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Direct Measurement of the Josephson Supercurrent in an Ultrasmall Josephson Junction

A. Steinbach,1 P. Joyez,1 A. Cottet,1 D. Esteve,1 M. H. Devoret,1 M. E. Huber,2 and John M. Martinis3
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We have measured the supercurrent flowing through a nonhysteretic, ultrasmall, voltage-biased Joseph-
son junction. In contrast with experiments performed so far on hysteretic Josephson junctions, we find
a supercurrent peak whose maximum Is max increases as the temperature T decreases. The asymptotic
T � 0 value of Is max agrees with the junction Ambegaokar-Baratoff critical current, as predicted by
theory.
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A Josephson tunnel junction between two superconduct-
ing electrodes is a basic quantum nonlinear system [1,2].
For excitation energies much smaller than the supercon-
ducting gap D, it can be modeled by the Josephson Hamil-
tonian Ĥ � 2EJ cosd̂ where d̂ is the gauge-invariant
phase-difference operator, a purely electrodynamic quan-
tity which is 2e�h̄ times the space and time integral of
the electric field across the junction [2]. The Josephson
energy EJ is a macroscopic parameter, which, for BCS
superconductors at temperatures T ø D�kB and for
sufficiently opaque junctions, depends only on the junc-
tion tunnel resistance Rt and D through EJ �

h
8e2 D�Rt

[3]. The supercurrent flowing through the junction is
given by the Josephson relation IS � �2e�h̄� �≠Ĥ�≠d̂� �
�2eEJ �h̄� �sind̂�, the average �· · ·� being performed on the
degrees of freedom of the electrodynamic environment
of the junction. Thus, the highest supercurrent that the
junction can sustain is given by the so-called Ambekaokar-
Baratoff critical current I0 �

p

2e D�Rt corresponding to an
environment for which �sind̂� � 1. This critical current is
easily observed for junctions with a small Coulomb energy
EC � 2e2�C0 ø EJ where C0 is the intrinsic capacitance
of the junction [4]. For these junctions, the phase behaves
as a good quantum number d which can be driven to
the critical value d � p�2. However, for the so-called
“ultrasmall” junctions characterized by EC * EJ , which
are considered for applications in quantum information
processing [5], the highest supercurrent has always been
found experimentally well below the expected value I0
[6–9]. Several untested hypotheses have been formulated
to explain these results. The average �sind̂� may not reach
the value 1 because of uncontrolled quantum or thermal
fluctuations. Failure of the Josephson Hamiltonian model
for ultrasmall junctions could also explain the results,
even if it is not directly expected from theory. Note that,
experimentally, one cannot simply shunt the two leads
of the junction by a small superconducting inductance
to impose the phase difference, since it then becomes
impossible to check the junction parameters by measuring
its quasiparticle current.
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The aim of the experiment reported in this Letter was to
test the validity of the Josephson Hamiltonian model and
the Josephson relation for an ultrasmall junction embedded
in a controlled environment which should suppress phase
fluctuations.

The principle of our experiment is shown schematically
in Fig. 1a: an ultrasmall Josephson junction with criti-
cal current I0 and intrinsic capacitance C0 is biased by
a circuit equivalent to a capacitor CB in parallel with an
ideal voltage source VB in series with a resistance RB.
This bias circuit is also equivalent to a current source
IB � VB�RB in parallel with RB and CB (Thévenin theo-
rem). The average current I through the junction is mea-
sured by a current meter in series with the junction. The
impedance of the meter is made negligible in comparison
with the impedance of the bias circuit. The system is analo-
gous to a damped quantum particle with mass C�h̄�2e�2,
where C � C0 1 CB, placed in a tilted washboard poten-
tial U�d̂� � 2EJ cosd̂ 2 IB�h̄�2e�d̂. The damping due
to the resistance RB, assumed to be in thermal equilib-
rium at temperature T , manifests itself also as a fluctu-
ating force acting on the particle [2]. We consider only
the overdamped regime RB ø

p
h̄��2eCI0�, for which the

particle mass can be neglected. In this regime, all quan-
tum fluctuations of the phase are suppressed, provided
that RB ø h��2e�2 [10]. Previous experiments have tried
to implement this idealized circuit and determine the su-
percurrent maximum IS max � max�IS�VB�� which should
tend to I0 as T ! 0. However, instead of the pure RB

and CB combination, all of them had a strongly frequency-
dependent and often ill-characterized impedance Z�v�.
This difficulty arose because the measuring setups involved
high input impedance field-effect transistor amplifiers and
the dc value of Z had to be made large in order to re-
solve the contribution of the junction quasiparticle current
to the I�V � characteristics. In practice, the condition for
hysteresis Z�v � 0� ¿

p
h̄��2eC0I0� was inevitable. The

zero-voltage state, in which the supercurrent is measurable,
was therefore metastable and was switching to the nonzero
voltage state at IB � Isw , IS max [11]. This switching
© 2001 The American Physical Society 137003-1
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FIG. 1. (a) Idealized circuit for measurement of supercurrent
of Josephson junction. The junction consists of a Josephson
element (cross) in parallel with a capacitor. (b) On-chip high-
frequency circuitry contributing to electrodynamic damping of
Josephson junction. For clarity, metallic thin films only are
represented. (c) Measurement setup schematics including both
on-chip circuitry (box in dotted line) and off-chip circuitry. A
known fraction of the current through the junction is coupled to
a SQUID array (box in dashed line). The backaction noise of
the SQUID array is attenuated by filter F.

transition is affected by thermal and quantum fluctuations,
and Isw is characterized by a probability distribution. The
average Īsw obtained so far for ultrasmall junctions showed
various degrees of reduction compared to I0 [6], ranging
from around 1023I0 to 0.65I0, this largest value having
been obtained using an on-chip impedance [9].

In the present experiment, we have circumvented these
problems and measured the current through a junction in
the nonhysteretic regime using as the current meter a re-
cently developed SQUID series array with 100 dc SQUIDs
[12]. The impedance of the current-measuring circuit is
so low that we can afford to overdamp conservatively the
junction at all frequencies, thereby ensuring that the mea-
surement finds the junction in a fully stable state with
a controlled absence of quantum fluctuations. The total
impedance seen by the junction is equivalent to a pure re-
sistor RB � 24 6 1 V in parallel with a reactive element
which behaves as a capacitor CB � 200 6 20 fF above a
few tens of MHz. In conventional measuring setups, such
heavy damping would make the junction current hardly dis-
tinguishable from the current through the shunt resistor.
137003-2
The actual measurement setup implementing the ideal-
ized Fig. 1a circuit is shown in Figs. 1b and 1c. It has
been designed to minimize deviations of the environmental
impedance from the ideal limit Z�v�21 � R21

B 1 jCBv

while maintaining dissipative elements in thermal equilib-
rium at a controlled temperature T , as well as imposing
an accurate bias current. In order to meet, in a fre-
quency range spanning 10 orders of magnitude, these con-
flicting requirements, we have engineered an environment
which consists of both microscopic on-chip (Fig. 1b) and
macroscopic off-chip components (see outside of dotted
line box in Fig. 1c). The on-chip components contribute
mainly to the high-frequency values of the environmen-
tal impedance, which include the junction bare plasma
frequency

p
2eI0��h̄C0� in the tens of GHz range, while

the off-chip components contribute mostly to the low-
frequency values, which includes possible Josephson reso-
nances in the hundreds of MHz range, as well as the
measurement frequencies below a few kHz. The on-chip
circuitry consists of a resistance RH � 11.8 V in series
with a capacitance CH � 100 pF, which were fabricated
using a five-layer optical lithography process. The resistor
RH was made from 150 nm thick AuPd with a width and
length of approximately 5 mm by 25 mm. This small re-
sistor was in good electrical contact with a large Au pad
that served as a thermal reservoir. A single Al-AlOx-Al
Josephson junction was fabricated by e-beam lithography
and double angle shadow mask evaporation [13]. We es-
timate the capacitance C0 � 1 fF from the junction area.
The contact resistance resulting from the junction fabri-
cation process was RC � 12.1 V. The off-chip compo-
nents RM � 1.67 V, RI � 10 V, and RL � 10.1 V were
surface mounted resistors for microwave circuits placed
within 5 mm of the junction to minimize the stray induc-
tance L � 4 nH of the connection between the off-chip
and on-chip circuitry. The role of RM and the two RI’s is
to provide a current divider for minimizing the backaction
of the Josephson oscillations inside the SQUID array on
the measured junction. A microwave copper-powder filter
[14] placed in series with the RI resistors provides further
attenuation at high frequency. Only about 8% of the junc-
tion supercurrent was thus coupled to the SQUID array.
The biasing circuitry at high temperature was connected
to the resistor RL through coaxial lines filtered by a com-
bination of copper-powder filters and miniature cryogenic
filters [15], and its action is equivalent to a voltage source
VB in series with RL. The sum of RL, RM , and RC deter-
mines the dc value of the environmental impedance, while
the sum of RH and RC determines its high-frequency value
(inductor L blocks high-frequency currents). The sample
and the low temperature bias circuitry were thermally an-
chored inside a copper box bolted to the mixing chamber
of a dilution refrigerator.

The junction I�V � characteristic is shown in Fig. 2a for
T � 34 mK. The superconducting gap is directly mea-
sured to be D � 200 6 2 mV and the junction normal
137003-2



VOLUME 87, NUMBER 13 P H Y S I C A L R E V I E W L E T T E R S 24 SEPTEMBER 2001
-100

0

100
I(

nA
)

-1.0 -0.5 0.0 0.5 1.0

V(mV)

-40

-20

0

20

40

I(
nA

)

-5 0 5

V(µV)

a)

b)

FIG. 2. (a) Large-scale I�V� characteristic of the ultra-
small Josephson junction of Figs. 1b and 1c at T � 34 mK.
(b) Josephson supercurrent peak shown on an expanded
voltage scale, at different temperatures. From top to bottom:
T � 34, 98, 245, 400,622 mK, respectively.

state resistance approaches the asymptotic value RN �
6.99 kV at voltages many times 2D�e. The critical cur-
rent is then calculated to be I0 � 44.9 6 0.5 nA. On first
inspection, the I�V� of Fig. 2a appears conventional, with
the Josephson current manifesting itself as a vertical line at
zero voltage. However, because of the low impedance of
our biasing circuit, there is no hysteresis and all points on
the I�V � characteristic are stable, in contrast with the usual
current-bias ramp method giving access only to the posi-
tive differential conductance part of the I�V � in the best
cases. Thus, it is worth stressing that in our experiment,
a supercurrent peak, as opposed to a supercurrent branch,
is measured for the first time. The detailed structure of
the supercurrent peak is shown for several temperatures in
Fig. 2b. The higher temperature data show a finite slope
around zero bias which is due to phase diffusion in the
tilted washboard potential [16]. The full I�V � characteris-
tic in the pure Ohmic damping case was first calculated by
Ivanchenko and Zil’berman [17]:

I�VB� � I0 Im

∑
I122ibeVB�h̄RB �bEJ �
I22ibeVB� h̄RB �bEJ�

∏
, (1)

where In�z� is the modified Bessel function, b � 1�kBT ,
VB � V 1 RBI. The more general approach [18], devel-
oped to solve the steady-state Fokker-Planck equation for
the phase distribution in a tilted washboardlike potential,
137003-3
has been proved to yield equivalent results [19]. The ex-
pression (1) predicts a supercurrent peak with a maximum
which tends to I0 in the zero temperature limit. A de-
tailed comparison between the I�V� characteristics mea-
sured at three temperatures and the theoretical predictions
are shown in Fig. 3 with no adjustable parameters. The
close agreement between theory and experiment around the
peak maximum shows that the temperature of the electro-
magnetic environment which drives the phase dynamics is
indeed equal to the experimental refrigerator temperature.
The agreement over the whole voltage range, without any
spurious resonances, confirms that the impedance of the
junction environment is indeed almost constant over the
corresponding range of Josephson frequencies. As a check,
we have simulated the classical dynamics of a small junc-
tion for the exact circuit of Fig. 1b, including the effect of
thermal fluctuations. The theoretical I�V � curves so ob-
tained are negligibly different from those obtained with
expression (1) with RB � 24 V, which indicates that our
experiment implements the ideal bias case satisfactorily.
As a further check of the influence of the off-chip bias
circuitry on the I�V�, we have increased L to a value of
order 100 nH and observed that the I�V � then developed
two metastable branches predicted by our numerical simu-
lations and corresponding to chaotic Josephson oscillations
in the hundreds of MHz range [20].

In Fig. 4, we compare the measured supercurrent peak
height IS max with the values predicted from (1) over a large
temperature range [21]. The peak height IS max increases as
the temperature is lowered down to 26 mK, in agreement
with the classical theory. However, the agreement between
theory and experiment below 200 mK was attained only
after the filtering at the input of the SQUID array, as de-
scribed in Fig. 1c, had been installed. This indicates the
magnitude of the backaction noise produced by this type
of amplifier. We do not have a fully convincing explana-
tion for the deviations between experiment and theory at
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FIG. 3. Comparison between the I�V� characteristics measured
at different temperatures (symbols) and the calculated ones (full
lines) using Eq. (1) and I0 � 44.9 nA and R � 24 V. From
top to bottom: T � 34, 157, and 400 mK, respectively. Dashed
line represents the I�V� predicted at T � 0.
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FIG. 4. Comparison between the measured temperature depen-
dence of the maximum supercurrent (open circles) and the pre-
dicted one (full line).

the highest temperatures, but the contribution of the quasi-
particle current to the damping of the junction, which we
neglect in our analysis, may play a role in this regime.

Our experiment thus provides strong experimental
evidence that the commonly observed reduction of the
maximum supercurrent in an ultrasmall junction is not an
intrinsic junction property, but is due to its electrodynamic
environment. When the environment is engineered to
place the junction in the overdamped regime in a con-
trolled manner, the Ambegaokar-Baratoff critical current
I0 can be reached at low temperature, thereby showing
the validity of the Josephson Hamiltonian for ultrasmall
junctions. A control of the environment impedance similar
to that of our experiment, but with higher resistances,
would allow the observation of the strong reduction of the
maximum supercurrent by quantum fluctuations, which
has been recently predicted by Ingold and Grabert [22] in
the case of a resistive environment with R 	 RQ .

