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Raman Detuning δR [µeV] 

Γ0 = 109 s-1

ε    = 10 µeV
ΩR = 1.0Γ0

Tc  = 1µeV

Γ= 0.1 Γ0

Γ= 0.5 Γ0

Γ= 1.0 Γ0

Γ= 5.0 Γ0

Γ= 10 Γ0
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✿ ⑨ ❃ ➋❪✛✫➙❩✿❁✢✥✾◆✦❢❚◆✪✮✪❋✯✫➛➜✛◆➑✜➐✭✿❊④✭✿❁✢✼❚◆✪✮✬❽➙❙✛❹●✑✛✎✹❆➐✭★✫✢✽✿◆✯➂✰ ✓✔✥✫✏ ☞ ✏✣✕✫✢✮✲✫✓✴✲✘✩ �✁✗✙✢✧✦ ✓✖✕ ✢ ☞ ✗✙✕☛✑➝❥ ✏ ☞ ✗✁✜ ✓✖✕✸✷✺★✪✩❂✗✙✕→♣
✢✠✩ ✜ ✑✣✢ ✗✙✢✤✏✒✑ ✓▲❥✺✗✙✢ ✓ ✜ ✑✺✗✙✕❭✐ ✜ ✓ � ✏✒✚✣✩ � ✏✒✑ ✯✭➈❉✿❊▼❭✛➅❜❯★✸✬❋✛→✺❘➐✶➣✸❀❁✛↕➄✭➞↕✯❋❱❷➟✫➟ ❸ P❶❱❳❲◆❲ ❅✶❨✵✛

✿ ✤ ❃ ✙❧✛ ✖✣❚◆✾✫✿❁■❵✯✩❛✼✛❫❼❴✢➠❚➏❏▲✯ ✙❫✛ ✖✣❚◆④✭✦✩★➉▼❭✯ ❺ ✛❧❜➡❚➏✢✥✤✧★ ❇✥❇ ✤❵✯❪➌➢✛➜➙➤✤➥❚➏✪✭❈❷❚◆■✧❚◆✪→❚✮✯❽➦➢✛❫❜❯✿❊❀✥❈✴➐✭✿❊✬✭✿➧❚◆✪✭✬
➈➊✛➤●➨➣✸✪→❚◆✪✭✬✮❀❁✯ ❡✓❣❊✲✫✏ ☞ ✦✧✜ ✏✣✕✫✢ ✗ � ☞ ✏ ✗ � ✦❑➩✔✗✙✢✠✦ ✓✖✕ ✓▲❥ ✚✒✓✔✥✫✏ ☞ ✏✣✕✫✢✩✐ ✗ ☞✴➫ ♣ ✑✣✢ ✗✙✢✤✏ ✜ ✗❳✷✙✕✛✏✣✢✤✓ ✜ ✏✣✢ ✏ ☞ ✑ ✯ ❺ ④❆❅
✢✽★✫❃✭➐✶➣✸❀❁✛❭❛↕✿ ❇✥❇ ✛→➭↔➭✱✯ ❸ ❱❢P▲❱❳❲✫❲ ❅✫❨✵✛

✿ ❁ ❃ ✓✮✛↕➋❴✤ ❇ ❈✴➐✭✤❂✪✭✾✭✯↕❛❘✛↕➛❻★✫■✧■❂➯➅✿❊✢✥✾✭✯ ✹➅✛↕➋❴✪→❚◆❃✭❃❭✿❽❚◆✪✭✬➲➈➊✛➅●➨➣✸✪→❚◆✪✮✬✭❀❁✯✣✰ ✓ ✜❙✲☛✗ ✚✣✢❃✗✙✢ ✓ ✜ ✦ ✚ ✚✁� ✓✔✚ ➫ ♠✒✗✖✑✔✏✥✐
✓✖✕ ✚✒✓✔✥✫✏ ☞ ✏✣✕✫✢❋✲✫✓✴✲✘✩ �✁✗✙✢✠✦ ✓✖✕✌✢ ☞ ✗✵✲✶✲✘✦ ✕✸✷ ✯ ❺ ■✧✿❁❈ ❇ ✢❊✛↔❛➂✿ ❇✥❇ ✛❭⑦✳➄➅✯❋❱ ➆✫➆ ❲◗P❖❬◆➟◆➟✮❱➉❨✵✛

✿ ❅ ❃ ●✑✛❝❜❯❚◆✤✧❈✴➐✭✿❊✪❋✯❝➳➤✛◆➈❻✿❊✪✭➵❁★✫✪✮✤❖✯❄❬✴✛❝❜➡❚➏➵❁✿ ❇ ❀❁✯ ❺ ✛✶➋❴★✫✢✥❀✽④✭✪✭❀✽➎❝➣❪❚◆✪✭✬✩❛❘✛➏●➧✤✧✪✮✬✭➐✭★✫■❂➵◆✯ t ☞ ✗✙✕☛✑✣✦ ✏✣✕✫✢ ✚✒✓✔✥✫✏ ☞ ♣
✏✣✕✫✢✓✲✫✓✴✲✘✩ �✁✗✙✢✧✦ ✓✖✕✮✢ ☞ ✗✵✲✶✲✘✦ ✕✸✷ ✦ ✕ ✗ ✚✁� ✓✔✑✔✏✥✐ � ✓✔✓✴✲✆✦ ✕✫✢✤✏ ☞ ✗ ✚✣✢✧✦ ✓✖✕ ✑✔✚✒✥✫✏✆✜ ✏ ✯❋✺❘➐✶➣✸❀❁✛↕➈❉✿❊▼❭✛ ✙➺➸❭⑦❋✯ ❸➏➆✫➆✫➆
P▲❱❳❲✫❲ ✤✶❨♦✛

✿ ❲ ❃ ➦➢✛➇➌➢✛✳➋➊★◆❀➠❚◆❈✴➐✭✤❂★❳▼➅✯➂➙✣✛➻❼❪✛↕❜➡❚ ❇ ✤✧❀✽★❳▼➼❚◆✪✮✬➾➽➍④✳✛➇➽➢✛❋➈❉★✫➵❁➐✭✬✮✿❁❀ ❇ ▼✫✿❊✪✭❀✥➎✶➣✫✯❙✰ ✓✔✥✫✏ ☞ ✏✣✕✫✢✓✲✫✥✫✏✣✕✛✓ ✜ ✏✣✕✘✗ ✦ ✕
✜ ✩ � ✢✧✦✂� ✏ ♥ ✏✁�✛✑✆✛✔✑✣✢✤✏✆✜ ✑➊❿ ✦ ✢ ✥ ✚✁� ✓✔✑✔✏✥✐ ✦ ✕✫✢ ✏ ☞ ✗ ✚✣✢✠✦ ✓✖✕ ✚✒✓✖✕✫✢ ✓✖✩ ☞♦✯ ✓✮✛↔✺❘➐❝➣✸❀❊✛➅➙➪➚↔➸❋✯↔❬ ➆ ❁ ❸ P▲❱❳❲✫❲✶❬✫❨♦✛

✿ ❱❳➟ ❃ ➳➤✛❭➈❉✿❁✪✭➵❊★✫✪✭✤❵✯❭●✑✛➅❜➡❚◆✤❂❈✴➐✭✿❁✪✳✯❋❛❘✛→●➧✤✧✪✭✬✭➐✮★✫■✧➵➜❚◆✪✭✬ ❺ ✛✡✙✣✢✥✤✧✦✩★✫✪✭✬✮★✭✯➍✰ ✓✔✥✫✏ ☞ ✏✣✕✫✢↕✲✫✓✴✲✘✩ �✁✗✙✢✧✦ ✓✖✕ ✢ ☞ ✗✵✲❭♣
✲✘✦ ✕✸✷➢❿ ✦ ✢ ✥ � ✓✔✑✒✑✔✏✒✑✹✓◆♠✣✑✔✏ ☞♦♥ ✏✥✐ ✓✖✕ ✢ ✥✫✏❻➶✹✗✙✕ � ✏✄✏➝➹ ✏✒✚✣✢ ✓▲❥❃✢ ✥✫✏✽✑✔✓❁✐✙✦ ✩ ✜➴➘❄➷ � ✦ ✕✛✏ ✯❝✺❘➐❝➣✸❀❊✛✭➈❉✿❊▼❭✛ ✙➬➸↔➸❋✯
❸ ❁ ❱❳➟◗P❶❱❳❲✫❲ ❁ ❨✵✛

✿ ❱✫❱ ❃ ➳➤✛✸➈❉✿❁✪✭➵❊★✫✪✭✤❭❚◆✪✭✬ ❺ ✛ ✙✣✢✥✤❂✦⑥★✫✪✮✬✭★✭✯✮➮ ✓✴✲✘✩ �✁✗✙✢✠✦ ✓✖✕→♣ � ✓✔✑✒✑✵♣✤✦ ✕❭✐✙✩✫✚✒✏✥✐✺✕✘✗ ☞ ☞ ✓➁❿ ✦ ✕✸✷ ✓▲❥❙✐ ✗ ☞➠➫✺☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏✒✑ ✯✺❘➐✶➣✸❀❁✛➅➈❻✿✵▼➅✛✑✙➱➸↔✃❋✯ ➆ ❁ ❱ ❁ P▲❱❳❲✫❲ ❅✫❨✵✛



⑨✫❬ � ✍✁✄✂ ✍✁✡☞☎✁ � ✁✆✁✡✠✞✝ ☎✟✝✡✠ ☎ ✟☞☛ ☞ ✂☛✏✍✌ ☎✝✆✑✞✎✁✒✠

✿ ❱➉❬ ❃ ➳➤✛❉➈❉✿❁✪✮➵❁★✫✪✭✤❵✯ ✙❧✛❉❛➂✤❂✪✭✬✭✪✭✿❊✢⑩❚◆✪✭✬ ❺ ✛ ✙❙✢✥✤❂✦⑥★◆✪✭✬✭★✭✯⑥✰ ✓✔✥✫✏ ☞ ✏✣✕✫✢❙✲✫✓✴✲✘✩ �✁✗✙✢✠✦ ✓✖✕ ✢ ☞ ✗✵✲✶✲✘✦ ✕✸✷ ✦ ✕ ✓✴✲✫✏✣✕
✑✆✛✔✑✣✢ ✏✆✜ ✑✑✏✹✗ ✚✒✓✖✩➉✲✒� ✏✥✐✓✒✘✕✛✓✖✕✛✚✒✓✖✩❳✲✒� ✏✥✐◆♣ ✑✣✢ ✗✙✢✤✏✄✗✙✕✘✗ � ✛✔✑✣✦ ✑ ✯→✺❘➐✶➣✸❀❁✛➅➈❻✿✵▼➅✛✑✙➱⑧→➞↕✯ ➆ ⑨◆➟◗P▲❱❳❲✫❲✫❲✶❨♦✛

✔ ❱ ❸ ❃ ➙❙✛ ➦➢✛ ✙❙✾✶❚➏❃✆✕ ✿✵▼❭✯❙❜➲✛ ➙❙✛➤❼❴★✫✢✥✪✶➣✸✤❖✯✜➙✣✛➻❼❪✛❩❜➡❚ ❇ ✤❂❀✥★❳▼❭✯❉❚◆✪✭✬ ➽➍④✳✛❹➌❫✛➤➈❉★✫➵❁➐✮✬✭✿❁❀ ❇ ▼✫✿❊✪✭❀✥➎❝✤❂✤❖✯✩✰ ✓✔✥✫✏ ☞ ✏✣✕✫✢
✲✫✓✴✲✘✩ �✁✗✙✢✧✦ ✓✖✕ ✢ ☞ ✗✵✲✶✲✘✦ ✕✸✷ ✦ ✕ ★✪✩☛✗✙✕✫✢✧✩ ✜ ✑✆✛✔✑✣✢ ✏✆✜ ✑ ✯↔✺❘➐✶➣✸❀✥✤✧❈❊❀❶❅ ✕✣❀✥❃❭✿❁➎❝➐✭✤✓⑦↔⑧❋✯✄✖ ✤ ❸ P❶❱❳❲◆❲ ❸ ❨✵✛

✔ ❱ ➆ ❃ ➌❫✛✘✗➅✛✙✗✸✦⑥✤❂✢✥✪✭★❳▼❭✯ ✙❫✛ ❜➔✛✶➑✱④✭✦❢❚➏✤✧➎❝✤✧✪❽❚◆✪✮✬❽➌❫✛✿❬✴✛◆➽➍④✮✬✭✤✧✪❋✯✛✚ ✢ ✗✙✢✠✦ ✓✖✕✘✗ ☞ ✛ ✚✒✓✔✥✫✏ ☞ ✏✣✕✫✢ ✑✣✢ ✗✙✢✤✏✒✑✹✓▲❥✽✗✙✢ ✓ ✜ ✑ ✦ ✕
☞ ✏✒✑✔✓✖✕✘✗✙✕✫✢ ✦ ✕✫✢ ✏ ☞ ✗ ✚✣✢✠✦ ✓✖✕➾❿ ✦ ✢ ✥ ✏✁�✂� ✦ ✲✘✢✠✦ ✚ ✗ �✂� ✛❄✲✫✓ �✁✗ ☞ ✦❑➩✖✏✥✐ � ✦❑✷✖✥ ✢❖r ✰ ✓✔✥✫✏ ☞ ✏✣✕✫✢ ✢ ☞ ✗✵✲✶✲✘✦ ✕✸✷ ✓▲❥❾✲✫✓✴✲✘✩ �✁✗✙✢✧✦ ✓✖✕✜ ✷ ✏✣✕✛✏ ☞ ✗ �✻✢ ✥✫✏✒✓ ☞ ✛✣✢ ✯✄✗❆★❳▼❭✛↔✺❘➐✶➣❆❀❊✛ ✓ ❺ ➑❉✺➨⑧✍✤❋✯↔❲✮❱ ❸ P▲❱❳❲ ❅✫❲✶❨♦✛

✔ ❱➉⑨✦✥ ❺ ✛ ✙✣✢✥✤✧✦✩★✫✪✭✬✮★✭✯ q ✏✁�✁✗❷❣ ✗✙✢✧✦ ✓✖✕➊✲ ☞ ✓✔✚✒✏✒✑✒✑✔✏✒✑ ✦ ✕ ✚✒✓✔✥✫✏ ☞ ✏✣✕✫✢❵♣✧✲✫✓✴✲✘✩ �✁✗✙✢✠✦ ✓✖✕ ✢ ☞ ✗✵✲✶✲✘✦ ✕✸✷ ✯✫✺✼➐✶➣✸❀❁✛✸➈❉✿❊▼❭✛ ✙ ➸✭➭➂✯
❬✫❬✸❱ ✤◗P❶❱❳❲✫❲ ✤✶❨✵✛

✔ ❱ ✤✧✥❄➽➢✛❙➦❴❚◆✪✮❈✴➐✭✿❊▼➏❚✮✯❫❼❽✛ ✙❙■❂➵❁✿ ❇✥❇ ❚❆✯★✗➅✛ ⑤ ❚◆✢ ❇ ❚◆■❂✿❊▼➏❚✮✯➜❜➔✛❻➑✎❚◆❀✥■✧❚◆➎◆★❳▼ ❚◆✪✭✬ ⑤ ➐❋✛ ✙❙✪✭✬✮✢✥✿❁✿✵▼➏❚✮✯➡✰ ✓✔✥✫✏ ☞ ♣
✏✣✕✫✢✹✏➝➹ ✏✒✚✣✢ ✑ ✓✖✕✆✢ ✥✫✏✪✩✎✏✒✏✆✜ ✗✙✕ ✑✣✩✭♠ � ✏ ♥ ✏✁� ✑ ✓▲❥✜✥ ✛♦✲✫✏ ☞✟✫ ✕✛✏✜✑✣✢ ✗✙✢ ✏✒✑ ✦ ✕ ✓✴✲✘✢✧✦ ✚ ✗ �➅✲✘✩ ✜❙✲✘✦ ✕✸✷ ✓▲❥❫q❻♠✻♠☛✛
✜ ✓✖✕✛✓ ✜ ✓❁✐ ✏➊✐✙✦ ✓❁✐ ✏ �✁✗✖✑✔✏ ☞♦✯✡✛❄❃ ❇ ✛ ⑤ ★✫✦✩✦◗✛↕➃✮➄→✃❋✯❋❱❷➟ ❸ P❖❬◆➟✫➟◆➟✶❨✵✛
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✔ ❸ ➟✧✥✚✕➜✛➅➛❻★✫➐✭✿❊✪✭✿❁❀ ❇ ✿❁✢❊✯❋➳➤✛→➑✱✢✥★◆✤➥❚◆✪✭✤❵✯ ❺ ✛➅❜❯★✫■✧✤❂✪→❚◆✢✽✤❖✯→❼❪✛❭✺✓❚◆✪✮➵❷❚◆✢✽✤✧✪✭✤❵✯↔❚◆✪✭✬ ⑤ ✛❋❜➡❚➏❈✴➐✭✤➥❚❷▼✫✿❊■✧■❂★✭✯✼✰ ✓✔✥✫✏ ☞ ✏✣✕✫✢

✲✫✓✴✲✘✩ �✁✗✙✢✧✦ ✓✖✕ ✢ ☞ ✗✙✕☛✑➝❥ ✏ ☞ ✦ ✕ ✚✒✓✖✩➉✲✒� ✏✥✐✌✑✔✏✆✜ ✦ ✚✒✓✖✕❭✐✙✩ ✚✣✢✤✓ ☞ ★✪✩☛✗✙✕✫✢✠✩ ✜ ✐ ✓✖✢ ✑ ✯ ✙❙❃✭❃✮■❖✛ ✺❘➐✶➣✸❀❁✛➍❛↕✿ ❇✽❇ ✛❩➄↔➄➅✯
❱ ❅ ✤ ➆ P❖❬◆➟✫➟◆➟✶❨✵✛

✔ ❸ ❱✑✥ ✖➜✛ ➛➜✛❳➙➤★✫✪→❚➏✬✭✿❁★✭✯ ✓✮✛ ❺ ✢✽■➥❚◆✪✭✬✳✯➏➦➢✛❷❼➜❚➏✦⑥✦✩★✫✪❋✯❳➦➢✛❷✺✓❚◆✢✽➎❭✯➁➦➢✛ ✗➅✛❳➋➊❚ ❇ ➵❁✿❁✢➂❚➏✪✭✬➜➦➢✛➻❼❪✛ ✗ ❇ ✿❁✿❊■❖✯❭✰ ✓✔✥✫✏ ☞ ✏✣✕✫✢
✓✴✲✘✢✠✦ ✚ ✗ �☛✚✒✓✖✕✫✢ ☞ ✓ �❂✓▲❥ ✢ ✥✫✏ ★✪✩☛✗✙✕✫✢✠✩ ✜ ✑✣✢ ✗✙✢ ✏ ✓▲❥ ✗✽✑✣✦ ✕✸✷ � ✏ ★✪✩❂✗✙✕✫✢✠✩ ✜➱✐ ✓✖✢ ✯ ✗❆❈❁✤❂✿❁✪✭❈❊✿❾➚↔✃↔➚❋✯❝❱ ➆ ✖✫❬➊P❶❱❷❲✫❲ ❅✶❨♦✛

✔ ❸ ❬✦✥✍✓✮✛✫●➔✿❁✤❂❀❁✯✸➈➜✛ ✓✮✛❝➛❙❚➏④✭✾✭✯❝➋❪✛✫▼✫★✫✪⑥➋❴■✧✤ ❇ ➵❁✤❂✪✭✾❴❚◆✪✮✬❢➋❪✛❝✺❘■✧★✸★✫✾✭✯ t ☞ ✗✙✕☛✑✹✲✫✓ ☞ ✢✻✑✹✲✫✏✒✚✣✢ ☞ ✓✔✑✔✚✒✓✴✲ ✛ ✓✖✕ ✗✄✑✣✦ ✕✸✷ � ✏
★✪✩☛✗✙✕✫✢✧✩ ✜☛✐ ✓✖✢ ✯✄✗❆✿❁✦✩✤✧❈❊★✫✪✭✬❋✛✍✗✸❈❁✤❖✛✮➑✎✿❊❈✴➐✭✪✭★✫■❵✛✄✤↕✯↕❱✵❅✫❲✫➟◗P❶❱❳❲◆❲ ➆ ❨✵✛

✔ ❸✫❸ ✥➊➑❴✛✶➙❩✢➠❚◆✪✭✬✮✿❁❀✼❚◆✪✭✬❽➳❩✛✫➈❉✿❁✪✭➵❊★✫✪✭✤❖✯➂✰ ✩ ☞ ☞ ✏✣✕✫✢✱✑✵❿ ✦ ✢✤✚✒✥✩♠☛✛ ✚✒✓✔✥✫✏ ☞ ✏✣✕✫✢✱✢ ☞ ✗✵✲✶✲✘✦ ✕✸✷ ✓▲❥❃✏✁� ✏✒✚✣✢ ☞ ✓✖✕☛✑ ✦ ✕ ★✪✩❂✗✙✕→♣
✢✠✩ ✜☛✐ ✓✖✢ ✑ ✯↔✺❘➐✶➣❆❀❊✛❭➈❻✿✵▼➅✛❭❛↕✿ ❇✽❇ ✛↔✃↔➸❋✯ ➆ ❱ ➆ ❅❯P❵❬◆➟✫➟✫➟✫❨✵✛

✔ ❸◆➆ ✥➊➑❴✛✜➙❩✢➠❚◆✪✭✬✮✿❁❀❁✯❄➳➤✛✜➈❉✿❁✪✭➵❊★✫✪✭✤❴❚◆✪✮✬➪➈➊✛ ➛❧✛✜➙➤■❂✤✧❈✴➎↔✯❙❞ ✐✙✦✠✗✶♠✒✗✙✢✠✦ ✚ ✑✣✢✤✏✒✏ ☞ ✦ ✕✸✷ ✗✙✕❭✐ ✐ ✏✣✢ ✏ ☞ ✜ ✦ ✕✘✗✙✢✠✦ ✓✖✕ ✓▲❥
✐ ✏✹✲✫✥☛✗✖✑✣✦ ✕✸✷ ☞ ✗✙✢✤✏✒✑✄✦ ✕➲✐ ✓✖✩✮♠ � ✏❧✐ ✓✖✢✴★✪✩✮♠✪✦ ✢ ✑ ✯↔✺✼➐✶➣✸❀❁✛❭➈❉✿❊▼❭✛❭➙ ⑧→➭➂✯↔➟ ❸ ⑨ ❸ ❱❳❲⑩P❵❬◆➟✫➟✮❱➉❨♦✛

✔ ❸ ⑨✦✥➜➳➤✛➍➈❉✿❁✪✭➵❊★✫✪✭✤❵✯✜➑❴✛➤➙➤✢✥❚◆✪✭✬✭✿❊❀❁✯✩✰ ✥☛✗ ☞ ✷ ✏ ✢ ☞ ✗✙✕☛✑✹✲✫✓ ☞ ✢ ✢ ✥ ☞ ✓✖✩✫✷✖✥ ★✪✩☛✗✙✕✫✢✧✩ ✜ ✐ ✓✖✢ ✑ ♥ ✦✠✗✆✢✠✦✧✜ ✏✵♣ ♥ ✗ ☞ ✛ ✦ ✕✸✷
✢✠✩❀✕✫✕✛✏✁� ✚✒✓✖✩❳✲✒� ✦ ✕✸✷✖✑ ✯→✺❘➐✶➣✸❀❁✛❭➈❻✿✵▼❭✛↔➙ ⑧✭➭➂✯❭❬ ➆ ⑨ ❸ ➟✮❱✩P❖❬◆➟◆➟✮❱➉❨✵✛

✔ ❸ ✤✧✥➜➈➊✛ ➛➜✛↔➙➤■✧✤❂❈✴➎↔✯↔➦➢✛❹●✑✛→▼➏❚◆✪◗✬✭✿❁✢✜●➔✿❁✤✧✬✮✿◆✯❭➈➜✛ ✓✮✛↔➛❙❚➏④✭✾✭✯❭❚◆✪✭✬❯➋❪✛ ❺ ➯❭✿❁✢✽■❖✯✼✰ ✓ ✜❙✲✒� ✏✽❣⑩♠ ☞ ✓✪✗✶✐✶♠✒✗✙✕❭✐ ✜ ✦✂� ♣
� ✦✧✜ ✏✣✢✤✏ ☞ ❿ ✗ ♥ ✏ ☞ ✏✒✑✹✲✫✓✖✕☛✑✔✏ ✓▲❥✌✗ ✐ ✓✖✩✮♠ � ✏ ★✪✩☛✗✙✕✫✢✧✩ ✜ ✐ ✓✖✢ ✏ q ✗✶♠✪✦ ✓✔✑✔✚✣✦✂�✂�✁✗✙✢✠✦ ✓✖✕☛✑ ✦ ✕✶✗✙✕ ✗ ☞ ✢✧✦ ✫ ✚✣✦✠✗ �
✜ ✓ � ✏✒✚✣✩ � ✏ ✯→✺❘➐✶➣❆❀❊✛❭➈❻✿✵▼➅✛❭❛↕✿ ❇✽❇ ✛↔✃↕➃→✯ ✤ ❅✫❲◗P▲❱❳❲✫❲ ❅✶❨♦✛

✔ ❸ ✖✦✥➜➳➤✛ ❅▲➈➊✛ ⑤ ❚◆✢✽✦⑥✤❂✪→❚ ❇ ✤❖✯➂❜➔✛✲✗✸❈✴➐✭✤➥❚❷▼✫★◆✪✭✤❖✯✎❛❘✛✲✗✮❚◆✪✭❈✴➐✭✿❊➵✵❅✹✺✓❚◆■❂✿❁✪✭❈❊✤➥❚✮✯✎➳➤✛↕➈❉✿❁✪✭➵❊★✫✪✭✤➍❚◆✪✭✬❍❼❪✛✱❼➊✢❶➣❆✪❝➯❭✿❁✢✽✾✭✯
t✘✏✆✜❙✲✫✏ ☞ ✗✙✢✠✩ ☞ ✏ ✗✙✕❭✐ ✑✹✲☛✗✙✢✠✦✠✗ �✱✐✙✦ ➹ ✩ ✑✣✦ ✓✖✕ ✓▲❥✺✗✙✢ ✓ ✜ ✑ ✚✒✓✔✓ � ✏✥✐ ✦ ✕✮✗✌☞➏➘ � ✦ ✕ ✪ � ✦ ✕➔♠ ☞ ✦❑✷✖✥ ✢ ✓✴✲✘✢✠✦ ✚ ✗ � �✁✗✙✢❵♣
✢✠✦ ✚✒✏ ✯ ❺ ④✭✢❁✛↔✺❘➐✶➣✸❀❁✛ ✓✮✛↔➦ ➃✮➄✳✯→❬ ➆ ❲◗P❖❬◆➟◆➟✮❱➉❨✵✛

✔ ❸ ❅✧✥➜➳➤✛ ❅▲➈➊✛ ⑤ ❚◆✢✽✦⑥✤❂✪→❚ ❇ ✤❖✯↕❛❘✛✲✗✮❚◆✪✮❈✴➐✭✿❁➵♦❅▲✺✓❚➏■✧✿❁✪✮❈❁✤➥❚❆✯ ❜➔✛✲✗✸❈✴➐✭✤➥❚❷▼✫★◆✪✭✤❖✯✎➳➤✛↕➈❉✿❁✪✭➵❊★✫✪✭✤➍❚◆✪✭✬❍❼❪✛✱❼➊✢❶➣❆✪❝➯❭✿❁✢✽✾✭✯
q✴✗✁✛ � ✏✣✦❑✷✖✥ ✑✔✚ ✗✙✢✠✢ ✏ ☞ ✦ ✕✸✷✮✗✙✕❭✐ ✗✙✢✤✓ ✜ ✦ ✚⑩✐✁✛✖✕✘✗✁✜ ✦ ✚✒✑ ✦ ✕ ✐✙✦ ✑✒✑✣✦ ✲☛✗✙✢✧✦ ♥ ✏ ✓✴✲✘✢✠✦ ✚ ✗ � �✁✗✙✢✠✢✧✦ ✚✒✏✒✑ ✯✼✺❘➐✶➣✸❀❁✛✼➈❉✿❊▼❭✛
❛↕✿ ❇✽❇ ✛✄✤→➞↕✯↔➟ ➆✶❸ ❲◆➟✮❱✩P❖❬◆➟◆➟ ❸ ❨✵✛

✔ ❸ ❲✧✥ ⑤ ✛ ✓◆④✮✢✥❈❁➵❁❚◆➎↔✯✱➙❙✛↕➦❄✿❁❀✽✢✥④✭✿❊■✧■❂✿◆✯↕➋❪✛✎✗❆✿❊✪✭✾✫❀ ❇ ★✸❈✴➎❭✯ ✓✮✛ ❅❖➽➢✛ ⑤ ★✫④✭✢ ❇ ★✫✤❂❀❁✯ ⑤ ✛◗❬✴✛❋●❍✿❊❀ ❇ ➯✭✢✥★✸★✫➎➼❚➏✪✭✬ ✙❫✛ ✙✣❀❶❅
❃❭✿❁❈ ❇ ✯❩❞ ✢ ✓ ✜ ✦ ✚ ✢ ☞ ✗✙✕☛✑✹✲✫✓ ☞ ✢ ✦ ✕ ✗✙✕ ✓✴✲✘✢✠✦ ✚ ✗ � �✁✗✙✢✧✢✠✦ ✚✒✏✑✏ ✗✙✕ ✦ ✕ ♥ ✏✒✑✣✢✠✦❑✷ ✗✙✢✠✦ ✓✖✕ ✢ ✥ ☞ ✓✖✩✫✷✖✥◗✲✫✓ �✁✗ ☞ ✦❑➩✔✗✙✢✧✦ ✓✖✕→♣
✑✔✏✁� ✏✒✚✣✢✠✦ ♥ ✏❄✦ ✕✫✢✤✏✣✕☛✑✣✦ ✢ ✛ ✚✒✓ ☞ ☞ ✏✁�✁✗✙✢✠✦ ✓✖✕☛✑ ✯→✺❘➐✶➣✸❀❁✛❭➈❻✿✵▼❭✛➅❛↕✿ ❇✥❇ ✛❭➄❭➄➅✯↕❱✬✖◆❬ ✖⑩P❶❱❳❲✫❲ ✤✶❨✵✛

