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ABSTRACT OF THE DISSERTATION

Linear and semilinear elliptic equations with a singular

potential

by Louis Dupaigne

Dissertation Director: H. Brezis

This dissertation is concerned with simple elliptic partial differential equations of the

form
—Au = F(zr,u) in

v > 0 in

u = 0 on 012,
where €2 is a smooth bounded domain of R™ and F' can depend nonsmoothly on the
variable . In this setting, uniqueness, existence and regularity results of the standard
theory may fail, even in the linear case. An educating example is the so-called inverse-

square potential with a power nonlinearity, i.e., when

C

F(z,u) = B

u—+uP + A\,

where ¢, A > 0 and p > 1. We show that existence of solutions depends highly on the
values of the parameters. Optimal regularity, uniqueness and stability results are also

considered. For the general case, we first look at linear right-hand sides
F(z,u) = a(z)u+ b(x)

and obtain important comparison principles, which enable us in the general case to

obtain a sharp criterion of existence for a wide class of nonlinear F.
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Preface

This dissertation is a compilation of the research papers written by the author during
the course of the Ph. D. As a result, each chapter contains one paper and its own
references. Part of the material has been written in collaboration (with J. Davila for
chapters 3 and 5 and with G. Nedev for chapter 4). Some of the papers have already
appeared in specialized journals, while others have been submitted for publication.

Minor changes were made from the original papers.
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Chapter 1

Introduction

1.1 Overview

This work studies the interaction between singular coefficients and nonlinear terms in

some simple partial differential equations of the form

—Au = F(zr,u) in
u > 0 in (1.1)
u = 0 on 012,

where 2 is a smooth bounded domain of R™, A the usual Laplacian and F' a function

which is a priori nonsmooth in the variable x.

Brézis and Vazquez have observed that this type of problem seemed to contradict
the inverse function theorem. Numerous other apparent contradictions can thus appear
: loss of maximum principle for coercive elliptic operators, lack of Green’s function,

blow-up in finite time for linear evolution equations, etc.

From the viewpoint of application, particularily the Gelfand problem or standard
combustion models, some complete blow-up phenomena (in the stationnary case) and

instantaneous complete blow-up (for parabolic equations) can be obtained.

Starting from a simple example (including a one-point singularity, via the inverse-
square potential 1/|z|?, coupled with a power nonlinearity u?), we show the existence
of a critical exponent beyond which such phenomena appear.

We then obtain a more general result, allowing one to consider “fatter” singular sets
and more complicated nonlinearities. The question of blow-up in the nonlinear case can

then be reduced to the study of a linear problem.



1.2 Linear theory

Even when the right-hand side of (1.1) is linear, i.e.
F(z,u) = a(x)u + b(z), (1.2)

new phenomena appear as soon as a(x) is singular. A striking example is given by the
inverse-square potential :

c (n —2)?

a(x) = EE ,where 0<ec< and n > 3. (1.3)

By Hardy’s inequality, the operator —A — ¢/|z|? is (formally) coercive. But (assuming
of course that 0 € ), one loses the maximum principle. Existence and uniqueness of
weak solutions (belonging to L'(£2)) can also fail.

At the same time, the usual elliptic regularity theorems no longer hold. More
precisely, the LP theory remains true only in an interval 1 < p; < p < ps < co. Finally,
it is known that all nontrivial solutions of (1.1)-(1.2)-(1.3) are singular at the origin.
For all these results, see chapter 2.

One can better understand these anomalies by going back to the (more) general case
where a(z) € LL_(Q), a(x) > 0. In an appropriate functional setting (H{ () suffices
in the generic case) and under the natural coercivity assumption, one easily recovers

the maximum principle for the operator L = —A — a(x). Under a slightly stronger

condition, we obtain the following comparison principle : if (y solves

—Aly — a(x = 1 inQ
o — a(z)qo (1.4)
(o = 0 ondQ,
and ¢1 > 0 is an eigenfunction associated to the first eigenvalue of L, then there exists

a constant C > 0 such that

C ¢ < ¢ < Cl. (1.5)

Thus (p and ¢; have the same singularities and we can take (y as a reference function.
Inequality (1.5) is obtained by combining a technique of reduction to the case of a
bounded potential and the Moser iteration method. This procedure has the advantage
of being general and flexible : one can thus obtain fine maximum principles and treat

evolution problems as well.



It is nevertheless useful to work in the general setting of L'($2)-weak solutions. One
can then characterize b(z) for which problem (1.1)-(1.2) has at least one solution, and
either recover the maximum principle, provided a priori regularity of the considered
solution is assumed, or use a concept of minimal solution of (1.1) (by means of the

maximum principle for the Laplacian) and thus construct a monotone inverse of L:

G=L"1'=(-A—a(z))™". (1.6)

1.3 Semilinear equations

First consider equation (1.1) with

C

F(z,u) = B

u—+uf + A, (1.7)

where p > 1, A > 0 and c is chosen as in (1.3).

There exists a critical exponent py = po(c,n) such that problem (1.1)-(1.7) has no
solution given any pair (p, \) when p > pg, whereas solutions exist for p < pg (and A
small).

In the first case (supercritical), we also have a result of complete blow-up for solu-
tions of the regularized problem.

In the second case, we recover a certain number of phenomena that are well-known
when a(z) = 0 : for each p < pg, there exists an extremal parameter \* > 0 such that
(1.1)-(1.7) has a solution w if and only if A < A*. When A < A*, this solution has on

the one hand optimal regularity, i.e.
O™ < u < Cl, (1.8)

where C' > 0 and (p solves (1.4)-(1.3). On the other hand, u is stable (in a linearized
sense) and is the unique stable solution of (1.1)-(1.7) belonging tho HE(Q). In the
extremal case A = \*, the solution is unique and can in certain cases satisfy (1.8) and
be unstable, and in other cases show stronger singular behaviour at the origin while
remaining stable.

Nonexistence in the supercritical case can be demonstrated in two different ways.

In the first approach, one first obtains an a priori regularity result, allowing one to



use the maximum principle. Arguing by contradiction, one then constructs more and
more singular subsolutions, eventually reaching a contradiction (see chapter 2). In the
second approach, one starts from a solution of the nonlinear problem to construct a
supersolution of a linear problem. Comparing the latter with the minimal solution of
the linear problem, we then obtain a restriction on p.

Using this method, we can treet the more general case where
F(z,u) = a(x)u+ c(z)f(u) + \b(z), (1.9)

where c(z) > 0, c¢(z) € L}, () and where f > 0 is a convex superlinear function.
One can then classify nonlinearities in two categories : existence (for small A > 0) or
nonexistence. More precisely, problem (1.1)-(1.9) has solutions if and only if there exist
€,C > 0 such that

G(c(z) f(eo)) < Clo, (1.10)
where (p solves (1.4), G is the inverse evoked in (1.6) and where we supposed b(z) €
L*>(Q) to simplify the exposition. Observe that (1.10) states that the solutions of two
linear problems are comparable.

This criterium can be conveniently applied. For example, if

C

where ¥ is a (compact imbedded) submanifold of codimension k£ # 2 (and ¢ > 0
small enough), we obtain a new critical exponent py = po(c,n, k), which somewhat
surprisingly decreases with k. In particular, if 3 = 02, one can take py = oo.

An important step towards this result comnsists in obtaining the coercivity of the
corresponding linear operator L, which we refer to as a generalized Hardy inequality

and demonstrate in full generality in chapter 4.

1.4 Perspectives

Singular potentials lead to a number of interesting questions. Let us cite three of them.

The parabolic analogue of problem (1.1) is a natural extension of the above work.

One major open question is to determine whether condition (1.10) is sufficient to



guarantee the well-posedness of the Cauchy problem. We have obtained partial
results on this matter and believe that full generality can be reached provided

sharp pointwise upper bounds on the corresponding heat kernel are known.

Another direction of investigation consists in considering potentials a(x) that change
sign and more importantly in stating problem (1.1) without a sign condition on

u : can nonexistence results still be obtained ?

The study of the Yamabe problem in the supercritical case can be attacked from the

viewpoint of singular potentials. Consider for example the equation —Awu = u? in
dimension 7 or higher. It is easy to derive a solution of this equation (in R™\ {0})

of the form uy = ¢,|x| 2 and we can then look for solutions
U =ug+v

to obtain the equation

2
—Av = ﬁv + 02,

The main problem here is that 2¢, > (n — 2)?/4 and th operator —A — 2¢,,/|z|?

is no longer coercive. Can nontrivial solutions still be obtained ?



Chapter 2

A nonlinear elliptic PDE with the inverse square potential

2.1 Introduction

2.1.1 Statement of the problem

This section is concerned with the following equation :

—Au—iu:up—l—tf in Q
|z

u>0 in (Pt,p)
u=~0 on 0f)

Here, €2 is a smooth bounded open set of R (n > 3) containing the origin, ¢ > 0, p > 1,
t > 0 are constants and f # 0 is a smooth, bounded, nonnegative function.
We assume from now on that

(n—2)?

O0<c<Leg:= 1

(0.1)

The relevance of the constant ¢y will appear after we clarify the notion of a solution of
(P t,p)-

Three types of solution are defined thereafter : weak solutions, which provide a good
setting for non-existence proofs (see Theorem 1 and Proposition 2.1), H}(£) solutions,
for which uniqueness results can be established (see Theorem 2) and strong solutions,
which set the optimal regularity one can hope for (see Theorem 1 and Lemma 1.5.)

We shall say that u € L'(Q) is a weak solution of (P,) if u > 0 a.e. and if it

satisfies the two following conditions :

Jo <|xu’2 + up> dist(x,00) dx < oo

Jou (80— 520) = Jolwr +10)6 for o€ CHQ) , dlon = 0



Observe that the first condition merely ensures that the integrals in the second
equation make sense.
2n
An H}(Q) solution is a function u € HZ () such that u > 0 a.e., uP € Ln+2(Q)

and
/Vqub—/cugb:/(up—i-tf)qb for all ¢ € H}(Q)
Q o |zf? Q
All integrals are well defined because of Sobolev’s and Hardy’s inequalities (see (0.3)
for the latter.)

Finally, a strong solution u is a C?(Q\ {0}) function satisfying the system of

equations (P;),) everywhere except possibly at the origin, such that for some C' > 0,
0<u<Clx|™®

where
n—2—+/(n—2)?2—4c

= 2
a 5 >0 (0.2)

Observe that —a is the larger root of P(X) = X(X —1) + (n— 1)X + ¢=0. Also
define a’ by

—a’ is the smaller root of P(X) (0.2%)

e Why are definitions (0.1), (0.2) important ?

The constant ¢y defined in (0.1) is the best constant in Hardy’s inequality :

2
/Q Vaul? > C()/Q ‘Z? for all u € H}(Q) (0.3)

Consequently, when ¢ < ¢y, the operator —A — ﬁ is coercive in H}(2). This

turns out to be crucial since Theorem 2.2 in [BG] implies that if ¢ > ¢, there is no
nonnegative u, u # 0 such that —Awu — ﬁu > 0 and hence no solution of (F;,), even
in the weak sense. We arrive at the same conclusion if ¢ > 0 is arbitrary and the space
dimension n is 1 or 2, as can be deduced from the first lines of the proof of Theorem
1.2 in [BC]. We therefore restrict to n > 3.

The constant a defined in (0.2) plays a central role, even in the linear theory. Indeed,
if f # 0 is say, a smooth nonnegative bounded function on Q and u € H}(f) is the

unique solution of



—Au—iu:finQ
|z

(0.4)
uw =0 on 0N

then u(x) > Clz|~® near the origin, for some C' > 0 (see Lemma 1.5 .) In particular,
strong solutions are the nicest one can hope for. In addition, ¢ := |z|~® solves —Ay —
ﬁw =0in R™\ {0}.

We introduce a third constant, the exponent

Do -

:1+n—2+\/(z—2)2—4c (0.5)

which satisfies

a+2=pya

a+2) and uP ~

Roughly speaking, if u behaves like |x|~%, then —Au — ﬁu ~ x|~
|x|~P. Hence, py sets the threshold beyond which the nonlinear term produces a
stronger singularity at the origin than the differential operator. In fact, we will show
that for p > po, (P;,) has no solution, no matter how small ¢ > 0 is. See Theorem 1
for details.

This fact is somewhat surprising : one would expect that working with the map
F(u) := —Au — @z — P, which is such that F'(0)=-A — e is formally bijective
and F(0) = 0, the inverse function theorem would yield solutions for ¢ > 0 sufficiently
small. Such an argument fails because there is no functional setting in which it may be

applied. See section 7 of [BV] or the introduction of [BC] for a similar situation.

Another interesting property of pg is its variation as ¢ decreases from ¢ = ¢y to ¢ =0

2
: when ¢ = ¢g, pg = > is the Sobolev exponent whereas when ¢ — 0, pg — oco. This

is natural in view of the case ¢ = 0, for which p > 1 can be chosen arbitrarily (see e.g.
[D],[BCMR,[CR].)

e How do strong, H}(2) and weak solutions relate ?
Proposition 0.1. Suppose (0.1) holds and recall (0.2), (0.5). Suppose also that 1 <

P < Dpo.



e Ifu is a strong solution of (Pyp), then u is an HE(Q) solution of (Pyp).
o Ifu is an HY(Q) solution of (Pp), then u is a weak solution of (P;,).

o Ifu is a weak solution of (P;,) and 0 < u < C |z|~® then u is an H} () solution

Of (Pt,p)'

o Ifu is an H}(Q) solution of (Pp) and 0 < u < C'|z|~* then u is a strong solution

Of (Pt,p) .
This will be proved in Section 1.

Remark 0.1. In section 5, we provide examples of both strong and H&(Q) solutions.

We do not know however if there exist weak solutions that are not Hg ().

With these definitions in mind, we investigate the existence, uniqueness and regu-

larity of solutions of (P ) :

2.1.2 Main results
Theorem 1. Suppose (0.1) holds and recall (0.5).
o If1 < p < pg, there exists tg > 0 depending on n, ¢, p, f such that

- if t <to then (P.p) has a minimal strong solution,
— if t =to then (P.p) has a minimal weak solution,

- if t > to then (P;p) has no solution, even in the weak sense and there

is complete blow-up.
o Ifp > pg then, for anyt > 0,

- (Pyp) has no solution, even in the weak sense, and there is complete

blow-up.

This result requires the following definition :
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Definition 0.1. Let {a,(z)} and {gn(u)} be increasing sequences of bounded smooth

c
. . L , » .
functions converging pointwise respectively to —‘$|2 andu — uP and let u, be the minimal

nonnegative solution of

— Aty — aptiy = gn(tn) +tf in Q
(Pn)
Uy =0 on 09

We say that there is complete blow-up in (P;;) if, given any such {an(x)},

{gn(u)} and {un},

U ()

d(x)

— 400 uniformly on §,
where 0(x) := dist(x,00).

Theorem 2. Suppose (0.1) holds and 1 < p < pg, 0 < t < tg. Then if u; denotes the

minimal strong solution of (Pp),

e u; is stable

e u; is the only stable H}(Q) solution of (P;,)

If uy, denotes the minimal weak solution of (Py,p) and 0 < ¢ < ¢y and
if uy, solves the problem in the strong sense then A\i(ug,) =0

Stability is defined as follows :

Definition 0.2. We say that u is stable if the generalized first eigenvalue \i(u) of the

linearized operator of equation (P;,) is positive, i.e., if

Ai(u) = inf{J(¢) : ¢ € C(2) \ {0}} >0

where .

fQ |V¢’2 - fQ de - fgpupilﬁz52
J(¢) =
(¢) 7
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The proof of Theorem 1 is presented in sections 2 and 3, whereas Theorem 2 is

proved in section 4.

In section 5, we study the extremal case t = ty and provide examples of two distinct

behaviors of the extremal solution of (P, ).

Finally, in section 6, proofs of all previously announced results pertaining to the

case ¢ = ¢g are given.

2.1.3 Notation and further definitions

Dealing with linear equations of the form (0.4) with f € L'(€, dist(x,09) dz), a weak
solution = is one that satisfies the equation fQu (—A(b — ﬁgﬁ) = fQ fo with the
integrability condition [, % < 00. Strong solutions are defined as in the nonlinear

case.
Of course, Proposition 0.1 need not be true in this setting.

Sometimes we shall refer to inequalities holding in the weak sense or talk about
(weak) supersolutions. This means that we integrate the equation with nonnegative

test functions.
For example, —Au — ﬁu > f holds in the weak sense,

given f € LY(Q, dist(x,00) dx), if # € LY(Q) and if

/“<_A¢_02¢) 2/f¢ for all ¢ € C*(Q) with ¢ > 0 and ¢|pq = 0
) |z| Q

The following L9 weighted spaces will be used in the sequel :
Li=L%Q,6(x)dz),
LI, = L1(Q, |z|™ dz),
Ly s =LY, |2|™ 6(x) dx) and
Ly ={u:u-fo| " e L¥(Q)}
where 1 < g < 00, §(x) = dist(z, ) and m € R.
Also, for p > 0, B, denotes the open ball of radius p centered at the origin. The

letter C' denotes a generic positive constant.
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2.2 Preliminary : linear theory

We construct here a few basic tools to be used later on and start out with the L? theory.

Lemma 1.1. Suppose 0 < ¢ < ¢ and let f € H Q). There erists a unique u €

H (), weak solution of

Au— S y= fin Q
||

(1.1)

u=0 on 00
Furthermore,
lell g () < Cllf Il (1.2)
f >0 in the sense of distributions = u >0 a.e. (1.3)

Cc

Proof. Hardy’s inequality (0.3) implies that —A — [ Is coercive in H} (). (1.2)
follows from Lax-Milgram’s lemma. Observe that, using approximation in H}(Q2) by
smooth functions and integration by parts in Q \ B. with ¢ — 0, our definition of a
weak solution and that of Lax-Milgram’s lemma coincide in this setting.

For u € H}(12), it is well known that u~ € H{(Q). Testing the variational formula-

tion of (1.1) against u~ yields (1.3). O
Next, we consider the L? theory and restrict ourselves to the radial case.
Lemma 1.2. Suppose 0 < ¢ < ¢y (with ¢y defined in (0.1)) and recall (0.2). Let

n—a 2+a
f € LY(By), there exists a unique radial weak solution v € E of

qc ( noo_n ) E = W>U(B) nWy(Bi) N{u: 4y € LYB1)}. For any radial

—Au—iu:finBl

|z[? (1.4)
u=0 on 0B
Furthermore,
lullz < C|lf]La (1.5)
f>0ae =u>0a.c (1.57)

Remark 1.2. Observe that
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e It can be shown that u € W9 N W(}’q = # € L7 for 1 < q < n/2, so that the
definition of E can be slightly simplified.

n

e The interval <,
n—a 24+a

> is nonempty if and only if ¢ < cq.

e The restrictions on the range of q are optimal. If ¢ < -, uniqueness is lost

n

544+ one could

(see Remark 1.4), whereas if the lemma were to hold for some q >
construct solutions of (Pyp) for some p, p > po by means of the inverse function

theorem, contradicting Theorem 1 (see the methods of Proposition 4.1 .)

e [t would be natural to extend Lemma 1.2 to the monradial case. The problem

TEMaINS Open.

Proof. Uniqueness will follow from the maximum principle (Lemma 1.4) proved in this

section, provided we can show that £ C Ll_a_2.

Ifuek, ﬁ € L4 and using Hélder’s inequality, u € L' ,_, if |z|™® € L‘f%l, which

is equivalent to asking ¢ > .
n—a

For existence, we suppose (without loss of generality in view of estimate 1.5) that

feC(0,1), f >0 and define

where o = /(n —2)2 —4¢, r € (0,1).
(1.5%) follows from the definition of w.

u
Since f is supported away from the origin, it is quite clear that — Is smooth every-

r
where on [0, 1] so that |u| < Cr~® and |v/| < Cr=%~1. Also, u(1) = 0. Differentiating

u, we get

U U= f (1.6)

This equality holds for every r # 0 and also in the weak sense, using integration by
parts in By \ B. with € — 0 and the above estimate on u and u’.
So, we just have to prove (1.5), which we shall do using Hardy-inequality-type

arguments.
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Using the definition of u, we see that

r

" 1
0< C% < 7“_(1“;&)/ O ES ds+r—(1+n/2)+a/2/ F()s™5° ds
0
A

+B

Letting g(s) = f(s)s% for 0 < s <1and G(r) = [ g(s)ds for 0 < r < 1, integration

by parts yields

1
1 ::/ T_(1+HTa)qu(r)rn_1 dr =
0

1 q /1 (14 nto _
Gi(1) — r"(+2)qu1TgrdT
n— (14 2%)q M) n—(1+25%)q Jy (r)g(r)

1
<C / =054 Ga (1) g (r) dr
0

The last inequality results from the fact that when ¢ > =, m < 0.
2

Applying Holder,

1 1 1/q
I<Ia (/ r7g%(r) dr)
0

where v = q(n — (1 + MTO‘)) But r7¢4(r) = r‘I(”_l)fq(r) < r(”_l)fq(r) SO

1/q
(/ Aq> —C 11 < O fll1s (1.7)
B

To bound B, we introduce similarily h(s) = s" 2 f(s) and H(r) = frl h(s)ds. Then,

since H(1) =0 and (—a —2)g + n > 0, integration by parts yields

1 1
/ 7“_(“+2)qu(7")7“"_1 dr < C/ r_(a+2)q+"Hq_l(r)h(7") dr
0 0

q—1

1 q 1 q
<C (/ r*(‘”z)“”*lHq(r) dr) </ rThi(r) dr)
0 0

where v =n — 1 — q(n + «)/2. Now, 77h4(r) = r"~1 f4(r) and it follows that

(f =) < Ol (1)

Combining (1.7) and (1.8) gives ||u/r?||re < C||f|La.
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To get (1.5), using equation (1.6), it suffices to show that «'/r € L. From the

definition of u = ®(f), we see that
u')r=—a-u/r’ - aA
and the estimate follows from our previous analysis. O

Existence or uniqueness hold in other functional spaces, as the following two lemmas

show :

Lemma 1.3. Recall (0.1), (0.2), (0.2°). Let f be such that [ |f|-|x|~dist(x, Q) dx <

oo. There exists at least one weak solution u with u - |z|=2 € LY(Q), of

—Au—%u:fmﬁ

=1 (1.9)
u=0 on 0N
Furthermore,
lull e, < Cllflps, (1.10)
[ull g < Cliflle (1.11)
lullpe < Cllfllp=  fora<b< a (1.117)

Proof. (Case 0 < ¢ < ¢g)

We assume, without loss of generality, that f > 0 (for the general case, apply the
result to the positive and negative parts of f).

