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Introduction

Cette these porte sur une approche probabiliste d’'une équation aux dérivées partielles
issue de la physique, appelée I’équation de Landau. Cette équation a été jusqu’a main-
tenant étudiée avec des méthodes d’analyse. On va ici donner les résultats obtenus grace
aux outils probabilistes et expliquer ce que peut apporter cette approche par rapport
a ce qui a déja été fait. Cette introduction a pour but de rappeler les expressions des
équations nécessaires a notre étude, d’expliquer en détail I'interprétation probabiliste de
ces équations et de donner les principaux résultats contenus dans la these.

1 L’équation de Landau

L’équation de Landau, aussi appelée équation de Fokker-Planck-Landau, est une équa-
tion aux dérivées partielles non linéaire qui décrit le mouvement des particules dans un
plasma. Cette équation a été obtenue par Lev Davidovitch Landau en 1936 a partir de
I’équation de Boltzmann. Pour un certain type de gaz, les gaz de Coulomb, I’équation de
Boltzmann n’est en effet plus adaptée. Dans ces gaz, il y a énormément de collisions ras-
antes de particules. Les vitesses des particules évoluent de facon continues au cours du
temps. L’équation de Boltzmann ne permet pas de décrire ce phénomene. L. D. Landau
a alors obtenu une nouvelle équation, I’équation de Landau, comme limite asymptotique
d’équations de Boltzmann lorsque les collisions rasantes deviennent prépondérantes (le
passage de I’équation de Boltzmann vers I’équation de Landau est approfondi dans la
Section 4).

L’équation de Landau s’écrit en dimension d > 2 dans le cas spatialement homogene
de la facon suivante

of
S =Qun) (0.1)

ol f(t,v) est la densité de particules qui ont la méme vitesse v € R? au méme instant
t € RT et Q est opérateur quadratique suivant

Qulf, ) 1) = %Z o { [ v =0 (F0) 5 0o = seo) g o)}
- (0.2)




avec a = (ai;), <ij<d UD€ matrice symétrique positive qui dépend de la nature des colli-
sions.

L’équation (0.1) est en effet considérée dans le cas spatialement homogene car la den-
sité f est supposée indépendante de la position des particules. Le cas non-spatialement
homogene est a ce jour un probléme ouvert. On peut cependant mentionner ’article de
Villani et Desvillettes, [15], sur I’équation de Landau ’linéarisée’ et I’article de Lucquin-
Desreux et Mancini, [31], qui donne une méthode numérique pour une équation de
Boltzmann ’linéarisée’ non spatialement homogene.

Lorsque les particules entrent en collision suivant une force en 1/r%, ou 7 est la
distance entre les particules et s > 2, la matrice a est de la forme suivante

a(z) =Alz|" 1 (2)

oll A est une constante positive, v = (s — (2d — 1))/(s — 1), et IT = (I;;)1<; j<a est la
projection orthogonale sur (2)*, c’est & dire II;; (2) = &;; — ziz;/ |2|°.
On introduit la méme classification que pour I’équation de Boltzmann:

- si v > 0, on parle de potentiels durs,

-si v =0, il s’agit d'un gaz de Maxwell,

- si v < 0, on parle de potentiels mous,

- si v = =3, il s’agit d’'un gaz de Coulomb.

Villani et Desvillettes ont étudié 1’équation de Landau dans le cas des potentiels
durs, plus exactement lorsque v € ]0,1|, dans deux articles [13, 14]. IIs ont étudié
I’existence et la régularité de solutions et leur comportement en temps grand. Villani a
fait par ailleurs une étude approfondie des gaz de Maxwell dans [40]. Pour les potentiels
mous, v €] — 2,0], les articles de Goudon, [23], et de Villani, [41], donnent 'existence
d’une solution faible dans L' en utilisant le passage entre ’équation de Boltzmann et
I’équation de Landau lorsque les collisions rasantes deviennent prépondérantes. Dans
ces deux articles, la condition initiale est une fonction ayant un moment d’ordre 2 et une
entropie finis. Le cas le plus intéressant d’un point de vue physique est le cas d’un gaz
de Coulomb, mais c’est aussi le cas le plus difficile d’un point de vue mathématique. On
peut mentionner l’article de Villani [41] qui aborde le cas coulombien. Tous ces travaux
utilisent des outils analytiques, cette these a pour but d’étudier 1’équation de Landau
par une approche probabiliste.

Dans cette these, on considére une matrice de collision a de la forme suivante:

a(z) = Ah(|2]) o[ 11 (2) (0.3)

pour des potentiels 'modérément mous’: v € |—1,0], ou h est une fonction
positive, bornée et localement lipschitzienne sur R™ et A est une constante
strictement positive.

Tanaka, [38], a introduit les bases de ’approche probabiliste de ’équation de Boltz-
mann pour un gaz de Maxwell sous des hypothéses restrictives. Ensuite Horowitz,
Karandikar, [26], Desvillettes, Graham, Méléard, Fournier, [12], [20], ont étendu les
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résultats a des situations plus physiques. Nous reviendrons sur certains de ces articles
de facon plus précise par la suite. Ces travaux ont servi de base a l'introduction d’une
approche probabiliste de ’équation de Landau, permettant non seulement d’avoir des
conditions initiales mesures, de travailler dans ’espace de Hilbert L? (grace au choix de
7v), mais aussi d’avoir une meilleure compréhension de certains phénomenes comme le
passage de ’équation de Boltzmann a I’équation de Landau.

L’équation (0.1) s’écrit formellement sous forme faible de la facon suivante : pour
toute fonction test ¢

i Lewsenm= [ o) feonf a0
dt Re xR
oll 'opérateur L? est déﬁni par
d d
1 0%¢ (v) 9¢ (v)
¢ I () — Ay —
L? (v,v,) 5 ”ZZI ai; (v —vy) F0:0, + ;bz (v —v,) o, (0.5)
avec b: R —» R? donné par
Z 2 = =)D 09

Remarque 1.1 L’équation de Landau (0.4) conserve la masse, la quantité de mou-
vement et l’énergie cinétique. (Il suffit de considérer des fonctions tests de la forme

2
¢(,U) = lavia |U| )

Définition 1.2 Une fonction f, définie sur R% x [0, +o00], est dite solution fonction de
I’équation de Landau de condition initiale fo si f(.,0) = fo (.) et si ’équation (0.4) est
satisfaite pour tout t > 0 et pour toute fonction test ¢ € C} (Rd), ot C} (Rd) représente
I’ensemble des fonctions a valeurs réelles, bornées, de classe C? et a dérivées bornées.

On peut supposer sans restriction que [ f (v,0)dv = 1. La conservation de la masse
implique alors [ f (v,t)dv = 1 pour tout temps ¢ > 0. Donc au lieu de chercher une
fonction f, il est assez naturel de chercher un flot (P;),., de mesures de probabilité

sur R? satisfaisant une équation similaire & (0.4) en remplacant la mesure f(v,t)dv par
P, (dv).

Définition 1.3 Une solution mesure de [’équation de Landau de condition initiale Py
est un flot de mesures de probabilité (Pt)t20 tel que pour tout t > 0 et ¢ € C} (]Rd)

» ¢ (v) Py (dv) = » ¢ (v) Py (dv) + /]Rded L? (v,v,) P (dv) P, (dv,) ds. (0.7)

Nous allons étudier, dans la premiere partie de cette these, 1’existence et 'unicité
d’une solution mesure pour I’équation de Landau, puis, chercher a en déduire I’existence
d’une solution fonction. Enfin, lorsqu’il y a existence de solutions fonctions, nous
étudierons leur régularité. Par ailleurs, comme ’équation de Landau a été obtenue
comme limite asymptotique d’équations de Boltzmann, la deuxieme partie de la these
sera consacrée a la convergence des solutions des équations de Boltzmann lorsque les
collisions rasantes deviennent prédominantes.
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2 Approche probabiliste de I’équation de Landau

Cette partie est développée dans le Chapitre 1.

La premiere étape de cette these est de montrer l'existence d’une famille (P;);>o de
mesures de probabilité qui soit solution de (0.7). Il est équivalent de chercher une famille
(Z)i>0 de variables aléatoires sur R? telle que la loi de Z; soit P; et telle que I'égalité
suivante soit satisfaite pour tout ¢ € C? (]Rd), et tout ¢t > 0:

E[¢(zt)]=E[¢(zo)]+/0tE [/R L8 (Zy,0,) P, (dv.) | ds

ot L? est I'opérateur de diffusion (0.5).

D’un point de vue probabiliste, on va en fait chercher & satisfaire une propriété plus
forte. L’équation (0.7) est considérée comme 1’équation d’évolution des marginales d’un
processus de Markov dont la loi est définie par le probleme de martingales suivant:

Définition 2.1 Soit Py une mesure de probabilité ayant un moment d’ordre 2 fini. Une
mesure de probabilité P sur C ([0, +oo[ ,R?) satisfait le probléme de martingales (LPM)
si pour toute fonction ¢ € C} (]Rd)

M? = 6.(X)) — 6 (Xo) — /0 t /R L (X, ) P, (dv,) ds (LPM)

est une martingale sous la loi P, ots P, = P o X; ' et X est le processus canonique sur
C ([0, +oo[,R?) (espace des fonctions continues sur [0, +oo| d valeurs dans R?).

Ce probleme de martingales est non linéaire car la loi intervient dans le troisieme
terme de M?. En prennant 'espérance de M?, on remarque que si la mesure P est
solution du probléme de martingales (LP M), alors la famille des marginales temporelles
(P:)t>0 de P est une solution mesure de 1’équation de Landau.

Soit (€2, F,P) un espace de probabilité.

Afin de résoudre le probleme (LPM), nous introduisons une équation différentielle
stochastique non linéaire dont le terme de diffusion est un bruit blanc (selon la définition
de Walsh, [42]). En effet, le crochet de la martingale locale M?, pour la fonction test
¢ (x) = z, est donnée par

(M7, M), —/ /Rda” ) Py (dv,) ds.

Comme la matrice a est symétrique, il existe une matrice o sur R¢ x R? telle que
a=o0.0" (0.8)

ol o* est la matrice transposée de o. D’apres El Karoui et Méléard, [17] Théoreme III-
10, il existe sur une extension de (€2, F,P) d’ bruits blancs W; indépendants de mesure
de covariance P; (dv,) dt sur R¢ x [0, +oo] tels que

zt_Z/ /Rdazg v,)W;(dv,, ds).
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Notons W¢ = (Wl, e Wd/) le bruit blanc de dimension d’ ainsi défini.

Soit X, un vecteur aléatoire indépendant de W¢ de loi Py. On introduit alors 'équation
différentielle stochastique non linéaire suivante, pour tout ¢ > 0,

Xy = X0+/ / s — ) WY (dv,,ds) + / / s — vy) Py (dv,)ds  (0.9)
R4 Rd

telle que la loi de X soit P.

Réciproquement, la formule d’It6 permet de montrer que la loi P, d’un processus X
solution de (0.9), est une solution du probléme de martingales (LP M), et par conséquent
le flot (P}),, associé est une solution mesure de I’équation de Landau.

Cependant, I’écriture (0.9) n’est pas tout a fait satisfaisante car la loi de X intervient
dans le bruit blanc. Le théoréme de représentation de Skorohod (voir [35]) permet de
simplifier I’équation.

Considérons un deuxiéme espace de probabilité, ’espace ([0, 1], B ([0, 1]), da) ou do
est la mesure de Lebesgue sur [0,1]. Pour éviter toute confusion dans la suite, E et L
représenteront respectivement 1’espérance et la loi d’une variable définie sur (2, F,P) et
E, et L, lespérance et la loi d’une variable définie sur ([0, 1], B ([0, 1]), da).

Soit W¢ = (W1, ..., Wg) le bruit blanc de dimension d’ ot les W; sont des bruits blancs
espace-temps indépendants de mesure covariance dadt sur [0,1] x RY.

Au lieu de chercher un processus X solution de (0.9), on va chercher un couple de
processus vérifiant la définition suivante

Définition 2.2 Soit X, un vecteur aléatoire de R¢ tel que E [|X0\2] < +o0. Un couple
de processus (X,Y) défini sur (2, F,P) x ([0,1],B([0,1]), de) est solution de (LEDS)
si X est adapté par rapport & la filtration naturelle de W? et si pour tout t > 0

X, = X0+// (X, — Y, ( )).Wd'(da,ds)—|—/0t/01b(X5—Y5(a))dads

avec L (X) = L,

Dans le cas ou les coefficients o et b sont des fonctions lipschitziennes et ou la con-
dition initiale Xy admet un moment d’ordre 2 fini, 'existence d’une solution forte a
I’équation (LEDS) et I'unicité en loi de la solution sont obtenus grace a une méthode
de Picard améliorée (du fait de la non linéarité de ’équation). Ce résultat implique
I’existence d’une solution mesure pour I’équation de Landau pour une mesure de prob-
abilité initiale Py admettant un moment d’ordre 2 fini. De plus, 'unicité de la solution
mesure de 1’équation de Landau est montrée en utilisant les résultats d’Horowitz et
Karandikar ([26] Théoreme 5.2) sur les problemes de martingales.

Dans le cas plus général que nous considérons, v € |—1, 0], les coefficients o et b sont
a croissance linéaire. Les solutions de I’équation de Landau sont alors approchées par
des solutions d’une équation aux coefficients 'régularisés’ ou les coefficients o et b sont
remplacés par des fonctions lipschitziennes bien choisies. L’existence d’une solution au
probléme de martingale (LPM), et donc 'existence d’une solution mesure a 1’équation
de Landau, sont ainsi obtenues par approximations, lorsque la mesure de probabilité
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initiale admet un moment d’ordre 2 fini lorque v €] —1, 0] et d’ordre 3 lorsque v = 0. Ce
résultat est montré en utilisant des criteres de tension et par conséquent, comme pour
les méthodes analytiques, cette approche ne permet pas d’obtenir 'unicité de la solution
pour les potentiels ‘'modérément mous’.

On remarque que pour obtenir ’existence d’une solution mesure, seule la régularité
des coefficients a = 0.0* et b de I’équation de Landau est utilisée, et non leur expression
exacte.

3 Existence d’une solution fonction a I’équation de
Landau

Cette partie est développée dans le Chapitre 2.

Connaissant ’existence d’une solution mesure, la seconde étape de cette étude con-
siste & en déduire I’existence d’une solution fonction. On constate que si (), est une
solution mesure et si pour tout ¢ > 0 la mesure P; admet une densité f (¢,.) par rapport
a la mesure de Lebesgue, c’est a dire P, (dv) = f (t,v) dv, alors la fonction f est solution
fonction de I’équation de Landau (0.4).

Cette partie se limitera au cas ou il y a existence forte d’une solution a 1’équation
(LEDS), c’est a dire lorsque les fonctions o et b sont lipschitziennes, afin de pouvoir
utiliser un outil probabiliste tres efficace: le calcul de Malliavin. Le calcul de Malli-
avin permet de construire un calcul différentiel lié a 1’alea et d’obtenir une formule
d’intégration par parties pour les variables aléatoires afin de montrer 'existence et la
régularité de densité par rapport a la mesure de Lebesgue de la loi d’une variable aléatoire
(voir le livre de Nualart [33]).

On va ici l'utiliser dans le cas particulier de processus définis par une équation dif-
férentielle stochastique dont le terme de diffusion est un bruit blanc.

Soit (X, Y) la solution de I’équation stochastique non linéaire (LEDS). L’article de
Bally et Pardoux [3] nous a servi de base pour montrer que la loi P; de X; est absolument
continue par rapport 3 la mesure de Lebesgue sur R? pour tout ¢ > 0, lorsque la mesure
initiale Fy admet un moment d’ordre 2 et n’est pas une mesure de Dirac. De plus,
le calcul de Malliavin permet aussi d’obtenir la régularité C*° de la densité lorsque la
condition initiale admet en plus des moments de tous ordres et lorsque les coefficients o
et b sont suffisamment réguliers.

L’hypothese 'Py n’est pas une masse de Dirac’ est naturelle. En effet, si la condition
initiale est une masse de Dirac, alors toutes les vitesses initiales sont les mémes. Par
conséquent, il n’y a pas de choc de particules, le systéeme n’évolue pas en fonction du
temps. La seule solution de 1’équation de Landau est la masse de Dirac initiale Py, qui
bien évidemment n’admet pas de densité par rapport a la mesure de Lebesgue. Par
ailleurs, les hypotheses sur la condition initiale sont peu restrictives car elles permettent
d’avoir une condition initiale dégénérée comme par exemple une somme de deux mesures
de Dirac.

Dans cette partie, la conservation de la quantité de mouvement et de 1’énergie ciné-
tique (voir Remarque 1.1), et les expressions exactes des coefficients de I’équation de
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Landau sont essentiels dans la preuve du théoreme d’existence de densité.

Les méthodes utilisant le calcul de Malliavin nécessitent en général une hypothese
de non-dégénérescence sur les coefficients de 1’équation différentielle stochastique pour
obtenir 'existence de densité. Cependant, I’équation, que 1'on consideére, a une matrice
de collision a dégénérée. C’est la non linéarité de ’équation (LEDS) qui permet de
conclure.

Apres la recherche de solutions et de leur régularité, la suite de cette these est con-
sacrée a la construction de I’équation de Landau. L. D. Landau a obtenu cette équation
comme limite asymptotique d’équations de Boltzmann lorsque les collisions rasantes de-
viennent prépondérantes. Nous allons donner maintenant une interprétation probabiliste
de cette convergence.

4 Liens entre I’équation de Boltzmann et ’équation
de Landau en dimension 3

Cette partie est développée dans le Chapitre 3.

4.1 L’équation de Boltzmann

L’équation de Boltzmann, que nous allons considérer, est définie dans le cas spatialement
homogene par

of

ot
ou f est la densité, dans un gaz suffisamment dilué, de particules qui ont la méme vitesse
au méme instant et (Jp est I'opérateur de collision quadratique suivant

Qs(f, f) (0.10)

QB(fa f)(ta U) = / CRd /Esd—l (f(t’ U,)f(t’ ’Ui) - f(t,’l})f(t, U*)) B(|U - ’U*|, O)dO'd’U*

ou v, v, sont les vitesses avant collision et v, v! les vitesses apres collision, et  est appelé
angle de déviation. On a les relations suivantes

o v+v, v — v ‘ R P N

2 2 ’ * 2 2
cosf = H,a )
v — ]

La fonction positive B est appelée section efficace.

Cette partie se limitera a 1’étude en dimension 3, qui est le cas le plus intéressant
pour les physiciens. Lorsque les particules entrent en intéraction selon une force en 1/7°,
ou r est la distance entre les particules et s > 2, la section efficace B(z,#) admet une
singularité lorsque 6 tend vers 0. Elle satisfait cependant la condition [J" [0?B(z,0)df <
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oo pour tout z € R®. L’explosion en 0 s’explique d’un point de vue physique comme
I’accumulation de collisions rasantes.

L’équation de Boltzmann dans le cas général est tres difficile a étudier. De nom-
breux travaux se placent sous ’hypothese de troncature fow B(z,6)df < oo, mais cette
hypothese n’a aucun sens physique. Puis, le cas des molécules Maxwelliennes, c’est a
dire lorsque la section efficace B(z,0) = [(6) ne dépend que de 6, a été étudié sans
hypothése de troncature. Tanaka, [38], a étudié ce cas lorsque foﬂ 03(0)df < oo, puis
Horowitz, Karandikar [26], Desvillettes [11], et Fournier, Méléard [18], [21], 'ont étudié
sous 'hypothése physique [ 62((0)df < +oco. Goudon [23], Villani et Desvillettes,
[41, 13], ont étudié le cas de molécules non Maxwelliennes en utilisant des outils analy-
tiques. Fournier-Méléard [20] ont obtenu des résultats via une approche probabiliste en
dimension 2 et lorsque la section efficace, vue comme fonction de la vitesse, est bornée.

Concernant la convergence, via une approche probabiliste, des solutions des équations
de Boltzmann vers une solution de 1’équation de Landau suivant I’asymptotique des
collisions rasantes, pour des potentiels 'modérément mous’, il faut tout d’abord étendre
les résultats de I’approche probabiliste de I’équation de Boltzmann a ces potentiels.
Dans un travail écrit en commun avec Sylvie Méléard, on a donc étudié I’équation de
Boltzmann en dimension 3 pour des sections efficaces de la forme suivante:

B(z,0) = ¥(2)5(0), (0.11)

avec 1(z) = h(|z])|z]?, v €] — 1, 0], h une fonction positive bornée localement
lipschitzienne et § :]0, 7] — R* telle que [ 626(6)df < oc.

L’amplitude des sauts lors du choc des particules est définie par
A(v,v,,0,0) =0 — v (0.12)

oll et 6 sont les coordonnées sphériques de o € S? dans le repeére oll I'axe polaire est
v — v,. Cette amplitude satisfait I'inégalité suivante

A(v, 0., 0, )] < 16] [0 — .. (0.13)

La principale difficulté de notre étude réside dans le fait que la fonction A n’est pas une
fonction lipschitzienne en les variables v et v,. Comme I’a montré Tanaka dans [38] et
Fournier, [21], elle vérifie cependant une propriété de fonction ”presque” lipschitzienne
( A est lipschitzienne a une rotation pres) ce qui suffit pour obtenir 'existence d’une
solution au sens probabiliste.

L’équation (0.10) est étudiée sous sa forme faible. Comme Dintégrale [ 65(6)df
peut étre infinie, on regarde ’équation compensée ainsi définie

L o) f(tv)do = / K2 (v,0,) F(t,0)dvf (£, 0.)dv, (0.14)

dt R3 R3xR3
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ou le noyau Kg est donné par
K¢ (v,v,) = =By (v —v,) (v — v,).Vo(v) (0.15)
/ / ( v+ A(v, vy, 0, 0)) — d(v) — A(v, v,, 9,(,0).ng(v)>1/)(v —v,)3(0)dOdy

et B=m [ (1 — cos8)3(8)db.

De méme que pour I’équation de Landau, la notion de solution fonction et la notion
probabiliste de solution mesure (grace a la conservation de la masse de (0.14)) sont
introduites pour 1’équation de Boltzmann.

Un des résultats obtenu dans cette partie est ’existence d’une solution mesure de

I’équation de Boltzmann lorsque la section efficace satisfait les hypotheses (0.11). L’expression
(0.15) du noyau Kg permet d’observer un saut de discontinuité de la vitesse v a la vitesse
v + A lors du choc. On associe alors a I’équation de Boltzmann un probléme de martin-
gales et une équation différentielle stochastique non linéaire dont le terme stochastique
est une mesure de Poisson (voir [20]). Les solutions du probléme de martingales sont des
probabilités sur 1’espace de Skorohod D ([0, +oo[,R?), espace des fonctions continues a
droite et limitées a gauche.
Les mémes techniques, que pour la résolution de ’équation de Landau, permettent de
montrer l'existence d’'une solution mesure a 1’équation de Boltzmann en dimension 3
lorsque la condition initiale est une mesure de probabilité admettant un moment d’ordre
2 fini siy € |—1,0] et d’ordre 4 fini si v = 0 . Les hypotheses sur la condition initiale per-
mettent des mesures dégénérées comme par exemple des mesures de Dirac. Ce résultat
généralise les travaux de Tanaka [38] et de Horowitz et Karandikar [26] aux potentiels
mous. Par contre, comme pour les méthodes analytiques, cette approche ne donne pas
de résultat d’unicité de la solution.

4.2 L’asymptotique des collisions rasantes

Cette section a pour but d’étudier le lien entre les équations de Boltzmann et de Landau
dans le cas de potentiels 'modérément mous’, v €] —1,0] . On considére par conséquent
des sections efficaces 3°(f) dépendant d’un parametre de collision ¢ de maniére a priv-
ilégier les collisions rasantes.

Arsen’ev et Buryak, [1], ont montré la convergence de ’équation de Boltzmann vers
I’équation de Landau sous des hypotheses tres restrictives sur la section efficace et sur la
condition initiale. Degond et Lucquin, [9], ont étudié la convergence des opérateurs dans
le cas plus physique des potentiels de Colomb (y = —3) en utilisant 1’approximation
suivante:

1 cos(0/2)
|log el sin®(6/2)

5o (0) =

0>

Desvillettes, [10], a fait un travail similaire en utilisant la normalisation suivante

50 =50 (?)
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mais pour des potentiels excluant le cas coulombien. La normalisation introduite par
Villani, [41], qui inclut celle de Degond-Lucquin et celle de Desvillettes, sera utilisée
dans cette section. On considére donc des sections efficaces ¢ : [0, 7] — R™ telles que

Vb, > 0 3% (0) — 0 uniformément sur 6 > 6, (0.16)
e
A= / sin?(6/2)6° (6)d8 —3 A >0 (0.17)
0 E—r

La constante A qui apparait dans (0.17) est la méme que celle de la définition de la
matrice de collision a de ’équation de Landau (voir (0.3)). Les limites (0.16) et (0.17)
impliquent les convergences suivantes:

/O 5 (0) 49— +oc, (0.18)
ot pour k > 3, / sink (6/2)F (6) d8 — 0. (0.19)
0 e—>

On constate que lorsque € tend vers 0, on modélise les collisions rasantes. En effet, plus
¢ est petit, plus la fonction 3° se concentre sur les petites valeurs de I’angle de déviation
6. Par conséquent, plus ¢ est petit, plus 'amplitude des sauts A est petite (voir (0.13)),
par contre la masse [ §° (6) df grandit (voir (0.18)). D’un point de vue probabiliste, ce
comportement est interprété de la facon suivante: plus il y a des collisions rasantes, plus
il y a de chocs de particules avec une amplitude de plus en plus petite. Il semble donc
naturel de passer d’un processus de sauts, le processus de Boltzmann, a un processus de
diffusion, le processus de Landau.

4.3 Convergence des processus

Soit P¢ une mesure de probabilité sur D ([0, +oo[,R?), solution de 1’équation de Boltz-
mann pour ¥ € |—1,0] ou S est remplacé par 3¢, défini par (0.16) et (0.17), dans la
section efficace (définie par (0.11)).

Lorsque ¢ tend vers 0, la suite (P?),., est tendue pour une mesure initiale admettant
un moment d’ordre 4. De plus, un critere de C-tension permet d’observer que ses points
d’adhérence ne chargent que I’espace des fonctions continues C ([0, +oo[,R?*). Enfin, une
étude basée sur les problemes de martingales identifie les points d’adhérence, qui sont
en fait solutions du probléme de martingales (LPM) 1ié a 1’équation de Landau.

Dans le cas de molécules Maxwelliennes (y = 0, h =constante), il suffit que la
condition initiale admette un moment d’ordre 2 et grace a l'unicité de la solution de
I’équation de Landau, il y a en fait convergence de la suite (P°),. .

L’intérét de cette approche est la compréhension de la convergence au niveau mi-
croscopique des processus. Les processus de Boltzmann sautent de plus en plus avec
une amplitude de plus en plus petite lorsque € décroit et convergent finalement vers un
processus de diffusion (continu). De plus, ce résultat n’impose pas de condition forte sur
la condition initiale qui peut étre dégénérée comme par exemple une mesure de Dirac.
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4.4 Simulation de la convergence

Méléard et Fournier, [21], ont construit une approximation particulaire des solutions de
Boltzmann en dimension 3 et lorsque v = 0. Leur algorithme va servir de base pour
simuler la convergence des équations Boltzmann vers I’équation de Landau lorsque les
collisions rasantes deviennent prépondérantes.

A notre connaissance, il n’y a pas de résolution numérique par des méthodes déter-
ministes de I’équation de Landau vue comme limite asymptotique d’équations de Boltz-
mann, sauf dans [34] ou une méthode spectrale donne une maniére concrete d’étudier
cette limite (mais aucun résultat numérique n’est donné). Par ailleurs, les méthodes
particulaires déterministes ne sont pas adaptées a ’étude en dimension 3 de 1’équation
de Landau. Quelques algorithmes de Monte-Carlo pour I’équation de Landau existent
mais sans preuve de convergence, voir Takizuka and Abe [39] et Wang, Okamoto, Naka-
jima, Murakami [43]. Ils utilisent aspect diffusif de 1’équation et non l'asymptotique
des collisions rasantes.

On considere ici des sections efficaces tronquées (afin qu’elles soient simulables) qui
dépendent du parametre £ des collisions rasantes. Une méthode de Monte-Carlo, en
remplacant la non linéarité par la mesure empirique du systéeme, permet de définir un
systeme de particules en interaction.

Le systeme que 1’on considere conserve la quantité de mouvement et 1’énergie ciné-
tique. A ¢ fixé, Fournier et Méléard, [21], ont déja établi que lorsque le parametre
de troncature et le nombre de particules tendent vers l’'infini, la mesure empirique du
systeme converge en loi vers un processus de Boltzmann. Cette section établit une con-
vergence uniforme en €. Par conséquent, lorsque le parametre € tend vers 0, on simule
le passage des équations de Boltzmann a celle de Landau. Dans le Chapitre 3, des ex-
emples de simulations sont donnés lorsque v € |—1,0]. Par ailleurs, notre modeéle est
implémentable lorsque v = —3 (cas coulombien). Quelques simulations sont faites dans
ce cas en prennant les mémes conditions initiales que Cordier, Degond et Lemou, [7],
afin de comparer les résultats.

Le code de notre algorithme de simulation est donné en Appendice de cette these.

5 Asymptotique des collisions rasantes en dimension
2, convergence des solutions fonctions

Cette partie est développée dans le Chapitre 4.