✔ ➆ ➟✧✥✭✗➅✛➍❼❴④✭✤❂➯→❚◆■❖✯ ⑤ ✛➍❜◗✿❁✪✭✪✭✿❊✢➠❚ ❇ ❅▲➈❉★✫➯✭✤❂■✧■✧✤✧❚◆✢✥✬✳✯ ➦➢✛❘❛➂❚◆✢✽★✫④✭❀✥❀✽✿❁✢✽✤✧✿◆✯ ⑤ ✛❘➑✎✢✽✤✧❈✴➐✎✍✿➏✯ ✓✮✛ ❅❖➽➢✛ ⑤ ★✫④✭✢ ❇ ★✫✤❂❀❁✯❩❚◆✪✭✬
❼❪✛↕❼❴✢✽➣✸✪❝➯➅✿❊✢✥✾✭✯ q✴✗✶✐✙✦✠✗✙✢✠✦ ✓✖✕◗✲ ☞ ✏✒✑✒✑✣✩ ☞ ✏✜✦ ✕ ✗ ☞ ✩✮♠✪✦➀✐✙✦ ✩ ✜ ✓✴✲✘✢✠✦ ✚ ✗ � �✁✗✙✢✠✢✧✦ ✚✒✏✑✏ ✗✙✕ ✗✙✢✤✓ ✜ ✦ ✚ ✗✙✕✘✗ � ✓✥✷ ✢ ✓
✢ ✥✫✏✜✲✫✥✫✓✖✢ ✓ ☞ ✏➝❥ ☞ ✗ ✚✣✢✠✦ ♥ ✏✜✏➝➹ ✏✒✚✣✢ ✯✭✺✼➐✶➣✸❀❁✛➅➈❉✿❊▼❭✛↔❛↕✿ ❇✥❇ ✛✳➄✭✃↕✯ ➆ ✖◆➟✫❲⑩P❶❱❷❲✫❲❂✖✫❨♦✛



⑨ ➆ �✁�✁✄✂ �✁✄✂☎✁ � ✁✆✁✄☎✞✝✄✂✟✝✡✠ ✂✝✆ ☛ ✂✝✆✟✞ ✌ ✂✝✆✑✞✎✁✠☎

✔ ➆ ❱✑✥➜❛❘✛✲✗✮❚◆✪✮❈✴➐✭✿❁➵♦❅▲✺✓❚➏■✧✿❁✪✮❈❁✤➥❚❆✯✓➳➤✛ ❅▲➈➊✛ ⑤ ❚◆✢✽✦⑥✤❂✪→❚ ❇ ✤❖✯➂❜➔✛✲✗✸❈✴➐✭✤➥❚❷▼✫★◆✪✭✤❖✯✎➳➤✛↕➈❉✿❁✪✭➵❊★✫✪✭✤➍❚◆✪✭✬❍❼❪✛✱❼➊✢❶➣❆✪❝➯❭✿❁✢✽✾✭✯
✈ ☞ ✦✂�✂� ✓✖✩ ✦ ✕➼✲ ☞ ✓✴✲☛✗❳✷ ✗✙✢✠✦ ✓✖✕ ✜ ✓❁✐ ✏✒✑ ✦ ✕ ✓✴✲✘✢✠✦ ✚ ✗ � �✁✗✙✢✠✢✠✦ ✚✒✏✒✑✑✏ ✦ ✕✫✢ ✏ ☞ ✲ ☞ ✏✣✢ ✗✙✢✧✦ ✓✖✕ ✦ ✕ ✢✤✏ ☞ ✜ ✑ ✓▲❥ ✕✛✓✖✕✛✚✒✓✖✕→♣♥ ✏✣✕✫✢✠✦ ✓✖✕✘✗ � ✑✣✢✤✓✔✚✒✥☛✗✖✑✣✢✧✦ ✚ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏ ✯→✺❘➐✶➣✸❀❁✛❭➈❉✿❊▼❭✛↔❛↕✿ ❇✥❇ ✛❭✃↔✃↕✯↕❱ ❸✫❸ ❲✫➟ ❸ P❵❬◆➟✫➟✶❬◆❨✵✛

✔ ➆ ❬✦✥❧❜➔✛☞✗❆❈✴➐✮✤➥❚❷▼✫★✫✪✮✤❖✯✱➳➤✛ ❅▲➈➊✛ ⑤ ❚◆✢✥✦✩✤✧✪✭❚ ❇ ✤❵✯↕❛❘✛✲✗✮❚◆✪✭❈✴➐✭✿❊➵✵❅✹✺✓❚◆■❂✿❁✪✭❈❊✤➥❚✮✯✎➳➤✛↕➈❉✿❁✪✭➵❊★✫✪✭✤➍❚◆✪✭✬❍❼❪✛✱❼➊✢❶➣❆✪❝➯❭✿❁✢✽✾✭✯
✚ ✢✤✓✔✚✒✥☛✗✖✑✣✢✧✦ ✚ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏❃✦ ✕❪✲✫✏ ☞ ✦ ✓❁✐✙✦ ✚❘✲✫✓✖✢✤✏✣✕✫✢✠✦✠✗ � ✑✑✏ ☞ ✏ ✗ � ✦❑➩✔✗✙✢✧✦ ✓✖✕ ✦ ✕ ✗❽✐✙✦ ✑✒✑✣✦ ✲☛✗✙✢✧✦ ♥ ✏❄✓✴✲✘✢✠✦ ✚ ✗ � �✁✗✙✢✧✢✠✦ ✚✒✏ ✯
❺ ④✭✢✽★✫❃✭➐✶➣✸❀❁✛➅❛➂✿ ❇✥❇ ✛↔➸✍✤↕✯ ➆ ❲ ❸ P❖❬◆➟✫➟✫❬✫❨✵✛

✔ ➆✶❸ ✥❧❜➔✛☞✗❆❈✴➐✮✤➥❚❷▼✫★✫✪✮✤❖✯✱❛❘✛✲✗✮❚◆✪✭❈✴➐✭✿❊➵✵❅✹✺✓❚◆■❂✿❁✪✭❈❊✤➥❚✮✯✎➳➤✛ ❅▲➈➊✛ ⑤ ❚◆✢✥✦✩✤✧✪✭❚ ❇ ✤❵✯↕➳➤✛↕➈❉✿❁✪✭➵❊★✫✪✭✤➍❚◆✪✭✬❍❼❪✛✱❼➊✢❶➣❆✪❝➯❭✿❁✢✽✾✭✯
➘✺✗ ☞➠➫ ✲ ☞ ✓✴✲☛✗❳✷ ✗✙✢✠✦ ✓✖✕ ✜ ✓❁✐ ✏✒✑❄✦ ✕ ✓✴✲✘✢✠✦ ✚ ✗ � �✁✗✙✢✠✢✧✦ ✚✒✏✒✑ ✯→✺❘➐✶➣✸❀❁✛➅➈❻✿✵▼❭✛✑✙➴⑧↔⑧❋✯→➟✶⑨ ❸ ❅✶❬❆❱⑥P❖❬➏➟✫➟✶❬✫❨♦✛

✔ ➆✫➆ ✥➜➳➤✛ ❅▲➈➊✛ ⑤ ❚➏✢✥✦✩✤✧✪→❚ ❇ ✤❖✯ ❜➔✛✼✗❆❈✴➐✭✤✧❚❷▼✫★✫✪✭✤❵✯✓➽❪✛ ➑✱★✸✬✭★✫✢✥★❳▼❭✯➍➳➤✛ ➈❉✿❁✪✮➵❁★✫✪✭✤❾❚◆✪✭✬ ❼❪✛❘❼❴✢✽➣✸✪❝➯➅✿❊✢✥✾✭✯❾➮ ✩ ✜❙✲❭♣
✲ ☞ ✓◆♠✣✏✄✑✹✲✫✏✒✚✣✢ ☞ ✓✔✑✔✚✒✓✴✲ ✛ ✓▲❥✜✗✙✢ ✓ ✜ ✑ ✚✒✓✔✓ � ✏✥✐ ✦ ✕✆✗ ☞➏➘ � ✦ ✕ ✪ � ✦ ✕ ✓✴✲✘✢✧✦ ✚ ✗ � �✁✗✙✢✠✢✧✦ ✚✒✏ ✯ ❺ ④✮✢❁✛❋✺❘➐✶➣✸❀❁✛ ✓✮✛➅➦ ✯
❚◆❈❊❈❁✿❊❃ ❇ ✿❊✬❯❏➝★✫✢✜❃✭④✮➯✭■✧✤❂❈❷❚ ❇ ✤✧★✫✪❋✛

✔ ➆ ⑨✦✥❧❜➔✛ ✗❆❈✴➐✭✤✧❚❳▼◆★✫✪✭✤❵✯✼❛✼✛❀✗✮❚◆✪✮❈✴➐✭✿❁➵♦❅▲✺✓❚➏■✧✿❁✪✮❈❁✤➥❚❆✯❩➳❩✛✓➈❉✿❁✪✭➵❊★✫✪✭✤➤❚◆✪✭✬ ❼❪✛ ❼❴✢✽➣✸✪❝➯➅✿❊✢✥✾✭✯➤➮ ✥☛✗✖✑✔✏✵♣ ✚✒✓✖✕✫✢ ☞ ✓ � ✓▲❥
✐✙✦ ☞ ✏✒✚✣✢✤✏✥✐ ✐✙✦ ➹ ✩ ✑✣✦ ✓✖✕✌✦ ✕ ✗ ✑✆✛✢✜ ✜ ✏✣✢ ☞ ✦ ✚✜✓✴✲✘✢✧✦ ✚ ✗ � �✁✗✙✢✠✢✠✦ ✚✒✏ ✯✭❀✥④✭➯✮✦⑥✤ ❇✥❇ ✿❊✬ ❇ ★⑥✺✼➐✶➣✸❀❁✛❭➈❉✿❊▼❭✛↔❛↕✿ ❇✽❇ ✛❍✛

✔ ➆ ✤✧✥✍✓✮✛❆➦❴❚◆■✧✤❂➯→❚◆✢✽✬⑥❚➏✪✭✬ ⑤ ✛ ⑤ ★✫➐✭✿❊✪❆❅✹➑✎❚◆✪✭✪✭★◆④✭✬➁➓✽✤❖✯ ✉✻✗✖✑✔✏ ☞ ✚✒✓✔✓ � ✦ ✕✸✷❪♠✣✏✁� ✓➁❿ ✢ ✥✫✏✣➘✜✓✴✲✶✲✒� ✏ ☞ � ✦✧✜ ✦ ✢✼♠☛✛✣✲✫✓ �✁✗ ☞ ♣
✦❑➩✔✗✙✢✠✦ ✓✖✕⑩✷ ☞ ✗✶✐✙✦ ✏✣✕✫✢ ✑✑✏ ✑✣✦✧✜❙✲✒� ✏❄✢ ✥✫✏✒✓ ☞ ✏✣✢✠✦ ✚ ✗ � ✜ ✓❁✐ ✏✁� ✑ ✯ ✓✮✛✒✛❄❃ ❇ ✛✄✗❆★❆❈➏✛ ✙❙✦◗✛→➙➪⑧❋✯❭❬◆➟✶❬ ❸ P▲❱❳❲ ❅✫❲✶❨♦✛

✔ ➆ ✖✦✥✍✓✮✛ ❅❖➽➢✛ ⑤ ★✫④✮✢ ❇ ★◆✤✧❀❁✯✆✗➅✛✳❼➊④✭✤❂➯→❚◆■❵✯➅➦➢✛ ➈➊✛✳❜◗✿❷❚◆❈✴➐✭✿❊✢❁✯➂✺✱✛❭➌✼✿❊✢✥➎◆✿❊✢✥➎➡❚◆✪✭✬ ❼❪✛❋❼❴✢✽➣✸✪❝➯❭✿❁✢✥✾✮✯✱➮ ☞ ✓✴✲☛✗❳✷ ✗✙✢✧✦ ✕✸✷
✏✁� ✏✆✜ ✏✣✕✫✢ ✗ ☞ ✛ ✏✽❣❀✚✣✦ ✢ ✗✙✢✧✦ ✓✖✕☛✑✹✦ ✕ ✗ ✐✙✦✂� ✩❀✢✤✏ ✓✴✲✘✢✠✦ ✚ ✗ � �✁✗✙✢✧✢✠✦ ✚✒✏ ✯↔✺❘➐✶➣❆❀❊✛❭➈❻✿✵▼➅✛❭❛↕✿ ❇✽❇ ✛➅➄↔➄➅✯ ➆ ➟◗P❶❱❷❲✫❲ ✤✶❨♦✛

✔ ➆ ❅✧✥✍✓✮✛ ❅❖➽➢✛ ⑤ ★✫④✭✢ ❇ ★✫✤❂❀❄❚◆✪✮✬➲❼❽✛✳❼➊✢❶➣✸✪✸➯❭✿❁✢✽✾✭✯❀✚ ✢✠✦✧✜ ✩ �✁✗✙✢✤✏✥✐❢q ✗✁✛ � ✏✣✦❑✷✖✥ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏✒✑✜✗✙✕❭✐ ☞ ✏✒✚✒✓✖✦✂� ♣✤✦ ✕❭✐✙✩✫✚✒✏✥✐
✏➝➹ ✏✒✚✣✢ ✯ ✙❙✬❆▼➅✛✡✙ ❇ ✛❭❜❯★✫■❖✛✑✛❴❃ ❇ ✛→✺❘➐✶➣✸❀❁✛✳⑦❭⑧❋✯✽❅ ✖◗P▲❱❳❲✫❲ ✤✫❨✵✛

✔ ➆ ❲✧✥❧❜➔✛◗❬✴✛ ➦❙➣✸➎❝✦⑥❚◆✪✇❚◆✪✭✬③✺✱✛❹➌❫✛ ❺ ✛✼❜◗❈ ⑤ ■✧✤❂✪ ❇ ★✸❈✴➎❭✯ ☛ ✥☛✗✙✢✺✚ ✗✙✕ ✑✣✢ ✓✔✚✒✥☛✗✖✑✣✢✠✦ ✚ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏✻✐ ✓☛✡ ✯✚✖✣❚ ❇ ④✮✢✥✿
⑦✍✤↕➃→✯ ❸◆➆✫➆ P❶❱❳❲◆❲ ❅✶❨✵✛

✔ ⑨◆➟✧✥➜❛❘✛➅❼➜❚➏✦⑥✦⑥❚◆✤ ❇ ★✫✪✭✤❵✯✭✺✎✛❭➛ ☎❚◆✪✭✾✫✾✫✤❵✯❭✺✎✛ ✓◆④✭✪✭✾ ❚➏✪✭✬➼➳➤✛➅❜➡❚➏✢✥❈✴➐✭✿❊❀✥★✫✪✭✤❵✯✲✚ ✢✤✓✔✚✒✥☛✗✖✑✣✢✠✦ ✚➜q ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏ ✯↔➈❉✿❊▼❭✛
❜❯★✸✬❋✛↔✺❘➐✶➣✸❀❁✛❋➄✮➞➂✯❭❬◆❬ ❸ P❶❱❳❲✫❲ ❅✶❨✵✛

✔ ⑨❆❱✑✥➜➈➊✛✮➙❩✿❁✪✭➵❊✤❖✯ ✗➅✛✛✗✸④ ❇ ✿❊✢➠❚✮✯ ✙❫✛❝➌✼④✭■✧❃✭✤✧❚◆✪✭✤❵✯ t✻✥✫✏ ✜ ✏✒✚✒✥☛✗✙✕✫✦ ✑✆✜ ✓▲❥ ✑✣✢ ✓✔✚✒✥☛✗✖✑✣✢✠✦ ✚ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏ ✯ ✓✮✛✸✺❘➐✶➣❆❀❊✛ ✙
➃✶➭➂✯↔❛ ➆ ⑨ ❸ P❶❱❳❲ ❅✮❱➉❨✵✛

✔ ⑨✫❬✦✥ ⑤ ✛✒✖✣✤❂❈❁★✫■❂✤✧❀❊✯✡✚ ✢✤✓✔✚✒✥☛✗✖✑✣✢✧✦ ✚ ✗✖✑✹✲✫✏✒✚✣✢ ✑ ✓▲❥✜✚✁� ✦✧✜ ✗✙✢✧✦ ✚✹✢ ☞ ✗✙✕☛✑✣✦ ✢✠✦ ✓✖✕☛✑➜♣ ☞ ✏✒✑✹✲✫✓✖✕☛✑✔✏✄✢✤✓ ✗❧✲✫✏ ☞ ✦ ✓❁✐✙✦ ✚❘❥ ✓ ☞ ✚✣✦ ✕✸✷ ✯➑✱✿❁■❂■✧④✭❀❻⑦✭➭➂✯↕❱⑥P❶❱❳❲ ❅✫❬✫❨✵✛
✔ ⑨ ❸ ✥➜➙❙✛→❜❯❈ ✖✣❚◆✦❢❚➏✢➠❚✮✯✮➋❽✛✸●➧✤✧✿❊❀✥✿❁✪❆❏➝✿❁■✧✬✳✯→➈➜✛✮➈❻★❳➣◆✯ ❦❉♠✣✑✔✏ ☞♦♥ ✗✙✢✧✦ ✓✖✕ ✓▲❥ ✑✣✢✤✓✔✚✒✥☛✗✖✑✣✢✧✦ ✚ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏ ✦ ✕ ✗ ☞ ✦ ✕✸✷

�✁✗✖✑✔✏ ☞♦✯→✺❘➐✶➣✸❀❁✛➅➈❻✿✵▼➅✛↔❛↕✿ ❇✥❇ ✛❭⑧→➞↕✯↔❬ ✤✫❬ ✤◗P❶❱❳❲ ❅ ❅✶❨✵✛
✔ ⑨ ➆ ✥✍✓✮✛ ➋❪✛③➦❄★✫④✭✾✫■✧❚◆❀✥❀❊✯ ❛❘✛➲●➧✤✧■✧➎➏✿❁✪✭❀❊✯ ❺ ✛ ✺✎❚◆✪ ❇ ❚◆➵❊✿❁■✧★◆④❋✯ ➳➤✛ ❜❯★✫❀✥❀❊✯ ①✄✓✖✦ ✑✔✏ ✏✣✕☛✥☛✗✙✕✛✚✒✏✆✜ ✏✣✕✫✢ ✓▲❥

✦ ✕❷❥ ✓ ☞ ✜ ✗✙✢✠✦ ✓✖✕→♣✤✢ ☞ ✗✙✕☛✑➝❥ ✏ ☞ ✦ ✕ ✚ ☞ ✗✁✛ ✫ ✑✒✥ ✜ ✏✒✚✒✥☛✗✙✕✛✓ ☞ ✏✒✚✒✏✹✲✘✢ ✓ ☞ ✑➡♠☛✛✮✑✣✢✤✓✔✚✒✥☛✗✖✑✣✢✠✦ ✚ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏ ✯ ✖✣❚ ❇ ④✮✢✥✿
⑦↔⑧↔➸❋✯ ❸✫❸ ✖⑩P❶❱❳❲◆❲ ❸ ❨✵✛

✔ ⑨✫⑨✦✥❧❜➔✛◗❬✴✛❾➦❙➣✸➎❝✦⑥❚◆✪❋✯❉➦➢✛ ❼❽✛➍❛↕④✭❈✴➐✭✤❂✪✭❀✥➎✶➣✫✯✣➈➊✛❾❜➡❚➏✪✭✪✭✿❁■❂■➥❚✮✯❾✺✎✛➇➌➢✛ ❺ ✛✜❜❯❈ ⑤ ■❂✤✧✪ ❇ ★✸❈✴➎↔✯ ✖❧✛ ➦➢✛ ✗ ❇ ✿❁✤❂✪➨❚◆✪✭✬
✖➜✛➻❼❪✛✄✗ ❇ ★✸❈✴➎❝❀❁✯ ①✄✓✖✕✛✚✒✓✖✕ ♥ ✏✣✕✫✢✧✦ ✓✖✕✘✗ �✘✑✣✢ ✓✔✚✒✥☛✗✖✑✣✢✠✦ ✚ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏ ✯ ✓✮✛✄✗ ❇ ❚ ❇ ✛↔✺❘➐✶➣✸❀❁✛❋➄✮➞↕✯ ➆ ✖◆❲◗P❶❱❳❲◆❲ ❸ ❨✵✛



�✁�✁✍✂ �✁✄✂☎✁✁� ✁✆✁✄☎✪✝✄✂✟✝ ✠☎✂✝✆ ☛ ✂✝✆✟✞ ✌ ✂✝✆✑✞✲✁✄☎ ⑨✫⑨

✔ ⑨ ✤✧✥❧❼❪✛✓➛❻④❋✯✾✚ ✢✤✓✔✚✒✥☛✗✖✑✣✢✧✦ ✚ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏ ✦ ✕ ✗⑥✲✫✏ ☞ ✦ ✓❁✐✙✦ ✚➊✲✫✓✖✢✤✏✣✕✫✢✧✦✠✗ �✎✑✆✛✔✑✣✢ ✏✆✜ ✩ ✕❭✐ ✏ ☞ ✗ ✚✒✓✖✕☛✑✣✢ ✗✙✕✫✢✓❥ ✓ ☞ ✚✒✏ ✯✺❘➐✶➣✸❀❁✛➅❛➂✿ ❇✥❇ ✛ ✙ ➃✭➄❆➭➂✯❭❬ ➆ ✖⑩P▲❱❳❲✫❲ ❸ ❨♦✛
✔ ⑨ ✖✦✥➜❛❘✛✼➳→✢✥★✫✪✮➵❁★✫✪✭✤❾❚◆✪✭✬ ➈➜✛✼❜❯❚◆✪✭✪✭✿❊■✧■➥❚❆✯ ✚ ✢✤✓✔✚✒✥☛✗✖✑✣✢✠✦ ✚ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏ ✦ ✕➔✲✫✏ ☞ ✦ ✓❁✐✙✦ ✚❧✲✫✓✖✢ ✏✣✕✫✢✠✦✠✗ � ✑ ✯ ✓✮✛ ✗ ❇ ❚ ❇ ✛✺❘➐✶➣✸❀❁✛↕➄✭➞↕✯↔⑨➏➟✮❱⑥P❶❱❳❲✫❲ ❸ ❨✵✛
✔ ⑨ ❅✧✥➜➳➤✛➁❜❯❚◆✢✥❈✴➐✭✿❊❀✥★✫✪✮✤❖✯↕✰ ✓ ✜ ✜ ✏✣✕✫✢✱✓✖✕ ✑✣✢✤✓✔✚✒✥☛✗✖✑✣✢✠✦ ✚ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏ ✦ ✕❽❿ ✗✖✑✒✥✮♠✣✓✪✗ ☞ ✐➍✲✫✓✖✢ ✏✣✕✫✢✠✦✠✗ � ✑ ✯➏✺✼➐✶➣✸❀❁✛◆❛↕✿ ❇✥❇ ✛

✙ ➚↔⑦↕➃↔✯ ✤❆❱❢P▲❱❳❲✫❲❂✖◆❨✵✛
✔ ⑨◆❲✧✥❄➽➢✛❹●✑✛❩➋❴✤✧✦ ❚◆✪✭✬ ●✑✛ ✗✸④✭✪✭✾✭✯ ➘✜✓✔✏✒✑ ✑✣✢✤✓✔✚✒✥☛✗✖✑✣✢✠✦ ✚ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏ ✓✔✚✒✚✣✩ ☞ ✦ ✕ ✲✫✏ ☞ ✦ ✓❁✐✙✦ ✚❪✲✫✓✖✢✤✏✣✕✫✢✠✦✠✗ � ✑ ✡ ✯✺❘➐✶➣✸❀❁✛➅➈❻✿✵▼➅✛ ❺ ➸✳➄➅✯→➈ ✤✶❬ ❸ ✖◗P▲❱❳❲✫❲ ❅✫❨✵✛
✔ ✤✫➟✧✥➜➦➢✛✱➦❴❚◆✪❋✯✓❜➔✛ ⑤ ✛ ❜❯❚◆➐→❚ ❇ ★➼❚◆✪✭✬ ✙❫✛ ❜➔✛ ✓✫❚❳➣✫❚◆✪✭✪→❚❷▼➏❚◆✢❊✯ ❤ ✓◆♠✪✦✂� ✦ ✢✘✛ ✗✙✕❭✐ ✑✣✢✤✓✔✚✒✥☛✗✖✑✣✢✧✦ ✚ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏ ✦ ✕

✑✹✲☛✗✙✢✠✦✠✗ �✂� ✛ ✦ ✕☛✥✫✓ ✜ ✓✥✷ ✏✣✕✛✏✒✓✖✩ ✑ ✑✆✛✔✑✣✢✤✏✆✜ ✑ ✯→✺❘➐❝➣✸❀❊✛✳➈❉✿❊▼❭✛ ❺ ⑧→➞↕✯✽✤ ➆ ❬✸❱❢P▲❱❳❲✫❲✫❲✫❨✵✛
✔ ✤✮❱✑✥✍✓✮✛ ❅▲➦➢✛➤➙❾❚◆★✭✯ ①✺✓✖✕ ✜ ✓✖✕✛✓✖✢✤✓✖✕✫✦ ✚➾♠✣✏✒✥☛✗ ♥ ✦ ✓ ☞ ✓▲❥ ✜ ✓◆♠✪✦✂� ✦ ✢ ✛✆✦ ✕ ✗★✜ ✩ � ✢✧✦➀✐✙✦✧✜ ✏✣✕☛✑✣✦ ✓✖✕✘✗ � ✓ ♥ ✏ ☞ ✐ ✗✁✜❙✲✫✏✥✐

✲✫✏ ☞ ✦ ✓❁✐✙✦ ✚ ✑✆✛✔✑✣✢ ✏✆✜ ✯↔✺❘➐✶➣✸❀❁✛❭➈❉✿❊▼❭✛ ❺ ⑧↔➚❋✯ ➆ ✤✫➟ ✤⑩P❵❬◆➟✫➟✫➟✶❨♦✛
✔ ✤✶❬✦✥➜➈➊✛ ➦➢✛✽❬✹❀✥❚✫❚◆❈➏✯✳➈➊✛ ➙✣✛ ✗✸❈✴➐ ✕➤❚◆✢✽➵❪❚◆✪✭✬✕✙❫✛➇➌➢✛✳❼➊✢✥❚◆✪→❚ ❇ ★✭✯✂✁ ✕✫✢✤✏ ☞ ✕✘✗ � ♣➻❥ ☞ ✦ ✚✣✢✧✦ ✓✖✕ ✜ ✏ ✗✖✑✣✩ ☞ ✏✆✜ ✏✣✕✫✢ ✑ ✓▲❥❫✐✙✦ ✑✵♣

� ✓✔✚ ✗✙✢✠✦ ✓✖✕✌✦ ✕✛✏ ☞ ✢✧✦✠✗ � ✏➝➹ ✏✒✚✣✢ ✑❄✦ ✕➲✐✙✦✂� ✩ ✢ ✏ ✗ �✂� ✓ ✛✔✑✜✓▲❥ � ✏ ✗✶✐ ✯→✺❘➐✶➣✸❀❁✛❭➈❉✿❊▼❭✛↔➙❙✯➂➃✸✃❋✯ ➆ ❱ ➆✶❸ P▲❱❳❲❂✖ ❅✶❨♦✛
✔ ✤ ❸ ✥ ❺ ✛ ➙❙✛❋➋❴★✫■❂★✫✦⑥✿❊✤✧❀✽➎❝➣◆✯➅➑❴✛ ⑤ ④✭✢✥❈❊✤✧❈❪❚◆✪✮✬ ✓✮✛ ✺✱✛✎✗ ❇ ✢➠❚◆■❂✿❊➣✫✯ ➶ ✛✔✑✣✢✤✏ ☞ ✏✒✑✣✦ ✑ ✗✙✕❭✐ ✁ ✕☛✑✣✢ ✗✶♠✪✦✂� ✦ ✢✘✛ ✓▲❥ ✗✻➘ ☞ ✦ ♥ ✏✣✕

✁ ✕✫✢ ✏ ☞ ❥ ✗ ✚✒✏❄✦ ✕✮✗ ➮ ✏ ☞ ✦ ✓❁✐✙✦ ✚ ➮ ✓✖✢✤✏✣✕✫✢✧✦✠✗ � ✯↔✺❘➐✶➣✸❀❁✛❭➈❻✿✵▼❭✛➅❛↕✿ ❇✥❇ ✛❭➄→➸❋✯↕❱✬✖ ✖✫⑨⑩P❶❱❳❲✫❲✫⑨✫❨✵✛
✔ ✤ ➆ ✥➜➳➤✛ ✓ ☎④✭■❂✤✧❈✴➐✭✿❊✢❁✯ ✙❫✛☛✙✼➓✽✬→❚➏✢✥✤❖✯✱❚◆✪✮✬ ✓✮✛✎✺✼✢✽★✫❀ ❇ ✯ ❤✮✓❁✐ ✏✁� ✦ ✕✸✷ ✜ ✓ � ✏✒✚✣✩ �✁✗ ☞ ✜ ✓✖✢✤✓ ☞ ✑ ✯✓➈❉✿❊▼❭✛✓❜❯★❆✬✳✛✎✺❘➐✶➣✸❀❁✛

⑧✍✤❋✯↕❱➉❬ ✤✫❲⑩P▲❱❳❲✫❲❂✖◆❨✵✛
✔ ✤✶⑨✦✥❧❜➔✛ ✛➢✛❭❜➡❚◆✾✫✪✭❚◆❀✥❈❊★✭✯ s ✓ ☞ ✚✒✏✥✐ ✢ ✥✫✏ ☞ ✜ ✗ � ☞ ✗✙✢ ✚✒✥✫✏✣✢ ✑ ✯↔✺❘➐✶➣❆❀❊✛❭➈❻✿✵▼➅✛↔❛↕✿ ❇✥❇ ✛✳➄✳➃→✯↕❱ ➆ ✖ ✖◗P▲❱❳❲✫❲ ❸ ❨✵✛
✔ ✤ ✤✧✥ ✙❧✛ ✙✼➓✽✬→❚➏✢✥✤❖✯✮➦➢✛↔❜❯④✭➎➁❚◆✦✩✿❁■❵✯✭❛❘✛→✺✱✿❁■✧✤ ❇ ✤✳❚◆✪✭✬ ✓✮✛↔✺❘✢✥★✫❀ ❇ ✯ q ✏✒✚✣✢✠✦ ✫ ✏✥✐ ✜ ✓✖✢✧✦ ✓✖✕ ✦ ✕❭✐✙✩ ✚✒✏✥✐⑥♠☛✛ ✗ ✚❘❥ ✓ ☞ ✚✒✏✒✑

