem
4.10, we have:

(4.9) 8h 2 H; �M;P (h)�� = �M;� + �M (h;�):
In fat, equations (4.8) and (4.9) are equivalent aording to the following.

Theorem 4.17. For any rational homology 3-sphere M and any � 2 Spin(M),
we have qM;� = �M;�.

It follows in partiular that the quadrati funtion �M;� is determined by the
maximal Abelian Reidemeister-Turaev torsion of (M;�).
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Proof of Theorem 4.17. The tehnial diÆulty lies in the omputation of
qM;� from the torsion �� . Fortunately, �� an be omputed from a surgery presen-
tation of M and ertain ombinatorial data equivalent to Spin-strutures, alled
harges.

We begin by realling the de�nition of harges introdued in [T8℄. We shall use
notation of x3:4. Let L � S3 be an ordered oriented and framed n-omponent link.
Surgery along L yields a losed oriented onneted 3-manifold VL. The manifold
VL is the union of the exterior E of L in S3 and the disjoint union of reglued solid
tori Zj , one for eah omponent Lj of L. A solid torus Z is said to be direted when
its ore is oriented. We diret the solid torus Zj in the following way: we denote
by mj � E the meridian of Lj whih is oriented so that lkS3(mj ; Lj) = +1, and
we ask the oriented ore of Zj to be isotopi in VL to mj . A direted solid torus Z
has a distinguished Spin-struture relative to the anonial (see Remark 3.12) spin
struture �0 on �Z: this is the one whose Chern lass is Poinar�e dual to opposite
of the oriented ore of Z. Then, by gluing any Spin-struture on E relative to
_[�0 (by means of Lemma 3.28) to the distinguished relative Spin-struture on
the direted solid tori Zj , we de�ne a map g : Spin(E; _[�0) ! Spin(VL), whih
is aÆne, via the isomorphisms given by Poinar�e dualities, over the natural map
H1(E) ! H1(VL). De�ne the set CL of harges on L by

CL =

8><>:k 2 Zn : kj = 1 +
X
1�i�n
i6=j

lkS3(Li; Lj) mod 2

9>=>; :

A anonial bijetion between Spin(E; _[�0) and CL an be de�ned in the following
way: take � 2 Spin(E; _[�0), alulate P�1(�) 2 H1(E) and identify H1(E) with
Zn taking the meridians ([m1℄; : : : ; [mn℄) as a basis; it an then be derived from
Lemma 3.26 that the multi-integer you get is atually a harge on L. Thus, sine g
is surjetive and sine Ker (H1(E)! H1(VL)) is generated by the n harateristi
urves of the surgery, it follows that the map g indues a bijetion:

CL
2 � Im BL

! Spin(VL)

where BL = (bij)1�i;j�n is the linking matrix of L in S3.

We now ompare this ombinatorial desription of Spin(VL) to our desription
desribed in x3.4.2 by showing that:

Claim 4.18. If � 2 Spin(VL) orresponds to [k℄ 2 CL=2 � Im BL, then �
orresponds to [s℄ 2 SL, where:

(4.10) 8j 2 f1; : : : ; ng; sj = 1� kj +
nX
i=1

bij 2 Z:

Proof of the Claim 4.18. We denote by �2 the distinguished relative Spin
-

struture in Spin( _[Zi; _[�0). Let also �1 2 Spin(E; _[�0) be suh that: � =
�1 [ �2 2 Spin(VL). Pik an extension ~� of � to WL and let � be the isomor-
phism lass of U(1)-prinipal bundles de�ned by ~� 2 Spin(WL). On the one hand,
the �rst Chern lass 1(�) of �, when expressed in the preferred basis ([Sj ℄

�)nj=1 of

H2 (WL) ' Hom (H2(WL);Z) (see x3.4), gives a multi-integer s 2 Zn; then, [s℄ 2 SL
orresponds to �. On the other hand, as explained above, the Poinar�e dual to the
relative Chern lass of �1 2 Spin(E; _[�0) when expressed in the preferred basis
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([mj ℄)
n
j=1 of H1(E) gives a multi-integer k 2 Zn; then, [k℄ 2 CL=2 � Im BL orre-

sponds to �. Thus, proving that these spei� k and s verify (4.10) modulo 2�Im BL

will be enough.
In the sequel we denote by S3" a ollar push-o� of S3 = �D4 in the interior of

D4. The surfae Sj an be deomposed (up to isotopy) in WL to:

Sj = Dj [ Aj [
���ut

j

�
"
[
[
l

(�Rjl)" ;

where the subsurfaes are given as follows (see Figure 4.2):

j-th handle

D j

A j

λ j

( l j)ε Σ
cut
j )ε one

S
3

S
3( )ε

-( - jlR( )ε

i-th handle

Figure 4.2: A deomposition of the surfae Sj

- Dj is a meridian dis of Zj suh that �Dj is the harateristi urve �j
of the j-th surgery;

- Aj is the annulus of an isotopy of ��j to Lj , union the annulus of an
isotopy of �Lj to (Lj)", union the annulus of an isotopy of (�Lj)" to (lj)"
where lj denotes the preferred parallel of Lj in S3 (i.e. lkS3(lj ; Lj) = 0);

- �j is a Seifert surfae for lj in S3 disjoint from Lj and in transverse
position with the Li (i 6= j). For eah intersetion point xl between �j

and a Li, remove a small dis Rjl so that �j = �ut
j [SlRjl.

By de�nition of s, we have sj = h1(�); [Sj ℄i = h1(pjSj ); [Sj ℄i where p is represen-

tative for � and where 1(pjSj ) 2 H2(Sj) is the obstrution to trivialize p over Sj .

So P�11(pjSj ) = sj � [pt℄ 2 H0(Sj). Let tr be a trivialization of p on �E and let
tr" be the orresponding trivialization of p on �E". An argument similar to that
used in the proof of Lemma 3.28 (alulus of obstrutions in oriented manifolds)
leads to:

H0(Sj) 3 P�11(pjSj ) = i�P
�11

�
pjDj

; trj�j
�

(4.11)

+ i�P
�11

�
pjAj

; trj��j [ tr"j(lj)"
�

� i�P
�11

�
pj(�ut

j )
"

; tr"j(��ut
j )

"

�
�
X
l

i�P
�11

�
pj(Rjl)"

; tr"j(�Rjl)"

�
;

where P denotes the appropriate Poinar�e duality isomorphism (of Dj , Aj , �
ut
j

and Rjl). For an appropriate hoie of p in the lass � and for an appropriate hoie
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of tr, we have:

1 (pjE ; tr) = (�1) 2 H2(E; �E)

1
�
pj _[Zj

; tr
�

= (�2) 2 H2 ( _[Zj ; _[�Zj)

1

�
pjN(L); tr

�
= (�3) 2 H2 (N(L); �N(L)) ;

where, in this last requirement, N(L) is a tubular neighborhood of L in S3 and �3
is an arbitrary element of Spin (N(L); _[�0). For suh hoies, we now ompute
separately eah term of the right hand side of (4.11).

(1) The �rst term is of the form dj � [pt℄. Here:
dj = h(�2); [Dj ℄i = � (oriented ore of Zj) � [Dj ℄ = +1;

where the intersetion is taken in Zj (note that Zj =
�
D2 � S1�

j
if we de-

note by
�
D2 �D2

�
j
the 2-handle ofWL orresponding to Lj , and be are-

ful of the fat that the above spei�ed oriented ore of Zj is �
�
0� S1�

j
)

(2) The seond term is of the form aj � [pt℄. Here: aj = h(�3); [Aj ℄i where
Aj is regarded as a relative 2-yle in (N(L); �N(L)) one the ollar has
been squeezed. Sine �Aj is ��j [ lj , [Aj ℄ is �bjj times the lass of
the meridian dis of Lj (oriented so that its oriented boundary is mj) in
H2(N(L); �N(L)). Then, aj = �bjj � �j where:

�j = h(�3); [meridian dis of Lj ℄i 2 Z:
Note that: �j = q�0([mj ℄) = 1 mod 2 (Johnson's quadrati funtion, see
x3.2.5).

(3) The third term is �gj � [pt℄ where gj = h(�1); [�ut
j ℄i =

�
P�1(�1)

� �
[�ut

j ℄ = (
P

i ki[mi℄) � [�ut
j ℄ =

P
i kiÆij = kj where the intersetion is

taken in E.
(4) The fourth term is given by �Pl rjl � [pt℄. Here rjl = h(�3); [Rjl℄i. For

eah index l, denote by i(l) the integer i suh that xl is an intersetion
point of �j with Li, and denote by �(l) the sign of the intersetion point
xl. Then, from the de�nition of �i (given for the seond term), we have:
rjl = �(l) � �i(l). We then get:X

l

rjl =

nX
i=1
i6=j

bij�i:

Finally, we obtain:

sj = 1� bjj�j � kj �
nX
i=1
i6=j

bij�i

=

 
1� kj +

nX
i=1

bij

!
�

nX
i=1

bij (�i + 1) ;

the laim then follows from the fat that �i = 1 mod 2 for all i = 1; : : : ; n. �

We are now able to prove the theorem. Assume �rst that M is obtained by
surgery along an algebraially split link L, and that � is represented by a harge k
on L. Then, aording to [T9, Chap. X, x5.4℄, we have:

qM;�([mj ℄) =
1

2
� kj

2bjj
mod 1:

Substituting kj = 1 � sj +
P

i bij , we �nd that this formula agrees with (4.2) of
Example 4.4. This prove the theorem in this partiular ase. Now onsider the



134 4. FONCTIONS QUADRATIQUES ET Spin-VARI�ET�ES FERM�EES DE DIMENSION 3

general ase, when L is not neessary algebraially split. We shall use the following
lemma (due to T. Ohtsuki).

Lemma 4.19. [De2℄ Let M be a rational homology 3-sphere. There exist then
non-zero integers n1; : : : ; nr suh that M#L(n1; 1)# � � �#L(nr; 1) an be presented
by surgery along a framed link L algebraially split in S3.

Here # denotes onneted sum and L(n; 1) is the 3-dimensional lens spae
obtained by surgery along a trivial knot with framing n 2 Z� in S3. Set M 0 =
M#L(n1; 1)# � � �#L(nr; 1) and set �0 = �#�1# � � �#�r 2 Spin(M 0) where �1;: : : ;
�r denote arbitrary Spin-strutures on the lens spaes. Then, qM 0;�0 = �M 0;�0 .
There is an orthogonal splitting �M 0;�0 = �M;� � �L(n1;1);�1 � � � � � �L(nr;1);�r (as
follows easily from the surgery formula for these quadrati funtions). The same
holds for qM;� (as follows from the behaviour of the maximal Abelian Reidemeister-
Turaev torsion under #: see [T9, Chap. XII, x1℄). Then, for any x 2 H1(M), we
have: qM;�(x) = qM 0;�0 (i�(x)) = �M 0;�0 (i�(x)) = �M;�(x) and we are done. �

5. Goussarov-Habiro theory for 3-manifolds with omplex spin
strutures

5.1. A brief review of the Y -equivalene relation. The Goussarov-Habiro
theory for ompat oriented 3-manifolds is a �nite type invariants theory based on
an elementary move alled Y -surgery.

Definition 5.1. Let M be a ompat oriented 3-manifold. A Y -graph G in
M is an (unoriented) embedding of the surfae drawn in Figure 5.1, together with
its deomposition between leaves, edges and node.
Let j : H3 ,!M be a positive embedding of the genus 3 handlebody onto a regular

The node

One of the 
three edges

One of the 
three leaves

Figure 5.1: A Y-graph.

neighborhood N(G) of G in M . The ompat oriented 3-manifold obtained from M
by Y -surgery along G is de�ned as:

MG =M n int (N(G)) [jj� (H3)L ;

where (H3)L is the surgered handlebody along the six-omponent link8 L drawn on
Figure 5.2.
We all Y -equivalene the equivalene relation among ompat oriented 3-manifolds
generated by Y -surgeries and positive di�eomorphisms.

Remark 5.2. A Y -surgery, introdued by Goussarov in [Go℄, is equivalent to
a A1-move, de�ned by Habiro in [Hr℄, or to a Borromean surgery, introdued by
Matveev in [Mt℄.

8We use the blakboard framing onvention.
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Figure 5.2: The surgery meaning of a Y -graph.

Observe that MG omes with an inlusion M n int (N(G)) ,!MG and that, due to
the hoie of N(G) and its trivialization j, MG is only de�ned up to some partiular
positive di�eomorphisms.
As it is well-known, a Y -surgery is a twist in the following sense:

Remark 5.3. There is a di�eomorphism:

(5.1) MG
�=M n int (N(G)) [jj�Æh H3;

whih is the identity on M n int (N(G)). Here, h : �3 ! �3, alled the Borromean
di�eomorphism, is a spei� self-di�eomorphism of �3 = �H3 whih ats trivially
in homology (details an be found in x2 of Chapt. 2).

5.2. The Y -equivalene relation.
5.2.1. Twist and Spin-strutures. Let us onsider again the situation whih

was under study in x3.3. We thus work with two ompat oriented 3-manifolds M1

and M2 and a positive di�eomorphism f : ��M2 ! �M1, and we form the losed
oriented 3-manifold:

M = M1 [f M2:

Here, we make the additional assumption that �M2
�= �M1 is onneted.

Let also h : �M2 ! �M2 be a positive di�eomorphism whih ats trivially in
homology, and the manifold M 0 be obtained from M by twisting it along �M2 with
h:

(5.2) M 0 = M1 [fÆh M2:

By a Mayer-Vietoris argument, there is a anonial homology isomorphism � :
H1(M) ! H1(M

0) whih is unambiguously de�ned by the following ommutative
diagram:

H1(M)

�'

��

H1(M1)

j1;�
99ssssssssss

j01;� %%KK
KK

KK
KKK

K
H1(M2)

j2;�
eeKKKKKKKKKK

j02;�yysss
ss

ss
ss

s

H1(M
0)

where j1, j2, j
0
1 and j02 denote inlusions.
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Proposition 5.4. The above desribed twist M ; M 0 indues a anonial
bijetion:

Spin(M)



'
// Spin(M 0)

whih is aÆne over P�P�1 : H2(M)! H2(M 0). Moreover, the following diagram
is ommutative:

Spin(M)

 //



��

Spin(M 0)



��
H2(M)

P�P�1

// H2(M 0):

Proof. Take � 2 Spin(M), 
(�) is then de�ned as follows. Pik a Spin-
stuture �2 on �M2 and let �1 = f�(��2) 2 Spin(�M1). Sine h� at the level
of H1(�M2;Z2) is the identity, h ats trivially on Spin(�M2): this follows from
the fat that Johnson's orrespondane Spin(�M2)! Quad (�) is natural (x3.2.5).
Aording to Corollary 3.29, there are then two gluing maps:

Spin(M1; �1)� Spin(M2; �2)
[f // Spin(M);

Spin(M1; �1)� Spin(M2; �2)
[fÆh // Spin(M 0);

whih are respetively aÆne, via the Poinar�e dualities, over j1;��j2;� and j01;��j02;�.
Sine �M2 is onneted, the map [f is then surjetive. Pik �1 2 Spin(M1; �1)
and �2 2 Spin(M2; �2) suh that � = �1 [f �2, form:

�0 = �1 [fh �2 2 Spin(M 0):

and de�ne 
(�) to be �0.
Let us now verify that 
(�) is well-de�ned by that proedure. Assume other

intermediate hoies ~�2, ~�1 and ~�2 of respetively �2, �1 and �2, leading to ~�0 =
~�1 [fh ~�2. We laim that �0 = ~�0.

Assume �rst the partiular ase when: ~�2 = �2 2 Spin(�M2). Then, sine
�1 [f �2 = � = ~�1 [f ~�2, we have

j1;�P
�1

�
�1
~�1

�
+ j2;�P

�1

�
�2
~�2

�
= P�1

��
�

�
= 0 2 H1(M):

Applying � to that identity, we obtain this equation:

j01;�P
�1

�
�1
~�1

�
+ j02;�P

�1

�
�2
~�2

�
= 0 2 H1(M

0);

whose lhs equals P�1 (�0=~�0) beause �0 = �1 [fh �2 and ~�0 = ~�1 [fh ~�2. We then
onlude that �0 = ~�0.

We now deal with the general ase. Let s2 2 Spinr(�M2) represent �2 and
let s1 = f�(�s2) 2 Spinr(�M1), whih then represents �1. For i = 1 and 2, take
ai 2 Spinr(Mi) representing �i and suh that aij�Mi

= �(si). We then have:

(5.3) � = [a1 [f a2℄ 2 Spin(M);

where [f denotes here the rigid version of the gluing map (that of Lemma 3.28).
Pik a homotopy between h�(s2) and s2, and let U 2 Spinr(�M2 � I) be the
orresponding rigid Spin-struture on the produt. Then,

(5.4) �0 = [a1 [fh (�(U) [ a2)℄ 2 Spin(M 0):

Let also ~s2 2 Spinr(�M2) represent ~�2 and let ~s1 = f�(�~s2) 2 Spinr(�M1)
whih then represent ~�1 := f�(�~�2) 2 Spin(�M1). Even if �2 and ~�2 may be
di�erent, we ertainly have: �(�2) = �(~�2) 2 Spin(�M2). Choose an homotopy
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between �(~s2) and �(s2), and let H 2 Spinr(�M2 � I) be the orresponding rigid
struture on the produt. Then, f�(�H) 2 Spinr(�M1� I) is a homotopy between
�(s1) and �(~s1). Now, the rigid Spin-struture on M :

(a1 [ f�(�H)) [f (H [ a2)

an be homotoped, by means of the double ollar of j2(�M2) in M , to a1 [f a2.
The gluing map:

Spin(M1; ~�1)� Spin(M2; ~�2)
[f // Spin(M);

then sends aording to (5.3), the pair ([a1 [ f�(�H)℄ ; [H [ a2℄) to �. Aording
to the partiular ase treated previously, and whatever the hoies of ~�1 and ~�2
have been, we have:

~�0 = [a1 [ f�(�H)℄ [fh [H [ a2℄ :

Let V 2 Spinr(�M2 � I) be a homotopy between h�(~s2) and ~s2. We obtain:

(5.5) ~�0 = [(a1 [ f�(�H)) [fh (�(V ) [H [ a2)℄ :

Just as before for M , the rigid Spin-struture on M 0:

(a1 [ f�(�H)) [fh (h
�(H) [ �(U) [ a2)

an be homotoped, by means of the double ollar of j02(�M2) in M 0, to a1 [fh

(�(U) [ a2). Aording to (5.4), we then have:

(5.6) �0 = [(a1 [ f�(�H)) [fh (h
�(H) [ �(U) [ a2)℄ :

By (5.5) and (5.6), the identity ~�0 = �0 will follow from this equality of Spin-
strutures relative to Spin-strutures:

(5.7) [�(V ) [H ℄ = [h�(H) [ �(U)℄ 2 Spin (�M2 � I; ~�2 _[ (��2)) :
Sine H2 (�M2 � I; � (�M2 � I)) has no 2-torsion, these relative Spin-strutures
are determined by their Chern lasses. We have:

 ([�(U)℄) = 0 and:  ([�(V )℄) = 0;

by Remark 3.25, and  ([h�(H)℄) = h� ( ([H ℄)) (by naturality of obstrutions) and
so  ([h�(H)℄) =  ([H ℄). By the last statement of Corollary 3.29, (5.7) is then sat-
is�ed. We thus onlude that the map 
 is well-de�ned.

