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TO�aT > u�KyÇI|{wyH�z{uSK�JÂL´DvJOE�H�D�JIÇÂLNz Á�JIH �J�H�H�J�H�J�H�H�J�N�H�J�H�J�H�H�J�H�J�H�N�J�H�1R �t_

���@? AB)���,CD�,�FEG'HCF�I����J������.4KL	�)�)� $'JC@���M	��G�,�N'(�8���I)��POQ	*.!��%(�R��S'T�U	
�M�*���V	�)��,�FE EXW 6

���HY Z[	+�8�
	��)����\'HC@���M	��]����.�'(���R��)��POX������8�^'D�_�V	�)��J�]�,�`��%(�R��S'T�U	
�S�PEaC@b�M�*���V	�)��,�FE E|E W

��� c ,#$w�� ."1��,.=Q*�0  .= (�"Q .�)0 ��4,.* ���rBl"+(e��,.=+*�0 ( =+�� .=Q$edZ,.�)*�*��)0 D+D�f

E � ����LdJ G � ��He�d��Nd�c�hgg� � x������ 	ji G �+i|K�� E|E <
R�� R  ´QSD=D�JI|}HA�.� FO|{JOÇOLNEGu�HGLNQÃLNz#�.w=J!�N�J�H�H�J�H�J�H�H�J�N�H�J�H�J�H�H�J�H�J�H�N�J�H�1R�\��
R��]\ A Q K=uSL�z{u�K �=JCÇIuSÈ²D=|}JP��z}L�F�K.w=È±FIE�z#�.w=J �J�H�H�J�N�H�J�H�J�H�H�J�H�J�H�N�J�H�1R�\�R
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Comment on “Elasticity Model of a Supercoiled

DNA Molecule”

Bouchiat and Mézard [1] have proposed a “wormlike
rod chain model” to describe recent experiments on DNA
mechanics [2]. Their model can be solved using an anal-
ogy with quantum mechanics, thanks to the local nature of
the effective Hamiltonian. The Letter concluded that the
continuum limit of DNA elasticity is singular and linear
response theory cannot be used in the absence of a cut-
off: For example, the curves of extension versus torsion
flatten in the continuum limit. We show here that this sin-
gular behavior is an artifact of an inexact formulation of
the writhing geometry. An exact formulation of the experi-
mental geometry needs no extra regularization.

The writhe, Wr � x
C
W �2p, of a closed chain is given

by the Călugăreanu-White formula [3]

xC
W �

1

2

ZZ L

0

r�s� 2 r�s0�
jr�s� 2 r�s0�j3 ?

dr�s�

ds
3

dr�s0�
ds

ds ds0,

(1)

where r�s� �

R
s

0 t�s0� ds0 is the position in space and L

is the length of the chain. Fuller showed that if we repre-
sent the tangent vector t by a point on the unit sphere the
area, x

F
W , enclosed by t�s� on the sphere [4], is related

to x
C
W . The relation between Fuller’s and Călugăreanu’s

formulas is

xF
W � xC

W mod 4p . (2)

Fuller’s result, expressed as a local integral, was used in [1]
to calculate the writhe. The authors find a Cauchy proba-
bility distribution, p�xF

W �, varying as 1��xF
W �2 for large

x
F
W due to winding of trajectories about the south pole of

the sphere. It is this broad distribution of probability which
leads to the breakdown of linear response. We proceed by
examining numerically the distribution function for writhe
in the two formulations.

We numerically generate a large equilibrated ensemble
of open semiflexible chains of 8 times the persistence
length, made of 8N straight links with t�0� and t�L� par-
allel. This assures that the path of t�s� on the sphere is
a closed loop. In order to use the Călugăreanu-White for-
mula, the chain must also be closed in real space. To do this
we extend the chain at each end with a long straight seg-
ment [5] in the directions 2t�0� and t�L� and then join the
two extremities with an arc of a circle, effectively closing
the chain at infinity; it is this augmented version of Eq. (1)
which determines the rotation angle measured in experi-
ments on open chains. We calculate x

F
W and x

C
W for each

chain from our ensemble and plot the integrated probabil-
ity P�xW � �

R
xW

2` p�x� dx . For the Cauchy distribution,

one expects x
F
W �

1

12P for large values of x
F
W .

Results are displayed in Fig. 1. The curves of P as a
function of x

F
W depend on discretization and converge to a

2 4 6
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FIG. 1. Inset: The integrated writhe distribution function
P�xW � computed with two different formulations of the writhe.
xC

W is not computed for N � 2700 due to computer limitations.
The main figure is a zoom of the top right corner of the inset.
One can compare the continuous evolution of x

F
W as N grows

with the stability of x
C
W in the same limit. An asymptote in

x
F
W �

1

12P observed in this figure corresponds to the Cauchy

distribution. The singularity of x
C
W is clearly weaker than

1

12P .
Statistical fluctuations of the curves are smaller than their width.

Cauchy tail. We have additionally verified that the curves
of x

F
W scaled by the factor

p
lnN converge very accurately

to a master curve as predicted in [1]. On the other hand,
x

C
W converges to a limiting curve as N grows. We find

no evidence of divergence of x
C
W as

1

12P nor evidence of

scaling with
p

lnN . From Fig. 1 we see that even for N

small, the Fuller formulation strongly overestimates the
statistical weight of large writhe fluctuations.

To conclude, we believe that fluctuations of semiflexible
chains are not divergent when going to the continuum limit.
A DNA chain has a persistence length of order 50 times
its radius; it is in a regime where Eq. (1) has reached
the continuum limit to a very good approximation. The
singular limit emphasized in [1] is due to the ambiguity
introduced by the modulo relation Eq. (2).
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Writhing Photons and Berry Phases in Polarized Multiple Scattering

A. C. Maggs and V. Rossetto

ESPCI-CNRS, 10 Rue Vauquelin, Paris 75005, France
(Received 17 May 2001; published 27 November 2001)

We study theoretically the polarization state of light in multiple scattering media in the limit of low
contrast in the refractive index. Linearly polarized photons are randomly rotated due to the Berry phase
associated with the scattering path. For circularly polarized light independent speckle patterns are found
for the two helical states. The statistics of the geometric phase is related to the writhe distribution of
semiflexible polymers such as DNA.

DOI: 10.1103/PhysRevLett.87.253901 PACS numbers: 42.25.Dd

Multiple light scattering techniques [1] allow the experi-
mentalist to probe deep into opaque, strongly scattering
samples and give information on both static and dynamic
correlations. The preferred way of interpreting these ex-
periments is via a field of scalar photons [2] which satisfy,
in the simplest analytic treatments, a diffusion or transport
equation. The phase of the wave associated with each path
is proportional to the optical path length sampled by each
photon. In this Letter, we show the importance of geomet-
ric phases in the evolution of photons in multiple scattering
which have as their origin the vector nature of light. Rather
surprisingly, while the basic propagation laws for light in
inhomogeneous media go back over 60 yr to the work of
Rytov [3,4], the full implication of his results has not yet
been exploited in the interpretation of multiple scattering
in condensed matter systems. In this Letter, we consider
the consequences of Rytov’s observations on the scattering
of circularly and linearly polarized light.

We first summarize our main results before giving a
more extended discussion: For circularly polarized light,

the photon helicity is a conserved quantum number in sys-
tems with weak inhomogeneities [3] within the eikonal
approximation. Each possible, multiple scattered, path
through a sample is highly tortuous and thus has associated
with it a writhe fi�2p [4,5]. A Berry phase, eifi, then
adds to the simple geometric optical path ci � q�i, calcu-
lated in a scalar theory, where q is a wave number, �i is the
optical path length, and ei � 61 is the photon helicity. In
a transmission geometry, this leads to two possible speckle
patterns for a given arrangement of scatters as a function
of the polarization state of the light. For linearly polarized

light the situation is more subtle: For each individual path
through the sample the geometric phase rotates the plane
of polarization [6]. However, the final experimental mea-
surement is a measure of intensity, summing over all paths
through the sample. This sum leads to a final polarization
state which is, in general, elliptical rather than linear. We
shall thus characterize the evolution of a linearly polarized
state as a probability distribution of polarization states on
the Poincaré sphere.

Technically we treat the problem of summing over pho-
ton paths via a mapping onto a semiflexible polymer, which

treats multiple weak scattering of photons as an angular

diffusion process. The Berry phase is calculated from the
writhe [7] of the photon path using methods introduced
to study the statistical mechanics of DNA and other stiff
molecules. Our considerations also link up with remarks of
[8] which gave a local argument for the evolution of the po-
larization vector, in the context of backscattering, equiva-
lent to that of Berry’s.