Let fr = min(f, k) for k € N. Then, fr / f in Ll_a’é.

By Lemma 1.1, there exists uy, unique solution in Hg () of (1.9) with f; in place
of f. Clearly, {ux} is monotone increasing.

Let (o be the H}(2) solution of

—ACO — %C@ =1in
2] (1.12)

o =0 on 09
When Q = By, (o = ¢} := C(|z|~® — |z|?), for some C > 0. Otherwise, 2 C B for
some R > 0 and C - (}(z/R) is a supersolution of problem (1.12), for some C' > 0. So,

0<¢ <Clz|*(x) in Q (1.13)
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Since ug, and (p € H(€2), they are valid test functions in their respective equations and

/QVUkVCQ—/QMC’QUkCOZ/QUk:/kaCO

Since f > 0, so are fj, and ug and

lurl e = /kaCo < Clifellzr (1.14)
Let (1 be the smooth solution of

~AG=1inQ
(1.15)

Clz()onc‘)Q

and integrate in the equation satisfied by uy :

/Quk—/ﬂ‘;‘ﬂk(l:/gfkﬁ (1.16)

Using (1.14) and (1.16) and the inequality md(x) < {; < Md(x), where m, M are some

positive constants, we get

lukllpr, < Cllfellee

It is then easy to construct by monotonicity a solution of (1.9) satisfying (1.10). For
estimate (1.11), one should just check that if f € L™, ||f||,=(o is a supersolution of

(1.9) and apply the maximum principle (see e.g. Lemma 1.4). Hence,

u < | fll Lo

Applying this estimate to —u yields (1.11).

For estimate (1.11°), HfHLoob 2@ provides a supersolution of (1.9) where

c —b—2 .
—AQ — WCQ =|z|7" 2 in Q
r (1.17)

(2 =0 on 092
Observe that in the radial case (3 = C(|2z|~* — |z|?) so that in general 0 < {, < Clx|™

and that Lemma 1.4 may be applied because a < b < a'. O

Remark 1.3. .
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e In view of Lemma 1.5, for equation (1.9) to have a solution with f € L%, it may

1
be necessary that f € L, s

o In the case 0 < ¢ < co, if [o|f]- |z~ |In(z)|- 0(x)dx < oo, that is, if we ask a
little more regularity on f, thenu € L' ,_, and is therefore unique (using Lemma

1.4 .) For a proof, use the methods of the lemma with (s solving

c e
—AQ — (3 = 7] 2 inQ
||

(s3=0 on 052

When Q = By, (3 = C|z|"*In(1/|x]).
Proof of Proposition 0.1 (case 0 < ¢ < ¢g).

Suppose first that u is a strong solution of (P ). Let ¢, € C°(Q2\ {0}) be such

that 0 < ¢, < 1, |[V(| < On, |A¢,| < Cn? and

0 if || <1/n and §(z) < 1/n
Cn =
1 if |z| > 2/n and 6(x) > 2/n

Multiplying (P;,) by u¢, and integrating by parts, it follows that

/gz(h’izu+up+tf> UCn:—/QAuuCn=/Q|Vu\2Cn+/QuVuVCn

Since u < Clz|™% and p < pg, uP < Clx|~%"2. Hence, on the one hand,u? € L%(Q)
and on the other hand, the left-hand-side integral in the above equation is bounded by
%fﬂ u?A¢,| < Cn? f1/n<\x|<2/n |z[ 7% —
0 as n — oo. Hence [, |Vul>¢, < C and u € HA(Q). Multiplying (P;,) by ¢¢, for
¢ € C(Q) yields

/Q<‘xc|2u+up+tf> ¢<n:—/QAwgn:/anvqur/Qqﬁvwgn

The last term in the right-hand-side can be rewritten as

C [q|z|72972 < C, whereas | [, uVuV{(,| =

/QQSVUVCn:/QV(ugb)VCn—/QqubVCn:—/ngbACn—/QuVQSVCn

and converges to zero as in the previous case when n — oo. It follows that u is an Hg ()
solution of (P;,). Approximating u € H{ () by smooth functions and integrating by

parts implies that H{(Q) solutions are weak solutions.



18

Suppose now that u is a weak solution satisfying the estimate u < C|x|~®. Then as
before, u? < Clz|7972 ¢ LH%(Q) c H7Y(Q).

Letting g = uP + tf, it follows from Lemma 1.1 that there exists a weak solution
v € H}(Q) of (1.9) with ¢ in place of f. w is also a weak solution of (1.9) and by
Remark 1.3, we must have u = v € H} (). Hence, u is an H}(Q2) solution.

Finally if u is an H}(Q) solution satisfying the estimate u < C|z|~¢, using local
elliptic regularity theorems in Q \ B, for an arbitrary ¢ > 0, we may conclude that

u € C°°(Q\ {0}) and satisfies (P;,) in the strong sense.
Lemma 1.4 (Maximum Principle). If [, |u| - |z]7%72 < 0o and if

—Au — >0 in the weak sense. (1.16)

22" =

then

u>0 ae. (2.1)

Proof (case 0 < ¢ < ¢p). It is enough to show that [,u¢ > 0 for ¢ € C, (2 {0}),
¢ > 0.

For such a ¢ and € > 0, construct v, € CQ(Q), ve > 0, solving

—Ave — Ve = ¢ in 0

_°c
|z|2 + €

ve = 0 on 02
Also let v € H}(Q) be the solution of

Av— S y= ¢ in Q
|z[?

v =0 on 9N

Using Lemma 1.1, since —A(ve — v) — W(Ue —v) <0,
0<v.<w a.e. in (1.17)
Applying (1.11) in Lemma 1.3 to v,

0<v<Clz|™ a.e. in Q (1.18)
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Combining (1.17) and (1.18),
0<ve <Clx|™® a.e. in Q (1.19)

Applying (1.16) with ¢ = v,

/ U (—Ave — C2U€> >0
Q |z

. 1 1
Since —A'Ue— ﬁve = (ZS—C{W — |x|2—'_6},

[z [ el prve)
U C _——— U Ve.
o Ja Uz |z]2+e ‘

Clearly, {v} is monotone increasing and converges pointwise to a finite value a.e. in
by (1.19).

So the integrand in the right hand side of the previous equation converges a.e. to 0.
Using (1.19) and u € L' ,_,, this integrand is dominated by an L! function.

By Lebesgue’s theorem, we conclude that

/QuqﬁZO.

Remark 1.4. This maximum principle is sharp in the following sense :
if ¢ > —a then there exists u € L;_2 such that —Au — ﬁu =0 yet u Z 0.

Just take Q = By and u = |z|~ — |z|~%, with —a' and —a defined in (0.2), (0.2°).

We conclude this section with a lemma giving necessary conditions for the existence

of a solution to the linear problem.

Lemma 1.5. Suppose f > 0 a.e. , f # 0, [, f(z)dist(z,00)dx < co. If u is a

nonnegative weak solution of

—Au — Lu = f in Q
||

(1.20)
u =0 on o)

Then there exists a constant C > 0 depending only on ) such that

UZC</fC0>C0 a.e. in
Q
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with (o defined by (1.12). In particular, for some m > 0
u > m|z|~* a.e. near the origin
Furthermore, for any € > 0, if u denotes the minimal solution of (1.20) then
/Qu- |lz| o2 dx < CE/Qf- |z| " dist(x,0Q) dz < o0

Most of the results of this lemma are a direct consequence of a more general theorem
on the associated evolution equation, established by Baras and J. Goldstein (see [BG]
Th 2.2 page 124.) We give here a simpler proof for convenience of the reader.

Proof (case 0 < ¢ < ¢p).
Step 1. u > m|x|™ near the origin.
Let fi = min(f, k) with k£ > 0 such that f; #Z 0 and u; > 0 be the minimal solution

of

—Aul— 1:f1 in

WU
u1 = 0 on 0N
Since u is a supersolution of the above problem, u; is well defined and 0 < u; < w so it
suffices to prove the result for u.
Since f1; € L*°(R), on the one hand 0 < u; < Clz|™® by (1.11) and on the other
hand the equation has a solution v € H}(2). By Lemma 1.4, we must have u; = v.
Now, since u1 #Z 0, u; > 0 and —Awu; > 0 in the connected set €2, we have for some
e>0andn >0,

Uy > € a.e. in Boy,

Choose C' > 0 so that ¢ > Cr~“ for r > n and let z = (u; — C|z|~*)". Observe that
z € HY(By).

Next, we multiply u; — C|z|~® by z and integrate by parts :

c c
02—/ Vz|? + ZQ—/Vu—Cm_aVz—/u—Cx_az
[1vap+ [ ot = [ Wt = Clal )9z = [ o = Clal ™)

:/fz—C / V|a:|_aVz—/ %m_“z
Q By, B, ||

2 _C Zay|x’7a Z 0
OB,
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And hence z =0 in B,,.

Step 2. u> C(K, ) [ (o in K CC @ when f € L*(Q)

The proof is an adaptation of Lemma 3.2 in [BC]. Observe that up to replacing u
by the minimal nonnegative solution of the problem, we may assume u to be an H}(€2)
solution satisfting 0 < u < C|z|~“.

Let p = dist(K,09)/2 and take m balls of radius p such that
K C By(xz1)U---UBpy(m) C Q2

Let (i,...,Gn be the solutions (given, say, by Lemma 1.1) of

c .
—AG — WQ = XB,(z;) 1 Q

¢ =0 on 00

where x 4 denotes the characteristic function of A. There is a constant C' > 0 such that
Gi(x) > Co(x) in for1<i<m

Indeed, by Step 1, this inequality must hold near the origin and by Hopf’s boundary
lemma, we also have (; > ¢d > C(y away from the origin.
Let now = € K, and take a ball B,(x;) containing x. Then B,(x;) C Bay(z) C Q

and, since —Awu > 0 in 2, we conclude

u(z) > ][ u=0C u>C U
Bap() Bap() By (w;)
—C/u(—A@—Z@) ~c [ sq
0 |z Q

ZC'/QfCo

Step 3. u> C(Q) (J flo) ¢o in @ when f € L>(Q)
Suppose without loss of generality that B; C Q and let K = By \ B; /2. By Step 2,

it suffices to prove the inequality in 2\ K. Let w be the solution of

—Aw—#wzoinQ\Bl

w =0 on 0N

w=1on 0B,
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and extend w by w := (2|z|)~* in By 9, so that the above equation still holds in Q\ K

with w|gx = 1. By Hopf’s boundary Lemma applied in Q \ Bj, we conclude that
w > C¢ in Q\ K

u is assumed to be dominated by C|x|~® so we can apply the maximum principle

(Lemma 1.4) in Q \ K to conclude that

UZC</QfC0>WZC</QfC0>C0 n 0\ K

Step 4. [, [x|72fd(x) < oo.

We assume for now that f € L*°(Q) and that v > 0 is the minimal solution of
(1.20).

We let {¢,,} be a sequence of smooth, nonnegative and bounded functions converging

x|—a—2

pointwise and monotonically to ¢| and construct v, as the (smooth) solution of

—Av, = ¢ in

v, = 0 on 9N

Testing vy, in (1.20) yields

/qun = /Qu <—Avn - |;|2vn> = /Qu <¢n - |;|2vn) (1.21)

Now ¢, /" c|z|~%2 pointwise and in L', so, by Lemma 2.1, v, /' |z|~® — w pointwise

and in L', where w solves

—Aw=01in Q
w = |z|”% on 9N

Since w is minimal, 0 < w < C|z|™* by (1.11) and we can safely pass to the limit in

(1.21) to obtain

e —wr = [ (dal e = Satel e ) = [ ow

Observe that w is bounded and that |z|~® — w > C|z|~*d(x), hence

[aress@ < [ e
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This estimate holds when f € L* and w is minimal but also in the general case, as
approximation of f by f, = min(n, f) shows.

Step 5. u > C(Q) ([, o) (o in @ when f c L _;

Let k > 0 be so large that fr = min(f, k) Z 0. Then u is a supersolution of (1.20)

with fi in place of f and by Step 3, we have

u>C(Q) (/Q kaO) Co

Letting k£ — oo, Lebesgue’s theorem yields the desired result.
Step 6. [, x| 2T u < .
We proceed as in Step 4, only this time we let ¢, / —P(—a + €)|x| %2, where

P(X)=X(X—-1)+ (n—1)X + ¢ and construct v,, solving

—Av, — me = ¢, in
vy, = 0 on 9
Hence,
/van = /Qw;ﬁn +/Q <$|2 j_ /n |xc|2> Upl (1.22)
If ¢ solves
—A( — ‘:U%C = —P(—a+e)|z|™* % in Q
¢ =0 on 092

then we have 0 < v, < ¢ < C|z|7®. Indeed, if Q = By, then ¢ = ¢! = C(|z|® —
|z|~2F€). Otherwise, Q C Bg for some R > 0 and C ¢!(x/R) is a supersolution of the
problem, for some C > 0.

By Step 4, [, fun < [ f¢ < oo. Assuming first that f is bounded (whence u <

C|z|~*) and then working by approximation, it follows from Lebesgue’s theorem and

from (1.22) that

/ 2|72 ey < Cg/ f¢ <o
Q Q
U

Remark. More results about the linear theory of our operator, with ¢ € R arbitrary

have been detailed by F. Pacard in unpublished work (see [P].)
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2.3 Existence vs. complete blow-up

In this section, we will prove existence or nonexistence of weak solutions of (P ;), using

the tools we have just constructed and monotonicity arguments.

2.3.1 Case p < pg, € < ¢g : existence for small t > 0

po has been defined so that pgpa = a + 2. So, for p < pg, ap < a + 2 and for some
b € (a,d’), the inequality bp < b+ 2 still holds. We fix such a b and prove that for an

appropriate choice of A > 0 and for ¢ > 0 small,
w := Alz|™" € H'(Q) is a supersolution of (P,,).

Observe that w € H'(Q) as long as b is close enough to a, which may be assumed. We
have

—Aw — ’:U%w = —AP(-b)|z| "2 where P(X) = X(X — 1)+ (n— )X + ¢

Observe that P(—b) < 0 since b € (a,a’) and o’ and a are the roots of P(X).

We would like to have —AP(—b)|z|~*=2 > AP|z|™P° + tf in Q. This will be true as

soon as

1
—SAP(=D)|e[ "2 > AP|z[ 7 and

G AP()la T > 1

The first inequality amounts to

1

A< |-gPoep2]

which will be satisfied, taking R > 0 such that 2 C Bg, if

_1
A< {—;P(—b)prbZ} .

since pb — b — 2 < 0.

With such a choice of A, pick any ¢ > 0 such that

1 b
—SAP(=0) R > 1] f||
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We have just constructed w € H* () such that

—Aw—iwzwp—l-tf in Q
||

w >0 on 0f)
Finally we construct an H}(€2) supersolution of (P ;). We let w; be a smooth extension
c
inside €2 of w|sq which is also supported away from the origin. Then g = Aw; + le
x

is smooth and bounded and using Lemma 1.1, there is a unique strong solution z of

—Az — #z:g in
(2.1)
z =0 on 02

Letting wo = z + wy, it follows that
(2.2)

Multiplying by w, , it follows that ws > 0 a.e. in . It is now clear that w = w — wy is
an Hg () supersolution of (P, ). For convenience, we drop the superscript ~ thereafter.
Construction of a minimal solution u of (P;;) is now just a matter of monotone

iteration. For this purpose we recall the following lemma, proved in [BCMR] :

Lemma 2.1. Suppose [, |f(z)| dist(z,09) < co. Then there exists a unique v € L*(1)

which is a weak solution of

—Av=f inQ

v=20 on 0N

Moreover,
ol < Cllfllzy
Moreover if v € LY(Q) and —Av > 0 weakly, i.e. if

/ (—Ap)v >0 for all € C*(Q), ¢lag =0, ¢ >0 in Q
Q

then

v>0 a.e. in 2
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Define {uz} by induction to be the L' weak solutions of

—Aug =tf in

for k=0
ug =0 on 0f)
—Auy = %uk_l + uzil +tf in Q
|| for k>1
up =0 on 0f)

We now check that this definition makes sense and that (uy) is monotone and satisfies
0 <wur <wa.e. in Q.

For wug there is nothing to prove. Suppose the result true up to order k£ — 1. Then

C C
0< Wuk,l—i-ui_l—i-tfg Ww+wp+1tf
< Clz|™* 2 e LY(D)

So uy is well defined using the previous lemma, u; > 0 a.e. and since

—A(ug — ug—1) = ﬁ(uk_l — Up—2) + “§—1 — Uz_z > 0 by induction hypothesis
x

and similarly —A(w — uy) > 0, we conclude using Lemma 2.1 that

0<up_1 <up <w a.e. in )
By a standard monotone convergence argument, {uy} converges to a weak solution of
(Pip)-
2.3.2 Pushing t to tg

We let tg = sup{t : (P;p) has a weak solution.} and adapt the methods of [BCMR].

If ¢y is a positive eigenvector of —A (with zero Dirichlet condition) associated to

its first eigenvalue A1, in other words if ¢1 > 0 in € and, for some A; > 0,

—A¢r = A1 ¢ in Q
¢1 = 0 on 092

and if u is a weak solution of (P ), testing against ¢; yields
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[ o [wonre [ for=x [ ue,

and, by Young’s inequality,

>\1/QU¢1S;/QUP¢1+C/Q¢1-

Thus,

c p
t/qubl—F/Q‘wPugbl—l-/Qu o1 <C (2.3)

which implies tp < co. In particular, there are no weak solutions of (P ) for t > t.

This implies complete blow-up (see Definition 0.1), as the following proposition shows.

Proposition 2.1. Suppose (0.1) holds, p > 1 and t > 0. If (P,p) has no weak solution

then there is complete blow-up.

Proof. The proof is an easy adaptation of Theorem 3.1 in [BC].

Suppose indeed that (P,) has no weak solution and by contradiction that [, gn(un) 6+
Jo anun & < C, where {an},{gn}, {un}, are given in Definition 0.1 .

Then, multiplying (P,,) by (1, solution of (1.15) we get

Jo un(=AG) = [q anunlt = [q gn(un)C1 + [ tf Ci-

Hence, quL?1 < C and there exists a u such that u, / u in L'(Q), by monotone
convergence.

Since {a,} and {g,} converge monotonically, we can pass to the limit in (P,), using
monotone convergence again and obtain a solution u of (P, ), which is a contradiction.

We have just proved that [, gn(un) 0+ [ anun d — co. Now, using (P,) and Lemma
3.2 in [BC], it follows that

v

@;n((xf';) c(Q) (/an(%)éJr/Qan%a) oo O
O

Next, we want to prove that if (P ) has a solution then so does (F; ) for 0 <t < 7.

This is true because u, is a supersolution of (P ) in the sense that, weakly,
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—Au, > LuT +ul +tf
|22
and with the help of Lemma 2.1, we may construct a solution of (F;,) by monotone

iteration.

Finally, we prove that (P, ;) has a weak solution. Choose a nondecreasing sequence
{tn} converging to ty and for each n € N, let u,, be a (weak) solution of (P, ;). Since

¢1 > md(x) for some m > 0, equation (2.3) implies that

/Q #und(w)+ /Q W 3(z) < C

Multiplying by (1, solution of (1.15) then implies boundedness of {u,} in L' and

hence monotone convergence to a solution of (P, ;) as t, — to.

2.3.3 Case0<c<cg,p>po: blow-up for allt >0

By Proposition 2.1, we just need to prove that there are no weak solutions of (P )
for p > pg. Assume by contradiction there exists one and call it . If we apply Lemma

1.5 with «? + tf in place of f, it follows that

/ uPlz| 7 0(x) < 0o and u > mlx|™¢ a.e. near the origin.
Q

Using Holder’s inequality,

p—1

fQ U‘$|_a—2 5(3;) < (fQ Up’x‘_a 5(%))1/17 . (fQ ’.75|7a72%> ;o
If p > po and ¢ < ¢y then —a — 2% > —n, hence, since u € L'(Q),
p_

/ wl|z) 7% < oo (2.4)
Q

Suppose without loss of generality, that Q C B; and define w = Alz|~¢ ln(l—l‘) for

T

some A > 0.

Then —Aw — pfw = Ay/(n —2)2 —de|x|7972. Also,
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—Au — ﬁu > uP > mlz| % > m|z| 72 in B,), for a fixed small n > 0.
x

Let A=m(y/(n—2)2—4c+ cln%)_1 and C' = An_aln%.

Finally define z = u + C — w. Using (2.4), z € L' (B, |z|~* 2dz). Furthermore,

c cC a2
—Az—WzZup—W—A\/(n—2)2—4c|x| @

> m|z|~% — cCla| ™2 — A/ (n — 2)% — e x| 702
> |z| 72 [m|x\—a —eC— A\/mm—a}
> [of 2 [(m = Av/(n = 2)7 = 4e) ™ = cC]|
>0
All these inequalities hold in the weak sense in B,, (since our choice of constants
implies z|gp, > C — w|sp, > 0.)

Applying Lemma 1.4, we conclude

1
u2A|x!7“lnﬂ—C a.e. in B,
x

Choosing A and 7 smaller, we may assume that

1
u> Az %ln— >1 a.e. in B,

x|

The next step is to consider the function ® € C'(R) defined by

Inx ifx>1
®(z) =

r—1 otherwise.

and apply Lemma 1.7 in [BC] to conclude that in B,

p—1
—A(lnu) > Au > Pt > AP gl <ln 1>
u ]
1\
> AP~ g2 <ln >
]

1 p
Now if v = (ln ||> , a computation yields
x
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1\"!
—Av < Clz| ™2 <ln |x>

And by the L' maximum principle (Lemma 2.1),

1 p
lnuZd(lnm> - C for some d > 0 and C' >0

This clearly violates u € L} ().

loc

2.4 Regularity

We start out with a result in the spirit of Lemma 5.3 in [BC] :

Lemma 3.1. Let [ € Ll_a’(S and v = |z|=% Then if u € L', is the solution given by

Lemma 1.8 of
—Au——u=7f in
T

u=20 on OS2

and if ® € C1(R) is concave, ' € L™ and ®(1) =0, then v® (ﬁ) €L, and
v

—A (U<I> (%)) — # (vq) (%)) > @/ (%) f in the weak sense.

