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12 CHAPITRE 1. INTRODUCTION

Ce travail de these s’articule en trois parties bien distinctes. Elles ont pour
point commun d’utiliser de la combinatoire et la théorie des représentations
de certains groupes classiques, et de ’appliquer au calcul des probabilités. La
partie 2 (article accepté ; IMRN/20917) traite du probléme de I'intégration
sur les groupes unitaires, et utilise les résultats théoriques sur 'intégration
unitaire pour résoudre divers problemes de probabilités libres et d’intégrales
matricielles. La partie 3 (article soumis aux annales scientifiques de I'THP)
utilise des méthodes combinatoires et de théorie des groupes pour définir une
théorie de Martin des fonctions harmoniques positives non nécessairement
bornées du dual d’un groupe compact. Le calcul de frontiere est effectué
de maniere completement explicite dans le cas de la restriction a certaines
algebres de fusion. Un cas particulier de marche aléatoire pour le dual du
groupe quantique SU,(2) est aussi traité.

Dans la partie 4 (article en cours de rédaction), nous calculons la mesure
image de la mesure de Haar sur le groupe unitaire par certaines contrac-
tions. Ceci nous permet d’établir de nouveaux liens entre certains modeles
matriciels et les probabilités libres. Cette partie fournit une approche alter-
native a la partie 2 pour la description des fonctions Wg, qui sont a la base
de l'intégration de tout polynéme sur le groupe unitaire.

1.1 Matrices aléatoires

1.1.1 Introduction

Une premiere partie sintéresse a l'intégration de variables coordonnées de
matrices aléatoires unitaires ayant pour loi la mesure de Haar invariante.

Cette étude s’inscrit dans le cadre beaucoup plus général de la théorie
des matrices aléatoires. On peut considérer que ce domaine est né avec le
célebre article de Wigner [Wigh8|.

Il démontre que la mesure d’intensité de la loi empirique des valeurs
propres d’une matrice d x d symétrique réelle aléatoire dont la loi admet
une densité multiple de exp —dTrX? par rapport & la mesure de Lebesgue,
converge lorsque d tend vers I'infini, vers la loi du demi-cercle :

1
2—1|z|<2\/ 4 — IQd.’E
T =
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Une suite de matrices aléatoires vérifiant les propriétés ci-dessus s’appelle
un GOFE (Gaussian Orthogonal Ensemble). Le GUFE (resp. GSFE) s’obtient
en remplagant des matrices réelles par des matrices Hermitiennes (resp. sym-
plectiques).

Wigner a d’abord établi une convergence en moments, puis plusieurs
mathématiciens (Mehta, Pastur), ont renforcé de différentes manieéres les con-
clusions sur la nature de cette convergence, et ont établi d’autres théoremes
limites en d — oo pour d’autres types de convergences.

De maniére générale, la répartition exacte des valeurs propres en dimen-
sion finie, ainsi que les théoréemes limites qui leur sont associés lorsque la
dimension tend vers I'infini, sont les centres principaux d’étude pour les ma-
trices aléatoires. Les modeles d’études sont foison ; citons entre autres les
matrices de loi “proche” des GOE (resp. GUE, GSE) invariantes par mul-
tiplication & gauche et & droite par une matrice orthogonale (resp. unitaire,
symplectique). Citons aussi les matrices réparties suivant une mesure de
Haar sur un sous-groupe compact de GL(n) , les matrices a coefficients in-
dépendants (de Wigner), les matrices de Wishart.

La référence en matrices aléatoires est [Meh91]. Dans les dix dernieéres
années, la discipline a connu un renouveau sans précédent. Le développement
des méthodes “ponctuelles déterminantales” (voir [Sos00] pour une introduc-
tion) a permis d’établir des liens avec d’autres domaines inattendus des math-
ématiques, tels que les modeles de croissance (Johansson, Prahéfer-Spohn),
ou bien la théorie des groupes symétriques. En particulier, les travaux de
[TW99] et [BDJO0] puis ceux de Johannson, [BOOO0], puis [Oko00], ont
permis de démontrer une analogie de comportement asymptotique entre le
groupe symétrique et les matrices aléatoires.

L’article [Oko00], ainsi que [S0s99], dans lequel est démontré un résultat
important d’universalité asymptotique du bord du spectre pour des matrices
de Wigner, marque le retour en force des méthodes combinatoires originelles,
qui avaient permis les premieres preuves de la théorie des matrices aléatoires.

Par ailleurs, les matrices aléatoires sont depuis longtemps appliquées a la
physique théorique et nucléaire pour modéliser des Hamiltoniens dont on ne
connailt que peu d’'information. Elles ont aussi été utilisées plus récemment en
théorie des noeuds et en théorie des cordes [ZJZ02a], ainsi que pour résoudre
des problémes de combinatoire (voir [HT98], [HZ86]).

L’article de Voiculescu ([Voi95]) est sans doute celui qui a établi le lien
le plus frappant entre matrices aléatoires et un autre domaine des mathé-
matiques : les probabilités libres et les algebres d’opérateurs. Pour une tres



14 CHAPITRE 1. INTRODUCTION

bonne introduction, on peut consulter [VDN92| ou [Voi00], ainsi que [Bia].

Rappelons, que dans une algebre de von Neumann A munie d’un état ¢,
des sous-algebres de von Neumann Ay,... , Ay sont libres si et seulement si,
pour tout mot a = a;...q; avec a; € A;; et iy F# ig, iy F 3...01 F i, et
tels que ¢(a;) = 0, alors on a ¢(a) = 0.

La preuve que des copies indépendantes d’ensembles gaussiens sont asymp-
totiquement libres a permis de résoudre beaucoup de conjectures sur l'algebre
de von Neumann du groupe symétrique, notamment par l'introduction des
microétats et de lentropie libre ([Voi94], [Vo0i93], [Voi98], [Ge98]). Ces
travaux ont motivé de nombreux résultats sur les grandes déviations des
mesures empiriques des matrices aléatoires ([BAG97]). Ils ont aussi renou-
velé 'intérét pour 'étude des mouvements Browniens Hermitiens ([BS98|,

[CD)).

1.1.2 Intégrales sur le groupe unitaire

Les matrices unitaires aléatoires distribuées selon la mesure de Haar sur le
groupe unitaire sont des exemples intéressants de matrices aléatoires. La
plupart des résultats sur les matrices unitaires passent par la décomposition
polaire d’une matrice aléatoire d’un ensemble gaussien.

Beaucoup de questions d’apparence élémentaire restent ouvertes. Par
exemple, comprendre la norme asymptotique d’'une combinaison linéaire de
variables unitaires indépendantes réparties suivant la mesure de Haar reste
un probleme ouvert, dont la résolution aurait des conséquences importantes
pour les algébres d’opérateurs (voir [Pis00]). Une question trés semblable a
été résolue récemment de maniere combinatoire par Haagerup-Thorbjornsen
([HT99]) dans le cas de matrices & entrées gaussiennes indépendantes. Leur
approche souligne I'importance d’avoir une compréhension directe des ma-
trices unitaires aléatoires.

Par ailleurs, une approche combinatoire a déja été entamée par Rains
([Rai98]), donnant des interprétations combinatoires tres élégantes de cer-
taines fonctionnelles d’une matrice aléatoire unitaire. Il utilise la corre-
spondance RSK (voir [Ful97]) ainsi que différents résultats de représenta-
tion de groupes classiques. Malheureusement, les méthodes de Rains ne se
généralisent pas a une fonctionnelle arbitraire du groupe unitaire. Signalons
toutefois son article [Rai97] dans lequel un algorithme de calcul d’espérances
de produits de traces de polynomes de matrices aléatoires quelconques est
proposé. Cet algorithme n’est toutefois pas implémentable dans la pratique.
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Nous proposons une nouvelle approche, inspirée par celle de Weingarten
([Wei78]) et reprise par F. Xu ([Xu97]). Nous résolvons le probleme général
de calculer des espérances de fonctions polynomiales de degré quelconque sur
les groupes unitaires de matrices de taille supérieure au degré, a 1’aide de
moyens combinatoires.

Plus précisément, soit dU la mesure de Haar normalisée du groupe uni-
taire Uy, et ¢, ¢' des entiers et i = (i1,... ,ig), ' = (4, ... , i), § = (Ji,- -+, Jg);
j'= (1, ,Jy) deux g-uples et deux ¢'-uples d’indices dans |1, d]. Posons

B - - LRI - - * LR *
Id,i,i’,j,j’ = / UZl]l Uzq]quiill Uj;,i;,dU
Uy

L’invariance de la mesure de Haar par la multiplication par des matrices
scalaires de norme 1 entraine que cette intégrale vaut zéro si ¢ # ¢'. Ainsi,
nous ne considérons que le cas ¢ = ¢'.

Soit (Ej;)ijen,q la base canonique de My (C), et

Egipiy = Byy ® - @ Eiiy ® Ejjy ® -+ ® Ej jn € My(C)®? @ My(C)®?

Soit la forme linéaire I, , sur M (C)®*?@M, (C)®? donnée par Iy 4(Eaipjy) =
Iiiv;5- Nous appelons S, le groupe des permutations d’un ensemble a ¢
éléments. Pour 0,7 € §;, appelons J(, ) la forme linéaire sur My (C)®? ®
M, (C)®? vérifiant
5

s ol
g1
"o (q)

0oy (Baiijy) = Oy, - 0jit oy " Oiadt gy

Rappelons qu'une suite décroissante d’entiers positifs A = (A;);>o est une
partition du nombre g (on note A - ¢) si la somme de ses termes est g. Nous
appelons sy (z1,... ,z4) la fonction de Schur (voir [Ful97] ou [Mac95]). Nous
utilisons I'abréviation s 4(z) = sa4(z, ... , ).

Théoréme 1.1.1 (C. 2.2.1). Soient q,d deux entiers tels que d > q. Alors,
Lig= Y SenWeld,q,0m™") (1.1.1.1)
0,TESy
ot

Weg(d, q,0) = }2 ) wll ?1)(0)

S
q g A\d
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Comme sy 4(1), est un polynéme en d de degré q, Wg est une fraction
rationnelle de degré au plus —¢q. La dépendance de Wg en ¢ est implicitement
donnée par o, et nous utiliserons la notation Wg(d, o) quand cela ne préte
pas a confusion.

Wg est une fraction rationnelle en d de degré au plus —¢q, donc elle admet
un développement de Laurent

oo

We(d,0) =) Alo, [Jd~9" (1.1.1.2)

Le théoréeme suivant précise la détermination des coefficients de ce développe-
ment. Rappelons que pour permutation o € S, |o| est le nombre minimal
de transpositions nécessaire pour réaliser o.

Théoreme 1.1.2 (C, 2.2.2). Soito € S,.
(i) Alo,0] = 0 pour o # e, et Ale,0] = 1.

(i) Pourl # 0, soit Alo, k,l] le nombre de k-uples de permutations (o1, ... ,0),
toutes différentes de lidentité, telles que Zle loi| =1 et ooy...0, = e.
Alors,

l

Alo, 1] =) (—1)*Alo, k1]

k=1

(#i) En particulier, on montre que Wg(d, o) est une fraction rationnelle de
degré —q — |o| en d.

Cette description admet une prolongation pour tout cumulant classique
en les fonctions Wg, que nous expliquons a la partie 2.2.4. Pour tous nos
calculs explicites, nous utilisons un résultat combinatoire récent de Bousquet-
Mélou et Schaeffer [BMS00].

1.1.3 Intégrales de Itzykson-Zuber

Une des premieres applications de notre théorie de I'intégration sur le groupe
unitaire provient de la physique théorique. Nous appellerons fonction de
Itzykson-Zuber la fonction analytique :

I1Z,xy : z — E(exp(dzTr(Ay))) (1.1.1.3)
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ou Ay = XyUY,U*, et X4, Y, sont deux matrices d X d hermitiennes.

La fonction 77 a fait son apparition en physique théorique a la fin des
années 1970, et une premieére formule a été proposée dans [IZ80]. Il s’agit de la
transformée de Fourier d’une orbite pour ’action par conjugaison du groupe
unitaire sur la partie hermitienne de M, (C). Elle a été calculée explicitement
par Harisch-Chandra a condition que z; = ; ssii = j :

Eexp(dTr(A))) = detf( X)yA)E;)JSd (1.1.1.4)

ol (z;)%, et (y;)%_, sont les valeurs propres de X, et Yy, et
A(X) = H1§i<j§d(xj —x;) (resp. A(Y) = H1§i<j§d(yj — v;)), leur détermi-
nant de Vandermonde.

Nous nous intéressons a la fonction analytique en un voisinage de 0 :

Fyxy :z — d *log E(exp(d®ztr(Ay))) (1.1.1.5)

Dans [Mat94], Matytsin exprime comme solution d’'une EDP la limite de
Fy x,y(1) lorsque d tend vers I'infini. Il suppose que les mesures empiriques
de X et Y admettent une limite absolument continue par rapport a la mesure
de Lebesgue, et sont Hermitiennes. La preuve mathématique de 1’existence
d’une limite pour d — oo demeure toutefois un probléme mathématique
ardu, qui n’a été résolu que tres récemment par A. Guionnet et O. Zeitouni
dans [GZ02], sous certaines restrictions pour X et Y.
Nous démontrons les résultats de convergence suivants :

Théoréme 1.1.3 (C, 2.4.1). Soit W une famille de matrices déterministes

admettant une loi jointe asymptotique. Soient Uy, ... ,Uy des matrices aléa-
toires de Haar unitaires indépendantes, et (P;j)i1<i<ki<j<k, (Qij)1<i<ki<j<k
deuz familles de polynéomes non-commutatifs en Uy, Uy, ... U, Uy et W.

Soit Ay la variable
ko k
S T epuw,ur,w)
=1 j=1
et Bd = Z;c:l H?:l trQi:j(U’ U*7 W) AlO’f‘S,
e (i) Pour tout d, la fonction analytique

z — d ?log E exp(zd®Ag) = Zagzq

g1
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est telle, que pour tout q, limy ag existe dans C. Cette limite ne dépend

que de la loi limite de W et des polynomes P ;.

e (ii) Pour tout d, la fonction analytique

Eexp(zBy + zd*Ay) d
=1 by, 2"
Eexp(zd?Ay) * Z n?

zZ —r
n>1

est telle, que pour tout q, limy bg existe dans C. Cette limite ne dépend
que de la loi limite de W et des polynomes P;; et QQ; ;.

Dans le cas du logarithme de l'intégrale de Harisch-Chandra, il est pos-
sible de faire des calculs explicites et de les interpréter en termes de graphes
planaires.

Soit G, ’ensemble des graphes planaires finis a g arétes dont chacune des
composantes connexes est dessinée sur une sphere. On suppose de plus dans
la définition de Gy, que

e (i) toute face a un nombre pair d’arétes
e (ii) les arétes sont numérotées de 1 a gq.

e (iii) il y a une bicoloration en blanc et noir de chacun des sommets de
telle sorte que chaque sommet noir n’est relié par une aréte qu’a des
sommets blancs, et vice versa.

A chaque tel graphe nous associons les permutations o(g) (resp. 7(g)) de
S, obtenues en tournant dans le sens trigonométrique (resp. dans le sens des
aiguilles d’'une montre) autour des sommets blancs (resp. noirs), ainsi qu’un
nombre Moeb(g) qui sera défini a la partie 2.4.1. Précisons toutefois ici, que
Moeb est un nombre entier non-nul.

Par exemple, sur le dessin,

o= (1132)(354)(67)(8910)(1112)(1617)(14 15)
7=(56)(78)(1011)(239)(1213)(14)(1417)(1516)
7o' = (13)(597)(6811134)(21210)(1715)(14 16)

Deux graphes de G sont dits équivalents s’il existe un difféomorphisme
préservant les orientations des unions disjointes de chacune des sphéres sur
lesquelles sont inscrites les composantes connexes des graphes, transformant
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16

15

14

un graphe en 'autre tout en respectant le coloriage ainsi que la numérotation
des arétes. Soit ~ cette relation d’équivalence. Si o € S, a d; cycles avec ¢
éléments et C'(o) cycles, soit

(X), = [[ ey

On peut montrer le résultat suivant :
Théoréme 1.1.4 (C, 2.4.4).

L
lim —— Fy va(z)[ozo = 3 (X)r(g)(Y)o(q)Moeb(g) (1.1.1.6)

d 024
gE€Gy/~

1.1.4 Probabilités libres

Un des premiers résultats de Voiculescu en probabilités libres a consisté a
introduire une série formelle dépendant de la mesure spectrale d’un élément
autoadjoint, permettant de linéariser la convolution libre. Il s’agit de la
R-transformée, dont nous rappelons la définition.

Soit @ un élément d’une algebre de von Neumann A munie d’une trace
normalisée ¢. La fonction holomorphe z — FE((z — a)!) est inversible,
d’inverse G dans un voisinage de oo. La fonction Ra(z) = G(z) — 2! =
> >0 kg+1(a)z? est telle que si a et a' sont libres dans A, alors

Ra+a’ = Ra + Ra'
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Les méthodes introduites dans cette these permettent de donner une
preuve mathématique d’un résultat combinatoire établissant un rapport entre
la fonction I — Z et les probabilités libres :

Théoréme 1.1.5 (C, 2.4.5). Pour tout d € N*, soit X, 4 un projecteur de
rang 1 et Xo 4 € My(C) tel que

lién d™'Tr(X] ) = 224

Soit A une variable aléatoire de moments x4 4, et F' la fonction d’Itzykson-
Zuber compleze :

Fx, xp4 : 2 — d ?log E(exp zdTr(X; 4U X 4U*))

ou U est un variable aléatoire unitaire uniforme de dimension d. On a alors

L
lim 2~ Fxa(0) = (g = 1)lky(4) (1.1.1.7)

ot kg est le cumulant non-croisé de Speicher, défini a la partie A.3.

La preuve de ce résultat ne fait pas intervenir la définition de Voiculescu
ni sa preuve originale, mais la caractérisation combinatoire de Speicher de la
liberté [Wei78|.

Par ailleurs, notre analyse nous permet aussi de donner des preuves pure-
ment combinatoires de résultats de liberté asymptotique de Voiculescu, sans
faire usage de calcul fonctionnel, et en affaiblissant les hypotheses :

Théoréme 1.1.6 (C, 2.3.1). Soient U? des variables matricielles indépen-
dantes suivant la loi de Haar sur le groupe unitaire, et D¢ des matrices d x d
admettant une loi jointe. Alors les familles {U?, D4} sont asymptotiquement
libres.

1.2 Analyse harmonique

La partie suivante de cette these traite de certains aspects probabilistes de
probléemes d’analyse harmonique. Il s’agit de classifier dans certains cas les
solutions de I’équation

Pf=Ff
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ou P est un opérateur Markovien ou sous-Markovien sur un espace quantique.

Les résultats présentés dans cette partie font pour la plupart écho aux
recherches de Philippe Biane ([Bia90], [Bia91a], [Bia91b], [Bia92a], [Bia92b]
[Bia94]) dans le début des années 1990. Nous rappelons brievement les fonde-
ments probabilistes de la théorie de Martin, puis les définitions des proba-
bilités quantiques. Ceci nous permet de citer les résultats de Biane, puis les
résultats de cette these dans ce domaine.

Ensuite, nous rappelons quelques idées sur les sous-facteurs, et décrivons
les applications de la théorie de Martin quantique aux probabilités quan-
tiques, développées par Izumi a partir de la théorie des sous-facteurs.

1.2.1 Théorie de Martin

La théorie de Martin s’intéresse au probleme de la représentation proba-
biliste et topologique des fonctions harmoniques positives par rapport a un
opérateur Markovien (resp. sous-markovien).

Soit £ un espace d’états discret et P I'opérateur de Markov : Pf(z) =
> yee P(x,y) f(y), ot P(x,y) est un noyau réel positif, tel que P1 =1 (resp.
P1<1).

Quand cela ne préte pas a confusion, nous utilisons la méme notation
pour lopérateur P et pour l'opérateur P(z,y). Définissons par récurrence
Po(xay) = 530,?/’ Pn+1(x,y) = ZzEE P (z,2)P(2,y) et U(z,y) = ZnEN P (z,y).
De plus, nous supposons que pour tous z,y € £, on a 0 < U(z,y) < 0.

Le noyau de Martin par rapport a un élément e, choisi au préalable, est
le noyau k& tel que pour tous z,y € &,

k(z,y) = Ul(x,y)/U(e,y)

On remarque que pour tout z € &, la fonction k(z,.) est bornée. La
compactification de Martin MS de £ est le plus petit espace compact dans
lequel € est plongé densément, tel que toute fonction k(zx,.) se prolonge par
continuité a MS. Soit M B le complémentaire dans M B du plongement de
E.

Théoréme 1.2.1. Il existe un sous-ensemble MB™" de MB tel que pour
toute fonction positive harmonique f vérifiant f(e) = 1, on ait une unique
mesure de probabilité p; sur M B™™ telle que pour tous z € &,

f)= [ ke
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La preuve de ce théoreme se trouve dans [Rev84|, ou bien [KSK76]. Un
exemple remarquable de calcul explicite de k et M S se trouve dans [NS66].
De maniére générale, dans cette these, nous disons que nous obtenons un
théoreme de type Ney-Spitzer, quand nous parvenons 1° a calculer toutes les
fonctions harmoniques minimales, 2° a calculer la frontiere de Martin, et 3°
a calculer la correspondance entre les deux, donnée par le noyau de Martin

dans le théoréme ci-dessus.

1.2.2 Probabilités quantiques

Rappelons qu’une algébre de von Neumann A est une algebre de Banach
munie d’une involution %, isomorphe a une sous-algebre de 1’ensemble des
opérateurs continus B(H) d'un espace de Hilbert H, contenant 'identité,
stable par involution, et égale a son bicommutant.

Un espace de probabilités non-commutatif (A, ¢) est la donnée d’une al-
gébre de von Neumann A munie d’un état ¢ normal. Ses éléments sont
appelés variables aléatoires non-commutatives. Dans le cas ou 'algebre est
Abélienne, les théoreémes de classification des algebres de von Neumann (voir
[Dix69] ou bien [Tak79]) nous permettent de conclure que (A, ¢) est isomor-
phe a un certain (L* (2, F, P), E), ou E est 'espérance associée a P, de telle
sorte que cet isomorphisme entrelace ¢ et E. De plus il est unique a isomor-
phisme d’espace de probabilités pres. Ceci justifie la terminologie d’espace
de probabilités non-commutatif.

En probabilités classiques, on ne peut pas systématiquement se contenter
de variables aléatoires bornées. De méme, on a interét a s’autoriser d’autres
algebres d’opérateurs non nécessairement bornés.

I1 est possible de définir différentes notions d’indépendance sur ces espaces
de probabilités non-commutatifs, notamment 1’indépendance tensorielle, et
I’indépendance libre. Pour des définitions, et de nombreuses analogies avec
les probabilités classiques, on pourra se reporter & [VDN92], [Bia90], [Mey86],
[Mey87], [Mey88al, [Mey88b], [Mey89a], [Mey89b], [SS98]. Biane s’est in-
téressé a la théorie de Martin en probabilités quantiques dans le contexte des
algebres de Hopf.

Une algebre de Hopf-von Neumann est une algebre A de von Neumann
munie de deux morphismes normaux € et A de A a valeurs respectivement
dans C et A® A. Ces applications doivent vérifier les deux axiomes suivants :

e (A®id)A = (id® A)A (propriété de coassociativité)
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~

° (€®id)A =1id

On appelle A le coproduit et € la counité.

Cette structure permet d’étudier des marches au hasard en probabilités
non-commutatives dans d’autres contextes que celui des groupes. Dans le
cas de la marche au hasard sur un groupe G, 'algebre de von Neumann
a considérer pour étre en adéquation avec ’axiomatique ci-dessus est A =
[*°(@), avec €(a) = a(e) pour a € A, et e I’édlément neutre du groupe. Le
coproduit A est défini pour tout a € A, par

Al = ) Lol

T,yeG,xy=a

comme un élément de A ® A = [*°(G x G). Dans lexemple, le triplet
(ZOO(G),K,(E) code toute l'information du monoide G. Ainsi, si p est une
mesure de probabilités sur G' et X; une marche au hasard a gauche dont la
loi des sauts est p, son opérateur d’évolution sur [*(G) est P = (id @ p)A.

La théorie de Martin traite des fonctions harmoniques positives. Ainsi,
on a besoin de la notion de positivité qui est déja contenue dans A, et on
doit aussi pouvoir considérer la convolution par des opérateurs non-bornés.
Pour ce faire, il est nécessaire d’étendre la notion d’algebre de Hopf a des
algebres plus grosses. Ceci est expliqué en détail dans la partie 3.2.

Les résultats de la partie 3 concernent pour leur majorité la résolution et
la classification des solutions de I’équation P f = f pour des algebres de Hopf
non-commutatives. Les exemples sur lesquels nous travaillons en majorité de
telles algebres, proviennent des groupes compacts.

Soit G un groupe compact, L*(G) lespace de Hilbert associé & sa mesure
de Haar normalisée, et M(G) 'algébre de von Neumann engendrée dans
B(L*(@)) par les fonctions

Ag i f = (@ — fg7'7))

pour tout g € G. On la munit d’une structure d’algebre de Hopf en étendant
par linéarité et par continuité la fonction €(A;) =1 et A(A;) = A, ® A;. Une
telle algebre s’appelle algebre de Hopf-von Neumann du groupe G. 1l est in-
téressant de considérer des groupes compacts, car toutes leurs représentations
sont de dimension finie d’apres le théoreme de Peter-Weyl. Ceci implique que
'algebre de von Neumann M (G) est finie et de type I (i.e. c’est une somme
directe d’algebres de matrices).
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1.2.3 Théorie de Martin quantique

Soit G un groupe de Lie compact semi-simple simplement connexe contenu
dans U,, V sa représentation fondamentale, et y un poids sur l'algebre de
von Neumann M (G) du groupe G. Soit A le coproduit sur M(G), que 'on
peut étendre par continuité a M(G), 'algebre des opérateurs affiliés & M(G).
Soit P, = (id ® u)A. L’ensemble des éléments positifs harmoniques

—

Hp, = {h € M(G),Py(h) = h,h > 0,e(h) = 1}
est un convexe compact. Alors,

Théoréme 1.2.2 ([Bia92a]). Les points extrémauz de H;ﬂ sont les élé-
ments tels que Ah=h®h et wu(h) = 1. De plus, I’ensemble

Ez(G) = {h e M(G),Ah = h®h}

est un sous-groupe du groupe des éléments inversibles de M(G) isomorphe
au complezifié de G. La projection de ce groupe sur End(V') est un isomor-
phisme.

[’analogue du théoréeme de Choquet-Deny obtenu dans [Bia92a] ne car-
actérise pas la structure topologique de la frontiere de Martin. Le théoreme
ci-dessous propose une caractérisation :

Théoréme 1.2.3 (C, 3.3.4). Soit u une fonction polynémiale de type posi-
tif sur G, telle que p(l) < 1, et P, l'opérateur de convolution par p sur

—

M(G). L’ensemble

o —

Hp, = {f € M{SU(m), [ > 0,Pf = f.e(f) =1}

est un convexe compact et le sous-ensemble de ses points extremauz est fermé
Id \ \ 27
et homéomorphe a la sphére S™ 2.

En probabilités classiques, le noyau de Martin a été introduit pour donner
une représentation de toutes les fonctions harmoniques positives par rapport
a une chaine de Markov. Nous donnons une définition naturelle de noyau
de Martin en probabilités non-commutatives, et montrons que tout élément
positif harmonique peut étre représenté comme un état sur la frontiere de
Martin.
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Nous supposons que le poids p est tel que pg(1) < 1, et que eU =
D s 1" est fidele.

Le théoreme ci-dessous prouve que la définition naturelle du noyau de
Martin en géométrie non-commutative permet bien de représenter toute fonc-
tion harmonique positive.

Théoréme 1.2.4 (C, 3.3.3). Supposons que pu(l) < 1 et qu’il existe un
poids tracial p par rapport auquel p admet une densité h telle que Ah = h®h.
Alors tout élément harmonique positif admet une représentation intégrale par
rapport a la convolution par L.

