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Huerre et Nigel Peake, du courage et de la bonne volonté qui leur ont été nécessaires pour
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1.1 Un exemple d’instabilité thermo-convective : la convection de Rayleigh–
Bénard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
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1.3 Modes globaux faiblement non parallèles . . . . . . . . . . . . . . . . . . . 27

1.3.1 Principes de la modélisation . . . . . . . . . . . . . . . . . . . . . . 28
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Chapitre 1

Introduction

1.1 Un exemple d’instabilité thermo-convective : la

convection de Rayleigh–Bénard

1.1.1 Mécanisme fondamental

La situation générale est celle d’un fluide présentant une densité allant croissant avec
l’altitude et manifestant dès lors un caractère potentiellement instable. La poussée d’Ar-
chimède créée par cette différence de densité tend à faire monter le fluide le plus léger et
descendre le plus lourd. Un tel déséquilibre s’obtient par exemple dans un fluide dont la
masse volumique diminue avec la température placé entre deux plaques horizontales, la
plaque inférieure étant plus chaude que celle supérieure. Il s’établit dans le fluide des varia-
tions spatiales — des gradients — de température qui induisent des variations de densité.
Ce système physique couple ainsi un problème de stabilité mécanique lié aux variations de
densité et un problème de transport de chaleur lié aux variations de température. Si en un
point une perturbation initiale positive de température apparâıt, la poussée d’Archimède
induit un mouvement ascendant du fluide. Si la perturbation est négative, la poussée
d’Archimède induit un mouvement descendant. Il en résulte un apport convectif local de
particules fluides venant des couches inférieures plus chaudes dans le premier cas, des
couches supérieures plus froides dans le second qui renforcent la perturbation initiale et
entretiennent le mouvement. Le déplacement ascendant ou descendant se transmet ainsi
jusqu’à ce que le fluide rencontre une interface. La conservation de la masse implique alors
un mouvement du fluide parallèle à cette interface. Ce déplacement horizontal se fait jus-
qu’à ce que le fluide rencontre une nouvelle zone de mouvement ascendant s’il se trouve sur
l’interface inférieure ou descendant s’il se trouve sur l’interface supérieure. Le raccorde-
ment par ces déplacements horizontaux d’une zone d’ascension et d’une zone de descente
forme alors des rouleaux (bidimensionnels) ou des cellules (tridimensionnelles) contraro-
tatifs, suivant les caractéristiques géométriques et physiques du système. Il apparâıt donc
un mouvement d’ensemble régulier et auto-organisé au sein du fluide. Cependant, celui-ci
ne peut s’établir que si les mécanismes amortissants que sont la conductivité thermique
(qui diffuse la perturbation de température) et la viscosité (qui atténue la perturbation
de vitesse) ne sont pas trop importants. Ces mécanismes microscopiques de diffusion sont

3



�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	


�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������������������������������������������
������������������������������������
������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
��������������������������������������������������������������������������������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
��������������������������������������������������������������������������������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������
�������������������������������������������������������������������������

 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 

!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!
!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!
!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!�!

"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"
"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"
"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"�"

#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#
#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#
#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#�#

$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$
$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$
$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$�$

%�%�%�%�%
%�%�%�%�%
%�%�%�%�%
%�%�%�%�%
%�%�%�%�%
%�%�%�%�%
%�%�%�%�%
%�%�%�%�%
%�%�%�%�%
%�%�%�%�%
%�%�%�%�%

&�&�&�&�&
&�&�&�&�&
&�&�&�&�&
&�&�&�&�&
&�&�&�&�&
&�&�&�&�&
&�&�&�&�&
&�&�&�&�&
&�&�&�&�&
&�&�&�&�&
&�&�&�&�&

'�'�'�'�'
'�'�'�'�'
'�'�'�'�'
'�'�'�'�'
'�'�'�'�'
'�'�'�'�'
'�'�'�'�'
'�'�'�'�'
'�'�'�'�'
'�'�'�'�'
'�'�'�'�'

(�(�(�(�(
(�(�(�(�(
(�(�(�(�(
(�(�(�(�(
(�(�(�(�(
(�(�(�(�(
(�(�(�(�(
(�(�(�(�(
(�(�(�(�(
(�(�(�(�(
(�(�(�(�(

)�)�)�)�)
)�)�)�)�)
)�)�)�)�)
)�)�)�)�)
)�)�)�)�)
)�)�)�)�)
)�)�)�)�)
)�)�)�)�)
)�)�)�)�)
)�)�)�)�)
)�)�)�)�)

*�*�*�*�*
*�*�*�*�*
*�*�*�*�*
*�*�*�*�*
*�*�*�*�*
*�*�*�*�*
*�*�*�*�*
*�*�*�*�*
*�*�*�*�*
*�*�*�*�*
*�*�*�*�*

+�+�+�+�+
+�+�+�+�+
+�+�+�+�+
+�+�+�+�+
+�+�+�+�+
+�+�+�+�+
+�+�+�+�+
+�+�+�+�+
+�+�+�+�+
+�+�+�+�+
+�+�+�+�+

,�,�,�,�,
,�,�,�,�,
,�,�,�,�,
,�,�,�,�,
,�,�,�,�,
,�,�,�,�,
,�,�,�,�,
,�,�,�,�,
,�,�,�,�,
,�,�,�,�,
,�,�,�,�,

Trainée

Echauffement

Poussée d’Archimède + poids
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Fig. 1.1 – Schéma de principe de la convection de Rayleigh–Bénard. Les flèches blanches
donnent les poussées d’Archimèdes différentielles, moteur du mouvement et les flèches
noires les diffusions de quantité de mouvement par viscosité et de chaleur par conduction,
entraves au mouvement.

d’autant plus importants que les gradients de température et de vitesse sont élevés. Un
mouvement du fluide a lieu lorsque la différence de température excède une certaine va-
leur, appelée seuil critique d’instabilité. La taille — la longueur d’onde — des rouleaux est
aussi contrainte par ces deux mécanismes de diffusion d’énergie. Considérons en effet des
rouleaux très serrés. Les forts gradients de vitesse et de température entre les rouleaux
permettent de fortes diffusions de quantité de mouvement et de chaleur qui, en réduisant
les déséquilibres moteurs, entravent le mouvement. D’autre part, si on considère des rou-
leaux très écartés, le frottement pariétal, lié au mouvement horizontal du fluide au niveau
des plaques, devient de plus en plus important et freine le mouvement. Les rouleaux ne
doivent donc être ni trop serrés ni trop allongés. En pratique, les rouleaux présentent en
effet un rapport d’aspect autour de un.

On peut aussi donner une description de l’organisation du système physique en termes
de transfert de chaleur. Au-dessous du seuil critique d’instabilité, le transfert de cha-
leur est purement conductif, par transmission microscopique de l’agitation thermique. Ce
mode de transport peu efficace est suffisant pour un flux de chaleur faible entre les plaques
chaude et froide. Au-dessus, un ensemble de rouleaux contrarotatifs apparâıt et le trans-
fert de chaleur devient convectif, par transport macroscopique de l’agitation thermique.
Ce mode de transport est plus efficace et permet des flux de chaleur plus élevés, mais son
établissement est gêné par les phénomènes diffusifs générés par les mouvements du fluide.
Microscopiquement, le transfert de chaleur au niveau des parois se fait toujours par dif-
fusion mais le mouvement de convection permet d’accrôıtre les gradients de température
pour rendre cette diffusion plus efficace. Au seuil d’apparition des mouvements, le système
physique en transport conductif devient instable, ce qui signifie que dans le bruit de fond,
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Mode convectifMode conductif

Fig. 1.2 – Comparaison schématique des modes de transfert de chaleur conductif (à droite)
et convectif (à gauche). Les flèches ondulantes représentent une diffusion de chaleur, celles
rectilignes un déplacement de fluide. Les lignes discontinues représentent les isothermes
attendues dans les deux situations.

invariablement présent dans toute réalisation pratique, certaines structures des champs de
vitesse, température et pression, qui sont les variables à considérer, se trouvent amplifiées
au cours du temps.

1.1.2 Les premiers résultats : de Rumford à Rayleigh

Parmis les trois modes de transfert de chaleur, par conduction, convection ou rayonne-
ment, le mode convectif est historiquement le premier à être utilisé à des fins pratiques. On
trouve ainsi dans les ruines des maisons romaines des systèmes de chauffage central ame-
nant de l’air chaud d’un foyer dans les pièces. Même si le terme convection apparâıt en 1834

Fig. 1.3 – Système de chauffage central par convection d’air chaud dans les villas romaines.

dans les textes de Prout (81), son étude qualitative débute avec Rumford en 1797 (85).
Ce lien notable entre mouvement et transport de chaleur est sûrement l’une des causes
de la théorie calorique de Carnot (22), interprétant la chaleur comme un fluide passant
d’un corps à un autre. Alors qu’au début du dix-neuvième siècle la théorie calorique est
mise en défaut par Rumford, Joule ou Clausius, les liens entre mouvements de fluides et
transport de chaleur ne font quasiment plus l’objet d’explications et de recherches. En
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Fig. 1.4 – Cellules hexagonales obtenues dans des conditions similaires à celles de Bénard
observées par Koschmieder et Pallas (47).

1882, Thomson observe la formation de structures régulières au sein d’un fluide chauffé
par le bas et animé d’un mouvement de convection (98). Les études quantitatives de ces
structures attendront 1901 et les expériences de Bénard (7; 8) dans lesquelles une fine
couche de blanc de baleine liquide contenue dans un récipient est chauffée par dessous.
Bénard caractérise les structures spatiales organisées en cellules hexagonales comme celles
de la figure 1.4 et l’interface formée par le fluide et l’air mais pas la température minimum
nécessaire à la mise en mouvement.

Ces premières expériences ne rencontrent guère d’écho, mais Rayleigh y trouve tout de
même un intéressant champ d’application aux calculs de stabilité linéaire, déjà utilisés en
mécanique des fluides par Orr, Sommerfeld et Kelvin sur les couches de cisaillement. En
partant des équations de Navier–Stokes et en se plaçant dans l’approximation de Boussi-
nesq (13), Rayleigh propose en 1916 (83) un calcul de la différence de température et de la
longueur d’onde critiques pour un mouvement de convection s’organisant en rouleaux bi-
dimensionnels au sein d’une couche infinie de fluide contenue entre deux interfaces planes
horizontales infinies aux températures imposées et le long desquelles le fluide peut glisser
librement. L’accord entre résultats expérimentaux et prévisions analytiques est bon et le
phénomène est baptisé écoulement de Rayleigh–Bénard (RB). Cet accord nous apparâıt
maintenant pour le moins fortuit, la modélisation de Rayleigh n’étant pas idoine pour
décrire l’expérience de Bénard. D’une part, le liquide repose sur un support solide im-
posant l’adhérence du fluide sur la surface inférieure. En 1940, Pellew et Southwell (74)
déterminent la différence de température critique et la longueur d’onde des rouleaux au
seuil de l’instabilité pour une couche confinée entre deux parois sur lesquelles le fluide
ne peut glisser, situation plus proche de celles observées et obtenues en pratique, même
si ce n’est pas exactement celle de l’expérience originelle. D’autre part les variations de
la tension superficielle avec la température, nommées effet Marangoni thermique, sont à
prendre en compte pour une interface se déformant, ce qui est le cas dans l’expérience de
Bénard. Cet effet s’ajoute à la poussée d’Archimède, atténuée par la minceur de la couche
fluide, pour mettre en mouvement et organiser le fluide. Cet effet, qui ne sera mis en
évidence par Pearson qu’en 1958 (73), explique notamment l’établissement d’hexagones
et non de rouleaux, le phénomène étant baptisé convection de Bénard–Marangoni.
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Équations de Navier–Stokes et approximation de Boussinesq

1 Afin de mener à bien des calculs prédictifs concernant les phénomènes de
convection thermique, il est nécessaire de spécifier la modélisation du fluide et les
équations vérifiées par les champs de grandeurs physiques le décrivant. Ces équations
sont l’expression des conservations de la masse, de la quantité de mouvement et de
l’énergie. En nous plaçant à un point de vue local, la conservation de la masse
s’écrit :

∂ρ

∂t
+ U · ∇ρ + ρ∇ · U = 0, (1.1)

où ρ et U sont respectivement les champs de masse volumique et de vitesse. En
limitant cette étude aux fluides newtoniens, pour lesquels le tenseur des contraintes
visqueuses dépend linéairement du tenseur des déformations, la conservation de la
quantité de mouvement s’écrit :

ρ
∂U

∂t
+ ρ (U · ∇) U = ρg − ∇P + µ∇2U +

(µ

3
+ µc

)
∇ (∇ · U) (1.2)

+∇µ
(
∇U + (∇U)T

)
−
(

2

3
∇µ − ∇µc

)
∇ · U ,

où g est le champ de gravité, P la pression, µ la viscosité de cisaillement, µc celle
de compression et T dénote une matrice transposée. D’une manière plus générale, le
fluide considéré présente une relation linéaire entre les flux de grandeurs extensives
(la chaleur, la quantité de mouvement...) et les gradients des grandeurs intensives
(la température, la déformation). Ceci implique que le flux de chaleur dans le fluide
vérifie la loi de Fourier :

J = −χ∇Θ, (1.3)

où J est le flux de chaleur, χ la conductivité thermique et Θ la température. La
conservation de l’énergie exprimée pour le fluide s’écrit alors :

ρ
∂cvΘ

∂t
+ U · ∇ (cvΘ) = ∇ · (χ∇Θ) − P∇ · U + Φ, (1.4)

où cv est la capacité calorifique à volume constant par unité de volume et Φ la
production de chaleur due à la dissipation d’énergie par viscosité. Enfin, le fluide
vérifie une équation d’état donnant sa masse volumique en fonction de sa pression
et de sa température.

Nous nous plaçons dans l’hypothèse formulée par Boussinesq (13) et Oberbeck
(67), à savoir que les propriétés physiques ne varient pas avec la température à l’ex-
ception de la densité lorsque les variations de celle-ci créent des forces de gravitation.
Lorsque ceci est le cas, l’équation d’état est linéarisée autour d’un état (Θréf , ρréf)
de référence :

ρ = ρréf (1 − α (Θ − Θréf)) , (1.5)

où α est le coefficient de dilatation thermique à pression constante. C’est la fai-
blesse de ce coefficient qui justifie dans le cas de variations de température limitées
l’hypothèse de Boussinesq–Oberbeck, dont on trouvera un exposé plus détaillé no-
tamment dans le livre de Chandrasekhar (28). Négliger les variations de ρ dans les

1Les paragraphes bordés d’une bande sombre et imprimés en petits caractères présentent les
développements mathématiques des résultats donnés dans ce chapitre.
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termes autres que ρg conduit à considérer le fluide comme incompressible, celui-ci
vérifiant alors l’équation de Navier–Stokes. De plus, le terme de dissipation vis-
queuse Φ est lui aussi négligé dans l’équation de conservation de l’énergie (1.4). On
obtient alors comme équations vérifiées par P , U et Θ :





∇U = 0,
∂U

∂t
+ (U · ∇) U +

1

ρréf
∇P − α (Θ − Θréf) g − ν∇2U = 0,

∂Θ

∂t
+ (U · ∇) Θ − κ∇2Θ = 0,

(1.6)

où ν = µ/ρréf est la viscosité cinématique et κ = χ/ (ρréfcv) la diffusivité thermique,
supposées indépendantes de la température. À partir du système (1.6), la pression
considérée est la pression corrigée de la pression hydrostatique : P → P − ρréfgz.
Le système d’équations différentielles doit être complété de conditions aux limites
traduisant la géométrie du système décrit. On choisit à partir de ce point d’aligner
l’axe des z avec la verticale, en plaçant les interfaces aux plans z = ±h/2 avec h
la hauteur du système et de réserver les axes des x et des y pour les directions
horizontales. Les conditions aux limites sont données au niveau des deux interfaces
horizontales et, en règle générale, imposent les valeurs ou les flux de quantité de
mouvement et de chaleur à ces endroits. Dans le cas où les températures Θinf et
Θsup, sur les plaques inférieure et supérieure respectivement, ainsi qu’une vitesse
nulle sont imposées aux interfaces, une solution stationnaire simple est celle pour
laquelle il n’y a que conduction de la chaleur, c’est à dire avec g = −gez :





Pb = cste. +

∫ z

−h/2
ρréfα (Θ − Θréf) gdz,

Ub = 0,
Θb = (Θinf − Θsup) (1/2 − z/h) + Θsup.

(1.7)

Une telle solution reste valable pour des conditions aux limites imposant un flux
de quantité de mouvement nul aux parois. Une telle solution purement conduc-
tive ne s’observe en pratique que pour un flux de chaleur, c’est-à-dire pour une
différence Θinf − Θsup, faible. Lorsque le flux de chaleur augmente, le mécanisme
adopté par le sytème pour transférer la chaleur de la plaque du bas vers la plaque
du haut devient convectif et la solution précédente (1.7), bien que toujours possible
mathématiquement, n’est plus observée. Cette disparition d’une solution station-
naire pour une autre est l’objet d’une analyse de stabilité.

Stabilité linéaire de la convection de Rayleigh–Bénard

Une analyse de stabilité linéaire donne le comportement d’un écoulement vis-à-
vis d’une perturbation d’énergie infiniment petite. La convection de RB constitue
un cas d’école de ce type d’analyse, dont on rappelle ici les principales étapes.

Les champs de vitesse, de pression et de température sont écrits comme la somme
des champs de base stationnaires (1.7) et de fluctuations beaucoup plus petites :





P = Pb + p,
U = Ub + u,
Θ = Θb + θ.

(1.8)
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En réinjectant ces champs dans le système (1.6), on peut légitimement linéariser les
termes faisant apparâıtre les fluctuations dans les équations obtenues. On exprime
ainsi le problème de stabilité linéaire :





∇ · u = 0,
∂u

∂t
+ (Ub · ∇) u + (u · ∇) Ub +

1

ρréf
∇p − α (θ − θréf) g − ν∇2u = 0,

∂θ

∂t
+ (Ub · ∇) θ + (u · ∇) Θb − κ∇2θ = 0,

(1.9)

dont on va chercher l’évolution temporelle. La mise en équations du problème passe
ensuite par une adimensionnalisation des grandeurs physiques par des grandeurs de
référence caractéristiques des phénomènes mis en jeu. Les longueurs sont adimen-
sionnées par h, la distance entre les plans, qui sont alors situées en z = ±1/2, les
temps par h2/κ le temps caractéristique de diffusion thermique, et par conséquent
les vitesses par κ/h. Les pressions sont adimensionnées par ρréfκν/h2 et les tempé-
ratures par κν/

(
αgh3

)
après avoir choisi Θréf = Θsup. Afin de réduire le nombre

de paramètres du problème, on considère le double rotationnel de l’équation de
conservation de la quantité de mouvement (la deuxième équation du système (1.9),
simplifié par la conservation de la masse). On obtient ainsi pour la convection de
RB un sous-système de deux équations linéaires aux dérivées partielles vérifié par
w, la composante suivant z de la vitesse, et θ exclusivement :





P−1 ∂∇2w

∂t
−
(
∇4w +

∂2θ

∂x2
+

∂2θ

∂y2

)
= 0,

∂θ

∂t
−Rw −∇2θ = 0,

(1.10)

dans lequel apparaissent les nombres de Prandtl P = ν/κ et de Rayleigh R =
αg (Θinf − Θsup) h3/ (κν) qui paramétriseront à eux seuls le comportement physique
de l’écoulement. Afin de simplifier la modélisation mathématique du problème, on
considère le système infini, homogène et isotrope dans les directions x et y. Dans
ces conditions, il est justifié de chercher les solutions w et θ sous la forme de modes
de Fourier en x et y, oscillant à une fréquence ω pouvant être complexe, = (ω)
représentant le taux de croissance de la perturbation :

{
w = w̃ (z) exp i (kxx + kyy − ωt) + c.c.,

θ = θ̃ (z) exp i (kxx + kyy − ωt) + c.c.,
(1.11)

où kx et ky sont les composantes du vecteur d’onde. Les fonctions w̃ (z) et θ̃ (z) sont
solutions de :





−P−1iω

(
k2 − d2

dz2

)
w̃ +

((
k2 − d2

dz2

)2

w̃ − k2θ̃

)
= 0,

−iωθ̃ −Rw̃ +

(
k2 − d2

dz2

)
θ̃ = 0.

(1.12)

Notons que dans le système (1.12), kx et ky n’interviennent qu’à travers k2 = k2
x +

k2
y le carré de la norme du vecteur d’onde. Ceci est directement lié à l’isotropie

du système qui ne saurait privilégier une direction particulière par ce vecteur. La
direction de ce dernier est par conséquent arbitraire. Au système (1.12) on adjoint
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des informations sur le comportement physique du fluide au contact des parois,
c’est-à-dire des conditions aux limites sur les plans z = ±1/2. Considérons ici des
situations physiques où les températures sont imposées aux parois. Ces températures
étant déjà prises en compte dans l’écoulement de base, la fluctuation vérifie donc
θ̃ (±1/2) = 0. Concernant la vitesse u, les parois sont supposées imperméables, ce
qui impose w̃ (±1/2) = 0.

Historiquement, le premier calcul de stabilité fut mené à bien par Rayleigh dans
le cas d’une condition de glissement libre sur les parois. Cette condition impose par
application de l’équation de conservation de la masse ∂2

z w̃ = 0. Dans ce cas, les
fonctions w̃ et θ̃ sont de la forme :

∀n ∈ N
∗,

{
w̃ (z) = wn sin (nπz)

θ̃ (z) = θn sin (nπz) .
(1.13)

On parle de fonctions propres du système (1.12). Pour que de telles fonctions propres
non triviales existent, on doit vérifier qu’à n fixé, il existe une valeur ωn pour ω telle
que pour tout k, la relation de dispersion

(
iωn +

(
n2π2 + k2

)) (
iωn

(
n2π2 + k2

)
+ P

(
n2π2 + k2

)2)−RPk2 = 0 (1.14)

est vérifiée. Cette valeur ωn est la valeur propre associée à la fonction propre
(wn sin (nπz) , θn sin (nπz)). La relation (1.14) donne ωn en fonction de k, R et
P .

– Si = (ωn) < 0, le taux de croissance est négatif et la perturbation amortie, la
solution conductive est stable.

– Si = (ωn) = 0, on parle de stabilité marginale, la perturbation n’étant dans ce
cas limite ni amplifiée ni amortie.

– Si = (ωn) > 0, le taux de croissance de la perturbation est positif et on a donc
mis en évidence une instabilité susceptible de se développer dans le système,
la solution conductive est donc instable.

La stabilité marginale est atteinte pour un nombre de Rayleigh Rmarg fonction de
k :

Rmarg (k) =

(
n2π2 + k2

)3

k2
. (1.15)

Notons que ce seuil est indépendant du nombre de Prandtl P . Le premier mode
destabilisé est obtenu pour n = 1, Rmarg (k) étant alors minimum pour kcrit = π/

√
2

et valant Rcrit = 27π4/4 ' 657.5, valeur critique au-delà de laquelle une instabilité
est susceptible de se développer.

L’étude précédente permet donc une résolution analytique complète mais modé-
lise une situation de glissement libre sur les parois rarement observée dans la nature
et de plus très difficile à reproduire en laboratoire. La situation la plus fréquente
en pratique, étudiée par Pellew et Southwell, présente des conditions aux limites
de non-glissement pour la vitesse au contact des parois, c’est-à-dire u (z = ±1/2) =
v (z = ±1/2) = 0, ce qui conduit par conservation de la masse à ∂zw̃ (±1/2) = 0.
En cherchant une solution stationnaire et marginale telle que ω = 0, w̃ vérifie une
équation du sixième ordre :

((
∂2

∂z2
− k2

)3

+ k2R
)

w̃ = 0 (1.16)
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Fig. 1.5 – Courbes de stabilité marginale Rmarg en fonction de k avec des conditions
aux limites de glissement libre (trait continu) et de non glissement (trait discontinu) au
contact des parois, pour les courbes Rmarg (k) donnant les valeurs minimums de Rcrit.

pour laquelle on cherche une solution sous la forme :

w̃ (z) =
2∑

m=0

wm cos (qmz) , (1.17)

où les paramètres qm sont racines de
(
q2
m + k2

)3 − k2R = 0. Les conditions aux

limites sur w̃, ∂zw̃ et θ̃ conduisent à un système de trois équations à trois inconnues
wm qui n’a de solution non triviale que si son déterminant s’annule. Ceci fournit
une relation de dispersion implicite entre k et R. On déduit numériquement de cette
relation une famille infinie et discrète de courbes Rmarg = f (k). Cette relation, elle
aussi indépendante de P , conduit à kcrit ' 3.116 et Rcrit ' 1707.76.

Le calcul de la stabilité marginale en écoulement de RB est relativement aisé,

même si il peut réclamer une résolution finale numérique, car la géométrie considérée

reste simple. D’autre part, le bon accord entre ces calculs linéaires et les résultats

expérimentaux obtenus dans des systèmes de grande extension horizontale a assuré

leur gloire académique. Ce calcul repose pourtant sur des hypothèses très restrictives

de fluctuations de faible énergie et d’invariance du système par toute translation ou

rotation conservant les conditions aux limites sur les plaques horizontales. Ces condi-

tions ne sont bien évidemment pas satisfaites par les expériences ou les systèmes

naturels.

Depuis ces premiers pas il y a un siècle, la convection thermique fait l’objet de re-
cherches et d’une littérature toujours plus conséquentes, dont les motivations sont ap-
parues au fur et à mesure. La convection thermique revêt d’une part une importance
propre en tant qu’explication physique sous-jacente à de nombreux phénomènes naturels
et industriels mettant en jeu des transferts de chaleur. Les phénomènes de convection
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thermique se retrouvent au sein du Soleil ou des planètes, possèdant un cœur à l’acti-
vité thermique intense due à la radioactivité et une surface chauffée par le rayonnement
solaire, et qui baignent dans un univers glacial. Concernant la Terre par exemple, les
mouvements verticaux et horizontaux de l’atmosphère sont imposés par des transferts
de chaleur convectifs, tout comme les mouvements des océans. Plus récemment, la tec-
tonique des plaques a trouvé un moteur dans les mouvements de convection thermique
du manteau terrestre chargés de transférer vers l’extérieur la chaleur produite par les
éléments radioactifs du manteau et du noyau terrestres. Au sein de ce noyau métallique,
on cherche toujours à mettre en évidence les couplages entre convection thermique et
induction magnétique afin d’expliquer la dynamo et le champ magnétique terrestres. Ces
thèmes sont présentés, par exemple, dans l’ouvrage dirigé par Nataf et Sommeria (64).
D’un point de vue industriel, le transfert de chaleur et le couplage de ce transfert avec le
mouvement d’un fluide sont utilisés abondamment. L’étude des échanges thermiques au
sein des réacteurs de centrales nucléaires est très révélateur des niveaux de compréhension
et de prédiction actuellement demandés dans des écoulements de convection thermique.
Par son importance cruciale en matière de sécurité, ce problème a généré un important
développement d’outils et de méthodes informatiques.

Le phénomène de convection thermique dans des situations physiques simples présente
d’autre part l’intérêt d’être depuis plusieurs décennies le cobaye privilégié des études
expérimentale, théorique et numérique des phénomènes de dynamique des textures, du
chaos déterministe et de la transition vers la turbulence. L’ouvrage de Manneville (55)
met bien en avant ce rôle de jalon de la convection thermique. Des méthodes d’analyse de
stabilité de plus en plus complexes ont été développées afin d’établir pourquoi les résultats
linéaires et homogènes sont pertinents, puis quelles structures apparaissent à mesure que
l’on s’éloigne des conditions critiques.

1.1.3 Au-delà de la linéarité et de l’homogénéité, les résultats

récents

Lors du calcul de stabilité précédent, les fluctuations sont supposées être d’une énergie
faible comparée à celle de l’écoulement de base et les termes non linéaires sont négligés dans
les équations (1.6) lorsque les champs sont décomposés suivant (1.8). Le calcul linéaire
est donc en toute rigueur valable lorsque le système se trouve exactement à la situation
critique, où une perturbation est marginale. D’autre part, le calcul est mené à bien dans
un système supposé d’extension infinie et le mode le plus instable a été cherché sous la
forme d’un mode de Fourier homogène dans les directions horizontales.

Dans une situation instable, au moins un mode de perturbation manifeste une crois-
sance exponentielle et l’hypothèse de fluctuation faible n’est très rapidement plus vérifiée
dès que le système est au-delà des conditions critiques. Il devient nécessaire de décrire
la dynamique non-linéaire des perturbations au sein de l’écoulement afin de trouver
un mécanisme saturant la croissance des instabilités. Le calcul analytique de solutions
exactes non linéaires est généralement impossible et on doit se contenter de chercher un
développement de cette solution. Ce développement se cherche en puissances croissantes
d’un petit paramètre évaluant l’écart au seuil critique du système.
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Équation d’amplitude en convection de Rayleigh–Bénard

Dans le cas de la convection de RB, cet écart au seuil critique est donné par :

R = Rcrit + εR1 + ε2R2 + O
(
ε3
)
. (1.18)

En conservant les termes non-linéaires, le système (1.10) de dynamique d’une fluc-
tuation s’écrit :




P−1 ∂∇2w

∂t
−
(
∇4w +

∂2θ

∂x2
+

∂2θ

∂y2

)
= P−1 ∂2

∂z∂x
(u · ∇) u

+P−1 ∂2

∂z∂y
(u · ∇) v

−P−1

(
∂2

∂x2
+

∂2

∂y2

)
(u · ∇) w,

∂θ

∂t
−Rw −∇2θ = − (u · ∇) θ,

(1.19)
pour lequel on va chercher des solutions sous la forme de développements en ε :

{
w = εw1 + ε2w2 + O

(
ε3
)
,

θ = εθ1 + ε2θ2 + O
(
ε3
)
.

(1.20)

Comme le système physique est proche des conditions critiques, le mode le plus
instable présente un faible taux de croissance. D’autre part, si ces instabilités ont
en plus un caractère oscillant, celui-ci devrait mettre en évidence un temps ca-
ractéristique beaucoup plus court. De manière générale, comme il est fréquemment
le cas dans les techniques perturbatives, le système présente plusieurs échelles de
temps. Celles-ci sont prises en compte par un développement multi-échelles :

τn = εnt. (1.21)

En réinjectant le développement (1.20) dans le système (1.19) et en développant les
dérivées temporelles suivant (1.21), on obtient à chaque ordre n de ε un système
d’équations différentielles faisant intervenir les ordres inférieurs à n. On peut alors
résoudre par récurrence ces systèmes successifs. Pour la convection de RB, on re-
trouve à l’ordre O (ε) le système (1.10) au cas critique, vérifié par

{
w1 = A (τ1, τ2) w̃1 (z) exp (ikcritx) + c.c.,

θ1 = A (τ1, τ2) θ̃1 (z) exp (ikcritx) + c.c..
(1.22)

À l’ordre O
(
ε2
)
, on obtient le système (1.10) vérifié par w2 et θ2 muni d’un membre

de droite dépendant de w1 et θ1 :




P−1 ∂∇2w2

∂τ0
−
(
∇4w2 +

∂2θ2

∂x2
+

∂2θ2

∂y2

)
= P−1 ∂2

∂z∂x
(u1 · ∇) u1

+P−1 ∂2

∂z∂y
(u1 · ∇) v1

−P−1

(
∂2

∂x2
+

∂2

∂y2

)
(u1 · ∇) w1

−R1θ1 − P−1 ∂w1

∂τ1
,

∂θ2

∂τ0
−Rw2 −∇2θ2 = − (u1 · ∇) θ1 −

∂θ1

∂τ1
.

(1.23)
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Ce système ne peut avoir de solution que si les hypothèses du théorème de Fredholm
sont vérifiées, à savoir que le membre de droite de (1.23) doit être orthogonal aux
solutions du système adjoint à (1.10) homogène. Après avoir introduit le produit
scalaire :
〈(

w̃ (z)

θ̃ (z)

)
,

(
w̃′ (z)

θ̃′ (z)

)〉
=

∫ 1/2

−1/2

(
P−1

(
k2w̃w̃′ +

dw̃

dz

dw̃′

dz

)
+ θ̃θ̃′

)
dz, (1.24)

cette condition d’orthogonalité fournit une condition de solvabilité dans le cas des
conditions aux limites de glissement libre. On déduit de cette condition de solvabi-
lité : 




R1 = 0,
∂w1

∂τ1
= 0,

∂θ1

∂τ1
= 0,

w2 = 0,

θ2 = 2π
(
π2 + k2

crit

) AA sin (2πz)

2π
(
π2 + k2

crit

) .

(1.25)

Il est alors nécessaire d’étudier le problème à l’ordre O
(
ε3
)
. Le système linéaire

avec second membre obtenu à cet ordre doit, comme le précédent (1.23), satisfaire
une condition de compatibilité. On obtient alors l’équation vérifiée par l’amplitude
A des fluctuations (1.22) :

(
1 + P−1

) dA

dτ2
=

R2

(
π2 + k2

crit

)

Rcrit
A − 1

2
|A|2 A. (1.26)

Le coefficient du terme d’ordre trois de l’équation (1.26) garantit la saturation à
une certaine valeur de l’amplitude A. L’analyse précédente a été menée par souci
de simplicité pour une paire de vecteurs d’onde opposés alignés avec l’axe des x.
L’étude complète fait intervenir une superposition de vecteurs d’ondes différents et
permet alors de justifier l’apparition des rouleaux infinis de nombre d’onde kcrit au
détriment de toute autre structure régulière au voisinage de Rcrit. Les structures
déterminées par l’analyse de stabilité linéaire dans les conditions critiques sont donc
aussi celles obtenues par sélection non linéaire lorsque l’on s’écarte faiblement de ces
conditions. Ce résultat est obtenu de façon analytique par Malkus et Veronis (54)
dans le cas de conditions aux limites libres et de façon semi-analytique par Schlüter,
Lortz et Busse (87) dans celui de conditions de non-glissement.

