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C̃(x, t; x′, t′) = C(x− x′, t− t′) ≡ 〈X(x, t)X(x′, t′)〉c
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δ〈X(x, t)〉=

∫
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C̃αβ(x, t; x′, t′) = Cαβ(x− x′, t− t′) ≡ 〈ψα(x, t)ψβ(x
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∫
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∏
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′, t′)〉 − 〈ψα(x, t)〉〈ψ̃β(x′, t′)〉

=
δ〈ψα(x, t)〉
δJ̃β(x′, t′)
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=
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[
J̃α, Jα

]
=

∫
D [ψα] D

[
−iψ̃α

]
exp

{
S
[
ψ̃α, ψα

]
+

∫

k

[
J̃α(k)ψ̃α(−k) + Jα(k)ψα(−k)
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��:	T :8B'�

& �

Rαβ(k) = Rαβ(−k) =

(
r + cq2 −(ω0 + caq

2)
ω0 + caq

2 r + cq2

) ��:	T :89'�

�-" S = Sint +S0
TNy�%2".��(.J:�-/�#	�-/b")(.3D%	/*QG&N(.J:+-�-/n#	� �N&'!
(;5<��(

C̃αβ(k, k′)
�-"
χ̃αβ(k, k′)#	�-/VQc&'%	1-".56&'%	/

C̃αβ(x, t; x′, t′)
�-"

χ̃αβ(x, t; x′, t′)
fs%	&'!	/~3U@'&A%	/�7<�-/�(*�-7S3�"45<&A%	/M/.!	5qB

� :



��� � � � ������� �	� �
������
 ��� ������� ��� � � ��������� � ������ �� �
� �!
�� �#" ����� ���$��% �&�'
����&���(� ��� �

@�3�%N".�-/0[

C̃αβ(k, k′) = 〈ψα(k)ψβ(k′)〉c
= 〈ψα(k)ψβ(k′)〉 − 〈ψα(k)〉〈ψβ(k′)〉

χ̃αβ(k, k′) =
δ〈ψα(k)〉
δfβ(−k′) |f=0

��:	T :8;'�

��FL56%?@�3'(*5S3�%	1-�E9
3A(8")(43�%	/.7S3�".56&'%�5SJ:9i&'/.�E>N!	�E1-�-/sQc&'%	1-".56&'%	/R/.&'56�-%?"s9
(*&'9
&N(*".56&'%	%	�-7676�-/jm
δ(d+1)(k+ k′)

T�?s&'!	/b9
&A!	@'&'%	/8#	&'%	10+-1�(;5_(;� [

C̃
c,(2)

αβ
(k, k′) = Cc,(2)

αβ
(k)(2π)d+1δ(d+1)(k+ k′)

��:	T �86'�

�-"�7S3W(*�-7S3�"45<&A% >N!	5R/�FL�-% /.!	56"M3U@'�-1M#	�-/V%	&'")3�".56&'%	/,1-&'Z	+�(*�-%N".�-/�9i&'!
(
C̃αβ(k, k′)

�-"
χ̃αβ(k, k′)

T

(�)���) � � � 354+6,7G=�� = � 354���=
?8&A!	/K/.&?J JP�-/v+-=N3�76��J:�-%?"�5<%N".+�(*�-/4/.+-/l9
3A(�7S38")(43�%	/*Qc&?(.J:+-�K#	�b���-='�-%	#
(*�d#	��7S3 QG&'%	1kB

"45<&A%	%	�-7<76�
lnZ[J̃α, Jα]

f-")(.3D#	5<"45<&A%	%	�-7<76��J:�-%N"n%	&'".+-�
Γ
fU�-"K>N!	5'�-/."K!	%	��QG&'%	1-"45<&A%	%	�-7<76�b#	�-/

@�3�76�-!
(*/^J:&�I'�-%	%	�-/
Ψα
�-"

Ψ̃α
#	�-/s1)Z
3'JP9	/

ψα
�-"
ψ̃α
(*�-/49
�-1-".56@'��J:�-%N"0[

Γ
[
Ψ̃α,Ψα

]
=

∫
ddx dt

[
J̃αΨ̃α + JαΨα

]
− lnZ

[
J̃α, Jα

] ��:	T �	e��

?s&'!	/83U@'&'%	/b9
3'(d#	+�=
%	56".56&'%|[

Ψα(x, t) =
δ lnZ

δJα(x, t)
Ψ̃α(x, t) =

δ lnZ

δJ̃α(x, t)

��:	T �8:'�

�-"s7_3P9
(*&'9
(*56+-".+R/.!	56@z3�%N".� [

Jα(x, t) =
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∫
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cos θ (χ′′ZF )11(k) + sin θ (χ′′ZF )12(k) =
1

2ΛD

(
ω C11(k) + iω0 C12(k)

)

cos θ (χ′ZF )12(k)− sin θ (χ′ZF )11(k) =
1

2ΛD

(
ω0 C11(k) + iω C12(k)

)
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χ′(q, ω) =
1

π
P
∫

dω′
χ′′(ω′)
ω′ − ω

χ′′(q, ω) = − 1

π
P
∫

dω′
χ′(ω′)
ω′ − ω
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Z
[
J̃α, Jα

]
=

∫
D [ψα] exp

{
− 1
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∫
ddx dt

(
∂tψα − Fα[ψ]− J̃α
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ddx dt Jαψα

}
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−∂tδαβ + Rβα + Uβαψ

L
γ ψ
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γ + 2Uβσψ

L
σψ

L
α

]
·
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∂tψ
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β +Rβσψ
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σ + Uβσψ
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σψ
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]
= exp

{
− 1
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ddx dt
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∂tψ
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α − Fα

[
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]
− J̃α

)2
+

∫
ddx dt Jαψ
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α
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〈ψα(x, t)〉L ≡ δ lnZL

δJα(x, t)
= ψLα(x, t) = Ψα(x, t)
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Γ
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L �α1β2β3β4

(k1, k2, k3, k4) = 2[Uα1β2δβ3β4 + Uα1β3δβ2β4 + Uα1β4δβ2β3 ]

×(2π)d+1δd+1(k1 + k2 + k3 + k4)
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∆
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ω
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[
G11(bq, b2Zω(ω + ω0); Π′) + G11(bq, b2Zω(ω − ω0); Π′)

+i
[
G12(bq, b2Zω(ω + ω0); Π′)−G12(bq, b2Zω(ω − ω0); Π′)

]]
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ω
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[
G12(bq, b2Zω(ω + ω0); Π′) + G12(bq, b2Zω(ω − ω0); Π′)

−i
[
G11(bq, b2Zω(ω + ω0); Π′)−G11(bq, b2Zω(ω − ω0); Π′)
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ϕα(x, t) = Ωαβ(δω0t)ϕ
(2)
β (x, t)

ϕ̃α(x, t) = Ωαβ(δω0t)ϕ̃
(2)
β (x, t)
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S(0)
[
ϕ̃(0)
α , ϕ(0)

α

]
= S [ϕ̃α, ϕα] + δS [ϕ̃α, ϕα] + Sper [ϕ̃α, ϕα]
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S [ϕ̃α, ϕα] =

∫

q,ω

{
Dϕ̃αϕ̃α − ϕ̃α

[
iω + cq2

]
ϕα − ϕ̃α

[
caq

2
]
εαβϕβ

}

−
∫

k1k2k3

µ′ε(4π)−ε/2gαβϕ̃αϕβϕγϕγ
���
J 7����

QZ? ������������$�
��/����������
!'T��
#�2(6
��L�#? ���#����� �

δS [ϕ̃α, ϕα] =

∫

q,ω

{
D
(
ZωZ̃ − 1

)
ϕ̃αϕ̃α

−ϕ̃α
[
iω
(
Z2
ω

√
ZZ̃ cos θ − 1

)
+ cq2

(
Zω

√
ZZ̃ cos θ − Zω

√
ZZ̃Zca

ca
c

sin θ − 1
)]
ϕα

−ϕ̃α
[
iω
(
Z2
ω

√
ZZ̃ sin θ

)
+ caq

2

(
Zω

√
ZZ̃Zca cos θ + Zω

√
ZZ̃

c

ca
sin θ − 1

)]
εαβϕβ

}

−µ′ε(4π)−ε/2
∫

k1k2k3

{[
(ZuZ

3
ω cos θ − 1)g − ZuaZ3

ω sin θga
]
ϕ̃αϕαϕγϕγ

+
[
(ZuaZ

3
ω cos θ − 1)ga + ZuZ

3
ω sin θg

]
εαβϕ̃αϕβϕγψγ
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Sper [ϕ̃α, ϕα] =

∫

q,ω

{
−ϕ̃αϕα

√
ZZ̃Zω(rZr cos θ)

}

+

∫

q,ω

{
−ϕ̃αεαβϕβ

√
ZZ̃Zω [−δω0 + rZr sin θ]

}
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ω0 = Z−1
ω ω

(0)
0 + δω0 = Z−1

ω

(
ω

(0)
0 + δω̃0

)
= Z−1

ω ω̃0
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φ(0)
α (x, t(0)) = Ωαβ(ω̃0t

(0))ψ
(0)
β (x, t(0))

φ̃(0)
α (x, t(0)) = Ωαβ(ω̃0t

(0) + θ)ψ̃
(0)
β (x, t(0))

φα = ϕα

φ̃α = ϕ̃α
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√
ZZ̃Zω

[
φ̃αφα cos θ + φ̃αεαβφβ sin θ
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Γ( �N,N)[φ](k{i(j)}; c, ca, g, ga, r, µ
′) =

∞∑

L=0

rL

L!
Γ( �N,N,L)[φ](k{i(j)}, k̄{l} = 0; c, ca, g, ga, r = 0, µ′)
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Γ( �N,N)[φ](k{i(j)}; c, ca, g, ga, r, µ
′) =

Z �N+N
ω Z̃ �N/2ZN/2Γ

( �N,N)
0 [φ(0)](k

(0)
{i(j)}; c, c

(0)
a , u(0), u(0)

a , r(0))

Γ( �N,N,L)[φ](k{i(j)}, k̄{l}; c, ca, g, ga, r, µ
′) =

Z �N+N
ω Z̃ �N/2ZN/2ZLr Γ

( �N,N,L)
0 [φ(0)](k

(0)
{i(j)}, k̄

(0)
{l}; c, c

(0)
a , u(0), u(0)

a , r(0))
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[
∂

∂ lnµ′
+ β

∂

∂g
+ βa

∂

∂ga
+ ρca

∂

∂ca
+

�N(N)∑

i(j)=1

γ̄ωi(j)
∂

∂ωi(j)
− γr

∂

∂ ln r
−

−(Ñ +N − 1)γω −
Ñ

2
γ̃ − N

2
γ

]
Γ̂( �N,N)[φ](qi(j), ωi(j); c, ca, g, ga, r, µ

′) = 0

���
J B8:��
�U5�
��V��
��1$���=
������������� �

β(g, ga, ca, ε) =
dg

d lnµ′
|
u(0) ,u

(0)
a ,c

(0)
a

βa(g, ga, ca, ε) =
dga

d lnµ′
|
u(0),u

(0)
a ,c

(0)
a

ρca(g, ga, ca, ε) =
dca

d lnµ′
|
u(0) ,u

(0)
a ,c

(0)
a

γ̄ωi(j)(g, ga, ca, ω
′
i(j), ε) =

dωi(j)
d lnµ′

|
u(0) ,u

(0)
a ,c

(0)
a

γω(g, ga, ca, ε) =
d lnZω
d lnµ′

|
u(0) ,u

(0)
a ,c

(0)
a

γ̃(g, ga, ca, ε) =
d ln Z̃

d lnµ′
|
u(0),u

(0)
a ,c

(0)
a

γ(g, ga, ca, ε) =
d lnZ

d lnµ′
|
u(0) ,u

(0)
a ,c

(0)
a

γr(g, ga, ca, ε) =
d lnZr
d lnµ′

|
u(0) ,u

(0)
a ,c

(0)
a
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dg

d ln s
= β(g(s), ga(s), ca(s), ε)

dga
d ln s

= βa(g(s), ga(s), ca(s), ε)

dca
d ln s

= ρca(g(s), ga(s), ca(s))

dr

d ln s
= −r(s) γr(g(s), ga(s), ca(s))

dωi(j)
d ln s

= −ωi(j)(s) γω(g(s), ga(s), ca(s))
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Γ̂( �N,N)[φ](qi(j), ωi(j); c, c
∗
a, g
∗, g∗a, r, µ

′)

= exp

{[
d+ 2− Ñ

(
d+ 2

2

)
−N

(
d− 2

2

)
− (Ñ +N − 1)γ∗ω +

Ñ

2
γ̃∗ +

N

2
γ∗
]

ln s

}
·

Γ̂( �N,N)[φ]

(
qi(j)
s
,
ω′i(j)(s)

s2
; c, c∗a, g

∗, g∗a,
r(s)

s2
, µ′
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ν =
(
2 + γr(g

∗, g∗a, c
∗
a)
)−1

z − 2 = γω(g∗, g∗a, c
∗
a)

η − 2(z − 2) = γ(g∗, g∗a, c
∗
a) η̃ − 2(z − 2) = γ̃(g∗, g∗a, c

∗
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g(0) 
�� g(0)
a
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u(0) = µεg(0) = µ′ε(4π)−ε/2g(0)

u(0)
a = µεg(0)

a = µ′ε(4π)−ε/2g(0)
a
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ψ(0)
α = ψ(I)

α =
√
Zψβ

ψ̃(0)
α = Ωαβ(−θ)ψ̃(I)

β = Ωαβ(−θ)
√
Z̃ψ̃β

g(0) = Zu

√
Z̃Z3

−1

g

g(0)
a = Zua

√
Z̃Z3

−1

ga

r(0) = r(0)
c + Zrr

ω(0) = Zωω

ω
(0)
0 = Zω0Zωω0

c(0)
a = Zcaca
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S(0)
[
ψ̃(0)
α , ψ(0)

α

]
= S

[
ψ̃α, ψα

]
+ δS

[
ψ̃α, ψα

]
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[
ψ̃α, ψα

]
=

∫

q,ω′

{
Dψ̃αψ̃α − ψ̃α

[
iω + cq2

]
ψα − ψ̃α

[
caq

2
]
εαβψβ

}

−
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k′1k
′
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′
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µ′ε(4π)−ε/2gαβψ̃αψβψγψγ
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δS
[
ψ̃α, ψα

]
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∫

q,ω

{
D
(
ZωZ̃ − 1

)
ψ̃αψ̃α

−ψ̃α
[
iω
(
Z2
ω

√
ZZ̃ cos θ − 1

)
+ cq2

(
Zω

√
ZZ̃ cos θ − Zω

√
ZZ̃Zca

ca
c

sin θ − 1
)]
ψα
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[
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√
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√
ZZ̃

c

ca
sin θ − 1

)]
εαβψβ
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∫
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[
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Sper
[
ψ̃α, ψα

]
=

∫

q,ω′

{
−ψ̃αψα

√
ZZ̃Zω [rZr cos θ − ω0Zω0Zω sin θ]

}

+

∫

q,ω′

{
−ψ̃αεαβψβ

√
ZZ̃Zω [ω0Zω0Zω cos θ + rZr sin θ]

}
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−rZr
√
ZZ̃Zω

[
ψ̃αψα cos θ + ψ̃αεαβψβ sin θ

]
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ω

√
ZZ̃

[
ψ̃αψα(− sin θ) + ψ̃αεαβψβ cos θ

]
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Γ( �N,N)(ki(j); c, ~g, r, ω0, µ
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∞∑

Lr=0

∞∑

Lω=0

tLr

Lr!

tLω

Lω!
Γ( �N,N,Lr ,Lω)(ki(j), k̄lr(lω) = 0; c, ~g, 0, 0, µ′)
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Γ̂( �N,N)(ki(j); c, ~g, r, ω0, µ
′) = Z �N+N−1

ω Z̃ �N/2ZN/2Γ̂
( �N,N)
0 (k

(0)
i(j); c, ~u

(0), r(0), ω
(0)
0 )

Γ̂( �N,N,Lr,Lω)(ki(j), k̄lr(lω); c, ~g, r, ω0, µ
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∂

∂ lnµ′
+ ~β.

∂

∂~g
+

N(P )∑

i(j)=1

γωi(j)
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∂ωi(j)
− γr
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∂ ln r
− γω0
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∂ lnω0
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−(N + P − 1)γω −
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γ̃ − P
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γ

]
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= 8× Uα1β2Uγ̄σ̄δβ3β4
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χσγ̄Cσ̄σ
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2)2 � D =

4DΛd

(4π)d/2Γ(d/2)
����J#�"���


��E
��)$��`(M
�����������$B?A
��2�
����

d = 4− ε ����
�� I �����#(M
1�#? ���#����� �

dr

dl
= 2r + 2D u

1 + r

du

dl
= εu −D

[
(u2 − u2

a)(1 + r) + 2uuaca
(1 + r) [c2

a + (1 + r)2]
+

4u2

(1 + r)2

]

dua
dl

= εua + D ca
1 + r

[
(u2 − u2

a)(1 + r) + 2uuaca
(1 + r) [c2

a + (1 + r)2]

]
− 6D uua

(1 + r)2

����J#�3� �
���&���0���^�U5������V�������.��
��F5 �0������+���
��F����$�������
������3(	(6
.��
��F��������
�����
��#J 
 ��
������R���O�������
ST�����1�����0����
#�O�@?A��:��
���������)$B?A��50�������������)�
���
�E��
F�
���2��( ������


ω0(b)
:����B���3��
#��53��
����/$
�����

�@?A
����
��
����2�9�0�)$�
��PS_�0�������������P$�
F���3�������`�,�������=
��P$�
6�����
�����2
 �
J#� ��J � 
�����
���5���������������
����
$��0�������
���b�_? �9������"3�2����������$�
F�@?A��:��
����������������5 ������
��

dω

dl
= 2D ua

1 + r
e−2l ����J#�"���

� �



� ��� � � ���	� � � � � � � ����� ����
 ��� � � ������� ��� � �
	�������� ��� �

�U5�
��V��
��1���0��$��9�2�9�0���/�����9�2�`�,�9
�� �

ω(l = 0) = ω
(0)
0 /(cΛ2)

ω0(b) = cΛ2ω(l = ln b)

� 
��#��������� �R���
�����E�9������"3�2����������$�
��/��:3�
�,���������/$�
F"��������

V$�
8��
����3��(	�����������2�9�0� ���]J��3� ���
�2
F�������
(6
��6���)�#���������B$�
.�
����(6������5�
�J
��) (?)@( ��6,4-7,35D��	�2=�DE= 3 B-4+72>�1 �54+D 1�354+6,7


/�0���N�U5������R$�� ��� ����"��
�����L�@?A��(6�*�3����������
O$�
��H�
�0�9����� �$��
��H$�
��N��:��
�����������B$�
b"3�������*

$�
/��
�������(	�������������������!
��H$�
��O��:3�
�,���������B�������#����������
��L:������9
��L�,�����3(6�
��"���
����#J 
/�����H�������
�
�����
���2�����P$�������$�
���
��1$�����
#�2(6����
#�L�*���
�P��
F� I �����#(6
 ����J��3� � J��/�����

����������.��
F���!��$�

:���
O��
P�#����������$�
��N��:��
�����������R$�
b"3�������*
O$�
L��
����3��(	�,�9�����,����������
HST�����B�

#���2�
��+
������5�
#(6
����
$
�,���8��
��6����������������
��6$�
��6���������!���3�2
��F$�
�������������"�


u

��
ua
J 
1�������P��
��6�
��������� �$�3
��

�,����
�������+���
��)�������	��
�����
#(6
����)��
����Y�*���
����
���:3��
������9
��)5�����
��
���)$�
C��
��)�
������( ������
��
�2���3�.$�
��F�����
����(6
����	�

��������6��� �
���������$��
�J:
E�����.����
#���	�������.$������=������:���
#(6
����F��
��
�*�����3�2� �$��
��/�

#�����
��+
������5�
#(M
��3�P
������������!������
��1$�


ε
J�
/�0���/��������50�����/�������0�����R$�
����

�*�����3�2� �$�3
��UJ
QR
��
��
#(6��
#�.
����F��
)�
�0�9��� �$�3
�$�
��`��������������
="3�,��������
�����
��B
��6���3����
����
����$ ������


5�����
��
�b�3������
�$�
1�2�����L��
��P�
������( ������
��#J�QR
��P��:3�
�,���������L�������#����������
��1�,�������
�H$�
V��
1�*�����3�
�$��
��#?A���#���950
��3���

d

dl

(
δr
δu

)
=

(
2 2D
0 ε

)(
δr
δu

)

d

dl
δua = εδua

����J#�"!��

Q 
F�
�0�9��� �$�3
6"3�����2����
��)
����1$��0���F�����,+��9
.$
�����V�9
��V$�����
������������
u

��
ua

���$���(6
����������

�������O"3�2����$�
O:3��

4
� 
��N���������,+��9
P$
�����H�������2
��B��
��O$��`��
������������N
��6$���(6
����������.����S_�#����
��
��
��

4
����
/:3��
P�������L�U5��������O$�� ���V$��#���950�/�
���H����
/����(6����
1�,�
��� I ��
P$���(6
�������������
�����
 �\5��0�`�K��
��
��:��
����������� � �
J���� � J 
E�����L��
���������5������H�@? ����"��
(M
��3�O���!����$
����$.$��=�
���2��"3��������
 �
J ��J#���B����'
�2�
�������O:3��
/���a�������3����
/�	�
��(6�	(6� I 
��6$�������
/��
��P+
�0����
��L�������P$B?A������
�����
V
��	$���(6
����������
�2���
�#����
��
��
 �

4
J

QR
���
�������$)�*�����3� �$�3
�
����E$����������
���b��
��15�����
��
���/������5 �,�3��
�� �

r̄∗ = −ε
5
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�6X�SUWVea\aXQ^,bQW��
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cvWDY�W{S�p�W&R(W{ShY�N(SU�(\aY�f��
[9s�M`SU[(SUW

n
�(MONQ^VcvWVP)[QNFeOW{SUY�WV��R(SUMOR(SUW	^VM�XZY�WVX(\aXZY
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N
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[QW	^VWVP0[Qf�\]_`S�\�p�p�WVP{x
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+
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+
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{
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+
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Γ

(4,0)(1)

�1222
(k1, k2, k2, k2)

P{s�TV^{ShfvY	�

3

2
×

1 2

2 2

= 24µ′2ε(4π)−ε
{

2ga

∫
(χGC)11 + ga

∫
(εχGC)21 +

+

∫
(Gχ)11

(
GCt

)
21

+

∫ (
G2χ

)
21
C11

}
· (2π)d+1δd(q1 + 3q2)δ(0)

w��Qxn� �Oy

"	\]XQP�cvWVP!WV�ZR(SUWVP�P�fdM�XQPD^Vf~j8[QWVP�P�NQP{�ZXQM�NQP!\{eOM�XQP�R(SUfdP!R(M�N(S6cvWVP�p�MZp�WVX`Y"P�WV�`Y�W{ShXQWVP
ki
cdWVP

ea\acdWVN(SUP
ki = (qi, ωi = 0)

x9z�W�P��Qp$��M�cdW ∫ [QM�fdY #VY�SUW�^VM`p�R(ShfvP)^VM`p�p�W ∫
q

∫∞
0 dt

�
C^VMZp�p�W

C(−2q2 + q,−t) WVY χ ^VM`p�p�W
χ(q, t)

x
�&M�N(S � \]f�ShW	cvWo^{\acd^VNQc9^VM`p�RQcdWVY{��XQM�NQP�[QWVe�M�XQP0WV�`R(SUfnp�W{SDcdWVP)R(SUM`[QNQfdY�P0[QWgp�\aY,SUfd^VWVP

WVX �tM�XQ^VY�fdM�X [QWg^VMZp$�QfdX(\afdP�MOXQP	[9s�fdX`Y�TV_ZS�\acdWVPr\aNQP�P"f3P�fnp�RQcdWVPol`NQW�R(MOP�P�fd�QcdWVP{x ��MONQPrM��Zj
Y"WVXQM�XQP	�

3

2
×

1 1

1 1

= 24µ′2ε(4π)−ε
[
g2

(
1

2
I + 2J

)
+ g2

a

(
−1

2
I

)
+ 2gga

(
i

2
I + iJ

)
+ c.c.

]

3

2
×

1 2

2 2

= 24µ′2ε(4π)−ε
[
g2

(−i
2
I

)
+ g2

a

(
i

2
I + 2iJ

)
+ 2gga

(
1

2
I + J

)
+ c.c.

]

w��Qxn�	��y

M�


I = Id(c, ca,q) =

∫

p

D

cp2(c+ ica) [p2 + (p− q)2]

J = Jd(c, ca,q) =

∫

p

D

cp2 [(c− ica)p2 + (c+ ica)(p− q)2]

q = 2q2
w��Qx
����y

� ���
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WVY0M�
�cdWVP � \]^VY�WVN(SUP�\aP�P�MZ^VfdTVPr\aNQ��[QfdP�Y,SUfd�QNQY�fdM�XQP�[QW ")fnS�\]^rP�MOX`Y!P�M�NQPhj8WVX`Y�WVXQ[QNQPkx
��Y�\]X`Y�[QM�XQXQTVWVP0cvWVP0TVl`N(\aY"fvMOXQP�w �Qxn� ��y&WVY$w���xn���`yV�acdWVP�^VMOX`Y�ShW,j8Y�W{S�p�WVPrw���x �`y�WVY$w���x ��y

P"M�X`Y � T{SUM�P	m c}s�M`SU[(SUWo[9s�NQXQW��(M�NQ^VcdW�x $*WV^Vf3XQM�NQP �tM�N(SUXQfdY)NQX�P��`P"Y��{p�W$Y,SUfde`fn\ac&[QW�^VfvXQl
TVlZN(\aY�fdM�XQP!m	^VfdXQl�fdXQ^VM�XQXZNQWVP{��WVX ^VM�XQP�TVlZNQWVXQ^VWr[QNQlZNQWVc(cdWVP�� \]^VY�WVN(SUP

Z
�
Z̃
�
Zω

�
Zca

WVY
θ
XQWr^VMOX`Y�fdWVXQXQWVXZYJR(\aPD[QW�Y�W{S�p�WVPJ[9s�M`Sh[(SUW!NQX�WVX

g
WVY
ga
x ��\�S&^VMOXQP�TVl`NQWVXZY{�acdW)^VM�X`Y,SUW,j

Y"W{S�p�W&fvXZY�W{SUeOWVX(\aX`Y?[(\aXQP9cts�WV�ZR(SUWVP�P�fdM�X	[QW
Γ

(4,0)(1)

�α1β2β3β4

Pks�WV�`R(Shf�p�WJm!cts�M`SU[(SUW�[9s�NQXQW��(M�NQ^VcdW
WVX+SUW{p�RQc�\��{\aX`Y

Zω
R(\�S

1
WVY
θ
R(\OS

0
x! tc�WVP�Y	\���WV^VY"T$[9s�NQX � \a^VY"WVN(S�[QWoP�� p�TVY�SUfdW$TV_`\]c

m
2
x��&e�WV^�cdWVP�p�#{p�WVP$^,bQM�fd��[9s�fnp�RQNQcdP�fdM�XQP�WV�`Y"W{SUXQWVP	WVY$cdWVP�p�#{p�WVPo^VM�X`eOWVX`Y�fdM�XQP	[QW

P"M`p�p�\aY"fvMOX�l`NQW	R�M�N(S!cdW$_ZS�\aRQbQW)R(SUTV^VTV[QWVX`Yk�`XQMONQPr\ke�M�XQPr�

3×

1

1

1

1

= 6 (−µ′ε)(4π)−ε/2g(Zu − 1) · (2π)d+1δd(q1 + 3q2)δ(0)

3×

1

2

1

1

= 6 (−µ′ε)(4π)−ε/2ga(Zua − 1) · (2π)d+1δd(q1 + 3q2)δ(0)

w��Qx
�Q�{y

z�WJ^{\]cv^VNQcO[QWVP3fdXZY�TV_`S�\acdWVP
I
WVY
J
WVP"Y9W ��WV^VY�NQT�m!ctsu\]fv[QWD[QWJcts�fd[QWVXZY�fdY�TJ[QW��ZWV�`X(p�\]X 5 �Z�

����6Ux9z9\ip�TVY�bQMZ[QW�R(W{S�p�WVY)[QW�P�W�S�\Op�WVXQW{Sr\]N�^{\]cv^VNQcD[QW�c}s?fdX`Y�TV_ZS�\acdW�[9s�NQXQW)� S�\]^VY�fdM�X
S"\aY�fdM�XQXQWVcdcdW R�M`SUY�\]X`Y�P�N(S?NQXQW!M�N$RQcdNQP�fdWVN(SUP�ea\�SUfn\a�QcdWVP�WVX`Y,SUW

0
WVY

1
�{WVY&[QTVR(WVXQ[(\aXZY&[QW cn\

[Qfnp�WVXQP"fvMOX$[QWJcts�WVP"R(\a^VW
d
x{z�WVP&R	��cdWVP&[QWVP3fdXZY�TV_`S�\]cvWVP?[QW
�ZWV�ZX(p�\aX$WVX