Dans le cas n = 2, [Bia94] raffine ce résultat et fournit un théoréme de
type Ney-Spitzer. La C* -algebre engendrée par les K, est celle des opéra-
teurs pseudo-différentiels invariants sur SU(2). De plus, le quotient de cette
C*-algebre par celle des opérateurs compacts de M (SU(2)) est la compact-
ification de Martin, au sens ou pour toute fonction harmonique positive f
pour P, telle ¢(f) = 1, il existe un unique état x; positif du quotient tel que
pour tout poids v de M(SU(2)) on ait v(f) = x7(K,)-

Dans le chapitre 3, partiﬁi, nous nous intéressons a la restriction de
I'opérateur P au centre de M (SU(n)) dans le cas ou la convolution est donnée
par I'état p = n'Tr. Soit 7,,_; un tore maximal de SU(n), et L le dual de
T™ 1, engendré par les formes linéaires e; = F;;. 1l vérifie, en notation
additive, ). e; = 0. Etant donné x € L, il existe un unique moyen de I’écrire
sous la forme z,e; + ...+ x,_1€,_1 avec tous les x; € N, et I'un au moins qui
vaut 0. Nous notons alors ||z|| = > ;. d(z,y) = ||z — y|| définit alors une

distance sur L. Soit W le sous-ensemble de L défini par

o
W =A{z,z1 >x9>...>x,}

La restriction de P correspond a un opérateur de Markov sur ’espace d’états

o
W, dont nous définissons la compactification par le simplexe

S={ =W u) Yh > 2y =0,) yi=1}CR" (1.2.1.1)

de la manitre suivante : soit y¢ = (y¢ > yd > ... > yd = 0)450 une suite
d’éléments de W. On dit que y¢ converge vers (y},...,y.) si y? tend vers

Iinfini et y¢/ Y, y¢ converge vers y! pour tout i. On a alors
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Théoréeme 1.2.5 (C, 3.4.1). La compactification de W par ¥ est la com-
pactification de Martin. De plus, la frontiére de Martin Y est exactement la
frontiére de Martin minimale.

1.2.4 Probabilités non-commutatives et sous-facteurs

La théorie des sous-facteurs est née avec Iarticle de Jones [Jon83], dans
lequel il est démontré que les indices possibles d’une inclusion de facteurs
de type I, varie dans I’ensemble {4 cos?(7/q),q > 3} U [4,0c[. Depuis, la
classification et les exemples de sous-facteurs ont fait 1’objet de beaucoup
de recherches. Citons notamment les contributions de Jones, Popa, Bisch,
Haagerup, A. Wassermann.

Les sous-facteurs revétent des aspects combinatoires et algébriques, mais
aussi analytiques et probabilistes. Par exemple, la formule de Pimsner-Popa
donne l'indice d’un sous-facteur a 1’aide d’un minimum sur une espérance
conditionnelle.

Récemment, Izumi ([Izu00]) a considéré I’action diagonale “ITP” du groupe
quantique SU,(2) sur la C*-algebre AFD @ > M, (C). Cette algebre ad-
met un unique état de Powers invariant par I'action de SU,(2). On peut
la compléter dans la représentation GNS associée a cet état en un facteur
d’Araki-Woods R de type I11,2. L’algebre des points de R sous I’action de
SU,(2) est un facteur F' de type II;. Le commutant de F' dans R est une
algebre de von Neumann que 1’on peut identifier naturellement a la frontiere
de Poisson d’une marche au hasard quantique P tres simple sur le dual de
SU,(2). SiSU,(2) = SU(2), l'état invariant de @), My (C) est tracial, et
R est le facteur hyperfini de type I1;. Il est alors connu ([Was88]) que le
commutant de F' dans R est trivial. Ce résultat est une conséquence des
résultats de Biane au vu du travail de Izumi.

La frontiere de Poisson que Izumi obtient fait intervenir un analogue
quantique de la sphére S?. Cette derniére apparait par ailleurs dans les
travaux de Biane. Ceci suggere que la théorie de Martin développée dans
la partie 3 de cette these s’applique au groupe quantique SU,(2) et qu’elle
redonne une interprétation du résultat d’Izumi. Nous montrons en particulier
dans cette these que 'on peut définir un noyau de Martin K associé a P.
Nous en donnons la définition dans 1’équation 3.6.3.9 La cloture normique
dans Palgebre M (SU,(2)) des K, engendre une algebre U0, et on a :

Théoréme 1.2.6 (C, 3.6.11). Le noyau K donne un théoréme de type Ney-
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Spitzer pour Q. L’algébre W° contient les compacts K de M(SU,(2)), et son
quotient par IKC est isomorphe a une sphére de Podles. Toute fonction positive
harmonique correspond de maniére unique a un état de ¥°/K.

Remarquons que le récent préprint [NT02] traite de maniere différente et
plus générale de questions liées au théoreme ci-dessus. Nos résultats ont été
obtenus indépendamment de [NT02].

1.2.5 Restriction a des algebres Abéliennes

Nous donnons une description explicite de certaines fonctions harmoniques
positives, et en particulier, des fonctions harmoniques positives dont la diag-
onale est bornée dans une base correctement choisie.

L’opérateur P introduit par Izumi a beaucoup de propriétés tres intéres-
santes. Il laisse stable la sous-algebre de von Neumann d’un tore maximal
M(T™1), ainsi que son centre Z(SU,(2)). En ce sens, il définit deux chaines
de Markov classiques. Biane a déja étudié les rapports entre ces deux chaines
dans le cas ou ¢ = 1 dans [Bia91a].

Théoréeme 1.2.7 ([Bia91a)). e La marche au hasard déterminée par P
sur L est celle dont les sauts ont pour loi n™' > &,.

e La marche au hasard déterminée par P sur W s’obtient a partir de la

o
précédente en la conditionnant au sens de Doob a ne pas quitter W. Il
n’existe qu’un seul moyen d’effectuer ce conditionnement.

Ce théoreme admet une contrepartie intéressante dans le cas de SU,(n),
g # 1. Le simplexe ¥ peut naturellement étre considéré comme une face de
la sphére unité S"°~2. Soit alors le point

n n
Yg = Z qn+1—2iei/H an+1—2i€i” e Sn—2
=1 =1

Nous obtenons la caractérisation suivante :

Théoréme 1.2.8 (C, 3.5.4). L’opérateur P restreint d V?/ s’obtient a par-
tir de la marche au hasard sur L d’incrément ) 0., /n, avec a = n/[n|,,
conditionnée au sens de Doob a tendre vers le point y, avant de sortir et/ou
de mourir.
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Remarquons que trés récemment, plusieurs groupes de mathématiciens
([KORO02], [OY02], [Joh02], [Joh00], [BJO2]) ont publié des résultats dans
I’esprit du théoreme ci-dessus.

1.3 Images de mesures de Haar

Dans cette partie, nous revenons sur 1’étude des matrices aléatoires unitaires
et proposons un point de vue tres différent de celui développé dans la partie
2.

Notre point de départ est le théoreme suivant :

Théoréme 1.3.1 (C, 4.2.1). Soient d, q, g2 des entiers tels que d > 2q; >
2qy. Soit pg la mesure de Haar normalisée sur le groupe unitaire Uy, et
Td,q.q 0 projection de My(C) sur son coin supérieur gauche My, ,,(C). La
mesure image par Tqq, 4, €St la loi

Cd,q1,92 det(l - A*A)diqli(n
0l Cq,q,.4, €St une constante de normalisation.

En particulier, si A4, est une matrice aléatoire de M, (C) extraite d’une
matrice unitaire d’un ensemble unitaire Uz, alors on peut montrer que

245 Aag — 1

est un ensemble de Jacobi de parameétre (0,¢—2¢q) pour 2¢g < d. Cet ensemble
a la propriété que le processus des valeurs propres qui lui est associé est déter-
minantal (voir [Sos00] pour une introduction). Par ailleurs, la distribution
limite des valeurs propres peut étre décrite au sens de la convergence faible,
lorsque ¢ ~ ad, d — oo, a €]0,1[. Il est donc naturel de s’interroger sur
les propriétés d’universalité de cet ensemble. Les techniques de polynomes
orthogonaux ([CI91]) nous ont permis d’établir les résultats suivants :

Théoréme 1.3.2 (C, 4.3.3). Soit a un nombre réel dans ]0,1/2[, et pour
tout d, soit q tel que 2q < d et g/d ~ a. Soit K, le processus determinantal
assocté aur valeurs propres A\ > ... > Ag.

e Soit K" un compact de | — 1,8a — 8a* — 1[. Alors

I 1K( ) 18 —8i2—1—z
im-K,(z,z) = —
g q ° 2a 271+ z(1 — )

et cette limite est uniforme sur K.

= f(z)
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e Pour u,v €]0,00[, on a, pour ¢ — 0o,

1
qf (x)

K200(; 4 u v sin7(u — v)
1 n

m(u—v)

e Soit K' un compact de |8a—8a? —1,1[. Presque sirement, pour q assez
grand, il ne contient aucune valeur propre du processus.

Remaquons que Michel Ledoux, [Led02] dans un preprint récent, démon-
tre que la plus grande valeur propre d’un ensemble de Jacobi se comporte
comme celle d’un ensemble gaussien unitaires. Notons aussi que M. Capitaine
et M. Casalis [CCO02| font apparaitre des propriétés de liberté asymptotique
des ensembles de Jacobi de maniere différente.

Par ailleurs, le théoreme 4.2.1 nous permet d’améliorer un résultat de
Diaconis, Eaton et Lauritzen [DEL92] :

Théoréme 1.3.3 (C, 4.4.2). Soit v, la mesure de probabilités cq e~ MM dM
sur M, (C), et qq une suite d’entiers tendant vers l’infini tels qu’il existe une
constante C > 0 telle que g3 < Cd. Alors,

[V d/qamg g, (1a) = Vg,| = o(1)
ot | - | est la mesure variation totale.

La connaissance de la mesure explicite de I'image de p4 par la projection
Td,q1,q» NOUS permet de donner une interprétation combinatoire simple des
résultats 2.2.2 et 2.2.6 de la partie 2, au théoreme 4.5.3.

Cette partie se termine par une majoration de Wg uniforme en ¢ au
théoreme 4.5.4.

1.4 Organisation, remarques

Je remercie J.B. Zuber de me signaler que le théoreme 2.2.1 avait déja, et
de maniére complétement indépendante, fait ’objet de littérature physique
dans le début des années 1980, avec notamment [Sam80] et [DZ83].

Dans le chapitre 2 se trouvent les résultats combinatoires pour I'intégration
de matrices unitaires, et leurs applications aux modeles matriciels et aux
probabilités libres.

Le chapitre 3 contient les résultats de probabilités quantiques.



30 CHAPITRE 1. INTRODUCTION

Le chapitre 4 contient des résultats analytiques pour l'intégration de ma-
trices unitaires. Il contient plusieurs nouvelles preuves et améliorations de
résultats du chapitre 2.

En annexe, nous mettons

e quelques rappels sur la représentation des groupes, utiles tout au long
de cette theése. Ces résultats sont tres classiques, mais contiennent le
nécessaire pour comprendre ’algebre contenue dans cette these.

e un court listing maple/ACE permettant d’effectuer certains calculs
d’intégrales sur les groupes unitaires.



Chapitre 2

Intégration unitaire

31
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Moments and Cumulants of Polynomial ran-
dom variables on unitary groups, the Itzykson-
Zuber integral and free Probability

HTTP://FR.ARXIV.ORG/ABS/MATH-PH/0205010
IMRN /20917
We consider integrals on unitary groups U; of the form

/Ud Uz'ljl T Uiqjq U;’lz'l T ng,z';, du
We give an explicit formula in terms of characters of symmetric groups and
Schur functions, which allows us to rederive an asymptotic expansion as
d — oo. Using this we rederive and strengthen a result of asymptotic freeness
due to Voiculescu.

We then study large d asymptotics of matrix model integrals and of the
logarithm of Itzykson-Zuber integrals and show that they converge towards
a limit when considered as power series. In particular we give an explicit
formula for

a" .

lim ——d 2 log/ 4Tt (XUYU )dU\ZZO
d—oo Oz™ U,

assuming that the normalized traces d='Tr(X*) and d~'Tr(Y*) converge in

the large d limit. We consider as well a different scaling and relate its asymp-

totics to Voiculescu’s R-transform.

Sur le groupe unitaire Uy, nous considérons des intégrales du type

¢

* *
/IL; Uiljl "'Uiqjqullill "'Ujl i dU
d

Nous donnons une formule explicite a I’aide des caracteres du groupe symétrique
et des fonctions de Schur, qui nous permettent de retrouver un développe-
ment asymptotique lorsque d tend vers I'infini. A 'aide de ce résultat, nous
retrouvons et renforcons un résultat de liberté asymptotique de Voiculescu.
Ensuite, nous étudions des intégrales de modeles matriciels et leurs asymp-
totiques, et en particulier le logarithme de 'intégrale d’Itzykson-Zuber, dans
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la limite des grandes dimensions. Nous montrons que ces intégrales conver-
gent vers une limite en tant que séries formelles. En particulier, nous donnons
une expression explicite pour

7L

lim 2 g2 log / P EXUYU) gy
d—oo 02™ Uy

en supposant que les traces normalisées d~'Tr(X*) et d~'Tr(Y*) convergent

lorsque d tend vers I'infini. Nous considérons aussi la limite pour un autre

changement d’échelle, et relions son asymptotique a la R-transformée de

Voiculescu.
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2.1 Introduction

The starting point of this paper is a recent result by Guionnet and Zeitouni
(see [GZ02]). For all integers d, let X4 and Y,; be Hermitian matrices in M, (C)
such that for all k£ > 0, limyd="Tr(X%) (resp. limyd~'Tr(Y})) exists in R
and equals 7 (resp. yx). Assume furthermore that there exists a majorant
A independent on d for all || X,|| and ||Yy||. Consider the following integral
on the unitary group U; with its normalized Haar measure dU:

Fy=d?log / e XaUYaU) gy
Uq

It is proved in [GZ02], that lim, F; exists and depends only on the sequences
(zx) and (yg).

This result, whose proof implies subtle computations and results about
large deviation bounds for Brownian motion, raises a number of questions.
For example, it is of interest to understand what would happen if the matrices
fail to be Hermitian or to have a norm bounded independently on d.

Our approach to this problem is based on an explicit algebraic computa-
tion of the integral of polynomial functions on unitary groups. This approach
yields a different convergence concept than that of [GZ02] and the results of
this paper don’t allow to recover the results of Guionnet and Zeitouni. On
the bright side, we show that a very large class of integrals similar to Fj
converge in our sense and we obtain an explicit expression for their limit.

Furthermore, we provide for the first time a combinatorial unified method
allowing to deal with large unitary matrices in various domains such as free
probability theory and matrix integrals and establish new connections be-
tween them.

The paper [Wei78] was among the first try to understand the integral of
polynomial functions on unitary groups for large d. We supply a new proof of
Weingarten’s result and generalize it by giving an explicit way of computing
an integral of a polynomial random variable on the unitary group U; with
characters and Schur functions (Theorem 2.2.1 of Section 2.2). In Theorems
2.2.2 and 2.2.6, we give a way of computing these integrals and cumulants
associated to them by summing over sequences of permutations satisfying
specific properties.

Section 2.3 is an application of Theorem 2.2.1 to a new proof (Theorem
2.3.1) and an improvement (Theorem 2.3.5) of an asymptotic freeness result
of Voiculescu and Feng Xu. For a set W and for each d, let (w;q)icw be a
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family of matrices in M, (C) such that for any non-commutative polynomial
P in W, limy(d~'Tr(P(w;,4))) admits a finite limit in C.

Let U;,Us,,... be a sequence of Haar distributed unitary independent
matrices. Take the convention that tr = d='Tr.

Theorem. e (i) For any non-commutative polynomial Q) in the vari-
ables W, Uy, Uf, U, Us ..., d ' Tr(Q(w; 4, UF,Us, Uy ...)) admits a fi-
nite limit in C.

o (ii) The family of sets of variables W,{U,,U;},... is asymptotically
free.

e (iii) Furthermore, we have

P(|tr(Q(wia, U, U ....)) — Btr(Q(wig, U, U ... )| > €) = O(d?)

The two first points are stated in Theorem 2.3.1 and are due to Feng Xu
[Xu97]. We supply a new proof of these results. The third point is the object
of Theorem 2.3.5. The methods gathered in this section are used for section
2.4, in which we first show the convergence Theorem 2.4.1:

Theorem. Let (Pl,j)lglgk,lgjgk and (Ql,j)lﬁlﬁk,lﬁjﬁk be two families Of non
commutative polynomials in Uy, U, ... Uy, Ui and W. Let A, be the variable
Zle H;?:l trP,; (U, U*, w; q4) and By the variable Zle Hle trQ;; (U, U*,w; q).

e The function

z — d *log E(exp(zd®Aq)) = Z agzq
g1

d

is such that for all g, limg ag

limat distribution of W.

exists and depends only on Py ; and the

e The function

Eexp(zBg + zd*Ay) 4
N =1 b2
Eexpzd?Ay + ; a®

15 such that for all q, limy bg exists and depends only on P, ;,Q;; and
the limat distribution of W.
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The explicit link with the work of Guionnet and Zeitouni is the following:
let F' be the function defined by

Fyxy = d *log E(exp 2d*tr(XUYU*))

where X and Y are arbitrary d x d matrices. Then 2. F, xy(0) is a polyno-
mial function of the variables trX* and trY", whose coefficients are rational
fractions of d. We prove that these coefficients converge as d — oo to some
limit, for which we give an explicit formula (Theorem 2.4.2) and a diagram-
matic interpretation (Theorem 2.4.4).

We finish this paper by establishing in Theorem 2.4.5 the following link
between free probability and the Itzykson-Zuber integral

Theorem. Assume that X is a one dimensional projection and that Y ad-
mits a limit distribution. Then for all g, the number d-09/029Fy x,y (0) con-
verges towards (q—1)'k,(Y"), i.e. the coefficient of the primitive of Voiculescu’s
R -transform Ry of the limit distribution of Y.

This article is a part of the author’s Ph.D. work. The author would
like to thank his advisor Philippe Biane for numerous discussions and for
introducing him to the subjects to which this paper is related. He also
thanks Paul Zinn-Justin for useful conversations.

2.2 Integrals of polynomial functions on Uy

2.2.1 An exact formula for Weingarten’s function

Let Uy be the group of unitary d x d matrices and dU be its normalized Haar
measure. Let g, ¢’ be a positive integers and i = (i1, ... ,4y), i = (4,... ,4y),
i= 01, 57Jg),J = (41, Jy) be two g -tuples and two ¢'-tuples of indices
in [1,d], we define

— - - L) N - * « e *
Taipsy = / Uigi **Uigg Ujig - Ugp i, dU
Uq

We shall give an explicit formula for this integral in terms of Schur functions
and characters of symmetric groups. Using the invariance of Haar measure
under multiplication by scalar unitary matrices one checks that this integral
is zero if ¢ # ¢' so we will only consider the case ¢ = ¢'.
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Remark 2.1. Let us remark that some results related to a generating
function of 745y ;5, the so called external-source integral

/exp Tr(A*U + U*A)dU

have already been obtained by theoretical physicists ([BG80] and [BRT81])
but they is no direct relation to our results.

In order to state our result we need to introduce some notations. Let
(Eij)ijen,q) be the canonical basis of My (C), we define

Egipii = Byiy ® - @ Eiiy ® Ejjy ® -+ ® Ej jn € My(C)®? @ My(C)®?

and the linear form I, on M, (C)®? ® My(C)®? such that I ,(Egiijy) =
I4;5- We denote S, the symmetric group on {1,...,¢}. For 0,7 € S, we
define 0, as the linear form on M, (C)®? @ M, (C)®? such that

5(057) (Ed,i’il’j’jl) = 6ili:,(1) e 6iqi;-(q) 6j1j,,,.(1) o 5jqj:.(q)

We shall follow the standard notations concerning partitions, Schur func-
tions, and characters of symmetric groups, namely if A F ¢, i.e. A is a
partition of ¢, we denote by x* the corresponding character of S, and by
sxd(x1,...,2q) the Schur function, see [Ful97] or [Mac95]. Whenever con-
venient we shall let sy 4(z) = sy4(z,...,z). If p F ¢ we denote C, the
corresponding conjugacy class of §;, and Z, the number of elements of C,.
Finally, if 0 € S, we denote by |o| the minimal number £ such that o can be
written as a product of £ transpositions. Recall that |o| = ¢ — ¢(o), where
¢(o) is the number of cycles of o.

We can now state the main result of this section.

Theorem 2.2.1. Let q,d be integers satisfymg d > q; one has

Ig=Y 8o EQZX ) (2.2.2.1)

0,TES,y

We shall denote Wg the function of d, g, o7~ which occurs in the above
result. For integers d,q and 0 € S, one has

X
Wg(d,q,0) ,22 ol (2.2.2.2)

Akq
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Observe that sy 4(1), which is the dimension of the irreducible representation
of U, associated with A, is a polynomial function of d, of degree g, therefore,
Wg is a rational function of d, of degree at most —q. Since the dependence
of Wg in ¢ is implicitly given by o, we shall drop it from notations and use
Wg(d, o) when it causes no confusion.

Proof.
We consider the left action 7w of U; on My(C) by conjugation, i.e.

T7(U)M :=UMU*

and 7%7 the corresponding ¢ -fold tensor product action of U; on My (C)®1.
Then we consider the action 7®7®@7® of Uyx Uy on W = M, (C)®1@M, (C)®1.

The linear form d, ;) is invariant under the action of Uy x Uy. By Schur-
Weyl duality, the collection {(s,,)} is a generating family of the vector space
of U; x Uy-linear maps, furthermore it is a basis for d > ¢, so that one can
write

Lig= Y 8om -T(d,T,0)

0,TESy
and the coefficients I'(d, 7, 0) are uniquely defined for d > g. Let ®, be the
linear endomorphism of M, (C)®? ® M, (C)®? defined by
Do (Binit ® -+ @ Bigiy, ® Ejijy @ -+ ® Ejyj,) :=
By © - ®E, ®E,; ®QF

o
Jada(q)

(2.2.2.3)
11) 4o (o) o)
For all 0 € S, one has I, o ®, = I,. On the other hand one has 6, ©
®; = §(4r,0'r)- This proves that I'(d, 0,0') = I'(d, o7, 0'7). In the same way,

defining
@, (Eiyiy ® @ Eijyiry ® Ejyjt ® -+ ® Ej jr) 1=

(2.2.2.4)
E; Q- ®Ei, i @F; ® - ® Ej, i,

o (1) o(1)J1
gives that I'(d,0,0’) = I'(d,70,70’). This proves that T' only depends on
the conjugacy class of oo’ ~!. We call Wg(d, 7o) the function such that
[(d,o,7) = Wg(d, 7o71).

Note that choosing i = (1,...,q9), i = (1,...,9), j = (1,...,q) and
J=(o(1),...,0(q)) one finds that

Wg(d, O') = /U U11 e quUlg(l) e Uqg(q)dU (2225)
d
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Consider now
A= é E; € M(C)®? and B = éEia(i) € My (C)®*
1=1 i=1
Denoting p(U) the matrix U ® ... ® U € My(C)®? one has

We(d,0) = / (Te(Ap(U) Bo(U)*))dU

For 7 € Sq let AT = ®;1:1 ET(i)T(i) and BT = ®g:1 ET(,-)T(J(Z')). The unitary
permutation matrix U, = 3, » Ei;0i:(;) € My(C) satisties A, = p(U;)Ap(Uy)
and B, = p(U,;)Bp(U?) so that, since dU is a Haar measure, we have, for
1,7 € 8y,

| @tep)Bopvy)a = [ (Wx(ap) oy

Let A=Y, cs, @y Eriyriy) and B =3 5, @y Er(ir(o(i), we have thus

g /U (Tr(Ap(U)Bp(U)*))dU = /U (Te(Ap(U)Bp(U))dU  (2.2.2.6)

We compute the r.h.s. of 2.2.2.6. Let ¥ be the action of S, on M, (C)®?
defined by

\I/(O')Eiljl ® . ® Ez

Consider the algebra of elements of M, (C)®? fixed under the action 7%70 ¥ of
Uy X S;. It is known from representation theory that this algebra is Abelian
and that its minimal projections are indexed by A F g. We denote by {I)},4
these minimal projections. The dimension of the range of I, is x*(e)sxa(1).
One has Tr(BI,) = x*(e)x*(0), therefore [ p(U)BI\p(U*)dU, which is is a
multiple of I, is fully determined by its trace. thus,

x*(e)x* (o)
sxa(1)x*(e)

Multiplying by A and taking the trace yields

/U (Tr(Ap(U) BLp(U)")) =

= Eio(l)jau) ®...0 L

ada o(g)Jo(q)

/ p(U)BLp(U*)dU = I (2.2.2.7)

X (e)*x* (o)

oD (2.2.2.8)

Summing over A I ¢ gives the result. [
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2.2.2 Asymptotic expansion for Wg

Remember from the remark following the statement of Theorem 2.2.1 that
Wg is a rational function of d, of degree at most —¢, therefore it has a Laurent
expansion

Wg(d, o) = iA[a, Nd=a7" (2.2.2.9)

Since the roots of the polynomials s, 4(1) belong to the set {0,1,... ,¢—1} we
know that the radius of convergence in 1/d of the series is at least 1/(¢ — 1),
hence 2.2.2.9 converges for all d > gq. We now determine the coefficients of
this expansion.

Theorem 2.2.2. Let 0 € §,.
(i) One has A[o,0] =1 if 0 = e and A[o,0] =0 for o # e.

(i) Forl # 0, let Alo, k, 1] be the number of k-tuples of permutations (o1, ... ,0x),
each different from the identity, satisfying both Zle lo;| =1 and ooy ...0p =

e, then one has
l

Alo, 1] =D (—1)*Afo, k. 1].

k=1

Before we prove this result, we deduce a useful corollary.

Corollary 2.2.3. For any o € S,, the rational function di+°'Wg(d, o) is
even, and its degree 1s less or equal than 0.

Proof. If Y¥ | |o;| =1 < |o], then by the triangle inequality |oo . .. o] > 0,
in other words the product o; . ..oy can not be e. So Afo,1] = 0. This proves
the assertion regarding the degree. Let €(0) € {—1,1} denote the sign of a
permutation o. If 0o, ...0; = e then (00 ...0) =1 =€(0)e(01) -+ -(oy)
Since for every 7 one has (1) = (—1)!"l we see that Afo,l] = 0 if [ and |o]|
do not have the same parity. [

In order to prove Theorem 2.2.2 we shall need some preliminary results.

First we introduce some notation. Let k£ be an integer and pu, pq,... , ux be
partitions of ¢. Let 0 € S, be such that o € C,. We call A[y; p1, ... , px] the
number of k-tuples (01,...,0%) € S; such that 0.0y -0, =e and o; € C},

for all i € [1,k]. Let Z, be the cardinal of the conjugacy class of o.
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Lemma 2.2.4. Let p, i, ... , i be partitions of ¢ and o € C, then

q ZX )Xy -+ Xon OOV T Zoy o Zo = Al s ).

Proof. A standard computation in the group algebra of S,, using Fourier
analysis. [

Next we recall another well known formula, see e.g. [Ful97] or [Mac95].
Lemma 2.2.5. For any A F q one has s, 4(1) = %ETHI d?= TN Z,
We now proceed to the proof of Theorem 2.2.2.

Proof. From Lemma 2.2.5 one has
d‘l
S d( 1 + E d” M )‘ )
THq,7#£149

Expand 1/s) 4(1) in the expression

to find that the coefficient of d—97 is

p Zx Xe) Y (=1)F >

Akq k=1 Mla---,ﬂqu,El 1|.u1‘ Lt =1

k

= lZ(_l)k Z ZX k: 1X)‘(Uk) 'Zlfl "‘ZUk

e i PRy |pi| =1 AG

(2.2.2.10)

Using Lemma 2.2.4, this expression is

> (-1 > Alo; piny -y ]

k=1 [TERTIAS SRR e
From the definition of Afo, k,[] we have
Z A[a;ﬂ'la--- alu'k] :A[Ua kal]
Bttt 0 32y il =
which concludes the proof. [J
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2.2.3 Cumulants of random variables

For reference and proofs about the beginning of this section, we refer to
[Zvo97] or [Rot64]. We consider the lattice P of partitions of [1, ¢] = {1,... , ¢},
and say that II' < IT if, for any block V of IT' there exists a block of II that
contains V. For any partitions I and II' define IT vV I’ (resp. II AII') to be
the smallest majorant (resp. the greatest minorant), and 1, = {{1,... ,¢}}
(resp. 0, = {{1},...,{¢}}) the greatest (resp. smallest) element.