Since multiple scattering techniques are very often used
to study the properties of colloidal systems, we start by ex-
plaining how some of the above ideas are applied to such
multicenter scattering systems, where the mapping onto a
torsionally rigid semiflexible polymer is particularly direct
and simple to understand. In the theory of scattering from
colloidal samples, one defines two characteristic distances.
The first, �, is the distance between two collisions between
a photon and a scattering center. The second, �

�, measures
the distance over which a photon must travel in order to for-
get its initial direction of propagation. In a simple analogy
with stiff polymers, one can consider that the length � cor-
responds to a monomer size while �

� is equivalent to the
persistence length of the polymer. In strongly scattering
media, with high contrast between inclusions and back-
ground these two lengths are comparable. However, by
using particles large compared with the wavelength of light
and with low contrast between the dielectric properties of
the two media, we can easily find samples for which ����

is of order 10. In recent experiments [9] in large droplet
helium aerosols, it has proven possible to increase �

���

to over 200. Motivated by this last experimental system,
we present arguments as to the polarization statistics of
light scattered in a regime of intermediate sample thick-
ness, L, such that � ø L # �� in transmission geometry.
In such samples photons are scattered many times, but are
still largely propagating in the forward direction.

We now derive the mapping which allows us to transpose
results known from the statistical mechanics of stiff poly-
mers, including now the torsion as well as bending degrees
of freedom. Following [9], we shall model the medium
as an ensemble of randomly oriented interfaces neglect-
ing the spherical structure of the aerosol. This was shown
to give a good qualitative description of the scattering
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statistics. Consider the collision between a photon and
a single interface. The photon can be either reflected, and
thus deviated by a large angle, or refracted by a small angle
which can be calculated using geometric optics. The
probability of reflection, for a typical impact parameter, is
comparable toR � �n 2 1�2��n 1 1�2, where n is the re-
fractive index of the inclusions relative to that of the back-
ground medium. If we write e � �n 2 1� then we see
that the intensity of the direct beam decays over a length
which is at most �ref � ��e2 due to back scattering. A
background of photons scattered through large angles is
indeed observed experimentally, in addition to the main
forward beam [9]. We shall ignore these photons in what
follows.

Most of the beam is refracted at the interface. For typical
impact parameters the angle of deviation is comparable to
e. Since successive deviations of a photon are independent,
this implies that the direction of propagation of the photon
diffuses as it propagates into the medium with angular dif-
fusion coefficient D � e2��. Thus photons which are not
directly reflected at a surface also turn over a length compa-
rable to ��e2 which is thus our estimate of �

� in this weakly
scattering limit. Note that in the case of spherical inclu-
sions some extra care is needed. The intensity of scatter-
ing decays at large angles as 1�u4 [10]. The mean squared
deviation has a logarithmic divergence and needs regular-
ization by a cutoff or a treatment using generalized, Levy
statistics since the central limit theorem does not apply.

Let us now consider the evolution of an incident linearly
polarized beam. The reflectivity of an interface is a func-
tion of the plane of polarization with respect to the surface;
the transmitted beam has a modified polarization state. In
the hypothetical case of perfect transmission the plane of
polarization of the refracted beam evolves by parallel trans-
port [8,11]. Because of the reflections, the transmitted
amplitudes of the two polarization components (defined
relative to the local surface orientation) are comparable to
1 2 O�e2�. This leads to a rotation of plane of polariza-
tion of the transmitted light by an angle 6O�e2� compared
to a parallel transported state. In the analogy with a stiff
polymer this corresponds to excitation of a torsional mode.
In stiff polymers, one can define two independent persis-
tence lengths for bend and torsional degrees of freedom, lp

and lt. These lengths are usually comparable. For the case
of multiple light scattering, we see that �p � �

� � ��e2

whereas �t � ��e4. The “torsional” degree of freedom for
photons is frozen out at low dielectric contrast so that as
e ! 0 we find that lt ¿ lp, and parallel transport of the
transmitted component becomes exact.

The tangent to the propagation direction t�s� is a unit
vector living on a unit sphere. We now use the Berry
formula linking the area enclosed by the curve t�s� on this
sphere with the geometric phase to calculate the probability
distribution of phases associated with a samples in the
limit � ø L ø �

�. When the sample is thin compared
with �

�, the photons do not diffuse very far from their

original propagation direction. We can thus calculate the
Berry phase by looking at the problem of diffusion on a
local, planar approximation to the sphere. The probability
distribution for the area of random loops on a plane is
known [11,12], implying the probability distribution for
the Berry phase: P �f� � 1�2DL cosh2�f�DL�. From
this expression we find the mean square phase as

�f2� � p2L2D2�12 . (1)

Because of the logarithmic divergence of the mean squared
scattering angle for spherical droplets, we interpret this re-
sult as the typical writhing angle being linear in the sample
thickness.

We proceed by studying the Jones vectors describing
the electric field of a coherent light source. Vertically
and horizontally polarized light is described by the vec-
tors jy � �1, 0� and jh � �0, 1�, respectively, whereas cir-
cular light corresponds to the vectors j6 � 1�

p
2 (1, 6i).

We are ultimately interested in the intensities of the vari-
ous polarization states of the transmitted beam which are
most easily visualized via the Poincaré sphere (Fig. 1).
The three axes correspond to a series of measurements
i1 � I0 2 I90, i2 � I45 2 I245, and i3 � I1 2 I2. Here,
I0,645,90 are the normalized intensities measured with a lin-
ear polarizer inclined at the subscripted angle, and I6 is the
intensity measured with circular analyzers.

As stated above for circularly polarized light, eifi can
simply be added to the phase ci so that the transmitted
Jones vector is given by

FIG. 1. The Poincaré sphere describing the polarization state
of the light. Linearly polarized states correspond to points along
the equator while the north and south poles, labeled j1 and
j2, correspond to circularly polarized light. Other states are
elliptically polarized. Multiple scattering of the initial state jy

describing linearly polarized light leads to a circularly symmet-
ric distribution of polarization states centered on jy in samples
where L�l� , 1.

253901-2 253901-2
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ei�ci6fi�
1p
2

µ

1

6i

∂

(2)

for the incident state j6. We now sum over all pos-
sible paths to find the total scattered amplitude: The
sum of the individual circularly polarized states also gives
rise to circularly polarized light as the final state. When
L�l� � 2 the geometric phase introduces a relative phase
2fi between the right and the left states comparable to p.
We thus understand that the speckle pattern for the two
helical states is similar for very thin samples, whereas for
thicker samples we find two independent intensity distri-
butions for each circularly polarized state.

If we illuminate with linearly polarized light jy �

�1, 0�, each transmitted photon is described by its writhe
fi and the total phase ci so that the transmitted state is

eici

µ

cosfi

sinfi

∂

� eici

µ

1

fi

∂

, (3)

where we have specialized to samples with L��� , 1.
c is calculated from the statistics of longitudinal fluc-
tuation of a stiff polymer by writing the path length as

D �

R

ds
p

1 1 �dr��ds�2, with r� the deviation of the
path from a straight line. By expanding the square root
and studying the correlation function �D2� [13], one finds
that the fluctuations of path length, �i , for a sample of
thickness L are of order L2��

�, when L , �
�. Thus ci

is very large, so that cimod�2p� is very nearly uniformly
distributed.

If we sum the amplitude Eq. (3) over a large number of
independent paths, corresponding to illuminating a large
area of the sample, we find a vector of the form

jf � Aeic0

µ

1

f0eic1

∂

. (4)

A relative phase between the two components of the vector
jf develops because of the random sign of fi. For small,
fixed f0, the vector jf describes a circle of radius 2f0

on the Poincaré sphere as c1 varies between 0 and 2p.
We note, in passing, that the full joint distribution function
of the writhe and path length, P �f, c�, is closely linked
with the force-torsion response curves measured in DNA
micromanipulation experiments [14]. The joint distribu-
tion could be explored in optical experiments by perform-
ing time resolved studies of the polarization state with fast
laser pulses.

Thus, A and Af0 are random variables with f0 �
p

�f2� � L��
� [Eq. (1)]. c1 is again uniformly dis-

tributed. For thin samples this random Jones vector is
distributed in a circular disk, centered on the initial vector
jy (Fig. 1). We see that the radius of the disk is directly
related to the typical writhe of paths through the sample.
The combination of a Berry phase combined with the
widely distributed optical path leads to a state of elliptical
polarization. We expect a complete loss of memory of
the initial polarization state in samples thicker than a few
times �

�.

In conclusion, we have reached an understanding as
to the evolution of the polarization states in multiple
scattering situations via a mapping onto a writhing poly-
mer. Our results are valid for coherent light sources; the
essential step was the combination of the amplitudes of the
Jones vectors. In scattering with incoherent sources it is
rather the Stokes parameters (i.e., the intensities, i1, i2, i3,
together with the total intensity i0) which should be
combined, presumably leading to multicomponent transfer
theories such as those discussed in [15]. The contrast
between multiple polarized scattering with coherent and
incoherent sources deserves closer study.

