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� ¨ &'������� 
 ���.��+ ���b�9� ¨ �����n�,�Û�Q���.�¡ v��N�9�Ä���Z�9��� �Q�Z 0���Z�¬���.¢¬¢�� ���b�9� �n�/��¢v�n��� ¨ �=��N�/�.������¢�Å�d¢�¢ ��¢ ¦ ¼��.¢(/n����¢�� ¨ ���b�.¢�� ¨ �������K�S���.¢K�n��¢ ���N�b���S���/�.¢K�9�9 ��Z���¢ �.�����.���K���.¢�� ¨ ���b�.¢������Å�d¢�¢��
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�� � �3�����Ä� ¨ �Ä����� ¦ ¼0�.¢��.���Z���0��¢=� ¨ �ÄØ
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� ������ � ��¢����Û������.� ¨ �S� ¨ ���¤¢��9�S���b�Ä�/�|�n��¢nin���N� �K�Ä� ¨ ���b¢&�d� ¨ � ¨ �b�S���&��� �n�8¢� ����9�Á�9�U�n� in�b�9Ø
� �K�Ä� ¨ �����n�¬�Å�Ä� ¨ ��N�/� �Ý«vÈ ¥ ���n�ÇÌ=�Ä��� ¨ ¢����nØ�¯0�N�%� ���S� ¨ �/ÃQ ����Z���n�b�A�.��¢Á�V�����"� ¨ � � 
 � ���� � �[= h �v 0���Z�����8� ¨ ������������� ¨ �G�b���n�N� � 
 � �[= �G� � � �= � �v 0���Z�����8� ¨ ������ �� ¨ ��� ¨ �-�N��.� ¦
¼��8���N��¢ ¨ �G��Ç���'�'�,) ¨ �b� ¨ &'�U����¬���d���/��¢� ������:��¡�n��¢v¿�±.À ¸ À �9Î À ·#¶Z³�·0´ ¾ ¸�´ � ¨ � ¨ �S� ¨ ¢���.¢��Å� ¨ ¢.�
· À · ± ³ � ±NÀ µ�¶�µ ´Å³S¸Ç¶ À ·#Î¤· À ·jÎ À ·#¶n³�·0´ ²³�´ ¦

Æ¬���<��N�G��V ��Û�d�b��.¢�������S���N�V�N���Ä�g�n��¢ ���9���Z ���¢|�N�V�d�Å�d¢|�n� �Ä�Ä�/�d�-� ���b��«?+ ® �Û �� ¨ ����¢
 ���� ¨ �b¢g�N�|Ãb�S�n�F��U�Z�/� ¨ �����N�Ä� ¨ �=��N�/�.������¢3�'�S�Û�0� ¨ �.¢ ¨ �b� ¨ � ¨ �Z���.�-�-��¢ � )Ä������¢�ÃK�d�/ÃG�Z�Z��.��¢ �K� ¨ �b¢ ¨
&'���Ç�n��¢F�'�S�Û�0� ¨ �.¢U¢Á �ÃU��9�9� % ���n��¢��b� ¨ �b�.¢ �Û �� ¨ ����¢U� ¨ �n��¢U���� ���� ¨ �b¢.�G�N���0�d¢'������S���/Ãb��� ¦

¼0�.¢&�.���Z�����.¢3/n�b�.¢4�N�|�.���'�/Ãb��� Î À Â ± 	N³�´,¶Z³ ± ³ � ±.À µÝ¶�µ×´N´S³ Ö ³�·g¸ ¨ ���.�%�K�S�������.¢g�V�'����N����¢
�n��� ¨ ¢�¢ ¨  K�S� ¨ ���¤�N�d� ¨ �Ä� ¨ �'�U n�n����b����n�N�V�.���#�V�.��� ¨ ���U��.¢ ���������=�n�b�A�I��9�/�d�%� ¨ � ¨ �G��U¢ ����� ¨ �9�v���
�G�n�-�����N��¢���N K�Ä�9�N���¤���� ��Û�S�	� 
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U�N�Å�Ä��&'�b�Ä�b���N�V�N���U�N�b�.�d�9�����Û�¤¢���=&'���.���.���n��Ìv�Z�n�b���Ç�S n K�S�9�= �%�U�N�Û� ¨ �/�.�V�N���Ä���b�S��¢
�n��¢&�K�S�b�n��¢�� ¨ ¢�� ¨ ���9�/�.¢ ¦�¥�¨ �N���0���-��¢ +��N�d�9� ¨ ����¢����d���/��¢� ����b���S���/�.¢#�S���¤�d�d�-�.�Z�9¢��n� � ����9Ø
���N��� ¨ �U��.�.¢A¢Á�n�Ç���¤� ¨ �,���N�S�8�V� ���S��� ¨ ���.�N� � ¨ � �����.¢= n�0��.¢ �9�K¢ ¨ �.�%����¢¬¢������Ç¢ ����¢ÁØ×�/�N���n����¢
 K�Ä���n�t�/ÃK�S�¡  �'�d��¢�¢ ¨ �N�4�n¢������A�.���¡ K�Ä� ¨ �����.¢=�����������.¢= n�9�d ��d��� ¨ ����¢��V�d�� �Ãb�����"� ¨ &'�b�.¢
�d�K¢ �N��������.¢ ¦ ¼������9� ���Ç� ¨ ¢Á�Á� ¨ ���Z� ¨ ���8�n���.�N�Á���Ç¢���=&'�b�N�����v� �/���n���N�9� ¨ �� n�9�d�K�S�����N�V�.����¢����
�d� ¨ � ¨ �������S�b¢&�Û�¬���d���Z��N�Û�Ä� ¨ ���¤�Ä� ���N�b�Z�b���.���Á�9�UÃb�S�n���.�Z���n��  ¨ �.¢����N�8��� ¨ �G��U��� � ���N���V�dØ
�V�N���¤�d�������Û� ¨ �/���0�V�.¢ �Z�Z��| K�Ä�¤��� ���9�d���n�.�Z�|�d� ¨ �V�N��¢ ¨ �����U���� . ����� 3 � c_(3Ji3?� J&P � c��
���� � �.¢Á���%�Ý��N�b�9�4� ¨ �)���U� ¨ � ¨ ¢����¡�9� � ����N�����������U�V���V�.�����d�������Û� ¨ �/�¬£����.¢Cin���N� �b�S� ¨ ���b¢ ��
���N�S��� � �S�n�9� ¨ �.���g�n�¤�V���V�.���#�S�����n�Û� ¨ �9�&�V� ¨ ���Z�/����¢ ¨ � ¨ �N� &��(� �.�-�-��¢4¢��9�N� ¨ �N���F��U�! �.�V�
�n�¤¢=� ���0���b�G�9�9�����'�.�|�n� +×���9���.�Z�,�n�¤�.���¡ n�9�.¢�¢ ¨ �����N�d� ¨ �S���Ç b�-��¢ ¨ �¡ ��d���/�d������+ �����Å�d���
� ¨ ��¢ ¨ �����
�'�S�Û�0� ¨ �=�.�%� ¨  n� ¨ &��b�U�Á�,���¢)���N��¢�� ¦ <¬� ¨  b�%�b¢)��¢��Ä�n�Ä�Á�/�N�b���S���Ä�� ����n������¢Á ��.�9� �/�
 ��Û�Ä�Ä�n b�%�b¢A��� in�b�9���b�Ä� ¨ ����¢ ��¤Ãb�S�n� � ���S�b¢=���.¢A�Z���� ¨ ����¢=¢ �Z��Ø{���N�b¢ ��¢v�n�.¢Á� ¨ �U��.��¢ �� + ��� Ø
�V�9�A���.¢=�S�Å�d¢�� ¨ �/Ã���¢.�����.¢� ��/�� 0��� � ¨ ����¢)�V�d�� �Ãb�����"� ¨ &��b�.¢& 0�Ä��� ¨ �N��� ¨ ��N�/��¢��S��� �'�S�Û�0� ¨ �.¢
Ãb�Ä� ¨ �/�S���U�.�.¢A¢Á�G¢Á����.�V�.¢�¢ �N�9� ¨ �.���V��=�'�S���.�V�N����6��b¢�� ¨ /���.��¢ ¦

«��.¢V¢ ¨ �¡ ����.¢8+×� ¨ ��¢V�Ä � ��d�����N���¡�n� ���9�S�b�����9�V¢���� ¨ �n���&�N�Z��.� ¨ � ������!¢ �b��N�K�Ä� ¨ � ÏZµ ²³ �
±N¾'± ÎÄÏZµ � Âg³ �'�K�d¢G��¬¢Á�n������¢Á ��.�9� �/� ¨ � ¨ � ¨ �S�K�n�4in�b�9� �K�Ä� ¨ ����¢����¬���� ��ÇÌ=�Ä��� ¨ ¢����nØ § �.�N�����.¢ÁØ
¯K�N�%� �n�S� ¨ �/Ãg�'����������Å�Ä� ¨ ��N�/�A�.¢Á�v����� ¨ �U��.�U 0�Ä�������¬�Å�Ä� ¨ ��N�/�A��� ¨ �9� +��9� ¨ ��� ¦ «���¢��b��N�b�S� ¨ �
+ �9�N� ¨ �)�n��¢?���S�Û�0� ¨ �.¢�¢Á �ÃU��9�9� % ���n��¢#�b� ¨ ����¢ �Û �� ¨ ���/¢��.�8�K�d¢-��
�'�d���/Ã��v�n��� ¨ �����N�S�8�V���4���.¢
 n�9�N� ¨ �9�9¢��d�26 �9��¢U�������9� ���ÇÃ ¨ ��N�9�S�/�/Ã ¨ �����¢�� ���K�����G�9�9� ¦
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«��9�Á�/�!� ¨ ¢ ¨ ���4���d��¢�¢ ¨ ¢/�Ä� ¨ ¢ +×� ¨ ¢��d����� &'��� �N�-����¢ � ¨ �V���Å 0�Ä�V¢��p¢ ¨ �¡ b���Å�9�8 b� ¨ ¢�¢��S���/�

��N�.��=�'�S�b�.�$3 P����b���b¢����b�9�=�.�N� �9� ¨ ���N�V�.�����n���S 0�N��Ê�.�V�.��� �9�.�N���=�n�Å¢ �/ÃU��N�Å�A�&��N�U��9�N�S�{�Ä�Å� ¨ ¢
   �S� ¨ �V�n��¢/��¢ ¨ �¡ �� ¨ � ¨ �G��Å����.¢8�����/¢7&'�����D� ���j¢�� �S�Á�/���/Ã�� ���¢��.¢V����9�9� ¨ �-¢ ¦�§ �Ä�����Z�.�¡ ������
�n�����.�g¢��b��.�b�Ä� ¨ ���.�����Z� ¨ �9� ¨ �U�N� +×� ¨ � ��,�Û��+ �d�/�Å�Ä� ¨ �������Z�.�%�b¢ ¨ �'�¬��� ���26Á�N��¢)�K�Ä�/����� ¨ &'����¢
�.�����n�.��¢���.¢ ��!���I� �/��  ���9�d��� 0 ��� h ��£ ¨ �A¢�� �,� ¨ �¡�n� +×�S�V�.���< ��/�����%��.�V�8�n� 4 ´NÂ ± �
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Flange at 20K

Bolometers, horns
and filters at 0.1K

Filters at 1.6K

Back to back
horns at 4K

JFET box at  50K
(JFETs at 120K)
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Abstract. The data analysis of current Cosmic Microwave Background (CMB) experiments like BOOMERanG
or MAXIMA poses severe challenges which already stretch the limits of current (super-) computer capabilities, if
brute force methods are used. In this paper we present a practical solution for the optimal map making problem
which can be used directly for next generation CMB experiments like ARCHEOPS and TopHat, and can probably
be extended relatively easily to the full PLANCK case. This solution is based on an iterative multi-grid Jacobi
algorithm which is both fast and memory sparing. Indeed, if there are Ntod data points along the one dimensional
timeline to analyse, the number of operations is of O(Ntod lnNtod) and the memory requirement is O(Ntod).
Timing and accuracy issues have been analysed on simulated ARCHEOPS and TopHat data, and we discuss as
well the issue of the joint evaluation of the signal and noise statistical properties.

Key words. methods: data analysis – cosmic microwave background

1. Introduction

As cosmology enters the era of “precision”, it enters si-
multaneously the era of massive data sets. This has in
turn showed the need for new data processing algorithms.
Present and future CMB experiments in particular face
some new and interesting challenges (Bond et al. 1999). If
we accept the now classical point of view of a four steps
data analysis pipeline: i) from time-ordered data (TOD)
to maps of the sky at a given frequency, ii) from frequency
maps to (among others) a temperature map, iii) from a
temperature map to its power spectrum C`, iv) from the
power spectrum to cosmological parameters and charac-
teristics of the primordial spectrum of fluctuation, the ul-
timate quantities to be measured in a given model. The
work we are presenting focuses on the first of these issues,
namely the map-making step.

Up to the most recent experiments, maps could be
made by a brute force approach that aims to solve di-
rectly a large linear problem by direct matrix inversion.
Nevertheless the size of the problem, and the required
computing power, grows as O(N 3

pix), and the limits of this
kind of method have now been reached (Borrill 2000) (even
if the O(N2

pix) scaling of a preconditioned conjuguate
gradient is actually the appropirate scaling for map-
making only). Whereas the most efficient development

Send offprint requests to: O. Doré, e-mail: dore@iap.fr

in this massive computing approach, i.e. the MADCAP
package (Borrill 1999) has been applied to the recent
BOOMERanG and MAXIMA experiments (de Bernardis
et al. 2000; Hanany et al. 2000) some faster and less con-
suming solutions based on iterative inversion algorithms
have now been developed and applied too (Prunet et al.
2000). This is in the same spirit as (Wright et al. 1996),
and we definitely follow this latter approach.

Design goals are to use memory sparingly by handling
only columns or rows instead of full matrixes and to in-
crease speed by minimising the number of iterations re-
quired to reach the sought convergence of the iterative
scheme. We fulfill these goals by an iterative multi-grid
Jacobi algorithm. As recalled below, an optimal method
involves using the noise power spectrum. We have thus
investigated the possibility of a joint noise (and signal)
evaluation using this algorithm.

Section 2 presents in detail the method and its imple-
mentation, while Sect. 3 demonstrates its capabilities by
using simulations of two on-going balloon CMB experi-
ments, ARCHEOPS1 (Benoit et al. 2000) and TopHat2.
The results are discussed in Sect. 4, together with the
problem of the evaluation of the noise properties, as well
as possible extensions.

1 http://www-crtbt.polycnrs-gre.fr/archeops/
2 http://topweb.gsfc.nasa.gov/
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2. The method

2.1. Optimal map making

The relation between the sky map we seek and the ob-
served data stream may be cast as a linear algebra system
(Wright et al. 1996; Tegmark 1997; Bond et al. 1998). Let t

and p indices denote quantities in the temporal and spatial
domains, and group as a data vector, dt, and a noise vec-
tor the temporal stream of collected data and the detector
noise stream, both of dimension Ntod. We then have

dt = Atpxp + nt, (1)

where Atpxp is the signal vector given by the observation
of the unknown pixelised sky map, xp, which has been
arranged as a vector of dimension Npix. The Ntod ×Npix

“observation” matrix A therefore encompasses the scan-
ning strategy and the beam pattern of the detector.

In the following, we restrict the discussion to the case
when the beam pattern is symmetrical. We can therefore
take xp to be a map of the sky which has already been
convolved with the beam pattern, and A only describes
how this sky is being scanned. For the total power mea-
surement (i.e. non-differential measurement) we are inter-
ested in here, the observation matrix A then has a single
non-zero element per row, which can be set to one if d
and x are expressed in the same units. The model of the
measurement is then quite transparent: each temporal da-
tum is the sum of the pixel value to which the detector is
pointing plus the detector noise.

The map-making step then amounts to best solve for x
given d (and some properties of the noise). We shall seek
a linear estimator of xp,

x̂p = Wptdt. (2)

To motivate a particular choice of the Npix ×Ntod matrix
W , a Bayesian approach is convenient. Indeed we are seek-
ing the optimal solution to this inversion problem which
maximises the probability of a deduced set of theory pa-
rameters (here the map xp) given our data (dt) by max-
imising P(x|d). Bayes’ theorem simply states that

P(x|d) =
P(d|x)P(x)

P(d)
· (3)

If we do not assume any theoretical prior, then x follows
a uniform distribution as well as d. Therefore,

P(x|d) ∝ P(d|x). (4)

If we further assume that the noise is Gaussian, we can
write

P(x|d) ∝ exp(−nT

t N−1
tt′ nt′/2) (5)

∝ exp(−(d − Ax)T

t N−1
tt′ (d − Ax)t′/2) (6)

∝ exp(−χ2/2) (7)

where Ntt′ = < nnT >tt′ is the noise covariance matrix. In
this particular case, maximising P(x|d) amounts to find

the least square solution which was used to analyse the
COBE data (Jansen & Gulkis 1992),

W =
[

AT N−1A
]−1

AT N−1 . (8)

In this paper we will actually deal only with this esti-
mator. Nevertheless as a next iteration in the analysis
process, we could incorporate various theoretical priors
by making P(x) more explicit. For example, it is often
assumed a Gaussian prior for the theory, i.e. P(x) ∝
exp(−xT

p C−1
pp′xp′/2) where Cpp′ = 〈xpxT

p′〉 is the signal co-
variance matrix. In that case the particular solution turns
out to be the Wiener filtering solution (Zaroubi et al. 1995;
Bouchet & Gispert 1996; Tegmark & Efstathiou 1996;
Bouchet & Gispert 1998):

W =
[

C−1 + AT N−1A
]−1

AT N−1 . (9)

However this solution may always be obtained by a further
(Wiener) filtering of the priorless maximum likelihood so-
lution, and we do not consider it further.

The prior-less solution demonstrates that as long as
the (Gaussian) instrumental noise is not white, a simple
averaging (co-addition) of all the data points correspond-
ing to a given sky pixel is not optimal. If the noise exhibits
some temporal correlations, as induced for instance by a
low-frequency 1/f behavior of the noise spectrum which
prevails in most CMB experiments, one has to take into
account the full time correlation structure of the noise.
Additionally, this expression demonstrates that even if
the noise has a simple time structure, the scanning strat-
egy generically induces a non-trivial correlation matrix
[

AT N−1A
]

−1
of the noise map.

Even if the problem is well posed formally, a quick
look at the orders of magnitude shows that the ac-
tual finding of a solution is a non trivial task. Indeed,
a brute force method aiming at inverting the full ma-

trix
[

AT N−1A
]

−1
, an operation scaling as O(N 3

pix), is
already hardly tractable for present long duration bal-
loon flights as MAXIMA, BOOMERanG, ARCHEOPS or
TopHat where Ntod ∼ 107 and Npix ∼ 105. It appears to-
tally impractical for PLANCK since for a single detector
(amid 10s) Ntod ∼ 109 and Npix ∼ 107!

One possibility may be to take advantage of specific
scanning strategies, and actually solve the inverse of the
convolution problem as detailed in Wandelt & Gorski
(2000). This amounts to deducing the map coefficients
alm in the spherical harmonic basis through a rotation
of a Fourier decomposition of the observed data. The map
will then be a simple visualisation device, while the alm

would be used directly for a component separation (as
in Bouchet & Gispert 1996; Tegmark & Efstathiou 1996;
Bouchet & Gispert 1998) and the CMB power spectrum
estimate. While potentially very interesting, this approach
will not be generally applicable (at least efficiently), and
we now turn to a practical (general) solution of Eq. (2) by
iterative means.

::RIR
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2.2. Practical implementation for large data sets

We solve the map-making problem by adapting to our par-
ticular case the general “multi-grid method” (Press et al.
1992). Multi-grid methods are commonly used to speed
up the convergence of a traditional relaxation method (in
our case the Jacobi method, as in Prunet et al. 2000 de-
fined at resolution `max (see below). A set of recursively
defined coarser grids (` < `max) are used as temporary
computational space, in order to increase the convergence
rate of the relaxation process. To be fully profitable, this
algorithm implies for each resolution both a rebinning in
space (resolution change) and in time (resampling).