The permutation group &, admits a natural left action on the partitions
of [1,q]. Call Op the orbit to which IT belongs. These orbits are in natural
one to one correspondence with the partitions of the integer ¢q. For 0 € S,
let I1, be the partition of [1, g] whose blocks are the orbits of o. It is obvious
but useful to remark that C, = Oy, .

For each II, I, € P such that II; < II,, there exists a partition II such
that the interval [IT;, IT5] is isomorphic as a lattice to the lattice [0,, IT]. If
On = (p1, ... ,pk) then define

Moeb(IT, ITp) = H((—l)i_l(i — )P

i

For a set Ay,..., A, of random variables and IT = {V3,...,V}} a partition
of [1,q], let

k
En(4s,... . A) =[] E(] 4
=1 JEV;
With the same notations we define the classical cumulant by

Cr(Ar,...,A) =Y Ew(Ai,..., A-)Moeb(Il',II)

'<II
and
Cy(Ay, ..., Ay) = C,(As, ..., Ag)Moeb(IT', II)
We also introduce the notion of relative cumulant

Cﬂl,Hg (Al, e ,Aq) = Z EH(Al, . ,Aq)Moeb(H, HQ) (22211)

II; <II<II2
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This cumulant is the cumulant of the function Ep associated to the lattice
[I1,14]. Tt is known that Y o, Cg(A4, ..., A)z7/q! is the power series expan-
sion in a neighborhood of 0 of the analytic function z — log E'(exp(zA)). Let
II; <TI, be partitions of [1,¢] and A,,... A, be random variables. We have

Bu,(An,...,4) = Y Cmu(Ar... A (2.2.2.12)

11, <II<II2

Let ¢ be an integer and ¢ a permutation of S,. For any i € [1,¢] call
B; the random variable Bzd = Uiim, where U;; is the complex random
variable on the unitary group U, that was introduced in section 2.2.1. For
any subset V' C [1, ¢] we define the random variable

By =] B (2.2.2.13)

eV

In particular, for IT = {V3, ..., Vi } a partition of [1, ¢ satisfying IT > II,, let

En(o,d) = f[ E(By,) (2.2.2.14)

i=1
and

Cu(o,d) = Y Eu(o,d)Moeb(I1, II,)
II<IIs

Cn(o,d)= Y Eu(o,d)Moeb(II, IT,)

11, <II<II2
the classical (resp. relative) cumulants related to Ey (o, d).

Theorem 2.2.6. Let o be an element of S;. Let II be a partition of [1,q],
such that 11, < II. Let 7 be a permutation such that 11, = II. For integers
k,l, let vomky the number of solutions of ooy ...0, = e such that for all i,

one has o; # e, Zle loi| = and the group gemerated by T,01,...,0% acts
transitively on [1,q|. Let

l

Vom0 = Z(—l)k%,n,k,l (2.2.2.15)
k=1
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Let d be an integer such that d > q, then

CH,lq (0', d) = Z ’Ycr,H,ld_q_l (22216)

1>1

In order to prove Theorem 2.2.6 we need some elementary technical lem-
mas. We first derive an important corollary. For a partition IT of [1, ¢], call
C(II) the number of its blocks.

Corollary 2.2.7. Let d,q be integers, o € S; be a permutation and 11 be a
partition of [1,q| such that d > q. Then Cn, 11,(0, d) is a rational fraction of
order at most —q — |o| + 2(C (1) — C(I14)).

We first prove Corollary 2.2.7.

Proof. From Theorem 2.2.6 it is enough to prove that if 7 € &, is such
that Il = II and o4, ... ,04 are permutations of S, such that oo, ...04 =
e, and the group generated by 7,01,...,0, acts transitively on [1,¢], then
lo1| + ... + |ok| > |o| + 2(C(IT) — 1).

It is known (see e.g. [BMS00]), that if o1, ... , 0% act transitively on [1, g]
and satisfy oy . ..o = o, then |o|+|o1|+. ..+ |0ok| > 2¢—2. In order to prove
this, the difference is interpreted as the genus of a given graph drawn on a
two dimensional compact manifold. This implies that if 7/ is a permutation
such that I, = V¥ |11, then |oy| + ... + |ox| > 2|7|. Indeed, restricting
the equation oy ...0, = ¢ to an orbit of 7/ turns the action into a transitive
one, so the inequality of [BMS00] holds. Conclusion follows by summing on
the orbits.

Thus it is enough to show that if the group generated by 7 and 7' acts
transitively on [1,¢] then |7'|+1 > C(IL;). Let V4,..., V be the blocks of II,
and 71 ...7, = 7' be a transposition decomposition of 7’. This decomposition
yields a graph on Vi,...,Vj in the following way: if 7, = (ab) with a € V
and b € V, then put an edge between V, and V;. This diagram has to be
connected, so that [ > k — 1. [

Lemma 2.2.8. Let ki, ky be two integers satisfying 1 < k1 < ko. We have

> (1)F = (=1)kthe (2.2.2.17)

k>1,Vy,VaC[1,k], Vi UVy=[1,k]
CardV] =k, CardVy=ko
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Proof. Consider the formal power series

A=1+X)11+Y) " = Y A, XYR e X, Y]]

k1 ,k2>0

It is clear that Ay, 4, = (—1)¥**2. And if we rewrite A as (1+ (X +Y +
XY)N)' =3, (-D¥X +Y + XY)*, then

Akl,kz = Z Z (_1)k

k' ay,.,ap€{X,Y,XY}I]; ai=XF1Yk2

To a sequence (ay,...,a;) we can associate the pair (V;,V3) of subsets of
[1,k] defined by ¢ € V] iff a; = X or XY and i € Vaiff a; =Y or XY. We
have CardV; = k;, CardVy = ko and V; U V5 = [1, k]. This correspondence is
clearly one to one. [J

Lemma 2.2.9. Let f and g be functions N* — C, almost everywhere zero.
Define

S(f) =Y (=1 f(k) (2.2.2.18)

And define the operation

h=fxg:N = C (2.2.2.19)
h(k) = > f(CardIl, ) g(CardII,) (2.2.2.20)

11 ,ch[l,k] NIk UH2:[1,IC]

This operation is associative. Besides, we have for all f,g, S(f *x g) =

S(f)S5(9).

Proof. Associativity is elementary. For the multiplicativity, one just needs
to remark that f(k;)g(kz) contributes to (—1)**2 in S(f)S(g), and that it
gives a contribution of

> (=1)*

k>1,111,I12 C[1,k], |11 |=k1,|II2|=k2 111 UIl2=[1,k]

in S(h), so this is a consequence of Lemma 2.2.8. O
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Let IT = {V4,...,V;} be a partition of [1,¢]; k£ and [ be integers and
consider a k -tuple (o1, ... ,0x) such that ooy ...0, =€, |o1|+ ...+ |0k =,
for all i, II,, < IT and o; # e. We call Ao, k,[](IT) the number of such &
-tuples. We also need the notation Afo, k,1|(V;) = Aloy;, k,1]. We denote
Alo, l](IT) = S(Alo, -, I](IT)) and Alg, [](Vi) = S(Alo, -, ](Vi))-

Lemma 2.2.10. Under the preceding notations, we have

Alo, 1)(I1) = Yo T[Al L) (2.2.2.21)

Uyl 30 L=t T=1

Proof. IfI1 = {V4,...,V;},and ly,... ,[; are integers we call A[o, k, [I1, ..., [;]](IT)
the number of solutions of the equation ooy ...0, = e in S, — {e} satisfying
for all 7 € [1,5] 3%, |oyv,| = I, and for all 4 € [1, k], II,, < II. We have

Ao M= > Aoy [, (1)
Wopeu b 00 1e=l
so it is enough to prove that
J
Alo, k, 1y, ..., 1]J@) = [ [ Alo, 1](V2)

r=1

For this, introduce the functions f, for 1 < r < j defined as £ > 1 by

fr(k) = Alo, k,1,](V;). Define f by f(k) = Alo, k, [l1, ..., ]](IT).
Considering the convolution that we introduced in equation 2.2.2.19 we

have f = f1 *...% f so by the lemma 2.2.9 we get S(f) = S(f1)...S(fx). O

Lemma 2.2.11. Let IT be a partition of [1, k] then En(B)[l] = Alo, [](IT)
Proof. By Theorem 2.2.2, we have Ev,(B)[l] = Alo,l](V;) so En(d,0)[l] =
DS A [I2_, Alo, 1] (V;), which equals Ao, {](II) by Lemma 2.2.10.
O "

Now we can go through the proof of Theorem 2.2.6.

Proof. We have by definition Cr (o, d)[l] = >~y Es(I)[l]Moeb(Il', 1,).
By lemma 2.2.11 this is Y, Ao, [](TI')Moeb(IT', 1,).
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Let II be a partition such that I1, < II, and let A[o, k, [|[II] be the num-
ber of k -tuples of permutations (o1,...,0x) such that o; # e for all i ;

00y...0r, =e and ) . |o;| =1 and V;[o;] = II. We have the obvious relation
between Ao, [|[II] and Ao, I](II)

Alo, J(I1) =~ Insw Alo, [][IT] (2.2.2.22)

By proposition 2.2.2.12 this implies that Cr 1, (o, d)[l] = Ao, [][II], which
is the expected result. [J

2.2.4 A first order expansion for Cy; (d, o)

So far we have obtained upper bounds for the degrees of cumulants of unitary
polynomial integrals. However, except in some very elementary cases, it is
far from obvious that they are optimal. In this section we show that our
bounds are optimal and perform some explicit computations.

Let Moeb : §; — C be the central function defined by

k
Moeb(0) := [ [ ¢y - (—1)'% (2.2.2.23)
i=1
where 0 € &, is a permutation whose cycle decomposition is o = Cy---Cj,
and ¢, = (2n)!/(n!(n + 1)!). The integer ¢, is the n™* Catalan number and

. . . . -1
satisfies the inductive relation ¢, = Z?:o G - Cn_i—1. Its first values are

co=1,c1=1,c0 =2,c3=5,¢c4 = 14,¢c5 = 42,c6 = 132, c; = 429, cg = 1430

Remark 2.2. This function is related to Speicher’s function Moeb defined
in [Spe94] in the sense that a non crossing partition II (that will be defined at
section 2.4.2) of [1, g] with blocks of length |C4|, - - -, |Cy| satisfies Moeb(II) =
Moeb (o).

Theorem 2.2.12. e (i) Let o be a permutation of [1,q] such that in its
cycle product decomposition it has d; cycles of length i — 1. Then

e 27 Be =3~ o)l vy (2i= DN *
Vot a-2-1o] = (=1)7 @) I1 (7>
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where v was defined in Theorem 2.2.6, equation 2.2.2.15.
e (ii) In particular,

lim d*°'Wg(d, o) = Moeb(o) (2.2.2.25)

d—o0

o (iii) Let I be a partition having blocks Vi, ..., Vi of length q1, ... ,q
such that Tl, <II' and define 0; = oy,. Call

9ot = > H (e - 2% —lodl)! (2.2.2.26)

' ePq, 1 >, ' VII=1y i=1
C(llg)—C(I')=C(II)—1

we have

(20 —1)! o
Vo lL,q-+|o]+2(C (M)~ ganH ( > (=1)lel2e=lel (2.2.2.27)

i—1)2

Note that this it is not zero.

Proof. Formula 2.2.2.27 is a consequence of 2.2.2.24 and 2.2.2.25 together
with lemma 2.2.10. The fact that it is non zero comes from the fact that all
summands of the right hand side of 2.2.2.26 have the same sign and are non
zero.

So we focus on proving 2.2.2.24 and 2.2.2.25. In [BMS00], the following
result is proved: the number of k -tuples (o1, ... ,0%) of permutations of S,
such that o, ...0r0 = e, the group generated by o1,... , 0, acts transitively
on [1,q] and |o| + |oy| + ...+ |ok| = 2¢ — 2, is

i (qk q—1 k 1
Alo. k| =k v
lo: k] (gk —2q + |o] + 2) 'H

where d; denotes the number of cycles with ¢ elements of o.

This set allows the o0;’s to be identity. An application of the exclusion-
inclusion principle shows that: the number of & -tuples (o1, ... , %) of permu-
tations of S, different from identity such that o, ... 0,0 = e, the group gener-
ated by o1, ... , 0 acts transitively on [1, ¢] and |o|+ |o1|+. ..+ |ok| = 29 —2,
is

2q—2—|o|
29 —2—|o|\ ~
Volloh2g-2-a| = D (q z ||)A[a,k,l](—1)l (2.2.2.28)

=1
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We need to estimate v, 11, 2-2-1o| = S(Vo11,,k,29-2—|/)- The fact that for

k' > k one has E]::k ;) = (’2:11) implies that
o (i) If |o| < ¢ — 1 then

Yo,N,,2q—2—|c| =

quw(—l)’“ (Zq - 1—1 |0|>k(qk(gk2;f_ ‘_G|1+ ) H [ (kl N 1”

k=2
(2.2.2.29)
e (ii) if |o| = ¢ — 1 then
q
_ k —q)!
e =S (=1)0F (g 92.2.2.
Tolle 24-2—o] ;( ) k(g — k)!(gk — 2q + 1)! (2:2.2.30)

Now we need to prove that for o € S, having a; cycles with 7 elements, one
has

29(3g — 3 — |o|)! 1~ 2i — 1)! di
Volly 3g—2—|o| = (q(Qq)! o) 1}((@ _(1)!2(_)2)2._1> (2.2.2.31)

We recall that for 0 < r < n we have

2”: (Z) K(-1)F=0 (2.2.2.32)

k=0

Indeed, the holomorphic function z — (1 — exp z)" has a zero of order n at 0
and the left hand side of equation 2.2.2.32 is its r-th derivative at zero. We
first handle equation 2.2.2.29. The expression

P(k) = k(qk(ng;i |_0|1+ 2)! H [ (kz ] 1)}

is a polynomial in k, of degree at most 2q — 2 — |o|. It is easily checked that
P(1) = P(0) = 1. So according to equation 2.2.2.32.

T (L e ()] e

k=2
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29(3qg — 3 — |o|)! - 2i — 1)! d
o0 =T () 222

This proves 2.2.2.24 in the case of 2.2.2.29. The case of 2.2.2.30 is done in
the same way. [

2.3 An application to free probability theory

In this section we first recall basic definitions about asymptotic freeness. The
main results of this section are Theorems 2.3.1 and 2.3.5. In order to prove
2.3.5 we introduce material that will be used as well in Section 2.4.

2.3.1 Asymptotic freeness

Our definition of a non commutative probability space is the following: it is an
algebra with unit endowed with a faithful tracial state ¢. In particular we do
not make any assumption about the linear form ¢, except that ¢(ab) = ¢(ba)
and ¢(1) = 1. We do not need the * -structure of the matrix algebras (and
a fortiori faithfulness or positivity assumptions). We denote such a space by
(A, ¢). An element of this space will be called a (non-commutative) random
variable.

Let Aq,---, Ag be subalgebras of A having the same unit as A. They are
said to be free iff for all a; € A;, (j € [1,!]) such that ¢(a;) = 0, one has
é(ar---a;) =0 as soon as j; # Jo, j2 # Js, - ,Ji—1 # ji- Random variables
are said to be free iff the unital subalgebras that they generate are free.

Let (a1, ,ax) be a k -tuple of random variables and let C(X7,-- -, Xj)
be the free algebra of non commutative polynomials on C generated by the
k indeterminates Xq,---, X;. The joint distribution of the family a; is the
linear form fi(a, ... ) : C(X1,- -+, X)) — C defined in the obvious sense.

Given a k -tuple (aq,---,a) of free random variables and given each
law p14;, the joint law fi(g, ... q,) 18 uniquely determined by induction with
the pio,’s. We shall say that a family (a,---,a)4 of k -uples of random
variables converges in law towards (ay,--- ,a) iff forall P € C(Xy,-- -, X}),
[(ad... ag) (P) converges towards piay,.. 1) (P) as d — oo.
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This gives the following obvious sense to asymptotic freeness: a sequence
of families (a4, -+ ,af), is asymptotically free as d — oo iff it converges in
law towards a free random variable.

By now we are able to state the main result of this section. Note that
it was originally contained in [VDN92] under stronger hypotheses. Feng Xu

[Xu97] obtains an analogous result using geometric methods.

Theorem 2.3.1. LetUy,--- , Uy, - be a collection of independent Haar dis-
tributed random matrices of My (C) and (W2);c; be a set of constant matrices
of My (C) admitting a joint limit distribution for large d. Then the family
(U, U, Uk, Uf), -+ -, (W) admits a limit distribution, and is asymp-

totically free.

Note that this statement holds under the very weak hypothesis that the
joint law of the family W admits a weak limit, i.e. it does not make any
assumption of boundedness of the elements of W as d — oo. In other words
we do not have to consider asymptotic * -freeness, our method works in
the framework of asymptotic algebraic freeness. This allows us to escape
from the machinery of functional calculus and weaken the hypotheses of
[Voi98]. Besides, we do not have to restrict to diagonal elements or self
adjoint elements for the (W;); as in the previous proofs. In particular they
might have no * -asymptotic limit.

We split the proof of this theorem into two parts. The first one consists in
showing that there exists an asymptotic joint law for the families of random
variables. The second step is to show that these families are asymptotically
free.

Let Wy, .-+, W, be matrices of My(C) and a a permutation of [1,n]. If
the cycle decomposition of o is (ayq -+ - ayi,) - (@g1 - - - ki, ), then we define

(Wi Wada = tt(Way, - Wy ) - tr(Wayy -+ Wy, ) (2.3.2.1)

These notations are well defined because we consider the state tr is tracial.

For an integer n, let £ be a permutation of S, such that there exists
disjoint subsets V; and V, with ¢ elements of [1,n] such that (V) = V4,
&(V2) = Vi and € stabilizes pointwise (V3 UV5)¢. We can check promptly that
£? stabilizes both V; and V5, and that the restrictions of €2 to V; and to V5
are conjugate. This allows to define

Wg(€) = We(d, €2;)

Besides it is routine to check that fW\é(f) = 0(d~!¢l). From this we can state
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Proposition 2.3.2. Let Uy, ... Uy be k independent Haar distributed ran-
dom matrices. Let n = 2q be an even integer and for i € [1,n] let W; be
a random matriz of the form W;U:* with j; € [1,k] and &; € {—1,1}. For
J € [1,k], let T; be the subset of S,, of permutations & such that if j; = k then
Jew) = k and e¢iy = —&; and if j; # k then £(i) = i. Let o be a permutation
of [1,n]. Then

k
E(Wy... Wa)a) = Z (Wi .. Waag,..c, doIl0g1 4l ng(&)
E1€T1,. €T i=1

(2.3.2.2)

Proof. This is done by induction on k. For k£ = 1 this is a standard combi-
natorial computation in view of Theorem 2.2.1. For the general k£ case, it is
enough to apply Fubini’s Theorem and remark that the elements of 7; and
7; commute. [

Each summand of equation 2.3.2.2 is of order 0(1) because by the triangle
inequality |a| — @& ... &| — [&] — ... — |&] < 0. This proves the existence
of a joint distribution.

Proposition 2.3.3. e (i) In equation 2.3.2.2, if for a given&; € T1,... & €
Tk, one has |a| —|a&y ... &| —|&1| — ... —|&]| = 0 then a&; ... & admits
at least two fized points. Besides if j is a fized point, it can not be such
that €j—1=E¢&j and 'ij—l = Z]

o (ii) In particular the family (W), (U, Us), -+, (Uk, Uy)) is asymptot-
cally free.

Proof.

The fact that the first point implies the second one is as for the proof
of 2.3.2.2, a straightforward consequence of the definition of freeness. Let
us consider the situation |o| — |a@&; ... &| — [&] — ... — |&| = 0. We have
laéy ... &| < |a|—q < ¢—1. Consequently ¢ moves at most 2(¢q—1) =n—2
elements, hence has at least two fixed points. Besides, according to the
definition of ¢ and of 7;, the permutation af; ...&; has to move the point i
if €j—1=¢&j and ij—l = ZJ U
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Since the proposition holds for all k, it holds for an arbitrary family of
independent random variables, therefore this proposition proves the Theorem
2.3.1 in full generality.

The following corollary can be found in [Voi98] and [Xu97] and it is a
consequence from Theorem 2.3.1.

Corollary 2.3.4. Let W be a family of constant matrices with a limiting
distribution and Uy, - -+ ,U, be random unitary matrices. Then the variables
W, U,WUf, .-, UWU; are asymptotically free.

Proof. 'This is a straightforward consequence of the Theorem 2.3.1 and of the
definition of asymptotic freeness. [

Remark 3.1. The results we obtained are the same if one replaces U, by
SU,. Indeed, a careful reading of the proof of Theorem 2.2.1 shows that it
also holds for SU; as soon as d > ¢q. Another way to see it is to note that
the multiplication map SU,; x U; — Uy is both a group morphism and a
probability space morphism (for these groups endowed with their respective
normalized Haar measure).

Remark 3.2. A slight modification of the argument of the proof of Theorem
2.3.1 shows that the result holds as well provided that for all ¢ € N and for
all o € S,

E(W))= ]I E(W))+o(1)

c cycle of o

as d — oo. In particular, this yields a new proof of asymptotic freedom of
independent GUE’s (albeit much more complicated).

2.3.2 Refinements and corollaries of Theorem 2.3.1
Our methods allow to derive an interesting consequence of Theorem 2.3.1:

Theorem 2.3.5. Let W be a family of matrices admitting a limit law and
Ui,--- ,Ug be unitary independent random variables. Let w,uq,--- ,u; be

non-commutative random variables whose law is the limit joint law of W, Uy, - - -

If ¢ > 0, then one has

P([(WAU! -+ - WUy — (wius! -+ - wpui™)| > €) = O(d ™) (2.3.2.3)

, Uk.
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In particular, the random variable (W1 U - - - W, Ui™) converges in probability
towards (wiu;! - - - wpt;")

In order to prove this we need to estimate the expectation of the product
of the traces of random variables in terms of the product of the expecta-
tions of the traces of the random variables. Corollary 2.3.7 of the following
proposition does the job, but we shall also use proposition 2.3.6 in section
2.4. We define the relative cumulants Cyy, i, ((Wi ... Wa)a) by modifying the
definition of equation 2.2.2.11 in the obvious way.

Proposition 2.3.6. Tuake the same notations as in Lemma 2.3.2. Then

Crty 1, (W .. W) ) = 0(dXC02)=CU)y (2.3.2.4)

Proof. We have, according to lemma 2.3.2,

k
Coom(Wi-- W)= D (Wi Waage. O (| [ Wa(€)
E1ET - £ ETR i=1

with II =TI, V [&] V...V [&]. But it is straightforward to check that

k
Cn,nz(H Wg(&)) = O(d™6-&+2(C(L)—CUn))

=1
and for &;,...,& such that I =1I; VI, V... VI, one has

la] — [ .. . &| < 2(C(IT) — C(ILy)) + [&] + - - - + [kl

This proposition implies the following corollary:

Corollary 2.3.7. Let W; and U be as in the equation 2.3.2.1. The following
holds

E1(<I/V1UEl e 'WnU5n>a1 <I/Vn-f—lU'En+1 e WmU'Em>a2) =

In+1 in

E((WAUG -+ WU ) E((Waa Ui WilUi 7 ay) + O(d?)

A in 7

Now we can proceed to the proof of Theorem 2.3.5
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Proof. We prove a slightly better result, namely
E((WAU;} - - WoUir) = (wug] -« wuit)[?) = O(d™?)

Our result will follow by Tshebyshev inequality. Developing the above square
yields that it is enough to show that

E((WhU - WU ) = [E((WAUG - WaUim))|* = O(d™)

This is an immediate consequence of the Corollary 2.3.7 on the factorization
of the expectation. [

Remark 3.3.

e In corollary 2.3.5, for the convergence in probability to hold in equation
2.3.2.3, it is enough for the family {W;} to have joint 2n' moments
that are bounded uniformly in d.

e If we assume furthermore that the random variables (Uf € M;(C))a>1
are defined on the same large probability space {2, then the convergence
holds almost surely. This is just Borel-Cantelli’s lemma and the fact
that Y d=2 converges.

2.4 Large d behavior of the I-Z integral

We start with two theorems which were one of our initial motivations for
performing explicit computations on functions of the kind d — Ch, 1, (d, o).

Theorem 2.4.1. Let W be a family of matrices admitting a limit joint dis-
tribution. Let Uy, ... U, be independent Haar distributed unitary matri-
ces. Let (P;j)i<i<ki<j<k and (Qij)i<i<ki<j<k be two families of non com-
mutative polynomials in Uy, UY, ... Uy, Ui and W. Let Ay be the variable
S T trPy (U, U, W) and By the variable Y ¢, [T5_, t1Qq (U, U*, W)

e (i) For each d, the analytic function

z — d%log Eexp(zd®Ay) = Za

n>1

1s such that for all q, limy ag exrists and is finite. It depends only on the

limit distribution of W and on the polynomials P; ;.
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e (ii) For each d, the analytic function

FEexp(zBg + zd*Ay) p
=1 bé 2"
Eexp(zd?Ay) * Z n?
15 such that for all q, limy bg exists. It depends only on the limit distri-
bution of W and on the polynomials P; ; and Q; ;.

Proof. For the first point, remark that if ¢ is greater than 1 then q!ag =
C,(d>A)d—2. By Proposition 2.3.6 this is asymptotically bounded. For the
second point we show that equivalently, defining

log(1 + Z biz?) = Z b;dzq

g>1 g>1

the coefficients b;d are such that for all ¢ greater than 1, limy b;d exists, is
bounded. But

q!b:]d = Cy(B + d2A) - Cq(d2A)

Developing this by multilinearity and applying Proposition 2.3.6 shows that
q!b;d = qC,(B,d*4A, ... ,d?A) + o(1) and limy C,(B, d?4, ... ,d*A) itself ex-
ists, so this concludes our proof. [J

Remark 4.1. Heuristically, point (ii) of Theorem 2.4.1 is a way to give
a meaning to F(exp(B + d*A))/E(expd?A) in the large d limit. However,
it is important to note that conclusion of (ii) does not hold any more if one
considers, for example z — E(Bexp zd>A)/E(exp zd*A).

In the remainder, we set (X4)a>1, (Ya)d>1 to be two families of matrices of
M, (C) and consider them as non-commutative variables of the non commuta-
tive probability space (M, (C), tr). Let U be a matricial random variable with
values in the unitary group U; and with law the left and right invariant Haar
measure. Consider the commutative random variable A; = tr(X,UY,U*).
We denote by A the family A = (A4)a>1. The Itzykson-Zuber integral (or 1Z
integral) is the following analytic function:

I[Zyxy : 2 — E(exp(d®z4,)) (2.4.2.1)
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Let (z;) and (y;) be the eigenvalues of X and Y and A(X) =[], ,;<q(7;j—
z;) (resp. A(Y) =[1l,<icj<4(y; —¥i)) be the Vandermonde determinant asso-
ciated to the roots (z;) (resp. (y;)). The IZ integral first appeared in relation
to matrix models and two-dimensional quantum gravity ([IZ80]). It can be
computed explicitely by the Harisch-Chandra formula provided that z; = z;
iff i = :

E(exp(dtr(4))) = detie( ;;22}5};“ (2.4.2.2)

In this section we investigate the function
Fioxy:z— d~?log E(exp(d*ztr(Ay))) (2.4.2.3)

In [Mat94], Matytsin identifies the limit of F;; xy (1) with the solution of some
PDE with boundary conditions, under the assumption that the distributions
of X and Y admit a smooth limit. The existence of a large d limit remains
a non-obvious mathematical problem. It has been solved very recently by
A. Guionnet and O. Zeitouni in [GZ02] under the assumption that X and Y
admits a limit bounded distribution and are Hermitian. However, here we
investigate the limit of F' by focusing on the study of the coefficients of its
series in 0:

01
diQCq (d2Ad) = @ deX’Y (0)

In the remainder we define (X), to be (X9),, which was defined in Equation
2.3.2.1.

