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��� +�&� !�
���� ��������� ��� ��+���
�
��� �� ����� �!�� �� 
������
��� �� �����
�
 2��� ������R

��� �� 2+��� @ � ��� ���" �.�
� ��
�+����
�� �����
� �����������
 ��
���
 �� �����
�
���
�
 ���
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 ��� �������� �� 
������
��� �
 �� �����
� ����������3 ���
 ���!��

��+��+������ �
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�� ��+������
 ����� �� ����� �� ������
 �� ����
� ���
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� ��������
��� �� ����� U@�V3 �� ���� ���
� ��� ����� ��� ��� ��� �.�
� �����
����
 ���� ,
�� ���
����
��� ���
����� �� �� ����
��� �������3 ��� �����������
 ��� ������
��� �� �� �����
�� ��+��3 ��!����
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�� ������ �����
������
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�
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� �������� ��+���
����
 ���������������
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�� �� ������ �'� ��
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��� �������� ���� �� #��
 ��� ��� ��������
 ��� ������
��� ��� ��� ��
��������
 �� �� �����
� ���� �+������
 ��� ������+�� ,�� �
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����� ��� ��� ����� ��������� ������
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����������� , ������� ���� �� �5�� #��������� %��� !������� ��� ���� ������� �� ������
�'� ���������
 ��� ��� �������
���� , ����
� ���
��&3 �����
 ���� �� ����
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��!��� ��
�����������+�� ����
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�� 2+��� @ D
���� ��� ����� �"
������� ��� ������ �
 �� #�����
 �������"���
��� %4��
�2�� ������������

U@DV& ��� �� �����
 ��������
 ���� �� ������ �� ����9� ��
 ��� ���� ������ ����� ���!����
��" ����
���� ���!��
�� � ��� � � 
 ���

� ���
�����

�
� �
 ���� 
 � ��3 ����
���� #����������


����!����
�� �� ������ ��+�� �������� ���� �!�� ��� !������ ��� ��� �� ��������
 �� ��
�����
� / ���� �!��� ����� �
����� ��� �����
�
� �� ������ ��+�� �������� ���� �������� ����	
���
��� �� ��.����� ����	���� 	 %���� �� ����� ��������	�����������& �
 �� �����+�
��� ��
��+�� $� �� ������� �"�����
�3 ���� ��� ����+�� 0 �� �� ����� �� �����3 ���� �!���3 ����
�� ���
�� �� ����� �

������	 �0��������� 
 )�"�)�"��
���0� ���

��

�� ��	�0� $��0� %@ @G&



!"*" 	���
����� ��

��
��
��

��
��
��

��
��
��

��
��
��

�
�
�

�
�
�

��
��
��

��
��
��

�
�
�

�
�
�

��
��
��

��
��
��

�
�
�

�
�
�

��
��
��

��
��
��

�
�
�

�
�
�

�
�
�

�
�
�

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

��
��
��

��
��
�� �

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

σ

 (2)  (3)  (4)   (5) (1)

p

p

p

p
π π

π

(a)

π 

(d)

(b) (c)

&��" @ D Z ���+������ �� ���
� �
 �������+� �� ����� , ���
������
 , �� ��.����� ��
%�3�3� �
 � ���
 ��� ������� ���������& 

�


$��0� 


�
0� ���

� �
���� ��	�0�

�� ��	�0�
���

� %@ �
&

���� ��� ����
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�� �� ����
��� ������� ���
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���� �� ��+�� ��
 ��������
� 2+��� @ E ���� ����
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��� ���3 ��4,, , �����
� �������3 �� ��� �� ��!��� �� ����� ��
 
���� #��� ���� �����
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������� ��� �.�
� �� ���
����
��� �� �� ����
��� ������� ���
 ���������� %2+��� �� ����
�& ���
������
 ��" �.�
� ������ � ����� %2+��� �� +�����& X ��� �����
� �� ������� �� ��� ��3 ���
��
 ���� ���
� ������ �� �� !����� , �������� �� ������� ��� �"��������� �� �� ���������
���
-:(T83 �� �����
� , ��� ����2��
��� ����
�!����
 �����
��
� �� �� #���� �� �� #���
���
����
���� , ����� ����+��3 �� ��� !� �!�������
 ���� �� ���� ����� �"�����
��� �������� ���
������� �"�������
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��� ���
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� ���
�� ���� ���� ������ ��
������� ��" ��������� �� ���
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��� ������� , 
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��� �
K�� �����
� 2���� Q�� ����
�
� �����
����� ���� ���!��
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� ���
����
��� ���+�����!� ��
 �!�������
 �� ������
�� ������� �����3 ���	�5�� ����� ,
�� �����
� �������� �� ����� -�

� �����
� ���
 �� �������� ���� �� +�= �� ����� ������ ,
�����
� ���������� ����� ��3 ���� �� ������ ��������� , 
������
��� �����3 ��� �� ������� ��
����	������� ���+�
������� ���� �� ���"���� ���3 ��� ����� !��
���� �� ���+� �����������
���������
 ��� ����� 
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 �"��
�� 1� ������
 �� ����
� ����I����� ��
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Abstract. This paper is devoted to the evaluation of the pionic scalar density at finite temperature and
baryonic density. We express the latter effect in terms of the nuclear response evaluated in the random
phase approximation. We discuss the density and temperature evolution of the pionic density which governs
the quark condensate evolution. Numerical evaluations are performed.

PACS. 14.40.Aq π, K and η mesons – 24.85.+p Quarks, gluons, and QCD in nuclei and nuclear processes

1 Introduction

Pions play a crucial role in chiral symmetry restoration,
due to their Goldstone boson character. The amount of
restoration is measured by the modification of the order
parameter, i.e. the quark condensate density, with respect
to the vacuum value. In this context the evaluation of
the expectation value of the squared pion field, linked to
the scalar density of pions ρπ

S by ρπ
S = mπ〈Φ2〉, is of a

great interest. For a single nucleon this quantity governs
the total amount of chiral symmetry restoration of pionic
origin, according to [1,2]:

m2
π

2

∫
d3x〈N |Φ2(x)|N〉 =

2mq

∫
d3x〈N |∆πqq(x)|N〉 = Σπ

N =
mπ

2
Nπ, (1)

where Nπ is the scalar number of pions in the nucleon
cloud, Σπ

N is the part of the nucleon Σ commutator of pi-
onic origin and 〈N |∆πqq(x)|N〉 represents the correspond-
ing modification of the quark condensate with respect to
the vacuum value. Similarly, in a uniform nuclear medium
of density ρ, or in a heat bath, the evolution of the quark
condensate originating from the pions is linked, to one-
pion loop order, to the average value 〈Φ2〉 by

∆π〈q̄q(ρ, T )〉
〈q̄q(0, 0)〉 = −〈Φ2〉

2f2
π

. (2)

The same quantity 〈Φ2〉 governs also the quenching
factor, 1 − 〈Φ2〉/3f2

π , of coupling constants such as the
a e-mail: g.chanfray@ipnl.in2p3.fr

nucleonic axial coupling constant gA or the pion decay
one fπ, originating from pion loops, which is the coun-
terpart of the mixing of axial and vector currents [3,4].
This type of quenching has to be seen as a manifestation
of chiral symmetry restoration and should also apply to
the case of ρ-meson excitation by virtual photons as en-
ters in relativistic heavy-ion collisions. It is therefore in-
teresting to evaluate the quantity 〈Φ2〉 in the conditions
of such experiments. Now, the fireball which is the source
of the dileptons contains, besides thermal pions, a sig-
nificant residual baryonic background We have therefore
to understand how the pion density evolves at finite val-
ues of both temperature and baryonic chemical potential.
The first-order approximation for the quantity 〈Φ2〉 adds
the values for a pure heat bath and for a cold baryonic
medium, writing with obvious notations:

〈Φ2〉(ρ, T ) = 〈Φ2〉T (ρ = 0) + 〈Φ2〉ρ(T = 0). (3)

However, this approximation is likely to be crude since
the temperature has an effect on the pion density of the
nuclear medium and on the other hand the presence of the
baryonic background modifies the number of pions ther-
mally excited. As an illustration of the second point, the
pion density in the baryonic vacuum is fixed by the Bose-
Einstein factor which is (eωk/T − 1)−1 for pions of mo-
mentum k, with ωk =

√
k2 +m2

π. In the nuclear medium
the pion becomes a quasi-particle with a broad width. It
can decay for instance into a particle-hole pair which has
a smaller energy than the free pion. Its excitation is then
favored by the thermal factor. There is therefore a mutual
influence between temperature and density that we will
investigate.
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Nπ = mπ

∫
d3x〈N |Φ2(x|N〉 = mπ 3

g2
πNN

4M2

×
∫

d3q

(2π)3
q2

{
1

ωq

[
1

2ωq

1

(εq + ωq)2
+

1

2ω2
q

1

(εq + ωq)

]
v2(Q2) +

4

9

(
gπN∆

gπNN

)2

×
∫ ∞

0

dω

ωq

[
1

2ωq

1

(ω + ωq)2
+

1

2ω2
q

1

(ω + ωq)

]
v2(Q2)

(
− 1

π
Im

1

ω − ω∆ + i(Γ∆/2)

)}
. (9)

The article is organized as follows. In the second sec-
tion we evaluate the pion density of a nuclear medium
at zero temperature. We relate this quantity to the nu-
clear response to a pion-like excitation. We evaluate this
response in the RPA scheme, taking also into account
the two particle-two hole(2p-2h) excitations. Within this
framework, we study the deviation with respect to the in-
dependent nucleon approximation. In the third section we
introduce the effect of the temperature through the mod-
ification of the nuclear responses. In the fourth section we
incorporate the influence of the finite baryonic chemical
potential in the heat bath case.

2 Pion scalar density in the cold nuclear
medium

This quantity was discussed in relation to the quark con-
densate modification by Chanfray and Ericson [1]. They
discussed its deviations with respect to free nucleons, in-
troducing the nuclear response to pion-like excitation,
treated in the static case MN → ∞. The extension to the
non-static situation can be performed through the time-
ordered graphs of fig. 1 where the cross represents the
point at which the pions are created or annihilated. The
pion momentum is denoted q and ω is the excitation en-
ergy of the nuclear system in the intermediate state. The
sum of the four graphs leads to the following expression
which has also been derived with a different method in
ref. [5]:

〈Φ2〉 = ρ

A
3
g2

πNN

4M2
N

∫
d3q

(2π)3 2ω2
q

×
∫ ∞

0

dω
[

1
(ω + ωq)2

+
1
ωq

1
(ω + ωq)

]

× v2
(
Q2

)
RL(ω, q), (4)

where Q2 = ω2 − q2, v(Q2) is the form factor of the pion
vertex for which we use a monopole form

v
(
Q2

)
=
Λ2 −m2

π

Λ2 −Q2
. (5)

Finally, RL represents the spin-isospin longitudinal re-
sponse function:

RL(ω, q)=
∑

n

∣∣∣∣
〈
n

∣∣∣∣
A∑

i=1

σi · qτa
i e

iq·ri

∣∣∣∣0
〉∣∣∣∣

2

δ(ω − En). (6)

(d)(a) (b) (c)

Fig. 1. Time-ordered graphs for pion exchange.

In the actual calculation, we add in the response RL the
excitation of the delta-resonance with the standard re-
placement:

σi · qτa
i −→ gπN∆

gπNN
S†

i · q(T a
i )

†, (7)

where S†(T †) is the spin (isospin) transition operator con-
necting the spin (isospin) 1

2 and 3
2 states [6]. Note that for

a matter of convenience we have incorporated in this op-
erator the ratio of the πN∆ and πNN coupling constants.
We have also assumed the same form factors, v(Q2), at the
πNN vertex and at the πN∆ vertices. Finally we recall the
link between the response function and the polarization
propagator Π(ω, q, q′) which we will use in the following:

R(ω, q) = −V

π
ImΠ(ω, q, q). (8)

We will first discuss the result for the free nucleon.

2.1 Free nucleon

In the nucleon case, where the response RL reduces to a
simple expression, eq. (4) provides for the (scalar) pion
number Nπ in the nucleon cloud:

see equation (9) above

In the above equation we have used the following nota-
tions: εq = q2/2MN and ω∆ =M∆ −MN + q2/2M∆. The
energy dependence of the delta width Γ∆ is taken from
the analysis of the pion-nucleon scattering [6].

Our numerical inputs for the evaluation of Nπ are de-
fined as follows. Without form-factor the integrals diverge
linearly. The resulting value is then quite sensitive to the
cut-off function. We stress, however, that the specific case
of the single nucleon is not the purpose of this paper.
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Fig. 2. Feynman diagrams for the 2p-2h processes. The double
line represents the delta-resonance.

It is for us an element of comparison to introduce the nu-
clear effects. Since we want to restrict the calculation to
a region where nuclear effects are reasonably under con-
trol, we have limited the integrals to: q = 1GeV and
ω = 1GeV. The parameters are chosen so as to obtain
a value Σπ

N = 1
2mπNπ = 30MeV which is well in the ac-

cepted range [7–9]. This is achieved with Λ = 1GeV and
(gπN∆/gπNN)2 = 3.8.

2.2 Infinite nuclear matter

We now turn to the case of infinite nuclear matter. In or-
der to evaluate the response functions, we use the method
of Delorme and Guichon [10] who calculated the zeroth-
order response in the local density approximation and then
solved exactly the RPA equations. Their zeroth-order re-
sponse function also includes the 2p-2h excitations. The
corresponding Feynman diagrams of such processes are
displayed in fig. 2.

They are calculated in two steps. First we single out
the contributions which reduce to a medium modifica-
tion of the ∆ self-energy, for which the parametrization
of ref. [11] is used. This parametrization includes some
3p-3h excitation states as well. For the rest we use the re-
sults of Shimizu-Faessler [12] who evaluated the two nucle-
ons p-wave pion absorption at threshold (ω = mπ), from
which the ∆ self-energy part, already taken into account,
is separated out. As for each the remaining contributions,
an energy extrapolation suggested by the many-body di-
agrammatic interpretation is performed.

We solve the RPA equations in the ring approxima-
tion: Π = Π0 +Π0VΠ. Here V is the particle-hole (p-h)
interaction with the standard formulation: V = Vπ + Vg′ ,
where the second piece is the short-range Landau-Migdal
part. More explicitly with our definition of the response,
V reads

V =
v2(Q2)

q2

(
q2

Q2 −m2
π

+ g′
)
. (10)

The corresponding Landau-Migdal parameters g′ are dif-
ferent in the various channels: g′NN for the NN sector,
g′∆∆ for the ∆ one, g′N∆ for the mixing of NN and ∆N
excitations. We adopt the following values:

g′NN = 0.7, g′N∆ = g′∆∆ = 0.5. (11)

The results are illustrated on fig. 3 which shows the en-
ergy dependence of the zeroth-order and RPA responses,
for a fixed value of the momentum q = 300MeV. The

Fig. 3. Response function per nucleon at normal nuclear
density as a function of the energy for a fixed momentum
q = 300MeV. The dot-dashed and continuous lines represent,
respectively, the zeroth-order and RPA responses.

bare response presents a low-energy peak corresponding
to the NN−1 excitation and a high-energy one (∆N−1 ex-
citations). The figure displays the RPA enhancement of
the low-energy peak, introduced by Alberico et al. [13],
which arises from the attractive nature of the p-h inter-
action. It also displays the collective behaviour of the ∆
excitation with a splitting into two branches.

Once the energy and momentum integrations are per-
formed, we find, as in ref. [1], a moderate increase as com-
pared to the free nucleon value, with the values per nu-
cleon at normal nuclear density:

Σ̃π
N ≡ Σπ

A

A
= 38.5MeV and

Nπ
A

A
= 0.55 (12)

versus 30MeV and 0.40, respectively, for the free nucleon.
The quantity Σ̃π

N is the (medium modified) effective sigma
commutator.

More precisely, we decompose the response function Π
(accordingly Σπ) into four types, depending on the kind
of states which are excited at each external vertices: NN,
N∆, ∆N and ∆∆ (fig. 4). The density evolution of the
different components of the sigma commutator are repre-
sented in fig. 5 both without and with RPA. Notice that,
in the absence of the RPA, there is already a contribu-
tion of the N∆ channel at finite density due to the 2p-2h
excitations. The overall RPA increase of the sigma com-
mutator mainly comes from that of the ΣN∆+Σ∆N parts.
These last quantities embody the mixing of the∆N−1 con-
figurations into the NN−1 ones. This is well known to be
responsible for the enhancement Ä of the low-energy re-
sponse (i.e. the NN−1 excitations) [14].
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Lab−1(ω,q) = −NS,I

4π2

∫
k2 dk d(cos θ)

f(ωb
k)(1− f(ωa

k+q))

ω − ωa
k+q + ωb

k +
i
2
Γ a(ωb

k + ω) + i
2
Γ b(ωa

k+q − ω)

− f(ωb
k)(1− f(ωa

k+q))

ω + ωa
k+q − ωb

k +
i
2
Γ a(ωb

k − ω) + i
2
Γ b(ωa

k+q + ω)
, (13)

∆Ν ΠN∆Π ∆∆

, , ,

ΠNN Π

Fig. 4. Symbolic representation of the NN, ∆N, N∆ and ∆∆
response functions. The delta-resonance is represented by the
double line.

Fig. 5. Density evolution of the different components of the
effective sigma commutator: left (right) figure is without (with)
RPA.

3 Inclusion of temperature

3.1 Influence on the virtual pion cloud

We now introduce the temperature, via the Matsubara
formalism: all the integrals over energy are replaced by an
infinite sum over Matsubara frequencies. For the NN−1

sector, the generalized Lindhart function (the imaginary
part of which is proportional to the response function)
at finite temperature is discussed in textbooks (see, e.g.,

ref. [15]). The result is the replacement of the Heavi-
side functions that characterize the occupation of fermion
states at zero temperature by the Fermi-Dirac distribu-
tions. We have generalized this procedure to particle with
width and applied it to ∆-N−1, N-∆−1 and ∆-∆−1 rings.
The generalized Lindhart function Lab−1 for a process in-
volving a particle of type (a) and a hole of type (b) is
found to be

see equation (13) above

where NS,I is a constant arising from the summation of
spin and isospin and Γ a,b(ω) represents the width of the
particle of type (a,b) for an energy ω. The occupation
number of hadron species a is

f(ωa
k) =

1
exp((ωa

k − µ)/T ) + 1
, (14)

where µ is the (common) chemical potential for baryons,
the value of which fixes the baryonic density ρ at a given
temperature. As implicitly stated before, we limit our-
selves to nucleons and deltas, i.e. ρ = ρN + ρ∆.

Concerning the ∆ width, things are somewhat more
complicated. In the medium, the pionic decay channel
∆ → πN is partly suppressed due to Pauli blocking. At
the same time, other channels open, the pion being re-
placed by 1p-1h, 2p-2h, etc. At normal density and zero
temperature the pionic channel remains dominant accord-
ing to ref. [11]. It represents approximatively 75% of the
total width (� 90MeV to be compared with 120MeV
at the resonance energy) and the non-pionic decay chan-
nels only the remaining 25%. In view of the difficulties
of a full calculation of the temperature effects, we have
adopted the simplified following strategy: we have kept
the parametrization of ref. [11], derived at T = 0, for the
non-pionic decay channel. We have introduced the tem-
perature effects via the Matsubara formalism only for the
main pionic part of the width.

Figure 6 displays the temperature evolutiom of the
zeroth-order response function. The dashed line, which
represents the T = 0 case, exhibits the NN−1 and ∆N−1

structures. Increasing temperature tends to wash out more
and more these peaks. At the same time an overall sup-
pression effect occurs. Note that the ∆ branch is less af-
fected by the temperature because of the higher energies
involved. In the RPA case (see fig. 7), one observes a sim-
ilar behavior: an important general decrease and the loss
of the lower energy structures.

We now turn to the question of the thermal pions
present in the heat bath.
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Fig. 6. Zeroth-order response at a baryonic density equal to
half nuclear matter density (ρ = 0.25m3

π) as a function of
energy for a fixed momentum q = 300MeV for three tempera-
tures. Dashed lines: T = 0. Thin full line: T = 50MeV. Thick
full line: T = 150MeV.
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Fig. 7. Same as before but for the RPA response.

3.2 Inclusion of thermal pions

The effects previously discussed concerned only the mod-
ification, due to the temperature, of the virtual pion den-
sity present in the nuclear medium. At finite tempera-
ture, thermally excited pionic modes (quasi-pions) are also
present and they give an additional contribution to the
pion scalar density. Here for a better illustration we give
the result for 〈Φ2〉/2f2

π which according to eq. (2) gov-
erns the amount of chiral symmetry restoration of pionic

origin. We start from the general result given in ref. [5]:

〈Φ2〉
2f2

π

=
3
2f2

π

∫
d3q

(2π)3

×
∫ ∞

0

dω
[
(1 + 2n(ω))

(
− 1
π

)
ImD(ω, q)

−
(
− 1
π

)
ImD0(ω, q)

]
,

where the vacuum contribution has been explicitly sub-
tracted. In the above equation n(ω) = 1/(exp(ω/T )−1) is
the Bose occupation factor and D−1(ω, q) = D−1

0 (ω, q)−
(gπNN/2MN)2k2Π the inverse quasi-pion propagator. For
convenience, we separate the contribution surviving at
zero temperature expressible in terms of the full spin-
isospin longitudinal response function from the contribu-
tion with an explicit thermal factor:

〈Φ2〉
2f2

π

=
ρ

A

3
2f2

π

g2
πNN

4M2
N

∫
d3q

(2π)3

×
∫ ∞

0

dω
(

1
2ω2

q (ω + ωq)2
+

1
2ω3

q (ω + ωq)

)

× v2(Q2)RL(ω, q) +
3
2f2

π

∫
d3q

(2π)3

×
∫ ∞

0

dω n(ω)
(
− 2
π

)
ImD(ω, q)

≡ ρΣ̃π
B

f2
πm

2
π

+
〈Φ2〉T
2f2

π

.

The second identity defines the quantities Σ̃π
B and 〈Φ2〉T ,

associated, respectively, with the first and second pieces of
the r.h.s. of the above equation: Σ̃π

B represents an effective,
temperature-dependent, sigma commutator per baryon,
whereas 〈Φ2〉T is the scalar density of quasi-pions ther-
mally excited.

4 Results

In order to display the condensate evolution, all the forth-
coming figures show its relative decrease, i.e. the quan-
tity Φ2/2f2

π according to eq. (2). We stress again that
the points of interest are the influence of temperature on
the nuclear pionic cloud contribution, the influence of the
baryonic density on the thermal pions one and finally how
large is the deviation from the additive approximation of
eq. (3).

We first present on fig. 8 the contribution of the virtual
pion cloud alone (term in Σ̃π

B). Each box shows the tem-
perature evolution at fixed baryonic density. It illustrates
the suppression effect of the temperature which originates
in the quenching of the nuclear response previously men-
tioned. The increase with baryonic density observed in
this figure reflects the obvious fact that the pionic density
follows the baryon one.

In fig. 9 we present in the same fashion the condensate
decrease due to thermal pions alone (term in 〈Φ2〉T /2f2

π).
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Fig. 8. Relative decrease of the condensate coming from the
virtual pion cloud part as a function of the density and the
temperature. Each box corresponds to a fixed density as in-
dicated. The density increases by steps of 0.2ρ0 from left to
right between 0.4 and 1.6ρ0. In each box the points correspond
to temperature increases by steps of 0.10mπ between 0.05 and
1.05mπ.

Fig. 9. Same as the preceding figure but for the thermal pions.
As a guidance in order to display the influence of the density
on the thermal pions, points of equal temperature are joined
by a dashed line.

The iso-temperature curves show the influence of the bary-
onic density which pushes down the quasi-pion excitation
energy, thus increasing their thermal excitation.

Finally in the last figure (fig. 10) we present the sum
of both contributions. The competition between the varia-
tions of both terms with respect to the temperature is the
source of the observed parabolic-type shape. For compar-
ison, we have plotted in open circles the approximation of

Fig. 10. Sum of both contributions of the virtual pion cloud
and the thermal pions (black circles). For comparison the open
circles represent the additive approximation of eq. (3)

eq. (3) where the effect of the thermal pions at zero den-
sity is simply added to that of the pion cloud at zero tem-
perature. This approximation does not display the hollow
shape of the exact calculation: it overestimates the latter
by at most 15% in the medium part of the temperature
range we have considered, the deviation becoming quite
small beyond T ≈ 90–100MeV. In this region the decrease
of the pionic cloud contribution with temperature (fig. 8)
practically compensates the enhancement of the thermal
excitations by density effects. The most important conclu-
sion which can be drawn from fig. 10 is that, due to the
nuclear pions, the pion scalar density is much larger than
in the absence of nuclear effects, already for densities of
the order of 0.6ρ0.

5 Conclusion

In conclusion we have studied the evolution of the quark
condenaste of pionic origin under the simultaneous influ-
ence of the baryonic density and temperature. It is related
to the scalar pionic density which comes on the one hand
from the virtual nuclear pions and on the other hand from
the thermally excited ones. We have expressed the first
contribution in terms of the nuclear response to a pion-
like excitation and evaluated it for the case of nuclear
matter in the RPA scheme, first at zero and then at fi-
nite temperature. We have shown that the RPA produces
a sizeable enhancement (≈ 30%), while instead the tem-
perature washes out the peaks and suppresses the nuclear
response, hence decreasing the virtual pion density.