La partie précédente a montré le lien entre les solutions mesures des équations de
Boltzmann et de Landau lorsque les collisions rasantes deviennent prépondérantes pour
des potentiels 'modérément mous’. Il est alors naturel d’étudier la convergence des
solutions fonctions dans le cas ou elles existent. Fournier, [18], a obtenu l'existence
d’une solution fonction pour I’équation de Boltzmann pour un gaz de Maxwell (y = 0
et h =constante dans 'expression (0.11) de la section efficace), en dimension 2 (& cause
du manque de régularité des coefficients dans R*, voir [20] Lemma 2.6). 1l y a de plus
existence d’une solution fonction pour ’équation de Landau dans ce cas (voir Partie
3). Par conséquent, cette partie se placera sous ces conditions. Lorsque le gaz est
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maxwellien et grace a l'unicité de la solution de Landau (voir Partie 2), une analyse
fine du calcul de Malliavin permet de montrer la convergence ponctuelle des solutions
fonctions des équations de Boltzmann vers la solution fonction de I’équation de Landau.
Aucun résultat similaire, sur la convergence ponctuelle des solutions fonctions, n’a été
obtenu par des méthodes analytiques.

Considérer les collisions rasantes signifie que 1’on privilégie les petits angles de dévi-
ation. On va ici considérer une approximation des collisions rasantes particuliére, intro-
duite par Desvillettes ([10]): pour tout € > 0, on définit 3° sur [—em,em|\{0} par

1 [0
“0)==p01(- 0.20
50 =50 (%) (0.20)
ol 3 est une fonction positive sur [—m,7]\{0} — RT telle que ["_626(6)df < oc.
Cette approximation vérifie les hypotheses (0.16) et (0.17) satisfaites par I’approximation
utilisée dans la Partie 4.
En dimension 2, dans le cas d’'un gaz de Maxwell, I’équation de Boltzmann s’écrit:

af
o= Que(/.f) (0-21)

ou l'opérateur de collision Qg est donné par

Qs = [ [T ) 0) = 1) f0))6 () dods.

La relation entre les vitesses avant et apres collision en dimension 2 est la suivante:
v'=v+A0)(v—u,); v, =v—A0)(v—v,)

avec

A(9)21<COSG—1 —sinf >

sin cosf —1

L’existence d’une solution fonction a partir d’une solution mesure de 1’équation de
Boltzmann a été établie par Fournier, [18], en utilisant le calcul de Malliavin pour des
processus de sauts. La solution fonction est donnée par l'inverse de la transformée
de Fourier de la mesure solution. Donc si on note respectivement Py et P; les solutions
mesures des équations de Boltzmann et de Landau, et Isf, B, leur transformée de fourier,
alors les solutions fonction f° et f sont données par:

fe(t,v) = 42 eTIBV PE(rYdr et f(tv) = /R2 e~i<m> P, (z)d.

Vu que les distributions P¢ convergent vers P lorsque € tend vers 0, il y a convergence
ponctuelle des transformées de Fourier. Il suffit par conséquent de montrer que les
fonctions P¢ sont bornées uniformément en ¢ par une fonction intégrable pour obtenir
la convergence de f¢ vers f.
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Lorsque la mesure initiale Py n’est pas une mesure de Dirac et admet des moments
de tous ordres, on montre que la suite (f°),,, des solution fonctions de I’équation de
Boltzmann converge ponctuellement sur R? lorsque ¢ tend vers 0 et sa limite f est solu-
tion fonction de ’équation de Landau. De plus, f est de classe C* et il y a convergence
des dérivées. La preuve de ce résultat est basée sur une étude approfondie des preuves
de Fournier, [18], en fixant avec attention les divers parametres intervenant.

Cette partie établit une convergence forte des solutions de 1’équation de Boltzmann
vers la solution de I’équation de Landau lorsque les collisions deviennent rasantes pour
un gaz de Maxwell. Goudon, [23], et Villani, [41], ont montré une convergence faible
dans L', mais dans le cas plus général des potentiels mous et en dimension 3. Il semble
que leur méthode ne peut pas donner de résultat plus fort.

En utilisant 1'algorithme de Monte Carlo de la Section 4.4, des simulations de la
solution de I’équation de Landau et de ’évolution de son entropie en fonction du temps
sont réalisées en dimension 2 dans le Chapitre 4 lorsque la condition initiale est tres
dégénérée (la somme de deux mesures de Dirac).

6 Conclusion

Au regard des résultats obtenus sur ’équation de Landau par des outils probabilistes,
développés dans cette these, un certain nombre de points mériterait d’étre approfondi.

Tout d’abord en ce qui concerne la Section 3, il serait intéressant de mieux compren-
dre quel role joue la non linéarité de I’équation dans ’obtention d’existence de densité.
La matrice de collision a est dégénérée, cependant est-ce sa forme explicite qui permet de
conclure ou est-ce di a des propriétés géométriques de celle-ci 7 En résumé, ce résultat
d’existence de densité est peut-étre généralisable a d’autres équations non linéaires ayant
des coefficients dégénérés .

Par ailleurs, le lien entre les équations de Boltzmann et de Landau nous a permis de
construire un systeme de particules simulable pour approcher les solutions de I’équation
de Landau. 1l existe déja quelques algorithmes de Monte-Carlo mais sans preuve de
convergence (voir Takizuka and Abe [39] et Wang, Okamoto, Nakajima, Murakami [43])
qui utilisent 'aspect diffusif de I’équation et non ’asymptotique des collisions rasantes.
Il serait intéressant de montrer la convergence d’un tel algorithme et de le comparer a
celui établi dans cette these.

Enfin, cette these se place sous I’hypotheése que ’équation est spatialement homogene.
Dans le cas non spatialement homogene, un terme de transport apparait:

W Q)+ Vo

ou f (t,v,z) est la densité de particules qui ont la méme vitesse v a la méme position z
et au méme instant ¢ et Q;, est Popérateur de collision défini par (0.2).

Avec C. Buet, S. Cordier et S. Méléard, nous réfléchissons a une approche numérique
de cette équation. Notre but est d’utiliser I’algorithme construit dans cette these et qui
suit ’asymptotique des collisions rasantes, afin de simuler les solutions de I’équation de
Landau dans le cas non spatialement homogene. On utilise une méthode de ’splitting’
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qui consiste a regarder successivement le terme de collision, Q. (f, f) et le terme de
transport, V, f.v.

Les chapitres qui suivent sont indépendants et les notations utilisées sont définies a
I'intérieur de chacun. Le premier chapitre est accepté pour publication dans la revue
Annals of Applied Probability, le second est accepté dans la revue Stochastic Processes
and their Applications et le troisieme dans la revue Journal of statistical Physics. Le
dernier chapitre est soumis pour publication.

Une bibliographie globale est placée a la fin de cette these.
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Etude de I’équation de Landau par
des outils probabilistes
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Chapitre 1

Solving Landau equation for some
soft potentials through a
probabilistic approach

Abstract: This article deals with a way to solve the spatially homogeneous
Landau equation using probabilistic tools. Thanks to the study of a non-
linear stochastic differential equation driven by a space-time white noise, we
state the existence of a measure solution of the Landau equation with a prob-
ability measure initial data, for a generalization of the Maxwellian molecules
case. Then, by approximation of the Landau coefficients, the first result
helps us to state the existence of a measure solution for some soft potentials
(v € (—1,0)). This second part is based on the use of nonlinear stochastic
differential equations and some martingale problems.

Ce travail a été accepté pour publication dans la revue Annals of Applied Probability.

1 Introduction

The Landau equation is obtained as a limit of the Boltzmann equation, when all the
collisions become grazing. In the spatially homogeneous case, it writes:

of . 1K D of of
= (0t) = §i;%{4ddv*aij (v —v,) [f(v*,t)a—vj(v,t) —f(v,t)aT*j(v*,t)]}

(1.1)

where f(v,t) > 0 is the density of particles having the velocity v € R¢ at time t €
R*, and (as (2)),; j<q IS @ nonnegative symmetric matrix depending on the interaction
between the particles.
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This equation is also called the Fokker-Planck-Landau equation. Arsen’ev and Buryak,
[1], have shown that the solutions of the Boltzmann equation converge toward the so-
lutions of the Landau equation when grazing collisions prevail. On that topic, one can
read the paper of Villani, [41], which gives a lot of references.

If we assume, for example, that any two particles at distance r interact with a force

proportional to Tis, the matrix a has the following expression, up to a multiplicative

constant,

aij (2) = |27 105 (2)
where

e |2| is the euclidean norm of z in R¢,
e II(2) is the orthogonal projection on 2+ (z # 0), i.e. Il (2) = 6;; — (zi2;)/ |2|?,
o 7=(s-(2d-1)/(s = 1)

The Landau equation has a physical sense when d = 3. However, we will prove some
results in more general cases (d > 1). Moreover, in this paper, we will consider a matrix
a of the form:

aij (2) = |27 1y (2) b (|21%)

where h is a bounded nonnegative locally Lipschitz continuous function. We define

z) = Z djaij (2)

So by integration by parts, for any test function ¢, we can write a weak formulation of
the Landau equation, at least formally,

Gl e@rwnar = T3 [ dudo )] (0 0= 0) @0 () + 00 (0)

i,j=1

+= Z/ dvdv, f (v, t) f (Vs, 1) b; (v — vs) (O (v) — Oip (vs))  (1.2)

R xRE

where 0;p = dp/dv; and 9;;¢ = 0*p/dv;0v;.

The properties of the equation depend heavily on ~ :
e v > 0, one speaks of hard potentials,

e v = 0 corresponds to the case of Maxwellian molecules,

e v < 0, one speaks of soft potentials,
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e v = —3 corresponds to the Coulomb interaction.

Villani studies carefully the Landau equation for Maxwellian molecules in [40]. Desvil-
lettes and Villani, [13], prove in the existence of solution, in a weak sense, for hard
potentials under some conditions on the initial data. Little is known about soft poten-
tials, we can mention the work of Villani, [41], and the one of Goudon, [23]. Those
two independent articles prove the existence of a weak function solution of the Landau
equation when v € (—2,0) and when the initial data is a nonnegative function with
finite mass, energy and entropy, using the convergence of the solutions of the Boltzmann
equation toward the solutions of the Landau equation.

Our paper deals with an original probabilistic way to solve the spatially homogeneous
Landau equation for v € (—1,0]. Thanks to this method, we can assume weaker condi-
tions on the initial data than in the previous articles. We restrict our study to the case
v € (=1, 0] to have enough regularity on the Landau coefficients to obtain the existence
of solutions (the coefficients have linear growth, see (1.13) and (1.14)).

Remark 1.1 Choosing ¢ (v) = 1,v;, or |v|* /2, we can easily check that the mass, the
momentum and the kinetic energy are conserved.

So, if we suppose that [o, f (v,0)dv = 1, we can define the probability flow (P;),., by
P, (dv) = f (v,t) dv.

Since the functions z — a;; (z) and z — b; (z) are respectively even and odd for any
1,7, we obtain a new expression of the Landau weak formulation, which will be the base
of our study,

S ewpm) = %Z [ ran) ([ Ptas)as o -u)) ase) (3

+zi:/R P, (dv) (/R P, (dv,) b; (v — u*)> dip (v).

Definition 1.2 Let Py be a probability measure on R? with a finite two-order mo-
ment (i.e. [ea v|* Py (dv) < o). A measure solution of the Landau equation (1.3) with
initial data Py is a probability flow (P,),s, on R¢ satisfying (0.1) for any function
¢ € C(R%,R), where C} (R, R) is the space of bounded functions of class C? on R
with bounded derivatives.

Remark 1.3 With an abuse of notation, we will still say that a probability measure P
on C ([O,T] ,]Rd) 18 a measure solution of the Landau equation when its time-marginals
flow is a measure solution in the sense of Definition 1.2.

There are two ways to solve the equation (1.3) in a probabilistic sense. The first consists
in finding a probability measure P which satisfies a nonlinear martingale problem. Fu-
naki, [22], solves this martingale problem when the matrix a is a nondegenerate matrix.
But, the collision matrix a of the Landau equation is degenerated. The second way
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consists in associating with the Landau equation (1.3) a nonlinear stochastic differential
equation driven by a space-time white noise. Those two methods are in relation. In-
deed, a solution of the differential equation is a solution of the martingale problem and
a solution of the martingale problem is a weak solution of the differential equation (see
17).

The benefit of the second method is that one can develop a Malliavin calculus to state
the existence of a density and then to show the existence of a weak function-solution of
the Landau equation (1.2), when the coefficients are smooth enough. If, for any ¢ > 0, P,
has a density with respect the Lebesgue measure on R?, i.e. there exists a nonnegative
function f (.,t) such that P; (dv) = f (v,t) dv, then f is a weak function-solution of the
Landau equation (1.2). This question is studied in Chapter 2 of this thesis.

In this paper, we are firstly interested in solving the Landau equation with regular
coefficients (for example, v = 0 and h = constant). In this case, we solve a nonlinear
differential stochastic equation driven by a white noise to find a measure solution of the
Landau equation.

Secondly, using the results obtained in the first part, we study the Landau equation with
v € (—1,0] and h some bounded continuous function. We approximate the coefficients
by some coefficients having the same regularity as in the first part. Then, thanks to the
study of martingale problems and of nonlinear stochastic differential equations, we state
the existence of a measure solution of the Landau equation with v € (—1,0]. Moreover,
we obtain a weak solution for the associated nonlinear stochastic differential equation.

Notations

o C ([O, T] ,]Rd) is the space of continuous functions from [0, 7] to R?, and for k € N,
CF ([0,T],R?) is the space of bounded functions of class C* with all its derivatives
bounded up to order k.

e Myq (R) is the set of d x d' matrix on R.

e If (P"),-, and P are probability measures, we denote by P* = P the convergence
in distribution of the sequence (P™) toward P.

e K is an arbitrary notation for a constant (K can change from line to line).

We consider, as it was mentioned above, a matrix a which has the following form:
2 2 2
aij (2) = 2" h ([2]%) (8 — 23/ |27) (1.4)

with h some bounded nonnegative locally Lipschitz continuous function on R, and
v € (—1,0]. Then, the vector b has the following expression

bi (z) = Zaj% (2) = — (d— 1) h(|2]%) |2]" 2. (1.5)
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For example, in dimension 2, a and b are given by
22 —z1Z
o) = () | 7 TR
b(z) = —lz"h(2l?) | 7
z9 ’

and in dimension 3, they are given by

222 + 232 —2129 —Z2123
a(z) = |2"h(]2°) | —zize 22422 —22 :
—2123 —2923 22 + 252
21
b(z) = =202 h(]z]") | 2
23

As a is a symmetric nonnegative matrix, there exists a matrix o in Mg (R) such that
a=o0.0" (1.6)
where o* is the adjoint matrix of o and d' is an integer> 1. There is not uniqueness of
o, one can take for example
1

o(z) = — - = a(z) (1.7)
[2[27 /b (12]%)

(I1 (2) is a projection, then a(z).a(z) = |z|""h (|z\2) a(z)), or in dimension two

7t = 5 () | 2 (1.9

and in dimension three

N z9 —2Z3 0
o) =12124/h(2®) | =1 0 =z (1.9)
0 4l —Z9

If we denote by ¢ a constant > 0 such that Vz € R¢ h (\z|2) < ¢, one can notice that

C‘Z‘7+2

<
< (d=1)clz"™

and, in the previous examples, |o ()| < /¢ \z|%+1.

2 The Landau equation with regular coefficients

In this section, we deal with the case of Lipschitz continuous coefficients b and o.
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2.1 A nonlinear stochastic differential equation associated with
the Landau equation

We associate with the Landau equation a nonlinear stochastic differential equation driven
by a space-time white noise which gives a probabilistic interpretation of the Landau
equation (1.3). We highlight the nonlinearity using two probability spaces.

Let (€, F, (Fi);>0,P) be a filtered probability space and ([0,1],B([0,1]),da) be an
auxiliary probability space, where da is the Lebesgue measure on [0, 1].

The Skorohod Theorem (see [35]) links up those two spaces : it states that for any
probability measure P on the polish space C ([O, T], ]Rd) , with the topology of the uniform
convergence, there exists a random variable Y : ([0,1], B([0,1]),da) — C ([0,T],R?)
which has the distribution P.

For the clarity of the exposition, we will denote by E the expectation and L the
distribution of a random variable on (2, F,P) and E,, £, for a random variable on
(10,1],B([0, 1)), day).

For k > 2, we define P} the space of continuous adapted processes X = (X;),5, from

(Q,]—', (E)tZO,]P’) to RY, such that VI' > 0 E [ sup |Xt\k] < oo, and Py, the space

0<t<T
of continuous processes Y = (Y;),5, from ([0, 1], B ([0,1]) ,da) to R¢, such that VT' > 0

E, [ sup |Y}|k] < 0.
0<t<T
Let 7" > 0 be arbitrary fixed. pr denotes the Vaserstein metric on the space of probability

measure on C ([O, T] ,]Rd) defined by

2 _: _
pr (P,Q) = inf {E ( sup |4, — B, * with distribution P and @) respectively

0<t<T

|2) A and B processes on C ([0,T],R?) }

We define the d’-dimensional process W? by
Wi
wd =1 :
Wy

where the W, are independent space-time white noises with covariance measure dadt on
[0,1] x [0,00) (according to the definition of Walsh [42]).

Let X, be a random vector on R? independent of W? with a finite moment of order 2.

Let o and b be the functions defined by (1.6) and (1.5) respectively.
We consider the following nonlinear stochastic differential equation

X, = X0+/Ot/olo—(xs —Y, (@) W (da, ds) +/Ot/01b(Xs — Y, (@) dads
(NSDE (o,b))

with £ (X;) = L (Y;) V¢ > 0.
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Proposition 2.1 Assume that the coefficients b and o are Lipschitz continuous. Let
Py be a probability measure with a finite moment of order 2. Let Xy, Yo be random
variables such that L(Xo) = Lo (Yo) = Py. If we assume that there ezists a solution
(X,Y) of (NSDE (0,b)), in Py X Paq, with initial data (Xo,Ys), such that Vt > 0
L(X:) = Ly (Yz). Then the common flow (FP,),s, is a measure solution of the Landau
equation with initial data P,. -

Proof. Let ¢ € C} (R%,R).
Using It6’s formula, we obtain

p(X) = ¢ QA/@M )iy (X, = y) P, (dy) ds

Z]l

+Z/t/Rd6w(Xs)bi (X, —y) P, (dy) ds

S [ (6 ¥y 8 (00 W )

=1 k=1

According to [42] Theorem 2.5, Vi, k [ [ 0ix (X, — Y (@) Qi (X,) Wi (da, ds) is a
martingale. So the expectation of ¢ (X) satisfies

Elp(Xy)] = Elp(Xo)]+5 Z/ﬂ [w (/Rdaij(Xs—y)Ps(dy))]ds

zgl

+2j:/OE a0 00 ([ - pan))| as

Since L (X;) = P, Vt > 0, the proposition is proved. m
Consequently, it is enough to solve the nonlinear stochastic differential equation to find
a measure solution of the Landau equation.

2.2 Solving a nonlinear stochastic differential equation driven
by a white noise

We use the same notations as in part 2.1.

Definition 2.2 Let  and f be two continuous functions. Let W be a process on RY
having independent white noises components on [0,1] x [0, +00) with covariance measure
dadt and Xy be a random variable with finite moment of order 2. We consider Yy a
random variable on ([0,1],B([0,1]),da) such that L, (Yy) = L(Xo). We will say that
a couple (X,Y) is solution of the nonlinear stochastic differential (NSDE (n, f)) if for
any t >0

X, = X0+// (X, — Y, ( )).Wd'(da,ds)+/Ot/01f(Xs—Ys(a))dads
and L (X) =
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We state the existence of a solution of (NSDE (n, f)) under some conditions on the
regularity of the functions n and f:
Assumption (H): 1 and f are globally Lipschitz continuous functions from R? respec-

tively to Mgy s (R) and to R?, where d and d' are integers > 1.

To simplify the expressions, we consider in this part d = d'= 1. Nevertheless the same
arguments can be applied when the dimensions are higher.

The following method, based on a stochastic calculus for a white noise, is a variation
of the method built by Desvillettes, Graham and Méléard, [12], in the different case of
Poisson measure.

Definition 2.3 Let W be a space-time white noise with covariance measure dadt on
[0,1] x [0,400), Xo an independent random variable with finite 2-order moment, Z a
Pa-process and Y a Pqqo-process. The following equation

t pl t pl
X =Xo +/ / n(Zs — Y, () W (da, ds) +/ / f(Zs—-Y (o) dads  (1.10)
0o Jo 0o Jo
defines an application ® by Z,Y, Xo, W +— X = & (Z,Y, Xo, W).
We first state a technical lemma:

Lemma 2.4 If Xy and W are such as in Definition 2.3. For i = 1,2, we consider the
processes Z' € Py and Y € Py,. We define X' = & (Z°,Y", Xo,W), i = 1,2. Then
X* € Py. Moreover, for any T > 0, there exists a constant K > 0 such that

T T
E [ sup ‘th —Xt2|2] < K{/ E [‘Zsl - Zfﬂ ds+/ E, [|y;1 _ }/;2‘2} ds}-
0 0

0<t<T

Proof. It is clear that the processes (X}),., are continuous.
Let T > 0. Using the Burkholder-Davis-Gundy and the Hélder inequalities, we obtain
that

Bl xi-xif] < o{on ([ [ nz-vi@) -0z - v @) doss)
wre ([0 [ 17272 @) - £ (2 - 72 @) dads ) |

Since n and f are Lipschitz continuous, if we denote by K, and K their lipschitz constant

respectively, we have
T 2
B (12 -2 ) as+ [
0

T
B { sup [} _Xgﬂ < 4(CK? +TK?) {/
0

0<t<T

E, (|Ysl - Y;2|2> ds} :

The lemma is proved. m
We give now a solving method for a standard stochastic differential equation.



CHAPITRE 1 : EXISTENCE OF MEASURE SOLUTIONS 29

Theorem 2.5 Assume that W is a space-time white noise with covariance measure dodt
on [0,1] x [0, 00), Xo is an independent random variable with finite 2-order moment and
Y a Pyq-process. If n and f satisfy the Assumption (H), the equation

Xt=X0+/0t/0177(Xs—Y;(@))W(daads)'i'/ot/Olf(Xs—Ys(a))dadS (1.11)

has a unique strong solution X belonging to P,.

Proof. We prove the existence of a solution of (1.11) which belongs to P, using a
standard method of approximation of the solution by the following Picard sequence, for
any t > 0

Xy =

X,
D G X:—i—/ot/oln(X;‘ () W (da, ds) //f X? —Y, (a))dads.

(The proof is easy and can be adapted from the proof of theorem 2.7.)
Moreover, using Gronwall’s Lemma, we state the strong uniqueness on [0,7] for any
T7>0 m

Remark 2.6 Let X be a solution of the stochastic differential equation (1.11). We write
X =o(X,Y, X,, W).

The strong uniqueness of X implies as usual the uniqueness in law. Moreover, the distri-
bution of X depends on the process Y only through the distribution family (La (Y2));50-
Consequently if Y and Y' are two a-processes such that (Lo (Y1) = (La (YI))t;07
the solutions of the stochastic differential equations X = ®(X,Y, Xy, W) and X' =
(X" Y', Xy, W) have the same distribution: L(X) = L(X").

Proof. We define, for any ¢ > 0, the flow P, = £, (Y;) and a martingale measure wr
on [0,1] x [0, 400) such that VA € B([0,1]),Vt > 0,

:/Ot/OIHA(Y;(a))W(da,ds).

L (Wf () = ( / / L4 (Y, dads)
- N(o, /0 /R 1(v) P, (do) d5>

where N (), k) is the Normal distribution with expectation A and variance k. Moreover,
if AN B =0, we have W' (AU B) = W} (A) + WF (B).

So W7 is a white noise with covariance measure P; (dv) ds (according to the definition
of Walsh, [42]). Then, we can rewrite (1.11) in the following way

X = Xo—l—// y) WF (dy, ds) //f P; (dy) ds.

We notice that
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A white noise is entirely defined by its covariance measure, and the one of W¥ is
v (dy,ds) = Ps(dy)ds. Consequently, the distribution of X depends only on the dis-
tribution of Y through its flow (L4 (Y7)),50- ®

We now study the nonlinear stochastic differential equation (NSDF (n, f)).

Theorem 2.7 Assume that W is a process on R* having independent white noises
components on [0,1] x [0,400) with covariance measure dadt, and assume that X
is an independent random vector on R® with finite moment of order 2. Then, under
the Assumption (H), there erists a couple (X,Y) solution of the nonlinear equation
(NSDE (n, f)). Moreover, (X,Y) € Py X Pa.

We notice that the distribution of X depends only on the distribution Py = L (X,) and
not on the specific choice of the white noise and of Xj.

Proof. We prove this theorem in dimension d = d’ = 1. The proof is almost the same in
higher dimension if we work with each component, but the expressions are more complex.
We now use a generalization of the Picard iteration method. We construct two recursive
sequences:

e Let X9 such that Vs > 0 X? = Xj and Y such that Vs > 0 Y? = Y, where Y} is
a random variable on ([0,1],B([0,1]),da) such that L, (Yp) = £ (X,) (obtained
by Skorohod’s Theorem).

e We define

t 1 t 1
xpv =X+ [ [ a(z-vr @)W+ [ [z -vr (@) dads

On the probability space ([0, 1] B ([0 1]),da), we construct a continuous process
Y™t such that £, (Y™ | Y?,.,Y") =L (X" | X0 .., X"™).

In particular, we have for any n > 0 L, (Y°,..,Y™) = £ (X?,.., X™).

Let us define g, (t) = F [sup0<s<t (Xt X")Z]
Lemma 2.4 implies

t t
gn (1) < K{/ E [‘X;L_Xsnflﬂ ds+/ E, [|st _st71|2} ds}
0 0

t t
= 2K/ E [‘Xf - XS”_1|2] ds < 2K/ gn-1(s)ds
0 0

: t t1 tn—1
< (2K)”/ dtl/ /
0 0 0

For a fixed T > 0, it is easy to state that go is bounded on [0, 7.
If we define C' = supy,<r go (), we have g, (1) < C (2K)"T"/n!.
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Then, for any T > 0, the sequence (X"), ., converges for the norm ||U|| = || sup U,

0<s<T 2
and, using Borel-Cantelli’s Lemma, (X™) converges almost surely uniformly on [0,%]
toward a continuous process X. Consequently, (Y™), ., converges also in L? and a.s.. We
denote by Y its limit. Since £, (Y°,..,Y™) = £ (X, .., X™) Vn, we have £, (Y) = L (X).
In particular, for any 7" > 0,

supFE ( sup |Xt"|2> = supk, < sup |Yt"|2) < 00.

n>0 0<t<T n>0 0<t<T

Using dominated convergence theorem, we easily check that (X,Y) is effectively a solu-
tion of the nonlinear stochastic differential equation

e [ [ oo vi@nw o+ [ [ 106 v (@) dds

Moreover, thanks to the strong uniqueness proved in Theorem 2.5 and consequently to
the uniqueness in law, the distribution of X depends only on Py = £ (X,). m

Theorem 2.8 Under Assumption (H), uniqueness in law holds for a solution of (NSDE (n, f)).
Proof. Assume that (U, V) is a solution on C ([0, T],R?) with initial data X; of

U= UV, X, W) with L, (V)=L({U) =Q.
Assume that (X,Y) is the solution given by Theorem 2.7 of

X=0(X,Y, Xo,W) with L, (Y)=L(X)=P.

We want to state that P = Q).
Let T > 0.
Let 7 €]0,7], let p,; be the Vaserstein metric on the space of probability measures on

C ([0, 7] ,Rd) defined by

pr (P,Q)* = inf {Ea ( sup |A; — Bﬁ) Lo (A) =P L, (B) = Q} :

0<t<r
We prove that there exists at least one 7 > 0 such that p, (P, Q) = 0.

Let € > 0, there exists A® and B°, two P, 4-processes, such that £, (A°) = P, L, (B°) =
@ and

b (PQ)F < B sup 14 Bi) <5 (P.Q)* e
0<t<r

Let X* be the solution of X* = ® (X*, A°, X, W) given by Theorem 2.5. Since £, (A7) =

L, (Y) = P and following Remark 2.6, we have £ (X*) = L (X).

If U* is the solution of U¢ = ® (U*, B¢, Xy, W) obtained in Theorem 2.5, we have also

LU =L ().
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Thanks to the bound given in the proof of Lemma 2.4, we have the following inequality

E{sup |Xf—Uf|2} < 4(0K§+TKJ%){/ E[|X¢-U:P] ds+/ E, [|AZ - B ds}
0 0

0<t<T
< 4(0K§+TK§){/ E[sup |X5—U5|2] ds+7(pT(P,Q)2+€)}
0

0<u<s
and by Gronwall’s Lemma, we obtain

E [ sup | X[ — Uf|2] <dr (CK} +7K3) (p- (P,Q)* +¢) exp (47 (CK} + 7K7)) .

0<t<r

Thus, for any € > 0,
pr (P,Q)* < dr (CK2 +7K2) exp (47 (CK? +7K2)) (pr (P,Q)* +¢) .

{)fwe choose 7 > 0 such that 47 (CK? + TKJ%) exp (47 (CK} + TKJ%)) < 1,then p, (P,Q) =
We have uniqueness in law on [0, 7], but we would like to obtain uniqueness in law on
[0,7]. We will extend the property by induction.

For n > 1, we define X" = (X,;74¢),5¢, and we define similarly Y™, U™, V" ...