In this paper, we use the HEALPix pixelisation of the
sphere (Górski et al. 1998). In this scheme, the sphere
is covered by 12 basic quadrilaterals, further divided re-
cursively into pixels of equal area. The map resolution is
labeled by Nside: the number of pixels along the side of
one basic quadrilateral. Hence, Nside = 1 means that the
sphere is covered by 12 large pixels only. The number of
pixels is given by Npix = 12N2

side. Nside = 256 corresponds
to a pixel size of 13.7 arcmin. For practical reasons, we
need to define the resolution k of a HEALPix map as

Nside = 2k. (10)

The “nested”pixel numbering scheme of HEALPix (Górski
et al. 1998) allows an easy implementation of the coarsen-
ing (k → k − 1) and refining (k → k + 1) operators that
we use intensively in our multigrid scheme.

We now discuss the details of our implementation and
of the exact system we solve, the way we solve it and the
actual steps of the multi-grid algorithm.

2.2.1. Determining the working resolution kmax

The timeline is given by d = A∞x∞ + n where x∞ is the
sky map at “infinite” resolution (k = +∞ in our nota-
tions). We aim at solving for the optimal map x̂k at a
given finite spatial resolution k using

AT

k
N−1Ak x̂k = AT

k
N−1 d , (11)

where Ak is the “observation” operator (from spatial to
temporal domain) and AT

k
is the “projection” operator

(from temporal to spatial domain). In a noise-free exper-
iment, the optimal map would be straightforwardly given
by the co-added map (introducing the “co-addition” op-
erator Pk)

x̂k = Pk d ≡ (AT

k Ak)−1AT

k d . (12)

In order to check the accuracy of this trivial noise-free
map making, it is natural to compute the residual in the

time domain with n = 0

pk = Akx̂k − d = Akx̂k − A∞x∞ (13)

which will be non-zero in practice, as soon as one works
with finite spatial resolution. We call this residual the pix-

elisation noise. Since we assume here that the instrumen-
tal beam is symmetric, the sky map is considered as the

true sky convolved by, say, a Gaussian beam of angular
diameter ∆θB. This introduces a low-pass spatial filter in
the problem. In other words, as the resolution increases,
the pixelisation noise should decrease towards zero. We
evaluate the order of magnitude of the pixelisation noise
this way:

‖pk‖ ' ‖
∆x

∆θ
‖∞∆θk (14)

≤
‖x‖∞
∆θB

∆θk (15)

where ∆θk is the typical pixel width at resolution k and
‖x‖∞ is the signal norm. This formula is an evaluation of
the maximal variation of the signal visible on a beam size.
The norms used in the above formula can be either the
maximum over the time line (a very strong constraint) or
the variance over the time line (a weaker constraint). Since
the pixelisation noise is strongly correlated with the sky
signal (the more the signal varies, the higher this noise),
point sources or Galaxy crossings are potential candidates
for large and localised bursts of pixelisation noise. The
correct working resolution kmax is set by requiring that
the pixelisation noise remains low compared to the actual
instrumental noise, or equivalently

∆θB ≤
∆θkmax

S/N
· (16)

Note however that the pixelisation noise is strongly non
Gaussian (point sources or Galaxy crossings) and can be
always considered as a potential source of residual stripes
in the final maps.

2.2.2. The basic relaxation method: An approximate

Jacobi solver

Instead of solving for x̂ we perform the change of variable

ŷ = x̂ − P d (17)

and solve instead for ŷ which obeys

PN−1A ŷ = PN−1(d − APd) or Mŷ = b (18)

where we have multiplied each side of Eq. (11) by
(AT A)−1, the pixel hit counter. From now on, we also
assume that the noise in the timestream is stationary
and that its covariance matrix is normalised so that
diag N−1

tt′ = I . The previous change of variable allows
us to subtract the sky signal from the data: since we have
chosen a resolution high enough to neglect the pixelisation
noise, we have indeed APd ' A∞x∞ + APn and, conse-
quently, d − APd ' n − APn. The map making consists
of two steps: first to compute a simple co-added map from
the time line, and second, to solve Eq. (18) for the stripes

map ŷ. The final optimal map is obtained by adding these
two maps.

It is worth mentioning that the stripes map is
completely independent of the sky signal, as soon as the
pixelisation noise can be ignored. It depends only on the
scanning strategy through the matrix A and on the noise

::R �
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characteristics through the matrix N . Even if in princi-
ple this change of variable is irrelevant since it does not
change the matrix to be inverted, it does so in practice
since d − APd is free from the fast variations of d (up to
the pixelisation noise), as e.g. the Galaxy crossings, which
are numerically damaging to the quality of the inversion.

To solve for Eq. (18), we follow the ideas of Prunet
et al. (2000) and apply an approximate Jacobi relaxation
scheme. The Jacobi method consists in the following re-
laxation step to solve for our problem

ŷn+1 = Rŷn + D−1b and ŷ0 = 0 (19)

where D is the diagonal part of the matrix M and R is
the residual matrix R = I −D−1M . Computing the diag-
onal elements of M = PN−1A is rather prohibitive. The
idea of Prunet et al. (2000) is to approximate D ' I by
neglecting the off-diagonal elements of N−1. The residual
matrix then simplifies greatly and writes

R = P (I − N−1)A . (20)

The approximate Jacobi relaxation step is therefore de-
fined as

ŷn+1 = Rŷn + b and ŷ0 = 0. (21)

One clearly sees that if this iterative scheme converges, it
is towards the full solution of Eq. (18). To perform these
successive steps, it is extremely fruitful to remember the
assumed stationarity of the noise. Indeed whereas this as-
sumption implies a circulant noise covariance matrix in
real space, it translates in Fourier space in the diagonality
of the noise covariance matrix. This is naturally another
formulation of the convolution theorem, since a stationary
matrix acts on a vector as a convolution, and a diagonal
matrix acts as a simple vector product, thus a convolution
in real space is translated as a product in Fourier space.
The point is that the manipulation of the matrix N−1 is
considerably lighter and will henceforth be performed in
Fourier space. Applying the matrix R to a map reduces
then to the following operations in order to:

1. “Observe” the previous stripes map ŷn;
2. Fourier transform the resulting data stream;
3. Apply the low-pass filter W = I − N−1;
4. Inverse Fourier transform back to real space;
5. Co-add the resulting data stream into the map ŷn+1.

Assuming that the normalised noise power spectrum can
be approximated by P (f) = 1 + (f0/f)

α
, the low-pass

filter associated to each relaxation step is given by

W (f) =
fα
0

fα
0 + fα

· (22)

Since both A and P are norm-preserving operators, the
norm of the increment ∆ŷn = ŷn − ŷn−1 between step
n and n + 1 decreases as ‖∆ŷn+1‖ ≤ W (fmin)‖∆ŷn‖,
where fmin is a minimal frequency in the problem. Since
W (fmin) < 1, we see that the approximate Jacobi relax-
ation scheme will converge in every case, which is good

news. On the other hand, since W (fmin) ' 1, the actual
convergence rate of the scheme is likely to be very, very
slow, which is bad news (cf. Fig. 6 for a graphical illustra-
tion). The fact that this algorithm is robust, but dramati-
cally slow is a well-known property of the Jacobi method.
The multi-grid method is also well known to solve this
convergence speed problem. Note that if the convergence
is reached, the solution we get is the optimal solution, i.e.
similar to the one that would be obtained by a full matrix
inversion up to round-up errors.

2.2.3. Multigrid relaxation

The multi-grid method for solving linear problems is de-
scribed in great detail in Press et al. (1992). At each re-
laxation step at level k = kmax, our target resolution,
we can define the error en

k
= ŷn

k
− ŷk and the residual

rn

k
= Mkŷn

k
− bk. Both are related through

Mken

k = rn

k . (23)

If we are able to solve exactly for Eq. (23), the overall
problem is solved. The idea of the multi-grid algorithm is
to solve approximately for Eq. (23) using a coarser “grid”
at resolution k − 1, where the relaxation scheme should
converge faster. We thus need to define a fine-to-coarse
operator, in order to define the new problem on the coarse
grid and solve for it. We also need a coarse-to-fine operator
in order to inject the solution onto the fine grid. The ap-
proximation to the error en

k
is finally added to the solution.

The coarse grid solver is usually applied after a few itera-
tions on the fine level have been performed (in practice we
perform 3 to 5 iterations). Naturally, since the solution to
the problem on the coarse level relies also on the same re-
laxation scheme, it can be itself accelerated using an even
coarser grid. This naturally leads to a recursive approach
of the problem.

We defined our fine-to-coarse operator to be an aver-
aging of the values of the 4 fine pixels contained in each
coarse pixel. The coarse-to-fine operator is just a straight
injection of the value of the coarse pixel into the 4 fine
pixels. The most important issue is the temporal rebin-
ning of the data stream, since the speed of the iterative
scheme at a given level is actually set by the two Fourier
transforms. We performed that resampling by simply tak-
ing one point out of two each time we go up one level. At
the lower resolutions, this reduction is such that the itera-
tion cost is negligible when compared to that at higher k;
it allows fast enough iterations that full convergence may
be reached. In practice, we choose a minimal level k = 3
defined by Nside = 8 and iterate a few hundred times to
reach exact convergence.

Finally, the navigation through levels allows several
options to be taken. Either we go up and down through
all the levels successively (the so-called “V-cycle”) or we
follow more intricate paths (e.g. the “W-cycle” where at a
given level we go down and up all the lower levels before
going up and vice-versa). Since it turns out that levels are
relatively disconnected in the sense that the scales well

::R):
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solved at a given resolution are only slightly affected by
the solution at a higher level, the “V-cycle” is appropriate
and is the solution we adopt in the two following configu-
rations.

3. Practical application to ARCHEOPS

and TopHat experiments

We now aim at demonstrating the capabilities of this
algorithm with simulated data whose characteristics
are inspired by those of the ARCHEOPS and TopHat
experiments.

3.1. Simulation

The ARCHEOPS and TopHat experiments are very sim-
ilar with respect to their scanning strategy. Indeed both
use a telescope that simply spins at a constant rate (re-
spectively 3 and 4 RPM) about its vertical axis. Thus due
to Earth rotation the sky coverage of both is performed
through scan circles whose axis slowly drifts on the sky.
Nevertheless, because of the different launch points (re-
spectively on the Arctic circle (Kiruna, Sweden) and in
Antarctica (McMurdo)) and their different telescope axis
elevation (respectively ∼41◦ or 12◦) they do not have the
same sky coverage.

Otherwise the two experiments do not use the same
bolometers technology, the same bands or have the same
number of bolometers. But even if we try to be fairly re-
alistic, our goal though is not to compare their respec-
tive performances but rather to demonstrate two appli-
cations of our technique in different settings. We then
simulate for each a data stream of ∼24 hrs duration
with respectively a sampling frequency of 171 and 64 Hz.
The TODs contain realistic CMB and Galactic signal for
a band at 143 GHz. Note that this is a one day data
stream for TopHat (out of 10 expected) and that this fre-
quency choice is more appropriate for ARCHEOPS than
for TopHat (whose equivalent band is around 156 GHz),
but this is realistic enough for our purpose. We generated
a Gaussian noise time stream with the following power
spectrum: P (f) ∝ (1 + (fknee/f)α)−1 with fknee = 0.24
and 1 Hz, and α = 1.68 and 1. The noise amplitude per
channel is chosen so that it corresponds for ARCHEOPS
(24 hours) and TopHat3 (10 days of flight) to 30/8 µK on
average per 20′ pixel, with a beam FWHM of 10′/20′.
Note that we restrict ourselves arbitrarily to shorter time-
line that the method could handle in principle for time
saving reason only. In principle the method could possibly
deal with the full timeline at once (see below for memory
issue discussion in Sect. 4.2) for the two experiments but
we restrict ourselves on purpose to mere demonstrative
examples.

We introduced 5 distinct levels of resolution defined
by their Nside parameter in the HEALPix package (Górski
et al. 1998). The highest resolution level is imposed by the

3 Lloyd Knox private communication.

pixelisation noise level requirement (Sect. 2.2.3) to Nside =
256 (pixel size ∼13.7′) whereas the lowest one is Nside =
8 (pixel size ∼7.3◦). Therefore these two configurations
each offer an interesting test since they differ by the sky
coverage and the noise power spectrum. We iterate 3 times
at each level except at the lowest one where we iterate
100 times.

3.2. Results

The algorithm is equally efficient in both situations.
Whereas for ARCHEOPS (whose timeline is longer due to
the higher sampling frequency) it took 2.25 hours on a SGI
ORIGIN 2000 single processor, it took around 1.5 hours
for the TopHat daily data stream.

In Figs. 1 and 2 we depict from top to bottom and from
left to right the initial co-added data, the reconstructed
noise map, the hit map, i.e. the number of hits per pixel
at the highest resolution, the initial signal map as well as
the reconstructed signal map and the error map. We see
that the destriping is excellent in both situations and the
signal maps recovered only contain an apparently isotropic
noise. We note the natural correlation between the error
map and the hit map. Finally, we stress that no previous
filtering at all has been applied.

As an illustration of how our multi-grid work method
works, Fig. 3 shows how the noise map is reconstructed at
various scales.

3.3. Tests

In this section, we present some tests we carried out to
validate our method. First, as was stated below, as soon
as the iterative algorithm converges, the solution is by
construction the optimal solution, similar to the one that
would be obtained by the full matrix inversion. As a cri-
terium for convergence we required the 2-norm of residuals
to be of the order of the machine accuracy.

We initially have a Gaussian random noise stream fully
characterised by its power spectrum. Therefore an impor-
tant test is to check wether the deduced noise stream (by
“observing” the stripe map, see Sect. 4.3 for further de-
tails) is Gaussian and has the same power spectrum. In
Fig. 4 we ensure that the evaluated noise time stream is
indeed Gaussian. As depicted in Fig. 5, where we plot in
the ARCHEOPS case both the analytical expression of the
spectrum according to which we generate the timeline and
its recovered form, the agreement is excellent. We recall
that we assumed at the beginning a perfect knowledge of
the noise in order to define the filters. This is naturally
unrealistic but the issue of noise evaluation is discussed
in Sect. 4.3 below. We plotted as well the probability dis-
tribution function (PDF) of the final error map, i.e. the
recovered noisy signal map minus the input signal map
(Fig. 4). This PDF is well fitted by a Gaussian whose pa-
rameters are given in Fig. 4. The PDF of the error map
displays some non-Gaussian wings. Let us recall that this
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Fig. 1. Simulated ARCHEOPS Kiruna flight: from top to bottom and from left to right, the co-added map and the input
Galactic + CMB signal map, the reconstructed noise (stripes) and signal maps, the hit count and the error map (Arbitrary
unit). The fact that the coverage is not fully symmetrical is due to the fact that we considered slightly less than 24 hr. Mollweide
projection with pixels of 13.7′ (HEALPix Nside = 256). Arbitrary units.
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Fig. 2. Simulated TopHat one day flight: from top to bottom and from left to right, the co-added map and the input CMB +
Galaxy signal map, the reconstructed noise (or stripes) and signal map, the hit count and error map. The fact that the coverage
is not fully symmetrical is due to the fact that we consider only 18.2 hr of flight. Gnomonic projection with pixel of 13.7′

(HEALPix Nside = 256). Note that the slight visible striping is correlated to the incomplete rotation pattern that we arbitrary

chose. Arbitrary units.
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Fig. 3. Multi-grid noise map recovery: in this plot we show in the ARCHEOPS Kiruna case how the noise map is reconstructed
at various levels, corresponding respectively to Nside = 8, 16, 32, 64.

is no surprise here because of the non-uniform sky cov-
erage as well as the slight residual striping, both due to
the non-ideal scanning strategy, i.e. that produces a non-
uniform white noise in pixel space.

Another particularly important test consists in check-
ing the absence of correlation between the recovered noise
map and the initial signal map. We could not find any
which is no surprise since we are iterating on a noise map
(see Sect. 2.2.2) which does not contain any signal up to
the pixelisation noise, that is ensured to be negligible with
regards to the instrumental noise by choice of the resolu-
tion kmax (see Sect. 2.2.1).

4. Discussion

4.1. Why is such an algorithm so efficient?

The efficiency of such a method can be intuitively under-
stood. Indeed, although the Jacobi method is known to
converge very safely, it suffers intrinsically from a very

slow convergence for large-scale correlations (which origi-
nate mainly in the off diagonal terms of the matrix to be
inverted) (Press et al. 1992). This is illustrated in Fig. 6:
we show the maps of residuals after solving this system us-
ing a standard Jacobi method on simulated data with 50,
100, 150, and 200 iterations. We used the same simulation
and therefore the same sky coverage. Obviously the largest
structures are the slowest to converge (implying observed
large scale residual patterns). As a consequence it seems
very natural to help the convergence by solving the prob-
lem at larger scales. Whereas large-scale structures will
not be affected by a scale change, smaller structures will
converge faster.

4.2. Scalings

We have found that this multi-grid algorithm translates
naturally in a speed up factor greater than 10 as com-
pared to a standard Jacobi method. This is illustrated
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Fig. 4. In the TopHat case we plot from top to bottom the
recovered probability distribution function of the noise stream
evaluated along the timeline as well as the error map PDF. In
these two cases a fit to a Gaussian has been performed whose
parameters are written inside the figures. No significant depar-
ture from a Gaussian distribution are detected. The arbitrary
units are the same as the ones used for the previously shown
maps.

in Fig. 7 where we plotted the evolution of the 2-norm
of residuals for the two methods in terms of the number
of iterations in “cycle units”. One cycle corresponds to
8 iterations at level kmax for a standard Jacobi method
whereas it incorporates additionally going up and down
all the lowest levels in the multi-grid case. Thus the cy-
cle timing is not exactly the same but the difference is
negligible since the limiting stages are definitely the iter-
ations performed at maximum resolution. Note the fact
that the efficiency of the multi-grid method allows us to
solve exactly the system up to the 4-byte machine accu-
racy (small rebounds at the bottom of the curve) in ap-
proximately 135 mn for (Ntod ∼ 8 × 106,Npix ∼ 8 × 105)
on a SGI ORIGIN 2000 single processor. Note also that
this ultimate convergence is definitely an overkill and is
somewhat artificial for current CMB experiments. Indeed,
residuals with a norm smaller than noise per pixel are

Fig. 5. Recovery of the noise power spectrum in the Archeops
case (top: linear x-axis, bottom: log x-axis): the red thin dashed
line shows the initial analytic noise power spectrum used to
generate the input noise stream and the blue thick line de-
notes the recovered one after 6 iterations. The recovered one
has been binned as described in Sect. 4.3 and both have been
normalised so that the white high frequency noise spectrum is
equal to one. The agreement is obviously very good. No appar-
ent bias is visible. Note that a perfect noise power spectrum
prior knowledge has been used in this application.

meaningless. Since the limiting stages are the FFT’s at
the higher levels, this algorithm scales as O(Ntod lnNtod).
In its current implementation, a rough scaling could be
written this way:

t = 2.25 hours
Ntod ln(Ntod)

12× 106 ln(12 × 106)

Ncycle

6
(24)

(note that we expect some further speed-up by reducing
the number of operations at level max and eventually us-
ing a faster FFT). In terms of memory storage (RAM)
it scales naturally as O(Ntod) since one crucial feature of
this iterative method is to handle only vectors and never
an explicit matrix. Typically one single timeline size ob-
ject is needed at any one time in memory. Since projec-
tion and observation operations are formally independent
of the number of pixels, the scaling in Npix is definitely
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Fig. 6. Residual map after 50, 100, 150 and 200 iterations of a standard Jacobi method. This has been performed on simulated
data for one bolometer with a nominal noise level. The sky coverage is that of ARCHEOPS coming Kiruna flight. The residual
large scale patterns illustrate the difficulties the standard Jacobi method faces to converge. The stripes free area are the ones
of scan crossing (see the hit map in Fig. 1).

subdominant. In terms of speed and efficiency, this method
should well compare to a more obvious iterative inversion
scheme such as preconditioned conjuguate gradient tech-
nique. The latter also has a scaling dominated by FFT as
O(Ntod lnNtod) (Natoli et al.). A precise study comparing
the relevant pre-factors but also discussing convergence
criteria will be the object of a forthcoming paper.