L’équation d’amplitude a le grand avantage de proposer un formalisme mathématique
beaucoup plus simple que celui des équations de Navier–Stokes et de la chaleur, tout
en conservant la description d’une bonne partie de la physique de la convection. Cette
modélisation simplifiée a donc été utilisée pour introduire et étudier les effets de modu-
lations spatiale et temporelle lentes de l’amplitude. Celle-ci est alors baptisée enveloppe
et devient une fonction complexe des coordonnées horizontales et du temps modulant les
rouleaux obtenus linéairement au seuil critique. On cherche donc l’amplitude du système
dynamique réduit sous la forme d’une enveloppe variant lentement dans les directions
horizontales et le temps.
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Équation d’enveloppe

Cette variation spatiale lente peut se voir comme un autre effet de l’écart aux
conditions critiques. En effet, lorsque pour la convection de RB R s’éloigne de Rcrit,
une bande de vecteurs d’onde passe leur seuil de stabilité marginale. On peut alors
chercher une instabilité dans cette bande sous la forme :

w (x, y, zt) = Aw̃ (z) exp (ikcritx + iεδkx) + c.c., (1.27)

(et sous une forme similaire pour θ) où εδk est l’écart au vecteur d’onde critique,
avec ε petit. On peut, de façon plus générale, chercher une solution à l’équation
(1.19) sous la forme :

w (x, y, z, t) = A (x, y, t) w̃ (z) exp (ikcritx) + c.c., (1.28)

où A (x, y, t) est une fonction lentement variable de x et y. Cette approche a été
menée par Newell et Whithead en 1969 (65) et Segel la même année (89). Un
développement multi-échelle mené maintenant sur les coordonnées spatiales et tem-
porelle conduit à l’équation de Newell-Whitehead-Segel pour le premier ordre signi-
ficatif en ε :

τ0
∂A

∂τ2
= A + ξ2

0

(
∂

∂X
+

1

2ikcrit

∂2

∂Y 2

)2

A − g |A|2 A, (1.29)

où τ0 et ξ0 sont des constantes. Dans cette équation, on a introduit les variables

lentes τ2 = ε2t, X = εx et Y = ε1/2y décrivant l’évolution de l’enveloppe. L’équation

(1.29) est une équation non linéaire et aux dérivées partielles, ces deux caractères

n’étant pas indissociables et impliquant chacun leurs propriétés.

Ce formalisme d’enveloppe permet une étude des processus de sélection non-linéaire
des instabilités et par ce moyen une étude des instabilités secondaires de grande longueur
d’onde pouvant apparâıtre sur les rouleaux obtenus au seuil critique lorsqu’on s’éloigne de
ce seuil. Ces rouleaux deviennent alors instables à travers leur amplitude ou leur phase vis-
à-vis de perturbations liées aux invariances par translation, par rotation et galiléenne du
système physique. Des rouleaux croisés, instabilité de compression/dilatation ou instabilité
d’Eckhaus, instabilité de torsion ou zig-zag font leur apparition. En plus de R et de k, P
intervient aussi maintenant pour caractériser toute une zoologie de structures entourant
le domaine de stabilité des rouleaux (19; 21; 20), appelé ballon de Busse et qui semble
indiquer la préférence de la convection thermique pour le rugby plutôt que le football.
L’existence de ce domaine de stabilité pour les rouleaux prévus par la théorie linéaire
explique son accord avec les premiers résultats expérimentaux et l’intérêt porté dès lors à
la convection thermique.

La recherche d’instabilités linéaires sous la forme de modes de Fourier est motivée
par l’hypothèse d’extension infinie du système dans les direction horizontales. Or si cette
hypothèse est naturelle lorsque la taille du système est comparée à celle d’une particule
fluide, elle est beaucoup plus incertaine si elle est comparée à la taille caractéristique des
instabilités — à leur longueur d’onde. Le formalisme d’enveloppe a été utilisé pour prendre
en compte les effets de confinement du système et les défauts apparaissant dans les struc-
tures de convection. Les travaux réalisés depuis plus d’une décennie sur les structures
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Fig. 1.6 – Structures convectives de Spiral Defect Chaos obtenues expérimentalement
par Bodenschatz (12) dans une fine couche de dioxyde de carbone sous pression, confinée
horizontalement.

chaotiques en spirales (Spiral Defect Chaos) montrées dans la figure 1.6 et d’autres tex-
tures toutes aussi psychédéliques sont passés en revue par Bodenschatz, Pesch et Ahlers
(12), entre autres.

Cependant, le formalisme d’enveloppe n’est pas une solution miracle car en règle
générale, les dépendances spatiales de l’enveloppe ne sont pas intégrables pour un système
quelconque, ce qui limite son champ d’application. Malgré ces réserves, le formalisme d’en-
veloppe a généré suffisamment de résultats intéressants sur la convection de RB pour être
étendu à d’autres types d’écoulements. Les écoulements plan-parallèles, ou couches de ci-
saillement présentent des instabilités de nature visqueuse et ont fait l’objet d’une analyse
de stabilité linéaire puis des dérivations d’une équation d’amplitude par Stuart (97) et
d’enveloppe par Stewartson et Stuart (95). Mais en règle générale, ce sont souvent des
considérations heuristiques quant au comportement attendu de l’instabilité qui guident
l’écriture d’une équation d’enveloppe pour un système physique. Ainsi la recherche d’ondes
propagatives, que l’on rencontrera en convection de Rayleigh–Bénard–Poiseuille, conduit
à écrire l’équation d’enveloppe sous la forme d’une équation de Ginzburg–Landau à co-
efficients complexes, mais la dérivation d’une telle équation à partir des équations de
conservation originales n’est pas toujours d’une rigueur toute germanique.

Enfin, notons que seuls des écoulements fortement corrélés dans la direction z ont été
abordés jusqu’ici. En continuant de s’éloigner du seuil, la dépendance de l’écoulement
dans cette direction perd elle aussi sa cohérence et l’écoulement entre dans le cadre de la
turbulence développée, plus proche de l’image que l’on se fait d’une casserolle en ébullition
(R ' 109) ou de la convection dans l’atmosphère. Il faut tout de même noter dans ce
dernier cas une forte corrélation dans la direction verticale, comme on le voit dans la
figure 1.7.
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Fig. 1.7 – Exemple de convection dans l’atmosphère au-dessus de l’Océan Pacifique Sud-
Est. Bien que les conditions placent ce système très au-delà du seuil critique d’instabilité,
les structures restent fortement corrélées dans la direction verticale et présentent un ca-
ractère cellulaire. Cette photographie issue de (1) prise le 19 novembre 2001 par le capteur
MISR du satellite Terra montre une organisation de cette convection, soumise à un vent
faible, en cellules d’une dizaine de kilomètres.

1.2 Écoulement de Rayleigh–Bénard–Poiseuille et in-

stabilités localisées

Nous avons jusqu’ici présenté des systèmes fermés. Bien que la géométrie soit considérée
comme infinie dans les directions x et y, l’organisation des instabilités se fait en cellules
n’échangeant pas de matière entre elles et les particules fluides gardent des positions
moyennes fixes. Cette situation ne se présente en fait que rarement en dehors des la-
boratoires. Les systèmes ouverts, pour lesquels les particules fluides vont entrer puis
sortir du système sont bien plus fréquentes. À partir de l’écoulement de RB, un débit
moyen horizontal entre les plaques est obtenu en pratique en maintenant un gradient de
pression horizontal. On parle alors de convection de Rayleigh–Bénard–Poiseuille (RBP).
L’existence de ce gradient lève l’isotropie du système en faisant apparâıtre une direc-
tion privilégiée alignée avec ce vecteur. On ne considère ici que des cas où l’écoulement
de Poiseuille est stable, c’est à dire où le cisaillement dû à cet écoulement ne suffit pas
à entrâıner le développement d’instabilités de nature purement visqueuse ou inertielle.
Le rôle de l’écoulement de Poiseuille est donc de modifier l’établissement d’instabilités
thermo-convectives. On décrit ici un système physique différent de l’écoulement de RB
présentant un courant de dérive relié à la courbure des rouleaux, mis en évidence par
Siggia et Zippelius (90) dans les systèmes confinés, l’écoulement moyen restant imposé
par des conditions externes et le système supposé de grandes dimensions.
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Les premières études expérimentales de la convection de RBP furent motivées par l’ex-
plication de la formation des nuages en stries, comme on peut le voir sur la figure 1.8.
On observe dans ces expériences la formation sous l’action d’un écoulement de cisaille-
ment de rouleaux convectifs dont l’axe est orienté parallèlement ou orthogonalement à
cet écoulement, suivant l’intensité de ce dernier. Ces résultats qualitatifs sont résumés par
Brunt (18). Étant obtenus pour des situations expérimentales proches des seuils d’instabi-
lité, ils ne sont de toute façon que peu exploitables pour la description de nuages. Les ap-
plications industrielles d’un tel écoulement sont moins belles à observer mais d’un intérêt
économique certain. Les techniques d’épitaxie par Dépot de Vapeurs Chimiques (CVD),
par exemple, sont très courantes dans l’industrie des semi-conducteurs. Les conditions de
fabrication, où un gaz inerte chargé en réactifs est injecté entre des substrats chauffés
sur lesquels se dépose une mince couche par pyrolyse peuvent entrer dans le cadre des
phénomènes d’instabilité thermo-convective. Ces instabilités, si elles se développent dans
l’écoulement de gaz, influent directement sur l’épaisseur de la couche se déposant. De tels
phénomènes sont présentés, entre autre, par Jensen, Einset et Fotiadis (42). Le refroidisse-
ment des semi-conducteurs est un autre champ d’application de la convection de RBP Des
revues complètes voient régulièrement le jour, faisant la synthèse des et le lien entre les
résultats théoriques, expérimentaux et numériques ainsi que le point sur l’avancement des
applications pratiques du domaine. On pourra par exemple se référer à celles de Platten
et Legros (79), de Kelly (45) et de Nicolas (66).

1.2.1 La stabilité homogène

En considérant le système de RBP comme invariant par translation horizontale, on
peut, comme dans le cas de Rayleigh–Bénard, chercher des solutions en modes de Fou-
rier, avec un état de base composé de la solution conductive pour la température et
de l’écoulement de Poiseuille pour la vitesse. Cette analyse a été conduite par Gage et
Reid (36) pour P = 1 et généralisée par Platten (78). Elle conclut que le premier mode
linéairement instable est celui des rouleaux longitudinaux (LR) dont l’axe est aligné avec
l’écoulement moyen. En supposant ces rouleaux infinis, leur champ de vitesse, porté uni-
quement par ey et ez et indépendant de x, n’est pas couplé par les termes non-linéaires
au champ de vitesse longitudinal de l’écoulement moyen. La dynamique de ces rouleaux
est donc indépendante du champ de vitesse de base. Le seuil d’apparition de ces rouleaux
longitudinaux ne dépend donc pas de l’intensité de l’écoulement de Poiseuille, caractérisé
par le nombre de Reynolds R. On retrouve comme Rcrit pour les LR celui obtenu en
convection de RB. À mesure que l’on passe des LR à des rouleaux transversaux (TR),
le seuil critique à R fixé se trouve à un Rcrit de plus en plus élevé, et ceci pour tout P ,
comme on peut le voir sur la figure 1.9.

Stabilité linéaire de la convection de Rayleigh–Bénard–Poiseuille ho-

mogène

Considérons la situation de RB à laquelle on ajoute un gradient de pression
horizontal. Ce gradient de pression génère un écoulement laminaire horizontal, cette
situation académique étant nommée écoulement de Poiseuille. En repartant des
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Fig. 1.8 – Formation de nuages au-dessus des lacs Majeur et Michigan. En rencontrant
la chaleur et l’humidité des lacs, le vent froid de Nord-Ouest provoque la convection
atmosphérique, la formation de nuages structurés en stries longitudinales et d’importante
chutes de neige (Lake effect). Cette photographie, tirée de (1) a été prise par le capteur
SeaWiFS du satellite OrbView-2 le 5 décembre 2000. L’étude de la formation de telles
stries est à l’origine historique des premières recherches sur la convection de Rayleigh–
Bénard–Poiseuille. Malheureusment, les conditions physiques de l’atmosphère sont très
au-delà du domaine abordé par les théories de stabilité.
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équations (1.6) et en tenant compte de cet écoulement moyen que l’on choisit aligné
avec ex, la solution de base, de conduction de température, devient :





Pb = cste − 8Umaxνρréf

h2
x +

∫ z

−h/2
ρréfα (Θb − Θréf) gdz,

Ub = U (z) ex = Umax

(
1 − 4z2

h2

)
ex,

Θb = (Θinf − Θsup) (1/2 − z/h) + Θsup,

(1.30)

où Umax est la valeur maximum de la vitesse. L’étude de stabilité linéaire de cet
écoulement se fait en décomposant les champs suivant (1.8). Les grandeurs physiques
sont adimensionnalisées comme en convection de RB, sauf le champ de vitesse de
base qui est imposé par la diffusion de quantité de mouvement et adimensionna-
lisé par Umax. On travaille à nouveau avec le double rotationnel de l’équation de
conservation de quantité de mouvement, et le système est à nouveau considéré d’ex-
tension horizontale infinie. On cherche donc les fluctuations sous la forme de modes
de Fourier en x et y oscillants à une fréquence ω. Le système (1.12) devient alors :





−P−1iω

(
k2 − d2

dz2

)
w̃ + ikxR

(
U

(
k2 − d2

dz2

)
w̃ +

∂2U

∂z2
w̃

)

+

(
k2 − d2

dz2

)2

w̃ − k2θ̃ = 0,

−iωθ̃ −Rw̃ + ikxRPUθ̃ +

(
k2 − d2

dz2

)
θ̃ = 0,

(1.31)

où le comportement physique du système est caractérisé par le nombre de Reynolds
R = Umaxh/ν en plus de R et P . La stabilité marginale de tels modes peut s’ex-
primer sous la forme d’une relation R = Rmarg (P, R, kx, ky). Une autre façon de
mettre en équations ce problème de stabilité est de l’exprimer dans un repère où l’axe
des x n’est plus aligné avec l’écoulement de Poiseuille mais avec le vecteur d’onde
des rouleaux de convection. Dans ce repère, on a alors Ub = V cos φ ex + V sin φ ey,
ky = 0 et v = 0, φ étant l’angle fait entre l’écoulement de base et le vecteur d’onde.
Le problème d’instabilité est alors bidimensionnel, le système (1.31) devenant :





−P−1iω

(
k2

x − d2

dz2

)
w̃ + ikxR cos φ

(
U

(
k2

x − d2

dz2

)
w̃ +

∂2U

∂z2
w̃

)

+

(
k2

x − d2

dz2

)2

w̃ − k2
xθ̃ = 0,

−iωθ̃ −Rw̃ + ikxR cos φ PUθ̃ +

(
k2

x − d2

dz2

)
θ̃ = 0,

(1.32)

pour lequel la stabilité marginale s’exprime par une relation de la forme R =

Rmarg (P, R cos φ, kx). La courbe critique pour φ quelconque se déduit de celle pour

φ = 0, obtenue avec des rouleaux transversaux (TR). Les rouleaux longitudinaux

(LR), caractérisés par φ = π/2 présentent une courbe critique indépendante du

nombre de Reynolds et pour laquelle le Rayleigh critique est celui obtenu au mini-

mum sur kx de Rmarg (P, kx), donc en convection de RB. Ce changement de repère

est la transformation de Squire, introduite initialement pour les écoulements de

cisaillement. Elle nous permet de limiter la résolution numérique du problème de
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Fig. 1.9 – Courbes critiques Rcrit pour les rouleaux transversaux (φ = π/2 en fonction
de R pour P = 0.71 (trait plein), P = 7 (trait mixte) et P = 450 (trait discontinu). Les
courbes critiques pour les rouleaux d’orientation φ 6= π/2 se déduisent de celles-ci par le
changement de variable R → R cosφ.

stabilité aux seuls TR. On observe sur les résultats numériques que, le nombre de

Rayleigh critique Rcrit étant pour tout nombre de Prandtl P une fonction croissante

du nombre de Reynolds R, la situation la plus instable pour les TR est atteinte pour

R = 0. Réciproquement, les premiers rouleaux à être destabilisés sont donc toujours

les LR.

1.2.2 Instabilités convectives et absolues

Cette modélisation invariante par translation du système peut difficilement décrire
le comportement d’instabilités se développant dans des situations où, en pratique, la
présence de limites latérales est d’autant plus sensible que l’écoulement moyen est im-
portant. D’une manière générale, l’approche théorique héritée des problèmes de stabilité
d’écoulements fermés prend en compte des perturbations présentant un vecteur d’onde
réel et une fréquence complexe, ce qui constitue un problème de stabilité temporelle. Les
études expérimentales des écoulements ouverts mettent souvent en avant leurs propriétés
de réponse spatiale à une excitation, en considérant des perturbations avec un vecteur
d’onde complexe et une fréquence réelle, ce qui constitue un problème spatial de réponse.
Il est nécessaire de mélanger les deux approches, en faisant intervenir un vecteur d’onde
et une fréquence complexes, pour déterminer quelle analyse est adaptée à l’étude des
instabilités se développant dans un écoulement ouvert. Afin de clarifier qualitativement
ces instabilités, intéressons-nous à la réponse impulsionnelle du système, c’est-à-dire à la
réponse à un pic de Dirac en temps et en espace qui permet d’envisager une situation
causale inhomogène à partir de laquelle on souhaite décomposer toute condition initiale.
La vigueur d’une instabilité thermo-convective est influencée par le niveau du gradient
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Fig. 1.10 – Évolution spatio-temporelle d’une instabilité convective. L’épaisseur des rou-
leaux est liée à l’amplitude locale des fluctuations. L’étalement de l’instabilité n’est pas
suffisant pour contrer l’advection.

de température imposé, e.g. du nombre de Rayleigh. L’instabilité s’étale autour de l’ori-
gine du pic de Dirac et elle subit un effet d’advection par l’écoulement moyen qui tend à
l’entrâıner en aval. Il y a donc une compétition entre la croissance, dans l’espace et dans
le temps, de l’instabilité et son advection. Le système peut alors présenter trois types de
comportement.

– L’énergie totale de la perturbation décrôıt dans le temps, le système est stable et
d’une tristesse confondante.

– L’énergie totale de la perturbation crôıt dans le temps, mais son étalement n’est pas
suffisant pour contrer l’advection vers l’aval. En un point fixe du référentiel d’étude,
l’amplitude de la perturbation décrôıt, le système est dit convectivement instable
(bien qu’advectivement instable prèterait moins à confusion). Une telle instabilité
est une réponse à un forçage externe, susceptible d’imposer sa fréquence.

– L’énergie totale de la perturbation crôıt dans le temps et son étalement est suffi-
samment rapide pour contrer l’advection vers l’aval. En un point fixe du référentiel
d’étude, l’amplitude de la perturbation crôıt et le système est dit absolument instable.
Un système absolument instable se présente comme un oscillateur pour lequel une
instabilité se développe dans le temps et l’espace à une fréquence qui est l’objet d’un
critère de sélection qui lui est propre.

La signature des instabilités obtenues pour des systèmes convectivement ou absolument
instable est différente. Par sa nature extrinsèque “d’amplificateur”, un système convecti-
vement instable présente un signal dont le spectre temporel est large, imposé par les per-
turbations qui lui sont appliquées. Par sa nature intrinsèque “d’oscillateur”, un système
absolument instable présente un spectre temporel piqué, possédant des fréquences propres,
les instabilités étant déclenchées lorsque le mode propre concerné est présent dans les per-
turbations appliquées au système. La réponse impulsionnelle est le bon outil d’étude de
ces comportements, car mathématiquement, un pic de Dirac en x, y et t excite tous les
modes de Fourier de ces variables.
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Fig. 1.11 – Évolution spatio-temporelle d’une instabilité absolue. L’étalement de l’insta-
bilité est suffisant pour contrer l’advection.

Dans un cas bidimensionel, considérons l’instabilité comme une onde dont la fréquence
ω et le nombre d’onde k sont liés par une relation de dispersion

D (ω, k; σ) = 0, (1.33)

où σ est l’ensemble des paramètres physiques du système. On atteint une situation d’in-
stabilité convective lorsque les paramètres σ permettent au taux de croissance associé à
une onde se déplaçant à la vitesse de groupe vg d’être positif pour au moins une valeur
de vg, soit :

= (ω (k,σ)) ≥ 0 avec
∂ω

∂k
= vg. (1.34)

Les conditions critiques d’instabilité absolue sont ensuite obtenues lorsque la relation
(1.34) est vérifiée pour :

vg =
∂ω

∂k
= 0 (1.35)

La caractérisation d’instabilités par l’étude de la réponse impulsionnelle a d’abord été
développée pour la physique des plasmas (15; 10; 11), autre grand champ d’application
d’instabilités en milieux continus. Ces notions ont été systématiquement développées pour
les problèmes de stabilité hydrodynamique par Huerre et Monkewitz (37). Dans le cas de
la convection RBP étudiée par Carrière et Monkewitz en 1999 (24), seuls les TR sont
susceptibles de devenir absolument instables. La figure 1.12 donne l’évolution des R de
transition stable/convectivement instable et convectivement instable/absolument instable
en fonction de R pour les TR.

Instabilités convectives et absolues en convection de Rayleigh–Bénard–

Poiseuille

En repartant du problème de RBP homogène, l’analyse de stabilité convec-
tive/absolue se fait en remplaçant les membres de droite nuls des équations (1.31)
par les transformées de Fourier de pics de Dirac en x, y et t. La variation en z du
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forçage ne change rien à la méthode de calcul mais les résultats en dépendent. On
cherche maintenant une solution de la forme :

(
w
θ

)
=

(
w̃ (z)

θ̃ (z)

)
exp (ikxx + ikyy − iωt) + c.c., (1.36)

où le vecteur d’onde et la fréquence sont complexes. Le vecteur
(
w̃ (z) , θ̃ (z)

)
est la

transformée de Fourier en x, y et t de la fonction de Green du système G (x, y, z, t).
Les conditions aux limites sont celles du calcul de Pellew et Southwell pour la
convection de RB. La solution du système (1.31) forcé s’exprime sous la forme d’un

développement en fonctions propres
(
w̃n (kx, ky; z) , θ̃n (kx, ky; z)

)
associées aux va-

leurs propres ωn (kx, ky) du système homogène. La condition de normalisation de ces
fonctions propres qui utilise le produit scalaire (1.24) doit être choisie avec soin, le
système (1.31) étant un problème aux valeurs propres généralisé non auto-adjoint.

En omettant la dépendance en kx et ky, les solutions
(
w̃ (z) , θ̃ (z)

)
se mettent alors

sous la forme : (
w̃ (z)

θ̃ (z)

)
=
∑

n

λn

i (ωn − ω)

(
w̃n (z)

θ̃n (z)

)
, (1.37)

où les coefficients λn dépendent de la variation suivant z du forçage. La transforma-
tion de Fourier inverse en temps se fait dans l’espace des ω complexes en choisissant
comme contour d’intégration une ligne parallèle à l’axe réel située au-dessus de
toutes les singularités ωn (kx, ky) et fermée dans le demi-plan = (ω) > 0 pour t < 0
et dans le demi-plan = (ω) < 0 pour t > 0. La condition de causalité, qui stipule
que la fonction de Green est nulle pour t < 0, est ainsi satisfaite, et cette fonction
de Green est intégrée en temps par la méthode des résidus. On obtient alors :

G (x, y, z, t) =
1

4π2

∑

n

∫ +∞

−∞

∫ +∞

−∞
λn

(
w̃n (z)

θ̃n (z)

)

× exp (−iωnt + ikxx + ikyy) dkxdky. (1.38)

Si un observateur se déplace sur un rayon de propagation vérifiant x/t = a et
y/t = b, seul un mode dont l’énergie se propage à la vitesse de groupe vg = aex+bey

est susceptible de voir son amplitude crôıtre le long de ce rayon. L’énergie des autres
modes tend à s’écarter de ce rayon. Trouver de tels modes revient à trouver dans
l’espace de Fourier (kx, ky) les points selle de ωn − kyb, fonction de ky, soit

∂ωn

∂ky

∣∣∣∣
kx

= b, (1.39)

et parmi ces points selle, ceux qui le sont aussi pour ωn − kyb− kxa, fonction de kx,
soit

∂ωn

∂kx

∣∣∣∣
ky

= a. (1.40)

La relation de dispersion doit nécessairement présenter des points de l’espace de
Fourier

(
ks

x, ks
y

)
où les conditions (1.39) et (1.40) sont vérifiées pour que l’intégration

de la fonction de Green soit possible. Le comportement asymptotique pour des temps
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Fig. 1.12 – Courbes critiques Rstable/convectif (trait plein) et Rconvectif/absolu (trait discon-
tinu) pour les rouleaux transversaux en fonction de R pour P = 7.

longs de la fonction de Green est alors donné par méthode de la plus forte pente
(“steepest descent”) et donne :

G (x, y, z, t) ' −i

2πt

∑

n

(
∂2 (ωn − kyb)

∂k2
y

s
∂2 (ωn − kyb − kxa)

∂k2
x

s)−1/2

λs
n

(
w̃s

n (z)

θ̃s
n (z)

)

× exp
(
−iωs

nt + iks
xx + iks

yy
)
. (1.41)

L’existence de solutions pour les conditions (1.39) et (1.40) suivant les valeurs

données à a et b décrit la nature des instabilité de l’écoulement. L’instabilité est

de nature convective lorsque pour au moins un rayon (a, b) il existe n tel que

= (ωn − kyb − kxa) > 0. L’instabilité est absolue si pour le rayon (a, b) = (0, 0)

il existe n tel que = (ωn) > 0. Les seuils critiques d’instabilité convective et absolue

sont fonction des nombres de R, de R et de P . Le calcul des seuils critiques d’insta-

bilité montre que les LR sont les premiers rouleaux convectivement instables, pour

un Rayleigh critique égal à celui de la convection de RBP homogène et que seuls

les TR sont susceptibles de devenir absolument instables pour un Rayleigh critique

qui augmente avec le carré de R.

1.2.3 Instabilités globales

L’étude du caractère convectif ou absolu d’une instabilité présente le grand intérêt de
distinguer entre les comportements extrinsèque et intrinsèque d’un écoulement ouvert.
Cette différenciation n’a rien d’artificiel et apparâıt de façon flagrante dans l’observation
des systèmes naturels ou expérimentaux. Cependant, la portée pratique de l’analyse de
stabilité convective/absolue est limitée. D’une part, les systèmes ouverts obtenus natu-
rellement ou artificiellement sont en pratique inhomogènes, ne serait-ce que du fait de
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Fig. 1.13 – Développement d’une allée de Bénard–von Kármán dans le sillage de l’̂ıle
d’Alejandro Selkirk culminant à 1640 m au large des côtes chiliennes, aperçu dans une
couche de nuages agissant comme traceur. Cette photographie couvrant une zone de 180
km de côté, issue de (1), a été prise le 15 septembre 1999 par le capteur ETM+ du satellite
Landsat 7.

leur taille finie. D’autre part, il serait impossible d’extraire du signal obtenu d’un système
absolument instable la contribution d’instabilités convectives déclenchées en amont. Les
limites du caractère convectif ou absolu proviennent donc du fait qu’on s’intéresse à une
réponse impulsionnelle en supposant de plus qu’autour du pic initial, aucune perturbation
n’existe. La présence généralisée de bruits dans tout système réel n’est guère compatible
avec cette hypothèse d’une perturbation très particulière. Il est donc souhaitable de cher-
cher à décrire une instabilité sur l’ensemble du domaine et de déterminer les conditions
dans lesquelles son comportement s’affranchit de la perturbation initiale pour mettre en
évidence un caractère spatio-temporel propre au système, comme celui que l’on peut ob-
server dans un sillage où se développe une allée de von Kármán (figure 1.13) étudiée, entre
autre, par Provansal, Mathis et Boyer en 1987 (82). Ce comportement ne peut se décrire
dans un système homogène où l’on ne pourrait faire la différence entre les contributions
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d’instabilités convectives et absolues. On doit donc s’intéreser à des systèmes inhomogènes.
Si l’on considère un système autonome, avec des conditions aux limites et un écoulement
de base stationnaires, l’analyse de stabilité linéaire se présente comme un problème de
recherche de fonctions propres et des valeurs propres — les fréquences complexes — qui
leur sont associées. On appelle mode global une telle instabilité présentant un caractère
synchronisé, pour laquelle les champs de grandeurs physiques se mettent sous la forme
A (x, y, z)B (t).

La mise en évidence d’un comportement intrinsèque dans un système requiert que les
modes et valeurs propres possibles soient dénombrables et isolés, un mode étant sélectionné
par son taux de croissance plus élevé que les autres. L’analyse de stabilité linéaire de la
convection de RB a fait apparâıtre comme conséquence du confinement de l’instabilité
suivant la direction z une discrétisation du spectre ωn. On peut similairement chercher à
imposer des conditions aux limites sur la perturbation dans les directions horizontales en
imposant des variations pertinentes de l’écoulement de base dans les directions x et y ; on
parle alors d’écoulement non parallèle. Une quantification du spectre liée à ces conditions
aux limites pourrait être ainsi mise en évidence. Dans certains cas, cette quantification
va permettre de dégager un critère de sélection du mode global et corrolairement des
conditions critiques d’apparition de ce type d’instabilité. L’inhomogénéité de l’écoulement
de base présente donc deux intérêts. D’une part, sa prise en compte permet de décrire des
situations plus proches de celle rencontrées en pratique. D’autre part, pour peu que ces
variations horizontales présentent les bonnes propriétés, elles vont permettre la description
globale du comportement d’un écoulement ouvert.

1.3 Modes globaux faiblement non parallèles

Alors que les modes globaux et leurs conditions critiques d’apparition ne sont ac-
cessibles qu’expérimentalement et numériquement pour des variations quelconques de
l’écoulement de base, le cas d’écoulements faiblement non parallèles est l’objet d’une mo-
délisation analytique fructueuse. Des variations spatiales lentes de l’écoulement de base
permettent d’appliquer efficacement les résultats obtenus pour des écoulements parallèles
et les instabilités ondulatoires qui s’y développent.

On rencontre fréquemment, dans différents domaines de la Physique, des ondes se pro-
pageant dans un milieu variant lentement. Par variation lente, on entend que la longueur
caractéristique de variation est très supérieure à la longueur d’onde. Dans ces conditions,
l’onde “voit” un milieu homogène et a le temps de s’adapter aux variations de ce milieu.
En partant de résultats sur l’équation de l’eikonale obtenus par Debye (on pourra se plon-
ger dans le livre de Jammer (40) pour un historique), cette hypothèse a été formalisée
dans les années trente. Historiquement, les développements Wentzel–Kramers–Brillouin–
Jeffreys(–van Vleck–Maslov–...) (WKBJ) ont été d’abord développés explicitement et ri-
goureusement en mécanique quantique afin de retrouver dans la limite semiclassique ~ → 0
le comportement classique à partir des lois quantiques (16; 17; 41; 48; 58; 99; 102). Ce
problème quantique de la limite semiclassique a alors un équivalent en terme d’onde
lorsque la longueur d’onde de de Broglie de la solution de l’équation de Schrödinger est
petite devant les échelles classiques, qui peuvent être, entre autre, celles des variations
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spatiales du potentiel. Le développement ainsi formulé est bien l’équivalent pour des
ondes de matière des ondes électro-magnétiques se propageant dans un milieu lentement
variable, pour lesquelles l’équation de l’eikonale de l’optique géométrique est la situa-
tion limite de l’optique ondulatoire lorsque la longueur d’onde devient infiniment petite.
Les développements WKBJ sont maintenant courants dans toutes les études des milieux
continus propageant des ondes. On continue de les trouver bien entendu en optique et en
mécanique quantique. On les retrouve en acoustique et en sismologie où l’étude de la pro-
pagation des ondes de compression et de cisaillement permet d’étudier la structure interne
de la Terre, de l’écorce jusqu’au noyau. On les retrouve aussi en magnéthohydrodynamique
dans l’étude d’instabilités au sein des étoiles ou dans les plasmas nécessaires à la fusion
nucléaire.

1.3.1 Principes de la modélisation

La nature convective ou absolue devient ici une caractéristique locale du système à
partir de laquelle on va analyser le comportement d’ensemble des instabilités synchro-
nisées. On parlera d’instabilité convective locale lorsque les caractéristiques locales de
l’écoulement de base placent le système au-delà du seuil critique d’instabilité convective
et en-deçà du seuil absolu. Similairement, on parlera d’instabilité absolue locale lorsque ces
caractéristiques placent le système au-delà du seuil critique absolu. Nous nous limiterons à
étudier des situations physiques “bien posées”, c’est-à-dire des systèmes stables sauf dans
un domaine compact et connexe comme représenté dans la figure 1.14. On s’affranchit
ainsi de cas pathologiques difficiles à modéliser, comme ceux décrits par Hunt et Crigh-
ton en 1991 (39) ou Yakubenko en 1997 (105), dans un domaine partout convectivement
instable où la causalité ne peut être exprimée.

Il a été vu précédemment que la convection de RBP peut présenter dans certaines condi-
tions une vitesse de groupe nulle pour les TR. Dans un système dont les caractéristiques
varient lentement dans l’espace, on peut donc trouver des lieux où la condition (1.35) est
vérifiée par les TR. En mécanique quantique, de tels lieux sont appelés points tournants et
correspondent à un rebroussement de la trajectoire d’une particule associée à une onde de
densité de présence. Un tel phénomène ne peut être décrit par un développement WKBJ
car il implique une variation brusque du comportement de l’onde. À proximité d’un tel
point, le mode global doit être cherché par le biais d’un développement intermédiaire pou-
vant décrire ces variations rapides. La nature et la modélisation de tels points sont traitèes
de façon complète dans l’ouvrage de Wasow (101). Dans une situation présentant une seule
direction lentement inhomogène, la présence de deux tels points peut se voir comme une
contrainte dans cette direction du mode d’instabilité et être liée à une quantification des
modes admis, la comparaison des taux de croissances pouvant conduire à un critère de
sélection. Notons qu’un tel critère est aussi accessible avec un double point tournant, ob-
tenu lorsque ces deux points tournants se rejoignent. De tels points tournants ne peuvent
exister que si le système se trouve localement au-delà de la limite d’instabilité absolue, ren-
dant possible la condition (1.35). L’existence d’un domaine d’instabilité absolue est donc
une condition nécessaire à l’établissement d’un mode global. On commence alors à voir
comment s’organise celui-ci : le domaine absolument instable se comporte comme un os-
cillateur excité assurant un apport suffisant d’énergie à l’instabilité pour crôıtre et contrer
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Fig. 1.14 – Action des différents mécanisme intervenant simultanément dans le
développement d’un mode global linéaire. L’épaisseur des rouleaux est ici aussi
représentative de l’amplitude locale des fluctuations.

l’advection vers l’aval par l’écoulement moyen. Le domaine convectivement instable assure
un apport d’énergie au mode, mais ne peut qu’amplifier les perturbations provenant de
la zone absolument instable. Le domaine stable amortit l’instabilité. Le mode global est
comme un naufragé sur une ı̂le déserte : dans l’océan — le domaine stable — il se noie et
déperit. Sur la plage — le domaine convectivement instable — il survit à condition que
le vent lui amène sa subsistance du centre de l’̂ıle — le domaine absolument instable —
où poussent les cocotiers.

En hydrodynamique, les premières références à de tels comportements instables sont
faites en 1974 par Drazin, d’abord sur l’équation modèle de Ginzburg–Landau (33), puis
sur l’instabilité de Kelvin–Helmoltz (32). Des critères de construction des instabilités
globales liés aux propriétés locales ont été présentés en 1983 par Soward et Jones (94)
pour un écoulement entre deux sphères concentriques, en 1984 par Pierrehumbert (77) et
en 1988 par Bar-Sever et Merkine (6) pour les instabilités baroclines dans les écoulements
géophysiques et en 1985 par Koch (46) pour les instabilités dans les sillages.