We reiterate that there is an important qualitative differ-
ence between the evolution of circular and linear polariza-
tion states. For the former, the helicity can be preserved
whereas the Berry phase associated with linearly polarized
light always leads to a state of random polarization. We
suggest that the natural setting for experimentally studying
polarization effects in multiple scattering media is in criti-
cal, opalescent samples or in solutions of extremely large
macromolecules, where the gradual density gradients allow
an exact formulation of the polarization statistics without
backscattering from interfaces.

In our rather crude description of the colloidal regime,
we have neglected all diffraction, limiting our treatment to
extremely large droplets. Many of the qualitative conclu-
sions should hold even for more moderate particle sizes
in Rayleigh-Gans scattering where diffraction is impor-
tant. Detailed simulations [16,17] have been performed
in this regime to study the decay of polarization in col-
loidal systems in transmission geometry with parameters
corresponding to polystyrene beads in water. It was indeed
observed numerically that the evolution of the polarization
state proceeds by the formation of a circular distribution
on the Poincaré sphere. The authors defined new lengths
�

��

circ and �
��

plane, over which both circular and linear polar-

ization decay while noting that �
��

circ . �
��

plane. It would be
particularly interesting to perform simulations in the limit
of very low optical contrast in order to bring out some of
the scaling regimes which may exist in this limit.

In lower symmetry samples, rather different results are
to be expected. Light propagating in a uniform birefringent
material is described by two refractive indexes describing
a slow and a fast wave. In such a material circularly polar-
ized light can no longer propagate without modification. In
the presence of both multiple scattering and birefringence,
we expect that there is no stable state of polarization. It is
to be noted that many tissues, such as muscle, do have sig-
nificant birefringence. Empirically it has been found that
deep optical imaging in colloids is often best achieved with
circularly polarized light which we understand eliminates
polarization modifications due to writhe; in tissues linearly
polarized light is preferred [18].

Finally, we have not considered the nature of the
non-Gaussian statistics of the polarization states due to
the caustics and imaging presumably present in weak
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scattering limits discussed in this Letter. A final question
that we leave open is the nature of two time correlation
functions of the polarization state: As scattering centers
move both the writhe of the photon paths and the phase
associated with each path vary. Does this variation contain
any interesting information on the dynamics of colloidal
systems?

We thank B. van Tiggelen for introducing us to [16] and
C. Derec and P.-E. Wolf for discussions on light scattering
methods.
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ÁjÂ�ÃÅÄ�Æ³ÇªÆ³ÈmÉ ihÊ�Ë ÁjÂ�Ã{Ì²Í�ÄÅÎ Ë�Ï ÂÑÐ Ë¥Ò ÍÓÄ�È�ÔÕÁ ÒÖË{× ÆÖÎ�Ã�Á°È Ï Â Ï É Ë±Ø ÈmÉjÉ Ë ÁjÂ�ÃÅÄ�ÆÖÇ�Æ³È�É Ë ÇªÎ g Â�Í�ÉjÐÚÙ´Ä Ë¤ÛÜÏ ÆÂ Ë É�ÐÝÄ Ë ÎªÎ Ë ÔÞÃÅÎ�ßjÈ�Ð Ë Á Ë�Ï ÆÖÉÜÎ�Ã�Â Ë Ç�Ç�Í�É�Î Ëáà�â Â Ë�Ë É g Í�ÂªÐ Ë ÎäãÑÈmåÜß Ò Æ³ÉÚÙ k�æmæmçmè{i¶Ê ÍéÄ�È�ÔÕÁ ÒÖË{× ÆÖÎ�ÃÐ Ë Ô�Í¿ÉjÆ³Á Ï�Ò Í¿Î�Æ³ÈmÉ�Ð Ë Ç�Ì�ÈmÂ�Ô Ï�Ò³Ë Ç·ÐÚê Ë{× ÁhÍ�ÉjÇªÆ³ÈmÉ Ë ÉëÔ ÏjÒ Î�Æ³Á°ì ÒÖË Ç¨Â Ë É�Ð Ò Í�ÁjÂªÈ g Â�Í�ÔÕÔÕÍ¿Î�Æ³ÈmÉ�Ð ËÄ Ë Ç·ÔÕÃ{Î�ßjÈ�Ð Ë ÇÑÎ�Â�íÅÇ¨Î Ë Ä�ßjÉjÆ ÛÜÏjË½Ë Î Ò ÈmÉ g�ÏjË Ä Ë¤ÛÜÏ ÆîÄ�ÈmÉjÇïÎ�Æ�Î ÏjË½ð ÉjÈ�Î�Â Ë Íòñ�Æ³Ç Ï É Ë±Ò Æ³ÔÞÆÖÎ�Í¿Î�ÆÖÈmÉ ðÁjÂ Ë ÉjÐjÂ Ë±Ë ÉóÄ�È�ÉjÇ�ÆÖÐjÃ�Â�Í¿Î�ÆÖÈmÉ Ò ÈmÂªÇlÐ Ï Ä�ßjÈmÆ × ÐÚê Ï ÉéÍ ÒÖg ÈmÂªÆÖÎ�ß�Ô Ë Ð Ë ÄòÍ Ò Ä ÏjÒ É Ï ÔÞÃ�ÂªÆ ÛÜÏjË¿i