Theorem 2.4.2. We have lim; d—2C,(d*Ay) =

Z <X>0'<Y>T’)/’TO'_1’HTVHD.,q+|Tg'—1 H—2(C(H,—VH0)—1) (2424)

o, TESy
|7+ +|re—1|=2¢—2C(II; VIIs)

where the number Y;o—1 1, vit, gt ro-1+2(C(IL VL, )—1) was defined in 2.2.2.15
and computed in Theorem 2.2.12.

This theorem is a consequence of the following lemma:
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Lemma 2.4.3. e (i) We have, for d > q,

E(tr(XUYU*))) = Y d "7 U(X) (V),Wg(d, 707") (2.4.2.5)

0,TESy
° (ZZ)
d2Cy(dPA) = > & U X) (V) Crvm, 1, (o d) (2.4.2.6)

0,TESy

Proof. The second point is a straightforward consequence of the first one
together with the definition of Cr,1, (T0™", d).

For the first point, take the notations of 2.3.2: the set V is the set of odd
numbers of [1,2¢] and the permutation « is (12)(34) - - - (2¢ — 12¢). The rest
follows by inspection, together with the fact that |7| + |o| + [To™!] is always
an even number. []

Now we can prove Theorem 2.4.2.

Proof. Observe by Theorem 2.2.7 that Cr1,(0,d) = O(d ¢ loI-2(CD-1)),
This implies that for any 0,7 € §,, one has

Qa2 lT=lol oy (o d) = O(d2a Il =20 Vi)

which is known to be asymptotically bounded (see 2.2.7). Theorem 2.4.2
follows. [

2.4.1 A geometric interpretation of the formula for the
limit

In this section we discuss briefly an interpretation of Theorem 2.4.2 in terms

of sum over equivalence class of planar graphs. Let G, be the set of (not-

necesssarily connected) planar graphs (such that any connected component

is drawn on a distinct sphere) with ¢ edges together with the following data
and conditions:

e (i) each face has an even number of edges.

o (ii) the edges are labeled from 1 to g.
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e (iii) there is a bicolouration in white and black of the vertices such that
each black vertex has only white neighbors and vice versa.

To each such graph g € G, we associate the permutations o(g) (resp.
7(g)) of S; defined by turning clockwise (resp. counterclockwise) around the
white (resp. black) vertices and the function

Moeb(g) = Yro—1,11, VL, g+ |ro—|+2(C(IL, VI, )—1)
For example in the picture,

o= (1132)(354)(67)(8910)(1112)(1617)(14 15)
7= (56)(78)(1011)(239)(1213)(14)(1417)(1516)
707 = (13)(597)(6811134)(21210)(1715)(14 16)

16

15

14

Two graphs are said to be equivalent if there is a positive oriented dif-
feomorphism of the plane transforming one to the other and respecting the
coloring of the vertices and the labeling of the edges. We call ~ this equiva-
lence relation.

Theorem 2.4.4. We have
liénd’QCq(dQA)z D (X)) (Y)o(gMoeb(g) (2.4.2.7)

gE€Gq/~

Proof. It is enough to check that our combinatorial objects of G4/ ~ yield a
one-to-one encoding of the situation |o|+|7|+|r0 ! = 2(¢—C(On, VOn,)).
This is a consequence of the results of [BMS00]. O
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2.4.2 A new scaling for Fy xy

We start by recalling some definitions and facts contained in [Spe94]. Let
NC, be the set of non-crossing partitions of the ordered set [1,g|. A partition
V =A{Vi,...,Vi} of [1,¢] is said to be non-crossing iff it is not possible to
find four elements a; < ay < ag < a4 of [1,¢] such that a; and a3 are in one
block V; and a; and a4 are in one other block Vj, j # 4. This is a lattice for the
refinement order, admitting 0, as a minimal element (the discrete partition)
and 1, as a maximal element (the one block partition). More generally, if
I, <1y, IT; and II, € NC,, then the interval [II;, II,] is a lattice, and there
exists a I[I € NC, such that [II;,IIy] is lattice-isomorphic to the interval
[O,, 1]

Let 0 € S; be a permutation such that II, = II. The Mobius function is
known (cf [Spe94]) to satisfy

Moeb(I1y, II5) = Moeb(o)

where Moeb(o) was defined in equation 4.5.4.2. For A = (X;,---,X,) a g
-tuple of random variables in a non-commutative probability space (A, ¢),
consider a partition V = {Vy,--- ,Vi}, with V; = {m;; < --- < my,}. Asso-
ciate to this partition the scalar

Ay = ¢(am,, « a’mul) T ¢(a'mk1 T amklk)
For any integer ¢ and II € NC(q), the free cumulant associated to II is the
kn(A)= ) ApMoeb(IT',TI) (2.4.2.8)
I<I, I €N C,

For convenience we define k;(A) = ki (A) and ky(X) = k4(A) for A =
(X,---,X). It has been known since Speicher (see [Spe94]) that if two
random variables X and Y of a non-commutative space are free, then for all
q21,

k(X +Y) =ky(X) 4+ k,(Y)

Remark 4.2. The elements X — k,(X) were already known to Voiculescu
under the form

Rx :2z— ququ(X)

>0
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as the R -transform, the analytic transformation linearizing the free additive
convolution.

The following theorem is a stronger version of a result of P. Zinn-Justin
contained in [ZJ99] (also see [ZJ98]).

Theorem 2.4.5. Let X; be a rank one projection and assume that Y, has a
limit distribution.

lim d™' - Cy(d®Ag) = (g — 1)k (Y) (2.4.2.9)

In order to prove this theorem we need some notation and some pre-
liminary results. For a partition V = {V3,---,Vi} of [1,¢], enumerate the
elements of V; as an increasing sequence v;; < --- < v;,. Then we define the
right converse r of the surjection by its cycle product decomposition:

r(V)=0=(vi1--v1,) - (Up1 - - Vky, )
This injection satisfies 1L,y = V.

Lemma 2.4.6. Let Z be the permutation (1---q) of S;. The set of T ’s
satisfying

[rl+1277 =g 1

is in one to one bijection with the set NC(q). This bijection is T — I, and
its converse 1S 7.

Proof. See paragraph 2.7 of [Bia98], or [Bia97]. O

The Kreweras complementation K(m) is defined, for 7 a non-crossing
partition of NC,, as the partition II;-1,q), with Z = (1---¢). We first
establish a formula for the free cumulant, slightly different from the usual
ones.

Lemma 2.4.7. One has

= Y 6,(Y) - Moeb(K (p)) (2.4.2.10)

pENC(q)
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Proof. The interval [p, 1,] is isomorphic as a lattice to the interval [0, K(p)]
because the Kreweras complementation is an antiautomorphism of the lat-

tice of non-crossing partitions. Consequently we get that Moeb(p,1,) =
Moeb(0,4, K(p)) = Moeb(K (p)) and thus:

= Z #,(Y) - Moeb(p, 1 Z ¢p(Y') - Moeb(K (p))

peENC, peENC,

Now we can proceed to the proof of Theorem 2.4.5.

Proof. Recall from 2.4.2.6 that
dC (@A) = 3 @2 e T 26 (X6 (V) Oy, (o, d)

0,7€ES,

In particular here ¢,(X) = d=9*1° so every summand of Equation 2.4.2.6
is O(d®) with x = 2¢ — |7| — |o| — |T07| = 2C(I1, VII,) — ¢+ |o| + 1. We
already know that for all permutations o and 7 we have 2¢ — |7| — |o| —
|07 — 2C(I1, vV II,) < 0; and it is also clear that —g + |o| + 1 < 0. If the
exponent z is zero then |o| has to be ¢ — 1. In such a case II, VII, = 1,

and x = ¢ — 1 — |7| — |r0™"'|. The permutation ¢ has to be conjugated to
the permutation Z = (1...q) and its conjugacy class has (¢ — 1)! elements.
Therefore

d'Cy(d?A) = (¢ — 1)! > ¢, (YYWg(ro™t, d) + o(1)

TESy,|T|+|T7Z~|=¢q—1

(2.4.2.11)

Lemmas 2.4.7 and 2.4.6 imply that Equation 2.4.2.11 is the same as Equation
2.4.2.9, which is the expected result. [J

2.5 Conclusion and numerical values

2.5.1 Conclusion

The results of this paper raise a number of questions: Is there any chance
to obtain a reasonably short explicit formula for the limit in Theorem 2.4.2,
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for example in terms of some generating function? In this direction, P. Zinn-
Justin recently communicated me a paper ([ZJ02]) in which he computes
the coefficients of d=2C,(d?trA) of the kind P(y)z;,z;, and P(y)z;, i, T:, (see
2.5.3 for notation).

In another direction, does our result hold in the topology of uniform
convergence on compact subsets of C ? This question was the one we hoped
to answer in view of the results of [GZ02], but it still remains open to us.

Finally, we believe that our approach to integration of polynomial func-
tions on unitary groups could lead to a better understanding of statistical
properties of eigenvalues for the product of independent unitary random vari-
ables. For example, if U and V' are independent unitary random variables of
M, (C), we obtain thanks to lemma 2.3.2:

E(tr(UVU*V*)) = d~2 E(tr(UVU2V*)) = 242
E(tr(UVUVUV'UVY)) = 2472 E(tr(U?V2U2V*?)) = 2hs
E(tr(USVU*V*)) = 3d~2 E(tr(UVUV*)?) = pp

An elementary use of symmetric properties of the algebra generated by U
and V shows that the above list allows one to compute the expectation of the
trace of all reduced words in U, V,U*, V* of length eight or less. The method
can be generalized to arbitrary length words.

2.5.2 Values of Wg for small gq.

We give a table of the first Wg functions. Note that the asymptotics of these
rational fractions fit with Theorem 2.2.12, (iii):

(( ) )a ) = (d21 1) Wg((3)ad) = m
(( ) )a ) m Wg((1: L, ]-)ad) = msz)(ﬁ

We also observe that

Wel(g)d) = (-1)"¢er [ @—4) (2.5.2.1)

—q+1<5<¢—1
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Indeed, a classical combinatorial result about the Schur polynomials shows
that if one writes Wg((¢),d) as an irreducible rational fraction, its denom-
inator has to be [[_, ,.;c, 1(d —j). An argument of degree of Wg((q), d)
together with the knowledge of the asymptotics concludes the proof.

2.5.3 Asymptotic values of cumulants for small q.

We give an asymptotic value of the first cumulants. The four first values are
due to Biane and we performed others with a computer. Since they are semi-
invariant, it is enough to assume that trX = 0 and trY” = 0. This avoids (even
more) cumbersome results. We use the following notation: A = XUYU*.
limg trX? = z; and limg trY” = ;.

d-2Cy (d’trA) /0! = 0

d 2Co(d*trA) /1! = 291,

d2C3(d*trA) /2! = 73Y3

d2Cy(d*trA) /3! = 244 + 3222Ys? — 2 Ysxo? — 2 490>
d—*Cs(d*trA) /4! = z5ys + 20 273Y2y3 — 5 TaT3ys — D T5Yays
d™2Cs(d*trA) /5! = —6 yswoms + 30 TozsYoys + 27 T23ys> — 30 9> yoys
—30y2’oxs — 1642 23 + 15 Tox4ys” + 15 23°yoys

—6 Zoyaya + TeYs — 16 12°ys> + Tx6ys” + 722 ys

+6 23%y32 — 3ysxs? — 3z6ys°

d72Cr(d*trA) /6! = =T yr@axs + 42 ToT5y3ys + 42 T3TaYoys — T T7Yys
+462 T3y322°Y2” — T T7ysys + Tryr + 28 T7y2°ys

— 7 23T4Y7 + 35 T3Taysys — 140 324y, ys + 28 227 T3y

—140 25> 3y3ys + 42 Tox5yays — 147 Tom5y2"ys — 147 23230505

These computations have been performed with Maple and its ACE pack-
age on a Free BSD Dell personal computer at the Ecole Normale Supérieure.
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2.6 Addendum

2.6.1 A comparison to previous physical results

In this short addendum, we show why our Theorem 2.2.6 is equivalent to
a older result of Zuber and O’Brien [0Z84], see also [ZJZ02b]. I thank P.
Zinn-Justin and J-B Zuber for communicating the above references.

In [OZ84], it is proved that

Tr(AU + A*U* AA
lim ¢ 2 C2a( AU + ATUY) ZH il (2.6.2.1)
d (2q Akq
where (Aq,..., ;) is a partition of ¢, and
20+ N =3 5 [ —(20)! \™
= (=1)" i =
=1 (2¢)! 1} il(i —1)!

By multilinearity and elementary symmetry properties of the Haar measure,
2
Cog (dTH(AU + A*U*)) = ( qq> Cog(dTr(AD), ... ,dTr(A'U*),...) (2.6.2.2)

where Tr(AU) and Tr(A*U*) appear ¢ times. It is then a consequence of
Proposition 2.3.2, that

lim d72Cog(dTr(AU), ... ,dTr(AU"),...) = ¢' Y _(AA")oYom, 30—2—10
0ES,

(2.6.2.3)

Putting together equations 2.6.2.1, 2.6.2.2 and 2.6.2.3 together with the
fact that there are [[(A; — 1)! permutations of type A, one recovers the for-
mulae (i) and (ii) of Theorem 2.2.12.

Therefore we have proved that our result is equivalent to the result of
[OZ84]. It is interesting to remark that the approach of [OZ84] is very differ-
ent from ours, since we enumerate graphs and they have an inductive proof
with a recursion formula.
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2.6.2 Higher order graphs

In this part we suggest a way to modify Theorem 2.4.4 to obtain a ma-
trix model converging towards a sum over fixed genus nonconnected planar
diagrams.

Define inductively fo(d,q) = d=2C,(d*A) where F, xy was defined at
equation 2.4.2.3, and f,1(d,q) = d*(f.(2d,q) — f.(d,q)). One can rename
the set G4 defined in section 2.4.1 by G, ¢ and define by the obvious modifica-
tion the sets G, of graphs of genus n. One can also associate permutations

7(g9), o(g) and
Moeb(g) = Yro=1,11,VIls,g+|70=1 |+2(C(11, VI, ) —1—n)
One can then prove:

Theorem 2.6.1. There exists a function i : N — R such that

lim f,(d, g) = D {(X)r()(Y)o(e) Moeb(g)i(n) (2.6.2.4)

9€Gqn/~

Obtaining a closed expression for Moeb(g) in full generality seems to be
a hard task and we are not able to complete it yet.

For example, for n = 1, this theorem admits the following equivalent
statement: let A, B € My (C) admitting a limit distribution. Then

EUzd (eZZdTr(diag(A,A) Udiag(B,B)U*) )

By, (e2dT(AUBT) )4

z —

admits a power series development around zero whose coefficients converge
pointwise as d — oo.
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In this paper we define a general setting for Martin boundary theory
associated to quantum random walks, and prove a general representation
theorem. We show that under natural assumptions, the extremal Martin
boundary is homeomorphic to a sphere. Then, we investigate restriction
of quantum random walks to Abelian subalgebras of group algebras, and
establish a Ney-Spitzer theorem for an elementary random walk on the fusion
algebra of SU(n), generalizing a previous result of Biane. We also consider
the restriction of a quantum random walk on SU,(n) introduced by Izumi to
specific Abelian subalgebras, and generalize a result of [Bia9la].

Dans cet article, nous définissons un cadre général pour la théorie de Mar-
tin associée a une large classe de marches au hasard sur le dual de groupes
compacts, et établissons un théoreme de représentation intégral. Ensuite,
nous montrons sous des hypotheses naturelles, que la frontiere de Martin ex-
tremale est homéomorphe a une sphere. Nous nous concentrons alors sur la
restriction de marches au hasard quantiques a certaines sous-algebres Abéli-
ennes d’algebres de groupes, et établissons un théor‘eme de Ney-Spitzer pour
une marche au hasard “de Bernoulli” sur 1’algebre de fusion de SU(n). Nous
considérons aussi la restriction d’'une marche au hasard quantique introduite
par Izumi a deux sous-algebres abéliennes distinctes, et relions les chaines
de Markov sous-jacentes par des procédés probabilistes classiques. Ces deux
derniers résultats généralisent des résultats de [Bia9la).
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3.1 Introduction: classical Martin boundary

The classical Martin boundary theory gives a geometric and probabilistic
solution to the problem of describing positive harmonic functions with respect
to a transient (sub)Markov operator.

Let £ be a discrete countable state space and P be a Markov (resp.
submarkov) operator defined by Pf(z) =" .. P(z,y)f(y), where P(z,y) is
an array of positive real numbers assumed to satisfy P1 =1 (resp. P1 < 1).
In order to avoid technical difficulties, we assume that for each z, every
P(z,y) is zero except finitely many of them. Throughout the whole paper, we
will identify, whenever relevant, the operator P and the kernel P(z,y). One
defines inductively P%(z,y) = 85, P" ' (z,y) = Y., P"(2,2)P(z,y) and
the Green kernel U(xz,y) = >, .y P"(z,y). We make the usual assumptions
of irreduciblity and transience:

Assumption 1.1. For all z,y € £, one has 0 < U(z,y) < cc.

A function f is said to be harmonic with respect to P if Pf = f. The
Martin kernel with a base point z, is defined as

k(z,y) = U(z,y)/U(20,y)

Harnack inequalities imply that for all z € £, the function &(z,.) is bounded.
The Martin compactification MS of £ is defined as the smallest compact
subspace in which £ can be continuously and densely embedded and such
that every function k(z,.) can be uniquely extended by continuity to MS.
Let M B be the boundary of £ in MS. A positive harmonic function f
is said to be minimal if any harmonic function g satisfying 0 < ¢ < fis a
multiple of f. There exists a measurable subset M B™" of M B such that
x € MB™" if and only if k(.,z) is a positive minimal harmonic function.

Theorem 3.1.1. For every positive harmonic function f satisfying f(e) =
1, there exists a unique probability measure py on M B such that (M B™™) =

1 and for allz € &, f(z) = fgeMBmin k(z,&)dps(€).

For the proof of the above theorem, see [Rev84] or [KSK76]. In view of
this, it is natural to try to compute explicit examples. This turns out to be

a difficult task, and one remarkable example of such a computation is done
in [NS66].
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Let £ be the state space Z¢, for some d > 2, and p be a finitely supported
measure (the hypothesis of finite support can be considerably weakened,
but we do not enter into such technical considerations) whose mean on R? is
different from zero. We identify canonically Z? with a lattice of the Euclidean
space R? with its scalar product (.,.). Then, the set

E={z /Z explr, X)du(X) = 1)

is a C°° submanifold of R?. It is diffeomorphic to the sphere S%!. It is
a consequence on a theorem of Choquet and Deny (see [CD60]) that any
positive function on Z? harmonic with respect to the operator of convolution
by g (we call its operator P,) admits an unique integral representation as a
linear combination of functions y — e®¥, z € E.

Let § be a continuous increasing bijection from [0, co] to [0, 1] Let II be
the map from Z< to the canonical unit ball B(0,1) of R¢ given by II(z) =
B(||z||)z/||z||. This map is a topological injection, and the metrics it inherits
gives rise to a compactification of R by S%!. As such, the map II extends
continuously to Z4¢ U S%! with value in B(0,1). The map u sending an

element of F to its normed outer normal vector is a C'*° diffeomorphism
from E to S41.

Theorem 3.1.2 (NS, [NS66]). The Martin compactification of Z% is Z4U
St The correspondence between S~ and E arising from the Martin kernel

is given by the map u. The extremal Martin boundary M B™™ thus coincides
with M B.

Throughout the paper, we define

Hip={f €C,f20,Pf = fle) =1} (3.1.3.1)
Hep = {f € L®E), Pf = f} (3.1.3.2)

The set ”H;,P is convex compact for the topology of pointwise conver-

gence. Therefore it admits extremal points. By definition, let ’Hgff be this
subset. By the Krein-Milman theorem, the closure of the convex hull of these
extremal points is exactly H{ p.

Thus, Theorem 3.1.1 identifies the extremal points of the above set with
M B™n_ We shall say in this paper that we obtain a Ney-Spitzer like theorem
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when we give a compactification MS = £ U M B of a state space, describe
the extremal positive harmonic functions, describe a subset M B™" of M B
and a bijection between Hgff and M B™".

This paper is organized as follows. In part 3.2, we define the framework
of Hopf algebras in which we will study noncommutative probability the-
ory. Part 3.3 is devoted to defining a quantum Martin boundary theory and
showing that any positive harmonic element can be represented with respect
to an adapted Martin kernel. By passing, we show that the minimal Martin
boundary is isomorphic to a sphere under weak assumptions. In Part 3.4,
we consider the restriction of a “Bernoulli” quantum walk to the center of
the Hopf algebra and establish a Ney-Spitzer like theorem. Part 3.5 is an
application of Part 3.4 to a quantum random walk on the dual of SU,(n)
introduced by Izumi in [Izu02]: it provides a generalization of a result of
Biane.

3.2 Quantum spaces, random walks and har-
monic elements

3.2.1 Hopf algebras

We fix some classical notations of operator algebra theory, and remind some
elementary definitions and results of Hopf algebra theory.

Let GG be a topological compact group, and du its left and right invariant
probability Haar measure. Let L?(G) be the L? space associated to this
Haar measure. For g € G, the unitary operator A\, € B(L?*(Q)) is defined
by Ay : f = (z = f(97'z)). The mapping g — ), is continuous for the
strong operator topology in B(L*(G)). The vector space Vect()\,, g € G) is
a x -subalgebra of B(L?(G)). Let M(G) be the von Neumann algebra of G,
i.e. the bicommutant of Vect()\,, g € G) in B(L*(Q)).

The set of equivalence classes of irreducible finite dimensional unitary
representations of GG is denoted by I'. For x € I, d, is the corresponding
dimension. By Peter-Weyl’s theorem, we have the following isomorphism of
von Neumann algebras:
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The counit is the map M (G) — C, defined as the continous linear expan-
sion of the map €(},) = 1.

In the same way, the antipode is the continous map M (G) — M (G) such
that S(Ag) = Ay-1, and the coproduct is the map M(G) — M(G x G) =
M(G) ® M(G) such that A(),) = A, @ A,.

The quadruple (M (G), ¢, 3, S) is called the Hopf-von Neumann algebra
of the group G.

For a von Neumann algebra A, we shall call A the set of elements affiliated

o —

to A. By the Peter-Weyl theorem, M(G) is a * -algebra endowed with a
natural pointwise convergence topology. As a topological x -algebra, it is
isomorphic to [], . Mg, (C).

One can see (see [Bia92a]), that A, £ and S are also continuous for the
topology of min\twise convergence, so that there is a unique way of extending

o —

them from M(G) to M(G@(G) (resp., M(@G), C). According to Effros
and Ruan (see [ER94]; also see [Bia92a]) we call this structure a topological
x -Hopf algebra .

o

Let M(G) be the set of finite rank operators in M(G). A linear form

v: M(G) — C is said to be finitely supported iff it is continuous with respect
to the pointwise convergence. Equivalently, there exists a faithful weight 7

o —

on M(G) and an element A € M(G), such that for all B € M(G), one has
wu(B) = 7(AB). We call (]\7(\(}))* the vector space of finitely supported linear
forms.

To summarize, we will be dealing with the following inclusions of alge-
bras :

—_—

M(G) ¢ M(G) c M(G)

The first one is not a Hopf algebra, but the latter two are.

3.2.2 Random walks and harmonic analysis

We use the framework of Hopf algebras in order to define quantum random
walks. Several groups of mathematicians have already inspected axiomatics
(see [AFL82]) and their properties (see for example [Izu00], [SS98], [BD95]).

For [ € T', let 1; be the minimal central idempotent in M (G) associated
to the irreducible representation [ € I' in M (G). For v and p two states on
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M (@), we define their convolution z*v by the equation pxv(f) = (u@v)A(f)

for each f € M(G). p* v is a state and we can define inductively v*™ to be
eif n =0 and v % *"~! else. We define the operator P, on M(G) by

Pu(f) = (id ® p)A(f) (3.2.3.1)

and its iterates inductively by P} = id if n = 0 and P} = P, o P}~" else.
One has also P} = (id ® u*”)ﬁ

The operator P, is the evolution operator associated to a quantum ran-
dom walk on the dual of G in the sense of [AFL82]. It is a completely positive

operator on M(G). If u(1;) = 0 for any but finitely many I’s, P, extends to
a positive continuous operator on M(G).

—

An element f in M(G) is said to be harmonic iff
Pf=f (3.2.3.2)

Biane showed in [Bia91b], that ’H;;;” is the set
E={feM(G),f>0Af=f®f,uf) =1} (3.2.3.3)

We shall say that an element f & ]\7@ such that Ef = f® fis an
exponential, and call Ez(G) be the set of exponentials.

3.3 Quantum Martin boundary theory

3.3.1 Representation of positive harmonic elements

In this section, we define a Martin compactification and a Martin kernel,
and show that every positive harmonic element can be represented by a
state on the Martin boundary. For a completely positive continuous operator
Q@ from M(G) into itself and v a weight, vQ is again a weight defined by
vQf = v(Q(f)). We write v < p iff for any positive f, v(f) < u(f). We
need the following assumption:

Assumption 3.1. The weight p is such that u(1) = ¢ €]0,1[ and that
eU =3, 5o w™ is faithful. There exists a positive A € Ez(G) and a tracial

o —

operator i such that for any f € M(G), pu(f) = n(Af).



74 CHAPITRE 3. FRONTIERE DE MARTIN QUANTIQUE

Let U = ) .,P". This operator has operator norm less than (1 —
N 0

¢)~ ' and is the quantum analogue of the Green kernel. Let M(G) be the
subalgebra of M(G), consisting of finite rank operators. Note that this is
not a Hopf subalgebra.

We define the Martin Kernel to be the linear map

-1

—_—

K : (M(G)). — M(G) (3.3.3.1)

— o

such that for any v € (M(G))., K, satisfies for all f € M(G),
vU(f) = eU(AY2K,AY? ) (3.3.3.2)

K, is well defined because the weight €U is faithful. A definition equiv-
alent to this one has already appeared in P. Biane’s papers (see [Bia94]) in
the context of SU(2) for a tracial weight.

Lemma 3.3.1. Let g € M(G). Then one has g = U(g — P(g))

Proof. 1t is enough to remark that Uf is defined for any f € M(G), that
under the Assumption 3.3.1 it is the norm limit of Y ;_, P*f, and that
Sor_o PH(f— Pf)=f— P f. But P""!f has norm tending towards zero
as n tends to infinity. [

Proposition 3.3.2. e K is positive and its image is contained in M(G).

e The norm closure of span{K,,v € (m)*} contains the C* -algebra
K of compact operators.

Proof. The weight eU is faithful. It is known that ¢ : M, (C) — C is a weight
iff there exists a positive matrix B such that for all C, ¢(C) = Tr(CB).
Therefore, if v is a weight then AY/2K,A'/? is positive. Since A is invertible,
K, is also positive.

For v a finitely supported weight, there exists by Assumption 3.3.1 an
integer n and a constant a such that v < a7 eP". By positivity of P this
implies that vU < (n 4 1)aecU. This implies that K, is bounded.

If K, = 0, then by faithfulness of €U, one has vU = 0, and by Lemma
3.3.1, v = 0, which proves the “into”.
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For the second statement, it /is\enough to show that for every positive
finite dimensional operator f € M(G), there exists v such that K, = f.

Let v be the linear form such that for any g € M(G), v(g9) = eU(f(g —
Pg)). Then v is finitely supported, so that K, is well defined; and one can
check using Lemma 3.3.1 that it satisfies K, = f. [

We define the Martin space MS to be the C*-algebra
MS = C*(K,,v € (M(G)),)

By Proposition 3.3.2, K is an ideal of M S. Let the Martin boundary be the
C* -algebra M B = M S/K. The Martin compactification of the dual G of G
is then defined to be the following exact sequence:

0->K—-MS—MB-—0 (3.3.3.3)
We are now able to prove the following representation theorem:

Theorem 3.3.3. e For each positive harmonic element h in ]\7(5) there
exrists a state ¢, on M B such that for every finitely supported linear
form v on M(G), one has v(h) = ¢n(K,)

o This representation is unique if span{K,,v € (m)*} is dense in
MS.

