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Introduction générale

Ce mémoire est centré autour de I'analyse numérique des schémas volumes finis pour un modele simplifié
d’écoulement de deux fluides incompressibles en milieu poreux. De tels modeles proviennent par exemple
des écoulements eau huile dans les gisements d’hydrocarbures en ingénierie pétroliere ou des écoulements
eau-air dans les nappes phréatiques en hydrologie. Ces phénomenes sont souvent qualifiés de phénomenes
de convection diffusion & convection dominante (“convection dominated problems” en anglais) car si les
deux phénomenes sont bien présents, I’ordre de grandeur des données physiques tend a rendre le terme de
diffusion tres petit devant le terme de convection. Cependant chacun des termes a son importance et doit
étre pris en compte aussi bien au niveau de la physique que dans I’étude mathématique.

La premiere partie de cette these est consacrée a 'approximation numérique d’équations paraboliques
hyperboliques faiblement ou fortement dégénérées. Nous nous sommes intéressés a ces équations pour
plusieurs raisons. En premier lieu, dans les écoulements que nous étudions, la modélisation débouche
sur un systeme couplé entre la pression et la saturation et I’équation en saturation est effectivement une
équation de type parabolique hyperbolique avec un terme de diffusion pouvant dégénérer. En second
lieu, il était intéressant d’adapter les résultats récents de José Carrillo [Car99], sur 'unicité des solutions
entropiques pour ce type d’équations, a 1’étude des schémas volumes finis. Les trois premiers chapitres
sont consacrés a 1’étude de la convergence de schémas volumes finis. Le dernier chapitre est consacré a
I’analyse des résultats numériques obtenus.

La seconde partie est consacrée a ’analyse numérique d’un modele simplifié d’écoulement diphasique en
milieu poreux. Nous utilisons essentiellement les outils et méthodes développés dans la premiere partie ou
antérieurement (cf [EGHOO0b]) pour étudier la convergence de deux schémas volumes finis différents pour
le phénomeéne physique complet. Dans les deux cas, I’étude est basée sur des estimations a priori dont
I’adaptation au cas discret pose de nombreuses difficultés. Le premier schéma dit “des mathématiciens” est
basé sur la réécriture du systéme (4.2)(4.3) sous la forme d’une équation parabolique hyperbolique sur la
saturation et d’une équation elliptique sur la pression, ces deux équations étant couplées par le coefficient
de diffusion. Le second schéma dit schéma, “des pétroliers” est une méthode numérique utilisée en pratique
dans l'industrie pétroliere. L’idée est de faire un décentrage des équations phase par phase. Les deux
schémas sont analysés séparément et ils sont ensuite comparés numériquement.

A Texception des résultats numériques et des preuves données en annexe, les différents paragraphes sont
des articles qui ont été soit soumis a des revues mathématiques, soit publiés dans des actes de congres avec
comité de lecture. Ces articles rédigés en anglais peuvent étre lus indépendamment les uns des autres,
méme si 'ordre dans lequel ils sont présentés suit la chronologie de mes travaux de recherche. Ils sont
précédés d’un résumé en francais destiné a replacer chaque travail dans son contexte.
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Introduction

Cette partie est consacrée a I’étude du probleme d’évolution suivant :

up — Ap(u) +div(qf(u)) = 0, (1)

dans un domaine borné et avec une condition initiale ug essentiellement bornée. L’équation (1) est une
équation de type parabolique hyperbolique non linéaire. Lorsque ¢ vérifie I’hypothese ¢’ > a > 0, on
dit qu’il s’agit d’une équation parabolique non linéaire non dégénérée. Le comportement de la solution
est alors quasiment le méme que celui de la solution de ’équation de la chaleur, en particulier, on peut
montrer dans ce cas l'existence et 'unicité d’une solution faible au sens des distributions (cas particulier
de la preuve donnée dans 'annexe A). Lorsque ¢’ peut s’annuler & lintérieur de l'intervalle défini par les
bornes de ug (et de la condition au bord pour des conditions de type Dirichlet), il n’en va pas de méme. En
effet, si le terme Ap(u) s’annule, le probleme étudié dégénere en une équation hyperbolique non linéaire et
il est bien connu que ce probleme est mal posé au sens des distributions. Pour conserver 'unicité on doit
alors ajouter des conditions supplémentaires, aussi appelées conditions d’entropie, introduites par Kruzkov
[Kru70] dans les années 60.

Nous avons traité trois cas dégénérés ou fortement dégénérés, chacun correspondant a des conditions au
bord différentes.

Le premier article intitulé “Convergence of finite volumes methods for convection diffusion problems” traite
le cas faiblement dégénéré, c’est & dire le cas ol 'ensemble {z € R, ¢'(z) = 0} est de mesure nulle, avec
des conditions au bord de type Neumann homogene. Dans ce cas, la formulation faible suffit encore pour
assurer ['unicité. Cet article a fait 'objet d’une présentation orale au congres “Finite volume methods for
complex applications II” qui s’est tenu & Duisburg en 1999 et a été publié dans les actes du congres [Mic99).
Cet article s’inspire en grande partie du travail de Younes Nait Slimane [EGHNS98][NS97|, étudiant en
these de Robert Eymard décédé en 1995.

Le second article intitulé “Convergence of finite volumes methods for parabolic degenerate problems” traite
le cas fortement dégénéré ou I'ensemble {x € R, ¢’ = 0} est de mesure quelconque, avec des conditions au
bord de type Dirichlet non homogenes. La partie numérique est un prolongement de I'article précédent et
en méme temps un trait d’union entre les méthodes de démonstration utilisées pour les équations elliptiques
(cf [EGH99]) et celles utilisées pour les équations hyperboliques (cf [CH99]). La démonstration d’unicité
s’inspire des travaux de José Carrillo [Car99] sur les solutions entropiques pour les équations paraboliques.
Le traitement des conditions au bord de Dirichlet non homogenes est rendu possible par ’hypothese que
nous faisons sur q, & savoir ¢ - n = 0. En cela il ne s’agit ni d’un cas particulier, ni d’une extension
des travaux précédents qui traitent le cas homogene, mais bien d’une adaptation. D’autre part, le cas
envisagé peut étre interprété dans le cadre de la modélisation des écoulements diphasiques. La méthode
utilisée pour l'existence passe par la notion de solution mesure (appelée ici processus entropique) introduite
par Di Perna [DiP85][EGGH98] pour I'étude des équations hyperboliques. Cet outil permet d’obtenir la

13



14 INTRODUCTION

convergence faible de g(u, ), pour une suite u, de fonctions bornée dans L et toute fonction g continue
bornée, au prix de I’ajout d’un parametre que la preuve d’unicité permet ensuite d’éliminer. Cet article a
été accepté pour publication dans la revue Numerische Mathematik.

Le troisieme article est un travail commun avec Julien Vovelle, qui au moment de ma soutenance finira
sa deuxieéme année de theése au LATP. Nous donnons dans cet article une formulation intégrale de la
notion de solution entropique pour des conditions aux limites de type Dirichlet non homogenes dans le cas
général q - n # 0. Le cas traité est d’ailleurs plus général car notre étude concerne les équations du type
ug — Ap(u) + div(F(z, t,u)) = 0, avec des hypotheses raisonnables sur F. Pour la partie spécifique a la
convergence du schéma numérique nous avons repris les arguments du précédent article mais les conditions
aux bord sont traitées avec beaucoup plus d’attention. La preuve de l'unicité s’inspire quand a elle des
travaux de Félix Otto [Ott96a][MNRRI6] et de Julien Vovelle [Vov00].

L’avancée réalisée au cours de ces travaux est enthousiasmante pour plusieurs raisons : tout d’abord,
les techniques utilisées pour les équations elliptiques et hyperboliques ont été mélées avec succes dans
le cas des équations paraboliques comme pour 1’étude de systemes couplés modélisant les écoulements
diphasiques en milieu poreux (Partie II). Ensuite, la convergence des schémas volumes finis nous donne
I’existence d’une solution a des problemes encore difficiles & appréhender en fournissant un méthode efficace
pour 'approcher. Les résultats numériques (Chapitre 4) permettent également de mieux comprendre les
conditions aux limites et le comportement des solutions. Enfin, le fait d’aborder la question sous ’angle
des volumes finis nous a obligés a formuler le probleme sous forme intégrale avec des fonctions simples,
comme les demi entropies de Kruzkov (Formules (3.3)). Nous avons ainsi obtenu une notion de solution
entropique qui étend la formulation donnée par José Carrillo [Car99] pour des conditions de Dirichlet non
homogenes.



Chapitre 1

Equation parabolique hyperbolique
faiblement dégénérée avec condition de
Neumann homogene

Résumé

Dans cet article, on construit un schéma volumes finis explicite pour une équation de convection diffusion
non linéaire. Ce schéma vérifie un principe du maximum sous une condition habituelle de type C.F.L. .
On montre également que la solution approchée vérifie des estimations a priori pour une norme discréte
correspondant & la norme L?(0, T, H'(2)). Ces estimations suffisent pour appliquer le théoreme de Fréchet-
Kolmogorov. On obtient alors une convergence faible du schéma, a une sous-suite extraite pres. Dans la
derniere partie, on donne les éléments d’une preuve d’unicité par une méthode duale dans un cas un peu
moins général (la preuve complete est donnée en annexe A).

Ce travail s'inspire de la these de Younes Nait Slimane [EGHNS98][NS97] qui a démontré une convergence
faible en utilisant la notion de solution processus entropique. En reprenant la méme méthodologie, on
obtient une preuve directe de la convergence forte adaptée au cas faiblement dégénéré envisagé ici. Ce
travail a permis de montrer que le traitement du cas faiblement dégénéré pouvait se faire simplement avec
les méthodes déja connues, ce qui permet notamment de mieux comprendre les différences qui existent
avec le cas fortement dégénéré. 1l a fait I'objet d’une présentation orale au congres “Finite Volumes for
Complex applications II” [Mic99].
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1.1. THE PROBLEM 17

Convergence of a finite volume scheme for a nonlinear
convection-diffusion problem

Abstract

We construct a time explicit scheme for a nonlinear convection diffusion problem which is L*° stable under
a C.F.L. condition. We also obtain discrete estimates that allow us to apply Kolmogorov’s theorem. Then
up to a subsequence we get the convergence of the scheme to a weak solution of our problem. In the last
section, which is a summary of Annex A, we give some elements of a simple proof of uniqueness in a special
case by a dual method.

1.1 The problem
We consider the following nonlinear parabolic degenerate problem in a bounded polygonal domain € of
RY :

ur — Ap(u) +div(qf(u)) =01in Q x (0,7
u(+,0) = ug(-) in (1.1)
Ve(u) -n=0in 0Q x (0,7)

This problem arises in the study of a two-phase flow in a porous medium. The unknown w is the saturation
of the first phase so it takes its values in the interval [0, 1]. The global flux vector q is a given function in
C1(Q x [0,T]). In the same way, f and ¢ are given in C'([0, 1]). The only assumptions that we make are

o (H1) div(q) = 0in Q x (0,7)
e (H2)g-n=0in 00 x (0,7)

e (H3) ¢ is strictly increasing but ¢’ may vanish (in which case the equation degenerates) and f is
nondecreasing.

1.2 The scheme

Let 7 be a cell-centered unstructured admissible mesh (see Definition 2.2.1, Chapter 2 and 6t a time step.
We will always suppose for the sake of simplicity that there exist N € N such that (N + 1)6t = T. We
construct an approximate piecewise constant solution a.e. on Q x [0,T") by

urse(x,t) = uf if (x,t) € K x [ndt, (n + 1)6t),
where {u}} is defined by an “upwind” finite volume scheme which we now describe.

For a control volume K € 7 we take



18 1.3. DISCRETE ESTIMATES ON ¢(U) AND F(U)

For K € 7 and n € [0, N] we define u?jl from {u }ker by

un-i—l —un
m(K)+A—K Z Tr,n(p p(ug)) + Z A f(uf7) =0, (1.2)

LEN(K) LeN(K)

where N (K) is the set of neighbor control volumes of K, q ; = [, a(nét) -ngpifo=KNL, Tk =
m(KNL)
d(zx,xr)
and u} otherwise). As a consequence of Hypotheses (H1)(H2), we have

and uK 7 is an upwind choice of w on the interface between K and L (it equals u} if q?g ., =0

Proposition 1.2.1 (Discrete divergence free property)

Z qKL_O

LeEN(K)
If we denote by &= = max(0, —x), Equation (1.2) is therefore equivalent to the following non-conservative
form
un+1 —un
m(K)KditK > T n(p(up)— (ui))+ > dir (f(ulk)— f(uf))=0. (1.3)
LeN(K) LeN(K)

By using monotony of the scheme we then easily prove the following lemma

Lemma 1.2.1 (L™ stability) Let ® = max |¢'(z)| and F = max |f'(z)|. Assume that
z€[0.1] z€[0,1]

ot > Tkr®+df; F<1foralKeT.
( )E/\/(K)

Then the scheme is L™ stable, i.e. if ug € [A, B] almost everywhere then ur s € [A, B] a.e. .

1.3 Discrete estimates on ¢(u) and f(u)

Lemma 1.2.1 gives an L™ estimate on w7 5. But it is not enough to deal with the nonlinear terms. We
now prove the following inequalities which are crucial for the proof of convergence.

Proposition 1.3.1 Let ® = max |¢'(z)| and F = m[ax] |f'(z)]. On condition that
z€(0,1

z€[0,1]
ot
i) > Tkip®+dhp F<l—e<lforadlKeT, (1.4)
LeN(K)

then there exist C(&,up) > 0 such that

N
Zét 1 > Truly —p(u}))? < Cd, (1.5)
n=0 KeTLeN(K

and Z(St = Z Z akr (fluf) — f(uh)? < CF. (1.6)

KeT LeN(K)
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Proof. We use again the non conservative form (1.3). We multiply the equation by dtu}, and sum over
K €T and n € [0, N]. We get Ey + E2 + E3 = 0, where

N
Bo= Y3 m) i -
n=0KeT
N
= ¥ ) (R - jh? - 5 - u? )
n=0 KeT
1 N+1y2 1 0\2 1 al n—i—l n
= S )@Y - LY m) @ - L3 S mm) ),
KeT KeT n=0 KeT

N
B S0t S Tislel) - o(ul))uk

n=0 KeT LeN(K)

N
= ZétlZ > TKL — () (ufy — u})

KeTLeN
g 1
> 2575*2 > TKL —o(u L))zg
KeTLeN
and FE3 = 25752 Z ar (f(uk)— f(ul))uk.
n=0 KeT LeN(K)
Let give now a useful result (see for instance [EGHOOD]).
Lemma 1.3.1 (Technical lemma) Let g(z) = [T tf(t)dt where f € C*([o, 8]) is monotone then if we
denote by F = m[a%] |f'(x)|, for all a and b € [ , 0],
z€la,
1
(£(0) = F(@)b = g(b) = g(a) + 5 (F(0) = f(a))*.

By lemma 1.3.1,

Z&fz S ke () — Fu))

KeTLe/\/ (K)

SayY Y ki (o(k) o)

n=0 KeT LeN (K

But qi ;, = -4} k- So by using Proposition 1.2.1, we get

Z Z qKL (9(uk) —g(u)) =0

KeT LeN(K

and finally

Zatfz > s (F(ufe) — T} 5

KeT LeN (K
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1.4. TRANSLATES ESTIMATES

It remains to estimate R; = Z Z uptt — ulg)?
n=>0 KGT
n+1 n \2 ot 2 n
(up™ —ug)” < m ZTK,L’SD(UK) -
LeN(K)

Z Tk, 1P+ qu[ F
LeN(K)

. By 1.3,

plur)|+di . [f(uk) —

S g Trlpl) — p(uf))?

LeN(K)

£ rdkr (Fg) - F0)y

LeN(K)

Therefore by using Condition (1.4), we get

Ri<(1- 62& . 2 % Ty 1) -

= KeTLeN K)

Moreover, Z m(K)(u%)? < HUOH%Q(Q

KeT
proof with C(§,ug) =
O

1 Il

1—¢

1.4 Translates estimates

1 2

P(uf))* + g,z (f (uf) = f(uf))*.

) Then by collecting the previous inequalities, we complete the

As a consequence of Estimate (1.5), by classical techniques that can be seen for instance in [EGHO0b], we

get the two following inequalities.

Corollary 1.4.1 (Space-translate estimate)
Under the assumptions of Proposition 1.3.1,

T
/0 /Q (pluza(e + 1)) — plur sz, 1)) dudt < CBI|(€] + 2h),
13

where h = max diam(K) and Q¢ = QN Q—€.

€T

Corollary 1.4.2 (Time-translate estimate)

Under the assumptions of Proposition 1.3.1, there exist C'(e, ¢, f,q,ug, Q,T) > 0 such that

T—s
/0 /Q(SO(U’]"ét(x,t +5)) — p(urse(x,t)) )dedt < ('s.



1.5. COMPACTNESS AND CONVERGENCE 21

1.5 Compactness and Convergence

We handle now the first part of the conclusion under the convergence of the scheme. For that we need to
use the classical following compactness theorem.

Theorem 1.5.1 (Fréchet-Kolmogorov)
Let F a bounded subset of L?(R?) such that

ﬁfo ;gg\lf(- +&) — fOllL2 ey = 0.

Then for every Q CC RY, F is relatively compact in L(€2).

We are now able to state the convergence theorem

Theorem 1.5.2 (Convergence theorem, part 1) Let (7, dty,) be a sequence of meshes and time steps
that satisfies assumptions of Proposition 1.5.1. Assume moreover that h,, tends to zero when m tends to
oo (which implies that 0t,, tends to zero ) .

Then there exists u € L= (2 x (0,T)) such that o(u) € L*(0,T, HY(Q)) and up to a subsequence,

lim wug,, 5, = u for the L(2 x (0,T")) weak- topology and in LP(2 x (0,T")), Vp < oc.

m

ELEMENTS OF PROOF. Let us extend ur 5 on R by zero out of Q x (0,7). From Corollary 1.4.1 and
Corollary 1.4.2, we directly deduce that for every (¢, s) € RIT!H

l(urse(- + &, -+ 1)) — o(ur s (-, ~))H%2(Rm+1) < 2C[E|(J&] + 2h) +2C"s
+  (2T|€|m(09) + 2m(Q)s) M2,

where M, = I[Ié,ai)]( lo(z)].

This inequality allows us to apply Theorem 1.5.1 and we obtain regularity on the limit by looking at the
rates of increase which converge to the derivatives in the sense of distributions (see [EGH00b][EGH99])

Theorem 1.5.3 (Convergence theorem, part 2) We suppose that the assumptions of Theorem 1.5.2
are satisfied, and we assume also that there exists 8 > 0 such that for all mesh T, the following reqularity
property is satisfied:
7y < o)
> m(ENL)< 0— —VKEeT. (1.7)
LeN(K)

Then the function u given in Theorem 1.5.2 is solution of Problem (1.1) in the following sense:
Vih € Crest = {n € C31(Q x [0,T]) such that Vp-n =0 and n(-,T) = 0},

T
/ / why + o)A + qf(u) - Vo + / wo( (-, 0) = 0. (18)
0JQ Q
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Proof. The convergence of u,, to u is strong which implies that f(u,) and ¢(u,) converge to f(u) and
©(u). So it suffices to show that

T
lim / /Q ¥t + () A + A f (t) - VI + /Q uo () (-,0) = 0.

m—00 0

Let m be fixed and T = 7,,, dt = dt,,,. Let us then multiply Equation (1.3) by 6tW%, where ¥} =
Y(zx,not) and sum over K € T and n € [0, N]. We get T1 + T + T3 = 0, where

o= ZZ ut — ) Uk

n=0Ke7T
N
_ 1 N+1gqyN 0 1,0
Y R v Y e Y
n= 1K€T KeT KeT

o= Y Y Tenloly) - o)

n=0 KeT LeN(K)

= Zét Yoo> Trale P(ul)) (T — T)

KeT LeN(K)

and T3 = Z&Z Z qKL flug) — f(ul) ¥k

n=0 KeT LeN(K
= Zét >, > U uf)) el Vi 7,
KETLeN (K)

where \IJTIL{QL is equal to Wi if qf ; < 0 and W} otherwise. We compare T; to .S; given by

S = //umw / (6(-, 0)

- —ZétZuK(st/nnH&/wtxtdxdt—z/uo

ot KeT

T
So = m) A
: /(]Qw(U)w

(n+1)dt
- Z(St Z Z U%))alt/ - ViY-ng

KeT LeN(K

and S35 = /T/qf(u) \Y4

(n+1)dt
- Z(St Z Z 575/71 KOqu ngr.

n=0 KeT LEN(K)

Classically, (see for instance [EGHNS98], [EGHOODb]) because v is a regular function and ¢ (7") = 0 we get
lim (Sl - Tl) = 0.
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By using Estimates (1.6), (1.5) and the regularity condition (1.7) we get also

IT5 — S5 < \/Tm(Q)CFMqH Cs(v) Vh
and [Ty — S| < /2Tm(Q)C® Ci() h.

Then lim |75 — Sa| = lim |73 — S3| = 0, and the proof is complete. [J
m—0o0 m—00

1.6 Uniqueness

This section is a summary of the Annex A. Let u; et uy be two solutions of Problem (1.1) for the weak
formulation (1.8). We denote by ug = uy — ug. For all ¢ € Cyest, we have

T
/ / (e, ) (@, 1) + alw, D) F (2, ). Vab(z, £) + D, £) Adh(a, £) |dwdt = 0, (1.9)
0JQ
where F' = M and @ = M So it is natural to pay attention to the dual problem:
U1 — U2 Up — u2
- Y +qF. VY + PAY = x
e C?H(Qx[0,T]) and { Vin=0 . (1.10)

(1) =0
From [LSU67], we can state the following result

Theorem 1.6.1 (Existence to the regular dual problem)
Let F', q and ® be C* functions under 2 x [0,T], and assume that there exists § > 0 such that ®(z,t) > 6.
Then for every x € C°(2 x (0,T)) there exists an unique solution to Problem (1.10).

Moreover, we also have the following estimates

Proposition 1.6.1 (Dual problem estimates) Let ¥ be a solution to the regular dual problem with
second member x and M, My , Mq and Mp some upper bounds for |x|, ®, |q| et |F|. Then there exists
C(x, M, My, Mp,Q,T) > 0 such that

[l Lo (@x0,m)) < My T (1.11)
C
1A%l 2@x(01)) < 53 (1.12)
and
C
IVl L2x0,1)) < 3 (1.13)

Elements of proof. Inequality (1.11) is a direct consequence of the maximum principle for parabolic
equations. For (1.12) and (1.13), we multiply the equation by At and integrate over 2 x (0,7"). Because

of (1.11), V¥l z2(ax(0,1)) is controlled by \/HAw‘|L2(QX(O’T)). We then complete the proof by using time

and space integrates by part and Young inequalities.

We are now able to give the main result of this section.
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1

Theorem 1.6.2 (Uniqueness theorem) Assume that =" is a Hélder-continuous function with exponent
1

5. Then there exists an unique solution to Problem (1.1) for the weak formulation (1.8).

Proof. By Theorem 1.5.3, there exists at least one solution for the weak formulation (1.8). We now turn
to the study of the uniqueness. Let x € C°(2 x (0,7")) and § > 0 (§ < Myg).

®5; = max(d,®) is again in L>(Q2 x (0,7)) and ®5 > § almost everywhere. We don’t have regularity
hypothesis on ®5 and F' but we can construct some sequences of regular functions on Q x (0,7, (G,,), (F,)
and (qy), that converge to ®5, F' and q in LP(Q2 x (0,7)) for p < oo and such that

For every n, by Theorem 1.6.1 there exists a solution 1, in C%1(Q x [0,77]) to the dual problem associated
to G, dn, Fy, and x. Because the upper bounds of G,,, q,,, F,, and the lower bound ¢ of G,, are independent
from n, estimates on A, and Vi), are also independent from n, so we get

T
lim / /ud(ann —qF). Vi, =0
Q

n—co jo
//uda - D)Ay, _(//ud%— >;

But &5 — ® < 01l g5 because ® and ®; are equal on {® > d}. Then, if we denote by As; = {ug #

0} N{® < 4}, we get
T 2 3
s (5)
/O/Qd a5 02

Because ¢! is a Holder-continuous function with exponent 3 5, we get ug < § on As. Moreover m(As)

tends to zero, so that
T
/ /UdX =0.
0 Jo

Since this is true for every regular function y, the proof is complete. [J

and .
lim sup
n—oo

-1



Chapitre 2

Equation parabolique hyperbolique
dégénérée avec condition de Dirichlet
non homogene dans le cas q-n =0

Résumé

Nous construisons dans cet article une solution faible entropique approchée pour ’équation non linéaire
parabolique dégénérée suivante :

ur + div(q f(u)) — Ap(u) = 0. (2.1)

La solution approchée up est obtenue par un schéma volumes finis pour une discrétisation admissible
D du domaine qui nous intéresse, a savoir Q = Q x (0,7) ot Q est une domaine borné de R?. Nous
montrons précisément la convergence forte de up vers I'unique solution faible entropique de (2.1). Cette
preuve est décomposée en deux étapes. Dans un premier temps, grace a des estimations a priori nous
obtenons la convergence faible et & une sous-suite extraite pres de up vers une solution mesure (appelée
solution processus entropique). Dans un deuxiéme temps nous montrons qu’il existe au plus une solution
processus entropique et que cette solution processus entropique se réduit a une fonction de L*>°(Q2 x (0,7)),
c’est a dire que c’est une fonction. Des résultats numériques illustrant le phénomene de dégénérescence
parabolique-hyperbolique sont donnés dans la derniere section.

Ce travail commun avec Robert Eymard, Thierry Gallouét et Raphaele Herbin a permis de montrer com-
ment il était possible d’adapter le travail de José Carrillo [Car99] pour traiter la convergence de méthodes
de volumes finis pour des problemes paraboliques hyperboliques dégénérés sur des domaines bornés. La
condition q - n = 0 que nous avons prise est physiquement acceptable, si on considére que cette équation
provient du systéme couplé étudié dans la Partie II de ce mémoire. D’autre part, la preuve d’unicité
avec cette condition limite sur le bord présente déja de nombreuses difficultés. Nous présentons ici une
définition un peu originale de solution entropique et nous montrons que notre formulation est bien adaptée
aux schémas volumes finis. Il s’agit du premier article & notre connaissance traitant de 'unicité dans le
cas parabolique hyperbolique non linéaire dégénéré avec des conditions au bord non homogenes. Il a été
soumis a la fin de ’année 2000 [EGHMOO0] et j’ai présenté a plusieurs reprises ces travaux lors de séminaires
ou de congres.
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Convergence of a finite volume scheme for nonlinear
degenerate parabolic equations.

Abstract

One approximates the entropy weak solution u of a nonlinear parabolic degenerate equation u;+div(qf(u))
—Ap(u) = 0 by a piecewise constant function up using a discretization D in space and time and a finite
volume scheme. The convergence of up to u is shown as the size of the space and time steps tend to zero.
In a first step, estimates on up are used to prove the convergence, up to a subsequence, of up to a measure
valued entropy solution (called here an entropy process solution). A result of uniqueness of the entropy
process solution is proved, yielding the strong convergence of up to u. Some numerical results on a model
equation are shown.

2.1 The nonlinear parabolic degenerate problem.

Let © be a bounded open subset of R%, (d = 1,2 or 3) with boundary 0 and let T € R% . One considers
the following problem.

wi(z, t) + div (q f(u))(a:,t) — Ap(u)(z,t) = 0, for (z,t) € Q x (0,T). (2.2)

The initial condition is formulated as follows:

u(z,0) = ug(z) for xz € Q. (2.3)

The boundary condition is the following non homogenous Dirichlet condition:

u(z,t) = u(z,t), for (x,t) € 00 x (0,T). (2.4)

This problem arises in different physical contexts. One of them is the problem of two phase flows in a
porous medium, such as the air-water flow of hydrological aquifers. In this case, problem (2.2)-(2.4) repre-
sents the conservation of the incompressible water phase, described by the water saturation u, submitted
to convective flows (first order space terms q(z,t) f(u)) and capillary effects (Ap(u)). The expression
q(x,t) f(u) for the convective term in (2.2) appears to be a particular case of the more general expression
F(u,z,t), but since it involves the same tools as the general framework, the results of this paper could be
extended to some other problems.

One supposes that the following hypothesis, globally referred in the following as hypothesis (H), are fulfilled.

Hypothesis (H)
(H1) Q is polygonal (if d =1, Q is an interval, and if d =3, Q is a polyhedron),

(H2) ug € L>®(Q) and @ € L>®(002x(0,T)), @ being the trace of a function of H*(2x (0, T))NL>(2x(0,T))
(also denoted u); one sets Ur = min(infess ug, infess @) and Ug = max(supess ug, supess ),

(H3) ¢ is a nondecreasing Lipschitz-continuous function, with Lipschitz constant ®, and one defines a

function ¢ such that {' = /',
(H}) f € CHR,R), f' > 0; one sets F = maxer,,vg) f'(5),
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(H5) q is the restriction to Q x (0,T) of a function of C*(R? x R, R?),

d
(H6) div(q(z,t)) = 0 for all (z,t) € R? x (0,T), where div(q Z , (qi is the i-eth
=1

component of q) and

q(z,t)n(x) =0, for a.e. (x,t) € 9N x (0,T), (2.5)
(for x € 09, n(x) denotes the outward unit normal to Q at point x).

Remark 2.1.1 The function f is assumed to be non decreasing in (H3) for the sake of simplicity. In fact,
the convergence analysis which we present here would also hold without this monotonicity assumption using
for instance a fluzx splitting scheme for the treatment of the convective term qf(u). However, for general
monotonous schemes, the proof is not so clear: the use of the Kruskov entropy pairs which was used for
instance in [EGGHI8] yields some technical difficulties because of the presence of the second order term.

Under hypothesis (H), the problem (2.2)-(2.4) does not have, in the general case, strong regular solutions.
Because of the presence of a non-linear convection term, the expected solution is an entropy weak solution
in the sense of definition 2.1.1 given below.

Definition 2.1.1 (Entropy weak solution) Under hypothesis (H), a function u is said to be an entropy
weak solution to Problem (2.2)-(2.4) if it verifies:
ue L¥(Q x (0,7)), (2.6)
p(u) — p(a) € L*(0,T; Hy (2)), (2.7)
and u satisfies the following Kruzkov entropy inequalities: ¥ ¢ € DT (Q x [0,T)), Vk € R,

lu(z,t) — k[ i(z, )
/ (flu(z,t)Tk) — f(u ) K)) d(x,t) - Vip(z,t) | dedt +/ luo(x) — K|Y(z,0)dx >0,
WO | —Vp(u)(x,t) — p(r)] - Vi (,t) @

+
(z,

(2.8)
where one denotes by aTb the mazrimum value between two real values a and b, and by a_Lb their minimum

value and where DT(Q x [0,T)) = {Y € C (A x R, Ry ), ¢(-,T) =0} .

This notion has been introduced by several authors ([Car99], [LBS93]), who proved the existence of such
a solution in bounded domains. In [LBS93], the proof of existence uses strong BV estimates in order to
derive estimates in time and space for the solution of the regularized problem obtained by adding a small
diffusion term. In [Car99], the existence of a weak solution is proved using semi-group theory (see [Ben72]),
and the uniqueness of the entropy weak solution is proved using techniques which have been introduced
by S.N. Krushkov and extended by J. Carrillo.

In the present study, thanks to condition (2.5), boundary conditions are entirely taken into account by (2.7)
and do not appear in the entropy inequality (2.8). For studies of the continuous problem with more general
boundary conditions, one can refer to [LBS93], which uses the classical Bardos-Leroux-Nédélec formulation
[BIRN79], or [Car99] in the case of a homogeneous Dirichlet boundary condition on 02 without condition
(2.5).
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Let us mention some related work in the case of infinite domains ( = R?): In [BGNO0], the authors prove
the existence in the case Q = R¢, regularizing the problem with the “general kinetic BGK” framework to
yield estimates on translates of the approximate solutions. Continuity of the solution with respect to the
data for a more general equation was studied by Cockburn and Gripenberg [CG99], and convergence of
the discretization with an implicit finite volume scheme was recently studied by Ohlberger [Ohl97].

We shall deal here with the case of a bounded domain. The aim of the present work is then to prove the
convergence of approximate solutions obtained using a finite volume method with general unstructured
meshes towards the entropy weak solution of (2.2)-(2.4) as the mesh size and time step tend to 0. We state
this result in Theorem 2.2.1 in Section 2.2, after presenting the finite volume scheme. Then in Section
2.3, the existence and uniqueness of the solution to the nonlinear set of equations resulting from the finite
volume scheme is proven, along with some properties of the discrete solutions. In Section 2.4 we show
some compactness properties of the family of approximate solutions. We show in Section 2.5 that there
exists some subsequence of sequences of approximate solutions which tends to a so-called “entropy process
solution”, and in Section 2.6 we prove the uniqueness of this entropy process solution, which allows us
to conclude to the convergence of the scheme in Section 2.7. We finally give an example of numerical
implementation in Section 2.8.

2.2 Finite volume approximation and main convergence result

Let us first define space and time discretizations of  x (0,7).

Definition 2.2.1 (Admissible mesh of Q) An admissible mesh of Q) is given by a set T of open bounded
polygonal convex subsets of Q called control volumes, a family € of subsets of Q contained in hyper-planes
of R® with strictly positive measure, and a family of points (the “centers” of control volumes) satisfying
the following properties:

(i) The closure of the union of all control volumes is €.

(ii) For any K € T, there exists a subset Ex of € such that 0K = K\K = U,cg, 0. Furthermore,
g = UKGTEK

(iii) For any (K, L) € T? with K # L, either the “length” (i.e. the (d — 1) Lebesgue measure) of K N L is
0 or KNL=a for some o € £. In the latter case, we shall write 0 = K|L and Eipy = {0 € £,I(K, L) €
T2,0 = K|L}. For any K € T, we shall denote by Ni the set of boundary control volumes of K, i.e.
Nk ={LeT,K|L ek}

(iv) The family of points (v )ker is such that v € K ( for all K € T) and, if 0 = K|L, it is assumed
that the straight line (vg,xp) is orthogonal to o.

For a control volume K € T, we will denote by m(K) its measure and Eeur, i the subset of the edges of
K included in the boundary 0. If L € N, m(K|L) will denote the measure of the edge between K and

K|L
L, Tg1, the “transmissibility” through K|L, defined by 7|1, = ;Z(’)) Similarly, if o € Eept i, we will
Tk, T,
denote by m(o) its measure and 7, the “transmissibility” through o, defined by 17, = d(rgw)). One denotes
KO

Eeaxt = UkeTEent k and for o € Eepr, one denotes by K, the control volume such that o € Eeqi(Ky). The
size of the mesh T is defined by
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size(T) = max diam(K),

and a geometrical factor, linked with the reqularity of the mesh, is defined by

) d(xg,0)
reg(7)= min ———=.
s(7) KeT,0e&k diam(K)
Remark 2.2.1 Assumption (iv) in the previous definition is due to the presence of the second order term.
Ezamples of meshes satisfying these assumptions are triangular meshes satisfying the acute angle condition

(in fact this condition may be weaken to the Delaunay condition), rectangular meshes or Voronoi meshes,
see [EGH99] or [EGHO0b] for more details.

Definition 2.2.2 (Time discretization of (0,7)) A time discretization of (0,T) is given by an integer
value N and by an increasing sequence of real values (t"),efo,n+1] With t0 =0 and tNTY = T. The time
steps are then defined by 5t" = t" Tt — 1", for n € [0, N].

Definition 2.2.3 (Space-time discretization of Q x (0,7")) A finite volume discretization D of Q X
(0,T) is the family D = (T,&, (vk)keT, N, (t")nepo,n]), where T, &, (vx)KeT is an admissible mesh of
Q in the sense of definition 2.2.1 and N, (t")ncjo,n+1] 5 a time discretization of (0,T) in the sense of
definition 2.2.2. For a given mesh D, one defines:

size(D) = max(size(T ), (6t")nefo,n])s and reg(D) = reg(7).

We may now define the finite volume discretization of (2.2)-(2.4) . Let D be a finite volume discretization
of 2 x (0,7) in the sense of Definition 2.2.3. The initial condition is discretized by:

Uy = m(lK) /K uo(z)dz, VK € T. (2.9)

In order to introduce the finite volume scheme, we need to define:

tn+1

- 1
03" = 5oy
" m(o) Jin

/ (@, dy(2)dt, Vo € Euny,Vn € [0, N], (2.10)

tn+1

1
q?;rLl = &n/ / q(z,t) - ng dy(z)dt, VK eT,VL e Ng,¥n e [0,N], (2.11)
’ tn K|L

where ng j, be the normal unit vector to K|L oriented from K to L.
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An implicit finite volume scheme for the discretization of Problem (2.2)-(2.4) is given by the following
set of nonlinear equations, the discrete unknowns of which are U = (U}?Fl) KeT ne[0,N]:

M m(K) + Z [( n+1)+f(Un+l) _ ( n+1)ff(Un+l)
5" dr.L K 4K, L
LeNk
= > (U = e(URH)
S ] (2.12)
=) To(eUF) — e(UE) =0,
Uegezt,K
VK € T,Vn € [0, N].
where (q?(+£)+ and (q’]"”(JrLl)_ denote the positive and negative parts of q?le (i.e. (q}’fg)Jr = max(q?(TLl,O)
and (¢'})” = — min(qi’},0)).

Remark 2.2.2 The upwind discretization of the flux qf(u) in (2.12) uses the monotonicity of f and
should be replaced by a flux splitting scheme in the general case.

Remark 2.2.3 Thanks to Hypothesis (HG6), one gets for all K € T and n € [0, N],
Yo dit = D i) — () 7] = 0. This leads to

LeNk LeNk
S AdEHT RO = (DT RO = = D (@ POt = FUET). (2.13)
LeNk LeNk

This property will be used in the following.

In Section (2.3) we shall prove the existence (Lemma 2.3.1) and the uniqueness (Lemma 2.3.4) of the
solution U = (U}}H)KET,ne[[O,N]] to (2.10)-(2.12) . We may then define the approximate solution to (2.2)-
(2.4) associated to an admissible discretization D of © x (0,T") by:

Definition 2.2.4 Let D be an admissible discretization of of Q x (0,T) in the sense of Definition 2.2.3.
The approzimate solution of (2.2)-(2.4) associated to the discretization D is defined almost everywhere in
Qx(0,T) by:

up(z,t) = Uptt, Vo € K, Vt € (t",t"1), VK € T, Vn € [0, N], (2.14)
where (UITéJrl)KeT,ne[[o,N]] is the unique solution to (2.10)-(2.12) .

Theorem 2.2.1 (Convergence of the approximate solution towards the entropy weak solution)

Let £ € RY, consider a family of admissible discretizations D of Q x (0,T) in the sense of Definition
2.2.3 such that & < reg(D). For a given admissible mesh D of this family, let up denote the associated
approzimate solution as defined in Definition 2.2.4. Then:

up — u € LP(Q2 x (0,T) as size(D) — 0, Vp € [1, +00),

where u is the unique entropy weak solution to (2.2)-(2.4) .
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The proof of this convergence theorem will be concluded in Section 2.7 after we lay out the properties of
the discrete solution (sections 2.3 and 2.4), its convergence towards an ‘’entropy process solution” (Section
2.5) and a uniqueness result on this entropy process solution (Section 2.6).

Remark 2.2.4 All the results of this paper also hold for explicit schemes, under a convenient CFL condi-
tion on the time step and mesh size.

2.3 Existence, uniqueness and discrete properties

We state here the properties and estimates which are satisfied by the scheme which we introduced in
the previous section and prove existence and uniqueness of the solution to this scheme. All the discrete
properties which we address here correspond to natural estimates which are satisfied, at least formally, by
regular continuous solutions. Let us first start by an L°° estimate:

Lemma 2.3.1 (L*™ estimate) Under hypothesis (H), let D be a discretization of 2 x (0,T) in the sense
of definition 2.2.3 and let (U}}H)KETWE[[O’N]] be a solution of scheme (2.10)-(2.12) . Then

U <UEt <Us, VK €T, V¥n € [0,N].

Proof.