ô±õ�ö ø÷rùûúëü�ý�þ�÷tÿ�ý�� �����óù
Ê�Ë Ç±Ç�ÆÖÔ ÏjÒ Í¿Î�ÆÖÈmÉjÇ Ð Ë Ç��´ÇïÎ�íÅÔ Ë Ç½ÄÅÈ ÏjÒ È�Ô Ø Æ Ë ÉjÇ¥Ç�È�ÉÜÎ Ï É Ë É
	 ËÅÏ Á°È Ï Â Ò ê Íòñ Ë ÉjÆ³Â i�� êoÆ³ÔÞÁ ÈmÂ�Î�Í�É�Î�Ç·ÁjÂ�È g Â�Í�ÔÞÔ Ë ÇÑÐ Ë Â Ë Ä�ß Ë Â�Ä�ß Ë Ç�Ì�ÈmÉ�Î Í�ÁjÁ Ë�Ò¶ð Ä Ë Ç·Î Ë Ä�ßjÉ�Æ ÛÜÏjË Ç iÚÊ�Ë ÉjÈ Ï ñ Ë Í Ï Ð�Ã f Ù Ò Í�É�Ä�ÃÁhÍ�Â Ò Í f Â�Ô Ë������ Á È Ï Â®ÔÞÈmÉ�Î�Â Ë Â Ò³Ë Ç®Ä�Í�ÁhÍ�ÄÅÆÖÎ�ÃÅÇ Ð Ë Ç Ë Ç ÈmÂªÐjÆ³ÉhÍ�Î Ë�Ï Â�Ç�Ù�ÄÅÈmÉjÇ�ÆÖÇªÎ Ëtð ÁjÂ�È g Â�Í�ÔÞÔ Ë ÂÒ³Ë ÁjÂªÈ ØjÒ í�Ô Ë Ð Ë ÄÅÈmÉ�Ì�ÈmÂªÔ�Í�Î�Æ³È�ÉéÐ Ë Ç¥ÁjÂ�È�Î�Ã�ÆÖÉ Ë Ç Ë ÉëÇ�È ÒÖÏ Î�ÆÖÈmÉéÇ Ï Â Ï É Ë Ô�Í�Ä�ß�Æ³É Ë Ð Ë��������������ÁjÂ�È�Ä Ë Ç�Ç ËÅÏ Â�Ç Ë É ÁhÍ�Â�Í Ò³Ò í Ò³Ë p Ä¿ê Ë ÇªÎ Ò³Ë ÁjÂªÈ
	 Ë Î�� ØjÒÖÏjË�gmË É Ë! °i�Ê�Ë�"�#%$ Ð Ë'& Í�Ä Ò Í(�ëÇ�ê Ë ÇïÎ½Ð�È�Î�ÃÒ³Ï Æ®Í Ï ÇªÇ�Æ Ðzê Ï ÉëÇ Ï Á Ë Â�Ä�Í Ò Ä ÏjÒ Í�Î Ë�Ï Â ÐhÍ�É�Ç Ò³Ë½ØjÏ Î�Ðzê Ë*)zË ÄÅÎ Ï�Ë Â¥Ð Ë Ç�Ç�ÆÖÔ ÏjÒ Í�Î�Æ³È�ÉjÇÑÐ Ë ÁjÂªÈ�Î�ÃÅÆ³É Ë Ç i
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.�ÏjËÅÒ Í Ò³g È�Â�ÆÖÎ�ßjÔ Ë Ð Ë ÇªÆ³Ô ÏjÒ Í¿Î�ÆÖÈmÉ ÐjÈ�ÆÖÎ � ÈmÉ Ï Î�Æ Ò ÆÖÇ Ë Â Ç Ï Â¤Ð Ë Î ËÅÒ³ÒÖË Ç¥ÔÕÍ�Ä�ßjÆ³É Ë Ç0/21 Ë Ä�ßhÍ¿ÁjÆÖÎ�Â ËÍÞÔÕÆÖÇ Ë É Ã{ñ´ÆÖÐ Ë É�Ä ËÓÒÖË Ì²Í¿ÆÖÎ ÛÜÏjË Ò ÍÞÄÅÈmÔÕÁ Ò³Ë{× Æ�Î�Ã¥É Ï ÔÞÃ�Â�Æ ÛÜÏjË Ð Ë Ç�Í ÒÖg ÈmÂªÆÖÎ�ß�Ô Ë Ç Á ËÅÏ Î43{Î�Â Ë ÐjÆ ÔÞÆ³É Ï Ã Ë Ù�ÔÕÍ�Æ³Ç¥Á°È Ï Â¤Ä Ë�Ò Í´Ù�Æ Ò Ì²Í Ï ÎÓÍ Ïjg Ô Ë É�Î Ë Â ð Ä�ßhÍ ÛÜÏjË Ì�ÈmÆÖÇ Ò Í�Ä�ÈmÔÞÁ ÒÖË{× ÆÖÎ�Ã�Ð ËÕÒ ê ��y{svux�²�´s�~Ð Ï ÁjÂ�È g Â�Í�ÔÞÔ ËäÒÖÏ Æ � Ô(3�Ô Ë�iÚÊîË Ç Í�ÔÞÃ Ò Æ³ÈmÂ�Í¿Î�ÆÖÈmÉjÇ¥ÂªÃ�Ä Ë É�Î Ë Ç�Ð Ë Ä Ë Ç ÔÞÃÅÎ�ß�È´Ð Ë ÇÓÄÅÈmÉjÇ�ÆÖÇªÎ Ë É�Î ðÄÅÈmÔ Ø ÆÖÉ Ë ÂÑÁ ÒÖÏ Ç�Æ Ë�Ï ÂªÇ Î Ë Ä�ß�ÉjÆ ÛÜÏjË Ç Ä�È�ÔÕÔ Ë ÁhÍ�Â Ë{×´Ë ÔÕÁ ÒÖË¤Ò Í�ÔÕÃ{Î�ßjÈ�Ð Ë Î�Â�Í�Ô Ë Ð Ë ÁhÍ�ÂªÎ�Æ³Ä ÏjÒ³Ë Ç �
576 Í Ò Ð à98;: 5 è Ù�È Ï�Ò Í±ÇªÆ³Ô Ï�Ò Í¿Î�Æ³ÈmÉ�ÐÚê Ï ÉÕÔÕÆ Ò Æ ËÅÏ ÐjÆ³Ã Ò³Ë Ä{Î�ÂªÆ ÛÜÏjË Æ³Éjß�ÈmÔÕÈ g í�É ËÑË É�Í 	ªÈ Ï Î�Í�É�Î¹Ð Ë ÇÁjÍ�ÂªÎ�Æ³Ä Ï�Ò³Ë Ç ÛÜÏ ÆÚÍ g Æ³ÇªÇ Ë ÉÜÎÑÇ Ï Â Ò³Ë Ä�ßjÍ�ÔÕÁ�Ã Ò³Ë Ä{Î�ÂªÆ ÛÜÏjË�i�< È Ï Î Ë ÇÑÄ Ë Ç¨Í�ÔÞÃ Ò ÆÖÈmÂ�Í�Î�Æ³È�ÉjÇrÁ ÈmÂïÎ Ë ÉÜÎÑÇ Ï ÂÒ Í�ÁjÂ�ÃÅÄ�Æ³ÇªÆ³ÈmÉ Ë Î Ò Í g Ã�É�Ã�Â�Í Ò ÆÖÎ�Ã�Ð Ï ÄòÍ Ò Ä ÏjÒ Ù�ÔÕÍ�Æ³Ç ÁjÍ�ÇÑÇ Ï Â Ò Í ÇªÆ³ÔÞÁ Ò ÆÖÄ�Æ�Î�Ã¨Ð Ë ÁjÂ�È g Â�Í�ÔÞÔ�Í�Î�Æ³È�É i