—

Proof. If ¢ is a state on MB then the element hy; € M(G) defined by

v(hg) = ¢(K,) for all v € (m)*, is positive. Let us first show that it is
harmonic. .

We need to show that Phg = hy, or equivalently, that for all v € (M(G)).,
v(Phy) = v(hg). But vPhy = (n*v)hy = ¢(Kyuw) and v(hg) = ¢(K,),
therefore it is enough to show that ¢(K ., ) = ¢(K,).

—

We have, for all f € M(G)

V(A2 K,y — KAV ) =
(v —v)Uf =vf
(second equality arises from Lemma 3.3.1). But since v € (m)*, this

implies that K., — K, has finite rank, thus is compact. Therefore ¢(K ., —
K,)=0
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Furthermore, hy satisfies ehgy = 1 and one sees that the linear map
= (MS)* — M(G)

that maps ¢ to hy is continuous for the pointwise convergence topology.
We will now show that for every extremal harmonic element h, there

o —

exists a weight ¢ on M S such that for any v € (M(G))., one has
v(h) = ¢(K,)

Since = is linear, any convex combination of extremal harmonic elements
can be represented. Furthermore, = is continuous, therefore, any harmonic
element that can be approximated in the pointwise convergence topology by
a convex combination of extremal harmonic elements can be represented,
therefore, any element can be represented.

Let h be such a minimal harmonic element. By Biane’s theorem ([Bia92a]),

o —

it satisfies Ah = h@h and p(h) = 1. Let M(h) be the closure in M(G) of the
algebra generated by h. This is obviously a topological Hopf x-subalgebra of

M (G). This algebra is commutative, cocommutative and closed, therefore
one can show directly that the operations inf and sup are well defined inside
this algebra.

—

In M(h), consider a sequence hy of positive elements such that Uhy tends
and increases towards h as k goes towards infinity. The existence of such a
sequence is a consequence of standard probabilistic considerations, but we
justify it nonetheless.

Let fr = inf(kId,h), where the infimum is taken on the commutative

L —

affiliated algebra M (h). fi is bounded and satisfies P(f;) < fi. Let hy =
fr—P fr. This element is positive and it can not be zero because h is extremal
and non bounded, thus f; would have to be a multiple of A, which would
result in A = 0. By Lemma 3.3.1 this implies that f, = Uhy. Last, it is
obvious that f; tends towards A in the pointwise convergence topology, as
k — oc.

Consider ¢y, = eU(A™Y/2h, AY/2.). It is a state on the norm closed operator
system generated by K, and it satisfies ¢x(1) = eUhy < 1. By a classical
result (see [Dix64], p. 50, lemme 2.10.1), it extends to a state on MS.

Furthermore, ¢r(K,) = v(Uhy) tends towards v(h) as k tends towards
infinity. This proves that ¢, converges weakly towards a state ¢ on MS.
This state vanishes on compact operators, so is actually a state of M B. [J
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3.3.2 Topological structure of the boundary

In this section, we assume that G is a compact simply connected Lie subgroup
of U, (C) with Lie algebra g. Let gc be the complexified Lie algebra, G¢ be
the complexified Lie group, and (p, V') be the fundamental representation of
G.

The left regular representation yields an identification of g¢ with a Lie

 —

subalgebra of M(G). If f € gc, then Af = f®1+1® f. The map

———

EXP : M(G) - M(G) defined by the usual series is such that for any
f €ge, AEXPf=EXPf® EXPF.

By a slight modification of a result of Biane ([Bia91b], Proposition 11 and
Lemme 12), if any irreducible representation of G is contained in some tensor

power of V', then the set of non-zero exponentials in ]\7(5) is the group gen-
erated by EX Pgc. It is exactly G¢, and the restriction of Ez(G) to End(V)
is a group isomorphism between Ez(G) and G¢. An explicit isomorphism is
obtained by restricting Fz(G) to the fundamental representation. We call

i: Ge — Ex(G) (3.3.3.4)

the converse of this isomorphism.
The following theorem answers a question raised by Biane about the
topology of the boundary.

—

Theorem 3.3.4. Let pu be a weight on M(QG) satisfying u(1) = q €)0, 1] and
assumption 3.3.1.

Then, the set H}:’w of extremal harmonic elements is diffeomorphic to
the sphere S¥~', where k is the dimension of the Lie algebra g.

o —

Proof. Let gy, be the real vector subspace of M(G) of self adjoint elements

of gc in M(G). Let x € g5, be non-zero, and f, the map R — R given
by f:(t) = v(EXPtx). This map is always positive. Since trz = 0 and
x is Hermitian, it has one negative eigenvalue and one positive eigenvalue.
Therefore lim. o, f, = co. Besides by definition, f,(0) = ¢ < 1. The function
[ admits the second derivate v(z?EX Ptx) at t, therefore it is positive.
Thus, the function f, is convex; therefore there exists only two real numbers
tT (resp. t7) satisfying t7 > 0 and f,(¢t}) =1 (resp. t; <0 and f,(t; =1)).
But the map FX P is a diffeomorphism from g,, onto F = {z € J\T(E), Az =
z ® x}. Therefore the inverse image of H; " under exp is a closed star-like
subset around 0, therefore it is homeomorphic to the sphere S*~1. O
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3.4 A Ney-Spitzer theorem for a RW on a
fusion algebra

It would be interesting and seems challenging to obtain nice generalizations
of the result of [Bia94] in the framework developed above. We are not able to
perform fully such computations. Yet, it is possible to obtain a Ney-Spitzer
like theorem if one restrict a tracial quantum random walk on SU(n) to the
center of its Hopf algebra. In this section, we establish a Ney-Spitzer like
theorem for the most elementary quantum random walk, improving previous
results of [Bia9la].

3.4.1 Main result

In the Euclidean space R, n > 3 with canonical basis (€;)"_,, we consider
the lattice L spanned by e; = €; — (€1 + ... + €,)/n. There is a unique way
to write x € L under the form z = ZZ.":I z;e; such that every z; € N and one
at least is zero. We call (z1,... ,z,) the coordinates of x and > x; = |z| the
length of xz. Let
W={xeLx >xy>...>x,=0}

0 (3.4.3.1)
W={ze€Lx >x9>...>x, =0}

The lattice L is compactified by the sphere S"~2 in the following sense: a
sequence z? of L tends towards y € S"~2 iff its Euclidean norm ||z,|| tends
to infinity and z¢/||z?|| — .

Consider the simplex

S={y'=0....u) yi>... >y, =0, y=1}CR* (3432)

We embed it into S"~2 by the map y' — %'/||¢/||- By doing so, the above

compactification induces a compactification of W by 3.
Namely, let y¢ = (yf > yd > ... > y? = 0)450 be a series of elements of

W. Then it converges iff y, is constant for d large enough or if |y4| tends
towards infinity and for all 4, y¢/|y%| admits a limit /.
Let 0 < ¢ < 1 be a real number. Consider the measure

g
p=> —de, (3.4.3.3)
=1
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where J, is the Dirac mass at .
The Martin theory with respect to P, (the convolution operator by the
measure /4 on the lattice L) is completely understood.

Let us now define a new random walk on the state space I/(f/n The vector
p=(n—-1,n-2,...,0)is such that W,, = p+ V%/n In the sequel, we abbre-
viate P, by P. Our random walk in I/(i/ is obtained from P and conditioned
not to hit oW,, = W,, — W Call P its transition kernel. For x E Wn, its
transition kernel satisfies P(x y) =¢g/niff y—x =¢; and y € W and 0

otherwise. The main result of this section is:

o o
Theorem 3.4.1. The Martin boundary associated to P, the state space W
and the vector e, is homeomorphic to ¥.. Furthermore, MB = M B™",

The remainder of this section is devoted to proving this theorem. In part
o

3.4.2, we compute M B. In part 3.4.3, we consider W as a canonical basis for
the fusion algebra of SU(n), and consider the Markov operator P obtained by
considering the convolution by the normalized fundamental representation.
Thanks to a result of Biane, its abstract Martin boundary can be computed

and identified with that of 103 We use that to show that M B = M B™™",

3.4.2 Asymptotics of the Martin kernel

The translation invariance of P implies that we can define for any [ the one
parameter functions

P'(y —a) = P'(x,y)
From now on, we take the convention that z!=! = 0if z < 0.

Lemma 3.4.2. With the notations of section 3.4.1, we have

(|y|+kn)! S
Ply) = TG (@/n) if 1= kn + |y|
0 otherwise

ol

P (z,y) = (Jy — x| + kn)!(¢/n)¥ = T*" det(y; — z; + k)™
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Proof. The first point is elementary combinatorics. For the second one, if z =
(x1,...,2,), then for o a permutation of [1,n], let z, = (Z,q1),---  To(m))-
We have, by the reflexion principle,

Ploy) =3 Pley)elo)

oES,

where £(0) is the signature of the permutation o, and the result follows. [

Let Y = (Y3,...,Y,) be an n-tuple of formal variables. Recall that the
Vandermonde determinant is the polynomial V' (V) =[], ;;<,(¥; —Yi). Let
x € W. The function -

_ det (}/;C!I]-Fn—])

(%) = =5 (3.4.3.4)

is a symmetric polynomial in Y homogeneous of degree |z| — |e|. It is known
as the Schur polynomial (see [Ful97]). It is classical (see [FH91]) that W
is in one to one correspondance with the set of classes of irreducible repre-
sentations of SU(n) up to isomorphism. By Weyl character formula, s, is
known to be the character of the irreducible representation associated to x
evaluated on diag(Yy,...,Y,).

Lemma 3.4.3. Let
(ly — x| + kn)!
(kn + |z[ + |y — z)!

flz,y,1) =
and
Cry = 7| + [y — 2] = |y

Note that by the triangle inequality, 0 < ¢y, < |z|. One has

e For each x,y € W,, and | € N such that | = |y — z| + kn for some
positive integer k,

ol

P (z,y) = (¢/n) "V () f(z,y, )P (y) 50— p(yi + k) (1 + 0(1))

where the symbol o(1) has to be understood pointwise in x, as |y| — oo,
uniformly in k > 0.
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o f is equivalent to (|y| + kn)~1l as |y| — oo, uniformly in k > 0.
Furthermore f(x,y,1)s: ,(yi +k)(g¢/n) =% is bounded independently on
ly| and k.

Proof. Since

ol

P (z,y)=(ly — z| + kn)!(q/n)‘y_sz" det(y; — x; + /-c)!_1
we have

B (w,0) /02 (0) = (/n) ¥ 12,0, ) det(#j?!k’)!

)

The expression (y; + k)!/(y; — x; + k)! is a polynomial in the variable y; + &
whose leading term is (y; + k)%. By multilinearity of the determinant and
the definition of Schur polynomials this implies that

(yz + k)

det (o, + 0~

V(y)sa—p(yi + k) (1 4 0(1))

The element s,_,(y; + k) is positive. The fact that the function

(y, k) = f(z,y, )0 p(yi + k)

is bounded is elementary. [

Let

Ag={y"=2... 2y, 20), H =1, Zy =ng'} (3.4.3.5)

=1

To y' € ¥ we associate an element y” = ¢(y') € A, defined by y = ¢ *n(y,+
a)/(1+na) where « is the only real number such that [T, (yi+a)/(14+na) =

1. The fact that this map is well defined (i.e. the fact that the real number
« is unique) is a consequence of the proof of 3.4.5, in which it is showed that
a— [T—,(yi + @)/(1 + na) is non increasing. The fact that it is continuous
is a consequence of the continuity of the roots of a polynomial with respect
to its coefficients. The map ¢ admits a left and right inverse, that, to an
element of y" of A, associates y' defined by y; = (v — v,)/(2_; Y] — Yn)- It
is also continuous. As a summary, we have
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Lemma 3.4.4. The map ¢ : X — A, is a homeomorphism.

The key to the proof of the main result of this section is a precise under-
standing of the asymptotics of the summands of the kernel u.

Lemma 3.4.5. For all d it is possible to choose two integers ag < by such
that

bg

Ulydl(yd) ~ Z plyd|+kn(yd)
k=ag4
(a/n)"(Jy*| + kn) H ui + k)"

=1

uniformly in k € [ag,b4] as d — 0.

Proof. Let

Fily) = p¥IHEEDn ) pplyitkny — (g /n)" (Jly| + (£ + 1)n)!

(lyl + ko) TTimy (v + 5+ 1)

This function is defined a priori only for £ € N*, but it admits a natural
extension on the index set k € R, .

As y% — ¢/, the function g4 : t — fy,4/(y?) converges pointwise on |0, ool
towards
¢"(1/n+1t)"
IT= (vi + 1)

This function is strictly decreasing. Indeed, its logarithmic derivative is

Joo 1t —

ge. n - 1
Joo 14 -y

and the inequality between harmonic mean and natural mean implies that
this logarithmic derivative is always < 0.

Let [a,b] be a closed subinterval of |0, co[. For d large enough, t — g4(¢)
admits a logarithmic derivative that is non positive everywhere on [a, b].
Indeed, the function

0
(ta d) - a ]Og gd(t)



3.4. ANEY-SPITZER THEOREM FOR A RW ON A FUSION ALGEBRAS3

is easily seen to be a continuous function on the set [a,b] x (N U {+o0}).
Therefore for d large enough, g4 is non-increasing. By Dini’s theorem this
implies that the convergence of g, towards g, holds uniformly on compact
subsets of |0, ool.

Let 4 = |y4|7'/% and let [ay, bg] be the greatest interval such that | fy(y4) —
1| < gq for all k£ € [ag,by)- By the property of uniform convergence on
compact subsets and by the non increasing property of the limit, this interval
is well defined and there exist non-negative constants C; and C5 such that
Cily??? < |bg — aqg| < Cyly*?3. For k € [0, aq — 1], we have

P|yd|+kn+n(yd)/p\yd|+/m(yd) >1+4+ \yd|71/3
and for k& > by,
P|yd|+kn+n(yd)/plyd|+/m(yd) <1- \yd‘il/?’

An immediate recursion together with a geometric series summation argu-
ment shows that

ad—l

Z Plvdlthn(ydy < plyaltaan(ydy), 1173

k=0
and

Zplyd|+kn ) < Plvaltban (g dy)y, 1173

k>by

Let [al, b}] (resp.[a2, b2] )be the greatest interval such that fi(yq) € [1,1+
4] (resp.fr(ya) € [1 — €4, 1]). There is a non-negative constant Cs such that
[al, b}] and [a2,b%] are of length more than Cj|y?|*®. Furthermore, by the
definition of f; there exists an index i € {1,2} such that for any k € [a}, b}],

plyd|+kn(yd) > maX{plyleradn(yd), P|yd|+bdn(yd)}
This shows that U |( d) ~ sz:ad P|yd|+k"(yd). I

o
Proposition 3.4.6. Let (y%)gen be a sequence of W converging towards an
element y' € ¥ as above. Then

g d
lim 29 _

* Ulpy?)
where y" = ¢(y'), as defined in Lemma 3.4.4.

"

sz—p(yi )
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Proof. Lemma 3.4.3 and 3.4.5 imply that

o d—.’l} n—+cC —
U~ (g/n)7 3= pieitbnte e (ydyy (ydys, ,(y2) (Jy) + kn) 17
kE[ad,bd}

(3.4.3.6)

as d tends to infinity. Equivalently, we have

g — d_ n+c —
Ulp,y®) ~ (g/n)7F > PY A0 (y) Y (yf) |y + kn) 1o
ke[adabd]

(3.4.3.7)

The asymptotics of 3.4.3.6 (resp. 3.4.3.7) do not change if one replaces the
range [agq, bg) of the sum by [ag — ¢, ya/n, bg—c, ya /0] (resp. [ag—cCya/n, bg—
Ceyi/n] ) because c, ¢ takes only a finite number of values (contained in
[0, |z]]). Furthermore k& — (|y? + kn)~I¢l is a rational fraction, so Equation
3.4.3.6 (resp. 3.4.3.7) still holds if one replaces c, 4« by 0 in the r.h.s. (resp.
Ceya by 0). This implies that

This proves the main part of Theorem 3.4.1, namely that the Martin
compactification of W is the compactification by ¥ that we defined in equa-
tion 3.4.3.2. In particular, the minimal harmonic functions are of the kind
T — Sy—p(y)), where y! € A,.

1

3.4.3 Extremal Martin Boundary

This part is devoted to computing M B™" and showing that M B™" = M B.
Let sl,, be the complex Lie algebra of SL(n).

SU(n) admits a natural left action by conjugation on M(SU(n)), which
we denote by Ad. The normalized trace tr of the fundamental representa-
tion. extends by linearity and continuity to a positive linear functional on

—_—

M(SU(n)). This allows to define the positive convolution operator

~ o~

P=(tr@id)A (3.4.3.8)
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Let Z(?UT)) be the center of M(SU( )). Since tr commutes with the
action Ad, so does P. The algebra Z (SU (n)) is the fixed point algebra of

Ad, therefore P leaves Z (S U(n)) invariant and defines a new submarkovian

operator on W (upon the obvious identification of C"n with Z (S U(n))).

Proposition 3.4.7. The minimal harmonic functions with respect to the op-

erator P (resp. P) on W are the functions
T (TR T4y

(resp. © — Sg_p(YY, - ,Yn)/Sa—p(1)), where (y7,... ,yn) run in A,.

o o
Proof. It is equivalent to have f : W — RY harmonic with respect to P, and

fize W f(x)/sz—,(1) harmonic with respect to P.

By [Bia92a], for any positive harmonic element f, there exists a finite pos-
itive measure jiy on the set of positive elements of SL(n) (we call it SL(n).),
such that f = fSL( (A)du(A). Since f is invariant under Ad, py is also
invariant under Ad. Let py be the image of p1y under the canonical projec-
tion of SL(n); onto SL(n);/Ad. The quotient space SL(n)./Ad contains
naturally A,, and the support of 1 is a subset of A, upon this inclusion.

Conversely, a finite positive measure dy in A, represents an element of
Z@’L)) Indeed, let Y be the matrix diag(yi, ... ,ys). Recall that i was
defined at equation 3.3.3.4. Then,

/ / i(UYU*)dUdp
SU(n) J Aq

defines an harmonic element in Z(SU(n)). This defines a one to one corre-
spondence between positive finite measures on A, and harmonic elements of

2(5U(n).
Let y = (y1 > ... > yn) € A;. Then for any U € SU(n) and for

any x € W, we have s, ,(UYU*) = s,_,(y;). Therefore, denoting by p,
the minimal central idempotent of £I(sl,), the element |, SU(n) W(UMU*)dU is
harmonic, central and by equality of traces,

po [ AUMUNIU = pos ) /52-1)
SU(n)
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Therefore, to each element y of A, corresponds the harmonic function

T — Sz—p(y)/sm—p(l)

This proves f has to be  — s;_,(y)/s,—,(1) for some y € A,. O

3.5 QRW on SU,(n) and Abelian subalgebras

In this part, we apply the results of section 3.4 to a quantum random walk
on the dual of SU,(n) that was first introduced in [Izu00].

3.5.1 Quantum compact groups

We start with the definition of matrix pseudogroup due to Woronowicz (see
[Wor88|] and [Wor87al). Let A be a C* -algebra with unit. The set My (A)
of matrices with entries belonging to A is identified with the C*-algebra
B(CY) ® A. A pair (u = (u;;) € My (A), A) is said to be a compact matriz
pseudogroup iff

e the x-subalgebra A generated by matrix elements of u is dense in A.

e there exists a C*-homomorphism

A:A—-ARA

such that
Aluig) = ik © ugg
k=1

e 7 is invertible and there exists a linear antimultiplicative mapping
k:A— A
such that x(k(a*)*) = a and

(d® k)u=u""
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An element w = (w;;) € M, (C) ® A is called a unitary corepresentation
if the following holds:

Awij = E Wik @ Wi
k

A vector space V with basis v; and with a map ® : V — V ® A is called a
comodule if there exists a corepresentation of A such that

dv; = ka ® W
k

For example, vect{w;,... ,wix} is a comodule if w = (w;;) is a unitary
corepresentation. It is possible to define in an obvious way a notion of sub-
comodule, irreducible comodule, and equivalent comodules.

In this paper we shall focus on the specific example of A(SU,(n)). It is

the universal C* -algebra generated by n? elements uy (k,l = 1,2,...,n)
such that
[ ]
Zuzlukm = 5lmI y Zumkufk = 5lmI (3531)
k k
[ ]
Z (T TR O S S S O Y | (3.5.3.2)

Ky s

where, for ¢ €]0, 1],

0 if iy = i) for some k # 1
11,82y0eeyin I(i1yi in) . (3533)
(—q)"\"r2etn) otherwise
with I(i1,14,...,%,) denoting the number of inversed pairs in the sequence

(t1,92,... ,4p). Then SU,(n) = (A(SUy(n)),u) is a compact matrix pseu-
dogroup. Furthermore, for ¢ = 1, it coincides with the algebra of continuous
functions on the classical SU(n) group.

For any matrix pseudogroup, there exists a unique state h called Haar
measure, satisfying

h(z)-1=(h®id) - A(z) = (id® h) - A(z),z € A
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The state h is faithful in the case of SU,(n). Let (mp, Hp,2,) be the
GNS triple of h, and A, the natural map from A(SU,(n)) to B(Hy). The
multiplicative unitary is defined as the bounded extension of the following
operator:

V(AL(z) @) = A(z)(Q ® &),z € A, € Hy,
V' is unitary and satisfies the following pentagon equation: (see [BS93])
ViaVi3Vag = Va3 V1o

The dual von Neumann algebra M (SU,(n)) is the bicommutant in B(H})
of the set {(id ® p)V'} where u runs over B(Hp),. The dual coproduct is
defined by

Alz) =V*(1@z)V (3.5.3.4)

therefore M (SU,(n)) is endowed with a Hopf-von Neumann algebra struc-
ture. This von Neuman algebra is well understood: since the representation
theory of SU,(n) is the same as that of SU(n), it has the same von Neu-
mann algebra structure as the von Neumann algebra of SU(n), therefore is
isomorphic to

P M., (C)

zeW

For any representation s € W, let {f,}.cc be the family of Woronowicz
characters. For its definition and basic properties, we refer to [Wor87al.
We only need to know that there exists a unique positive p € M, (C) with
normalized trace, such that f, = p® and p intertwines the fundamental
representation with its double contragredient. Let s be the fundamental
representation, p = try(p-), and

~

P = (id® p)A (3.5.3.5)

The operator P is completely positive. It has already been considered by
Izumi (see [Izu99], [Izu98] and his preprint [Izu00]). It leaves invariant the
center Z(SU,(n)) of M(SU,(n)) (this is a consequence of [Izu00], lemma 3.2,
(3) ). In order to prove this, one needs to define the morphism &:

M(SUq(n)) — M(SUg(n)) @ L*(SUq(n))
O(z) = Uz ® 1)U



3.5. QRW ON SUy(N) AND ABELIAN SUBALGEBRAS 89

This is a von Neumann action of SU,(n) on M (SU,(n)). The center Z(SU,(n))

is invariant under this action, therefore it makes sense to restrict it to Peter-
—

Weyl blocks and to extend it to M (SU,(n)).
P intertwines ®, therefore it leaves invariant the center Z(SU,(n)) of

M(SU,(n)). We define the twisted integer

n —-n

9 —q

[n], = m

With this, one can show

Proposition 3.5.1. In the canonical basis of M, (C), we have

g™ 0 ... 0

1 0 —n+3 ..

q : .. - 0
0 ... 0 gt

It is a standard computation. See for example [Wor87a].

3.5.2 Restrictions and h-processes

Let A(T™ ') be the C*-algebra of continuous function on the torus 77~'. Tt
is the universal Abelian C*-algebra generated by the n unitaries uy, ..., u,
satisfying u; ...u, = 1. The coproduct Au; = u; ® u; defines a C* -Hopf
algebra structure.

Let ¢ be the algebra morphism A(SU,(n)) — A(T™!) such that ¢(u;;) =
d;ju; with the induced relations. Obviously ¢ is a morphism of C* -Hopf
algebras. This allows to define a subalgebra M(T™ ') of M(SU,(n)). It is
the von Neumann algebra generated by {(id ® )V}, where p runs over the
characters of A(T™ ') seen as elements of B(Hp).. One can show that it is
isomorphic to the group von Neumann algebra of 7" ! and has a Hopf-von
Neumann algebra structure. Therefore it makes sense to restrict P defined
at Equation 3.5.3.5 to this von Neumann subalgebra.

Furthermore, P is invariant under the adjoint action ®, thus it leaves
invariant the center Z(SU,(n)).

Therefore, P restricts to two natural Abelian subalgebras of M (SU,(n)).
M(T™ ') is in natural correspondance with L*°(L) defined in section 3.4 and
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Z(SUy(n)) with L*(W,). Thus P induces a classical Markov chain on L and
an other one on W,,. It is of natural interest to investigate a (probabilistic)
link between these two Markov chains.

This has already been done by Biane in [Bia91a] in the case ¢ = 1. He

shows that under the embedding of W,, into L described in the preceeding
o
section 3.4, the Markov chain on W, is obtained from that on L by condi-
o

tioning in Doob’s sense the Chain on L not to leave W,. The chain on L
itself is a nearest neighbor centered random walk.
Consider, for ¢ < 1, the point of ¥ C S"2

Yo = an+172iei/H Z C]n+172i6i|| e Snf2 (3537)
=1 =1

Proposition 3.5.2. The random walk induced by the restriction of P to
M(T™ ") corresponds on the lattice L, to the convolution by the probability
measure

—n+2i—1
q

u(e;) = (3.5.3.8)

[n]q
It is obtained by conditioning, in Doob’s sense, the submarkov random walk

ier) = — (3.5.3.9)
[n]q

to hit the point y, before dying.

Proof. It is enough to remark that the function

. LR
: inei N qzi zi(—n+2i—1)

is well defined and harmonic with respect to fi. Furthermore the Doob condi-
tioning of the convolution operator by i with respect to h is the convolution
operator by p and by the law of large numbers, this random walk almost
surely tends to y,. O

Now we focus on the restriction to the center.
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Proposition 3.5.3. The transition probability of the random walk restricted
to the center is

Sll(q7n+1,q7n+3’"_’qnfl) . . ; ' , o
pp = {st(q—n+1,q—n+3,...,qn—l)[q]n i3, P=lteand e W g 554

0 otherwise

Proof. This is a consequence of [Izu00] and [HI98| together with the fact that
the quantum dimension of the representation [ is

silg™ g
This last fact results from the fact that the representation theory of SU,(n)
and SU (n) are the same, that the maximal torus remains non-deformed, and
that we therefore have a Weyl character formula. [

Proposition 3.5.4. The restriction of P to the center corresponds to the
random walk on L with increment o), 6., /n with & = n/[n],, conditioned to
tending towards the point y, before dying or hitting OW .

Proof. According to the previous section, Proposition 3.4.7 and Theorem

3.4.1, s = s,(¢ ", g "3, ... ,¢"!) is harmonic with respect to P (when
replacing ¢ by « in the defining equation 3.4.3.3) and in the Martin theory,
it corresponds to the point y,. This implies that the Doob conditioning

o
of P with respect to this harmonic function corresponds to conditioning to

o ~
tend towards y, and remain inside P. But this operator is also P, as it was
computed in Proposition 3.5.3. [
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L’exemple de SU,(2)

Dans ce qui suit, nous établissons une théorie de Martin pour le groupe
quantique SU,(2) et donnons une description géométrique d’une large classe
de fonctions harmoniques.

Notons que tres récemment et indépendemment, des résultats généralisant
ceux de cette partie ont été obtenus dans [NT02].
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3.6 The example of SU,(2)

In this section we give an example of an explicit Ney-Spitzer like theorem
in the framework of discrete quantum groups. The results of this section go
beyond the results of section 3.3.1, in the sense that we compute explicitly
the Martin boundary, and match it with a known object.

In [Bia94], the Martin kernel K is computed for SU(2), with p defined
by n(Ag) = qTr(g)/2, with ¢ € [0,1]. It is shown that the closure of the
range of K is the C*-algebra of invariant pseudo-differential operators, and
one obtains a Ney-Spitzer like theorem.

