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X (α1)(R) = {D ∈ Γ1(H)(R) |∀u, v ∈ D, uv = 0},

X (α2)(R) = {P ∈ Γ2(H)(R) |∀u, v ∈ P, uv = 0},

�Í�
X (α1, α2)(R) = {(D, P ) ∈ X (α1)(R) ×X (α2)(R) | D ⊂ P},��
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∑
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< β∨, $α > [Xwsβ
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End(X (α2))
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k � �<Ì f � = 0
Î>ß�Ñ9Ê

EndCorr
0( � )(X (α2) � )
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CH5(X (α1) × X (α2)) = Hom(X (α1),X (α2)) B

ÈËÉß�� Ì�Ê®Ð ã�ÑSÌ�Ê®á0ïmá0È�Cà�DzÌ�ÊÍïmÐ�ïmá0ÒªÌFE®Ì �
ã�Ð8ÐÍÑ�ÒªÈ/Ð
X (α1)

ÐÍÒ
X (α2)

Îzá0Ñ�Ò���� ÌÑ�E�ÐÍÈ/Ê®Ð~ÐËÊÍÒ�� ßÁþËá0ÈÍÈ/ÐËÊÿà�á0Ñ-Î>ß�Ñ³þËÐrÒÏÈ�ß�Ñ9Ê�Cà�á®Ê®ÉËÐ tJ �,��
hi1
�9�
���÷.��������÷.�¹���
	 "�/�¹'�	��
�!ò¹,��9��$Á�
������,.�

i
)
i �  �	�ò
,.'9	/ ��>�¢� Â5�
�����
$º+���� {0, . . . , 5} ,�9�

CH∗(X (α1))
� �¢���$�9Ü9��,�'�� � 	,.'��.,.���¢ ���,.	��&('��

}�åçÙ �¦Ùxù
×Ûûç×ÛÙ-{HG �A@dßLþËá0ÈâÈ/ÐËÊÿà�á0Ñ-Î>ß�Ñ³þËÐ

J =

5∑

i=0

hi1 × h5−i
2

ÎzÐ
CH5(X (α1) I × X (α2) I ) = Hom(X (α1) I ,X (α2) I )

ÐËÊÍÒ²Èß�ÒÏÌ á0Ñ�Ñ³Ð	����Ð �ò¹�~&('��³�9,.'�� � �
	�$%�Í��)Ï�³Â� � 	��
�À���r�/#��¹,.	��¹$%�~�³Âñ���,.$Á,.	 � #�����$%��,¦�³Âñ�¹�P���
��'9��	��&z'³Âñ���x�âÄ9�������¹÷> ����
$Á�
�>��'��9�*ò
,.	�	�¹� � ,.���� ��9ò
�r&('��9�¹����'��4���,.$Á,.	 � #�����$%���
�>�	� X (α1)
�Í�

X (α2)
�� ��9����8òÔ ��r��,��T��� � ��, ����ò¹��&z'9�ë "òË#��¹������,"�/	�8�	/ Ô�" ����ª�

õ�,.'��� ®��,.���À �'����� Ü>�� "����'9���� "�����ÍÄ��"Ü�	�� � 	�,���'9���²���
�²	�¹�'�� �Ë "�����$ � ,.	ì�Ë ��>�/�¦�����'����9��� m�/#��¹,.	���4���
��ò
 "�/�¹÷.,.	���
�~�Í�����4� Âñ ���÷��
+�	��ºò
,.$Á$º'9�/ "�/� �.�"�³�ÿ�¦��,.'9�8�
�����¹�:���³�Í�� ���  �	�'ò¹,.$Á$%�Á��,.	�$m ��²���mÚÏ "��	� ��÷.'9	�
	6��ò
�²���¹�º	�¹�'�� �Ë "��6��,.�>�4�����âÄ�������G�� ��9�º�¾ L�������/�¹	/ "�'�	�
� ��'������
'9	�P�
�9,.��ò
�¹� 	�
÷�	,.' � �
� ��,.'�� �¾ °$�
$Á�ö���¹��,.$Á���� 0�/��,��  ������� +����
� �9Ä��
	 ��,��	��¹ÚÛ�¹	�
�9ò
�
�¹����� � ��'��
Ü��9,.'��½ Ô�.,.�9�4�
÷> ����
$Á�
�>�4'9���������Á���¹�4	�
��'����/ "�/�4&('��À�dÂñ�Í�Ë ����
�>� �  "��¹�>�/�$�¹	�¹$%�¹�(���9�
$Á,.�>�/	�¹���� ������¾ %	�¹ÚÛ�¹	�¹��ò
�Á�����9��&('��
�"Üd��,.'9�8���
�� Ô��,.������,.��ò½ò¹,.�����÷.���¹���ò
�x Ô�.�
ò�'����~���¹$%,������	/ "���,.�m ���G&('��8�ªÂñ�¹����¹$º+����¢�����9,��/	����/	 ®�" ����<�,.� �À��� � ��'�� �6 "'9�/,")��'!JÁ�/ ��>�Y� � ,.�����+9���~�¹� �  �	��
���³òÔ "�
�



� MO`jKNC-RLJLQ �

� QfD F_n:RLFIBOCdFgBOD

�~ ����À�,.'9��ò¹�~òË#� � ���/	��~��,.'9�*���
����÷.�9,.��� �  �	 k ���¢ò
,.	 � �����~+� ���"�<¿À�~ò
,�	 � � k �¹�������òÔ "	/ �òÍ�/�
	����ì�/��&('������ �³�¹	�¹�(����������
'�Äx�
�~ ����º'9��� � 	�¹$%���
	��m��¹ò¹���,.�dÜ���,.'9�4	/ ��� �
��,.�������
�6	�
��'����/ "�/��÷.�
�9�
	/ "'�Äe��'�	º���¹�ºy��¾|Ø3&)(ëåçwzù�� �.Ù-ð �¦Ù-ùÔ×ûç×ÏÙ-{ � ,�'�	
Ü<�ö�¾ ���e���Pò¹�¹���/� ��¹ò¹�/��,.�dÜë���>�/	�,���'9��	�%���¹�4y��ÏØ3&)(�å0wzùô � Ù���û®Ù-{ë×ÛÙ-{ëù )Ï,�' � ��'��¦����$ � ���¹$%�¹�(�����
�¦Ù���û®Ù-{ë×ÛÙ-{ëù ,âÜ.&('����,��(�²'��½ò
 �� �  �	����ò¹'������
	Å�³Â� �� )÷#�¹+�	�¹� �½ò
,.$ � ,.�� �/��,��d���~ "���¢�� 4��
ò¹,.��������¹ò¹�/��,.�dÜ���,�'��¢ò¹,.���ì�/	'9���,����¢'9�T$Á,����
���8�³Â� �� )÷#�¹+�	�~�³Âñ,zò¹�,.����,����Àô � �Å�ÛÙ�� �(w½�¹�À���>�/	�,���'9���,��������
� (ëy�ù¹w�ù6{�Ù<å0ð°y��Ûwzù�ÜzÚÏ "$%�������À����+� "��
�

�  �	ì�/��ò
'����$�
	��
����,.�>�6���½	��.���%���
	 � 	��$%,�	���� ��Å�� "���6���%ò
 ���ò¹'������
�����/	�'�ò¹�'�	�¹�ºò
�¹����'��¾ ���	�¹�������,.���" �	����¹��
�� �' òË#� � ���/	����'�� �� "�(�
�Õë,.'�	�'��P�ÍÄ � ,.�� � ��'���÷.�
�9�
	/ "�³�'9	À���¹�� ���÷#�
+�	��
� ��ò
,�$ � ,.�� �/��,.�%�9,.'��*ò¹,.����¹������,.���� �'���¹ò¹��
'�	¹Ü����
��,�'9�z	/ �÷.�¹�¢�9� � ¸ /  �,.' ��� � ¸  ª�

�	�
� � �������� ����� ����� ��� ��� �������
7ë,.'��r�dÂ� "+x,.	��T'9�������!���9���/��,.� Æ

� � ��{�×Ûû®×ÏÙ-{ � � �dá0ÌÒ
C
ãzÑ³Ð

k
Cìß��"!$# �
È/ÐºãzÑ�ÌÒÝß�ÌÈ/Ð4Î�� ã�Ñ�ÌÒÿÉ

1 B
Ñ³á0Ñ Ñ³ÉËþËÐËÊËÊ
ß�ÌÈ/ÐÍïmÐÍÑ�Ò�ß0ÊËÊ®á<CþÍÌÏß�ÒÏÌFE�Ð � � � Ì���Ð�î.Ì�ÊÍÒÿÐ�ãzÑ³Ð&%Ôá0ÈâïmÐ �
ã�ß>Î�È�ß�ÒÏÌ �
ã<Ð q : C → k

Ñ³á0Ñ ÎzÉ'!zÉÍÑ³ÉÍÈËÉËÐ��
ã�Ì-à�ÐÍÈÍïmÐÍÒÏÒÿÐ�� ßþËá0ï�à�á®ÊÍÌÒÏÌ á0Ñ
B
þ � ÐËÊÍÒ C)(�CìÎ�ÌÈ/Ð~Ò�Ð	����Ð �
ã�Ð

∀x, y ∈ C q(xy) = q(x)q(y),
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∀x, y ∈ C, Bq(x, y) =
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2
(q(x + y) − q(x) − q(y)).
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∀x ∈ C, x = x
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∀x, y ∈ C, xy = y x
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x = 2Bq(1, x) − x

= 2Bq(1, 2Bq(1, x) − x) − (2Bq(1, x) − x)
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q(x)Bq(y, w) = Bq(xy, xw) = Bq(yx, wx),
) �.� � ,

2Bq(x, z)Bq(y, w) = Bq(xy, zw) +Bq(zy, xw),
) �.��?#,

Bq(xy, z) = Bq(x, zy),
) �.��¼#,

Bq(xy, z) = Bq(y, xz).
) �.�ñ@	,
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q(x+ z)Bq(y, w) = Bq(xy + zy, xw + zw),
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Bq(x, zy) = Bq(x, z2Bq(y, 1) − zy)

= 2Bq(x, z)Bq(y, 1) − Bq(x, zy)
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y x =(2Bq(y, 1)− y)(2Bq(x, 1) − x)

=4Bq(x, 1)Bq(y, 1)− 2Bq(y, 1)x− 2Bq(x, 1)y + yx

=2(Bq(xy, 1) +Bq(x, y) − Bq(y, 1)x− Bq(x, 1)y) + yx
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Bq(y x, z) = 2(Bq(1, z)Bq(xy, 1) +Bq(x, y)Bq(1, z)
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O = M2(k) × M2(k)
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M2(k)
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2 × 2
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∀x, y ∈ O xy = (x1, x2)(y1, y2) = (x1y1 + ỹ2x2, y2x1 + x2ỹ1)
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= (x2
1 + det(x2)Id, x2(x1 + x̃1))

= (x2
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(x1)x1 − det(x1)Id+ det(x2)Id,

�	/ �ò¹�
(x1)x2)

=
�	/ �ò¹�
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q(xy) = det(x1y1 + ỹ2x2) − det(y2x1 + x2ỹ1)

= 2Bdet(x1y1, ỹ2x2) + det(x1y1) + det(ỹ2x2)

− 2Bdet(y2x1, x2ỹ1) − det(y2x1) − det(x2ỹ1)
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Bdet(x1y1, ỹ2x2) = Bdet(1, ỹ2x2ỹ1x̃1)
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= Bdet(1, x2ỹ1x̃1ỹ2)
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q(xy) = det(x1y1) + det(ỹ2x2) − det(y2x1) − det(x2ỹ1)

= det(x1) det(y1) + det(ỹ2) det(x2) − det(y2) det(x1) − det(x2) det(ỹ1)

= (det(x1) − det(x2))(det(y1) − det(y2))

= q(x)q(y)
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δij
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e0 + f0 = 1, e0 = f0, 2Bq(e0, f0) = 1,

e20 = e0, f 2
0 = f0, e0f0 = f0e0 = 0
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i ∈ {1, 2, 3} B

q(ei) = q(fi) = 0, 2Bq(ei, fj) = δij, e2i = 0,

f 2
i = 0, ei = −ei, fi = −fi,

f0ei = eie0 = 0, e0fi = fif0 = 0, e0ei = eif0 = ei,

f0fi = fie0 = fi, eifj = −δije0, fiej = −δijf0,

eiei+1 = −ei+1ei = −fi+2, fifi+1 = −fi+1fi = −ei+2
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q(ei) = q(fi) = 0
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2Bq(x, y) = q(x+ y) − q(x) − q(y)
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2Bq(ei, fj) = q(ei+fj) = δij
�çÃ¦��'9�/�������/ ��>�E$% ����>��
�� ��>���� �ÚÛ,�	$º'����?) ��� �#,âÜ,.� �/	�,.'9�.�Á&('��

e20 − T (e0)e0 + q(e0) = 0
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T (ei) = T (fj) = 0
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f0fi = fi
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i U jd )"6(#3G$'+!7X #&:()"�*A&: #"634;#B,59&: #"�O���a`�!rs3COCO4+ Λ
;#+s$'&:(#"qOC+A"�*A&:(#1#O4+,"q;�uv+, I$'34+,56"

λ = (λ1, λ2)
7$6+,OC"�DR()+

5 > λ1 > λ2 > 0 UeV +,"�[2�!593CBA$6B,"�;)+������������	���;#+ Γ2(H)
&: I$

�!O4&:56"T1&:(#5T+A #"6+Arm=#OC+o;#+A"
R N 1e&!3C I$'"o^ R ∈ Alg(k)

f

Xλ(R) = {M ∈ Γ2(H)(R) | rg(M ∩ (V5+i−λi
)R) > i, 1 6 i 6 2},

&�oO��M )&!$/�2$63C&: 
(Vi)R

;#BA"634P: #+]*,&!rlrs+]�!(q*/.0�!1#3G$'59+]1#56BA*,B,;)+, I$8O4+
R N rs&R;#(#OC+8OC34=#56+ Vi⊗kR U

� 34 #"63�7# #&:()"\�@[!&: #"�10�!5T+LJK+Arl1#O4+ X(0,0) = Γ2(H)
+A$
X(1,1) = Γ2(V6) U0V +A" Xλ

"9&: I$�;#+,"
"6&!(#" N [!�2563CBL$'BA"��!O4P:B,=)563CDE(#+A"Tac+,56rsB,+A"\;)+ Γ2(H) U
�  ¬rs&ih:+, ª;#+qOC+o1#56&!()[:+A5\+A"9$\;�ux(K$'3CO43C"9+,5O�ux�!59P:(#rs+, I$_"9$'�! #;0�!59;-1e&:()5�OC�m;#BA�# #34$63C&: �;#+A"\"9&:(#" N ac&: #*L$'+A(#56" U j] �+AFe+A$,70;#&: # #&! #" N  #&:(#"(# #+n$65'�! #"pac&:56rl�2$63C&: � #�2$'(#59+,O4OC+

Spec R → Γ2(H)
&�

R
+,"p$_(# #+

k N �!OCP!Q,=#59+�+A$ M OC+
R N1&:3C I$Y*,&:5956+,"91e&! #;0�! I$ U)§ &:()"S1&:"6&: )"T�!OC&!56" P1 =

∧2(M ∩ (V6−λ1)R)
7ROC+�*@�25656B\+LJR$'BA5634+,(#5

;#+
M ∩ (V6−λ1)R

+A$
P2 =

∧3(M ∩ (V7−λ2)R)
OC+s*,(#=+�+gJR$'B,593C+A(#5w;#+

M ∩ (V7−λ2)R U�K3�rl�!34 E$6+, 0�2 E$
ϕ
+,"9$�(# 

k N .#&:rs&:rs&:561).#3C"9rl+_;#+ R ;0�! #"T() #+o�!()$656+
k N �!OCP!Q,=#59+ S 7) #&:()";#BA"63CP! #&: #"l10�!5

ϕ∧2V : VR → VS
+L$�10�25

ϕ∧3V : VR → VS
O4+,"�.)&:rl&!rl&:591#.#34"6rs+,"%;#+

rs&K;#()OC+,"TO43C=#59+,"MDE(�uv+,O4OC+o3C );#(#34$M+A$_ #&:()"��@[:&! #"_10�!5_;#BA�# #34$63C&: 

M ⊗R S ∈ Xλ(S) ⇐⇒ ϕ∧2V (P1) = 0 = ϕ∧3V (P3).

� 34 #"63�7{10�!5�O�ux�!56P:()rl+A E$�"p$/�! #;#�!56;�7O�uv3Crl�!P:+�56B,*A3C1#59&KDE(#+�;#+wOC�<[2�!593CBL$'B Xλ

10�!5�*,+A$9$'+w�!1 N1#O43C*@�?$'3C&! �+,"p$\O�ux34 I$'+,59"6+A*A$'34&: -;#+o;#+,(RJ�"6&:(#" N ac&: )*A$'+A(#56"_ac+,59rlBA"T;#+ Spec R U�K3\&! �1e&!"6+¬rl�!34 E$6+, 0�2 E$
|λ| = λ1 + λ2

+A$�DR()+·O�uv&: �rw(# #34$lO�uv+, )"6+,rw=#OC+
Λ
;#+¬O��

56+AO��2$63C&: �;Hux&:59;#56+o10�259$'34+,O

λ ⊃ µ⇐⇒ λ1 > µ1

+A$
λ2 > µ2,

&: ª�<�!OC&:59"
Xλ ⊃ Xµ ⇐⇒ λ ⊂ µ.

V +,"��:�R���`~X�`�R� � ���b¡]�T¢T£8¤H¥{¦ Cλ ;)+ Γ2(H)
"9&: I$_10�!5M"9(#34$6+n;#BA�# #3C+A"�*A&:rsrl+\OC+,"T;)34FeB N56+A #*,+A"

Xλ\Xµ
&�

λ ⊂ µ
+A$

|λ| = |µ| + 1 U��  #+q$'+AOCOC+o*A+,OCO4(#OC+ Cλ +,"9$�(# ·+A"610�!*A+%�=?s #+



� < � U ³��R$'59(#*A$6(#56+q*,+AOCOC()O��!3456+�;#+ X (α2)

;)+q;)3Crs+, #"93C&: 
10 − |λ|

DE(#3�+,"p$�(# -|~ � �Ezi� � �'(X�,��;#+ Xλ U©  ª�%B,PI�!O4+,rs+, I$

Xλ = Cλ =
∐

µ⊃λ

Cµ

� Oe �uv+,"9$M10�!"M;0�2 #"M #&!$656+\3C I$'+A E$63C&: �;#+�;#BArl&: I$656+,5S*,+,"S56B,"9(#O4$'�2$'"S3C*,3 U jd �+LFH+L$@7KO���O434$9$'B,56� N$6(#56+o"9(#5\*A+�"9(?>9+A$�+A"9$�$'56QA"��2=e&: );0�! I$'+o=#34+, �DR()+�;0�2 #"\OC�%1#OC(#1#�!59$_;#+A"\*,�!"�OC+,"_&:(K[K56�!P:+A"
$65'�!3G$'+A E$�;#( *@�!"n&� OC+m*A&:561#"n;)+%=0�!"6+%+A"9$oO4+w*,&!561#"n;#+A"o #&:rm=#59+,"�*A&:rs1#OC+gJ)+A"���7�*,+%DE(#3
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V +�OC+A*A$6+,(#5%"Aux+A"9$s"��#59+,rs+, I$<56+A #;#( *,&:rs1)$6+�DE(#+-O��· #&!$'�2$'34&: �()$63CO43C"'�2 E$�OC+A"%*,&:()1#OC+A"
;Hux+A E$63C+A56"

λ = (λ1, λ2)
7H=)3C+, ¬DR()+%56+,=)()$/�! I$6+%;#+m1#593Crs+w�!=&:59;�7e+A"9$n$656Q,"�1#5'�2$63CDE(#+m1&:(#5

rl�! #341#(#O4+,5]*,+A"M&:=R>9+L$'" U	� &:()$'+Lac&:3C"A7EO��o56+,OC�2$'34&: s;�ux&!56;#59+�"6()5SOC+A" λ BA$'�! I$M10�259$'34+,O4OC+!7!+,OCO4+\ )+1+,59rl+L$w1#�!"�+A �O�uvBA$'�2$q;#+�;)BA�0 #345�() #+l�0OG$'56�2$'34&: U�A &:(#5w*A+,OC��34O� )&:(#"oa`�!(#;#56�!34$,7�*,&:rsrl+ )&:(#"mO�u°�@[:&! #"%;#B¨> W "93CP: #�!OCB27S3¬59+,*,&!OCOC+A5B5�;#+A"%*,+AOCOC()OC+,"�+A$%;)+,"m[2�!5634BA$6B,"m;#+ ����������
	��+A #"6+Arm=#O4+," U
� &:()$6+Aac&:34",7�*,&! # 0�!3G$'56+%+A �;)BA$/�23CO]O���"p$'59(#*A$6(#56+l*,+,O4OC(#OC�!3C59+w;#+ Γ2(H)
"6&:()"qOC�

ac&!56rs+w;�uv(# #+m�0OG$'56�2$'34&: ª Hux+A"9$o10�!"n34 #;#34"61+, #"6�!=#OC+�1e&!(#5�*A+%DR()+% #&:(#"n�@[!&: #" W a`�!3456+ U j] +LFH+L$@70O�u°�!;).#B,59+, #*A+q;)+,"_*,+AOCOC()OC+,"A7#*!uv+,"p$ N W?N ;#3456+n"9+,"T[2�!5634BA$'BA"_;#+ �����������	�� "6&: I$�;#B¨> W ;#+A"59+,1#59B,"9+, I$/�! I$6"�;)+,"TP:BA #B,56�2$'+A(#56"M;)+
CH∗(Γ2(H))