ε−1 \]RQR(\�S�\afdP�P�WVXZY
mqY,S�\ke�W{SUP�cn\ �tM�XQ^VY�fdM�X

Γ
[9s���NQcdW{SV��lZNQf�[Qfde�W{SU_�W�R�M�N(S)cdWVP$ea\acdWVN(SUP$WVXZY�fd�{SUWVP	XQTV_`\aY"fveOWVP

[QWiP"M�X \OSU_�N(p�WVXZY{x $!M`p p�W�XQM�NQP�ctsu\ke�M�XQP!��NQP�Y"f��(Ti[(\]XQPgcn\�P"WV^VY�fdM�X ��x �Q�9WVY�^VM`p p�W
^�s�WVP�Y�NQP�NQWVcdcdW{p�WVX`Y!cdW)^{\aPJ[(\aXQPD^VWrP"^�bQT{p�\)[QW)SUWVXQM`S�p�\]cvfdP�\]Y�fdM�X9�aXQM�NQPJX9s~\{eOM�XQP3��WVP�M�fdX
lZNQWq[QN+R	��cdWi[9s�MZSU[(SUW�NQX WVX

ε−1 [QWVP�fdXZY�TV_`S�\acdWVP{x9z�W�^{\acd^VNQc![QM�XQXQW�cdWVP�WV�ZR(SUWVP�P�fdM�XQP
P"NQfvea\aXZY�WVP$�

Id(c, ca,q) =
D

c(c+ ica)

qd−4

(4π)d/2
Γ

(
4− d

2

)∫ 1

0

x
d−4

2

(1 + x)d−2
dx

=
D

c(c+ ica)

1

(4π)2(4π)−ε/2
1

ε

(
1 +O(ε)

)

Jd(c, ca,q) =
D

c

qd−4

(4π)d/2
Γ

(
d

2

)
Γ

(
4− d

2

)

∫ 1

0

dx

(1− x+ 2cx)2

[
x(c+ ica)

1− x+ x(c− ica)
(1− x+ 2cx)2

] d−4
2

=
D

c2

1

(4π)2(4π)−ε/2
1

ε

(
1 +O(ε)

) w��Qx
����y

M�

q = |q| x �0M�NQPqR(M�NQeOM�XQP�p�\afdXZY�WVX(\aXZY�^{\acd^VNQcvW{S cdWVP��8\a^VY�WVN(ShP Zu WVY

Zua
x ��MONQP

��� �
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&� � � � ����� 

Z

\ke�MOXQPr�

Zu = 1− 4D
1

εᾱ

[
ᾱ2
a − ᾱ2 − 2ᾱᾱac̄a

1 + c̄2
a

− 4ᾱ2

]
+O(g2)

Zua = 1− 4D
1

εᾱa

[
c̄a

1 + c̄2
a

(ᾱ2 − ᾱ2
a + 2ᾱᾱac̄a)− 6ᾱᾱa

]
+O(g2)

w��Qx
����y
M�
iXQM�NQP�\{eOM�XQP!XQM�Y�T��

ᾱ =
g

(4π)2c2 � ᾱa =
ga

(4π)2c2 � c̄a =
ca
c

w��Qx
���`y

465�%35&% ��@(=J<��4,�G�
8B:C|G�A�B8<?= *D@ 
:G ,�G�CaCa@+@QA�*D@ 
8G�������K�LJ@(=
	Q@
z�Wq^{\acd^VNQcJ[QW

Γ(2,1)(1) X9s�WVP�Y$R(\aPoP�Y�SUfd^VY�W{p�WVX`Yofv[QWVXZY�fdlZNQW�\aN%^{\acd^VNQcJ[QW
Γ(4,0)(1) �

p \afdPJ[QW{p�\aXQ[QW)m #VY�SUW!^VM�XQP"fv[QT{ShTrR�M�N(S�cdNQf~j p�#{p�W�x
Γ

(2,1)(1)
αβ

WVP"Y � T{SUM$R(\�S&^{\]NQP�\acdfdY�T���WVY
m�cts�M`SU[(SUW0[9s�NQXQW��(MONQ^VcvW

Γ
(2,1)(1)

�α �β
WVP�YJXZNQctx0 tc(XQMONQP SUWVP�Y"W�[QM�XQ^rm�^VM�XQP�fd[QT{SUW{S�cts�TVlZN(\aY�fdM�X

w �Qxn� ��yoWVYqP�\ [QTV^VM`p�R(MOP�fdY�fdM�X w��Qxn���kyV�&cvWVPi_ZS�\aRQbQWVP�TVY�\]X`Y�\ ��WV^VY�TVPi[9s�NQX � \]^VY�WVN(S�[QW
P"� p�TVY,SUfdWrTV_`\]c�m

2
x ��M�NQP)\{eOM�XQPJR(SUTV^VTV[QW{p p�WVX`Y9�"NQP�Y�f �(T$lZN9sumo^VWVY�M`Sh[(SUWrcdWVP �8\a^VY�WVN(ShP

Z
�
Z̃
WVY
Zω

[QWVe|\afdWVXZY #VY�SUW�R(SUfdP�TV_Z\aNQ��m
1
�
θ
[QWVea\afdY7#VY�SUW0R(SUfdP TV_Z\ac�m

0
�ZWVY

Zr
WVY
δω0[QWVea\afdWVX`YoP{s�TV^{SUfnSUWi�

Zr = 1 + O(g)
WVY
δω0 = O(g)

x �6X�Y�WVX(\aXZY	^VM`p�RQY�Wo[QW�Y�M�NQY�WVP
^VWVP0fvX �tM`S�p \aY�fdM�XQP{�OXQM�NQP�M��QY�WVXQMOXQP cts�WV�ZR(SUWVP�P"fvMOXiP�NQfde|\aXZY�W��

q̄

α β
= 2 r µ′ε(4π)−ε/2 [Gβγδασ +Gβσδαγ + Gβαδγσ]×

×
∫

q

∫ ∞

0
dt (χ(q, t)C(q̄ + q,−t))γσ

w��Qx
� ��y
z6s�fdX`Y�TV_ZS�\aY�fdM�XqP�N(SDcdW$Y�W{p�RQP�p��VXQW$m �

∫

q

∫ ∞

0
dt (χ(q, t)C(q̄ + q,−t))11 =

1

2
× J + c.c.

=
D

c2

1

(4π)2(4π)−ε/2
1

ε

(
1 +O(ε)

)

∫

q

∫ ∞

0

dt (χ(q, t)C(q̄ + q,−t))21 = − i
2
× J + c.c.

=
0

ε
+O(1)

w��Qx ����y
WVY0c}s�TVl`N(\aY"fvMOX w���xn� ��y6XQM�NQP�[QM�XQXQW	cdWVP�WV�ZR(SUWVP�P�fdM�XQP0P�NQfde|\aXZY�WVP$�

Zr = 1 + 8D
ᾱ

ε
+ O(g2)

δω0 = −8rD
ᾱa
ε

+O(g2)
w��Qx
�43�y

� � �
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465�%35�� ��@(=J<��4,�G�
8B:C|G�A�B8<?= *DL H ��<?HJG�E3G�A�@(L �

$!M�XQP�fd[QT{SUMOXQP$p�\afdX`Y"WVX(\aX`YocdWVPgeOW{SUY�WV�FR(ShM�R(SUWVP$lZNQfJXQWqP�M�XZY$R(\]PgSUWVXQM`S"p�\acdfdP�TVPgm
cts�MZSU[(SUW�[9s�NQXQWq�(M�NQ^VcdW�x�z�W�R(SUW{p�fvW{SolZNQW�XQM�NQPo^VM�XQP�fd[QT{SUM�XQPoWVP�Y

Γ(2,0) x � c}s�M`SU[(SUW�[QW
[QWVNQ�q�(MONQ^VcvWVPk�QWVY![(\aXQP!cvWo^{\a[(SUW)[QW	cn\�Y�bQTVM`SUfdW

φ4 P�Y,\aY�fdl`NQW��ZXQM�NQP!Y�ShM�NQe�M�XQPDc}s�NQXQfvlZNQW
_ZS�\aRQbQW)P�NQfde|\aXZY$�

w��Qx
� ��y

lZNQf	\+R�M�N(S � \]^VY�WVN(S�[QW�P��Qp�TVY�SUfdW �
2 × 4 × 4 × 3 × 2 = 192

x "	\aXQP�cn\ Y�bQTVM`SUfdW
[Q�ZX(\�p�fdlZNQW��Qfdc9P�W	[QTV^VM`p�R(M�P�W)WVX+�

(1) = (2) =

(3) = (4) =

w��Qx
����y

z�WVP � \]^VY�WVN(SUP![QW	P��Qp�TVY�SUfdW	[QW	^VWVY�Y�W)[QTV^VM`p�R�M�P�fdY�fdM�XiP�MOX`Y�SUWVP�R�WV^VY�fde�W{p�WVXZY	�

(1) → 2× 3× 2 = 12

(2) → 2× 2× 3× 3× 2 = 72

(3) → 2× 3× 3× 2 = 36

(4) → 2× 3× 3× 2× 2 = 72
w��Qx ���Oy

�&MON(S�cdWVP�p�#{p�WVP�S�\afdP�M�XQPDl`NQW)^VWVcdcdWVPrlZNQf(M�XZY!TVY�T�WV�ZR(M�P"TVWVP [(\]XQP cdW	R(\�S"\a_`S�\aRQbQW��Qx ��x �
[(\]XQP$cdW�^{\]P$[QW

Γ
(4)(1)

�α1β2β3β4

�9XQMONQP$XQW�[QWVe�MOXQP$^VM�XQP�fd[QT{SUW{S�R(M�N(S�cdW�^{\acd^VNQcD[QW
Γ

(2,0)(2)

�αβlZNQW	cn\�p�M�fdY�fdT	[QWVPr_`S"\aRQbQWVP![QW	c�\ ^Vcn\aP�P�W
(2)

x ��M�NQP0M��QY�WVXQM�XQP{�ZR�M�N(S!cdWVPrP"M�NQPUj8^Vcn\aP�P�WVP
(a)

m
(g)

[QWVP0[QTV^VM`p�R(MOP�fdY�fdM�XQP$w��Qxn� �Oy9WVY$w��Qx � ��yV�acdWVP�� \]^VY�WVN(SUPJ[QW	P"� p�TVY,SUfdW�P�NQfde|\aXZY�P	�

(a) → 2× 2 = 4

(b) → 2× 2× 2 = 8

(c) → 2× 2 = 4P�M�NQPUj8^Vcn\aP�P"WVP
(d)

m
(g) → 2× 2× 2 = 8

w��Qx �Q�ky

��� �
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Z

�?fdX(\acdW{p�WVXZY{�QXQM�NQP�MO�QY�WVXQM�XQP!cdWVPrWV�ZR(SUWVP�P�fdM�XQP!P�NQfdea\aX`Y"WVP$�

(a)αβ =
1

2
×

k

α β

= 2µ′2ε(4π)−ε(g2 + g2
a)

∫

p,q

∫ ∞

0
dτ
(
C(q, τ)Gt

)
αβ
Tr
(
C(p − q, τ)Ct(k− p, τ)

)

(b)αβ =
1

2
×

k

α β

= 4µ′2ε(4π)−ε(g2 + g2
a)

∫

p,q

∫ ∞

0
dτ
(
C(q, τ)Ct(p− q, τ)C(k− p, τ)

)
αβ

(c)αβ =
1

2
×

k

α β

= 2µ′2ε(4π)−ε
∫

p,q

∫ ∞

0

dτ
(
G2χ(p− k, τ)

)
αβ
Tr
(
Ct(q− p, τ)C(−q, τ)

)

(d)αβ = (e)αβ =
1

2
×

k

α β
=

1

2
×

k

α β

= 4µ′2ε(4π)−ε
∫

p,q

∫ ∞

0
dτ
(
G2χ(p− k, τ)Ct(q− p, τ)C(−q, τ)

)
αβ

(f)αβ =
1

2
×

k

α β

= 4µ′2ε(4π)−ε(g2 + g2
a)

∫

p,q

∫ ∞

0
dτ
(
χt(p− k, τ)C(q− p, τ)C(−q, τ)

)
αβ

(g)αβ =
1

2
×

k

α β

= 4µ′2ε(4π)−ε
∫

p,q

∫ ∞

0

dτ (GC(−q, τ))αβ Tr
(
Gtχt(p− k, τ)C(q− p, τ)

)

w �Qx ����y

��MONQP9W ��WV^VY�NQMOXQP3WVXQP�NQfdY�W!cts�fdXZY�TV_`S�\acdW�P�N(S?cdW!Y�W{p�RQP{�VWVY&WV�ZR(SUfnp�M�XQP9cdWVP�[Qfn\a_`S�\Op�p�WVP

� ���
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WVX �}MOXQ^VY�fdM�X	[9s�fdX`Y"TV_`S�\acdWVP
	UTVcdT{p�WVX`Y,\afnSUWVP�
�cvWVP&RQcdNQP�P�fnp�RQcdWVP3R�M�P�P�fd�QcdWVP{x���MONQP9M��QY�WVXQM�XQP��

1

2
×

k

α β
= µ′2ε(4π)−ε(g2 + g2

a) [2Ia + 6Ib] δαβ

1

2
×

k

1 1
= 2µ′2ε(4π)−ε

[
g2(4Ja + 7Jc + Je)+

+g2
a(4Ja − 7J3c− Je) + 2gga(7Jd − Jf )

]

1

2
×

k

2 1
= 2µ′2ε(4π)−ε

[
g2(−4Jb − 7Jd + Jf )+

+g2
a(−4Jb + 7Jd − Jf ) + 2gga(7Jc + Je)

]
w��Qx ����y

M�
+�

Id,ε′ε′′(c, ca,k) =
D3

c4
Id,ε′ε′′(c̄a,k)

=

∫

p,q

D3

cq2c(p− q)2c(k− p)2 [(c+ ica)q2 + (c+ iε′ca)(p− q)2 + (c+ iε′′ca)(k− p)2]

Jd,ε′ε′′(c, ca,k, ωk) =
D2

c3
Jd,ε′ε′′(c̄a,k, iωk)

=

∫

p,q

D2

cq2c(p− q)2 [(c+ ica)q2 + (c+ iε′ca)(p− q)2 + (c+ iε′′ca)(k− p)2 + iωk ]w��Qx � �`y

WVY

Ia =
1

2
(Id,ε′ε′′(ca) + Id,ε′ε′′(−ca)) ε′ = +1 ε′′ = −1

Ib =
1

2
(Id,ε′ε′′(ca) + Id,ε′ε′′(−ca)) ε′ = −1 ε′′ = +1

Ja =
1

2
(Jd,ε′ε′′(ca) + Jd,ε′ε′′(−ca)) ε′ = +1 ε′′ = −1

Jb =
i

2
(Jd,ε′ε′′(ca)− Jd,ε′ε′′(−ca)) ε′ = +1 ε′′ = −1

Jc =
1

2
(Jd,ε′ε′′(ca) + Jd,ε′ε′′(−ca)) ε′ = −1 ε′′ = +1

Jd =
i

2
(Jd,ε′ε′′(ca)− Jd,ε′ε′′(−ca)) ε′ = −1 ε′′ = +1

Je =
1

2
(Jd,ε′ε′′(ca) + Jd,ε′ε′′(−ca)) ε′ = −1 ε′′ = −1

Jf =
i

2
(Jd,ε′ε′′(ca)− Jd,ε′ε′′(−ca)) ε′ = −1 ε′′ = −1

w��Qx � ��y

���V�



������� ����� � ��� ��
&� � � � ����� 

Z

z�WVP [QTVR�WVXQ[(\aXQ^VWVP!WVX
c
�
k
WVYJTVe�WVXZY�NQWVcdcdW{p�WVX`Y

ωk
P�MOX`YDP�M�NQPUj8WVXZY�WVXQ[QNQWVP{x4 c0�8\aNQYJXQM�Y"W{S

lZNQW�cts�fdXZY�TV_`S�\acdW
Jd,ε′ε′′(c, ca,k, ωk)

WVP�YoWVX �8\afdY$NQXQW �}M�XQ^VY"fvMOX+[QW
c
�
ca
�
ck2 WVY

iωk
x

$*M`p�p�W!XQM�NQPDc}s~\{eOM�XQP�[QfdY{��XQM�NQPDX9su\ke�M�XQP���WVP�M�fdX�lZNQW�[QNqY�W{S�p�W0^VM�XQP�Y�\aXZY&[QW
Γ

(2,0)(2)

�α1 �α2WVY�[QWVP�Y"W{S�p�WVP�cdfvXQT{\]f�ShWVP�WVX
iω

WVY
ck2 [QW

Γ
(2,0)(2)

�αβ
x �F\afdP�XQMONQP�P�\ke�M�XQPoTV_`\acdW{p�WVXZY

lZNQW)XQM�NQPJ[QWVe�MOXQPJ_`\�Sh[QW{S&cvWVP![QTVR�WVXQ[(\aXQ^VW	WVX
k
\ke|\aXZY�[9s�W ��WV^VY"NQW{SJcdW)[QTVe�WVcdM�RQR(W{p�WVX`Y

WVX
ε
��WVY	XQW�R(SUWVXQ[(ShWgcn\qcdfnp�fdY�W

k → 0
lZN9su\aR(SU�VPkx ��MONQP$\{eOM�XQP�[QM�XQ^��(WVP"M�fdX+[QW�c}s�WV��j

R(ShWVP�P�fdM�X�[QW)cts�fdX`Y�TV_ZS�\acdW
Id,ε′ε′′(c, ca,k)

WVYJ[QWVP![QT{SUfde�TVWVP!R(\�SDS�\aRQR�M`SUYJ\
iωk

WVY
ck2 [QW

Jd,ε′ε′′(c, ca,k, ωk)
xQz�W$^{\]cv^VNQc&p��VXQW$\aNQ��WV�ZR(SUWVP�P�fdM�XQP0P�NQfde|\aXZY�WVP$�

Id,ε′ε′′(c, ca,k) =
D3

c4

k2(d−4)

(4π)d
Γ(4− d)×Hd,ε′ε′′(c̄a)

=
D3

c4

1

(4π)4(4π)−ε
1

ε
Hd=4,ε′ε′′(c̄a)(1 + O(ε))

∂Jd,ε′ε′′(c, ca,k, ωk)

∂ck2
= −D

2

c4

6− d
2

k2(d−4)

(4π)d
Γ(4− d)Γ

(
6−d

2

)

Γ
(

8−d
2

) ×K1,d,ε′ε′′(c̄a)

= −D
2

c4

1

(4π)4(4π)−ε
1

ε
×K1,d=4,ε′ε′′(c̄a)(1 +O(ε))

∂Jd,ε′ε′′(c, ca,k, ωk)

∂iωk
= −D

2

c3

6− d
2

k2(d−4)

(4π)d
Γ(4− d)Γ

(
6−d

2

)

Γ
(

8−d
2

) ×K2,d,ε′ε′′(c̄a)

= −D
2

c3

1

(4π)4(4π)−ε
1

ε
×K2,d=4,ε′ε′′(c̄a)(1 +O(ε))

w��Qx ����y
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z�WVP)l`N(\aXZY�fdY�TVP

Hd,ε′ε′′(c̄a)
�
K1,d,ε′ε′′(c̄a)

WVY
K2,d,ε′ε′′(c̄a)

P�M�XZY�[QWVP)fdX`Y�TV_ZS�\acdWVPr[QW
�8S�\a^VY"fvMOXQPrS�\aY�fdM�XQXQWVcdcdWVP	m�RQcdNQP�fdWVN(SUP	ea\�SUfn\a�QcdWVPr[QTVR�WVXQ[(\aXZYr[QN R(\�S�\�p��VY,SUW

c̄a
�(WVY0l`N9s�fdc

XQMONQPiP�N���Yq[QW�^{\]cv^VNQcdW{SqWVX�[Qfnp�WVXQP�fdM�X
d = 4

x
K1,d=4,ε′ε′′(c̄a)

WVY
K2,d=4,ε′ε′′(c̄a)P"M�X`Y![QWVP!fdX`Y"TV_`S�\acdWVP�[QM�NQ�QcdWVP{�ZWVY

Hd=4,ε′ε′′(c̄a)
WVP�Y�NQXQW	fdX`Y"TV_`S�\acdW)Y�SUfdRQcdW�x(z�WVN(S!^{\acd^VNQc

ShWVR(SUTVP�WVXZY�W$NQX�Y�S�\kea\afdc3WV�ZY�S #{p�W{p�WVX`Y�^VMORQfvWVNQ� P�f�fdc�WVP�Y	W ��WV^VY"NQT�mqcn\ip�\]fvX9��WVY)XQM�NQP
\ke�MOXQP�[QM�XQ^�^,bQM�fdP�f	[9s�NQY�fdcdfdP�W{SicdW+cdM�_Ofv^VfdWVc �F\aY�bQW{p \aY�fd^{\Qx � \afdPFcdW+cdM�_�fd^VfdWVcgp��VXQW+m
NQX%SUTVP�NQcdY�\aY	Y�MOY�\acdW{p�WVXZYrW{S�ShM�XQT�P�f�M�X XQW�R(SUWVXQ[+R(\aPo[QW�R(SUTV^{\aNQY"fvMOXQP{x ��X+W ��WVY{��cdWVP
�8S�\a^VY"fvMOXQP S�\aY"fvMOXQXQWVcvcdWVP�lZNQW	XQM�NQP![QWVe�M�XQP!fdXZY�TV_`SUW{S6P�M�XZY [QWVP��tM�XQ^VY�fdM�XQP![QNiR(\�S�\Op��VY�SUW
c̄a
�alZNQf(\aRQR(\�S"\��dY3Y�MON{��M�N(ShP9[(\aXQP�cn\)^VM`po�QfdX(\afdP�M�X

ic̄a
xaz�WVPJR(Shf�p�fvY"fveOWVP�[QW ^VWVP �8S�\a^VY"fvMOXQP

S"\aY�fdM�XQXQWVcdcdWVP m e|\acdWVN(S0^VM`p�RQcdWV�ZWVP7�tM�XZY�fdX`Y�W{She�WVXQfnS�[QWVP)^VM`po�QfdX(\afdP�M�XQP)[QW$cn\��tM�XQ^VY�fdM�X
cdM�_Z\�SUfdY�b(p�W��Q[QMOX`Y�MOXFP�\afdY)l`N9s�WVcvcdW�WVP�Y	poNQcvY"fvea\acdNQTVW�P�N(S0cdWgRQcn\aX ^VM`p�RQcdWV�ZW�x�z�W�^,bQM�fd�
[9s�NQXQW ^VMONQRQN(SUW!^VM�X`Y"WVX(\aX`Y&cdW�R	�OcvW0[QNgcdM�_Z\�SUfdY�b(p�W$w � T{SUMZy�WVP�Y�XQTV^VWVP�P�\]f�ShW R�M�N(S&[QM�XQXQW{S
NQX P�WVXQP	m�cn\�lZN(\aXZY�fdY�T

ln z, z ∈ C
x�z�WVPrfdXZY�TV_`S�\]Y�fdM�XQP�XQW$[QMOXQXQWVX`Yr\]cvMZSUP�NQX�ShTVP�NQcdY�\aY

^VMZS�SUWV^VY!l`NQW	P"f9cdW$^,bQW{p�fdXi[9s�fdX`Y�TV_ZS�\aY�fdM�Xq[(\aXQP�cdW$RQcn\aXi^VMZp�RQcdWV�`WoXQW	Y�S�\ke�W{SUP�W&��\�p \afdP
cn\�^VMONQRQN(SUW�x  tc?XQM�NQP�� \aNQY![QM�XQ^���m�^�b(\]l`NQW)TVY�\aR�W	[QW	c}s�fvXZY�TV_`S"\aY�fdM�X �}M`S"p�WVcdcvW���^�b(\aXQ_OW{S
cdWVP!TV^{SUfdY�N(SUWVP�[QWVPDR(SUfnp�fdY�fde�WVP��}MON(SUXQfdWVPJR(\�S&cdW)cvMO_�fd^VfvWVct�Z[QW � \ �VMOX�m��(M�NQ_OW{S&c�\o^VM�NQRQN(ShW��
WVYqR(MON(S�lZNQWFcdW+^,bQW{p�fdX'\aP"P�M`^VfdT+m c}s�fvXZY�TV_`S"\aY�fdM�X P�NQfde|\]X`Y�W XQW�c�\ Y�S�\ke�W{ShP�W �,\�p�\]fvPkx
$*WiR(SUfdXQ^VfvR�W�TVY�\aXZY�^VM`p�R(SUfdP{�&XQM�NQPiSUT{\acdfdP�M�XQP l`N9s�fdc�XQMONQP��8\aNQY�\�R(ShfvMZSUf�\a[(\aRQY�W{S�cn\
�8\ �VM�Xi[QMOX`Y)M�X�ShTVTV^{SUfdYrcdWVP	R(SUfnp�fdY�fde�WVP�w ^�s�WVP�Y)m�[QfnSUW�[QM�XZY�M�X ^�b(\aXQ_OW$cn\�^VMONQRQN(SUW{yV�(m
^,b(\alZNQW$ea\acdWVN(S)[QN�R(\OS�\�p��VY�ShW

c̄a
x ��X�W ��WVY{��WVX �}MOXQ^VY�fdM�X�[QWgP,\�ea\acdWVN(SV�(cdWVPo^�bQW{p�fdXQP
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[9s�fvXZY�TV_`S"\aY�fdM�X$P"W{SUM�XZY3[Qf ��T{ShWVX`Y�Pkx4")W1�8\ �VM�X�m)^VM�XQX(\ �vY,SUW!c�\�[QTVR(WVXQ[(\aXQ^VW0WVX
c̄a
��fdcQXQM�NQP

�8\aNQY�W ��WV^VY"NQW{S�cdWiY�S�\ke|\afdc!NQXQWifdX �(XQfdY�TF[QW �tM�fdP{xJz�WiR(ShM��Qcd�{p�WiP�W{po�QcdWifvXQWV�ZY�SUfd^{\a�QcdW�x
z?\i[Qf ��^VNQcdY�TqWVP�Y$cdWVe�TVWqWVX NQY"fvcdfdP�\aXZY$cdW � \]fvYol`NQWqcts�M�X+P,\afdY � � ��
��	��
)l`NQW cvWiSUTVP�NQcdY�\]Y
[QW ^VWVP�fdXZY�TV_`S�\]cvWVP WVP�Y�NQXQW �tM�XQ^VY�fdM�X�\aX(\acd�ZY�fdl`NQWi[(\aXQPqcdWFR(\�S"\�p��VY�SUW

c̄a
x!z�WF^,bQM�fd�

[QWVP$ShWV[QT �(XQfvY"fvMOXQP	[QWVP	R(SUfnp�fdY�fde�WVP{��[QfnSUWV^VY�W{p�WVXZY)cvfdTim�cn\iSUMOY�\aY�fdM�X [QWgcn\q^VM�NQRQN(ShWg[QN
cdM�_Z\�SUfdY�b(p�W	lZNQW�c}s�M�X�W ��WV^VY�NQW���R(WVNQY #VY�ShW$[QTVY�W{S�p�fvXQTo[QW�p�\aXQfd�{SUW$NQXQfde�MZlZNQWgcdM`ShP�l`NQW
c̄a

TVe�M�cdNQWq[(\aXQP$NQX%e�M�fdP�fdX(\a_OW�P�N���P�\Op�p�WVXZY$SUWVP�Y�SUWVfdXZY	[QW
0
x �0M�NQP$M��QY"WVXQM�XQPg\acdM`ShP

NQXQW0WV�`R(SUWVP"P�fdM�X9�a^{\acd^VNQcdTVWrR�M�N(S
c̄a
fdX �(XQfnp�WVX`YDR(SUMZ^�bQW�[QW

0
�{WVYD[QM�XZY�XQM�NQP�P�\ke�M�XQP&l`NQW

cts�NQXQfdlZNQWrR(ShM�cdM�XQ_�W{p�WVXZYJ\aX(\acd�ZY�fdl`NQWrm�Y�M�NQY�W0c�\�[(SUM�fdY�WrShTVWVcvcdW	XQM�NQPD[QM�XQXQW�cn\ �tM�XQ^VY�fdM�X
[QW
c̄a