The quotient of invariant pseudo-differential operators of order zero by
compact operators of M(SU(2)) is isomorphic to the algebra of continuous
functions of the sphere S2, and it turns out that our description also involves
quantum analogues of spheres.

In particular, for ¢ = 1, the set of bounded harmonic elements is a one
dimensional space. This is in sharp contrast with the quantum groups case,
as it was established in [Izu00], and has a nice interpretation in the theory
of subfactors.

Therefore, it is of interest to establish Martin boundary theory in our
setting of section 3.3.1 for quantum groups. In this section, we use Izumi’s
results and do so for SU,(2).

3.6.1 Quantum SU,(2) group

In the case n = 2, we take an equivalent definition, and enumerate some
useful properties, proved in [Wor87b].

A(SU,(2)), which we shall abbreviate by A, is the universal C*-algebra
generated by four elements z,u,v and y satisfying the following relations:

UT = qTU, VT = qTV, YU = qQuUY, Yyv = qUy
1

(3.6.3.1)

uv = ovu,ry —q uv =yr —quv = 1, x* =y,u*=—q_1v

This C*-algebra is nuclear. Let w = (w;;) be the element of M,(C) ® A

defined by
T u
vy

The representation theory of SU,(2) is the same as that of SU(2). Namely,
for each integer n there exists a unitary corepresentation w = (w;;) €
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M, (C) ® A of SU,(2), up to unitary equivalence. We adopt the spin nota-
tion, i.e. for [ € %N, i,je{=l,—l+1,...,1—1,1}, we call w(l) the unitary
corepresentation of dimension 2/ 4+ 1 such that (see for example [Izu00])

1—¢?

hw(D); jw(l')e ) = 61,0085, 1— g2@stD)

. 1— q2
* _ 2(s—
hw(1); jw(l)e 1) = 610506554 ])41 — 20

The vector space vect, j, lw - generates the x-algebra A which is dense in A.
For each | € N/2, there ex1sts a minimal central projection p; such that

pipy = 6 and Y, py = 1. Furthermore, le(SU"@)ENﬂH (©).
For i, j,1, we define the matrix element €. ; of M(SUy(2)) by

e An(wh ) = 0pb; 5 An(wh ;) (3.6.3.2)

In the multiplier algebra of M (SU,(2)) ® A, we have

V=2 d

’.])

Note that M (SU (2)) is also the vector space of linear forms on A via the
pairing el (wﬁ, 1) = Giir0j 101
Let 7 be the adjoint action of SU,(2) on p1,2M(SU4(2)) = M, (C), i.e

1/2 Z e1/2 w?w 1/2*

az

The minimal central projection of M(SU,(2)) onto My(C) intertwines @
and 7. It is also a C*-algebra morphism. On the AFD C*-algebra B =
Rre; M, (C) we call m, the action of 7 on the n-th leg and 7®" = T ®. . . Q.
It is shown in [Izu00] (also see [Kon92]) that 7% = lim,, 7®" is an action of
SU,4(2) on B.

Furthermore, §®* = @,- , i is an invariant state, in the sense that

(1®* @ id)m®*(z) = 1- p®*(z)

Therefore, this action extends to von Neumann algebra actions by taking the
GNS representations associated to p®> for B and h for SU,(2). Let B be
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the bicommutant of B in its GNS representation associated to pu®>, F' the
fixed point algebra and R = BN F’ be the relative commutant.

Let I be the ideal of A(SU,(2)) generated by u = 0 and v = 0. The
canonical projection of A(SU,(2)) onto A(SU,(2))/I =: A(T) gives rise to a
C*-hopf algebra morphism, thus inducing an inclusion of the maximal torus T’
into SU,(2). The fixed point algebra of the action of T’ by left multiplication
on SU,(2) is called the quantum sphere A(SU,(2)/7T). One shows that this
subalgebra is still a SU,(2)-space for the action by conjugation (see [Pod87]).
Taking the GNS construction shows that the action by conjugation holds at
a von Neumann algebra level. Let L>°(SU,(2)/T’) be this algebra.

Theorem 3.6.1 ([Izu00]). e Let
Hp = {f € M(SU,(2)), Pf = f} (3.6.3.3)

This set is an operator system, i.e. a closed subspace of M(SU,(2))
stable under conjugation. There exists a completely positive normal
map from H to R intertwining the actions of SU,(2)

e R and L*(SU,(2)) are isomorphic von Neumann algebras. Further-
more, this isomorphism can be chosen so that it intertwines the respec-
tive actions of SU,(2).

The next section is devoted to defining a quantum analogue of Martin
boundary theory and describing in these terms all harmonic elements.

3.6.2 An enumeration of harmonic elements on SU,(2)

The following exposition is standard and can be found in [VK92|. U,(su(2))
is the Hopf algebra generated by the four elements k™, k™, e, f satisfying the
following relations:

k+2_k72

kTt =k"kT =1,ktek™ =qe, kT fk™ =q lef — fe= —
q9—4q

AR =k*@k* Ale) =e@kT+k @ fLA(f)=f@kt+k Qe

e=fk=k"

(3.6.3.4)



96 CHAPITRE 3. FRONTIERE DE MARTIN QUANTIQUE

The generators k, e, f act on the canonical basis (ff)ie{_l,_lﬂ,___,l} of the
spin | SU,(2) left comodule V; the following way:

k(&) = ¢'¢]
e(€) = VIl =il +i+ 1€, (3.6.3.5)
FE) =i+l —i+1)e,

o —

Equivalently, an element of ¢, (su(2)) is also a linear form on M (SU,(2)):

k(w! ;) = bi ;¢

e(w;;) = VL + 411l — j +1]
f(wé,j) =65V —Jlll+ 5+ 1]

We use Sweedler notation for Uy(su(2)) and write Az = z' ® z2. With this
notation we define the adjoint representation of U,(su(2)) by

Ad(X)Y = X'Yk(X?)
For the generators e, f, k, this action is given by

Ad(k)Y = kYE™?
Ad(e)Y =eYk™ — gk 'Ye, Ad(f)Y = fYk—1—q 'Y f

This action extends by continuity to an action of U, (su(2)) on the algebra

———

of elements affiliated to M (SU,(2)). This action is the same as that given by
®, in the sense that for any X,Y € U,(su(2)),

Ad(X)Y = (id ® X)®(Y)

This can be found in [Izu00], Lemma 4.2.

By quantum Clebsch-Gordan rules, p; M (SU,(2)) is isomorphic as a U, (su(2))-
modules to @, Vi

We say that a vector Y has weight [ iff Ad(k)(Y) = ¢'Y. Addition-
naly, it has mazimal weight if Ad(e)Y = 0. One can check with the re-
lations that the vector e"k™ has maximal weight for any n € N. Further-
more, if p; is the minimal central projection onto the spin [ representation,
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the action of U,(su(2)) restricts obviously to an action of M@Z))l, and
i, ek, pie?k?, ... pie®k? corresponds to a maximal weight module for each
irreducible submodule. For n < 2l, —n < k < n, let

Vikn = pAd(f"7F) (e"k™)

o —

This is a linearly free family of vectors in M (SU,(2)) and it generates a

o —

weakly dense space in M (SU4(2)). The Casimir operator is the operator

ql/Qk _ q_l/Qk_l
q—qt

C = )2+ fe

It is known that p,C = [l + 1/2]?p;. In [Izu00], Lemma 5.2, this property is
used to show

1
P n n) = n [0
20 +1+n], 20 +1—n], (3.6.3.6)
Plorgn) = ot i+ .
k) = (g, e i g,
20>n+1

It implies that for any &, n, there exists a sequence of integers (k. n)2>n and
an harmonic element Ay, € M(SU,(2)) such that for any /'

Prhen = gy
if one requires ag = 1. Under this assumption, none of the q; is zero.
Theorem 3.6.2 (Izumi, [Izu00]). The element hy,,, is bounded. For every

P-harmonic element h, there exists a family By, of complex numbers such
that for any I,

prh =" prBrnhin

Note that in the Lh.s, there is only a finite number of non-zero elements, so
that this sum is algebraically well-defined.
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3.6.3 Martin Boundary of SU,(2)

Let us define inductively 40 = &, and p*"*! = (u*" ® p)A. For | € N/2, let
tu be the element of M (SU,(2)) defined by

g% 0 ... 0
1 0 q—2l+2
= Tr 6.3.
pu(f) ST L] I f (3.6.3.7)
0 0 q2l

Lemma 3.6.3. One has

pu * =g 20+ 2]/([2][20 + 1) pyry2 + q[20]/([21[20 + 1)) 12
(3.6.3.8)

By induction, this implies that for any n, ™ is a linear combination
of the py;’s.

o Foranyl, Y -, n™(p) is finite.

Proof. The first point is an elementary computation. It is done in[Izu00] with
the help of equations 3.6.2. We also refer to Lemma 3.6.13 for a more general
computation. For the second point, consider the Markov chain on N given
by p(n,n £ 1) = 1/[2] killed at a rate 1 — 2/[2] for n > 1 and p(0,1) = 1/[2]
killed at a rate 1 — 1/[2]. Every point of N is transient. We remark that
the function n — [n] is harmonic for the this process, and that we obtain
Equation 3.6.3.8 by conditioning in Doob’s sense by this function. Therefore
it remains transient. [

This connection with Doob conditioning is investigated for general SU,(n)
in section 3.5.
For any finitely supported measure v, we call Martin kernel K, the only

element of M(SU,(2)) such that for any f,
vxeUf =cU(k'K,kf) (3.6.3.9)

Lemma 3.6.4. The Martin element K, is actually bounded (i.e., an element
of M(SU,(2))). Furthermore, if v is a weight, K, is positive.
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Proof. In order to prove that K, is bounded, it is enough to prove it if v is
a finitely supported weight. By Lemma 3.6.3, there exists an integer N and
a constant 3 such that v < ch\]zo p**. This implies that

N+n
vP" < ey P!

l=n

therefore
vU < B(N + 1)eU

By Lemma 3.6.3 again, KK,k is positive. The above equation implies that it
is smaller than (N + 1)k?; therefore K, is positive and bounded. [

Remark 6.1. This Martin kernel makes sense at a probabilistic level:
indeed, if one replaces SU,(2) by any compact Abelian group G, one recovers
the Martin kernel of a random walk started from e on the dual group of G.
Furthermore, setting ¢ = 1 gives Biane’s definition in [Bia94].

Let Cy € M(SU,(2)) be the compact central operator defined by

_ V2l
“=a-pC+2a—a (36310

We define ¥, the algebra of quantum pseudo-differential operators as the
unital C* algebra generated by

T = ekC(), g = Ad(f)(Ek)Co, r_1 = ka()

One checks by hand with relations 3.6.2, that the operators x1,z¢,x 1
are bounded, and satisfy

w2 —qr i — ¢l =140 (3.6.3.11)

where () is the compact operator

_ —(g+q7")
C, = Xl:pl (q2l+1 + q—zl—1)2 (3.6.3.12)

We also refer to Lemma 5.8 of [Izu00].
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We remark that ¥, contains all compact operators K. Indeed, it contains
C therefore by functional calculus it contains all projectors p;, and one checks
that pyzo, pier, px—1 generates p, M (SU,4(2)).

We can thus consider the exact sequence

0K —Ty— ¥y/K—0 (3.6.3.13)

the above arrows are both C*-algebra morphisms and SU,(2)-linear.
One also checks that zg, x1,z_; are independent modulo IC. It is therefore
a consequence from Podles’ theorem of classification of quantum spheres

([Pod87]), that

Proposition 3.6.5. There exists a SUy(2)-linear C*-algebra isomorphism
between Vo /K and C(SU,(2)/T).

Remark 6.2. The algebra ¥,/ is also the space of principal symbols of
the pseudo differential operators. In the classical case, left invariant pseudo-
differential operators on compact Lie groups have already been considered,
see for example [Was88].

Lemma 3.6.6. There exists constants ¢ such that for any l,U', k, k', n,n’,
one has (Vi knVp g1 ) = 61Ok On i L,

Proof. The state p; is an invariant under ®. It means that for all X
(11 ® id)BX = Ly (X)

and implies that p(vienVp g ) = (1 ® pr)P(ViknV) g o). But @(vign) =
Y ow Uikt @ W - Since ® is also a x-morphism of algebras, and since
pin(wi pwy ;) = 0 unless k = j and &' = j', we get the result. O

The following two Lemmas are crucial for the main theorem of this part.

o —

Lemma 3.6.7. Let | be a half integer, f € M(SU,(2)) such that pif = f.
Then U(f) is well defined, and if pU(f) = 4, CnkVlkn, then for any ' <1,
prUf =pr Y PenCni/in-

Proof. The condition p;f = f implies that f is bounded, so by transience of
P, U(f) is well defined. One checks that Uf — PUf = f, therefore for any
<1,

pr(P(py—1/2Uf) + P(pry12Uf)) = prUf
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By definition of the elements hy ., replacing Uf in the above equation by
> hinCni/cu gives the same result. This concludes the proof. [

Lemma 3.6.8. For any l,n,k such that 2l > n and —n < k < n we, there
exists a constant Cy,, such that

plU(Ul,n,ic) = Cl,nvl,n,k

Furthermore, for any n,

h{n Cl,n =

Proof. According to Equations 3.6.3.6, one can show that for any m € N,
PP (Vin) = YVLkm With

1v—9m [ 2m
0§7§@+ql)2<m>

If one replaces 2m by an odd number, 7 is zero. For any n, v ~ (¢ +
g~1) 7™ (*™) as | — oo. Since Y (g+¢~)~2™(*™") is a convergent series whose
sum is (1 + ¢*)/(1 — ¢*), the Lemma follows by dominated convergence. []

Proposition 3.6.9. Let v be a finitely supported linear form on M@Z)).
Then K, € .

o —

Proof. It is enough to prove the result if v is such that for any f € M (SU,(2)),
v(f) = EU(Fv} o)

—

Indeed, any finitely supported linear form on M (SU,(2)) can be realized as a
finite combination of such v’s. Assume that f = v . There exists constants
¢, such that U(f) =Y, cvikn, and by definition,

vU(f) = SU(Z CLVLE V) gt )
]

By an application of Lemma 3.6.6 and since, by Lemma 3.6.3, any y; admits
a central density with respect to eU, we get

VU(f) = eU(cl:vl:,k,nvlf’k,,n,)
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By definition of K,, (Equation 3.6.3.9) we therefore have
5U(Cl’vl’,k,nv;,k',n') = 8U(l€_1K,,k"Ul,k,n) = EU(k_l’Ul’k,nl{ . KU)

Since this holds for all (I, k,n), and since k™ v, .k is a multiple of v, ,, we
get by Lemma 3.6.6, that there exists complex numbers «; such that

K: = Z O[ﬂ)l’kl’nlcgl (36314)
l

We know that ), vl,k/,n/C{," is a pseudo-differential operator. Besides, we
know from Stone-Weierstrass Theorem and the existence of the operator C
in g, that any central operator that can be written under the form

Z Bipy
l

where 3; admits a finite limit in C, is in W,.

By Lemma 3.6.8 and thanks to Lemma 5.4 of [Izu00], U (v, 1, C{) admits a
nontrivial limit in the topology of pointwise convergence as [ — oo. Therefore
lim; vU (v, C') exists as [ — oo. But by definition,

VU(?)l,k’an) = EU(kilekvl,k,an)

Therefore, by equation 3.6.3.14

&?U(k_lvl,k,nk(z djﬂ;,k/,nl)06l+n/)

J

But one checks with relations 3.6.3.5 and Lemma 3.6.3, that

. !
hlm eU (Ui ¥i g wCo™™)

always exist in C and is non-zero iff £ = k' and [ = I'. Therefore lim; o; exists
in C. Combining these results and the fact that U, is stable under multi-
plication shows that Equation 3.6.3.14 defines a pseudo-differential operator.
]

We show that the C* -algebra W, allows to represent any harmonic ele-
ments. Let

—

Hp = {f € M(SU,(2)), f > 0, Pf = f,ef =1} (3.6.3.15)
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o —

Theorem 3.6.10. Let h be a P-harmonic element in M(SU,(2)). The ele-
ment U(pih)(1 + ¢*)/(1 — ¢*) tends towards h as | — oc.

Proof. We cousider f; = pjh/C, where C was introduced in Lemma 3.6.8,
and we wish to show that U f; converges pointwise towards h. Let [ be an
half integer, and ¢ > 0. It is enough to show that there exists I’ such that
for each I" > ', ||p(U(fir) — h)|| < e.

Let ' > 0, and consider the only constants 3 , such that h = Zk,n Bren e n-
Then ph = Engl’ke{%,n} BrknVen- Fix I' according to €' so that Lemma
3.6.8 is satisfied. Thus, we have p,(Ufyr — h) = piB;, ,hen, where |5 | <
2¢'/C. Since pM(SU,(2)) is a finite dimensional Banach space, the norms
Supy, , |Bk,n| and the operator norm are equivalent. Therefore it is possible to
choose ¢’ such that |3 ,,| < 2¢/C implies ||p,(U(fi) — h)|| < e. The corre-
sponding !’ such that for each 1" > ', ||pi(U(fi) — h)|| < €, and concluding
this proof. [J

Corollary 3.6.11. For any element h € H},, there exists a state ¢ on ¥y
vanishing on IC such that for any weight v,

v(h) = ¢(K,)

Proof. Let ¢ be the state defined by ¢;(K,) = eU(k™' K, kp,h/C). Tt is
obviously a state, and by Theorem 3.6.10, its limit exists and defines a state
on ¥, satisfying

In order to check that ¢ vanishes on compact operators, it is enough to check
that it vanishes on finite rank operators. But by transience, any finite rank f
can be written as g — Pg with ¢ = U f. Thus there exists a finitely supported
v such that f = K, — K,.,. But by definition, v(h) = v * pu(h), so this
concludes the proof. [J

We also investigate a converse of this representation theorem:

Proposition 3.6.12. Let ¢ be a state on ¥y vanishing on K. Then, one can
define a element hy by the equation

V(h¢) = oK,
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Furthermore, the map ¢ — hg is injective. Endowing the cone of states
with the pointwise convergence topology and H, with the topology induced by

——

M(SU4(2)), this map is a continuous bijection.

Proof. For any v, the equation v(h) = ¢K, obviously defines a positive
element h € M(SU,(2)). Let v an element of M(SU,(2)),. We have seen in
the preceding proof that K, — K., is a finite rank operator in M (SU,(2)).
Therefore ¢(K,) = ¢(K,« ), hence v x 7(h) = vPh = vh. Since this holds
for any v, Ph = h. O

Remark 6.3. The above proposition shows that in our case, the situation
is analogue to the classical case when the Martin boundary is analogue to
the case when M B = M B™™",

3.6.4 A discussion on minimal harmonic elements

In the preceding section, we gave a quantum Ney-Spitzer like theorem with-
out making use of minimal harmonic element. This is the first example
of a Ney-Spitzer like theorem obtained by circumventing any knowledge on
minimal harmonic function. Yet it is natural to wonder about the minimal
harmonic elements. By the last proposition of the previous part, the minimal
harmonic elements are in one to one correspondence with the pure states of
Podles’ quantum sphere. The minimal states of Podles’ quantum sphere are
all known; yet, it is not easy to describe the related hy in full generality.

In this section we give a “numerical” description of a large class of minimal
harmonic element. This description is another highlight of the sharp contrast
existing between the case ¢ =1 and ¢ # 1. It also provides a counterpart of
Izumi’s description.

For all k£ € Z, let

& = Vect{eé,i_k 1 e N/2, } = Vect{vikn, } (3.6.3.16)

It is a consequence of equations 3.6.3.6 that these vector spaces are invariant
under the action of P. Let & be the closure of &£, for the pointwise conver-

o — ———

gence in M(SU,(2)). For any g € M(SU,(2)), for any k € Z, there exists

unique g € & such that for any [, pjg = Zke{—Ql,—ZH—l,...,Ql} D1k -
Let £ be the discrete space £ = Ui,j,leé’j. We partition it into a family
indexed over Z of subsets Ej = Ujel, , and identify naturally &, with
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the vector space of functions almost everywhere zero on Ej. Equivalently,

o —

M (SU,(2)) is naturally identified as a vector space as the space of complex
valued functions on &.

In this setting, we prove in Lemma 3.6.13 below, that P can be considered
as a concrete operator on Fj, whose transition probabilities are:

plel . e 2y = Qq—(l+i/2+j/2) VIE—i+ 1]l —j+1]
1,7 Ti—1/2,j—1/2 [2] [2[ + 1]
| 1-1/2 e VI + ]
(€5, ei_l/Q,j_l/Z) = ﬁq /12=i/ R
: _ (3.6.3.17)
(€l 1+1/2 _ 9 -ij—is2 VIE+i+ 1)1+ 5 +1]
p ei,j’€i+1/2,j+1/2) - [Q]Q [2l + 1]

2] (20 + 1]

! 1-1/2 9 (4i/24i/241 [l_i][l—j]
p(ei,j’ei+1/2,j+1/2) q (it ¥ - 2

By the Cauchy-Schwarz inequality, this is a sub Markov random walk. We
can recover a random walk X; by adding a cemetery point ¢ to E. It is easy
to see that for any k, the sets Ej U {c} are classes for X;. Additionally, it is
a consequence of the quantum transience that £ is a transient set for X;.

Lemma 3.6.13. Let e}; be the matriz element of M(SUy(2)) defined in Equa-
tion 3.6.3.2. We have

-1/2 -1/2 — I+1/2 — I+1/2
P(eéj) = aiei—1§2,i—1/2 + ai6i+1§2,i+1/2 + a+6it1§2,i—1/2 + a—eiilé2,i—1/2
(3.6.3.18)
where
af = iql—z‘/z—j/Q L+ ][l + J]
2] [21]
ot = " ez VI AL - ]
Pk 21
, , (3.6.3.19)
- = iq—(l+i/2+j/2) VIl—i+ 2]l —j+2]
T2 20 + 2]
o = q__lql—i/2—j/2—|—2 [+ ][l + j]
-2 [20 + 2]
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Proof. This is a consequence of Vilenkin’s Clebsch-Gordan formulae, p. 40

(4) and (4"), [VK92] O

The space & is a maximal Abelian von Neumann subalgebra of M (SU,(2)).
According to Lemma 3.6.13, it is stable under P and it induces a random
walk whose transition probabilities are

-1 ;

[ I+1/2 _9" —(l+i)w
(ez’,i’ ei—1/2,i—1/2) - 2] q [20 + 1]
-1 ;

l" I-1/2 _q_ l—it1 [l+’L]
P(Ciis € 125 1/0) = 2] ¢ [20 +1]

: (3.6.3.20)

I I+1/2 q ;i [l+i+1]
Pled s e sinye) =
iir €it1/2,i4+1/2 2] (2] 4+ 1]

! 1-1/2 9 (i1 [l — Z]
P(€ii> €is1yaignya) = ﬁq | )[QZ +1]

In the remainder of the paper, we take the convention that if z = ef;,
then i(z) = a, j(x) = b and l(x) = c¢. We define a compactification of & in
the following sense. A sequence (el;), admits a limit iff / tends to infinity and
[(X%) 4+ i(X:) converges in NU {oo}. This gives a compactification of & by

the space M By = N U {oc}, and the compactification is M Sy = & U M By.

Proposition 3.6.14. Let x = (€},) be any starting point on & and X,, the
Markov chain started from x whose evolution operator is given by lemma
3.6.13. This process is transient and irreducible. Moreover its Green kernel
is finite. The process Xy is such that almost surely, [(X;) + i(X;) admits a
finite limit in N.

Proof. Irreducibility of the process is obvious. By Lemma 3.6.13, the random
process i(X;) has probability ¢~!/[2] to decrease by 1/2 and ¢/[2] to increase
by 1/2. This implies that the process is transient.

This also implies by the law of large numbers, that for all € > 0, almost
surely, for ¢ large enough [(X;) > t(¢7' — q — €)/[2]. The green kernel
associated to the process i(X;) on Z is finite (it is the kernel of a non-centered
random walk), therefore so is the kernel of X;.

It is straightforward from Equations 3.6.3.20 to check that the probabil-
ity that [(X;) + 4(X;) jumps is smaller than ¢~*. An application of Borel-
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Cantelli’s Lemma then implies that almost surely, I(X;) + 7(X;) only jumps
a finite number of times, therefore it converges towards a finite limit. [

We extend the definition of M By to arbitrary £ by saying that eﬁ‘j,id 4 €
E}, tends towards a € NU {o0} = M By iff [; — oo and iy + l; — a. This
defines a compactification of Ej that we call M S, = M B, U E}.

The following probabilistic lemma will be needed throughout the remain-
der of the paper. We use the standard Markov theoretic notations, in which
the subscript z in front of P or F means “starting from x”.

Lemma 3.6.15. Let P be a Markov chain on the state space Z U {c} such
that

Pn,n+1)=a—¢, Pln,n—1)=b—-,
P(n,c) =c,+ ¢, P(c,c) =1

with0<b<a<l,a+b=1,0<¢,<a,0<c, <b We also assume that
there ezists two constants C > 0, a < 1 such that ¢, + ¢, < Cal™. For any
x €7, Py(Xoo = 00) > 0. Furthermore, lim,_, o (Xe = 00) = 1.

Proof. Let L, be the random variable counting the time spent in on the site
n. We first evaluate P,(X,, = ¢), i.e. the probability to die. It satisfies

=P =) = B[O =)™

neZ

Let P be the Markov operator of the random walk on Z, obtained by P(n,n+
1) = a and P(n,n — 1) = b. It is known that the associated process X; is

transient, and the expectation of the occupation time of the site n satisfies
E.(L,) = f(n —z), where

f(n) = exp(k(|n| — n))2/(a —b)

with k the only negative number satisfying e?*a + e2b = 1. It is obvious
that E,(L,) < f(n — x).
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Let (8 be a positive real constant that we shall fix later on. The key
estimate for this lemma is

EZ(H(l —Cn — C;z)Ln) >

neZ

[0 = cn = )/ o0 =0 p, (9, L, < f(n = 2)B(1 + (n — 2)°))

neZ

An application of Chebyshev inequality shows that

< 1

~ B+ (n—12)?)
Therefore, with the rough estimate ), ,(n®+1)7! <5,

P,(Vn,L, < B(1+ (n—2)*))>1-5/3

Py(Lp > f(n—2)3(1 + (n —z)?))

For any 3 > 0, we have
H(1 — ¢ — &) (rm2BHn=2)%) 5

neL

because Y, a f(n — z)(1+ (n — z)?) converges. Therefore, taking 5 > 5
shows that P,(X. = ¢) < 1. Furthermore, when z — o0,

i — . — ) (n—2)(+(n—2)?) _
zlggo H(l Cn — Cp) =1
nez

So, according to the definition, there exists a [, tending towards oo such
that [],c,(1 — ¢, — ¢/ )/ (n=2)B:(14+(n=2)) tends to 1 as & — oo. For example,
Be= ez fln—2)(1+ (n— x)2))_l/2 is convenient for x large enough.

We need to show that P, (X = 00)+ P, (Xw = ¢) = 1. By an elementary
combinatorial argument, for any € > 0,

Po(Xi/t < (a—b)/2 =€) < Po(X;/t < (a—b)/2 —¢)
But the last one is well known to tend towards 0 as ¢ — oo. This concludes

the proof. [

Remark 6.4. This lemma is sufficient for our purposes, but with some
additional work, one could prove that its conclusion still holds if > ., ¢, +
o, < oo. -
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Proposition 3.6.16. Let x be any starting point on Ey. The corresponding
process X; has a probability < 1 to die (i.e., Py(Xo = ¢) < 1). The process
conditioned not to die converges almost surely in M By.

Proof. By Lemma 3.6.13, we have

p(i(ei’,j)’ i(eé,j) - 1)

0 i VI =+ 1] s e VI 4]
_ﬁ(q( e 20+ 1] g PIESTR

An elementary identity shows that
(p(i(eiy)s i(er;) — D[21/q7)?
e (\/[z S VRV +z']>2 (3.6.3.21)

1 20 + 1]

Since ¢ ((\/[l — i + 1[I + j]— /[l — j + 1][l +4])/[2l + 1])? is bounded uni-
formly on E} by a constant C, after considering the counterpart of 3.6.3.21
for p(i(eé,j),i(eﬁ,j) — 1), we can apply Lemma 3.6.15 with a = ¢* and the
above constant C'.