Let us assume that we have uniqueness in law on [0, n7]. Then, in particular, £ (X,,) =
L (Uyn,). We consider the process U solution of

B t+nt 1 5 t+nt 1 N
Uiinr = Xnr +/ / n <Us -V (oz)) W (da, ds) + / / f (Us -V (a)) dads
nr 0 nt 0

(1.12)

with initial data X, .
We can rewrite (1.12) in the following way

on = Xm—i—// U” v ( )) W (da, ds) // ))dads

where W is a white noise with covariance dadt on [0, 1] x [0, 00) defined by VA € B([0,1])
W(Ax[0,t]) = W(Ax[0,nr+1t]) =W (A x[0,n7])
W (A x [n1,nT + t])
(if A€ B([0,1]) is fixed, (W (A x [0,1])),5, is an independent increment process).
According to the uniqueness in law, obtained in Remark 2.6, £ ([7”) =L (U") on [0, 7]
and thus £ (ﬁ”) =L, (V") on [0,7].

Consequently, thanks to the first part of this proof, we have L ((7") = L(X") on

[0,7]. We deduce from the recurrent hypothesis that the flows (La (Vi))o<i<rin, and
(Lo (Y2))o<t<rins are the same. According to Remark 2.6, we have £ (X) = L (U) on
[0, (n + 1) 7]. Hence, by induction, we conclude £ (X) = £ (U) on [0,T] for any T > 0.
|
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2.3 Existence of a measure solution of the Landau equation
with regular coefficients

In the previous part, we have proved the existence and uniqueness in law of a solution
of the nonlinear stochastic differential equation (NSDE (n, f)) when n and f satisfy
Assumption (H).

According to Proposition 2.1, we have finally stated the following theorem

Theorem 2.9 Assume that Py is a probability measure with a finite moment of order
2. There is a measure solution (P),s, with initial data Py to the Landau equation

% ¢ (v) P, (dv) = _Z/det (dv) </ Pt(dv*)aij(v—v*))aij%O(U)

2,j=1

+Z/ P, (dv) </ P, (dv,) by (v—v*)) dip (v)

where (a;;) 4 18 a matriz of the form a = 0.0", with o and b satisfying Assumption

(H).

0<s2,5<

Remark 2.10 If we assume that vy = 0, choosing for o the expression (1.8) in dimension
2, or (1.9) in dimension 3, we can notice that if h is a bounded nonnegative function
of class C* such that there exists a constant K > 0 with h' (z) < z% when x — +00, 0
and b satisfy Assumption (H). In particular, if h is a constant function (the Mazwellian
case), o and b satisfy Assumption (H). We can generalize those properties in dimension
d > 3.

When the initial data is a probability measure with a finite moment of order 2, we have
thus proved the existence of a measure solution of the Landau equation (1.3) under
some conditions on the function h. Nevertheless, with this approach, we cannot state
the uniqueness of a measure solution.

3 Study of the Landau equation for some soft po-
tentials

We use the same notations as in Section 2.

The case v € (—1,0] with A some bounded locally Lipschitz continuous nonnegative
function is more difficult than the previous case, because the continuous coefficients b
and o are no more Lipschitz continuous on R?. We will use the results obtained in
the Section 2 approaching the coefficients o and b by two sequences (¢™) and (b") of
Lipschitz continuous functions. Then, for any n > 0, we build a sequence of random
couples (X™, Y™) solution of the nonlinear differential equation:

Xt”_XO—i—// Y () W (da,ds)—i—/ﬂ /0 b (X" =Y () dovds
(NSDE (o",b"))
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Our aim is to show that the sequence (X™) converges, in a certain sense, toward a process
X, and, if we denote by P the distribution of X, to state that P satisfies a nonlinear
martingale problem. We will see that this last property has two mains consequences:
the existence of a measure solution of the Landau equation when v € (—1,0] and A some
bounded locally Lipschitz continuous function, and the existence of a weak solution of
the nonlinear stochastic differential equation:

Xt:Xo—l—/Ot/Ola(Xs—Y;(a)) W (do, ds) + // (@) dads

(NSDE (0,b))

where o and b are defined by (1.6), (1.4) and (1.5).

For the last stage (theorem 3.7), we use results obtained by El Karoui and Méléard
in [17], and thereby we need a symmetric condition on o (consequently, d = d). So
we choose in this section the expression (1.7) given in the introduction, i.e. o;;(2) =

5 o (eF) (5 - 23).
As v € (—1,0], we can notice that o and b have linear growth: if we denote by ¢ =

suph (\z|2), we have (differentiating the case the case |z| > 1 from the case |z| < 1)
2€R4

b(2)] < elz[™ <e(d=1) (|2 +1), (1.13)
o ()] < VelelFT < Ve (|2l +1). (1.14)
Those inequalities will be very helpful below.

We give first a technical lemma.

Lemma 3.1 We assume that Xo € LF for k > 2. If Z € P* and Y € Pk, then the
process X defined by

Xt=X0+/Ot/010(Zs—Ys(a)).Wd(da,ds)+/Ot/01b(Zs—Y;(a))dads

belongs to P*.

Proof. The i component of X is given by

d t pl t pl
X=X+ Y / / 0ui (7 — Y, () W, (da, ds) + / / bi (Zs — Y, () dads.
‘= Jo Jo o Jo

For some T' > 0, by the Burkholder-Davis-Gundy and the Holder inequalities, we have
E|:sup \Xi,t\’“} < 3’“‘1{E[|Xi,0\’“]+0kdk Z/ / 015 (25 = Y; (a))|") dads
0<t<T
T 1/ / b (Z, — Vi (a ))|k)dads}.
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Since v € (—1,0], using (1.13) and (1.14), we obtain
E [ sup \Xi,t\k] < 3kt {E [\XZ-,OH + Cpds T %/ / (|1Zs = Ys ()| + l)k) dads
0<t<T
+THF1R ( / / (12, — Y, ()| + 1)’“) dads}.

So, there exists K > 0 such that
T T
E [ sup |Xt|’“} < K{E [|X0|k} +/ E (|Z8|’€> ds+/ E, (|Ys|k> ds}.
0<t<T 0 0
The lemma is proved. m

3.1 Approximation of the solution

Construction of the approximation

i >
Let x be an even smooth function: x (z) = { (1] g }j < ? such that for any z € R?, 0 <
x (z) < 1. -
We define

a"(z) = x(nz)a(z),
b" (2) = x(n2)b(z),
o"(z) = X (nz)o (2).
Then, o™ and b™ satisfy the Assumption (H) of Section 2. Moreover, we can notice that

"] <laf, "] <[b] and |0"| < o]

We consider the following approximation of the Landau equation: for any ¢ € C? (]Rd, ]R)

% ¢ (v) P (dv) = —Z/den (dv) (/ Ptn(dv*)ai"j(v—’v*))aij@(v)

+Z/ P (dv) (/ P! (dv,) b} (v—v*)> dip (v). (1.15)

(We have chosen x even to keep the conservation of the mass, of the momentum and of
the energy in the approzimation of the Landau equation.)

For any arbitrary 77 > 0, we define as follows the martingale problem (M P") asso-
ciated with this equation: let X be the canonical process on C ([O,T] ,]Rd) (i.e., for
w € C([0,T],R?) X, (w) =w(t)), and let us define the second order differential opera-
tor

" Q Z/ @y )afjso(x)+;/by<z—y>cz(dy)aw>

1,j=1
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where @ is a probability measure and ¢ € C? (R, R) .
We will say that a probability measure @ on C ([0,7],R?) is a solution of the nonlinear
martingale problem (M P") if

M= () 0 (50) - | L Q) e (X.) ds

is a Q-martingale for any ¢ € C? (R, R), where Q, = Q o X, !. Taking the expectation
of M}, we notice that a solution of the martingale problem is a measure solution of
(1.15).

If we assume that X, € ¥, adapting the proofs of Section 2.2, we show the existence
of a solution (X™,Y™) € P*¥ x P* unique in law, of the nonlinear stochastic differential
equation

t t
X' = Xo +/ / o" (X" - Y™ (a)) W (da,ds) + / / " (X? =Y (o)) dads.
0 Jo 0 Jo

Moreover, if we denote by P" = L (X") = L, (Y") the common distribution, P" satisfies
the martingale problem (M P™), for any n.

Tightness of the sequence (P")

Proposition 3.2 Assume that X, is a square integrable random vector of R?, the se-
quence of probability distributions (P™) built in Section 3.1 is tight.

According to Aldous’s criterium and Rebolledo’s criterium (see [29]), it is enough to
prove the following lemma to state the proposition.

Lemma 3.3 If X, € L*, with k > 2, there is a constant C > 0 such that for any T > 0
Sup,>o £ [SUPogth |X?|k] <C.

Proof. (Lemma 3.3)

We notice that |o™ (2)| < +/c |z|%Jrl and 0" (2)| < c¢(d —1) |2|"™" where ¢ = suph (|z|2)
2€Rd
Since L (X™) = L, (Y™), according to the proof of Lemma 3.1, we have

t
E[sup |XZ}|’“} < 3’“—1{E [|X0|k] +K/ E(|Xg|k(%+l)+|Xg|k<7+1>)ds}
0

0<u<t

t
< K +K2/ E < sup |X3\k> ds
0 0<u<s
with K; and K, independent of n.

Using Gronwall’s Lemma, we have F [SUpOSuST \ka] < K1ef2T. The lemma is proved.
n
Proof. (Proposition 3.2)
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We denote by M™ + A™ the Doob-Meyer decomposition of X", i.e.
t ol
= [ [ o - v (@) e d)
0o Jo

t
A} = Xo+ / / " (X7 - Y] (o)) dads
0 Jo

then for any T > 0 there exists a constant K > 0 such that for any n > 0, § > 0,
te[0,T] and n >0

52
su%)]P’(|A?+9 —A?| >n) <KE [ sup |Xs,n‘2} P

0< 0<s<T
and

n n n|2 5

sup]P’(|<M Verg — (M }t‘ >7)) < KE | sup |[X|"| -

0<é 0<s<T n

where (M) is the bracket of M. According to Lemma 3.3, the two sequences (A") and
(M™) satisfy the hypothesis of Aldous’s criterium. Then, for any 7' > 0, according to
Rebolledo’s criterium, the sequence (P"), where P" is the distribution of (X™), is tight
in the space of probability measures on C ([0, T] ,Rd) . m

Consequently, there is a subsequence of (P™) which converges toward a probability dis-
tribution P. Let us now identify this distribution.

3.2 The nonlinear martingale problem associated with the prob-
ability measure P

For a probability measure (), we define the elliptic operator

LQe@=3Y [wl-0ude@+ [bE-1)Q)ar )

i,j=1

where ¢ € C? (Rd, ]R) .
For any arbitrary 7' > 0, we define the nonlinear martingale problem (M P) : a proba-
bility measure @@ on C ([O, T] ,]Rd) is a solution of (M P) if

Mtzeo(xa—so(x())—/OtL(Qsmxs)ds

is a Q-martingale, where Q, = Q o X, !.

Theorem 3.4 Let Py be a probability measure with a finite 2-order moment if v €
(—1,0) and with a finite 3-order moment if v = 0. Let P"™ be a solution of (M P™) with
initial data Py for any n > 0 and P be a cluster point of the sequence (P™). Then P
satisfies the martingale problem (MP) .
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Remark 3.5 Assume that Py has a finite k-order moment. Let P be a cluster point of
(P™). Thanks to Lemma 3.3, there exists a constant C > 0 such that

Ep [ sup |Xt|k] <C

0<t<T

where Ep s the expectation under the distribution P.

Proof. (Remark 3.5)

Up to a subsequence, (P") converges toward the distribution P. According to the
Skorohod Theorem (see [35]), there exists a sequence of random processes (Y"), ., and
a process Y defined on ([0, 1], B ([0, 1]),da) such that -

Lo(Y") = P" Vn>0
L,(Y) = P

and YY" — Y a.s.. Using Fatou’s Lemma and Lemma 3.3, we notice that
n—0o0

Ep [ sup |Xt|k] < liminfEpa [sup |Xt|k] <C.
n—oo

0<t<T 0<t<T
|
Proof. (Theorem 3.4)
Let M be the process defined by M; = ¢ (X;) — ¢ (Xo) — f; L (P;) ¢ (X;) ds.
To prove that P satisfies the martingale problem (M P), we have to state that M is a
P-martingale.
Let (g;) be a sequence of continuous bounded functions.
M is a P-martingale if and only if forany 0 < s <t¢t, k> 1and 0 <s; < .. <5, <5,
M satisfies

Ep [(Mt - MS) 9 (Xs1) -Gk (Xsk)] = 0.

We choose 0 < s<t,k>land 0< s <. <s;<s.

We know that, for any n, P" is a solution of the martingale problem (M P™). We will
still denote by (P™) a subsequence of (P™) which converges toward P : P* = P.

As M™ is a P"-martingale, we have Epn [(M]" — M) g1 (Xs,) ---9x (X5,)] = 0.

Let us prove in the following that

Epn (M = M) g1 (Xs,) 95 (Xsi)] — Ep [(My = M) g1 (X5,) -9k (X)] . (1.16)

Since ¢, g1,..., g are bounded continuous functions and z — z; is a continuous function,
x — ¢ (x) g1 (x4) ...g (z;) is a bounded continuous function, and then V¢ > 0

Epn [0 (X1) g1 (Xy) -9k (X3)] — Er [ (Xt) g1 (X3) -9k (X2)] .- (1.17)

Knowing convergence (1.17), we just have to check the following convergence

B ([ 27 P20 () ) 1 () i ()]
— Ep [(/:L (P,) v (X4) du) 91 (Xs,) -9k (Xsk)} ) (1.18)

n—oo
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We can write
Epe [(JL 17 (P2) 9 (Xa) du) g1 (X.,) g0 (Xo) |
—Bp [(J L (P) ¢ (X) du) g1 (X)) g8 (X))
= B [(J127 (P ¢ (X.) du) 91 (X.y) g (X.0)]
—Epe [(JLL (P @ (Xa) du) g1 (X,,) g0 (X.,)]
+Epe [(J1L (P2 0 (Xa) du) g1 (X,,) 00 (X

~Ep [([IL(P) ¢ (X)) du) g1 (X)) e (o)
(1.19)

We will use a product-space to simplify those expressions. As P* = P, we notice that
P™® P" = P ® P when n goes to +o00. If we denote by (X,Y") the canonical process
on C ([0,T],R%) x C ([0,7],R?), we notice that

B ([ (P e (X) 1) 1 () o (X))

d t
1
= 5 Z / EP“@P“ [CZ?J (Xu — Yu) BUQD (Xu) g1 (Xsl) Ok (Xsk)] du

ij=1
d t
+ Z/ EP”@P” [b?] (Xu - Yu) aiSD (Xu) 9 (Xs1) -Gk (Xsk)} du.
i=1"$

We make the same transformation for the others expectations of the second term of
(1.19), and we divide in two parts the convergence study of (1.18).

As ¢ € C? (]Rd,]R), and g1, ..., gx are bounded functions, there exists a finite constant
m > 0 such that m = sup (||0¢|| ., |¢ll« > |9ill 2 =1, ., k).

Part I: We state that

w-[( (P () 1) 1 (Xa) e (X,

— 0.

n—oo

(] L e (%) 1) 1 (X2) ot (X,

We first study the convergence of the term with the coefficients aj; and a;;.

t
B = |Bpeape [ [ (X6 (X 1 (X)) (Xsk>du]

t
—Eprgpn [/ ai; (Xu — Ya) 030 (Xu) g1 (Xs,) -9k (Xs,) d“}

t
< M Epngpn [/ ‘agj (Xy —Yy) —ay (X — Yu)‘ du] .
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Since |a?j (2)| < laij ()] < ¢|z|"** and a; (z) = a; () on |z| > 2,
¢
E, <2mftle / Epngpn [|Xu - Yuw“quryu‘g%] du.

As v+ 2 > 0, there finally exists a constant K > 0 such that

t
\EPW [ [ (X = V) 2 () 1 () o (X, du]

K

nY+2 ’

t
—Epngpn [/ aij (Xu — Ya) O350 (Xu) g1 (Xsy) -9 (X)) du] <

We can use the same arguments for the term with the coefficients b and b;. Hence, we
obtain

Bore | (X — 2) 00 (X0) 1 (Xur) o (X a

t
K
—Epngpn [/S bi (X — Ya) 0ip (Xu) g1 (Xs,) -9k (Xs,) du} < pe
Consequently, since v € (—1, 0], we have proved,
t
‘Epn {(/ L™ (P}) ¢ (Xy) du) 91 (Xs,) -9k (Xsk)]
t
—Epn {(/ L(P})p(Xy) du) g1 (Xfl) Gk (Xs"k)} —_ 0.
Part II: We now state that,
i
B ([ 2P0 (X)) 01 ()0 (52
t
—me | ([ re)e @) o)) o 0

As in the part I, we first study the term with the coefficients a;;, i.e. the convergence

t
B [ [ o (X = V) B (X 00 (X, o (X, du]

0. (1.21)

n—00

B | [y (X = Y0 8o (X0) 01 () e (X) ]

Let f:C([0,],R?) x C([0,t],R?) — R be the continuous function defined by

(#,9) — [ (z,9) = / 057 (T — va) Oy 0 () gy (T01) -t (T,) -
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So, we can rewrite (1.21):

|Epngpn [f (X, Y)] = Epgp [f (X,Y)]| — 0.

n—0o0

The function f is not a bounded function, hence we cannot just use the convergence in
distribution to conclude. But we have the following estimate on the function f

t
Fanl < mt [ o - )l du

¢
< mk+1c/ Zy — yu| T du
S

< K ( sup |xu|7+2+ sup |yu|7+2)
0<u<t 0<u<t

Thus, using Lemma 3.3 with £ = 2 when v € (—1,0) and with £ = 3 when v = 0, we
easily prove that

Cun iuzlg Pr@P [|f( ) )| |f(X,Y)|>C}
Consequently, we have

|Epngpn [f (X, Y)] — Epgr [f (X, Y]] —a 0.

To finish the proof of (1.20), we still have to check

Brre | by (X = Y2) 050 (%) 91 (X) o (X a

?
— 0.

n—oo

~Brer | b (X = Ya) 050 (X) 92 (Xar) oo (Xo0) a

Using the continuous function f : C (10,7],R*) x € ([0,] ,R?) — R defined by

t
@) — Fa) = [ bl = 0) 00 () g (22 .9t 52,)
we state as above that

— 0.

n—00

‘EP%@P” [f (X, Y)] — Epgp [f(X, Y)}

Conclusion: according to Parts I and II, we have proved the convergence (1.18). Then,
thanks to (1.17), we have

Epn (M = M) g1 (Xs,) 98 (Xsi)] — Ep [(M; — M) g1 (Xs,) -9k (X,)] -
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Hence, since Epn [(M]" — M?) g1 (Xs,) ---9 (Xs,)] = 0, we have, for any 0 < s < ¢,0 <
51 < ... <8 < s,

Ep [(Mt - MS) g1 (Xs1) -9k (XSk)] =0.

So, P satisfies the martingale problem (MP). =
There are two main consequences of this theorem. The first one concerns the existence
of a solution to the Landau equation when 7 € (—1,0] :

Theorem 3.6 Let a and b be defined by (1.4) and (1.5) respectively. Let Py be a prob-
ability measure with a finite moment of order 2 when v € (—1,0) and of order 3 when
v = 0. There exists a measure solution (P,g)t20 with inatial data Py of the Landau equation

% 0 ()P (dv) = = Z /Rd P, (dv) (/ P, (dv,) a;j (v — U*)) dijep (v)

+Z/ P, (dv) </ P, (dv,) by (v—v*)) dip (v)

when v € (—1,0] and h is a bounded continuous nonnegative function.

The second one states that the distribution P can be also interpreted as the distribution
of a weak solution of a nonlinear stochastic differential equation:

Theorem 3.7 Let the matriz a and the vector b be defined by (1.4) and (1.5) respec-
tively. Let Xy be a random variable with a finite moment of order 2 if v € (—1,0) and
of order 3 if v = 0. Then, there exists a weak solution X of the nonlinear stochastic
differential equation:

t pl t pl
X, = X, +/ / o (X, — Y, () W (da, ds) +/ / b(X, — Y, (a)) dads
0o Jo 0o Jo
(NSDE (0,b))
where o is a symmetric matriz such that o*o = a.

Proof. Let P be a cluster point of (P™). Let X be a process with distribution P.
We firstly state the following lemma:

Lemma 3.8 The process M; = X; — — fo (Xs, Ps)ds is a continuous local P-
martzngale and its bracket is given by (Ml,M fo a;; (Xs, Ps) ds where b(X,, Ps) =
Jb(X P, (dy) and a;; (X5, Ps) = [ aij (X5 — y) Ps (dy).

Proof. We denote by a A b =min (a,b) and B = {z € R? : |z| < R}.
Using the functions ¢; € C? (Rd, R) such that ¢; (z) = z; on B, for i = 1,..,d, it is easy
to check that M is a continuous local P-martingale.
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Using the functions ¢;; € C? (Rd,]R) such that ¢;; () = z;z; on Bg, we state that the
processes

t
Nij,t = Xi,tX',t — Xi,OXj,O - / Q;j (XS’ Ps) ds
t 0 t
_/ bz (Xs, Ps) Xj,st — / bj (XS, Ps) Xi,sds
0 0

are continuous local P- martlngales i,j €A{1,..,d}.

Moreover, M; ;M. fo aij (X5, Ps)ds = Nyjy — XioMjy — Xj0M; . Then, (M;, M;), =
fot ;j (XS, Ps) dS. |

According to [17] Theorem III-10 (o is a symmetric matriz), we conclude that there are,
on an extension of the probability space, d continuous orthogonal martingale measures
(W,f)kzl__d with intensity P, (dy)ds on R? x [0, 00) such that, for any k = 1...d

”_Z/ /Rdazk W (ds,dy) .

As the measure P; (dy) ds is deterministic, using [17] Theorem III-3, we deduce that the
WF are white noises and

Zt_Xo—i-Z/ /a,k y) WE (ds, dy) + // P, (dy)ds. (1.22)

We can easily rewrite the equation (1.22) under the expression (NSDE (0,b)) (see the
proof of Remark 2.6). Consequently, we have proved the theorem. m

Acknowledgements - I thank Nicolas Fournier for many helpful discussions on the
subject of this paper.
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Chapitre 2

Existence and regularity of a weak
function-solution for some Landau
equations with a stochastic approach

Abstract : Using the Malliavin Calculus, this paper proves the existence of a
weak function-sochlution of class C*° with bounded derivatives of the Landau
equation for a generalization of Maxwellian molecules when the initial data
is a probability measure.

Cet article a été accepté pour publication dans la revue Stochastic Processes and their
Applications.

1 Introduction

The Landau equation, also called the Fokker-Planck-Landau equation, is obtained as
limit of the Boltzmann equation when all the collisions become grazing. Its expression,
in the spatially homogeneous case, is:

((99_{ (v,t) = %”i:l Bivz {/Rd dv.a;; (v — vy) [f (vs, 1) g—gj (v,t) = f (v,1) ai]; (v*,t)] }
(2.1)

where f (v,t) > 0 is the density of particles with velocity v € R? at time ¢t € R*, and
(aij (2)),<; j<q IS @ nONNegative symmetric matrix depending on the interaction between
the particles.

In this paper, we study the Landau equation for a generalization of Maxwell gas. We
consider a matrix a of the form

where h is a positive continuous function on R, such that there exist m, M > 0 with
Vz e R?

m < h(|z[*) < M. (2.3)
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When #h is a constant, we recognize the coefficient of the Landau equation for Maxwellian
molecules.
We define the vector b by

Then, by integration by parts, we can give a weak formulation of the equation (2.1), and
consequently we define the notion of weak function-solution:

Definition 1.1 Let f (.,0) be a nonnegative function on R? with finite mass and energy.
A nonnegative function f on R¢ x Rt is a weak function-solution of the Landau equation
with initial data f (.,0), if f satisfies the following equation for any test function ¢ €
G (R, )

d
o | ) fvt)dv=
1 d
- Z/ dvdv, f (v, 1) f (ve, ) ai; (v — v.) (Bijp (V) + Bije ()
41,77.:1 RdxRd
d
1
+3 Z/Rd Ao f(0,0F (0, (0= ) (Bip () = Bip () (25)
i=1 JRX
where dp = 52 and Dj¢p = %‘;p”j'

The equation (2.5) conserves mass, momentum and energy. Thus, if there exists a weak
function-solution f of (2.5) with an initial data satisfying [, f (v,0) dv = 1, the measure
P; on R? given by P; (dv) = f (v,t) dv is a probability measure, for any ¢ > 0. Thus, we
define a probabilistic notion of solutions of the Landau equation :

Definition 1.2 Let P, be a probability measure on R® with a finite two-order moment
(i.e. [ga v|* Py (dv) < 00). A measure-solution of the Landau equation (2.6) with initial
data Py is a probability flow (P;),, on R? satisfying

[ran) ([ Ao ©-0) g0 )

/Rd P, (dv) </R P, (dv,) b (v — v*)) o) (26)

S ewp ) =

1 d
2 2
2,5=1

d
+2
=1

for any function ¢ € C} (R, R).

This approach allows us to have weaker conditions on the initial data, i.e. we can assume
that the initial data is a probability measure and not necessarily a density of probability.
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Remark 1.3 With an abuse of notation, we will still say that a probability measure P
on C ([O,T] ,Rd) 15 a measure-solution of the Landau equation when its time-marginals
flow is a measure-solution in the sense of Definition 1.2.

We have already stated the existence of a probability measure-solution of the Landau
equation (2.6) in Chapter 1 of this thesis. We are here interested in proving with a
stochastic approach the existence of a bounded weak function-solution of (2.5) of class
C* with bounded derivatives.

Let us briefly recall the main results of Chapter 1. We will associate with the Lan-
dau equation (2.6) a nonlinear stochastic differential equation driven by a space-time
white noise. We highlight the nonlinearity using two probability spaces: (€2, F,P) and
([0,1],B([0,1]), da), where de is the Lebesgue measure on [0, 1]. In order to avoid any
confusion, we will denote by E the expectation and £ the distribution of a random
variable on (€2, F,P) and E,, L, for a random variable on ([0, 1], B ([0,1]),da).

Since @ is a nonnegative symmetric matrix, there exists a matrix o of order d x d’ such
that

a=o.0" (2.7)

where o* is the adjoint matrix of o.
We define a d'- dimensional space-time white noise on [0, 1] x [0, c0), by

Wi
wt =1 : (2.8)
Wdl

where the W, are independent space-time white noises with covariance measure dadt
on [0,1] x [0,00) (according to the definition of Walsh, [42]). We consider its natural
filtration (F;),.q, Ft = o{W?([0,s] x A) : 0 < s <t, A€ B([0,1))}.

For k > 2, we define Py the space of continuous adapted processes X = (X;) t>0 from
(Q,}", (.E)tzo ,IF’) to R?, such that E [ sup |Xt|k:| < oo for any 7" > 0, and Py the

0<t<T
space of continuous processes Y = (V)5 from ([0,1],B([0,1]),de) to R?, such that

E, [ sup |Yt|k} < oo for any T > 0.

0<t<T
Let X, be a random vector on R?, independent of W, with a finite moment of order 2.
We consider the following nonlinear stochastic differential equation:

Definition 1.4 Let X, and W% be defined as below. A couple of processes (X,Y) on
(Q,F, (F)0:PB) x ([0,1],B([0,1]), dev) is solution of the nonlinear stochastic differen-
tial equation (NSDE(c,b)) if for any t > 0

Xt=X0+/0t/Ola(Xs—Ys(a)).Wd' (da,ds)+/0t/01b(Xs—Ys(a))dads
(Y)

and L (X) = L,
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We notice, using Ito’s Formula, that the distribution of a solution of (NSDE (o,b)) is a
weak measure-solution of the Landau equation (2.6) with initial data Py = £ (Xj).

In Chapter 1 Theorem 2.7, we have proved the following theorem for £ = 2, but, adapting
the proofs, it is still true for any £ > 2.

Theorem 1.5 Assume that W? is a d'-dimensional space-time white noise and assume
that X, is an independent random vector on R? with finite moment of order k. If the
functions o and b, defined by (2.7), (2.2) and (2.4), are Lipschitz continuous, there ezists
a couple (X,Y), unique in law, solution of the nonlinear equation (NSDE (o,b)) with
(X, Y) € Py X Pk,a-

Corollary 1.6 Assume that Py is a probability measure with a finite moment of order
2. There ezists a measure-solution (P,),., with initial data Py to the Landau equation
(2.6) when o and b are Lipschitz continuous functions.

Corollary 1.7 Assume that Py is a probability measure with a finite moment of order
2. There is uniqueness of the measure-solution (P;),, with initial data Py to the Landau
equation (2.6) when o and b are Lipschitz continuous functions.

Proof. (Proof of Corollary 1.7)
e We just have to prove the uniqueness of the solution (Q4}),, of the linear Landau
equation, i.e. -

% ¢ (v) Qf (dv) = Z Qt (dv) (/Rd e (dvs) agg (v — U*)) i (v)

Z ) ([ ma)nt-u))aee @9

where (f1t),5, is a probability measure family on R?.

Indeed, if we assume that there is uniqueness of the solution of the linear Landau equa-
tion.

