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IntrodutionAvant proposLe groupe de tresses Bn, introduit par Artin en 1926 ([1℄), joue un r�le remarquable dansplusieurs domaines des mathématiques, en partiulier dans la théorie des n÷uds.Les Théorèmes d'Alexander et de Markov établissent une orrespondane entre n÷uds (etentrelas) et tresses. Plus préisément deux entrelas sont isotopes si et seulement si les tressesqui les représentent sont reliées par une suite de mouvements élémentaires dans la tour [n�2Bn.Cela implique que la reherhe des invariants d'entrelas orrespond à la onstrution des traesde Markov sur la tour de [n�2C [Bn ℄, 'est-à-dire, des familles de fontionnelles linéaires quivéri�ent les onditions du théorème de Markov. Cette onstrution resta longtemps purementthéorique, jusqu'aux années 80 et à la déouverte du polyn�me de Jones ([58℄). La onstrutionalgébrique de e polyn�me est basée sur la dé�nition (indutive) d'une trae de Markov surles algèbres de Heke ([23℄), qui sont des quotients de dimension �nie des algèbres des groupesde tresses.Les travaux de Jones onduisent à la question naturelle suivante:�Peut-on dé�nir d'autres invariants d'entrelas ave des onstrutions analogues au polyn�mede Jones (et son extension, le polyn�me HOMFLY-PT) ?�Le premier résultat de ette thèse (dans l'ordre hronologique) est une réponse a�rmative àette question. Plus préisément dans le hapitre 5 nous nous intéressons aux algèbres de Hekeubiques, qui sont d'autres quotients des algèbres des groupes de tresses. En suivant l'approhede Jones, nous onstruisons deux nouveaux invariants d'entrelas dans R3 . Ces invariants, dif-férents des invariants HOMFLY-PT et de Kau�man, sont réursivement alulables et dé�nisunivoquement par deux relations skein (�gure 1).L'autre sujet de ette thèse est l'étude des tresses et, plus généralement, des tresses singulièressur les surfaes. Étant donnée une surfae F on peut dé�nir le groupe de tresses B(n; F ) aveune onstrution analogue à elle de Bn ([42℄). Ces groupes sont une généralisation naturelledu groupe fondamental de la surfae F et ils sont liés aux Mapping lass groups et à la théoriedes espaes de on�gurations ([17℄). Un sous-groupe remarquable de B(n; F ) est le groupe detresses pures P (n; F ), qui est le noyau de la projetion de B(n; F ) dans le groupe symétriqueà n éléments.Nous exhibons de nouvelles présentations, simples, pour les groupes de tresses et de tressespures sur les surfaes. Ces présentations sont des extensions de présentations usuelles de Bn etdu groupe fondamental de la surfae. Le nombre de générateurs et relations est inférieur auxautres présentations onnues et, à notre onnaissane, le as d'une surfae à bord (de genreg � 1) est nouveau dans la littérature.L'intérêt pour les groupes de tresses est également motivé par la reherhe d'invariants d'entre-las sur les 3-variétés. En e�et, il existe une généralisation du théorème de Markov pour les3-variétés ([86℄), qui relie les entrelas de la variété M ave les tresses sur la surfae F , oùF est la surfae assoiée à la déomposition à livre ouvert de M ([73℄). Nous étendons auxi



3-variétés la onstrution de Jones et nous obtenons un résultat partiel, en onstruisant unetrae de Markov sur un ertain quotient de l'algèbre de B(n; F ).Les tresses singulières sont des tresses ayant un nombre �ni de points doubles. Les tressessingulières à n brins sur le disque , ave la omposition usuelle de hemins, forment le monoïdeSBn, appelé monoïde de tresses singulières à n brins sur le disque. Le monoïde SB(n; F ) detresses singulières à n brins sur une surfae F , a été introduit dans [48℄ a�n de dé�nir desinvariants de type �ni ([4℄) pour les tresses sur les surfaes. Nous obtenons qu'il se plonge dansun groupe et que le problème du mot est résoluble dans SB(n; F ). Ces résultats déoulent dela aratérisation des entralisateurs de e monoïde, que nous obtenons en généralisant destehniques de Fenn, Rolfsen et Zhu pour SBn.Nous détaillons nos résultats dans les paragraphes suivants.Tresses sur les surfaesDans le premier hapitre nous démontrons des nouvelles présentations pour les groupes detresses B(n; F ).Théorème 1. (Théorème 1.1.1)Soit F une surfae orientable de genre g � 1 et ave p omposantes de bord. Le groupe B(n; F )admet la présentation suivante.� Générateurs: �1; : : : ; �n�1; a1; : : : ; ag; b1; : : : ; bg; z1; : : : ; zp�1 :� Relations:� Relations de tresses, i.e.�i�i+1�i = �i+1�i�i+1 ;�i�j = �j�i pour ji� jj � 2 :� Relations mixtes:(R1) ar�i = �iar (1 � r � g; i 6= 1) ;br�i = �ibr (1 � r � g; i 6= 1) ;(R2) ��11 ar��11 ar = ar��11 ar��11 (1 � r � g) ;��11 br��11 br = br��11 br��11 (1 � r � g) ;(R3) ��11 as�1ar = ar��11 as�1 (s < r) ;��11 bs�1br = br��11 bs�1 (s < r) ;��11 as�1br = br��11 as�1 (s < r) ;��11 bs�1ar = ar��11 bs�1 (s < r) ;(R4) ��11 ar��11 br = br��11 ar�1 (1 � r � g) ;(R5) zj�i = �izj (i 6= n� 1; j = 1; : : : ; p� 1) ;(R6) ��11 zi�1ar = ar��11 zi�1 (1 � r � g; i = 1; : : : ; p� 1; n > 1) ;��11 zi�1br = br��11 zi�1 (1 � r � g; i = 1; : : : ; p� 1; n > 1) ;(R7) ��11 zj�1zl = zl��11 zj�1 (j = 1; : : : ; p� 1; j < l) ;(R8) ��11 zj��11 zj = zj��11 zj��11 (j = 1; : : : ; p� 1) :ii



Les tresses géométriques orrespondant aux générateurs sont les générateurs usuels du groupede tresses d'Artin et de �1(F ). Nous renvoyons au hapitre 1 et au Théorème 1.1.2 pour lesprésentations orrespondant aux surfaes fermées et aux Théorèmes 1.5.2 and 1.5.3 pour le asde surfaes non orientables. La preuve est inspirée d'une preuve de Morita pour la présentationd'Artin de Bn ([71℄). Nous obtenons ensuite une présentation pour P (n; F ), dans le as d'unesurfae orientable. Cette présentation est une extension de la présentation lassique du groupede tresses pures Pn � Bn ([17℄).Théorème 2. (Théorème 1.6.1)Soit F une surfae orientable de genre g � 1 ave p > 0 omposantes de bord. Le groupeP (n; F ) admet la présentation suivante:� Générateurs:fAi;j j 1 � i � 2g + p+ n� 2; 2g + p � j � 2g + p+ n� 1; i < jg:� Relations:(PR1) A�1i;j Ar;sAi;j = Ar;s si (i < j < r < s) ou (r + 1 < i < j < s);ou (i = r + 1 < j < s r < 2g paire et r � 2g) ;(PR2) A�1i;j Aj;sAi;j = Ai;sAj;sA�1i;s si (i < j < s) ;(PR3) A�1i;j Ai;sAi;j = Ai;sAj;sAi;sA�1j;sA�1i;s si (i < j < s) ;(PR4) A�1i;j Ar;sAi;j = Ai;sAj;sA�1i;sA�1j;sAr;sAj;sAi;sA�1j;sA�1i;ssi (i+ 1 < r < j < s) ou(i+ 1 = r < j < s r < 2g impaire et r > 2g) ;(ER1) A�1r+1;jAr;sAr+1;j = Ar;sAr+1;sAj;sA�1r+1;ssi r < 2g paire ;(ER2) A�1r�1;jAr;sAr�1;j = Ar�1;sAj;sA�1r�1;sAr;sAj;sAr�1;sA�1j;sA�1r�1;ssi r < 2g impaire :Le Théorème 1.6.2 fournit un résultat analogue pour les surfaes orientables fermées.Le groupe de tresses pures Pn est un produit semi-diret de Pn�1 et de Fn, le groupe libre derang n, où l'ation induite de Pn�1 sur l'abelianisé de Fn est triviale. On dit alors que Pn est unproduit quasi-diret de Pn�1 et de Fn. Par onséquent, T1d=0 I(Pn)d = f0g et I(Pn)d=I(Pn)d+1est un Z-module libre pour tout d � 0, où Ik est la puissane k-ième de l'idéal d'augmentationde ZPn. Ce résultat est fondamental dans la théorie de Vassilev pour les entrelas dans R3(voir [74℄).Le groupe Kn(F ), qui est la l�ture normale de Pn dans P (n; F ), est étudié dans [48℄. Ondémontre que Kn(F ) est un produit quasi-diret iteré de groupes libres de rang in�ni et ononstruit un invariant universel de type �ni pour les tresses sur une surfae fermée.Nous introduisons le groupe Y (n; F ), dé�ni omme la l�ture normale dans P (n; F ) de P (n;E),où E est la surfae obtenue en enlevant les anses de F . Nous obtenons que Y (n; F ), qui ontientiii



proprement K(n; F ), est un produit quasi-diret iteré de groupes libres (Proposition 1.6.3).Par onséquent, T1d=0 I(Y (n; F ))d = f0g et I(Y (n; F ))d=I(Y (n; F ))d+1 est un Z-module librepour tout d � 0. D'autre part, lorsque F est une surfae de genre g � 1 à bord, P (n; F ) est unproduit semi-diret iteré de groupes libres de rang �ni, mais il n'est pas quasi-diret, à ausedes relations (ER1) et (ER2) dans le Théorème 2 (voir setion 1.6.3).Nous remarquons aussi que la relation (R4) dans le Théorème 1 implique qu'il n'existe pas uninvariant universel multipliatif de type �ni pour les tresses sur les surfaes de genre � 1 ([7℄).Graphes et présentations de tressesDans le hapitre 2 nous poursuivons la reherhe de présentations pour les groupes de tressessur les surfaes. Sergiesu ([84℄) a démontré que l'on peut assoier à tout graphe à n sommetssur le plan (onnexe, sans boules ni intersetions) une présentation pour le groupe de tressesBn. Ce résultat a été ensuite généralisé pour des autres familles de graphes. Les présentationsainsi obtenues sont en général très redondantes mais elles permettent de relier les relationsdes tresses à la géométrie du graphe. En partiulier, les présentations par graphes ont étéutilisées dans le problème de onjugaison pour Bn ([18℄) et dans le problème de plongementdes monoides de tresses positives dans Bn ([53℄).Nous allons don onsidérer le as des graphes sur une surfae F et des groupes de tressesorrespondant. Nous démontrons que l'on peut assoier à tout graphe à n sommets sur lasphère (onnexe, sans boules et intersetions) une présentation pour le groupe de tressessur la sphère B(n; S2) (Théorème 2.2.1) et nous déduisons quelques résultats sur les auto-morphismes de B(n; S2) (Corollaire 2.3.1). Nous démontrons aussi que Out(B(n; S2)) estisomorphe à Z2�Z2, pour n � 4 (Proposition 2.4.2). Les automorphismes �1; �2 de B(n; S2)dé�nis par �1(�j) = ��1j pour j = 1; : : : ; n � 1 et �2(�j) = �jU pour j = 1; : : : ; n � 1, oùU = (�1 � � � �n�1)n est le générateur du entre de B(n; S2), sont des représentants pour lesgénérateurs de Out(B(n; S2)).Tresses singulières sur les surfaesDans le hapitre 3, nous étudions le monoïde de tresses singulières, SB(n; F ). Les générateursde B(n; F ), leur inverses, plus des générateurs singuliers �1; : : : �n�1, qui orrespondent à destresses ave un point double, forment un ensemble de générateurs pour SB(n; F ). Nous dé-montrons que les tresses sur les surfaes satisfont une propriété analogue aux tresses singulièressur le disque ([40℄).Théorème 3. (Théorème 3.3.2)Pour tout x 2 SB(n; F ), les propriétés suivantes sont équivalentes:1. �jx = x�k ,2. �rjx = x�rk ; pour quelques r 2 Z n f0g,3. �rjx = x�rk ; pour tout r 2 Z,4. �jx = x�k ; iv



5. � rj x = x� rk ; pour quelques r 2 Z n f0g.L'idée de la preuve est de onsidérer les tresses à n brins sur la surfae F omme des mappinglasses de la surfae F n P, où P est un ensemble de n points distints. En partiulier, dansles Théorèmes 3.3.1 and 3.3.2 on traduit les relations du Théorème 3 en termes d'ation detresses sur les lasses d'isotopies d'ars (un ar est un plongement de l'intervalle unitaire aveextremités dans P). Comme appliation du Théorème 3 et d'une propriété de rédution pourles tresses singulières (Lemme 3.4.2), on déduit des preuves simples pour les résultats suivants:Théorème 4. (Théorème 3.4.1)Le monoïde SB(n; F ) se plonge dans un groupe.Théorème 5. (Théorème 3.5.2)Le problème du mot pour SB(n; F ) est résoluble.Algèbres de Heke sur les surfaesDans le hapitre 4 nous rappelons quelques dé�nitions et onstrutions lassiques (algèbres deHeke, traes de Markov et onstrution algébrique du polynome d'HOMFLY-PT) qui nousseront utiles dans le hapitre 5, et nous introduisons les algèbres de Heke sur la surfae Fomme le quotientHn(q; F ) = C [B(n; F )℄=(�2j + (1� q)�j � q ; j = 1; : : : ; n� 1) ;où �j sont les générateurs usuels des groupes des tresses. Nous onstruison une trae de Markovpour le as q = 1.Théorème 6. (Théorème 4.1.1)Soit b� l'ensemble des lasses de onjugaison de �1(F ) et b�0 = b� � f1g. Soit S(C b�0) l'algèbretensorielle symétrique de C b�0 . Pour tout z 2 C , il y a une (unique) famille Tn de fontionnelleslinéaires Tn : Hn(1; F )! S(C b�0)telles que� Tn(xy) = Tn(yx) 8x; y 2 Hn(1; F ) ;� Tn+1(x�n) = zTn(x) 8x 2 Hn(1; F ) ;� Tn+1(�n � � � �1A�1 � � � �nx) = bATn(x) 8x 2 Hn(1; F ) 8A 2 B(1; F ) ;� Tn(1) = 1 ;où bA dénote la lasse de onjugaison de A 2 B(1; F ) �= �1(F ).Nous pensons que e résultat s'étend aux algèbres Hn(q; F ) (voir aussi [78℄). Toutefois, les al-uls sont bien plus ompliqués et l'utilisation d'un ordinateur semble néessaire. Nous remar-quons que es algébres ont été préédemment étudiées dans le as partiulier F = S1�I ([66℄,[77℄). En suivant l'approhe de Jones, une trae de Markov ainsi que l' invariant d'entrelasorrespondant ont été ainsi onstruits dans le as du tore solide F � I. Le module de skeinpour le tore solide avait été préédemment alulé par Turaev ([87℄, [88℄).v



Invariants d'entrelas satisfaisants une relation skein ubiqueDans le hapitre 5 on onsidère une autre généralisation des algèbres de Heke et on dé�nitdeux nouveaux invariants polynomiaux qui sont alulables réursivement et qui sont di�érentsde polyn�mes d'HOMFLY-PT et Kau�man. Nous rappelons que le polyn�me de Jones véri�ela relation skein (d'éheveau) suivante :t�1V  !� t V  ! = (t�1=2 � t1=2)V 0� 1AEn autres termes, on onsidère trois entrelas ave le même diagramme (même projetion sur leplan) sauf au voisinage du roisement representé en �gure. Etant donné un diagramme planaired'un noeud, on peut hanger ertains roisements pour obtenir un nouveau diagramme quireprésente le diagramme trivial. De ette manière on peut utiliser la relation skein i-dessuspour un alul réursif de V . En remplaçant le fateur (t�1=2�t1=2) par x on obtient l'invariantHOMFLY-PT. On peut remarquer que la relation qui dé�nit le polyn�me de HOMFLY-PT estquadratique. En e�et, en rajoutant un roisement positif on obtient la relation skein suivante:V 0� 1A = xtV  !+ t2V 0� 1ALe polyn�me de Kau�man est l'autre extension onnue du polyn�me de Jones et il est dé�nipar les relations skein suivantes sur les diagrammes non orientés.� !+� ! = z � !+� !!�� � = a� ( )Quelques manipulations élémentaires montrent que � véri�e une relation skein ubique:�0B� 1CA = (1a + z) �0� 1A� (za + 1)�0� 1A+ (1a) �0� 1AOn a réemment démontré que ette relation ne peut pas être omplète, 'est-à-dire, ellen'est pas su�sante pour un alul réursif de � ([31℄). La reherhe d'un système omplet derelations skein dont une ubique, est partiulièrement intéressante et di�ile. En ollaborationave L.Funar ([8℄) nous avons obtenu deux nouveaux invariants ubiques.Théorème 7. (Théorème 5.1.1)Ils existent deux invariants I(�; �) et I(z; Æ) qui sont uniquement dé�nis par les deux relationsskein en �gure 1 ( et par leur valeur sur le noeud trivial qui est traditionellement 1). Cesinvariants prennent valeurs dansZ[�; �; (2�� �2)��=2; (�2 + 2�)��=2℄(H(�; �)) ;vi
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w = ((�2 + 2�)=(2� � �2))1=2 A = (�2 � �)B = (�2 � ��2 � �) C = (�2 � ��2)D = (1 + 2�� + �2�2 � �3) E = (1 + �� + �2�2 � �3)F = (1 + 2�� � �3) G = (��3 � 2�� 2�2�)H = (��3 � 2�� 2�2� + �2) I = (�4 � �3�2 � 2�2� � 3�)L = (2�3� + 3�2 � �2�3 � ��2) M = (�4 � 2� � 3��2 + �2)N = (1 + 4�� + 3�2�2 � �3 � ��4 � �3) O = (1 + 3�� + 3�2�2 � �3 � ��4)P = (3�2 � �5 � 2�� 3�2� + 4��3)Tableau 1La preuve du Théorème est une extension de l'approhe de Jones et elle est detaillée dansles setions 1, 2 et 3 du hapitre 5. La première des relations skeins i-dessus provient deonsidérations sur les quotients ubiques des algèbres de groupes de tresses C [Bn ℄. On dé�nitl'algèbre de Heke ubique par analogie ave les algèbres de Heke lassiques (voir [23℄):H(Q;n) = C [Bn ℄=(Q(�j) ; j = 1; : : : ; n� 1) ;où Q(�j) = �3j � ��2j � � �j � 1; �; � 2 C .Notre but est de onstruir des traes de Markov sur la tour d'algèbres de Heke ubiques, quidé�nissent des invariants pour les entrelas. La di�érene entre les algèbres de Heke usuelleset elles ubiques est de la même nature que elle entre les groupes de Coxeter sphériques (etdon �nis) et eux hyperboliques (en général in�nis). En e�et, pour Q(0) 6= 0 on a (voir [28℄):� dimC H(Q; 3) = 24, et H(Q; 3) est isomorphe à l'algèbre du groupe tétraédral < 2; 3; 3 >d'ordre 24 (i.e. SL(2;Z3)).� dimC H(Q; 4) = 648, et H(Q; 4) est isomorphe à l'algèbre du groupe G25, selon la las-si�ation de Shepard-Todd ([85℄).� H(Q; 5) est l'algèbre de Heke ylotomique du groupe G32, qui est d'ordre 155520. Il estonjeturé que ette algèbre est libre de dimension �nie, e qui impliquerait, en utilisantle théorème de déformation de Tits, qu'elle est isomorphe à l'algèbre de G32.� dimC H(Q;n) =1 pour n � 6.En partiulier la dé�nition direte d'une trae sur H(Q;n), n � 6 se heurte au problème dela dimension in�nie.Pour rester justement dans un ontexte de dimension �nie on introduit les quotients Kn(�; �),en rajoutant une relation de plus qui vit dans H(Q; 3). La forme exate de ette relation est:�2 �21 �2 +A �21 �22 �21+ B �1 �22 �21 +B �21 �22 �1 +C �21 �2 �21+ D �1 �22 �1+ E �1 �2 �21+E �21 �2 �1+ F �22 �21 + F �21 �22+ G �2 �21+ G �21 �2 + H �22 �1+ H �1 �22+ I �1 �2 �1+L �2 �1+ L �1 �2+ M �21 +M �22+ N �1+ O �2 + P = 0où A;B; : : : ; P sont les polyn�mes du tableau 1.Remarque Les algèbres Kn(�; �) sont de dimension �nie pour tout n.On donne une expliation intuitive du hoix de ette relation. L'algèbre H(Q; 3) est semi-simple (pour Q générique) et se déompose omme C 3 �M�32 �M3, où Mm est l'algèbre desviii



matries m�m. Si on quotiente par le fateur C �M�22 �M3 on obtient l'algèbre de Hekeusuelle Hq(3). De même l'algèbre de Birman-Wenzl qui est liée au polyn�me de Kau�man,s'obtient en passant au quotient par C �M22 . Dans notre as, on prend le quotient par C 3 .Notre résultat prinipal est une onséquene immédiate du résultat tehnique i-dessous:Théorème 8. (Théorème 5.1.2) Il y a exatement quatre valeurs de (z; bz) pour lesquellesil existe une (unique) trae de Markov T sur la tour K�(�; �) ave les paramètres (z; bz),'est-à-dire:1. T (xy) = T (yx), pour tout x; y 2 Kn(�; �), et tout n.2. T (x�n�1) = zT (x), pour tout x 2 Kn(�; �), et tout n.3. T (x��1n�1) = bzT (x), pour tout x 2 Kn(�; �), et tout n.Le premier ouple (z; bz) estz = (2�� �2)=(�� + 4); bz = �(�2 + 2�)=(�� + 4);et la trae assoiée est T�; � : Kn(�; �)! Z[�; �; 1=(�� + 4)℄=(H(�; �)).Les trois autres solutions ne sont pas des fontions rationnelles et 'est plus onvenable deonsidérer �; � et bz omme fontions de z; Æ, où Æ = z2(�z + 1). Plus préisément on a unetrae de Markov T (z; Æ) : K�(�; �)! Z[z�1; Æ�1℄=(P(z; Æ));où � = (Æ � z2)=z3; � = �(z7 + Æ2)=(z4Æ); bz = �z4=Æ:Idée de la preuve.- D'abord tout élément de Kn+1(�; �) peut être érit omme ombinaisonlinéaire d'éléments du type a��n, où a; b 2 Kn(�; �) et � = f0; 1; 2g. Cei implique queune trae de Markov sur Kn(�; �) s'étend d'une manière unique à une trae de Markov surKn+1(�; �). La partie ompliquée onerne don l'existene d'une telle trae de Markov.Notre méthode, fortement inspirée de [11℄, est une amélioration de elle utilisée dans [43℄.On dé�nit un graphe géant dont les sommets sont les éléments du semi-groupe abélien engendrépar le groupe libre à n � 1 générateurs. Les arêtes orrespondent aux éléments qui di�èrentpar exatement une relation parmi les relations qui dé�nissent Kn(�; �). One donne uneorientation sur les arêtes, en hoisissant un proessus de rédution des mots, sauf pour lesarêtes orrespondant aux ommutations: a�i�jb ! a�j�ib (j i � j j> 1), qui restent nonorientées.On prouve que, par rapport à l'ordre partiel ainsi dé�ni, ils existent des éléments minimaux(peut-être plusieurs) dans haque omposante onnexe du graphe. Ensuite on onsidère lasuite asendante de graphes qui modélise les fontionnelles sur la tour d'algèbres K�(�; �)satisfaisant les onditions 2.) et 3.) i-dessus.L'uniité des éléments minimaux pour la réunionde graphes est équivalente à un nombre �ni d'obstrutions.Plus préisément on montre que toute fontionnelle omme avant qui est bien dé�nie surK4(�; �) admet une extension à tous les Kn(�; �), n � 5. Si l'on rajoute maintenant laondition de ommutativité 1.) (pour en faire une trae de Markov) on montre à nouveauqu'on peut se ramener à la ommutativité dans K4(�; �).En partiulier es obstrutions sont en nombre �ni, e qui nous a permis de les traiter àl'aide d'un ordinateur. Les valeurs des paramètres se trouvent en utilisant la ommutativitéix



sur K3(�; �) et ensuite les aluls expliits montrent que toutes les obstrutions appartiennentà l'idéal engendré par le polyn�me H(�;�) (et respetivement P (z;Æ)). �Maintenant, étant donnée une trae de Markov T on dé�nit un invariant pour les entrelas àl'aide de la formule standard: I(x) = � 1zbz�n�12 �bzz� e(x)2 T (x);où x 2 Bn est une tresse dont la l�ture est l'entrelas L et e(x) est la somme des exposants dex. On trouve ainsi les invariants I(�; �) et I(z; Æ) du Théorème 7. Des aluls expliites montrentque:� Ces invariants distinguent les n÷uds ave au plus 10 roisements, ayant le même invariantHOMFLY-PT.� I(�; �) = I(��;��) pour les n÷uds amphihirals et I(�; �) détete la hiralité de tous lesn÷uds ave au plus 10 roisements, dont la hiralité n'est pas detetée par les polyn�mesde Kau�man et HOMFLY-PT et le 2-ables de HOMFLY-PT.� Tout omme HOMFLY-PT, Kau�man et leurs 2-ables, les invariants I(�; �) et I(z; Æ)semblent ne pas distinguer les n÷uds mutants.Il est très di�ile, à l'état atuel, de omprendre à quel point es polyn�mes di�èrent despolyn�mes usuelles de Kau�man et HOMFLY-PT. En partiulier, on se pose la question si lesindéterminations engendrées par les polyn�mes H et P sont essentielles.Conjeture. Il y a une trae de Markov sur H(Q;n) à valeurs dans une extension algébriquede Z[�; �℄ qui relève la trae de Markov sous-jaente à I(�;�).Remarquons que les polyn�mes H et P dé�nissent des ourbes algébriques planes non ra-tionelles, don on ne peut pas expliiter une variable. Dans l'Appendie du hapitre 5 ondonne un tableau ave les valeurs des polyn�mes I(�; 0)(K) et I(0; �)(K) pour tous les n÷udsave au plus 8 roisements.

x
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Chapter 1Braids on surfaes1.1 Presentations for surfae braid groupsLet F be an orientable surfae and let P = fP1; : : : ; Png be a set of n distint points of F . Ageometri braid on F based at P is an n-tuple 	 = ( 1; : : : ;  n) of paths  i : [0; 1℄! F suhthat�  i(0) = Pi; i = 1; : : : ; n;�  i(1) 2 P; i = 1; : : : ; n;�  1(t); : : : ;  n(t) are distint points of F for all t 2 [0; 1℄.The usual produt of paths de�nes a group struture on the set of braids up to homotopiesamong braids. This group, denoted B(n; F ), does not depend on the hoie of P and it isalled the braid group on n strings on F . On the other hand, let be FnF = F n n �, where� is the big diagonal, i.e. the n-tuples x = (x1; : : : xn) for whih xi = xj for some i 6= j.There is a natural ation of �n on FnF by permuting oordinates. We all the orbit spaeF̂nF = FnF=�n on�guration spae. Then the braid group B(n; F ) is isomorphi to �1(F̂nF ).We reall that the pure braid group P (n; F ) on n strings on F is the kernel of the naturalprojetion of B(n; F ) in the permutation group �n. This group is isomorphi to �1(FnF ). The�rst aim of this hapter is to give (new) presentations for braid groups on orientable surfaes.A p-puntured surfae of genus g � 1 is the surfae obtained by deleting p points on alosed surfae of genus g � 1.Theorem 1.1.1 Let F be an orientable p-puntured surfae of genus g � 1, with p � 1. Thegroup B(n; F ) admits the following presentation (see also Setion 1.2.2):� Generators: �1; : : : ; �n�1; a1; : : : ; ag; b1; : : : ; bg; z1; : : : ; zp�1 :� Relations:� Braid relations, i.e. �i�i+1�i = �i+1�i�i+1 ;�i�j = �j�i for ji� jj � 2 :5