� Í�É�Ç Ò Í Ä�ßhÍ�ÁjÆ�Î�Â Ë Ç Ï ÆÖñ¿Í�É�ÎòÙzÉjÈ Ï Ç±ÔÕÈ�ÉÜÎ�Â�ÈmÉ�Ç¥Ä�ÈmÔÞÔ Ë É�Î¤ÁjÂ Ë ÉjÐjÂ ËÞË É Ä�È�ÔÕÁ�Î ËäÒ³Ë Ç Ë*)zË Î�ÇÐ�Æ³Ã ÒÖË Ä{Î�Â�Æ ÛÜÏjË Ç ð�Ò ê}Í¿Æ³Ð Ë ÐÚê Ï É ÔÞÈ�Ðjí ÒÖË��³��y���� ÐÚêoÃÅñ�È Ò³Ï Î�Æ³ÈmÉzÙzÈ>=ëÄ�ßhÍ Û�Ï�Ë Á°ÈmÆÖÉÜÎ Ð Ï Ç ��ÇïÎ�í�Ô Ë É ËÄÅÈmÔÞÔ Ï ÉjÆ Û�Ï�Ë�Û�Ï ê}Íòñ Ë ÄÕÇ Ë Ç¤ñmÈmÆÖÇ�ÆÖÉjÇ i@? È Ï Ç�ñ Ë Â�ÂªÈmÉjÇ±Ð Ë Á Ò³Ï Ç Û�Ï ê Ï ÉáÎ ËÅÒ ÔÞÈ´Ðjí Ò³Ë Á Ë ÂªÔ Ë Î¤Ð ËÄ�Í Ò Ä ÏjÒ³Ë Â Ò Í¥ÇªÎ�Í¿Î�ÆÖÇªÎ�Æ ÛÜÏjË ÐÚê Ï É�Ç ��ÇïÎ�í�Ô Ë Ä�ßjÍ�Â g Ã·Íòñ Ë Ä Ï É Ë Ä�È�ÔÕÁ ÒÖË{× ÆÖÎ�Ã ÐÚêoÈmÂ�ÐjÂ ËBADC9EGFË Î ÛÜÏjËÒ ê ÃÅÄ�ÂªÆÖÎ Ï Â Ë Ð Ï ÁjÂ�È g Â�Í�ÔÞÔ Ë�Ë ÇïÎ·Ðzê Ï É Ë ÄÅÈmÔÕÁ Ò³Ë{× Æ�Î�Ã�ÔÞÈ´Ð�Ã�Â�Ã Ë�i
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4 #&5 $)687 #19:9 Ð ËÒ êoÃ Ò³Ë ÄÅÎ�Â�ÈmÔÕÍ g ÉjÃ{Î�ÆÖÇ�Ô Ë ÐjÃÅÄ�ÂªÆÖÎ Ò³Ë Ä�ÈmÔÞÁ È�ÂªÎ Ë Ô Ë É�Î�Ð Ë ÇÄ�ßhÍ�ÔÞÁjÇ¹Ã Ò³Ë ÄÅÎ�Â�Æ ÛÜÏjË Ë ÎlÔÕÍ g É�ÃÅÎ�Æ ÛÜÏjË ÁjÍ�ÂtÐ Ë ÇlÃ ÛÜÏ Í�Î�Æ³È�ÉjÇtÐjÆ ) ÃÅÂ Ë ÉÜÎ�Æ ËÅÒ³Ò³Ë Ç i 1 Ë�ÒÖÒ³Ë Ç�¡ÄÅÆÇ�È�ÉÜÎ½Á Ï Â Ë Ô Ë É�Î �³��y����³~��{i 1 Ë Á Ë ÉjÐhÍ¿ÉÜÎ½Î�È Ï Î Ë Ç Ò³Ë Ç¤Ç�Æ³Ô ÏjÒ Í¿Î�Æ³ÈmÉ�Ç�ÐjÈmÉ�Î½ÉjÈ Ï Ç½ÍòñmÈmÉjÇÁhÍ�Â Ò Ã ð ÁjÂªÃ�Ç Ë É�Î Ï Î�Æ Ò Æ³Ç Ë É�Î Ò Í�Ä�ÈmÉ�ÉhÍ�Æ³ÇªÇ�Í�É�Ä Ë Î�È¿Î�Í ÒÖË Ð Ï Ä�ßhÍ�ÔÞÁëÃ ÒÖË Ä{Î�Â�È�ÇªÎ�Í�Î�Æ ÛÜÏjË ÙÚÇ Ë�Ø Í�Ç�Í�É�ÎÇ Ï Â Ò³Ë Ì²Í¿ÆÖÎ ÛÜÏjË¨Ò Í�ÁjÂªÈmÁhÍ g Í¿Î�ÆÖÈmÉ�Ð Ë ÇrÆÖÉÜÎ Ë Â�Í�ÄÅÎ�Æ³ÈmÉjÇ Ë ÇªÎ¼Æ³É�ÇªÎ�Í¿ÉÜÎ�Í�ÉjÃ Ë�i<; ÉÕÐ�ÈmÆÖÎ Ë ÉÕÈ Ï Î�Â Ë Ù�Á°È Ï ÂÁjÂ Ë ÉjÐjÂ ËÑË ÉÞÄÅÈmÔÞÁ�Î Ë Ð Ë Çñ�Í¿Â�Æ Í�Î�Æ³È�ÉjÇ®Ð Ë Á Ë ÂªÔÕÆ�Î�Î�ÆÖñ�ÆÖÎ�Ã�Ù�Í Ïjg Ô Ë É�Î Ë Â Ò Í�Ä�ÈmÔÞÁ Ò³Ëv× ÆÖÎ�Ã¹Ð Ï ÄòÍ Ò Ä ÏjÒ ÙÈ Ï Ì²Í�ÆÖÂ Ë Ð Ë Ç¥Í¿ÁjÁjÂ�È × Æ³ÔÕÍ¿Î�Æ³ÈmÉjÇÑÁhÍ¿Ç·Î�È Ï 	ªÈ Ï ÂªÇ Ø Æ Ë É ÔÕÍ>=³Î�Â�ÆÖÇ�Ã Ë Ç i 8 È Ï Â Ã{ñ´Æ�Î Ë Â Ò³Ë Ç ÁjÂªÈ ØjÒ í�Ô Ë ÇÐÚê ÆÖÉjÇªÎ�Í Ø Æ Ò ÆÖÎ�Ã�ÇlÉ Ï ÔÞÃ�ÂªÆ ÛÜÏjË Ç�ÙhÁ Ë�Ï Î � ÈmÉóÆ³ÔÕÍ g Æ³É Ë Â Ï ÉéÍ ÒÖg ÈmÂªÆÖÎ�ß�Ô Ë Ð Ë : ÈmÉ�Î Ë � 1lÍ�Â Ò È@/Ê�Ë ÇÑÃ Û�Ï Í¿Î�ÆÖÈmÉjÇÑÐ Ë : Í × 6 Ë�Ò³Ò Ð�Ã�Ä�ÂªÆÖñ¿Í�É�Î Ò êoÃ ÒÖË ÄÅÎ�Â�ÈmÇïÎ�Í¿Î�Æ ÛÜÏjË ÇªÈmÉ�Î
+�� �@? A � à � � �:B iDC Í è
EGFIH ? A JK>L à � � �:B iDCªØ�èÊ êoÃ ÛÜÏ Í�Î�Æ³È�É à � � �:B iDCªØ�è Ë ÇïÎ Í�ÁjÁ Ë�Ò Ã Ë ��� � ���NM2� ��� � i 1 Ë ÇtÃ Û�Ï Í¿Î�ÆÖÈmÉjÇ¼ÃÅÎ�Í¿ÉÜÎ Ò È�ÄòÍ Ò³Ë ÇÅÙmÆ ÒhË ÇªÎtÉhÍ
Î Ï Â Ë�Ò Ð Ë Ä�ß Ë Â�Ä�ß Ë Â ð�Ï Î�Æ Ò ÆÖÇ Ë Â ð ÁjÂªÈ f ÎÄ Ë ÄòÍ�Â�Í�ÄÅÎ�í�Â Ë Á È Ï Â Ë ) Ë Ä{Î ÏjË ÂÐ Ë ÇÄ�Í Ò Ä ÏjÒ Ç É Ï ÔÞÃ�ÂªÆ ÛÜÏjË Ç iÊ êoÆ³É�Î�Ã�Â 3{Î¥Ð Ï Ä�Í�Â�Í�Ä{Î�íÅÂ Ë Ò È´Ä�Í Ò Â�Ã�ÇªÆ³Ð Ë ÐhÍ�ÉjÇ ÒÖË Ì²Í�Æ�Î ÛÜÏ êoÆ Ò ÉÚê Ë ÇªÎ�ÉjÃ�Ä Ë Ç�Ç�Í�Æ³Â Ë Ð Ë É Ë Ä�ÈmÉjÉjÍ>=³Î�Â ËÛ�Ï ê Ï É Ì²Í¿Æ ØjÒÖË É�ÈmÔ Ø Â Ë Ð Ë ÁhÍ�Â�Í�ÔÕí{Î�Â Ë Ç Ë É Ä�ßhÍ ÛÜÏjË Á ÈmÆÖÉ�Î Ð Ï Ç ��ÇªÎ�í�Ô Ë�i@; É¢ÄòÍ Ò Ä ÏjÒÖË½Ë ÉjÇ Ï Æ�Î ËÒ êoÃ�É Ë Â g Æ Ë Ä�ÈmÔÞÔ Ë Ï É Ë ÇªÈmÔÕÔ Ë Ðzê ÃÅÉ Ë Â g Æ Ë Ç Ò È´Ä�Í Ò³Ë Ç·Ì²Í�ÄÅÆ ÒÖË Ç ð Ã{ñ¿Í Ò³ÏjË Â�Ä Ë�ÛÜÏ ÆÄÅÈmÉjÐ Ï ÆÖÎ ð�Ï ÉÍ Ò³g È�Â�ÆÖÎ�ßjÔ Ë Ð Ë Ä�È�ÔÕÁ ÒÖË{× ÆÖÎ�Ã A C�EGF¤à ñ�ÈmÆ³Â Ò Í Ç Ë Ä{Î�ÆÖÈmÉ k�iPOmèvi
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� Í�É�Ç±Ä Ë Ä�ßjÍ�ÁjÆÖÎ�Â Ë Ù�ÉjÈ Ï Ç¤ÔÞÈmÉ�Î�Â�È�ÉjÇ¤Ä�ÈmÔÞÔ Ë É�Î Ï É Ë Â�ÃÅÇ�È ÒÖÏ Î�ÆÖÈmÉ Ò È�ÄòÍ ÒÖË É Ï ÔÞÃ�Â�Æ ÛÜÏjË Ð Ë ÇÃ ÛÜÏ Í¿Î�ÆÖÈmÉjÇrÐ Ë 1tÈ ÏjÒ ÈmÔ Ø ÐjÈmÆ�Î 3ÅÎ�Â Ë Í Ø ÈmÂ�Ð�Ã Ë�i0? È Ï ÇrÂ Ë ñ Ë ÉjÈmÉjÇ ð¥Ò Í¥Â�ÃÅÇ�È ÒÖÏ Î�ÆÖÈmÉ�Ð Ë ÇrÃ Û�Ï Í¿Î�ÆÖÈmÉjÇÐ Ë4: Í × 6 ËÅÒ³ÒjË ÎrÔÕÈmÉ�Î�Â�ÈmÉjÇ Û�Ï�Ë Ò Í�Ç�È Ò³Ï Î�Æ³ÈmÉ g Ã�ÉjÃÅÂ�Í ÒÖË ÐjÈmÆ�Î Ä�È�ÔÕÁjÂ Ë ÉjÐ�Â Ë Ï É�Î Ë Â�Ô Ë Ð Ë ÔÞÈ´Ð Ë ÇÎ�Â�Í�É�Çªñ Ë Â�Ç Ë Ç iÚÊ ÍäÇ Ë ÄÅÎ�Æ³ÈmÉ¢Ç Ï Æ�ñ�Í¿ÉÜÎ Ë½Ë ÇªÎ·Ä�ÈmÉ�Ç�Í�ÄÅÂ�Ã ËÓðÕÒ ê Æ Ò³Ò³Ï ÇªÎ�Â�Í¿Î�ÆÖÈmÉ�ÁjÍ�Â Ï É Ëv×�Ë ÔÕÁ Ò³Ë Ç�Æ³ÔÞÁ ÒÖËÐ Ë Ç�ÁjÂªÆ³ÉjÄÅÆ³Á Ë Ç Ë{× Á°ÈmÇ�ÃÅÇ ÐhÍ�ÉjÇ Ò Í Ç Ë Ä{Î�Æ³È�É O´i O Ù¼ÐjÈmÉ�Î�ÉjÈ Ï Ç�ÐjÃ{Î�Í�Æ Ò³Ò ÈmÉjÇ Ò ÍáÄ�ÈmÉ�ÇªÎ�Â Ï ÄÅÎ�Æ³ÈmÉ Ë ÎÐ�Æ³Ç�Ä Ï Î�È�ÉjÇ ÒÖË Ç ÂªÃ�Ç Ï�Ò Î�Í�Î�Ç i�Þõ�ô � �����ëü'� ÷ úéÿ��°þ ÷
Ê�Ë Ä�ßhÍ�ÁjÆ�Î�Â Ë ÁjÂªÃ�Ä�ÃÅÐ Ë É�ÎlÍ±ÁjÂªÃ�Ç Ë É�Î�Ã�Ð Ë Ç¼ÔÕÃ{Î�ßjÈ�Ð Ë Ç¼Ð Ë Â�ÃÅÇ�È ÒÖÏ Î�ÆÖÈmÉäÄ�ÈmÉ�Ç�Æ³ÇïÎ�Í�É�Î ð Ä�Í Ò Ä ÏjÒ³Ë ÂÒÖË ÇrÌ�ÈmÂ�Ä Ë ÇrÃ ÒÖË Ä{Î�Â�È�ÇªÎ�Í�Î�Æ ÛÜÏjË Ç g Â���Ä Ë·ð¤Ò êoÃ ÛÜÏ Í�Î�Æ³È�ÉÞÐ Ë48 ÈmÆ³ÇªÇ�ÈmÉÚÙ�ÁjÍ�ÂrÐjÆÖñ Ë Â�Ç Ë Ç¹ÔÕÃ{Î�ßjÈ�Ð Ë Ç à Â�Ã�ÇªÈ ÒÖÏ Î�ÆÖÈmÉóÔ�Í¿Î�Â�ÆÖÄ�Æ ËÅÒ³ÒÖË Ù´Î�Â�Í�É�ÇªÌ�ÈmÂªÔÕÃ Ë Ð Ë�� È Ï Â�Æ Ë Â èlË Î ðÕË É ÐjÃÅÐ Ï Æ³Â ËÓÒÖË ÔÞÈ Ï ñ Ë Ô Ë É�Î�Ð Ë Ä�ßhÍ ÛÜÏjËÁjÍ�ÂªÎ�Æ³Ä Ï�Ò³Ë�i 1 Ë ÇÞÔÕÃ{Î�ßjÈ�Ð Ë ÇäÇªÈmÉ�Î Ë�� ÄòÍ�Ä Ë Ç i : Í�ÆÖÇ�Á ËÅÏ ñ Ë É�Î � ËÅÒ³Ò³Ë ÇÕÇ Ë�g Ã�ÉjÃÅÂ�Í Ò Æ³Ç Ë Â ðáÏ ÉøÔÞÆ Ò Æ ËÅÏ È>= Ò Í Á Ë Â�ÔÞÆÖÎªÎ�Æ�ñ´Æ�Î�Ã K ÉÚê Ë ÇïÎ·ÁjÍ�Ç Ï ÉjÆ�Ì�ÈmÂ�Ô Ë / ; É�ÐjÈmÆÖÎlÂ�Ã�ÇªÈ Ï ÐjÂ Ë¤Ò êoÃ ÛÜÏ Í¿Î�Æ³ÈmÉ Ð Ë 8 ÈmÆ³ÇªÇ�ÈmÉÔÞÈ�ÐjÆ f Ã Ë � EGFIH C K -�+*�,��� F A J C���F à � � �:B i B èð Ä�ßhÍ ÛÜÏjË ÃÅÎ�Í�Á Ë�i É Ë ÇªÆ³Ô Ï�Ò Í¿Î�Æ³ÈmÉ�Ç Ë¤Ø Í�Ç�Í¿ÉÜÎ¨Ç Ï Â Ò³Ë¥Ò Í g Â�Í�É g Æ Ë É�Ã�ÄÅÂ�ÆÖÎ ð ÁhÍ�ÂïÎ�ÆÖÂlÐ Ï Á È�Î Ë É�Î�Æ Ë�Ò �! A �" # �$ L&%(' �'*),+.- � K C/��F C -�+*�,��� F