1.3.2 Résultats déjà obtenus

Jusqu’à maintenant, toutes les analyses de stabilité en mode globaux ont été menées
à bien sur des systèmes présentant une seule direction inhomogène. Après avoir été
développée et appliquée sur l’équation modèle de Ginzburg–Landau par Huerre, Mon-
kewitz, Chomaz et le Dizès entre autres (31; 50), l’analyse en mode global est utilisée
sur des problèmes plus complets tels les couches de cisaillement (61). L’analyse en mode
globaux de la convection de RBP faiblement inhomogène dans une direction a été menée
par Carrière et Monkewitz en 2001 (25).

Modes globaux en convection de Rayleigh–Bénard–Poiseuille pour

un chauffage inhomogène dans une direction

L’hypothèse de départ, permettant l’analyse WKBJ, est celle d’une variation
lente du problème de stabilité. Cette variation prend ici la forme d’une variation
unidimensionnelle du champ de température de la plaque inférieure, ce qui se traduit
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par la définition d’un nombre de Rayleigh local R (X) présentant un maximum
choisi en X = 0. Comme dans le cas de l’équation d’enveloppe, on introduit une
variable spatiale lente, déduite de la variable physique par X = εx, où ε est un
petit paramètre caractéristique des variations lentes de la température sur la plaque
inférieure (et non plus un écart au seuil critique). L’écoulement de base est modifié
par ces variations lentes par rapport au cas homogène et cherché sous la forme
d’un développement en puissances croissantes de ε. À l’ordre O

(
ε0
)
, on retrouve les

champs de base du problème homogène. On cherche la perturbation en TR, avec
k = kex, ceux-ci étant les seuls à devenir absolument instables. Les champs de cette
perturbation sont donc exprimés sous la forme d’un développement WKBJ :

(
w (X, z, t)
θ (X, z, t)

)
=

[(
w̃0 (X, z)

θ̃0 (X, z)

)
+ ε

(
w̃1 (X, z)

θ̃1 (X, z)

)
+ O

(
ε2
)]

× exp

(
i

ε

∫
k (X, ω) dX − iωt

)
+ c.c.,

(1.42)

où la fréquence complexe est décomposée en ω = ω0 + εω1 + O
(
ε2
)
. On souhaite

que la correction de fréquence εω1 prenne en compte l’inhomogéńité de l’écoulement
de base et permette de déterminer le mode le plus instable pour ce formalisme. À
partir des développements de l’écoulement de base et de la fluctuation, on obtient,
comme pour l’équation d’enveloppe, des problèmes de stabilité d’ordres successifs en
ε. À l’ordre O

(
ε0
)
, on retrouve ainsi le problème de stabilité homogène vérifié par

le premier ordre du développement (1.42). D’autre part, en tout point la relation de
dispersion homogène est vérifiée par les valeurs locales de R et k et ω0. La solution
de ce problème est cherchée sous la forme du produit d’une amplitude fonction de
X et d’une fonction propre du problème homogène :

(
w̃0 (X, z)

θ̃0 (X, z)

)
= A (X)

(
w̃0 (z)

θ̃0 (z)

)
. (1.43)

À l’ordre O (ε), la condition de solvabilité du problème inhomogène obtenu conduit
à une équation différentielle vérifiée par l’amplitude A (X) :

∂ω

∂k

dA

dX
+ A

(
−iω1 +

1

2

∂2ω

∂k2

∂k

∂X
+ η1 (X)

∂ω

∂X
+ η2 (X)

∂R
∂X

)
= 0. (1.44)

À un point tournant où ∂kω = 0, l’équation précédente est singulière et l’approxima-
tion WKBJ n’est par conséquent plus valable. Lorsqu’un tel point tournant se trouve
au maximum de R (X), on est en présence d’un double point tournant, qui devrait
permettre d’établir un critère de sélection du mode global. Dans ce cas d’un double
point tournant, on introduit la variable intermédiaire χ = ε1/2x, l’écoulement de
base est développé en puissances successives de ε1/2 et la solution dans cette région
interne est cherchée sous la forme :

(
wt (χ, z, t)
θt (χ, z, t)

)
=

[(
w̃t

0 (χ, z)

θ̃t
0 (χ, z)

)
+ ε1/2

(
w̃t

1/2 (χ, z)

θ̃t
1/2 (χ, z)

)

+ε

(
w̃t

1 (χ, z)

θ̃t
1 (χ, z)

)
+ O

(
ε3/2

)]
exp

(
i

ε1/2
ktχ − iωt

)
+ c.c..

(1.45)
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La notation t signifie que les différentes fonctions sont évaluées au double point
tournant. Le problème homogène doit être vérifié à l’ordre O

(
ε0
)
, ce qui impose la

fréquence du mode propre au double point tournant ω0 = ωt vérifiant la relation
de dispersion et la condition (1.35) ainsi que le premier ordre de la solution interne
cherché sous la forme :

(
w̃t

0 (χ, z)

θ̃t
0 (χ, z)

)
= A (χ)

(
w̃t

0 (z)

θ̃t
0 (z)

)
. (1.46)

L’ordre O
(
ε1/2

)
est automatiquement vérifié et l’ordre O (ε) conduit à l’équation

satisfaite par l’amplitude au voisinage du double point tournant :

∂2A

∂χ2
+ A

(
∂2ω

∂k2

∣∣∣∣
t
)−1(

2ω1 −
∂2ω

∂X2

∣∣∣∣
t
)

= 0. (1.47)

Cette équation n’a de solution amortie pour χ → ±∞ que si le mode le plus instable
présente une correction de fréquence

εω1 =
1

2

(
∂2ω

∂k2

∣∣∣∣
t
)1/2

∂2ω

∂x2

∣∣∣∣
t

. (1.48)

On a ainsi mis en évidence un critère de sélection tenant compte des mécanisme
de l’instabilité à travers ω0 et de l’inhomogénéité à travers εω1. Ce critère découle
de la construction même des modes globaux, ce qui lui confère bien le caractère
intrinsèque recherché.

L’analyse en modes globaux a été appliquée, comme il a été présenté, dans ce para-
graphe, à l’étude de la convection de RBP. Ce n’est pas, bien entendu, son seul champ
d’application et depuis une dizaine d’années, cette description rencontre un succès certain.
Sans dresser de liste exhaustive, les modes globaux se retrouvent dans l’interprétation des
résultats expérimentaux ou numériques obtenus sur les couches de mélange avec un contre-
courant ((96)), sur le sillage derrière un cylindre dans le régime de Bénard–von Kármán
((86)) ou derrière une aile profilée ((104)), sur les jets inhomogènes ((60)), sur la couche
limite se développant sur un disque en rotation ((51; 52)). En lien avec la géophysique, les
modes globaux ont été introduits dans l’étude de la dynamo solaire ((59)) et dans celle
de la convection dans une sphère en rotation ((43)). Toutes ces études concernent des
variations lentes unidimensionnelles des paramètres physiques du système étudié.

1.4 Objectifs

L’objet de ce travail est de généraliser à deux directions inhomogènes, s’ajoutant
à celle de confinement, le calcul de mode globaux tridimensionnels, synchronisés, par
développement WKBJ de l’amplitude. Les appélations bi- et tridimensionnel se révèlent
ambigues car elles ne précisent pas si l’on parle des directions de propagation de l’instabi-
lité en temps qu’onde ou si l’on parle des dépendences spatiales de l’instabilité en ajoutant
aux directions de propagation celle de confinement. Cette exposé essaiera, dans la me-
sure du possible, de lever cette ambiguit{e en précisant à quoi s’applique les termes bi-
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et tridimensionnel. On cherche donc à établir que de la présence d’un double point tour-
nant, bidimensionnel, dans ce développement découlent une quantification de la fréquence
tenant compte de l’inhomogénéité de l’écoulement de base et un critère de sélection du
mode le plus instable. Par mode le plus instable, il est sous entendu que ceci est vrai
parmi les modes obtenus par ce formalisme. Le passage d’un problème de propagation
unidimensionnelle à un problème bidimensionnel soulève des problèmes mathématiques.
Ces problèmes sont suffisamment ardus pour qu’une telle généralisation n’ait, à notre
connaissance, encore jamais été fâıte en hydrodynamique ou en tout autre domaine de la
Physique. Un cas unidimensionnel présente une relation de la forme (1.33) qui constitue
une équation algébrique, non linéaire si le système est dispersif. Un cas bidimensionnel
présente une relation de la forme :

D (ω, kx, ky,σ) = 0, (1.49)

ce qui peut aussi s’écrire

D
(
ω,
∂φ

∂x
,
∂φ

∂y
,σ

)
= 0, (1.50)

à savoir une équation aux dérivées partielles du premier ordre, non linéaire, vérifiée par
la phase φ (x, y, t). De même les équations d’amplitude (1.44) et (1.47) vont devenir des
équations aux dérivées partielles. Comment dès lors modifier le critère de sélection pour te-
nir compte de cette dimension supplémentaire ? Comment d’autre part imposer les bonnes
conditions aux limites sur le vecteur d’onde et l’amplitude afin d’obtenir une solution phy-
siquement acceptable et déterminer de façon unique les champs de kx, ky et A ?

Dans le chapitre 2, une telle approche est appliquée à une équation d’enveloppe dérivée
rigoureusement sur la convection de RBP pour des conditions proches des conditions
critiques à de faibles nombres de Reynolds. Les conditions critiques obtenues par le critère
de sélection analytique ainsi qu’une approximation du mode global le plus instable donnée
par le premier terme du développement de ce dernier autour du double point tournant
sont comparées aux résultats numériques de simulations de l’équation d’enveloppe. Le
comportement du vecteur d’onde loin du point tournant, en lien avec les conditions aux
limites requises pour le mode global, est décrit. Ces deux aspects sont présentés sous la
forme de deux articles destinés à être soumis à une revue scientifique.

Dans le chapitre 3, présenté sous une forme susceptible d’être publiée rapidement,
cette approche est appliquée au cas plus général des équations de Navier–Stokes dans
l’approximation de Boussinesq pour un nombre de Reynolds quelconque. Cette situation
plus générale permet de revenir sur et de présenter de façon complète comment, à par-
tir de l’existence d’un double point tournant bidimensionnel, le critère de sélection et
l’approximation de l’amplitude du mode global le plus instable sont calculés. Une étude
paramétrique de l’évolution des conditions critiques avec les caractéristiques physiques et
géométriques de l’écoulement de base est fâıte et l’approximation de l’amplitude du mode
global trouvé le plus instable est représentée.
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Chapitre 2

Modes globaux tridimensionnels en

formalisme d’enveloppe

2.1 Présentation

Les équations de Navier–Stokes, même exprimées dans le cadre de l’approximation de
Boussinesq (1.6), restent d’un formalisme mathématique particulièrement ardu. Il s’agit
en effet d’équations aux dérivées partielles en temps et en espace, non linéaires. Aucun
cadre général n’existant pour ce genre de problème, des hypothèses simplificatrices sont
formulées afin d’obtenir des modélisations mathématiquement abordables. Comme il a
été présenté dans l’introduction, le formalisme d’enveloppe s’est révélé particulièrement
fructueux dans l’étude de la convection de RB au voisinage du seuil d’instabilité pour des
systèmes confinés. Ce formalisme conserve, pour des conditions proches des conditions
critiques, une bonne partie de la dynamique linéaire et non linéaire du système. Cette
modélisation doit a priori conduire, en convection de RBP, à une enveloppe solution
d’une équation de type Ginzburg–Landau à coefficients complexes. Cette équation étant
récurrente dans de nombreux domaines de la Physique et des systèmes dynamiques, elle
fait l’objet de recherches mathématiques propres et ses solutions sont maintenant bien
documentées. On pourra à ce propos se référer à l’article de synthèse publié par Aranson et
Kramer en 2002 (5). Cependant, la dérivation rigoureuse de cette équation d’enveloppe n’a
jusqu’à aujourd’hui jamais été faite en convection de RBP. Celle proposée ici est en partie
antérieure à cette thèse, ces résultats antérieurs se trouvant dans (23). Sa présentation
complète est l’objet du premier article présenté dans ce chapitre.

Ce calcul de l’équation d’enveloppe est mené à bien pour des rouleaux d’orientation
quelconque avec un R fini, de l’ordre de l’unité, puis avec un R infinitésimal. Pour des R
finis, l’amplification des LR est établie dans le repère se déplaçant à la vitesse de groupe.
Après le calcul de l’équation d’enveloppe pour des rouleaux d’orientation quelconque à des
R infinitésimaux, une analyse de stabilité convective/absolue est faite sur cette équation
et il est alors établi que seuls les TR sont susceptibles de devenir absolument instables
dans le référentiel d’étude.

L’équation d’enveloppe obtenue pour des TR à R infinitésimaux

∂tA =
(
r (x, y) − ρ2

)
A− ρ (c+ η) ∂xA+ iρη∂2

yA+
(
∂x − i∂2

y

)2
A− A2A (2.1)
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est ensuite utilisée pour introduire le calcul de modes globaux imposés par un double point
tournant bidimensionnel en convection de RBP. Les variations de r entrâınent la stabilité
locale de l’écoulement sauf dans un domaine bidimensionnel compact où r présente un
maximum. Le formalisme d’enveloppe a l’avantage de proposer un problème de stabilité
scalaire et une relation de dispersion analytique donnant explicitement la fréquence en
fonction du vecteur d’onde et des paramètres physiques de l’écoulement. S’inspirant des
résultats déjà obtenus dans les cas unidimensionnels, on cherche à construire un mode
global à partir d’un double point tournant, sous la forme d’un développement WKBJ

A (X,Y, t) =
(
A0 (X,Y, ω) + εA1 (X,Y, ω) +O

(
ε2
))

exp

(
i

ε
Φ (X,Y, ω) − iωt

)
, (2.2)

avec ω = ω0 + εω1 + O (ε2), ∂XΦ = a et ∂XΦ = b, se raccordant à un développement
intermédiaire

A(χ, υ, t) =
(
A0 (χ, υ) + ε1/2A1/2 (χ, υ) + εA1 (χ, υ) +O

(
ε3/2
))

× exp

(
i

ε1/2

(
atχ+ btυ

)
− i (ω0 + εω1) t

)
(2.3)

dans la zone interne autour du point tournant. Dans un cas bidimensionnel, ce double
point tournant correspond à un point où les deux composantes de la vitesse de groupe
s’annulent et où le nombre de Rayleigh réduit r (x, y) apparaissant dans l’équation (2.1)
présente un maximum local. Après avoir imposé les variations spatiales r (x, y), la relation
de dispersion locale

ω = i
(
r − ρ2

)
+ ρca+ ρη

(
a+ b2

)
− i
(
a+ b2

)2
(2.4)

et la condition de point tournant

{
∂aω = 0,
∂bω = 0,

(2.5)

qui y sont vérifiées impliquent la valeur du vecteur d’onde (at, bt) et la fréquence complexe
ωt = ω0 du mode le plus instable à ce point. Le caractère borné du développement central
impose l’expression de son premier ordre

A0 (x, y) = exp

(
−εαx

2 + εβy2 + 2εδxy

2

)
, (2.6)

ainsi que la correction de la fréquence complexe :

εω1 = −iεα− ρcεβ. (2.7)

La fréquence totale, en conduisant au mode le plus instable, et corrolairement aux condi-
tions critiques de l’écoulement, permet donc d’établir un critère de sélection pour les modes
ainsi construits. Le calcul complet du développement WKBJ qui nécessite d’intégrer dans
le plan (X,Y ) amplitude et phase n’a pas été réalisé à ce stade. Le critère de sélection et
le premier ordre de la solution interne (2.3) sont quant à eux beaucoup plus accessibles
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analytiquement et simples d’utilisation. Ils sont comparés aux résultats de simulations
numériques directes de l’équation d’enveloppe à travers les champs d’amplitude et une
étude paramétrique des conditions critiques.

Le calcul analytique des modes globaux imposés par un double point tournant bi-
dimensionel sur l’équation d’enveloppe et les simulations numériques des situations ont
été réalisés au cours de la thèse. Les simulations numériques ont été faites à l’aide d’un
code de différences finies pré-existant et modifié afin d’y intégrer les variations de r (x, y).
Les calculs analytiques et numériques des modes globaux se développant sur une bosse
bidimensionnelle de température ainsi que la comparaison des résultats font l’objet du
deuxième article présenté dans ce chapitre.

Dans ce chapitre, les composantes a et b sont celles du vecteur d’onde de l’enveloppe,
qui n’est pas celui de l’instabilité, celui-ci restant égal à kc sa valeur au seuil critique pour
R = 0. Enfin le paramètre ε du premier article quantifie l’écart au seuil d’instabilité alors
que le paramètre ε du second article quantifie l’inhomogénéité du paramètre r (x, y).
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Envelope equation for RBP system. Part I 37

2.I.1 Introduction

The destabilisation of a motionless horizontal fluid layer heated from below, the so-called
Rayleigh–Bénard (RB) problem, has received considerable attention in the past century
since the original observations of (7) and may now be considered well understood. The
linear stability analysis of an infinitely extended, uniformly heated layer developed by
(83), generalised to the case of no-slip condition at the horizontal boundaries by (74), was
always found to give a satisfactory prediction of the critical temperature difference for the
appearance of convective cells in large aspect ratio containers (see 91; 47). An explanation
for such an agreement is provided by the coincidence of the threshold for monotonic
stability, as predicted by an energy method (92; 93; 44), with the threshold for linear
instability which excludes any kind of sub-critical bifurcation. In addition, its absolute
nature in the sense of (15) ensures that the instability invades the whole fluid layer, once
the temperature difference between top and bottom boundary has reached a super-critical
value. The question of the convection pattern selection, which remains unanswered at the
linear stage, was first explored by means of amplitude equations, often termed Stuart-
Landau equations after the rigorous derivation by (97) of the (49) conjecture in parallel
flows. Generalising the previous work of (54), (87) showed that the stable roll pattern for
convection between rigid walls successfully corresponds to the usually observed pattern,
while hexagonal cells or still more exotic patterns may be encountered due to temperature
dependence of the viscosity, for instance, as in (72) (see 103, for experimental evidence
of the zoology of possible patterns). In this context, geometrical constraints imposed
by the finite extent of the experimental apparatus have a strong influence on the final
orientation and the local details of the pattern. Allowing slow spatial variations in the
original multiple scale analysis, (65) and (89) used the envelope equation formalism to
predict the spatial modulation of the amplitude, in particular, the preferential alignment
of rolls parallel to the shorter side of a rectangular “box”.

Considering now cases where a mean shear flow, e.g. a Poiseuille flow in the present
paper, is imposed on the differentially heated fluid layer, the destabilisation scenario
becomes more complicated. The linear stability analysis of (36) has shown that the loss
of horizontal isotropy induces a dependency of the critical temperature difference, i.e. the
critical Rayleigh number R(ϕ)

c , on the roll orientation ϕ, where ϕ is the angle between
the horizontal wavevector and the streamwise direction. For longitudinal rolls (LR), i.e.

rolls with their axes aligned with the streamwise direction, R(π/2)
c is easily found to be

independent of the Reynolds number R, characterising the mean flow, while for any other
direction, R(ϕ)

c is found to be an increasing function of R 1. Consequently, longitudinal
rolls were always considered to be the preferred pattern in Rayleigh–Bénard–Poiseuille
convection (henceforth abbreviated as RBP convection) and, indeed, were repeatedly
observed in early experiments (3; 68; 35). However, the existence of travelling transverse
roll (TR) convection in some regions of the R−R parameter space is now well established
experimentally (53; 69; 70; 71; 88; 106; 29). This pattern has also been obtained from
“direct” numerical simulations of the full set of incompressible Navier–Stokes equations
under the usual Boussinesq approximations (see, for instance, 88; 30). TR convection is

1Strictly speaking, the analysis of (36) is only valid when the Prandtl number is unity. Later studies
suggested that the results are relevant for arbitrary Prandtl numbers, see for instance (62; 63).
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thus a possible state of the RBP system, but it is not obvious why it can appear in spite
of the lower instability threshold of LR convection. It seems that TR’s are preferentially
observed at low values of R (on which this paper will concentrate).

To illustrate the added difficulties of the RBP problem as compared to the pure
Rayleigh–Bénard case, one has to go a step beyond the linear stability analysis. Fol-
lowing the original work of (84), (45) proposed to model the problem by means of two
real amplitude equations of the kind:

dA⊥

dt
= (r − ρ2)A⊥ − A3

⊥ − (1 + β2)A⊥A
2
‖, (2.I.1a)

dA‖

dt
= rA‖ − A3

‖ − (1 + β2)A‖A
2
⊥, (2.I.1b)

where A⊥ and A‖ are the amplitudes of the transverse and longitudinal rolls, respectively,

while r and ρ are, up to real multiplicative constants, equal to ε−2(R − R(π/2)
c ) and

ε−1R, respectively, with ε being a small expansion parameter. The real coefficient β is
directly related to the interaction coefficient appearing in the RB problem (see 87, for a
quantitative evaluation) since the mean shear does not influence the nonlinear interactions
at this order (note that β depends on the Prandtl number P ). The main features of
system (2.I.1) are shown in figure 2.I.1. For r ≤ 0, A⊥ = A‖ = 0 is the stable solution.
As r becomes positive, this solution becomes unstable and pure LR’s emerge as a stable
solution. TR’s appear when r > ρ2, but are unstable as long as r < ρ2(1+β−2). Finally, for
r ≥ ρ2(1+β−2), both LR’s and TR’s are stable with the final state strongly dependent on
the initial condition. This state always consists of either LR’s or TR’s since a combined
pattern with A⊥ 6= 0 and A‖ 6= 0 is unstable as in the case of the pure RB problem.
Hence, nonlinear mechanisms increase the difference between the (linear) critical Rayleigh
numbers for LR’s and TR’s but nevertheless allow stable TR convection for sufficiently
large values of R. The preceding analysis remains valid for an arbitrary orientation ϕ of
the roll with amplitude A(ϕ), provided ρ is replaced by ρ cosϕ and the appropriate value
of β is used.

The dependence of the final orientation of the roll pattern on the initial condition
in the spatially homogeneous problem modelled by amplitude equations (2.I.1) may be
roughly considered the temporal equivalent of the dependence of the final pattern on
spatial constraints and inhomogeneities in a real laboratory experiment. The presence of
lateral walls, as well as system in and outlet and spatial imperfections of the temperature
profile on the upper and lower plates, for instance, are known to strongly influence the
pattern selection. As in the RB case, such effects may be modelled by allowing slow spatial
variations of the amplitude (and possibly of one or more parameters) in the multiple scale
analysis used to derive envelope equations. Such an analysis has been performed by (100)
for a RBP system in which a streamwise linear variation of the Rayleigh number is allowed.
Walton’s rigorous derivation of envelope equations highlights the main difficulties inherent
in this approach which arise from the difference of the relevant scalings for different roll
orientations. This is partly related to the convective nature of the RBP instability at
marginality and the possible, orientation dependent transition to absolute instability for
super-critical Rayleigh numbers (63; 24). In the following, we extend the analysis of
(100), by including slow variations of the amplitude in the transverse direction and more
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Figure 2.I.1: Phase-space trajectories of (2.I.1) for different values of r. (a): r ≤ 0, the
origin is the only sink. (b): 0 < r ≤ ρ2, the origin is a saddle point and the point A⊥ = 0,
A‖ = r1/2 corresponding to LR’s becomes a sink. (c): ρ2 < r ≤ ρ2(1 + β−2), the origin is
a source, the “pure LR point” remains a sink and a saddle point emerges on the TR-axis.
(d): r > ρ2(1 + β−2), the saddle point on the TR-axis becomes a sink while a new saddle
point, corresponding to a combination of TR’s and LR’s, emerges.
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general variations of the Rayleigh number. According to our previous work (see 24),
transition from convective to absolute instability only involves TR’s. In contrast to this
previous study, in which the stability problem was treated numerically, we are seeking
here analytical solutions. In section 2.I.2, we derive envelope equation describing LR’s for
O(1) Reynolds numbers and examine their stability properties. In section 2.I.3, analytical
solutions are developed in the limit of small Reynolds numbers which allow an explicit
determination of the Green function and hence are particularly useful to understand the
different behaviour of LR’s and TR’s. They also provide the starting point for a global
mode analysis with two directions of wave propagation, presented in part II of the article.
A general discussion of the results is proposed in section 2.I.4.

2.I.2 Finite R = O (1) Reynolds number

The fluid layer, of depth h in the vertical z-direction, is assumed to be of infinite extent in
the horizontal x- and y-directions and subjected to a pressure gradient in the x-direction
so that a mean Poiseuille flow is established with non-dimensional velocity and pressure
fields

Up = Ũp(z) ex =
(
1 − 4z2

)
ex, (2.I.2a)

Πp = − 8

R
x+ const.. (2.I.2b)

In (2.I.2), the Reynolds number R is defined as

R =
Umh

ν
, (2.I.3)

where Um is the maximum of the Poiseuille velocity profile and ν is the kinematic viscosity
of the fluid. Without loss of generality, the temperature of the upper wall is assumed to
be at a constant value T∗r relative to which the temperature in the fluid is defined (here
and in the following a ∗ denotes a dimensional quantity). Temperature differences are
scaled with respect to the quantity νK/(gαh3) with g the gravitational acceleration, α
the thermal expansion coefficient and K the thermal diffusivity of the fluid. We assume
that the (dimensional) lower wall temperature T+

∗ departs only slightly from the critical
temperature for linear instability in the absence of through-flow. Introducing the critical
Rayleigh number R(π/2)

c for LR’s (and the RB problem) and a small parameter ε, one can
write

T+
∗ = T∗r +

νκ

gαh3

(
R(π/2)

c + ε2R2

)
, (2.I.4)

where the small departure from criticality ε2R2 can depend slowly on the x- and y-
coordinates. For an O(1) Reynolds number, as considered in this section, the appropriate
scaling for the slow spatial coordinates is

x1 = εx, (2.I.5a)

y1 = εy. (2.I.5b)
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In addition, the following successively slower time scales are introduced:

t1 = εt, t2 = ε2t. (2.I.6)

To facilitate the distinction between different scalings, we denote the original O(1) spatial
and time coordinates x, y and t by x0, y0 and t0.

As usual, the non dimensional velocity U, pressure Π and temperature T fields are
expanded as

U = Up + εu1 + ε2u2 + ε3u3 + h.o.t., (2.I.7a)

Π = Πp + Π0 + εp1 + ε2p2 + ε3p3 + h.o.t., (2.I.7b)

T = T0 + εθ1 + ε2θ2 + ε3θ3 + h.o.t., (2.I.7c)

with

T0 = R(π/2)
c (

1

2
− z), Π0 =

R(π/2)
c

2
z(1 − z) + const.. (2.I.8)

Details of the derivation and the solution of the successive problems are given in appendix
A.1. According to the linear stability analysis, for an O(1) Reynolds number, only LR’s

are unstable since the Rayleigh number is R(π/2)
c at leading order. The solution v1 =

(p1,u1, θ1)
T may thus be written

v1 = A exp(ikcy0)V1(z) + c.c., (2.I.9)

with V1 given in appendix A.1 and c.c. denoting the complex conjugate. The amplitude
A in (2.I.9) is an implicit function of the slow variables A = A(x1, y1, t1, t2).

As detailed in appendix A.1, a non trivial equation is obtained from the solvability
condition of the problem at order O(ε2) due to the convective nature of the instability:

∂t1A+Rc ∂x1
A = 0. (2.I.10)

As recognised early on by (95), the solution of (2.I.10) is a wave propagating at group
velocity R c:

A = A(χ1, y1, t2) with χ1 = x1 −Rc t1. (2.I.11)

Our numerical evaluation of c gives:

c = P
0.4718 + 1.375P

0.8012 + 1.566P
, (2.I.12)

in agreement with the results of (100) so that R c is strictly positive except in the limits
R → 0 or P → 0. Thus, the instability remains convective and, as a consequence, the next
order approximation describes the evolution of the wave in the frame of reference moving
at the group velocity. It is noteworthy that this envelope formalism cannot capture a
transition from convective to absolute instability, even if it existed, for an O(1) Reynolds
number since it would involve at least an O(1) difference between the critical Rayleigh
number for convective instability and the Rayleigh number for convective-absolute transi-
tion (the ansatz (2.I.4) only allows an O(ε2) difference). This is in full agreement with our
previous analysis of this problem where no convective-absolute transition was detected for
LR’s for R = O(1) and physically relevant values of the Rayleigh number (24).



42 Submitted to J. Fluid Mech.

At the next order, the following envelope equation for the complex amplitude A is
obtained

τ ∂t2A = µR2A+ αR2 ∂2
χ1
A+ iηR ∂χ1

∂y1
A+ ξ ∂2

y1
A− λA2A. (2.I.13)

The numerical values for the various constants appearing in equation (2.I.13) are (cf
appendix A.1):

τ = P−1 (0.8012 + 1.566P ), (2.I.14a)

µ = 0.018, (2.I.14b)

α = 10−2(τP )−2(0.004359 + 0.004804P + 0.4436P 2 + 0.0735P 3 + 0.0849P 4), (2.I.14c)

η = (τP )−1(0.05523 + 0.01103P + 0.04263P 2), (2.I.14d)

ξ = 4.555. (2.I.14e)

λ = 0.7753 − 0.005229

P
+

0.009228

P 2
. (2.I.14f)

The Landau constant λ is taken from (87). All these coefficients are strictly positive for
any non-zero value of the Prandtl number. By the simple change of variables:

t2 → τ−1t2, A→ λ1/2A, χ1 → R−1α−1/2χ1, y1 → ξ−1/2y1, η → (αξ)−1/2η, (2.I.15)

and by setting

r = µR2, (2.I.16)

(2.I.13) is reduced to the generic form:

∂t2 A = r A+ ∂2
χ1
A+ iη ∂χ1

∂y1
A+ ∂2

y1
A− A2A, (2.I.17)

where the influence of the Reynolds number is now hidden in the redefinition of χ1.
Equation (2.I.13) is relevant for O(1) values of R sufficiently below the critical Reynolds
number for Tollmien-Schlichting type instabilities where, according to (34), an additional
equation would have to be introduced.

Equation (2.I.17) has the classical phase winding solutions

A0 =
(
r − a2 − b2

)1/2
exp (i (aχ1 + by1 − ηabt2 + φ0)) , (2.I.18)

with wavenumbers a and b in the directions of χ1 and y1 and φ0 an arbitrary constant
phase, provided r > a2 + b2. The linear stability of such a solution is investigated by
adding a small perturbation B to the solution A0:

A = A0 +B (χ1, y1, t2) exp (i (aχ1 + by1 − ηabt2 + φ0)) . (2.I.19)

The equation for B, linearised around A0, is obtained as

∂t2B = −
(
r − a2 − b2

) (
B +B

)
+ (−ηb+ 2ia) ∂χ1

B + (−ηa+ 2ib) ∂y1
B

+ ∂2
χ1
B + iγ ∂2

χ1
∂y1
B + ∂2

y1
B. (2.I.20)
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With the ansatz

B = B1 exp (i (a′χ1 + b′y1 − ω′t2)) + B2 exp
(
−i
(
a′χ1 + b′y1 − ω′t2

))
, (2.I.21)

where B1 and B2 are two complex constants, one obtains a dispersion relation which is
quadratic in ω′ and yields the eigenvalues

ω′
± = σqk′ − i(r′ + q2) ± i

(
r′2 + q2(2k′ζ + iη′q)2

)−1/2
. (2.I.22)

In (2.I.22), the following abbreviations have been introduced for convenience:

k′2 = a2 + b2, r′ = r − k′2, q2 = a′2 + b′2, η′ = ηq−2a′b′, ζ = (k′q)−1(aa′ + bb′),
σ = η(k′q)−1(ab′ + ba′).

(2.I.23)

The root ω′
− of (2.I.22) has an imaginary part which remains negative since A0 exists only

for r′ > 0. For the phase winding solution to be stable, =(ω′
+) has to be negative as well,

which is the case if the real part of the square root in (2.I.22) is smaller than r ′ − q2 .
After some algebra, this condition may be expressed as:

q2
[
(1 + η′2)q6 + 2

(
r′ + (r′ − 2k′2ζ2)(1 + η′2)

)
q4 (2.I.24)

+
(
r′2(1 + η′2) + 4r′(r′ − 2k′2ζ2)

)
q2 + 2r′2(r′ − 2k′2ζ2)

]
> 0.

Clearly, the coefficients of the polynomial in q2 are positive as long as r′ > 2k′2ζ2. On the
other hand, when r′ < 2k′2ζ2 the last coefficient is negative, implying negative values of
the polynomial in some regions around q = 0. In terms of the original r, phase winding
solutions are thus stable if r > (1+2ζ2)k′2. Since ζ is the cosine of the angle between the
wavevector of the phase winding solution and of the perturbation, the most restrictive
condition is obtained for ζ = 1, for which the Eckhaus criterion is recovered:

k′2 <
r

3
. (2.I.25)

This simply means that the most dangerous instability of a given phase winding solution
of (2.I.17) has the same wavevector orientation as the solution itself.