Let us now verify that 
 is aÆne. Take � 2 Spin(M) and x 2 H1(M). Pik a
Spin-struture �2 on �M2 de�ne �1 = f�(��2) and write � as:

� = �1 [f �2 2 Spin(M);

where �i 2 Spin(Mi; �i). Write also x as x = j1;�(x1)+j2;�(x2) where xi 2 H1(Mi).
Then, P (x) � � = (P (x1) � �1) [f (P (x2) � �2), hene:


 (P (x) � �) = (P (x1) � �1) [fh (P (x2) � �2)
= P

�
j01;�(x1) + j02;�(x2)

� � (�1 [fh �2)
= P (�j1;�(x1) + �j2;�(x2)) �
(�)
= P�(x) �
(�):

Finally, using the same notations:

P�1 (
(�)) = P�1 (�1 [fh �2)
= j01;�

�
P�1(�1)

�
+ j02;�

�
P�1(�2)

�
= �

�
j1;�

�
P�1(�1)

�
+ j2;�

�
P�1(�2)

��
= �

�
P�1 ((�))

� 2 H1(M
0):

�
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Remark 5.5. When M has non-empty boundary (i.e. when M1 and M2 have
been glued along only a onneted part of their boundaries), there is a relative
version of Prop. 5.4 (involving Spin-strutures on M and M 0 relative to Spin-
strutures).

5.2.2. De�nition of the Y -surgery. We now explain how a Y -surgery makes
sense in the setting of Spin-manifolds.

Lemma 5.6. Let M be a losed oriented 3-manifold and let G be a Y -graph in
M . The Y -surgery M ;MG then indues a anonial bijetion:

Spin(M)

G

'
// Spin(MG)

denoted by � 7! �G. The map 
G is aÆne over P�GP
�1, where �G : H1(M) !

H1 (MG) is the homology isomorphism whih is unambiguously de�ned by the fol-
lowing ommutative diagram:

H1(M)

�G'

��

H1 (M nN(G))

k�
77 77nnnnnnnnnnnn

k0� '' ''PPPPPPPPPPPP

H1 (MG) :

Here, N(G) is a regular neighborhood of G in M , k : M n N(G) ,! M and k0 :
M nN(G) ,!MG denote the inlusions.

Definition 5.7. The Spin-manifold (MG; �G) is said to be obtained from the
Spin-manifold (M;�) by Y -surgery along the graph G.
We all Y -equivalene the equivalene relation among losed Spin-manifolds of
dimension 3 generated by Y -surgeries and Spin-di�eomorphisms.

Proof of Lemma 5.6. We �x a positive embedding j : H3 ,!M onto a regu-
lar neighborhood N(G) ofG inM . By Remark 5.3, there exists a self-di�eomorphism
h of �3 = �H3 whih has the property to at trivially in homology and to be suh
that there exists a di�eomorphism:

MG =M n int (N(G)) [jj� (H3)L
f

�=
// M n int (N(G)) [jj�Æh H3;

whih is the identity on M n int (N(G)). There is then a bijetion:

Spin (MG)
f�

'
// Spin

�
M n int (N(G)) [jj�Æh H3

�
;

Also, by x5.2.1, there is a anonial bijetion:

Spin (M)



'
// Spin

�
M n int (N(G)) [jj�Æh H3

�
:

We then de�ne 
G to be the omposite f�1� 
. We now have to verify that the
bijetion 
G does not depend on the intermediate hoies.

First, we prove the independane on the pair (h; f) with the above property.
Let (h0; f 0) be another hoie, it suÆes to prove that the following diagram is
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ommutative:

Spin
�
M n int (N(G)) [jj�Æh H3

�

g�

��

Spin(M)




44iiiiiiiiiiiiiiii


0

**UUUUUUUUUUUUUUUU

Spin
�
M n int (N(G)) [jj�Æh0 H3

�
;

where g = f 0 Æ f�1. Let � 2 Spin(M). Pik a � 2 Spin(�3), and write � as
�1 [ j�(�2) where �1 2 Spin (M n int (N(G)) ;�j�(�)) and �2 2 Spin(H3; �).
Then, 
(�) = �1 [jj�Æh �2 and 
0(�) = �1 [jj�Æh0 �2. We have: g� (
(�)) =
�1 [jj�Æh0 (gj)� (�2). Here, (gj)� : Spin(H3; �)! Spin(H3; �) is the identity sine
gjH3 ats trivially in homology and elements of Spin(H3; �) are lassi�ed by their
relative Chern lasses. It follows that: g� (
(�)) = 
0(�).

Seond, we prove the independane on j. Let j0 be a trivialization of another
regular neighborhood N0(G) of G in M , and let (qt : M ! M)t2I be an ambiant
isotopy between j and j0: q0 = IdM and q1Æj = j0. Let q : Mnint (N(G))[jj�ÆhH3 !
M n int �N0(G)

� [j0j�Æh H3 be the positive di�eomorphism indued by q1. Proving
\the independane on j" means proving that the following diagram ommutes:

Spin
�
M n int (N(G)) [jj�Æh H3

�

q�

��

Spin(M)




44iiiiiiiiiiiiiiii


0

**UUUUUUUUUUUUUUUU

Spin
�
M n int �N0(G)

� [j0j�Æh H3

�
:

Let � 2 Spin(M) and, as above, write it as � = �1[ j�(�2). Sine q1 is isotopi to
the identity, it ats trivially on Spin(M), then � = (q1)� (�) = (q1j)� (�1)[ j0�(�2).
We then have: 
(�) = �1 [jj�Æh �2 and 
0(�) = (q1j)� (�1) [j0j�Æh �2, so that:
q� (
(�)) = 
0(�). �

By Remark 5.5, we ould also de�ne a Y -surgery move between ompat ori-
ented 3-manifolds with non-empty boundaries, provided they are equipped with
Spin-strutures relative to Spin-strutures.

The Y -surgery is then the elementary move of a Spin-re�nement of the
Goussarov-Habiro �nite type invariants theory. Furthermore, it an be shown
that the alulus of lovers developped in [GGP℄ extends to the ontext of Spin-
manifolds.

Remark 5.8. It has been introdued in Chap. 2 a Spin-re�nement of the
Goussarov-Habiro �nite type invariants theory. In partiular, it is shown that
a Y -surgery indues a anonial bijetion �G : Spin(M) ! Spin (MG). Both
re�nements are ompatible, in the sense that the following diagram ommutes:

Spin(M)

�

��

�G

'
// Spin (MG)

�

��
Spin(M)

'


G
// Spin(MG):
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5.2.3. A ombinatorial formulation of the Y -equivalene relation. Given a surg-
ery equivalene relation among losed oriented 3-manifolds, it an sometimes be
derived from unknotting operations and surgery presentations in S3. By x3.4.2, the
same ould be done for losed Spin-manifolds of dimension 3. We now formulate
the Y -equivalene relation in this way, taking the �-move of [MN℄ as unknotting
operation.

Lemma 5.9. The Y -equivalene relation is the equivalene relation among
losed Spin-manifolds of dimension 3 generated by Spin-di�eomorphisms and �-
moves. Here, a �-move is de�ned to be the move depited on Figure 5.3 between
surgery presentations of losed Spin-manifolds of dimension 3.

si
sj

sk

si
sj

sk

Figure 5.3: A �-move.

Proof. Let us begin with a losed onneted oriented 3-manifold M and a
Y -graph G in M . Suppose also that M �= VL is presented by surgery along a n-
omponent ordered oriented framed link L in S3. Isotope G inM so that it beomes
disjoint from the dual link to L, then G � S3 n L. Take a regular neighborhood of
G in S3 nL, and put into this genus 3 handlebody the 2-omponent framed link K
depited on Figure 5.4. The link K an be obtained from the link of Figure 5.2 by

1
K

K2

Figure 5.4: Y -surgery as surgery along a 2-omponent link.

some slam dunk moves (see Example 3.34) and some handle-slide moves in H3. In
partiular, VL[K is a surgery presentation ofMG. Using the viewpoint from x3.4.2,
we now want to give the ombinatorial analog of the bijetion 
G. In other words,
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we want to reognize the map OG de�ned by the following ommutative diagram:

SL
OG // SL[K

Spin(M)

'

OO

'

OO


G
// Spin (MG):

'

OO

If BL denotes the linking matrix of L and if K is appropriately oriented, then the
ordered union of ordered oriented framed links L [K has a linking matrix shaped
as:

BL[K =

0BBBBB�
x1 0

BL
...

...
xl 0

x1 � � � xl x 1
0 � � � 0 1 0

1CCCCCA :

Claim 5.10. We have:

(5.8) 8[s℄ 2 SL; OG ([s℄) = [(s; x; 0)℄ 2 SL[K :
This will be the key point to prove the lemma.

Proof of Claim 5.10. As pointed out in Remark 5.8, a Y -surgery along G
also indues a bijetion 
G : Spin(M) ! Spin(MG), a ombinatorial analog of
whih is also given in Chap. 2. Using the ompatibility stated in Remark 5.8 and
x3.4.3, we see that equation (5.8) holds at least for those elements of SL whih ome
from SL.

Denote by (H; f) the lattie orresponding to the intersetion pairing on WL,
and by (H 0; f 0) that of WL[K . Reall from Remark 3.35 that there are anonial

isomorphisms H2 (VL) ' Coker bf and H2 (VL[K) ' Coker bf 0. The isomorphism

P�GP
�1 : H2(M) ! H2 (MG) orresponds then to the isomorphism Coker bf !

Coker bf 0 de�ned by [y℄ 7! [(y; 0; 0)℄.

Take now [s℄ 2 SL arising from SL and let [y℄ 2 Zn=Im BL ' Coker bf . We
aim to alulate OG ([y℄ � [s℄) 2 SL[K . The � here orresponds to the ombinatorial
desription of the ation of H2 (VL) on Spin(VL) given in Remark 3.35. The
map 
G being aÆne over P�GP

�1, we have: OG ([y℄ � [s℄) = [(y; 0; 0)℄ � OG ([s℄)
= [(y; 0; 0)℄ � [(s; x; 0)℄ = [(s+ 2y; x; 0)℄. Therefore, equation (5.8) also holds for
[y℄ � [s℄= [s+ 2y℄. The transitivity of the ation of H2(VL) on Spin(VL) allows us
to onlude. �

On the one hand, a �-move an be realized by a Y -surgery as shown in Figure
5.5. In this sequene of Spin-di�eomorphisms, the �rst is obtained by by applying
Claim 5.10, while the seond is obtained from a handle-slide move and a slam dunk
move (Example 3.34).
On the other hand, a Y -surgery an be realized by a �-move, as shown in Figure
5.6. In this depited sequene, the �rst Spin-di�eomorphism is obtained from
three slam dunk moves. Then, a �-move is applied. Next Spin-di�eomorphism
is obtained by Spin- aluli (in partiular, two slam dunks have been performed),
and the last one is obtained from Claim 5.10. �

5.3. Proof of Theorem 3. Let (M;�) and (M 0; �0) be two losed Spin-
manifolds of dimension 3.
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Figure 5.5: A �-move an be realized by a Y -surgery.
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Figure 5.6: A Y -surgery an be realized by a �-move

5.3.1. Proof of the equivalene (2)() (3).

Lemma 5.11. Let  : H1(M) ! H1(M
0) be an isomorphism, and let  ℄ :

H2(M
0;Q=Z) ! H2(M ;Q=Z) be the isomorphism dual to  with respet to the

intersetion pairings. The following assertions are then equivalent:

(a) LM 0 = LM Æ � ℄�
2;
(b) �M = �M 0 Æ ( j)
2;
() the following diagram is ommutative:

H2 (M
0;Q=Z)

 ℄ '

��

B // TH1(M
0)

H2 (M ;Q=Z)
B // TH1(M):

 j '

OO

Proof. For any x01; x
0
2 2 H2(M

0;Q=Z), we have:

LM 0 (x01; x
0
2) = �M 0 (B(x01); B(x02)) = B(x01) � x02; and:

LM
�
 ℄(x01);  

℄(x02)
�
= B ℄(x01) �  ℄(x02) =  B ℄(x01) � x02:
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Then, the equivalene between (a) and () follows from the left nondegeneray of
the intersetion pairing9 � : H1(M

0)�H2(M
0;Q=Z)! Q=Z in M 0.

For any y1 2 TH1(M) and any x2 2 H2(M ;Q=Z), we have:

�M (y1; B(x2)) = y1 � x2 =  (y1) �
�
 ℄
��1

(x2) = �M 0

�
 (y1); B

�
 ℄
��1

(x2)
�
;

to be ompared with �M 0 ( (y1);  B(x2)). Thus, the nondegeneray of �0M implies
the equivalene between (b) and (). �

Suppose that the ondition (2) of Th. 3 is satis�ed. Then, LM 0 = LM Æ � ℄�
2
and so �M = �M 0 Æ ( j)
2 by Lemma 5.11. Moreover, sine we have the relation
d�M0;�0 = d�M;�

Æ ℄ between homogeneity defets of quadrati funtions, we obtain

by Lemma 4.9: h(�0); x0i = h(�);  ℄(x0)i, and so: P�1(�0) � x0 =  P�1(�) � x0
for any x0 2 H2(M

0;Q=Z). By left nondegeneray of � : H1(M
0)�H2(M

0;Q=Z) !
Q=Z, we obtain: P�1(�0) =  P�1(�). Finally, the quadrati funtion:

�M;�s = �M;� 
℄s0 j = �M 0;�0s0 

is isomorphi to �M 0;�0s0: hene, these quadrati funtions have idential Gauss
sums. Condition (3) then holds.

Conversely, suppose that ondition (3) of Th. 3 is satis�ed. First, the short
exat sequene:

0 // H2(M)
 Q=Z // H2(M ;Q=Z)
B // TH1(M) // 0

is split, H2(M)
Q=Z= Ker dLM and TH1(M) is a �nite Abelian group: thus, the
pair (H2(M ;Q=Z); �M;�) meets the �niteness ondition of x2.4.
From Lemma 5.11, we dedue that LM 0 = LM Æ � ℄�
2. Also, from Lemma

4.7 and from Lemma 4.9, we respetively dedue that r�M0;�0 = r�M;�
Æ  ℄ and

d�M0;�0 = d�M;�
Æ  ℄. Sine  j Æ B Æ  ℄ = B (by Lemma 5.11), the setions s

and s0 are  ℄-ompatible in the sense of De�nition 2.20. By applying Corollary
2.22, we thus obtain that the quadrati funtions �M;� and �M 0;�0 are isomorphi.
More preisely, there exists an isomorphism10 ' : TH1(M) ! TH1(M

0) suh that
�M 0;�0 = �M;� Æ '1, where '1 : H2(M

0;Q=Z) ! H2(M ;Q=Z) orresponds to the
isomorphism:�
 ℄ 
 IdQ=Z

�� '�1 : (H2(M
0)
 Q=Z)�TH1(M

0)! (H2(M)
 Q=Z)�TH1(M)

via the identi�ations:

H2(M
0;Q=Z) ' (H2(M

0)
 Q=Z)�TH1(M
0)

H2(M ;Q=Z) ' (H2(M)
 Q=Z)�TH1(M)

respetively de�ned by the setions s0 and s. By Lemma 2.13 (together with the
4-dimensional de�nition of �M;� and �M 0;�0 from x4.1.2), there exists an isomor-
phism11 � : H1(M) ! H1(M

0) suh that �℄ = '1. Consequently: �M 0;�0 =
�M;� Æ �℄.

9The left nondegeneray of � is the injetivity of the map �M : H2(M) !
Hom(H2 (M ;Q=Z) ;Q=Z) introdued by Th. 4.10.

10' may be di�erent from  j.
11Observe that � does not neessarily oinides with  , beause �j : TH1(M) ! TH1(M 0)

is equal to '. Nevertheless, we ertainly have:  ℄ = �℄ : H2(M 0) ! H2(M).
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5.3.2. Proof of the equivalene (1) () (2). We start by proving impliation
(1) =) (2). By Lemma 5.9, it suÆes to prove it when (M;�) and (M 0; �0) are
related by a Spin-di�eomorphism or, for some �xed surgery presentations of them,
by a �-move.
The �rst ase is obvious. Indeed, let f : (M;�)! (M 0; �0) be a Spin-di�eomorph-
ism. We then easily dedue that �M;� = �M 0;�0 Æ f� from the intrinsi de�nition of

these quadrati funtions (x4.4); note that (f�)�1 = (f�)
℄
.

The seond ase is dedued from the 4-dimensional de�nition of the quadrati fun-
tions �M;� and �M 0;�0 (x4.1.2), and from the fat that a �-move between ordered
oriented links preserve their linking matries.

Suppose now that ondition (2) is satis�ed. We �x some surgery presentations
VL �= M and VL0 �= M 0. As in x3.4, we put H = H2(WL) (resp. H

0 = H2 (WL0))
and f : H � H ! Z (resp. f 0 : H 0 � H 0 ! Z) will denote the intersetion
pairing in WL (resp. WL0). Let also  2 Char(f) and 0 2 Char(f 0) represent
respetively � and �0. Then, by hypothesis, the quadrati funtions �f; : Gf !
Q=Z and �f 0;0 : Gf 0 ! Q=Z are isomorphi via an isomorphism whih is indued

by an isomorphism Coker bf ! Coker bf 0. Theorem 2.11 then says that the bilinear
latties with harateristi forms (H; f; ) and (H 0; f 0; 0) are stably equivalent.
Also, by Corollary 2.14, we an restrit ourselves to stabilizations with opies of
(Z;�1; 1). An isomorphism of bilinear latties (resp. a stabilization by (Z;�1; 1))
an topologially be realized by a �nite sequene of Spin Kirby's moves: handle
slidings and hanges of orientation of omponents (resp. by a stabilization by a �1-
framed unknot). We an then suppose, without loss of generality, that (H; f; ) =
(H 0; f 0; 0). Conretely, that means that the linking matries BL and BL0 are equal
and that there is a multi-integer s suh that [s℄ 2 SL represent � and [s℄ 2 SL0

represent �0.
A theorem of Murakami and Nakanishi [MN, Theorem 1.1℄ (or Matveev [Mt℄),
states that two ordered oriented links have idential linking matries if, and only
if, they are �-equivalent. Then, the \deorated links" (L; s) and (L0; s) are �-
equivalent: therefore, by Lemma 5.9, the Spin-manifolds (M;�) and (M 0; �0) are
Y -equivalent.

Remark 5.12. Observe that the present proof allows for a more preise state-
ment of the equivalene (1)() (2) of Th. 3.
Indeed, any path of Spin-di�eomorphisms and Y -surgeries:

(M;�) = (M0; �0); (M1; �1); (M2; �2); � � �; (Mn; �n) = (M 0; �0)

yields an isomorphism  : H1(M) ! H1(M
0). It is the omposite of the iso-

morphisms H1(Mi) ! H1(Mi+1), whih is taken to be f� if the step (Mi; �i) ;
(Mi+1; �i+1) is a Spin-di�eomorphism f , or is the isomorphism �G of Lemma
5.6 if this step is the Y -surgery along a Y -graph G � Mi. Then,  veri�es:
�M 0;�0 = �M;� Æ  ℄. Conversely, given an isomorphism  : H1(M)! H1(M

0) with
the property that �M 0;�0 = �M;� Æ  ℄, we an �nd a path from (M;�) to (M 0; �0)
induing  at the level of H1(�).