Proof (case 0 < ¢ < ¢g). Suppose first u,v € C?(), v > 0 in Q and ® € C?*(R) and
write L = —A — a(z) where a(x) is a smooth bounded function. Applying Lemma 5.3

in [BC], it follows that a.e. in €,

Lw > (u/v)(—Au) + [®(u/v) — @' (u/v)u/v] (—Av) — a(z)®(u/v)v
>®'(u/v)Lu+ [®(u/v) — @' (u/v)u/v] Lv
>®'(u/v)(Lu — Lv) + [@(u/v) — ' (u/v)u/v + ' (u/v)] (Lv)

Since ® is concave,
B(s) + (1 —s)P'(s) > ®(1) for all s € R
Hence, if w = v®(u/v),

Lw > ®'(u/v) (Lu — Lv) a.e. in Q (3.1)
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Since @’ is bounded, we see, as in [BC|, that
[v®(u/v)| = |v (P(u/v) — ®(0)) + ®(0)v| < C(u+v) (3.2)

Hence, w vanishes on 02 and integrating by parts, (3.1) holds in the weak sense. By
approximation of @, we can also say that (3.1) holds even when @ is only C*.

In the general case, let a,, = ¢/(|z| + 1/n)? and £, be a smooth bounded function
increasing pointwise and respectively to ¢/|z|?,f. Let u, solve the equation L,u, = f
(with zero boundary condition), where L,, = —A — a,(z). Also write w,, = v, ®(uy/vy)

where v, = (|z| + 1/n)~*. We can then apply (3.1) to obtain
—Awy, — an(x)wy, > D (up/vn) fn weakly

Clearly, v®(u/v) is well defined a.e. Moreover, it is clear that u, / u in L' and that

an(x)uy(x) / ﬁu(m) in L} and similarly for v. So that, using the above equation
x

and Lebesgue’s theorem

in L}

Wy, — W in L' and an(z)w, — Ww
T

Since ®’ is bounded, we can also easily pass to the limit in the right-hand side and

obtain the desired result. O

Lemma 3.2. Let u be the minimal weak solution of (P;,) fort < to (and p < po).

Then w is a strong solution of (P ;)

Remark 3.2. .
e By Proposition 0.1, we only need to show that 0 < u < C|z|~¢
e By Lemma 1.5, we also have the lower bound u > m|x|~* dist(x,0%).

Proof. Recall that (y solving, for f as in the definition of (P;,),

A - Co=f  inQ

|z[?
=20 on 0f)

satisfies 0 < (o < Clz|~®. For u € RT, let

g(u) = (u+tolGo/vll=)”  and  g(u) = (u+tl|Co/v]L=)"
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and construct ® € C'(R) with ®(0) = 0 and

§(®(u))
&'(n) = I 3.3
) = L (3.3
as in Lemma 4 of [BCMR].
Next, if ug is the minimal solution of (P, ,) then z := uy — to{p is the minimal

solution of
—Az — #Z = (Z + togo)p in Q
z2=0 on 0f)

Applying Lemma 3.1 to z with the above function ® and v = |z|™¢,

a0 () - 5 (0 () 2 () o>
P gv) +t]lCo/vll = iy
; +tol|Co/v]| o=

We need the following easy lemma :

t
Lemma 3.3. Let A, B > 0 such that A < t—B. Then
0

A+tC
F(C):= B——:toC is increasing with C.
t p
Observe that, since ® is concave and @’ is defined by (3.3), ®'(u) < ®'(0) = <t> <

0

t t

. for u € RT. Hence, since ®(0) = 0, ®(u) < o for w € RT. Applying Lemma 3.3

0 0

with A = @(E) and B = E, we get
v v

()red ()l
0

[

z z Co
—+to = +tol| ==
v v v

and

. c . ) % +tp/v )
—A (7@ (5)) P (1)(1) <;>> > W (2 + toCo)

() +1a)

We finally define w = v® (E> + t(y, which satisfies
v

Y
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—Aw—inwP—l—tf in
||

w=0 on 0f2
We have just constructed a supersolution of problem (P;,) satisfying 0 < w <
Clz|~® (since ®(00) < 0o by Lemma 4 in [BCMR]) and, of course, the same estimate
holds for u, the minimal solution of (P ).

This completes the proof of Theorem 1 (in the case 0 < ¢ < ¢g.) O

2.5 Stability

We show first that Aj(u¢) > —oo (recall Definition 0.2) and study the corresponding
eigenfunction ¢;.

Indeed, if u; is the minimal solution of (P; ;) with ¢ < tg, then 0 < u; < C|z|~® and

p—1 2 —a(p-1) 42 —2 42
[ <c [areone <o [ o)

a(p— 2—a(p—
< Clllyhy ol 7= """

a(p—1) 1_alp=1)

L)

So A1 > —oo and if {¢,} is a minimizing sequence of J (see Definition 0.2), {¢,} is

bounded in H}(Q2) and converges (weakly and up to a subsequence) to ¢; € H{ ()

solving
c

—A¢y — Wm = pu ' 1 + Mg in
* (4.1)

¢1 =0 on 0f)

Claim. 0 < ¢y < Clz|™¢

Testing equation (4.1) against ¢, it follows that

C _
/wﬂ?—/ 2¢1+2—/pup 1¢1+2:A1/¢1+2
Q Q |5L‘| Q Q

Hence gbf is also a minimizer of J and up to replacing ¢; by qbf, we may assume that
¢1 > 0.
Next, using local elliptic regularity, ¢ € C°°(Q\ {0}). Also, pick ¢ € (c,cp) and

n > 0 so small that
c—c

p—1 .
EE >puy -+ M a.e. in B,,.
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Let z = ¢1—M|z|~* and M = ||¢1]| 1= (95,) n* (—a being the greater root of P(X) = X(X —1) 4+ (n — 1)
0). Then,
—Az——=2<0 in B,
x

z2<0 on 0B,
Testing (4.3) against 2T (which is permitted since 2+ € H}(B,)),

¢1 < M -|z|7@ a.e. in B

With ¢ close enough to c, it follows that pug_lgbl + g1 < Clz|~272¢, for some € > 0.

Let ¢ € H}(Q) be the solution of
—A¢ — %( = || o2t in
]
(=0 on 0f)

As in the proof of Lemma 1.5,
0<¢ <CC<Cla|™ a.e. in (4.5)

Next, we prove that there exists 0 < ¢; < tp such that wu; is stable for ¢ < ¢;.

Fix b € (a, d’) such that pb < b+2 and b+a(p—1) < a+2, and define F : X xR — Y,
by

e X is the space of functions v € C(Q\ {0}) such that there exist a constant C' > 0

and a function g € C(2\ {0}) satisfying [o] < Cla| ™, |g| < Cla| ™2 and

—Av—#v:g in

v=20 on 0f)

in the weak sense. X is a Banach space for the norm |jv||x = |||z|°v| >~ +

] g]| o

o V= {feC(Q\{0}) : |z["**f € L)} Iflly = 22 =

o F(u,t)= —Av—ﬁv— lo|P —tf
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Observe that F is well defined with our choice of b, that F € C! and that F(uy,t) = 0.
Also L := F,(0,0) is an isomorphism between X and Y. Indeed L is injective by
Lemma 1.4 and surjective with continuous inverse by Lemma 1.3. These facts and
a global form of the implicit function theorem (see e.g. Cor. 3 in [BN]) imply the
existence of a maximal ¢; > 0 such that ¢ — u; is a C! map from (0,#;) to X and
Fu(u,t) € Iso(X,Y).

In particular, since ¢; € X, Aj(uy) # 0 for t < t;. It can also be shown that
t — Ai(ug) is continuous : if 7, — 7 < t; and A} and ¢} are the corresponding
eigenvalues and eigenfunctions with ||¢7| ;2 = 1, looking carefully at the previous claim,

we obtain that ¢7 is bounded in H}(f2) and that
0< o <Clz|™®

Passing to a subsequence, it is then easy to show that A} — A1(u,) and therefore
that A\; is continuous.
Hence, since A\1(0) > 0 and A; cannot vanish, we have A\; > 0 for ¢ < ¢;.

We now prove that t; = tg. If not, we would have for t; < t < tg,

C —1
—A(u —uy) — EE (ur —ugy ) — puf, (ug —upy) =

wf =l —pul (g — )+ (=) f > () f

And testing against ¢1, solution of (4.1) with ¢; in place of ¢, we would obtain

02(75751)/Qf¢1

which is impossible. Hence, t1 = .
Next, we prove that if v is another stable HE () solution then it must coincide with
Ut .

Suppose indeed v is another HO( ) solution such that A;(v) > 0.Then v > u; and

c
/vap 1v—ut /V v — uy)| _/QW(U_W)Q

< [ str—a—ep—uw)
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So that,
/(v —ug) (VP —uf —pvp_l(v —u)) >0
Q
Since u — uP is strictly convex and v > u;, we must have v = uy.

Finally, stability of strong extremal solutions is determined through the following

proposition :

Proposition 4.1. Suppose that 0 < c < co and 1 < p < pg. If u, the minimal solution

of (Piy,p), solves the problem in the strong sense then
Al(u) =0

Proof. Arguing by contradiction, our general strategy is to use the implicit function
theorem to extend the curve ¢ — w; of minimal solutions of (P ;) beyond ¢ if Ai(u) > 0.
More precisely assume that Aj(u) > 0 and define F' : X x R — Y as before. If
we can prove that Fy(u,tg) € Iso(X,Y), the implicit function theorem will yield the
desired contradiction.
We first claim that F,(u,to) is injective. If not, there would be a weak solution

¢1 € X of
C

— —5¢1 =pu’ " ¢y in (2
|=[?

—Agy
¢p1 =0 on 0f)

Since b+a(p—1) < a+ 2, uP~1¢; € Ln%(Q) and, using the methods of Proposition
0.1, ¢ is an H}(€2) solution. Testing the above equation against ¢; would then imply
J(¢1) = 0, which contradicts A1(u) > 0. Thus Fy(u,tp) is injective.

Next we prove that Fy(u,tp) is surjective.

First observe that L := F,(0,0) is an isomorphism between X and Y. Indeed L is
injective by Lemma 1.4 and surjective with continuous inverse by Lemma 1.3.

Let Z := {f : |z|~*?=Df € Y} and define K € £(Z) by

7 — Y -7
K :

¢ —puP o= L7 (puP"l9)
K is compact in Z. Indeed if {¢,} is a bounded sequence in Z then u, = K¢, is

bounded in X, by continuity of L~!. It follows from standard elliptic theory that up to
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a subsequence, u,, — u uniformly on compacts of Q\ {0} for some u € X. Also, letting

v=2—a(p—1) >0, we have for € > 0 small
[un —ullz < Cllun — ull Lo,y + € lun — ullLz, < C(llun — ulle @B, +€7)

so that

limsup ||un, — ul|z < Ce?

n—oo

Letting € — 0, we obtain that K is compact in Z.

With these notations, our problem reduces to showing that Id — K is surjective. By
Fredholm’s alternative, we just need to prove that Id — K is injective. Now if for some
¢ € Z,p = K¢ then ¢ € X by definition of K, and F,(u,tg)¢ = 0. But we just showed

that Fy(u,tp) is injective so ¢ = 0. O

2.6 What happens in the extremal case t =, ?

In this section, we look at two specific sets of conditions on ¢, p, f and ).

In one case, the minimal solution u of (P, ,) solves the problem in the strong sense.
It then follows from Proposition 5.1 that A;(u) = 0.

In the other case, the minimal solution wu is not a strong one and its singularity at

the origin is worse than |z|~®. Moreover, u is stable, i.e., Aj(u) > 0.

Situation 1. Suppose d = B1, ¢ < ¢y close to cg, f radial and p > 1 close to 1. Then
u, the minimal solution of (P, ), solves the problem in the strong sense and Ai(u) = 0.

Furthemore, u = u(r) is radial and

u=r"%w where w € C[0,1] N C*(0, 1]

a(p—1)+1

! -
w ~mr for some m <0 asr — 0

w' <0 in (0,1)

Proof. We suppose for simplicity that f = 1.
First, we note that for any rotation of the space A € SO(n,R), uo A is a solution
of (P, p) and since u is minimal, we must have v < wo A. This inequality holds almost

everywhere in By, hence for almost all y = A~ 'z with 2 € R™ so that u must be radial.
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Next, define o := \/(n — 2)?2 — 4c and for r € (0,1),

ra 1
D(u)(r) = Oé/o sl+°‘+aup(s)[max(s,r)_°‘ —1]ds + 2nt(—)- 0[7“_“ — 7"2] (5.1)

In view of Lemma 1.5, ®(u)(r) is well defined for r # 0 and it follows from Lebesgue’s
theorem that w :=r* ®(u) € C(0,1].

Using Lebesgue’s theorem again, it is also true that w € C'(0,1] and that for
r € (0,1],

T
t
l e 14+a+ta,,p d —(2 0 14a
w'(r) r </0 s uP(s) S) ( +a)2n+cr

Using the fundamental theorem of calculus, w is twice differentiable a.e. in (0, 1) and

() =~ (1) — (14 ) [w’(r) F@ta) CTHG} ot

So that

1
—(w" + 1+ a);w') =ruP(r) +tor? a.e. in (0,1) (5.2)

Using the fundamental theorem of calculus again, this equation also holds in the sense
of distributions in (0,1). Furthermore, since u is a weak solution of (P, ,), it is not

hard to see that @ := r®u solves (5.2) in D’(0,1).

So if z = @' — w', it follows from (5.2) and this last remark that
/ 1 . Vi
Z+(14+a)-z=0 in D'(0,1).
T
And by a straightforward computation, we see that
[tz =0 nD(0,1).
Hence z = Ar~ (%% for some A € R and, for some B € R,

A
W =w+ Er*a + B (5.3)

Since w is C! away from 7 = 0 (and hence, so must be ), we must have, on the one
hand, using the boundary condition of (P, ;) and equation (5.1), that w(1) = w(1) =0
and B = 0 and on the other hand that u is C' away from the origin. Bootstrapping

this result with the help of (5.1) and (5.3), it follows that w,w € C*°(0,1].
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Let us now prove that A = 0. Suppose by contradiction that A > 0 and let

ui(z) := |z|"*w(|x|) for x € By. Then,

This equation holds at every = # 0 and also in the weak sense, as integration by parts
on By \ B, with € — 0 shows. But then u; would be a nonnegative supersolution of
problem (P, p), contradicting minimality of w.

We have just shown that A < 0. We now prove that A = 0. Recall that

r t
~/ _ _,l-a Ita—a,piey ds — (2 — 0 I4a _ gp—l-« 4
w'(r) r /0 s uP(s)ds — ( a) o+ C'r T (5.4)

By Hopf’s boundary lemma, v/(1) = @’(1) < 0. We claim that
w'(r) <0  forall r € (0,1]

Suppose not and let rg = sup{r € (0,1) : @'(r) = 0}. Then @’ < 0 on (ro, 1] and (5.2)
implies that

1
@ (rg) = —(1+ a)r—ﬁ/(ro) — (rguP(ro) +tory) <0
0

So W has a local maximum at rg. Suppose by contradiction that @ has another critical

point and let r; < rg so that
W' (r1) =0 and w'(r) >0 for r € (r1,70)

From (5.2), it follows as before that @w”(r1) < 0 and r; would be a local maximum of
w, contradicting @’ > 0 on (r1,79).

Hence w has an absolute maximum at ry and must therefore be bounded, which
forces A = 0.

But then, using (5.4), @'(r) < 0 in (0, 1], contradicting @’'(rg) = 0.

So, we have proved that @' < 0 in (0, 1].

From (5.4), it follows that if A < 0, @w'(r) = —Ar~7%(1 4+ o(1)) as r — 0 and we

cannot have at the same time @’ < 0 and A < 0. Hence 4 = 0.
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So far we know that :

W= w (2.2)

/

w <0 in (0,1] (2.3)

We now prove that v < Cr~?. From equation (5.1), we already know that v = ®(u) <
Cr~2“. Plugging this result into (5.1) again, we only need to show that the right-

hand-side integral is bounded as » — 0, which holds as soon as
l—alp—1)—ap> -1

This last condition is satisfied for ap small and in particular when c is close to ¢y and
p close to 1. This result, combined with (5.4) yields the asymptotic behaviour of w’ at

the origin.

Finally, by Proposition 4.1, we have that A\ (u) = 0. OWhen p is

chosen close to the critical exponent pg, the minimal solution u of (P, ,) may become
more singular than when t < ¢, in such a way that «P~! has a singularity at the origin

of same order as ﬁ :

Situation 2. Suppose 0 < ¢ < ¢g and p close to pg. Then there exists a smooth
nonnegative nonzero data f such that u, the minimal solution of (P, p), is stable and

such that, near the origin,
_ 2
u=mlx|7 ,where m > 0 and y=——>a>0
p

Proof. We adapt a proof given in [D].

Let v = |P(—4)|71 2|7, where P(X) = X(X — 1)+ (n — 1)X + .

Then, —Av — ﬁv = vP in R" and, since when p — pg, 7 — a, we may assume that
veH.

Lemma 5 in [D] constructs a function v € C°°(Q) with the following properties:

e 1) >0in

. A¢+#¢zomﬂ
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e 1) =0 in a neighbourhood of 0, and
e 1) = v on 02
We then let u = v — 1 and see that
c c c
—Au— ——u=—-Av— — A —
u mgu v ]m\Qv + Ay + ‘$|2¢
— P+ A+ —
||
>0

and u = 0 on 012, so, by Lemma 1.1 say, u > 0.

Taking f = Ay + z |2w + vP — uP, we then have

Au— Su=uP+ f
||

Observe that f > 0 and is smooth since © < v and u = v near the origin.

Next, we prove that Ai(u) > 0. Given ¢ € HZ(Q),

/glpup1¢2 / P12
=P [
s/ﬂ\w?—/gqu?—e/ﬂﬁ

The last inequality holds, using Hardy’s inequality (0.3), provided ¢ + p|P(—7)| < co
and ¢ > 0 small. This condition is readily satisfied since as p — pg, v — a and
P(—v) — P(—a) = 0. Hence, we get that A\j(u) > e > 0.
We still need to prove that, for our choice of f, {g = 1 and u is the minimal solution
of (P, p)-
If u; denotes the minimal solution of (Pl,p), it is clear that 0 < u; < wu, hence
ufl < |C|Y2 and using this inequality and (Pp ), u1 € H ().

Since A1 (u) > 0, it follows that

c
/qup 1u—u1 /|V u—u) —/Qx|2(u—u1)2

g/Q<up+fuﬁ’f><uu1>
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So that,

/(u —up) (P — b — puP ™ (u —uy)) >0
Q

Since u — uP is strictly convex and u > u1, we must have u = u;. And since u is not a

strong solution of (P p), we must have 1 = £. O

2.7 The case ¢ = ¢

When ¢ = ¢y, the operator —A — ﬁ is no longer coercive in H&(Q) However, one

can still make use of the improved Hardy inequality (see [BV] or [VZ])

2
/ |Vul|? — Co/ U—Q > C’(Q)/ u? for all u € C2°(02) (6.1)
Q a |zl Q
to define a new Hilbert space H in which the operator is coercive, even when ¢ = c¢y.

Definition. H is the space obtained by completing C2°(§) with respect to the norm

2

u
ul = / Vul® — e / o
a Q o |z)?

By analogy with the case ¢ < ¢o, an H solution u will be one such that uP € H* and

such that the equation holds in the sense of Lazx-Milgrams lemma in H.

We now list the modifications needed to prove Theorem 1 when ¢ = ¢g. When no

proof is given, just replace H(Q2) by H in the original demonstration.

Lemma 1.1°. Lemma 1.1 still holds if ¢ = co, HL(Q) is replaced by H and H™1 by
H*, the dual of H.

Proof. Only the proof of (1.3) needs to be clarified in this setting.

Let f € H*, f > 0 and u € H be the corresponding solution of (1.1).

By definition of H, there exists a sequence {u,} in C°(f2) converging to v in H.
Letting f, = —Au, — ﬁun, it follows that f,, € H~Y(Q) and f, — f in H*.

Now, u, € H}(Q) = u, € HE(Q) and integrating the equation satisfied by wu,,
against u,, yields

Mz 1 = {fos un)
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To pass to the limit in this last equation, we just need to prove that {u,, } remains

bounded in H. But

2 2 (uy,)?
— [ |V _
lrlfy = [ Ve e [ g
2
_ U €o
:/ |Vun|2—00/ |$TQ+/ |$|2(u;t)2
0 0 0 (6.2)
’LL2 U2
< Vuz—co/”—i—/ Vu+2:/Vu 2—00/”
/Q’ 2 o lzf? Q| n Q| n! a |72

= llunl%

where we’ve used (0.3) in the inequality. O

Proposition 0.1°. Proposition 0.1 still holds when ¢ = ¢y and HE(Q) solutions are

replaced by H solutions.

Proof. Suppose first that u is a strong solution of (P ).

Let ¢, € C°(2\ {0}) be such that 0 < ¢, < 1, |A¢,| < Cn? and

0 if || <1/n and 6(z) < 1/n
Cn =
1 if |x| > 2/n and §(z) > 2/n

Multiplying (P ,) by u¢, and integrating by parts, it follows that

/Q(up+tf)ucn:—/ﬂAuuCn—/Q‘xcquCn
:/Q!VU|2Cn—/Q|;|2U2Cn+/QUVUVCn

Since u < C|z|~% and p < pg, uP < C|z|~2~2+¢, for some € > 0, so that the first integral
in the above equation is bounded by C [, |z|72*7%T¢ < C whereas | [, uVuV(,| =
1

B Jo u?A,

Hence [, \Vul? ¢, — Jo #u%n < C and u € H. Approximating v € H by smooth

< On [\ pnejaf<apm 272 < Cas n — oo,

functions and integrating by parts in Q \ B. with ¢ — 0, it follows that u is a weak
solution of (P, ;). For u to be an H solution, we only need to prove the following :

Claim. Suppose u is a weak solution satisfying the estimate u < C|z|~®. Then

uP e H*
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For ¢ € C°(2), 1 < ¢ < 2, it follows from Holder’s inequality that
g=1

Latrera) < ([t ”
Q Q

On the one hand, since p < pg, the integral in the right hand side will be finite if ¢ is

¢

]

La

chosen close enough to 2.

On the other hand, using Hardy’s inequality in L? and the inclusion H — VVO1 7 (see
section 4 of [VZ]),

[
]

< Cll¢llyra < Cllgln
La

and uP € H*.

Hence, strong solutions are also H solutions.