- � J
C���F � C�� F10 à � � �:B i32�è

Í¤ÃÅÎ�Ã Ë É�ñ�Æ³Ç�Í g Ã ËÓà/4·Ò³Ò³Ë É Ë Î¼Ä�È ÒÖÒ©i Ù O6565�k�è{i>8 È Ï Â Ë*)zË ÄÅÎ Ï�Ë Â Ò³Ë ÄòÍ Ò Ä Ï�Ò É Ï ÔÕÃÅÂ�Æ ÛÜÏjË Ô Ë É�ÎòÙ�ÈmÉäÐjÈmÆ�ÎÄÅÈmÉjÉhÍ =³Î�Â Ë � Ë É�Î�È Ï ÎÑÁ°ÈmÆ³É�Î�7�Æ Ò Ì²Í Ï Î Ç Ë Á Ò Í¿Ä Ë ÂtÇ Ï Â Ï É�ÂªÃ�Ç Ë Í Ï ÙjÄÅÈmÔÞÔ Ë ÐjÍ�ÉjÇ Ï É Ë ÔÞÃÅÎ�ßjÈ�Ð ËÐ Ë Î�Â�Í¿Ô Ë¿i ; É�Í¿Î�Î�Â�Æ ØjÏjË¥ð Ä�ßhÍ Û�Ï�Ë ÔÕÍ�Æ Ò³Ò³ËÑÒÖË Çtñ¿Í ÒÖË�Ï ÂªÇlÐ Ë � Ë Î K Ë É�Ä Ë Á°ÈmÆ³É�Î Ë Î Ï Î�Æ Ò ÆÖÇ Ë Ð Ë ÇÈ�Á ÃÅÂ�Í¿Î Ë�Ï ÂªÇlÐjÆ³ÇªÄ�Â Ë Î�Ç Á°È Ï Â¹Â�ÃÅÇ�È Ï Ð�Â Ë É Ï ÔÞÃ�ÂªÆ ÛÜÏjË Ô Ë É�Î Ò ê Ã ÛÜÏ Í¿Î�ÆÖÈmÉ à � � �:B i B è�i 1 Ë Î�Î Ë ÔÞÃÅÎ�ßjÈ�Ð ËË ÇªÎ ÒÖË É�Î Ë Á Ï ÆÖÇ ÛÜÏ ê Ë�Ò³ÒÖË Â Ë ñ�Æ Ë É�Î ð ÆÖÉÜñ Ë ÂªÇ Ë Â Ï É Ë ÔÕÍ¿Î�ÂªÆ³Ä Ë Ð Ëég Â�Í�ÉjÐ Ë Î�Í�Æ Ò³Ò³Ë¿i 5 Ò³ÒÖË Ç Ï ÁjÁ°ÈmÇ ËÄÅÈmÉjÉ ÏjË�Ë É Ä�ßhÍ ÛÜÏjË Á ÈmÆÖÉ�Î Ò Í�Î�È�Î�Í Ò ÆÖÎ�Ã�Ð Ï Ç ��ÇïÎ�í�Ô Ë Ù®Ä�ê Ë ÇïÎ � ð � ÐjÆ³Â ËÕÛÜÏjË�ÒÖË Ç±Æ³É�Î Ë Â�Í�Ä{Î�ÆÖÈmÉjÇ±Ç ËÁ�Â�ÈmÁhÍ gmË É�Î ðÞÏ É Ë ñ´Æ�Î Ë Ç�Ç Ë ÆÖÉ f ÉjÆ Ë�i
1 Ë Ç�Ä�ßjÃÅÔ�Í¤ÐÚê Í Ò³g È�Â�ÆÖÎ�ßjÔ ËlË ÇïÎ¹ÄÅÈmÂ�Â Ë Ä{ÎlÍ Ï ÁjÂ Ë ÔÞÆ Ë ÂrÍ Ø ÈmÂªÐ i 1 Ë Á Ë É�ÐhÍ�É�Î Ò ÈmÂ�ÇÐ Ë·Ò Í¤ÇªÆ³Ô Ï Ò Í¿Î�ÆÖÈmÉ : ÈmÉ�Î Ë � 1lÍ�Â Ò ÈjÙ Ò³Ë Î Ë Â�Ô Ë C ' �98 '*) F - Î