Let Uy = . Tma}ﬁo N U7 and let n € [0, N] and K € 7 such that U™ = Uy;. Equations (2.12) and
€/ ,me|0,

(2.13) yield

Uy =Urtl=Un + 5(tK) Y (D) (WUt = FUEg™)
LeNk
5t .
- o 2 AR = )
ot" rrn+1 n+1
+ m(K)Ueg;t,KTO((p(UG+) ‘P(UK+ )

If one assumes that

Uy > max
0€Eext,mE[O,N]

This shows that

U;”H, using the monotonicity of ¢ and f, one gets Uy; < Uy, and therefore Uy < U?(.

Uy < max( max Ut max UY),
0€Eeqt,me[0,N] LeT

yielding Ups < Ug. By the same method, one shows that min UZ"‘H >Ur. O

LeT ,me[0,N]
A corollary of Lemma 2.3.1 is the existence of a solution (U?(Jrl)KET,nE[[O,N]] to (2.10)-(2.12) . (Uniqueness
is proven in Lemma (2.3.4) below).

Corollary 2.3.1 (Existence of the solution to the scheme) Under hypothesis (H), let D be a dis-
cretization of Q x (0,T) in the sense of definition 2.2.3. Then there ezists a solution (U}}H)KeT,ne[[o,N]] to
the scheme (2.10)-(2.12) .
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The proof of this corollary is an adaptation of the technique which was used in [EGGH9S] for the existence
of the solution to an implicit finite volume scheme for the discretization of a pure hyperbolic equation.
The two following lemmata express the monotonicity of the scheme. Both are used to derive continuous
entropy inequalities.

Lemma 2.3.2 (Regular convex discrete entropy inequalities) Under hypothesis (H), let D be a
discretization of Q0 x (0,T) in the sense of definition 2.2.3 and let U = (U;QH)KGT,”E[[O’N]] be a solution to
(2.10)-(2.12) .

Then, for all n € C*(R,R), with n” > 0, for all p and v in C*(R,R) with p' = /() and v = 0'(p)f’,
forall K € T, and n € [0, N], there exist (UKL VLeNy with U;?’Ll € (min(UpH, U, max (Ut Upth))
for all L € Nx and (Ut oee,,, c with U”tl (min(UH, Ug+1) max (Ut UZHY) for all o € Eepr e
satisfying ’ ’

pUR™) — n(UR)

)+ S D O G
— Y mrimeU) = n(e(UE™))
- Leff 7o (n(e(U7 1) = n(e(UE™))) (2.15)
+ UE%KTKLH URENPUL) = p(UR))?
+ éL:z[}f e (DU (T = o(UE™))? <0

Proof.
In order to prove (2.15), one multiplies Equation (2.12) by n'(o(Ugth)).
The convexity of u yields

Uptt —un
ot"
Using the convexity of v and Remark 2.2.3, one gets

wUE™) — n(UE™)

m(K) o

7 (e(UE) = m(K)

=T (@D TFUP) = FUEY (eUED) = = N (g Tt — v(UE)

LeNk LeNk
> S (@O — (g o
LeNk

The Taylor-Lagrange formula gives, for all L € Nk and all 0 € €yt i, the existence of )
Uptt € (min(UEH, U, max(Upt, Up*H)) and U e (min(UTH, T7+1), max(UTH, Un+1))
such that

(UL = (U (p(UR)) = ((@(UZ“))—n(sO(U}?“)))—%n”(@(U}éfﬁ))(w(UZ“)—sO(U}E“))Q,

(U = (U ((UE) = (n (@(Ué‘“))—n(sO(U}?“)))—%n”(sO(U;?LI))(sO(U?“)—SO(U}?“)V-

Then collecting the previous inequalities gives Inequality (2.15) . O
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Lemma 2.3.3 (Kruzkov’s discrete entropy inequalities) Under hypothesis (H), let D be a discre-
tization of Q x (0,T) in the sense of Definition 2.2.8 and let U = (U}?l)KeT’ne[O’Nﬂ be a solution of the
scheme (2.10)-(2.12) .

Then, for allk € R, K € T and n € [0, N],

1
UEH — k|~ [UR — &

3 (@) IF(URT) = £(%)

|
(Stn m(K) + S ( n+1) |f(Un+1) f(li',)|
= > TklleUE) = (r)] = lp(URH) = o(%))) (2.16)
LeNgk
— Y Tle(UFh) = e(R)] = lp(URH) = e(k)]) <0
0€Ecut, K

Proof. In order to prove Kruzkov’s entropy inequalities, one follows [EGGH98]. Equation (2.12) is
rewritten as

B Uk, (UL enses (U™ oeten ) =0,

where B is non increasing with respect to each of its arguments except U}?Fl. Consequently,

BU  URTE, (U TR) Lene, (UF T TR)oe i) < 0. (2.17)

Since B(k, K, (K)LeNy s (K)oesep. ) = 0, One gets

Bk, U Tk, (U TR) Lene, (U2 TR)oeg i) < 0. (2.18)
Using the fact that Up™ T = Upt! or &, (2.17) and (2.18) give
BUM TR, UgTr, (UP TR) Lenie, (U8 TR)geg i) < 0. (2.19)
In the same way one obtains
BUM! Lk, U L, (UP LR) pene, (U0 LK) geg, ) = 0. (2.20)

Substracting (2.20) from (2.19) and remarking that for any nondecreasing function g and all real values
a,b, g(aTb) — g(aLld) = |g(a) — g(b)| yields Inequality (2.16). OJ
Let us now prove the uniqueness of the solution to (2.10)-(2.12) and define the approximate solution.

Lemma 2.3.4 (Uniqueness of the approximate solution) Under hypothesis (H), let D be a discre-
tization of Q2% (0,T) in the sense of Definition 2.2.3. Then there exists a unique solution (U;H)KGT,ne[[O,N]]
to (2.10)-(2.12) .
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Proof.
The existence of (U}éﬂ) KeT neo,N] Was established in Corollary 2.3.1. There only remains to prove the
uniqueness of the solution. Let (U[r?_l)KGT,nG[[O,N]] and (VKTH_l)KET,nG[[O,N]] (setting V¥ = UY) be two
solutions to the scheme (2.10)-(2.12) . Following the proof of Lemma 2.3.3, one gets, for all K € 7 and all
n € [0, NJ,

B TV URTVR, (UL TVE ) enes (U5 oet i) <0,

and

B LV Uk LV, (UL LV ) peies (U5 oetenn i) 2 0,

which by substraction give

R VR R VR gy 4 S [ (a5 U™ = SV ]

5 2 | D Wt - pvp)
(U™ — (V)= ]
- T B . (2.21)
PR e
+ ) TleURT) — (V) <0.
Uegezt,K

For a given n € [0, N], one sums (2.21) on K € 7 and multiplies by §t". All the exchange terms between
neighboring control volume disappear, and because of the sign of the boundary terms, one gets

SURT =V m(K) < > |UR - V| m(K).
KeT KeT

Since U = V2, one concludes Ut — vt m(K) = 0, for all n € [0, NJ, which concludes the proof
K K K K

KeT
of uniqueness. [

Let us now give two discrete estimates on the approximate solution up which will be crucial in the con-
vergence analysis. The first estimate (2.22) is a discrete L?(0,T, H!(Q)) estimate on the function ¢(up)
where ¢’ = /. This estimate will yield some compactness on ¢(up).

The second estimate is the weak BV inequality (2.23) on f(up). Formally, it may be seen as the discrete
version of a BV estimate for the continuous problem with an additional diffusion term —eAf(u). This
inequality does not give any compactness property; however it is necessary to prove the convergence of
f(up) (which is required in order to prove the strong convergence of up.) It may be seen as a control of
the numerical diffusion which is introduced by the upstream weighting scheme.

Proposition 2.3.1 (Discrete H! estimate and weak BV inequality) Under hypothesis (H), let D
be a discretization of Q x (0,T) in the sense of definition 2.2.3. Let  be a real number such that 0 < § <
reg(D); let (Uﬁ+1)KeT7ne[07N]] be the solution of the scheme (2.10)-(2.12) .

Then there exists a real number C' > 0, only depending on 2, T, ug,u, f,q,,& and M = maxger cardEx
such that
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N
Wp(C(up)))® = Y 6t" > CUR) = ¢(Upth)?

n=0 K|L€Eint

+ Zét” > U - Ut < C (2.22)

0€Eeqxt
(Bp(f(up)))? = Zét” S (@) +(@EHHFwEh = fupth)? < e (2.23)
= K|Le&int

Proof. One first defines discrete values by averaging, in each control volume, the function @, whose trace
on 0N defines the Dirichlet boundary condition. Note that this proof uses 4 € H'(Q x (0,7)) and not only
w € L?(0,T; HY(Q)) and u; € L*(0,T; H1(£2)), since one uses below the trace of 4 for ¢t = 0, denoted by
u(+,0). Let

_ 1
0 _
-
Uy (K / u(z,0)dz, VK eT,

1 tn+1
4
o /t

Setting V = U — U, one multiplies (2.12) by §t"V"! and sums over K € 7 and n € [0, N]. This yields
El1+ E2 4+ E3 =0 with

/ u(z,t)dxdt, VK € T,Vn € [0,N], (2.24)
K

El = ZZ K)UE —Up) v,
n=0 KeT

E2 = ZWZ o (DT U = (@) Fup ) vt
n=0 KeT LeNk

E3 = Zétnz Z TK|L(§0(UZ+1) (UnJrl Vn+1+ Z 7_0 Un+1 (U}}+1))V£+1).
= KeT LGNK Uegeth

Using U =V + U yields E1 = E11 + E12 with

N

1 1 n n
Ell=g > mE) (VR = (Vi)?) + 52 > mE) (VT - V)
KeT n=0 KeT
N
B12=>Y" Y m(E) U - UV
n=0KeT

One has

E12 = Z Z U}?l 1[()/ u(z, t")dx) V"+1+Z Z ) Aﬂ(:p,t")dw—U}})Vf(lH-

n=0 KeT n=0KeT
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and therefore:

N
E12<2[(> ) m(K))Ap g ViEH)? Z > m(K) By Vi) (2.25)
n=0 KeT n=0KeT
with
Ap g =Urt — 1/ u(z,t")dr and B, g = 1/ w(x, t") — Up.
’ K m(K) Jk ’ m(K) Jk

By density one has:

1 B 1 _
|An k| < m|’utHL1(K><(tn,tn+1)) and | By, k| < MH“MLl(KX(th,tn))-

Using these two inequalities and the L stability of the scheme (Lemma 2.3.1) in (2.25) yields:

E12 < e 1 ox 0,1y (max(Us, =Ur) + [|@]| Lo (2 (0,1)))-
Now remarking that

1 2 1 _
211> L3 m(EWVE = o — (- 0) g
KeT

the previous inequality allows us to obtain the existence of C'1 > 0, only depending on Q, T, up, % and &,
such that £1 > C1 .

The term E2 can be decomposed in E2 = E21 + E22 with

B2t = S S (@D OB~ ) AR,

n=0 KeT LeNg

E22 = _Z5tnz Z Q?(JrLl THUR) - (K+L)7f(U£+l))0lré+l’

n=0 KeT LENK

Using Remark 2.2.3, one gets

E21 = Z S (gt (FURT) = fUpT) U (2.26)
n=0 KeT

Let g be a primitive of zf'(x). The following inequality holds for all pairs of real values (a,b) (see
[EGHO0D)).

9(b) — g(a) < b(f(b) — f(a)) — %(f(b) — f(a))? (2:27)
Using (2.27) for (a,b) = (U}, UL™) and (2.26) yield
1z oY S DGR - s U + B

n=0 KeT LEN|
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Using Remark 2.2.3 with g instead of f gives

Zét”Z N (@ (s - gUpth) = o,

n=0 KeT LENK

and therefore

E21 > 5 (Bo(f (V)

A discrete space integration by parts in £22 does not yield any boundary term since q -n = 0 on 952, and
gives, using the Cauchy-Schwarz inequality,

E292 = _Z&n Z q?(JrLl)—l-f(UIréJrl) (q;z(JrLl) f(UZ+1))(UI7}+1—U£+1)
K|LEEint
> —llallze@x(r) max !Z&" > m(K|L)Up -yt
SE[UI,U —
K|L€82nt
1
= —lallze@xomy max If (s)IND(U Z&" > m(E|L)d(zk, L))

n=0 K‘Legznt

—Np(D)|[all z~@xory max |f(s)|(dm(Q) T)z.
SE[U],US}

v

The following estimate for Np(U) holds (see [EGH99)):

Np(U) < F(&, M)|all 20,111 0))» (2.28)

where F' > 0 only depends on reg(7) and M = maxger card€k leading to a lower bound of £22 denoted
by C22, only depending on Q, T ug, u, f,q,& and M.

There only remains to deal with F3. A discrete space integration by parts, using the fact that
Vil = 0,Vo € Eur, V0 € [0, N], yields

N
St Y mrleUET) = pUET) (VT = VT

K|L€gznt
B moT) — U NV V)
O'Egezt

Writing again V into U — U leads to E3 = E31 + E32 where

N
FE31 = Zét”( Z TK\L(SD(U[T,L—H) . SD(UIV?-I))(UEH-I - U}Té—i—l)

b Y Tl — U )T - Ut

Jegezt
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N
E32 = =Y 6t"( Y rruleUT) — U )0 - U
K|LEEint
£ (TR — pUE) O — T
o0€€ext

One has for all pairs of real numbers (a, b) the inequality (¢(a) — ¢(b))? < (a — b)(p(a) — ¢(b)). Also using
@ <AV (recall that ® = ||¢'||o0), one gets

E31 > (Np(C(U)))?
E32 > —VONp(C(U))Np(D).

Using the Young inequality and (2.28), one gets the existence of C32 only depending on Q, T, ug, @, f,q, ¢, §
such that

Gathering the previous inequalities, one gets

Cl""ﬁ(BD(f(U))) +022+ 5 (ND(Q( )))? + 032 <0,

which completes the proof. [

Remarking that from the estimate of Lemma 2 in [EGH99], one has Np(¢(U)) < \/50”@“[/2(07'117[{1(9)),
where C' > 0 only depends on reg(7) and M = maxger card(Ex ), one gets

Corollary 2.3.2 (Discrete H} estimate) Under hypothesis (H), let D be a discretization of Qx(0,T) in
the sense of definition 2.2.3. Let & be a real number such that 0 < £ < reg(D), let U = (UI%—H)KET,nE[[O,N]] be
the solution of the scheme (2.10)-(2.12) and let U = (U[%H)Kei’,ne[[O,N]] be defined by (2.24). Then, setting
Z =((U)—¢(U), there exists C' € Ry, only depending on Q, T, up, @, p,q, f,& and M = maxger card(Ex)
such that

N
Zétn( Z TK|L(Z;L(+1 _ZE+1)2+ Z To(Z[n(i_l)2) <

K|L€€int 0€Eeqxt

2.4 Compactness of a family of approximate solutions

From Lemma 2.3.1, we know that for any sequence of admissible discretizations (Dp,)men, 2 X (0,T) in
the sense of Definition 2.2.3, the associated sequence of approximate solutions (up,, )men is bounded in
L>(Q x (0,T)). Therefore one may extract a subsequence which converges for the weak star topology of
L>*(Q2 x (0,7)) as m tends to infinity. This convergence is unfortunately insufficient to pass to the limit
in the nonlinearities. In order to pass to the limit, we shall use two tools:

1. the nonlinear weak star convergence which was introduced in [EGGH98] and which is equivalent to
the notion of convergence towards a Young measure as developed in [DiP85].
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2. Kolmogorov’s compactness theorem, which was used in [EGH99] in the case of a semi-linear elliptic
equation.

Theorem 2.4.1 (Nonlinear weak star convergence) Let Q be a Borel subset of R¥ and (u,)nen be a
bounded sequence in L>°(Q). Then there exists u € L>®(Q % (0,1)), such that up to a subsequence, u, tends
to u “in the nonlinear weak sense” as n — 00, i.e.:

1
Vg € C(R,R), g(un) — / g(u(-, a))da for the weak star topology of L*°(Q) as n — oo.
0

We refer to [DiP85, EGGHO8| for details and proof of Theorem 2.4.1.

This compactness result allows us to exhibit a limit (in the nonlinear weak sense) u € L>°(Qx (0,7") x (0,1))
of a subsequence of the sequence up,, which we considered above. Of course, in order to show that this
function u is the unique entropy weak solution to (2.2)-(2.4) , we shall need to show that it does not depend
on its variable o and that is satisfies the boundary condition (2.7) and the entropy inequalities (2.8) of
Definition 2.1.1.

Let us now turn to the the Riesz-Fréchet-Kolmogorov compactness criterion (see e.g. [Bré83]) which will
allow us to pass to the limit in the nonlinear second order terms.

Theorem 2.4.2 (Riesz-Fréchet-Kolmogorov) Let Q be an open bounded subset of R* and (uy)nen be
a bounded sequence in L?>(R¥) such that

lim [sup ||u, (- + ) — up(- =0,
im fsup -+ 8) = () 12(0)

then there exists u € L*(Q) such that, up to a subsequence,

U, — u in L*(Q) as n — co. as n — 0.

Let us now show that we are in position to apply the Riesz-Fréchet-Kolmogorov to (¢(up,,))men. From the
discrete estimates Proposition 2.3.1 and Corollary 2.3.2, one can state the following continuous estimates
and zp, where zp is defined almost everywhere in Q x (0,7") by

zp(a,t) = C(UE) — (U for 2 € K and ¢ € (¢, ") (2.29)
where (Up™) et nefo.ng is the solution to (2.10)-(2.12) and (Up!) ker nefo.ny 18 defined by (2.24).
Corollary 2.4.1 (Space and time translates estimates) Under hypothesis (H), let D be a discretiza-
tion of Q x (0,T) in the sense of Definition 2.2.3. Let £ be a real number such that 0 < £ < reg(D); let U
be the solution of scheme (2.10)-(2.12) , and let up be defined by (2.14). Let U be defined by (2.24), let

zp be defined by (2.29), and be prolonged by zero on (0,T) x Q¢. Then there exist Cy only depending on
0, T, up,u,,q, f, & and M = maxge7 card(Ex), and Cy, only depending on 2, such that

T
VE € ]Rd,/o /Rd(zD(m +&,t) — zp(z,t))?dzdt < C1|€|(|€] + Co size(T)), (2.30)

and there exists Co only depending on Q, T, ug,u, v, q, f,& and M such that
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T—s
— (7 xr 2 X S. .
Vs > 0,/0 /Rd(g(up)(az,t—l—s) C(up)(x,t)) dadt < Cy (2.31)

The use of space translate estimates for the study of numerical schemes for elliptic problems was recently
introduced in [EGH99]. The technique of [EGH99] may easily be adapted here to prove (2.30), using the
estimates of Corollary 2.3.2. A time translate estimate was introduced in [EGHNS98| to obtain some
compactness in the study of finite volume schemes for parabolic equations. The proof of (2.31) follows the
technique of [EGHNS98] and uses estimate (2.22) and the discrete equation (2.12).

From Theorem 2.4.2 and the estimates (2.30) and (2.31) of Corollary 2.4.1 we deduce the following com-
pactness result:

Corollary 2.4.2 (Compactness of a family of approximate solutions) Let (D,,)men be a sequence
of discretizations of 2 x (0,T) in the sense of definition 2.2.3 such that there exists & > 0 with reg(Dp,) > &
for allm € N. For allm € N, let up,, be defined by the scheme (2.10)-(2.12) and (2.14) with D = Dy, and
let zp,, e defined by (2.29) with D = Dy, and (2.24). Then there exists u € L*°(Q x (0,T) x (0,1)) and
z € L2(Q x (0,T)) such that, up to a subsequence, up, — u in the nonlinear weak star sense and zp,, — z
in L>(Q x (0,T) as m — oo. Furthermore, z € L*(0,T, H}(2)), ((u) = 2 — (@), ((up,,) converges to ((u)
in L2(0, T, H(Q) and ((u) = (@) a.e. on 0.

Proof. The convergence of up,, towards u € L*(2 x (0,7T) x (0,1)) in the nonlinear weak star sense
is a consequence of Lemma 2.3.1 and Theorem 2.4.1. The convergence of zp, to z in L*(Q x (0,T) is a
consequence of Theorem 2.4.2 and the estimates (2.30) and (2.31) of Corollary 2.4.1.

Following [EGHOOb] or [EGH99], one then deduces from (2.31) that D;z € L*(Q x (0,T) for i = 1,...,d
and since zp,, (,t) = 0 on Q° x (0,7) for all m € N, one has z € L?(0,T, H}(Q)).

Now since up,, converges to v in the nonlinear weak star sense and that the function up,, defined a.e. by
up,, (x,t) = Up! for (x,t) in K x (¢, ") converges uniformly to @, one deduces that ((up,,) converges
to ((u) in the nonlinear weak star sense and to z 4 ¢ () in L?(Q x (0,T) as m tends to infinity. Therefore,
by Lemma 2.4.1 below, one obtains that ((u) = z + ((a) and ((u) does not depend on «. Furthermore,
since z € L2(0, T, H}(R2)), it follows that ((u) = ((@) a.e. on Q which ends the proof of the corollary.

U

Lemma 2.4.1 Let Q be a Borel subset of R* and let (un)nen C L®(Q) be such that wu, converges to
u € L®(Q x (0,1)) in the nonlinear weak star sense, and to w in L*(Q), as n tends to infinity, then
u(z,a) = w(x), for a.e. (r,a) € Q x (0,1) and u does not depend on «.

Proof. With the notations of the lemma, we have

/O 1 /Q (u(z, @) — w(z))?drda = /0 1 /Q (u(z, o)) 2dzdo — 2 /0 1 /Q w(z, 0)w(w)dzda + /O 1 /Q w(z)2dzda.

Since u,, tends to v in the nonlinear weak star sense , one has
1 1
/ / (u(z,a))*dzda = lim (un(2))%dz and / / u(z, a)w(z)drda = lim U (z)w(x)de,
0 Q n—-—+00 Q 0 Q n—-+00 Q

and since u, tends to w in L?(Q), one deduces that u(z,a) = w(z), for a.e. (z,a) € Q x (0,1) and u does
not depend on «. [J



42 2.5. CONVERGENCE TOWARDS AN ENTROPY PROCESS SOLUTION

2.5 Convergence towards an entropy process solution

This section is mainly devoted to the proof of the convergence theorem 2.5.1, which states the convergence
of the approximate solution to a measure valued solution as introduced in [DiP85], which is also called
entropy process solution [EGGH98], and defined as follows.

Definition 2.5.1 Under hypothesis (H), an entropy process solution to Problem (2.2)-(2.4) is a function
u such that,

u€ L¥(Q x (0,T) x (0,1)),

p(u) —p(a) € L*(0,T; Hy (),

(note that p(u) does not depend on a, and u satisfies the following inequalities:

1. Regular convex entropy inequalities:
/ fol v(u

ax@©,1) | —Vn(

-

Ve DH(Q x[0,T)), ¥ne C*(R),n" >0, ' =1'(¢(-), V" = 1'(() [ ().

2. Kruzkov’s entropy inequalities:

(2.32)

f[)1 ]u(:c, t, 04) - lﬁ\da wt(g;’ t)_|_
/ [y (fu(z, t,0)Tr) — f(ula,t,a)Lk))da q(z,t) - Vi(z,t) | dedi+ | fuo(x) — kli(x, 0)dx > 0,
Qx(0,7) —V|eu)(x,t) — p(k)| - Vip(z,t) 0

Ve DHQ % [0,T)), Vk € R.
(2.33)

This notion of entropy process solution appears to be the natural limit of the approximate solutions. This
is expressed in the following theorem.

Theorem 2.5.1 (Convergence towards an entropy process solution ) Under hypothesis (H), let
(Din)men be a sequence of discretizations of Q x (0,T) in the sense of Definition 2.2.3, with size(D,,) — 0
as m — 0o, such that there exists & > 0 with reg(Dy,) > £ for allm € N. For allm € N, let up,, be defined
by the scheme (2.10)-(2.12) and (2.14) with D = Dy,.

Then, there exists an entropy process solution of (2.2)-(2.4) in the sense of Definition 2.5.1 and a sub-
sequence of (up,,)men, again denoted by (up,,)men, such that (up,,)men converges to u in the nonlinear
weak star sense and (C(up,,))men converges in L?(2 x (0,T)) to ((u) € L*(0,T; HY(Q)) as m tends to co.

Proof. By Lemma 2.4.2, there exist u € L>®(2 x (0,7) x (0,1)) and a subsequence of (up,,)meN,
again denoted (up,,)men, such that (up, )men converges to w in the nonlinear weak star topology and
(C(up,,))men converges in L2(Q x (0,T)) to ¢(u) € L?(0,T; H*(2)). There remains to show that the
function u € L>*(2 x (0,T) x (0,1)) is an entropy process solution.
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A number of the arguments involved in order to do so may be found in [EGGH98] or [EGHNS98] and
therefore will be given with few details. The main new argument introduced here concerns the term

/ 0 (p(u)(z, 1) (Ve(u)(x, 1)) (x, t)dzdt in equation (2.32). The passage to the limit to obtain this
>< b

nonlinearity motivates the use of the technical lemma 2.5.2 below (a related technique was used in [GHM99]
in the case of a variational inequality).

The idea of the proof is to derive the continuous inequalities (2.32) and (2.33) for the limit by mutliplying
the discrete entropy inequalities (2.15) and (2.16) by regular test functions and passing to the limit. Indeed,
let p € DH(Qx[0,T)) = {vp € CX(QAXxR,Ry),¥(-,T) = 0}. For a given m, let us denote D = D,,, and let
(U?FI)KeT,nE[[O,N]] be the solution of the scheme (2.10)-(2.12) associated to D. Let ¥ = (V%) ke ne[o,N+1]
be defined by

W=z, t") VK €T,Vne[0,N +1].

Remark 2.5.1 One cannot use for V% the mean value of 1 on K X (", t"tY); indeed, in order to pass to
the limit on the term A3p below (see (2.34) and (2.35)), we shall use the consistency of the approzimation

3&2{:6 to the normal derivative Vi - ng 1. This consistency holds if W}, = ¢ (xk,t") thanks to the
assumption on the family (v ) ke in Definition 2.2.3, but does not generally hold if V. is the mean value
of 1 on K x (", t"+1).

Note that discrete values using the mean values were used for i when studying an upper bound of Np(U)
with respect to the L*(0,T; HY(Q)) norm of 4. However we did not have to use the consistency of the flux

on u.

With the notations of lemmas 2.3.2 and 2.3.3, let us multiply the discrete entropy inequalities (2.15) and
(2.16) by 6t" ¥ and sum over K € 7 and n € [0, N]. From (2.15), one gets Alp + A2p + A3p+ Adp <0
with

N n+1

Uty — w(UR
n=0 KeT
N

A2p = =6 S (@) Ut — UE)) k

n=0 KeT LeNgk
N

A3p = =) 6" ZTK|L P(UL) = n(e(UE™)) Wi

n=0 KeT LeNk

+ 3w mle(UY) = n(pUE) W)

Uegeth
N
AMp = Y ot"y Zmn (U (p(UpHY) — (U)W
n=0 KeT 1LeNK
T3 D T U U2 — (U)W
Uegezt,K

Each of these terms will be shown to converge to the corresponding continuous terms of Inequality (2.32)
by passing to the limit on the space and time steps, i.e. letting m — oc.

Since ¥(-,T') = 0, one has \Il%Jrl = 0 and therefore:
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. \Ian —\Iln+1
n=0 KeT
=Y m(E)Wpu(uk)
KeT

The sequence p(up) converges weakly to fol w(u(-,a))da as m — oo. Let xp be the function defined

almost everywhere on Q x (0,7) by xp(z,t) = % if (z,t) € K x (t",¢"*1); then xp converges to
Yy in LY(Q x (0,7)) as m — +o0o. Furthermore, let 1/ (resp uJ) be defined almost everywhere on 2 by
P9 = U9 (resp. vy = UY) if z € K. Then, u(uY) converges to u(ug) in LP(Q) for any p € [1,+00) and
w% converges to (., 0) uniformly as m — 4o00. Hence passing to the limit as m — o0 in Alp yields:

lim Alp, = / / / u(x, t, a))da(x, t)dedt — / / uo(z))Y(z,0)d.

Let us now rewrite A2p as:

A2p = 72 St w(UETY (g )T = (gp) k).
n=0  KeT LeNk
We replace the term (q?(JrLl)*\Il’i — (q?’Ll) U by &}n i leLib z,t)q(x,t) - ng rdy(z)dt. When doing
so, we commit an error which may be controlled (see the details in [EGGH98]) thanks to the consistency

and the conservativity of the scheme and thanks to the the weak BV inequality (2.23). Using the weak
convergence of v(ug) to fol v(u(-, a))da as m — oo, we then obtain:

Jim_ A2, = / / / w(z, £, 0))dav (a(z, t) (@, £))dadt
= /// u(z, t,a))daq(x,t) - Vip(z, t)dzdt.

Turning now to the study of A3p, one remarks that for size(7) small enough, the support of ¢ does
not intersect the control volumes with edges on 9€2. Then for all control volumes K € 7 the sum over
0 € Ecpt, i vanishes and thus

A3p = —Zatnz > mrin(e(UR)(T7 — UF) (2.34)

n=0 KeT LeNk

5 ti . fK‘L Vip(z,t) - ng pdy(x)dt, Estimate (2.22) and

the (strong) convergence of n(p(up)) to n(p(u)) as m — oo, one gets with computations similar as in
[EGH99:

Using the consistency of 7 (¥} — ¥ %) with

T
lim A3p,, = —/0 /Qn(gp( w))(z, t) AY(z, t)dzdt = //Vn z,t) - Vip(z, t)dzdt. (2.35)

m—0o0
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One now deals with A4p. The second term of A4p vanishes if size(7) is again sufficiently small. Then
Adp reduces to its first term which writes, after gathering by edges:

N /" n+1 n i n+1 n

U Ui + U v
Adp = =S 6tn Z TK|L77 (P(UkL)) K2 0" (UL k)T
0  K|LEEin:

(UL —o(UE™))?  (2:36)

Let us now introduce the sets V, for ¢ € £€. Let K be a control volume and ¢ € £x. One defines
Vo ={texk + (1 —t)z,xz € 0,t € (0,1)}. For 0 = K|L, Vo = Vk,o UV, and for 0 € Ezt i, Vo = Vi o

One denotes by H;TLI the discrete approximation of 7 (u)i on Vg, which appears in (2.36), namely:

ot M EURDVE n ((UE ) v
K|L — 2

One defines the function h%, for a.e. (z,t) € Q x (0,T) by

h%(mat) = H?(TE? T e VK\L? te (tn7tn+1)

Ry (x,t) =0, x €V, te (", t" ) if 0 € Eur.

Let ¢p be defined almost everywhere on Q x (0,7 by vp(z,t) = U% for all (z,t) € K x (¢",¢"T1), for all
K € T and n € [0, N]. The function 7" (¢(up))p tends to n”(p(u))y in LP(Q x (0,T) for all p € [1,+00)
as m — o0o. Therefore one only needs to compare h$, and 7" (p(up))p. Since size(T) is small enough,
one has

N

15% — 1" (e (up) el 2o nory = D0t D D m(Vixin) Hyfl — " (e(UE)Wh)?.
n=0 KeT LeENk

Let € > 0. The function ” may be approximated by a function g € C!(R,R) such that |g(s) — n"(s)| < ¢

for all s € [¢(Ur),p(Ug)]. Defining I;T}?‘FLI and hS, using g instead of " in the definition of H?(TLI and

h%, respectively, one has ||hg, — ﬁ%H%Q(QX(Qﬂ) < Cye and ||g(¢(up))p — n”(go(uD))wpH%Q(QX(QT» < Cye
where Cy > 0 only depends on 9. Thanks to Young’s inequality, one gets

2
.ﬁn+l— Un+1 T 2 < ( > no_\pn 2
(Hp — 90U )VE)” < SE[S&(g}%(US)}g(S) (Vg — V1)
3 2 < / )2 n+1 n+1yy2
+ = 0o max s U — (U . (2.37
S0 oy (o, 9 GURD = o) (237)

Using (2.37), the regularity of the function ¢ and Estimate (2.22), one gets

||}~l<1>> - g(SO(UD)WDH%%QX(o,T)) < C(g, 9, p)size(T),

where ¢(g, 1, ¢) > 0 depends only on g, and ¢. Hence for size(7) small enough, one has

Hil‘% - g(SO(UD))wDH%2(QX(07T)) < Cw&
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which proves that one can take m € N large enough such that

1D — TIII(UD)T/JDHB(QX(Q,T)) < 2Cye.
Hence hg, tends to " (p(u))y in L*(Q x (0,T)) as m — oo.

All the hypotheses of Lemma 2.5.2 (which is statde below) being fulfilled, we may write:

T
—liminf Adp, < —/O/Q(ch(u)(a:,t))Qn”(go(u)(x,t))w(x,t)da;dt.

m—00

The proof that u verifies (2.32) is therefore complete.

The same steps are completed in a similar way in order to show that u satisfies (2.33), without the difficult
problem of the treatment of ”. This also completes the proof of Theorem 2.5.1. [J

To complete the proof of Theorem 2.2.1 there only remains to show the uniqueness of an entropy process
solution. This is the aim of Section 2.6.

Lemma 2.5.2 which was used in the above proof is a discrete equivalent of the following continuous classical
lemma.

Lemma 2.5.1 Let (uy)nen be a sequence of functions of HY(Q) which converges weakly to u in H'(£2)
and g a nonnegative function essentially bounded from € to R. Then

n—oo

/(Vu(:n))Qg(x)dx < lim inf/ (Vg (2))?g(2)de.
Q Q
A discrete version of this lemma is now stated:

Lemma 2.5.2 (“Limit inf” lemma)

Under hypothesis (H), let g € L*>(2) with g > 0 and let (T(m),é’(m), (TK) geTm) )men be a sequence of
admissible meshes of £ in the sense of definition 2.2.1, and (u(m )meN @ sequence of piecewise constant
functions on £ such that

e size(7™) — 0 as m — oo,

o for allm € N, there exists a set of real values (Ggm))aeg(m) such that, the functions ¢(™ defined a.e.

on Q by g™ (z) = GEZ”) for all x € V, and all o € &, then g™ — g in L*(Q) as m — oo and the
sequence (g™ men is bounded in L(€),

e for allm € N, u™ is constant in each control volume of T™ ; one denotes by Nz@m) the value defined

by ./\/;(m) = ZK|L€5(’”) TK|L(U§?L> - u(Lm))2, where ug{n) is the constant value of ™ on K e T(M)
and 52-(;7;) is the set of the internal edges of E™, and one denotes

1 m m m
Drm= 3 13 rucl ol -y
KeT(m)  LeNgk
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e the sequence (Nym))men s bounded,

o there exists u € H'(Q) such that u'™ — u in L*() as m — oo,

Then

/ (Vu(x))?g(z)de < liminf D™ (2.38)
Q

m—00

Proof. The proof of this lemma is given in [GHM99] in the special case g = 1. Let w € C*°(),R) (the
function w is meant to tend to u in H*(Q)). Let m € N, for simplicity of notations, let us write 7 = 7(™);

let W be the family of values defined by W]((m) = w™(zg) for K € T. One compares Q(g) and Q71(95)
defined by

Qo) = [ s@)Vu@ Vs
Qrlgy) = Y. % > rrp(ux — uL) (Wi = W) Grr.
KeT LeNgk

Since Vw is bounded, one gets

< Nullgr o) lIVwl Loo @) 191 22 ()
QT(97)| < Nz||Vul =) llg7]lz20)-

Let us then prove that:
lim Q7 (97,) = Q(9)- (2.39)
m—0o0

Using the density of C2°(Q,R) in L?(f2), one may assume that g € C°(Q2) and that g5 is its natural
approximation by the mean values on diamonds for example. For such a regular g, since uz converges to
u in L2(£2), there exists e(size(7) satisfying e(size(7)) — 0 as size(7) — 0 such that:

/g(w)Vu(x)Vw(x)dx = —/u(m) div(gVw)(z)dx
Q Q
= —/QuT(:c) div(gVw)(z)dz + e(size(7)). (2.40)

Using the fact that ug is piecewise constant, one gets

/Q’LL']‘(JJ) div(gVw)(z)dz = *Z UK Z / g(x)Vw(z) - ng rdy(x)

KeT LeNk KL

= > % > (ur _UK)/ 9(x)Vw(x) - ng, rdy(z)

KeT “ LeNk K|L

1 .
= Z 5 Z (UL — UK)TK|LGK|L(WL - WK) + Cg,w,QNTsme(T)‘ (2'41)
KeT " LeNk
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where Cy.,0 € Ry depends only on g,w and Q. From the regularity of w and g, one gets (2.39) from
(2.40) and (2.41).
By the same proof, replacing u by w, one also has

lim Z S L (We — Wi)2Gyy, = / (Vw(z))2g(x)da.

size(T)—0 jS7 LeNK Q

Thanks to the Cauchy-Schwarz inequality, we may write

(Q7(9%))* < Dr Z > k(W = Wk)*Gg.- (2.42)
KeT Le/\/’K

Passing to the limit in (2.42) when size(7") tends to zero yields

(/Qg(a:)Vu(:c)Vw(:c)dx)z§/Q(Vw(x))2g(x)da: liminf Dr. (2.43)

size(T)—0

Since C°(12) is dense in H'(f2), one can let w — w in (2.43), which gives (2.38). OJ

2.6 Uniqueness of the entropy process solution.
One proves in this section the following theorem.

Theorem 2.6.1 (Uniqueness of the entropy process solution) Under hypothesis (H), let u and v
two entropy process solutions to Problem (2.2)-(2.4) in the sense of definition 2.5.1. Then there exists a
unique function w € L>®(Qx (0,T)) such that u(z,t, o) = v(x,t, 5) = w(z,t), for almost every (x,t,a, 3) €
Qx(0,7) x (0,1) x (0,1).

Proof.

This proof uses on one hand Carrillo’s handling of Krushkov entropies, on the other hand the concept of
entropy process solution, which allows the use of the theorem of continuity in means, necessary to pass to
the limit on mollifiers. Note that the hypothesis (2.5) makes it easier to handle the boundary conditions.

In order to prove Theorem 2.6.1, one defines for all € > 0 a regularization S. € C'(R,R) of the function
sign given by

Se(a) = -1, Va € (—o0, —¢],
S:(a) = 55", Va €[]
Se(a) =1, Va € [g, 4+00).

One defines R, = {a € R,Vb € R\ {a}, ¢(b) # ¢(a)}. Note that (R \ R,) is countable, because for all
s € (R \ R,), there exists (a,b) € R? with a < b and ¢((a,b)) = {s}, and therefore there exists at least
one r € Q with r € (a,b) verifying ¢(r) = s.

Let kK € R,. Let ¢ > 0 and let u an entropy process solution One introduces in (2. 32) the function

Nex(a) = f;(ﬁ) Se(s — ¢(k))ds. One defines pc ( f 7755 ))ds and v. x(a f 776,$ 1'(s)ds,
for all @ € R. Using the dominated convergence theorem, one gets for alla € R that hmo Nex(a) = |a o(k)],
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and, since K € Ry, limo,ug,n(a) = |a — k| and limo ver(a) = f(aTk) — f(aLlk). One gets for all ¢ €
g—> Ee—
DF(Qx[0,T)),

a)Lk))da q(z,t) - Vp(a,t) | dedt
x,t) - Vi (z,t)
t

2(1:, )(z, )] dxdt

fo |u(a: t a) — k|da Pz, t)
/Q +f0 u(z,t,a) Tr) — f(u(x,t,
om | 0 p o)
[ st — o) (Vo)

Qx(0,7)
+ [ |uo(z) — &[¢(x,0)dz > Ale,u, K, 1),
Q

(2.44)

where for any entropy process solution u, any 1 € DT(Q x [0,T)), any x € R, and any € > 0, A(e, u, k, )
is defined by

fo u(z,t, ) — K| — pex(u(z, t, a)))da Uz, t)+
Ale,u, k,9) = /QX((LT) fo uw(x,t,a)Tk) — fu(z, t,a) LK) — ve p(u(z, t, a)))da dxdt
q(z, ) Vip(x,1)
—l—/ﬂ(]uo(x) — K| — ugﬁ(uo(m))>¢(x,0)dx.