4.3. The noise estimation issue and noise covariance

matrix estimation

The estimation of the statistical properties of the noise in
the timestream is an issue of paramount importance for
map-making. Indeed, whereas till now we have assumed a
perfect prior knowledge of the noise power spectrum in or-
der to define the filters, it might not be that easy in prac-
tice since we cannot separate the signal from the noise.

We will therefore aim at making a joint estimation of the
signal and the noise. This has been pioneered recently by
Ferreira & Jaffe (2000) and implemented independently by
Prunet et al. (2000). The latter implementation is rather
straightforward in our particular case since it just implies
reevaluating the filters after a number of iterations, given
the (current) estimation of the signal map and thus of
the signal data stream. Nevertheless its non-obvious con-
vergence properties have to be studied carefully through
simulations. Making use of (17) our evaluation of the noise
timeline n̂n at the nth iteration and at level max is

n̂n = d − A(ŷ n

kmax

+ Pd) . (25)

Then we compute its spectrum and (re-) define the re-
quired filters. We then go through several multi-grid
cycles (5 in the above demonstrated case) before re-
evaluating the noise stream. Very few evaluations of
the noise are needed before getting a converged power
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spectrum (around 2). In such an implementation, no noise
priors at all are assumed. This is illustrated on one par-
ticular worked out example in the case of a 4 hours
ARCHEOPS like flight (more detailed considerations will
be discussed elsewhere). To reduce the number of degrees
of freedom we bin the evaluated noise power spectrum
using a constant logarithmic binning (∆ ln f = 0.15 in
our case) for f ≤ 2 fknee and a constant linear bin-
ning (∆f = 0.08 Hz in our case) for higher frequency.
Figure 8 shows the genuine and evaluated noise power
spectrum. The initial noise power spectrum was a real-
istic one P (f) ∝ (1 + (fknee/f)α) to which we added
some small perturbations (the two visible bumps) to test
the method. Note the small bias around the telescope
spin frequency at fspin = 0.05 Hz: this is illustrative of
the difficulties we fundamentally face to separate signal
and noise at this particular frequency through Eq. (17).
Naturally, this bias was not present in the case demon-
strated in Fig. 5 where we assumed a prior knowledge of
the spectrum. This possible bias forced us to work with a
coarser binning (∆ ln f = 1.) in the 1/f part of the spec-
trum until the convergence is reached, i.e. we evaluate the
noise power spectrum with the previously mentioned bin-
ning only at the last step. Proceeding this way, the conver-
gence towards the correct spectrum is both fast (3 noise
evaluations) and stable.

Second, the output of any map-making is meaningless
without an evaluation of the map noise covariance matrix
(AT N−1A)−1. Given such a fast algorithm (and the fact it
gives an evaluation of the power spectrum), it is natural
to obtain it through a Monte-Carlo algorithm fueled by
various realizations of the noise timeline generated using
the evaluated power spectrum (in the spirit of Wandelt
et al. 2000). A detailed study will be performed in a future
work.

However we investigate here the chance of this ap-
proach being successfull and illustrate it very briefly by
a very rough C` determination (which is in no way an
appropriate C` estimate). To this end we perform a one
day TopHat like simulation including only the CMB sig-
nal plus the noise. From this data stream we obtain an
“optimal” signal map as well as an evaluation of the noise
power spectrum using the previously described algorithm.
With the help of the anafast routine of the HEALPix
package we calculate this way a rough Csignal

`
. Using the

estimated noise power spectrum we generate 10 realisa-
tions of the noise and get consequently 10 “optimal” noise
maps. For each of them we measure as before C` and aver-
age them to obtain Cnoise

`
. In order to “de-bias” the signal

power spectrum recovered in this way, we substract Cnoise
`

from Csignal
`

. The power spectrum obtained in this man-
ner includes as well some spatial correlations due to weak
residual stripping and thus does not correspond exactly
to white noise (at least in the low ` part). For the sake
of comparison we compute the power spectrum of the in-
put signal measured the same way, C input

`
, and plotted

both C input
`

and Csignal
`

− Cnoise
`

averaged in linear bands

Fig. 7. The evolution of the 2-norm of residuals with the num-
ber of iterations at level max. Whereas the blue dashed line
is standard iterative Jacobi, the solid red line is the iterative
multi-grid Jacobi method. A full multi-grid cycle incorporates 3
iterations at level max before going down and up all the levels.
The sharp jumps correspond to the moment when the scheme
again reaches max level and thus benefits from the resolution
at lower levels. Note that the very sharp features after ∼100
iterations are due to the fact we reached the 4-byte machine
accuracy which is almost out of reach for a standard iterative
method.

of constant width ∆` = 80. The agreement is obviously
very good, as illustrated in Fig. 9. The error bars take
into account both the sampling induced variance as well
as the beam spreading (Knox 1995).

This procedure is in no way an appropriate C` mea-
surement since we are not dealing properly here with the
sky coverage induced window function which triggers some
spurious correlations within the C`’s. We thus do not take
into account the full structure of the map noise covari-
ance matrix. Nevertheless, the efficiency of such a rough
method is encouraging for more detailed implementation
and a full handling of the noise covariance matrix. Note fi-
nally that this is a naturally parallelised task which should
therefore be feasible very quickly.

4.4. Application to genuine data and hypothesis

The application to genuine data could be problematic if
our key hypotheses were not fulfilled. We now turn to
their discussion. Concerning the noise, we assumed that
it is Gaussian (in order to derive our map estimator)
and stationary (in order to exploit the diagonality of its
noise covariance matrix in Fourier space). Both hypotheses
are reasonable for a nominal instrumental noise, at least
on (sufficiently long) pieces of timeline. If not, we would
have to cut the “bad” parts and replace them by a con-
strained realization of the noise in these parts. Concerning
the signal, no particular assumptions are needed in the
method we are presenting. At this level, we neglected as
well the effect of the non perfect symmetry of the instru-
mental beam. This effect should be quantified for a real
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Fig. 8. Evaluation of the noise power spectrum (top: linear
x-axis, bottom: log x-axis): the red thin dashed line shows
the initial noise power spectrum obtained from the input noise
stream and the blue thick line denotes the recovered one after
5 iterations. Both have been smoothed and normalised so that
the white high frequency noise spectrum is equal to one. The
agreement is obviously very good. Note that no noise priors at
all have been used in this evaluation.

experiment (Wu et al. 2000; Doré et al. 2000). Another
technical hypothesis is the negligibility of the pixelisa-
tion noise with respect to the instrumental noise but since
this is fully under control of the user it should not be a
problem.

In this paper, we have presented an original fast map-
making method based on a multi-grid Jacobi algorithm.
It naturally entails the possibility of a joint noise/signal
estimation. We propose a way to generate the noise co-
variance matrix and illustrate its ability on a simplistic
C` estimation. The efficiency of this method has been
demonstrated in the case of two coming balloon experi-
ments, namely ARCHEOPS and TopHat but it naturally
has a more general range of application. This tool should
be of natural interest for Planck and this will be demon-
strated elsewhere. Furthermore, due to the analogy of the
formalisms, this should have some applications as well in
the component separation problem.

Fig. 9. In the case of a one day flight of the TopHat experiment
we perform a very approximate evaluation of the recovered sig-
nal band powers (black) which has to be compared to the input
signal power spectrum (red line). Both have been measured the
same way using the anafast routine of the HEALPix package.
These band powers (∆` = 80) have been performed using a
fast Monte-Carlo evaluation of Cnoise

` (dashed blue line) which
does not correspond exactly to white noise since there remains
some spatial correlations. This in no way constitutes an appro-
priate C` measurement but is an encouraging step towards a
full Monte-Carlo treatment.

We hope to apply it very soon to ARCHEOPS data.
The FORTRAN 90 code whose results have been presented is
available at http://ulysse.iap.fr/download/mapcumba/.
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Doré, O., Bouchet, F. R., Teyssier, R., & Vibert, D. 2000,

in proceedings to the MPA/ESO/MPE Joint Astronomy
Conference Mining the sky, Garching

: � R



D 8!� ��
 � 
 �<" � 
 � ���7- �	�A
 � / 0 "� �!- �  / - � N&� �%0����%� D�� D jqp1n%)*j X Q / jqp:R Z :IR:R � [
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CMB power spectrum estimation via hierarchical decomposition
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We have developed a fast, accurate and generally applicable method for inferring the power spectrum and its
uncertainties from maps of the cosmic microwave background in the presence of inhomogeneous and corre-
lated noise. For maps with 104 to 105 pixels, we apply an exact power spectrum estimation algorithm to
submaps of the data at various resolutions, and then combine the results in an optimal manner. To analyze
larger maps efficiently one must resort to suboptimal combinations in which cross-map power spectrum error
correlations are only calculated approximately. We expect such approximations to work well in general, and in
particular for the megapixel maps to come from the next generation of satellite missions.
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I. INTRODUCTION

The anisotropy of the cosmic microwave background
~CMB! is proving to be a powerful cosmological probe @1#.
Many cosmological parameters, and the primordial power
spectra of density and gravity-wave perturbations, can be
inferred from the statistical properties of the CMB—in par-
ticular from its angular power spectrum @2#. Unfortunately,
exact methods for calculating the power spectrum and its
uncertainties from real observations are very expensive com-
putationally @3#. Supercomputers are required for analysis of
current datasets and even they will not be sufficient for the
next generation of experiments @4#. Here we introduce an
approximate method for reducing a CMB map to a power
spectrum and its uncertainties.

Generally applicable exact methods for finding the angu-
lar power spectrum, C l , that maximize the likelihood have
operation counts proportional to N3 where N is the number
of pixels in the map. Our approach to overcoming this N3

scaling involves a hierarchical decomposition of the map
into a set of submaps. That is, we subdivide the original
~‘‘primary’’! map into nonoverlapping regions, each with a
manageable number of pixels, in order to estimate the power
spectrum from each of these submaps using an exact algo-
rithm. To study the larger angular scale fluctuations we
coarsen the primary map and if the number of these coarse
pixels is still too large, we again divide into submaps. To go
to yet larger angular scales, we coarsen the map further, etc.
Then we calculate the expected correlations between the
power spectrum estimates from all different submaps at all
different resolution levels in order to optimally average them
together. A similar multi-grid technique was recently devel-
oped for the reduction of time-ordered CMB data to maps
@5#.

Several other approaches to overcoming the N3 scaling

have been tried. These include the ‘‘pseudo-C l’’ method of
@6#, and the ‘‘correlation-function’’ ~CF! approach of @7#. We
expect these methods to work well in the case of homoge-
neous noise, but the CF method will be significantly subop-
timal for the levels of inhomogeneity expected in some
planned observations, e.g., Planck.1 Neither of these methods
has been shown to deal properly with correlated noise. Minor
modifications of the CF approach may make this path very
attractive, though a remaining issue is the importance of
noise correlations between pixels.

The N3 scaling has been overcome also by a special-
purpose exact method that is expected to be applicable to the
maps generated by NASA’s Microwave Anisotropy Probe
~MAP! satellite.2 This method @8# assumes the noise is not
correlated from one pixel to another and that the noise level
variations are roughly azimuthally symmetric. Some of the
techniques used in @8# may eventually find their place in
more generally applicable ~and yet still exact! power spec-
trum estimation algorithms, though the feasibility is not yet
clear. Another special-purpose exact algorithm is that of @9#,
which is applicable to experiments that scan on rings. The
main idea is to analyze ring sets instead of maps since both
the noise and signal covariance structures are simple on the
rings, whereas the noise structure can be complicated in the
map space. Although some of its critical hypotheses have not
been tested yet on realistic data, the ring-set approach might
still be of practical importance since it may provide a useful
zeroth-order solution for experiments that nearly scan on
rings.

In Sec. II we describe our method in detail. In Sec. III we
present the results of an application to a map with ten thou-
sand pixels — comparable to the size of maps coming from
long-duration balloon ~LDB! flights. In Sec. IV we show
results from a map four times larger and discuss prospects
for application of our method to even larger maps such as

*Email address: dore@iap.fr
†Email address: lknox@ucdavis.edu
‡ Email address: apeel@bubba.ucdavis.edu

1http://astro.estec.esa.nl/SA-general/Projects/Planck/
2http://map.gsfc.nasa.gov/
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those expected from MAP and Planck.3 In Sec. V we com-
pare with other methods. In Sec. VI we conclude.

II. METHOD

Here we first describe our method in the simplest concep-
tual terms, and then go on to discuss subtleties which com-
plicate our implementation.

A. From the likelihood function to the quadratic estimator

We describe here the use of a quadratic estimator to find
the maximum of the likelihood function, and the shape of the
likelihood function near that maximum, as described in @10#.
Time-ordered data from observation of the CMB are usually
reduced to a set of pixelized maps D i , i51, . . . N which can
be decomposed into the sum of a signal and a noise contri-
bution, D5s1n . Assuming that both the noise and the signal
are normally distributed, their statistical properties are fully
characterized by the covariance matrices S5^ssT& and N
5^nnT&. Assuming furthermore that the noise and signal are
not correlated with each other, we can define

C[^DDT&5S1N . ~1!

The observed sky signal is assumed to be the realization
of an isotropic Gaussian random field whose power spectrum
C l is the quantity we want to measure. Thus we are inter-
ested in the likelihood function L(DuC l) which is given by

22 ln L~DuC l!5ln det C1DTC21D . ~2!

In particular we are interested in the location of the maxi-
mum of this function ~which is the most likely C l) and the
curvature at the maximum, 2]2ln L/]C l]C l8 ~which is ap-
proximately the inverse of the covariance matrix for C l).
Note that C depends on C l since

S ii85(
ł

2l11

4p
C lWii8~ l ! ~3!

where W is the covariance window function of the experi-
ment.

Given an initial estimate of C l ~hereafter, the input C l)
one can reach the likelihood maximum as follows. By
Taylor-expanding ln L to second order in dC l around C l ,
and replacing 2]2ln L/]C l]C l8 with its expectation value
one can find an expression for dC l such that C l1dC l maxi-
mizes the likelihood:

dC l5(
l8

1

2
F ll8

21TrF ~DDT
2C !S C21

]C

]C l8

C21D G ~4!

and

F ll85
1

2
TrFC21

]C

]C l
C21

]C

]C l8

G ~5!

is the Fisher matrix @11#.
Equation ~4! is a quadratic function of the data and hence

the expression ‘‘quadratic estimator.’’ Note that we have sup-
pressed the pixel indices in the various vectors and matrices.
Since ln L is not equal to its second-order Taylor expansion
~i.e., L is not a Gaussian in C l), some iteration is generally
required to reach the likelihood maximum.

B. Hierarchical decomposition and recombination

Now let us consider multiple maps and use Greek indices
to label them. Estimates of dC l from map a , dC l

a , are cor-
related with those from map b with correlation matrix:

^dC l
adC l8

b
&[F al ,bl8

21

5 (
l9,l-

~Fa
21! ll9~Fb

21! l8l-

3

1

2
Tr@Aa ,l9CabAb ,l-Cba# ~6!

where

Aa ,l[Caa
21 ]Caa

]C l
Caa

21 . ~7!

Note that if a5b then Eq. ~6! simplifies to the usual result

^dC ldC l8&5F ll8

21 . ~8!

Given this result, we know how to combine the various
dC l estimates from each submap into a final dC l estimate
from all the submaps in a minimum-variance ~optimal! man-
ner. The minimum-variance dC l8 satisfies

(
l8

S (
ab

Fal ,bl8D dC l85 (
abl8

Fal ,bl8dC l8

a
~9!

and has a weight matrix ~inverse of covariance matrix!:

F ll85(
ab

Fal ,bl8 . ~10!

Although for simplicity we have written these expressions
for estimating individual C l’s, issues of signal-to-noise and
spectral resolution usually lead us to estimate the power
spectrum in bands of l, where the shape of C l inside the
bands is assumed. The usual assumption ~which we use in
our applications! is that l(l11)C l /(2p) is constant inside
the band.

Our treatment of the correlations of the dC l’s between
pairs of maps has been general. The maps may be spatially
separate or overlapping; they may have equivalent or differ-
ent pixel sizes. Thus we have worked out the most general
solution to optimally combine the power spectra of submaps
which are the result of hierarchical decomposition ~HD! of a
primary map.3http://astro.estec.esa.nl/SA-general/Projects/Planck/
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C. Spectral resolution

Even with optimal combining of the power spectrum es-
timates from the various submaps, the HD procedure results
in a sub-optimal estimation of the power spectrum. Fortu-
nately, in the cases we study, the sub-optimal results are quite
close to the optimal results. Departure from the optimal re-
sults is almost entirely due to the degraded spectral resolu-
tion of the high-resolution submaps. This loss of spectral
resolution is the primary drawback of the HD approach.

The spectral resolution is most severely degraded at the
highest resolution levels where the submaps have the small-
est spatial extents. For any map of linear extent, L, it is
difficult to distinguish the mode P l(cos u) from P l1dl(cos u)
where dl&p/L @12#. If one wishes to achieve a spectral
resolution of dl for a square map with linear pixel size rp
then this map must have n pixels where

n.2.53103S 30

dl

78

rp
D 2

. ~11!

Fortunately dl530 and rp578 are expected to be adequate
for LDB-type maps and 2.63103 pixels is a small enough
submap size to allow for reasonable computation times ~as
shown below!. For comparison, the power spectrum from the
Boomerang LDB flight used for parameter-determination in
@13# was binned in tophat bins of width 50.

D. Scaling

We now calculate how computation time scales with total
number of pixels in the full-resolution primary map, N, and
the number of multipole-moment bands, Nb . For simplicity
we assume that all submaps have the same number of pixels,
n, and that we estimate the power spectrum for each submap
in the same number of bands. Estimating the power spectrum
and Fisher matrix for each submap takes on the order of
Nb

2n3 operations so at the finest level we have on the order of
Nb

2(N/n)n3
5Nb

2Nn2 operations. In a systematic coarsening
~such as the one below defined by combining four pixels at
one resolution into one larger pixel for the next coarser
level!, most of the submaps are at the finest resolution and
therefore analysis and combining of these finest submaps
dominates the demands on memory and CPU time.

For large enough N, the dominant computational step will
be in calculating the correlations between submaps. The ma-
trix multiplication in Eq. ~6! takes on the order of n3 opera-
tions, so performing it for every pair of submaps and pair of
bands takes on the order of Nb

2N2n operations.
The procedure can in principle be parallelized for the ef-

ficient use of nproc processors, where nproc ranges anywhere
from Nb to ;(N/n)2Nb

2 . The crucial use of parallelization
comes in the dominant combining stage, which scales as
(N/n)2Nb

2 , and involves the combination of ; 1
2 (N/n)2 pairs

of submaps. This type of independent pair loading can be
efficiently shared on any number of processors lower than
1
2 (N/n)2. For LDB-type missions one might have Nb;10
and (N/n)2Nb

2;43104 and approximately 200 pairs of sub-
maps to combine @if we indiscriminately retain all submap-

submap correlations ~see Sec. IV!#. For supercomputers with
nproc&102, every processor can be efficiently used.

E. The noise matrix

Our approach assumes that we begin with a pixelized map
and its corresponding noise covariance matrix. Map-making
procedures usually produce a weight matrix, which is the
inverse of the noise matrix. Inverting an arbitrary weight
matrix takes on the order of N3 operations. Fortunately, this
inversion only needs to be done once and is feasible for
LDB-size maps.