We consider P! and P? two solutions of the (nonlinear) Landau equation. Let Y and
Y2 be processes on ([0,1], B([0,1]),da) such that £,(Y"') = P! and £,(Y?) = P2

Let X' be the solution of the standard stochatic differential equation (see Chapter 1.
Theorem 2.5):

X} = X0+// (X! -Y}( )).Wd’(da,ds)+/0t/01b(xj—Y;(a))dads

We define similarly a process X2 replacing Y! with Y2,

Using Tt6’s Formula, £(X') = Q" is a solution of the linear Landau equation (2.9) with
u: = P}. Moreover, as P! is a solution of the Landau equation, it is also a solution of
the linear Landau equation with j; = P}. Thanks to the uniqueness of the solution of
the linear Landau equation, we have P! = Q" and similarly P? = QF* = £(X?).
Consequently £(X') = L,(Y!) and £(X?) = L,(Y?), thus (X;,Y7) and (X,,Y5) are
two solutions of the nonlinear stochastic differential equation (NSDE (o,b)). Thanks
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to the uniqueness result of Theorem 1.5, we have £(X') = £(X?), which implies that
Pl =p?.

e The linear Landau equation (2.9) satisfies the assumptions of [4] Theorem 5.2, then
there is uniqueness of the measure-solution of (2.9). m

Remark 1.8 We notice that we can choose

o(2) = h(|z\2)[ “ } (2.10)

in dimension two, and

Z9 —2Z3 0
o(z)=+/h(z2’) | —1 0 =z (2.11)
0 Z1 —Z9

in dimension three. Then, if h is a bounded function of class C' with h' (z) = O (z%)
when x — +00, o and b are Lipschitz continuous functions of class C' onR?, ford =2, 3.
This property can be generalized in higher dimension.

The aim of this article is to find a weak function-solution of the Landau equation when
the initial data is a probability measure. To state the existence of a weak function-
solution of (2.5) from a measure-solution, it is enough to show that the measure-solution
is absolutely continuous with respect the Lebesgue measure. Indeed, if (P}),, is a
measure-solution of (2.6) with initial data P, and if there exists a nonnegative function
f; on R? such that P (dv) = f; (v)dv for any ¢t > 0, then the function f defined by
f(v,t) = fi (v) for any v € R?, ¢t > 0, is a weak function-solution of (2.5) with initial
data Fy.

The idea consists in using the relation between the Landau equation and the nonlinear
differential equation (NSDE (0,b)). In fact, we develop a Malliavin Calculus for the
value X, t > 0, of the solution X of (NSDE (o,b)) obtained in Theorem 1.5, inspired
by the methods used by Bally and Pardoux, [3], and by Nualart, [33].

The Maxwellian case (i.e., when the function A is a constant) is studied in detail with
an analytic approach by Villani in [40]. When the initial data is a nonnegative function
fo with finite mass and energy, Villani has proved the existence and the uniqueness of a
bounded solution of (2.1) of class C*°.

We prove here the existence of a bounded weak function-solution of the Landau equation
(2.5) of class C* with bounded derivatives when the initial data is a probability measure
with finite moments for some bounded functions A.

1.1 About the Malliavin calculus for a white noise

Let us describe the main steps of the Malliavin calculus for a white noise. We use in the
following the same notation as Nualart [33].
Let W% be a d’-dimensional space-time white noise.
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Let & be the class of random variables F' having the following form

F=f (W (g),- W (),
where f is a C*™ real valued function on R* with partial derivatives having polynomial

growth, g = (gi;) 1<i<n is @ matrix with components in L* ([0,1] x [0, c0) , dads), and
1<5<d!

W (g9) = Z I g (5,00 W (do ds).

Assuming that (r, z) € [0, 00) %[0, 1], we define the first order Malliavin derivative Dém)F
of F' in relation to the {** white noise W, at point (r, z), with [ € {1,...,d"}, by

Dlr,z)F = Zazf (Wd, (gl) RS Wd, (gn)) Gil (T: Z) :
i=1

For k > 1, set A\ = ((r1,21) , -.ey (Tg, 2)) With 7, € [0,00) and z,, € [0,1], m =1, .., k.
We define by iteration the derivatives of order k. Let (I1,..,1x) be a k-uplet of {1,..,d'},
we denote by

. l—
Dy F =Dt D/ D

(Thoz) (Th—1,2k—1)""" (r1,21) " °

We denote by D*P the completion of S with respect to the norm

1
k d »
E(FP)+Y Y E(HDh’"”’”FHiz(Am))] :

m=1 l1,..,lm:1

1, =

where
2
HDll,",lmFHI;(Am) — /A ‘Dl)};"lmF‘ d\,,

with A, = ([0,00) x [0,1))™ and A\, = ((11,21) ;s (T 2m)) € A
We also denote by D* the subspace of the infinitely differentiable variables:

D® =N N Dk,

p>1k>1

When F is a random vector in R?, we differentiate component by component and we
denote by DF' the matrix (DF)Z.J =D'F,,1<i<d]1<1<d. The Malliavin matrix
is defined by

T 1
I= / / Doy F. (D, F)" dzdr.
0 0
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In this paper, under suitable assumptions on ¢ and b and integrability conditions on the
initial data X, we show that for any ¢ > 0 the value X; of X obtained in Theorem 1.5
satisfies the conditions of one of those two following theorems.
Theorem (a) (see [33] Theorem 2.1.2)
Let F = (Fy, .., Fy) be a random vector on (0, F,P) satisfying the following conditions :
(1) F; belongs to the space D'P, p > 1, for any i =1, ..,d.
(7) The Malliavin matriz I = fooo fol D F. (D(T,Z)F)* dzdr is invertible a.s..
Then the distribution of F is absolutely continuous with respect the Lebesque measure
on R4,

Theorem (b) (see [33] Corollary 2.1.2)
Let F = (Fy, .., Fy) be a random vector on (S0, F,P) satisfying the following conditions :
(1) F; belongs to D, for any i =1, ..,d.
(it) The Malliavin matriz I = [° fol Dy F. (D(T,Z)F)* dzdr satisfies
(det)™" e NIF(Q).

p>1

Then F' has an infinitely differentiable density.

1.2 Notations

C ([0, T] ,]Rd) is the space of continuous functions from [0, 7] to R?, and for k € N,
CF ([0,T],R?) is the space of functions of class C* with all its derivatives bounded
up to order k.

e Muq (R) is the set of d x d’ matrix on R.

For k > 2, a random variable Z on (£2, F,P) belongs to L* if Z has a finite moment
of order k, i.e. E [|Z\k] < 00.

e K is an arbitrary notation for a positive constant (K can change from line to line).

2 Computation of the derivatives of X

2.1 The first derivative

Assumption (H'): o and b are Lipschitz continuous functions of class C! from R? to
M (R) and R¢ respectively.
We denote by K, and K, their Lipschitz constants.

Theorem 2.1 We assume that Xy has a finite 2-order moment. Let (X,Y) be the solu-
tion of the nonlinear stochastic differential equation (NSDE(o,b)) obtained in theorem
1.5. (Y will play a parameter role in the following.)
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Under Assumption (H'), Vt € [0,T) Vi =1,..,d, X;; € D"2. The 1™ component of its
derivative in relation to the I"™ white noise at point (r,z) € [0,00) x [0,1] is given by

Dl'r,z)Xi,t - az,l (Xr - YI‘ (Z))

t 1 d d
+ / / >N 0noik (X, — Vi () Dy X s Wi (dov, ds)

0 k=1m=1

t 1 d
+/ / Z Ombi (X5 — Y5 (@) D(r ) Xm,sdads
T JO

ift > 1 and Dlm)XZ-,t =0ift<r.

Proof. Since Xj is independant of the white noise, we notice that we can extend the
definition of the sets D*? and D™ to the case we are considering.
We consider the Picard sequence of Po-processes defined by

X? == XQ,
t 1 ,
Xt = X, +/ / o (X" Y, (a)) . W? (da, ds)

/ / b(X" — Y, () dads. (2.12)
Then, the i** component writes

t
X:f;—l ZX170+/ / Zazk Xn ))Wk da dS / / Xn ))daxds
0 0

According to Chapter 1 Theorem 2.5, the sequence (X™) satisfies

sup F [ sup |XT"\2:| < 0o (2.13)

0<r<T

to X.
L2
Let T > 0 be arbitrary fixed. Let ¢ E [0 T] and (1, z) € [0,T] x [0, 1] be fixed.
We show firstly by recurrence that for any n > 0 X} is differentiable at point (7, z) in
the Malliavin sense.
Recurrence Hypothesis:

(i) X7, € D”VtE[OT] Vi=1,...d.
(17) sup ZE (fo fo

te[0, T
For n =0, Recurrence Hypothe51s is satisfied.

We assume that it is true at rank n. According to [33] Proposition 1.2.2, since o and b are
functions of class Cj, we notice that Vi = 1,..,d Vk =1,..,d, 0, (X" — Y (a)) € D'?
and b; (X' — Y; (a)) € D2,

and converges for the norm ||U|| = sup \Uy|

X’n

dzdr) < 0o where ‘Dl Xr

rz)

2
— 2 (Dt xm)
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As for the Brownian Motion, we can show that derivative and integral commute (see
33]), then X,*' € D' V¢ € [0,T] Vi = 1,...,d. Moreover, its derivative at point
(r,2) € [0,T] x [0,1] in relation to the [** white noise W} is given by

Dy X1 = 0y (X] =Y, (2))

7,2)
1 d

//Ozzamm —Y; (a)) Df, s X7 Wi (dev, ds)

klml

/ / ZB bi (X]' = Y; (0)) Dy, X3 dods

if r <t, and Dém)XZ;’l = 0 else.
We still have to check that

oo 1
sup ZE [/ / ‘Dér,z)Xt”HFdzdr] < 00.
o Jo

tGOTl 1

We define

d oo pl d t ol
Sut)=Y E [ /0 /0 |DlT’Z)Xt”‘2dzdr} =Y F [ /0 /0 |Dlr,z)Xt"|2dzdr].
=1 =1

According to Recurrence Hypothesis, sup S,(t) < co. Let us study sup S,1(t).
t€[0,7] t€[0,T]

Let [ € {1,..,d'} be arbitrary fixed. We divide in three parts the expectation

t 1
E { / / D!, x| dzdr] .
0 JO

We define

B = E[/Ot/ol |ai,l(X:—n(z))|2dzdr]

t pl
< 4K}?FE [/ / X7 + 1Y, (z)|2dzdr} + 2T |0 (0)]?
o Jo
since o is Lipschitz continuous

< AK*T (supE [ sup |X;‘|2] + E, [ sup |YT\2]) + 2T |o (0)[.

0<r<T 0<r<T

According to (2.13), we have sup;<,.r £1 < oo.
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We define

2

t 1 d d
E2 - / Z Z 8mai’k (X;l - Y; (Cl)) Dér,z)ng,ku (daa dS) dzdr

0 k=1 m=1

- /Ot/olE {/t/() Z (;amazk " Y, (a ))Df,,,z)XgL,s>2dads} dzdr

since Wy are independent white noises

dZZ// [// Omois (X" — Y, (o ))Dém)Xﬁl’s)Qdads] dzdr

k=1 m=1
using Holder’s Inequality.

IN

Since the partial derivatives of o are bounded by K,

E, < dK2ZZ// [// (X dads]dzdr

k=1 m=1
= ddK? / E[ / / |DlT’Z)Xf‘2dzdr] ds
0 0o Jo
using Fubini’s Theorem.

We consider now
2

1 d
> " Omb; (X7 = Yy (@) D}, X1, dads| dzdr
Using the same method as for integral E5, we finally prove that
¢
Snt1(t) < Cy+ C’l/ Sn(s)ds < Cy+ C1T sup S,(t) < 400, (2.14)
0 0<t<T

with

Co = 12dd'K*T (supE [ sup \Xﬂz} + E, [ sup \Y;ﬂ) + 6dd'T |o (0)[

0<r<T 0<r<T

Ci = 6d’max (d'K2 K;T).

Thus, Recurrence Hypothesis is satisfied for any n > 0.
Since Sy = 0, we notice that we have in fact a stronger result than property (ii). The

estimate (2.14) implies that sup sup S, (t) < Coe™T.
n>0 t€[0,1]
Finally, we have proved

Vn>0Vte0,T] Vi=1,..d X], € D" (2.15)

t ol
sup sup ZE (/0 /0 ‘DéT,z)Xt"‘dedr> < 00. (2.16)

n>0 ¢€[0,T]
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Since the sequence (X™) converges uniformly on [0, 7] in L? to X and thanks to (2.15) and
(2.16), we deduce that X is differentiable (see [33] lemma 1.2.3). Moreover, the sequence
of derivatives (DX™) converges to DX for the weak topology on L? ([0, 7] x [0,1] x Q).
Thus, the theorem is proved. m

2.2 The upper order derivatives

We state that X belongs to D*° under a stronger assumption on o and b.
Assumption (H*): o and b are functions of class C*° with bounded derivatives of any

orders > 1 from R¢ to My (R) and R? respectively.

Notations: Let £ > 1. We define A\ = ((r1, 21) , ..., (7%, 2)) and

~

Am = ((11,21) 5 ooy (Tm=1s Zm=1) s (Trmt1y Zmt1) 5 ooy (Thy 28)) s

with r,, € [0,t] and 2, € [0,1] for m =1, .., k.
Let us now define ([ (E) = L.,,...,l., and A(E) = ((r+,, 2,) , ..., (T, 2:,) ) for any subset
E ={ey,...,en} of {1,...,k}. We consider

d
7 I(Eq (E,
2 i (50,0 =D 3" k01 (X, = Y (@) DD Xy, o DX X,

k1,..,ky=1

d
i (B (Ey
By, ((5,0), Ak) = Z Z Oy, 0 (X5 — Y (@) DA((EI))XM,s--D)\((E,,))XkV,sa

k1., ky=1

where the first sum is taken on all partitions E; U...U E, = {1, ..., k}.
We define at last,

%5 ((s,0)) = 035 (X, = Y (a) -
We denote by 71 V ... V1, = sup {ri, ..., 7¢ } -
Theorem 2.2 Assume that Xy € 1P, for any p > 1. Under Assumption (H*®), YVt > 0
X, € D®. Moreover, the i'™ component of one of its derivative of order k at point

M = ((r1,21) 5 ooy (ks 21)) i given by the following equation

~

k

l1,..,lk _ )

Dy Xy = E DY T TR N ((Tm,zm),)\m>
m=1

t 1 d
* / / Z E;,(ll,--,lk) ((s, ), Ax) W; (do, ds)
T1V.Vrg J0 j=1
t 1 .
+ / / ﬂzll,..,lk) ((Sa a’) ,/\k) dads (2'17)
T1V..Vrg JO

ift>rV..Vrg and Dé\lk’""l’“Xi,t =0ift<riV.Vrg.
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Remark 2.3 In expression (2.17) of the k™ derivative, the terms in the first sum with
Tm <71V ..V 1L are equal to 0.

Proof. We use again the Picard sequence (X"),, defined by (2.12). For any p > 2,
n >0, X" € I” and (X™) converges uniformly to X in I”. As o and b satisfy Assumption
(H®°), using the same method as in the previous paragraph, we prove that X' € D'?
Vp > 1 for any ¢ > 0. By recurrence, we prove that V¢ > 0, Vn >0 X' € D>
Let us fix T > 0.
Recurrence Hypothesis (h,,):

(i) X1 eD®, Vie(0,T],Vi=1,..d.

.. d’
(1) sup (f([o #]x[0,1))*

t€[0,T] 1y,.. l

ol ym p
Ak it

d/\k) <oo Vp>1,Vk> 1.

(73i) the derlvatlves of order k have the following expression:

k
ll,..,lk n+1 _ § n,i N
DAk X'L?t - Elm;(llj m I;lm—{»l; ;lk) (Tm, Zm) ’ Am

i / / J,(ll,, ) ((s, @), Ak) Wj (dev, ds)
r1V..Vrg

+ / / ﬂ (1. lk) ) ,/\k;) dads (218)
r1V..Vry

ift>mr V. Vrgand Dé}k’"’l’“Xi’ft = 0 else, where X" and ("are defined as > and [
replacing X with X™.
Hypothesis (ho) is satisfied.

Let us assume that Hypothesis (h,) is true, and let us study (h,41). According to
Assumption (H*) and adapting the computation of the first derivative, it is easy to
state that the two first properties are satisfied. We just check the expression of the k"
derivative by recurrence on k.

For £ = 1, we have

1d’

Dl X = S ((r,2) / / S (5,0), ) W (o o)

+/T /0 53; ((s,a),(r,2)) dads,

then the expression (2.18) is satisfied.

We assume that the expression (2.18) of the k' derivative is true, and we now compute
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the derivative of order k£ + 1

lt1 Ll yntl)
D D)\k Xi,t =

(Th+152k+1)

k
lk+1 ’Il,i 3
D(rk+1;zk+1) (Z Elmﬂ(ll7--lm71’lm+1’"’lk) ((,rm’ Zm) ? Am))

m=1

+ Y ) ((Pe1s 2r11) 5 An)

let1,(laseelie

t 1 d
l n,i
+ f | 3Dl (S0 (500, 20) Wi (o
T1V..VTpVrg 41 JO j=1
1

t
l 7,0
o ]t (B (00 ) dads

1V VTEVTe41
Using some elementary computations, we obtain

k
lk+1 l1,..,lk n+1 _ n,i B\
D(Tk+lazk+1) D)\k Xi,t - Z Elm:(lla--lm—lalm+1’--,lkylk+1) (’rm’ Zm) » Am

m=1

n,2 S
+Elk+1,(ll,--,lk) ((T’”h Zk+1) ) )‘k+1)

¢ 1
] Sy (. A W s
7‘1V..V’I‘k+1 0 ]:1

t 1
+ / / B i ((5,0), \) dads.
T1V..Vrgy1 <0

So by recurrence, the property (iii) of (h,y1) is proved and consequently for any n > 0
Recurrence Hypothesis (h,,) is satisfied.
Moreover, as in the computation of the first derivative, we have a stronger property than

(7) in (hy):
Lemma 2.4 If we denote by

dl

Sui(t) = B ( /
Z ([0,¢]x[0,1])*

l1,.,lx=1

l1,..,lk n
D)\k Xt

p
d)\k>

My = sup sup sup Spq(t),
0<g<k n>0 t€[0,T]

then for any k > 1, M < co.
Proof. The proof is similar to the proof of Theorem 2.1. m

As (X™) converges to X in I” uniformly on [0, 7] for any 7' > 0, the process X satisfies
the conditions of [33] lemma 1.5.4). Then, the theorem is proved. m
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3 Existence of a weak function-solution of the Lan-
dau equation

Under some suitable conditions on the function h, the Landau coefficients satisfy As-
sumption (H') (see Remark 1.8). Consequently, if X, belongs to I?, the process X
solution of (NSDE (o,b)) is differentiable in the Malliavin sense. Let us now study the
Malliavin matrix I, = [ [} D(r.0)Xs. (Dir.zyXs) " dzdr for any ¢ > 0 to state the following
theorem.

Theorem 3.1 Assume that X is a R?-valued random vector with a finite 2-order mo-
ment. Let o and b be the coefficients of the Landau equation defined respectively by (2.7),
(2.2) and (2.4). We assume that o and b are Lipschitz continuous of class C*. If the
distribution of Xo is not a Dirac mass and if we denote by (X,Y) the solution of the
nonlinear stochastic differential equation

X, =X0+/Ot/ola(Xs—Ys(a)).Wd' (da,ds)-l—/ot/olb(Xs — Y, () douds.
(NSDE (o,b))

then, for any t > 0 the distribution P, of X; is absolutely continuous with respect the
Lebesgue measure.

Corollary 3.2 Let P, be a probability measure such that [ |z|> Py(dx) < oo. Let o
and b be the coefficients of the Landau equation defined respectively by (2.7), (2.2) and
(2.4). We assume that o and b are Lipschitz continuous of class C*. If Py is not a Dirac

measure, there exists a unique weak function-solution of the Landau equation with initial
data P,.

Proof. (Corollary 3.2)

Let X, be a random vector with distribution P, and X be a solution of (NSDE (o,b))
with initial data X,. If we denote by f; the density of the distribution of X, then, using
It6’s Formula, the function f, defined by f (z,t) = f; (z) for ¢ > 0, is a weak function
solution of the Landau equation (2.5) with initial data P,.

The uniqueness is given by Corollary 1.7. =

Remark 3.3 Without any restriction, we can assume that E[Xo]= 0 to simplify the
computations.

Proof. (Remark 3.3)
By conservation of momentum, if we define for any ¢t > 0, X] = X; — F[Xy], the
expectation of X' is equal to 0 and X' satisfies the following equation

t pl t 1
X=X+ / / o (X! —Y! () W (do, ds) + / / b(X.—Y!())dads,
0 Jo 0 Jo

with Y] (o) = Y; () — E'[Xo].-
As L(X) =L, (Y), we also have L (X') = L, (Y').
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If we prove that the distribution of X] has a density f/ with respect the Lebesgue
measure, then X; has a density given by f; (z) = f/ (2 — E[Xy]). =

Proof. (Theorem 3.1)
We recall the expression of the first Malliavin derivative of X at point (r, z) € [0, 00) X
0,1]:

Dy Xix = 001 (X, =Y, (2))

t 1 d d
+/ / Z Z Om0ig (X5 — Y5 (@) DéT,Z)Xm,ku (da, ds)
r 0

k=1 m=1

t p1 d
+ / /0 > Ombi (X, — Yy () D, oy Xonsdrds
T m=1

if t > r and Dém)Xi,t = 0 else.
We fix (r, z) € [0,00) x [0, 1] and we define

Se(.) = (Omoi ('))1§i,m§d
B() = (ambi(-))1§z‘,m§d

Thus we give a matricial expression of the derivative of X

dl

t 1
Do Xe = 0(X =Y (2))+ / / D Sk (X, = Ys () Dy X Wi (dov, ds)
iwi->r r 0 =1
t 1
+/ / B (X, =Y, (a)).Dg »Xdads
r JO
DeaXe 2, O

Let us define the semimartingale Z", for any ¢t > r,

Z:=/Tt/Oésk(xs—m<a>)wk(da,ds>+[/013<xs—Ys(a»dads.

As S and B are bounded, (Z7),, is a continuous semimartingale and the first derivative
satisfies the equation N

t
D(r,z)Xt =0 (XT -Y, (Z)) —|—/ dZ:.D(r,Z)XS. (2.19)

Using the results of Jacod in [27], there is a unique solution of (2.19) defined almost
surely, for any ¢t > r by

Doy Xy =E(Z); .0 (Xe — Y, (2)),

with € (Z); invertible for any ¢ > r.
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We fix now ¢ > 0.
We want to apply Theorem (a), thus study if the Malliavin matrix I; is invertible a.s..

I, = /0 N /0 1 Dy Xi. (Do Xy) " drdz
_ /O t /O Doy X (Do Xo)* drd
= [ [ e@io - o (6 ¥, (). (€ (2" e
_ /Otg(Z):. (/Ola(x,n Y, (2))dz) (E(2)) dr.

I; is a nonnegative symmetric matrix, then [; is invertible if and only if V*.I;.V > 0 for
any V € R\ {0}.
We define T, = [ a (X, — Y; (2)) dz.

We prove the theorem by contradiction.
Assumption : let us suppose that I; is not “invertible a.s.”.
Then, there exists a subset 2, C Q, P(£2;) > 0, such that Vw € Q; I; (w) is not invertible.
Let €y be such that P(Q) =1 and Yw € Qy Vr <, £ (Z); (w) is invertible.
We define 2y = €4 Ny, and we notice that P () > 0.
Let us fix wy € .
. As I; (wg) is not invertible, there exists a vector V = V (wq,t) € R¢ \ {0} such that

VL, (t).V = /0 V*.E(Z)! (wo) Iy (wo) - (€ (2)](wp))*.Vir
= 0.

As for any 7 < t, £ (Z); (wo) .I'y (wo) - (€ (Z);(wp))* is a nonnegative symmetric matrix,
we notice that

V*.E(2)] (wo) T,y (wo) . (€ (2)] (wo))™.V > 0.

Then, on a subset J,, of full measure in [0,¢],V*.£ (Z); (wo) .I'y (wo) - (€ (2); (wo))*.V =
0, which implies that Vr € J,,, € (Z2); (wo) Iy (wo) . (€ (Z);(wo))* is a non invertible
matrix. However, since Qg C Qo, € (Z); (wy) is invertible for any r < ¢, and consequently
[, (wo) is not invertible for r € J,,.

. Let us now study if the situation “I', (wy) non invertible for almost all r” is possible.
Using Lebesgue’s Theorem, we notice that the mapping » — [, (wg) is continuous.
Consequently, I, (wg) non invertible for almost all 7 implies that I', (wg) is non invertible
for any r € [0,¢].

Let V = (V;),<;<4 be a vector in R¢ \ {0}.
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Using the lower bound (2.3) of A, since F[X;] = 0 and £ (X;) = L, (Y;) V& > 0, we
obtain the following estimate

V*I, (wo) .V
B / h(1X; (wo) = Y7 (2)[) [lvf |Xr (wo) = Y7 (2)[*

o (Z Vi (Xiyr (wo) = Yis (Z))) :|dz

>m {V2 | X, (w0)|2 _ (i ViXi, (w0)> + K (|XT|2|V|2_ <X,V >2)} )

=1

Using Cauchy-Schwarz’s inequality, we notice that

|V|2 | X, (Wo)|2 — (Z ViXir (wo)) >0

=1

and consequently,
V*I(wo).V>mE (\XT|2\V\2— < X,V >2) (2.20)

[, (wo) non invertible means that for any r € [0,¢] there exists V, = V, (wy) € R¢ \
{0} such that V*.I', (wo) .V, = 0. We can assume that |V,| = 1 without restriction.
Nevertheless, using expression (2.20), this implies that there is equality in Cauchy-
Schwarz, i.e. Vr € [0,t] there exists a random variable U, such that for any w € €,

X, (@) = Uy (@) V. (2.21)

Using the conservation of the momentum, of the kinetic energy and |V,| = 1, we notice
that E [U,] = E[Xo] = 0 and F[U,%] = E[|X,]*]. Moreover, since the distribution of X,
is not a Dirac measure, F [U?] # 0 for any r € [0, t].

« The distribution of a solution of (NSDE (o, b)) is a measure-solution of the Landau
equation (2.6). Then, we will now study if the distribution of a process defined by (2.21)
can be a solution of the Landau equation.

We denote by () the distribution of the process U and by (); the distribution on R of
U;. Using (2.21), the equation (2.6) writes

G e@n@n = 530 [ aie =9 Y oue V) Q) Quldy

i,j=1
d

+3 /R el =) V) 0 (2 V0) @1 (da) Qu ()

for any test function ¢ € CZ (R, R).
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As || =1, for i,j € {1,..,d}

aj (—y) Vi) = (=9 h((z—y)") 05— ViV,
bi(z—y) Vi) = —(@d=1)(z—y)h(z—y)")Vie
Then,

_%Z 5=V [ @ =R (o= 0)) B (010 Q1 (d) @1 (d)

DYV [0 0) 2T ) )

We now explicit the equation satisfied by the 2-order moments of X: let £,/ € N, k # [.
Using ¢ (v) = v,2 or ¢ (v) = vy, v € RY, we obtain

d d
o [virauw = BlxP) g

= -Vl [ @b (@ 0)") Qulde) Qi (dy).

RxR
i/vmm (dz) = E[|Xo|] L
dt & RASR t 0 dt tVit

= Vi [ @y (@ 0?) Q) ).

Let us define f (f) = / (=) h ((z - v)?) Q. (dx) Q. (dy). As h satisfies (2.3) and
RxR

E [|Ut|2} # 0, for any ¢ > 0, we notice that f (¢) > 0
Let us now compute 4 (V,2V;?) using two different ways :
d _ 12 27 4.9 2 21 4.9
E [‘XO‘ ] dt (Vk tVlt) - Vk,tE [|X0‘ ] %‘/E,t +Vl,tE UX0| ] %Vk,t
= Vk,ztf (t) + Vl?f (t) —2d Vk,ztvl,ff (t),
d
ViaVid) = 2ViViiE [|1Xol?] = (VidVig)

dt
= —2dV,3V,/f(t).

d

B[Xo) 2 (

Then V; = 0 which is impossible.
Finally, I; is invertible a.s. for any ¢ > 0 and according to Theorem (a), the theorem is
proved. m

1
Remark 3.4 We notice that the matriz I', = / a (X, =Y, (2))dz is invertible a.s.,

0
whereas det (a (X, — Y, (2))) = 0 for any r,z. In fact, thanks to the nonlinearity of
equation (NSDE (0,b)), we can conclude that the Malliavin matriz has an inverse a.s..



CHAPITRE 2 : EXISTENCE OF A FUNCTION SOLUTION 63

Remark 3.5 A consequence of Theorem 3.1 is
E(IX: VPP = (X, V)?) >0

for any V € R\ {0}, for any t > 0, when the random vector Xy is not a constant.

4 Regularity of the weak function-solution

Theorem 4.1 Let X, be a random vector such that E [|Xo|’] < oo for anyp > 1. Let o
and b be the coefficients of the Landau equation respectively defined by (2.7), (2.2) and
(2.4). We assume that o and b are Lipschitz continuous and infinitely differentiable with
bounded derivatives. If the distribution of Xo is not a Dirac mass and if we denote by
X the solution of the nonlinear stochastic differential equation

X, =X0+/Ot/010(Xs—Ys(a)).Wd' (da,ds)+/0t/01b(Xs — Y, (@) dods.
(NSDE (o,b))

then for any t > 0 the distribution of X; has a bounded density of class C*° with bounded
derivatives with respect the Lebesque measure on R?.

Corollary 4.2 Let Py be a probability measure such that [ |z’ Py (dz) < oo for any
p > 1. Let 0 and b be the coefficients of the Landau equation defined respectively by
(2.7), (2.2) and (2.4). We assume that o and b are Lipschitz continuous and infinitely
differentiable with bounded derivatives. If Py is not a Dirac measure, there exists a unique
weak function solution of the Landau equation with initial data Py which is moreover of
class C*®, bounded on R¢ and with bounded derivatives.

Remark 4.3 Using the expressions (2.10) or (2.11), we notice that, if h is a bounded
function of class such that AV (z) = O (#) when x — +o00 for any l > 1, 0 and b are
Lipschitz continuous functions of class C*° with bounded derivatives.