Thanks to the dominated convergence theorem, one has

lim A(e,u, k,9) = 0.
e—0

This convergence is not uniform w.r.t. k£ (even if x remains bounded), but A(e, u, k, 1) remains bounded
(for a given u) if k 1, 1y and Vi) remain bounded and if the support of 1) remains in a fixed compact set
of R x [0,T).
Using (2.33), one now remarks that, for all x € R, one has for all ¢ € DT(Q x [0,7)),

fo ]u z,t, ) — k|lda e (x, t)+

/ fo w(z,t,)Tk) — f(u(z,t, @) Lk))da dudt
ax@or) | a(z, ) Wﬁ(w t) (2.45)
—Ss(w(u)(iﬁat) — (k) Ve(u)(z,t) - Vi (z,1)

+ fQ lug(z) — K|Y(z,0)dx > B(e,u, k, ),

where for an entropy process solution u, all 1p € DT (Q x [0,T)), all kK € R and all € > 0, B(e,u, x,1) is
defined by

Beun) = [ o [T (@0 = o0l = )2, 0)) - V()] dade.

For all ¢ € DT (Q x [0,T)), one has

Beun) == [ o (00 = o0l = nnllw) ) Ao, 0] e,
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and

lim B(e,u,k,1%) =0,
e—0

for all p € DT(Q x [0,T)), € > 0 and € R.

As for the study of A, the quantity B(e,u, k,1) remains bounded (for a given u) if £ and A remain
bounded and if the support of v remains in a fixed compact set of R% x [0, 7).

Let u and v be two entropy process solutions in the sense of Definition 2.5.1. One defines the sets E, =
{(z,t) € 2 x(0,7), u(z,t,a) € Ry, for a.e. a € (0,1)} and E, = {(z,t) € Q@ x (0,T), v(z,t,a) € Ry, for
a.e. a € (0,1)}. Indeed, recall that ¢(u) and ¢(v) do not depend of o € (0,1). Then, Q x (0,7)\ E, =
Usep(®\R,) Esu with Eg, = {(z,t) € Q x (0,T), p(u)(x,t) = s} (the same property is available for v). Let
¢ € CX(R? x R x R? x R) such that, for all (z,t) € Q x [0,T), &(x,t,-,-) € DH(Q x [0,T)) and for all
(y,8) € 2x[0,T), &(,-,y,8) € DT (2% [0,T)). One introduces in (2.44), for (y,s) € E,, and a.e. 3 € (0,1),
k=wv(y,s, ) and ¥ = (-, +,y,s). One integrates the result on F, x (0,1). One then gets

fO fO ”U, €T, t CK (y78 ﬂ)‘d@dﬁ gt(xat7y7 8)+

[ | dhrt )T 9) — F(ulirt,0) Lo(y.5,8))d0dB | gyt
E, JOx(0,T) I t zf(x,t,y, )
—5 (¢ ( )(z,t) — o(v)(y, 5))Vo(u)(@,t) - Vol (2,1, y, 5)

[5'( (w)(z,t) = p(v)(y, ) (Vep(w))?(z, )& (@, 1, y, 5)] dadtdyds (2.46)
+/ /Q/O \uo ) —v(y, s, 0)&(x,0,y, s)dBdzdyds
/ [ Aleu 00,5 ). € p.9)dydsds.

One introduces in (2.45), for (y,s) € @ x (0,T) \ Ey, and any 8 € (0,1), k = v(y, s, 3) and ¥ = £(-, -, y, 5).
One integrates the result on (Q x (0,7) \ E,) x (0,1). One then gets

fo fo |“ x, t a) —v(y, s, B)|dadp &(z,t,y, s)

/ / —i—fo fo u(z, t,a)To(y, s, B)) — flu(z, t,a) Lo(y, s, 3)))dad dzdtdyds
Qx(0,1\E, Jax,r) | a(z,t)- xf(%tay, s)
=Se(p(u)(z,t) — o(v)(y, 8))Ve(u)(z,t) - Vio&(z,t,y, s)

+/QX(0T\EU // uo(x) —v(y, s, 8)|¢(2,0,y, s)dBdzdyds

/ / B(e, u,v(y,s,8), (-, -y, s))dydsd.
2% (0,T)\ By

(2.47)
Adding (2.46) and (2.47) gives
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Jo fi u, 400 o0, 9l dadd ot

/ / +f0 fo u(z, t,a)To(y, s, B)) — flu(z, t,a) Lov(y, s, 3)))dads dxdtdyds
ax,1)Jaxo,r) | a(z,t) zf(x t,y,5)
*S( (u)(@,t) = @(v)(y, 5)) Vip(u) (2, 1) - Vak(a,1,y, 5)

/ / (5! (p(u) (2 1) — 9(0) (4, 8)) (Vo)) (z, D€z 1,y 5)] derdiyds
v J2x(0,T)

/Qx 0.7) // [uo(x) — v(y, s, B)§(w,0,y, s)dBdxdyds
/ / Ale,u,v(y, 5,8),6(, -,y s ))dydsdﬁ+/ / B(e,u,v(y,5,5),£(,,y, 8))dydsd3
Qx(0,T)\Ey

One now exchanges the roles of u and v, and add the resulting equations. It gives

T+ 15 + T3(€) + T4(8) + T5(5) > T6(€), (2.48)

where

Jo Jy x,t,a> o(y, 5, A)ldad (&(x,t,y,5) + &, 1.y, 9))
T = / / +f0 fo u(z,t,a)To(y, s, B)) — flu(z,t, o) Lu(y, s, B)))dadf dxdtdyds,
O Sx0T) g(:c £9.5) + (Y. 5) - V£, t.y.5) )

T2 N x/QX OT // ”U,O _U(y,s ﬁ)’f(]] 0 Y, S )dﬁderde

/ // luo(y) — u(zx, t, )| (z, t, y, 0)dadydzdt,
Qx(0,T)

S (p(u) (z.1) — p(v) (4. 5))V
o) /Qx<OT>/QXoT>[<vx£< 415) + Vb (e, by,
590(

ig )(@:t) ]dazdtdyds
_/ / [5 0)(y,8) — p(u)(z, 1)) Ve(
axo.n)Jaxor L (Va€(z,t,y,5) + Vyé(z,t,y,s)

)
v)(y, s)-
) ] dxdtdyds,

(2.49)
+ / / [Se(p(v)(y, 8) — @(u)(2,£))Vep(v)(y, 5) - Val(, 1, y, 5)] dadtdyds,
Qx(0,7)JQx(0,T)

/ / £.1) — p(0)(y, 8))(Vp(w)2(z, D€z, 1.y, )] dadtdyds
Qx(0,T)

[St(p(u)(z,t) = ¢(v)(y, 5)) (Vo (v))*(y, )& (£, y, 5)] dudtdyds,
Qx(0,T) JE,

and
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1
A E u,v y73 /6) 5('7'7% 8))dyd8dﬁ
0 JE,

1
/ / B(€ u U(y,S 5)7§(aayas))dyd3dﬁ
0 JOx(0,1)\E,

—|—/ Ale,v,u(z,t,a),&(x,t,-,-))drdtda
Ey

/ / B(e,v,u(z,t, ), &(x, t, -, -))dzdtda.
Qx(0,T)\ E,

By an integration by parts in (2.49) and using the fact that £ vanishes on 92 x (0,7") x £ x (0,7") and on
Q% (0,T) x 0Q x (0,T) one gets

+

/ o, 1100~ 00 )19 T () 0,8) - V) )] ey
Qx(0,7)JQx(0,T)
[SL(e(v)(y, 5) — () (z,1)8 (@, t,y, 5)Veo(v)(y, 5) - Vo(u)(x,1)] drdtdyds.
Qx(0,T)JQ2x(0,T)

Recall that Es, = {(z,t) € Q@ x (0,T
(see [Bré83] for instance). Since £ x (
following equations hold.

), p(u)(z,t) = s} for all s € R. One has Vo(u) = 0 a.e. on Eg,
0,7) \ Eu = Useywr\R,) Fsu, and since (R \ R,) is countable, the

Ve(u) =0, a.e. on 2 x (0,T)\ E,

and
Vep(v) =0, ae. on 2 x (0,7)\ E,.
It leads to
Te) = [ S t) = (o) ) )T ) ant) - V()0 5)] daddyds
+/ [SLe(v)(y, 5) — p(u)(, )8 (@, L.y, 5) Ve (v)(y, 5) - Veo(u)(x,1)] dudtdyds
EyxEy
and

Ts(e) = - [St(p(u) (. t) = p(0)(y, 5))(Vo(w) (2, 0)E(2, 1, y, 5)] dedtdyds
[SL(p(u) (@, 1) = (v)(y, 5))(V(0)(y, )é(. £, y, 5)] dedtdyds.

Therefore Ve > 0,

Tife) +T5(e) = / [ [ttt — (o) et (V) at) = To(e)0.9)) | dectys

<

One thus gets Ve > 0,
T1 + To + T3(e) > Ts(e). (2.50)
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One can now let ¢ — 0 in (2.50). This gives, since Ts(¢) — 0 (thanks to the dominated convergence
theorem),

[ fo fo \u x,t,oz) —u(y, s, B)|dadB (&(x,t,y,s) + Es(z, t,y,8))+ ]
Io Jo (flule,t,0)To(y, s, 8)) — flu(@,t,a) Loy, s, B)))dads
/ / (q(%t) Vi€(z,t,y,s) +a(y, )~Vy£(ﬂ:,t,y,8)) dzdtdyds
Qx(0,7)JQx(0,T)

—(Valo(u)(z,t) — o(v)(y, 8)| + Vylp(u)(z, 1) — o(v)(y, s)|)
L (Vel(z,t,y,8) + Vyé(z,t,y,5)) |

/Qx 0,T) // uo(z) —v(y, s, B)|§ (2, 0,y, s)dBdxdyds

/ / / luo(y) — u(zx, t, a)|&(z, t,y, 0)dadydzdt > 0.
Qx(0,T)
(2.51)

Now, let us consider the analog of (2.33) for v instead of u, with kK = ug(x) and ¥ (y, s f &(z,0,y,7)dr
and integrate the result on x € 2. One then gets

—fo \v Y, s,3) — uo(x)|df &(,0,y,s)+
Jo (F@(y, s, 8) Tuo(x)) = F(v(y, 5, 8) Luo(x)))dB a(y, s)-
//§le 0,7

v fs &(x,0,y,7)dr dydsdxr +
—VyISO(U)(y, s) — ¢(uo(x))|- (2.52)
i fSTVyﬁ(x,O,y,T)dT |
T
[ [ tuote) = wo(w)l [ (2.0.9.7)drdsdy > 0.
QJa 0

A sequence of mollifiers in R and R? is now introduced. Let p € C°(R% R, ) and p € C=°(R, R, ) be such
that

{z e RY; p(z) # 0} C {w € R |2 < 1},

{z € R; p(z) # 0} C [-1,0]

and

/Rd p(x)dx =1, /Rp(a:)da: =1. (2.53)

For n € N*, define p,, = n?p(nz) for all z € R% and p,, = np(nzx) for all € R.

One sets &(z,t,y,s) = Y(z,t)pn(x — y)pm(t — s), where ¢ € C°(Q x [0,T),R;) and n and m are large
enough to ensure, for all (z,t) € Q x [0,T), &(x,t,-,-) € DT(Q x [0,T)) and for all (y,s) € Q x [0,T),
£(-,y,8) € DY(Q2 x [0,T)). This choice is not symmetrical in (x,t) and (y, s), which gives an easier way
to take the limit as n — oo and m — oo. One gets, from (2.51),
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[ Pn( = Y)pm(t — s)
Jo Jo luz,t.0) = v(y, s, B)|dadB (. 1)
u(lz,t,a) To(y, s
- fOl fol ‘i(f((u(l"t )Ck J_(1:)y(7y’ Sﬁ)ﬁ) ) dadﬁ

) . .
/Qx(o,T)/QX(o,T) (pn(z — Y)pm(t — s)a(x,t) - Vip(x, )t) dxdtdyd

(. )pm(t — 8)(Q( 1) — a1, 5)) - Voulz — 1)) (2:54)
ol =)ot = Tlo(w)(a, 1) — £(0)-0)
| V() (2. 1) — () (5, 9)]) - Vbl 1)

/Q o) // uo(z) = v(y, s, B)|v(2,0)pn(x — y) pm(—s)dBdxdyds > 0.

The second of the two initial terms vanishes because of the asymmetric choice of p,,. Using the same test
function in (2.52), at t = 0, i.e. £(x,0,y,s) = ¥(x,0)pn(z — y)pm(—s) and (2.53), we get

- fo |U yvs ﬁ) - UO( )|dﬁ ¢($70)pn(x - y)ﬁn(_s)
— Jo (f(o(y,s.) TUO( ) — f( (%&ﬂ)luO(ﬂf)))dﬁ a(y, s)-
/ /Qx or ¥(x,0) Vpn x — f Pm(—T) dydsdx

+Vyle(v)(y, s) - w(uO( )l (2.55)

L b(2,0)Vpu(x —y) [ pm(—T)dr ]
+ Jo Jo luo(@) — uo(y) (2, 0)pn(x — y)dady > 0.

One can now add (2.54) and (2.55) let m tend to co and use the theorem of continuity in means. Since
the function s — fsT pm/(—7)d7 is bounded and tends to zero as m — oo for all s € (0,T), one gets

fo fo u(z,t, @) y,t B)|dadf y(z,t) |

:Utoz—l—vy,tﬂ
+f0f0<— (u(z,t,a) Lo(y,t, ) >ddﬂ

I/ (ouly — 2)a(z,1) - Vi, ) dudtdy

2 JoxO0m) | e, 1) (a(u,t) - a(z, 1)) - Vpuly — 2)) (2.56)
(@ — ) (Vo) (2,6) — () (5, 1)
|V, o) (o, 6) — (o) (5. D)]) - Ve, 0

//IUO — uo(y)[Y(z,0)pn(x — y)dady > 0.

Remarking that

Y)(Valo(u)(z,t) — o(v)(y, 1)
//Qx OT |: —|—V ‘90 ( )_ ( )(y7t)|) V ( ) d$dtdy
Lﬁmﬂpwwrwxm>¢> 1Az, ) | deddy,

it is possible to let n — oo in (2.56). Using divq = 0 and the theorem of continuity in means again, one
gets

kkanv o(w,t, B)|dadd Gz, )
/ +f0 fo u(z, t, o) To(z,t, 8)) — f(u(x,t, @) Lo(z,t,8)))dadB | 5 0 < (2.57)
axor) | d(z,t)- Vﬂ}(ﬂ? t) B

Ve, £) - p(v) (. 8)] - V(. 1)
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One notices that (2.57) holds for any v € H'(Q x (0,T)), with ¢» > 0 and (., T) = 0, using a density
argument. Therefore one can now take, in (2.57), for ¢ the functions . (x,t) = (T —t) min(w7 1), for
e>0.

Assume momentarily that for all w € HE(Q) with w > 0,

d(x,00)

. 1)dz 20 (2.58)

e—0

lim inf/ Vw(x) - Vmin(
Q
(The proof of (2.58) is given below).

The expression q(z,t) - V min(w, 1

) verifies
d(x,00)

I _ .
lim q(z,t) - V min( .

,1) =0, for a.e. (z,t) € Qx (0,7),

and under condition (2.5) (and (H5)) remains bounded independently of ¢ for a.e. (z,t) € Q x (0,T).
Letting e — 0, (2.57), with ¢ = 1), gives

1 1
_/ [/ / lu(z, t, @) —v(x,t, B)|dadB| dedt >0,
Qx(0,1) LYo Jo

which finally proves that u = v and that u is a classical function of space and time (it does not depend on
Q).

Proof of (2.58)

Let € > 0. Let (0€;)i=1,.. n be the faces of €2, n; their normal vector outward to €, and for i = 1,...N, let
2; be the subset of Q such that, for all x € €, d(z,0;) < € and d(x,0§%;) < d(z,0Q;) for all j # i. One
has

N
/ Vw(z) - Vmin(d(z, 89) /e, 1)dm—§:/ V() n;
SRS ~ Jo, -

For each €2, let Q; be the largest cylinder generated by n; included in €2;. One denotes by 0, the face of
Q; parallel to 09;. Let €. be defined by Q. = Q\ UZJ»\;QZ-. One has meas(€2.) < C(Q)e? and

N
- Vmin(d(zx T M T)— M T
/QW(:C) V min(d(z, 8Q) /e, 1)d ZZ;/W (@) /Q dx.

€

Thanks to the Cauchy-Schwarz inequality, one gets

(| |Vw(z)|dz)?* < meas(QE)/ (Vw(z))?dz.
Qe e

One concludes, using limo (Vw(z))?dr = 0.
E—> Qs

Remark 2.6.1 Inequality (2.58) could also be proved in the case where Q) is regular instead of polygonal,
with a slightly different method. Let Q. = {x € Q,d(x,00) < €} and let QL be the other face of Q.. The
normal vector to QL. at any point x is equal to Vd(x,0Q). Therefore one has
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. B w(x) B ol Ad(x,00) B
/QVw(x)-len(d(:n,aﬂ)/s,l)dx—/a dry(x) /5 (x)———=d=x.

. € €

Since Hardy’s inequality leads to

/QE <%>2d$ <C@ / V() de,

one concludes using msﬁo/ (Vw(z))?dz = 0.

Qe

O

2.7 Conclusion

Let us finally prove the convergence theorem by way of contradiction:

Assume that the convergence stated in the Theorem 2.2.1 does not hold. Then there exist e > 0, p € [1, +00)
and a sequence (up,, Jmen such that |[up,, —ul rr(x(0,7) = €, for any m € N. Then by Theorem 2.5.1, there
exists a subsequence of the sequence (up,, )men, still denoted by (up,, )men which converges to an entropy
process solution of (2.2)-(2.4) . By Theorem 2.6.1 this entropy process solution is the unique entropy
weak solution to (2.2)-(2.4) , and from Lemma 2.7.1 which is stated below, the convergence of (up,, )men
is strong in any L9(Q2 x (0,7)). This is in contradiction with the fact that |lup,, — ullzr@x(01) = €, for
any m € N.

Lemma 2.7.1 Let Q be a Borel subset of RF and let (un)neny C L®(Q) be such that u, converges to
u € L*®(Q x (0,1)) in the nonlinear weak star sense where u does not depend on «, then (un)nen converges

to win L (Q) for any p € [1,00).

Proof. Let K be a compact subset of (), since u,, converges to u in the nonlinear weak star sense , one
ha

/K () — u()[2dz = /Kui(x)dx _ Q/Kun(x)u(x)dx +/ w()2dz — 0 as n — +oo;

K

since K is bounded, one also has:
/K |un(z) — u(z)Pde — 0 as n — 400, Vp € [1,2]
and since the sequence (uy,)nen is bounded in L>®(Q),
/K |un(z) — u(z)Pde — 0 as n — 400, Vp > 2.

O

Remark 2.7.1 An interesting (and open to our knowledge) question is to find the convergence rate of
the finite volume approzimations. In the case of a pure hyperbolic equation, i.e. ¢ = 0, it was proven by
several authors (under varying assumptions, see e.g. [CCL95], [Vil94], [EGGHIS], [CH99]) that the error
between the approzimate finite volume solution and the entropy weak solution is of order less than hY/4
where h is the size of the mesh, under a usual CFL condition for the explicit schemes which are considered
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in [CCL95], [Vil94], [EGGHIS], [CHI9], and of order less than h'/* + kY2 where k is the time step in the
case of the implicit scheme considered in [EGGH98]. Howewver, it is also known that these estimates are
not sharp, since numerically the order of the error behaves as 1/2.

In the case of a pure linear parabolic equation, estimates of order 1 were obtained in [Her96] (see also

[EGHO0b))

We made a first attempt in the direction of an error estimate in the case of the present degenerate parabolic
equation by looking at the analogous continuous problem [EGHO00Oa]: let u. be the unique solution to

we(z, t) + div <q f(u))(:z,t) — Ap(u)(z,t) — eAu(z,t) = 0, for (z,t) € Q x (0,T),

with initial condition (2.3) and boundary condition (2.4) and let u be the unique entropy weak solution
solution of (2.2)-(2.4) , then under assumptions (H), we are able to prove that ||ue — ul[11(g,) < Cel/s
where C' € Ry depends only on the data. This estimate is however probably not optimal and we have not
yet been able to transcribe its proof to the discrete setting (the term —eAwu being the continuous diffusive
representation of the diffusive perturbation introduced by the finite volume scheme).

2.8 A numerical example

We finally present some numerical results which we obtained by implementing the scheme which was
studied above in a prototype code.

The domain 2 is the unit square (0,1) x (0,1). We define two subregions €; = (0.1,0.3) x (0.4,0.6) and
Q2 = (0.7,0.9) x (0.4,0.6). The initial data is given by 0.5 in Q\ (21 UQ9), 1 in Q; and 0 in Q9. It is

represented on upper left corner of the figure below. The boundary value is the constant 0.5.

The function ¢ is defined by ¢(s) = 0 if s € [0,0.5] and ¢(s) = 0.2(s — 0.5) if s € [0.5, 1], so that the
diffusion effect only takes place in the areas where the saturation w is greater than 0.5 . The function f
is defined by f(s) = s and the field q is defined by q(z,y) = (10(z — 22)(1 — 2y), —10(y — y*)(1 — 2x)).
Hence there is a linear rotating convective transport.

We define a coarse mesh of 14 admissible triangles on the unit square, from which we obtain a fine mesh
of roughly 12600 triangles by refining these 14 triangles uniformly 30 times. This fine mesh is used for the
computations.

The figure below presents the obtained results at times 0.000, 0.007, 0.028 and 0.112. The black points
correspond to the value 1, the white ones to the value 0, with a continuous hot-colors scale of between these
values. One observes that the initial value 0 is transported, only modified by the numerical diffusion due
to the convective upstream weighting, and that, on the contrary, the initial value 1 is rapidly smoothed,
due to the effect of the parabolic term which is active on the range [0.5, 1].
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Fig 1.
Computed solution at time t = 0 (initial condition), t = 0.007, t = 0.028 and t = 0.112.



Chapitre 3

Equation parabolique hyperbolique
dégénérée avec condition de Dirichlet
non homogene dans le cas général

Résumé

Cet article (travail commun avec Julien Vovelle) est consacré a I’étude d’une méthode de discrétisation
pour une équation parabolique hyperbolique fortement dégénérée sur un domaine borné. La donnée initiale
ug est une fonction mesurable bornée, la condition au bord @ est une fonction continue, vérifiant certaines
hypotheses de régularité que I'on précise dans I'article. On introduit une notion de solution faible entropique
généralisée pour le probléme continu (3.1) et on prouve que la solution est unique. On démontre également
que 'approximation numérique construite par un schéma volumes finis implicite converge vers une solution
faible entropique dans LP(Q), pour tout p € [1, +o0], ce qui fournit en méme temps une preuve d’existence.

Le probleme considéré constitue une généralisation des cas traités dans [Car99], [Vov00] ainsi que du cas
traité au chapitre 2. La grande originalité de ce travail réside dans la formulation faible entropique, qui
étend les formulations intégrales précédentes, ainsi que dans la preuve d’unicité. Néanmoins, le traitement
des conditions au bord pour la convergence est plus difficile que dans les cas traités aux chapitres 1 et 2
parce que le support en x des fonctions test n’est pas inclus dans le domaine (2. La formulation intégrale du
probleme que nous donnons facilite le travail de la preuve de convergence, et donc de la preuve d’existence,
par rapport a d’autres formulations basées sur des limites de flux entropiques au bord ([Ott96a],[MPT00]).
Des restrictions sur la régularité de la donnée au bord, précisées dans I'hypothese (H6), sont nécessaires
techniquement dans la preuve d’unicité, mais la formulation reste valable pour des données au bord plus
générales.

99
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A finite volume method for parabolic degenerate problems
with general Dirichlet boundary conditions

Abstract

This paper is devoted to the study of the finite volume methods used in the discretization of conservation
laws defined on bounded domains. General assumptions are made on the data: the initial condition and
the boundary condition are supposed to be measurable bounded functions. Using a generalized notion of
solution to the continuous problem (namely the notion of entropy process solution, see [EGH00b]) and a
uniqueness result on this solution, we prove that the numerical solution converges to the entropy weak
solution of the continuous problem in L7 . for every p € [1,+00). This also yields a new proof of the
existence of an entropy weak solution.

3.1 Introduction

Let Q be an open bounded polyhedral subset of R¢ and T € IR’ . Let us denote by @ the set (0,7") x Q
and by ¥ the set (0,7) x 0f2.

We consider the following parabolic-hyperbolic problem:

ue(t,z) + div(F(t, z,u)) — A(p(u))(t,z) =0, (t,x2) € Q
u(0,2) =up, v € (3.1)
u(t,z) =u(t,z), (t,z) € .

When the function ¢ is strictly increasing, this problem is of parabolic type and it is well known that there
exists a unique weak solution. In the case where ¢ is equal to zero, then 3.1 is a hyperbolic nonlinear
problem with non homogeneous Dirichlet boundary conditions, and there is no more uniqueness of a weak
solution, besides, the meaning of the boundary condition is not so clear. Nevertheless, by the use of
an entropy formulation of the equation and of the boundary conditions, we can also prove a theorem of
existence and uniqueness. In this paper we are interested in the more general case where ¢ is a Lipschitz
continuous non decreasing function, which means in particular that it can be constant on intervals with
non zero measure. Thus the physical domains where the problem is of parabolic type or of hyperbolic type
depend on the values of the solution itself and we must be able to treat both types of phenomena in a
unique formulation.

We make the same assumptions on the data as in the hyperbolic case, except for the boundary condition
4 that is supposed to be somewhat more regular.

Hypotheses (H):
(H1) F:(t,x,s)— F(t,z,s) € C*(R? x Rt x R),

OF
— locally Lipschitz continuous uniformly with respect to (z,t),

0s

Y O,
div, F(t,z,s) = T;(t,x, s)=0,Y (t,z,s) e R x R x R,
=1 O
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(H2) ¢ :s— p(s)is a nondecreasing Lipschitz continuous function,
(H3) wug:x— ug(x) € L™(Q),

and (H4) a:(z,t) — a(z,t) € C(X),
(H5) @ is the trace of a function u € L>(Q), such that
Vi € L*(Q),u; € L'(Q) and
(H6) for any local extension Ts, of T A(¢(Ts)) is in Li,. (with the notations defined in
Subsection 3.4.1 ).

Under these assumptions there exists (4, B) € IR?, such that

A < min(ess ilglzf(U()), ess nclgf(ﬂ)) < max(esssup(ug),esssup(a)) < B (3.2)
Q Q

Theses hypotheses allow for example to treat the classical cases F'(z,t,s) = F(s) and F(z,t,s) = q(x,t) f(s)
with div(q) = 0. The reason why we make Assumptions (H4)(H5)(H6) is not clear at a first look nor in
the definition of the problem, nor in the entropy formulation (see Definition 3.3.1) itself. Assumption (H5)
is used in Section 3.7 to obtain a priori estimates on the discrete solution which is the main ingredient
to obtain compactness properties on the sequence of approximate solutions. On the contrary Assumption
(H6) which signifies Ap() € L(Q) is only a sufficient assumption to prove Lemma 3.4.1 and we do not
know if it can be weakened.

To our knowledge, the problem that we deal with has never been treated before in the literature. The
only work that handles the degenerate parabolic problem with non homogeneous boundary conditions is
the recent work [MPT00]. Nevertheless some particular cases have been fully treated. In [EGHMOO0],
the authors prove the convergence of finite volumes method in the case where F(xz,t,s) = q(z,t)f(s),
div(q) = 0 with the boundary condition q - n = 0. This work follows the methods of Carrillo in [Car99]
who only deals with homogeneous boundary conditions. In [Vov00], the author proves the convergence of
finite volumes method in the case where ¢ = 0, adapting the ideas of F.Otto [Ott96a]. In another direction
a comparison between two solutions with different diffusive terms using semi-group theory has also been
done by Cockburn and Gripenberg [CG99] in the case where Q = R

The difficulties involved in this work are of two types. First, we explore the difficult concept of entropy
formulations of problems of hyperbolic type with non homogeneous boundary conditions. In that direction,
one can remark that the entropy formulation given in Definition 3.3.1 generalizes all the definitions given
in the chronology by S.N. Kruzkhov, J.Carrillo, and F. Otto. A large part of the ideas of the proof
of uniqueness were already contained in the work of J.Vovelle [Vov00], nevertheless, many ingredients
are specific to the case we deal with here. The arguments of the proof are inspired from the article of
C.Mascia, A.Porratta and A.Terracina [MPTO00]. The originality of our work is the definition of a weak
entropy solution using only an integral formulation. This is the integral formulation that allows us to
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obtain existence of a solution from the convergence of the scheme. As in [Vov00] or [EGHMO00], we use
the useful tool of measure valued solutions introduced by DiPerna [DiP85] [EGHO00b], that we call entropy
process solutions, to deal with nonlinear convergence.

In this paper, we first define entropy process solutions and prove the fundamental theorem of uniqueness
3.4.1. Then we deal with the weak convergence of a finite volume scheme to an entropy process solution
that gives in the same way the existence of an entropy process solution. Then, by using measure valued
functions properties and the uniqueness theorem 3.4.1 we get the strong convergence of the approximate
solution obtained by the scheme defined in Section 3.5.2 to an entropy solution of Problem (3.1) that is to
say a function defined almost everywhere on Q x (0,7") satisfying Definition 3.2.1.

3.2 Entropy weak solution

Here, as in the study of purely hyperbolic problems, the concept of weak solutions is not sufficient, as
uniqueness of such a solution may fail. Thus, we turn to the notion of weak entropy solution. The
entropy-flux pairs considered in the definition of this solution are the “semi-Kruzkov entropy-flux pairs”

(see [Car99], [Ser96], [Vov00]).

Notations: set
STK:{ ZZJ}ZEZ, SJ_H:{ sz}z;’;, sT=5T0, s~ =—(sL0).
Then, the semi-Kruzkov entropies are defined by
ni(s)=(s—k) T =sTk—r and n,(s)=(s—kK) =k—slk, (3.3)
while the entropy fluxes associated to these entropies are defined by
ot (t,x,s) = F(t,r,sTk) — F(t,z,x) and @ (t,z,s)=F(t,z,k) — F(t,z,5LK). (3.4)

In the case where we consider x as a variable, for example in the doubling variable technique of Kruzkov,
we denote by

Ot (x,t,s,k) = @ (t,z,s) and & (z,t,5,k) =, (t,,5)

The functions ®* and &~ are not symmetric in s and . Note that the classical entropy flux ® of Kruzkov
associated to the entropy s +— |s — k| which is defined by

o(t,x,s,k) = F(t,z,sTk) — F(t,z,sLk)

is symmetric with respect to s and k, this not the case for the functions ®* and ®~.
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Remark 3.2.1 Note that n} and ® can also be expressed differently using the function sgn™ :
e (s) =sgn’(u—s) and ®(t,x,s) =sgn’ (u—s)(F(t,a,u) — Ft,z,5)).

A similar property for n,, and ®, with the function sgn™ also holds.

Definition 3.2.1 (Entropy weak solution) A function u of L*(Q) is said to be an entropy weak
solution to problem (3.1) if it is a weak solution of the problem (3.1), that is to say:

([ o(u) — (@) € L*(0,T; Hy (),

and, for all € C°([0,T) x Q)

(3.5)
// {u(t, x) 0y(t, z) + (F(t, z,u(t,z) — V(o(u)(t,x))) - V@(t,x)} dx dt + / up0(0,z)dx =0,
Q Q
and if u satisfies the following entropy inequalities:
1. for all k € R, for all ¢ € CX([0,T) x RY) such that ¥ > 0 and sgnt (@ — k)i =0 on X,
// (ng(u(t,x)) Yyt ) + OF (t, 2, u(t, x)) - Vw(t,a:)) dx dt
Q (3.6)
~ [ Vet - o) Vet vt + [ o) el0,0)d >0,
Q Q
2. for all k € R, for all ¢ € C°([0,T) x R?) such that 1) > 0 and sgn™ (7@ — k)1 =0 on %,
// (s (u(t, ) Yy (t, ) + @ (¢, @, u(t, ) - V(t,x)) dadt
Q (3.7)

- // V (p(u)(t, 2) — p())” - Vep(t, x) dr dt + / iz (u0) 9(0,2) da >0,
Q Q

Notice that the weak equation exposed in (3.5) is superfluous, for it is a consequence of Equations (3.6)
and (3.7). However, if the function ¢ were (strictly) increasing, Equation (3.5) would be enough to define
a notion of solution of Problem (3.1) for which existence and uniqueness hold: in that case, Problem (3.1)
would merely be a non-linear parabolic problem.

Notice also that the class of Kruzkov semi entropy-flux pairs is wide enough to ensure the uniqueness of
the weak entropy solution. We refer to [Vov00] and [Ott96a][MNRRI6] for explanations in the case of
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the hyperbolic problem. Moreover, the possibility to define numerical entropy fluxes associated to these
entropies is one of the keys of the result of convergence of the scheme.

The class of test-functions considered in the previous definition depends on the boundary condition .
To justify this choice of test functions, one can remark that the condition sgn™(u — k)1 = 0 on X does
not allows to avoid having, in the inequality (3.6), the boundary integrals yielded by the integration by
part of the hyperbolic term. To explain why we need exactly this class of test functions one can compare
our formulation to the formulation given in [Vov00] in the hyperbolic case. This class has to be wide
enough to ensure the uniqueness. In particular, this formulation is only valid if the boundary condition
is continuous even in the hyperbolic case and the importance of the continuity of @ clearly appears in the
proof of proposition 3.4.1.

3.3 Entropy process solution

The proof of the existence of a weak entropy solution to Problem (3.1) lies in the study of the numerical
solution up defined by the finite volume method applied to (3.1) (see Section 3.5.2). Theorem 3.8.1 states
that the numerical solution satisfies the following approximate entropy inequalities:

Vi € R, for all ¥ € C°([0,T) x R?) such that ¢ > 0 and sgnt (@ — k)Y =0 on ¥,
T
[ apin+ @5 up) - ot () dn) = [ e@ven
+ [t (o) 0) = ~€5(w)
Q

where for a given ¢, £/(¢)) — 0 when the size of the discretization tends to zero. The same result holds
when the entropy-flux pair (7, , ®;,) is considered.

The numerical approximate solution up is known to be bounded in L*°(Q). An estimate on the discrete
H'-norm of ¢(up) also holds (see Propositions 3.6.1 and 3.7.1). Nevertheless it is not enough to pass to the
limit in inequality (3.8). Thus, owing to the non-linearity of the equation and to the lack of estimates on
the approximate solution, we have to turn to the notion of measure-valued solutions (see DiPerna, [DiP85],
Szepessy, [Sze89]) or, equivalently, to the notion of entropy process solution defined by Eymard, Gallouét
and Herbin [EGHO0b]. The interest of this notion lies in the following result, which generalizes the notion
of weak-x convergence in L™ and frees oneself from the difficulties of non-linearities.

Theorem 3.3.1 (Non-linear weak star convergence) Let O be a Borel subset of R™, let R be positive
and (u™) be a sequence of L*°(O) such that, for alln € IN, ||u"||L~ < R. Then there exists a sub-sequence
still denoted by (u™) and p € L*(O x (0,1)) such that:

1
Vg e C(R), g(u") —>/0 g(u(., ) da in L(O) weak-* .

Now the notion of entropy process solution can be defined.
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Definition 3.3.1 (Weak entropy process solution) Let u be in L*°(Q x (0,1)). The function u is
said to be an entropy process solution to problem (3.1) if:

p(u) — p(a) € L*(0,T; Hy (), (3.9)
and if u satisfies the following entropy inequalities:
1. for all k € R, for all ¢ € CX([0,T) x RY) such that ¥ > 0 and sgnt (@ — k)i =0 on X,

1
//Q /0 (nﬁ(u(t,m,a)) Yi(t, ) + @F(t, 2, u(t, z,a)) - Vw(t,:v)) dadx dt

- // V (p(u)(t,2) — p(s))* - Vot, x) drdt + / i (u0) (0,2) da >0,
Q Q

2. for all k € R, for all ¢ € C°([0,T) x R?) such that 1) > 0 and sgn™ (7@ — k)1 =0 on %,

1
//Q /0 (7]; (u(t,z, ) Ye(t, z) + O, (¢, z,u(t, x,a)) - Vw(t,m)) dadx dt

- // V (p(u)(t,2) — 9()™ - Vot, z) dr dt + / iz (u0) (0, 2) da >0,
Q Q

Notice that if w is an entropy process solution of Problem (3.1) it satisfies Condition (3.9), in particular,
the function p(u) does not depend on the last variable «. It is denoted by (u)(t, x).

Notation: in order to lighten the writing, the integration of a function A on the domain @ x (0, 1) will

be denoted by
1
/ h(t,z,a)dodzdt :// / h(t,xz,a) dadzdt.
1 Q 0

Lemma 3.3.1 (Non degenerate zone entropy inequalities) Let u € L>®(Q x (0,1)) be a weak
entropy process solution to Problem (3.1). Then the function u satisfies the following entropy inequalities:
for all convex functions i € C*(IR), for all ¢ € C°([0,T) x Q) such that 1 >0,

/ n(u(t,z, @) Pu(t, z) + v(t, z,u(t,z, ) — Vu(e(u)(t,x))] - Vi(t, ) dadx dt
// Vip(u)? it ) dadt + [ n(uo) w(0.)de > 0.

Q
Ov of
h r_ —_
where 1 ,u()(mda ,u()as

Lemma 3.3.1 does not concern the boundary of 2 since the test functions have compact support in €2 and
the conclusion is also true if u is only a weak process solution. See the proof in ([Car99], Lemma 4.8).
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3.4 Uniqueness of the entropy process solution

Theorem 3.4.1 (Uniqueness of the entropy process solution) Let u, v € L>®(Q x (0,1)) be two
entropy process solutions of Problem 3.1 in the sense of Definition 3.3.1 . Then there exists w € L*°(Q)
such that:

u(t,z,a) = w(t,z) = v(t,z,0) for ae. (t,z,0,8) € Q x (0,1)%.

Corollary 3.4.1 (Uniqueness of the weak entropy solution) The problem (3.1) admits at most one
weak entropy solution.

3.4.1 Proof of Theorem 3.4.1, definitions and notations

We suppose Q to be a polyhedral open subset of IR?. Note that the following proof is still correct if Q
is any strong Lipschitz open subset of IR? In that case, there exists a finite open cover (By)o,n of Q
and a partition of unity (\,)on on Q subordinate to (B,)on such that, up to a change of coordinates
represented by an orthogonal matrix A,, the set QN B, is the epigraph of a Lipschitz continuous function
f, : R4 — IR, that is to say:

QONB,={z€B,; (Ayz)g> f.(A, 1)}

and

oNNB, = {l‘ € B,; (Aux>d = fu(AV'r)}v

where 7 stands for (y;)1,4-1 if y € R

Until the end of the proof of Theorem 3.4.1, the problem will be localized with the help of a function A,.
We drop the index v and, for the sake of clarity, suppose that the change of coordinates is trivial: A = I;.

Xq

Q

\/ %, =f(@)

B

n

i X
Fig 2. A Lipschitz domain Q and the localization by f in the ball B
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We denote by II = {Z,z € 90N B} c IR the projection of B onto the (d — 1) first components and
by II) = {Z,z € supp (A) N Q}. If ¢ is a function defined on ¥, we denote by vy, the function defined on
[0,T) x BNQ by ¥x(t,z) = (t,z, f(T)). The function ¥y, does not depend on x4 and by an abuse of
notation, we shall also denote by 1y, the restriction of 1y, to [0,7) x II. In the same way, if L; is defined
onto [0, 7] x II, we also denote by L; the function defined on [0,7) x B by L;(t,z) = L;(t,T).

Let (prn) be a sequence of mollifiers on IR defined by

pn(t) = np(nt)

0
where p is a non-negative function of C2°( —1,0) such that / p(t)dt = 1. Let also R,, denote the function

-1
defined by

For ¢ a positive number, we also denote by p. the function ¢ — % p(é) and define the function w, : R? — R
by

0 0
)= [ = [ sl
f(@)—za fd

Then

Veta) = pel@) a0 (V7))

On QN B, the function w, vanishes in a neighborhood of 992 and equals 1 if dist(x,02) > €. Also notice
that, if (VNS Hdiv(Q) then

/Qw-v%_—/gdiv(w)wf:?_/gdiv(w)_—/m A-n.