✦ ✕❢✲✫✏ ☞ ✦ ✓❁✐✙✦ ✚ ✑✣✢ ☞ ✩ ✚✣✢✠✩ ☞ ✏✒✑ ✯ ✓✮✛↔✺❘➐✶➣✸❀❁✛❣❬➤➭➂✯↕❱➉⑨✫⑨✸❱✩P❶❱❳❲✫❲ ➆ ❨✵✛
✔ ✤❂✖✦✥➜❛❘✛ ➦➢✛→❛➂❚◆✪✭✬→❚◆④❯❚◆✪✭✬ ❺ ✛➻❜➲✛↔❛➂✤❑❏➝❀✥➐✭✤ ❇ ➵➏✯ ❤ ✏✒✚✒✥☛✗✙✕✫✦ ✚✒✑ ✯❋P❵✺✱✿❁✢✥✾✫❚◆✦⑥★◆✪❯✺❘✢✽✿❁❀✥❀❊✯ ✛☎✄✸❏➝★✫✢✽✬❋✯❂❱❷❲❂✖ ✤✶❨♦✛
✔ ✤ ❅✧✥✭✗➅✛✮➳✓■➥❚➏❈✴➐❋✯ ✛➢✛✶➽➍✿❊▼ ❇ ④✮❀✥➐✭✿❊✪✭➎◆★❢❚◆✪✭✬⑥➽➢✛✽✯✳★✫■❂★ ❇ ❚◆✢❶➣✸④✭➎↔✯ ➘❄✦ ☞ ✏✒✚✣✢✤✏✥✐ ✰ ✩ ☞ ☞ ✏✣✕✫✢➍✐✙✩ ✏ ✢ ✓ ✈ ☞ ✓ ➫ ✏✣✕ t ✦✧✜ ✏✵♣

✚ ✲☛✗ ✚✒✏ ✚ ✛ ✜ ✜ ✏✣✢ ☞ ✛ ✯↔✺❘➐✶➣❆❀❊✛❭➈❻✿✵▼➅✛❭❛↕✿ ❇✽❇ ✛↔✃✭➭➂✯❭❬ ❸ ⑨✥❅❯P❵❬◆➟✫➟✫➟✫❨✵✛
✔ ✤✫❲✧✥✭✗➅✛✓➦❄✿❁✪✭✤❂❀✥★❳▼❭✯✰✗➅✛ ➳✎■➥❚◆❈✴➐❋✯✁✙❫✛ ✙❫✛✚✛❙▼◆❈✴➐✭✤✧✪✭✪✮✤✧➎◆★❳▼❭✯ ✛➢✛➂➽➍✿✵▼ ❇ ④✭❀✥➐✮✿❁✪✭➎➏★ ❚◆✪✭✬➲➽❪✛ ✯✳★◆■✧★ ❇ ❚◆✢✽➣✸④✭➎↔✯❩✈ ☞ ✓➁♣➫ ✏✣✕✌✑✹✲☛✗ ✚✒✏✵♣✤✢✠✦✧✜ ✏✹✑✆✛✢✜ ✜ ✏✣✢ ☞ ✦ ✏✒✑ ✗✙✕❭✐✔✜ ✏✒✚✒✥☛✗✙✕✫✦ ✑✆✜ ✑ ✓▲❥ ☞ ✏✒✚✣✢✠✦ ✫ ✚ ✗✙✢✧✦ ✓✖✕ ✓▲❥ ✗ ✚ ✫ ✏✁�❑✐✖✑❫♠☛✛ ✕✛✓✖✕ � ✦ ✕✛✏ ✗ ☞✜ ✕✛✓✖✕ ✢✙✗✶✐✙✦✠✗✶♠✒✗✙✢✠✦ ✚ ☞ ✏✒✑✹✲✫✓✖✕☛✑✔✏ ✯→✺❘➐✶➣✸❀❁✛❭➈❻✿✵▼❭✛ ❺ ⑧↔⑧↕✯ ➆ ❱✫❱❳➟ ➆ P❵❬◆➟✫➟✶❬✫❨♦✛
✔ ✖◆➟✧✥❧❜➔✛◗❬✴✛✭➦❙➣✸➎❝✦⑥❚◆✪❋✯✭➛➜✛✭➈❻❚◆➯✭✤ ❇ ➵◆✯❝➌➢✛ ✖❧✛✛✗❆✦✩✿❁■❂➣✫❚◆✪✭❀✽➎✸✤❑➣⑥❚◆✪✭✬⑩➙❙✛ ❺ ✛❆➌✼④✭✾✫✦✩✿❁✤❂❀ ❇ ✿❁✢❁✯ q ✏✒✑✔✓✖✕✘✗✙✕✫✢➍✐✙✦ ☞ ✏✒✚✣✢ ✏✥✐

✐✙✦ ➹ ✩ ✑✣✦ ✓✖✕✌✦ ✕ ✕✛✓✖✕✘✗✶✐✙✦✠✗✶♠✒✗✙✢✠✦ ✚ ✗ �✂� ✛✩✐ ☞ ✦ ♥ ✏✣✕ ✑✆✛ ✑✣✢✤✏✆✜ ✑ ✯↔✺❘➐❝➣✸❀❊✛➅➈❉✿❊▼❭✛↔❛↕✿ ❇✽❇ ✛✳➄✛✤❋✯↕❱✫❱✬✖ ❅⑩P▲❱❳❲✫❲❂✖◆❨✵✛
✔ ✖❆❱✑✥➜➈➊✛ ❺ ✤✧❈✴➐✭➐✮★✫✢✥✪❋✯✭✺✎✛→➈❉✿❁✤❂✦❢❚◆✪✮✪⑩❚◆✪✭✬◗✺✎✛→➛ ☎❚◆✪✭✾✫✾◆✤❖✯❭✈ ☞ ✓➁❿ ✕✫✦✠✗✙✕✒✜ ✓✖✢✠✦ ✓✖✕ ✏✽❣ ✥ ✦➀♠✪✦ ✢✧✦ ✕✸✷ ✗✶♠✣✑✔✓ � ✩❀✢✤✏❄✕✛✏❖✷ ✗◆♣

✢✠✦ ♥ ✏✚✜ ✓◆♠✪✦✂� ✦ ✢ ✛ ✯→✺❘➐✶➣✸❀❁✛➅➈❻✿✵▼➅✛↔❛↕✿ ❇✥❇ ✛❭✃↔✃❋✯❋❱❳❲◆➟ ✤✫➟✮❱⑥P❖❬➏➟✫➟✶❬✫❨♦✛
✔ ✖✫❬✦✥➜➳➤✛✮❼❴✢✥★✫❀✽❀✥✦⑥❚◆✪✭✪❋✯✸➑❴✛✭➦❄✤ ❇✥❇ ✢✽✤✧❈✴➐❋✯✸✺✱✛ ✓◆④✭✪✭✾➢❚◆✪✭✬⑩✺✎✛❆➛ ☎❚➏✪✭✾✫✾✫✤❵✯✎✰ ✓✔✥✫✏ ☞ ✏✣✕✫✢✓➘✜✏✒✑✣✢ ☞ ✩ ✚✣✢✠✦ ✓✖✕ ✓▲❥⑥t☛✩❀✕✫✕✛✏✁� ♣
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✬✭④➢➓✽④✭✢❶➣ P ✞ ✞✏✹ ✒✄✞ ✞✏✹ ✏ � ✓❁✐ ✏ ❨✵✛
➦❄★✸❈ ❇ ★✫✢➠❚ ❇ ✿❁✪➲✺❘➐✶➣✸❀✥✤✷✶❝④✭✿➏✯ ❺ ❈❊★✫■✧✿➢✺✎★✫■❑➣ ❇ ✿❁❈✴➐✭✪✮✤✷✶❝④✭✿◗P t✘✏✒✚✒✥ ✕✫✦ ✑✔✚✒✥✫✏✻✺ ✕✫✦ ♥ ✏ ☞ ✑✣✦ ✢✒✼✗✙✢ ❨✣✬✮✿✩❼➊✢✥❚◆➵◆✯✤✽✣④ ❇ ✢✽✤✧❈✴➐✭✿➏✯
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⑤ ★✫➐✎✍✿❁✢✥✿❊✪ ❇ ✬✭✿➜✺✱★✫❃✭④✭■✧❚ ❇ ✤❂★✫✪✭❀❾✬→❚➏✪✭❀✣✬✮✿❁❀ ✗✸➣✸❀ ❇ ✾✿❁✦✩✿❁❀✌✽ ❇ ★✫✦✩✤✷✶❝④✭✿❊❀❀✾❚❽✺❘■✧④✮❀✥✤✧✿❊④✭✢✥❀✌✦❻✤❂▼✫✿❁❚◆④ ✄➅✛
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❱❳❲✫❲ ✖ ✹ ➑❉➦ ✿ ❇ ➑❉✺ ❚◆④ t ☞ ✦ ✕✫✦ ✢✘✛ ✰ ✓ �✂� ✏❖✷ ✏ ✬✮✿ ➦❄④✭➯✭■✧✤❂✪❋✯❻➑❉✺ ❚◆④ ➘❄✩✮♠ � ✦ ✕
✁ ✕☛✑✣✢✠✦ ✢✧✩ ✢✤✏✓❥ ✓ ☞ t ✏✒✚✒✥ ✕✛✓ � ✓✥✷✁✛ ❃❭★✫④✭✢➍④✭✪ ❇ ★ ❇ ❚◆■↔✬✆✕❹✿❁✪✶▼✸✤✧✢✽★✫✪⑩⑨◆➟❫➐✮✿❁④✭✢✽✿❁❀❁✛

❱❳❲✫❲◆❲ ✸✫❬◆➟✫➟◆➟ ✹ ✕✣✪✭✤❑▼✫✿❊✢✥❀✥✤ ❇ ✍✿❻✬✭✿✣➛❙❚◆✦➢➯❭★✫④✭✢✽✾✛✹✓➑❉➦ ✬✭✿❙❜ ✍✿❁❈❁❚◆✪✭✤✷✶❝④✭✿✣➑✜➐✎✍✿❁★◆✢✥✤✷✶❝④✭✿➢P❖❬ ➆
➐✭✿❁④✮✢✥✿❁❀◗❚◆④ ❇ ★ ❇ ❚➏■ ❨✆�✣➑❉➦ ✬ ✕ ❺ ■✧✿❊❈ ❇ ✢✥★✸✬✮➣✸✪→❚◆✦✩✤✷✶❝④✭✿✇P❵❬ ➆ ➐✭✿❊④✭✢✥✿❊❀❯❚➏④
❇ ★ ❇ ❚◆■❖✛ ❨

❬◆➟✫➟✫❬ ✹ ✕✣✪✭✤❑▼✫✿❊✢✥❀✥✤ ❇ ✍✿✣✬✭✿➊❜➡❚◆✢✽✪✭✿❄■✧❚➜➌➍❚◆■❂■ ✍✿❁✿✧✹✓➑❉➦➬✬✆✕ ❺ ■✧✿❊❈ ❇ ✢✽★❆✬❆➣❆✪✭❚◆✦⑥✤❖✶❝④✭✿❙✿❊✪
➦ ❺ ✕❄❼➺❜t❬❵✽✸✗➔P ❸ ✤❪➐✭✿❁④✮✢✥✿❁❀✣❚◆④ ❇ ★ ❇ ❚◆■ ❨♦✛



⑨ ❅ � ✞✟✂ ✂ ✂ ✁ ✞✲✠ ✞ ✄ ✄ ✂✂✁ ✆✲✁

❱ ■❑❆ ★❚❲❯★ ❆✭❳✳✏✵✡❨✄❩❭✳ ❈✸■ ❅ ❨❯❂▼✳ ✱ ✳ ❈✲❆

⑤ ★➏❅➒✿❁✪✭❈❁❚◆✬✭✢✽✿❁✦✩✿❁✪ ❇ ✯➏❚❷▼✫✿❁❈❩❼❴✤✧■❂➯➅✿❊✢ ❇ ❼➊✢❶➣❆✪❝➯❭✿❁✢✽✾✭✯➏✬✮✿❁❀➂✬✭✿❁④ ✄➊✬✭✿❁✢✽✪✭✤ ✾✿❊✢✥✿❊❀➂❚◆✪✭✪✎✍✿❊✿❁❀➂✬✭✿✼■➥❚ ❇ ➐✤✾✿❁❀✽✿✼✬✭✿✼➳→✢➠❚◆✪☎✄❈❊★✫✤✧❀▲❅
➈❉✿❁✾✫✤❂❀ ⑤ ❚◆✢✽✦⑥✤❂✪→❚ ❇ ✤➤P➝❀✥★✫④ ❇ ✿❁✪❝④✭✿❪■❂✿❪⑨✒✓◆④✮✤✧■✧■❂✿ ❇ ❬◆➟✫➟✶❬◆❨✵✯❭❈❁★✫✪✭❀✥❚◆❈❁✢ ✍✿❁✿✻✾❚✻■ ✕ ✍✿ ❇ ④✭✬✭✿❧✬✭✿❪■➥❚✩✬✭✤✝✆➅④✭❀✽✤✧★✫✪❯❀✥❃→❚ ❇ ✤➥❚◆■❂✿
✿ ❇ ✬✭✿❁❀❻✢ ✍✿❊❀✥★✫✪→❚➏✪✭❈❁✿❊❀❙➈❻❚❷➣❆■❂✿❁✤❂✾✫➐⑩✬→❚◆✪✭❀❉■✧✿❊❀✜✢ ✍✿❊❀✥✿❷❚➏④ ✄◗★✫❃ ❇ ✤✷✶❝④✭✿❁❀❊✛
⑤ ★➏❅➒✿❁✪✭❈❁❚◆✬✭✢✽✿❁✦✩✿❁✪ ❇ ✯❘❚❷▼◆✿❁❈◗❼❴✤✧■✧➯❭✿❁✢ ❇ ❼➊✢❶➣✸✪✸➯❭✿❁✢✽✾✭✯ ✬✭④❍❀ ❇ ❚➏✾✫✿❢✬✭✿✻➦ ❺ ✽ ✬✭✿⑥➽❩❚➏✪✭➎◆★➼➑✱★✸✬✭★✫✢✥★❳▼ P ✓✫❚➏✪❝▼✸✤❂✿❁✢
❅➂❜➡❚◆✤→❬➏➟✫➟✶❬✫❨✣✹✼✚ ✲✫✏✒✚✣✢ ☞ ✓✔✑✔✚✒✓✴✲✘✦ ✏✎✲✫✓ ✜❙✲✫✏✵♣ ✑✔✓✖✕❭✐ ✏✜✐✟✞ ✗✙✢✤✓ ✜ ✏✒✑✓✲✘✦ ✍✏✥✷ ✍✏✒✑➤✐ ✗✙✕☛✑ ✩ ✕ ☞✎✍✏✒✑✔✏ ✗✙✩ ✓✴✲✘✢✧✦✠★✪✩✫✏✣✐✙✦ ✑✒✑✣✦ ✲☛✗✙✢✠✦ ❥ ✛
⑤ ★➏❅➒✿❁✪✭❈❁❚◆✬✭✢✽✿❁✦✩✿❁✪ ❇ ✯❴❚❷▼◆✿❁❈❍❼➊✤❂■✧➯❭✿❁✢ ❇ ❼➊✢❶➣❆✪❝➯❭✿❁✢✽✾✭✯❄✬✭④ ❀ ❇ ❚◆✾✫✿ ✬✭✿➔❛➂✤❂❈❁✿❊✪✭❈❁✿ ✬✭✿ ✗ ✍✿❊➯→❚◆❀ ❇ ✤✧✿❊✪➬➈❉✿❁✦✩★➉▼✸✤❂■✧■✧✿
P ✓◆④✭✤✧✪✻❅ ✓◆④✭✤❂■✧■✧✿ ❇ ❬◆➟◆➟✶❬✫❨✵✛
⑤ ★➏❅➒✿❁✪✭❈❁❚◆✬✭✢✽✿❁✦✩✿❁✪ ❇ ✯➅❚❷▼✫✿❁❈➢❼➊✤❂■✧➯❭✿❁✢ ❇ ❼➊✢❶➣✸✪✸➯❭✿❁✢✽✾✭✯❭✬✭④➡❀ ❇ ❚◆✾✫✿➜✬✭✿❧❛↕✤✧❈❁✿❊✪✭❈❁✿➜✬✭✿ ✗ ❇ ✍✿❊❃✭➐→❚◆✪✭✿➢❼➊★◆➵❁➵❁✤➍P ✓◆④✭✤✧■❂■✧✿ ❇
❬◆➟◆➟✶❬✫❨✵✛
⑤ ★➏❅➒✿❁✪✭❈❁❚◆✬✭✢✽✿❁✦✩✿❁✪ ❇ ✯❻❚❷▼✫✿❊❈➲❼➊✤❂■✧➯❭✿❁✢ ❇ ❼❴✢✽➣✸✪❝➯➅✿❊✢✥✾✭✯❉✬✭✿➡■➥❚ ❇ ➐✤✾✿❁❀✽✿➼✬✭✿ ❜◗✤✧❈✴➐✭✿❊■✧✿ ✗✸❈✴➐✭✤➥❚❷▼✫★◆✪✭✤❽P➀✿❊✪ ❈❁★◆④✭✢✥❀➠❨✵✯
❈❊★✫✪✭❀➠❚➏❈❁✢ ✍✿❊✿ ✾❚❧■ ✕ ✍✿ ❇ ④✭✬✮✿❙✬✭✿✣■➥❚➊✢ ✍✿❁❀✽★✫✪→❚◆✪✮❈❁✿❄❀ ❇ ★✸❈✴➐→❚◆❀ ❇ ✤✷✶❝④✭✿✣✿ ❇ ✬✮✿❙■➥❚➊✬✭✤✠✆✳④✭❀✽✤✧★✫✪⑥✬✭✤✧✢✽✤✧✾ ✍✿❊✿❉✬→❚◆✪✭❀❩■✧✿❁❀❩✢ ✍✿❊❀✥✿❷❚➏④ ✄

★✫❃ ❇ ✤✷✶❝④✭✿❊❀❁✛

✡ ❂▼❅ ❲ ❅ ★ ✬ ❨✸✳☞☛ ✳✍✌ ✳ ❂❄✳ ✳

➈❉✿❊❏➝✿❊✢✥✿❁✿✣❃➅★◆④✭✢✏✎ ✓✖✩ ☞ ✕✘✗ � ✓▲❥❧❦✎✲✘✢✠✦ ✚✒✑ ✈ ✏ ❁ ✩❂✗✙✕✫✢✠✩ ✜ ✗✙✕❭✐ ✚ ✏✆✜ ✦ ✚✁�✁✗✖✑✒✑✣✦ ✚ ✗ �↕❦✎✲✘✢✠✦ ✚✒✑ ✯✑✎ ✓✖✩ ☞ ✕✘✗ �✻✓▲❥ ➮ ✥ ✛ ✑✣✦ ✚✒✑✈ ✏ ❞ ✢✤✓ ✜ ✦ ✚✓✒✼❤ ✓ � ✏✒✚✣✩ �✁✗ ☞ ✗✙✕❭✐ ❦✎✲✘✢✠✦ ✚ ✗ � ➮ ✥ ✛ ✑✣✦ ✚✒✑ ✯✔✎ ✓✖✩ ☞ ✕✘✗ �✎✓▲❥✄✢ ✥✫✏✻❦✎✲✘✢✠✦ ✚ ✗ � ✚ ✓✔✚✣✦ ✏✣✢✘✛ ✓▲❥ ❞ ✜ ✏ ☞ ✦ ✚ ✗ ✈❉✯
➮ ✥ ✛✔✑✣✦ ✚ ✗ �➅q ✏ ♥ ✦ ✏✵❿ ❞➊✯✳➮ ✥ ✛✔✑✣✦ ✚ ✗ �✳q ✏ ♥ ✦ ✏✵❿ ✈ ✿ ❇ ➮ ✥ ✛ ✑✣✦ ✚✒✑❄✉ ✏✣✢✠✢ ✏ ☞ ✑ ❞❴✛



� ☎✵✭✑✱ ✠ ✠ ✠ ✭✂✁ ✶☎✄ ✌✝☎✝✆ ✯ ✱ ☎✝✆✟✞ ✭

❱◆✛❾●✑✛❙❜❯❚◆✤✧❈✴➐✭✿❊✪❋✯❴➳➤✛❉➈❉✿❁✪✮➵❁★✫✪✭✤❵✯❅❬✴✛❻❜➡❚➏➵❁✿ ❇ ❀❁✯ ❺ ✛❉➋❴★✫✢✥❀✽④✭✪✭❀✥➎✶➣➪❚◆✪✭✬➪❛❘✛➤●➧✤✧✪✮✬✭➐✭★✫■❂➵◆✯ t ☞ ✗✙✕☛✑✣✦ ✏✣✕✫✢
✚✒✓✔✥✫✏ ☞ ✏✣✕✫✢✳✲✫✓✴✲✘✩ �✁✗✙✢✠✦ ✓✖✕ ✢ ☞ ✗✵✲✶✲✘✦ ✕✸✷ ✦ ✕ ✗ ✚✁� ✓✔✑✔✏✥✐ � ✓✔✓✴✲ ✦ ✕✫✢ ✏ ☞ ✗ ✚✣✢✠✦ ✓✖✕ ✑✔✚✒✥✫✏✆✜ ✏ ✯❆✺❘➐❝➣✸❀❊✛➤➈❉✿❊▼❭✛✥✽✑➸↔⑦❋✯
❸◆➆✫➆✫➆ P❶❱❷❲✫❲ ✤✶❨♦✛

❬✸✛❉➳➤✛✮➈❉✿❁✪✮➵❁★✫✪✭✤❵✯❆●✑✛✭❜➡❚◆✤✧❈✴➐✮✿❁✪❋✯✮❛✼✛❝●➧✤✧✪✮✬✭➐✭★✫■❂➵❄❚◆✪✭✬ ❺ ✛ ✽❙✢✽✤✧✦✩★✫✪✭✬✭★✭✯✱✰ ✓✔✥✫✏ ☞ ✏✣✕✫✢➅✲✫✓✴✲✘✩ �✁✗✙✢✧✦ ✓✖✕ ✢ ☞ ✗✵✲❭♣
✲✘✦ ✕✸✷⑩❿ ✦ ✢ ✥ � ✓✔✑✒✑✔✏✒✑ ✓◆♠✣✑✔✏ ☞♦♥ ✏✥✐ ✓✖✕ ✢ ✥✫✏❧➶✹✗✙✕ � ✏ ✏➝➹ ✏✒✚✣✢✽✓▲❥ ✢ ✥✫✏➜➘❄➷✺✑✔✓❁✐✙✦ ✩ ✜ � ✦ ✕✛✏ ✯❋✺❘➐✶➣✸❀❁✛➊➈❉✿❊▼❭✛❋✽
➸❭➸❋✯ ❸ ✖✸❱❳➟◗P❶❱❳❲✫❲ ✖✫❨✵✛

❸ ✛❉➳➤✛✳➈❉✿❁✪✮➵❁★✫✪✭✤❵✯❭❛✼✛↔●➧✤✧✪✮✬✭➐✭★✫■❂➵◆✯ ✓✮✛ ➛❧✛✡✠❄④➾❚◆✪✮✬➾❜➔✛ ❺ ■✧➯❭✿❁■❖✯ ➶✄✓ � ✏➢♠✪✩ ☞ ✕✫✦ ✕✸✷ ✦ ✕ ✗ ✑✔✓❁✐✙✦ ✩ ✜ ✗✙✢ ✓ ✜ ✦ ✚♥ ✗✵✲✫✓ ☞ ✦ ✕❍✲ ☞ ✏✒✑✔✏✣✕✛✚✒✏✌✓▲❥ ✥ ✦❑✷✖✥➾✲ ☞ ✏✒✑✒✑✣✩ ☞ ✏ ✓▲❥ ✥✫✏ ✗ ♥ ✛❍♠✪✩✵➹ ✏ ☞ ✷ ✗✖✑ ✯❾✺❘➐✶➣✸❀❁✛ ❛↕✿ ❇✽❇ ✛◗✽ ➚↔➚➅➄✳✯ ❸ ⑨ ✖
P❶❱❳❲✫❲ ✖✫❨✵✛

➆ ✛❉➈➜✛✳➛ ☎★✫■❂■✧✿❁✢❊✯❭➳➤✛✳➈❉✿❁✪✮➵❁★✫✪✭✤❵✯❋❛❘✛➅●➧✤❂✪✭✬✭➐✭★◆■✧➵❧❚◆✪✭✬ ✓✮✛ ➛❧✛☛✠❙④❋✯❾✰ ✓✔✥✫✏ ☞ ✏✣✕✫✢✎✲✫✓✴✲✘✩ �✁✗✙✢✠✦ ✓✖✕ ✢ ☞ ✗✵✲✶✲✘✦ ✕✸✷✌✓✖✕
✢ ✥✫✏✹✑✔✓❁✐✙✦ ✩ ✜ ➘❄➷ � ✦ ✕✛✏❄✦ ✕ ✥ ✦❑✷✖✥✒✜ ✗❳✷✙✕✛✏✣✢✧✦ ✚ ✫ ✏✁�❑✐✖✑ ✯ ✓✮✛✌☞❄❃ ❇ ✛ ✗❆★✸❈◆✛✥✽✣✦❯✛✼➙✑➃✶➭➂✯❭❬✫❬✫❬❆❱⑥P❶❱❷❲✫❲❂✖✫❨♦✛

⑨✸✛❉➳➤✛❉➈❻✿❊✪✭➵❁★◆✪✭✤❖✯❉●✑✛❻❜➡❚◆✤❂❈✴➐✭✿❁✪❋✯ ✓✮✛ ➛➜✛✍✠❄④❋✯ ❺ ✛❾➋➊★◆✢✥❀✥④✮✪✭❀✥➎✶➣ ❚◆✪✭✬➪❛❘✛➤●➧✤✧✪✮✬✭➐✭★✫■❂➵◆✯ ❤ ✏✒✚✒✥☛✗✙✕✫✦ ✚ ✗ �
✐ ✏✣✢ ✏✒✚✣✢✠✦ ✓✖✕ ✓▲❥ ✚✒✓✔✥✫✏ ☞ ✏✣✕✫✢❉✲✫✓✴✲✘✩ �✁✗✙✢✠✦ ✓✖✕ ✢ ☞ ✗✵✲✶✲✘✦ ✕✸✷ ✓✖✕ ✢ ✥✫✏ ✑✔✓❁✐✙✦ ✩ ✜✖➘❄➷ � ✦ ✕✛✏ ✯❩✺❘➐❝➣✸❀❊✛➧❛➂✿ ❇✥❇ ✛◗✽
➚❭⑦✍✤❋✯❭❬✫⑨❆❱⑥P▲❱❳❲✫❲ ❅✶❨♦✛

✤❆✛❉➳➤✛➁➈❻✿❊✪✭➵❁★✫✪✮✤❆❚➏✪✭✬ ❺ ✛▼✽❙✢✽✤✧✦✩★✫✪✭✬✭★✭✯✫➮ ✓✴✲✘✩ �✁✗✙✢✧✦ ✓✖✕→♣ � ✓✔✑✒✑✵♣✤✦ ✕❭✐✙✩✫✚✒✏✥✐✽✕✘✗ ☞ ☞ ✓➁❿ ✦ ✕✸✷ ✓▲❥➤✐ ✗ ☞➠➫ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏✒✑ ✯✺✼➐✶➣✸❀❁✛➤➈❻✿✵▼❭✛ ✽➱➸↔✃❋✯ ➆ ✖❆❱ ✖◗P▲❱❳❲✫❲ ❅✫❨✵✛
✖✸✛❉➳➤✛✭➈❉✿❁✪✭➵❊★✫✪✭✤❵✯ ✓✮✛ ➳➤✛✭➦❄★✫✪✮✿❁✾✶❚◆✪⑩❚➏✪✭✬ ⑤ ✛ ➛➜✛→✺✓❚ ❇✥❇ ✿❊✢✥❀✽★✫✪❋✯ ❦✎✲✘✢✠✦ ✚ ✗ �→✷ ✗✙✦ ✕✌✗✙✕❭✐ � ✦ ✕✛✏✵❿ ✦➀✐✙✢ ✥ ✏✣✕☛✥☛✗✙✕✛✚✒✏✵♣

✜ ✏✣✕✫✢❭❥ ✗ ✚✣✢✤✓ ☞ ✦ ✕ ♠✪✩ � ➫✏✎ ✗➁① ✯✄✗❆✿❊✦⑥✤❂❈◆✛✰✗❆❈➏✛❩❚➏✪✭✬❯➑✱✿❁❈✴➐✳✛❙➃✶➭➂✯↔⑨❆❱✬✖⑩P▲❱❳❲✫❲✫❲✶❨♦✛
❅❆✛❉➳➤✛➍➈❻✿❊✪✭➵❁★✫✪✮✤❖✯ ✽❧✛➍❛➂✤❂✪✭✬✭✪✭✿❊✢❢❚➏✪✭✬ ❺ ✛✄✽❙✢✽✤✧✦✩★✫✪✭✬✭★✭✯❧✰ ✓✔✥✫✏ ☞ ✏✣✕✫✢❉✲✫✓✴✲✘✩ �✁✗✙✢✠✦ ✓✖✕ ✢ ☞ ✗✵✲✶✲✘✦ ✕✸✷ ✦ ✕ ✓✴✲✫✏✣✕

✑✆✛ ✑✣✢✤✏✆✜ ✑✑✏✹✗ ✚✒✓✖✩➉✲✒� ✏✥✐✓✒✘✕✛✓✖✕✛✚✒✓✖✩❳✲✒� ✏✥✐◆♣ ✑✣✢ ✗✙✢ ✏❄✗✙✕✘✗ � ✛ ✑✣✦ ✑ ✯✮✺✼➐✶➣✸❀❁✛➤➈❻✿✵▼❭✛ ✽➱⑧→➞↕✯ ➆ ⑨◆➟◗P▲❱❳❲✫❲✫❲✶❨♦✛
❲❆✛❉➳➤✛❋➈❉✿❁✪✭➵❊★✫✪✭✤❘❚➏✪✭✬ ❺ ✛✕✽❙✢✽✤✧✦✩★✫✪✭✬✭★✮✯ ➘✜✏✹✲✫✓✴✲✘✩ �✁✗✙✢✠✦ ✓✖✕✆✗✙✕❭✐ ☞ ✏✹✲✫✓✴✲✘✩ �✁✗✙✢✠✦ ✓✖✕⑩✲✘✩ ✜❙✲✘✦ ✕✸✷ ✦ ✕ ✚✒✓✔✥✫✏ ☞ ✏✣✕✫✢