^�bQW{Sh^�bQTVW�x
�&M�N(S?c}s�TV^{SUfdY�N(SUW�[QWVPJSUTVP"NQcvY,\aY�P{�acn\)^VM�XZe�WVXZY�fdM�X�^�bQM�fdP�fdW)R(M�N(S&cdW�R�M�P�fdY�fdM�XQXQW{p�WVXZYJ[QW

cn\)^VM�NQRQN(ShW [QN cvMO_`\�SUfdY�b(p�WD^VM`p�RQcdWV�ZW WVP"Y�cvW0[QW{p�f~j \a�`W�SUTVWVcQXQTV_Z\aY�f��hx��0M�NQP�^VM�XQP�Y�\]Y�M�XQP
\ke�WV^!cdWVP ShTVP�NQcdY�\aY�P&^Vf~j8[QWVP�P�M�NQPDl`NQW!XQM�NQPDP�\ke�M�XQP&[QM�XQXQW{S&NQXQW�WV�ZR(SUWVP�P�fdM�X�e|\]c�\]�QcvW0R(M�N(S
Y"M�NQY

c̄a
[(\aXQP!cdW	^{\aP![QWVP�fdXZY�TV_`S�\acdWVP

K1,d=4,ε′ε′′(c̄a)
WVY
K2,d=4,ε′ε′′(c̄a)

x ��XFSUWVea\aXQ^,bQW��
Hd=4,ε′ε′′(c̄a)

XQW	R(MON(S�S�\ #VY,SUW	[QM�XQXQTVW	lZNQW	R(\�SDNQXQW	TVl`N(\aY"fvMOXif�p�RQcvfd^VfdY�W�x�z�W$SUTVP�NQcdY�\]Y
[QW	^VWVP0fvXZY�TV_`S"\acdWVP�P{s�TV^{SUfdY	�

I1(c̄a) = K1,d=4,+1+1(c̄a) =
1

(1 + ic̄a)
× 1

6

I2(c̄a) = K1,d=4,−1−1(c̄a) =
2 + ic̄a

4(3 + ic̄a)

I3(c̄a) = K1,d=4,−1+1(c̄a) = I2(−c̄a)

I4(c̄a) = K1,d=4,+1−1(c̄a) =
1− ic̄a
6− 2ic̄a

I5(c̄a) = K2,d=4,+1+1(c̄a) =
1

(1 + ic̄a)2
log

[
4

3

]

I6(c̄a) = K2,d=4,−1−1(c̄a) =
1

(1− ic̄a)2
log

[
4

3 + ic̄a

]

I7(c̄a) = I6(−c̄a) = K2,d=4,−1+1(c̄a)

I8(c̄a) = K2,d=4,+1−1(c̄a) =
1

(1− ic̄a)2
log

[
4

(3− ic̄a)(1 + ic̄a)

]

w��Qx �43�y

\]^V^VM`p�R(\a_�XQT)[QW	cts�TVlZN(\aY�fdM�Xqf�p�RQcvfd^VfdY�W�P�NQfde|\]X`Y�W��

I9(c̄a) = Hd=4,+1−1(c̄a) = Hd=4,−1+1(c̄a)

=
cts�NQXQfdl`NQWoR(SUM�cdM�XQ_�W{p�WVX`Y�\aX(\acd�ZY�fdl`NQW	[QW	cn\)�tM�XQ^VY�fdM�X
[QT �(XQfdW$[(\aXQP0NQXie�M�fdP�fdX(\a_�W	[QW

c̄a = 0
R(\�S

cts�WV�ZR(SUWVP�P�fdM�X
I9
[QM�XQXQTVW	[(\]XQP�ctsu\aXQXQWV�ZW ��x

w��Qx � ��y
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m cts�WV�ZR(SUWVP�P�fdM�X [QWVP7�8\a^VY�WVN(SUP

Z
[QW$cn\qY�bQTVM`SUfdW�m�cts�M`SU[(SUWo[QW$[QWVNQ�i��M�NQ^VcdWVP	WVXFY�bQTVM`ShfvW
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[QWVP0R(W{SUY�N(Sh�(\aY�fdM�XQP	�

ZωZ̃ = 1− 8D2 1

ε
(ᾱ2 + ᾱ2

a) � W [I9]

Z2
ω

√
ZZ̃ cos θ = 1− 8D2 1

ε

{
ᾱ2 � W [I8 + 2I6] + ᾱ2

a � W [I8 − 2I6] + 2ᾱᾱa
 8p

[2I6]
}

Zω

√
ZZ̃ (cos θ − c̄aZca sin θ) = 1− 8D2 1

ε

{
ᾱ2 � W [I4 + 2I2] + ᾱ2

a � W [I4 − 2I2] + 2ᾱᾱa
 8p

[2I2]
}

Z2
ω

√
ZZ̃ sin θ = −8D2 1

ε

{
ᾱ2  8p [I8 − 2I6] + ᾱ2

a

 :p
[I8 + 2I6] + 2ᾱᾱa � W [2I6]

}

Zω

√
ZZ̃

(
Zca cos θ +

sin θ

c̄a

)
= 1− 8D2 1

ε

{
ᾱ2  8p [I4 − 2I2] + ᾱ2

a

 8p
[I4 + 2I2] + 2ᾱᾱa � W [2I2]

}

w���x ����y

� ^VWVc�\��Qfdc �8\aNQY�\{�"M�NQY�W{S&cdWVPrShTVP�NQcdY�\aY�PD[QM�XQX(\aXZY cts�WV�ZR(SUWVP�P"fvMOX�[QWVP��8\a^VY�WVN(SUP
Z
lZNQf�P�M�XZY

ShWVXQM`S�p�\acdfdP�TVP�m c}s�M`SU[(SUWq[9s�NQXQWF��M�NQ^VcdW w���x ����y�WVY�w��Qx � 3�yVx �0M�NQP�[QMOXQXQW{SUM�XQP�[(\aXQP�cdW
^,b(\aRQfdY�SUW73)cdWVP�WV�ZR(SUWVP�P�fdM�XQP�[QWVP �tM�XQ^VY�fdM�XQP�fdXZY�W{SUe�WVX(\aXZY&[(\aXQP�cdWVPJTVlZN(\aY�fdM�XQP&[QW�_`SUM�NQR�W
[QW$ShWVXQM`S�p�\acdfdP�\aY"fvMOX w ��x 3���y&WVY�lZNQf9P�MOX`Y![QT{SUfde�TVWVP�[QW	^VWVP)SUTVP�NQcdY�\aY�Pkx
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"	\aXQP)^VW�^�b(\]RQfvY,SUW��(XQMONQP	[QM�XQXQM�XQP	WVY	[QfdP�^VNQY�M�XQPocdWVP$R(SUfdXQ^VfdR(\aNQ�+SUTVP�NQcdY�\aY"Pr[QW�cn\
Y"bQ�VP�W�x �0M�NQP�^VM`p p�WVX �VM�XQP9R(\�S&[QMOXQXQW{S9cts�WV�ZR(SUWVP�P�fdM�X�[QWVP �tM�XQ^VY�fdM�XQP�lZNQf`fdXZY�W{SUeZfdWVXQXQWVX`Y
[(\]XQP cdWVP)TVl`N(\]Y�fdM�XQP![QW	_`SUM�NQR�Wr[QW�SUWVXQM`S�p�\]cvfdP�\]Y�fdM�X�w �(x�3���yV�aWVY�lZNQf�M�XZY TVY"T	M��QY�WVXZNQWVP
m ctsu\afd[QWi[QN ^{\]cv^VNQcDR(W{SUY"N(SU�(\aY�f���[QN ^,b(\aRQfdY�SUW �Qx �0M�NQP�[QfdP�^VNQY�M�XQPoWVXQP�NQfdY�W�^VMZp�p�WVXZY
ShWVe�WVXQfnSg\]N SUT��tT{SUWVXZY�fdWVcJM`Shfv_OfvXQWVc![QWicn\�Y�bQTVMZSUfdW��9WVX Y�WVX(\aXZY$^VMZp�RQY�W�[QWicn\+SUWVXQMZS�p�\kj
cdfdP�\aY"fvMOX [QWicn\+RQNQcdP�\]Y�fdM�X

ω0
WVY�[QW c�\ RQb(\aP�W

θ
x �0M�NQP�[QM�XQXQM�XQP cvW [Qfn\a_`S�\�p p�W�[QW

� MOY	[QW�cn\iY"bQTVM`SUfdW��9\aR(SU�VP�\{eOM�fnS	p�M�XZY�SUT$lZN9s�fdcJP"W�SUTV[QNQfdYg\aN _`S�\aRQbQW�[9s�NQXQW��tM�XQ^VY�fdM�X
m NQX R(\�S"\�p��VY�SUW�SUTVWVctx��0M�NQP�[QfvP"^VNQY�M�XQP�cn\�P�Y�SUNQ^VY"N(SUW�[QWVP�R(M�fdXZY�P �(�`WVP�WVY�cn\�^Vcn\aP�P�W
[9s�NQXQfveOW{SUP�\acdfdY�T�[QWqcn\iY�bQTVM`ShfvW�x ��MONQP	fvXQP"fvP"Y�M�XQP�P�N(S)cdW��8\afdY$lZNQWqc�\ cdf�p�fvY"W�e�W{ShP$cn\i[Qf~j
p�WVXQP�fdM�X

4
^VM�XQP�Y�fdY�NQWDNQXQW!cvfnp�fdY�W!P�fdXQ_�NQcdfd�{SUW�x �6NQfvP�XQMONQP3^{\�S"\a^VY�T{SUfdP�M�XQP?cvWVP&WV�ZR(SUWVP�P�fdM�XQP

[QWVP �tM�XQ^VY�fdM�XQP![QW$^VM`S"SUTVcn\aY�fdM�XiWVY�[QW$SUTVR�M�XQP�Wo[(\aXQP�cdWgSUTV_Of�p�W	^{SUfdY�fdl`NQWiw P�WV^VY�fdM�X�3Qx ��yVx
�0M�NQP$p�MOX`Y�ShM�XQPrlZNQW�cdW�R(\�S"\�p��VY�SUW

ca
^VM�XQP�Y"fvY"NQW���WVX+NQX+P�WVXQPol`NQW�XQMONQP$R(SUTV^VfdP�M�XQPk�

NQX�R(\�S"\�p��VY�SUW)[(\aXQ_�W{ShWVNQP�W{p�WVXZY�XQM�X�R(W{SUY"fvXQWVXZY)[QWgcn\qY�bQTVMZSUfdW�x	�)N�R(M�fdXZY �(�ZW�[QWgcn\
Y"bQTVM`SUfdW��9cn\�SUWVcn\aY�fdM�X �9cdNQ^VY�N(\]Y�fdM�XZj ")fdP�P�fdR(\aY�fdM�X9�?�(SUfdP�TVWibQM`SUPoTVl`NQfdcdfd�(SUW���WVP�Yo[Q�`X(\�p�fuj
lZNQW{p�WVXZYJSUWVP�Y�\]N(SUTVW![(\aXQP�cdW SUT��tT{SUWVXZY�fdWVcQM�P�^Vfdcdcn\aX`Ykx �0M�NQP�[QfdP�^VNQY�M�XQPD^VW�R(M�fdXZYJWVP�P"WVX`Y�fdWVc
[QW�XQM�Y,SUWgSUTVP"NQcvY,\aYr[(\]XQP	c�\qP"WV^VY�fdM�X 3Qx �(x �6X �(X9��XQM�NQP)WV� \�p�fvXQMOXQP	^VM`p�p�WVXZYr\a^V^VTV[QW{S
\]NQ��^VM`S"SUWV^VY�fdM�XQP \]NQ��cdM�fdP)[9s�TV^�bQWVcdcdW$R(ShTVe`NQWVP!R(\�S!cn\�Y"bQTVM`SUfdW	R(M�fdXZY��(�ZW�x

� ��
 ���$�g�������(�,��# �&� �����,�$�����0# ��������2	�� !���,��#��F��� . �������q� ���
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"	\aXQP)cvWq^{\a[(SUW�[QW�XQMOY�SUW�Y�WV^,bQXQfvlZNQW��9cdWVPoTVl`N(\aY"fvMOXQP	[QW�_`SUM�NQR�W�[QW�SUWVXQM`S�p \acdfvP,\kj

Y"fvMOX ^VM�XQP�fdP�Y�WVXZY�WVX cvWVP TVl`N(\aY"fvMOXQPg[QW�$0\acdc�\]XZj0/Z� p�\]X � f 1 R(SUTVP�WVXZY�TVWVP�[(\aXQP�cdWFR(\�S"\kj
_ZS�\aRQbQW �(x ��x �Q�ZWVYr[QMOX`Y�cn\ P�M�cdNQY�fdM�X�WVP�Y�[QMOXQXQTVW$R(\�S0cts�TVl`N(\]Y�fdM�X w ��x����`yVxZz�W�^{\acd^VNQc3[QN
^,b(\aRQfdY�SUW �0XQM�NQP�R(W{S"p�WVY�[QW![QM�XQXQW{S&cdWVPJWV�ZR(SUWVP�P�fdM�XQP�[QWVP �tM�XQ^VY�fdM�XQP&l`NQfQfdXZY�W{SUeZfdWVXQXQWVX`Y
[(\]XQPJ^VWVP�TVlZN(\aY�fdM�XQP \]NgR(ShW{p�fdW{S�M`SU[(ShW XQMOX�Y�SUfdeZf�\]cQ[(\aXQP�NQX�[QTVe�WVcdM�RQR�W{p�WVX`YDWVX�RQNQfdPUj
P,\aXQ^VWVP$[QWVPo^VM�XQP�Y�\aXZY�WVP	[QWq^VM�NQRQcn\a_�WVP

g
WVY
ga
x �0M�NQP$NQY�fdcdfdP�M�XQP�cdWVP�WV�`R(SUWVP"P�fdM�XQP$[QWVP

��� �
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�8\a^VY�WVN(ShP
Z
[QW	cn\oY�bQTVM`SUfdW)[QM�XQXQTVWVP![(\aXQP!cdWrR(\�S"\a_`S�\aRQbQW �Qx �Qx ���|\a^V^VMZp�R(\a_�XQTVWVPD[QN�SUT,j

P"NQcvY,\aY�[QN�^{\acd^VNQc([QWVPDfdX`Y�TV_ZS�\acdWVPrw��Qx � 3�y�WVY w �Qx � ��y �VWVY�XQM�NQPJ^{\]cv^VNQcdM�XQPDcdWVP1�tM�XQ^VY�fdM�XQP�[QN
_ZSUM�NQR(W)[QW$SUWVXQM`S"p�\acdfdP�\aY�fdM�X�m�c}s~\afd[QW	[QW	cvWVN(ShP�WV�`R(ShWVP�P�fdM�XQP$w �(x 3 3�y&WVYgw �(x�3���y&[QT{SUfde�TVWVP
\]N�^,b(\aRQfdY�SUW �(x���M�NQP	WV�ZR(SUfnp�M�XQP)^VWVP �tM�XQ^VY�fdM�XQP)WVX+Y�W{S�p�WVP0[QWVP	R(\�S�\�p��VY,SUWVPrSUTV[QNQfdY�P
ᾱ
�
ᾱa

WVY
c̄a

[QT �(XQfdP	R(\�S*c}s�TVl`N(\aY"fvMOX w��Qx
���`yVx ��M�NQP)M��QY�WVXQMOXQP�cdWVP$SUTVP�NQcdY�\aY�P!P�NQfdea\aX`Y"Pg�
cdWVP �tM�XQ^VY�fdM�XQP

β
WVY
βa

Pks�TV^{SUfde�WVXZY �

β(ᾱ, ᾱa, c̄a, ε) = (4π)2c2

{
−εᾱ − 4D

[
ᾱ2
a − ᾱ2 − 2ᾱᾱac̄a

1 + c̄2
a

− 4ᾱ2

]}

βa(ᾱ, ᾱa, c̄a, ε) = (4π)2c2

{
−εᾱa − 4D

[
c̄a

1 + c̄2
a

(ᾱ2 − ᾱ2
a + 2ᾱᾱac̄a)− 6ᾱᾱa

]}

w&3Qxn�{y

M�
iXQM�NQPrXQTV_Ocvfd_�WVMOXQPr[QWVP�Y"W{S�p�WVP�[9s�MZSU[(SUW
3
M�NiRQcdNQP	WVX

ᾱ
W Y
ᾱa
x(z9\ �}MOXQ^VY�fdM�X

γr
WVP�Y

[QMOXQXQTVW	R(\�S)�
γr = −8Dᾱ+ O(ᾱ2)

w�3�x ��y
z�WVPrWV�ZR(SUWVP�P�fdM�XQP0[QW$cn\)�tM�XQ^VY�fdM�X

ρca
�(\afdXQP�f&lZNQW	cvWVP)WV�ZR(SUWVP�P�fdM�XQP�[QWVP �tM�XQ^VY�fdM�XQP

γ
�
γωWVY

γ̃
P�M�XZY	cvMON(SU[QWVP$WVYocvWVN(So^{\acd^VNQc �(X(\ac \ TVY�T�W ��WV^VY�NQT�m c}s~\afd[QW�[QN%cdM�_�fd^VfdWVc � \aY�bQW,j

p \aY�fd^{\Qx �0M�NQP$[QM�XQXQMOXQP$cdWVP�WV�`R(SUWVP"P�fdM�XQP	[QWVP)�}M�XQ^VY"fvMOXQP
γ
WVY
ρca

[(\aXQPoctsu\aXQXQWV�ZW �0x
z�WVP1�tM�XQ^VY�fdM�XQP

γω
WVY
γ̃
M�X`YD[QWVP!WV�`R(SUWVP"P�fdM�XQP!P�fnp�fdc�\]f�ShWVP*mo^VWVcdcdW	[QW

γ
x �9fdX(\acdW{p�WVXZY{�ZcdWVP

�tM�XQ^VY�fdM�XQP	[QW�^VM`S"SUTVcn\aY�fdM�X�[QW�c�\ Y�bQTVM`SUfdW�[(\aXQP	cdW�SUT��tT{SUWVXZY�fdWVc3MOP�^Vfdcvcn\aXZY$P"M�X`Y)[QM�XQXQTVWVP
R(\OSJcn\ P�M�cdNQY�fdM�Xi[QWVP�TVlZN(\aY�fdM�XQP![QW�$�\]cvcn\aXZj0/Z�Qp�\aX � f21�w �(x�� �`y�WVY�cts�TVeOM�cdNQY�fdM�X w �(x�����yVx
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� \aRQR�WVcvMOXQPrlZNQW��Q[QW �8\ �VM�XQP)m�M��QY�WVXQfnS0cvWoR(M�fdXZY �(�ZW	[9s�NQXQWoY�S�\aXQP�fdY�fdM�XiMOP�^Vfdcvcn\aXZY�W��XQMONQP*\ke�MOXQP�TVcvfnp�fdXQTocvW	R(\OS�\�p��VY�ShW
ω0

[QWVP�TVlZN(\aY�fdM�XQPD[QWr_ZSUM�NQR(W)[QW	SUWVXQM`S�p�\]cvfdP�\]Y�fdM�X
WVX RQcn\ �{\aXZY�cn\�Y�bQTVMZSUfdW$[(\aXQP�NQX�SUT��tT{SUWVX`Y"fvWVc?M�P�^Vfdcdc�\]X`Y	m�NQXQW � ShTVl`NQWVXQ^VWoWVY�R(M�P"P�TV[(\aXZY
NQX�[QTV^{\acn\a_OWJ[QWJRQb(\]P�W �tM�XQ^VY�fdM�Xo[QW cts�TV^,bQWVcdcdW*m0cn\alZNQWVcvcdW�MOX$^VM�XQP�fd[Q�{SUW!cdW!P��ZP�Y��{p�Wrw eOM�fnS
P"WV^VY�fdM�X��(x ��yVxVz9\0Y�bQTVM`SUfdW ShWVXQM`S�p�\acdfdP�TVW!\afdXQP�f`[QT �(XQfdW!WVP�Y&TV^{SUfdY�WJWVXoY�W{S�p�WVP&[QWVP&^�b(\�p�RQP
[Q�ZX(\�p�fdlZNQWVP

φα
WVY
φ̃α
��SUWVcdfdTVP \aNQ�o^�b(\�p�RQP

ψα
WVY
ψ̃α

R(\OS9cdWVPJTVlZN(\aY�fdM�XQP�w �(x
����yV�,WVY�P�WVP
�tM�XQ^VY�fdM�XQP&[QW!^VM`S�SUTVcn\aY"fvMOX$P�M�XZY&XQM�Y�TVWVP

Γ[φ]
R(\OS9M�RQR�M�P�fdY�fdM�X�\aNQ� �tM�XQ^VY�fdM�XQP&RQb`�ZP�fdlZNQWVP{�

lZNQf�P�W{SUM�XZYJXQMOY�TVWVP![(\aXQP!c�\�P�NQfdY�W
Γ[
��bZ�`P

]
x�$!WVP��tM�XQ^VY�fdM�XQP!RQb`�ZP�fdlZNQWVP�P�M�XZYJWV�ZR(SUfnp�TVWVP

[(\]XQP$SUT��}T{ShWVX`Y�fdWVc�M`Shfv_OfvXQWVc�WVY	^VMZS�SUWVP�R�M�XQ[QWVX`Y$\]NQ� �tM�XQ^VY�fdM�XQP	[QW�^VM`S"SUTVcn\aY�fdM�XFXZNQWVP$[QW
cn\ Y�bQTVM`ShfvW�x �6X`Y�ShW�cdWVP��}MOXQ^VY�fdM�XQP$XZNQWVP�WVY�SUWVXQM`S�p \acdfvP"TVWVP$[QWicn\ Y�bQTVM`SUfdWi\aP�P�MZ^VfdTVW�\aN
^,b(\�p�R

φ
�Q[QT �(XQf&\aNiR(\�S�\a_ZS�\aRQbQW �(x �Qx ����fdc9X9s��i\�lZN9s�NQX � \]^VY�WVN(S!^VM�XQP�Y,\aX`YD[QM�XQXQT$R(\OS

cdWVPDTVl`N(\aY"fvMOXQP*w ��x 3Q�{yVx �)fdXQP�fQcdWVP �tM�XQ^VY�fdM�XQP&X`NQWVPJ\aP"P�M`^VfdTVWVPJm)cn\)Y�bQTVM`ShfvW!R�M�N(S&cdW�^�b(\Op�R
φ
P�M�XZY9WVcdcdWVPJTV_`\]cvW{p�WVX`Y&[QM�XQXQTVWVP�R(\�S?cn\)P�M�cdNQY�fdM�X$[QWVP�TVlZN(\aY�fdM�XQP&[QW7$�\acdcn\aXZj0/Z�Qp�\aX � f21

w �(x����`y � mqNQX �8\a^VY�WVN(S)poNQcvY"fvRQcdfd^{\aY�f���R(SU�VP)^VM�XQP�Y�\]X`Y��,x ��X+SUWVe|\]XQ^�bQW���R(M�N(S	ShWVe�WVXQfnSr\aN
ShT��}T{SUWVXZY�fdWVc�M`SUfd_�fdXQWVct��cn\iP�fdY�N(\]Y�fdM�X�WVP�Y$Y�Sh�VPr[Qf ��T{ShWVX`Y�W�x ��X+W ��WVY{��cn\iY�bQTVMZSUfdW�\]P�P�MZ^VfvTVW
\]Ni^�b(\�p�R

φ
\oTVY�T	RQcn\a^VTVWo[(\aXQP�NQXFSUT��tT{SUWVXZY�fdWVc�M�P�^Vfdcdc�\]X`Y	m�NQXQW �8SUTVl`NQWVXQ^VW	WVY)\���WV^VY�T

[9s�NQX [QTV^{\acn\a_OW�[QW�RQb(\]P�W�[QTVR(WVXQ[(\]X`Y�[QWqc}s�TV^�bQWVcdcdW���^VWql`NQW�cdWVP�TVlZN(\aY�fdM�XQPFw �(x�� �`y�XQW
R(ShWVXQXQWVX`YDR(\aP!WVX�^VM`p�RQY�Wgw e�MOf�S&R(\OS�\a_`S�\]RQbQWVP��(x �Qxn�!WVY �(x �Qx �`yVx	 tc�XQM�NQP �8\aNQYD[QM�XQ^r^VMZS:j
Shfv_OW{S$^VWVP TVl`N(\aY"fvMOXQPg[9s�NQXQW�Y�S"\aXQP �tM`S�p�\aY"fvMOX�[QWFShT��}T{SUWVXZY�fdWVcJ[QTVR�WVXQ[(\aXZY�[QW�cts�TV^,bQWVcdcdW
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lZNQf \]RQR(\�S�\��dY$[(\]XQPgcdWip�W{po�(SUW�[QWq[(SUM�fdY�Wq[QW w �(x����`y x $!WVY"Y�W�Y�S�\]XQP �}MZS�p�\aYUfdM�XFWVP"Ygcn\
Y,S�\aXQP �tM`S�p�\]Y fdM�X�\aP"P�M`^VfdTVW$mocn\�SUM�Y,\aY�fdM�X�[9su\]XQ_�cdW

ω0(s)t(s)
P�N(SDcdWVP�[QWVNQ�q^�b(\�p�RQP [Q�Oj

X(\Op�fdl`NQWVP&[QW!c�\)Y"bQTVM`SUfdW
ψα

WVY
ψ̃α

�a\{�"M�NQY�TVW�[QW!cn\	SUM�Y�\]Y�fdM�X	[9su\aXQ_�cdW
θ(s)

P�N(S?cvW0^�b(\�p�R
\]NQ�`fdcdfn\afnSUW

ψ̃α
� x
t(s)

SUWVR(ShTVP�WVX`Y"W�cn\�e|\�Shf�\]�QcvW	Y"W{p�R(M`ShWVcvcdW	p�WVP�N(SUTVW)[(\aXQP!cdWVP�NQXQfdY�TVP�[QW
Y"W{p�RQP$SUWVXQM`S�p \acdfvP"TVWVP

�
XQM�NQP$\ke�M�XQP��

t(s) = Zω(s)t
x3z9\ RQNQcdP�\aY�fdM�X+W ��WV^VY�fde�W

ω0(s)WVY0c�\�RQb(\aP�W	W ��WV^VY"fveOW
θ(s)

P"M�X`Y![QM�XQXQTVWVP0R(\�SDc}s�fvXZY�TV_`S"\aY�fdM�Xq[9s�TVl`N(\]Y�fdM�XQP![9s�TVe�M�cdNQY�fdM�X
P"W{p$�Qcn\a�QcdWVP�m�^VWVcdcdWVP ShTV_�fdP�P�\aXZY9cts�TVe�M�cdNQY�fdM�Xo[QWVP \]NQY�SUWVP9R(\�S"\�p��VY�SUWVP�[QWDc�\)Y"bQTVM`SUfdW��{p�\afdP
lZNQf�P�W�[QTV^VM�NQRQcdWVXZY	[QWVP	TVl`N(\aY"fvMOXQP	[QWg_ZSUM�NQR(Wo[QW�SUWVXQM`S"p�\acdfdP�\aY�fdM�X9x �&MON(S�cdWVP	TV^{SUfnSUW��
XQMONQP�fdX`Y�ShM`[QNQfdP�M�XQP![QWVNQ�iXQM�NQeOWVcvcdWVP �tM�XQ^VY�fdM�XQPo�

r γω0(g, ga, ca, ε) =
dδω0

d lnµ′

γθ(g, ga, ca, ε) =
dθ

d lnµ′
w�3�x ��y

M�

θ
WVY
δω0

P�M�XZY�cdWVP9^VM�XZY�SUW,j8Y�W{S�p�WVP(fdX`Y,SUM`[QNQfdY�P?WVX�w �(x ���OyQWVY w ��x ����yVx �0M�NQP3ShW{p�\�SUlZNQM�XQP
lZNQW��VP�Y,SUNQ^VY�N(SUWVcdcdW{p�WVXZY{��cdWJ^VMOX`Y�ShW,j8Y�W{S�p�W

δω0
WVP"Y9R(SUM�R�M`SUY�fdM�XQXQWVcam

r
WVY9l`NQW�cn\��tM�XQ^VY�fdM�X

γω0

\]fvXQP"f�[QT �(XQfdW XQWD[QTVR(WVXQ[oR(\aP9[QW
r
x{z9\0[QT{SUfde|\aY"fvMOX	[QWVP3TVlZN(\aY�fdM�XQP�[9s�TVe�MOcvNQY"fvMOX	R(M�N(S

δω0(s)
WVY
θ(s)

P�W �8\afdY�^VM`p�p�WrR�M�N(S!cdWVP \]NQY�SUWVP!R(\�S�\�p��VY�SUWVP w}e�M�fnSDTVl`N(\aY"fvMOX w �(x�� �Oy�yVx
�6X$R(\�ShY�fd^VNQcvfdW{SV� cvWVP �tM�XQ^VY�fdM�XQP?fvXZY�SUMZ[QNQfdY�WVP9^Vf~j8[QWVP�P�NQP�XQWD[QTVR(WVXQ[QWVXZY3R(\]P9WV�`RQcdfd^VfdY�W{p�WVXZY
[QW
ε
�QWVY�XQM�NQP!M��QY"WVXQM�XQP$�

d δω0

d ln s
= r(s) γω0(ᾱ(s), ᾱa(s), c̄a(s))

dθ

d ln s
= γθ(ᾱ(s), ᾱa(s), c̄a(s))

w�3Qx �`y

$*WVP	TVl`N(\aY"fvMOXQP$P�M�XZY	[QTV^VM�NQRQcdTVWVP$[QWVPoTVl`N(\]Y�fdM�XQP$[QW�_ZSUM�NQR(W�[QW�ShWVXQM`S�p�\acdfdP�\aY"fvMOX9�(WVY
cdWVN(S!SUTVP�MOcvNQY"fvMOX�^VM�XQP�fdP�Y�W&��NQP�Y"W�WVX�NQXq^{\acd^VNQc�[QW0R(SUfnp�fdY�fde�W�x �&M�N(SDSUWVe�WVXQfnSJm�cn\	Y�bQTVM`ShfvW
cdfdTVWr\aNQ�o^�b(\Op�RQP