� Mixed relations:(R1) ar�i = �iar (1 � r � g; i 6= 1) ;br�i = �ibr (1 � r � g; i 6= 1) ;(R2) ��11 ar��11 ar = ar��11 ar��11 (1 � r � g) ;��11 br��11 br = br��11 br��11 (1 � r � g) ;(R3) ��11 as�1ar = ar��11 as�1 (s < r) ;��11 bs�1br = br��11 bs�1 (s < r) ;��11 as�1br = br��11 as�1 (s < r) ;��11 bs�1ar = ar��11 bs�1 (s < r) ;(R4) ��11 ar��11 br = br��11 ar�1 (1 � r � g) ;(R5) zj�i = �izj (i 6= 1; j = 1; : : : ; p� 1) ;(R6) ��11 zi�1ar = ar��11 zi�1 (1 � r � g; i = 1; : : : ; p� 1; n > 1) ;��11 zi�1br = br��11 zi�1 (1 � r � g; i = 1; : : : ; p� 1; n > 1) ;(R7) ��11 zj�1zl = zl��11 zj�1 (j = 1; : : : ; p� 1; j < l) ;(R8) ��11 zj��11 zj = zj��11 zj��11 (j = 1; : : : ; p� 1) :Theorem 1.1.2 Let F be a losed orientable surfae of genus g � 1. The group B(n; F )admits the following presentation:� Generators: �1; : : : ; �n�1; a1; : : : ; ag; b1; : : : ; bg:� Relations:� Braid relations as in Theorem 1.1.1.� Mixed relations:(R1) ar�i = �iar (1 � r � g; i 6= 1) ;br�i = �ibr (1 � r � g; i 6= 1) ;(R2) ��11 ar��11 ar = ar��11 ar��11 (1 � r � g) ;��11 br��11 br = br��11 br��11 (1 � r � g) ;(R3) ��11 as�1ar = ar��11 as�1 (s < r) ;��11 bs�1br = br��11 bs�1 (s < r) ;��11 as�1br = br��11 as�1 (s < r) ;��11 bs�1ar = ar��11 bs�1 (s < r) ;(R4) ��11 ar��11 br = br��11 ar�1 (1 � r � g) ;(TR) [a1; b�11 ℄ � � � [ag; b�1g ℄ = �1�2 � � � �2n�1 � � � �2�1 ;where [a; b℄ := aba�1b�1.We may assume that Theorem 1.1.1 provides also a presentation for B(n; F ), when F isan orientable surfae with p boundary omponents. We reall that the �rst presentations of6



braid groups on losed surfaes were found by Sott ([82℄), afterwards revised by Kulikov andShimada ([63℄). Reently González-Meneses redued signi�antly the number of generators([46℄). Our presentation has the same number of generators than González-Meneses'one, butit uses the standard generators of the fundamental group of the surfae and the number ofrelations is smaller. At our knowledge, the ase of puntured surfaes is new in the literature.Our proof is inspired by Morita's ombinatorial proof for the lassial presentation of Artin'sbraid group ([71℄). We will explain this approah while proving Theorem 1.1.1. After that wewill show how to make this tehnique �t for obtaining Theorem 1.1.2. We remark that ourargument is quite shorter than previous ones, sine we do not need a presentation for surfaepure braid groups. In Setion 1.5 we give presentations for braid groups on non orientablesurfaes.1.2 Preliminaries1.2.1 Fadell-Neuwirth �brationsThe main tool one uses is the Fadell-Neuwirth �bration, with its generalisation and orrespond-ing exat sequenes. As observed in [34℄, if F is a surfae (losed or puntured, orientable ornot), the map � : FnF ! Fn�1F de�ned by�(x1; : : : ; xn) = (x1; : : : ; xn�1)is a �bration with �ber F nfx1; : : : ; xn�1g. The exat homotopy sequene of the �bration givesus the exat sequene� � � �2(FnF )! �2(Fn�1F )! �1(F n fx1; : : : ; xn�1g)! P (n; F )! P (n� 1; F )! 1:Sine a puntured surfae (with at least one punture) has the homotopy type of a onedimensional omplex, we dedue�k(FnF ) �= �k(Fn�1F ) �= � � � �= �k(F ); k � 3and �2(FnF ) � �2(Fn�1F ) � � � � � �2(F ) :If F is an orientable surfae and F 6= S2, all higher homotopy groups are trivial. Thus, if F isan orientable surfae di�erent from the sphere we an onlude that there is an exat sequene(PBS) 1 ! �1(F n fx1; : : : ; xn�1g) ! P (n; F ) �! P (n� 1; F )! 1;where � is the map that �forgets� the last path pointed at xn.The problem of the existene of a setion for (PBS) has been ompletely solved in [52℄. Itis possible to show that � admits a setion, when F has puntures. On the other hand, whenF is a losed orientable surfae of genus g � 2, (PBS) splits if and only if n = 2. An expliitsetion is shown in [17℄ in the ase of the torus.
7



1.2.2 Geometri interpretations of generators and relationsLet F be an orientable surfae. Let eB(n; F ) be the group with the presentation given inTheorem 1.1.1 or Theorem 1.1.2 respetively. The geometri interpretation for generators ofeB(n; F ), when F is a losed surfae of genus g � 1 is the same as in [46℄, exept that werepresent F as a polygon L of 4g sides with the standard identi�ation of edges (see alsoSetion 1.5.3). We an onsider braids as paths on L, whih we draw with the usual �overand under� information at the rossing points. Figure 1.1 presents the generators of eB(n; F )realized as braids on L.
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Figure 1.1: Generators as braids (for F an orientable losed surfae).Note that in the braid ai (respetively bi) the only non trivial string is the �rst one, whihgoes through the wall �i ( the wall �i). Remark also that �1 : : : ; �n�1 are the lassial braidgenerators on the disk.
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Set a2;s = ��11 as�1 for s = 1; : : : ; g and respetively b2;s = ��11 bs�1 for s = 1; : : : ; g. In thesame way as above we �nd that:(RC1) (�21)ar = a2;r (�21) (r = 1; : : : ; g) ;(�21)br = b2;r(�21) (r = 1; : : : ; g) ;(RC2) ar(�21) = (�21)a2;r��21 (r = 1; : : : ; g) ;br(�21) = (�21)b2;r��21 (r = 1; : : : ; g) :Now, remark that relations (R3) and (R4) imply the following relations:(R30) ar�1as��11 = �1as��11 ar (r < s) ;br�1as��11 = �1as��11 br (r < s) ;ar�1bs��11 = �1bs��11 ar (r < s) ;br�1bs��11 = �1bs��11 br (r < s) ;(R40) ar��11 br��11 = �1br��11 ar (1 � r � g) ;Relations (RC1); (RC2); (R30); (R40) ombined with relations (R2); (R3); (R4) give:ara2;s = a2;s (s < r) ;bra2;s = a2;s (s < r) ;arb2;s = b2;s (s < r) ;brb2;s = b2;s (s < r) ;aar2;r = a2;r��21 a2;r (1 � r � g) ;bbr2;r = b2;r��21 b2;r (1 � r � g) ;ara2;r = �21a2;r (1 � r � g) ;brb2;r = �21b2;r (1 � r � g) ;aar2;s = [a2;r ;��21 ℄(a2;s) (r < s) ;bar2;s = [a2;r ;��21 ℄(b2;s) (r < s) ;abr2;s = [b2;r;��21 ℄(a2;s) (r < s) ;bbr2;s = [b2;r;��21 ℄(b2;s) (r < s) ;ara2;s = [�21 ;a�12;r℄(a2;s) (s < r) ;bra2;s = [�21 ;b�12;r℄(a2;s) (s < r) ;arb2;s = [�21 ;a�12;r℄(b2;s) (s < r) ;brb2;s = [�21 ;b�12;r℄(b2;s) (s < r) ;bar2;r = (a2;r��21 a�12;r)b2;r[��21 ; a2;r℄ (1 � r � g) ;arb2;r = �21b2;r[a�12;r ; �21 ℄ (1 � r � g) ;bra2;r = a2;r��21 (1 � r � g) ;abr2;r = a2;rb2;r�21b�12;r (1 � r � g) :12



A onsequene of these identities and relation (R1) is that !ari ; ar!i; !bri ; br!i 2 hGi, for i; r =1; : : : ; g. �Lemma 1.3.2 Set also f!1; : : : ; !2g; �1; : : : �n�1g in B0(n; F ) for f�n(!1); : : : ; �n(!2g); �n(�1);: : : �n(�n�1)g. Then Ker(�) is freely generated by f!1; : : : ; !2g; �1; : : : ; �n�1g.Proof: The diagram P (n; F ) �! P (n� 1; F )
B0(n; F )#\ �! B(n� 1; F )#\is ommutative and the kernels of horizontal maps are the same. As stated in Setion 1.2.1,Ker(�) = �1(F n fP1; : : : ; Pn�1g; Pn). If the fundamental domain is hanged as in Fig-ure 1.7 and the non trivial strings of !j; �i are onsidered as loops of the fundamentalgroup of F n fP1; : : : ; Pn�1g based on Pn, it is lear that �1(F n fP1; : : : ; Pn�1g; Pn) =h!1; : : : ; !2g; �1; : : : �n�1j ; i. �
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Figure 1.7: Interpretation of !j; �i as loops of the fundamental group.Lemma 1.3.3 �njeB0(n;F ) is an isomorphism.Proof: From the previous Lemmas it follows that the map from Ker(~�) to Ker(�) is anisomorphism. The Five Lemma and the indutive assumption onlude the proof. �1.3.3 End of the proofIn order to show that �n is an isomorphism, let us remark �rst that it is onto. In fat, fromLemma 1.3.3 it follows that the image of eB(n; F ) ontains Pn and on the other hand eB(n; F )surjets on �n. Sine the index of B0(n; F ) in B(n; F ) is n, it is su�ient to show that13



[ eB(n; F ) : eB0(n; F )℄ � n. Consider the elements �j = �j � � � �n�1 (we set �n = 1) in eB(n; F ).We laim that Si �i eB0(n; F ) = eB(n; F ). We only have to show that for any (positive ornegative) generator g of eB(n; F ) and i = 1; : : : ; n there exists j = 1; : : : ; n and x 2 eB0(n; F )suh that g�i = �jx :If g is a lassial braid, this result is well-known ([24℄). Other ases ome almost diretly fromthe de�nition of !j. Thus every element of eB(n; F ) an be written in the form �i eB0(n; F ).Sine ��1i �j =2 eB0(n; F ) for i 6= j we are done. �The previous proof holds also for p > 1. This time eB0(n; F ) is the subgroup of eB(n; F )generated by a1; : : : ; ag; b1; : : : ; bg; �1; : : : ; �n�2; �1; : : : ; �n�1; !1; : : : ; !2g; �1; : : : ; �p�1 where�j; !r are de�ned as above and �j = ��1n�1 � � � ��11 zj�1 � � � �n�1. �1.4 Proof of Theorem 1.1.21.4.1 About the setionThe steps of the proof are the same. We set again B0(n; F ) = ��1(�n�1). Let eB0(n; F ) bethe subgroup of eB(n; F ) generated by a1; : : : ; ag; b1; : : : ; bg; �1; : : : ; �n�2; �1; : : : ; �n�1; !1; : : : ;!2g; where �j; !r are de�ned as above. Remark that �1 2 hGi sine from (TR) relation, thefollowing relation �1 = [!1; !�12 ℄ � � � [!2g�1; !�12g ℄��1n�1 � � � ��12 ;holds in eB0(n; F ). When F is a losed surfae the orresponding ~� has no setion (see Setion1.2.1). Nevertheless, we are able to prove the analogous of Lemma 1.3.1 (see setion 1.4.2).Lemma 1.4.1 Let F be a losed surfae. Then Ker( ~�) is generated by f!1; : : : ; !2g; �2; : : : ;�n�1g.The following Lemma is analogous to Lemma 1.3.2.Lemma 1.4.2 Let F be a losed surfae and set also f!1; : : : ; !2g; �2; : : : ; �n�1g in B0(n; F )for f�n(!1); : : : ; �n(!2g); �n(�2); : : : ; �n(�n�1)g.Ker(�) is freely generated by f!1; : : : ; !2g; �2; : : : ;�n�1g.Let �j = �j � � � �n�1 (where �n = 1). We may onlude by heking that for any generatorg of eB(n; F ) (or its inverse) and i = 1; : : : ; n there exists j = 1; : : : ; n and x 2 eB0(n; F ) suhthat g�i = �jx ;whih is a sub-ase of previous situation. �1.4.2 Proof of Lemma 1.4.1To onlude the proof of Theorem 1.1.2, we give the demonstration of Lemma 1.4.1. Let usbegin with the following Lemma. 14



Lemma 1.4.3 Let F be a losed surfae and G = f�2; : : : ; �n�1; !1; : : : ; !2gg. The subgrouphGi is normal in eB0(n; F )Proof: It su�es to onsider relations in Lemma 1.3.1. Remark that from relations shown inLemma 1.3.1, it follows also that the setf�j�1jj = 1; : : : n� 1;  word on f!�11 ; : : : ; !�12g gg ;is a system of generators for hh�1; : : : ; �n�1ii � hh�n�1ii. �In order to prove Lemma 1.4.1, let us onsider the following diagramKer~� � i ! eB0(n; F ) ~�! eB(n� 1; F )�����~�0 ÆKer~�0tn# �i0! eB0(n; F )=hh�n�1iiqn#In this diagram qn is the natural projetion, ~�0 is de�ned by ~�0 Æ qn = ~� and tn is de�nedby i0 Æ tn = qn Æ i. Sine tn is well de�ned and onto we dedue that Ker(tn) = hh�n�1ii.Now, ~�0 has a natural setion s : eB(n � 1; F ) ! eB0(n; F )=hh�n�1ii de�ned as s(ai) = [aj ℄,s(bi) = [bj ℄ and s(�j) = [�j ℄, where [x℄ is a representative of x 2 eB0(n; F ) in eB0(n; F )=hh�n�1ii.Thus, using the same argument as in Lemma 1.3.1, we derive that Ker(~�0) = hhKii, whereK = f[!1℄; : : : ; [!2g℄; [�2℄; : : : [�n�1℄g. From Lemma 1.4.3 it follows that hKi = hhKii. Moreover,sine �i 2 hh�n�1ii for i = 1; : : : ; n� 2, Ker(~�0) = h[!1℄; : : : ; [!2g℄i.From the exat sequene1! hh�n�1ii ! Ker(~�)! Ker(~�0)! 1it follows that the set f!1; : : : ; !2gg and a system of generators for hh�n�1ii form a sys-tem of generators for Ker(~�). From the remark in Lemma 1.4.3 it follows that Ker(~�) =h�2; : : : ; �n�1; !1; : : : ; !2gi. �1.5 Other presentations and remarks1.5.1 Braids on p-puntured spheresWe reall that the exat sequene1 ! �1(F n fP1; : : : ; Pn�1g; Pn) ! P (n; F ) �! P (n� 1; F )! 1holds also when F = S2 ([35℄). Thus, previous arguments may be repeated in the ase of thesphere, to obtain a new proof for the well-known presentation of braid groups on the sphereas quotients of lassial braid groups. When F is a p-puntured sphere, our argument leadsto the following result. 15



Theorem 1.5.1 Let F be a p-puntured sphere. The group B(n; F ) admits the following pre-sentation:� Generators: �1; : : : ; �n�1; z1; : : : ; zp�1 :� Relations:� Braid relations, i.e. �i�i+1�i = �i+1�i�i+1 ;�i�j = �j�i for ji� jj � 2 :� Mixed relations:(R1) zj�i = �izj (i 6= 1; j = 1; : : : ; p� 1) ;(R2) ��11 zj�1zl = zl��11 zj�1 (j = 1; : : : ; p� 1; j < l) ;(R3) ��11 zj��11 zj = zj��11 zj��11 (j = 1; : : : ; p� 1) ;We remark that this presentation oinides with the presentation shown in [66℄.1.5.2 Braids on non-orientable surfaesPrevious tehniques an be used in the ase of non-orientable surfaes to prove the followingTheorems.Theorem 1.5.2 Let F be a non-orientable p-puntured surfae of genus g � 1, with p � 1.The group B(n; F ) admits the following presentation:� Generators: �1; : : : ; �n�1; a1; : : : ; ag; z1; : : : ; zp�1 :� Relations:� Braid relations, i.e. �i�i+1�i = �i+1�i�i+1 ;�i�j = �j�i for ji� jj � 2 :� Mixed relations:(R1) ar�i = �iar (1 � r � g; i 6= 1) ;(R2) ��11 ar��11 ar = ar��11 ar�1 (1 � r � g) ;(R3) ��11 as�1ar = ar��11 as�1 (s < r) ;(R4) zj�i = �izj (i 6= 1; j = 1; : : : ; p� 1) ;(R5) ��11 zi�1ar = ar��11 zi�1 (1 � r � g; i = 1; : : : ; p� 1; n > 1) ;(R6) ��11 zj�1zl = zl��11 zj�1 (j = 1; : : : ; p� 1; j < l) ;(R7) ��11 zj��11 zj = zj��11 zj��11 (j = 1; : : : ; p� 1) :16



Theorem 1.5.3 Let F be a losed non-orientable surfae of genus g � 2. The group B(n; F )admits the following presentation:� Generators: �1; : : : ; �n�1; a1; : : : ; ag :� Relations:� Braid relations as in Theorem 1.1.1.� Mixed relations:(R1) ar�i = �iar (1 � r � g; i 6= 1) ;(R2) ��11 ar��11 ar = ar��11 ar�1 (1 � r � g) ;(R3) ��11 as�1ar = ar��11 as�1 (s < r) ;(TR) a21 � � � a2g = �1�2 � � � �2n�1 � � � �2�1 :We give only a geometri interpretation for the generators. To represent a braid in F weonsider the surfae as a polygon of 2g sides as in Figure 1.8, and we make an additional ut:de�ne the path e as in the left hand of the Figure 1.8 and ut the polygon along it. We get Frepresented as in the right hand side of the same �gure, where we an also see how we hoosethe points P1; : : : ; Pn. We show generators in Figure 1.9. Generators �j and zj are as above.For all r = 1; : : : ; g, the braid ar onsists on the �rst string passing through the r-th wall,while the other strings are trivial paths. Relations an be easily veri�ed drawing orrespondingbraids. The relation (TR) in Theorem 1.5.3 is shown in [46℄. We remark that Theorem 1.5.3provides also a presentation for braid groups on the projetive plane (see also [90℄).
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� Relations: (1) �i�i+1�i = �i+1�i�i+1 ;(2) �i�j = �j�i for ji� jj � 2 ;(3) [ar; A2;s℄ = 1 (1 � r; s � 2g; r 6= s) ;(4) [ar; �i℄ = 1 (1 � r � 2g; i 6= 1) ;(5) [a1 : : : ar; A2;r℄ = �21 (1 � r � 2g) ;(6) a1 : : : a2ga�11 : : : a�12g = �1�2 � � � �2n�1 � � � �2�1 ;where A2;r = ��11 (a1 : : : ar�1a�1r+1 : : : a�12g )��11 :Remark that the geometri interpretation of bj orresponds to the braid generator aj whenj is odd and respetively to a�1j , when j is even. Tedious omputations show that relationsin Theorem 1.5.4 (after replaing generators bj's with aj's) imply relations in Theorem 1.5.5.In the same way, Theorem 1.5.3 an be also veri�ed diretly, heking that the relations inTheorem 1.5.3 imply all relations of the González-Meneses' presentation for braid groups onnon orientable losed surfaes in [46℄. However, we remark that the presentation in Theorem1.5.3 is simpler and with less relations than González-Meneses' one.On the other hand, it seems di�ult to give an algebrai proof of the equivalene betweenpresentation in Theorem 1.1.2 and presentation in Theorem 1.5.5.1.5.4 AppliationsWe onlude this Setion with some remarks. Let F be a surfae, possibly with boundary.Consider a onneted subsurfae E � F , suh that every boundary omponent of E either isa boundary omponent of F or lies in the interior of F . We suppose also that E ontains P. Itis known ([75℄) that the natural map  n : B(n;E)! B(n; F ) indued by the inlusion E � Fis injetive if and only if F nE does not ontain a disk D2. We may provide an analogousharaterisation about surjetion.Proposition 1.5.1 Let F be a surfae of genus g � 1 with p � 0 boundary omponents, andlet E be a subsurfae of F . The natural map  n : B(n;E)! B(n; F ) indued by the inlusionE � F is surjetive if and only if F nE is a disjoint union of disks.Proof: When E is obtained from F removing k disks, the natural map  n : B(n;E)! B(n; F )is onto and Theorems 1.1.1, 1.1.2, 1.5.2 and 1.5.3 give a desription of Ker( n). Remark thatthe natural morphism  1 : �1(E;P1)! �1(F; P1)is a surjetion if and only if F nE is a disjoint union of disks. Now onsider a pure braidp 2 P (n; F ) as a n-tuple of paths (p1; : : : ; pn) and let � : P (n; F ) ! �1(F )n be the mapde�ned by �(p) = (p1; : : : ; pn). The following ommutative diagram holdsP (n;E) � ! �1(E)n
P (n; F )( n)jP (n;E)# � ! �1(F )n 1 � � � � �  1#19



Sine � is surjetive ([17℄) we dedue that ( n)jP (n;E) is not surjetive on P (n; F ) when  1 isnot surjetive. Thus, sine  �1n (P (n; F )) belongs to P (n;E), it follows that  n is not surjetiveon B(n; F ) when  1 is not surjetive. �Remark 1.5.1 The fat that the natural map  n : B(n;E) ! B(n; F ) is onto when Eis obtained from F removing k disks an also be obtained from the remark that B(n;E) is asubgroup of B(n+k; F ) and that the map  n orresponds to the usual projetion B(n+k; F )!B(n; F ). The existene of a braid ombing in B(n+ k; F ) ([66℄) implies the laim.Proposition 1.5.2 Let F be a orientable surfae of genus g � 1, possibly with boundary. LetNn(F ) be the normal losure of Bn in B(n; F ). The quotient B(n; F )=Nn(F ) is isomorphi toH1(F ), the �rst homology group of the surfae F .Proof: It is su�ient to replae all �j with 1 in Theorems 1.1.1 and 1.1.2. �1.6 Surfae pure braid groupsSeveral presentations for surfae braid groups are known, when F is a losed surfae or a holeddisk ([46℄, [52℄, [66℄, [82℄). In Theorem 1.6.1 we provide a presentation for pure braid groupson orientable surfaes with boundary. This presentation is lose to the standard presentationof the pure braid group Pn on the disk. We provide also the analogous presentation for purebraid groups on orientable losed surfaes.1.6.1 Presentations for surfae pure braid groupsTheorem 1.6.1 Let F be an orientable surfae of genus g � 1 with p > 0 boundary ompo-nents. P (n; F ) admits the following presentation:� Generators:fAi;j j 1 � i � 2g + p+ n� 2; 2g + p � j � 2g + p+ n� 1; i < jg:� Relations:(PR1) A�1i;j Ar;sAi;j = Ar;s if (i < j < r < s) or (r + 1 < i < j < s);or (i = r + 1 < j < s for even r < 2g or r � 2g) ;(PR2) A�1i;j Aj;sAi;j = Ai;sAj;sA�1i;s if (i < j < s) ;(PR3) A�1i;j Ai;sAi;j = Ai;sAj;sAi;sA�1j;sA�1i;s if (i < j < s) ;(PR4) A�1i;j Ar;sAi;j = Ai;sAj;sA�1i;sA�1j;sAr;sAj;sAi;sA�1j;sA�1i;sif (i+ 1 < r < j < s) or(i+ 1 = r < j < s for odd r < 2g or r > 2g) ;(ER1) A�1r+1;jAr;sAr+1;j = Ar;sAr+1;sAj;sA�1r+1;sif r even and r < 2g ;(ER2) A�1r�1;jAr;sAr�1;j = Ar�1;sAj;sA�1r�1;sAr;sAj;sAr�1;sA�1j;sA�1r�1;sif r odd and r < 2g : 20



Proof: The hoie of the notation is motivated by the notation for standard generators of Pnfrom [15℄. Let eP (n � 1; F ) be the group de�ned by above presentation. We give in Figure1.11 a piture of orresponding braids on the surfae. Let h = 2g + p � 1. In respet of thepresentation for B(n; F ) given in Theorem 1.1.1, the elements Ai;j are the following braids:� Ai;j = �j�h � � � �i+1�h�2i�h��1i+1�h � � � ��1j�h, for i � 2g + p ;� Ai;j = �j � � � �1z�1i�2g��11 � � � ��1j�h, for 2g < i < 2g + p ;� A2i;j = �j � � � �1a�1g�i+1��11 � � � ��1j�h, for 1 � i � g ;� A2i�1;j = �j�h � � � �1b�1g�i+1��11 � � � ��1j�h, for 1 � i � g .The relations (PR1), : : : , (PR4) orrespond to the lassial relations for Pn. The new relationsarise when we onsider two generators A2i;j , A2i�1;k, for 1 � i � g and j 6= k. They orre-spond to two loops based at two di�erent points whih go around the same handle. Relations(ER1) and (ER2) an be veri�ed by expliit pitures or using relations in Theorem 1.1.1. The
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Figure 1.11: Geometri interpretation of Ai;j . We mark again with Ai;j the only non trivialstring of the braid Ai;jtehnique to prove that (PR1); : : : ; (ER2) is a omplete system of relations for P (n; F ) is wellknown ([46℄, [52℄, [66℄, [82℄). As shown in [57℄, given an exat sequene1! A! B ! C ! 1 ;and presentations hGA; RAi and hGC ; RCi, we an derive a presentation hGB ; RBi for B, whereGB is the set of generators GA and oset representatives of GC . The relations RB are given bythe union of three sets. The �rst orresponds to relations RA, and the seond one to writingeah relation in C in terms of orresponding oset representatives as an element of A. The lastset orresponds to the fat that the ation under onjugation of eah oset representative ofgenerators of C (and their inverses) on eah generator ofA is an element ofA. We an apply thisresult on (PBS) sequene. The presentation is orret for n = 1. By indution, suppose that forn� 1, eP (n� 1; F ) �= P (n� 1; F ). The set of elements Ai;2g+n+p�1 (i = 1; : : : ; 2g + n+ p� 2)is a system of generators for �1(F n fP1; : : : ; Pn�1g; Pn). To show that (PR1); : : : ; (ER2)is a omplete system of relations for P (n; F ) it su�es to prove that relations RP (n;F ) are aonsequene of relations (PR1); : : : ; (ER2). Sine �1(F nfP1; : : : ; Pn�1g; Pn) is a free group onthe given generators, we just have to hek the seond and the third set of relations. Consideras oset representative for the generator Ai;j in P (n � 1; F ) the generator Ai;j in P (n; F ).Relations lift diretly to relations in P (n; F ). The ation of A�1i;j on �1(F nfP1; : : : ; Pn�1g; Pn)may be dedued from that of Ai;j. In fat, relations (PR2) and (PR3) imply thatAi;jAi;2g+n+p�1Aj;2g+n+p�1 = Ai;2g+n+p�1Aj;2g+n+p�1Ai;j ;21



for all i < j < 2g + n+ p� 1, and from this relation and relations (PR2) we dedue thatAi;jAi;2g+n+p�1A�1i;j = A�1j;2g+n+p�1Ai;2g+n+p�1Aj;2g+n+p�1 ;for all i < j < 2g + n+ p� 1). It follows thatAs;jAi;2g+n+p�1A�1s;j 2 hA1;2g+n+p�1; : : : ; A2g+n+p�2;2g+n+p�1i ;for all s < j < 2g + n+ p� 1.Thus we have proved that hA1;2g+n+p�1; : : : ; A2g+n+p�2;2g+n+p�1i is a normal subgroupand that also the third set of relations of RP (n;F ) is a onsequene of (PR1); : : : ; (ER2). �In the same way we an prove the following Theorem.Theorem 1.6.2 Let F be an orientable losed surfae of genus g � 1. P (n; F ) admits thefollowing presentation:� Generators: fAi;j j 1 � i � 2g + n� 1; 2g + 1 � j � 2g + n; i < jg:� Relations:(PR1) A�1i;j Ar;sAi;j = Ar;s if (i < j < r < s) or (r + 1 < i < j < s);or (i = r + 1 < j < s for even r < 2g or r > 2g) ;(PR2) A�1i;j Aj;sAi;j = Ai;sAj;sA�1i;s if (i < j < s) ;(PR3) A�1i;j Ai;sAi;j = Ai;sAj;sAi;sA�1j;sA�1i;s if (i < j < s) ;(PR4) A�1i;j Ar;sAi;j = Ai;sAj;sA�1i;sA�1j;sAr;sAj;sAi;sA�1j;sA�1i;sif (i+ 1 < r < j < s) or(i+ 1 = r < j < s for odd r < 2g or r > 2g) ;(ER1) A�1r+1;jAr;sAr+1;j = Ar;sAr+1;sAj;sA�1r+1;sif r even and r < 2g ;(ER2) A�1r�1;jAr;sAr�1;j = Ar�1;sAj;sA�1r�1;sAr;sAj;sAr�1;sA�1j;sA�1r�1;sif r odd and r < 2g ;(TR) [A�12g;2g+k; A2g�1;2g+k℄ � � � [A�12;2g+k; A1;2g+k℄ = 2g+k�1Yl=2g+1 Al;2g+k �� 2g+nYj=2g+k+1A2g+k;j k = 1; : : : ; n :Remark 1.6.1 Let E be a holed disk. Theorem 1.6.1 provides a presentation for P (n;E)([66℄). Let us reall that P (n;E) is a (proper) subgroup of Pn+k, where k is the number ofholes in E.Remark 1.6.2 We reall that Pn embeds in P (n; F ) ([75℄) and thus Pn is isomorphi to thesubgroup hAi;j j 2g + 1 � i < j � 2g + ni ;22



when F is a losed surfae and Pn is isomorphi toPn = hAi;j j 2g + p � i < j � 2g + p+ n� 1i ;when F is a surfae with p > 0 boundary omponents. Consider the sub-surfae E obtainedremoving g handles from F . The group P (n;E) embeds in P (n; F ) ([75℄) and it is isomorphito the subgrouphfAi;j j 2g+1 � i < j � 2g+ng[fA2k�1;l; A�12k;lA�12k�1;lA2k;l j 1 � k � g ; 2g+1 � l � 2g+ngi ;when F is a losed surfae and respetively to the subgrouphfAi;j j 2g + 1 � i � 2g + p+ n� 2; 2g + p � j � 2g + p+ n� 1; i < jg[[fA2k�1;l; A�12k;lA�12k�1;lA2k;l j 1 � k � g; 2g + p � l � 2g + p+ n� 1gi ;when F is a surfae with p > 0 boundary omponents.Remark 1.6.3 When F is a surfae with genus, from relation (ER1) we dedue that gener-ators Ai;j for 2g + p � i < j � 2g + n+ p� 1, whih generate a subgroup isomorphi to Pn,are redundant. Then Theorem 1.6.1 provides a (homogeneous) presentation for P (n; F ) with(2g + p� 1)n generators.1.6.2 Remarks on the normal losure of Pn in P (n; F )As orollary of previous presentations we give an easy proof of a well-known fat on Kn(F ),the normal losure of lassial pure braid group Pn in P (n; F ) ([45℄).Lemma 1.6.1 Let � : P (n; F )! �1(F )n be the map de�ned by �(p) = (p1; : : : ; pn). Let F bea losed orientable surfae possibly with boundary. Let Kn(F ) be the normal losure of Pn inP (n; F ). Then Ker(�) = Kn(F ) :Proof: We outline the ase of a surfae F with boundary. The inlusion Kn(F ) � Ker(�)is obvious. The quotient group P (n; F )Kn(F ) is isomorphi to the group bP (n; F ) with generatorsfAi;j j 1 � i � 2g + p� 1; 2g + p � j � 2g + p+ n� 1g and relations f[Ai;j ; Ak;l℄ = 1; j 6= lg.The morphism � indues an isomorphism between bP (n; F ) and �1(F )n. �Proposition 1.6.1 Let F be an orientable surfae possibly with boundary. When F is a torus[P (n; F ); P (n; F )℄ = Kn(F ) :Otherwise the strit inlusion holds:[P (n; F ); P (n; F )℄ � Kn(F ) :Proof: The inlusion Kn(F ) � [P (n; F ); P (n; F )℄ follows from relation (ER1). Suppose that[P (n; F ); P (n; F )℄ = Kn(F ) = Ker(�) for g > 1. It follows that P (n; F )Ker(�) is abelian. This isfalse sine �1(F )n is not abelian for g > 1. Let w 2 [P (n; F ); P (n; F )℄. The sum of exponentsAi;j in w must be zero. The projetion of �(w) on any oordinate is the sub-word of wonsisting of the generators assoiated to orresponding strand. Sine the sum of exponentsis zero, if F is a torus this projetion is trivial and the laim follows. �23