As for the thermally excited pions we have shown that
the presence of the baryonic background appreciably en-
hances their number. The cause has to be found in the low-
ering of the quasi-pion excitation energies, which favours
their thermal excitation. When the densities of both types
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of pions are added, the mutual influences which go in op-
posite directions cancel their effects to a large extent. In
the density and temperature domain that we have ex-
plored, the additive assumption of eq. (3) which neglects
the mutual influence is a good approximation. It deviates
from the exact result by no more than 15%, the deviation
being maximum around T ≈ 50MeV. At this T value the
additive approximation slightly overestimates the pionic
density.

Our study has shown that, even at moderate baryonic
density, the virtual nuclear pions are a major component
of the overall scalar pion density. As an example, at nu-
clear matter density, they dominate in the temperature
range we have considered, i.e. up to at least T ≈ 150MeV.
Since the pion is the agent for the mixing of the vector and
axial correlators, the consequence of our study is that the
existence of a baryonic background, if any, should not be
ignored in this mixing.
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Medium modification of the pion-pion interaction at finite density
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We discuss medium modifications of the unitarized pion-pion interaction in the nuclear medium. We incor-
porate both the effects of chiral symmetry restoration and the influence of collective nuclear pionic modes
originating from thep-wave coupling of the pion to delta-hole configurations. We show in particular that the
dropping of the sigma-meson mass significantly enhances the low-energy structure created by the in-medium
collective pionic modes.

PACS number~s!: 21.30.Fe, 21.65.1f
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I. INTRODUCTION

Modifications of hadron properties in nuclear and hot h
ronic matter is one of the central subjects of present
nuclear physics. For instance, it has been suggested in@1#
that the in-medium pion-pion interaction might be signi
cantly reshaped at density even below normal nuclear ma
density. The basic mechanism is linked to the nuclear col
tive pionic modes, sometimes called pisobars, originat
from the p-wave coupling of the pion to delta-holes state
According to detailed calculations@2,3# these collective
modes are able to explain charge exchange data@4,5#, despite
the peripheral character of these experiments, although s
other mechanisms such as broadening of the delta@6# or
projectile excitation@7# have been proposed. In additio
other detailed studies show that collective effects are ass
ated mainly with a particular channel such as the cohe
pion one@8#. This medium effect yields a softening of th
pion dispersion relation and consequently a modification
the two-pion propagator involved in the unitarizedT matrix
describing the pion-pion interaction at finite density. Inde
on the basis of purely phenomenological models@9#, an im-
portant reshaping of the pion-pion interaction in the sca
isoscalar channel~sigma channel!, producing a sizable accu
mulation of strength near the two-pion threshold, has b
predicted. This problem has been reinvestigated with ch
symmetric models such as linear or nonlinear sigma mo
@10# with special emphasis on the consistency between ch
symmetry constraints and unitarization. It was soon reali
that this medium effect is of considerable importance for
still open problem of nuclear saturation since an import
part of the nucleon-nucleon interaction comes from cor
lated two-pion exchange and several papers have bro
extremely interesting results@11–13#. Possible evidence fo
this reshaping of thep-p strength function is provided by
the p-2p data obtained on various nuclei by the CHAO
Collaboration at TRIUMF@14#. Recent calculations show
that the observed marked structure in thep1p2 invariant
mass spectrum can be partially explained by this resha
@15,16#. These last results have been questioned in a re
paper@17# where it is found that pion absorption forces t
reaction to occur at lower peripheral density.

However, what was ignored in the previous approac
was the possible medium modification of the basicp-p in-
teraction, i.e. thep-p potential from the underlying quar
0556-2813/2000/62~2!/024604~10!/$15.00 62 0246
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substructure or, in other words, from the in-medium mod
cation of hadronic properties associated with chiral symm
try restoration. This may have considerable consequen
since applying by hand in the linear sigma model pion-p
potential a Brown-Rho scaling of the sigma mass yield
significant enhancement of the near-threshold structure in
2p strength function@18#. To go further, it is important to
construct an in-mediump-p pion-pion potential. This ques
tion has already been addressed@19# in the framework of the
Nambu–Jona-Lasinio~NJL! model at finite temperature. In
this paper we will first use exactly the same scheme but w
a straightforward generalization at finite constituent qu
density to be identified later with one-third of the baryon
~i.e., nucleonic! density. In particular we will show that, us
ing a slightly different prescription for the loop integrals, th
NJL model regenerates the linear sigma model pion-p
Born term amplitude. This result, which is numerically e
tremely close to the more involved calculational scheme
Ref. @19#, can be generalized at finite density and/or tempe
ture provided the values of the pion mass, the sigma m
and the pion decay constant are replaced by their in-med
values calculated in the NJL model. Using this scheme
are in position to study in a particularly simple way dire
observable consequences of both partial chiral symmetry
toration such as the dropping of the sigma meson mass
collectivep-wave pionic modes by looking at the in-mediu
pion-pion interaction in the scalar-isoscalar channel. This
of utmost importance since, as emphasized recently by H
suda et al., the evolution of collective scalar-isoscala
modes, i.e., the sigma meson, may reveal precursor eff
associated to chiral symmetry restoration@20#.

From this density dependent effective linear sigma mo
potential implemented with a phenomenological form fact
it is possible to construct a unitarizedp-p scalar-isoscalar
amplitude which both preserves chiral symmetry constra
~Weinberg scattering length in the chiral limit! and repro-
duces experimental phase shifts. On top of precursor eff
of chiral symmetry restoration, the inclusion of medium e
fects associated with the modification of the pion dispers
relation should be consistently done in the framework of
NJL model by direct coupling to constituent quarks popul
ing the Fermi sea. However, the resulting pionp-wave po-
larizability calculated with quark-particles–quark-hol
would completely miss the phenomenologically well esta
lished strong screening effects from short-range correlati
©2000 The American Physical Society04-1
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TABLE I. Physical quantities atr50 in the NJL model for different parameters~I and II! and different
schemes of calculations~exact and simplified!.

f p mp ms L m m0 g
~MeV! ~MeV! ~MeV! ~MeV! ~MeV! ~MeV! (fm2)

I ~exact! 93.0 139.0 700.0 620.84 347.49 5.677 0.2247
II ~exact! 93.0 139.0 1000.0 573.31 498.85 5.772 0.3303
I ~simplified! 93.0 139.0 700.0 624.25 343.03 5.540 0.2207
II ~simplified! 93.0 139.0 1000.0 573.60 495.15 5.712 0.3284
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1

(g8 parameter!. Incorporation of correlation effects in th
NJL model obviously requires a much more involved lev
of sophistication, hence losing the simplicity which is one
its main interests. Furthermore, we will calculate the
medium two-pion propagator from standard pion-nucle
phenomenology. In other words, thep-wave pion polarizabil-
ity will be taken as its nuclear matter expression domina
in the region of interest by theD-hole piece corrected by
screening effects. The underlying philosophy can be sum
rized by saying that the medium modified soft physics link
to chiral symmetry (mp , f p , low-energyp-p potential! is
calculated within the NJL model whilep-wave physics yield-
ing pionic nuclear collective modes is described throu
standard nuclear phenomenology.

II. p-p INTERACTION FROM THE NJL MODEL

To examine thep-p interaction at finite density~and fi-
nite temperature!, we start from the SU~2! version of the
well-known NJL model@21#:

L5c̄~ i ]”2m0!c1g@~ c̄c!21~ c̄ ig5tc!2#, ~1!

whereg is a coupling strength of dimension@mass#22, and
m0 is the current quark mass. To maintain the asympto
freedom at high energies, we simulate the situation by
garding the coupling constant in Eq.~1! as a momentum
dependent one,g(p):

g~p!5g)
i 51

4

u~L2upi u!, ~2!

where pi ’s are the momenta of quarks andu is the step
function. Three parameters, namely,g, L, andm0, are deter-
mined to reproduce the pion massmp , the pion decay con-
stantf p , and the mass of the sigma mesonms . Here formp

and f p we choose the well-accepted values, and forms we
select two different empirical values to test the influence
the input data on our final results. In Table I, we list two s
of values formp , f p , andms , and alsog, L, andm0 which
are fixed, respectively, to give these two sets of values
mp , f p , and ms . In the parameter fitting, we follow the
formalism in the paper of Hatsuda, and Kunihiro@22#, where
the three-momentum cutoff was used. With the lowest va
of ms5700 MeV, one has a set of parameters very close
the one of Quacket al. @19# used for finite temperature stud
ies. In the following mainly devoted to finite density, we w
prefer the second set withms51 GeV for two reasons. On
02460
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the one hand, this second set gives a higher density for ch
symmetry restoration~about 2.6r0 in place of 1.5r0), and on
the other hand, the values ofms51 GeV has been succes
fully used in previous works to fit the vacuump-p data
@10,15#.

In Table I, we also include the results with differe
schemes of calculation, the ‘‘exact’’ one and the ‘‘simp
fied’’ one. For the ‘‘exact’’ scheme, we just do the sam
calculation as Quacket al. @19# but at finite density, while
for the ‘‘simplified’’ one, we neglect theq2 dependence in
all of the integrals~for details see Sec. III! in our calculation,
whereq is the external momentum of pion and sigma m
sons.

The main purpose of this section is to get the dens
dependence on thep-p scattering lengthaI , which is related
to thep-p scattering amplitudeT I at threshold as

aI52
1

32pmp
ReT I , ~3!

whereI is the total isospin.
To the lowest order in 1/Nc (Nc , the number of quark

colors!, the invariant amplitudeTab;cd of the p-p scattering
process (a, b andc, d are the isospin indices! is calculated
from the box ands-propagation diagrams shown in Fig.
~see Fig. 1 in Ref.@19#!. Following the notation of Ref.@19#,
we have

FIG. 1. Box ands-propagation diagrams forp-p scattering
~a!,~b!,~c!, and~d! are the isospin indices.
4-2
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Tab;cd5^cpc ;dpduTuapa ;bpb&5A~s,t,u!dabdcd

1B~s,t,u!dacdbd1C~s,t,u!daddbc , ~4!

where s, t, and u are the usual Mandelstam variables:s
5(pa1pb)2, t5(pa2pc)

2, andu5(pa2pd)2.
Because of the crossing relations, there are three poss

ties for the box diagram@23# which, after a direct evaluation
gives

~T1!ab;cd52~dabdcd1dacdbd2daddbc!@4NcNf igpqq
4 #

3@ I ~0!1I ~p!2p2K~p!#,

~T2!ab;cd52~dabdcd2dacdbd1daddbc!@4NcNf igpqq
4 #

3@ I ~0!1I ~p!2p2K~p!#,

~T3!ab;cd52~2dabdcd1dacdbd1daddbc!@8NcNf igpqq
4 #

3@ I ~0!1p4L~p!/222p2K~p!#, ~5!

in terms of integralsI (0), I (p), K(p), and L(p) ~see the
Appendix!.

The diagram with intermediates propagation shown in
Fig. 1 can be simply expressed in terms of its compone
By combination, one has

~T4!ab;cd52dabdcdgpqq
4 @Gspp~p,2p!#2Ds~2p!,

~T5!ab;cd52~dacdbd1daddbc!gpqq
4 @Gspp~p,p!#2Ds~0!,

~6!

where

Gspp~p,2p!528NcNfmI~p!,

Gspp~p,p!528NcNfm@ I ~0!2p2K~p!# ~7!

are thes-p-p vertex in thes channel andt channel, respec
tively, and

Ds~k!5
i

2NcNf@~k224m2!I ~k!2mp
2 I ~mp!#

~8!

is the sigma meson propagator. Similar to Eq.~8!, we also
have@19,23#

gpqq
24 52N2@ I ~0!1I ~p!2mp

2 K~p!#2 with N5NcNf .
~9!

We note here that all above results are evaluated at thres
(pi

25p25mp
2 5s/4), and we restrict them, forT.0, to the

scattering of pions whose c.m. system is at rest in the h
bath @19#.

Summing Eqs.~5! and~6! and with the help of projection
of the amplitudes on total isospinI, one finds thes-wave
scattering amplitudes

T 056T12T313T412T5

T 150,
02460
ili-

s.

old

at

T 252T312T5 , ~10!

where theTi are the function in Eqs.~5! and~6! expected of
the isospin factors. To get the density dependence onTi , we
must calculate the constituent quark massm and the pion
massmp at finite density first.

As in Ref. @22#, we get the in-medium constituent qua
mass from the gap equation due to the one-loop quark s
energy diagram~Fig. 5 in Ref. @22#!. The in-medium pion
mass~and alsos-meson mass! is determined from the dis
persion relation~in the q→0 limit ! of the meson excitation
~which itself is the solution of the Dyson equation in th
ring-diagram approximation!. For the details of deriving the
gap equation for quarks and the dispersion relation forp
~and alsos) meson, one can resort to Refs.@19,22# with a
straightforward extension at finite density. Some specific
sults and integrals are explicitely given in the Append
Here we display only the final results evolving with respe
to density at zero temperature. One thing to be mentio
here is that there are two different definitions for the co
pling between pions and quarks, namely,gpqq : one is from
Hatsuda and Kunihiro@22# and the other is from Quacket al.
@19#. These twogpqq differ from each other only by a term
proportional to

bE dk
k2

E2
f ~E! f ~2E!F~E,p!,

whereb is the inverse of the temperature,f (E) the Fermi-
distribution function, andF(E,p) a rational fraction of
E (E5Am21k2) and p ~external momentum of pions!. It
turns out that this term disappears when the temperature
to zero. So the discrepancy between these two definiti
will not give rise to any difference in the parameter fittin
which is done only at zero temperature and also in the m
part of this paper as we focus our calculation on the case
finite density but at zero temperature.

The density dependence of constituent quark massp
mass,s mass, andf p is shown in Fig. 2. We find that al
these quantities evolve with density almost linearly excep
the high density region~say r.0.30 fm23) and the trends
of these curves are all the same as those evolving with t
perature@22#. Here we use two sets of parameters listed
Table I.

We first show that the density dependences of the thre
old amplitudes and scattering lengths are very similar
those obtained at finite temperature in@19#. In Fig. 3, we
draw the curves of the various pieces of the scattering
plitudes as a function of density~at zero temperature! with
both sets of parameters. Again, we see that all the cu
evolve linearly with density in the low- and medium-dens
region. At a certain densityrd , there exists a divergence a
at high temperature@19#. Similar behavior also holds in Fig
4 where the relation between scattering length and densi
illustrated. An interesting feature is that one gets a hig
value of densityrd with the higher input vacuums-meson
mass. This divergence occurring in the sigma propaga
@19# actually corresponds to the point where the in-medi
4-3
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sigma mass drops to twice the in-medium pion mass. In
second set of parameters the densityrd turns out to berd
;2.4r0. Once unitarization is done~see Sec. V! this density
goes down to aboutrd;2r0 due to the presence of the two
pion loop in the sigma propagator. We will come to th
important point in Sec. V since, as pointed out by Hatsu
et al. @20#, the vanishing of the real part of the inverse sigm
propagator atE52mp can be seen as a precursor effect
chiral symmetry restoration. However, the aim of this pa
is not primarily to study the phase transition region but

FIG. 2. Constituent quark massm, pion massmp , s-meson
massms , and pion decay constantf p vs density~at zero tempera-
ture! with parameter sets I and II: solid lines for the exact calcu
tion and dashed lines for the simplified calculation.

FIG. 3. Scattering amplitudesTi vs density~at zero temperature!
with parameter sets I and II: solid lines for the exact calculation
dashed lines for the simplified calculation.
02460
e
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f
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e

moderate density region below nuclear matter density ac
sible in thep-2p experiment. For that purpose, we show
Fig. 5 the low density behavior of the scattering lengths.

III. SIMPLIFIED SCHEME

Now we turn to the simplified scheme of our calculatio
where we neglect the momentum dependence in all of ab
integrals, i.e.,I (p), K(p), andL(p) ~we will state later in
this section the reason for such a treatment!. But before this
simplified processing, we would like to check whether t
Weinberg limit is still kept at finite density and finite tem
perature. First we want to see how these integrals~and then
other related quantities! behave in the first order chiral ex

-

d

FIG. 4. Scattering lengthsa0 anda2 vs density~at zero tempera-
ture! with parameter sets I and II: solid lines for the exact calcu
tion and dashed lines for the simplified calculation.

FIG. 5. Same as Fig. 4 but for a moderate range of density
4-4
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pansion~expanding to the order ofmp
2 ). Keeping in mind

that we are always in the three-dimensional cutoff constr
and following the regularization of Ref.@23#, we find after
straightforward calculation that

I ~p25mp
2 !5I ~0!2

1

3
mp

2 K~0!,
-

in

m

ra

02460
t K~p25mp
2 !5K~0!2

1

2
mp

2 L~0!,

L~p25mp
2 !5L~0!2

5

6
mp

2 I 32~0!, ~11!

whereI 32(0) is shown explicitly in the Appendix. With thes
expansions, we get, from Eqs.~5!–~9!,
T15
4i

NH 2I ~0!2
1

3
mp

2 K~0!2mp
2 FK~0!2

1

2
mp

2 L~0!G J ,

T25T1 ,

T35

8i H I ~0!1mp
4 FL~0!2

5

6
mp

2 I 32~0!G /222mp
2 FK~0!2

1

3
mp

2 L~0!G J
NH 2I ~0!2

1

3
mp

2 K~0!2mp
2 FK~0!2

1

2
mp

2 L~0!G J ,

T45

H 28mF I ~0!2
1

3
mp

2 K~0!G J 2

H 2I ~0!2
1

3
mp

2 K~0!2mp
2 FK~0!2

1

2
mp

2 L~0!G J 2

i

2NH ~4mp
2 24m2!F I ~0!2

4

3
mp

2 K~0!G2mp
2 F I ~0!2

1

3
mp

2 K~0!G J ,

T55

X28mH I ~0!2mp
2 FK~0!2

1

3
mp

2 L~0!G J C2

H 2I ~0!2
1

3
mp

2 K~0!2mp
2 FK~0!2

1

2
mp

2 L~0!G J 2

i

2NH 24m2I ~0!2mp
2 F I ~0!2

1

3
mp

2 K~0!G J . ~12!
li-

4
x-
Keeping to the first order ofmp
2 with the help of Eqs.~3! and

~10!, one finds finally that

a05
1

32pmp

7mp
2

f p
2

,

a25
1

32pmp

22mp
2

f p
2

, ~13!

wheref p is defined as in Ref.@22#. Note there that the func
tions I (0), K(0), L(0), andI 32(0) are the integrals at finite
density and finite temperature. We thus recover the We
berg limit ~in the first order chiral expansion! at threshold for
finite density and finite temperature.

In the simplified calculation, we neglect the momentu
dependence of all above integrals inside the formula forTi ,
i.e., p25mp

2 50, except that we keepk2 in Eq. ~8! un-
changed as the momentum transfer in the two-pion inte
tion. Thus one gets
-

c-

T15T25T35
2i

NI~0!
,

T45T55
8im2

NI~0!

1

k22ms
2

, ~14!

where ms
254m21mp

2 in the simplified calculation, which
can be easily verified from Ref.@22#. Since f p

2 5
22iNm2I (0) in the simplified calculation, the above amp
tudes can be rewritten as

T15T25T35
2i

NI~0!
522l,

T45T554l2f p
2 1

k22ms
2

, ~15!

with the spp coupling constantl defined by 2l f p
2 5ms

2

2mp
2 as in the linear sigma model~see, for instance, Sec.

of @10#!. In other words, this simplified scheme yields e
4-5
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actly the amplitudes of the linear sigma model but withl,
f p , ms , and mp being functions of density~and tempera-
ture!. The numerical results for the simplified calculation a
also displayed in Figs. 2–4 by dashed lines. We find t
these two calculations have not much difference from e
other except for the high-density region. So the simplifi
calculation is a rather good approximation to address in
region of interest the density dependence ofm, mp , ms , f p ,
and even the scattering amplitude and scattering length.

IV. IN-MEDIUM UNITARIZED T MATRIX

We now incorporate the previousp-p amplitudes consid-
ered as a irreducible potential into a Lippman-Schwin
~LS! equation to get the unitarizedT matrix in the scalar-
isoscalar channel. However, when solving the LS integ
equation, the use of the ‘‘exact’’ scheme with its full m
mentum dependence turns out to be of hopeless comple
For this reason we prefer to use the potential from the ‘‘s
plified scheme’’ which has been shown to be very close
the observables~pion decay constant, masses, scatter
lengths! and their density dependences calculated with
‘‘exact’’ scheme. Hence, the potential will be simply th
linear sigma potential. For simplicity we restrict ourselves
an interacting pion pair with zero total momentum. In t
scalar-isoscalar channel, the potential reads, with the obv
notations,

^k,2kuV~E!uk8,2k8&5v~k!v~k8!
ms

22mp
2

f p
2

3S 3
s2mp

2

s2ms
2 1

t2mp
2

t2ms
2 1

u2mp
2

u2ms
2 D .

~16!

The prescription for the Mandelstam variables to be use
the LS equation are the ones used in Sec. 4 of@10#. E5As is
the energy variable at which the unitarizedT matrix is cal-
culated.t andu are chosen according to their on-shell valu

t52mp
2 22vkvk812k•k8, u52mp

2 22vkvk822k•k8.
~17!

The form factorv(k), which is assumed to simulate the m
mentum dependence of the vertices, is to be fitted on exp
mental phase shifts and scattering lengths in the free c
The unitarizedT matrix is the solution of the LS equation:

^k,2kuT~E!uk8,2k8&5^k,2kuV~E!uk8,2k8&

1
1

2E d3q

~2p!3
^k,2kuVuq,2q&

3G2p~E,q!^q,2quVuk8,2k8&,

~18!

where the two-pion propagator in vacuum is@10#
02460
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G2p~E,q!5
1

vq

1

E224vq
21 ih

. ~19!

Ignoring thet andu dependence in the denominators, t
potential @Eq. ~16!# reduces to a combination of separab
potentials. Taking parameter set II (ms51 GeV! imple-
mented with a one-parameter form factorv(k)51/(1
1k2/64mp

2 ), one exactly recovers the potential used in@10#.
The phase shifts are correctly reproduced up to 800 MeV
the scattering length,a050.23mp

21 , is also in agreemen
with experimental data. It can be checked that, with suc
separable potential, the correction to the scattering len
from the unitarization procedure is of higher order inmp

2 ,
thus preserving the chiral symmetry result~Weinberg scat-
tering length! in the chiral limit.

From the underlying NJL quark model, the above resu
for the T matrix, Eqs.~16!–~19!, can be generalized at finit
density by simply replacing the pion mass, the sigma ma
and the pion decay constant by their in-medium values. W
parameter set II, the pion mass does not change very m
Starting from the vacuum valuemp5139 MeV, one finds at
half nuclear matter densitymp(r0 /2)5140.3 MeV and at
saturation densitymp(r0)5143 MeV. The variation of the
pion mass is usually expressed in terms of thes-wave pion
optical potential or in term of an effective scattering leng
Dmp

2 52mpVopt524p(b0)e f fr. Here we find (b0)e f f'
20.01 mp

21 which coincides with the experimental pion
nucleon scattering length. In reality the pion optical poten
is more repulsive due to higher order rescattering effects
still giving a very small modification of the pion mas
Hence, this modification of the pion mass, which simula
s-wave pion-nucleus interaction, is practically negligible.
other words, the model does not give an unrealistically la
shift in the pion mass.

On the contrary, there is a sizable dropping of the sig
mass of 110 MeV at half nuclear matter density and 2
MeV at normal density. Consequently, one finds a signific
reshaping of thep-p strength function, as we will see in th
next section, even atr50.5r0 which is the typical density
reached inp-2p experiment@16#. We now come to study
the dressing of the pion propagator by itsp-wave coupling in
matter. As already stated in the Introduction, the direct use
the standard NJL model for this problem would give tota
unrealistic results since there is no repulsion and short-ra
correlation (g8 parameter!. Hence, we turn to a conventiona
nuclear matter description of thep-wave self-interaction of
the pion on top of the NJL approach for the basic pion-p
potential. The pion propagator has the form

Dp~k,v!5@v22mp
2 2k22Sp~k,v!#21, ~20!

where Sp(k,v) is the conventional nuclear matterp-wave
pion self-energy to be specified below. Notice thatmp is the
in-medium pion mass calculated in the NJL model. Acco
ing to the previous discussion, the smalls-wave pion self-
energy is partially accounted for but this gives in practice
negligible effect for the in-mediump-p T matrix. For this
4-6
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first work, mixing the effects from the underlying qua
structure~modification of ms,p , f p) with those from pion
p-wave coupling, we use the simplest possible approa
Hence, in the spirit of Ref.@9#, we assume that the pio
self-energy is dominated by virtualD-h excitations in the
domain of energy of interest, namely,

Sp~k,v!5k2P̃0~k,v!5k2P0~k,v!/@12gDD8 P0~k,v!#.
~21!

HeregDD8 .0.5 accounts for the short-range screening of
D-h polarization bubbleP0. The numerical calculations ar
performed in the framework of the two-level model alrea
used in Ref.@9#. The main approximation of this model is t
neglect the Fermi motion of the nucleons in theD-h bubble.
In addition we first neglect the width of the delta resonan
This last approximation will be relaxed below. The polariz
tion bubble has the form

P0~k,v!5
4

9 S f pND*

mp
G~k! D 2

rS 1

v2eDk1 ih
2

1

v1eDk
D ,

~22!

with eDk5Ak21MD
2 2MN and G(k) is the pNN form fac-

tor. It is a simple matter to show that the pion propaga
takes the very simple form typical of a two-level model:

Dp~k,v;r!5
Z1~k,v;r!

v22V1
2~k,v;r!1 ih

1
Z2~k,v;r!

v22V2
2~k,v;r!1 ih

, ~23!

where the eigenenergiesV1 ,V2 and the strength factor
Z1 ,Z2 (Z11Z251) are very simple functions of the densi
which can be found in Ref.@9#. As explained in detail in this
last reference, the pion strength function splits into two c
lective eigenmodes. Of special interest is the lower bra
(V1), sometimes called the pionic branch responsible for
softening of the pion dispersion curve. To calculate the m
dium modifiedp-p T matrix, we have to solve the LS equa
tion @Eq. ~18!# with a modified two-pion propagator accord
ing to

G2p~k,E!5E idk0

2p
Dp~k,k0!Dp~2k,E2k0!. ~24!