ψα
WVY
ψ̃α

�acdWVPJ^VM�XQ[QfdY�fdM�XQP�fdXQfdY�fn\acdWVP
δω0(s = 1)

WVY
θ(s = 1)

R(WVNQe�WVXZY
#VY,SUWr^,bQM�fdP�fdWVP�[QW	p�\aXQfd�{SUW	\�SU�QfdY�S�\]f�ShW�x ��cdcdWVP)X9s�WVX`Y,SUW{SUM�XZY�WVX�W ��WVY�WVXi^VM`p�RQY"W�l`NQW	R(\OS
cts�fdXZY�W{S�p�TV[Qfn\afnSUW [QW�R(\�S"\�p��VY�SUWVP)W ��WV^VY"f �tP�[QW�cn\ Y�bQTVM`SUfdW��9lZNQf�^VM�XQP�Y"fvY"NQWVX`YocvWVP�M��QP"W{S:j
ea\a�QcdWVP�RQbZ�`P�fdlZNQWVP{�QWVY�[QMOX`Y!cts�WV�ZR(SUWVP�P�fdM�XqWVX �}MOXQ^VY�fdM�Xi[QWVP�lZN(\aX`Y"fvY"TVP*p \aY�bQT{p�\aY"fvlZNQWVP
[QW	cn\�Y"bQTVM`SUfdW	fnp�R(M`ShY�W	R(WVN w eOM�fnSJR(\OS�\a_`S�\]RQbQW 3Qx �Qx ��yVx

")W�� \ �VMOX�m�M��QY�WVXQfnS&cdWVP!WV�`R(SUWVP"P�fdM�XQP �(X(\acdWVP![QWVP �}M�XQ^VY"fvMOXQPJcdfdTVWVP*m)cn\�Y�bQTVM`SUfdW�RQbZ��j
P"fvlZNQW�WVY�[QT �(XQfdWVP!R(\�S!w��Qx 3�y �{fdcQXQM�NQP �8\aNQY�[QW�RQcdNQP S"\{�"M�NQY�W{S�cdWVPJY,S�\aXQP �tM`S�p�\]Y�fdM�XQP�W ��WV^,j
Y"NQTVWVP \ke|\aXZYJSUWVXQM`S"p�\acdfdP�\aY�fdM�X9x���MONQPJ\{eZfdM�XQPJWVX W ��WVY \]N�[QTVR(\�SUY�TVcdfnp�fdXQT	cn\ �8SUTVl`NQWVXQ^VW
ω

(0)
0

l`NQf&P�W�Y�SUM�NQea\afdY�[(\aXQP)cdWgR(ShM��Qcd�{p�W�x �6XFY�WVX(\]X`Y)^VM`p�RQY�W	[QW�cn\qSUWVXQM`S�p�\]cvfdP�\]Y�fdM�X
[QNiY"W{p�RQP{�Zcn\)� ShTVl`NQWVXQ^VW	W ��WV^VY�fde�W$[QNiP��ZP�Y��{p�W m�cts�TV^,bQWVcdcdW

s
WVP�Y![QM�XQXQTVW	R(\�S	�

ω0(s) = Zω(s)−1ω
(0)
0 + δω0(s)

w�3Qx ��y

"�s~\aNQY�SUW	R(\�ShY{�(fdc�XQM�NQP �8\aNQY	Y�WVXQfnS)^VM`p�RQY�Wo[QW�c�\iShM�Y�\aY�fdM�Xi[9s~\aXQ_�cdW
θ
W ��WV^VY�NQTVW�[(\aXQP

cn\�[QT �(XQfdY�fdM�X [QWVP�^,b(\�p�RQP�[QW	cts�TVlZN(\aY�fdM�Xi[Q�ZX(\�p�fdlZNQW��`WVY0[QM�XQXQTVW	R(\�S$w���x ��yVx4"	\aXQP!cdW
^VMOX`Y�WV�ZY�Wo[QN��tM`S�p \acdfvP,p�W$[QW $0\acdc�\]XZj0/Z� p�\]X � f 1 l`NQW�XQM�NQP	NQY"fvcdfdP�M�XQPk�9XQM�NQP)XQM�Y�W{SUMOXQP
cn\�RQb(\]P�Wr[QW	^VWVY"Y�W$SUM�Y�\]Y�fdM�X�fdXQfdY�fn\acdW

θ(0) x �&M�N(SDWVXiY�WVXQfnSD^VM`p�RQY�W��Zfdc9XQM�NQP��8\aNQY!^�b(\aXZj
_OW{S!cn\�^VM�XQ[QfdY�fdM�X fdXQfvY"f�\]cvW [QM�XQX(\aXZY cts�WV�ZR(SUWVP�P"fvMOXF[QW$cn\ RQb(\aP�W

θ(s)
WVX�\{�"M�NQY�\aXZY

θ(0) x
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Γ( �N,N)
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�?fdX(\acdW{p�WVXZY{��cdWVP �}M�XQ^VY"fvMOXQPr[QW�^VM`S�ShTVc�\]Y�fdM�Xi[QW�c�\qY"bQTVM`SUfdW$lZNQf3XQMONQP	fvXZY�T{SUWVP"P�WVX`Y0P�M�XZY
[QMOXQXQTVWVP�R(\�S)�

Γ̂( �N,N)[
��bZ�ZP

](qi(j), ωi(j); c, ca, g, ga, r, ω0, θ, µ
′) =

sd+2− �N(d+2
2 )−N(d−2

2 ) exp

{
−
∫ ln s

0

[
(Ñ +N − 1)γω +

Ñ

2
γ̃ +

N

2
γ

]
d ln s′

}
×

× � WVR(SVx � MOY{x
{
φα

�
Ωαβ(−ω0(s)t(s))

φ̃α
�
Ωαβ(−θ(s)− ω0(s)t(s))

}
×

×Γ̂( �N,N)[φ]

(
qi(j)

s
,
ωi(j)(s)

s2
; c, ca(s), g(s), ga(s),

r(s)

s2
, µ′
) w�3�x ��y

"	\]XQP3^VWVY�Y"WJTVlZN(\aY�fdM�X9� 	 � WVR(SVx � M�Y{x 
J[QTVP�fd_�XQW!cn\	SUWVR(SUTVP�WVXZY�\aY�fdM�X	[QW!cts�M�R�T{S�\aY�WVN(S�[QW*ShMajY,\aY�fdM�X
Ωαβ

P"N(S9cdWVP �tM�XQ^VY�fdM�XQP
Γ̂
�kcdW ^,b(\�p�R

φα
TVY�\aXZY&Y�M�N(SUXQT�[9s�NQX�\aXQ_OcvW

(−ω0(s)t(s))WVY�cdW�^,b(\�p�R
φ̃α

[9s�NQX�\aXQ_OcvW
(−θ(s)−ω0(s)t(s))

xaz�WVP �}M�XQ^VY"fvMOXQP3[QW�^VMZS�SUTVcn\aY�fdM�X�WVY�[QW
ShTVR(M�XQP�W![QT �(XQfdWVP�WVX�w���x 3�y�P�M�XZY3cdWVPDTVcvT{p�WVX`Y�P&[QW�p�\aY�Shfv^VWD[Qfn\a_�M�X(\aNQ�o[QWVP �}MOXQ^VY�fdM�XQP3[QW
^VMZS�SUTVcn\aY�fdM�X�mo[QWVNQ�qR(M�fdXZY�P![QM�XQXQTVWVP!R(\�SDcn\$P"M�cdNQY�fdM�X w&3Qx ��yVx �6X�Y"W{S�p�WVPJ[QWVP0e|\�SUfn\a�QcdWVP
ShTV[QNQfvY"WVPg[QT �(XQfdWVP�R(\�Sqw��Qx ���ZyV�(WVY�m c}s�M`SU[(SUW�[QN%^{\acd^VNQc R�W{SUY�N(SU�(\]Y�f��*W ��WV^VY�NQTq[(\aXQP$cdW
^,b(\aRQfdY�SUW �Q�QXQMONQP*\ke�MOXQP cdWVP)WV�`R(ShWVP�P�fdM�XQP!P�NQfde|\aXZY�WVP$�

γω0(ᾱ, ᾱa, c̄a) = 8Dᾱa

γθ(ᾱ, ᾱa, c̄a) = 16D2
{
ᾱ2  :p [I8 − 2I6] + ᾱ2

a

 8p
[I8 + 2I6] + 2ᾱᾱa � W [2I6]

}
w�3�x 3�y

M�
icvWVP0WV�`R(SUWVP"P�fdM�XQP�[QWVP�fdXZY�TV_`S�\acdWVP
I6
WVY
I8
P�MOX`Y![QM�XQXQTVWVP�R(\OS w �Qx �43�y x

� W{p�\�Shl`NQM�XQP!cdW$R�M�fdX`Y)fnp�R(MZSUY�\aXZY!P�NQfde|\aXZY$�Qcts�TVlZN(\aY�fdM�X [9s�TVe�M�cdNQY�fdM�XiR�M�N(S!cdW$R(\kjS"\�p��VY�SUW
ω0

WVP�Y�[QM�XQXQTVW	[(\]XQP�^VW	^VM�XZY�WV�`Y"WrR(\�S)�

dδω0

d ln s
= 8Dr(s)ᾱa(s)

w�3Qx ��y

$*WVY�Y�WJTVlZN(\aY�fdM�X WVP�YJm)^VM`p�R(\�ShW{S3\ke�WV^Dc}s�TVl`N(\aY"fvMOX w��Qx � ��y?M��QY�WVXZNQW![(\aXQP�cdW�^{\a[(SUW![QW�cn\
p�TVY�bQM`[QW)[QW�� fdcdP�M�X9x $!WVP![QWVNQ��TVlZN(\aY�fdM�XQP!P�W{po�QcdWVXZY Y,SU�VPJ[Qf ��T{ShWVX`Y�WVPkx��6X�ShT{\acdfvY"T��`cn\
p�TVY�bQM`[QW0[QW $�\]cvcn\aXZj0/Z�Qp�\aX � f21�\][(\aRQY�TVW	\aN�_`SUMONQR(W�[QW$SUWVXQMZS�p�\acdfdP�\aY�fdM�X�[QWVP!M�P�^Vfdcdcn\kj
Y"WVN(SUPJ^VM�NQRQcdTVP�lZNQW	XQM�NQP�\ke�M�XQP�NQY�fdcdfdP�TVW$W ��WV^VY�NQW	NQXQW)R(W{SUY�N(Sh�(\aY�fdM�Xi\aNQY�M�N(S&[QNiR�M�fdX`Y
�(�ZW��&WVY$Y�S"\afdY�W�cn\�R(\�S�\Op��VY�SUW

ω0
WVX R�W{SUY�N(SU�(\]Y�fdM�XQP{x ��\�S�^VM�XQP�TVlZNQWVX`Y{�?[QW�cn\�p�#{p�W

�8\ �VM�XilZNQW$R�M�N(S0cvW�R(\�S"\�p��VY�SUW)[QWgp \aP�P�W	[(\aXQP)NQXFP"^�bQT{p�\ p�fdXQf�p \ac3b(\]�QfvY"NQWVc}��XQM�NQP
\ke�MOXQPrfnp�R�M�P�T�mqcn\iea\acdWVN(S	XZNQW�[QN+R(\�S�\�p��VY�SUW

ω0
[9s #VY�SUW�[Q�VP$cdW�[QTV�QNQY$m P�\qe|\acdWVN(S

^{ShfvY"fvlZNQW�x3z6s�TVl`N(\]Y�fdM�X+[9s�TVe�MOcvNQY"fvMOX+l`NQW XQM�NQP$M��QY"WVXQM�XQP$R�M�N(S
ω0(s)

^VM�XQP"Y�fdY�NQW�[QM�XQ^
NQXQWoR(SUW{p�fd�{SUW	^VM`S"SUWV^VY�fdM�Xi\aNQY�M�N(SD[QW$P,\�e|\acdWVN(S!R�M�fdX`Y �(�ZW�x(z9\�[Qf ��T{ShWVXQ^VWgWVP"P�WVX`Y"fvWVcdcdW
\ke�WV^!cdW�Y�S"\afdY�W{p�WVXZY3[QN�R(\OS�\�p��VY�ShW

r
WVP�Y�l`NQW0^VWVY�Y�W!e|\acdWVN(S6R(M�fdXZY �(�ZW�WVP�Y�lZNQWVcv^VMOXQl`NQW��

\]cvMZSUPrlZNQW�^VWVcdcvW [QW
r
WVP�Y	Y�MON{��M�N(ShP � T{SUM(x ���`\aXZYrY"WVX`N ^VM`p�RQY�Wo[QWVP � \a^VY"WVN(SUPr[QW�[Qfdcn\kj

Y,\aY�fdM�X�[9s�TV^,bQWVcvcdW�w}R(SUTVP�WVXZY�Pr[(\]XQP$cts�TVlZN(\aY�fdM�X�[QW�� fdcdP�M�X9��p�\afdP	R(\aP	[(\aXQP	cts�TVlZN(\aY�fdM�X
[QW�$0\acdc�\]XZj0/Z� p�\]X � f 1ZyV�ZWVY�[QN �8\afdY!l`NQW	fd^Vf w ln s y9��MONQW	cvW$S ��cdW$SUTVP�W{SUe�T	m (−l) [(\aXQP�cn\p�TVY�bQM`[QW0[QW��
fvcdP�MOX9�`XQMONQPJ^VM�XQP�Y,\aY�M�XQP�lZNQWrcts�TVlZN(\aY�fdM�X�w�3Qx���y&WVP"YJWV�Q\a^VY�W{p�WVXZY�cdWrR(SUW,j
p�fvW{SDM`Sh[(SUW�WVXqR(W{SUY�N(Sh�(\aY�fdM�XQPJWVXqRQNQfdP�P�\aXQ^VWVP![QNiR(\�S"\�p��VY�SUW![QW	p�\aP�P"W�[QWrcts�TVlZN(\aY�fdM�X
w��Qx � ��y x4$!WV^Vf3\aP�P"N(SUWrcn\�^VMObQT{SUWVXQ^VW	[QW	XQM�Y�SUW)[QT{p�\�Sh^�bQW�x
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z�W�[Qfn\a_`S"\�p�p�W�[QW � M�Yo^VM�XQP�Y�fdY�NQW R(M�N(S�XQM�Y�SUW�Y�bQTVM`ShfvW NQX [Qfn\a_`S"\�p�p�WoWVX Y�ShM�fdP

[Qfnp�WVXQP"fvMOXQP{�9\aP�P�MZ^VfdT�\aNQ�iTVe�M�cdNQY�fdM�XQP	[QWVP	R(\�S"\�p��VY�SUWVP
g
�
ga

WVY
ca
��[QM�XQXQTVWVP	R(\�S0cdWVP

TVlZN(\aY�fdM�XQP$w ��x�� ��yVx ��\OSJ^VMOXQP�TVl`NQWVXZY{�OWVY�^VM`p�p�W)XQM�NQP!ctsu\ke�M�XQP![QT8�,mgShW{p�\�SUlZNQT���cdW$^{\]cuj
^VNQcD[QWVP$R�M�fdX`Y�P �(�ZWVP$WVP�Yo[QM�XQXQT�R(\�S�cdW�P��ZP�Y��{p�W w �(x�����y0WVY �8\afdY$fdXZY�W{SUe�WVXQfnS�cvWVP�Y�ShM�fdP
�tM�XQ^VY�fdM�XQP

β
�
βa

WVY
ρca

x1")WVNQ� [QWVP�TVlZN(\aY�fdM�XQP l`NQf�^VMOXQP�Y�fdY�NQWVXZY�cdWFP��ZP�Y��{p�W+w �(x ����y
P"M�X`Y�WV�Q\a^VY�W{p�WVX`Y&P�W{po�Qcn\a�QcdWVP m)^VWVcdcdWVP lZNQf([QT �(XQfdP�P,\afdWVX`YDcvW0R(M�fdXZY �(�ZWrm)cts�M`SU[(SUW![9s�NQXQW
��M�NQ^VcdW	[(\aXQP!cdW	^{\a[(SUW)[QWrcn\�Y�WV^,bQXQfdl`NQW)[QW � fdcdP�M�XicdM`ShP�l`NQW

r
P"W	Y�SUM�NQea\afdY moP�\oe|\acdWVN(S

R�M�fdX`Y �(�ZW
r∗

w �6l�x�w��Qx � �`y�yVx
��X�W ��WVY{��[(\aXQP)cvWVPoTVl`N(\]Y�fdM�XQPr[QMOXQX(\aX`Y)cts�TVe�M�cdNQY�fdM�X�[QWVP
R(\OS�\�p��VY�ShWVP

u
WVY
ua
�Qcn\�R(ShTVP�WVXQ^VW	[QNFR(\�S"\�p��VY�SUW

r
XQW$[QM�XQX(\]fvY0l`NQWo[QWVP�^VM`S�SUWV^VY"fvMOXQP

[9s�M`SU[(SUW!P�NQR�T{SUfdWVN(SVx ��M�NQP!\ke`fdM�XQPDe`Nql`N9s~\acdM`SUP�NQXqR(M�fdXZY �(�ZW)TVY�\afdYJY�ShM�NQe�T�R�M�N(S�Y�MONQY�W
ea\acdWVN(S�[QNqR(\�S�\�p��VY�SUW

ca
x "�su\aNQY�ShWJR(\�SUYk�ac�\ �}MOXQ^VY�fdM�X

ρca(ᾱ, ᾱa, c̄a)
WVP�YDbQM`p�M�_O�VXQW [QW

[QWV_ZSUT�[QWVNQ�+WVX
ᾱ
WVY
ᾱa
x  cJWVP�Y�\acdM`SUPo^VM�bQT{SUWVXZY$[9s�NQY�fdcdfdP�W{SocdWVPgea\acdWVN(SUP

ᾱ∗
WVY
ᾱ∗a

\aN
R�M�fdX`Y �(�ZWg\aNiR(SUW{p�fvW{S0M`SU[(ShWrWVX

ε
��l`NQf9P"M�X`Y0[QWVP7�tM�XQ^VY�fdM�XQP�[QN R(\�S�\�p��VY�SUW

c̄a
�QWVYr[QW

cdWVP�SUWVR(M`ShY�W{S)[(\aXQP	cn\ �tM�XQ^VY�fdM�X
ρca

��lZNQfJX9s�WVP�Y$\]cvMZSUP	RQcdNQP �tM�XQ^VY�fdM�X+lZNQW�[9s�NQXQW�P�WVNQcdW
ea\�SUfn\a�QcdW��

c̄a
x��6XiY�W{S�p�WVP![QWVP�ea\�SUfn\a�QcdWVPrSUTV[QNQfdY�WVP0XQM�NQPr\ke�M�XQP	�

ᾱ∗(c̄a) =
ε

20D
+O(ε2) ᾱ∗a(c̄a) = c̄a

ε

20D
+O(ε2)

w�3�x ��y

�&MON(SJ^VWol`NQf&WVP�Y�[QWocn\�SUWV^,bQW{SU^�bQWo[QWVP�R(MOfvXZY�P �(�`WVPk�QXQM�NQP�R�M�NQe�M�XQP�[QMOXQ^gSUWVP�Y,SUWVfdXQ[(SUW
cn\ [QWVP�^{SUfdRQY�fdM�X [QNF[Qfn\a_`S�\Op�p�W)[QW � M�Y�WVXiY"W{S�p�WVP�[QWoc}s�NQXQfvlZNQW �tM�XQ^VY�fdM�X [9s�NQXQW	P�WVNQcdW
ea\�SUfn\a�QcdW+SUTVWVcdcdW �

ρca(ᾱ∗(c̄a), ᾱ∗a(c̄a), c̄a)
x z�s�TVl`N(\aY"fvMOX [QM�XQX(\aXZYqcvWVP R(M�fdXZY�P �(�`WVPFm

cts�MZSU[(SUW)[QW	[QWVNQ�i�(M�NQ^VcdWVP�WVP�Y0[QM�XQ^��

ρca (ᾱ∗(c̄∗a), ᾱ
∗
a(c̄
∗
a), c̄

∗
a) = 0

w�3Qx � ��y

cdWVP&[QWVNQ� \]NQY�SUWVP9TVlZN(\aY�fdM�XQP�TVY�\aXZY�e�T{SUf �(TVWVP&[Q�VP9cdM`SUP9lZNQWJcts�M�X	fnp�R�M�P�W�cdWVP&TV_`\acdfdY�TVP w�3Qx
��yVx
ρca(ᾱ, ᾱa, c̄a)

TVY�\aXZY9bQM`p�MO_��VXQW�[QWJ[QWV_`ShT�[QWVNQ�$WVX
ᾱ
WVY
ᾱa
�VWVY&cdWVP3ea\acdWVN(SUP�[QWJ^VWVP&[QWVNQ�

R(\OS�\�p��VY�ShWVP TVY,\aX`Y0Y�M�NQY�WVP�[QWVNQ�iR(ShM�R(M`ShY�fdM�XQXQWVcdcvWVP	m
ε
\]NFR(MOfvXZY �(�`W���XQM�NQP)R(M�NQe�MOXQP

P"f�p�RQcvf �(W{S�c}s�TVl`N(\aY"fvMOX w&3Qxn� ��y*R(\�S
ε2 x ��MONQP	M��QY�WVXQM�XQP	\acdM`SUP)NQXQW�TVlZN(\aY�fdM�XFfdXQ[QTVR�WVXZj

[(\]X`Y�Wo[QW
ε
��WVY)cn\iea\acdWVN(S)[QN+R(\�S�\�p��VY�SUW

c̄a
\aN�R(M�fdXZY �(�`W�WVP�Y	NQXQW ^VM�XQP�Y�\aXZY�W	fdXQ[QT,j

R�WVXQ[(\aXZY�Wr[QW)cn\o[Qf�p�WVXQP�fdM�X�P"R(\aY�fn\acdW�xQz�Wr^{\]cv^VNQc9mocts�M`SU[(ShW�[QWr[QWVNQ� �(M�NQ^VcdWVP!l`NQW)XQM�NQP
\ke�MOXQPgW ��WV^VY�NQT�XQM�NQP�[QM�XQXQW��DR(MON(S�cn\ �}M�XQ^VY"fvMOX

ρca(ᾱ∗(c̄a), ᾱ∗a(c̄a), c̄a)
�6cvW�_`S"\aRQbQW

[QMOXQXQT �(_�N(SUW�3Qxn�Ox
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z9\ P�WVNQcdW�ea\acdWVN(S�[QN%R(\�S�\�p��VY,SUW

c̄a
P�\aY�fdP �8\afdP�\aXZY$cts�TVlZN(\aY�fdM�X�w�3Qxn�	��y�WVP"YgcdWiR�M�fdX`Y

�(�ZW
c̄∗a = 0

x ��M�NQP)X9su\ke�M�XQP)[QM�XQ^�R(MON(S)P�WVNQc�R(M�fdXZY �(�`W l`NQW�^VWVcdNQfJ[QN+p�MZ[Q�VcdW
O(2)[Q�ZX(\�p�fdlZNQW�x $*M`p�p�W�XQM�NQP&ctsu\ke`fdM�XQP&WV�ZRQcvfdlZNQT��aXQM�NQP&P�\ke`fdM�XQP&l`NQWD^VW!R(M�fdXZY3[QW!cts�WVP�R(\a^VW

[QWVPoR(\�S�\�p��VY�SUWVP)TVY�\afdY$R�M�fdX`Y �(�ZW�[QW�XQMOY�SUW�Y�bQTVM`SUfdW�x9z�WVP�lZNQWVP�Y�fdM�XQPol`NQW�XQMONQP$XQM�NQP
R�M�P�fdM�XQPo^VM�XQ^VW{SUX(\afdWVXZY$cdW�XQMZp$�(ShWgY"M�Y�\ac&[QW�R(MOfvXZY�P �(�`WVP{�?cdWVN(SUP�e|\acdWVN(SUP{�?cdWVN(S	P�Y�\]�Qfuj
cdfdY�ToWVYrcdWVP)WV�`R�M�P�\aXZY�P!^{SUfdY�fdl`NQWVP	\aP�P"M`^VfdTVP{x �0M�NQP�P"M`p�p�WVP!WVX�p�WVP�N(SUW	[9su\ �iS�p�W{SDl`N9s~m
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	S�\aRQbQWD[QWJcn\ �}M�XQ^VY"fvMOX
ρca(ᾱ∗(c̄a), ᾱ∗a(c̄a), c̄a)

M��QY�WVXZNQW m!cts�MZSU[(SUWJ[QWD[QWVNQ�
��M�NQ^VcdWVP	WVX�Y�bQTVM`SUfdW$[QWVP	R�W{SUY�N(SU�(\]Y�fdM�XQP{�Q\aR(SU�VP)P�fnp�RQcdf �(^{\aY�fdM�X+R(\�S

ε2 ��WVY	R(M�N(S0[QWVNQ�
fdXZY�W{SUea\acdcvWVP![Qf ��T{ShWVX`Y�PD[QWrea\�SUfn\aY�fdM�X�[QNqR(\�S�\�p��VY�SUW

c̄a
xZz�W)P�WVNQc(R�M�fdX`Y �(�`W�^VMZS�SUWVP�R�M�XQ[

m�NQXQW	e|\acdWVN(S � T{SUM [QNiR(\�S�\�p��VY,SUW c̄a �QWVY�fdc9WVP"Y�fdX � S�\OSUM�NQ_�W�P"Y�\a�QcdW�x

cts�MZSU[(SUW�[QWi[QWVNQ�+��M�NQ^VcdWVP{��cn\ Y�S�\aXQP"fvY"fvMOX [QWqRQb(\aP�WqM�P�^Vfdcdcn\aX`Y"WibQM`p�M�_��VXQW [9s�NQX P"�`PUj
Y"�{p�Wr[QW	[Qfnp�WVXQP"fvMOXifvX �tT{SUfdWVN(SUW�m

4
WVY fdX �(XQfnp�WVXZY�R(SUMZ^�bQW	[QW

4
�`bQMZp�M�_��VXQW��OfvP"M�Y�SUM�R�W

WVY�fdXZe|\�Shf�\]X`Y�R(\�S&Y,S�\aXQP�cn\aY�fdM�XQP&P�R(\aY"f�\]cvWVP�WVYDY�W{p�R�M`SUWVcdcdWVP{�aR(M�P"P��V[QW��a[(\aXQP�cdWrSUT��tT{SUWVXZY�fdWVc
MOP�^Vfdcvcn\aXZYrm�cn\ � ShTVl`NQWVXQ^VW	W ��WV^VY�fde�W$[QWVP�MOP�^Vfdcvcn\aY"fvMOXQPrP�R�M�XZY�\aXQTVWVP{�ZcdWgp�#{p�W	R(M�fdXZY��(�`W
lZNQW)c�\�Y�S�\aXQP�fdY�fdM�Xq\aP�P�MZ^VfdTVW \aNip�MZ[Q�VcdW

O(2)
[Q�`X(\�p�fvlZNQW���WVY![QM�XQ^)WVXiR(\�SUY"fv^VNQcdfdW{SDcdWVP

p #{p�WVP�WV�`R�M�P�\aXZY�P$^{ShfvY"fvlZNQWVP�[QT �(XQfdP�P�\]X`Y�cdWVP�cdM�fdP�[9s�TV^�bQWVcdcdWi[QM`p�fdX(\aXZY�WVP{x&z�WVP�P�fnp�f~j
cn\�ShfvY"TVP$WVY$[Qf ��T{SUWVXQ^VWVP�\{eOWV^gcdWip�MZ[Q�VcvW

O(2)
�9\]fvXQP"fJlZNQW�cdWVPg^VMOXQP�TVl`NQWVXQ^VWVPo[QW�XQM�Y�ShW

ShTVP�NQcdY�\aY�P�N(SocdWVP�R(SUM�R(SUfdTVY�TVP�[QWVP�M�P�^Vfdcdcn\aY�WVN(SUP ^{SUfdY�fdl`NQWVP{�6P�W{SUM�XZYg\aX(\]cv�ZP�TVWVP�[(\aXQP�cdWVP
P"WV^VY�fdM�XQP�P�NQfde|\]X`Y�WVPkx