^`*La U 10�25S+LJK+Arl1#O4+%±v²S³!7F9@³u< U�� 1 U � � ³,´�f U
§ &:(#"oOC+A"o�@[:&: #"q;�ux�!3CO4OC+A(#56"�$6&:()$6+,"o56+A1#56&R;#(#3G$'+,"n"9(#5oOC+%;#3C�!P:56�!rlrs+ � U ³<+, �OC+A"n*,OC�!"6"6�! I$1#�!5�;)3Crs+, #"93C&: k;#BA*,56&!3C"6"6�! I$'+·^`O���1#O4(#"qP:5'�! );#+l+A �.0�!(K$@7�O���1#O4(#"�1+A$634$6+s+A �=0�!"'fo+L$w+A 
59+,1#59B,"9+, I$/�! I$SOC+,"]34 #*,O4(#"634&: #"b;)3C56+A*A$6+,"�^`3 U + U "'�! #"][2�!593CBA$6BT3C I$'+A56rsB,;#3C�!3C59+if�10�!5d(# <$'5'�234$ U!V +O4+,*L$'+,()5� )+qrl�! #DE(#+A5'�<10�!"_;#+o56+Ar��256DE(#+,5_O�u°�?JK+n;#+q"9hRrsBA$6563C+�ac&!56rsBn10�!5_OC+A"M[!�2563CBL$'BA"�;)+
;)3Crs+, #"93C&: 

5 U�K3] )&:(#"o #&:(#"o"9&:rlrs+,"n;)&: # #Bs�!()$'�! I$o;#+<r��2Ob1e&!(#5n+LJK1#O43C*,3G$'+A5�OC+A"nP:B, #BA5'�2$6+,(#59"�;)+
CH∗(Γ2(H))

7@*!uv+,"p$8;#�! #"�OC+]=#(K$Z;Hux+A qa`�!3456+]O�ux34 E$6+,59"6+,*L$'34&: o�@[:+,*
X (α2)

�2�0 o;�uv&:=)$'+A #3C5�(# )+
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X
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Y
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X
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CH∗(X (α2))
"6&: I$�z}�)�}�c|F(�(��R��� U



��BA*,&:rs1e&!"634$63C&: �*A+,O4OC(#OC�!3C59+�;#+
X (α2)

� 2

X(0,0) = Γ2(H)

X(1,0)

X(2,0) X(1,1) = Γ2(V6)

X(3,0) X(2,1)

X(4,0) X(3,1) X(2,2) = Γ2(V5)

X(5,0) X(4,1) X(3,2)

X(5,1) X(4,2) X(3,3) = Γ2(V4)

X(5,2) X(4,3)

X(5,3) X(4,4) = Γ2(V3)

X(5,4)

X(5,5)
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� � � U ³��R$'59(#*A$6(#56+q*,+AOCOC()O��!3456+�;#+ X (α2)

� 1)563C&!563�7{34OX )+% #&:(#"�59+,"p$'+m1#O4(#"�rl�!3C I$6+, 0�! I$�DR(Hu W 34 E$6+,59"6+,*L$'+A5 X (α2)
�@[:+A"nOC+,"

Xλ U
� &:()$6+Aac&:34",7K*,+,OC�%56+A[R34+, I$ W *,&:rs10�!59+,5 20

3C I$'+A56"6+A*A$63C&: #"T1&:(#5S56B,+AOCO4+,rs+, I$T;#3GFHBA56+, )*,3C+A5MOC+A"
BAOCBArl+A E$6"Y+L$S59+,*A&: #"9$634$6(#+,5Y(# #+_�0O4$65'�2$63C&: U!� (#"9"63�7E #&!(#"S1#59BAacBA56&: #"Y+LJK1#O4&:34$6+,5d(# �1+,(l1#OC()"O4+,"m59B,"9(#O4$'�2$'"m;)+ ±xµONK*	:)³,´M�2�0 �;#+�"6�i[!&:3C5w;#Q,"%rl�!3C I$6+, 0�! I$,7Z;#+�*,&:rm=)3C+, �;)+�$'+A56rs+,"mOC�
�#O4$'56�2$'34&: �"9+,5'�s*,&: )"9$'3G$'(#BA+o+A$�;#+oDE(#+,O4OC+n;#34rl+A #"634&: -"6+,59&: I$�*,+,"_$'+A56rs+," U A &:(#5�*,+AO��% #&:()"�2OCOC&! #"M56+L[:+A #3C5_"6()5�O4+,"T"phK"p$'QArl+A"�;#+o5'�2*,3C )+," U

§ &:(#"�56+,1)56+, )&: #"�OC+,"- #&2$/�2$63C&: #"�;)+�OC��"9+,*L$'3C&! � U ³�;#( */.#�!1#34$656+ � U|A �!5 G 7T #&!(#";)B,"634P: #&: )"�;)&: #*_(# sP:56&:()1e+T"9+,rs3 N "93Crs1#OC+S�!;?>9&:34 I$d+A$�;#B,1)OC&ih:B UE§ &:(#"d*/.#&!3C"634"6"9&: #"d(# <$'&:59+rl�?JK3Crl�!O
T
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∐

w∈W

BwB

&�
W

;)B,"634P: #+�OC+_P:59&:(#1+�;)+�� �
	��w;#+
G U �K3 PΘ

;#B,"93CP: #+�(# s"6&:()" N P!56&:(#1+�10�!5'�2=e&:O43CDE(#+;)+
G
�!"6"9&K*A3CBq�!(-"6&!(#" N +, #"9+,rm=#O4+ Θ

;#+
Σ(T, b)

703COe[K34+, I$\�!OC&!56"

PΘ =
∐

w∈WΘ

BwP

&�
WΘ

+A"9$�¬OC+k"6&:()" N P!56&:(#1+�;#+ W +A #P:+A #;#56B�10�!5-OC+A"ª59B��0+gJK3C&: #"
sα
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BAOCBArl+A E$6"

α
;#+nO�uv+, )"6+,rw=#OC+

Σ(T, b)\Θ U#§ &:(#"_�@[!&: #"_+, �+AFe+A$_;#B > W "63CP! 0�!OCB\;0�! #"_O4+�*/.0� N1)34$'59+ � DE(#+�O4+_P:56&:()1e+
W

BA$'�!34$�+A #P:+, );#56B\10�!5�OC+,"d59B��0+gJ)34&: #"
sα
�!"6"9&K*A3CBA+," W (# �BAOCBArl+A E$

α
;#+

Σ(T, b) U A �!5�*,&: #"9B,DE(#+A E$,7�1e&!(#5\$6&:()$nBAOCB,rs+, I$ w ;#+
W
73COX+LJK3C"p$'+m;)+,"n56B��0+LJK34&: #"

sα1 , . . . , sαt

$'+AOCO4+,"XDR()+
w = sα1 ·. . .·sαt U ��+S1#OC(#"A721#�!56rs3KO4+,"Z;#B,*A&:rl1&:"934$'34&: #"�1&:"6"93C=#O4+,",734OK+A <+LJK3C"p$'+M(# )+TDR()3#+,"p$]rl34 #3Crl�!O4+]+, %$'+A56rs+M;#+M1#59&K;)(#34$8;#+M56B��0+LJK34&: #" UI� +A$6$6+T;#B,*A&:rs1e& N"934$63C&: qrl34 #3Crl�!O4+b+,"p$]�!O4&:56"Z�!1#1+,O4B,+ � �R�:|F#��]|�@� �}�`|F(¬z}� � ~Z� �i�s^c[!&:3C5X10�!5X+LJK+Arl1#O4+�±v¸S&:(�7

*/. U � 	 9,³ U <m1 U ³u<!´�f UK©  �1e+A()$_�!34 #"63 W O�u°�23C;#+_;�uv(# #+�$6+,O4OC+�;#B,*A&:rl1&:"934$'34&: s56B,;)(#34$6+\;#BL�0 #345() #+�ac&! #*A$63C&: 
l : W → � DE(#3��!"6"9&K*A3C+ W (#  B,O4B,rs+, I$

w = sα1 · . . . · sαt
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W
7]"6�

�c|F(Xy~��R~XzE7b*2ux+A"9$ N W?N ;)3C56+�OC+� #&!rm=#56+�rs3C )3Crm(#r�;)+�56B��#+LJK3C&: )"sDE(#3S3C I$'+A59[R3C+A # #+, I$s;0�! )"
"6�¬;#BA*,&:rs1e&!"634$63C&: k59B,;#(#3G$'+27Z"9&:34$

l(w) = t
;0�2 #"w #&2$'56+l+LJK+,rs1#O4+ UZ©  �1e&!"6+�BAPI�!O4+,rs+, I$

l(id) = 0 U{§ &:(#"_;#BL�0 #34"6"6&! #"����!O4&:56"SO�uv+, #"9+,rm=#O4+o"6(#3G[!�2 E$

WΘ = {w ∈ W | l(wsα) = l(w) + 1, ∀α ∈ Σ(T, b)\Θ}.

�\+qO W 7#O�u°�!1)1#OC34*@�2$63C&: 
WΘ ×WΘ → W

(w,w′) 7→ ww′

���$W��S��_�j^[�b@Y�`8_�g��@[�]@l/i\Zf_h]^Z\�egD�ejm_eb	i��@W�b b^W�i\_DZ}[
Wα

[�X `al8_eXdjm_
W{α}

`a_�YfW�X@Y�����ZfW�X^]I_�[�YfYfWmg�la�XVX^b Y&_eX^`8_�Z}[�gDl8b^_
α
]

� � V�_Db@gDW�Z\_��mb^W�X@Y b^W�i\_DZ\W�b@Y S+X@Y&if_
W α

_eb `8la_DX _�i ]@`a[�g�_hjm_
W {α}

]



��BA*,&:rs1e&!"634$63C&: �*A+,O4OC(#OC�!3C59+�;#+
X (α2)

� �
+,"p$M=#3 >9+,*L$'34[!+�^c[:&!3C5��S10�!5�+LJK+,rs1#O4+�±vµ NR*u:K³:7E1#56&:1 U ³ U ³�1 U � � <!´�fb+A$Y&: ��o;#+�1#OC()" l(ww′) =
l(w) + l(w′)

1e&!(#5S$'&!()$M*A&:(#1#O4+
(w,w′)

;#+
WΘ ×WΘ U ��Q,"TO4&:56"A7K&! �&:=)$63C+, I$TOC��;#BA*,&:r N1&:"63G$'3C&! �"6(#3G[!�2 E$6+��

XΘ =
∐

w∈WΘ

BwP/P =
∐

w∈WΘ

Cw.

V �_[2�!5634BA$'B Cw BA$'�! I$](# #+Y*,+,O4OC(#O4+d;#+ ����������
	��l;)+ XΘ

7?10�!5X*,&: #"9B,DE(#+A E$�34"6&:rs&:561).#+
W (# �+,"61#�!*,+ �@?l )+¬DE(#3�;#+¬1#O4(#",7�+,"p$�;#+ª;#3Crs+, )*,3C&! 

l(w)
^`*Aa U ±vµ NR*u:)³:7d1#59&:1 U ³ U � 1 U� � 2}´ f U �\Q,"wO4&:56"A7�*,&:rsrs+s;#�! #"qOC+s*@�!"q;�uv(# #+�P!5'�!"9"6rl�! # #34+, # #+27�O�ux�!;#.#BA56+, )*,+ Cw

;�uv(# #+
$'+AOCO4+n*,+,O4OC(#O4+�+,"p$�(# #+q"6&:(#" N [2�!593CBA$6Bn;#&: I$�O��%*,OC�!"6"9+orl&R;#(#O4&%B,DE(#34[2�!O4+, #*A+o5'�2$63C&: # )+,OCO4+\a`�!3G$10�!5p$'34+];�ux() q"phR"9$'QArl+�;#+]P:BA #B,56�2$'+A(#56"XOC34=#56+A"�;#(oP:59&:(#1+];#+T«�X®�¯ ;)+

X (α2)
^c*Aa U ±vµ NR*u:K³:7

� &:5 U ³ U 2m1 U � � 2?´�f U
� 1#1#O43CDE(#&: )"Yrl�!3C I$6+, 0�! I$Y*,+A"S56BA"6(#OG$/�2$6" W  #&!$'59+�P:59&:(#1+ G ^`�!;?>9&:34 E$,7E"6+,rs3 N "634rl1#O4+M+A$;#BA1#OC&ih:B@fq;#+%$ hR1+

G2 U �K&: �P:56&:()1e+<;#+�� �
	 �¬+,"p$@7� #&:(#"qOC+<56�!1#1+,OC&! #",7�+A #P:+, );#56Bl10�!5
sα1

+A$
sα2

7#O4+,"T56B��0+LJK34&: #"��!"6"9&K*A3CBA+,"_�!(KJ�;#+,(RJ�5'�!*A3C #+A"M"634rl1#O4+,"M;)+
G U{� uv+,"p$�(# -P:56&:()1e+;�uv&:56;)56+

12
1#()3C"6DE(�uv3COX�!P!34$�"634rl1#O4+,rs+, I$T$'56�! #"934$'3G[:+Arl+A E$\"6()5�O�uv+, )"6+,rw=#OC+q;#+,"\5'�!*A3C #+A"\;)(

"9hR"p$'Q,rs+·;#+�5'�2*,3C )+,"s;#+
G

^ [:&:345sO�ux34OCO4(#"9$65'�2$63C&: � U � ;#(�"phK"p$'QArl+ª;#+¬56�!*,34 #+,"s;#+
G
�!(

*/.0�!1)34$'59+ � f U �wux�!()$'59+n10�!5p$@7 sα1 · sα2

+A$
sα2 · sα1

"9&: I$_;#+,(RJ-56&!$'�2$'34&: #"Y;�ux&!56;#59+
6
56+AOC3CBA+,"

+, I$656+q+,OCO4+,"T10�25TO��m56+AO��2$63C&: 

(sα1 · sα2)
i = (sα2 · sα1)

6−i

1&:(#58$6&:()$]34 #;#3C*A+
i
;)+MO�uv+, #"9+,rm=)OC+

{0, . . . , 6}
^c*,+T"9&: I$];#+,"]59&!$/�?$'3C&! #"8;�ux�! #P!OC+,"83C I[:+A56"6+A"/f U��QA"wOC&!56",7� )&:(#"w1&:()[!&: #"�;#&: # #+A5�OC��;)B,*,&!rl1&:"63G$'34&: 56BA;#(#34$6+l;)+s$6&:(#"qOC+,"qB,O4B,rs+, I$'"q;#+

W
7 W "'�@[:&:345

sα1 sα2

sα1sα2 sα2sα1

sα1sα2sα1 sα2sα1sα2

(sα1sα2)
2 (sα2sα1)

2

sα2sα1sα2sα1sα2 sα1sα2sα1sα2sα1+A$�+A )�0 
(sα1sα2)

3 = (sα2sα1)
3 = −id

(sα1sα2)
6 = (sα2sα1)

6 = id

§ &!(#"S�@[!&: #"SBAPI�!O4+,rs+, I$�;#&: # #B�O��n;#BA*,&:rs1&:"63G$'3C&! s;)+\O�uxBAOCB,rs+, I$d #+A()$'59+ id ;#+ W 7IrltArl+
"63Z*,+m Hux+A"9$n10�2"�"'��;)B,*,&!rl1&:"63G$'34&: ªrs3C )3Crl�!OC+n1#()3C"6DE(#+

l(id) = 0 UH©  ¬ #&!$'+m�!(·10�!"9"'�!P!+DE(#+

sα1sα2sα1 = s3α1+α2 , sα2sα1sα2 = sα1+α2 ,

sα2sα1sα2sα1sα2 = s3α1+2α2 , sα1sα2sα1sα2sα1 = s2α1+α2 .
� �$W��S]mi\_ i\_DbuXQjmX 1 [�l/i c	X^_�b^W�X@Yh[ ��W�b@Y ]^Z\l Y�`a[4g�W�b	��_Db	iflaW�bdl8bu��_eZ\Yf_Sjm_�gD_D`a`8_�jm_�� �	�mg�
���Fj^[�b@Yk`a[jm���@b^l8iflaW�b j^_eY Y&W�X@Y � ��Z\W�X@]=_ Y ]@[�Z}[5[IW�`al c�X@_eY

PΘ

�	l8`�g�W�bu�	la_Db	i$j^_�Z\_D�S]^` [�gD_DZ
Θ
]=[�Z$YfW�b g�W��S]^`a�D�S_eb�i}[�laZf_j^[�b@Y

Σ(T, b)
j^[�b@Y `4. [�Z&i\lagD`8_�W�Z\l ��lab@[�`��u�S[�laY�gD_D` [�b^_hg��@[�b ��_�_Db4Zfla_Db `a_kZ\�eYfX^`8i\[�i��=b@[�` ]



� 0 � U ³��R$'59(#*A$6(#56+q*,+AOCOC()O��!3456+�;#+ X (α2)

�\+qO W 7# #&!(#"��i[!&: #"
Wα2 = {sα1, (sα1)

2 = id}+L$��!3C )"63�7R #&:()"M$'56&!()[:&: )"�DE(#+
l(wsα1) = l(w) + 1

7)"63H+A$_"6+A(#OC+Arl+A I$_"63
w
�m(# )+nB,*,5934$6(#56+

59B,;#()34$'+nDE(#3�"9+o$6+,59rl34 #+n10�!5
sα2 U � O�"Aux+A #"6()34$��!OC&:59"MDE(#+

W α2 = {id, sα2 , sα1sα2 , sα2sα1sα2 , (sα1sα2)
4, sα2sα1sα2sα1sα2},DE(#3H+,"9$M(# -+, #"9+,rm=#O4+ W 6

BAOCB,rs+, I$6" U#§ &:(#"T"6�i[!&: #"T;#&! #*nDE(#+n #&:(#"S;#+A[!&: #"_56+A*/.#+,59*/.#+,5 6BAOCBArl+A E$6"_+A$_DE(#+qOC+,"T*A+,O4OC(#O4+,"_�!"9"6&R*,3CBA+,"_"6&! E$�;#+o;#34rl+A #"634&: #"
0
7
1
7
2
7
3
7
4
+A$

5 U
�_+A[!+, #&: )"br��23C I$'+A 0�! I$ W  #&!"Z*A&: #"634;#B,56�2$'34&: #"�1#59B,*,BA;#+, I$6+," U ���! #"ZOC+d*@�2"Z;�uv(# #+�P:56�!"6" Nrl�! # )3C+, ) #+lO4+l*/.)&:3GJ�;#(�;#5'�!1+@�2(�;#+�;)B,10�!5p$m34rl1&:59$6+%1e+A(�1&:(#5qO��ª;)BA�0 #3G$'34&: �;)+�"6+A"

[2�!593CBL$'B,"];)+ ����������
	��b72+A l+LFH+L$@7:rst,rs+M"630*A+,O4OC+," N *A3)*/.0�! )P:+, I$Y"6(#3G[!�2 E$bOC+T;#56�!1e+,�!(�7:O4+,(#5*AO��!"9"6+o;0�! )"\O�u°�! ) #+@�!(-;#+%«�X®�¯ 56+A"9$'+qDE(0�! I$ W +AOCO4+!7#OC�<rst,rs+ U jd �56+L[2�! #*/.#+27e*A+q*/.)&:3GJ+A"9$�1#5634rl&!56;#3C�!O8"93YO�ux&: k[:+A()$m&!=)$'+A #3C5o(# #+<[R5'�!34+<"9$'59(#*A$6(#56+l*,+AOCOC()O��!3456+m1&:(#5
X (α2) U j] O�ux&R*,*A(#56+A #*,+27!1&:(#5X*,&: )"9$'59(#3C59+S*A+M;#5'�21e+,�!(m #&:()"810�!5p$'&: )"8;�uv(# #+M=#�!"6+M )&:56rl�!OC+\^c*Aa U ^p³ U :Ifpf;)+n #&!$'59+o�!OCP!Q,=#59+n;�ux&R*A$6&: #34&: #"M;#BA1#OC&ih!B,+

O
+A$_ )&:(#"Trm(# )3C"6"9&: #"

H
;�uv(# #+o=0�!"9+oDR()3�",uv+, 

;)B,;#(#3G$ U{� &! #*,59QA$'+Arl+A I$� #&!(#"��i[!&: #"
H = Vect{e1, f2, f3, e = e0 − f0, e3, e2, f1}

&� 	d+,*L$
S
+,"p$TOC+

k N +,"61#�!*,+�[!+,*A$6&:5634+,Oe+, #P:+A #;#59Bn10�!5SO4+,"YB,OCBArl+A I$'"M;#+�O�uv+, #"9+,rm=#O4+ S U �\Q,"O4&:56"A7#OC+n;)5'�!1+@�!(-DE(#+q #&:(#"_+A ª;#BA;#(#34"6&: #"_+A"9$\OC+�"9(#34[2�! I$ �
V7 = H
∪
V6 =

	d+A*A$
{f2, f3, e, e3, e2, f1}

∪
V5 =

	d+A*A$
{f3, e, e3, e2, f1}

∪
V4 =

	d+A*A$
{e, e3, e2, f1}

∪
V3 =

	d+A*A$
{e3, e2, f1}

∪
V2 =

	d+A*A$
{e2, f1}

∪
V1 =

	d+A*A$
{f1}

∪
V0 = {0}.

� 10�!59$63C5_;#+�*,+w;)5'�!1+@�!(H7 )&:(#"�*A&: #"p$'56()3C"6&! #"�;#&! #*wO4+,"_[!�2563CBL$'BA"�;#+ ����������
	��
Xλ;)+

Γ2(H)
�@[!�2 E$m;�ux+A �1#56+A #;#56+�O�ux34 I$'+,59"6+A*A$'34&: ��@[:+A*

X (α2) U � OY+,"9$%$6&:()$%;Hu°�!=&:59;�=#3C+A BL[R3C;#+A E$�DE(#+
X (α2) = X(0,0) ∩ X (α2).



��BA*,&:rs1e&!"634$63C&: �*A+,O4OC(#OC�!3C59+�;#+
X (α2)

� :

j] #"6()34$'+27�1e&:()5�$'&:()$6+
k N �2OCP:QA=#56+ R 7�O4+ R N rs&K;)(#OC+mO43C=#59+ P1

+A #P:+A #;#56Bs10�!5oO4+,"�[:+A*A$6+,(#59"
e1
+A$
f2

+,"p$\() ªBAOCB,rs+, I$_;#+
X (α2)(R)

1#(#34"6DE(#+o10�!5T;)BA�0 #3G$'34&: -*,+o"6&: I$�;#+A(KJ-B,O4B,rs+, I$'"
3C"9&!$'59&:1+,"-;#+k$'5'�2*,+k E(#OCO4+�+L$�DR()+�;�ux�!1#59Q,"�OC+ OC+Arlrs+ � 7

e1f2 = 0 U�© 5-*,+L$¬BAOCB,rs+, I$ �ux�!1#10�259$'34+, I$�10�!" W X(1,0)(R) U A �!5_*A&: #"6BADE(#+, I$� )&:(#"��@[:&: #"

X(0,0) ∩ X (α2) 6= X(1,0) ∩ X (α2).