In the two-level model, its explicit expression is

G2p~k,E!5 (
i , j 51

2
V i~k!1V j~k!

2V i~k!V j~k!

3
Zi~k!Zj~k!

E22~V i~k!1V j~k!!21 ih
. ~25!

Obviously, in the absence ofp-wave coupling, one recover
Eq. ~19!. In a more realistic description the main features
the two-level model survive but the modesV1,2 acquire a
02460
h.
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width. This can be incorporated through the replacemen
the pion propagator@Eq. ~23!#:

V j~k!→V j~k!1 i
Im P̃0

„k,V j~k!…

2V j~k!
, ~26!

where ImP̃0, calculated along the linej, takes into account
the delta width, corrected from Pauli blocking, together w
extra two-particle–two-hole~2p-2h! contributions which are
not reducible to a delta width piece. Details are given in R
@24#. The imaginary part of the two-pion propagator is o
tained through a spectral representation

Im G2p~k,E!52
1

pE0

E

dv Im Dp~k,E!Im Dp~k,E2v!.

~27!

The real part is calculated with a dispersion relation.

V. RESULTS

To clearly illustrate the basic physical mechanisms,
present the results for the in medium pion-pion scatter
matrix in the simplified calculational scheme discussed in
previous sections, using systematically the second set of
rameters withms51 GeV. First, the treatment of collectiv
pND configurations entering the two-pion propagator
done in the extended two-level model summarized j
above. In addition we use the leading order term of the
called 1/N expansion of the linear sigma model. In a fort
coming paper we will incorporate the full linear sigma mod
potential together with a full calculation of the in-mediu
two-pion propagator. However, we believe that the conc
sions concerning the relative weight of collective pion
modes and chiral symmetry restoration will remain val
The linear sigma model can be seen as aO(N11) model
with N53. It has been shown@25,15# that, to leading order
in a 1/N expansion, one gets a consistent symmetry cons
ing approach fulfilling Ward identities and all chiral symm
try constraints. The corresponding potential is obtained fr
Eq. ~16! by simply keeping thes channel pole term and
dropping theu andt sigma propagators. In practice it has th
great advantage of making the potential separable. Acc
ing to @15#, we take the potential as

^k,2kuV~E!uk8,2k8&56v~k!v~k8!l
E22mp

2

E22ms
2 with

l5
ms

22mp
2

2 f p
2 , ~28!

with a phenomenological form factorv(k)5g/(11k2/qd
2)a.

It is important to note that the introduction of such a for
factor does not destroy in any way the chiral symmetry pr
erties. Takingg50.9, a53, and qd51 GeV one gets a
reasonable fit to experimental phase shifts@15#. With such a
separable potential one easily obtains the explicit form of
T matrix:
4-7
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^k,2kuT~E!uk8,2k8&56v~k!v~k8!l

3
E22mp

2

E22ms
223l~E22mp

2 !S~E!
,

~29!

with S(E) given by

S~E!5E d3q

~2p!3 v2~q!G2p~q,E!. ~30!

In Fig. 6, we present the results of the calculation for
p-p strength function~i.e., the imaginary part of the scatte
ing amplitude! for zero density, half nuclear matter densi
(0.5r0), and normal nuclear matter density (r0). We limit
ourselves to the low-energy sector (E,600 MeV) since it
corresponds to the domain of validity of the low energy
fective theory and to the region experimentally probed
instance in the CHAOS experiment. In Fig. 6~a! we keep the
sigma mass, the pion mass, and the pion decay consta
their vacuum values and incorporate the effects ofp-wave
pND collective modes. We recover the well-known stru
ture near the two-pion threshold originating from the softe
ing of the pion dispersion relation and extensively discus
in @1,9,10#. In Fig. 6~b!, we disregard the effect of thes
pionic modes but simply replace in the vacuumT matrix the
sigma mass, the pion mass, and the pion decay constan
their in-medium value. In this way we isolate the effec
intimately related to chiral symmetry restoration. We se

FIG. 6. Strength function for thep-p interaction at zero density
~dot-dashed curves!, half nuclear matter density~dashed curves!,
and normal nuclear matter density~solid curves!. ~a! ~upper left
panel! corresponds to a calculation with coupling to the pionic c
lective modes, keepingms , mp , andf p at their vacuum values.~b!
~upper right panel! incorporates the in-medium modification ofms ,
mp , and f p from the NJL model, ignoring the effect of collectiv
pionic modes.~c! ~lower panel! incorporates both effects. We us
the parameter set II withms51 GeV.
02460
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by
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spectacular enhancement of the strength with increasing
sity which is roughly uniform in the energy domain consi
ered. The origin of this effect is mainly the dropping of th
sigma mass. However, it is less pronounced in the den
domain typical of ordinary nuclei than in the work of Ha
sudaet al. @20# for at least two obvious reasons. First, w
start with a vacuum sigma mass of 1 GeV~used in our pre-
vious works to fit the phase shifts! significantly larger than
the values of 550 MeV or 750 MeV used in@20#. Second, the
spp coupling constantl5ms

22mp
2 /2f p

2 slightly decreases
at variance with the work of Hatsudaet al. where it was
density independent. We will come to a more detailed co
parison of the two works when discussing the sigma pro
gator itself. In Fig. 6~c!, we include simultaneously the tw
mechanisms. We recover the typical low energy struct
associated with pionic collective modes but significantly
inforced by the effect of chiral symmetry restoration.

To study the evolution with density of scalar-isosca
modes, it is also very interesting to study the sigma me
spectral function, i.e., the imaginary part of the sigma pro
gator. It is a simple matter to obtain the explicit form of th
sigma meson propagator in this simple model@15#:

Ds~E!5
1

E22ms
22Ss~E!

, ~31!

with the sigma self-energy given by

Ss~E!5
6 f p

2 l2S~E!

123lS~E!
. ~32!

The results of the calculation are shown in Fig. 7 for t
three previous cases: pionic collective modes only@Fig.

-

FIG. 7. Spectral function for the sigma meson at various de
ties. ~a! ~upper panel! corresponds to a calculation with coupling
the pionic collective modes, keepingms , mp , and f p at their
vacuum values.~b! ~lower panel! incorporates the in-medium modi
fication of ms , mp , and f p from the NJL model on top of collec-
tive pionic modes. We use the parameter set II withms51 GeV.
4-8
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6~a!#, chiral symmetry restoration only@Fig. 6~b!#, and both
@Fig. 6~c!#. It is also interesting to compare our results w
the calculation of Ref.@18# where chiral symmetry restora
tion is implemented by only dropping the sigma mass, ign
ing the modification of thespp coupling constant. Since w
find in this present work thatl is only slightly modified
~about 20% lower atr5r0), it is not surprising that the
reinforcement of the low energy enhancement is qualitativ
similar in these two works, at least at normal nuclear ma
density.

Until now we have considered the density regime acc
sible in experiments on ordinary nuclei such as the CHA
experiments. It is, however, extremely interesting to go
yond, although the basics nuclear physics ingredients of
calculation are less under control. We now follow for a wh
the arguments of@20#. Let us consider the spectral functio
of the sigma meson:

rs~E!52
1

p
Im Ds~E!

52
1

p

Im Ss~E!

@E22ms
22ReSs~E!#21@ Im Ss~E!#2

,

~33!

wherems is as usual the in-medium sigma meson mass
tained here from the NJL model. As in the work of Hatsu
et al. @20#, this in-medium sigma meson mass has an evo
tion which follows linearly at low density the scalar conde
sate. However, the precise law of evolution is different sin
it comes from a nucleonic tadpole diagram in@20#. Near the
two-pion threshold the phase space factor yields to the w
known behavior:

Im Ds;Im Ss;~E224mp
2 !1/2. ~34!

Before chiral symmetry restoration with completes2p de-
generacy, there must exist a density at which ReDs

21(E
52mp)50 or 4mp

2 2ms
22S(E52mp)50. At such a den-

sity rd , ignoring the effect of pionic collective modes, th
spectral function behaves as

rs~E.2mp!52
1

p

1

Im Ss~E.2mp!

;u~E22mp!/~E224mp
2 !1/2. ~35!

This implies that there arises a mild integrable singula
just above the two-pion threshold in the medium. With o
set of parameters this precursor effect of chiral symme
restoration occurs at a density slightly larger than 2r0 at
variance with@20# where this density was found at 1.25r0. In
addition when collective pionic modes are included, there
strength below two-pion threshold due to the various sour
of width (D-h, 2p-2h). As a consequence, the mathemati
singularity disappears. However, a precursor effect s
manifests itself through a strong enhancement of the n
threshold structure created by thep-wave pionic collective
modes. This feature is illustrated in Fig. 7 where the infl
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ence of chiral symmetry restoration itself is visible by com
parison of Fig. 7~a! and Fig. 7~b!.

VI. CONCLUSION

In this paper we have examined medium effects on
unitarized pion-pion interaction in the scalar-isoscalar ch
nel and the sigma-meson spectral function. The new fea
of this work is the simultaneous treatment of chiral symm
try restoration and the nuclear effect associated with the
istence of collective pionic modes. Starting from the stand
Nambu–Jona-Lasinio model generalized at finite density,
have obtained an in-medium pion-pion potential. In partic
lar, we have shown that the NJL model regenerates the lin
sigma model potential but with modified parameters (ms ,
mp , and f p). This modification of the parameters intimate
related to chiral symmetry restoration strongly reenforces
pp strength function in the threshold region. Since the N
model is not adapted to the calculation of collective pion
modes, we have used the standard phenomenological nu
physics approach. When both effects are incorporated,
low-energy pp structure resulting from the existence
nuclear collective modes is significantly enhanced, in p
ticular through the dropping of the sigma mass. This feat
is obviously of considerable importance for the understa
ing of the structure observed by the CHAOS Collaboration
p-2p experiments on various nuclei.
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APPENDIX

We list below the various integrals appearing in the te

I ~p!5E d4k

~2p!4

1

@k22m2#@~k1p!22m2#
, ~A1!

K~p!5E d4k

~2p!4

1

@k22m2#2@~k1p!22m2#
,

~A2!

L~p!5E d4k

~2p!4

1

@k22m2#2@~k1p!22m2#2
,

~A3!

I mn~p!5E d4k

~2p!4

1

@k22m2#m@~k1p!22m2#n
.

~A4!

The above equations are strictly valid atT50. The ex-
plicit expressions at finite temperature are given in@19# and
4-9
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can be straightforwardly extended at both finite density a
temperature. Here we simply quote a few relevant results
numerical calculation at finite density:

2 i I ~p0!5E
kF

L dk

2p2

k2

E

21

p0
224E2

,

2 iK ~p0!5E
kF

L dk

2p2

2k2

4E3 F 1

p0
224E2

2
8E2

~p0
224E2!2G ,
ca

J

02460
d
or 2 iL ~p0!5E

kF

L dk

4p2

k2

4E3p0
2 F 1

p0
224E2

2
12E2

~p0
224E2!2

2
64E4

~p0
224E2!3G , ~A5!

and the gap equation is

M5m14NcNfgE
kF

Lk2dk

2p2

M

E
. ~A6!
ys.

ch,

J.

;

@1# P. Schuck, W. No¨renberg, and G. Chanfray, Z. Phys. A330,
119 ~1988!.

@2# P. Guichon and J. Delorme, Phys. Lett. B263, 157 ~1991!.
@3# T. Udagawa, S. W. Hong, and F. Osterfeld, Phys. Lett. B245,

1 ~1990!.
@4# D. Contardoet al., Phys. Lett.168B, 331 ~1986!.
@5# T. Hennino et al., Phys. Lett. B283, 42 ~1992!; 303, 236

~1993!.
@6# H. Esbensen and T. S. H. Lee, Phys. Rev. C32, 1966~1985!.
@7# E. Oset, E. Shiino, and H. Toki, Phys. Lett. B224, 249~1989!.
@8# P. Fernandez de Cordoba, E. Oset, and M. J. Vicente-Va

Nucl. Phys.A592, 472 ~1995!.
@9# G. Chanfray, Z. Aouissat, P. Schuck, and W. No¨renberg, Phys.

Lett. B 256, 325 ~1991!.
@10# Z. Aouissat, R. Rapp, G. Chanfray, P. Schuck, and

Wambach, Nucl. Phys.A581, 471 ~1995!.
@11# J. W. Durso, H. C. Kim, and J. Wambach, Phys. Lett. B298,

267 ~1993!.
@12# R. Rapp, J. W. Durso, and J. Wambach, Nucl. Phys.A615, 501

~1997!.
s,

.

@13# R. Rapp, R. Machleidt, J. W. Durso, and G. E. Brown, Ph
Rev. Lett.82, 1827~1999!.

@14# F. Bonutti et al., CHAOS Collaboration, Phys. Rev. Lett.77,
603 ~1996!.

@15# P. Schucket al., nucl-th/9806069.
@16# R. Rappet al., Phys. Rev. C59, R1237~1999!.
@17# M. J. Vicente Vacas and E. Oset, Phys. Rev. C60, 064621

~1999!.
@18# Z. Aouissat, G. Chanfray, P. Schuck, and J. Wamba

nucl-th/9908076.
@19# E. Quack, P. Zhuang, Y. Kalinovsky, S. P. Klevansky, and
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Relativistic dissipative hydrodynamics with spontaneous symmetry breaking

C. Pujol and D. Davesne
IPN Lyon, 43 Bd du 11 Novembre 1918, F-69622 Villeurbanne Cedex, France

~Received 30 April 2002; published 15 January 2003!

In this paper we consider dissipative hydrodynamic equations for systems with continuous broken symme-
tries. We first present the case of superfluidity, in which the symmetry U~1! is broken and then generalize to the
chiral symmetry SU(2)L3SU(2)R . The corresponding new transport coefficients are introduced.

DOI: 10.1103/PhysRevC.67.014901 PACS number~s!: 25.75.2q, 11.30.Rd
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I. INTRODUCTION

Relativistic hydrodynamics has often been used as a s
ing point in the field of heavy ion collisions in order t
reproduce single-particle spectra or multiparticle correlati
~see Ref.@1#, for example!. However, the hot and dense ha
ronic phase created in such experiments is mainly constit
of pions and, until recently@2#, no care has been taken on th
fact that the breaking of the chiral symmetry can affect
theory of hydrodynamics itself@3,4#. Among all the applica-
tions of such a modification of the theory, two main dire
tions emerge: first, it is highly wished to have a quantitat
estimation of this effect when reproducing the experimen
spectra@5# and, second, the aim of this paper, it is importa
to complete the whole theory, that is, to include dissipati

In hydrodynamic regime, relevant variables are tho
whose variations in space and time are slow and relaxa
time becomes infinite in the long wavelength, small fr
quency limit. Such variables are of two kinds: densities
conserved quantities and Goldstone modes associated to
tinuous broken symmetry@6#. The prototype of such a theor
which includes both types of hydrodynamic variables is
well-established theory of superfluidity associated to
breaking of U~1! and developed many years ago by Land
@7# in the nonrelativistic case~see also Refs.@8,9# in the
relativistic domain!. The example of the superfluidity will be
used in the first part as a guideline in order to show explic
how to include dissipation in hydrodynamic equations with
broken continuous symmetry. Then, in a second part, we
generalize to the case of SU(2)L3SU(2)R : starting from the
equations of ideal hydrodynamics, we will introduce expl
itely new transport coefficients associated to the ch
charge densities and Goldstone modes.

II. SUPERFLUIDITY

Let us focus on our first example of hydrodynamics w
a continuous broken symmetry: the superfluidity. As me
tioned in the Introduction, the spontaneous breaking o
continuous symmetry implies that the Goldstone modes
hydrodynamic variables, i.e., relax very slowly to equili
rium in the long wavelength, small frequency limit. Concer
ing the superfluid, one therefore has to introducef, which is
the phase of the condensate which breaks the U~1! symmetry
associated to the particle number, in our theory. More p
cisely, the equations for ideal~that is without dissipation!
relativistic superfluid can be written as@10#
0556-2813/2003/67~1!/014901~4!/$20.00 67 0149
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]m~n0um2V2]mf!50, ~1!

]mTmn50, ~2!

um]mf52m0 , ~3!

whereTmn is the energy-momentum tensor,V2 is the super-
fluid density in the nonrelativistic limit, andm05gm is the
chemical potential~g is the Lorentz factor!. We have to no-
tice at this stage that the third equation is equivalent to
one contained in the original two-fluid model of Landau@7#
when making the correspondence:

m5mLandau1
vs

2

2
2vW n•vW s ,

where vW n is the spatial part of the four-velocityum

5g(1,vW n) andvW s5(1/m)¹W f is the superfluid velocity.
We can see that the presence of the new hydrodyna

variablef manifests itself not only in the third equation b
also in the first one~conservation of particle number! and in
the second one sinceTmn is equal to

Tmn5~e1p!umun2pgmn1V2]mf]nf. ~4!

Since we are dealing with an ideal fluid the entropy cons
vation must be satisfied. Actually it is already contained
the second above equation when projected along the d
tion of un: un]mTmn50⇒]m(s0um)50.

Now, we can go further and add dissipative terms in
hydrodynamic equations. The method, described, for
ample, in Ref.@7#, consists in introducing fluxes such as

]m~n0um2V2]mf1nm!50, ~5!

]m~~e1p!umun2pgmn1V2]mf]nf1tmn!50, ~6!

um]mf52m02f08 . ~7!

Moreover, our choice for the hydrodynamic velocityum im-
poses thatumtmn50 andumnm50 ~the Eckart choice leads
to other constraints, see Ref.@11#, for example!.

With these equations, we are now able to derive exp
itely the new equation for the entropy. Writingun]mTmn

50, we obtain
©2003 The American Physical Society01-1
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]mS s0um2
m0

T0
nmD52nm]m

m0

T0
1

f08

T0
]m~V2]mf!

1
tmn

T0
]mun . ~8!

This equation has the generic form]mSm5s, whereSm is
the total four-flow entropy ands the entropy production.s
is a bilinear form between fluxes and thermodynamic forc
In the hydrodynamic regime, we are by definition near
global equilibrium so that we can express linearly the re
tion between these fluxes and these forces. The coeffici
of proportionality are called the transport coefficients. Th
physical meaning is thus to characterize the magnitude of
response of the system~flows! to a certain disturbance~ther-
modynamic forces!.

Moreover, because of thermodynamics,s must be posi-
tive. This constraint when combined with the Onsager pr
ciple leads to

nm5k~gmn2umun!]nS m0

T0
D , ~9!

tmn5~gmn2umun!Fz1]l~V2]lf!1S z22
2

3
h D ]lulG

1h@~gml2umul!]lun1~gln2ulun!]lum!],

~10!

f085z1]mum1z3]m~V2]mf!, ~11!

where k is proportional to the thermal conductivity an
h,z1 ,z2 ,z3 are the shear and bulk viscosities~notations are
those defined in Ref.@7#!. The positivity of s implies that
h,z2 ,z3 are positive andz1

2<z2z3. The sign ofz1 has to be
determined by physical considerations only~here, it can be
checked by comparison with Ref.@7# that z1 is positive as
well!.

III. CHIRAL DYNAMICS

A. Ideal fluid

In this section, we are going to recall the main results
hydrodynamics with chiral SU~2! symmetry spontaneousl
broken@2#. The hydrodynamic degrees of freedom in a chi
fluid are the densities of the conserved quantities, nam
entropy densitys, momentum densityT0i , baryonic number
densityn, left and right-handed charge densities written
SU~2! matricesrL[rL

i t i /2 and rR[rR
i t i /2 and finally the

variables associated to the Golstone modes. For chiral s
metry, these modes are actually the pions. Then, follow
Ref. @2#, we can write the new hydrodynamic variables a
SU~2! matrix S[ei tW•pW / f p and, by analogy with the supe
fluid, denoteS as ‘‘phases.’’ The energy densityT00 is a
function of all these variables and of the first partial deriv
tives of S ~assumingS varies slowly!. Following again Ref.
@2# we thus write the energy densityT00 as
01490
s.
e
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T005e0~s,n,T0i !1e1 ,

wheree0 is the ‘‘normal fluid’’ part ande1 contains all the
non trivial terms, at lowest order, compatible with chir
symmetry

e15
f s

2

4 S d i j 2
12vp

2

12vp
2 v2

v iv j D tr] iS] jS
†

1
1

g2f t
2~12vp

2 v2!
tr~rL2SrRS†!2

1
1

g2f v
2

tr~rL1SrRS†!22 i
vp

2

g2~12vp
2 v2!

3vktr~rLS]kS
†1S†]kSrR!,

wherevp[ f s / f t is the pion velocity andf s , f t , and f v are
functions to be determined by thermodynamics of the und
lying fundamental theory, namely QCD.

We have fourteen hydrodynamics variables. Therefore
must have fourteen hydrodynamics equations. With
Hamiltonian density above, it is possible to show@2# that the
equations can be written in a covariant way only if we ma
some combinations of the initial variables. Finally the res
is

]m~n0um!50, ~12!

]mTmn50, ~13!

]m~aum!1
1

2
@A,a#50, ~14!

i ]m„~ f t
22 f s

2!umA1 f s
2S]mS†

…1@A,a#50, ~15!

with Tmn5(e1p)umun2pgmn1( f s
2/4)tr(]mS]nS†

1]nS]mS†) andA5umS]mS†.
The nine equations which are specific to chiral dynam

(]mJm_L,R50 and the first order equation forS! are actu-
ally contained in the first order equation~14! for a[(rL
1SrRS†)/g and in the second order equation~15! for S
constructed from the combination (rL2SrRS†).

Once again, starting from Eq.~13! and using all the other
~hydrodynamic and thermodynamic! equations, it is possible
to deduce the entropy conservation]m(s0um)50 as it should
be for a perfect fluid. At this stage, we can already ma
some comparisons with the superfluid. First of all ifS was
associated with the breaking of U~1! type symmetry, namely
S5eif, then iS]mS† would be equal to]mf. This means
that iS¹W S† plays the role of superfluid velocity. Then, b
direct comparison between the energy-momentum ten
@for U~1! and SU~2!#, we see thatf s

2/2 can be interpreted a
‘‘superfluid density.’’

B. Dissipation

We are now in position to treat the dissipation case. As
the superfluid, we add some dissipative flux densities to c
1-2
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servation equations:nm for baryonic number, j L,R
m

[ j L,R; i
m t i /2 for chiral charges andtmn for energy-momentum

tensor; and we add also a dissipative term for the other n
conserved variables (i /2)S08[( i /2)S0,i8 t i /2.

Then, performing the same combinations as in the pre
ous section, we can finally write after some calculations

]m~n0um1nm!50, ~16!

]mS ~e1p!umun2pgmn1
f s

2

4
tr~]mS]nS†1]nS]mS†!1tmnD

50, ~17!

]m~aum!1
1

2
@A(0),a#52]m j L

m2S]m j R
mS†, ~18!

i ]m@~ f t
22 f s

2!umA(0)1 f s
2S]mS†#1@A(0),a#

52]m j L
m22S]m j R

mS† ~19!

with A5A(0)1( i /2)S08 which is the dissipative first orde
equation forS. A(0) represents the nondissipative part ofA.
With these new equations, it is a simple task to express
equation for the entropy~note that, since the expressions f
e and p must be given by the same formula as in the no
dissipative case,e and p depend actually only onA(0) and
not onA):

]mFs0um2
m0

T0
nm2trS mL0

T0
j L
m1

mR0

T0
j R
mD G

52nm]mS m0

T0
D1

tmn

T0
]mun2trF j L

m]mS mL0

T0
D

1 j R
m]mS mR0

T0
D1

S08

2T0
]mS f s

2

2
iS]mS†D G , ~20!

wheremL052a/ f v
22 iA (0) andmR05S†(2a/ f v

21 iA (0))S.
The introduction of the above shorthand notationsmR0

andmL0 is motivated by the fact that they can be identified
chemical potentials but for the left and right chiral densit
~they are thermodynamic conjugate variables ofrL andrR).
Nevertheless, due to the fact that we are considering
SU~2! case and no more U~1!, new features appear, that is w
have now some couplings with the derivatives of the
chemical potentialsmR0 andmL0.