If we condition X; by i(X«) = —oo, which has probability > 0 by the
above, we the proof of Lemma 3.6.15 shows that for any € > 0,

Py(i(Xy) ~tg—q7")/2]) =1

An application of Borel-Cantelli Lemma as in the end of the proof of
Proposition 3.6.14 shows that almost surely, i(X;) + I(X;) admits a finite
limit. OJ

Theorem 3.6.17. Let x be an operator in B(I*(N)), and (z;;)ij>0 be its
matriz in the canonical basis. Let

o= > mige iy (3.6.3.22)
1EN/2,0<i,j <21
Then lim,, P"g, admits a limit f,. This limit is harmonic. The map
E:B(*(N) - H
T = f
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18 a completely positive isometry.

Note that this is an alternative and more geometric description of Izumi’s
Poisson boundary.

Proof. We write in an unique way g, = >, gx With g; € &. By definition,
gk, seen as a function on Ej, is continuous on M By.

Let £ € Z and x € E). It is enough to show that the complex numbers
P'gi(z) converge as t — oo. For any ¢, the random variable g (X;) is bounded
by ||z||, and converges almost surely by Lemma 3.6.16. Therefore, by the
dominated convergence theorem, lim; P*(g)(z) = E(gr(X0))-

This proves the existence of lim,, P"g,. It is clear that this limit is har-
monic. It is also straightforward that the map = is completely positive.

We need to prove that = is an isometry. By complete positivity of =,
it is enough to show that if z is positive, then ||f;|| = ||z||. It satisfies
||fz|]| < ||z|| because P is a contraction. Let z4 be a sequence of points in
E}. and suppose that z;, -+ = € M By. By a slight modification of Lemma
3.6.15 and application of Lemma 3.6.13, P,,(Xs = c) tends towards 1 as
d — oo. For p, the projection in B(/?(N)) the projection on the vector space
generated by the first n elements of the canonical basis, we thus have for any
e >0, for any n € N, ||fs|| > [|pazpnl| — €. Therefore, ||f|| = [|z|].

We need to prove that the range of = is 4. Let f be a bounded harmonic
element and write it as usual as ), ., fx- Let y be a starting point in
L}, and g be a bounded harmonic element. Since g is an harmonic and
bounded function on Ej, the stochastic process gx(X;) is a [*° martingale and
it converges almost surely. Since this holds for any starting point z, it implies
by the same slight modification of Lemma 3.6.15 that g; admits a continuous
extension to MS. Let x € B(I*(N)) be defined by z;; =lim;g*,; ;...

It is straightforward to check that this definition makes sense and defines
an operator in B(I*(N)).f, — f is thus a bounded harmonic function, tending
towards 0 at any point of M By, for any k. An application of Lemma 3.6.16
and of the martingale convergence theorem shows that f, = ¢g. Thus we have
proved surjectivity. [

From this Theorem we derive the obvious corollary:

Corollary 3.6.18. The bounded minimal harmonic elements are the image
of rank one projectors in B(I*(N))
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Remark 6.5. We have an analogous description of a large class of non
bounded minimal harmonic elements. For instance, we can obtain the same
description for minimal harmonic functions f satisfying that there exists a
constant C such that fz-lﬂ- < C for any 1, 1.
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Chapitre 4

Images de mesures de Haar
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We study the law of a corner of a unitary Haar distributed random ma-
trix, and exhibit its density with respect to the Lebesgue. For two randomly
rotated projectors m; and 7y of rank ad over M, (C), the eigenvalue distribu-
tion of the operator mmom is expected to converge towards the multiplica-
tive free convolution of a Bernoulli distribution of parameter a by itself. We
strengthen this convergence and establish universality of the level spacing
inside the bulk of the spectrum, give a rough estimate of the behavior of the
largest eigenvalue.

Then, we improve a result of Diaconis-Lauritzen-Eaton, and outline a new
approach to the combinatorial problem of expanding a polynomial random
variable in the entries of classical compact groups.

Nous étudions la loi d’un coin d’'une matrice unitaire distribuée suivant
la mesure de Haar normalisée et donnons la densité de sa loi par rapport a
la mesure de Lebesgue.

Pour deux projecteurs aléatoires m; et 7y de rang ad dans M, (C), my étant
une rotation aléatoire de w1, nous montrons que la distribution des valeurs
propres de 7wy est un ensemble de Jacobi unitaire. De plus, un théoréme
général de probabilités libres affirme que la distribution des valeurs propres
converge vers la convolution muliplicative libre d’une loi de Bernoulli de
parametre a par elle-méme. Nous renforcons cette convergence et établissons
I'universalité de 1’écartement des valeurs propres a l'interieur du spectre,
et donnons une estimée approximative du comportement de la plus grande
valeur propre.

En particulier, nous étudions la convergence vers un ensemble circu-
laire gaussien, et améliorons un résultat de Diaconis-Lauritzen-Eaton. Par
ailleurs, nous proposons une approche plus directe pour comprendre le développe-
ment en puissances de 1/d de la fonction Wg introduite dans [Col02].
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4.1 Introduction

It is known that for a Haar distributed Unitary (resp. Real, Symplectic)
random matrix, an upper left corner of fixed size converges in law, up to a
suitable renormalization constant, to a standard complex (resp. real, quater-
nionic) Gaussian matrix, as the dimension of the compact group tends to
infinity. On the other hand, in chapter 2, an explicit formula is provided
for moments of the law of such a corner, of order less than the dimension of
the group. However, this formula excludes the real and symplectic Gaussian
cases. This paper provides new ideas to overcome these important limita-
tions.

The solution proposed is based on an explicit formula for the density of
the law of a corner with respect to the Lebesgue measure, and our first result
is Theorem 4.2.1. A result very close to this one has already been obtained
by Olshanski in [O1'90], and a good review can be found in [For02].

The general problem of the convergence of the eigenvalue counting mea-
sure for matrix models, and in particular the asymptotics of the local spacing
of eigenvalues, is known as the universality problem for random matrices.
See [Meh91], conjectures 1.2.1 and 1.2.2 for a statement of this universal-
ity problem. Many important breakthroughs towards these conjectures have
been achieved for various matrix models during the last years (see works of
Pastur, Johansson, etc...).

In free probability theory, properties of contractions of noncommutative
probability spaces by free projections have been widely studied. A matrix
model for this is 74Am,, where A € My(C) is a constant hermitian matrix
with limit distribution, and the selfadjoint random projector 74 has unitarily
invariant distribution and rank ¢; with ¢4/d ~ a €]0,1[. It is natural to
expect universality of local spacing for such distributions, and it turns out
that we are able to establish such a property in the particular case when
A =7/, is a constant selfadjoint projector of rank g,.

Namely, a corollary of Theorem 4.2.1 is that mym)m, is, up to an affine
transformation, a Jacobi unitary ensemble. Moreover, random matrix mod-
els for free probability (for references and results, see chapter 2) and older
results about the S-transform (see [VDN92| example 3.6.7) show that the
eigenvalue counting measure converges towards an explicitely computable
measure if ¢;/d ~ a < 1/2. Therefore, our particular model 747,74 can be
worked out with the machinery of orthogonal polynomials, and that results
of [CI91] about Jacobi polynomials allow us not only to sharpen convergence
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predictions given by free probability theory, but also to establish some uni-
versality of the level spacing. This is the contents of Theorem 4.3.3.

Theorem 4.2.1 has also other applications. In particular, it allows us to
estimate how quickly the push forward measure converges towards a Gaussian
measure (Theorem 4.4.2).

In chapter 2, Catalan numbers appeared via some polynomial identities,
as the leading term of the expansion in d=! of a class of polynomials with
variables in an upper left corner. But a clear combinatorial interpretation of
these numbers was missing. The approach proposed here gives a geometric
ratson d’étre for the Catalan numbers, with Theorem 4.5.3. We finish this
article by giving an uniform estimate for the functions Wg.

4.2 Push forward of the Haar measure of the
unitary group

Let Uy be the group of d x d complex unitary matrices, and p4 its normalized
Haar measure. For d > ¢i, d > ¢, let mq 4, 4, be the canonical projection of
M, (C) onto its upper left corner M, ,,(C) with ¢; lines and ¢o columns. Let
dA be the standard Lebesgue measure on M, ,,(C)

Theorem 4.2.1. For d > 2q; > 2qs,

T 01as (Hd) = Capgp,adet(l — AAY)0721 4 1 dA

d7q1 »q2

where ¢, g,.4 18 a normalization constant.

Note that a computation similar to this one has already been performed
in [O1'90].

Proof. In this proof we shall split 74, 4, into m o m, where my : My(C) —

My, (C), and m @ My, (C) — My, ,,(C) are the canonical projections.

Conversely, we introduce the canonical injection ¢ : My, 4,(C) — My (C)

which we split into the canonical injections 4; : My, 4,(C) — My, (C) and

ig : My g, (C) — My (C). We have i = iy01iy, m 0%y = idy, (), 20t = idy ,(C)-
The set m3(Uy) is a real sub-manifold of My 4, (C) of real dimension

2dgy — q2 — 2¢2(q2 — 1) /2 = ¢2(2d — ¢2)
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The push forward 7} (j4) is a probability measure invariant under the natural
left U; action and the natural right U,, action. Since the action of Uy x U,
on m5(U) is transitive, this measure is the only normalized invariant one.

Since d — ¢o > @2, the map m; : m(Uy) — M, 4,(C) is surjective onto
the unit ball of My, ,,(C) endowed with the operator norm. Indeed, let
A € My, 4,(C), such that A*A <1, and V' € M, (C) be a square root of the
positive matrix 1 — A*A. The matrix

A
X=10
v

where A € M, 4,(C),0 € My_4, —4,.4,(C),V € M,, (C), satisfies m(X) = A
and is in mo(Uy).
Let = be the open subset of m5(U):

{X € my(U), det(1 — m(X)*m (X)) # 0}

It has measure 1 with respect to 73(u4). Indeed, its complement in mo(U) is
a sub-manifold of dimension strictly less than ¢2(2d — ¢5).
On =, 7 is a submersion. Indeed, for an element

()

of =, the tangent space T'x= is the space of matrices
dA
av

A*dA +dA*A+ VYV +dV*V =0

satisfying

Let dA € My, 4,(C), then A*dA+ dA*A = 2ReA*dA is hermitian in My, (C).
But V is invertible, because V*V + A*A = 1 and 1 — A*A is invertible.
Therefore there exists a vector dV' € My_g, 4,(C) such that V*dV = ReA*dA.
Thus we have proved that the tangent map is onto.

Therefore 7 . . (14) admits a density with respect to the Lebesgue mea-

sure on M, (C).
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Let ¥ be the sub-manifold {V € My_,, ,,(C),V*V =1,},and B={A €
My, 5, (C), A*A < 1}. Let

a:=2—BxVU

be defined by

X = (é) — (A4, V(1 — A*A) " 1/?)

The map « is a diffeomorphism. For X € =, let S = ker(dm (X)), where
dm; is a map from TxZ= to My, ,,(C), and S* its orthogonal complement in
TxZ. The map m : S* — M,, ,,(C) is a bijection. Besides, one can show
that the image under 7, of the natural Euclidean measure on S is

det(1 — A*A) /2 (4.2.4.1)

times the Euclidean measure on M, 4, (C).

Let S’ be the tangent subspace of V(1 —A*A)~%/2 in ¥. Then the tangent
map Txa : TxZE — Ta(X)Bq(O, 1) x ¥ admits the following matrix in the
decomposition St ® S — S+ @ 5"

I, =

0 K
where K is the restriction to S of the map My 4, 4,(C) = My_g, 4,(C) given
by

Vo V(1- A2

Let Aj,..., ) be the eigenvalues of V(1 — A*A)~Y/2. The (real) endo-
morphism K has 2d — 2¢q; — g eigenvalues A\, 2d — 2q; — ¢» eigenvalues Ao,
etc... Therefore K has determinant

det(1 — A*A)d—n—e/2 (4.2.4.2)

and our result follows by putting together equations 4.2.4.1 and 4.2.4.2 and
an application of the change of variables formula and Fubini’s Theorem. [

Remark 2.1. Replacing the unitary group by the orthogonal group gives
that the push forward of the Haar measure has a density with respect to
the Lebesgue measure proportional to det(1 — AA*)%/2-1/2=01/2=4:/2 provided
that d > 2¢; > 2¢s.
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4.3 Jacobi ensembles

Let (o, 3) € RT, and J, 3 be the probability distribution on the Hermitian
matrices M (C),, given by

Z7 det(1 — M)*det(1 + M)P1_1<prcrdM

where Z; is some normalization constant. The probability J,s is called
Jacobi unitary ensemble.
Theorem 4.2.1 admits the following corollary:

Corollary 4.3.1. Let A be a random matriz in My (C) having law 7},  (114)
for some d large enough. Then the random matrix W = 2A*A — 1 has
distribution Jq_oq.

Proof. 1t is enough to remark, by change of variable, that A*A has law
610§M§1 det(l — M)d_quM

where ¢ is a normalization constant and dM is the Lebesgue measure on the
Hermitian matrices. [

In the remainder of this section, let us fix a real number a €]0,1/2], and
let for all d, m; 4 be a self adjoint projector of My (C) of rank ¢ where asymp-
totically ¢ ~ ad. Let my4 = U*m 4U where U is a Haar distributed unitary
random matrix. Then it is known by results of Voiculescu (see for example
[Vo0i98]), that 71 4 and 7o 4 are asymptotically free. Therefore my 475 41 4 has
an empirical eigenvalues distribution converging towards p X p, where p is
the probability

(1 — 0,)5() + 01(51
By a standard S-transform argument (see [VDN92|, example 3.6.7),

4a(l —a) — x
p® = (1 —a)do + loeposa(1—a)] 27?\(/5(1 _) ) dx

An immediate consequence of this is that the empirical eigenvalues dis-
tribution on M, (C) of W converges towards

1 1\/8a—8a2—1—md
- - 2-15- v
1<e<8a—8a’-1% 2my/1 + 2(1 — )
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We shall see that the convergence of measure predicted by free probability
theory can be strengthened to a uniform convergence for density functions,
that some universality of the level spacing holds, and that the largest eigen-
value converges almost surely towards the upper bound of the spectrum.

The purpose of the following results is to give answers to these questions.

We make use of the Jacobi polynomials P%#. We recall that for o, 8 > 0,
(P%P),>p is a series of orthogonal polynomials with respect to the measure
1-1,qyw™?(z)dz where

w(z) = (1-2)*(1+2)’

For the normalization constant, we refer to [Sze75], equation (4.3.4). Let p2”
be the corresponding orthonormal polynomials, and +, their (nonnegative)
leading term.

The function

q—1
KgP(w,y) = VwoP (@)y/w b (y) Y pi’()p;”
=0

satisfies for z # y by the Christoffel-Darboux formula

O{, ,,3 aﬂ a,ﬂ
K82, y) = /b (g) y/wa () 11 Py (2)pgt1 (y) — pai (2)pg " (y)

Yaq r—=y

It is known that ¢~*K$#(z)d, is the distribution of eigenvalues of a uni-
tary Jacobi process of parameter (a, 5) on M, (C); see for example [Meh91],
A.10.

We first state an important lemma.

Lemma 4.3.2. Fora >0 and xz €] — 1,1], let
A= (a(z+1))? —4(a+1)(1 —2?

Let C be a nonnegative real number, and o, two real numbers such that
la| < C and |8 < C.

There exist a real parameter oy depending continuously on (a, ) € RT x]—
1,1[, a parameter ay depending continuously on «, f3,a,z, such that a; =
as = 0 as soon as A > 0, and satisfying the following conditions:
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e Let K be a compact subset of RT x]—1,1[ such that for any (a,z) € K,
A < 0. For any x € K, for any «, 8 (bounded by C),

Vw(z) Prten?(z) =

1/2
(4.3.4.1)

(5

™

where
®(a, B,a,n) = 24"t (g 4 1) A2
Furthermore, this estimate is uniform in «, B bounded, and (a,r) € K.

e Let

_ V8a—8?—1—z
f(e) = 211+ (1 — x)

For any (a,z) in the above K,
ar(z + u/(n(f(z))),a) = ax(z,a) + Tu/n + o(1/n)

e Let K be a compact subset of RT x]—1,1[ such that for any (a,z) € K,
A < 0. There exists constants ¢; > 0 and ¢y €]0, 1] such that

Vw(z) Pt (z) < e1di®(a, B, a,n) (4.3.4.2)

This estimate is uniform in «, f bounded and (a,x) € K.

Proof. The first and third point of this Lemma are contained under a weaker
form in the paper [CI91]. The feature that remains to be proved for points
one and three is the uniformity. This can be done by refining the comparison
function close to the singularities by a comparison function such that the
derivative of the difference stays bounded on the closed ball of radius the
first singularity. Then, one applies the Bessel inequality to the derivative
of the difference between the new comparison function and the generating
series. For the third point, one should remark that equalities (2.8) and (2.9)
of [CI91] become strict inequalities if v/A is replaced by |[vA.

The second point is a tedious computation of da;/0x using formulae
(2.11), (2.12), (2.13) and (2.16) of [CI91]. OJ
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Theorem 4.3.3. Let a be a real number in ]0,1/2[, and to each d, associate
a number qq such that 2q; < d and q4/d ~ a.

e Let K' be a compact of | — 1,8a — 8a? — 1[. We have

1 1 V8 —8a2—1—2z
li _Kd72q,0 _ _
rh g 7 (z,2) 2a 271+ z(1 —z) /(@)
and this limit holds uniformly on K.
e For u,v €)0,00[, we have as d — oo,
1 N u v sin7(u — v)
Ki20(g 4+ —— z+ =
d@ @ @ T )

This limit is uniform for x € K and for u,v in compact subsets of R.

e For K' a compact of |8a — 8a® — 1, 1], almost surely for q large enough,
there is no eigenvalue of W in K'.

Proof. According to [Sze75], formula (4.5.2), one has

2728 T(g+ 1)l (g+a+B+1)
29+a+p  T(g+a)l(g+p)
PP (z) P (y) — Pl (z) PP (y)
T—y

KPP (z,y) = v/w*h(z)/wsb(y)

(4.3.4.3)
therefore

27¢F T+)l(g+a+p+1)
2¢g+a+8 T(g+a)l(qg+p)
(= Fy(@) Py_y(z) + Pyor(2) Py(x))

Furthermore, one has ([Sze75], formula (4.21.7))
(P9Y(2) = 1/2(n + @ + f + 1) P94 () (1349

Putting equations 4.3.4.3, 4.3.4.4 and 4.3.4.2 together show that whenever
q = ad + a4 where ¢, ranges in a bounded interval,

qu"ﬂ (z,7) = w*P(z)

1K372q’0(:1:,x) _18a—8a?—1—x

q " 2 2my/1 + z(1 — x) oll)
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where o(1) is uniform in z € K’
The second point is proved in the same way with the help of 4.3.4.3,
4.3.4.4 and 4.3.4.2. Since, by the previous Lemma,

ai(z +u/(n(f(x))),a) = ar(x,a) + mu/n + o(1/n)

our result follows by standard trigonometric considerations (see for example
[Meh91], A.10).

For the third point, it is a consequence of [CI91], that there exists con-
stants ¢; > 0 and (; €]0, 1] such that for any z € K’,

1
6KQ(1" x) < ClCz"

O

4.4 Asymptotic independence

We first recover a well-known result.

Proposition 4.4.1. For any q, the random variable \/d/qn,4(Us) converges
towards a standard complexr non-hermitian Gaussian ensemble as d — oo

Proof. 1t is just a matter of remarking that
det(1 — gAA* /d)42 — ¢~ q1T(A47)
as d — oo. [

We can also improve a result by Diaconis-Eaton-Lauritzen [DEL92].

Theorem 4.4.2. Let v, be the probability measure cqq e 7™M M on M, (C),
and qq be a sequence of integers tending towards infinity such that there exists
a C > 0 such that g5 < Cd. Then

1V d/qama g, (1a) = Vq,| = o(1)
where | - | denotes the total variation measure.

This result was already known to [DEL92| under the assumption that
3
gz = o(d).
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Proof.

Let n be any integer and A a random matrix on M, (C) following the law
v4. By a classical combinatorial result (see chapter 2), there exists a constant
(), such that

lim ¢? (E(q Tr(A"A™") = (Blg™Te(4" 4)"))?) = C,

Therefore, by Jensen’s inequality, there exists a constant C) such that for
any K

P,,qd(|q;1Tr(A*A)” — E(g;'Tr(A*A)™)| > K) < K2t]2
d

In particular, there exists a constant C% such that for any K,

2 2 n
4 * 2 44 * A\N 02
P, Tr(A*A)" — FE Tr(A*A > K) < —%-

By Theorem 4.2.1,
(d - QQd)/Qdﬁz,qd (ﬂd) = Cfd\,; det(l — qA*A/(d _ Qq))d—2qu

where

M, (©)

Let K = qd_l. In equation 4.4, one has K% — 0 and < K(’;%g — 0.
Introduce on M, (C) the sets

qs * 2 qg * n
A ={A | —2 _Tr(4A*A)" — F(———2—Tr(A*A <K All <

Ay = B(0,3) N A% ; As = B(0,3)°

A Taylor expansion shows that uniformly on Ay,

2
* 9 *
—qqTrA A—qud)E(Tr(A A)?)

det(1 — ggA*A/(d — 2¢4))4 %% ~ e
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Therefore,

qz * 2
/ det(l — qu*A/(d — 2qd))d—2Qd ~ / e—darA*A—mE(Tr(A A)?)
Ay

Ay

By a classical result, P, (|[M|| > 34/qa/d) = o(1) as d — oco. Therefore

/ o ATHATA) 4 o / o aTr(A" )
AsUA3 Aq

Furthermore, since
det(l — QdA*A/(d — 2qd))d72qd S e*darA*A

we have
/ det(1 — quA* A/ (d — 2qq))*21 < / ¢~ TrA"A g 4
AsUA3 AsUA3

This and the fact that

q(% * 2
30— 200 qu)E(Tr(A A)%)

is bounded as d — oo end the proof. [J

4.5 Integration of polynomial random vari-
ables on Uy

4.5.1 A new approach to the Wg function

In chapter 2, we introduced, for any permutation 0 € S, and any integer
d > ¢, a function Wg(d, o) allowing to perform computations of polynomial
integrals on the unitary group. It is defined by

Wg(d, o) = ! ZX/\(%X\)(U) (4.5.4.1)

a2
a g
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And it allows to compute

¢

* *
/U Usjr - UgUsy - U o dU
d

as a sum over all possible 4-uples of g-uples of indices in [1,d], i = (i1, ... , iy),
=, i), = U--5d4), 3 = UL 5 Jg), of
—1
Oinil )+ Ogit o Oins s~ Osgst oy WA TO)

One of its main property was
We(d,0) = O(d™"17)

as d — oo. We explain here how one can recover this result with our first
part.
Let Moeb : S; — C be the central function defined by

Moeb(a) == [[ e, - (-1)1* (4.5.4.2)

i=1

where o € §, is a permutation whose cycle decomposition is o = C; -+ - C},
and ¢, = (2n)!/(n!(n+1)!). The integer c, is the n'"* Catalan number . Tt is
the number of pairing edges of a 2n-gon and gluing them in order to obtain
a sphere.

Lemma 4.5.1. Let W = AA*. If p1+ ...+ pr — k < |o], then

/ Apy oAy ALy - A TeWP L TeWPee A 44 =
AEM, (0)

Ifpr+ ...+ pp — k= |o|, then

/ A11 cen Aqqua(l) e Aqo‘(q)rPerl . ’I‘I-kae—TrAA* dA
AeM, (O)

is non-zero iff o has k cycle (including the trivial ones) with p1, ... ,py ele-
ments. In such a case, this integral is

p1 - .. prMoeb(o)
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Proof. A product of elements A;; and A—,J has integral non-zero with respect
to e 44" d A if and only if for any pair of indices (4, 7), the degree in A;; is
the same as that in A;;.

Therefore, if

/ A11 e Aqqua'(l) ... Aqa(q)’I‘erl L ’I‘I-kae—TrAA* dA
AeM, (C)

is non-zero, o has to be conjugate to a permutation o’ of [1,r| for some r €
[1,p1+ ...+ pxl, such that o' leaves globally invariant the blocks [1, p1], [p1 +

1ap2]7 SRR [pl + .+ Pe-1,P1 - pk]

This is possible only if p1 + ... +pr —k > |o|. It p1+...+pr — k =
0|, one needs to find out all sequences Aj1 A1) ... AggAyo(q) appearing in
TeWPr . 'TrWPt. This is exactly the number

p1-..peMoeb(o)

We need a second technical Lemma:

Lemma 4.5.2. For any iy,... iy € [1,4q], for any k € N we have
/ Ai1i2 - Aizq_1i2in’1i’2 .. .Aigq_lilzqefTrAA*dA = O(dik)
l1A|1>vd

Proof. Standard estimate of the tail of a Gaussian random variable together
with the equivalence of Banach norms on a finite dimensional space. [

Theorem 4.5.3. For any o € S,
d**°'Wg(d, o) = Moeb(c) 4 o(1)

Proof. By chapter 2, Theorem 2.1 we have

Wg(d, O') = / A11 . Aqqua(l) . Aqo‘(q)d,u'q,d
Mq (C)
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Equivalently,
(d+ 2q)"Wg(d, o) =

/ A AggAioq) - Agog) det(1 — ATA/(d — 2q))"*dA
llAll<vd—2q

On the set z < ||A||7'/2, the following holds:
det(1 — zA*A)"" = o~ TrA A+oTeA AL A/2427 TrA AN AA° A3

therefore the function
fa:iz— det(l — zAA*)*

is analytic in a neighborhood of zero, and its derivatives at zero are polyno-
mials with rational coefficients in the variables 2'~'Tr(A*A)’. Furthermore,
one shows by induction that the n-th derivative of f4 is

(fa)™ = fafn

where f, is a continuous function with polynomial growth.
An application of Taylor formula with integral remainder to the order
|o| 4+ 1 shows that:

)O)
falld=2q) Zk'd 2q)F

1 a — —
lo[1(d — 2g)l1+1 /t o 1](1 = 1) fat(d — 29) ") fo1(H(d — 2)~")dt
Therefore
/ A11 Ce Aqqua'(l) ae Aqa(q) det(l - A*A/(d - QQ))d_quA =
|Al|<vd—=2q

lo|

(k)
/ A f4"(0) —dA +
— J\a<vazg k1(d —2q)

/ [ =0 atd ~ 20) ) (td — 20) e
4] <va=2q Jie[o,1]
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By the polynomial growth property of f,,

[ 0 1](1 — t)‘ﬂfA(t(d — Qq)_l)f|a|+1(t(d _ Qq)—l)dtdA _ O(d_“’H'l)

By Lemmas 4.5.1 and 4.5.2, for any k € [0, 0| — 1], ] € N,

/ Ajp ... AgA y i O 20) dA =0(d™)
ey = 11 - .- 4gqilo(l) - - - S1qa(q) k!(d _ 2q)k
and
57 (0) l
A ... Aqqua(l) ... Aqg(q) / | dA = MOGb(O') + O(di )
l<va=zg o]
O
Remark 5.1.

e This theorem furnishes an algorithm to compute asymptotics of func-
tions on orthogonal groups, where no Schur-Weyl duality holds.

e We are not able so far to compute cumulants of polynomial functions
on the unitary group. Yet, we believe that the method presented here
could give a nicer combinatorial interpretation than that of Theorem
2.2.12 of chapter 2.

4.5.2 A uniform bound for Wg

This section is independent from the previous ones. Theorem 4.5.3 implies
that for each o, there exists a constant C such that for d large enough,

(Wg(d,0)| < d™7°lC (4.5.4.3)

We are not able to give an explicit value for C' and tell from which d on the
above inequality holds, except in very specific cases.