Provided (2.I.25) is satisfied, the envelope equation (2.I.17) thus predicts the existence
of stable longitudinal convection rolls, which may be slowly modulated in the horizontal
direction, above the RB threshold of R(π/2)

c ≈ 1707. This result fully agrees with the
known experimental observations at moderately large Reynolds numbers. Considering
that equation (2.I.17) is only valid in a moving frame of reference, the temporal evolution
in (2.I.17) mimics the spatial evolution (amplification) of finite amplitude inlet perturba-
tions into LR’s. This naturally leads to the question of what happens when other kinds
of perturbations, more specifically TR’s, are also amplified. This question implies that
the critical Rayleigh number is of the same order for all wavevector orientation, meaning
that, in the present formalism, the analysis must be restricted to small Reynolds numbers.
This is the subject of the following section.
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2.I.3 Envelope equation for infinitesimal R

2.I.3.1 Envelope equations for R = O(ε3/2)

The multiple scale analysis must be modified when considering values of R of the order
of some power of the small parameter ε. As already remarked by (100), two different
scalings for R, corresponding to different behaviour of the system, can be chosen. The
very low Reynolds number limit may be investigated by setting

R = ε3/2R3/2. (2.I.26)

With this scaling, the O(ε) problem reduces to the Rayleigh-Bénard problem in the ab-
sence of mean through-flow. Hence, no mode orientation is selected at the linear stage
and the analysis may be performed for a roll of arbitrary orientation ϕ, recalling that
ϕ has been defined as the angle between the horizontal wavevector and the streamwise
direction. It is then more convenient to use x′ and y′ axes normal and tangential to the
roll axis, respectively. The relevant scalings for these coordinates are

x′1 = εx′, y′1/2 = ε1/2y′, (2.I.27)

while the appropriate time scales are

t3/2 = ε3/2t, t2 = ε2t. (2.I.28)

At first order, the roll solution v1,ϕ = (p1,ϕ,u1,ϕ, θ1,ϕ)T is given by

v1,ϕ = Aϕ exp
(
ikc

(
x′0 −R3/2 c cosϕ t3/2

))
V1,ϕ(z) + c.c., (2.I.29)

with c given by (2.I.12) and Aϕ = Aϕ(x′1, y
′
1/2, t2). Note that, as expected, roll modes

(except LR’s) are travelling waves in the presence of a mean shear, with phase speed
proportional to R and to cosϕ (see 62). The analysis detailed in appendix A.2.1 yields
the envelope equation for Aϕ:

τ∂t2Aϕ = µR2Aϕ+τ R3,2 c sinϕ∂y′
1/2
Aϕ+ξ

(
∂x′

1
+ (2ikc)

−1 ∂2
y′

1/2

)2

Aϕ−λA2
ϕAϕ, (2.I.30)

which is just the Newell-Whitehead-Segel equation (see 65; 89) obtained for zero through-
flow with an additional convection term proportional to the Reynolds number times the
sine of the angle between the wavevector and the streamwise direction. The definition of
the various coefficients appearing in (2.I.30) is the same as in the previous section. Thus,
(2.I.30) may be simplified by the following change of variables:

t2 → τ−1t2, Aϕ → λ1/2Aϕ, x
′
1 → ξ−1/2x′1, y

′
1/2 →

(
2kc ξ

−1/2
)1/2

y′1/2. (2.I.31)

Setting furthermore

c̃ = τc

(
αkc

2
ξ1/2

)−1/2

, ρ = α1/2kcR3/2, (2.I.32)
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where the coefficient α has been introduced for coherence with the future equation (2.I.42),
equation (2.I.30) becomes

∂t2Aϕ = rAϕ + ρc̃ sinϕ∂y′
1/2
Aϕ +

(
∂x′

1
− i∂2

y′
1/2

)2

Aϕ − A2
ϕAϕ, (2.I.33)

with r as defined by (2.I.16).
Since, in the local stability analysis of (2.I.33), the additional convective term only

contributes to the oscillatory part of the instability mode, the critical values for local in-
stability are the same as for the Newell-Whitehead-Segel equation. For the analysis of the
nature of the instability, convective or absolute, it is convenient to go back to the Green
function rather than trying to directly apply the (15) criterion (see 14; 24, for its applica-
tion in the case of two wave propagation directions). After successive Fourier transforms
in the y′1/2 (wavenumber b), x′1 (wavenumber a) and t2 (frequency −ω) directions, the

response of the linear part of (2.I.33) to an impulse δ(x′
1)δ(y

′
1/2)δ(t2) is easily found to be

ˆ̂
Ĝ(a, b, ω) =

(
−iω − r − ibρc̃ sinϕ+

(
a+ b2

)2)−1

. (2.I.34)

The inverse Fourier transform in time is performed, as usual, along a contour in the
complex ω-plane which is a straight line parallel to the real axis located above all the
singularities (i.e., such that =(ω) > r) to satisfy the causality condition. Closing the
contour in the lower ω-plane and evaluating residues, one obtains for t2 > 0

ˆ̂
G(a, b, t2) = − exp

((
r − ibρc̃ sinϕ+

(
a+ b2

)2)
t2

)
. (2.I.35)

Since the argument of the exponential is a quadratic form in a, the inverse Fourier trans-

form of
ˆ̂
G in the a-direction can be performed analytically (see 27, p. 22):

Ĝ(x′1, b, t2) = − 1

2(πt2)1/2
exp

[(
r −

(
1

2

x′1
t2

)2

+ ibρc̃ sinϕ− ib2
x′1
t2

)
t2

]
. (2.I.36)

Finally, the Green function in physical space is obtained by inverting the Fourier transform
in the b-direction (27, p. 38) with the result

G(x′1, y
′
1/2, t2) = −exp(−iπ/4)

4πt2

(
x′1
t2

)−1/2

exp

[(
r −

(
1

2

x′1
t2

)2
)
t2

]

× exp


i

(
4
x′1
t2

)−1
(
ρc̃ sinϕ+

y′1/2

t2

)2

t2


 . (2.I.37)

The convective/absolute nature of the instability is determined by the limiting behaviour
of G(x′1, y

′
1/2, t2) as t2 → ∞ along the particular ray x′1/t2 = y′1/2/t2 = 0. Considering the

clearly singular limit x′1/t2 → 0 in (2.I.37) yields

lim
x′
1
/t2→0

G(x′1, y
′
1/2, t2) = − 1

2π1/2t2
exp(rt2) δ

(
t
1/2
2

(
ρc̃ sinϕ+

y′1/2

t2

))
. (2.I.38)
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Figure 2.I.2: Sketch of the impulse response for R = O(ε3/2). Only the response along the
ray x′1/t2 = 0 is represented, where the Dirac delta function is symbolised by a vertical
arrow. (a), Definition of the x′- and y′-directions. (b), impulse response for arbitrary ϕ.
(c), ϕ = 0 (TR’s). (d), ϕ = π/2 (LR’s).

Hence, along the ray x′1/t2 = 0, G is a Dirac delta function moving at velocity −ρc̃ sinϕ
along the y′1/2-direction. Thus, the impulse response is 0 along the ray x′

1/t2 = y′1/2/t2 = 0
for all modes except TR’s, since in this case sinϕ = 0 and the delta function remains
stationary while experiencing unbounded growth in t2. The different possibilities are
sketched in figure 2.I.2.

Therefore, the key result obtained from the envelope equation (2.I.33) is that, in the
presence of even a weak mean Poiseuille through-flow, all instability modes except trans-
verse rolls are convectively unstable, in agreement with our earlier findings (24). Further
investigations based on (2.I.33) therefore do not appear to be of interest and we seek fur-
ther insight into the problem by increasing R to O(ε) as detailed in the next subsection.
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2.I.3.2 Envelope equations for R = O(ε)

The Reynolds number is increased by modifying (2.I.26) to

R = εR1, (2.I.39)

which requires the introduction of the additional time scale t1 = εt in order to allow rolls
to travel at speeds of order O(R). The oscillatory behaviour of rolls is thus promoted to
the time scale t1:

v′
1,ϕ = Aϕ exp (ikc(x

′
0 −R1 c cosϕ t1))V1,ϕ(z) + c.c.. (2.I.40)

As detailed in appendix A.2.2, the solvability condition at order O(ε5/2) implies that (cf
the previous subsection for the justification of the frame of reference υ ′

1/2)

Aϕ = Aϕ(x′1, υ
′
1/2, t2), with υ′1/2 = y′1/2 +R1c sinϕt3/2. (2.I.41)

This leads at the next order in ε to the envelope equation

τ∂t2Aϕ =
(
µR2 − αR2

1k
2
c cos2 ϕ

)
Aϕ −R1 (τ c+ kcη) cosϕ∂x′

1
Aϕ +

i

2
R1η cosϕ∂2

υ′
1/2
Aϕ

+ ξ
(
∂x′

1
+ (2ikc)

−1 ∂2
υ′

1/2

)2

Aϕ − λA2
ϕAϕ, (2.I.42)

which describes the spatio-temporal behaviour of Aϕ in a frame of reference moving at the
group velocity −R1c sinϕ along the y′1/2-direction. With the change of variables (2.I.31),
the redefinitions

c→ τc k−1
c (αξ)−1/2, η → (αξ)−1/2η, ρ = α1/2kcR1, (2.I.43)

and r as defined by (2.I.16), (2.I.42) may be rewritten as

∂t2Aϕ =
(
r − ρ2 cos2 ϕ

)
Aϕ − ρ (c+ η) cosϕ∂x′

1
Aϕ + iρη cosϕ∂2

υ′
1/2
Aϕ

+
(
∂x′

1
− i∂2

υ′
1/2

)2

Aϕ − A2
ϕAϕ, (2.I.44)

Envelope equation (2.I.44) is an extension of the amplitude equation of (84) and con-
sequently has the same critical values of the control parameter for local instability, i.e.:

rϕ,c = ρ2 cos2 ϕ. (2.I.45)

In other terms, the critical Rayleigh number depends on both the square of the Reynolds
number and the square of the cosine of the wavevector angle. All instability modes,
including TR’s, are now of convective type at marginality. According to subsection 2.I.3.1,
no transition to absolute instability occurs when ϕ 6= 0. For TR’s, on the other hand,
equation (2.I.44) predicts such a transition. Indeed, proceeding as in section 2.I.3.1, the
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following expression for the Green function associated with (2.I.44) is obtained in the
particular case ϕ = 0:

G(x′1, y
′
1/2, t2) = −exp(−iπ/4)

4πt2

(
x′1
t2

− ρc

)−1/2

exp

[{
r − ρ2

(
1 +

(c+ η)2

4

)

− 1

2

x′1
t2

(
x′1
t2

− ρ
c+ η

2

)}
t2

]
exp


i

(
4(
x′1
t2

− ρc)

)−1
(
y′1/2

t2

)2

t2


 .

(2.I.46)

At sufficiently low positive values of r− ρ2, the instability is convective since the growing
part of the wave packet described by (2.I.46) is entirely contained between the two rays
given by x′1/t2 = ρ(c+ η) ± 2(r − ρ2)1/2. Increasing r while holding ρ fixed thus leads to
a transition to absolute instability when r > ra with

ra − ρ2 = ρ2 (c+ η)2

4
. (2.I.47)

2.I.4 Discussion

Including both streamwise and transverse wave propagation directions, the analysis of
section 2.I.3 has revealed the subtle behaviour of the linear impulse response of the RBP
system at low Reynolds numbers. In particular, it has allowed to completely determine
the convective or absolute nature of any instability pattern. Returning to figure 2.I.2, the
Green function which, in the y′1/2-direction (i.e. the roll axis direction), remains a Dirac

delta function located at a negative value of y′1/2/t2, prevents any upstream propagation of

the impulse response and thus any possibility of a convective/absolute transition, except
for TR’s. Due to the singular nature of the Green function, the determination of saddle-
points of the dispersion relation becomes singular as the y′1/2/t2-axis is approached, as
only one saddle-point, corresponding to the location of the Dirac delta function, subsists
along this axis. The analytical determination of the Green function, made possible in the
simplified framework of envelope formalism, clarifies our previous analysis of the general
case (24), which used steepest descent techniques to evaluate the asymptotic behaviour
of the Green function and where the disappearance of the saddle-point for x/t → 0 left
some uncertainty about the effective behaviour of the Green function. For the particular
case of TR’s, the present results also confirm the result of (63).

More generally, the study highlights the complexity of the competition between LR’s
and TR’s in the RBP system. On the one hand, for any non-zero value of the Reynolds
number, the smallest critical Rayleigh number for convective instability always pertains
to LR’s. Furthermore, LR’s are found to be a possible stable finite amplitude pattern.
Owing to their convective nature, LR’s are however expected in a real experiment of
finite length to appear as a result of spatial streamwise amplification of external noise
at the inlet. The critical Rayleigh number for convective instability of TR’s, on the
other hand, is increasing with the square of the Reynolds number. Nevertheless, as the
TR instability becomes absolute for sufficiently high values of the Rayleigh number, TR
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Figure 2.I.3: Ratio between the distance to the critical Rayleigh number R2 for TR’s
(dotted line, finite amplitude stability curve; solid line, convective-absolute transition)
and the square of the Reynolds number R1 as a function of the Prandtl number P .

patterns can invade the entire RBP cell, including the vicinity of the inlet, irrespective of
the level of external noise in the experiment. This is believed to explain the experimentally
observed transition from LR to TR pattern in RBP convection when the Rayleigh number
is increased at a fixed low value of the Reynolds number (see 53; 69; 70; 71; 88; 106; 29).

A more complete exploration of such a transition in the somewhat unrealistic spatially
homogeneous case would require interactions between TR’s and LR’s. Due to the dis-
parity of the relevant spatial scalings, it is at this point not clear how to include such
interactions in the envelope equation formalism. Nevertheless, one can compare the criti-
cal Rayleigh numbers for stability of finite amplitude TR’s with respect to LR’s, as given
in the introduction, and for the transition to absolute instability. Since both the Rayleigh
numbers are quadratic functions of the Reynolds number in the limit studied, we show the
ratio R2/R

2
1 as a function of the Prandtl number P in figure 2.I.3. It first shows the rapid

increase of the absolute Rayleigh number with P , in agreement with our previous results
(24). Second, the stability curve always stays below the convective-absolute transition
which suggests that absolutely unstable, finite amplitude TR’s, are stable with respect to
LR’s. It is noted however that this result is restricted to low Reynolds numbers. At larger
R, there is no evidence that the last conclusion remains true. Indeed, in most experiments
no TR patterns have been found at higher Reynolds number. Finally, rolls with arbitrary
orientation 0 < ϕ < π/2 do not play a major role in this scenario, since such rolls are at
most convectively unstable like LR’s but have a smaller growth rate.

With the homogeneous case essentially clarified, the analysis has to be extended to
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include spatial inhomogeneities in order to better model real experiments. A first analysis
of this kind has been carried out by (25) in the framework of the Navier–Stokes equations
for TR’s varying slowly in the streamwise direction (i.e. without transverse variation).
Equation (2.I.44) now offers a simplified framework to extend the so-called global mode
analysis to the case of base states which are varying slowly in both horizontal directions
and give rise to roll patterns with two wave propagation directions. This program is the
subject of part II of the present article.

The financial supports of the ERCOFTAC Leonhard Euler Center, the Direction des
Relations Internationales of the CNRS (Ph. C.) and the DERTT of the Région Rhône-
Alpes (D. M.) are gratefully acknowledged.
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2.II.1 Introduction

The Ginzburg–Landau equation with an advection term and variable coefficients has
widely served as a model equation for the study of synchronised one-dimensional global
modes (see 38; 31; 50; 76, among others). A two-dimensional Ginzburg–Landau equation
in Rayleigh–Bénard–Poiseuille (RBP) convection at low Reynolds numbers, that is the
mixed convection in a horizontal fluid layer heated from below with a superimposed one-
directional Poiseuille through-flow, has been rigorously derived by envelope formalism
in Part I of this paper (26) which will henceforth simply be referred to as “I” (corre-
spondingly, equation numbers preceeded by “I” refer to Part I). The complex envelope
A of transverse roll (TR) patterns, i.e. with the axes of the rolls perpendicular to the
Poiseuille flow, in particular, is governed by equation (I3.20), with cosφ = 1:

∂tA =
(
r − ρ2

)
A− ρ (c+ η) ∂xA+ iρη∂2

yA+
(
∂x − i∂2

y

)2
A− A2A, (2.II.1)

where t denotes time and x and y the streamwise and transverse coordinates, respec-
tively. The entire analysis and discussion in the present paper will be carried out in the
coordinates defined in I, which have been scaled and transformed according to (I3.2)–
(I3.3) and (I3.6). It suffices to recall here that the main characteristic of these coordinate
definitions is the scaling of y like x1/2. The transformed coordinates serve to simplify
the presentation as much as possible, but the reader is warned that, as a consequence,
the recovery of the global mode envelope in physical coordinates is somewhat involved.
The real control parameters r and ρ are the rescaled Rayleigh and Reynolds numbers,
respectively, while c and η are two positive (real) functions of the Prandtl number P . In
the case of spatially uniform r and ρ, the threshold for convective instability is obtained
from the linearised version of (2.II.1) as rc = ρ2; the boundary of absolute instability is
ra = ρ2

(
1 + (c+ η)2 /4

)
(see I3.23).

To understand the relation between the instability of a spatially uniform (parallel)
system and localized instabilities associated with spatial non-uniformities, it is useful to
start with the simplest possible model. It consists of keeping the rolls homogeneous in the
y-direction parallel to their axes, i.e. ∂y ≡ 0 in (2.II.1), and confining the solution to a
domain of finite streamwise extent by requiring A = 0 at the boundaries x = 0 and x = L,
while keeping r and ρ constant. In this case, the marginally unstable solutions of the
linearised version of (2.II.1) are A = sin (nπx/L) exp (ρ(c+ η)/2), and the corresponding
critical values of the Rayleigh number are

r(n,L)
c = ρ2

(
1 +

(c+ η)2

4

)
+

(nπ)2

L2
. (2.II.2)

It is noteworthy that for L → ∞, r
(n,L)
c → ra so that only local absolute instability

gives rise to linear instability in a streamwise confined domain. However, as r exceeds
the lowest r

(1,L)
c , modes with increasingly larger n become unstable and the solution

develops strong gradients near the domain boundaries as it grows nonlinearly, thereby
violating the assumptions for the derivation of the envelope equation (2.II.1) (see also the
analogous phenomenon in the Ginzburg–Landau model for vortex shedding from a finite
length cylinder, discussed in section III of 4). Furthermore, vanishing perturbations at



52 Submitted to J. Fluid Mech.

both domain boundaries are not very realistic physically: in an experiment, perturbations
swept into the test section are difficult to minimize and at the outflow boundary they are
often substantial.

These problems can be alleviated by assuming a spatial variation of the control pa-
rameters in an infinite domain in such a manner that the system is linearly stable every-
where, except in a region of finite extent. Assuming for instance the parabolic variation
r = r(max) − x2/L2 in (2.II.1) where the y-derivatives are still omitted, the critical value

r
(max)
c for linear instability is found to be

r(max)
c = ρ2

(
1 +

(c+ η)2

4

)
+

1

L
. (2.II.3)

Again, equation (2.II.3) behaves like r
(n,L)
c in the limit of L→ ∞, i.e. r

(max)
c → ra.

To represent physical reality, however, the spatial variation of the parameter r should
mimic the experimental condition of a fully developed Poiseuille flow with constant tem-
perature entering the differentially heated part of the apparatus. For this, fully analytical
solutions of equation (2.II.1) reduced to its x-variation are no longer adequate for a real-
istic shape of r(x). One has to resort to an asymptotic analysis based on matched WKBJ
expansions as in (61), for instance. Within this framework, the selection criterion for the
most unstable global (synchronized and self-excited) mode is obtained from the matching
of the WKBJ expansions through turning points.

For the RBP problem, a first analysis of this type has been carried out in (25) for a
purely streamwise variation of the Rayleigh number, i.e. for the two-dimensional case
with only one wave propagation direction. The present study aims at extending the ideas
and asymptotic methods used in the classical two-dimensional global mode analysis to the
RBP system with two wave propagation directions, i.e. to the case where the Rayleigh
number r(x, y) in the full, two-dimensional, equation (2.II.1) varies slowly in both the
streamwise and transverse directions.

The inclusion of the transverse parameter variation in the analysis of a thermal convec-
tion system such as the RBP system is essential to arrive at a physically realistic model,
since convection patterns are known to be very sensitive to the presence of lateral walls,
for instance. We note in passing that the through-flow profile in any real RBP cell also
varies with y near the lateral walls. Moreover, in real systems non-uniformities of the
temperature, for instance, are hardly one-dimensional, as assumed in (25), but take the
form of ‘hot spots’ of various shapes. It is the aim of the present analysis to elucidate the
conditions for which such a “hot spot” within a RBP cell leads to a localized convection
roll pattern. The influence of side walls on the through-flow and on the roll pattern,
however, will not be considered. This amounts to assuming that the lateral extent of the
RBP cell is large compared to the size of the hot spot and that the physical side walls are
located within zones of local stability, which may be compared to the “viscous sponges”
used near (outflow) boundaries in numerical analysis.

The following global mode analysis is based on the envelope equation (2.II.1), which
offers an attractive alternative to the major complications of an analysis based on the
original conservation equations. The main simplification is that it allows to work with
an explicit rather than an implicit (numerically defined) local dispersion relation. Fur-
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thermore, numerical solutions of equation (2.II.1) are easily obtained to compare with
analytical predictions, in particular providing a good test for the mode selection criteria
to be developed.

The material is organized as follows: §2.II.2 is devoted to the WKBJ approximations
and a discussion of the associated turning points. Next, the frequency selection criterion
for global modes, associated with a double turning point in two dimensions, is derived in
§2.II.3. Analytical predictions of global mode frequency and growth rate as well as the
envelope amplitude in the neighborhood of the double turning point are then compared
in §2.II.4 with numerical simulations of the envelope equation with hot spots in the form
of Gaussian bumps introduced through the spatial variations of the reduced Rayleigh
number r. The last section, finally, is devoted to a general discussion of the relevance
of the global mode analysis, and touches on some aspects of the complete global mode
construction which involves matching of outer WKBJ expansions (outer in both the x
and y directions !) and the inner solution in the turning point region.

2.II.2 WKBJ expansion

The linear global mode analysis is governed by the linearised version of (2.II.1):

∂tA =
(
r − ρ2

)
A− ρ (c+ η) ∂xA+ iρη∂2

yA+
(
∂x − i∂2

y

)2
A. (2.II.4)

As in our previous work for the two-dimensional (i.e. one-dimensional in terms of wave
propagation direction) problem (see 25), the spatial inhomogeneities are imposed through
the x- and y-dependence of the reduced Rayleigh number r. In order to obtain a well-
posed global mode problem, r is taken to be at a subcritical value sufficiently far from a
central region, where a single maximum is reached for x = y = 0. Local instability arises
in (2.II.4) when r > ρ2.

The presence of the fourth derivative in y prevents the analytical solution of (2.II.4) for
meaningful variations of r. Assuming that r varies on a typical length scale much larger
than O(1), i.e. the cell height, the solution of (2.II.4) can be approximated by WKBJ
expansion. For this, we introduce the coordinates X = εx and Y = εy, slow relative to
the original x and y coordinates of (2.II.1) and assume that r = r(X,Y ). The WKBJ
expansion of a perturbation with complex frequency ω on the trivial steady state solution
of (2.II.4) can then be written in the form:

A (X,Y, t) =
(
A0 (X,Y, ω) + εA1 (X,Y, ω) +O

(
ε2
))

exp

(
i

ε
Φ (X,Y, ω) − iωt

)
. (2.II.5)

As in the one-dimensional case, the frequency is a priori expanded as ω = ω0 + εω1 +
O (ε2). The necessity of this expansion will become clear in the construction of the global
mode. The components of the wavevector in the x and y-directions, henceforth denoted
as a (X,Y, ω) and b (X,Y, ω) respectively, are related to the phase Φ (X,Y, ω) by:

a (X,Y, ω) = ∂XΦ, b (X,Y, ω) = ∂Y Φ, (2.II.6)

with the continuity condition:
∂Y a = ∂Xb. (2.II.7)
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Conversely, Φ may be determined from a and b using:

Φ (X,Y, ω) =

∫ X

0

a(p, Y ) dp+

∫ Y

0

b(0, q) dq =

∫ X

0

a(p, 0) dp+

∫ Y

0

b(X, q) dq, (2.II.8)

where the arbitrary value of Φ (0, 0, ω) is taken to be 0. Introducing the WKBJ expansion
(2.II.5) in (2.II.4), a local dispersion relation is recovered at leading order:

ω = i
(
r − ρ2

)
+ ρc ∂XΦ + ρη

(
∂XΦ + (∂Y Φ)2)− i

(
∂XΦ + (∂Y Φ)2)2 , (2.II.9)

or, equivalently, in terms of a and b:

ω = i
(
r − ρ2

)
+ ρca+ ρη

(
a+ b2

)
− i
(
a+ b2

)2
. (2.II.10)

The two-dimensional local dispersion relation (2.II.9) is now a nonlinear, first order par-
tial differential equation on Φ. As in the one-dimensional case, (2.II.9), or equivalently
(2.II.10) and (2.II.7), defines a complete family of solutions among which only some are
physically relevant (namely those satisfying condition 2.II.12). Following the general
methodology in (61), the partial differential equation for A0 is obtained at order O(ε) in
the WKBJ expansion:

∂aω∂XA0 + ∂bω∂YA0 + A0

(
−iω1 +

1

2
∂2

aω∂Xa+
1

2
∂2

bω∂Y b+
1

2
∂a∂bω (∂Y a+ ∂Xb)

)
= 0.

(2.II.11)
This equation breaks down where ∂aω = ∂bω = 0, i.e. when the group velocity vanishes.
As far as the dispersion relation (2.II.10) is concerned, such a turning point for the ampli-
tude equation (2.II.11) does exist in Fourier (a, b)-space. Inspired by the one-dimensional
case, this turning point is assumed to govern the behaviour of the global mode. A lo-
cal analysis around this turning point is thus required and will be carried out in §2.II.3.
As in the one-dimensional case, the vanishing of the group velocity is related to branch
changes of the wavevector, these branch changes being necessary to enforce the boundary
conditions for the global mode. The subcritical values of r (x, y) sufficiently far from the
central region require A (X,Y, t) to be bounded as |X| → ∞ or |Y | → ∞. Thus, Φ has
to satisfy:

= (Φ (X,Y, ω)) → +∞ as |X| → ∞ or |Y | → ∞. (2.II.12)

Condition (2.II.12) may be equivalently expressed as:

∀Y,=(a) < 0 as X → −∞ and =(a) > 0 as X → +∞, (2.II.13a)

∀X,=(b) < 0 as Y → −∞ and =(b) > 0 as Y → +∞, (2.II.13b)

assuming the complex nature of a and b. The main difficulty in the calculation of the
WKBJ expansion is that the group velocity and the wavevector have two components. The
simultaneous treatment of the branch changes for both components of the wavevector is
required to uniquely express and evaluate the first order of the WKBJ expansion (2.II.5).
This implies that the decay of the global mode far from the locally unstable area needs
to be considered in both the x- and y-direction, leading to the far field values of the
imaginary parts of a and b shown in figure 2.II.1. These requirements on the imaginary
parts must be added to the required existence of several solution branches for a and b. The
matchings of the different solution branches for a or b will be the main topic of §2.II.5.
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Y

X

Im(b)>0

Im(b)<0

Im(a)>0Im(a)<0

Figure 2.II.1: Regions of positive/negative imaginary parts of the wavenumbers a and b in
the physical (X,Y )-space. Far from the central region, r has been assumed to correspond
to regions of local stability.

2.II.3 Double turning point region

A turning point is defined by the conditions:

∂aω = ∂bω = 0. (2.II.14)

This turning point is two-dimensional by nature, and the two equations of (2.II.14) define
a simple two-dimensional turning point. Together with (2.II.10), (2.II.14) defines the
values ωt, at and bt at a turning point, identified by the superscript t’s. From

ρ (c+ η) − 2i
(
at + bt

2
)

= 0 (2.II.15a)

and
2bt
(
ρη − 2i

(
at + bt

2
))

= 0, (2.II.15b)

it follows that:

at = − i

2
ρ (c+ η) , bt = 0, (2.II.16)

and the local value of the frequency at this turning point is finally obtained as:

ωt = irt − iρ2

(
1 +

(c+ η)2

4

)
= i
(
rt − ra

)
, (2.II.17)

where the local critical value for absolute instability ra is given by (I3.23). As discussed
in (50) the selection criterion could at this point be imposed by a set of simple turning
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points with a common value of r or by the coalescence of these turning points in a double
turning point. The location (X t, Y t) of such a double two-dimensional turning point is
defined by (2.II.14) and, in addition,

∂Xω
t = ∂Y ω

t = 0. (2.II.18)

The parametric dependence of ωt onX and Y via rt (X,Y ) implies that the double turning
point is located at the maximum of rt, i.e. at

Xt = Y t = 0. (2.II.19)

As =(ωt) is proportional to rt, the local growth rate is largest at the double turning
point. Therefore, it is reasonable to assume that this double turning point provides the
selection criterion for the global mode. Possible global modes associated with a set of
simple turning points will not be considered in this study.

In a direct extension of the one-dimensional case (see 38), two inner variables χ =
ε−1/2X and υ = ε−1/2Y are introduced in the vicinity of the double turning point, and
the perturbation is sought in the form:

A(χ, υ, t) =
(
A0 (χ, υ) + ε1/2A1/2 (χ, υ) + εA1 (χ, υ) +O

(
ε3/2
))

× exp

(
i

ε1/2

(
atχ+ btυ

)
− i (ω0 + εω1) t

)
, (2.II.20)

while r is expanded as:

r = rt +
ε

2

(
∂2

Xr
tχ2 + ∂2

Y r
tυ2 + 2∂X∂Y r

tχυ
)

+O
(
ε3/2
)
. (2.II.21)

For r to have a true maximum at the origin, one must assume that:

∂2
Xr

t < 0, ∂2
Y r

t < 0 and
(
∂X∂Y r

t
)2
< ∂2

Xr
t∂2

Y r
t. (2.II.22)

Inserting the expansions (2.II.20) and (2.II.21) in the governing equation (2.II.4), the
homogeneous problem is recovered at order O (ε0). Furthermore, the dispersion relation
(2.II.10) implies ω0 = ωt. At order O

(
ε1/2
)

the stability equation is satisfied without
loss of generality by A1/2 = 0 while, at order O (ε), the following second order partial
differential equation for A0 is obtained:

∂2
χA0 − iρc∂2

υA0 + A0

(
iω1 +

1

2

(
χ2∂2

Xr
t + υ2∂2

Y r
t + 2χυ∂X∂Y r

t
))

= 0. (2.II.23)

It is seen that separation of variables is possible in (2.II.23) if the principal axes of
the temperature bump are aligned with the coordinates, i.e. in cases where ∂X∂Y r

t = 0.
In this situation, the selection criterion and envelope equation become identical to the
one-dimensional case (see 25). More general solutions for swept hot spots can be found
by first introducing the substitution:

A0 = F (χ, υ) exp

(
−αχ

2 + βυ2 + 2δχυ

2

)
. (2.II.24)
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The α, β and δ in (2.II.24) are solutions of:

−α2 + iρcδ2 =
1

2
∂2

Xr
t, (2.II.25a)

iρcβ2 − δ2 =
1

2
∂2

Y r
t, (2.II.25b)

(−α + iρcβ) δ =
1

2
∂X∂Y r

t. (2.II.25c)

Thus, the governing equation for F is:

∂2
χF − iρc∂2

υF −2 (αχ+ δυ) ∂χF +2iρc (βυ + δχ) ∂υF +F (iω1 + iρcβ − α) = 0. (2.II.26)

For ω1 = −iα − ρcβ, (2.II.26) has the particular solution F = const. . Introducing the
substitution:

ζ = dχ2 + eυ2 + 2δχυ, (2.II.27)

with d and e given by:
de = δ2, (2.II.28a)

id− ρce = iα− ρcβ, (2.II.28b)

equation (2.II.26) is transformed into an equation of the degenerate hypergeometric kind
(see 80, equation 2.1.2.103, p. 143)) for F (ζ):

(id+ ρce) ζd2
ζF − 1

2
(2 (id+ ρcβ) ζ − id− ρce) dζF − 1

4
(ω1 + iα + ρcβ)F = 0. (2.II.29)

Note that the system (2.II.28) generally has two solutions (d1, e1) and (d2, e2) for given
values of α, β and δ, thereby generating two independent variables ζ1 and ζ2 (correspond-
ing to the independence of the original variables χ and υ). Focusing on one variable ζ
and omitting the subscript, the solution of (2.II.29) is given by:

F (ζ) = C1M

(
a,

1

2
,
ζ

λ

)
+ C2

(
ζ

λ

)1/2

M

(
a +

1

2
,
3

2
,
ζ

λ

)
, (2.II.30)

with C1 and C2 two free constants,

a =
1

4

ω1 + iα + ρcβ

id+ ρcβ
, λ =

id+ ρce

id+ ρcβ
(2.II.31)

and M being the Kummer function (see 2).
The two-dimensional function F (χ, υ) is thus transformed into the sum of two inde-

pendent one-dimensional functions F1 (ζ1) and F2 (ζ2) which can be studied in a similar
fashion as in the one-dimensional case (see, again, 38; 25). The decay of the global mode
as |x| → ∞ or |y| → ∞ requires that A0 is a decaying function of |χ| and |υ|. A solution
(α+, β+, δ+) of (2.II.25) consistent with this requirement has to satisfy:

<(α) > 0, <(β) > 0 and <(δ)2 < <(α)<(β). (2.II.32)
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Moreover, for large |ζ| the Kummer function M increases more rapidly than the expo-
nential term of (2.II.24) except when it reduces to Hermite polynomials. This is the case
when 2a = −n, with n zero or a positive integer. Hence, the following relation is obtained
for the O (ε) frequency

ω
(1,2)
1 = −iα+ − ρcβ+ + 2n (id1,2 + ρcβ+) . (2.II.33)

This defines two infinite sets of global modes in the directions ζ1 and ζ2 given by d1

and d2, respectively, which correspond to a discrete frequency spectra. The two sets
are connected at n = 0, where the two solutions d1 and d2 coalesce. As remarked by
(38), n cannot be too large without conflicting with the hypothesis of the slow O

(
ε1/2
)

variation of A0 (χ, υ). In this case, first order turning points with an O(1) separation
would have to be considered as in (50). In the situation where n is small and (2.II.22)
satisfied, i.e. all our hypotheses are satisfied, one can reasonably expect that the finite
size of the absolutely unstable domain reduces the growth of the instability relative to the
local parallel system with the maximum absolute growth rate and results in a stabilizing
correction ω1 for all n. This requires

= (−iα+ − ρcβ+) < 0 and = (id1,2 + ρcβ+) < 0. (2.II.34)

In the example where ∂2
X,Y r

t = 0, the coefficients are given by

α+ =

(−∂2
Xr

t

2

)1/2

, β+ =
1 + i

2

(−∂2
Y r

t

ρc

)1/2

, d1 = α+ + iρcβ+., d2 = 0. (2.II.35)

This leads to:

−iω
(1)
1 = −(2n+ 1)

(−∂2
Xr

t

2

)1/2

− 1

2

(
−ρc∂2

Y r
t
)1/2

+
i

2

(
−ρc∂2

Y r
t
)1/2

, (2.II.36a)

−iω
(2)
1 = −

(−∂2
Xr

t

2

)1/2

− 2n+ 1

2

(
−ρc∂2

Y r
t
)1/2

+
i(2n + 1)

2

(
−ρc∂2

Y r
t
)1/2

. (2.II.36b)

Thus, all coefficients have a stabilizing effect so that the most unstable global mode is the
one with n = 0 and F = const., i.e. with a Gaussian shape for the amplitude in both the
χ- and υ-direction. In the case where ∂X∂Y r

t 6= 0, the solution is more complicated and
explicitly given in (56). In the present study, we have investigated the solutions of (2.II.33)
for specific values of the parameters covering the range used in the numerical simulation
of §2.II.4. In this range of parameter values it was always possible to find solutions
(α+, β+, δ+) satisfying (2.II.32) and (2.II.34), but so far it has not been established that
the latter conditions are always matched. In all cases considered, n = 0 was always found
to be the most unstable global mode. As a last step, to relieve the reader, the selection
criterion and the envelope are reexpressed in terms of original coordinates x and y. The
correction at O(ε) for the frequency is then

εω1 = −iεα− ρcεβ. (2.II.37)
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The envelope approximation in the inner region of the most unstable mode previously
evaluated is

A0 (x, y) = exp

(
−εαx

2 + εβy2 + 2εδxy

2

)
, (2.II.38)

with εα, εβ and εδ the solutions of the following system (2.II.39) which satisfies the
conditions (2.II.32) and (2.II.34).