��+�rltArl+27bOC+
R N rl&R;#(#O4+�OC34=#56+ P2

+, #P:+A #;#59Bª10�25sO4+,"m[!+,*A$6+,(#59"
e1

+A$
f3

+,"p$l1&:(#5<O4+,"
rst,rs+,"M56�!3C"9&: #"SDE(#+n1)56B,*AB,;#+Arlrs+, I$T() �B,OCBArl+A I$T;#+

X (α2)(R) U ��+n1#O4(#",7R3COe�!1#1#�!59$63C+, I$
W X(1,0)

rl�!3C"S1#OC(#" W X(3,1)(R) U0� 34 #"63�7)O W +A #*,&!56+

X(1,0) ∩ X (α2) 6= X(3,1) ∩ X (α2).

� &:(?>9&:(#5�1&:(#5�OC+,"�rst,rs+,"d5'�!34"6&: )",7EOC+ R N rs&R;#(#OC+TO43C=)56+ P3

+A #P:+A #;#56B\10�!5�OC+A"�[!+,*A$6+,(#59"
f2+A$

e3
+,"p$_=#3C+A -(# -B,OCBArl+A I$T;#+

(X(3,1) ∩ X (α2))(R)
rl�!3C"Y+, �56+L[!�2 #*/.#+!7034OH �ux�!1)10�!59$63C+A E$

1#O4(#" W X(4,2)(R)
70;)&: #*o1#OC()" W (X(4,2) ∩ X (α2))(R)

+A$_10�!5_*A&: #"6BADE(#+, I$

X(3,1) ∩ X (α2) 6= X(4,2) ∩ X (α2).

j] �*,&: #"93C;#BA5'�! I$%+A #"6()34$'+�OC+
R N rl&R;#(#O4+lO43C=#59+ P4

+, #P!+, #;#59B�10�!5mO4+,"w[!+,*L$'+,()56"
f3

+L$
e2
7

 #&:()"w*,&! #"9$'�2$'&: )"wDE(#+�O W +A #*,&:59+!7X3COd",ux�!P:3G$q;�ux() �B,O4B,rs+, I$m;#+ (X(4,2) ∩ X (α2))(R)
DE(#3

 �uv+,"p$�1#O4(#"T;0�! )"
X(5,4) ∩ X (α2))(R)

+L$_;#+oO W  #&:()"\�@[!&: #"

X(4,2) ∩ X (α2) 6= X(4,5) ∩ X (α2).

j] )�0 �7S+, *,&! #"634;#B,56�! I$-OC+
R N rl&R;#(#O4+ªO43C=#59+ P5

+, #P!+, #;#59B 10�!5�O4+,"�[!+,*L$'+,()56"
e3

+A$
f1
7

 #&:()"%�@[:&: #"wO W +A #*,&!56+�(# �BAOCBArl+A E$w;#+ (X(5,4) ∩ X (α2))(R)
DE(#3Y �ux�!1#10�!5p$'34+, I$m1#O4(#" W

(X(5,5) ∩ X (α2))(R)
+A$�+, �*,&: )"6B,DE(#+A #*,+w #&:(#"��@[:&! #"

X(5,4) ∩ X (α2) 6= X(5,5) ∩ X (α2).

� 34 #"63�72 )&:(#"8[!+, #&: )"�;)+M*,&: )"9$'59(#3C59+ 5
"9&:(#" N [2�!5634BA$'BA"b;#34"9$'34 #*A$6+,"b;)+ X (α2) U �\+M1#OC()",7!BL$/�! I$;#&: ) #BoDR()+

X(0,0) ⊃ X(1,0) ⊃ X(3,1) ⊃ X(4,2) ⊃ X(5,4) ⊃ X(5,5),

OC+A"
5
"6&:()" N [2�!593CBL$'B,"��23C #"93!*,&! #"9$656(#3G$'+,"�ac&:59rl+A I$�B,PI�2OC+,rs+, I$�() #+]�0O4$65'�2$63C&: U�A &!(#5�"634rl1#O434�0+A5



<I¶ � U ³��R$'59(#*A$6(#56+q*,+AOCOC()O��!3456+�;#+ X (α2)

OC�m"6(#3G$'+o;#+o #&!$656+�$65'�@[2�!3CO�7) #&:()"�1&:"9&: #"_;#&: #*o1&:(#5M$6&:()$'+
k N �!O4P:Q,=#59+ R 7

X5(R) = X (α2)(R) ∩ Γ2(H)(R)

= X (α2)(R)

X4(R) = X (α2)(R) ∩X(1,0)(R)

= {P ∈ X (α2)(R) | rg(P ∩ (V7)R) > 2, rg(P ∩ (V5)R) > 1}

X3(R) = X (α2)(R) ∩X(3,1)(R)

= {P ∈ X (α2)(R) | rg(P ∩ (V6)R) > 2, rg(P ∩ (V3)R) > 1}

X2(R) = X (α2)(R) ∩X(4,2)(R)

= {P ∈ X (α2)(R) | rg(P ∩ (V5)R) > 2, rg(P ∩ (V2)R) > 1}

X1(R) = X (α2)(R) ∩X(4,2)(R)

= {P ∈ X (α2)(R) | rg(P ∩ (V3)R) > 2, rg(P ∩ (V1)R) > 1}

X0(R) = X (α2)(R) ∩X(5,5)(R)

= {P ∈ X (α2)(R) | rg(P ∩ (V2)R) > 2, rg(P ∩ (V1)R) > 1}

V +<OC+A*A$6+,(#5o56+Ar��256DE(#+,56��DE(#+s #&:()"w�!()563C&! #"n1#(�59+,rs1#O��2*,+,5 X(3,1) ∩ X (α2)
10�!5oO�uv3C I$'+A5 N"9+,*L$'3C&! �;#+

X (α2)
�@[:+A*� �uv3Crs1e&!59$'+<DE(#+AOCOC+<[2�!5634BA$6Bl*A&:rl1)563C"9+<"9$'593C*L$'+,rs+, I$w+, I$'59+

X(1,0)+L$
X(3,1)

7]*,&:rsrl+�10�!5%+LJK+Arl1#O4+
X(4,7)

&�
X(2,1)

+L$s*,+!7]"6�! #"<DE(#+�*,+,OC�  #+-*/.0�! #P:+-OC�
�#O4$'56�2$'34&: U � O+A l+A"9$Y=#3C+A l+A I$'+, );#(�;#+�rltArl+T1&:(#5]$6&:()$'+�OC+A"d*,+,O4OC(#O4+,"]&�s1#O4(#"634+,(#59"�*/.)&:3GJBL$/�!34+, I$n1&:"6"93C=#O4+," U A �25n�!3CO4OC+A(#56"A7e34OZ+A"9$o=#34+, *,OC�!3C5�DE(#+%*,+A"o"6&:(#" N [2�!593CBA$6B,"�"9&: I$nac+,59rlBA+,",734O�"6( ?<$�1e&:()5\"Aux+A *,&: I[2�!3C )*,56+q;#+�56B,1BA$6+,5\1#56+A"6DE(#+mrs&!$�1e&!(#5\rs&!$�*,+�DE(#+w #&!(#"��@[:&! #"
;)34$Y1e&:()5S;#BArl&: I$656+,5SDR()+�OC+A"

Xλ

BA$'�!3C+A E$Yac+,59rlBA+,"M;0�2 #"
Γ2(H)

+A �()$'34OC34"'�! I$YO�ux�!56P:()rl+A E$
1&:(#5TOC�m;#BA�# #34$63C&: -;#+A"�"9&:(#" N ac&: #*L$'+A(#56" U 7ª�!3C I$'+A 0�! I$�DE(#+o #&:(#"��@[:&: )"\(# )+o�#O4$'56�2$'34&: �7R3CO )&:(#"\a`�2()$_[:B,5934�0+A5�DE(#+�OC+,"�;#3GFHBA56+, )*,+,"�"6&: I$\=#3C+A ¬;#+A"�*,+AOCO4(#OC+A",7{*!uv+,"p$ N¨W}N ;#3456+oDE(�ux34O�",ux�!P:34$=)3C+, q;�uv+,"910�!*,+A"b�=?s #+A"8�@h:�! I$8O4+,"�;#3Crs+, )"63C&! #"X�2$6$6+, #;#()+,",7?�2�# �;�ux�@[:&:345�+AFe+,*A$634[!+,rs+, I$b(# )+
;)B,*,&!rl1&:"63G$'34&: �*A+,OCO4(#O��23C56+ U'A &:(#5T*A&:rsrl+A #*,+A5,7) )&:(#"T3C I$656&R;#(#3C"9&: #"YO��w #&2$/�2$63C&: �"9(#34[2�! I$6+1&:(#5T;)B,"634P: #+A5�O4+,"T;#3GFHBA56+A #*,+A" �

∀i ∈ {0, . . . , 5} X(i\i−1) = Xi\Xi−1

�@[!+,*MOC�\*,&! E[!+, I$'34&: 
X−1 = ∅ U � OK )+S #&:()"b56+A"9$'+Yr��23C I$'+A 0�! I$81)OC(#"ZDR(Hu W BL$/�!=)OC3C5�O4+Y59B,"6()O4$/�?$"9(#34[2�! I$ �

�d�'# #������
∀i ∈ {0, . . . , 5} �

X(i\i−1) ' � i

�	� � i 
����������������� � ���������� !��#"%$����&$(')���&
��*
��,+-���%�� � � i .
/ ��+ � �%��0 ($��1� � � . ���2 #"n"6&: ·ac&! #*A$63C&: # )+,rs+, I$@7O���1)56+,(K[:+%+,"p$nO��lrltArl+�1e&:()5\$'&!()$'+A"�OC+A"*A+,O4OC(#O4+," Ue§ &!(#"n�!O4OC&: #"�10�!5�*,&: #"9B,DE(#+A E$q #&!(#"�OC34rl3G$'+A5 W ;#BA$'�!3CO4OC+,5�*,+AOCO4+w;#+ X(4\3) ' � 4 7



��BA*,&:rs1e&!"634$63C&: �*A+,O4OC(#OC�!3C59+�;#+
X (α2)

<#³

1&:(#5�OC+A"Z�2()$'59+,"X #&:(#"X #&:(#"X*,&! E$6+, I$'+A56&: )"8;#+�;#&: # )+,5XOC+,"�"phK"p$'QArl+A"8;�uvB,DE(0�2$63C&: )"M^c56B,"9&:OC()"/f
*,&!5656+A"61&: #;0�2 E$6" U

©  �"9+�;#&: ) #+n;#&: #* R (# )+
k N �!OCP:QA=#56+\+A$_ #&!(#"T�!O4OC&: #"YBA$'�!=#OC345YDE(�uv3COe+LJK3C"p$'+n(# )+�=#3 >9+A* N$'34&: -+, I$'59+

X(4\3)(R)
+A$
R4 U�K&:34$

j : V7 � V7/V6

OC� 1#59&?>9+,*L$'3C&! *@�! #&! #3CDE(#+ U ��&: ) #&: #" N  #&:()" P (# 
R N 1&:3C I$;#+

X(4\3) U ��QA"wO4&:56"A7X;)3C56+<DE(#+ P +A"9$w(# �BAOCB,rs+, I$�;#+
X(4\3)(R)

+A"9$wB,DE(#34[2�!O4+, I$ W ;#3456+DE(#+ �?;�ux() #+T10�!5p$bO�ux�!1#1)OC3C*,�2$'34&: 
j
BL$'+A #;#(#+ W R +L$]56+A"9$656+,34 I$'+ W P 7 (jR)|P

7!+,"p$]"6()5c>9+,*L$'3G[:+��
;�ux�!()$656+<10�!5p$

ker(jR)|P ⊂ (V5)R
��+A$q+, K�0 

(V5)R → (V5/V4)R
56+,"p$'59+,3C I$6+ W ker(jR)|P+,"p$�() 34"6&:rs&:591#.#3C"9rl+ U j] *,&: #"9B,DE(#+A #*,+27S #&:()"s1&:"9&: #"

i : (V5/V4)R ↪→ P
O�ux�!1#1#O43C*@� N$'34&: �3C );#(#34$6+n10�!5TO�ux34"6&:rs&:561).#3C"9rl+

(V5/V4)R
∼
→ ker(jR)|P U ²834 0�!O4+,rs+, I$@7RO��m"934$'(#�2$'34&: �"6+56BA"6(#rs+ W OC�m"6(#3G$'+n+gJ#�2*A$'+q*,&!(#59$6+q"9(#34[2�! I$6+ �

0 → (V5/V4)R
i
↪→ P

(jR)|P
� (V7/V6)R → 0.

� O�+, �;#BA*,&:(#O4+oDR()+
P ' (V5/V4)R ⊕ (V7/V6)R

&��O�uv3C"9&:rs&:561#.)3C"6rs+s;#B,1+, #;�;#+-OC�¬;#&: # )B,+-;�uv(# #+�"6+A*A$63C&: �;#+
(jR)|P U ��+-*,+A$<34"6&:rs&:5 N1#.#34"6rs+S #&!(#"b;#BA;#(#3C"9&: #"bDE(#+

P
+A"9$]+A ma`�!34$Z(# mrs&R;#(#OC+�OC34=#56+�+A$810�!5Z*,&: #"9B,DE(#+A E$� #&!(#"b�!O NOC&! #"Z1&:()[!&:3C5�56�!3C"9&: # #+A5 W 10�!5p$'3C5�;)+,"8=#�!"6+A"8;#+A"8+,"910�!*A+,"Z[!+,*L$'&:593C+,O4" Vi U2� &:rsrs+ (V7/V6)R+,"p$S+A #P:+A #;#56B\10�!5

e1
7I*,OC�!"6"9+\;)+

e1
rl&R;#(#O4&

(V6)R
+A$

(V5/V4)R
1#�!5

f3
7E*,OC�!"6"9+�;)+

f3
rs& N;#(#O4&

(V4)R
7#(# #+oa`�IH,&! �P!B, #BA563CDE(#+o;#+o59+,rs&: I$'+,5_*A+,"_B,O4B,rs+, I$'"_+,"p$�;#+�1)56+, );#56+

m = m(a, b, c, d, g, h) = e1 + a · f2 + b · f3 + c · e + d · e3 + g · e2 + h · f1

+A$
n = n(w, x, y, z) = f3 + w · e + x · e3 + y · e2 + z · f1

&�
a
7
b
7
c
7
d
7
g
7
h
7
w
7
x
7
y
+L$
z
"9&: I$\;)+,"�"6*@�2O��!3456+," U� +,"�;#+,(RJ�B,OCBArl+A I$'"Tac&:56rs+, I$�=#34+, (# rl&R;#(#O4+�OC34=#56+l;#+-5'�! )P

2 U j] a`�234$@7X*,+-rs&K;)(#OC+�+A"9$sOC+�rltArl+�"93T #&:(#"%59+,rs1#O��IHA&: #"
m
10�!5

m − b · n
+L$q�!3C #"938 #&!(#"nB,O43Crs3C #&: )"\(# k"9*@�!OC�!3C59+w+A$o59B,;#()3C"6&! #"nOC+m1)56&:=#O4Q,rs+ U j] *,&! #"6BADR()+, #*A+�+L$mDE(#3G$6$'+ W 59+, #&:rsrs+,5oOC+A"w"6*,�!O��23C56+A"�59+,"p$/�! I$'"A78 #&!(#"w1&:()[!&: #"�$65'�@[2�!3CO4OC+A5�@[:+A*

m = m(a, c, d, g, h) = e1 + a · f2 + c · e+ d · e3 + g · e2 + h · f1

�!(lOC3C+A(l;)+\OC�q1#59B,*AB,;#+A E$6+n;#BA�# #34$63C&: s;#+
m U ���2 #"YO�ux+A #"6+Arm=#O4+\;#+�$'&:()"YO4+,"�rl&R;#(#O4+,"dDE(�ux34O+,"p$M1&:"6"93C=#O4+_;�ux+A #P:+A #;#56+A5 W 10�!59$63C5d;#+ m +A$

n
+A �a`�!34"'�! I$d[2�!5634+,5dO��n[2�!OC+A(#5d;#+,"Y"6*@�2O��!3456+,"A7

 #&:()"b #&:(#"Z3C I$'BA56+A"6"6&! #"d�!(m"9&:(#" N +, #"9+,rm=)OC+S;)+,"brs&K;)(#OC+A"ZDE(#3)�!1#10�!5p$'34+, # #+A I$ W X(4\3)(R) U� O+,"9$Y*,OC�!3C5d10�25Y;#BL�0 #3G$'3C&! lDE(#+
m
+A$
n
"9&: I$S;0�2 #"

H U � O{ #+\ #&:(#"�56+A"9$'+\DE(�u W [:B,5934�0+A5SDE(#+
m · n = 0

+A$
m2 = n2 = 0 U



< � � U ³��R$'59(#*A$6(#56+q*,+AOCOC()O��!3456+�;#+ X (α2)

j] �+AFe+,*A$6(0�! I$\OC+,"T*,�!OC*A(#OC"A7# #&:()"�&!=)$'+A #&: #"

m · n = 0 ⇐⇒





0 = hw − cz − xg + yd

0 = xc− dw + az

0 = yc+ h− gw

0 = cw − z − d

0 = cw − ya

0 = x + aw

0 = −w − a

0 = −y − c

⇐⇒





h = c2 + gw

d = cw − z

x = w2

y = −c

a = −w

*A+MDE(#3R #&:(#"bOC�!3C"9"6+�;#B¨> W OC+,"X[2�!563C�!=#OC+A" c 7 g 7 w +A$
z
OC34=#56+A" U?V +S*,�!OC*A(#OK"9(#34[2�! I$8 #&:(#"brs&: I$'59+

m2 = 0 ⇐⇒ 0 = c2 − h− ag ⇐⇒ h = c2 − ag

*A+_DR()3#+,"p$�$6563G[K3C�!OC+Arl+A I$8[:BA563G�0B_�@[:+,*�OC+A"]1#56BA*,BA;#+, I$'+A"S59+,O��?$'3C&! #" U j] )�0 �7IO4+T;#+,59 #3C+A5]*@�!O4*,(#O )&:(#"_;#&: # )+
n2 = 0 ⇐⇒ 0 = w2 − x ⇐⇒ x = w2

DE(#3�+A"9$�O W +A #*,&:59+o(# #+o56+AO��2$63C&: �;#B > W 1)56B,"9+, I$'+q;0�! )"�O4+n1#56+Arl34+,5T*,�!OC*A(#O U
�_B,*A3C1#59&KDE(#+Arl+A E$,7Y"93_ #&:(#"l*,&: #"93C;#BA56&: )"�(# �rs&R;#(#OC+-O43C=#59+

P
+A #P:+A #;#56Bª10�!5

m =
m(−w, c, cw−z, g, c2+gw)

+L$
n = n(w, w2, −c, z)

7@O4+,"�*,�!OC*A(#OC"�1)56B,*AB,;#+A I$'"Xrl&: I$656+, I$
;)3C56+A*A$6+,rs+, I$�DR()+

m2 = n2 = m · n = 0
+A$\10�!5_*A&: #"6BADE(#+, I$nDE(#+

P ∈ X(4\3)(R) U{§ &!(#"�@[!&: #"s;#&: #*�rl34"%+,  =#3 >9+A*A$'34&: 
X(4\3)(R)

+A$lO�uv+, )"6+,rw=#OC+-;#+A"lrs&K;)(#OC+A"%+, #P:+A #;#59B,"�1#�!5
m = m(−w, c, cw− z, g, c2 +gw)

+A$
n = n(w, w2, −c, z)

DE(#3{+A"9$Y+, �=)3 >9+,*L$'34&: s�i[!+,*
R4 U� &:rlrs+o�! # )&: #*,B270 #&:(#"��@[:&! #"��23C #"93�BA$'�!=#OC3HDR()+

X(4\3) ' � 4.

V +�*@�!O4*,(#OE;#+A"]�!()$656+A"Z*A+,OCO4(#OC+A"Z"9+Ya`�!3G$�+, m1)56&R*,B,;#�! I$b;#+YO��_rltArl+]a`�IHA&: m�!()"6"63�72*A&:rsrl+��! N )&: #*,B��!(%;)B,=#()$�;#+T*A+A$9$'+_1#56+A()[:+27E #&:(#"d�!O4OC&: )"8 #&:()"�*A&: I$'+A E$6+,5d;#+_;#&: ) #+,5]O4+,"];#3GFHBA56+, I$6"
"phR"9$'QArl+A"\;HuxBADR(#�2$'34&: #"_+A$�OC+A(#56"T"9&:OC(K$'3C&! #" Uj] *A+kDR()3q*A&: #*A+,56 )+

X(5\4)
7T(# rl&R;#(#O4+

P
+,"p$ª() B,O4B,rs+, I$-;#+

X(5\4)(R)
"63n+L$

"9+,(#O4+,rs+, I$�"63
P ' (V7/V6)R ⊕ (V6/V5)R.

� +A*,3� #&:()"�;)&: # #+o;#&: )*q*A&:rsrl+�P!B, #BA5'�2$6+,(#59"\59B,;#(#3G$'"

m = m(b, c, d, g, h) = e1 + b · f3 + c · e+ d · e3 + g · e2 + h · f1

+L$
n = n(v, w, x, y, z) = f2 + v · f3 + w · e+ x · e3 + y · e2 + z · f1



��BA*,&:rs1e&!"634$63C&: �*A+,O4OC(#OC�!3C59+�;#+
X (α2)

< �

[:BA563G�{�! I$

m · n = 0 ⇐⇒





0 = −gw − bz + yc+ vh

0 = hw − cz − xg + yd

0 = cw − z − g − vd

0 = bw − vc− y

0 = xc− h− dw

0 = cw − xb

0 = b− w

0 = x− c

⇐⇒





g = cw − z − vd

y = w2 − vc

h = c2 − dw

x = c

b = w

*,+oDE(#3�O��23C"6"9+�OC+A"T[!�2563��2=#OC+A"
w
7
c
7
v
7
d
+A$
z
OC3C=)56+," U �wux�!()$656+o10�!5p$@70 #&:()"\�@[!&: #"

m2 = 0 ⇐⇒ 0 = c2 − h− bd ⇐⇒ h = c2 − bd

+A$
n2 = 0 ⇐⇒ 0 = w2 − y − vx ⇐⇒ y = w2 − vx

DE(#3S"9&: I$m;#B > W ;#+A"m56BA"6(#OG$/�2$6"w3Crs1#O43CDE(#B,"o10�25�O4+,"wBADE(0�2$'34&: #"�1#56BA*,B,;)+, I$'+A" U ��QA"mOC&:59",7�+, *,&! #*,O4(0�! I$�*,&:rsrl+�1#56BA*,B,;)+,rsrl+A E$,7{ #&:(#"��@[:&: )"��0 #�!OC+Arl+A E$_1)56&:()[!B�DE(#+

X(5\4) ' � 5.