For larger maps, treatment of the weight matrix by gen-
eral matrix inversion algorithms is impossible. Fast methods
are being developed @14# which rely on the origin of the map
weight matrix in the weight matrix of the time-ordered data.
That is, the map weight matrix is ATN21A where N tt8

21 is
~here! the time-stream weight matrix for a stationary noise
process, and A ti is the pointing matrix element that is 1 if at
time-sample t the telescope is sampling map pixel i and zero
otherwise. This special structure allows for each iteration of
a conjugate gradient solution to be performed much faster
than for an arbitrary matrix.

Another possibility ~suggested in @7#! is to calculate the
noise covariance matrix by Monte Carlo methods. In other
words, one would make repeated simulations of the map
noise and average those together to get any desired elements
of the noise matrix. In addition to possible speed advantages,
this approach also has storage advantages since one probably
needs fewer than N/2 realizations to have a sufficiently ac-
curate estimate of the noise. One may still need thousands of
realizations of the noise— e.g., 20000 realizations are re-
quired for the noise matrix elements to be accurate to within
1% of the diagonal.

F. Coarsening

The amount of work to be done depends on the choice of
number of resolution levels, which is governed by how many
pixels are combined to form one pixel at the next-coarsest
level. Greater coarsening between levels leads to fewer re-
quired operations, but at the expense of greater loss of infor-
mation. Since the cost in computing time is slight for using
the most modest coarsening possible while maintaining
~roughly! square pixels, we always coarsen by averaging
four pixels into one. This coarsening is also easily imple-
mented in the HEALPIX pixelization scheme, which we use
@15#.

In general, one can create a coarse submap D from a fine
submap d as follows:

D5W21awd ~12!

where aci is 1 for all fine pixels i in coarse pixel c and zero
otherwise, w is some weighting of the fine pixels and W
5awaT. The coarse-fine and coarse-coarse noise covariance
matrices are given by:
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^DdT&noise5W21awN5W21a ~ if w5N21!

5

Na

4
~ if w5I ! ~13!

and:

^DDT&noise5W21awNwTaTW21
5W21 ~ if w5N21!

5

aNaT

16
~ if w5I !. ~14!

For optimal coarsening w5N21 and for uniform averag-
ing, w5I . We assume that we are coarsening four pixels into
one and therefore that aaT

54I . We see that uniform aver-
aging leads to noise covariance matrices that are easy to
calculate. For optimal averaging we need to invert W which
is substantially less challenging than inverting N21 to get N
since it has 1/16 the number of elements. The same tech-
nique used for calculating N by exploiting the origin of N21

in time-ordered data ~as explained in the previous subsec-
tion! can be used to get W21 @16#.

Coarsening will usually result in pixel sizes that are large
compared to the angular resolution of the instrument and
therefore pixelization effects must be taken into account. Our
treatment of the effect of pixelization on the signal correla-
tion function is approximate, i.e., we use a pixel window
which is the average of the evaluated power spectrum for
every individual pixel. To prevent these approximations from
creating errors in the final power spectrum, we ignore infor-
mation from multipole moments greater than some critical
value where the approximation introduces significant error.
Pixelization effects are discussed in more detail in Sec. III.

G. Iteration

A single application of the quadratic estimator of Eq. ~4!
might not result in a C l that is sufficiently close to the like-
lihood maximum. This will be the case if the input C l is too
far from the likelihood maximum. Fortunately, iterative ap-
plication of Eq. ~4! has been shown to converge quite rapidly
@10#.

When using the hierarchical decomposition approach, it is
important that the iteration be done globally. That is, within
each iteration, the power spectrum from each submap should
be estimated using the same input C l . If iteration is per-
formed within the submaps, the combined result will suffer
from cosmic bias @17#, which results from the fact that un-
certainties in C l are not normally distributed. For a normally
distributed variable, the curvature of the log of the likelihood
function is independent of location in the parameter space
~because the likelihood is a Gaussian!. However, for C l , this
curvature does depend on location. For larger values of C l
the curvature is smaller ~i.e., the variance is larger!. Thus,
upward fluctuations should result in larger variances than
downward fluctuations and so if one combines them together
assuming Gaussianity, the net result is a downward bias due
to the over-weighting of the downward fluctuations.

The combination procedure of Eq. ~9! implicitly assumes
the estimates are normally distributed. We avoid the cosmic

bias that might result from this assumption by weighting the
downward and upward fluctuations equally. That is, we make
sure to calculate Fal ,bl8 from the same C l for all submaps.
Thus any desired iteration, e.g., motivated by a large correc-
tion from the input C l , should be done globally.

Since the uncertainty in C l is non-Gaussian, specifying
the C l that maximizes the likelihood function, and
^dC ldC l8&, does not completely characterize the uncertainty.
The uncertainty can be approximately characterized by use
of the ‘‘offset log-normal form’’ @17#. That is, error in the
quantity Z l[ln(Cl1xl) is approximately normally distrib-
uted. The offset, x l , is a measure of the noise contribution to
the uncertainty, as opposed to the sample-variance contribu-
tion to the uncertainty. It can be calculated as outlined in
@17#.

III. APPLICATION

First we discuss the specifications for the simulated maps
we used. Then we compare the results of HD with those of
the exact method.

A. Simulation map details

We have applied our method using a FORTRAN code,
which we have named MADCUMBA, to two different simu-
lated maps, hereafter simulations A and B. In both cases, the
angular-power spectrum used was that of a Cosmic
Background Explorer ~COBE! normalized adiabatic,
scale-invariant ‘‘lambda’’ cold dark matter (LCDM)
model with VL50.6, Vb50.05, Vcdm50.35 and H0
575 km sec21 Mpc21 and was generated by the publicly
available code CMBFAST @18#. The simulated signal maps
were generated using the SYNFAST routine in the publicly
available HEALPIX package @15#, at HEALPIX Nside5256
~level 8, where Nside52 level), in which the pixel solid angle is
around (13.78)2, assuming a circular beam with a full-width
at half-maximum of 208. Finally, pixel noise taken from a
Gaussian distribution with zero correlations between pixels
was added to the maps. The only significant differences be-
tween our two simulations are size and noise characteristics.

The simulation A map has 104 pixels, is square in shape,
and has a homogeneous noise variance of (20 mK)2 in each
pixel. Its relatively small size allows for the power spectrum
to be estimated by the exact method ~i.e., without dividing
into submaps! using the MADCAP package @4#. This is com-
pared to our calculation via HD into four equal-area square
2500 pixel submaps at full resolution and one coarse 2500
pixel submap at HEALPIX Nside5128 ~level 7! which covers
the same area as the primary map.

The simulation B map is also square in shape and has 4
3104 pixels with a noise variance that is cosine-modulated
throughout the map, varying from (20 mK)2 to 9
3(20 mK)2. Here, we decompose the primary map into six-
teen submaps at full resolution, four submaps at the next
coarser resolution and one coarsest resolution submap which
covers the same area as the primary map but, by being two
levels coarser, contains 1/16th as many pixels. Thus, as with
simulation A, we use n52500 pixel submaps.
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B. Comparison with exact method

The top panel of Fig. 1 shows estimates of the powers
from the individual submaps in simulation A. The bottom
panel shows both the result of optimally combining them and
the exact results obtained directly from the primary map. The
solid line in both panels is the original power spectrum for
the simulations. The differences between the power estimates
are less than 20% of the standard error from the exact
method.

Not only do the power spectrum estimates agree quite
well, but so do the estimates of the uncertainties. The error
bars in Fig. 1 are the square roots of the diagonal elements of
the respective Fisher matrices. In Fig. 2 one can see how
well entire rows of the exact and HD Fisher matrices agree.

Clearly, the bigger the submaps at the finest resolution,
the better this approach works. For a fixed length scale of
interest, larger submaps contain a greater fraction of corre-
sponding pixel pairs, and therefore achieve better spectral
resolution (dl). Unfortunately, the compute-time, when
dominated by the combine procedure, scales as n and there-
fore as 1/dl2 @or possibly n2 but with a much smaller pre-
factor ~see Sec. IV!#. Thus, choice of n can be critical. We
studied how our information loss varies with n by comparing
the error bars from the HD procedure to the full analysis for
n52500 ~the case above!, n51600, and n5900. The results
are shown in Fig. 3. Note that for the n52500 case all the
error bars are increased over the exact case by less than 10%.
These larger error bars are consistent with the less than 20%
differences ~in units of variance of exact results! between the
power estimates.

The upward trend in error ratio with increasing band num-
ber is an effect of decreasing spectral resolution. To under-
stand this, we examine Fig. 4 which shows the ratio of the
HD over the exact method of the band contributions to the
total weight, Wb , where:

Wb[(
b8

Fbb8
~15!

FIG. 1. Simulation A results. Top panel: Power spectrum esti-
mates from four individual full-resolution 2500 pixel submaps ~tri-
angles! and one coarse 2500 pixel submap. Bottom panel: Power
spectrum estimates from optimally combining the top-panel results
~solid circles! and from the exact calculation ~open circles!. Note
that in both panels, points are slightly shifted horizontally for clar-
ity.

FIG. 2. Three rows of the Fisher matrix calculated exactly ~solid
lines! and also via the combination ~HD! procedure ~dashed lines!
for simulation A.

FIG. 3. Error bars from HD divided by error bars for the exact
analysis. Each case represents a primary map with 4n pixels di-
vided into four n-pixel full resolution submaps and one coarsened
n-pixel map where n530330 ~triangles!, 40340 ~squares! or 50
350 ~hexagons!.
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and the total weight of an experiment is W[(bWb . For this
analysis we switch to a finer binning of 25 bands, each with
width dl530.

Note first the short-dashed line which is four times the
ratio of Wb for one full resolution submap over the one for
the primary map. If the four submaps were uncorrelated, we
would expect this ratio to be ;1. However, since the sub-
maps are correlated, this ratio is greater than 1. We see that
submap-submap correlations are more important at lower l
than higher l values.

Though individual elements of the Fisher matrix may be
larger for a sub-optimal method than an optimal one, we
know that the contribution from a given band to the total
weight cannot be larger. Thus, the best we could hope for is
that the ratio of Wb for the HD method over the exact
method is near unity. We see from Fig. 4 that it is every-
where greater than 0.97. Thus the fact that the combined
procedure gives at most 10% larger error bars ~20% larger
variances! in Fig. 3 cannot be due to any reduction in the
total weight ~which we see is negligible!, but must be due to
how each Wb is distributed among the Fbb8

. In particular, it
is the lower spectral resolution of the smaller submaps which
results in the Wb being more spread out within a Fisher ma-
trix row and less concentrated in the diagonal element Fbb as
is clear from the 7th row plotted in Fig. 2.

A plot of Fbb ratios ~similar to the Wb ratio plot of Fig. 4!
shows that the cost of this weight redistribution within a
Fisher matrix row is a decrease in the diagonal Fisher ele-
ments ~in the l5250 to l5600 range! to 80–85 % of the
exact ones. Not only is Fbb suppressed then, but the larger
off-diagonal elements also lead to larger diagonal elements

of F21. With broader bands ~such as those used for Fig. 3!,
the error-bar increase due to degraded spectral resolution is
not as severe. The effect of the larger off-diagonal elements
propagates from band-to-band and is least significant at the
lower bands which are benefiting from the full spectral reso-
lution of the coarse submap.

Also in Fig. 4 one can see that the pixelization effects can
be fairly severe. This is unfortunate since we only treat the
pixelization influence on the signal-correlation matrix, S, ap-
proximately. Our treatment is that provided with the HEALPIX

package, which assumes that the correlation between two
pixels only depends on the angular distance between them
and not on their orientation. This is an approximation for two
reasons: the pixels are anisotropic, and their shapes depend
on their location. The validity of the approximate window-
function can vary from submap to submap if the submaps are
not large enough to have a representative sampling of all
pixel shapes. This is another reason to use large submaps. We
take each cross-level pixel window function to be the geo-
metric mean of the two auto-level pixel window functions.

Because our treatment of pixelization effects is approxi-
mate, we throw out information from coarse submaps at a
conservatively low l value. In simulation A, for example,
powers from the coarse resolution submap were only consid-
ered for l,225. In the final combined results, the higher
bands only use information from the four fine resolution sub-
maps. We eliminate the influence of the coarse submap on
the higher bands by inserting very large numbers into diag-
onal elements of the (F 21)al ,a8l8 matrix. This marginaliza-
tion technique is described in Appendix A of @10# and can be
understood as artificially adding some noise to these particu-
lar bands so as to give them very low weight.

The upturn in Fig. 3 after l5225 where the coarse sub-
map information is no longer used indicates that there may
be an advantage to keeping the coarse submap information to
yet higher l. This would require a more accurate treatment of
the pixel effect on the signal correlation function and its
derivatives with respect to C l . One way to do this, which
would be fairly easy to implement and not cause significant
speed reduction, would be to avoid using pixel window func-
tions by calculating coarsened signal matrices directly from
finer ones. For example, if the fine signal matrix is s then the
next-coarser signal matrix, S, must be

S5

asaT

16
~16!

where aci is 1 for all fine pixels i in coarse pixel c and zero
otherwise. Once again, we are summing four pixels into one.
The only approximations here come from approximations
made in calculating s. If these approximations were accept-
able for the finer level, they will certainly be adequate for the
coarser level. Keeping the coarse level information out to
higher bands may be very important for extension to mega-
pixel maps because it is the only other way to improve spec-
tral resolution besides increasing n for the highest-resolution
submaps.

FIG. 4. Wb /Wb
exact where Wb5(b8

Fbb8
. The Wb’s are from

analysis of the simulation A map, but into finer bins of width dl
530. The short-dashed line is 4Wb /Wb

exact where Wb is just from
analysis of one of the four full-resolution submaps; the long-dashed
line is Wb /Wb

exact where Wb is from analysis of the coarse resolution
submap; the solid line is Wb /Wb

exact where Wb is from combining
information from all five submaps.
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IV. ANALYSIS OF GENERAL MEGAPIXEL MAPS

The map from simulation A has homogeneous white
noise. Below we will discuss results from HD analysis of the
map from simulation B in which the noise is inhomogeneous
but still uncorrelated. Yet we believe HD will work well on
realistic maps with correlated noise. In this section we briefly
make the case for the success of HD in the presence of cor-
related noise and then move on to discuss how HD can be
made to work for primary maps with 100 to 1000 times more
pixels than the simulation A map. We will see that further
approximations are necessary, but that they are likely to work
well.

Even though our applications of HD have only been on
simulated maps with uncorrelated noise, we believe that HD
will work well on realistic maps with correlated noise. This
is easiest to see for correlations on length scales smaller than
the size of the smallest submaps. Longer-range noise corre-
lations will not be treated accurately in the analysis of the
smallest submaps. But this does not matter because the effect
will only be on lower-l bands where the smallest submaps do
not have much weight. The affected bands will be those de-
termined by coarser and larger submaps that will once again
be large compared to the correlation length. Thus the pros-
pects for HD on maps with correlated noise are quite good.

Applying HD as we have described it to megapixel maps
is prohibitively expensive in terms of the demand on com-
puting resources. A rough scaling argument is sufficient to
demonstrate this point. In the megapixel regime, we are
strongly dominated by the calculation of all the elements of
F al ,a8l8

21 . The number of elements in this matrix is
;(N/n)2Nb

2 . On an SGI Origin 2000, the calculation of a
single element of F al ,a8l8

21 takes 188 sec (n/2500)3 on a
single MIPS R12000 300 MHz processor where n is the
number of pixels in a submap. Thus the wall-clock time is

t;1 yearS 500

nproc
D S N

33106D 2S n

2500D S Nb
2

1000D ~17!

where we have assumed the efficient use of nproc processors
@19#. Thus the need to avoid exact calculation of every ele-
ment of F al ,a8l8

21 is apparent.
To make the case for the likely success of fast approxi-

mations to F al ,a8l8

21 we turn to the results from simulation B.
In Fig. 5, we plot four power spectra: one is the result of
optimally combining the individual power spectra; one is the
power spectrum of the coarsest submap; the other two are the
result of a simple averaging of the power spectra for the
submaps within a given resolution level as if they were in-
dependent. Again, the solid line represents the original input
power spectrum.

We find the very good agreement between simple averag-
ing and the exact combination ~for the highest bands! to be
very encouraging because it is strong evidence that signal
correlations between non-overlapping submaps are not very
important. We certainly see they are not important in the
highest bands which are influenced only by submaps with no
spatial overlap ~since the submaps are all at the same reso-

lution level!. If any given band is only influenced by at most
two or three levels and we only need to calculate correlations
for non-zero submaps then the vast majority of submap pairs
can be ignored. Even if some cannot be ignored, their rela-
tive insignificance means that there are probably crude ap-
proximations to them that will work well.

Calculating only the correlations between overlapping
submaps at adjacent resolution levels takes time

t578 hoursS 200

nproc
D S N

107D S n

5000D
2S Nb

40 D S DNb

3 D ~18!

where for each of the Nb bands only the nearest DNb bands
are considered @20#. Calculating correlations between over-
lapping submap pairs whose resolution levels differ by 2
will, at most, double the time. Correlations between non-
overlapping map pairs may be significant but can probably
be treated approximately in an insignificant amount of time.
Development and study of these approximations are prob-
ably necessary for practical application of HD to megapixel
maps.

We also see from Fig. 5 that even when there is a mix of
resolution levels influencing a band, using just one of those
levels provides a rough approximation. A fairly good ‘‘quick-
and-dirty’’ power-spectrum estimator is the coarsest sub-
map’s power spectrum for band 1, the coarse submaps’
power spectrum for bands 2 and 3, and the finest submaps’

FIG. 5. Results from HD of the 200 by 200 pixel simulation B
map. There are sixteen submaps at the finest resolution level @level
8 (13.78) pixels#, four at the medium level @level 7 (27.58) pixels#
and one at the coarsest level @level 6 (558 pixels!#. Triangles and
squares represent the result of doing a naively weighted average of
the power spectrum estimates, i.e., neglecting correlations, from the
sixteen fine submaps and the four coarse submaps, respectively.
Pentagons represent results for the one coarsest submap. Filled
circles show the results of the optimal combination of all submaps
in which all power-spectrum correlations are computed exactly. As
in Fig. 1, points are shifted horizontally for clarity.
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power spectrum for bands 4 to 8. Such an estimator has its
applications, for example, finding a C l that is close enough
to optimal that one only needs a single iteration of the exact
HD procedure.

The scaling of t with N in Eq. ~18! is linear if n is fixed.
But if we fix spectral resolution and the area of the primary
map, then n}N and therefore t}N3 once again. Or, at fixed
N and primary map area, t}(1/dl)4. Our fiducial choice
above of n55000 corresponds for Planck with N5107 and
rp53.58 to d l545. This may be sufficient since physical
models have fairly smooth power-spectra. We see that the
degree to which degraded spectral resolution affects our abil-
ity to discriminate between different models is a crucial issue
for the applicability of HD to Planck. We remind the reader
that spectral resolution is the only thing that is significantly
compromised with HD; Fig. 4 shows the total weight from
each band is within a few percent of optimal.

V. COMPARISON WITH OTHER METHODS

The HD method has many advantages over other fast,
approximate methods. Perhaps the chief advantage is its abil-
ity to handle maps with correlated noise. Its main disadvan-
tage is spectral resolution. To understand better these com-
petitive advantages/disadvantages it is worth spending some
time discussing these other methods— especially since we
will see they are somewhat complementary and hence a hy-
brid approach may be useful.

This discussion of other methods is facilitated by writing
down the following generalization of Eq. ~4!:

C l5(
l8

1

2
F ll8

21TrFW~DDT
2N !W

]C

]C l8

G ~19!

and Eq. ~5!:

F ll85
1

2
TrFW

]C

]C l
W

]C

]C l8

G . ~20!