Let u € L*®(Q x (0,1)) be an entropy process solution of Problem (3.1) and x € IR. We denote by
G.(t,x,u, k) the quantity

Go(t,z,u,5) = @, @, ult, z, @), k) — Valo(u)(t,z) — (k)] (3.10)
For w € IR, the function F is defined by the formula

Folt,z,u, k,w) = Go(t, @, u, k) + Go(t, x,u, w) — Go(t, x, K, w) . (3.11)



3.4. UNIQUENESS OF THE ENTROPY PROCESS SOLUTION 69

3.4.2 First step in the proof of Theorem 3.4.1: study of the behavior of an entropy
process solution near the boundary

We aim to prove the following proposition, which characterizes the way in which the boundary data w is
assumed by the entropy process solution u (see [Ott96a] or [MPT00]).

Proposition 3.4.1 (Boundary entropy condition) Let u € L*®(Q x (0,1)) be an entropy process
solution of the problem (3.1) and let F, be defined by (3.11). Then, for all k € R, for all nonnegative
¥ € CX([0,T) x R?), there holds:

lim sup Folt,z,u(t,xz, o), K, ux(t, ) - Vwe () Y(t, z) AM(x) de dt da <0 (3.12)
e—0 Q!

In the case of a purely hyperbolic problem (that is to say ¢ = 0), Inequality (3.12) is the boundary condition
written by Otto (see [Ott96a]). If the problem is strictly parabolic (that is to say ¢'(u) > @y > 0), then
Inequality (3.12) is trivially satisfied by any weak solution of the problem (see [MPT00]).

Lemma 3.4.1 Let k € IR, let ¢ € C°([0,T) x R%) be such that ¢ > 0 and sgn™ (@ — x)1p = 0 on X. Then
the following limit exists and is non-positive:

gii% o [<I>+(t, z,u(t,z, ), k) — V (o)(t,z) —o(k) " | - V() ¥(t, 2) Nz)dedtda <0.  (3.13)

PROOF OF LEMMA 3.4.1. The function u being an entropy process solution, the linear application Z*
defined on the vector field {1 € C°([0,T) x IRY), sgnt (@ — k)Y =0 on ¥} by

1
//Q /0 (n:(u(t,m, ) Y(t, ) + O (¢, z,u(t, z, @) - V(t, x)) dx dtdo

- // V (p(u)(t2) — p(r))* - Vot z) dedt + / i (u0) (0, ) dx
Q Q

()

takes nonnegative values for nonnegative vectors 1, so it is non-decreasing with respect to ©. As (we). is
non-increasing when e decrease to zero, Z+ () A (1 — w.)) is non-decreasing and lim._o Z+ (¢ A (1 — w:))
exists, at least in IR. Moreover, the sequence (w.) converges to 1 everywhere on QN B. Using the dominated
convergence Theorem, we get

;i_r% o [@Jr(t,x, u(t,x,a), k) — V(o) (t,z) — o(k)T | - Vw(z)1(t, z) \(z) dz dt da < 0,

and lemma 3.4.1 follows.O

Remark 3.4.1 The e-limit considered in (3.13) only depends on the value of 1) on the boundary. This can
be interesting to make the link between this lemma and the notion of entropy solution given in [MPTO00).
Moreover, it is useful in the final part of the proof.
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To prove this fact, let 1) be a nonnegative function of C2°([0,T) x IR?) such that sgn™ (@ — x)y» = 0 on .
There exists a constant Cy, such that [¢(t,2) — = (t, z)| < Cy |xg — f(T)| and, denoting by ¥ the changing
of variable defined by

V(z) = (2,24 + f())

and by u the function (t,z,a) — u(t,9(x), a) we have:

‘ /1 {@*(t,m,u(t, z), k) — V (p(u(t,x)) — 4p(/<c))+] -Vwe(z) (Y(t, x) — ¢Ys(t,z)) M) de dt do

IA

f(@)+e 1
e f[ | o [ [ 001+ 19 ot = o) ] Vel o0~ F(@)] Aot da
x Jxg=f(T

= o [ [ [ @ 19 o - o) |V VTGP o) ATt do

£

< C T B (119 (ovuanlzaian + VG — D) ([ pel-7af 5 aza)

xg=0

< C@,T,|B|) Ve,

where C' is a constant independent of e.
The same results hold when the entropy function u — (u — k)~ is considered, in that case the function
has to satisfy the condition sgn™(u — k) ¢|x = 0.

Now, we are able to prove Proposition 3.4.1.

PROOF OF PROPOSITION 3.4.1.

By definition, II) C IT and d;,q, = dist(I1, I1¢) > 0. So if we define H‘; by H‘S)\ =11+ B(0,9), for 6 < dmaz,
we have Iy C TI{ C II. Let 6% : R%! — [0,1] be a C° function with support included in TI§ and such
that 8% = 1 on II,, (#° approximates the characteristic function of the set IIy)

Fix 7 positive, § such that 0 < § < dynee and ¥ € C°([0,T) x IRY) such that v > 0. Let Ty, be such that
¥ =0 on [T, T). As the function Uy is continuous on the closure of [0, T}] x II3, a compact subset of
R, x IRY!, there exists o a positive number such that

[ux(t,z) —ux(s,7)| <n

whenever (¢,7), (s,7) € [0,Ty] xII and |(t,T) — (s,7)| < . Moreover, there exists P, € IN and some balls
Vi Vgn of diameter less than « such that

Pﬁ
[0,Ty) x Ty C | V"
i=1
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Let (L]) : Ry x R4+ TR be a C™ partition of unity on [0, T;s] x Iy subordinate to the open cover (V)

with supp (L) C Ry x II§. For i € {1,..., P}, pick up (t;,7;) € V"N [0,Ty] x I, and set

w; = s (t;, 7)) +n

in order to ensure Uy, < w; < Uy, + 2n on supp L.
Then the function W; : (t,z) — (¢, ) L] (t,7)0° () satisfies the condition

sgnt(@—kTw!)¥; =0 on &
and from Lemma 3.4.1 and the fact that #°\ = ) is deduced:

lir% [<I>+(t, z,u, kTw)) — V (p(u) — gp(/@Tw?))Jr] Vw YA L] dz dtda < 0.
E— Ql

Now, write

_<I)+(t, z,u, kT 0) — V(p(u) — (kT ﬂ))+} - Vwz YA L] dz dt da
Q-

_<I>+(t, z,u, KTw!) — V (p(u) — cp(/fTw?))Jr} - Vwe Y\ L] dzx dt do

S—

.
+ jz _<I>+(t, r,u, kT Ux) — (¢, z,u, mTw?)} - Vwe YA L] dz dt da
1 L
j \Y4 [ (p(u) — (kT ax))T = (p(u) — w(ﬁTw;’))Jr] - Vwe Y\ L] da dt dov .
Ql

(3.14)

Using the Lipschitz continuity of x — @®(¢,z,u(t,xz,«), ) (which is uniform with respect to (t,z,a) €
@ x (0,1)) and the fact that [ |Vw.(t,T, zq)|dzg is bounded independently of ¢, the second term of the

right hand-side of this equality can be estimated independently of e:
’ / [(I>+(t, z,u, kT Ux) — (¢, z,u, /@Tw?)} - Vwe YA L] dz dt do
1

£11]]oc // [ (t,7) — w]| L (t, 7) dF dt
0,7, xTTy

2L |¥lso // L7 dzdt
[O,de}XH)\

Therefore, from (3.14) is deduced

IN

IN

lim sup/ [<I>+(t,a:,u, kTag) — V(p(u) —o(kT ﬂg))Jr] - Vwe AL} dx dt de
1

e—0

< 2Ll // L(t,7) dz dt
[O,Tw]XH)\

—lim iélf/ \Y { (p(u) — (kT as)) T — (p(u) - QD(IQTM?))+} - Vwe Y\ L] dz dt .
E— Ql
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The second term of the right-hand side of this inequality writes lim i(glf / / VW - Vw, A L] dz dt where
E— Q
the function W is defined by

W(t,z) = [(p(u(t,x)) — (kT as))" — (p(ult,z)) — SO(FJTIU?))W

is an element of L?(0,7; H}(2)) and it is nonnegative on supp (YAL]) and AL} is a regular nonnegative
function. Hence, the infimum limit considered above is non-negative and

lim sup/ [<I>+(t, z,u, KT ux) — V(p(u) — (kT Ug))+] - Vwe YA L] dz dt do
e—0 1
<2Llillen [ Lit@)dzdr
[0, ] xTIx

P

n
As (L)) is a partition of unity, the equality ¥ A Z L? = 9\ holds and, summing the above result for
i=1
ie{l,..., P}, we get the estimate:

limsup/ [@’ﬂt,x,u,m‘l’ﬂg) -V (e(u) — @(KTHE))J“} -Vwephdzdtdo < 2 L||1Y)]|oo n Ty I1| .
e—0 1

The left hand-side is independent of 7, and since it can be taken as small as we want, the supremum limit
considered is non-positive:

limsup/ [<I>+(t, z,u, kKT ux) — V (p(u) — QO(K,Tﬂz))+} Vwephdrdtda < 0.
Ql

e—0

The same kind of study can be made to prove the following inequality:

limsup/ [fb_(t, z,u, kL us) — V (p(u) — QO(K,J_EZ))i} Vweprdrdtda < 0.
e—0 Q!
Then one concludes the proof of Proposition 3.4.1 by using the formula
Folt,zyu,mw) = [@F(2,u, i Tw) — (p(u) — p(KTw))"]
+H[@™ (42, u, ki lw) = (p(u) — p(klw))"].

3.4.3 Second step in the proof of Theorem 3.4.1: inner comparison

Let w and v € L*°(Q % (0,1)) be two entropy process solutions of Problem (3.1). The following result of
comparison between u and v involving test functions which vanish on the boundary of €2 can be proved
(see [Car99] or [EGHMO0]):
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Proposition 3.4.2 (Inner comparison): Let u and v € L*>(Q x (0,1)) be two entropy process solutions
of Problem (8.1). Let & be a non-negative function of C*([0,T) x R x [0,T) x R?) such that:

for all (s,y) € Q, (t,z) — &(t,z,s,y) € C([0,T) x Q),
for all (t,z) € Q, (s,y) — &(t, 2, 5,y) € C°([0,T) x Q).

Then the following inequality holds:

’U(t,.%',Oé) - U(say7ﬂ>‘(§t + fs)

/ / +G.(t, z,ult, z, ), v(s,y, B)) - Val + Gy(s,y,v(s,y, B),u(t,z,a)) - V& | dedtdadydsds
VIR —Vale(u)(t ) — o(v)(s,9)] - Vi€ = Vylo(u)(t, ) — () (s,9)| - Vit

/ luo(x) —v(s,y, 3)]£(0,z, s,y) de dy ds df (3.15)

Ql JO
+/ | tuoty) = w0 €(t,,0,9) de de dady > 0.
1JQ

3.4.4 Third step in the proof of Theorem 3.4.1: the doubling variable method

An entropy process solution u of Problem (3.1) completely assumes the initial condition at time ¢ = 0, for
example meaning that

1
esslim// lu(t, z, o) — up(z)| dr da = 0.
Q Jo

t—0t+

As far as the boundary condition is concerned, this is not the case for the function ¢ may degenerate.
That is why the work on time variables is distinguished from the work on space variables.

Doubling time variables

Let ¢ € C°([0,T) x RY x R?) be a non-negative function such that

for all (t,z) € Q, y— ((t,z,y) € C(N).

Setting &(t, z, 8,y) = pn(t — s)((t, x,y) in Inequality (3.15), and noticing that £(¢,z,0,y) = 0 one gets:

[u(t, z, &) = v(s,y, B)[Ce pu(t — s)
+gx( y ,u(t,:z:,oz),v(s,y,ﬂ)) 'fopn(t—s)
/ / +Gy(s,y,v(s,y,0),u(t,z,a)) - VyCpu(t —s) | dedtdodydsds
HI —Valp(u)(t @) — () (s, 9)] - Vi palt — 5) (3.16)
=Vyle(u)(t, z) — p(v)(s,y)| - Vo pn(t — s)

//|Uo ) = v(5, 9, )| C(0,2,) pu(—5) dz dy ds df > 0.
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The theorem of convergence in means allows to calculate the limit as n — 400 of the first term of this
inequality. To estimate the behavior of the second term, set k = ug(z) and ¢ (s,y) = Ry (s) (0, x,y) in the
following entropy inequality satisfied by the function v:

/Ql |U(81y7ﬁ) - ’i‘ wt + (q)(sayav(&yaﬁ)a’%) - v’SO(U)(S’y) - ()0(’%)’) ’ v¢ dyds dﬁ
+ [ ua(y) = #l(0.5) dy > 0.

Integrating the result w.r.t. = yields an upper bound of the second term of the inequality (3.16), that is:

L L 0te) = o069.8) (0,299 () dy s d
< / / (@ (5, 0(5, 4 B), 10 (x)) — V]p(v)(5,) — @(ti0(2))]) - Yy Ru(s) di dy ds dB
1 Ja
[ @)~ ualw)lc(0. 2, d dy.
Q JOQ

As (R;,) is a bounded sequence of functions converging to zero, the limit of the first term of the right hand-
side of the previous inequality is zero and there holds the following estimate, which, we recall, signifies
that the entropy process solution v completely assumes the initial condition ug:

n—-+4+o0o

fimsup | /Q [uo() — (s, 9, )| C(0, 2, y) pul—s) d dy ds d3

< [ unte)  uo(w)le(0. 5. drdy.
o Ja
Eventually, the following proposition holds:

Proposition 3.4.3 Let u and v € L>®(Q x (0, 1) be two entropy process solution of the problem (3.1). Let
¢ €C®([0,T) x RY x RY) be a non-negative function such that

fOT' all (tv y) 6 Q7 T C(t,-f,y) 6 CSO(Q)a (3 17)
for all (t,x) € Q, y— ((t,z,y) € C°(Q). '

Then the following partial result of comparison holds:

[u(t, 2, 0) —v(t,y. BIG
L] +9utt e o 0),0t9.5) - Tud +Gy 6y v(tsy: 6),ult,2,00) - ¥, | dodedady do
IV e(u)(t z) — o(v) (L y)| - Vil — Vylo(u)(t,x) — @) (t,y)| - Vil 5.15)
+/ / [uo(w) — uo(y)| ¢(0,z,y)dzdy > 0.
QJQ
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Doubling space variables

We now follow the lines of the proof of uniqueness given by Mascia, Porretta and Terracina [MPT00].
First, we would like to consider test-functions which do not necessarily vanish on 02 and are localized into
the ball B.

For € > 0 define £ to be the function

§(t,z,y) = Pt x) pm(T = Y) pn(2a — Ya)-
Using the properties of p we have

for all (t,2) € Q, y+—— &(t,2,y) € CX(Q),

for all (t,z) € [0,T) x supp (), supp, &(t,,-) C B. (3.19)

For € > 0 define ¢ to be the function

C(t,z,y) — we(z)E(t, z,9) M=)

(recall that w. is defined by (3.10)). Then, Assumption (3.17) of Proposition 3.4.3 holds and, with this
particular choice of function ¢, Inequality (3.18) turns into the inequality

= 8] we(2) (EX)s
[ (Gt 2,0, 9) - Vale ) + Gy (£,9,5.0) - V(€ A) we(e) da dt do dy 4B
G = (Tale) = @)1 V4 (EX) + Vylelu) = (@) - Val€N)) we ()

+/1 /Ql Go(t,x,u, V) - Vw:(x) ENdx dt dady df
/Q /Ql Vylo(u)(t,z) — o) (t,y)| - Vwe(x) €\ da dt dody df3

f/lw) ) = uo(y)] (§A)(0, z,y) we(z) dzdy =0,

where
u=u(t,z,a) and v = v(t,y, ).

Using Formula (3.11), this rewrites:

[u = 0w () (EA):
/1 / +(Gu(t, 2,1, D) - Vo (EX) + Gyt 5, 0,u) - Vy(EN) we(x) dz dt da dy dj3
@ (Valp(u) — -Vy(€A) + Vylp(u) — o) - Vi(E V) we ()

(
0l
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where:

A= //vyw )(t2) — p(0)(t,y)| - Vwu(2) € Ao dt, dy,

Gz(t,,0,ux) - Vwe(z) EXNdr dt dady df
Ql 0l

C= / Go(t,z,u,uy) - Vw:(x) ENdr dt dady dS .
Qr Jaot

Using Proposition 3.4.1 and taking the supremum limit of both hand-sides of the previous inequality with

respect to ¢ yields the following result:
/1 / +G.(t, 2, u,0) - Vo (EX) + Gy(t,y,0,u) - Vy(EN) ] dx dt do dy d3
P =(Valo(u) = o@)] - Vy(€X) + Vylp(u) = 0(@0)] - Va(EN)

I
/ un(2) — uo(y)] (EA)(0, z,y) dedy > limsup (A+ B+ C),
Q JO

e—0

u =0 (§ M)

or, as well (using Formula (3.10)):

lu — [ (§N)e
/ / +O( t z,u,V) - Vz(EX) + @(t,y,0,u) - Vy(EA) ] dx dt dady df
FIL —(Vale(u) — 0(@0)] + Vylpu) — o@)]) - (Vy + Vi) (EX)
[ [ o) —Uo(y)|(§)\)(0,ﬂf7y) dvdy > limsup (A+ B+C),
Q JO e—0

The study of the behavior of A, B and C as [¢ — 0] and the doubling variable technique itself interfere
with each other. We use the definition of &.

£(t,z,y) = Pt x) pm(T —Y) pu(Ta — ya) -
Notice that, for n large enough, and m sufficiently large compared with n, Assumption (3.19) holds and

that, besides, C' does not depend on m and n:

C= G (t,x,u,uy) - Vwe(x)p Ndz dt do .
Ql

Moreover, Inequality (3.21) rewrites:

|u_6|pmpn(¢)‘)t
/ / +0(t,2,u,7) - V(1 \) p o do dt da dy dB
HIE L —(Vale(u) = @)+ Vylpw) = o@)]) - Va(® A) pm pn (3.21)
/ luo(2) — uo(y)| (¥ A)(0,2) pm pn dz dy > 11ms(1)1p(A+B+C)+D
Q JQ e—

where

__/1 /Q1 [®(t, 2, u,0) — (¢, y,u,0)] - Vi(pm pn) Y.
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If the flux-function F' does not depend on the (¢, z)-variables, then D = 0. More generally, one can prove
(see [CH99)):

So lim D=0

m,n—-+00

Going back to the study of A, B, we write A+ B =1+ JY + J* where

Recall that

so that

[=1lim I =— z (@) o asi) (V@ 7 do
Peigr—— [ [ @) (") @, o dayis.

e—0

where the index Y, signifies that the transformation only concerns the x variable. Here for example
ENs, (t,x,y) =&, 7, f(Z), )N, f(T)). To study J*, we notice that the function uy, does not depend
on x4, so that:

e—0

J* = lim J* = — / /v 10(5) — (Ut 7)| - VFE) (€ Vs, dT dtdy .
[0,T)xII
Integrating by parts with respect to = in Je yields: Jr = Jm + J*”" + Jx + J@” where:

T [ [ 1@ - e@)IA@) 0N = 5) @) — i) e dy,
[(0,7) %11

-
[0,T)xII

J{L‘

Pm

p(0) = e(us)|(Vf(T) - (Vf (W N)s)pm(T =) pu(f(F) — ya) dz dt dy,

JE =

/Q 0(0) — (@) VI (E) - Vi pon @ — ) pu £ (E) — ya) o Adzdt dy
| 160) = o) [94@)P o~ 5) 97 (@) = va) (0 N5, dwdedy.

/[O,T)XH
Jor
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On the other hand, integrating by parts in JY with respect to y, recall that the boundary condition
o(u) = ¢(u) on X is strongly satisfied according to Definition 3.3.1, we get:

e—0

— o o —Vf@) o
Petmp--f f rso<uz<t,x>>—so<v>|( / )-vy@A)(t,x,f(x),y)dfdtdy,

and, developing the scalar product:

JY o= / /IsO(UE(t,J?))—SO(@)IVf(w)-Vy(w)(m,f(m),y)dydxdt
0,T)xII JQ

- lp(us(t, ) — 0(0)0y, (§ N (& T, f(T),y) dy dT dt dy
[0,T)xII JQ

= Tt [ lelw) = @l ) A, — 0) (0N dy
[0,7) <11
so that
T4y o= T+ TY

/[OT I / lp(us) — @) (1 + [V F@)?) pm(@ — 90 (F(E) — ya) (Y N)x, dz dt dy.

In particular, no derivatives of p,, appear in J* + JY. Hence, summlng up by v the quantity v(t, =, yq, )
and passing to the limit [m — +oo] in hm(A +B) =1+ J%+ J, we get:

lim lm(A+B)=1+Jr+ Jy+J,,

)
m——+o00 e—0 "

with

s oo rl = (E). 5T V() =) _—
7 /[O,T)anm,l) [ @zs@sas)- () pur@ - 00 s, i deda dyads
Jy = / /°° (@) — o(us)|AFE) (¥ N, po(f(T) — ya) dT dt dyq ,
[0,T)xII
J¢:/ /°° 10(3) — @(s)|VFE) - Va (0 N)s,) po(f(T) — ya) dT dt dyq ,
[0,T)xII JO

o= [T @ )| 0+ V@) AU )~ i) (0 V), dTdi
0,7)x11 Jo

To compute the limit as n tends to +o00 of the four preceding terms, first recall that trace((¢(v)) —¢(uy)) =
0, and therefore:
lim J; =0 and hm Jp=0.

n—-+00 n—-+o00
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Besides, remark that
Awyy(x) = =p,(f(@) = 2a) L+ V(@) + pu(f(T) — 2a) AS(T)

so that, replacing y4 by z4 in I we have:

T = / 6(0) — plas(t, )| Awr () (N (4,7, (7)) dodt + T

- / Vip(v) — p(as(t, )| ¥ wy () (0 NG T £(7)) dodt -+ 2L
Here, e} = J; + / lp(v) — p(Us(t,7))| Vwi jn(7) - V(¥ N)s, dz dt tends to zero when n — +oc0. Moreover
Q
7= _/ D(t, 2, 0,7s) - Vo () (1 N)ss, drdt + 22,
Q

where €2 = / (®(t,z,v,ux) — ®(t,7, f(T),v,us) - Vw; /n(7) (Y N)s, dovdt tends to zero when n — +oo.
Q
Using Formula (3.10) we get

liminf lim lim(A+ B) = —limsup/ Gu(t,z,0(t, 2, B),Us) - Vwy jn(x) (Y M)z drdtds.
Q

n—+oo0 m—+o00 e—0 n—-+o00

Starting from Inequality (3.21) and taking the limit with respect to m, then the infimum limit with respect
to n of both sides yields:

1
//[’u—?}!(i/}/\)t-l-gz(t,x,u,v)-V(@/}A)]dmdtdadﬂz
1Jo

~limsup / Gult, 2, v(t, 2, B), T (7)) - Vior j (0 N) (.7, £ () dir dit 4B

n—-+o0o 1
+ lim supjZ Gz(t,z,u,ux(t,7)) - Vwe(x) (¥ ) (¢, x) dz dt da
Ql

e—0

+ lim Iim F.

n—-+o00 m—-+oo

Clearly, lim lim F = 0 and by Remark 3.4.1 we can replace (¥)A)y by (¥'A) in the previous lim sup

n—+o00 m—-+oo

in n , so if we denote by A(u,v) the quantity

A(u,v) = —limsup/ Go(t,z,v(t,z,3),ux) - Vwe(z) Y Adx dt df
Ql

e—0

+ lim sup G (t,x,u,uy) - Vwe(x)p Ndz dt do
e—0 Q1

we get,

1
/1 /0 [lu—v| (V)¢ + Gu(t, z,u,v) - V(YA) ] dedtdadf > A(u,v) . (3.22)
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Conclusion

Suppose the following lemma already proved
Lemma 3.4.2 Let u € L>®(Q') be an entropy process solution of Problem (8.1). Then, for any non-
negative function ¢ € C°(IR 4 x IRY),

-0 < limiélf Gz (t, z,u,uy) - Vwe(x) Y Adx dt do
E— Ql

< limsup Gz(t,z,u,uy) - Vwe () p Adrdtda <0.
e—0 Q1

Remark 3.4.2 It is in the course of the proof of the estimate

—o0 < lim iglf Gz (t,x,u,uy) - Vwe(x) Y Ndz dt da
g— Ql

(and not elsewhere) that assumption Ap(us) € LY(Q) is required. We do not know how to remove, or
weaken, this hypothests.

As a consequence of Lemma 3.4.2, the function A is antisymmetric in (u,v), while the left hand-side of
Inequality (3.22) is a symmetric function of (u,v). Thus, the following inequality holds:

1
/ / [ — 0] (©A)e + Go (b, 2,1, 0) - V(oA) ] dwdt dadB > 0.
1 Jo

Now, recall that A = A, is an element of the partition of unity (Aq)o<a<n: summing the previous inequality
over a € 0,..., N yields

1
/ / [lu—v|Ye + Gz(t,z,u,v) - VY] dedtdadf > 0. (3.23)
1Jo

Define a positive function g by

Yo(t, ) = o(t) = (T — t)x(0,1)(t) -

Applying (3.23) with 1 as a test function yields:

/OT/Q/Ol /01 u(t, z,a) = v(t, z, f)|de dt dadf < 0.

Consequently, there holds u(t,z,a) = v(t,z,3) for a.e. (t,z,a,03) € @ x (0,1) x (0,1). Defining the
function w by the formula

1
w(t,x):/ u(t,x, ) da,
0
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and accounting for the product structure of the measurable space  x (0,1) x (0,1) we get:
u(t,z,a) = w(t,z) = v(t,z,0) for ae. (t,z,0,3) € Q x (0,1)%
There remains to prove Lemma 3.4.2: set
g = Ocuy, + div, F(t,z,ux) — A p(uy) .

From the hypothesis made on @, follows: g € L'([0,7) x BN Q) and the function % can be seen as
an entropy solution of the equation 0, w + divy F(t,z,w) — A p(w) = g with unknown w with a certain
boundary condition that is not important. Now, we use a result of comparison and assert that, for any
non-negative function # € C2°(IR4 x BN Q), there holds

/Ql (1 =] 6; + G t, 2, u,W)) - VO] dxdtda+/ﬂ luo — (0, 2)| 6(0) da
+/ sgn(u —u)gldrdtda > 0.
Ql

This result of comparison can easily be deduced from the preceding work. Indeed, no care about the
boundary condition is needed, for the function 6(¢,-) has compact support included in . Now applying
this result with 0(z,t) = we(x)A(z)Y(t, ) yields

/ [lu—u| Y we X + G (t, z,u, @) - V(Y we| da dt de
Ql

) Gx(t,z,u, ) - Vw: YA dr dt dae > — / lup — (0, z)| ¥ (0) Awe dx
Q Q

—i—/ sgn(u —u) g Awe ,dx dt da
L Q!

As the function w, is bounded, the right hand-side of this inequality is bounded from below, independently
of e. Lemma 3.4.2 follows.

3.5 The finite volume scheme

The mesh used to discretize Problem (3.1) has to be structured enough in order to ensure the consistency
of the fluxes, mainly because a second order problem is consider (at least when the function ¢ is not
constant). This is specified in the following section.

3.5.1 Assumptions and notations

Definition 3.5.1 (Admissible mesh of Q) An admissible mesh of ) is given by a set T of open bounded
polygonal convex subsets of Q called control volumes, a family € of subsets of Q contained in hyper planes
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of R with strictly positive measure, and a family of points (the “centers” of control volumes) satisfying
the following properties:

(i) The closure of the union of all control volumes is Q.

(ii) For any K € T, there exists a subset Ex of € such that 0K = K\K = Uycg, 0. Furthermore,
5 - UKGT‘S‘K

(iii) For any (K, L) € T? with K # L, either the “length” (i.e. the (d — 1)-dimensional Lebesque measure)
of KNLis0 or KNL =& for some o € £. In the latter case, we shall write o = K|L and iy = {0 €
E,AK,L) € T? o = K|L}. For any K € T, we shall denote by N the set of boundary control volumes
of K, i.e. Nk ={Le€T,K|L €&k}

(iv) The family of points (v )ker is such that v € K ( for all K € T) and, if o = K|L, it is assumed
that the straight line (zg,xp) is orthogonal to o.

For a control volume K € T, we will denote by m(K) its measure and by Ecqzt i the subset of the edges
of K included in the boundary Q. If L € Nk, m(K|L) will denote the measure of the edge between K

K|L
and L, Ty | the “transmissibility” through K|L, defined by T, = ;Z(‘)) Similarly, if o € et Kk, we
LTk, XL
will denote by m(o) its measure and T, the “transmissibility” through o, defined by 7, = d(m(a))' One
TK,O

denotes Eezt = UkeTEeat k- The size of the mesh T is defined by

size(7T) = max diam(K),

and a geometrical factor, linked with the reqularity of the mesh, is defined by

dxg,0)
T)= —_—
reg(7) Keg},gésx diam(K)
Remark 3.5.1 Ezamples of meshes satisfying these assumptions are triangular meshes satisfying the acute
angle condition (in fact this condition may be weakened to the Delaunay condition), rectangular meshes or
Voronoi meshes, see [EGH99] or [EGHO00b] for more details.

Definition 3.5.2 (Time discretization of (0,7)) A time discretization of (0,T) is given by an integer
value N and by an increasing sequence of real values (t"),efo,n+1] with t0 =0 and tNTY = T. The time
steps are then defined by 5t" = t" Tt — 1", for n € [0, N].

Definition 3.5.3 (Space-time discretization of Q) A finite volume discretization D of Q is the family
D = (T,€,(zk)keT, N, (" )nepo,n]); where T, €, (vx)ker is an admissible mesh of ) in the sense of
Definition 3.5.1 and N, (t")neo,n+1] 5 @ time discretization of (0,T) in the sense of Definition 3.5.2. For
a given finite volume discretization D, one defines:

size(D) = max(size(T), (6t")nefo,n])s and reg(D) = reg(7T).
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3.5.2 The scheme

We may now define the finite volume discretization of (3.1). Let D be a finite volume discretization of @
in the sense of Definition 3.5.3. The initial condition is discretized by

o — m(lK) /K wo(x)dz, VK € T. (3.24)

In order to introduce the finite volume scheme, we need to define:

Un+1 /
7 tr

An implicit finite volume scheme for the discretization of Problem (3.1) is given by the following set
of non-linear equations with unknowns Up = (U}%)KGT,neﬂo,NH]]:

tn+1

/ a(t, 2)dy(2)dt, Vo € Euny, ¥ € [0, N]. (3.25)

VK € T,Vn € [0, N],

Uln(Jrl UK n+1 n+1 rrn+l n+1 n+1
s mK) + Y m(e)F (U URLD) = D mo(e(UR) —e(U) =0 (3.26)

o€k o€k

where

n+1 _
n+l _ { UL if o= K’L (3'27)

Ko U;l—’_lifa € Eent
and F}?;l is a monotonous flux consistent with F' which means that:
e VvelR, ur FI’;‘-ng (u,v) is nondecreasing and Yu € IR, v — F}y;l (u,v) is non increasing
o Filtl(u,v) = —Ft (v, u) for all (u,v) € R?

. F}?;l is a locally Lipschitz continuous function

n—+1
F”+1(s s) = &ln = i [, F(x,t,5) - ng ody(z)dt.
The Godunov scheme and the splitting flux scheme of Osher may be the most popular examples of monotone
fluxes.

3.6 Monotonicity of the scheme and direct consequences

As we said in the introduction, one of the difficulties of this problem is the definition of a physically
admissible solution. The monotonous schemes are well known to add numerical viscosity to the equations.
They are L stable and they respect discrete entropy inequalities. In other words, continuous entropy
inequality have their discrete analogue and they are respected by any solution of (3.24)-(3.27). This is
summarized in the following proposition:
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Proposition 3.6.1 (Discrete entropy inequalities and consequences) There exists a unique solu-
tion to the scheme. Moreover, it satisfies the following mazimum principle property and entropy inequali-
ties:

VK € T,Vn € [0, N],
A<UpRt <B, (3.28)

e (U™ =t (UR)
at"

m(K) + > m(e)ept Ut Ut

o€k
S (U — (U <0, (3:29)
o€k

and

(U — s (UR o
7714( K ) nn( K)m(K) + Zm(o_)q) ,+1(UI1}+1’UI1};1)

n Ko,k
6t o€efk
— > o (PURED) = 170 ((UE))) < 0. (3.30)
cefk

+,n+1 —,n+1 .
where Pron and Pylor are discrete fluxes defined by

1
Ot (u,v) = Fptl(uTr,vTk) — FRtt (s, w),

O N, v) = Fpett (s, k) — FietH(uds, vlnk).

Proof. Since it is an implicit problem, we will first show that if Up is a solution to the scheme, it satisfies
the discrete inequalities (3.29) and (3.30). Then we obtain an a priori maximum principle that allows us
to obtain existence by Leray-Schauder theorem. Then we prove uniqueness by an analogue method as we
use to prove discrete entropy inequalities.

For K € T and n € [0, N], we denote by B (U UR, (UEH)LGN(K), (U2 )oee.,, i) the first member
in Equation (3.26). The monotony of the scheme imply that B’;(H is non increasing with respect to all its
arguments except the first one U}}H and for every x € IR we obtain:

B?(Jrl(’{'a K, (K)LGN(K)a (K)UGSewt,K) =0 (331)

So
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B’?{—i_l (U]r?‘rl’ U}éTK/’ (UZ+1TH)L€N(K)7 (U;L+1T,i)o'egeact,l() S B(U}?—lv UI%’ (UZ+1)L€N(K)7 (U£+1)U€£e$t,K)
= 0

and

BY (kU Tr, (UP ' TR) penry, (U2 Th)ocsne < B,y (K) Len (k) (K)o€Eom i)

=0
. n+1 n+1
Now since (Ug"" Tk) equals Ug™ or k, we have
B (U T, U Th (U TR ey (U5 TR)oee i) < 0- (3.32)

By an analog proof we also have

B UE Lk, U Lk, (U LK) peny, (U2 LK) e > 0. (3.33)

ezt,K) —

Then by using (3.3) and (3.4), Inequalities (3.29) and (3.30) are direct consequences of (3.31),(3.32) and
(3.31),(3.33) respectively.

Now, if we take k = max(Uk, (Up!), € Ek), we easily get from discrete entropy inequalities (3.29) that
U;é“ < k. So by induction, we obtain
Upt! < max(ess sup(uo)jné?zx(ﬂ)) < B.
Q

By the same argument, we have also UI”('H > A and we proved maximum principle (3.28).

Now it is not very difficult to obtain existence of a solution, using Leray-Schauder theorem. Indeed, let
us take n € [0, N], replace Uln(t_l by its value and assume that Uy is already known and belongs to the
interval [A, B]. Then the problem is to find U;‘—H = (UZ-+1)K€T satisfying the equation f(Ug—H) =0,
where f : (U}QH)KeT — (B}?_l)KET.

Let us define a continuous deformation f! of f by replacing F}?;l by tF}éﬁ and ¢ by ty. Then, (t, U;‘—H) —

ft(Ug'H) is continuous. The scheme defined by f* is also monotone , then we also have the maximum
principle and for € > 0, the equation ft(U;H) = 0 has no solution in the boundary of the open subset
X = (A—¢e,B+¢)7 of IR7. Moreover, f is a linear function so degree(f°, X) # 0. Then by Leray-Schauder
theorem,

degree(f, X) = degree(f°, x) # 0.

Hence the problem f (U;L—H) = 0 has at least one solution and, by induction, there exist a solution to the
scheme (3.24)-(3.27).
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Let us now prove uniqueness. Let Up and Vp be two solutions of the scheme . By the same arguments
involved in the proof of (3.29) and (3.30), we have

BUE TV URTVE (U TV Lenvi)s (U2 ) oetonn) <0

and

BU LV UR LV (U LV N per, (U5 Y oegunic) 2 0-
So we get VK € T,n € [0, N],

UK = Vi = Uk = VR
oty

n+1 n+1l rrn+l yrntl yrntl
Z H WU Ut vt vieth
o€k

- ZTO— (U™ = (VD] = le(URL = o(VEEH) <0

where
H}"”('Zl (u,v,K,p) = F}}';l (uTkK) — F}é‘;l (vLlp)

Now if we had the following inequalities on K € 7, by using that the scheme is conservative, we obtain
Vn € [0, NJ,

Upt =Vt = U — ViR
> LR VR ) <o
KeT "

Then since U — Vi = 0, we have U}éﬂ — V[?H = 0 for every n € 7 and the proof is complete.

3.7 A priori estimates

The inequalities we derive from monotony and local conservation are L> and L' estimates. We will prove
now L? estimates. We introduce a discretization Up = (U}}H){Kezne[[o,m]} of u:

tn+1

n+l _ —
Uy & o /t / i, VK € T,Vn € [0, N]

Proposition 3.7.1 (L2(0,T, H'(f2)) and weak BV estimate) Let Up be the solution of (3.24)-(5.27)(cf
Proposition 3.6.1), assume that reg(D) < £ then there exist C’(&,T,Q,@,maX(Lip(F}é;l)),ﬂ,A,B) such
that

(Mp(¢ Zétnz Yo wCUE) = CURED?+ Y wCUE) = U < C

n=0 KET UEgint,K Uegezt,K
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and
BV Fp( Sty F(d,¢)—F(d,d))? + (F(d,¢)—F(c,c))?) < C.
(wBV Fp(up)) Z KZT ;K ot B (P )= F (@ )"+ (Pl €)= Fie, ) <

Remark 3.7.1 The notation wBV Fp is for discrete “weak BV inequality” on F(t,x,u). See [EGH00a],
[EGHO0b] or [CHI9].

Let us multiply the equations by &t, (Ut — UE™) and sum over K € 7 and n € [0, N]. Then it holds

El+ E2+ E3 =0,

with
N
P13 W3 -~ O )
n=0KeT
E2 _ Z(St Z Z Fn+1 Un+1 Un-‘rl)(Un-i-l U[’f;—‘rl)
n=0 KeT ok
and

E3 = Zat D (U = pUpt (Ut — Tt

n=0 KeT ok

By a discrete time integrate by parts, we get

_ 1 _
E1> Y m( UN+1 U= > m(K)i(U?( ~U%)?-F1,1
KeT KeT

where
N ’Un—l-l _ Un’ B
ELl = ) oty y ~—E L juptt ot

n=0 KeT Otn
< (B- Al

By a discrete space integrate by parts, using the fact that Up — Up is equal to zero on the border, we
obtain
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E3 = E3int + E3ext + E3,1

where

N

- 1 n n n n

E3int = Zétn Z 5 Z T (U — UK?FUl)(go(UKH) - @(UKZI)),
n=0 KeT 0’651‘7“5,}(

N
E3ext = Y Otny D> 7(Ug —UEHeUg) - o(UEH),
n=0 KeT 0€€cpt. ik

N

1 n n n n

PRl = Y Y (Y w0 - U - o0
n=0 KeT 0€Eint, K

If we use the property (¢(a) — ¢(b))? < (a — b)(p(a) — p(b)) we get

N

Bint > 3 6ta 30 5 S m(CUR) ~ (URY)
N
>

ot
=0 KeT 0€Eint, K
ot

n Y > TR = cUrh)

0 KeT 0€€eqt ik

E3ext >

For the last term E3, 1, by inequality ¢(a) — ¢(b) < vV®(((a) — ¢(b)), we obtain
E3,1 > —VoNp(Up)Np(((Up)),

To get a bound on Np(Up), we use the following inequality proved in [EGH99]:
Np(@) < C(reg(D)) IVl 2(g)-

Now let us deal with E2. By using the assumption div,(F(x,t,u)) = 0, we obtain

> mo)FREURH URE) = Y m(o)(Fh (UM URL — FREUHURH, UR)

o€ o€k

By gathering by edges, if we denote by E2,1 the first term in E2 (the term which only concern Up) we
get

N
1
E2,1 = ) dtay 5 > mo) U (FRL U UL - Fi (UL URH)
n=0 KeT aeSmt,K
Uk (Fo (R URL) = Fie g Uity Uiey ) + B2, Leat,



3.7. A PRIORI ESTIMATES 89

where

E2, lext

N
SNoota > S mlo)FERHURT UREH — R Ut Ut Ut
n=0 KeTUEgemt,K

> —max(|Al, |B|)Lip(Fj::") (B — A) T m(99).