CHAPITRE 5

Torsions ab�eliennes de Reidemeister-Turaev

1. Rappels sur les torsions ab�eliennes de Reidemeister-Turaev

Nous pr�esentons dans ette setion les torsions ab�eliennes de Reidemeister telles
qu'elles ont �et�e raÆn�ees par Turaev. L'objetif premier est de parvenir �a la d�e�nition
des torsions ab�eliennes des Spin-vari�et�es ferm�ees de dimension 3.

Nos r�ef�erenes seront [T7℄, [T4℄, [T8℄ et [T3℄. Le leteur pourra trouver une
pr�esentation g�en�erale de la th�eorie des torsions ombinatoires dans [T7℄, et notam-
ment les r�ef�erenes historiques et bibliographiques les onernant.

Conventions 1.1. Si G est un groupe ab�elien, un G-espae aÆne (ou espae
aÆne au-dessus de G) sera un ensemble sur lequel G agit librement et transitive-
ment. Pour es ations, la notation multipliative sera adopt�ee.

Conventions 1.2. Les CW-omplexes sont suppos�es onnexes et �nis et, par
d�efaut, leurs ellules sont des ellules ouvertes.

1.1. Torsion d'un omplexe de hâ�nes. Dans ette setion, nous rappe-
lons les bases alg�ebriques de la th�eorie des torsions ab�eliennes. F d�esignera un orps
ommutatif.

1.1.1. D�e�nitions basiques. Soit V un F-espae vetoriel et soient b et  des
bases de V . On note alors :

[b=℄ 2 F� = F n f0g

le d�eterminant de la repr�esentation matriielle de b dans la base . Les bases b et
 sont dite �equivalentes, et on note b � , lorsque [b=℄ = 1 ; la relation � est une
relation d'�equivalene.

Soient une suite exate ourte de F-espaes vetoriels :

0 - V 0 i - V
j - V 00 - 0;

ainsi que 0 et 00 des bases respetives de V 0 et V 00. On note alors 000 la lasse
d'�equivalene de bases de V obtenue par onat�enation de i(0) ave un rel�evement
par j de 00. La lasse 000 ne d�epend que de elles de 0 et de 00.

Soit maintenant :

C = (Cm
�m�1- Cm�1

- � � � �0- C0)

un F-omplexe de hâ�nes de dimension �nie et de longueur m. On suppose que C
est bas�e et homologiquement bas�e, e qui signi�e respetivement que :

{ pour tout i 2 f0; : : : ;mg, Ci vient ave une base pr�ef�er�ee i, on note alors
 = (0; : : : ; m) ;

{ pour tout i 2 f0; : : : ;mg, Hi(C) vient ave une base pr�ef�er�ee hi, on note
alors h = (h0; : : : ; hm).

145
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Nous d�e�nissons les entiers modulo 2 suivants :

�i(C) =
iX

k=0

dim (Ck) 2 Z2;(1.1)

�i(C) =
iX

k=0

dim (Hk(C)) 2 Z2;(1.2)

N(C) =

mX
k=0

�k(C) � �k(C) 2 Z2:(1.3)

Choisissons pour tout i 2 f0; : : : ;mg une base bi de Bi(C). Les suites exates de
F-espaes vetoriels :

0 - Bi(C) - Zi(C) - Hi(C) - 0;

et : 0 - Zi(C) - Ci
�i�1- Bi�1(C) - 0;

permettent, suivant le pro�ed�e d�erit plus haut, de onstruire une lasse d'�equiva-
lene

bihibi�1 := (bihi)bi�1

de bases du F-espae vetoriel Ci.

Definition 1.3. (Turaev, [T7, x1 et x18℄). La torsion du F-omplexe C, bas�e
par  et homologiquement bas�e par h, est :

�(C; ; h) =

mY
i=0

[bihibi�1=i℄
(�1)i+1 2 F�:

Sa torsion raÆn�ee est :

�� (C; ; h) = (�1)N(C) � �(C; ; h) 2 F�:

On v�eri�e que es quantit�es ne d�ependent pas du hoix des bi, et ne d�ependent
don que de C,  et h. Remarquons aussi que lorsque C est aylique, on a :
�� (C; ;?) = �(C; ;?).

1.1.2. Multipliativit�e de la torsion. Soit une suite exate ourte :

O - C 0 - C - C 00 - 0

de F-omplexes de longueur m et de dimension �nie. On suppose les omplexes
C 0, C et C 00 homologiquement bas�es par respetivement h0, h et h00 et bas�es par
respetivement 0,  et 00. On suppose 0,  et 00 ompatibles dans le sens o�u :

8i 2 f0; : : : ;mg; i � 0i
00
i :

En partiulier, la suite longue d'homologie assoi�ee �a ette s.e.. de F-omplexes :

H := (Hm(C 0) - Hm(C) - Hm(C 00) - � � � - H0(C) - H0(C
00)) ;

est, omme F-omplexe, bas�ee par (h0m; hm; h
00
m; : : : ; h0; h

00
0).

Th�eor�eme 1.4. (Turaev, [T3, Lemma 3.4.2℄) Sous les hypoth�eses et notations
pr�e�edentes, nous avons alors :

(1.4) �� (C; ; h) = (�1)�+�� (H; (h0m; hm; h
00
m; : : : );?) � �� (C 0; 0; h0) � �� (C 00; 00; h00)

o�u � et � sont les entiers modulo 2 d�e�nis par :

� =

mX
i=0

((�i(C) + 1) (�i (C
0) + �i (C

00)) + �i�1 (C
0)�i (C

00)) 2 Z2;

� =
mX
i=0

�i (C
00)�i�1 (C

0) 2 Z2:
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Sp�eialisons maintenant ette formule de multipliativit�e �a deux as partiuliers
qui nous int�eresseront.

Exemple 1.5. Pla�ons-nous dans le as o�u C 00 est aylique, et supposons les
bases homologiques h et h0 ompatibles, en e sens o�u elles se orrespondent par

l'isomorphismeH�(C
0)

'- H�(C). On a alors en partiulier : �i(C
00) = 0, �i(C

0) =
�i(C), d'o�u � = 0. On v�eri�e aussi failement que � (H; (h0m; hm;?; : : : );?) = 1.
La formule (1.4) s'�erit alors plus simplement :

(1.5) �� (C; ; h) = (�1)� � �� (C 0; 0; h0) � �(C 00; 00;?) 2 F�:

Exemple 1.6. Pla�ons-nous dans le as o�u C = C 0 � C 00 et o�u, pour tout i,
i = (0i; 

00
i ) est la base de C obtenue par onat�enation de la famille ordonn�ee 0i �

C 0 � C ave la famille ordonn�ee 00i � C 00 � C (de sorte que les bases 0,  et 00 sont
ompatibles au sens pr�e�edent). On a en partiulier : H�(C) = H�(C

0) �H�(C
00),

et on suppose que hi = (h0i; h
00
i ) est, pour tout i, la onat�enation de h0i ave h

00
i . La

suite longue d'homologie H a tous ses onnetants nuls et on v�eri�e que :

� (H; (h0m; hm; h
00
m; : : : );?) = 1:

De plus, �i(C) = �i(C
0) + �i(C

00) d'o�u :

� =

mX
i=0

�i�1 (C
0)�i (C

00) 2 Z2:

On peut don retenir la formule :

(1.6) �� (C 0 � C 00; (0; 00); (h0; h00)) = (�1)� � �� (C 0; 0; h0) � �� (C 00; 00; h00) ;

o�u � est l'entier modulo 2 d�e�ni par1 :

� =
mX
i=0

(�i (C
00)�i�1 (C

0) + �i (C
00)�i�1 (C

0)) 2 Z2:

1.2. Orientations homologiques et strutures d'Euler ombinatoires.
Les raÆnements de Turaev des torsions ab�eliennes de Reidemeister n�eessitent de
�xer des strutures suppl�ementaires sur les espaes. Ce sont les orientations homo-
logiques et les strutures d'Euler ombinatoires.

1.2.1. Orientations homologiques. Soit X un espae topologique ompat.

Definition 1.7. (Turaev, [T7, x18℄). Une orientation homologique ! de X est
une orientation du R-espae vetoriel :

H�(X ;R) =
M
i�0

Hi(X ;R)

L'orientation homologique oppos�ee �a ! sera not�ee �!.
Exemple 1.8. SoitM une 3-vari�et�e ferm�ee orient�ee et onnexe. Son orientation

d�etermine une orientation homologique :

!M =
�
[pt℄; b; b℄; [M ℄

�
o�u [pt℄ est la lasse d'homologie d'un point de M , [M ℄ est sa lasse fondamentale,
b est une base de H1(M ;R) et b℄ est la base de H2(M ;R) duale de b pour la
forme d'intersetion de M . L'orientation !M est appel�ee l'orientation homologique
anonique de la vari�et�e ferm�ee orient�ee onnexe M .

1Ce nombre ne fait pas jouer des rôles sym�etriques �a C0 et C00, e qui s'aorde ave
le fait que le signe de �� (C0 �C00; (0; 00); (h0; h00)) n'est en g�en�eral pas �egal �a elui de
�� (C00 � C0; (00; 0); (h00; h0)).
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1.2.2. Strutures d'Euler ombinatoires sur un CW-omplexe. Soit K un CW-
omplexe2 de support X = jKj. On suppose que �(X) = 0.

Definition 1.9. (Turaev, [T4, x1℄) Une hâ�ne d'Euler sur K est une 1-hâ�ne
singuli�ere � de X dont le bord est de la forme :

�� =
X

�; ellule de K

(�1)dim(�)�

o�u � est un point de la ellule �.

L'hypoth�ese faite sur �(X) assure l'existene des hâ�nes d'Euler. Soient main-
tenant � et � des hâ�nes d'Euler sur K :

�� =
X

�; ellule de K

(�1)dim(�)� et : �� =
X

�; ellule de K

(�1)dim(�)d�:

Choisissons un hemin �, ontenu dans � et joignant � �a d�, et formons le 1-yle :

� � � +
X

�; ellule de K

(�1)dim(�)�:

La lasse �el�ement de H1(X) qu'il repr�esente ne d�epend pas des hoix des �. Les
hâ�nes d'Euler � et � sont dites �equivalentes, et on note � � �, lorsque ette lasse
d'homologie s'annule. La relation � est une relation d'�equivalene.

Definition 1.10. (Turaev, [T4, x1℄) Une struture d'Euler ombinatoire sur
K est une lasse d'�equivalene de hâ�nes d'Euler. On note Eul(K) l'espae des
strutures d'Euler ombinatoires sur K.

Par l'addition des 1-hâ�nes, H1(X) agit sur Eul(K) : l'ation est libre et
transitive. Don, Eul(K) est un H1(X)-espae aÆne.

Lemme 1.11. (Turaev, [T4, x1.2℄) Soit K 0 une subdivision de K. Il existe alors
une bijetion anonique et H1(X)-�equivariante :

Eul(K)
�(K;K 0)

'
- Eul(K 0):

De plus, si K 00 est une subdivision de K 0, nous avons alors :

�(K;K 00) = �(K 0;K 00) Æ �(K;K 0):

1.2.3. Strutures d'Euler ombinatoires sur une 3-vari�et�e lisse ferm�ee orient�ee.
Le Lemme 1.11 permet de d�e�nir suessivement :

{ d'abord, l'espae des strutures d'Euler ombinatoires :

Eul(P )

sur un poly�edre P de arat�eristique d'Euler �(P ) = 0, par identi�ation
ave Eul(K) pour une triangulation (K; �) de P ; on note :

Eul(K)
��

'
- Eul(P );

ette identi�ation (voir [T4, x2.1℄) ;
{ puis, l'espae des strutures d'Euler ombinatoires :

Eul(M)

sur une vari�et�e M lisse et de arat�eristique d'Euler �(M) = 0, par identi�-
ation ave Eul(K) pour une C1-triangulation (K; �) de M ; on note :

Eul(K)
��

'
- Eul(M);

ette identi�ation (voir [T4, x2.2℄).
2On rappelle que dans e hapitre, les CW-omplexes sont suppos�es �nis et onnexes.
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Nous nous restreignons ii aux vari�et�es de dimension 3 lisses ferm�ees et orient�ees.

Th�eor�eme 1.12. (Turaev, [T7, Th. 20.2℄ ou [T4, x6℄) Soit M une 3-vari�et�e
lisse ferm�ee et orient�ee. Il existe alors une bijetion anonique :

Eul(M)
'- vet(M);

entre ses strutures d'Euler ombinatoires et ses strutures d'Euler g�eom�etriques
d�e�nies au x2.2.3 du Chapitre 1. De plus, ette identi�ation est aÆne au-dessus
de l'isomorphisme H1(M) ' H2(M) donn�e par la dualit�e de Poinar�e.

On d�eduit alors du Lemme 2.20 du Chapitre 1, qu'il existe une bijetion ano-
nique et aÆne :

Eul(M)
'- Spin(M)

entre les strutures d'Euler ombinatoires de M et ses Spin-strutures.
1.2.4. Revêtement ab�elien maximal d'un espae point�e. A�n d'introduire dans

le prohain paragraphe la notion de famille fondamentale de ellules, nous �xons
quelques onventions onernant les revêtements ab�eliens maximaux.

Soit (X; ?) un espae topologique point�e qui est suppos�e s�epar�e, onnexe par
ars, loalement onnexe par ars et semi-loalement simplement onnexe. Nous

notons
�
~X; q

�
son revêtement universel d�e�ni par

~X =
n
lasses d'homotopie rel �I de hemins I = [0; 1℄

- X tels que (0) = ?
o

et q ([℄) = (1);

une topologie ad�equate �etant donn�ee �a ~X. Notons que ~X peut être bas�e par ~?, le
hemin identiquement �egal �a ?. Le point ~? d�e�ni alors un isomorphisme anonique

�1(X; ?)
'- Aut

�
~X; q

�
. Soit

� bX; p
�
le revêtement obtenu en quotientant

�
~X; q

�
par le sous-groupe de Aut

�
~X; q

�
orrespondant au sous-groupe d�eriv�e �1(X; ?)0.

Le groupe Aut
� bX; p

�
s'identi�e alors anoniquement �a

H1(X) ' �1(X; ?)=�1(X; ?)0:

Definition 1.13. Le revêtement
� bX; p

�
est appel�e le revêtement ab�elien maxi-

mal de l'espae point�e (X; ?).

Dans la suite, nous adopterons les onventions suivantes :

{ L'espae bX a un point base pr�ef�er�e : not�e b?, 'est la lasse du point ~?
pr�eedemment d�e�ni.

{ Si (Y; ?) est un autre espae topologique point�e (suppos�e s�epar�e, onnexe par
ars, loalement onnexe par ars et semi-loalement simplement onnexe) et

si (X; ?)
f- (Y; ?) est une appliation ontinue pr�eservant les points bases,

nous noterons bX bf- bY l'unique rel�evement de f d�e�ni par f (b?) = b?.
1.2.5. Familles fondamentales de ellules. Dans e paragraphe, nous onsid�erons

un CW-omplexe point�e

(K; ?)

de support jKj = X et de arat�eristique d'Euler �(X) quelonque. Soit
� bX; p

�
le revêtement ab�elien maximal de (X; ?). La d�eomposition ellulaire K de X se

rel�eve en une d�eomposition ellulaire bK de bX.
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Definition 1.14. (Turaev, [T7, x20.1℄) Une famille be de ellules de bK est dite
fondamentale lorsqu'elle ontient exatement un rel�evement de haque ellule de
K. Dans e as, si � est une ellule de K, on note be(�) l'unique �el�ement de be dont
la projetion par p est �.

Etant donn�ees des familles fondamentales de ellules be et bf de bK, on peut
former : bfbe =

Y
�; ellule de K

 bf(�)be(�)
!(�1)dim(�)

2 H1(X);

o�u bf(�)=be(�) d�esigne l'unique �el�ement h de H1(X) ' Aut
� bX; p

�
tel que h � be(�) =bf(�). Les familles fondamentales be et bf sont dites �equivalentes, et on note be � bf ,

lorsque bf=be = 1 2 H1(X). La relation � est une relation d'�equivalene. L'espae-
quotient est not�e :

E (K; ?) :

Soit e 2 E (K; ?) une lasse repr�esent�ee par la famille fondamentale de ellulesbe, et soit h 2 H1(X) ; on note alors h � e la lasse d'�equivalene d'une famille

fondamentale bf v�eri�ant bf=be = h 2 H1(X). Il d�eoule des d�e�nitions qu'on d�e�nit
de la sorte une ation de H1(X) sur E (K; ?) et, que par ette ation, E (K; ?) est
un H1(X)-espae aÆne.

Lemme 1.15. (Turaev, [T7, Lemma 20.1℄) Supposons que K 0 est une subdivi-
sion ellulaire de K. Il existe alors une bijetion anonique et H1(X)-�equivariante :

E (K; ?)
�(K;K 0)

'
- E (K 0; ?) :

De plus, si K 00 est une subdivision de K 0, nous avons alors :

�(K;K 00) = �(K 0;K 00) Æ �(K;K 0):

D�emonstration. Soit be une famille fondamentale de ellules de bK ; on note

alors be0 la famille fondamentale de ellules de K 0 onstitu�ees des ellules qui sont

ontenues dans une ellule �el�ement de be. Si bf est une autre famille fondamentale de

ellules de bK donnant lieu �a bf 0 suivant e pro�ed�e-l�a, alors :bf 0be0 =
bfbe 2 H1(X);

omme il d�eoule du fait que si � est une ellule de K de fermeture �, alors :X
�2K0

���

(�1)dim(�) = �(�)� �(��)

= 1�
�
1 + (�1)dim(�)�1

�
= (�1)dim(�):

On en d�eduit que l'assignation [be - be0℄ d�e�nit bien une appliation �(K;K 0) de
E (K; ?) vers E (K 0; ?) et qui est, pour la même raison, H1(X)-�equivariante. �

Lemme 1.16. (Turaev, [T4, x1.3℄) Supposons que �(X) = 0. Il existe alors une
bijetion anonique et H1(X)-�equivariante :

E (K; ?) '
- Eul(K)



1. RAPPELS SUR LES TORSIONS DE REIDEMEISTER-TURAEV 151

De plus, si K 0 est une subdivision de K, le diagramme suivant ommute :

E (K; ?) '
- Eul(K)

E (K 0; ?)

�(K;K 0)

?

'
- Eul(K 0):

�(K;K 0)

?

Remarque 1.17. Le Lemme 1.16 montre en partiulier que, lorsque �(X) = 0,
l'espae E (K; ?) ne d�epend essentiellement pas du hoix du point base ?.