On the right-hand side of the equation, the entropy p
duction is, as usual, a bilinear form between ‘‘thermod
namic forces’’ and dissipative fluxes. Again, we can ma
linear combinations with those thermodynamic forces a
introduce transport coefficients. Our choice for the hydro
namic velocity imposes also thatum j L

m50 andum j R
m50 and

we have to make the entropy production positive. These
scriptions allow us to eliminate some coefficients and to
tain some constraints on the remaining others. We get

S085Fz4,i]mum1@z3# i , j]mS f s
2

2
i ~S]mS†! j D Gt i , ~21!
01490
n-

i-

e

-

s
s

e

e

-
-
e
d
-

e-
-

nm5~gmn2umun!Fk]nS m0

T0
D1kL,i .]nS mL0,i

T0
D

1kR,i•]nS mR0,i

T0
D G , ~22!

j L
m5~gmn2umun!FkL,i]nS m0

T0
D1@kLL# i , j]nS mL0,j

T0
D

1@kLR# i , j]nS mR0,j

T0
D Gt i , ~23!

j R
m5~gmn2umun!FkR,i]nS m0

T0
D1@kLR# j ,i]nS mL0,j

T0
D

1@kRR# i , j]nS mR0,j

T0
D Gt i , ~24!

tmn5~gmn2umun!F S z22
2

3
h D ]lul

1z1,j]lS f s
2

2
i ~S]lS†! j D G1h@~gml2umul!]lun

1~gln2ulun!]lum#, ~25!

where@Q# means thatQ is a 333 matrix. Due to the Onsage
reciprocity principle, all the matrices except@kLR# are sym-
metric, 4z1,i5z4,i and there are actually 39 independant c
efficients. If we represent the quadratic form of the entro
production by a 12312 matrix, we can easily show tha
all coefficients appearing in the diagonal should be posit
and that there exists inequalities between the 39 coefficie
as for the superfluid, all the principal minors have to
positive. We see that dissipative equations for SU(2L
3SU(2)R symmetry implies new transport coefficients a
couplings between baryonic, left-handed and right-han
currents. We also see that spontaneous breaking of the c
symmetry implies the existence of matricial transport coe
cient for, by instance, the bulk viscositiesz1 and z3: the
thermodynamic force]l@( f s

2/2)i (S]lS†) j # which is the
equivalent of]l(V2]lf) has now three components. The
components are nevertheless all multiplied by the same
tor f s

2/2 which is related to the amplitude of the order para
eter of the chiral symmetry. Of course, near the transit
phase this amplitude is not frozen as in our case and
fluctuate. The dynamics of these fluctuations is such that
amplitude of the order parameter has to be incorporated
plicitely in the approach since then it becomes an hydro
namic variable@12#.

Finally let us remark that, since it is known that dissip
tion can affect the observables~see Ref.@13# for the modifi-
cation of the temperature profile used to describe heavy
collisions!, it will be of fundamental importance to determin
quantitatively the influence of these new couplings.
1-3
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IV. CONCLUSIONS AND OUTLOOK

We have treated in this paper the dissipation in the hyd
dynamic regime for relativistic systems with spontaneou
broken symmetry U~1! and SU~2!. For the superfluid, we
recovered the nonrelativistic limit of@7#. For the SU~2! case,
we introduced new transport coefficients associated to
right and left charges and to the Goldstone modes. Since
know that transport coefficients can affect quantitatively o
servables, it would be interesting to express them with Ku
type relations and then compute them explicitely from t
microscopic approach. This work is under study@14#. An-
other extension of this paper is to determine the new re
ation times with the effect of the symmetry breaking in ord
s

a

nd

01490
-
y

e
e

-
-

s

x-
r

to know if this implies some noticeable modifications to t
conclusions drawn in Ref.@3# concerning the typical equili-
bration time of heavy ions collisions. It is well known tha
the way we introduced the dissipative effects in that pa
leads formally to instabilities and cannot allow us to rea
the underlying physics of the relaxation times. In order
solve that problem one has to introduce them explicitely. O
convenient way to do this is to use the 14 moments of G
as done in Ref.@3#.
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Hydrodynamics with spontaneous symmetry breaking: Application to relativistic
heavy ion collisions
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In this paper we apply hydrodynamics for systems with continuous broken symmetries to heavy ion colli-
sions in the framework of (111) dimensional Bjorken model. The temperature profile with respect to proper
time determined in that context exhibits no differences with the ideal fluid. On the contrary, it is shown that the
profile obtained when Mu¨ller-Israel-Stewart second-order theory of dissipation is included on top of standard
hydrodynamics indicates a slower cooling of the system.

DOI: 10.1103/PhysRevC.67.057901 PACS number~s!: 24.10.Nz
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Relativistic hydrodynamics is a very useful tool in th
field of heavy ion collisions when one wants to reproduce
space-time evolution of the hot and dense matter create
such events. Upon the hypothesis of local equilibrium, wh
can be questionable for such small and short-lived syste
this approach directly gives in terms of usual quantities s
as temperature, pressure, . . . , an intuitive description of
what happens during the whole evolution of the system u
the freeze-out takes place. Moreover, it is usually assum
that the matter under consideration is almost perfect, so
standard hydrodynamics can be applied directly. Howe
the hot and dense matter produced is mainly constitute
pions and, with the exception of Ref.@1#, no attention has
been drawn to the fact that the breaking of chiral symme
can affect the theory of hydrodynamics itself. One of t
aims of this paper is thus to give in a simple approac
quantitative estimate of this modification. More precisely,
will determine the temperature profile with respect to time
the framework of the (111) dimensional boost-invarian
Bjorken model with and without the effect of the spontan
ous breaking of the symmetry. In a second step we also
troduce the dissipation process and compare the prev
results with those obtained when Mu¨ller-Israel-Stewart
second-order theory of dissipation is included on top of st
dard hydrodynamics.

Following Ref.@1#, the hydrodynamic degrees of freedo
in a chiral fluid with chiral SU(2) symmetry spontaneous
broken are the densities associated to conserved quant
namely, entropy densitys, momentum densityT0i , baryonic
number densityn, left- and right-handed charge densities th
can be written as SU(2) matricesrL[rL

i t i /2 and rR

[rR
i t i /2 and finally the variables associated to the Goldst

modes introduced in the theory via a SU(2) mat
S[ei tW•pW / f p. If we focus on the central rapidity region of
heavy ion collision, we can neglect in a first step the ba
onic density. Thus, the hydrodynamic equations taken fr
Ref. @1# become

]mTmn50, ~1!

i ]m@~ f t
22 f s

2!umunS]nS†1 f s
2S]mS†#50, ~2!
0556-2813/2003/67~5!/057901~4!/$20.00 67 0579
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where the energy-momentum tensorTmn is given by Tmn

5(e1p)umun2pgmn1 f s
2/4 tr (]mS]nS†1]nS]mS†).

In the above equations,f t( f s), which can be interpreted a
the temporal~spatial! pion decay constant, are actually n
constants but have a nontrivial temperature depende
Nevertheless, in order to have an estimation of the effe
induced by the presence of the spontaneous breaking o
chiral symmetry, we will adopt two simple approaches. T
first one, for the sake of simplicity, is to consider thatf t
5 f s5 f p593 MeV. Of course, at finite temperature, this
not true and, for instance, for small temperatures, one kn
that f t

2 and f s
2 differ from f p

2 by a factor proportional toT2

while the correction forf t
22 f s

2 is of orderT4, so that~to first
order! f t

25 f s
25 f p

2 @12T2/(6 f p
2 )#. This second approach

more realistic, is based on this formula, extended to lar
temperatures.

Even if several important improvements concerning
geometric description of a heavy ion collision have be
done since the pioneering paper of Bjorken@2#, we will use
here this simplified version. The Bjorken picture of a col
sion is based on the hypothesis that initial conditions
invariant under Lorentz transformations throughout the c
tral rapidity plateau. This implies that, for a one-dimension
flow in the z direction, all the quantities depend actually n
on the timet and the positionz but only on the proper time
t5At22z2. The space-time evolution of the system can
then represented by hyperbolat5cst. If the hydrodynamic
velocity um is taken asum5xm/t5(t/t,0,0,z/t), the hydro-
dynamic equations

]mTmn50 ~3!

with Tmn5(e1p)umun2pgmn lead for an ultrarelativistic
gas to the following differential equations@3,4#:

]s

]t
1

s

t
50, ~4!

]T

]t
1

1

3

T

t
50, ~5!

]e

]t
1

4

3

e

t
50, ~6!
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whose solutions give the following scaling behavior:

s~t!5s~t0!
t0

t
, ~7!

T~t!5T~t0!S t0

t D 1/3

, ~8!

e~t!5e~t0!S t0

t D 4/3

. ~9!

And, sincep5e/3,

p~t!5p~t0!S t0

t D 4/3

. ~10!

We first take into account the effect of the spontane
breaking of chiral symmetry where no renormalization of t
pion decay constant occurs, i.e.,f t5 f s5 f p593 MeV. We
thus obtain from the hydrodynamic equations~1! and ~2! in
the first nonvanishing order of the pion field,

]s

]t
1

s

t
50, ~11!

]T

]t
1

1

3

T

t
50, ~12!

]e

]t
1

Ts~t0!t0

t2
2

1

t (
i 51

3 S ]p i

]t D 2

50, ~13!

S ]

]t
1

1

t D ]p i

]t
50; ~14!

and from the explicit expression of the pressurep given in
Ref. @1#,

p5aT41
1

2 (
i 51

3 S ]p i

]t D 2

. ~15!

We see that there is no modification of the equation for
entropy density and for the temperature; that is, the sca
behavior is exactly the same@s(t)5s(t0)t0 /t and T(t)
5T(t0)(t0 /t)1/3]. On the contrary, for the energy densi
and for the pressure, one can observe a modification due
term proportional to]p i /]t, which can be determined from
the last equation~14!. The solution for the time derivative i
]p i /]t5A/t, whereA is a constant whose value is fixed b
the initial condition fort5t0. If we now report in the above
equations, we can solve analytically the resulting system
obtain

e~t!5e~t0!S t0

t D 4/3

2
3

2

A2

t0
2 S t0

t D 2

, ~16!

p5p~t0!S t0

t D 4/3

1
3

2

A2

t0
2 S t0

t D 2

. ~17!
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In order to fix the initial condition related to the value o
A, let us now consider the density matrixr5exp2bH. The
part of the Hamiltonian relevant for chiral hydrodynami
degrees of freedom can be taken from Ref.@1#. An explicit
calculation with the Bjorken modelization of the collisio
gives

r5expS 2bE d3xT00D}expF2
b

2E d3x(
i 51

3 S ]p i

]t D 2G .

~18!

Assuming isospin symmetry, we then have

r}expF2
3b

2 E d3xS A

t D 2G .
For t5t0, we thus immediately see thatr is Gaussian dis-
tributed. Actually, if we callV0 the initial volume in the rest
frame of the two colliding nuclei andgcm the Lorentz factor
needed to go from that frame to the laboratory frame,
have

r~t0!}expF2
3b

2

V0

gcm
S A

t0
D 2G . ~19!

We can easily estimateV0 by geometric arguments:V0
5pR22t0, whereR is the radius of the colliding nuclei. If
we now put typical numbers on all these constants:R
.5 fm, t051 fm, gcm.10, andT(t0)5200 MeV, we can
directly estimate the effect of the terms associated to
spontaneous symmetry breaking since^A2& is simply related
to the Gaussian distribution̂A2&5T(t0)t0gcm /(6pR2).
Numerically, using these inputs, we obtain a correction
order.1% with respect to the perfect case.

We now introduce the explicit chiral perturbationT de-
pendence forf t and f s , i.e., f t

25 f s
25 f p

2 @12T2/(6 f p
2 )#. The

evolution of the temperature is then governed by the follo
ing equation:

4atT32
^A82&

t@12T2/~6 f p
2 !#2

T

6 f p
2

5s~t0!t0 ~20!

where now^A82&5^A2&(12T0
2/(6 f p

2 )). The numerical re-
sults are presented in Fig. 1. We can observe that the co
tion that induces a faster cooling of the system is of or
5%.

Even if the approach can be considered too simplistic,
not reasonably expected that an improved treatment
modify noticeably the order of magnitude. One can thus c
clude that the effect due the spontaneous breaking of ch
symmetry is quite negligible and without any experimen
consequences.

Previously, we have seen that it is possible to neglect
effect of the breaking of the symmetry on the hydrodynam
theory itself; that is, we can use ‘‘normal’’ hydrodynamic
Nevertheless, an important problem that has already b
addressed in Ref.@5# is the effect of dissipation on the mode
of a perfect fluid.
1-2
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There are two nonequivalent possibilities for dissipat
to be taken into account. First, one can use the usual form
ism and just say that when an inhomogeneity appears
system, the latter reacts, and a flow proportional to the g
dient develops itself in order to restore equilibrium. This
first order theory. However, it is well known that this a
proach presents instabilities, and that it is necessary to
sider a relaxation time for the flow. This goal is achiev
through Müller-Israel-Stewart second-order theory. In t
following, we will explore both methods.

In Ref. @5#, the author showed that only the dissipati
effects related to the shear viscosityh play a role for the
temperature profile in the (111) dimensional Bjorken
model. The main physical reason is that bulk viscosity v
ishes for an ultra relativistic gas. He took the shear visco
from Ref. @6# where the temperature dependence forh is h
5p f p

4 /(8T). Then, the differential equations to be solv
for the energy densitye53aT4 are

]e

]t
52

4

3

e

t
1

F

t
, ~21!

whereF is related to the stress tensor~see Ref.@5# for fur-
ther details! and F50 for the ideal~perfect! fluid, and F
5 4

3 (h/t) for the first-order theory andtp(]F/]t)52F
1 4

3 (h/t) for the second-order theory discussed before.
the last equation,tp is the relaxation time associated toF.

We now use Eq.~21!, using the same inputs as Ref.@5#,
namely, massless pions and current algebra cross section
can see in Fig. 2 that the correction due to viscosity co
pared to the ideal case is totally negligible not only for t
~nonphysical but usual! first-order case but also for th
second-order case. Our results are different from those
sented in the original paper@5#. The difference lies, in fact, in
a small computational mistake in Ref.@5#. The main point is

1 2 3 4 5                     6
 τ/τ0

0,5

0,6

0,7

0,8

0,9

1
 T

/T
0

FIG. 1. Temperature profile with respect to proper time for t
cases, without~solid line! and with~dashed line! the effect of sym-
metry breaking.
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that, contrary to what is claimed in Ref.@5#, there are~in this
simple approach! no appreciable effects. If we would sto
here, we could say~as in the first part dedicated to the brea
ing of chiral symmetry! that a realistic description of a pio
gas can be achieved with the perfect fluid model.

However, we stress that this conclusion only holds b
cause of the hypothesis used in Ref.@5#. The temperature
dependences of the viscosityh and of the relaxation timetp

are only valid for massless pions, and when the cross sec
for p-p interaction is given by current algebra. If we tak
instead, the realistic case of massive pions and the exp
mental cross section, these dependences are completely
ferent. For instance,h increases with temperature@6,7# in-
stead of decreasing. With this realisticT dependence for the
viscosity and the relaxation time for the pions taken fro
Ref. @7#, we obtain the curves plotted in Fig. 2. We can no
observe that the first- and the second-order ones are
close but they are now around 20% above the ideal fl
case. This means that dissipative effects imply a slower c
ing of the system and should be incorporated in the simu
tions of heavy ion collisions.

In the beginning of this paper we have examined in
simple model an application of hydrodynamic equations w
spontaneous breaking symmetry. In order to get an estim
of the magnitude of the effects, we have used the o
dimensional Bjorken description of a heavy ion collision. W
have shown that the model of the perfect fluid is alm
correct: the effect of the breaking of the symmetry is to g
a correction of about 1% when noT dependence of the pion
decay constant is taken into account, and a few perc
when we consider a crudeT dependence. In a second pa
we have considered another deviation from the perfect fl
model, namely, the dissipation. The dissipative effects~when
taken into account in a simple description@5#! are not so
important as claimed in this reference, but actually repres
a few percents. On the contrary, we have obtained siza

1 2 3 4 5 6
 τ/τ0

0,5

0,6

0,7

0,8

0,9

1

 T
/T

0

 ideal case

 1
st
 order (η  as in [2])

 2
nd

 order (η and  τπ  as in [2])

 1
st
 order (η  as in [8])

 2
nd

 order (η  and  τπ  as in [8])

FIG. 2. Temperature profile with respect to proper time for t
perfect fluid~solid line!, first-order and second-order theories.
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effects with a correctT dependence for the shear viscos
and the shear flow relaxation time. For example, for an ini
temperature of 200 MeV, the temperature goes from ab
110 MeV in the ideal case to 140 MeV with our dissipati
effects fort/t0.6. The whole conclusion of this paper
that the temperature profile generated from the perfect fl
approach and used in many simulations is almost corre
one takes into account only the effects of symmetry bre
-

05790
l
ut

id
if
-

ing. On the contrary, if we consider dissipative effects, t
profile can be substantially modified; that is, we have
slower cooling of the pion gas.
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Abstract
This paper is devoted to the determination of the energetically favourable sites

of iodine atoms in a zirconium crystal within the density functional framework
and using norm-conserving pseudopotentials. We show that the substitutional
sites are preferentially occupied compared with the interstitial sites. Our
conclusion is that the di� usion process of iodine inside zirconium is of
substitutional type in perfect agreement with an experimental study by Carlot.

} 1. Introduction

Zirconium is a constitutive element of a great number of very important alloys
such as Zircaloy-4 in the context of the nuclear industry (cladding tubes). On the one
hand, Zircaloy-4 contains actually mainly zirconium and only a small amount of tin,
iron and chromium (less than 1 at.%) and, on the other hand, ab initio total energy
calculations with several elements are known to be quite an impossible task.
Therefore it makes sense to consider pure zirconium metal for numerical simulations
on that alloy.

In the nuclear fuel cycle, Zircaloy-4 (and therefore zirconium) is the ®rst barrier
for ®ssion products. Among these,

129
I is probably one of the most problematic

because of its volatile character and its very long half-life …T ˆ 1:59 107 years).
Therefore, one has to be sure that the di� usion of iodine inside zirconium is very
small. However, it turns out that computing a di� usion coe� cient from molecular
dynamics is quite di� cult; because of its smallness (D 10

23
cm

2
s

1
at 600°C

(Carlot 2000)) the computational time would be too long (say, several years even
with the most e� cient computers and algorithms). Nevertheless, what we can do is to
obtain some indirect information on the di� usion process itself (di� usion by sub-
stitutional or by interstitial mechanisms) by the determination of the preferential
occupied sites (substitutional or interstitial). E� ectively an element in a substitu-
tional site (interstitial or respectively) will di� use by a substitutional (interstitial or
respectively) mechanism. Many di� usion studies have been realized in zirconium.
Hood (1988) has carried out an analysis of these studies and de®ned ®eld of sub-
stitutional di� usion coe� cient values. So, if a substitutional site is energetically
favourable, we could have an idea of the value of the di� usion coe� cient and the
value of the activation energy of the di� usion of iodine in zirconium.
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Therefore, we shall concentrate in this paper on the determination of the ener-
getically favourable sites of iodine atoms in zirconium crystal. The method used is
based on density functional (Born and Oppenheimer 1927, Hohenberg and Kohn
1964, Kohn and Sham 1965) and pseudopotential theories (Hamann et al. 1979,
Troullier and Martins 1991). The ®rst part will be devoted to the description and
the validation of the pseudopotentials of zirconium and iodine elements. Then, in the
second part we shall focus on the main result of this paper, that is the location of
iodine atoms in zirconium.

} 2. Construction and validation of pseudopotentials

2.1. Zirconium
The norm-conserving pseudopotential of Troullier±Martins (1991) type used in

this work has been generated for the zirconium with the FHI98PP code (Fuchs and
Sche‚er 1999). We have started from a mixed con®guration: the fundamental con-
®guration ([Kr]4d

2
5s

2
) and a ionized con®guration ([Kr]4d

2
5s

0:85p
0:2). Moreover,

only the four external electrons have been treated as valence electrons. The cut-o�
radii for s, p and d angular momenta are respectively 2.91, 3.06 and 2.58 Bohr. The s
component has been chosen as the local potential and a Kleinman±Bylander (1982)
form has been used. Finally, we have examined four approximations for the
exchange±correlation potential: the local density approximation (LDA), the general-
ized-gradient approximation (GGA), and both approximations with a core density
cut-o� radius. In the case of LDA calculations, we have considered the Ceperley±
Alder (1980) parametrization and in the GGA case that from Perdew and Wang
(1992).

In order to validate this pseudopotential , we now turn our attention to the
construction of the zirconium crystal. We recall below several important sets of
experimental data (Jayaraman et al. 1963, Pascal 1963, Xia et al. 1990, Xia and
Parthasarathy 1990) and present the conventions used in this work.

At room temperature, zirconium exhibits an interesting crystal structure sequence:

a-Zr
2 6 GPa! o-Zr

30 GPa! b-Zr:

The a phase displays a hexagonal close packed structure with c/a ratio equal to 1.593
(a ˆ 3:2 AÊ and c ˆ 5:1 AÊ ). This structure has two atoms per unit cell. Following
Wycko� conventions, the atomic positions are …1

3 ; 2
3 ; 1

4
† and …2

3 ; 1
3 ; 3

4). The space
group is P63=mmc. The o phase displays a simple hexagonal structure with c/a
ratio equal to 0.625 and with three atoms per unit cell. The atomic positions are
(0, 0, 0), …1

3 ; 2
3 ; 1

2
† and …2

3 ; 1
3 ; 1

2
† and the space group is P6=mmm. Finally the b phase

displays a centred cubic structure (a ˆ 3:54 AÊ ) with one atom per unit cell located at
(0, 0, 0). Its space group is Im3m.

We have now to reproduce some physical quantities. To reach this goal, we plot,
for each of the three phases, the energy per atom with respect to the volume. These
curves allow us to extract the equilibrium volume V0 (and consequently the cell
parameter a), the bulk modulus B0 and its ®rst derivative B

0
0 via an empirical ®t

(Murnaghan 1944):

E…V† ˆ E…V0
† ‡ B0V

B
0
0
…B 0

0 1† B
0
0 1

V0

V

³ ´
‡ V0

V

³ ´
B

0
0

1

" #

: …1†
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In order to obtain an accurate estimate of these parameters, the number of k points
in the irreducible Brillouin zone (which determines the number of plane waves) and
the cut-o� energy Ec (which determines the largest value of k) must be adjusted.
E� ectively, there is a compromise between a high accuracy of the result (which
involves in general a great number of k points and a very large value for Ec) and
the required time to obtain this accurate result. In practice, we have ®xed the number
of k points to a very large value and looked at the variations in the parameters with
increasing Ec. The results are presented in ®gure 1. Then, for each value of Ec the
convergence was obtained; we looked at the variations in the parameters with respect
to the number of k points (®gure 2). Note also that we have chosen the k points
according to Monkhorst and Pack (1976).

The ®nal result is the following: to obtain results available up to 0.01 eV, we have
to use a 18 18 9 k-point mesh for the a phase, a 8 8 16 mesh for the o phase,
and a 12 12 12 mesh for the b case. Concerning Ec, we ®xed it at 30 Ry for the
three phases. The corresponding curves for the total energy with respect to the
volume are presented in ®gure 3 for each phase and for the four exchange±correla-
tion energy approximation schemes. Three of these schemes (GGA, GGA with
2.0 Bohr and LDA with 2.0 Bohr) exhibit the correct crystallographic sequence
a ! o ! b with decreasing volume. The values for equilibrium volumes and bulk
modulus are presented in tables 1 and 2. The comparison between our values and
experimental data (Jayaraman et al. 1963, Pascal 1963, Xia et al. 1990, Xia and
Parthasarathy 1990) or other values obtained by calculations in the literature
(Jomard et al. 1998) clearly indicates that the GGA pseudopotential generated
with a core density cut-o� radius equal to 2.0 Bohr gives the best results. Also
deduced from the same curves and presented in table 3 is the transition pressure
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Figure 1. The lattice constant a, bulk modulus B0 and the ®rst derivative B
0
0 of the bulk

modulus versus the cut-o� energy Ec for a ®xed k-point mesh …18 18 9† for the a
phase.



76 G. Carlot and D. Davesne

Figure 2. The calculated energy per atom of a phase versus the unit-cell parameter a for
di� erent k-point meshes at a cut-o� energy of 30 Ry.

Figure 3. The calculated energy per atom versus the unit-cell volume V for zirconium: (a)
GGA; (b) GGA with a core density cut-o� radius equal to 2 Bohr; (c) LDA; (d) LDA
with a core density cut-o� radius equal to 2 Bohr.
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between the a phase and the o phase. For that parameter again the best agreement is
obtained for GGA with 2.0 Bohr. However, we should mention that, in our study, it
is impossible to determine the transition pressure between the o phase and the b
phase. This is a real problem if one wants to have an `absolute’ pseudopotential for
zirconium. However, in fact, what we want to do here is to incorporate iodine atoms
in a crystal of zirconium (a phase) and let the entire crystal relax. So, we have to be
sure that, during this period, the crystal does not relax to another crystallographic
phase. Since the a phase is the most stable phase (see ®gure 3), therefore it does not
matter whether the b phase is less stable than it should be. In any case, this problem
would disappear if one uses a pseudopotential with ten valence electrons (Jomard et
al. 1998). In conclusion, this problem of relative stability is not important from a
physical point of view for our aim and our pseudopotential is much less time con-
suming because it has only four valence electrons. So we shall use it in the following.

2.2. Iodine
For the iodine ([Kr]4d

10
5s

2
5p

5
) pseudopotential , we have used the same method.

Its main features are seven valence electrons (5s
2
5p

5†, local s component and LDA
and GGA approximations for the exchange±correlation energy with and without a
core density cut-o� radius equal to 2.0 Bohr.

For the validation of this pseudopotential , we have worked on molecular iodine
(I2) and tried to reproduce the following relevant physical quantities: the vibration
frequency (with a molecular dynamics simulation), the equilibrium bond distance (by
a relaxation run) and the dissociation energy. The ®rst step was, as before, to adjust
the number of k points and the cut-o� energy. We worked with a 10 10 10 k-
point mesh and Ec

ˆ 30 Ry to obtain the same accuracy. The results are presented in
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Table 2. Calculated and experimental data for the bulk
moduli for the a phase of zirconium.

B0 (GPa)

GGA LDA
with with

GGA 2 Bohr LDA 2 Bohr

This study 102 114 123 125
Other study 94 104
Experiment 95

Table 3. Calculated and experimental data for the transition
pressures of the o phase.