These equations specify a general unbiased quadratic estima-
tor, with pixel pair-weighting determined by W. The F ll8
matrix is derived by demanding that the estimator be unbi-
ased (^C l

estimate&5C l). In general, its inverse is not equal to
^dC ldC l8& which is instead given by

F ll8

21
5

1

2
F ll9

21F l8l-
21 Tr@A l9CA l-C# ~21!

where A l[W(]C/]C l)W , similar to Eq. ~7!.
For the minimum-variance estimator, W5C21. The

‘‘correlation-function’’ approach ~CF! of @7# uses the simpler
W5I in pixel space @21#. Spherical-harmonic transforming
the map and averaging ua lmu2’s over m uses W5I in
spherical-harmonic space. The multi-scale method we have
just described above likewise corresponds to a choice of W.
Unfortunately, this W is complicated and not illuminating to
work out explicitly; HD is best understood in the context of
Eqs. ~6!–~10!.

It is worth pointing out that the estimator for CF requires
on the order of Nb

2N2 operations where Nb is the number of
l-bands. One can get rid of the Nb

2 factor by rewriting it as an
estimator for C(u) in fine bins of u and then Legendre-
transforming the result, as was done in @7#. Further compu-
tational accelerations are possible by use of KD-tree search
techniques which use coarse-graining at large distances @22#.
In addition, fast spherical harmonic transforms lead to great
time-savings in harmonic methods.

However, the simplicity of these other choices for W does
have drawbacks. Specifically, high-noise areas and low-noise
areas make equal contribution to the estimator. To date, the
success of these methods has only been demonstrated on
simulations with homogeneous white noise. The first obvious
improvement to CF is to replace W i j5d i j with W i j

51/s i
2d i j ~in pixel space! as suggested in @7#.

What is less obvious is how to weight pixel pairs in the
presence of correlated noise. This is where further develop-
ment of the CF approach is most needed. One possible route
to pursue is band-diagonal choices of W i j which capture the
spatially local noise correlations. Computation with band-
diagonal W’s can still be quite fast; they are still an order of
N2 as long as the bandwidth is less than AN . Perhaps longer-
range correlations could be included in some hybrid scheme
of HD and CF. Here CF ~with band-diagonal W i j) would be
used on the primary map and then HD would be used to
calculate lower-l values which may have been affected by
long-range noise correlations. This hybrid scheme also has
the advantage of complementing HD where its spectral reso-
lution is lowest @23#.

Although the calculation of C l is fast with simple choices
for W, the calculation of the error covariance matrix @Eq.
~21!# is slow; i.e. the number of operations scales with N3

because of the matrix multiplications. One option is to esti-
mate the errors by Monte-Carlo methods @7#. Another is to
combine the CF and HD approaches in yet another way: use
CF as a means to produce an input power spectrum suffi-
ciently close to the optimal one that only a single iteration of
HD is required.

To break the spectral resolution bottleneck ~which limits
us to dl*p/L) with an HD-type algorithm, phase informa-
tion ~and not just power information! for each sub-map must
be preserved in some way. At the moment we see no way of
doing this and thus spectral resolution stands as the greatest
drawback of the HD method.

VI. CONCLUSIONS

We have concentrated on developing a fast and reliable
method for calculating power spectra and their uncertainties
from maps with N5104 to 105 pixels. Methods that work in
this regime are of immediate practical importance. Our tests
show very good agreement with exact methods at the lower
end of our N range where the exact analysis is feasible on a
supercomputer. The HD method is the only existing method
for calculating a power spectrum and its uncertainties from
general, inhomogeneous correlated noise patterns with maps
of this size in reasonable amounts of time @24#.

We have not tested our method on maps with correlated
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noise. But since noise-correlations are taken into account ex-
actly within each submap, we expect our method to handle
correlated noise effectively, unlike the other fast methods
mentioned above. These expectations will be put to the test
soon as HD is applied to existing datasets from LDB flights,
such as Archeops4 and TopHat.5

The local nature of the method has some advantages for
controlling contamination of the final power spectrum result.
In the extreme, one can simply cull submaps with the largest
foreground contamination. Less drastically, one could down-
weight the power spectrum determinations from submaps ac-
cording to the suspected level of contamination.

To summarize, we have developed and investigated an
HD method of power-spectrum estimation. We have demon-
strated that for LDB-size maps HD is sufficiently fast and
insignificantly sub-optimal. Its main advantages over other
fast methods are its generality ~including its ability to handle
correlated noise! and the fact that the power spectrum uncer-

tainties are calculated directly. Application to larger maps
will rely on further approximations which we expect to work
well but require further investigation. The main disadvantage
to HD is the degraded spectral resolution at the smallest an-
gular scales. The impact of this degradation on parameter-
determination also warrants further investigation. The com-
bination of HD6 with other methods may be fruitful.
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Â A�S	Ã Ä3SMÅ1J L A�@QD P T Ã @3Æ�Ç.È²O LUÉ$Ê|L J�Ã Ë L Æ T A LUÉ$Ê D @QJ L A�Ë¤BED D L J
Ì P/R T P	B T Ã @3Æ	A%Ã Æ T S L.T�L Ë Ê/L J�B T P	J L BQÆ	Ã A�@ T JC@ ÊMÍ)Î Ã T S©S	Ã ÄQS�A L Æ$Å
A�Ã T Ã ÏMÃ T�Í GEB)F LUT�T�L J�P	Æ/Ð L J�A T BQÆ	Ð$Ã Æ	Ä�@QÑ|A Í A T�L Ë¤B T Ã R LUÒ�L R T A%Ã A%J L Å
Ó P	Ã J L Ð T @�Ë¤BEÔ L Ë{@QJ L B3RfRUP	JCB TCL Ë L BQA�P	J L Ë L Æ T Al> Õ;S L A L A Í A1Å
TCL Ë¤B T Ã RfA)S/BlÏ L BÖÐ$Ã J L R T Ã Ë Ê BQR T @QÆ T S L BEF	Ã D Ã T�Í-Î.L S	BeÏ L�T @
Ã Ë Ê J�@EÏ L8T S L)Ê J�@$R L ACA�@QÑÇ.È�O×Ð	B T B©BEÆ/BED Í A�Ã A�B T.T S L D L Ï L D/@EÑ
Ë¤B Ê ÅaË¤BEÔMÃ Æ	Ä/G Ê @ Î.L J8A Ê/L R T J�P	Ë L A T Ã Ë¤B T Ã @QÆ-BQÆ	Ð7P$D T Ã Ë¤B TCL D Í
Ã Æ�RU@QÆ/A T J�BEÃ Æ	Ã Æ	Ä{RU@3A�Ë{@QD @3ÄQÃ RfBED Ê BEJCBQË LUTCL J�Af>
Â RU@QË{Ë{@QÆ"A�Ã Ë Ê D Ã Ñ Í Ã Æ$ÄiBQACA�P	Ë Ê$T Ã @3ÆiÃ Æ{Ç.È²O±Ð	B T B�BEÆ/BED Í Å

A�Ã A�Ã A T @ T BQÔ LÖT S L�LUÉ$Ê/L JCÃ Ë L Æ T BED;F L BEËØJ L A Ê @3Æ	A L G�Ãa> L G T S L
Ã A�@EÅ1RU@3Æ T @3P$J�A"@EÑ)RU@3Æ	A T BEÆ T F L BEËÙJ L A Ê @3Æ	A L G T @²S/BeÏ L B Ê|L J�Å
Ñ L R T D Í B É Ã A Í Ë{Ë LfT JCÃ R7@3J±ÚfÛ Ü�ÚUÝ$Þ ßQÜ{A�S/B Ê|L²Î Ã T SàB�áiBEP/ACA�Ã BQÆ
Ê JC@Eâ/D L >�Õ;S	Ã A T S L @QJ LUT Ã RfBED8B Ê	Ê JC@ É Ã Ë¤B T Ã @QÆ�Ã Æ T JC@$Ð$P	R L A{A Í A1Å
TCL Ë¤B T Ã R L JCJ�@3JCAÃ Æ T S L A T B T Ã A T Ã RfBED/BEÆ/BED Í A�Ã A�B T BEÆ	ÄQP	D BEJ9ACRfBED L A
RU@3Ë Ê BEJ�BEF	D L©T @ T S L F L BEË�Å Î Ã Ð T S�G%ã>ÖÇ9@QÆ/A�Ã A TCL Æ T D Í G�Ã T F	Ã BQA
L A T Ã Ë¤B TCL A Ê JC@QF	Ã Æ	Ä)Ë©P	D T Ã Ê @QD L @QJ�Ð L JCA�ä)å¬æEçeã¤Ã Æ T S L A Ê S L J�Ã Å
RfBQDMS	BQJ�Ë{@QÆ	Ã R.BEÆ/BQD Í A�Ã A;è Ãa> L G T S L Ä L Æ L JCBED Ã élB T Ã @QÆ©@EÑ Ì B T Å�A Ê BQR L
?	@QP	JCÃ L J%BQÆ/BED Í A�Ã A|Ñ @QJ�Ñ P	D D Å1A�Ô Í A�Ã ÄQÆ/BQD A�ê/@QÑ�Ç9È²O LUÉ	Ê/L JCÃ Ë L Æ T Af>
Â A7Ñ BEJ²BQA T S L Ë{BQÃ Æ'D @QF L Ã A�RU@QÆ/R L J�Æ L Ð�G LUÉ$Ê/L JCÃ Ë L Æ T BED

F L BEË�J L A Ê @QÆ/A L A�Ñ @QJÖë�ì8í�ßfî3Û ïiÐ LUTCL R T @3JCA"BEJ L�Î.L D D ÅaÔMÆ	@ Î Æ T @
LUÉ S	Ã F	Ã T ßEï�ðEñ©ñ{òfóÜUÛ ÚiA�S/B Ê/L A�Ï L J ÍÖÎ.L D DÐ L A�RUJCÃ F L Ð-F Í BQÆ L D Å
D Ã Ê$T Ã RfBQD�A�S/B Ê|L-Î Ã T S�B�á"BEP/A�A�Ã BEÆ Ê J�@Qâ	D L G.BQA{Ð$Ã A�RUP/ACA L Ð�Ñ @QJ
A L Ï L J�BED LUÉ$Ê|L J�Ã Ë L Æ T A%Ã Æ T S L D Ã T�L J�B T P	J L G L > Ä|GQ=�D BQÆ	R�Ô¤ô õeö1G$ô ÷QøeöaG
È²B É Ã Ë¤BeÅUæiô ù/æ�ö|BQÆ	Ð¤= Í3T S	@QÆ$Åaú³ô ûQùEö1>%ü�@ Î;L Ï L JlG T S L�LUÒ|L R T @EÑ
F L BEË³BQA Í Ë{Ë LUT J Í S	B3A F LfL Æ�Ã ÆMÏ L A T Ã ÄMB TCL Ð"@QÆ	D Í J L R L Æ T D Í BQÆ/Ð
T S L B Ê	Ê J�@3B3RCS T BEÔ L Æ�P Ê�T @"Æ	@ Î S/BQAJ L D Ã L Ð©@QÆ¤A L Ë{Ã Å1BQÆ	BQD Í3T Ã R
ô ûEùQö�@QJ;Ñ P	D D�ÆMP	Ë L JCÃ RfBED�Ã Æ TCL ÄQJ�B T Ã @QÆ±ô õeö1G�ô ù/æ�ö1>
ý1Æ T S	Ã A Ê B Ê/L J Î.L A�S/BED D Ã Æ T JC@$Ð$P/R L BEÆ²BEÆ/BED Í3T Ã R"B Ê	Ê JC@3BQRCS

T @¤B3Ð	ÐMJ L A�A T S L�Ê J�@3F	D L Ëþ@QÑF L BEËÿB3A Í Ë{Ë LUT J Í Ã Æ±Ç.È²O LUÉ Å
Ê|L J�Ã Ë L Æ T Af>�ý1Æ Ê BEJ T Ã RUP	D BEJeG Î.L RU@QÆMÏ L Æ	Ã L Æ T D Í Ð L ACRUJ�Ã F L BQÆ
L D D Ã Ê$T Ã RfBQD|á"BEP/A�A�Ã BEÆ Î Ã Æ/Ð$@ Î Ã Æ T�L J�Ë¤A@EÑ B Ê|L J T P	J�F/B T Ã Ï L8LUÉ Å
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$%��#&� ��	 ���(')	 �&*���'+	 �,� ����*�#&�����-���.���,��	 /���,��� ��� �0� 	 �,�-1 �,�2��	 3���� �4�����&�����0� ��*
56�-798;:&<�= � ��?>���@A�,���3�	 ��5B����>C/D')	 *6��BE�FHGI�	 �I	 �)5&������#����%��	 3���� �)')	 ���	 �4� �	 �J����/K #�� ���L�����&��� �0� 	 ���M��� ���������N���L�O��	 � K � �2P�QSR T�U�R�VCWYX Z6R�[ F��)� /� �����&����	 \���� �,�]1 �,�^7`_.: < � ��2��� � 	 �6� 	 ��	 ���M	 �&�������,�����%� ��4������/� ��� �0� 	 ���
5&����'������a��b6�`��	 3���� ��FcG��	 �2������� ��� �0� 	 ���-�B����b������7Cdce�: < ��')������I	 �H�6	 ��� *��f�Le�g6h9����� ������� 	 ���4= 1 �,�jiMdag�k l6EY� �� ��%$L��#&����	 ��������� ����� �0� 	 ���^1 #��&��� 	 ���4���&*S*������ ���������f>S������� ��/����#&��� �c1 �,�?� ��� K ���?*�	 �A�����&�������^������3��B��������*mFonJ�0'I��\������p���� �,�����p� �6��b
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¿ÁÀ+Â)ÃDÄ$Å7Ã	À�ÆlÇ+ÈAÉÊÇ$Ä$Ë{Ì/Æ]Í�Ã	Å7ÈDÀ�ÆiÄ$Ë{Ì
ª��Ê�n²�� �E�t�i�S�n� �`�  �Î�n�]�i�e� �A�t�`�1�-�tº��]�i� ÏQ�-ºK�n�`º��]�t�t� �]�E�e�{ÐlÑ¸"�l�Q�t�9� �e���S�e�Q¦K�`�|Ï��]� ¦K�i¢l� �`� � �  � ��·�Ò��`��¦�Ó�Ô�� �9�S�l�n²�� �`�)Õ9Öi×`Ø[Ù`ÚÕ Ò�Ô�Ø[Ù`Ú"Õ �$ÐlÑ<�t�S�l�Q�t�S�n� ºK�n� �`���e���n²Q�	ÛeÑ<� �e�n�7�e� � �t�Ü�l�XÒ��i�S¦��]�]�ÝSÞHß`à á Öi×eØ`â[ÚS©Q¹E�D�S»��n�i�Q¦7�n²��D�i�e� �i��� �l�n� �`���	�e���n²Q� �  �e�nµ7�n�1�`®K¶�S�l� �{�n²��]�e�n�]�t� �i�e���S»�ºK�n�]�t�t� �`���D� �e�D�n²��1�e®�����¦��e���]�i�D�e��� ���n�S�n�i�9�i¢� © �`©��n²��	� �S�e�S�n� �`���	�e�X�tºQ�e�]�D���]�i��º�� �i¦A�n�i�9º��i�S�n� ¼[�]� ´�®[´A²�� � � ¢K� �lµ[��l��¦A�t�`¦Q¦K� �"�n�]·`� �`���i©
¿/ã äæå�çQè`éiê$çQëXì�í�é1ç¯î1ç�í�êiêiï çQð-ñlçQð�ò�ì/óõô�ö�÷ ò
ø �]������Ï��n�9���i�`���t� ¦K�S���p�n�]�1º��]�S�i�n���t��ùQ�Q�S�n�Q�l�n� �`��Ï��]� ¦/¢eúiû�Õ ñ Ú�üý Õ ñ Útþ�ÿý�� Ö  ²Q�e�t� Ð�� ½��`�K�n� �S� �t�S�e���9� �l�n� � � úiû�Õ ��Ú���	� ± �/úlû�Õ ñ Ú��]»Kº�Õ 
��� ñ Ú��e�Q¦  ²��`�t�"º��  �]�p�tº��]�]�t�n�����1Õ ��Ú�� �
� úiû�Õ ��Ú�úiû�Õ ��� Ú���üÊÕ Ð���Ú ± �1Õ ��Ú�ú��"Õ ������� Ú�� Õ9ÖlÚ
 ²��]�n�)ú��"Õ ��Ú+� �7�n²��)Ñ"� �S�e�{¦K� �9�t�n� ®��K�n� �`��©X¹E�)�i�e��¦K�]ÏQ�����n²���1�`�1�]���n���e���n²��Dº��  �S�	�9º��i�S�t�n���
 ±! � ÖÕ Ð���Ú ±

" � ± �#�1Õ �QÚ$� ± ! Õ Ð`Ú

�l��¦7�t²Q�	�S�l�t� �
% �  ±& �'( ± � Õ Û[Ú
) �e�n�1�n²Q�l�  �' � �$�n²��1�n�1���e�p�n²��1ùQ�Q�S�n�Q�l�n� �`��ÏQ�]� ¦Eúlû�© ) �l�n�K¶�S�l� � ´�¢X� �¯�n²���ù��l�7�tµ�´Î�eº�º��n�i»K� �A�i�n� �e��¢+* á Ýiá � �l�n·`�)�$��� �n� º��`� �-,�l��¦6�t�7�e� �X�t�iºQ�l�S�l�t� �`�E�e��·`� �]�i¢/�n²��1½��`�K�n� �S�AÕ ù��l�]Úpº��  �]�D�tº��i�S¶�t�n��� � �7�n�i� �l�n�i¦Î�n���tº�²��]�n� �i�e�	²��i�n�7�`��� �)º��  �]���tº��]�S�t�n���@�e�� �e� � �  �
�1Õ �QÚ/.1032 �e�Q¦ µ	.54�� Õ ¬�Ú
ø �S�D���	�]�`���t� ¦K�S�"� �n�`� �Q�  �`�{�`��� ´)�n²��+���e�n�7�e� � 6]�l¦�ùQ�Q�S¶�n�Q�l�n� �`�7Ï��]� ¦

ú�Õ 7�Ú� ú�8	Õ 7�Ú �9 � Õ ¾`Ú
: �H�+·`� ¼[�i�Aº��`� ��� ñ ¢  �"�Q�l�n�	�t²Q�"·e�n�`¦�� �]�����e���n²��pÏQ�]� ¦<;+ú=�?>�l��¦$�n²��A@	�i�t�t� �e���7�l�t�n� »	B�C ! ©ED�²�� ���9´K�1�7�S�t�n� �H�t�l�e���7�l�t�n� »1�l�l�®��	¦K� �e·`�`�Q�e� � �t�l¦A®�´7�eº�º�� ´�� ��·��D�n�e�n�l�n� �`���e���e�A�e�Q·e� �=FD�e�Q¦  ����e�n�AG & �l��¦HG ± �n²��JI�KLKMI�NO* Þ�Ý �e�/� �n���]� ·`�i��¼`�e� ���i�i¢  � �t²<G &QP G ± ©D�²��D���e�n�A�l� � 6]�l¦1�t�S�e�i�"�e�X�t²Q�"�]�K�n¼`�l�n�K�n�"�7�l�t�n� »  �n� �n�i�i¢
R � G & ��G ± ± � Õ â[Ú
�l��¦7�t²Q�"�]� � � ºK�n� �]� �9´-S"� �	¦K�SÏ����i¦��e�
S	ü G & � G ±Ð  ± R � Õ Ù`Ú
) �e�n�	�n²Q�l�  � �n²A�n²�� �H���e�S�i�n� �e��¢ RÎß�T�U SHN�VEILW à U V ßLXeÝDÞ V Ý N ßLY1ÝN�* Z T ©Qª �QG ± P\[ �n²��i� R P1[ �e�Q¦ [^] S ] Ölþ`Ð�¢�� �QG &_]1[ �n²��]�R ]`[ �e��¦ � Ölþ`Ð ] S ]1[ ©�ª �aG & �e�Q¦-G ± ²Q�i¼[�+�`º�º��`�t� �n�+�t� ·e�Q�i¢�n²��]�����i� �n²��S� R ���e�bS+�l�n�"�t�i�9�t�n� �S�n�l¦/©½��l�+�A¸"�l�Q�t�t� �e�{�S�e�Q¦K�`� Ï��]� ¦/¢��n²��Ac9�e� �[�"ºK�n�`®Q�e®�� � � ��´{¦K� �9¶�t�n� ®��K�n� �`�7� �����]�n� �`�A�e��úK¢E>�¢ R ¢ESD�e�Q¦^F�� ��·`� ¼[�]�A®�´-d Ô�³�©�Õ : Ö`© â[Ú� �)Ò�Ô�Ø[Ù�e
�7Õ úL�$>�� R �OSf��F[Ú � ú � R � S � F � ± >1ü