✲✫✓✴✲✘✩ �✁✗✙✢✠✦ ✓✖✕ ✢ ☞ ✗✵✲✶✲✘✦ ✕✸✷ ✯ ❺ ④✭✢✽★✫❃✭➐✶➣✸❀❁✛❩❛↕✿ ❇✥❇ ✛✼➭✳⑧❋✯✍✖✸❱ ✤◗P❶❱❳❲✫❲◆❲✶❨✵✛
❱❳➟❆✛ ✓✮✛ ➛➜✛✌✠❙④❋✯✳➳❩✛↔➈❻✿❊✪✭➵❁★✫✪✮✤❖✯→●✑✛✆✗✸❈✴➐✭✿❁✢❶❏▲✯✳❛❘✛→●➧✤✧✪✭✬✮➐✭★✫■✧➵➜❚◆✪✮✬ ❺ ✛✎✽✣✢✥✤❂✦⑥★✫✪✮✬✭★✭✯ ❤✮✏✒✚✒✥☛✗✙✕✫✦ ✚ ✗ �✳➶❄✗✙✕ � ✏

✏➝➹ ✏✒✚✣✢ ✓✖✕ ✢ ✥✫✏ ✑✔✓❁✐✙✦ ✩ ✜ ➘❄➷ � ✦ ✕✛✏ ✯ ✓✮✛✡☞❄❃ ❇ ✛➍➙✺✹✍✻❄④→❚◆✪ ❇ ④✮✦ ✗❆✿❁✦✩✤✧❈❊■➥❚◆❀✽❀❁✛✑☞❄❃ ❇ ✛✣➃→✯✽✤ ❸ ❱⑥P❶❱❳❲✫❲◆❲✶❨✵✛
❱✫❱◆✛❉➳➤✛✭➈❉✿❁✪✭➵❊★✫✪✭✤✳❚◆✪✭✬ ❺ ✛❇✽✣✢✥✤✧✦✩★✫✪✭✬✮★✭✯✄✚ ✢✤✏✒✏✹✲➲✐✙✦ ✑✹✲✫✏ ☞ ✑✣✦ ✓✖✕ ✦ ✕✮✚✒✓✔✥✫✏ ☞ ✏✣✕✫✢➅✲✫✓✴✲✘✩ �✁✗✙✢✧✦ ✓✖✕ ✢ ☞ ✗✵✲✶✲✘✦ ✕✸✷❪❿ ✦ ✢ ✥

� ✓✔✑✒✑✔✏✒✑ ✯✡☞❄❃ ❇ ✛ ⑤ ★✫✦✩✦❯✛❾➃✭➄✭✃❋✯ ❸◆➆ ⑨⑩P❵❬◆➟✫➟✫➟✶❨♦✛
❱➉❬✸✛✜➑❴✛❾➙➤✢✥❚◆✪✭✬✭✿❊❀⑩❚◆✪✭✬➧➳➤✛❩➈❻✿❊✪✭➵❁★◆✪✭✤❖✯❽✰ ✩ ☞ ☞ ✏✣✕✫✢✄✑✵❿ ✦ ✢ ✚✒✥➨♠☛✛ ✚✒✓✔✥✫✏ ☞ ✏✣✕✫✢✜✢ ☞ ✗✵✲✶✲✘✦ ✕✸✷ ✓▲❥ ✏✁� ✏✒✚✣✢ ☞ ✓✖✕☛✑ ✦ ✕

★✪✩❂✗✙✕✫✢✠✩ ✜☛✐ ✓✖✢ ✑ ✯↔✺❘➐✶➣❆❀❊✛➤➈❉✿❊▼❭✛➍❛↕✿ ❇✽❇ ✛❩✃↔➸↕✯ ➆ ❱ ➆ ❅⑩P❖❬➏➟✫➟✫➟✶❨♦✛
❱ ❸ ✛❉➳➤✛✱➈❻✿❊✪✭➵❁★✫✪✮✤❖✯ ⑤ ✛☞✯✳✤✧✦✩✦⑥✿❊✢✥✦⑥❚◆✪✭✪❋✯↕✺✱✛↕➌✼✿❁✢✥➎➏✿❁✢✽➎❭✯✓❚◆✪✭✬ ❺ ✛❯✽✣✢✥✤✧✦✩★✫✪✭✬✮★✭✯ ❡ ✕☛✥☛✗✙✕✛✚✒✏✥✐✌✗✶♠✣✑✔✓ ☞ ✲✘✢✧✦ ✓✖✕

➶❄✗✙✕ � ✏ ✏➝➹ ✏✒✚✣✢❃✓✖✕✮✢ ✥✫✏ ✩✎✱ ✳ ✩ ✵ ✩✎✷ ✳ ✩ ✴➪❱ ✚✁� ✓✔✑✔✏✥✐ ✢ ☞ ✗✙✕☛✑✣✦ ✢✠✦ ✓✖✕☛✑ ✯ ✓✮✛☛☞❄❃ ❇ ✛❙➙✺✹✡✻❄④→❚◆✪ ❇ ④✭✦
✗❆✿❁✦✩✤✧❈❊■➥❚◆❀✽❀❁✛✒☞❄❃ ❇ ✛❩⑦❋✯✍✗✛✖◗P❖❬➏➟✫➟✮❱➉❨♦✛

❱ ➆ ✛❉➳➤✛✳➈❉✿❁✪✮➵❁★✫✪✭✤✓❚◆✪✭✬ ✗❭✛☎✗ ❇ ✿❁✪✭➐✭★◆■✧✦◗✯✳❞ ✐✙✦✠✗✶♠✒✗✙✢✠✦ ✚✜✢ ☞ ✗✙✕☛✑➝❥ ✏ ☞ ✓▲❥✜✗✙✢ ✓ ✜ ✦ ✚ ✚✒✓✔✥✫✏ ☞ ✏✣✕✛✚✒✏ ✯✓☞❄❃ ❇ ✛ ⑤ ★✫✦✩✦◗✛
➃❆✃✍✤❋✯ ✤✫❲◗P❖❬➏➟✫➟✮❱➉❨♦✛



✤✫➟ � ✂✝☎ ✁☎✁ ✠✲✁✄☎ ✞ ✞✎✝ ✠☎✂ ✁✄✆ ✁ ✂✝✆ � ☎

❱➉⑨✸✛❉➳➤✛✭➈❉✿❁✪✭➵❊★✫✪✭✤❵✯✽✗➅✛ ⑤ ❚◆✢ ❇ ❚◆■✧✿✵▼◆❚❆✯→❼❪✛ ✽✣■✧➵❁✿ ❇✥❇ ❚❪❚◆✪✭✬ ❺ ✛❇✽✣✢✥✤✧✦✩★✫✪✭✬✮★✭✯ ❡ ✕☛✥☛✗✙✕✛✚✒✏✥✐ ✗✶♠✣✑✔✓ ☞ ✲✘✢✧✦ ✓✖✕ ➶❄✗✙✕ � ✏
✏➝➹ ✏✒✚✣✢ ✦ ✕ ✢ ✥✫✏ ✚✒✓✖✕ ✫ ✷✙✩ ☞ ✗✙✢✠✦ ✓✖✕ ✓▲❥ ✚ ☞ ✓✔✑✒✑✔✏✥✐ �✁✗✖✑✔✏ ☞ ♠✣✏ ✗✁✜ ✗✙✕❭✐✔✜ ✗❳✷✙✕✛✏✣✢✧✦ ✚ ✫ ✏✁�❑✐ ✯❋✺❘➐✶➣✸❀❁✛➢➈❉✿❊▼❭✛ ✽
⑧❭⑦❋✯↔➟ ✤✫⑨ ➆ ➟✮❱✩P❵❬◆➟✫➟✮❱➉❨♦✛

❱ ✤❆✛✜➑❴✛❩➙❩✢➠❚◆✪✭✬✮✿❁❀❁✯❾➳➤✛❘➈❉✿❁✪✭➵❊★✫✪✭✤❻❚◆✪✭✬ ➈➜✛ ➛❧✛✼➙❩■✧✤✧❈✴➎↔✯➤❞ ✐✙✦✠✗✶♠✒✗✙✢✠✦ ✚ ✑✣✢✤✏✒✏ ☞ ✦ ✕✸✷✆✗✙✕❭✐ ✐ ✏✣✢✤✏ ☞ ✜ ✦ ✕✘✗✙✢✠✦ ✓✖✕ ✓▲❥
✐ ✏✹✲✫✥☛✗✖✑✣✦ ✕✸✷ ☞ ✗✙✢ ✏✒✑✄✦ ✕ ✐ ✓✖✩✮♠ � ✏❫✐ ✓✖✢ ★✪✩✭♠✪✦ ✢ ✑ ✯↔✺❘➐✶➣❆❀❊✛➤➈❉✿❊▼❭✛❩➙ ⑧→➭➂✯↔➟ ❸ ⑨ ❸ ❱❳❲⑩P❵❬◆➟✫➟✮❱➉❨♦✛

❱✬✖✸✛❉➳➤✛➇❅✹➈➜✛ ⑤ ❚◆✢✽✦⑥✤❂✪→❚ ❇ ✤❖✯→❜➲✛✆✗❆❈✴➐✮✤➥❚❷▼✫★✫✪✮✤❖✯❭❛❘✛ ✗❆❚◆✪✭❈✴➐✭✿❊➵✵❅▲✺✎❚◆■✧✿❊✪✭❈❁✤✧❚✮✯➅➳➤✛↔➈❻✿❊✪✭➵❁★◆✪✭✤✓❚➏✪✭✬➾❼❪✛➅❼➊✢❶➣❆✪❝➯❭✿❁✢✽✾✭✯
t ✏✆✜❙✲✫✏ ☞ ✗✙✢✧✩ ☞ ✏✌✗✙✕❭✐✆✑✹✲☛✗✙✢✠✦✠✗ �✣✐✙✦ ➹ ✩ ✑✣✦ ✓✖✕ ✓▲❥ ✗✙✢ ✓ ✜ ✑✮✚✒✓✔✓ � ✏✥✐ ✦ ✕ ✗ ☞➏➘ � ✦ ✕✂✁✆� ✦ ✕➪♠ ☞ ✦❑✷✖✥ ✢ ✓✴✲✘✢✧✦ ✚ ✗ �
�✁✗✙✢✧✢✠✦ ✚✒✏ ✯ ❺ ④✭✢❁✛➍✺❘➐✶➣❆❀❊✛ ✓✮✛↔➦ ➃✮➄➅✯↔❬ ➆ ❲❯P❵❬◆➟✫➟✮❱❳❨✵✛

❱ ❅❆✛❉➳➤✛✓➈❉✿❁✪✮➵❁★✫✪✭✤❵✯ ➑❴✛ ➙❩✢➠❚◆✪✭✬✮✿❁❀❁✯➊✰ ✥☛✗ ☞ ✷ ✏ ✢ ☞ ✗✙✕☛✑✹✲✫✓ ☞ ✢ ✢ ✥ ☞ ✓✖✩✫✷✖✥ ★✪✩❂✗✙✕✫✢✠✩ ✜✝✐ ✓✖✢ ✑ ♥ ✦✠✗ ✢✠✦✧✜ ✏✵♣ ♥ ✗ ☞ ✛ ✦ ✕✸✷
✢✧✩ ✕✫✕✛✏✁� ✚✒✓✖✩➉✲✒� ✦ ✕✸✷✖✑ ✯✭✺✼➐✶➣✸❀❁✛❩➈❉✿❊▼❭✛➍➙ ⑧✭➭➂✯❭❬ ➆ ⑨ ❸ ➟✮❱✩P❖❬◆➟◆➟✮❱➉❨✵✛

❱❳❲❆✛ ✯✓✛❩➋❴✤❂❀❢❚◆✪✮✬ ➳➤✛➍➈❉✿❁✪✭➵❊★✫✪✭✤❖✯ ❁ ✩✭♠✪✦ ✢❴q ✓✖✢ ✗✙✢✠✦ ✓✖✕➪♠☛✛ ✚ ✢✠✦✧✜ ✩ �✁✗✙✢✤✏✥✐➲q✴✗✁✜ ✗✙✕ ❞ ✐✙✦✠✗✶♠✒✗✙✢✠✦ ✚ ➮ ✗✖✑✒✑✪✗❳✷ ✏ ✯✺✼➐✶➣✸❀❁✛➤➈❻✿✵▼❭✛ ✽➱⑧↔➸❋✯↔➟ ❸ ❬ ❸ ❱ ❅⑩P❖❬➏➟✫➟✶❬✫❨♦✛
❬◆➟❆✛❉❛✼✛✡✗✮❚➏✪✭❈✴➐✭✿❁➵♦❅▲✺✎❚◆■✧✿❊✪✭❈❁✤✧❚✮✯✳➳❩✛➇❅✹➈➜✛ ⑤ ❚◆✢✽✦⑥✤❂✪→❚ ❇ ✤❖✯↔❜➔✛ ✗❆❈✴➐✭✤✧❚❷▼✫★✫✪✭✤❵✯❭➳➤✛↔➈❻✿❊✪✭➵❁★◆✪✭✤✓❚➏✪✭✬➾❼❪✛➅❼➊✢❶➣❆✪❝➯❭✿❁✢✽✾✭✯

✈ ☞ ✦✂�✂� ✓✖✩❀✦ ✕⑩✲ ☞ ✓✴✲☛✗❳✷ ✗✙✢✠✦ ✓✖✕ ✜ ✓❁✐ ✏✒✑✜✦ ✕ ✓✴✲✘✢✧✦ ✚ ✗ � �✁✗✙✢✧✢✠✦ ✚✒✏✒✑✑✏✜✦ ✕✫✢ ✏ ☞ ✲ ☞ ✏✣✢ ✗✙✢✠✦ ✓✖✕ ✦ ✕ ✢ ✏ ☞ ✜ ✑ ✓▲❥ ✕✛✓✖✕✛✚✒✓✖✕→♣♥ ✏✣✕✫✢✧✦ ✓✖✕✘✗ � ✑✣✢✤✓✔✚✒✥☛✗✖✑✣✢✠✦ ✚ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏ ✯✮✺❘➐❝➣✸❀❊✛➤➈❉✿❊▼❭✛➍❛↕✿ ❇✥❇ ✛❭✃↔✃↕✯↕❱ ❸✫❸ ❲✫➟ ❸ P❵❬◆➟✫➟✶❬◆❨✵✛
❬❆❱◆✛ ❺ ✛ ⑤ ✿❁✢✥➯❭★✫✪✭✿❊❀✥❈✴➐✭✤❵✯➍➳➤✛ ➈❉✿❁✪✭➵❊★✫✪✭✤➤❚◆✪✭✬ ❺ ✛✭✽❙✢✽✤✧✦✩★✫✪✭✬✭★✮✯ q ✏✁�✁✗❷❣ ✗✙✢✧✦ ✓✖✕➾✲ ☞ ✓✔✚✒✏✒✑✒✑✔✏✒✑ ✦ ✕ ✑✁� ✓➁❿ � ✦❑✷✖✥ ✢ ✏

✢ ✥✫✏ ☞ ✓ � ✏ ✓▲❥❄✢ ✥✫✏✺✗✙✢ ✓ ✜ ✦ ✚✚✜ ✓ ✜ ✏✣✕✫✢✠✩ ✜ ✯✡☞❄❃ ❇ ✛ ⑤ ★✫✦✩✦◗✛✼➚→➞↔➭➂✯❭❬❆❱◆❱❢P❵❬◆➟✫➟✶❬◆❨✵✛
❬✫❬✸✛ ❺ ✛ ⑤ ✿❁✢✥➯❭★✫✪✭✿❊❀✥❈✴➐✭✤❵✯➤➳❩✛❘➈❻✿❊✪✭➵❁★◆✪✭✤✜❚◆✪✭✬ ❺ ✛ ✽✣✢✥✤❂✦⑥★✫✪✮✬✭★✭✯ ➘✦✛✖✕✘✗✁✜ ✦ ✚✒✑ ✓▲❥ ✑✁� ✓➁❿❘♣ � ✦❑✷✖✥ ✢✓❥ ✓ ☞ ✜ ✗✙✢✠✦ ✓✖✕ ✯

☞❴❃ ❇ ✛ ⑤ ★✫✦✩✦❯✛✭➚↔➞❭✃❋✯↕❱➉❬✫⑨⑩P❵❬◆➟✫➟✶❬✫❨♦✛
❬ ❸ ✛❻❜➔✛✆✗✸❈✴➐✭✤➥❚❷▼✫★◆✪✭✤❖✯❭➳➤✛ ❅▲➈➊✛ ⑤ ❚◆✢✥✦✩✤✧✪✭❚ ❇ ✤❵✯→❛❘✛ ✗❆❚◆✪✭❈✴➐✭✿❊➵✵❅▲✺✎❚◆■✧✿❊✪✭❈❁✤✧❚✮✯➅➳➤✛↔➈❻✿❊✪✭➵❁★◆✪✭✤✓❚➏✪✭✬➾❼❪✛➅❼➊✢❶➣❆✪❝➯❭✿❁✢✽✾✭✯

✚ ✢ ✓✔✚✒✥☛✗✖✑✣✢✠✦ ✚ ☞ ✏✒✑✔✓✖✕✘✗✙✕✛✚✒✏ ✦ ✕❄✲✫✏ ☞ ✦ ✓❁✐✙✦ ✚✎✲✫✓✖✢✤✏✣✕✫✢✧✦✠✗ � ✑✑✏ ☞ ✏ ✗ � ✦❑➩✔✗✙✢✠✦ ✓✖✕ ✦ ✕ ✗➜✐✙✦ ✑✒✑✣✦ ✲☛✗✙✢✧✦ ♥ ✏ ✓✴✲✘✢✠✦ ✚ ✗ � �✁✗✙✢✧✢✠✦ ✚✒✏ ✯
❺ ④✮✢✥★✫❃✭➐✶➣✸❀❁✛➤❛↕✿ ❇✥❇ ✛❭➸✍✤↕✯ ➆ ❲ ❸ P❖❬◆➟◆➟✶❬✫❨✵✛

❬ ➆ ✛ ❺ ✛ ⑤ ✿❁✢✥➯❭★✫✪✭✿❊❀✥❈✴➐✭✤❵✯↔➳➤✛✭➈❉✿❁✪✮➵❁★✫✪✭✤❋❚◆✪✭✬ ❺ ✛ ✽❙✢✽✤✧✦✩★✫✪✭✬✭★✮✯❀❁ ✩☛✗✙✕✫✢✧✩ ✜ ✦ ✕✫✢✤✏ ☞ ❥ ✏ ☞ ✏✣✕✛✚✒✏✹✗✙✕❭✐ ✑✁� ✓➁❿ � ✦❑✷✖✥ ✢
✲ ☞ ✓✴✲☛✗❳✷ ✗✙✢✠✦ ✓✖✕✆✦ ✕ ✚✒✓ �❑✐ ✑✪✗✁✜❙✲✒� ✏✒✑ ✓▲❥ ✓✴✲✫✏✣✕✆✢ ✥ ☞ ✏✒✏✵♣ � ✏ ♥ ✏✁�✎✗✙✢ ✓ ✜ ✑ ✯ ✓✮✛ ☞❄❃ ❇ ✛❽➙✺✹✎✻❄④→❚◆✪ ❇ ④✭✦ ✗❆✿❊✦⑥✤ ❅
❈❁■➥❚➏❀✥❀❁✛ ☞❄❃ ❇ ✛→➭✱✯✽✗✭❬ ✤❂✖⑩P❖❬➏➟✫➟✶❬✫❨♦✛

❬✫⑨✸✛❻❜➔✛✆✗✸❈✴➐✭✤➥❚❷▼✫★◆✪✭✤❖✯❭❛❘✛✡✗✮❚◆✪✭❈✴➐✭✿❊➵✵❅✹✺✓❚◆■❂✿❁✪✭❈❊✤➥❚✮✯➅➳➤✛ ❅▲➈➊✛ ⑤ ❚◆✢✥✦✩✤✧✪→❚ ❇ ✤❖✯✭➳➤✛↔➈❻✿❊✪✭➵❁★◆✪✭✤✓❚➏✪✭✬➾❼❪✛➅❼➊✢❶➣❆✪❝➯❭✿❁✢✽✾✭✯
➘✺✗ ☞➠➫ ✲ ☞ ✓✴✲☛✗❳✷ ✗✙✢✠✦ ✓✖✕ ✜ ✓❁✐ ✏✒✑✹✦ ✕ ✓✴✲✘✢✧✦ ✚ ✗ � �✁✗✙✢✠✢✠✦ ✚✒✏✒✑ ✯↔✺✼➐✶➣✸❀❁✛❩➈❉✿❊▼❭✛✄✽➴⑧↔⑧❋✯→➟✶⑨ ❸ ❅✶❬❆❱⑥P❖❬➏➟✫➟✶❬✫❨♦✛

❬ ✤❆✛❉➳➤✛➇❅✹➈➜✛ ⑤ ❚◆✢✽✦⑥✤❂✪→❚ ❇ ✤❖✯✭❛❘✛✡✗✮❚◆✪✮❈✴➐✭✿❁➵♦❅▲✺✓❚➏■✧✿❁✪✮❈❁✤➥❚❆✯❋❜➔✛ ✗❆❈✴➐✭✤✧❚❷▼✫★✫✪✭✤❵✯❭➳➤✛↔➈❻✿❊✪✭➵❁★◆✪✭✤✓❚➏✪✭✬➾❼❪✛➅❼➊✢❶➣❆✪❝➯❭✿❁✢✽✾✭✯
q ✗✁✛ � ✏✣✦❑✷✖✥ ✑✔✚ ✗✙✢✧✢✤✏ ☞ ✦ ✕✸✷ ✗✙✕❭✐ ✗✙✢ ✓ ✜ ✦ ✚❪✐✁✛✖✕✘✗✁✜ ✦ ✚✒✑ ✦ ✕❍✐✙✦ ✑✒✑✣✦ ✲☛✗✙✢✠✦ ♥ ✏ ✓✴✲✘✢✠✦ ✚ ✗ � �✁✗✙✢✧✢✠✦ ✚✒✏✒✑ ✯✳✺❘➐✶➣✸❀❁✛➊➈❉✿❊▼❭✛
❛➂✿ ❇✥❇ ✛✾✤→➞↕✯↔➟ ➆✶❸ ❲✫➟✮❱✩P❖❬➏➟✫➟ ❸ ❨♦✛

❬ ✖✸✛❉➳➤✛➇❅✹➈➜✛ ⑤ ❚◆✢✥✦✩✤✧✪→❚ ❇ ✤❖✯↕❜➔✛✲✗❆❈✴➐✭✤✧❚❳▼◆★✫✪✭✤❵✯↕➽➢✛↕➑✎★✸✬✭★✫✢✽★❳▼➅✯✎➳➤✛↕➈❉✿❁✪✮➵❁★✫✪✭✤➍❚◆✪✮✬❍❼❪✛✱❼❴✢✽➣✸✪❝➯➅✿❊✢✥✾✭✯ ➮ ✩ ✜❙✲❭♣
✲ ☞ ✓◆♠✣✏ ✑✹✲✫✏✒✚✣✢ ☞ ✓✔✑✔✚✒✓✴✲ ✛ ✓▲❥ ✗✙✢ ✓ ✜ ✑ ✚✒✓✔✓ � ✏✥✐ ✦ ✕ ✗ ☞➏➘ � ✦ ✕✂✁✆� ✦ ✕ ✓✴✲✘✢✠✦ ✚ ✗ � �✁✗✙✢✧✢✠✦ ✚✒✏ ✯ ❺ ④✮✢❁✛➔✺✼➐✶➣✸❀❁✛✙✓✮✛
➦➺➚↔➚❋✯ ❸ ❱✫❱⑥P❖❬➏➟✫➟ ❸ ❨♦✛
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Coherent population trapping with losses observed on the Hanle effect of the D1 sodium line
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We consider the coherent-population-trapping phenomenon in a thermal sodium atomic beam. We compare
the different coherent-population-trapping schemes that can be established on theD1 line using the Zeeman
sublevels of a given ground hyperfine state. The coherent-population-trapping preparation is examined by
means of a Hanle-effect configuration. The efficiency of the coherent-population-trapping phenomenon has
been examined in presence of optical pumping into hyperfine levels external to those of the excited transition.
We show that both the contrast and the width of the coherent population trapping resonance strongly decrease
when the optical pumping rate is increased. In the experiment, the loss rate due to optical pumping has been
controlled by means of a laser repump of variable intensity.@S1050-2947~97!08304-2#

PACS number~s!: 32.80.Pj, 34.50.Rk

I. INTRODUCTION

Recently, the coherent-population-trapping~CPT! phe-
nomenon has received much interest, especially in connec-
tion with its applications, for example, the laser cooling be-
low the recoil limit or lasing without inversion~see@1# for a
review!. At the beginning CPT theoretical studies were re-
stricted to the three-levelL system@2,3#, but recently, they
have been extended to different atom-light interaction
schemes@4,5#. Despite the large amount of data available on
the CPT phenomenon exploited in several atom-light inter-
action schemes, the features related to different level
schemes and established on a given atomic species have
never been directly compared. However, the increasing inter-
est in CPT applications requires realistic calculations, taking
in account processes such as the loss towards the external
states, the Doppler broadening of the absorbing transition,
and the collisions, all of them present in the experiment and
determining the strength of the CPT resonance.

The main goal of the present investigation is to study the
dependence of the CPT phenomenon on the atom-laser inter-
action parameters. In this paper we focus our attention on the
level schemes that can be established on the sodiumD1 line
using as ground states the Zeeman sublevels of the same
hyperfine component. We investigate theoretically and ex-
perimentally the CPT features associated with the different
hyperfine optical transitions. As shown in Fig. 1, the hyper-
fine transitions composing the D1 line areFg51→Fe51,
Fg52→Fe51, Fg52→Fe52, and Fg51→Fe52.
Within all those optical transitions, only a limited number of
Zeeman sublevels contributes to the preparation of the CPT
coherent superposition of states, and precisely those con-
nected by heavy lines in Fig. 1. For instance, the
Fg51→Fe51 transition contains aL system that when ex-
cited bys1,s2 light produces the coherent superposition of
ground states not interacting with the laser radiation. The
Fg52→Fe52 transition contains an M-shaped system that
again when excited bys1,s2 light produces a coherent su-
perposition of three ground states not interacting with the
laser radiation. For the transitionFg52→Fe51 both the

coherent dark superpositions listed above for the
Fg51→Fe51 and Fg52→Fe52 transitions are present.
Finally the transitionFg51→Fe52 is not relevant for CPT
in thes1,s2 light configuration, because it does not contain
a coherent superposition noncoupled to the laser field.

The experiment is based on the laser excitation of a so-
dium atomic beam. To produce CPT in the sodium atoms
and to investigate its production we have used a Hanle effect
configuration. The sodium atoms are excited by monochro-
matic linearly polarized laser light resonant with an hyper-
fine optical transition; the degeneracy of the ground-state

FIG. 1. Different CPT schemes that can be established on the
hyperfine components of the sodiumD1 line through excitation by
s1 ,s2 laser lights.
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Zeeman sublevels is removed by the introduction of an ex-
ternal magnetic field that is parallel to the laser propagation
direction. For zero magnetic field the atomic system is opti-
cally pumped into a coherent superposition of ground states
noninteracting with the laser field, i.e., the dark or non-
coupled state. For a fixed laser frequency, scanning the ex-
ternal magnetic field around the zero value, the atomic fluo-
rescence emitted at right angles with respect to the directions
of the laser field propagation and of the magnetic field ex-
hibits a minimum at zero magnetic field with a line-shape dip
that is typical of the Hanle-CPT phenomenon.

We have measured the contrast and the linewidth of the
resonance in the Hanle-CPT line shape versus the intensity
of applied laser field. These measurements are compared to
analytical and numerical analyses. For a closed optical tran-
sition the CPT process is quite straightforwardly understood
and described in the frame of the optical Bloch equations.
With an atomic sample in an initial uniform Zeeman distri-
bution, the atomic preparation into the coherent superposi-
tion increases with a time constant determined by the optical
pumping rate into the noncoupled state. For an open optical
transition, i.e., in the presence of atomic levels that are ex-

ternal to the hyperfine transition resonant with the laser light,
the atomic preparation into the coherent superposition is
modified by the optical pumping into those levels. The
atomic time evolution is governed by the competition be-
tween optical pumping into the noncoupled state and the
optical pumping into the external hyperfine states.

We have investigated, both theoretically and experimen-
tally, how the contrast and linewidth features of the CPT
resonance depend on the optical pumping rate towards the
external levels. In effect for the different hyperfine optical
transitions of the sodiumD1 line, owing to their different
optical pumping rates, the CPT resonances have different
linewidths and contrasts. The optical pumping rate into
external levels may be compensated by the application
of a repumping laser of variable intensity. Thus, we have
studied the CPT features of a given scheme of hyperfine
levels as a function of the external optical pumping loss rate
by applying a repumping laser of variable intensity. Some of
our results, as the narrow linewidth realized on open transi-
tions, can be applied to the magnetometry based on coherent
population trapping recently introduced by Wynandset al.
@6#.

FIG. 2. Theoretical results for the time-dependent intensityI versus timet and integrated fluorescence intensityI int at t f545 for the
Fg51→Fe51 hyperfine transition in correspondence with different values of the loss parameteraFe51→Fg51;Fg8

52. In ~a! and ~b!

aFe51→Fg51;Fg8
5250, i.e., a hypothetical closed transition; in~c! and ~d! aFe51→Fg51,Fg8

5255 as for the real hyperfine transition of the
D1 line. The timet and t f are measured in units of 1/GFe51→Fg51. The laser intensity is 26 mW/cm2.
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Our investigation should be compared to previous CPT
studies. The more recent and detailed investigation of the
CPT resonance has been performed by Linget al. @7#.
Previous accurate studies of the Hanle effect in the ground
state @8–12# have examined the line-shape dependence on
the laser intensity. Moreover, optical pumping and narrow
lineshapes have been studied in a variety of nonlinear spec-
troscopy techniques@13#. None of the previous studies ana-
lyzed the role of the different hyperfine transitions as pre-
sented here. Linget al. @7# have examined the role of the
Doppler broadening on CPT. Their results show that in our
experiment the Doppler broadening associated to the residual
divergence of the sodium atomic beam has a negligible in-
fluence on the measured contrast and linewidth. Thus, we
have not included the Doppler broadening in our analysis. In
the comparison between our data and the theoretical analysis
we have discovered that our measured contrast could not
reach the theoretical value because the magnetic-field com-
pensation was not accurate as required. On the contrary, in
the experiment by Picque´ @12# the very good magnetic-field
compensation allowed the author to reach the contrast pre-
dicted by the theory. Thus, we have used the data of Ref.
@12# for completing the comparison with our theoretical
analysis.

In the present work Sec. II contains a theoretical analysis
of the CPT process based on the analytical and numerical
solution of the optical Bloch equations. Section III describes
the experimental setup and the experimental results. Section
IV contains the comparison between the theoretical analysis
and the experimental results. In Sec. V conclusions are pre-
sented.