Preuve du Lemme 1.16. Soit e 2 E (K; ?) repr�esent�ee par la famille fonda-

mentale de ellules be. Consid�erons un point de bX : par exemple le point base pr�ef�er�eb� d�e�ni au x1.2.4. Pour toute ellule � 2 K on hoisit un hemin allant de b? �a un
point de be(�) si dim(�) est paire, ou d'un point de be(�) �a b? si dim(�) est impaire.

La r�eunion de es hemins est une 1-hâ�ne singuli�ere de bX qui se projette par p
en une hâ�ne d'Euler � sur K. La bijetion annon�ee entre E (K; ?) et Eul(K) est
induite par ette assignation [be - �℄. �

1.3. Torsion d'un CW-omplexe. Nous sommes maintenant en mesure de
d�e�nir les torsions ab�eliennes de Reidemeister des CW-omplexes, telles qu'elles ont
�et�e raÆn�ees par Turaev.

1.3.1. En arat�eristique d'Euler quelonque. Soit K un CW-omplexe de sup-
port jKj = X et de arat�eristique d'Euler quelonque. Donnons-nous aussi F un
orps ommutatif, et un homomorphisme d'anneaux :

Z [H1(X)℄
' - F:

On suppose �x�es :

(1) une orientation homologique ! de X ,

(2) un point base ? 2 X ,

(3) un �el�ement e de E (K; ?),

(4) une famille b = (b0; b1; : : : ) o�u bi est une base de H'
i (X; ?).

Ii, H'
i (X; ?) d�esigne le i�eme groupe d'homologie �a oeÆients '-twist�es de l'espae

point�e (X; ?). Il est d�e�ni par

H'
i (X; ?) := Hi (C

'
� (K; ?)) ;

o�u C'� (K; ?) est le F-omplexe F
Z[H1(X)℄C�

� bK�
,
� bX; p

�
d�esignant le revêtement

ab�elien maximal de (X; ?) et F �etant muni de la struture de Z [H1(X)℄-module
donn�ee par '. Notons que si ? et ?0 sont deux points distints de X , les groupes
H'
i (X; ?) et H'

i (X; ?0) sont alors (non-anoniquement) isomorphes.
Nous allons assoier �a la liste pr�e�edente une torsion qui sera not�ee :

��' (K; ?; e; b; !) 2 F�:

Nous pr�eiserons ensuite la d�ependane de ette quantit�e en haun des items de
ette liste-l�a. Voii la reette d�e�nissant ette quantit�e :

(1) on oriente et on ordonne les ellules de K d'une fa�on arbitraire : e hoix
sera not�e oo ;

(2) on hoisit une famille fondamentale be de ellules de bK repr�esentant e ;
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(3) les hoix de oo et de be d�eterminent une Z [H1(X)℄-base de C�

� bK�, puis
une F-base de C'

� (K; ?), qu'on note beoo ; on alule la torsion raÆn�ee :

�� (C'
� (K; ?) ; beoo; b) ;

(4) le hoix oo d�etermine une R-base du omplexe C�(K;R) ; on hoisit aussi
une base w = (w0; w1; : : : ) de H�(X ;R) ompatible ave l'orientation
homologique ! de X ; on alule la torsion raÆn�ee :

�� (C�(K;R); oo; w) ;

(5) on pose �nalement :

��' (K; ?; e; b; !) := sgn (�� (C�(K;R); oo; w)) � �� (C'
� (K; ?) ; beoo; b) 2 F�:

Lemme 1.18. (Turaev) La quantit�e ��' (K; ?; e; b; !) poss�ede les propri�et�es sui-
vantes.
a) Elle ne d�epend pas des hoix interm�ediaires faits.
b) Elle satisfait aux relations :

��' (K; ?;h � e; b; !) = '(h) � ��' (K; ?; e; b; !) ;

��' (K; ?; e; b;�!) = ���' (K; ?; e; b; !) :

) Elle est invariante par subdvision ; pr�eis�ement, si K 0 est une subdivision de K,
nous avons :

��' (K 0; ?;�(K;K 0)(e); b; !) = ��' (K; ?; e; b; !) :

D�emonstration. Prouvons les assertions a) et b). D'abord, lorsqu'on permute
deux ellules deK ou lorsqu'on inverse l'orientation d'une ellule de K lors du hoix
oo, les deux quantit�es sgn (�� (C�(K;R); oo; w)) et �� (C'

� (K; ?) ; beoo; b) hangent si-
multan�ement de signe, e qui prouve l'ind�ependane de ��' (K; ?; e; b; !) en le hoix
oo.
Soit ensuite bf une autre famille fondamentale de ellules de bK. Alors, il d�eoule des
d�e�nitions que :

��
�
C'
� (K; ?) ; bfoo; b� = '

 bfbe
!
� �� (C'

� (K; ?) ; beoo; b) :
Cei prouve l'ind�ependane de ��' (K; ?; e; b; !) en le hoix de be dans la lasse e ainsi
que la premi�ere relation de b).
Soit en�n v = (v0; v1; : : : ) un autre hoix de base de H�(X ;R). Il d�eoule aussi des
d�e�nitions que :

sgn (�� (C�(K;R); oo; v)) =

0�Y
i�0

sgn[vi=wi℄

1A � sgn (�� (C�(K;R); oo; w)) :

Cette �egalit�e prouve l'ind�ependane de ��' (K; ?; e; b; !) en le hoix de w dans la
lasse ! ainsi que la seonde relation de l'assertion b).

L'assertion ) est prouv�ee dans [T4, Lemma 3.2.3℄3. �

3L'�enon�e de e lemme utilise les strutures d'Euler ombinatoires plutôt que les familles
fondamentales de ellules, et suppose don que �(X) = 0. La preuve de e lemme ne n�eessite en
fait pas ette hypoth�ese.
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1.3.2. En arat�eristique d'Euler nulle. Soit K un CW-omplexe de support
jKj = X et de arat�eristique d'Euler �(X) = 0. Soient aussiF un orps ommutatif

et Z [H1(X)℄
'- F un homomorphisme d'anneaux.

Lemme 1.19. Soient ?; ?0 2 X et supposons la ondition d'ayliit�e

H'
� (X; ?) = 0 = H'

� (X; ?
0)

satisfaite. Soient ! une orientation homologique de X, e 2 Eul(K) et e 2 E (K; ?)
(resp. e0 2 E (K; ?0)) orrespondant �a la struture d'Euler ombinatoire e par le
Lemme 1.16. Nous avons alors :

��' (K; ?; e;?; !) = ��' (K; ?0; e0;?; !) :

D�emonstration. Soit
� bX; p

�
et
� bX 0; p0

�
les revêtements ab�eliens maximaux

respetifs de (X; ?) et (X; ?0). Piohons une transformation de revêtements� bX; p
�

�-
� bX 0; p0

�
;

induisant une �ehe E (K; ?)
�- E (K; ?0) de la fa�on �evidente. Il d�eoule alors

de la d�e�nition des identi�ations E (K; ?) ' Eul(K) et E (K; ?0) ' Eul(K) (voir
la preuve du Lemme 1.16) que � (e) = e0. La transformation � induit alors un
isomorphisme de F-omplexes :

F
Z[H1(X)℄ C�

� bK�
'
- F
Z[H1(X)℄ C�

� bK 0
�

transportant la base beoo sur la base be0oo, o�u oo est un hoix d'ordre et d'orientations
des ellules de K, be est un repr�esentant de e et be0 = �(be) (qui repr�esente don e0).
D'o�u :

�� (C'� (K; ?) ; beoo;?) = �� (C'� (K; ?0) ; be0oo;?) :
�

Ce lemme justi�e la d�e�nition suivante.

Definition 1.20. (Turaev, [T7, x20.1℄, [T4, x3.2℄ ou [T8, x4.2℄) La torsion
assoi�ee �a ' du CW-omplexe K, muni de l'orientation homologique ! et de la
struture d'Euler ombinatoire e, est :

�'(K; e; !) =

�
��' (K; ?; e;?; !) 2 F� si H'

� (X; ?) = 0;
0 2 F si H'

� (X; ?) 6= 0;

o�u ? 2 X et o�u e 2 E (K; ?) orrespond �a la struture d'Euler ombinatoire e.

Il d�eoule alors diretement du Lemme 1.18 que �'(K; e; !) est invariante par
subdivision, soit :

�'(K; e; !) = �' (K 0;�(K;K 0)(e); !) 2 F;

qu'elle v�eri�e :

�'(K;h � e; !) = '(h) � �'(K; e; !) 2 F
ainsi que :

�'(K; e;�!) = ��'(K; e; !) 2 F:
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1.4. Torsion d'une Spin-vari�et�e ferm�ee de dimension 3. Il d�eoule des
lignes onluant le pr�e�edent paragraphe et de x1.2.3 que les deux d�e�nitions qui
suivent sont l�egitimes.

Definition 1.21. (Turaev, [T4, x3℄) Soient P un poly�edre de arat�eristique

d'Euler nulle, F un orps ommutatif et Z [H1(P )℄
'- F un homomorphisme

d'anneaux.
Alors, la torsion assoi�ee �a ' du poly�edre P , muni de l'orientation homologique !
et de la struture d'Euler ombinatoire e, est :

�'(P ; e; !) := �'Æ��
�
K; ��1� (e); ��1� (!)

� 2 F;

o�u (K; �) est une triangulation du poly�edre P .

Definition 1.22. (Turaev, [T4, x3℄) Soient M une vari�et�e lisse de arat�eristi-

que d'Euler nulle, F un orps ommutatif et Z [H1(M)℄
'- F un homomorphisme

d'anneaux.
Alors, la torsion assoi�ee �a ' de la vari�et�e lisse M , munie de l'orientation homolo-
gique ! et de la struture d'Euler ombinatoire e, est :

�'(M ; e; !) := �'Æ��
�
K; ��1� (e); ��1� (!)

� 2 F;

o�u (K; �) est une C1-triangulation de la vari�et�e M .

Cette derni�ere d�e�nition se sp�eialise �a la suivante.

Definition 1.23. (Turaev, [T5℄) Soient (M;�) une Spin-vari�et�e ferm�ee de

dimension 3, F un orps ommutatif et Z [H1(M)℄
'- F un homomorphisme

d'anneaux.
Alors, la torsion assoi�ee �a ' de la Spin-vari�et�e ferm�ee (M;�) est :

�'(M;�) := �' (M ; e; !M) 2 F;

o�u e est la struture d'Euler ombinatoire surM orrespondant �a la Spin-struture
� (voir �n du x1.2.3).

Exemple 1.24. Soit (M;�) une Spin-vari�et�e ferm�ee de dimension 3. Nous no-
tons Q (H1(M)=TH1(M)) le orps des frations du domaine Z [H1(M)=TH1(M)℄,
o�u TH1(M) d�esigne le sous-groupe de torsion de H1(M). Consid�erons la �ehe
anonique � d�e�nie par la omposition :

Z [H1(M)℄ - Z [H1(M)=TH1(M)℄ � - Q (H1(M)=TH1(M)) :

Alors, ��(M;�) est appel�ee la torsion de Milnor de la Spin-vari�et�e (M;�).

Nous rappelons maintenant le th�eor�eme de Franz-Milnor de dualit�e de la torsion
tel qu'il a �et�e raÆn�e par Turaev.

Th�eor�eme 1.25. (Turaev, [T7, Th. 20.3℄, [T4, App. B℄ et [T3, App.℄) Soit
(M;�) une Spin-vari�et�e ferm�ee de dimension 3. Soient aussi F un orps ommu-

tatif muni d'une involution
�
f - f

�
et Z [H1(M)℄

'- F un homomorphisme

d'anneaux tels que '
�
h�1

�
= '(h) pour tout h 2 H1(M). Nous avons alors :

�' (M;�) = '
�
P�1(�)

��1 � �'(M;�) 2 F;

o�u (�) 2 H2(M) d�esigne la lasse de Chern de la Spin-struture �.

Exemple 1.26. Ce th�eor�eme de dualit�e s'applique �a la torsion de Milnor (in-
troduite dans l'Ex. 1.24).

Remarque 1.27. Consid�erons une 3-vari�et�e ompate orient�ee M de bord une
r�eunion disjointe de tores. Alors, �(M) = 0 don Eul(M) 6= ?. Turaev a montr�e
dans [T4, x6.6℄ l'existene d'une bijetion anonique et aÆne :

Eul(M)
'- Spin (M; _[�0)
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entre les strutures d'Euler ombinatoires sur M et les Spin-strutures sur M re-
latives �a la struture spinorielle anonique _[�0 de �M (voir Ex. 2.16 du Chap. 1).

Soient maintenant F un orps ommutatif, Z [H1(M)℄
'- F un homomorphisme

d'anneaux, � une Spin-struture sur M relative �a _[�0 et ! une orientation homo-
logique sur M . Comme dans le as ferm�e, est d�e�nie alors la torsion assoi�ee �a '
de la Spin-vari�et�e (M;�) homologiquement orient�ee par ! :

�'(M;�; !) 2 F:

Cette approhe ontient en partiulier l'�etude des polynômes d'Alexander-Conway
multivariables rL, o�u L est une entrelas orient�e et ordonn�e d'une sph�ere d'homo-
logie orient�ee (voir [T3, x4℄ pour une exposition d�etaill�ee, ou [T8, x8.1℄).

Dans la suite, nous ontinuons �a nous onsarer aux torsions des Spin-vari�et�es
ferm�ees de dimension 3. Cependant, nos prohains r�esultats s'�etendent sans diÆ-
ult�es �a e as �a bord partiulier que nous venons d'esquisser.

2. Variation de la torsion lors d'un twist

Consid�erons une 3-vari�et�e ferm�ee orient�ee :

M = M1 [f M2;

obtenue en reollant deux 3-vari�et�es orient�ees M1 et M2 le long de leur bord, par

un di��eomorphisme positif ��M2
f- �M1. Nous supposons que �M1

�= ��M2

est onnexe. Soit aussi h 2 T (�M2) un �el�ement du groupe de Torelli de la surfae
�M2. Formons :

M 0 = M1 [fÆh M2:

Ainsi, la vari�et�e M 0 est obtenue en twistant M le long de la surfae �M2 par h.
Au Chapitre 1, nous avons montr�e l'existene, dans ette situation, d'une bijetion
anonique :

Spin(M)



'
- Spin(M 0);

qui est aÆne au-dessus de P�P�1 o�u

H1(M)
�

'
- H1(M

0)

est l'isomorphisme d'homologie donn�e par le th�eor�eme de Mayer-Vietoris. Soit un
homomorphisme d'anneaux :

Z [H1(M)℄
' - F

�a valeurs dans un orps ommutatif F et soit � 2 Spin(M). Nous notons alors '0

l'homomorphisme d'anneaux '��1 et �0 la Spin-struture 
(�) sur M 0.
Le but de ette setion est de omparer les torsions de Reidemeister-Turaev :

�' (M;�) 2 F et �'
0

(M 0; �0) 2 F;

'est-�a-dire de trouver un salaire C 2 F tel que

�'
0

(M 0; �0) = C � �' (M;�) :

En g�en�eral, e salaire ne sera identi��e qu'�a un fateur multipliatif pr�es dans
' (H1(M)). Cette ind�etermination sera lev�ee sous ertaines hypoth�eses sur le orps
F et l'homomorphisme '.
L'ingr�edient pour ette �etude est une formule de Mayer-Vietoris pour la torsion,
que nous pr�esentons d�es maintenant.
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2.1. Formule ontingente de Mayer-Vietoris pour la torsion. Nous
onsid�erons dans e paragraphe un CW-omplexe4 K de dimension m, de support
jKj = X et de arat�eristique d'Euler �(X) = 0. Nous �xons aussi une struture
d'Euler ombinatoire e 2 Eul(K), une orientation homologique ! de X et :

Z [H1(X)℄
' - F

un homomorphisme d'anneaux �a valeurs dans un orps ommutatif F.
Supposons que K est d�eompos�e en deux sous-omplexes :

K = K1 [ K2;

o�uK1,K2 etK1\K2 sont onnexes (nous notonsX1 etX2 les supports respetifs de
K1 etK2). On se propose ii de mettre en appliation la multipliativit�e des torsions,
vue en x1.1.2, pour obtenir une formule du type \Mayer-Vietoris" exprimant la
torsion :

�'(K; e; !)

en fontion de torsions assoi�ees aux CW-omplexes K1, K2 et K1 \ K2. Les a-
rat�eristiques d'Euler de es derniers �etant suppos�ees quelonques, les torsions mises
en jeu seront d�ependantes de hoix interm�ediaires. Pour es raisons, notre formule
de Mayer-Vietoris sera hautement non-anonique, et sera de e fait quali��ee de
ontingente.

Nous d�erivons maintenant les di��erents hoix permettant d'�enoner ette for-
mule de Mayer-Vietoris. Pour ela, notons les inlusions omme suit :

X1

�
�
�
�
�

j1
� �

�
�
�
�

i1

R
X1 \X2

l - X

�
�
�
�
�

j2
R �

�
�
�
�

i2

�

X2

Nous ommen�ons par �xer un point ? sur X1 \X2, qui servira de point base
pour X1 \X2, X1, X2 et X .

Puis, nous d�erivons omment bien hoisir des orientations homologiques. Soient
$, !1 et !2 des orientations homologiques de respetivement X1 \X2, X1 et X2.
Piohons pour tout i 2 f0; : : : ;mg une base wi de Hi(X ;R) telles que la base
w = (w0; w1; : : : ) de H�(X ;R) = �i�0Hi(X ;R) repr�esente l'orientation homo-
logique !. Similairement, soient pour tout i = 0; : : : ;m des bases wi, w1;i et
w2;i telles que w = (w0; w1; : : : ), w1 = (w1;0; w1;1; : : : ) et w2 = (w2;0; w2;1; : : : )
repr�esentent respetivement les orientations homologiques$, !1 et !2. Consid�erons
le R-omplexe aylique :

� � � - Hi(X1\X2;R)
(j1;�;j2;�)- Hi(X1;R)�Hi(X2;R)

i1;��(�i2;�)- Hi(X ;R) � � �
assoi�e �a la suite longue de Mayer-Vietoris de la r�eunionX = X1[X2. Le signe de la
torsion de e R-omplexe bas�e par (: : : ; wi; (w1;i; w2;i); wi; : : : ) et homologiquement
bas�e par ? ne d�epend que de $, !1, !2 et !. Les orientations homologiques $, !1
et !2 sont bien hoisies lorsque e signe-l�a est positif.

4On rappelle que dans e hapitre, par onvention, les CW-omplexes sont �nis et onnexes.



2. VARIATION DE LA TORSION LORS D'UN TWIST 157

Nous d�erivons ensuite omment bien hoisir des bases homologiques. Soientbl, bjk et bik les rel�evements respetifs de l, jk et ik aux revêtements ab�eliens maxi-
maux d�e�nis par le hoix du point base ? (voir �n du x1.2.4) . Bien sûr, tous es
rel�evements sont �equivariants au-dessus des appliations orrespondantes pour les
espaes bases. Elles induisent don des appliations de hâ�nes entre les omplexes :

C'
� (K; ?) ; C'Æl�

� (K1 \K2; ?) et : C
'Æik;�
� (Kk; ?) ; k = 1; 2:

D'o�u la suite exate ourte de F-omplexes :

0 - C'Æl�
� (K1 \K2; ?)