A &:(#5 X(3\2)

7#(# �rs&K;#()OC+
P
�21#10�!5p$'3C+A I$ W X(5\4)(R)

"63�+A$�"9+,(#O4+,rs+, I$�"63

P ' (V6/V5)R ⊕ (V3/V2)R.

� +,*A3� #&:(#"_;#&: ) #+o*,&:rsrl+nP!B, #BA5'�2$6+,(#59"�59B,;#()34$'" �

m = m(b, c, g, h) = f2 + b · f3 + c · e+ g · e2 + h · f1

+A$
n = n(y, z) = e3 + y · e2 + z · f1[:BA563G�{�! I$

m · n = 0 ⇐⇒





0 = −bz + yc

0 = −cz − g

0 = −b− y

0 = c+ z

⇐⇒





g = z2

c = −z

b = −y

*,+oDE(#3�O��23C"6"9+�OC+A"T[!�2563��2=#OC+A"
y
7
h
+L$
z
OC34=#56+A" U ��u°�!(K$'56+o10�259$@70 )&:(#"��@[:&: #"

m2 = 0 ⇐⇒ 0 = c2 − g ⇐⇒ g = c2



<1< � U ³��R$'59(#*A$6(#56+q*,+AOCOC()O��!3456+�;#+ X (α2)

DE(#3]+A"9$q;#B > W 34rl1#O43CDE(#BA+w10�!5oO4+,"nB,DE(0�?$'3C&! #"o1#56BA*,B,;)+, I$'+A"w+A$q;#+<1#O4(#",7 n2 = 0
+A"9$o[R5'�!34+

DE(#+AOCO4+,"�DR()+�"6&!3C+, I$YOC+A"�[2�!O4+,(#59"Y;#+
y
+L$
z U ��QA"MOC&:59",7I #&!(#"S�@[!&: #"S�0 #�!OC+Arl+A E$�1#59&:()[!B�DE(#+

X(3\2) ' � 3.

j] *A+kDR()3q*A&: #*A+,56 )+
X(2\1)

7T(# rl&R;#(#O4+
P
+,"p$ª() B,O4B,rs+, I$-;#+

X(3\2)(R)
"63n+L$

"9+,(#O4+,rs+, I$�"63
P ' (V5/V4)R ⊕ (V2/V1)R.

� +A*,3� #&:()"�;)&: # #+o*,&!rlrs+�P:BA #B,56�2$'+A(#56"�56BA;#(#34$6" �

m = m(c, d, h) = f3 + c · e+ d · e3 + h · f1

+L$
n = n(z) = e2 + z · f1[!B,5934�{�! I$

m · n = 0 ⇐⇒

{
0 = −cz + d

0 = −z + c
⇐⇒

{
d = z2

c = z
*A+oDR()3�O��!34"6"6+nO4+,"T[2�!563C�!=#O4+,"

h
+A$
z
O43C=#59+," U �wux�!()$656+o10�!5p$@70 #&:()"\�@[!&: #"

m2 = 0 ⇐⇒ 0 = c2 − d ⇐⇒ d = c2

DE(#3e+,"p$M;#B > W (# #+�BADE(0�2$'34&: �*A&: # E(#+�+L$M;#+\1#OC(#"A7 n2 = 0
+,"p$@7KO W +, #*A&:56+27K[R5'�!34+�DE(#+AOCOC+�DE(#+"9&:34$_OC�w[2�!OC+A(#5T;#+

z U A �25�*A&: #"9B,DE(#+, I$,7e #&!(#"��i[!&: #"�=#3C+A 

X(2\1) ' � 2.

A &:(#5 X(1\0)

70(# ªrs&R;#(#OC+
P
�!1#10�259$'34+, I$ W X(1\0)(R)

"93X+L$_"6+A(#OC+Arl+A E$�"93

P ' (V3/V2)R ⊕ (V1)R.

� +A*,3� #&:()"�;)&: # #+o*,&!rlrs+�P:BA #B,56�2$'+A(#56"�56BA;#(#34$6" �

m = m(h) = e3 + h · f1

+L$
n = f1+L$�;#�! #"_*,+�*@�!"A7O4+,"_B,DE(0�?$'3C&! #"

m · n = 0
7
m2 = 0

+A$
n2 = 0

"6&: I$�[:BA5634�#B,+,"�DE(#+,O4OC+oDE(#+
"9&:34$_OC�w[2�!OC+A(#5T;#+

h U A �!5_*,&! #"6BADR()+, I$@7O W +A #*,&:59+o #&:(#"_$'59&:()[:&! #"_DR()+

X(1\0) ' � 1.



��BA*,&:rs1e&!"634$63C&: �*A+,O4OC(#OC�!3C59+�;#+
X (α2)

<q2

jd K�0 �7XOC+,"�rl&R;#(#O4+,"
P
DR()3M�!1#1#�!59$63C+, ) #+, I$ W X(0\−1)(R) = X0(R)

"6&! E$m*,+,(RJ�DE(#3
"6&! E$�BAPI�!(KJ W (V2)R

+A$�;#Q,"_O4&:56"A7#3CO�"Au°�2P:34$_=#34+, -;�uv(# �1e&:34 I$��=?s #+ U0� 3C #"93�7
X(0\−1) ' � 0.

jd ª56BA"6(#rsB!7{ #&:()"��@[:&! #"\=)3C+, ªBA$'�!=#OC3G$TDE(#+w1&:(#5T$6&:()$�3C #;)3C*,+
i
�!1#1#�!59$6+, 0�! I$ W O�ux+A N"6+Arm=#O4+

{0, . . . , 5}
7

X(i\i−1) ' � i.

§ &:(#"��@[:&! #"¬;#&! #*k=#3C+A +gJ)1)OC3C*A34$6+,rs+, I$-*,&: )"9$'59(#34$�(# )+�"p$'56()*A$'()56+�*A+,O4OC(#OC�!3C59+¬1&:(#5
X (α2)

+A$XO4+,"�*AO��!"9"6+,"�rs&K;)(#OC&MBADE(#34[2�!O4+, #*A+�56�2$'34&: # #+AOCO4+Z;#+d*/.0�2*,(# q;#+d*,+A"�$6+,59rl+A"�ac&:56rs+, I$
(# q"9hR"9$6Q,rs+Y;)+�P!B, #BA5'�2$6+,(#59"ZO43C=#59+,"�;#(qP:59&:(#1+

CH∗(X (α2)) U}V +d1&:3C I$�O4+]1#OC(#"�34rl1&:59$'�! I$;#+%*A+A$6$6+%*,&: )"9$'59(#*A$63C&: H7�&:()$656+mO4+wa`�!34$�DE(#+%O�uv&: k��(# #+%"p$'59(#*A$6(#56+<*,+AOCO4(#O��!3456+o+LJK1#O43C*A34$'+�+A$
P:BA&:rlBL$'593CDE(#+n;#+

X (α2)
70+A"9$�DE(#+

X4 = X (α2) ∩X(1,0).
j] ;�ux�!()$'59+,"�$'+,59rl+A",7eOC+q1#56+Arl34+,5_$'+,59rl+q #&: ª$'563G[R3��!O�;#+wO��%�0O4$65'�2$63C&: �70*A+,O4(#3ZDE(#3X[2�l*,&!5 N56+A"61&: #;#59+%�!(ª*AhR*,O4+m;#+w*A&K;)3Crs+, #"93C&: �(# ·;#+
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DE(#+AOS*A&:(#1#O4+l;�uvB,O4B,rs+, I$'"�;#&: I$mO�ux() ��!(�rl&:34 #"q+,"9$w;#+�*A&K;)3Crs+, #"93C&: 

1 UZ� +A$9$'+�ac&!56rm(#O4+!759+,1#59&K;)(#34$6+o�i[!+,*qOC+A"T #&!$/�?$'3C&! #"T;#+oO�ux�!59$63C*AOC+�&!563CP!3C 0�!O�7K+A"9$ �
#�|{z@#k~Z�c� � �����T¤%$ R'&(&)¤ )

[Xw0sα] · [Xw] =
∑

β∈R+, l(wsβ)=l(w)−1

< β∨, $α > [Xwsβ
]

j8JK1#OC34*,3G$'&: #"qrl�!3C I$'+A 0�! I$�*,+A$9$'+�ac&!56rm(#O4+ U
� &:()$m;Hu°�!=&:59;�7 w0

;#B,"93CP: #+lO�uvB,O4B,rs+, I$w;)+
O4&: #P:()+,(#5Trl�?JK3Crl�!OC+�;#+

W
7
w
+A"9$�(# �B,OCBArl+A I$_DR()+,OC*A&: #DE(#+q;#+

W
+L$
R+

;#BA"634P: #+oO�uv+, N"9+,rm=)OC+·;#+A"�5'�!*A3C #+A"�1&:"63G$'34[!+,"�1#�!5�5'�21#1e&!59$-�!( */.)&:3GJ�;�uv(# "6&:(#" N P:59&:(#1+·;#+ �\® 	�� �
;)+

G
7{DR()+w #&:()",7 #&:(#"��i[!&: #"\ #&!$'B

∆(T, b)+ UV �l )&!$/�2$63C&: Xw

;#B,"93CP: #+27e*A&:rsrl+o #&:()"
O�u°�@[!&: #"w;)B¨> W +gJK1#OC34DR()B!7XO���[!�2563CBL$'B<;#+ ����������
	�� *,&!5656+A"61&: #;0�2 E$ W OC��*A+,OCO4(#OC+<;#BL�0 #34+1#�!5]O���56�!*,34 #+

w
;0�! )"�OC��;#BA*,&:rs1e&!"634$63C&: %;)+ � 	��X�� �-;)+

G/B U ��+_O W 7!OC�� #&!$/�?$'3C&! [Xw];)B,"634P: #+_"'�o*,OC�!"6"9+\;#�! #"
CH∗(X (α1, α2)) U �wu°�2()$'59+\10�259$@7 α +A"9$�(# #+�5'�2*,3C )+T"63Crs1#O4+!7I�!34 #"63

l(sα) = 1
+L$]10�!5X*,&: )"6B,DE(#+A I$

[Xw0sα]
+,"p$];#+Y*,&R;#3Crs+, #"93C&: 

l(w0)−l(w0sα) = l(sα) = 1 U



��BA*,&:rs1e&!"634$63C&: �*A+,O4OC(#OC�!3C59+�;#+
X (α2)

<�:

V uxBA*,5934$'()56+ < β∨, $α >
;#BA"634P: #+�*A+�DE(#+\ #&:(#"S�i[!&: #"M )&!$'B

β∨($α)
&�

$α

+,"9$SO�uvB,O4B,rs+, I$
;#+

E = X(T ) ⊗ �
��$6+,O�DE(#+271&:(#5M$6&:()$

β
;)+

Σ(T, b)
7

β∨($α) = δαβ

&�
δαβ

;#BA"634P: #+oOC+n;#+AO4$'�<;)+�� 	e® ���
��� �
	 U�K3� #&:()"_$65'�!;)(#3C"9&: #"T$'&:(K$_*,+o*,3�;0�2 #"\ )&!$'59+n*,&: I$'+gJR$'+!7{ #&!(#"��i[!&: #"_$'&:(K$\;Hu°�!=&:59;

$α1 = $1 = 2α1 + α2,
$α2 = $2 = 3α1 + 2α2,

*,&!rlrs+n&: �1e+A()$��23C"6BArl+A I$_OC+o*@�!O4*,(#O4+,5T+A ¬()$63COC34"'�! I$TO4+�a`�!34$_DE(#+
α∨
i ($j) = δij

+A$\OC+�a`�!3G$
DE(#+

α∨
1 (α2) = −3

7
α∨

2 (α1) = −1
^c*,&:rsrs+� #&!(#"�O�ux�@[:&: )"�;#B > W *@�!O4*,(#O4B�1&:(#5�a`�!=#593CDE(#+,5OC+<;#3C�!P:56�!rlrs+m;#+ ��	 ��� � ��;#+

G
+, �"6+,*L$'34&: � U ³}f�+A$ α∨

i (αi) = 2
1#()3C"6DE(#+

sαi
(αi) =

−αi = αi − α∨
i (αi)αi UZ©  �56+L$'56&!()[:+l10�!5m�23COCO4+,(#59"n*,+A"m56BA"6(#OG$/�2$6"�;0�2 #"�±v¸S&:(�7h9 < U ³ � 1 U�1� ³A´ U j] #"9(#34$6+!70 #&!(#"��@[!&: #"_;#B¨> W [R(ªDE(#+

∆(T, b)+ = {α1, α2, α1 + α2, 2α1 + α2, 3α1 + α2, 3α1 + 2α2}

+A$�DE(#+qOC+A(#5TB,*A5634$6(#56+n59B,;#()34$'+o+A"9$

sα1+α2 = sα2sα1sα2 , s2α1+α2 = sα1sα2sα1sα2sα1 ,

s3α1+α2 = sα1sα2sα1 , s3α1+2α2 = sα2sα1sα2sα1sα2 .

j] )�0 �7{*A&:rlrs+
w0 = (sα1sα2)

3 = (sα2sα1)
3 7#&: ª�<;)&: #*

[
Xw0sα1

]
=
[
Xsα2sα1sα2sα1sα2

]
=
[
Xs3α1+2α2

]
=
[
Xs$2

]
= h1

+A$
[
Xw0sα2

]
=
[
Xsα1sα2sα1sα2sα1

]
=
[
Xs2α1+α2

]
=
[
Xs$1

]
= g1.

	d&}h!&: #"�rl�!34 E$6+, 0�2 E$l*,&!rlrs+, I$��!1#1#O43CDE(#+,5s*,+L$6$6+¬ac&:56rw(#OC+27�1&:(#5s*,+AO��� )&:(#"��2OCOC&! #"
;#+L[:&:345w*@�2OC*,()OC+,5

β∨($1)
+L$
β∨($2)

1e&!(#5�$6&:()$'+A"wO4+,"w56�!*,34 #+,"�1e&!"634$634[!+,"
β
;)(�P:56&!(#1e+ Uj] ·+AFe+A$,7{*,&:rsrl+oO�u°�!1)1#OC34*@�2$63C&: 

β 7→ β∨  Hux+A"9$�1#�!"\O43C #B,�!3C59+!7K*,&: # #�!34$656+ α∨
1

+L$
α∨

2

 �ux+A"9$
10�!"o"9( ?s"'�! I$ U � Ob+A"9$o$'&!()$'+Lac&:3C"�=&: k;#+< #&!$6+,5nDE(#+s10�!5n;#BL�0 #3G$'3C&! &: ���$6&:()$o;#+%rst,rs+
β∨(β) = 2

1&:(#5M$6&:()$'+o56�!*,34 #+
β U

§ &:(#"��!O4OC&: )"T;#&: #*q10�!5_+LJK+Arl1#O4+o*@�!O4*,(#O4+,5 (α1 + α2)
∨($1) U ���! #"�O��%=0�!"9+ {α1, α2}

7
OC+A"_3C I[:&:O4()$'34&: #"

sα1

+A$
sα2

&: I$\1&:(#5Trl�2$6563C*A+

M(sα1) = M1 =

[
−1 3

0 1

]

+A$
M(sα2) = M2 =

[
1 0
1 −1

]
.



2!¶ � U � �  # #+,�!(�;#+%«�X®�¯ ;#+
X (α2)

�\Q,"�OC&:59",7#*A&:rlrs+
sα1+α2 = sα2sα1sα2

 )&:(#"��@[:&: #"

M(sα1+α2) = M2M1M2 =

[
2 −3
1 −2

]

+L$�10�!5T*,&! #"6BADR()+, I$

sα1+α2($1) =

[
2 −3
1 −2

]
·

[
2
1

]

=

[
1
0

]
.

A �!5'�!O4OCQAOC+,rs+, I$,7) #&:()"�"6�@[:&: #"�DE(#+q10�!5T;#BL�0 #34$63C&: 

sα1+α2($1) = $1 − (α1 + α2)
∨($1)(α1 + α2)

= 2α1 + α2 − (α1 + α2)
∨($1)(α1 + α2)

= (2 − (α1 + α2)
∨($1))α1 + (1 − (α1 + α2)

∨($1))α2

*A+oDR()3�10�!5_3C;#+A I$'34�#*@�2$63C&: -�@[:+A*�O4+n56BA"6(#OG$/�2$_1#59B,*AB,;#+A E$\ #&:()"�;)&: # #+

(α1 + α2)
∨($1) = 1.

j] �1#56&R*,BA;0�! I$�;#+oO��mrst,rs+�a`�IHA&: ª1&:(#5M$6&:()$6+,"_OC+A"T5'�!*A3C #+A",70 #&:()"M$'56&!()[:&: )"��0 #�!OC+Arl+A E$
DE(#+

α∨
1 ($1) = 1, α∨

2 ($1) = 0,
α∨

1 ($2) = 0, α∨
2 ($2) = 1,

(α1 + α2)
∨($1) = 1, (2α1 + α2)

∨($1) = 2,
(α1 + α2)

∨($2) = 3, (2α1 + α2)
∨($2) = 3,

(3α1 + α2)
∨($1) = 1, (3α1 + 2α2)

∨($1) = 1,
(3α1 + α2)

∨($2) = 1, (3α1 + 2α2)
∨($2) = 2.

�wux�!()$656+-10�!5p$@7Z #&:(#"<�!O4OC&: )"m�@[:&:345m=+,"6&!3C �;#+�;#BL$'+,59rl34 #+,5wDR()+,OCO4+,"%"9&: I$<OC+,"w5'�!*A3C #+A"
1&:"934$'3G[:+A"

β
$'+AOCOC+A"�DE(#+

l(wsβ) = l(w) − 1
+L$n*,+27H1&:(#5�$6&:(#"�O4+,"

w
1e&!"6"634=#OC+A",7 W "'�@[!&:3C5O4+,"M;)3GJ�5'�!*A3C #+A"M;#BA�# #3C"9"'�! I$�OC+A"

gi
+A$TO4+,"

hi U A �!5S+LJK+,rs1#OC+27#1&:(#5M*,�!OC*A(#OC+A5 (h1)2 7)34OH #&:()"a`�2()$T$'59&:()[:+A5_OC+,"_56�!*,34 #+,"
β
$6+,O4OC+,"SDR()+

l(s3α1+2α2sβ) = 4.

� OS+,"9$s=#34+, �BA[R34;#+, I$<DE(#+- #&:(#"<1&:()[!&: #"<;�uv&:56+A"s+L$<;#B¨> W BA*@�!5p$'+,5 β = 3α1 + 2α2 U j] 



��BA*,&:rs1e&!"634$63C&: �*A+,O4OC(#OC�!3C59+�;#+
X (α2)

2K³

*@�2OC*,()O��! I$T$'&!(#"_OC+,"_�2()$'59+,"_1#56&R;#(#3G$'"T1&:"6"93C=#O4+,"T #&!(#"_&:=)$'+A #&: #" �

l(s3α1+2α2sα1) = l(sα2sα1sα2sα1sα2 · sα1)

= l((sα2sα1)
3) = 6

l(s3α1+2α2sα2) = l(sα2sα1sα2sα1sα2 · sα2)

= l((sα2sα1)
2) = 4

l(s3α1+2α2sα1+α2) = l(sα2sα1sα2sα1sα2 · sα2sα1sα2)

= l(sα2sα1) = 2

l(s3α1+2α2s2α1+α2) = l(sα2sα1sα2sα1sα2 · sα1sα2sα1sα2sα1)

= l((sα2sα1)
5) = l(sα1sα2) = 2

l(s3α1+2α2s3α1+α2) = l(sα2sα1sα2sα1sα2 · sα1sα2sα1)

= l((sα2sα1)
4) = l((sα1sα2)

2) = 4.

� 3C )"63�7K #&:(#"_&:=K$'+, )&: #"

l(s3α1+2α2sβ) = 4 ⇐⇒

{
β = α2

β = 3α1 + α2.

j] �1#56&R*,BA;0�! I$_;#+�OC��rst,rs+\a`�IHA&: �1&:(#5S$6&:(#"MO4+,"S�!()$'59+,"MBAOCBArl+A E$6"M #&:()"S$'59&:()[:&! #"TDE(#+ �

l((sα1sα2)
2sβ) = 3 ⇐⇒

{
β = α2

β = 2α1 + α2

l(sα1+α2sβ) = 2 ⇐⇒

{
β = α2

β = 3α1 + 2α2

l(sα1sα2sβ) = 1 ⇐⇒

{
β = α2

β = α1 + α2

l(sα2sβ) = 0 ⇐⇒ β = α2



2 � � U � �  # #+,�!(�;#+%«�X®�¯ ;#+
X (α2)

+L$

l(s2α1+α2sβ) = 4 ⇐⇒

{
β = α1

β = α1 + α2

l((sα1sα2)
2sβ) = 3 ⇐⇒

{
β = α1

β = 3α1 + 2α2

l(s3α1+α2sβ) = 2 ⇐⇒

{
β = α1

β = 2α1 + α2

l(sα1sα2sβ) = 1 ⇐⇒

{
β = α1

β = 3α1 + α2

l(sα1sβ) = 0 ⇐⇒ β = α1

� +A"%*@�!O4*,(#O4"w1#59B,OC34rl34 0�!3456+,"nBL$/�!=)OC3C"A7� #&:(#"m1&:()[!&: #"mrl�!34 E$6+, 0�2 E$w+AFe+,*L$'(#+A5m$'&:(#"�OC+A"*,�!OC*A(#OC"TO43C=#59+,rs+, I$ U)§ &:()"\�2OCOC&! #"M*,&!rlrs+, #*A+,5T10�25�*,�!OC*A(#OC+A5MOC+A"_1#(#3C"9"'�! )*,+,"�;#+ g1 �

(g1)2 =
[
Xw0sα2

]
·
[
Xs2α1+α2

]

= α∨
1 ($2)

[
X(sα1sα2)2

]
+ (α1 + α2)

∨($2)
[
X(sα2sα1 )2

]

= 0 + 3
[
X(sα2sα1)2

]
= 3g2

(g1)3 = 3g1g2 = 3
[
Xw0sα2

]
·
[
Xs(α2

sα1 )2

]

= 3(α∨
1 ($2)

[
Xsα2sα1sα2

]
+ (3α1 + 2α2)

∨($2)
[
Xsα1sα2sα1

]
)

= 3(0 + 2
[
Xs3α1+α2

]
) = 6g3

(g1)4 = 3g1g3 = 6
[
Xw0sα2

]
·
[
Xs3α1+α2

]

= 6(α∨
1 ($2)

[
Xsα1sα2

]
+ (2α1 + α2)

∨($2)
[
Xsα2sα1

]
)

= 6(0 + 3
[
Xsα2sα1

]
) = 18g4



��BA*,&:rs1e&!"634$63C&: �*A+,O4OC(#OC�!3C59+�;#+
X (α2)

2 �

(g1)5 = 18g1g4 = 18
[
Xw0sα2

]
·
[
Xsα2sα1

]
(g1)5

= 18(α∨
1 ($2)

[
Xsα2

]
+ (3α1 + α2)

∨($2)
[
Xsα1

]
)

= 18(0 +
[
Xsα1

]
) = 18g5

(g1)6 = 18g1g5 = 18
[
Xw0sα2

]
·
[
Xsα1

]

= 18(α∨
1 ($2) [Xid])

= 18(0) = 0.