− (εα)2 + iρc (εδ)2 =
1

2
∂2

xr
t, (2.II.39a)

iρc (εβ)2 − (εδ)2 =
1

2
∂2

yr
t, (2.II.39b)

(−εα + iρcεβ) εδ =
1

2
∂x∂yr

t. (2.II.39c)

2.II.4 Numerical simulations

In this section, the quality of the analytical description of the global mode developed in
§2.II.3 is assessed by comparison with numerical solutions of equation (2.II.4). For this,
we use a Prandtl number of P = 7 corresponding to the coefficient values c = 11.27 and
η = 0.101, as derived in I (I2.11 and I2.13d modified by I3.19). Furthermore, the spatial
variation of the parameter (r − ρ2) (x, y) is assumed to be a two-dimensional Gaussian
bump with, in the most general case, a swept elliptical planform:

(
r − ρ2

)
(x, y) = −1 (2.II.40)

+2 exp

(
−x

2

2

(
cos2 ψ

σ2
1

+
sin2 ψ

σ2
2

)
− y2

2

(
sin2 ψ

σ2
1

+
cos2 ψ

σ2
2

)
− xy

2
sin 2ψ

(
1

σ2
1

− 1

σ2
2

))
,

where ψ is the angle between the x axis and the principal axis “1” of characteristic
length σ1. For simplicity, the function (r − ρ2) (x, y) is kept unchanged, while the re-
duced Reynolds number ρ is reduced below its critical value ρcrit which therefore de-
pends on σ1, σ2 and ψ only. The local stability properties are then best characterized
in terms of (r − ρ2). Where (r − ρ2) (x, y) < 0 the system is locally stable (LS). For
0 < (r − ρ2) (x, y) < ρ2 (c+ η)2 /4, the system is locally convectively unstable (LCU)
and, finally, it is locally absolutely unstable (LAU) for (r − ρ2) (x, y) > ρ2 (c+ η)2 /4. As
a LAU region is necessary to destabilize a global mode of the type considered here, the
critical parameter ρcrit must be smaller than ρa = 2/ (c+ η) = 0.1759.

The numerical calculations are performed in a square domain (x, y) ∈ [−50, 50;−50, 50]
with a spatial mesh size of ∆x = ∆y = 0.5 . A centred second order spatial scheme is
used on this grid and time is advanced by an explicit first order Euler scheme with a
time step of ∆t = 2 × 10−3. When starting a numerical simulation from a white noise
initial condition, the dominant eigenstate emerges only after a substantial transient. This
transient growth does not affect the asymptotic behaviour of the numerical simulation as
far as the final growth rate and eigenstate are concerned. This is particularly evident for a
damped instability, where saturation does not alter the linear dynamics. As seen in figure
2.II.2(a), this transient corresponds in our system to a temporary increase of the mean
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Figure 2.II.2: Comparison between the evolution of white noise (a) and (c) and of the
dominant analytical mode (b) and (d), with an initial mean amplitude of 10−6 in both
cases. σ1 = σ2 = 20 and ρ = 0.1627. The two top figures show the space-averaged
amplitude and the times (2) of the amplitude “snapshots” in the bottom figures.

perturbation energy by several orders of magnitude. The asymptotic behaviour being
our only concern, it is desirable to eliminate this large transient. For this, the analytical
expression (2.II.38) of the most amplified or least damped linear mode in the “summit”
region of the temperature bump, as obtained in §2.II.3, is used as the initial condition for
the computation. Figure 2.II.2(b) clearly shows that this initial condition dramatically
reduces the duration and magnitude of the transient growth (note the different vertical
scales). As it should be, the asymptotic decay rate is the same in both cases, equal
to 4.2 × 10−3. Furthermore, the asymptotic perturbation (eigenstate) in figure 2.II.2(c)
obtained from white noise is identical to the perturbation in figure 2.II.2(d) obtained
with analytical initial condition. For the circular bump of figure 2.II.2, this asymptotically
dominant numerical eigenstate is egg-shaped with a gradually rising front and an advected
downstream tail.

In unstable cases, the asymptotic saturated states are independent of the initial condi-
tions, but are of minor interest as this long time behaviour is dominated by the nonlinear
effects independently of the linear growth rate. The transient growth starting from white
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Figure 2.II.3: Evaluation of the numerical ρnum
crit for σ1 = σ2 = 20. (a): evolution of the

amplitude at the centre of the cell for different values of ρ. (b): growth rates (#) extracted
from (a) with linear extrapolation to ρnum

crit = 0.1624 (2).

noise merges into the saturated state due to the nonlinear term of (2.II.1) before the
exponentially growing dominant linear eigenmode can emerge by selective amplification.
This purely exponential growth, which is the object of comparison, can only be isolated
by initiating the simulations with the analytical mode.

To further test the global mode analysis in §2.II.3, the analytical and numerical values
for the critical Reynolds number ρcrit are compared. The analytical ρana

crit is obtained by
finding the zero of the function = (ω = ωt + ω1) of ρ (cf. equations 2.II.17 and 2.II.37) for
the given bump shape (r − ρ2) (x, y). The numerical value ρnum

crit is extrapolated from the
linear growth rates of the envelope amplitude at the centre of the cell for three unstable
values of ρ and the same (r − ρ2) (x, y) function, as shown in figure 2.II.3.

Next, the numerical and analytical envelope fields for a given set of parameters σ1,
σ2, ψ and ρ are compared. Using (2.II.38), (2.II.16), (2.II.17) and (2.II.37), the envelope
field is analytically approximated by the expression for the envelope of the most unstable
global mode in the double turning point region:

A (x, y) = A0 (x, y) exp
(
iatx+ ibty − i

(
ωt + εω1

)
t
)
. (2.II.41)

This analytical expression of the envelope does not incorporate the WKBJ expansion and
variation of the wavevector far from the temperature bump “summit”.

The bump (2.II.40) is characterised by three geometrical features: its characteristic
size, its aspect ratio and its angle ψ with the x-axis. The first feature is investigated with
circular bumps of variable size. The second one is investigated with symmetric bumps
with constant σ1σ2 and variable aspect ratio. The last dependency is investigated with
bumps of fixed aspect ratio and variable sweep angle.

2.II.4.1 Circular bumps with variable unstable area

As σ = σ1 = σ2 is increased, the analytical and numerical critical values of ρ increase
and the convective/absolute threshold ρa is approached, as expected when the size of the
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Figure 2.II.4: Comparison between analytical (—) and numerical (#) critical values of ρ
versus the bump size σ = σ1 = σ2. The dashed line is the convective/absolute threshold
ρa = 0.1759 for the homogeneous case.

unstable domain is increased. As seen in figure 2.II.4, the agreement between the numer-
ical simulations and the selection criterion is good. For small values of σ, the analytical
assumption of slow spatial variations of (2.II.40) is barely satisfied and the agreement be-
tween numerical and analytical results deteriorates, the latter underpredicting ρcrit. For
large values of σ, the remaining small difference between the numerical and analytical
results is due to the rather coarse mesh used for the numerical simulation. It was checked
for σ = 20, that the refinement of this mesh makes ρana

crit and the limit of ρnum
crit as the mesh

size tends to zero coincide.
Considering now the amplitude distribution, the location of the roll packet just down-

stream of the LAU region are similar for the analytical approximation and the numerical
simulation, but the two amplitude distributions are conspicuously different. As seen in
figure 2.II.5, the peak of the analytical approximation is wider than in the numerical
simulation, does not present an advected tail and its maximum is shifted upstream.

2.II.4.2 Elliptical bumps with variable aspect ratio

The next step is to consider bumps with different aspect ratios σ1/σ2 aligned with the
x-direction. The analytical selection criterion is seen in figure 2.II.6 to agree well with
the numerical results. We note that high and low values of σ1/σ2 violate the assumption
of slow variation. The effect is that low values of σ2 cause the selection criterion to
overpredict the critical value of ρ whereas low values of σ1 lead to an underprediction.
This discrepancy turns out to be severe for ε ∼ O(1). For σ1 = 1, for instance, the system
is analytically found to be always stable, i.e. ρana

crit = 0, whereas it is numerically unstable
below ρnum

crit = 0.0777.
It is noteworthy that for a constant characteristic area of the unstable domain, the con-

finement effect in the y-direction is as stabilising as the confinement in the x-direction,
despite the advective effect of the mean flow that could be expected to stabilise prefer-
entially bumps which are short in the x-direction. Hence, the most unstable situation is
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Figure 2.II.5: Comparison between analytical approximation and numerical simulation of
the envelope amplitude, with σ1 = σ2 = 20, ρ = 0.1513, εα = 0.05, εβ = 0.0272+ i0.0272,
εδ = 0 and ω = −0.0459 + i0.1816. The amplitudes are shown at t = 60 where the
initial mean amplitude is 10−6 in both cases. (a): (r − ρ2) as a function of x and y. (b):
comparison of analytical (—) and numerical (- -) amplitude contours. (c) and (d): three-
dimensional representations of numerical and analytical amplitudes, respectively. In the
four figures, the darkest shade marks the LAU region, the intermediate shade the LCU
region and the lightest shade the LS region.
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Figure 2.II.6: Comparison between analytical (—) and numerical (#) critical values of ρ
as functions of σ1, with σ1σ2 = 100.

attained for the circular bump.

2.II.4.3 Swept elliptical bumps

A swept elliptical bump completely breaks the symmetries in the y-direction and is there-
fore of interest to validate the selection criterion imposed by a double-turning point at
the top of the bump. As seen in figure 2.II.7, the analytical selection criterion agrees
well with the numerical values of the threshold ρcrit and provides the correct dependence
on the sweep angle ψ. From figure 2.II.7 it is seen that ψ has only a strong effect on
the oscillation period of the instability with ψ, as the variation of T is of the order of
magnitude of the period, with a significant decrease when the bump is elongated in the
x-direction. We also note that the agreement between analytical and numerical periods
improves with the characteristic size of the bump in the x-direction, i.e. when ψ → π/2
in figure 2.II.7(b).

Concerning the envelope shape, the position of the global mode is well captured by the
analysis. As seen in figure 2.II.8, the maximum of the envelope amplitude is located on the
boundary between the LCU and LS regions, as for a global mode associated with a one-
dimensional r (x) bump (see for instance 25). In the transverse direction, the maximum is
located close to the most downstream point of the boundary between the LAU and LCU
regions.

2.II.5 Discussion

Before discussing the relevance of the analytical approximation of the global mode and
its possible improvements, the reader is again reminded that the x and y coordinates
used here are scaled and transformed as specified in section 3 of I. So again, the global
mode shapes shown in this section do not correspond directly to the shapes that would
be observed in physical space.
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Figure 2.II.7: Comparison between (a) analytical (—) and numerical (#) critical val-
ues of ρ and (b) oscillation periods at the numerical and analytical stability threshold,
respectively, as functions of ψ (σ1 = 5 and σ2 = 20).
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Figure 2.II.8: Comparison between analytical approximation and numerical simulation of
the envelope amplitude, with σ1 = 5, σ2 = 20, ψ = π/4, ρ = 0.1407, εα = 0.1218+i0.0214,
εβ = 0.0848+i0.0668, εδ = 0.0660+i0.0328 and ωt +εω1 = −0.1131+i0.1323. The other
parameters and conventions are as in figure 2.II.5.
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Figure 2.II.9: Comparison between the analytical approximation (—) and the numerical
simulation (- -) of the envelope amplitude using (a) a Gaussian and (b) a parabolic
(r − ρ2)-bump. The parameters are as in figure 2.II.5.

As shown in the previous section, in particular figures 2.II.4, 2.II.6 and 2.II.7, the
frequency selection criterion obtained from the analytical approximation agrees well with
the numerical simulations provided ε is small. Furthermore, as this criterion derives
directly from the dispersion relation, the global mode frequency and growth rates are
relatively easy to evaluate. However, the inner region approximation (2.II.38), obtained
from (2.II.23), yields only the general shape and location of the ”convection roll packet”.
A closer look at figures 2.II.5 and 2.II.8 reveals obvious differences between the analytical
approximation and the numerical simulation discussed in the following.

A first consequence of extending the inner region solution (2.II.38) to the whole domain
is that the coefficient (r − ρ2) (x, y) in (2.II.23) behaves as the parabola (2.II.21) fitting the
Gaussian bump (used for the computations) at its maximum. The further from the center
of the bump the rolls are, the more their degree of instability (r − ρ2) is underpredicted by
the parabolic approximation. To investigate to what degree this difference is responsible
for the larger downstream extent of the roll packet — the advected tail — in the numerical
simulations, computations with the parabolic function (2.II.21) for (r − ρ2) (x, y) have
been carried out. As seen in figure 2.II.9, this partially reduces the downstream extent
of the numerical global mode and moves the numerical and analytical amplitude maxima
together. To explain the remaining difference, it must be kept in mind that, according to
the inner region asymptotics, the analytical wavevector (a, b) is equal to (at, bt) everywhere
in the domain, whereas the simulations use the full dependence of the wave numbers
on r for both the Gaussian and parabolic (r − ρ2) bumps. Improving the accuracy of
the analytical approximation away from the top of the bump would require the WKBJ
expansions in the outer regions where the wavenumbers vary with r. As stated in §2.II.2,
the complete expression of the amplitude in the outer region requires the partial matching
of expansions valid on different spatial branches of a or b. The main complication of these
matchings is that the branch switching of one component of the wavevector depends on
the other component. Since the complete WKBJ approximation of the wavevector field
remains at the moment an open problem, we can only attempt to outline the issues at
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stake. Specifically, the discussion will be limited to the matching of solution branches
in the Fourier (a, b)-space, where we show how the global mode can be constructed in
principle. The proposed construction may however not be unique and, furthermore, the
translation of trajectories in (a, b)-space into WKBJ integration paths in the complex
(X,Y )-space is far from trivial and may not be possible in some cases. Nevertheless, the
numerical simulations suggest that the proposed global mode construction is possible for
the examples in this paper.

With wave propagation in both the X and Y directions, the spatial branches of each
component of the wavevector are surfaces parametrized by the other component, e.g.
a (X,Y, b, ω) and b (X,Y, a, ω). Considering the construction of a WKBJ solution outlined
in §2.II.2 and §2.II.3, the calculation of the phase Φ(X,Y ) requires the knowledge of
where the wavevector has to switch from one solution surface of the dispersion relation
to another. What has already been established is that the boundedness of the amplitude
imposes on the imaginary parts of the wavevector components the conditions (2.II.13),
summarised in figure 2.II.1. Unlike in the one-dimensional case, these conditions do not
lead in a straightforward manner to the choice of the correct branch of the wavevector.
With ω given by the selection criterion at the double-turning point, the dispersion relation
(2.II.10) yields a as a function of b:

a± = −b2 − i

2
ρ (c+ η) ±

(
iρcb2 −

(
rt − r

))1/2
. (2.II.42)

The two solutions merge for ∂aω = 0, i.e. iρcb2 − (rt − r) = 0, and the two associated
branch points are:

abp1 = i

(
rt − r

ρc
− ρ

2
(c+ η)

)
, (2.II.43a)

bbp1 =

(
rt − r

2ρc

)1/2

(1 − i) , (2.II.43b)

and

abp2 = i

(
rt − r

ρc
− ρ

2
(c+ η)

)
, (2.II.44a)

bbp2 = −
(
rt − r

2ρc

)1/2

(1 − i) . (2.II.44b)

As depicted in figure 2.II.10, the branch cuts are chosen along the Stokes lines in the
b-plane, satisfying = (a+) = = (a−) and joining bbp1 to bbp2 via infinity, so as to exclude
the point b = 0. These branch cuts, on which the imaginary parts of the a’s are folded
and the real parts discontinuous, cannot be crossed by a path in (a, b)-space. Hence, one
can only switch from one a-solution surface to the other through one of the branch points.
A consequence of the choice of branch cuts in the b-plane is the relation = (a1) ≥ = (a2),
where the equal sign applies only at the branch points. However, =(a) can change sign
on any given solution surface and the condition (2.II.13) is therefore not sufficient to
determine the correct branch of a in the different regions of physical (X,Y )-space in
figure 2.II.1. Progress can be made by considering b as a function of a :

b±,± = ±
(
−a− i

2
ρη ±

(
ρ2

4

(
(c+ η)2 − η2

)
−
(
rt − r

)
− iρca

)1/2
)1/2

. (2.II.45)
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Figure 2.II.10: Imaginary (a) and real (b) parts of a1(b) (top figures) and a2(b) (bottom
figures) including branch points ∂aω = 0 (#) and ∂bω = 0 with b = 0 (2) for r−ρ2 = −1,
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As (2.II.10) is second order in b2, a choice of branch cut for the root of b2 along the positive
real b-axis produces two solutions with = (b) > 0 and two other solutions with = (b) < 0.
These four solution surfaces are connected at four branch points given by ∂bω = 0:

abp3 = −i
(ρ

2
(c+ η) +

(
rt − r

)1/2
)
, (2.II.46a)

bbp3 = 0, (2.II.46b)

abp4 = −i
(ρ

2
(c+ η) −

(
rt − r

)1/2
)
, (2.II.47a)

bbp4 = 0, (2.II.47b)

abp5 = i

(
rt − r

ρc
− ρ2

4ρc

(
(c+ η)2 − η2

))
, (2.II.48a)

bbp5 =

(
rt − r

2ρc
− ρc

8

)1/2

(1 − i) (2.II.48b)

and

abp6 = i

(
rt − r

ρc
− ρ2

4ρc

(
(c+ η)2 − η2

))
, (2.II.49a)

bbp6 = −
(
rt − r

2ρc
− ρc

8

)1/2

(1 − i) . (2.II.49b)

Proceeding now to the branch cuts in the a-plane, they are again chosen along Stokes
lines which allows to sort the solutions b, for all a, according to their imaginary parts

= (b1) > = (b2) > 0 > = (b3) > = (b4) , (2.II.50)

as depicted in figure 2.II.11. These Stokes lines in the a-plane are defined by = (b+,+) =
= (b+,−) and = (b−,−) = = (b−,+). They are determined implicitly by the relation (2.II.50)
since no analytical representation has been found for them. Nevertheless, it follows from
(2.II.46)–(2.II.49) that the surfaces b2 and b3 are connected by the branch points abp3 and
abp4 with b(a) = 0.

When choosing the appropriate root of b, one is faced with the additional difficulty
that, even if the imaginary parts did not change sign on any solution surface, there are
for each sign two roots of b to choose from. Hence, the sign of the imaginary part is
again not a sufficient criterion for the correct choice of the branch of b. By considering
specific paths joining different regions of physical space in figure 2.II.1 (related to regions
of wavenumber space by virtue of 2.II.13), the proper choice of a- and b-branches can
nevertheless be specified.

Consider for instance a path connecting in Fourier space the (= (a) > 0,= (b) < 0) and
(= (a) > 0,= (b) > 0) regions of figure 2.II.1 sufficiently far from the inner region such
that r ≈ r∞ along the entire path. If this path crosses a region in Fourier space where
the imaginary part of a is negative, the growth factor exp (−= (a)X/ε) in this region
becomes exponentially large as the path is shifted toward X → +∞. With the path on
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the a2 branch, such a region of =(a) < 0 exists around the point b = 0, which has to be
crossed to change the sign of the imaginary part of b (see figure 2.II.12(b)). It is thus
clear that = (a) < 0 can only be avoided by a path on the a1-surface, which is therefore
the relevant a-branch for X → +∞ (see figure 2.II.12(a)). Similarly, a2 is the relevant
branch for X → −∞.

Next, two paths connecting the (= (a) < 0,= (b) < 0) and (= (a) > 0,= (b) > 0) regions
of figure 2.II.1 are considered, one staying in remote regions where r − ρ2 ≈ −1 with a
detour through the (= (a) < 0,= (b) > 0) region, the other going directly through the
two-dimensional double turning point at the origin where r − ρ2 ≈ 1. In order to have a
uniquely defined phase, these two paths have to end up on the same wavenumber branches.

As seen in figure 2.II.13, the shape of the solution surfaces a1 and a2 is only slightly
modified with regard to r. The main difference between figures 2.II.13(a) (r − ρ2 = 1)
and (b) (r − ρ2 = −1) is in (a) the complete separation of the surfaces by the branch
cuts originating from the branch points (abp1, bbp1), (abp2, bbp2), (abp3, bbp3) and (abp4, bbp4)
which all coalesce at b = 0. The first path through the two-dimensional turning point
at b = 0 shown in figure 2.II.13(a) switches from the a2- to the a1-branch and from a
b-branch with = (b) < 0 to a b-branch with = (b) > 0. Considering that only the surfaces
b2 and b3 are connected by branch points which merge into the two-dimensional turning
point at the coordinate origin as r → rt and that =(b2) > 0 > =(b3) by virtue of relation
(2.II.50), the relevant branches of b far from the central region are b2 for Y → ∞ and b3
for Y → −∞. Hence, the same branch switches occur on the two paths in figure 2.II.13
as required.

In summary, the solution surfaces are uniquely determined by three conditions: the
first condition specifies the sign of the imaginary parts of the two wavenumbers to make
certain that the global mode is locally stable far from the central region. The second
condition specifies that only the branches of the dispersion relation connected by branch
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Figure 2.II.13: Imaginary parts of the two surfaces a1(b) and a2(b) including branch
points ∂aω = 0 (#) and ∂bω = 0 with b = 0 (2) for r − ρ2 = 1 (a) and r − ρ2 =
−1 (b). The surface = (a1) is arbitrarily shifted upward for clarity’s sake. The other
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Figure 2.II.14: Relevant branches of a and b in physical space. The domains of relevance
are bounded by dashed and dotted lines, which merge at the two-dimensional double
turning point.

points which coalesce into the two-dimensional double turning point are relevant. This
ensures that the branch switches on different paths in physical space are consistent. The
last condition specifies that adjacent regions with the same sign of =(a) or =(b) must be
connectible in Fourier space by a path along which this sign never changes. These three
conditions yield the diagram of figure 2.II.14.

The next step to evaluate the leading order WKBJ expansion in the entire (X,Y )-
space would be the determination of the fields a (X,Y ) and b (X,Y ), where the location
of the branch points in the (X,Y )-space is known from their dependence on r(X,Y ). This
complex task will have to be the subject of future studies.
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Relations Internationales of the CNRS (Ph. C.) and the DERTT of the Région Rhône-
Alpes (D. M.) are gratefully acknowledged. We also would like to thank J. F. Scott for
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2.2 Commentaires

2.2.1 Critère de sélection et approximation du mode global

Le formalisme d’enveloppe, en permettant une solution analytique au problème de sta-
bilité local et en fournissant une relation de dispersion explicite et analytique, a permis
de présenter le calcul d’un mode global en limitant les difficultés mathématiques. Le ca-
ractère plus engageant de l’équation dynamique découlant de ce formalisme a d’autre part
rendu accessible une simulation numérique de l’enveloppe et une validation du critère de
sélection, dans la gamme de paramètres choisis, par la comparaison entre les résultats
analytiques et numériques. Concernant l’étude paramétrique des conditions critiques,
découlant directement pour le calcul analytique du critère de sélection, l’accord se révèle
excellent. D’autre part, les limitations de l’approximation de la solution par le premier
ordre du développement interne sont établies. Le calcul complet de la solution sous la
forme d’un développement WKBJ, qui permettrait de dépasser ces limitations, reste ce-
pendant à ce stade une question ouverte.

2.2.2 Simulation du régime non linéaire

La simulation numérique de l’équation d’enveloppe, en intégrant un terme non linéaire
d’ordre trois, permet d’autre part d’étudier le comportement de l’instabilité lorsque la
solution est saturée par ces non-linéarités. L’évolution dans le temps d’une instabilité,
obtenue par simulation numérique, est représentée dans les figures 2.1 pour le cas d’une
bosse circulaire et 2.2 pour le cas d’une bosse elliptique tournée. Les deux simulations
font apparâıtre la formation d’un front raide à l’amont de l’instabilité. Celui-ci tend à
remonter en aval de l’écoulement pour s’accrocher à la frontière entre les domaines d’in-
stabilité locale convective/absolue (LCU/LAU). Ce comportement est à relier aux travaux
de Pier et Huerre ((76; 75)) concernant les modes globaux non linéaires unidimensionnels
(dont la variation lente ne se fait que dans une direction) et leur critère de sélection et
plus particulièrement les modes “zéléphants”. Le front devenant maintenant bidimension-
nel, quelle est la nature et où ce situe son lieu d’accrochage ? Reste-t-il sur la frontière
LCU/LAU et en quel point précisément ? Quelle est d’autre part la forme de ce front ? Sa
courbure suit-elle celle de la frontière LCU/LAU ? L’extension de ces critères de sélection
non linéaires à des cas bidimensionnels n’a pas été faite et constitue certainement un
problème digne d’intéret.
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Fig. 2.1 – Simulation numérique de l’évolution temporelle de l’instabilité obtenue avec
σ1 = σ2 = 20 et ρ = 0.1609, initialisée par le mode linéaire analytique. Les carrés de la
figure (a) correspondent aux temps des figures (b) (t = 0), (c) (t = 5), (d) (t = 60), (e)
(t = 150) et (f) (t = 300).
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Fig. 2.2 – Simulation numérique de l’évolution temporelle de l’instabilité obtenue avec
σ1 = 5, σ2 = 20, ψ = π/4 et ρ = 0.1407, initialisée par le mode linéaire analytique. Les
carrés de la figure (a) correspondent aux temps des figures (b) (t = 5), (c) (t = 60), (d)
(t = 100), (e) (t = 200) et (f) (t = 300).
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Chapitre 3

Modes globaux tridimensionnels de

l’équation de Navier–Stokes dans

l’approximation de Boussinesq.

3.1 Présentation

Le formalisme d’enveloppe a permis une simplification des calculs du critère de sélection
et de l’approximation de la solution interne du mode global tridimensionnel le plus in-
stable. Cependant, ce formalisme ne s’applique qu’à des situations présentant de faibles
valeurs de R (O (ε), avec ε mesurant l’écart au R critique homogène) et de R (O

(
ε1/2
)
).

Afin d’accrôıtre le champ des situations physiques considérées, il est nécessaire de revenir
aux équations de Navier–Stokes dans l’approximation de Boussinesq. À la différence du
formalisme d’enveloppe, le problème de stabilité est alors vectoriel, la relation de disper-
sion est une relation implicite qui, dans le cas de la convection de RBP n’est accessible
que numériquement. Cette mise en équation de la convection de RBP donne un problème
suffisamment général pour que les calculs du critère de sélection et des modes globaux
auxquels elle donne lieu puissent être généralisés assez directement à d’autres mécanismes
d’instabilité présentant une faible inhomogénéité spatiale bidimensionnelle. Ce chapitre
se présente sous la forme d’un texte susceptible de devenir rapidement un article soumis
à une revue scientifique.

L’introduction revient donc à nouveau sur une présentation générale des modes glo-
baux, plus particulièrement dans le cas de la convection de RBP. La modélisation de
cette convection par les équations de Navier–Stokes nécessite de déterminer l’écoulement
stationnaire de base, qui est exprimé sous la forme des deux premiers ordres d’un déve-
loppement en puissances de ε (avec ε quantifiant la faible inhomogénéité spatiale, rapport
entre la distance entre les plaques supérieure et inférieure et la distance caractéristique
des inhomogénéités). Puis la perturbation est cherchée sous la forme d’un développement
WKBJ où l’amplitude est développée en puissances de ε :

ṽ =
(
ṽ0 (X,Y, z;ω) + εṽ1 (X,Y, z;ω) +O

(
ε2
))

exp

(
i

ε
Φ (X,Y ;ω) − iωt

)
+ c.c., (3.1)

avec ω = ω0 +εω1 +O (ε2) et le vecteur d’onde (∂XΦ, ∂Y Φ) vérifiant localement la relation
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de dispersion homogène :
ω0 = ω (∂XΦ , ∂Y Φ ,R) . (3.2)

Le premier ordre de ce développement vérifie l’équation d’amplitude :

∂A

∂X
∂kxω (X,Y ;ω0) +

∂A

∂Y
∂kyω (X,Y ;ω0) + A (−iω1 + Γ (X,Y ;ω0)) = 0, (3.3)

obtenue en utilisant les propriétés locales du problème de stabilité homogène. Ce dévelop-
pement ne peut conduire seul à un critère de sélection du mode le plus instable, mais il est
aussi susceptible de ne plus être légitime aux points tournant, où la relation de dispersion
vérifie : {

∂kxω = 0,
∂kyω = 0,

(3.4)

À nouveau, seules les situations présentant un “maximum d’instabilité”, lié à une bosse de
R, au sein d’un domaine stable sont considérées. On s’intéresse de plus aux modes globaux
générés par un double point tournant situé au sommet de cette bosse. La perturbation
est alors cherchée sous la forme d’un développement intermédiaire en puissances de ε1/2

au voisinage de ce double point tournant, dont le premier ordre de l’amplitude est :

A = exp

(
−εα

2
x2 − εβ

2
y2 − εδxy

)
. (3.5)

Le problème homogène en ce point impose la valeur de ω0. Le caractère borné de l’approxi-
mation au premier ordre de cette solution interne entraine une quantification des modes
admis et de la correction εω1 ainsi qu’un critère de sélection du mode global le plus instable
ainsi construit. Ce critère de sélection et le mode global le plus instable approximé par le
premier ordre du développement interne servent enfin à une étude paramétrique et une
description des modes globaux d’instabilité sur une bosse de R présentant une variation
gaussienne dans deux directions. Une telle étude est faite en résolvant numériquement
le problème homogène au double point tournant par un code spectral dans la direction
normale aux plaques.
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3.I.1 Introduction

Practical inhomogeneous unstable flows commonly reveal temporally synchronised insta-
bilities. Furthermore, the selected behaviour can be intrinsic and independent of the
initial perturbation as it is observed in the von Kármán vortex shedding regime in wakes
((82), among others). In order to theoretically retrieve this self-tuned instability at the
linear stage, a selection criterion should flow from the mathematical construction of such
an unstable mode. This selection criterion is a consequence of both the physical mecha-
nisms feeding the instability and the inhomogeneity of the system — or equivalently the
inhomogeneity of the basic state. In homogeneous situations, the instabilities are sought
as Fourier modes in the homogeneous directions and the physical mechanisms can be re-
duced to scalar parameters in the governing equations and the related dispersion relation.
In inhomogeneous situations, the physical mechanisms appear as functions of the spatial
coordinates, as well as the wavevector. Therefore, the frequency cannot be derived from
an algebraic dispersion relation. Due to these inhomogeneities, the behaviour of such a
mode is labelled global, as it is expected to result from the variation of the instability
mechanism over the entire domain.

Whereas an arbitrary variation of the basic state is usually only accessible to stability
analysis through experiments or numerical simulations, the description of slowly varying
systems can be coped with analytically. Slow variation permits indeed to consider lo-
cal stability properties as the limit case of a description taking the inhomogeneity into
account by means of an expansion, just as the eikonal equation of geometrical optics is
the limit of physical optics for small wavelengths. For historical reasons, such an ex-
pansion is termed WKBJ for Wentzel–Kramers–Brillouin–Jeffreys (see (9)). Whereas the
amplitude of this expansion varies slowly spatially, it behaves locally as the result of the
homogeneous problem, taking into account the local stability properties of this latter.
The impulse response analysis, introduced in hydrodynamics in (37), by distinguishing
between convective — advected downstream — and absolute — spreading upstream —
instabilities in open flows, turns out to be particularly useful to link the local behaviour
to the global one. In this study, we will seek a synchronised instability, rising on a slowly
varying basic state locally stable except in a compact region. A developing instability can
only be sustained by this compact unstable region, which should impose the behaviour
to the rest of the system. Beyond the local absolute instability threshold, the group ve-
locity, flowing from the dispersion relation of the instability can vanish at some points of
the physical domain. These points are called turning points. Their existence has been
related to selection criteria and intrinsic behaviour of the instability, first for arbitrary
dynamic equations ((38; 31; 50)), then for more realistic flows as, for instance, spatially
developing shear flows ((61)) and more recently Rayleigh–Bénard–Poiseuille (RBP) con-
vection ((25)). This flow, in which Rayleigh–Bénard thermal instability is affected by low
Reynolds number laminar Poiseuille flow, is also addressed in the present study. In RBP
convection, a compact unstable region can be realised by means of a spatially-dependent
heating, presenting a temperature bump related to a local Rayleigh number. The sta-
bility of this situation has been studied through analysis of global modes governed by
a double turning point, located at the maximum of the Rayleigh number as a function
of the streamwise coordinate. Expressed by means of an intermediate expansion in the
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neighborhood of the turning point, the global mode is prescribed to be bounded far from
the unstable region, implying a quantification of the complex frequency and a selection
criterion. Only situations presenting a single slowly inhomogeneous direction have been
addressed so far.

It is therefore interesting to enlarge the selection criterion and the global mode calcu-
lation to situations presenting two slowly inhomogeneous directions. The present study
aims at developing the ideas presented in (57) concerning the envelope equation formalism
and generalises it to RBP convection governed by Navier–Stokes equation in the Boussi-
nesq approximation. Two issues are of crucial interest: how can this global mode be
constructed and does this construction imply a selection criterion for the instability. The
mathematical formalism being more general than the envelope equation, the calculations
of both the selection criterion and the global mode are presented step by step.

Owing to the inhomogeneity, the slowly varying basic state can no longer be analyti-
cally expressed and is therefore expanded in powers of a small parameter introducing the
different spatial scales in §3.I.2. In §3.I.3, the instability is expressed as a WKBJ expan-
sion of the preceding small parameter, leading to the local dispersion relation satisfied by
the wavevector, the frequency and the physical parameters, and to the equation satisfied
by the leading order amplitude of the global mode. The possibility of extracting a selec-
tion criterion from the turning points, and more precisely from a two-dimensional double
turning point of the WKBJ expansion is outlined. The frequency selection criterion is
extracted from an intermediate expansion of the instability in the neighbourhood of the
two-dimensional double turning point and how this inner solution can be used to compute
the whole WKBJ solution is explained in §3.I.4. Finally, this selection criterion and the
intermediate inner expansion are used to illustrate the critical conditions and the spatial
features of the global mode in §3.I.5.