Our work also provides ground for the application of
the single Cooper pair transistor (SCPT) [7] to electrome-
try. This device consists of two small Josephson junctions
in series. At low temperature, it is equivalent to a single
junction whose Josephson energy is modulated with a 2e
period by the gate charge coupled to the island formed be-
tween the two junctions. This modulation can be exploited
for low-noise-temperature electrometry [23], provided that
the device supercurrent is measured like in the present ex-
periment. The SCPT could operate at high frequencies
since intrinsic bandwidths up to 120 and 250 MHz have
been demonstrated for arrays with 100 and 30 SQUIDs,
respectively [24]. Further work is needed to know how
this new type of electrometer competes in fast electrome-
try with the recently developed RF-SET [25].

We gratefully acknowledge discussions with J. Imry,
G.-L. Ingold, and H. Grabert. This work was partly
supported by the European Union through Contract
No. IST-10673 SQUBIT and by the Bureau National de la
Métrologie.
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$XGUH\�&RWWHW��'HQLV�9LRQ��3KLOLSSH�-R\H]��'DQLHO�(VWHYH��DQG�0LFKHO
+��'HYRUHW


���,1752'8&7,21

6XSHUFRQGXFWLQJ�QDQR�HOHFWURQLF�GHYLFHV�DUH�DSSHDOLQJ�FDQGLGDWHV�IRU�LPSOHPHQWLQJ

TXDQWXP�ELWV�� �TXELW�� EHFDXVH� WKH\� FDQ� EH� IDEULFDWHG� LQ� SDUDOOHO� XVLQJ� OLWKRJUDSK\

WHFKQLTXHV��$W�WKH�SUHVHQW�WLPH��WKH�PRVW�DGYDQFHG�TXELWV�DUH�WKH�VLQJOH�&RRSHU�SDLU�ER[�

�&3%���ZKLFK�LQYROYHV�FKDUJH�VWDWHV�RI�D�VPDOO�VXSHUFRQGXFWLQJ�LVODQG��WKH�5)�648,'�

DQG�WKH���MXQFWLRQ�648,'���5HFHQWO\��1DNDPXUD��HW�DO��GHPRQVWUDWHG�WHPSRUDO�FRKHUHQFH

RI� TXDQWXP� VXSHUSRVLWLRQV� RI� TXELW� VWDWHV� LQ� WKH�&3%��7KH� GHFD\� RI�&RRSHU� SDLUV� LQWR

TXDVLSDUWLFOHV� XVHG� LQ� WKLV� H[SHULPHQW� IRU� PHDVXULQJ� WKH� &3%� LV� IDU� IURP� SURYLGLQJ� D

VLQJOH�VKRW�UHDGRXW��DQG�VHYHUHO\�OLPLWV�WKH�FRKHUHQFH�WLPH�RI�WKH�VXSHUSRVLWLRQ�RI�VWDWHV�

$FKLHYLQJ�VLQJOH�VKRW�GHWHUPLQDWLRQ�RI�WKH�TXELW�HQHUJ\�HLJHQVWDWH�ZKLOH�SUHVHUYLQJ� WKH

FRKHUHQFH�SULRU�WR�PHDVXUHPHQW�LV�D�FHQWUDO�LVVXH��5HFHQWO\�� IDVW�HOHFWURPHWHUV����

�
�

��KDYH

EHHQ�GHYHORSHG�IRU�PHDVXULQJ�WKH�FKDUJH�RI�WKH�&3%�LVODQG��DQG�WKH�VHQVLWLYLW\�QHFHVVDU\

IRU� VXFK� VLQJOH�VKRW� UHDGRXW�KDV� DOUHDG\� EHHQ� UHDFKHG� E\� DQ� HOHFWURPHWHU� EDVHG� RQ� WKH

UDGLR�IUHTXHQF\� 6LQJOH� (OHFWURQ� 7UDQVLVWRU�� ,Q� WKLV� ZRUN�� ZH� SUHVHQW� D� QHZ� UHDGRXW

VFKHPH�EDVHG�RQ�WKH�VLQJOH�&RRSHU�3DLU�7UDQVLVWRU������

����&37���,Q�WKLV�VXSHUFRQGXFWLQJ

GHYLFH��WKH�VXSHUFXUUHQW�LV�PRGXODWHG�E\�WKH�FKDUJH�FRXSOHG�WR�WKH�WUDQVLVWRU�LVODQG��:H

KDYH�PHDVXUHG� WKH� FKDUJH� UHVROXWLRQ� RI� VXFK� DQ� HOHFWURPHWHU�� DQG� HYDOXDWHG� WKH� EDFN�

DFWLRQ�LW�ZRXOG�KDYH�RQ�D�&3%�

����������������������������������������������������������
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)LJXUH����7KH� VLQJOH�&RRSHU� SDLU� ER[� �D�� LV� D� FKDUJH� TXELW�� $� QDWXUDO� UHDGRXW� VFKHPH� LV� WR� FRXSOH� LW� WR� DQ

HOHFWURPHWHU�WKURXJK�D�FDSDFLWRU�&

F

��7KH�HOHFWURPHWHU��E��WHVWHG�LQ�WKLV�ZRUN�LV�D�&RRSHU�SDLU�WUDQVLVWRU��&37��

7KH�WUDQVLVWRU�LV�FXUUHQW�ELDVHG�DQG�GDPSHG�RQO\�DW�$&�IUHTXHQFLHV�

����7KH�&RRSHU�3DLU�%R[�DV�D�&KDUJH�4XELW

7KH�&3%�� LV�VFKHPDWLFDOO\�UHSUHVHQWHG�RQ�)LJ���D�� ,W� FRQVLVWV�RI�D� VXSHUFRQGXFWLQJ

LVODQG� FRXSOHG� WR� D� YROWDJH� VRXUFH�5 � WKURXJK� D� -RVHSKVRQ� MXQFWLRQ� ZLWK� FDSDFLWDQFH
BOX

*
# � DQG� -RVHSKVRQ� HQHUJ\� BOX

*
% �� DQG� WKURXJK� D� VPDOO� FDSDFLWDQFH� BOX

G# �� :KHQ� WKH

VXSHUFRQGXFWLQJ�JDS�LV�ODUJHU�WKDQ�WKH�FKDUJLQJ�HQHUJ\� � ��BOX BOX

C
% E #

4
� ��ZKHUH� BOX#

4

LV� WKH� WRWDO� FDSDFLWDQFH� RI� WKH� LVODQG�� WKH� WZR� ORZHVW� HQHUJ\� VWDWHV� RI� WKH� &3%� DUH

VXSHUSRVLWLRQV� RI� FKDUJH� VWDWHV� N �� ZKHUH� N � LV� DQ� HYHQ� QXPEHU� RI� HOHFWURQV� LQ� WKH

LVODQG��:KHQ� WKH� UHGXFHG�JDWH�FKDUJH� �BOX BOX

G GN # 5 E� � LV�FORVH� WR�DQ�RGG� LQWHJHU�
�

N �

DQG�LI� �BOX BOX

C*
% % �LV�VPDOO��WKH�V\VWHP�EHKDYHV�DW�ORZ�HQHUJ\�OLNH�DQ�HIIHFWLYH�WZR�OHYHO

V\VWHP�� � ,Q� WKH�VXEVSDFH�VSDQQHG�E\�
� �

� � � � 	N N N N� � � � �� WKH�+DPLOWRQLDQ� LV

WKDW�RI�D�VSLQ�ò�LQ�DQ�HIIHFWLYH�ILHOG�
�

�
�BOX

( " T� �
r r

� ���

ZKHUH� < >� �
X Y Z

T T T T�
r

�LV�WKH�3DXOL�PDWULFHV�YHFWRU��DQG� ; � �� � �� 	=
G

BOX BOX BOX

C*
" % % N� �
r

�

7KH� JURXQG� DQG� H[FLWHG� HLJHQVWDWHV� RI� WKLV� +DPLOWRQLDQ� DUH� WKH� WZR� VWDWHV� �QB � DQG

�QB � RI� WKH� TXELW�� LQGH[HG� E\� � � DQG� � � LQ� WKLV� SDSHU�� 7KH� HQHUJ\� GLIIHUHQFH� LV

� SINBOX

*
% R8 �h �� DQG� WKH� FKDUJH� GLIIHUHQFH� REH\V� � �

��
� COSN N N R% � � � �

ZKHUH� R � LV� WKH� DQJOH�EHWZHHQ� "
r
� DQG� Z

r
�� ,GHDOO\��ZKHQ� WKH� LVODQG�FKDUJH�RI� D�JHQHULF

VWDWH� � �QB QBB C� � LV� PHDVXUHG�� WKH� VWDWH� LV� SURMHFWHG� RQ� �QB � RU� �QB � ZLWK� WKH

SUREDELOLWLHV� �B �DQG� �C �
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����7KH�6LQJOH�&RRSHU�3DLU�7UDQVLVWRU�DV�DQ�(OHFWURPHWHU

$� VFKHPDWLF� UHSUHVHQWDWLRQ� RI� WKH� &37� DQG� RI� WKH� ELDV� FLUFXLWU\� ZH� KDYH

LPSOHPHQWHG� LQ�RXU� H[SHULPHQW� LV� VKRZQ� LQ�)LJ�� �E��7KH�&37��������� LWVHOI� FRQVLVWV�RI� D

VXSHUFRQGXFWLQJ�LVODQG�FRXSOHG�WR�WZR�VXSHUFRQGXFWLQJ�UHVHUYRLUV�WKURXJK�WZR�QRPLQDOO\

LGHQWLFDO�VPDOO�-RVHSKVRQ�MXQFWLRQV�ZLWK�FDSDFLWDQFH�
*

# �DQG�-RVHSKVRQ�HQHUJ\�
*

% ��DQG

FRXSOHG�WR�D�JDWH�YROWDJH�VRXUFH� G6 �WKURXJK�D�VPDOO�FDSDFLWDQFH� G# ��,WV�FKDUJLQJ�HQHUJ\

LV� � ��C% E #
4

� ��ZKHUH�#
4
� LV� WKH� WRWDO�FDSDFLWDQFH�RI� LWV� LVODQG��1RPLQDOO\�� WKH�&37

KDV� WZR� GLPHQVLRQOHVV� FRQWURO� SDUDPHWHUV�� WKH� JDWH� FKDUJH� �G G GN # 6 E� � DQG� WKH

VXSHUFRQGXFWLQJ� SKDVH� GLIIHUHQFH�
�

�VDTG K� ¨ �� ZKHUH� V � LV� WKH� YROWDJH� DFURVV� WKH

WUDQVLVWRU� DQG�
�

��EK � h �� 7KH� HQHUJ\� VSHFWUXP� RI� WKH� &37� LV� WKDW� RI� D� &3%� ZLWK

HIIHFWLYH�-RVHSKVRQ�HQHUJ\� � COS� ��	% G ��,Q�WKH�JURXQG�VWDWH�ZLWK�HQHUJ\�
�
� � 	G% N G �

WKH� HOHFWULFDO� SRWHQWLDO� RI� WKH� LVODQG� ZLWK� UHVSHFW� WR� JURXQG� �VHH� )LJ�� ��� LV

�
� � 	 ��� 	 �

G G)
6 N E % NG � s s �� DQG� WKH� VXSHUFXUUHQW� WKURXJK� WKH� &37� LV

� �
� � 	 ��� 	 �G) N %G K G� s s �� 7KHVH� TXDQWLWLHV� DUH� ERWK� �H� SHULRGLF� LQ� GN � DQG� �p

SHULRGLF�LQ�G �

7KH� &37� FDQ� EH� VHHQ� DV� DQ� HIIHFWLYH� -RVHSKVRQ� MXQFWLRQ� ZKRVH� FULWLFDO� FXUUHQW

� 	 -AX ; � � 	=C G G) N ) N
G

G� � LV� SHULRGLFDOO\� PRGXODWHG� E\� WKH� JDWH� FKDUJH�� DQG� ZKRVH

FXUUHQW�SKDVH�UHODWLRQ� � 	 � � 	C G G) ) N F N G� �LV�QRW�VWULFWO\�VLQXVRLGDO��7KLV�FKDUJH�LQGXFHG

YDULDWLRQ� RI� ) � LV� XVHG� IRU� HOHFWURPHWU\�� ,W� FDQ� EH� FKDUDFWHUL]HG� E\� WKH� GLPHQVLRQOHVV

�JDLQV�� 	 
� LN� 	�G GG N ) NG � s s � DQG� 	 

�

LN� 	�
G C G

G N ) N� s s �� 7KHVH� JDLQV� DUH

PD[LPDO�FORVH� WR� �;MOD�=GN � ��7KH�RSWLPDO� VHQVLWLYLW\� LV� REWDLQHG�ZKHQ�
C *

% %x �

ZLWK�D�JDWH�PRGXODWLRQ�RI�
C
) �ODUJHU�WKDQ�����DQG�

�
�G x �

7KH� &37� LV� D� WUDQVGXFHU� REH\LQJ� WKH� UHFLSURFLW\� UHODWLRQ� OLQNLQJ� WKH� SKDVH

GHSHQGHQFH�RI�WKH�LVODQG�SRWHQWLDO�DQG�WKH�JDWH�FKDUJH�GHSHQGHQFH�RI�WKH�FXUUHQW�

�
) K

G

6 2 )
NG Q

s s
�

s s
� ���

ZKHUH� ��
K

2 H E� LV�WKH�UHVLVWDQFH�TXDQWXP�

,Q�RUGHU�WR�WXUQ�WKLV�WUDQVGXFHU�LQWR�DQ�HOHFWURPHWHU��LW�KDV�WR�EH�HPEHGGHG�LQ�D�FLUFXLW

ZKLFK�ZLOO�SHUIRUP�D�PHDVXUHPHQW�RI�WKH�VXSHUFXUUHQW� ) ��,Q�D�SUHYLRXV�H[SHULPHQW��WKH

&37�ZDV�YROWDJH�ELDVHG�ZLWK�D�VPDOO�VKXQW�UHVLVWRU��DQG�WKH�VXSHUFXUUHQW�PHDVXUHG�ZLWK�D

648,'� DUUD\� DPSOLILHU��� )RU� WKLV� VFKHPH�� WKH� VHQVLWLYLW\� ZDV� OLPLWHG� E\� WKH� 648,'