��MONQPJSUTVP�N(p�M�XQP�^Vf~j8[QWVP�P"M�NQPJcdWVPJWV�ZR(MOP�\aXZY�P�^{SUfdY�fdl`NQWVPDfdXQ[QTVR(WVXQ[(\aXZY�P{�Z\aP�P�MZ^VfdTVPJ\aNQ�
^VMZp�R(M`ShY�W{p�WVXZY�Pr[9s�TV^�bQWVcdcdW w �(x �(�{y � w ��x � ��y0WVY�w ��x � ��yV��WVY$^{\]cv^VNQcdTVP�m cts�M`SU[(SUW�[QWq[QWVNQ�
��M�NQ^VcdWVP moctsu\afd[QWo[QWVP �}MZS�poNQcvWVP$w ��x�����y0�

z = 2 +
ε2

50

(
−1 + 6 log

4

3

)

η =
ε2

50

η̃ =
ε2

50

(
−1 + 12 log

4

3

) w�3Qx ���{y

� ^VWVcn\Q��fdc �8\aNQY$\k��M�NQY"W{S�cn\iea\acdWVN(S	[QW�cts�WV�ZR(MOP�\aXZY
ν
�?l`NQW�XQMONQP	^VM�XQX(\afdP�P�fdM�XQPo[QT8��mim

cts�MZSU[(SUW)[9s�NQXQW	�(M�NQ^VcdWq�
ν =

1

2
+

ε

10

w�3Qx � ��y
$*WVP$WV�ZR(M�P�\]X`Y�PoP�M�XZY	cdWVP�p #{p�WVP$lZNQW�^VWVNQ� [QN p�MZ[Q�VcdW

O(2)
[Q�ZX(\�p�fdlZNQW�x �6X R(\�S j

Y"fv^VNQcdfdW{SV��cn\�SUWVcn\aY�fdM�X�w �(x � �OyrSUWVcdfn\aXZY�cvWVP WV�`R�M�P�\aXZY�P
z
�
η
WVY
η̃
�&l`NQfDWVP�Y�fnp�R(M�P"TVW�R(\�S

cdWqY�bQTVM`SU�{p�W �?cdNQ^VY�N(\aY�fdM�XZj ")fdP�P"fvR(\]Y�fdM�X WVYoWVP�Y$[QMOXQ^�ea\acn\a�QcdW�m Y�M�NQY	M`SU[(ShW�WVX+Y�bQTVMaj
ShfvW [QWVP�R�W{SUY�N(SU�(\]Y�fdM�XQP�[(\aXQP�cdW�^{\aPq[QN'p�MZ[Q�VcdW

O(2)
��WVP�Y P�\aY�fdP �8\afdY�WFm c}s�M`SU[(SUWi[QW

[QWVNQ�i��M�NQ^VcdWVP	R(M�N(S*XQM�Y�SUW$p�MZ[Q�VcdW�x $*WV^Vf9^VM�XQP�Y�fdY�NQWoNQX�\aP"R(WV^VY�P�N(ShR(SUWVX(\aXZY�[QW$XQM�Y,SUW
ShTVP�NQcdY�\aY{��RQNQfdP�l`NQWqcdW��Qfdcn\aX+[QTVY,\afdcvcdTqWVP�Y$�(ShfvP"T�[(\aXQP$cdW�P"�`P�Y"�{p�W����F^VM`p�R(SUfdP$[(\aXQP	cdW
ShT��}T{SUWVXZY�fdWVc!M�P�^Vfdcdcn\aX`Ykx ��MONQP�SUWVeZfvWVXQ[(ShM�XQP�WVX [QTVY�\afdcdPqP�N(So^VWVY�\aP�R�WV^VY�fnp�R(M`ShY�\aXZYg[QW
XQMOY�SUW	SUTVP�NQcdY�\aY![(\aXQP�cn\�P"WV^VY�fdM�X�3Qx �(x
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��X�\aNQY,SUW�\aP�R(WV^VYDfnp�R(M`ShY�\aXZY3[QW�XQMOY�SUW�SUTVP�NQcdY�\aY�WVP"YJcn\	P�NQfdea\aX`Y)�acdWVP1�tM�XQ^VY�fdM�XQP

γω0WVY
γθ

P�M�XZY$Y�M�NQY"WVP	[QWVNQ�+X`NQcdcdWVP�\aN%R(MOfvXZY �(�ZW�x �rfdXQP�fDcn\ �8SUTVlZNQWVXQ^VW�WVYocn\FRQb(\]P�W�[QN
R(ShM��Qcd�{p�W	XQW	P�M�XZY�R(\aP�SUWVXQM`S"p�\acdfdP�TVWVPr\aNiR�M�fdX`Y��(�ZWVP{x �&MON(SJcn\�Y"bQTVM`SUfdW	^{SUfdY�fdl`NQW���l`NQf
P"WJP�fdY�NQW!P�N(S?cn\)P�N(S �8\a^VW�^{SUfdY�fdl`NQW�p�\]fvP&[Qf ���{SUW![QN�R(MOfvXZY �(�ZW��{^VWVP&l`N(\]X`Y�fdY�TVP&P�M�XZY3SUWVXQMZS:j
p \acdfvP"TVWVP�R(\�SDNQXiY�W{S�p�W	\a[Q[QfdY�f�� �(XQf}x�z�WVP�e|\]cvWVN(ShP [QW	^VWVP0R(\�S�\�p��VY,SUWVP mocn\�Y�S�\]XQP�fdY�fdM�X
P"M�X`Y!P�R�TV^Vf �(l`NQWVP	[QWo^�b(\alZNQW	P��ZP�Y��{p�W��ZWVY)XQW$P�MOX`Y!R(\�S!^VMOXQP�TVl`NQWVXZY�R(\aP0NQXQfveOW{SUP�WVcdcdWVP{x
�6X'SUWVea\aXQ^,bQW���cts�TV^{\�SUY�m cvWVN(Sqea\acdWVN(S�R�M�fdX`Y �(�ZW���[QM�XZY�cts�TVe�M�cdNQY�fdM�X
WVX �tM�XQ^VY�fdM�X [QW
cts�TV^,bQWVcdcdW�WVP�Y)[QM�XQXQTVW�R(\�S�cdWVP	TVlZN(\aY�fdM�XQP)[QW�_`SUM�NQR�W	[QW�ShWVXQM`S�p�\acdfdP�\aY"fvMOXicvfdXQT{\�ShfvP"TVWVP{�
P"M�X`Yk��WVcdcdWVP{�a[QWVP&l`N(\]X`Y�fdY�TVP?NQXQfveOW{SUP�WVcdcdWVP{x �6X$R(\�ShY�fd^VNQcvfdW{SV� XQM�NQP3eOW{S�SUM�XQP�^VM`p�p�WVX`Y9^VWVY"Y�W
TVeOM�cdNQY�fdM�XFfdX � NQWVXQ^VW�cts�WV�`R(ShWVP�P�fdM�Xi[QWVP �}M�XQ^VY"fvMOXQP�[QW$^VM`S"SUTVcn\aY�fdM�XiWVY)[QWgSUTVR�M�XQP�W	[(\aXQP
cn\�ShTV_�fdM�Xi^{SUfdY�fdl`NQW�w}e�M�fnSDP�WV^VY�fdM�X�3Qx �OyVx

� 5�%35�� �rB ,�BtA�@�CaB8=6E3L 
:B�� �O@�@�= *JB ,�@(=DC|B:<9=
4
@QAFC%�J= 	OI ��<9=DB8CaG�A�B8<9=

��X$\]NQY�SUW�\aP�R(WV^VY?WVP�P�WVXZY�fdWVc�[QW�^VW SUTVP"NQcvY,\aY�WVP�Y9lZNQWJcn\!P�Y�ShNQ^VY�N(SUW&[QWVP9R(M�fdXZY�P��(�ZWVP3[QN
_ZSUM�NQR(Wo[QW�SUWVXQM`S�p�\]cvfdP�\]Y�fdM�XFWVP�Y)Y�SU�VP)[Qf ��T{SUWVXZY�W�WVX�[Qfnp�WVXQP�fdM�X�[9s�WVP"R(\a^VW�P�NQR(T{SUfdWVN(SUW
WVY�fdX �tT{SUfdWVN(SUW�m

4
x ��X%W ��WVY{�&WVX [Qfnp�WVXQP�fdM�X%P�NQR�T{SUfdWVN(SUWFm

4
cdWiR(M�fdXZY �(�`Wq_`\aNQP�P"fvWVX

WVP"Y�NQXFR�M�fdX`Y��(�ZW$P"Y�\a�QcdW	[QNF_`ShM�NQR(W	[QW�SUWVXQM`S�p�\]cvfdP�\]Y�fdM�X9�ZWVY�^�s�WVP�Y!^VW$R�M�fdX`Y �(�ZW	l`NQf
[QTV^{ShfvYqcn\%Y�S�\aXQP"fvY"fvMOX9x �&M�N(S�^VW�R(MOfvXZY �(�`W��Dcn\%e|\acdWVN(S [QN'R(\OS�\�p��VY�ShW

ca
R(WVNQY #VY,SUW

^,bQM�fdP�fdW � � � 
 ��� � 
 ��� � ���0�tx �rfdXQP�ft�!\aR(SU�VP�\ke�M�fnS �(�`TicdWVPqR(\�S�\�p��VY,SUWVP$lZNQWiXQM�NQP�\keZfvMOXQP
cdWq[(SUM�fdY	[QW �(�ZW{S � � ��
�� ��
0[(\aXQP$cn\iR(ShM`^VTV[QN(SUW�[QWiSUWVXQM`S�p \acdfvP,\aY�fdM�X��{��fdc!XQM�NQP$SUWVP�Y"W��
WVX [Qf�p�WVXQP�fdM�X+P�NQR�T{SUfdWVN(SUW�m

4
��NQXQW�cdfd_�XQW�[QW�R�M�fdX`Y�P �(�ZWVP{x �6X�[Qfnp�WVXQP"fvMOX+[9s�WVP�R(\a^VW

fdX �tT{SUfdWVN(SUW$m
4
WVX�SUWVea\aXQ^,bQW��`cn\oe|\]cvWVN(S

ca = 0
WVP�YJcn\�P"WVNQcvW	ea\acdWVN(SDR(M�fdXZY �(�ZW	lZNQf(P�M�fdY

\]^V^VWVRQY�\a�QcdW�x	�)fdXQP�ft�9P�f&cts�M�X P�NQfdY	c}s�TVe�M�cdNQY�fdM�X�[9s�NQX���WVN�[QW�R(\�S�\Op��VY�SUW
Π
��lZNQf&[QTVR(WVXQ[

[QWicn\ [Qfdc�\]Y�\aY�fdM�X [9s�TV^,bQWVcdcdW
s
WVY�[QN R(\�S�\Op��VY�SUW

ε = 4 − d �6XQM�NQP�\ke�M�XQP�cn\�cdfnp�fdY�WP"fvXQ_ONQcvfd�{SUWoP�NQfde|\aXZY�W��
lim
ε→0+

lim
s→0

Π 6= lim
s→0

lim
ε→0+

Π
w�3Qx � ��y

�6XiR(\�SUY�fd^VNQcdfdW{SV�Q[(\aXQP0cvW	^{\]P�[9s�NQXQW	Y�bQTVM`ShfvW	^{ShfvY"fvlZNQW��QXQM�NQP�\ke�M�XQP	�

lim
ε→0+

lim
s→0

(ᾱ(s), ᾱa(s), c̄a(s)) = (0, 0, 0)

lim
s→0

lim
ε→0+

(ᾱ(s), ᾱa(s), c̄a(s)) = (0, 0, c?a)
w�3Qx ���`y

M�
9�`WVXq^,bQM�fdP�fdP�P�\aXZY!�QfvWVXicdWVP�^VMOXQ[QfvY"fvMOXQP fdXQfdY�fn\acdWVP{�
c?a
R(WVNQY!R(SUWVXQ[(SUW)X9s�fnp�R�M`SUY�W)l`NQWVcdcdW

ea\acdWVN(SVx $!W �8\afdY!WVP�Y�fdcdcdNQP�Y�SUToP�N(SDcvWVP �(_�N(SUWVP73Qx
�$WVY 3Qx �Qx
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��bZ�`P"fvlZNQW{p�WVXZY�XQM�Y�ShW$SUTVP�NQcdY�\aYr\ NQXQW�P�fd_�XQf �(^{\aY�fdM�X f�p�R(M`SUY,\aX`Y"W�x��6X+\a�QP�WVXQ^VW$[QW

�(ShNQfvYk�Q^VM`p�p�W)XQM�NQP�ctsu\keZfdM�XQP�[QfdY�[(\aXQP�cdWo^�b(\aRQfdY�ShW ��P�WV^VY�fdM�X �Qx �Q�Zc�\�[Q�`X(\�p�fvlZNQW	WVP�Y
Y,SU�VPgSUfd^,bQW�[QN%^ ��Y�T fvXQP"Y�\a�QcdW�[QWqcn\ �Qf �tN(SU^{\aY"fvMOX9x ��X%R(\�SUY"fv^VNQcdfdW{SV�&WVX �}M�XQ^VY"fvMOX+[QW�cn\
ea\acdWVN(S	SUWVcn\aY�fde�Wo[QWg^VW{ShY�\afdXQPrR(\OS�\�p��VY�ShWVP{�ZcvWVPoP�M�cdNQY�fdM�XQP)M�XQ[QWVP)RQc�\]XQWVP	[QWgcts�TVlZN(\aY�fdM�X

)fdX � �QN(SU_]j z9\aXQ[(\aNo^VM`p�RQcdWV�`WDR(WVNQe�WVXZY9[QWVe�WVXQfnS?Y�M�NQY�WVP?fvXQP"Y�\a�QcdWVP{�Vcn\afdP�P�\]X`Y�\acdM`SUP�RQcn\a^VW
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ca

������� � 	�� � �DSUM|�"WV^VY�fdM�X	[QWVP�cdfd_�XQWVP�[QW � M�Y&[(\aXQP3cdW!RQcn\aX
(u, ca)

WVXo[Qfnp�WVXQP�fdM�X�[9s�WVP�R(\a^VW
P"NQR(T{SUfdWVN(SUW�m

4
x��9MONQY	c}s~\a�`W

ca
WVP�Y)^VM�XQP�Y�fdY�NQT�[QW�R(MOfvXZY�P �(�ZWVP	[QN�_`SUM�NQR�Wg[QW�SUWVXQMZS:j

p \acdfvP,\aY�fdM�X9x /Zf�cts�M�XqP�NQfdY!NQXQWrcdfd_�XQW	[QW � M�Yk��M�X�Y"WVXQ[�e�W{ShP NQXq[QW)^VWVP R�M�fdX`Y"P �(�ZW)R(M�N(S
cdWVlZNQWVc(cn\	ea\acdWVN(SD[QW

ca
[QTVR(WVXQ[q[QWVPJ^VMOXQ[QfvY"fvMOXQP fdXQfdY�fn\acdWVP{xQz9\ � M�XQW!_`SUfdP�TVW�fdXQ[Qfdl`NQW	NQXQW

ShTV_�fdM�X�[QW�cts�WVP�R(\]^VWr[QWVPDR(\�S�\�p��VY,SUWVP3lZNQf(X9s�WVP�Y(��\Op�\afdPJWV�ZRQcdM`SUTVW�R(\�SDSUWVXQM`S�p \acdfvP,\aY�fdM�X9x

moNQXQW)[Q�`X(\Op�fdl`NQW)fdX`Y�ShfvXQP"�Vl`NQW{p�WVXZY!^�b(\]M�Y�fdl`NQW�5 ��6 x  tc�WVP�Y!^VM�XQXZN�lZNQWrcn\�R(ShTVP�WVXQ^VWr[QW
�(ShNQfvY&R(WVNQY&\{eOM�fnS�NQX$W ��WVY3P�Y,\a�QfdcvfdP�\]X`Y9R�M�N(S�^VW{SUY,\afdXQWVP9P�Y�SUNQ^VY"N(SUWVP9R(SUMZ[QNQfdY�WVP9R(\�S�cn\0[Q��j
X(\Op�fdl`NQW��ap�#{p�WDcvMZSUP�lZNQWJcdW�^,b(\aM�P9cdWVP�[QTVY�SUNQfdY�[(\aXQP&cdW!^{\aP3[QTVY"W{S�p�fdXQfdP�Y�W 5 ���O���Q�a�`��� ��6Ux
"	\]XQP	cvW ^{\aP	[QWVP$M�P"^Vfvcdcn\aY�WVN(ShP	^VM�NQRQcdTVP$lZNQW�XQM�NQP	^,bQW{SU^�bQMOXQP$mq[QTV^{SUfnSUW���fdcJWVP�Y	TV_`\]cvW,j
p�WVX`Y�^VMOXQX`N l`NQWocvW��(SUNQfdY)R(WVNQY$\ke�M�fnSDNQX�W ��WVY)[QW$P��ZXQ^,b(SUM�XQfdP�\aY�fdM�Xi[QWVP	RQb(\]P�WVPrSUWVPUj
R�WV^VY�fde�WVP)[QWVPr[Qf ��T{ShWVX`Y�P	MOP�^Vfdcvcn\aY"WVN(SUPrcdM`ShP�l`NQWocn\�[Q�ZX(\�p�fdlZNQW$[QTVY�W{S�p�fvXQfdP�Y"W$WVP�Y)^�b(\]Maj
Y"fvlZNQW 5 ��� ���?��� �Z� � ��6 x(z�W �8\afdY�l`NQWoXQM�NQP�XQW	Y�ShM�NQe`fdM�XQP0^VM`p�p�W)R(M�fdXZY �(�ZW$P"Y�\a�QcdW	l`NQW
^VWVcdNQf)l`NQf0WVP�Y�\aP�P"M`^VfdTF\aN�p�M`[Q�VcdW

O(2)
[Q�ZX(\�p�fdl`NQW R(WVNQY�#VY,SUWifdX`Y�W{ShR(SUTVY�Ti^VM`p�p�W

NQXQW	P"fv_OX(\aY�N(SUW	_�TVXQT{ShfvlZNQW	[QW	cts�W ��WVY)P�Y�ShNQ^VY�N(S�\aXZYJ[QNi�(SUNQfdYrm�c�\�Y�S�\aXQP�fdY�fdM�X9x
�6XiW ��WVY{�
^VMZp�p�W�XQM�NQP!ctsu\keZfvMOXQP [9s�M`SUWVPJWVY![QT8�,m�SUW{p�\�SUlZNQT�[(\aXQPDcn\�P�WV^VY�fdM�X �Qx �(�O[(\aXQP!cdWr^{\aP!M�

cdWVPoR(\�S�\�p��VY,SUWVP

ca
WVY
ua

[QN p�MZ[Q�VcdW�P�M�XZY)X`NQcdP{�?c�\ [Q�`X(\Op�fdl`NQW�[(\]XQP$cdW�SUT��tT{SUWVXZY�fdWVc
MOP�^Vfdcvcn\aXZY�WVP�Y!WV�Q\a^VY�W{p�WVXZYJ^VWVcdcdW$[QNip�MZ[Q�VcdW

O(2)
x "	\aXQP!cdW$SUT��}T{ShWVX`Y�fdWVc�M`SUfd_�fdXQWVct�ZXQM�NQP

MO�QP�W{SUe�M�XQP�\acdM`ShP�NQXQW	P��ZXQ^�b(SUMOXQfvP,\aY�fdM�Xi[QWVP�M�P"^Vfvcdcn\aY�WVN(ShPrlZNQft�(WVXiR(\�ShY�fd^VNQcvfdW{SV��XQW$R(ShMaj
[QNQfdY�R(\aP�[QW!^,b(\aM�P{x��0M�NQP \ke�MOXQP3�QfdWVX�Y�ShM�NQe�T��VWVX�\aRQR(SUMZ^,b(\aX`Y&cdW!R(M�fdXZY�^{SUfdY�fdl`NQW�R(\OS9cdW
^ �OY�TrXQMOXiM�P�^Vfdcdc�\]X`Y)[QW	cn\�Y�S�\aXQP"fvY"fvMOX9�`NQXQWoY�S�\aXQP"fvY"fvMOX�[QW	P��ZXQ^,b(SUM�XQfdP�\aY�fdM�XqbQM`p�MO_��VXQW
[QWVP�MOP�^Vfdcvcn\aY"WVN(SUP{�alZNQfQR(WVNQY1#VY,SUW!e`NQW!^VM`p�p�W NQXQW!�Qf��tN(SU^{\aY�fdM�X�[QW��0M�R ��TVY"WVXQ[QNQW�x��9M�NZj
Y"W��}M�fdP{�ZR�M�N(SD^VM�XQ^VcdN(SUW	P�N(SDcn\$eQS�\afdW	X(\aY"N(SUW�[QW	cn\�Y�S�\]XQP�fdY�fdM�X�WVXqR(SUTVP�WVXQ^VW	[QW	�(ShNQfvYk�`fdc
P"W{S�\afdY	XQTV^VWVP�P�\afnSUW [9su\aX(\acd�ZP�W{S�cn\ P�Y�SUNQ^VY�N(ShW$[QN+_`ShM�NQR(W�[QW�SUWVXQMZS�p�\acdfdP�\aY�fdM�X�[QN+^ �OY�T
fdXQP�Y,\a�QcdW	[QW$cn\�Y�S�\]XQP�fdY�fdM�X9x

� �
	 �o��# �9�����0#g� �g� �&���������� *���,��# �&�'��� ��������#������� �#�� ��� ���&-
. ��/1� �&��������2	���

��MONQPrXQM�NQP)R(SUM�R�M�P�M�XQP0[(\aXQPr^VWVY"Y�W�P�WV^VY�fdM�XF[QW�[QM�XQXQW{S0NQXQW�WV�`R(ShWVP�P�fdM�XFW ��WV^VY�fde�W
[QW0c�\ �}MOXQ^VY�fdM�X�[QWrSUTVR(MOXQP�W�cdfdXQT{\afnSUWr[QW0c�\�Y�bQTVM`SUfdW�x�z9\�[QT{p�\�SU^,bQW!l`NQW0XQM�NQP�[QTVY�\afdcdcdM�XQP
fd^Vf!R(WVNQY�#VY�ShW�SUWVR(SUMZ[QNQfdY�W�WV�Q\a^VY�W{p�WVXZY	R(M�N(Socn\ �tM�XQ^VY�fdM�X%[QW�^VM`S"SUTVcn\aY�fdM�X9x3z?\iRQb(\aP�W

� �`�
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u

ca

������� � 	�� � �DSUM|�"WV^VY�fdM�X	[QWVP�cdfd_�XQWVP�[QW � M�Y&[(\aXQP3cdW!RQcn\aX
(u, ca)

WVXo[Qfnp�WVXQP�fdM�X�[9s�WVP�R(\a^VW
fdX �tT{SUfdWVN(SUW�m

4
x��&M�N(S0cdWVP$_`S�\]XQ[QWVPrea\acdWVN(SUP$[QW

u
��fdc�X9s���\qR(\aP	[QW�[Qf ��T{SUWVXQ^VWq\{eOWV^$cdW

[Qfn\a_ZS�\�p�p�Wo[QW�c�\ �(_�N(SUW�3Qx ��x "	\aXQP	cn\iSUTV_�fdM�X�[9s�M`Sh[(SUW
ε
WVX+SUWVe|\aXQ^,bQW���cn\qP�fdY�N(\aY�fdM�X

WVP"Y�Y�SU�VP�[Qf ��T{SUWVXZY�W�x�z�W0P�WVNQcQR(M�fdXZY �(�ZW!WVP�YJcdW�R�M�fdX`Y �(�ZW
(u∗ = ε

20D (4π2c2) , ca = 0)
x

�?M�NQY�WVP!cdWVP)cvfd_�XQWVP0[QW � M�Y!�q^VM�X`eOW{SU_�WVXZY{x

W ��WV^VY�fde�W
θ
X9su\]RQR(\�S�\afdP�P�\]X`YDl`NQW	[(\aXQP0c}s�WV�`R(SUWVP"P�fdM�Xi[QW$cn\)�tM�XQ^VY�fdM�Xi[QW$SUTVR�M�XQP�W��ZXQM�NQP

\ke�MOXQPJ^,bQM�fdP�f�[QW	R(SUTVP�WVXZY�W{S�cts�TVY�NQ[QW	[QW	^VWVY"Y�W7�tM�XQ^VY�fdM�X9�Ol`NQf?^VM�X`Y"fvWVXZYJcts�fdX �tM`S�p�\]Y�fdM�X�cn\
RQcdNQP�SUfd^,bQW�P�N(S�cn\oY�bQTVM`ShfvW�x �&MON(S�^{\acd^VNQcdW{SDc�\ �}MOXQ^VY�fdM�X�[QW	SUTVR(M�XQP"W�cdfvXQT{\]f�ShWr[(\aXQPDcdW SUT,j
_Of�p�W�^{SUfdY�fdl`NQW��OXQM�NQP�NQY�fdcdfdP�M�XQP!cdW � \]fvYDl`NQW0c�\op�\aY�Shfv^VW![QWVPD^VM`S�SUTVcn\aY�WVN(ShP m)[QWVNQ��R(MOfvXZY�P
w �Qx � ��y6WVP�Y![QM�XQXQTVW$R(\OSJcts�fdXZe�W{SUP�W	[QWocn\�p�\aY�Shfv^VW

Γ̃
(2) w ��l�x�w �Qx ����y"yVx�z9\�[QT{p�\OSU^�bQW)WVP�Y

cn\qP�NQfdea\aX`Y"W���cn\qP�M�cdNQY�fdM�X [QWVP	TVl`N(\aY"fvMOXQPr[QW�_`SUMONQR(W$[QW�SUWVXQMZS�p�\acdfdP�\aY�fdM�X9��R(SUTVP�WVXZY�TVW
[(\]XQP�cn\�P�WV^VY�fdM�X�3Qx ���ZXQM�NQP�R(W{S"p�WVY�[QW	^VM�XQXQWV^VY�W{S*^VWVP �}MOXQ^VY�fdM�XQPrmo[QWVNQ�iTV^�bQWVcdcdWVP)[Qf � j
�tT{SUWVXZY�WVP{x �6XiR(\�SUY�fd^VNQcdfdW{SV��^VWVc�\qXQMONQPrR�W{S�p�WVY�[QWo^VM�XQXQWV^VY�W{S0c�\ Y�bQTVM`ShfvW�m�NQXQW�TV^�bQWVcdcdW
[QMOXQXQTVWg\ke�WV^	NQXQW$TV^,bQWVcdcdW�M�
icdWVP	R(\�S�\�p��VY�SUWVPJP"M�X`Y0P�N���P�\�p p�WVX`Y!cdM�fdX�[QW$cn\ P�N(S �8\a^VW
^{ShfvY"fvlZNQWiR(MON(S�l`N9s�NQX [QTVe�WVcdM�RQR�W{p�WVXZY�R(W{SUY"N(SU�(\aY�f��r^Vcn\aP�P"fvlZNQWF\aNQY�MON(S	[QWicn\�Y�bQTVM`ShfvW
^,b(\�p�R p�M|�OWVX P�M�fdY�R(MOP�P�fd�QcdW�x7$!W{SUY�\afdXQWVP�_ZS�\aXQ[QWVN(SUP�fdX`Y"W{SUe�WVX(\aXZY�[(\aXQP�cdW+SUTVP�NQcdY�\]Y
P"M�X`Y0[QWVP	^VM�XQP�Y�\aXZY�WVP{�ZlZNQf3[QTVR�WVXQ[QWVX`Y	[QWVP)R(\�S�\Op��VY�SUWVP![QW�cn\qY�bQTVM`SUfdW$WVY)[QW$cts�TV^,bQWVcdcdW
m�cn\al`NQWVcdcdW$MOX�[QTV^Vfd[QW	[9s�W ��WV^VY�NQW{S6cdW	[QTVe�WVcdM�RQR(W{p�WVXZYJR�W{SUY�N(SU�(\]Y�f��hxZz�WVN(S�^VM`po�QfdX(\afdP�M�X
P"WrSUWVY�SUMONQe�W![(\aXQPJcdW$SUTVP�NQcdY�\]Y �(X(\ac(P�MONQPJcn\ �}M`S"p�W![9s�NQX�R(WVY"fvY!XQM`po�(SUW![QW)R(\�S�\�p��VY�SUWVP
W ��WV^VY�f��}Pk��l`NQf�P�MOX`Y	[QWVP	_`S"\aXQ[QWVN(SUP)WV�`R�T{SUfnp�WVX`Y,\acdW{p�WVX`Y$p�WVP�N(S�\a�QcdWVP{x�z�W�^{\acd^VNQc�R(SUT,j
P"WVX`Y�T!^Vf~j8[QWVP�P�MONQPJR(SUTV[QfdYJcn\o[QTVR(WVXQ[(\]XQ^VW�WVX

q
WVYDWVX

ω
[QW�cn\ �tM�XQ^VY�fdM�X [QWrSUTVR(MOXQP�W�x ��X

R(ShfvXQ^VfdR�W��3P"fJXQM�NQPo^VM�XQX(\afdP�P�M�XQPocdWVPgTVlZN(\aY�fdM�XQPo[QW�_`SUMONQR(W�[QWiSUWVXQM`S�p \acdfvP,\aY�fdM�X+\ke�WV^
NQXQW)R(SUTV^VfdP�fdM�Xi\�SU�QfdY�S�\]f�ShW��aWVYJP�f�XQM�NQPJW ��WV^VY�NQM�XQP!cdWr[QTVe�WVcdM�RQR�W{p�WVXZYJR(W{ShY�N(SU�(\aY�f��3m	NQX
MZSU[(SUW	\�SU�QfdY�S�\afnSUW��OXQM�NQP!R(M�NQeOM�XQP!^{\acd^VNQcvW{S0\{eOWV^rNQXQW	R(SUTV^VfdP�fdM�XF\OSU�QfdY�S�\afnSUW)cn\ �tM�XQ^VY�fdM�X
^,bQW{SU^,bQTVW�x "	\aXQPocn\iR(SUTVP�WVXZY�\aY"fvMOX+l`NQfDP�NQfdY{�9XQMONQP$XQWqXQM�NQP�fvXZY�T{SUWVP"P�M�XQP	lZN9sumicts�M`Sh[(SUW
[QMZp�fdX(\aX`Y)[QN�^VM`p�R�M`SUY�W{p�WVXZY�[QW�cn\ �}MOXQ^VY�fdM�XFR(SU�VP	[QW�cn\qP�N(S �8\a^VWo^{SUfdY�fdl`NQW�x �6X�R(\OS:j
Y"fv^VNQcdfdW{SV��cn\qP�M�cdNQY�fdM�X�[QWVP)TVl`N(\]Y�fdM�XQPr[QW�_`ShM�NQR(Wo[QW�ShWVXQM`S�p�\acdfdP�\aY"fvMOXiP�W{S�\ ^{\acd^VNQcvTVW�m
cts�MZSU[(SUW�cdfdXQT{\afnSUW�\]NQY�M�N(S)[QN R(MOfvXZY �(�`W��&^VWql`NQf!WVX%R(W{S�p�WVYgNQXQWqfdX`Y"TV_`S�\aY�fdM�X%\aX(\acd��j
Y"fvlZNQW�x �0M�NQP�^VM`p p�WVX �VM�XQP�R(\�S&[QT{SUfde�W{S6cts�WV�`R(ShWVP�P�fdM�X�[QW�cn\ �}M�XQ^VY"fvMOX�[QWrSUTVR�M�XQP�W�[QW�cn\
Y"bQTVM`SUfdW�l`NQf�WVP�Y	RQcn\a^VTVW [(\aXQP	cdW�SUT��tT{SUWVX`Y"fvWVc&M�P�^Vfdcdcn\aXZY{��RQNQfdP$R(SUTV^VfdP�M�XQP	^VMZp�p�WVXZYrM��Zj
Y"WVXQf�S0cdWVPrMO�QP�W{SUe|\]�QcvWVP0RQb`�ZP�fdl`NQWVP)[(\aXQP)cdWgSUT��tT{SUWVXZY�fdWVc9M`SUfd_�fdXQWVctx��0M�NQP�R(ShTV^VfvP"M�XQP�[(\aXQP
lZNQWVcdPrSUTV_�fnp�W	XQMOP�WV�`R(ShWVP�P�fdM�XQP!P�M�XZY!e|\acn\a�QcdWVP{x