1.6.3 Almost-diret produtsLet us reall the following de�nition:De�nition 1.6.1 We say that a group G is residually a P-group if for eah g 2 G, g 6= 1,there exists a normal subgroup N of G suh that g =2 N and G=N has the property P.The lower entral series fGigi�0 of a group G is the series of groups Gi de�ned by G1 = G,Gi+1 = [G;Gi℄, where [G;Gi℄ is the subgroup of G generated by all ommutators hkh�1k�1,for h 2 G and k 2 Gi. Set G(i) = Gi=Gi+1. Magnus proved that free groups, as well asfundamental groups of orientable surfaes, are residually torsion free nilpotents (see [6℄ for anoutline of the proof). We refer to [67℄ for more results on residual nilpotene. We reall justthat if G is residually torsion free nilpotent then G is biorderable ([81℄). The group G is alledbi-orderable if there exists a total order < on G suh that for all g; h; k in G the relation g < himplies that kg < kh and gk < hk.In this setion we onsider subgroups of surfae braid groups having the following properties:1. T1d=0 I(G)d = f0g;2. I(G)d=I(G)d+1 is a free Z-module for all d � 0, where IkG means the k-th power of theaugmentation ideal of the group ring of the group G.Free groups have properties 1) and 2) (see [41℄). We stress that T1d=0 I(G)d = f0g implies thatG is residually nilpotent.De�nition 1.6.2 Let A;C be two groups. If C ats on A and the indued ation on theabelianization of A is trivial, we say that Ao C is an almost-diret produt of A and C.Proposition 1.6.2 ([36℄) Let A;C be two groups. If C ats on A and the indued ation onthe abelianization of A is trivial, thenI(Ao C)m = mXk=0 I(A)k 
 I(C)m�k for all m � 0and (Ao C)(m) = A(m) o C(m) :The pure braid group Pn is an almost-diret produt of free groups ([37℄). In partiular Pninherits the properties of free groups that we desribed above. These properties have beenused in [74℄ in order to onstrut an universal �nite type invariant for braids.The group Kn(F ), the normal losure of lassial pure braid group Pn in P (n; F ), is an almost-diret produt of (in�nitely generated) free groups ([48℄). Moreover, it has been onstrutedan universal �nite type invariant for braids on surfaes, where the group Kn(F ) plays the r�leof Pn.Let F be a surfae with boundary omponents. Consider the sub-surfae E obtained removingthe handles of F . Let Yn(F ) be the normal losure of P (n;E) in P (n; F ). Using our presen-tation for surfae pure braid groups, we prove that the group Yn(F ), whih ontains properlyKn(F ), is an almost-diret produt of free groups.Proposition 1.6.3 The group Yn(F ) is an almost-diret produt of free groups.24



Proof: We sketh a proof for F orientable surfae with one boundary omponent. Let �1(F )nbe provided with presentationhAj;2g+k j = 1; : : : ; 2g; k = 1; : : : ; nj[Aj;2g+k; Al;2g+q℄ = 1 for all j; l = 1; : : : ; 2g; 1 � k 6= q � n i ;where Aj;2g+k are the loops de�ned in Theorem 1.6.1. Let Fg;n be the group with presentationhÂj;2g+k j = 1; : : : ; g; k = 1; : : : ; nj[Âj;2g+k; Âl;2g+q℄ = 1 for all j; l = 1; : : : ; g; 1 � k 6= q � n i :Let � : �1(F )n ! Fg;n be the map de�ned by �(A2i�1;2g+k) = Âi;2g+k and �(A2i;2g+k) = 1.One an proeed as in Lemma 1.6.1 for showing that Ker(� Æ�) = Yn(F ) . Thus the followingommutative diagram holds: 1 1 1
1 ! Fg;1" ! Fg;n" ! Fg;n�1" ! 1
1 ! Ker(�)" ! P (n; F )� Æ �" �! P (n� 1; F )� Æ �" ! 1
1 ! Gn" ! Yn(F )" �! Yn�1(F )" ! 1

1" 1" 1"where Fg;1 is the free group on g generators and Gn = Yn(F ) \Ker(�) is a free group.Lemma 1.6.2 The following set is a system of generators for Gn.fAj;2g+n�1j2g < j < 2g + n and 1 � j < 2g; j even gwhere  is a word on fA�12k�1;2g+nj1 � k � gg.Proof: Consider the vertial sequene1 ! Gn ! Ker(�) ! Fg;1 ! 1 :Reall that Ker(�) = �1(F n fP1; : : : ; Pn�1g; Pn). A set of free generators for this group isgiven by fAj;2g+nj1 � j < 2g+ng. The map � Æ � sends Aj;2g+n in 1 for 2g < j < 2g+n and1 � j < 2g; j even. On the other hand, � Æ �(A2k�1;2g+n) = Âk;2g+1 for k = 1; : : : ; g. �25



Reall that the existene of a setion for � implies that Yn�1(F ) ats by onjugation onGn and thus on the abelianization Gn=[Gn; Gn℄. The following Lemma onludes the proof. �Lemma 1.6.3 The ation of Yn�1(F ) by onjugation on Gn=[Gn; Gn℄ is trivial.Proof: Let t 2 fAj;kj2g < k < 2g + n; 2g < j < k and 1 � j < 2g ; j even g and f 2fAj;2g+nj2g < j < 2g + n and 1 � j < 2g ; j even g. We need to verify that every t atstrivially on Gn=[Gn; Gn℄. Presentation in Theorem 1.6.1 shows that(A) tft�1 � f (mod [Gn; Gn℄) ;for every t and f . Now onsider the ation of t on A2s;2g+n, for s = 1; : : : ; g. We refer oneagain to Theorem 1.6.1 for showing that for every t 2 fAj;kj2g < k < 2g + n; 2g < j <k and 1 � j < 2g; j even g,(B) tA2s�1;2g+nt�1 = hA2s�1;2g+n (1 � s � g) ;where h 2 Gn. Let  be a word on fA�12k�1;2g+nj1 � k < gg. From (A) and (B) it follows that,for every t 2 fAj;kj2g < k < 2g + n; 2g < j < k and 1 � j < 2g; j even g, tf�1t�1 =tt�1tft�1t�1t�1 = htft�1�1h�1 � hf�1h�1 � f�1 , where h is an element of Gn.�Remark 1.6.4 We notie that lassial tehniques do not apply to the whole group P (n; F ).The main obstrution is that, even when the exat sequene (PBS) splits, the ation of P (n; F )on the abelianisation of �1(F n fx1; : : : ; xn�1g) is not trivial, beause of relations (ER1) and(ER2). In partiular, when F is a surfae of genus g � 1, it is presently unknown whether thegraded group assoiated to the lower entral series of P (n; F ) is torsion free.Remark 1.6.5 Aording to [51℄ and [54℄, the mapping lass group of a pointed surfae (seeDe�nition 3.2.1) is residually �nite. As P (n; F ) is a (normal) subgroup of the mapping lassgroup of a pointed surfae ([15℄), it follows that P (n; F ) is residually �nite.
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Chapter 2Braid presentations via graphs2.1 IntrodutionTo any planar, onneted graph with n verties, without loops or intersetions, it an beassoiated a presentation for the braid group Bn (Sergiesu, [83℄ and [84℄). To eah edge e ofthe graph we assoiate the braid �e whih is a lokwise half-twist along e (see Figure 2.1).
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eFigure 2.1: Edges and geometri braids.Sergiesu provided a omplete set of relations using this set of generators for Bn. Afterwards,Birman, Ko and Lee ([18℄) extended this result to inner-omplete graphs in order to give a newproof for the onjugation problem in Bn. Reently Han and Ko ([53℄) showed that it is possibleto assoiate braid group presentations to a more general family of graphs (linearly spannedgraphs) ontaining above graphs. We reall also that these presentations turned out useful inother related ontexts (see for instane [13℄ and [14℄). In this hapter we provide an analogousresult for sphere braids (Theorem 2.2.1) and we prove some results on automorphisms ofB(n; S2). In partiular, we prove that the outer automorphisms group ofB(n; S2) is isomorphito Z2 �Z2.
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2.2 Sphere braid groups presentations via graphs2.2.1 De�nitions and Statement of the Main TheoremDe�nition 2.2.1 Let � be a graph on an orientable surfae F . The graph � is alled normalif � is onneted, �nite and it has no loops or intersetions.Let � be a normal graph on F . Let S(�) be the set of verties of �. We assoiate to the edgesof � the orresponding geometri braids on F (Figure 2.1) and we de�ne B(�; F ) the subgroupof B(S(�); F ) generated by these braids. In the following we will use the same notation forelements in the free group generated by the set X� = f� j � edge of �g and orrespondingbraids in B(�; F ). It an be easily veri�ed that B(�; F ) = B(S(�); F ) if F = D2 or S2.Otherwise B(�; F ) � NS(�)F , where NS(�)F is the normal losure of BS(�) in B(S(�); F ).Proposition 1.5.2 shows that the inlusion NS(�)F � B(S(�); F ) is proper.From now on, � is a normal graph on S2.Suppose that � is not a tree. The set S2 n � is the disjoint union of a �nite number of opendisks D1; : : : ;Dm, m > 1. The boundary of Dj on S2 is a subgraph �(Dj) of �. We hoose apoint O in the interior of �(Dj) and an edge � of �(Dj), with verties v1 and v2. We supposethat the triangle O v1v2 is anti lok-wise oriented. To the subgraph �(Dj) we assoiate apolygon Pj with pj edges as follows.We suppose that the edges e1; : : : ; epj and the verties x1; : : : ; xpj of P are anti lok-wiseoriented. The edge e1 is labelled with the edge �(e1) = � of �(Dj). The verties x1; x2 of e1are labelled with the verties v(x1) = v1; v(x2) = v2. Eah edge ei+1 of P (we set epj+1 = e1)is labelled with �(ei+1) � �(Dj), the �rst edge on the left of �(ei) adjaent to v(xi+1). Thevertex xi+2 is labelled with the other vertex adjaent to �(ei+1). If v(xi+1) is a uni-valentvertex then �(ei+1) = �(ei) and v(xi+2) = v(xi).De�nition 2.2.2 The sequene �(e1) : : : �(epj ) de�ned below is the (anti lok-wise oriented)pseudo-yle assoiated to Dj.The pseudo-yle �(e1) : : : �(epj ) is uniquely de�ned up to yli permutation.De�nition 2.2.3 Let  = �(e1) : : : �(ep) be a pseudo-yle of �. If there exist a pair i; j,1 � i; j � p suh that �(ei) = �(ej), we say that� �(ei) is the start edge of a reversing if j 6= i� 1 (we set e0 = ep).� �(ei) is the end edge of a reversing if j 6= i+ 1 (we set ep+1 = e1).We set �1 : : : �p for the pseudo-yle �(e1) : : : �(ep).Let � be a maximal tree of �. We start from x going through � and at the vertex y we hoosethe �rst edge on the left. We iterate this proess until meeting an uni-valent vertex, say z,where we go bak through the edge orresponding to z and we start again the proess. In thisway we ome bak to x after we passed two times through eah edge of �.De�nition 2.2.4 Set Æx; �(�) for the word in X� orresponding to the above iruit (Figure2.2).The element Æx; �(�) orresponds to a braid where the only non trivial string orrespondsto the vertex x. The projetion of this string on the sphere is a simple (oriented) loop boundinga disk ontaining all other verties. 28
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Consider two maximal trees �;�0 in � suh that the tree � ontains �2; : : : ; �m, the tree�0 ontains �1; : : : ; �m�1, and � [ f�1g = �0 [ f�mg. The graph � n f�2; : : : ; �mg = �0 nf�1; : : : ; �m�1g is a set of subtrees �(1);�(2); : : : ;�(m) of � (Figure 2.8). The (TR) relationson � and �0 yield the following relation:(A) �m � � � �2 �2 �2 �3 � � � �m �1 = �m�1 � � � �1 �1 �1 �2 � � � �m�1 �m ;where �1; : : : ; �m are sub-words assoiated to orresponding sub-trees �(1);�(2); : : : ;�(m).Let �1 = �1 � � � �n�1�n�n+1 � � � �q, where �n�1 = �n et �i 6= �j, for i; j > n + 1. We apply the(PR) relation on the pseudo-yle �n�n+1 � � � �q�1�2 � � � �m�1 � � � �n�2�n�1,�n�n+1 � � � �q�1�2 � � � �m�1 � � � �n�2 = �n+1 � � � �q�1�2 � � � �m�1 � � � �n�2�n�1�n ;and we derive��1q � � � ��1n+1�n�n+1 � � � �q�1�2 � � � �m�1 � � � �n�2 = �1�2 � � � �m�1 � � � �n�2�n�1 :We premultiply by ��11 and we apply (AR) relations in order to obtain�n�n+1 � � � �q�1��1q � � � ��1n+1��1n �2 � � � �m�1 � � � �n�2 = �2 � � � �m�1 � � � �n�2�n�1 :It follows that�1�1��11 = �1 � � � �n�1�2 � � � �m�1 � � � �n�2�n�1��1n�2 � � � ��11 ��1m � � ���12 ��1n�1 � � � ��11 :From iterated appliations of (AR) and (NR) relations it follows that�m�1 � � � �n�2�n�1��1n�2 � � � ��11 ��1m = ��1n�1��1n�2 � � � ��11 �m�1 � � � �n�2�n�1 :Then �1�1��11 = �2�2 � � ��m�m��1m � � � ��12 ��12holds in hX� jR� n fR�1:::�mg i. The braids �1 and ��1m � � � ��12 ��12 ommute, and thus�2�2 � � ��m�m�1 = �1�1�2 � � ��m :From equation (A), it follows that�m � � � �2 = �m�1 � � � �1 : �The Following Lemmas establish that for any graph �0 obtained removing or adding �tri-angles� to � the groups hX�0 jR�0i and hX� jR�i de�ned in Theorem 2.2.1 are isomorphi.Lemma 2.3.2 Let �1; �2 be two adjaent edges of �, whih are not ontained in any pseudo-yle. Let �0 = � [ � be the graph obtained adding an edge � to � to form an anti lok-wisetriangle ��1�2 (Figure 2.9). If B(�; S2) = hX� jR�i then B(�0; S2) = hX�0 jR�0i.Proof: By Tietze's transformation we obtain that hX�0 jR�; � = �1�2��11 i is a presentationfor B(�; S2) = B(�0; S2). Sine fR�; � = �1�2��11 g � R�0 , hX�0 jR�0i is a presentation forB(�0; S2). �32
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Figure 2.9: Adding or removing a triangle.Lemma 2.3.3 Let � be an edge of �0 bounding only one pseudo-yle, whih is an anti lok-wise triangle ��1�2 (Figure 2.9). Let � = �0 n � . If hX�0 jR�0i is a presentation for B(�0; S2)then hX� jR�i is a presentation for B(�; S2).Proof: We need to show that the set of relations R�0 are veri�ed in the group hX�0 jR�; � =�1�2��11 i. Sergiesu showed ( Lemma 1.3 in [84℄) that the relations (SR), (AR) and (NR) forthe graph �0 are a onsequene of the relations (SR), (AR) and (NR) for the graph � andthe relation � = �1�2��11 . The edge � belongs to the pseudo-yle ��1�2. The orrespondingpseudo-yle relations derive from � = �1�2��11 and �1�2�1 = �2�1�2. We prove that therelation Æx; �(�) = 1, for any Æ; x; �, is a onsequene of the set of relations fR�; � = �1�2��11 g.If � =2 � the laim follows. Suppose that � 2 �. We have two ases (we refer to the Figure2.10):
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adjaent to �1 and �2 and �k, for k = 1; : : : ; p, orresponds to a tree disjoint from �1 and �2.The elements �k (k = 1; : : : ; p) and �1�2��11 ommute:�k�1�2��11 = ��12 �1�2�k = �1�2��11 �k :One derives that [�2; �1�2��11 ℄ = 1. From �1�1 = �1�1, it follows that�0�1�2��11 �1�2�2�2�1�2��11 �3 = �0�1�2�1��11 �2�2�1�2��11 �1�3 =�0�1�2�1��11 �2�1�2��11 �2�1�3 = �0�1�2�1�2�2�1�3 :Therefore Æx; �(�) = 1 holds in hX�0 jR�; � = �1�2��11 i. We remark that � belongs also to thepseudo-yle P bounding the other onneted omponent of S2 n�. Aording to Lemma 2.3.1we an suppose that the set of pseudo-yle relations RP are redundant and thus hX�0 jR�0iis isomorphi to hX�0 jR�; � = �1�2��11 i. �2.3.2 Indutive stepsDe�nition 2.3.1 A node is a vertex of valene greater than two. We all the valene of �,v(�), the sum of valenes of all nodes of �.In order to prove Theorem 2.2.1, we proeed by indution on the number of onneted om-ponents of S2 n �.i) Let � be a tree. We reall that the braid group on the sphere is a quotient of the braidgroup on the disk.Theorem 2.3.1 ([35℄) The group B(n; S2) admits the following presentation� Generators: �1; : : : ; �n�1 :� Relations: �i�i+1�i = �i+1�i�i+1 ;�i�j = �j�i for ji� jj � 2 ;�1�2 � � � �2n�1 � � � �2�1 = 1 :Then, it follows that Theorem 2.2.1 holds when � is a straight line and v(�) = 0. Supposethat Theorem 2.2.1 holds for all trees with valene less than q > 0 and let � be a tree suhthat v(�) = q. Let v0 be an uni-valent vertex of �. As in De�nition 2.2.4, we run on the tree �starting from v0 and hoosing to turn on the right at eah node. Let v1 be the vertex preedingthe �rst node. Let v2 be the �rst uni-valent vertex after v0 (see Figure 2.11).We replae the edge � between v1 and the �rst node with an edge �1 joining v1 to the vertexv2 (see Figure 2.12). The graph �1 so obtained is suh that v(�1) < v(�), and then Theorem2.2.1 holds for �1. From Lemma 2.3.2 it follows that Theorem 2.2.1 is veri�ed for the graph�2 obtained adding an edge �2 between v1 and the other vertex adjaent to v2 (see Figure2.13). From Lemma 2.3.3 one dedues that Theorem 2.2.1 holds for the graph �3 = �2 n f�1g.Iterating the proess we derive that the result holds for the initial tree �.ii) Suppose that Theorem 2.2.1 holds when the number of onneted omponents of S2 n � isless than p > 1. Let � be a normal graph suh that S2 n � has p onneted omponents. Weremove an edge �1 whih bounds two pseudo-yles �1; �2 : : : ; �n and �1; �2; : : : ; �m of �. Weenounter two ases. 34
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2Figure 2.13: Adding and removing triangulations.Remark 2.3.1 In order to show Theorem 2.2.1, one an also onsider a normal graph � onthe disk and add to Sergiesu's relations for B(�;D2) ([84℄) all (TR) relations for �. LethX� jZ�i be the group so obtained. Lemmas 2.3.2 and 2.3.3 as well as the indutive steps holdtrue and then hX� jZ�i is isomorphi to B(n; S2). Anyway, our approah allows to onsider� as embedded on S2 and to prove in an algebrai way the redundane of the pseudo-ylerelations.2.3.3 Automorphisms and isometriesThe presentation of Theorem 2.2.1 is redundant however useful beause we an read therelations on the graph �.De�nition 2.3.2 Let F be a sub-set of R2 (S2). The symmetry group of F , �(F ), is theset of ongruent transformations of R2 (S2) that leave F invariant. We denote �(F )+ thesub-group of �(F ) generated by rotations. The symmetry group �(F ) is disrete if the setf�(P )j� 2 �(F )g is disrete for any point P 2 F .Corollary 2.3.1 Every �nite group H of O(3) is isomorphi to a subgroup of Aut(B(n; S2)),for some n.Proof: Let � be a normal graph on the sphere suh that �(�) = H. Sine relations of B(�; S2)hold by rotations we assoiate to every rotation � 2 H the orresponding automorphism �� ofB(�; S2). To every re�etion � 2 H we assoiate the morphism �� that moves the generator �of B(�; S2) in the braid �(�)�1. This map is an automorphism of B(�; S2). The subgroup Kof Aut(B(�; S2)) generated by the set f�g j g generator of Hg is isomorphi to H. �We reall that B1 is the indutive limit of the sequene B1 � B2 � : : : . Sergiesu showedthat it is possible to assoiate to every in�nite graph on the plane, loally �nite and withoutloops or intersetions, a presentation for B1 ([84℄). The following Corollary is the analogousof Corollary 2.3.1Corollary 2.3.2 Let F be a subset of R2 . Let �(F ) be disrete. Then �(F ) is isomorphi toa subgroup of Aut(B1).Proof: For every subset F � R2 suh that �(F ) is disrete, there exists an in�nite graph �loally �nite suh that �(F ) = �(�) (see for instane [27℄). �36



2.4 The outer automorphisms group of B(n; S2)Let G be a group. Let Aut(G) be the automorphism group of G, Inn(G) the inner automor-phism group of G and Out(G) = Aut(G)=Inn(G) the outer automorphism group of G. Weonlude the Chapter with the omputation of the outer automorphisms group of sphere braidgroups. We reall that Out(Bn) = Z2 and the morphism � : Bn ! Bn de�ned by �(�j) = ��1jfor j = 1; : : : ; n� 1 is the generator of Out(Bn) ([33℄).De�nition 2.4.1 For an element x 2 B(n; S2), written in standard generators of Theorem2.3.1 as x = Qi ��iji we denote by e(x) =Pi �i mod 2(n� 1), the exponent sum of x.It follows from the presentation in Theorem 2.3.1 that the exponent sum is well-de�ned(it is independent on the word hosen in the generators). Let �� in Out(B(n; S2)) and let� 2 Aut(B(n; S2)) a o-representative of ��. The exponent sum is invariant up to inner auto-morphisms, and thus we an set e(��(x)) for e(�(x)), for x 2 B(n; S2).Let ZB(n; S2) be the enter of B(n; S2). Let M(n; S2) be the mapping lass group of then-puntured sphere (see next hapter).Proposition 2.4.1 The group Out( B(n; S2)ZB(n; S2) ) is isomorphi to Z2, for n � 4.Proof: The quotient B(n; S2)ZB(n; S2) is isomorphi toM(n; S2) ([15℄) and the group Out(M(n; S2))is isomorphi to Z2 for n � 4 ([56℄). �Proposition 2.4.2 The group Out(B(n; S2)) is isomorphi to Z2 �Z2, for n � 4.Proof: The subgroup ZB(n; S2) is isomorphi to Z2 and it is generated by the element U =(�1 � � � �n�1)n ([15℄). Let id be the identity map in Aut(B(n; S2)) and let �1 be the map de�nedby �1(�j) = ��1j for j = 1; : : : ; n � 1. Sine the relations in Theorem 2.3.1 are symmetri,�1 2 Aut(B(n; S2)).Let �2 be the map de�ned by �2(�j) = �jU for j = 1; : : : ; n � 1. By the de�nition of�2 and the fat that U has order two and it generates ZB(n; S2), we derive that �2(U) =(U)n(n�1)+1 = U . It follows that �2 Æ �2 = id, and thus �2 2 Aut(B(n; S2)). In the sameway, one an verify that the map �3, de�ned by �3(�j) = ��1j U for j = 1; : : : ; n � 1, is anautomorphism of B(n; S2).Any automorphism � 2 Aut(B(n; S2)) indues an automorphism �0 ofAut(B(n; S2)=ZB(n; S2)).Moreover, if � 2 Inn(B(n; S2)), then � 2 Inn(B(n; S2)=ZB(n; S2)). Therefore, we obtain amap  : Out(B(n; S2))! Out(B(n; S2)=ZB(n; S2)). Let ��1; ��2; ��3 be the images of �1; �2; �3in Out(B(n; S2)). Sine e( ��1(�j)) = �1 mod 2(n� 1), for all j = 1; : : : ; n� 1, it follows that��1 is a non trivial element of Out(B(n; S2)) for n � 3.Sine U has order two and it generates ZB(n; S2), we dedue that all automorphisms ofB(n; S2) leave invariant U . If an outer automorphism e� belongs to Ker( ), then, up to innerisomorphism, for j = 1; : : : ; n � 1, e�(�j) = �j or e�(�j) = �jU . The relations �i�i+1�i =�i+1�i�i+1 imply that either e�(�j) = �j for all j = 1; : : : ; n � 1, or e�(�j) = �jU for allj = 1; : : : ; n� 1. Thus Ker( ) is generated by ��2.We prove that, for n � 4, �2 is not an inner automorphism of B(n; S2), and thus Ker( )is isomorphi to Z2. Sine Out(B(n; S2))=Ker( ) is trivial or isomorphi to Z2 (Proposition2.4.1), it follows that Out(B(n; S2)) has order two or four.37



Consider the exat sequene1 ! P (n; S2) ! B(n; S2) �! �n ! 1 :Remark that Z�n = f1g and ZP (n; S2) = ZB(n; S2). On the other hand, the automorphism�2 leaves invariant the group P (n; S2). Moreover, the restrition of �2 on P (n; S2) is theidentity map (if x 2 P (n; S2) then e(x) is an even number). Let �̂2 : �n ! �n be theautomorphism indued by �2. This automorphism is the identity on �n. The automorphism�2 is not the identity on B(n; S2), sine U 6= 1.Suppose that �2 is an inner automorphism. Let � 2 B(n; S2) suh that �2(�) = ����1 for all� 2 B(n; S2). Sine �̂2 = id, then �(�) 2 Z�n and thus �(�) = 1. It follows that � belongsto ZP (n; S2). Sine ZP (n; S2) = ZB(n; S2), we dedue that �2 is the identity on B(n; S2),whih is false.When n = 2k; k > 1, the automorphism � of B(n; S2)=ZB(n; S2) de�ned by �(�j) = ��1j forj = 1; : : : ; n�1 an be hoosen as representative of the generator of Out(B(n; S2)=ZB(n; S2)).Thus  is onto and Out(B(n; S2)) is isomorphi to Z2 �Z2.When n = 2k+1, we derive that e( ��2(�j)) = 2k+1 mod 4k and e( ��3(�j)) = 2k� 1 mod 4k,and then, for k > 1, the elements ��1; ��2; ��3 are distint non trivial elements of Out(B(n; S2)).It follows that Out(B(n; S2)) is generated by ��1; ��2; ��3 and it is isomorphi to Z2 �Z2. �Remark 2.4.1 The group B(3; S2) has order 12 and it is isomorphi to the group T , thesemi-diret produt of Z3 by Z4 ([35℄). It an be veri�ed that Aut(B(3; S2)) = B(3; S2) andInn(B(3; S2)) = Z6 and then Out(B(3; S2)) = Z2. In this ase, e( ��1(�j)) = e( ��2(�j)) = 3mod 4, and it is simple to verify that �1 � �2. We remark also that Out(B(2; S2)) is trivial.Let F be an orientable surfae di�erent from the sphere, and let M(n; F ) be the mappinglass group of the surfae F with n-puntures (see De�nition 3.2.1).Remark 2.4.2 The haraterisation of Out(M(n; F )) is ompletely solved (see [56℄ and [70℄).The braid group B(n; F ) is a subgroup of M(n; F ) ([15℄), but no result is known aboutOut(B(n; F )), exept when F is the annulus ([30℄).