II. OPTICAL BLOCH EQUATION

We consider a sodium atom interacting with a linearly
polarized monochromatic laser light resonant with one of the
hyperfine transition of theD1 line and propagating in the
directionOz

EW ~z,t !5

E

2
eW xe i~kz2vt !

1c.c.

5

A2E

4
~eWs11eWs2!e i~kz2vt !

1c.c., ~1!

with eW i the unit vector of thei polarization. We indicate by
Fg→Fe the transition pumped by the laser,Fg andFe being
the quantum numbers of the total angular momentum of
the hyperfine levels of the2S1/2 and 2P1/2 levels, respec-
tively. The quantum number of the total angular mo-
mentum of the other hyperfine level of the2S1/2 level will be
denoted byFg8

. A magnetic fieldB is applied in the direc-
tion Oz.

For the z axis as quantization axis, the optical Bloch
equations ~OBE! for the system Fg→Fe under ex-
amination have the following form (ue j&5uJIFe j&,ug j&
5uJIFg j&):

FIG. 3. Theoretical results for the integrated fluorescence inten-
sity I int at t f545/GFe51→Fg51 for the real~open! transitions of the
sodiumD1 line, calculated for the laser intensity of 26 mW/cm2.
~a! corresponds to the transitionFg51→Fe51, ~b! to
Fg52→Fe51, and~c! to Fg52→Fe52.
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The quantitiesva i ,b j
, with a,b5(e,g) represent the fre-

quency separation between the levelsa i and b j , including
the Zeeman splittings of the ground and excited levels due to
the applied magnetic fieldB,

va i ,b j
5

Ea i
2Eb j

\
. ~3!

G is the total spontaneous emission rate for any excited level,
GFe→Fg

denotes the spontaneous decay rate on theFe→Fg

transition andaFe→Fg ;Fg8
the ratio between the spontaneous

decays on theFe→Fg8
andFe→Fg transitions. This ratio is

given by @14#

aFe→Fg ;Fg8
5

GFe→Fg8

GFe→Fg

5

2Fg8
11

2Fg11

H 1
2 Fg8

3
2

Fe
1
2 1J

2

H 1
2 Fg

3
2

Fe
1
2 1J

2 .

~4!

The termaFe→Fg ;Fg8
describes the loss due to spontaneous

decay to the ground levelFg8
external to the transition

pumped by the laser. Note that the term
GFe→Fg

(11aFe→Fg ;Fg8
) in Eqs.~2! is equal toG so that the

description througha evidences the role of the spontaneous
decay towards external levels. For the hyperfine components
of the D1 transition the values ofa are

aFe51→Fg51;Fg8
5255, ~5a!

aFg52→Fe52;Fg8
5151, ~5b!

aFg52→Fe51;Fg8
515

1

5
. ~5c!

In the dipole approximation the atom-laser interaction has
matrix elements

Ve i ,g j
52

^e iudW •eW xug j&

2
E. ~6!

The spontaneous-emission repopulation terms are@15,16#

FIG. 4. Experimental setup for the investigation of the Hanle-CPT resonance on a sodium atomic beam for the different hyperfine
transitions on theD1 line.
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S d

dt
rgkgk8D

SE

5~2Fe11!GFe→Fg (
~q,q852Fe ,1Fe!,~p521,1!

~21!p2k2q8S Fg 1 Fe

2k p q D reqeq8S
Fe 1 Fg

2q8 2p k8 D . ~7!

In order to examine the influence of the external levels on
the Hanle-CPT resonance around zero magnetic field, we
have solved numerically the time-dependent OBE with

the initial condition rg i ,g j
(t50)5 1

8 d i j , rg i ,e j
(t50)

5re i ,e j
(t50)50. We have calculated the time-dependent

fluorescence intensity emitted from the atomic system

I~B,t !5G (
mF52Fe ,Fe

ree . ~8!

In our experiment on an atomic beam, we detect a signal
proportional to the integrated fluorescence intensity emitted
by an atom interacting with the laser light during a time
t f ,

I int~B !5E
0

t f
I~B,t !dt. ~9!

In the case of a closed atomic system, if the time-
integrated detected signal corresponds to a long interaction
times t f , the transient initial regime produces a negligible
contribution to the overall intensity. The contrast between
the maximum and the minimum of the emitted fluorescence
intensity, defined as in Ref.@1,17#, approaches 100% when
all the atoms are pumped into the noncoupled state. In the
case of an open system the excited-state occupation at the
steady state is equal to zero: all population is lost because of
the presence of the external state. In this case the transient
regime produces the most important contribution to the inte-
grated emitted intensity, which exhibits a Hanle-CPT reso-
nance with contrast strongly depending on the atomic transi-
tion. Figure 2 shows results forI versus B at different
interaction times andI int versusB at t f545/GFe51→Fg51 for

the Fg51→Fe51 hyperfine transition of theD1 line, at
different values ofaFe→Fg ;Fg8

. The casea50 of ~a! and~b!

corresponds to an ideal close transition, the case
aFe51→Fg51;Fg8

5255 of ~c! and ~d! corresponds to the real

Fg51→Fe51 transition of theD1 line. In ~a! and ~b! for
the case of a closed atomic system, whereaFe→Fg ;Fg8

50,
the time-dependent fluorescence intensity exhibits a sharp
and well pronounced Hanle-CPT resonance around zero
magnetic field. The contrast ofI int increases with the inter-
action time and results around 100% at larger interaction
times. In~c! and~d! a large loss towards external states pro-
duces a reduced intensityI, and a smaller contrast in the
integrated intensityI int . The limiting value for the contrast
observed onI is 100% independently of the loss rate and is
reached at interaction times shorter than in the case of a
closed system, because only those atoms already in the non-
coupled state contribute to the contrast, the remaining ones
having been pumped into the external states. The integrated
fluorescenceI int is obtained summing up the contributions at
different times, and those at earlier times have a larger

weight on the sum. Also for an open system the contrast
increases with the interaction time, reaching a value smaller
than 100% at larger interaction times.

Figure 3 shows the results for the integrated fluorescence
intensity I int in the case of the real open transitions of so-
dium, for a choice of experimental parameters corresponding
to the conditions of the experimental investigation. The dif-
ferent contrast of the Hanle-CPT resonance for the different
hyperfine transitions is quite evident. A large contrast is ob-
tained for theFg52→Fe51 transition with the smallest
value of losses towards external states.

The results of Figs. 2 and 3 show that the loss towards the
external states modifies strongly also the linewidth. In Fig. 2
the resonance linewidth for the case of
aFe51→Fg51;Fg8

5255 is much narrower than the linewidth
for the casea50. In Fig. 3 the real hyperfine transitions are
directly compared and once again open transitions with a
larger loss towards external states have a more narrow reso-
nance. The comparison between different hyperfine transi-
tions is not straightforward because the matrix elementVe,g
of the atom-laser interaction between excited and ground
states depends on the hyperfine levels, and furthermore, in
the system Fg52→Fe51, two noncoupled states are
present. However, the CPT analysis for a closed symmetrical
L system performed in the basis of the coupled and non-
coupled states is very useful for the interpretation. In that
analysis@1,17#, in absence of ground-state relaxation, at the
steady state the linewidth of the CPT resonance is deter-
mined by the loss rateG8 of the coupled state, with
G85Ve,g /(\2Gexc), Gexc being the excited-state lifetime. In
Fig. 2, the main difference between the closed, in~a! and~b!,
and open, in~c! and~d!, systems is the excited-state lifetime,
with Gexc5G1→1 in the first case, andGexc5G1→1(1
1a1→1;2) in the second case. An increase in that lifetime
produces
a smallerG8 and a more narrow CPT resosnce, as observed
in the figure for bothI andI int . It should be noted that in an
open system the coupled-noncoupled approach applied to
states without population because of the optical pumping to-
wards external states is not really meaningful.

The narrow linewidths obtained in Fig. 3 have a different
explanation, because for the realD1 line hyperfine transi-
tions the excited states have the same lifetimeG, whichever
Zeeman or hyperfine component. The narrow resonances are
obtained in the curve ofI int versusB and the contribution of
I at different interaction times should be considered. They
arise because of the simultaneous action of the pumping
into the noncoupled nonabsorbing state and of the optical
pumping towards external states. The optical pumping to-
wards external states is less efficient whenever the optical
pumping in the noncoupled states is more efficient: in the
noncoupled state the atomic wave function has no contribu-
tion of excited state, whence the atom does not decay to-
wards the external states. Thus, the narrow CPT resonance,
being produced by the contribution of only those atoms
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remaining in the noncoupled state and nondecaying
towards the external states, is a consequence of an atomic
selection.

III. EXPERIMENTAL SETUP

The experimental setup is shown in Fig. 4. We used a
single-mode CW dye laser; the light polarization was linear
and the propagation direction orthogonal to the thermal so-
dium atomic beam. An external magnetic field was applied
parallel to the laser beam propagation direction. Magnetic-
field Helmholtz coils, applied around the atom-laser interac-
tion region, were driven by a programmable power supply in
order to produce a linear scan of the magnetic field. The

earth magnetic field was compensated to better than 0.05 G
by additional pairs of Helmholtz coils. By tuning the laser to
different hyperfine optical transitions of the sodiumD1 line,
we excited different atomic configurations. The laser fre-
quency was tuned to the center of the homogeneous hyper-
fine absorption profile. The fluorescence signal emitted by
the sodium atoms at right angles with respect to the direc-
tions of the laser field propagation and of the magnetic field
was detected through a photomultiplier and recorded by
means of a lock-in amplifier and a standard data acquisition
system. In our experiment the interaction time was of the
order of fewms, to be compared to the 3P1/2 excited-state
lifetime of 16 ns.

FIG. 5. Experimental results for the fluorescence intensityI int as a function of the magnetic fieldB on the different hyperfine transitions
with no repumping laser. The interaction time is.4.5 ms. Laser intensityIL5 26 mW/cm2 in all the data sets.
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IV. EXPERIMENTAL RESULTS AND COMPARISON
WITH THEORY

Examples of the time-integrated fluorescence signals re-
corded on the different hyperfine transitions are shown in
Fig. 5. Three of the four transitions on theD1 line exhibit the
Hanle-CPT typical dip. The transitionFg51→Fe52 does
not exhibit any dip because there are no noncoupled states
into which the atom could be pumped. The dip contrasts for
the other three transitions,Fg51→Fe51, Fg52→Fe
51, Fg52→Fe52, are very different. The dip for the tran-
sition Fg52→Fe51 is very pronounced, and the corre-
sponding contrast is large. The contrasts of the dips associ-
ated with the transitions Fg51→Fe51 and
Fg52→Fe52 are smaller. The observed behaviors corre-
spond to those predicted by the analysis and shown in Fig. 2.
The hyperfine transitions with a larger loss factora towards
external states present a narrower Hanle-CPT resonance.
However, it should be noted that different hyperfine transi-
tions cannot be directly compared, as already discussed.

The full width at half maximum linewidth and the con-
trast of the Hanle-CPT resonance for the various hyperfine
transitions have been studied as a function of the laser inten-
sity. The experimental results are shown in Figs. 6 and 7~a!.
The experimental results of Figs. 6 and 7~a! for the linewidth
and contrast of the Hanle-CPT resonance have been com-
pared to the theoretical numerical analysis. The theory pre-
dicts an increase of the linewidth and contrast with the ap-
plied laser intensity, as observed in the experiment.
However, the maximum contrast achieved in our experimen-
tal observations is lower than that predicted by the theory.
For instance, for theFg52→Fe51 hyperfine transition, the
maximum theoretical contrast is 67%, while the measured
value of the maximum contrast on that transition is around
50%. In order to examine more carefully the comparison
between theory and experiments, our theoretical analysis has
been applied also to the Hanle-CPT measurements published
by Picqué@12# in an experimental configuration very similar
to the present one, on theFg52→Fe51 hyperfine transition
of the sodiumD1 line as a function of the applied laser field

intensity. The contrast of the Hanle-CPT resonances, as de-
rived from the five curves published in@12#, and the results
of a theoretical analysis for the interaction times of that ref-
erence are reported in Fig. 7~b!. In this case the agreement
between our theory and the experimental results is very
good, confirming the validity of the theoretical approach
@18#. The experiment of@12# reported a compensation of the
stray magnetic fields within 10 mG over the whole atom-
laser interaction volume. Thus, our failure to reproduce the
theoretical contrast is produced by an imperfect compensa-
tion of the magnetic field in our apparatus. More precisely,
owing to the presence of some magnetic-field gradient
present in the atom-laser interaction region, the magnetic
field could not be compensated over the whole interaction
region through our Helmholtz coils.

For theD1 excitation on sodium atoms none of the hy-
perfine optical transitions is closed. However, experimen-
tally, a closedlike situation can be realized through the ap-
plication of a repumping laser, which compensates the losses
term ṙe ie i

52aFe→Fg ;Fg8
GFe→Fg

re ie i
for the population de-

cay. We examined, for a given transition, the dependence of
contrast and linewidth on the population loss rate, by apply-

FIG. 6. Experimental results for the full width at half maximum
linewidth of the Hanle-CPT resonance for the different hyperfine
transitions as a function of the laser intensity. Black triangles cor-
respond to laser excitation on the transitionFg52→Fe52, while
open squares to Fg51→Fe51 and closed circles to
Fg52→Fe51. Typical error bars are marked.

FIG. 7. In ~a! experimental results for the contrast of the Hanle-
CPT resonance for the different hyperfine transitions as a function
of the laser intensity. Black triangles correspond to the transition
Fg52→Fe52, open squares toFg51→Fe51, and closed circles
to Fg52→Fe51. Typical error bars are marked. In~b! experimen-
tal results for theFg52→Fe51 transition from Ref.@12# for the
contrast of the Hanle-CPT resonance as a function of the laser in-
tensity. Laser intensity derived from@12#; error bar of the contrast
estimated on the figures of that reference.
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ing a repumping laser to partially compensate the losses to-
wards external states. Varying the intensity of the repumping
laser it was possible to study the features of the CPT reso-
nance as a function of the rate of population losses. Obvi-
ously the repumping transition should be chosen in order to
not produce an additional noncoupled coherent superposi-
tion. In the case of the sodiumD1 line the most favorable
transition for this study is theFg52→Fe52 transition be-
cause the transitionFg51→Fe52, without noncoupled
state, as verified by the record in Fig. 5~d!, can be used for
repumping. The CPT results in presence of a repumping la-
ser are reported in Fig. 8: it is clearly visible that the contrast
and the width of the CPT resonance increase for increasing
power of the repumping laser, i.e., for a decreasing rate of
population losses. These experimental results can be com-
pared to the theoretical ones of Fig. 2. The presence of a
repumping laser, compensating for the losses towards exter-
nal states, is equivalent to a longer lifetime of the excited
state. Thus starting from the configuration of an open system
as in Fig. 2~b! in absence of the repumping laser, its appli-
cation produces an effective closed system as in Fig. 2~a!. It
should be noted that the repumping laser does not compen-
sate for the decay rate of the optical coherences. However,
after preparation of the atoms in the noncoupled states, the
optical coherences are zero and their decay is not relevant for
the atomic preparation.

V. CONCLUSIONS

The CPT phenomenon on the sodiumD1 line has been
investigated by means of an Hanle effect configuration com-
paring different level schemes (L and M! and studying the
influence of the losses towards external states. Different
atom-laser interaction schemes involving as ground states the
sublevels of the same hyperfine component have been con-
sidered. On the sodiumD1 line the relevant transition are
Fg51→Fe51, Fg52→Fe51, Fg52→Fe52. As the
original contribution of the present investigation we have
investigated CPT in atomic configurations that are not closed
for spontaneous-emission decay. We have demonstrated that
CPT may be realized on those open transitions with an effi-
ciency decreasing with the amount of spontaneous emission
towards external states. Because in theD1 line the different
level configurations correspond to different rates of popula-
tion losses, the features, i.e., width and contrast, of the
Hanle-CPT resonance depend on the explored transition. A
careful study of the dependence of the width and contrast of
the Hanle-CPT dip on the interaction parameters has been
performed. A numerical analysis of the density-matrix equa-
tions confirms most experimental observations, except that
the maximum contrast is lower than the expected one be-
cause of the imperfect compensation of the magnetic field in
the experiment. However, our numerical analysis is in agree-
ment with the contrast measured in a previous experiment
@12#, where a very good magnetic-field compensation was
applied. The experimental data show that the contrast of the
Hanle-CPT dip is less than 100%. It depends strongly on the
population loss rate and it can be controlled by means of a
repumping laser that compensates the rate of population
losses towards the external levels. The contrast of the Hanle-
CPT resonance is only weakly affected by the small Doppler

FIG. 8. Experimental results for the integrated fluorescence
intensity, I int , as a function of the applied magnetic field, with
one laser tuned to the transitionFg52→Fe52 to establish
the M-scheme; another laser tuned to the transition
Fg51→Fe52 to repump the atoms. The intensity of the laser used
to establish the M scheme wasIL5250 mW/cm2. The intensity of
the repumping laser was in~a! IR50, ~b! IR5 20 mW/cm2, ~c!

IR5200 mW/cm2.
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broadening associated to the atomic beam.
Note that in the regime of very large saturation, the power

broadening of the spectral lines does not allow the interpre-
tation of the experiment as a pureFg→Fe transition with
losses onFg8

. Let us consider, for example, the case of
Fg51→Fe51 (L scheme!. At large laser saturation the ab-
sorption linesFg51→Fe51 and Fg51→Fe52 are ex-
cited simultaneously. Thus, we do not have a pureL system

but aL1W system, where the states are not completely dark
for the laser absorption.
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Current Switch by Coherent Trapping of Electrons in Quantum Dots
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We propose a new transport mechanism through tunnel-coupled quantum dots based on the coherent

population trapping effect. Coupling to an excited level by the coherent radiation of two microwaves

can lead to an extremely narrow current antiresonance. The effect can be used to determine interdot

dephasing rates and is a mechanism for a very sensitive, optically controlled current switch.

PACS numbers: 73.23.Hk, 73.40.Gk, 73.50.Pz

The analogy between real and artificial atoms (quantum

dots) suggests the transfer of concepts from atomic physics

to ultrasmall semiconductor structures. If methods such as

optical coherent control are combined with the tunability

of quantum dots, basic quantum mechanical effects such

as preparation in a superposition of states and quantum

interference can be realized and controlled in artificial mi-

croscopic devices. The interaction with light has been used

to create coherent superpositions of states in single [1] and

double quantum dots [2]. Furthermore, external radiation

fields lead to nonlinear electron transport effects such as

photoassisted tunneling and photosidebands [3,4].

In this Letter, we propose a new transport mechanism

through tunnel-coupled quantum dots based on the co-

herent population trapping effect, a well-known effect in

atomic laser spectroscopy [5]. We predict that the inter-

action with coherent light of two frequencies can be used

to pump a current through a double dot. As a function

of the relative detuning of the two frequencies the current

shows an extremely narrow antiresonance, i.e., an optically

controlled abrupt transition from a conducting to a noncon-

ducting state. We furthermore show that the vanishing of

the current antiresonance due to dephasing of the coupled

ground states coherence (which can be controlled by tun-

ing the tunnel coupling) can be used to obtain quantitative

estimates for inelastic dephasing rates in coupled dots.

The effect appears in double quantum dots where elec-

tron transport involves tunneling through two bonding and

antibonding ground states j1� and j2� and one additional

excited state j0�; see Fig. 1. Leads coupled to both dots

have chemical potentials such that electrons can tunnel into

the ground states but leave the dot only through the ex-

cited state. The system is driven by two light (microwave)

sources with frequencies v1 and v2 that are detuned off

the two excitation energies by h̄d1 :� ´0 2 ´1 2 h̄v1

and h̄d2 :� ´0 2 ´2 2 h̄v2. Relaxation from the excited

level by acoustic phonon emission traps the dot in a coher-

ent superposition of the bonding and the antibonding state,

if dR :� d2 2 d1 is tuned to zero. In this case, the ex-

cited level becomes completely depopulated. In the case

of real atoms, the resulting trapping of the electron in a ra-

diatively decoupled coherent superposition leads to “dark

resonances” in the fluorescence emission. In the double

dot case discussed here, the dark resonance effect appears

as a suddenly vanishing electron current for dR � 0. We

suggest that for low enough microwave intensity, the effect

can serve as a very sensitive, optically controlled current

switch.

Atomic dark states have been found to be extraordinary

stable against a number of perturbations [6]. In the

quantum dot case, due to the Pauli blocking of the leads,

a trapped electron cannot tunnel out of the ground state

coherent superposition. Furthermore, this superposition is

protected from incoming electrons due to Coulomb block-

ade (no second electron can tunnel in). These two mecha-

nisms guarantee the robustness of the effect, which is

limited only by dephasing from inelastic processes. The

latter are due to spontaneous emission of phonons in

double dots [7,8] and can be controlled by tuning system

parameters with gate voltages.

In our model, we consider a double quantum dot in the

strong Coulomb blockade regime that is determined by

transitions between states of fixed particle number N and

N 1 1. The two tunnel-coupled N 1 1-particle ground

states jG� and jG0� (see Fig. 1, inset) have energy dif-

ference ´ :� ´G0 2 ´G and hybridize into states j1� and
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FIG. 1. Level scheme for two coupled quantum dots in the
Coulomb blockade regime. Two tunnel-coupled ground states
jG� and jG0� (small inset) form states j1� and j2� from which an
electron is pumped to the excited state j0� by two light sources of
frequency v1 and v2. Relaxation by acoustic phonon emission
is indicated by dashed arrows.
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j2� of energy difference D :� ´2 2 ´1 � �´2 1 4T2
c �1�2.

Here, Tc denotes the tunnel-coupling matrix element. The

system is irradiated with two coherent microwave sources

with frequencies v1 and v2, driving the transitions j1� !
j0� and j2� ! j0�. Here, j0� is the first excited state of the

same electron number N 1 1 in the right dot with energy

´0. Furthermore, the energy of the first excited level j00�
of the other (left) dot is assumed to be in off resonance for

transitions to and from the two ground states. If the energy

difference ´00 2 ´0 is much larger than Tc, the hybridiza-

tion of j00� with j0� can be neglected.

The microwave radiation pumps electrons into the ex-

cited level j0� such that transport through N 1 1-particle

states becomes possible if both dots are connected to reser-

voirs of free two-dimensional electrons. We assume the

Coulomb charging energy U to be so large that states with

two additional electrons can be neglected. Typical values

are 1 & U & 4 meV in lateral double dots [7]. The chemi-

cal potentials m and m0 are tuned slightly above ´2; this

excludes the co-tunneling-like reentrant resonant tunneling

process that can exist in three-level dots [9].

The light coupling is described by an interaction Ham-

iltonian in the rotating wave approximation,

HI �t� � 2
h̄V1

2
e2iv1t j0� �1j

2
h̄V2

2
e2iv2tj0� �2j 1 H.c., (1)

where nonresonant terms have been neglected and Vj �

�Ej�h̄� �0jezj j�, j � 1, 2, are the Rabi frequencies, where

Ej is the projection of the electric field vectors of the

light onto the dipole moments for the transitions 1 ! 0,

2 ! 0. The coupling of the dot ground states to the leads

is described by the standard tunnel Hamiltonian

HV �

X

ki�G,G0

�Vkic
y
kijE� �ij 1 c.c.� (2)

and correspondingly for the excited state j0�. Here, jE�
denotes the “empty” double dot N-particle state before

tunneling of an additional electron, c
y
ki creates an electron

with quantum number k in the reservoir connected to the

dot ground state i � G or i � G0, and Vki denotes the

corresponding tunnel matrix element. The rates G (right

dot) and G0 (left dot) for tunneling between the dots and

the connected reservoirs can be calculated from HV by sec-

ond order perturbation theory. If the chemical potentials

m and m0 are as indicated in Fig. 1, electron tunneling oc-

curs by in tunneling that changes jE� into jG� at a rate G
and jE� into jG0� at the rate G0, whereas out tunneling

from jG� and jG0� is Pauli blocked. The corresponding

rates g1 and g2 for tunneling into the hybridized states j1�
and j2� are g1,2 � ��D 6 ´�2G 1 4T2

c G0����D 6 ´�2 1
4T2

c �. On the other hand, electrons can leave the dot only

by tunneling out of the state j0� (but not in) at the rate G.

This tunneling is only into the right lead because we as-

sumed negligible hybridization of j0� with j00�. Here and

in the following, we neglect the energy dependence of G
and G0 for simplicity.

In coupled quantum dots, decay of excited levels is due

to spontaneous emission of phonons rather than photons

[7]. We denote the corresponding decay rates for the state

j0� and j2� by G0 and G21, respectively. The lowest state

j1� is stable against decay. For the moment, we take these

rates as given and discuss quantitative estimates below.

We are then in the position to set up equations of motion

for the time-dependent occupation probabilities pj�t�, j �

E, 1, 2, 0, of the four double dot states. The spontaneous

phonon emission and the single electron tunneling gives

rise to an incoherent dynamics, while the electron-light

interaction in treated fully coherently. One has

�pE � 2�g1 1 g2�pE 1 Gp0 ,

�p0 � 2�G0 1 G�p0 1 Im�V1r̃10 1 V2r̃20� ,

�p1 � a1G0p0 1 g1pE 1 G21p2 2 Im�V1r̃10� ,
(3)

�p2 � a2G0p0 1 g2pE 2 G21p2 2 Im�V2r̃20� .

Here, a1 � 1 2 a2 � �D 1 ´�2���D 1 ´�2 1 4T2
c � and

r̃0j � r̃�

j0 � r0je
ivj t are slowly varying off-diagonal ma-

trix elements of the reduced density operator of the double

dot, whose equations of motion close the set (3). One has

�̃r10 � 2D1r̃10 1 i
V�

1

2
�p1 2 p0� 1 i

V�

2

2
r̃12 ,

�̃r02 � 2D2r̃02 2 i
V2

2
�p2 2 p0� 2 i

V1

2
r̃12 , (4)

�̃r12 � 2�idR 1 G21�2�r̃12 2 i
V�

1

2
r̃02 1 i

V2

2
r̃10 ,

where we defined resonance denominators Dj :�

�21�jidj 1 ajG
0 1 G�2 that appear in the solution

for the coherences in the stationary case for large times

which we consider from now on. Together with the

normalization condition pE 1 p1 1 p2 1 p0 � 1, the

stationary solution is then easily obtained.

Before discussing the stationary tunnel current, we esti-

mate the inelastic rates G0 and G21 which determine if or

if not the effect can be observed in quantum dots at all.

In the following, we restrict ourselves to lateral dots. Re-

laxation from the excited dot level j0� is due to acoustic

phonon emission at a rate

G0
� �2p�h̄�

X

Q

jlQj
2d�h̄vQ 2 ´0�Fz�qz�G�qk� , (5)

where lQ is the deformation potential matrix element,

Q � �qk, qz� the phonon wave vector, vQ � cjQj, and

Fz and G are the quantum well and lateral dot form factor

which cut off phonons with jqzj * l21
z and jqkj * l21,

where lz is the quantum well width and l an estimate

for the dot diameter. For ´0 & 0.5 meV and a typical

well width of lz � 50 Å, only the lateral cutoff G is ef-

fective here at energies above h̄vl � h̄c�l, where c is
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the longitudinal speed of sound [10]. The explicit form

of G depends on the shape of the many-electron wave

functions �x j 0� and �x j i�, i � 1, 2 and is never known

exactly for realistic dots with N * 10 electrons. As-

suming a form G�q� � �ql�2��1 1 �ql�2�2 that smoothly

interpolates between G�0� � G�`� � 0 and using mate-

rial parameters for GaAs and l � 200 nm, we find rates

between G0�´0 � 0.5 meV� � 6 3 108 s21 and G0�´0 �

10 meV� � 2 3 1010 s21. Most important for the obser-

vation of the population trapping effect in dots is the relax-

ation rate G21. In GaAs�AlGaAs lateral double dots, G21 is

mainly due to the spontaneous emission of phonons [7,8].

In experiments, gate voltages can be applied to tune the

ground state level splitting to small values. Here, we as-

sume D & 20 meV where form factor cutoffs are no longer

effective. One obtains

G21�D� 	 2p

µ
Tc

D

∂
2

g
D

h̄

∑
1 2

sin�D�h̄vd�

D�h̄vd

∏
, (6)

where vd :� c�d, g & 0.05 the dimensionless coupling

constant, d is the distance between the dot centers, and we

assumed identical shapes of both dots for simplicity and

neglected the small overlap between the states jG� and

jG0�. Furthermore, a simplified model with bulk piezo-

electric phonons has been adopted. Important here is that

in contrast to real atoms the spontaneous rate G21 can be

tuned in gated double dots by varying Tc and/or ´. This al-

lows one to study how the coherent superposition of states

is destroyed due to the interaction with the phonon bath as

discussed now.

The stationary electric current I is obtained from the

net flow of electrons with charge 2e , 0 through ei-

ther of the tunnel barriers connecting the dot to the reser-

voirs, I � 2eG�p0 2 pE�stat � 2eG0�pE�stat. Figure 2
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FIG. 2. Tunnel current antiresonance through double dot
system from Fig. 1 with ground state energy difference
´ � 10 meV. The Rabi frequencies V1 and V2 are taken to
be equal, parameters are VR � 0.2G0 and G � G0

� G0
�

109 s21, where G0 is the relaxation rate due to acoustic phonon
emission from j0�. Inset: Inelastic rate G21 (in meV�h̄), Eq. (6),
with h̄vd � 20 meV. The dashed line indicates the crossover
at G21�2 � jVR j

2�2�G0 1 G�; cf. Eq. (7).

shows the result for I as a function of the Raman detun-

ing dR for V1 � V2 and ground state energy difference

´ � 10 meV. Our calculations have been done for zero

temperature T � 0. For finite T , reabsorption of phonons

which would smear the ground state levels can be sup-

pressed by choosing a sufficiently large ´ * kBT .

Close to dR � 0, the overall Lorentzian profile breaks

in and shows a sharp current antiresonance. For fixed

microwave intensity (fixed Rabi frequency VR :� �V2
1 1

V2
2�1�2) and increasing tunnel coupling Tc, the inelastic

rate G21, Eq. (6), increases (inset). As a result, the anti-

resonance becomes broader and finally disappears for

larger tunnel coupling Tc. The half-width d1�2 of the

current antiresonance can be found via the stationary

solutions of Eqs. (3) and (4) from the pole of a two-photon

denominator as a function of dR. We find for the sym-

metric case ´ � 0

d1�2 	
G21

2
1

jVRj
2

2�G0 1 G�
. (7)

Thus, d1�2 increases with the inelastic rate G21. For fixed

microwave intensity, the vanishing of the antiresonance

sets in for G21 * jVRj
2��G0 1 G�; cf. the inset of Fig. 2.