� � �
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� 5 ��5:7 � � ��� ��@�=9A�B:@ 
!<9C 	QB 
�
8G�=9A
��MONQPr^VM`p p�WVX �VM�XQP�R(\�S0WV�ZR(SUfnp�W{S�cn\qP�MOcvNQY"fvMOXF[QWVP	TVlZN(\aY�fdM�XQP)[QW$_`SUMONQR(W$[QW�SUW,j

XQMZS�p�\acdfdP�\aY�fdM�X%R(MON(S
Γ̂(1,1)[φ]

�3lZNQf�WVP�Y�cts�fdXZe�W{SUP�Wi[QWicn\ �tM�XQ^VY�fdM�X [QWFSUTVR�M�XQP�Wi[QWicn\
Y"bQTVM`SUfdW$SUWVXQM`S�p \acdfvP"TVWrTV^{SUfdY�W	[(\]XQP�cdWgSUT��tT{SUWVXZY�fdWVc(M�P�^Vfdcdcn\aXZY{x �0M�NQPr\ke�M�XQP)�

Γ̂(1,1)[φ](q, ω; c, ca, g, ga, t, µ
′) = s2 exp

{
−
∫ ln s

0

[
γω +

1

2
(γ̃ + γ)

]
d ln s′

}
·

Γ̂(1,1)[φ]

(
q

s
,
ω(s)

s2
; c, ca(s), g(s), ga(s),

r(s)

s2
, µ′
) w�3Qx � ��y

�0M�NQP!NQY�fdcdfdP�M�XQP�cdW �8\a^VY�WVN(S6[9s�TV^,bQWVcvcdW
s
e�W{SUP!P�WVP!R�WVY�fdY�WVP�e|\]cvWVN(ShP R�M�N(S!XQM�NQP!RQcn\a^VW{S!WVX

NQXiR�M�fdX`Y![QW	cts�WVP�R(\]^VW	[QWVP R(\OS�\�p��VY�ShWVP�R(M�N(S!cdWVlZNQWVc
r? = r(s?)/s?

WVP�Y!P�N��qP�\�p�p�WVXZY
_ZS�\aXQ[iR(MON(S!l`NQWocdWVPrWV�ZR(SUWVP�P�fdM�XQP)[QW$cn\ Y�bQTVM`SUfdW	^,b(\�p�RFp�Ma��WVXiP"M�fdWVX`Y�ea\acn\a�QcdWVP$\ke�WV^
NQXQW �(M�XQXQWF\]RQR(SUMa�`fnp�\aY"fvMOX9x ��XZY�SUW

s = 1
WVY
s = s?

�&XQM�NQP�NQY�fdcdfdP�M�XQPicn\�P�M�cdNQY�fdM�X
[QWVP	TVlZN(\aY�fdM�XQP	[QW�_`ShM�NQR(W�cdfdXQT{\�SUfdP�TVWVPg\]NQY�M�N(S0[QN�R�M�fdX`Y �(�ZW�x �0M�NQP	fdX`Y�ShM`[QNQfdP�M�XQP	cn\
cdM�XQ_ONQWVN(SJ[QW	^VMZS�SUTVcn\aY�fdM�X

ξ
[QNiP��ZP�Y��{p�W�[QW	p�\aXQfd�{SUW	\aX(\acdM�_ONQW mo^VW)l`NQW	XQM�NQP�\keZfvMOXQP

�8\afdY�WVX�^�b(\Op�R�p�Ma��WVX�w R(\OS�\a_`S�\]RQbQW �Qx �Qx �OyVx��&M�N(S9cn\�R(\�SUY�fdW![Qfn\a_�M�X(\acdW![QW
Γ̂(1,1) �aXQM�NQP

MO�QY�WVXQM�XQP!cts�WV�`R(ShWVP�P�fdM�XiP�NQfde|\]X`Y�W��

Γ̂
(1,1)
11 [φ](q = |q|, ω) =

(
ξ0

ξ

)z− 1
2

(η+ �η) [
−iω

(
ξ

ξ0

)z
+

c

ξ2
0

[1 + (qξ)2]

] w�3Qx � ��y

M�

ξ0
WVP�Y�NQXQWrcdM�XQ_ONQWVN(S&W ��WV^VY�fde�Wr\]RQR(\�S�\afdP�P�\]X`Y&[(\aXQPJcdW�R(ShM��Qcd�{p�W�x4$!WVY�Y�W!WV�ZR(SUWVP�P�fdM�X

WVP"Y$e|\]c�\]�QcvWqR(MON(S
qξ

WVY
ωξz

Y�Sh�VP$R(WVY"fvY"P$[QWVe|\]X`Y
1
x "	\aXQP	cdWiSUTV_�fnp�W�[QWVPocdM�XQ_�NQWVN(SUP

P"N���P�\�p�p�WVX`Y&R(WVY�fdY�WVPDR(\�SJS"\aRQR(M`ShYJm)c�\ocdM�XQ_�NQWVN(S6[QW�^VM`S�ShTVc�\]Y�fdM�X
ξ
R(MON(S&l`NQW)cdWVPJcdM�fdP

\]P�� p�RQY�M�Y�fdlZNQWVP�^{SUfdY�fdl`NQWVP!R(SUTVeZNQWVPJcdW	R(MOfvXZY �(�`W0P�M�fdWVX`Y!ea\acn\a�QcdWVP{�Qp�\afdPJP�N��qP�\�p�p�WVXZY
_ZS�\aXQ[QWVP	R(MON(S)R(M�NQe�MOf�S)_Z\�SU[QW{S0NQXQW�[QWVP�^{SUfdRQY�fdM�X+W ��WV^VY�fde�W�WVX+Y"W{S�p�WVP	[9s�NQXQW�Y�bQTVM`ShfvW
^VMOX`Y�fdXZNQW�WVYrM�NQ�QcdfdW{S	cdWVP	^VM`S"SUWV^VY�fdM�XQP)cvfdTVWVP�\aNQ�iR(\�S�\�p��VY�SUWVP�XQM�XZj8R�W{SUY�fdXQWVXZY�P�w}e�M�fnS�cn\
P"WV^VY�fdM�X�3Qx ��y ��XQM�NQPr\ke�MOXQPJcdWVPrWV�ZR(SUWVP�P"fvMOXQP P"NQfvea\aXZY�WVP$�

Γ̂
(1,1)
11 [φ](q, ω = 0) ' A1 q

z− 1
2

(η+ �η)

Γ̂
(1,1)
11 [φ](q = 0, ω) ' A2 |ω|1−

1
2z

(η+ �η) w�3Qx � 3�y
�6X�f�p�R(M�P�\]X`Y�cn\%^VM�XZY�fdXZNQfvY"T�WVX

q = ξ−1 wtSUWVP�R9x |ω| = ξ−z
yV�DXQM�NQPqR(M�NQe�MOXQP�SUW,j

cdfdW{S0c}s�WV�`R(SUWVP"P�fdM�Xi[QWVPr\�p�RQcdfdY�NQ[QWVP
A1

WVY
A2

\aNQ�qR(\�S�\�p��VY,SUWVP�W ��WV^VY�f��tPr[QW	cts�TVlZN(\aY�fdM�X
w&3Qxn� ��y x{z�W)R(M�fdXZY fnp�R�M`SUY�\]X`Y�WVP�YDl`NQW

A1
WVY
A2

XQW�[QTVR�WVXQ[QWVX`Y!R(\aPD[QWrcn\ocdM�XQ_�NQWVN(S�[QW
^VMZS�SUTVcn\aY�fdM�X

ξ
x

z9\�R(\�ShY�fdW$bQM`SUP0[Qf�\]_�M�X(\acdW$[QW
Γ̂(1,1) fdXZY�SUMZ[QNQfdYrNQXQW�P�NQ�QY�fdcdfdY�T�x ��XFW ��WVY{��[(\aXQP�cdWVP

WV�ZR(SUWVP�P"fvMOXQPr^,b(\�p�RFp�Ma��WVX9��cvW�R(\�S"\�p��VY�SUW
ca

P"WgY,SUM�NQe�W)WVX � \a^VY"WVN(S![QW$cts�WV�ZR(SUWVP�P�fdM�X
[QW ^VWVY�Y�W �tM�XQ^VY�fdM�X9x��	S cdWVPF\�SU_�N(p�WVX`Y�PoR(SUTV^VTV[QWVXZY�P�ShWVR(M�P�\]fvWVXZY�P�N(S�cvW �8\afdY�lZNQWFcdWVP
R(\OS�\�p��VY�ShWVPJXQM�X R(W{SUY�fdXQWVXZY�P�[QWoc�\ Y�bQTVM`ShfvW	X9s�fvXZY�W{SUeOWVX(\afdWVX`Y�R(\]Prm�cts�M`SU[(ShW	[QM`p�fdX(\aXZY
[(\]XQP3cdWVP&WV�`R(SUWVP"P�fdM�XQP3[QWVP��tM�XQ^VY�fdM�XQP&[QWJ^VM`S�ShTVc�\]Y�fdM�XQP9[Qfdcn\aY�TVWVP&[9s�NQX �8\a^VY�WVN(S�[9s�TV^�bQWVcdcdW

sR�M�N(S&cdWVP!R(WVY�fdY�WVPDe|\acdWVN(SUPD[QW
s
x /Zf�NQX�R(\�S�\�p��VY�SUW�XQM�XZj8R�W{SUY�fdXQWVX`YDP�W�Y�ShM�NQe�WJWVX � \a^VY"WVN(S

[QWVP �tM�XQ^VY�fdM�XQPq[QWF^VM`S�ShTVc�\]Y�fdM�X9��fdc p�M`[Qf �(W�cdWVPicvMOfvPq[9s�TV^,bQWVcdcvWVPkx7$	s�WVP�Y�cdW�^{\aP�[QW
ca
�

lZNQf(^VMOXQP�Y�fdY�NQW�NQXqR(\�S�\�p��VY�SUW \]RQR(WVcdT 	U[(\aXQ_�W{SUWVNQP"W{p�WVX`Y�XQMOXZj8R(W{SUY�fdXQWVXZY�
�x`z?\	P�M�cdNQY�fdM�X
w&3Qxn� ��y&R�M�N(S!cn\�R(\�ShY�fdWrbQM`ShPUj8[Qfn\a_�M�X(\acdW)[QW

Γ̂(1,1) WVP�Yr\]cvMZSUP�p�fdWVNQ��SUWVR(ShTVP�WVX`Y"TVWrP�f�cts�M�X
p�WVY

ca
WVX �8\a^VY�WVN(S0[(\aXQP)^�b(\]^VNQXF[QWVP$p�W{po�(SUWVP�[QW�cts�TVlZN(\aY�fdM�X9x �)fdXQP�ft��R(M�N(S0M��QY�WVXQfnS

[QWVP WV�`R(SUWVP"P�fdM�XQP�\aX(\acdM�_�NQWVP�m w�3Qxn�	��y	WVYFw�3Qx � 3�y)R(MON(S�cn\�R(\�SUY�fdWqbQM`SUP�[Qfn\a_�M�X(\]cvWi[QW
Γ̂(1,1) �Qfdc9XQM�NQP�� \]NQY�^VM�XQX(\��dY�SUW)cn\�cdM�f9[9s�TVeOM�cdNQY�fdM�X ca(s) x
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ca(s)

z�WVPqTVl`N(\aY"fvMOXQPi[9s�TVe�M�cdNQY�fdM�X
R(M�N(S
g
�
ga

WVY
ca

P"M�X`Y [QM�XQXQTVWVPiR(\�S NQX'P"�`P�Y"�{p�W
[9s�TVl`N(\aY"fvMOXQP3[Qf ��T{ShWVX`Y�fdWVcdcdWVPJXQM�X�cdfdXQT{\afnSUWVPJ^VMONQRQcvTVWVPkx �&M�N(S9\acdcdTV_�W{S&cdWVP�XQM�Y�\aY"fvMOXQP{�VXQM�NQP
XQMOY�M�XQP

~g
WVY ~β SUWVP�R�WV^VY�fde�W{p�WVXZY3cdWVPDe�WV^VY�WVN(SUP (g, ga, ca)

WVY
(β, βa, ρca) �

x �)N�e�M�fdP�fdX(\a_�W
[QN�R�M�fdX`Y �(�ZW��{XQMONQP�R(M�NQe�MOXQP3cdfdXQT{\�SUfdP�W{S6c}s�TVl`N(\aY"fvMOX$[9s�TVe�MOcvNQY"fvMOX$[QW�e�WV^VY"WVN(S

~g
[QM�XQXQTVW

R(\OS w �(x�� ��y �aWVY�XQM�NQP�M��QY"WVXQM�XQP	�

d(~g − ~g∗)
d ln s

= ω.(~g− ~g∗) w�3Qx � ��y

[QMOX`Y!cn\�P�M�cdNQY�fdM�XiPks�TV^{SUfdY$�

~g(s)− ~g∗ = exp
{
ω ln s

}
.(~g− ~g∗) w�3Qx � ��y

� cts�M`SU[(ShW�[QWi[QWVNQ�%�(M�NQ^VcdWVP{�Dcn\+p�\aY,SUfd^VW
ω
fdXZY�W{SUe�WVX(\aXZY$[(\]XQP�^VWVP�WV�ZR(SUWVP�P�fdM�XQP�WVP�Y

[QMOXQXQTVW	R(\�S)�



ε O(ε2) O(ε3)

O(ε2) ε/5 − ε2

100D̄

O(ε2) O(ε2) ε2

50


 w�3Qx
����y

\ke�WV^
D̄ = D/

(
(4π)2c

) x0$!WVP0e|\acdWVN(SUP�R(ShM�R(SUWVP!P�M�XZY	�

ω1 = ε � ω2 =
ε

5 � ω3 =
ε2

50

w�3Qx
�Q�{y

$*WVP ea\acdWVN(SUP{�ZlZNQf(XQW	[QTVR(WVXQ[QWVXZY!l`NQW	[QWVP!R(SUMOR(SUfdTVY�TVPJ[QNiR�M�fdX`Y �(�ZW��`P"M�X`YD[QWVP!e|\acdWVN(SUP
NQXQfde�W{ShP�WVcdcvWVPk��WVY

ω2
WVY
ω3

P�M�XZY$[QWVP�XQM�NQeOWVcvcdWVP�ea\acdWVN(SUP�lZNQfJX9s�WV�ZfdP�Y�WVXZY�R(\aP$[(\aXQP�cdW
p�M`[Q�VcdW

O(2)
[Q�`X(\Op�fdl`NQW�x ��M�NQP$ShWVY�SUM�NQe�MOXQPrcdWVP�[QWVNQ��e|\acdWVN(SUPoR(SUM�R(SUWVP	XQM�X R(W{SUY�f~j

XQWVXZY�WVP
ε
WVY
ε/5

[QW)cn\gp \aY�SUfd^VW)[QWVP TVlZN(\aY�fdM�XQPD[QW	_`SUM�NQR�W�[QW$SUWVXQM`S"p�\acdfdP�\aY�fdM�XFw��Qx
� ��y
lZNQf�\kea\afdWVX`YDTVY�T�[QT{SUfde�TVWVP![(\aXQPDcvW	^{\][(SUW�[QW)c�\op�TVY�bQMZ[QW�[QW�� fdcdP�M�X9x(z�WVPD[QWVNQ��\aNQY�ShWVP
ea\acdWVN(SUP�XQM�XqXZNQcvcdWVP)P�M�XZYJM��QY"WVX`NQWVP!R(\�SDcn\�cdfdXQT{\�SUfdP�\aY�fdM�Xi[QW)cn\)�tM�XQ^VY�fdM�X

ρca(g, ga, ca)\]N�eOM�fdP�fdX(\a_�W$[QN R(M�fdXZY �(�`W�x �?fdX(\acdW{p�WVX`Y	XQMONQP	M��QY�WVXQM�XQP{��[(\aXQP	cdW�SUTV_Of�p�W$cdfdXQT{\afnSUW��
cts�TVeOM�cdNQY�fdM�XiP�NQfde|\aXZY�W��

ca(s) = sω3ca
w�3Qx
����y

�)fdXQP�ft�!R(M�N(S
qξ

WVY
ωξz

R(WVY�fdY�Pi[QWVea\aXZY
1
�6c�\%R(\OSUY�fdWFbQM`ShP�[Qfn\a_�M�X(\acdW [QW

Γ̂(1,1) WVP�Y
[QMOXQXQTVW	R(\�S)�

Γ̂
(1,1)
12 [φ](q, ω) = −

(
ξ0

ξ

)z− 1
2

(η+ �η)+ω3 ca(qξ)
2

ξ2
0

w�3Qx
����y

�0M�NQP	SUW{p�\�Shl`NQM�XQP0l`NQW�^VWVY�Y�W �}MOXQ^VY�fdM�X�XQWg[QTVR�WVXQ[+R(\aP)[QW
ω
x ��XFR(\OSUY�fd^VNQcdfvW{S ��R(M�N(S

q = 0
�JWVcdcdW�WVP�Yqfv[QWVXZY�fdlZNQW{p�WVX`YqXZNQcvcdW�x7"�su\]NQY�SUWqR(\�SUY{��RQNQfdP�lZNQW�cn\+Y�S"\aXQP �tM`S�p�\aY"fvMOX

w&3Qxn� ��yDXQWo^VM�X`Y"fvWVXZY�[QW�SUM�Y,\aY�fdM�X9�Z^VWVY�Y�W	R(SUMOR(SUfdTVY�TgSUWVP"Y�W	e S"\afdWgm Y�M�NQY�W	TV^,bQWVcdcvW�x "	\]XQP
cdW�SUTV_�fnp�W)^{SUfdY�fdl`NQW��QXQMONQPr\ke�M�XQP![QM�XQ^	cn\�cdM�f3\aP"� p�RQY"M�Y�fdl`NQW0P�NQfde|\aXZY�W��

Γ̂
(1,1)
12 [φ](q, ω = 0) = −B1 q

z− 1
2

(η+ �η)+ω3
w�3Qx
���`y

cn\ [QTVR(WVXQ[(\aXQ^VW�WVX
ω
R(MON(S

q = 0
TVY�\aXZY�fd[QWVXZY�fdl`NQW{p�WVXZYqX`NQcdcdW�x���MONQP�R(M�NQeOM�XQP�m

XQMONQe�W{\aN9��WVX%f�p�R(M�P�\]X`Yoc�\ ^VM�XZY�fdXZNQfvY"T�WVX
q = ξ−1 �?WV�`R(Shf�p�W{S	cdWiR(SUT,j��8\a^VY�WVN(S B1

m
ctsu\]fv[QW	[QWVP)R(\�S�\Op��VY�SUWVP�W ��WV^VY�f��}P)[QW	cts�TVl`N(\]Y�fdM�X w�3Qx � ��yVx

��� - �":��4������-�.$: *�-��$*��7<'- +�:�� �'& ��:,6���+�* )��"�
ca
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�9fdX(\acdW{p�WVXZY{��XQM�NQP�P�MZp�p�WVP�fdXZY�T{SUWVP�P�TVP0R(\�S!cdW�^VM`p�R(MZSUY�W{p�WVXZYJ[QWoc�\ �tM�XQ^VY�fdM�XF[QW
ShTVR(M�XQP�W��Ol`NQf�WVP�YD[QM�XQXQTVW	R(\�S6c}s�fvXZe�W{SUP"Wr[QW)cn\gp \aY�SUfd^VW

Γ̂(1,1) xQz�WVP!WV�ZR(SUWVP�P�fdM�XQP!R(SUTV^VT,j
[QWVXZY�WVP![QTVR(WVXQ[QWVXZY![QW	Y�SUM�fdPDR(\�S�\�p��VY,SUWVP��

c
�
ca
WVY
ξ0
x�$!WVP!R(\�S"\�p��VY�SUWVP�P"M�X`YDcdfvTVP)\aNQ�

R(\OS�\�p��VY�ShWVP�[QWrcn\oY�bQTVM`SUfdW��Ol`NQf�P�M�XZYJ[QWVP!l`N(\]X`Y�fdY�TVP!\a�QP�Y�S"\afdY�WVP{�aWVYJ[(\]XQP NQXQW)^VW{SUY�\]fvXQW
p�WVP�N(SUW \OSU�QfdY�S�\afnSUWVP{x	 tcZWVP�Y�RQcdNQP�fdX`Y"T{SUWVP�P�\aXZY&[9s�TV^{SUfnSUW!cdW*ShTVP�NQcdY�\aY&WVX��tM�XQ^VY�fdM�XQP�[QW!Y�ShM�fdP
R(\OS�\�p��VY�ShWVPJW ��WV^VY"f �tP{�QlZNQW$XQMONQP XQMOY�W{SUM�XQP

λ̄eff
�
c̄eff

WVY
γ̄eff

�QWVY�lZNQf9P�M�XZY![Qf�ShWV^VY�W{p�WVXZY
cdfdTVPr\aNQ� M��QP�W{SUea\a�QcdWVP RQbZ�ZP�fdl`NQWVP��ax0$!WVP!R(\�S"\�p��VY�SUWVP�R�WVNQe�WVXZY #VY,SUWrWV�ZR(SUfnp�TVP!WVX �}M�XQ^,j
Y"fvMOX [QWVP�R(SUTV^VTV[QWVXZY�P{x ��M�NQP WVX [QM�XQXQM�XQPqR(MON(S�fdX �}M`S"p�\aY�fdM�X cdWVPqWV�`R(SUWVP"P�fdM�XQP�[(\aXQP
ctsu\]XQXQWV�`W �0x ��X �tM�XQ^VY�fdM�X [QW�^VWVP$R(\�S"\�p��VY�SUWVP)W ��WV^VY"f �tP{�?XQM�NQP	R(M�NQeOM�XQP$p�\afdXZY�WVX(\aXZY
[QMOXQXQW{S&c}s�WV�`R(SUWVP"P�fdM�X�[QW�cn\ �tM�XQ^VY�fdM�X�[QWrShTVR(M�XQP�W!lZNQW�XQM�NQP�^,bQW{SU^,bQM�XQP{x��?M�NQY3[9s~\a�(M`Sh[9�
[(\]XQP�cdW$SUTV_�fnp�W

qξ � 1
�
ωξz � 1

�QXQM�NQP)\{eOM�XQPr�

γαβ[φ](q, ω) =
ξz−

1
2

(η+ �η)

Ā2 + B̄2

(
Ā B̄
−B̄ Ā

) w�3Qx
� ��y

M�
+�

Ā = −iλ̄eff ωξ
z + c̄eff

[
1 + (qξ)2

]

B̄ = γ̄eff (qξ)2 ξ−ω3
w�3Qx
����y

"	\]XQP cdW�SUTV_�fnp�W)^{SUfdY�fdl`NQW��QXQMONQPr\ke�M�XQP	�

γαβ[φ](q, ω = 0) =
1

qz−
1
2

(η+ �η)

1

4c̄2
eff + (γ̄eff)2q2ω3

(
2c̄eff γ̄effq

ω3

−γ̄effq
ω3 2c̄eff

) w�3Qx
�43�y

WVY

γαβ[φ](q = 0, ω) =
δαβ[

−iλ̄eff
ω
|ω| + c̄eff

]
|ω|1− 1

2z
(η+ �η)

w�3Qx
� ��y
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�&M�N(S![QTVY�W{S"p�fdXQW{S!cn\ �}M�XQ^VY"fvMOXF[QWgShTVR(M�XQP�Wo[QW�c�\ Y�bQTVM`ShfvWoRQb`�ZP�fdlZNQW��(fdc�XQM�NQP � \]NQY

W ��WV^VY�NQW{S	cn\ Y�M�Y�\acdfdY�T�[QWVP$Y,S�\aXQP �tM`S�p�\]Y�fdM�XQP�[QW�SUWVXQMZS�p�\acdfdP�\aY�fdM�X9��WVX+Y�WVX(\]X`Y	^VM`p�RQY�W
[QWVP�Y�S"\aXQP �tM`S�p�\aY"fvMOXQPr[QWFSUMOY�\aY�fdM�X+[QT �(XQfdWVP�R(\OS�w&3Qx ��yVx��0M�NQP�\{eOM�XQPg\aRQR(ShfvP�[(\aXQP�cdW
^,b(\aRQfdY�SUW ��^VM`p�p�WVXZY \]_�fdP�P�WVXZY�^VWVPJY�S�\]XQP �}MZS�p�\aYUfdM�XQP9WVX�Y"W{S�p�WVP�[QWVP �tM�XQ^VY�fdM�XQPJm�[QWVNQ�
R�M�fdX`Y"P3lZNQfQXQM�NQP&fvXZY�T{SUWVP"P�WVX`Ykx ��MONQP�P�M`p�p�WVP?fvXZY�T{SUWVP"P�TVP3R(\OS9cn\)[QTVR(WVXQ[(\]XQ^VW�WVX

ω
R(SU�VP

[QNFp�M`[QW	^{SUfdY�fdlZNQW
ω0(s)

x "	\aXQP!^VW	^{\aPk�Qcn\�Y�S�\aXQP �}M`S"p�\aY�fdM�XFw��Qx � ��yV�aTV^{SUfdY�WoWVXiY�W{S�p�WVP
[QWVP �}M�XQ^VY"fvMOXQP [QW�SUTVR(MOXQP�WrWVY0[QNiR(\�S�\�p��VY,SUW�W ��WV^VY"f �

ω0(s)
�ZR(WVNQY)P{s�TV^{Shf�ShWg�

χ11(q, ω) ∝ 1

2

[
γ11

(
q

s
;
ω(s)− ω0(s)

s2

)
− iγ12

(
q

s
;
ω(s)− ω0(s)

s2

)]

χ12(q, ω) ∝ 1

2

[
γ12

(
q

s
;
ω(s)− ω0(s)

s2

)
+ iγ11

(
q

s
;
ω(s)− ω0(s)

s2

)]

w�3Qx
����y
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"	\]XQP�^VWVP�WV�`R(SUWVP"P�fdM�XQP{�acn\$p�\]Y�SUfd^VW
γ
WVP�Y�^{\acd^VNQcdTVW m)ctsu\]fv[QW0[QWVPJR(\�S�\Op��VY�SUWVP3m)cts�TV^,bQWVcdcdW

s
^VM�XZY�WVXZNQP	[(\aXQP	cts�WV�`R(ShWVP�P�fdM�X'w�3�xn� ��yV��WVY	XQM�NQPg\ke�M�XQP)M`p�fdP	NQX �8\a^VY�WVN(S)[QW R(SUM�R(MZS:j