Showing that H solutions are weak solutions is similar to the case ¢ < ¢g, whereas,
starting from a weak solution u, we observe as above that u? € H* and define u,, > 0

to be the minimal weak solution of

c—1/n

—Au, — FE

Up =ub +tf in
Un =0 on 0f)

u is a supersolution of this equation so w,, is well defined and 0 < u,, < u < Clz|~%.
By Proposition 0.1 (case ¢ < cp), it follows that u, € H(Q2) and testing in the above

equation against uy,

lunlfr < (Tl + C)llunll

Letting n — oo, we get u € H. Since H — Wol’q for 1 < g < 2, elliptic regularity can

be applied to complete the proof. O

Lemma 1.3’. Lemma 1.3 still holds when ¢ = ¢
Lemma 1.4°. Lemma 1.4 still holds when ¢ = ¢y
Lemma 1.5°. Lemma 1.5 still holds when ¢ = ¢

Proof. We assume first that u is the minimal (weak) solution of (1.20) and can therefore

be written as the pointwise limit of an increasing sequence {u.}, where u, solves (1.20)
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with c—e in place of c¢. Since Lemma 1.5 can be applied to u., an argument of monotone
convergence yields the result.

If w isn’t minimal, the above discussion yields all the results up to the conclusion
of Step 6 in the original proof. That step can be applied -as is- in our context, which

finishes the proof. O

2.1’ : Existence of a solution of (P ) for 1 < p < pg, small t > 0.

For simplicity, we assume without loss of generality that Q C B 1. Consider w =
1 1

L Lo
Alx|™@ <ln ﬁ) 7 with A > 0 to be fixed later. Then —Aw— |2w = 41%]3114 || ~a—2 (ln le) v

and w will be a supersolution of (F;,) as soon as

1
4p ip 2 1\ ?/4
A =2 p — > APz~ (In —
37 Al <“|O = Alel (nu0

1
4p o 1\# 2
322A|’a (nlxl> =1

The first inequality amounts to

1
L 92 p/a) p—1
4
A< C min {r“2+pa <ln 1) ’ }
re(0,1/2] r

L_9
1\ 4
t<C-A min {T_Q_Q <ln > }
re(0,1/2] r

Under these conditions, w is a supersolution of (P ;). We now just have to construct a

|

and the second to

supersolution in H. Let w; be a smooth extension inside Q of w|sq such that wy = w
in 2\ By, and wy = 0 in By/g. Next, we let g = Aw; + z ’ w1 and construct z € H
solving (2.1) and wy = z + w; solving (2.2).

We would like to show that wo > 0 and remark that wy, € H. Indeed, let ¢, €

C®(Q) — zin H. Then (¢ +wy1)~ € HH(Q) C H and

mm+wnH%—AWWKwowm+wm?w;gm+w&)

swm%+c+2/

{pr+w1<0}

<V¢k -Vwy — 62¢kw1>
||

1 _
< ¢kl +C+ §||(¢k: +w1)” |
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Hence ||(¢r + w1)7 ||z < C and passing to the limit (in the weak topology and for a
subsequence), it follows that w, € H.

Letting ¢, € C°(Q2) — w, in H, integration by parts then yields

(walt) i = /Q (wvwk - m‘;zwk) n /Q (levwk - 2w1¢k> = [

]

and letting k — oo in H,

lwy ||Z = (wolwy g = / B ww- = 0
o0

Hence wy > 0.

Finally, letting w = w — wy = w — z — wy, we only need to prove that w € H and
the rest of the proof will remain unchanged. Since z € H, it is enough to show that
w—w € H.

If H(w) denotes the space H relative to the open set w of R™, it has been shown in

[VZ] (see 5.2) that f defined for 0 < r < rp <1 by

f(r) =r=*(In(1/r))®

and continued smoothly up to the boundary of the ball B;, where f = 0, belongs
to H(Bj) as long as a < 1/2.
(w —w1)|B, /4 Drecisely satisfies these conditions, hence belongs to H (B1/s)- Since

w—w; =01in Q\ By, it follows that w —wy € H(L).
2.3’ : Case p > po : blow-up.

By Proposition 2.1, we just need to prove that (P ) has no weak solution if p > py.
Assume by contradiction there exists one and call it u. If we apply Lemma 1.5 with

uP + tf in place of f, it follows that
/ uPlz| 7 0(x) < oo and u > mlx|™¢ a.e. near the origin.
This is impossible since near the origin,

2|~ %P > m|z| 74P > |
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Lemma 3.1°. Lemma 3.1 still holds when ¢ = ¢y
Lemma 3.2°. Lemma 8.2 still holds when ¢ = ¢y and t < tg

Theorem 2’. Theorem 2 still holds when ¢ = co with H}(Q) solutions replaced by H

solutions.

Proof. For t < ty, u; the strong minimal solution of (P;,) can be written as the
monotone limit of w,, where u, is the strong minimal solution of the same problem
with ¢ replaced by ¢, = ¢ — 1/n.By our analysis in the case ¢ < ¢y, we know that
A1(uy) > 0. Passing to the limit, we easily get that Aj(u:) > 0.
To obtain a strict inequality, it is enough to show that ¢ — Aj(u;) is a strictly de-
creasing function. It should be clear from its definition that ¢ — Aj(u;) is nonincreasing.
Suppose that Aj(u;) = Ai(us) for some s < t. Call ¢! and ¢ the corresponding

eigenfunctions, which can be constructed as in the case ¢ < ¢y. Then,

C 2 — 2

A1<ut>=/ rV<z>ﬁ|2—/ L —/pu%’ gt
Q o || Q

s12 (& s2 —1 ,s2

§/£;|v¢1| /Q |x|2¢1 /S;puf 1

< [veip— [ et [ prier
Q o |z)? Q

= A1(us)

Hence,

S C S - S
/Q Ve - /Q ot - /Q pul 13 =
S c S — S
/Q'VW ‘/Q - /97’“5 ot

Up = Usg ,which implies t=s.

and

Hence u; is a stable solution of (P ).
To prove that u,; is the only stable H solution, we can argue exactly as in the case

c < ¢. O

The results of section 5 extend in the following way (we skip the proof) :
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Situation 1°. Suppose ¢ = cg, 2 = By, f radial and 1 < p < pg. Then u, the minimal

solution of (Py,p), solves the problem in the strong sense.
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Chapter 3

Comparison results for PDE’s with a singular potential

3.1 Introduction

Here we consider comparison results for linear elliptic and parabolic equations with
singular potentials. Let 2 C R™ be a smooth and bounded domain, and let a € LIIOC(Q),
a > 0. To motivate the discussion assume initially that a is smooth and bounded, and

suppose that

2 2
Mo i J2(V9 2@(93)@ )
pECL(Q) Jay

i.e., the first eigenvalue for the problem

>0 (3.1)

—Apr —a(@)pr = e nQ
(3.2)
p1r =0 on 02
is positive. We call ¢; the first eigenfunction and we take it to be positive. Since a is

smooth, it is well known that
C ' <91 <0G (3.3)

for some positive constant C', where (jy is the solution of
—Aly—a(x){y =1 inQ
(o =0 on 9N
Note that this problem is well posed and that (y > 0, since A; > 0.
We can formulate condition (3.1) without any assumption on the smoothness of a.

An interesting example is the so-called inverse-square potential
a(z) = —5 (3.5)

_9\2
where n > 3 and 0 < ¢ < %. An improved version of Hardy’s inequality (see

Brezis and Vazquez [BV] or Vazquez and Zuazua [3]) shows that it satisfies (3.1). On
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the other hand, it just fails to belong to L™?2(Q) if 0 € Q, and therefore the standard
elliptic regularity theory is not sufficient to conclude an estimate like (3.3). In fact,
for this potential, there exists a constant a > 0 (more precisely a = (n — 2)/2 —

(n —2)2/4 — ¢ ) such that {y and o behave like |x|~* near the origin (see Dupaigne
[D]), so that (3.3) can be interpreted as : “p; cannot have worse singularities than (y”.
In this note we prove (3.3) under a slightly stronger condition than (3.1).

We also want to extend the following version of the strong maximum principle for
the heat equation (see e.g. Brezis and Cazenave [4] or Martel [14]) : let 7" > 0 and

u = u(z,t) > 0 be a solution of

w—Au =0 inQx(0,7)
u =0 ondQx(0,T).
Then either u = 0 or
u(z,t) > c(t)d(z), (3.6)
where c is a positive function of t € (0,T") and 6(z) = dist(x, 0%2).
Using Hopf’s boundary lemma on one hand, and elliptic regularity on the other,

observe that for some C > 0,

C10< G <Cs
where ( is the solution of
~A{ =1 inQ
(o =0 ondQ.

Thus (3.6) is equivalent to

u(a,t) > e(t)Go(@). (3.7)
We would like to extend (3.7) to the case where ¢y solves (3.4) and u > 0 solves

ur— Au—alx)u =0 inQ x (0,7
: (@) 0.7) .
u =0 ondx(0,T).

Inequality (3.7) was already proven for the inverse-square potential in Baras and Gold-
stein [BG| and the authors mentioned (see Remark 7.1 in [BG]) that their methods

apply to potentials of the form a(x) = —A¢@/¢p where ¢ satisfies a certain weighted
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Sobolev inequality. In our proof, we derive such an inequality (see (3.34)) under an
almost optimal assumption on the potential a: see (3.9). As in [BG], we also make use
of Moser iteration type arguments, but our approach is, we believe, simpler.

The comparison results obtained in this note are motivated by and apply to some
semilinear parabolic equations studied in Dupaigne and Nedev [12]. As we shall see,
they also generalize to problems involving other boundary conditions and complement

the results obtained in Dupaigne [D].

3.2 Main results

The assumption on the potential a is the following: there exists r > 2 such that

— Jo Vel = Jqa(z)e’
v(a) := inf 7
PEC® (foleln)

(3.9)

Remark. Observe that if a satisfies (3.1) then for any small ¢ > 0, a. := (1 —¢)a
satisfies (3.9) with r = 2* = 2n/(n —2) (when n = 2, pick any r € (2,00)), by Sobolev’s
embedding. In particular, (3.1) can be seen as a limiting case of (3.9).

We also observe that if n > 3 the inverse square potential (3.5) satisfies (3.9), with

r=2"if0<ec< % and with any 2 < r < 2* for ¢ = (”_42)2 (see [BV, 3]).

Before stating our results we clarify in what sense we consider the solutions to (3.2)
and (3.4). This is necessary because in the context of weak solutions, or solutions in
the sense of distributions, uniqueness may not hold in general, and (3.3) can fail. For
example, in the case of the inverse square potential (3.5), when € is the unit ball By (0)

_9)2 . . .
and 0 < ¢ < %, n > 3 there is a positive solution u to

—Au—ﬁu =f inQ

(3.10)
v =0 onof)

which is smooth except at the origin and belongs to W11(£2). This shows that unique-

ness in general doesn’t hold.

Furthermore, there exists a solution (o of (3.4), smooth in Q \ {0}, behaving like
||~ near the origin, where o/ = (n —2)/2 + /(n — 2)2/4 — ¢, and a solution ¢ of
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(3.2) which behaves like |z|~® where a = (n —2)/2 — \/(n — 2)2/4 — ¢ < /. But then
(3.3) would fail. For details, see L. Dupaigne [D].
Hence we only consider solutions that belong to the Hilbert space H, defined as the

completion of CZ°(€2) with respect to the norm

2 — U2— (Ilfu2. .
||uuH—/Q|v | /Q () (3.11)

This norm comes from an inner product (-|-)g in H, and with some abuse of notation

we can write

(u|v)H:/Vu-Vv—/a(x)uv.
Q Q
We denote by H* the dual of H. Observe that Hi(Q) ¢ H C L*(Q) and therefore

L*(Q) c H* Cc H ().
Definition 3.1. If f € H* we say that uw € H is an H-solution of

—Au—alx)u = mn Q
(@) f (3.12)
u =0 onofd

(ulv)r = (f,v) =

for all v € H. With the obvious abuse of notation, this is equivalent to

/QVu-Vv—/Qa(x)uv—/va for allv € H.

From now on, we only deal with solutions in this sense, i.e. H-solutions.

Lemma 3.2. Suppose (3.1) holds and let f € H*. Then there exists a unique H

solution w of (3.10). Furthermore,
[ullzr = [1f ||z
and if f > 0 in the sense of distributions then u > 0 a.e.

See a proof in [12].
We also have to precise how to obtain a first eigenfunction for the operator —A—a(x)

with zero Dirichlet boundary data.
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Lemma 3.3. Suppose a(z) > 0 satisfies (3.9). Then H embeds compactly in L?*().
In particular the operator L := —A — a(z) : D(L) C L?(Q) — L?*(Q) where D(L) =
{ue HQ) | — Au—a(z)u € L*(Q) } has a positive first eigenvalue

\V4 2 2
A = inf fQ‘ ol £Q a(z)p .
peH\{0} Jaw

This infimum is attained at a positive 1 € H that satisfies (3.2). Moreover A1 is a

simple eigenvalue for —A — a(x), and, if ¢ is a non-negative, non-trivial H-solution of
—Ap—a(x)p =lp in
p =0 on 0S)

for some X € R, then A = \1.

Similarly, we can define H-solutions of the evolution equation (3.8) with initial

condition u(0) = ug € L?(1) :

Definition 3.4. The operator L defined in Lemma 3.3 is a bounded below self-adjoint
operator with dense domain and generates an analytic semigroup (S(t))i>o in L.

Hence for ug € L*(SY), there exists a unique
u = S(tyug € O([0,00), L?) N C((0,00), L) N C((0, 00), H)
solving
u+Lu =0 fort>0
u(0) =g

which we call the H-solution (or simply the solution) of (3.8) with initial condition
u(0) = ug € L*(9).

The main results in this paper are the following.

Theorem 3.5. Assume a : Q — [0,00) satisfies (3.9). Let o1 > 0 denote the first
eigenfunction for the operator —A — a(x) with zero Dirichlet boundary condition, nor-

malized by |[¢1llr2) = 1 and (o denote the solution of (5.4). Then there exists
C =C(Q,7v(a),r) > 0 such that

C ¢ < 1 < C.
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Theorem 3.6. Assume that a : Q — [0,00) satisfies (3.9). Let ug € L*(Q), up > 0,
ug Z 0, and let u denote the solution of (3.8) with initial condition ug. Let (o denote

again the solution of (3.4). Then
u(t) = c(t)Co
for some c(t) > 0 depending on ug, 2, y(a), r and t.

Corollary 3.7. Under the same assumptions as in Theorem 3.6, we have more precisely

u(t) > c(t) (/Q UOCO) Co,

where one can choose c(t) = e KUY for some K = K(Q,~(a),r) > 0.

Corollary 3.8. Assume a : Q2 — [0,00) satisfies (3.9) and let u solve (3.12) for some

UZC</QfCo>Co,

f >0, then

where ¢ = ¢(Q,v(a),r).

Remarks. 1) All the results apply also for a potential a(x) that changes sign in €2,

under the following additional hypothesis:

a(z) =a*(z) —a~(z) a*,a” >0 (3.13)
a* € Lj, (Q) and a” (z) € L=(9).

loc

In this case the constants also depend on [|a™ || e (q)-
2) Theorem 3.6 and Corollary 3.7 also hold under the following less restrictive hy-

pothesis: suppose that

s ([ 1er)" < [ (1962 - a)g? + M4?) (3.14)

for all ¢ € C°(R), for some M(a) > 0, y(a) > 0 and r > 2. In this case we define H

as the completion of C2°(£2) under the norm

Jully = [ (1Val? = aaye? + a?).
Q
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Theorem 3.9. Suppose that a(x) satisfies (3.13) and (3.14). Let ug € L*(Q), ug > 0,

ug Z 0, and let u denote the H-solution of (3.8) with initial condition ug. Then

u(t) > c(t) (/Q umpl) #1,

where one can choose c(t) = e KUY for some K depending on Q, y(a), r and M, and

where 0 < @1 € H 1is the first eigenfunction for —A — a(x) normalized by |12 = 1.

In Section 3.7 we mention some examples of potentials satisfying (3.14) for which
the stronger condition (3.9) may fail.

Observe that condition (3.14) implies the more standard inequality

\V/ 2 2
e JalVel 2a(w)<p o
peC(Q) Jo©

which is a necessary condition for the existence of global nonnegative solutions with

exponential growth to the linear parabolic equation (3.8) (see Cabré and Martel [CM]).
3) The method presented here for the parabolic problem also applies to equations
with mixed boundary condition, extending a result of [10] to the parabolic case. Let
I'1,T'5 be a partition of 99, with I'y # (). For simplicity we can assume that I'y, 'y are
smooth, but this is not important.
In this context, let (o denote the solution of
~Aly =1 inQ
G =0 only
% =0 only,

where v denotes the unit outward normal vector to 0f2.

Theorem 3.10. Let ug € L%(Q), ug > 0 and let u denote the solution to

u—Au =0 inQx(0,00)

u =0 onTyx(0,00)
% =0 onTyx(0,00)

u(0) =up inQ
Then
u(t) = C(t)</QuoCo>Co

where c(t) = e KEY for some K = K(Q,T'1,T3).
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We omit its proof, which is a slight modification of the one given for Theorem 3.6.

3.3 Some preliminaries

We start this section with some preliminary results on the linear equation

—Au—alx)u = in
(@) f (3.15)
u =0 on 09,

when the potential a(x) satisfies (3.9). As mentioned before all solutions to (3.15) are
assumed to be in H.
The last two lemmas in this section allow to reduce the proofs of the main results

of this paper to the case of a bounded potential.

Lemma 3.11. Assume a(x) satisfies (3.9), and that f € L*(Q2). Then the solution u

to (3.15) satisfies
/ W(~AQ) = / a(2)uc + £ (3.16)
Q Q
for all { € C%(Q), ¢ =0 on 9%, and all in the integrals in (3.16) exist and are finite.

In particular, by taking ¢ to be the solution of

Al =1 inQ
{0 (3.17)
G =0 onoQ

we conclude that a(z)u+ f € L ().
Proof. By working with f*, f~ we can assume that f > 0. Let
ag(z) = min(a(x), k), k>0

and uy be the solution to (3.15) with the potential a(z) replaced by the potential a(z).
Then it is easy to check that wuy is nondecreasing in k, and converges to u in L?(2).

Now take ¢ € C%(Q), ¢ = 0 on 9Q. Then

/ w(~AC) = / a (@)t + I, (3.18)
Q Q

and note that here all the integrals are finite. By taking in particular { = {0 (where Q:O

is the solution of (3.17)), and using Fatou’s lemma, we see that [, a(x)uly exists and
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is finite. Given any ¢ € C%(Q), ¢ = 0 on 89, we can find C > 0 so that || < C(p. It

follows that we can pass now to the limit in (3.18) and conclude that (3.16) holds. O

Lemma 3.12. Assume that a(z) satisfies (3.9). Let T : L*(2) — L%(Q) be the operator
defined by T'f = u, where u is the solution to (3.15) (i.e. L =T~ where L was defined

in Lemma 3.3). Then T is compact.

Proof. Let (f;) be a a bounded sequence in L(Q), and u; = Tf;. Then u; is
bounded in L"(2) by (3.9). Let (o be the solution to (3.17). Then, by (3.16) we have

/Q a(@)u;Go < |Gollz /Q P /Q 1.

Therefore —Au; = a(z)u; + f; is bounded in L{ (2) and by the Gagliardo-Nirenberg
inequality u; is bounded in Wﬁ)cl (©2). We conclude that for a subsequence (denoted the

. i q
same), uj — w in L}

(2) for some fixed 1 < ¢ < "4, and a.e. To conclude that u;
converges strongly in L2(Q), let € > 0 be given. Then by Egorov’s theorem there exists

E C Q measurable with |E| < e so that u; — u uniformly in Q \ E. Hence

limsup/ luj —u* < hrnsup/ ]uj—u\Q—i-limsup/ Juj — ul?
Q O\E E

< luy — g B
by the uniform bound of w; in L"(€2). O

To prove that the embedding H C L*(Q) is compact we use the following result

combined with the previous lemma.

Lemma 3.13. Let H, V be real Hilbert spaces and J : H — V a bounded, linear map.

Then J is compact if and only if JJ* is compact.

Proof. Clearly if J is compact then JJ* is compact.

Let € > 0. Then the map S; := JJ*+¢el : V — V is selfadjoint and coercive, in the
sense that ||Szyllv > elly|lv. It follows that S. is invertible. Therefore, given x € H
there is y € V so that

JJ'y +ey=Jx. (3.19)



58

But
(Jy2)m < sllelE + 517yl
and so
(J*y.x = T yYu < sllzllE — sl 5 < sllel
In combination with (3.19) this yields

1Ty = Jalf < Sl (3.20)

N ™

Now assume that JJ* is compact and let z; be a bounded sequence in H. Let M =
sup; [|z;]|lm, and set e, = 272 for k = 1,2,.... We start by taking k = 1 and letting
Y; = Se_ll(,]:cj). Then y; is a bounded sequence and since JJ* is compact there is a
subsequence (denoted the same) and some z; € V, so that JJ*y; — z;. Therefore,

using (3.20) we see that there is some j; so that
[ Jzj —zllv < [z — Ty llv + 177y — allv
&1 *
< ,/5M + + T Ty, — z1llv = 2M /Er.
Using a diagonal argument one can find a subsequence jj, and 2z, € V so that ||Jz;, —

2elly < 2710 for all I > k. This implies that ||zp41 — 2zx|ly < 27%+2 and therefore

21 is a Cauchy sequence in V. Thus 2z converges, and so Jxj, is also convergent. [

We are now in a position to prove Lemma 3.3. Proof. of Lemma 3.3 Taking
V = L*(), “H = H”, and denoting by J : H — L?(£2) the usual injection, we see that
T = JJ*, where T'f = u, and u is the H-solution to (3.15). By Lemma 3.12 T = JJ*
is compact and hence by Lemma 3.13 J is compact.

Since T is selfadjoint and compact, L = T~! has a smallest eigenvalue

\V4 2 2
M= m 12V za(w)w
peH\{0} Joo

and the infimum is attained by a positive eigenfunction associated to A, which we

> 0, (3.21)

denote by ¢1. A1 is simple, and this can be proved in the same way as for smooth
elliptic operators. In fact, let ¢ denote another eigenfunction for A;. Then for any
@ € R we have that ¢ = ¢1 — u¢p satisfies the equation
—AYp—a(z)y =My inQ
v =0 on 0f).