Proof. Asin the previous part, we assume that E [Xy] = 0 to simplify the computations.
As o and b satisfy Assumption (H), the process X is infinitely differentiable in the
Malliavin sense. We need to study the moments of the inverse of the determinant of the
Malliavin matrix I; at time ¢, for any ¢ > 0, to apply Theorem (b). The expression of
the determinant is complex, nevertheless we can notice that in dimension d,

(det I,)"* > inf (I,V, V),

‘V|:1

where (.,.) is the euclidean scalar product in R?.
Moreover, see [2] lemma 3.4, the property (i7) of theorem (b) is satisfied as soon as for
any k € N

lime=*P ((det L)V < ce) —0, (2.22)

e—0
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where c is a positive constant which will be computed later.
Let t > 0 be fixed.

As (det It)é > infjy|=1(I;V, V), we want to find a lower bound for infjy = (I;V, V).
Let ¢ be such that 0 < ¢ < §. We consider V = (Vi),,., € R? such that |[V| = 1.

‘ 1 d d 2
LV,V) = // D!, \Xi;Vi| dzdr
avwr = [ [ (Sohon)

1 d
> / /Z(Zpl”)xmv> dzdr
t—e i—
> —11—212

3

with

I, = / / Z (Z oi1 (X — Y, (2)) Vi) dzdr,
t—eJO0 j—1 \i=1

S N ¢ 1 d o d
L = / / DBAPIE / / >3 Onoi (X, = Vi (@) Dy oy X Wi (der, ds)
t=eJO =y [i=1 7

0 k=1m=1

d t 1 d 2
+> Vi / /0 > Onbi (X, — Yy (a)) DéT,Z)Xm,sdads] dzdr.
i=1 r m=1

Then

2
inf (ItV V)y> < inf I; — 2 sup b,.
V= 3 vl=1 Vi=1

We want to minimize the first integral:

L = /t E / (iai,l(XrYT(z))W)2dzdr
= / /Za”X Y, (2)) ViVdzdr

2,7=1

= / V*I,.Vdr
t—e

Using the results of Section 3, we obtain

1 d

I > m/ (X PIVP = (X, V)?) dr.
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We define the function f (V,r) = E (| X,.[*|V]? — (X,, V)?). We notice that f is a positive
continuous function (see Remark 3.5) on the compact subset D = {V € R : [V| =1} x
{r : % <r< t}, then f reaches its minimum. So, if we denote by

t
5=inf{f(V,7‘):|V\=1and§§7"§t},
we notice that ¢ is independent of w € €2, ¢ > 0 and
Il Z m.c.€.
Let us now study E [supy-, 1,7] for p > 1.

t 1 d d t 01 d d
/ / S v / / S i (Xs = Vi () Dy oy Xon s Wi (dov, ds)
t—e JO =1 i=1 r 0

k=1 m=1

d i a1 d 2
+> Vi / /0 > Obi (X, = Y (@) Dér,z)Xm,sdads] dzdr.
i=1 r m=1

Using Burkholder-Davis-Gundy’s and Hélder’s inequalities, and the fact that |V| = 1,
we notice that

E | sup I;’]
lV|=1
2p
< Ke™! / / ZE O (X5 = Vs (@) Dfy oy X s Wi (de, ds)| | dzdr
t 2p
/ / / Ombi (X5 — Y5 (@) Dlryz)mesdads ] dzdr}
t—e JO li;m T
1 P
< Ksp 1 {/ / |: (amUi,k (XS — YS (a)) D(T Z)Xm S) dads } dzdr
t=e /0 lzlcm

i
/ Ombi (X; — Y; () D,y X, sdads

> ] dzdr}.

As the derivatives of o and b are bounded, using Holder’s inequality, we obtain

¢l ¢
sup 12‘”] < Ke”? {/ / ZE [/ |Dém)Xs|2p ds] dzdr}
V]=1 t—Jo 5 r

using Fubini’s Theorem

t s 1
< Ke¥? / E[ / / |D(T,Z)XS|2”dzdr] ds.
t—e t—e JO

Then, for any p > 2 there exists a constant K = K (p,d, d',t) such that

s 1
< Ke? ! sup E [ / / | Dy X | dzdr] .
0 0

0<s<t

l,i,m

E

E | sup L?

Vi=1
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Let us now check that lim, ,oe *P ((det ]t)é < ca) = 0, where £ € N is fixed and

c= %mé with ¢ the constant built in the study of the first integral ;.
Let p € N such that p > k£ + 1.

P ((det L) < ) < P ( inf (I,V,V) < cs)

V=1

[Vi=1 [V]=1

< P (sup I, > E)
Vi=t 2

using T'chebychev’s Inequality

2 p
< (—) e PE | sup L}
c

|V|:1
< KePL

2
< IP(§ inf Il—QSup12<cs>

Thus, lim, o *P ((det I,g)é < cs) = 0. We can apply Theorem (b), then there exists a

density f; (v) to the distribution P; (dv) for any ¢ > 0.
Using [33] Lemma 2.1.5, the density f; (v) is given by

1 .
fi (’U) = 7 / e—z(z,v)ﬁt (x) dz,
R

where 1 (z) = [, €®Y) P, (dy) is the Fourier transform of P;. Thanks to Theorem (b),
we have the followmg estimates

|z x5ty (x)] < Cup

for any o = {4, .., a4} € N with C,; depending on the moments of (det It)f1 and on
the moments of the derivatives of X. Then f; is a bounded function on R? by

fi(v) < 0{2,..,2},1:/ (1 /\f 1 ) dz
Rd .’131

and its derivatives have similar estimates. =
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Chapitre 3

Convergence from Boltzmann to
Landau processes with soft potential
and particle approximations

Abstract: Our aim in this paper is to show how a probabilistic interpreta-
tion of the Boltzmann and Landau equations gives a microscopic understand-
ing of these equations. We firstly associate stochastic jump processes with
the Boltzmann equations we consider. Then we renormalize these equations
following asymptotics which make prevail the grazing collisions, and prove
the convergence of the associated Boltzmann jump processes to a diffusion
process related to the Landau equation. The convergence is pathwise and also
implies a convergence at the level of the partial differential equations. The
best feature of this approach is the microscopic understanding of the transi-
tion between the Boltzmann and the Landau equations, by an accumulation
of very small jumps. We deduce from this interpretation an approximation
result for a solution of the Landau equation via colliding stochastic particle
systems. This result leads to a Monte-Carlo algorithm for the simulation
of solutions by a conservative particle method which enables to observe the
transition from Boltzmann to Landau equations. Numerical results are given.

Ce travail a été écrit en collaboration avec Sylvie Méléard! et a été accepté pour
publication dans la revue Journal of Statistical Physics.

1 Introduction.

Our aim in this paper is to show how a probabilistic interpretation of the Boltzmann
and Landau equations gives a microscopic understanding of these equations.

! Université Paris 10, MODALX, 200 av. de la République, 92000 Nanterre et Laboratoire de Prob-
abilités et modeles aléatoires (UMR 7599), Paris 6 et 7, 4 place Jussieu 75252 PARIS cedex 05,
sylm@ccr.jussieu.fr
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In the first part of the paper, we consider spatially homogeneous soft potential Boltzmann
equations without angular cutoff for a large class of initial data, and relate them to jump
processes solutions of Poisson-driven stochastic differential equations. These results
extend results due to Tanaka in the Maxwellian case and for L!-hypotheses on the
cross-section [38] and generalized by Horowitz-Karandikar [26] in the L?-case and by
Fournier-Méléard [20] for non Maxwell molecules in dimension 2.

This probabilistic representation has been proved usefull either to obtain existence of
measure solutions of the Boltzmann equation for a large class of measure initial data
or to prove, at least in dimension two, the existence of positive smooth solutions to
the Boltzmann equation, improving thus the analytical results (Graham-Méléard [25],
Fournier [18]). It also allows to get numerical Monte-Carlo methods for Boltzmann
equations without cutoff (Desvillettes-Graham-Méléard [12], Fournier-Méléard [21]).

In this paper we show more specifically that the microscopic stochastic representation of
the Boltzmann equations leads to a natural and intuitive understanding of the transition
to Landau equations, when grazing collisions prevail.

The Fokker-Planck-Landau equation, or Landau equation, is derived from the Boltzmann
(see [30]) and is usually considered as an approximation of the homogeneous Boltzmann
equation in the limit of grazing collisions. Many authors have been interested in proving
rigourously this convergence, in different cases of scaterring cross-section and initial data.
Firstly Arsen’ev and Buryak [1] proved the convergence of solutions of the Bolzmann
equation towards solutions of the Landau equation under very restrictive assumptions.
Then, Desvillettes [10] gave a mathematical framework for more physical situations,
but excluding the main case of Coulomb potential studied by Degond and Lucquin, [9],
for which the Boltzmann equation is not realistic (see [41]) and the Landau equation
appears naturally. More recently, Goudon [23] and Villani [41] proved the convergence of
Boltzmann equations towards the Landau equation, with bounded entropy and energy
function as initial data. They use analytical techniques as convergence theorems or
spectral analysis, showing a L!-convergence for a bounded entropy and energy initial
condition. However, these results could be relaxed without the entropy assumption in a
weak-* convergence.

In the grazing collision asymptotics, the cross-section in the Boltzmann operator is renor-
malized by a small parameter depending on the nature of the collisions. In this paper,
we consider asymptotics which include those of Degond-Lucquin [9] and Desvillettes [10].
We show how the accumulation of grazing collisions can be interpreted at the level of
the jump processes as an accumulation of small jumps. Then we prove the convergence
in law, in the Skorohod space, of sequences of renormalized Boltzmann processes to a
diffusion process, called Landau process, which describes the microscopic random be-
haviour of the Fokker-Planck-Landau equation. We immediately deduce a convergence
result at the level of the partial differential equations for general initial data. Unhappily,
the probabilistic tools oblige us to use a L?-framework, which necessitates the consider-
ation of potentials v € (—1,0]. In particular, our theorical approach do not recover the
interesting coulombian case, even if the Monte-Carlo algorithm also makes sense in this
case.

As in the analytical framework, uniqueness is an open problem for all the equations we
consider. All the convergence results we prove are obtained by a compactness method
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which only gives converging subsequences.

The pathwise interpretation of the equations (in the probabilistic framework) provides
a natural approximation by interacting colliding particle systems of the Fokker-Planck-
Landau equations. The collision rate and the amplitude of jumps of the particles are
related to the size of the system. We prove the convergence of its empirical measures
to a weak solution of the Landau equation, when the size of the system growths. We
deduce from this theorical result a simple simulation algorithm, based upon particles
conserving momentum and kinetic energy.

We finally discuss about numerical results. The main interest of our approach is to
observe in the simulations the transition from the renormalized Boltzmann equations to
the Landau equation (see Section 6 Figure 1).

The paper is organized as follows : in Section 2, we explain the pathwise interpretation
of the Boltzmann equation with soft potential, and solve the nonlinear Poisson-driven
stochastic differential equation. In Section 3, we study the convergence in law of the
renormalized Boltzmann processes to a Landau process and deduce the convergence of
solutions of the Boltzmann equations to the ones of the Landau equation when the
grazing collisions prevail. In Section 4, we study the approximating particle systems.
We describe the pathwise Monte-Carlo algorithm in Section 5. Numerical results are
discussed in Section 6.

Notations

- IDr will denote the Skorohod space ID([0, T], IR*) of cadlag functions from [0, 7] into
IR®. The space IDr endowed with the Skorohod topology is a Polish space.

- Cr is the space C([0,T], IR*) of continuous functions from [0, 7] into IR® and C?(IR?)
is the space of real bounded functions of class C? with bounded derivatives.

- P(IR?) is the set of probability measures on IR* and P,(IR*) the subset of probability
measures with a finite second order moment. Similarly, P(IDr) denotes the space of
probability measures on IDr and P,(IDr) is the subset of probability measures with a
finite second order moment: g € Py(IDr) if [, Supsepory [2(t)[*q(dz) < o0

- Let A and B be two matrices with same dimensions. The symbol A : B denotes the
real Zi’j A;;B;; and A' is the transpose matrix of the matrix A.

- K will denote a real positive constant of which the value may change from line to line.
- We define the natural number p by p = 2 when v € (—1,0) and p = 4 when v = 0.

2 The Boltzmann Process

2.1 The equation

The Boltzmann equation we consider describes the evolution of the density f(t,v) of
particles with velocity v € IR® at time ¢ in a rarefied homogeneous gas:

of
E:QB( af)a (31)
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where ()p is a quadratic collision kernel preserving momentum and kinetic energy,

Qs(f. F)(t,v) = / - / / (f(t, ) F (L) — F(t0)F v*)) B(jv — v.,8)d8dpdv,

(3.2)

with v = 2= 4 @a and v], = = — ‘0_2””0, the unit vector o having colatitude
f and longitude ¢ in the spherical coordinates in which v — v, is the polar axis. The
nonnegative function B is called the cross-section.

We are interested in cases for which the molecules in the gas interact according to an
inverse power law in 1/r*® with s > 2. The physical cross-sections B(z,6) tend to infin-
ity when 6 goes to zero, but satisfy [ |0[>B(z,6)df < oo for each z. Physically, this

explosion near 0 comes from the accumulation of grazing collisions.

In this general (spatially homogeneous) setting, the Boltzmann equation is difficult to
study. A large literature deals with the non physical equation with angular cutoff, namely
under the assumption foﬂ B(z,0)df < oco. More recently, the case of Maxwell molecules,
for which the cross-section B(z,60) = ((6) only depends on 6, has been studied without
the cutoff assumption. In the Maxwell context, Tanaka [38] was considering the case
where [ 03(6)df < oo, and Horowitz, Karandikar [26], Desvillettes [11], and Fournier,
Méléard [18], [21], have worked under the physical assumption [ §?43(#)df < +oo. In the
non Maxwell case, by analytical methods, Goudon [23] and Villani [41] obtain existence
results. With a probabilistic approach, Fournier-Méléard [20] obtain such results in
dimension 2 and for cross-sections bounded as velocity function. We generalize here
this approach in dimension 3 and for unbounded (as velocity field) soft potential cross-
sections of the form

B(z,0) = ¢(2)8(0), (3:3)
with
¥(z) = h(|z])[2|",

v € (—1,0] and h a bounded nonnegative locally Lipschitz continuous function and 3
from (0, 7] — IR+ such that [ 6%5(6)df < co.

Remark 2.1 The probabilistic tools oblige us to work with moderately soft potentials,
v € (=1,0]. In this case, we have the following usefull estimates: for each v € (—1,0],
for each z € IR,

2|7 < 2P+ 15 [ < [2f* + 1. (3.4)
We define the jump amplitude

-1 in @
a(v,vy,0,0) =0 —v = L(v—v*)—i— o

where for z € IR?, ¢ € [0, 27),
[(z, p) = cospl(x) + sin pJ (z) (3.6)
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and ‘1?‘ (z,I(z),J(z)) is an orthonormal basis of IR*. One can choose, for example,

%(—.%'2,.’1)1,0) if 224122>0
I(x)=4 VT  J@) = WAI()
T
(x3,0,0) if z2 +22=0

The main difficulty is that a is not a Lipschitz continuous function on the variables v
and v,. It just satisfies an “almost”-Lipschitz property of a (Lipschitz up to a rotation),
as proved in [38] or in its “fine” version in [21]. However, this property will be suffisant
to obtain existence results.

Lemma 2.2 There exists a measurable function @y : IR® x IR® — [0, 27[, such that for
all v,v,, w,w, in IR*, § € [0,7], ¢ €[0,27],

la(v, vy, 0,0) — a(w, w,, 0,0 + @o(v — vy, w — wy))| < 30 (Jv —w|+ |ve —w,l|), (3.7)
a(v, 0,6, )| < 2 [sin (6/2)] [0 — .. (3.5)

Equation (3.1) has to be understood in a weak sense, i.e. f is a solution of the equation

if for any test function ¢, 2 < f,¢ >=< Qp(f,f),¢ > where < .,. > denotes the

duality bracket between L' and L*® functions. By a standard integration by parts, we
define a solution f as satisfying for each ¢ € CZ(IR*)

9 o
5i o P = [ [ [ 606 Bu—v..0)dbdor 1 v)avg e ..

Since fow 05(0)df may be infinite, the RHS term may explode. Thus we have to com-
pensate it, and taking into account the conservation of the mass, we obtain finally the
following definition of probability measure solutions of (3.1).

Definition 2.3 We say that a probability measure family (P;)i>0 is a measure-solution
of the Boltzmann equation (3.1) if for each ¢ € C}(IR?)

(6. P) = (6, Po) + / (K2 (0,.), Pa(dv) Py(dv.)) ds, (3.9)

where K} is defined in the compensated form
K§ (v,v.) = —bpp(v —v,) (v — v,).V(v) (3.10)
/%/ < v+ a(v, v, 6, 9)) — S(v) — a(v, v, 6, go).Vcé(v))w(v — 0,)B(8)d8dy
and where

b= w/ﬂu — cos 0)3(8)d6. (3.11)



74

2.2 The probabilistic approach

We consider (3.9) as the evolution equation for the marginals of a Markov process which
law is defined by a martingale problem.

Definition 2.4 Let 3 be a cross section such that [ 62(6)df < +oco and Qq in Pa(IR%).
We say that Q € P(ID(IR,, IR*)) solves the nonlinear martingale problem (BM P) start-
ing at Qo if under Q, the canonical process V' satisfies for any ¢ € C,?(]RS)

o(Vi) — / / (Vo 1)Qu(dv.)ds (3.12)

1S a square-integrable martingale and the law of Vi is QQy. Here, the nonlinearity appears
through Qs which denotes the marginal of Q) at time s.

Remark 2.5 Taking expectations in (3.12), we remark that if Q is a solution of (BM P),
then its time-marginal family (Q¢)i>0 s a measure-solution of the Boltzmann equation,
in the sense of Definition 2.35.

Our first aim is to prove the existence of a solution to the martingale problem (3.12)
and then to obtain the existence of a measure-solution to the Boltzmann equation.

Theorem 2.6 Assume that Qo is a probability measure on IR® with a finite p-order
moment and that B(z,0) = 1(2)5(0) is a cross-section satisfying Hypothesis (3.3), with
p=2 when v € (—1,0) and p =4 when v = 0. Then

1) The nonlinear martingale problem (BM P) with initial data Qo has a solution Q) €
PZ(DT).

2) Moreover, Eqg(sup,«r | X¢?) < +o00, where X is the canonical process on IDy.

Remark 2.7 There is no assumption on gy, except the existence of a p-order moment.
This allows us in particular to consider degenerate initial data, as Dirac measures. The
point 1) in Theorem 2.6 exhibits in particular a measure-solution to the Boltzmann equa-
tion (3.1) for each initial data Qy € Py(IR?).

Qur method gives no hope to obtain a uniqueness result.

We will prove this theorem using stochastic calculus tools. We generalize here the results
of Tanaka and Horowitz-Karandikar [26] to soft potential cases, introducing a specific
nonlinear stochastic differential equation giving a pathwise version of the probabilistic
interpretation.

We are looking for a stochastic process belonging to ID(IR,, IR*) and with a law Q
solution of (3.12). It can be given as solution of the nonlinear stochastic differential
equation

Vi = Vo b// (Ve — 2)(Vi — 2)Qu(dz)ds

/ / / / / Ve, 2,0, ©)la<yvs. oy N* (dz, db, dy, dz, ds)
R+ 0
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where N* is the compensated martingale of an inhomogeneous Poisson-point measure
on IR, x [0, 7] x [0, 27] x IR® x IR, with intensity dz3(8)df0dyoQ;(dz)dt. The nonlinearity
appears through @), which is the law of V; for each s.

We consider a compensated form of the Poisson-point measure following Definition 2.3.
We can easily remark using [t0’s formula that the law () of a solution V' of this stochastic
differential equation is a solution of (3.12) and (Q:):>o is a solution of the Boltzmann
equation. That gives a pathwise mean-field interacting representation of the Boltzmann
process: the process jumps following a Poisson-point measure which picks independent
colliding particules having the same law as the process itself. The jump takes place if
x < (V,_ — z) and the amplitude of the jump is equal to a.

Technically, to obtain a more intrinsic representation, we use the Skorohod representation
and describe the behaviour of the colliding particules on an auxiliary probability space.
So we now consider two probability spaces : the first one is the abstract space

(&, F,{Fi}tepo,m, P) and the second onme is ([0, 1], B([0,1]),dc). In order to avoid any
confusion, the processes on ([0, 1], B([0, 1]), da) will be called a-processes, the expectation
under da will be denoted by F,, and the laws L,,.

Definition 2.8 We say that (V, W, N, Vy) is a solution of (SDE) if

(i) (V;) is an adapted cadlag IDp-valued process such that E(sup,cp.r [Vil*) < 400,

(it) (Wy) is a a-process such that Ey(sup;ecp |[Wil?) < +oo,

(i) N(w,dt, da,dx,dl, dp) is a {F}-Poisson point measure on [0,T] x [0,1] x R, x
[0, 7] x [0, 27| with intensity m(dt, da, dz, d, d¢) = dtdadz((0)d0dy and N is its com-
pensated martingale,

(iv) Vi is a square integrable variable independent of N,

(v) L(V) = La(W),

(vi)

Vtzvo—b/ot/o B (Vs — W) (Ve — Wi(a))dads

t pl T 2w
+ / / / / / a(Vi_, Ws_(a), 8, QD)I{J‘S'(/)(VS_fWS_(a))}N(dS, do, dx, df, dy)
o Jo JIR, Jo Jo

Remark 2.9 Of course, as before, the law of V' is then a solution of (BM P) with initial
law Qo = L(Vp).

Let us now prove in many steps Theorem 2.6. We obtain the existence of weak solutions
of the martingale problem (BM P) under Hypothesis (3.3), as limits in law of solutions
of regularized equations.

The first step generalizes the result of Fournier-Méléard [20] obtained in dimension 2.
The specific difficulty in dimension 3 is the lack of Lipschitz continuity of a described in
lemma 2.2. We will prove

Proposition 2.10 Assume that B(z,0) = 1(z)(0) with ¢ a nonnegative bounded and
locally Lipschitz continuous function, and [ integrating 6 (hence, no compensation is
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needed). Assume that Vi is a p-order moment random variable. Then the nonlinear
stochastic differential equation (SDE) which can be rewritten in this case

t 1 T 27
Vi = Vo+/ // / / a(Vs—aWS—(O‘/)’9;w)l{zsq/}(vs_fws_(a))}]v(dsadaadxadead@)
o Jo JIR, Jo Jo

(3.13)
has a weak solution, and moreover, for every T > 0,

E(sup |V;P) < +o0. (3.14)
t<T

Proof. The proof mixes arguments from [21] (adapted from Tanaka) to control the lack
of Lipschitz regularity of @ and from [20] Theorem 3.4. in the non Maxwell case.
Let us assume that the function 1) is bounded by M. Let us define

a(v,w,0,¢,z) = alv,w,6, ¢)1{z5¢(u—w)}
and its cutoff versions
an(v,w,0,0,2) =a(v AnV (—n),w AnV (—n),0,p,z).
We remark that
/ |G (v, w, 0, ¢, z)|de < M6lv — w| (3.15)
/ |an (v, w, 0, 0, 2) — a, (v, W', 0, ¢ + wo(v —w,v" —w'),z)|dz < K,(Jv —v'| + |w — w'|)
(3.16)

Thanks to these properties, we are able to construct, by a sophisticated Picard iteration
mixing results of [21] and [20], a solution of

t 1 s 2m
Vt”=Vo+/// // a, (V2 W (a),8,p,2)N(ds,da, dz,db, dp)
o Jo JIR, Jo Jo
(3.17)

satisfying moreover that

sup E(sup |V'P) < +o0. (3.18)

n s<t

This Picard iteration takes into account the specific property (3.16). The trick is to ob-
serve that the image measure of a Poisson point measure with intensity dsdzda3(0)dfdy
by the rotation ¢ +— ¢+ ¢y is still a Poisson point measure with the same intensity mea-
sure. That is technical and we refer to [38] or [21] for more details.

Property (3.18) implies that the laws Q™ of V™ are uniformly tight on the path space .
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Let us now prove that each limit point () of this sequence is solution of the nonlinear
martingale problem associated with (3.13), i.e. that for (X;) the canonical process on
Dy and for ¢ € CH(IR?), t > 0,

17 = 6(X) o (%)~ | t / ) | K (¢(Xu+a(xu, w,6,¢, x))—cb(Xu))Qu(dw)ﬂ(Q)deeodxdu

is a @-martingale, knowing that the similar quantity H,' % with @, instead of @ and Q"
instead of (), is a Q"-martingale. The only new difficulty in dimension 3 consists in
proving that the function, for s <,

K(X,Y) = / t /0 " /0 ’ /0 " <¢(Xu+&(Xu,Yu,9, (p,ﬁ))—qb(Xu)) B(6)d0dipdzdu

is continuous on Dy X Dy, although a is not Lipschitz continuous. Using the translation
invariance of the Lebesgue’s measure dy and the periodicity of a in the variable ¢ , we
write

ey - ke < [ ’ (Jotx - scx2

HB(Xu + (X, Vi 0,9)) — B(X, + (XL, Y, 0,0+ 00Xy — Y X, - YJ)))DB(H)deeodu

and thanks to Lemma 2.2, we see that the RHS term tends to 0 when the uniform
distance between (X,Y’) and (X', Y”) tends to 0.

A standard proof allows us to conclude that () is solution of the nonlinear martingale
problem (BM P) associated with (3.13). Moreover, using a representation theorem, we
can exhibit an enlarged probability space, on which the canonical process is solution of
(3.13) (a similar argument is more detailed in the end of the proof of Theorem 2.6). The
property (3.14) follows easily from (3.18). m

Let us now prove Theorem 2.6.

Proof. In order to apply Proposition 2.10, we consider some cutoff of the cross-section
in both variables.

We introduce the following approximating model:
Let [,k € IN* and define

Bi(6) = B(O)1 g5 5 wi(2) = h(|zl) (2" A K),Vz € IR®.

Each function ) is locally Lipschitz continuous and is bounded by kH, where H is a
bound of the function h. Thanks to Proposition 2.10 and for each (k,[), there exists a
weak solution to the nonlinear stochastic differential equation (SDEj):

t 1 T 2
Vil = v+ / / / / / oV, Wi (), 0, 9)
o Jo JIR, Jo Jo

X 1{$S1/Jk(‘/skil—Wskil(a))}Nkvl(ds’ dOz, d.T, d0, d(p) (3.19)
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where Nj; is a point Poisson measure with intensity dsdadz3;(0)dfdy on [0,T] x [0, 1] x
[0, kH] x [0, 7] x [0, 27]. So the associated nonlinear martingale problem (BM Py ;) has a
solution P¥!. The aim is now to prove that the sequence (P*!) of probability measures
on the path space IDy is uniformly tight and that each limit point is solution of the
initial nonlinear martingale problem (BM P).

Since the limit case has sense only in a compensated form, we write each equation (3.19)
in its compensated form:

t 1
vt = VO"”/ / Uk (V= WP (@) (VI = Wi (a))dads
0 JO

t 1 T 27
+ / / /ZR / / oV, W (@), 0, 0)1 (yey (vt ity Nia(ds, da, da, dB, dip)
0o Jo +Jo Jo

where

b = 7r/7r(1 —cos6)5,(0)do

Lemma 2.11

sup E(sup |V}*'P) < +o0. (3.20)

k,l t<T

Proof. (of the Lemma) Thanks to (3.4), we obtain easily that

t 1
Blswp [VH) < K<E(\Vo\p)+ [ B v - wit@p + dads)

s<t

< <1 + E (sup | V5! [P)d ) (3.21)
u<s

and the constant number K does not depend on k and [. By Proposition 2.10, E(sup,.7 |V*!|?)

is finite for each k,[ and the proof is obtained by Gronwall’s lemma. m -

It is thus classical to show that the Aldous criterion is satisfied.

Hence the sequence (PF?) is tight.

Let us now identify each limit point of (P¥!). Let Q be a limit value of this sequence.

We consider the compensated martingale problems. Let (X;); be the canonical process

on IDr and for ¢ € CZ(IR?), t > 0, we set

HY = ¢(X)) — 6(Xo)+b / / e VO (X~ (X, — 0)Quldw)iu

// // H(Xu + a(Xu, w, 0, ¢, 7)) = $(Xu)

(X w, 8, 0, 2) (X — 0).VO(Xo)) (X, — ) Qu(dw) 3(6) dfdipdu

and Hf’w denotes a similar quantity with ), instead of v, §; instead of [, b; instead of
b and P*! instead of @,. The probability measure @) will be a solution of the nonlinear
martingale problem (BAM P) with initial law @)y if it satisfies for each 0 < 57 < ... < s, <
s <t <T,each G € Cy((IR*)P),

< (Hf — H))G (X4, ., X5,), Q >= 0. (3.22)
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Since P*!is a solution of (BM Py;), we already know that
< (HFY — HHG(X,,, m’Xsp)’Pk,l S—0.

Since the sequence (P*!) satisfies the Aldous criterion, the law @ is the law of a quasi-
cag process (cf. [28] p. 321). Then the mapping F : z — (¢(z¢) — ()G (2, ..., Ts,)
is Q-a.e. continuous and bounded from ID; to IR. Thus < F, P®! > tends to < F,Q >
as k,[ tend to infinity.

Now, let us successively prove that

I - / / / / (O(X + a(Xe,0,0,9) — 6(X,) — (X w,0,0). V(X))
— (X — w)) PE(dw) 6,(6 )dﬁdapdu)G(Xsl, L X,), P>
T, - / / / [ 606+ a(Xur1,0,0)) = 6(X.) = a(Xay 0,0, ).V6(X.)