Ë ÉjÐÕñ Ë Â�Ç 5 Ù�Ä Ë·Û�Ï Æ°ÄÅÈmÉjÐ Ï ÆÖÎ ð±Ï É Ë ñ¿Í Ò³ËÅÏ Â f ÉhÍ ÒÖËÐ Ë½Ò ê ÃÅÉ Ë Â g Æ Ë Ä�Í Ò Ä ÏjÒ Ã Ë ÁjÍ�Â Ò ê Í Ò³g È�Â�ÆÖÎ�ßjÔ Ë ÈmÁ�Á ÈmÇªÃ Ë½ðÞÒ ê ÃÅÉ Ë Â g Æ Ë ÔÞÆ³É�Æ³ÔÕÍ Ò³Ë Ð Ï Ç���ÇªÎ�íÅÔ Ë�:òi�; ÉÉ Ë Á ËÅÏ Î¥ÐjÈ�ÉjÄ ÁhÍ�Ç Ï Î�Æ Ò ÆÖÇ Ë Â Ò³Ë±Ò Í g Â�Í�É g Æ Ë É à � � �:B i32�è Á°È Ï Â Ë ) Ë Ä{Î ÏjË Â Ï É Ë ÇªÆ³Ô Ï�Ò Í¿Î�Æ³ÈmÉóÉ Ï ÔÕÃ ÂªÆ ÛÜÏjË¤Ò È�ÄòÍ Ò³Ë�i;*<>=�?@?�A3=CB/A*DE=�B�eFB�GIHKJML�VFN�=OG(P3LQB/[R?TSGAv\	DRP3LQB�VFLUJMVKJMLUB/AXW�=ELUBZY ?TG/GIA3SILK=OG[B/LZP3N\=]DR=ELM^�N�S�\	LMLK=`_�acbcdTef =]=RLgJML	GGI?T=OG(hODELYVFLQB \jiC?TSIW�LZB VFLgJMVZJkLMBA3W\=ELU^6N�=l? VFN�=�\[DE=�B5eFB/GHKJMLkB/N\DEJMAXB>mnPo?nW�Sj?�pqArGj?cGIA3N\= ^RPXLZB
\jiR?TSIW�LQB�s�N\DR?T=OG�PXL(St\P3L/VFLZBuJM?\BBLZB9LKG>v�\	LZP3DRAuVFD [CN�GLZ=\GIA3LZPwW�Sj?�pqArGj?cGIA3N\=E=ELKPxe
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Long ranged electrostatic interactions are time consuming to calculate in molecular dynamics and
Monte Carlo simulations. We introduce an algorithmic framework for simulating charged particles which
modifies the dynamics so as to allow equilibration using a local Hamiltonian. The method introduces
an auxiliary field with constrained dynamics so that the equilibrium distribution is determined by the
Coulomb interaction. We demonstrate the efficiency of the method by simulating a simple, charged
lattice gas.
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The electrostatic interaction between two point charges
in a medium with uniform dielectric constant e0 varies as
e1e2�4pe0r. The large numerical value of this energy to-
gether with its long range are such that it is very often
the most costly component in the simulation of charged
condensed matter systems. Naive evaluation of the elec-
trostatic energies in molecular dynamics and Monte Carlo
algorithms leads to inner loops where the summation over
all pairs takes a time which scales as O�N2� for a single
step in which all N particles are updated.

Many methods are used to improve this poor scaling:
The optimized Ewald algorithm splits the summation be-
tween real and Fourier space and has a complexity of
O�N3�2� [1,2]. By interpolation of the charge distribution
onto a grid, fast Fourier transform methods allow a scal-
ing in O���N log�N���� [3]. Finally, a popular method in very
large simulations is an expansion of the charge distribu-
tion using hierarchical multipoles [4,5]. The asymptotic
improvement in efficiency comes, however, with great in-
creases in the complexity of the coding, especially when
distributed on multiprocessor computers. The numerical
prefactors in these scaling laws are uncomfortably high:
Despite the great effort put into optimizing the electro-
static loop, it is found that in the simulation of a large
biomolecule (with N � 105) the great majority of the CPU
time is still used in the Coulomb loop [6] in even the most
sophisticated numerical codes. Most of these “fast” meth-
ods can be used efficiently only in molecular dynamics
simulations; there are many occasions where one would
like to perform efficient Monte Carlo simulations due to
the stability and simplicity of the method.

The classical methods for treating charged systems have
another disadvantage, their inability to treat systems with
inhomogeneous dielectric constants. Dielectric inhomo-
geneities have drastic effects on material properties. For
instance, the dielectric contrast between water and the core
of proteins leads to expulsion of counterions from a 3 Å
thick hydration layer [7]. To treat charging effects in
proteins quite arbitrarily, uncontrolled approximations are
made [8] on effective electrostatic interactions in the vicin-
ity of a protein in order to reduce interactions to effective

pairwise additive potentials. Similarly, much work [9] has
been performed on the phase structure of charged synthetic
polymers while neglecting the large dielectric contrasts be-
tween water based solvents and oily backbone structures
which are surely important in the discussion of the stabil-
ity of the necklace structures predicted in these systems.
At present the most promising algorithms are based on the
nonlocal Marcus energy functional [10,11].

This Letter introduces a local algorithm with a propagat-
ing field E with purely local dynamics on an interpolating
grid; it has a complexity in O�N� and is elementary to
implement. In contrast to conventional grid methods, we
do not solve for all the field variables at each integration
step; we let the field evolve with its own intrinsic dynam-
ics. We were motivated by the observation that Maxwell’s
equations, which are local, produce Coulomb interactions
due to the propagation of a vectorial field. These dynamic
equations are, as we shall see, not the only dynamic way
of generating the Coulomb interaction. Our method al-
lows a direct, local implementation of dielectric inhomo-
geneities. As a demonstration of the method we present an
explicit implementation of a local Monte Carlo algorithm
for a charged lattice gas. We note that techniques which
interpolate charge degrees of freedom onto a lattice are
already very well understood; they form part of standard
packages such as Amber [3].

We proceed by showing that the Coulomb interaction
can be derived from a constrained variational problem. We
then show that the constraint equations are solved locally
if we allow electric fields which have both gradient and
rotational degrees of freedom. This freedom can be used
to produce a local Monte Carlo algorithm. Finally, we
present a numerical verification of the method.

The energy of a system of charged particles in a uniform
dielectric background is expressed as a function of the
electric field E

U � e0

Z
E2

2
d3r , (1)

where the electric field is constrained by Gauss’s law
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divE 2 r�e0 � 0 . (2)

It is known from classical electrostatics that one solu-
tion of Eq. (2) is given by E � 2gradf so that =2f �

2r�e0. The general solution to the constraint Eq. (2) is
thus

E � 2gradf 1 curlQ , (3)

where f is unique to within an additive constant and Q ar-
bitrary. In Fourier space the electric field can be expressed
as E�k� � 2ikf 1 ik ^ Q. The second term of this ex-
pression is perpendicular to k so that there are two physi-
cal degrees of freedom in the Q field, corresponding to two
independent polarization states. We can consider that the
field is due to a static potential plus transverse photons.

Let us study the stationary states to the variational prob-
lem posed by Eqs. (1) and (2) by using a Lagrange multi-
plier, with the functional

A �

Z
∑

e0

E2

2
2 l�r� �e0 divE 2 r�

∏

d3r , (4)

implying that E 1 gradl � 0. The Lagrange multiplier
is identical to the static electrostatic potential, f, and the
minimum energy is UCoulomb �

e0

2

R

�gradf�2 d3r. Con-
sider the energy Eq. (1) for an arbitrary E satisfying the
constraints then

U �

e0

2

Z

��gradf�2 1 �curlQ�2� d3r . (5)

Cross terms vanish, as is shown by integrating by parts.
We now turn to the statistical mechanics of a field with

the energy of Eq. (1) constrained by Gauss’s law. We
do not impose that the electric field is calculated from a
potential. The partition function of a fixed set of charges
in the presence of a fluctuating field E is given by

Z��r�� �

Z

DE e
2

R
�be0E

2�2�d3r

3
Y

r

d�divE 2 r�r��e0� . (6)

The argument �r� denotes the fact that the integral over
the particle positions has not yet been performed. There
are two ways of treating this equation. Either one intro-
duces an integral representation of the delta function or one
notes that the integral over the field E decomposes into a
(unique) gradient term and a (nonunique) rotation so that

Z ��r�� � e
2�be0�2�

R
�gradf�2 d3r

Z

DEte
2�be0�2�

R
E2 d3r

,

(7)

where DEt �

Q

r d�divE�DE performs the summation
over all the rotational degrees of freedom of the field
described by the potential Q. All the dependence on the
particle positions is in the prefactor characterized by the
electrostatic potential f found by solving Poisson’s equa-
tion. This prefactor gives the Coulomb interaction between

the particles. The remaining integral is independent of
the positions of the charges; rather remarkably, integration
over the full set of fields allowed by the constraint multi-
plies the standard partition function by a simple constant.
This extra factor in the partition function can be ignored.