(3.22)
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Now, because 9 satisfies (3.22), if ¢ # 0 then it minimizes (3.21). Then also |¢|

minimizes (3.27) and therefore satisfies the equation (3.22). Since

—Al| = a(@)[Y]+ Ml =0 in
Y| =0 on 0f)

by the strong maximum principle we conclude that if ¢ # 0 then |¢)| > ¢§ a.e. in Q,
where ¢ > 0 and §(x) = dist(z, 09Q) (see e.g. Brezis and Cabré [BC]). This combined
with the fact that ¢ € VVli)Cl(Q) (by Lemma 3.1) shows that either ¢ > 0 or ) < 0 in Q

(assuming © connected, see for example Chabi and Haraux [9]). That is, for any p € R

either ¢ > pp or p < ppi. Setting g = sup{p : ¢ > upi} we see that ¢ = pop;. O

Define
ar, = min(a, k), k> 0. (3.23)

We denote by )\]f , gplf, C(]f the first eigenvalue, first eigenfunction and solution of (3.4)
associated with the potential aj, which are all defined in the usual sense, since aj is
bounded. Let (y be the solution to (3.4) in the sense of Lemma 2.1. Since a(x) satisfies

(3.9) (hence (3.1)), it is easy to check that ¢} — (o in L2(Q).
Lemma 3.14. Normalize o} by ||g0’fHL2(Q) = 1. Then
A — M\ and o =@ inH

as k — oo, where A1 is given by (3.1) and ¢y is given by Lemma 3.3, normalized so

that [|¢1 | z2) = 1.

Proof. Observe that

A= inf fQ ‘V‘PP - fQ ak($)¢2
=

3.24
peC () Jo ©? (3:24)

is non-increasing as k increases. Therefore the limit limg_. )\’f exists. We claim that
lim AF = ;.
1
k—o00

Indeed, note that A; < A¥ for all k, and also that for any ¢ € C°(Q)

/Q ak(@)¢? — /Q a(z)¢? (3.25)
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by monotone convergence. Take now ¢ € C2°(Q2) with ||¢||;2 = 1. Then
A< [ Vel - ano)e?,
Q
and using (3.25) we see that
limsup A} < / IV|? — a(x)e?.
Q
Taking the infimum over ¢ we obtain
lim sup )\]f < ).
Recall that we normalize ¥ by [|¢¥||;2 = 1 and so

2
Ioh11% < /Q VA2 /Q w@IAP =N =N ask oo (3.26)

In particular go’f is bounded in H and by Lemma 3.3 we can find a subsequence such

that ©F — 1 in L2(Q2). We observe that ¢1 > 0 and |[¢1]|z2 = 1.

Claim. ¢; minimizes

\V4 2 _ 2
a= i JalV¥ fg alz)e”
pe H\{0} Jo ¥

(3.27)

Indeed, testing the equation of p¥ with ¢ € C2°(Q), ¢ > 0 we find

[ 9ék v [aete =t [ oo
Q Q Q

and therefore

/VsO’f-Vso—/a(w)so'fsoék’f/sO’st-
Q Q Q

Taking limits on both sides, we find

/Vgol -V — / a(x)pre < )\1/ p1p.
0 Q 0

By density this is true for all ¢ € H, ¢ > 0 and taking ¢ = ¢ we find that

fQ ’ch1]2 - fQ a(x)(p% <A\
Jo i -

and the claim is proved.
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Then the standard arguments of the calculus of variations show that ¢; satisfies
(3.2), and hence ¢ is indeed the first eigenfunction of —A — a(z). The strong conver-

gence go’f — 1 in H, is a consequence of

lella = A1 < lloflle < AT,

which implies that ||o¥||gz — [|o|la- O

Lemma 3.15. It suffices to prove Theorems 3.5 and 3.6 and Corollaries 3.7 and 3.8

in the case where the potential a(x) is bounded.

Proof. We only give the argument for Theorem 3.5, which can be easily carried
out for the other results. Let a(x) > 0 be any potential satisfying (3.9) and ay its
truncation defined by (3.23). Observe that

oIVl — fyar@)s?
w<che)(fylol)"

So if Theorem 3.5 holds for bounded potentials, we must have

> y(a).

cigh < o < og, (3.28)

where (¥, pf were defined at the beginning of this section and C = C(£2,v(a),r) > 0 is
independent of k. Since Cé“ — (p in L? and Lemma 3.14 holds, we can pass to the limit

in (3.28). 0

3.4 Proof of Theorem 3.5

By Lemma 3.15 in the previous section it is enough to establish the result in the case
that a(x) is bounded.

The main idea is to consider the function

-
o

and notice that it satisfies (formally) an elliptic equation

—V - (@BVw) =Mp1lo—¢1 inQ
GVw-v =0 on 09,

(3.29)
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where v denotes the outer unit normal to the boundary 0€2. Then we will use Moser’s

iteration argument, combined with a Sobolev inequality to prove that w is bounded.

Step 1. Formal derivation of an iteration formula: there exists ¢ > 2 and C' >0

( /Q Gu) " < /Q CGu?, (3.30)

Multiplying (3.29) by w?~! where j > 1, and integrating by parts we obtain:

such that for all j > 1

2j — 1
j2

/C3|ij\2 = /(Alsm(o —onw¥ Tt < Al/ ., (3.31)
Q Q Q
Now we use the next lemma, which is a kind of Sobolev inequality.

Lemma 3.16. Assume u satisfies

—Au—alx)u =c(x)u+ mn Q
(@ = cayu+ f 5
u =0 on 0%,

where ¢, f € L*(Q), f >0, f # 0. Assume also that a satisfies (3.9). Then for
any 2 < q < r there is a constant C depending only Q, r, v(a), |c||pe, ||f||ze and
(Jo fé)_1 such that

2/
(/uslwlq) qSC/UQ(IVsO|2+<P2)
Q Q

for all o € CY(Q), where s is given by the relation

= . (3.33)

(A proof of this lemma is given in Step 4.)
Proof. of Step 1 continued Taking u = (p, f =1, c =0 and s = 2, by Lemma 3.16

there is g = 4% > 2 and C' > 0 such that

2/q
([ o) <c [ Guvel+¢) (3:34)
Q Q
for all ¢ € C1(£2). This applied to ¢ = w’/ and combined with (3.31) yields (3.30).

Step 2. We derive now the estimate

¢1 < Clo. (3.35)
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Proof. We iterate (3.30): define = ¢/2 > 1 and j, = 2u*, for k =0,1,.... Let

6, — (/S)ngj’“)l/jk.

Then (3.30) can be rewritten as
1/p*
Ok+1 < <C/Lk) O
Using this recursively yields

1/2
0k3000=0(/¢3) <o
Q
for all kK =0,1,2,... with C independent of k. But

lim 6, = supw
k—o0 Q

(because (p > 0 in ) and this shows that w < C.

Step 3. Justification of Step 1. To be rigorous, we need to justify the derivation of
(3.30), which has been formal only. One possible approach is the following. Proof. of

(3.30) Consider the family of smooth domains
Q. = {z e R" | dist(z,Q) < e},
where € > 0 is small. Let (5 be the solution to

—AG —a(z)(§ =1 in €. (3.36)

¢ =0 on oS,

where a is extended by 0 outside . Then (5 \, {p as € — uniformly in Q (because we
are in the case a(r) € L* and therefore we have a uniform bound for ¢§ in C1%(Q).)

Furthermore, ¢§ > ¢ > 0 in 2, by the strong maximum principle. Letting

_ %1
€ T Tsg»
0

it follows that w. € C1%(Q), w. = 0 on 9, and all the formal computations done with
w apply rigorously to w, so that (3.30) holds for w, in place of w and (§ in place of (.

It is then easy to pass to the limit as ¢ — 0, using e.g. monotone convergence.
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Step 4. Proof. of Lemma 3.16 First observe that u > ¢d for some ¢ > 0 (see Brezis

and Cabré [BC] for example), and recall Hardy’s inequality

2
% < C/ |V for all ¢ € CH(Q)
Q

where §(x) = dist(x,09). Using this with ¢» = dp Using this with ) = dp as in [10] it

is easy to check that

/ P2 <C / (Yol + %)
Q Q

for all ¢ € C1(2). This shows that

/<p2 SC/UQ(V90!2+¢2)-
Q Q

The next step consists in proving

</ \ugp]’">2/r < C/ u*(|Vel® + ¢?) for all p € C*(Q).
Q Q

To achieve this, note that by (3.9) we have

([ruel)" < [ 196 - [ atw)uer®
L 1w = [ @vek+ [ vuviu?)

and, multiplying (3.32) by ug? and integrating we get

| 9uve®) - [ @i = [ clapte+ [ fugt

Combining (3.40), (3.41) and (3.42) we find

But

2/r
([luel)"" <0 [ el + [ ot + [ fug
Q Q Q Q

The last two terms in the right hand side can be estimated by

[ carte+ [ fug?

IN

IN

C/uz(\VwZJrch)
Q

by (3.38). This proves (3.39).

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

VC||L<>°/Qu2<p2+||f||Loo(/§2u2(p2>1/2(/§2¢2)1/2
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Finally, we interpolate (3.38) and (3.39): by Holder’s inequality

Lol ([aer)' ([ &)

if A and s are chosen so that
s=Ar and 7TA+2(1-)\)=gq.
This gives the relation (3.33) and proves the lemma. O

Step 5. We claim that

Co < Cor.

Proof. This time we consider the quotient

which satisfies:
—V . (QO%V’U)) = @Y1 — )\1(,014.0 in Q

eiVw-v =0 on 0€.

Again we multiply this equation by ¢ = w?*~! to find

27 —1 . -
2 /Q A2 = /Q (1 = MprCo)w? !

J
< / prw 1
0

Here we use (3.35) to conclude that
prw? 1 < CGu? ™ = Cprw?

so we find
/@%ijlz < Cj/ prw?. (3.43)
Q Q

Letting ¢ = w’ and using consecutively Hélder’s inequality and Lemma 4.1 (with

u=¢1, f=0,c= A1, s=0and ¢ =2), it follows from (3.43) that

1/2 1/2
/«P?IWI2 Cj </ w?sz?Q) </ s02>
Q Q Q
1/2 1/2
Cj (/Qw?soQ> (/990? (¢2+|Vs0\2)> :

IA

IN
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And by Young’s inequality,

/Qﬁlvsdz < Cj? /Q elp? +1/2 (/Q o7 (¢* + !Vs0!2)>

so that
/Qcp?lvw\z < Cj?/ﬂw%ﬂ (3.44)

Using Lemma 3.16 with u = ¢1, f = 0, ¢ = A\; and s = 2, we obtain a constant

q:4%>23ndC>OSothat
N 2/q . .
(/ @%uﬁ”) < C/ @%(|ij\2+w2])
Q Q
and combining with (3.44) we arrive at
A 2/q .
(/ (p%ﬂ)‘”) < Cj2/ ©w, (3.45)
Q Q
An iteration argument as in Step 2 then shows that
supw < C.
Q

As in Step 3, we need to justify the derivation of (3.45) by an approximation argument.

This time however, it is more convenient to consider
Q. = {a: € Q | dist(z,00Q) > 5},

let ¢§ solve (3.36) and do all of the above computations in €2, in place of Q. We omit
the details. O

3.5 Proof of Theorem 3.6

As in the elliptic case, using Lemma 3.15, it is enough to establish the result for bounded
a(zx).

Let u be the solution of (3.8) and (y be the solution of (3.4). We note that u(t) >
¢(t)o for some positive function c(t) (see [4]). We will replace u(t) with u(t — 7) where

7 > 0 is fixed, and so we can assume

u(t) > ¢ for t € [0, 77,
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where T > 0 is fixed and ¢ > 0 is independent of ¢ for ¢t € [0,7]. By (3.37) we have

then
/ FA<C / W) ([Tl + o) (3.46)
Q Q

for t € [0, T, with C independent of ¢. Since by Theorem 3.5

Co < Con,

where 1 denotes the first eigenfunction for —A — a(x), it is enough to show that for

some constant C' we have
v1 < Cu(t).

We will work with

— -\t

which satisfies
v —Av—a(z)v =0 in Q x (0,00)

v =0 ondQ x (0,00).

Set

gl

and note that it satisfies (formally)

wwy — V- (v¥Vw) =0 inQx(0,7)
(3.47)
w’Vw-v =0 ondQx (0,T).

We claim that

w(t) < Ct™P for ¢ € [0, 7],

where 3, C > 0 are independent of t.

To accomplish this, we follow the idea in the paper by Brezis and Cazenave [5],
which is inspired by a work of Fabes and Stroock [13]. To simplify the exposition, we

first work formally with (3.47).

First, for j > 1 and ¢ € [0,T] we define the quantity

0;(t) = /Qu(t)Qw(t)j.
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We also use the notation

Our first step is to derive

Claim 1.

j—1
O3,(0) + 2wl + 22— [ vl =0, (3.49)

where || - ||z was defined in (3.11). Proof. of (3.48) Multiplying (3.47) by w?~1 we

find
1

2j Ja

, 2i—1 .
u? (w%)t + jj2 /Qu2|VwJ\2 = 0. (3.49)

Then writing ¢ = w?, observe that

S0as(t) = 0250y =2 [

uutg02+/u2(<,02)t. (3.50)
Q Q

Hence by (3.49) and using (3.50) we obtain

1 2j — 1 .
LN ?) / 2\ G 2 = 0, 51
2j(2j /Quutgo + 2 v =0 (3.51)

Now we multiply (3.8) by u¢? and integrate on 2. This gives the relation

/uuth—l—/ VuV(uch)—/auchQ:O.
Q Q Q

Therefore

/uutg02 = /au2g02—/VuV(ug02)
Q Q Q
= [ = [V + [ 9l
Q Q Q

Substituting the expression [ uu¢p? from the previous equation in (3.51) yields (3.48).

Claim 2. From (3.48) immediately follows that 05;(t) < 0 and therefore

6;(t) < 0;(0) for all t € [0,T] and j > 2. (3.52)

Claim 3. There is constant C such that

1 62] (t)ler



g:ig — 1> 0. Proof. By Holder’s inequality

o) = [t < ([wor) ([ )7 ([are)

Now we use assumption (3.9) and (3.46) to get

where m =

T r—2 2r—4
02;(t) <C Juglly /Q w2(IVel2 +¢2) ) /Q ulp) 7

r—2

oy 3r—4 2r
= CHu«pH?}‘4(/Qu2\w12+92j(t))3 0 (t)sr1.

And by Young’s inequality,

2r—2
2r—4

02,(0) < C (Il + [ w2176l +02,0) 0503,

Let
3r—4

= —1>0
M=o

so that by (3.54) and (3.52)

00,0 < (gl + [ W2Vl + 00,(0) 0,0

Rearranging (3.55) yields
1 0a;(t)" ™ 2 21 |2
— 2 hyi(t) <
&~ ) < gl + [ a1V
and combining the last expression with (3.48) we obtain (3.53).

Claim 4. Using (3.53) we have

Boi(t) < Ct~Y™m0,;(0)2 ¢ e0,T).
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(3.54)

(3.55)

(3.56)

The derivation of this estimate has been formal only but, as in Step 3 of Section 4, we

can make it rigorous using the same approximation argument on 2.

Claim 5. Iterating (3.56) we find

[w(t)|| e < CtV2m for t € [0,T.

Indeed, for k = 1,2,... set t;, = t(1 — 2751} and j, = 2*. Then t3,1 —tx = 27%t. So

from (3.56) we have

0jk+1 (tk+1> = 02jk (tk + 271%)
< Q2k/my=lmg. (1)2.

(3.57)
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But recall that

so from (3.57) we have

o R L O R ( TR R
Q

1 s 1/2
Cr (/umﬁmmﬁ/.
Q

(/Qu(tk+1)2w(tk+1)

IN

IN

Letting £ — oo we find

supw < C't_l/QmnglHLz.
Q

3.6 Proof of Corollaries 3.7 and 3.8 and Theorem 3.9

Again, it is enough to reduce to the case where a(z) is bounded. Proof. of Corollary 3.7

Step 1. A first estimate involving §(z) = dist(x,9Q). (S(¢) denotes the semigroup
generated by —A — a(x) in L?(Q), where a(z) is now a bounded potential).

Using a fine version of the maximum principle for the heat equation (see [4] for
the time dependence of the constant and Martel [14] for the dependence on the initial

condition), we have that

u(t) > e K/ (/Q u05> o(x) for t € [0, 77,

where K = K(Q,T) > 0. Let u1 > 0 and ; > 0 be the first eigenvalue and eigenfunc-
tion of the Laplace operator (with zero boundary condition). Possibly increasing the

constant K, it follows that
u(t) > e K/t </ u05> () for t € [0, 1],
Q
where K = K (). Now let v(t) = e/~ ([, ud) e #1%); (). Then

v —Av =0
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So by the maximum principle u(t) > v(t) for ¢ € (1,00) and we finally obtain

u(t) > e K+1/D) ( / u05> 5(z)  for t € 0,00), (3.58)
Q
where K = K(Q).
Step 2. An estimate for u™ = S(t)0y,.
First, looking carefully at the previous section, we see that if u > 0 solves (3.8) and
u(t) > 6(x) for t € [0, T
then
u(t) > Ctle=Mt¢y  for t € [0,T7, (3.59)

where C' and (3 depend only on €2 and v(a).

Next, fix a ball B CC Q and for g € B, let d,, denote the Dirac mass supported by
{0} and u™ the solution of (3.8) with initial condition ug = d,,. Given to > 0, we

have by (3.58),
U™ (tg) > &(wo)e KoH1/t0)§(z) > e—K'(to-H/to)(g(x),

where K’ depends only on €. Hence, for ¢ € [0, 7]

Ut (t +tg) > e K ot1/t) §(1)5(x) > ce™ K (tot1/t) (1)) (2)

> Ce_Kl(t0+1/tO)€_M1t¢l (ZC) > Ce—K(t0+1/t0+T)($(.’E),

where K = K (). Using (3.59), we obtain for ¢ € [0,T]
u®o (t 4 tO) > Ctﬁe*)qtefK(toJrl/toJrT)go
so that, choosing t =T = 1y

u™(2tg) > e Kot/ lo) gy,

where K" depends solely on Q and ~y(a). Since to > 0 was chosen arbitrarily, we finally
obtain for all ¢ > 0

u®™(t) > e” KNG, (3.60)
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Step 3. Let u? be the solution of (3.8) with initial condition uy = xp. Proceeding as

in the previous step, we can show that

uP > e K+, (3.61)

Now, let u be the solution of (3.8) with arbitrary initial condition ug > 0. Using (3.60),

we then have for x € B

u(t,x) = (dz, S(t)up) = /

wu® > e—K”(t—l—l/t)/uOCO'
Q Q

In other words,

u(t) > e K"+ (/ UoCo) XB-
Q

Hence, using (3.61), it follows that

u(2t) > e KOH/D (/ UoCo) Co
Q
with K = K(Q,7(a),r), which completes the proof of Corollary 3.7. O

Proof. of Corollary 3.8 One just needs to apply Corollary 3.7 and Duhamel’s

principle: if u solves (3.12) then

u=S1)u+ /01 S(1—s)fds > (/01 e_K(SH/S)ds) (/Q f§0> Co-

Proof. of Theorem 3.9 Recall that we assume here that a(x) satisfies (3.13) and
(3.14). First we remark that, as for the case when a(z) > 0, one can reduce the proof
to the case of a bounded potential by considering ay(z) = min(a(z), k), k > 0, similarly
to Lemma 3.15. Let ug € L?(9), ug > 0 and u be the solution to

u—Au—a(z)u =0 in Q x (0,00)
u =0 on dQ x (0,00).

Let M be the constant from condition (3.14) and set v = e~ *?u. Then v satisfies
v —Av—(a(z) —M)v=0 in Q x (0,00).

Observe that the potential a(z) = a(x) — M satisfies (3.13) and (3.9). Applying Corol-

lary 3.7 combined with Theorem 3.5 to v and the potential a(x) we conclude that

o(t) > 6K(t+1/t)(/

o)1) o1
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(The first eigenfunctions for —A — a(x) and —A — a(z) are the same). Then the

conclusion for u follows easily. d

3.7 Further results and open problems

In this section, we question the optimality of our assumption (3.9) on the potential

a(z). As we shall see, potentials of the form a(x) = ¢/d(x)? where
d(z) = dist(z, %)

is the distance function to an embedded manifold ¥ C R", do not necessarily satisfy
our assumption (3.9) but a weaker version of it. We conjecture that some comparison
result can still be obtained.

Finally, open questions on the Green’s function of the operator —A — a(x).

We state the following generalized Hardy inequalities :

Theorem 3.17. Let > be a smooth manifold of codimension k # 2 embedded in R"

and d(x) = dist(z, X). Then we have the following results:

1) If ¥ is compact then for any e > 0 and 2 < r < 2n/(n — 2), there exist C > 0,

v > 0 depending on £, 3, r and €, such that

v(frer)" s [ivep-E=2=E [0 [

for all p € C(N\ X).

2) If ¥ is oriented then for some r > 2, there exist C, v > 0 such that

2/r @2 9
N r g/v 2 +C/
(/Q!sOI) Vel iz e

for all p € C(Q\ X).

3) If ¥ is such that Ad*=2 <0 in D'(Q\ %), then for any 2 < r < 2n/(n — 2) there

exists v > 0 such that

/T k—2)2 [ ?
< . &
/ o) < /Q Vel - S [ 5

for all o € CX(2\ X).
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4) In particular if ¥ = 0Q and Q) is convex then for any 2 < r < 2n/(n — 2) there
exists v > 0 such that
2

2/r 9 1 ©
’V/W S/Vs@ i
(QII) Q| \ 1)@

for all ¢ € C°(Q).

The fourth inequality was discovered with v = 0 by Marcus, Mizel and Pinchover
[15], and Matskevich and Sobolevskii [16]. It was then improved by Brezis and Marcus
[2] to the case v > 0 and n = 2. The general case for the third and fourth inequalities is
due to Barbatis, Filippas and Tertikas [1]. We will prove the two others in a forthcoming
publication.

Suppose that a : Q@ — [0,00) is such that for some constants C'(a), y(a) > 0 and

@ ( [ 1) < [ 196 = [ e+ c [ o

for all ¢ € C°(€2). Observe that the first two inequalities in Theorem 3.17 provide

r> 2,

examples of such potentials.

We can then define H to be the completion of C2°(§2) with respect to the norm
|2 = /Q Vul? — a(z)u? + Cla)u?.
Assume now that u € H solves for some f € L*>(Q),
—Au—a(x)u =f inQ
u =0 on 0.

Is it true that
lul < C([[fllzee + llullz2) o1
where C' = C(Q,C(a),7v(a),r) and ¢1 € H is the positive normalized eigenfunction of

the operator —A — a(x) with respect to its first eigenvalue ?

The Green’s function

Another direction interesting to pursue concerns the Green’s function for the op-

erator —A — a(x). We assume here that a(x) satisfies (3.9). Let G be the Green’s
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function for the operator —A — ay(z) where ax(x) = min(a(x), k), that is

—AyGg(z, ) —ar(y)Gr(z,) =06, inQ
Gi(z,-) =0  on 09

where &, denotes the Dirac measure at some x € €). Then one can prove the following

Lemma 3.18. We have Gy > 0 and the sequence Gy is non-decreasing and bounded
in L' (Q x Q). Therefore it converges to a function G € L*(Q x Q). Moreover, for any

f € L>®(Q) the solution u to

—Au—a(x)u =f nQ
u =0 ondfd

can be represented as
u(z) :/G(x,y)f(y) dy a.e. in €.
Q

Then, as a consequence of the comparison result in Corollary 3.8 we have the fol-

lowing
Corollary 3.19. There exists a constant ¢ > 0 depending on 2, r, y(a) such that

G(z,y) > co(x)Co(y) a.e. in Q x Q.