= w)(B(0) = B(60) P (dw)dbdipdu) G(Xy, .. X,,), P >
Ty = <G(Xsl,...,Xsp)// K§ (X, Y,), PP (dX) @ PH(dY) >

< G(Xyy e X, // (X, Ya), Q(dX) © Q(dY) >

and the term 7; similar to 77 corresponding to the drift term, tend to 0 as k,[ tend to
infinity.

Term T7:

™ t
Ty < K/O 626,(0)do < / /B3 1 Xy — w?(| Xy — w|? = (| Xy —w|") A k)
PFY(dw)du, PH >

4
< K< / / Xy — w1 x, sk Pt (dw)du, PH >
2+ k,l k,l
< K<// — w| 1{|Xu—w\§(lc)%}Pu (dw)du, P™ >
2+'y
<

and 7T} tends to zero when k tends to infinity, uniformly in [ since fow 026,(0)do <
f07r 6?3(0)dh < +oo, and since ”T"Y < 0.

Term Ty: By a similar study with the drift term, we obtain

t
Tyl < / /]R3 Xy — w|(| Xy —w|” — (| Xy — w|?) A k)PE (dw)du, PH >

14y

K <
< K(k)™
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and T} tends to zero when £ tends to infinity, since v € (-1, 0].
Term T5:

m t
| < K/ 02|ﬁl(0)—ﬂ(6)|d0</ /JRS(\XU—w|2+7)P1’f,l(dw)du,Pk,l>
0 s

< K(supEputowp %) +1) [ 2100 - 500}
l T

k, u<T _
which tends to 0 as [ tends to infinity, uniformly in £ thanks to Lemma 2.11.

Term T3: Let us define the function F(z,y) on Dy x Dy by F(z,y) = f: Kgﬁ(azu, Yy )du.
The function F'is () ® Q-a.e. continuous by a similar argument as in the proof of
Proposition 2.10 and is not bounded.

Play) < K/e%@w(wpmfwﬁﬂ+uwwwﬂﬂ
0

s<u<t

< K(sup |2, [>T + sup |yu|2+7>.
u<T u<T

Now, the measure P*! ® P! converges obviously to @ ® Q. We remark that

|F (2, y) 1 Fay)zcy <

i < sup 2 (u)[ P + sup \y(U)IH"’) (1{supu5T ja(w) *+72C/2K} T Lisup, <r \y(u)\mzcmm)

Thus, thanks to Lemma 2.11 with p = 2 when v € (—1,0) and with p = 4 when v =0
and thanks to Estimates (3.4), we have

. k,l kl o _
CETOOS,EF<|F(x’y)|1{'F<f’y)'ZC}’P ® P >=0

Consequently, |T3| converges to 0 when &, [ tends to +oo.

We have thus proved that each limit law of the sequence (P*!) is solution of the martin-
gale problem (BMP). Since such limits exist thanks to the Aldous criterion, we deduce
obviously from this approach the existence of at least one solution to (BM P).

Let us now show that each solution @) of (BMP) is a weak solution of (SDE).

The canonical process X is a semimartingale under (). Then a comparison between the
It6 formula and the martingale problem proves that X is a pure jump process and that
its Lévy measure is the image measure of the measure m on [0,7] x [0, 1] x IR x [0, 7] X
[0, 27| by the mapping (s, o, 7,0, @) = a(X,—, W,_(a),0, ) Liz<y(x, —w, (a))}- Then by
a representation theorem for point measures [16], there exist on an enlarged probability
space a square integrable variable V; and a Poisson-point measure N with intensity m
such that (X, W, N, V) is a solution of (SDE). m
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3 Convergence of renormalized Boltzmann Processes
towards a Landau Process

3.1 A probabilistic interpretation of the Landau equation

The Landau equation, also called the Fokker-Planck-Landau equation, describes the
collisions of particles in a plasma and is obtained as limit of Boltzmann equations when
the collisions become grazing. In the spatially homogeneous case, it writes in IR®:

Ui (3.23)

with

QD=5 3% {/]Rg dv. Ay (v — v) | £ (£,0,) SZZ (to) - ftw) 2 (t,v*)]}

0v,j

where f (¢,v) > 0 is the density of particles having velocity v € IR® at time ¢t € IR", and
(Aij (2)),<; j<s is a nonnegative symmetric matrix depending on the interaction between
the particles, of the form

A(z) = Az (2) h(|z]) (3.24)
zg + zg —2129 —Z1%3
= Al2|"h(|z]) | —2z122 22422 —223
—2123 —Zz3 22+ 22

where II(z) is the orthogonal projection on (z)L, A is a positive constant and h is a
nonnegative locally Lipschitz continuous bounded function.

By integration by parts, see [41], a weak formulation of the equation (3.23) writes, at
least formally, for any test function ¢ € C7 (IR3),

%/gb(v) (t,v)dv = —Z/ dvdv*ftv)f(t,v*)Aij(v—v*)afjgb(v)

Z / Cdvdv, f(E0)f (o) b (0 —0) B (0)  (3.25)

where b; (z) = 2221 0;Aij (z) = —2Ah (|2]) |2|” 2.

As for the Boltzmann equation, the equation (3.25) conserves the mass, thus we give a
definition of probability-measure solutions of the Landau equation :

Definition 3.1 Let P, belong to Po (IR?’). A probability measure solution of the Lan-
dau equation (3.26) with initial data Py is a probability measure family (P;),», on IR?
satisfying -

(6.P) = (6, Po) + / (L? (v,0.) , Py (dv) P, (dv.))ds (3.26)
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for any function ¢ € C? (IR*) where L? is the Landau kernel defined on IR* x IR* by :
b

3
) = 5 30 o) Ayl +Za¢ b (v —v.)

2,j=1

_ %J¢(v):A(v—v*)+b(v—v*)-v¢(v)

with Jy = (82 ¢)1<w<3
We now consider the martingale problem associated with the Landau equation and
defined as follows.

Definition 3.2 Let Py belong to P (IR?).

Let (Y;),sq be the canonical process on Cp. A probability measure P € P (Cr) is a
solution of the martingale problem (LM P) with initial data Py if the law of Yy is Py and
if for any ¢ € C?(IR?),

¢ (V) — ¢ (Yo) // ¢ (Ys,vi) Ps (dvs) ds

is a P-martingale, where P, = Po Y L.

Remark 3.3 The time-marginal family of a solution of the martingale problem (LM P)
s a measure-solution of the Fokker-Planck-Landau equation.

We already built, in Chapter 1 of this thesis, by a direct probabilistic approach, a
Landau process solution of a nonlinear stochastic differential equation driven by a white
noise and deduced the existence of a measure-solution of the Landau equation for any
dimension > 2 and for v € (—1,0]. We obtain here a new proof of the existence of a
solution to the Landau process (and then of a solution to the Landau equation) as limit
of Boltzmann processes.

3.2 Asymptotic of Boltzmann processes towards a Landau pro-
cess

We are now interested in stating the convergence in law of Boltzmann processes with

‘moderately soft potentials’, obtained in Section 2, towards a Landau process when the

collisions become grazing. With this aim in view, we consider cross-sections 3° depending

on the grazing collision parameter ¢, as in Villani [41]. The function ¢ from [0, 7] to
R* satisfies

Vb, > 0 3° () - 0 uniformly on 6 > 6, (3.27)
E—>

A= / sin?(6/2)6 (6)d6 —s A > 0 (3.28)
0 e—
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Let us remark that these hypotheses contain the case ¢ () = \1025\ Sci(:;((%//?)]lgzg intro-

duced by Degond-Lucquin [9] for a Coulomb potential (y = —3) and 3° () = %5 (%)
introduced by Desvillettes [10] for non Coulomb potentials.

Let us notice that

Lemma 3.4 1) / 5 (6) 8 — +oc,
0 E—>
2) For k > 3,

/ sin®(0/2) 5 (6) d§ — 0.
0 e—0
The proof is left to the reader.

For each ¢ > 0, for v € (—1, 0], we define the Boltzmann kernel Kg’sﬁ on IR® x IR®, as in
(3.10), by

ng (v,v,) = =P (v — v,)(v — v,).Vo(v) (3.29)

/ / ( "’"‘a’U”*,9780))—¢(U)—a(vav*ﬁa@)-vﬂv))ﬂ}(v—v*)ﬂg(Q)dOdgy

with b° =« [ (1 — cos ) 5° (6) db

We notice that the Boltzmann kernels converge towards the Landau kernel when € — 0,
for any v,v, € IR® and ¢ € C? (]Rs) ( for more details, see the convergence of the term
E; in Section 3.4).

We denote by (B®M P) the martingale problem associated with the Boltzmann equation
defined as in Definition 2.4 replacing K¢ with K. ¢ . In the previous section, we
have proved the existence of a solution QE of (B°M P) We are now interested in the
asymptotic behaviour of the sequence (Q°),., when ¢ tends to 0.

We state the following main theorem.

Theorem 3.5 Consider a bounded locally Lipschitz continuous nonnegative function
h, v € (—=1,0], p° satisfying (3.27) and (3.28) and Qo a finite fourth-order moment
probability measure. Let Q° € P (IDr) be a solution of the nonlinear martingale problem
(B°MP) with kernel Kge , defined by (3.29) and initial data Q.

Then the sequence (QF),, is tight when € tends to 0, and any of its subsequences con-
verges towards a solution P € P (Cr) of the nonlinear martingale problem (LM P),
associated with the Landau equation (8.26) having diffusion matriz defined by (3.24),
with nitial law Q.

Remark 3.6 When v = 0 and under some regqularity assumptions on h, we have proved
in Chapter 2 Corollary 1.7 the uniqueness of a solution P to the martingale problem
(LMP). Then, in this case, the sequence (Q°),, converges towards this unique solution

P.
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Let us notice that Villani [41] and Goudon [23] proved the existence of weak function
solutions of the Landau equation for soft potentials using the convergence of the solutions
of the Boltzmann equation towards the solutions of the Landau equation. The interest
of our approach is the understanding of this convergence at the microscopic level of
processes. When ¢ decreases, the Boltzmann processes jump more and more often with
smaller jumps, and then converge finally to a (continuous) diffusion process. Moreover,
our convergence result is true for general (even degenerate, as Dirac measures) initial
data and leads naturally to particle approximations.

3.3 C-Tightness of the sequence (Q°),.,

We assume that )y has a finite fourth-order moment.

Let ¢ be a solution of the martingale problem (B*M P) obtained in Theorem 2.6 and X
the canonical process on IDy. Thanks to the point 2) of Theorem 2.6, for any € > 0, the
probability Q° satisfies Eg: (supge,<r | X;|*) < K° with K¢ a positive constant depend-
ing on £ only through [” sin®(6/2)3° () ¢, [" sin®(6/2)5° (§) df and b° according to
Lemma 2.2. Using Lemma 3.4 and (3.28) we notice that the sequence (K*¢)__, converges
as € tends to 0. Then there exists K > 0 such that

supFo-( sup |X;|*) < K (3.30)

>0 0<t<T

Thanks to the Aldous criterion, we deduce, with similar arguments as in Section 2, that
the sequence (Q°),., is tight in P (IDr), and then each limit point P of (Q°),., belongs
to P (DT)

We now prove that the sequence (Q°).., is moreover C-tight, in the sense of Jacod-
Shiryaev [28] p. 315, and then P will belong to P (Cr).

As the sequence (Q°),., is tight and according to [28] Proposition 3.26 (iii), we just have
to prove that for any n > 0, for AX; = X; — X;-,

limQ* (sup |AX:| > n) = 0.
e—0 t<T

We use the stochastic differential equation (SDFE) introduced in Section 2.2. Let V¢ be
a process with distribution )¢ such that

V= Vo — bf / / B(VE = W) (VE — WE(a))dads

t 1 T 27
+ / / / / / CL(VSS_, Wi—(a)a 07 90)1{151/1(‘/:_ —WSE_(a))}NE(dsa daa d.’L‘, daa dQD)
o Jo +Jo Jo

with L, (W¢) = £ (V) = Q¢ and N¢(ds, do, dz, df, dy) is the compensated martingale
of a Poisson measure with intensity m® (dt, da, dz, df, dp) = dtdadz3° (6) dfdp.
Then, by Tchebychev and Burkholder-Davis-Gundy inequalities for jump semimartin-
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gales and Lemma 2.2,

1 1
Q°(sup [AX,| > 1) < — (sup AVEY) < B IAVE)
t<T t< n t<T

Uk
< Lp ( / / [ / O BVE — WE (@) (0) dedsadads)
<[ [ Edvs_—ws_(a)\”“)dadu) [ w57 0

with K independent of e. Thanks to estimates (3.4) and (3.30), we obtain

@ (euplaX) > n) < ° 5 [ Jsin(e2)1 0 (6)d9

t<T

As [ Isin(#/2)[* ¢ (#) db tends to 0 as ¢ tends to 0, the sequence Q). is C-tight.

3.4 Identification of the limit point values P

Let P be a limit value of the sequence (Q°). Then P is the limit of a subsequence (Q°)
that we will still denote by (Q°) for simplicity. We wish to prove that P is a solution
of the martingale problem (LMP). Let ¢ € C? (IR3). We define the two following

processes on Dy
ME = (X)) — / / (Xa ) Q5 (du,) ds (3.31)
M, = ¢(Xy)— o (Xo) — //3 (X5, vy) Py (dvy) ds (3.32)

The probability measure P will be a solution of the nonlinear martingale problem (LM P)
with initial law @ if it satisfies, for any 0 < 51 < ... < 5, < s <t < T and G €
Co((R)P),

< (My, — M)G(X4,, ., Xs,), P >=0

However, ()° is a solution of (B*MP), then, for any 0 < s; < ... < s, < s <t <T and
G € Gy((IR)P),

< (M — M;)G(X,,, .., Xy,),Q° >=0
Thus, we want to state the following convergence

,
Eqe (M — M) G(X,,, -, X,,)) =2 Bp (M — M,) G(X,,, -, X,,))

1. Since (Q°) is C-tight, the distribution P charges only the set Cr, then the mapping
F o (¢(ze) — ¢(2,))G(2s,, ..., z5,) is P-continuous and bounded from Dy to
IR. Thus < F,()° > tends to < F, P > as ¢ tends to zero.
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2. We now study the convergence of
Eor ({1 S o Kby (X 02) Q5 () du } G(X,y, ., X)) 0
Ep ({ff e L (Xu,0.) P (dv.) du} G(X,,, X))

If we denote by (X,Y") the canonical process on IDy X Dy, we can write

Eq- <{/t < K. (Xy,v.), Q5 (dv,) > du} G(Xs,, ...,Xsp)>
— FEp ({/t < L? (Xy,v,), P, (dv,) > du} G(Xs,, ...,Xsp)) =E +E,
with
B, = Egegor ({/t (K;;L,7 (X,,Y,) — L¢ (XU,YU)) du} G(Xsl,...,Xsp))
E, = Eggg- ({/t L? (X,,Y,) du} G(Xs, ...,Xsp))
—FEpgp ({/t L? (X,,Yy) du} G(Xy,, ...,Xsp))

(a) Study of Ei:

t
Bl < KErsor ([

The Taylor development of ¢ writes

Kf. (X4, Yy) = L? (X4, Vo)

du> (3.33)

6 (v+1) = 6 (0) + 0.V () + 2t Ty (0) O (u )

We notice that u’.J, (v).u = Jy (v) : u.u’. Then we divide the expectation of the
right term in (3.33) in three parts :

t
EQE@QE (/

Fu = K(=2A +5|)Egsor ( / WJ(Xu—Yu)(Xu—Yu).V¢(Xu)|du)

dU> < Ey+ B+ Eis

K. (X4, Yy) = L? (X, V2)

with

Bu = KBoeor ([ (00X~ ¥)) [ (X (A1X, ~ ViPIL (X, - ¥)

)

t 27 s
E13 = KEQ‘E@QE (/ ¢(Xu - Yu) (/0 A ‘a(Xu: Yuaaa ()0)‘ 3ﬁg(9)d0d(p) du)

27 ™
_ / / (X, Yo, 6, 0).a (X, Yo, 0, cp)ﬂE(Q)dego)
0 0




CHAPITRE 3 : WEAK CONVERGENCE FOR GRAZING COLLISIONS 87
e Using estimates (3.4) and thanks to (3.30), we get
Ey < K|—2A + 06|

As b® —0> 2A, F1; converges towards 0 as ¢ tends to 0.
E—>

e Let us now study Ej,. After some computations, we prove that

2T
/ a(X’u,aYuaea (p).at(Xu,Yu,e, @)dgp
0

[T (X, — Y,)sin? 0 + 2 (I — 11 (X, — Y,)) (cos 8 — 1)°] | X, — Y, ?

] 3

Then

27 s
/ / a(Xu, Ya, 0, 0).a (Xy, Yy, 0, ©) 35 (0)dfd — AIT(X, = Y,) [ Xy — Y, |2
0 0 E—>

Thanks to (3.30), we conclude that Ejo converges towards 0 as ¢ tends to 0.

e Using similar arguments and Lemma 2.2, we prove the same convergence for
E13.

Finally, we have proved that F; —)OO.
E—r

(b) Study of F,

t
Ey = Egego ({/ L¢(X3,Y5)ds}G(Xsl,...,Xsp)>

Bpor ({ / (X, V) ds} G(Xs“---,Xsp))

The functions f{} : DrxDr— R, (z,y) — G(X,,, ..., Xs,) fst Aij (zy — yu) 0ij0 (zy) du
and fz’b : DTXDT_)B, ("Ea y) — G(Xsn teny Xsp) fst bl (‘TU - yu) az¢ (.’Eu) du

are continuous functions (y € (—1,0]), but not necessarily bounded. Nevertheless,
using similar arguments as in the proof of Theorem 2.6 in Section 2, we obtain

E, — 0.
e—0

Conclusion For any (t, 5,51, ..., 5,) € (IR.)"*?, with 0 < s; < ... < 5, < s < t, we have
proved

Eg: (M — My) G(Xs,, o, X5,)) — Ep (M — M;) G(Xs,, -0, X5,))

S
P p—oo

which implies that
Ep (My — M;) G(Xs,, ..., X5,)) =0

So, (M;), is a P-martingale and P satisfies the martingale problem (LM P).
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4 A stochastic particle approximation

Our aim here is the construction of some simulable stochastic colliding particle systems
converging in a certain sense to the law of a Landau process. More precisely we consider
cutoff cross-sections (to obtain simulable systems) which depend on a grazing collision
parameter e. We define the interacting particle systems by a Monte-Carlo approach,
consisting in replacing the nonlinearity with the empirical measure of the system. These
particle systems will conserve momentum and kinetic energy. If ¢ is fixed, it has al-
ready been proved that when the parameter of the cutoff and the size of the system
tend to infinity, the empirical measures of the system tend to the law of a Boltzmann
process (see for example [21]). The novelty here is that this convergence is uniform in
the parameter €. If moreover ¢ tends to 0, we observe the transition from Boltzmann
to Landau equations on the particle system. This result will be exploited in the last
section to construct an efficient Monte-Carlo algorithm which allows to see effectively
this transition.

We consider the sequence of cutoff cross-sections

By (2,0) = () 3°(0) (3.34)

where ¢ (2) = h(|z|)(|z|"Ak), h is alocally Lipschitz function bounded by H, v € (—1,0],
¢ a parameter tending to 0, §° is a L'([0, 7r])-function satisfying (3.27) and (3.28), k is
a positive integer.

In order to define the interacting systems, we will “replace” the nonlinearity in (3.13)
with the empirical measure of the system. Hence we introduce a family of independent
Poisson-point measures (N°%);<;<;<, on [0, 7] x [0, 27] X [0, kH] % [0, T] with intensities
—= 3°(0)dfdpdzdt. For i > j, we set N®¥ = N%/* (we thus choose a binary mean-field
interaction, close to the physical interpretation). We define the process (V’“’i")lsiSn
solution of the following stochastic differential system:

. kH
‘/tlcs,m _ Vb+ Z // / / ksm Sk_E,Jn,e,gp)

J#bj=1
{w<1/)k( ks ,in Vks]n)}NE 'L](d0 d(p, dﬂ? dS) (3-35)

We construct it easily, working recursively on each interjump interval of the point process
(N®%9)1<; j<n. The equations are not compensated since for a ¢ fixed, 3 € L'([0, 7).
The system conserves momentum and kinetic energy and is a (IR*)"-valued pure-jump
Markov process with the generator defined for ¢ € Cy((IR*)") by

27 kH
Z/ // ( V" + €5.a(vi, v, 0, ©) 1 {s<yy(vi—v;)}

1<z ,J<n

+ej'a(vja Vs, 05 90)1{151/1;0(02'701')}) - ¢(Un)> dmﬂs(ﬂ)dﬂdgo (336)

Here v™ = (vy,...,v,) denotes the generic point of (IR*)" and e; : h € R® — ep.h =
(0,...,0,h,0,...,0) € (IR*)" with h at the i-th place.
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Let us denote by
1 n
ng’n = o 2_1 Oy ke,in

the empirical measure of this system and by 7*¢" its law, which is a probability measure
on P(ID([0, T], R%)).

Theorem 4.1 Assume that Qo € Pi(IR?). Let (Vi)i>1 be independent Qq-distributed
random variables. Then the sequence (%™ ., is uniformly tight for the weak con-
vergence and any limit point charges only probability measures which are solutions of

(LMP). Thus any limit point (for the convergence in law) of the sequence (u**™) is a
solution of (LMP).

Proof. To prove this theorem, we will show

1) the tightness of (x*&m), .., in P(P(ID([0,T], IR?))),

2) the identification of the limit values of (7*"); ., as solutions of the nonlinear mar-
tingale problem (LM P).

One knows (cf. [36]) that the tightness of (7%"); ., is equivalent to the tightness of the
laws of the semimartingales V*5'" belonging to P (ID([0,T], IR?)). This tightness is due
to

sup E(sup |[VF'"*) < +o0. (3.37)

ken  t<T
This moment condition is obtained by a good use of Burkholder-Davis-Gundy and Doob’s
inequalities for (3.35).
Let us now prove that each limit value of (7*47) is a solution of the nonlinear martingale
problem (LM P). Consider one of them, de,oted by 7> € P(P(ID([0, T], IR?))). It is the
limit point of a subsequence we still denote by (7%").
We define for ¢ € C}(IR?), 0 < s1,...,8, < s < t, G € Co((IR*)?), Q € P(IDr) and for X
the canonical process on ID([0, T, IR?)

F(Q) = <G(X51,...,X3p)<¢(Xt) (X)) — / t /IRS L¢(Xu,v*),Qu(dv*)du>,Q>. (3.38)

Our aim is to prove that < |F|,7*° >= 0.

The mapping F' is not continuous since the projections are not continuous for the Sko-
rohod topology. However, for any @Q € P([Dr), the mapping X — X; is Q-almost
surely continuous for all ¢ outside of an at most countable set Dg, and then F' is
continuous at the point @ if s,¢,s4,...,5, are not in Dg. Here we use the continuity
and the boundedness of ¢, G and also the continuity of (g, v) — f]Rs L?(v, w)q(dw) on
P(ID([0,T], R*)) x R*. Thus, if s,t,s1,..., 5, are not in Dg, F is 7°-a.s. continuous.
Then,

(F%7) = Jim (F2, )

But (|F|,whom) < (|Fke|, pken) + (|F — F*| 7%= where

P(Q) = (60X X, (600 — 00X, [ t [ (0. Qulan ). @)
(3.39)
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in which K;’;E,k is obtained as Kgfn but where |z|” has been replaced by |z|” A k. In this

case and since [ 3°(0)df < +oo0, K‘z’a,k also writes

2w T
Kgs,k (U; 'U*) = / / (¢(U =+ G,(’U; Uy, 9, QD)) — ¢(’U))7,[1k;(v _ U*)ﬂg(a)dedgp
027r O7r kH
= /0 /0 /0 (d(v + a(v, v4, 0, ) Liz<ypw—v.)}) — O(v))dz 5% (0)dOdp.
Firstly,

[y

n 2
= F ( ( (Mtke,itb . Mkz-: 'L¢)G(Vke m’ ., V;IZE m))
g

Mk£,1¢ . Mks 1¢ G Vks 1in Vke in 2 (3 40)
( t ) ( ) ) Sp ) ’

-1
+n - E ((Mf,w — Msgam) (Mt‘”:’% _ Msfa2¢>)G(V;lia,1n’ ’Vs]:E 1n)G(VSIie,2n, ’Vsli,g Zn))

where M*#® is the martingale defined by
M]CE 1¢ ¢(‘/'tk6 ZTL) _ ¢

kH 271'
ke, in ke, in ke,jn ) )
n— 1 Z/ / / / ( V + CL(‘/S , ‘/s J s 6, QO)l{mf’l/)k(‘/;ks’ln*v;ks’]n)})

—qﬁ(m’“s’i")) 3 (0)dOdpdzds

and with Doob-Meyer process given by
< Mk:E,i¢ >,

1 n t kH 2w T ) ) '
= — ZA A /0 A ((ﬁ(‘/;kg’m + a(VskE’m, Vsks,Jn, 0, (p)l{mgwk(%ke,ini‘{ske,jn)})
7=1

2
—¢(VS’“="")) 5 (6) dbdpdads

and for ¢ # j,
< Mke,id)’ Mlce,j¢ >, (341)

1 t pkH p27 pw . e e N
= 7 /(; /O /0 /0 (¢(Vs ein | a(V; esin 1% e, 0,Qﬁ)l{m5¢k(%ks,in_%ke,jn)} — ¢(Vs s,m)>

<¢(Vsk5,jn + a(‘/;kg’j”: VskE,iﬂ’ 0? QD) {z<thr (Vs ykejin _ kfai")} - ¢(‘/sk6,]n)> ﬂg(e)dOdQOdl'dS

The right terms in (3.40) go to 0 thanks to the expression of the Doob-Meyer process,
to the uniform integrability proved in (3.37). Moreover the convergence is uniform on

k,e. Hence
lim(|F*¢|, 7*$") = 0, uniformly in &, ¢.
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Otherwise, the quantity (|F — F*| r*km) = E(|F — F*¢|(u**™)) can be written in an
analogous form to the right term of (3.33) replacing Q¢ by p**". Its study is thus
controled in a similar way than the term E; in Section 3.3. Then it converges to 0
uniformly in £ and n as ¢ tends to 0.

Finally, we have proved that

(|F[,m>) = 0.

Thus, F(Q) is 7®-a.s. equal to 0, for every s, t, s1, ..., s, outside of the countable set Dg,.
It is sufficient to assure that 7*°-a.s., () is a solution of the nonlinear martingale problem
(LM P). Let us remark to conclude that each solution @ of the limit martingale problem
is in fact a probability measure on Cr. This remark allows us to deduce immediately the
following corollary. m

Corollary 4.2 Assume @ € 'P4(]R3) and consider a sequence pFs™ which converges
krer,ny

to Q. Then the probability measure-valued process (i )i>0 converges in probability
to the flow (Q1)i>0 in the space ID([0,T), P(IR*)) endowed with the uniform topology.

5 The Monte-Carlo algorithm

We deduce from the above study an algorithm associated with the binary mean-field
interacting particle system, which enables to observe the transition from the Boltzmann
equations to the Landau equation.

At our knowledge, no effective numerical resolution of the Landau equation seen as limit
of Boltzmann equations has been obtained by deterministic methods, except in [34] in
which a spectral method furnishes a concret way to study this limit (without numerical
resolution). Moreover, according to discussions with numericians, it seems that the
deterministic particle methods do not work for the 3D Landau equation. Some numerical
Monte-Carlo algorithms for the Landau equation exist, but without convergence proofs,
see Takizuka and Abe [39] and Wang, Okamoto, Nakajima, Murakami [43], and they
are inspired by the diffusion structure of the Landau equation and do not follow the
asymptotics of grazing collisions.

From now on, the quantities h, v, k and (° defining the cross-section B, the initial
distribution @y, the terminal time 7" > 0 and the size n > 2 of the particle system are
fixed. We denote by By .(z,0) = ¢x(2)3°(6) the corresponding cross-section with cutoff.
Because of Theorem 4.1 and Corollary 4.2, we simulate a particle system following (3.36),
i.e. the whole path (V)i € ID((0, 7], (IR*)™).

First of all, we assume that V" is simulated according to the initial distribution Qg".
Then, we denote by 0 < T} < ... < T} the successive jump times until 7" of a standard
Poisson process with parameter nwkH||5||;.

Before the first collision, the velocities do not change, so that we set V,* = V{* for all
s < Tj. Let us describe the first collision. We choose at random a couple (i, 7) of particles
according a uniform law over {(p,m) € {1,...,n}?; m # p}. We choose z uniformly on
the interval [0, kH|, we choose the first angle of collision ¢ uniformly on [0,27] and we
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finally choose the collision angle 6 following the law |’|3 ;(ﬁ)l df. Then we set

V£7Z — %’fl,l -+ a(von,z, ‘/E)n’]’ 0’ gp)l{zgwk(von,i_von,j)}
Vq@;] = VM 4oV, V6, gp)l{mgqpk(von,iivon,j)}
Vit o= Vg ifp# 4, 4}

Since nothing happens between 77 and T3, we set V;» = Vi for all s € [T, T3].
Iterating this method, we simulate Vi, Vi, ..., V1%, i.e. the whole path (V;"):c[o,r}, Which
was our aim.

Notice that this algorithm is very simple and takes a few lines of program and does not
require to discretize time. It furthermore conserves momentum and kinetic energy. Let
us remark that at least formally, this algorithm can be adapted in a similar way to the
coulombian case, since the soft potential term is cut off for the simulations.