(bj1;bj2)- C
'Æi1;�
� (K1; ?)� C

'Æi2;�
� (K2; ?)

bi1�(�bi2)- C'
� (K; ?) - 0:

De la suite longue d'homologie assoi�ee, on d�eduit queH'
� (X; ?) = 0 si et seulement

si :

H'l�
� (X1 \X2; ?)

(j1;�; j2;�)- H
'i1;�
� (X1; ?)�H

'i2;�
� (X2; ?)

est un isomorphisme. Lorsque e as-l�a se pr�esente, un bon hoix de bases ho-

mologiques i de H'l�
i (X1 \X2; ?), b1;i de H

'i1;�
i (X1; ?) et b2;i de H

'i2;�
i (X2; ?)

est un hoix tel que (j1;�; j2;�) (i) = (b1;i; b2;i). On note alors :  = (0; 1; : : : ),
b1 = (b1;0; b1;1; : : : ) et b2 = (b2;0; b2;1; : : : ).

Nous d�erivons en�n omment bien hoisir des familles fondamentales de el-
lules. Soit e 2 E (K; ?) orrespondant �a la struture d'Euler ombinatoire e. Un

bon hoix de familles fondamentales de ellules bf , be1 et be2 pour les revêtements
ab�eliens maximaux de respetivement (K1 \K2; ?), (K1; ?) et (K2; ?), est un hoix
tel que5 :

{ pour k = 1 ou 2 et pour toute ellule � de K1 \K2, on ait :

bek (jk(�)) = bjk � bf(�)� ;

{ be := bi1 �be1 n bj1 � bf�� _[ bl� bf� _[ bi2 �be2 n bj2 � bf�� repr�esente e.

Nous noterons alors f 2 E (K1 \K2; ?), e1 2 E (K1; ?) et e2 2 E (K2; ?) les lasses

respetives de bf , be1 et be2.
Lemme 2.1. Sous les hypoth�eses et notations pr�e�edentes, la torsion �'(K; e; !)

est non-nulle si et seulement si :

H'l�
� (X1 \X2; ?)

(j1;�; j2;�)- H
'i1;�
� (X1; ?)�H

'i2;�
� (X2; ?)

est un isomorphisme6. Dans e as, et lorsque des bons hoix ont �et�e faits omme
d�erits pr�e�edemment, la formule suivante a lieu :

(2.1) �'(K; e; !) = � � ��
'Æi1;� (K1; ?; e1; b1; !1) � ��'Æi2;� (K2; ?; e2; b2; !2)

��'Æl� (K1 \K2; ?; f; ;$)
;

o�u � est un signe expliite qui ne d�epend que des espaes vetoriels gradu�es :

H�(X1\X2;R); H�(X1;R); H�(X2;R); H�(X ;R); H
'i1;�
� (X1; ?) et H

'i2;�
� (X2; ?);

�a isomorphisme pr�es.

5Un tel hoix est possible. En e�et, il existe �evidemment un triplet de familles fondamentales

de ellules
� bf; be1; be2� satisfaisant �a la premi�ere ondition �enon�ee ; puis, par ation libre transitive

de H1(X) sur E (K;?) et par surjetivit�e de H1(X1)�H1(X2)
(i1;�;i2;�)- H1(X), on trouve alors,

en modi�ant be1 et be2, un triplet
� bf; be1; be2� tel que la lasse de be, d�e�nie par la deuxi�eme ondition,

soit e.
6Cette ondition est ind�ependante du hoix du point base ?.



158 5. TORSIONS AB�ELIENNES DE REIDEMEISTER-TURAEV

D�emonstration. La premi�ere assertion d�eoule du fait que, par d�e�nition,
�'(K; e; !) 6= 0 si et seulement si H'

� (X; ?) = 0, et de la suite de Mayer-Vietoris
pour l'homologie �a oeÆients twist�es. Pla�ons-nous dans e as pour la suite.

Soient w = (w0; : : : ; wm), w = (w0; : : : ; wm), w1 = (w1;0; : : : ; w1;m) et w2 =
(w2;0; : : : ; w2;m) des bases respetives de H�(X ;R), H�(X1 \ X2;R), H�(X1;R)
et H�(X2;R) repr�esentant respetivement les bases homologiques !, $, !1 et !2.
Soit aussi oo un hoix d'orientations et d'ordre des ellules de K (induisant aussi
e même type de hoix pour les omplexes K1\K2, K1, K2). Rappelons-nous alors
que �'(K; e; !) vaut :

��' (K; ?; e;?; !) = sgn (�� (C�(K;R); oo; w)) � �� (C'
� (K; ?) ; beoo;?) ;

que pour k = 1 ou 2 :
��'ik;� (Kk; ?; ek; bk; !k) =

sgn (�� (C�(Kk;R); oo; wk)) � ��
�
C
'ik;�
� (Kk; ?) ; bek;oo; bk� ;

et en�n que :
��'l� (K1 \K2; ?; f; ;$) =

sgn (�� (C�(K1 \K2;R); oo; w)) � ��
�
C'l�
� (K1 \K2; ?) ; bfoo; � :

On applique la formule (1.5) �a la s.e.. de F-omplexes :

0 - C'Æl�
� (K1 \K2; ?)

(bj1;bj2)- C
'Æi1;�
� (K1; ?)� C

'Æi2;�
� (K2; ?)

bi1�(�bi2)- C'
� (K; ?) - 0:

et nous obtenons :

(2.2) ��
�
C
'i1�
� (K1; ?)� C

'i2�
� (K2; ?) ; (be1;oo; be2;oo) ; (b1; b2)� =

(�1)�+� � ��
�
C'l�
� (K1 \K2; ?) ; bfoo; � � �� (C'

� (K; ?) ; beoo;?) ;
o�u (�1)� est un signe provenant du fait que les bases bfoo, (be1;oo; be2;oo) et be des
F-omplexes mis en jeu, ne sont �eventuellement pas ompatibles mais, telles que
nous les avons bien hoisies, le sont ertainement au signe pr�es. Et :

� =
mX
i=0

�i (C
'
� (K; �)) � �i�1

�
C'l�
� (K1 \K2; �)

� 2 Z2:
Notons que nous avons utilis�e le fait que le bases homologiques , b1 et b2 �etaient
bien hoisies.

D'apr�es la formule (1.4) appliqu�ee �a la s.e.. de R-omplexes :

0 - C� (K1 \K2;R)
(j1;j2)- C� (K1;R)�C� (K2;R)

(i1;�i2)- C� (K;R) - 0

nous avons :

(2.3) sgn (�� (C�(K1;R)� C�(K2;R); oo; (w1; w2))) =

(�1)�0+�0+�0 � 1 � sgn (�� (C�(K1 \K2;R); oo; w)) � sgn (�� (C�(K;R); oo; w)) :

Ii, le signe (�1)�0 peut-être expliitement �erit omme fontion des R-espaes
vetoriels gradu�es H�(X1 \ X2;R), H�(X1;R), H�(X2;R) et H�(X ;R). Le bon
hoix des orientations homologiques $, !1 et !2 onduit �a la onstante 1 dans ette
formule. Le signe (�1)�0

provient du fait que les bases des R-omplexes onern�es
ne sont peut-être pas ompatibles entre-elles. En�n :

�0 =

mX
i=0

�i (C� (K;R)) � �i�1 (C� (K1 \K2;R)) 2 Z2:

Remarquons les �egalit�es de signes : (�1)� = (�1)�0

et (�1)� = (�1)�0 .
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La formule (1.6) pour la somme direte C
'i1�
� (K1; ?) � C

'i2�
� (K2; ?) nous

donne :

(2.4) ��
�
C
'i1�
� (K1; ?)� C

'i2�
� (K2; ?) ; (be1;oo; be2;oo); (b1; b2)� =

(�1)� � ��
�
C
'i1�
� (K1; ?) ; be1;oo; b1� � �� �C'i2�

� (K2; ?) ; be2;oo; b2� ;
o�u � 2 Z2 est d�e�ni par :

� =

 
mX
i=0

�i

�
C
'i2�
� (K2; ?)

�
�i�1

�
C
'i1�
� (K1; ?)

�!
+

 
mX
i=0

�i

�
C
'i2�
� (K2; ?)

�
�i�1

�
C
'i1�
� (K1; ?)

�!
:

De même, nous pouvons appliquer la formule (1.6) �a la somme direte C�(K1;R)
� C�(K2;R) pour obtenir :

(2.5) sgn (�� (C�(K1;R)� C�(K2;R); oo; (w1; w2))) =

(�1)�0 � sgn (�� (C�(K1;R); oo; w1)) � sgn (�� (C�(K2;R); oo; w2)) :

o�u �0 2 Z2 est d�e�ni par :

�0 =

 
mX
i=0

�i (C� (K2;R))�i�1 (C� (K1;R))

!
+

 
mX
i=0

�i (C� (K2;R))�i�1 (C� (K1;R))

!
:

Nous remarquons que le signe (�1)�+�0 peut être expliit�e en fontion des espaes
vetoriels gradu�es annon�es par le lemme. La formule (2.1) d�eoule alors de (2.2),
(2.3), (2.4) et (2.5). �

2.2. Homologie �a oeÆients twist�es d'une surfae. Soit � une surfae
ompate orientable de genre g ave 0 ou 1 omposante de bord :

� = �g ou �g;1;

et soit un homomorphisme d'anneaux �a valeurs dans un orps ommutatif F :

Z [H1(�)℄
' - F:

Nous nous int�eressons maintenant au alul de H'
� (�; ?), o�u ? 2 �.

Dans le as partiulier o�u '(x) = 1 2 F pour tout x 2 H1(�), nous avons bien
sûr :

H'
� (�; ?) ' H�(�;F) (isomorphisme anonique):

Ce as-l�a �etant parfaitement entendu, nous l'exluons dans la suite.
2.2.1. Calul de H'

� (�g;1; ?). Soit ? 2 ��g;1 et x1; y1; : : : ; xg ; yg les ourbes
simples ferm�ees orient�ees bas�ees en ? qui sont dessin�ees sur la Figure 2.1. Nous
notons n = 2g et z1 = x1; z2 = y1; : : : ; zn�1 = xg ; zn = yg. Soient aussi H =

H1(�g;1), � = �1(�g;1; ?) et �
a-- H l'homomorphisme de Hurewiz.

Le groupe � �etant librement engendr�e par z1; : : : ; zn, nous pouvons lui appliquer
le alul di��erentiel libre de Fox (nous renvoyons le leteur �a [Bi, Chap. 3℄ pour
une introdution �a e formalisme). Soit don pour tout i 2 f1; : : : ; ng :

Z[�℄

�
�zi- Z[�℄
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g

*

x
1

y
1

g
yx

Fig. 2.1 { Les ourbes (xi; yi)
g
i=1 sur �g;1

la i�eme d�erivation partielle libre. Si � est un endomorphisme du groupe �, nous lui
assoions sa matrie Jaobienne :

J(�) =

�
��(zj)

�zi

�
i;j

2Mn (Z[�℄)

et la r�edution ab�elienne de ette derni�ere :

aJ(�) =

�
a

�
��(zj)

�zi

��
i;j

2Mn (Z[H ℄) :

Nous notons Fhez1 ; : : : ; ezni le F-espae vetoriel formel de base (ez1 ; : : : ; ezn),
et pour tout x 2 � nous posons :

ex =

nX
i=1

'a

�
�x

�zi

�
� ezi 2 Fhez1 ; : : : ; ezni:

Lemme 2.2. a) Nous avons :�
H'
r (�g;1; ?) = 0 8r 6= 1;

H'
1 (�g;1; ?) ' F2g�1:

b) Pr�eis�ement, si m d�esigne la forme lin�eaire(
Fhez1 ; : : : ; ezni

m-- FPn
i=1 fi � ezi - Pn

i=1 fi � ('(zi)� 1) ;

alors le hoix de la base (z1; : : : ; zn) de � induit une identi�ation :

H'
1 (�g;1; ?) '

- Ker(m):

) Soit �g;1
h

'
- �g;1 un di��eomorphisme �xant point par point ��g;1 et induisant

l'identit�e au niveau de H. Alors le diagramme suivant ommute :

H'
1 (�g;1; ?) '

- Ker(m) �- Fhez1 ; : : : ; ezni

H'
1 (�g;1; ?)

h�

?

'
- Ker(m) �- Fhez1 ; : : : ; ezni:

h�

?

Ii, la �ehe vertiale h� de droite est l'automorphisme de Fhez1 ; : : : ; ezni dont la
matrie dans la base (ez1 ; : : : ; ezn) est 'aJ(h�) 2 GLn(F).

d) Soit L un espae topologique et soit Z [H1(L)℄
 - F un homomorphisme
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d'anneaux. Soit aussi une appliation �g;1
f- L telle que ' =  Æ f�. Si x 2 �

v�eri�e f�(x) = 1 2 �1 (L; f(?)), alors :

H'
1 (�g;1; ?)

f�- H 
1 (L; f(?))

s'annule sur le veteur ex.

D�emonstration. On note X � �g;1 le bouquet de n erles suivant :

X =

n[
i=1

zi

auquel se r�etrate par d�eformation la surfae �g;1. Le alul de H
'
� (�g;1; ?) est don

ramen�e �a elui de H'
� (X; ?) (la ompos�ee de ' ave H1(X)

'- H1(�g;1) = H est
enore not�ee ').

Soit
� bX; p� le revêtement ab�elien maximal de (X; ?). La d�eomposition ellu-

laire K de X ave ? pour unique 0-ellule et z1; : : : ; zn pour 1-ellules se rel�eve en

une d�eomposition ellulaire bK de bX. Soit bzi l'unique rel�evement de zi d�ebutant enb? (point base pr�ef�er�e de bX d�e�ni �a la �n du x1.2.4). Le omplexe :

C'� (K; ?) = F
Z[H℄ C�
� bK�

est onentr�e en degr�es 1 et 0 don, en partiulier :

8r 6= 0; 1; H'
r (X; ?) = 0:

Le F-espae vetoriel C'1 (K; ?) admet (ez1 ; : : : ; ezn) pour base o�u ezi := 1
bzi ; le F-
espae vetoriel C'0 (K; ?) est de dimension 1 engendr�e par e? := 1
b?. L'op�erateur
de bord C'1 (K; ?)

�0- C'0 (K; ?) s'�erit alors :

�0

 
nX
i=1

fi � ezi
!

=

 
nX
i=1

fi � (' (zi)� 1)

!
| {z }

2F

�e?

Soit i0 2 f1; : : : ; ng tel que '(zi0) 6= 1 2 F alors �0
�
1= ('(zi0)� 1) � ezi0

�
= e?,

d'o�u :

H'
0 (X; ?) = 0:

De plus, H'
1 (X; ?) = Ker (�0), et don en partiulier :

H'
1 (X; ?) ' Fn�1;

e qui prouve les points a) et b) du lemme.

Nous prouvons maintenant l'assertion ). Soit pour ela X
h- X orrespon-

dant �a �g;1
h- �g;1 par r�etration, et soit bX bh- bX son rel�evement (voir �n

du x1.2.4). Cette appliation bh induit une �ehe C1

� bK� bh- C1

� bK� puis, h

pr�eservant l'homologie, une �ehe :

C'1 (K; ?)
bh- C'1 (K; ?) :

On souhaite d�emontrer que la matrie de et endomorphisme dans la base (ezi)
n
i=1

est �egale �a 'aJ(h�) 2 GLn(F).
Nous rappelons que, d'une fa�on g�en�erale, si  est un laet dans X orient�e et bas�e
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en ? repr�esentant [℄ 2 �, et si b est l'unique rel�evement de  �a bX d�ebutant en b?,
alors :

(2.6) C1

� bK� 3 b =

nX
i=1

a

�
�[℄

�zi

�
| {z }
2Z[H℄

�bzi:
Or, ayant : bh �ezj� = 1
 bh ( bzj) 2 C'1 (K; ?)

et bh ( bzj) �etant l'unique rel�evement de h�(zj) 2 � d�ebutant en b?, la formule (2.6)
appliqu�ee �a un laet  repr�esentant h�(zj) implique que :

C'1 (K; ?) 3 bh �ezj� = nX
i=1

'a

�
�h�(zj)

�zi

�
� ezi :

Nous d�emontrons maintenant le point d). Soit  un laet bas�e en ? repr�esentant
x et soit b son rel�evement d�ebutant en b?. Alors, dans Fhez1 ; : : : ; ezni = C'1 (K; ?),

ex est �egal d'apr�es (2.6) �a 1 
 b. Ainsi, f�(ex) 2 H 
1 (L; f(?)) est repr�esent�e par

1 
 bf (b) 2 C 1 (L; f(?)). Or, la projetion de bf (b) sur L est nul-homotope par

hypoth�ese, don le hemin bf (b) est un laet nul-homotope du revêtement ab�elien
maximal de (L; f(?)), si bien que f�(ex) = 0. �

2.2.2. Calul de H'
� (�g; ?). Nous �xons une inlusion �g;1 � �g , notons D �

�g le disque ompl�ementaire et maintenons les notations du x2.2.1 relatives �a la
surfae �g;1.

Lemme 2.3. a) Nous avons :�
H'
r (�g ; ?) = 0 8r 6= 1;

H'
1 (�g ; ?) ' F2g�2:

b) Pr�eis�ement, le hoix de l'inlusion �g;1 � �g et le hoix de la base (z1; : : : ; zn)
de � induisent une identi�ation :

H'
1 (�g ; ?) '

- Ker(m)

h!i ;

o�u Ker(m) est l'hyperplan d�e�ni par le Lemme 2.2 et o�u :

! =

gX
i=1

'(yi)
�1 �

�
(' (yi)� 1) � exi + (1� '(xi)) � eyi

�
2 Ker(m):

) Soit �g;1
h

'
- �g;1 un di��eomorphisme �xant point par point ��g;1 et induisant

l'identit�e au niveau de H. On note enore �g
h

'
- �g l'extension de h par l'identit�e

de D. Alors le diagramme suivant ommute :

H'
1 (�g ; ?) '

- Ker(m)

h!i
�� Ker(m) �- Fhez1 ; : : : ; ezni

H'
1 (�g ; ?)

h�

?

'
- Ker(m)

h!i
�� Ker(m) �- Fhez1 ; : : : ; ezni:

h�

?