Pa!o (GPa)

GGA LDA
with with

GGA 2 Bohr LDA 2 Bohr

This study 9.2 5.8 Ð 5.1
Other study 2.4 5.7
Experiment 2±6



table 4. We can see that our calculations are in good agreement with the experi-
mental data (Pascal 1960, Handbook of Chemistry and Physics 1995±1996). Our `best’
pseudopotential is, as in the preceding section, the GGA pseudopotential with a
density cut-o� radius.

We are now in position to include iodine atoms in the zirconium crystal (a phase)
in order to determine the preferential site for iodine. To access this result, we have to
build cells of various types. These cells will contain either N zirconium atoms or
N 1 zirconium atoms and one vacancy or N 1 zirconium atoms and one iodine
atom in a substitutional position or N zirconium atoms and one iodine atom in an
interstitial position. For each of these cases, we shall perform a total energy mini-
mization run. This will give us the vacancy formation energy, the impurity energy
and the incorporation energy. These energies calculations have been realized with the
FHI98MD code (Kley et al. 1997) code. As recalled below, these energies give us
information on the preferential site for iodine.

} 3. Calculation of the vacancy zirconium formation energy and
incorporation and impurity energies of iodine in zirconium

3.1. De®nitions
The vacancy formation energy is de®ned by (Braun et al. 1995, Korhonen et al.

1995):

Efvacancy
ˆ EZr…N 1†;vacancy

N 1

N
EZrN ;

where EZr…N 1†;vacancy
is the total energy of the cell which contains N 1 atoms of

zirconium and one vacancy and EZrN
is the total energy of the perfect cell which

contains N atoms of zirconium. It represents the energy required to move an atom
from the crystal to in®nity.

The impurity energy is the energy necessary to substitute a zirconium atom by an
iodine atom in the crystal (Grimes et al. 1989, Grimes and Catlow 1991). It is
determined by the relation

Eimpurity
ˆ E…Zr…N 1†;I† ‡ EZr EZrN

EI;

where E…Zr…N 1†;I† is the total energy of the cell with N 1 atoms of zirconium and an
iodine atom in the substitutional position and EI

…EZr
† is the energy of the atom of

iodine (zirconium) alone. Eimpurity represents the energy required to move an atom of
the crystal to in®nity and to replace it by an impurity (iodine here) initially located at
in®nity.

Finally, the incorporation energy is the energy required to place an iodine atom
at a pre-existing trap site (Grimes et al. 1989, Grimes and Catlow 1991). There are
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Table 4. Calculation on molecular iodine: vibration
frequencies ¸, equilibrium bond distances d
and dissociation energies Ed.

¸ (THz) d (AÊ ) Ed (eV)

This study 5.6 2.66 1.48
Experiments 6.4 2.67 1.54



two possibilities. One is to put an iodine atom in a substitutional site:

Eincorporation
ˆ E…Zr…N 1†;I† EZr…N 1†;vacancy

EI:

The other is to put the iodine atom in an interstitial site:

Eincorporation
ˆ E…ZrN ;I† EZrN

EI

where E…ZrN ;I† is the total energy of the cell which contains N atoms of zirconium and
one atom of iodine in an interstitial position.

With these de®nitions, a negative value for the impurity or incorporation ener-
gies mean that the process is exothermic and thus energetically favourable.

3.2. Results with iodine in a substitutional site
From a practical point of view, we have carried out some total energy minimiza-

tion runs on cells with di� erent con®gurations and with di� erent numbers of atoms.
We have specialized to three sizes of cells composed of eight, 18 and 36 atoms
respectively. Let us note that a cell containing more that 36 atoms is too time
consuming. These cells consist of the repetition of the unit cell composed of two
atoms: for example the cell with eight atoms is obtained by a multiplication by a
factor of two in each direction. The three cells are presented in ®gure 4. For the
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Figure 4. Cells composed of eight, 18 and 36 atoms built for computing the vacancy forma-
tion energy and the impurity and incorporation energies of an iodine atom in the
hexagonal close packed structure of zirconium: ( ), a zirconium atom or an iodine
atom or a vacancy; (*), zirconium atoms allowed to move; (*) ®xed zirconium
atoms.



vacancy zirconium formation energy, we have used two di� erent types of these cells:
one composed of N atoms of zirconium and the other composed of N 1 atoms of
zirconium and one vacancy (N ˆ 8, 18 and 36). The crossed circles represent either a
zirconium atom for a simulation with N atoms or a vacancy for a simulation with
N 1 atoms. Full circles represent zirconium atoms allowed to move during the
calculation, and open circles atoms that remain ®xed during the calculation. Some
atoms are not allowed to move in order to save computer time but, of course, we
checked that this does not a� ect the ®nal result. Finally, for the case of incorporation
and impurity energies of iodine in a substitutional site, we used another type of cell: one
with N 1 atoms of zirconium and one iodine atom (the crossed circle in that case).

In practice, it is impossible to work with a large cell and a large number of k
points. Therefore, we have adopted the following strategy to estimate the errors
produced by a `simpli®ed’ calculations: ®rstly, we estimate the in¯uence of the num-
ber of k points (table 5) on the smallest cell and say that the resulting error would be
of approximately the same order for another cell whatever its size (this statement has
been partially checked for di� erent cells). Then, we estimate the in¯uence of the size
of the cell for a given k-point mesh (table 6) and say that the error would be of same
order whatever the k-point mesh is. These errors are important because, on the one
hand, we have to work with a large cell to isolate the impurity or the vacancy and, on
the other hand, it is impossible to deal with a large number of k points when working
with a large cell.

Of course, we have, in the way described above, a crude estimate of the error
produced by the use of a small number of k points and/or a small cell. We shall see in
the following that this crude estimate is actually su� cient.
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Table 5. Zirconium vacancy formation energies, incorporation energies and
impurity energies of an iodine atom substituted at a zirconium atom in a
cell of eight atoms for di� erent k-point meshes.

Zirconium vacancy Incorporation energy Impurity energy
formation energy of iodine of iodine

Mesh (eV) (eV) (eV)

4 4 2 1.38 2.85 2.35
4 4 4 1.37 2.96 2.22
8 8 8 1.36 2.95 2.20
8 8 8 1.36 2.95 2.21
10 10 10 1.37 2.97 2.19

Table 6. Zirconium vacancy formation energies, incorporation energies and
impurity energies of an iodine atom substituted at a zirconium atom versus
the number of atoms for a ®xed k-point mesh (4 4 2).

Zirconium vacancy Incorporation energy Impurity energy
Number formation energy of iodine of iodine
of atoms (eV) (eV) (eV)

8 1.38 2.85 2.35
18 1.33 2.63 2.53
36 1.26 2.78 2.28



The results presented in tables 5 show that the increase in the number of k points
induced an error of 1.5% for the energy of zirconium vacancy formation, 7% for the
impurity energy and 4% for the incorporation energy. In table 6, we see that the
induced error is in all cases less 10%.

If we combine all the values, we can say that the results obtained show clearly
that the impurity energy is, in all cases, positive and the incorporation energy nega-
tive.

3.3. Results with iodine in an interstitial site
The hexagonal close packed structure of zirconium presents several interstitial

sites. Considering the size of a iodine atom, we have considered the largest sites,
namely the octahedral and tetrahedral sites. We have then built some cells composed
of nine atoms: eight atoms of zirconium and one iodine atom in an interstitial site.

The results are presented in table 7. We see that the values for the incorporation
energy in octahedral and tetrahedral sites are of di� erent signs. Taking into account
errors from the size of the cell and from the number of k points discussed in the
preceding section, these values have the same sign. Thus the process consisting in
putting an iodine atom in an octahedral (tetrahedral) site is energetically favourable
(unfavourable).

} 4. Conclusion

In conclusion, it has been shown that the iodine and zirconium pseudopotential s
generated here accurately describe the experimental data.

For the energy calculations with iodine in a substitutional site, we show that in
the hexagonal close packed structure of zirconium with one vacancy, the incorpora-
tion energy must be considered and it is negative. We can conclude that the process
to replace a zirconium vacancy with an iodine atom is an energetically favourable
process. In a perfect crystal, the impurity energy must be considered; so the process
to replace a zirconium atom with an iodine atom is endothermic and energetically
unfavourable . For the energy calculations with iodine in an interstitial site, the
energetically favourable site is the octahedral site. Nevertheless, the value of the
incorporation energy of iodine in a substitutional site is more negative than in an
octahedral site. We can conclude that the energetically favourable site is a substitu-
tional site. Iodine di� usion in zirconium seems to be a substitutional process. This
result is in agreement with an experimental study (Carlot 2000) giving the di� usion
coe� cient of iodine in zirconium and concluded to be a substitutional process.
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Table 7. Incorporation energies of iodine in inter-
stitial tetrahedral and octahedral sites versus
the number of k points in a cell with nine
atoms: eight atoms of zirconium and one
atom of iodine.

Incorporation energy of iodine
in interstitial site (eV)

Mesh Octahedral site Tetrahedral site

4 4 2 0.77 1.61



Another approach from Hood (1988), combined with this experimental study, is also
in agreement with this.

Although we believe that the main conclusions of this work would remain
unchanged, we should mention that some other e� ects have to be taken into account,
for example a multiple-di� usion process, that is a di� usion process that involve more
that two atoms (three atoms, two atoms and a vacancy, etc.). Moreover, it would be
interesting to compute explicitly the migration energy (part of the activation energy).
This work is in progress.
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Abstract. An application of a self-consistent version of RPA to quantum field theory with broken symmetry
is presented. Although our approach can be applied to any bosonic field theory, we specifically study the
ϕ4 theory in 1+1 dimensions. We show that the standard RPA approach leads to an instability which can
be removed when going to a superior version, i.e. the renormalized RPA. We present a method based on
the so-called charging formula of the many-electron problem to calculate the correlation energy and the
RPA effective potential.

PACS. 03.70.+k Theory of quantized fields – 21.60.Jz Hartree-Fock and random-phase approximations –
24.10.Cn Many-body theory

1 Introduction

One central aim of the relativistic heavy-ion program is
to produce highly excited hot and dense matter possibly
constituting a quark-gluon plasma. In such a phase
quarks and gluons should be liberated and chiral sym-
metry should be realized in its Wigner form. A central
theoretical question is thus to have a correct description
of the broken vacuum and of the progressive restoration
of chiral symmetry with increasing temperature and/or
baryonic density. This problem is highly non-perturbative
in nature and the usual perturbative loop expansion
techniques are certainly not sufficient by construction.
These features provide at least one important motivation
to develop tractable non-perturbative methods to be
applied in the context of (effective) field theories with
broken symmetries.

One hope is to try to adapt to quantum-field problems
very well-controlled non-perturbative methods from the
nuclear many-body problem possibly of variational nature.
A very popular method, known as the Gaussian approxi-
mation for interacting bosons, exactly corresponds to the
Hartree-Fock-Bogoliubov mean-field approximation which
constitutes the basic building block of the nuclear many-
body theory i.e. for fermions, see, e.g., [1]. This variational
method has already been applied to theories with a global
symmetry [2] as well as with a local symmetry [3]. Never-
theless, when this HFB approach is applied to a bosonic
O(N) model (i.e. to the linear sigma model) the pion ap-

a e-mail: hansen@ipnl.in2p3.fr

pears with a finite mass or, in other words, Goldstone the-
orem is violated as discussed in [4]. As demonstrated in
recent papers, RPA fluctuations are able to generate this
soft mode, known as the spurious mode in the context of
nuclear physics [5,6]. The RPA approach thus appears as a
very promising technique to treat non-perturbative prob-
lems in the context of quantum field theory. However, in its
simplest form, this method is not variational and its pre-
dictions are not always very well under control. In partic-
ular, it is well known that standard RPA has the tendency
to overestimate the attractive correlation energy, at least
in examples of nuclear physics. The purpose of this paper
is therefore two-fold: first, a complete presentation of the
RPA technique is given in the context of the simplest field
theory, namely the λϕ4 theory with a specific application
to the 1+1 dimensional case. The second goal is to develop
the formalism of more elaborated versions of the RPA ap-
proach, namely the so-called renormalized RPA (r-RPA),
which, to our knowledge, has never been done before. Let
us mention that there exist previous attempts to apply
many-body techniques for this specific problem. For in-
stance, Häuser et al. use the cluster expansion of Green’s
functions [7]. Of course other methods, such as lattice cal-
culation, have been employed, see, e.g., [8–10]. Our aim is
not really to compete with these numerical methods but
actually to develop a tractable approach allowing direct
physical interpretations in view of further applications in
the context of chiral or gauge theories. In this preliminary
work our aim is rather modest and limited to the presenta-
tion of the formalism and the discussion of the remaining
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problems to be solved such as the explicit covariance of the
obtained results. We also present the method to calculate
the RPA correlation energy in the context of a field theory
within a Green’s function formalism. One important point
of this paper is to adapt the so-called “charging formula”
method (see, e.g., [11]) for quantum field theory beyond
the standard RPA scheme. Some numerical results are also
obtained showing in particular how to cure the instability
of the standard RPA in the broken-symmetry region.

2 The ϕ4 theory

2.1 The Hamiltonian

We consider the Lagrangian density

L =
1
2
∂µϕ(x) ∂µϕ(x) − 1

2
µ2

0 ϕ
2(x) − b

24
ϕ4(x) , (1)

where µ2
0 is a constant and the bare coupling constant

b = λ/6 is positive for reasons of stability. We decompose
the scalar field ϕ(x) in a classical part or condensate s and
a fluctuating piece φ(x):

ϕ(x) = φ(x) + s, s = 〈ϕ(x)〉 . (2)

The presence of the condensate s indicates a spontaneous
breaking of the underlying ϕ → −ϕ symmetry. Introduc-
ing the conjugate field Π(x), one obtains for the Hamil-
tonian (in d+ 1 dimensions)

H =
∫

ddx

{
1
2
µ2

0 s
2 +

b

24
s4 +

(
µ0 s +

b

6
s3
)
φ(x)

+
1
2

[
Π2(x) + (∂iφ)

2 (x) +
(
µ2

0 +
b

2
s2
)
φ2(x)

]

+
b s

6
φ3(x) +

b

24
φ4(x)

}
. (3)

Putting the system in a large box of volume V = Ld, it
is convenient to work in momentum space and to expand
the fields according to

φ(x) =
1√
V

∑
�q

ei�q·�x φ�q(t) ,

Π(x) = − i√
V

∑
�q

ei�q·�xΠ�q(t) . (4)

The hermiticity of φ(x) and Π(x) imposes φ†�q = φ−�q and
Π†

�q = −Π−�q and canonical equal-time commutation rela-
tions translate into

[
φ�q , Π

†
�q ′
]
= δ�q,�q ′ . (5)

The Hamiltonian can be rewritten as

H = V
(
1
2
µ2

0 s
2 +

b

24
s4
)

+
√
V
∑

�q

(
µ0 s +

b

6
s3
)
φ�q δ�q,0

+
∑

�q

(
Π�qΠ

†
�q + O2

q φ�q φ
†
�q

)
+

1
6

∑
123

V1,2,3 φ1 φ2 φ3

+
1
24

∑
1234

V1,2,3,4 φ1 φ2 φ3 φ4 , (6)

where φi is a shorthand notation for φ�qi
and the three-

body and four-body interactions are given by

V1,2,3 =
b s√
V
δ�q1+�q2+�q3 , V1,2,3,4 =

b

V
δ�q1+�q2+�q3+�q4 .

(7)
The bare single-particle energy appearing in the Hamilto-
nian is

O2
q = �q 2 + µ2

0 +
b

2
s2 . (8)

In the following, we will call H3 and H4 the three-body
and four-body interacting Hamiltonians.

2.2 The Gaussian approximation

In the Gaussian approximation the ground state is rep-
resented by a trial wave function which is a functional of
the field ϕ(�x):

|ψ(ϕ)〉 =
N exp

(
−1
2

∫
ddxddy

(
ϕ(�x)−s)h(�x−�y ) (ϕ(�y )−s)

)
.(9)

The optimal wave function is obtained by minimizing
〈ψ(ϕ)|H|ψ(ϕ)〉 with respect to h(�x − �y ). The resulting
function, which still depends on the condensate s, defines
the Gaussian effective potential. The various minima in s
correspond to the possible phases of the system. Working
in momentum space, one introduces the Fourier transform
of h(�x− �y ) according to

h(�x− �y ) =
∫

ddq ei �q·(�x−�y ) εq . (10)

It is easy to show that the trial ground state is the vacuum
of the canonical destruction operator b�q such that

φ�q =

√
1
2εq

(
b�q + b†−�q

)
, Π�q =

√
εq
2

(
b�q − b†−�q

)
.

(11)
The single-particle excitation of this vacuum have energies
εq which differ from the bare energies Oq. In other words
we have rotated the original bare basis with single-particle
energies Oq into a basis associated to the εq’s through a
Hartree-Fock-Bogoliubov (HFB) transformation. In this
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Fig. 1. Left panel: Gaussian effective potential for various values of the dimensionless coupling constant p. Right panel: value
of the condensate s minimizing the Gaussian effective potential as a function of p.

HFB ground state the energy density is easily calculated
by using the Wick theorem

E0(ε, s) =
1
2
µ2

0 s
2 +

b

24
s4

+
1
2V

∑
�q

(
εq
2

+
O2

q

2εq

)
+
b

8
〈φ2〉2 , (12)

where the scalar density 〈φ2〉 is given by

〈φ2〉 = 1
V

∑
�q

〈φ�q φ
†
�q〉 =

1
V

∑
�q

1
2εq

≡
∫

ddq

(2π)d
1
2εq

.

(13)
Minimization with respect to εq gives the HFB quasi-
particle mass m:

m2 = ε2q − �q 2 = µ2
0 +

b

2
(
s2 + 〈φ2〉) . (14)

It has been demonstrated in d = 3 spatial dimensions that
the above gap equation can be rendered finite by appro-
priate mass and coupling-constant renormalizations [12].
Here we concentrate onto the d = 1 case where the theory
becomes super-renormalizable and only requires a mass
renormalization. We eliminate µ0 in favor of the renor-
malized mass µ according to

µ2
0 = µ

2 − b

2

∫ +Λ

−Λ

dq
2π

1

2
√
q2 + µ2

, (15)

where Λ is a ultraviolet cutoff. The gap equation becomes

m2 = µ2 +
b

2
(
s2 + 〈∆φ2〉µ

)
(16)

with

〈∆φ2〉µ =
∫ +Λ

−Λ

dq
2π

(
1

2
√
q2 +m2

− 1

2
√
q2 + µ2

)
=

− 1
4π

ln
m2

µ2
(17)

which is independent of the cutoff Λ. Re-injecting the so-
lution for the mass m into the expression of the energy
density one gets the effective potential which is also finite,
once the energy of the perturbative vacuum of particles
with mass µ is removed. The result is

E0(s)
µ2

=
1
2
s2 + p s4 +

1
8π

(
m2

µ2
− 1 − m

2

µ2
ln
m2

µ2

)

− 3 p
16π2

(
ln
m2

µ2

)2

, (18)

where

p = b/24µ2

is the dimensionless coupling constant. At low p the effec-
tive potential has a minimum at s = 0: the unbroken phase
is thus stable. Increasing p, a new minimum develops at
finite s corresponding to a meta-stable broken phase. At
a certain critical pc = 2.57 the deformed phase becomes
stable and the system undergoes a first-order phase tran-
sition (see fig. 1) in agreement with [7]. The approach can
be straightforwardly extended to finite temperature using
the so-called statistical variational principle.
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Fig. 2. Left panel: Gaussian effective potential for p = 3.8 for various temperatures T in units of µ. Right panel: value of the
condensate s minimizing the Gaussian effective potential as a function of T (in units of µ) for various values of p.

One obtains for the finite-temperature effective poten-
tial (i.e. the grand potential)

Ω0(s, T )
µ2

=
T

µ

∫
dq
2π

ln
(
1− exp

(εq
T

))
+

1
2
s2 + p s4

+
1
8π

(
m2

µ2
−1−m

2

µ2
ln
m2

µ2

)
− 3 p 〈∆φ2〉2µ(T ) (19)

with

〈∆φ2〉µ(T ) =
∫

dq
2π

(
1 + n(εq/T )

2
√
q2 +m2

− 1

2
√
q2 + µ2

)
,

(20)
where n(x) = 1/(exp(x)−1) is the Bose-Enstein distribu-
tion and the gap equation (16) is unchanged once 〈∆φ2〉µ
is replaced by its finite-temperature expression given just
above. Some numerical results are shown on fig. 2. Choos-
ing p > pc the vacuum is in a broken phase. At a certain
critical temperature Tc one gets a first-order transition
towards the symmetry restored phase.

3 The RPA approach

3.1 The equation-of-motion method (EOM)

The aim of the RPA method is to describe the excitation
spectrum of a Hamiltonian H. The excited states |ν〉 and
the ground state |0〉 are defined by the conditions

|ν〉 = Q†
ν |0〉, Qν |0〉 = 0 . (21)

Minimizing Eν = 〈ν|H|ν〉/〈ν|ν〉 with respect to the oper-
ators Qν , one gets the following set of equations [1,13]:

〈0| [δQν ,
[
H,Q†

ν

]] |0〉 = Ων 〈0|
[
δQν , Q

†
ν

] |0〉 , (22)

where Ων = Eν − E0 is the excitation energy. Equa-
tion (22) is supplemented by the conditions

〈0|[H,Qν

]|0〉 = 0 (23)

which will determine the mean-field basis. Equation (23)
is a natural complement to eq. (22), since both equations
hold in the exact case [14]. In general in this EOM ap-
proach, the excitation operators are searched only within
a limited domain. They are usually taken in the form

Q†
ν =

∑
a

(
Xν

a A
†
a − Y ν

a A−a

)
, (24)

where the Aa constitute a set of non-Hermitian operators
labeled by a set of quantum numbers a (for instance mo-
mentum or isospin state). The RPA equations (22) now
become matrix equations which allow to determine the
excitation energy and the X and Y amplitudes (summa-
tion over repeated indices is understood):

( Aab , Bab

B∗
−a−b , A∗

−a−b

)(
Xν

b
Y ν

b

)
= Ων Nab

(
Xν

b
Y ν

b

)
(25)

with the matrix elements given by the double commuta-
tors

Aab = 〈0|
[
Aa,

[
H,A†

b

]]
|0〉 ,

Bab = −〈0| [Aa, [H,A−b]] |0〉 (26)

and the norm matrix is

Nab =


 〈0|

[
Aa, A

†
b

]
|0〉 , 〈0| [Aa, A−b] |0〉

−〈0| [Aa, A−b] |0〉 , −〈0|
[
Aa, A

†
b

]
|0〉


 . (27)
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The previous conditions (23) translate into equations
having the form of gap equations:

〈0|[H,Aa

]|0〉 = 0 . (28)

In practice the quality of the RPA scheme depends
on the approximation which are made. Firstly the
larger is the space of Aa operators, the better is the
accuracy of the method. Here, in practice we will limit
ourselves to single- and pair-boson operators namely
A†

a = {b†�q, b†�q b†�q ′ , b
†
�q b�q ′}. Secondly, one crucial point is

the calculation of the ground-state matrix elements of
the double commutators and of the matrix elements
appearing in the gap equations. Calculating the matrix
elements on the true RPA ground state constitutes
the self-consistent RPA (SCRPA). In practice this is a
formidable task both formally and numerically which
only has been fully achieved in a very limited number of
simple model cases. In the most common approximation
(i.e. the standard RPA), the ground-state matrix ele-
ments entering the RPA equations are calculated on the
mean-field ground state. In our case it coincides with the
Gaussian or HFB ground state discussed above. There is
an intermediate approximation scheme, called in nuclear
physics renormalized RPA (r-RPA)[13,15–17], which al-
lows to incorporate part of the correlations in the ground
state. In sect. 4, we will propose the first application of
this method in the context of quantum field theory.

3.2 The Dyson equation approach (DEA)

We present an alternative but equivalent formulation
of the RPA scheme based on a Green’s function (GF)
approach [18]. Although equivalent in principle to the
equation-of-motion approach, this DEA method is more
convenient for quantum field theory. We define the time-
ordered Green’s functions:

Ga,b̄(t, t
′) = −i〈0|T

(
Aa(t) , A

†
b(t

′)
)
|0〉 ,

Ga,−b(t, t′) = −i〈0|T (Aa(t) , A−b(t′)) |0〉 ,
G−ā,b̄(t, t

′) = −i〈0|T
(
A†

−a(t) , A
†
b(t

′)
)
|0〉 ,

G−ā,−b(t, t′) = −i〈0|T
(
A†

−a(t) , A−b(t′)
)
|0〉 . (29)

We introduce the energy representation of these GF ac-
cording to

G(t, t′) =
∫

dE
2π
e−i E (t−t′)G(E) (30)

and the matrix

Ga,b(E) =
(
Ga,b̄(E) , Ga,−b(E)
G−ā,b̄(E) , G−ā,−b(E)

)
. (31)

The RPA equations have now the form of a set of coupled
integral equations for the various GF:

E Ga,b(E) = Na,b +
∑
c,d

( Aac , Bac

B∗
−a−c , A∗

−a−c

)
N−1

c,d Gd,b(E)

(32)

with

Aab = 〈0|
[
[Aa,H] , A†

b

]
|0〉 ,

Bab = −〈0| [[Aa,H] , A−b] |0〉 . (33)

Notice that the double commutators are ordered differ-
ently from the ones obtained in the equation-of-motion
method. In practice, it can been shown that they are al-
ways identical.