Y"fvMOXQX(\acdfvY"Ti[QTVR(WVXQ[(\aXZY�[QW
s
TV_`\ac!m�cts�fdX`e�W{ShP�Wi[QWi^VWVcdNQf�l`NQf0P�WiY�SUM�NQeOW�[(\aXQP�w�3�xn� ��yVx

�?fdX(\acdW{p�WVXZY{�Qcn\)�tM�XQ^VY�fdM�Xi[QW$SUTVR�M�XQP�W	RQbZ�`P�fdlZNQW
χ
WVP"Y [QMOXQXQTVW	R(\�S	�

χ(q, ω) ' 1

Λ
[cos θ(s)χ11(q, ω) + sin θ(s)χ12(q, ω)]

w�3Qx ���Oy
/ZN(S�cn\+P"N(S � \]^VWi^{SUfdY�fdl`NQW��Dcn\+ea\acdWVN(Sq[QWFcn\ �tM�XQ^VY�fdM�X

γω0

�DlZNQf�^VM�XZY�fdWVX`Y
r(s)

WVX
�8\a^VY�WVN(S �aWVP�YJXZNQcdcvW�x ��\�S&^VMOXQP�TVl`NQWVXZY{�aR�M�N(S�cn\oY�bQTVM`SUfdW�^{ShfvY"fvlZNQW���fdc�X9s���\	R(\aPD[QW SUWVXQMZS:j
p \acdfvP,\aY�fdM�X+[QW�cn\ RQNQcvP,\aY�fdM�X+W ��WV^VY�fde�W�[QWVPoM�P�^Vfdcdcn\aY�fdM�XQP$P"R(M�XZY�\aXQTVWVP$m c�\ Y�S�\aXQP"fvY"fvMOX9�
WVY
ω0(s)

WVP�Y �"NQP�Y�W [QM�XQXQTVW�R(\�S
Zω(s)−1ω

(0)
0

x "�su\aNQY,SUW$R(\�ShY{�9\aN+R�M�fdX`Y �(�`W��
γθ

WVP�Y
TV_Z\acdW{p�WVX`Y!XZNQcdcvW�x�z9\�cdfdXQT{\�SUfdP�\]Y�fdM�Xi[QW$cn\�[QTVR�WVXQ[(\aXQ^VW

θ(s)
WVY
ω0(s)

\aNQY�M�N(S6[QW$cdWVN(S
ea\acdWVN(S9R�M�fdX`Y �(�ZWJ[QM�XQXQWDNQXQWJTVe�M�cdNQY�fdM�Xol`NQfZWVP�Y3p \aY�bQT{p�\aY"fvlZNQW{p�WVXZY�TVl`NQfde|\]cvWVXZY�W!\aNQ�
TVeOM�cdNQY�fdM�XQP$[QWVPoR(\�S�\�p��VY,SUWVPrSUTV_�fdP�P,\aX`Y	cdWVP�^VM`S�ShWV^VY�fdM�XQP \]NQ��cdM�fdP�[9s�TV^,bQWVcdcvWq[QfdP�^VNQY�TVWVP
[(\]XQPJcn\oP�WV^VY�fdM�X 3Qx �Qx��9MONQY�W��}MOfvPk�ac�\oP�fd_�XQf �(^{\aY"fvMOX�WVP�YJ[Qf ��T{SUWVX`Y"W�x��6X�W ��WVYk��[(\aXQPDcvW)^{\aP
[QW�cn\qRQb(\aP�W

θ(s)
R(\OS�WV�ZW{p�RQcdW���cdW�R(M�fdXZY �(�ZW�R(SUTVe�M�fdY)NQXQW�RQb(\aP�WofdXQ[QTVR(WVXQ[(\aXZY�W�[QW

cts�TV^,bQWVcdcdW�x�z9\ocdfdXQT{\�SUfdP�\aY"fvMOX�\aNQY�MON(S�[QNiR(MOfvXZY��(�ZW	[QM�XQXQW	[QM�XQ^)cdW$R(SUW{p�fdW{SDM`SU[(ShWrXQM�X
XZNQcJ[(\]XQPgcts�TVeOM�cdNQY�fdM�X [QW

θ(s)
x "	\aXQPocdWi^{\aP$[QWVP�\aNQY�ShWVP$R(\�S�\Op��VY�SUWVP{��WVX SUWVea\aXQ^�bQW��

fdc�Pksu\a_�fdY$P"WVNQcvW{p�WVX`Y�[9s�NQXQWi^VM`S�SUWV^VY�fdM�X%mFcts�TVeOM�cdNQY�fdM�X R(SUTVeZNQWiR(\�SocvWiR�M�fdX`Y �(�`W�x�z9\
cdfdXQT{\�SUfdP�\]Y�fdM�XF[QWoc}s�TVe�M�cdNQY�fdM�XF[QWocn\�RQb(\aP"W

θ(s)
\aNQY�M�N(S*[QW$P�\�ea\acdWVN(S�R�M�fdX`Y �(�ZW�w R(\�S

\]fvcdcdWVN(SUP)l`NQWVcd^VM�XQlZNQW{y!WVP�Y0[QM�XQXQTVW	[(\aXQP!ctsu\aXQXQWV�ZW ��x
/Zf�c}s�M�XiP{s�TV^{\�ShY�Wr[QW	cn\�ShTV_�fdM�Xi^{SUfdY�fdl`NQW���c}s�TVe�M�cdNQY�fdM�Xi[QNFR(\OS�\�p��VY�ShW

ω0
[QM�XQXQW	[QWVP

^VMZS�SUWV^VY�fdM�XQP!lZNQf3[QTVR�WVXQ[QWVX`Y)[QW$cn\ cvMOXQ_�NQWVN(S![QW$^VMZS�SUTVcn\aY�fdM�X
ξ
[QN P��ZP�Y��{p�W�x0 tc?WVXFWVP�Y

[QW�p�#{p�WiR�M�N(S�cts�TVeOM�cdNQY�fdM�X [QW
θ
x �)fvXQP"f}�!R�M�N(S�WV�ZR(SUfnp�W{S c�\ �tM�XQ^VY�fdM�X [QW�ShTVR(M�XQP�W

RQbZ�ZP�fdl`NQW��Zcts�WV�ZR(SUWVP�P�fdM�X+w�3Qx ����y&[QM�fdY #VY�SUWr\���WV^VY�TVW)[9s�NQXQWrY,S�\aXQP �tM`S�p�\]Y�fdM�X$[QW$SUMOY�\aY�fdM�X
[9s~\aXQ_�cdW

θ(ξ)
WVY	[QWoRQNQcdP�\aY�fdM�X

ω0(ξ)
x ��XFY"W{S�p�WVP)[QWVPrNQXQfdY�TVP$SUWVcn\aY"fveOWVP m cn\qe|\�SUfn\a�QcdW

ω
lZNQf3\aRQR(\OS�\��dYJ[(\aXQP0c}s�TVl`N(\aY"fvMOX w�3Qx ���OyV�aXQM�NQPr\ke�M�XQPDcdWVPrWV�ZR(SUWVP�P�fdM�XQP!P�NQfdea\aX`Y"WVP$�

θ(ξ) = θeff + αeffξ
−ω2 + βeffξ

−ω3

ω0(ξ) = ωeff
0 + ρeffξ

−1/ν + σeffξ
−2−ω2 + δeffξ

−2 w�3Qx �Q�{y
M�

θeff

WVY
ωeff

0

P�MOX`Y9[QWVP&lZN(\aX`Y"fvY"TVP9W ��WV^VY�fde�WVPk�|SUWVcdfdTVWVPJ\aNQ�)^VM�XQ[QfdY�fdM�XQP&fvXQfdY�fn\acdWVPD^�bQM�fdP�fdWVP
R�M�N(S)fdX`Y"TV_`SUW{S0cvWVP	TVlZN(\aY�fdM�XQP�w&3Qx �`yVx0$!MZp�p�W$XQMONQP	c}s~\{eOM�XQPr\acdM`SUPJ�"NQP�Y�f �(T���P�WVNQcdWVP$^VWVP
_ZS�\aXQ[QWVN(SUP�W ��WV^VY�fde�WVP)^VM�XQP�Y�fdY�NQWVXZY�[QWVP	M��QP�W{She|\a�QcdWVP�RQbZ�`P"fvlZNQWVP{��WVYrcdWVN(SUP)WV�ZR(SUWVP�P�fdM�XQP
WVX �}MOXQ^VY�fdM�XQP3[QWVP&_`S�\]XQ[QWVN(SUP3p�\aY"bQT{p�\aY�fdlZNQWVP�[QW!cn\0Y�bQTVM`SUfdWJXQWDP�M�XZY9R(\aP&fnp�R(M`ShY�\aXZY�WVP{x
� cts�MZSU[(SUW	\aNQl`NQWVc?XQM�NQP \ke�MOXQP W ��WV^VY�NQT$cdWVP)^{\acd^VNQcdP{�(cts�WV�ZR(MOP�\aXZY�^{SUfdY�fdl`NQW

z
R�WVNQY #VY,SUW

R(ShfvP0TV_`\ac9m
2
[(\aXQP!cts�WV�`R(ShWVP�P�fdM�X

ω0(ξ)
^{\�SDXQM�NQP�XQW	^VM�XQX(\]fvP"P�M�XQP!cdWVPrWV�ZR(M�P,\aX`Y"P

ν
WVY

ω2
l`N9sumocts�M`Sh[(SUW

ε
x(z�WVP�R(\�S�\�p��VY�SUWVP

αeff
�
βeff

�
ρeff

�
σeff

WVY
δeff

P�M�XZY![QWVP�R(\�S�\�p��VY�SUWVP
W ��WV^VY�f��}Po[QM�XZY$XQM�NQP	[QM�XQXQMOXQP$R(MON(S)fvX �tM`S�p \aY�fdM�X�cdWVPgWV�ZR(SUWVP�P"fvMOXQP	[(\aXQP$ctsu\aXQXQWV�ZW �0x
�?fdX(\acdW{p�WVXZY{�([(\]XQP�cn\�SUTV_�fdM�X

qξ � 1
�
(ω − ω0(ξ))ξz � 1

�QXQM�NQPr\ke�M�XQP!cts�WV�ZR(SUWVP�P�fdM�X
P"NQfvea\aXZY�W	R(M�N(S*c�\ �}M�XQ^VY"fvMOX�[QW�SUTVR(M�XQP"WrRQbZ�`P"fvlZNQW$^VMZp�RQcd�VY�W��

χ(q = |q|, ω) ' ξz−
1
2

(η+ �η)

2

[
e+iθ(ξ)

A+ iB

]
w�3Qx ����y

M�
iXQM�NQP�\{eOM�XQP	�

A = −iΛeff (ω − ω0(ξ)) ξz + ceff

(
1 + (qξ)2

)

B = γeff(qξ)2ξ−ω3
w�3Qx ����y

��� �
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WVY!M�

ω0(ξ)

WVY
θ(ξ)

P"M�X`Y![QM�XQXQTVP!R(\�S	w�3�x �Q�{yVx�z�WVP R(\OS�\�p��VY�ShWVPJW ��WV^VY"f �tP�P�MOX`YD[QM�XQXQTVP
R(\OSr�

Λeff = Λλ̄eff � ceff = Λc̄eff � γeff = Λγ̄eff
w�3Qx ���`y

z�M`SUP�lZNQWrcts�MOXiP�W$S�\aRQR(SUMZ^,bQWr[QWoc�\�P�N(S �8\a^VWr^{ShfvY"fvlZNQW��
ξ
Y�WVXQ[ie�W{ShP�cts�fdX �(XQf}��WVY

ω0(ξ)
WVY

θ(ξ)
Y�WVXQ[QWVXZY!e�W{SUP�cdWVN(SUP0e|\acdWVN(SUP�R�M�fdX`Y �(�`W�x
"	\aXQP!cn\�SUTV_�fdM�Xq^{SUfdY�fdl`NQW���XQM�NQP�\ke�M�XQP!cdWVP�WV�ZR(SUWVP�P�fdM�XQP�P"NQfvea\aXZY�WVP$�

χ(q, ω = ωeff
0 ) ' 1

2

1

qz−
1
2

(η+ �η)

[
eiθ(q)

2ceff + iγeffqω3

]

χ(q = 0, ω) ' 1

2

eiθ(ω−ω
eff
0 )

(
−iΛeff

ω−ωeff
0

|ω−ωeff
0 | + ceff

)

× 1
{∣∣ω − ωeff

0

∣∣
[
(1 + δeff) + ρeff

∣∣ω − ωeff
0

∣∣ 1
2ν
−1

+ σeff

∣∣ω − ωeff
0

∣∣1− η+ �η
2z

]}1− 1
2z

(η+ �η)

w�3Qx ����y

�&e�WV^��

θ(q) = θeff + αeffq
ω2 + βeffq

ω3

θ(ω − ωeff
0 ) = θeff + αeff

∣∣∣ω − ωeff
0

∣∣∣
ω2/z

+ βeff

∣∣∣ω − ωeff
0

∣∣∣
ω3/z w�3Qx ����y

$*WVP3WV�ZR(SUWVP�P�fdM�XQP&XQW!P�M�XZY3ea\acn\a�QcdWVP�l`N9s~m�^VM�XQ[QfdY�fdM�X�[QW!R(MONQe�M�fnS9XQTV_Ocvfd_�W{S&cts�fdX � NQWVXQ^VW�[QW
cts�TVeOM�cdNQY�fdM�X�[QWVP	R(\�S�\�p��VY,SUWVP�XQM�X�R(W{ShY�fdXQWVX`Y�P)P�M�NQP$ShWVXQM`S�p�\acdfdP�\aY"fvMOX9�Q^VW�l`NQf�[QWVeZfdWVX`Y
�8\aNQ��cdM`SUP�lZNQW�cts�M�XqP�W�P"fvY"NQWrcdM�fdXi[QNqR(M�fdXZY �(�ZW�x z�WVPJ^VM`S�ShWV^VY�fdM�XQPJ[QNQWVP�m	cdWVN(SDR(SUTVP�WVXQ^VW
P"M�X`Y![QfdP�^VNQY�TVWVP)m�cts�M`SU[(SUW)[QM`p�fdX(\aXZY![(\aXQP�cn\�P�WV^VY"fvMOX�3Qx �Qx

� ��� �����,�(����� �&� �����Q�� ����� *���,� #  0���$/1�o���!����2	��� ��� �� �����, !-
�����0# � ��� �?���� !������#�- 
 �����(���o !�����0# . ��#����� ���,�(���

z�W�R�M�fdX`Y �(�`W�[QN%_`SUMONQR(W�[QW�SUWVXQM`S"p�\acdfdP�\aY�fdM�X�lZNQW�XQM�NQPg\ke�MOXQP	^{\acd^VNQcvTq^VM`S�ShWVPUj
R�M�XQ[9�)[(\aXQPFNQX SUT��tT{SUWVXZY�fdWVc$M�P�^Vfdcdcn\aXZY m NQXQW2� ShTVl`NQWVXQ^VW+W ��WV^VY�fde�W lZNQf$[QTVR(WVXQ[ [QW
cts�TV^,bQWVcdcdW��JWVY�\]R(SU�VP�TVcdfnp�fdX(\aY�fdM�X [9s�NQX2� \a^VY"WVN(S$[QWiRQb(\]P�Wi[QTVR(WVXQ[(\aXZY�TV_`\]cvW{p�WVX`Y�[QW
cts�TV^,bQWVcdcdW��(\aNqR(M�fdXZY �(�ZW)[QN�p�MZ[Q�VcdW

O(2)
[Q�ZX(\�p�fdlZNQW�x0"	\aXQPJ^VWVP!^VM�XQ[QfdY�fdM�XQP{�ZP�f�XQM�NQP

XQMONQP�RQcn\ �VM�XQP�WV�Q\a^VY�W{p�WVXZYg\]N R(M�fdXZY �(�`Wi[QWicn\�Y"bQTVM`SUfdW���cn\+SUWVcn\aY�fdM�X �?cvNQ^VY"N(\aY�fdM�XZj
")fdP�P"fvR(\]Y�fdM�X�_�TVXQT{S�\acdfdP�TVW�w���x � ��yV�ZlZNQW�XQM�NQP$\keZfvMOXQPr[QT{SUfde�TVW [(\aXQP	NQX+^{\aP	R(\�ShY�fd^VNQcvfdW{S
[QW	XQMOY�SUW)Y�bQTVM`SUfdW��Z[QWVe`fdWVXZY�eQS�\afdW�x
��XiR(\�SUY"fv^VNQcdfdW{SV�QR�M�N(S!cn\�Y�bQTVMZSUfdWr^{SUfdY�fdlZNQW��QcdW$R�M�fdX`Y
�(�ZW!WVP�YJ\aY�Y,S�\a^VY�WVN(S9\]NQ�$_`S�\]XQ[QWVP3TV^,bQWVcdcvWVP

�
XQM�NQP�P"M`p�p�WVP&[QM�XQ^!WVX�p�WVP�N(SUW![9su\ �iS�p�W{S

cdW	Y�bQTVMZSU�{p�W!P�NQfde|\aXZY	�Qm$cn\oY�S�\]XQP�fdY�fdM�X�[QW)RQb(\aP�W��ZWVYJ�QfdWVXilZNQWrXQM�Y,SUW�[Q�ZX(\�p�fdl`NQW)P�M�fdY
cdM�fdX�[QW0c}s�TVl`NQfdcdfd�(SUW	Y�bQW{S�p�fdlZNQW��{NQXQW)SUWVcn\aY�fdM�X�_�TVXQT{S"\acdfvP"TVW�[QW!c�\oSUWVcn\aY�fdM�X �?cvNQ^VY"N(\aY�fdM�XZj
")fdP�P"fvR(\]Y�fdM�Xi[QWVe`fdWVXZY�eQS�\afdW$\aNQ��_`S"\aXQ[QWVP!TV^�bQWVcdcdWVP{x

$!W$RQbQTVXQMZp��VXQW$R�WVNQY #VY�ShWgSUWVRQcn\a^VT�[(\aXQP)NQXF^{\a[(ShW$RQcdNQP	_�TVXQT{S�\actx���MONQP�P�M`p�p�WVP
WVX W ��WVY	WVX+R(SUTVP"WVXQ^VWg[QW ^VWglZNQW�cts�M�X+\aRQR�WVcdcvW NQXQW�SUWVP�Y�\]N(S�\aY�fdM�Xi[Q�ZX(\�p�fdlZNQW�[QW�P���j
p�TVY�SUfdW�\]N R(M�fdXZY�^{SUfdY�fdl`NQW�xDz9\�SUWVcn\aY�fdM�X �?cvNQ^VY"N(\aY�fdM�XZj ")fdP�P�fdR(\aY�fdM�X [QTV^VMONQcvW WVX W ��WVY
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[QWVPiSUWVcn\aY�fdM�XQPq[QWF�Qfdcn\aX�[QTVY�\afdcdcdT��!l`NQf)P�M�XZY�cdfdTVWVPFm+cts�fdXZe|\�Shf�\]XQ^VW�R(\OS�SUWVXZe�W{SUP�W{p�WVXZY
Y"W{p�R(M`ShWVc�[QW�ctsu\a^VY"fvMOXi[QWVPr[Q�ZX(\�p�fdlZNQWVPr[9s�TVlZNQfdcdfv�(ShW�x $!WVY�Y�W	P��Qp�TVY�ShfvW���M�NFRQcdNQP)WV� \a^,j
Y"W{p�WVX`Y�P�\ _�TVXQT{S"\acdfvP,\aY�fdM�X w��Qx � ��yV��WVP�Yq\aP��Qp�RQY�M�Y�fdlZNQW{p�WVXZYgSUWVP�Y,\aN(SUTVW�\aNQ�%_`S�\]XQ[QWVP
TV^,bQWVcdcdWVPrR�M�N(S!XQM�Y�ShWrY�bQTVMZSUfdW	^{SUfdY�fdl`NQW�x $*WrRQbQTVXQM`p��VXQW	[QWgSUWVP�Y,\aN(S�\aY�fdM�X�[QWoP�� p�TVY�SUfdW
R�WVNQY�\aRQR(\�S�\��dY�ShW [(\]XQP [QW)XQM`po�(SUWVNQP�WVP�Y"bQTVM`SUfdWVPJ^{SUfdY�fdlZNQWVP!P�Y�\aY�fdlZNQWVPJWVY![Q�ZX(\�p�fdl`NQWVPkx
�6X R(\OSUY�fd^VNQcdfvW{S ��cdWFp�M`[Q�VcdW

O(n)
P�Y,\aY�fdl`NQW WVP�Y�Y�SU�VP�P�Y�\a�QcdWqe`fdP�m eZfdPg[QWiR�W{SUY�N(SU�(\|j

Y"fvMOXQP$fdX`Y,SUM`[QNQfdY�WVP�R(\�S)[QWVP�Y�bQW{S"p�WVP$^VNQ�QfdlZNQWVP 5 �43Z�J� �43�6 �9p \afdPg\aNQP�P"fJP�fDc}s�M�X+TVY�NQ[QfdW
cts�W ��WVY	[QW$Y�WVXQP"WVN(SUPr[QWo^VM�NQRQcn\a_�W�RQcdNQP	_�TVXQT{S�\aNQ� 5n� ��6 x!"	\aXQPrP,\�e�W{ShP�fdM�Xi[Q�`X(\Op�fdl`NQW��
fdc�WVP"YgTV_Z\acdW{p�WVX`Y�P�Y,\a�QcdW�P�MONQPg^VW{ShY�\afdXQWVP�R(W{ShY�N(SU�(\aY�fdM�XQPk�9^VM`p�p�W�cts�fdX`Y�ShM`[QNQ^VY�fdM�X [QW
�(ShNQfvY"P$\aXQfdP�M�Y�SUMOR(WVP�5n� ���Z�3� � � ���	����6 x "	\]XQPrXQM`po�(SUW	[QW ^VWVP$p�M`[Q�VcdWVP{��^VWVR(WVXQ[(\]X`Y{��cn\
[Q�ZX(\�p�fdlZNQW	[9s�TVlZNQfvcdfd�(SUW$SUWVP"Y�W mocn\��(\aP"W	[QWrcn\�[QT{SUfdea\aY�fdM�Xi[QNFp�MZ[Q�VcdW�x(z�WVP!XQM�NQe�WVcdcdWVP
^Vcn\aP"P�WVP�[9s�NQXQfde�W{SUP�\acdfdY�TqbQM`SUPoTVl`NQfdcdfd�(SUW��Jp�#{p�W P�f!c�\ [QT{p�\OSU^�bQW R(SUTV^VTV[QWVX`Y"W�R�WVNQYgWVX
�tM�N(SUXQfnS�5n� �Q� 6 �kXQW!P�M�XZY3P"M�NQe�WVXZY9M��QY�WVXZNQWVP�l`N9s�WVX$[QT{SUfde|\]X`Y�[QWVP�TVlZN(\aY�fdM�XQP&[Q�`X(\Op�fdl`NQWVP
fdXZY�SUfdXQP��VlZNQW{p�WVXZY3bQM`ShP3TVlZNQfdcvfd�(SUW�x4$�s�WVP�Y9cdW�^{\aP&XQM�Y�\Op�p�WVXZY�[QW!cts�TVlZN(\aY�fdM�X�� �	� WVY3[QWVP
[Q�ZX(\�p�fdlZNQWVP![QW$SUT{\a^VY�fdM�XZj8[Qf ��NQP"fvMOXi[QM�X`Y!XQM�NQP�\ke�M�XQPDR(\�SUcdT)[(\aXQP!c}s�fvXZY�SUMZ[QNQ^VY�fdM�X9xQz9\
[Q�ZX(\�p�fdlZNQW$[QWVP)M�P�^Vfdcdcn\aY�WVN(SUP)^VM�NQRQcdTVP�w �Qxn�{yV�Z[QT{SUfde�TVWo[QW$cn\ �}M`S"p�W	XQM`S�p�\]cvW	[QWocn\��Qf~j
�tN(SU^{\aY"fvMOX�[QW ��M�R ���ZWVP�Y�NQXQWoY�bQTVM`SUfdW	fdX`Y,SUfdXQP��Vl`NQW{p�WVX`Y!bQM`SUP0TVl`NQfdcdfd�(SUW�x �6cdcvW�SUWVP�Y�\]N(SUW
^VWVR�WVXQ[(\aXZYJNQXQW�P��Qp�TVY�ShfvW)\aN�R(MOfvXZY �(�ZW�lZNQft�`\aR(SU�VP�^,b(\aXQ_�W{p�WVX`Y�[QWrShT��}T{SUWVXZY�fdWVct��P{s~\aRZj
R(\OSUWVX`Y"W m�cn\�ShWVc�\]Y�fdM�X �9cdNQ^VY�N(\]Y�fdM�XZj ")fdP�P�fdR(\aY�fdM�X9x

"	\aXQP�cn\qY�bQTVM`ShfvWo_�TVXQT{S�\acdW��Qcn\iSUWVcn\aY"fvMOXFWVP�Y)�(SUfdP�TVW�x �rN�R(MOfvXZY �(�`W�[QT8�,mQ�QcdW�^�b(\aXZj
_OW{p�WVX`Y [QW ShT��}T{SUWVXZY�fdWVc�WVP�Y XQTV^VWVP�P�\afnSUW�R(MON(S�SUWVY�SUMONQe�W{S�cn\ ShWVc�\]Y�fdM�X b(\a�QfdY�NQWVcdcdW�x�z9\
R(ShTVP�WVXQ^VW�[9s�NQXQW��8SUTVl`NQWVXQ^VW�R(SUMOR(SUW$[(\aXQP	cdW�P"�`P�Y"�{p�W��(cdfdTVWim

ω0
��WVY	[9s�NQX � \]^VY�WVN(S�[QW

RQb(\]P�W
θ
WVXZY�SUW��}MZSU^VW!WVY�e`fdY�WVP�P"W��a�(SUfdP�W�cn\$SUWVcn\aY"fvMOX�[9s�TVlZNQfvcdfd�(SUW�w��Qx ����y�WVYJcn\�Y�S�\aXQP �tM`S�p�W

WVXqcn\�SUWVcn\aY�fdM�Xq_�TVXQT{S�\]cvfdP�TVW�w �Qx � ��y x /Zf�XQM�NQP!XQM�NQP!TV^{\�SUY"M�XQPJ[QNqR(M�fdXZY��(�ZW��`cn\�SUWVcn\aY�fdM�X
w �Qx � ��y&WVP"Y TV_Z\acdW{p�WVX`YD�(SUfdP�TVW�x �6X�Y�W{S"p�WVPJ[QNi^,b(\�p�R

φ
[QT �(XQf�WVX w �(x
����y&WVY!l`NQf9p��VXQW

m�c�\ P�M�cdNQY�fdM�X [QWVPrTVlZN(\aY�fdM�XQP0[QW $�\acdcn\aXZj0/Z�Qp�\aX � f21�w �(x����ZyV��cn\qSUWVcn\aY�fdM�X �?cvNQ^VY"N(\aY�fdM�XZj
")fdP�P"fvR(\]Y�fdM�Xi_�TVXQT{S�\acdfdP�TVW	P{s�TV^{SUfdY �

γ ′′11[φ](q, ω) =
ω

2D
G11[φ](q, ω) � γ ′12[φ](q, ω) = i

ω

2D
G12[φ](q, ω)

w&3Qx �43�y

� R(\�ShY�fnS	[QWVP$TVlZN(\aY�fdM�XQPo[QW $0\acdc�\]XZj0/Z� p�\]X � f 1 w ��x 3���yV��WVY$WVX%NQY�fdcdfdP�\aXZYgcdW � \]fvY"W�l`NQW
cn\qp�\aY�Shfv^VWo[QWVPr^VMZS�SUTVcn\aY�WVN(SUP�m [QWVNQ�iR(M�fdXZY�P)[QWgcn\ Y�bQTVM`SUfdWoWVP�Y�[QM�XQXQTVW�R(\�S!cts�fdXZe�W{SUP�W
[QW�cn\qp�\aY�SUfd^VW

Γ̃
(2) w ��l�x3w��Qx ����y�yV�ZXQM�NQP)R(M�NQeOM�XQPr[QT{ShfveOW{S�[QWVP)TVl`N(\]Y�fdM�XQPr[QW�$�\]cvcn\aXZj

/Z�Qp�\aX � f21 R(M�N(S0cdWVP7�tM�XQ^VY�fdM�XQP0[QW$^VM`S�ShTVc�\]Y�fdM�X�WVY)[QWgShTVR(M�XQP�W�x �0M�NQP)fvXZY�SUMZ[QNQfdP�M�XQP�cn\
lZN(\aXZY�fdY�T

F (q, ω; c, ~g, r, µ′)
�Q[QT �(XQfdW$R(\OSr�

γ ′′11[φ](q, ω, ~g) =
ω

2D
F (q, ω, ~g)G11[φ](q, ω, ~g)

w�3�x � ��y

M�
+cn\F[QTVR�WVXQ[(\aXQ^VWi[(\aXQP�cdWVP�\aNQY�SUWVPoR(\�S�\�p��VY,SUWVPr[QWqcn\ Y�bQTVM`SUfdWqWVP�Y$P�MONQPUj8WVX`Y"WVXQ[QNQW�x
�)N+R�M�fdX`Y �(�ZW

~g∗
�9cn\ SUWVcn\aY�fdM�X'w�3�x �43�y0WVP�Y$P,\aY�fdP �8\afdY�W�WVY$cn\ l`N(\aXZY�fdY�T

F (q, ω, ~g∗)
WVP�Y

fd[QWVXZY�fdl`NQW{p�WVX`Y9TV_Z\acdW m
1
x �rfdXQP�ft�kP�\!e|\]cvWVN(S?^{\�S�\]^VY�T{SUfdP�W,j8YUj8WVcdcdW�cn\��(SUfdP�N(ShW�[QWJcn\�SUWVcn\aY�fdM�X

�?cdNQ^VY�N(\aY�fdM�XZj ")fdP�P"fvR(\]Y�fdM�X$_�TVXQT{S"\acdfvP"TVW�x �6cvcdW!P�\aY"fvP � \afdY�cts�TVlZN(\aY�fdM�X$[QW $�\acdcn\aXZj0/Z�Qp�\aX � f21
P"NQfvea\aXZY�W��
[

∂

∂ lnµ′
+ ~β.