§ &:(#"_*,�!OC*A(#OC&: )"Mr��23C I$'+A 0�! I$_OC+A"�1)(#3C"9"'�! #*A+,"�;#+ h1 U
(h1)2 =

[
Xw0sα1

]
·
[
Xs3α2+2α1

]

= α∨
2 ($1)

[
X(sα2sα1)2

]
+ (3α1 + α2)

∨($1)
[
X(sα1sα2)2

]

= 0 +
[
X(sα1sα2 )2

]
= h2

(h1)3 = h1h2 =
[
Xw0sα1

]
·
[
Xs(α1

sα2)2

]

= α∨
2 ($1)

[
Xsα1sα2sα1

]
+ (2α1 + α2)

∨($1)
[
Xsα2sα1sα2

]

= 0 + 2
[
Xsα1+α2

]
= 2h3

(h1)4 = 2h1h3 = 2
[
Xw0sα1

]
·
[
Xsα1+α2

]

= 2(α∨
2 ($1)

[
Xsα2sα1

]
+ (3α1 + 2α2)

∨($1)
[
Xsα1sα2

]
)

= 2(0 +
[
Xsα1sα2

]
) = 2h4

(h1)5 = 2h1h4 = 2
[
Xw0sα1

]
·
[
Xsα1sα2

]

= 2(α∨
1 ($2)

[
Xsα1

]
+ (α1 + α2)

∨($2)
[
Xsα2

]
)

= 2(0 +
[
Xsα2

]
) = 2h5

(h1)6 = 2h1h5 = 2
[
Xw0sα1

]
·
[
Xsα2

]

= 2(α∨
2 ($1) [Xid]) = 2(0) = 0.

§ &:(#"��!OCO4&: #"%rl�!3C I$6+, 0�! I$l*@�!O4*,(#O4+,5sOC+�1#56&R;#(#3G$s;#+ g1 �@[!+,*·O4+,"
hi USV +�OC+,*L$'+A(#5�59+ Nrl�!56DE(#+A5'�<DR()+q;#�! #"_OC+n*,�!"\1#�!59$63C*,()OC3C+A5S;#+

g1h1 7# #&!(#"��@[!&: #"_OC+n*/.#&!3GJ-;#+o1#5934[R3CO4B,P:34+,5YOC+1#59&K;#()34$b+A %()$'34OC34"'�! I$XO��\ac&!56rm(#O4+S�@[!+,*
g1 &:(<�@[:+A* h1 U � *A3�7? #&:(#"]�@[!&: #"]*/.#&:34"63K;�ux(K$'3CO43C"9+,5XO��ac&:59rm(#OC+n;)+<«����� � � ���
	 �@[:+A*

g1 r��23C"MO4+nOC+,*L$'+A(#5_+,"9$\OC34=#56+�;#+n[:B,5934�0+A5_DR()+�O4+n56B,"9(#O4$'�2$+,"p$�O4+�rst,rs+n+, �()$'34OC3C"6�! I$
h1 U

V +A"_*@�!O4*,(#O4"T #&:(#"_;#&: ) #+, I$ �



2=< � U � �  # #+,�!(�;#+%«�X®�¯ ;#+
X (α2)

g1h1 =
[
Xw0sα2

]
·
[
Xs3α1+2α2

]

= α∨
2 ($2)

[
X(sα2sα1 )2

]
+ (3α1 + α2)

∨($2)
[
X(sα1sα2)2

]

=
[
X(sα2sα1 )2

]
+
[
X(sα1sα2)2

]
= g2 + h2

g1h2 =
[
Xw0sα2

]
·
[
X(sα1sα2)2

]

= α∨
2 ($2)

[
Xsα1sα2sα1

]
+ (2α1 + α2)

∨($2)
[
Xsα2sα1sα2

]

=
[
Xs3α1+α2

]
+ 3

[
Xsα1+α2

]
= g3 + 3h3

g1h3 =
[
Xw0sα2

]
·
[
Xsα1+α2

]

= α∨
2 ($2)

[
Xsα2sα1

]
+ (3α1 + 2α2)

∨($2)
[
Xsα1sα2

]

=
[
Xsα2sα1

]
+ 2

[
Xsα1sα2

]
= g4 + 2h4

g1h4 =
[
Xw0sα2

]
·
[
Xsα1sα2

]
= α∨

2 ($2)
[
Xsα1

]
+ (α1 + α2)

∨($2)
[
Xsα2

]

=
[
Xsα1

]
+ 3

[
Xsα2

]
= g5 + 3h5

g1h5 =
[
Xw0sα2

]
·
[
Xsα2

]
= α∨

2 ($2) [Xid] = [Xid] = g6

j] )�0 H7Y #&!(#"l Hu°�@[:&! #"�1#O4(#"sr��!34 I$'+, #�! I$lDE(�u W *,�!OC*A(#OC+A5%OC+-1#59&K;#()34$s;#+ h1 �@[:+,*ªOC+A"
BAOCBArl+A E$6"

gi U *,+A*,3� #&!(#"\;)&: # #+oOC+A"T56BA"6(#OG$/�2$6"�"9(#34[2�! I$6" �

h1g2 =
[
Xw0sα1

]
·
[
X(sα2sα1 )2

]

= α∨
1 ($1)

[
Xsα2sα1sα2

]
+ (3α1 + 2α2)

∨($1)
[
Xsα1sα2sα1

]

=
[
Xsα1+α2

]
+
[
Xs3α1+α2

]
= h3 + g3

h1g3 =
[
Xw0sα1

]
·
[
Xs3α1+α2

]
= α∨

1 ($1)
[
Xsα1sα2

]
+ (2α1 + α2)

∨($1)
[
Xsα2sα1

]

=
[
Xsα1sα2

]
+ 2

[
Xsα2sα1

]
= h4 + 2g4

h1g4 =
[
Xw0sα1

]
·
[
Xsα2sα1

]

= α∨
1 ($1)

[
Xsα2

]
+ (3α1 + α2)

∨($1)
[
Xsα1

]
=
[
Xsα2

]
+
[
Xsα1

]
= h5 + g5

h1g5 =
[
Xw0sα1

]
·
[
Xsα1

]
= α∨

1 ($1) [Xid] = [Xid] = g6
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jd �56BA"6(#rsB!70OC�w$/�!=)OC+n;#+orm(#OG$'341#OC34*@�2$63C&: s;#+o #&!$656+o"9hR"9$6Q,rs+�;)+qP!B, #BA5'�2$6+,(#59"m^cOC3C=)56+,"'f
;#+

CH∗(X (α1, α2))
+A"9$ �

(g1)2 = 3g2 (h1)2 = h2 h1g2 = g3 + h3 g1h2 = g3 + 3h3

(g1)3 = 6g3 (h1)3 = 2h3 h1g3 = 2g4 + h4 g1h3 = g4 + 2h4

(g1)4 = 18g4 (h1)4 = 2h4 h1g4 = g5 + h5 g1h4 = g5 + 3h5

(g1)5 = 18g5 (h1)5 = 2h5 h1g5 = g6 g1h5 = g6

(g1)6 = 0 (h1)6 = 0 h1g1 = h2 + g2

� &:rlrs+% #&:()"�O�u°�@[:&! #"o1#56BA*,B,;)+,rsrl+A E$m�! # #&! #*,Bs #&:(#"��!O4OC&: #"�r��!34 I$'+, #�! I$�*,�!OC*A(#OC+A5;#+o;#+A(KJ-a`�IH,&! #"_;#34FeB,59+, I$'+A"�*A+,5p$/�!34 #"_3C I[2�!563C�! I$'"M;#+
CH∗(X (α1, α2)) U

��� ����� � �������� ��	��������"��(������(� ��	
CH∗(X (α1, α2))

§ &:(#"Z;#B,"93CP: )&: #"8$6&:()$b;Hu°�!=&:59;%10�!5 A OC+Y"6&:(#" N �! ) #+@�!(%;)+ CH∗(X (α1, α2))
+, #P:+A #;#59B

10�!5oO4+,"oB,O4B,rs+, I$'"q;#(�P:56&:()1e+
CH1(X (α1, α2))

7�*!uv+,"9$ N¨W?N ;#3C59+%10�!5qOC+A"q1)(#3C"9"'�! #*A+,"q;#+ g1+A$ª;#+
h1 U\§ &:(#"�*,&: )"63C;)Q,56&! #"¬+A #"6(#3G$'+ Ai OC+�P:56&!(#1e+��!=B,O43C+A O43C=#59+ +, #P:+A #;#59B�"6()5 G

10�!5oO4+,"oB,O4B,rs+, I$'"q;#+s*,&R;#3Crs+, #"93C&: 
i
;#+

A
7�*2ux+A"9$ N¨W?N ;#3C59+s+A #P:+A #;#56Bs10�!5oO4+,"o1e&!O4hR ,:rs+,".#&:rs&:P:QA #+,"X;#+Y;#+,P:59B

i
+, 
g1 +A$ h1 U=A �!5X*,&: #"9B,DE(#+A E$,7:;�ux�!1#59Q,"8OC�_$'�!=#O4+�;)+Yrm()O4$'341#OC34*@�2$63C&: 1#59B,*,BA;#+,rsrs+, I$�*,�!OC*A(#OCBA+!7# )&:(#"_&:=)$6+, #&: )"�DE(#+

A1 = gr(g1, h1)

A2 = gr((g1)2, g1h1, (h1)2)

= gr(3g2, g2 + h2, h2)

A3 = gr((g1)3, (g1)2h1, g1(h1)2, (h1)3)

= gr(6g3, 3(g3 + h3), g3 + 3h3, 2h3)

A4 = gr((g1)4, (g1)3h1, (g1)2(h1)2, g1(h1)3, (h1)4)

= gr(18g4, 12g4 + 6h4, 6(g4 + h4), 2g4 + 4h4, 2h4)

A5 = gr((g1)5, (g1)4h1, (g1)3(h1)2, (g1)2(h1)3, g1(h1)4, (h1)5)

= gr(18g5, 18(g5 + h5), 12g5 + 18h5, 6g5 + 12h5, 2g5 + 6h5, 2h5)

A6 = gr((g1)6, (g1)5h1, (g1)4(h1)2, (g1)3(h1)3, (g1)2(h1)4, g1(h1)5, (h1)6)

= gr(0, 18g6, 18g6, 12g6, 6g6, 2g6, 0)
&� O W +, )*,&:59+!7�*A&:rsrl+�;0�! #"¬O�� "9+,*L$'3C&! � U ³:7\ )&:(#"·;#BA"634P: #&: #"¬10�!5 gr(E)

OC+�P:56&!(#1e+
�!=B,O43C+, O43C=#59+�+A #P:+, );#56B�10�!5 O4+,"·BAOCBArl+A E$6" ;#+

E
"9(#5 G U � Om+,"p$ $'&:()$k;Hu°�!=&:59; *,O��23C5

DE(#+
Ai

+,"p$�(# �"6&:(#" N P:59&:(#1+ª;)+ CHi(X (α1, α2)) = gr(gi, hi)
1&:(#5<$'&!()$

i
;#+¬O�ux+A N"6+Arm=#O4+

{1, . . . , 6} U�A �!5�*A&: #"9B,DE(#+, I$,78 #&:()"�1&:()[!&: #",7X1&:(#5o$'&:()$ i ;#+ {1, . . . , 6}
7�*@�!O N*,()OC+,5�O�uv3C #;#34*,+q;#+

Ai
;0�! #"

CH∗(X (α1, α2))
DE(#+% #&!(#"� #&!$6&: #"

(CHi(X (α1, α2)) : Ai) U



2 � � U � �  # #+,�!(�;#+%«�X®�¯ ;#+
X (α2)

� +s"6&! E$w*,+A"� #&!rm=#56+A"�+A I$'3C+A56"qDE(#3Y*A&: #"p$'34$6(#+, I$�OC+A"�34 E[2�!593��! I$6"n56+,*/.)+,56*/.)B," U � O�+A"9$�*,OC�!3C5DE(#+
A1 = CH1(X (α1, α2)) U �wu°�2()$'59+�1#�!59$,7 h2 +A"9$s;0�! #" A2 +L$ g2 + h2 �!()"6"63�7b;#&: )*

g2 �21#10�!5p$'3C+A I$ W A2 +A$ 1#�!5¬"9(#34$6+� #&:()"·�@[:&: )" B,PI�!O4+,rs+, I$
A2 = CH2(X (α1, α2)) U

A &:(#5TO4+,"_�!()$656+A",70 #&:()"\�2OCOC&! #"S1#59&K*AB,;#+A5_10�!5MP:BA #B,56�2$'+A(#56"_+L$\59+,OC�2$'34&: #" UKV +oP:56&:()1e+�DE(#& N$63C+A E$
CH3(X (α1, α2)/A

3 +A"9$¬+, #P:+A #;#59B�10�!5�;#+A(KJ B,OCBArl+A I$'"
g3 +A$

h3 DE(#3n[:BA5634�#+, I$
2h3 = 0 = 6g3 +A$ 3g3 + 3h3 = 0 = g3 + 3h3 U j] �a`�23C"'�2 E$mO��¬;#3GFHBA56+A #*,+-;#+A"%;#+,(KJ;)+,56 )3CQ,59+,"o56+AO��2$63C&: )"� #&:(#"�$656&:(K[:&: #"o;#&! #*<DR()+

2g3 = 0
7�10�!5n*A&: #"9B,DE(#+, I$wOC+,"nBAOCBArl+A E$6"

g3 +A$ h3 "6&: I$o;�uv&:59;#56+<;#+A(KJk+A$q*A&:rlrs+ 3g3 + 3h3 = 0
7H3COZ[R34+, I$oDE(#+

g3 = −h3 = h31)(#3C"9DR()+
h3 +,"9$�(# �B,O4B,rs+, I$q;�ux&!56;#59+s;)+,(KJ U�A �!5q"6()34$'+27� #&:(#"o1&:()[!&: #"q3C;#+A E$634�0+A5 g3 +L$

h3 +A$\�!34 #"63
CH3(X (α1, α2))/A

3 '
G
/2
G
.

A &:(#5 CH4(X (α1, α2))/A
4 7�O�uv(# �;)+,"wP!B, #BA5'�2$6+,(#59",7 h4 7X+,"p$m;�uv&:59;#56+s;#+,(RJ�+L$w10�25�"9(#34$6+O4+,"_�!(K$'56+A"_56+,OC�2$'34&: #"T;#+L[R3C+, ) #+, I$

18g4 = 12g4 = 6g4 = 2g4 = 0.

�\&: #*_OC+A"b;#+,(RJ<P:B, )B,5'�?$'+,()56"�"6&: I$d;�uv&:56;)56+T;#+A(KJ<+A$� #+T"9&: I$d10�!"dOC34B,"b+A I$'56+_+A(KJe7I10�!5b"9(#34$6+

CH4(X (α1, α2))/A
4 ' (

G
/2
G

)2.

j] �56+La`�!3C"6�! I$_rl&!$M1e&:()5�rs&!$TO4+nrltArl+n56�!3C"9&: # #+Arl+A I$_1e&:()5
CH5(X (α1, α2))/A

5 70 #&:()"$656&:(K[:&: #"_DE(#+
CH5(X (α1, α2))/A

5 ' (
G
/2
G

)2.
j] l*,+_DE(#3{*,&: #*A+,59 #+

CH5(X (α1, α2))/A
5 7I3CO#1&:"6"9Q,;#+�(# l"6+,()OP!B, #BA5'�2$6+,(#5�;�uv&:56;#59+_;#+,(KJ+L$�10�!5T*,&! #"6BADR()+, I$� #&!(#"��i[!&: #"

CH6(X (α1, α2))/A
6 '

G
/2
G
.

j] �56B,"9(#rsB!70OC+A"_3C I[2�!563C�! I$'"M59+,*/.#+A56*/.#BA"�"6&: I$�;#&: )* �

(CH1(X (α1, α2)) : A1) = 1,

(CH2(X (α1, α2)) : A2) = 1,

(CH3(X (α1, α2)) : A3) = 2,

(CH4(X (α1, α2)) : A4) = 4,

(CH5(X (α1, α2)) : A5) = 4,

(CH6(X (α1, α2)) : A6) = 2.

� O# )+T #&:(#"]59+,"9$6+_1#OC(#"]rl�!34 E$6+, 0�2 E$8DE(�u W *,�!OC*A(#OC+A5 W  #&:()[!+@�!(s*,+A"d3C #;#34*,+A"b+, <()$63COC34"'�! I$OC��"9$656(#*L$'(#59+T;#+
CH∗(X (α2)) N rs&R;#(#OC+�;#+ CH∗(X (α1, α2))

+A$ W *,&:rs10�!59+,58O4+,"b59B,"9(#O4$'�2$'" U
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X (α2)

2 �
��� ��� � � �������� ��	 �� � � � � � � � ��	 ��	

CH∗(X (α2))

A &:(#5_*A&:rlrs+, )*,+,5A70 #&:(#"�5'�21#1e+AOC&: )"TDR()+ CH∗(X (α2))
1&:"9"6Q,;)+w(# �"6+A(#O�P:B, #BA5'�2$6+,(#5

10�!5_*A&K;#34rl+A #"634&: �DE(#+o #&:(#"� #&!$6&: #"
hi2

1&:(#5
i
10�256*,&!(#5'�! I$�O�uv+, )"6+,rw=#OC+

{0, . . . , 5} U j] N"6()34$'+27e )&:(#"�"6�@[:&: #"�DR()+
CH∗(X (α1, α2))

+,"p$n(# 
CH(X (α2)) N rs&R;#(#OC+nO43C=#59+o;#+w56�! #P 2rl�!3C"_1#O4(#"\1)56B,*A3C"9+,rs+, I$�*A+,O��s"634P: #34�#+�DE(�u3CO��!;)rl+L$�1&:(#5�=0�!"9+wO�uv+, )"6+,rw=#OC+

{1, ζ}
&�

1;#BA"63CP! #+oO�uvB,OCBArl+A I$_ #+,()$656+o+A$
ζ
+,"p$�(# �B,O4B,rs+, I$_DE(#3�[:BA563G�0+

ζ2 − c1h
1
2ζ + c2h

2
2 = 0

+A$�&�
ci
;)B,"634P: #+_O��

ième
*,O��2"6"6+�;#+n«���
		�ª;#(<�0=#59B�[!+,*L$'&:593C+,O{�2"6"6&R*,34B��!(s�#=#56B_1#59&?>9+,*L$'34a

�!( N ;#+,"9"6(#"S;#+ X (α2) UE� 3C )"63�7I1&:(#5 i W [2�!OC+A(#56"�;0�! )"YO�ux+A #"6+Arm=#OC+ {1, . . . , 5} 7EO4+,"dP:56&!(#1e+A"
CHi(X (α1, α2))

*,&:5956+,"91e&! #;#+, I$ W gr(hi2, ζh
i−1
2 )

+L$ª1&:(#5�O4+,"�34 #;#3C*A+,"
0
+L$

6
7M #&:(#"

�@[:&: )"
CH0(X (α1, α2)) ' CH0(X (α2))

7�+A$
CH6(X (α1, α2)) ' CH5(X (α2))ζ U�§ &:(#" #&:()"�;)&: # #&: )"\+A #"6(#3G$'+oDE(0�2$656+o #&:rm=)56+,"_+A E$63C+A56"_1e&!"634$634ac"

l, m, n
+A$
p
$'+AOC"TDE(#+

(h1
2)

2 = lh2
2, (h1

2)
3 = lmh3

2, (h1
2)

4 = lmnh4
2, (h1

2)
5 = lmnph5

2.

� +,*,3KBA$'�! I$b1&:"6B27! #&:()"b�!O4OC&: #"X*,&!rlrs+Y1)56B,*AB,;#+Arlrs+, I$8*,&: #"93C;#BA56+A5M72O4+,"Z"6&:(#" N P:59&:(#1+,"
Ai

+gJ)1)563CrsB,"_*A+A$6$6+nac&:3C" N *,3H+, -ac&: #*A$63C&: �;)+ (h1
2)
i +A$ ζ(h1

2)
i−1 U A &:(#5_*,&:rsrs+, #*A+,5,7

A1 = gr(h1
2, ζ)

 #&:()"\�@[!&: #"�;#&: #*o=#34+, 
(CH1(X (α1, α2)) : A1) = 1.j] #"6()34$'+27

A2 = gr((h1
2)

2, h1
2ζ, ζ

2)

= gr(lh2
2, h

1
2ζ, c1h

1
2ζ − c2h

2
2)

= gr(lh2
2, c2h

2
2, h

1
2ζ)

+A$�*A&:rlrs+
(CH2(X (α1, α2)) : A2) = 1 #&:()"b+, %;#BA;#(#34"6&: #"]DE(#+SOC+,"8 #&:rm=#59+,"

l
+L$
c2
"9&: I$]1#59+,rs3C+,59"8+A E$656+A"]+,(KJ UE� +M59B,"9(#O4$'�2$b"9+,5'�;�ux�!3CO4OC+A(#56"�$'56QA"oO��!59P:+,rs+, I$n+gJ)1)OC&:3G$'Bm;0�2 #"oOC+,"�*@�!O4*,(#O4"n"6(#3G[!�2 E$6" U�� &! #*,+A56 0�! I$qOC+%P!56&:(#1+

A3 7) #&:(#"\�@[:&: #"

A3 = gr((h1
2)

3, (h1
2)

2ζ, h1
2ζ

2, ζ3)

= gr((lmh3
2, lh

2
2ζ, lc1h

2
2ζ −mc2h

3
2, (lc21 − c2)h

2
2ζ −mc1c2h

3
2)

= gr(mh3
2, h

2
2ζ)

;�uv&�
(CH3(X (α1, α2)) : A3) = m = 2.