38



Chapter 3Singular braids3.1 De�nitions and resultsSingular braids have been introdued in [3℄ and [16℄ as an extension of lassial braids on nstrings. String of singular braids are allowed to interset in a �nite number of double points(singular rossing). The isotopy lasses of these singular braids, with the analogous multiplia-tion, form the monoid of singular braids on n strings on D2, denoted by SBn. The generatorsof the monoid are the usual generators �j of Bn and their inverses, plus new monoid gener-ators �1; : : : ; �n�1, where �j orresponds to the singular braid with a rossing point involvingthe j-th string and the (j + 1)-th one. Baez and Birman showed also a omplete system ofrelations for this monoid. To the usual braid relations (and the invertibility of �j) we need toadd following relations:� �i �j �i = �j �i �j for ji� jj = 1 ;� �i �j = �j �i for ji� jj � 2 ;� �i �j = �j �i for ji� jj � 2 ;� �i �i = �i �i for i = 1; : : : ; n� 1 :Singular braids are related to �nite type invariants for knots. Several properties of singularbraids have been studied ([5℄, [26℄, [32℄, [39℄, [40℄ and [44℄). In partiular it has been shownthat SBn embeds in a group, that the word problem for SBn is solvable and that it existsa Markov Theorem for singular braids. An interesting onjeture for singular braids onernsthe embedding of the singular braid monoid SBn in the group ring of the braid group Bn([16℄, [40℄, [92℄). On the other hand one an extend the surfae braid group B(n; F ) to thesingular braid monoid on n strings on F , SB(n; F ). This monoid has been introdued in [48℄,in order to de�ne �nite type invariants for surfae braids. A system of generators for SB(n; F )is given by the generators of B(n; F ), their inverses and the singular generators �1; : : : ; �n�1,whih orrespond to the singular braid generators of SBn. González-Meneses ([49℄) provideda presentation for SB(n; F ), when F is an orientable losed surfae. In the last setion wegive a presentation for the monoid SB(n; F ), when F is an orientable surfae, possibly withboundary. Fenn, Rolfsen and Zhu ([40℄) gave a haraterisation of those elements of the braidgroup Bn whih ommute with usual generators �j. They proved an analogous result for SBn.In partiular, it was established that the sub-monoids of those elements ommuting with �j on39



one side or with singular generator �j in the other side are the same. We extend these resultsto surfae braid groups B(n; F ) (for an orientable surfae F ) and orresponding singular braidmonoids SB(n; F ):Theorem 3.1.1 For all x 2 SB(n; F ), the following properties are equivalent:1. �jx = x�k ,2. �rjx = x�rk ; for some r 2 Z n f0g,3. �rjx = x�rk ; for all r 2 Z,4. �jx = x�k ;5. � rj x = x� rk ; for some r 2 N n f0g.Let P = fP1; : : : ; Png be a set of n distint points of F . An ar is an embedding a : [0; 1℄! Fsuh that a(0); a(1) 2 P and a(x) =2 P for all x 2 (0; 1). As in [40℄ the main idea is to onsiderbraids as mapping lasses of the surfae F nP (Setion 3.2.1) and to study the ation of braidson isotopy lasses of ars (Setions 3.2.2 and 3.2.3 ). In partiular, in Theorem 3.3.1 and 3.3.2we identify all solutions x of �jx = x�k by a natural riterion involving braids as geometrialobjets having what Fenn, Rolfsen and Zhu alled (j; k)-bands. As appliation of Theorem3.1.1 and of a redution property of singular braids (Lemma 3.4.2), we obtained simple proofsfor the following statements.Theorem A (Theorem 3.4.1) SB(n; F ) embeds in a group.Theorem B (Theorem 3.5.2) The word problem for SB(n; F ) is solvable.Remark 3.1.1 Let M be a monoid, with presentation hG jRi. The monoid M embeds in agroup if and only if it embeds in the group de�ned by the presentation hG jRi.3.2 Preliminaries3.2.1 Mapping lass groupsWe reall some de�nitions about mapping lass groups. The main referenes for this Setionare [15℄, [64℄ and [76℄. From now on, let F be a ompat, onneted, oriented surfae and letP = fP1; : : : ; Png be a set of n distint points in the interior of F .De�nition 3.2.1 We denote H(F;P) the group of orientation-preserving homeomorphismsh : F ! F , suh that h(P) = P. The puntured mapping lass group of F relatively to P isde�ned to be the group of isotopy lasses of elements of H(F;P). The puntured mapping lassgroup does not depend on the hoie of P. We denote this group M(n; F ).In the following we onsider a simple losed urve in F n P as an embedding  : S1 ! F n Pwhih does not interset the boundary of F . By abuse of notation, we use the symbol  todenote the image of . The simple losed urve  is essential if it does not bound a dis inF n P. The simple losed urve  is generi, if it does not bound a dis in F ontaining 0 or 1point of P.Two simple losed urves ; 0 are isotopi if there exists a ontinuous family ht 2 H(F;P),t 2 [0; 1℄ suh that h0 is the identity and h1() = 0. We denote  ' 0.40



De�nition 3.2.2 Let  : S1 ! F nP be a simple losed urve. Choose an embedding A : [0; 1℄�S1 ! F n P suh that A(1=2; z) = (z) for all z 2 S1, and we onsider the homeomorphismT 2 H(F;P) de�ned by (T ÆA)(t; z) = A(t; e2i�tz); t 2 [0; 1℄; z 2 S1;and T is the identity on the exterior of the image of A. The Dehn twist along  is de�ned tobe the element  2M(n; F ) whih represents T (�gure 3.1).We reall that the de�nition of  does not depend on the hoie of A and that two isotopigeneri simple losed urves de�ne the same Dehn twist.De�nition 3.2.3 An ar is an embedding a : [0; 1℄! F suh that a(0); a(1) 2 P and a(x) =2 Pfor all x 2 (0; 1). A (j; k)-ar is an ar suh that a(0) = Pj and a(1) = Pk.By abuse of notation, we use the symbol a to denote the image of a. Note that two (j; k)-arsare isotopi if and only if they an be onneted by a ontinuous family of (j; k)-ars. As abovethe isotopy of the ars a and b is denoted by a ' b.De�nition 3.2.4 Let a : [0; 1℄! F be an ar. Choose an embedding A : D2 ! F suh that:� a(t) = A(t� 1=2) for all t 2 [0; 1℄,� A(D2) \ P = fa(0); a(1)g,and we onsider the homeomorphism T 2 H(F;P) de�ned by(T Æ A)(z) = A(t; e2i�jzjz); z 2 D2;and T is the identity on the exterior of the image of A. The braid twist along a is de�ned tobe the element � 2M(n; F ) whih represents T (�gure 3.1).
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Figure 3.1: The Dehn twist  and the braid twist �.Note that the de�nition of � does not depend on the hoie of A and that two isotopi arsde�ne the same braid twist.The Isotopy Extension Theorem de�nes a map from B(n; F ) toM(n; F ). It is well-known thatB(n; F ) embeds in M(n; F ) when g > 1. Thus we are allowed to onsider braids as elementsof M(n; F ). 41
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c

c c

c
0

1

0

1

α
βα

β
βα

αj

j j

j

j j

jβ j

Figure 3.3: The homeomorphism assoiated with a generator aj .3.2.2 Braids and arsWe adapt some de�nitions and propositions introdued in [40℄. We an represent braids asa olletion 	 = ( 1; : : : ;  n) of n disjoint strings in F � I suh that  i runs monotially42



in t 2 I from the point in Pi � 0 to some point Pk � 1 2 P � 1. As above an isotopy is adeformation through braids with �xed ends and two braids are onsidered equivalent if theyare isotopi. Similarly to the lassial ase, we notie that two equivalent braids are relatedby an horizontal isotopy ([86℄). The produt of braids orresponds to omposing of mappinglasses of F . One an have a braid � ats on F (up to isotopy in H(F;P)) on the left or onthe right respetively as follows, �� : F ! F orresponds to a mapping lass F � 0! F � 1and �� : F ! F orresponds to a mapping lass F � 1 ! F � 0. In partiular braids at onthe right and on the left on the set of ars on F up to isotopy in H(F;P).De�nition 3.2.5 A ribbon is an embeddingR : [0; 1℄ � [0; 1℄! F � [0; 1℄ ;suh that R(s; t) 2 F � t. Let � be a braid and let A be a (j�k)-ar in F �0. Then the isotopyorresponding to � moves A through a ribbon whih is proper for �, meaning that� R(0; t) and R(1; t) trae out two strings of the braid, while the rest of the ribbon is disjointfrom �;� R(s; 0) = A and R(s; 1) = A � �.Proposition 3.2.1 ([40℄) Let � 2 B(n; F ) and let A and B be ars. Then A � � = B if andonly if there is a proper ribbon for � onneting A � F � 0 to B � F � 1.De�nition 3.2.6 We say that � 2 B(n; F ) has a (j; k)-band if there exists a ribbon properfor � and onneting [j; j + 1℄� 0 to [k; k + 1℄� 1.Proposition 3.2.2 ([40℄) Let � 2 B(n; F ). The braid � has a (j; k)-band if and only if[j; j + 1℄ � � = [k; k + 1℄. If � has a (j; k)-band then �j� = ��k.Proposition 3.2.3 Let � 2 B(n; F ). If �rj� = ��rk for some integer r, then fj; j + 1g � � =fk; k + 1g.Proof: The ase r odd is trivial, sine it su�es to onsider the assoiated permutation. Thus,let r be even. Then, ��rk��1 2 P (n; F ). Let �j;j+1 : P (n; F )! P (2; F ) be the map that forgetsall strands exept the j-th one and the (j + 1)-th one. Suppose that fjg � � =2 fk; k + 1g. Itfollows 1 = �j;j+1(��rk��1) = �j;j+1(�rj ) = �r1:This is false, sine Pn embeds in P (n; F ) ([75℄) and P2 = h�21i = Z. �3.2.3 Isotopy invariantsLet a and b be two simple losed urves in F . Following [38℄ and [76℄, the index of intersetionof a and b is I(a; b) = inf fja0 \ b0j ; a0 ' a; b0 ' bg :Adapting above de�nition to ars, the index of intersetion of the ars a and b isI(a; b) = inf fjint(a0) \ int(b0)j ; a0 ' a; b0 ' bg :43



We note that I(a; b) = inf fja0 \ bj ; a0 ' ag and that if a ' b then I(a; b) = 0.Let a be an ar and let � the braid twist assoiated to a. The square of � is a Dehn twist. Weset ba for a generi simple losed urve suh that Tba = �2 where Tba is the Dehn twist along ba.Eah generi simple losed urves ba bounds a disk D(ba) in F ontaining an ar a0 isotopi toa.Proposition 3.2.4 ([76℄) Let a and b be two simple losed urves and n any integer ThenI(T na (b); b) = jnjI(a; b)2 ;where T na is the n-th power of the Dehn twist along a.Lemma 3.2.1 If A is a (l; k)-ar, with fk; lg \ fj; j + 1g = ; suh that A � �j = A, thenI(A; [j; j + 1℄) = 0, i.e. A and [j; j + 1℄ are disjoint up to isotopy.Proof: The hypothesis A � �j = A implies that bA � �j = bA and therefore T\[j;j+1℄( bA) =bA. It follows that I(T\[j;j+1℄( bA); bA) = 0. From the formula in Proposition 3.2.4 we dedueI( bA; \[j; j + 1℄) = 0, whih implies I(A; [j; j + 1℄) = 0. �Lemma 3.2.2 If A is a (j; j + 1)-ar, suh that A � �rj = A for some r, then A ' [j; j + 1℄.Proof: Using the same argument as in Lemma 3.2.1 we an suppose that I( bA; \[j; j + 1℄) = 0.Let bA0 ' bA suh that j bA0 \ \[j; j + 1℄j = ;. The disks D( bA0); D( \[j; j + 1℄) annot be disjoint(they ontains Pj). Thus, either D( bA0) � D( \[j; j + 1℄) or D( \[j; j + 1℄) � D( bA0). We deduethat bA0 ' \[j; j + 1℄ and therefore [j; j + 1℄ and A are isotopi. �The following orollary is the analogous for braid twists of the well-known result on Dehntwists (see e.g. Theorem 7.5 in [55℄).Corollary 3.2.1 Let a be an (i; j)-ar in F and let Ta be the braid twist along a. Let b be a(k; l)-ar, where fi; jg\fk; lg = ;. The braid twist Ta and Tb ommute if and only if I(a; b) = 0.Proof: It is evident that if a and b are disjoint (up to isotopy) Ta and Tb ommute. Reallthat as in the ase of Dehn twist TaTbT�1a = TTa(b). Commutation hypothesis implies thatTTa(b) = Tb. Now, onsider braids assoiated to TTa(b) and Tb. Thus, with the previous notationb�TTa(b) = b�Tb = b and Lemma 3.2.2 implies Ta(b) isotopi to b, i.e. b�Ta = b. From Lemma3.2.1 we dedue that a and b are disjoint (up to isotopy). �3.3 Statements of Main Theorems3.3.1 Centralisers of B(n; F )Let us state the �rst Theorem on entralisers of B(n; F ).Theorem 3.3.1 For eah � 2 B(n; F ), the following properties are equivalent:44



1. �j� = ��k ,2. �rj� = ��rk ; for any integer r,3. �rj� = ��rk ; for some nonzero integer r,4. � has a (j, k)-band,5. [j; j + 1℄ � � = [k; k + 1℄.Proof: From Proposition 3.2.2 it follows that (5) ) (4) ) (1), and it is obvious that (1) )(2) ) (3). It remains to show that (3) ) (5). Suppose that for some r, �rj� = ��rk. ByProposition 3.2.3 this equation is possible only if fj; j +1g � � = fk; k +1g. From the remarkthat ��1�rj� = �rk and that �rk has a proper (k; k)-band, we onlude that there is a properribbon R for ��1�rj� from [k; k+1℄�0 to [k; k+1℄�1. De�ne A = ��[k; k+1℄ = [k; k+1℄���1.We may assume (up to isotopy) that R(�; 1=3) = A � 1=3 and R(�; 2=3) = A � (2=3). Thenthere is a ribbon for �rj onneting A to A. From Proposition 3.2.1 we dedue that A��rj = A.By Lemma 3.2.2, A = [j; j + 1℄ and the laim is proved. �Remark 3.3.1 De�nitions 3.2.5 and 3.2.6 an be extended naturally to mapping lass groups.The Theorem 3.3.1 holds true for any � 2M(n; F ).3.3.2 Singular ribbonsTheorem 3.3.1 an be extended to SB(n; F ). Two singular braids x1 and x2 are equivalent ifthere exists an isotopy Ht of F � [0; 1℄ suh that H0 = idF�[0;1℄ and H1(x1) = x2. Let B be aball of radius � entered at the singularity p. Denote st = Ht(x1), pt = Ht(p) and Bt = Ht(B).We an suppose without loss of generality, that Bt is the ball of radius � entered at pt andthat Bt \ st is as in Figure 3.4.
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Figure 3.4: The neighbourhood of the singularity p.We stress that equivalent singular braids do not need to be related by a level preserving isotopyH in F � [0; 1℄.De�nition 3.3.1 A singular ribbon is a map R : I�I ! F �I suh that R embeds I� t intoF � t, exept for �nitely many points t, for whih the image is a single point in F � t. Onealso assumes, at these singular points, that there is a tangent plane in F � t for the singularribbon.As for braids, we say that a singular ribbon is proper for a singular braid if it sends f0; 1g � Ialong two of its strings and the image is disjoint from the other strings of the singular braid. An45



isotopy of a singular braid an be extended to an isotopy of any of its proper singular ribbons.In ontrast to the ordinary situation, it is not always possible to �nd a singular ribbon properfor a given singular braid and a given ar A = R(I; 0). Anyway, we have the following.Proposition 3.3.1 ([40℄) If a singular ribbon R is proper for the singular braid x and R(I; 0)and R(I; 1) are isotopi as ars to [j; j +1℄� 0 and [k; k+1℄� 1 respetively, then �jx = x�kin SB(n; F ).De�nition 3.3.2 A singular braid has a (j; k)-band if it has a proper (singular) ribbon on-neting [j; j + 1℄� 0 to [k; k + 1℄� 1.Remark 3.3.2 For a singular braid x, having a (j; k)-band is a su�ient ondition for satis-fying �jx = x�k.Lemma 3.3.1 Let � 2 B(n; F ) and y 2 SB(n; F ), suh that both ��iy and �y have (singular)(j; k)-bands. Then ��iy also has a (singular) (j; k)-band.Proof: The proof is an immediate extension of Lemma 6.4 in [40℄. Let A = [j; j +1℄ � �. Sine�y has a (j; k)-band, we have a proper ribbon R suh that R(I; 0) and R(I; 1) are isotopi asars to [j; j +1℄� 0 and [k; k+1℄� 1. After an isotopy we may suppose R as the ompositionof two ribbons R1 and R2 for � and y, suh that R1(I; 1) = R2(I; 0) = A. The hypothesisthat ��iy has a (j; k)-band implies that A��i = A. Considerations on assoiated permutationshow that either fj; j +1g � � = fi; i+1g (ase 1) or fj; j +1g � � \ fi; i+1g = ; (ase 2). Inthe �rst ase, A is an (i; i + 1)-ar. Sine A � �i = A, Lemma 3.2.2 implies that A = [i; i + 1℄and then � has a (j; i)-band. On the other hand R2 is a proper band onneting [i; i + 1℄� 0to [k; k+1℄�1 and then y has a (i; k)-band. Combining these bands with the obvious singular(i; i)-band for �i provides a (j; k)-band for ��iy.If fj; j + 1g � � and fi; i + 1g are disjoint sets, A = R1(I; 1) = R2(I; 0) is disjoint from[i; i + 1℄ (Lemma 3.2.1). Thus we may insert �i between � and y so that the singular strandsare disjoint from the band, and we onlude that ��iy has a (j; k)-band. �Similarly to singular braids, singular surfae braids have the anellation property.Proposition 3.3.2 ([49℄) Left and right anellation hold in SB(n; F ), that is for all x; y; z 2SB(n; F ) the equation xy = xz (respetively yx = zx) implies y = z.3.3.3 Centralisers on SB(n; F )The following Theorem is an extension of Theorem 3.3.1 to SB(n; F ).Theorem 3.3.2 For eah x 2 SB(n; F ), the following properties are equivalent:1. �jx = x�k ,2. �rjx = x�rk ; for some nonzero integer r,3. �rjx = x�rk ; for any r,4. �jx = x�k ; 46



5. � rj x = x� rk ; for some positive integer r,6. x has a (possibly singular) (j, k)-band.Proof: It is lear that (6)) (1)) (3)) (2) and (6)) (4)) (5).� (4)) (6). Sine the order of singularities on a string is an isotopy invariant, we deduethat fj; j+1g�x = fk; k+1g and that the j-th and (j+1)-th strings are disjoint from theother strings. Let p0; : : : ; pm be the ordered set of singularities of �jx on the j�th string.Let �jx = �l0�1�l1 � � � �m�lm�m+1, where �lq is the singular generator orresponding topq and �q+1 2 SB(n; F ). On the other hand we write x�k = �1�l1�2 � � � �m�lm�m+1�lm+1 .The isotopy �inreases� of one the index of all singular generators. The trivial singularbraid near �lq provides a (lq; lq+1)-band for �q+1. We ombine these bands with theobvious singular (lq; lq)-bands for �lq in order to obtain a singular (j; k)-band for x. Thease (5)) (6) is analogous.� (2)) (6). We outline the proof that is the same as in [40℄. We proeed by indution onthe number of singular generators in x. Assume x = ��iy, where � is a surfae braid. Thehypothesis implies that �2rj x = x�2rk and then ��1�2rj ��iy = �iy�2rk . Sine ��1�2rj � is apure surfae braid, the �i in �iy�2rk orresponds under some homomorphism, to the �i in��1�2rj ��iy. Hene the image, under that homeomorphism, of the trivial singular bandnear the �rst �i provides a band for ��1�2rj �. Therefore, �i ommutes with ��1�2rj �.It follows that �i��1�2rj �y = �iy�2rk . By Proposition 3.3.2, we have ��1�2rj �y = y�2rk ,i.e. �2rj �y = �y�2rk . We dedue that �y has a (j; k)-band and from the existene of a(i; i)-band for ��1�2rj � we dedue ��1�2rj ��iy = �iy�2rk . It follows that also ��iy has a(j; k)-band. Lemma 3.3.1 onludes the proof. �3.4 The monoid SB(n; F ) embeds in a group3.4.1 Extended singular braidsFrom now on given a set E we denote by (E)� the free monoid generated by E. Let GB(n;F )be the set of generators of B(n; F ) and G�1B(n;F ) the set of their inverses. Let T be the set ofsingular generators �j . We an assoiate to SB(n; F ) the group de�ned as follows:� Generators: GB(n;F ); G�1B(n;F ); T and the additional set T�1 of singular generators �j ;for j = 1; : : : ; n� 1 :� Isotopy relations (IR): the relations for SB(n; F ) (see Setion 3.6) and the additionalrelations obtained by substituting �j for �j .� Birth-death relations (BDR): �j�j = �j�j = 1 :We all this group the singular braid group on F , SG(n; F ). Let � be the natural homomor-phism from SB(n; F ) to SG(n; F ). The aim of this Setion is to show that � is injetive.There is a geometri interpretation for SG(n; F ) analogous to the one proposed by Fenn,Keyman and Rourke for the group SGn assoiated to SBn ([39℄). Now, we have two types of47



singular points, that we label respetively with a blak point, orresponding to �j and withan open blob, orresponding to �j. We all these singular braids having two type of singularrossing, extended singular braids.Given two words �; � in (G�1B(n;F ) [ T�1)�, we write � �I � if they are equivalent underrelations of type IR. In other words, there exists an isotopy from � to �. We an suppose thatthe isotopy preserves balls of radius � entered at the labeled singularities. Also we an givea geometri interpretation of birth-death relations, that orrespond to two extended singularbraids that oinide exept an open set V where we allow the birth or the death of a pair ofsingular rossings of di�erent types. We an assume that V is disjoint from the other strings.Lemma 3.4.1 Two words in (G�1B(n;F ) [ T )� whih represent the same element in SG(n; F )have the same number of singular generators.Proof: From the presentation of SG(n; F ) it follows that there is a group homomorphism fromSG(n; F ) to the integers whih maps G�1B(n;F ) in 0, �j in 1 and �j in �1. �Lemma 3.4.2 Consider two words A = �1�j1�2 : : : �m�jm�m+1 and B = �01�i1�02 : : : �0m�im�0m+1,where �i; �0i 2 (G�1B(n;F ))� and �il ; �jl 2 (T )�. If A = B in SG(n; F ), then there existsk 2 f1; : : : ;mg suh that�1�j1�2 : : : �m�jm�m+1 = �01�i1�02 : : : �0k�ik�0k+1 : : : �0m�im�0m+1 ;�1��1j1 �2 : : : �m�jm�m+1 = �01�i1�02 : : : �0k��1ik �0k+1 : : : �0m�im�0m+1hold in SG(n; F ), where �j1 in A is replaed by �j1 or ��1j1 and �ik in B is replaed by �ik or��1ik respetively.Proof: If the words A and B represent the same element of SG(n; F ), then there is a �nitesequene of isotopies and birth-deaths relations relaying A to B. Let p0 be the singularitypoint orresponding to �j1 in A. We enounter two ases.1. Suppose that p0 during the sequene does not math a �death� and thus �j1 is sent insome �ik in B. The isotopies and birth-death relations an move the singularity p0 butwe an suppose that they do not modify the interior of a ball B(p0) of radius � enteredat p0. Let us onsider the singular braid A1 obtained by modifying A only inside B(p0),where we substitute the singularity p0 with the positive rossing �j1 . It follows that A1is equivalent in SG(n; F ) to the singular braid B1, whih orresponds to the singularbraid B exept that �ik is replaed by �ik .2. Suppose that p0 mathes a �death� at the step d1 of the sequene. It follows that at astep b1 < d1, there is a birth �s(b1)�s(b1) (or �s(b1)�s(b1)) on the j-th and the j+1-th string.Restart from the step b1 and set p1 and p01 the opposite singularities orresponding to�s(b1) and �s(b1). We iterate the proess following p1 and so on. Sine the sequene is�nite there exists a birth bq suh that the orresponding singularity pq is sent by thesequene in a singular point of B, orresponding to some singular generator �ik . As aboveonsider the singular braid A1 obtained by replaing �j1 with the positive rossing �j1and the singular braid B1 obtained by replaing �ik with �ik . De�ne B(pi) and B(p0i)48



the balls of radius � entered at pi and p0i. During the sequene of isotopies and �birth-deaths" from A to B we an suppose that exept in steps of type dl or bl the ballsB(pi) and B(p0i) remain balls of radius � entered at the orresponding singularities.Replae A with A1. At eah step bi we modify singular braids only inside a small openset V � B(pi)[B(p0i) replaing pi with a positive rossing �s(bi) and p0i with a negativerossing ��1s(bi). This orresponds to substitute the birth bi with an horizontal isotopy. Itfollows that, at eah step di (reall that bi < di) the subword �s(di)�s(di) (or �s(di)�s(di))is replaed by �s(di)��1s(di) (or ��1s(di)�s(di)). Thus we substitute �s(di)��1s(di) (or ��1s(di)�s(di))with the empty word, whih orresponds to an horizontal isotopy. This proedure givesa sequene of isotopy and birth-death relations from A1 to B1. �3.4.2 Singular braids embed in extended singular braidsTheorem 3.4.1 The monoid SB(n; F ) embeds in a group.Proof: Consider two words A;B in (G�1B(n;F ) [ T )�. Let A = B in SG(n; F ). We want to showthat A = B in SB(n; F ). We proeed by indution on the number m of singular generatorsin A and B. We set SB(n; F ) = `m SB(n; F )m, where SB(n; F )m means the set of singularbraids with m singularities. If m = 0 the statement is true, beause B(n; F ) = SB(n; F )0embeds in SG(n; F ). In fat, there is a retration morphism r : SG(n; F ) ! B(n; F ), whihsends eah braid generator to itself and singular generators �i to identity. The omposition�jB(n;F ) Æ r is the identity on B(n; F ). Now, suppose that the statement is true for m � 1singular generators, and set A = �1�j1�2 : : : �m�jm�m+1 and B = �01�i1�02 : : : �0m�im�0m+1,where �i; �0i are words in (G�1B(n;F ))�. We an suppose �1 to be the empty word. Lemma 3.4.2implies that the equalities�j1�2 : : : �m�jm�m+1 = �01�i1�02 : : : �0k�ik�0k+1 : : : �0m�im�0m+1��1j1 �2 : : : �m�jm�m+1 = �01�i1�02 : : : �0k��1ik �0k+1 : : : �0m�im�0m+1 ;hold in SG(n; F ) for some k 2 f1; : : : ;mg. Thus we derive�2j1�01�i1�02 : : : �0k = �01�i1�02 : : : �0k�2ik in SG(n; F )and by indution on the number of singular generators this relation holds true also in SB(n; F ).From Theorem 3.3.2 it follows:�j1 �01�i1�02 : : : �0k = �01�i1�02 : : : �0k�ik in SB(n; F ): (3.1)and thus �2�j2�3 : : : �m�jm�m+1 = �01�i1�02 : : : �0k�0k+1 : : : �0m�im�0m+1 in SG(n; F )whih is also true in SB(n; F ), by indution. We dedue that�j1�2�j2 : : : �m�jm�m+1 = �j1�01�i1�02 : : : �0k�0k+1 : : : �0m�im�0m+149