DPSOLILHU� WR� DERXW� ��� ����� H�+]���� �� ZLWKLQ� D� � ��� 0+]� EDQGZLGWK�� ,Q� WKH� SUHVHQW

H[SHULPHQW��ZH�XVH� D� FXUUHQW�ELDVLQJ� VFKHPH� OLNH� LQ� FRQYHQWLRQDO�PHDVXUHPHQW� VHWXSV�
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IRU� ZKLFK� WKH� ]HUR�YROWDJH� EUDQFK� RI� WKH� FKDUDFWHULVWLFV� LV� PHWDVWDEOH�� 7KH� ZRUNLQJ

SULQFLSOH� RI� RXU� HOHFWURPHWHU� LV� WR� GHWHUPLQH� WKH� JDWH� GHSHQGHQW� FXUUHQW� UHTXLUHG� WR

LQGXFH� WKH� VZLWFKLQJ� WUDQVLWLRQ� RXW� RI� WKH� ]HUR�YROWDJH� VWDWH�� GXULQJ� D� JLYHQ�PHDVXULQJ

WLPH�DQG�ZLWK�D�JLYHQ�SUREDELOLW\�

����6ZLWFKLQJ�RI�WKH�&37�GXULQJ�D�&XUUHQW�3XOVH

/LNH�LQ�WKH�FDVH�RI�D�-RVHSKVRQ�MXQFWLRQ��WKH�G\QDPLFV�RI�WKH�SKDVH�DFURVV�D�FXUUHQW�

ELDVHG�&37�LV�WKDW�RI�D�SDUWLFOH�LQ�D�WLOWHG�ZDVKERDUG�SRWHQWLDO��DQG�VXEMHFW�WR�IULFWLRQ�GXH

WR� WKH� LPSHGDQFH� DFURVV� WKH� WUDQVLVWRU�� 7KH� PDVV� RI� WKH� SDUWLFOH� DQG� LWV� YHORFLW\� DUH

SURSRUWLRQDO� WR� WKH� FDSDFLWDQFH� DQG� � WKH� YROWDJH�� UHVSHFWLYHO\�� $W

� 	 � � 	 �G C GB
S N ) ) N� � �� WKH� SRWHQWLDO� KDV� PHWDVWDEOH� PLQLPD� IURP� ZKLFK� WKH� SDUWLFOH

HVFDSHV�E\�WKHUPDO�DFWLYDWLRQ��1RWH�WKDW�KHUH��DQ�HVFDSH�HYHQW�GRHV�QRW�DOZD\V�WULJJHU�WKH

VZLWFKLQJ�WR�WKH�YROWDJH�VWDWH���7KH�NH\�SRLQW�LV�WKDW�GLVVLSDWLRQ��ZKLFK�JRYHUQV�ZKHWKHU

WKH� SDUWLFOH� ZLOO� EH� UHWUDSSHG� LQ� WKH� QH[W� ZHOO� RU� QRW�� GHSHQGV� KHUH� VWURQJO\� RQ� WKH

YHORFLW\�� 6ZLWFKLQJ� RFFXUV� ZKHQ� WKH� SDUWLFOH� UHDFKHV� D� FULWLFDO� YHORFLW\� ZKLFK� LV

GHWHUPLQHG�E\� WKH�GLIIHUHQFH�EHWZHHQ� WKH�DFWXDO� WLOW� � 	GS N � DQG�D�FULWLFDO� WLOW�
MAX

�S � �

7KLV�SURFHVV�FRUUHVSRQGV�WR�DQ�DFWLYDWLRQ�DERYH�D��GLVVLSDWLRQ�EDUULHU����DV�WKH�JUHDWHU�WKH

GLVVLSDWLRQ�� WKH�JUHDWHU�
MAX
S � LV��:H� LQWURGXFH� WKH� VZLWFKLQJ� UDWH� < >

MAX
� 	�GS N S( �ZKLFK

GHSHQGV�RQ�WKH�LPSHGDQFH�DQG�WHPSHUDWXUH�

7KH�PHDVXUHPHQW� RI� ( � DW� D� JLYHQ� WLOW� LV� SHUIRUPHG� GLUHFWO\� E\� DSSO\LQJ� D� VTXDUH

ELDV�FXUUHQW� SXOVH� ZLWK� DPSOLWXGH� � 	GS N � DQG� GXUDWLRQ�
MEAS
T �� 7KH� SUREDELOLW\� WKDW� WKH

V\VWHP� VZLWFKHV� WR� WKH� YROWDJH�VWDWH� LV�
MAX

; � 	� � = � EXP; =G MEAS MEAS
P S N S T T� � �( �� :H

RSHUDWH� WKH� GHYLFH� ZLWK�
B
) � DQG� GN � FKRVHQ� VXFK� WKDW�

MAX�
; � 	� � = ���MEASG
P S N S T � �� :H

H[SORLW�WKH�VWHHSQHVV�RI� P �ZLWK�UHVSHFW�WR� GN ��'HSHQGLQJ�ZKHWKHU� GN �LV�DERYH�RU�EHORZ

�G
N �� WKH�GHYLFH�ZLOO�HVVHQWLDOO\�VZLWFK�RU�QRW��7KH�&37�LV� WKXV�KHUH�D� WKUHVKROG�FKDUJH

GHWHFWRU�

����7KHRUHWLFDO�6HQVLWLYLW\

7KH�FKDUJH�UHVROXWLRQ�GHILQHG�DV�
�

�� 	 � � 	
N
G

G MEAS GN T DP DN �% � �LV�JLYHQ�E\�

� � �

� � �
� 	

LN� � 	 � 	 LN� 	�G MEAS

G G

N T
G N S N S

% �
s ( s

� ���
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:H� HVWLPDWH� WKH� DVVRFLDWHG� HUURU� SUREDELOLW\�
�

� ��	GG
ER P N N� �% � WR� EH� �����

1RWH� WKDW� WKH� UHVROXWLRQ� GN% GRHV�QRW� LPSURYH�ZLWK� WKH�PHDVXUHPHQW� WLPH�DV�
MEAS
T �

OLNH� LQ� WKH� FDVH�RI� OLQHDU� DPSOLILHUV��1HYHUWKHOHVV�� IRU� WKH� VDNH�RI� FRPSDULVRQ�� RQH� FDQ

GHILQH�DQ�HTXLYDOHQW�VHQVLWLYLW\�DV�WKH�LQSXW�QRLVH�VSHFWUDO�GHQVLW\� �����
GN G MEAS

3 N T� %

RI� D� OLQHDU� DPSOLILHU�� ZKLFK� ZRXOG� UHVXOW� LQ� WKH� VDPH� HUURU� SUREDELOLW\� IRU� WKH� VDPH

PHDVXULQJ�WLPH�

2SWLPL]LQJ� WKH� &37� VHQVLWLYLW\� UHTXLUHV� PD[LPL]LQJ�
�

� 	 LN� 	�
G

S N Ss ( s �� ,Q� D

SUHYLRXV� ZRUN���� ZH� KDYH� VKRZQ� WKDW� ERWK� WKH� UHGXFHG� VZLWFKLQJ� FXUUHQW� S � DQG� WKH

ORJDULWKPLF� GHULYDWLYH� LN� 	� Ss ( s � RI� D� VPDOO� HIIHFWLYH� -RVHSKVRQ� MXQFWLRQ� FDQ� EH

PD[LPL]HG�E\�GDPSLQJ�WKH�G\QDPLFV�RI�WKH�SKDVH�DW�DF�IUHTXHQFLHV�ZLWK�DQ�2# �FLUFXLW

LQ�SDUDOOHO�ZLWK�WKH�MXQFWLRQ��DV�VKRZQ�LQ�)LJ�����7KH�FKDUJH�UHVROXWLRQ�FDQ�EH�DV�VPDOO�DV

GHVLUHG� E\� LQFUHDVLQJ� WKH� GDPSLQJ�� EXW� WKLV� JDLQ� LV� GRQH� DW� WKH� H[SHQVH� RI� LQFUHDVHG

PHDVXULQJ�WLPH�DQG�EDFN�DFWLRQ�

����1XPHULFDO�6LPXODWLRQV

,Q� WKH� FDVH� RI� D� VPDOO� -RVHSKVRQ� MXQFWLRQ�� WKH� VZLWFKLQJ� UDWH� ( � LV� DQDO\WLFDOO\

FDOFXODEOH�LQ�VRPH�OLPLW�FDVHV��DQG�DSSUR[LPDWH�H[SUHVVLRQV�DUH�DYDLODEOH�������,Q�WKH�FDVH

RI� WKH� &37�� RQH� KDV� WR� UHO\� RQ� QXPHULFDO� VLPXODWLRQV� RI� WKH� V\VWHP� G\QDPLFV� WR

GHWHUPLQH�WKH�VHQVLWLYLW\��7KH�G\QDPLFV�RI�WKH�SKDVH�DFURVV�WKH�&37�LV�JRYHUQHG�E\�WKH

V\VWHP�RI�/DQJHYLQ�HTXDWLRQV���
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ZKHUH� U �DQG�
,
U �DUH�WKH�YROWDJHV�DFURVV�# �DQG�

,
# � LQ�XQLWV�RI� �

C
2 ) �� �

�
�

C
2 #)B K�

DQG� �
,

# #F � �� X& � GHQRWHV� WKH� GHULYDWLYH� RI� X � ZLWK� UHVSHFW� WR� WKH� UHGXFHG� WLPH

�
�

C
2) TU K� �� DQG� I � LV� WKH� UHGXFHG� -RKQVRQ� YROWDJH� QRLVH� DFURVV� UHVLVWRU� 2 �� ZKLFK

YHULILHV� 	 

�

��	 � 	 �� � 	
C"

K 4 )I I U K E U� ��:H� KDYH� QXPHULFDOO\� LQWHJUDWHG�(TV������ IRU

ELDV�FXUUHQW�OLQHDU�UDPSV�DQG�VTXDUH�SXOVHV��,Q�WKH�FDVH�RI�D�OLQHDU�UDPS�� S �LV�LQFUHDVHG

VWDUWLQJ�IURP�D�VPDOO�YDOXH�XQWLO�U �H[FHHGV�D�WKUHVKROG�YDOXH�
TH
U ��WKH�ODVW� S �GHILQLQJ�WKH

UHGXFHG� VZLWFKLQJ� FXUUHQW� �
S C
) ) �� ,Q� WKH� FDVH� RI� D� SXOVH�� S � LV� NHSW� FRQVWDQW� DQG� WKH

V\VWHP�LV�FRQVLGHUHG�DV�KDYLQJ�VZLWFKHG� LI� U � H[FHHGV�
TH
U �EHIRUH� WKH�HQG�RI� WKH�SXOVH�

7KH�UHVXOW�RI�WKHVH�QXPHULFDO�H[SHULPHQWV�GRHV�QRW�GHSHQG�RQ�WKH�H[DFW�YDOXH�FKRVHQ�IRU
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TH
U � VLQFH� WKH�DFFHOHUDWLRQ�GXULQJ� WKH� VZLWFKLQJ� LV� YHU\� IDVW��7KH� VLPXODWLRQ�GHWHUPLQHV

WKH�DYHUDJH�VZLWFKLQJ�FXUUHQW�
S
) �IRU�OLQHDU�UDPSV��RU�GLUHFWO\�WKH�VZLWFKLQJ�SUREDELOLW\

IRU�ELDV�FXUUHQW�SXOVHV�

���(;3(5,0(17

����([SHULPHQWDO�6HWXS

:H�KDYH�IDEULFDWHG�D�&37�RQ�D�WKHUPDOO\�R[LGL]HG�6L�FKLS�XVLQJ���DQJOH�HYDSRUDWLRQ

WKURXJK� D� VKDGRZ�PDVN���� 7KH� WZR� ILUVW� OD\HUV� IRUP� WKH� DOXPLQXP�&37�� DQG� WKH� WKLUG

OD\HU�IRUPV�WKH�JROG�FRQQHFWLQJ�OHDGV��7KHVH�QRQ�VXSHUFRQGXFWLQJ� OHDGV�SURYLGH�GXPSV

IRU� RXW�RI�HTXLOLEULXP� TXDVLSDUWLFOHV� SUHVHQW� LQ� WKH� VXSHUFRQGXFWLQJ� HOHFWURGHV�� 7KH

OHDGV�� ZLWK� HVWLPDWHG� WRWDO� SDUDVLWLF� FDSDFLWDQFH� WR� JURXQG� ����P&
,

# x �� DUH� ZLUH�

ERQGHG� WR� D� SULQWHG� FLUFXLW� ERDUG�� 6XUIDFH�PRXQWHG� FRPSRQHQWV� LPSOHPHQWLQJ� WKH� $&

VKXQW� � ���2 � 8 � DQG� ���# P&� �� RI� )LJ���� DUH� ILWWHG� RQWR� WKLV� 3&%�� 7KH� &37

MXQFWLRQV�KDYH�DQ�DUHD�RI���[���QP���WKH�DV\PPHWU\�EHLQJ�VPDOOHU�WKDQ������7KH�FLUFXLW

ZDV�PRXQWHG� LQ�D�VKLHOGHG�ER[�ILWWHG�ZLWK�60$�FRD[LDO�FRQQHFWRUV��7KH�ELDV��JDWH�DQG

PHDVXULQJ� OLQHV� HQGLQJ� DW� WKHVH� FRQQHFWRUV�ZHUH� FDUHIXOO\� ILOWHUHG�ZLWK� FRSSHU� SRZGHU

DQG� PLFURIDEULFDWHG� 5&� ILOWHUV���� 7KH� VDPSOH� ZDV� FXUUHQW� ELDVHG� WKURXJK� D� ���� NW

UHVLVWRU�SODFHG�RQ�WKH�3&%��DQG�LWV�YROWDJH�ZDV�PHDVXUHG�XVLQJ�D�URRP�WHPSHUDWXUH�ORZ

QRLVH�DPSOLILHU��7KH�JDS�YROWDJH�RI�WKH�DOXPLQXP�HOHFWURGHV� ��� �ÆE6% � o ��DQG�WKH

WRWDO� &37� WXQQHO� UHVLVWDQFH� � ���� ���
4

2 K� o 8 � ZHUH� GHGXFHG� IURP� ODUJH�VFDOH� ,�9

FKDUDFWHULVWLFV��7KH�-RVHSKVRQ�HQHUJ\� ���� �
* "