Then for E2,1, it remains to deal with F2,lint = E2,1 — E2, lext. For that, let us apply the method of
Claire Chainais-Hillairet [CH99]. We introduce the function G'%! as a primitive of sd%,F tl(s,s). It is not
difficult to prove the following lemma:

Lemma 3.7.1 (Technical lemma) If G is a primitive of sd%F(s, s) and F is a Lipschitz function, non-

decreasing with respect to its first argument and non increasing with respect to the other argument then
1

> F(d,c) — F(d,d))*

2 7 Lip(F)(agnggggb( (d,c) — F(d,d))

+ angggb(F(da ¢) = Fle,e))’)

G(b) — G(a) — b(F(b,b) — F(a,b)) + a(F(a,a) — F(a,b))

By using this lemma and the fact that Z G”KJ“;(S) =0, and G?(Jral(s) = —Gf;l(s) if o = K|L, we get
o€k

E2, lint > (wBV Fp(Up))?

ALip(Ficth)

For E2,2, we perform an integrate by parts

N
1 _ _
E2,2=Y 6ty 5 > mo)(FRHURT URE — PRt Ut U (Ot — U + B2, 2eat
n=0 KeT U'Egint,K

where

E2, 2ext

N
Doty > mo)(FRLHURT U — FRt Ut uth) ot
n=0 KeT o€€ert, ik

>~ max(|AL|B])Lip(Fi=)) (B — A)Tm(09)
And it is easy to see that
E2,2 — E2,2ext > —Lip(FEH)(B — A)Np(Up) (m(Q)T)?

By collecting the previous inequalities, we complete the proof, the constant C' depending on the constant
of regularity , ¢, the measure of m(Q), T, B, A, Lip(Fj:t1), el 1 () and [Vl r2¢q)
O
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3.8 Continuous entropy inequalities

Let D be an admissible discretization of ) and let Up be the discrete solution of the scheme (Proposition
3.6.1). We define a piecewise constant function upon @, that we call an approximate solution, by

up(t,x) =UE |t € (tn,tot1), v € K. (3.34)
From the discrete a priori estimates we made on Up at Section 3.7 and Section 3.6 we deduce easily

continuous estimates on up. By this way, we are able to prove the following theorem that is the key of the
convergence proof.

Theorem 3.8.1 (Continuous approximate entropy inequalities) Let D be an admissible discretiza-
tion of Q. Let up be the corresponding approximate solution defined below. We have the following inequal-
ities: Vi € R, Vb € C®°(Ry x IRY), such that nt (@) = 0 on B, we have

T
[ o+ ) T+ o) dn) = [k (e@) V0 n

and Vi € C® (R4 x RY), such that n; (@) = 0 on X, we have

T
| [ o+ ) Tt ) dn) = [ oz (e@) 0 n
[ o) = ~&5(e) (330

where £, and 5;5 tend to zero when the size of the discretization tends to zero.

Remark 3.8.1 The condition n}(a) = 0 is equivalent to v = 0 on the open subset {u > k}, and
N, (@)Y = 0 is equivalent to v = 0 on {u < k}. In particular, if © = 0 and ¢(0) = 0, we find the same
formulation as Carrillo in [Car99].

Remark 3.8.2 Any entropy solution is a weak solution. Indeed, if we take tests functions nul on X, for
k = min(u) we have that n}(u) = u.

Proof. = We will only prove Inequality (3.35), the proof of (3.36) being the same. Let x € IR and
¥ € C®(IRy x R?), a nonnegative function satisfying 7. (@)1 = 0 on ¥. We define discrete values of ¥ as
in the following;:
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W9 =9(0,2x), KeT,

1 tn+1
el 1 tn+1
\IJO. = ﬁ ’l/](’,l'o—), S (gext,n € [[O,N]]
n Jtn

In the same way as for Up, we denote \II"KJFU1 = \Ifzﬂ if o = K|L and \I/”Kil = \IIZH if o €&t k.

It is easy to verify on the Definition of @}’ZT that it is a conservative flux consistent with ® hence we
have

> me)ep U URT) =0, VK €T,ne[o,N].

c€EK

The discrete entropy inequality (3.29) can then be rewritten :

e (Ur™) =t (UR)

I 1 5 1
m(K) + Y mo)( @t U UR — e Ut upth)

ot"
oEEx 1 1 (3.37)
S T (U)o (e (U) <0,
oc€lk

Let us multiply (3.37) by 6t, V4!, and sum other K € 7, and n € [0, N]. It holds
T1+T2+T3<0,

where

N
T1 = Y > m(K) (gl UE) =t (UR) U
n=0KeT

by summing over the edges, T2 = T2int + T2ext, with

N
. 1 +,n+1 1 Tl 1
Toint =" 0ta > 5 30 mlo) (U@L UR, U — et U, Upt)
n=0 KeT o0€&int,k
1 +,n+1 1 1 +,n+1 1 1
U (@R URTL URE) — @ U URE)

and

N
Teat =3 dtad D ml) Wi @GN URT URE) - SR U URT),
n=0 KeT Uegezt,K
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T3 = T3int + T3ext, with

T3int = Z(St Z Y 7ol (PUR) =0l (e (U (W3 — it

KeT 0'657»,“5 K

and

T3ext = Zétnz Z T(n @(K) (p(UEY) - 77;(”)(@([]172:1)))‘1’%“

KeT O'E(Sezt K
We wish to prove that

IT+ 12+ 13 < ES ()

n=-f T/Q it wn)in — [ ()0,

2 = —/OT/Q(I)ﬁ(t,a:,uD)-Vw,

[ tetup)de + [ nf @)V
N i

To this purpose, we compare 11 to T'1, 12 to T2 and I3 to T'3.

with

I3

1. Comparison of I1 and T'1

LY ) -t OR) e+ [ o) =t )po.)

n=0 KeT

From the fact that 7 is a Lipschitz continuous function with Lipschitz constant 1, we get

11— T1] < E7(p) + Ep(e),

where

N 2tn-‘—l

& = [ Juh—wle(0.),  Eble) =3 3 mUOWE ~ Ukl [ e a) - vyt

n=0KeT

2. Comparison of 12 and T2
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In the same way as for T2, by using that up is piecewise constant and after a space integrate by parts, we
obtain

12 = I2int + 12ext

where [2ext is the boundary term. By gathering by edges, we get

7tn+1 tn+1

mm:_izé 3 </t

n=0 KeT oc€&nt K "

/‘bi(',',UﬁH)'nK,al/f— /@i(-,‘,(]}};l) 'nK,UI/)%

tTl

and
tn+1

Pet--3 Y ¥ /

+ n+1
/(I)m ('?'7UK )'HK,Hﬂ
n=0KeT O'ESEI,;K " g

We first treat the interior terms. If we compare @ on the interface o to CD;;’T:, we get

tn+1

N
1
P LS ([ @0 e -
n=0KeT ~ o€ "' g

n+1

" @kt o - e ot ug e

gl

[ @6 v e - S O U

¢n+l

[ [@m oo - e ort upthe)
tn o

Then we get
|I2int — T2int| < ggintw) I S%mtw)
where
N tn+1
" +n+1
= 2 [T i - R U U
n=0 K€T 0€&ni,ix ” ' o
1 +,n+1 1 1
+ O} (-, U g — SR (URL Uy |
= t”+1
b,int _— .
=Y 0> Y e U et g g [ et - vl
n=0 KeT 0€€int,k n ;.

tn+1

+,n+1 1 1 +,n+1 1 1 1
et o upth — et oy [ et v
tm o

,O
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Let us now study [2ext and T2ext.

T2ext — [2ext < Egext + Egext + T[b)’mt

where

tn+1

G-y Y[

/(\I"?{Jrl - 1/})(1):(’ ) UITé'+1) ‘NKo
n=0 K€T 0€Ecypt,ix g

bext Zét Z Z \I,n+1 \PZ+1)®?{ZT-@1(U71+1 UnJrl)’
n=0 KeT o€yt Kk

be:ct Z(;t Z Z ‘If”HfI)}ZJ;l(U”H Un+1)

KeT 0€€eyrt,k
But by Definition of @}F( ZJ;l, and from the monotony of the scheme, we have

@;’;ﬁ(a, b) = Fptl(aTr,bTr) — FRtl (s, k) > —Lip(FR ) (b — k)t

So

TH W) < ERTW) Z& S mle)Lip(Fgth) (U — vy twpt,

KeT 0€€cqt, K

Let us recall now that 7 (@) = 0 on . Since @ is uniformly continuous on ¥ and 1) is a Lipschitz
continuous function, and that the two functions are nonnegative, we have

i (OPYWT < Lip() (6t + diam(o)) Mg (5t, + diam(a))
where My denotes the modulus of continuity of @. And

Ebert () Z Sty Z Z o) Lip(y)(6ty, + diam(o)) Mgz (0t, + diam(o))

KeT Uegext K

2.Comparison of I3 and T3
In the same way as for 12 and T2, we compare separately the interior terms and the exterior terms. By
using the Definition of up, we have
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tn+1

I3int = ZZ > g U =) [ [ vien

n=0 KeT oegth " g

So

|I3int — T3int| < £575" (1)

where

SO =5 L Wy ORI — e (AR [ Vo nke = (W - Wi

n=0 KeT oe&n”{

Let us now treat I3ext and T3ext.

25n+1

I3ext — T3ext = —ZZ >« (UHY) / /WJ n+2/
tn tn

n=0KeT o€zt K
—75(n (H)( (Un+1)) - n;(ﬁ)(SO(UIT::}))\I/?gl )

tn+1

/ 77;(5) (ﬁ)Vw "n

b,ext c,ext bb,ext bbb,ext
< I3y W) +&p +&p t&p

where (using the fact 1 is a Lipschitz continuous function with Lipschitz constant 1) we have

bemt Zdtnz Z 7o (1 Un+1)) n;(n)(ﬁp(UITrl))\IﬂILgl)

KeT Uegezt K

tn+1

\IIZ"H _ \I’n+1
/ (V-n- Yo~ Vi)

di,o

cext Z Z Z 9 161[12%]77 /

n=0 KeT Oegezt

tn+1

bb,eact
drw=Y Y ¥ [
n=0 K€T 0€€cut K

/ lo(@) — (@4 -

tn+1

gitbest ZZ Z /

n=0KeT 0€€crt. Kk

/ (@) — (U ||VY -,
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Now using the fact that v is a nonnegative function, and the convexity of 77;(5) we get

Ty5 (W) < &5 (0 Z& Yo D i COETTE (T - o(UR))

KeT 0€€eyrt,k

By the same argument as we used above, we have

0y Ot (0(TFF) < Lip($) (5t + diam(o))

so we obtain

5““ ]<Z(5t S > meLip()(5tn + diam(o))|e(UsT) — o(UR™)]

KeT aeé‘mt K

The term on the right hand side of this inequality does not tend to zero in all cases. A simple way to
ensure that it converges to zero is to suppose an uniform C.F.L. condition ( with a C.F.L. number that
can be very large).

It remains to estimate EX(v), EL(¥), £ (1), E557 (), E55 (W), Ey5 (W), E45T (1) and £33 (1).
We verify that each of these terms tend to zero using energy estimates, weak BV inequality and regularity
of the mesh.

O

3.9 Convergence of the scheme

Let D,, be a sequence of discretizations, such that size(D,,) tends to zero. We wish to prove the convergence
of up, to an entropy solution of Problem (3.1). For that, using the uniqueness theorem 3.4.1, it suffices to
show that up to a subsequence, up, tends in the non-linear weak star sense to a entropy process solution of
(3.1). We obtain compactness properties using estimates on up, derived from discrete estimates on Up,,.
Then, it is not difficult to pass to the limit in Inequalities (3.35) and (3.36).

3.9.1 Non-linear weak star compactness

By using the maximum principle, up, is bounded in L*(Q), so there exist u € L*(Q x (0,1)), such that
up to a subsequence, up, tends to u in the non-linear weak star sense.

3.9.2 Compactness in L?(Q)

From discrete estimates obtained in Proposition 3.7.1 we easily deduce the following inequalities on zp =

((up) — ¢(up):
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Proposition 3.9.1 (Space translate estimates) There exist Cy such that

T
WemﬂA A(m@x+w—m@@VWﬁéGmmm+mdﬂ%
3

where Qy = {x € Q, [z, 2+ y] C Q}

By Hypothesis (H5), we have 4; € L'(Q). By using that Up satisfy a discrete evolution Equation (3.26)
and if we recall that up is linked to Up by Formula (3.34), we can also deduce the following time translate
estimate on zp:

Proposition 3.9.2 (Time translate estimates) There ezist Co such that

T—s
Vs > 0,/ /(zD(t +s,2) — zp(t,x))3dxdt < Cy s
0 Q
Let us recall the following compactness theorem.

Theorem 3.9.1 (Fréchet-Kolmogorov’s theorem) Let QQ be an open bounded subset of R* and
(tn)nen be a bounded sequence in L?(IRF) such that

lim sup ||un,(- +0) — un(+)|| 20y = 0,
T sup - + ) = ()20

then there exists u € L*(Q) such that, up to a subsequence,

u, — u for the strong topology of L*(Q) as n — oc.

Since zp vanishes on Y, we can extend z; by zero out of (), without any problem. Then, we can use
Kolmogorov theorem that gives (with an argument used many times for parabolic problems) that there
exist z € L%(0,T, H'(Q)), such that up to a subsequence, zp, — z in L?(Q).

Now, we recall that zp = ((uq) — ((7g4), and we remark that ((i4) converges to ((u) in L*(Q) so ((up,)
tends to ((u) + z. From the non-linear weak star convergence, ((up, ) converges also to ((u) weakly in
L>(Q), so ¢(a) + z = ((u). In particular, ¢(u) does not depend on the last argument o and ¢((u) = ()
a.e. on X.

As we said in the preceding, it remains to take the limit in the continuous entropy inequalities to obtain
that w is an entropy process solution. Then by the uniqueness theorem 3.4.1, v does not depend on «
and is the unique solution of Problem (3.1). Besides all the sequence up, is convergent (u is the unique
possible limit). Moreover by definition of the nonlinear weak star convergence (up,)? also converges to
(u)?. So up, converges to u in L?*(Q), and in all LP(Q), for 1 < p < +o00. The proof is complete.
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Chapitre 4

Résultats numériques

4.1 Test parabolique dégénéré 1D

Les données utilisées pour ce premier test sont celles données par S. Evje et K.H. Karlsen dans [EKO0Ob].
Cet exemple est instructif aussi bien du point vue de la convergence du schéma que pour la compréhension
des phénomenes de dégénérescence.

Q = [0,1],a(0) = 1, a(1) = 0, f(u) = %uQ,

0 si 0 <u< 05
o(u) = ¢ 0.125(u — 0.5)? si 05 <u< 0.6
0.125(0.01 + 0.2(u —0.6)) si 06 <u< 1

Fig 3. Graphe de la fonction f. Fig 4. Graphe de la fonction .

Pour observer le comportement du schéma et avoir une bonne approximation de la solution exacte, nous
avons fait tourner 'algorithme avec différents pas d’espaces, de maniere a diminuer progressivement la
taille des cellules .

99
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Fig 5. Condition initiale ug.

10

09 —

0.8 —

0.7

0.6 —

05 —

0.4 —

0.3

02 —

0.1 —

Fig 6. Résultats au temps t=0.1 pour différents maillages.

Plusieurs enseignements sont a retirer de ce test. Tout d’abord, on voit tres bien le profil de la solution
exacte apparaitre lorsqu’on augmente le nombre de points de discrétisation. On peut séparer le domaine
en deux zones. Dans la premieére zone, coincidant avec I’ensemble {u > 0.5}, la solution, dont la dérivée
présentait une discontinuité au point d’abscisse x = 0.4 a 'instant initial , est régularisée par le terme de
diffusion. Dans autre zone {u < 0.5} la solution présente un profil de choc classique pour une équation de
type Burgers. Ensuite, la résolution en 1D est bonne avec tres peu de points, méme si le schéma utilisé est
un schéma d’ordre 1 et le choc est bien résolu avec seulement 20 points. Avec 50 points, 'approximation est
presque aussi bonne que pour 200 points. En particulier, le positionnement de la discontinuité ne nécessite
que peu de points de discrétisation.

Techniquement le schéma a été programmé avec le logiciel libre Scilab 5.2 distribué par I'INRIA. Les
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résultats proviennent du schéma volumes finis décentré amont explicite en temps, qui pose bien entendu
un peu moins de difficultés de programmation et s’avere aussi efficace sur des cas aussi simples.

4.2 Test parabolique dégénéré 2D

Nous nous sommes intéressés a un cas similaire au cas présenté au paragraphe 4.1 en 2D cette fois ci. Le
test en deux dimensions d’espace permet de mieux comprendre comment les phénomenes de choc et de
détente sont mélés aux phénomenes de diffusion.

Toutes les conditions du chapitre 2 sont respectées. La fonction ¢ est définie par ¢(u) = 0.005* (u—0.5)7.
Le champ de vitesse ¢ tangent au bord du domaine est défini par

g(z,y) = (1022 = 1)(y* — ), ~10(z* — x)(2y — 1)).
La fonction ¢ est donc lipschitzienne et croissante au sens large sur l'intervalle [0, 1]. Elle est constante sur
I'intervalle [0, 0.5] et strictement croissante sur I'intervalle [0.5,1]. La seule différence avec la fonction ¢ du
paragraphe précédent est sa régularité, mais en théorie comme en pratique, seul le caractere lipschitzien
est utilisé. L’algorithme de Newton fonctionne correctement malgré les sauts de dérivée. Deux exemples
de condition initiale et de conditions limites sur le bord ont retenu notre attention.

Le premier exemple a déja été présenté au chapitre 2. Nous avons mis en lumiere, dans ce premier exemple,
leffet de la dégénérescence du terme de diffusion sur une plage, en observant ’évolution de deux carrés
identiques mais avec des valeurs de saturations différentes.

Pour le deuxieme exemple présenté ici, le phénomene est un peu plus complexe. Les fonctions utilisées
sont les suivantes :

2
u-
ou g est définie comme suit :

0 si 0 <z< 0.2

x—0.2 si 02 <zx< 04

g(x) =< 0.5 si 04 <zx< 06

(r—06)4+05 si 06 <z< 0.8

1 si 08 <z< 1
t=0.00000 t=0.30000

(1.0 (1.0) 1.0
09
08
07
06

0.3
0.2
0.1

(0.0 .
06
05
. 04
03
0.2
0.1
(1, 0.0

(1)

@ 0.0
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t=0.90000 t=2.82000
19 10 () 19

T @ @

Fig 7. Solution du probléme parabolique dégénéré a différents instants
On peut faire les observations suivantes :

1. Si la diffusion est nulle, le probleme correspond & une simple équation de Burgers, qui est le cas le
plus simple d’équation hyperbolique non linéaire. Entre deux zones ou la valeur de la saturation est
différente et inférieure a 0.5, il se forme un choc ou une détente selon que la valeur de la saturation est
plus grande en amont ou en aval, ’amont et ’aval étant définis par le champ de vitesse q. On observe,
sur le demi-plan supérieur de la figure, un net resserrement des lignes de niveau, ce qui correspond
a la formation d’un choc. Au contraire on observe un étalement dans la demi-partie inférieure et il
s’agit la d’une onde de détente. Ce phénomeéne est restreint précisément a la zone ou la diffusion
s’annule, c’est & dire la zone {u < 0.5} (couleur bleue et verte).

2. Pour des valeurs de la saturation plus grandes que 0.5, le phénomeéne change de nature. On observe
qu’il n’y a plus ni choc ni détente dans la partie joignant les zones vertes et rouges. La zone {u > 0.5}
est transportée par le champ de vitesse q en moyenne, comme le reste du fluide, mais son évolution est
identique a ce qu’on pourrait observer pour 1’équation de la chaleur : il y a un étalement progressif
vers la saturation moyenne, ce qui correspond sur la figure & une progressive évolution vers une
couleur jaune puis verte de la zone initialement & dominante rouge.

3. Les conditions au bord imposées a la solution approchée par le schéma correspondent exactement a
la condition ¢p(u) = ¢(u) imposée au sens fort dans la définition d’une solution faible (cf (1.8),(2.7)
ou Definition 3.3.1). Imposer cette condition ici revient en fait & imposer la condition u € [0;0.5].
Ainsi pour les valeurs de u inférieures a 0.5, cette condition est toujours vérifiée quelle que soit la
trace de la solution. On peut considérer dans ce cas que le domaine est artificiel, au sens ou le bord
ne modifie ni le flux ni la valeur au bord imposée. On observe trés bien ceci sur les figures ci-dessus,
ou aucun changement de la valeur de la saturation n’intervient pres du bord si u € [0;0.5], tandis
que lorsque v > 0.5, c’est la condition uw = 0.5 qui est imposée de part la régularité de la solution
(frange verte entre le bord et la zone & dominante rouge).

Techniquement, les figures ont été obtenues par le schéma volumes finis décentré amont, implicite en temps.
Ce schéma nécessite de calculer approximativement une racine pour un systéeme d’équations non linéaires
avec autant d’équations qu’il y a de volumes de controle (12600 sur 1’exemple présenté). Nous avons fait le
choix d’utiliser une méthode de Newton avec une résolution directe du systeme linéaire par une procédure
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de Gauss par bande. La résolution ne pose pas de difficulté, une approximation de la racine étant obtenue
en moins de 5 itérations (pour des pas de temps raisonnables). Le maillage utilisé est construit a partir
d’une grille grossiere de triangles représentée ci dessous pour 2 domaines différents. Pour respecter les
hypotheses de régularité sur le maillage dont nous avons besoin pour démontrer les principaux théoremes
de convergence (Chapitres 1, 2 et 3), il suffit d’imposer aux triangles des angles strictement inférieurs a
5. Ensuite, chacun des triangles est raffiné pour obtenir un pavage par des triangles homothétiques plus
petits. Ainsi, on diminue la taille des volumes de contrdle tout en gardant la propriété de régularité et
d’admissibilité du maillage, le centre du cercle circonscrit étant pris comme centre de maille.
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Fig 8. Maillage grossier Fig 9. Maillage raffiné

Ce type de maillage permet facilement de produire un schéma pour des domaines qui peuvent étre non
convexes (quelques exemples sont donnés en illustration ci dessus). Nous avons programmé ’ensemble des
procédures en langage C, sous Unix. Les sorties graphiques utilisent le logiciel de dessin vectoriel Xfig 3.2
faisant partie des programmes de base fournis avec le systéeme UNIX.
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Partie 11

Analyse numérique d’un modele simplifié
d’écoulement diphasique incompressible
en milieu poreux
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Introduction

Cette partie est consacrée a ’étude d’un modele simplifié d’écoulement diphasique en milieu poreux avec
deux phases incompressibles et non miscibles. Pour I’étude mathématique, nous avons supposé que le milieu
était homogene isotrope et les effets de la gravité sont négligés. Physiquement, ce modele est acceptable
pour I’étude de milieux constitués d’une seule roche sans direction privilégiée, comme ’argile ou le sable,
ou pour un milieu horizontal. Mathématiquement, ces hypotheses enlévent les difficultés liées a la non
homogénéité du milieu. Nous pouvons ainsi nous concentrer sur 'influence de la pression capillaire. Ce
choix justifie également I’étude approfondie des équations paraboliques dégénérées faite dans la premiere
partie, la fonction ¢ étant en étroit lien avec la pression capillaire par la formule

k1 (u)ko(u)

o) = - ey (u) + ka2 (u)

pc/(u) (4.1)
Dans le préambule qui suit est expliquée 'origine des équations étudiées. En particulier, il est expliqué
précisément ou interviennent les simplifications dans le modele envisagé. Ce paragraphe est destiné a
mettre en évidence la signification des grandeurs mises en jeu, leur ordre de grandeur et les unités dans
lesquelles elles s’expriment. Le principal objectif étant de montrer la cohérence des hypotheses que nous
faisons sur les différentes fonctions intervenant dans le systeme couplé étudié.

A partir de ce modele simplifié, on peut manipuler les équations a la maniére de Chavent et Jaffré
[CJ86] pour se ramener & un probléme couplé parabolique elliptique. Grace aux travaux antérieurs sur la
discrétisation des équation aux dérivées partielles en volumes finis [EGHOOD], il est assez simple de con-
struire un schéma pour ce type d’équations qui respecte les principes du maximum sur la saturation et qui
permette d’obtenir d’autres estimations a priori sur la pression et sur la saturation. L’étude mathématique
de la convergence de ce schéma, que I'on a nommé le schéma “des mathématiciens”, a fait I’objet d’un
article soumis début 2001 [Mic01].

Le deuxieme chapitre est constitué lui aussi d'un article qui devrait étre soumis tres prochainement. Il
est consacré a un schéma appelé schéma des pétroliers qui consiste a discrétiser les deux équations de
conservation directement en effectuant un décentrage amont sur chacune des phases séparément. Ce
schéma a de nombreux avantages. Le premier est de n’utiliser que des fonctions physiques. C’est a dire
que toutes les fonctions utilisées sont mesurables ou sont des fonctions simples de fonctions mesurables
expérimentalement. Comme pour le schéma du chapitre 1, on prouve que le principe du maximum est
respecté. Puis, sous des hypothéses un peu plus restrictives mais toutefois encore acceptables au niveau
physique, on montre la convergence du schéma en passant par des estimations originales. Les preuves sont
beaucoup plus difficiles que pour le schéma des mathématiciens, a cause de la présence de deux décentrages
différents. Cet article est également motivé par le fait que le schéma étudié est utilisé en pratique dans
lingénierie pétroliere.

Ces schémas ont fait 'objet de tests numériques avec les données physiques décrites dans le préambule.
Les résultats figurent dans le dernier chapitre de cette deuxieme partie.
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Justification du modele étudié

Pour comprendre le modele d’écoulement diphasique incompressible que nous considérons, il faut se placer
au niveau macroscopique, c’est a dire a une échelle ou les propriétés d’une méme roche sont supposées
continues. Elles sont alors représentées par des fonctions de densité.

La premiere de ces propriétés est la porosité. On la note habituellement ®. Si la roche n’est pas déformable
dans les conditions expérimentales considérées, cette porosité ne dépendra que de ’endroit o1 on se place,
autrement dit ® = ®(x). La porosité est la proportion occupée par le volume des pores qui permettent
I’écoulement. C’est donc une quantité strictement comprise entre 0 et 1 et elle se mesure a 'aide d’un
porosimetre a mercure.

Le milieu est ensuite caractérisé par une matrice de perméabilité K (z). Si le milieu est isotrope, c’est a
dire si aucune direction particuliere n’est privilégiée, K(x) = k(x)I, ou k(z) € R. La perméabilité est une
mesure des efforts necessaires pour faire traverser le milieu poreux au fluide. Par exemple k sera plus petit
pour l'argile que pour du sable (cf Tableau 1). On suppose d’autre part que le milieu est homogene, c’est
a dire qu’en tout point on a les mémes caractéristiques, ainsi k(x) = k et &(x) = ®.

Les équations qui régissent les écoulements en milieu poreux proviennent de la loi de Darcy qui s’énonce
comme suit : soit ¥ la vitesse apparente d’un fluide dans un milieu poreux de perméabilté K, alors

K
7= ——[Vp— pgz]
7

ou u est la viscosité du fluide, p sa pression, p sa densité volumique et g la gravité. Nous négligeons les forces
de gravité, ce qui sous entend que dans le mileiu poreux étudié les déplacements se font horizontalement.
Ces termes devront étre ajoutés pour les simulations numériques sur les cas réels.

Lorsque deux phases sont présentes en méme temps, une loi similaire est valable, mais il faut ajouter un
coefficient de perméabilité relative, qui est nécessaire pour représenter les interactions dues a la présence
simultanée des deux fluides. Le modele se présente alors sous la forme de deux équations de conservation
de la masse couplées :

. k
(p1Pay)s + dlv(—%Vpl) =Q1

_ k
(p2Parg) + le(—L;;VpQ) = Q2

ou a est la saturation de la premiere phase (proportion de volume poreux occupé par la premiere phase)
, ag la proportion de la seconde phase, p; et po les pressions respectives des deux phases. ()1 le débit
volumique en espece de la premiere phase et Qo le débit volumique en especes de la seconde phase. La
différence entre les deux pressions est appelée pression capillaire. On note p. = p2 — p1. Cette pression
capillaire est I’expression au niveau macroscopique des forces de tension superficielle présentes sur 'interface
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entre deux fluides. On prend généralement pour inconnues principales u = a1, la saturation de la premiere
phase et p = p; la pression cette méme phase. On suppose également que la pression capillaire ne dépend
que de la saturation u, autrement dit p. = p.(u). De part sa définition, pc est clairement une fonction
décroissante dont ’allure est proche de celle représentée a la figure 10 . Si les sources ont une distribution
volumique, apres avoir divisé les équations par les constantes de porosité, de perméabilité et de densité
volumique, le systeme se réécrit finalement sous la forme simple suivante :

w = div(ki (W)Vp) = f(c)5— f(u)s (4.2)
wp — div(ko(w)V(p + pew)) = (L= f(0))5 - (1— f(w)s (4.3)

ou S représente un terme la source au puits injecteur et s un terme source au puits producteur, ¢ étant la
concentration en injection. Les fonctions ky et ko sont définies par

k1 (u) ko (u)
ki(u) = , ko =
1(w) P *7 d

et sont appelées mobilités réduites. La fonction f (the “fractionnal flow”) est définie par

flu) = %

k1 (u) + ko(u)
La propriété de monotonie de p. et son comportement est essentiel dans les preuves des théoremes de
convergence énoncés aux chapitres 5 et 6. Les fonctions kp et ks sont quant a elles respectivement croissantes
et décroissantes et la somme M = ki + ko est toujours minorée par un réel strictement positif. La fonction
f est donc croissante et comprise entre 0 et 1, comme c’est le cas pour 'exemple de la figure 11.

Le tableau ci dessous regroupe les données physiques approximatives que ’on pourrait rencontrer dans un
exemple concret.

Porosité sable P, | 0.2

Porosité argile P, | 0.1

Perméabilité sable | ks | 10712 m?
Perméabilité argile | kq, | 10710 m?
Densité Vol. Eau pw | 1000 kg.m=3
Densité Vol. Air Pa | 3 kg.m=3
Densité Vol. Huile | p, | 900 kg.m=3
Viscosité Eau fw | 1073 Pa.s
Viscosité Air fa | 1077 Pa.s
Viscosité Huile Lo | 1073 = 1071 | Pa.s

Tableau 1. Données physiques

Comme au chapitre 5, le systeme (4.2)(4.3) se réécrit sous la forme d’un systéme couplé formé d’une
équation parabolique hyperbolique sur la saturation et d’une équation elliptique sur la pression.Le terme
de diffusion qui intervient dans I’équation parabolique en saturation est —Ap(u) ou ¢ est définie par (4.1)
et le terme de convection est div(gf(u)) ou q est la somme des vélocités des deux phases :

qa=—ki(u)Vp — ka(u)V(p + pe(u)). (4.4)



Chapitre 5

Convergence du schéma volumes finis des
“mathématiciens”

Résumé

Dans ce chapitre, nous montrons la convergence d’un schéma volumes finis vers une solution faible du
probleme couplé d’équations aux dérivées partielles sur la saturation u = wu(x,t) et la pression globale
0 = 0(x,t) suivant :

ou : =
i Ap(u) —div(f(u)M(u)VO) = cs—us,

—div(M(u)V0) = 35— s,

Le domaine étudié est le domaine cylindrique © x (0,7). La preuve s’appuie principalement sur des
estimations a priori pour u dans L?(Q x (0,T)), ¢(u) dans L%(0,T, H*(Q)) et 6 dans L%(0,T, H*(Q)).
Nous nous sommes placés sous I’hypothese de faible dégénérescence de @, c’est a dire dans le cas ou  est
continue et strictement croissante. Dans ce cas, nous montrons une convergence forte pour la saturation
et une convergence faible pour la pression.

Cette méthode repose sur la structure elliptique parabolique presque découplée du systeme. Les preuves
données dans cet article fonctionnent en effet presque uniquement grace aux idées utilisées pour les preuves
de convergence en elliptique ou en parabolique hyperbolique. La fin de la preuve de convergence est
néanmoins originale et elle fait appel a une technique de régularisation qui a été utile également dans le
“liminf lemma” 2.5.2 au chapitre 2. Malheureusement, le schéma a montré des faiblesses au cours de la mise
en oeuvre numérique. Ceci n’est pas tres visible au niveau des résultats, mais le colit en programmation
est largement supérieur au schéma présenté au chapitre 6, notamment parce que la fonction ¢ n’est pas
une fonction simple de fonctions physiques données. Les résultats numériques présentés dans cet article
ont été effectués en maillage rectangulaire.
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A finite volume scheme for the simulation of two-phase
incompressible flow in porous media.

Abstract

We prove the convergence of a finite volume approximation to a weak solution of the following coupled
system with two unknowns v = u(z,t) and 6 = 0(x,t):

O _ Apu) — div(F)M(u)V8) = ¢5— us,

ot
—div(M(u)Vl) = 35—s,

on a bounded cylindrical domain €2 x (0,7") with Neumann boundary conditions where the notations are
given in the course of the chapter. The proof is mainly based on discrete a priori estimates for u in
L>®((0,T) x Q), for ¢(u) in L*(0,T, H(Q)) and for § € L>(0,T, H*(R2)). Strong convergence of the
approximate solution for u is obtained under the assumption that ¢ is a strictly nondecreasing continuous
function.

5.1 Introduction

A simple model of displacement of two incompressible fluids in a porous media (see [Bea67]) with volumetric
source and sink term is given by

N Gy (W) Vp) = 5 —us, (5.1)

ot
(1l —u ) _
((975) —div(ke(w)V(p+ pe(u))) = (1=¢)s—(1—u)s, (5.2)
where u is the saturation of the wetting fluid, p its pressure, k; and ko the reduced mobilities of the
two fluids, p. the capillary pressure, 5 and s the injection and extraction velocities and ¢ the injection
concentration of the wetting fluid.
Let us define the global pressure p (introduced by Chavent and Jaffré [CJ86]) by

o “ ka(7) "(Vdr
9~—p+/0 /{1(7)+k2(7)p0( )d .

Using (3), we easily transform (5.1)-(5.2) in the following equivalent coupled system on u = wu(z,t) and
0 =0(x,t):

O Ap(u) + div(f(u)M(u)V0) = c5— us (5.3)

ot
div(M(u)Vl) =

®|
|
Lﬁn
—~
ot
IS
~—

where functions ¢, f and M are defined by
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T ki(m)ke(r)
P = R g
ki ()
/(@) k() + ka(z)’
M(z) = ki(x)+ kao(z).

We study the coupled system (5.3)-(5.4) on a bounded cylindrical domain € x (0,T) of R? x R*(d > 1),
with the following boundary and initial conditions:

Vo(u) -n+ f(u)yMw)VO-n=0, zecdQ,te(0,T), (5.5)
M@V -n=0, zedte0,T), (5.6)
u(-,0) = ug, z € Q. (5.7)

The function 6 is only defined to within an arbitrary function of ¢ by (5.4) so we add the following condition :

/9 —0, te(0,7). (5.8)
Q

The aim of this work is to show the convergence of the approximate solution given by the finite volume
scheme (5.9)-(5.13) defined in Section 5.2 to a weak solution of (5.3)-(5.4), (5.5)-(5.8) when the size of
the mesh and the time step go to zero. We essentially use elliptic and hyperbolic-parabolic finite volume
methods developed by R. Eymard, T. Gallouét and R. Herbin. In particular, we admit results proved in
[EGH99] and [EGHNS98]. In this study, we assume the following physically reasonable hypotheses on the
data:

Hypotheses:

e (o is an increasing Lipschitz continuous function on [0, 1], ® will denote its Lipschitz constant, and
o= maXgzeio,1] ()]

e f is a nondecreasing Lipschitz continuous function on [0, 1], F' will denote its Lipschitz constant,
f(0)=0and f(1) =1.

e M is a continuous function on [0, 1] with 0 < M, < M(u) < M* < cc.
e the functions 5 and s belongs to L>(0,7,L?(2)). >0 and s > 0 a.e. © € Q x (0,7, /s(x) —
Q
s(xz)dz =0 for a.e. t € (0,T).
o ug € L*X(N), 0 < up(z) <1lae ze.

e cis aconstant, 0 <c < 1.

Remark 5.1.1 The function ¢ can also be taken in L>®(Q) with 0 < ¢ < 1 without any difficulty. One
only have to replace ¢ by an approrimate in the finite volume scheme as it is done in Chapter 6.
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R.E. Ewing and F. Wheeler [EW84] give a priori estimates for Galerkin methods in the case where ¢'(u) >
b, > 0. D. Kroener and M. Ohlberger [Ohl97] studied a posteriori estimates in the case where ¢'(u) = ¢
and ¢ is small. In the same direction motivated by local mesh refinements Z.Chen and R.E. Ewing
[CE99] recently presented a work on optimal error estimates for degenerate two-phase incompressible flow.
Contrary to the works cited below, we do not assume in this paper any existence (nor regularity) of
the solutions and use a total finite volume discretization as H.Vignal [Vig96], but without neglecting the
capillary pressure.

To obtain discrete estimates, we use techniques which are very similar to the continuous methods. For
recent ideas in the theoretical study of this problem, we refer to the G.Gagneux and M.Madaune-Tort’s
book [GMT96] and Z.Chen and R.E. Ewing’s work [CE99]. This problem was also studied with measures
as sources terms ([FGO00]) which is somewhat more physically admissible than volumetric sources terms.
In Section 2, we present the scheme and we prove a priori estimates on the discrete solution. In Section 3, we
use these estimates to obtain compactness properties on the corresponding piecewise constant approximate
solution and in Section 4, we prove that the obtained adherence values are weak solutions. In Section 5,
we present some numerical results with physically admissible data.

5.2 The finite volume scheme

Assume  is a polygonal bounded domain of R? 7 a mesh of Q consisting in convex polygonal and §t
a time step given by (N + 1)6t = T where N € N. The finite volume method consists in integrating
the equations over a control volume K € 7 and obtaining a relation between mean values under K and
fluxes on the edges of K by using Stokes formula. Thanks to the Neumann boundary conditions, we only
need to consider the interfaces between two control volumes. For convection terms, a simple way to get
stability is to compute an upwind scheme, but the results also extend to a general monotonous scheme (see
[CH99]). For diffusion terms, we have to approximate a normal derivative on the interface. A classical way
to solve thsi difficulty is to use a finite element method (see [Ohl97],[CJ86] or [EGHNS98]), but we lose
local conservation. Without assumptions on the mesh, we can also take into account the values of u on
other control volumes than the two neighbors K and L of the interface (see for example the VF9 method
in [Fai92]). The assumptions on the mesh will mainly ensure that the natural and cheap discretization of
the flux used in (5.10)-(5.11) is consistent.

5.2.1 Definitions and notations

Definition 5.2.1 (Admissible mesh of Q) An admissible mesh T of Q) is given by a set of open bounded
polygonal convex subsets of Q0 called control volumes, a family € of subsets of Q contained in hyper-planes
of R with strictly positive measure, and a family of points (the “centers” of control volumes) satisfying
the following properties.

(i) The closure of the union of all control volumes is €.

(ii) For any (K, L) € T? with K # L, either the length of KN L is0 or KNL =& for some o € €. Then,
we will denote 0 = K|L.

(iii) For any K € T, there exists a subset E(K) of € such that 00 = K\K = U,cg()3. Furthermore,
E = Uker&(K) and we will denote by N (K) the set of boundary control volumes of K, that is N(K) =
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{LeT,K|Leé&(K)}.

(iv) The family of points (vx)xer s such that i € K ( for all K € T) and, if o = K|L, it is assumed
that the straight line (zx,xr) is orthogonal to o.