holds in SB(n; F ), and (3.1) implies�j1�2�j2 : : : �m�jm�m+1 = �01�i1�02 : : : �0k�ik�0k+1 : : : �0m�im�0m+1in SB(n; F ). �Remark 3.4.1 Reently González-Meneses showed us another proof of Theorem 3.4.1, whenF is a losed orientable surfae ([50℄).3.5 The word problem is solvableTheorem 3.5.1 The word problem for B(n; F ) is solvable.Proof: It su�es to prove the word problem for the pure braid group P (n; F ). Let F be asurfae of genus g with p > 0 boundary omponents and let fAi;j j 1 � i � 2g+p+n�2; 2g+p � j � 2g + p + n� 1; i < jg be the set of generators of P (n; F ) de�ned in Theorem 1.6.1.The algorithm is similar to the lassial braid ombing. When F has boundary, the (PBS)exat sequene splits (Setion 1.2.1) and thenP (n; F ) �= �1(F n fx1; : : : ; xn�1g; xn)o �1(F n fx1; : : : ; xn�2g; xn�1)o � � �o �1(F; x1) ;where the fundamental group �1(F nfx1; : : : ; xj�1g; xj) is freely generated by the set fAi;j j i <jg. We use relations in Theorem 1.6.1 to move all letters in fA�1i;n j i < ng on the right handside to obtain a word Xn�1�n equivalent to �. Let �0n the redued word obtained removingall the subwords of the form xx�1 or x�1x, in �n. The algorithm will end in n � 1 stepsand we obtain a word �00 = �01 � � � �0n equivalent to �, where �0j (j = 1; : : : ; n) is a reduedword on fAi;j j i < jg. Sine fAi;j j i < jg is a free system of generators for the free group�1(F n fx1; : : : ; xj�1g; xj), the word �00 is unique. The ase of losed surfaes is similar ([46℄).�Lemma 3.5.1 Consider two words A;B in (G�1B(n;F ) [ T )�. Let A = �1�j1�2 : : : �m�jm�m+1and B = �01�i1�02 : : : �0m�im�0m+1, where �i; �0i 2 (G�1B(n;F ))� and �il ; �jl 2 (T )�, for 1 �i; l � m + 1. A and B represent the same element in SB(n; F ) if and only if there existsk 2 f1; : : : ;mg suh that�1�j1�2 : : : �m�jm�m+1 = �01�i1�02 : : : �0k�ik�0k+1 : : : �0m�im�0m+1 ;�1��1j1 �2 : : : �m�jm�m+1 = �01�i1�02 : : : �0k��1ik �0k+1 : : : �0m�im�0m+1 ;hold in SB(n; F ), where �j1 in A is replaed by �j1 or ��1j1 and �ik in B is replaed by �ik or��1ik respetively.Proof: The �if� part follows from Lemma 3.4.2. Conversely, we suppose �1 to be the emptyword and we proeed as in Theorem 3.4.1. The equalities�j1�2 : : : �m�jm�m+1 = �01�i1�02 : : : �0k�ik�0k+1 : : : �0m�im�0m+1��1j1 �2 : : : �m�jm�m+1 = �01�i1�02 : : : �0k��1ik �0k+1 : : : �0m�im�0m+1 ;50



in SB(n; F ) imply that �2j1�01�i1�02 : : : �0k = �01�i1�02 : : : �0k�2ikholds in SG(n; F ) and, by Theorem 3.4.1, also in SB(n; F ). From Theorem 3.3.2 we derivethat �01�i1�02 : : : �0k has a (j1; ik)-band, and thus�2 : : : �m�jm�m+1 = �01�i1�02 : : : �0k�0k+1 : : : �0m�im�0m+1 :Then we onlude as in Theorem 3.4.1. �Theorem 3.5.2 The word problem for SB(n; F ) is solvable.Proof: Let A and B be two words in (G�1B(n;F ) [ T )�. We proeed by indution on the num-ber m of singularities in A. For m = 0 we have SB(n; F )0 = B(n; F ) and for B(n; F )the word problem is solvable (Theorem 3.5.1). Let A = �1�j1�2 : : : �m�jm�m+1 and B =�01�i1�02 : : : �0m�im�0m+1 . Let �(1)j = �j and �(2)j = ��1j . Set the wordsA(s)1 = �1�(s)j1 �2 : : : �m �jm�m+1 ; B(s)r = �01�i1�02 : : : �0r�(s)ir �0r+1 : : : �0m�im�0m+1 ;for s = 1; 2 and r = 1; : : : ;m. Then all the A(s)1 and B(s)r have m� 1 singular generators. Bythe indution hypothesis there exists an algorithm deiding whether A(s)1 = B(s)r in SB(n; F )or not. From Lemma 3.5.1, A = B in SB(n; F ) if and only if there exists r = 1; : : : ;m suhthat A(1)1 = B(1)r and A(2)1 = B(2)r . �3.6 Monoid presentationsIn following Theorems we provide presentations for singular braid monoids on orientable sur-faes. Relations an easily veri�ed on orresponding braids. To prove that it is a ompletesystem of relations one an repeat arguments in [49℄.Theorem 3.6.1 Let F be an orientable surfae with p > 0 boundary omponents. The monoidSB(n; F ) admits the following presentation:� Generators: ��11 ; : : : ; ��1n�1; a�11 ; : : : ; a�1g ; b�11 ; : : : ; b�1g ; z�11 ; : : : ; z�1p�1; �1; : : : ; �n�1 :� Relations:� Group relations: ��1i �i = �i��1i = 1 (1 � i � n� 1) ;a�1r ar = ara�1r = b�1r br = brb�1r = 1 (1 � r � g) ;z�1j zj = zjz�1j = 1 (1 � j � p� 1) :� Braid relations, i.e: (R1) �i�i+1�i = �i+1�i�i+1 ;(R2) �i�j = �j�i for ji� jj � 2 :51



� Mixed relations:(R3) ar�i = �iar (1 � r � g; i 6= 1) ;br�i = �ibr (1 � r � g; i 6= 1) ;(R4) ��11 ar��11 ar = ar��11 ar��11 (1 � r � g) ;��11 br��11 br = br��11 br��11 (1 � r � g) ;(R5) ��11 as�1ar = ar��11 as�1 (1 � s < r � g) ;��11 bs�1br = br��11 bs�1 (1 � s < r � g) ;��11 as�1br = br��11 as�1 (1 � s < r � g) ;��11 bs�1ar = ar��11 bs�1 (1 � s < r � g) ;(R6) ��11 ar��11 br = br��11 ar�1 (1 � r � g) ;(R7) zj�i = �izj (i 6= 1; 1 � j � p� 1) ;(R8) ��11 zi�1ar = ar��11 zi�1 (1 � r � g; 1 � i � p� 1; n > 1) ;��11 zi�1br = br��11 zi�1 (1 � r � g; 1 � i � p� 1; n > 1) ;(R9) ��11 zj�1zl = zl��11 zj�1 (1 � j < l � p� 1) ;(R10) ��11 zj��11 zj = zj��11 zj��11 (1 � j � p� 1) :� Singular relations:(R11) �i �j �i = �j �i �j for ji� jj = 1 ;(R12) �i �j = �j �i for ji� jj � 2 ;(R13) �i �j = �j �i for ji� jj � 2 ;(R14) �i �i = �i �i (1 � i � n� 1) ;(R15) (ai;rai+1;r)�i = �i(ai;rai+1;r) (1 � i � n� 1; 1 � r � g) ;(bi;rbi+1;r)�i = �i(bi;rbi+1;r) (1 � i � n� 1; 1 � r � g) ;(R16) �iaj;r = aj;r�i (j 6= i; i + 1; 1 � r � g) ;�ibj;r = bj;r�i (j 6= i; i + 1; 1 � r � g) ;(R17) (zi;rzi+1;r)�i = �i(zi;rzi+1;r) (1 � i � n� 1; 1 � r � p� 1) ;(R18) �izj;r = zj;r�i (j 6= i; i+ 1; 1 � r � p� 1) ;where ai;r = ��1i�1 � � � ��11 ar��11 � � � ��1i�1, bi;r = ��1i�1 � � � ��11 br��11 � � � ��1i�1 and zi;r = ��1i�1 � � � ��11zr�1 � � � �i�1.Theorem 3.6.2 Let F be a losed orientable surfae of genus g � 1. The monoid SB(n; F )admits the following presentation:� Generators: ��11 ; : : : ; ��1n�1; a�11 ; : : : ; a�1g ; b�11 ; : : : ; b�1g ; �1; : : : ; �n�1 :� Relations:� Group relations: ��1i �i = �i��1i = 1 (1 � i � n� 1) ;a�1r ar = ara�1r = b�1r br = brb�1r = 1 (1 � r � g) :52



� Braid relations, i.e. (R1) �i�i+1�i = �i+1�i�i+1 ;(R2) �i�j = �j�i for ji� jj � 2 :� Mixed relations:(R3) ar�i = �iar (1 � r � g; i 6= 1) ;br�i = �ibr (1 � r � g; i 6= 1) ;(R4) ��11 ar��11 ar = ar��11 ar��11 (1 � r � g) ;��11 br��11 br = br��11 br��11 (1 � r � g) ;(R5) ��11 as�1ar = ar��11 as�1 (1 � s < r � g) ;��11 bs�1br = br��11 bs�1 (1 � s < r � g) ;��11 as�1br = br��11 as�1 (1 � s < r � g) ;��11 bs�1ar = ar��11 bs�1 (1 � s < r � g) ;(R6) ��11 ar��11 br = br��11 ar�1 (1 � r � g) ;(TR) [a1; b�11 ℄ � � � [ag; b�1g ℄ = �1�2 � � � �2n�1 � � � �2 :�1 :� Singular relations:(R7) �i �j �i = �j �i �j for ji� jj = 1 ;(R8) �i �j = �j �i for ji� jj � 2 ;(R9) �i �j = �j �i for ji� jj � 2 ;(R10) �i �i = �i �i (1 � i � n� 1) ;(R11) (ai;rai+1;r)�i = �i(ai;rai+1;r) (1 � i � n� 1; 1 � r � g) ;(bi;rbi+1;r)�i = �i(bi;rbi+1;r) (1 � i � n� 1; 1 � r � g) ;(R12) �iaj;r = aj;r�i (j 6= i; i+ 1; 1 � r � g) ;�ibj;r = bj;r�i (j 6= i; i+ 1; 1 � r � g) ;where [a; b℄ := aba�1b�1 and ai;r, bi;r are de�ned as in previous Theorem.
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Chapter 4Generalized Heke Algebras4.1 IntrodutionAny braid x in Bn yields an oriented link bx by losing up the strands of the braid as in�gure 4.1. The up to down orientation of braid strands indues an orientation for the losure.Alexander was the �rst to observe that any oriented link an be identi�ed with the losure ofa braid ([2℄). On the other hand, Markov provided moves relating two braids with the samelosure.Proposition 4.1.1 (Markov) Two losed braids bx; by are equivalent links if and only if onean relate the braids x; y in [n�2Bn by a sequene of the following elementary moves:� Conjugation: z 2 Bn is replaed by z�1 2 Bn, for some  2 Bn.� Stabilization (or its inverse, namely a destabilization): z 2 Bn is replaed by z��1n 2Bn+1.To obtain invariants of links, we may proeed onstruting suitable funtionals on C [Bn ℄, alledMarkov Traes. This proess is well-known for Heke algebras, whih are �nite dimensionalquotients of C [Bn ℄.De�nition 4.1.1 The Heke algebra Hn(q) (of type A) is the quotientHn(q) = C [Bn ℄=(�2j + (1� q)�j � q ; j = 1; : : : ; n� 1) :
β

Figure 4.1: The losure of the braid �.55



Famous onstrution of Jones polynomial using Heke algebras posed the problem of similaronstrutions on other quotients of C [Bn ℄. We would extend Jones' approah to the ase oflinks in 3-manifolds. The �rst task is to de�ne and verify the existene of Markov traes onC [B(n; F )℄, or suitable quotients. We propose to onsider the following quotient of C [B(n; F )℄.De�nition 4.1.2 Let F be a surfae with at least one boundary omponent. The surfae Hekealgebra Hn(q; F ) is the quotientHn(q; F ) = C [B(n; F )℄=(�2j + (1� q)�j � q ; j = 1; : : : ; n� 1) ;where �j is the lassi generator of Bn.The Heke algebra H1(q; F ) is the group algebra of B(1; F ) �= �1(F ) We remark that thenatural embedding Bn ! B(n; F ) indues an embedding of the usual Heke algebra Hn(q) intoHn(q; F ). On the other hand, when F has boundary, B(n; F ) embeds naturally in B(n+1; F ),and thus we an de�ne the tower [n�1Hn(q; F ).We sueeded �nding a Markov trae on [n�1Hn(q; F ) for the speialization q = 1. Let b�be the set of onjugation lasses of �1(F ) and b�0 = b� � f1g. Let S(C b�0) be the symmetrialgebra of the vetor spae C b�0 .Theorem 4.1.1 For any z 2 C , there exists an unique family Tn of linear funtionalsTn : Hn(1; F )! S(C b�0)suh that1. Tn(xy) = Tn(yx) 8x; y 2 Hn(1; F ) ;2. Tn+1(x�n) = zTn(x) 8x 2 Hn(1; F ) ;3. Tn+1(�n � � � �1A�1 � � � �nx) = bATn(x) 8x 2 Hn(1; F ) 8A 2 B(1; F ) ;4. Tn(1) = 1 ;where bA denotes the onjugation lass of the element A 2 B(1; F ) �= �1(F ).We notie that when M is a handlebody, i.e. M = F � I, where F is a holed disk, it has beenproved that the 3rd skein module of links inM is isomorphi to S(C b�0) ([78℄). A Markov traeand orresponding link invariant have been onstruted in the ase of the solid torus ([65℄ and[77℄).Quantum invariants for links in arbitrary 3-manifolds were de�ned by Reshetikhin and Turaevin [80℄. In the ase when the manifold is S3 one obtains the olored Jones polynomial at rootsof unity. In general is presently unknown whether these invariants ome from a polynomialevaluated at roots of unity.4.2 Preliminaries4.2.1 Markov traesLet us reall some lassi results. The natural embedding Bn ! Bn+1 indues the injetionC [Bn ℄ ! C [Bn+1 ℄. Let Tn : C [Bn ℄ ! C be a family of linear funtionals ful�lling followingonditions. 56



� Tn(xy) = Tn(yx); 8x; y 2 Bn;� Tn+1(x�n) = zTn(x) 8x 2 Bn;� Tn+1(x��1n ) = bzTn(x) 8x 2 Bn,for some z; bz 2 C � . Suh a family is alled a Markov trae, and usually one drops the subsriptn from T . For an element x 2 Bn written in terms of the standard generators as x = Qi ��ii wedenote by e(x) the exponent sum of x. Sine relations in Bn are homogeneous, the exponentsum is well-de�ned.Corollary 4.2.1 Let T be a Markov trae. The funtion F assoiating to the losed braid x̂(for x 2 Bn) the value F (x) = z� e(x)+n2 bz e(x)�n2 T (x) ;is a link invariant.In order to �nd Markov traes we fous on Heke algebras Hn(q). We set again �j for theimage of �j in Hn(q). V. Jones and A. Oneanu showed that:Proposition 4.2.1 For any z 2 C there exists an unique Markov trae T on the Hekealgebras Hn(q) verifying:� Tn(xy) = Tn(yx); 8x; y 2 Hn(q);� Tn+1(x�n) = zTn(x) 8x 2 Hn(q);� Tn(1) = 1.The main idea in the proof is that every element in Hn(q) an be written in terms of a linearombination of words x�ny with x; y 2 Hn(q) and words from Hn(q). Moreover, every element� of Hn(q) an be written in terms of the standard basis of Hn(q) ([58℄):(�i1 � � � �i1�r1)(�i2 � � � �i2�r2) � � � (�ip � � � �ip�rp) ;where 1 � i1 < i2 < � � � < ip � n� 1 and rj 2 f0; 1; : : : ; ij � 1g. The natural inlusion of Bninto Bn+1 indues the inlusion on orresponding Heke algebras. The above indutive basisallows to onstrut a funtional T on H := [1n=1Hn(q) with values in C . One proves easilythat T is a trae. We remark that the de�nition of a Markov trae onerns also the behaviourof the trae with respet to the other stabilization. The ondition T (a�n) = zT (a) and thequadrati relation �2j = (q � 1)�j + q imply the relation T (a��1n ) = bzT (a), where bz = z�q+1q .4.2.2 Algebrai onstrution of HOMFLY-PT polynomialA Markov trae gives rise to a link invariant and we derive the following orollary.Corollary 4.2.2 Set � = 1�q+zqz . Consider the link L presented as the losure of the braidx 2 Bn. Then XL(q; �) = �� (1� �q)p�(1� q)�n�1(p�)e(x)T (x) ;is a link invariant. 57



This is alled HOMFLY-PT polynomial of L and it is ommon to hange variables as follows:t = p�pq ; x = pq � 1pq ;and to denote it PL(t; x) = XL(q; �) :Let L+; L�; L0 be oriented link diagrams that are idential, exept in one rossing as in the�gure below. L+ ; L� ; L0 :Thus we an express HOMFLY-PT polynomial with the usual skein relation.Theorem 4.2.1 PL(t; x) is the unique Laurent polynomial in t and x verifying the skeinrelation t�1P  !� t P  ! = xP 0� 1Aand taking the value 1 for the unknot.The Jones polynomial follows from the speialisation PL(p�1=t;p�1(pt� (1=pt))).4.3 Proof of Theorem 4.1.1First, we reall that the ondition �F with boundary� implies that B(n; F ) embeds naturallyin B(n + 1; F ). Therefore, there is no ambiguity to onsider an element of B(n; F ) as anelement of B(m;F ), for m > n.Let us denote bB(n; F ) the quotient B(n; F )hh�2j ; j = 1; : : : ; n� 1ii . The algebra Hn(1; F ) an be on-sidered as the group algebra of �1(F )no�n, where �n ats by permutation of the oordinatesin �1(F )n.Proposition 4.3.1 The group bB(n; F ) is isomorphi to the semi-diret produt �1(F )no�n.Proof: Let � : P (n; F ) ! �1(F )n be the map whih forgets about the braiding and keepsonly the fundamental group information of eah strand (see also Lemma 1.6.1). The followingdiagram holds: 1 ! P (n; F ) ! B(n; F ) �! �n ! 1
1 ! �1(F )n� ?? ! bB(n; F )p ?? b�! �nid# ! 1 ;where � : B(n; F ) ! �n is the anoni projetion of B(n; F ) onto the symmetri group �n,whih indues a surjetion b� of bB(n; F ) on �n. Set sj for the transposition (j; j + 1) in �n.58



The morphism b� is provided with the setion s : �n ! bB(n; F ) whih sends eah generator sjin the equivalene lass of �j on bB(n; F ). Thus the lower exat sequene splits and the laimfollows. �Remark 4.3.1 We have proved that the map � indues an isomorphism �� : bB(n; F ) !�1(F )n o �n. The inverse � : �1(F )n o �n ! bB(n; F ) is de�ned as follows:� �(p1; 1; � � � ; 1) = p1, where p1 2 �1(F ) �= B(1; F )� �(1; : : : ; 1; pi; 1; : : : ; 1) = �i�1 � � � �1p1�1 � � � �i�1, where pi 2 �1(F ) �= B(1; F ), for i =2; : : : ; n� 1.� �(1; : : : ; 1; �) = s(�), where � 2 �n.We an suppose that s(�) is written in the normal form :(si1 � � � si1�r1)(si2 � � � si2�r2) � � � (sip � � � sip�rp) ;where 1 � i1 < i2 < � � � < ip � n � 1 and rj 2 f0; 1; : : : ; ij � 1g. The word � Æ ��(�) is thenormal form for the element � 2 bB(n; F ).We set again �j for the image of �j in Hn(1; F ). The algebra H1(1; F ) is the group algebra ofB(1; F ), the group freely generated by fa1; : : : ; ag; b1; : : : ; bg; z1; : : : ; zp�1g.Theorem 4.3.1 Every element x 2 Hn+1(1; F ) an be written as linear ombination of words,eah of one of the following types:1. wn�1;2. wn�1�nvn�1;3. wn�1�n � � � �1A�1 � � � �n,where wn�1; vn�1 are some words in Hn(1; F ) and A some word in H1(1; F ).Proof: Sine Hn(1; F ) is the group algebra of bB(n; F ), it su�es to prove that eah word x inbB(n+ 1; F ) an be written as a word of one of following types:1. wn�1;2. wn�1�nvn�1;3. wn�1�n � � � �1A�1 � � � �n,where wn�1; vn�1 are some elements of bB(n; F ) and A an element of B(1; F ). We proeedby indution on n. The laim is true for n = 1. Braid relations in Theorem 1.1.1 and therelation �2j = 1 imply A�1B�1 = �1B�1A, for all A;B in B(1; F ). It yields that any elementof bB(2; F ) an be rewritten as a word A��11 B��21 , for A;B in B(1; F ) and �1; �2 = f0; 1g. Letx 2 bB(n+ 1; F ). There exists a word z equivalent to x, where �n appears at most twie. Let�nx0�nx00�n, x0; x00 2 bB(n; F ) be a sub-word of x. We distinguish four ases59



1. x0 = y�n�1 � � � �1A�1 � � � �n�1; x00 = y0�n�1 � � � �1A0�1 � � � �n�1; for some y; y0 2 bB(n �1; F ) ; A;A0 2 B(1; F ).�ny�n�1 � � � �1A�1 � � � �n�1�ny0�n�1 � � � �1A0�1 � � � �n�1�n == y�n�n�1 � � � �1A�1 � � � �n�1�ny0�n�1 � � � �1A0�1 � � � �n�1�n =�= yy0�n�1 � � � �1A0�1 � � � �n�1�n�n�1 � � � �1A�1 � � � �n�1�2n = w�nv ;where w; v 2 bB(n; F ).2. x0 = y�n�1 � � � �1A�1 � � � �n�1; x00 = y0�n�1y00; for some y; y0; y00 2 bB(n � 1; F ); A 2B(1; F ). �ny�n�1 � � � �1A�1 � � � �n�1�ny0�n�1y00�n == y�n�n�1 � � � �1A�1 � � � �n�1�ny0�n�1y00�n =�= yy0�n�1y00�n�n�1 � � � �1A�1 � � � �n�1�2n = w�nv ;where w; v 2 bB(n; F ).3. x0 = y�n�1y0; x00 = y00�n�1 � � � �1A�1 � � � �n�1; for some y; y0; y00 2 bB(n � 1; F ), A 2B(1; F ). �ny�n�1y0�n�n�1 � � � �1A�1 � � � �n�1�n =�= �n�n�n�1 � � � �1A�1 � � � �n�1�ny�n�1�n�n�1y0 = w�nv ;where w; v 2 bB(n; F ).4. x0 = y�n�1y0; x00 = u�n�1u0 for some y; y0; u; u0 2 bB(n� 1; F ).�ny�n�1y0�nu�n�1u0�n = y�n�1�n�n�1y0u�n�1�nu0;(a) if y0u = a�n�2b for some a; b 2 bB(n� 2; F ),y�n�1�n�n�1y0u�n�1�nu0 = y�n�1a�n�n�1�n�2�n�1�nbu0 == y�n�1a�n�2�n�1�n�n�1�n�2bu0 = w�nv ;where w; v 2 bB(n; F ).(b) if y0u = a�n�2 � � � �1A�1 � � � �n�2 for some a 2 bB(n� 2; F ); A 2 B(1; F ),y�n�1�n�n�1y0u�n�1�nu0 == y�n�1a�n�n�1�n�2 � � � �1A�1 � � � �n�2�n�1�nu0 =�w�n � � � �1A�1 � � � �n ;where w 2 bB(n; F ); A 2 B(1; F ).Equivalenes with =� are justi�ed beause [g; �k � � � �1A�1 � � � �k℄ = 1 for any g 2 bB(k; F ),A 2 B(1; F ). Let x = w�nu�nv, w; u; v 2 bB(n; F ). We proeed as in 4.1. if u = a�n�1b for some a; b 2 bB(n� 1; F ),wa�n�n�1�nbv = w0�nv0 ;where w0; v0 2 bB(n; F ). 60



2. if u = a�n�2 � � � �1A�1 � � � �n�2 for some a 2 bB(n� 1; F ); A 2 B(1; F ),wa�n�n�1 � � � �1A�1 � � � �n�1�nu = w0�n � � � �1A�1 � � � �n ;where w0 2 bB(n; F ).3. if u = a for some a 2 bB(n� 1; F ),wa�n�nv = w0 ;where w0 2 bB(n� 1; F ). �Let A 2 B(1; F ). We set A(i) = �i�1 � � � �1A�1 � � � �i�1, for i = 1; : : : ; n, (A(1) = A).Theorem 4.3.2 Every element of Hn+1(1; F ) an be written uniquely as a linear ombinationof words eah of one of the following types:1. wn�1;2. wn�1�n � � � �j for j = 1; : : : ; n� 1;3. wn�1�n � � � �iA(i) for i = 1; : : : ; n,where wn�1 is a word in Hn(1; F ) and A a word in H1(1; F ).Proof: First, we prove that eah word x 2 bB(n + 1; F ) an be written as a word of one offollowing types:1. wn�1;2. wn�1�n � � � �j for j = 1; : : : ; n� 1;3. wn�1�n � � � �iA(i) for i = 1; : : : ; n,where wn�1 is an element of bB(n; F ) and A an element of B(1; F ). From previous Theorem itsu�es to show the laim for words of the type wn�1�nvn�1, where wn�1; vn�1 are in bB(n; F )and A in B(1; F ).We reason by indution. We enounter three possibilities:1. if vn�1 2 bB(n� 1; F ) then x = wn�1vn�1�n = w0n�1�n, where w0n�1 2 bB(n; F );2. if vn�1 = un�2�n�1 � � � �j , where un�2 2 bB(n� 1; F ), thenx = wn�1un�2�n�n�1 � � � �j = w0n�1�n � � � �j ;where w0n�1 2 bB(n; F );3. if vn�1 = un�2�n�1 � � � �1A�1 � � � �n�1, where un�2 2 bB(n� 1; F ) and A 2 B(1; F ), thenx = wn�1un�2�n�n�1 � � � �1A�1 � � � �n�1 = w0n�1�nA(n), where w0n�1 2 bB(n; F ).61



Atually the word w(x) an be rewritten as a word bw(x) = A(1)1 � � �A(n)n �, where A1; : : : ; An 2B(1; F ) and � is an element of bB(n; F ) in the generators f�1; : : : �ng. We an suppose � writtenin the normal form (see Remark 4.3.1). We reason by indution on n. We have to hek only thease w(x) = wn�1�n � � � �iA(i), where wn�1 2 bB(n; F ). Suppose that wn�1 = A(1)1 � � �A(n)n�1�,where A1; : : : ; An�1 belong to bB(1; F ) and � is an element of �n, written in its normal form.Thus,w(x) = A(1)1 � � �A(n)n�1��n � � � �iA(i) = A(1)1 � � �A(n)n�1��n � � � �iA(i)�i � � � �n�n � � � �i == A(1)1 � � �A(n�1)n�1 A(n)� �n � � � �i = A(1)1 � � �A(n�1)n�1 A(n)n �0 ;where A(n)n = A(n) and �0 = ��n � � � �i is an element of �n written in its normal form.The word bw(x) is the normal form � Æ ��(x) of x (Remark 4.3.1). �We an onstrut indutively the trae T on [n�1Hn(1; F ) using Theorem 4.3.2. Let x be anarbitrary word of bB(n + 1; F ). By Theorem 4.3.2, the element x is equivalent to a word inbB(n; F ) or a word w�nv, with w; v 2 bB(n; F ) or a word u�n � � � �1A�1 � � � �n, with u 2 bB(n; F )and A 2 B(1; F ). Assume that the T is de�ned on Hn(1; F ). De�ne now T (x) = zT (wv) ifx = w�nv and T (x) = bAT (u) if x = u�n � � � �1A�1 � � � �n. The map T is well de�ned and itextends by linearity to Hn+1(1; F ).In order to prove the existene of T , it remains to prove that T (xy) = T (yx), for allx; y 2 [n�1Hn(1; F ). Before ontinuing with proof, we note that the uniqueness of T fol-lows immediately sine for any x 2 Hn(1; F ), T (x) an be omputed indutively using rules1), 2), 3), and 4) of Theorem 4.1.1.We proeed with heking that T (xy) = T (yx), for all x; y 2 [n�1Hn(1; F ). We suppose thatthe assumption holds for all x; y 2 bB(n; F ) and we prove that T (xy) = T (yx), for all x; y 2bB(n+1; F ). We an suppose that y = w�nv, with w; v 2 bB(n; F ) or y = u�n � � � �1A�1 � � � �n,with u 2 bB(n; F ) and A 2 B(1; F ).When x 2 bB(n; F ) the laim follows by the de�nition of T .For instane, let y = u�n � � � �1A�1 � � � �n, with u 2 bB(n; F ) and A 2 B(1; F ). Then,T (xy) = bAT (xu) = bAT (ux) = T (yx) :When x = a�n � � � �1A0�1 � � � �n, with a 2 bB(n; F ) and A 2 B(1; F ) we enounter two possi-bilities:1. If y = u�n � � � �1A�1 � � � �n, with u 2 bB(n; F ) and A 2 B(1; F ), thenT (xy) = T (au�n � � � �1A0A�1 � � � �n) = dA0AT (au) == dAA0T (ua) = T (ua�n � � � �1AA0�1 � � � �n) = T (yx) :2. If y = w�nv, with w; v 2 bB(n; F ), thenT (xy) = T (aw�n � � � �1A�1 � � � �n�1v) = zT (aw�n�1 � � � �1A�1 � � � �n�1v) == zT (w�n�1 � � � �1A�1 � � � �n�1va) = T (w�n�1 � � � �1A�1 � � � �nva) = T (yx) :62