4 The RPA and the renormalized RPA
applied to the ϕ4 theory

4.1 Solution of the RPA problem

We will limit ourselves to the case where the A operators
are only one-body and two-body operators. We introduce
creation b†β and destruction operators bβ depending on the
parameters κβ according to

bβ =
√
κβ

2
φβ +

√
1

2κβ
Πβ , (34)

or equivalently

φβ =

√
1

2κβ

(
bβ + b†−β

)
, Πβ =

√
κβ

2

(
bβ − b†−β

)
.

(35)
By construction they obey standard canonical commuta-
tion relation for boson creation and destruction operators:

[bβ , b
†
β′ ] = δβ,β′ , [bβ , bβ′ ] = 0 . (36)

The β’s represent the quantum numbers of the created
boson state; here this is simply a momentum index and
−β represents the opposite momentum.

The excitation operators A†
a will be the one-body op-

erators b†α and the two-body operators b†β b
†
β′ and b†β b−β′

with β �= β′ for the “particle-hole” operators. The gap
equation 〈[H, bβ ]〉 = 0 will give the extrema in the con-
densate s of the vacuum energy. Since we will calculate
the effective potential giving directly the true minimum
(i.e. the stable phase) we will not use it here. The most
interesting non-trivial gap equation is 〈[H, bβ b−β ]〉 = 0
which constrains the basis, that is the κβ parameters. This
gap equation gives (〈...〉 stands for the ground-state expec-
tation value)

〈ΠβΠ
†
β〉 − ε2β 〈φβφ

†
β〉 =

1
2

∑
1,2

〈φβφ
†
1φ

†
2〉conn V1,2,−β

+
1
6

∑
1,2,3

〈φβφ
†
1φ

†
2φ

†
3〉connV1,2,3,−β , (37)

where the suffix “conn” means connected operators which
contain exclusively correlated expectation values:

〈ABCD〉conn = 〈ABCD〉 − 〈AB〉〈CD〉
− 〈AC〉〈BD〉 − 〈AD〉〈BC〉 (38)
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and εβ is given by

ε2β = �q2β + µ2
0 +

b

2
s2 +

b

2
〈φ2〉 (39)

with

〈φ2〉 = 1
V

∑
�q

〈φ�q φ
†
�q〉 =

1
V

∑
�q

1
2κq

〈1 + 2b†�q b�q + b†�q b
†
−�q + b�q b−�q〉. (40)

The εβ ’s can be seen as the generalized mean-field single-
particle energies. But at variance with the Gaussian case
these energies depend on the correlated self-consistent
scalar density 〈φ2〉.

Standard RPA

In the standard RPA, we omit the connected parts. We
thus get from the gap equation (37)

〈ΠβΠ
†
β〉 − ε2β 〈φβφ

†
β〉 = 0 (41)

and take for 〈φβφ
†
β〉 its value in the Gaussian HFB ground

state. This implies (see eq. (35))

κβ = εβ . (42)

The basis is fixed and coincides with the HFB basis. Sim-
ilarly all the matrix elements appearing in the calculation
of the double commutators and the norm matrix are sim-
ply obtained by using the Wick theorem on the Gaussian
ground state.

Renormalized RPA

In renormalized RPA (r-RPA), one still systematically
omits the correlated expectation values. Hence, the gap
equation (41) remains valid. However, the scalar density is
not yet fixed. It has to be determined self-consistently. The
problem of its evaluation (in a non-relativistic many-body
problem for Fermi systems it corresponds to the occupa-
tion numbers) is one of the subtleties of self-consistent
RPA (SCRPA). We will come to this problem later on.
The gap equation can be rewritten as

(κ2
β−ε2β) 〈1+2 b†β bβ〉 = (κ2

β+ε
2
β) 〈b†β b†−β + bβ b−β〉 . (43)

The basis κβ is not yet totally fixed. However, we have
checked that the result of the r-RPA calculation does not
depend on its choice, provided the above gap equation is
satisfied. Thus, we can choose it as κβ = εβ , i.e. the gen-
eralized mean-field basis. This choice has the merit of sig-
nificantly simplifying the lengthy calculation of the double
commutators. In that case one has

〈b†β b†−β〉 = 〈bβ b−β〉 = 0 . (44)

In SCRPA this last property has to be always satisfied
because the b†β b

†
−β operators are just linear combinations

of the genuine RPA excitation operators Q†
ν whose ex-

pectation values on the true RPA ground state vanish by
construction.

The many-body operator expectation values are also
calculated using the Wick theorem but the resulting two-
body operator matrix elements depend on the various oc-
cupation numbers. In other words all the ground-state ma-
trix elements entering the double commutators and norm
matrices are expressible in term of the fixed momentum
densities Nβ = 〈φβφ

†
β〉. We display here some examples:

〈bβb−β〉 =
κ2

β − ε2β
2εβ

Nβ ,

〈b†βbβ〉 = −1
2
+
κ2

β + ε2β
2εβ

Nβ ,

〈b†1b†2b3b4〉 = 〈b†1b1〉〈b†2b2〉 (δ1,3 δ2,4 + δ1,4 δ2,3)

+〈b†1b†−1〉〈b3b−3〉 (δ1,−2 δ3,−4) . (45)

We do not give the details of the calculation to obtain
the solution of the RPA problem (32). Even if we limit
ourselves to one- and two-body operators, it represents
quite a lot of algebra. The results for the various GF are
listed in the appendix. Here we give only the GF relative
to the field operator φ�P . For the one-particle GF, i.e. the
φ particle propagator, one obtains

Gφ�P ,φ�P ′ (E) ≡ δ�P , �P ′ G(E, �P ) ,

G(E, �P ) =
(
E2 − ε2�P − Σ(E, �P )

)−1

, (46)

where the mass operator has the following form:

Σ(E, �P ) =
b2 s2

2
Ĩ(E, �P ) ,

with

Ĩ(E, �P ) =
I(E, �P )

1 − b
2I(E, �P )

(47)

and the two-particle loop has the explicit expression

I(E, �P ) =
∫

d�k1 d�k2
(2π)d

δ(d)
(
�P − �k1 − �k2

)

×
[
ε1 + ε2
2 ε1 ε2

ε1 N1 + ε2 N2

E2 − (ε1 + ε2)
2 + iη

− ε1 − ε2
2 ε1 ε2

ε1 N1 − ε2 N2

E2 − (ε1 − ε2)2 + iη

]
. (48)

Notice that correlations are present in this expression
through the densities Ni = 〈φiφ

†
i 〉. We will see in sub-

sect. 4.4 how to calculate these densities in r-RPA. For
the 1p-2p and 2p-2p GF we give the particular combina-
tions which are directly relevant for the calculation of the
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1

24V

∫
idE

(2π)
ei E η+

[∑
1234

V1,2,−3,−4

(
G

φ3φ4 , φ
†
1φ

†
2
(E) − G0

φ3φ4 , φ
†
1φ

†
2

)]
=

1

24

∫
d
P

(2π)d

∫
idE

(2π)
ei E η+

[
b2 I2(E, 
P )

1 − b
2

I(E, 
P )
+ b3 s2

(
I(E, 
P )

1 − b
2

I(E, 
P )

)2

G(E, 
P )

]
(51)

effective potential
∑
123

V1,−2,−3Gφ2φ3 , φ†
1
(E) =

V

∫
d�P
(2π)d

2Σ(E, �P )G(E, �P ) ,
∑
1234

V1,2,−3,−4Gφ3φ4 , φ†
1φ†

2
(E) =

V

∫
d�P
(2π)d

b

[
2 I(E, �P ) + b

I2(E, �P )

1 − b
2 I(E, �P )

+ b2 s2
(

I(E, �P )

1 − b
2 I(E, �P )

)2

G(E, �P )
]
. (49)

The reader may check that these results have a very clear
diagrammatic interpretation (see fig. 4 in the following).
From these expressions, one can get the expectation value
of the three-body Hamiltonian by taking the appropriate
t′ → t limit of the GF

〈H3〉/V =
1
6

∫
d�P
(2π)d

∫
idE
(2π)

ei E η+
2Σ(E, �P )G(E, �P ) .

(50)
The correlated part of the four-body Hamiltonian is ob-
tained with the same technique but the uncorrelated GF
has to be removed. As we will see below, the expression of
the correlated energy will involve the following quantity:

see eq. (51) above

where the first-order term (i.e. the one-loop term I(E, �P )
of eq. (49)) has been removed.

4.2 The effective potential

The starting Hamiltonian equations (6), (7) contains a
free Hamiltonian of bare particles with energy O�q and an
interacting Hamiltonian H3 +H4. To simplify the writing
we now replace the momentum labels �q by integers i and
omit the linear term in φ which does not directly play a
role in the formal manipulations:

H = V
(
1
2
µ2

0 s
2 +

b

24
s4
)

+
∑
1

1
2

(
Π1Π

†
1 + O2

1 φ1 φ
†
1

)
+ H3 + H4. (52)

In the RPA approach, the contribution of the interact-
ing part of the Hamiltonian systematically transforms, in

the expressions of the various double commutators, the
bare single-particle energy into the generalized mean-field
single-particle energy (39) which is finite after mass renor-
malization in one spatial dimension:

O2
1 → ε21 = O2

1 +
b

2
〈φ2〉R (53)

where 〈φ2〉R = (1/V )
∑〈φ1 φ

†
1〉 is in principle the corre-

lated vacuum density (see subsect. 4.4) except in standard
RPA where it is taken on the Gaussian ground state.
This suggests to rewrite the Hamiltonian as

H = H0 + Hint (54)

with

Hint = H3 + H4 − b

4
〈φ2〉R

∑
1

: φ1 φ
†
1 :ε −V b

8
〈φ2〉2ε .

(55)
〈φ2〉ε is the expectation value taken on the ground state
of the mean-field quasi-particles with energies ε1 and
: ... :ε is the normal ordering with respect to this vac-
uum, namely:

: φ1 φ
†
1 :ε= φ1 φ

†
1 − 〈φ1 φ

†
1〉ε . (56)

We use again the notation 〈φ2〉R for the scalar density.
In renormalized RPA this scalar density is in principle
the correlated one. In standard RPA the quantity 〈φ2〉R
appearing in Hint is identified with the mean-field scalar
density 〈φ2〉ε and ε refers to the Gaussian HFB mean field.
In that case, the interacting Hamiltonian reduces to

(Hint)standard RPA = H3 + : H4 :ε . (57)

The H0 Hamiltonian is obtained as H −Hint:

H0 = V
(
1
2
µ2

0 s
2 +

b

24
s4
)

+
∑
1

1
2

(
Π1Π

†
1 +O2

1 φ1 φ
†
1

)

+
b

4
〈φ2〉R

∑
1

: φ1 φ
†
1 :ε +V

b

8
〈φ2〉2ε . (58)

Again in the case of standard RPA the self-consistent
scalar density 〈φ2〉R is replaced in the above expression by
the Gaussian HFB scalar density 〈φ2〉ε. H0 can be rewrit-
ten as

H0 = E0 +
∑
1

1
2

(
: Π1Π

†
1 :ε + ε21 : φ1 φ

†
1 :ε

)
. (59)

It has the form of a free Hamiltonian for quasi-particles
with mass m (see eq. (39)), i.e. m2 = ε2�q − �q 2. In one
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spatial dimension, this mass is rendered finite by a simple
mass renormalization:

m2 = µ2 +
b

2
s2 +

b

2

(
〈φ2〉R −

∫ +Λ

−Λ

dq
2π

1

2
√
q2 + µ2

)
.

(60)
E0 is the generalized mean-field vacuum energy

E0

V
=

1
2
µ2

0 s
2 +

b

24
s4 +

b

8
〈φ2〉2ε

+
∑
1

1
2

(
〈Π1Π

†
1〉ε + O2

1 〈φ1 φ
†
1〉ε

)
=

1
2
µ2

0 s
2 +

b

24
s4 +

1
2V

∑
�q

(
εq
2
+

O2
q

2εq

)
+
b

8
〈φ2〉ε =

µ2

[
1
2
s2 + p s4 +

1
8π

(
m2

µ2
− 1 − m

2

µ2
ln
m2

µ2

)

− 3 p
16π2

(
ln
m2

µ2

)2 ]
. (61)

We may notice that E0/V is formally equal to the Gaus-
sian energy density (12), (18). However, the single-particle
energy εq and the corresponding quasi-particle massm en-
tering its expression now depends on the correlated scalar
density 〈φ2〉, in the self-consistent version.

〈H3〉 and 〈H4〉 can be calculated once the RPA
2p-1p and 2p-2p GF are known (see the end of the previ-
ous subsection). But to calculate the total energy we also
need the expectation value on the RPA ground state of the
one-body operators φ�qφ

†
�q and Π�qΠ

†
�q which are not directly

given by the RPA calculation. This is the well-known dif-
ficulty of RPA, even in its simplest standard form, which
frequently appears in the context of nuclear physics. In
other words the calculation of the kinetic energy in RPA
needs further manipulations. One possible way to achieve
this is to use the so-called charging formula [11] for the
calculation of the correlation energy (i.e. the deviation
from the mean-field energy E0) which has been histor-
ically introduced for the electron gas problem. Here we
will show how to adapt the charging formula beyond the
standard RPA, namely in the r-RPA case in the context
of a quantum field theory.

The idea is to introduce a Hamiltonian where the cou-
pling constant is varying between zero and its physical
value. We thus define the auxiliary Hamiltonian

H ′(ρ) = H0 + ρHint , H ′(ρ = 1) = H . (62)

The first thing to do is to solve the RPA problem for the
H ′(ρ) Hamiltonian. For this purpose, one can notice that

its explicit form is given by

H ′(ρ) = V
(
1
2
µ2

0 s
2 +

b

24
s4
)

+
∑
1

1
2

(
Π1Π

†
1 + O2

1 φ1 φ
†
1

)
+ ρ(H3 + H4)

+ (1−ρ)
(
b

4
〈φ2〉R

∑
1

: φ1 φ
†
1 :ε +V

b

8
〈φ2〉2ε

)
.

(63)

Up to constant terms, the Hamiltonian H ′(ρ) can be
rewritten as

H ′(ρ) = V
(
1
2
µ2

0 s
2 +

b

24
s4
)
+
∑
1

[
1
2
Π1Π

†
1

+
1
2

(
O2

1 +
b

2
(1−ρ)〈φ2〉R

)
φ1 φ

†
1

]
+ ρ (H3 + H4) . (64)

For what concerns the solution of the H ′(ρ) RPA problem
(in practice for the calculation of the commutators and
double commutators entering the RPA equations) one has
to make the following modifications with respect to the H
problem:

H → H ′(ρ) ,

O2
1 → O2

1ρ = O2
1 +

b

2
(1 − ρ) 〈φ2〉R ,

H3 +H4 → ρ (H3 + H4) . (65)

The single-particle energy occurring in the self-consistent
RPA GF will be thus modified according to

ε21 → ε21ρ = O2
1ρ +

b

2
ρ 〈φ2〉Rρ =

O2
1 +

b

2
(
(1− ρ)〈φ2〉R + ρ 〈φ2〉Rρ

)
=

ε21 +
b

2
ρ
(〈φ2〉Rρ − 〈φ2〉R

)
, (66)

where 〈φ2〉ρ is the scalar density in the correlated RPA
ground state of H ′(ρ). Again the notation 〈φ2〉Rρ is em-
ployed: in r-RPA, it coincides with the scalar density cal-
culated on the self-consistent ground state of the H ′(ρ)
Hamiltonian, while in the standard RPA, it coincides with
the Gaussian density, i.e. calculated on the ground state
of H0. The solution of the H ′(ρ) r-RPA problem is ob-
tained formally from the solution of the H r-RPA problem
(eq. (46)-(51)) by simply replacing ε1 by ε1ρ, the coupling
constant b by ρ b and N1 = 〈φ1φ

†
1〉R by N1ρ = 〈φ1φ

†
1〉Rρ

calculated self-consistently with the H ′(ρ) Hamiltonian.
In the standard RPA all the expectation values of φ2

are taken on the Gaussian ground state. In this case the
energies ερ remain identical to the Gaussian single-particle
energies ε: standard RPA: 〈φ2〉Rρ=〈φ2〉R=〈φ2〉ε, ε1ρ=ε1.

Once the r-RPA problem is solved one can calcu-
late the RPA ground-state energy relative to the starting
Hamiltonian. Since both H0 and Hint are independent of
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ρ and since H ′(ρ = 1) coincides with the original H one
can apply the charging formula. The RPA ground state
energy can be obtained as

ERPA = E0 +
∫ 1

0

dρ
ρ

〈ρHint〉ρ , (67)

where E0 is the already calculated generalized mean-field
energy. Using the Wick theorem with respect to the vac-
uum of quasi-particles with energies ερ, the correlated part
can be rewritten as

〈ρHint〉ρ = 〈ρH3〉ρ + 〈ρ : H4 :ερ
〉ρ

−V ρ b
8

(〈φ2〉ερ
−〈φ2〉ε

)2 − V ρ b
4

(〈φ2〉R−〈φ2〉ερ

)

×
(
1
V

∑
1

〈φ1φ
†
1〉ρ − 〈φ2〉ε

)
. (68)

In this formula 〈φ2〉R is as before the self-consistent
scalar density of the original H. 〈φ2〉ε is the scalar density
on the generalized mean-field vacuum (vacuum of quasi-
particles with energy ε�q) in the H problem and 〈φ2〉ερ

cor-
responds to the equivalent quantity for theH ′(ρ) Hamilto-
nian. The remaining expectation values noted 〈 .. 〉ρ have
to be taken on the r-RPA ground state of H ′(ρ). The cal-
culation of these latter expectation values are made using
eqs. (46)-(51) where all the quantities are now relative to
the H ′(ρ) problem as explained before.
In the particular case of the standard RPA the extra-
term in the expression of the correlation energy disappears
since, following eq. (57), one has

〈ρHint〉ρ = 〈ρH3〉ρ + 〈ρ : H4 :ε〉ρ . (69)

As we will see explicitly in the next subsection the ex-
pectation value of the normal-ordered Hamiltonian will
involve an integration over the calculated Green’s func-
tions. In the case of the standard RPA the ρ integration
can be done analytically. This is not the case in the r-RPA
since these Green’s functions will involve the ερ’s and the
self-consistent densities Nρ which depend explicitly on ρ.

4.3 Results in standard RPA in 1 + 1 dimension

Single-particle mode

The RPA single-particle mode ωP with momentum �P is
obtained as the solution of the equation see, e.g., eq. (46):

ω2
P = ε2P + Σ(E = ωP , �P ) . (70)

In the standard RPA, the densities are simply taken as
N1 = 1/2ε1, where the ε1’s are the Gaussian single-
particle energies. In that case I(E, �P ) (eq. (48)) and con-
sequently Σ(E, �P ) (eq. (47)) are explicitly covariant in the
sense that they depend only on E2 − �P 2 and not on E and
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s
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p = 3.8

Fig. 3. Squared standard RPA mass (in unit of µ2) as a func-
tion of s.

�P separately. After a simple boost-like change of variables
one can show that

I(E, �P ) ≡ I(E2 − �P 2) =∫
d�t

(2π)d
1
εt

1

E2 − �P 2 − 4 ε2t + iη
. (71)

Consequently, the RPA mode has a dispersion relation
which is ω2

P = M2 + �P 2. The mass M of the single-
particle RPA mode is thus the solution of the equation

M2 = m2 + Σ(E2 − �P 2 =M2) . (72)

In one spatial dimension the RPA mass operator is finite
and there is no need of further coupling-constant renor-
malization. In fig. 3 the result of the calculation for M in
one spatial dimension is shown for various values of the
dimensionless coupling constant p as a function of s. It is
apparent that for p larger than a certain value the RPA
equation may have an imaginary solution. Such a feature,
which can appear in RPA, simply means that the HFB
ground state is unstable. Hence for that particular the-
ory one has to go to a superior version of the HFB-RPA
approach.

Correlation energy

Although the standard RPA leads, in this particular the-
ory, to an instability in a certain range of coupling con-
stants, it is however interesting to look at the expression
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of the correlation energy at least at a formal level. We
divide the correlation energy density in three pieces

Ecorr

V
=
E

(3)
corr

V
+
E

(4c)
corr

V
+
E

(4nc)
corr

V
. (73)

According to eqs. (50), (67), the piece corresponding to
the three-body Hamiltonian reads

E
(3)
corr

V
=
∫ 1

0

dρ
ρ

∫
d�P
(2π)d

∫
idE
(2π)

ei E η+ ρ2 b2 s2

6

× I(E, �P )

1 − ρ b
2 I(E, �P )

×
(
E2− �P 2−m2− ρ

2 b2 s2

2
I(E, �P )

1− ρ b
2 I(E, �P )

)−1

. (74)

Notice that, as mentioned before, the ρ integration can be
performed analytically. It is convenient to transform the
energy integration into an integration on the imaginary
axis (Wick rotation) by making the change of variable
E = i z. In the usual RPA, the loop I(E, �P ) and thus
the whole integrand h3 actually depends only on E2− �P 2.
After the Wick rotation it depends only on S = z2 + �P 2

and the momentum integration can be done analytically
in 1 + 1 dimension

∫ +∞

−∞

dP
2π

∫
idE
(2π)

eiEη+
h3(E2 − �P 2) = −

∫ ∞

0

dS
4π
h3(−S) .

(75)

For what concerns the four-body interacting piece we
start from the explicit form of its normal ordering with
respect to the ε basis

〈: H4 :ε〉 = b

24V
√∏

i 2εi
δ1+2+3+4

×
(〈
b†1 b

†
2 b

†
3 b

†
4 + b−1 b−2 b−3 b−4+4 b

†
1 b

†
2 b

†
3 b−4

+4 b†1 b−2 b−3 b−4 + 6 b†1 b
†
2 b−3 b−4

〉)
, (76)

where summation over repeated indices is now omitted.
As explained in subsect. 4.1, these matrix elements can
be evaluated as an energy integral of two-particle Green’s
functions whose explicit expressions are given in the ap-
pendix. Noticing that all the matrix elements 〈b†b†b†b〉 are
identically zero, it is convenient, after standard manipu-
lations, to split 〈: H4 :ε〉 into two pieces:

〈: H4 :ε〉 = 〈: H4 :ε〉(c) + 〈: H4 :ε〉(nc) ,

〈: H4 :ε〉(c) = b

24V
√∏

i 2εi
δ1+2+3+4

×
(
〈(b†1 b†2 + b−1 b−2) (b−3 b−4 + b†3 b

†
4)〉

−2 δ1+3 δ2+4 (1 + 2 〈b†1 b1〉)
)
=

b

24V

∫
idE
(2π)

ei E η+
[
δ1+2−3−4

×
(
Gφ3φ4 , φ†

1φ†
2
(E)−G0

φ3φ4 , φ†
1φ†

2

)]
,

〈: H4 :ε〉(nc) =
b

24V
√∏

i 2εi
4
〈
b†1 b

†
2 b−3 b−4

〉
=

b

24V

∫
idE
(2π)

eiEη+
[
δ1+2−3−4Gb3b4,b†1b†2

(E)
]
,

(77)

where the suffices (c) and (nc) stand for covariant and
non-covariant in a sense to be discussed just below. It is
important to notice that the above result remains valid
even in the case of the r-RPA, where the occupation num-
bers 〈b†b〉 do not vanish. Using the results of the appendix
and the charging formula, the corresponding contributions
to the correlation energy can now be obtained:

E
(4c)
corr

V
=
∫ 1

0

dρ
ρ

∫
d�P
(2π)d

×
∫
idE
(2π)

ei E η+
I2(E , �P )F (E , �P , ρ) , (78)

E
(4nc)
corr

V
=
∫ 1

0

dρ
ρ

∫
d�P
(2π)d

×
∫
idE
(2π)

ei E η+
I(1) 2(E, �P )F (E, �P , ρ) , (79)

where the ρ integration can be again performed analyti-
cally, in standard RPA. F (E , �P , ρ) has the explicit ex-
pression

F (E , �P , ρ) ≡ F (E2 − �P 2, ρ) =

1
24

(
ρ2 b2

1 − ρ b
2 I(E, �P )

+
ρ3 b3 s2(

1 − ρ b
2 I(E, �P )

)2

×
(
E2− �P 2−m2− ρ

2 b2 s2

2
I(E, �P )

1− ρ b
2 I(E, �P )

)−1 )
. (80)

The contribution E(4c)
corr is explicitly covariant in the sense

that the integrand depends only on E2 − �P 2 and the trick
of eq. (75) can be applied again. For what concerns E(4nc)

corr ,
the explicit calculation is more delicate since

I(1)(E, �P ) =
∫

d�k1 d�k2
(2π)d

δ(d)
(
�P − �k1 − �k2

)
2 ε1 2 ε2

× 1
E − ε1 + ε2 + iη

, (81)
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Fig. 4. Diagrammatic view of the correlation energy. In the actual calculation, the RPA one-particle propagator (thick line) is
replaced by the mean-field one.
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Fig. 5. Left panel: Effective potential for various values of the dimensionless coupling constant p in standard RPA. Right panel:
value of the condensate minimizing the standard RPA effective potential as a function of p.

appearing in eq. (79), depends separately on E2 and P 2.
However, as it is familiar in nuclear physics, E(4nc)

corr which
involves expectation values of the b†b†bb’s is of higher or-
der in the Y amplitudes than E(4c)

corr involving bbbb ground-
state matrix elements. Indeed, it can be checked analyti-
cally that to leading order in the interaction (i.e. replacing
F (E, �P , ρ) by a constant value ρ2b2/24), E(4nc)

corr identically
vanishes.