D�emonstration. Soit
�d�g;1; p� le revêtement ab�elien maximal de (�g;1; ?)

et soit
��g ; p� elui de (�g ; ?). Soit K une d�eomposition ellulaire de �g;1 ; L :=
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K [ D est alors une d�eomposition ellulaire de �g. La suite exate ourte de
Z[H ℄-omplexes libres :

0 - C�

� bK� - C�

�bL� - C�

�bL; bK� - 0

induit par appliation du fonteur F 
Z[H℄ � une s.e.. de F-omplexes qui �a son
tour induit une suite longue d'homologie :

� � � - H'
r (�g;1; ?) - H'

r (�g; ?) - Hr

�
F
Z[H℄ C�

�bL; bK�� - � � �

Or, le omplexe C�

�bL; bK� est onentr�e en dimension 2 et C2

�bL; bK� est Z[H ℄-

libre engendr�e par bD, qui est l'unique rel�evement de D touhant le point b?. Nous
d�eduisons de la suite longue d'homologie que :

H'
1 (�g; ?) �

' H'
1 (�g;1; ?)Dh
1
 � bDiE :

Le Lemme 2.3 d�eoulera don du Lemme 2.2 une fois d�emontr�ee l'�egalit�e :

(2.7)
h
1
 � bDi = " gX

i=1

'(yi)
�1
�
('(yi)� 1)
 bxi + (1� '(xi))
 byi�# = !:

Lorsque D est onvenablement orient�e, �D repr�esente :
gY

j=1

�
xj ; y

�1
j

� 2 � = �1 (�g;1; ?) :

Ainsi, d'apr�es l'�equation (2.6) rappel�ee durant la preuve du Lemme 2.2 :

(2.8) H'
1 (�g;1; ?) 3

h
1
 � bDi =

24 nX
i=1

1

0�a �

�zi

0� gY
j=1

�
xj ; y

�1
j

�1A � bzi
1A35 :

Pour tout i 2 f1; : : : ; gg, par alul di��erentiel libre, nous obtenons :

(2.9) Z[H ℄ 3 a
�

�xi

0� gY
j=1

�
xj ; y

�1
j

�1A = a

 
�
�
xi; y

�1
i

�
�xi

!
= 1� y�1i ;

ainsi que :

(2.10) Z[H ℄ 3 a
�

�yi

0� gY
j=1

�
xj ; y

�1
j

�1A = a

 
�
�
xi; y

�1
i

�
�yi

!
= y�1i � xiy

�1
i :

L'�equation (2.7) se d�eduit de (2.8) et des formules (2.9) et (2.10). �

2.2.3. Repr�esentation de Magnus du groupe de Torelli de �g;1. Conservons les
notations relatives �a �g;1 employ�ees en x2.2.1. Nous notons aussi Tg;1 le groupe de
Torelli de la surfae �g;1. L'assertion ) du Lemme 2.2 susite notre int�erêt pour e
qui suit.

Definition 2.4. La repr�esentation de Magnus du groupe de Torelli Tg;1 est
l'homomorphisme de groupes :

Tg;1 M- GL2g (Z[H ℄) ;

d�e�ni par :

M(h) = aJ(h�) =

�
a

�
�h�(zj)

�zi

��
i;j

:



164 5. TORSIONS AB�ELIENNES DE REIDEMEISTER-TURAEV

Le fait que M soit e�etivement un homomorphisme d�eoule de la \r�egle de la
hâ�ne" du alul di��erentiel libre (f. [Bi, Theorem 3.9℄).
On d�e�nit un sous-groupe distingu�e de Tg;1 en posant :

Dg;1 =
n
h 2 Tg;1 : �

�00
h�- �

�00
est l'identit�e

o
:

Th�eor�eme 2.5 (Magnus). Le noyau de la repr�esentation de Magnus de Tg;1
o��nide ave le sous-groupe Dg;1.

D�emonstration. Le fait suivant, bien onnu, remonte �a Magnus (f. [Mg℄) :
il est exprim�e ii ave le formalisme du alul di��erentiel libre et nous en donnons
une preuve expliitement topologique.

Affirmation 2.6. Soient x; y 2 �, alors x � y mod �00 si et seulement si :

8i 2 f1; : : : ; ng; a
�
�x

�zi

�
= a

�
�y

�zi

�
2 Z[�=�0℄:

D�emonstration de l'Aff. 2.6. Pour tous x; y 2 � et pour tout i 2 f1; : : : ;
ng, nous avons :

a

�
�xy�1

�zi

�
= a

�
�x

�zi

�
� a(x)a(y�1)a

�
�y

�zi

�
;

de plus, on d�eduit de la relation fondamentale du alul di��erentiel libre que :8<: a(x)� 1 =
Pn

i=1 a
�

�x
�zi

�
� (zi � 1) 2 Z[�=�0℄;

a(y)� 1 =
Pn

i=1 a
�

�y
�zi

�
� (zi � 1) 2 Z[�=�0℄:

Il suÆt don de d�emontrer que pour tout x 2 � :

(2.11) (x 2 �00) ()
�
8i 2 f1; : : : ; ng; a

�
�x

�zi

�
= 0 2 Z[�=�0℄

�
:

Soit pour ela X le bouquet de n erles z1; : : : ; zn bas�es en ? (omme dans

la preuve du Lemme 2.2) et soit
� bX; p

�
le revêtement ab�elien maximal de (X; ?).

Supposons que x 2 � ' �1(X; ?) est repr�esent�e par un laet  � X bas�e en ?
et soit b son unique rel�evement d�ebutant en b?. Alors, x 2 �00 si et seulement sib est un laet dans bX et si e dernier est nul-homologue dans bX. Puisque bX est

1-dimensionnel, ette derni�ere ondition �equivaut �a demander : b = 0 2 C1

� bX�.
On d�eduit alors l'�equivalene (2.11) de la formule (2.6) rappel�ee dans la preuve du
Lemme 2.2. �

Pour tout h 2 Tg;1, h 2 Dg;1 si et seulement si h�(zi) � zi modulo �00 pour tout
i 2 f1; : : : ; ng. Le th�eor�eme de Magnus est don une ons�equene de l'A�. 2.6. �

2.3. Calul de variation. Nous sommes maintenant prêts �a r�esoudre le probl�e-
me pos�e en introdution de ette setion (page 155). Rappelons-nous qu'il s'agissait

d'�evaluer la variation entre les torsions �'(M;�) et �'
0

(M 0; �0) grâe �a la formule
ontingente de Mayer-Vietoris.

Les r�esultats du x2.2 nous invite d'ores et d�ej�a �a distinguer le as \exeptionnel"
o�u l'homomorphisme de groupes multipliatifs :

H1(�M2) - H1(M)
'- F�

est trivial, du as \g�en�erique" o�u et homomorphisme de groupes est non-trivial.
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2.3.1. Calul de la variation dans le as \g�en�erique". Nous ommen�ons par
donner, une ondition n�eessaire et suÆsante �a la nullit�e de �'(M;�) dans le as
\g�en�erique". Pour ela, nous notons les inlusions omme suit :

M1

�
�
�
�
�

j1
� �

�
�
�
�

i1

R
�M1

l1 - M

�M2

f '
6

l2 - M

wwwwwwwwww
�
�
�
�
�

j2
R �

�
�
�
�

i2

�

M2

Nous �xons dans la suite un point ? sur �M2 (les points f(?), j2(?), j1f(?) et l2(?)
sont enore not�es ?). Pour k = 1 ou 2, nous posons aussi :

Ik(?) = Ker
�
H

'lk;�
1 (�Mk; ?)

jk;�- H
'ik;�
1 (Mk; ?)

�
:

Lemme 2.7. Dans le as \g�en�erique", H'
� (M;?) = 0 si et seulement si les deux

onditions suivantes sont satisfaites :

{ 8r 6= 1; 8k 2 f1; 2g; H
'ik;�
r (Mk; ?) = 0,

{ f�1� (I1(?)) \ I2(?) = 0,

auquel as nous avons : H
'l2;�
1 (�M2; ?) = f�1� (I1(?))� I2(?).

D�emonstration. D'apr�es le Lemme 2.1, H'
� (M;?) = 0 si et seulement si :

H'l2;�
r (�M2; ?)

(j1;� Æ f�; j2;�)- H'i1;�
r (M1; ?)�H'i2;�

r (M2; ?)

est un isomorphisme pour tout r. Etant dans le as \g�en�erique", nous avons d'apr�es
le Lemme 2.3 a) :

H'l2;�
r (�M2; ?) = 0

pour r 6= 1, et dim
�
H

'l2;�
1 (�M2; ?)

�
= 2g�2, si g est le genre de la surfae �M2. De

plus, �(Mk) = 1�g. L'�equivalene annon�ee d�eoule don du fait, qu'en dimension
r = 1, le noyau de (j1;� Æ f�; j2;�) est f�1� (I1(?)) \ I2(?).

Supposons maintenant qu'on ait H'
� (M;?) = 0, alors :

dim(Ik(?)) = dim
�
H

'lk;�
1 (�Mk; ?)

�
�dim

�
H

'ik;�
1 (Mk; ?)

�
= (2g�2)�(g�1) = g�1:

Don, dim(I2(?)) + dim
�
f�1� (I1(?))

�
= dim

�
H

'l2;�
1 (�M2; ?)

�
, si bien que :

H
'l2;�
1 (�M2; ?) = f�1� (I1(?))� I2(?):

�

Lorsque �'(M;�) 6= 0, nous avons par onvention :

H'
� (M;?) = 0

et don d'apr�es le Lemme 2.7 :

H
'l2;�
1 (�M2; ?) = f�1� (I1(?))� I2(?):
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Soit alors H
'l2;�
1 (�M2; ?)

pr2-- I2(?) la projetion sur le deuxi�eme fateur de ette
somme direte. Nous pouvons onsid�erer l'endomorphisme pr2Æh�jI2(?) du F-espae
vetoriel I2(?) puis son d�eterminant :

det
�
pr2 Æ h�jI2(?)

� 2 F:
Th�eor�eme 2.8. Dans le as \g�en�erique", supposons que :

�'(M;�) 6= 0:

Il existe alors une onstante C 2 F ind�ependante de � et �egale �a det
�
pr2 Æ h�jI2(?)

�
,

�a un fateur multipliatif pr�es dans ' (H1(M)), telle que :

�'
0

(M 0; �0) = C � �'(M;�) 2 F:
D�emonstration. Dans ette preuve, a�n de simpli�er la notation des groupes

d'homologie �a oeÆients twist�es, nous n'indiquons pas la d�ependane de eux-i
en le point ?.

Pour tout x 2 H2(M) , nous avons :

�'
0

(M 0;
(x � �))
�'(M;x � �) =

�'
0

(M 0; P�P�1(x) �
(�))
�'(M;x � �)

=
'0(�P�1(x)) � �'0(M 0;
(�))

'(P�1(x)) � �'(M;�)

=
�'

0

(M 0;
(�))

�'(M;�)
;

e qui d�emontre la premi�ere assertion.

Soient, pour i = 1 et 2, une C1-triangulation (Ki; �i) de la vari�et�e lisse Mi,
telles que :

{ (Ki; �i) est une extension d'une triangulation (Li; �i) de �Mi,

{ L2
(�1)

�1f�2- L1 est un isomorphisme simpliial.
Soit la C1-triangulation de M :

(K; �)

obtenue en reollant les triangulations (K1; �1) et (K2; �2) par f .
Soit une orientation homologique ! de jKj telle que ��(!) = !M . Piohons

aussi e une struture d'Euler ombinatoire sur K. Alors :

�'(M;�) � �'��(K; e; !) 2 F�

' (H1(M))
:

Nous appliquons maintenant la formule ontingente de Mayer-Vietoris en mainte-
nant les notations de x2.1 :

(2.12) �'��(K; e; !) = � � ��
'i1;��1;� (K1; ?; e1; b1; !1) � ��'i2;��2;� (K2; ?; e2; b2; !2)

��'l2;��2;� (L2; ?; f2; 2; $2)
;

o�u le sous-omplexe \K1 \K2" de K a �et�e identi��e ave L2.

Int�eressons-nous maintenant �aM 0. Quitte �a modi�er h dans sa lasse d'isotopie,
nous pouvons supposer que ? est �x�e par le di��eomorphisme h. Nous notons omme
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suit les inlusions :

M1

�
�
�
�
�

j01
� �

�
�
�
�

i01

R
�M1

l01 - M 0

�M2

f Æ h '
6

l02 - M 0

wwwwwwwwww
�
�
�
�
�

j02
R �

�
�
�
�

i02

�

M2

Le point l02(?) 2 M 0 est enore not�e ?. Nous avons bien sûr j01 = j1 et j02 = j2.
Remarquons aussi que par d�e�nition de l'isomorphisme d'homologie � : '0i0k = 'ik
et '0l0k = 'lk. Ayant suppos�e H

'
� (M) = 0, on d�eduit d'une double appliation du

Lemme 2.7 que :�
�'

0

(M 0; �0) 6= 0
�
() �

h�1� f�1� (I1) \ I2 = 0
�
:

Alors : �
�'

0

(M 0; �0) 6= 0
�

() �
f�1� (I1) \ h�(I2) = 0

�
() (8y 2 h�(I2); pr2(y) = 0) y = 0)
() (8x 2 I2; pr2 (h�(x)) = 0) x = 0)
() (pr2 Æ h�jI2 est injetive )
() (det (pr2 Æ h�jI2) 6= 0) :

Ces �equivalenes prouvent le th�eor�eme dans le as o�u �'
0

(M 0; �0) = 0. Nous sup-

poserons don dor�enavant que �'
0

(M 0; �0) 6= 0.

Nous allons onstruire �a partir de la triangulation (K; �) deM une triangulation
(K 0; �0) de M 0.

Affirmation 2.9. Il existe, quitte �a modi�er h dans sa lasse d'isotopie, des

subdivisions L01 de L1 et L02 de L2 telles que la ompos�ee L02
(�1)

�1fh�2- L01 soit un
isomorphisme simpliial.

D�emonstration de l'Aff. 2.9. Nous disposons de deux C1-triangulations
de �M1 : (L1; �1) d'une part et (L2; fh�2) d'autre part. D'apr�es [Mu, x10.5 et
x10.9℄, il existe des C1-triangulations (L01; �

0
1) et (L

0
2; �

0
2) de �M1 telles que :

{ L0i est une subdivision de Li pour i = 1; 2 ;
{ �01 est homotope �a �1, et �

0
2 �a fh�2 ;

{ la ompos�ee L02
(�01)

�1Æ�02- L01 est un isomorphisme simpliial.

Il existe don un di��eomorphisme �M1
g

'
- �M1, homotope �a l'identit�e telle que

(�1)
�1 Æ g Æ (fh�2) : L02 - L01 soit un isomorphisme simpliial. Or :

(�1)
�1gfh�2 = (�1)

�1f(f�1gfh)�2;

et le di��eomorphisme f�1gfh = (f�1gf)h est homotope �a h, et est don isotope �a
h. �
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Soit K 0
i une subdivision de Ki �etendant la subdivision L0

i de Li pour i = 1 et
2. Nous onstruisons alors :

(K 0; �0);

triangulation de la vari�et�e M 0, en reollant (K 0
1; �1) ave (K

0
2; �2) par fh.

Soit une orientation homologique !0 de jK 0j orrespondant �a !M 0 par �0�. Pio-
hons aussi une struture d'Euler ombinatoire e0 sur K 0. Alors :

�'
0

(M 0; �0) � �'
0�0�(K 0; e0; !0) 2 F�

' (H1(M))
:

Et par appliation de la formule ontingente de Mayer-Vietoris, en primant les
notations de x2.1, on obtient :
(2.13)

�'
0�0�(K 0; e0; !0) = �0 � ��

'i1;��1;� (K 0
1; ?; e

0
1; b

0
1; !

0
1) � ��'i2;��2;� (K 0

2; ?; e
0
2; b

0
2; !

0
2)

��'l2;��2;� (L0
2; ?; f

0
2; 

0
2; $

0
2)

;

Ii, le sous-omplexe \K 0
1 \K 0

2" de K 0 est identi��e ave L0
2, et on a utilis�e les faits

suivants : 'ik;� = '0i0k;�, 'l2;� = '0l02;�.

Nous omparons maintenant les formules (2.12) et (2.13), �a une fateur multi-
pliatif pr�es dans ' (H1(M)).

Tout d'abord, d'apr�es le Lemme 2.1, les signes � et �0 sont �egaux ar ils d�ependent
pareillement des mêmes lasses d'isomorphismes d'espaes vetoriels gradu�es.

Ensuite, on peut hoisir !0
1 = !1, !

0
2 = !2 et $0

2 = $2. En e�et, soit H
(respetivement H0) la suite longue de Mayer-Vietoris assoi�ee �a la r�eunion M =
M1[f M2 (respetivement �aM 0 = M1[fhM2) pour les oeÆients r�eels. On d�e�nit
un isomorphisme � entre les R-omplexes ayliques H et H0 en posant dimension
par dimension de es omplexes :�

Hr(�M2;R)
�- Hr(�M2;R)

�
:= Id; pour tout r;�

Hr(M1;R)�Hr(M2;R)
�- Hr(M1;R)�Hr(M2;R)

�
:= Id; pour tout r;

�
Hr(M ;R)

�- Hr(M
0;R)

�
:=

8>><>>:
([pt℄ - [pt℄) pour r = 0;
� pour r = 1;�
�℄
��1

pour r = 2;
([M ℄ - [M 0℄) pour r = 3:

Ii, �℄ est l'isomorphisme dual de � pour les formes d'intersetion de M et de M 0.
On onlut grâe �a la d�e�nition des orientations homologiques !M et !M 0 .

Ayant suppos�e H'0

� (M 0) = 0, les bases homologiques b01, b
0
2 et 02 sont, d'apr�es

le Lemme 2.7, onentr�ees en degr�e 1. Lors du bon hoix, nous avons pu demander
b01 = b1 et b02 = b2 (02 nous est alors impos�ee).

Nous d�eduisons alors des �equations (2.12), (2.13) et de l'invariane par subdi-
vision �enon�ee par le Lemme 1.18 que :

(2.14)
�'

0�0�(K 0; e0; !0)

�'��(K; e; !)
� [2=

0
2℄ 2

F�

' (H1(M))
:

Affirmation 2.10.

[2=
0
2℄ = det (pr2 Æ h�jI2) 2 F�:

D�emonstration de l'Aff. 2.10. Par le hoix des bases 2 et 02 de l'espae

vetoriel H
'l2;�
1 (�M2), [2=

0
2℄ est �egal au d�eterminant de la ompos�ee suivante :

H
'l2;�
1 (�M2)

(j1;�f�h�; j2;�)

'
- H

'i1;�
1 (M1)�H

'i2;�
1 (M2)

(j1;�f�; j2;�)
�1

'
- H

'l2;�
1 (�M2):
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Soit d1 une base de I1 et d2 une base de I2 si bien que (f�1� (d1); d2) est une base

de H
'l2;�
1 (�M2). Notons :

H =

�
H11 H12

H21 H22

�
la matrie de h� dans ette base. En partiulier, H22 est la matrie de pr2 Æ h�jI2
dans la base d2.
La matrie de (j1;�f�; j2;�) dans les bases (f�1� (d1); d2) et (j1;�f�(d2); j2;�f

�1
� (d1))

est : �
0 1
1 0

�
et elle de (j1;�f�h�; j2;�) dans les bases (f�1� (d1); d2) et (j1;�f�(d2); j2;�f

�1
� (d1))

est : �
H21 H22

1 0

�
On en d�eduit don que :

[2=
0
2℄ = det

 �
0 1
1 0

��1

�
�

H21 H22

1 0

�!
= det

�
1 0

H21 H22

�
= det(H22):

�

L'AÆrmation 2.10 et l'�equation (2.14) ah�event la preuve du th�eor�eme. �

Nous g�en�eralisons maintenant quelque peu le Th. 2.8.