% K +� �RI�HDFK�MXQFWLRQ�ZDV�FDOFXODWHG

IURP�WKH�$PEHJDRNDU�%DUDWRII¶V�UHODWLRQ�DVVXPLQJ�QR�DV\PPHWU\�EHWZHHQ�WKH�MXQFWLRQV�

����,QSXW�DQG�2XWSXW�6LJQDOV

$Q� DUELWUDU\�ZDYHIRUP� YROWDJH� VRXUFH�ZDV� FRQQHFWHG� WR� WKH� ELDV�FXUUHQW� OLQH�� 7KH

IUHTXHQF\�GHSHQGHQW� WUDQVPLVVLRQ�RI� WKH�ELDV�FXUUHQW� OLQH�ZDV� FDUHIXOO\� FDOLEUDWHG�� DQG

WKH�SXOVHV�ZHUH� DGMXVWHG� VR� DV� WR� SURYLGH� D� VKDSH� RI� WKH� ELDV�FXUUHQW� SXOVH� DV� FORVH� DV

SRVVLEOH� WR� D� VTXDUH� ZDYH�� )LJXUH� �� VKRZV� WKH� ELDV�FXUUHQW� SXOVHV� UHVXOWLQJ� IURP� WKLV

DGMXVWPHQW�� 6ZLWFKLQJ� DOZD\V� RFFXUV� ZKHQ� WKH� ELDV�FXUUHQW� LV� ZLWKLQ� WR� ���� RI� WKH

PD[LPXP�YDOXH�
0
) �� DQG�ZH� FDQ� WDNH� � �

MEAS
T ÆS� � �� )LJXUH� �� DOVR� VKRZV� WKH� WLPH

HYROXWLRQ�RI�WKH�YROWDJH� 6 �IRU�HYHQWV�ZKHUH�WKH�&37�VZLWFKHV�RU�GRHV�QRW��7KH�REVHUYHG
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YROWDJH� ULVH� LV� ZHOO� H[SODLQHG� E\� WKH� WRWDO� FDSDFLWDQFH� RI� WKH�PHDVXULQJ� OLQH� LQFOXGLQJ

ILOWHUV� �UHSUHVHQWHG�E\�)� LQ�)LJ�� �E���ZKLFK� LV� DERXW�����Q)��7KH� WKUHVKROG�YROWDJH� �VHH

GDVKHG�OLQH�RQ�)LJ�����XVHG�WR�GLVFULPLQDWH�D�VZLWFKLQJ�HYHQW�IURP�D�QRQ�VZLWFKLQJ�RQH

ZDV� FKRVHQ� VXIILFLHQWO\� ODUJHU� WKDQ� WKH� YROWDJH� QRLVH� WR� DYRLG� IDOVH� VZLWFKLQJ� HYHQWV

ZKLOH�PLQLPL]LQJ�KHDWLQJ��7KH�SXOVHV�ZHUH�UHSHDWHG�ZLWK�D�IUHTXHQF\�RI����N+]��ZKLFK

FRUUHVSRQGV�WR�D�GXW\�F\FOH�RI�������
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)LJXUH����%LDV�FXUUHQW�SXOVH�DSSOLHG�WR�WKH�&37��DQG�YROWDJH�DW�WKH�LQSXW�RI�WKH�DPSOLILHU�IRU�HYHQWV�ZKHUH�WKH

WUDQVLVWRU�VZLWFKHV��VROLG�OLQH��RU�GRHV�QRW��GRWWHG�OLQH���7KH�GDVKHG�OLQH�LQGLFDWHV�WKH�WKUHVKROG�YROWDJH�XVHG�WR

GLVFULPLQDWH�WKH�WZR�W\SHV�RI�HYHQWV�

����*DWH�0RGXODWLRQ

7KH� JDWH� PRGXODWLRQ� RI� WKH� VZLWFKLQJ� FXUUHQW� ZDV� ILUVW� PHDVXUHG� E\� WKH� VWDQGDUG

ELDV�FXUUHQW�UDPS�WHFKQLTXH����$Q�H[SHULPHQWDO�PRGXODWLRQ�SDWWHUQ� � 	S G) N �LV�VKRZQ�LQ

)LJ�� ��� WRJHWKHU� ZLWK� WKH� SUHGLFWHG� FULWLFDO� FXUUHQW� � 	
C G) N �� DQG� WKH� FRUUHVSRQGLQJ

� 	G) N � FXUYH� GHWHUPLQHG� E\� VLPXODWLRQ�� 7KH� VLQJOH� ILWWLQJ� SDUDPHWHU� LV

����
C "

% K +� ��IRU�ZKLFK�WKH�H[SHULPHQWDO�DQG�VLPXODWHG�
S
) �FRLQFLGH�DW� �GN � �D

UHQRUPDOL]DWLRQ� RI� WKH� EDUH� -RVHSKVRQ� HQHUJ\��� XS� WR� 
 ����
* "

% K +� � E\� FKDUJLQJ

HIIHFWV�KDV�EHHQ�WDNHQ�LQWR�DFFRXQW���7KH�
C

% �YDOXH�DJUHHV�ZLWK�WKH�FDSDFLWDQFH�HVWLPDWHG

IURP�VFDQQLQJ�HOHFWURQ�PLFURJUDSKV��7KH�H[SHULPHQWDO�DQG�VLPXODWHG�PRGXODWLRQ�FXUYHV

DJUHH� TXDQWLWDWLYHO\� H[FHSW� LQ� D� QDUURZ� UHJLRQ� DURXQG� �GN � �� ZKHUH� WKH� VLPXODWHG

S
)� � � LV� ��� �� ORZHU� WKDQ� WKH� H[SHULPHQWDO� RQH�� 7KLV� GLVFUHSDQF\� LV� QRW� IXOO\

XQGHUVWRRG�\HW�
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)RU�PHDVXUHPHQWV� XVLQJ� WKH� SXOVH� WHFKQLTXH�� D� GLJLWDO� IHHGEDFN� ORRS� ZDV� XVHG� WR

YDU\�WKH�SHDN�YDOXH�
0
) �RI�WKH�SXOVHV�WR�PDLQWDLQ�WKH�VZLWFKLQJ�SUREDELOLW\�DW������7KH

UHVXOWLQJ�JDWH�PRGXODWLRQ� � � ���	G0
) N P � �LV�DOVR�VKRZQ�RQ�)LJ����
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)LJXUH����*DWH�PRGXODWLRQ�RI�WKH�VXSHUFXUUHQW�RI�D�&37�ZLWK�(

F
 �����N

%
.�DQG�(

-

� ������N

%
.��6ROLG�V\PEROV�

DYHUDJH�VZLWFKLQJ�FXUUHQW�PHDVXUHG�DW�7� ����P.�E\� WKH� UDPS� WHFKQLTXH�ZLWK�G,

E
�GW� ����S$��V�DQG������

HYHQWV�SHU�GDWD�SRLQW��ERWWRP� FXUYH�� DYHUDJH� VZLWFKLQJ� FXUUHQW�SUHGLFWHG� IURP�QXPHULFDO� VLPXODWLRQV� IRU� WKH

VDPH�SDUDPHWHUV��2SHQ�V\PEROV��&XUUHQW�SXOVH�KHLJKW�,

S
�UHVXOWLQJ�DW����P.�LQ�D�����VZLWFKLQJ�SUREDELOLW\�IRU

SXOVHV�ZLWK�WKH�VDPH�GXUDWLRQ�DV�WKDW�VKRZQ�LQ�)LJ�����DQG�������HYHQWV�SHU�SRLQW��7RS�FXUYH��7KHRUHWLFDO�FULWLFDO

FXUUHQW�,

F
�

����6HQVLWLYLW\

([SHULPHQWDO�DQG�VLPXODWHG� � 	GP N � FXUYHV�REWDLQHG� IRU�GLIIHUHQW�
0
) � FRUUHVSRQGLQJ

WR�
�G

N �YDOXHV�FORVH�WR����IRU�ZKLFK�WKH�VHQVLWLYLW\�LV�PD[LPDO��DUH�VKRZQ�LQ�)LJ�����7KH

EHVW�H[SHULPHQWDO�VHQVLWLYLW\�ZDV�REWDLQHG�DW� ����GN � �ZLWK� ����
0
) N!� � �WULDQJOHV

RQ�)LJ������,Q�WKHVH�FRQGLWLRQV��DFFRUGLQJ�WR�WKH�GHILQLWLRQV�RI�VHFWLRQ������ �����GN% �

DQG� � ������ ���� �(Z
GN

3 E�x ��$SDUW�IURP�D�VOLJKW�RIIVHW��WKH�QXPHULFDO�VLPXODWLRQ�ZHOO

UHSURGXFHV� WKH� H[SHULPHQWDO� FXUYH� � 	GP N � DW� ���� N!
0
) � �� 7KLV� VKRZV� WKDW� WKH

VHQVLWLYLW\� RI� WKH� GHYLFH� LV� LQGHHG� OLPLWHG� E\� WKHUPDOO\� DFWLYDWHG� VZLWFKLQJ� DQG� QRW� E\

QRLVH��7KH� DFKLHYHG� VHQVLWLYLW\� LV� QRW� WKH� XOWLPDWH� YDOXH�� DQG� FDQ� VWLOO� EH� LPSURYHG� E\
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LQFUHDVLQJ� WKH� GDPSLQJ�� $� JDLQ� LQ� VHQVLWLYLW\� E\� D� IDFWRU� �� FRXOG� EH� UHDFKHG� E\

LPSOHPHQWLQJ� WKH� 2# � VKXQW� GLUHFWO\� RQ� FKLS�� VR� WKDW� WKH� SDUDVLWLF� FDSDFLWDQFH�
,

# � LV

DOPRVW� VXSSUHVVHG� �VLPXODWLRQ� QRW� VKRZQ���+RZHYHU�� IRU� WKH� SXUSRVH� RI� TXELW� UHDGRXW�

VHQVLWLYLW\�DQG�EDFN�DFWLRQ�KDYH�WR�EH�RSWLPL]HG�MRLQWO\��:KHQ�EDFN�DFWLRQ�LV�WDNHQ�LQWR

DFFRXQW��WKH�FDSDFLWRU�
,

# �LV�IRXQG�QHFHVVDU\��DV�VKRZQ�LQ�WKH�IROORZLQJ�VHFWLRQ�

���� ���� ���� ���� ���� ���� ���� ����
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)LJXUH� ��� ([SHULPHQWDO� �VROLG� V\PEROV�� DQG� QXPHULFDOO\� VLPXODWHG� �RSHQ� V\PEROV�� JDWH� YDULDWLRQ� RI� WKH

VZLWFKLQJ�SUREDELOLW\�REWDLQHG�ZLWK�ELDV�FXUUHQW�SXOVHV�DV�VKRZQ�LQ�)LJ�����3HDN�FXUUHQWV�DUH�LQGLFDWHG�IRU�HDFK

GDWD�VHW��(DFK�SRLQW�LV�WKH�UHVXOW�RI�DQ�DYHUDJH�RYHU������VLPXODWLRQ��RU�������H[SHULPHQW��SXOVHV��7KH�VWHHSHVW

H[SHULPHQWDO� JDWH� YDULDWLRQ� �WULDQJOHV�� LV� REWDLQHG� DURXQG� Q

J
 ����� DQG� OHDGV� WR� DQ� H[SHULPHQWDO� FKDUJH

VHQVLWLYLW\�RI�����

��

�H�+]