We have not investigated the possibility of establishing pointwise upper bounds for
G. For the special case of the inverse square potential a(z) = ¢/|x|?, in dimension n > 3
and with 0 < ¢ < (n — 2)?/4, Milman and Semenov [17] established upper and lower
bounds for the heat kernel associated to the operator —A — a(x) in R", from which

upper bounds for the Green’s function can be derived.
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Chapter 4

Semilinear elliptic PDE’s with a singular potential

4.1 Introduction

4.1.1 Statement of the problem
This section focusses on the following equation :

—Au— #u = f(u) + Ab(z)  inQ

u>0 in € (Py)
u=20 on 0f)

Here, Q) is a smooth bounded domain of R”, A > 0 is a (small) constant and a,b, f

are non-negative functions, satisfying a number of conditions listed later on. At this

point, we would like to look at an example treated in [D], which motivates the study
of (Py) and clarifies the issues at stake : take a(x) = ¢/|x|* where ¢ € (0, (n — 2)2/4),

f(u) =P, with p > 1 and b(x) = 1. (Py) becomes :

—Au—iu:up+/\ in Q
|2

u>0 in

u=0 on 0f)

It turns out that if 0 €  and n > 3, there exists a critical exponent py = po(c,n) such
that the above equation has no solution for any pair (p, A) satisfying p > pgp and A > 0,
whereas solutions exist for p < pg, provided A\ > 0 is chosen small enough (while no
solution exist if p < pp and A is large). It should be noted that whenever they exist,

the solutions are always singular at the origin. In this work, we show that this result

can be extended to a greater class of potentials, examples of which can be taken to
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have singularities on curves or higher dimensional submanifolds of €2 (see Section 6) :
if a(x) = c/dist(z,%)?, where ¥ is a submanifold of codimension k > 3 of 2, there is
again a critical exponent py = po(c, n, k), which somewhat surprisingly decreases with
k.

Roughly speaking, there is a better chance that (Py) has a solution when the poten-
tial is singular on a ’larger’ set. In fact, when ¥ = 9, any power (or any nonlinearity

f) is allowed. Also, this critical exponent phenomenon is just a specific case of a di-

chotomy between nonlinearities f that allow for existence of solutions and those that
don’t. We derive for this matter a sharp abstract criterium on f, in the spirit of [KV]
and [BC], which is nevertheless easy to check in applications.

Even in the case of the inverse-square potential a(x) = ¢/|z|?, this will lead us to

new results complementing those of [D].

We now turn back to (Py) and to make all of our statements precise, list the assumptions

on our data :

. a € L},.(Q), a(z) >0 ae. and, for some > 0,

/ |Vul|* — / a(z)u® > / u? for all u € C°(Q) (0.1)
Q Q Q

(0.1) states that the first eigenvalue of the operator L = —A — 55 is positive. When

|z

c<c:=(n—-2)?%/4, n >3 and a(r) = ¢/|z|?, (0.1) is just the celebrated Hardy
inequality (see [BV] for its proof). However, if ¢ > ¢y (and 0 € Q), (0.1) fails and in
fact there are no nonnegative v # 0 such that —Awu — ﬁu > 0, hence no solution of
(Py) (see [BG] or [CM]). Hence (0.1) is crucial.

It also follows from (0.1) that

lul% = / IVl — / a(o)?
(9] (9]

is (the square of) a norm on C2°(Q2). Completing C2°(§2) with respect to this norm, we
obtain a Hilbert space H. Using Lax-Milgram lemma, we then define a unique (o € H

solving

CAG - So=1  inQ
|z|?

(0.2)
Co=0 on Jf2
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in the sense that

(Colo)r = (1, 0) a1 for all ¢ € H. (0.3)

Observe that given any € > 0, if a satisfies (0.1) then the space H associated with a, :=
(1 — €)a coincides with H}(£2). So that in the generic case, our definition of (y reduces
to the standard one. However, it was proved in [VZ] that if a(z) = (n — 2)?/(4|z|?)
(this potential corresponds to the limiting case of the Hardy inequality), the associated

space H contains HE(Q) as a proper subset.

. be LY(Q) :== LY (Q, dist(z,00)dz), b £ 0, b(z) > 0 a.e. and

[ oo <o (0.4
Q

where 0 < (y € H is the solution of (0.3). For simplicity, the reader may think of b as
a smooth and bounded function. As we shall see (in Lemma 1.2), what (0.4) ensures is

that there exists ¢; > 0 solving (in a certain sense to be defined later on)

CAG--Sa=b  mQ
|z|?
¢(1=0 on 0f)

which is a minimum requirement, if one wants to solve (Py).

The following set of conditions on f, though technical, is satisfied by a wide class
of nonlinearities.

. f:RY — Rt is a C1, convex function with f(0) = f/(0) = 0 satisfying the

two following growth conditions :

ft)
t—gl—noo T = oo <0.6)
/OO g(s)ds < oo and sg(s) < 1fors>1 (0.7)
1
where we set, for s > 1,
g(s) = sup f(t)/ f(st) (0.8)
t>0

Clearly, g is a decreasing, nonnegative function. Moreover, s — sg(s) is nonincreasing

since, by convexity, t — f(t)/t is increasing and f(0) = 0.
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We may also assume that g is continuous. If not, since g is used in our proofs solely
for comparison arguments, it suffices to replace g with a continuous function § > g,

satisfying (0.7), such that ¢ — ¢g(¢) is nonincreasing and

/ g(s)ds — / g(s)ds is arbitrarily small
1 1

We construct such a function in Lemma 2.3.
We also observe that since g(s) > f(1)/f(s), (0.7) implies the following weaker condi-
tion, which often appears in the litterature :

1

f(s)

In particular, our proofs yield no result for functions like f(¢) = ¢(In t)g, 6 > 0 for

ds < oo.

which g(s) =1/s.
Examples of nonlinearities f which do satisfy our assumptions are : f(u) = P for

p>1, flu) =e* —u—1, f(u) = u?> — 1 + cos(u) ,... Next, we clarify the notion of

solution used in this section. We need to do so because even linear problems of the form
(0.5) may not be well posed in the usual distributional or Sobolev space settings. This

is shown in [D] for the potential a(z) = ¢/|z|?. e Following [BCMR], we shall say that
u € L1(Q) is a weak solution of (Py) if u > 0 a.e. and if it satisfies the two following
conditions :
Jo (a(@)u+ f(u))d(x) < oo where d(x) = dist(x,0Q)
fQu(—Agb—ﬁqs) Jo(F () +Ab)p  for ¢ € C2(Q) , dlog =0

Observe that the first condition merely ensures that the integrals in the second equation

make sense. Similarily, a weak solution u € L'(Q) of (0.5) with b € L} := L'(2, 6(x)dz),

is one that satisfies the equation [, u (—Agb— ﬁqﬁ) = Jobo (for all ¢ € C*(Q),

Plag = 0) with the integrability condition [, (a(z) + 1)|uld(x) < co. We will also refer

to inequalities holding in the weak sense or talk about (weak) supersolutions. This
means that we integrate the equation with nonnegative test functions. For example,

—Au— ﬁu > f holds in the weak sense, given f € L}, if u € L}(Q), a(z)u € L}()
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and if

/ u <—A¢ - ‘;’ﬁ) > / fo  forall ¢ € C2(Q) with ¢ > 0 and ¢|sq = 0
Q Q
These definitions are motivated by the following lemma (proved in [BCMRY]) :

Lemma 0.1. Let f € LY(Q) := LY(Q,6(x)dx). There exists a unique (weak) solution
u € LY(Q) of
—Au=f in
u=20 on 0f2

in the sense that

[ua0= [0 forat 9@, ol =0
Q Q

Furthermore, there exists a constant C' = C(2) > 0 such that

ull @) < CllfllLy@)

and

f=>0 a.e. = u>0 a.e.

Lemma 0.2. Let a(x) € L), b € L) and f € C(RT,RT) be nonnegative
functions. Let X > 0. Suppose there ezists a (weak) supersolution w > 0 of (Py)
(respectively (0.2),(0.5)). Then there exists a unique weak solution uw > 0 of (Py)

(respectively (0.2),(0.5)) such that
0<u<w

for any (weak) supersolution w > 0 of (Py) (respectively (0.2),(0.5)).

u is then called the minimal nonnegative weak solution of (Py) (respectively (0.2),(0.5)).

Remark. The function {yp € H solving (0.3) also solves (0.2) in the weak sense. In
fact, it is the minimal nonnegative weak solution of (0.2), so that no confusion may
arise (see the remark following Lemma 1.1).

Proof. The proof is identical for all three equations (Py),(0.2),(0.5) so we restrict to
the case where w is a supersolution of (Py). First if u; > 0 and ug > 0 are two weak
solutions such that

0<w <& i=1,2
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for all supersolutions w > 0, then we must have u; < ug and ug < uj, hence u; = u9
so that the minimal solution — if it exists — is unique. Next, let w > 0 be a weak
supersolution of (Py) and let ug € L*(2) be the unique solution of
—Aug = Ab in Q
ug =0 on 0f)
in the sense of Lemma 0.1. It follows easily from Lemma 0.1 that 0 < ug < w. Next,

we show by induction that there exists a unique u, € L'(Q2) for n = 1,2, .. solving
—Auy = a(x)up—1 + f(up—1) + b in

U, =0 on 0N
in the sense of Lemma 0.1, and such that 0 < u,, < w. Indeed, since 0 < uy < w and

w is a weak supersolution,
0 < a(x)uo + f(ug) < a(x)w + f(w) € LYH(RQ).

So that u; is well defined (by Lemma 0.1) and 0 < up < u; < w (applying Lemma 0.1
again). The same argument can be applied inductively to show that w,, is well defined

(provided 0 < uy,—; < w) and that
0 <up—1 <up, <w.

Hence {uy, }, is a nondecreasing sequence of nonnegative functions dominated by w. By
monotone convergence, its (pointwise) limit u solves (Py).

Now if @ > 0 is another supersolution, it follows easily from Lemma 0.1 that ug < w
and u, < w for all n = 1,2, ... Passing to the limit, it follows that u < w.

g

With these definitions in mind, we investigate the existence, uniqueness and regularity

of solutions of (Py) :

4.1.2 Main results

Theorem 1 (existence and optimal regularity). Assume (0.1),(0.4),(0.6),(0.7)

-1
hold and let Co = G(1) solve (0.2), ¢1 = G(b) solve (0.5) with G = (—A - W)
defined in Lemma 1.2.
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e Either there exist constants € > 0, C' > 0 such that

/Q Fet)<oo  and  GU(G) <CG  ae (0.8)

Then there exists \* > 0 depending on n, a(z), f, b(x) such that

if X < X\* then (Py) has a minimal weak solution u.

Furthermore, for some constant C > 0 independent of x € ), we have

G <u<Cq a.e. i

if A= X" then (P\) has a minimal weak solution,

if A > X" then (Py) has no solution, even in the weak sense and there is

complete blow-up.

e Or (0.8) holds for noe >0, C > 0. Then, given any A > 0, (Py) has no solution,

even in the weak sense, and there is complete blow-up.

This result requires the following definitions :

Definition 0.1. Let {a,(x)}, {bn(z)} and {f,} be increasing sequences of bounded
smooth functions converging pointwise respectively to a(x), b(x) and f and let u, be the

minimal nonnegative solution of

—Aup — anun = fn(un) + by in Q
()
u, =0 on 0f)

We say that there is complete blow-up in (Py) if, given any such {an(z)}, {bn(z)},
{fn} and {u,},

U ()

o(x)

— 400 uniformly on €,
where §(zx) := dist(x,09).

Definition 0.2. The parameter \* is called the extremal parameter of the family of

equations {(Py)}x and the corresponding solution uy« is called the extremal solution.
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Theorem 2 (uniqueness of stable solutions). Make the same assumptions as in
Theorem 1. If it exists, let uy denote the minimal nonnegative (weak) solution of (Py).
IfO< A<\,

e wu) is stable

o Assume that f((1) + Ab € H*. Then uy € H and u) is the only stable (weak)

solution of (Py) belonging to H.

If X =\,
e u)« 1s stable

o Assume b € LP for some p > n. Then uy- is the only weak solution of (Py«).

Stability is defined as follows :

Definition 0.4. We say that u is stable if the generalized first eigenvalue \i(u) of the

linearized operator of equation (Py) is nonnegative, i.e., if
A (u) 1= inf{J(8) : & € CX(9)\ {0}} > 0

where
_ fQ ’V¢|2 - fQ a($)¢2 - fQ f/(u)¢2
Jo @

The proof of Theorem 1 is presented in section 2 , whereas Theorem 2 is proved in

J ()

section 3. Applications can be found in the remaining sections 4, 5 and 6.

4.2 Preliminary : linear theory

We construct here a few basic tools to be used later on and start out with the L? theory.
Lemma 1.1. Suppose (0.1) holds and let b € H* N L}(9).
There exists a unique u € H, weak solution of
—Au—a(x)u=">in Q

u =0 on 0N
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Furthermore,

[l = [10]] e~ (1.2)

b > 0 in the sense of distributions = u > 0 a.e. (1.3)

Proof. By working with b™, b~ we can assume that b > 0. It follows from Lax-Milgram

lemma that there exists a unique v € H such that
(wlo)g = (b, ®) .1 for all ¢ € H.
Furthermore, (1.2) holds. We now show that u solves (1.1) in the weak sense : Let
ar(x) = min(a(z),k), k>0

and uy be the solution to (1.1) with the potential a(z) replaced by the potential ag(x).
Then it is easy to check that wuy is nondecreasing in k, and converges to u in L?().

Now take ¢ € C?(Q), ¢ = 0 on 9. Then

/Q un(—AG) = /Q ax(2)ukd + b,

and note that here all the integrals are finite. By taking in particular ¢ = ¢g to be the
solution of
—A(ﬁo =1inQ
¢o = 0 on 0f)

, and using Fatou’s lemma, we see that fQ a(x)upy exists and is finite. Given any
¢ € C%(Q), » = 0 on 9N, we can find C > 0 so that |¢| < C¢yg. It follows that we can
pass to the limit in the equation satisfied by uj and conclude that u solves (1.1) in the

weak sense.

Next we show that if 4 € H is another weak solution of (1.1) then & = u. By
definition of H, there exits u, € C°(Q2) such that u, — @ in H (and a fortiori in

LY(9)). Hence for ¢ € C(9),

(@l6)sr = 1 (un|o)n
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Using integration by parts and the fact that u, — @ in L'(Q),

(walo)r = | v (—A¢— Wb) - [ (—Aé— mm) Sy

So that

(W|¢)g = (b,d)g+  for all ¢ € C(Q).

By density, the equality holds for all ¢ € H and 4 = v by Lax-Milgram lemma.

Finally we show (1.3). Let b € H*, b > 0 (in the sense of distributions) and v € H
be the corresponding solution of (1.1).
By definition of H, there exists a sequence {u,} in C°(£2) converging to u in H.

Letting b, = —Au, — %un, it follows that b, € H* and b,, — b in H*.

|z
Now, u, € H}(Q) = u, € Hi(Q) and integrating the equation satisfied by wu,,

against wu,, yields

[l 7 = (bns v Y s

To pass to the limit in this last equation, we just need to prove that {u, } remains

bounded in H.

el = [ (90 = [ alo)wn)?
= [Vl = [ at@pd + [ atw)ty "
< [Vl = [ a@d + [ [9utP = [ 9 - [ |

= [|unlf%

where we’ve used (0.1) in the inequality.

g

Remark. Observe in passing that {y solving (0.3) is the minimal nonnegative weak
solution of (0.2) : by the previous lemma (and its proof), (p is indeed a weak solution of

(0.2). If u denotes the minimal nonnegative weak solution of (0.2), and uy the solution
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of (0.2) when a is replaced by aj = min(a, k), it can be shown as above that uy — u in

L'(Q) and that {uy}s remains bounded in H so that v € H and u = (p.
Lemma 1.2. Let b € LY(Q,(x)dx) with b >0 a.e. and b # 0. The equation

—Au — %u =binQ
2] (1.5)

u =0 on N

has a nonnegative weak solution u € L*(Q) (which may not be unique) if and only if

/ b(x)(pdr < oo (1.6)
Q

where {y denotes the solution of (0.3). We then denote the minimal nonnegative weak
solution u of (1.5) by
u = G(b)

Proof.
Suppose first that [, b(z){odz < oo and let b, = min(n,b) for n € N.
By Lemma 1.1, there exists a unique v, € H, v, > 0, solving (1.5) with b, in place

of b and, testing with (p in (1.5) and with v,, in (0.3), we obtain

| o = @l = [ v

loallzs < / bGo
Q

Hence,

Testing with z, solving

—Az=1inQ
(1.7)
z =0 on 0N
we get
(vnl2)g = / bz = / Up — / a(x)vpz
Q Q Q
So that

/Qa(x)vna < O/ngo

Observe that Lemma 1.1 implies that v, is nondecreasing and using a standard mono-

tone convergence argument, it follows that v = lim v,, (weakly) solves (1.5). By Lemma
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0.2, we can then construct the minimal nonnegative weak solution u = G(b). Conversely,

suppose v > 0 is a weak solution of (1.5) and assume for now that b € L™ and that v is
minimal. ||b]|; (p is then a supersolution of (1.5), hence v < C(p. Also, as in the proof
of Lemma 1.1, we can show that v is an H solution. Next, take a sequence of bounded
functions ®,, increasing pointwise to a(x)(p and let v, be the solution of

—Av, = &, in Q

(1.8)
v, = 0 on 0N

Testing with v,,, we obtain

/Q b = (v]vn) g = /Q o(®, — az)vn) (1.9)

Since a(x)(p € L};, on /" a(x)(p in L% and, by Lemma 0.1, v,, /' v := (g — z in L', with
z solving (1.7).

Now, ®,, < a(x)¢y and v, < v < (p, hence
[0(®n — a(z)v,)| < 2a(2)¢

Suppose in addition that fQ a(:L‘)Cg < o0 so that we can apply Lebesgue’s theorem and

pass to the limit in (1.9) :

Hence,

/chog I2]lon (/Qb5+/9a(:n)v5> (1.10)

We made two auxiliary assumptions to arrive to this result. First, we assumed that
b € L. If this is not true, we can replace b by b, = min(b,n), apply (1.10) to
bn, and let n — co. We also assumed that [, a(z)(§ < oco. If not, replace a(z) by
ac(z) = (1 — €)a(x) and (y by (. the solution of (0.3) with a. in place of a. Multiply

(0.1) by (1 — €) to obtain

/ |Vul? — / ac(x)u® > 6/ |Vul|? for all u € C2°(92)
Q Q Q
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The space H corresponding to the potential a. is therefore good old H&(Q) and, by

construction, (. € H} (). Using the above inequality, it follows that

/a€C62 < 00
Q

We can therefore apply (1.10) with (. in place of {y and let € — 0. O

4.3 Existence vs. complete blow-up

In this section, we will prove existence or nonexistence of weak solutions of (P)), using
the tools we have just constructed and monotonicity arguments.

The following result, due to [BC], for which a proof in our context can be taken from
[D], proves the blow-up results of Theorem 1 provided nonexistence of weak solutions

is established :

Lemma 2.0. Fizx A > 0 Suppose (Py) has no weak solution. Then there is complete

blow-up in (Py)
Next, we extend a technical result of [BC] :

Lemma 2.1. Let ® : R — R be a C', concave function such that for some C > 0,
0<Pd' <C

Let h, k€ L} (Q), h, k>0, k # 0, satisfy (1.6) so that u = G(h) and v = G(k) are

loc

well-defined. Then, letting w = v®(u/v),
we LNQ) , a(x)w € L} and

—Aw— ﬁw > ' (u/v)(h—k)+ ®(1)k in the weak sense (2.1)
x

Proof. Suppose first u,v € C%(Q), v > 0 in 2 and ® € C%(R). Applying Lemma 5.3 in

[BC], it follows that a.e. in ,

C

—A
YT P

w > (u/v)(—Au) + [®(u/v) — ' (u/v)u/v] (—Av) — a(z)®(u/v)v
>0 (u/v)h + [®(u/v) — ' (u/v)u/v] k

> (u/v)(h— k) + [®(u/v) — ®'(u/v)u/v+ @' (u/v)] k
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Since ® is concave,

D(s) + (1 —8)P'(s) > ®(1) for all s e R

Hence,

—Aw — #w > &' (u/v)(h — k) + ®(1)k a.e. in Q (2.2)

Since @’ is bounded, we see, as in [BC], that

[0®(u/v)| = v (®(u/v) — (0)) + ©(0)v] < C(u+v) (2.3)

Hence, w vanishes on 02 and integrating by parts, (2.2) holds in the weak sense. By
approximation of ®, we can also say that (2.2) holds even when @ is only C*'. Finally

observe that all of the above computations still hold if w,v are merely C*(Q). In the

general case, let ay,,h,,k, be bounded functions increasing pointwise to a,h,k and u,,,
vy, be the solutions of the associated equations. Also write w, = v, ®(uy,/v,). For n
large enough, k, # 0 since k # 0 and by the strong maximum principle, v, > 0 in €.

We can then apply (2.2) to obtain
—Awy, — ap()wy > D (un/vn)(hy — ky) + ®(1)ky, weakly (2.4)

Since —Aw > 0 in the sense of distributions and v > 0, it follows from the mean value
formula that v > 0 a.e. in €2, so that v®(u/v) is well defined a.e. Moreover, it is clear
that u, /" win L' and that a,(z)u, () / a(x)u(x) in L} and similarly for v. So that,

using (2.3) and Lebesgue’s theorem
Wy, — W in L' and an(x)wy, — a(z)w in L}

Since @’ is bounded, we can also easily pass to the limit in the right-hand side of (2.4)

and obtain (2.1).

The next lemma contains the heart of the proof.
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Lemma 2.2. Assume thatb € L}, (Q), b > 0 satisfies (0.4) and let (& = G(b). Suppose

u 1s a weak solution of (Py). Then

/Qf(g‘l)g‘o < o0 and G(f(Q)) <CG where C= /Oog(s)ds
1
Conversely, if
[ reaa<s ad ooy <G
then (P1) admits a weak solution w.