In the presence of nonuniform dielectric media one pro-
ceeds in a similar manner with the energy

U �

Z D2

2e�r�
d3r (8)

and the constraint divD 2 r � 0. We deduce that the
displacement is given by D � 2e gradf 1 curlQ with
div�e gradf� � 2r and

Z��r�� � e
2�b�2�

R
e�r� �gradf�2 d3r

3
Z

DEte
2

R
�b�2e�r��E2 d3r (9)

so that

Z��r�� � ZCoulomb��r��Zfluct��r�� . (10)

This time the normalization is a function of the distribution
of dielectric inhomogeneities. When implemented in inho-
mogeneous media our treatment leads to potentials that are
the sum of the Coulomb and a fluctuation potential [12]
which varies as 1�r6 for two widely separated particles.
This term comes from thermally driven dipole-dipole in-
teractions: Fluctuations in the field produce an inhomoge-
neous polarization, P, of the dielectric background. This
produces an equivalent charge density of 2divP which in-
teracts via Coulomb’s law. Such fluctuation potentials are
to be expected from the Lifshitz theory of dielectrics.

We now propose a lattice version of the above equations
suitable for numerically studying the thermodynamics of
charged systems. The trick is to use the arbitrary vector
potential Q to simplify the calculation of the updated fields
after the motion of a charged particle. We need, also,
to sum over all rotational degrees of freedom of the field
in order to calculate statistical weights from the partition
function Eq. (6).

The observation we use in order to implement a local al-
gorithm is that the constraint equation, Eq. (2), can be up-
dated locally in a system in which charge is conserved. We
first reinterpret the constraint in terms of Faraday’s concept
of conserved electric flux: Consider, Fig. 1 (top), a net-
work where the charges are confined to the vertices �i� and
the field is associated with links between two sites, �i, j�.
Around each lattice point we imagine a cube and write the
constraint in integral form

R

E ? dS � ei�e0. The integral
is over the surface of the cube, ei is the enclosed charged
at the site. We use the notation E1,2 to denote the total flux
leaving 1 towards 2; clearly E1,2 � 2E2,1.

The discretized version of the integral constraint is
P

j Ei,j � ei�e0. The discretized energy is given by

U �

e0

2

X

links

E2
i,j . (11)
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FIG. 1. Top: A charged particle is present on the left lattice
point. If the particle is transferred to the right lattice point, the
constraints are still satisfied if E1,2 is modified to E1,2 2 e�e0

on the connecting link where e is the charge of the particle.
Bottom: The four fields associated with a single plaquette, C,
are modified by a rotational motion.

Here and in what follows we assume that the lattice spacing
is unity.

Start with a system where the constraint is satisfied,
Fig. 1 (top), and displace a charge, e, situated on the
leftmost lattice site, 1, to the rightmost site, 2. The con-
straint is again satisfied at both sites if the field associ-
ated with the connecting link is updated according to the
rule E1,2 ! E1,2 2 e�e0. This is our Monte Carlo move
for the particles, involving a correlated update of a single
charge and the field on the link connecting two sites. To
update the field configurations, Fig. 1 (bottom), we update
all the field values of a single plaquette while conserving
the constraint at each vertex. In Fig. 1 (bottom) E1,2 and
E4,1 increase by an increment D, whereas E4,3 and E3,2

decrease by D so that at each vertex the sum of the enter-
ing and leaving fields is constant. It is this last update that
performs the integration over all the rotational degrees of
freedom in the E field.

The two moves are not quite sufficient to equilibrate a
system with periodic boundary conditions in all situations.
This problem is linked with the solution f � 2E ? r or
E � E of the Laplace equation on a torus where E is an
arbitrary constant vector. Motion of the charges generates
fluctuations in E, while updates such as those in Fig. 1
(bottom) preserve E; similar phenomena also occur with

Maxwell’s equations. In order to be absolutely sure that the
algorithm is ergodic we introduced a third possible Monte
Carlo step which consists of a shift in E. By keeping
track of the evolution of E as the particles move, this last
update can be efficiently implemented without destroying
the O�N� scaling of the algorithm. In the largest systems
fluctuations in this single mode should give a small con-
tribution to the thermodynamics if the initial condition is
typical; in such cases this update can be eliminated.

We have performed two initial verifications of the al-
gorithm. First we randomly placed four positive and four
negative charged particles on a 4 3 4 3 4 lattice with pe-
riodic boundary conditions. We performed field updates
using the Metropolis algorithm at zero temperature in or-
der to anneal the field E. We then solved for the elec-
tric fields using a standard linear algebra package. The
results were identical to within numerical errors. An-
nealing E was crucial in order to get agreement between
the two methods with frozen charges. A second check
was then performed with two different implementations
of the Metropolis algorithm now run at several finite tem-
peratures: 36 mutually avoiding, charged particles were
distributed in a 6 3 6 3 6 cube with periodic boundary
conditions. The dielectric constant was uniform. In the
first simulation the linear solver was used to calculate the
exact interaction energy of the charged particles at each
Monte Carlo step. In the second simulation we imple-
mented the above local algorithm. For the two methods we
then compared the static structure factor for charge-charge
correlations, finding good agreement.

We verified the efficiency of the algorithm by deter-
mining the autocorrelation time of the slowest density and
charge modes in a cube of dimension L using the method
described in [13], Fig. 2. We plot the relaxation time in
Monte Carlo sweeps; during each sweep an average of one
Monte Carlo trial is performed for each degree of freedom
in the simulation. As expected in a Monte Carlo algorithm
dominated by diffusive motion the slowest mode relaxes
in a time which varies as L2. There is no anomalous or
critical slowing down due to the coupling between the par-
ticles and the electric field. The saturation of the relaxation
time for charge fluctuations at large L is a consequence of
screening; charge fluctuations relax by diffusion over the
Debye length.

We have shown that the thermodynamics of charged sys-
tems can be simulated locally by introducing a propagating
vector field so that particles interact via retarded, diffusing

fields. The dynamic properties of the system are strongly
modified, but by construction thermodynamics is an in-
variant of the propagation dynamics. Our treatment of the
dynamics of the field E is similar to the Coulomb or ra-
diation gauge in classical electrodynamics: Normally one
writes that

E � 2gradf 2
≠A

≠t
, (12)
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FIG. 2. Relaxation times in Monte Carlo sweeps for the
density-density (top) correlation function and the charge-charge
(bottom) correlation function measured for the mode 2p

L �1, 0, 0�
plotted as a function of L2. The top curve shows scaling com-
patible with simple diffusion. The bottom curve saturates for
large system sizes. The multiple points for each L correspond
to three independent determinations of the relaxation time.
System sizes between L � 6 and L � 36 with L3�4 charged
particles. There were 6 3 105 sweeps per simulation for a total
simulation time of three days on a AMD Athlon computer.

where in the Coulomb gauge divA � 0. There is a rather
close analogy between our dynamic scheme of solving for
the constraint equations with certain methods of quanti-
zation in the Coulomb gauge: In Dirac’s quantization of
the electrodynamic field Gauss’s law is a weak identity
[14] dependent on the choice of the initial wave function.
In our simulation Gauss’s law is the result of a restricted
choice of possible moves in the Monte Carlo algorithm to-
gether with a special initial condition.

What are the advantages of the present method over di-
rect integration of Maxwell’s equations which are also an
example of an O�N� algorithm? Monte Carlo algorithms
are particularly easy to implement and have good stabil-
ity with large step sizes. In addition, we have checked
that the fast equilibration of the electric degrees of free-
dom in Fig. 2 allows one to perform field updates far more
rarely than particle updates leading to additional accel-
eration of the algorithm. Such multiple time step ideas
have been applied to conventional electrostatic solvers but
in molecular dynamics are sometimes prone to numerical
instabilities [6].

In the implementation of the algorithm we were
inspired by recent work on hydrodynamic interactions
(varying as 1�r) via a Lattice-Boltzmann algorithm in
simulations of polymer solutions [15]. Another analogous
problem to ours has been treated by Car and Parrinello
who have shown [16] that introduction of a fictitious

dynamics leads to much improved efficiencies in solving
for constraints; our work differs in that the constraint of
Gauss’s law is solved exactly at each simulation step,
whereas a Car-Parrinello algorithm leads to a simulated
annealing treatment of Eq. (4).

Finally let us note that other functionals do exist for
the electric potential in the presence of sources [17]. In
particular, the functional

Z
∑

e0

2
�=f�2 2 rf

∏

d3r (13)

seems, at first sight, particularly simple and attractive. Un-
fortunately, the minimum of this functional is minus the
correct electrostatic energy. It cannot be used as a func-
tional for both the field evolution and the particle motion.
Applications of the algorithm to large atomistic systems
remain to be tested, but our method provides an alternative
to existing treatments of Coulomb interactions.

We thank R. Everaers for many crucial discussions in
the formulation of this work, in particular for his remarks
on the importance of dielectric effects.
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