Th�eor�eme 2.11. Dans le as \g�en�erique", supposons qu'il existe des applia-
tions F-lin�eaires :

I2(?)
r1- f�1� (I1(?)) et I2(?)

r2- I2(?);

telles que :

8x 2 I2(?); h�(x) = r1(x) + r2(x) 2 H
'l2;�
1 (�M2; ?):

Il existe alors une onstante C 2 F ind�ependante de � et �egale �a det(r2), �a un
fateur multipliatif pr�es dans ' (H1(M)), telle que :

�'
0

(M 0; �0) = C � �'(M;�) 2 F:
D�emonstration. Lorsque �'(M;�) 6= 0, le th�eor�eme est une reformulation du

Th. 2.8 ; il nous suÆt don de montrer que : (�'(M;�) = 0) )
�
�'

0

(M 0; �0) = 0
�
.

Nous allons en fait d�emontrer que :�
�'

0

(M 0; �0) 6= 0
�
=) (�'(M;�) 6= 0 et det(r2) 6= 0) :

D'apr�es une double appliation du Lemme 2.7, ela d�eoulera de l'assertion sui-
vante :�

f�1� (I1(?)) \ h�(I2(?)) = 0
�
=) �

f�1� (I1(?)) \ I2(?) = 0 et det(r2) 6= 0
�
:

Supposons don que f�1� (I1(?)) \ h�(I2(?)) = 0. Soit x 2 I2(?) tel que r2(x) = 0 ;
alors :

h�(I2(?)) 3 h�(x) = r1(x) 2 f�1� (I1(?));
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don h�(x) = 0 et x = 0. Cei prouve l'injetivit�e, et don l'inversibilit�e de r2. Soit
maintenant x 2 f�1� (I1(?)) \ I2(?) ; alors :

h�(I2(?)) 3 h�
�
r�12 (x)

�
= x|{z}

2f�1
� (I1(?))

+ r1
�
r�12 (x)

�| {z }
2f�1

� (I1(?))

2 f�1� (I1(?)):

On en d�eduit que h�
�
r�12 (x)

�
= 0, puis que r�12 (x) = 0 et en�n que x = 0. Aussi

avons-nous bien : f�1� (I1(?)) \ I2(?) = 0. �

2.3.2. Calul de la variation dans le as \exeptionnel". Nous envisageonsmain-
tenant le as \exeptionnel", plus faile que le as \g�en�erique".

Th�eor�eme 2.12. Dans le as \exeptionnel", il existe une onstante C 2 F
ind�ependante de � et appartenant �a ' (H1(M)), telle que :

�'
0

(M 0; �0) = C � �'(M;�) 2 F:
D�emonstration. D'apr�es le Lemme 2.1, �'(M;�) est non-nulle si et seule-

ment si :

H
'l2;�
� (�M2; ?)

(j1;� Æ f�; j2;�)- H
'i1;�
� (M1; ?)�H

'i2;�
� (M2; ?)

est un isomorphisme, et �'
0

(M 0; �0) est non-nulle si et seulement si :

H
'l2;�
� (�M2; ?)

(j1;� Æ f�h�; j2;�)- H
'i1;�
� (M1; ?)�H

'i2;�
� (M2; ?)

est un isomorphisme. Or dans notre as, H
'l2;�
� (�M2; ?) = H�(�M2;F) si bien que :

H
'l2;�
� (�M2; ?)

h�- H
'l2;�
� (�M2; ?)

est l'identit�e. Les torsions �'(M;�) et �'
0

(M 0; �0) s'annulent don en même temps.
On les suppose dans la suite non-nulles.

En r�ep�etant les arguments de la preuve du Th. 2.8, qui se simpli�ent ii vu que
h� est l'identit�e, nous arrivons �a :

�'
0

(M 0; �0)

�'(M;�)
2 ' (H1(M)) :

On montre de même qu'au d�ebut de la preuve du Th. 2.8, que e rapport est
ind�ependant de �. �

2.3.3. Un as partiulier. Soient g le genre de la surfae �M2 et une inlusion

�g;1
�

j- �M2. Quitte �a modi�er h 2 T (�M2) dans sa lasse d'isotopie, on peut
supposer qu'il existe k 2 Tg;1 tel que :

8x 2 �M2; h(x) =

�
jkj�1(x) si x 2 j (�g;1) ;
x sinon.

Corollaire 2.13. Supposons que k appartient au sous-groupe Dg;1 de Tg;1
d�e�ni au x2.2.3. Il existe alors une onstante C 2 F ind�ependante de � et apparte-
nant �a ' (H1(M)), telle que :

�'
0

(M 0; �0) = C � �'(M;�) 2 F:
D�emonstration. Dans le as \exeptionnel" o�u la omposition :

H1(�M2)
l2;�- H1(M)

' - F�

est triviale, il suÆt d'appliquer le Th. 2.12.
Pla�ons-nous dans le as \g�en�erique". Puisque M(h) est la matrie identit�e

(Th. 2.5), il d�eoule alors du Lemme 2.3 ) que :

H
'l2;�
1 (�M2; ?)

h�- H
'l2;�
1 (�M2; ?)
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est l'identit�e. On onlut alors grâe au Th. 2.11. �

2.3.4. Ind�etermination sur la variation de la torsion. Nous onluons sur une
remarque g�en�erale onernant nos pr�e�edents r�esultats. Chaun d'entre-eux s'atta-
hait �a trouver C 2 F telle que :

�'
0

(M 0; �0) = C � �' (M;�) 2 F:

La onstante C, ind�ependante de �, n'�etait reonnue qu'�a un fateur multipliatif
pr�es dans ' (H1(M)). Soit :

Q 2 F

' (H1(M))

ette lasse d'�equivalene. Nous rendons la disussion int�eressante en supposant
dans la suite que �' (M;�) 6= 0. Le lemme suivant montre que, sous ertaines
hypoth�eses sur F et ', ette ind�etermination peut être en fait lev�ee.

Lemme 2.14. Supposons les hypoth�eses suivantes satisfaites :

(1) le orps F est muni d'une involution
�
f - f

�
telle que :

8h 2 H1(M); '
�
h�1

�
= '(h);

(2) �1 =2 ' (H1(M)).

Alors, la onstante C est l'unique repr�esentant de la lasse Q qui soit sym�etrique,
'est-�a-dire qui v�eri�e :

C = C 2 F:

Exemple 2.15. Ainsi, sous es hypoth�eses sur F et ', les onstantes C appa-
raissant dans le Th. 2.12 et dans le Cor. 2.13 sont �egales �a 1.
Ces hypoth�eses sont par exemple satisfaites pour la torsion de Milnor (introduite
dans l'Ex. 1.24).

D�emonstration du Lemme 2.14. La onstante C est e�etivement sym�etri-
que, ar :

C = �'0(M 0; �0)=�'(M;�)

=
�
'0

�
P�1(�0)

��1 � �'0(M 0; �0)
�
=
�
'
�
P�1(�)

��1 � �'(M;�)
�

= �'
0

(M 0; �0)=�'(M;�)
= C:

Ii, on a fait une double appliation du Th�eor�eme 1.25 et on a utilis�e le fait que
(�0) = P�P�1(�). Ensuite, pour tout h 2 H1(M), nous avons :

'(h) � C = '(h)�1 � C = '(h)�2 � ('(h) � C) :
Don, le repr�esentant '(h) � C de Q est sym�etrique si et seulement si '(h)2 = 1.
Par hypoth�ese, C est don l'unique repr�esentant de Q qui soit sym�etrique. �

3. Torsions ab�eliennes et lovers boul�es

Definition 3.1. Un lover G dans une 3-vari�et�e ompate orient�ee M est dit
boul�e lorsque son degr�e de boules est non-nul :

l-deg(G) � 1:

Les hirurgies sur les lovers boul�es engendrent parmi les 3-vari�et�es une rela-
tion d'�equivalene bien plus �ne que la relation de Y -�equivalene, omme l'enseigne
le th�eor�eme suivant.

Th�eor�eme 3.2. (Levine, [Le, Th. 2℄) Soit G un lover boul�e dans une 3-
vari�et�e ompate orient�ee M . Alors, M et MG sont homologiquement obordantes,
i.e. il existe une 4-vari�et�e ompate orient�ee V de bord �V = M _[ (�MG), telle que
les inlusions M � - V et MG

� - V sont des �equivalenes d'homologie.
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Grâe aux r�esultats de la setion pr�e�edente, nous �evaluons ii la variation subie
par les torsions ab�eliennes de Reidemeister-Turaev d'une Spin-vari�et�e ferm�ee, lors
d'une hirurgie le long d'un lover boul�e. Puis, on en d�eduit que es torsions sont
multipliativement des invariants de degr�e 1 pour e type de mouvement hirurgial.
Pour ela, nous alulons au pr�ealable l'image du di��eomorphisme Borrom�een par
la repr�esentation de Magnus.

3.1. Caluls autour du di��eomorphisme Borrom�een. Nous rappelons
que le di��eomorphisme Borrom�een, tel qu'il a �et�e d�e�ni dans la Remarque 2.8 du
Chapitre 2, est un di��eomorphisme positif de �3. Nous le onsid�erons maintenant
omme un di��eomorphisme positif de �3;1 :

�3;1
h

'
- �3;1

en posant :

h := h�1b Æ ha ave ha =

3Y
i=1

��i
et hb =

3Y
i=1

��i
;

o�u �i et �i sont les ourbes de �3;1 dessin�ees sur la Figure 3.1.

‘‘trou’’

α1

α3

β1

β3
β2

α2

Fig. 3.1 { Les ourbes �i et �i

3.1.1. Calul du di��eomorphisme Borrom�een au niveau du �1. Soit ?0 2 �3;1 et
(x0i; y

0
i)
3
i=1 les laets bas�es en ?0 tels que tra�es sur la Figure 3.2. Alors, �1 (�3;1; ?

0)
est un groupe libre sur la famille (x0i; y

0
i)
3
i=1.

Le point base ?0, tel qu'il a �et�e hoisi en dehors de ��3;1, ontinue �a faire jouer des
rôles sym�etriques aux anses 1, 2 et 3. Pour les aluls �a venir, nous aurons besoin
de hoisir un point base sur le bord de �3;1. Soient alors le point ? 2 ��3;1 et le
hemin orient�e  reliant ?0 �a ? qui sont dessin�es sur la Figure 3.3. Nous d�e�nissons
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*’

1

1

2

2
3

3

x’

x’ x’

y’

y’

y’

Fig. 3.2 { La base (x0i; y
0
i)
3
i=1 de �1 (�3;1; ?

0)

γ

*

*’

1

2 3

Fig. 3.3 { Changement de point base qui brise la sym�etrie

aussi pour tout i 2 f1; 2; 3g les laets :�
xi = (x

0
i) =  � x0i � 

yi = (y
0
i) =  � y0i � 

qui ont �et�e dessin�es sur la Figure 3.4 apr�es une isotopie des anses. Alors, �1 (�3;1; ?)
est un groupe libre sur la famille (xi; yi)

3
i=1.

Lemme 3.3. Soit H l'endomorphisme du groupe libre �1 (�3;1; ?) d�e�ni par :8>>>>>><>>>>>>:

H(xi) = x�1i y�1i+2x
�1
i+2yi+2xix

�1
i+1yi+1xi+2x

�1
i yixi+1x

�1
i+2y

�1
i+1x

�1
i+1yi+1xi+2xi

x�1i+2y
�1
i+1xi+1x

�1
i y�1i+2xi+2yi+2xix

�1
i+1y

�1
i x�1i yixi+1x

�1
i+2yi+2xi

x�1i+1yi+1xi+2x
�1
i y�1i+2x

�1
i+2yi+2xixi+1x

�1
i y�1i+2xi+2x

�1
i+1y

�1
i x2i x

�1
i+2

y�1i+1xi+1x
�1
i y�1i+2xi+2yi+2xi

H(yi) = x�1i y�1i+2x
�1
i+2yi+2xix

�1
i+1yi+1xi+2x

�1
i yixi+1x

�1
i+2y

�1
i+1x

�1
i+1yi+1xi+2xi

x�1i+2y
�1
i+1xi+1x

�1
i y�1i+2xi+2yi+2xi
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3

*

x

x

1

2

x
3

y
1

y
2

y

Fig. 3.4 { La base (xi; yi)
3
i=1 de �1 (�3;1; ?)

et soit � 2 �1 (�3;1; ?) d�e�ni par :

� = y�13 x3y3x1x
�1
3 y�12 x2x

�1
1 y�13 x3x

�1
2 y�11 x1y1x2x

�1
1 y�13 x�13

y3x1x
�1
2 y2x3x

�1
1 x�13 y�12 x2y2x3x

�1
2 y�11 x1x

�1
3 y�12 x2x

�1
1 y�13 x3y3x1:

Alors, l'automorphisme �1 (�3;1; ?)
h�

'
- �1 (�3;1; ?), induit par le di��eomorphisme

Borrom�een h, est d�e�ni par :

8w 2 �1 (�3;1; ?) ; h�(w) = �H(w) = � � H(w) � ��1:
D�emonstration. On ommene par aluler l'endomorphisme :

�1 (�3;1; ?
0)

h0�
'
- �1 (�3;1; ?

0)

induit par le di��eomorphisme Borrom�een h. Pour ela, il suÆt de aluler (��1)
0
� et�

��1�1

�0
�
en d'en d�eduire respetivement par permutation ylique (123) les twists

(��2)
0
� ; (��3)

0
� et

�
��1�2

�0
�
;
�
��1�3

�0
�
. En omposant es 6 automorphismes, on trouve

alors que l'automorphisme h0� est donn�e par H via les hangements de variables
xi $ x0i et yi $ y0i.

Puis, le diagramme suivant ommutant :

�1 (�3;1; ?
0)

h0�- �1 (�3;1; ?
0)

�1 (�3;1; ?)



6

h�- �1 (�3;1; ?)

h()

6

on en d�eduit que :
h� =  Æ

�
h() Æ h0�

� Æ  :
En�n, le laet h() 2 �1 (�3;1; ?

0) est donn�e par le mot � via les hangements de
variables xi $ x0i et yi $ y0i. �
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3.1.2. Image du di��eomorphisme Borrom�een par la repr�esentation de Magnus.
Le di��eomorphisme h vivant dans le groupe de Torelli de �3;1, nous pouvons
onsid�erer son image par la repr�esentation de Magnus de T3;1 relative aux hoix
du point ? et de la base (zi)

6
i=1 = (xi; yi)

3
i=1 du groupe libre �1 (�3;1; ?) qui ont �et�e

faits dans le paragraphe pr�e�edent. Nous obtenons :

M(h) = aJ(h�) 2 GL6 (Z[H ℄)

o�u H = H1 (�3;1) est le groupe ab�elien librement engendr�e sur la famille (zi)
6
i=1.

Soit aussi un homomorphisme d'anneaux :

Z[H ℄
' - F

�a valeurs dans un orps ommutatif F, tel que :

8i 2 f1; 2; 3g; '(xi) = 1:

Soit Fhez1 ; : : : ; ez6i le F-espae vetoriel de base (ezi)
6
i=1 et soit :

Fhez1 ; : : : ; ez6i
h�- Fhez1 ; : : : ; ez6i

l'automorphisme7 dont la matrie dans la base (ezi)
6
i=1 est :

'M(h) = 'aJ(h�) 2 GL6 (F) :

Lemme 3.4. L'automorphisme h� de Fhez1 ; : : : ; ez6i v�eri�e pour tout i 2 f1; 2; 3g :
(3.1)
'(y1y2y3) � h�(exi

) = (�1 + '(yi+1) + '(yiyi+2) + '(yiyi+1)� '(y1y2y3)) � exi

+'(yi)'(yi+2)('(yi+1)� 1) � exi+1+��'(yi) + '(yi)'(yi+2)
�1 � '(yiyi+1) + '(y1y2y3)

� � exi+2

+'(yi) ('(yi+2)� 1) � eyi+1 + '(yi)(1� '(yi+1)) � eyi+2 :
D�emonstration. D'apr�es le Lemme 3.3, l'automorphisme h� de �1 (�3;1; ?)

est la omposition � Æ H, d'o�u :

'M(h) = 'aJ (�) � 'aJ(H) 2 GL6(F):

Nous avons :

8i; j 2 f1; : : : ; 6g; ��(zj)

�zi
= Æi;j � � +

�
1� �zj�

�1
� � ��

�zi
2 Z [�1 (�3;1; ?)℄ ;

et don :

'a

�
��(zj)

�zi

�
= Æi;j � 'a(�) + (1� '(zj)) � 'a

�
��

�zi

�
2 F:

De l'expression pour � donn�ee par le Lemme 3.3, on d�eduit que :

'a(�) = '
�
y�11 y�12 y�13

� 2 F:
L'endomorphisme de Fhez1 ; : : : ; ez6i d�e�ni par la matrie 'aJ(�) est don donn�e
par les assignations suivantes :

(3.2)

�
exj

- '
�
y�11 y�12 y�13

� � exj

eyj - '
�
y�11 y�12 y�13

� � eyj + (1� '(yj)) � e�

o�u e� =

6X
i=1

'a

�
��

�zi

�
� ezi (notation du x2.2.1).

De la formule pour H pr�eis�ee par le Lemme 3.3, il d�eoule par alul diret que
l'automorphisme de Fhez1 ; : : : ; ez6i d�e�ni par la matrie 'aJ(H), envoie le veteur

7Pour une interpr�etation topologique de et automorphisme, voir la preuve du Lemme 2.2.
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de base exi sur le terme de droite de l'�equation (3.1). Nous d�eduisons alors de (3.2)
que :

h�(exi) = '
�
y�11 y�12 y�13

� � ( terme de droite de (3.1) )

+ ['(yi) ('(yi+2)� 1) (1� '(yi+1)) + '(yi) (1� '(yi+1)) (1� '(yi+2))℄| {z }
=0

�e�:

�

Exemple 3.5. Nous nous int�eresserons au as partiulier o�u, en plus de la
ondition :

8i 2 f1; 2; 3g; '(xi) = 1 2 F;

d�ej�a requise, nous demandons aussi :

'(y1) = '(y3) = 1 2 F:

Nous d�eduisons alors de (3.1) les formules suivantes :8<: h�(ex1) = ex1 +
�
1� '(y2)

�1
� � ex2 + �

'(y2)
�1 � 1

� � ey3
h�(ex2) = ex2
h�(ex3) =

�
1� 2'(y2)

�1 + '(y2)
�2
� � ex2 + '(y2)

�1 � ex3 + (1� '(y2)
�1) � ey1

3.2. Une relation multipliative de degr�e 1. Comme annon�e, nous �etu-
dions maintenant le omportement des torsions ab�eliennes de Reidemeister-Turaev
vis-�a-vis des hirurgies le long de lovers boul�es.

Soit M une 3-vari�et�e ferm�ee orient�ee et G �M un lover boul�e. Soit aussi un
homomorphisme d'anneaux :

Z [H1(M)℄
' - F

�a valeurs dans un orps ommutatif, et soit � 2 Spin(M).
On note (MG; �G) la Spin

-vari�et�e obtenue de (M;�) par hirurgie le long du lover
G et :

Z [H1 (MG)℄
'G - F

l'homomorphisme d'anneaux d�e�ni par ' et l'isomorphisme d'homologie anonique

H1(M)
'- H1 (MG). Nous allons aluler �

'G(MG; �G) en fontion de �'(M;�),
�a un fateur multipliatif pr�es dans ' (H1(M)).