Proof. Suppose first that u is a weak solution of (P;) and, recalling (0.6), define for

t>1

(I)(t):/1 g(s)ds

and let w = ®(u/(1)¢1. Observe that u is a supersolution of the equation satisfied
by (1, so by minimality of (1, © > {; and one can easily check that Lemma 2.1 applies

with our choice of ®, so that

“Aw — #w > g(u/C)f(w) > f(C1)

Since w < C¢, G(f(¢1)) can be constructed e.g. by monotone iteration , hence
Jo F(€1)¢o < 0o and we have
CG zw = G(f(G1))

Conversely, suppose that G(f(2¢1)) < ¢ and let w = G(f(2¢1)) + ¢1. Then w < 2(;
and

—Aw— #w = F(2¢1) +b> f(w) +b

So w is a supersolution of (P;) and one can construct a weak solution, using a standard

argument of monotone iteration.

The following two lemmas are technical.

Lemma 2.3. Fiz e € (0,1) and fort € R set §(s) = sup;>; g4+(s)

where
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gi(s) = 1

g(t) — E(S —t) if s>t

Then §(s) is Lipschitz continuous, satisfies (0.6), s — sg(s) is nonincreasing and

[ s [ aois < 2

Proof. We first check the continuity of g(¢). Fix 1 < s < t. We have

g(s) —g(t) = ig}fgr(S) —g(t).

Fix any r > 1. Then
g’l’(s) - g(t) < gr<8) ~ Ymin{r,s} (t)
For r < s the right hand side is equal to g,(s) — g-(t) = (t — s)/e and for r > s it is
equal to g(s) — gs(t) = (t — s)/e by the definition ot gs(t). So, for any r > 1
gr(s) — g(t) < (t —s)/e,

hence 0 < g(s) — g(t) < (t — s)/e, which proves the continuity of §(t).

Now we show that

Tas)ds— [ g(s)ds < /2.
1 1

Indeed, if g(t) is a step function, the answer is geometrically clear : § is then a

piecewise linear map and the difference between the integrals is given by

> Slol®) < S9) Y lal) = 5.

where the sums are taken over all points ¢ of discontinuity of g and where [g](¢) denotes
the jump of g at ¢.

If g isn’t a step function, since g is monotonous, we may approximate it with an
increasing sequence of step functions {g,(t)} and denote g, s(t) and g,(t) the corre-

sponding functions, defined as for g(¢). On the one hand,

[ aeas— [ gus)as <2
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for any n € N and on the other hand g, (t) /" ¢s(t), gn(t) " G(t), so the desired
estimate is also true for g(¢).

It remains to prove the monotonicity of sg(s). It suffices to show that for every
t > 1 the function sg.(s) is nonincreasing. Since it is the case for sg(s) we only have to

check that tg.(t) > sg:(s) for s > ¢ > 1. In fact

s91(s) = tg(t) — (s = 1)(g(t) — s/€) < tg(t) = tg:(t)

since e < 1 and s > 1. O

Lemma 2.4. Let p € (0,1). There erists a C', concave, bounded solution ¥ of

W'(t) = g(t/(t) fort >1
V(1) =p
Proof.
By the preceeding lemma, up to replacing g by g, we may assume g Lipschitz

continuous. By Cauchy’s theorem, there exists a unique C' solution ¥, which will be

globally defined if we show that it is bounded.

Setting ¢(t) = t/U(t), v = p(1) = p~! we obtain

7 ! i.e /so ds logt
—_— =, le. —_— = .
o —¢?g9(p) t y 58— 5%g(s)

To show that ¢ > t/c for some ¢ > 0 it suffices to see that

® ds

———— <logp+C for p > 1.
v §—S5 g(S)

The above is equivalent to

1

@ 1 c
<
/7 ds(s —25(5) s) < Cor

©
/ dsﬂ < C for some C > 0.
¥ 1- Sg(S)

Since tg(t) is nonincreasing, by (0.6) we get for 5 =1 —vg(y) > 0

/fdsl_g(ssg)(s)</fdsg(;)<oo
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Hence ¥ is bounded.

Finally, since g is nonincreasing, it follows from the equation that ¥ is concave if

t/W(t) is nondecreasing, which holds true, as

t\ OtV
() =* =0
since by (0.6), ¥(t)/t > g(t/V) = V'(¢). O

This last lemma shows the estimate v < C'(A)(; when 0 < A < A*.

Lemma 2.5. Suppose there exists \* > 0 such that (Py«) has a weak solution.

Then for all0 < A < Ax, (Py) has a solution u satisfying for some C > 0 (depending

on A) and for a.e. x € §) the following estimate
G <u<Cq.

Proof. We let p = A\/\*, define ¥ as in Lemma 2.4. and let u* denote a weak solution
of (Py+), v* = X*¢1 and w = v*U(u*/v*). Observe that u* > v* by minimality of (;
and apply Lemma 2.1 :

C

—A
Y P

w > (u” o") f(u") + pA"d

oo (gl

> f(w) + Ab

So the minimal solution u of (Py) is bounded by w and since ¥ is bounded, u <

Cv* < C'¢G.

We are now in a position to prove Theorem 1.

e Suppose first that (0.8) holds. We show that (P,) has a weak solution for A\ > 0
small. It is then standard (see e.g. [D]) to show the existence of a finite \* > 0 such
that (Py) has a weak solution if and only if A < A* and by Lemmas 2.0 and 2.5, we will

have proven the first part of Theorem 1.
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By Lemma 2.2, (Py) has a solution as soon as G(f(2A(1)) exists and

G(f(2X¢1)) < AG (2.5)

By definition of g,
€

72X <9 (55

) f(e€r)

By (0.8), G(f(2A({1)) exists and, by minimality of G(f(2A(1)),

G(F200) < g (55) GUC) < Cg (55) @

To prove that (2.5) holds for A small, it is therefore enough to show that
1
U (%) — 0 as A—0

or that

lim Mg(M)=0

M—o0
Since M — Mg(M) is nonincreasing, the above limit is well-defined. But if we had
limps—oo Mg(M) = C > 0 then g(M) ~ C/M near oo , contradicting [, g(s)ds < oc.
This completes the proof of the first part of Theorem 1.
e We now prove the second part of Theorem 1 : we assume that for some A > 0,
(Py) has a weak solution uy and show that (0.8) must hold for some C,e > 0. By

Lemma 2.2,

/ F(AC1)Cp < o0 and G(f(\1)) < CXG
Q

So choosing € = A and C' = C\, Theorem 1 is proved.
4.4 Proof of Theorem 2

Step 1. We first prove that uy is stable for A € [0, A*]. Consider for n € N the minimal

solution u,, of

—Auy — ap(z)uy, = f(uyn) + Aby, in
(3.1)
Uy, = 0 on 99
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where a,(z) = min(a(z),n) and b, = min(b,n).

On the one hand, it is known that A\;(—A — a,(z) — f'(un)) > 0. We briefly recall
the proof of this fact : fix p > n and consider the functional F : R x W2P(Q) — LP()
defined by

F\u) = —Au — ap(x)u — f(u) — Ab,
It follows easily from (0.1) and the implicit function theorem that there exists a unique

maximal curve A € [0, \#) — u(\) such that
FOuN))=0 and  F,(\,u()) € Iso(W*P, LP).

If 0 < A < A\#, since u, is the minimal solution of (3.1), u, < u()\) and it follows by
elliptic regularity that w, is in the domain of F', so that u, = u(\).
If 0 < A < \*, uy, is bounded (and hence in the domain of F') so that we must have
A# = X\* (otherwise we could extend the curve u(\) beyond A\#, contradicting its
maximality).

So A1(Fyu(\, uy)) never vanishes for A < A\* and since by (0.1), A\ (F,(0,0)) > 0,
we conclude that A\ (—A — ap(z) — f'(uy)) > 0, for 0 < XA < X*. On the other hand

uy, increases with n to a solution of (Py), and since u, < wuy, the limit is the minimal

solution uy. Now by monotone convergence we conclude
A(=A — a(2) — f'(uy)) > 0.

Step 2. We now show that if f({1)+ b € H* and A < A* then the minimal solution

uy of (Py) belongs to H. We know by Theorem 1, that uy < C(; so that

0 < flun) < f(CG) <g(1/C) f(C1)

Hence, for ¢ € C°(Q),

[t +Ab>¢' < [ €5+ MWlol < Clol
Q Q

So that, G := f(ux) + \b € H*. Letting a,(z) = min(a(x),n) and u, denote the

solution of
—Auy — ap(z)uy, = G in

u, = 0 on 0N
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We have

lunll? = /Q Gn + (an — a)in < /Q Gun < Cllunllz

Hence u,, is bounded in H and uy € H.

Step 3. Next, following Brezis and Vazquez [BV], we prove that for 0 < A < A\*
there is at most one stable solution belonging to H. Arguing by contradiction, let
u1,uz € H be two distinct stable solutions of (Py). We may suppose that u; = uy — the
minimal solution. Then by the maximum principle ue — u; > Cd(z) for some C' > 0.
The stability for us writes A\;(L — f/(u2)) > 0. We test this inequality against us — ug

(Note that we can do it, as u; 2 € H). We obtain

/|V UQ—U1)|2—Q( uz—ul /f u2)) ug—ul)Q.

Since u; and e are solutions, we also have

19 = )~ o) ) = [ (F) = Fla)) 2~ )
Q Q

Hence
/ (Fluz) — F(un))(uz — ) > / £ () (42 — w2)?
Q Q

As f is convex f(uz) — f(u1) < f'(u2)(ug —u1) and since ug —uq > 0 on Q we arrive at

flug) — f(ur) = f'(u2)(uz — u1) a.e. in Q (3.2)

We claim that

f(t)=0 for t € [0, esssup ua]. (3.3)

and give two proofs for it. The first one is elementary but assumes additional regularity
on f whereas the second one achieves full generality at the expense of simplicity. Note
that once (3.3) is proven, we obtain a contradiction with Lemma 1.1, since u; and us
would both solve
—Au—a(x)u=>bin
u =0 on 0f2

e Proof of (3.3) when f’ is Lipschitz.
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By convexity of f we conclude from (3.2) that f is affine between u;(z) and ua(z)
for almost every z € €. Setting for € € (0,1), v = eu; + (1 — €)ug, the above implies
that f”(v(x)) exists for a.e. z € Q and f”(v(z)) =0 a.e. in Q.

Using Gagliardo-Nirenberg inequalities, it is clear that v € VV;’;(Q) since Av €
L}(2). So that after multiplying f”(v(z)) by Vv, we may apply the chain rule and
obtain V(f/(v)) =0 a.e. in €, yielding

f'v)y=C a.e. in Q
Repeating this procedure, we obtain
flv)=Cv+D a.e. in
By convexity of f, this implies in turn that
ft)y=Ct+ D for t € [essinf v, esssup v].

By Lemma 3.2, essinf v = 0. Since f(0) = f/(0) = 0, it follows that f = 0 between
0 and esssup v. Since € € (0,1) is arbitrary, f(¢) = 0 for ¢ € [0, esssup uz]. Remark.

This proof works only when f’ is Lipschitz. Indeed, one can construct a nonconstant,
monotone and continuous function g such that ¢’ = 0 a.e. (see e.g. [R] p. 144-145) and

choose ' =g.

e Proof of (3.3) without assuming that f’ is Lipschitz.

Recall that we have also ug(z) — ui(z) > Co(z) for a.e. x € Q. Hence, by (3.2),
we can fix representatives of u; and ug such that for every x € 2 either f is affine in

(u1(z),u2(z)) and ua(z) — ui(z) > Cé(x), or ui(z) = uz(x) = 0. Setting

A= (u(@), uz(2))

e

we claim that A D (essinf uj, esssup ug). For this we need the following lemma:

Lemma 3.1. Let v € Wllo’(}(Q), where € is a connected domain. Then, for any repre-

sentative of v, v(Q2) is dense in [ess inf v, ess sup V|
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Proof. Recall Stampacchia’s theorem (see e.g. [GT]) asserting that if w € I/Vlicl(Q) then
Vw = 0 a.e. on any set where w is a constant. In particular, if w € VVllocl(Q, {0,1}),
w is constant. Suppose by contradiction that there exists a non-void open interval
I C [essinf v,esssup v] such that v(Q) NI = 0.

Consider a function s : R\ I — {0,1} defined by s(xz) = 0 for x < infI, s(z) =1

elsewhere. Then s(x) is regular and sov € I/Vlicl(Q, {0,1}). We obtain a contradiction

since s o v is not a.e. constant due to
essinf v <inf I < supl < esssup v.
0

Now we prove that A D (essinf up,esssup ug). Using Gagliardo-Nirenberg inequal-
ities, we know that Vu; € Lj (Q) (since Au; € L}). Choose a sequence {Q,} of
connected subdomains of €2 such that Q, C Q,,1, 2, C Q and UQ,, = Q. Set

A, = U (u1(x), u2(x)),

IEQn

it suffices to show that
Ay 2 I, = (essinf g, u1, esssup o us).

Let ¢, > 0 be such that us — u; > ¢, on Q, (note that such a constant exists, since
dist(Qy,, 0Q) > 0).) It is clear that A, NI, # 0.

Choose a connected component (i.e. an interval) A’ of A,, such that A'NI, # 0. We
show that A’ D I,,. Indeed, if inf A’ > inf I,, then by Lemma 3.1 there exists x €  such
that uy(z) € (inf I,,,inf A") and inf A" — u;(x) < ¢,. Then (u1(x), uz(x)) intersects, but
is not contained in A’, which contradicts the maximality of the connected component
A’. Hence, going back we find that f is affine in (essinf uq, esssup uz).

Assume temporarily that essinf u; = 0. Since f(0) = f/(0) = 0, f = 0 between 0

and esssup w2, which completes the proof of (3.3). So it only remains to prove that
essinf u; = 0. We prove this in the following lemma.

Lemma 3.2. If h € L}, u € LY(Q), u> 0 and for all $ € C*(Q), dlag = 0,

[ ut=a0) = [ ho (3.4)
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then ess infu = 0.

Proof. Assume by contradiction that u > € > 0 a.e. in €. Let p, be a standard mollifier
and, extending u and h by 0 in R"™\ Q, let u,, = u * p, and hy, = h * p,. On the one

hand, there exists a > 0 such that for n large enough
Uy > QE everywhere in €
Indeed, since €2 is smooth, there exists a > 0 such that for x € €,

un(a) 2 e [ pule =gy = ae [ pua—y)dy = ae
QﬂBl/n(:B) Bl/n(z)

On the other hand, since —Au = h in D'(Q), given w CC €, we have for n large enough

—Auy,, = hy everywhere in w
Let ¢ solve
—-Ap=1 inw
(*)
¢=0 on Jw

and integrate by parts to obtain

/hn¢—/un:/ Un8u¢§046/ Oy = —e|w|
w w ow ow

Now, u,, — w in L' and h,, — h in L} so that

/whd’_/w“ < —aelul

Choosing w = wy = {z € Q : dist(z,0Q) > 1/k} with k — oo, and writing ¢ the

corresponding solution of (*), it is clear that ¢ " ¢, where ¢ solves
—Ap=1 in Q
o=0 on 0f)
Passing to the limit and using (3.4) we obtain

0 < —aelQ]

and we have obtained the desired contradiction.
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Step 4. Finally we prove uniqueness of the solution of (Py,). For the sake of

contradiction, let u; and ug be two distinct solutions of (Py,), u; being the minimal

. . . up+u
solution. By the maximum principle ug —u; > Cd(z) for some C' > 0. Set v = ! 5 2.

Then
c fur) + f(us)

A — ——p =
v ‘x|2’l) 5

FXb > f (“1"2”2) b= f(u) + A%

by convexity of f. Hence v is a supersolution of (P, ) and by Lemma 3.3, it is a solution.
Consequently, we have equality in the above expression and by convexity of f, we
conclude that for almost every x € €2, f is linear on [u;(x),uz(x)]. Arguing as before,

we obtain the desired contradiction. Following the proof of Martel [M], in the next
lemma we prove nonexistence of strict supersolutions for (Py+).

Lemma 3.3. Suppose that b € LP for some p > N and let v be a supersolution of

(Py+). Then v is a solution of (Py«).

Proof. Let p € D'(Q) defined by

c
o) = [v(-a0- 56) -G+ oo e CR@)
Since v is a supersolution, p is a nonnegative Radon measure. Arguing by contradiction,

suppose now that v is not a solution. This means that p # 0. Since a(z)v+ f(v) +Ab €

L}(€2), we can construct (using Lemma 0.1) the solution £ € L!(£2) of

Al =p in

£E=0 on 0f2

By the weak maximum principle £ > e§(z) for some € > 0. On the other hand b € L
for some p > N implies = (—A)~1(b) € C1%, hence n < C§(z) in Q for some C' < oco.
Set

w=v+4+eCy—¢
Then w < v and

—Aw = av+ f(v) + N\ +eC b > aw + f(w) + (A + eC™Hb,

hence w is a supersolution to (Py«,.c-1) which contradicts the extremality of \*.
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4.5 Application 1 : a(z) = ¢/|z|?, g(u) = u?

This equation was extensively studied in [D] and we showed there that, in a domain
Q) containing the origin, (P,) has a weak solution (for small A > 0) if and only if
c<co:=(n—2)?%/4 and

n—2—+/(n—2)?2—4c
2

1<p<po where po=1+2/a and a = >0

In [D] we showed that for b € L™, |2|%¢; € L™ . So when p < po, (P ~ |zt for
some € > 0 and G(¢!) ~ |z|7% so that (0.8) is satisfied.
When p > po however, ¢} is at least of the order of |z|7%~2 near 0 so that G(¢}) is

at least of the order of |z|~%In(1/|z|) and (0.8) never holds. We give the details of a

similar argument to prove the following new result :

Proposition 4.1. Fiz 0 < ¢ < (n —2)2/4, 1 < p < pg, and b € L™ . Let A, be the

corresponding extremal parameter and € = a(py — p).Also define § = \/(n — 2)? — 4c.

There exists a constant C, depending only on 2, n, b such that

CHe(e+ 0)} T < X < Cle(e +0)} T

Remark.

° The proposition strengthens the result of [D] by saying that solutions exist
only for A belonging to a shrinking interval (0, A;] that eventually becomes empty when
P = Do-

. Though the transition is continuous, the rate of convergence of ()\;‘,)p_l to zero,
jumps from € when ¢ < ¢y to €2 when ¢ = ¢g.

Proof.

To simplify notations, we write A instead of A and C' for any constant depending
only on 2, n, b and call these constants universal. By Lemma 2.2 we have, for C =

floo s Pds (which is bounded by a universal constant since py > Z—i‘g),

G((AG)P) < O
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Hence,
AP < Clim (G/G(S])) () (4.1)

Restrict to the case 2 = By, the unit ball centered at the origin and b = 1. It is then

easy to check that
1

— — —a 2
G =G0 = 5 (ol = 1aP) (1.2
and
gp :;mrap (1 _ |x|a+2)P > ; (|x|—ap _p|x‘2+a—ap)
O (2n + )P = (2n+c)p (43)
) :
> T g|®) = k
> g (o7 = at)
A computation then yields
(2n+c)PG(k) = < L P ) i
ele+0) (a+e)at+e+6)
—a+e p 2+-€
- 4.4
e(e+9)’x‘ +(a+6)(a+6+6)‘$| (44)

Combining (4.1), (4.2), (4.3) and (4.4), it follows that

p— p— 1 p -
W< Onto) 1L(e+9)_(a+e)(a+e+9)] < Cele+9)

Conversely, applying Lemma 2.2, (Py) has a solution as soon as

G((2A¢0)P) < Go
Hence,
()Pt > 2P inf Go/G(¢F)

Now,

=P < COla|79 P~ V¢ < Ck

Hence, we just need to estimate inf (o/G(k). Starting from (4.2) and (4.4), and letting

A= (e(e+6))"" and r = |z|, it follows that

A(l —1r9) <C.A

Gy /o< CT ) <

This inequality provides the desired lower bound on (o/G(k) and hence on A;. When
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b L is arbitrary, we have, using Lemma 1.5 in [D],

() ( / bco) G <61 < bl Co

so that all of the above estimates still hold (with new constants.) For a general domain
2, let 7, R > 0 be such that B, C Q C Bpr and (extending b by 0 in Bpr \ §2) observe
that

N (Br) < X' (Q) < X (By)

This follows from the fact that if u solves (Py) in € for some A > 0, then u is a

supersolution of (Py) in B,, so that a solution of (Py) in B, may be constructed.

4.6 Application 2 : a(z) = ¢/§(x)?, Q= By

Hardy’s inequality (0.1) holds for 0 < ¢ < 1/4. We show that (o € L™, so that, for
any perturbation b € L™ and any nonlinearity f satisfying our assumptions (0.5)..(0.7),

(Py) has solutions for A > 0 small.

Proposition 5.1. Let Q@ = By, b € L™ (B1), 0 < ¢ < 1/4 and a(z) = ¢/5(x)? =
c/(1—|z|)?. Then
(1 =G(b) € L™ (B1)

Proof. Without loss of generality, we restrict to the case b =1 and ¢ = 1/4. By elliptic
regularity, (1 € C*°(B1) and y(r) := (1(x) (where r = |z|) solves
n—1 1

i /
vt r y+4(1—7")

sy =1

r =1 is a regular singular point and the indicial equation reads :
s(s—1)4+1/4=0

The only root of this equation is s = 1/2 so by a theorem of Frobenius (see e.g.
[T]), there exists a fundamental system of solutions to the homogeneous equation of

the form
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y1 = V1 —rA(r) yo =1 —rln(l —r)B(r)

where A and B are analytic in a neighbourhood of r = 1. It follows from the

Wronskian method that

1y2 1y1
=C + C + — + —
Y 191 2Y2 yl/T W Y2 W

where C1, Cy are constants and W = yby; — yjys is the associated Wronskian. From

the expression of y1, y2, it follows that y is bounded.

4.7 Application 3 : a(z) = ¢/dist(z, %)%, g(u) = u?

In this section, we let ¥ be a smooth manifold of codimension k € {3,..,n} (with the
convention that 3 is a point if kK = n) contained in a compact subset of 2. The letter

d denotes the function

d(z) = dist(z,X).
For simplicity, we also let b = 1.Finally we define
1
a:(k—2)/2—§ (k —2)2 —4c (6.1)

and

po=1+2/a (6.2)

We will show that Hardy’s inequality holds for the potential a(z) = ¢/d(x)? provided

¢ > 0 is chosen small enough and k£ > 3. As mentioned in the introduction, we obtain

the following critical exponent result :

Proposition 6.1. If 1 < p < pg, condition (0.8) holds If p > pg, condition (0.8) fails

Remark. The case p = py remains open.
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Proof. The proof is organized as follows : we start out by constructing a system of
coordinates that transforms ¥ into a hyperplane and preserves d(x) = dist(z,X). In
that respect, since the case where X reduces to a single point was already treated in
[D], we may assume that k < n.