For a control volume K € 7, we denote by m(K) its measure. If L € N(K) we denote by m(K|L) the
measure of the interface K|L in R9!, dg|r, the distance between the centers of the control volumes K

and L, Tk, = (g‘L) the discrete transmissibility and ng j, the normal vector of K|L outward to K. We

denote by dg |z, the distance between the center xx of K and the interface K|L, and define the size of
the mesh by

size(T) = max diam(K)

To prove convergence Theorem 5.3.2, we need uniform regularity properties on meshes in the following
sense:

Definition 5.2.2 An admissible mesh T is &-regular if for oll K € T,

3" m(K|L)dg < m(K)E.
LeN(K)

5.2.2 The scheme

( —n—+1

Let 7 be an admissible mesh and dt a time step such that 7" = + 1)0t with N € N. We define Sy

and S}('H by

(n+1)dt
e
/ n+1 Jt/

With the notations previously introduced, one may define a finite volume scheme as the following set of
equations for the discrete unknowns (U, ©) where U = (Ug ) ke nefo,n+1] 2nd © = (O% ) keT me[1, N+1]

—n+1 1
SK = E
1

ot

STL+1

VK €T,
Ud = 1/ up(x)dx (5.9)
m(K) Jk
VK € T,Vn € [0, N],
n+1 n
UK+ - UK T Un+1 n+1 n+1 __ S”"‘l o Un+1 Sn—i—l 5.10
7& Z K|L ) o( K ) + Z dx,r (U)K\L K K 2K (5.10)
LeN(K) LeN(K)

VK € T,VL € N(K),Vn € [0, N],

qTIZ(+L1 = _M( )K\LTK\L(@TLH—I - @7}?—1)7 (5.11)



5.2. THE FINITE VOLUME SCHEME 117

VK € T,VYn € [0, N],

n n+1 n
Z ai'; = - S5, (5.12)
LeEN(K)
Vn € [0, N,
> mK)ep! =0, (5.13)
KeT

where f(u );L(TLl and M (u )}‘(TLl are respectively an upwind discretization of f(u) and a consistent approxi-

mation of M (u) on the interface K|L given by

FUEY it qi) >0

Ft = |
FUTHY it qi) <0
d
n+l __ K|L
M(U)K|L_ di K|L + dr Kx|L (5‘14)
MUEYH T MUt

Remark 5.2.1 Definition (5.14) of M(u)’ALKTL1 by a harmonic mean ensures consistency property in the

general case when the function M (u) is discontinuous on the interface K|L (see [Her96],[EGHO00b]). How-
ever, in our proof of convergence we only need M(u)?('ﬁ to be in the interval [M(URET), M(UP)] since
the functions used are more reqular.

5.2.3 A priori estimates

The scheme (5.9)-(5.13) is time implicit so the existence of a solution must be proven. We will first prove a
priori estimates assuming existence of a solution and then prove the existence by using the Leray Schauder
Theorem. We also use these estimates to obtain compactness properties.

Proposition 5.2.1 Assume that (Ug) ke nefo,n+1]> (9’;(+1)K€77n€[[07N]]) is a solution to (5.9)-(5.13) then
0<UE! <1, VKeT,¥nelo,N+1]. (5.15)

Moreover there exist Ci(ug,$,s, ®) > 0 and Co(M,,3s,s) > 0 such that

N
1
PREDDEDS TKlL ) —eU))? <G (5.16)
n=0 KeT LeN(K
and 3 D TK|L(9’£+1 - O™)? < Cy,¥n € [0,N]. (5.17)

KeT LeN(K)
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Proof. Rewriting the discrete convection flux in a non divergence form using (5.14) and (5.12), we obtain

VK € T,Vn € [0, N],

n n n n n n <n+1 n
> dipf R =— 2 % U~ FUR) + FURD ST - sp, (5.8)
LeN(K) LeN (K
where one denotes by = = max(0, —x).

In order to prove the discrete maximum principle (5.15), we follow the continuous case. If U attains
its bounds on Q x {0}, i.e. at points of type (K,0), definition (5.9) of UY gives the conclusion. By
contradiction, if for example maz(U) > Ug then necessarily U attains its maximum at an interior point of
the parabolic domain @ = Q x [0,7T), i.e. of type (K,n+ 1). In that case, by (5.18) and (5.10) we have

Un+1 — Uk Un n
KTKW(K) + Z TriL(p(URH) — o(U)
LeN(K)
+ Z qn—l—l Un—H) _ f(U£L+1)) (5.19)
LeN(K)

+ (FUR) = S+ (U = FUR) St =0,

and ¢ and f are nondecreasing functions, so we have U > Uy n+1  Consequently, also U attain its maximum

at point (K,n) and by induction, the maximum is attained on © x {0} which leads to a contradiction.

Proofs of the discrete energy estimates (5.16) and (5.17) also mimic continuous ones. Multiplying (5.19)
by 6t U;é“ and summing the result over K € 7 and n € [0, N] yields F1 + E2 + E3 + E4 = 0 with

El = ZZ K)(UEH = Up)Upt,

n= OKET

E2 = Z&Z Z A ) — e(UFT))URH,

n=0 K7 LeN(K)

E3 = Zétz Z n+1 UnJrl) _ f(UZ+1))UITé+1’

n=0 K7 LeN(K)

n n n+1 n n n n
E4 = Zétz FURTY) = URHSE + (Ut — fUpe) Ut S
n=0 KeT

By a discrete time integration by parts, we obtain

Bl = 03 m(E)@i) - 03 m(K) @)+ 53 S mE) O - UR)?

KeT KeT n=0 KeT

V

= —iHUOH%z(Qx(o,T))'

Gathering by edges we get for £2
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N
1
E2 = Zétfz > TK‘L (UL — Uty (Ut — upth

n=0 KeT LeN(K

AiﬁtZ S Trin(eUE™) — p(Uth))2.

n=0 KET LEN(K)

A\

To deal with E3, we need a technical lemma which is proved for example in [EGHOOD].

Lemma 5.2.1 Let f be a nondecreasing continuous function on R and define g by g(u) = uf(u) —
Jo' f(r)dr. Then for every (a,b) € R?,

(f(a) = f(b))a = g(a) — g(b)

By using Lemma 5.2.1 and the local conservation property q’}le + qzt% =0 we get

E3 > Zdtz nHLT (g(UHY) — g(UR))

n=0 KeT

- S T
KeT LeN(K)

_ n+1 —n+1 n+1

= =) 9Ug — Sk )
KeT

Hence:

E3+F4 > Zétz S (FUEHUE — g(UpEt) — Ut

n=0 KeT
3OS SR - JORTUR + (OR))
n=0 KeT
—=n+1 n
> Zétz —2(8%  + S
n=0 KeT

> =2(I5ll 1 @x 0,1y + IsllLr@x0.1)))-

Collecting the previous inequalities yields exactly (5.16) with

1 _
Ci = ‘P(§\|U0HQL2(Qx(o,T)) + 2([I511 L1 (x 0,1)) + I8l 21 (@x (0,1)))-

Now let us multiply (5.12) by G)T}(H and sum over K € 7. Gathering by edges, we obtain

n n n n+1 n n
S0 Y MwiieR -epy? = Y (G - spher!
KeT LeN (K) KeT

n 1
< I8 = sllzeeo,1,22(0)) ( Z m(K)(@KH)Z) 2
KeT
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And by the discrete Poincaré inequality (see [CVV99]), there exists C'(€2) such that

Z m( )(®n+1 Z Z TK\L @ n+1 ®n+1)

KeT KeT Le./\/ (K)

This gives (5.17) with Cy = C(Q)Mi*\ﬁ— §||%2(Qx(0 7))
O

5.2.4 Existence of a solution to the scheme

Let B = RIGNHIUXT o RILNHIXT and f : E — E that associate to (U, ©) the solution (U, ©) of the
following set of equations

VK €T,

VK € T et Vn € [0, N]

i+t — O
KTKm(K) - Z TK|L(90(U£+1) —o(Ur™)
ce&(K)
~n n ~n+1— n <an+1 n n
_ Z +1+f(UK+1) _ qK-‘i-[]/. (UL+1) _ cSK+ _ UK+1 §K+17
ceé(K)

VK € T,VL e N(K), Vn € [0, N]

qu+L1 =—M(u )K|LTKIL(@ZJrl - @?{H%

At =~ M) T (O — ),

)

VK € T,V¥n € [0, N],

- +1
S oA =S - s
LeN(K)

Vn € [0, N,

> m(K)OR! =0.

KeT

Since M (u )”Tl > Mx > 0, the linear system on O is strictly elliptic uniformly with respect to (U, ©), so
that f is well defined on E and is continuous. Moreover for any ¢ € [0, 1], by construction, each solution
of (U,0) =tf(U,0) is a solution of (5.9)-(5.13) with ty, tug, ts and ts instead of ¢, ug, $ and s. Thus it
also satisfies estimates obtained at Proposition 5.2.1 if ¢t € [0, 1] and from the Leray Schauder fixed point
Theorem (5.9)-(5.13) has at least one solution.
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5.3 Convergence results

To each solution (U,©O)7 5 of (5.9)-(5.13) for an admissible mesh 7" and a time step dt corresponds an
approximate solution (w7 s, 07 5¢) of problem (5.3)-(5.4), (5.5)-(5.8) defined a.e. on © x (0,7 by

ur si(z,t) = UL, € K t € (ndt, (n+1)dt),
O si(z,t) = OF, 2 € K,t € (ndt, (n+ 1)dt).

The first step in direction to the convergence Theorem consists in the proof of compactness properties on
ur 5 and 07 5, by using a priori estimates on the discrete solution obtained in Proposition 5.2.1.

5.3.1 Compactness of us s

We shall prove that o(urs) is relatively compact in L*(Q x (0,T)) for the strong topology by using
Kolmogorov’s Theorem and that when size(7) — 0 and 6t — 0, the limit of each convergent sequence of
approximate solutions belongs to L?(0, T, H'(Q)). Let us first recall Kolmogorov’s compactness Theorem,
which is a consequence of the Ascoli compactness Theorem.

Theorem 5.3.1 (Fréchet-Kolmogorov) Let F be a bounded subspace of L*(R?) and Q a bounded do-
main of RY, then F is relatively compact in L*(Q) if and only if

éEo Jgggllf(- +&) — fO)ll2@mey = 0.

In our case, to apply this Theorem on Q = Q x (0,7'), we need to study the space and time translates of
o(ur 5t). As a direct consequence of (5.16) (see [EGH99],[EGHO00b]) we already have the following result.

Proposition 5.3.1 (Space translates) Let C; be defined in Proposition 5.2.1, then V& € R?,
T
| [ oturate +6.) = plurate. )Pds < COlelm(T) +1€).
¢

where Qe = {x € U, [z,z + & C Q}, and €| the Euclidean norm on R,

We can establish an analog but slightly different result for time translates estimates. We now adapt the
method of [EGHNS98], but since this method is not quite well known, we shall give the complete proof of
it. Let us first state exactly the result we shall prove.

Proposition 5.3.2 (Time translates) There exist C'(g, ¢, f,q,up, 2, T) > 0 such that for every s € R,

T—s
/0 /Q(go(uTﬁt(x,t +5)) — p(ur st(z,t)) )dedt < ('s.

Proof. Let us define A(t) = [o(urse(x,t +s) — ur se(z, 1)) (@(ur se(x, t + 5) — o(ur 5¢(2,t)))dadt. Then

Awwmmw+@»wmmMmmPMﬁSAm@
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If for any ¢ € R we denote by n(t) the integer part of %, then for any K € 7 and z € K,

n(t+s)—1
UT,ét(x,t—i-s)—uT’(;t(x,t) = Z U[?H—U}"g
n=n(t)
n(t+s)—
= 7 Z p S T (U — o(UFH) — ai fluyi ).
n=n(t) LEN(K)

So A(t) = Ai(s,t) — A1(0,t) — Aa(s,t) + A2(0,t) where for p = 0 or p = s, we denote by

n(t+s)—1

Alpt) = Y aY Y Tm (U = (U)oU),
n=n(t) KeT LeN(K
n(t+s)—1

A2(pat) = Z 5tz Z qn+1 ”KTLlw(U;(H‘P))

n=n(t) Ke7T oe&(K

Gathering by edges and using the local conservation of the discrete fluxes, we get

n(t+s)—

Mot =2 Y ¥ TinlolU™) — o0 TR ) = U7
KeTLe/\/
n(t+s)—
As(p,t) = Z 575 Z Z il %Ti(@(U;(Hp))—@(Ug(Hp)))-
n(t) KeTaeg(K)

Now by using Young inequality,

n(t+s

’Al(ﬂ,t)’ < Z 5t ( (t+p)))7

n=n t)
n(t+s

[A2(p,t)] < Z 5t S(n(t+p))),

n=n(t)

where

S(n) = *Z > Tl — o(UE)?,

KeT LeN(K)

R(n) = *Z > (W)

KeT LeN( K) K|L

Let us assume the following technical results.

T—s™
Lemma 5.3.1 Let B: N — R* such that ZétB ) < C, then Vs € RT, / Z 5tB(n)dt < C's.

n=0 n=n(t)
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N T—gn(t+s)—

Lemma 5.3.2 Let B : N — RY such that » _6tB(n) < C, then Vs € RY, / Z 6tB n(t+p))dt <
n=0 0

Cs.

According to estimates (5.16) and (5.17) S and R satisfies the assumptions of the two lemmas, so we obtain

[Ax(p D)l <
1A2(p, )l < C7,

and collecting the previous inequalities complete the proof of Proposition 5.3.2. Yet, it only remains to

show the two lemmas.
t+s

T—s™ —s
For Lemma 5.3.1, / Z 5tB Z 0tB(n / Lcn(t) m(t+s)—1]dt and n € [n(t),n(t+s) —1]

T—s
if and only if t € [(n+ 1)t — s, (n + 1)dt) so / Lcfn()n(t+s)—17dt < s
0

T—s TL(t-‘rS) 1 T—s
%rhmm5&&/ﬁ > 6tB(n(t + p))d }:&B / (n(t + 5) — n(t) (i1 p)=ndt, but
0
n=n(t)
n(t+s)—n(t) is periodic with period 6t so f n(t+s)—=n(t)) Lpiqp=ndt < fé?jl)ét P(n(t+s)—n(t))dt <
ot n(t + s)dt < s.
O

To prove compactness of p(urs) in L?(€2), let us check hypothesis of Theorem 5.3.1. From Propositions
5.3.1 and 5.3.2 we easily deduce that if we extend w7 s; by zero outside of €2 x (0,T'), for every £ € R? and
s € RT one has

lo(urse(- + &, +5) — o(ur s, )l z@meny < 2C[E[(JE] + 2h) +2C"s
+(4T[Elm(092) + 2m(Q)S)(<,0*)2.

Lets un, = ur, st,, be a sequence of approximate solutions with size(7;,) — 0 when m tends to infinity
and suppose that ¢(u,,) tends to @ in L2(Q x (0,T)). It remains to show that ¢ is in L2(0,T, H'(£2)). In
order to prove it, we shall use space translate estimates in the interior of €.

Let w CC Q. From Proposition 5.3.1, if (£,2) € R? x R satisfies |¢] < d(w,R? — Q) and —1 < 2 < 1,

H plum(- +2€,-)) = p(um(:, )

z

< VD + wwfV

L2(wx(0,T)) |2

so by letting m tends to infinity, it holds

H o(-+2¢,-) —o(-,)

z

< [¢flvee,

L2(wx(0,T))

and by letting z tends to zero we obtain finally

V@ - &l r2wx o1y < 1EIVCP. (5.20)
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By homogeneity, inequality (5.20) is true for every ¢ € R? so ¢ € L2(0,T, H'(Q)) and IVl r2qormyxa) <
vC®. This regularity property will be useful for example to make a sense to a weak formulation for
problem (5.3)-(5.4), (5.5)-(5.8) .

5.3.2 Compactness of 075

In the same way as for p(ur s), we can show space translate estimates on 07 5, but since the equation
satisfied by 6 does not include time derivatives relative to 6, we do not have any time translate estimate.
Hence we cannot apply the same method to obtain compactness on 67 5. However, by Poincaré inequality,
(01 st)1 .6t is a bounded in L>(0,T, L?(2)). Therefore 07 s¢ is sequentially weakly relatively compact in
L?(2 x (0,7)) and by the same arguments as previously, every possible limit when size(7) tends to zero
belongs to L>(0,T, H'(2)). This is sufficient for convergence under the hypothesis that ¢’ is strictly
nondecreasing, since we get strong convergence of uz ;.

5.3.3 Convergence theorem

Definition 5.3.1 (Weak solution) (u,0) is a weak solution of Problem (5.3)-(5.4), (5.5)-(5.8) if u €
L®(Q x (0,7)), 0 < u(z,t) <1 ae(z,t) € Qx(0,T), p(u) € L*0,T, HY(Q)), 6 € L>(0,T, H(Q)) and

for any ¢ € (R x [0,T))?, we have:
T T
—/0/chw +/0/Qus¢ (5.21)

We shall now give and prove the main result of this paper.

Theorem 5.3.2 (The convergence theorem) Let (up,,0m) = (U7, 5t 07,,6tm) be a sequence of ap-
proximate solutions given by scheme (5.9)-(5.13) . Let us assume that there exists & > 0 such that for
every m € N, Ty, is a {-reqular admissible mesh. Assume also size(7p,) — 0 and §t,, — 0 when m tends
to zero. Then there exists a weak solution (u,@) of Problem (5.3)-(5.4), (5.5)-(5.8) , such that up to a
subsequence,

Um — u,  strongly in L*(Q x (0,T)) as m — oo,
Om — 0, weakly in L*(Q x (0,T)) as m — oc.

Remark 5.3.1 Under the assumption that f(p~1) is Holder continuous with exponent % and with the
additional hypothesis ||V0| € L>®(Q x (0,T)), we can prove that the weak solution is unique (see [CE99]).
So the whole sequence of approximate solutions is convergent.

Proof. From compactness properties of u,, and 6,,, we already know that up to a subsequence ¢(u,,) — @
strongly in L?(2 x (0,T)), 6, — p weakly in L*(Q x (0,T)) as m — oo. Since size(Z,,) — 0, @ €
L2(0, T, H*(Q)) and 6§ € L*(0,T, H'(Q)). Now since ¢ is strictly nondecreasing, by using for example the
dominated convergence Theorem we deduce that w,, tends to u = ¢~!() strongly in L?(2 x (0,T)). It
remains to show that u is a weak solution of Problem (5.3)-(5.4), (5.5)-(5.8) .
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Let (7,0t) = (T, 0ty,). We define the discretization and approximate of 1) denoted respectively ¥ and
7 s5¢ by the following formulas:

U = y(xg,mét), K €T,nel0,N], (5.23)
Yr(z,t) =0z e Kt € (ndt, (n+1)dt). (5.24)

In order to prove that (u,f) is a weak solution, we multiply (5.10) and (5.12) by 6t¥% and sum over
€ [0,N] and K € 7. Then we let m tend to infinity and show that we obtain (5.21) and (5.22) when

passing to the limit.

As in [EGHNS98],[Vig96], [CH99], by using the consistency of fluxes, we obtain at the limit the following

terms.
/OT/QUW + /Quo,/OT/QV<p(u) . Vw,/OT/chw,/OT/Qusw and /OT/Q(S — 8)ip.

But we encounter original difficulties to obtain the two last terms, namely:

//f veand//M

Indeed, heuristically, we have to prove the weak convergence of f(up)M (uy,)V0, and M (up,)VOy, to
f(u)M(uw)VO and M (u)V0, with u,, strongly convergent to u and 6, bounded in L?(0,T, H'(2)) and
weakly convergent to 6. In the continuous case, this problem can be solved since a product of two functions,
the first converging strongly and the other weakly, is weakly convergent to the product of the limits.
However the gradient of discrete function is not in general a function, so we need to use a regularization
argument that we shall detail.

Remark 5.3.2 Our heuristic argument justifies why the strong convergence of ., is crucial. Indeed, a
product of weak convergent function in general does mot converge to the product of the limit, even if it has
a weak limit. In our case we obtain this strong convergence by using the hypothesis that ¢ is a strictly
increasing function, but our method would also work in all cases where we were able to prove that f(u,)
and M (u,) converge strongly.

We will restrict ourselves to the proof concerning A = [, fOT f(u)M(u)VO - Vi) because the other integral
is a particular case with f = 1. Let us first define A7 s5; by

AT&t—ZCSt >y f WM (u)id (O — OFF ) (Ut — Wi,
KeTLeN

AT st is the term corresponding to A when we multiply (5.10) by 5t\I/7}<+1, sum over K € 7 and n € [0, N],
and gather by edges. Assume first that f(u) and M (u) are in D(Q x (0,7)), and M(U), m(ur ) and
f(U), f(urse) are discretizations and approximations of f(u) and M (u) defined in the same way as ¥ and
.5t by (5.23)-(5.24). By the Stokes formula,

/ / 0 div(f(u)M(u)V).

So because of the weak convergence of 8, to 0, A = lim,,, . B, s5t,, where Bt 5 is given by

T
Brs = /0 /Q O sucliv (f (u) M (u) Vi),
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and by definition of the piecewise constant function 07 5, we get

(n+1)dt
Bra = 3N Y o5 | mf() (W) V4 D

n=0 KeT LeN (K

S 3 DO DDl R I
k K nét K|L '

n=0 KeTLeN(K

Now, let us compare Bt 5 and A7 s, using the consistency of the flux on the interfaces K|L for regular
functions. By the Cauchy-Schwarz inequality, we have

|A7.5t — BT 61| <Z5t YooY Txpept —epth Z& > Z R0

0 2ier Leni "0 2ier Lovi TKIL

where
1 1 1 1 (n+1)at
Rice = M@ v = [ 5 [ e n

By using the regularity of f(u), M(u) and 1 and the orthogonality property vx — z; = dg| 0k 1, we
easily get the existence of C3 > 0 only depending on f(u), M(u) and 9 such that R, < Csdgpm(o).
Then using estimate (5.17) we obtain lim,, .o A7, st,, — B7,..6t,, = 0 and limy, .o A7, s5t,, = A, in the
particular case considered here. To extend the result to the general case by density, it suffices to remark the
continuity of A with respect to M (u), f(u) and the uniform continuity of Az s for L2(Q x (0,T)) norm.
The continuity of A is clear. To show uniform continuity of A7 5, we use first Cauchy Schwarz inequality
to get the following inequalities.

1 n
A7l < HV@bH%Q(o,T,Lw(Q))C?Z‘StgZ Z alKle(mL)(M(u)KJlrLl)2
KeT LeN(K)

N

* 1 n
[A ol < IVOIZa g0, ooy (MTPC2 Y 0t5 >0 > digum(KIL)(F(w)if)?
KeT LeN(K)

Then, since M(u)%rg belongs to the interval [M(UE™), M (U] and f(u )}Tfi € [fUEh), fUpth), we
have

> > (M@ dm(KIL) < 237 MUR?( Y digpm(K|L)

KeT LeN(K) KeT LEN(K)
KeT LeN( K) KeT LeN( )

By using the £ — regularity of meshes, we finally get

[AT sl < VO L2000 () 1M (ur 50) ]
[ATsell < VO 20,7, 00 () M| f (uz 50) I

and we use the bi linearity of A7 s; to conclude. This completes the proof of Theorem 5.3.2. [J

A
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5.4 Numerical results

As an example of application, we made numerical experiments with the following data which are realistic
in the study of oil and water flow in homogeneous porous media.

23 — )3
k:l(x) = ?,k‘g(l‘) = (13)
pe(x) = —0.5 ! ; z

As an initial condition we take uniformly the value ug = 0.5, and take the uniform value ¢ = 0.8. We
represent in the following figures the behaviour of k1, ko, M, f and p.. We can verify that the hypotheses
of Section 5.1 are satisfied.

y=k1(x), k2(4), f(x), M(x) y=pe(x)
T T - T T T T T

0.9 k1 45

08 — k2 , ar

07 f | 351
M

06 R 3r

0.5

0.4

0.3

L L L - L L L L L 1 1 1 1 1
0 0.1 0.2 0.3 0.4 05 0.6 0.7 08 0.9 1 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9

Fig 10. Behaviour of the functions ki, ko, f, M Fig 11. Behaviour of the function p..

The domain of study is the open subset = (0,1)? of R?. If we denote by D1 = {(x,y) € R?, (z—0.5)2+(y—
0.8)2 < 0.1}, Dy = {(z,y) € R% (z—0.2)%+(y—0.2)2 < 0.1}, D3 = {(x,5y) € R?, (z—0.8)%+(y—0.5)? < 0.1},
we can take sources and sinks terms as it follows :

5(x,y) = 101 p, (z,y) + 20 L p,(x,y)
§($, y) =30 ]lDB (I‘, y)

The following figures represent the numerical results at time ¢t = 2.1 and ¢ = 9.1. As we could expect, the
saturation in the reservoir increases in mean because ug < ¢ and the gradient of the pressure is oriented
from the sources to the sink. The pressure is nearly stationary, which is not surprising since sources and
sinks are stationary and the variations of the diffusion coefficient M (u) is not very large in the interval
[0,1]. The flow is more important at the beginning, when the difference between the injection saturation
and the mean saturation in the reservoir is the largest.
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saturation t=2.100000 ) pression t=2.100000
0.9 09
08 0.8
0.7 07
0.6 0.6
0.5 0.5
0.4 0.4
03 0.3
0.2 0.2
0.1
0.1
0
0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9

Fig 12. Saturation and pressure at date t=2.1

saturation t=9.100000 pression t=9.100000

0.1 0.2 03 0.4 0.5 0.6 0.7 08 0.9 0.1 0.2 0.3 0.4 05 0.6 0.7 08 0.9

Fig 13. Saturation and pressure at date t=9.1
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Chapitre 6

Convergence d’un schéma volumes finis
pour un écoulement diphasique en milieu
poreux avec un décentrement phase par
phase

Résumé

La modélisation des écoulements diphasiques en milieu poreux utilisés en ingénierie pétroliere conduit a
un systeéme d’équations couplées entre la saturation et la pression avec des termes de type elliptique ou
parabolique dégénéré. Ces équations sont complétées par une relation entre les deux pressions, faisant
intervenir la pression capillaire. Pour ce travail, nous sommes partis d’un schéma industriel basé sur une
méthode volumes finis avec un décentrage phase par phase pour un modele simplifié. Ce schéma s’avere
robuste et il vérifie les contraintes physiques imposées industriellement. Pour montrer la convergence de
ce schéma, nous avons prouvé dans un premier temps que le principe du maximum discret était vérifié,
donc que la saturation restait dans la plage de valeurs imposées par la concentration du fluide injecté et les
valeurs initiales de la saturation. Nous avons aussi montré des estimations discretes sur la pression. Grace
a ce travail minutieux d’estimation a priori, la fin de la preuve se fait classiquement, en utilisant fortement
les hypotheses.

Ce schéma a été implémenté avec succes en 1D et en 2D sur maillages rectangulaires ou triangulaires. Son
comportement est tres satisfaisant.
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Mathematical study of a petroleum-engineering scheme

Abstract

Models of two phase flows in porous media, used in petroleum engineering, lead to a system of two
coupled equations with elliptic and parabolic degenerate terms, and two unknowns, the saturation and
the pressure. An industrial scheme, consisting in a finite volume method together with a phase-by-phase
upstream weighting scheme, satisfies industrial constraints of robustness. This scheme is shown to satisfy
some a priori estimates (the saturation is shown to remain in a fixed interval, and a discrete L2(0, T; H'(f2))
estimate is proved for both the pressure and a function of the saturation) which are sufficient to derive the
convergence of a subsequence to a weak solution of the continuous equations as the size of the discretization
tends to zero.

6.1 Introduction

Finite volumes methods have been proved to be well adapted to discretize conservative equations. For
more than thirty years now, finite volume methods have been used in industry because they are cheap,
simple to code and robust. The porous media problems are one of the privileged field of applications.
This success induced us to study and prove the mathematical convergence of a classical finite volume method
for a simple model of two phase flow in porous media. The problem can be formulated mathematically
as follows: let Q be an open bounded subset of R4(d > 0), T € RY, find u : Q x (0,7) — R and
p:Qx(0,7) — R be a solution of the coupled system:

ur — div(k1(w)Vp) = f(e¢)5— f(u)son Qx (0,7T) (6.1.1)
(1 —u); —div(k2(u)Vq) = h(c)s—h(u)son Q x (0,7), (6.1.2)
qg—p = pc(u) (6.1.3)
with the following Neumann boundary conditions
Vp-n=0 on 0f2 x (0,7) (6.1.4)

Vg-n=0 on 00 x (0,7T),
the following initial condition
u(+,0) = up on £, (6.1.6)

such that p satisfies the arbitrary homogenization equation

/p:00n (0,7). (6.1.7)
Q

In this model, u and p are respectively the saturation and the pressure of the wetting fluid (the other fluid
is called the netting fluid), k1 and ko are respectively the mobilities of the wetting fluid and the mobility of
the netting fluid and p, is the capillary pressure. We suppose in particular that the physical functions ki,
ko and p. only depend on the saturation u of the wetting fluid. Without any exterior action, the state of the
system would be stationary because the Neumann boundary conditions (6.1.4)-(6.1.5) are homogeneous.
Here, we suppose that the flow of the wetting fluid in the reservoir 2 is driven by a volumetric source with
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velocity f(c) s and a volumetric sink with rate f(u) s where 5 and s represent respectively a source term in
injection and at the sinks, ¢ is the saturation of the injected fluid, f is the reduced mobility of the wetting
phase i.e.:

Kz
f(z) = (@) + k(@) (6.1.8)

In the same way, we denote by h(u) the reduced mobility of the netting phase, i.e.:

k‘g (ZL')

M) = T + k(@)

(6.1.9)
Remark 6.1.1 As the sum of the two saturations u and 1 — u is equal to 1, the sum of the two reduced
mobility is also equal to 1, i.e. h(u)+ f(u) = 1,Vu € [0, 1].

In the present article we deal with the same physical problem as in Chapter 5, but the numerical method
we present is different. Some extensions and justifications of this mathematical model can be found in
the book of G.Chavent and J.Jaffré ([CJ86]) or in the book of J.Bear ([Bea67]). A great work have been
done recently by R.Ewing and Z.Chen in a serie of articles entitled ” Degenerate two phase incompressible
flow” ([Che97],[Che99]). These articles concern the theoritical aspects and they give usefull consequences of
capillary pressure degeneracy for the regularity of the solution. Concerning the phase by phase upwinding
scheme, to our knowledge, in spite of its large popularity for industry simulation codes, there is not many
mathematical studies. In the article of Y. Brenier and J.Jaffré ([BJ91]), the authors give an iterative
method to calculate explicitly the phase by phase upwind scheme in the case where the flow is driven by
gravitationnal forces and the capillary pressure is neglected. Even if there are some similarities between
this work and our study, the methods are quite different. The main reason is that our difficulties come
precisely from the capillary pressure term.

The aim of our study is to show that the finite volume scheme (6.2.15)-(6.2.19) used for the approximation
of the solution of (6.1.1)-(6.1.7) converges in an appropriate sense. In Section 6.2 we introduce the finite
volume discretization, the numerical scheme and state the main convergence results.
Section 6.3, Section 6.4 and Section 6.5 are devoted to the proof of this result: in Section 6.3 we give a
priori estimates on the approximate solution which are used to deduce the existence of an approximate
solution and some compactness properties on the sequence of approximate solutions.

We make the following assumptions on the data, which we refer to in the following as hypotheses (H):
Hypotheses (H)

H1) Q is a polygonal subset of R?, d = 2 or 3,

H2) T > 0 is given,

H3) up € L>®(Q2) and 0 < up(z) <1 a.e z € Q,

H5) s€ L*(Q % (0,T)), s>0. s€ L*(Q2x (0,T)), s>0and [, 5— s=0.

H6) k1 € C1([0,1],R) and k;(0) =

(H1)
(H2)
(H3)
(H4) c € L®¥(Q % (0,7)),0< e < 1 aee,
(H5)
(H6) &
(H7) k

H7) ko € C([0,1],R) and ko(1) =
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e (HB) there exists a € R such that & >0, L > k{(s) > @ and 2 > —k}(s) > «, for all s € [0, 1],

e (H9) p. € C°([0,1],R) N CL((0,1),R) and there exists 31 < 1 and B2 < 1,
1 o
- - > _ ! > -
asPi(l— sy = Pe (s) 2 sPr(1— 5)P2

for all s € (0,1),
Consequences of Hypotheses (H)

e (C1) The following properties which follow from hypotheses (H6),(H7),(H8) and (H9) are crucial to
prove the convergence of the scheme (the proofs are given in Section 6.6). For all a € [0,1] and
be[0,1],

b k2(3) / kl ( ) /
(b—a)/a T (s) + Fals) (=pc'(s))ds < C(a, B, B2) \/ TQ(S) (—pc'(s))ds|  (6.1.10)

and
ka(s)

b kl(s) /
(b—a)/a W( pe'(s))ds < C(a, Br, fa) |/ TQ(S) (—pc'(s))ds|

e (C2) Forall s € [0,1], £ > ki(s) > as, =5 > ko(s) > a1 — s) and L > ky(s) + ko(s) > o
e (C3) Thanks to (HS8), the function f defined by (6.1.8) verifies f'(s) > o Vs € [0, 1].

e (C4) Thanks to hypothesis (H9), the function p, is (1— /1 )-Hélder continuous in 0 and (1— )-Holder
continuous in 1.

For the a priori estimates (see Section 6.3), we need to introduce some artificial pressures (see the
“global pressure” of Chavent [CJ86]). We denote by p, and g, the functions defined by

pg(s) = /08 1451(652‘5'622@) p. (a)da, Vs € [0, 1], (6.1.11)
and
gg(s) = /0 ]m pc(a)da, Vs € [0, 1]. (6.1.12)

e (C5) Thanks to hypotheses (H8) and to consequence (C4), p, and g, € C°([0,1],R) N C((0,1),R)
The function pg is (1 — B2)-Hélder continuous in 0 and the function g4 is (1 — £1)-Holder continuous
in 1.

e One denotes by g the function defined by

s kl(a)kz(a)

g(s) = — (@) £ ka(a) pc (a)da, Vs € [0,1]. (6.1.13)

Then the function g € C*([0,1],R), with ¢’(0) = 0, ¢’(1) = 0 and ¢/(s) > 0 for all s € (0,1). One
denotes by L, = max,c[o1)¢'(s) the Lipschitz constant of g on [0, 1].
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Definition 6.1.1 (Weak solution) Under Hypotheses (H), we say that (u,p) is a weak solution of Prob-
lem (6.1.1)-(6.1.7) if

pe L*(Qx (0,7)),

u€ L>®(Q x (0,7)), with 0 <wu(z,t) <1 for a.e. (z,t)€Qx(0,T),
P+ pg(u) € L*(0,T; H'(Q)),

g(u) € L*(0,T; H' (),

and for every function ¢ € D(Q x (0,T")),

T
/O /Q (o1 (2,1) — ki (. £)) V(. ) - Vool £)dadt +

Q

T
/(/U@@Jnd%ﬂ—fW@J»d%wM@Jﬂwﬁ+/@M@¢®ﬁﬂw=0
0 Q

T
lAAyumwwwmmwwmmwww+mmewVﬂammw+

T
/ /[h(c(x,t))s(ac,t) — h(u(z,t)) s(x,t)]p(z, t)dxdt — / (1 —uo(x))p(z,0)dz =0
0 JQ

Q

/ p(x,t)dx =0 for a.e. t € (0,T)
Q

T T
Remark 6.1.2 In the above formulation, the terms / /k:1 (u)Vp -V and / /kQ(u)V(p + pe(u)) - Vo
0J0 0Ja
are well defined thanks to the fact that :

E1(w)Vp = ki(u)V(p + pg(u)) — Vg(u)
and ka(u)V(p + pe(u)) = k2(w)V(p + pg(u)) + Vg(u).

6.2 The finite volume scheme

6.2.1 Finite volume definitions and notations

Definition 6.2.1 (Admissible mesh of Q) An admissible mesh T of Q) is given by a set of open bounded
polygonal convex subsets of  called control volumes and a family of points (the “centers” of control volumes)
satisfying the following properties:

1. The closure of the union of all control volumes is Q. We will denote by |K| the measure of K.

2. For any (K,L) € T? with K # L, then KN L = (). One denotes by & C T2 the set of (K, L) such
that the d — 1-Lebesgue measure of K N L is positive. For (K,L) € £, one denotes K|L = KN L and
m(K|L) the d — 1-Lebesgue measure of K|L.

3. For any K € T, one defines N = {L € T,(K,L) € £} and one assumes that 0K = K\K =
(KNoR)UUren, K|L.
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4. The family of points (xx)keT is such that xx € K ( for all K € T) and, if L € Nk, it is assumed
m(K|L)
dy|L

that the straight line (xf, 1) is orthogonal to K|L. We set di|p = d(vk,zr) and Tk, =

)

that is sometimes called the "transmissibility” through K|L.

The problem of evolution under consideration is an evolution problem, hence we also need to discretize the
time interval (0,T).

Definition 6.2.2 (Time discretization) A time discretization of (0,T) is given by an integer value N
and by a strictly increasing sequence of real values (t")ne[[o,NH]] with t° = 0 and tN11 = T. The time steps
are then defined by 5t" = t"t* — ", for n € [0, N].

Then we can define a discretization of the whole domain Q x (0,7") by the following:

Definition 6.2.3 (Discretization of Q) A finite volume discretization D of Q x (0,T) is the family
D = (T,¢,(vx)ker, N, (" )nepo,n]), where T, &, (xx)keT is an admissible mesh of Q in the sense of
Definition 6.2.1 and N, (t")nc[o,n+1] 18 a time discretization of (0,T) in the sense of Definition 6.2.2.
One then sets size(D) = max(size(T), (0t")neo,n])-

Definition 6.2.4 (Discrete functions and notations) Let D be a discretization of Q x (0,T), we de-
note by Xp the set of the discrete functions associated to D i.e. Xp = RT*XIONI Ap element of Xp will
be denoted with capital letters and the index D like Up or Pp and the value at point (K, n) with the index
K and the upper index n as Up and P}?Fl. To a discrete function Up correspond an approximate function
up defined almost everywhere on  x (0,T) by

up(z,t) = Ut for all (z,t) € K x (", ¢"1).

For any function f : R w— R, f(Up) will denote the discrete function (K,n) — f(UITéH). If L € Nk, and
Up is a discrete function, we denote by (5?(+L1(U) = Ut — Ut For example 5?(+L1(f(U)) = f(Uth) -

FUE).
Let us now give the regularity property of discretization mesh we need to prove Theorem 6.2.1.

Definition 6.2.5 (Regularity of the mesh) Let & > 0. A discretization D of Q x (0,T) is -regular if

VK €T, Y m(K|L)dg, < ¢|K]| (6.2.14)
LeENk

6.2.2 The coupled finite volume scheme

The finite volume scheme is obtained by writing the balance equations of the fluxes on each control volume.
Let D be a discretization of €2 x (0,7"). Let us integrate equations 6.1.1-6.1.2 over each control volume K.
By using the Green-Riemann formula, if ® is a vector field, the integral of div(®) on a control volume K
is equal to the sum of the normal fluxes of ® on the edges. Here we apply this formula to &1 = ki (u)Vp
and ®2 = ka2(u)V(p + pc(u)). The resulting equation is discretized with a time implicit finite diffrence
scheme; the normal gradients are discretized with acenterred finite difference scheme. If we denote by
Up = {uf fnepo,N+1],ke7 and Pp = {Pg},cpi n+1],ke7 the discrete unknowns corresponding to u and p,
the finite volume scheme that we obtain is the following set of equations:
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1
Uy = \K!/ uo(x)dx, for all K € T, (6.2.15)
K
for all (K,n) € T x [0, N],
Un—H UK n+1 n+1 n+1\ zn+1 n+1y .n+1
K]~ Z T \Lky K|L5KL( ) = |K|(f(c )k — f(Ug ) sk ) (6.2.16)
LeNk
(1 B U;?—l) B (1 B UK n+l ¢n+l n+1\ =n+1 n+1\ n+1
= K= Y Tkl 00 (Q) = K| s — mUE) sy (6.2.17)
LENK
Pttt = p (U (6.2.18)
and
> KPR =0, for all n € [0,N], (6.2.19)
KeT
where

° c’;’;’l is the mean of ¢ over the the time-space cell K x (¢",t"+1),

° S”KH and :9”Jrl denote the mean of 3 and s over the time-space cell K X (ty, tn41),

e The upwind discretization of ki (u) (or ko(u)) for the interface K|L which is respectively denoted by

kUi (or Ky, ) is defined in the following.

Let 5{‘“ and S;‘H be two subsets of £ such that:
1. {(K,L) €& PP — Pl <0} c&ptt c {(K,L) € €, P — PR <0}
2. {(K,L) €&, Qi — Qi <0} c &y c {(K,L) € €, QT — Qi <0}
3. if (K, L) € &MY then (L, K) ¢ &ML
4. if (K, L) € £y then (K, L) ¢ E3TL.