On the other hand, with increasing elastic tunneling G out

of the dot we recognize the striking fact that d1�2 decreases

down to its lower limit G21�2. This behavior is shown in

Fig. 3. For increasing tunnel rate G, the current increases

until an overall maximal value is reached at G 	 G0. The

curve I�dR� decreases again and becomes very broad if the

elastic tunneling becomes much faster than the inelastic

relaxation G0. Simultaneously, the center antiresonance

then becomes sharper and sharper with increasing G, its

half-width d1�2 approaching the limit G21�2, Eq. (7).

The appearance of the sharp current antiresonance is due

to a trapping of the additional electron in a coherent super-

position of the two ground states j1� and j2� that decouples

from the light. One can define linear combinations [5]

jNC�t�� :� �V2�VR� j1� 2 �V1�VR�ei�v22v1�tj2� and the

orthogonal state jC�t��. At Raman resonance, only jC�t��
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FIG. 3. Current for fixed coupling Tc and different tunnel rates
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couples to the light, and excitation of the electron from

jC�t�� to the excited state j0� with a subsequent decay into

jC�t�� and jNC�t�� gradually pumps all the population into

jNC�t��. This is because in the latter state the electron is

decoupled from the light and cannot be excited again.

We point out that the resonance effect described here

differs physically from other transport effects in ac-driven

systems, such as coherent destruction of tunneling [11],

tunneling through photosidebands [12], or coherent pump-

ing of electrons [13,14]. These phase-coherent effects are

due to an additional time-dependent phase that electrons

pick up while tunneling. Then, the time evolution within

the system is ideally completely coherent with dissipation

being a disturbance rather then necessary for the effect to

occur. In contrast, the trapping effect discussed here re-

quires incoherent relaxation (phonon emission) within the

system in order to create the trapped coherent superposi-

tion of the ground states.

To conclude, our results suggest that the population trap-

ping effect can be observed in the tunnel current through

double dots irradiated with two microwaves. It offers

the possibility to switch a current optically and to de-

termine the interdot inelastic rate G21 from the antireso-

nance linewidth d1�2, Eq. (7). The microwave frequencies

n should be such that the first excited level in one of the

dots is coupled by one-photon processes to the ground

states. An estimate with a single particle excitation energy

of d´ � 0.5 meV yields n � d´�h � 120 GHz which

should be attainable with present day technology. The

Raman shift dR 
 d2 2 d1 can be scanned through by

fixing one of the frequencies (e.g., v1) at resonance such

that d1 
 0, and changing v2 and therewith dR � v1 2
v2 2 D�h̄. Both the relaxation rate G0 and the dephasing

rate G21 then can be obtained from I�dR� curves for dif-

ferent values of, e.g., the tunnel coupling Tc or the energy

difference ´.

Finally, we comment on the dephasing channel due to

tunneling of electrons from the ground state coherent su-

perposition into holes created by absorption of photons in

the leads. The rate Gr for such processes is proportional

to �VR�2pn�2 [15] and turns out to be at least 1 order of

magnitude less than the intrinsic dephasing rate G21 unless

one tunes to very small tunnel couplings Tc & 0.5 meV.

In this regime, Gr starts to dominate over G21, and the

half-width d1�2 then becomes independent of Tc.
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Enhanced absorption Hanle effect in the configuration of crossed laser beam and magnetic field
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We have analyzed the Hanle effect on the closedFg53→Fe54 D2-line transition of 85Rb. Exciting the
rubidium atoms by circularly polarized laser light, and scanning an applied transverse magnetic field, a bright
resonance Hanle signal is obtained at different values of an applied longitudinal magnetic field. We report
experimental and numerical evidence of this bright resonance.

DOI: 10.1103/PhysRevA.63.065401 PACS number~s!: 32.80.Bx, 32.80.Qk

In a multilevel atomic system the creation of low-
frequency coherences, and eventually their circulation
through absorption and spontaneous emission processes,
leads to significant modifications of the atomic fluorescence
line shape. Well-known examples of these modifications are
the Hanle effect@1# and coherent population trapping@2#.
Low-frequency coherences also lead to drastic modifications
of the absorptive and dispersive properties of atomic media
@2–4#, and are responsible for the sub-Doppler@5,6# and sub-
recoil @7# temperatures reached in the laser cooling processes
with counterpropagatings1 ands2 laser fields. Recently an
investigation of a multilevel atomic system with two optical
fields revealed that the combined actions of the two coherent
optical fields produces a low-frequency Zeeman coherence
that increases the atomic absorption@8,9#. The increased
atomic absorption, denoted as electromagnetic induced ab-
sorption or bright resonance, was observed by scanning the
frequency difference between the two optical fields creating
the low-frequency coherence.

The production and destruction of low-frequency coher-
ences can also be properly studied in the Hanle configuration
with a single laser field applied to an atomic transition, and
the Zeeman degeneracy in the lower and upper states broken
by an applied magnetic field. It should be noted that similar
experimental configurations, and theoretical approaches, ap-
ply to Hanle effect dark-state and bright resonances. While
the Hanle configuration for the dark-state coherences was
studied in Ref.@10#, that for the bright resonances was re-
cently investigated experimentally in Ref.@11#, with a theo-
retical analysis in Ref.@12#. Bright resonances appear as an
increased atomic fluorescence, following laser excitation on
the Fg→Fe5Fg11 transition. The bright resonance Hanle
effect is based on the laser creation of large Zeeman ground-
state coherences at zero magnetic field, and their destruction
at nonzero values of the magnetic field. Equivalently, in a
rotated atomic basis, the effect is associated with the optical
pumping, at zero magnetic field, of the atomic population in
the ground-state sublevels maximally excited by laser fields,

and with the destruction of the population difference through
the magnetic-field-created Zeeman coherences.

The Hanle effect investigations of Refs.@11,12# were
based on a linearly polarized laser field and a magnetic field
parallel to the light propagation direction. However, in this
configuration the measured fluorescence increases, due to the
low-frequency coherence, are very modest, of the order of
1% of the broad fluorescence background. In the present
work we theoretically and experimentally demonstrate the
effect of enhanced absorption in a different ground-state
Hanle effect configuration. In this configuration, a circularly
polarized laser field excites the closedFg5F→Fe5F11
transition, and a transverse magnetic field, applied orthogo-
nally to the light propagation direction, is scanned around
zero. It will be shown that for this configuration the bright
resonance fluorescence increase is more pronounced than for
the previous configuration. The larger atomic coherences
will allow applications of bright resonances to quantum op-
tics and nonlinear wave mixing. We also examine, both ex-
perimentally and theoretically, the influence of ground-state
relaxations and spurious magnetic fields on the bright reso-
nance strength.

In the experiment85Rb vapor, contained in a vacuum cell,
was excited by circularly polarized light in resonance with
the transitionFg53→Fe54 of the D2 line. Owing to the
atomic Doppler distribution, the laser light excited several
hyperfine transitions of theD2 line. However, because the
closedFg53→Fe54 transition is the strongest hyperfine
transition with efficient optical pumping, the largest contri-
bution to the atomic fluorescence arises from this transition.
Magnetic fieldsBz along theOz axis of the laser propagation
direction andBx along theOx orthogonal direction were
applied, or scanned around the zero value. Additional coils
compensated for the external magnetic fields within a 50-mG
range. The atomic fluorescence was monitored while scan-
ning theBx field.

Figure 1 shows experimental results for the emitted
atomic fluorescence in the present bright resonance configu-
ration, with circularly polarized laser light and theBx mag-
netic field scanned around zero for different values of the
applied static magnetic fieldBz along theOz axis. Only the
narrow central part of the Hanle resonance, with a linewidth
around 30 mG, is shown in the figure. This narrow resonance
is superimposed on the broader structure associated with the
inhomogeneous linewidth of the optical transition.
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The amplitude of the bright resonance depends on the
value of the magnetic field applied along theOz axis, with
the maximum value detected at an appliedBz value around
0.25 G. The amplitude of the bright resonance was charac-
terized through the contrastR, defined as the ratio between
the intensity of the narrow fluorescence structure and the
intensity of the the broad background fluorescence. Experi-
mental results forR versus the appliedBz magnetic field are
shown in Fig. 2 at different laser intensities. The good
(1Bz ,2Bz) symmetry of the data of Fig. 2 demonstrate the
good alignment ofBz with the light propagation direction.
Values ofR up to 30% have been measured, to be compared
with measurements forR of the order of 1% for the (lin,kW iBW )
configuration, as reported in Ref.@11#.

The experimental data have been analyzed through optical
Bloch equations~OBE’s! for 85Rb illuminated by as1 laser
field propagating along theOz axis and resonant with the
Fg53→Fe54 D2-line transition, in the presence of mag-
netic fields along different axes. The analysis follows the
previous OBE solution applied for the dark resonances, ex-
cept for additional terms produced by the presence of trans-
verse magnetic fields@10#.

Choosing thez propagation axis as the quantization axis,
the OBE’s for a closed transition have the following forms
(ue j&5uJe ,I,F , j&,ug j&5uJg ,I,Fg , j&):
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Here G is the spontaneous emission rate for any excited
level, andVek ,g j

the matrix element of the atom-laser inter-
action Hamiltonian in the dipole and rotating-wave approxi-
mations. The quantitiesva i ,b j

represent the frequency sepa-

ration between the energies of levelsa i and b j , including
the Zeeman splittinggamBm iBz due to theBz magnetic field.
Here mB is the Bohr magneton, andga , with a,b5(e,g),
the gyromagnetic factor of the ground or excited state. In Eq.
~1c! SE indicates the spontaneous emission repopulation
terms for the density matrix evolution~see Ref.@6# for their
explicit form!. A transverse magnetic field, for instanceBx
along theOx axis, results in additional terms in the density-
matrix equations
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where

FIG. 1. Experimental results for the fluorescence emitted from a
85Rb vapor excited with a circularly polarized laser field on the
Fg53→Fe54 D2-line transition while scanning the magnetic field
Bx , at different values ofBz : 0, 0.37, 0.73, and 1.09 G, respec-
tively, starting from the bottom curve. The laser intensity was
3.2 mW/cm2. The zero level of the atomic fluorescence, far below
the bottom horizontal line, was shifted up on the vertical scale
increasingBz .

FIG. 2. Experimental data for the bright line ratioR in the
experimental conditions of Fig. 1, vs the static appliedBz field,
with laser light intensities of 3.2 mW cm22 ~squares!, and
0.32 mW cm22 ~circles!.
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6 [A~F7M !~F6M11!, ~3!

and we abbreviated the subscriptFa by a (a5e,g).
For the OBE solution we assumed the laser light to be

near resonant with the85Rb Fg53→Fe54 atomic hyper-
fine transition, and supposed only a natural broadening of the
optical transition, as for a cold atomic sample. Moreover, for
a cold sample the interaction time between the laser and
atoms may be assumed to be long enough for us to consider
only a steady-state solution of the density-matrix equations.
In the experimental results of the present work, the bright
line was detected as an increase of the fluorescence intensity.
For a laser-excited closed transition, the atoms reach a steady
state, and the fluorescence intensity emitted from the cold
atomic sample interacting with the laser beam is proportional
to the total steady-state population of the excited state,Pst

e .
Thus the dependence of this quantity on the amplitude of the
applied magnetic field produces the Hanle effect line shapes
observed on the fluorescence emission.

Reference@13#, examining the role of Doppler broadening
on coherent population trapping, showed that the Doppler
broadening associated with the optical transition has a neg-
ligible influence on the measured contrast and width of the
dark resonance. We have verified through numerical calcu-
lations that this is also true for the bright resonance, and
therefore we have not included Doppler broadening in most
analyses. Finally, due to Doppler broadening and the finite
interaction time, the laser intensities needed to saturate an
atomic vapor are much larger than for a cold sample@14#.
Therefore, we expect that the effects observed in an atomic
vapor at a given laser intensity will be reproduced by our
numerical calculations on cold atoms at a much lower inten-
sity of the laser fields.

We solved the OBE for the (s1,kW'BW ) configuration ex-
perimentally investigated in the present work, with a trans-
verse magnetic fieldBx scanned around zero. Results for the
total population of the excited statePst

e as a function of the
applied magnetic fieldBx are shown in Fig. 3 for different
laser intensities. A subnatural bright resonance appears su-
perimposed on a broad profile. In fact, in the absence of a
transverse magnetic field, thes1-polarized laser light pumps
all the atomic population on theuFg53,M F53&↔uFe
54,M F54& Zeeman transition, which is the strongest one.
The application of a transverse magnetic field, producing
low-frequency coherences between the ground Zeeman sub-
levels, redistributes the population among the Zeeman sub-
levels, with a decrease of the fluorescence intensity.

Our numerical calculations confirm that the effect of
bright resonances is much more pronounced for the configu-
ration of crossed laser beam and magnetic field (s1,kW'BW )
examined in this work than for the configuration (lin,kW iBW )
considered in Refs.@11,12#. The numerically calculated am-
plitude of the (lin,kW iBW ) bright resonance is in fact about
one-tenth of the broad fluorescence signal@12#, to be com-
pared with the (s1,kW'BW ) configuration investigated in Fig.
3, for which the amplitude of the bright resonance has about
the same amplitude as the broad structure.

The predicted ratioR between the amplitude of the nar-
row resonance and the broad profile of Fig. 3 is nearly con-
stant over the examined range of laser intensities. By con-
trast, in the experimental resultsR increases with the laser
intensity. This different behavior can be explained by the
presence of relaxation processes in the ground state. In this
case an efficient optical pumping is obtained for a pumping
rateV2/G larger than the ground-state relaxation rateg, and
the ratio R becomes, for weak laser fields, an increasing
function of the laser intensity viaV2/Gg. A finite interaction
time u, corresponding to a relaxation rateg51/u, and the
additional transverse stray fields, to be included in the fol-
lowing analysis, are equivalent to ground-state relaxation
processes. We have verified numerically that the ground-
state relaxation processes modify the dependence ofR on the
laser intensity, but a fit of the experimental results cannot be
performed without a characterization of the relaxation pro-
cesses.

In order to analyze the experimental results of Fig. 1 for
the dependence of the ratioR on the longitudinal appliedBz
magnetic field, we have theoretically examined the effect of
a longitudinal magnetic fieldBz on the bright resonance. Nu-
merical results for the bright resonance, scanning theBx
field, supposingBy50, and at different values of the longi-
tudinal Bz magnetic field, showed a contrast of the bright
resonance slightly decreasing with increasing strength of the
Bz magnetic field, in contrast with the experimental observa-
tions of Fig. 2. The presence of laser detunings did not
modify this result. However, in the presence of stray mag-
netic fields, the application of aBz field different from zero
should help the optical pumping by thes1-polarized light.
Thus, we included in our numerical analysis a weak mag-
netic field By along they axis. Results for the excited-state
population as a function of the scanning magnetic fieldBx at

FIG. 3. Numerical results for theFg53→Fe54 85Rb D2-line

bright resonance in the (s1,kW'BW ) configuration. The steady-state
total population of the excited state, as a function of theBx field for
different laser intensities, is atBz50. The insets show the regions
around zero magnetic field.
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different values of the ‘‘stray’’ magnetic fieldBy are shown
in Fig. 4. It appears that, atBz50, the presence of the stray
magnetic fieldBy leads to a drastic reduction of the ampli-
tude of the bright resonance with respect to the ideal case
By50 previously analyzed. The stray magnetic fieldBy ,
mixing the Zeeman sublevels, produces a disturbance of the
s1 optical pumping. The application of a longitudinal mag-
netic fieldBz restores thes1 optical pumping, and therefore
leads to an increase in the amplitude of the bright resonance.
Thus the experimental results of Fig. 2 are associated with
the presence of an additional transverse magnetic field in the
50-mG range.

As an additional test of the role of the stray magnetic
fields, we calculated, at different laser intensities, the ratioR
for a bright resonance in the (s1,kW'BW ) configuration as a
function of the longitudinal magnetic fieldBz in the presence
of a stray magnetic fieldBy510 mG. The numerical results
demonstrate that the residual magnetic field along theOy
axis indeed introduces an increasing dependence ofR on the
laser intensity, for a smallBz field. However, we could not
reproduce the decrease of Fig. 2 at a larger magnetic field
Bz , proving that a better control of the experimental condi-
tions is required for a precise control of the bright resonance.

In conclusion, we experimentally and theoretically stud-
ied the bright resonance Hanle effect on a closedFg53
→Fe54 transition for circularly polarized light and a trans-
verse magnetic field. The zero-field-enhanced absorption
corresponds to the accumulation, via optical pumping, of the
atomic population in ground states maximally coupled to the
excited state. The application of a magnetic field redistrib-
utes the population among the ground-state sublevels, and
results in a decrease of the fluorescence intensity. The effi-
cient production of low-frequency coherences realized in the
present Hanle effect configuration produces a strong depen-
dence on the ground-state relaxation processes and on the
spurious magnetic fields, to be explored under highly con-
trolled experimental conditions.

The experimental investigations reported here were per-
formed by S.C. while visiting the Dipartimento di Fisica,
Universitàdi Pisa, I-56126 Pisa, with the financial support of
the NATO-CNR Senior Guest Fellowship Program. F.R.
is grateful to G. Grynberg and P. Verkerk for useful
discussions.
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FIG. 4. Numerical results for theFg53→Fe54 85Rb D2-line

bright resonance in the (s1,kW'BW ) configuration, at a laser intensity
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550 mG. Only the region around zero magnetic field is shown.
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We report the first direct observation of Brillouin-like propagation modes in a dissipative periodic

optical lattice. This has been done by observing a resonant behavior of the spatial diffusion coefficient

in the direction corresponding to the propagation mode with the phase velocity of the moving intensity

modulation used to excite these propagation modes. Furthermore, we show theoretically that the ampli-

tude of the Brillouin mode is a nonmonotonic function of the strength of the noise corresponding to the

optical pumping, and discuss this behavior in terms of nonconventional stochastic resonance.

DOI: 10.1103/PhysRevLett.88.133903 PACS numbers: 42.65.Es, 05.45.–a, 32.80.Pj

The last decade has witnessed dramatic progress in laser

cooling techniques and nowadays in several laboratories
around the world atoms are routinely trapped and cooled

at very low temperatures and high densities [1]. Most of

the current efforts within the cold atoms community are

directed to reaching the regime of quantum degeneracy in

both bosonic and fermionic samples, in order to investigate
the properties of the quantum gases thus obtained, and

realizing an atom laser, the matter wave analog of the laser.

Cold atomic samples also constitute an ideal system for the

study of complex nonlinear phenomena. This turns out to

be especially true if the cold atoms are ordered by the light
fields in periodic structures, so-called optical lattices [2,3].

These are obtained by the interference of two or more laser

fields: the light imposes its order on the matter via the

dipole force [4], creating a periodic structure of atoms.

Among the most significant studies of nonlinear dy-

namics in optical lattices, we recall here the observation
of mechanical bistability in a strongly driven dissipative

optical lattice [5] and the realization of the kicked rotor

and corresponding detection of chaotic motion in a far

detuned lattice [6]. Furthermore the macroscopic transport

of atoms in an asymmetric optical lattice without the
application of external forces has been observed [7].

This corresponds to the realization of an optical motor,

i.e., a ratchet for cold atoms, a well-controllable model

system for the molecular combustion motor [8]. Brillouin-

like propagation modes of atoms in a dissipative optical

lattice have also been theoretically studied to explain the
nonlinear optical properties of optical lattices [9,10]. In

this Letter, we report on the first direct observation of

these modes. Furthermore, we discuss the propagation

mechanism associated with these modes, completely

different from the one encountered in dense fluids or solid
media. Indeed in dilute optical lattices the interaction

between the different atoms is completely negligible;

therefore, the mechanism for the propagation of atoms

cannot be ascribed to any sound-wave-like mechanism.

While a sound wave corresponds to a propagating density

wave without a net transport of atoms, the Brillouin-

like resonances analyzed in this work consist of a net
motion of the atoms. In fact, the propagation of atoms

through the lattice are determined here by the interaction

with the light. The light fields determine both the potential

wells where the atoms can oscillate, whose vibrational fre-

quency determines the velocity of the propagation modes,
and the escape from the potential wells, which allows the

propagation of atoms. We also show theoretically that

the amplitude of the Brillouin mode is a nonmonotonic

function of the strength of the noise corresponding to the

optical pumping, and we discuss this behavior in terms of
nonconventional stochastic resonance [11,12].

We consider a three dimensional (3D) lin � lin near

resonant optical lattice, as in previous work [13]. The

periodic structure is determined by the interference of four

linearly polarized laser beams, arranged as in Fig. 1. This

arrangement results in a periodic modulation of the light
polarization and light intensity, which produces a periodic

4
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z

y

O

2θ

2θ

1

2
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FIG. 1. Sketch of the experimental setup.
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modulation of the light shifts of the different ground states

of the atoms (optical potentials) [3]. The optical pumping

between the different atomic ground states combined with
the spatial modulation of the light shifts leads then to the

cooling of the atoms [14] and to their localization [15]

at the minima of the optical potentials, thus producing a

periodic array of atoms.

After the cooling phase, characterized by a significant
reduction of the atomic kinetic temperature and by the

creation of a periodic spatial order, the atoms keep inter-

acting with the light undergoing optical pumping cycles.

The optical pumping may transfer an atom from a po-

tential well to a neighboring one, giving rise to a variety
of transport phenomena [13,16]. Among these, there are

modes which correspond to the propagation of atoms

through the optical lattice in a given direction. They con-

sist of a sequence in which a one-half oscillation in a

potential well is followed by an optical pumping process

to the neighboring well, and so on. One can estimate
their velocity by yi � liVi ��2p�, where li is the lattice

constant and Vi��2p� is the vibrational frequency in

the i direction [10]. These modes were first identified

through Monte Carlo simulations in Ref. [10] and shown

to produce resonance lines in the nonlinear optical re-
sponse of optical lattices. However, up to now no direct

observation of these modes has been reported. This is

achieved in the present work by observing a resonant

behavior of the spatial diffusion coefficient in the direction

corresponding to the propagation mode with the phase
velocity of the moving intensity modulation used to excite

these propagation modes.

The modulation scheme for the excitation of the propa-

gation modes is completely analogous to the one used in

previous investigations of the nonlinear optical response of

optical lattices [9]. An additional laser field linearly polar-
ized along the y axis is introduced with the z axis as the

propagation direction. This probe field interferes with the

copropagating lattice beams, creating an intensity modula-

tion. The interference pattern consists of two propagating

intensity waves moving with phase velocities �yj � �njd�
jD�kj

j ( j � 1, 2) with �nj � D�kj
�jD �kj

j, and D �kj
� �kj

2 �kp

is the difference between the jth lattice beam and the
probe (p) wave vectors [17]. Here d � vp 2 vL is

the detuning between the probe (vp) and the lattice (vL)

frequencies. According to the numerical simulations for
the atomic trajectories presented in Ref. [10], for d �

6Vx , the propagation modes along x are excited by the

driving field, with the atoms effectively dragged by the

moving intensity modulation [18]. Intuitively, the drag-

ging of atoms by the two propagating intensity modula-

tions should result in an increase of the spatial diffusion
coefficient Dx in the x direction. Therefore, it should be

possible to detect these Brillouin propagation modes by

monitoring Dx as a function of the detuning d. The propa-

gation modes are then revealed by a resonance in Dx

around d � 6Vx. We tested the validity of this reason-

ing with the help of semiclassical Monte Carlo simula-

tions [19]. Taking advantage of the symmetry between the

x and y directions (see Fig. 1), we restricted the atomic
dynamics in the xOz plane. Our calculations are for a

Jg � 1�2 ! Je � 3�2 transition, as is customary in the

numerical analysis of Sisyphus cooling, of an atom of mass

M. We expect our 2D calculations to reproduce the de-

pendencies of the different quantities associated with the
real 3D atomic dynamics to within a scaling factor corre-

sponding to the difference in dimensionality [16]. In the

numerical simulations, we monitored the variance of the

atomic position distribution at a given value of the probe

field detuning. We verified that the spatial diffusion is nor-
mal; i.e., the atomic square displacements �Dx2� and �Dz2�
increase linearly with time. Accordingly, we derived the

spatial diffusion coefficients Dx and Dz by fitting the nu-

merical data with �Dx
2
i � � 2Dxi

t (xi � x, z). Results for

the spatial diffusion coefficients as functions of the probe

detuning d are shown in Fig. 2. Two narrow resonances,

centered approximately at d � 6Vx, appear clearly in the
spectrum of the diffusion coefficient along the x axis. In

contrast, Dz does not show any resonant behavior with

the driving field detuning. This demonstrates the validity

of the detection scheme based on the measurement of the

diffusion coefficients.
In the experiment 85Rb atoms are cooled and trapped in a

magneto-optical trap (MOT). The MOT laser beams and

magnetic field are then suddenly turned off. Simultane-

ously the four lattice beams are turned on and after 10 ms

of thermalization of the atoms in the lattice the probe laser
field is introduced along the z axis. We studied the trans-

port of atoms in the optical lattice by observing the atomic

cloud expansion with a charge coupled device camera. The

procedure to derive the diffusion coefficients has been de-

scribed in detail in previous work [13], and we recall here

only the basic idea. For a given detuning of the probe
field we took images of the expanding cloud at different

   0
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D
x
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D
z
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2πMDx/h

2πMDz/h

FIG. 2. Numerical results for the spatial diffusion coefficients
in the x and z directions as functions of the probe field detuning.
The lattice beam angle is u � 30±, the lattice detuning D �

210G, and the light shift per beam D
0
0 � 2200vr . Here G

and vr are the width of the excited state and the atomic recoil
frequency, respectively. The amplitude of the probe beam is
0.4 times that of each lattice beam.
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instants after the atoms have been loaded into the optical

lattice. From the images of the atomic cloud we derived the

atomic mean square displacement along the x and z axes.
We verified that the cloud expansion corresponds to nor-

mal diffusion and derived the diffusion coefficients Dx and

Dz. The procedure has been repeated for several different

values of the detuning d of the probe field. Results for Dx

and Dz as functions of d are shown in Fig. 3. The probe
transmission spectrum is also reported to allow the com-

parison of the position of the resonances in the spectrum of

the diffusion coefficients and in that of the probe transmis-

sion. We observe two narrow resonances in the diffusion

coefficient along the x axis centered at d � 6Vx. In con-
trast, no resonant behavior of Dz with d is observed. This

is in agreement with the numerical simulations and consti-

tutes the first direct observation of Brillouin-like propaga-

tion modes in an optical lattice.

We turn now to the analysis of the mechanism be-

hind these propagation modes. Brillouin-like propagation

 500
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x
, 

D
z

δ/Ωx

2πMDx/h

2πMDz/h
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0
)/
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FIG. 3. Experimental results for the spatial diffusion coef-
ficients in the x and z directions as functions of the probe
field detuning. The experimental parameters are lattice de-
tuning D��2p� � 242 MHz, intensity per lattice beam IL �

3.5 mW�cm2, and lattice angle u � 30
±. These parameters cor-

respond to a vibrational frequency in the x direction Vx��2p� �
55 kHz. A probe transmission spectrum is reported for com-
parison, T and T0 being the intensity of the transmitted probe
beam with and without the atomic cloud. The two resonances
at d � 6Vx correspond to stimulated light scattering by the
Brillouin propagation modes. The two resonances at larger de-
tuning are Raman lines [3] in the z direction (d � 6Vz), which
do not correspond to propagation modes. For the measurements
of the diffusion coefficients, the probe beam intensity is Ip �

0.3 mW�cm2; in the transmission spectrum Ip � 0.1 mW�cm2.

modes have been widely studied in condensed matter and

dense fluids [20]. However, in the present case the mecha-

nism associated with these modes is clearly of a different
nature, as in dilute optical lattices the interaction between

atoms is negligible and therefore sound-wave-like propa-

gation modes cannot be supported. On the contrary, in a

dilute optical lattice the propagation of the atoms is deter-

mined by the synchronization of the oscillation within a
potential well with the optical pumping from a well to a

neighboring one, as first identified in the numerical analy-

sis of Ref. [10]. This dynamics can be interpreted in terms

of noise-induced resonances: the probe field induces a

large scale moving modulation of the periodic potential
of the four-beam optical lattice, with the optical pumping

constituting the noise source which allows transfer from a

well to a neighboring one. It is then natural to investigate

the dependence of the amplitude of the Brillouin mode on

the strength of the noise, i.e., on the optical pumping rate.

We studied, via semiclassical Monte Carlo simulations, the
atomic cloud expansion for a given depth of the potential

well at different values of the optical pumping rate G
0
0,

proportional to the rate G0
esc

of escape from the well [21].

This has been done by varying the lattice intensity I and

detuning D so as to keep the depth of the potential wells
U0 ~ I�D constant while varying G

0
0 ~ I�D2. The diffu-

sion coefficient in the x direction has been calculated both

for a probe field at resonance (jdj � Vx) and for a probe

field far off-resonance (jdj ¿ Vx). The two diffusion co-

efficients will be indicated by Dx and D0
x , respectively.

To characterize quantitatively the response of the atomic

system to a noise strength variation, we introduce the

enhancement factor j defined as

j �

Dx 2 D0
x

D0
x

. (1)

Numerical results for the enhancement factor j as a func-

tion of the optical pumping rate at a given value of the

potential well depth (i.e., for fixed light shift per beam

D
0
0) are shown in Fig. 4. At small pumping rates, j

increases abruptly with G
0
0; then a maximum is reached,

corresponding to the synchronization of the oscillation of

the atoms within a well with the escape from a well to

the neighboring one; finally at larger pumping rates this

synchronization is lost and j decreases. This depen-
dence recalls the typical behavior of stochastic resonance

[11], with the noise enhancing the response of the at-

omic system to the weak moving modulation. It should

be noted that the system analyzed here has one impor-

tant peculiarity with respect to the model usually con-

sidered in the analysis of stochastic resonance. Stochastic
resonance is in general understood as the noise-induced

enhancement of a weak periodic signal with a frequency

much smaller than the intrawell relaxation frequency

within a single metastable state. In contrast, in the present

case, the noise synchronizes precisely with the intrawell
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FIG. 4. Numerical results for the enhancement factor j as a
function of the optical pumping rate, for a given depth of the
optical potential wells. Parameters for the calculations are D

0

0 �

250vr and u � 30
±. The two data sets correspond to different

intensities of the probe beam. For comparison, we recall that in
the experiment (Fig. 3) D

0

0 � 260vr and G
0

0 � 8.5vr .

motion of the atoms. This corresponds to a nonconven-

tional stochastic resonance scenario [12].
In summary, in this Letter we introduced a scheme

for the detection of Brillouin propagation modes in op-

tical lattices and we reported on their direct observation.