Next, we divide the proof into several lemmas : we first prove Hardy’s inequality and
then compute successively Ad, ¢y and G(¢}). With these estimates, we can then easily

prove Proposition 6.1. Since ¥ is smooth, for 6 > 0 sufficiently small, say 8 < S,

each € Qg has a unique projection 7(xz) € ¥ such that d(z) = |v — 7(x)|. Let
N1, .., N be an orthonormal family of vector fields which are orthogonal to the surface
Y (they are, at least locally, well defined). Then for each x € Qg there exists a unique

a = (a1(x),..,ax(x)) € R* such that

k

x=m(x)+ Z ;i (o) Ni(m())

=1

and letting | - | denote the Euclidean norm in R,
d(x) = |o (6.3)
Now fix a point o¢ € ¥ and suppose for simplicity that oy = 0. Let

W—-YCcR"

y—o(y)
be a parametrization of ¥ near oy = 0, where W is a neighbourhood of 0 in R®~*,
We may choose o so that {g—;’l|azo, o %b:Ole’o‘:O, ..,Nk\azo} be a family of or-
thonormal vectors, which up to a rotation of R” we may assume to be the canonical
basis.
It follows from the above discussion that there exist Gy > 0,V a neighbourhood of
oo = 0 in Q (which may be assumed to be balanced, i.e. AV C V for all |\| < 1), W a

neighbourhood of 0 in R** and a diffeomorphism

V — W x B,
J (6.4)

z = (y, @)

where Blgo is the ball of radius By in R* centered at the origin and (6.1) holds.
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Observe that J(0) = 0. We claim that J'(0) = Id. Indeed if H = J~!,

k
H(y,a) =o(y) + »_ aiNi(o(y))
=1

and

0

do o
H/(O) = (0y1|0'=05"78yk|U=05N1|0':07"5N]€‘O'=0> — Id
n—

Finally define
R" —» RF
n 1/2 (6.5)
(x1,.., Tn) — ( Z xf)

i=n—k+1
With these notations (6.3) reads

d(z) = |af = I(J(x)) (6.6)

Lemma 6.1. Hardy’s inequality. (0.1) holds for a(x) = ¢/d(x)? provided ¢ > 0 is

chosen small enough.

Proof. Consider first a function ¢ € C°(V) with V as in (6.4) and let ¢ = ¢ o J. By

the standard Hardy inequality, we have

(k — 2)2 wQ(ya )

d
£ Ja o ™

/ Vat(y, )Pda >
]Rk

Integrating with respect to y, we obtain

[owepz B2 [
RE

Changing coordinates, using (6.2) and the fact that D.J ~ Id in V, we obtain

2
2 > ¢7
/Rn Volmze | m

where ¢ can be chosen arbitrarily close to (k — 2)?/4 by shrinking V.
In the general case where ¢ € C2°(£2), one just needs to use a partition of unity adapted
to a coverage of X by neighbourhoods V' where the above computation holds. Outside

of this covering, d is bounded below and we therefore have for ¢ > 0 sufficiently small

¢2
Vo> >c | =
/Q\ e G
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Taking ¢ > 0 even smaller, we then obtain (0.1). Also observe that the above estimates

yield the following inequality, in the spirit of [BM] : for all € > 0 there exists A € R

sy [ grs (=2 &
fywerer [z (55 ) [

The interested reader will find refined versions of the Hardy inequality in [FT] and its

such that

references. Some geometric assumptions on {2 and ¥ are however required. O

Lemma 6.2. Let Q3 = {x € Q:d(x) < 8}. Then

k—1
where n = n(x; ) — 0 uniformly in z € Qg as 3 — 0.

Proof. Use the notations of (6.4) and scale the coordinates, i.e. for e = 3/5y > 0,

z eV let

Since J(0) =0 and J'(0) = Id,
J(@) = &+ h(z) (6.7)
where
1
hz) = / (1= )(J"(t7) - 7| #)dt = o(1)  uniformly in 5 € V. (6.8)
0

Using (6.6) and (6.7), we obtain
ad 0l Oh;
95 0z (5” + ax>

L o o
3:%? N 82]2- Y0z, 85312 0z

and

With (6.8), one can show that Vh = eo(1) and that V2h = o(1). It’s also easy to check

from (6.5) that VI € L™ and [V?] € L™ so that we finally obtain

Ad = Al-(1+e€o(1)) uniformly in eV’ (6.9)
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Now by a straightforward computation, we have that

Al = ? (6.10)

Finally,
d(z) = 1(J(z)) = l(z)(1 + g(2)) (6.11)
where

1 1
o) = 15 /0 VI(E + th(F)) - h(Z)dt = co1)  uniformly in # € €V,

as follows from (6.8) and the fact that VI € L™ . Collecting (6.9),(6.10) and (6.11),
we obtain the desired result in €V, which remains true in a neighbourhood €3 of ¥ by

using a finite covering of ¥ for which the above computations hold. O

Lemma 6.3. For all € > 0, there exists C' > 0 such that
Cld s < (< Cd ¢

Proof. First observe that we just need to prove the estimates in a neighbourhood of ¥

and apply elliptic regularity elsewhere. Define now
PX)=X(X-1)+(k-1)X+c
and observe that —a (defined in (6.1)) is the larger root of P. Next, fix € > 0 and define
w=Cd "¢

for some constant C' to be chosen later on. A simple computation and Lemma 6.2 yield

c —a—e—
—Aw — 2= —CP(—a—e€)d 2(1417)

By choosing 3 > 0 small and C' large enough, it follows that

—Aw—d%wzl in Qg

w > (o on 03

and by the maximum principle (apply e.g. Lemma 1.1 to (w — (p)~) we obtain the

desired upper bound. The lower bound is obtained in the exact same manner. O
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Lemma 6.4. For all € > 0 there exists C' > 0 such that
Gt <C¢ and G %) >Cd %
. The proof is analogous to that of the previous lemma and we skip it. [Proof of

Proposition 6.1 continued. Recall (6.2) and given p < py, fix € > 0 so small that

pla+€) <a+2—e By Lemma 6.3,
C(I; < Cdfa72+6

And by Lemma 6.4,
G(¢) < Clo

Conversely if p > po, let g > 0 be such that p(a — €y) > a + 2 + 2¢p. By Lemma 6.3,
C(})i > Cd_a_2_2605p

And by Lemma 6.4,
G(Ch) = Cd—"—06

Applying Lemma 6.3 with € < ¢y, we obtain that (0.8) can never hold. O
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Chapter 5

Hardy-type inequalities

5.1 Introduction

The well-known Hardy inequality states that for any given domain 2 C R™, n > 3 and

any u € C°(Q),

w2
K* | — g/ |Vul?, (5.1)
a |zl 0
where K = (n —2)/2.
In particular, for ¢ < K2, the operator Ly := —A — ¢/|z|? has a positive first

eigenvalue (and this fact is still true when ¢ = K2, using a refined version of (5.1) due

to Brezis and Vazquez).

In this section, we first consider operators of the form L = —A —a(x), where a(z) =
c¢/d(x,¥)?, d being the distance function and . a submanifold of €2 of codimension k # 2.
As announced in [DD], such potentials a(x) provide an example of a limiting case where
some maximum principles for the associated parabolic operator P = 9; — A — a(x) still
hold : roughly speaking, any positive solution of Pu > 0 can be bounded below by the

first eigenfunction ¢; of L, i.e. for some ¢(t) > 0,

u > c(t)gr. (5.2)

For ¢ < H?, where H = (k—2)/2, we prove indeed that the first eigenvalue of L remains
finite. In fact, we provide a refinement of the analogous of inequality (5.1), so that the

theory developped in [DD] still applies (see Theorem 1).
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5.2 Hardy inequalities

Theorem 1. Let 2 C R™ be an open bounded set and > C € be a compact smooth

manifold without boundary of codimension k # 2. Let H = % Then there exists

p>2and C >0, v > 0 independent of u such that for any v € C(Q\ X)

2/ 2
7</ uf) p+H2/ ugg/ yvu\2+c/u2, (5.3)
Q od Q Q

where d(x) = dist(x, X).

Lemma 1. Let k # 2 and H = (k — 2)/2. There exists a constant C' > 0 depending

only on k such that

1
/2 [(m) Y g ] b 1dr+0/ 2ph =1 g >
0 d'f’
1 2 2 1 2
P) du U 1 [2 dv
= H2Z_ | vk / — 4
/0 [(dr) + T2]r dr+4 ; r(dr) dr (5.4)

for alluw € C(0,3%), and where v(r) = rfu(r).

Proof. Let u € C°(0,3) and v(r) = rfu(r). A standard computation yields

(& ws]mr ()2

Integrating, it follows that

1 2 2 1 2
N e A e L IV S /2 dv
A= /0 [(dr) H 1"2] T dr = ; 2 dr. (5.6)

Similarly, using (5.5) and an integration by parts,

1 2 2
2 du U
B = — H?— | r*d
/0 [(dr) + T2]7“ T
1 2 1 5 1 d 2
= /27'2<dv) dr—|—2H2/2uQ7“kdr—H/2r[ (v )] dr
0 d”f’ o T 0 dT
1

1 2 1
d
= /2 r? (”) dr+ (2H* + H) /2 v?dr. (5.7)
0 dr 0
Using integration by parts again, it follows that for given € > 0, there exists C' > 0 such

1 1 1
2 2 d 2 d
/2v2dr:—2/2rvvdr < C/2v2rd7’+e <U> rdr
0 0 dT‘ 0 T
1
= 0/2 kldr+e/< ) (5.8)
0 0

that

VAN
N
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Collecting (5.6),(5.7) and (5.8), we obtain for e small enough
1
2

1
1
A-B > r(1—r— C€)<dv> dr— C/ k_ldr2/2r<dv> dr— C’/ r*=Ldr.,
0 dr 4 0

Lemma 2. Let k # 2, H = (k—2)/2 and ¢ > ¢ > 0. There exists constants C,7 > 0
depending only on k and ¢ such that

1 2 2 1
/2 <d”> _(H? - c)u2] A g 0/2 W2kl g >
0 dr T 0

du\? 2 u? k 3 du\ 2 u2
<dr> + (H —i—c)r—2 r dr+7'/0 <> +cr—2

dr

1
/2
0

for allw € C(0,3).

k=L dr (5.9)

Proof. It follows from (5.4) that if

2 2 1

and
1 2 )
2 | (du 9 k
E :/0 [(dr) (H —l—c)r—2 rdr (5.11)
then
1L o5 1 2
2w k1 1 (2 [dv
D—-FE > c/o T—2(1 )T dr+4/0 T(dr) dr
1 5 1 2
c [2u® .y 1 (2 [dv
> - — d - — | dr. A2
_20T2r r+4/0r(r>r (5.12)
We can also rewrite (5.5) as
du\? u dv) d(vQ)
k—1 [ @Y% — g2’ k-1 -
T ( 7‘) H*—r —l—r(dT) o
so that if 7 = min(; .3,

1 2 _ 19 1 2

2 k—1 du C 2 U k—1 1 2 d'U
() =i e (@) e e

. an
1 2 19
d
D—EZT/27°k1< u) dr+c/2 L, (5.14)
0 dT 4 0

Hence (5.9) holds.
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Lemma 3. Let k # 2, H=(k—2)/2 and 5 > 0. Let Bg denote the ball of R¥ centered

at the origin and of radius 3. There exist positive constants C = C(0,k), 7 = 7(k) and

2
/ |Vu\2—H2u— dy+C’/ u?dy >
Bk lyl? Bk

8 2
>dy~l—¢/ V(u—u0)|2dy—|—a/ . (d““> dr (5.15)
Bk 0 dr

B

a = af, k) such that

— yl | [Vu|"+ H
23 B’5| Ve ly|?
for allu e CSO(BE \ {0}) and where ug(r) = uo(ly|) = f55r udo and vo(r) = rug(r).

Proof. Let {fi}22, be an orthonormal basis of L?(S*~!), composed of eigenvectors
of the Laplace-Beltrami operator A|gr—1. The corresponding eigenvalues are given by

Cn,;

7

=n;(k+n; —2), where n; = 0,1,..,1,2,..,2,3, .. ranges over the integers, according
to multiplicity of each eigenvalue (see e.g. 77).

Any u € C°(B% \ {0}) can then be written as
2

u(@) = 3 wir) f:(0)
1=0

where % >r>0,0¢c 51 and z = r6.

Furthermore, for g € C(R™,R),

2 ke ou\? 1
/ Vul* g(lyldy = / rt 1g(r)dr/ [(a) —|—2|V9u|2] df
Bk 0 gk—1 T T

_ Z/O% s [(?j)z + o ug] dr. (5.16)

2
1=0

For i = 0, it follows from (5.4) that if vg(r) = r7u(r),

dug\ > 2 >
<u0) —Hng] ph-l dr+C/2 ugrkfl dr >
r 0

dug \ 2 1 3 [dv\?
/0 [(c;j'()) +H2;Lg] rkdr+4/02r<a;?> dr, (5.17)

while (5.9) implies that for ¢ > 1,
3 du; \ 2 u? 2
/ [( Z) — (H? —cni);] =t +C | udrhdr >
0 dr T 0

% dul 2 H2 uzz kd % dul ? u% k—ld 518
/0 o +( —l—cm)r—2 r 7‘+7‘/0 = +cni7ﬂ—2 r r. (5.18)
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Using (5.17),(5.18) and (5.16) with g(r) = 1 for terms involving r*~1 and g(r) = r for
terms in r*, (5.15) follows for 3 = % The general case is obtained by scaling. |

For the proof of Theorem 1 we will introduce some notation. Define
Qg ={a|dist(z,¥) < B}
We will work only with 8 small enough so that the projection m : Q3 — ¥ given by
|m(x) — x| = dist(x,X) is well defined and smooth.
Let {Vi}i=1,..m be a family of open disjoint subsets of ¥ such that
m
S=JVi and|[VinV,[=0 Vi#j
i=1
We can also assume that:
a) Vi =1,...,m there exists a smooth diffeomorphism
;i B{Lik —U;

where U; C ¥ is open and V; C U;;
b) p{l(%), which is an open set in R"*, has a Lipschitz boundary; and
c) there is a smooth choice of unit vectors Ni(o),...,Ni(c) Vo € U; which form an

orthonormal frame for > on U; C R" , i.e. Yo € U;
Ni(o) €R", Ni(o)-Ni(o) =0, and Ni(o)-v=0 YveT,X.

Let W; = p;*(V;). For z € W; we will also write (abusing the notation) N;(z) =

N;(p,(z)) Let
k
Fi(y,2) = pi(2) + > y;N}(2),
j=1
where y = (y1,..,yx) € Bg and z € W, so that F; is a smooth diffeomorphism between
Bg x W; and T[’g, where
Th =n"'(V;) N Q. (5.19)
It follows from the condition |V; NV ;| = 0 Vi # j that |TZ; ﬂTiﬂ = 0 Vi # j, and hence,

for any f € L'(€Q3) we have:

fo= f
Qg ;Té

™ (5.20)
=Y [ FeRa) IR dydz,
i—1 WiXBIé
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where JF;(y, z) stands for the Jacobian of Fj at (y,z). We claim that
JFi(y, 2) = Hi(2)(1+ O(Jyl)), (5.21)

where O(|y|) denotes a quantity bounded by |y| (uniformly for z € W;) and H;(z) a

smooth function, which is bounded away from zero. More precisely

Hi(z) = Jpi(z) = \/(Dpi(z))*Dpi(z).
To prove (5.21) is suffices to observe that JF;(y, z) is smooth and to compute it at
y =0
JE;(0,2)?> = det(DF;(0,2)*DF;(0,2))
- det([szi|Nf,...,N,i]*[szi\Nf,...,N,i]>

(l)zl%)*l)zpi 0
0 I

= det

Proof of Theorem 1. First, observe that it is sufficient to prove the theorem for u with
support near 3. Indeed, (the following trick is taken from Vazquez and Zuazua): let
n € C5°(R™) so that n = 1 in Qg/y and supp(n) C Q. Let u € C§°(2\ ¥) and write
u = uj + ug where u; = nu, uz = (1 — n)u. Assume then that the conclusion of the

theorem holds for w;. Then

/|vu|2 H2“ /|Vu1|2 w2 I, /|vu2|2 H2“2
ui1uU2
+2/QVu1-Vu2—H2 P (5.22)

Since é is bounded away from 3 we have

/ u1u2 C’/ u?.
Q

Also note that

/ Vuy -Vuy = / n(1 —n)|Vul® — |Vn|*u? + uVu - V(1 — 2n)
Q Q

1
= / (1 —n)|Vul* = [V ?u® - 2/ u?V - (Vi1 - 2))
Q Q@\Qg/g

v

o[ (5.23)
Q
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It follows from (5.22), (5.23) that

VP - 125 > [P - B2 [ o [
22 1 2T |Vug| u?.
Q Q Q Q

Using (5.3) with u; we thus conclude that

2 2/p
/]Vu\2—H2zlL2+C’/u2Z'y(/ ]ul\p> —i—/ Vg2,
Q Q Q Q

for some v > 0 independent of u. From here the conclusion of the theorem for u follows
easily.

Let I; denote the quantity
u2
I = / |Vul?> — Hz—2 +u?,
T} d

where Té was defined in (5.19). In what follows we will fix ¢ and show that there is

p > 2 and C > 0 independent of u such that

(/ Iulp)z/p <CI,.
B

For simplicity, and since ¢ is fixed, we will drop the index ¢ from all the notation that

follows.

Let us introduce some additional notation:

a(y,2) = u(F(y,2))

ao(r,z) = u(y, z) ds(y)

g
%

Let us write

Vu = VNU + VTU

where Vy u is the gradient of u is the normal direction and Vyu is orthogonal to Vy u.

More precisely, for a point x = F(y, z)

k
Wu(z) = Z Vu(z) - Nj(z) N;(z).



Step 1. There exists C' > 0 independent of u such that

cr = [ wallldydst [ (9,00 - ol )| dyds
Wng

// % rdrdz—i—/ (V) o FI?dydz.
W x B

First note that by (5.20), there is a constant C' > 0 such that

2

I s /Wng (1P 0P = 1205 ) f1 ) g

2
o[ (P )R+ 2 ) By
W><Bﬁ

[ (1GeulP )P + ) (1= ClyDH () dy
W><Bﬁ

For fixed z we can apply Lemma 3 to the function (-, z). Observe that

ou(y, z)
8yj

= Vu(F(y,z)) - Nj(2)
and thus
IVya(y, 2)]* = [y u(F(y, 2))|.

Lemma 3 then yields

/Bk <!vNu(F( - H |22) woc | atays

k
5 Bgs

1 2 o 8
35 (IGvutF )P+ 120 )y [ 9GP aya [

B
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(5.24)

(5.25)

dvg 2
— | dr.
dr > "

(5.26)

We choose (and fix once and for all) # > 0 small enough so that 1/(25) > C + 1. Then

multiplying (5.26) by H(z), integrating over W and combining the result with (5.25)

we conclude that (5.24) holds.
Step 2.

2
[V20ll3 2 3y < 1.

(5.27)

By (5.24) the partial derivative % is bounded in L?(W x B%) by CI. We just have to

control the derivatives g—g&’, 1=1,...,n—k. But
—(r,z)=r —(y,2)ds
EM( ) 5. 07 (y,2) ds(y)
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and .
o) = VPl | 32 S
But note that % is a tangent vector, hence
IVaily, 2)| < [Vru(F(y, 2))| + yll Vv u(F(y, 2))].
Integrating over W x B'ﬂ“ we have
/ \V.a(y, 2)|? dy dz < CI, (5.28)
W x Bk

for some C' independent of u by (5.24). It follows that

/ Vovol?dydz = // 2HH
W><B’§

V.u(y, z) ds(y ) drdz
0By

< / / k= 1][ V. a(y, 2)|* ds(y) dr dz
< V.a(y, 2)|? dy dz

W><B
< CI

by (5.28).

Step 3. There is p > 2 such that

e (5.29)

More precisely, for k > 3 one can take any 2 < p < pr where pg is given by

1 2

o 2 k(n—k+2)
and for £k = 1 one can take 2 < p < p; where p; is given by

1 1
P1 2 TL+1.

Using Sobolev’s inequality (on W x Bg) combined with (5.27) we obtain

B
// lvo|%r dr dz < CT9/?,
w Jo
1

with ¢ given by % =5- n%m That is, in terms of 4y we have

s
/ / o T dr dz < CT9/2, (5.30)
W Jo
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We want an estimate for [ |fig|Pr*~!dr dz for some suitable 2 < p < ¢ and for this we

use Holder’s inequality, distinguishing two cases:

Case : k£ > 3. We have

B B
/ / \aoPrE—tdrdz = / / |t [PrerF 2% dr dz
w Jo W JO
8 p/q B ks a,, 1-p/q
C’</ / |110\q7“aqm+1dr,dz) (/ r =/t dr> .
w Jo 0

(5.31)

IN

We then choose « so that
-2

o _ k-2

P 2
In order to have the second factor on the right hand side of (5.31) finite we need to
impose

k—2—a«a

1—p/q

which is equivalent to the condition

k
a< ——p—.
1+ q(k—2)

Thus we need p = a/ H < pj, where py, is given by

2k
(k=2)(1+ jpte)

Pk =

ie.
1 1 2

o 2 k(n—k+2)
Observe that py > 2. Combining then (5.30) and (5.31) finishes this case.

Case: k= 1. In this case q is given by % = % — and we can choose p = ¢:

L
n+1’

B B
// | %r* L drdz = //\ﬂolqdrdz
W Jo W Jo
B
< //Wolq'r_qﬁﬂdrdz
W Jo

B
= //|ﬂ0|quq+1drdz
W Jo

because —¢q/2+ 1 < 0.
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Step 4.

This is a consequence of Sobolev’s inequality applied to the function @ — @y on the
domain W x Bg. (5.24) already provides a bound in L?(W x Bg) for V(i —1tp). Hence
we only need to obtain a bound for the derivative with respect to z. For the function @
we have it already in (5.28). For 4 it is derived by a computation very similar to that
at then end of Step 2.

Conclusion. By (5.29) and (5.32) we see that

||a||%p(w><Bg) < CI

for some C independent of u. Changing variables and reintroducing the index ¢ we have
2 2 QU 2
ol ) < C/Ti IVl — 2
g

Adding these inequalities over i proves the statement of the theorem. [
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