6 Numerical results

We use the previous Monte-Carlo algorithm to estimate the fourth-order moment of a
solution of the Landau equation. By this method, one conserves momentum and kinetic
energy, and one follows the asymptotics of grazing collisions.

We consider the cross-section By, (z,0) = ¢ (z) 55 (0) with ¢ (2) = |2|" Ak and (°
satisfying Assumptions (3.3), (3.27) and (3.28).

For each ¢, k, we denote by Q** the solution of the martingale problem with cross-section
By, . obtained in Theorem 2.6. We know that for each ¢, £, (Qk’s) is a cluster point as
n tends to infinity of the empirical measure p®*" associated with a simulable particle
system. We also know that (Qk’5)6>0 4>0 1s tight and that any limit point P is a solution
of the martingale problem (LM P) associated with the Landau equation.

At last, we define :

k.en _ 4 ken . ke _ 4 ~k,e
mhe(t) = [ ) w0 = [t @ (a)
and m, (t) = /IRB | P, (dv).

We mention that there is no explicit computation of the fourth-order moment m; for the
Landau equation in our context.

6.1 The 'moderately soft’ potential case, v € (—1, 0]

We fix v = —0.8 and we consider the following asymptotics

() = —

2me3 sin ( 0 )2 SHE

2
These functions satisfy Assumptions (3.3) for any € > 0 and (3.27), (3.28) when ¢ tends
to zero. We notice that [|3°||, = -1, tan* (¢/2) and A® = & [ 3 (6) sin® (£) df converges
towards A = mln2 as € tends to 0.
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We also consider the initial distribution on IR*, Q, (dv) = 11 /9.9 (v) dv.

We first estimate m_qs(t) at time ¢ = ;- . We consider n = 50000 particles.
First of all, when we consider the mean over 100 simulations of m’38;§’5°°°°(%), we notice

that it converges very fastly in k. Hence the error due to the spatial cutoff is small :

Lk IE [ 4 6 (10 [50 |
| m"0" (L) ] 0.09742 | 0.09873 | 0.09881 | 0.09878 | 0.09875 |

So we fix £ = 6 in all what follows.

We now study the convergence of m(i’f)’_goooo(%) as ¢ tends to zero. Taking each time

the mean over 100 simulations, we observe in Figure 1 the convergence of the fourth-
order moments for the Boltzmann equation to the one for the Landau equation when ¢
becomes small.

fourth—order moment
0.1000

0.0984
0.0968
0.0952 7
0.0936
0.0920
0.0904
0.0888
0.0872 7|

0.0856 1/epsilon

0.0840 T T T T T T T T T T T T T T T T T T
1.0 21 3.2 4.3 5.4 6.5 7.6 8.7 9.8 10.9 12,0

6,,50000

Figure 1. Evolution in 1/e of m”gs " (5=).

One can notice that m>55 " () tends to 0.0988, with a speed of convergence in

Im%537 "% () — 0.0988| ~ 0.015 * 2, when & tends to zero. Hence, the choice & = 0.1
seems reasonable to describe the Landau behaviour.

Our algorithm describes precisely the convergence of the Boltzmann equation to the
Landau equation. But we take into account all small jumps, then the duration of com-
putation is not optimal. For example, when £ = 0.1 and k = 6, there is arround 25.10°
shocks of particles on the time interval [0, % .

Let us now study the speed of convergence of mﬁ’g:é’”(%) to m(fg:é(%), when n tends to

infinity. We obtain the Figure 2.
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fourth—order moment
0.11100

010915 - o Continuous lines : 0.0988 +0.2/4/n
0.10730 . ’ ‘ Points : m(i’g é’n(%)

0.10545
0.10360 |
0.10175
0.09990 7|
0.09805 7 °

0.09620

In(n)/In(5)

0.09435

0.09250 T T T b\ - T T T T T T T T T T T T T T
20 2.6 3.2 3.8 4.4 5.0 5.6 6.2 6.8 7.4 8.0

Figure 2. Evolution of mﬁ_’g:é’”(%) as n — +00.

The speed of convergence is in 1/4/n. It seems that a central limit theorem holds. (A
proof of a similar central limit theorem has been obtained by Fournier-Méléard [19] from
2D Boltzmann equations without cutoff and for Maxwell molecules).

At last, we observe the evolution in time of the fourth-order moment. (Our method
conserves the energy, then the two-order moment is constant in time). We fix again
k =6 and € = 0.1 and we observe the moments of order 4 for some values of ¢ € [0,1] :

fourth—order moment
0.1070

0.1042 7|
0.1014
0.0986
0.0958
0.0930
0.0902
0.0874
0.0846

0.0818 ] time

0.0790 T T T T T T T T T T T T T T T T T T

0.0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1.0
. C 6,0.1,50000
Figure 3. Evolution in time of m”y g " (t).

6.2 The coulombian case

Our theorical results are satisfied for a potential v € (—1, 0]. But our numerical approach
works in the interesting case of Coulomb molecules, v = —3.

We now consider our algorithm with v = —3 and with the same initial condition as
in Buet, Cordier, Degond and Lemou [7]. We consider n = 50000 particles and each
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value is obtained taking the mean over 100 simulations. We take as initial condition the

measure )y with the following density with respect to the Lebesgue measure:
1
f(0,v) = ) (MN,v01,Uth + MN;'U027'Uth)

where My 4, is the Maxwellian function on R

B v —uf? ul?
MN;’!L;’Uth( ) 2ﬂ_vt 3/2 .'L'p( 2vth

with N =5, vy, = 0.45, vo1 = (2,3, 3) and vg, = (4, 3, 3).
Moreover we take the cross-sections defined in [9]:

1 cos(8/2)
|loge| sin®(6/2)

In this situation, A® converges towards A = % as € tends to 0.
Since the initial distribution is not a probability measure (its mass is equal to 5), we
adapt the results obtained by Méléard in [32], and we consider the algorithm with the

empirical measure " = 23" §ikein and the jump times of a standard Poisson
n =1 |4

Snmk|| |1
9 .

g (0) =

6>¢

process with parameter

We first estimate the fourth-order moment m_3(t) at time ¢ = 0.06.

As for the previous simulations, the algorithm converges very fastly in k. Then we fix
again k = 6.

We observe that the convergence in € of the fourth-order moment of the Boltzmann
equation to the one of the Landau equation is very fast:

IE | 0.9 | 0.6 | 0.2 | 0.1 0.08 |
| m55777(0.06) | 4380.5 [ 4389.1 |4389.9 |4388.9 |4388.5 |

The choice of £ = 0.2 seems to be reasonable to describe the Landau moment.
At last, we fix £ = 6 and € = 0.2 and we observe the evolution in time of the fourth-order
moment. We find the same evolution as the one described in [7].

fourth—order moment
4400

4398
43967
43947

43927

43907
43887
4386 7

43847

43827 time

4380 T T T T T T T T T T T T T T T T T T
0.00 0.06 0.12 0.18 0.24 0.30 0.36 0.42 0.48 0.54 0.60

Figure 4. Evolution in time of m®>3 %% (¢).
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Chapitre 4

Pointwise convergence of Boltzmann
solutions for grazing collisions in a
Maxwell gas via a probabilitistic
interpretation

Abstract: Using probabilistic tools, this work states a pointwise convergence
of function solutions of the 2-dimensional Boltzmann equation to the function
solution of the Landau equation for Maxwellian molecules when the collisions
become grazing. To this aim, we use the results of Fournier [18] on the
Malliavin calculus for the Boltzmann equation. Then, using the particle
system introduced by Guérin and Méléard (see Chapter 3 Section 4), some
simulations of the solution of the Landau equation will be given. This result
is original and has not been obtained for the moment by analytical methods.

1 Introduction.

The Boltzmann equation describes the behaviour of particles in a rarefied gas. More
precisely, in dimension 2, it describes the density f(¢,v, z) of particles having the velocity
v € R? at time £ > 0 and at point x € R?. We consider in this work the spatially
homogenous case, which means that the density does not depend on the position = of
particles. In 1936, Landau [30] derived from the Boltzmann equation a new equation
called the Fokker-Planck-Landau equation, usually considered as an approximation of
the homogeneous Boltzmann equation in the limit of grazing collisions. These equations
take the form

of

5 = QUL D) (4.1)
where () is a quadratic operator depending on the nature of the collisions. In this paper,
we consider the case of a Maxwell gas in dimension 2. Then the Boltzmann equation

97
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writes

of

with a collision operator (g given by

st = [ [ s - reosee)s e a.

where v, v, are the pre-collisional velocities and v’, v! the post-collisional velocities and
where the cross-section 4 is an even positive function from [—m, 7]\{0} to R* such that
f:r 6?3(0)db < oc.

The relation between the post-collisional velocities and the pre-collisional velocities in
dimension 2 is the following

v'=v+ AB)(v—v.); v =v—AB)(v— v)
with

cosf—1 —sinf
A(G)—§< sin 6 cos@—l)'

We are interested in cases for which the molecules in the gas interact according to

an inverse power law in dis with s > 2, where d is the distance between particles.

Consequently, the function 8 has a singularity in 0 of the form £(6) ol 09_%, with C
%

a positive constant. We assume that
Assumption (A): (3 is an even positive function on [—7, 7]\{0} of the form § = Gy + 3;
such that

1) f is an even and positive function on [—7, 7],

k
2) there exist ky > 0, 6y € (0,7) and r € (1, 3) such that f, (6) = #]I[,go,go] (0).

The second equation we consider is the Landau equation:

of
- LE
with the collision operator () defined by

2

Q1.1 =53 g { [ a0 =0 £ 6.0 5L ) = e 3 o]}

’U*j

,j=1

with @ = (a;),; ;j<, @ nonnegative symmetric matrix of the form in the Maxwell case

a(z) = Azl 11 (2) (4.2)
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where II (z) is the orthogonal projection on (z)" and A is a positive constant which will
be precise below.

Many authors have been interested in proving rigorously the convergence of Boltzmann
to Landau, in different cases of scattering cross-section and initial data. Firstly Arsen’ev
and Buryak [1] proved the convergence of solutions of the Boltzmann equation towards
solutions of the Landau equation under very restrictive assumptions. Desvillettes [10]
gave a mathematical framework for more physical situations, but excluding the case of
Coulomb potential which has been studied by Degond and Lucquin [9]. Degond and
Lucquin stated an asymptotic development of the Boltzmann kernel when the collisions
become grazing. Then, Goudon [23] and Villani [41] proved in two independent works the
existence of a solution of the Landau equation for soft potentials using the asymptotic
of grazing collisions, with a bounded entropy and energy function as initial data. More
recently, Guérin and Méléard (see Chapter 3) proved the convergence of solutions of the
Boltzmann equation to a solution of the Landau equation for 'moderately soft’ potentials
with a probabilistic representation when the initial data is a probability measure with
a finite fourth-order moment. All those works prove an L'-weak convergence of the
solutions.

The aim of this work is to prove a pointwise convergence of function-solutions of the
Boltzmann equation to the function-solution of the Landau equation on R? for a Maxwell
gas, which is unknown by analytical methods. Fournier [18] and Guérin (see Chapter 2)
proved respectively from probability measure solutions the existence of weak function
solutions of the Boltzmann equation and of the Landau equation when the initial data is
not a Dirac measure. To this aim, they used an efficient probabilistic tool: the Malliavin
calculus for processes with jumps in [18] and the Malliavin calculus for white noises in
this thesis Chapter 2. From the result of Guérin and Méléard (see Chapter 3) on the
convergence of the probability measure solutions following the asymptotic of grazing
collisions, it seems to be natural to study the convergence of function solutions.

In the asymptotics of grazing collisions, we only consider collisions with an infinitesimal
angle of deviation. To this aim, we renormalize the cross-section ( of the Boltzmann
equation to concentrate on such collisions. We use the approximation introduced by
Desvillettes [10]: for any € > 0, let 5° be the function defined on [—em,en| \{0} by

FO)= (9) (43)

We notice that the mass of the function 3° concentrates on the values of # near of 0
when ¢ tends to 0, i.e. when the collisions become grazing, in the following sense:

for any 6y > 0, 5° (0) — 0 uniformly on 6 > 6, (4.4)
em 7 2
and / sin (5) B (0) do — A (4.5)

where A = 5 [76?(3(0)df > 0 is the constant appearing in the expression (4.2) of the
matrix a. This asymptotic (4.3) is a particular case of the one introduced by Villani
in [41], and used by Guérin and Méléard (see Chapter 3). We prove here the following
theorem:
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Theorem 1.1 Let 3 be an even function on [—m,w|\{0} satisfying Assumption (A).
Assume that the initial data Py is a probability measure with finite moments of all orders
and Py is not a Dirac mass.

We define 55(0) = €733 (0/¢) and we denote by f¢ the function-solution of the Boltzmann
equation (BE) associated with the cross-section 3¢ (obtained by Fournier in [18]). The
function f¢ is of class C*° on R? ([18] Theorem 3.2).

Then the sequence (f€(t,.))e>0 18 pointwise convergent on R? as € tends to 0 for any t > 0
and the limiting function f is the function-solution of the Landau equation. Moreover,
f(t,.) is of class C* and there is pointwise convergence of derivatives of all orders.

This theorem states a strong convergence result of solutions of the Boltzmann equation
to the solution of Landau equation for a Maxwell gas when the collisions become grazing.
Goudon [23] and Villani [41] proved a L'-weak convergence, but in the more general case
of soft potentials and in dimension 3. It seems that their methods can not give a stronger
result.

Theorem 1.1 gives a new proof of the existence of regular function-solution for the Landau
equation via a probabilistic approach.

We have to restrict our study to the dimension 2 because of the nonregularity of the
Boltzmann coefficients in R® ( see [21] Lemma 2.6). Fournier [18] built the functions f¢
using the Fourier transform of the probability measure solutions. Consequently, thanks
to the convergence of Chapter 3, it suffices to prove that the Fourier transforms of the
Boltzmann measure-solutions are uniformly bounded by integrable functions on R? when
the collisions become grazing to obtain the convergence of the function-solutions. The
proof is based upon a careful study of the results of Fournier [18].

In the last part of this paper, we use the Monte-Carlo algorithm following the asymptotic
of grazing collisions developed by Guérin and Méléard, in Chapter 3 Section 4. We firstly
simulate the convergence of solutions of the Boltzmann equation to the solution of the
Landau equation for a degenerate initial distribution, and then we observe the behaviour
in time of the solution of the Landau equation and of its entropy.

The paper is organized as follows. In Section 2, we give some definition connected with
the probabilistic approach of the Boltzmann and Landau equations. Then, we give the
main ideas of the proof of Theorem 1.1. We detail the proof in Section 4. At last, some
simulations of the solution of the Landau equation are given.

Notations
- Dy will denote the Skorohod space D([0, 7], R?) of cadlag functions from [0, 7] into R?.
- C%(R?) is the space of real bounded functions of class C? with bounded derivatives.

- M (R) is the set of matrices of order 2 x 2. The matrix A* is the adjoint of the matrix
A and the matrix I denote the identity matrix in Mj (R).

- The bracket (.,.) denote the scalar product in R?.
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2 Some Definitions

Let (3 be defined by Assumption (A) and ¢ be defined by (4.3). We define the Boltzmann
equation (BE?) associated with the cross-section [3°:

U Q) (BE)

with
Qur(f N0 = [ [T (o)) =~ 160 £ 0)) 6 () dba..

The collision operators of the Boltzmann and the Landau equations preserve momentum
and kinetic energy. Equations of the form (4.1) have to be understood in a weak sense,
i.e. f is a solution of the equation if for test functions ¢,

d

pr qﬁ tvdv—/qﬁ Q(f, f)(t,v)dv

As detailed for example in [18], a standard integration by parts and a compensation due
to the bad integrability behaviour of 3° yield to the definition of a function-solution of
the Boltzmann equation:

Definition 2.1 Let ¢ > 0 be fired. A function-solution of (BEF) is a function f*
satisfying for any ¢ € CE(R?) the equation

d

yr fg(t v)¢(v)dv = /R - KJ. (v, v,) f5(t, v)dv fe(t, v.)dv, (4.6)
where Kgs 1s defined by
KZZ (v,v.) = —=bVo(v).(v—u) (4.7)

s [0+ A0 -0 - 60) — A0) (0 -0) V6 () )57 (B)

—ET

with b = 5 [°7 (1 — cos #)3°(0)df

Using the conservation of the mass in (4.6), we introduce a definition of probability
measure solutions of (BE®):

Definition 2.2 Let € > 0 be fized. Let Py be a probability measure with a finite 2-order

moment. A measure family (Pf),s, is a measure-solution of (BE*) if it satisfies for any

¢ € C (R?)

s PEdv) = [ $(v)Po(dv) + / / (v, 0.) P* (dv) P* (dv,) ds  (4.8)
R2 R2 R2xIR2
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In the same way, we give the following definition of a function-solution for the Landau
equation:

Definition 2.3 A function f is a function-solution of (LE) if f satisfies for each ¢ €
C (R?)

d

pr f(t v)¢ (v)dv = / L? (v,v4) f(t,v)duf (¢, v,) dv (4.9)

R2 xRR?
where L? is the Landau kernel defined on R? x R? by :

2

(v, v) Z ) aij (v—v,) + Z 0;p(v) b; (v —vy)

1,j=1 i=1

with b; ( 28 a;; (z) = —Az.

We also state a definition of measure-solutions of (LE) as in Definition 2.2.

Remark 2.4 We notice that the Boltzmann kernel Kgs is pointwise convergent on R? x
R? to the Landau kernel L? when € tends to 0 for any ¢ € C? (R?) (See for example [25]

or [41]).

3 The convergence of the function-solutions

We give in this section the main idea of the proof of Theorem 1.1.

In all the following, P, is assumed to be a probability measure with a finite two-order
moment and [ a positive even function on [—m, 7]\{0} satisfying Assumption (A).

In the probabilistic study of the Boltzmann equation, we consider in fact (4.8) as the
evolution equation of the flow of a jump process. The distribution of this process will
be solution of the following nonlinear martingale problem:

Definition 3.1 Let ¢ > 0 be fizred. We say that a probability measure P° on Dy solves
the nonlinear martingale problem (M P*) starting at Py if for X the canonical process
under P¢, the law of X, is Py and for any ¢ € C} (R?),

b (X;) — / R2K¢ (X,,v,) P? (dv,) ds (4.10)

is a square-integrable martingale, where P; is the marginal of P* at time s.

Remark 3.2 Taking expectation in (4.10), we notice that if P¢ is a solution of (M P?),then
(F¥) >0 18 a measure-solution of (BE?).
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Fournier proved in [18] the existence of a solution P¢ of (M P?) for any € > 0. Moreover,
Guérin and Méléard in Chapter 2 stated the tightness of the sequence (P€),., when
the collisions becomes grazing (¢ — 0) in the more general case of soft potentials and
in dimension 3 (using the same arguments, the convergence theorem is still true in
dimension 2). In the particular case of Maxwellian molecules, there is convergence of
the sequence (P°)_., to the measure-solution of the Landau equation (LE) thanks to
the uniqueness of this solution (see Chapter 2 Corollary 1.7). We will use those results
under the following form:

Theorem 3.3 Let 3° = ¢33(0/e). For any € > 0, there erists a solution P¢ of the
martingale problem (M P®). Moreover, the sequence (P%).~¢ converges as € goes to 0
to a distribution P which time-marginal family is the measure-solution of the Landau
equation.

Let us notice that to obtain a function-solution from a measure-solution (Ff);>o, it
suffices to prove that V¢ > 0 Pf admits a density f¢(¢,.) with respect to the Lebesgue
measure on R?. Then the function f¢ satisfies Definition 2.1. Fournier [18] stated the
following theorem using the Malliavin calculus for processes with jumps:

Theorem 3.4 Let ¢ € (0,1) be fizred. Assume that Py is not a Dirac measure.

1) The Boltzmann equation (BE®) admits a function-solution f* with initial data P.
2) If Py belongs to LP for anyp > 1, then for anyt > 0, for any couple o = (a1, ap) € N2,
there exists a constant C§, such that the following inequality holds for all ¢ € C* (R?)
with compact support

< Cra Il (4.11)

[ 2 @) P (a)

6a1+a2
o o .
9%1z, 02z,

f¢ is infinitely differentiable on R? and is given by:

where 0, denotes the partial derivative Consequently, the function-solution

Ft0) = 1 [ o)
R2

472

where Pf 1s the Fourier transform of Py.

We want to state the convergence of the function-solutions f¢ of the Boltzmann equation
(BE?) when the grazing collisions prevail.

Thanks to the convergence of measure-solutions (P5);>o of the Boltzmann equation to
the measure-solution (P;)¢>o of the Landau equation (see Theorem 3.3), the sequence

(Pf) is pointwise convergent on R? to the Fourier transform B, of P,, for any ¢ > 0.
e>0

Approximating the functions ¢(v) = €'<**> with x = (x1,z2) € R?, by compact support

functions of class C*, we obtain from inequality (4.11) that Vz € R? and Vay, ay > 2

Be(a)| < int {1, St
F@)] <infy L Zare

1 +2
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Thus if we prove that the constants C§, are uniformly bounded in € by a constant C,
for any o € N?, using the Lebesgue theorem, we easily deduce that the function-solutions
f¢ (t,v) (and its derivatives of any orders) of the Boltzmann equation converge as € goes
to 0 to the function-solution f(t,v) = [q. P,(z) €<v>dz (respectively, its derivatives)
of the Landau equation for any v € R? and ¢t > 0. Consequently the theorem will be
proved.

4 The proof of Theorem 1.1

We assume from now without restriction that € € (0,1/2].

To state that the constants Cj, appearing in (4.11) are uniformly bounded in &, we
have to study the proof of Theorem 3.4. Fournier, [18], proved the existence of function-
solutions by the mean of a nonlinear differential equation giving a pathwise version of
the probabilistic interpretation.

4.1 The Pathwise approach

Let € > 0 be fixed, Py be a probability measure with a finite 2-order moment and
satisfy Assumption (A).

Let us consider two probability spaces to highlight the nonlinearity of the equation : the
first one is the abstract space (€2, F, { F; }+c[o,r), P) and the second one is ([0, 1], B([0, 1]), da).
The processes on ([0, 1], B([0, 1]), da) will be called a-processes, the expectation under
da: will be denoted by F, and the laws by L,.

On (Q,F, P) we consider a Poisson measure N¢ (df, da,dt) on [—m,n| x [0,1] x [0, T]
with intensity measure v° (df,da,dt) = (° (8) dfdadt and with compensated measure
Ne (df, da, dt).

Theorem 4.1 (see [18] Theorem 2.8) Let Vi be a random variable with distribution
Py. There exists a couple of processes (VE,W¢) on 2 x [0,1] satisfying the nonlinear
stochastic differential equation (SDEF):

t 1 ET
ve=vor [ [ [ a0z - Wi (@) (ds,da do)
0 0 —ET

t 1
—bs/ / (Ve —=W: (a)) dods
0 Jo
with £ (V) = Lo (WF) = P¢

Moreover E[ sup |VE|!] = B[ sup |Wf|?] < co. There is uniqueness in law of P°.
0<t<T 0<t<T

Corollary 4.2 Thanks to Ito’s formula, the measure P is also a solution of the mar-
tingale problem (MP*). Consequently, (Pf),s, i a measure-solution of the Boltzmann
equation for Mazwellian molecules. -

Let us denote from now by (V¢ W¢) the couple solution of (SDE?) and P* the distri-
bution of the process V* obtained in Theorem 4.1. Let us give a technical lemma (see
Chapter 3 Section 3.3):
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Lemma 4.3 Assume that Xy is a random vector in R? belonging to LP for any p > 1.
Then for any T > 0, p > 1, there exists a constant K, independent of € such that

Bl sup Vi) = Bl sup |[W;J?] < K, (4.12)
0<t<T

0<t<T

Using the Malliavin calculus for a stochastic differential equation driven by a Poisson
process, Fournier, [18], proved that each time-marginal Pf satisfies (4.11) for any ¢ > 0
and the coefficients C§, depend on the Malliavin derivatives of V. Consequently, to
control C we have to estimate the Malliavin’s derivatives.

4.2 Some recalls on the Malliavin calculus

The Malliavin calculus in the case of a stochastic differential equation driven by a Poisson
process, also called the stochastic calculus of variations, has been adapted to the case
of the Boltzmann equation by Graham and Méléard, [25], and Fournier, [18], from the
arguments of Bichteler, Gravereaux and Jacod in [5] and [6].

Let us consider a fixed time interval [0,T], T > 0. Let ¢ € (0, %} be fixed.

Let us explain the main idea of this framework. We build a perturbation replacing
§ with 6+ < A, v° > in order to obtain a new family of random measures N5 (for
A € A, A being a neighborhood of 0 in R? and v* a well-chosen predictable function
from Q x [0,T] x [—&bp,eb6p] x [0,1] to R?). Then, we build a family of probability
measures P = G .P° on  such that L ((Vo, N5)|P5) = L((Vo, N°) |P?). By this
way, we obtain a perturbed process Vy satisfying £ (V§,|P5) = £ (Vf|P¢), and thus
E[p (V)it) i,t} = E[p (V¥)], for any Borel bounded function ¢ on R?. Differentiating
this equality at A = 0, using an L?-differentiate of Vx; and G5 ;, we finally obtain an
equality of the form

Ele' (V7)) .DVi] = —Ep (V) DGY]

which is the first step to satisfy inequality (4.11) of Theorem 3.4.

Consequently, the constant C§, appearing in (4.11) depends on the moments of the
derivatives of V7, of det '(DV}?) and of the derivatives of DG5. Under some assump-
tions on the initial data P,, Fournier, [18], obtained estimates of those moments. Conse-
quently, we still have to state that those moments are uniformly bounded in ¢ to prove
Theorem 1.1. The derivatives of V;* and DGj depend strongly on the random function
v® introduced in the perturbation. The function v used by Fournier in [18] does not
allow to obtain uniform bounds of the moments in € € (0,1/2] (see Remark 4.5). So, we
consider another perturbation which we describe now.

4.3 The perturbation and the Malliavin derivatives

Let 6° be a nonnegative even function on [—&fp, €6y defined by

6% (0) = cet g ( — ﬂ) (4.13)

890
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with ¢ a constant independent of & such that ¢ < [65 (6 +7 4+ 2 +r27"1)] '. We notice
that

5 (0) + (59 ()] < 1.

Let ¢° be a R?-valued predictable function such that for any w,t, o,¢, the map § —
¢° (w,t,0,a) is of class C! with ||¢°|| , + [|¢“'||, < 1 where ¢’ is the derivative of g with
respect to 6.

We then define the random function v* on  x [0, 7] x [—&6y, €6y X [0, 1] by

v® (w,t,0,a) = ¢° (w,t,6,a)6° (0) (4.14)

We denote v*' the derivative of v* with respect to 6.
Let A C B(0,1) be a neighborhood of 0 in R®. For A\ € A, we consider the following
perturbation

YoM (w,t,0,0) = 0 + (A0 (w,t,6,0)).

We notice that the map § — 7** (w,t, 0, @) is an increasing bijection from [—&fy, £6]
into itself (for any e < 1 and || < &b, [v*' ()| < 1 thanks to the choice of c).

Recalling that 8 = (; + [y, the Poisson measure N split into Ny + N;, where Ny
and N; are independent Poisson measures on [0,7] x [0,1] x [—m, 7] with intensities
vo(dl, dar, ds) = (p(0)dfdads and v (df, da, ds) = (1(0)dfdads respectively. We denote
by NO and Nl the associated compensated measures.

For A € A, we define No* = 4= (N¢) the image measure of N¢ by the map v=*: if
A C[0,T] x [0,1] x [—¢&by, eb,] is a Borel set,

T 1 )
NOE’A (w,A) = / / / I4 (5, M (w, 5,6, @) ,a) N; (w, df, da, ds) .
0 0 —ebo
We consider the shift S5* defined by
Voo 85 (w) = Vo (w), NEoS* (w)=N;*(w), and Nt o S5 (w) = N7 (w).

Proposition 4.4 Let G°* be the Doléans-Dade martingale:

t 1 ebo _
Gt =1+ / / / G (Yo (5,0, ) — 1) N§ (df, dav, ds)
0 0 —ebo
where Y is the following predictable real valued function on Qx [0, T]x[—&fy, e8] x [0, 1]

Bs (v (w,t,6, )

Vo2 (w,5,0,0) = (L+ (0,07 (0,1,0, 0)) =58

Then G5 is positive for any t € [0,T].
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Proof. Let us notice that
VA (5,0,0) — 1] < ]\| & (9)

with d° () = 6°(0) + |6° (0)| + r27 16|éf) According to Appendix Lemma 6.2, d° €

ﬂ LP (55 (0) df) with moments uniformly bounded in . Consequently, G** is well de-

ﬁned and if
t 1 ET
M =1 -|-/ / / (YE’)‘ (s,0,0) — 1) N¢ (df, da, ds)
0 0 —EeTm

then (see Jacod, Shiryaev, [28] p. 59),
Gt =M T (14 AME) e,
s<t

Moreover, since € < 1/2, for |6| < &6y

‘Ym (5,0, ) 1| < & (0) < %CGS [90 +r+2 +7"2r_1}
< 1/2

thanks to the choice of ¢ (see (4.13)). Thus, the jumps of M®* are greater than —1/2
which implies that G5 is positive. m

Let P** be the probability measure defined by P** = G?A.PE. Using the Girsanov

Theorem for random measures, we notice that P=* (SE ’\)_1 = P* (for more details see
[18] Proposition 3.7). We consider now the perturbed process Ve = V¢o S, Using the
results of Fournier, [18], and Lemma 6.2, we notice that V=* and G** belong to L? for
any p > 1 with bounded moments in €, and they are differentiable at A = 0. Following
the proofs in [18] Section 3.2, we can give the expressions of their derivatives:

- the derivative of G** at A\ = 0 is the following random vector in R?