���

�

,Q�RUGHU�WR�PHDVXUH�D�&3%��WKH�WUDQVLVWRU�LVODQG�KDV�WR�EH�FRQQHFWHG�WR�WKH�ER[�LVODQG

E\� D� FRXSOLQJ� FDSDFLWRU�
C

# � �VHH� )LJ����� 7KH� FKDUJH� GLIIHUHQFH� ZKLFK� KDV� WR� EH

GLVFULPLQDWHG� FRUUHVSRQGV� WR�
� ��

� 	NL R% �� ZKHUH�
�

�
C

# #L
4

� � LV� WKH� FRXSOLQJ� IDFWRU

EHWZHHQ�WKH�&37�DQG�WKH�&3%��7KH�FRQGLWLRQ�IRU�D�VLQJOH�VKRW�UHDGRXW��L�H��UHDGRXW�ZLWK

DQ�HUURU�SUREDELOLW\�ORZHU�WKDQ�RXU�VWDQGDUG������VHH�DERYH���LV�WKXV�

� � MIN
� 	��COSG MEAS

N TL L R� � % �� ���

)RU� LQVWDQFH�� D� FRXSOLQJ�
�
L � RI� ��� ZRXOG� EH� HQRXJK� WR� PHDVXUH� D� &3%� ZLWK

��R Q� �ZLWK�RQH���V�ORQJ�SXOVH�
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���%DFN�DFWLRQ�RQWR�D�&KDUJH�4XELW

$�UHDGRXW�DPSOLILHU�LQGXFHV�GHFRKHUHQFH�RI�WKH�PHDVXUHG�TXELW��,Q�WKH�FDVH�ZKHUH�DQ

H[SOLFLW�+DPLOWRQLDQ�RI� WKH� V\VWHP�^TXELW��� UHDGRXW`�FDQ�EH�KDQGOHG�� WKLV�SKHQRPHQRQ

FDQ�EH�GHVFULEHG�E\�FRPSXWLQJ� WKH� WLPH�HYROXWLRQ�RI� WKH�GHQVLW\�PDWUL[����+RZHYHU�� LQ

WKH�FDVH�RI�D�&3%�FRXSOHG�WR�DQ�HOHFWURPHWHU��LW�LV�SRVVLEOH�WR�IROORZ�D�VLPSOHU�DSSURDFK�

:KHQ�WKH�WHPSHUDWXUH�LV�DERYH����P.��LW�FDQ�EH�VKRZQ�� WKDW�GHFRKHUHQFH�LV�GRPLQDWHG

RQO\�E\�GHSKDVLQJ�LQGXFHG�E\�WKH�WKHUPDO�QRLVH�RI�LWV�HQYLURQPHQW��0RUHRYHU��ZKHQ�WKH

TXELW�HQYLURQPHQW�LV�DW�ORZ�WHPSHUDWXUH��UHOD[DWLRQ�RI�WKH�TXELW� IURP�LWV�H[FLWHG�VWDWH�LV

PXFK�PRUH�SUREDEOH�WKDQ�WKH�RSSRVLWH�H[FLWDWLRQ���7KH�EDFN�DFWLRQ�RI�WKH�UHDGRXW�LV�WKXV

FKDUDFWHUL]HG�E\�RQO\���FKDUDFWHULVWLF� WLPHV� /&&4K ��
�

/&&4 �� /.4K �� DQG�
�

/.4 � GHVFULELQJ

GHSKDVLQJ�DQG�UHOD[DWLRQ�� LQ� WKH�2))�DQG�21�VWDWHV�RI� WKH� UHDGRXW�� UHVSHFWLYHO\��7KHVH

WLPHV� KDYH� WR� IXOILOO� VHYHUDO� UHTXLUHPHQWV� IRU� TXELW� PDQLSXODWLRQ� DQG� UHDGRXW�� %RWK
/4K DQG�

�

/4 VKRXOG� EH� ORQJ� HQRXJK� WR� DOORZ� FRKHUHQW� HYROXWLRQ� SULRU� WR

PHDVXUHPHQW�� DQG�
�

/.4 � VKRXOG� EH� ORQJHU� WKDQ� WKH� PHDVXULQJ� WLPH�
MEAS
T �� VR� WKDW� WKH

LQIRUPDWLRQ�LV�QRW�ORVW�EHIRUH� WKH�PHDVXUHPHQW� LV�FRPSOHWHG��7KH�YDOXH�RI� /.4K � LV� OHVV

LPSRUWDQW� VLQFH� TXDQWXP� PHFKDQLFV� LPSRVHV� DQ\ZD\� IXOO� GHFRKHUHQFH� LQ� D� SURMHFWLYH

PHDVXUHPHQW��7KH� FRPSDULVRQ�RI� /.4K ZLWK�
MEAS
T � SURYLGHV� QHYHUWKHOHVV� DQ� HVWLPDWH�RI

WKH�UHDGRXW�LGHDOLW\�

���� 'HSKDVLQJ�GXH�WR�5HDGRXW�%DFN�DFWLRQ�1RLVH

,Q� WKH� VDPH� ZD\� DV� WKH� &3%� LVODQG� SRWHQWLDO� DFWV� RQ� WKH� &37� VXSHUFXUUHQW�� WKH

HOHFWULFDO�SRWHQWLDO� � � 	
)

6 N G �RI� WKH�&37�LVODQG�UHDFWV�RQ� WKH�&3%�DV�D�SHUWXUELQJ�JDWH

FKDUJH�� 'XH� WR� WKH� -RKQVRQ� QRLVH� LQ� WKH� UHVLVWRU� 2 �� WKH� SKDVH� G � DFURVV� WKH� &37

IOXFWXDWHV� DFFRUGLQJ� WR� (TV�� ����� DQG� WKH� &37� FRQYHUWV� WKLV� SKDVH� IOXFWXDWLRQ� LQWR� D

IOXFWXDWLRQ�
)

6E �RI�LWV�LVODQG�SRWHQWLDO��7KH�ER[�JDWH�FKDUJH�IOXFWXDWHV�E\�
�G

BOX

)
N VE L E� �

ZKHUH�
�

� BOX
C

# #L
4

� �DQG� �
) )
V # 6 EE E

4
� ��LQGXFLQJ�IOXFWXDWLRQV�RI�WKH�&3%�WUDQVLWLRQ

IUHTXHQF\�� $� FRKHUHQW� VXSHUSRVLWLRQ� RI� TXELW� VWDWHV� ZRXOG� WKXV� DFFXPXODWH� D� UDQGRP

SKDVH� DW� D� UDWH� �
)

D DT ! VK E% � �� ZLWK�
�

� COS �
C

BOX! %L R� h �� ,I� WKH� IOXFWXDWLQJ

YROWDJH�
)
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Implementation of a combined charge-phase quantum bit in a
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Abstract

We discuss a qubit circuit based on the single Cooper-pair transistor (which consists of two ultrasmall Josephson

junctions in series) connected in parallel with a large Josephson junction. The switching of this junction out of its zero-

voltage state is used to readout the qubit. We report measurements of the discriminating power of the readout process,

and we discuss its back-action on the qubit. � 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The recently proposed quantum computing
schemes are based on the controlled evolution of a
set of two-level systems, called qubits (see Ref. [1]
for a review). Suitable qubits should have a
quantum coherence time much longer than the
duration of an elementary operation, and be
measurable when necessary. Among the various
systems proposed for implementing qubits, nano-
fabricated solid-state circuits are particularly at-
tractive because they are more easily scalable. The
presently most investigated solid-state qubits are
the ‘‘single Cooper-pair box’’ [2], in which Rabi
precession of a coherent superposition of the qubit
states has been demonstrated [3], and the ‘‘flux
box’’ [4]. In the Cooper-pair box, the qubit states

are spanned by discrete charge states of a super-
conducting small metallic island, and are con-
trolled by the gate charge coupled to the island. In
the flux box, the qubit states are spanned by flux
states of a small superconducting loop, and are
controlled by the flux threading the loop. Whereas
some simple qubit manipulations have already
been realised in these systems, no readout of a
single qubit has yet been achieved. In the case of
the Cooper-pair box, the measurement of the
island potential either by means of a radio-fre-
quency single electron transistor [5] or of a single
Cooper-pair transistor [6], is nevertheless believed
to reach a sensitivity sufficient for such a ‘‘single-
shot’’ readout. In this paper, we discuss a qubit
circuit which is controlled both by a charge and by
a phase. In this combined charge-phase qubit,
qubit control is performed by acting on the gate
charge like in the Cooper-pair box, but the mea-
sured quantity is a supercurrent, like in the flux
box. The main interest of this Q–d design is to
provide (i) a good immunity respectively to the
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offset charge noise, which is presently considered
as the major source of decoherence in charging
devices, (ii) a good decoupling from the measuring
system when readout is not active, and (iii) a fast
pulsed readout. We explain below the operating
principle of this Q–d qubit, and we report first
measurements of the readout system resolution.

2. Operating principle of a combined Q–d qubit

based on the single Cooper-pair transistor

The qubit circuit we consider (see Fig. 1a) is
based on the single Cooper-pair transistor (SCPT)
[7], which consists of two nominally identical ul-
trasmall junctions in series. When a phase differ-
ence d is imposed across the transistor by means of

a small superconducting loop threaded by an ap-
plied flux, this device is equivalent to a single
Cooper-pair box with an effective Josephson cou-
pling EJ ¼ 2E0J cos d=2ð Þ, where E0J is the Josephson
energy of each junction with critical current iC ¼
E0J=u0 (u0 ¼ �h=2eÞ. The hamiltonian of the tran-
sistor depends both on the phase d and on the gate
charge ng ¼ CgU=2e, and can be written as:

H ¼ �2E0J cos d=2ð Þ cos bhh þ ECðbnn � ngÞ2: ð1Þ

Here, the conjugated variables bhh and bnn are re-
spectively the difference between the phases across
each junction of the transistor, and the number of
excess Cooper pairs in this island; EC ¼ ð2eÞ2=
ð2CRÞ is the charging energy of the island with
total capacitance CR, and ng the reduced gate
charge in units of 2e. This hamiltonian is easily
diagonalised in the eigenbasis of the charge oper-
ator bnn. The eigenstates ij i, with energy Eiðd; ngÞ,
sustain a supercurrent Ii ¼ u�1

0 ðoEi=odÞ and cor-
respond to an island voltage Vi ¼ ð2eÞ�1ðoEi=ongÞ.
When E0J is not much larger than EC, and ng close
to 1=2; the two lowest energy states, labelled 0 and
1 are well separated from the other levels and can
be used to implement a qubit. In this circuit, the
qubit manipulation can be performed by applying
microwave pulses at the qubit transition frequency
X=2p ¼ ðE1 � E0Þ=h on the gate electrode. When
E0J is not large compared to EC, the energies of the
qubit levels are well approximated by:

E0;1 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E0J cos d=2ð Þð Þ2 þ ECð1� 2ngÞ

� �2q
: ð2Þ

Although the qubit states can be used over a wide
parameter range, some biasing points are more
attractive. In particular, at the electrostatic energy
degeneracy point ng ¼ 1=2; one has oEi=ong ¼ 0,
and, at d ¼ 0; oEi=od ¼ 0. At the biasing point
ðng ¼ 1=2; d ¼ 0Þ, the qubit frequency is set by the
Josephson energy of the junctions, and is only
affected in second order by fluctuations of the
control parameters. Dephasing of the qubit should
thus be minimized at this biasing point. In par-
ticular, the random offset charge noise [9] should
less affect this circuit than the Cooper-pair box [8].
In the proposed set-up, the qubit is maintained at
the biasing point ðng ¼ 1=2; d ¼ 0Þ during its ma-

Fig. 1. (a) Schematic circuit of a Q–d qubit based on a super-
conducting SCPT in a flux-biased loop; (b) full circuit with a

readout Josephson junction, and a bias-current source with

admittance Y ðxÞ: Readout is based on the dependence of the
critical current of the system on the qubit state. (c) Effective

admittance implemented in the present experiment. An on-chip

capacitor C 	 1 pF is connected in parallel with an 500 X–10

pF RC-series circuit made with surface mounted components.
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nipulation, and the phase d is varied only during
the readout.
The qubit circuit is shown in Fig. 1b: another

Josephson junction, with a Josephson energy
EJ ¼ u0IC 
 E0J , is inserted in the loop in order to
readout the qubit. The principle of the readout is
based on the dependence on the qubit state i of the
critical current ICi of the parallel combination of
the transistor and of the large junction. This crit-
ical current is the maximum value of ICiðcÞ ¼
IC sin c þ Iið/ þ cÞ, where c is the phase across the
readout junction, and / þ cð Þ the phase across the
SCPT. Because the large junction imposes to a
good approximation the phase across the transis-
tor, the critical current almost corresponds to
c ¼ p=2. We demonstrate in the following that the
critical current can be determined with sufficient
accuracy to discriminate both qubit states.

3. Readout resolution

The determination of the critical current can be
performed by detecting the transition to a finite
voltage state when the bias-current approaches
it. This switching transition is easily detected
by monitoring the voltage across the system. The
switching out of the zero-voltage state of a cur-
rent-biased Josephson junction has been thor-
oughly investigated. The current-biased junction is
indeed a model system for the dynamics of a single
degree of freedom whose coupling to an environ-
ment can be controlled [10,11]. The dynamics of
the phase c is that of a particle with mass Cu2

0,
placed in a tilted washboard potential U ¼ �EJ�
cos c þ scð Þ, with s ¼ I=IC, and subject to retarded
friction determined by the admittance Y ðxÞ of
the circuit in parallel with the junction. Below
the critical value s ¼ 1; the potential has metasta-
ble equilibrium positions. The phase dynamics is
characterised by the frequency xP=2p and the
quality factor Q of the oscillations at the bottom
of the wells. For s close to 1; the oscillation fre-
quency is

xP=2p ’
ffiffiffi
2

p
IC

u0Ceff

 !1=2

ð1� sÞ1=4: ð3Þ

In this expression, we have assumed that the ca-
pacitance Ceff includes the eventual contribution of
the environment. The quality factor is then Q ¼
CxP=ReY ðxPÞ. For underdamped or moderately
damped junctions QP 1ð Þ, escape out one of these
wells triggers the run-away of the phase down the
washboard potential, and a finite voltage develops.
At high temperature, the phase across the junction
is an almost classical variable and switching occurs
by thermal activation over the potential energy
barrier. The rate of this process follows Kramers’
law:

Ccl ¼ a
xP

2p
exp

�
� DU
kBT

	
; ð4Þ

where DU ’ ð4
ffiffiffi
2

p
=3ÞEJð1� sÞ3=2, and a is a pre-

factor of order 1 in the regime Q 	 1: Below the
cross-over temperature defined by kBTCO ¼ �hxP=
2p, escape occurs mainly by quantum tunneling
‘‘through’’ the potential energy barrier [11]. For
QP 1, the quantum rate does not depend on Q
and is:

Cq ¼ 52

ffiffiffiffiffiffiffiffi
DU
�hxP

s
xP

2p
exp

�
� 7:2

DU
�hxP

	
: ð5Þ

It is useful to define the escape temperature Tesc
through the relation:

C ¼ xP

2p
expð�DU=kBTescÞ: ð6Þ

The theoretical predictions for a junction in the
QP 1 regime are Tesc ’ T above the cross-over
temperature TCO, and Tesc ’ �hxP=7:2kB below.
Quantum corrections in the thermal activation
regime, and thermal corrections in the quantum
regime slightly increase the escape temperature
above these values.
When a bias-current pulse I is applied during a

time s, the switching probability for each qubit
state i is PSi ¼ 1� expð�CisÞ. If these probabilities
are different enough, switching provides a single-
shot measurement of the qubit. We define the
discriminating power of the readout system as a ¼
PS1 � PS0j j. Single-shot readout is achieved when a
is close to 1. The relations (4) and (5) show that the
discriminating power is determined by thermal and
quantum fluctuations, which limit the slope dC=dI .
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In order to increase this slope, one should decrease
the escape temperature till it reaches the temper-
ature of the experiment, and decrease IC. Since the
quantum escape temperature is set by the readout
junction plasma frequency, which is imposed if all
junctions are fabricated in the same pump-down,
the only way to decrease it significantly is to add
an extra capacitance to the readout junction ca-
pacitance. Decreasing the critical current IC is in
conflict with the requirement of a good phase bias
of the SCPT, and a compromise has to be found,
as discussed below. In the present design, the ratio
between the readout junction critical current
IC 	 1 lA and the SCPT supercurrent is about
100. Finally, the time resolution is limited by the
readout pulse duration, provided that the readout
junction stays at thermal equilibration in its po-
tential well when the bias-current is raised. For
that purpose, its Q factor should not be too large.