In the following theorem we provide an answer to this question by weak-
ening the asymptotics.
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Theorem 4.5.4. Let k, g and d be nonnegative integers such that ¢* < d.
Then there exists a constant C depending only on k such that for any o,

\Wg(d,o)| < Cd9101(1=2/k) (4.5.4.4)

Proof. We recall, see [Ful97], that for any partition A - ¢ of the integer ¢,

ina) = X O] (a— 1)

]
7 i=1

where J; is an integer in {0,...,q — 1}. Equivalently, Equation 4.5.4.1 be-
comes

We(d, q,0 (4.5.4.5)

e vzn 1—)\/d)

Consider the function

friz— H(l —z)\;)

i=1
This function is holomorphic in a neighborhood of zero. Moreover, since
q> < d, we have, for any z < q—2,

[fr(2)] < e (4.5.4.6)

As a consequence, writing fy(z) =1+ .., a; 2", we obtain the Cauchy
estimate

aix < ¢
But Equation 4.5.4.1 implies that

We(d, q,0 dq 2o 2 XXM )L+ D aind ™)

g i>1

Therefore the coefficient in d~9~* has norm smaller than eg?. But we know
that all coefficients are zero until i = |o|, therefore

¢ ¢
Wg(a, d) < q_d_“’|e(1 + E + (E)
For d > 1, and since ¢* < d, this implies ¢?°! < @?°//k. Furthermore (1 +
q2 2

L + (%£)?+...) can bounded by an independent constant (5, for example).

The result follows. O

2+.“)q2|a'|
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Remark 5.2. In the case of ¢ being a one cycle permutation (1...q), the
explicit value of Wg is known, and one can show a much better estimate of
the kind 29d=2¢*1. Therefore, and according to computer computations it is
tempting to conjecture that Wg is close to its first order non-zero value, i.e.
that we have an uniform bound of the kind 2/°ld=7-1?! for ¢ = o(d).
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Cette these fait appel a certains résultats élémentaires de théorie des
groupes, ou bien a de la combinatoire (notamment de la combinatoire des
probabilités libres) qui ne sont pas fréquemment utilisés en calcul des prob-
abilités, matrices aléatoires ou algebres d’opérateurs. L’objectif de cet ap-
pendice est de rassembler les éléments nécessaires a la lecture de cette these,
quand ils ne sont pas déja inclus dans les chapitres concernés. Les preuves
ne sont généralement pas incluses, sauf quand elles sont inédites, ou bien
qu’elles ont été jugées particulierement instructives.

A.1 Représentation de groupes classiques

A.1.1 Algebre semi-simple

Soit A une algebre de dimension finie sur C. On dit qu'un C-espace vectoriel
V est un A-module d gauche (resp. a droite) s’il est muni d’'un morphisme
(resp. morphisme antimultiplicatif) d’algebres de A dans End (V).

En particulier A posseéde une structure de A-module a droite (resp. a
gauche) sur lui-méme donnée par a -b = ab (resp. a-b = ba). Par défaut,
on considere des modules a gauche. Pour un A-module V', un sous-espace
vectoriel W est appelé un A-sous module si Vw € W,Va € A,a-w € W. Un
module V' est dit simple si ses seuls sous-modules sont 0 et lui-méme. Il est
dit semi-simple si 'une des conditions équivalentes suivantes est vérifiée :

e (i) V est la somme d’une famille de modules simples.
o (ii) V est la somme directe d’une famille de modules simples.
e (iii) Tout sous-module W admet un sous-module supplémentaire W"'.

Si V; et V5 sont deux A-modules, une application linéaire T" entre les deux
est dite A-linéaire si elle commute & l'action de A. On note End4(V;, V32)
I’ensemble de ces applications. Si V est un A-module & gauche et un B-
module a droite, on dit que c’est un A — B-bimodule si les actions de A et de
B commutent. En particulier, A est un A — A-bimodule sur lui-méme.

L’algebre A est dite semi-simple ssi elle est semi-simple comme module a
gauche sur elle-méme. Dans ce cas, tout A-module simple V' est équivalent a
un sous-module de A. Tout A-module V' de dimension finie est semi-simple

On a alors les deux théoremes fondamentaux suivants, dont une preuve
se trouve dans [Lan02].
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Théoreme A.1.1. Toute algebre semi-simple de dimension finie est isomor-
phe (en tant qu’algébre et que bimodule) & une somme directe d’algébres de
matrices.

Réciproquement, toute somme directe d’algebres de matrices est semi-
simple.

Théoréme A.1.2 (Burnside). Soient A C B une inclusion d’algébres semi-

simples de dimension finie, A" le commutant de A dans B et A" le commutant
de A". Alors A =A".

Soit G un groupe fini. L’algébre du groupe C[G] est 1'espace vectoriel
engendré par {\;},e¢ et muni de la multiplication AgAy = Agy.

Proposition A.1.1. Pour G un groupe fini, l’algébre C[G] est semi-simple.

Proof. En effet, soit V' un C[G]-module de dimension finie et (-, -) un produit
scalaire sur V. Définissons le produit scalaire

{u,v)) = Z(Agu’ Agv)

geG

Cette forme bilinéaire est a nouveau un produit scalaire. De plus elle est
invariante par G. Si W est un sous-module de V', alors son orthogonal 'est
aussi, Q.E.D. [

On en déduit que C[G] n’a qu’un nombre fini de classes d’équivalences de
modules de dimension finie.

Une représentation de G dans un espace vectoriel V' est un morphisme
de groupe de G dans GL(V). Une représentation V de G munit V' d’une
structure de C[G]-module & gauche. Réciproquement, une structure de C[G]-
module a gauche de V' fournit une représentation de G. Deux représentations
sont dites équivalentes (resp. irréductibles ) si les modules qui leur sont
associés sont isomorphes (resp. irréductibles).

On a alors comme conséquence du théoreme A.1.1,

Proposition A.1.2. e Le nombre de classes de représentations irréductibles
de G est égal a la dimension du centre de C[G]

e La dimension de ce centre est égale au nombre de classes de conjugaison
dans G.



136 APPENDICE A. REPRESENTATION DE GROUPES CLASSIQUES

Soit p : g = GL(V) une représentation de G. On appelle caractére ¥,
d’une représentation la fonction a valeurs complexes x, = Tr o p. Cette
fonction est centrale, i.e. x,(99') = X,(¢'g) pour tous g et ¢' € G. A
I’aide du théoreme A.1.1, on peut montrer que deux représentations sont
équivalentes ssi elles ont méme caractere et que les caracteres forment une
base de l’espace vectoriel des fonctions centrales. En particulier, soit Irr

I’ensemble des classes d’équivalences de représentations, et e I’élément neutre
de G. On a

#Goeg = > xMe)x(9)

AeIrr

Cette relation est connue sour le nom de premiere formule d’orthogonalité
pour les caractéres.

A.1.2 Représentations de S,

Rappelons qu'un tableau de Young de taille g est une suite décroissante
d’entiers [ = (l3,lz,...) telle que > .l; = ¢. Par exemple, la partition
l=(4,3,2,2,1) est représentée par le tableau

L’ensemble des tableaux de Young de taille g est appelé ), et la réunion
pour ¢ > 1 des ), est appelée V.

Les classes de conjugaison de S, admettent la description classique suiv-
ante en termes de diagrammes de Young : une permutation o € S, est dans
la classe [ € Y, si et seulement si elle a un cycle contenant /4 element(s), un
deuxieme contenant /5 éléments, etc.

Par conséquent, il y a autant de représentations irréductibles de S, que
de tableaux de Young dans ),. Une question naturelle est donc de chercher
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a associer de manieére explicite a chaque tableau de Young une représenta-
tion irréductible de telle sorte que cette construction atteigne un élément de
chaque classe de représentation irréductible.

La construction suivante répond a cette question, et nous renvoyons a
[Ful97] ou [Mac95] pour les preuves. Soit [ un tableau de Young. On choisit
une identification de S, et du groupe des permutations des cases de [. Soit
L (resp. C) le sous-groupe de S, laissant invariantes globalement les lignes
(resp. les colonnes) du diagramme. Soit e 1'élément de C[S,| défini par
€= .crAs et f défini par f =3 _.e(f));, oll € est la signature. Alors
C[S,lef est un idéal & gauche minimal. De plus, deux tableaux de forme
différente donnent lieu a deux représentations non-équivalentes de S,, et deux
numérotations différentes d’un méme diagramme donnent des représentations
équivalentes.

Signalons que récemment, Okounkov et Vershik ([OV96]) développé une
nouvelle approche de la représentation des groupes symétriques donnant en
plus une preuve élémentaire de la regle d’induction.

A.1.3 Représentation de SU(d) et U(d)

Nous commencons par rappeler la description des représentations de G L(d).
Une représentation de GL(d) dans un espace vectoriel V' est dite polynomiale
(resp. rationnelle, holomorphe) si, dans une base de End(V'), chacune des
coordonnées est polynomiale (resp. rationnelle, holomorphe). Il est aisé de
voir que ces notions sont indépendantes de la base choisie. Nous ne nous
intéresserons qu’a ce type de représentations.

Soit H = diag(z1, ... ,z4) le sous-groupe diagonal et B le sous groupe de
Borel des matrices triangulaires supérieures. Un vecteur v est dit de poids
a=(aq,...,qq)siz-v=2c"...25% pour tous z € H. On admet que toute

représentation V' de GL(d) est somme directe d’espaces de poids

Vz@Va,Vaz{vEV:I-vz(fo‘i),xEH}

Un vecteur v dans une représentation V' est dit de plus haut poids si
B v =C*-v. On montre qu'une représentation est irréductible ssi elle a un
unique vecteur de plus haut poids a un scalaire pres. Deux représentations
irréductibles sont équivalentes si et seulement si leur vecteur de plus haut
poids a le méme poids. Soit {ey, ... ,e,} la base canonique du GL(d)-module
C¢. On définit de maniére naturelle le produit tensoriel ® et le produit alterné
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A de GL(d)-modules. Pour A = (A; > Xy > ... > A, > 0), soit E* la sous-
représentation de poids A de (C4)"™ ®...® (C?)"™< de vecteur de plus haut
poids e{”‘l R...8 ey‘d. Soit D la représentation de dimension 1 donnée par

le déterminant.

Théoréme A.1.3. Pour tout a = (o, ... ,qq) avec ay > ... > @y, posons
k=aq et \; = a;—d. Il existe, a équivalence prés, une unique représentation
de GL(n) de plus haut poids . De plus, elle peut étre réalisée comme E* ®
D®k,

En particulier, toute représentation de dimension finie de GL(d) est ra-
tionnelle.

Théoréme A.1.4. Pour tout o = (ay,...,qq) avec ag = 0, il existe, a
équivalence prés, une unique représentation de SL(d) de plus haut poids «.
De plus, elle peut étre réalisée comme restriction ¢ SL(d) du GL(d)-module
E/\ ® D®k.

Soit E* une représentation irréductible de GL(d). Son caractére, évalué
sur une matrice x = diag(xy,... ,z4) de H, vaut

det (277,

o laT) (A.1.A1)

sx(x1, ... ,xq)

Le fait que la représentation associée a A soit polynomiale implique que s4»
est un polynome symétrique en les x;.

La décomposition en espaces poids V), = @V, entraine que chaque coeffi-
cient en les monomes élémentaires est positif. La formule A.1.A.1 est un cas
particulier de la formule des caracteres de Weyl (voir [BtD95]).

Les représentations continues (resp. polynomiales, rationnelles) irréductibles
de SU(d) (resp. U(d)) sont les mémes que celles de SL(d) (resp GL(d)), et
s’obtiennent par restriction des représentations holomorphes (resp. polynémi-
ales, rationnelles). Pour des preuves, on peut consulter [BtD95].

A.1.4 Dualité de Schur-Weyl

L’espace (C%)®? est muni d’une structure de S;,-module par prolongation par
linéarité de I’action par permutation de S, sur un tenseur élémentaire. De
méme, on le munit d’une structure de GL(d)-module par I’action diagonale.



A.1. REPRESENTATION DE GROUPES CLASSIQUES 139

Ces deux actions commutent, si bien que (C?)®¢ devient un S, x GL(d)-
module. On dit d’'un A-module V' qu’il est sans multiplicité si sa décomposi-
tion en somme directe de modules irréductibles fait apparaitre des modules
deux-a-deux non-équivalents. De maniere équivalente, End4 (V') est abélien.

Les représentations de S, et de GL(n) sont étroitement reliées par le
théoreme de dualité de Schur-Weyl.

Théoréme A.1.5. Le S, x GL(d)-module (C4)®7 est sans multiplicité.

Généralement les “utilisateurs” de cette formule renvoient a [Wey97], mais
nous en donnons une démonstration plus concise et moderne inspirée de Howe

([How95)).

Preuve. Posons V' = C". Le groupe GL(V) agit sur l'algebre Endg, (V®9)
des endomorphismes de V®? en tant que S, module. Cette algébre est
End(V®7)% des endomorphismes invariants par toute permutation de S;- On
vérifie aisément qu’elle est isomorphe en tant que GL(d)-module & (End(V)®9)
qui, par définition, est I’algébre symétrique S?(End(V)).

Sq

Par ailleurs, GL(V') engendre End(V') comme C-espace vectoriel, et pour
tout espace vectoriel W, et S?9(W) est engendré parlesw ® ... @ w, w € W
en tant qu’espace vectoriel.

Cela prouve donc que Ends, est engendré en tant que C-espace vectoriel
par 'image de GL(d) dans End¢(V®9). Donc, par le théoréme du bicommu-
tant, le morphisme C[S;] — Endgrv)(V®9) est surjectif. O

Ce théoréme implique que a chaque s4,, on peut associer un caractere b
de S, tel que le caractére du S, x GL(d)-module (C?)®? soit 3" sqxx* . En
fait, on peut montrer que compte tenu des définitions des caracteéres, A = \'.
Nous illustrons ce résultat par un calcul élémentaire mais fondamental dans
cette these :

Proposition A.1.3. Nous avons

X)sap(Y)x*(e)
Sd,)\(l)

E(T(XUYU )" =Y saa(

AFq

(A.LA.2)
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A.2 Méthodes combinatoires en matrices aléa-
toires

Le premier grand résultat en la matiére remonte & Wigner [Wigh8] et nous
donnons une idée de sa méthode.

Théoréeme A.2.1. Pour tout d, soit X, = (x;;) une matrice aléatoire her-
mitienne telle que les {z;j,1 > j} soient iid, centrées, et aient un moment
d’ordre 2 égal a 1/d. Soit g la mesure de comptage des valeurs propres.
Pour tout q € N,

E(uq(z?)) — 2/ V1 — 2229z
& [_1’1]

La loi %1[_1,1}\/1 — 222%dx est connue sous le nom de loi du demi-cercle.
Dans certains cas particuliers (en particulier dans le cas des ensembles gaussiens),
des versions beaucoup plus fortes de cette convergence ont été démontrées : la
mesure g converge presque siirement étroitement vers la loi du demi-cercle.
Nous renvoyons a [Meh91] pour des énoncés et des preuves, et ne donnons
ici qu'une preuve dans I’esprit de I’article de Wigner.

Preuve. Ecrivons

E(Md(x2q)) = E(TI(XQq)) = Z E(xilizxizis T mizqh)

11,0250

Compte tenu de I'indépendance et de la symétrie des variables, pour qu’un
élément de la somme soit non-nul, il faut que a chaque (4, ¢,41) corresponde
un couple (ik,ik41), kK # j tel que ;41 = i et 4541 = 7;. On dit qu’il doit
étre possible d’apparier les couples consécutifs d’indices. En particulier,
une puissance impaire est d’espérance nulle. Lorsque d — oo, on peut se re-
streindre, & un o(1) pres, a une somme sur les familles d’indices (¢, 42, . .. , %)
appariables telles que les 7; prennent ¢ valeurs distinctes. Un argument com-
binatoire prouve que le nombre de tels couples est

cqd?
ou ¢, est le nombre de Catalan
. - (20)!
T gl(g+1)!
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Il est intéressant de remarquer que cette preuve n’utilise que le fait que
les matrices sont hermitiennes a entrées i.i.d. symétriques et admettent des
moments de tous ordres, le résultat final ne dépendant que de la variance
de la loi des entrées. On appelle de telles matrices Matrices de Wigner. La
technique de preuve utilisée ci-dessus s’appelle la méthode des moments.

L’exemple fondamental de matrice invariante en loi par rotation aléatoire,
le GUE, admet un rapport étroit avec la combinatoire des surfaces.

Théoréme A.2.2 (Wick). Soit H un GUE, s k;-gones orientés ki, ... , ks
avec un sommet fizé, et S une surface compacte orientable de dimension
2 et de genre x(S) On appelle |Mapg(ky, ... ,ks)| le nombre de maniéres
de coller ces polygones de maniere consistante avec leur orientation en une
surface isomorphe a S. On a alors

B(][Te(#E*) =) d=k2=xE) Mapg(ky, ... k)| (A.2.A.1)
=1 S

ot la somme est sur les classes d’homéomorphismes de S.

Pour la preuve de ce théoréme, on peut consulter [Zvo97]. Ce théoreme a
permis de résoudre des problemes de comptage de cartes en genre quelconque,
voir [HZ86].

A.3 Matrices aléatoires et Probabilités libres

Rappelons qu'un espace de probabilités non commutatif est une C* -algebre
A sur C avec unité, munie d’une forme linéaire continue ¢ telle que ¢(Id) =1
et que ¢ soit une trace (¢(ab) = ¢(ba)) positive (¢(aa*) > 0). Les éléments
de A sont appelés variables aléatoires non-commutatives .

Soient (A;,i € I) des sous-algébres unitaires de A. On dit que les A; sont
libres si pour tout n € N, pour tous ay, ..., a, tels que a; € A;; et ¢(a;) = 0,
on a d)(al...an) = ( des que ’il 7é ’ig, ig 7é ’i3 yerey in—l 7é Zn

On dit que des variables aq, ..., a, sont libres si les x-algebres qu’elles
engendrent sont libres. L’algebre C.Id est libre avec toute sous-algebre de A.

Soit (a;,¢ € I) une famille de variables aléatoires non commutatives (ie
d’éléments de A). Leur loi jointe est Papplication linéaire p de espace
C(X;,1 € I) des polynémes non commutatifs dans C qui, en P vaut ¢(P((a;):cr))-

Dans le cas d’une seule variable autoadjointe, la distribution est unique-
ment déterminée par les moments ¢(a¥), et il existe alors une unique mesure



142 APPENDICE A. REPRESENTATION DE GROUPES CLASSIQUES

de probabilité p, sur R & support compact telle que ¢(a*) = fR Fdu,. Cest
la mesure spectrale associée a a.

Etant données p, y' C[X] — C, il existe un espace de probabilités non
commutatif (A, ¢) et a, ' € A tels que a,a’ soient libres dans A et aient
pour lois respectives p et ¢'. On définit alors la convolée libre additive pH p'
(resp. multiplicative u X u') comme la loi de la variable a 4+ o' (resp. de
aa'). Ces deux opérations sont bien définies. De plus, elles sont associatives
et commutatives.

Une famille de variables aléatoires (a( g, (7, d) € I x N), ot a(; ¢y est dans
un espace de probabilités (Ag, ¢4) est dite avoir une distribution limite si
la famille des distributions de (a( q), (4,d) € I x N) dans (Ag4, ¢q) converge
simplement pour d — oo.

Le théoreme suivant est le premier a avoir justifié I'introduction des ma-
trices aléatoires en probabilités libres.

Théoréme A.3.1 (Voiculescu). Soient X? des variables matricielles in-
dépendantes suivant la loi du GUE et D¢ des matrices diagonales d x d umni-
formément bornées en d admettant une loi jointe. Alors les familles { X2, D3}
sont asymptotiquement libres.

Pour une preuve et d’autres références, on pourra consulter [VDN92].
Le résultat ci-dessous permet de linéariser la convolution libre additive et
multiplicative :

Théoréme A.3.2 (Voiculescu). e Si A est une variable L, la fonc-
tion holomorphe z — E((z — A)™1) est inversible, d’inverse G dans un
voisinage de 0o. La fonction Ra(2) = G(2) — 27 = 3 5o kgy1(A)21
est telle que si A et A" sont libres, alors

Ryra=Ra+ Ra

o De méme, soit Ya(2) = .2, E(AY)z? et xa Uinverse formel de 1, tel
que Ya(xa(z)) = z. Alors, Sa(z) = xa(2)z (1 + 2) est telle que si A
et A" sont libres, alors

Saa = SaSa

Pour démontrer le théoreme 2.4.5 nous avons besoin de la théorie des cu-
mulants non-croisés de Speicher, dont nous rappelons les grandes lignes. Nous
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renvoyons a [Spe98] pour plus de détails. Soit V = {Vi,...,V,} une parti-
tion de {1,2,...,n}. Elle est dite non croisée si il n’existe pas (a, b, 1, 7, k, )
tels que V, #V,, i < j <k <l i,k €V, et 5,1 € Vj. Soit NC(n) ’ensemble
des partitions non croisées de n. Cet ensemble est muni de 1’ordre partiel
V < V' ssi pour tout ¢, il existe 7' tel que V; C V.

On injecte les partitions non croisées de NC(n) dans S, en associant a V'
la permutation de cycles V; qui a chaque élément de V; associe le plus petit
élément de V; suivant mod n.

Pour m € NC(n), on note

o[r](a1y ..., an) = H qﬁ(ail...aih)

i€[1,k]

ol les éléments de V; sont iy, ...,4;, pris dans l’ordre croissant, et {3, .., Vi }
est la partition associée a .
Les cumulants non-croisés sont les formes n-linéaires

Ru[m(a1,....an) = Y ¢[r')(as, ..., an) Moeb(r’)
! <
Card(V;)—1 (2n)!

, avec ¢, = — 2~ le n-éme

ot Moeb(r') = [];cy 4y Coarai)-1(—1) Al(n+1)!

nombre de Catalan.

Théoréme A.3.3 (Speicher). o Si (Bi)icr sont des sous-algébres libres
de A, etay, ..,a, € A tels que a; appartient a un By; pour tout j € [1,n].
Alors R(ay, ...,a,) =0 dés qu’il existe j et k tels que ij # iy.

e On a la formule d’inversion

" 7)(ai, ...ai,) = B <n Ru|7'] (i, ...y @iy,)
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Dans cet appendice, nous reproduisons le code Maple (muni de son Pack-
age ACE) que nous avons utilisé pour faire des calculs de explicites de trace
sur le groupe unitaire dans le chapitre 2, et pour formuler ou vérifier expéri-
mentalement nos résultats/conjectures. Le code n’a aucune prétention d’étre
programmé de maniere optimale.

B.1 Code

Les partitions de n sont contenues dans la liste List Part(n), et sont numérotées
dans V'ordre lexicographique par ListPart(n)[k]. La procédure ci-dessous
permet de calculer Z(k,n) le nombre de partitions dans la classe de la par-
tition ListPart(n)[k]. Notons que nous passons par de Ianalyse de Fourier
pour des raisons de confort de programmation dans la suite (nous voulons
disposer d’une numérotation des partitions), car la formule explicite est tres
simple.

Z := proc (k,n) local i,a; option remember; a:=0;
for i from 1 to ListPart(n,’nb’) do
a:=a+SgCharTable(n,ListPart(n) [i] ,ListPart(n) [k]) "2 od;
RETURN( (n!)/a ) end:

La procédure ci-dessous permet de calculer si(k,n) = syq4(1), ot A =
ListPart(n)[k]. La variable formelle de dimension est z.

sl := proc (k,n) local i,a; option remember; a:=0;
for i from 1 to ListPart(n,’nb’) do
a:=a+Z(i,n)*SgCharTable(n,ListPart(n) [k],ListPart(n) [i])
*x~ (Part2Conjugate(ListPart(n) [i]) [1]) od;
RETURN( a/(n!) ) end:

La procédure ci-dessous calcule modb(k,n), qui est la fonction Wg(d, o)
avec o € S, dans la classe de la partition A = ListPart(n)[k] de n.

moeb :=proc (k,n) local i,a; option remember; a:=0;
for i from 1 to ListPart(m,’nb’) do
a:=a+(SgCharTable
(n,ListPart(n) [i],ListPart(n) [ListPart(n,’nb’)])"2)
*SgCharTable(n,ListPart(n) [i],ListPart(n) [k])/s1l(i,n) od;
RETURN( simplify(a)/(n!)~2 ) end:
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Notons que le temps de calcul et la mémoire requis augmentent tres vite
avec la taille de n. Avec cet algorithme, on ne peut pas dépasser n = 9 ou
10 pour moeb dans des temps raisonnables.

B.2 Résultats numériques

_ 41 — _ L
Wi, (1) =~ We(e, [2) = — s
1 1
Weld L= ey VB = T e sy ar @4
We(d, [2,1]) = !

TW@-DE-2)d+1D)(d+2)
dZz -2
(d-1)(@d—-2)(d+1)(d+2)d
1

We(d, [1,1,1]) =

We(d, [4]) = -5
d-1)(d—2)(@d-3)(d+1)(d+2)(d+3)d
Wg(d, [3,1]) = 2d% -3
B T @D @-2[@-3)([d+ 1) (d+3)(d+2)d
d2 +6
Wi(d, [2,2])

T Wd-1Dd-2)(d-3)(d+1)[d+3)(d+2)d?
1
@d-1)(d-3)(@d+1)(d+3)d
a* - 8d%>+6
Wg(d,[1,1,1,1]) =
@-D@-2@-3 @) @12 @132
1

(d=1)(d=2)(d—-3)(d=4)(d+1)(d+2)(d+3)(d+4)d

Weg(d, [2,1,1]) = —

We(d, [5]) = 14

5d2 — 24
Wg(d,[4,1]) = — 2
d=1)(d—2)(d—3)(d—4)(d+1)(d+2)(d+4)(d+3)d
a2 +12
Wg(d, [3,2]) = —

@)@ —2)(d—3)(@d—4) (d+1)(d+2)(d+3)(d+4)d?
1

2d(d—1)(d—2)(d—4)(d+1)(d+2)(d+4)

a2 — 2
We 1D = - @8 -+ D)@ 12 @+ 1) ([t 3)

(d2 - 12) (d2 - 2)
Wg(d,[2,1,1,1]) = —
d=1)(d—2)(d—3)(d—4)(d+1)(d+2)(d+3)(d+4)d?
d* —20d? +78
d(d—-1)(d—-2)(d—-3)(d—-4)(d+1)(d+2)(d+3)(d+4)

Wg(d, [3,1,1]) =

We(d, [1,1,1,1,1]) =
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1
(d—5)(d—1)(d—2)(d—3)(d—4)(d+1)(d+2)(d+3)(d+4)(d+5)d
4 a2 - 10
(d—5)(d—-1)(d—-2)(d-3)(d—4)(d+1)(d+2)(d+3)(d+5)(d+4)d?
d* +15d%2 +8
(d—5)(d—-1)2(d—-2)(d—3)(d—4)(d+1)2(d+2)(d+3)(d+4)(d+5)d2
5d2 — 13
Td@-5)(@d-1)2(d~-2)(d-3)(d+1)%(d+2)(d+3)(d+5)
d* +29d? — 90
(d=5)(d—-1)2(d—-2)(d—3)(d—4)(d+1)2(d+2)(d+3)(d+4)(d+5)d?
2d2 413
d(d—5)(d—-1)2(d—-2)(d—4)(d+1)2(d+2)(d+5)(d+4)
2d® — 51d* + 229d° — 60
Wg(d, [3,1,1,1]) =
(d=5)(d—1)2(d—2)(d—3)(d—4)(d+1)2(d+2)(d+3)(d+4)(d+5)d?
d* +d? + 358
Td(@d =5 d-1)2d-2)(d-3)(d—-4)(d+1)2(d+2)(d+3)(d+4)(d+5)
d* —3d%2 410
(d—5)(d—1)2(d—2)(d—3)(d+1)2(d+2)(d+3)(d+5)d?
d* —24d% + 38
T d(d=-5)d-1)2Wd-2)(d-4)({d+1)2(d+2)(d+4)(d+5)
d® — 41d% + 458d* — 125842 + 240
Wg(d,[l,l,l,l,l,l]):
(d—5)(d—1)2(d—2)(d—3)(d—4)(d+1)2(d+2)(d+3)(d+4)(d+5)d>

Wg(d, [6]) = —42

Weg(d, [5,1]) =1

Wg(d,[4,2]) =5

Weg(d, [4,1,1]) =

Wg(d, [3,3]) =4

Wg(d, [3,2,1]) = -

Wg(d,[2,2,2]) =

Weg(d,[2,2,1,1]) =

Wweg(d,[2,1,1,1,1]) =
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