3.I.2 Basic state

We consider a flow imposed by an horizontal pressure gradient and bounded by two
horizontal walls with a constant temperature Θ†

u on the upper wall and a slowly varying
two-dimensional inhomogeneous one on the lower wall, given by Θ†

l

(
x†, y†

)
. Here and

in the following, the † denotes a dimensional quantity. Function Θ†
l

(
x†, y†

)
presents an

absolute maximum Θ†
l,0 at x† = y† = 0 and tends to its lower bound Θ†

l,∞ as x† → ±∞ or

y† → ±∞. As we focus on slowly spatially varying temperature bumps, slow variables X †

and Y † are introduced. Slow and rapid variables are linked by X † = εx† and Y † = εy†,
ε being a small parameter. The pressure gradient is oriented along the x−direction. The
velocity, pressure and temperature fields — U †, P † and Θ† respectively — are solutions of
the continuity, Navier–Stokes and heat equations under the Boussinesq approximations:





∇ · U † = 0,

∂t†U
† +

(
U † · ∇

)
U † +

1

ρ
∇P † − α

(
Θ† − Θ†

r

)
gez − ν∇2U † = 0,

∂t†Θ
† +

(
U † · ∇

)
Θ† − κ∇2Θ† = 0,

(3.I.1)
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with the following boundary conditions:





U †(z† = ±h/2) = 0,
Θ†(z† = h/2) = Θ†

u,

Θ†(z† = −h/2) = Θ†
l (X

†, Y †),
(3.I.2)

where h is the distance between the walls, ρ the density, g the gravitational acceleration, ν
the kinematic viscosity, α the thermal expansion coefficient and κ the thermal diffusivity
at the reference temperature Θ†

r = Θ†
u.

The steady laminar solution, where U † =
(
U †, V †,W †

)
, hereafter considered as the

basic state, is expressed as an expansion in ε:





P †
b (x,X, Y, z) = P †

0 (x,X, Y, z) + εP †
1 (X,Y, z) +O (ε2) ,

U
†
b (X,Y, z) = U

†
0 (X,Y, z) + εU †

1 (X,Y, z) +O (ε2) ,

Θ†
b(X,Y, z) = Θ†

0(X,Y, z) + εΘ†
1(X,Y, z) +O (ε2) ,

(3.I.3)

for a pressure gradient aligned with the x-direction. Loosing their †, the lengths are non-
dimensionalised by h. Owing to the pressure gradient imposing the motion at order O (ε0),
the first term of the expansion for U

†
b is non-dimensionalised by U †

mU0 with U †
m the max-

imum velocity in the cell imposed by a given pressure gradient. The other terms of this
expansion, dominated by the horizontal gradient of temperature, are non-dimensionalised
by κUi/h, and consequently the time by h2t/κ. The pressure is non-dimensionalised
by ρνκPi/h

2. The first term of the temperature expansion is non-dimensionalised by
νκΘ0/ (αgh3) + Θ†

u, the other terms by νκΘi/ (αgh3). To characterise the flow, we intro-
duce the Reynolds number: R = U †

mh/ν, the Prandtl number: P = ν/κ, and, based on the
local temperature difference between the upper- and lower-walls, a local Rayleigh number

R (X,Y ) whose lower bound is R∞ = (αgh3)
(
Θ†

l,∞ − Θ†
u

)
/ (νκ) and upper bound is

R0 = (αgh3) (νκ)
(
Θ†

l,0 − Θ†
u

)
/ (νκ).

As evaluated in appendix B.1, the order O (ε0) is:





P0 = P̃0(z)R− 8RPx+
1

40
[R−R∞] ;

P̃0(z) =
z

2
(1 − z),

U0 = Ũ0(z);

Ũ0(z) = 1 − 4z2,
V0 = 0,
W0 = 0,

Θ0 = Θ̃0(z)R;

Θ̃0(z) =
1

2
− z.

(3.I.4)

The homogeneous Poiseuille flow for the velocity, aligned with the streamwise x-direction,
and the pure conduction solution for the temperature are recovered at order O (ε0).
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The order O (ε) is:




P1 = RPP̃1(z)∂XR +H;

P̃1(z) =
z

480

(
16z5 − 16z4 − 20z3 + 40z2 + 7z + 25

)
,

U1 = −∂XR Ũ1(z),

V1 = −∂Y R Ũ1(z);

Ũ1(z) =

(
z − 1

2

)(
z +

1

2

)(
z2

24
− z

12
− 7

480

)
,

W1 = 0,

Θ1 = −RP∂XR Θ̃1(z);

Θ̃1(z) =
1

120

(
z − 1

2

)(
z +

1

2

)(
24z3 − 20z2 − 14z + 25

)
.

(3.I.5)

A basic state velocity component in the spanwise y-direction appears at order O (ε). The
only remaining unknown function is H (X,Y ) in P1, whose expression is given by the order
O (ε2) of system (3.I.1). Nevertheless, as P1 will not appear in the following formulation
of the stability problem, it is not necessary to know H (X,Y ) explicitly. The first order
corrections in terms of the physical coordinates are recovered by replacing ∂X and ∂Y by
ε−1∂x and ε−1∂y in (3.I.5).

Expressions (3.I.4) and (3.I.5) remains valid whatever the slow function R of x and y
is. To illustrate the calculation of the basic state and forthcoming calculations of global
modes, we consider the following lower wall temperature:

Θ†
l

(
x†, y†

)
= Θ†

l,∞ +
(
Θ†

l,0 − Θ†
l,∞

)
(3.I.6)

× exp

(
−x

†2

2

(
cos2 ψ

σ†2
1

+
sin2 ψ

σ†2
2

)
− y†2

2

(
sin2 ψ

σ†2
1

+
cos2 ψ

σ†2
2

)
− x†y†

2
sin 2ψ

(
1

σ†2
1

− 1

σ†2
2

))
,

where ψ is the angle between the x-axis and the principal direction “1” of the elliptic
planform of this temperature bump. The considered flow is sketched in figure 3.I.1. In
terms of the slow non-dimensional coordinates X and Y , the local Rayleigh number is
therefore:

R(X,Y ) = R∞ + (R0 −R∞) (3.I.7)

× exp

(
−X

2

2

(
cos2 ψ

Σ2
1

+
sin2 ψ

Σ2
2

)
− Y 2

2

(
sin2 ψ

Σ2
1

+
cos2 ψ

Σ2
2

)
− XY

2
sin 2ψ

(
1

Σ2
1

− 1

Σ2
2

))
.

Using equation (3.I.7), the first two orders of the basic state are evaluated and presented
in figure 3.I.2. For the parameter chosen, the first order is seen to be much smaller than
the zeroth order.

3.I.3 WKBJ expansion

Decomposing the total flow into the sum of the basic steady state Ṽ = (Pb, Ub, Vb,Wb,Θb)
and a time-dependent perturbation ṽ = (p, u, v, w, θ), the instability is sought as a syn-
chronised global mode, with a complex frequency ω constant in the whole physical domain,
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Figure 3.I.1: Physical non-dimensionalised situation, with a mean Poiseuille flow and a
temperature bump on the lower wall with geometric characteristics σ1 = 20, σ2 = 10 and
ψ = π/4.

but unknown at the moment. As the dynamics of this instability is intrinsic, this frequency
must emerge as a consequence of the global mode construction itself. Owing to the slow
spatial variation of the basic state, we assume that the global mode can be constructed as
a WKBJ expansion (as stated in (9) for instance) whose validity and domain of relevance
will be discussed at the end of this section. The perturbation is thus expanded in powers
of ε:

ṽ =
(
ṽ0 (X,Y, z;ω) + εṽ1 (X,Y, z;ω) +O

(
ε2
))

exp

(
i

ε
Φ (X,Y ;ω) − iωt

)
+ c.c., (3.I.8)

with
ω = ω0 + εω1 +O

(
ε2
)

(3.I.9)

the complex frequency. The wavevector is defined by

k (X,Y ;ω) = ∇Φ (X,Y ;ω) . (3.I.10)

Its components are noted kx and ky and its norm k. It will be established in the next
section why ω has to and can be expanded in powers of ε in the context of the construction
of a global mode. At this point, this expansion is simply assumed to avoid presenting
the same calculus twice with different expressions for ω. The stability equations at the
different orders in ε are deduced from system (3.I.1) non-dimensionalised as stated in
§3.I.2 and linearised about the basic state.
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Figure 3.I.2: first order (εV1 and εΘ1) and sum of the first two orders (V0 + εV1 and
Θ0 + εΘ1) of the basic state, at z = 0, with R = 0.63, P = 7, R∞ = 1500, R0 = 2000,
σ1 = 20, σ2 = 10 and ψ = π/4.

3.I.3.1 Zeroth order homogeneous problem and dispersion rela-

tion

The homogeneous problem




−ikxu0 − ikyv0 − ∂zw0 = 0,
−iP−1ω0u0 + iRU0kxu0 +R∂zU0w0 + ikxp0 + k2u0 − ∂2

zu0 = 0,
−iP−1ω0v0 + iRU0kxv0 + ikyp0 + k2v0 − ∂2

zv0 = 0,
−iP−1ω0w0 + iRU0kxw0 + ∂zp0 + θ0 + k2w0 − ∂2

zw0 = 0,
−iω0θ0 + iPRU0kxθ0 −R (X,Y )w0 + k2θ0 − ∂2

zθ0 = 0,

(3.I.11)

is recovered at order O (ε0) with the following boundary conditions:

u0(z = ±1/2) = v0(z = ±1/2) = w0(z = ±1/2) = θ0(z = ±1/2) = 0. (3.I.12)

The wavevector components kx and ky, ω and R are linked by the local dispersion relation
deduced from (3.I.11) and the boundary conditions at z = ±1/2:

D (kx, ky,R, ω, R, P ) = 0. (3.I.13)
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Considering R and P fixed and solving (3.I.13) for ω leads to a multiple-valued func-
tion of the other parameters. Restricting this function to the most unstable eigenmode
maximising = (ω) yields

ω = ω (kx, ky,R) . (3.I.14)

As long as ∂ωD 6= 0, this most unstable temporal eigenvalue remains simple. Furthermore,
the continuity of the phase imposes:

∂Y kx = ∂Xky . (3.I.15)

Relations (3.I.14) and (3.I.15) are equivalent to the first order non-linear partial differential
equation

ω = ω (∂XΦ , ∂Y Φ ,R) . (3.I.16)

The unstable region is assumed to be confined. The vanishing of solution far from this
region is imposed by the boundary conditions

= (Φ) → 0 as X → ±∞ or Y → ±∞ (3.I.17)

as exp (iΦ (X,Y ;ω) /ε) is dominant for ε→ 0. For kx and ky, condition (3.I.17) amounts
to: {

∀Y,= (kx) < 0 as X → −∞ and = (kx) > 0 as X → +∞
∀X,= (ky) < 0 as Y → −∞ and = (ky) > 0 as Y → +∞.

(3.I.18)

The order O (ε0) of the global mode is sought as:

ṽ0 = A(X,Y )v̂0 (kx (X,Y ;ω0) , ky (X,Y ;ω0) ,R (X,Y ) , ω0; z) , (3.I.19)

where v̂0 =
(
p̂0, û0, v̂0, ŵ0, θ̂0

)
is the most unstable solution of the homogeneous local

problem at station (X,Y ) with ω (kx, ky,R) = ω0. The selection criterion for ω0 will be
specified in the next section. In (3.I.19), A is the leading order amplitude, henceforth
referred to simply as the amplitude. It is fruitful at this point to introduce the partial
derivatives of the local stability problem with respect to kx, ky, ω and R, following
(61). The solvability conditions of these systems of equations provide expressions for the
derivatives of the eigenfunction v̂0 and ω, as listed in appendix B.2.

3.I.3.2 First order problem and amplitude equation

The amplitude equation governing the variations of A (X,Y ) is deduced from the stability
problem at order O (ε):

Lṽ1 = −Aω1Lωv̂0 + i
∂A

∂X
Lkxv̂0 + iALkx∂X v̂0 + i

∂A

∂Y
Lky v̂0 + iALky∂Y v̂0

+
1

2
iA∂Xkx Lkxkxv̂0 +

1

2
iA∂Y ky Lkyky v̂0 + AŨ1 (kx∂XR + ky∂Y R )Lωv̂0

+ARP Θ̃1

′
∂XRLRv̂0 − A




0

P−1Ũ1

′
∂XR ŵ0

P−1Ũ1

′
∂Y R ŵ0

0

∂XR Θ̃0û0 + ∂Y R Θ̃0v̂0



, (3.I.20)
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where the operator L and its derivatives are given in appendix B.2. As a synchronised
mode is considered, the spatial variation of v̂0 can be written as:

∇v0 = ∂kxv̂0∇kx + ∂ky v̂0∇ky + ∂Rv̂0∇R. (3.I.21)

Using relations (B.26–B.28) and (B.42–B.46), the amplitude equation is deduced from
the solvability condition of equation (3.I.20).

∂A

∂X
∂kxω +

∂A

∂Y
∂kyω + A

[
−iω1 +

1

2
∂Xkx ∂

2
kx
ω +

1

2
∂Y ky ∂

2
ky
ω + ∂Y kx ∂kx∂kyω (3.I.22)

+∂XR (∂kx∂Rω + ∂kxω LR∂ωv̂0 + LR∂kxv̂0 )

+∂Y R
(
∂ky∂Rω + ∂kyω LR∂ωv̂0 + LR∂ky v̂0

)

+∂XR
∫ 1/2

−1/2

[
Ũ1P

−1kx

(
û0û0

∗ + v̂0v̂0
∗ + ŵ0ŵ0

∗ + P θ̂0θ̂0

∗
)

−iP−1Ũ1

′
ŵ0û0

∗ − iΘ̃0û0θ̂0

∗ − iRP Θ̃1

′
ŵ0θ̂0

∗
]
dz

+∂Y R
∫ 1/2

−1/2

[
Ũ1P

−1ky

(
û0û0

∗ + v̂0v̂0
∗ + ŵ0ŵ0

∗ + P θ̂0θ̂0

∗
)

−iP−1Ũ1

′
ŵ0v̂0

∗ − iΘ̃0v̂0θ̂0

∗
]
dz
]

= 0.

Equation (3.I.22), rather cumbersome, is abbreviated as:

∂A

∂X
∂kxω (X,Y ;ω0) +

∂A

∂Y
∂kyω (X,Y ;ω0) + A (−iω1 + Γ (X,Y ;ω0)) = 0. (3.I.23)

Expressing an approximation of the solution of the linear stability analysis as a WKBJ
expansion, truncated to the leading order, requires to solve equations (3.I.16) and (3.I.23).

3.I.3.3 Gauge choices, WKBJ breakdowns and other catastro-

phes: the construction of a global mode

Owing to the slow variations of R with x and y, the global mode is first sought as the lead-
ing order of a WKBJ expansion. This approximation introduces a function Φ (X,Y ;ω0),
solution of the dispersion relation (3.I.16), and a leading order amplitude A (X,Y ), so-
lution of (3.I.23). Both these equations are first order partial differential equations with
complex coefficients and can be integrated along their characteristics. Parametrised by
the curvilinear coordinate S — scaling as X and Y — a characteristic (Xc, Yc) of equation
(3.I.23) is a solution of: {

X ′
c (S) = ∂kxω

S,
Y ′

c (S) = ∂kyω
S,

(3.I.24)

the superscript S meaning that the different functions are evaluated at (Xc (S) , Yc (S)).
The characteristics of the dispersion relation expressed in the form (3.I.16) are also so-
lutions of (3.I.24) and the solution Φ (X,Y ;ω0) is expressed in terms of the wavevector
satisfying (3.I.10). Since equation (3.I.16) is non-linear, its characteristics (3.I.24) and
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its solution Φ (X,Y ;ω0) are completely linked, i.e., the characteristics cannot be given
independently of the solution. Along these characteristics, the variations of kx, ky and A
are given by: {

dSkx = −∂Rω S∂XR S,
dSky = −∂Rω S∂Y R S (3.I.25)

and
dSA = −A (−iω1 + Γ (Xc (S) , Yc (S))) . (3.I.26)

Two questions are still left unanswered. First, the uniqueness of the solutions of equations
(3.I.16) and (3.I.23) must be answered by solving a Cauchy problem and choosing an
appropriate gauge, i.e. by requiring the values of (kx, ky) and A on a curve intersecting
all the characteristics, such that the limit conditions (3.I.17) are satisfied. Finally, as
ω = ω0 + εω1 remains arbitrary, no selection criterion can be extracted from the WKBJ
expansion. It is therefore necessary to consider situations where the WKBJ expansion is
not valid in the whole domain.

Equations (3.I.23) and (3.I.14) break down at points (X t, Y t) where

∂kxω
t = ∂kyω

t = 0. (3.I.27)

Following the convention, these points are called turning points. Condition (3.I.27) can
be satisfied if the system is locally beyond the convective/absolute instability threshold.
The superscript t is used to specify that the different quantities are evaluated at such a
turning point. In addition to the local dispersion relation (3.I.14), the conditions (3.I.27)
yields the value of the wavevector, kt

x and kt
y, and the local frequency ωt at the turning

point as functions of R (X t, Y t). Physically, a turning point induces the reflection of
an incident wave. A set of turning points delimiting a simply connected domain in the
physical space is thus associated through boundary conditions in the horizontal plan to
a resonance condition and a quantization of the frequency. If this quantization implies a
finite upper bound for = (ω), a selection criterion of the most unstable mode ensues.

Condition (3.I.27) also means that the group velocity vanishes at a turning point. The
energy can be seen as radiating from this point, imposing the local behaviour of the
instability — for instance the frequency — to the entire neighbourhood of the turning
point. Following previous results on one-dimensional inhomogeneous situations ((25)), we
restrict this study to global modes governed by a two-dimensional double turning point.
In the present problem, the latter is located at the maximum of R (X,Y ), i.e. at the top
of the temperature bump X t = Y t = 0 where:

∂XR t = ∂Y R t = 0. (3.I.28)

As equation (3.I.23) breaks down at this double turning point, the construction of the
global mode requires a particular analysis in this region. The inner solution in the vicinity
of the double turning point — the WKBJ expansion becoming in retrospect the outer
solution — is expressed by means of an intermediate expansion. This one is expected
to imply a selection criterion and the means to construct the whole WKBJ solution of
the most unstable global mode, i.e. to solve the Cauchy problem for partial differential
equations (3.I.16) and (3.I.23).
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3.I.4 Inner solution and selection criterion

3.I.4.1 Amplitude equation close to the double turning-point

Following the exact results in the one-dimensional inhomogeneous case (see (9; 50)), the
amplitude A is expanded in powers of ε1/2 where equation (3.I.23) breaks down at the
double turning point. New variables χ and ϕ defined by χ = ε1/2x and ϕ = ε1/2y are
introduced and the basic state is expanded about the double-turning point (X,Y ) = (0, 0).





Ub (χ, ϕ, z) = Ũ0 (z) +O
(
ε3/2
)
,

Vb (χ, ϕ, z) = O
(
ε3/2
)
,

Θb (χ, ϕ, z) = −1

2
+ Θ̃0 (z)Rt

+εΘ̃0 (z)

(
χ2

2
∂2

XR t + χϕ∂X ∂Y R t +
ϕ2

2
∂2

Y R t

)
+O

(
ε3/2
)
.

(3.I.29)
As ∂XRt = ∂Y Rt = 0, the velocities contain no terms of order O

(
ε1/2
)

and O (ε) while

the temperature contains no order O
(
ε1/2
)

term. The inner solution for the perturbation
is sought in the form:

ṽ
t =

(
ṽ0

t (χ, ϕ, z) + ε1/2ṽ1/2
t
(χ, ϕ, z) + εṽ1

t (χ, ϕ, z) +O
(
ε3/2
))

× exp

(
i

ε1/2

(
kt

xχ+ kt
yϕ
)
− iωt

)
+ c.c., (3.I.30)

where the exponential comes from the leading order of Φ (X,Y ;ω0) expanded around the
turning point.

At order O (ε0), the homogeneous problem is recovered:

Ltṽ0
t = 0̃. (3.I.31)

This implies that the solution ṽ0
t can be written in the form:

ṽ0
t = A (χ, ϕ) v̂0

t
(
kt

x, k
t
y,Rt, ω0; z

)
, (3.I.32)

with

ω0 = ω
(
kt

x, k
t
y,R0

)
. (3.I.33)

In (3.I.32), v̂0
t is therefore the solution of the homogeneous stability problem expressed

at the top of the bump. The frequency ω0 is imposed by the physical mechanisms respon-
sible for the instability at the double turning point. It does not take into account the
inhomogeneity of system, which can only appear in the correction εω1.

At order O
(
ε1/2
)
, the following system of equations is obtained:

Ltṽ1/2
t = i

∂A

∂χ
Lt

kx
v̂0

t + i
∂A

∂ϕ
Lt

ky
v̂0

t

= −i
∂A

∂χ
Lt∂kxv̂0

t − i
∂A

∂ϕ
Lt∂ky v̂0

t, (3.I.34)
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As a consequence of condition (3.I.28), the solvability condition for equation (3.I.34) is
always satisfied. Thus, ṽ1/2

t can be chosen as:

ṽ1/2
t
= −i

(
∂A

∂χ
∂kxv̂0

t +
∂A

∂ϕ
∂ky v̂0

t

)
. (3.I.35)

At order O (ε), the following system is obtained:

Ltṽ1
t = −A

(
ω1Lt

ωv̂0
t +

(
χ2

2
∂2

XR t + χϕ∂X ∂Y R t +
ϕ2

2
∂2

Y R t

)
Lt

Rv̂0
t

)

+
∂2A

∂χ2

(
Lt

kx
∂kxv̂0

t +
1

2
Lt

kxkx
v̂0

t

)
+
∂2A

∂ϕ2

(
Lt

ky
∂ky v̂0

t +
1

2
Lt

kykyv̂0
t

)

+
∂2A

∂χ∂ϕ

(
Lt

kx
∂ky v̂0

t + Lt
ky
∂kxv̂0

t
)
. (3.I.36)

Introducing relations (B.28) and (B.42–B.44) expressed at the point (0, 0) into the solv-
ability condition of system (3.I.36) yields the following amplitude equation in the inner
region:

1

2

∂2A

∂χ2
∂2

kx
ω t +

∂2A

∂χ∂ϕ
∂kx ∂kyω

t +
1

2

∂2A

∂ϕ2
∂2

ky
ω t

+A

[
ω1 − ∂Rω

t

(
χ2

2
∂2

XR t + χϕ∂X ∂Y R t +
ϕ2

2
∂2

Y R t

)]
= 0. (3.I.37)

The coefficients of the second order partial differential equation (3.I.37) are imposed by the
local solution of the homogeneous problem at the double turning point. If the physically
relevant solutions of equation (3.I.37) with A→ 0 for χ→ ±∞ or ϕ→ ±∞ are physically
acceptable only for certain values of ω1, a selection criterion for the global mode will be
found.

3.I.4.2 Complex frequency selection criterion

The solution of equation (3.I.37) is sought in the form:

A (χ, ϕ) = F (χ, ϕ) exp

(
−α

2
χ2 − β

2
ϕ2 − δχϕ

)
, (3.I.38)

with α, β and δ solutions of:




α2∂2
kx
ω t + δ2∂2

ky
ω t − ∂2

XR t∂Rω
t = 0,

β2∂2
ky
ω t + δ2∂2

kx
ω t − ∂2

Y R t∂Rω
t = 0,

αδ∂2
kx
ω t + βδ∂2

ky
ω t − ∂X ∂Y R t∂Rω

t = 0.
(3.I.39)

The most unstable mode is obtained for F = const., as explain in appendix B.3, under
the condition

=
(
∂2

kx
ω tα+ ∂2

ky
ω tβ ±

((
∂2

kx
ω tα− ∂2

ky
ω tβ

)2

+ 4δ2∂2
kx
ω t∂2

ky
ω t

)1/2
)
< 0. (3.I.40)
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The coefficients α, β and δ are given by

α = ε1

(
∂Rω

t
)1/2 (

∂2
XR t∂2

kx
ω t + ε2λ

)

∂2
kx
ω t
(
∂2

XR t∂2
kx
ω t + ∂2

Y R t∂2
ky
ω t + 2ε2λ

)1/2
, (3.I.41)

β = ε1

(
∂Rω

t
)1/2

(
∂2

Y R t∂2
ky
ω t + ε2λ

)

∂2
ky
ω t
(
∂2

XR t∂2
kx
ω t + ∂2

Y R t∂2
ky
ω t + 2ε2λ

)1/2
, (3.I.42)

δ = ε1

(
∂Rω

t
)1/2

∂X ∂Y R(
∂2

XR t∂2
kx
ω t + ∂2

Y R t∂2
ky
ω t + 2ε2λ

)1/2
, (3.I.43)

with

λ =
(
∂2

kx
ω t∂2

ky
ω t
(
∂2

XR t∂2
Y R t −

(
∂X ∂Y R t

)2))1/2

, (3.I.44)

and (ε1, ε2) the only set (±1,±1) so as to satisfy the boudedness of A (χ, ϕ), i.e. to satisfy
the conditions 




< (α) > 0,
< (β) > 0,

< (δ)2 < < (α)< (β) .
(3.I.45)

In terms of the coordinates x and y, the amplitude of this mode is therefore:

A = exp

(
−εα

2
x2 − εβ

2
y2 − εδxy

)
, (3.I.46)

where εα, εβ and εδ are deduced from α, β and δ by replacing ∂X and ∂Y by ∂x and ∂y.
The correction of the frequency is equal to:

εω1 =
1

2
∂2

kx
ω tεα +

1

2
∂2

ky
ω tεβ

=
ε1
2

(
∂Rω

t
)1/2

(
∂2

xR t∂2
kx
ω t + ∂2

yR t∂2
ky
ω t + 2ε2ελ

)1/2

.
(3.I.47)

Condition (3.I.40) finally implies = (εω1) < 0, which means, roughly speaking, that the
inhomogeneity presenting a local maximum of R has a damping effect relative to the local
absolute growth rate at the double turning point.

3.I.4.3 Matching of the inner and outer solutions

Expanding kx and ky in the outer region around (X,Y ) = (0, 0) leads to:

{
kx = kt

x + ∂Xkx
tX + ∂Y kx

tY,
ky = kt

y + ∂Xky
tX + ∂Y ky

tY.
(3.I.48)

Assuming
∂kx ∂kyω

t = 0, (3.I.49)
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the matching of the outer expression of the global mode with the inner one requires:



∂Xkx
t = iα,

∂Y ky
t = iβ,

∂Y kx
t = ∂Xky

t = iδ.
(3.I.50)

The relevance of condition (3.I.49) will be discussed in §3.I.5. Close to the inner region,
system (3.I.24) tends to:

{
X ′

c = i∂2
kx
ω t (αXc + δYc) ,

Y ′
c = i∂2

ky
ω t (δXc + βYc) .

(3.I.51)

The eigenvalues of system (3.I.51) are

r± = ∂2
kx
ω tα + ∂2

ky
ω tβ ±

((
∂2

kx
ω tα− ∂2

ky
ω tβ

)2

+ 4δ2∂2
kx
ω t∂2

ky
ω t

)1/2

, (3.I.52)

condition (3.I.40) implies exp (r+S) → 0 and exp (r−S) → 0 as S → −∞. The double
turning point is thus a stagnation point for a set of characteristics. The existence of char-
acteristics avoiding the turning point, and consequently not originating from it, remains
a question, even if this situation seems physically surprising. Such a characteristic would
indeed connect two points infinitely far away from the unstable region.

The inner expression of the amplitude (3.I.38) provides the means to solve the Cauchy
problem of equation (3.I.23) by imposing the value of the amplitude on a closed — complex
— curve surrounding the double turning point. This curve, for instance x2 + y2 = const.
with (x, y) ∈ C

2, can be chosen so as to intersect, as required in section 3.I.3, all the char-
acteristics originating from the double turning point. System (3.I.50) similarly provides
the gauge on this curve to evaluate the characteristics given by (3.I.24) and solve (3.I.14)
along these characteristics. The behaviour of the WKBJ expansion along a characteristic
is thus enslaved to the inner solution imposed by the double turning point and the ensuing
selection criterion. For all that the global mode in R

2 can be deduced from the integration
in C

2 along the characteristics originating from the double turning point, the instability
exhibits an intrinsic nature.

The matching condition of the inner solution with the outer WKBJ solution finally
imposes the value of εω1 which is a function of the physical and geometrical features at
the top of the temperature bump. This frequency correction vanishes only in very special
situations we do not elaborate further. With the complex frequency ω being now known
up to the order ε and including a correction due to inhomogeneity, this construction
yields the most unstable mode and the corresponding critical physical and geometrical
parameters.

To ensure the consistency of the global mode construction, it is necessary to check case
by case that condition (3.I.40) is satisfied with the values ε1 and ε2 given by conditions
(3.I.45). Establishing conditions (3.I.40) directly from the dispersion relation physical
properties, system (3.I.39) and condition (3.I.45) would improve the robustness of the
global mode analysis, but has not yet been possible. We note finally that the consistency
of the global mode construction outlined here does not exclude other possibilities such as
global modes associated with distinct simple turning points whose construction should be
extended from (50). Different selection criteria, involving linear or non-linear dynamics
as in (76), can presumably be established and should be compared with this one.
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3.I.5 Results and illustrations

As stated in appendix B.4, the frequency approximation ω = ω0 +εω1 and the coefficients
εα, εβ, and εδ are evaluated numerically using the selection criterion presented in §3.I.4.
For swept elliptical temperature bumps defined by equation (3.I.6) and figure 3.I.1, the
evaluation of the complex frequency as a function of the geometrical bump parameters σ1,
σ2 and ψ and the physical parameters R0, R∞, R and P yields the critical value of one of
these parameters as a function of the others. For practical reasons, the Reynolds number
is chosen here as the critical parameter with instability for R < Rcrit, while R (x, y) and P
are considered given. Besides the critical conditions, the inner amplitude (3.I.38) deduced
from the values of εα, εβ, and εδ given by (3.I.41)–(3.I.43) provides a first approximation
of the global mode:

ṽ ≈ exp

(
−εαx

2

2
− εβy2

2
− εδxy

)
exp

(
ikt

xx+ ikt
yy − iωt

)
v̂0

t (z) + c.c., (3.I.53)

taking into account the relevant physical mechanisms and inhomogeneity and revealing
many features of the global mode Expression (3.I.53) leads to a spatial variation of the
magnitude of the global mode averaged in the z−direction, proportional to:

‖ exp

(
−εαx

2

2
− εβy2

2
− εδxy

)
exp

(
ikt

xx+ ikt
yy
)
‖ = (3.I.54)

exp

(
−< (εα)x2

2
− < (εβ) y2

2
−< (εδ)xy

)
exp

(
−=

(
kt

x

)
x−=

(
kt

y

)
y
)
.

In expression (3.I.53) the amplitude and the complex wavevector are both evaluated at
the double turning point. Therefore, the maximum of the magnitude (3.I.55) of the inner
solution is engendered by the shift downstream and in the spanwise direction, due to the
imaginary part of the wavevector, of the maximum of norm of the amplitude. As stated
before, only situations with local stability far from the bump are considered. This is
enforced by choosing R∞ = 1500 in all the examples.

Next, the search for turning points is simplified by the fact that in (3.I.11), ky only
appears as k2

y. Consequently, for ky = 0:

∂kyω = ∂kx ∂kyω = 0 (3.I.55)

and a set of two-dimensional turning points with ky = 0 can be found, corresponding to
transverse rolls for the inner solution. Indeed, seeking them as stated in appendix B.4,
the numerical solutions of the homogeneous problem at the double turning point were
always found to satisfy ky = 0. This result is fully consistent with the convective nature
of instabilities in the homogeneous RBP problem except the transverse rolls exhibiting
a transition to absolute instability found in (24). Physically, such a solution means that
the orientation of the rolls is thus mainly imposed by the presence of mean flow and
the local absolute nature of the instability at the double-turning point. The behaviour
of the instability therefore differs from the confinement effect due to walls, as studied
with envelope equation formalism in confined Rayleigh–Bénard geometries in (89; 65),
which forces the wavevector to be parallel to the largest side of the convection cell. As
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the inhomogeneity of the temperature does not appear at order O (ε0), the rolls are
expected to keep their transverse orientation in the double-turning point region whatever
the geometrical parameters of the bump are. Moreover, a double-turning point verifying
ky = 0 ensures that condition (3.I.49) is satisfied, and the calculations of εω1, εα, εβ and
εδ as stated in §3.I.4 possible.

3.I.5.1 Global mode temperature field

The temperature field given by relation (3.I.53) is represented in figure 3.I.3 for the critical
global mode on a circular bump. Figure 3.I.3 confirms that the critical instability is a first

Figure 3.I.3: Temperature field of the turning point region approximation of the critical
global mode, for σ1 = σ2 = 20, R0 = 1800, P = 7 implying Rcrit = 0.505. The darker
shades correspond to low temperatures and lighter shades to high temperatures of the
instability.

harmonic in the z-direction as found in Rayleigh–Bénard convection. Leaving aside the
eigenfunctions v̂0 (z), the horizontal spatial variation of the global mode is represented for
different physical (figure 3.I.4) and geometrical (figure 3.I.5) parameters. Figure 3.I.4 for
the circular temperature bumps, highlights the advection of the peak magnitude. This
advection increases with R0 and Rcrit while the size of the wave packet is only weakly
affected. Over the range of R0 and Rcrit considered, an increase of the wavenumber
is also observed. Figure 3.I.5 for the swept elliptical temperature bumps, reveals that
the orientation and aspect ratio of the wave packet correspond roughly to the tempera-
ture bump. Again, the inner solution magnitude peak is advected downstream and, in
the swept cases, also shifted in the spanwise direction. Comparing figures 3.I.5(a) and
3.I.5(d), the streamwise location of the magnitude maximum is seen to vary dramatically
with the geometrical features of the temperature bump whereas Rcrit varies only slightly.
More precisely, the relevant quantity to explain the location of the magnitude maximum
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is the boundary between stable and convectively unstable domains. The peak magnitude
is found indeed close to the boundary expressed for the parabolic expansion fitting the
R (x, y) function at the double turning point. This expansion is used in equation (3.I.37)
to evaluate the inner solution depicted in figures 3.I.4 and 3.I.5 and the location of the
maximum should therefore be compared with the boundary for the parabolic expansion.
As seen in figures 3.I.4(d) and 3.I.5(a) where the stable/convectively unstable bound-
aries for R (x, y) and its parabolic fit are conspicuously distant in the region nearby the
magnitude maximum, the inner solution and the parabolic fit are misleading as far the
location of the instability is concerned. The more distant from the double turning point
the maximum magnitude, the more needed the WKBJ expansion for both the amplitude
and the wavevector to correct the inner solution. Another aftermath of representing the
global mode by its inner approximation is the limitation of the variation of wavevector
to its first order expansion about the turning point (3.I.48). Owing to this expansion,
the curvature of the TR is already seen in figures 3.I.4 and 3.I.5. Taking into account
the WKBJ evolution of the wavevector could increase this curvature and modify the ac-
tual pattern of the global mode. Another consequence of increasing the curvature is the
emergence of long scale pressure gradients aligned with the wavevector, these pressure
gradients being known to trigger chaotic behaviors in confined systems ((90)). Leaving
this limitation aside, a more detailed study of the dependence of the global mode on
physical and geometrical parameters is the topic of the next paragraph.