Hence, we find that the correlation energy contains a
piece, E(4nc)

corr , which is manifestly non-covariant even in
the standard RPA . This problem has not been pointed
out before, since, to our knowledge, the RPA correlation
energy has never been calculated in a case of a relativistic
theory for bosons. We have neglected this contribution in
our preliminary numerical estimate for the reasons given
just above. Nevertheless, we give the explicit result, involv-
ing a four-dimensional integration, of this non-covariant
contribution. After some manipulations and change of in-
tegration variables, one obtains

E
(4nc)
corr

V
=
∫ 1

0

dρ
ρ

∫ ∞

0

dS
2π2

×
∫ π/2

0

dθ
(
S cos2 θ J2(S , θ) − I2(−S)

)
F (−S), (82)

with

J(S , θ) = −
∫

dt
2π

1

εt

√
4ε2t + S sin2 θ

1
S + 4 ε2t

(83)

to be compared with

I(−S) = −
∫

dt
2π

1
εt

1
S + 4 ε2t

. (84)

As mentioned above there is an instability of the HFB
ground state against RPA fluctuations which makes the
correlation energy divergent. However, to have a first idea
of the influence of the RPA fluctuations we replace in the
above expressions for the correlation energy the RPA one-
particle propagator by the mean-field one. This is illus-
trated in fig. 4 where a diagrammatic interpretation of
the RPA correlation energy is shown. Adding this corre-
lation energy to the mean-field energy E0 one obtains the
RPA effective potential, i.e. the RPA energy versus the
condensate s for various values of the dimensionless cou-
pling constant p. One gets a second-order phase transition
with a critical coupling pc = 1.8 (see fig. 5). This has to be
compared with the lattice result [9] and cluster expansion
technique [7] showing a second-order transition, respec-
tively, at pc = 2.55 and pc = 2.45. It is fair to mention
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that the neglected non-covariant contribution E4c
corr is re-

pulsive and will likely push the critical coupling constant
to a higher value closer to the lattice result. Although this
result is encouraging, it is obviously needed to go beyond
the standard RPA to eliminate the unphysical instability
mentioned above and seen in fig. 3.

4.4 Results in renormalized RPA in 1 + 1 dimension

Single-particle mode

In view of the calculation of the correlation energy we
have now to solve the RPA problem for any value of ρ.
The main problem is thus to determine the self-consistent
N�q,ρ ≡ 〈φ�qφ

†
�q〉ρ. One very usual possibility is to calculate

it self-consistently according to

N�Pρ =
∫
idE
2π

eiEη+
Gρ(E, �P ) , (85)

where Gρ(E, �P ) is the one-particle propagator for the
H ′(ρ) problem. One serious difficulty is that covariance
is now lost in the sense that the loop integral Iρ(E, �P )
and consequently the mass operator Σρ(E, �P ) depends
separately on E and �P due to the presence of the den-
sity N in its expression. This is certainly a weakness of
the present approach. However, as discussed above, even
standard RPA seems to have problems with covariance so
we think that this additional difficulty simply reflects the
fact that there is a general problem of RPA with respect
to covariance. Further work is needed to clarify this point.
On the other hand, one natural possibility to recover co-
variance consists in imposing that the correct Iρ(E, �P ) is
obtained through its CM expression according to

Iρ(E, �P ) ≡ Iρ(E2 − �P 2) =∫
dt
2π

2Ntρ

E2 − �P 2 − 4 ε2tρ + iη
. (86)

Lets us call ΩPρ =
√
M2

ρ + P 2 the RPA single-particle
mode which is the solution of the equation

Ω2
Pρ = ε

2
Pρ + Σρ(E2 − �P 2 =M2

ρ ) . (87)

In the quasi-particle approximation, the solution for
NPρ is

NPρ ≡ 〈φ�Pφ
†
�P
〉ρ = 1

2ΩPρ
. (88)

The self-consistent equation for the density thus becomes
an equation for the mass of the RPA single-particle mode
which explicitly reads

M2
ρ = m2

ρ +
ρ2 b2 s2

2

(
Iρ

1 − ρ b
2 Iρ

)
(E2−P 2 =M2

ρ ) (89)
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Fig. 6. Squared r-RPA mass as a function of s.

with the generalized mean-field single-particle mass
given by

m2
ρ = µ2 +

b

2
s2 +

b

2

(
〈φ2〉 −

∫ +Λ

−Λ

dq
2π

1

2
√
q2 + µ2

)

+
ρ b

2
(〈φ2〉ρ − 〈φ2〉) , (90)

which follows directly from (66). Hence we see that the
equations for the generalized mean-field energy and for
the single-particle RPA mode are now coupled, due to the
presence of the self-consistent scalar density 〈φ2〉. They fi-
nally reduce to determine Mρ. The procedure to solve the
resulting equation at a given value of b and s is the follow-
ing. We first solve the equation for ρ = 1, which gives the
RPA mode mass M , the densities NP , 〈φ2〉 = ∑

P NP /V
and the mean-field mass m. Once this is done we solve
for Mρ which allows to obtain mρ and ερP =

√
P 2 +m2

ρ.
We show on fig. 6 the results of the calculation for the

RPA mass M . We see that the instability problem has
now disappeared. This is a first important success of the
renormalized RPA.

Correlation energy

The calculation of the correlation energy can now be done
by assuming again covariance in the sense explained just
above. The results of eqs. (74), (75), (78), (79), (82) can
be applied by just making in the final expressions, the
replacements

I(−S) → Iρ(−S) = −
∫

dt
2π

2Ntρ

S + 4 ε2tρ
, (91)
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J(S , θ) → Jρ(S , θ) = −
∫

dt
2π

1√
4ε2tρ + S sin2 θ

× 2Ntρ

S + 4 ε2tρ
. (92)

In fig. 7, we show the effective potential for various values
of the dimensionless coupling constant p, again neglecting
the non-covariant piece (82) for the reasons explained
above. For p below � 2 there is only one minimum
at s = 0, i.e. corresponding to a symmetry unbroken
phase. Beyond this value, a weakly pronounced minimum
starts to develop at finite s. The symmetry broken
phase becomes stable at pc � 2.3 indicating a very weak
first-order transition. It is satisfying to see that the value
of pc has moved in the right direction towards the value
given by cluster expansion [7] and lattice calculation [9].
It remains to calculate the non-covariant contribution
to see if it is able to transform this weak first-order
transition into a genuine second-order one. Work in this
direction is now in progress.

4.5 Towards full renormalized RPA

In the previous section we have presented a version
of r-RPA which incorporates RPA correlations in the
scalar density which are induced by the presence of a
non-vanishing condensate. However, in the usual non-
symmetry broken case this version is still equivalent to the
standard RPA. To go beyond standard RPA is, as already
stated, a difficult problem. One possibility is to introduce
the dynamical mass operator modifying the single-particle

propagator. This mass operator is of the form

Σ(d)
α (t, t′) = 2 εα 〈−i T ([H, bα](t), [H, b†α](t′))〉irr =
1
36

∑
123

∑
1′2′3′

Vα,−1,−2,−3

×〈−i T (φ1φ2φ3(t) , φ
′†
1 φ

′†
2 φ

′†
3 (t

′)
)〉Vα,−1′,−2′,−3′ . (93)

Applying the perturbation theory on top of the already-
calculated one-particle propagator, one obtains for the full
propagator

GRPA
α (t, t′) = Gα(t, t′)

+
∫

dt1 dt2Gα(t, t1)Σ(d)
α (t1, t2)Gα(t2, t′) . (94)

Using a factorization approximation, one obtains:

Σ(d)
α (t, t′) =

1
6

∑
123

∑
1′2′3′

Vα,−1,−2,−3

×δ1,1′ G1(t, t′)Gφ1φ2,φ†
2′φ

†
3′
(t, t′)Vα,−1′,−2′,−3′ . (95)

The density Nα can be in principle calculated as

Nα = 〈φ†αφα〉 ≡ i lim
t′→t+

GRPA
α (t, t′) ≡

∫
idE
2π

eiEη+
GRPA

α (E) . (96)

The solution of this problem, i.e. to find self-consistently
the scalar densities, is both formally and numerically very
involved. However, as shown in a separate publication [19]
at least in the symmetry-involved region of the anhar-
monic oscillator, this procedure reproduces to leading or-
der in Y 2 the correct occupation number from the exact
SCRPA ground-state wave function.

5 Further remarks and discussions on the
formalism

It is well known in non-relativistic many-body theory that
standard RPA corresponds to a bosonization either of
pairs of fermion operators or pairs of boson operators.
As a matter of fact, the RPA has first been invented for
Fermi systems and the bosonization of boson pair oper-
ators has appeared much later in the literature [20,21].
However, in any case the bosonization of boson pair oper-
ators (which are themselves NOT ideal bosons) goes along
the same lines as in the fermion case [22] and also the
generalization to relativistic field theory [6] presents no
particular obstacle (as a specific example, the bosoniza-
tion technics has extensively been studied in the case of
the NJL model, see, e.g., [23]). In doing so, one would
naturally replace the boson pair operators present in the
definition of the Green’s function (29) by ideal boson op-
erators, that is for example bq+b′q

+ → Bqq′+, with Bqq′+

being an ideal boson operator. With such a bosonization
scheme the equation of motion for the Green’s function
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corresponding to eq. (29) would lead to an inhomogeneity
Nab in the Dyson equation (32) which contains only unit
operators on the diagonal. Inspection of eq. (32), however,
reveals that Nab contains in addition one-body expecta-
tion values. This fact stems from the particular feature
that in our approach we do not bosonise but stay with
the original boson pair operators. Contrary to the usual
two-body Green’s function technique, the boson pair op-
erators are, however, taken to be at equal times and not
at two different times. This means that we single out the
S-channel. It is not widely known that an exact integral
equation for such two-body two-time Green’s functions
can be established analogous to the Dyson equation in
the one-body case. The mass operator of this “two-body
Dyson equation” presents, as in the one-body case, an
instantaneous mean-field–type part and a truly dynami-
cal part depending on the energy. Neglecting the latter
leads precisely to the self-consistent equation (32). It has
turned out that in this way, working with pairs of fermion
or boson operators without bosonization, allows to bet-
ter respect the Pauli principle and in the case of fermions
this has given excellent results in a series of applications to
non-trivial models where comparison with exact solutions
was available [14,20,24]. There is no reason not to believe
that this advantage should not carry over to the case of
relativistic interacting boson fields. In the relativistic case,
however, our ansatz (29) for the Green’s function has the
disadvantage that it is not manifestly covariant and this is
certainly at the origin of some difficulties we encountered
in this respect and which we have discussed in the main
text. However, as we have shown in sect. 4, even standard
RPA has, in our model at least, some difficulties with co-
variance. Further studies are necessary to elucidate this
point and eventually to cure it. We believe nevertheless
that the results we have found in the present study are
encouraging and that we will be able to apply our theory
in future work as successfully to relativistic field theory as
we did already in the past for the non-relativistic many-
body problem.

6 Conclusion

In this work we have tried to make the first step in elab-
orating an extension of the RPA theory, which has been
very successful in the context of the non-relativistic many-
body problem [13,15–17,24], to relativistic field theory.
Applications of the standard RPA to the relativistic field
theory has emerged in the recent past and proven its great
potential interest [4–6]. The main quality of the RPA ap-
proach is to sum a certain class of diagrams (the rings) to
all order and by the same token to restore spontaneously
broken symmetries and to fulfill the conservation laws.
The drawback of standard RPA is to ignore, at a cer-
tain step of its derivation, correlations in the vacuum (the
quasi-boson approximation). This often entails a rather
strong overbinding of the ground state. To avoid this
approximation is the aim of the afore-mentioned exten-
sion of RPA leading to the so-called self-consistent RPA
(SCRPA). An intermediate but considerably less compli-

cated version of this theory is the so-called renormalized
RPA (r-RPA) where, with respect to standard RPA, only
the occupation numbers are modified due to ground-state
correlations. It is this latter version which we have tried
to develop here in the context of relativistic field theory
with application to the ϕ4 theory in 1 + 1 dimension. We
have studied the transition to a symmetry broken phase in
varying the coupling constant. We have found a very slight
first-order phase transition and concluded that it will turn
to second order, as it is expected in this model, once fur-
ther correlations of the SCRPA are included. This opinion
stems from the fact that going from the mean-field the-
ory (Gaussian approximation) to the r-RPA solution the
first-order character of the transition has been very much
attenuated. We also point out a certain number of difficul-
ties with the extension of RPA to relativistic field theory
for bosons. This concerns for instance the fact that the ap-
proach is not manifestly covariant. Although the standard
RPA yields at the end a covariant solution for the single-
particle mode, surprisingly we found that it has difficulties
for the calculation of the correlation energy with respect
to covariance. Apparently this had not been noticed be-
fore. At the r-RPA level we find that covariance is violated
already for the single-particle mode and we have to restore
it by an ad hoc but natural assumption. It will be an inter-
esting further study whether SCRPA inherently violates
covariance or whether this is due to the approximations we
have been forced to introduce. Another open question to
be studied in the future concerns renormalization. In the
present model study this difficulty was absent since the ϕ4

theory in 1 + 1 dimensions is super-renormalizable. How-
ever, in the general case, this problem has obviously to be
mastered. Finally, a detailed comparison of the diagram-
matic content of the RPA and the cluster expansion [7], in
the context of relativistic bosonic theories with a broken
symmetry, would be certainly of great interest.

In short we have applied for the first time an exten-
sion of the RPA theory, which turns out to be successful in
the non-relativistic many-body problem, to a relativistic
but schematic field-theoretic model. Although some prob-
lems are still present, we believe that our results are quite
encouraging. Studies for the resolution of the remaining
problems are under way.

We would like to thank Z. Aouissat for very useful discussions
concerning various aspects of SCRPA and its application to
field-theoretical problems.

Appendix A.

In this appendix we list the explicit expressions for the
Green’s functions. For this purpose we introduce various
quantities:

I
(1)
ββ′(E) =

1
2εβ

1
2εβ′

εβ Nβ + εβ′ Nβ′

E − εβ − εβ′ + iη
,

I
(2)
ββ′(E) =

εβ − εβ′

2 εβ εβ′

εβ Nβ − εβ′ Nβ′

E2 − (εβ − εβ′)2 + iη
,
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I
(3)
ββ′(E) = − 1

2εβ
1

2εβ′

εβ Nβ + ε′β Nβ′

E + εβ + εβ′ − iη
. (A.1)

We also introduce the loop integrals

I(i)α (E) =
1
V

∑
ββ′

δα−β−β′ I
(i)
ββ′(E) ,

Iα(E) = I(1)α (E) + I(2)α (E) + I(3)α (E) . (A.2)

In particular, for α corresponding to the momentum �P ,
one has the explicit expression

I(E, �P ) ≡ Iα=�P (E) =
∫

d�k1 d�k2
(2π)d

δ(d)
(
�P − �k1 − �k2

)

×
[
ε1 + ε2
2 ε1 ε2

ε1 N1 + ε2 N2

E2 − (ε1 + ε2)
2 + iη

− ε1 − ε2
2 ε1 ε2

ε1 N1 − ε2 N2

E2 − (ε1 − ε2)2 + iη

]
. (A.3)

For the one-particle Green’s functions one obtains

Gαα′†(E) = δα,α′
E + εα + Σα(E)

2εα

2εα
Gα(E) ,

G−α†−α′(E) = δα,α′
−E + εα + Σα(E)

2εα

2εα
Gα(E) ,

G−α†α′†(E) = Gα−α′(E) = δα,α′
Σα(E)
4ε2α

Gα(E), (A.4)

where the full propagator is

Gφαφ†
α′
(E) = δα,α′ Gα(E) = δα,α′

(
E2−ε2α−Σα(E)

)−1
.

(A.5)
The mass operator being given by

Σα(E) =
b2 s2

2
Iα(E)

1− b
2 Iα(E)

. (A.6)

For what concerns the 2p-1h and 2p-2p Green’s
functions we introduces indices i to label the destruc-
tion (creation) operators: 1 = β, β′(β†, β′†), 2 =
(β,−β′†)sym((β†,−β′)sym) and 3 = −β†,−β′†(−β,−β′).
The results are:

G
(i)

ββ′,α†(E) = G
(i)

α†,ββ′(E) =

b s√
V
δα−β−β′

I
(i)
ββ′(E)

1− b
2 Iα(E)

(
E + εα
2 εα

)
Gφαφ†

α
(E) ,

G
(i)
ββ′,−α(E) = G

(i)
−α,ββ′(E) =

b s√
V
δα−β−β′

I
(i)
ββ′(E)

1− b
2 Iα(E)

(−E + εα
2 εα

)
Gφαφ†

α
(E) ,

(A.7)

G
(ij)
ββ′, γγ′(E) = I

(i)
ββ′(E) δi,j (δβγ δβ′γ′ + δβγ′ δβ′γ)

+
b

V

∑
α

δα−β−β′I
(i)
ββ′(E) δα−γ−γ′I

(i)
γγ′(E)

1− b
2 Iα(E)

+
b2 s2

V

∑
α

δα−β−β′I
(i)
ββ′(E) δα−γ−γ′I

(i)
γγ′(E)(

1− b
2 Iα(E)

)2 Gφαφ†
α
(E).

(A.8)
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Abstract. In this paper, we develop a consistent extension of RPA for bosonic systems. In order to illustrate
the method, we consider the case of the anharmonic oscillator. We compare our results with those obtained
in mean-field and standard RPA approaches with the exact ones and show that they are very close to these
ones.

PACS. 24.10.Cn Many-body theory – 04.25.-g Approximation methods; equations of motion

1 Introduction

In many domains of physics perturbation theory fails
to describe physical phenomena correctly. For example,
bound states or collective excitations cannot be described
perturbatively. In particular, in the low-energy regime of
strong interactions non-perturbative effects play an impor-
tant role. Although much progress has been made in un-
derstanding the hadronic world, it is still indispensable to
develop non-perturbative, symmetry conserving methods.

In the last few years much effort has been made
to apply non-perturbative techniques well established
in many-body theory to quantum field theory (see,
e.g., refs. [1–4]). In this article we will concentrate on
approaches related to the random phase approximation
(RPA). In its standard form the RPA is known to respect
symmetries. For example, in ref. [2] it has been demon-
strated within a linear σ-model that the RPA fluctuations
generate the Goldstone bosons related to the sponta-
neously broken global (chiral) symmetry. At mean-field
level, on the contrary, these soft modes do not emerge.
Thus, the RPA seems to be a method very well suited to
treat non-perturbative systems with spontaneously bro-
ken symmetries. Nevertheless it has some shortcomings:
It is not of variational character and, therefore, does not
necessarily fulfill the Rayleigh-Ritz criterion. In addition,
it is not self-consistent, and therefore the intermediate
states (corresponding to the mean-field quasiparticles) do
not coincide with the final RPA particles. In particular,
even if the RPA states show up as massless Goldstone
modes, the intermediate states are massive. This has
been pointed out by Aouissat et al. [3,5] in the context
of pionic excitations in an O(N) model.

a e-mail: davesne@ipnl.in2p3.fr

It is obvious that this self-consistency problem can
be circumvented in 1/N expansions [3,5,6]. On the other
hand, a fully self-consistent approximation such as self-
consistent RPA (SCRPA) [7] is desirable. This method
has already been applied successfully to fermionic sys-
tems, e.g., to the Hubbard model [8] and the seniority
model [9]. For a bosonic field theory a first attempt in
this direction has been made in ref. [4]. There, some of
the correlations are included, which are not present in the
mean-field ground state used in standard RPA. This pro-
cedure, however, causes serious problems: In particular, it
does not preserve covariance, an essential ingredient of a
relativistic quantum field theory.

In order to establish a consistent method and to clearly
state the problems related to the treatment of a bosonic
system in an extended RPA formalism, we will reduce the
dimension of the system. Instead of a λΦ4 theory as in
ref. [4] we will study a one-dimensional anharmonic os-
cillator. Of course this is a purely quantum-mechanical,
non-relativistic system and we cannot certainly tackle the
problem of covariance. Nevertheless, we can isolate some
of the inherent contradictions related to bosonic systems.
It has to be examined within a future work whether the
method presented here is able to preserve covariance.

Our toy model, the anharmonic oscillator, has the ad-
vantage that exact results are known and that we can
directly compare the results obtained in different ap-
proximation schemes with those obtained by solving the
Schrödinger equation. It has already been used as a test
ground, e.g., for coupled cluster techniques [10] or first
attempts within SCRPA [11].

The article is organized as follows: We begin with
presenting the RPA equations in sect. 2. In sect. 3, we
review the Hartree-Fock (mean-field) approximation to-
gether with the standard RPA. The renormalized RPA
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(r-RPA) and its problems are discussed in sect. 4. In
sect. 5, we present our extended r-RPA approach. Sec-
tion 6 is devoted to a discussion of the numerical results,
in particular for the ground-state energy, obtained within
the different approximation schemes. Finally, in sect. 7,
we will draw our conclusions.

2 The RPA equations

First of all, we have to state our starting point, the RPA
equations. There are mainly two different ways to derive
the RPA equations: the equation-of-motion method due
to Rowe [12] and the Dyson-Schwinger approach [13]. To
derive the former, we suppose that we can generate an
excited state |ν〉 by the action of an operator Q†

ν on the
ground state |gs〉: |ν〉 = Q†

ν |gs〉, |gs〉 being the vacuum of
Qν . Obviously Q†

ν is a highly non-trivial many-body op-
erator. Depending on the nature of |ν〉 (excited state with
the same number of particles or excited state with a differ-
ent number of particles),Q†

ν can be seen as a superposition
of (non-Hermitian) one-, two- or more-body operators. In
general, Q†

ν is expressed in the following form:

Q†
ν =

∑
α

Xν
αA

†
α , (1)

where A†
α contains all the chosen excitation operators ex-

pressed in terms of ai and a†i (annihilation and creation
operators) and α represents all quantum numbers. More-
over, minimization of the energy Eν = 〈ν|H|ν〉 with re-
spect to a variation δQν leads to a system of equations,
whose solution gives the amplitudesXν

α and the excitation
energies

〈gs| [δQν , [H, Q†
ν ]

] |gs〉 = (Eν −E0)〈gs|[δQν , Q
†
ν ]|gs〉 , (2)

where E0 represents the energy of the ground state |gs〉.
In the Dyson-Schwinger approach, which will be used

in this paper, one starts from the definition of a time-
ordered Green’s function at zero temperature in equilib-
rium (the generalization to finite temperature is direct):

Gαβ(t, t′) = −i〈gs|T
(
Aα(t) A

†
β(t

′)
)
|gs〉 , (3)

where T is the time-ordering operator and A and A†
depend on time via A(t) = eiHtA(0)e−iHt, where H is
the exact Hamiltonian. In equilibrium the above two-time
Green’s function1 is a function of the time difference t− t′
so that the Fourier transform G(E) depends only on one
frequency. Our aim is to derive a Dyson equation forG(E).
If we define

Gαβ(t, t′) =
∫

dE
2π

e−i E (t−t′) Gαβ(E) , (4)

1 Note that we deal with a two-time Green’s function. This
means that, if, e.g., A = a†a†, both particles are created at the
same time.

the result is

EGαβ(E) = Nαβ +
∑
β′,γ

DCαβ′N−1
β′γ Gγα(E) , (5)

with

Nαβ = 〈gs|[Aα, A
†
β ]|gs〉 ,

DCαβ = 〈gs|[[Aα,H], A
†
β ]|gs〉 . (6)

It has to be noted that the operators entering the above
eq. (6) have to be taken at equal times since the truly
dynamical contribution has been omitted (see, e.g., the
derivation in refs. [8,14]).

One can show that the two methods mentioned above
are strictly equivalent, provided that [14]

〈gs|[H, [Aα, A
†
β ]]|gs〉 = 0 . (7)

Of course, if |gs〉 is the exact ground state, i.e., an eigen-
states of the Hamiltonian, this relation is automatically
satisfied. Within an approximation this needs, however,
not to be the case. Nevertheless, in most practical sit-
uations, including our treatment of the anharmonic os-
cillator, it can be shown that both methods are indeed
equivalent.

Obviously it is not possible to include the complete
Hilbert space of excitation operators in A and it is nec-
essary to restrict it. In principle the approximation can
straightforwardly be refined by enlarging the space of ex-
citation operators contained in A. But, in practice this of-
ten turns out to be a very difficult task because, on the one
hand, the dimension of the RPA matrix to be diagonalized
increases and, on the other hand, there exist consistency
problems for the theory itself (see the next section).

Another crucial point in solving the above RPA equa-
tions, eq. (5), is the way in which the expectation values
are determined since the exact ground state is not known.
It is, however, clear that it strongly influences the quality
of the approximation. In standard RPA the exact ground
state is usually replaced by a mean-field (Hartree-Fock)
one. But we will show in the next section, using as an ex-
ample the anharmonic oscillator, that it is possible to take
into account an important part of the correlations present
in the exact ground state in a fully consistent way.