We define
Urttif (K, L) € &Y Ut if (K, L) € Er+t
n+l K ’ 1 n+l __ K ’ 2
Ul K|L { U£+1 OtherWise ) U2 K|L UZ+1 otherwise (6220)
and
n+l n+1
kl KL — kl(Ul K|L) (6.2.21)
n+l __ n+1
ky i = F2(Uskp)- (6.2.22)

Remark 6.2.1 The formulas (6.2.20) express a phase by phase upstream choice : the value of the reduced
mobilities of each phase on the edge (K, L) is determined by the sign of the discrete of the pressure. The
null flux edges ( the edges (K, L) where the values of the pressure in K and L is the same ) have to be
specified as elements of E{LH

6.3.38.

or its complementary because of technical reasons in the proof of Proposition
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We show below (see proposition 6.3.4)) that there exists at least a solution to this scheme. From this
discrete solution, we build an approximate solution (up,pp) defined almost everywhere on Q x (0,7) by
(Cf Definition 6.2.4 :

up(z,t) = U, Vo € KVt € (tn,tny1),
pp(z,t) = PRttt Vo € KVt € (ty,tns1).

Remark 6.2.2 Practically, we solve a non-linear fized point problem with a multidimensional Newton
method. Numerical experiments show that if the time step is adequately chosen, the Newton procedure
converges with a small number of iterations hence this scheme is cheaper than the analogous explicit one.

We may now state the main convergence result.

Theorem 6.2.1 Assume Hypothesis (H) are satisfied. Let {Dy,}nen be a sequence of discretizations of
Q x (0,T) in the sense of Definition 6.2.3, uniformly satisfying the &-regularity property (6.2.14) and
such that limy,_, size(Dy) = 0. Let (up, ,pp,) be the approzimate solutions corresponding to D,,. Then
(up, ,pp,) converges to a weak solution (u,p) of (6.1.1)-(6.1.7) .

Remark 6.2.3 If we try to write this scheme as a coupling of a discrete parabolic equation on Up and a
discrete elliptic equation on Pp, using the global pressure formulation of Chavent [CJ86], we do not obtain
a monotone flur scheme. Thus the method used to obtain a priori estimates in [Mic01] cannot be used
there.

6.3 Discrete a priori estimates

In this section, we develop the first part of the proof of Theorem 6.2.1. The method used to prove these
estimates is quite different from the one used in the previous related papers ([Mic01], [EGHNS98]), and is
interesting for its own sake. Since the continuous case is the guideline of our reasoning, we give a sketch
of the ideas that we follow before each proof.

6.3.1 The maximum principle

We show that the phase by phase upstream choice yields the stability of the scheme.

Proposition 6.3.1 (The maximum principle) Assume that hypotheses (H) are fulfilled and (Up, Pp)
is a solution of the finite volume scheme (6.2.15)-(6.2.19) then we have the following mazximum principle :

0<UL<1, VKeT,¥nelo,N+1]. (6.3.23)

Proof. By symmetry, we only need to prove the right part of Inequality (6.3.23). By contradiction, let
us assume that the maximum value of Up on 7 x [0, N + 1] is larger than 1. Then it cannot be attained
for U%, since the initial condition (6.2.15) clearly implies that U?( < 1, so there exists n > 0 such that the
maximum value of Up is U™, If n is chosen minimal, Uittt > UL so by using (6.2.16) and (6.2.17) we
have
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D ik L 0kE (P) + [K|(F(GH) 53 = fURT) s > 0, (6.3.24)
LeNk

= D Tk 0wt (@) = [K|(h(e ) s = h(UET) st > 0. (6.3.25)
LeNgk

By Definition (6.2.21)-(6.2.22) of the upwind approximation, the terms TK‘Lk?,}l‘Léﬁle (P) and —TK|LI<:£L}’<1|L5?(TL1 (Q)

are nondecreasing with respect to U™ so that, Inequalities (6.3.24) and (6.3.25) remains valid replacing
UEH by U;é“. Thus we obtain :

k(U 7 TrpdptH(P) + [KI(F(e ) sttt = (ot si™) > 0,

LENK
—k(UR) Y T 681 (@) — K| (™) s — hURt) s30T > 0.
LENK

And by hypothesis, since p. is non increasing, 5}?21(@) > 5?(+L1(P), so we also have

—kao(URH) Y Ty 0t (P) = K[ (W(Gd) 3 = h(URE) s3> 0. (6.3.26)
LeNk

Now let us multiply (6.3.26) by ko(Up™), (6.3.26) by ki (Ux™) and sum the two resulting inequalities.
This yields:

(ko (U F(E5Y) = B (U () IK |55 > 0 (6.3.27)

Now, since kj is non increasing and ks is nondecreasing, the left hand side in Inequality (6.3.27) is non-
increasing with respect to UI”{Jrl and is equal to zero if UI"(Jrl = C}L{—H. So it is in contradiction with the
hypothesis UI”(Jrl > 1 since C?(H <1

O

Remark 6.3.1 The mazimum principle of Proposition 6.3.23 is crucial in applications since the functions
k1(u) and ko(u) are only defined for u € [0, 1].
6.3.2 Estimates on the pressure

The following proposition is a preliminary to the proof of the estimates given in Proposition 6.3.3.

Proposition 6.3.2 (Preliminary) Under Hypotheses (H), one denotes by p, the function defined, for
s k
all s € [0,1], by py(s) = /0 kl(a):(_% pc (a)da. Let D be a finite volume discretization of Q x (0,T)

in the sense of Definition 6.2.3 and let (Up, Pp) be a solution of (6.2.15)-(6.2.19) . Then the following
nequalities hold:

Ko + ki = o V(K L) € €, Wn € [0,N], (6.3.28)

and V(K,L) € €, Vn € [0, N],
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2 2 2
a (5%1 (P)+ 671 (pg (U ))) <KL (5?<TL1(P)) +ky (5?{;(@)) (6.3.29)

Proof. To make things clear, we first sketch the proof of the continuous equivalent of (6.3.28) and
(6.3.29). We first give in Step 2 the proof in the discrete setting, which is adapted from the continuous
one.

Step 1. Proof of the continuous equivalent of (6.3.28) and (6.3.29).
The fact that kj(u) + k2(u) > « is a direct consequence of hypotheses (H8). This signifies that the total
mobility cannot be reduced to zero in the fluid.

Now the continuous equivalent of Inequality (6.3.29) writes

aV(p +py(u)))* < ki(u)(Vp)® + ka(u)(Va)® (6.3.30)

By definition, f(u)+ h(u) = 1, so by convexity,

(V(p+pgw))* = (f(u)Vp+ h(u)Vg)?
< f(u)(Vp)? + h(u)(Vq)?
< (b (W) (Vp)? + Ea(u) (V)?).

k1 (u) + ko(u)

and hence (6.3.30) follows from the fact that ki (u) 4 k2(u) > a.

Step 2. Proof in the discrete setting
In order to prove (6.3.28), we shall study the different possible cases separetly.

If (K,L) € &M néyttor (K, L) ¢ EpHtugrtt Uﬁ}l‘L = U;}}l‘L s0 (6.3.28) is an immediate consequence
of Hypotheses (H).

If (K, L) € &7 and (K, L) ¢ &', then UPHl, = UpH, Uyl = UpH and 637 (pe(U) = 0371 (Q) —

St (P) > 0, which yields Ut > U, Therefore

v

kn+1L—|—k‘n+1 > kl(UITé—H) _|_k2(UITé+1) a

LK| 2,K|L =

Ko+ Rl = kU + ke (UF) > @

The case (K, L) ¢ &' and (K, L) € 71 is similar.

Remark 6.3.2 We showed that if the upwind choice is different for the two equations, then

1 1
k?}_(lL = max k1 and k;}'qL = max . ko.
U U™ U U™



140 6.3. DISCRETE A PRIORI ESTIMATES

The proof of (6.3.29) will be obtained in two steps.

If (K,L) € & and (K, L) ¢ 5. By definition of p, there exists some ag € [U7™, U] such that
5?(T]:1(pg(U)) = h(ao)é?(le(pc(U)), so by using f+h=1and f <1, h <1 we get

(0% (P) + 0L (pg(U)))* = (f(a0)di' (P) + hlao) (05 (P) + 05 1L (pe(U))))?
< f(ao) (837 (P))? + h(ao) (037, (P) + 837 (pe(U))?,

Now, using Remark 6.3.2, we have k;(ap) < k:?}l‘ ; and ka(ag) < k:g}?' ; 50 that we may write

mn n k"+1 n k"H’l n n
(RE(P)+ 5L 0g(U)) < mrraoriberan Ok'E (P)? + Frtaortheraey O 1 (P) + 637 (pe(U)))?,

which gives a fortiori (6.3.29). The case (K, L) ¢ £} and (K, L) € £y is similar.

Let us now deal with the other case. If (K,L) € &' and (K,L) € £7 then kﬁ}l‘L = k1 (Upt!) and
k;”r L= kg(UI”(H). We then remark that, since the function h is nondecreasing and p. is non increasing,

1
K
the %ollowing inequality holds:

k(U057 (0e(U) = (ki (U + ko (U851 (0g(U) =
untt

(kt (UY) + ko (U) [ (WU = h(a))pl(a)da < 0

n+1
UK

one then gets

(0% (P) + 057 (e (U k2 (U)oL (pe(U)) = (k1 (UR™) + ka2 (UR) 5  (pg (U))] > 0
Sz (P2 (U ™05 (e(U) = (ka (U™ + k(U ™)) 05 7 (g (U))] 2 0

This leads by adding the two inequalities to

2k (U)oL (P)ORTL (pe(U) + ko (U (0L (pe(U)))? =

(kL (U™ + ko (U™ )[20%TE (P)ORE (g (U) + 057 (pe(U) 317 (pg (U))] 2
(ki (UE) + k(U205 (P)ORTE (g (U)) + (57 (g (U)))?].

The previous inequality gives

k(U@L (P)? + k(UKL (P) + 057 (0e(U)))?
> (k(UR™) + ko (U ) ORI (P) + 07 (g (U)))?,

which is (6.3.29) in that case. The case (K, L) ¢ ! and (K, L) ¢ £y is similar. O

We can now state the following property.
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Proposition 6.3.3 (Pressure estimates) Under hypotheses (H), one denotes by py the function defined,

s k
for all s € [0,1], by py(s) = /0 ]m pc (a)da. Let D be a finite volume discretization of Qx (0,T)

using the notations of Definition 6.2.3 and let (Up, Pp) be a solution of the finite volume scheme (6.2.15)-
(6.2.19) , there exists C1 > 0, which only depends on ki, k2, pe, Q, T, ug, 3, s, and not on D, such that
the following discrete L*(0,T; H*(Q)) estimates hold

Z&n Y > Tk (R (P)? < Cr, (6.3.31)
n=0 KeT LeNg

1

52‘”” Y > Trikd i (0R2 Q) < Oy (6.3.32)

n=0 KeT LENKk
and

N
%Z‘St" 0D TG (P) + 65t (0 (U)))? < Ch. (6.3.33)

n=0 KeT LeNg

Proof. Before proving this estimate, we shall give in Step 1 a formal proof in the continuous case to
underline the main ideas.

Step 1. Proof in the continuous case

Suppose that v and p are regular functions that satisfy the coupled system of equations and let us multiply
the first equation by p and the second one by ¢. Then making the difference between the two equations
and integrate over Q x (0,7, we get :

//u el //k1 (VD)% + ks(u) (Va)? //

Let g. be a primitive of —p.. Then

/ / un(—pe(u) = / 0e(u(T)) = ge(uo)

which is bounded by using the maximum principle.

)8)p — (h(c) s — h(u) 5)q) (6.3.34)

\ [V

The second term is positive and greater than « / / (V(p+py(u)))? by using the preliminary proposition.
0JQ

Then this equation gives a bound for V(p + py(u)) in L*(Q x (0,T)) provided that we control the second
term. Since Vp + py(u) = Vg + qq(u), we may use p+ pg(u) or ¢+ g4(u) when it is necessary. Besides, the
following equations holds:

(f(e)s = f(u)s)p — (h(c) s — h(u) s)q) = (f(c)5— f(u)s)(p+pg(u))
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so by the Poincaré inequality and using the fact that p, and g, are continuous functions, we obtain

T
| / /Q (F(&)5— f(u)$)p — (h(e) 5 — h(w) 8)q] < Callp + po(u) |2y + Ct

Then we get a bound on V(p+ py)? in L(Q x (0,7)) i.e. a L?(0,T, H*()) bound on p+ p,. Analoguous
bounds on k1 (u)Vp? and ko(u)V¢? then easily come from equation (6.3.34). This completes the proof in
the continuous case.

Step 2. Proof of (6.3.31)-(6.3.33) (discrete case)

In the following proof, we denote by C; various real values which only depend on ki, k2, pe, 2, T, ug, S,
s, and not on D. Let us multiply (6.2.16) by 6t”P}§+1 and (6.2.17) by 5t"Q’}(+1 and sum the two equations
thus obtained. Next we sum the result over K € 7 and n € [0, N]. We obtain

_ Z Z |K| Un+1 ) (Un-i-l)

n= OKG’T

T 72(%”2 ZTKIL K\L’(Sn—H( )

n=0 KeT LeNk

" ;zwz S Tk 6 Q)1

n=0 KeTLeN’K

< G +Zét”2 K|(53 = sit P, (6.3.35)
= KeT

We introduce the function g. € C*([0, 1], R*), defined by
1
ge(s) :/ pe(a)da, Vs € [0,1].
S
Since p. is a decreasing function, the function g. is convex. We thus get

—(UE —UR)p (U > go(UE™) — go(UR), VK €T, ¥n € N. (6.3.36)

Besides, thanks to the discrete Poincaré inequality (see [CVV99]), which is available here since

D KNP + pg(UF™)| =
KeT

Z ]K|pg(UI”(+1)

KeT

SC?))

and the L>(2 x (0,T")) estimate (6.3.23), we get the existence of Cy and of C5 such that

Zétnz |K‘ fn-&-l _ n+1)Pn+1 — Z(Stnz ‘K| n+1 _ n+1)(Pn+1 pg(U;éH))

n=0 KeT n=0 KeT

_Zdtnz ’K‘ n+1 _ 87}1{+1) g(U}é—H)

n=0 KeT
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1/2

< Z&”Z S T (G (P) + 53 g (U))? | +Cs.

n=0 KeT LeNy

It leads by Young’s inequality to the existence of Cs such that

N
n =N n A « n n
§ :(5t Y K|S - PRt < Z§ : "N T GEHP) + 63 (g (U)))? + Cs . (6.3.37)

n=0 KeT KeT LENK

Inequalities (6.3.29),(6.3.35), (6.3.36) and (6.3.37) give (6.3.33). O

6.3.3 Existence of a discrete solution

We prove here the existence of a solution to the scheme, which is a consequence of Leray-Schauder fixed
point theorem. The idea of the proof is the following: if we can modify continuously the scheme to obtain
a linear system which has a solution and if the modification preserves in the same time the estimates, then
the scheme also has a solution.

Proposition 6.3.4 Under Hypothesis (H), there ezists a solution (Up, Pp) to the scheme (6.2.15)-(6.2.19)

Proof.
We define the vector space of discrete solutions Ep by

ED — RTXHO,N—{-I]] % RTXHLN-FI]]'

We define a continuous application F : [0,1] x Ep — Ep by F(t,(Up, Pp)) = (Ap, Bp), where

1
A% =UY — / ug(z)dz, for all K € 7.
K| Jx
forall (K,n) € 7 x [0, N],

n Un+1 Uk n+1lcp n —n n n
Aptt = K _— K 50 KK = > Tkt e 05 (PHK (st + fLUesidh)
LE./\/K
for all K € 7, K # Ky, for all n € [0, N],

n Ur Un+1 +1,cn n n —_n n n
BK+1 K7’K| Z TK\Lkg[ZﬂL((SKTLl(P)+5K+L1(pc( )))— \K](ht( +1) +1+ht(U +1))ts +1)

LENK

and for the control volume Kj,

Byt = 3 |K|PR, for all n € [0, N,
KeT
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where K is an arbitrary control volume of 7 used to fix the arbitrary condition on the pressure due to
the Neumann boundary conditions. Here u), k%, k&, f' and p.' are continuous modifications of g, k1, k2,
f and p. that preserve the properties used to obtain the maximum principle and the pressure estimates.
Precisely, we take zg € [0,1], we denote by H' the function defined by H'(z) = tz + (1 — t)(z¢) and we
choose ki = ky o H', kb = koo H', f' = fo H" and p.' = p.o H*. Then, the definition of kﬁ(u)?{ﬁ and
ké(u)?;ﬁ is the analogue of definition of k?}l‘L and k;‘}'(lw by (6.2.21),(6.2.22) with k!, k} and Q' instead
of ki, ky and Q, with 831(Q1) = 077 (P) + 05 (pe!(U)).

Let us now complete the proof. First of all, (0, -) is clearly an affine function. Moreover F (¢, (Up, Pp)) =0
if and only if (Up, Pp) is a solution to the scheme with functions u), k%, k%, f*, p.', ts, and t s so by using
a priori estimates and Poincaré discrete inequality, we get a bound on Up and Pp independent of ¢. The
function F is continuous. Indeed, the ambiguous terms, which are exactly the terms corresponding to the
phase by phase upstreaming can be expressed differently with the help of the continuous functions x +— ™
and x — z~ as in the following :

n+1cp n n n n -
Kot (P) = EH(UR @R P)T = KU (0 (P))

n+1cp n n n n -
KL owt (@) = KU1 @) T — k(U (5 (@1)

By Leray-Shauder’s topological degree theorem (see [Dei85]). If X is a ball with a sufficiently large radius
in Ep, the equation F(t, (Up, Pp)) = 0 has no solution on the boundary of X, so that

degree(F(1,-),X) = degree(F(0,-), X) = det(F(0,-)) # 0,
and thus there exists at least a solution to the scheme.

Remark 6.3.3 The Leray-Shauder topological degree theorem was used to prove existence of a solution to
a finite volume scheme for the first time in [EGGH98]. The proof is quitly different here because the source
terms depends on the functions k1 and ko which are present in the left hand side of the coupled system that
we study.

Remark 6.3.4 The linear part of the application F(0,-) is clearly an isomorphism since if ker(F(0,-)) #
{0}, the subset {x € Ep,F(0,z) = 0} would intersect 0X.

Remark 6.3.5 To show that F(t,(Up, Pp)) = 0 if and only if (Up, Pp) is a solution to the scheme, we

must recall that Z ET}{H — §T}(+1 = 0 because by hypothesis, fQ 5— s =0. Hence the equation for K = K

KeT
can be obtained by summing all the equations corresponding to the other control volumes.

O

6.3.4 Estimates on g(u)

The following estimate is used below to prove a compactness property on Up. The analogue of the proof
in the continuous case is not very difficult, but it uses strongly the symmetry of the system. The discrete
proof is somewhat more complicated because of the phase to phase upstream weighting.
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Proposition 6.3.5 Under Hypotheses (H), one denotes by g the function defined, for all s € [0,1], by

g(s) = —/ ki(a)kz(a) pc (a)da. Let D be a finite volume discretization of Q x (0,T) in the sense of
o ki(a) + ka(a)

Definition 6.2.3 and let (Up, Pp) be a solution of the finite volume scheme (6.2.15)-(6.2.19) .

Then there exists C7, which only depends on ki, ko, pe, Q, T, ug, 3, s, and not on D, such that the

following discrete L(0,T; H'(Q)) estimate holds :

N

0"y > Trudytz (9(U)S7 (F(U)) < O (6.3.38)
0 KeT LeNk

n—=

Proof.

Step 1. Proof in the continuous case .

As we did for pressure estimates, we give here the ideas of the proof in the continuous case, assuming that
(u,p) is a regular solution. The continuous estimate to (6.3.38) writes

/ ' / Vo(u)V f(u) < C (6.3.39)
0 Q

To preserve the symmetry of the system, we multiply the first equation by f(u) and the second equation
by h(u). Summing the two equations we obtain:

T T
/ / we(f () — h(w)) + div(ky (@) Vp) £ (u) + div(ka(0) V)h(u) = / / F)(F(Q)5 — f(u)s)
0JQ 0JQ
T
—I—/O /Qh(u)(h(c)s—h(u)s).

Let us introduce the total velocity flow £’ which writes

F = ki(uw)Vp+ ka(u)Vqg

Remarking that ko(u)p.'(u)Vu = (k1 (u) 4 k2(u)) Vpg(u), one has
F = (k1(u) + k2(w)V(p + pg(u)) and F' = (k1 (u) + k2(u)) V(g = g4(u)),

so that
ki(uw)Vp = f(u)F — (k1(u)Vpg(u)) and k2 (u)Vg = h(u)F — (k2(u)Vag(u)),

and by definition of py, ¢4, and g (6.1.11)-(6.1.13) , one also has
ka(u)Vpg(u) = k2(u)Vag(u) = =Vg(u).

This gives:

T T T
/0 /Q w(f(w) — hw) — /0 /Q div(f (u)F) £ (u) + div(h(u) F)h(u) — /O /Q Ag(u)(f(u) — h(w))
T
— /0 /Q F@)(f(€)F — f(u) 8) + h(u)(h(c)S — h(u) s).

The right hand side of this equation is clearly bounded. The first term in the left side is also bounded
(consider for example a primitive of f(u)—h(u)). So if we are able to bound the second term, by integrating
by parts in the third term and using the fact that V f(u) = —Vh(u), we obtain (6.3.39)
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Remark 6.3.6 If we use the fact that f'(u) > « we have

/OT/QVg(u)-VuS C

which is an L*(0,T, H'(Q)) estimate for any function ¢ satisfying ¢’ = \/q'.

Let us now deal with the second term of the left hand side, i.e. the term concerning F. By summing
equations 6.1.1 and 6.1.2, we already know that

div(F)=5— s
so div(F) is bounded in L2(Q x (0,T)). By an easy calculation,
iv(f(u) F)f(u) = Siv(f(u)?F) + 5 f(u)*divF,
div(h(u)F)h(u) = %div(h(u)2F) - %h(u)QdivF

and since F'-n = 0 on 05},

/div(f(u)2F):/div(h(u)QF):o.
Q Q

Hence third term of the left hand side of is easily bounded and the proof is completed.

Step 2. The discrete counterpart : proof of (6.3.38).

In the following proof, we denote by C; various real values which only depend on ki, ko, pc, 2, T', ug, S,
s, and not on D. Let us multiply (6.2.16) by §t" f(Ux™) and (6.2.17) by 6t"h(Upt) and sum the two
equations thus obtained. Next we sum the result over K € 7 and n € [0, N]. We obtain

N
> D> IKIWUET — UR)(f(UET) = hUE™))

n=0KeT
N

=D 0" Y WU D Tk i 05 (P)
n=0 KeT LeNk

N
=D 0t R(URT) Y Tk i 00 Q) < Cs.
n=0 KeT LeNyk

Adding (6.2.16) and (6.2.17) gives

Y Trpkilyt = [K|(s3 — sitH). (6.3.40)
LGNK

where F}?Ll is the discrete counterpart of the total flux F, that is :

1 1 1 1 1
FIT?FL = _ki—’f_ﬂLé?(TL (P) — k;}_ﬂLé?(TL (Q)
- _(k?}_{ﬁL + kg}ﬁL)é?(TLl(P) - k;—;(l\Léy(—% (pc(U))

= —(Kl i+ k)% (@) + K fq 0k (e(U)



6.3. DISCRETE A PRIORI ESTIMATES 147

The first step of the estimate follows the continuous case, we introduce the total velocity flux F' and the
function g(u) by writing k1 VP as a function of F' and Vp.(u).
In the discrete case, the values of U{’}l‘L and UZ"E‘L can differ. Hence we shall need to decompose the

numerical fluxes k?}'{l' Ld}?T (P) and k;}'(l' L(S}‘(JrLl(Q) in the following way :

kn+1 5n+1(P) — _f(Un+1 )F[Té-‘}/l + (I)qlz-',]-(lL + erz-}-{lL’

LK|L"K,L 1,K|L
1 sntl0) = +1 +1 +1 +1
k;7K|L5?<7L (Q) - _h<U;:K‘L)FITé,L - QS,K,L - R;,K,L’
with
1 1 1 1
(I)?}(,L - _f(Ule—;(lL)kg}_ﬂLéﬁfL (pe(U)),
1 1 1 1
CDS,JIFQL - _h(UZTt;ﬂL)kln,}\Léln(TL (pe(U)),
and

R = FUT ) ke (UT ) — e (Uy i 10K (P)

Ry = hUSE ) R (UL = k(U )10 Q)
Remark 6.3.7 @’f}l’L and @;‘}'&L are not very different of (5?(+L1 (g(0)).

In order to deal with time derivative terms, we once more use the inequality (b—a)g’'(b) > G(b) — G(a) for
convex functions G such that G’ = f — h which yields that

N
=YY KR —UR)(FUR) = h(UE) < 3 IKI(GURT) = GUR)) < Co. (6.3.41)
0 KeT KeT

Gathering by edges, and remarking that 51"(+L1( f)) + 5?(J7r]:1(h(U )) = 0 (this is a direct consequence of
f+h=1), we obtain then

N

o> FUR) D T FUT K FRY +
0 KeT LeNk

n=»

N
>0ty hURT) 3 Tranh (U PR+
n=0 KeT LeNk

N

1
2

n—=

0" > D Trn( @ + @5 + R Lk + B0 (FU)) - <Gy, (6342)
0 KeT LeENk

Since f + h = 1, multiplying (6.3.40) by f(UE™) + h(Upt), summing over K € 7 and substracting from
(6.3.42) yields:

N
Yoty PO D Tp(F(U ) — FURT ) ERE +
n=0

= KeT LeNk

N

Doty MURT) D Trip(h(Ug,) — hUR )R +
n=0 KeT LeNk

N

1

30 Y Tea @ + 05+ Rt RETOGREUWO) < Co, (6343)
n=0 KeT LEN|
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Using the equality b(a — b) = —3(a — b)? + 3(a® — b%), we get from (6.3.43),

N

—1n Y S T (U - FUY)?
0 KeT LeNg
(K,LygenT?

n—

N

F3Y 0Ny > TR (FAURT - AUt Frt
0

n= KeT LENK

(K, L)gertt
N
3> 6ty > Ty (WU = h(UET)? PRt (6.3.44)
n=0 KeT LeNg
(x,Lygentt

N
HY Y S TR - R
n=0 KeT LeNg
(K, L)gentt

N

1 1 1 1 1

+%Z ot" Z Z TKIL((I)?}_(,L + CI)S}_(,L + R?JZK + Rg,—E,K)(s?(TL (f(U)) <Cu.
n=0 KeT LeENk

If we denote by T and T4 the second and the fourth term in (6.3.44), we have

N

1 n n n
o= 3 GUEAC Y TR - Y TeeFER)

n=0

= KeT LENK LENK
(K, L)gent! (L K)gept?

But (L, K) ¢ &M < (K, L) € £ and Fx = —Fr k, s0
1 N
Ty = 5 0t" > (FUE™)? D Tk
n=0

= KeT LeNk
C1

IN

and in the same way Ty < C1a.
Therefore if we develop all the terms, we obtain

N
1 n n n n
5> ot ) T o' (FONPERE + Fiil)
n=0  (K,L)eert! (K,L)eErt?
N
1 n n n n
+§Z ot > Ty olo5t (FO)P(FR + FL)
n=0

(K,L)e&p™t (K, L)ger™!

N
£ Y Tau @+ O+ B+ REEOTLGW) <Can (6345)
n=0  (K,L)eert?

Since et + Fptl =0, (6.3.45) leads to
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N
2515” Z TK\LD?(+L1 <Cu
n=0

(K,L)yeep™t

where

Dyl = 10k (FO)PFRY + (7 L + @5 f  + Ry + Ry L) 0w (F(U)),

V(K,L) € &M (K, L) € 3t (6.3.46)

and

Difp = (@ Fcp + @5 + BT + Ry )8 (F(U)),

V(K,L) € EY (K, L) ¢ ExTL. (6.3.47)
Let us first study D?’Ll for (K,L) € & n &N Since Uf}‘{llL = Ugf}'(llL = Uptt it is clear that
R’fI’lK = Rgi’lK = 0 and we have

n n n n k(U kU .,
Dt = RGO 2 U Ui ) g, o))

o (U + ko (Ut 100

If we assume that Uj < U] then 5?’; (pe(U)) <0 and FI?JFLI > —kg(UﬁH)(d?j (pc(U))), which leads
to

n+1 n+1
Dt = RGO + 2 e ) o)
> —[fUEY) + fUF) k(U (FU) 85 (pe(U))
>~ RUEDRWET) 7)1 (o))

ke (UHY) + ko (U TH0OF

§ vptt k1(a)ka(a)
L) e oy

> Ci56517 (9(U) (6.3.48)

(=pc'(a))da.

Remark 6.3.8 To deduce the third inequality from the second one, we used the fact f(U}}H) >0.
We get the same estimate in the case U[”(Jrl > U’EH is similar, it only suffices by symmetry to exchange k;
by ko and f by h.

We now study Dy for (K, L) € &F1, (K, L) ¢ £, We have 67 (P) < 0 and 637/ (Q) > 0, which
yields 5?;}} (pe(U)) > 0, and therefore Uit > Uptt,

Dt = =6 (F ) FUR k(UYL (0e(U) + 83 (ko (U) 870 (P)
HRUEY) (ke (U85 (pe(U) + 83 (R (U)) 671 (Q)]

Now we use the symmetry of the problem in p and q. We can express 5}?}}(@) in function of 5?(+L1(P) or
the contrary. In the first case we obtain
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Dt = —[(fURT k(U + RUP) (R (UFT)IOEL (F(U)) 03 (pe(U)
—[F U (o (U)) + R(U S (e (D)0 L (F(U) 85 (P).

In the second case, we obtain

Dl = —[(f(URTka(UEH) + RO (R (U ISR (F(U)) 0 (pe(D))
—[FURSE (ko (U)) + WU (R (U)OEL (F(U))0RA(Q).

Since 5?(+L1(P) <0 and 5?(21(@) > 0, one of the two terms,

[FURORE (ka(U)) + MU SR (k1 (U))I0FT (P)
or

(UK (k2(U)) + MU RS (k1 (U))I0FT Q)
is non negative. Moreover, one has

kl(Un+1)]€2(Un+l)
Un+1 k Un+1 + h Un+1 k Un+1 > K L
f( K ) 2( K ) ( L ) 1( K ) - kl(U}}+l) +k2(U£+1)

and
k1<Un+1)k2(Un+1)
U ko (U + R(UFT )k (UPHY) > h L~
f( K )2( L ) ( L )1( L )_k‘l(an(Jrl)Jer(U}jJrl)
one gets

U}:’H_l a a
DL > et (f(0) /U . m(pc/(a))da

> Ce 0 (g(U)) S (F(U)) (6.3.49)

Using (6.3.47), (6.3.48) and (6.3.49) yield (6.3.38). O

6.4 Compactness properties

Following [EGHO00Db] one may deduce from (6.3.33) the following property:

Corollary 6.4.1 (Pressure space translates) Let C; be given by Proposition 6.3.3, then for any £ €
R?, the following inequalities holds:

T
/0 /Q [pp(z + &, 1) + py(up)(x + £, 1) — pp(2,t) — py(up)(z,t)]*dzdt < Oy |¢|(2size(T) + |€]) (6.4.50)
¢

Similarly, we easily deduce from the estimate on g(u) given in Proposition 6.3.5 the following property :
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Corollary 6.4.2 (g(u) Space translates) Assume that (H) are fulfilled and let C7 be given by Proposi-
tion 6.3.5, then for any &€ € R such that |¢| < diam(Q2), the following inequality holds

T
/0 /Q (g(up(z + €,8)) — glup(a, ) 2dwdt < Cr L|€|(2size(T) + |¢]). (6.4.51)
13

where Q¢ = {x € RY, [z,2 + ¢] C Q}.

In the proof of convergence below, an important argument is the strong compactness of the sequence g(up,,)
in L2(2x (0,T)).We already have an estimate of the space translates, we also need an estimate on the time
translates of g(up) to apply Kolmogorov’s theorem. This estimate is given in the following proposition.

Proposition 6.4.1 (g(u) Time translates) Under hypotheses (H), one denotes by g the function de-
* ki(a)ka(a)

fined, for all s € [0,1], by g(s) = —/0 Tr(a) + Fala)

of Q@ x (0,T) in the sense of Definition 6.2.3 and let (Up, Pp) be a solution of the finite volume scheme

(6.2.15)-(6.2.19) .

Then there exists C17, which only depends on ki, ko, pe, Q, T, ug, S, s, and not on D, such that, for all

7 € (0,T), the following discrete estimate hold

pc (a)da. Let D be a finite volume discretization

T—1
| [lstute.t+7) - gtun(a, )P dedr < et (6.4.52)

Proof. The proof of this estimate is close to the one of the parabolic case (Cf [EGHOOb])

Step 1. Proof in the continuous case . We give here the analogue of this proof in the continuous case. The
main argument is that we have a bound on k;(u)(Vp)? and on (Vg(u))? in L'(Q2 x (0,7)) and that we
know u; by using the equation. By using Fubini-Tonelli theorem, we have

T—7 T—1
/ / gzt + 7)) — g(u(z, ) dtde = / A(t)dt
QJ0 0

Where A(t) = [olg(u(z,t +7) — g(u(z,t))]* dt da.
Since g is a Lipschitz function with Lipschitz constant Lg,

A(t) < Lg/ﬂ(g(u(%tJrT))—Q(U(y>t)))(u(fﬁ>t+7)—U(ﬂﬁat))dl'
t+7
< Lg/ﬂ(g(u(:v,t+7'))—g(u(:v,t)))/t wy(z, 0)d6 dx
t+7
< Lg/ﬂ/t (g(u(z,t + 7)) — g(u(z,1)))[div(ki (u)Vp)(z,0)

+f(c)3(x,0) — f(u(z,0)) s(z,0)] df dx

Now if we develop and make an integrate by parts in x, we obtain
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//t+T u(x,0))Vp(x, ) Vg(u(z,t + 7)) df dx
-+ / / T k(ul.0)) V. 0) T (u, 1) d0
t+7'
+L // § l’ 9 f( (ZL‘ 9)) ($ 9))( ( ($7t+7)) —g(u(x,t))) d6 da

Thanks to Young Inequality, we get

Lg

A(t) < 7(2141(15) + Aa(t) + As(t) + 2A4(t))

with

Step 2. Proof in the continuous case . For t € [0,t), let us denote by n(t) the integer n € [0, N 4 1] such
that ¢t € [t",t"T1). We can write

/T T/ (up(z,t+ 7)) — glup(z,t)))*dedt = /OT_T A(t)dt,

with, for a.e. t € (0,7 —7)

KeT
Since g is non decreasing and Lipschitz continuous with constant L,, one gets

AW < Loy 1K™ = gl i - i O

KeT
n(t+7)
n(t+7)+1 n(t)+1 n n
< Le > (g gt Y K|(Uptt - Up)
KeT n=n(t)+1

IN

Ly Y (g™ — g h) LeN

ier nnirt (e st — FUp) it

n(t+7 n+1 ¢n+1
n(t)+1 g S ( Z TK|Lk1—;(|L5K+L( )+ )
1 | K| sE )

Sk
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Gathering by edges, we get

n(t+7)
Alt) < Z SN Trpk L0 (P (g(upt D) — gy )
041 KeT \LeNg
n(t+7)
- Z o> DT Tk R (P (gl — g )
t)+1 KeT \LeNk
t+T) 1 1
n % 5n n n n(t+7 n(t
+ Z oty (]K\( (Y U)o () g )>.
01 KeT

Thanks to the Young inequality, we get

Alt) < %(QAl(t)%—Az(t)+A3(t)+2A4(t))

with

n(t+r)
Al(t) = Z 575"2 ZTK|Lk?K|L‘5n+1( )2)

n(t)+1  KeT \LeNg
n(t+7)

Ay(t) = Z wz S Trqek i g(uid ) = g )2

= KeT \LeNk
n(t+7’)

As(t) = Z 5SS Tkl (o(u (1) om0y
+

1 KeT \LeNg

A4(t> _ Z 018 Z( n+1_|_ Sn+1)

n:n(t)+1 KeT

Using the following lemma, the proof of which is given at section 5.3.1 the proof of (6.4.52) easily follows.

Lemma 6.4.1 LetT >0, 7€ (0,7), k € (0,T) and (a")nen be a family of non negative real values. Then

T—r TL(t—‘rT " N "
n n
/ dt < THZZOG ,
and for any ¢ € [0, 7]
T—1 t+T N
/ ”(t+C)+1dt <rT Z a"tl,

n=0



154 6.5. STUDY OF THE LIMIT

U

We are now able to prove that up to a subsequence, the scheme is convergent. By using Propositions
6.3.23, 6.4.2 and 6.4.1, we find that g(up,,) satisfies the hypothesis of the Kolmogorov’s theorem with
Q = 2 x (0,7) if lim,,_ 1 size(Dy,) = 0 so there exists a function g € L2(0,T; H'(2)) such that up to
a subsequence, g(up,,) — ¢ in L?*(Q x (0,T)). Since g is strictly increasing and up remains bounded, it
follows that up, — u:= g~ (g) in L*(Q x (0,T)).

Therefore py(up,,) — pg(u) in L2( x (0,7T)).

Using the discrete Poincaré inequality, we get that Pp,, + py(up,,) remains bounded in L?(2 x (0,7)),
and therefore there exists p € L%(0,7; H'(Q2)) such that Pp,, + py(up,,) — p weakly in L?(2 x (0,7)). It
follows that Pp,, — p :=p — py(u). The last step in the demonstration of the convergence theorem 6.2.1
it to prove that (u,p) is a solution. This is the aim of the next section.

6.5 Study of the limit

Proposition 6.5.1 Assume hypothesis (H) are fulfilled and let D,, be a sequence of time-space discretiza-
tions of Q2 x (0, T) such that lim,,_, 1 o size(Dy,) = 0. Assume moreover that the sequence of corresponding
approzimate solutions (up,,,pp,,) converges to (u,p) as n — —+oo. Then (u,p) is a weak solution of
(6.1.1)-(6.1.7) in the sense of Definition 6.1.1.

The proof of this theorem follows classical guidelines. Let ¢ € D(2 x (0,7")). We multiply Equations
(6.2.16) and (6.2.17) by ¢(zf,t"!) and sum over K € 7 and n € [0, N]. Then there remains to show
that the discrete terms converge to the correspondlng integrals terms. The only difficulty concerns the
integral term fo Jo k1(u)Vp - Vo and fo Jo k2(u)Vq - V. The proof of Theorem 6.5.1 is then a direct
consequence of the following lemmas.

Lemma 6.5.1 (Weak-Strong convergence) Under hypothese (H), let Dy, be a sequence of time-space
discretizations of Q x (0,T) such that limy, .ssize(Dy) = 0. Let k € L2( x (0,T)). Let Kp,, € Xp,,,
for m € N, such that the corresponding discrete approzimation kp,, converges to k in L*(Q x (0,T)). Let
Vin € Xp,,, for m € N, such that

Zatnz > Tr (VP = VEth)? < G

n=0 KeT LeENy

and that there exists v € L*(0,T; H' () with Vp,, — v weakly in L*(Q x (0,T)).
Let ¢ be a test function. Let Ty, be defined by

Z 5" Z J:K,tn+1) Z TK\Lk?(J,r[} (V£L+1 _ V£+1),
= KeT LeENk

where, for all (K, L) € &, k'] € {ki™' kP } and ki) = k.
Then

T
lim Tm:/ /k‘(a:,t)Vv(x,t)ch(x,t)da:dt.
0o Jo

m—-+00
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Proof. see Chapter 5. 1

Lemma 6.5.2 Let us assume that up,, converges to u in L*(Q x (0,T)) with

N

n n 2
ot Z Z TKIL‘;KJ,FLI(Q(U)) < Cy
0 KeT LeNk

n—

Let ¢ be a test function. Let T,, be defined by

N

T =—) ot" Z o, t") Z Tk (UR')6%T (0g(U)),
0 KeT LeNk

where, for all (K, L) € €, Ut € (U U} and U = U7
Then

T
lim Tm_/o /QVg(u)(a:,t)Vw(x,t)dxdt.

m—-+00

Proof. Gathering by edges, the term 7T, can be rewritten as :

N
1 n n n n n
Tn=5D 0" D, Trihi (UL )0i (g (U)) (o(n, t7F1) — plak, 7).
n=0 (K,L)e&

Let

N
1 n mn n n
Tim =53 0t" Y Tt (9(U))(p(ar, ™) = o(ak, "),
n=>0 (K,L)e&

Using Lemma 6.5.1, one has :
T
lim Ty, :/ /Vg(u)(x,t)V@(x,t)dxdt.
m—+00 0 Jo

We now study T1,, — Ty, Thanks to the regularity of ® and the monotonicity properties of k1, ko and pe,
one has :

N
Tim — Tl < Co1 > 6" > Tydgn A,
n=0 (K,L)eE

with
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A = (U = k(U7 g (U =y (U ).