2I0 � U � �  # #+,�!(�;#+%«�X®�¯ ;#+
X (α2)

§ &:(#"_*@�2OC*,()OC&: #"Trl�!34 E$6+, 0�2 E$ A4 7
A4 =gr((h1

2)
4, (h1

2)
3ζ, (h1

2)
2ζ3, h1

2ζ
3, ζ4)

= gr(2lnh4
2, 2lh3

2ζ, 2lc1h
3
2ζ − 2nc2h

4
2, 2(lc21 − c2)h

3
2ζ − 2nc1c2h

4
2,

2c1(lc
2
1 − 2c2)h

3
2ζ −

2n

l
(lc21 − c2)c2h

4
2)

= gr(2nh4
2, 2h3

2ζ,
2n

l
c22h

4
2)

�23C #"93
(CH4(X (α1, α2)) : A4) = 2 pgcd(2n,

2n

l
c2) = 4

&�
pgcd(2n, 2n

l
c2)

;#B,"93CP: #+\OC+�1#OC()"YP:56�! #;�*A&:rsrm(# srm(#O4$63C1#O4+_;#+ 2n
l
c2
+L$

2n U'A �!5Y"6(#3G$'+27*A&:rsrl+
pgcd(2n, 2n

l
c2) = 2

7� #&!(#"w�@[!&: #"m #BA*,+A"6"'�23C56+Arl+A I$
pgcd(n, n

l
c2) = 1

+L$%�!34 #"63
l = n U{§ &:(#"_*,�!OC*A(#OC&: )"Tr��!34 I$'+, #�! I$

A5 =gr((h1
2)

5, (h1
2)

4ζ, (h1
2)

3ζ2, (h1
2)

2ζ3, h1
2ζ

4, ζ5)

= gr(2l2ph5
2, 2l2h4

2ζ, 2l2c1h
4
2ζ − 2lpc2h

5
2, 2l(lc

2
1 − c2)h

4
2ζ − 2lpc1c2h

5
2,

2lc1(lc
2
1 − 2c2)h

4
2ζ − 2pc2(lc

2
1 − c2)h

5
2,

(2l2c41 − 6lc21c2 + 2c22)h
4
2ζ − 2pc1c2(lc

2
1 − 2c2)h

5
2)

= gr(2ph5
2, 2h4

2ζ)�23C #"93
(CH5(X (α1, α2)) : A5) = 4p = 4;Hux&�

p = 1 U j] )�0 �7{+, �*@�2OC*,()O��! I$

A6 =gr((h1
2)

6, (h1
2)

5ζ, (h1
2)

4ζ2, (h1
2)

3ζ3, (h1
2)

2ζ4, h1
2ζ

5, ζ6)

= gr(0, 2l2h5
2ζ, 2l2c1h

5
2ζ, 2l(lc21 − c2)h

5
2ζ, 2lc1(lc

2
1 − 2c2)h

5
2ζ,

(2l2c41 − 6lc21c2 + 2c22)h
5
2ζ, (2l2c51 − 8lc31c2 + 6c1c

2
2)h

5
2ζ)

= gr(2h5
2ζ), )&:(#"T$'59&:()[:&! #"\=)3C+, -DE(#+

(CH6(X (α1, α2)) : A6) = 2.
²Z3C 0�!O4+,rs+, I$@7KO��w$'�!=#OC+n;)+qrw(#O4$63C1#O43C*@�?$'3C&! ·^c10�!59$63C+AOCOC+@f�;#+

CH∗(X (α2))
+,"9$

(h1
2)

2 = lh2
2,

(h1
2)

3 = 2lh3
2,

(h1
2)

4 = 2l2h4
2,

(h1
2)

5 = 2l2h5
2.
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X (α2)

2I:

7¬�!O4P:56Bl$'&:(#"% )&:"%+AFe&:59$,78O4+� #&:rm=)56+
l
59+,"p$'+�;#&: )*�>9(#"6DE(#+-O W 3C #;#BL$'+A56rs3C #B U�A &!(#59$'�! I$@7 #&:()"l1&:()[!&: #"<"634P: 0�!O4+,5mDE(#+�O�uv3Crl�!P:+l;#+
h1

2

;0�! #"
CH∗(X (α1, α2))

1#�!5%O�ux�!1#1#O43C*,�2$'34&: 
pr∗ : CH∗(X (α2) → CH∗(X (α1, α2))

7Z�!1#1)OC3C*,�2$'34&: �3C #;#()34$'+l10�!5�O����#=#5'�2$63C&: �1#56&}>9+,* N$'3G[:+270+,"9$�(# )+q*A&:rm=#34 0�!34"6&: �;#+
g1 +A$ h1 U j] ª;�ux�!()$656+n$'+A56rs+,"A7

pr∗(h1
2) = ag1 + bh1

�@[:+A*
a
+A$
b
;0�! )" Gq71#56+Arl34+,59"�+, I$656+m+A(KJ·1)(#3C"9DR()+%O�uvB,OCBArl+A I$

pr∗(h1
2)
1e+A()$ntL$'56+�*/.#&:34"63

*,&!rlrs+n(# �;#+,"_P:BA #B,56�2$'+A(#56"�;#+
CH1(X (α1, α2)) U ��+o1#OC(#"A7# #&:()"��@[:&! #"

lpr∗(h2
2) = (pr∗(h1

2))
2 = (3a2 + 2ab)g1 + (b2 + 2ab)h2,

*,+SDR()3K34rl1&:"6+��!(RJw )&:rm=#59+,"
a
+L$
b
;�uvtA$656+S1#�!3C59"Z"93

l
O�uv+,"p$@7?*,+YDR()3K+A E$656+A5'�!3G$8+A m*,&: I$65'�!;#34* N$'34&: ��@[:+A*nOC+�a`�!34$SDR()+

a
+A$
b
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�	� deg(−) 
������������� �������*
�� �� �&
�� ��� 0 � ��� ��������� � �, "  ����� 
���+ +-��� ��� .
A �!5Z�!3CO4OC+A(#56"A7 W $'&!()$'+�*,&:5956+A"61&: #;0�! )*,+ f ;#+ Hom(X, Y )

72&! w1+,()$b�!"6&R*,34+,5X"'���@z?� (Z��)
�]|�,� tf = τ∗(f)

;0�! #"
Hom(Y,X)

;#BL�0 #34+ W O�u°�!34;#+�;#+oOC�<1+,59rm()$'�2$'34&: �;#+,"_1&:3C I$6" �

τ : X × Y → Y ×X
(x, y) 7→ (y, x).

jd K�0 �7!"93
X
+,"9$b(# #+Y[2�!593CBL$'BS;)BA�0 #34+S"9(#5bOC+�*,&!561#"b;)+S=0�!"9+

k
+L$! 

/k
() #+S+gJK$6+, #"93C&: %;)+

*,&!561#"A72&: w;#B,"93CP: #+Y10�!5
X " OC��[2�!593CBA$6B X ;#BA�# #3C+Y"6(#5# �^`3 U + U OC��[2�!5634BA$6B X× $�%'&)( k

�K1+,** �f U
©  ·;#3G$��2OC&:59"\DE(�uv(# ·*LhK*AOC+ f ;#+ CH∗(X " ) +A"9$ � ��>k(Z���@~�z k "63 f +,"9$�;0�! #"�O�uv3Crl�!P:+n;#+O�uv.#&:rs&:rs&:561).#3C"9rl+�;#+o56+A"9$'593C*L$'3C&! 

56+," " /k : CH∗(X) → CH∗(X " )
*,&!5656+A"61&: #;0�2 E$��2(�1#(#OCO N =0�2*,+s;)(�rl&:591#.#34"6rs+\*,�! #&: #34DE(#+ X " → X U ��+nrst,rs+!7R&: �;#345'�DE(�uv(# #+s�:|{z?z}�R�,�]|F( � � (X�:���R�A� � ��>�(X�`���@~�z

k
7H"63Z+,O4OC+wO�ux+A"9$n+A $/�! I$nDE(#+%*LhK*AOC+ U ���! #"O��%"9(#34$6+q;)+q*A+q$6+LJR$'+270&: �1#56BLacQ,56+A56+A5'�l;)3C56+n;Hux(# ª*AhR*,O4+o&:(ª;Hux(# )+�*A&:5659+,"61&: #;#�! #*,+q;#BL�0 #3

"6()5
k
DE(�uv3COd^c&:(�+,OCO4+ifY+A"9$�z}�)�}�c|F(�(��R���c� U

� +,"m1#59B,O43Crs3C 0�!3456+A"�$'+,59rl34 #B,"A7Z )&:(#"%�!O4OC&: )"qrl�!34 E$6+, 0�2 E$w #&:(#"�+,rs1#OC&ih!+,5 W 1)56&:()[!+,5DE(#+%OC+A"�;#+A(KJ·[2�!593CBL$'B,"
X (α1)

+L$
X (α2)

"9&: I$n3C"9&:rl&!561#.#+A"�;0�2 #"�O��s*@�2$6B,P:&!563C+
Corr0(k)+A$�DE(#+q10�!5T*A&: #"6BADE(#+, I$�34O�",ux�!P:3G$T=#34+, �;�ux() ª34"6&:rs&:561).#3C"9rl+\rl&!$634[R3CDE(#+ U



� < < U � � .#BA&:56QArl+o;#+o #34OC1&!$'+A #*,+n+L$_*,&: #"9B,DE(#+A #*,+

A &:(#5-1#56&!()[:+A5�*A+A$�3C"9&:rs&:561#.)3C"6rs+!7d #&!(#"��!OCO4&: #"�1)56&R*,B,;)+,5-+, $'59&:3C"�BL$/�!1+," U|A &:()5*A&:rsrl+A #*,+A5,78 )&:(#"<�!O4OC&: #"�1#56&!()[:+A5%(# �$'.#BA&:56QArl+�;)+� #3CO41e&!$6+, #*A+�1&:(#5
X (α2)

*,&:rsrl+
 ���\® � � O�u°� a`�!3G$�1&:(#5sOC+ª*@�!"l;#+,"�DE(0�2;#5634DR()+,"�;0�2 #"·± ��&!" ::¶2´ U jd )"6(#3G$'+!7Y #&:(#"��!OCO4&: #"+gJK.#3C=+,5m() �3C"9&:rl&!561#.#34"6rs+l+A I$'56+�OC+,"q[2�!5634BA$'BA"

X (α1)
+L$

X (α2)
O4&:56"9DE(�ux+AOCO4+,"w"9&: I$%;#B N1)OC&ih:BA+,"�1#()3C"�;)+·O W 7dP:5��!*,+ W  #&!$656+¬$6.#B,&!56Q,rs+¬;)+· #3CO41e&2$'+, )*,+!7d #&!(#"�1#59&:()[:+A56&: )"�DE(#+O�ux34"6&:rs&:591#.#3C"9rl+ W OC3C+A(�+, -$'&:(K$'+oP:B, )B,5'�2OC34$6B UBL$/�!=#O43C"9"6&: #"_rl�!3C I$6+, 0�! I$T )&!$'59+o$6.#B,&!56Q,rs+o;#+o #3CO41e&2$'+, )*,+�1&:(#5
X (α2) U

�"��� ����� � ���� � !"� �"������� � � �������S� � � � ���	� �"� � ���

� &:()$Y;�ux�!=e&!56;�7I #&!(#"S�2OCOC&! #"]B, #&! #*,+A5S(# l56B,"9(#O4$'�2$�BA$'�!=#OC301#�!5  � ��®�� �¬;0�! #"\± ��&:" ::¶K7
9,³,´ UX©  k;#BA"634P: #+<;#&: #*<10�25 X +L$

B
;)+,(KJ [2�!593CBL$'B,"o�2OCP:BA=#5634DR()+,"oOC34"6"6+A"n"6(#5oO4+%*,&:591#"o;#+

=#�!"6+
k
+A$l1#5

1 : B × X → B
O�� 1#56+Arl34Q,59+�1#56&?>9+A*A$63C&: U6A &:(#5%$'&!()$sB,OCBArl+A I$ b ;#+ B 7

Xb = Spec k(b) ×k X
;#BA"634P: #+mOC�s�0=#59+%�!( N ;#+,"9"6(#"�;#+ b &� k(b) +A"9$nO4+w*,&!561#"�59B,"93C;#(#+AO�2( 1e&:34 I$

b U�W $6&:()$'+w*,&:5956+,"91e&! #;0�! #*A+ f ;#+
End(X)

7e&: 1+,()$o�2"6"6&R*,34+,5�1#�!5�+LJR$6+, #"93C&: 
;)+,"T"6*,�!O��23C56+A"S(# -BAOCB,rs+, I$

fb
;#+

EndCorr
0(k(b))(Xb)

7#O�uvB,O4B,rs+, I$M&:=K$'+, E(-10�!5Y*/.0�! #P!+,rs+, I$
;)+q=#�!"6+ U©  ª�<�!OC&!56"

qz}|{�]|e�,�c�}�c|F(���������-���!¦�� ��� � �,� f � � ������+-��� � 
�� End(X) ����� � � �

(fb)∗ (CHi(Xb)) = 0

" � �� �� � ��� b 
 $��% B ��� � � ��� i 
 $��% {0, . . . , dimB} .�� � �  

f (1+dimB) ◦ Hom(B,X) = 0.

� On+A"9$�*,OC�!3C5lDR(Hux34*,3�7SO���1#(#34"6"6�! #*,+k;#+
f
+A"9$�1#593C"6+ ;#�! #"-O�ux�! # #+,�!(

End(X) UT§ &!(#"BL$/�!=)OC3C"9"6&: )"Tr��!34 I$'+, #�! I$_OC+n56BA"6(#OG$/�2$_"9(#34[2�! I$ �
�d�'# #���� ��� $ �	$� � ���#� X (α2)

���� 
��#" � � � ��� � � � $ $�� �  � " � �  � � ��� �,� 
�� ��� i 
 $��%
� � ���% ��+�� ��� {1, . . . , 5}

CHi(X (α1) × X (α2)) ' ⊕i
j=0 CHj(X (α1)) ⊗ CHi−j(X (α2))

��� "%$� !� � �% � � � ��� �

End(X (α2)) = ⊕5
i=0 End �

(
CHi(X (α2))

)
.

/ ��+ � �%��0 ($��1� � � . � &:()$�;�ux�!=&:56;�7I )&:(#"d"'�@[:&! #"S;�ux�!1#59Q,"\±xµo�!56¶)³!7 9 � ´{DE(#+ X (α2)×X (α2)1&:"9"6Q,;)+\(# )+�"p$'59(#*A$6(#56+�*,+AOCOC()O��!3456+�DR()+\O�ux&: %1+,(K$Y;)B,;#(#3456+_;#+_*,+AOCO4+M;#+
X (α2) UqA &:(#5d*,+AO��)7&! srw(# #34$bOC+,"d*A&:(#1#O4+,"];�uv3C #;)3C*,+A"

(i, j)
;#+

{1, . . . , 5}×{1, . . . , 5}
;#+TO��n59+,O��?$'3C&! m;�uv&:56;#59+

^c10�!5p$'3C+AO f
(i′, j ′) < (i, j) ⇐⇒ i′ < i

&�-"63
i′ = i

+L$
j ′ < j



V ux34"6&:rs&:591#.#3C"9rl+�rl&!$634[R3CDE(#+ � 2

+A$�&: �;#BL�0 #34$��2OC&:59"MOC+A"�*A+,O4OC(#O4+,"M;#(�1#59&K;#()34$_10�!5

(X (α2) × X (α2))(i,j) =
⋃

(i′,j′)≤(i,j)

Xi′ × Xj′

= Xi−1 ×X (α2) ∪ Xi × Xj,

OC+�*@�!"�;�uxBAPI�!O434$'B
(i′, j ′) = (i, j)

BL$/�! I$�=#3C+A ·+, I$'+A #;#(k*,+AOC(#3ZDE(#+mO�uv&: ª3Crl�!P:3C )+ U ��+mO W 73CO+,"p$�*AO��!345�DE(#+�1#(#34"6DE(#+wO4+,"�*,OC�!"6"9+,"�;)+w*,+AOCO4(#OC+A"�+A #P:+A #;#56+A I$nOC+A"��! ) #+@�!(RJ·;#+<«�Z®�¯�DE(#+
1&:(#5T$'&:(K$

i
;#�! #"

{0, . . . , 5}
 #&:(#"��@[:&: )"\(# �3C"9&:rs&:561#.)3C"6rs+

⊕i
j=0 CHj(X (α2)) ⊗ CHi−j(X (α2)) ' CHi(X (α2) ×X (α2))

+A$�DE(�uv+, ª10�!59$63C*A(#OC34+,5,7

CH5(X (α2) × X (α2)) ' ⊕5
j=0 CHj(X (α2)) ⊗ CH5−j(X (α2)).

� 34 #"63�7#3COH+, �;#B,*A&:(#OC+nDE(#+

End(X (α2)) = CH5(X (α2) × X (α2)) ' ⊕i
j=0 CHj(X (α2)) ⊗ CHi−j(X (α2)).

��+ O�ux+gJ)34"9$6+, #*A+·;#+·OC��"9$656(#*L$'(#59+·*,+AOCO4(#O��!3456+-;#+
X (α2)

 #&:(#"�"6�@[:&: #"�DE(#+¬1e&:()5l$'&!()$
i;0�! )"

{1, . . . , 5}
CHi(X (α2)) '

G
;�uv&�

CHi(X (α2)) ⊗ CH5−i(X (α2)) ' End � (CHi(X (α2)))*,+oDE(#3�+,"p$�=#3C+A �O4+n56BA"6(#OG$/�2$��! ) #&: #*AB U
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*,+-59B,"6()O4$/�?$%+,"p$%[K56�!3M;#QA"%DE(#+-OC+�rs&!$'3GaT;�uv(# #+�[2�!5634BA$6B�",uvB,*A5634$<*A&:rsrl+l(# #+�"6&!rlrs+�;#+
1#(#34"6"6�! #*,+A"%;#(�rs&!$'3GaM;#+�� � � � U j] �a`�!34$,7�*,+L$6$'+�;#+,59 #3CQA56+�.IhR1e&2$'.#QA"6+�+A"9$%BADR()34[2�!OC+A I$'+ �1&:(#5<O��·[2�!5634BA$6B W 1&:"6"9B,;#+A5�(# #+�"9$656(#*L$'(#59+¬*A+,OCO4(#O��23C56+l+A$l*!uv+,"p$�1#59B,*A3C"6+Arl+A I$�*A+,O��kDE(#3 #&:()" W 1+,56rs3C"S;#+oO�uvBA$/�2=#OC345 U

§ &:(#"q"6&!rlrs+,"orl�!3C I$'+A 0�! I$q+, �rs+,"9(#56+s;�uvB, #&! #*,+A5w #&!$656+<$'.#BA&:56QArl+s;#+l #3CO41e&!$6+, #*A+1&:(#5_O��w[2�!593CBA$6B
X (α2) U


qz?|{�]|�@� �}�c|$(�������X�E|{z^*'#�� � � (X���c�]|0�i�'(Z�:� � � � � �,� f � � ������+-��� � 
�� � � $�� ��� $��
End(X (α2))

���  /k � ��� ��� �#���%�� � � � � ����� � � � � �*
�� � �  " !
�� ��$	 � k . � � f " = 0 
 $��%
EndCorr

0( " )(X (α2) " ) $�� �  � �,� ��� ������ ��� � � +��  �!��� �1� �� n ����� � � � fn = 0 .
���k[�b@Y'` . [�Zfifl g�`a_ jm_��
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� � . _eY&i 1 [�X��4Yfl�` [�j^�eg�W��S]=W	Y&l8iflaW�b g��e`8`aX^` [�laZf_�_eY&i Z\_D` [;ifla��_k_�i b@W�b ifW�i}[�`a_�	



��� < U � � .#BA&:56QArl+o;#+o #34OC1&!$'+A #*,+n+L$_*,&: #"9B,DE(#+A #*,+
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+,"p$_;#B,1)OC&ih:BA+ U� &:rsrl+ )&:(#"��@[:&: #"�BA$'�!=#O43�DE(#+

End(X (α2)) = ⊕5
i=0 End �

(
CHi(X (α2))

)
,

O4+�a`�!34$<DE(#+
f " = 0

3Crs1#OC34DE(#+� #BA*,+,"9"'�!3456+Arl+A E$lDE(#+
f = 0

BA$'�! I$�;#&! # #B-DE(�ux() #+�ac&!3C"
;)B,1#O4&}h!B!7

End(X (α2))
+,"p$�3C I[2�!563C�! I$T10�!5T+gJK$6+, #"93C&: U

A O��=H,&: #"- #&!(#"ªrl�!34 E$6+, 0�2 E$-;#�! #"�OC+ *@�2"ª&� X (α2)
 �uv+,"9$ª10�!"�;#BA1#OC&ih:BA+�+L$¬1&:(#5

*A&:rsrl+A #*,+A5,7# #&!(#"��!OCO4&: #"MBL$/�!=#O43C5MO4+n56BA"6(#OG$/�2$_34 E$6+,59rlBA;#3��!3456+�"9(#34[2�! I$ �
�d�'# #�������� � �  �� � � � x 
 $��% X (α2) � ��$ 
 �  �

X (α2)x =
� " ��� k(x) × � X (α2)

���� 
��#" � � � ��� .
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;Hux&R*A$6&: #3C&! #"
O
$'+,OSDE(#+�O��-$'5'�2*,+�56+A"9$656+,34 I$'+ W P