Finally suppose that x = a�nb. Without loss of generality, we an suppose a and b to be theempty word.Let y = u�n � � � �1A�1 � � � �n, for some u 2 bB(n; F ); A 2 B(1; F ).1. Suppose u = u0�n�1 � � � �1A0�1 � � � �n�1, for some y0 2 bB(n� 1; F ) and A0 2 B(1; F ).T (�ny) = T (u0�n�n�1 � � � �1A0�1 � � � �n�1�n�n�1 � � � �1A�1 � � � �n) == T (u0�n�1 � � � �1A�1 � � � �n�1�n�n�1 � � � �1A0�1 � � � �n�1�n�n) == zT (u0�n�1 � � � �1AA0�1 � � � �n�1) = zdAA0T (u0) :T (y�n) = T (u0�n�1 � � � �1A0�1 � � � �n�1�n � � � �1A�1 � � � �n�n) == zT (u0�n�1 � � � �1A0�1 � � � �n�1�n�1 � � � �1A�1 � � � �n�1) == zT (u0�n�1 � � � �1A0A�1 � � � �n�1) = zdA0AT (u0) = zdAA0T (u0) :2. Suppose u = u0�n�1u00, for some u0; u00 2 bB(n� 1; F ).T (y�n) = T (u0�n�1u00�n � � � �1A�1 � � � �n�n) == zT (u0�n�1u00�n�1 � � � �1A�1 � � � �n�1) == zT (u0�n�2 � � � �1A�1 � � � �n�1u00) == z2T (u0�n�2 � � � �1A�1 � � � �n�2u00) ;T (�ny) = T (u0�n�n�1u00�n � � � �1A�1 � � � �n) == zT (u0�n�1 � � � �1A�1 � � � �n�1�n�1u00) == z2T (u0�n�2 � � � �1A�1 � � � �n�2u00) :Let y = w�nv, for some w; v 2 bB(n; F ).1. Suppose w = w0�n�1w00, v = v0�n�1v00 for some w0; w00; v0; v00 2 bB(n� 1; F ).T (y�n) = T (w0�n�1w00�nv0�n�1v00�n) == T (w0�n�1w00v0�n�1�n�n�1v00) = z2T (w0w00v0v00) = T (�ny) :2. Suppose w = w0�n�1w00, v = v0�n�1 � � � �1A�1 � � � �n�1, for some w0; w00; v0 2 bB(n�1; F )and A 2 B(1; F ).T (y�n) = T (w0�n�1w00�nv0�n�1 � � � �1A�1 � � � �n�1�n) = z bAT (w0w00v0) ;T (�ny) = T (w0�n�n�1�nw00v0�n�1 � � � �1A�1 � � � �n�1) == zT (w0w00v0�n�1 � � � �1A�1 � � � �n�1) = z bAT (w0w00v0) :3. Suppose w = w0�n�1 � � � �1A�1 � � � �n�1, v = v0�n�1v00, for some v0; v00; w0 2 bB(n� 1; F )and A 2 B(1; F ). As in previous pointT (y�n) = T (w0�n�1 � � � �1A�1 � � � �n�1�nv0�n�1v00�n) = z bAT (w0v0v00) ;T (�ny) = T (w0�n�n�1 � � � �1A�1 � � � �n�1�nv0�n�1v00) = z bAT (w0v0v00) :63



4. Suppose w = w0�n�1 � � � �1A�1 � � � �n�1, v = v0�n�1 � � � �1A0�1 � � � �n�1, for some v; w 2bB(n� 1; F ) ; A;A0 2 B(1; F ).T (y�n) = T (0w�n�1 � � � �1A�1 � � � �n�1�nv0�n�1 � � � �1A0�1 � � � �n�1�n)= T (w0v0�n�1 � � � �1A�1 � � � �n�1�n�n�1 � � � �1A0�1 � � � �n�1�n) == A0 bAT (w0v0) ;T (�ny) = T (�nw0�n�1 � � � �1A�1 � � � �n�1�nv0�n�1 � � � �1A0�1 � � � �n�1)= T (w0v0�n�n�1 � � � �1A�1 � � � �n�1�n�n�1 � � � �1A0�1 � � � �n�1) == bAA0 T (w0v0) : �
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Chapter 5Cubi Heke algebras and newinvariants for linksThis hapter is a joint work with L.Funar ([8℄).5.1 Introdution5.1.1 A short historyJohn Conway showed that the Alexander polynomial of a knot, when suitably normalized,satis�es the following skein relation:r !�r ! = (t�1=2 � t1=2)r0� 1AGiven a knot diagram one an always hange some of the rossings suh that the modi�eddiagram represents the unknot. Therefore one an use the skein relation for a reursive om-putation of r, although this algorithm is rather time onsuming (exponential).In the mid eighties Jones disovered another invariant verifying a di�erent but quite similarskein relation, namely:t�1V  !� t V  ! = (t�1=2 � t1=2)V 0� 1Awhih was further generalized to HOMFLY-PT invariant (Chapter 4) by replaing the fator(t1=2� t�1=2) with a new variable x. The latter one was shown to speialize to both Alexanderand Jones polynomials. The Kau�man polynomial is another extension of Jones polynomialwhih satis�es a skein relation in the realm of unoriented diagrams. Spei�ally the formulas� !+� ! = z � !+� !!�� � = a� ( )65



de�ne a regular isotopy invariant of links, whih an be renormalized (by using the writheof the oriented diagram) in order to beome a link invariant. Remark that some elementarymanipulations show that � veri�es a ubial skein relation:�0B� 1CA = (1a + z) �0� 1A� (za + 1)�0� 1A+ (1a) �0� 1AIt has been reently proved ([31℄, see also problem 1.59 [59℄) that this relation alone is notsu�ient for a reursive omputation of � (whenever this is possible the skein relations arealled omplete).These invariants were generalized to quantum invariants assoiated to Lie (super Lie, et)algebras and their representations. Turaev ([89℄) identi�ed the HOMFLY-PT and Kau�manpolynomials with the invariants obtained from the series An and Bn; Cn;Dn respetively.Kuperberg ([61℄) de�ned the G2 quantum invariant of knots by means of skein relations makinguse of trivalent graphs diagrams and exploited further these ideas for spiders of rank 2 Liealgebras. The skein relations satis�ed by the quantum invariants oming from simple Liealgebras were approahed also via weight systems and the Kontsevih integral in ([68, 69℄) forthe lassial series and in ([9, 10℄) for the ase of g2.Notie that any link invariant oming from some R-matrix R veri�es a skein relation ofthe type nXj=0 aj * 9>>>=>>>; j twists + = 0whih an be derived from the polynomial equation satis�ed by the matrix R.Let us mention that the skein relations are somewhat related to the representation theoryof the Hopf algebra assoiated to R. In partiular there are no other invariants whose skeinrelations are ompletely known and one expets that the invariants obtained from other superLie algebras or by abling the previous ones satisfy skein relations of degree at least 4 (as theG2 invariant does).This makes the searh for an expliit set of omplete skein relations, in whih at leastone relation is ubial, partiularly di�ult and interesting. This problem was �rst onsideredin [43℄ and solved in a partiular ase. In this hapter we omplete the previous results byonstruting a deformation of the previously onsidered quotients (of the ubi Heke algebras,see Setion 5.1.3) and of the Markov traes supported by these algebras. In partiular the linkinvariants obtained this way will be reursively omputable and di�erent from HOMFLY-PT,Kau�man and the 2-abling of HOMFLY-PT.5.1.2 The main resultIn this hapter we will de�ne two link invariants by means of (a omplete set of) skein relations.More preisely we will prove the following Theorem (see Setion 5.5):Theorem 5.1.1 (Main Theorem) There exist two link invariants I(�; �) and I(z; Æ) whihare (uniquely) determined by the two skein relations shown in Figure 5.1 and their value forthe unknot (whih, traditionally, is 1). These invariants take values in66
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Figure 5.1: The skein relationsZ[�; �; (2�� �2)��=2; (�2 + 2�)��=2℄(H(�; �)) ;and respetively Z[z��=2; Æ��=2℄(P (z; Æ)) ;where �� 1 2 f0; 1g is the number of omponents mod 2 andH(�; �) := 8�6 � 8�5�2 + 2�4�4 + 36�4� � 34�3�3 + 17�3 + 8�2�5 + 32�2�2 ��36��4 + 38�� + 8�6 � 17�3 + 8;and respetivelyP(z; Æ) := z23 + z18Æ � 2z16Æ2 � z14Æ3 � 2z9Æ4 + 2z7Æ5 + Æ6z5 + Æ7:Here (Q) denotes the ideal generated by the element Q in the algebra under onsideration.The polynomials A;B;C:::; P orresponding to I(�; �) are given in the table below. Inorder to obtain those orresponding to I(z; Æ) it su�es to set w = (�z4=(Æz))1=2 and replae� = �(z7 + Æ2)=(z4Æ) and � = (Æ � z2)=z3 in the other entries of table 1.67



w = ((�2 + 2�)=(2� � �2))1=2 A = (�2 � �)B = (�2 � ��2 � �) C = (�2 � ��2)D = (1 + 2�� + �2�2 � �3) E = (1 + �� + �2�2 � �3)F = (1 + 2�� � �3) G = (��3 � 2�� 2�2�)H = (��3 � 2�� 2�2� + �2) I = (�4 � �3�2 � 2�2� � 3�)L = (2�3� + 3�2 � �2�3 � ��2) M = (�4 � 2� � 3��2 + �2)N = (1 + 4�� + 3�2�2 � �3 � ��4 � �3) O = (1 + 3�� + 3�2�2 � �3 � ��4)P = (3�2 � �5 � 2�� 3�2� + 4��3)Table 15.1.3 Cubi Heke algebrasDe�nition 5.1.1 The ubi Heke algebra H(Q;n) is the quotientH(Q;n) = C [Bn ℄=(Q(�j) ; j = 1; : : : ; n� 1) ;where Q(�j) = �3j � ��2j � � �j � 1; �; � 2 C .Our aim is to onstrut Markov traes on the tower of ubi Heke algebras sine Markovtraes de�ne link invariants (Setion 4.2.1). The ubi Heke algebras are partiular ases ofthe (generi) ylotomi Heke algebras introdued by Broué and Malle (see [20℄) and studiedin [21, 22℄ in onnetion with braid group representations. Let us stress that, for Q(0) 6= 0,the following results are known (see also [28, 20, 21, 22℄ and [29℄ p.148-149):� dimC H(Q; 3) = 24, and H(Q; 3) is isomorphi to the group algebra of the binary tetra-hedral group < 2; 3; 3 > of order 24 (equivalently, SL(2;Z3)).� dimC H(Q; 4) = 648, and H(Q; 4) is the group algebra of G25 in the Shepard-Toddlassi�ation (see [85℄).� dimC H(Q; 5) is the ylotomi Heke algebra of group G32, whose order is 155520. Itis onjetured that this algebra is free of �nite dimension whih would imply (by usingthe Tits deformation theorem) that it is isomorphi to the group algebra of G32.� dimC H(Q;n) =1 for n � 6.Thus a diret de�nition of the trae on H(Q;n) for n � 6 is highly a nontrivial matter, inpartiular it would involve the expliit solution of the onjugay problem in these algebraswhih seems out of reah.In order to deal with �nite dimensional algebras one introdues smaller quotients Kn(�; �)by adding one more relation living in H(Q; 3). The exat form of this relation is�2 �21 �2+A �21 �22 �21+B �1 �22 �21+B �21 �22 �1 +C �21 �2 �21+D �1 �22 �1+E �1 �2 �21+E �21 �2 �1+F �22 �21 +F �21 �22+ G �2 �21+ G �21 �2+H �22 �1+ H �1 �22+ I �1 �2 �1+L �2 �1+ L �1 �2+M �21 +M �22+ N �1+ O �2 + P = 0where A;B; : : : ; P are the polynomials from table 1.68



Remark 5.1.1 The algebras Kn(�; �) are �nite dimensional for any n.Let us explain the heuristis behind that hoie for the additional relation. The algebraH(Q; 3) is semisimple (for generi Q) and deomposes as C 3 �M�32 �M3; where Mm is thealgebra of m � m matries. As explained in Setion 5.2 the usual quadrati Heke algebraHq(3) arises when the fator C �M�22 �M3 is killed. It is known that Jones and HOMFLY-PT polynomials an be derived by the unique Markov trae on the tower Hq(n). In a similarway the Birman-Wenzl algebra, whih yields the Kau�man polynomial ([43℄) is obtained whenwe quotient by C �M22 . In our situation the extra relation kills exatly the fator C 3 .The geometri interpretation of these relations is now obvious: the �rst skein relation inFigure 1 is the ubial relation orresponding to the quotients H(Q;n) and the seond skeinrelation de�nes the algebras Kn(�; �).Our main theorem is a onsequene of the more tehnial result below (see Setions5.2,5.3,5.4).Theorem 5.1.2 For exatly four values of the (z; bz) there exists an unique Markov traes Ton Kn(�; �) with parameters (z; bz) i.e. verifying:1. T (xy) = T (yx);2. T (x�n�1) = zT (x);3. T (x��1n�1) = bzT (x):The �rst ouple (z; bz) isz = (2�� �2)=(�� + 4); bz = �(�2 + 2�)=(�� + 4);and the orresponding trae is T�; � : Kn(�; �)! Z[�; �; 1=(�� + 4)℄=(H(�; �)).The other three solutions are not rational funtions on the parameters and we prefer to give�; � and bz as funtions of z; Æ (Æ = z2(�z + 1)). More preisely we setT (z; Æ) : K�(�; �)! Z[z�1; Æ�1℄=(P(z; Æ));where � = (Æ � z2)=z3; � = �(z7 + Æ2)=(z4Æ) bz = �z4=Æ:5.1.4 Outline of the proofAs explained in Chapter 4, one an onstrut indutively a basis for the (quadrati) Hekealgebra Hn+1(q). We will prove by reurrene on n (Lemma 5.3.1) that there is a surjetionof (Kn(�; �);Kn(�; �))-bimodulesKn(�; �)�Kn(�; �)
Kn�1(�; �) Kn(�; �)�Kn(�; �)
Kn�1(�; �) Kn(�; �) �! Kn+1(�; �)given by x� y 
 z � u
 v ! x+ y�nz + u�2nv.Sine there is a system of generators for Kn+1(�; �) onstruted out of one for Kn(�; �), theextension of a Markov trae on Kn(�; �), if ever exists, it must be unique.However the previous morphism is not injetive and the most di�ult step is to prove that theanonial extension is a well-de�ned linear funtional and it satis�es the trae ommutativity.69



Let A = Z[�; �; z; bz℄=H, where H is an ideal of Z[�; �; z; bz℄. Our approah is to onsider arewriting system (we refer to [25℄ for a survey on the subjet) for the tower of the ring algebraA[F �n ℄ where F �n is the free monoid in the generators f�1; : : : ; �n�1g. The method of proof isgreatly inspired from [11℄.First, one de�nes a graph whih verties are the elements of A[F �n ℄ and whih edges orre-spond to elements di�ering by exatly one relation (from the set of relations de�ningKn(�; �)).One de�nes a redution proess for elements in A[F �n ℄ introduing the following orientationson some edges. The arrows show the orientation, if exatly one monomial is hanged usingone of the following rulesa�3j b! � a�2j b+ � a�jb+ ab;a�j+1�j�j+1b! a�j�j+1�jb;a�j+1�2j�j+1b! aSjb;a�j+1�2j�2j+1b! aCjb;a�2j+1�2j�j+1b! aDjb;where Sj; Cj andDj are of the formPi Pi �aij �bij+1�ij , Pi are polynomials in �; � and ai; bi; i 2f0; 1; 2g. An element z is irreduible (or minimal) if there is not an element u suh that z ! u.Several edges remain unoriented. They orrespond to a hange in a monomial of typea�i�jb! a�j�ib whenever j i� j j> 1.The reason for introduing the extra relations (whih obviously hold in H(Q;n)) is to insurethe existene of desending paths to some minimal points even if losed oriented loops maybe found in the graph. Our aim is to show that this rewriting system is on�uent, i.e. everyonneted omponent has at most one minimal element, up to unoriented equivalene (seeSetion 5.3.1). The existene is proved in Lemma 5.3.4 and we hek the uniqueness by meansof so-alled Pentagon Lemma. Anyway, to show that the rewriting system is on�uent, we shallenlarge our graph to a tower of graphs modeling not one algebra Kn(�; �) but the funtionalson the whole tower [1n=2Kn(�; �) satisfying a reurrene ondition whih permits to reduefurther the minimal elements. We will �nd that the Pentagon Lemma applies exept a �nitenumber of on�gurations that lie in K4(�; �). Here the Colored Pentagon Lemma (see Setion5.3.2) an be applied and the problem is redued to some algebrai omputations. When wewish to hek the ommutativity ondition for the funtional to be atually a Markov trae,a onstraint appears in K4(�; �) on the variables �; �; z; bz. Then there are only two types ofobstrutions to the existene of a Markov traes:� CPC obstrutions (Colored Pentagon Condition), de�ning an ideal H in Z[�; �; z; bz℄.� ommutativity obstrutions, implying a onstraint on �; �; z; bz (Setion 5.4).These �nitely many obstrutions have been heked by using the omputer and all of them liein the prinipal ideal generated by H(�;�) (respetively P (z;Æ)).5.1.5 Properties of the invariantsIn the next Setion we will ompute these obstrutions and derive the existene of the twotraes T(�; �) and T (z; Æ). As explained in Chapter 4, given a Markov trae T , we get a linkinvariant by setting: 70



I(bx) = � 1zbz�n�12 �bzz� e(x)2 T (x);where x 2 �n is a braid representative of the link L and e(x) is the exponent sum of x.Therefore we �nd two invariants I(�; �) and I(z; Æ). We �nd that:� they distinguish all knots with number rossing at most 10 that have the same HOMFLY-PT polynomial (and then they are independent from HOMFLY-PT). However, likeHOMFLY-PT and Kau�man polynomials, they seem to not distinguish among mutantsknots (in partiular they don't separate Kinoshita-Terasaka and Conway knots).� I(�; �) = I(��;��) for amphiheiral knots, and I(�; �) detets the hirality of all the knotswith number rossing at most 10, where HOMFLY-PT and Kau�man polynomials fail.� The invariant I(�; �) is independent from the 2-abling of HOMFLY-PT.� I(�; �) and I(z; Æ) have a ubial behaviour.Let us explain brie�y what we meant by ubial behaviour.De�nition 5.1.2 A Laurent polynomial Pj2Zjaj is a (n; k)-polynomial (for n; k 2 N) ifj = 0 for j 6= hn+ k, for all h 2 Z.Remark 5.1.2 � The HOMFLY-PT polynomial an be written as Pk2z Rk(l)mk and re-spetively as Pk2z Sk(m)lk, where Rk(l) and Sk(m) are (2; k)-Laurent polynomials withR2k+1(l) = S2k+1(m) = 0.� The Kau�man polynomial an be written asPk2z Uk(l)mk (respetively asPk2z Tk(m)lk),where Uk(l) and Tk(m) are (2; k + 1)-Laurent polynomials.In this respet the HOMFLY-PT and Kau�man polynomials have a quadrati behaviour.Proposition 5.1.1 I(�; �) and I(z; Æ) have a ubial behaviour, i.e. for eah link L there existssome l 2 f0; 1; 2g so thatI(�; �)(L) = Pk2N Pk(�)�kPk2NQk(�)�k = Pk2NMk(�)�kPk2NNk(�)�k ;where Pk; Qk;Mk; Nk are (3; k + l)-polynomials, andI(z; Æ)(L) = Xk2ZHk(Æ)zk = Xk2ZGk(z)Æk ;where Hk; Gk are (3; k)-Laurent polynomials.
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5.2 Markov traes on Kn(�; �)5.2.1 A base for the ubi Heke algebra H(Q; 3)Usually ubi Heke algebras are de�ned as the quotientsH(Q;n) = C [Bn ℄=(Q(�j) ; j = 1; : : : ; n� 1)of the group algebra of the braid group by the ideal generated by Q(�j), ubi polynomialwith parameters � and �, i.e. Q(�j) = �3j � ��2j � � �j � ; �; �;  2 C . One may onsider = 1 in the ubi polynomial sine H(Q;1) and H(�1Q;1) (the towers of ubi Hekealgebras) are isomorphi. In [43℄ it was shown that:Proposition 5.2.1 For all ubi polynomials Q with Q(0) 6= 0 one has dimCH(Q; 3) = 24.A onvenient base of the vetor spae H(Q; 3) ise1 = 1; e2 = �1; e3 = �21 ; e4 = �2; e5 = �22 ; e6 = �1�2; e7 = �2�1; e8 = �21�2; e9 =�2�21 ; e10 = �1�22 ; e11 = �22�1; e12 = �21�22 ; e13 = �22�21; e14 = �1�2�1; e15 = �21�2�1; e16 =�1�2�21; e17 = �1�22�21; e18 = �21�2�21; e19 = �21�22�1; e20 = �1�22�1; e21 = �21�22�21 ; e22 =�2�21�2; e23 = �2�21�2�1 = �1�2�21�2; e24 = �2�21�2�21 = �1�2�21�2�1 = �21�2�21�2.We refer also to [43℄ for the following identities:�j+1�2j�j+1�j = �j�j+1�2j�j+1;�2j+1�2j�j+1 = �j�2j+1�2j + �(�j+1�2j�j+1 � �j�2j+1�j) + �(�2j�j+1 � �j�2j+1);�j+1�2j�2j+1 = �2j�2j+1�j + �(�j+1�2j�j+1 � �j�2j+1�j) + �(�j+1�2j � �2j+1�j):5.2.2 The homogeneous quotient of rank 3The quotient P (1) of H(Q;1) is homogeneous if any identity F (�i; �i+1; :::; �j) = 0, whihholds in P (1) remains valid under the translation of indies i.e. also F (�i+k; �i+k+1; :::; �j+k)= 0, for k 2 Z; k � 1 � i. One onsiders the Markov traes supported by the quotientsKn(�; �) = H(Q;n)=In, where In is the (two-sided) ideal generated by:�j�2j�1�j+(�2��)�2j�1�2j�2j�1+(�2���2��)�j�1�2j�2j�1+ (�2���2��)�2j�1�2j �j�1+(�2���2)�2j�1�j�2j�1+ (1+2��+�2�2��3)�j�1�2j�j�1+(1+��+�2�2� �3)�j�1�j�2j�1+(1+��+�2�2��3)�2j�1�j�j�1+(1+2����3)�2j�2j�1+ (1+2����3)�2j�1�2j+(��3�2��2�2�)�j�2j�1+(��3� 2�� 2�2�)�2j�1�j+ (��3� 2�� 2�2�+�2)�2j�j�1+(��3� 2�� 2�2�+�2)�j�1�2j +(�4 � �3�2� 2�2� � 3�)�j�1�j�j�1 + (2�3� + 3�2 � �2�3 � ��2)�j�j�1+ (2�3� + 3�2��2�3 � ��2)�j�1�j + (�4 � 2� � 3��2 + �2)�2j�1+ (�4 � 2� � 3��2 + �2)�2j+ (1 + 4�� +3�2�2��3���4��3)�j�1+(1+3��+3�2�2��3���4)�j +3�2��5�2��3�2�+4��3;where j = 1; : : : ; n� 1. Then K1(�; �) is a homogeneous quotient of H(Q;1).Remark 5.2.1 H(Q; 3) is a semisimple algebra whih deomposes generially as C 3 �M�32 �M3, where Mn is the algebra of n � n matries. The morphism into C 3 is obtained via theabelianization map and that into M2 is part of the projetion onto the quadrati Heke algebrade�ned by a divisor of Q (whih is C 2 �M2). One identi�es then K3(�; �) �=M�32 �M3.In fat it su�es to show that the ideal I3 is a vetor spae of dimension 3. Let R be the spanof R0; R1; R2, where 72



R0 := �2�21�2 + (�2 � �)�21�22�21+ (�2 � ��2 � �)�1�22�21 + (�2 � ��2 � �)�21�22�1 +(�2 ���2)�21�2�21+ (1 + 2�� + �2�2 � �3)�1�22�1 + (1 + �� + �2�2 � �3)�1�2�21+ (1 + �� +�2�2 � �3)�21�2�1 +(1 + 2�� � �3)�22�21 + (1 + 2�� � �3)�21�22+ (��3 � 2� � 2�2�)�2�21+(��3�2��2�2�)�21�2+(��3�2��2�2�+�2)�22�1 +(��3�2��2�2�+�2)�1�22+ (�4��3�2�2�2��3�)�1�2�1+(2�3�+3�2��2�3���2)�2�1+ (2�3�+3�2��2�3���2)�1�2+(�4 � 2� � 3��2 + �2)�21 + (�4 � 2� � 3��2 + �2)�22 +(1 + 4�� + 3�2�2 � �3 � ��4 � �3)�1+(1 + 3�� + 3�2�2 � �3 � ��4)�2 + 3�2 � �5 � 2�� 3�2� + 4��3;R1 := �1R0 = �1�2�21�2 � ��21�22�21 + (1 + ��)�1�22�21 + (1 + ��)�21�22�1 +(1 + ��)�21�2�21(��2��2�)�1�22�1+(��2��2�)�1�2�21+ (��2��2�)�21�2�1+ (�2��)�22�21+(�2��)�21�22+(�2 � ��2)�2�21+ (�2 � ��2)�21�2 + (�2 � ��2 � �)�22�1+ (�2 � ��2 � �)�1�22+ (�3� + � +3�2)�1�2�1 + (1 + �� + �2�2 � �3)�2�1+ (1 + �� + �2�2 � �3)�1�2+ (1 + 2�� � �3)�21 +(1+2����3)�22 +(��3� 2�� 2�2�+�2)�1 +(��3� 2�� 2�2�)�2 +�4� 2�� 3��2+�2;R2 := �1R1 = �21�2�21�2+ �21�22�21 � ��1�22�21 � ��21�22�1 ���21�2�21+ �2�1�22�1 + (�2 +�)�1�2�21 + (�2 + �)�21�2�1+ (��)�22�21 + (��)�21�22 + (1 + ��)�2�21+ (1 + ��)�21�2 + (1 +��)�22�1+ (1 + ��)�1�22+ (��3� � �� + 1)�1�2�1 + (��2� � 2�)�2�1+ (��2� � 2�)�1�2+(�2 � �)�21 + (�2 � �)�22 + (���2 + �2 � �)�1+ (���2 + �2)�2 + 1 + 2�� � �3:Lemma 5.2.1 As vetor spaes R �= I3 in H(Q; 3).Proof: Remark that�1R0 = R0�1 = R1; �1R1 = R1�1 = R2; �1R2 = R2�1 = R0 + �R1 + �R2:and after some messy omputations (omputer aided) we obtain that�2R0 = R0�2 = R1; �2R1 = R1�2 = R2; �2R2 = R2�2 = R0 + �R1 + �R2:From these relations we �nd that xR0y 2 R for all x; y 2 H(Q; 3), hene I3 � R. The otherinlusion is trivial. �5.2.3 Uniqueness of Markov trae on Kn(�; �)From now on we will work with the group ring Z [�; �℄ [B1℄ instead of C [B1℄.De�nition 5.2.1 Let z; bz 2 C � ; �; � 2 C , R be a Z [�; �; z; bz℄�module and H an ideal of R.i) T is an admissible funtional onK1(�; �) (taking values in R=H) if the following onditionsare ful�lled: T (x�ny) = zT (xy) for any x; y 2 Kn(�; �);T (x��1n y) = bzT (xy) for any x; y 2 Kn(�; �):ii) An admissible funtional T is a Markov trae ifT (ab) = T (ba) for any a; b 2 Kn(�; �):73