In the non degenerate case, it is straightforward that |1}, — T},| tends to 0 as m tends to infinity. Indeed,
if k1 > K1 min, then |pg(UR™h) = pg(UPHY)| < 2 [g(UR™) = g(U}™)] and thus we get

kLnnn

n Lipg, ¢, n
ARL < 30k (U)IRE (9(0)
Therefore thanks to Estimate (6.3.38) on g(u), we get |11, — T)n| < Csize(D,,) which clearly tends to
zZ€ero.

In the degenerate case, under Hypotheses (H), the proof is somewhat more complicated. For a given set of
values (57;(TL1) K|Leg, We separate the edges where ](5?(+L1(U )| is less than a}l(TLl from the edges where \57;(+L1(U )|

n+1

is larger than EK|L>

we then choose e’}éﬁ to optimize the bound. Let us give the computations:

o if |U}é+1 — UEH\ < 5}?&, then thanks to the the regularity of k1 and the Holder continuity of p,
(consequence (C4) of Hypotheses (H) ) one gets

+1 : 11\2—
A?(,L < Llpklol—ﬁzvpg(gnK‘L) &

o if (U — U > 71 thanks to Inequality 6.1.10 (take a = U™ and b = U™!), one has

K|L’

n n i (g(U)] 1, .

AP < C(a,ﬁl,@)!%ﬁ(kl([])ﬂm < C(OAﬁlaﬁz)ﬁ%ﬁ(m%ﬂl(gw))
KL K|L

Thus

+1 : +1 +1 dx L (gIL;IrLl)Z_ﬁ2
Txpdr L AR < Cla, Bu, B, Lipk, s Cr—p, p,) [T 0% 1, (U)0F (g(U»F + m(K‘L)dlﬂLW]

KL

N N
We know that Z ot" Z Z TK|L5?(TL1(U)5?§L1(9(U)) and » ot" Z Z m(K|L)d|;, are bounded, so
0

n=0 KeT LeENk n= KeT LEN)
+1 +1 gy _ (ex()* " :
to have a good bound on A"}, we can take ¢’} such that % = —Xl that is
K,L» K|L WL dgiL
. 2
n+l _ 33—
exiL = kL
dKﬂL . 1-0
Then —37 < size(7)3-% and
K|L
1—-039

Ty — Tin| < Csize(T)5

which proves Lemma 6.5.2, since Gy < 1.
O
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6.6 Preuve de I’inégalité (6.1.10)

Let us prove that for all (a,b) € [0,1]?,

b b
ka(s) / / k1(s)ka(s) /
b— —————— (—Ppc ds < C(a, B, ————— (D¢ d
( a)/a ]{?1(8) + kQ(S) ( b (S)) S > (Oé ﬁl BQ)’ Y kl(S) + :ICQ(S) ( p (S)) S
Proof.
We can suppose 0 < a < b < 1. First of all, by using the hypothesis, we easily have:

b— b ka(s) C/ d _ b —Bi(1 _ \1-pe
(b—a)J, k1(5)+/€2(5)( pe(s))ds < C(aaﬂl,@)(b a)Jy s 20— ) o

i meri (-pe(s)ds Jo s (1= s)1-Pds

The right term is a continuous function of a and b on the subset {b — a > 0} then it is bounded on the
compact subset {b —a > %} and there only remains to deal for example with the subsets {a > %} and
{b< %} of the triangle {0 < a <b < 1}.

14

0
0 b 1

Fig 14. The covering of {0 < a < b < 1} by the subsets {b —a > 3}, {a > 1} and {b < 2}.

Suppose that b < 3. Then (})17% < (1 —s)'7#2 < 1. Then we can include this term in the function
C(a, B1, B2) and easily obtain a bound by integrating the functions s~ and s™#. It remains to show

that
(b—a)(B*Pr — a2h)

bl_ﬂl —_ al_ﬁl

is bounded. If @ = 0 this is equal to 1. If a # 0, we can factorize by a. Then if z = g, we only need
_ (@=1(E>r1-1)

to prove that p(x) = A1

r — oo and it tends to 0 when x — 1. So, we have finished with the case b < %.

Now, if a > 1 there is no difficulty since (1)!77* < s77 and s < (3)7% and (b — a) < 3. The proof is

complete. [

is bounded on (1,+00). This function is continuous, it tends to 1 if
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Chapitre 7

Résultats numériques

7.1 Comparaison des deux schémas en 1D

L’implémentation des deux schémas en une dimension d’espace ne pose pas de difficulté technique. Les
résulats numériques présentés ici sont obtenus par le schéma totalement implicite avec le logiciel de calcul
scientifique Matlab 5.

7.1.1 Test comparatif (systéme découplé)

Dans un premier temps, nous avons fait des tests sur un cas tres simple afin de comparer les deux schémas.
Le domaine physique est U'intervalle 2 = (0, 1) et les parametres sont définis de la maniére suivante :

ki(x) =z, ko(x) =1—z, et p.(z) =1—2. (7.1)

Dans ce cas, comme M (x) = ki(x) + ka(z) = 1, le systéme est découplé, et on peut facilement calculer le
champ de pression a partir des sources, puisque I’équation elliptique sur la pression globale est simplement
I’équation différentielle linéaire du deuxiéme ordre a coefficients constants suivante :

~(M(up) =5 s (72
ol
5=40 1[0,1,0.3] -+ 20 1[0.7,0.9}

et

Les fonctions f et ¢ peuvent étre facilement calculées a partir des parametres et on obtient :

2
x
fx)==z, et p(z) =2z — - (7.3)
On choisit une condition initiale avec une discontinuité en x = 0.5 : ug(x) = 0.9 si < 0.5, up(z) = 0.3 si
x > 0.5. Pour finir, on fixe la concentration en injection : ¢ = 0.8.
Comme on s’y attendait, les deux schémas donnent de bons résultats, le principe du maximum est respecté

et 'algorithme de Newton converge rapidement, comme le montre la figure ci dessous.

159
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0 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

Fig 15. Nombre d’itérations de la méthode de Newton en fonction de n pour le schéma des
“mathématiciens”. Test 1.

Les résultats des deux schémas sont quasiment identiques, la différence entre les deux solutions est tres
faible.

pression p , 1=0.012000 pression p , 1=0.076000 pression p , t=0.400000

5 5 5
4 at 4
3 ap 3
2 2F 2
(T [T L
1f gy, 1 g, 1 ey,
iy, ey, e,
0 e, 4 of Fry, of . |
ey, P P, sl . e
by, Lt i, Ly T, et
) b 1 e 1 T,
-2 -2 2
3 -af 3
-4 -4 4
5 -5 v 5
) 01 02 03 04 05 06 07 08 09 1 o 01 02 03 04 05 06 07 08 09 1 o 01 02 03 04 05 06 07 08 09 1
Saturation u , 1=0.012000 Saturation u, t=0.076000 Saturation u, 1=0.400000
1 T T T 1 T T T 1 T T T
09ttty I 0sf 09
- mﬂ***“ﬂwwmwwm
osf + o8l gy, 1 0.8 [FHEHEEE R4 ]
,
+ "
+ %,
o7t " o7t * 1 07t
i
* "y i
06 " 06 b i, 4 06
+ "‘mrﬂ‘L
osf + 05 | 05
+
%
0af . PR 04 04
b ey
faa
o3f oaf 1 o03f
02} 1 o02f 1 02f
o1f 1 o1f 1 o1f
o o1 02 03 04 05 06 07 08 09 1 o o1 02 03 04 05 06 07 08 09 1 o o1 02 03 04 05 06 07 08 08 1

Fig 16. Solutions obtenues par le schéma des “mathématiciens”. Test 1.

Pour la saturation, ce sont visiblement les sources qui font directement évoluer la solution. La discontinuité
disparait dans les premiers pas de temps. Pour des temps grands, la saturation évolue vers un équilibre
qui est la concentration en injection, ¢ = 0.8.
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7.1.2 Test en absence de pression capillaire

Pour mieux comprendre le role de la pression capilaire, nous avons fait le méme test avec p. = 0 cette fois

pression p, £=0.012000 pression p , t=0.076000 pression p ,t=0.400000
5 T T T 5 T T T 5 T T T
4 at 4
3 3p 3
2 2p 2
L+ L+ FNSTTT,
1 — 1 N 1 o,
e, e, ey,
of ra, T 0 ", T of ", R
' e ", e ", e
e, e "t e ey, Lt
A bt 1 b af b
2 -2 2
-3 -ab 3
-4 -af 4
5 . 5
o 01 02 03 04 05 06 07 08 09 1 o 01 02 03 04 05 06 07 08 09 1 o 01 02 03 04 05 06 07 08 09 1
Saturation u , 1=0.012000 Saturation u, 10076000 Saturation u, 1=0.400000
1 T T T 1 T T T 1 T T T
0.9 s 1 X r—— 1 X r—
B
e
08F + 4 08F P 4 08k
o7t 1 o7t + 07t
TP
7
06 * 06 Fa 06
#
o
osf 1 osf * 1 osf
+
.
0af e R 0af 1 04t
-
o03f et - o03f b o3 b
02} 1 o02f 1 02f
o1f 1 o1f 1 o1f
o o1 02 03 04 05 06 07 08 09 1 o o1 02 03 04 05 06 07 08 08 1 () 01 02 03 04 05 06 07 08 08 1

Fig 17. Solutions obtenues par le schéma des “pétroliers”. Test 2.

Le comportement de la solution n’est plus du tout le méme. L’équation sur la saturation étant ici une
équation hyperbolique et non plus une équation parabolique, les discontinuités ne disparaissent pas et au
contraire de nouvelles discontinuités apparaissent. Le régime stationnaire atteint n’est plus le méme. En
effet, le champ de pression est constant aux extrémités du domaine puisque les lignes de courant vont des
sources vers le puits, et les sources s’annulent sur [0;0.1] et [0.9; 1]. Ainsi, la saturation reste constante au
cours du temps aux deux extrémités, ce qui était impossible en présence de pression capillaire. On voit aussi
que le gradient de pression a peu d’effet en comparaison de I'afflux des sources, tant que la concentration
du fluide est éloignée de la concentration d’injection. Cette interprétation peut se comprendre en regardant
I’équation sur la saturation qui se réécrit de la maniere suivante losrqu’on developpe le terme de convection

ug = [f(c) — fF(w)]5+ f(u)Vu - M(u)Vp. (7.4)

7.1.3 Test avec couplage des équations

Le couplage des équation est automatique des que M n’est plus constante. Ce couplage est d’autant plus
fort que M a de fortes variations sur la plage des saturations admises. En pratique, la variation de M n’est
cependant pas importante. Nous avons tout de méme fait un test pour observer les différences avec le cas
précédemment étudié. Pour cela, nous avons pris les fonctions suivantes :



162 7.1. COMPARAISON DES DEUX SCHEMAS EN 1D

ki(z) =23, kao(z) = (1 — 2)3, et pe(z) =1 — 2.
Pour ne pas compliquer la résolution, nous regardons uniquement cette fois-ci les résulats obtenus avec le
schéma des pétroliers 1D. Ce qui apparait d’abord lors des tests numériques est la plus grande difficulté a
résoudre le sytéme non linéaire (qui cette fois est vraiment couplé) qui s’ajoute a la necessité de réduire le
pas de temps , comme le montre la figure ci dessous.

14

0 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90

Fig 18. Itérations de la méthode de Newton en fonction de n pour le schéma des “pétroliers”. Test 3.

En ce qui concerne I’évolution de la saturation, les différences sont difficiles & voir. Ce qui confirme que les
sources sont le principal vecteur de 1’évolution dans I’équation parabolique sur la saturation. Les résultats
obtenus font apparaitre globalement les mémes tendances que pour le Test 1.

pression p , t=0.012000 pression p , t=0.076000 pression p , t=0.400000
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Fig 19. Solutions obtenues par le schéma des “pétroliers”. Test 3.
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7.2 Calcul en 2D par le schéma “des pétroliers”

La programmation du schéma des mathématiciens sur maillage 2D triangulaire ne nous a pas permis
d’obtenir de solution par cette méthode. Le domaine utilisé avec un maillage rectangulaire était dans notre
programme limité au domaine carré = [0, 1]2. Les résulats obtenus sur le cas test (cf [Ohl97], [AA99])
sont donnés en Section 5.4. La comparaison des deux schémas n’a pas apporté plus d’enseignements
sur maillage rectangulaire qu’en 1D. Toutefois, nous avons testé le schéma des pétroliers dans plusieurs
situations qui pouvaient poser des problemes afin d’éprouver sa robustesse.

Nous avons fait le méme test que celui fait sur maillage rectangulaire avec le schéma des mathématiciens au
paragraphe 5.4. Nous avons utilisé le maillage 2D sur le carré construit par raffinement. Comme on peut
le voir sur les figures ci dessous, la solution obtenue est tres proche des résultats obtenus avec le “schéma
des mathématiciens”.

t=0.25000 t=0.25000

00 (1,0) 1.0 (1,0) 1.0
0.9 0.9
0.8 0.8
0.7 0.7

@ (11)I ’ (A, (1.2) ’

Fig 20. Saturation et Pression a la date t = 0.25

t=2.10000 t=2.10000
0,0) (1,0) 1.0 (0,0) (1,0) 1.0

0.9 0.9

0.8 0.8
0.7 0.7

0.6

(1,2) ’ 1, 1,2)

Fig 21. Saturation et Pression a la date t = 2.1
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Conclusion

Résultats

Dans la premiere partie de ce mémoire, nous avons étudié la convergence de schémas volumes finis pour les
équations paraboliques dégénérées dans le cas ou le terme de diffusion est faiblement dégénéré ou fortement
dégénéré avec respectivement des conditions au bord de type Neumann homogene et de type Dirichlet non
homogenes. 1l ressort principalement de cette étude les conclusions suivantes :

e La solution approchée obtenue par un schéma volumes finis sur des maillages admissibles vérifie
plusieurs inégalités discretes, qui sont des estimations a priori rigoureuses correspondant respective-
ment & une estimation sur la norme de u dans L°°(Q2) et & une estimation sur la norme de ¢(u)
dans L?(0,T, H'(€2)). Ces deux estimations permettent d’obtenir une propriété de compacité faible
de I'ensemble des solutions approchées notée uz s ou up dans L*°(€) et de compacité forte de
o(ur st) ou p(up) dans L(0,T, L?(£2)), cette derniere propriété de compacité découlant directement
du théoreme de Kolmogorov.

e Néanmoins, chacun des cas traités est différent pour les raisons suivantes :

— Dans le cas faiblement dégénéré (Chapitre 1), comme ¢ est strictement croissante on déduit di-
rectement de la compacité forte de p(u7 5¢) une compacité forte sur uz qui suffit pour démontrer
que les valeurs d’adhérences sont des solutions faibles du probleme considéré. Cette convergence
est suffisante car dans le cas faiblement dégénéré, il y a unicité d’une solution faible.

— Dans les cas ou le terme de diffusion est fortement dégénéré (Chapitres 2 et 3), ¢ est simplement
croissante au sens large, donc on ne peut rien déduire a priori sur up a partir de la connaissance
de p(up). Ce manque de compacité peut alors étre compensé comme dans 1’étude des équations
hyperboliques (cf [EGGH98][CCL95][Vil94]) en utilisant les solutions de type mesures d’Young
[DiP85]. D’autre part, la notion de solution faible n’étant plus suffisante pour assurer l'unicité,
il est nécessaire de faire appel & une formulation entropique.

De I'étude du cas fortement dégénéré avec conditions au bord de type Dirichlet homogenes et
q-n = 0 (Chapitre 2), il ressort que I’adaptation de la preuve d’unicité pour les équations hyper-
boliques de SN Kruzkov aux équations paraboliques nécessite de prendre en compte séparemment
les zones ou ¢ est strictement croissante. Une bonne maniere de tenir compte de ces zones est de
formuler les inégalités obtenues avec les entropies convexes dont la dérivée est du type n'(p(u)),
avec 1) convexe, qui sont par nature plus régulieres puisque (u) vérifie des estimations plus fortes
que la solution u elle méme. A la maniere de José Carrillo [Car99], on peut alors construire une
preuve d’unicité pour les solutions processus entropiques.

Le cas fortement dégénéré avec conditions au bord de type Dirichlet homogene sans condition
sur q - n (Chapitre 3) n’entre pas dans le cadre de ’étude faite au chapitre précédent. Les
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travaux publiés depuis le début des années 70 sur les conditions au bord pour les équations
hyperboliques dans le cadre BV (cf [BIRN79], [CCL95]) puis plus récemment dans le cadre L™
(cf [Ott96a], [Vov00]) ont montré qu’il était nécessaire de formuler également les conditions
au bord en un sens entropique. En utilisant les travaux les plus récents, qui sont beaucoup
mieux adaptés aux méthodes volumes finis, nous avons donné une formulation intégrale avec
des entropies simples (demi-entropies de Kruzkov), qui étend les formulations de José Carrillo
[Car99] et de Julien Vovelle [Vov00]. Les hypotheses sur la condition au bord, nécessaires pour
démontrer la convergence du schéma, sont identiques a celles utilisées pour le cas q - n = 0 au
chapitre 2. La preuve d’unicité est basée sur 'idée que 'on peut remplacer dans les inégalités
d’entropie le réel x par un relevement encore noté u de la condition au bord. Il ressort de
ce travail que la méthode de dédoublement des variables de Kruzkov peut étre adaptée pour
montrer I'unicité des solutions entropiques pour les équations paraboliques hyperboliques avec
données au bord non homogeénes et que les schémas volumes finis sont bien adaptés a ce type
de probleme.

La deuxieme partie de ce mémoire a permis de mettre en évidence les résultats suivants, concernant les
méthodes volumes finis pour les écoulements diphasiques en milieu poreux :

e Le schéma volumes finis “des mathématiciens”, qui consiste a réécrire le systeme sous la forme
d’une équation elliptique sur la pression couplée avec une équation parabolique hyperbolique sur la
saturation par l'utilisation de la pression globale de Chavent [CJ86] est convergent. La preuve peut
se faire par l'utilisation des méthodes déja connues dans le cadre des équations elliptiques et des
équations paraboliques. Elle est valable dans le cas ou le terme de diffusion est faiblement dégénéré.

e Le schéma volumes finis des “pétroliers”, qui consiste a discrétiser directement le systeme des
équations de conservation en effectuant un décentrage phase par phase (Chapitre 6), est lui aussi
convergent. La démonstration de la convergence du schéma fait appel & des estimations a priori orig-
inales que la présence simultanée de deux décentrages différents rend ardues. Il ressort de cette étude
que la symétrie du probleme par rapport aux deux phases est essentiel a la preuve de la convergence
du schéma et qu’elle joue un role important dans la robustesse du schéma.

e Les applications numériques ne permettent pas de comparer les deux schémas du point de vue des
résultats obtenus, méme lorsque les deux méthodes numériques peuvent étre testées (1D ou 2D
rectangle) Néanmoins, des faiblesses au niveau de la robustesse du schéma des “mathématiciens” sont
apparues. En revanche, aucune difficulté n’apparait lors de la résolution du systéme associé au schéma
des pétroliers sur un maillage triangulaire. Par ailleurs, il est indéniable qu’au-dela des performances,
la programmation du schéma des pétroliers est beaucoup plus proche de la physique du probleme,
donc plus simple a mettre en oeuvre. Enfin, contrairement au schéma des “mathématiciens” ce
schéma a I'avantage de pouvoir s’étendre au cas compressible et compositionnel.

Perspectives

Les résultats mis en évidence dans la premiere partie du mémoire laissent entrevoir une premiere perspective
qui est amélioration des hypotheses sur la donnée au bord dans le cas général étudié au chapitre 3. Au-
dela du souci d’optimisation des hypotheses, il est également intéressant d’envisager une étude concernant
les estimations d’erreur. Dans les trois premiers chapitres de ce mémoire, la convergence du schéma est
démontrée par des estimations a priori et 'utilisation de fonctions tests réguliéres, donc sans évaluation de
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I’erreur entre solution exacte et solution approchée. En ce qui concerne I'estimation d’erreur, j’entreprends
un travail avec Raphaele Herbin et Robert Eymard sur le schéma volumes finis exposé au chapitre 2, en
s’appuyant sur les résultats obtenus dans le cadre de 'approximation visqueuse [EGHO00a].

La deuxiéeme partie du mémoire a mis en évidence la robustesse du schéma des pétroliers, mais aussi la
difficulté de la preuve de convergence. La premiere perspective serait d’envisager des mobilités relatives
plus générales comprenant des fonctions quadratiques ou cubiques par exemple, les mobilités réelles étant
plus faciles a représenter a ’aide de telles fonctions. Enfin, le schéma des “pétroliers” étant un schéma
industriel, une seconde perspective qui s’offre naturellement est d’étendre la preuve faite au chapitre 6 a
des milieux non isotropes et non homogenes, tout en tenant compte des termes gravitaires.
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Annexe A

Unicité des solutions faibles pour les
équations paraboliques faiblement
dégénérées par dualité

Dans cette annexe, on démontre I'unicité de la solution u du probleme
ur — Ap(u) + div(qf(u)) = 0.
La démonstration s’inspire de la preuve faite dans [EGH0O0b] pour 1’équation
ur — Ap(u) =0
D’autres preuves sont possibles, mais le principe de démonstration par dualité est intéressant en soi. Il faut
noter qu’on utilise fortement les estimations sur les solutions faibles, par exemple le fait que les solutions

soient bornées est primordial. Le spécificité de la preuve par dualité est d’utiliser les théoremes d’existence
dans le cas linéaire et les estimations associées pour montrer 'unicité d’un probleme totalement nonlinéaire.

A.1 Définition de la notion de solution

On étudie ici des solutions au sens faible du probleme et la formulation intégrale contient la condition
initiale et les conditions limites au bord.

Definition A.1.1 (Solution faible) On appelle solution faible du probléme considéré toute fonction u €
L>*(Q x (0,T)) vérifiant
Vi € C,
T
//U(xyt)wt(wvt) + flulz,t)a(x,t).Vi(z,t) + o(u(z, ) Ap(z, t) dedt
0JQ
—I—/ uo(x, t)(z,0) dx =0,
Q

ot C={1p € C*Y(Q x [0,T)) telles que (., T) = 0 et Vip.n = 0}.
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A.2 Unicité par la méthode duale

Le principe de cette méthode est tres simple a comprendre et s’adapte a d’autres problemes nonlinéaires
du méme type.

Soient uy et ugy deux solutions faibles. Si 'on note ug la différence entre ces deux fonctions alors, pour
toute fonction ¢ € C, on a

T
/0 /Q w2, 1) + ale, ) F (2, ) V(@ £) + Dz, ) Av(, t) [dwdi=0, (A1)

ou F(xz,t) (uy(z,t), uz(z,t)) et ®(z,t) = P(uy(x,t),uz(x,t)), avec pour toute fonction g dérivable
g

g(a,b) = %ﬁj(b) sia # b et g’(a) dans le cas contraire.

Definition A.2.1 (Probleme dual) Le probléeme dual associé a uy, ug et a une fonction x est

Y +qF .V + AP =
P e CPLHQ % [0,T)) et Vin =0
Y(T)=0

A.2.1 Principe de la démonstration d’unicité

Supposons que ’on sache démontrer ’existence d’une fonction 1 solution du probleme dual pour toute
fonction x assez réguliere (par exemple dans C°(2 x (0,7)). D’apres (A.1), on aurait

/T/ ug(z, t)x(z, t)dxdt =0, Vx € C°(Q2 x (0,7))).
0JQ

Par un argument classique de densité, il serait alors facile de démontrer que ug = 0 au sens L>(Q2 x (0,7")).

Malheureusement, les seules hypotheses f € C'(R) et ¢ € C'(R) strictement croissante sont insuffisantes
pour espérer montrer ’existence d’une solution au probleme dual.

En fait, la principale difficulté provient du fait que le probléme initial est dégénéré, c’est & dire que ¢’ peut
s’annuler, donc ® n’est pas minorée par une constante strictement positive.

A.2.2 Théoreme d’existence pour un probleme proche
On considere dans un premier temps le probleme dual dans le cas ou F, v et ® ont de bonnes propriétés.

Le premier théoréme suivant est admis :

Theorem A.2.1 (Existence pour le probléme dual régularisé) Sion suppose que F , q et ® sont de
classe C* sur Q2x[0,T], et qu’il existe 6 > 0 tel que ®(x,t) > 0, alors pour toute fonction x € C°(2x(0,T)),
le probleme dual admet au moins une solution.

Les hypotheses de ce théoreme sont un cas particulier des hypotheéses du théoréme 5.3 dans [LSU6T].
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A.2.3 Principe du maximum et comparaison

Dans cette partie, nous allons montrer que si la fonction x est comprise dans U'intervalle [m,M], alors ¢ (x, )
est compris entre m(T —t) et M(T —t).

Les théories classiques étant le plus souvent écrites avec une donnée initiale prise au temps ¢ = 0 pour
une évolution suivant les ¢ > 0, nous effectuons un changement de variable s = T' — ¢t qui nous ramene au
probleme :

B Y — PAY —qF VY =
P € CPLHQ % [0,T]) et Vipn =0
$(0) =0

Le résultat qui nous sera utile par la suite est le suivant :

Theorem A.2.2 (Principe de comparaison) Soit § une fonction vérifiant

0; — PAH —qF.VH <0
6 cC>(Qx[0,T]) et { VOn<0
9(0) <0

alors , 0(x,t) <0 VY(z,t) € Q x [0,T].

Remark A.2.1 Si on change le sens des inégalités dans les hypothéses et la conclusion, ce théoréme est
bien sur encore vrai, puisque on peut appliquer le théoreme A.2.2 a —6.

Ce théoreme découle directement du principe du maximum pour des équations paraboliques. Les résultats
utiles et leur démonstration figurent en Section A.3

En appliquant a la différence de deux fonctions le théoréme A.2.2, on obtient un principe de comparaison de
la solution au probleme avec des “sur-solutions’ et des “sous-solutions”’ de celui-ci. Ceci permet notamment
de démontrer le résultat suivant :

Proposition A.2.1 Si ¢ est une solution du probléeme dual régularisé associé a x, et st m < x < M,
alors B
m(T —t) <(z,t) < M(T —t), Y(x,t) € Qx][0,T].

En particulier, 1 est bornée en norme LP(2 x (0,T)) pour tout p, 1 < p < 0o, indépendemment de la borne
inferieure 6 de .

A.2.4 Une estimation sur Ay et Vi

Pour comparer le probleme dual et le probleme dual régularisé, on aura besoin d’ estimations concernant
Ay et Vip en fonction des données, & savoir les coefficients ®, q et F, et le second membre y. Dans
cette premiere estimation, nous utiliront bien sur le fait que ® > §, mais en dehors de cela, nous nous
contenterons d’utiliser le fait que ®, v et F sont des fonctions bornées et que les intégrations par parties
se font sans probleme, car les fonctions sont régulieres.

Proposition A.2.2 (Estimation L°°) Soit 1 une solution au probléme dual régularisé, et soit Mg , Mg
et M des majorants de ®, |q| et |F|. Il existe C > 0 ne dépendant que de x, Mo, Mg, Mp, Q et T telle
que

C
AV 2 (x 0,1)) < 52
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et o
VYl 2 (ax 0,1y < 5
Démonstration .

On multiplie ’équation par A et on integre le résultat sur £ x (¢,7). Apres intégration par parties on
obtient I’équation

5 [rveors [ [eawr=[ [ -vevo- [ [ avrave (A2)

Le premier terme dans le membre de droite de (A.2) n’est pas génant, par contre, le second terme a le
meme degré d’homogénéité par rapport a ¢ que le terme de gauche. On ne peut pas I’éliminer directement.
On utilise alors I'inégalité auxiliaire suivante

V912205 0y < 19122 @x 0,0 1A% L2 x (0,1 - (A.3)

|V¢H%Q(Q><(O,T)):/OT/Q|vw|2:_/OT/QwA¢

(A.2) prise a la date t = T et (A.3) associés a l'estimation sur i) obtenue par le principe de comparaison
permettent d’aboutir a I'inégalité

qui découle directement de

T 1 3
| #1800 < Clawuaromy + CalAV oy (A4)

ou (' et (5 sont du meme type que C dans la proposition.
Finalement, en utilisant des inégalités de Young, on obtient

Ci(a)  Cy(a)
52 T

6(1 = )| A%l 2 x(0,1)) <
ol a < 1 est un réel fixé.

L’estimation sur A s’en déduit directement grace au fait que § < Mg, puis en utilisant (A.3), on obtient
celle concernant V.

Remark A.2.2 Si on essaie d’utiliser I’équation (A.2) pour obtenir une estimation de Vi (t), alors on
tombe sur une majoration du type

C
IVo)llL20) < —-
02
Par conséquent, on a une “moins bonne” estimation sur la norme L*®(0,T, H' () que sur la norme
L0, T, H(Q)).
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A.2.5 Résultat d’unicité et démonstration
Voici le résultat que nous allons démontrer

Theorem A.2.3 (Unicité) si p~! est a-Holder avec a > %, alors le probléme posé admet au plus une
solution faible.

Démonstration.
Le travail d’estimation préliminaire permet de démontrer de maniére concise ce résultat.
Soit x € C°(Q2 x (0,7)).

Le théoreme d’existence pour le probleme dual nécessite entre autres que ® soit minorée par un réel
strictement positif. Il est donc inapplicable tel quel.

Soit § > 0 fixé arbitrairement (6 < Mg)

®s5 = max(d, P) est minorée par 0 et est encore dans Lo@x(0.1)) - Cependant, on n’a pas d’hypotheéses

concernant la régularité de @45, F' et q. Qu’a cela ne tienne en effectuant une convolution par un noyau
régularisant positif, on construit facilement des suites G,, F), et q, de fonctions régulieres sur Q x [0, 7]
qui convergent vers ®g5, F' et q dans LP(£2 x (0,7")) si p < oo et telles que

0 <Gy < My
x| < Mg
’Fn‘ SMf.

Pour toute valeur de n, le théoreme d’existence fournit une fonction 1, dans C vérifiant le probleme dual
associé a G, qn, F,, et x. Ainsi, d’apres (A.1)

- /0 /Qudwnt + @AYy, + qF. Vi) + /0 /Qud(gn — ®)A,

+/OT/Qud(ann — qF).Vi,.

D’apres (A.1),

T
/ / wa(ong + DAEn + QF. Vi) = 0.
0JQ

De plus, comme les majorations de G,,, qn, F), et la minoration de G,, par § sont indépendantes de n, les
estimations sur Ay, et Vi, le sont également. Par conséquent, lorsque n tend vers I'infini,

T
lim/ /ud(ann—qF)-an =0
0JQ

et

T T 1 C
lim sup |/ /ud(Gn —D)AY,| < (/ /u%(@tg — @)2)5—2,
0Ja 0Ja 0
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car G, converge vers ®s et non vers .

Mais @5 —® < 0 L{g<4) puisque O et 5 coincident sur {® > ¢}. Donc si on note As = {ug # 0} N{P < d},

on obtient finalement
T 2
ugx < (| =5 )%
L, I

Dans le cas général, le terme de droite ne tend pas forcément vers 0, car on n’a pas de controle de ug sur
As. Cependant, si ¢! est a — holder,

O(x,t) <0 = |ug(x, t)] < 0%ug(x,t)|*.
Ainsi, pour o = %, on a

lug| < 6 sur As,

et donc

/ T/Q uax < /mes(Ay).

D’autre part, As décroit vers Ag = {ug = 0} N {P = 0} si § décroit vers 0 et Ay est 'ensemble vide car ¢
est strictement croissante. Ainsi mes(As) — 0 et

T
//udX:O.
0JQ

On termine la démonstration en prenant une suite x. qui converge vers sign(ug) dans L', ce qui montre
que ug = 0 p.p. dans Q x (0,7).

Remark A.2.3 Cette rpeuve permet donne une propriété de L' — contraction pour le semi-groupe associé
au probleme. C’est a dire que si u et v sont deux solutions associées aux conditions initiales ug et vy alors

/ |u — v|dzdt < T/ |ug — voldx (A.5)
Q Q

A.3 Démonstration du théoréme A.2.2

Pour démontrer ce théoreme, on aura besoin de principes de maximum
Soit Q7 = Q x (0,T], et soit 't = Qr\Qr. Si on pose L, = ®Au + qF.Vu, le premier résultat trés

classique s’énonce ainsi :

Theorem A.3.1 (Principe du maximum intérieur) Si 0 € C*Y(Q x [0,T]) vérifie 0, < Ly dans Qr
alors

supf = max 0 = max¥6.
Or Qr T'r
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Démonstration.
Supposons dans un premier temps que 6; < Lg dans Qp et que 6 atteint son maximum en un point P de
Q7. Dans ce cas, toutes les dérivées premieres en espace de 8 sont nulles et la hessienne de 6 est négative
au point P. En particulier, sa trace qui est Af est négative.
Ainsi,

Lo(P) <0,

ce qui permet de dire que
Ht(P) < 07

et donc que 0 croit au voisinage de P le long d’une ligne verticale partant de P dans le sens des t décroissants.
Cet argument contredit le fait que P soit un maximum.

Maintenant, si on a uniquement 6; < Ly, on introduit une fonction auxiliaire

Bz, t) = exp(Axq).
On obtient alors facilement

Lg = /\ﬂ[@/\ + qF.el],

supqFl.eq
)

Ainsi, pour tout € > 0, L(0 +¢f) > (0 + £3); et d’apres ce qui vient d’etre fait,

donc si A > , Lg > 0.

sup(0 + ef8) = max(f + f3).
Qr Ir

En faisant tendre € vers 0, on obtient la conclusion.

Etant donné que sur 92 x (0,7] on ne donne pas d’inégalités sur la valeur de v mais seulement sur sa
dérivée normale, on aura besoin d’un second résultat.

Theorem A.3.2 (Principe du maximum sur le bord) Si § € C%1(Q x [0,T]) vérifie 6; < Ly dans
Qr atteint son mazximum de maniére stricte en un point P = (zp,tp) du “ bord vertical” 92 x (0,T], au
sens ou 0(S) < O(P) si S € Qr

alors
Vu.n(P) >0

Démonstration

Dans un premier temps supposons que tp < T'. Comme dans la preuve du théoreme précédent on construit
une fonction auxiliaire, un peu plus compliquée cette fois ci, de maniere a obtenir 'inégalité stricte sur la
dérivée normale.

Soit @ un point de Q7 situé sur la normale sortante passant par P a Q7 et tel que 'adhérence de la
boule B de centre ) passant par P privée du point P soit incluse dans Q7. On note R le rayon de B.
Comme ) # P, on peut construire une seconde boule By de centre P telle que pour tout point de By,
|z —2g|| > a>0. Onnote K = BN DBy.
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Fig 22. Illustration dans le cas “1D en espace”

On définit alors une fonction auxiliaire 8 sur K par

Bat) = e Ml—zal H0t)) _ 3

- premiére propriété: (3 est nulle sur 0B.
- seconde propriété: Lg — fr > 0 (si A est assez grand).

En effet, , ,
Lg — B = Ae Me=20lP+0=)%) (4 )| 2 — 20 ||? — 2qF.(x — x0,0) + 2(t — tg)).

Mais || — zgl|| > « > 0, donc si X est suffisament grand, on a bien I'inégalité voulue.

La premiere partie de la démonstration du théoréme précédent nous dit que si ¢ vérifie ¢y — L, < 0 sur
un domaine D, elle ne peut atteindre son maximum que sur le bord de D.

Comme précédemment on construit v, pour € > 0
Ve =0 +€pf.

Cette fonction vérifie bien 7., — L., < 0 sur K, par conséquent, elle atteint son maximum sur le bord de
K.

Or 7. = 0 sur 9B. De plus, 0K privé de 0B est d’adhérence compacte dans Qr et 0(S) < 0(P) sur Qp
donc pour € assez petit, on a également . < §(P) sur K privé de dB. De ces deux propriétés, on déduit
que le maximum de . sur le bord de K est atteint en P.

Conclusion :

O(P)—0(S) >ep(S), VSeK.
Si on divise les deux quantités par d(S, P) et que 'on regarde la limite lorsque S tend vers P radialement
(ie selon la droite (QP)), on obtient
VO.n(P) > 2eARe M) > 0,

ce qui termine la preuve dans le cas ou tp < T
Lorsque tp = T, la boule B n’est pas incluse dans Q7. On doit regarder cette fois ¢i K’ = BN By N Qr,
la partie de la frontiere de K’ que l'on n’a pas prise en compte ({t = T} N K) ne fait pas partie de la
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“frontiere parabolique” de K’ car pour chacun des points incriminés, on peut descendre verticalement sur

une longueur strictement positive, en restant dans K’. Aussi la démonstration reste la méme que pour les
M

autres cas avec K’ au lieu de K.

Démonstration du théoréeme A.2.2 :

En utilisant le principe du maximum intérieur, on est assuré qu’il est atteint sur les bords. D’autre part,
la conclusion du principe du maximum sur le bord est fausse, ce qui implique que ses hypotheéses ne sont
pas vérifiées, et donc que le maximum est bien atteint sur le bord {¢t = 0} ou la fonction est par hypotheses
négative. Ce qui termine la preuve du théoreme A.2.2.
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Résumé. Ce mémoire est centré autour de I'analyse numérique de schémas volumes finis pour un modele
simplifié d’écoulement de deux fluides incompressibles en milieu poreux. Ces phénomenes sont souvent
qualifiés de phénomenes de convection diffusion & convection dominante (“convection dominated problems”
en anglais).

La premiere partie du mémoire est consacrée a 'approximation numérique d’équations paraboliques hy-
perboliques faiblement ou fortement dégénérées. Les trois premiers chapitres sont consacrés a I’étude de la
convergence de schémas volumes finis. Le dernier chapitre est consacré a ’analyse des résultats numériques
obtenus.

La seconde partie est consacrée a 'analyse numérique d’un modele simplifié d’écoulement diphasique en
milieu poreux par deux schémas différents. Le premier schéma dit “des mathématiciens” est basé sur la
réécriture du systéme étudié sous la forme d’une équation parabolique hyperbolique sur la saturation et
d’une équation elliptique sur la pression, ces deux équations étant couplées par le coefficient de diffusion. Le
second schéma dit schéma “des pétroliers” est une méthode numérique utilisée en pratique dans l'industrie
pétroliere. Les deux schémas sont analysés séparément et ils sont ensuite comparés numériquement.

Mots clés : milieux poreux, écoulements diphasiques incompressibles, schémas numériques, volumes finis,
équations paraboliques dégénérées, équations hyperboliques, formulation entropique, estimations a priori,
convergence, unicité, mesures d’Young, Kruzkov.

Discipline : mathématiques

CONVERGENCE OF FINITE VOLUMES SCHEMES FOR NONLINEAR CONVECTION
DIFFUSION PROBLEMS

Abstract. The main subject of this report is the mathematical study of finite volume schemes for problems
of two phase flow in porous media. These problems are often called “convection dominated problems”.

The first part concerns the numerical approximation of degenerate hyperbolic parabolic equations by a
finite volume method. In Chapter 1, Chapter 2 and Chapter 3, We study the convergence of the scheme
and in Chapter 4, we present numerical results.

The second part of this report concerns the study of two numerical methods for a simplified model of two
phase flow in porous media. For the first scheme also called “schéma des mathématiciens”, we transform
the coupled system in an equivalent system of two equations, a parabolic equation on the saturation and
an elliptic equation on the pressure coupled by the convective term. The second scheme is a phase by
phase upwinding finite volume scheme which is used in petroleum industry. We study the convergence of
the schemes and we make a comparison between the two methods by using numerical experiments.

Key words : porous media, two phase incompressible flow, numerical schemes, finite volumes, degenerate
parabolic equations, hyperbolic equations, entropic formulation, a priori estimates, convergence, unique-
ness, Young measure, Kruzkov.
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