4. Back-action of the environment and of the

readout system on the qubit

In fine, the sensitivity of a readout system has to
be weighted by its back-action on the qubit during
manipulation and readout. As already discussed in
the case of the single Cooper-pair box measured by
an electrometer [5,12,13], different processes con-
tribute to this back-action. First, the qubit can
undergo a transition from the upper state to the
ground state by transferring the energy �hX to the
degrees of freedom it is coupled. This process de-
fines the relaxation time TR. The reverse excitation
process is also possible, and is characterised by an
excitation time TE. Both TR and TE are expected to
differ when readout is off or on. In particular, TE is
expected to be much longer in the off state, when
no energy is available to excite the qubit, than in
the on state. When a coherent superposition of
qubit states is prepared, it is furthermore ran-
domly dephased by the low frequency fluctuations
of the qubit hamiltonian due to both the envi-
ronment and the measuring system. Dephasing is
expected to occur much faster when readout is on
because the qubit is no longer decoupled from
phase fluctuations.

We first discuss the back-action when readout
is off, i.e. at zero-bias-current. In this case,
phase fluctuations are small, and the whole circuit
connected to the SCPT can be treated as an ef-
fective impedance ZeffðxÞ ¼ ðY ðxÞ þ jCeffx � jIC=
u0xÞ�1. Symmetry arguments show that the qubit
is not coupled to its environment when the SCPT
junctions are balanced, as already mentioned.
When SCPT junction asymmetry d ¼ jE0J1 � E0J2 j=
ðE0J1 þ E0J2Þ is taken into account, the relaxation
time TR is:

TR 	 4

d2
u0

Re½ZeffðXÞ�iC
; ð7Þ

in which we have used Eq. (2). Excitation is neg-
ligible ðTE 
 TRÞ, and no dephasing still occurs.
Taking into account practical limitations on the
junction asymmetry ðd > 0:1Þ, we estimate TR >
20 ls for the admittance shown in Fig. 1c, and for
the parameters E0J ¼ 2EC ¼ 0:4kB K. Assuming
that the gate charge can be tuned at better than
0:02e, we estimate that the phase coherence time is
limited by the offset charge noise [9] at Tu > 1 ls.
Note that a duration of 1 ls allows to perform
about 100 qubit manipulations.
When readout is on, the phase excursions are

not bounded, and only approximate expressions
have been obtained. The main result is that the
phase coherence time is extremely short Tu ’ 50
ns. This simply means that the readout system
has dephased the qubit before the ‘‘pointer’’ has
moved. We find that TE is still longer than TR > 10
ls, which we have calculated by averaging over the
phase dynamics, assuming that the readout junc-
tion plasma frequency is lower than the qubit
transition frequency. Circuit design thus results
from a trade-off between efficient readout, long
relaxation and dephasing times when readout is
off, and weak relaxation/excitation when readout
is on.

5. Sample fabrication and experimental set-up

Samples were fabricated by electron-beam li-
thography in a two-step process. First, an inter-
digitated 1.0 pF capacitor and small metallic
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islands, made out of gold, were deposited. The role
of the capacitor is to decrease the readout junction
resonance frequency in order to improve the dis-
criminating power, while that of the metallic is-
lands is to provide a normal metal sink for
spurious quasiparticles in the SCPT electrodes [7].
It is indeed essential to avoid a single quasiparticle
entering the SCPT island, which would destroy the
desired qubit states at ng ¼ 1=2. In a second step,
the SCPT and the readout junction were fabricated
by depositing aluminum layers at two angles
through a suspended shadow-mask [14]. The first
layer was oxidized in order to grow the tunnel
junction barriers. Similar SCPT and readout
junction are fabricated together with the qubit
circuit for the sake of tunnel resistance control.
The sample was wire-bonded onto a miniature
circuit-board with surface mounted components.
The board was fitted in a shielded copper box
thermally anchored to the mixing chamber of a
dilution refrigerator. All lines were carefully fil-
tered [15] in order to reach thermal equilibrium at
the base temperature 14 mK. The bandwidth of
the current-biasing line was however kept large
enough to pass submicrosecond readout square
pulses. When switching occurs, the voltage on the
measuring line with capacitance CM 	 0:5 nF rises
at a rate IC=CM 	 1 mV=ls. The switching was
detected by monitoring the voltage across the
readout junction using a low-noise amplifier with a
1 MHz bandwidth.

6. Experimental results

We report here switching experiments in a
sample with the SCPT disconnected on purpose.
We have measured the switching rate of the
readout junction alone as a function of bias-cur-
rent and temperature, using square pulses with
adjustable height, or linear ramps [16] for current-
biasing the readout junction. The variations of the
switching probability when the height of 0.5 ls
readout pulses is varied are shown in Fig. 2 for
different temperatures. The maximum slope, ob-
tained at the lowest temperature, would corre-
spond to a discriminating power of 0.6 for the
readout. Switching rates obtained using both

measurement techniques are shown in Fig. 3 as a
function of bias-current, for different tempera-
tures. The escape temperature defined by Eq. (6),
and determined following the procedure described
in Ref. [17], is plotted in Fig. 4. The lowest mea-
sured escape temperature is about 90 mK, which is

Fig. 2. Switching probability PS of the readout junction when
0.5 ls long bias-current square pulses with variable amplitude
are applied. The critical current is IC ¼ 1:17 lA. The steepest
step, obtained at the lowest temperature, would correspond to a

discriminating power of 0.6 in a single shot readout of the

qubit.

Fig. 3. Switching rate of the readout junction as a function of

bias-current IB ¼ sIC at different temperatures. Full symbols

correspond to 0:5 ls long bias-current square pulses, and open
symbols to linear bias-current ramps at dIB=dt ¼ 0:84 lA/ms.
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higher than the design value of 60 mK predicted
using Eq. (5), assuming that the on-chip capacitor
fully contributes to the capacitance Ceff . We at-
tribute this discrepancy to two effects. First, the
SMC resistor in the bias-current line is slightly
heated by the bias-current, as indicated by the
increase observed when relatively slow bias-cur-
rent ramps are used instead of fast pulses. Second,
the on-chip added capacitance is not fully effective
because of the residual inductance of the con-
necting lines and of the capacitance itself. Quan-
titatively, we have calculated that the quantum
tunneling rate is the same as if about half of the on-
chip capacitance was effectively contributing [18].
These two effects explain well the value of the
minimum escape temperature, and of the resulting
discriminating power. These results, which already
allow interesting measurements on the qubit to be
performed, can be improved, and a discriminating
power of 0.95 with 200 ns long readout pulses
could be achieved if the predicted escape temper-
ature of 60 mK is reached.

7. Conclusions

We have discussed a new design for a combined
charge-phase qubit, based on a SCPT connected in
parallel with a large readout junction. Whereas the
qubit is addressed using the gate charge coupled
to the transistor island, the readout is performed
using the supercurrent driven by the phase dif-
ference across the transistor, which controls the
switching of the readout junction out of the zero-
voltage state. From measurements of the switching
probability of this junction when a square bias-
current pulse is applied, we have determined the
discriminating power of the readout. We conclude
that single-shot measurements should be possible
in this system. Experiments on a full qubit circuit
are in progress.
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to ;150 GPa, consistent with the modulus
values of large SWNT bundles (22). Al-
though an individual SWNT has an elastic
modulus of ;1 TPa, the value can decrease to
;100 GPa for nanotube bundles, owing to
the internanotube defects (for example, im-
perfect lattice of nanotube bundles owing to
different nanotube diameters) present along
the bundles.

The long nanotube strands created by our
direct synthesis technique are an alternative
to the fibers and filaments spun from nano-
tube slurries (4). The mechanical and electri-
cal properties of these strands are superior to
the latter fibers: The strands can be produced
in high yield and continuously, and the thick-
ness of the strands and their length may be
further optimized by tuning the processing
conditions to produce practically useful nano-
tube-based macroscale cables.
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Manipulating the Quantum
State of an Electrical Circuit

D. Vion,* A. Aassime, A. Cottet, P. Joyez, H. Pothier,
C. Urbina,† D. Esteve, M. H. Devoret‡

We have designed and operated a superconducting tunnel junction circuit that
behaves as a two-level atom: the “quantronium.” An arbitrary evolution of its
quantum state can be programmed with a series of microwave pulses, and a
projective measurement of the state can be performed by a pulsed readout
subcircuit. The measured quality factor of quantum coherence Qw > 25,000 is
sufficiently high that a solid-state quantum processor based on this type of
circuit can be envisioned.

Can we build machines that actively exploit
the fundamental properties of quantum me-
chanics, such as the superposition principle
or the existence of entangled states? Applica-
tions such as the transistor or the laser, often
quoted as developments based on quantum
mechanics, do not actually answer this ques-
tion. Quantum mechanics enters into these
devices only at the level of material proper-
ties, but their state variables such as voltages
and currents remain classical. Proposals for
true quantum machines emerged in the last
decades of the 20th century and are now
being actively explored: quantum computers
(1), quantum cryptography communication
systems (2), and detectors operating below
the standard quantum limit (3). The major
difficulty facing the engineer of a quantum
machine is decoherence (4). If a degree of
freedom needs to be manipulated externally,
as in the writing of information, its quantum
coherence usually becomes very fragile. Al-
though schemes that actively fight decoher-
ence have recently been proposed (5, 6), they
need very coherent quantum systems to start
with. The quality of coherence for a two-level
system can be quantitatively described by the
quality factor of quantum coherence Qw 5
pn01Tw, where n01 is its transition frequency
and Tw is the coherence time of a superposi-
tion of the states. It is generally accepted that
for active decoherence compensation mecha-
nisms, Qw’s larger than 104 n01 top are nec-

essary, top being the duration of an elemen-
tary operation (7).

Among all the practical realizations of
quantum machines, those involving integrat-
ed electrical circuits are particularly attrac-
tive. However, unlike the electric dipoles of
isolated atoms or ions, the state variables of a
circuit, like voltages and currents, usually
undergo rapid quantum decoherence because
they are strongly coupled to an environment
with a large number of uncontrolled degrees
of freedom (8). Nevertheless, superconduct-
ing tunnel junction circuits (9–13) have dis-
played Qw’s up to several hundred (14), and
temporal coherent evolution of the quantum
state has been observed on the nanosecond
time scale (10, 15) in the case of the single
Cooper pair box (16). We report here a new
circuit built around the Cooper pair box with
Qw in excess of 104, whose main feature is
the separation of the write and readout ports
(17, 18). This circuit, which behaves as a
tunable artificial atom, has been nicknamed a
“quantronium.”

The basic Cooper pair box consists of a
low-capacitance superconducting electrode,
the “island,” connected to a superconducting
reservoir by a Josephson tunnel junction with
capacitance Cj and Josephson energy EJ. The
junction is biased by a voltage source U in
series with a gate capacitance Cg. In addition
to EJ, the box has a second energy scale, the
Cooper pair Coulomb energy ECP 5 (2e)2/
2(Cg 1 Cj) . When the temperature T and the
superconducting gap D satisfy kBT ,, D/lnN
and ECP ,, D, where N is the total number of
paired electrons in the island, the number of
excess electrons is even (19, 20). The Ham-
iltonian of the box is then

Ĥ 5 ECP~N̂ 2 Ng!
2 2 EJ cosû (1)

where Ng 5 CgU/2e is the dimensionless gate
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charge and û the phase of the superconduct-
ing order parameter in the island, conjugate to
the number N̂ of excess Cooper pairs in it
(16).

In our experiment, EJ > ECP and neither N̂
nor û is a good quantum number. The box
thus has discrete quantum states that are
quantum superpositions of several charge
states with different N. Because the system is
sufficiently nonharmonic, the ground ?0& and
first excited ?1& energy eigenstates form a
two-level system. This system corresponds to
an effective spin one-half sW, whose Zeeman
energy hn01 goes to a minimal value close to
EJ when Ng 5 1/2. At this particular bias
point, both states ?0& (sz 5 11/2) and ?1 & (sz

5 21/2) have the same average charge ^N̂& 5
1/2, and consequently the system is immune
to first-order fluctuations of the gate charge.
Manipulation of the quantum state is per-
formed by applying microwave pulses u(t)
with frequency n > n01 to the gate, and any
superposition ?C& 5 a ?0& 1 b ?1& can be
prepared.