Remark 5.2.2 Markov traes on the quadrati Heke algebras (see [58℄) have the followingmultipliative property: T (x�n) = T (x)T (�n), for x 2 H(Q;n), whih implies that: T (xy) =T (x)T (y), for x 2 H(Q;n); y 2< 1; �n; �n+1; :::; �n+k >.However we annot expet that this property will extend to higher level algebras and Markovtraes on them.De�nition 5.2.2 The Markov trae T is multipliative if T (x�kn) = T (x)T (�kn) holds whenx 2 H(Q;n); k 2 Z.Remark 5.2.3 In the ase of ubi Heke algebras the Markov traes are multipliative. Infat using the identity �2n = ��n + � + ��1n we derive then the multipliativity for k = 2,and by reurrene for all k. In partiular if T is a Markov trae it follows that T (a�2nb) =tT (ab) a; b 2 Bn ; where t = �z + � + bz.One an state now the unique extension property of Markov traes.Proposition 5.2.2 For �xed (z; t) 2 (C �)2 there exists at most one Markov trae on Kn(�; �)with parameters (z; t).Proof: De�ne reursively the modules Ln byL2 = H(Q; 2),L3 = C < �i1�j2�k1 ; i; j; k 2 f0; 1; 2g >,Ln+1 = C < a�"nb j a; b 2 basis of Ln; " 2 f1; 2g > �Ln.We need the following resultLemma 5.2.2 Under the natural projetion � on Kn(�; �), Ln surjets onto Kn(�; �).Proof: For n = 2 it is lear. For n = 3 we know that �2�21�2; �1�2�21�2; �21�2�21�2 2 �(L3).Consider now w 2 Kn+1(�; �) represented by a word in the �i's having only positiveexponents. We assume that the degree of the word in the variable �n is minimal among alllinear ombinations of words (with positive exponents) representing w.If the degree is less or equal to 1 there is nothing to prove.If the degree is 2 then either w = u�2nv, u; v 2 Kn(�; �) so using the indution hypothesiswe are done, or else w = u�nz�nv, where u; z; v 2 Kn(�; �). Therefore z = x�"n�1y wherex; y 2 Kn�1(�; �) by the indution and " 2 f0; 1; 2g. If " = 0 then w an be redued to uz�2nv.If " = 1 then w = u�nx�n�1y�nv = ux�n�1�n�n�1yv hene the degree of w an be loweredby 1, whih ontradits our assumption. If " = 2 then w = ux�n�2n�1�nyv. One derives�n�2n�1�n 2 C < �in�1�jn�kn�1; i; j; k 2 f0; 1; 2g >,hene we redued the problem to the ase when w is a word of type u0�2nv0.If the degree of w is at least 3 we will ontradit the minimality. In fat w ontains eithera subword w0 = �anu�bn, u 2 Kn(�; �) and a + b � 3, or else a subword w00 = �nu�nv�n,u; v 2 Kn(�; �).In the �rst ase using the indution we an write u = x�"n�1y, x; y 2 Kn�2(�; �).If " = 0 then w0 = �a+bn xy = ��a+b�1n xy + ��a+b�2n xy + �a+b�3n xy, hene the degree of wan be lowered by 1.If " = 1 then w0 = �a�1n x�n�n�1�ny�b�1n = �a�1n x�n�1�n�n�1y�b�1n , and again its degreean be redued by one unit. 74



If " = 2 then a or b equals 2. Set a = 2. We an writew0 = x�2n�2n�1�ny�b�1n = x�n�1�2n�2n�1y�b�1n + �(�n�2n�1�n � �n�1�2n�n�1)y�b�1n ++�(�2n�1�n � �n�1�2n)y�b�1n .still ontraditing the minimality of the degree of w.In the seond ase we an write also u = x�"n�1y, v = r�Æn�1s with x; y; r; s 2 Kn�1(�; �).If " or Æ equals 1 then, after some obvious ommutation the word w00 ontains the subword�n�n�1�n whih an be replaed by �n�1�n�n�1 hene lowering its degree.If " = Æ = 2 then w00 = x�n�2n�1�nyr�2n�1�ns. We use the homogeneity to replae�n�2n�1�n by a sum of elements of type �in�1�jn�kn�1. Eah term of the expression of w00whih omes from a fator having j < 2 has the degree less than it had before. The remainingterms are x�in�1�2n�kn�1yr�2n�1�ns, so they ontains a subword �2nu�n whose degree we alreadyknow that it an be redued as above. This proves our laim. �Now the Markov traes T on H(Q;1) are multipliative hene T (x�"ny) = T (�"n)T (yx)holds, and Kn(�; �) it is an algebra hene yx 2 Kn(�; �) . Therefore the extension of T , byreursion, from Kn(�; �) to Kn+1(�; �) if ever exists it is unique. This ends the proof of ourproposition. 25.3 CPC Obstrutions5.3.1 The pentagonal onditionThe following Lemma is also a onsequene of the previous one:Lemma 5.3.1 There is a surjetion of (Kn(�; �);Kn(�; �))-bimodulesKn(�; �)�Kn(�; �)
Kn�1(�; �)Kn(�; �)�Kn(�; �)
Kn�1(�; �)Kn(�; �) �! Kn+1(�; �)given byx� y 
 z � u
 v ! x+ y�nz + u�2nv.In partiular admissible funtionals are unique up to the hoie of T (1) 2 R. Look now at thealgebra K�(�; �). We wish to use the following transformations on the words (one way):(C0)(j+1) a�3j+1b! aEj+1b;(C1)(j) a�j+1�j�j+1b! a�j�j+1�jb;(C2)(j) a�j+1�2j�j+1b! aSjb;(C12)(j) a�j+1�2j�2j+1b! aCjb;(C21)(j) a�2j+1�2j�j+1b! aDjb,where Ej+1 = ��2j+1+��j+1+1, Sj = �j+1�2j�j+1�R(0; j) , Cj = �2j�2j+1�j+�(�j+1�2j�j+1��j�2j+1�j)+�(�j+1�2j ��2j+1�j) and Dj = �j�2j+1�2j +�(�2j+1�2j�2j+1��j�2j+1�j)+�(�2j�j+1��j�2j+1), j = 0; : : : ; n � 2. Our aim is to redue the degree of �n�1 as muh as possible inKn(�; �). Aording to the previous Lemma every word in Kn(�; �) is equivalent to a sumof words of type Pi xi�"in�1yi. Unfortunately we are fored to use also the transformations�i�j $ �j�i for j i� j j> 1,whih have to be used in both diretions.Assume this is the redution proess we want to arry out. We eventually obtain a sumPi xi�"in�1yi with xi; yi 2 Kn�1(�; �). Of ourse this normal form for the word we startedwith is not unique sine we may perform again permutations of its letters in eah term. But ifany two suh normal forms are equivalent under permutations of its letters (i.e. of the letters75
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Figure 5.2: The pentagon ondition�i�j with j i�j j> 1) then we will get an almost anonial desription of the basis ofKn(�; �).Indeed the last assumption is equivalent to say that the surjetion of the previous Lemma isan isomorphism. Unfortunately this is not the ase. One an however obtain the obstrutionsto the uniqueness of this almost anonial form as follows.We return now to the module of admissible funtionals. The last group of relations enablesus to make a further redution, namelya�n�1b! z ab,a�n�1b! t ab.This way we an redue a word to a linear ombination of words lying in Kn�1(�; �). Assumethat we are using a reurrene on n. This means that eah element of Kn�1(�; �) an beuniquely redued to an element of R (the value of the funtional on the element). Thus itsu�es to hek the obstrutions diretly on the values in order to obtain that the funtionalis well-de�ned. One formalizes this at follows. Let � be a semi-oriented graph. This meansthat some of its edges are oriented and the remaining ones are unoriented. A path v1v2:::vn isa semi-oriented path if either vj ! vj+1 or else vjvj+1 is unoriented, for all j. If all edges ofthe hain are unoriented we say that its endpoints are unoriented equivalents.De�nition 5.3.1 v1v2:::vn is an open pentagon on�guration in � (o.p..) if v2 ! v1, v2v3:::vn�1is an unoriented path and vn�1 ! vn.We state �rst the pentagon ondition for semi-oriented graphs:De�nition 5.3.2 � veri�es the pentagon ondition (PC) if for any open pentagon on�gura-tion v1v2:::vn there exist semi-oriented paths v1x1x2:::xme and vny1y2:::ype having the sameendpoint (see Figure 5.2).Set now x � y if there exists a semi-oriented path from y to x in �. Of ourse � is not alwaysa partial order relation. A neessary and su�ient ondition is that no losed semi-orientedloops exist in �. One says that x is minimal if y � x implies that y is unoriented equivalentto x.Lemma 5.3.2 Suppose that the (PC) holds. If a onneted omponent C of the graph � hasa minimal element mC then it is unique up to unoriented equivalene.76
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Figure 5.3: Proof of Pentagon LemmaProof: Consider two minimal elements x and y whih lie in C. Then there exists some pathxx0x1:::xny joining them. Sine x is minimal the losest oriented edge (if ever exists ) is ingoing,and the same is true for y. If this path is not unoriented again from minimality there are atleast two oriented edges. Therefore open pentagon on�gurations (i.e. those on�gurationswhere (PC) applies) exist. We apply then (PC) iteratively whenever suh on�gurations existor has appeared. When this proess stops we �nd two semi-oriented xz1z2:::zpe and yu1u2:::usehaving the same endpoint e. So e � x and e � y. Again from minimality these paths must beunoriented so x and y are unoriented equivalent (see Figure 5.3). �Remark 5.3.1 A priori one annot say too muh about the existene of suh minimal ele-ments. If � had been a partial order with desending hain ondition then the existene ofminimal elements would be standard. However in the present ase even if � is not a partialorder the existene of minimal elements an be established.5.3.2 The olored pentagon ondition: the de�nition of �nSuppose now we have a sequene of disjoint graphs �n. In every �n there exists a distinguishedsubset of verties V 0n whih are minimal elements in their onneted omponents. Suppose thateah onneted omponent admits at least one minimal element. Eah suh vertex from V 0nhas exatly one outgoing edge going to a vertex of �n�1. We olor these new edges in red. Set��n for the union of all �j , j � n and with the red edges added in eah rank j.De�nition 5.3.3 ��n is oherent if any onneted omponent of �n has an unique minimalelement (with respet to ��n) in �0 up to unoriented equivalene.We state now the olored version of the Pentagon Lemma for this type of graphs.De�nition 5.3.4 We say that �n veri�es the olored pentagon ondition (CPC) if for anyopen pentagon on�guration v1v2:::vn in �n there exist bioloured semi-oriented paths (in ��n)from v1 and vn having the same endpoint. In addition if xy is an unoriented edge in �n withx; y 2 V 0n then there exist semi-oriented paths in ��n starting from x and y with red edges andhaving the same endpoint (see the Figure 5.4).77
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Figure 5.4: The olored Pentagon ConditionLemma 5.3.3 Suppose that ��n�1 is oherent and the (CPC) ondition is ful�lled. Then ��nis oherent.Proof: The proof is similar to that of Pentagon Lemma. �Now we are ready de�ne our graph �n. Its verties are the elements of the ring algebraZ[�; �; z; bz℄F �n , where F �n is the free monoid in the n letters f�1; �2; :::; �ng. The verties of�0 will be the elements of Z[�; �; z; bz℄. Two verties v = Pi �ixi and w = Pi �iyi, �i; �i 2Z[�; �; z; bz℄ and xi; yi 2 F �n , are related by an oriented edge if exatly one monomial of v ishanged following one of the rules(C0)(j) a�3j b! aEjb;(C1)(j) a�j+1�j�j+1b! a�j�j+1�jb;(C2)(j) a�j+1�2j�j+1b! aSjb;(C12)(j) a�j+1�2j�2j+1b! aCjb;(C21)(j) a�2j+1�2j�j+1b! aDjb;where Ej; Sj ; Cj ;Dj as above. An unoriented edge between v and w orresponds to a hangein a monomial of v of type(Pij) a�i�jb! a�j�ib whenever j i� j j> 1.Remark that the use of (C12) and (C21) is somewhat ambiguous sine we may always use (C2)for a subword. Their role is to break in some sense the losed oriented loops in �n. Considernow the following sets of words in the �i's:W0 = f1g,Wn+1 =Wn [Wn�n+1Zn [Wn�2n+1Zn.Zn = f�i0n �i1n�1:::�ipn�p; i1; i2; :::; ip 2 f1; 2g; p = 0; n� 1g.Let V 0n be the set of verties orresponding to elements of the Z[�; �; z; bz℄-module generatedby Wn.Lemma 5.3.4 Eah onneted omponent of �n has a minimal element in V 0n , not neessarilyunique.Proof: We prove our laim by indution on n. For n = 0 it is obvious. Let now w be a word inthe �i's having only positive exponents. If its degree in �n is zero or one we apply the indution78



hypothesis and we are done. If the degree is 2 and it ontains the subword �2n we are able toapply the indution hypothesis. One an also suppose that no exponents greater than 2 ourby using (C0) several times. If the degree is 2 then w = x�ny�nz with x; y; z 2 F �n�1. Theindution applied to y implies that w � x�na�"n�1bz with a; b 2 F �n�1. Then several transformsof type (Pnj) and (C") will do the job. Consider now that the degree is stritly greater than2. So we have a subword of type��nx��n with 3 � �+ � � 4or else one of the type�nx�ny�n.The seond ase redue to the �rst one as above. Next say that x � a�"n�1b, a; b 2 F �n�2.Several appliations of (Pnj) leads us to onsider the word ��n�"n�1��n. If " = 1 we apply twotimes (C1) and we are done. Otherwise we shall apply (C��) and then (C1) if � 6= � or both(C12) and (C21) and then (C1) if � = � = 2. This proves that every vertex desends to V 0n .But these verties have not outgoing edges as an be easily seen. When we use the unorientededges some new verties have to be added. But it is easy to see that these also does not haveoutgoing edges. Sine any vertex has a semi-oriented path ending in V 0n we are done. �Remark 5.3.2 The moves (C12) and (C21) are really neessary for the onlusion of theprevious Lemma to remain valid. For instane look at the ase � = � = 0. From �j+1�2j�2j+1only (C2) an be applied and in the linear ombination we obtain the fator �2j+1�2j�j+1. Ifwe ontinue, then at eah stage we shall �nd one of these two monomials. When all possibleredutions are performed at the seond stage we reover the word �j+1�2j�2j+1 so we have alosed oriented loop in the graph. This onneted omponent has no minimal element unlesswe enlarge the graph by using the extra transformations (C12) and (C21). For general �; �a similar argument holds, and it an be heked by a omputer program. If one does not use(C12) or (C21) then the redution proess for �j+1�2j�2j+1 yields at the sixth stage a sum ofwords generating an oriented loop.5.3.3 The bioloured graph ��n(H): the sub-module HWe are able now to de�ne the bioloured graph ��n(H). The red edges are de�ned as follows.Eah minimal vertex v = Pi;k �(i;k)x(i;k)�kny(i;k); where k = 0; 1; 2; is joined by a red edge tow = Pi;k �(i;k)ukx(i;k)y(i;k), whih is a vertex of �n�1, where we set u0 = 1; u1 = z; u2 = t.Finally �0(H) is the graph having the verties orresponding to the module R and two vertiesare onneted by an unoriented edge i� the orresponding elements lie in the same oset ofR=H, H being a ertain submodule of R. The submodule H is neessary beause going ondi�erent desending paths we might obtain di�erent elements. Then, we have to �nd whetherthere exists H so that ��n(H) is oherent.We will test the onditions of oherene of eah ��n(H) by reurrene on n. Notie that forn = 1; 2 there are no onditions on H. Our strategy is to make use of the Colored PentagonLemma in the following way. For those on�gurations that we annot prove the (PC) holdsdiretly we shall hek that the (CPC) (whih is weaker sine it onerns all the tower ��n(H))is veri�ed.Consider an open pentagon on�guration (abbreviated o.p.. ) [w0; w1; :::; wn℄. This meansthat w1 ! w0, w1; :::; wn�1 are unoriented equivalent and wn�1 ! wn. We say that this o.p..is irreduible if none of the verties w1; w2; :::; wn�1 has an outgoing edge.79
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Figure 5.5: The o.p.. for A�2j+1�2j�j+1BLemma 5.3.5 i) In order to verify (PC) it su�es to restrit to irreduible on�gurations.ii) It su�es to verify (PC) only for monomials from F �n .iii) Suppose w0j = AwjB, for j = 0; : : : ; n (so A;B are not touhed by any transform) inthe o.p...If (PC) holds for [w0; w1; :::; wn℄ it also holds for [w00; w01; :::; w0n℄.iv) Suppose that (PC) holds for [w0; w1; :::; wn℄ and for [y0; y1; :::; ym℄. Then for all A;B;Cthe (PC) is valid also for[Aw0By1C;Aw1By1C; :::; Awn�1By1C;Awn�1By2C;Awn�1By3C; :::::; Awn�1Bym�1C;Awn�1BymC℄.In fat when we �x the endpoints of the o.p.. we an mix the unoriented edges of eahsubjaent o.p.. in any order we want. Let (ik; jk) 2 f0; 1; :::; ng � f0; 1; :::;mg; k = 1; p suhthat i0 = 0 < i1 � i2 � ::: � ip; jp = m > jp�1 � ::: � 0; and ik+1 � ik + jk+1 � jk = 1 for allk. Then the o.p.. �Awi0Byj0C;Awi1Byj1C; :::; AwipByjpC� ful�lls the (PC).Proof: i) We may always deompose a on�guration into irreduible ones and iterate theonstrution.ii) The redution transforms on di�erent monomials ommute with eah other so we aredone.iii) Obvious.iv) The redutions of xn�1 and y1 ommute again with eah other. 2Thus the top line of a o.p.. orresponds to a word w1 and a sequene of permutations of itsletters giving in order w2; w3; :::; wn�1. We may suppose that w = w1 has no proper subwordsw01 whih ful�ll the following two onditions:i) Set w = Aw0B. Then eah of the onsidered permutations ats only on the letters of A,of B or w0. Thus the transform w" of w0 is equivalent to w0.ii) The redution transforms performed at w1 and w2 ats atually on w0 and w".Now we an study the (PC) for irreduible on�gurations as in Lemma 5.3.5.The �rst step is to hek if the (PC) ondition holds when the top line is trivial (n = 2) andthere are two or more outgoing edges. For instane, see Figure 5.5. A and B are subwords nottouhed by redutions and on the subword �2j+1�2j�j+1 one an apply (Cij) or (C2). Cj andSj are as in Setion 5.3.1. 80



Lemma 5.3.6 If the top line is trivial then the (PC) holds.Proof: By Lemma 5.3.5 we have a �nite number of ases to test. These are the words of theform ab, where ab and b are subwords belong to the set f�3j+1; �j+1�j�j+1; �j+1�2j�j+1;�2j+1�2j�j+1; �j+1�2j�2j+1g, j = 1; : : : ; n � 2. The number of ases to study an be easilyredued, sine� If b is the identity, the (PC) trivially holds.� By homogeneity of the redutions (C ")(j) it su�es to onsider j = 1.� For a word w = w1; : : : ; wl its symmetri is the word w� = wl; : : : ; w1. If the (PC) holdsfor ab, (PC) holds also for the symmetri word (ab)� (this result follows from the formof redutions).� Several ases, as �3j+1�j�j+1, an be easily tested at hand.The non trivial ases appear when a (Cij)-move (and then a (C2)-move) an be applied.Atually, we have to hek only �2j+1�2j�j+1, sine �j+1�2j�2j+1 is its symmetri and the ases�"1j+1�2j�"2j+1 ("i = 2; 3) are onsequenes of these ones. Then, we start from the situationdepited in Figure 5.5 (A;B are empty words). If we apply (Cij) whether is possible on�j+1Sj, after a long and messy omputation we �nd the same minimal element assoiated toCj. �Remark 5.3.3 Using a omputer program one an get the oriented graph assoiated to theword �2j+1�2j�j+1 (Figure 5.6). The verties are of the type P jwj, j polynomials in �; � andwj words in �j; �j+1. An oriented edge between an outgoing vertex a and an ingoing vertexb indiates that the redution proedure applied to a yields b. When there are no subwords�2j+1�2j�j+1 or �j+1�2j�2j+1 the edges are spotted. As we already notied in Remark 5.3.2, if weapply six times the proedure without (Cij) we �nd a loop.Let us study the ase when the top line is non trivial. By Lemma 5.3.6 we an suppose thatw1 and wn�1 have eah one exat one outgoing edge. In partiular, when a (Cij)-move an beapplied, we hoose always the edge (Cij) in the redution proess.Now the top line is determined by the sequene of transpositions of the letters of w. Let l bethe length of w. Otherwise this is the same to giving a permutation � 2 Sl with a presribeddeomposition into transpositions. Set Tj for the transposition whih interhanges the letterson the positions j and j + 1. Notie that for a �xed w not all � are suitable. In fat only asubset of the group of permutations, whih we all permitted, may work. Say P (w) is the setof permitted permutations. If ew : f1; 2; :::; lg �! f1; 2; :::; n � 1g is the evaluation mapew(j) =index of the letter lying in position j on wthen Tj� is permitted (where � 2 P (w)) i�j e�(w)(j) � e�(w)(j + 1) j> 1.Say that two permitted permutations � and �0 are equivalent if for the o.p.. orrespondingto � and �0 the (PC) is valid or not for both in same time.Lemma 5.3.7 i) Suppose that �1TjTi�2 2 P (w), j i � j j> 1. Then �1TiTj�2 2 P (w) andthese two permutations are equivalent. 81
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dcFigure 5.8: The essential trajetories for (C0)(i)-(C0)(i)
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i j i j

jji iFigure 5.9: Disjointing trajetories
Figure 5.10: Non minimal biangle proedureii) Suppose that the ars labeled i and j have algebrai intersetion number 1. Then we anreplae the diagram by an equivalent one where the ars have exatly one intersetion point.Proof: We onsider the diagram is that from Figure 5.9.We an assume that the biangle in the middle is minimal, hene it does not ontain any otherbiangle. In fat we an apply repeatedly the disjointedness proedure only for minimal bian-gles. Suh biangle have two walls: one oming from i and the other from j. From minimalityno other ar ross twie the same wall (see Figure 5.10).Let onsider the region L and R suh that: the set of ars labeled by something not ommutingwith j is ontained in L, and those labeled by some k not ommuting with i are ontained inR. Then the situation is that from Figure 5.11.Thus all ars whih ross the biangle are labeled by some k whih ommutes with both i andj. The same ommutation transforms may be performed whenever we make the ars i and jdisjoint. �A similar reasoning permits to say that the diagrams from Figure 5.12 are equivalent.

i                     j          k

L                              R

k       i              j

Figure 5.11: The regions R and L84



k   i   j

i    j    k

k   i   j

i    j    k

Figure 5.12: Equivalent diagrams
i  i  i j   j  j

 i   i   i j  j  jFigure 5.13: The diagram for (C0)(i)-(C0)(j) when j i� j j> 1When the triangle in the middle is not touhed by any ar then it is a simple onsequene oflemma 5.3.8 ii). If it is minimal, any ar whih ross it is labeled by something whih ommuteswith j.Remark now the similitude of Figures 5.9 and 5.12 with the Reidemester's moves on linkdiagrams. So we an atually isotopy our ars leaving the endpoints �xed and keeping thetangent (in a C1-approximation of ars) away from the horizontal.Now we an ontinue our disussion on the trajetories of i0s and j0s. If j i � j j= 1 thetrajetories are disjoint so there are as in Figure 5.13.If i and j ommute then there are essentially sixteen diagrams (up to isotopy) whih an beseen in Figure 5.14.In order to represent graphially the possible diagrams for the (C1), (C2), (C12), (C21) moveswe shall �gure the trajetories of a ouple of neighbor points having the same label as a singlethiker trajetory. This may be done sine every ar rossing the dashed region (see Figure5.15) between the trajetories of the the two i0s has a label ommuting with i. In addition thetrajetories of i and i+ 1 are disjoint.Suppose we are in the ase (C1)(i)-(C0)(j). For j 6= i � 1; i; i + 1; i + 2 the twelve diagramsfrom above appear appropriately labeled. For j = i� 1; i; i+2 some diagrams are not realizedbeause the ars labeled by i� 1 and i does not interset, so several ases have to be left. Forj = i+ 1 another diagram have to be onsidered, that from Figure 5.16.The same situation we enounter when we desribe the possible trajetories for the ouple ofredution transforms (C2)-(C0), (C12)-(C0), (C21)-(C0). A simple analysis shows that in theremaining ases the only new diagrams are those from Figure 5.17.The other ones are obtained from the previous twelve using the suitable labeling, and takinginto aount the onstraints of disjointedness imposed by the labels. We say now that a85
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i i

i iFigure 5.15: The graphial representation of the dashed region
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Figure 5.16: The new diagram for (C1)(i)-(C0)(i+1)86



i+1 i+1 i+1 i+1 i+1 i+1 i+1i+1i i i i i

i+1i+1i+1i+1i+1i+1i+1i+1 iiiiiFigure 5.17: The new diagrams for (Cx)(i)-(Cy)(i) x; y 6= 0
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Σ j
i i iα λ

i i i j j j

jjj

u v

Figure 5.18: The whole �gure of a non-interative diagram without rossingsdiagram is interative if there is some marked ar relating the top and bottom bloks wherethe redution transforms at. Our task will be to eliminate the non-interative diagrams wherethe (PC) trivially holds.Lemma 5.3.9 The usual (PC) is valid in �n for non-interative diagrams.Proof: We onsider �rst the ase where no rossings of the essential ars exist. The typialase is that from Figure 5.13. We draw now all trajetories as in Figure 5.18. We have thedashed regions U and V whih are bounded by the i0s ars and respetively j0s ars.Everything rossing the regions U and V ommutes with i and j respetively. We laim �rstthat U and V are tangent to the end lines from left and right respetively. If not there existssome ar labeled � lying to the left of U . Assume that this ar is the �rst from the left havingthis property. In partiular � ommutes with every label � whih stands to the left of �. Thuswe may perform these ommutation transforms at any moment, to get � on the �rst position.Sine � does not ross U we may leave it on the the �rst position replaing the o.p.. by anequivalent one. Thus the new on�guration orresponds to a word whih is not minimal withrespet to the redution proedure (see Lemma 5.3.5 and the subsequent omments).Let now �i be the onvex hull of the three points labeled i oming from essential ars andlying on the bottom line. Similarly set �j for the onvex hull of the j0s on the top line. Everyar whih arrive on �i must ross U hene is labeled by some k ommuting with i. We anmove these endpoints using the ommutation rules from the left or the right aording to thefollowing priniple: if the start point of the ar labeled k is in the left of the blok of i0's onthe top line, then we move to the left. Otherwise we move to the right. The only problemwhih we an have is in the following ase: the start point of some k is in the left of the arlabeled l, both arrive on �i, but this time the endpoint of l is in the left of k. A topologialargument shows that these two ars ross eah other. Therefore k and l are ommuting and87
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k lFigure 5.19: The simpli�ation of a non-interative diagram without rossings of essential ars
i  i  i

j  j  jFigure 5.20: The standard non-interative diagramwe an perform our transforms as it was said (see Figure 5.19).Finally we reover a diagram whih this time has rossings but is equivalent to the standardone of Figure 5.20.Without loss of generality we an set � = � = 0 in the redution transforms in order to simplifythe notation. Suppose now that the redution transforms AiiiB ! AB and CjjjD ! CDare also performed. We may use the simpli�ation transforms (ommutations whih are stillvalid even if the i or the j are ollapsed) for above for eah word: to AB in the part of j0sand to CD in the part of i0s. Due to the partiular form of the standard diagram we shall get(see the Figure 5.18) the words UjjjV and U 0iiiV 0 respetively, with UV = U 0V 0. So againthe use of a redution transform will get the same word. Thus the (PC) is satis�ed for theseon�gurations. It is almost the same reasoning for the other non-interative diagrams withoutrossings.It remains the ase when rossings of essential ars appear. But the ommutation transformsmay be also be performed in suh way that the starting points of j0s on the top line will be allon the same part with respet to the iii blok. In other words we make �j and the blok iiidisjoint. The same is true for the bottom line. The worst ase is again when iii is in the leftof �j on the top line and down the situation is reversed. But again i and j ommutes witheverything starts or arrives on the onvex hulls of iii [ �j and jjj [ �i. So we an rearrangethem to obtain the same order in the top and bottom lines. This ends the proof of the Lemma.�88
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we proved that the on�gurations that don't verify (CPC) ome from a �nite number ofobstrutions. Therefore one an de�ne H as the ideal ontaining all these obstrutions, andsee whether it is nontrivial.Lemma 5.3.10 It su�es to onsider x = 1; p = 1.Proof: One observes that any admissible funtional T on K1(�; �) satis�es:T (xuv) = T (u)T (xv) for x; v 2 H(Q;m) and u 2< 1; �m; �m+1; :::; �m+k >.In fat for k = 0 this is the multipliativity of T . For k > 0 then in the redution proessone replaes u by ��"m where T (u) = �T (�"m). When reduing again one derives T (xuv) =�T (�"m)T (xv).Further the (CPC) is equivalent to the existene of an admissible funtional. �We have therefore to hek the o.p.. orresponding to following ouples��3 ��2 ��1 ��3 �Æ2 �3 and ��3 ��2 ��3 ��1 �Æ2 �3 �; �; �; �; Æ;  = 1 or 2Then the only possible obstrutions to the existene of Markov trae ome out from theseouples. In Setion 5.5 we study these obstrutions and we �nd the ideal H in R ontainingthem.5.4 The omputation of obstrutions5.4.1 Commutativity obstrutionsWe are now onerned with the ommutativity onstraints:T (ab) = T (ba) for all a; b:At the �rst stage (i.e. K3(�; �)) we obtain the identitiesT (�2 �21 �2) = T (�21 �22); T (�1 �2 �21 �2) = T (�2 �1 �2 �21):Thus the following equations should be satis�ed:T (R0) = T (R1) = 0:i.e.(��3+3��+4)t2+(3�2�7��2�6�+2�4)t+ (3�2��5�2��3�2�+4��3)+ (2��3+�2�6�2��10�)zt+(�3�3+7�2�2+9��+4��3�2��4)z+ (3�3�+7�2��2�3���2+2�)z2 = (�2�2�)t2+(4+5���2�3)t+ (�4�2��3��2+�2)+(2�+5�2�2��2)zt+(�2+2��3�5�2��6�)z+(4 + �2�2 + �� � 2�3)z2 = 0These yield the following values for the parameters:� either z = ��2 + 2��� + 4 ; t = �2 + 2��� + 4 ;� or elset = 2�z � 2z2 + �2 + �z ; where z veri�es (�� + 1)z3 + (�+ �2)z2 + 2�z + 1 = 0:90