+,"9$<34;#+, I$63CDE(#+,rs+, I$% E(#O4OC+l+A$%DE(#+�O4+
1)56&R;#(#34$q;#+l;#+,(RJ�BAOCB,rs+, I$6"�DE(#+AOC*,&! #DE(#+,"%;#+

P
+,"9$wB,PI�2OC+,rs+, I$q E(#O UZ§ &!(#"m�@[:&! #"w;#B >6�a`�234$-56+Ar��256DE(#+,5ª�!( OC+,*L$'+A(#5�^c*Aa U "6&!(#" N "6+,*L$'34&: � U � f�DE(#+�"9&:(#"ª*,+,"ª*,&: );#34$63C&: #"A7 P +,"p$

$6&!$/�2OC+,rs+, I$S3C"6&2$'56&!1e+ UK� 3C #"93�7)OC��ac&:59rl+\DR(#�!;#5'�?$'3CDE(#+ q "6(#5 O +,"p$_3C"9&!$'59&:1e+\+A$_;�ux�!1#59Q,"TO4+
$6.#B,&!56Q,rs+�³ U 0 U ³l;#+·±8� 	�´�7 O +,"9$w10�!5q*,&: )"6B,DE(#+A I$%;#B,1&ih:BA+ Ub§ &:(#"w�i[!&: #"m;)&: #*s1#56&:(K[:BDE(#+

X (α2)x
+A"9$�;#B,1)OC&ih:BA+ U

A (#34"6DE(#+ X (α2)x
+,"p$_r��23C I$'+A 0�! I$T;#BA1#OC&ih:BA+!70+A ª()$63CO43C"'�2 E$Y*,+oDE(#+oO�uv&: W ;#B > W ;#34$T+A ;)B,=#()$q;#+s1#59+,()[!+!7�OC+ma`�!3G$oDE(#+

(fx) " = 0
3Crs1#OC34DR()+wDE(#+

fx = 0 U ��Q,"qOC&!56",7HP:5��!*A+ W OC�1)56&:1&:"63G$'34&: � ;)+  ���\®�� �b7)&�� )&:(#"M1#59+, #&! #"
B = X (α2)

+A$MDR()+�O�uv&: �1+,()$T�!1#1#O43CDE(#+,5
1)(#3C"9DR()+qOC�%*,&: #;)34$'34&: 

(fx)∗ (CHi(X (α2)x)) = 0
+A"9$_$'5934[R3��2OC+,rs+, I$Y[:B,5934�0BA+!7{ #&:()"�+A ª;)B,;#(#34"6&: )"\DE(#+

f 6 = 0

*A+YDE(#3RBA$'�!=#O434$�O4+Y59B,"6()O4$/�?$ U}V +Y )&:rm=#59+�+A I$'3C+A5 n [2�!O��2 E$X;#&! #* 1
&:(

6
"9+,O4&: �O4+d;#B,1#O4&:3C+Arl+A I$

;)+qOC�w[2�!5634BA$'B U
��QA"\O4&:56"A7# #&:()"�;)B,;#(#34"6&: )"�;)+q*A+�59B,"9(#O4$'�2$_ #&!$656+�$'.)B,&:59Q,rs+q;Hux34"6&:rs&:561).#3C"9rl+ �

� |{z}|���c�0�cz?� ������X�E|{z^*E#�� � CG���,|F#�|{z}� �Z�`�u#�� � � � � � -���������" � � � �� ��&"  ����� 
���� �#�� ��� f " ���� ��� �� � + �  " �����+-� $�� �   f ��� ���� � � $�����+-��� � ��� .
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X (α2) "

+,"p$m;#BA1#OC&ih!B,+�"6�! #"w593C+A �*/.0�! )P:+,5 W O��-*,&: )*,OC()"63C&! �;#+ #&!$656+o56BA"6(#OG$/�2$ U ��+qO W 7K+, �()$'34OC34"'�! I$TO4+�OC+Arlrs+ � 70 #&!(#"_*,&: #"p$/�2$6&: #"_DE(#+

End(X (α2)) = ⊕5
i=0 End � (CHi(X (α2)))

+A$�10�!5�*A&: #"6BADE(#+, I$�O���*A&:5659+,"91e&: );0�! #*A+
f " +A"9$�$6&!$/�!O4+,rs+, I$l;#BA$6+,56rs3C )B,+·10�25�"6&: �2* N$'34&: k"6(#5qOC+A"oP:56&:()1e+A"

CHi(X (α2))
DE(#3d"6&: I$@7�1&:(#5n$'&!()$'+A"�O4+,"n[2�!OC+A(#56"o;#+

i
1e&:"9"634=#OC+A",7

3C"9&:rs&:561#.)+," W G UR� 34 #"63�7 f " "'�2$63C"pa`�!34$ W O�uxBADE(0�2$'34&: t2 − 1 = 0
1#(#34"6DE(#+�*2ux+A"9$M() �3C"9&:rl&!5 N1#.#34"6rs+w;#+QG ;0�2 #" Go7e*2ux+A"9$ N W?N ;)3C56+�DE(#+ f 2" = (∆2) "

&�
∆2

;#B,"93CP: )+wO�uvB,O4B,rs+, I$\ #+,()$656+
;#+

End(X (α2))
^ W "'�@[:&!3C5,7IOC�n*,O��2"6"6+_;#+�O�ux�!1#1)OC3C*,�2$'34&: w;)3��!P:&! 0�!OC+S;#+ X (α2)) U �wux�!1#59Q,"�O��1#59&:1e&!"634$63C&: � 7{ #&:()"\+A ·;#B,;)(#3C"9&: #"�DE(#+

f 2 − ∆2 = g
7{&�

g
+A"9$\(# ·B,O4B,rs+, I$\ #3CO41e&!$6+, I$

+A$�+A �*A&: #*AOC(#"93C&: 
f = ∆2 + g

+,"p$\1#�!5T*,&: )"6B,DE(#+A I$�(# ��!()$6&:rs&:561#.)3C"6rs+�;#+
X (α2) U

��+,1#()3C"]DE(#+TO�ux�!()$6+,(#5b��BA$/�2=#OC3K*,+T$'.#BA&:56QArl+S;�ux34"6&:rs&:591#.#3C"9rl+Y1e&!(#5bOC+S*@�!"]10�259$'34*,(#O43C+A5
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X (α2)
7�� �C«���
		�Z® � �}® �Y7 � ��� � � ���o+L$�� �� �
	 � ��	�� ����&: I$�P:B, )B,5'�2OC3C"9B,"�*A+]56B,"9(#O4$'�2$
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W (# -P:56&:()1e+q�!O4P:B,=#593CDE(#+ U
�"�e� 
���� � �  � �"��� � � � � � ����� ���"�

� O�"Au°�2P:34$�r��23C I$'+A 0�! I$q;�uxBL$/�!=)OC3C5oO�ux34"6&:rs&:561).#3C"9rl+%rs&!$'3G[R3CDE(#+<DE(#+�O4+,"q;#+,(KJ�[2�!5634BA$6B,"
"6&!3C+, I$�;)B,1#O4&}h!B,+A"�&:(� #&: USA &!(#5�*,&!rlrs+, #*A+,5A7Y #&!(#"� #&:()"�1#O��2*,+,59&: #"l;0�! #"�O4+¬*,�!"�&�OC+A"n[!�2563CBL$'BA"

X (α1)
+L$

X (α2)
"9&: I$w;)B,1#O4&}h!B,+A" UX§ &:()"q56�!1#1+,O4&: #"oDE(#+l*A+,OC�-"93CP: )34�0+%DE(#+O�ux�!O4P:Q,=#59+�;�uv&K*L$'&: )3C&: #"T"9(#5_O��!DE(#+AOCO4+�OC+nP:59&:(#1+n;#+n$ hR1e+

G2

�!P!34$TO�ux+A"9$@7)&:(-+, #*A&:56+oDE(#+qO��
ac&:59rl+<DE(0�!;#56�2$'34DE(#+

q
;#BL�0 #34+l"9(#5�O�u°�2OCP:QA=#56+%;#+A"w&R*A$6&: #3C&! #"o+,"9$�3C"9&!$'59&:1+ U�§ &!(#"w�2OCOC&! #";#&: )*\;0�2 #"Y() �1#59+,rs3C+,5]$6+,rs1#"YBL$/�!=)OC3C5]DE(�uv3CO0+gJK3C"9$6+\() #+\*A&:5659+,"91e&: );0�! #*A+�;#+\;#+,P:59B

0
DE(#3

56B,�!OC34"6+q(# ·34"6&:rs&:561).#3C"9rl+o+, I$656+
X (α1)

+A$
X (α2) U A (#34"�;0�2 #"�(# ·"9+,*A&: #;·$'+Arl1)",7 #&:(#"�!O4OC&: #" W O�ux�!3C;)+q;)(ª$'.)B,&:59Q,rs+�;�uv3C"9&:rs&:561#.)3C"6rs+nDE(#+w )&:(#"��@[!&: #"�BL$/�!=)OC3�;0�! )"�O��<"6+A*A$63C&: 1#59B,*,BA;#+, I$6+!7�1#59&:()[!+,5�DE(#+�*,+A$9$'+m*A&:5659+,"91e&: );0�! #*A+w+,"p$n5'�?$'3C&! # #+,O4OC+n*A+wDE(#3XBA$/�2=#OC345'�s�!OC&:59"

O�uv3C"9&:rs&:561#.)3C"6rs+�+A �$6&:()$6+nP:B, #BA5'�!O434$6B U
 � ��� � � �� ����� �������

VXW +A #*,&!56+!7H*,&:rsrl+A H,&! #"�10�!5��KJ)+A5nDE(#+,O4DR()+,"o #&!$'�2$'34&: #" U �K&:3G$ j (# k+, I$'34+,5� 0�?$'(#59+,O;#+lO�uv+, #"9+,rm=#O4+
{0, . . . , 5}

7� #&!(#"m�!1)1e+AOC&: #"
hj1

OC+sP:B, #BA5'�2$6+,(#5�;#(�P:59&:(#1+
CHj(X (α1))+A$

hj2
*,+AOC(#3;#+

CHj(X (α2)) U)V +A"S56+AO��2$63C&: )"�rw(#O4$63C1#O43C*@�?$'34[!+,"]+A E$656+�*A+,"YP:B, #BA5'�2$6+,(#59"M"6&! E$*,OC�!"6"93CDE(#+A"8;0�! )"ZO4+Y*,�!"Z;)+SO��TDE(0�!;)563CDE(#+
X (α1)

+L$8;)+,1#(#34"ZOC��"9&:(#" N "6+A*A$63C&: � U � U � ^`1#59+,"6DE(#+$'&2$/�!O4+,rs+, I$gfw;#BL$'+A56rs3C #BA+,"<;0�! #"<O4+�*@�!"<;#+
X (α2) U6A &:(#5<1#59&:()[:+A5l*A+A$s3C"9&:rs&:561#.)3C"6rs+!7 #&:()"S�!O4OC&: )"]+LJK.#3C=+,5�;#+A(KJl*,&:5956+,"91e&! #;0�! #*A+,"
f
+A$
g
7
f
;0�! )"

Hom(X (α1),X (α2))
+A$
g
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;#�! #"
Hom(X (α2),X (α1))

$'+AOCO4+,"bDE(#+
g◦f = ∆1

+L$
f ◦g = ∆2

&�
∆1

+A$
∆2

;#B,"93CP: #+A I$
59+,"91e+A*A$'3G[:+Arl+A E$oOC�l*AO��!"9"6+m;#+wO�ux�!1#1#O43C*@�?$'3C&! ª;#3C�!P:&: #�!OC+o;#+

X (α1)
+A$

X (α2) U j] *,+%DE(#3*A&: #*A+,56 )+
∆1

7#*A+A$6$6+�*A&:5659+,"91e&: );0�! #*A+�+A"9$�;#B¨> W *A&: # E(#+!7

∆1 =

5∑

i=0

hi1 × h5−i
1 .

j] �56+L[!�2 #*/.#+!7{34OH[2�< )&:(#"Ta`�!OCO4&:3C5�+LJK1#O43C*A34$'+A5
∆2 Uj] �P!(#3C"9+%;#+<1#56BAOC3Crs3C #�!3C59+!7{"634P: 0�!O4&: #"o�!(�OC+A*A$'+A(#5oDE(#+!7�*A&:rlrs+%OC+A"n[!�2563CBL$'BA"

X (α1)+L$
X (α2)

&! E$�$'&:()$6+,"�O4+,"�;)+,(KJ �o(# #+m"p$'59(#*A$6(#56+%*A+,OCO4(#O��23C56+<7
X (α1) × X (α1)

7
X (α1) ×

X (α2)
7
X (α2) × X (α1)

+A$
X (α2) × X (α2)

+A �&: I$mBAPI�!O4+,rs+, I$w() #+�DE(#+�O�ux&! �;#BA;#(#3G$
;)+�*,+,O4OC+�;)+

X (α1)
+A$

X (α2)
^c[!&:3C5�±xµo�!56¶)³:7b�\BA� U �KU � ´�f U]§ &:(#"<�@[:&! #"<;�u°�23COCO4+,(#59"w;#B > Wrs&: I$'59Bm;0�! )"nO���1#59+,()[!+<;#( OC+Arlrs+ � DE(#+%*A+A$6$6+%"9$656(#*L$'(#59+s"9+%;#B,*A563G[!�234$\+, krm(# #34"6"6�! I$O4+,"Z*,&:(#1)OC+,"

(i, j)
;#+MO�ux+A #"6+Arm=#OC+

{0, . . . , 5}×{1, . . . , 5}
;�ux() #+T56+AO��2$63C&: �;�ux&!56;#59+M10�!5p$'3C+AO U

� +A*,3� #&:()"�1+,59rl+L$��!OC&!56"M;�uvBA$'�!=#O43C5TOC+n59B,"9(#O4$'�2$_"6(#3G[2�! I$ �
�d�'# #���� ��� � �  �� � � � �,� 
�� ��� l 
 $��% {0, . . . , 5} � ����&$�" " � � � $��1� � �%

⊕l
m=0 CHm(X (αi)) ⊗ CH5−m(X (αj)) → CHl(X (αi) × X (αj))

(f ⊗ g) 7→ f × g

�	� i ��� j "%$� � � �  ��� � {1, 2} �  � � � 
������ � + �  " �����+-�� .
/ ��+ � �%��0 ($��1� � � . ���2 #"wO4+lO4+,rsrl+ � 7� #&:()"m�@[:&: )"m;#B¨> W BA$'�!=#OC3d*A+�56BA"6(#OG$/�2$�;0�! )"wOC+s*@�2"&�

i = j = 2 U A &:()5�O4+,"_*@�2"�59+,"p$/�! I$@70OC�%;#B,rs&: #"p$'5'�?$'3C&! �+,"9$�+gJ#�2*A$'+Arl+A I$�OC�mrltArl+ U
� +M59B,"9(#O4$'�2$8+A"9$8+, wa`�!3G$81)OC(#"XP:B, )B,5'�2O�7}3COE+,"p$b+A %+AFe+A$8[!B,5934�0BY;#Q,"bDE(#+YOC+A"8;#+A(KJq[!�2563CBL$'BA"�2;#rl+L$6$6+, I$�(# #+o"9$656(#*L$'(#59+�*A+,OCO4(#O��23C56+ U��+�*,+�;#+A56 #34+,5dOC+Arlrs+!7: )&:(#"d;#B,;)(#3C"9&: #"Y�!3C #"930DE(#+\O4+,"dP:BA #B,56�2$'+A(#56"�;#+

CH∗(X (αi)×
X (αj))

",uv+LJK1#593Crs+, I$T+, �ac&: )*A$'34&: �;#+n*A+,(KJ�;#+
CH∗(X (α1))

+A$
CH∗(X (α2)) U j] -10�!5p$'3 N*A(#OC34+,5A7R )&:(#"S59+,rl�!56DE(#&! #"SDE(�uv+, �$'�! I$SDE(�ux�! # #+,�!(KJe7#34OC"d"6&: I$S"'�! #"Y$'&:59"63C&! l+L$M56+L$'59&:()[:&! #"

;)+q*A+A$9$'+na`�IH,&! ª(# �56BA"6(#OG$/�2$_;)B¨> W BA$'�!=#OC3H;0�! #"q±vµ NR*u:)³:7 � &:5 U ³ U 2?´ U
� +A*,3�BA$/�2 E$�;#3G$@7� #&:()"�"9&:rlrs+,"orl�!3C I$6+, 0�! I$q+, �rl+A"6(#59+�;�uv+, �;#B,;)(#3C59+lO�ux+gJ)1)56+,"9"634&: ;)+
∆2

70�21#1#OC34*@�2$63C&: �;#3��!P!&: 0�!O4+�;#+
X (α2)

�

�d�'# #���� �

∆2 =

5∑

i=0

hi2 × h5−i
2

� �E[ Y&ifZ\X@gVi\X^Z\_�g�_e`8`aX^` [�laZf_kjm_
X (α1)

^la_Db c	X^_�b^W�b4jm�egDZfl8if_�lagDl=_ Y+i _Db�1 [�l8i gD`a[�YfYflac	X^_�_�i ^l8_eb gDW�b^buX^_ 	
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i=0 h

i
2 × h5−i

2

�!P:34$�$'5934[R3��!O4+,rs+, I$m"9(#5%OC+A"%P:B, )B,5'�?$'+,()56"<;#+�O�ux�! # )+@�!(
End(X (α2)) =

CH5(X (α2) × X (α2)) U�wu°�21#56QA"�O4+nOC+Arlrs+ 2m #&:(#"\�@[:&: )" �

(hi2 × h5−i
2 ) ◦ (hj2 × h5−j

2 ) =

{
deg(h5−j

2 · hi2)(h
j
2 × h5−i

2 )
"63
i = j

0
"634 #&: 

&�
deg(h5−i

2 ·hi2)
;#B,"93CP: #+_O4+�;)+,P:59B�;)(

0 N *AhR*,O4+ h5−i
2 ·hi2 U ��Q,"�OC&:59",7:;#�! #"�OC+_*@�!"d&� i = j

7
 #&:()"�;)+A[:&! #"d;#&: #*_*@�2OC*,()OC+,58OC+M1#59&K;)(#34$

h5−i
2 ·hi2

1&:(#58$6&:()$'+A"dOC+,"b[2�!O4+,(#59"b;#+
j
1&:"9"63C=)OC+,"A7

W "'�@[!&:3C5 0
7
1
+L$

2 U � OZ+,"p$n$'&:()$�;�u°�2=e&:59; *,OC�!3C5�+, [:+A59$6(�;)+%*,+mDE(#+% #&!(#"o�@[:&: #"o*,�!OC*A(#OCBDE(#+
h0

2 · h
5
2 = h5

2 · h
0
2 = h5

2+A$�DE(#+
h1

2 · h
4
2 = h4

2 · h
1
2 = h5

2.���! #"_OC+n*,�!"_56+A"9$/�2 E$,70*!uv+,"p$ N¨W}N ;#3456+ j = 2
7# #&:()"�*,�!OC*A(#OC&! #"M$'&:(K$_;�u°�2=e&:59;

2h2
2 · h

3
2 = (h1

2)
2 · h3

2

= h1
2 · 2h

4
2

= 2h5
2

+A$�10�25T*,&: #"9B,DE(#+A E$� #&:(#"�+, �;#BA;#(#3C"9&: #"_DE(#+

h2
2 · h

3
2 = h3

2 · h
2
2 = h5

2,

+, -[:+A59$6(¬;#+oDE(#&:3� #&!(#"_"6&:rsrl+A"T+, �rl+A"6(#59+o;#+o*,&: #*AOC(#59+oDR()+

deg(h5−j
2 · hj2) = deg(h5

2) = 1

1&:(#5T$'&:(K$�34 #;#3C*A+
j
;#+qO�uv+, #"9+,rm=#O4+

{0, . . . , 5} U j] ¬+AFe+A$,7{1#(#3C"9DE(#+ X (α2)
+,"9$\;#BA1#OC&ih:BA+!7

 #&:()"o�i[!&: #"
h5

2 = [X0]
+A$n34OZ+A"9$n*AO��!345\DE(#+

[k(X0) : k] = 1 U ��+%O W 7 )&:(#"n+, ;)B,;#(#34"6&: )"DE(#+q1e&:()5M$'&:()$_34 #;#34*,+
j
7

(

5∑

i=0

hi2 × h5−i
2 ) ◦ (hj2 × h5−j

2 ) = hj2 × h5−j
2

+A$�;#+oO�ux(# )3C*,3G$'B�;)+qO�uxBAOCBArl+A E$M #+,()$656+q #&:(#"_1&:()[!&: #"�*,&: #*AOC(#59+nDE(#+

∆2 =

5∑

i=0

hi2 × h5−i
2 .
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 $������

J =
5∑

i=0

hi1 × h5−i
2


�� � � ���% ��+�� ��� CH5(X (α1) × X (α2)) = Hom(X (α1),X (α2)) �  �� $�� �� � � � �� � + �  �" �����+-� + � �0� � � � � � ��� �0 � X (α1)
��� X (α2)


 � � ��� � �,� ����  � �������$ � �  � ��#" � � 
 $������ �1 ($��% �" �  ��� tJ .
/ ��+ � �%��0 ($��1� � � .�§ &:(#"Y�!OCO4&: #"b1#59&:()[!+,5SDE(#+ J ◦t J = ∆2 U'A &!(#5Y*A+,OC�o )&:(#"�()$'34OC3C"9&: #"](# )+ac&!3C"T+, )*,&:59+qO4+nOC+Arlrs+ 2m1e&!(#5T*@�!O4*,(#O4+,5 �

(hi1 × h5−i
2 ) ◦ (hj2 × h5−j

1 ) =

{
deg(h5−j

1 · hi1)(h
j
2 × h5−i

2 )
"93
i = j

0
"93C #&! 

+L$�O W +, )*,&:59+q )&:(#"\�i[!&: #"
deg(h5−j

1 · hi1) = deg(h5
1) = 1

1)(#3C"9DR()+
(h1

1)
2 = h2

1

(h1
1)

3 = 2h3
1

(h1
1)

4 = 2h4
1

(h1
1)

5 = 2h5
1*A&:rsrl+�OC+�OC+A*A$'+A(#5s1e&:()565'��",uv+, �!"9"6(#59+,5�+A �*,&! #"6(#OG$/�! I$·±xµo�!5 ::¶?´ U�A �!5�*A&: #"9B,DE(#+, I$,7M3CO[R34+, I$_$'&:()$_ #�2$'(#59+,O4OC+,rs+, I$T+A ª;)BA[:+AOC&:1)10�! I$�DE(#+

J ◦t J =

5∑

i=0

hi2 × h5−i
2 = ∆2.