SfgihOj�k ±al � úm Ð�� Sfgin�j�o pLgiq�h�r j�k ±
� Rm Ð��ts

Sfg�u(j(k�vfjw � ± >�  ±& Sfgix�p�j�y$jlØ R ± S � S
� F� � Õ Ø[Ú

 ²��]�n�  �D�t�]�
l �ÊÕ9Ö � % ± Ú�g & k ± � Õ ×[Ú
z ���  � ��·+�n²�� �HºK�n�`®Q�e®�� � � ��´�¦K� �9�t�n� ®Q�K�n� �`�A� �����S�n� �`��¢K� �p� �p�i�e�9´7�n��t²��  �n²Q�l� � ú[±���ü � R ±���ü � >�±���ü�Ö`¢��n²Q�l�b>A� �	�i�e�t�n�]� �l�n�i¦  � �n²���]� �n²Q�S��úH���e� R ���e�/S[¢i®��K�l¢i�`�"�n²Q���eºQº��e�t� �n�[¢]�n²��i� � ú R �Xü % ¢f* á Ýlá�n²��H²��i� ·`²[���e���"º��`� ����� ���]�e�t�n�]� �l�n�l¦  � �n²1�n²��	�]�K�n¼`�l�n�K�n�	�l���n²Q� �º��e� �[�l©MD�²Q� ��� �l�t�n�i�9�H�n�]�t�Q� �H� �H�e��ºQ�l�t�n� �i��� �l�p� �[�n�S�n�i�9���n�$���H�9� ���]��n²����t�e¶�� �Q¦K���i�i¦6�Q�e��¶ �t�n� ¼K� �e��¦K�]º��i�Q¦K�i���]�$�`�{�n²K�n�]�t²��`� ¦�� ��·  � � �·e�i���]�n�l�n�"�"�tº��i�]� ÏQ�p·[�e���t�t� �e�A�t� ·`�Q�l�n�K�n�H�n²Q�l�  �  � � ���S»�º�� �`� ��� ��n²��	� �`� � �  � ��·�©
¿/ã ¿ Ì/éií�ò|{�ï ð~}�é���ö6÷ ì�èeç�÷Hè[í�ñ���ç�éií�ñlö
Ò�Ô�Ø[ÙE�i�e� �i��� �l�n�i¦-�n²Q�{¦K�i���t� ��´-ºK�n�`®Q�e®�� � � �9´-�e���S»K�t�n�]�7�{� �e�6�¸"�l�Q�t�9� �e�{�S�l��¦K�`� Ï��]� ¦{�e�D�1� �����]�n� �`�{�e���n²K�n�i�9²Q�`� ¦/©|���A���t� ��·�n²��	ºK�n�`º��S�t�n� �i���e���/��N ÞaU�Ý ��* Xlß`Þ * XeÝ Nn¢K�n²��]´1�`º��]�A�n²��  �]´7�t�+� �K�t¶�n²��S�  �e�nµ��"Õ @	�l�i¼[�]����Ó���²��]�n²)Öi×`×`×���@"�i�i¼[�]����Ó|¸	��º��S�+Ð [L[ ÖlÚ�n²Q�l��� � � ���9�t�S�i�n���n²������t���e�Q�n²��������$®��S�X�e�Q¦D�tº��i�n� �l�Q¦K� �9�t�n� ®��K�n� �e��l�X�S»K�t�n�]�7�+�n�$�S²Q�l�S�e�S�n�S�n� 6]�$¸"�l�Q�t�t� �e���S�e�Q¦K�`��ÏQ�i� ¦K�i©¹E�p�e� �Ü�l���S»K�n�]��¦K� ��·"�n²�� �  �e�nµ��n�HN Ý$� I TiU	U�Ý ��* Xlß`Þ * X`Ý Np®[´
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E�FHGJIGKE�L�MI�N O�N P!QAL�F!MSR T<EUGKR�E�V6I�WXGJL�V6I�MZYX[�YX\!]_^6`Xa \![�GKPHbcL�F!MUP�d�eE�TXfZgHGJI�N P!QAL�F!M;GKd!V!PHbHGKP!E�MSTKh�iZb6Mj�P!MUbcLke!g�M�lUmn F!MoR T<EUGKR�EUV6I�WXGJL�V6I�M;N lSb6Mj�P!MUbpd�epL�F!M(q_MUl#l#N GKP4m�r�e2E�TXP6sl#N b6MI�N PHQtL�F!M�l#N QXPuTKhvN L�lAM�N QXMUP<WXGKR V!MUltwyx_z4{oGKPHb|x_z�}�~;��MpGJI�MR MUGXb�L�TZb6N lyL�N PHQXV!N l#FpL#F!I�M�MSh GKfZN R N MUl�TKh�g�TXN P<L�l;���L�F!M��kF!N R R �2g�TXN P<L�lSh TKIo��FHN E�F�d�TKL�F�MUN QXM�P<WXGKR V!M�lAGJI�MZP!M�Q�GJsL�N WXM��4a � �U�H�t�-�AGKPHbp�A�-�;���J�X�<���L�F!M��kR GK��MU�tg�TXN P�L�lSh TKI(��FHN E�F�d�TJL�F�MUN QXM�P6WXGKR V!M�loGJI�MZg�TXl#N sL�N WXM��4a � �U�H�t�-�AGKPHb�x;�J�X�o�-�(�-�6���L�F!Mc� l�GXb!b!R M��og�TXN P�L�l�h TKI���FHN E�FZL�F!M�MUN QXM�P<WXGKR V!M�l�GJI�M�TKh�b6N h sh MI�M�P<Lvl#N QXP!lUmn F!MAj!I�lyLJ�.l#M�EUTXPHb�GKPHb2L�F!N Ib2h GJfcN R e�N PHE�TKI�g�TKIGJL#MZI�M�l#g�M�E�L�N W�M�R efcGJ�6N f�G<�6fZN P!N fcGoGKPHb�l�GXb!b6R M;g�TXN P�L�lUm� �6L�M�PHb!N P!Q_L�F!M�EUGKR EUV!R GJL�N TXPcTKh4r ����� ��M�PHTU�-EUTXfZg!V6L�M�L�F!Mg6I�TXdHGKd!N R N Lye2L�FHGJLAG�g�TXN P<L�w �K�y�������y������~SGKd�TJW�MZGpQXN W�M�P�L�F!I#MUl#F6sTKR b��U� �<�oa � �U�vl#V!EF�L�FHGJL��*���U� �6�_d�M�R TXP!QXl2L�T>GKP�e�TKhZL�F!M�l#ML�F6I�M�M-E�R GKl#l#M�lUmZ �TKI�M|g6I�MUE�N l#MUR e¡��M|EUGKR EUV!R GJL�M-L�F!M-¢<VHGKP�L�N L�N MUl£ �U¤ ¥ ¥ w �U� ��~Z¦ £ w �§�¨���#�-�¨���©�U�X�6ª �U� �-�&��~� £ ¥ «#¬#Uw �U� �X~c¦£ w �®�©�����®�������J�X�6ª ��� �®����~cGKP�b £�¯ «#°U°�¥ �w �U� �X~�±²�Zx£ �U¤ ¥ ¥ w � � � ~�x £ ¥ «#¬# w � � � ~�mn T|EUTKfcg!V6L�M�L�F!M�¢<VHGKP�L�N Lke £ ��¤ ¥ ¥ w ��� �X~c��M�j!I�lyL2M�lyL�N fcGJL�ML�F!Mpg6I�TXdHGKd!N R N Lye £ w �-�������-�	�§�©�J�X�<��� � � ����~m�³<LGJIyL�N P!Qh I#TXf�L�F!Mtb6N lyL#I�N dHV6L�N TXP4� � ¢Hm�w � ~���h TKIZL�F!M�EJGJl#MUlZTKh_N P<L�MI�MUlkLZL�TV!lU�4��McEJGKP§g�M�I#h TJI�f�lyL#IGKN QXF<Lyh TKI#��GJIb6R eud�TKL�F�L�F!McN P<L#MUQKIGJL�N TXP´�µ¶ µ§· } �H�6w ¸.¹ }{ ~pGKPHb ´�º» · ���J¸�m�¼STXN PHQul#Tue6N MUR b6l2G§g6I�TXdHGKd!N R sN Lke2h VHP!EL�N TXP £ w �X�k�����K~m.½_TKL�MoL�FHGJL;L�F!MAh GKE�L(L#F�GJL(��¾�¿ �<��¸�À�N lb6V!M_L�T(L�FHMSE�FHTKl#MUPpTKIb6M�I�N P!QZTJh�L�F!MSM�N QKMUP<WXGKR V!MUl(w z4{v�|z�}�~�N fAsg!R N EUN L�N P(L�F!M�b!N lyL#I�N d!V6L�N TXP � ¢Hm!w � ~m n F!M�l#V!dHlyMJ¢�VHM�P�L�N P<L#MUQKIGJL�N TXP´ {kÁ}» · �Âe6N MUR b6l�L�F!M;b6N Ã.M�I#MUP�L�N GKR�b6M�PHl#N LkeÄ �U¤ ¥ ¥ w �K�#���#�o�-�(���J�X�K~ · � · �	±� ¶!Å�Æ Á}ÈÇ · �w �J¸�~ {kÁ�} � ¶�ÉKÆKÊ Ë�¶!ÌUÅÍ Æ Á�} wy��x�� ¶HËJÆ ~ · �w �J¸�~ {kÁ}.Î wy�U��~n F!MUPt��MAEUGKP�lyL�N R R�gHM�I#h TKI�fÏGKPHGKR e<L�N EUGKR R e2L�F!M(N P�L�M�QKIGJL�N TXP�TJW�M�I�t�-�AGKPHbc��M;QXMLÄ �U¤ ¥ ¥ w �K���A�u���y�A�-�(���J�K�X~ · �Ð±� ¶HÅ Æ Á} Ç · ���Ñ �J¸ Ò �Ç©Ó ��Ô � I#h Ó.Õ Ç �Ñ �;Ö§Ö x� ¶�É Æ Ì Æ Å Æ Á Ê }#× É Æ ÍØ ��Ô Ç } Ó ��Ô � Iyh Ó Õ Ç } �Ñ � Ø ��Ô Ç } Ö§Ö�Ù Î wy�X�J~
n F!M-N P<L�M�QKIGJL�N TXP*TJW�MI�l#TXfZMuL�F6I�MUl#F!TXR b¡� � � EUGKP!P!TKL�d�M-g�MI#sh TJI�fcMUbpGKPHGKR e<L�N EJGKR R e<mHq_TU��M�W�M�IJ�6�6P!TU�vN P!QoL�FHGJL£ w �U� �o�u��~�± �� � I#h EAÚ �U� �Ñ �.Û wy�J�X~
N LvN lvMUGKlye�L�TAMUWXGKR VHGJL�M;P<V!fcMI�N EUGKR R ecL�F!M;¢�V�GJP<L�N Lke
£ �U¤ ¥ ¥ w �U� ��~�± ´ µÅkÜ Ý Ä ��¤ ¥ ¥ w �K�#�A�u���#�A�-�;���J�X�X~ · �£ w ��� �o�u��~ Î wy�Ui�~Þ M�EUGKPolkL�N R R6TXd6LGKN PAGKPHGKR e<L�N EJGKR R eoL�F!M�R N fZN L�N PHQ_WXGKR V!M £ ��¤ ¥ ¥ w �U� �;±x_ßu~�;a � �J��L�F!M�h IGKE�L�N TXP®TKh§�kF!N R R �>gHTXN P�L�ltN P�L�F!M�GKd!l#M�P!EUM�TKhL�F6I�M�l#F!TXR b.m Þ M_j�PHb£ �U¤ ¥ ¥ w �U� �;±®x_ß-~�± �� Ú���x �Ñ i�Û¡à � Î �<�X��i Î wy��á<~â P�GKPHGKR TXQXTXV!loEJGJR E�V!R GJL�N TXP§EJGJP�d�McgHM�I#h TKI�fZMUb2h TKI��kR GK�XMU�

g�TKN P�L�lUm!ã L�R MUGXb6l�L�TAL�F!M(b6N Ã.M�I#MUP�L�N GKR�b6MUP!l#N LkeÄ ¥ «#¬# w �X�y�2�-�<�Ux;�J�X�o�-�(�-��~ · �ä±� ¶HÅ Æ Á} Ç · �� Ñ �J¸ Ò �Ç � Iyh E Ó Õ Ç �Ñ � Ö x� ¶�ÉKÆ#ÌJÆÅ�Æ Á Ê }#× ÉKÆÍØ ��Ô Ç } � I#h E ÓåÕ Ç } �Ñ � Ø �vÔ Ç } Ö�Ù wy�JæX~
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¨ y z �}«�{¬ � � ¬ �o� �¯® \ |�| cp K�F�b$L$P l�FhV$Q
E=K�S D'D�K�L�GHF�Q^L�ZoE=V�IAfAghK�S Z=KOW�F"E�F,I=TUS M�F�D�E�K�F�V$b�F,I%RL$P P�M�V�I=TUL�P S D=LAE=S V�M�f�S D;L$P D�VNF,b$L$P lHLAE=F�W�S M}°hG�G
F,MHW9S ±�q*X p K�FG�I=F�W�S ZoE�F�W²b$L$P l�F�lHD%S M�n�F�³
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V�D�F�WE=VNn�S b�FtLeW�S I=F�ZoE�P VAg�F,I�P S TUS E;V�M]E�K�Ftl�M�S b�F,IoD%FOiHL$I�[�V�MªQ IoL�ZoRE=S V�M�f�S Q�Z"P lHDBE=F,IoD�L$I=FULjQ^L$S I�D=L$TUG�P FUV$Q�E�K�FOl�M�S b�F,IoD%Fe\ ¼�K�S E=FF"EJL$P>X f�_�·�· � coX�+9lHZ=K¹TUF�L�D�l�I�F,TUF,M�EoD�K�LAb�F0G�I=V$b�F,MtE=VUi
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X�\ | ¸�c"f�V�M�F�D�F,F�D'E=KHLAE�Q V�I � �@? � f�Ä Å Æ�Å
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Abstract. We present a self consistent method to perform a joint analysis of Sunyaev-Zel’dovich and weak gravita-
tional lensing observation of galaxy clusters. The spatial distribution of the cluster main components is described
by a perturbative approach. Assuming hydrostatic equilibrium and the equation of state, we are able to deduce,
from observations, maps of projected gas density and gas temperature. The method then naturally entails a X-ray
emissivity prediction which can be compared to observed X-ray emissivity maps. By comparing with 2 simulated
clusters we find that this prediction turns out to be in very good agreement with the simulations. The simulated
and predicted surface brightness images have a correlation coefficient higher than 0.9 and their total flux differs
by 0.9% or 9%. The method should be able to deal with real data in order to provide a physical description of
the state of the cluster and of its constituents. The tests performed show that we can recover the amount and the
spatial distributions of both the baryonic and non-baryonic material with an accuracy better than 10%. So, in
principle, it might indeed help to alleviate some well known biases affecting, e.g. baryon fraction measurements.

Key words. gravitational lensing – galaxies: clusters: general – cosmology: observations – X-rays: galaxies

1. Introduction

Whereas clusters of galaxies, as the largest gravitationaly
bound structures in the universe, are a natural probe of
cosmology, observations, numerical simulations as well as
timing arguments provide compelling evidence that most
clusters are young and complex systems. Interaction with
large-scale structures, merging processes and coupling of
dark matter with the intra-cluster medium complicate the
interpretation of observations and the modeling of each
components. Since clusters are composed of dark matter
(DM), galaxies and a hot dilute X-ray emitting gas (Intra
cluster medium, ICM) accounting respectively for ∼85%,
∼10% and ∼5% of their mass, the physics of the ICM
bounded in a dark matter gravitational potential plays a
major role in cluster formation and evolution.

Each component can be observed in many different
ways. In particular, we refer to gravitational lensing ef-
fects (the weak-lensing regime here, WL) (Mellier 2000;
Bartelmann & Schneider 2001), the Sunyaev-Zel’dovich
(SZ) effect (Sunyaev & Zel’dovich 1972; Birkinshaw 1999)
and X-ray emission (X) (Sarrazin 1988). Whereas the for-
mer probes mostly the dark matter component, both the
latter probe the baryons of the gravitationally bound ICM.

Send offprint requests to: O. Doré, e-mail: dore@iap.fr

Due to observational progress, increasingly high qual-
ity data are available that enable multi-wavelength inves-
tigation of clusters down to an arc-minute scale (the most
recent is the spectacular progress in SZ measurements, e.g.
Reese et al. (2000) and Désert et al. (1998). In contrast
with past decades, it is now possible to analyse clusters
of galaxies using X-ray, WL and SZ data at almost the
same resolution, and to produce from them self consis-
tent models. The exploration of reconstruction techniques
to analyse together these high quality data sets and ex-
ploit their complementarity is a recent challenge. It has
been tackled by several groups (Zaroubi et al. 1998; Grego
et al. 1999; Reblinsky & Bartelmann 1999; Zaroubi et al.
2000; Castander et al. 2000; Holder et al. 2000). Zaroubi
et al. and Reblinsky et al. attempted a full deprojection by
assuming isothermality and axial symmetry, using respec-
tively a least square minimization and a Lucy-Richardson
algorithm. Grego et al. compare SZ-derived gas mass to
WL-derived total mass by fitting a spheroidal β model.
Whereas these methods give reasonable results it has been
pointed out, e.g. by Inagaki et al. (1995) in the context
of H0 measurement from SZ and X-ray observations, that
both non-isothermality and asphericity analysis can trig-
ger systematic errors as high as 20%.

In this paper, we propose an alternative direction in
order to to get rid of both isothermal and spherical hy-
potheses. Our method is based on a self-consistent use of
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WL and SZ observables, and on a perturbative develop-
ment of general physical hypotheses. This approach allows
us to test some very general physical hypotheses of the
gas (hydrostatic equilibrium, global thermodynamic equi-
librium) and also naturally provides some X observation
predictions.

Observations only provide 2–D projected quantities
(e.g. mass, gas pressure, . . . ). These quantities are re-
lated to each other by physical hypotheses which express
the 3–D geometrical properties and the dynamical and
thermodynamical stage of matter (e.g. sphericity, hydro-
static equilibrium, equation of state). In most cases, their
3–D mathematical formulations do not have any tractable
equivalent relating 2–D projected quantities: in particu-
lar, projection along the line of sight does not provide
an equation of state or a projected hydrostatic equilib-
rium equation. Therefore, as soon as we want to compare
these data (WL, SZ, X) we have to deproject the rele-
vant physical quantities (Pg, Tg, ρg . . .). This can be done
only using strong assumptions, either by using parametric
models (e.g. a β model, Cavaliere & Fusco-Femaino 1976)
or by assuming mere geometrical hypotheses (the former
necessarily encompassing the latter) (Fabian et al. 1981;
Yoshikawa & Suto 1999).

Because the latter keeps the physical grounds as gen-
eral as possible and also avoids as many theoretical biases
as possible, we preferred to focus on the geometric ap-
proach. Furthermore, this simplest choice is also motivated
by looking at some images of observed clusters (Désert
et al. 1998; Grego et al. 1999). Some do have striking reg-
ularity with almost circular or ellipsoidal appearance, as
we expect for fully relaxed systems. Then, since relaxed
clusters are expected to be spheroidal in favored hierarchi-
cal structure formation scenario, it is natural to try to re-
late the observed quasi-circularity (quasi-sphericity) to the
3–D quasi-sphericity (quasi-spheroidality). We per-
form this by using some linearly perturbed spherical
(spheroidal) symmetries in a self-consistent approach.