One heks then the ommutativity onstraints by indution on n. It su�es to onsiderb 2 f�1; :::; �ng and a lying in a system of generators of Kn+1(�; �), let us say Wn (Setion3.2). For b = �i, i < n it is obvious. It remains to hek whenever T (a�n) = T (�na). We havethree asesi) a 2 Kn(�; �).ii) a = x�ny, x; y 2 Kn(�; �).iii) a = x�2ny, x; y 2 Kn(�; �).whih will be disussed in ombination with the six subases1) x 2 Kn�1(�; �), and y 2 Kn�1(�; �).2) x 2 Kn�1(�; �), and y = u�n�1v, u; v 2 Kn�1(�; �).3) x 2 Kn�1(�; �), and y = u�2n�1v, u; v 2 Kn�1(�; �).4) x = r�n�1s, r; s 2 Kn�1(�; �), y = u�n�1v, u; v 2 Kn�1(�; �).5) x = r�n�1s, r; s 2 Kn�1(�; �), y = u�2n�1v, u; v 2 Kn�1(�; �).6) x = r�2n�1s, r; s 2 Kn�1(�; �), y = u�2n�1v, u; v 2 Kn�1(�; �).Now (*,i), (1,ii) and (1,iii) are trivial.(2,ii) T (�nx�nu�n�1v) = tzT (xuv) = T (x�nu�n�1v�n).(2,iii) T (�nx�2nu�n�1v) = (�t+ �z + 1)T (xu�n�1v) = (�t+ �z + 1)zT (xuv)= T (xu�n�1�n�2n�1v) = T (x�2nu�n�1v�n).(3,ii) T (�nx�nu�2n�1v) = t2T (xuv) = T (�2n�2n�1)T (xuv) = T (�n�2n�1�n)T (xuv) == T (xu�n�2n�1�nv) = T (x�nu�2n�1v�n).(3,iii) T (�nx�2nu�2n�1v) = (�t+ �z + 1)T (xu�2n�1v) = (�t+ �z + 1)tT (xuv)= T (xuv)T (�2n�2n�1�n) = T (x�2nu�2n�1v�n).For the other ases, we need also to know the form of su. Set su = p�"n�2q with p; q 2Kn�2(�; �) where " = 0; 1 or 2. We an show by a diret omputation that the equalities holdalso for (4; ii); (4; iii); (6; ii); and (6; iii). Using Maple we have found that in the ases (5; ii)and (5; iii) for su = p�2n�2q there are only two new equations, whih are not onsequenesof the identities T (R0) = T (R1) = 0). Spei�ally we have three obstrutions in eah ase,namely the polynomial oe�ients of T (rp�2n�2qv); T (rp�n�2qv) and T (rpqv).� from (5; ii) we have� the oe�ient of T (rp�2n�2qv) yields the equation L := 3��4 +5�2�5� 2�� +2�4� � 7�3�3 � 7�2�2� ��7 + �3+ (13�3�2 � 10�2�4 + 13�2� � 6��3 � 2�4 + 3�+2��6)t+(�6�3����5�6�2+3��2+5�2�3)t2+ (�16�4�2�5��2�2�2+3�5+2��5�13�3�+11�3�4�2�2�6)z+(�2��4+15�4�+2�2�5�11�3�3+15�3+6��)zt+(�3�� �3�5 + 6�4�3 � 3�3�2 + 2�2�4� 9�5� � 9�2� � 10�4)z2 = 0;� the oe�ient of T (rp�n�2qv) vanishes is equivalent toM := ���4+6�2��2�5��2��3+7�4�3+ 11�3�2+��6�7�2�4 �5�3�5+�2�7+(�21�3 ��2�2�6+2��2+14�2�3�13�4�2�7�2 +10�3�4�2��5 +2�5)t+(�7�2�2 +6�4�+10�3+��4+�2�5�5�3�3)t2+(�3�6 +2�3�6+5��+11�2 �2+16�5�2+8�3+25�4� �11�4�4�4��4�10�3�3)z +(11�4�3�14�2�+10�3�2��+4��3�15�5� �27�4�2�3�5)zt+(4��2�4�2�3+�4�5+19�5 ��3�4+4�2�3�4�2 +21�3��6�5�3 +9�6�)z2 = 0;91



� the oe�ient of T (rpqv) from whih one derives N := 12�2�3+� �8�6�2�6�2�2+3��2 + 11�3�4 � 4�5� � 6�4�2 �7�3� + (�21�3�3 + 7��4 + 5�3 +10�4� �2��7 � 2�� �17�2�2 +12�2�5)t +(�4�4 +10�3�2 �3�+��6 + 5�2� � 6�2�4 �3��3)t2 +(3� + 3��3 + 2�2�7 + 16�3�2 � 2��6 � 7�4 � 13�5� +5�2� � 13�3�5+25�4�3)z + (�2 �12�3� + 10�5 + 13�3 �4 � �2�3 � 2�2 �6 + 2��5 � 24�4�2�5��2)zt+ (5�3 + 4�3�3 + 14�5�2 + 8�4� + 7�2�2 + �3�6 +5�� � 2�2�5 � 6�6�7�4�4)z2 = 0:� from (5; iii) one obtains the obstrutions:� the oe�ient of T (rp�2n�2qv) yields ��L = 0;� the oe�ient of T (rp�n�2qv) yields ��M = 0;� the oe�ient of T (rpqv) yields ��N = 0:5.4.2 The CPC obstrutions for n=4As pointed out in Setion 5.3 the oherene of ��n(H) depends on the following ouples:��3 ��2 ��1 ��3 �Æ2 �3 et ��3 ��2 ��3 ��1 �Æ2 �3 �; �; �; �; Æ;  = 1 or 2Reall that for a word w = w1; : : : ; wl its symmetri is the word w� = wl; : : : ; w1. SineT (w) = T (w�) holds one an redue ourselves to the study of 24 ouples. The ouples thatwe must hek are the following:� (1:i) : �3 �2 Pi �22 �3 and �3 �2 P 0i �22 �3;� (2:i) : �3 �2 Pi �2 �23 and �3 �2 P 0i �2 �23;� (3:i) : �3 �22 Pi �2 �23 and �3 �22 P 0i �2 �23 ;� (4:i) : �23 �22 Pi �22 �3 and �23 �22 P 0i �22 �3;� (5:i) : �23 �2 Pi �22 �23 and �23 �2 P 0i �22 �23 ;� (6:i) : �23 �22 Pi �2 �3 and �23 �22 P 0i �2 �3;where P1 = �1 �3; P2 = �21 �3; P3 = �1 �23 ; P4 = �21 �23; P 01 = �3 �1; P 02 = �3 �21; P 03 =�23 �1; P 04 = �23 �21:From now on we denote the orresponding ouples by the respetive label (i; j). For gen-eral �; � the omputation is very long and and we needed a omputer program. For moreinformation about the ode, see Remark 5.6.2.One �nds 15 di�erent obstrutions from these CPC obstrutions, and the following identi-ties among the obstrutions: (5:2) = ��(3:2); (6:2) = �(1:2); (1:4) = ��(1:2). Thus, we mustonsider the ouples (1; 2); (2; 4); (3; 2); (3; 3); (3; 4); (4; 1); (4; 2); (4; 3); (4; 4); (5; 3); (5; 4);(6; 4).The exat form of the obstrutions will be given in the next Setion.
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5.5 The existene of Markov traes5.5.1 StatementsTheorem 5.5.1 There exists an unique Markov traeT(�; �) : K�(�; �)! Z[�; �; (4 + ��)�1℄(H(�; �))with parameters z = (2� � �2)=(�� + 4) and bz = �(�2 + 2�)=(�� + 4), where H(� ;�) :=8�6�8�5�2+2�4�4+36�4��34�3�3+17�3+8�2�5+ 32�2�2�36��4+38��+8�6�17�3+8:It is onvenient now to put Æ = z2(�z + 1), so that the obstrutions below in the seond asebeome Laurent polynomials in z and Æ.Theorem 5.5.2 Set � = �(z7 + Æ2)=(z4Æ), � = (Æ � z2)=z3 and bz = �z2=(�z + 1) = �z4=Æ.There exists an unique Markov trae with parameters (z; bz)T (z; Æ) : K(�; �) ! Z[z�1; Æ�1℄(P(z; Æ))where P(z; Æ) = z23 + z18Æ � 2z16Æ2 � z14Æ3 � 2z9Æ4 + 2z7Æ5 + Æ6z5 + Æ7.5.5.2 Proof of Theorem 5.5.1The parameters z; t have to satisfy the onditionT (R0) = T (R1) = 0Consider �rst the simple solutions z = (2���2)=(��+4) and t = (�2+2�)=(��+4). We setT(�; �) for the admissible funtional assoiated to these values of the parameters. Notie thatin this ase bz = �t. Set u := 1=(�� + 4), z0 := 2�� �2 and t0 := �2 + 2� =: �bz0.The ommutativity obstrutionsThe equations enountered above for (5; ii) amount to� u2�H(�; �) = 0,� �u2(�� + 2)H(�; �) = 0,� u2(�� �2)H(�; �) = 0:CPC obstrutions� (1.2): �u3�(�� �2)H(� ;�)W;� (2.4): u3(�� �2)(�2 + �)H(� ;�)W;� (3.2): u3(��2�2 + 2 + �� + �3)H(�; �)W;� (3.3): u3(�� + 2)H(�;�)W; 93



� (3.4): u3��(� � �2)H(�; �)W;� (4.1): �u3(�� �2)(�2 + �)H(�; �)W;� (4.2): u3�(�3 + 2 + 2�� � �2�2 � �3)H(�; �)W;� (4.3): u3�(�3 � �2�2 � 2� �3)H(�; �)W;� (4.4): trivial,� (5.3): �u3(�2 + 2�+ 2�2�)H(�; �)W;� (5.4): u3�(��3�2 � �2 � �2� + �4)H(�; �)W;� (6.4): �u3�(� + 2�2)(� � �2)H(�; �)W;where W = (�+ 2� �)(�2 � 2�+ 4 + �� + 2� + �2) = �3 + 8� �3 + 6��.5.5.3 Proof of Theorem 5.5.2There are three more solutions of T (R0) = T (R1) = 0, given by t = 2�z�2z2+�2+�z , where z veri�es(�� + 1)z3 + (� + �2)z2 + 2�z + 1 = 0. In this ase the obstrutions are better expressed asrational funtions on z and �.The ommutativity obstrutions� �ZB1=(z7(z� + 1)4) = 0;� �ZB2=(z9(z� + 1)5) = 0;� ZB3=(z7(z� + 1)5) = 0:The CPC obstrutions� (1.2): �ZB4B5B6=(z13(z� + 1)8);� (2.4): �ZB4B6B7=(z15(z� + 1)9);� (3.2): ZB4B8=(z15(z� + 1)9);� (3.3): �ZB4B9=(z11(z� + 1)7);� (3.4): ZB4B5B6�=(z13(z� + 1)8);� (4.1): ZB4B6B7=(z15(z� + 1)9);� (4.2): ZB4B5B10=(z17(z� + 1)10);� (4.3): ZB4B5B11=(z17(z� + 1)10);� (4.4): trivial,� (5.3): �ZB4B12=(z13(z� + 1)8);� (5.4): �ZB4B5B13=(z19(z� + 1)11); 94



� (6.4): �ZB4B5B6B14=(z17(z� + 1)10);where Z;B1; : : : ; B14 are the following polynomials in z; �:� Z = 1+7z�+21z2�2+ z3+35z3�3+35z4�4+21z5�5+7z6�6+ z7�7+ z9�6+8z8�5+23z7�4 + 32z6�3 + 23z5�2 + 8z4� � 2z6 + z9 � z9�3 � 5z8�2 � 6z7�;� B1 = 3z3 + z4� + 1 + z�;� B2 = 5z3 + 10z4� + 6z5�2 + z6�3 + 4z6 + 2z7� + 1 + 3z� + 3z2�2 + z3�3;� B3 = � + 2z�2 + 4z3� + 5z4�2 + z5�3 + z2�3 � 2z5;� B4 = (z� + z2� + 1+ z � z2)(z� + 1+ 2z3)(z4�2 � z3�2 + z2�2 + 1+ 2z� � z � 2z2� +2z2 + 3z3� + z3 + z4� + z4);� B5 = 1 + z3 + z2�2 + 2z�;� B6 = z3�3 + 1 + 2z� + 2z2�2 + z3;� B7 = 1 + 4z� + 6z2�2 + 2z3 + 4z3�3 + z4�4 + z6�3 + 4z5�2 + 5z4� + z6);� B8 = z2�3 + � + 2z�2 � 2z2 � z3�;� B9 = 1 + 6z� + 16z2�2 + 3z3 + 25z3�3 + 25z4�4 + 16z5�5 + 6z6�6 + z7�7 + 3z8�5 +13z7�4 + 24z6�3 + 24z5�2 + 13z4� + z7� + z6 + z9;� B10 = 1 + 6z� + 16z2�2 + 3z3 + 25z3�3 + 25z4�4 + 16z5�5 + 6z6�6 + z7�7 + z9�6 +7z8�5 + 20z7�4 + 31z6�3 + 28z5�2 + 14z4� + z6 + z9 + z9�3 + 2z8�2 + 2z7�;� B11 = 6z�+16z2�2+3z3+10z8�2+5z8�5+ z7�7+ z9�6+12z7�+12z7�4+19z6�3+20z5�2 + 12z4� + 6z6�6 + 3z9�3 + 5z6 + z9 + 1 + 25z3�3 + 25z4�4 + 16z5�5;� B12 = 2� + 4z5�3 � 2z5 +2z4�5 +8z�2 +12z2�3 � 2z2 +8z3�4 + 3z4�2 � 2z3� + z6�4;� B13 = 1 + 8z� + 29z2�2 + 63z3�3 + 80z6�3 + 29z7�7 + 13z9�6 + 17z9�3 + 91z4�4 +57z5�2 + 23z4� + 4z3 + 6z6 + 4z9 + 91z5�5 + 63z6�6 + 39z8�5 + 70z7�4 + 30z8�2 +22z7� + z12 + z9�9 � z12�6 + z10�4 + 2z10�7 + 8z8�8 � 3z11�5 + 3z11�2 + 7z10�;� B14 = 2 + 8z� + 12z2�2 + 4z3 + 8z3�3 + 2z4�4 + z6�3 + 6z5�2 + 9z4� + 2z6:Notie that Z(z; �) = P (z; Æ)(z; Æ).5.5.4 CorollariesCorollary 5.5.1 � There exists an unique Markov traeT : K�(0; 2�)! Z[�℄(8�6 � 17�3 + 1) ;with parameters z = ��2, t = � and bz = ��,
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� respetively T : K�(�2�; 0)! Z[�℄(8�6 � 17�3 + 1) ;with parameters z = ��, t = �2 and bz = ��2.We have a similar situation for the other three solutions. In fat for � = 0, we derive z =�(t� �)2, where t satis�es (t3 � 4�t2 + 5�2t + 1 � 2�3) = 0. In partiular bz3 � �bz2 + 1 = 0beause bz = t� �.Corollary 5.5.2 � There exists an unique Markov traeT : K�(0; �3 + 1�2 )! Z[��1℄(�9 � 2�6 + �3 + 1) ;with parameters z = ��2, bz = � and t = 2�3 + 1�2 ,� and respetively T : K�(��3 + 1�2 ; 0)! Z[��1℄(�9 � 2�6 + �3 + 1) ;with parameters z = �, bz = ��2 and t = �2�3 + 1�2 .5.6 The invariants5.6.1 The de�nition of I(�; �)As in Setion 5.2 we set z = (2� � �2)=(�� + 4), t = (�2 + 2�)=(�� + 4), u := 1=(�� + 4),z0 := 2�� �2 and t0 := �2 + 2� =: �bz0 (notie that in this ase bz = �t).De�nition 5.6.1 Let us set for an oriented link LI(�; �)(L) = � 1zbz�n�12 �bzz� e(x)2 T(�; �)(x) 2 Z[�; �; z��=20 ; bz��=20 ℄(H(�; �)) ;where x 2 Bn is any braid whose losure is isotopi to L. Here ��1 is the number of omponentsmod 2.Lemma 5.6.1 I(�; �) is well-de�ned.Proof: Sine ��1j = �2j � ��j � �, we an suppose that x is a positive braid. All the elementsin �0(H) assoiated to x are polynomials in the variables z; t of degree at most n � 1. Thesubstitutions z = uz0 and t = ut0 imply that, if T(�; �)(x) and T(�; �)(x)0 are representatives ofthe trae of x, then T(�; �)(x)0�T(�; �)(x) = un�1G(�; �)H(�; �), where G(�; �) is a polynomialin �; �. It follows I(�; �)(L) = � 1z0 bz0�n�12 � bz0z0� e(x)2 eT(�; �)(x);where eT(�; �)(x) := u�n+1T(�; �)(x) 2 Z[�; �℄(H(�; �)) : �96



5.6.2 The ubial behaviourProposition 5.6.1 For any link K there exists some l 2 f0; 1; 2g suh thatI(�; �)(K) = Pk2N Pk(�)�kPk2NQk(�)�k = Pk2NMk(�)�kPk2NNk(�)�kwhere Pk; Qk;Mk; Nk are (3; k + l)-polynomials.Proof: We will show that Mk; Nk are (3; k + l)-polynomials. The other ase is analogous.Suppose �rst that x 2 B+n , where B+n is the set of positive braids and n is suh that x =2 B+n�1.Then e(x) = jxj where jxj means the length of x. In the proess omputing the value ofthe trae on the word x we make two types of redutions: either one uses the relations insome Kn(�; �), or else one replaes a�lb by zab (respetively a�2l b by tab), where a; b aresubwords, and this way one lowers the rank n. Using the relations the word y is replaed byPs(Pk2NDk;s(�)�k)ys where the ys are a �nite number of words in Bn and the oe�ientsDk;s(�) are (3; k + e(x) � ls)-polynomials where ls = jysj. In the seond ase the word w isreplaed by zw0 + tw00 where jw0j = jwj � 1 and jw00j = jwj � 2. When we introdue the z andt as funtions on � and � one �nds thatT(�; �)(x) = Xk2N uskVk(�)�k;where 0 � sk � n� 1 and Vk(�) are (3; k + e(x))-polynomials. In partiulareT(�; �)(x) = Xk2N usk�n+1Vk(�)�k:Now usk�n+1 =Pk2N Yk(�)�k where Yk(�) are (3; k)-polynomials. Thus it followseT(�; �)(x) = Xk2NLk(�)�k;where Lk(�) are (3; k + e(x))-polynomials.The same is true for non neessarily positive x 2 Bn, by getting rid of the negativeexponents (using the ubi relation).Taking into aount the normalization fator in front of the trae we obtain the laim. �Corollary 5.6.1 I(�; 0)(K) = Pi2N a3i�3i and, respetively, I(0; �)(K) = Pi2Zb3i�3i, wherea3i; b3i 2 Z[12 ℄.5.6.3 Chirality and other properties of I(�; �)Lemma 5.6.2 Set x� 2 Bn for the word one obtains from x when eah ��j is replaed by ���j .Then T(�; �)(x) = T(��;��)(x�) holds true. Consequently for amphiheiral K, I(�; �)(K) =I(��;��)(K) is ful�lled.Proof: Let Q(�j)� (respetively R�0) denotes the image of Q(�j) (respetively R0) after thesubstitutions � ! ��, � ! �� and �l ! ��1l for l = 1; : : : ; n � 1. It is easy to hek thatQ(�j)� = ��3j Q(�j) = 0. Using a omputer we veri�ed that R�0 = R1 = 0. Sine H(�; �) =H(��;��) we are done. �The following properties have been heked with a omputer program:97



� I(�; �) is independent from HOMFLY-PT and in partiular it distinguishes knots thathave the same HOMFLY-PT polynomial. The knots 5.1 and 10.132 have the sameHOMFLY-PT polynomial but di�erent I(�; 0) and I(0; �) invariants. This holds true forthe other three ouples of prime knots with number rossing � 10 that HOMFLY-PTfails to distinguish, i.e. (8:8; 10:129); (8:16; 10:156); (10:25; 10:56).� I(�; �) detets the hirality of those knots with rossing number at most 10, whereHOMFLY-PT fails i.e. the knots 9.42, 10.48, 10.71, 10.91, 10.104 and 10.125).� The Kau�man polynomial does not detet the hirality of 9:42 and 10:71 (see [79℄).Therefore I(�; �) is independent from the Kau�man polynomial.� The 2-abling of HOMFLY-PT does not detet the hirality of 10:71 (this result waskindly ommuniated by H. Morton). Therefore I(�; �) is independent from the 2-ablingof HOMFLY-PT.� I(�; �) does not distinguish a well-known pair of mutant knots, the Conway knot (C) andthe Kinoshita-Terasaka knot (KT ).5.6.4 The de�nition of I(z; Æ)De�nition 5.6.2 Let us set for an oriented link LI(z; Æ)(L) = � 1zbz�n�12 �bzz� e(x)2 T (z; Æ)(x) 2 Z[z��=2; Æ��=2℄(P(z; Æ)) ;where x 2 Bn is any braid whose losure is isotopi to L and �; �; t; bz as in Theorem 5.5.2.Here �� 1 is the number of omponents mod 2, � 2 f1; 2g.Remark 5.6.1 This invariant doesn't detet the amphiheirality of knots. Also I(z; Æ) does notdistinguish the Conway knot and the Kinoshita-Terasaka knot.Proposition 5.6.2 I(z; Æ)(K) = Xk2ZHk(Æ)zk = Xk2ZGk(z)Æk ;where Hk; Gk are (3; k)-Laurent polynomials.Proof: The proof is analogous to the proof of Proposition 5.6.1. �Remark 5.6.2 For evaluating obstrutions and traes of braids we used a Delphi ode. Theinput is a word (or a linear ombinations) and we restrited to words representing 5-braids. Onetransforms �rst the word to a sum of positive words, by using the ubi relations. Furthermorethe transformations Ci and Cij are used in order to redue the shape of the word as muhas possible. When it gets stalked one allows permutations of the letters. The �nal result isthe value of the trae on the braid element. The program is available on www-fourier.ujf-grenoble.fr/�bellinge.html. 98



5.6.5 CommentsAs explained in Setion 5.1.3, there are three essentially distint link invariants whih omefrom Markov traes on the ubi Heke algebras. For eah quadrati fator Pi of the ubi poly-nomial Q one has a Markov trae whih fators through H(Pi; n), yielding a reparameterizedHOMFLY-PT invariant. The two others are the Kau�man polynomial and I(�;�) (or I(z;Æ)).It would be very interesting to �nd whether there exists some relation among them. First ofway one expets there exists a lift of the invariant we desribed to a genuine two-parameterinvariant.Conjeture 5.6.1 There exists a Markov trae on H(Q;n) taking values in an algebrai ex-tension of Z[�; �℄ lifting the Markov trae underlying I(�;�). In other words the non-determinayH(�;�) in I(�;�) an be removed.Notie that the polynomials H and P de�ne irreduible planar algebrai urves whih are non-rational. In partiular one annot express expliitly the invariants as one variable polynomial.How far are these invariants from the usual Kau�man and HOMFLY-PT polynomials is hardto determine in the present state. One might expet they give rise to some nie weight systemsfor partiular values of the parameters, whih should be ompared with those oming fromLie algebras.5.7 AppendixThe values of the polynomials for I(�; 0)(K) and I(0; �)(K) are displayed below for all knotswith no more than 8 rossings. The seond olumn is a braid representative for the knot. Abold entry in the table is the oe�ient of �0 (respetively �0). The other entries are the nonzero oe�ients of �3k and �3k respetively, for k 2 Z. For example,I�(6:2) = [�5� 194 �3 � 12�6℄; I�(6:2) = [�16��3 + 19� 2�3℄:The entry �A" in the last olumn means that the knot is amphiheiral.
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3:1 �31 -1 � 1=4 �8 24:1 �1��12 �1��12 8 10 1 �8 10 � 1 A5:1 �51 0 7=8 1=8 �24 45:2 �21�22��11 �2 2 17=8 1=4 �8 26:1 ��11 �2��11 �3��12 �3�2 �8 -16 � 10 � 1 16:2 ��11 �2��11 �32 -5 � 19=4 � 1=2 �16 19 � 26:3 ��11 �22��21 �2 -3 � 1=2 -3 1=2 A7:1 �71 0 � 5=8 � 9=16 � 1=16 �56 87:2 ��11 �33�2�21��13 �2 -3 � 11=2 � 21=8 � 1=4 �64 � 64 -67:3 �21�2��11 �42 -1 � 7=4 � 19=16 � 1=8 �64 48 -47:4 �21�2�23��11 �2��13 �2 0 � 17=8 � 9=4 � 1=4 �64 + 128 -78 87:5 �41�2��11 �22 0 � 9=8 � 9=8 � 1=8 �24 47:6 �1��12 ��21 �3�32�3 -4 � 37=8 � 1=2 �24 20 � 27:7 �1��13 �2��13 �2��11 �2��13 �2 �8 -20 � 21=2 � 1 -19 37=2 � 28:1 ��11 �2�3��12 ��11 �24�3�2��14 16 43 37 12 1 �64 144 -88 98:2 ��11 �52��11 �2 4 59=8 23=8 1=4 �24 36 � 48:3 ��21 ��12 �1�24�3��14 ��12 �3 �8 -8 � 1 8 -8 1 A8:4 �31�3��12 ��23 �1��12 8 8 3=4 8 -24 19 � 28:5 �31��12 �31��12 1 3 19=8 1=4 �24 36 � 48:6 ��11 �2��11 ��13 �32�23 5 21=2 21=4 1=2 18:7 �41��22 �1��12 3 9=4 1=4 16 -25 38:8 ��11 �2�21��13 �22��23 3 17=4 1=2 16 -21 5=28:9 ��11 �2��31 �32 -7 � 9 � 1 -7 9 � 1 A8:10 ��11 �22��21 �32 1 2 1=4 8 -8 18:11 ��11 �22��13 �2�23��11 �2 8 21 147=8 6 1=2 �64 136 -79 88:12 �1��12 �3��14 �3��14 �2�1��13 ��12 24 44 21 2 �24 44 � 21 2 A8:13 �21�2��13 �2��11 ��23 �2 8 12 21=4 � 1=2 8 -28 39=2 � 28:14 �21�22��11 ��13 �2��13 �2 6 85=8 21=4 1=2 �8 18 � 28:15 �21��12 �1�23�22�3 0 � 17=8 � 9=4 � 1=4 64 � 32 48:16 �21��12 �21��12 �1��12 -3 3=2 1=4 -7 18:17 ��11 �2��11 �22��21 �2 -11 � 19=2 � 1 -11 19=2 � 1 A8:18 �1��12 �1��12 �1��12 �1��12 �8 -16 � 10 � 1 8 -16 10 � 1 A8:19 �1�2�1�2�1�22�1 0 3=8 1=16 64 � 64 18:20 �31�2��31 �2 5 9=2 1=2 �8 08:21 �1��22 �21�32 1 � 1 � 1=8 8 0
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