3.I.5.2 Critical stability

In addition to the dependence of Rcrit on parameters, several other quantities are acces-
sible at the global stability threshold and provide useful informations on critical global
modes: the period 2π/< (ω), the real part of the wavenumber < (kt

x) and the physically
(observed) phase velocity

(
vt

φ

)
phys

= < (ω) /< (kt
x) combining the two previous quanti-

ties are expressed at the double turning point. Besides, the location of the instability is
roughly given by the location of the maximum magnitude of the inner solution. Taking
into account kt

y = 0, (3.I.55) yields an approximation of the location of this maximum:





xmax = − < (εβ)= (kt
x)

< (εα)< (εβ) −< (εδ)2 ,

ymax =
< (εδ)= (kt

x)

< (εα)< (εβ) −< (εδ)2 .
(3.I.56)

The critical Reynolds number and the above quantities at the stability threshold are
given in figure 3.I.6 for four different geometries and P = 7. As far as these geometries
are concerned, the variations of the threshold and the critical quantities are only very
slightly dependent on the geometrical features of the bump, except for the location of
the maximum. In figure 3.I.6(a), the relation R2

crit ∝ (R0 −R0,min) obtained in the
homogeneous situation (see (24)) is almost reproduced. This latter behaviour is slightly
modified by the inhomogeneity — implying for instance R0,min > Rcrit = 1707.76 —
because of the correction εω1. In figure 3.I.6(b), the period, expressed as a function of Rcrit,
is diverging for Rcrit → 0, consistent with the zero frequency at marginal stability of the
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classical Rayleigh–Bénard system. In figure 3.I.6(c), the real part of the wavevector has a
maximum around R0 ≈ 3000. Explaining this maximum requires to consider the physical
reasons of the increase or decrease of the roll spacing. Reducing the viscous dissipation
due to wall shear stress is obtained for a decreasing spacing, whereas reducing the thermal
dissipation due to temperature gradients between the rolls is obtained for an increasing
spacing. The increase of < (kx) (i.e. the decrease of the spacing), by minimising the
viscous dissipation, therefore reveals the growing importance of viscosity in the dissipative
phenomenon, whereas the decrease of < (kx) reveals the growing importance of the thermal
dissipation. The physical phase velocity in figure 3.I.6(d), expressed also as a function
of Rcrit, reveal its linear dependence with Rcrit. Finally, the location of the maximum
is given by figures 3.I.6(e) and 3.I.6(f) (the value of ymax being nonzero only for swept
bumps). For given R0, xmax does not only increase with the mean flow given by the value
of R but also with the streamwise length characterising the bump R (x, y). As stated in
the previous paragraph, beyond the values of R and R, the location of the maximum has
to be related to local properties of stability and convective instability.

Focusing on fluid properties, three different values of P are considered for a fixed aspect
ratio and orientation of the bump considering in figure 3.I.7 the same quantities than figure
3.I.6. Figure 3.I.7(a) reveals a destabilisation, i.e. an increasing value of Rcrit, as P is
decreased, which also affects the divergence of Tcrit as Rcrit → 0 shown in figure 3.I.7(b).
In figure 3.I.7(c), the real part of the wavenumber has a maximum for both P = 7 and
P = 70. This maximum increases and moves towards larger values of R0 as P increases.
This trend for viscosity-dominated situations, whereas < (kcrit) only decreases for thermal
diffusivity-dominated situations is in agreement with the explanation provided in the
previous paragraph. In figure 3.I.7(d), the dependence of the physical phase velocity with
Rcrit remains almost linear and increases with P . Finally, the streamwise and spanwise
locations of the maximum of the magnitude are given by figures 3.I.7(e) and 3.I.7(f).
Whereas the rapid increase of xmax with R0 is independent of P , the subsequent slow
evolution is affected in the sense that xmax is shifted to higher values as P is decreased.

Albeit limited in figure 3.I.6, the variations of the critical quantities with the geomet-
rical features of the bump are investigated in a wider range. First, the characteristic size
of the bump (σ1σ2)

1/2, left constant in figure 3.I.6, is varied for circular bumps in figure
3.I.8. As σ = σ1 = σ2 is increased, the size of the absolutely unstable domain grows
and the basic flow becomes more unstable. The homogeneous situation where Rcrit of
the global mode is equal to the convective/absolute threshold Rc/a as a function of R0

is recovered for very large temperature bumps as seen in figure 3.I.8(a). The divergence
of the period Tcrit for Rcrit → 0 in figure 3.I.8(b) is almost independent of R0 for the
range of investigated σ. The almost linear relationship between

(
vt

φ

)
phys

and Rcrit is also

found to be independent of R0 in figure 3.I.8(d). Figures 3.I.8(e) and 3.I.8(f), focusing
on xmax as a function of σ and Rcrit as ymax = 0, confirms the dependence of the location
of the maximum on R, R0 and the characteristic dimension of the bump. This latter
dependence explains the fact that in figure 3.I.8(f), global modes for high values of Rcrit

and R0 and small value of σ are less advected downstream than global modes with higher
values of σ, i.e. lower values of Rcrit.

Keeping its characteristic size fixed, the influence of the bump aspect ratio σ1/σ2 is
investigated in figure 3.I.9 and the effect of the sweep angle ψ is investigated in figure
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3.I.10. Considering two different orientations of the bump, the variation of the aspect
ratio reveals the existence of a maximum Rcrit in figure 3.I.9(a). Owing to the invariance
σ1 ↔ σ2, σ2 ↔ σ1 and ψ ↔ −ψ, the results obtained for ψ = π/4 in figure 3.I.9 are
symmetric about log (σ1/σ2) = 0, the most unstable situation being obtained at this
value. Considering the case ψ = 0, the increase of the characteristic length of the bump
in the streamwise direction for increasing σ1/σ2 destabilises the flow. For large values
of log (σ1/σ2) nevertheless, a confinement effect in the spanwise direction is noticeable,
leading to a maximum instability value for the aspect ratio σ1/σ2 ' 2.88.

As expected from figure 3.I.9, figure 3.I.10 confirms that the larger the aspect ratio,
the larger the variations with the bump orientation ψ. The variation of Rcrit in 3.I.10(a) is
due the opposite influence of the characteristic dimension in the streamwise direction and
the spanwise confinement. It is seen in figures 3.I.10(b), 3.I.10(c) and 3.I.10(d) that Tcrit,
< (kt

x) and
(
vt

φ

)
phys

are almost independent of the geometrical parameters. Finally, in

figures 3.I.10(e) and 3.I.10(f), the location of the maximum of the magnitude is found to
follow the evolution of the elliptic bump planform, e.g. |ymax| is 0 for ψ = 0 and ψ = π/2
and has a maximum in between. This feature completes the increase of the streamwise
location of this maximum with the characteristic streamwise length of the bump already
observed.

In summary, it is seen in figures 3.I.6–3.I.9 that the behaviour of the global mode
described by Tcrit, < (kt

x) and
(
vt

φ

)
phys

depends mainly on the physical parameters R0,

R and P , taken into account at the order O (ε) of the global mode approximation. The
geometrical parameters are involved in the value of the critical Reynolds number Rcrit only
when the aspect ratio of the bump becomes large and influence mainly the location and
shape of the global mode by the location of the boundary between stable and convectively
unstable regions, as seen in figures 3.I.4 and 3.I.5.
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Figure 3.I.4: Temperature field of the turning point region approximation of the critical
global modes obtained with σ1 = σ2 = 20 and P = 7, for R0 = 1750 and Rcrit = 0.312
(a), R0 = 1800 and Rcrit = 0.505 (b), R0 = 2000 and Rcrit = 0.986 (c) and R0 = 4000
and Rcrit = 3.519 (d). The local stability properties are superimposed for both the
real R (x, y) function and its parabolic fit at the double turning point. Considering the
R (x, y) function defined by equation (3.I.6) and figure 3.I.1 the stable/convectively un-
stable boundary (solid lines) and the convectively unstable/absolutely unstable boundary
(dotted line) are superimposed. Considering the parabolic fit of R (x, y) used in the inner
region and expansion (3.I.29), the stable/convectively unstable boundary (dashed line) is
superimposed.
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Figure 3.I.5: Temperature field of the turning point region approximation of the critical
global modes obtained with σ1 = 80, σ2 = 5, P = 7 and R0 = 2000, for ψ = 0 and
Rcrit = 0.978, ψ = π/8 and Rcrit = 0.966, ψ = π/4 and Rcrit = 0.938 and ψ = π/2 and
Rcrit = 0.907. The different lines are defined as in figure 3.I.4.
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Figure 3.I.6: Critical global mode features, for σ1 = 20, σ2 = 5 and ψ = 0 (solid line),
σ1 = 20, σ2 = 5 and ψ = π/4 (dashed line), σ1 = 20, σ2 = 5 and ψ = π/2 (dotdashed
line) and σ1 = 10, σ2 = 10 (dotted line). (a): Rcrit (R0), (b): Tcrit (Rcrit), (c): < (kt

x) (R0),
(d):

(
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(Rcrit), (e): xmax (R0) and (f): ymax (R0).
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Figure 3.I.7: Critical global mode features for different Prandtl numbers P = 0.7 (solid
line), P = 7 (dashed line) and P = 70 (dotdashed line) with σ1 = 5, σ2 = 20 and ψ = π/4.
The same functions as in figure 3.I.6 are represented.
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Figure 3.I.8: Critical global mode features as functions of σ = σ1 = σ2 for R0 = 1715 (solid
line), 1800 (dashed line), 2000 (dotdashed line) and 3000 (dotted line). The quantities of
figure 3.I.6 are expressed as functions of σ instead of R0, except (f): xmax (Rcrit)
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Figure 3.I.9: Critical global mode features as functions of log (σ1/σ2) for ψ = 0 (solid
line) and π/4 (dashed line). In both cases, R0 = 2000. The quantities of figure 3.I.6 are
expressed as functions of log (σ1/σ2) instead of R0.
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Figure 3.I.10: Critical global mode features as functions of ψ, for σ1/σ2 = 1/100 (solid
line), 2/50 (dashed line) and 4/25 (dotdashed line). In all cases, R0 = 2000. The
quantities of figure 3.I.6 are expressed as functions of ψ instead of R0.
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3.2 Commentaires

3.2.1 Critère de sélection et construction d’un mode global

La modélisation de la convection de RBP par l’équation de Navier–Stokes a donc per-
mis d’aborder tous les aspects nécessaires à la détermination du critère de sélection et de
l’approximation au premier ordre de la solution interne d’un mode global tridimension-
nel imposé par un double point tournant bidimensionnel. Le critère de sélection mis en
évidence et l’approximation de la solution interne du mode global prennent à nouveau,
comme dans le cas du formalisme d’enveloppe, une forme très abordable pour peu que
l’on sache résoudre le problème homogène au double point tournant. Ce calcul peut être
mené à bien pour autant que les α, β et γ de l’équation

A = exp

(
−εα

2
x2 − εβ

2
y2 − εδxy

)
. (3.6)

conduisent à une solution bornée pour A et vérifient la condition

=
(
∂2

kx
ω tα + ∂2

ky
ω tβ ±

((
∂2

kx
ω tα− ∂2

ky
ω tβ

)2

+ 4δ2∂2
kx
ω t∂2

ky
ω t

)1/2
)
< 0. (3.7)

Cette dernière condition garantie, d’une part, que la quantification des fréquences admises
conduit à une borne supérieure à la partie imaginaire de ces fréquences et par conséquent
à un critère de sélection et, d’autre part, que la correction εω1 a un effet stabilisant sur
la solution du problème homogène au double point tournant. Une étude approfondie des
conséquences sur la relation de dispersion des caractéristiques physiques du mécanisme
d’instabilité — e.g. la croissance de = (ω) avec R — devrait permettre d’établir cette
condition pour toute instabilité localisée, mais ceci n’a pu encore être obtenu.

On est d’autre part capable de construire une approximation de ce mode global sous
la forme du premier ordre d’un développement WKBJ en intégrant son vecteur d’onde et
son amplitude le long des caractéristiques des équations (3.2) et (3.3) dans l’espace C

2

pour les directions de faible inhomogénéité. Rien ne permet cependant de savoir si cette
intégration permet, et à quel coût en calculs, d’exprimer la solution dans R

2. Il manque
donc un lien entre le travail fait dans le paragraphe 2.II.5 concernant le comportement
du vecteur d’onde loin du point tournant et celui fait dans le paragraphe 3.I.3 concernant
l’intégration de ce même vecteur d’onde à partir de la solution interne.

3.2.2 Validité du formalisme d’enveloppe

Un autre intérêt des résultats obtenus sur l’équation de Navier–Stokes est de les compa-
rer à ceux obtenus par le formalisme d’enveloppe afin d’évaluer la pertinence et le champ
d’application de ce dernier. Du fait des échelles différentes sur x et y, seules des enve-
loppes obtenues sur des situations symétriques ont un équivalent réel simple, avec une
bosse de température ellipsöıdale. Un exemple de comparaison est donné par les figures
3.1 et 3.2. L’exemple considéré dans la figure 3.1 met en avant le bon accord entre for-
malisme d’enveloppe et équations de Navier–Stokes complètes. On remarque qu’en plus
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des limitations dues aux différentes échelles en x et y, les situations décrites par le for-
malisme d’enveloppe restent très proches des conditions critiques de RB pour des valeurs
très faibles de R, ce qui restreint fortement le champ d’application d’un tel formalisme.
Du fait de l’évolution R ∼ O (ε) et R ∼ O

(
ε1/2
)
, les situations instables en particulier

se trouvent rapidement hors d’atteinte lorsque l’écart au seuil critique s’accrôıt. D’autre
part, lorsque l’on s’écarte de ces conditions critiques, l’accord entre formalisme d’enve-
loppe et équations de Navier–Stokes pour des modes stables se dégrade, comme on peut
le voir sur la figure 3.2.
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Fig. 3.1 – Comparaison des solutions centrales en formalisme d’enveloppe (b) et par
l’équation de Navier–Stokes dans l’approximation de Boussinesq (c). La situation décrite
en formalisme d’enveloppe est donnée par r0 = 1, r∞ = −1, σ1 = 4, σ2 = 25 et ρ = 0.14,
avec kcrit = 3.116 et Rcrit = 1707.76. L’écart au seuil critique défini en 2.I.2 est fixé à
ε = 0.5. La situation réelle correspond alors à R = 0.0535, et un champ R (x, y) (a) avec
σ1 = 53.2, σ2 = 36.5, R0 = 1709.2 et R∞ = 1706.4. La différence relative au maximum
de l’amplitude est de l’ordre de 0.01.

109



−50

0

50

−50

0

50
1680

1700

1720

1740

x

(a)

y

R
a

−20
0

20
40

60

−50

0

50

0.2

0.4

0.6

0.8

1

x

(b)

y

||A
|| en

ve
lo

pe

−20
0

20
40

60

−50

0

50

0.2

0.4

0.6

0.8

1

x

(c)

y

||A
|| N

av
ie

r−
S

to
ke

s

−20
0

20
40

60

−50

0

50
−0.1

−0.05

0

0.05

x

(d)

y

∆ 
||A

||

Fig. 3.2 – Comparaison des solutions centrales en formalisme d’enveloppe (b) et par
l’équation de Navier–Stokes dans l’approximation de Boussinesq (c). La situation décrite
en formalisme d’enveloppe dont l’écart au seuil critique est fixé à ε = 2, les autres pa-
ramètres étant ceux de la figure 3.1. La situation réelle correspond alors à R = 0.7649,
et un champ R (x, y) (a) avec σ1 = 13.3, σ2 = 18.3, R0 = 1736.3 et R∞ = 1690.6. La
différence relative au maximum de l’amplitude est de l’ordre de 0.1.
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Chapitre 4

Conclusions et perspectives

Au terme de ce travail, la généralisation à deux directions faiblement inhomogènes des
méthodes et des résultats obtenus pour une seule direction concernant les modes globaux
se développant sur un ı̂lot d’instabilité et imposés par un double point tournant parâıt
donc justifiée et possible. Les principes de sélection et de construction d’un tel mode
tridimensionnel, localisé et synchronisé ont été énoncés et, dans la mesure du possible,
appliqués. Un tel mode a été à nouveau cherché sous la forme d’un développement WKBJ,
à présent dans les deux directions inhomogènes. La présence d’un double point tournant
bidimensionnel au sommet de la bosse de température a conduit à chercher la solution au
voisinage de ce point sous la forme d’un développement intermédiaire dont le charactère
borné a imposé une quantification de la fréquence du mode global, tenant compte du
problème homogène de stabilité au point tournant et des inhomogénéités spatiales. Cette
quantification a donné un critère de sélection du mode présentant le taux de croissance
le plus élevé. Enfin, le premier ordre de la solution obtenue au voisinage du double point
tournant devrait permettre d’intégrer le premier ordre de l’amplitude et la phase du
développement WKBJ le long de courbes rayonnant dans l’espace complexe autour de ce
point.

Les résultats obtenus sur le formalisme d’enveloppe ont permis de valider le critère
de sélection obtenu par comparaison des nombres de Reynolds critiques obtenus analy-
tiquement et numériquement par simulation de l’équation dynamique. D’autre part, le
premier ordre de la solution au voisinage du point tournant, obtenu analytiquement, a été
utilisé comme approximation du mode global et comparé lui aussi au champ de l’instabi-
lité obtenu par simulation numérique. Cette approximation s’est révélée pertinente pour
localiser le mode global, mais déjà moins pour en prédire avec précision les variations
spatiales.

De tels modes globaux ont ensuite été cherchés pour les équations de Navier–Stokes
dans l’approximation de Boussinesq. L’application du critère de sélection, nécessitant
maintenant une résolution numérique du problème de stabilité homogène, conduit à un
effet limité de l’inhomogénéité sur la fréquence du mode global. On met tout de même
en évidence un effet stabilisant d’un rétrécissement de la zone instable dans la direction
transverse à l’écoulement. La localisation du mode global, obtenu à nouveau par le premier
ordre de la solution au voisinage du point tournant, est quant à elle beaucoup plus sensible
aux inhomogénéités de la température et suit la position de la frontière aval entre les
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domaines convectivement instable et stable.
Bien que les calculs ayant conduit au critère de sélection et à l’approximation centrale

du mode global soient, il faut bien l’avouer, peu engageants, ceux-ci sont directs et simples
d’utilisation pour peu que l’on sache résoudre le problème homogène au double point
tournant.

Au bout de ces trois ans, certaines questions restent toujours ouvertes et d’autres
sont apparues en cours de route. Dans la première catégorie, le calcul complet, et dans
un temps compatible avec l’espérance de vie moyenne, du développement WKBJ reste à
faire. Les résultats pour l’amplitude et la phase de ce développement, que l’on sait obtenir
le long des caractéristiques complexes, ne sont pas directement utilisables dans le plan
physique. Le problème du choix des branches du vecteur d’onde physiquement acceptables
dans différents domaines du plan physique reste par conséquent lui aussi posé. Toujours
parmi les sujets qui n’ont pas eu le temps d’être abordés au cours de cette thèse, une
simulation numérique des équations de Navier–Stokes dans l’approximation de Boussinesq
apporterait des éléments de validation de la construction du mode global dans un cadre
plus général et pour des paramètres physiques plus étendus que les éléments obtenus sur
le formalisme d’enveloppe. D’un point de vue strictement numérique, cette simulation est
ardue. On cherche en effet une solution instationnaire, tridimensionnelle, présentant des
variations lentes et rapides, d’un écoulement avec un grand rapport d’aspect. À ce stade,
il semble plus à propos de justifier par des résultats numériques ou expérimentaux les
résultats analytiques plutôt que de chercher à en renforcer la validité mathématique en
établissant, par exemple, le caractère général de l’existence du mode global global le plus
instable ainsi calculé ou le rayon de convergence du développement WKBJ.

Parmi la deuxième catégorie de questions, la simulation numérique de l’équation d’en-
veloppe a permis d’observer un comportement non linéaire de l’instabilité mettant en
évidence la formation d’un front. De tel fronts ont déjà été prédits et un critère de sélection
non linéaire explicité dans des situations à une direction inhomogène. Il serait maintenant
intéressant de chercher de tels fronts bidimensionnels, ainsi que leurs dynamiques, pour
l’équation d’enveloppe à deux directions inhomogènes obtenue au cours de la thèse. Cette
recherche pourrait, en préambule, nécessiter d’étudier les modes globaux tridimensionnels
imposés par des ensembles de simples points tournants. D’autre part, les effets de courbure,
pour peu que celle-ci soit faible, des fronts de flamme dans les instabilités thermo-diffusives
pourraient présenter des analogies intéressantes avec les fronts non-linéaires rencontrés en
convection de Rayleigh–Bénard–Poiseuille.
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Annexe A

Equation d’enveloppe

A.1 Successive solutions of the multiple scale analy-

sis at finite R

In the following, the notation D = d/dz is used throughout.

A.1.1 Solution of the first order problem

At first order, the set of linear homogeneous equations for v1 = [p1,u1, θ1]
T and its

associated eigenvalue −iω is given by

L0 v1 = 0, (A.1)

where L0 v1 is defined by

L0 v1 =
[
−∇0 · u1, −iωP−1u1 +R (Up ∂x0

u1 + DUp (u1 · ez) ex) + ∇0p1 − θ1 ez

−∇2
0u1, −iωθ1 +RPUp ∂x0

θ1 −R(π/2)
c u1 · ez −∇2

0θ1

]T
(A.2)

and ∇0 stands for
∇0 = (∂x0

, ∂y0
, ∂z)

T. (A.3)

The boundary conditions for v1 in (A.1) are

u1(z = ± 1/2) = θ1(z = ± 1/2) = 0. (A.4)

For LR’s as in (2.I.9), (A.1) reduces to the usual RB problem, except for a non-zero
component of the velocity in the x-direction. The z-dependence of LR modes is thus of
the form

V1 =
[
P1, Rk

−2
c U1, ik−1

c V1, W1, Θ1

]T
, (A.5)

with W1 as originally determined by (74):

W1 =
n=3∑

n=1

Cn cosh qnz. (A.6)
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In the present paper, we use the following numerically determined values for the constants:

R(π/2)
c = 1707.76177, kc = 3.116323555, (A.7a)

C1 = 1.0, C2 = −0.0307641793 + i 0.0519556612, C3 = C2, (A.7b)

q1 = i 3.973704179, q2 = 5.194390868 − i 2.125870478, q3 = q2. (A.7c)

The functions V1, P1 and Θ1 are then deduced from W1 by the following relations:

V1 = DW1, (A.8a)

P1 =
(
k−2

c D2 − 1
)
V1(z), (A.8b)

Θ1 = k2
c

(
k−2

c D2 − 1
)2
W1(z). (A.8c)

The function U1 satisfies the equation:
(
k−2

c D2 − 1
)
U1 = W1 DUp. (A.9)

The solution has the form:

U1 = D0 sinh(kcz) +
n=3∑

n=1

Enz cosh qnz + Fn sinh qnz, (A.10)

where the En and Fn are given by

En = 8k2
cCn(k2

c − q2
n)−1, Fn = 16k2

cqnCn(k2
c − q2

n)−2 (A.11)

and the value of D0 is determined by imposing U1(1/2) = 0.

A.1.2 Adjoint problem

Proceeding to higher orders in the expansion requires the determination of the adjoint
mode. In the present case, the appropriate scalar product is

〈vı, v〉 = lim
X,Y →∞

1

4XY

∫ X

−X

∫ Y

−Y

∫ 1/2

−1/2

vı · v dxdydz. (A.12)

With this definition, the adjoint operator of L0 in (A.1) is given by

L?
0v

?
1 =

[
−∇0 · u?

1, iωP−1 u?
1 −R (Up∂x0

u?
1 −DUp (u?

1 · ex)ez) + ∇p?
1 −R(π/2)

c θ?
1ez

−∇2
0u

?
1, iω θ?

1 −RPUp∂x0
θ?
1 − u?

1 · ez −∇2
0θ

?
1

]T
. (A.13)

The eigenvalue −iω vanishes identically for longitudinal rolls at criticality and thus one
easily finds the adjoint longitudinal roll mode

v?
1 = exp(ikcy0)V

?
1(z), (A.14)

where V?
1 is given by

V?
1 =

[
P1, 0, ik−1

c V1, W1,R(π/2)
c

−1
Θ1

]T
. (A.15)
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A.1.3 Second order solvability condition

At order O(ε2), the non homogeneous problem for v2 = [p2,u2, θ2]
T is

L0v2 = S2(v1), (A.16)

where S2(v1) reads:

S2(v1) =
[
∇1 · u1, −P−1 (∂t1u1 + (u1 · ∇0)u1) −RUp ∂x1

u1 −∇1p1 + 2 ∂y1
∂y0

u1,

−∂t1θ1 − u1 · ∇0θ1 −RPUp ∂x1
θ1 + 2 ∂y1

∂y0
θ1]

T (A.17)

and ∇1 stands for
∇1 = (∂x1

, ∂y1
, 0)T. (A.18)

The boundary conditions for v2 in (A.16) are

u2(z = ± 1/2) = θ2(z = 1/2) = 0, θ2(z = −1/2) = R2. (A.19)

Since LR’s are stationary, the condition for the solvability of (A.16) reduces to

〈S2(v1), v?
1〉 = 0, (A.20)

which leads to
∂t1A+ ∂kxω|c ∂x1

A+ ∂kyω
∣∣
c
∂y1
A, (A.21)

where we used the notation

∂kxω|c = ∂kxω|kx=0,ky=kc
, ∂kyω

∣∣
c
= ∂kyω

∣∣
kx=0,ky=kc

. (A.22)

Note that quadratic interaction does, as usual, not provide any resonant terms in (A.21).
Since LR’s are the most amplified modes, one has

∂kxωi|c = ∂kyωi

∣∣
c
= 0, (A.23)

and, since all modes with kx = 0 are stationary, one also has

∂kyωr

∣∣
c
= 0. (A.24)

On the other hand, the real part of the frequency is found to depend on the value of kx,
so that:

∂kxωr|c = Rc 6= 0, (A.25)

which is consistent with the convective nature of LR’s. The associated group velocity
is found to depend linearly on the Reynolds number R, with the coefficient c in (2.I.10)
given by

c = τ−1

∫ 1/2

−1/2

[(
k−2

c V 2
1 + (W 2

1 + PR(π/2)
c

−1
Θ2

1)
)
Ub − k−2

c V1W1 DUp

]
dz

∼= τ−1(0.4718 + 1.375P ), (A.26)

and

τ = P−1

∫ 1/2

−1/2

[
k−2

c V 2
1 +W 2

1 + PR(π/2)
c

−1
Θ2

1)
]

dz ∼= P−1(0.8012 + 1.566P ). (A.27)
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A.1.4 Solution of the second order problem

The solution v2 of (A.16) is sought in the form:

v2 = A2 V2,2(z) exp(2ikcy0) + (∂χ1
AV2,x(z) + ∂y1

AV2,y(z)) exp(ikcy0)

+
1

2
AAV2,0(z) +

1

2

[R2

2
z(1 − z), 0, 0, 0, R2(

1

2
− z)

]T

+ c.c., (A.28)

where A depends on the variables χ1, y1 and t2 which are related to t1 and x1 by

∂t1 = −Rc ∂χ1
, ∂x1

= ∂χ1
. (A.29)

In (A.28), V2,2 is the column vector

V2,2 =
[
(2Pk2

c )
−1(V 2

1 −W1DV1) + P2,2, (2kc)
−2RU2,2, ik−1

c V2,2, W2,2, Θ2,2

]T
, (A.30)

and V2,0 is

V2,0 =
[
P2,0, k

−2
c RU2,0, 0, 0, Θ2,0

]T
. (A.31)

It then follows that W2,2 and Θ2,2 satisfy

(
D2 − 4k2

c

)2
W2,2 − 4k2

cΘ2,2 = 2P−1
(
W1 D3W1 −DW1 D2W1

)
, (A.32a)

(
D2 − 4k2

c

)
Θ2,2 −R(π/2)

c W2,2 = W1 DΘ1 − Θ1 DW1, (A.32b)

and Θ2,0 satisfies

D2Θ2,0 = 2D (W1Θ1) , (A.33)

which are similar to the equations in the absence of a mean through-flow. Consequently,
the solutions are those given by (87). This is also true for the remaining functions V2,2,
V2,0, P2,2, P2,0. Furthermore it is found that U2,2 and U2,0 do not provide resonant terms
in the compatibility condition at third order, so that their determination is unnecessary.

Similarly, we define V2,x as the column vector

V2,x =
[
Rk−2

c [(P−1c− Up)V1 +W1 DUp + P2,x], k
−2
c (V1 +R2k−2

c U2,x),

iRk−3
c (U1 + V2,x), Rk

−2
c W2,x, Rk

−2
c Θ2,x

]T
. (A.34)

The set of governing equations for W2,x and Θ2,x is thus obtained as

(
k−2

c D2 − 1
)2
W2,x − k−2

c Θ2,x =
(
Up − P−1c

) (
k−2

c D2 − 1
)
W1 − k−2

c W1 D2Up, (A.35a)

(
k−2

c D2 − 1
)
Θ2,x + k−2

c R(π/2)
c W2,x = P

(
Up − P−1c

)
Θ1, (A.35b)

and the solution W2,x is found to be

W2,x =
n=3∑

n=1

z(z2Gn,x +Hn,x) sinh(qnz) + (z2In,x + Cn,x) cosh(qnz). (A.36)
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Eliminating Θ2,x in (A.35) allows to determine the coefficients Gn,x, Hn,x and In,x as
functions of the Cn’s, qn’s, kc, P and c. They are however not listed here as the expressions
are too long. The Cn,x’s, finally, are obtained by imposing the boundary conditions

W2,x(1/2) = Θ2,x(1/2) = 0, (A.37)

and the orthogonality condition
n=3∑

n=1

CnCn,x = 0. (A.38)

Θ2,x is then obtained by relation (A.35a), and V2,x and P2,x by

V2,x = DW2,x, (A.39a)

P2,x =
(
k−2

c D2 − 1
)
V2,x. (A.39b)

Next the unknown function U2,x is governed by
(
k−2

c D2 − 1
)
U2,x = W2,x DUp + U1(Up − P−1c). (A.40)

and the solution U2,x may be written as

U2,x =
n=3∑

n=1

[
(Jn,xz

4 +Kn,xz
2 + Ln,x) sinh qnz + z(Mn,xz

2 +Nn,x) cosh qnz
]

+ z(J0,xz
2 +K0,x) cosh kcz + (L0,x +D0,x) sinh kcz. (A.41)

The coefficients in (A.41) are obtained by inserting (A.41) into (A.40) except for the
coefficient D0,x which is obtained by imposing U2,x(1/2) = 0.

Finally, we define V2,y as the column vector

V2,y = 2
[
ik−1

c (k−2
c D2V1 + P2,y), iRk−3

c U2,y, −k−2
c (V1/2 + V2,y), ik−1

c W2,y,

ik−1
c Θ2,y

]T
, (A.42)

and the set of equations governing W2,y and Θ2,y is given, as in the absence of a mean
through-flow, by

(
k−2

c D2 − 1
)2
W2,y − k−2

c Θ2,y = −
(
k−4

c D4 − 1
)
W1, (A.43a)

(
k−2

c D2−
)
Θ2,y + k−2

c R(π/2)
c W

(y)
2 = −Θ1. (A.43b)

The solution W2,y is sought in the form

W2,y =
n=3∑

n=1

Hn,yz sinh qnz + Cn,y cosh qnz, (A.44)

where the coefficients Hn,y are obtained after eliminating Θ2,y in (A.43), and the Cn,y are
determined in the same way as the Cn,x’s. Θ2,y is then obtained from (A.43a) and V2,y

and P2,y from
V2,y = DW2,y, (A.45a)
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P2,y =
(
k−2

c D2 − 1
)
V2,y. (A.45b)

The remaining function U2,y satisfies:
(
k−2

c D2 − 1
)
U2,y = W2,y DUp − U1. (A.46)

It is sought in the form

U2,y =
n=3∑

n=1

[
(Kn,yz

2 + Ln,y) sinh qnz + zNn,y cosh qnz
]
+ zK0,y cosh kcz

+D0,y sinh kcz, (A.47)

where the coefficients are obtained by inserting (A.47) into (A.46), except for D0,y which
is obtained by imposing the boundary condition U2,y(1/2) = 0.