The paper is organised as follows: in Sect. 2 we de-
fine our physical hypothesis and notations. The method is
precisely described in Sect. 3. We consider both the spher-
ical as well as spheroidal cases and obtain a predicted X
surface brightness map from a SZ decrement map and a
WL gravitational distortion map. In Sect. 4 a demonstra-
tion with simulated clusters is presented before discussing
its application to genuine data as well as perspectives for
further developments in Sect. 5.

2. Hypotheses, Sunyaev-Zel’dovich effect

and the weak lensing

We now briefly describe our notations as well as our phys-
ical hypothesis.

2.1. General hypotheses

Following considerations fully detailed in Sarrazin (1988)
the ICM can be regarded as a hot and dilute plasma

constituted by ions and electrons, whose respective ki-
netic temperatures Tp and Te will be considered as equal
Tp = Te ≡ Tg. This is the global thermodynamic equilib-

rium hypothesis which is expected to hold up to rvirial (see
Teyssier et al. 1997 and Chièze et al. 1998 for a precise dis-
cussion). Given the low density (from ne ∼ 10−1 cm−3 in
the core to ∼10−5 cm−3 in the outer part) and high tem-
perature of this plasma (∼10 keV), it can be treated as a
perfect gas satisfying the equation of state:

Pg =
ρg kB Tg

µe mp
= β ρgTg (1)

with β ≡
kB

µe mp
. Let us consider in accord with the general

paradigm that most of the mass is constitued by a dark
matter component and thus neglect the gas mass with
regards to it, and let us assume stationarity (no gravita-
tional potential variation on a time scale smaller than the
hydrodynamic time scale, e.g. no recent mergers). Then
the gas assumed to be in hydrostatic equilibrium in the
dark matter gravitational potential satisfies:

∇(ρgvg) = 0 (2)

∇Pg = −ρg∇ΦDM. (3)

At this point there is no need to assume isothermality.

2.2. Sunyaev-Zel’dovich effect and weak lensing

Inverse Compton scattering of cosmic background (CMB)
photons by the electrons in the ICM modifies the
CMB spectrum (Zel’dovich & Sunyaev 1969; Sunyaev &
Zel’dovich 1972; Sunyaev & Zel’dovich 1980). The ampli-
tude of the SZ temperature decrement ∆TSZ

TCMB
is directly

proportional to the Comptonisation parameter y which is
given by:

y =
σT

mec2

∫

dl nekBTe =
σT

mec2

∫

dl pe (4)

=
σT

mec2

∫

dl
ρgkBTg

µemp
= α

∫

dlPg, (5)

where α ≡
σT

mec2 , kB is the Boltzmann’s constant, σT is the
Thomson scattering cross-section and dl is the physical
line-of-sight distance. me, ne, Te and pe are the mass, the
number density, the temperature and the thermal pressure
of electrons. ρg and Tg respectively denote the gas density
and temperature, and µe is the number of electrons per
proton mass. Some further corrections to this expression
can be found in Rephaeli (1995) and Birkinshaw (1999).

In parallel to this spectral distortion, the statistical
determination of the shear field γ affecting the images of
background galaxies enables us to derive the dominant
projected gravitational potential of the lens produced by
dark matter (DM): φDM in our general hypothesis (see
Mellier 2000 for details).
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3. Method

3.1. Principle

Let us suppose we have for a given cluster a set of SZ and
WL data which enables us to construct a 2–D map of pro-
jected gas pressure as well as a 2–D projected gravitational
potential map. We now propose an answer to the follow-
ing question: how should we co-analyze these various data
sets? Our first aim is to develop a method which allows
us to get maps of projected thermodynamical quantities
with as few physical hypotheses as possible.

Our method is the following. Let us suppose then that
these maps have almost a rotationnal symmetry, as is the
case for a vast class of experimental observations as e.g. in
Fig. 1. More precisely, let us suppose that the projected
gas pressure y as well as the observed projected gravita-
tional potential φDM can be well fitted by the following
type of functions:

y(R, ϕ) = y0(R) + εy1(R) m(ϕ) (6)

φDM(R, ϕ) = φDM,0(R) + εφDM,1(R) n(ϕ) (7)

where ε � 1, (R, ϕ) denotes polar coordinates in the im-
age plane and m and n are some particular functions. This
description means first of all that the images we see are lin-
ear perturbations from some perfect circularly symmetric
images, and second that the perturbation might be de-
scribed conveniently by the product of a radial function
and an angular function. Equivalently, we can assert that
to zeroth order in ε our images are circularly symmetric
but they admit some corrections to a first order in ε.

We then assume that these observed perturbed sym-
metries are a consequence of an intrinsic 3–D spherical
symmetry linearly perturbed as well. This point consti-
tutes our key hypothesis. It means that to the zeroth order
in a certain parameter (e.g. ε) our clusters are regular ob-
jects with a strong circular symmetry but they admit some
first order (linear) perturbations away from this symme-
try, whose angular part is separable. As a consequence of
these assumptions we will make use of this linearly per-
turbed symmetry to get a map of some complementary
projected thermodynamical quantities, the gas density Dg

and the gas temperature ζg, successively to zeroth and first
order in ε.

Formulated this way, the problem yields a natural
protocol:

– Looking at some maps with this kind of symmetry,
we compute a zeroth order map (y0(R), φ0(R)) with a
perfect circular symmetry by averaging over some con-
centric annulus. A correction for the bias introduced
by perturbations is included. These zeroth order quan-
tities allow us to derive some zeroth order maps of
Dg,0(R) and ζg,0(R) with a perfect circular symmetry;

– We then take into account the first order corrections to
this perfect symmetry (y1(R)m(ϕ), φ1(R)m(ϕ)) and
infer from them first order correction terms to the ze-
roth order maps: Dg,1(R, ϕ) and ζg,1(R, ϕ).

Fig. 1. Images of the SZ effect observed towards four galaxy
clusters with various redshifts. The contours correspond to 1.5
to 5 times the noise level. Data were obtained with the low-
noise cm-wave receiver installed on the OVRO and BIMA mm-
wave interferometric arrays (Holder & Carlstrom 1999). The
bottom-left white ellipse denotes the synthetised beam for each
observation.

Even if, for the sake of clarity, we formulate our method
assuming a perturbed circular symmetry, it applies equiva-
lently to a perturbed elliptical symmetry, as will be shown
below. In this more general case, we assume that the clus-
ter exhibits a linearly perturbed spheroidal symmetry.

3.2. The spherically symmetric case:

From observations to predictions

Let us now apply the method to the case where the pro-
jected gas density (SZ data) and the projected gravita-
tional potential (WL data) look almost circular. These
observations lead us to suppose that the 3–D gas pres-
sure, the gravitational potential, the gas density and the
gas temperature can be well described by the following
equations:














Pg(r, θ, ϕ) = Pg,0(r) + ε Pg,1(r)f(θ, ϕ)
ΦDM(r, θ, ϕ) = ΦDM,0(r) + ε ΦDM,1(r)g(θ, ϕ)
ρg(r, θ, ϕ) = ρg,0(r) + ε ρg,1(r)h(θ, ϕ)
Tg(r, θ, ϕ) = Tg,0(r) + ε Tg,1(r)k(θ, ϕ)

(8)

where (r, θ, ϕ) are spherical coordinates centered on the
cluster.

3.2.1. The hydrostatic equilibrium

If we first apply the hydrostatic equilibrium equation
∇Pg = −ρg∇ΦDM we get the following equations. To ze-
roth order in ε we have

P ′

g,0(r) = −ρg,0(r)Φ
′

DM,0(r), (9)
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and to first order in ε:

P ′

g,1(r)f(θ, ϕ) = −ρg,0(r)Φ
′

DM,1(r) g(θ, ϕ)

−ρg,1(r)Φ
′

DM,0(r) h(θ, ϕ) (10)

Pg,1(r) ∂θ f(θ, ϕ) = −ρg,0(r) ΦDM,1(r) ∂θg(θ, ϕ) (11)

Pg,1(r) ∂ϕf(θ, ϕ) = −ρg,0(r) ΦDM,1(r) ∂ϕg(θ, ϕ) (12)

where “ ′ ” denotes the derivative with regards to r.
Combining Eqs. (11) and (12) we get

f(θ, ϕ) = λ1g(θ, ϕ) + λ2 (13)

where λ1,2 are constants. Then, by using Eq. (10) we can
write

f(θ, ϕ) = γ1h(θ, ϕ) + γ2 (14)

where γ1,2 are constants as well. At this point, we can get
rid of λ2 and γ2 by absorbing them in the zeroth order
mere radial term (i.e. ρg,0(r) and ΦDM,0(r)). This means
we can consider λ2 = 0 and γ2 = 0. Similarly, we choose
to rescale ρg,1(r) and ΦDM,1(r) so that we can take γ1 =
λ1 = 1. These simple equalities lead us to assume from
now on:

f(θ, ϕ) = h(θ, ϕ) = g(θ, ϕ). (15)

This is in no way a restriction since it simply means that
we absorb integration constants by redefining some terms.
This is possible since the relevant part of f (and thus h)
will be fitted on observations, as will be shown below.
Taking Eq. (15) into account, Eqs. (10)–(12) simplify to:

P ′

g,0(r) = −ρg,0(r)Φ
′

DM,0(r) (16)

P ′

g,1(r) = −ρg,0(r)Φ
′

DM,1(r) − ρg,1(r)Φ
′

DM,0(r) (17)

Pg,1(r) = −ρg,0(r)ΦDM,1(r) . (18)

3.2.2. The equation of state

We have now identified the angular part to the first order
correction of Pg, ΦDM and ρg. We still have to link those
quantities to the angular dependent part of the tempera-
ture Tg, namely k(θ, ϕ). This is done naturally by using
the equation of state (1), which directly provides, to zeroth
and first order in ε:

Pg,0(r) = βρg,0(r)Tg,0(r) (19)

Pg,1(r)f(θ, ϕ) = βρg,1(r)Tg,0(r)f(θ, ϕ)

+βρg,0(r)Tg,1(r)k(θ, ϕ). (20)

This last equation leads naturally to f(θ, ϕ) = k(θ, ϕ) if
we decide once again to absorb any multiplicative factor in
the radial part. This way we see that our choice of separat-
ing the radial and angular part is in no way a restriction.
We eventually get

Pg,0(r) = βρg,0(r)Tg,0(r) (21)

Pg,1(r) = βρg,1(r)Tg,0(r) + βρg,0(r)Tg,1(r) . (22)

3.2.3. The observations

Given this description of the cluster physical state, the ex-
perimental SZ and WL data provide the projected quan-
tities y(R, ϕ) and φDM(R, ϕ):

y(R, ϕ) = α

∫

Pg,0(r)dl + ε α

∫

Pg,1(r)f(θ, ϕ)dl

≡ y0(R) + εy1(R)m(ϕ) (23)

φDM(R, ϕ) =

∫

ΦDM,0(r)dl + ε

∫

ΦDM,1(r)f(θ, ϕ)dl

≡ φDM,0(R) + εφDM,1(R)m(ϕ). (24)

Note that in order to get this set of definitions we choose
the polar axis of the cluster along the line of sight so
that the same azimuthal angle ϕ is used for 2–D and 3–D
quantities.

Our aim is now to derive both a projected gas density
map and projected temperature map as defined by:

Dg(R, ϕ) =

∫

ρg(r, ϕ)dl (25)

=

∫

ρg,0(r)dl + ε

∫

ρg,1(r)f(θ, ϕ)dl (26)

≡ Dg,0(R) + Dg,1(R, ϕ) (27)

ζg(R, ϕ) =

∫

Tg(r, ϕ)dl (28)

=

∫

Tg,0(r) dl + ε

∫

Tg,1(r)f(θ, ϕ)dl (29)

≡ ζg,0(R) + ζg,1(R, ϕ). (30)

3.2.4. A projected gas density map to zeroth order. . .

Now that we have expressed our observables in terms of
3–D physical quantities, it is easy to infer a gas density
map successively to zeroth and first order in ε. To zeroth
order the hydrostatic equilibrium condition (9) states that

P ′

g,0(r) = −ρg,0(r)Φ
′

DM,0(r). (31)

In order to use it we need to deproject the relevant quanti-
ties. From the well-known spherical deprojection formula
(Binney & Tremaine 1987) based on Abel’s transform we
have:

α Pg,0(r) = −
1

π

∫ ∞

r

y′

0(R)
dR

(R2 − r2)
1
2

(32)

= −
1

π

∫ ∞

0

y′

0(r coshu)du (33)

where R = r coshu. Thus, we can write

α P ′

g,0(r) = −
1

π

∫ ∞

0

cosh u y′′(r coshu)du (34)

= −
1

π

∫ ∞

r

1

r

R

(R2 − r2)
1
2

y′′

0 (R)dR. (35)

Similarly,

Φ′

DM,0(r) = −
1

π

∫ ∞

r

1

r

R

(R2 − r2)
1
2

φ′′

0 (R)dR. (36)
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We then get for the projected gas density

Dg,0(R) = −2

∫ ∞

R

rdr

(r2 − R2)
1
2

P ′
g,0(r)

Φ′
DM,0(r)

(37)

= −
2

α

∫ ∞

R

rdr

(r2 − R2)
1
2





∫∞

r
s ds

r(s2−r2)
1
2

y′′
0 (s)

∫∞

r
s ds

r(s2−r2)
1
2

φ′′
0 (s)



 . (38)

3.2.5. . . . and a projected gas temperature map

to zeroth order

Once we build this projected gas density map, we can
recover the projected gas temperature map. If we apply
the equation of state (19) we get:

ζg,0(R) =
1

β

∫

Pg,0(r)

ρg,0(r)
dl (39)

= −
1

β

∫

Pg,0(r)

P ′
g,0(r)

Φ′

DM,0(r)dl (40)

= −
1

πβ

∫ ∞

R

Pg,0(r)

P ′
g,0(r)

Φ′

DM,0(r)
rdr

(r2 − R2)
1
2

· (41)

Since all the required functions (Pg,0, P ′
g,0, Φ′

DM,0) have
been derived in the previous section (Eqs. (33) and (35))
we can get in this way a projected gas temperature map.

3.2.6. Corrections from departure to spherical

symmetry: a projected gas density map to first

order. . .

We now reach the core of our method, namely we aim at
deriving the quantity Dg,1 defined by (27), i.e. the first
order correction to the perfectly circular term :

Dg(R, ϕ) = Dg,0(R) + εDg,1(R, ϕ) (42)

=

∫

ρg,0(r)dl + ε

∫

ρg,1(r)f(θ, ϕ)dl. (43)

If we derive Eq. (18) and combine it with Eq. (17) we note
that

ρ′g,0(r)ΦDM,1(r) = ρg,1(r)Φ
′

DM,0(r). (44)

Therefore we can write
∫

ρg,1(r)f(θ, ϕ)dl =

∫

ρ′g,0(r)

Φ′
DM,0(r)

ΦDM,1(r)f(θ, ϕ)dl. (45)

At this point we want to express this quantity either in
terms of WL data or in terms of SZ data depending on
their quality, or even better, in terms of an optimal com-
bination of them.

WL data provide straightforward access to the func-
tion φ1(R)m(ϕ) =

∫

ΦDM,1(r)f(θ, ϕ)dl thus we choose
to approximate (45) by
∫

ρg,1(r)f(θ, ϕ)dl '
ρ′g,0(R)

Φ′
DM,0(R)

∫

ΦDM,1(r)f(θ, ϕ)dl

'
ρ′g,0(R)

Φ′
DM,0(R)

φ1(R)m(ϕ)

'
ρ′g,0(R)

Φ′
DM,0(R)

(φDM(R, ϕ) − φ0(R)) (46)

where we used the definitions of Sect. 3.2.3 and where R
corresponds to the radius observed in the image plane, i.e.
the radius r equal to the distance between the line of sight
and the center of the cluster. We will discuss this approxi-
mation in more detail in Sect. 3.2.8 and validate it through
practical implementation on simulations in Sect. 4. We al-
ready can make the following statements: if the line of
sight follows a line of constant r throughout the domain
of the perturbation, this expression would be rigorously
exact. Moreover, it turns out to be a good approximation
because of the finite extent of the perturbation.

On the other hand, SZ data provide a measurement of
the function y1(R)m(ϕ) =

∫

Pg,1(r)f(θ, ϕ)dl therefore,
we can use Eqs. (18) and (16) to write

∫

ρg,1(r)f(θ, ϕ)dl =

∫

ρ′g,0(r)

P ′
g,0(r)

Pg,1(r)f(θ, ϕ)dl (47)

'
ρ′g,0(R)

P ′
g,0(R)

∫

Pg,1(r)f(θ, ϕ)dl (48)

'
ρ′g,0(R)

P ′
g,0(R)

y1(R)m(ϕ) (49)

'
ρ′g,0(R)

P ′
g,0(R)

(y(R, ϕ) − y0(R)) . (50)

Here again we used the same notation and approximation
as in Eq. (46). Note however that as soon as we assumed
isothermality, the ratio ρ′

g,0/P ′
g,0 is constant, therefore this

last step is exact. Were we not assuming isothermality, the
departure from isothermality is expected to be weak, thus
this last approximation should be reasonable.

These last two alternative steps are crucial to our
method since these approximations link the non spheri-
cally symmetric components of various quantities. They
are reasonable, as will be discussed in Sect. 3.2.8 and will
be numerically tested in Sect. 4.

Of course, only well-known quantities appear in
Eqs. (46) and (50): y, y0, φDM and φ0 are direct obser-
vational data whereas Pg,0(r) and ρg,0(r) are zeroth order
quantities previously derived.

3.2.7. . . . and a projected gas temperature map to first

order

The projected temperature map can be obtained the same
way as before. By using first the equation of state we can
write :

Tg,0(r) + εTg,1(r)f(θ, ϕ) =
1

β

(Pg,0(r) + εPg,1(r)f(θ, ϕ))

(ρg,0(r) + ερg,1(r)f(θ, ϕ))

'
1

β

(

Pg,0(r)

ρg,0(r)
+ εPg,1(r)

ρg,0(r) − ρg,1(r)

ρ2
g,0(r)

f(θ, ϕ)

)

. (51)

Hence, since

ζ(R, ϕ) = ζ0(R, ϕ) + εζ1(R, ϕ) (52)

=

∫

Tg,0(r) dl + ε

∫

Tg,1(r)f(θ, ϕ)dl (53)

�o]ó



� ��� ��������� ���}��� ����	�
M� � �� ��� �������°�/��� �z��� ���M�-���°�/� ����� � � �a�{!������� � �� �"!�#
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we have

ζ1(R, ϕ) =

∫

ρg,0(r) − ρg,1(r)

ρ2
g,0(r)

Pg,1(r)f(θ, ϕ)dl. (54)

Here we choose to approximate the last integral as pre-
viously discussed in order to make use of observational
SZ data. Therefore we rewrite this last equation as:

ζ1(R, ϕ) '
ρg,0(R) − ρg,1(R)

ρ2
g,0(R)

∫

Pg,1(r)f(θ, ϕ)dl

'
ρg,0(R) − ρg,1(R)

ρ2
g,0(R)

y1(R)m(ϕ) (55)

'
ρg,0(R) − ρg,1(R)

ρ2
g,0(R)

(y(R, ϕ) − y0(R)) . (56)

We obtain this way an expression to first order for the pro-
jected temperature in terms of either observed quantities
or previously derived functions.