Simpli�ons le lover G. Quitte �a appliquer le mouvement illustr�e sur la Fig. 1.4
du Chap. 1, on peut supposer que :

l-deg(G) = 1:

Grâe au mouvement dessin�e sur la Fig. 1.5 du Chap. 1, nous pouvons aussi supposer
que tous les sommets du lover G sont situ�es sur l'unique boule de G. Alors, le
lover G est une \roue dent�ee". Soit d le degr�e de G. Nous orientons la boule,
les feuilles et num�erotons les sommets omme indiqu�e sur la Fig. 3.5. Les lasses
d'homologie des feuilles et de la boule orient�ees sont respetivement not�ees :

f1; : : : ; fd 2 H1(M) et b 2 H1(M):

Au ôt�e reliant le sommet i au sommet i + 1, on assoie un entier modulo 2 not�e
"i et �egal �a 1 ou 0 suivant que le ôt�e est twist�e ou pas (relativement aux \dents"
port�ees par es sommets). Nous posons :

" =

dX
i=1

"i 2 Z2:
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? ? ?

? =
i

=0si 

b

iε

si εi=1

f1 f2 fd

1 2 d

Fig. 3.5 { Le lover boul�e G �M

Lemme 3.6. Ave les notations pr�e�edentes, nous avons :

�'G (MG; �G) = Pd;" ('(b); '(f1); : : : ; '(fd)) �
Pd;"

�
'(b)�1; '(f1)

�1; : : : ; '(fd)
�1
� � C � �'(M;�) 2 F;

o�u C 2 ' (H1(M)) est une onstante ind�ependante de � et o�u Pd;" 2 F[Y;X1; : : : ; Xd℄
est le polynôme suivant :

Pd;"(Y;X1; : : : ; Xd) = Y + (�1)"+1
dY

i=1

(1�Xi):

Remarque 3.7. Si les onditions du Lemme 2.14 sur F et ' sont satisfaites,
nous avons alors C = 1.

Remarque 3.8. Au vu de la Remarque 1.27, il existe un �enon�e analogue au
Lemme 3.6 pour les polynômes d'Alexander-Conway multivariables des entrelas
orient�es et ordonn�es des sph�eres d'homologie orient�ees (dans e as, C = 1).
Cet �enon�e g�en�eralise un r�esultat de Garoufalidis et Levine relatif aux polynômes
d'Alexander des noeuds (voir [GL, Lemma 2.5℄) et en donne une nouvelle preuve.

D�emonstration du Lemme 3.6. Fissionnons le lover G, soit :

Y (G) =
n
G(1); : : : ; G(d)

o
la famille de d Y -graphes obtenus. Nous onstruisons :

M2 =

 
B [

d[
i=1

N
�
G(i)

�!
[

d[
i=1

�
D2 �D1

�(i)
o�u les N

�
G(i)

�
sont des voisinages r�eguliers deux-�a-deux disjoints des graphes G(i),

o�u B est une boule de M disjointe des N
�
G(i)

�
et o�u

�
D2 �D1

�(i)
est une 2-anse

telle que
�
D2 � 0

�(i) � �B et
�
D2 � 1

�(i) � �N
�
G(i)

�
. Nous hoisissons es d anses

et ette boule B dans une boule voisinage du lover G priv�e de ses feuilles et du
ôt�e reliant le sommet nÆ d au sommet nÆ 1. Alors,M2 est un orps en anses plong�e
dans M de genre 3d.
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Soit M1 le ompl�ementaire de M2. Alors,

M =M1 [f M2;

o�u ��M2
f

'
- �M1 est l'identit�e. Soit aussi t 2 T (�M2) d�e�ni par :

t(x) =

(
h(i)(x) si x 2 �N

�
G(i)

� n �D2 � 1
�(i)

x sinon.

o�u h(i) est une opie du di��eomorphisme Borrom�een h pour la surfae �N
�
G(i)

� n�
D2 � 1

�(i)
qui est di��eomorphe �a �3;1. Alors, (MG; �G) est di��eomorphe �a la

Spin-vari�et�e obtenue en twistant (M;�) le long de �M2 par le di��eomorphisme t.
Aussi, allons-nous pouvoir appliquer les r�esultats du x2.3, dont nous utiliserons le
voabulaire et les notations.
Nous hoisissons un disque D sur �M2 \ �B et un point base ? sur �D. Dans la
suite, a�n de simpli�er la notation des groupes d'homologie �a oeÆients twist�es,
nous n'indiquons pas la d�ependane de eux-i en le point ?.

Dans le as \exeptionnel" o�u pour tout i 2 f1; : : : ; dg, '(fi) = 1, le Lemme 3.6
est une ons�equene du Th. 2.12. On se plae dans le as \g�en�erique" o�u il existe
un i0 2 f1; : : : ; dg tel que '(fi0) 6= 1. On peut supposer que i0 = d.

Nous notons, omme dans le x2.3, les inlusions :
M1

�
�
�
�
�

j1
� �

�
�
�
�

i1

R
�M1

l1 - M

�M2

f = Id

6

l2 - M

wwwwwwwwww
�
�
�
�
�

j2
R �

�
�
�
�

i2

�

M2

et, pour k = 1 ou 2, nous posons :

Ik = Ker
�
H

'lk;�
1 (�Mk)

jk;�- H
'ik;�
1 (Mk)

�
:

Soit V := H
'l1;�
1 (�M1) = H

'l2;�
1 (�M2) ; d'apr�es le Lemme 2.3, V est un F-espae

vetoriel de dimension 2 � (3d)�2 = 6d�2. Pr�eis�ement, nous hoisissons une base :�
x
(i)
1 ; y

(i)
1 ; x

(i)
2 ; y

(i)
2 ; x

(i)
3 ; y

(i)
3

�d
i=1

=
�
z
(i)
1 ; z

(i)
2 ; z

(i)
3 ; z

(i)
4 ; z

(i)
5 ; z

(i)
6

�d
i=1

du groupe libre �1 (�M2 n int(D); ?). Un as partiulier est dessin�e sur la Figure
3.6.
Alors, V s'identi�e �a :

Ker(m)

h!i :

Ii, Ker(m) est l'hyperplan du F-espae-vetoriel :

F
D
e
x
(i)
j

; e
y
(i)
j

: j 2 f1; 2; 3g; i 2 f1; : : : ; dg
E
:
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y
2

(1)

x2
(1)

x
1
(1)y

1
(1)

x
3
(1)

y
3

(1)

x2
(2)

y
2

(2)

x
3
(2) y

3
(2)

x1
(2)

y
1
(2)

(D 2xD1)

(D 2xD1)
(2)

B
D

*

f1

f2

b

(1)

Fig. 3.6 { Un exemple o�u d = 2 et o�u "1 = "2 = 0.

d�e�ni par la forme lin�eaire m telle que :

m

0� dX
i=1

3X
j=1

�
a
(i)
j � e

x
(i)
j

+ b
(i)
j � e

y
(i)
j

�1A =
dX

i=1

b
(i)
2 ('(fi)� 1) 2 F;

et ! est le veteur :

! =
dX

i=1

�
1� '(fi)

�1
� � e

x
(i)
2
2 Ker(m):

Pour pouvoir �evaluer la variation de la torsion, nous nous int�eressons aux noyaux
I1 et I2. Nous aÆrmons �a leur propos les faits suivants :

Affirmation 3.9. Le sous-espae I2 de V est de dimension 3d � 1 et admet
la famille : �

e
x
(i)
1

�d
i=1

[
�
e
x
(i)
3

�d
i=1

[
�
e
x
(i)
2

�d�1
i=1

pour base.

Affirmation 3.10. Les 2d veteurs de V qui suivent appartiennent �a I1 (et
sont lin�eairement ind�ependants) :

v
(i)
3 =

(
e
y
(i)
3

+ (�1)"i+1 � e
x
(i+1)
1

i = 1; : : : ; d� 1

e
y
(d)
3

+ (�1)"d+1'(b) � e
x
(1)
1

i = d

v
(i)
1 =

(
e
y
(i)
1

+ (�1)"i�1+1 � e
x
(i�1)
3

i = 2; : : : ; d

'(b) � e
y
(1)
1

+ (�1)"d+1 � e
x
(d)
3

i = 1
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Nous d�eduisons de l'Exemple 3.5 et de la d�e�nition des veteurs v
(i)
1 et v

(i)
3

les valeurs suivantes de I2
t�j- V sur les veteurs de base de I2. Pour tout i 2

f1; : : : ; d� 1g, nous avons ainsi :
t�

�
e
x
(i)
1

�
= e

x
(i)
1

+ (�1)"i �'(fi)�1 � 1
� � e

x
(i+1)
1

+
�
1� '(fi)

�1
� � e

x
(i)
2

+
�
'(fi)

�1 � 1
� � v(i)3 ;

tandis que pour i = d :

t�

�
e
x
(d)
1

�
= e

x
(d)
1

+ (�1)"d'(b) �'(fd)�1 � 1
� � e

x
(1)
1

+
�
1� '(fd)

�1
� � e

x
(d)
2

+
�
'(fd)

�1 � 1
� � v(d)3 :

Puis, pour tout i 2 f2; : : : ; dg, nous avons :
t�

�
e
x
(i)
3

�
=

�
1� '(fi)

�1
�2 � e

x
(i)
2

+ '(fi)
�1 � e

x
(i)
3

+(�1)"i�1 �1� '(fi)
�1
� � e

x
(i�1)
3

+
�
1� '(fi)

�1
� � v(i)1 ;

tandis que pour i = 1 :

t�

�
e
x
(1)
3

�
=

�
1� '(f1)

�1
�2 � e

x
(1)
2

+ '(f1)
�1 � e

x
(1)
3

+

(�1)"d'(b)�1 �1� '(f1)
�1
� � e

x
(d)
3

+ '(b)�1
�
1� '(f1)

�1
� � v(1)1 :

Nous avons en�n pour tout i 2 f1; : : : ; d� 1g :

t�

�
e
x
(i)
2

�
= e

x
(i)
2
:

Pour tout i 2 f1; : : : ; dg, notons qi = '(fi)
�1 � 1 2 F. Le Th. 2.11 aÆrme alors

que :

�'G (MG; �G) = det(A) � C � �'(M;�)

o�u C 2 ' (H1(M)) est une onstante ind�ependante de � et o�u :

A =

0� A1 0 0
0 A3 0
� � Id

1A 2M3d�1(F):

Ii, A1 2 Md(F) est la matrie :

A1 =

0BBBBBBBBB�

1 0 � � � 0 (�1)"dqd � '(b)
(�1)"1q1 1 � � � 0 0

0 (�1)"2q2 . . . 0 0
...

. . .
. . .

...
...

0 0
. . . 1 0

0 0 � � � (�1)"d�1qd�1 1

1CCCCCCCCCA
;

et A3 2 Md(F) est la matrie :

A3 =

0BBBBBBBBB�

'(f1)
�1 (�1)"1+1q2 0 � � � 0

0 '(f2)
�1 (�1)"2+1q3 : : : 0

0 0 '(f3)
�1 . . . 0

...
...

. . .
. . .

...

0 0 0
. . . (�1)"d�1+1qd

(�1)"d+1'(b)�1 � q1 0 0 : : : '(fd)
�1

1CCCCCCCCCA
:
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En d�eveloppant det(A1) par rapport �a la premi�ere ligne et det(A3) par rapport �a
la premi�ere olonne, nous obtenons :

det(A) =

 
1 + (�1)d+1'(b)

dY
i=1

(�1)"iqi

!
�

 
dY

i=1

'(fi)
�1 + (�1)d+1'(b)�1

dY
i=1

(�1)"i+1qi+1

!
;

d'o�u nous d�eduisons que :

det(A) = Pd;" ('(b); '(f1); : : : ; '(fd)) � Pd;"

�
'(b)�1; '(f1)

�1; : : : ; '(fd)
�1
�

�a une onstante mutipliative pr�es dans ' (H1(M)).
Nous prouvons maintenant les aÆrmations qui restent en suspens.

D�emonstration de l'Aff. 3.9. Puisque x
(i)
j = 1 2 �1 (M2; ?) pour tout

i 2 f1; : : : ; dg et pour tout j 2 f1; 2; 3g, il d�eoule du Lemme 2.2 d) que les
veteurs e

x
(i)
j

appartiennent �a I2. L'espae V n'�etant que le quotient de l'hyper-

plan Ker(m) par la droite engendr�ee par !, il s'en suit l'ind�ependane lin�eaire des
3d � 1 veteurs e

x
(i)
j

pour (i; j) 2 f1; : : : ; dg � f1; 2; 3g n f(d; 2)g. En�n, le orps

en anses M2 se r�etratant �a un bouquet de 3d erles, on alule failement le

groupe d'homologie �a oeÆients twist�es H
'i2;�
1 (M2) (omme dans la preuve du

Lemme 2.2) : 'est un F-espae vetoriel de dimension 3d � 1 qui est isomorphe

�a
�
Ker(m) \

D
e
y
(i)
j

: j = 1; 2; 3; i = 1; : : : ; d
E�

=h!i par j2;�. Il vient en partiulier

que j2;� est surjetive, d'o�u :

dim(I2) = dim(V )� dim
�
H

'i2;�
1 (M2)

�
= (6d� 2)� (3d� 1) = 3d� 1:

�

D�emonstration de l'Aff. 3.10. Pour tout i 2 f1; : : : ; dg, il existe des laets
w
(i)
1 2 �1 (�M2; ?) et w

(i)
3 2 �1 (�M2; ?) tels que :8><>: x

(i)
3 = w

(i+1)
1 �

�
y
(i+1)
1

�(�1)"i
�
�
w
(i+1)
1

��1
2 �1 (M1; ?)

x
(i+1)
1 = w

(i)
3 �

�
y
(i)
3

�(�1)"i
�
�
w
(i)
3

��1
2 �1 (M1; ?)

Nous allons appliquer le Lemme 2.2 d) ; nous alulons pour ela les veteurs :

e�
x
(i)
3

��1
�w

(i+1)
1 �

�
y
(i+1)
1

�(�1)"i
�
�
w
(i+1)
1

��1 et : e�
x
(i+1)
1

��1
�w

(i)
3 �

�
y
(i)
3

�(�1)"i
�
�
w
(i)
3

��1
de l'espae vetoriel :

F
D
e
z
(i)
j

: j 2 f1; : : : ; 6g; i 2 f1; : : : ; dg
E
:

Puisque '
�
x
(i)
j

�
= '

�
y
(i)
j

�
= 1 pour tout i = 1; : : : ; d et pour j = 1; 3, nous

obtenons pour tous k 2 f1; : : : ; 6g et l 2 f1; : : : ; dg :

'a

 
�

�z
(l)
k

��
x
(i)
3

��1
w
(i+1)
1

�
y
(i+1)
1

�(�1)"i �
w
(i+1)
1

��1�!
=

�'a
 
�x

(i)
3

�z
(l)
k

!
+ (�1)"i'

�
w
(i+1)
1

�
'a

 
�y

(i+1)
1

�z
(l)
k

!
;

et : 'a

 
�

�z
(l)
k

��
x
(i+1)
1

��1
w
(i)
3

�
y
(i)
3

�(�1)"i �
w
(i)
3

��1�!
=
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�'a
 
�x

(i+1)
1

�z
(l)
k

!
+ (�1)"i'

�
w
(i)
3

�
'a

 
�y

(i)
3

�z
(l)
k

!
:

si bien que :

e�
x
(i)
3

��1
�w

(i+1)
1 �

�
y
(i+1)
1

�(�1)"i
�
�
w
(i+1)
1

��1 = �e
x
(i)
3

+ (�1)�i'
�
w
(i+1)
1

�
� e

y
(i+1)
1

;

e�
x
(i+1)
1

��1
�w

(i)
3 �

�
y
(i)
3

�(�1)"i
�
�
w
(i)
3

��1 = �e
x
(i+1)
1

+ (�1)"i'
�
w
(i)
3

�
� e

y
(i)
3
:

Nous rappelant la fa�on partiuli�ere dont nous avons hoisi les 2-anses, nous voyons
que :

'
�
w
(i+1)
1

�
=

�
1 i 2 f1; : : : ; d� 1g
'(b) i = d

'
�
w
(i)
3

�
=

�
1 i 2 f1; : : : ; d� 1g
'(b)�1 i = d

Nous en d�eduisons que :

e�
x
(i)
3

��1
�w

(i+1)
1 �

�
y
(i+1)
1

�(�1)"i
�
�
w
(i+1)
1

��1 = (�1)�i � v(i+1)1

e�
x
(i+1)
1

��1
�w

(i)
3 �

�
y
(i)
3

�(�1)"i
�
�
w
(i)
3

��1 = (�1)�i'
�
w
(i)
3

�
� v(i)3 ;

puis onluons alors grâe au Lemme 2.3 d). �

Cela ah�eve la preuve du Lemme 3.6. �

Th�eor�eme 3.11. Soient M une 3-vari�et�e ferm�ee orient�ee, Z [H1(M)℄
'- F

un homomorphisme d'anneaux �a valeurs dans un orps ommutatif, et G1, G2 des
lovers de M disjoints tels que :

l-deg (G1) + l-deg (G2) � 1:

Alors, nous avons pour toute � 2 Spin(M) :

�'G1;G2 (MG1;G2 ; �G1;G2) � �' (M;�) = C � �'G1 (MG1 ; �G1) � �'G2 (MG2 ; �G2) 2 F;

o�u C 2 ' (H1(M)) est une onstante ind�ependante de �.

Remarque 3.12. Si les onditions du Lemme 2.14 sur F et ' sont satisfaites,
nous avons alors C = 1.

D�emonstration du Th�eor�eme 3.11. Supposons que l-deg (G1) � 1. Comme
il a �et�e d�erit avant le Lemme 3.6, on peut supposer que le lover G1 est une \roue
dent�ee". Alors, e lemme-l�a appliqu�e �a G1 � M et �a G1 � MG2 donne respetive-
ment :

�'G1 (MG1 ; �G1) = CG1�M �QG1�M � �' (M;�) ;

�
('G2)G1

�
(MG2)G1

; (�G2)G1

�
= CG1�MG2

�QG1�MG2
� �'G2 (MG2 ; �G2) :

Ii, CG1�M et CG1�MG2
appartiennent �a ' (H1(M)) = 'G2 (H1 (MG2)) et ne

d�ependent pas de �, tandis que QG1�M 2 F (resp. QG1�MG2
2 F) ne d�epend

que des valeurs de ' (resp. de 'G2) sur les lasses d'homologies d�e�nies par le
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lover G1 dans M (resp. dans MG2). Le diagramme suivant �etant ommutatif :

H1(M)

�
�
�
�
�� �

�
�
�
�

'

R
H1 (M nN(G2)) F

�
�
�
�
�R �

�
�
�
�

'G2

�

H1 (MG2)

'

?

nous avons : QG1�M = QG1�MG2
, e qui nous permet de onlure. �
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Une partie des diagrammes ommutatifs a �et�e dessin�ee ave le pakage de Paul Taylor.