Furthermore, we studied via Monte Carlo simulations the

amplitude of the Brillouin mode, as characterized by an
increase of the diffusion coefficients due to the presence

of the probe field, as a function of the rate of escape from

the potential wells. The Brillouin modes examined in this

work differ from their counterparts in solid state or dense

fluids as they are sustained by a medium of noninteract-

ing particles. From our analysis it turns out that in the
presence of noise the Brownian motion of a system of par-

ticles in a periodic potential can be turned in a motion at

a well-defined velocity by the application of a weak mov-

ing modulation. This represents a quite unusual situation

in statistical physics and may constitute a model for many
biological phenomena, like the transmission of weak sig-

nals in neuronal systems [22].
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Abstract. – We have observed the phenomenon of stochastic resonance on the Brillouin
propagation modes of a dissipative optical lattice. Such a mode has been excited by applying
a moving potential modulation with phase velocity equal to the velocity of the mode. Its
amplitude has been characterized by the center-of-mass (CM) velocity of the atomic cloud.
At Brillouin resonance, we studied the CM velocity as a function of the optical pumping rate
at a given depth of the potential wells. We have observed a resonant dependence of the CM
velocity on the optical pumping rate, corresponding to the noise strength. This corresponds to
the experimental observation of stochastic resonance in a periodic potential in the low-damping
regime.

A particle trapped in a potential well constitutes a model useful for the understanding
of a variety of phenomena. The extension to a periodically modulated double-well potential
including a stochastic force leads to a complex nonlinear dynamics, and allows to modelize a
variety of phenomena ranging from geophysics [1, 2] to bistable ring lasers [3], from neuronal
systems [4] to the dithering effect in electronics [5] and so on. Indeed such a system exhibits
the phenomenon of stochastic resonance (SR [6, 7]): the response of the system to the input
signal (the modulation) shows a resonant dependence on the noise level (the amplitude of the
stochastic force), so that an increase of the noise strength may lead to a better synchronization
between the particle motion and the potential modulation.

The phenomenon of stochastic resonance is not restricted to static double-well potentials
driven by a periodic and a stochastic force, and new types of stochastic resonance have been
demonstrated in various systems, as systems with a single potential well, bistable systems
with periodically modulated noise, and many others [8–14]. In particular much attention
has been devoted to the analysis of SR in periodic potentials [9–14]. Indeed, many different
physical systems are described in terms of periodic structures, and it is by now well established
that the noise plays a major role in the mechanisms of transport in periodic structures. For
example, the study of the underdamped motion of a particle in a periodic potential showed
that it is the interplay between inertial and thermal effects which determines the peculiar
mechanical properties of certain metals [15,16]. This is precisely the regime examined in this

c© EDP Sciences
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Fig. 1 – Laser fields configuration for the 3D lin⊥lin optical lattice. The beams 1–4 generate the
static 3D periodic potential. Two additional laser beams (M1 and M2), are introduced to create a
moving potential modulation.

work: we study the SR phenomenon by taking as spatially periodic system a dissipative optical
lattice [17]. The laser fields create the periodic potential and produce the stochastic process of
optical pumping. The friction for atoms well localized in a potential well is very small, so that
inertial effects are important (low-damping regime). We report the experimental observation
of stochastic resonance on the propagation modes of a dissipative optical lattice and give a
complete theoretical account of the experimental findings.

The three-dimensional periodic structure is generated by the interference of four linearly
polarized laser beams, arranged in the so-called lin⊥lin configuration (fig. 1) [17]. The resulting
optical potential has minima located on an orthorombic lattice and associated with pure
circular (alternatively σ+ and σ−) polarization. The lattice constants, i.e. the distance
(along a major axis) between two sites of equal circular polarization, are λx,y = λ/ sin θ and
λz = λ/(2 cos θ), with λ the laser field wavelength, and 2θ the angle between two copropagating
lattice beams.

The Brillouin-like propagation modes in such optical lattices have been first identified
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Fig. 2 – Atomic trajectory corresponding to a Brillouin mode in the x-direction. The shown potential
curves (g+ and g

−
) are the section along y = z = 0 of the optical potential for a Jg = 1/2 → Je = 3/2

atomic transition and a 3D lin⊥lin beam configuration.
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in ref. [18] via semiclassical Monte Carlo simulations [19]. They consist of a sequence in
which one half oscillation in a potential well is followed by an optical pumping process to a
neighbouring well, and so on (fig. 2). The velocity of the Brillouin mode is easily calculated
by neglecting the corrections due to the anharmonicity of the optical potential. The time for
an atom to do half an oscillation is then τ = π/Ωx, where Ωx is the x-vibrational frequency.
This corresponds to an average velocity

v̄ =
λx/2

τ
=

λΩx

2π sin θ
. (1)

The direct observation of the Brillouin modes in optical lattices has been recently re-
ported [20]. We note, however, that the detection scheme used in that work was based on the
measurement of diffusion coefficients. These measurements require averaging of a large data
set, and this makes difficult the exploration of a large interval of interaction parameters, as nec-
essary to evidence the phenomenon of stochastic resonance. The excitation scheme introduced
in this work will results instead in significant variations of the atomic-cloud center-of-mass
motion, and leads to the observation of stochastic resonance, as described now.

The transport of atoms in optical lattices has been extensively studied [21–24]. In a
dissipative optical lattice the dominant transport process is spatial diffusion [23, 24], and the
Brillouin modes are greatly suppressed. To excite these modes it is necessary to create a
potential modulation moving with phase velocity equal to the velocity of the Brillouin mode.
This is done by introducing two additional y-polarized laser fields (M1 and M2, see fig. 1).
They propagate in the xOz plane, symmetrically displaced with respect to the z-axis, and
form an angle equal to 2ϕ. These two modulation beams are taken to be sufficiently detuned
from the lattice fields to neglect the interference between them and the lattice beams on the
time scale of the atomic motion. In this way the modulation interference pattern is due only
to the two fields M1 and M2, and consists of an intensity modulation moving along the x-axis
with phase velocity

vφ =
δm

|∆�k|
=

δm

2km sin ϕ
, (2)

where δm is the detuning between the fields M1 and M2, and ∆�k = �kM1
− �kM2

the difference

between their wave vectors (|�kMj
| ≃ k = 2π/λ, j = 1, 2). This results in a moving modulation

of the optical potential. For a 1/2 → 3/2 atomic transition(1), the modulated potential for
the two ground states | ± 1/2〉 reads

U±(�r) = U0

±(�r) + δU · cos [(∆kxx − δm · t)] (3)

with U0

± the optical potential of the unperturbed lattice,

U0

±(�r) =
8h̄∆′

0

3

[

cos2(kxx) + cos2(kyy) ∓ cos(kxx) cos(kyy) cos(kzz)
]

, (4)

and δU = 4h̄∆′
0,m/3 the amplitude of the potential modulation. ∆′

0
(∆′

0,m) denotes the light
shift per lattice (modulation) field. We expect that for vφ = v̄, i.e. for δm = ±ΩB , with

ΩB ≡
2 sin ϕ

sin θ
Ωx , (5)

the Brillouin mode is excited, with the atoms following the potential modulation. This has
been confirmed by Monte Carlo simulations. For a given modulated optical potential U± and

(1)It is customary in the analysis of Sisyphus cooling to consider a 1/2→ 3/2 atomic transition [17].



496 EUROPHYSICS LETTERS

 -3

 -2

 -1

0

1

2

3

0 1-1 2-2 3-3 4-4

v c
,x

/v
r, 

v c
,z

/v
r

δ/ΩB

vc,x/vr

vc,z/vr

Fig. 3

-2

-1

0

1

2

3

4

300 200 100 0 100 200 300

v c
,x

, v
c,

z 
(m

m
/s

)

δ (kHz)

vc,x
vc,z

Fig. 4

Fig. 3 – Numerical results for the velocity of the CM of the atomic cloud as a function of the detuning
δm between the two driving fields. The velocity is in units of recoil atomic velocity vr. The lattice
beam angle is θ = 30◦, the lattice detuning from atomic resonance ∆ = −10Γ and the light shift
per beam ∆

′

0 = −200ωr. Here Γ and ωr are the width of the excited state and the atomic recoil
frequency, respectively. The driving field angle is ϕ = 10◦, the detuning ∆m = −30Γ and light shift
per beam ∆′

0,m = −20ωr.

Fig. 4 – Experimental results for the velocity of the CM of the atomic cloud as a function of the
detuning δm between driving fields. The lattice parameters are: lattice detuning ∆/(2π) = −45.6
MHz, intensity per lattice beam I = 2.3 mW/cm2, lattice angle θ = 30◦. These parameters correspond
to a vibrational frequency in the x-direction Ωx/(2π) ≃ 45 kHz. The parameters for the moving
modulation are: IM1 ≃ IM2 ≃ 0.5 mW/cm2, ∆m/(2π) = −44 MHz, 2ϕ = 37◦. From these data we
derive through eq. (5) ΩB ≃ 2π · 55 KHz, in excellent agreement with the experimental findings.

a given optical pumping rate Γ′

0, we calculated the position of the center of mass (CM) of
the atomic cloud as a function of the interaction time, for different values of the detuning
δm between the two driving fields. The application of the moving modulation produces a
motion of the CM of the atomic cloud. Its velocity vc strongly depends on the velocity of
the moving modulation, i.e. on the detuning δm between the driving fields, and shows two
resonances centered at δm = ±ΩB (fig. 3). These resonances correspond to the excitation
of the propagation mode in the ±x direction: at δm = ±ΩB the velocity of the moving
modulation is equal to the velocity of the Brillouin mode, and the atoms follow the potential
modulation. On the contrary, for a velocity of the moving modulation very different from
the velocity of the Brillouin mode (|δm| ≫ ΩB or |δm| ≪ ΩB) the atomic dynamics is left
unperturbed, and the CM of the atomic cloud does not move. This analysis shows that
the effective excitation of the Brillouin propagation modes can be detected by observing
a displacement of the CM of the atomic cloud. This will be the strategy followed in our
experiment. We verified that the excitation of the Brillouin modes also leads to a resonant
increase of the diffusion coefficient in the x-direction, in agreement with previous results for
a different modulation scheme [20].

In our experiment, 87Rb atoms are cooled and trapped in a magneto-optical trap. The
trapping beams and the magnetic field are then suddenly turned off. Simultaneously the four
lattice beams are turned on. After 10 ms of thermalization of the atoms in the lattice the
two laser fields for the moving modulation are introduced according to the geometry of fig. 1.
The lattice angle is θ = 30◦, while the two driving fields form an angle 2ϕ = 37◦. The two
driving fields are derived from an additional laser, with their relative detuning controlled by
acousto-optical modulators.

The transport of the atoms in the optical lattice is studied by direct imaging of the atomic
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Fig. 5 – Numerical results for the x-component of the velocity of the center of mass of the atomic cloud

as a function of the optical pumping rate, for a given depth of the optical potential wells. Parameters

of the calculations are: θ = 30◦ and ∆′

0 = −100ωr, ϕ = 10◦, ∆m = −30Γ and ∆′

0,m = −10ωr.

Fig. 6 – Experimental results for the peak-to-peak amplitude ξ of the CM velocity curve, as a function

of the optical pumping rate Γ′

0, at a given depth of the potential wells and given amplitude modulation.

The light shift per lattice beam is ∆′

0 = −37.5ωr. The parameters of the laser fields creating the

moving intensity modulation are the same as for fig. 4.

cloud with a CCD camera. We verified that for a given detuning δm, i.e. for a given velocity
of the moving potential modulation, the motion of the center of mass of the atomic cloud is
uniform and correspondingly determined the CM velocity vc. By repeating the measurements
for different detunings between driving fields, we obtained the x- and z-component of the
CM velocity vc as a function of δm, as reported in fig. 4. The x-component shows a resonant
behaviour with the detuning δm, with two resonances of opposite sign symmetrically displaced
with respect to δm = 0. The position of these resonances is in agreement with the value
ΩB ≃ 2π · 55 kHz derived from the lattice parameters via eq. (5). In contrast, the data
for the z-component vc,z, whose offset value corresponds to the radiation pressure of the
modulation fields, do not show any resonance. These results are in agreement with our
numerical simulations and constitute the direct experimental observation of the Brillouin
propagation modes via the detection of the displacement of the CM of the atomic cloud.

The Brillouin propagation modes are determined by the synchronization of the oscillations
within a potential well with the hopping from a well to a neighbouring one produced by the
optical pumping (2)(3). We studied the amplitude of the Brillouin mode, here characterized
by the velocity of the CM of the atomic cloud vc(δm = +ΩB) (analogous results are obtained
for vc(δm = −ΩB)), as a function of the optical pumping rate Γ

′

0
for a given modulated

optical potential. The numerical results display the SR-like nonmonotonic dependence of
the amplitude of the Brillouin mode on the noise strength (fig. 5), in agreement with our
previous results for a different modulation scheme [20]. This SR scenario has one important
peculiarity with respect to the model usually considered in the analysis of stochastic resonance.
Stochastic resonance is in general understood as the noise-induced enhancement of a weak
periodic signal with a frequency much smaller than the intrawell relaxation frequency within

(2)The propagation mechanism associated with these modes differs from that encountered in dense fluids
or solid media. The atomic density is so low that the interaction between the different atoms is completely
negligible, therefore the mechanism for the propagation of atoms cannot be ascribed to any sound-wave–like
mechanism.
(3)A nonzero current in a symmetric periodic potential can also be obtained by modifying, through an external
driving field, the activation energies of escape from a well, as described in [25, 26]. However that mechanism
of directed diffusion does not correspond to the propagation of atoms at a well-defined velocity, as in our case.
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a single metastable state. In contrast, in the present case, the noise synchronizes precisely
with the intrawell motion of the atoms.

Although vc,x(δm = +ΩB) and vc,x(δm = −ΩB) are expected to have the same dependence
on the optical pumping rate, experimentally it is more convenient to characterize the amplitude
of the propagation mode by the peak-to-peak amplitude ξ

ξ = vc,x(δm = +ΩB) − vc,x(δm = −ΩB) (6)

of the CM velocity curve (as the one of fig. 4). By doing so, the eventual uniform drift of
the atomic cloud along the x-direction as a result of the radiation pressure deriving from a
small difference in the driving fields intensities does not affect our measurements. We studied
the ξ parameter at Brillouin resonance as a function of the optical pumping rate Γ′

0 at a
given depth of the potential wells. This has been done by varying the lattice intensity I and
detuning ∆ so as to keep the depth of the potential wells U0 ∝ I/∆ constant while varying
the optical pumping rate Γ′

0 ∝ I/∆2. The intensity and the detuning ∆m of the modulation
fields are instead kept constant. Results of our measurements of ξ as a function of the optical
pumping rate at a given depth of the potential wells and given modulation are shown in fig. 6.
The typical behaviour of SR is observed: the parameter ξ increases with Γ′

0 at low pumping
rates; then a maximum is reached corresponding to the synchronization between the optical
pumping from one well to the next one with the oscillation in the potential wells; finally at
larger pumping rates this synchronization is lost and ξ decreases.

In conclusion, we reported the observation of stochastic resonance on the Brillouin modes
of a dissipative optical lattice. These modes have been excited by applying a moving potential
modulation with phase velocity vφ equal to the velocity v̄ of the Brillouin mode. This results
in a motion of the center of mass of the atomic cloud. The effective excitation of the Brillouin
propagation mode has been detected by observing a resonant dependence of the velocity of the
atomic cloud CM on the velocity of the moving modulation, with a maximum CM velocity at
vφ = v̄. To observe the phenomenon of stochastic resonance in the optical lattice, we studied
the CM velocity at Brillouin resonance as a function of the optical pumping rate at a given
depth of the potential wells and a given modulation amplitude. The SR-like nonmonotonic
dependence of the CM velocity on the optical pumping rate has been observed.
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Dark propagation modes in optical lattices
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We examine the stimulated light scattering onto the propagation modes of a dissipative optical lattice. We
show that two different pump-probe configurations may lead to the excitation, via different mechanisms, of the
same mode. We found that in one configuration the scattering on the propagation mode results in a resonance
in the probe transmission spectrum while in the other configuration no modification of the scattering spectrum
occurs, i.e., the mode isdark. A theoretical explanation of this behavior is provided.

DOI: 10.1103/PhysRevA.66.053821 PACS number~s!: 42.65.Es, 32.80.Pj

I. INTRODUCTION

Brillouin scattering@1,2# is the scattering of light onto a
propagating acoustic wave. In spontaneous Brillouin scatter-
ing the propagating wave corresponds to thermal, or
quantum-noise, fluctuations in the material medium. On the
contrary, in stimulated Brillouin scattering~SBS! the density
propagating wave originates from the interference pattern be-
tween a probe and an additional pump beam. The strong
pump beam can then be diffracted onto the density wave in
the direction of the probe, modifying in this way the probe
transmission. The SBS-scheme permits both the excitation of
the propagation modes of a medium, as well as their detec-
tion via modification of the probe transmission. It is in this
way possible to determine the phonon modes of the medium,
and their respective velocity@3–5#.

In this work we examine the key features of the SBS
process for a nonlinear medium consisting of atoms cooled
in a dissipative optical lattice@6#. This system offers signifi-
cant advantages for the study of basic nonlinear optical phe-
nomena over condensed matter samples. First, the atomic
dynamics in an optical lattice is quite well understood, and
can be precisely studied through Monte Carlo simulations.
Second, the excitation of propagation modes in the system
can be directly detected by imaging techniques. Both points
are essential for the present study. We show that thesame
propagation mode can be excited by two different pump-
probe configurations. In one case the scattering on the propa-
gation mode results in a resonance in the probe transmission
spectrum, while in the other case no modification of the
spectrum occurs, i.e., the mode is in this casedark. We de-
scribe the different excitation processes of the propagation
mode for the two different configurations examined, and
identify the mechanism of generation of the phase mismatch
between laser fields and the material grating which inhibits
the light scattering on the propagation mode.

II. THE 3D LIN�LIN OPTICAL LATTICE

The nonlinear medium consists of85Rb atoms cooled and
trapped in a dissipative optical lattice. These lattices are
based on the Sisyphus cooling mechanism@7#. The periodic
modulation of the light polarization, produced by the inter-
ference of several laser beams, leads to a periodic modula-
tion of the light shifts~optical potentials! of the different

Zeeman sublevels of the ground state of the atom. As a result
of the optical pumping between different optical potentials,
atoms are cooled and finally trapped at the potential minima.

In this work we use a 3D lin' lin dissipative optical lattice
@6#. The arrangement of the laser fields is shown in Fig. 1:
two x-polarized beams propagate in theyOz plane and make
an angle 2u, and two y-polarized beams propagate in the
xOz plane and make the same angle 2u. The interference
pattern of the four beams create an orthorhombic potential
with minima associated with pure circular~alternativelys1

and s2) light polarization. The lattice constants, i.e., the
distance between two sites of equal polarization arelx,y
5l/sinu and lz5l/(2 cosu), with l the laser field wave-
length. For all the measurements presented in this work the
angle 2u between the lattice beams is kept fixed to 60°.

The procedure to load the atoms in the optical lattice is
the standard one used in previous experiments@8#. The Rb
atoms are first cooled and trapped in a magneto-optical trap
~MOT!. Then the MOT magnetic field and laser beams are
turned off and the lattice beams are turned on. After 10 ms of
thermalization of the atoms in the lattice, two additional laser
fields ~beamsc andp of Fig. 1! are introduced for the exci-
tation of the propagation modes. They are derived from an
additional laser, with their relative detuningd5vp2vc con-
trolled by acousto-optical modulators. These two additional
laser fields are detuned with respect to the lattice beams of
some tens of MHz, so that there is no atomic observable
which can be excited at the beat frequency. Furthermore, as
they are derived from a laser different from the one produc-
ing the lattice beams, the effect of the unwanted beat is sig-
nificantly reduced. The beamsc and p cross the atomic
sample in thexOz plane, and they are symmetrically dis-
placed with respect to thez axis forming an angle 2w.

III. PROPAGATION MODES

A. Generalities

The propagation modes in dissipative optical lattices have
been identified in Ref.@9# and shown to exhibit interesting
nonlinear effects such as stochastic resonance@10,11#. We
briefly summarize their main properties. They consist of a
sequence in which one half oscillation in a potential well is
followed by an optical pumping process to a neighboring
well, and so on~Fig. 2!. In this way, the atom travels over
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several potential wells by regularly changing its internal state
~from ug,11/2& to ug,21/2& in the case of aJg51/2→Je
53/2 transition, as considered in Fig. 2!.

The velocityv̄ of the propagation mode is essentially de-
termined by the intrawell dynamics. A straighforward calcu-
lation @9# shows that for a mode in thex direction this ve-
locity is

v̄5

lVx

2p sinu
, ~1!

whereVx is the x vibrational frequency at the bottom of a
potential well.

B. Excitation mechanisms

The propagation modes can be excited by adding a mov-
ing potential modulation. We consider two different configu-
rations for the modulation beams~beamsc andp in Fig. 1!.
In both configurations the modulation beams have the same
amplitude. In the first configuration, hereafter called thei
configuration, both beams havey linear polarization. The
light interference pattern consists of an intensity modulation
moving along thex axis with phase velocity

vmod5
d

uDkW u
5

d

2k sinw
, ~2!

whereDkW5kW p2kW c is the difference between the wave vec-
tors of the modulation beams (ukW cu>ukW pu>k[2p/l). This
configuration has already been considered in previous work
@11# and it is reexamined here for comparison with the exci-
tation scheme introduced in the present work. This latter,
denoted as' configuration, consists of ay-polarized beam
~beamc of Fig. 1! and of a beam with linear polarization in
the xOz plane~beamp). The light interference pattern con-
sists in this case of a polarization modulation moving along
the x axis with the same phase velocityvmod @Eq. ~2!# as in
the case of thei configuration.

To determine the effective excitation of the propagation
modes we monitor the velocity of the center-of-mass~c.m.!
of the atomic cloud as a function of the velocity of the ap-
plied potential modulation. This is done by direct imaging of
the atomic cloud with a CCD camera. We verify that for a
given detuningd, i.e., for a given velocityvmod of the mov-
ing modulation, the motion of the center of mass of the
atomic cloud is uniform, and correspondingly determine the
c.m. velocityvcm. Experimental results for thex component
vcm,x of the c.m.-velocity as a function ofvmod are reported
in Fig. 3 for both thei and the' configurations. The ob-
served resonant behavior ofvcm,x with vmod is the signature
of the excitation of propagation modes in thex direction. We
therefore conclude that both pump-probe configurations lead
to the excitation of a propagation mode in thex direction.

To determine the nature of the observed propagation
modes, we examine the atomic dynamics in the optical lat-
tice with the help of semiclassical Monte Carlo simulations
@12#. The analysis of the numerically calculated atomic tra-
jectories shows that the excited mode is the same for both
configurations, and consists of a sequence of a half oscilla-
tion in a potential well followed by an optical pumping into
the neighboring well, as in Fig. 2.

We turn now to the analysis of the excitation mechanism
of the propagation modes for the two pump-probe configu-
ration. To this end, it is useful to examine the dependence of
the position of the resonance in the velocity of the c.m. of the
atomic cloud@as those in Fig. 3~a!# on the angle 2w between
pump and probe beams. By taking several measurements for
different values of the angle 2w between the modulation
beams we determine the position of the resonances as a func-
tion of the anglew, as reported in Fig. 3~b!. On the same plot
we also reported results of semiclassical Monte Carlo simu-
lations, which are found to be in very good agreement with
the experimental findings. The results of Fig. 3 show that the
velocity vmod of the light intensity interference pattern (i
configuration! required to excite a propagation mode differs
from the velocity of the polarization grating (' configura-
tion! leading to the excitation of the same mode. The condi-
tion for the velocity of the light interference pattern to excite

FIG. 1. Sketch of the experimental setup. The laser fields 1–4
generate the static 3D optical potential. Two additional laser beams
(c andp) are introduced to create a moving potential modulation.

FIG. 2. An atomic trajectory corresponding to a propagation
mode in thex direction. The shown potential curves (g1 andg2)
are the section alongy5z50 of the optical potential for aJg

51/2→Je53/2 atomic transition and a 3D lin' lin beam configu-
ration.
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a propagation mode can be obtained by imposing that the
atoms following the mode are at all times dragged by the
moving potential modulation corresponding to the light in-
terference pattern of the beamsc andp. This requires that the
light polarization pattern moves at a velocityvmod such that
the lattice potential-well actually occupied by the atom gets
deeper as a result of the modulation of the optical potential.
The resulting conditions on the velocity of the moving
modulation, and equivalently on the pump-probe detuningd,
can therefore be derived by examining the effect of the
modulation on the optical potentials. Consider first thei con-
figuration. The light interference pattern is a movinginten-
sity modulation, therefore all optical potentials are modu-
lated in phase: at a given instant and position all potential
wells corresponding to the different atomic ground-state Zee-
man sublevels get both deeper or shallower as a result of the
modulation. Thus to excite the propagation mode the atoms
should follow the moving intensity modulation, i.e., the
phase velocityvmod of the light interference pattern should
be equal to the velocityv̄ of the mode:

vmod56 v̄. ~3!

Consider now the' configuration. The light interference
pattern is in this case a movingpolarization modulation,
with the optical potentials associated with opposite Zeeman
sublevels~opposite quantum numberm) modulated in phase
opposition. It follows that in this configuration a modulation

moving at the mode velocity does not lead to the mode ex-
citation. On the contrary, to excite the propagation mode it is
necessary that the modulation moves with respect to the at-
oms in such a way that following the transfer of an atom
from a lattice well of given circular polarization (s1 or s2)
to one of opposite polarization, the modulation changes sign.
Quantitatively, consider the time intervalDt in which the
atom in the propagation mode makes half an oscillation in a
potential well and then is optically pumped into the neigh-
boring well. Then we simply havev̄Dt5lx/2. In the same
time interval the modulation polarization should be reversed,
i.e., should change froms1 to s2 ~or vice versa, depending
on which potential well is initially occupied by the atom!.
Considering that in the time intervalDt the atom moved of
lx/2, and that in the moving modulation a maximum of po-
larizations2 is spaced oflm/25p/uDkW u from the following
maximum of polarizations1 , we find that the light interfer-
ence pattern should move at the velocityvmodDt56(lm/2
1lx/2). Together withv̄Dt5lx/2, we find then that in the
' configuration the condition for the excitation of the propa-
gation mode is

vmod56S 11

sinu

2 sinw
D v̄. ~4!

The conditions Eqs.~3! and ~4! are rewritten in terms of
the detuningd as

d56

2 sinw

sinu
Vx ~ i configuration!, ~5a!

d56S 11

2 sinw

sinu
DVx ~' configuration!, ~5b!

where we used Eqs.~1! and ~2!. The very good agreement
~see Fig. 3! of Eqs. @~5a! and ~5b!# with the experimental
findings and with the results of semiclassical Monte Carlo
simulations demonstrate the validity of our physical picture.

C. Light scattering

So far we considered the effect of the light interference
pattern on the atomic sample, with the excitation of propa-
gation modes and their detection by direct imaging of the
atomic cloud. The properties of the material medium can also
be studied by stimulated light scattering measurements. In
fact the pump-probe interference pattern may excite a mate-
rial grating onto which the pump can be diffracted in the
direction of the probe beam, modifying the probe transmis-
sion. That is the approach followed now, with a view to
compare light scattering measurements with the previous re-
sults obtained via direct imaging of the atomic cloud.

We decreased the amplitude of one of the modulation
beams~beam p) which plays now the role of the probe
beam, while the other beam~beamc) plays the role of the
pump ~or coupling! beam. We measure the probe transmis-
sion as a function of the detuningd for different angles be-
tween the pump and the probe beams, with results as those in
Fig. 4. In the case of thei pump-probe configuration, we

FIG. 3. Top: experimental results for thex component of the
velocity of the center-of-mass of the atomic cloud as a function of
the velocityvmod of the moving light interference pattern. The angle
between pump and probe beams is 2w548. Bottom: position of the
resonances as a function of the sine of the half-anglew between the
pump and the probe beams. The points refer to experimental find-
ings~expt.! and to semiclassical Monte Carlo simulations~MC!, the
lines to Eqs.~5a! and ~5b!.
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easily identify in the probe transmission spectrum the Bril-
louin resonances@the resonances in Fig. 4~a! marked by ar-
rows# corresponding to stimulated light scattering on the
propagation modes. We verified that the dependence of the
position of these resonances on the anglew is in complete
agreement with Eq.~5a!, which confirms that these reso-
nances originate from light scattering on propagation modes.
On the contrary, in the case of the' pump-probe configura-
tion no resonance is observed around the position corre-
sponding to Eq.~5b! @these positions are marked by filled
circles in Fig. 4~b!#. In other words, the propagation mode is
dark in the' configuration.

The absence of resonances in the scattering spectrum for
the propagation mode in the' configuration can be ex-
plained by examining the phase mismatch between the laser
and the material waves. The frequency~energy! and phase-
matching~momentum! conditions for the stimulated scatter-
ing process read

vc5vp6V, ~6a!

kW c5kW p6qW . ~6b!

HereqW andV are respectively, the wave vector and the fre-
quency of the light-induced material density grating and are
related by the phonon-dispersion relationV5vgratinguqW u,
with vgrating the phase velocity of the moving grating. The
frequencyV has been determined previously for bothi and
' configurations@Eqs.~5a! and~5b!#. As the excited mode is
the same for both pump-probe configurations, the phase ve-
locity of the material grating does not depend on the chosen
configuration and is equal to the velocityv̄ @Eq. ~1!#. From
these values forV andvgrating we derive, through the disper-
sion relation, the momentum of the material grating:

FIG. 4. Transmission of the probe beam as a
function of the detuning between pump and probe
fields, for different values of the angle 2w be-
tween pump and probe beams. The lattice detun-
ing is D5250 MHz, the intensity per lattice
beam IL55 mW/cm2. These parameters corre-
spond to Vx.2p350 kHz ~vertical dashed
lines!. The left plot corresponds to thei pump-
probe configuration, the right plot to the' one.

FIG. 5. Numerical results for the atomic density as a function of
x for the i ~top! and' ~bottom! pump-probe configurations. The
shown density distribution is stationary in a frame moving alongx

at a velocityv̄.
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uqW iu5uDkW u, ~7a!

uqW'u5uDkW uS 11

sinu

2 sinw
D . ~7b!