3.2.8. Why the previous approximation is reasonable

on intuitive grounds

Our previous approximations can be justified on intuitive
grounds even if we will take care in validating it numeri-
cally in Sect. 4 below. It relies on the fact that perturba-
tions have by definition a finite extent, i.e. the first order
correction to the perfectly circular (spherical) term is non
zero only within a finite range. The typical size and ampli-
tude of the perturbation can be easily scaled from the SZ
and WL data set. This guarantees the validity of our as-
sumptions on observational grounds. The key point is that
the perturbation itself has a kind of axial symmetry, whose
axis goes through the center of the cluster and the peak
of the perturbation. This is reasonable if the perturbation
originates in e.g. an incoming filament but not for a sub-
structure. The latter would therefore have to be treated
separately by superposition (see Sect. 5). This leads natu-
rally to the statement that the typical angle we observe in
the image plane is equal to the one we would observe if the
line of sight were perpendicular to its actual direction, i.e.
the perturbation as intrinsically the same angular extent
in the directions along the line of sight and perpendicular
to it. This is illustrated schematically in Fig. 2.

Given this description, we are now in a position to
discuss the validity of our approximation. It consists of
approximating the line of sight integral
∫

g(r)ΦDM,1(r)f(θ, ϕ)dl (57)

by

g(R)

∫

ΦDM,1(r)f(θ, ϕ)dl (58)

where g is any radial function. This approximation would
be exact if g(r) were constant in the relevant domain, i.e.
if the line of sight had a constant r. As mentioned before,
this is the case in Eq. (50) if we assume isothermality.

(b)(a)

line of sight

∆ ϕ
∆θ

Image Slice

Fig. 2. We represent schematically in a) an image correspond-
ing to our hypothesis. The full line corresponds to the perfectly
circular 2–D term, e.g. φDM,0, and the dashed line to the first
perturbative correction to it, e.g. φDM,1m(ϕ), ∆ϕ represents
the observed angular extent. In b) we represent a schematic
slice in the 3–D potential responsible for this image. This slice
has been performed along the dash-two-dotted plane indicated
in figure a). Here again, the full line corresponds to the per-
fectly circular 3–D term, e.g. ΦDM,0, and the dashed line to
the first perturbative correction to it, e.g. ΦDM,1f(θ, ϕ). The
line of sight direction is indicated by the full thin line. Were
the line of sight perpendicular to this slice plane, we would
observe the angular extent ∆θ. Giving an axial symmetry to
this perturbation leads us to assess that ∆ϕ ' ∆θ.

However the functions g(r) we might deal with may scale
roughly as r2, as e.g. ρ′

g,0(r)/Pg,0(r) in Eq. (46), thus it
is far from being constant. The subsequent error induced
can be estimated by the quantity ∆rg′(r) where ∆r is the
maximum r discrepancy between the value assumed, g(R),
and the actual value as it is schematically illustrated in
Fig. 3. In the worst case, g′(r) scales as r. Then, by using
the obvious notations defined in this figure we get

(∆r)max = R

(

1 − 1/ sin

(

θ −
∆θ

2

))

· (59)

Naturally this quantity is minimal for θ ' 90◦ and di-
verges for θ ' 0◦ when ∆θ = 0◦: the error is minimal
when the line of sight is nearly tangential (θ ' 90◦) and
so is almost radial in this domain, and maximal when it is
radial (θ = 0◦). This in principle is a very bad behavior,
but the fact is that the closer θ is to 0deg the weaker the
integrated perturbation is since it becomes always more
degenerate along the line of sight, i.e. the integrated per-
turbations tend to a radial behavior and will therefore be
absorbed in the ΦDM,0(r) term. The extreme situation, i.e.
when θ = 0deg, will trigger a mere radial image as long as
the perturbation exhibits a kind of axial symmetry. This
error is impossible to correct since we are dealing with a
fully degenerate situation but it will not flaw the method
at all since the integrated perturbation will be null. This
approximation will be validated numerically below.

3.3. How to obtain a X-ray prediction

The previously derived map offers an advantage that
we now aim to exploit, namely the ability of precise X
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θ

∆θ

R +∆r

line of sight

Φ0

1Φ

r

R
r

Fig. 3. We define in this figure the notation necessary to dis-
cuss our approximation. rR is the parameter value given to the
function (f(r))R and rR + ∆r is an actual value along the line
of sight.

prediction. Indeed, for a given X spectral emissivity model,
the X-ray spectral surface brightness is

SX(E) =
1

4π(1 + z)4

∫

n2
eΛ(E, Te)dl (60)

where Λ is the spectral emissivity, z is the redshift of the
cluster and E is the energy on which the observed band is
centered. Hence we can write, assuming a satisfying knowl-
edge of z and Λ :

SX(E) ∝

∫

n2
eT

1/2
e dl (61)

∝

∫

ρ2
gT

1/2
g dl (62)

∝

∫

ρ2
g,0T

1/2
g,0 dl + 2 ε

∫

ρg,0T
1/2
g,0 ρg,1f(θ, ϕ)dl

+
1

2
ε

∫

ρ2
g,0T

−1/2
g,0 Tg,1f(θ, ϕ)dl (63)

where we omitted to write the (r)s for clarity’s sake. If
we now make use of the same approximation as used and
discussed before, we can express directly this quantity in
terms of observations y and φ. We get indeed

SX(E) ∝

∫

ρ2
g,0T

1/2
g,0 dl

+ 2 ε ρg,0(R)T
1/2
g,0 (R)

∫

ρg,1f(θ, ϕ)dl

+
1

2
ε ρ2

g,0(R)T
−1/2
g,0 (R)

∫

Tg,1f(θ, ϕ) (64)

∝

∫

ρ2
g,0T

1/2
g,0 dl + 2 ε ρg,0(R)T

1/2
g,0 (R) Dg,1(R, ϕ)

+
1

2
ε ρ2

g,0(R)T
−1/2
g,0 (R)ζg,1(R, ϕ). (65)

Both the zeroth order terms Tg,0 and ρg,0, and the first
order corrections Dg,1 and ζg,1 have been derived in

the previous sections. We are thus able to generate self-
consistently a X luminosity map from our previously de-
rived maps. This is a very nice feature of this method. We
will further discuss the approximation and its potential
bias in the next section.

This derivation opens the possibility of comparing on
the one hand SZ and WL observations with, on the other
hand, precise X-ray measurements as taken e.g. by XMM
or CHANDRA. Note that in the instrumental bands of
most X-ray satellites the Tg dependence is very weak and
can be neglected. This can be easily taken into account by
eliminating the Tg dependence in the previous formula.
Even if the interest of such a new comparison is obvious,
we will discuss it more carefully in the two following sec-
tions. In principle, one could also easily make some predic-
tions concerning the density weighted X-ray temperature
defined by the ratio

∫

n2
gTgdl/

∫

n2
gdl but the fact is that

since the gas pressure and so the SZ effect tends to have a
very weak gradient, we are not able in principle to repro-
duce all the interesting features of this quantity, namely
the presence of shocks.

4. Application on simulations

In order to demonstrate the ability of the method in a sim-
plified context we used some outputs of the recently devel-
oped N -body + hydrodynamics code RAMSES simulating
the evolution of a Λ-CDM universe. The RAMSES code is
based on Adaptative Mesh Refinement (AMR) technique
in order to increase the spatial resolution locally using a
tree of recursively nested cells of smaller and smaller size.
It reaches a formal resolution of 12 h−1 kpc in the core of
galaxy clusters (see Réfrégier & Teyssier 2000 and Teyssier
2001, in preparation, for details). We use here the struc-
ture of two galaxy clusters extracted from the simulation
to generate our input observables, i.e. X-ray emissivity,
SZ decrement and projected mass density (or projected
gravitational potential).

The relevant observables, i.e. projected mass density,
SZ decrement and, for comparison purpose only, the X-
ray emission measure, of the 2 clusters are depicted us-
ing a logarithmic scaling in Figs. 4 and 5 (upper panels).
These clusters have been extracted from the simulation
at z = 0.0 and thus tend to be more relaxed than high z
ones: they are ordinary clusters of virial mass (defined by
δ334 in our particular cosmology) 4.50×1014 h−1 M� and
4.15× 1014 h−1 M�. Both exhibit a rather regular shape,
i.e. they have not recently undergone a major merging
process. The depicted boxes are respectively 3.5 h−1 Mpc
and 4.0 h−1 Mpc wide. We smooth the outputs using a
Gaussian of width 120 h−1 kpc thus degrading the reso-
lution. We did not introduce any instrumental noise. For
both clusters, the gas temperature decreases by a factor of
less than 2 from the center to the virial radius. Beyond, the
temperature profile is steeper. Nevertheless, for the sake
of simplicity we will assume that Tg is constant, making
the discussion of Tg,0 and Tg,1 useless at this point.
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Fig. 4. The upper panel shows the results of simulations, from left to right, all using a logarithmic scaling, the projected mass
density (M� Mpc−2), the X-ray emission measure (cm−6 Mpc) and the SZ y parameter. This cluster is a good candidate for
our approach since it has a circular core with surrounding perturbations so would be inappropriate for a ellipsoidal fit. The
lower panel shows, from left to right a zeroth order predicted X emission measure, the first order prediction (the zeroth order
term plus the first order correction), both using a logarithmic scaling as well as the the relative error map, i.e. (predicted –
simulated)/simulated X emission measure using a linear scaling. The 10 error contours are linearly separated between −1.0
and 1. Each box is 3.5 h−1 Mpc wide. The correlation coefficient between the predicted and the simulated X-ray emission
measure is 0.978. The total fluxes differ only by 0.91%, thus even if the relative error map increases at high R the total error
remains small due to the great dynamical range involved.

We apply the method previously described using per-
turbed spherical symmetry. We define the pixel with the
highest luminosity to be the center. The zeroth order cir-
cular description of the gas density is computed averaging
data over concentric annuli and we then add to it some
first order corrections. Note that since we assume isother-
mality, SZ data give us straightforwardly a projected gas
density modulo a temperature Tg,0 coefficient, thus we use
the formulation of Eq. (50), which is exact in this context.
This constant temperature is fixed using the hydrostatic
equilibrium and the WL data.

In Figs. 4 and 5 (lower panels) we show the predicted
X-ray emission measure to zeroth and first order as well as
a map of relative errors. Note that to first order the shape
of the emission measure is very well reproduced. The cross-
correlation coefficients between the predicted and simu-
lated X-ray emission measures are 0.978 and 0.986. Of

course this is partly due to the assumed good quality of the
SZ data but nonetheless, it demonstrates the validity of
our perturbative approach as well as of our approximation.
The approximation performed in Eq. (65), i.e. the multi-
plication by the function ρg,0(R) naturally tends to cut out
the perturbations at high R. This is the reason why the
further perturbations are slightly less well reproduced and
the relative errors tend to increase with R. Nevertheless,
since the emission falls rapidly with R, as is visible in
the lower figures (note the logarithmic scaling), the total
flux is well conserved, respectively to 0.9% and 9%. This
last number might illustrate that the large extent of the
perturbations in the second case may limit our method.
An ellipsoidal fit could help decrease this value. Note that
the clump visible mainly in X-ray emission measure in 5 is
not reproduced. This is natural because it does not appear
through the SZ effect since the pressure remains uniform
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Fig. 5. As in the previous figure for a different cluster. The structure of the X-ray emission measure is very well reproduced for
the inner part. The correlation coefficient between the predicted and simulated map is 0.986. As is visible on the relative error
map, whose 10 levels are linearly separated between −1.0 and 1.0, the outer part is naturally smeared by our approximation.
The visible clump on the top-right should be treated separately. Each box is 4.0 h−1 Mpc wide. The total flux differs by 9%.

throughout the clumps. If resolved by WL, this substruc-
ture should be treated separately, e.g. by considering the
addition of a second very small structure. Note that the
first cluster showed exhibits a spherical core elongated in
the outer region, thus it is not actually as ellipsoidal as
it looks, which may explain why our perturbed spherical
symmetry works well.

5. Discussion

5.1. Hypotheses . . . and non hypotheses

The general and robust hypotheses have been introduced
and discussed in Sect. 2.1. Our key hypothesis consists
of assuming the validity of a perturbative approach and
in choosing the nature of this perturbation, i.e. with
a radial/angular separation. It was initially motivated
by theoretical predictions, observations and simulations
which show that relaxed clusters are regular and globally
spheroidal objects. In fact, comparison of our models with
simulated clusters confirms that our assumptions turn out

be reasonable. However, our method cannot deal properly
with sharp features e.g. shocks waves due to infalling fil-
aments. Assuming the validity of the angular and radial
separation implies the equality of this angular part for all
relevant physical quantities (Pg, Tg, φDM. . . ), using to a
first order in ε the hydrostatic equilibrium and the equa-
tion of state. If this is not satisfied in practice, then we
could question the validity of this separation or of the
underlying physics introduced in the cluster model. Our
experience with simulations shows that for reasonably re-
laxed clusters which do not experience a major merging
process, the angular part of the perturbation is constant
amongst observables. In that case, the separation (and
thus the equality of the angular perturbation) seems to be
a good hypothesis in general, whereas its failure is a sign
of non-relaxation, i.e. non-validity of our general physical
hypothesis.

The validity of our approximations also depends on
physical quantities which are assumed to be constant
along the integral. In the case of the gas density obtained
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from the SZ map, it is an exact statement, provided we
assume isothermality. Since clusters in general are not too
far from isothermality, this hypothesis is reasonable.

The strength of the perturbation method we propose
is the fact that we do not need to assume isothermality
and sphericity (or ellipsoidality). This might be of impor-
tance for further applications. An interesting example is
the measurement of the Hubble constant from joint SZ and
X-ray measurements. As it has been stressed by Inagaki
et al. (1995); Roettiger et al. (1997); Puy et al. (2000),
both the asphericity and the non-isothermality of the rel-
evant clusters can yield important biases in the estimate of
H0 (up to 20%). Our approach may be relevant to address
this issue.

Although the comparaison with simulated clus-
ters is conclusive, our perturbative method has two
shortcomings:

– We implicitly assume an equivalent degree of asym-
metry for the physical quantities involved, i.e. mainly
the gas pressure and DM potential. If perturbations of
spherical models is produced by incoming filaments,
as discussed above, this assumption is reasonable.
However, this particular point might require more de-
tailed study.

– We obtain good results by assuming an isothermal dis-
tribution. In fact, although the difference is small, it
turns out that the underlying distribution is closer
to a polytropic one (compatible with the results of
Markevitch 1998). This means that the overall bary-
onic content is well approximated if we assume a
(wrong) isothermal profile but that we would fail to
reproduce precisely the underlying distributions, even
if the total mass of each components is very well esti-
mated.

Note finally that in the previous sections, we chose to pre-
dict the X-ray brightness map from SZ and WL data in-
stead of predicting SZ maps from WL and X-ray. Since
X-ray maps have higher resolution observations than SZ
or WL, this way to proceed may be questionnable (this
situation will remain unchanged even with future SZ ex-
periments). In fact, SZ is the most robust observable. It
only depends on the pressure, which is a very smoothly
varying quantity and its emission model is fairly simple,
in contrast to the X-ray one. Moreover, it probes better
the outer part of the cluster, i.e. it is less concentrated
than the X-ray emission.

5.2. The equivalent spheroidal symmetry case

So far, we have discussed the perturbed spherical symme-
try case. If we turn to spheroidal symmetry, the problem
is similar provided we know the inclination angle i be-
tween the polar axis of the system and the line of sight.
In the appendix we review the basic results of spheriodal
deprojections. It is directly inspired from (Fabricant et al.
1984): once the projection is well parameterized we get

the projected quantity, like the pressure:

y(η) = 2
Be

R

∫ ∞

η

Pg,0(t) tdt

(t2 − η2)
1
2

(66)

Pg,0(t) = −
1

2π

R

Be

∫ ∞

t

P ′

g,0(η)
dη

(η2 − t2)
1/2

, (67)

following the notations of the appendix. Since we are deal-
ing with the same Abel integral we can proceed in two
steps as we did before.

Even if the inclination angle is a priori not accessi-
ble directly through single observations, it is possible to
evaluate it using the deprojection of an axially symmetric
distribution of either X-ray/SZ maps or SZ/surface den-
sity maps (Zaroubi et al. 1998; Zaroubi et al. 2000). Our
method overcomes this problem since it only focusses on
2–D quantities and avoids as much as possible to deal with
the full 3–D structure. However, in principle the method
can also reconstruct 3–D quantities. This will be discussed
in a forthcoming work. Note also that axially symmetric
configuration elongated along the line of sight may appear
spherical. This is a difficult bias to alleviate without any
prior knowledge of the profile. In our case, our method will
be biased in the sense that the deprojected profile will be
wrong. Nevertheless, we might hope to reproduce prop-
erly global quantities, like abundance of DM or gas and
so to alleviate some well known systematics (see previous
section), e.g. in measuring the baryon fraction.

5.3. Application to true data

When applying the method to true data, the instrumen-
tal noise issue is an important matter of concern. The
distinct advantage of a parametric approach, e.g. using a
β-model, is that it fits the relevant parameters, e.g. rc and
β, on the projected quantities (the image) itself, which is
rather insensitive to noise. However, it might be difficult
to determine the profile and its derivate by a direct de-
projection. In our perturbative approach, as it first relies
on a zeroth order quantity found by averaging over some
annulus, a noise reduction step (at least far from the cen-
ter) prior to working on a projected perturbation should
be quite robust as well. Nevertheless, this problem is not
critical and can be addressed easily by using a more so-
phisticated technique than the mere use of Abel’s integral.
In particular we could decompose the profile into a func-
tion basis whose projection is known analytically (see for
example Durret et al. 1999 in another context).

6. Conclusion

Trying to answer the question of how to coanalyse a set
of WL and SZ data, we have presented and demonstrated
the efficiency of an original method allowing us to per-
form in a self-consistent manner the joint analysis of these
data. Using it on noise-free simulations, we demonstrated
how well it can be used to make predictions of X-ray sur-
face brightness. We discussed also in the previous sections
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some shortcomings that do not seem critical but definitely
require further work.

Compared to other, we choose to hide the deprojection
by using appropriate approximations. Thus, we do not re-
solved fully the 3–D structure of clusters, although this
work is a first step towards a full deprojection (Doré et al.
2001, in preparation).

Nevertheless, since it is based on a self-consistent use
of general physical hypotheses, the X-ray emission predic-
tion of our method when compared to the observed one
constitutes an interesting test of these hypotheses, namely
the stationarity, the hydrostatic equilibrium and the va-
lidity of the equation of state.

This method is furthermore of interest since it should
allow a better treatment of systematics (asphericity, non
isothermality, . . . ) plaguing any measure of the baryon
fraction fb or the Hubble constant H0 using X-ray and
SZ the effect (Inagaki et al. 1995). Thus we plan to apply
it soon on true data.
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Appendix: Deprojection in spheroidal symmetry

In this appendix we recall some useful results concern-
ing spheroid projection derived by Fabricant, Gorenstein
and Rybicki (Fabricant et al. 1984). In the context of
spheroidal systems, cartesian coordinates system are the
most convenient for projection. Thus, if the observer’s co-
ordinate system (x, y, z) is chosen such that the line of
sight is along the z axis and such that the polar axis of the
spheroidal system z′ lies in the x − z plane at an inclina-
tion angle i to the z-axis, then, in the cartesian coordinate
system (x′, y′, z′) the general physical quantities relevant
to our problem depends only on the parameter t defined
by

t2 =
x′2 + y′2

B2
e

+
z′2

A2
e

(68)

=
(x cos i + yz sin i)2 + y2

B2
e

+
(z cos i − x sin i)2

A2
e

· (69)

If we project a physical quantity G(t) on the observer sky
plane x − y then,

I(x, y) = I(η) (70)

=

∫ +∞

−∞

G(t)dl (71)

= 2
Be

R

∫ ∞

η

G(t) tdt

(t2 − η2)
1
2

(72)

where

η2
≡

x2

(RAe)2
+

y2

(Be)2
(73)

and R ≡

√

B2
e

A2
e

cos2 i + sin2 i. (74)

Of course this result shows that if we were to observe a
spheroidal system we would map ellipses with an axial

ratio equal to
B

A
=

1

R

Be

Ae
. But the main result of this ap-

pendix is that we obtain at the end an Abel integral similar
to the one obtained in the case of spherical system, where
the radius as been replaced by the parameter t. This sim-
ple fact justifies the very analogous treatment developed
in this paper for spherical and spheroidal systems.
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