3 The model in standard RPA

We start from the Hamiltonian of an anharmonic oscillator
with quartic coupling

H =
p2

2
+ µ2X

2

2
+ gX4 (8)

with constants µ2 < 0 and g > 0. In the following sections,
µ̃ ≡ √|µ2|. This Hamiltonian can be rewritten as

H =
p2

2
+

X2

2
+ (µ2 − 1)

X2

2
+ gX4 (9)
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and can be seen as a harmonic oscillator disturbed by a
potential V (X) = (µ2 − 1)X2

2 + gX4. We introduce the
usual destruction and creation operators a and a† defined
by a = (µ̃X + ip)/

√
2µ̃. The basis for standard RPA is

the mean-field approximation which is usually formulated
with the help of a Bogoliubov transformation. Thereby
the starting point is the following trial wave function (see,
e.g., ref. [10]):

|HF〉 = e(ua†+ 1
2 ta†2)|V 〉 , (10)

with variational parameters u and t. |V 〉 is the vacuum of
the initial destruction operator a: a|V 〉 = 0. The destruc-
tion operator of the Hartree-Fock vacuum b|HF〉 = 0 can
be expressed with the help of u and t:

b = (1− t2)−1/2(a− ta† − u) . (11)

For later convenience we define ω ≡ µ̃(1 − t)/(1 + t) and
s ≡ √

2/µ̃ u/(t − 1). In terms of the new creation and
destruction operators, we then obtain

x ≡ X + s =
1√
2ω

(b+ b†) ,

p = −i

√
ω

2
(b− b†) , (12)

which makes the role of the variational parameters ob-
vious: s simply describes a translation in space and ω a
modified frequency of the oscillator. The Hamiltonian can
be cast into the following form:

H = −ω

4
(b− b†)2 +

µ2 + 12gs2

4ω
(b+ b†)2

−sµ2 + 4gs3

√
2ω

(b+ b†)− 4sg√
8ω3

(b+ b†)3

+
g

4ω2
(b+ b†)4 + gs4 +

µ2s2

2
. (13)

The aim of the Bogoliubov transformation is to select
the best basis in the sense that the parameters ω and
s minimize the mean-field ground-state energy, EHF

0 =
〈HF|H|HF〉. These two parameters are thus determined
by: ∂EHF

0
∂s = 0, ∂EHF

0
∂ω = 0. As can easily be checked by a

direct calculation, the above equations are equivalent to
the so-called “gap equations”:

∂EHF
0

∂s
= 0 ⇔ 〈HF|[H, b]|HF〉 = 0 ,

∂EHF
0

∂ω
= 0 ⇔ 〈HF|[H, b b]|HF〉 = 0 . (14)

If |HF〉 was the exact ground state, the above gap
equations would be satisfied automatically. However, the
deeper origin of these equations (minimization of the
ground-state energy with respect to the Bogoliubov pa-
rameters ω and s) implies that they have always to be
satisfied.

Let us now discuss the RPA corrections to the ground-
state energy. In standard RPA the excitation operator
A entering the RPA equations, eqs. (5), is taken to be
A ∈ {b, b†, bb, b†b†}. We define the RPA ground-state en-
ergy as follows:

ERPA
0 = 〈RPA|H|RPA〉 . (15)

This expression involves expectation values of the type
〈RPA|AB|RPA〉. These RPA corrected values can be cal-
culated from the RPA Green’s functions in the limit t → t′

〈RPA|AB|RPA〉 = i

∫
dE
2π

GAB(E) . (16)

It is in this way that we introduce RPA fluctuations in the
calculation of the ground-state energy.

In standard RPA the Green’s functions on the right-
hand side of eq. (16) are not determined self-consistently,
i.e., the expectation values entering the Green’s functions
themselves are determined using the mean-field ground
state |HF〉. In our simple toy model we can obtain analytic
expressions for the Green’s functions.

Note that from eqs. (5) we do not directly obtain
Green’s functions like Gx,x2 or Gp,p, for example, since
the operators x, x2, and p are not contained in our set
of excitation operators {b, b†, bb, b†b†}. Hence, in order to
apply eq. (16) to expectation values like 〈x3〉 or 〈p2〉, the
operators x and p are expressed in terms of b and b† (cf.
eq. (12)), and the resulting expectation values like 〈bbb〉,
〈b†bb〉, 〈bb〉, etc., are obtained from the Green’s functions
Gb,bb, Gb†,bb, Gb,b, etc2. The short-hand notation Gx3 or
Gp2 has to be understood as the corresponding linear com-
bination of Green’s functions like Gb,bb, Gb†,bb, Gb,b, etc.,
needed for the calculation of 〈x3〉 or 〈p2〉.

To determine ERPA
0 we need, in addition to 〈x2〉, 〈p2〉,

and 〈x3〉, also the expectation value 〈x4〉. However, Gx4

contains Green’s functions of the type Gb†,bbb, that is,
A ∈ {b, b†, bb, b†b†} is not sufficient to calculate 〈x4〉 3. We,
thus, approximate this term by a factorization:

〈RPA|x4|RPA〉 � 3〈RPA|x2|RPA〉2 . (17)

Finally, note that in the symmetric case (s = 0), the three-
operator expectation values vanish, which implies that the
Green’s functions are the Hartree-Fock ones

i

∫
dE
2π

Gs=0
x2 (E) = 〈HF|x2|HF〉 (18)

Hence, in this case the RPA energy is equal to the mean-
field one.

In the literature the term RPA is used for a similar ap-
proximation to the Green’s functions as described above.

2 Note that there is an ambiguity in the assignment of the
time arguments to some of the Green’s functions. This does,
however, not influence the results (see appendix A for a more
detailed discussion).

3 Since the excitation operators have to be non-Hermitian,
two-particle operators of the form b†b are not allowed. Thus
we cannot use, e.g., Gb†b,bb to determine Gx4 .
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But, it has to be mentioned that often the charging for-
mula [4,15],

E0 = EHF +
∫ 1

0

dλ
λ
〈λ|Hint(λ)|λ〉 , (19)

is applied to determine the ground-state energy. Thereby
Hint(λ) = λHint and the state |λ〉 is defined as the ground
state with respect to H(λ) = Hbare + λHint, where Hint is
the interacting part of the Hamiltonian.

But, what we want to do is to compute directly
〈gs|H|gs〉 with |gs〉 = |HF〉, |RPA〉 or |0〉 (see next sec-
tion) and compare the result obtained within the different
approximations. Thus again, ERPA

0 is not the energy as
understood in standard RPA but directly 〈RPA|H|RPA〉.

4 The renormalized RPA approach

What we want to do now is to go beyond the standard
RPA approach and retain some of the correlations in the
ground state. The starting point will be again the Bo-
goliubov transformation described in sect. 3. In contrast
to standard RPA we will, however, not use the mean-field
ground state |HF〉 but a more complicated one denoted |0〉.
This new ground state, which will not be constructed ex-
plicitly in the following, contains some correlations. Since
we want to use the “best” one, the parameters ω and s will
be again determined by the minimization of the ground-
state energy E0 = 〈0|H|0〉. This leads to the generalized
gap equations:

∂E0

∂s
= 0 ⇔ 〈0|[H, b]|0〉 = 0 , (20)

∂E0

∂ω
= 0 ⇔ 〈0|[H, b b]|0〉 = 0 , (21)

which are analogous to 〈0|[H, Q†
ν ]|0〉 = 0 with the formal-

ism introduced in sect. 2. We may note that the equiva-
lence between these formulas is no longer valid if we con-
sider three particle excitation operators (see sect. 5 for
further details).

More precisely, independent of the approximation
made to include correlations in the ground state, the above
equations will guarantee that the basis is the energetically
most favored one whithin this approximation.

In the remaining part of this article we will assume
that all expectation values of the type 〈0|bb|0〉, 〈0|bb†|0〉,
〈0|bbb†|0〉, etc. are real. This implies, for example, that
〈0|p x|0〉 = −i/2 or 〈0|p x2|0〉 = 0, independently of the
specific ground state used. Thus, the key point is to de-
termine the remaining expectation values in the a priori
unknown ground state |0〉. In renormalized RPA [12,16–
18] this is achieved with the use of Green’s functions in
the limit t → t′. More precisely, we get self-consistency
conditions for expectation values with two operators, i.e.,
〈0|x2|0〉 and 〈0|p2|0〉 from

〈0|AB|0〉 = i

∫
dE
2π

GAB(E) . (22)

In contrast to eq. (16), the expectation values entering
the Green’s functions on the right-hand side of the above
equation are determined self-consistently, i.e., not within
the Hartree-Fock ground state. The remaining expectation
values are approximated using a factorization, e.g.,

〈0|p2x2|0〉 = 〈0|p2|0〉〈0|x2|0〉+ 2〈0|px|0〉2 . (23)

This means that the self-consistent procedure is limited to
expectation values with at most two operators and that
the correlated part of the expectation values with more
than two operators is neglected [4]. Moreover, since 〈x〉
vanishes, it follows immediately that terms with three op-
erators such as, e.g., 〈x3〉 vanish.

As for the standard RPA analytic expressions for the
Green’s functions can be given in terms of 〈x2〉, 〈p2〉 and
〈p x〉 (see appendix A). The latter expectation values have
then, in principle, to be determined numerically via the
self-consistency conditions, eq. (22). With these values at
hand, we are able, in principle, to calculate the ground-
state energy E0. However, renormalized RPA is known
to miss an important part of the correlation energy [19].
Besides, this method cannot be derived via a variational
principle and, therefore, the Ritz criterion is no longer
applicable. In fact, what happens in most cases, is that the
ground state obtains overbinding [19]. In our case it is even
worse since one can show that a contradiction with the
virial theorem and the Heisenberg uncertainty principle
occurs. To that end let us look at the explicit equation
for 〈p2〉, which is obtained by integrating Gp2(E), given
in eq. (A.6), over E. The result is

〈p2〉 = i

∫
dE
2π

Gp2(E) = ε2〈x2〉

+i
4(12sg)2〈p2〉

ε2

∫
dE
2π

1
(E2 − E2

1)(E
2 − E2

2) ,

where ε, E1 and E2 are defined in eq. (A.7). If we now
look at the explicit form (eq. (A.9)) of the gap equation
for ω, we conclude that the second term on the right-
hand side should vanish. However, this is only possible
for 〈p2〉 = 0, implying a vanishing kinetic energy. This is
obviously not a physically reasonable solution as it is in
contradiction to the virial theorem. Even if we forget for
the moment this contradiction, the self-consistent proce-
dure cannot give the right values for the occupation num-
bers and consequently for the energy. A possible way to
circumvent that problem, that is to compute correctly the
energy, is to use the “charging formula” as developed, e.g.,
in [4]. It is applied in a similar way as in standard RPA
(cf. sect. 3) to compute the correlation energy. The main
difference is that we now have in principle a closed sys-
tem of equations which have to be solved self-consistently.
Following [4], one therefore replaces the gap equation con-
cerning s, eq. (20), by a minimization of the ground-state
energy obtained with the help of the charging formula (cf.
eq. (19)). This has, of course, one disadvantage: One loses
the symmetry of the double commutators, i.e.

〈[b, [H, b†b†]]〉 − 〈[b†b†, [H, b]]〉 = 〈[H, b†]〉 �= 0 . (24)
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This symmetry property, however, is crucial for the stabil-
ity of the system [20]. We will therefore proceed in another
direction.

5 The extended r-RPA approach

Instead of using the charging formula, our strategy to in-
clude further correlations in a minimal way will be as fol-
lows: We will abandon the factorization approximation for
the lowest non-vanishing expectation values of products of
more than two operators.

For the deformed case (s �= 0) this means that we will
keep the values of 〈x3〉 and 〈p2 x〉 (these are the only non-
vanishing expectation values of three operators). Similar
to 〈x2〉 and 〈p2〉, their actual values are determined via
the self-consistency conditions, eq. (22). With these ex-
pectation values at hand the ground-state energy is then
obtained, as before, as the expectation value of the Hamil-
ton operator (cf. eq. (13)):

Es �=0
0 =

〈p2〉
2

+
µ2

2
(〈x2〉+ s2)

+g(3〈x2〉2 + s4 + 6s2〈x2〉 − 4s〈x3〉) . (25)

First of all we have to note that there is no longer any
obvious contradiction with the virial theorem. Moreover,
as we will see in the next section, as far as we are not too
close to the “phase transition”, our results for the ground-
state energy are very close to the exact ones, without any
further manipulation, like, e.g., the charging formula. This
means 〈x3〉 and 〈p2 x〉 contain already an important part
of the so far missing correlations. This does not necessarily
imply that we also reproduce the exact values for, e.g.,
〈x2〉 or 〈p2〉. But the correlations are combined in such a
way that the energy is determined very precisely within
this approximation.

If we try to go further and include, e.g., also the cor-
related part of expectation values with four operators, we
face serious problems. To obtain the Green’s functions
necessary to calculate 〈x2〉, 〈p2〉, 〈p x〉, 〈x3〉 and 〈p2 x〉 it
suffices to restrict the space of excitation operators to
A = {b, b†, bb, b†b†}, i.e., two-particle excitations. As long
as we stay in that space, the gap equations together with
the assumption of real expectation values for 〈bb†〉, etc.,
guarantees the symmetry of the double commutators. As
already discussed in sect. 3, we need Green’s functions of
the typeGb†,bbb to obtain, e.g., 〈x4〉. That is, three-particle
excitation operators have to be included. In addition to
the (practical) computational problems we encounter an-
other difficulty: As mentioned in sect. 3, the Bogoliubov
transformation contains only two parameters and conse-
quently, including three particles implies a priori an ap-
proximation for the double commutators since there is no
relation to enforce their symmetry. For instance, to ensure
the following symmetry relation:

〈[bb, [H, b†b†b†]]〉 − 〈[b†b†b†, [H, bb]]〉 = 6〈[H, b†b†b]〉 , (26)

we needed an equation which guarantees 〈[H, b†b†b]〉 = 0.
As mentioned above the Bogoliubov transformation does

not provide us with an additional adjustable parameter.
The assumption of a generalized gap equation of the form
〈[H, Q]〉 = 0 as used in many RPA approaches also did
not help. In this context boson expansion techniques [3,
5], mapping a pair of bosons onto one new boson, could
be helpful.

In the symmetric case s = 0, it is known that, by par-
ity, 〈x3〉 and 〈p2 x〉 vanish. Following the same underlying
philosophy as in the deformed case, we are now led to in-
clude 〈x4〉, 〈p4〉 and 〈p2 x2〉. This is, as stated above, a sub-
tle task since the double commutators need no longer to
be symmetric. Fortunately, this difficulty can be overcome:
Although in principle there are inherent problems with the
symmetry of the double commutators, one can explicitly
check that all non-symmetric terms disappear for s = 0.
This enables us to solve the Dyson equation without sym-
metrizing by hand (as it is often done in nuclear physics
[20]). The corresponding Green’s functions are listed in
appendix A. The expectation values 〈x2〉, 〈p2〉, 〈x4〉, 〈p4〉
and 〈p2 x2〉 are then determined self-consistently using
eq. (22). In this case the ground-state energy is given by

Es=0
0 =

〈p2〉
2

+
µ2

2
〈x2〉+ g〈x4〉 . (27)

As can be seen in the next section, the numerical results
for the ground-state energy are in very good agreement
with the exact ones.

We have to emphasize that our approach is not fully
self-consistent in the sense of SCRPA, although the ex-
pectation values of up to three or four operators, respec-
tively, are calculated self-consistently. Let us mention one
point which enlightens the difference of our method to
the SCRPA approach used in ref. [11]. The authors use
the following form for the RPA excitation operator:

Q† =
1√
2
(λb†b† − µbb) . (28)

This relation is easily inverted to give bb and b†b† in terms
of Q† and Q. Then the relation

Q|SCRPA〉 = 0 (29)

can be applied to show that, e.g., 〈bb〉 vanishes. Our
excitation operator contains in addition one- and three-
particle operators, proportional to b, b† and bbb, b†b†b†, re-
spectively. This renders the inversion less obvious and we,
therefore, cannot directly make use of eq. (29). Thus, a pri-
ori, we have to calculate several expectation values which
can be shown to vanish within the SCRPA formalism of
ref. [11]. The SCRPA results for the ground-state energy
in the symmetric case are also in very good agreement
with the exact ones [11].

6 Numerical results

This section is devoted to a discussion of the numerical re-
sults. In fig. 1 the energy of the ground state is displayed
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Fig. 1. Exact solution for the ground-state energy (solid line),
mean-field solution (dashed line), RPA solution (dotted line)
and our extended r-RPA solution (dashed-dotted line) as a
function of µ2/g with g = 0.5. Following [10], we added µ4/8
in order to have positive energies. In the region where s = 0
the mean-field and the RPA solution coincide (see text).

within the different approaches (exact result, mean-field,
RPA, and our extended r-RPA result) as a function of
µ2/g. Of course, even the mean-field result is in reason-
able agreement with the exact results (10% at worst). The
largest discrepancy can be observed in the region near the
“phase transition” at µ2/g ≈ −6.8, i.e., where s jumps
from some value s �= 0 to s = 0. This is also the case for
the RPA and our r-RPA approach. But the figure clearly
shows that the correlations incorporated in our approach
are important: The agreement with the exact result is
much better than in mean field or RPA and discrepan-
cies show up only in a very small region. Note that, the
curve obtained within our approach is not continuous at
the transition point. This is of course due to the differ-
ence in approximations made in the two domains: In one
case, s �= 0, one has incorporated the effect of 〈x3〉 and
〈p2 x〉, whereas in the other case, s = 0, we have included
correlations in 〈x4〉, 〈p4〉 and 〈p2 x2〉. Near the transition,
also higher-order correlations become important, and we
therefore miss the exact result near the transition point.

Before we come to the conclusion, we would like to
give one explicit example concerning the difference of
our approach to the SCRPA: For µ2/g = −1, we obtain
〈b†bbb〉 = −0.033 and 〈b†b†bb〉 = 0.026, i.e., both expec-
tation values are of the same order of magnitude. In the
SCRPA approach used in ref. [11] the former expectation
value vanishes identically.

7 Conclusion

We have considered an extended version of renormalized
RPA that yields values of high accuracy for the ground-
state energy of the anharmonic oscillator. Moreover, the
self-consistent procedure developed here removes contra-
dictions present in renormalized RPA, that is 〈x2〉 and

〈p2〉 can be determined without evidently violating the
virial theorem or the Heisenberg uncertainty principle.

This means that the correlations included, 〈x3〉 and
〈p2 x〉 for s �= 0 and 〈x4〉, 〈p4〉 and 〈p2 x2〉 for s = 0, rep-
resent the most important part of the correlations missed
in renormalized RPA. Furthermore, the systematics of the
method allow us to think that it can be easily applied to
quantum field theory and cure some of the problems which
emerged in the work of ref. [4]. One problem of our ap-
proach, on which we certainly should improve, is the fact
that we do not have a unified approach for the two cases
s = 0 and s �= 0.

Of course, it should be mentioned that there exist
other powerful methods such as CCM (Coupled Cluster
Method) [10] that describe very accurately the proper-
ties of the anharmonic oscillator. For problems concerning
quantum chemistry or solid state physics, this technically
and numerically very involved method and its extensions
(see [10] for further details) are probably the most precise
and well suited. Actually, the approach developed in this
paper probably cannot compete with CCM in all these sit-
uations. Nevertheless, it has the great advantage to iden-
tify clearly the underlying physics (correlations) and to be
very easy to use.
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G. Chanfray and P. Schuck for their constant interest in this
work. One of us (M.O.) would like to thank the Alexander von
Humboldt foundation for financial support.

Appendix A. Explicit expressions for the
Green’s functions

We present here the analytical results for the various
Green’s functions needed throughout the calculation. Note
that the Green’s functions listed below do not directly
emerge from the solution of the system of eqs. (5) but we
have to re-express operators containing x and p with b and
b†, cf. eqs. (12). For instance

G:x4:(E) =
1
4ω2

G:(b+b†)4:(E) =

1
4ω2

(Gbb,bb(E) +Gb†b†,b†b†(E) + 2Gb†b†,bb(E)

+4Gb†,bbb(E) + 4Gb†b†b†,b(E) + 4Gb†b†,bb(E)) . (A.1)

One point is worth noting: We are dealing (in configura-
tion space) with two-time Green’s functions and the no-
tation GA,B(E) indicates that the time arguments for the
corresponding Fourier transformed quantity GA,B(t − t′)
are assigned as A(t), B(t′). This means that there is an
ambiguity in the assignment of time arguments to the
Green’s functions which contain more than two operators.
In most cases this can be overcome by the fact that our ex-
citation operators are limited to non-Hermitian ones, i.e.
an operator like b†(t)b(t) cannot exist. But, Gbb,bb(E) as
well as Gb,bbb(E) do exist and in general they do not lead
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to the same expression. We are, however, only interested
in the limit t → t′ to determine the expectation values at
equal times. In this limit all functions coincide.

Appendix A.1. Symmetric case

In the symmetric case, i.e., s = 0, we obtain

Gx2(E) =
(E2 −Σ33)− 9 (η−ν)σ2

4α2
3ω

(E2 − E2
1)(E2 − E2

2)
,

Gp2(E) =
ε2(E2 −Σ33)− 9 (η+ν)(λ−ω3σ)2

4α2
3ω5

(E2 − E2
1)(E2 − E2

2)
,

G:x4:(E) =
1
4ω2

(
−2(λ− 2gω + 3ω3(α2E +Ω))

w3(E2 − E01E02)

+
τ

4α2
3ω

6(E2 − E2
1)(E2 − E2

2)

)
,

G:p4:(E) =
ω2

4

(
−2(λ− 2gω + 3ω3(α2E +Ω))

w3(E2 − E01E02)

− τ

4α2
3ω

6(E2 − E2
1)(E2 − E2

2)

)
,

G:p2x2:(E) =
α2

2ω3

E + E02

E2 − E01E02
, (A.2)

where we have defined the following abbreviations:

ε2 = µ2 + 12g〈x2〉 ,

α2 =
〈p2〉+ ω2〈x2〉

2ω
,

α3 =
9
2
〈: p2 x2 :〉 − 3 +

9
4ω2

(〈: p4 :〉+ 4〈p2〉ω
+4ω3〈x2〉+ ω4〈: x4 :〉) ,

σ = 〈p2〉 − ω2〈x2〉 ,

λ = 2g
(
− 3〈p2〉(1− 2ω〈x2〉) + ω(−2

−6〈: p2 x2 :〉+ 3ω(5〈x2〉 − 2ω〈x2〉2

+2ω〈: x4 :〉))
)
+ ω(ω2 − ε2)σ ,

Σ33 =
η2 − ν2

α2
3

,

η = 〈[bbb, [H, b†b†b†]
]〉 ,

ν = 〈[bbb, [H, bbb]]〉 ,
Ω =

1
ω3

(
λ− 4ω3(〈p2〉+ ε2〈x2〉) + 22gω

+16ω2g(−6〈x2〉+ 3ω〈x2〉2 − 2ω〈: x4 :〉)
)
,

τ = 6α3

(
9λ2σ + λ(−27σ2 + 4(α3E + η + ν)

×(E − ω))ω3 + 2σω5
(
ω

(−4E(α3E + η) + 9σ2

+2(α3E + η + ν)ω) + 2(α3E + η − ν)ε2
) )

,

E01,2 =
Ω

α2
± λ− 2gω

α2ω3
. (A.3)

The energies E2
1 and E2

2 are the solution of the following
equation:

E4 +
E2

4α3ω3

(
18σ(λ− σω3)− 4α3ω

3(Σ33 + ε2)
)

+
1

16α2
3ω

6

(
(81σ2 + 36ω(η + ν))(λ− σω3)2

+ ε2ω5(36σ2(η − ν) + 16α2
3ωΣ33)

)
= 0 . (A.4)

〈x3〉 and 〈p2 x〉 vanish because of parity. 〈: O :〉 denotes the
expectation value of the normal ordered product of the op-
erator O. If |HF〉 is taken as ground state, those expecta-
tion values obviously vanish and 〈x2〉=1/(2ω), 〈p2〉=ω/2.
From the gap equations, eqs. (20),(21), we obtain the fol-
lowing condition:

ω2(〈p2〉 − ε2〈x2〉) + 3g − 12gω〈x2〉(1− ω〈x2〉)
−4gω2〈: x4 :〉 = 0 . (A.5)

Appendix A.2. Deformed case

In the deformed case, i.e. s �= 0, we obtain

Gx2(E) =
E2 − βκ

α2
2

(E2 − E2
1)(E2 − E2

2)
=

1

E2 − ε2 + 9g2δ2(β−κ)
ω2α2

2

1

E2− βκ

16ω4α2
2

,

Gp2(E) = ε2Gx2(E) +
288δ2g2κ

α2
2

1
(E2 − E2

1)(E2 − E2
2)

,

G:x3:(E) = −6δg
(
α2

2E
2 + 4ωκ+ 3E(κ+ α2ω)

)
α2ω2(E2 − E2

1)(E2 − E2
2)

,

G:p2x:(E) =
6δg

(
α2

2E
2 − E(κ+ α2ω)

)
α2(E2 − E2

1)(E2 − E2
2)

, (A.6)

where we have introduced in addition the following abbre-
viations:

ε2 = µ2 + 12g(s2 + 〈x2〉) ,
β = 4

(〈p2〉+ 〈x2〉(ε2 + 12g〈x2〉)− 18gs〈: x3 :〉) ,

δ = 2s〈x2〉 − 〈: x3 :〉 ,
κ = 2

(
〈p2〉

(
1 +

ε2

ω2

)
− 12gs〈: x3 :〉+ (ω2 + ε2)〈x2〉

−24g
ω2

〈: p2 x :〉s
)

,

E2
1,2 =

1
2


ε2+

βκ

α2
2

±
√(

ε2− βκ

α2
2

)2

+8(12gδ)2
κ

α2
2


. (A.7)

In this case we end up with two gap equations, one deter-
mining the value of s,

s3 + s

(
3〈x2〉+ µ2

4g

)
− 〈: x3 :〉 = 0 , (A.8)
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and another one concerning ω,

〈p2〉 = ε2〈x2〉 − 12gs〈: x3 :〉 . (A.9)

Note that the expression for Gx2(E) given in eq. (A.6) can
be interpreted as a free “propagator” with an additional
“self-energy” depending on E. Similar interpretations are
possible for all the other expressions.
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