DG: = ///_9( (s,0,a) — rw>ﬁg(d0,da,ds)

- the derivative of V;® is a 2 x 2 matrix which satisfies the equation ([18] Theorem 3.12)

pVE = / DVeds + / / " A(B)DVE N (8, da, ds) (4.15)

/ / / A0V Wi (@) (475, 6,00)" N (00, s, )

which can be also written ([18] Proposition 3.15)
DVf = M:.H? (4.16)

where M* is the following invertible Doléans-Dade martingale

£ t t 1 ET 5
Mf:]—% / Meds + / / / A(6) ME. N* (d6), dov, ds) (4.17)
0 0 0 —ET
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and
Hy = /0 /0 /_ . (M) (I +A(0) LA (0) (VE — WE () (v (5,0, )" N (da(, do )ds)
4.18

We want to state that the moments of the derivatives of V¢, of det™' (DV) and of the
derivatives of DG} are uniformly bounded in . We will just give here a detailed proof
of the term det~'(DV}f). We easily obtain the bounds for the two other terms studying
the construction of DGS and of DV ([18] Section 3.2), using the definition (4.14) of v*
and the bounds given in Lemma 6.2.

Remark 4.5 The derivatives of V7 and of DGY depend strongly on v¢. The choice of v°
is important. The moments of DG5 are uniformly bounded in €, if there exists a positive
constant K, independent of € such that

/0 " <55(9) +107(0) + r(sgée))Z B5(6)do < K,

The moments of DV,® are uniformly bounded in €, if there exists a positive constant K,
independent of € such that

elo
[ semen <K
0

Nevertheless, the integral foseo 0(0)35(0)dl must not tend to 0 as € goes to 0. If not, the
variable DV converges to 0 in L? as ¢ tends to 0 (see Ezpression (4.15) of DV) , and
we have no hope to obtain uniform bounds for the term det '(DVY).

In the sequel, we will consider more precisely the perturbation v® defined by
v (1,0,0) = g (V- =W (o), M{-,0) 6 (6)
with for any z € R?, y € M, (R)
7(@y,0) = (AO)2) (I+A0)7") (™) ¢(z,9,0)
((z,y,6) = h(A(0)z)k(I+A(0))k(y)

where §° is defined by (4.13) and the functions h and & satisfy the following assumptions:
- h is the function from R? to (0,1] defined by A(z) = (1+ ||*)

- k is a function from M,y (R) to [0, 1] such that % (y) = 0 if and only if dety = 0 and
such that the map

(y™) " k(y) if dety #0
y— { 0 if dety =0 (4.19)

is of class C;° from M, (R) to itself.
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Consequently, the process H® introduced in (4.16) writes

xC (Ve =W (o), M-, 0)6° (6) Ng (df, da, ds)
with for any z € R?,
[ (2,60) = (I+A(0)" (4 (0)2) (4 (0)2)" (L +A©6)7)"

4.4 Study of det™}(DVF)

Since the derivative of V) can be written as DV)® = M;.H; for any t > 0, we study
independently the term M; and the term H;.

Theorem 4.6 Assume (A) and Py € NyesoLP. For every t > 0, (det M)~ admits
moments of all orders uniformly in €.

Proof. By [18] Theorem 3.20, M is invertible and its inverse (M;)~! satisfies the
equation

(Mte)il _ I—b_E (M)~ ds—/ / / (Me)~ I+A(9))_1A(6)N5 (d8, dev, ds)
// | A@) 1+ a0) A 6) 5 6) dbdads 4.20)
with
(I+A(0)'A(0) = %(? —01)
and

A(0)(I+A(0))A () = 20 (—sine 1-coso)

1
§c050+1 cos@—1 —sinf

Since [ 620 (0) df < oo, the sequence (b°),., is bounded.
We notice that,

([ |sinf| \" . _ _2/7r sinef] \?
/m<c080+1 B (6)do = e _x \cosef +1 5(6) df

and for any ¢ € (0, 5], the function

|sin £6|

6 —
cosel +1

p(9)
is continuous on [—m, 7| \ {0} and for € small enough,

|sin £6| <l
—<s¢
cosef+1 —
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Consequently, the sequence ( f (Cfigi‘l)p () dH) oo is bounded for any p > 2.
e€(0,1/2

Using the same arguments, we notice that the integrals

T (sin? 6 + |sinf (1 — cos )] \* ™ (sin?ef + |sinef (1 — coseh)|\”
“(0)df =2 6)do
/ ( cosf +1 ) g (6) ¢ / < cosef +1 ) 8®)

—ET ™

are uniformly bounded in ¢, € € (0, 3], for any p > 1.
Then, using usual estimates, Gronwall’s Lemma in (4.20), we easily deduce that for any
p > 1, there exists a constant K, (independent of ¢) such that Ve € (0, 3],

E[(M{)™"] < K,
Thus, (det M7)™" is uniformly bounded in € in L? for any ¢ > 0. m

Theorem 4.7 Assume that (A) is satisfied and Py € LP for any p > 1. For everyt > 0,
(det HE)™" admits moments of all orders uniformly in €.

Lemma 4.8 The map (¢,t,Y) — L ((VF,Y)) is weakly continuous on [0,1] x [0, T] x
{Y eR?: [Y| =1} where P} = L (V}?) is the measure-solution of the Landau equation

at time t.

Proof. Let (¢, t,,Y,) be a sequence such that (en,tn,Y,) — (g,¢,Y) in [0, 3] x[0,T] x
n—oo

{Y eR:|Y|=1}.
Let ¢ € C? (R) and we define ¢y on R? of class CZ by v — ¢y (v) = ¢ ({(v,Y)). We
consider the sequence

We want to state that d, — 0 as n goes to +o00.
Let (Z',Z?) be the canonical process on Dy x Dy. Let us define P;» = £ (Vi").

If £ > 0: Since the family of time marginal (Ptin)mo of the probability measure P*" is
a solution of (4.8), we notice that : -

dy = Bliv (6) =y, (0l + | Breore [K32 (21, 20)] s

tn
+ / (EPE@)PE [Kg’: (Z;,Zg)] — Epengpen [K;”Y (Z;,Zf)]) ds
0

Since v is globally Lipschitz, obviously A,, tends to 0 as n goes to +oc.
We rewrite the term C,, under the form:

tn
Cn = / (EPE(X)PE [Kgsy (Zsla ZSQ)] - EPE”@PE" [ng_? (Zsl’ ZSQ)]) ds
0
tn
[ (e [ 223 e [ (22
0

tn tn
+ / Epenspen [K70 (22, 22) ds + / Epengpen K320, (21, 72)| ds
0 0
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We easily prove the convergence of the law P°» ® P°" to P° ® P° when n goes to +00.
For any ¢ € C? (R), € > 0 fixed, the function (v,v,) —> Kgs (v,v,) is continuous and a
simple computation shows that for any v, v* € R?

‘ng (v, )

<Ol [ 1025 @) a8) |o— o+ 1600wl (421

Using the bounds (4.12) of the moment of V¢, we deduce that B,, and C,, converge to 0
as n goes to +00. So d, — 0 when n tends to +oo.
Thus the function (,t,Y) — L((V{,Y)) is weakly continuous on (0, 3] x [0,T] x
{YeR:|Y|=1}.

If e =0: As (R;")wo and (P)),,, are measure-solutions of the Boltzmann equation
and of the Landau equation respectively, we rewrite d,,:

t
b = By (Vo) — vy, (V)] + / Bpopo L (21, 22)] ds

tn
T / (Bonoen (L7 (21, 22)] ~ Bpnope K23 (21,22)]) ds
0
= A,+ B, +C,

As in the previous case, we divide the term C], into three parts
c, = / " (Bpowro [L%7 (22, 22)] = Epenopen [ iz (71, 22)]) ds
0
= [ B [ (2, 22) ~ 12 (2,2 s+ [ Bosaren [165270 (21,2)] s
0 0
X / (EP0®P0 [Kgg; (z;,zg)} — Epengpen [Kg; (z;,zg)]) ds
0
We notice that for any ¢ € C? (R), v,v, € R?

L (v,0.) < C (0"l [v = vl + 1/ | [0 — vu])

Using the same arguments as above, the convergence of the Boltzmann kernel to the
Landau kernel and the convergence of measure-solutions of the Boltzmann equation to

the measure solution of the Landau equation, we obtain the convergence of d, to 0 as
n — +oo. Consequently, £ ((V;*,Y,)) — L[V, Y)).
n— 00

Finally, the map (¢,¢,Y) +— L((VF,Y)) is weakly continuous on [0, 3] x [0,7] x
{YeER:|Y|=1}. =
We now state a technical lemma of nondegeneracy of the law of V:

Lemma 4.9 Assume that (A) is satisfied, Vo € Np<ooL? and E [Vy] = 0. Let ty > 0 be
fized. There existsn >0, ¢ > 0 and & > 0 (depending on ty) such that for any € € [0, %],
for any t € [to, T| and for any X, Y € R? with |Y| =1,

P(VF=X, YV >n[ViP <€) >q

where L(V?) is the solution of the Landau equation at time t.
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Proof. Fournier ([18] Lemma 3.22) proved this Lemma for any fixed ¢ > 0. So we study
step by step his proof to state that n, ¢ and £ do not depend of €.

Let us notice that it is enough to show that there exists n > 0, ¢ > 0 such that for any
t € [to, T], for any £ > 0 and for any X,Y € R? with [Y] =1,

P((Vf =X, Y)">n) >2q

Indeed, since sup,sq £ [SuPogth |V;E|2} < K, using Bienayme-Tchebichev’s inequality,
there exists & > 0 such that P (|Vf|2 < f) > 1— q and & does not depend of .

Stepl: Let t > ¢y, € > 0 and |Y| = 1 be fixed. The distribution of V;F admits a density
with respect to the Lebesgue measure, hence the distribution of (V,5,Y") has a density on
R. Using the conservation of the momentum, we notice that £ ((VF,Y)) = E ((Vo,Y)) =
0.

Consequently, there exists 7 (¢,¢,Y) > 0 and ¢ (¢,¢,Y) > 0 such that

P <(Vf,Y} > 1 (st Y)) > 2¢(e,4,Y) and P ((W,Y) < 1t Y)) > 2¢ (5,1, Y)

Step2: Using Lemma 4.8 and Portemanteau’s Theorem, for any ¢ € [ty,T], for any
e € [0,1] and Y € R? with |Y| = 1, there is a neighborhood V (¢,t,Y) of (¢,t,Y) such
that for any (¢/,¢,Y") € V (¢,t,Y)

PV Y") > Ve 1Y) > 24(e,1,Y)

We consider a finite covering UY.,V (e;,t;, Y;) of the compact set
[0,3] % [to, T] x {Y e R? : |Y| =1}
If we define n = inf,<n 7 (€5, ;,Y;) and ¢ = inf;<n q (€5, %, Y;), we notice that

PV, Y) > Vi) > 2

for any (¢,¢,Y) € [0, 3] x [to, T] x {Y e R? : |[Y| = 1}.
In the same way, P ((VF,Y) < —\/1) > 2¢ for any t € [t,T] and Y € R? with |V| = 1.
Step3: Let X € R?, t € [ty,T], ¢ > 0 and |Y| =1 be fixed. If (X,Y) <0,

P((Vf-X,Y)*>n) 2 P((V5,Y) > i) > 2
and if (X,Y) > 0,

P (Vi =X, Yy >n) =2 P(V5,Y) <—vn) > 2
The lemma is proved. m

Proof. (Theorem 4.7)

We fix ¢ty > 0, and we prove the theorem for every ¢ > ¢, which suffices.

We choose & such that & (y) = 1 as soon as |det y| > do with dy = inf|g<g, |det (I + A (6))] >
0.
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First of all, we prove that (det (F€H¢))™' belongs to L? uniformly in e for any p > 1
where F* is the random variable defined by
5\ —1
s€[0,T1] 0;0) }

((Mf_)_1>* " the operator norm of ((M;f_)_l)* and & defined by Lemma 4.9.

To this aim, using Lemma 6.1, we estimate the quantity for p > 2

F* = sup {(1+%(|Vf|2+§)) x (k (M;-) H((Msgf)_l)*

2
with

E = E[/ |X|pexp(—X*FEHfX)dX}
X€R?
= / P’E [exp (—p2F5 X Y*HfY)} dYdp
p [Y|=1

Thanks to Lemma 4.9, we can state (see the proof of [18] Theorem 3.24) that for p > 0,
t>tyand Y € R? with |V] =1,

E [exp (—=p?F° x Y*H;Y)] < exp <—q (t — to) /0600 (1 e~ (0 ) 3 (0)d )

with 7 independent of ¢ issue from Lemma 4.9. Thus, there exists a constant K > 0
(independent of €) such that for any p > 1,¢ >ty and £ > 0

E < K/oop”exp (—q (t —to) /500 (1 — 6*/727765(0)) B (0) dG) dp
0 0

Moreover, using Appendix Lemma 6.3, we can write

K[\/F “+00

E < i P exp (—K1p?) dp + g P’ exp (—K25_T+1 r+l) dp]

where K7 = qC (t —tg), K3 = qCs (t — to) are positive constants independent of & (with
C; and Cs constants defined in Lemma 6.3), and k¢ = 2029, "e=2/¢.
Let us study the first term.
We notice that £° 2 ~+o00, thus we can write for ¢ small enough

Vke vk
PP exp (=Kip®)dp < 1+ / p* exp (—K1p?) dp

1
ke

1+ [ plexp(—Kip)dp
1

< Cryp (14 (k%) exp (—K1 k%))

0

IN

with Ck, , a positive constant independent of €. Consequently, this integral is uniformly

bounded in €, € € (0, 1].



114

Let us now study the second term

Foo 4 r—1
P’ exp (—Kgg_mem) dp.
Ve

We notice that K26_$ — 400 and k* — 400 when ¢ tends to 0. Let us recall that
r—1

r € (1,3), then for any ¢ > 1, for any € > 0, p?exp (—Kzsfr%/fm) — 0 as p goes to
+o00. Consequently, there exists €9 > 0 such that for any ¢ < ¢q, for any p > Vk®,

pp exp (—K2€7’I‘;1‘1 p2::—i) < p_2

and

+oo

. PP exp (—Kas‘ﬁpzrﬁ) dp < / p~2dp
kE

IA
—
o
™
~—
L
~
N

which implies that

+o0o 1

P’ exp (—Kzs_flpx:rl) dp — 0.

e—0

Vke
We then deduce that for any p > 1 there exists K, independent of ¢ such that

E [ / I X|” exp (—X*FHE X) dX] <K,
XeR?
We conclude that for any t > o, (det FEH;) " = ((F*)*det Hf)f1 belongs to LP uni-
formly in ¢ for any p > 1.
Moreover, it is possible to choose k such that F* < F} x F5 with
5\ 1
op)
The random variable Ff has moments of all orders independent of ¢ thanks to (4.12).
From the definition (4.17) of M*, we easily prove that the moment of sup,¢jo 1 |M;| are

uniformly bounded in €. So we obtain that F; has the same property thanks to Theorem
4.6 and the following estimate (see the proof of [18] Theorem 3.24) ,

1
FY =sup <1 +7 VEP + %) and F; = sup (k (M%)

[0,7] [0,7]

()

F5 <sup (1+ |M:[®) x sup ‘(Mj)_1|2.
[0,T) [0,T]

Thus, for any p > 2, there exists C,, > 0 such that for any € € (0, 3],

E[[det H;| "] = E[[F| x |det (F°H;)| 7]
E [|F*|)? B [|det (F* H;)[ ] ?
Cp < o0.

IN A
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The theorem 4.7 is proved. m

Consequently, according to Theorem 4.7 and Theorem 4.6, for any p > 1 there exists a
constant C, such that for any € > 0

Elldet(DVy)| *] < G,

Then, Theorem 1.1 on the convergence of the function-solutions is proved.

5 Some numerical results

Guérin and Méléard (see Chapter 3 Section 4) built a Monte-Carlo algorithm of simu-
lation by a conservative particle method following the asymptotic of grazing collisions.
In this section, we will use this algorithm to simulate the convergence of the function-
solutions of the Boltzmann equation to the function-solution of the Landau equation.
Let us consider an initial measure

Py = % (5(—1,1) + 5(1,—1))

and the following approximation ° of the grazing collisions

1 I
2me3 sin (5 0 ~)? e<|¢|<n

g(0) =

Let € > 0 be fixed. We define (V&!",...., V") the n-particles system in (R?)" introduced
by Guérin and Méléard (Chapter 3 Section 4) which is a (R?*)"-valued pure-jump Markov
process with generator defined for ¢ € Cy((R?)") by

Z / (V" + €. A(0) (v; — vj) + ;. A(0) (v; — v;)) — gﬁ(v”))ﬁs(ﬁ)dO

1<z J<n

Here v" = (vi,...,v,) denotes the generic point of (R*)" and €; : h € R? — e;.h =
(0,...,0,h,0,...,0) € (R?)" with h at the i-th place.

They have proved in Chapter 3 Theorem 4.1 that the empirical measure y° = % Yo Oyein
on P (Dr) associated with the system converges to the measure-solution P of the Landau
equation when n tends to 400 and ¢ tends to 0. Then, for any ¢ € C, (Dr),

_qu (V") 5o L o) Pldo) (4.22)

e—0

Let us explain how we simulate the function-solution from the particle system.
Let ¢ > 0 be fixed. Thanks to the convergence of the empirical measure p°, the function
9ni ', o0 R? defined by

n

1
—_— E7n —_— . .
T = ($1,$2) ? gh1,h2 (I) - ’I’thhQ 2 :]Iz1<\/f,’1m§z1+h1']Ia:2<VtE,§m§zz+h2
=1
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1
converges to Fj, 4, (z) = // P, (dv) as n — 400 and ¢ — 0 for
hihy (z1,21+h1] X (z2,22+h2]
any step hi, hy > 0. Moreover, the function Fj, 4, (z) is pointwise convergent to the
density f (t,z) of the probability measure P; on R? when hy, hy — 0. Thus, the function
g,ifm is an estimator of the function-solution f of the Landau equation.

For the simulations, we consider 500000 particles and we choose the step hy = hy = 0.1.

We first observe the behaviour of the entropy of the solution f of the Landau equation
which is defined by

H(t) = /R F(t,0) In(f (£, v))do

Replacing the density f with its estimator gfl’:hQin the expression of H, we simulate the
entropy and we observe in Figure 1. its evolution in € when ¢ = 0.005.

Entropy

4.0
3.5 7
3.0 7
257
2.0 7
157
1.0 7|
0.5 7
0.0 7

-0.57 1/epsilon

Figure 1. Evolution in 1/¢ of the entropy.

The choice of € = 0.1 seems to be reasonable to describe the Landau behaviour.

From now, we fix ¢ = 0.1 and we observe in Figure 2. the decay in time of the entropy
of the solution of the Landau equation. We note that the entropy converge to —2.833
when ¢ goes to infinity.
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Entropy

time

Figure 2. Evolution in time of the entropy.

Moreover, Figure 3. gives the behaviour in time of the function-solution f of the Landau
equation (¢ = 0.1). We observe a result proved by Villani [40]: the convergence of f to a
Maxwellian function. As the 2-order moments of f are given by the following expression
(see [40] Section 2.)

2
/ vv; f(t,v)dv = (1 — e *)4;, %Po(dv) + eSt/ v;v; Py(dv),
R2

R2 R2

the function f converges to the following Maxwellian function when the time goes to
infinity

Let us notice that the entropy associated to M is equal to —1 — In(27) & 2.838 which is
approximately the limit value obtain in Figure 2.
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t=0.01 t=0.1

t=0.3 t=2

Figure 3. Evolution in time of the function-solution of the Landau equation.

6 Appendix

We first mention a useful lemma proved in [5], page 92.

Lemma 6.1 For any p > 1, there exists a constant Cy, such that for any 2x2 symmetric
positive matriz A,

(det A) P < C, | X |72 e X AXgx
XeR2

Let us now give some estimates on the function ¢6° introduced in (4.14) and defined on
[—ebo, £60] by

_ el

5 (0) =ce 10" (1
(6) = cem " |6 e

with ¢ < [0 (r2 +r + 2+ 6,)] .
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Lemma 6.2 Assume that € € (0, %}
-6 € QIL” (65 (0) d) with moments uniformly bounded in .
P

- Let df (0) = 6° (6) + | (6°) (0) + 7“2”_1515'9). Then d° € Q2Lp (G5 (6) df) with moments
p=

uniformly bounded in €.

Proof. Let us recall that 3§ (0) = 736y (8/e) = koe" ™[0]I jgj<cq,- Thanks to the
choice of the constant ¢, the function 6 is bounded by 1. Then, it is enough to estimate
its first moment:

efo )
/ 6 (0) 55 (0)df < choe™ / 0df
0 0

ck00§
- 2
Then the first point of the Lemma is proved.

We notice that the function d° is also bounded by 1. So we just have to study the integral
0600 (7 (8))? B5 () df. The function d is the sum of three terms. We already know that

0500 (8¢ ())* 55 (0) df is uniformly bounded in . We estimate now the two other terms:
- Study of the second term:

9
(6°)' (8) = %er (1 - 87) - yiaerﬂ if 0 € [0, 6.
0 0

Thus

/0600 (5 (9)° 55 (6)do < ’foczf_"“)/:% <(’"+1)+i)20rd9

800

2
< kg AT
r+3

- Study of the third term:

ebo € 2 ebo
/ (5 0(9)> B (0)do < ke T / 0" df
0 0

02 98+1 k()

r+1

The lemma is proved. m

Lemma 6.3 Let r € (1,3) and x > 0. Let k¢ = 27+26; " Ve=2/¢.
a) For any x > k* there exists a constant C; > 0 independent of € such that

r—1

elp 4
/ (1—e ™ @) 35 (0)do > Cre™rrigr.
0

b) For any x < k° there exists a constant Cy > 0 independent of € such that

efg
/ (1 — 6—156(9)) ﬂg (9) df > Cyx.
0
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Proof. Since 35 (0) = koe"*|0] " Ljg<cq,, We write

I(g,x)

>

ebo efo
/ (1—e @) 35 (6) df = ko™ * / (1—e=®)g do
0 0

6o

k06r3A > (1 _efmSE(G)) 0" do

with 0° (9) = 260"+, We notice that k* = 1/4°(cl0).
We use in the proof the following inequality:

ifzxel0,1],1—e*>

v
>

a) The function §° is increasing and its inverse function is

(%) w

2€r—1

Cc

(

1/(r+1)
y) for y > 0.

N -1
If 2 > 1/6°(%%), we notice that (55) (z71) < =, thus

As 6° is an increasing function, zd° (#) < 1 for any 0 € [O, (55

conclude

I(e,z) > kosr_3/

I(g,x)

>

>

0

2

4

Koc
8

)76
(

() (=)
kot 2, / 0do
0

2
2\ "+t 4

<_) °
C

b) If x < 1/55(%), then we have clearly z6° (§) < 1 and

I(g,x)

k €dp
> 2 / 55 ()0 "do
2 0
L €fg
> M€ 2, / * 9do
> i
k069§
> .
= T3 !

1— e—m5£<9>) 6" do.
)—1

Ko s, / #E 6% (8) 67" dp

(xl)} . Thus, we



Appendice: Code de simulation

Voici le code de simulation, voir Chapitre 3 Section 6.1, du moment d’ordre 4 a I'instant
t = 0.1 d’une solution de 1’équation de Landau en dimension 3, via ’asymptotique des
collisions rasantes, pour v = —0.8 et pour la condition initiale suivante:

Q() (d?)) = H[,l/Q’l/Q]Sd’U

#include <stdlib.h>
#include <stdio.h>
#include <math.h>
#include <time.h>

const int n = 50000;

const int NbExp = 100;
const double M =6.0
const double e =
const double t = 0.
const double PI = 3.1415926536;

// loi uniforme

double unif ()

{

double res;

res = (random()+0.0)/RAND_MAX;
return res;

}

// loi de theta

double LoiAngle (double L10, double e0, double u0)
{

double res, aux;

aux = L10*u0;

res = 2.0*xe0*x(PI/2.0-atan(aux));
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return res;

}

// loi normale

double normal(double u0, double vO0)

{

double res;

res = sqrt(-2.0*1log(u0))*cos(2.0%PI*v0);
return res;

}

// modellisation d’une loi de poisson par le T.L.C.
long poisson(double n0, double lambdaO)
{

double resli;

long res;

resl = lambda0 +sqrt(lambdal)*n0;

res = (long)floor(resl);

return res;

// fonction psi
double psi(double x, double MO, double M10)
{
double res;
res = MO;
if (x>M10)
res = pow(x,(-0.8));
return res;

}

main(void)
{
long a, b, ¢, d, g, h, i, j, k, Nbs;
double B1, L1, L, L2, M1, ma, lambda;
double aux, phi, theta, ct, stsp, stcp, x, s, gauss, norm, normOl, psil;
double vO, vi, v2, IO, I1, I2, JO, Ji, J2;
double v[3][n];
double moyenne;
double vect[NbExp];
FILE *f;

double unif();
double LoiAngle(double, double, double);
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double normal(double, double);
long poisson(double, double);
double psi(double, double, double);

srand ( (unsigned)time (NULL)) ;

L=1.0/¢;

L2 = e/2.0; L1 = 1.0/(tan(L2));
Bl = L1/(PIxex*e);

f = fopen("EvoltO1l.dat","w");

fprintf (£, "\nxkkkkkskskkkkkkkkkkkokkkk\n'") ;
fprintf(f,"* Equation de Landau *\n");
fprintf (£, "k*xkkkkkkkkkkrkkkkkkx\n\n") ;
fprintf(f,"1/2-Norme L1 de beta : %f\n",Bl);
fprintf (f,"\nValeur de e : %f\n",e);

fprintf (f,"Valeur de L : %f\n",L);
fprintf(f,"Valeur de M : %f\n",M);
fprintf(f,"Valeur de t : %f\n",t);

M1 = pow(M,-1.25);

lambda = PI*n*B1*Mx*t;

moyenne = 0.0;

fprintf (f,"\nLambda : %f\n",lambda);

for (a=1;a<=NbExp;a++)
{

// nombre de sauts

gauss = normal(unif () ,unif());
Nbs = poisson(gauss,lambda);

// initialisation des vitesses
for (b=0;b<n;b++)

{
v[0][b] = unif()-0.5;
v[1]1[b] = unif()-0.5;
v[2] [b] = unif()-0.5;
}

// initialisation du compteur
k =0;

// choc des particules
for (c=1;c<=Nbs;c++)
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{
// choix de deux particules differentes
i = (long)floor(n*unif());
j = (long)floor(n*unif());
while (i==j)
j = (long)floor(n*unif());

v0 = v[0][i]-v[0][j];
vl = v[1][i]-v[1] [j];
v2 = v[2][i]l-v[2]1[j];

norm = sqrt(vO*v0+vixvi+v2*v2);

// test lie a 1’indicatrice
x = M+unif();
psil = psi(norm,M,M1);
if (x<=psil)
{
k = k+1;

// choix de theta
theta = LoiAngle(L1,e,unif());

// choix de phi uniformement sur [0;2*pi]
phi = 2.0*PI*unif();

stcp = sin(theta)*cos(phi)/2.0;
stsp = sin(theta)*sin(phi)/2.0;
ct = (cos(theta)-1.0)/2.0;

// coordonnees du repere mobile
norm01 = sqrt(v0*xvO+vixvl);
if (norm01==0.0)
{
I0 = v2; I1 = 0.0; I2 = 0.0;

JO = 0.0; J1 = fabs(v2); J2 = 0.0;
}
else
{
I0 = —norm*vl/(norm01+0.0); I1 = norm*v0/(norm01+0.0); I2 = 0.0;
JO = —-v0*v2/(norm01+0.0); J1 = —vi*v2/(norm01+0.0); J2 = normOi;
}

// nouvelles vitesses
v[0][i] = v[0][il+ct*vO+stcp*I0+stspxJO;
v[1]1[i] = v[1][il+ct*vi+stcp*Il+stspxJi;
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v[2]1[i] = v[2][i]l+ct*v2+stcp*I2+stsp*J2;
v[0]1[j1 = v[0][j]l-ct*vO-stcp*I0-stsp*JO;
v[11[j]1 = v[11[j]l-ct*vi-stcp*Il-stsp*Ji;
v[21[j1 = v[2][j]l-ct*v2-stcp*I2-stsp*J2;
}

// affichage de certains resultats
if ((c%2000000==0)&& (a’%20==0))
{
fprintf (f,"\nValeur de a : %d\n",a);
fprintf (f,"Valeur de ¢ : %d\n",c);
fprintf (f,"Norm : %1f\n",norm);
fprintf (f,"Valeur de V[0][1] : %1f\n",v[0][11);
fprintf (f,"Valeur de V[0][2] : %1f\n",v[0][2]);
}
}

if (a%20==0)

{

fprintf (f,"\nValeur de a : %d\n",a);

fprintf (f,"Nombre de sauts : %d\n",Nbs);
fprintf (f,"Nombre de test accepte : %d\n",k);
fflush(f);

fflush(fM) ;

ma = 0.0;

// moyenne sur nbre particules des moments d’ordre 4
for (d=0;d<n;d++)

{

aux = v[0] [d]*v[0] [d]+v[1] [d]*v[1] [d]+v[2] [d]*v[2][d];
ma = ma+aux*aux;

b

ma = ma/(n+0.0);

// moyenne des moments sur le nbre d’experiences
moyenne = moyenne+ma;

}

moyenne = moyenne/(NbExp+0.0) ;
fprintf(f,"\n Moyenne des moments d’ordre 4 %1f\n",moyenne);

fclose(f);
fclose (fM) ;
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