A.1.5 Third order solvability condition

At order O(ε3), the following non homogeneous problem for v3 = (p3,u3, θ3)
T is obtained

L0v3 = S3(v1, v2), (A.48)

where S3(v1, v2) is given by

S3(v1, v2) =
[
∇1 · u2, −P−1 (∂t2u1 + u1 · ∇0u2 + u2 · ∇0u1 + u1 · ∇1u1)

+R(P−1c− Up) ∂χ1
u2 −∇1p2 + ∇2

1u1 + 2∂y1
∂y0

u2, −∂t2θ1

−u1 · ∇0θ2 − u2 · ∇0θ1 − u1 · ∇1θ1 +RP (P−1c− Up) ∂χ1
θ2

+∇2
1θ1 + 2∂y1

∂y0
θ2

]T
, (A.49)

with ∇1 now denoting
∇1 = (∂χ1

, ∂y1
, 0)T . (A.50)

Homogeneous boundary conditions are imposed at z = ±1/2 for u3 and θ3.
The envelope equation (2.I.13) is obtained from the solvability condition:

〈S3(v1, v2), v?
1〉 = 0. (A.51)

The various coefficients in (2.I.13) are given by

µ = R(π/2)
c

−1
∫ 1/2

−1/2

W1Θ1 dz, (A.52a)

ξ = 4

∫ 1/2

−1/2

[
W1(W1 −W2,y) + R(π/2)

c

−1
Θ1(Θ1 − Θ2,y) − k−4

c V2,y D2V1

]
dz, (A.52b)

α = k−2
c

∫ 1/2

−1/2

[
P−1c− Up

] [
k−2

c V1V2,x +W1W2,x + PR(π/2)
c

−1
Θ1Θ2,x

]
dz

+ k−4
c

∫ 1/2

−1/2

V1W2,x DUp dz, (A.52c)
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η = 2k−1
c

∫ 1/2

−1/2

[
P−1c− Up

] [
k−2

c V1(V1 + V2,y) +W1W2,y + PR(π/2)
c

−1
Θ1Θ2,y

]
dz

+ 2k−1
c

∫ 1/2

−1/2

[
W1W2,x + R(π/2)

c

−1
Θ1Θ2,x + k−4

c V2,x D2V1

]
dz

+ 2k−3
c

∫ 1/2

−1/2

V1 [W1 +W2,y] DUp dz. (A.52d)

A.2 The multiple scale analysis at infinitesimal R

A.2.1 Reynolds number of order O(ε3/2)

The successive problems at O(ε), O(ε3/2), O(ε2) are identical to the ones obtained in the
absence of through-flow. Thus V1,ϕ in (2.I.29) is given by

V1,ϕ =
(
P1, ik−1

c V1, 0, W1, Θ1

)T
, (A.53)

with P1, V1, W1 and Θ1 as in appendix A.1. The O(ε3/2) solution v3/2,ϕ is obtained as

v3/2,ϕ = ∂y′
1/2
Aϕ exp

(
(ikc(x

′
0 −R3/2 c cosϕ t3/2)

) [
0, k−2

c V1ey′ , 0
]T

+ c. c. , (A.54)

and the O(ε2) solution v2,ϕ as

v2,ϕ = A2
ϕ V2,2,ϕ(z) exp

(
2ikc(x

′
0 −R3/2 c cosϕ t3/2)

)
+
(
2ik−1

c ∂x′
1
Aϕ V2,x′,ϕ(z)

+ k−2
c ∂2

y′
1/2

Aϕ V2,y′,ϕ(z)
)

exp
(
ikc(x

′
0 −R3/2 c cosϕ t3/2)

)

+
1

2
AϕAϕV2,0,ϕ(z) +

1

2

[R2

2
z(1 − z), 0, 0, 0, R2(

1

2
− z)

]T

+ c. c., (A.55)

where

V2,2,ϕ =
[
(2Pk2

c )
−1(V 2

1 −W1DV1) + P2,2, ik−1
c V2,2, 0, W2,2, Θ2,2

]T
, (A.56a)

V2,x′,ϕ =
[
k−2

c D2V1 + P2,y, ik−1
c (V1/2 + V2,y), 0, W2,y, Θ2,y

]T
(A.56b)

V2,y′,ϕ =
[
k−2

c D2V1 + P2,y, ik−1
c (V1 + V2,y), 0, W2,y, Θ2,y

]T
(A.56c)

V2,0,ϕ = [P2,0, 0, 0, 0, Θ2,0]
T , (A.56d)

with all scalar functions of z as defined in appendix A.1.
At order O(ε5/2), v5/2,ϕ = [p5/2,ϕ,u5/2,ϕ, θ5/2,ϕ]T has to satisfy the following inhomoge-

neous linear problem
L0,0v5/2,ϕ = S5/2(v1,ϕ,v3/2,ϕ,v2,ϕ), (A.57)

where L0,0 is the linear operator L0 evaluated at R = 0 and S5/2(v1,ϕ,v3/2,ϕ,v2,ϕ) is given
by

S5/2 =
[
0, −P−1

(
∂t3/2

u1,ϕ + u1,ϕ · ∇′
0u3/2,ϕ

)
− ∂y′

1/2
p2ey′ −R3/2 Up cosϕ∂x′

0
u1,ϕ

−R3/2 DUp (u1,ϕ · ez)ex +
(
2∂x′

1
∂x′

0
+ ∂2

y′
1/2

)
u3/2,ϕ, −∂t3/2

θ1,ϕ

−R3/2P Up cosϕ∂x′
0
θ1,ϕ

]T
, (A.58)
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with
∇′

0 = (∂x′
0
, 0, ∂z)

T. (A.59)

The solvability condition of (A.57) leads to a non trivial equation which yields the oscil-
latory behaviour of Aϕ on the time scale t3/2, with frequency given by equation (2.I.29).
The solution v5/2,ϕ is found to be

v5/2,ϕ = −ik−1
c Aϕ∂y′

1/2
Aϕ V5/2,2,ϕ(z) exp

(
2ikc(x

′
0 −R3/2 c cosϕ t3/2)

)

+
(
ik−1

c R3/2AϕV5/2,x′,ϕ(z) + (2k−2
c ∂x′

1
∂y′

1/2
Aϕ − ik−3

c ∂3
y′

1/2
Aϕ)V5/2,y′,ϕ(z)

)

× exp
(
ikc(x

′
0 −R3/2 c cosϕ t3/2)

)

+Aϕ∂y′
1/2
Aϕ V5/2,0,ϕ(z) +

1

48
∂y′

1/2
R2 (

1

4
− z2)(

z2

2
− z +

1

8
) + c. c. , (A.60)

where
V5/2,2,ϕ =

[
0, 0, ik−1

c V2,2, 0, 0
]T
, (A.61a)

V5/2,x′,ϕ =
[
(P−1c− Up)V1 +W1 DUp + P2,x) cosϕ, ik−1

c V2,x cosϕ,

ik−1
c U1 sinϕ, W2,x cosϕ, Θ2,x cosϕ

]T
, (A.61b)

and V5/2,y′,ϕ =
[
0, 0, ik−1

c (V1 + V2,y), 0, 0
]T
. (A.61c)

The determination of V5/2,0,ϕ is not necessary for the present purpose.
Finally, at order O(ε3), the inhomogeneous linear problem to be solved is

L0,0v3,ϕ = S3(v1,ϕ,v3/2,ϕ,v2,ϕ,v5/2,ϕ), (A.62)

where S3(v1,ϕ,v3/2,ϕ,v2,ϕ,v5/2,ϕ) is given by

S3 =
[
∂x′

1
(u2,ϕ · ex′) + ∂y′

1/2
(u5/2,ϕ · ey′), −P−1

{
∂t2u1,ϕ + ∂t3/2

u3/2,ϕ + u2,ϕ · ∇′
0u1,ϕ

+u1,ϕ · ∇′
0u2,ϕ + (u1,ϕ · ex′) ∂x′

1
u1,ϕ + (u3/2,ϕ · ey′)∂y′

1/2
u1,ϕ

}
− ∂x′

1/2
p2,ϕex′

− ∂y′
1/2
p5/2,ϕey′ −R3/2 Up cosϕ∂x′

0
u3/2,ϕ +R3/2 Up sinϕ∂y′

1/2
u2,ϕ + ∂2

x′
1
u1,ϕ

+
(
2∂x′

1
∂x′

0
+ ∂2

y′
1/2

)
u3/2,ϕ, −∂t2θ1,ϕ − u2,ϕ · ∇′

0θ1,ϕ − u1,ϕ · ∇′
0θ2,ϕ

− (u1,ϕ · ex′) ∂x′
1
θ1,ϕ − (u3/2,ϕ · ey′) ∂y′

1/2
θ1,ϕ −R3/2P Up sinϕ∂y′

1/2
θ1,ϕ

+ ∂2
x′

1
θ1,ϕ +

(
2∂x′

1
∂x′

0
+ ∂2

y′
1/2

)
θ2,ϕ

]T
. (A.63)

The solvability condition for (A.62) then leads to the envelope equation (2.I.30).

A.2.2 Reynolds number of order O(ε)

For R = O(ε) the problems at order O(ε) and O(ε3/2) remain identical to the ones given
in appendix A.2.1. At O(ε2), however, the solution v′

2,ϕ must be modified to include
Reynolds-dependent terms:

v′
2,ϕ = v2,ϕ + ik−1

c R1AϕV5/2,x′,ϕ(z) exp (ikc(x
′
0 −R1 c cosϕ t1)) , (A.64)
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where the same notation is used as in the previous section. At order O(ε5/2), the right
hand side of the linear, inhomogeneous problem for v′

5/2,ϕ becomes

S ′
5/2 =

[
∂y′

1/2
(u′

2,ϕ · ey′), −P−1
(
∂t3/2

u′
1,ϕ + u′

1,ϕ · ∇′
0u

′
3/2,ϕ + ∂t1u

′
3/2,ϕ

)
− ∂y′

1/2
p′2ey′

+R1 Up sinϕ∂y′
1/2

u′
1,ϕ −R1 Up cosϕ∂x′

0
u′

3/2,ϕ +
(
2∂2

x′
1

∂x′
0
+ ∂2

y′2
1/2

)
u′

3/2,ϕ,

− ∂t3/2
θ′1,ϕ +R1P Up sinϕ∂y′

1/2
θ′1,ϕ

]T
. (A.65)

The solvability condition yields the following equation for the envelope Aϕ

∂t3/2
Aϕ = R1 c sinϕ∂y′

1/2
Aϕ, (A.66)

with its solution given by (2.I.41). Then, v′
5/2,ϕ is found as

v′
5/2,ϕ = −ik−1

c Aϕ∂υ′
1/2
Aϕ V5/2,2,ϕ(z) exp (2ikc(x

′
0 −R1 c cosϕ t1)) (A.67)

+ k−2
c

(
−R1 V′

5/2,x′,ϕ(z) + (2∂x′
1
− ik−1

c ∂2
υ′

1/2
)V5/2,y′,ϕ(z)

)
∂υ′

1/2
Aϕ

× exp (ikc(x
′
0 −R1 c cosϕ t1))

+Aϕ∂υ′
1/2
Aϕ V5/2,0,ϕ(z) +

1

48
∂υ′

1/2
R2 (

1

4
− z2)(

z2

2
− z +

1

8
) + c. c.,

with

V′
5/2,x′,ϕ =

[
(P−1c− Up)V1 +W1 DUp + P2,x) sinϕ, ik−1

c (V2,x + U1) sinϕ,

−ik−1
c (V2,x + U1) cosϕ, W2,x sinϕ, Θ2,x sinϕ

]T
. (A.68)

Finally, at order O(ε3), the right hand side of the linear, inhomogeneous problem is

S ′
3 =

[
∂x′

1
(u′

2,ϕ · ex′) + ∂υ′
1/2

(u′
5/2,ϕ · ey′), −P−1

{
∂t2u

′
1,ϕ + ∂t1u

′
2,ϕ + u′

2,ϕ · ∇′
0u

′
1,ϕ

+u′
1,ϕ · ∇′

0u
′
2,ϕ + (u′

1,ϕ · ex′) ∂x′
1
u′

1,ϕ + (u′
3/2,ϕ · ey′)∂υ′

1/2
u′

1,ϕ

}
− ∂x′

1
p′2,ϕ ex′

− ∂υ′
1/2
p′5/2,ϕ ey′ −R1(P

−1c− Up) sinϕ∂υ′
3/2

u′
3/2,ϕ −R1 Up cosϕ

(
∂x′

0
u′

2,ϕ

+ ∂x′
1
u′

1,ϕ

)
+ R1 DUp (u′

2,ϕ · ez)ex + ∂2
x′

1
u′

1,ϕ +
(
2∂x′

1
∂x′

0
+ ∂2

υ′
1/2

)
u′

3/2,ϕ,

− ∂t2θ
′
1,ϕ − ∂t1θ

′
2,ϕ − u′

2,ϕ · ∇′
0θ

′
1,ϕ − u′

1,ϕ · ∇′
0θ

′
2,ϕ − (u′

1,ϕ · ex′) ∂x′
1
θ′1,ϕ

− (u′
3/2,ϕ · ey′) ∂υ′

1/2
θ′1,ϕ −R1P Up cosϕ

(
∂x′

1
θ′1,ϕ + ∂x′

0
θ′2,ϕ

)
+ ∂2

x′
1
θ′1,ϕ

+
(
2∂x′

1
∂x′

0
+ ∂2

υ′
1/2

)
θ′2,ϕ

]T
, (A.69)

from which the envelope equation (2.I.42) is deduced.
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Annexe B

Equation de Navier–Stokes dans

l’approximation de Boussinesq

B.1 Basic state expansion

The order O (ε0) of system (3.I.1), written in a non-dimensionalised form, is:





∂zW0 = 0,
∂xP0 − PR∂2

zU0 + PR2W0∂zU0 = 0,
RW0∂zV0 − ∂2

zV0 = 0,
PR2W0∂zW0 + ∂zP0 − Θ0 − PR∂2

zU0 = 0,
∂2

zΘ0 −RP∂zΘ0 = 0,

(B.1)

with the following boundary conditions:




U0(z = ±1/2) = 0,
Θ0(z = 1/2) = 0,

Θ0(z = −1/2) = R.
(B.2)

The solution of system (B.1), involving two unknown functions F (X,Y ) and G(X,Y ), is:





P0 =
z

2
(1 − z)R + Fx+G,

U0 =
F

8RP

(
4z2 − 1

)
,

V0 = 0,
W0 = 0,
Θ0 = (1/2 − z)R.

(B.3)

The order O (ε) of system (3.I.1) yields:





∂zW1 = −RP∂XU0 ,
∂2

zU1 = ∂XP0 ,
∂2

zV1 = ∂Y P0 ,
∂2

zW1 − Θ1 + ∂zP1 = 0,
∂2

zΘ1 = RPU0∂XΘ0 ,

(B.4)
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with the following boundary conditions:

{
U1(z = ±1/2) = 0,
Θ1(z = ±1/2) = 0.

(B.5)

System (B.4) leads to a solution involving functions F , G in (B.3) plus a new unknown
function H(X,Y ):





P1 =
z

3840

(
16z6 − 16z5 + 20z3 − 40z2 − 13z + 35

)
F∂XR +H,

U1 =
1

96
∂XR (z − 1/2) (z + 1/2)

(
4z2 − 8z + 1

)

+
1

2
∂XG (z − 1/2) (z + 1/2) ,

V1 =
1

96
∂Y R (z − 1/2) (z + 1/2)

(
4z2 − 8z + 1

)

+
1

2
∂YG (z − 1/2) (z + 1/2) ,

W1 = 0,

Θ1 =
1

960
(z − 1/2) (z + 1/2)

(
24z3 − 20z2 + 26z − 35

)
F∂XR .

(B.6)

From the solution W1, it follows that F has to be a function of Y only. Furthermore,
for fixed Y and |X| → 0, the homogeneous U0 must be recovered in (B.3). The only F
satisfying these conditions is a constant, i.e. F = −8RP .

At order O (ε2), the continuity equation is:

∂zW2 = −∂XU1 − ∂Y V1 . (B.7)

From the boundary conditions:

W2 (z = ±1/2) = 0, (B.8)

G is readily deduced as:

G =
1

40
(R−R∞) . (B.9)
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B.2 Local properties of the zeroth order stability prob-

lem

For the following, we introduce the operator L (kx, ky,R (X,Y ) , ω):

L =




0 −ikx −iky −∂z 0

ikx

−iP−1ω
+iRkxU0

+k2 − ∂2
z

0 R∂zŨ0 0

iky 0
−iP−1ω
+iRkxU0

+k2 − ∂2
z

0 0

∂z 0 0
−iP−1ω
+iRkxU0

+k2 − ∂2
z

−1

0 0 0 −R (X,Y )
−iω

+iRPkxU0

+k2 − ∂2
z




, (B.10)

to abbreviate system (3.I.11) to:
Lṽ0 = 0̃. (B.11)

It is also useful to introduce the partial derivatives of this local stability problem with
respect to kx, ky, ω and R:

Lkx =




0 −i 0 0 0
i iRU0 + 2kx 0 0 0
0 0 iRU0 + 2kx 0 0
0 0 0 iRU0 + 2kx 0
0 0 0 0 iRPU0 + 2kx



, (B.12)

Lky =




0 0 −i 0 0
0 2ky 0 0 0
i 0 2ky 0 0
0 0 0 2ky 0
0 0 0 0 2ky



, (B.13)

Lkxkx = Lkyky =




0 0 0 0 0
0 2 0 0 0
0 0 2 0 0
0 0 0 2 0
0 0 0 0 2



, (B.14)

Lω =




0 0 0 0 0
0 −iP−1 0 0 0
0 0 −iP−1 0 0
0 0 0 −iP−1 0
0 0 0 0 −i




(B.15)
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and

LR =




0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 −1 0



. (B.16)

The derivatives of the local stability problem at order O (ε0), where ω is considered as
a function of kx, ky and R by virtue of the dispersion relation (3.I.14), lead to:

L∂kxv̂0 = −Lkxv̂0 − ∂kxωLωv̂0, (B.17)

L∂ky v̂0 = −Lky v̂0 − ∂kyωLωv̂0, (B.18)

L∂Rv̂0 = −LRv̂0 − ∂RωLωv̂0, (B.19)

L∂2
kx

v̂0 = −Lkxkxv̂0 − ∂2
kx
ωLωv̂0 − 2Lkx∂kxv̂0

−2∂kxωLω∂kxv̂0 − 2∂kxωLkx∂ωv̂0

−2 (∂kxω )2 Lω∂ωv̂0 , (B.20)

L∂2
ky

v̂0 = −Lkyky v̂0 − ∂2
ky
ωLωv̂0 − 2Lky∂ky v̂0

−2∂kyωLω∂ky v̂0 − 2∂kyωLky∂ωv̂0

−2
(
∂kyω

)2 Lω∂ωv̂0 , (B.21)

L∂kx ∂ky v̂0 = −∂kx ∂kyωLωv̂0 − Lkx∂ky v̂0 − Lky∂kxv̂0

−∂kxωLω∂ky v̂0 − ∂kyωLkx∂ωv̂0

−∂kyωLω∂kxv̂0 − ∂kxωLky∂ωv̂0

−2∂kxω ∂kyωLω∂ωv̂0 , (B.22)

L∂kx ∂Rv̂0 = −∂kx ∂RωLωv̂0 − Lkx∂Rv̂0 − LR∂kxv̂0

−∂kxωLω∂Rv̂0 − ∂RωLkx∂ωv̂0

−∂RωLω∂kxv̂0 − ∂kxωLR∂ωv̂0

−2∂kxω ∂RωLω∂ωv̂0 (B.23)
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and

L∂ky ∂Rv̂0 = −∂ky ∂RωLωv̂0 − Lky∂Rv̂0 − LR∂ky v̂0

−∂kyωLω∂Rv̂0 − ∂RωLky∂ωv̂0

−∂RωLω∂ky v̂0 − ∂kyωLR∂ωv̂0

−2∂kyω ∂RωLω∂ωv̂0 . (B.24)

With the internal product

L· (ṽ) =

∫ 1/2

−1/2

L· (ṽ) · v̂0
∗dz, (B.25)

where v̂0
∗ is the complex conjugate (−) solution of the adjoint (∗) local stability problem,

the solvability conditions of equations (B.17–B.24) can be written as:

Lkxv̂0 + ∂kxω Lωv̂0 = 0, (B.26)

Lky v̂0 + ∂kyω Lωv̂0 = 0, (B.27)

LRv̂0 + ∂Rω Lωv̂0 = 0, (B.28)

Lkxkxv̂0 + ∂2
kx
ω Lωv̂0 + 2Lkx∂kxv̂0 + 2∂kxω Lω∂kxv̂0 (B.29)

+2∂kxω Lkx∂ωv̂0 + 2 (∂kxω )2 Lω∂ωv̂0 = 0,

Lkyky v̂0 + ∂kyω Lωv̂0 + 2Lky∂ky v̂0 + 2∂kyω Lω∂ky v̂0 (B.30)

+2∂kyω Lky∂ωv̂0 + 2
(
∂kyω

)2
Lω∂ωv̂0 = 0,

∂kx ∂kyω Lωv̂0 + Lkx∂ky v̂0 + ∂kxω Lω∂ky v̂0 (B.31)

+∂kyω Lkx∂ωv̂0 + Lky∂kxv̂0 + ∂kyω Lω∂kxv̂0

+∂kxω Lky∂ωv̂0 + 2∂kxω ∂kyω Lω∂ωv̂0 = 0,

∂kx ∂Rω Lωv̂0 + Lkx∂Rv̂0 + ∂kxω Lω∂Rv̂0 (B.32)

+∂Rω Lkx∂ωv̂0 + LR∂kxv̂0 + ∂Rω Lω∂kxv̂0

+∂kxω LR∂ωv̂0 + 2∂Rω ∂kxω Lω∂ωv̂0 = 0

and

∂k∂yω kxLωv̂0 + Lky∂Rv̂0 + ∂kyω Lω∂Rv̂0 (B.33)

+∂Rω Lky∂ωv̂0 + LR∂ky v̂0 + ∂Rω Lω∂ky v̂0

+∂kyω LR∂ωv̂0 + 2∂Rω ∂kyω Lω∂ωv̂0 = 0.
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The solution of the homogeneous problem v̂0 can be normalised by Lωv̂0 = 1. As ∂kxv̂0 ,
∂ky v̂0 , ∂Rv̂0 and ∂ωv̂0 are defined respectively by:

L∂kxv̂0 = −Lkxv̂0, (B.34)

L∂ky v̂0 = −Lky v̂0, (B.35)

L∂Rv̂0 = −LRv̂0 (B.36)

and
L∂ωv̂0 = −Lωv̂0. (B.37)

they are known up to an arbitrary multiple of v̂0. Thus, the additional four conditions
can always be imposed:

Lω∂kxv̂0 = 0, (B.38)

Lω∂ky v̂0 = 0, (B.39)

Lω∂Rv̂0 = 0 (B.40)

and
Lω∂ωv̂0 = 0. (B.41)

With these normalisations, (B.29–B.33) reduce to:

Lkxkxv̂0 + ∂2
kx
ω + 2Lkx∂kxv̂0 + 2∂kxω Lkx∂ωv̂0 = 0, (B.42)

Lkyky v̂0 + ∂2
ky
ω + 2Lky∂ky v̂0 + 2∂kyω Lky∂ωv̂0 = 0, (B.43)

∂kx ∂kyω + Lkx∂ky v̂0 + ∂kyω Lkx∂ωv̂0

+Lky∂kxv̂0 + ∂kxω Lky∂ωv̂0 = 0, (B.44)

∂kx ∂Rω + Lkx∂Rv̂0 + ∂Rω Lkx∂ωv̂0

+LR∂kxv̂0 + ∂kxω LR∂ωv̂0 = 0 (B.45)

and

∂ky ∂Rω + Lky∂Rv̂0 + ∂Rω Lky∂ωv̂0

+LR∂ky v̂0 + ∂kyω LR∂ωv̂0 = 0. (B.46)

B.3 Solution in the double turning point region and

selection criterion

With the expressions for α, β and δ given in §3.I.4, the equation governing the function
F (χ, ϕ) in (3.I.38) is:

1

2
∂2

kx
ω t∂

2F

∂χ2
+

1

2
∂2

ky
ω t∂

2F

∂ϕ2
− ∂2

kx
ω t (αχ+ δϕ)

∂F

∂χ
(B.47)

−∂2
ky
ω t (δχ+ βϕ)

∂F

∂ϕ
+

(
ω1 −

1

2
∂2

kx
ω tα− 1

2
∂2

ky
ω tβ

)
F = 0.

128



In order to transform this partial differential equation into an equivalent set of ODE’s,
the following ansatz for F (χ, ϕ) is made:

F (χ, ϕ) = G
(
dχ2 + eϕ2 + 2fχϕ

)
= G (ζ) , (B.48)

with ζ = dχ2 + eϕ2 + 2fχϕ. With this, B.47 is transformed into the following equation
for G (ζ):

(ζ + b2)G
′′ + (−a1ζ + b1)G

′ + (a0ζ + b0)G = 0, (B.49)

where the coefficients d, e, f , a0, b0, a1, b1 and b2 have to be solutions of:




∂2
kx
ω td2 + ∂2

ky
ω tf 2 =

d

2
,

∂2
kx
ω tf 2 + ∂2

ky
ω te2 =

e

2
,

∂2
kx
ω tdf + ∂2

ky
ω tef =

f

2
,

(B.50)

b2 = 0, (B.51)




2∂2
kx
ω tαd + ∂2

ky
ω tδf = a1d,

2∂2
ky
ω tβe + ∂2

kx
ω tδf = a1e,

∂2
kx
ω tδd + ∂2

ky
ω tδe +

(
∂2

kx
ω tα+ ∂2

ky
ω tβ

)
f = a1f,

(B.52)

b1 = ∂2
kx
ω td+ ∂2

ky
ω te, (B.53)

a0 = 0, (B.54)

b0 = ω1 −
1

2
∂2

kx
ω tα− 1

2
∂2

ky
ω tβ. (B.55)

The case d = e = f = 0 implies F (χ, ϕ) = const. and therefore

ω1 =
1

2
∂2

kx
ω tα +

1

2
∂2

ky
ω tβ. (B.56)

Otherwise, system (B.52) has to degenerate, implying:

a1 = ∂2
kx
ω tα + ∂2

ky
ω tβ (B.57)

+s

((
∂2

kx
ω tα− ∂2

ky
ω tβ

)2

+ 4δ2∂2
kx
ω t∂2

ky
ω t

)1/2

,

with s = −1, 0,+1. The case s = 0 leads to d = e = f = 0, implying F (χ, ϕ) = const.
and ω1 given by (B.56). For s = ±1 the third equation of system (B.50) implies

∂2
kx
ω td+ ∂2

ky
ω te =

1

2
(B.58)

or
f = 0. (B.59)

In the latter case, δ = 0 is a necessary condition to obtain two non-trivial solutions:

d = 0, s = −1 and ∂2
kx
ω te =

1

2
(B.60)
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or

e = 0, s = 1 and ∂2
ky
ω td =

1

2
. (B.61)

In both cases, (B.58) leads to b1 = 1/2 and equation (B.49) becomes:

ζG′′ +

(
1

2
− a1ζ

)
G′ + b0G = 0, (B.62)

where the two different cases s = ±1 correspond to two different variables ζ1 and ζ2.
Omitting the subscript, the solution of equation (B.62) is expressed in terms of degenerate
hypergeometric functions:

G (ζ) = C1M

(
− b0
a1

,
1

2
; a1ζ

)
+ C2ζ

1/2M

(
− b0
a1

− 1

2
,
3

2
; a1ζ

)
. (B.63)

The two-dimensional function F (χ, ϕ) is thus transformed into the superposition of two
independent one-dimensional functions G1 (ζ1) and G2 (ζ2). To prevent A (χ, ϕ) to grow
faster than the exponential term in (3.I.38) as χ → ±∞ or ϕ → ±∞, the functions M
must be Hermite polynomials, which is possible if and only if:

2
b0
a1

= n, (B.64)

with n a natural integer. Hence,

ω1 =
1

2
∂2

kx
ω tα +

1

2
∂2

ky
ω tβ +

n

2
a1. (B.65)

This defines two infinite sets of global modes, in the directions linked to s = ±1, with a
common member for n = 0. Large values of n are excluded as they would lead to variations
of A (χ, ϕ) faster than the assumed variations on an O

(
ε1/2
)

scale. Furthermore, the
finite extent of the absolutely unstable domain should reduce the growth of the instability
relative to the absolute growth rate at the top of the bump, i.e. ω should be a decreasing
function of ε. The physical and mathematical consistency of the selection criterion and
global mode construction requires condition (3.I.40) to hold. The least stable mode is
then obtained for n = 0, implying b0 = 0,

ω1 =
1

2
∂2

kx
ω tα +

1

2
∂2

ky
ω tβ

=
ε1
2

(
∂2
Rω

t
)1/2

(
∂2

XR t∂2
kx
ω t + ∂2

Y R t∂2
ky
ω t + 2ε2Λ

)1/2

(B.66)

and

M

(
0,

1

2
; a1ζ

)
= 1. (B.67)

The case F = const. is then recovered and the amplitude A (χ, ϕ) given by:

A = exp

(
−α

2
χ2 − β

2
ϕ2 − δχϕ

)
. (B.68)
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B.4 Evaluation of global modes

B.4.1 Eigenmode of the local stability problem

Locally, the zeroth order of the global mode is the solution of the homogeneous RBP
linear stability problem with R = R (X,Y ). Taking the double curl of the momentum
equation and using the continuity equation, a system of two coupled equations involving
w the vertical component of the perturbation velocity and θ the perturbation temperature
is obtained:

{
−P−1∂t∇2w −R

(
U0∇2 − d2

zU0

)
∂xw +

(
∂2

xθ + ∂2
yθ
)

+ ∇4w = 0,
∂tθ +RPU0∂xθ −Rw −

(
∂2

xθ + ∂2
yθ
)

= 0,
(B.69)

with the following boundary conditions:

w (±1/2) = ∂zw (±1/2) = θ (±1/2) = 0 (B.70)

The solution is sought in the normal mode form:
(
w
θ

)
=

(
w (z)
θ (z)

)
exp (ikxx+ ikyy − iωt) + c.c., (B.71)

leading to the system of ordinary equation in z

AX = ωBX, (B.72)

with

A =

(
ikxR

(
U0

(
k2 − d2

z

)
+ d2

zU0

)
+
(
k2 − d2

z

)2 −k2

−R ikxRPU0 +
(
k2 − d2

z

)
)
, (B.73)

B =

(
iP−1

(
k2 − d2

z

)
0

0 i

)
(B.74)

and

X =

(
w (z)
θ (z)

)
. (B.75)

Using the continuity equation and the definition of the vorticity, the remaining compo-
nents of the velocity u and v are deduced from w and ωz, the z-component of the vorticity
ω by: 




u =
1

k2
(ikxdzw − ikyωz) ,

v =
1

k2
(ikydzw − ikxωz) ,

(B.76)

where ωz is solution of the generalised Squire equation:

dzωz +
(
iωP−1 − iRkxU0(z) − k2

)
ωz = iRkydzU0w (B.77)

with the boundary conditions:
ωz (±1/2) = 0 (B.78)
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B.4.2 Calculation of the turning points

At the double-turning point, the problem (B.72) is solved using a tau-collocation spectral
method with Chebychev polynomials in the z-direction. For given R, P and Rt, this turn-
ing point is defined in the complex (kx, ky) space by the condition (3.I.28) and dispersion
relation (3.I.14). Using the internal product (B.25) with X normalised by BX=1, the
solvability conditions of the derivatives of problem (B.72) with respect to kx and ky leads
to: {

∂kxω = AkxX −BkxX,
∂kyω = AkyX −BkyX,

(B.79)

with Akx , Bkx , Aky and Bky defined analogous to appendix B.2. Numerically, the turning
point is found by a Newton method where the (i+1)-th iteration of (kx, ky) is deduced
from the i-th value by:





k(i+1)
x = k(i)

x +
∂kx ∂kyω

(i)∂kyω
(i) − ∂2

ky
ω (i)∂kxω

(i)

∂2
kx
ω (i)∂2

ky
ω (i) −

(
∂kx ∂kyω

(i)
)2 ,

k(i+1)
y = k(i)

y +
∂kx ∂kyω

(i)∂kxω
(i) − ∂2

kx
ω (i)∂kyω

(i)

∂2
kx
ω (i)∂2

ky
ω (i) −

(
∂kx ∂kyω

(i)
)2 .

(B.80)

The second order derivatives of ω with respect to kx and ky are given by the solvability
conditions of second order derivatives of the stability problem:





∂2
kx
ω = 2Akx∂kxX + AkxkxX − 2∂kxω (BkxX +B∂kxX ) − 2ωBkx∂kxX

−ωBkxkxX,
∂2

ky
ω = 2Aky∂kyX + AkykyX − 2∂kyω

(
BkyX +B∂kyX

)
− 2ωBky∂kyX

−ωBkykyX,
∂kx ∂kyω = Akx∂kyX + Aky∂kxX + AkxkyX − ∂kxω

(
BkyX +B∂kyX

)

−∂kyω (BkxX +B∂kxX ) − ω
(
Bkx∂kyX +Bky∂kxX

)
.

(B.81)
It is checked that, in all the case studied, the double turning-point condition (3.I.28)
imposes kt

y = 0, and therefore ∂kx ∂kyω
t = 0. The value of ω0 is given by the resolution of

problem (B.69) at the double turning point The evaluation of εω1, εα, εβ and εδ, leading
to the inner solution (3.I.38), requires the value of

∂Rω
t = At

RX
t (B.82)

in addition to the values of system (B.81) at the double turning point. To expressed the
selection criterion in terms of the critical Reynolds number Rcrit, the latter is determined
by a Newton method on = (ω), where the (i+1)-th iteration of R is given by:

R(i+1) = R(i) − =
(
ω(i)
)

=
(
∂Rω

(i)
) , (B.83)

where
∂Rω = ARX, (B.84)

with AR defined as in appendix B.2
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Cette étude concerne la détermination analytique de l’évolution spatio-temporelle des modes
linéaires d’instabilité thermo-convective dans une couche de fluide horizontale chauffée par le bas
(système de Rayleigh–Bénard) et soumise à un gradient de pression (écoulement de Poiseuille).
L’originalité réside dans l’inhomogénétié de la température de la plaque inférieure présentant
une bosse bidimensionnelle. Cette inhomogénéité et le flux moyen de l’écoulement de Rayleigh–
Bénard–Poiseuille ainsi obtenu rompent les symétries du problème de convection pure et amène
à considérer des modes spatialement localisés d’instabilité en rouleaux. Un mode synchronisé se
développant sur une telle configuration est appelé mode global. L’échelle spatiale caractéristique
des variations de la bosse de température étant supposée grande devant celle de la longueur
d’onde des rouleaux, les modes globaux sont cherchés sous la forme de modes propres dans
la direction de confinement, modulés par un développement WKBJ bidimensionnel dans les
directions horizontales lentement variables. Un tel développement ne peut être valable aux points
où la vitesse de groupe de l’instabilité s’annule, ou points tournants. Au voisinage d’un tel point
situé au sommet de la bosse de température, le caractère borné de la solution, cherchée sous
la forme d’un développement intermédiaire, impose un critère de sélection donnant taux de
croissance (ou de façon équivalente seuil critique), fréquence et vecteur d’onde du mode global.
Cette étude généralise à des cas bidimensionnels les méthodes utilisées et les résultats obtenus
pour des inhomogénéités unidimensionnelles. Une telle approche est d’abord appliquée à une
équation dynamique simplifiée obtenue par le formalisme d’enveloppe. Les résultats analytiques
sont comparés à des simulations numériques de cette équation. Puis ces modes globaux sont
déterminés pour un écoulement décrit par les équations de Navier–Stokes dans l’approximation
de Boussinesq.

Mots clés : convection thermique, instabilités convectives et absolues, modes globaux.

Analytical evaluation of three-dimensional global modes in mixed
Rayleigh–Bénard–Poiseuille convection flow.

This analytical study deals with the spatio-temporal evolution of linear thermo-convective
instabilities in a horizontal fluid layer heated from below (the Rayleigh–Bénard system) and
subject to a horizontal pressure gradient (Poiseuille flow). The novelty consists of a spatially
inhomogeneous temperature, in the form of a two-dimensional bump imposed on the lower
plate, while the upper plate is kept at a constant tremperature. The inhomogeneous boundary
temperature and the mean flow of the Rayleigh–Bénard–Poiseuille system break the symmetries
of the classical Rayleigh–Bénard system. The instabilities of interest are therefore spatially
localised packets of convection rolls. If a mode of this type is synchronised, it is called a
global mode. Assuming that the characteristic scale of the spatial variation of the lower plate
temperature is large compared to the wavelength of the rolls, global modes are sought in the
form of eigenmodes in the confined vertical direction, modulated by a two-dimensional WKBJ
expansion in the slowly-varying horizontal directions. Such an expansion breaks down at points
where the group velocity of the instability vanishes, i.e. at WKBJ turning points. In the
neighbourhood of one such point, located at the top of the temperature bump, the boundedness
of the solution imposes a selection criterion for the global modes which provides the growth
rate (or equivalently the critical threshold), the frequency and the wave vector of the most
amplified global mode. This study thus generalises to two-dimensional cases the methods used
and the results obtained for one-dimensional inhomogeneities. The analysis is first applied to a
simplified governing equation obtained by an envelope formalism and the analytical results are
compared with numerical solutions of the amplitude equation. The formalism is finally applied
to the Rayleigh–Bénard–Poiseuille system described by the Navier–Stokes equations with the
Boussinesq approximation.

Key words: thermal convection, convective and absolute instabilities, global modes.
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