It turns out that in thei configuration the momentumqW i

56uDkW ueW x of the material grating fulfills the phase matching
condition Eq. @~6b!#, and therefore the scattering on the
propagation mode results in a resonance line in the probe
transmission spectrum. In contrast, in the' configuration the
momentumqW'56uqW'ueW x results in a phase mismatch be-
tween the laser and the material waves. Thus, no resonance is
expected in the probe transmission spectrum, in agreement
with our experimental findings.

The effective creation of a moving material grating has
been confirmed by semiclassical Monte Carlo simulations.
The numerical results, as those shown in Fig. 5, correspond
to an atomic density grating moving in thex direction with a
velocity v̄ for both parallel and perpendicular configurations.
In the frame moving at the velocityv̄ of the propagation
mode we find a stationary modulation of the atomic density
with different wave vectors for the two pump-probe configu-
rations and in very good agreement with Eqs.~7a! and~7b!.
This confirms the validity of our analysis.

IV. CONCLUSIONS

In summary, in this work we examined the stimulated
light scattering onto the propagation modes of a dissipative

optical lattice. Two different pump-probe configurations have
been analyzed: in one the interference pattern is a modula-
tion of the light intensity, while in the other one the pump
and probe fields give rise to a modulation of the light polar-
ization. First, we have shown that thesame propagation
mode is excited in the two cases, and described the two
different mechanisms of excitation. Then we analyzed the
light scattering on the propagation mode. Although the mode
excited in the two pump-probe configurations is the same,
we found that the probe transmission spectrum is completely
different for the two cases. In fact, only in one configuration
the mode results in a resonance in the probe transmission
spectrum. For the other configuration, no trace of the mode
excitation is found in the probe transmission spectrum. This
behavior was explained in terms of phase mismatch between
the laser fields and the propagating wave.

Light scattering is a powerful technique for the study of a
large variety of material media. Particularly, in optical lat-
tices it has allowed the study of local~intrawell! as well as
delocalized~inter wells! dynamics. However there is not a
one-to-one correspondence between the light scattering spec-
trum and the atomic dynamics as shown in this work where
we observed and described dark propagation modes.
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We investigate Rayleigh scattering in dissipative optical lattices. In particular, following recent
proposals [S. Guibal et al., Phys. Rev. Lett. 78, 4709 (1997); C. Jurczak et al., Phys. Rev. Lett. 77, 1727
(1996)], we study whether the Rayleigh resonance originates from the diffraction on a density grating
and is therefore a probe of transport of atoms in optical lattices. It turns out that this is not the case: the
Rayleigh line is instead a measure of the cooling rate, while spatial diffusion contributes to the
scattering spectrum with a much broader resonance.

DOI: 10.1103/PhysRevLett.90.043901 PACS numbers: 42.65.Es, 32.80.Pj

Light scattering [1], i.e., the scattering of photons
resulting from the interaction with a material medium,
is a technique widely used to determine the properties of
many different types of media. From the position and the
width of the scattering resonances it is in fact possible to
identify the dynamical modes of the system and derive
the rates of relaxation toward equilibrium. This is well
exemplified by the Landau-Placzek relation, valid for
light scattering originating from the density fluctuations
of a medium at thermal equilibrium, which connects the
strength of the different components of the scattering
spectrum to the specific heats of the medium at constant
volume and constant pressure.

Recently light scattering has been extensively used to
study the properties of cold atomic samples, and, in
particular, it turned out to be an essential tool for the
understanding of the basic properties of dissipative opti-
cal lattices [2]. The same technique may also apply to
far-off-resonance nondissipative optical lattices which
are currently investigated by many groups in connection
with Bose-Einstein condensation experiments [3]. How-
ever to derive the damping rates of the system from light
scattering measurements is in general a highly nontrivial
task. This is especially true for quasielastic (Rayleigh)
scattering [4–6], which gives access to the relaxation
rates of nonpropagating material observables. In this
work we investigate the mechanism behind the Rayleigh
scattering in dissipative optical lattices and identify the
relaxation process which determines the width of the
Rayleigh resonance in the scattering spectrum.

The starting point of the present study is the previous
claim that Rayleigh resonances may originate from the
excitation of the atomic density, and consequently the
width of the Rayleigh line would provide a measure
of the diffusion coefficients of the atoms in an optical
lattice [5]. Following a similar approach, Jurczak et al. [6]
derived values for the diffusion coefficients from
polarization-selective intensity correlations.

In our analysis we first assume, along the lines of these
previous works, that the material observable excited in
the pump-probe spectroscopy is the atomic density and

derive the expected relation between the width of the
Rayleigh resonance and the spatial diffusion coefficients.
Through experimental and theoretical work we show that
this relation is actually not satisfied by independent mea-
surements/calculations of the width of the resonance and
the diffusion coefficients. Instead, we show that the nar-
row Rayleigh resonance originates from the atomic ve-
locity damping, i.e., the width of the resonance is a
measure of the cooling rate, while spatial diffusion con-
tributes to the scattering spectrum with a much broader
resonance.

Consider first the general relation between the width of
the Rayleigh line and the relaxation rate of the material
observable excited in the optical process. In the basic
setup of pump-probe spectroscopy, an atomic sample
interacts with two laser fields: a strong pump beam,
with frequency !, and a weak probe beam with frequency
!� �. The superimposition of the pump and probe fields
results in an interference pattern moving with phase
velocity v � �=j�~kkj, with � ~kk the difference between
pump and probe wave vectors. The atomic sample tends
to follow the interference pattern and a grating of an
atomic observable (typically density, magnetization, or
temperature) is created. However due to the finite re-
sponse time of the atomic medium the material grating
is phase shifted with respect to the light interference
pattern. Therefore the pump beam can be diffracted on
the material grating in the direction of the probe, mod-
ifying the probe transmission. It is then clear that it
should be possible to derive information about the atomic
response time from the transmission spectrum. More
precisely if we assume that only one atomic observable
is excited in the optical process, and that the time evolu-
tion of this observable is characterized by a single relaxa-
tion rate �, the probe gain spectrum g��� has then a
dispersive line shape

g /
�

�2 � �2
(1)

with peak-to-peak distance 2�, as derived in [7].
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Consider now the specific configuration with linearly

polarized pump and probe beams, the two polarization

vectors being parallel. The resulting intensity interference

pattern gives rise, via the dipole force, to a grating of the

atomic density n of the form

n � n0 � n1fexp�	i�� 
 t	 �~kk 
 ~rr�� � c:c:g: (2)

We assume now, following previous work [5], that the

Rayleigh resonance originates from the scattering on this

atomic density grating. It follows that the width of the

Rayleigh line is related to the spatial diffusion coeffi-

cients. Indeed the relaxation mechanism of a grating of

atomic density is spatial diffusion: atoms have to move to

destroy the density grating. More quantitatively, if we

assume that the dynamics of the atoms in the optical

lattice is well described by Fick’s law

@n

@t
� Dx

@2n

@x2
�Dy

@2n

@y2
�Dz

@2n

@z2
; (3)

where Di (i � x; y; z) is the spatial diffusion coefficient in

the i direction, we find substituting the expression (2) for

n in (3) that the relaxation rate �D of the atomic density,

defined by
@n1
@t

� 	�Dn1; (4)

is given by
�D � Dx�k

2
x �Dy�k

2
y �Dz�k

2
z : (5)

Under the assumption that the Rayleigh resonance origi-

nates from the scattering on the atomic density grating,

the half-distance peak to peak of the Rayleigh line �R is

simply equal to the relaxation rate �D, and therefore

measurement of �R allows the determination of the dif-

fusion coefficients, as in Refs. [5,6]. The validity of this

approach will be tested by comparing results for the

relaxation rate �D with measurements of the width of

the Rayleigh resonance, as presented below.

In our experiment rubidium atoms are cooled and

trapped in a three-dimensional (3D) lin ? lin near reso-

nant optical lattice [2]. The periodic structure is deter-

mined by the interference of four linearly polarized laser

beams, arranged as in Fig. 1. The angle 2� between

copropagating lattice beams is equal to 60�. This four-

beam configuration is the same, except for the value of

the angle �, as the one considered in the works of Guibal

et al. [5] and Jurczak et al. [6].

To determine in a direct way the spatial diffusion

coefficients of the atoms in the optical lattice, we observe

the atomic cloud expansion by using a charge coupled

device camera [8–10]. Since the x and y directions are

equivalent in our lattice (see Fig. 1), we chose to take

images in the �Oz plane, where � is the axis in the xOy
plane forming an angle of 45� with the x and y axes.

Correspondingly, we determined the diffusion coeffi-

cients D� and Dz in the � and z directions, with results

as in Fig. 2.

These values for the diffusion coefficients are not con-

sistent with the value of about 10 �h=M determined for the

same configuration by Jurczak et al. [6] by polarization-

selective intensity correlations. As we will show in the

following, this inconsistency derives from the unreliabil-

ity of the determination of the diffusion coefficients by

light scattering measurements, as this derivation of the

diffusion coefficients is based on the assumption that the

narrow Rayleigh resonance originates from the diffrac-

tion on an atomic density grating.
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FIG. 1. Sketch of the experimental setup.
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FIG. 2. Experimental results for the spatial diffusion coeffi-

cients in the � and z directions as functions of the intensity

per lattice beam IL and for different values of the lattice

detuning �.
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We turn now to the measurements of the width of the

Rayleigh resonance. The y polarized probe beam is de-

rived from the lattice beams, with the relative detuning

controlled with acousto-optical modulators. This probe

beam is sent along the z axis through the cold atomic

sample (Fig. 1) with its frequency scanned around the

lattice-beams’ frequency. The probe can interfere with the

different lattice beams, which play the role of the pump.

A typical probe transmission spectrum is shown in

Fig. 3. The lateral resonances have been characterized in

great detail in past investigations [11], and we focus here

on the resonance at the center of the spectrum (inset of

Fig. 3). To determine whether this Rayleigh resonance can

be associated with the relaxation mechanism of spatial

diffusion, we made a systematic study of the width of the

resonance as a function of the interaction parameters

(lattice-field intensity and detuning).

The peak-to-peak distance 2�R of the Rayleigh reso-

nance has been determined by fitting the central part of

the probe transmission spectrum with the function

f��� � a1 � a2��
a3

�2 � �2
R

�
a4�

�2 � �2
R

: (6)

Here the linear term in detuning describes the wings of

the sideband resonances [11]. The Lorentzian resonance

arises from the radiation pressure, and has the same

width of the dispersive line, as discussed in Ref. [5].

Experimental results for �R are reported in Fig. 4 as a

function of the lattice beam intensity, for different values

of the lattice detuning.

We now describe the determination of �D. In the exam-

ined configuration the probe beam can interfere simulta-

neously with all lattice beams. Therefore the situation is

slightly more complicated than the one analyzed previ-

ously leading to Eq. (5), and to derive the link between

the width of the Rayleigh resonance and the diffusion

coefficients we have to calculate the interference pattern

between the probe and the lattice beams. By using the

expression for the lattice-beams electric fields for a 3D

lin ? lin optical lattice [2], we easily find that the inten-

sity modulation produced by the probe beam is

�j ~EEj2 ’ E�
pE0 cos�Kx� expfi��K� 	 k�z� � 
 t�g � c:c:;

(7)

with E0 (Ep) the amplitude of the lattice (probe) field,

K � k sin� and K� � k cos�. Substituting in Fick’s law,

Eq. (3), the resulting modulation for the atomic density

we find that the relaxation rate �D, defined via Eq. (4), is

in the present case

�D � Dx�k sin��
2 �Dzk

2�1	 cos��2: (8)

This equation is consistent with the relation derived

in Ref. [5] in the limit of small �. To determine whether

the rate �D of relaxation of the atomic density is equal

to the width of the Rayleigh resonance, we calculate from

the values D�; Dz of Fig. 2 the relaxation rate �D of the

atomic density, using Eq. (8), with results as in Fig. 4. For

the same range of interaction parameters the relaxation

rate �D is 4 orders of magnitude larger than the half-

distance peak to peak �R of the Rayleigh resonance. We

therefore conclude that the Rayleigh resonance does not

originate from the diffraction on an atomic density gra-

ting, and therefore measurements of the width of the

Rayleigh line do not allow the determination of the

spatial diffusion coefficients.

Our conclusions, based on the presented experimental

findings, are supported by numerical calculations. We

consider a Jg � 1=2 ! Je � 3=2 atomic transition, as

customary in numerical analysis of Sisyphus cooling.

Taking advantage of the symmetry between the x and y
directions (see Fig. 1), we restricted the atomic dynamics

to the xOz plane. Through semiclassical Monte Carlo

calculations [12,13], we simulate the dynamics of the

atoms in the optical lattice. From the atomic trajectories

we determine then the probe transmission spectra and the

evolution of the atomic mean square displacements. We

calculate the width of the Rayleigh line and the spatial

diffusion coefficients. From these diffusion coefficients

we then derive through Eq. (8) the relaxation rate of the

atomic density. The comparison between the numerically

calculated �R and �D, as shown in Fig. 5, confirms that
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FIG. 3. Probe transmission as a function of the detuning
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of the transmitted probe beam with and without the atomic

cloud. The inset shows a slow scan of the region around zero

detuning, together with the fit with the function (6) (solid line).
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FIG. 4. Left panel: Experimental results for the half of the

peak-to-peak distance of the Rayleigh resonance. Right panel:

Relaxation rate �D of the atomic density, as calculated from the

experimental data for D� and Dz using Eq. (8). Both quantities

are plotted as functions of the intensity per lattice beam, for

different values of the lattice detuning.
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the width of the Rayleigh line does not correspond to the

rate of relaxation of the atomic density.

The final step of our analysis consists in identifying the

damping process which leads to the phase shift producing

the Rayleigh scattering. Inspired by previous studies of

stimulated Rayleigh scattering in corkscrew optical mo-

lasses [14], we numerically examined the damping pro-

cess of the atomic velocity in the optical lattice and

calculated the relaxation rates �Tx
, �Tz

of the atomic

temperature in the x and z directions, with results as in

Fig. 5. It appears that the damping rates of the atomic

temperature not only are of the same order of magnitude

of the width of the Rayleigh line, but that they also

display the same linear dependence on the optical pump-

ing rate �0
0
, at fixed light shift per beam �0

0
, i.e., at fixed

depth of the potential wells. More precisely, neglecting

�Tx
as �Tx

� �Tz
we find from the data of Fig. 5 that

�R � 0:13��0:04�!R � 0:25��0:02��Tz
: (9)

This shows that for an optical lattice the width of the

Rayleigh line is a measure of the cooling rate, a behavior

already encountered in corkscrew optical molasses. It is

then legitimate to investigate the eventual contribution of

the light scattering on the density grating to the probe

transmission spectrum. By fitting the broad wings of the

numerically calculated spectra with a dispersive function,

we found that the corresponding width is approximately

equal to the relaxation rate �D. This shows that the

scattering on the density grating contributes to the probe

transmission spectrum with a resonance much broader

than the narrow line observed at the center of the spectra.

In other words, the information on the spatial diffusion

coefficients is contained in the broad wings (! *

10 MHz) of the scattering spectrum, and not in the cen-

tral narrow resonance.

In summary, in this work we investigated the connec-

tion between Rayleigh scattering and the atomic dynam-

ics in dissipative optical lattices. In particular, following

recent proposals [5,6], we studied whether the Rayleigh

resonance originates from the diffraction on a density

grating, and is therefore a probe of transport of atoms

in optical lattices. It turns out that this is not the case: the

Rayleigh line is instead a measure of the cooling rate,

while spatial diffusion contributes to the scattering spec-

trum with a much broader resonance.
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We demonstrate the phenomenon of directed diffusion in a symmetric periodic potential. This has

been realized with cold atoms in a one-dimensional dissipative optical lattice. The stochastic process of

optical pumping leads to a diffusive dynamics of the atoms through the periodic structure, while a zero-

mean force which breaks the temporal symmetry of the system is applied by phase modulating one of

the lattice beams. The atoms are set into directed motion as a result of the breaking of the temporal

symmetry of the system.

DOI: 10.1103/PhysRevLett.90.094101 PACS numbers: 05.45.–a, 05.40.–a

It has now been about two centuries since scientists

have observed and modeled the motion of microscopic

particles in a fluctuating environment. The year 1828 can

probably be indicated as the birth date of this field

of research, with the observation by Brown [1] of the

random motion of particles in a fluid. And it took about

a century before that this phenomenon, now known as

Brownian motion, was modeled by Einstein [2]. More

recently, the problem of modeling molecular motors [3],

i.e., microscopic objects moving unidirectionally along

periodic structures, has renewed the interest in the field

and stimulated much theoretical work devoted to the

study of the directed motion in a fluctuating environment

in the absence of bias forces. Molecular motors have been

modeled by an asymmetric potential (ratchet) and non-

Gaussian noise [4]. Unidirectional motion in a ratchet

potential is also obtained with Gaussian noise and an

applied periodic force of zero average [4–7].

In this work we demonstrate the phenomenon of di-

rected diffusion (DD), i.e., directed motion in a fluctuat-

ing environment, in a symmetric optical lattice. Consider

the diffusive dynamics in a periodic potential U�x� of

period �, U�x� �� � U�x�, in the presence of a driv-

ing force F�t� of period T, F�t� T� � F�t�. If the sys-

tem is symmetric in the sense that U��x� � U�x� and

F�t� T=2� � �F�t�, there is no net average transport

through the periodic structure [5,8–10]. Therefore to ob-

serve directed motion the spatiotemporal symmetry of

the system has to be broken. For a spatially symmetric

potential, the symmetry of the system can be broken by

applying a nonmonochromatic driving force containing

both odd and even harmonics. In the present investigation

the driving force has two components of frequencies !
and 2! and phase difference 	. We will demonstrate

experimentally the phenomenon of DD for such a con-

figuration, with the phase 	 playing the role of control

parameter for the amplitude and sign of the current of

atoms through the lattice.

Our symmetric periodic potential corresponds to a

one-dimensional lin ? lin optical lattice [11]. The peri-

odic structure is determined by the interference of two

counterpropagating laser beams (L1 and L2), with crossed

linear polarizations (Fig. 1). This arrangement results in a

periodic modulation of the light polarization, which pro-

duces a periodic modulation of the light shifts of the

different ground states of the atoms. In this way an

atom experiences a periodic potential (optical potential),

whose amplitude and phase depend on the internal

state of the atom. This dependence allows Sisyphus cool-

ing [11] to take place. Indeed, the optical pumping be-

tween the different atomic ground states combined with

the spatial modulation of the optical potential leads to the

cooling of the atoms and to their localization at the

minima of the optical potentials, thus producing a peri-

odic array of trapped atoms. The transport of atoms

through the lattice is determined by the optical pumping

between different ground state sublevels. In fact, atoms at

the bottom of a potential well strongly interact with the

light and therefore undergo fluorescence cycles. The sto-

chastic process of optical pumping may transfer an atom

from a potential well to a neighboring one corresponding
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FIG. 1. Sketch of the experimental setup. The phase of the
laser field L1 is �kz�!Lt� �t�, while the phase of the field
L2 is kz�!Lt. Here !L includes the frequency shift �

produced by the acousto-optical modulators.
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to a different optical potential. This results in the trans-

port of atoms through the lattice. More precisely, in a

wide range of lattice parameters the atomic dynamics

corresponds to normal diffusion [12,13].

In order to generate a time-dependent homogeneous

force, we apply a phase modulation to one of the lattice

beams, so that to obtain the electric field configuration

~EE � E0Ref ~��x exp�i�kz�!Lt�	

� ~��y exp�i�� kz�!Lt� �t��	g: (1)

Here E0 is the (real) amplitude of the electric field, k and

!L the lattice-field wave vector and frequency, respec-

tively. The modulated phase is �t�. In the laboratory

reference frame this laser configuration generates a mov-

ing optical potential U�2kz� �t�	. To be explicit, con-

sider the case of a Jg � 1=2 ! Je � 3=2 transition,

which is the simplest atomic transition for which

Sisyphus cooling takes place. In this case the moving

bipotential for the jg;m � 1=2i ground states is

U�2kz� �t�	 with U��� � U0��2 cos�	, U0 being

the depth of the potential wells. Consider now the dy-

namics in the moving reference frame defined by the

coordinate transformation z0 � z� �t�=2k. In this ac-

celerated reference frame the optical potential is station-

ary. In addition to this potential, the atom, of mass M,

experiences also an inertial force F in the z direction

proportional to the acceleration a of the moving frame

[14,15]:

F � �Ma � �
M

2k
��t�: (2)

By choosing a phase modulation of the form

�t� � 0

�
A cos�!t� �

B

4
cos�2!t�	�

�
(3)

with 	 constant, we obtain the inertial force

F �
M!20

2k
�A cos�!t� � B cos�2!t�	�	 (4)

which is the sum of two forces oscillating at the frequen-

cies ! and 2!, with phase difference 	. Hence, in the

accelerated frame the atoms cooled and trapped in the

optical lattice experience a force containing both even

and odd harmonics, so that our system is suitable for the

observation of DD. All the results presented in this work

are obtained in the regime of nonadiabatic driving, with

the frequency ! of the driving force about equal to the

frequency �v of oscillation of the atoms at the bottom of

the potential wells.

In our experiment 85Rb atoms are cooled and trapped

in a magneto-optical trap (MOT). This is obtained by

applying an inhomogeneous magnetic field and three

orthogonal pairs of counterpropagating � laser fields.

We indicate by x; y; z the propagation directions of these

fields. At a given instant the MOT magnetic field is turned

off and the circularly polarized laser fields along the z
axis are replaced by the two crossed polarized lattice

beams. The � laser fields in the x and y directions are

left on, so to provide a friction force in the directions

orthogonal to the one of the periodic potential. In this

way the motion of the atoms in the x and y directions is

damped, and the atomic dynamics in the z direction can

be studied for longer times. The appropriate (modula-

ted) phase relation between the two lattice fields

[Eq. (3)] is obtained by using two acousto-optical modu-

lators (AOM), one for each lattice beam (Fig. 1). The

AOMs are driven by radio-frequency generators oscillat-

ing at � � 76 MHz and sharing the same reference clock.

One of this radio-frequency generator is phase modulated

by a signal obtained by mixing the output of two oscil-

lators at frequencies ! and 2! (! ’ 100 kHz) and phase

difference 	. These two oscillators share the same refer-

ence clock.

We studied the dynamics of the atoms in the optical

lattice by direct imaging with a charge coupled device

camera. For a given phase	we took images of the atomic

cloud at different instants after the atoms had been loaded

into the optical lattice. From the images of the atomic

cloud we determined the position along the z axis of the

center of mass (c.m.) of the atomic cloud as a function of

the lattice duration. It should be noted that for the typical

time scales of our experiments the measured positions of

the c.m. of the atomic cloud in the laboratory and in the

accelerated reference frames are approximately equal. In

fact the accelerated frame oscillates with an amplitude of

about 1  m, while the typical displacement of the c.m.

associated with the directed diffusion is 100  m.

Furthermore, for a typical frequency ! ’ 100 kHz the

position z in the laboratory frame and the corresponding

position in the accelerated frame z0 � z� �t�=�2k�, with

�t� given by (3), are equivalent when averaged over a

typical exposure time of 1 ms. Therefore for the measure-

ment of the position of the c.m. of the atomic cloud no

coordinate transformation is needed to go from the labo-

ratory frame to the accelerated frame where the descrip-

tion in terms of a static potential and an applied force is

valid. We made several measurements for different values

of the phase 	. We observed that the c.m. of the atomic

cloud moves along the z axis with constant velocity, as

shown in the inset of Fig. 2. We determined the c.m.

velocity as a function of the phase 	, with results as in

Fig. 2. The experimental results of Fig. 2 clearly demon-

strate the phenomenon of directed diffusion in a sym-

metric periodic potential: the atoms can be set into a

directed motion through a symmetric potential by break-

ing the temporal symmetry of the system.

The dependence of the c.m. velocity on the phase 	,

shown in Fig. 2, can be explained by examining the

temporal symmetries of the system [9,10]. In fact

although the symmetry F�t� T=2� � �F�t� is bro-

ken for any value of the phase 	, there is an additional
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temporal symmetry F�t� � F��t�, which implies zero net

current through the potential for particular values of 	
[9,10]. This symmetry is realized for 	 � n", with n
being the integer, and maximally broken for 	 � �n�
1=2�". This explains the observed dependence of the c.m.

velocity on the phase 	, and shows that in our system 	 is

the control parameter of the directed diffusion.

To demonstrate experimentally that directed diffusion

is determined by the breaking of the symmetry F�t�
T=2� � �F�t�, we fix the phase 	 equal to "=2, so to

maximally break the F�t� � F��t� symmetry, and study

the c.m. velocity as a function of the amplitudes of the

harmonics of frequencies ! and 2! of the driving

force. We choose a phase modulation of the form of

Eq. (3) with A � 1� B: �t� � 0��1� B� cos�!t� �
B=4 cos�2!t�	�	, so to obtain a force F � M!20=
2k��1� B� cos�!t� � B cos�2!t�	�	. Thus, by varying

the parameter B we vary the ratio of the amplitudes of the

two components of the force at frequencies ! and 2!,

while keeping constant their sum. The experimental

results are shown in Fig. 3. We observe that for B � 0

and B � 1, which correspond to a monochromatic

driving force, there is no net transport of atoms. By

increasing B from the zero value the atoms are set

into directed motion, and a maximum for the c.m. veloc-

ity is reached for B ’ 0:5, i.e., for about equal amplitudes

of the even and odd harmonics. This demonstrates

that DD is determined by the breaking of the symmetry

F�t� T=2� � �F�t�.

The microscopic mechanism producing a nonzero cur-

rent of atoms through the optical lattice can be related to

the general mechanism of current rectification following

harmonic mixing first evoked to explain the electronic

transport properties of crystals [16] and recently reex-

amined (Ref. [10] and references therein). For the specific

system considered in the present work, the harmonic

mixing results in a displacement �z of the center

of oscillation hz�t�i of the atoms in a potential well

from the well center. Such a displacement originates

from the anharmonicity of the potential, and it is qua-

dratic in the amplitude of the field at frequency ! and

linear in the amplitude at 2!: �z / A2B. Therefore a

nonzero �z is obtained only when both components of

the force are applied. As the optical pumping rate �0

(escape rate) toward neighboring wells increases with

the distance from the well center (�0 / sin2k�z, see

Ref. [11]), such a displacement results in an asymmetry

between the escape rates toward the left and right wells,

and a nonzero current of atoms is produced.

Our experimental observations are supported by semi-

classical Monte Carlo simulations for a Jg � 1=2 ! Je �
3=2 atomic transition. We examined the atomic dynamics

in the 1D-lin ? lin optical lattice for a phase modulation

of one of the lattice beams of the form (3). For given

amplitudes of the even and odd harmonics, we calculate

the c.m. velocity as a function of the phase 	, with results

as in Fig. 4(a). The data are in complete agreement with

the experimental findings and confirm that the cloud of

atoms is set into directed motion whenever the temporal

symmetry F�t� � F��t� is broken.

The amplitude of the velocity curves as the one of

Fig. 4(a) has been characterized by the quantity �v �
��
P

i�1;N v2
	i

� hvi�=N	1=2 where v	i
, with i � 1; . . . ; N �

20, are the numerical results for the c.m. velocity at

the phase 	 � 	i � 2"i=N. By plotting [see Fig. 4(b)]

the quantity �v as a function of the amplitude B of the
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FIG. 3. Velocity of the center of mass of the atomic cloud as a

function of the amplitude B of the component at 2! of the

driving force, for a constant sum of the amplitudes of the two

harmonics at ! and 2!. The parameters for the optical lattice

are the same as for Fig. 2. The phase-modulation signal is given

by Eq. (3) with A � 1� B, ! � 100 kHz, 0 � 12 rad, and
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FIG. 2. Velocity of the center of mass of the atomic cloud as a

function of the phase 	. Inset: Displacement along the z axis of

the c.m. of the atomic cloud as a function of the lattice duration

for the two values of the phase 	 corresponding to the

maximum velocity in the two opposite directions (  z), to-

gether with the linear fits. The detuning of the lattice fields

from atomic resonance is � � 36 MHz, the intensity per lattice

beam is IL � 7 mW=cm2. For these parameters the oscillation

frequency of the atoms at the bottom of the potential well is

�v ’ 105 kHz. The parameters for the phase-modulation sig-

nal �t� [see Eq. (3)] are ! � 113 kHz, A � 3=4, B � 1 with

0 � 10 rad.
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component at 2! of the driving force, for constant sum of

the amplitudes of the two harmonics at ! and 2! we

recover the behavior observed in the experiment: a non-

zero value of the amplitude B corresponds to the breaking

of the F�t� T=2� � �F�t� symmetry, and leads to the

directed motion of the atoms.

In conclusion, in this work we demonstrated experi-

mentally the phenomenon of directed diffusion in a sym-

metric periodic potential. This has been demonstrated

with cold atoms in a periodic optical lattice. The same

sort of behavior was previously obtained in an asymmet-

ric periodic potential (ratchet) [17]. The symmetric peri-

odic potential corresponds to a 1D-lin ? lin optical

lattice. Two counterpropagating laser fields produce both

the periodic potential and a friction force for the atoms.

Furthermore the stochastic process of optical pumping

leads to a diffusive dynamics of the atoms through the

periodic structure. A force of zero average is applied by

phase modulating one of the lattice fields. Indeed, in an

accelerated frame the atoms see a static symmetric peri-

odic potential and an inertial force which breaks the

temporal symmetry of the system. The degree of tempo-

ral symmetry breaking of the system can be carefully

controlled by varying the parameters of the phase modu-

lation determining the force in the noninertial reference

frame. We demonstrated that the atoms can be set into

directed motion by breaking the temporal symmetry of

the system.

The present realization of directed diffusion has been

obtained in the regime of nonadiabatic driving, i.e., for a

driving force of about the same frequency of the oscil-

lations of the atoms at the bottom of the potential wells.

This qualifies our system as a testing ground for the

recent theory of resonant activation based on logarithmic

susceptibilities [8,18].
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FIG. 4. Results of Monte Carlo simulations for the atomic

dynamics in the 1D-lin ? lin optical lattice. The phase modu-

lation �t� has the form of Eq. (3), with A � 1� B, ! �
0:87�v. The lattice parameters are light shift per beam �0

0
�

�150!r and lattice detuning � � �5�. Here � and !r are the

width of the excited state and the atomic recoil frequency,

respectively. In (a) the c.m. velocity in units of the atomic

recoil velocity (vr) is plotted as a function of the phase 	,

for 0 � 8 rad and B � 1=2. In (b) the amplitude �v of the

velocity curve is plotted as a function of the amplitude B of

the component at 2! of the driving force, for a constant sum

of the amplitudes of the two harmonics at ! and 2!. Here

0 � 3 rad.
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