�\+�rst,rs+!78+, *@�!O4*,(#OC�! I$ tJ ◦ J
7b&! $656&:()[!+-+, 1#56&R*,BA;0�! I$s+LJ)�!*A$6+,rs+, I$l;#+-O��·rst,rs+

rl�! #34Q,59+�+A$�+, �()$63COC34"'�! I$TO4+,"T59B,"6()O4$/�?$'"_;#+oO��m1#59+,()[!+�;)(ªO4+,rsrl+ :K7#DE(#+
tJ ◦ J = ∆1.

� 3C #"93�7 J 56B,�!OC34"6+!7i*A&:rsrl+��! # )&: #*,B272() m3C"9&:rl&!561#.#34"6rs+brs&!$'3G[K34DE(#+d+, I$'59+ X (α1)
+A$

X (α2)1)(#3C"9DR()+q*A+A$9$'+q*,&:5956+,"91e&! #;0�! #*A+�1&:"9"6Q,;)+�(# �3C I[!+,56"9+ W ;#59&:34$6+�+A$ W PI�!(#*/.)+ U
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 � ����� � �� ���� � ��� ��� � 	
� 1#59B,"9+, I$%OC+A"�[2�!593CBA$6B,"

X (α1)
+L$

X (α2)
"6&: I$%"9(#1#1&:"6BA+,"%�2 #3C"9&!$'59&:1e+A"�^c3 U + U  #&: ;#BA1#OC&ih:BA+,"'fY"6(#5YOC+�*,&:591#"S;)+�=0�!"9+

k UR§ &:(#"S*A&: #"93C;#BA56&: #"S�!OC&!56" 	�(# #+�*AO-,!$6(#56+\�!OCP!B,=#593CDE(#+
;#+

k
^c&��1#OC()"%"63Crs1#O4+,rs+, I$m(# )+�+LJR$'+A #"634&: �DR(#�!;#5'�?$'3CDE(#+�;)+

k
"9(#5%O��2DR()+,OCO4+�O�u°�!O4P:Q,=)56+

;#+A"�&R*A$6&: #34&: #"
O
+,"9$�;#B,1#O4&ih:B,+@f�+A$-OC+A"�[2�!5634BA$6B,"

X (α1) � = X (α1) × $�%'& ( k
�K1e+A* 	

+A$
X (α2) � = X (α2) × $�%'&)( k

�R1e+A* 	 DE(#3]"9&: I$@7�+AOCOC+A",7�;)B,1#O4&}h!B,+A" U8� &:rlrs+m1#59B,*AB,;#+Ar Nrs+, I$@7E #&:()"S;#BA"63CP! #&: #"S�!OC&:59"d10�!5
hi1
+A$
hi2
OC+,"�P:BA #B,56�2$'+A(#56"Y56+,"91e+A*A$634ac"S;)+

CHi(X (α1) � )+A$
CHi(X (α2) � )

1&:(#5\$6&:()$
i
;0�! )"�O�uv+, #"9+,rm=)OC+

{0, . . . , 5} UH§ &:(#"��! # #&: H,&: #"�r��!34 I$'+ N 0�! I$ �

qz?|{�]|�@� �}�c|$( � �	� $ � �   ��#" � � 
 $������

J =

5∑

i=0

hi1 × h5−i
2


�� CH5(X (α1) � ×X (α2) � ) = Hom(X (α1) � ,X (α2) � )
����  ($��0� � � �����,��� .

/ ��+ � �%��1 ($��0� � � . �K(#5-OC+ *A&:561#" 	�7_OC+A"�[!�2563CBL$'BA" X (α1) �
+A$

X (α2) �
"9&: I$¬;#BA1#OC&ih!B,+,"

+A$��!;#rs+A$9$'+A E$s10�25s*A&: #"9B,DE(#+, I$�(# #+�"9$'59(#*A$6(#56+�*,+AOCO4(#O��!3456+ Ub§ &!(#"<5'�!1#1+,O4&: #"<;#&: )*ªDE(#+;�ux�!1#59Q,"�OC+nOC+Arlrs+ � 7

⊕j
i=0 CHi(X (α1) � ) ⊗ CHj−i(X (α2) � ) ' CHj(X (α1) � × X (α2) � )

1&:(#5S$6&:()$
j
;0�! #"TO�ux+A #"6+Arm=#OC+

{0, . . . , 5} U ��QA"TOC&:59",7 CH∗(X (α1) � ×X (α2) � )
+A"9$_*AO��!3 N56+Arl+A I$w+A #P:+, );#56B�1#�!5oOC+,"qB,O4B,rs+, I$'"q;#+lO���ac&:56rs+

hi1 × hj−i2 UZ� +,"�1#56BAOC34rl34 0�!3C59+,"��KJ)BA",7 #&:()"<�!OCO4&: #"m�2OC&:59"m1#56&R*,BA;#+,5%+A �1#OC(#"93C+A(#56"%BL$/�!1+,"%1&:(#5%1#59&:()[!+,5%O��·56�2$'34&: 0�!O434$6Bs;)+
J U

A &!(#5_*,&:rsrl+A #*,+A5,70 #&!(#"��!OCO4&: #"M;#BArl&! E$656+A5TOC+,"_;#+A(KJ-O4+,rsrl+A"T"6(#3G[!�2 E$6" �
�d�E# #���� � � � �!��� ����� h1

2

 $��% CH1(X (α2) � )

����  $��1� � � ����� .
/ ��+ � �%��1 ($��0� � � .\� +�59B,"6()O4$/�?$\1+,(K$�tL$'56+o[R(¬*A&:rlrs+n(# #+q*,&! #"6BADR()+, #*A+%;#+�OC�%*,&: #"p$'59(#* N$'34&: �;#+�OC��"p$'56()*A$'()56+�*A+,O4OC(#OC�!3C59+%;#+

X (α2) �SU j] �+AFe+A$,7ZO4&:56"9DE(#+l )&:(#"wO�u°�@[!&: #"q*@�!O4*,(#O4B,+^`*La U "6+,*L$'34&: � U ³}fg7I #&:(#"��@[:&! #"Srs&: I$'59B�DE(#+�OC+_1#59+,rs3C+A5b$'+,59rl+_;#+_OC�n�#O4$'56�2$'34&: s�!;#rs+A$9$/�!3G$1&:(#5
R N 1&:3C I$6"o^`&� R +,"p$\() ªBAOCB,rs+, I$�;#+

Alg(k)
fTO�ux+A #"6+Arm=#O4+ �

X4(R) = {P ∈ X (α2)(R) | rg(P ∩ (V7)R) > 2, rg(P ∩ (V5)R) > 1}

+A$lO��k*,OC�!"6"9+ª;)+ª*A+A$6$6+�[2�!593CBL$'B-rl&R;#(#O4&kB,DE(#34[2�!O4+, #*A+ª56�2$'34&: # #+AOCO4+�+,"p$o>9(#"p$'+Arl+A E$� #&!$656+
B,O4B,rs+, I$

h1
2 U �wux�!()$656+_10�!5p$@7:O4+TP:56&:()1e+T;#+n«�X®�¯ ;#+_O���P!5'�!"9"6rl�! # #34+, # #+

Γ2(H) �
�nBAPI� NOC+Arl+A I$8(# w"6+,()O)P:BA #B,56�2$'+A(#58+A m*,&R;#3Crs+, )"63C&! 

1
7 W "'�@[:&!3C58OC�_[2�!593CBL$'B�;#+ ����������
	�� X(1,0);#&: I$� #&:()"�56�!1#1+,O4&: #"TDE(#+qO�uv+, #"9+,rm=#O4+n;#+,"

R N 1&:34 E$6"M+,"p$\1#56BA*,3C"9+,rs+, I$

X(1,0)(R) = {P ∈ Γ2(H)(R) | rg(P ∩ (V7)R) > 2, rg(P ∩ (V5)R) > 1}.
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§ &:(#"S*A&: #"p$/�2$6&: #"M�23C #"93DE(#+ X4(R) = X (α2)(R)∩X(1,0)(R)
1&:(#5]$'&!()$'+��!OCP:QA=#56+

R;)+
Alg(k)

+L$�*,&:rsrl+� #&:(#"��@[:&: )"\;#+o1#O4(#"
codimX (α2) X4 = codimΓ2(H) X (α2) ∩X(0,1)

�2OC&:59",78O�ux34r��2P:+�;#(�P:BA #B,56�2$'+A(#5<;#+
CH1(Γ(H)K)

+,"p$s+LJ)�!*A$6+,rs+, I$
h1

2 = [X4] U � OT #&:()"a`�2()$�rl�!3C I$6+, 0�! I$\BA$'�!=#OC345_O��l56�2$'34&: 0�!O434$6Bn;#+m*,+w*AhR*,O4+ U A &:(#5\*,+,OC�)7 #&:(#"�*A&: #"93C;#BA56&: #"\OC+A"1)(#OCO N =0�!*,+l;#+,"_+gJK$6+, #"93C&: )"\;#+A"_"6*@�2O��!3456+,"
X (α2) � −→ X (α2)

+A$
Γ2(H) � −→ Γ2(H)

*2ux+A"9$ N¨W?N ;#3C59+nOC+,"_�21#1#OC34*@�2$63C&: )"
res � /k : CH1(X (α2)) −→ CH1(X (α2) � )

+L$
res � /k : CH1(Γ2(H)) −→ CH1(Γ2(H) � ).

� O{+A"9$Mrl�!34 E$6+, 0�2 E$�+A E$6+, #;)(�DR(Hux(# )+�=0�!"9+� #&:59r��2OC+T �uv+LJK3C"p$'+\10�!"S"9(#5�OC+�*,&:591#"S;#+�=0�!"9+
k
7

$6&:()$6+Aac&:34"�*,&:rsrs+w #&:()"qO�u°�@[!&: #"n;#B > W "63CP! 0�!OCB27H �uv3Crs1&:59$6+wDE(#+,O4OC+m=#�!"6+<1+,56rs+A$�;#+%;#BA� N )3C5�$6&:()$'+A"nOC+A"�[!�2563CBL$'BA"�;#+ �����������	���;�uv(# #+%P:56�!"6"9r��! ) #3C+A # #+%+A$oO4+,"n*AO��!"9"6+,"nrs&R;#(#OC&
BADE(#34[2�!O4+, #*A+�5'�2$63C&: ) #+,O4OC+<;#+�*,+A"m[2�!5634BA$'BA"�ac&:59rl+A I$%(# �"9hR"p$'Q,rs+�;#+�P!B, #BA5'�2$6+,(#59"%OC3C=)56+,"
;)+

CH∗(Γ2(H)) U ��QA"\O4&:56"A7#3CO�+A"9$�=#34+, -*,OC�!3C5MDE(#+
CH∗(Γ2(H)) ' CH∗(Γ2(H) � )

+L$\�!3C #"93�+, �*,&! #"634;#B,56�! I$\O4+n;#3��2P:5'�!rsrs+�*,&!rlrm(K$/�2$634a�"6()34[2�! I$

CH1(Γ2(H) � ) CH1(X (α2) � )

CH1(Γ2(H)) CH1(X (α2))

res � /k

 )&:(#"_+, �;#B,;)(#3C"9&: #"_DE(#+�O4+n*AhR*,O4+
h1

2

+,"p$�5'�2$63C&: # )+,O U
V +�O4+,rsrl+\"6(#3G[!�2 E$M+,"9$T�!(�"6+A #"T1#56&!1#56+nO4+�56BA"6(#OG$/�2$S*/.0�!59 #3CQA56+n1&:(#5SBL$/�!=)OC3C5YO��q5'�2$63C& N #�!OC3G$'B�;#+

J U
�d�'# #�� � � ��� � ��� ����� c = h0

1×h
3
2+h

3
1×h

0
2

�� CH3(X (α1) � ×X (α2) � )

����  ($��1� � � ����� .
/ ��+ � �%��0 ($��1� � � .OA &:(#5<BA$'�!=#OC345wOC�·5'�2$63C&: 0�2OC34$6Bl;)+ c 7b )&:(#"<*,&: )"63C;)B,56&! #"<OC+�;#3C�!P:56�!rlrs+*A&:rsrm()$/�?$'34a�"9(#34[2�! I$ �

CH3(X (α1) � ×X (α2) � )
(idX(α1) � ×p � )∗

CH3(X (α1) � (X (α2) � ))

CH3(X (α1) ×X (α2))

res � /k

(idX(α1)×p)
∗

CH3(X (α1)k(X (α2)))

res � (X(α2) � )/k(X(α2))
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&��OC+A" �0Q,*/.#+A"�.#&!563 �A&: I$/�!O4+,"M"9&: I$�O4+,"T1#()OCO N =0�!*,+E"T10�!5T56�!1#1&:59$��2(KJ-rs&:561#.)3C"6rs+,"T1)O��2$6"

idX (α1) × p : X (α1)k(X (α2)) −→ X (α1) ×X (α2)

+A$

idX (α1) � × p � : X (α1) � (X (α2) � ) −→ X (α1) � ×X (α2) �

&�
p
^`56+A"61+,*L$'34[!+,rs+, I$

p �
fM+,"9$\OC+nrs&:591#.#3C"9rl+n1&:34 E$_P!B, #BA563CDE(#+q;#+

X (α2)
^`56+A"61+,*L$'34[!+ Nrs+, I$

X (α2) �
fg7#*!uv+,"p$ N W?N ;#3456+nO4+,"_rl&!561#.#34"6rs+,"

p :
�K1+,*

k(X (α2)) −→ X (α2)

+A$

p � :
�K1e+A* 	

(X (α2) � ) −→ X (α2) � .

A �25_$65'�! )"634[R3G$'Bn;#(�1#56&R;#(#3G$M�0=#59Bl^`*Aa U ±/.�701 U 01:2´�fS #&:(#"��@[:&: )"

X (α1) × $�%'&)( k
�K1+,*

k(X (α2)) ' X (α1) × $ %�&)( k X (α2) ×X (α2)

�R1e+A*
k(X (α2))

^&< U ³}f
&��O4+�1#59&K;#()34$��0=#56Bn;)+

X (α1)× $�%'&)( k X (α2)
+A$��K1+,*

k(X (α2))
+,"9$M56B@�2OC3C"9B�10�25SOC+\rl&!5 N1#.#34"6rs+n1e&!3C I$_P:B, )B,5634DE(#+

p
+L$_10�!5

1)5
2 : X (α1) × $ %�&)( k X (α2) −→ X (α2)

O���1#56&}>9+,*A$63C&:  "6(#5lOC+�"6+A*,&: #;�a`�2*A$'+A(#5 U ��QA"�OC&!56",7d*A&:rlrs+�;0�! #"lO��k;#B,rs&: #"p$'5'�?$'3C&!  ;#(
OC+Arlrs+ � 7! #&!(#"]�@[:&: )"b+, <DE(#+,O4DE(#+M"6&!59$'+ 3��}>9&:()$6B|5�(# %1&:3C I$85'�2$63C&: # )+,O W X (α1)× $�%'&)( k
X (α2) U j] �a`�!34$,7�O�ux+A"610�2*,+¬$6&:1e&!OC&:P:34DE(#+-"6&:(#" N >6�!*A+, I$�;#+ X (α1) × $ %�&)( k X (α2) ×X (α2)�K1+,*

k(X (α2))
+A"9$_+gJ#�2*A$'+Arl+A I$_O��w�0=#59+o�!( N ;#+,"9"6(#"T;#(-1&:3C I$TP!B, #BA563CDE(#+n;)+ X (α2)

10�!5
OC+�rs&:591#.#3C"9rl+�1#5

2 Ub� 3C #"93�78$6&:(?>9&:()56"%*,&!rlrs+�;0�! )"sOC� 1#56+A()[:+�;#(�OC+Arlrs+ � 7bOC�·ac&:56rs+DE(0�!;#56�2$'34DE(#+
q
+,"9$d$6&!$/�!O4+,rs+, I$]34"6&!$656&:1+T+A$�10�!5]*A&: #"9B,DE(#+, I$

X (α1)k(X (α2))

+,"p$�;#B,1#O4&ih:B,+
;�uv&��O��m5'�?$'3C&! 0�!OC3G$'B\;#+

(h3
1) � (X (α2) � ) U�wu°�2()$'59+�1#�!59$,7TO�ux�!1#1#O43C*@�?$'3C&! 

(idX (α1) � × p � )∗
+A"9$�"6()5c>9+,*L$'3G[:+ U j] +LFH+L$@7T"93n #&:(#"

1#59+, #&: )"�(# P:BA #B,56�2$'+A(#5
g = [x]

;#+
CH∗(X (α1) � (X (α2) � ))

&�
x
+,"p$�(# B,O4B,rs+, I$

;#+
X (α1) � (X (α2) � )

^`3 U + U +,"9$\$'+AOZDE(#+ p � (x) 6= 0
fn7H�2OC&:59"�*A+A$�B,OCBArl+A I$

x
1+,()$\+, ¬10�!59$63 N*,()OC3C+A5�tA$656+m[R(�*,&:rsrl+w(# kB,OCBArl+A I$n;#+

X (α1) � × $�%'&)( k X (α2) �
+A$o"6��*,O��2"6"6+

g′ = [x];0�! )"
CH∗(X (α1) � ×X (α2) � )

+A"9$X$'+,O4OC+dDE(#+
(idX (α1) � ×p � )∗(g′) = g

^ [:&:345Z�2(#"6"93H± �¨µo¶:¶)7
9�2R701#56&:1 U 2 U ³A´ f U��+�OC�ª"6()5c>9+,*L$'3G[K3G$'Bl;#+

(idX (α1) � × p � )∗
7X3CO�;#B,*A&:(#OC+l;#&: #*lDE(�ux34OY+gJK3C"9$6+�(# �*LhR*,OC+

d;0�! )"
CH3(X (α1) � × X (α2) � )

DE(#3�+A"9$�;#BA�# #3�"6(#5
k
+A$_$6+,O�DE(#+

(idX (α1) � × p � )∗(d) = (h3
1) � (X (α2) � ).



� < < U � � "6&:rs&:591#.#3C"9rl+nrs&!$634[R3CDE(#+

§ &:(#"T*@�2OC*,()OC&: #"Yr��23C I$'+A 0�! I$MO�u°�!*L$'34&: �;#+ (idX (α1) � × p � )∗
"6(#5SOC+,"SB,OCBArl+A I$'"M+A #P:+, N;)5'�! I$]O4+YP:59&:(#1+

CH3(X (α1) � ×X (α2) � )
�?�0 m;#+M;)BA$'+A56rs3C #+A58(# )+M+LJK1#59+,"6"93C&: <P:BA #B,56�!OC+

;)+
d U)� 3C )"63�7

(idX (α1) � × p � )∗(hi1 × h3−i
2 ) =

{
(h3

1) � (X (α2) � )

"93
i = 3

0
"63C )&: 

;Hux&��3COe",uv+, #"9(#34$\DE(#+o #B,*A+,"9"'�!3456+,rs+, I$

d = h3
1 × h0

2 +

2∑

i=1

aih
i
1 × h3−i

2 + ah0
1 × h3

2

1&:(#5T*A+,5p$/�!34 #"_B,OCBArl+A I$'"
a1
7
a2
+L$
a
;0�! )" G U

� 3C #"93�7) )&:(#"_�@[:&: )"�;)&: #*n$'59&:()[:Bn() #+o*,&:5956+,"91e&! #;0�! #*A+l^`;#+n;#+AP:56B 3
fYDE(#3�+,"p$_5'�2$63C&: N )+,OCO4+ U �\+lrst,rs+!7� #&!(#"o"'�@[:&: )",7X;�u°�21#56QA"�O4+sO4+,rsrl+�³i¶)7�DE(#+sOC+<*AhR*,O4+ h1
2

+,"p$w56�2$'34&: # #+AO�7
;)&: #*S"9&: m*,�!5659B

(h1
2)

2 = lh2
2

O�ux+A"9$8B,PI�!O4+,rs+, I$ U �wux�!()$656+Y10�!59$,7}10�!58() m�!59P:(#rs+, I$b;#+�$'56�! #" Nac+A59$,7
2h2

2

+A"9$\�!(#"9"63�5'�2$63C&: ) #+,O U A OC(#"_1#59B,*A3C"6+Arl+A I$@70"63  �;)B,"634P: #+o(# #+o+gJK$6+, #"93C&: -�0 #34+o;#(
*A&:561)"

k
+L$
X
(# )+

k N [2�!593CBL$'B!7)�!OC&!56"TO�uv+LJR$6+, #"93C&: -;#+A"\"9*@�!OC�!3C59+,"o^c*@�! #&! #3CDE(#+@f

X " −→ X

34 #;#(#3G$T10�!5A7056+A"61+,*A$634[!+,rs+, I$�1)(#OCO N =0�!*,+s+A$�1#()"6. N ac&:5��S�!56;H70OC+,"��!1)1#OC34*@�2$63C&: #"
56+A" " /k : CH∗(X) −→ CH∗(X " )

+L$
$'5

: CH∗(X " ) → CH∗(X)

;)&: I$\OC�m*,&:rs1&:"6B
$'5
◦
56+A" " /k : CH∗(X) −→ CH∗(X)+A"9$SO���rw(#O4$63C1#O43C*@�?$'3C&! m;#+,"S*AhR*,O4+,"M10�25

[
 

: k] = n
7ROC+�;#+,P:59B�;#+\O�uv+LJR$'+A #"634&: k^`*La U ±v²S³:7Rj8J U³ � U ³ � ´ f U j] l&!()$'59+T+A$�10�!5d;#BL�0 #34$63C&: %rst,rs+!7!(# l*LhR*,OC+_+A"9$�5'�2$63C&: ) #+,O#"930+A$�"6+A(#OC+Arl+A I$Y"9303CO+A"9$8;0�! #"ZO�uv3Crl�!P:+b;#+Y56+A" " /k U �R3Rrl�!34 E$6+, 0�2 E$Z&: �"6(#1#1&:"9+MDE(�ux() mB,O4B,rs+, I$ [x]

;#+
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X (α1) �
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"6&! E$�;#+,"o�!( N$6&:rs&:561#.)3C"6rs+,"ors&!$'3G[R3CDE(#+,"o;#+

X (α2)
+A$

X (α1)
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