A novel type of readout has been imple-
mented in this work. The single junction of
the basic Cooper pair box has been split into
two nominally identical junctions in order to
form a superconducting loop (Fig. 1). The
Josephson energy EJ in Eq. 1 becomes EJ

cos(d̂/2) (21), where d̂ is an additional degree
of freedom: the superconducting phase differ-
ence across the series combination of the two
junctions (22). The two states are discrimi-
nated not through the charge ^N̂& on the island
(10, 23), but through the supercurrent in the
loop ^Î& 5 (2e/\) ^]H/]d&. This is achieved by
entangling sW with the phase ĝ of a large
Josephson junction with Josephson energy
EJ0 ' 20 EJ inserted in the loop (17, 24). The
phases are related by d̂ 5 ĝ 1 f, where f 5
2eF/\, F being the external flux imposed
through the loop. The junction is shunted by
a capacitor C to reduce phase fluctuations. A
trapezoidal readout pulse Ib(t), with a peak
value slightly below the critical current I0 5
2eEJ0/\, is applied to the parallel combina-
tion of the large junction and the small junc-
tions (Fig. 1C). When starting from ^d̂& ' 0,
the phases ^ĝ& and ^d̂& grow during the current
pulse, and consequently an sW-dependent su-
percurrent develops in the loop. This current
adds to the bias current in the large junction,
and by precisely adjusting the amplitude and
duration of the Ib(t) pulse, the large junction
switches during the pulse to a finite voltage
state with a large probability p1 for state ?1&
and with a small probability p0 for state ?0&
(17). This readout scheme is similar to the
spin readout of Ag atoms in a Stern and
Gerlach apparatus, in which the spin is en-
tangled with the atom position. For the pa-
rameters of the experiment, the efficiency of
this projective measurement should be h 5
p1 2 p0 5 0.95 for optimum readout condi-

tions. The readout is also designed so as to
minimize the ?1&3 ?0& relaxation rate using a
Wheatstone bridge–like symmetry. Large ra-
tios EJ0/EJ and C/Cj provide further protec-
tion from the environment. Just as the system
is immune to charge noise at Ng 5 1/2, it is
immune to flux and bias current noise at f 5
0 and Ib 5 0, where Î 5 0. The preparation of
the quantum state and its manipulation are
therefore performed at this optimal working
point.

A quantronium sample is shown in Fig.
1B. It was fabricated with standard e-beam
lithography and aluminum evaporation. The
sample was cooled down to 15 mK in a
dilution refrigerator. The switching of the
large junction (25) to the finite voltage state
is detected by measuring the voltage across it
with a room-temperature preamplifier, fol-
lowed by a discriminator. By repeating the
experiment, the switching probability, and
hence the occupation probabilities of the ?0&
and ?1& states, can be determined.

The readout part of the circuit was tested

by measuring the switching probability p at
thermal equilibrium as a function of the pulse
height Ip, for a readout pulse duration of tR 5
100 ns. The discrimination between the esti-
mated currents for the ?0& and ?1& states was
found to have an efficiency of h 5 0.6, which
is lower than the expected h 5 0.95. Mea-
surements of the switching probability as a
function of temperature and repetition rate
indicate that the discrepancy between the the-
oretical and experimental readout efficiency
could be due to an incomplete thermalization
of our last filtering stage in the bias current
line.

Spectroscopic measurements of n01were
performed by applying to the gate a weak
continuous microwave irradiation suppressed
just before the readout pulse. The variations
of the switching probability as a function of
the irradiation frequency display a resonance
whose center frequency evolves with dc gate
voltage and flux as the Hamiltonian predicts,
reaching n01 > 16.5 GHz at the optimal
working point (Fig. 2). The small discrepancy

Fig. 1. (A) Idealized circuit diagram of the quantronium, a quantum-coherent circuit with its tuning,
preparation, and readout blocks. The circuit consists of a Cooper pair box island (black node)
delimited by two small Josephson junctions (crossed boxes) in a superconducting loop. The loop
also includes a third, much larger Josephson junction shunted by a capacitance C. The Josephson
energies of the box and the large junction are EJ and EJ0. The Cooper pair number N and the phases
d and g are the degrees of freedom of the circuit. A dc voltage U applied to the gate capacitance
Cg and a dc current If applied to a coil producing a flux F in the circuit loop tune the quantum
energy levels. Microwave pulses u(t ) applied to the gate prepare arbitrary quantum states of the
circuit. The states are read out by applying a current pulse Ib(t ) to the large junction and by
monitoring the voltage V(t ) across it. (B) Scanning electron micrograph of a sample. (C) Signals
involved in quantum state manipulation and measurement. Top: Microwave voltage pulses u(t ) are
applied to the gate for state manipulation. Middle: A readout current pulse Ib(t ) with amplitude Ip
is applied to the large junction td after the last microwave pulse. Bottom: Voltage V(t) across the
junction. The occurrence of a pulse depends on the occupation probabilities of the energy
eigenstates. A discriminator with threshold Vth converts V(t) into a boolean output for statistical
analysis.
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between theoretical and experimental values
of the transition frequency at nonzero mag-
netic flux is attributed to flux penetration in
the small junctions not taken into account in
the model. These spectroscopic data have
been used to precisely determine the relevant
circuit parameters, EJ 5 0.865 kBK and EJ/
ECP 5 1.27. At the optimal working point,
the linewidth was found to be minimal, with
a 0.8-MHz full width at half-maximum
(FWHM). When varying the delay between
the end of the irradiation and the readout
pulse, the resonance peak height decays with
a time constant T1 5 1.8 ms. Supposing that
the energy relaxation of the system is only
due to the bias circuitry, a calculation similar
to that in (26) predicts that T1 ; 10 ms for a
crude discrete element model. This result
shows that no detrimental sources of dissipa-
tion have been seriously overlooked in our
circuit design.

Controlled rotations of sW around an axis x
perpendicular to the quantization axis z have
been performed. Before readout, a single
pulse at the transition frequency with variable
amplitude Umw and duration t was applied.
The resulting change in switching probability
is an oscillatory function of the product Umwt
(Fig. 3A), which is in agreement with the
theory of Rabi oscillations (27), proving that
the resonance indeed arises from a two-level
system. The proportionality ratio between the
Rabi period and Umwt was used to calibrate
microwave pulses for the application of con-
trolled rotations of sW.

Rabi oscillations correspond to a driven
coherent evolution but do not give direct
access to the intrinsic coherence time Tw dur-
ing a free evolution of sW. This Tw was ob-
tained by performing a Ramsey fringe exper-
iment (28), on which atomic clocks are based.
One applies to the gate two phase-coherent
microwave pulses, each corresponding to a
p/2 rotation around x (29) and separated by a
delay Dt, during which the spin precesses
freely around z. For a given detuning of the
microwave frequency, the observed decaying
oscillations of the switching probability as a
function of Dt (Fig. 3B) correspond to the
“beating” of the spin precession with the
external microwave field (30). The oscilla-
tion period agrees exactly with the inverse of
the detuning, allowing a measurement of the
transition frequency with a relative accuracy
of 6 3 1026. The envelope of the oscillations
yields the decoherence time Tw > 0.50 ms.
Given the transition period 1/n01 > 60 ps,
this means that sW can perform on average
8000 coherent free precession turns.

In all the time domain experiments on the
quantronium, the oscillation period of the
switching probability agrees closely with the-
ory, which proves controlled manipulation of
sW. However, the amplitude of the oscillations
is smaller than expected by a factor of 3 to 4.

Fig. 2. (A) Calculated
transition frequency n01
as a function of f and Ng

for EJ 5 0.865 kBK and
EJ/ECP 5 1.27. The saddle
point at the intersection
of the blue and red lines is
an ideal working point
where the transition fre-
quency is independent, to
first order, of the bias pa-
rameters. (B) Measured
center transition frequen-
cy (symbols) as a function
of reduced gate charge Ng

for reduced flux f 5 0
[right panel, blue line in
(A)] and as a function of f
for Ng 5 0.5 [left panel,
red line in (A)], at 15 mK.
Spectroscopy is per-
formed by measuring the
switching probability p
(105 events) when a con-
tinuous microwave irradi-
ation of variable frequen-
cy is applied to the gate
before readout (td , 100
ns). Continuous line: The-
oretical best fit leading to
EJ and EJ/ECP values indi-
cated above. Inset: Line-
shape measured at the
optimal working point
f 5 0 and Ng 5 0.5
(dots). Lorentzian fit with
a FWHM Dn01 5 0.8 MHz
and a center frequency n01 5 16463.5 MHz (solid line).

Fig. 3. (A) Left: Rabi oscil-
lations of the switching
probability p (5 3 104

events) measured just af-
ter a resonant microwave
pulse of duration t. Data
were taken at 15 mK for a
nominal pulse amplitude
Umw 5 22 mV ( joined
dots). The Rabi frequency
is extracted from an ex-
ponentially damped sinu-
soidal fit (continuous
line). Right: Measured
Rabi frequency (dots) var-
ies linearly with Umw, as
expected. (B) Ramsey
fringes of the switching
probability p (5 3 104

events) after two phase-
coherent microwave puls-
es separated by Dt .
Joined dots: Data at 15
mK; the total acquisition
time was 5 mn. Continu-
ous line: Fit by exponen-
tially damped sinusoid
with time constant Tf 5
0.50 ms. The oscillation
corresponds to the beat-
ing of the free evolution
of the spin with the exter-
nal microwave field. Its
period indeed coincides
with the inverse of the detuning frequency (here n 2 n01 5 20.6 MHz).
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This loss of contrast is likely to be due to a
relaxation of the level population during the
measurement itself.

In order to understand what limits the
coherence time of the circuit, measurements
of the linewidth Dn01 of the resonant peak as
a function of U and F have been performed.
The linewidth increases linearly when depart-
ing from the optimal point (Ng 5 1/2, f 5 0,
Ib 5 0). This dependence is well accounted
for by charge and phase noises with root
mean square deviations DNg 5 0.004 and
D(d/2p) 5 0.002 during the time needed to
record the resonance. The residual linewidth
at the optimal working point is well explained
by the second-order contribution of these
noises. The amplitude of the charge noise is
in agreement with measurements of 1/f
charge noise (31), and its effect could be
minimized by increasing the EJ/ECP ratio.
The amplitude of the flux noise is unusually
large (32) and should be significantly reduced
by improved magnetic shielding. An im-
provement of Qw by an order of magnitude
thus seems possible. Experiments on quan-
tum gates based on the controlled entangle-
ment of several capacitively coupled quantro-
nium circuits could already be performed
with the level of quantum coherence achieved
in the present experiment.
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Coherent Temporal Oscillations
of Macroscopic Quantum States

in a Josephson Junction
Yang Yu,1 Siyuan Han,1* Xi Chu,2† Shih-I Chu,2 Zhen Wang3

We report the generation and observation of coherent temporal oscillations
between the macroscopic quantum states of a Josephson tunnel junction by
applying microwaves with frequencies close to the level separation. Coherent
temporal oscillations of excited state populations were observed by monitoring
the junction’s tunneling probability as a function of time. From the data, the
lower limit of phase decoherence time was estimated to be about 5 micro-
seconds.

The question of whether macroscopic vari-
ables obey quantum mechanics has stimulat-
ed extensive theoretical interests (1, 2). The
experimental search for macroscopic quan-
tum phenomena (MQP) did not start until the
early 1980s, when theory showed that the
experimental conditions for observing MQP
in Josephson junction–based devices were
achievable (3–5). Many MQP, such as mac-
roscopic quantum tunneling (MQT) (6–10),
energy level quantization (11, 12), quantum
incoherent relaxation (13), resonant tunneling
and photon-assisted tunneling (14), and pho-
to-induced transition and population inver-
sion between macroscopic quantum states
(15, 16), have since been observed. Recent
spectroscopy evidence of superposition of

fluxoid states and persistent-current states
in superconducting quantum interference
devices has also been reported (17, 18).
However, time domain coherent oscilla-
tions between macroscopic quantum states
(MQS), which is more direct evidence for
the superposition of MQS, has thus far
evaded experimental detection.

One of the methods proposed to create
coherent temporal oscillations between two
MQS is via Rabi oscillation, an effect that is
well established and understood in atomic
and molecular systems (19). The principle of
Rabi oscillations is that by applying a mono-
chromatic electromagnetic (EM) field to a
quantum two-level system, which interacts
with the EM fields, the system will be in a
superposition of the two energy eigenstates
that results in oscillations between the lower
and upper levels with Rabi frequency V. The
amplitude of the population oscillations is at
a maximum when the frequency of the EM
wave v is in resonance with the level spacing
DE, i.e., v 5 DE/\. Rabi oscillation is a
coherent quantum phenomenon that provides
the foundation to a wide variety of basic
research and applications, ranging from co-
herent excitation of atoms and molecules by
laser to quantum computation (20–22). Re-
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� +	�����	� �����, 	� � ��������	� S��� A= NLBT

�� � ����������, ���	�����
 �	 ��� �����, ���������� ��� 	� � �		��� ���� �	4 	� ��������	�

����� � �4�	������� ������	�

����� � 
�������� ����	� S��� A0 LBT

A��� � �������� ������	� �������������� ��� �	������ ������� � �		��� ���� �	4 ��
 ��

����
���� E���= 0 0=BT%

 ���� ������7������� �����
����	� �	�I����� 	� � �		��� ���� ��������	� S��� A= NFBT
��
� � ������������
� 
���	� 	� ��� ���� ������	���� �� 	� � �		��� ���� �	4 	� ��������	� ��

��� 8�	�� ������ ������ S��� A= EFBT������
��� � �	
���� 	�

��
� % =��� �	����	� � �� �	� ���
 �	 �
	�
 �	�����	�� ���� ��� '���� 

�	������ �>

�� ���� ����� 7 ��� � '���� �	������

� � �

��
� ���
 ����� 7 ���� ��
���
 '���� �	������

�� � ���� ������	���� 	� ��� �		��� ���� �	4 =�%�% ���� �	 �	������ �	 ��
 	����
�

��
��	�����>
��� � ������ �	������ ������	���� ������� � �		��� ���� �	4 ��
 �� 	����
� �������
��	� � ������	������ ������	���� 	� � �		��� ���� �	4 	� ��������	�
��� � +	�����	� ������	���� 	� � �		��� ���� �	4 	� ��������	�
��! � ������	���� 	� � ���	���	� �5!� �!� S��� A0 >1BT

� �
�
�� � ������, ��������, ������

��
� � ������������
� 
���	� 	� ��� ������� ���	��� � �		��� ���� �	4 	� ��������	� �� ��� 8�	��

������ ������ =��� =$%BB> �� ��� ��	 ������ ������ ����	4�����	�>

�3 � �3��
����� ������� �	��� �	���� �	� �� ����
���� ���� =��� �����	� 0 / 0>


� � ���� ������� �� ��� ��� �4���������


! � �������
� 	� ���� ������� �3���� ������ �� ��� �4��������� D�C�B


� � �����
��� 	� ��� �4�������� �	���
���
� �������� ������� 	� � ������ +	�����	� 6�����	�

=�4�������� $ ��
 �4�������� 	� ��������� E"FG> 	� �
����� ��������

������� 	� ��� 6�����	�� 	� � �		��� ���� �	4 	� ��������	� =��� 
������	� A= N0B

��
 �4��������� "�D�C�B TB


� � �����
��� 	� ��� �4�������� �	���
���
� ����������	�� ������� ���	��� � +	�����	�

6�����	� =�4�������� $�C ��
 �4�������� 	� ��������� E"FG> 	� ���	��� �

�		��� ���� ��������	� =�4�������� "�D>


� � �	� � �		��� ���� ��������	�� 
���� 	� 
� �
�����
 	
�� ��� ����� 
,������ A��� � LNB


	

� � �9����
� �������� ������� 	� � �		��� ���� ��������	� S��� A= NEBT

��� � ������� ���� �	� �� �����, ���������� 	� � �		��� ���� �	4 	� ��������	� A��� � 0>B

�� � ���� ��
��� � 8	��-���� �	������

�%�
�
������ � ��4���� 	� ��� ������	� ���� ���� ������� �	 ��� 
������� �

���
�
������ � ������� 	� ��� ������	� ���� ���� ������� �	 ��� 
������� �



����� �� �
��
���� 
�� 
����!�� 2F0

S��� @� � �	
��	 @

�� � 	�����	� ���	�����
 �	 ��� �4���� ������ 	� �		��� ����� 	� ��� �����
 	� � �		��� ����

�	4 	� ��������	�

��� � ���������� 	� ��� 	�����	� �� �	� ��� �����
���� �

� � ����� 	� ������ �������

�� � ����� 	� �	�-��	 ��������

�� � ������� � ��
���
 ���� ������ 	� � �		��� ���� �	4 	� ��������	�

��� � ���
�
���� � ��
���
 ���� ������ 	� � �		��� ���� ��������	� ���� �� �� �	����
 �	 �

�		��� ���� �	4 =�� ���� ����� ��� �	����	� �� �� �����
, ���
 �	� ��� �	4>

������ 3������ ���
���! � ������ 	� ��� �������	� �! �� ��� ���	���	� �5!� �!�

� � 3�����, ����	� 	� � 3������ ��� S��� =C%$#> ��
 =C%$">T

!�/� '�����
 ������� 8	��


;��
!� 
 � ��� � ��������� ��	�������, 	� ��� ��������	� 	� �4�������� D =���� �� ��� ��	��
 �����>

���� � ���� ������� ����� ���� �������
� 
! ��
 
�����	� 
 �� ������
 �	 �� ��


���� ��� ��
���
 ���� ������ 	� ��� ��������	� �� ��

;��
!� 
� � ��������� ��	�������, 	� ��� ���
	�� 6�����	� 	� �4��������� C ��
 B ���� � ����

������� ����� ���� �������
� 
! ��
 
�����	� 
 �� ������
 �	 ��

;��
!� 
 � ��� �#� � ��������� ��	�������, 	� ��� 3�����	���� �� ����� �,� ���� � ���� �������

����� ���� �������
� 
! ��
 
�����	� 
 �� ������
 �	 ��� ���� ��� ��
���
 ����

������ 	� ��� ��������	� �� ��4 ��
 ���� ��� ��
���
 @�4 �����
��� ���

3�����	���� �		� �� �#

;��
!� 
 � ��� �#� � ��������� ��	�������, 	� ��� 3�����	���� �� ����� ��� =��� ��	
�>

;��
!� 
 � ��� �#� � ��������� ��	�������, 	� ��� 3�����	���� �� ����� ��� =��� ��	
�>

%5 � ��
�	���3����,

� ����* ���� ���� � � 	���	�	���� ����������� 	� ��� 8�	�� ������4 ���� ��� � ��
� �

������
���

=��� �����	� = 0 =>

�� � �
��
*� �

��
�� �

��
�� � � 	���	�	���� ����������� 	� ��� 8�	�� ������� 
����
 �� ��� ����

�� � �� � ����
��
�� ��� ������ �4�� =��� �����	� = 0 =>

�! � ���* !���� !���� !�� ������� 	���	�	���� ����������� 	� ��� 8�	�� �������

���� ��� ! �
��
� �

������
��� =��� �����	� = 0 =>

(� � ���
� � �
�� �' � ���������� 3������

#.�� <������ 2	����
 �	��	����

1��� ��� � ��������� �	��� �������� 	� ��� ���� 
��,��� ������ -��� S��� A0 >EBT

1� ��� � ����������
 �	��� �������� 	� ��� 3������ 	�����	� �-��� S��� A0 =1=BT

��
��*� � ����*��* � ��������
���� ������	�

#�(�$ � <�����	�
������ ������� A����������� ��
���

� � ����

�� � 
���, ���� ������� ��� ��
 	� ��� ��
�	���3����, ��3����� ������
 �	 ��� 3���� ��
 ���



2FE ����� �� �
��
���� 
�� 
����!��

��������� 	� ��� ����������� 	� ��� ����� =��� ������ C%$>

�#	"� � ����������� ���� ���
�
 �	� � ��������� ��������� �	 
����������� ���

������ ��� ��
 ���
�0 � ������ � )�������) ����

� � �����������

��5 � ��	�� 	
�� ����������� ������� ��� 3������ ��
 ������� ������ ������� �	� �

+	�����	� 6�����	� S��� AE 0BT

�� � ����4���	� ���� 	� � 3������ ��	 ��
�� �,����� �	������� �	��
 �
%

 �%��
� ���� ���

���
	�� 
�
��� �� 	� =	� 	9>%

�
 � �4������	� ���� 	� � 3������ ��	 ��
�� �,����� �	������� �	��
 �
%

 �%��

 ���� ���

���
	�� 
�
��� �� 	� =	� 	9>%

�� � 
�������� ���� 	� � 3������ ��	 ��
�� �,����� �	������� �	��
 �
%

 �%��
� ���� ���

���
	�� 
�
��� �� 	� =	� 	9>%

�� � �	��� �������� 	� � �	������ ������	����	� 	� ������ �� � 3������ ��	 ��
�� �,�����

���� ���� �,���� �� ���� �	 �
	�
� �����, S��� AE ==BT

�� � ���'� � +	�����	� ����	
 	� � +	�����	� 6�����	�

�,� � ������� ���� �	� � ������	����	� 	� ��� ������ ��� ��
 ���
��, � ������������
� 
���	� 	� �,�
,3 � �3��
����� 
	����� �	��� �	���� �	� �� ����
���� ���� =��� �����	� 0 / 0>
�� � 	�����	� ���	�����
 �	 ��� �����
 �	������� 	� � �		��� ���� �	4 	� ��������	�

S��� A= 2MBT

�� � ����������	�� 
	����� ���	�� � �		��� ���� �	4� ��������	� 	� 6�����	�� 
����
��� 	�

��� �4�������� �	���
���


�� � �	� � �		��� ���� ��������	�� 
���� 	� �� �
�����
 	
�� ��� ����� 
,������ A��� � LNB

�� � ���� 
	����� 	� � �		��� ���� �	4 	� ��������	�

� �
� � ���� 
	����� 	� � �		��� ���� ��������	� �	����
 �	 � �		��� ���� �	4 =A� ���� ����� ���

�	����	� �� �� �����
, ���
 �	� ��� �	4>

�! �
�
5!��! � �������������� ����
���� �	� � ���	���	� �5!� �!�

< � 
������������� �	��� 	� � ������	�
 
�����	� S���A2 =FB �
� AE LBT

� � ������	�
������ ����� ���	�� � �		��� ���� �	4� ��������	� 	� 6�����	�� 
����
��� 	�

��� �4�������� �	���
���


�# � �������� @�4 �����
��� ��� 3�����	���� �		�

�) � ����� ������	�

� � 8�< ������	�
������ ��� 	� � �����% � ���� ��( �	� ���������
��@� ����� 	� ��� �	���	� ��������� @ 	� � �		��� ���� �	4 A@ � �� 	� ��

���� � 
�9������ ������� ��� ���� ������� 	� ��� ������ ��� ��
 ��� S��� A= N2BT

��� � �������
� 	� � ��
�	���3����, �4������	� �� ����� 	� ��
���
 ���� ������ S��� A= FNBT

��� � 
������	� 	� ��� �	��� �		�
����� �� 	�
��, 
����� ��� ����������	� 	� ��� 3�����	����

�����



����� �� �
��
���� 
�� 
����!�� 2FF

��� � 
������	� 	� ��� �-������� �		�
����� �� 	� ��, 
����� ��� ����������	� 	� ���

3�����	���� �����

B � ��
		��� � .���� �	������

@ � ������� ���� ���
 �	� ��� �	���	� ���������� �� ��
 �

D#� ! 	 � ����� � �	������ �	������ ������� � ����� �		��� ���� �	4 ��
 � ���������

�		��� ���� ��������	� =���� �� ��� �������	� �	�������� ��� ��	 �����
� ��


�� ��� ����������� 	� ��� �	4 6�����	�>

D� � ����
�
� � �	������ �	������ ������� ��� ����� �		��� ���� �	4 ��
 ��� ���
	�� 6�����	�

	� � 3�����	���� �������

D� � ����	 � �	������ �	������ ������� � �		��� ���� �	4 ��
 ��� ���������� 	� ���

���� ����

D, � ��5��
�
� � �	������ �	������ ������� � ����� �		��� ���� �	4 ��
 �� ��
�������

5 �	����
 �� ��������

�! � �	������ �	�I����� ������� � �		��� ���� �	4 ��
 � �	�	��� �	
� ����

���3����, �! S��� A0 =EBT

 ���� � �� ��� � ��
�������	� ���	�����
 �	 ��� ����� ��� �� ��� ����� ����� ���	�����
 �	 ��
���! � 	�����	� ���	�����
 �	 ��� ����� 
�9������ ���	�� ��� �������	� �! 	� �

���	���	� �5!� �!�
���! � 	�����	� ���	�����
 �	 ��� ����� 
�9������ ���	�� ��� ��
���	� 5! 	� �

���	���	� �5!� �!�

�� � �-������� �		�
����� 	� ��,
�� � ���� � ���� ��

��� � ��
���
 @�4 3������

.��
�� ��� � ��������� ���� 	� ��� ��������	� 	� �4�������� D ��
 	� ���� 	� ��������� E"FG

=���� �� ��� ��	��
 �����> �	� � ���� ������� 
� ��
 � ��
���
 ���� ������ ��

.��
�� � ��������� ���� 	� ��� ���
	�� 6�����	� 	� �4��������� C ��
 B �	� � ����

������� 
�

.��
�� ��� �#� � ��������� ���� 	� ��� 3�����	���� �� ����� �,� ���� ��� ���� ������� �� 
�4 ���

��
���
 ���� ������ ��4 ��
 ��� ��
���
 @�4 �����
��� ��� 3�����	���� �		� �#

.��
!� ��� �#� � ��������� ���� 	� ��� 3�����	���� �� ����� ��� =��� ��	
�>

.��
!� ��� �#� � ��������� ���� 	� ��� 3�����	���� �� ����� ��� =��� ��	
�>

.� � ���� � ����4���	� ���� 	� � �		��� ���� �	4� �	������� �	��
 .
%

 �%��
� ���� ��� 	9N	�

����� 	� ��� ���
	�� 
�
��� �� �������
%

.
 � ���
 � �4������	� ���� 	� � �		��� ���� �	4� �	������� �	��
 .
%

 �%��

 ���� ��� 	9N	�

����� 	� ��� ���
	�� 
�
��� �� �������
%

.� � ���� � 
�������� ���� 	� � �		��� ���� �	4� �	������� �	��
 .
%

 �%��
� ���� ��� 	9N	�

����� 	� ��� ���
	�� 
�
��� �� �������
%

�! � ��
�
5!�! � ���	����� �������	� 	� � ���	���	� �5!� �!�

'�� � ���	����� �������	� ������� ��� ������ ��� ��
 ��� 	� � �		��� ���� �	4 S��� A= E=BT

'� � ����� � +	�����	� ���3����, 	� � +	�����	� 6�����	�
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����!��

��� � '���� � ���	����� ���3����, ������� ��� ������ ��� ��
 ��� S��� A= E=BT

��"�� � (��� ���3����, 	� � �		��� ���� �	4 S��� A= FMBT

��"#�	� � (����, ���3����, 	� � �		��� ���� �	4 S��� A= F>BT

��� � ���3����, 	� ��� ��
�	���3����, �4������	� ���� 	� � �		��� ���� �	4 S��� A= FNBT

�+�� �+�� �+�� � '���� �������� =��� S= 0>T>

�+� � ��+ ���, � ,��+�� ,��+� � ,��+� � '���� 	�����	� ���	�����
 �	 ��� ��, �	��	���� 	� � ����
�� � 	�����	� ���	�����
 �	 ��� ������	�
������ ����� 	� ��� �����
 	� � �		��� ���� �	4

�� � �	��� �		�
����� 	� ��,
��� � ��	��
 ����� 	� � �		��� ���� �	4 	� ��������	�

��� � ���� �4����
 ����� 	� � �		��� ���� �	4 	� ��������	�



$����������#

S=T 
 #���R��
���4 )���������
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