∂

∂~g
+ γ̄ω

∂

∂ω
− γr

∂

∂ ln r

]
F (q, ω, ~g) =

[
γω +

1

2
(γ − γ̃)

]
F (q, ω, ~g)

w�3Qx ����y
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�0M�NQP�SUW{p�\OSUl`NQMOXQPJlZNQW	c�\�l`N(\aXZY�fdY�T
γω + 1

2(γ − γ̃)
WVP"Y{�`\aNiR�M�fdX`Y �(�`W��ZTV_`\acdW$m � T{SUM(x

 c�P{su\a_�fdYDWVX�SUT{\]cvfdY�T)[QW	cn\�SUWVcn\aY�fdM�X+w �(x � �Oy�SUWVcdf�\]X`YDcvWVP0WV�`R�M�P�\aXZY�PJ^{ShfvY"fvlZNQWVP![QNFp�MZ[Q�VcvW
O(n)

[Q�ZX(\�p�fdlZNQWgm�Y�MONQY�M`SU[(SUW	WVX Y�bQTVM`SUfdWo[QWVPrR�W{SUY�N(SU�(\aY"fvMOXQP{�ZWVYrlZNQW$XQM�NQP	\ke`fdM�XQP
[9s�M`SUWVP!WVY![QT8��m�^VMZp�p�WVXZY�TVWr[(\]XQP cdWoR(\�S�\a_`S"\aRQbQW��(x ��x �Qx �6XF\a[QM�RQY�\]X`YDNQXQW	[QT{p�\�SU^,bQW
P"f�p�fvcn\afnSUW�m�^VWVcdcdW�lZNQWiXQM�NQP�\ke�MOXQPgWV�ZR(MOP�TVWiR(M�N(S�M��QY�WVXQfnS�cn\ �tM�XQ^VY�fdM�X [QWFShTVR(M�XQP�W
cdfdXQT{\afnSUWi[QWqcn\�Y�bQTVM`SUfdW��?XQM�NQP$R�M�NQe�M�XQP�[QTVY�W{S�p�fvXQW{S�cts�WV�`R(ShWVP�P�fdM�X%[QW�^VWVY�Y"W�lZN(\aXZY�fdY�T
[(\]XQP cdW�SUTV_�fnp�W)^{SUfdY�fdl`NQWoWVY [(\]XQP�cdW$SUTV_�fnp�W	M�
qcn\�Y�bQTVM`SUfdW	^,b(\�p�Rip�Ma��WVXqWVP�Y!e|\acdfd[QW�x
"	\]XQP	c�\ � M�XQW�^{SUfdY�fdl`NQW��?XQM�NQP	NQY�fdcdfdP�M�XQP�cdW�� \]fvY	lZNQW�XQM�NQP	^VMOXQX(\afdP�P�M�XQP	cn\iea\acdWVN(S$\aN
R�M�fdX`Y �(�ZW$�

F (q, ω, ~g∗) ≡ 1
x�"	\aXQPDctsu\aNQY�SUW0cvfnp�fdY�W��ZXQM�NQPDNQY�fdcdfvP"M�XQP�cn\oe|\acdWVN(SDM��QY�WVXZNQW

[(\]XQP�cdW	^{\a[(SUW	[QW	cn\�Y�bQTVM`ShfvW	^,b(\�p�Rip�Ma��WVX��

FL(q, ω, ~g) =
ω2 +R2 − (caq

2)2

ω2 +R2 + (caq2)2

w�3Qx � ��y

�0M�NQP$SUW{p \�SUlZNQM�XQP�lZN9s�WVX�^�b(\�p�R p�M|�OWVX9�(^�s�WVP"Yr�QfdWVX%c�\qR(ShTVP�WVXQ^VW�[QN�R(\�S�\�p��VY�SUW
calZNQf9�(SUfdP�Wocn\�SUWVcn\aY"fvMOX �?cvNQ^VY"N(\aY�fdM�XZj ")fdP�P�fdR(\aY�fdM�X9x ��XZY�SUW)^VWVP)[QWVNQ�FSUTV_�fnp�WVP)WV�`Y�S #{p�WVP{�

NQXQW	\aX(\acd�ZP�W�P�fnp�fdcn\afnSUW$m�^VWVcvcdWVP�[QW)cn\oP�WV^VY�fdM�X����$R�WVNQY #VY�SUW�W ��WV^VY�NQTVWrR�M�N(S�TVY"NQ[QfvW{SDcdW
^VMZp�R(M`ShY�W{p�WVXZYJ[QW	^VWVY�Y�W	lZN(\aXZY�fdY�T�x

� ��� � ���������?���,��#��  �� � �,���,� ���t��������� �,�

$!M`p�p�W$XQM�NQP	ctsu\ke�M�XQP	[QT8�,mqP�fd_�X(\acdT��&\aNQ�FR�WVY�fdY�WVP$TV^,bQWVcdcvWVPk�3cn\ R(SUTVP�WVXQ^VW�[QWVP$R(\kj
S"\�p��VY�SUWVP XQM�X R�W{SUY�fdXQWVX`Y"P�[QW�cn\%Y�bQTVM`SUfdW�\���WV^VY�W�cdWVPicdM�fdPi[9s�TV^,bQWVcvcdW�x7$!MZp�p�WiXQM�NQP
\]cvcdM�XQP�cdWie�M�fnSV�?WVY�^VM`p�p�W�^�s�WVP�Y�cvWq^{\aP�R(MON(S$cdWFp�MZ[Q�VcdW

O(n)
�9P�f!XQM�NQP�XQM�NQP�TV^{\�S j

Y"M�XQP	[QN R�M�fdX`Y �(�`W��?cdWVPgcdM�fdP�[9s�TV^,bQWVcdcvWqP�M�XZY$p�MZ[Qf �(TVWVPg[9s�NQXQW�R(\�SUY	R(\�S�cn\iR(SUTVP�WVXQ^VW
[9s�NQX �8\a^VY�WVN(Sop$NQcdY�fdRQcdfd^{\aY�f����3WVY�[9su\]NQY�SUW�R(\�ShY$R(\�S�^VWVcvcdWi[9s�NQX%Y�W{S�p�W�\a[Q[QfdY�f�� 5
��6Ux3z9\
^VMZS�SUWV^VY�fdM�X \aNQ�%cdM�fdP�[9s�TV^�bQWVcdcdW�WVP�Y�[QMOXQXQTVWiR(\�S�cn\ cdfvXQT{\OSUfdP�\aY�fdM�X
[QWVP�TVlZN(\aY�fdM�XQP�[QW
_ZSUM�NQR(Wq[QW�ShWVXQM`S�p�\acdfdP�\aY"fvMOX \aNQY"M�N(S	[QN
R(M�fdXZY �(�`W�x ��M�NQP�[QT �(XQfdP�P�MOXQP�cn\+lZN(\aXZY�fdY�T
C(N,P )(qi(j), ωi(j); c, ~g, r, µ

′)
[QW	cn\)� \��VM�XiP�NQfde|\aXZY�W��

Γ̂( �N,N)[φ](qi(j), ωi(j); c, ~g, r, µ
′) = C( �N,N)Γ̂( �N,N)[φ](qi(j), ωi(j); c, ~g

∗, r, µ′)w�3Qx �(�{y
$*M`p�p�WD^�s�TVY�\afdY&cvW!^{\aP�R�M�N(S&cn\)l`N(\]X`Y�fdY�T

F (q, ω, ~g)
l`NQfQ^{\OS�\a^VY�T{SUfdP�\]fvY?c�\��(SUfdP�N(SUW![QW!cn\

ShWVc�\]Y�fdM�X �9cdNQ^VY�N(\]Y�fdM�XZj ")fdP�P�fdR(\aY�fdM�X9��cn\�lZN(\aXZY�fdY�T
C( �N,N) ea\aNQY 1

\aNFR�M�fdX`Y �(�ZW��QWVYrP,\
ea\acdWVN(S�^{\�S"\a^VY�T{SUfdP�WDc�\)�(ShfvP"N(SUW![QWVPJcdM�fdP�[9s�TV^,bQWVcvcdW�x ��cdcdWre�T{Shf��(W!cts�TVlZN(\aY�fdM�X�[Qf ��T{SUWVXZY�fdWVcdcdW
P"NQfvea\aXZY�W��


 ∂

∂ lnµ′
+ ~β.

∂

∂~g
+

N(P )∑

i(j)=1

γωi(j)
∂

∂ωi(j)
− γr

∂

∂ ln r


C( �N,N) =

[
(Ñ +N − 1)(γω − γ∗ω) +

Ñ

2
(γ̃ − γ̃∗) +

N

2
(γ − γ∗)

]
C( �N,N)

w�3Qx � ��y
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[QMOX`Y!cn\�P�M�cdNQY�fdM�XiPks�TV^{SUfdY$�

C( �N,N)(qi(j), ωi(j); c, ~g, r, µ
′) =

exp

{
−
∫ ln s

0

[
(Ñ + N − 1)(γω − γ∗ω) +

Ñ

2
(γ̃ − γ̃∗) +

N

2
(γ − γ∗)

]
d ln s′

}
×

×C( �N,N)

(
qi(j)
s
,
ωi(j)(s)

s2
; c, ~g(s),

r(s)

s2
, µ′
) w&3Qx � ��y

z9\oP�M�cdNQY�fdM�Xq[QWVP�TVlZN(\aY�fdM�XQP!cdfvXQT{\OSUfdP�TVWVPgw�3Qx � ��y&XQM�NQP!R(W{S"p�WVY{�ZR(SU�VP![QNiR(M�fdXZY �(�`W��
[9s�TV^{SUfnSUW	cts�WV�`R(ShWVP�P�fdM�XiP�NQfde|\]X`Y�W��

C( �N,N)

(
qi(j)
s
,
ωi(j)(s)

s2
; c, ~g(s),

r(s)

s2
, µ′
)

= 1 +

+(~g − ~g∗)t. exp
{
ωt ln s

}
.
∂C( �N,N)

∂~g

(qi(j)
s
,
ωi(j)
sz

; c, ~g∗,
r

s1/ν
, µ′
)

w�3Qx � �`y

M�
�[(\aXQPDcdW	e�WV^VY�WVN(S�[QT{ShfveOTr[QW
C( �N,N) \aRQR(\�S"\afdP�P�WVXZY�cvWVP0[QTVR(WVXQ[(\aXQ^VWVPr\]N�R(M�fdXZY �(�`W��

WVY&M�

ω
WVP"Y3cn\	p�\aY,SUfd^VWJ[QM�XQXQTVW!WVXFw�3Qx ����yVx���MONQP3R�M�NQe�M�XQP3\]cvMZSUP{�k[(\aXQP3cdW�eOM�fdP�fdX(\a_�WJ[QN

R�M�fdX`Y �(�ZW��kTV^{SUfnSUW!c�\0P�M�cdNQY�fdM�X�P�NQfdea\aX`Y"W R�M�N(S?cvWVP �tM�XQ^VY�fdM�XQP&[QW!^VM`S�SUTVcn\aY"fvMOXQP9^VM`p�RQcd�VY�WVP
Γ̂( �N,N)[φ]

�

Γ̂( �N,N)[φ](qi(j), ωi(j); c, ~g, r, µ
′) = Γ̂( �N,N)[φ](qi(j), ωi(j); c, ~g

∗, r, µ′)×

× exp

{
−
∫ ln s

0

[
(Ñ +N − 1)(γω − γ∗ω) +

Ñ

2
(γ̃ − γ̃∗) +

N

2
(γ − γ∗)

]
d ln s′

}
×

×
{

1 + (~g − ~g∗)t. exp
{
ωt ln s

}
.
∂C( �N,N)

∂~g

(qi(j)
s
,
ωi(j)
sz

; c, ~g∗,
r

s1/ν
, µ′
)}

w�3Qx � �Oy

M�

Γ̂( �N,N)[φ](qi(j), ωi(j); c, ~g

∗, r, µ′)
P�NQfdY cdWVP!cdM�fdP�[9s�TV^,bQWVcdcvW�w �(x��43�y x �)fdXQP�f�cvWVP0e|\acdWVN(SUP

R(ShM�R(SUWVP�w�3Qx �Q�ky([QW0c�\	p \aY�SUfd^VW
ω
[QM�XQXQWVXZY&cvWVPDR(SUW{p�fd�{SUWVP�^VM`S"SUWV^VY�fdM�XQP9NQXQfde�W{SUP"WVcvcdWVP!\aNQ�

cdM�fdP)[9s�TV^,bQWVcvcdW�x
 tc�XQM�NQP � \]NQY	XQM�Y�W{S)cdW��8\afdY	b(\a�QfdY�NQWVcDP�NQfde|\aXZY���[9su\]NQY�SUWVP	P�M�N(Sh^VWVP	[QW�^VM`S�SUWV^VY"fvMOXQP

\]NQ�FcdM�fdP$[9s�TV^,bQWVcdcdW�WV�ZfdP�Y�WVXZYr[(\aXQPocn\qY�bQTVM`SUfdW�x �0M�Y�\�p�p�WVX`Y{�ZXQM�NQPoX9su\ke�M�XQP�R(\]P	Y�WVX`N
^VMZp�RQY�W	[QWVP)R(\�S�\�p��VY,SUWVPJY�ShfveZfn\acdW{p�WVXZY�XQM�XZj8R(W{ShY�fdXQWVX`Y�P0[(\aXQPrXQMOY�SUW	^{\acd^VNQctx �)X R(WVNQY
Y"M�NQY�W��tM�fdPJp�M�XZY�SUW{S&lZNQW�cdWVP W ��WVY�P![QNQP m�c�\oR(SUTVP"WVXQ^VWr[QW�^VWVP!R(\�S"\�p��VY�SUWVP&[QM�XQXQWVXZYJ[QWVP
^VMZS�SUWV^VY�fdM�XQP	\aNQ��cdM�fdP$[9s�TV^,bQWVcdcvWi\k�`\aXZY�[QWVP$WV�ZR(MOP�\aXZY�Pr[QW c}s�M`SU[(SUW�[QW�cts�NQXQfdY�T�cdM`ShP�l`NQW
cts�MOX+P�W�P�fdY�NQW�R(SU�VPo[QW

4
[Qfnp�WVXQP�fdM�XQP{�&\acdM`SUP	lZNQW�cn\Fp�\]Y�SUfd^VW

ω
XQW�^VM�XZY�fdWVX`Y	lZNQW�[QWVP

Y"W{S�p�WVP)[9s�M`SU[(SUW
ε
WVY
ε2 x $*WVP	^VM`S�SUWV^VY�fdM�XQP)P�M�XZY)[QM�XQ^�cvWVPoRQcdNQP	f�p�R(M`SUY,\aX`Y"WVPrR(SU�VP	[QW

cn\�SUTV_�fdM�X ^{SUfdY�fdl`NQW��ORQNQfvP"l`N9s�WVcdcdWVP�^VM`S"SUWVP�R(MOXQ[QWVX`YJm�[QWVPJY�W{S�p�WVPJlZNQf(P{su\]XQX`NQcdWVXZY�cvW)RQcdNQP
cdWVXZY�W{p�WVXZY!cvMZSUP�lZNQW

s
Y�WVXQ[ie�W{ShP

0
5 � 6 x
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�rN ^VM�N(SUP�[QW�^VW�Y,S�\ke|\afdct��XQM�NQPJ\ke�MOXQP�TVY�NQ[QfdT�cdWr^VM`p�R(M`SUY"W{p�WVX`Y&^{SUfdY�fdlZNQW�[9s�M�P�^Vfdcdcn\kj
Y"WVN(SUPJ^VM�NQRQcdTVP!WVXq_`S�\aXQ[�XQM`po�(SUW��aRQcn\a^VTVP�\aN�eOM�fdP�fdX(\a_�W)[9s�NQXQW�fdXQP�Y�\a�QfdcdfdY�T	[Q�ZX(\�p�fdl`NQW
MOP�^Vfdcvcn\aXZY�W�bQMZp�M�_��VXQWoM�N��Qf �tN(SU^{\aY"fvMOX�[QW �0M�R ��x ��M�NQP	\ke�M�XQP)e`N�lZN9s�WVX�R(SUTVP�WVXQ^VW�[QW
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WVX�fdXZY�W{S�\a^VY�fdM�X25n� ���O� ��� 6 x-"	\aXQP�XQM�Y�ShW$^VM�XZY�WV�ZY�W��(\ke�WV^$cn\qR(SUTVP"WVXQ^VW$[9s�NQX�R(\�S�\Op��VY�SUW
ω0(x)

�9cn\ Y�S�\]XQP �}MZS�p�\aYUfdM�X�R(W{S�p�WVY�Y�\aXZY	cts�TVcdf�p�fvX(\]Y�fdM�X [QW�cn\ �8SUTVlZNQWVXQ^VW�[QWVeZfdWVXQ[(S�\afdY
NQXQWoY�S�\aXQP �}M`S"p�\aYUfdM�X�[QTVR(WVXQ[(\]X`Y�[QWocn\�R(M�P"fvY"fvMOX9x�z9\�R(SUTVP�WVXQ^VW	[QW$[QT{ShfveOTVWVP�P�R(\aY�fn\acdWVP
[(\]XQPrcts�TVlZN(\aY�fdM�X [Q�`X(\�p�fvlZNQW�XQTV^VWVP�P�fdY�W{S�\]fvY)cts�fdX`Y,SUM`[QNQ^VY"fvMOXF[9s�NQX ^�b(\�p�RF[Q�ZX(\�p�fdl`NQW
\]NQ�`fdcdfn\afnSUW��!l`NQW�XQM�NQPqR(MON(S�SUfdM�XQPi\aRQR(WVcdW{S 	U^,b(\�p�R [QW��`\]NQ_�W 
��JWVYqlZNQf	R(W{S�p�WVY"Y�S�\afdY
[9s�TV^{SUfnSUW!NQXQW�[Q�`X(\Op�fdl`NQW�cdMZ^{\acdW{p�WVXZYJfdX`ea\�SUfn\aXZY�W![QW�RQb(\aP�W!WVYD^VM�X`Y"WVX(\aX`Y&NQXQW�[QT{SUfde�TVW
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^VMaea\�SUfn\aXZY�W�x �0M�NQP9R(MONQe�M�XQP&XQM�NQP3[QW{p \aXQ[QW{S9P"f�NQXQW!Y�WVcdcvW![QT{p�\OSU^�bQW!p��VXQW{S�\afdY3m0cts�TV^{SUf~j
Y"N(SUW$[9s�NQX�p�MZ[Q�VcvW�RQbZ�`P"fvlZNQW{p�WVXZY S"\afdP�M�XQX(\a�QcdW$WVY$p \aY�bQT{p�\aY"fvlZNQW{p�WVXZY��}M�XQ[QT�x���cdNQP
_OTVXQT{S�\acdW{p�WVXZY{�acdWVP�WV�`Y"WVXQP�fdM�XQPJR(SUTVP"WVX`Y�TVWVPD^Vf~j8[QWVP�P�NQP�XQM�NQP!P�MOX`Y�P�WVNQcdW{p�WVXZY!P�NQ_�_�T{ShTVWVP
R(\OSJXQMOY�SUW	Y�S�\kea\afdc

�
cn\�R�W{SUY�fdXQWVXQ^VW$RQbZ�ZP�fdl`NQW$\afdXQP�f?l`NQW	cn\�ea\acdfv[QfdY�T�p�\]Y�bQT{p�\aY�fdlZNQWr[QW

^VWVP0WV�`Y�WVXQP"fvMOXQPrSUWVP�Y�WVXZY m�TVY�\a�QcdfnSVx
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"	\aXQP	^VWVY�Y�Wi\aXQXQWV�ZW�XQM�NQP�R(SUTV^VfdP�M�XQPocdWVP�XQM�Y�\aY"fvMOXQP	l`NQWqXQM�NQP$NQY"fvcdfdP�M�XQP [(\aXQP$cdW
R(ShTVP�WVX`Y�p�T{p�M�fnSUW�x

d
SUWVR(SUTVP"WVX`Y�W)cn\�[Qfnp�WVXQP�fdM�X [QW	c}s�WVP�R(\a^VW	P�N(SDcdWVl`NQWVc&WVP�Y![QT �(XQfdW$XQM�Y,SUWrY"bQTVM`SUfdW�x

x
M�N

y
ShWVR(SUTVP�WVXZY�W$NQXQW�e|\OSUfn\a�QcdWg[QWoR(M�P"fvY"fvMOX�[(\]XQPr^VWVY	WVP�R(\]^VW��(WVY

q
MON

p
NQXQW�fnpoj

RQNQcdP�fdM�X9x&��X�R(SUMZ[QNQfdY	P�^{\acn\afnSUW�WVP�Y	XQM�Y"T
x.y

wtShWVP�R9x
q.p

yVx
x
wtSUWVP"R9x

q
y	SUWVR(SUTVP"WVX`Y�Wocn\

XQMZS�p�W)[QNie�WV^VY�WVN(S
x
wtSUWVP"R9x

q
y x

t
SUWVR(SUTVP�WVXZY�W)NQXFY�W{p�RQP{�ZWVY

ω
NQXQW � SUTVlZNQWVXQ^VW�x

�0XQW	fdX`Y"TV_`S�\acdW	P�N(SDcts�WVP�R(\a^VW,j8Y"W{p�RQP�WVP�Y!XQM�Y�TVW��
∫

ddx dt

WVY0NQXQW	fvXZY�TV_`S"\acdW	P�N(SDc}s�WVP�R(\a^VW	[QW �ZM�N(SUfdW{S0P�R(\aY�fdMaj8Y"W{p�R(M`ShWVc3�
∫

ddq dω

�0M�NQP!XQM�Y�MOXQP �
∫

q
=

∫
ddq

(2π)d �
∫

ω
=

∫
dω

2π

δ
SUWVR(SUTVP"WVX`Y�WDcn\	[QfdP�Y�SUfd�QNQY�fdM�X�[QW ")fnS�\]^��{WVY

δd
cn\)[QfvP"Y�SUfd�QNQY�fdM�X�[QW7")fnS�\a^!P�N(S&NQX�WVP�R(\a^VW

[QW	[Qfnp�WVXQP"fvMOX
d
x
θ(t)

SUWVR(ShTVP�WVX`Y"Wrcn\)�tM�XQ^VY�fdM�Xq^{SUTVXQW{\aNi[QW �0W{\ke`fdP�fd[QW�x

k
ShWVR(SUTVP�WVXZY�WrcdWoe�WV^VY�WVN(S

(q, ω) �
XQM�NQP�XQM�Y�MOXQP �

∫

k
=

∫

q,ω
=

∫
ddq

(2π)d
dω

2π

WVY
δ(d+1)(k) = δd(q)δ(ω)
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�0M�PD^VM�X`eOWVX`Y�fdM�XQPDR(M�N(S6cdWVP�Y�S�\aXQP �}M`S"p�TVWVP3[QW �ZM�N(SUfdW{SD[QWVP��}MOXQ^VY�fdM�XQP![QT �(XQfvWVP!P�N(SDcts�WVPUj
R(\]^VW	WVY�cdW	Y�W{p�RQP�P�MOX`Y!cdWVP�P�NQfde|\]X`Y�WVPo�

f(x, t) =

∫

q,ω
f(q, ω)ei(q.x−ωt) =

∫

k
f(k)eik.x

f(k) = f(q, ω) =

∫
ddx dt f(x, t)e−i(q.x−ωt)

�6X+R(\�SUY"fv^VNQcdfdW{SV�?XQM�NQP	XQM�Y�M�XQP	[QWqcn\Fp�#{p�W��8\ �VM�X�cn\ �}MOXQ^VY�fdM�X
f
WVY$P�\qY�S"\aXQP �tM`S�p�TVW

[QW �ZM�N(SUfdW{SVx3z6s�WVP�R(\a^VW�[(\aXQPocvWVlZNQWVcJMOX+^VM�XQP�fd[Q�{SUW�cn\ �}M�XQ^VY"fvMOX�TVY,\aX`Y	R(ShTV^VfvP"T�R(\�S)cdWVP
XQMOY�\aY�fdM�XQP![QWVP�ea\�SUfn\a�QcdWVP{x

∆
SUWVR(SUTVP�WVXZY�W)c}s�M�R(T{S�\]Y�WVN(SDc�\aRQcn\a^VfdWVX P�N(S!cts�WVP�R(\a^VW	WVXi[Qfnp�WVXQP"fvMOX

d
x

ψα(x, t)
w SUWVP�R9x

ψα(k) = ψα(q, ω)
y9[QTVP�fd_�XQW0c�\)^VMZp�R(M�P,\aX`Y"W

α
[9s�NQX�^�b(\Op�R�e�WV^VY�M`SUfdWVc

ψα
m�[QWVNQ��^VM`p�R�M�P�\aXZY�WVP{�VTVea\acdNQTrNQXqR(MOfvXZYJ[QW0^VM`M`Sh[QM�XQXQTVWVP

(x, t)
[QWrcts�WVP�R(\]^VW�[QfnSUWV^VY

w SUWVP�R9x
(q, ω)

[QWgcts�WVP"R(\a^VW�SUTV^VfdR(SUMZl`NQW{y x�z�WVPofdXQ[Qfv^VWVP
α
WVY
β
R(WVNQe�WVXZYg\]cvMZSUPrR(ShWVXQ[(SUW

cdWVP�ea\acdWVN(SUP
1
WVY

2
x

M̃αβ(x, t; x′, t′)
wtSUWVP"R9x

M̃αβ(k; k′) = M̃αβ(q, ω; q′, ω′)
y0[QTVP�fd_�XQW$cts�TVcdT{p�WVXZY)[QW�p \kj

Y,SUfd^VW
αβ

[9s�NQXQW �tM�XQ^VY�fdM�X p�\aY,SUfd^VfvWVcdcdWFm�[QWVNQ�%R(M�fdXZY�P
M̃αβ

�&TVea\acdNQTVWF[(\aXQP�cts�WVP�R(\a^VW
[QfnSUWV^VY�wtSUWVP�R9xZcts�WVP�R(\a^VW$ShTV^VfvR(ShM`lZNQW{yVx

 c9�i\$P"M`p�p�\aY"fvMOX�fnp�RQcdfd^VfdY�W�P�N(SDcvWVP)fdXQ[Qfd^VWVP SUTVR�TVY�TVP{x

�0M�NQP�[QTVP�fd_�XQMOXQPJR(\�S
ψα

cdWr^,b(\�p�R�[Q�ZX(\�p�fdlZNQW
ψ
WVX Y�\aXZY3lZNQW �tM�XQ^VY�fdM�X�e�WV^VY�M`ShfvWVcdcdWrm

[QWVNQ��^VM`p�R(M�P�\]X`Y�WVP&[QT �(XQfdWrP"N(S&c}s�WVP�R(\a^VW,j8Y�W{p�RQPk�acvWVP!ea\�SUfn\a�QcdWVPJ[9s�WVP"R(\a^VW!e|\�SUfn\aXZY�[(\aXQP
NQXiWVP"R(\a^VW	[QW	[Qfnp�WVXQP�fdM�X

d
�ZWVY�cts�fdXQ[Qfd^VW

α
R(MONQe|\aXZY�R(SUWVXQ[(SUW)cdWVPrea\acdWVN(SUP

1
WVY

2
x

〈X〉 [QTVP�fd_�XQW	NQXQW$p�Ma��WVXQXQW)P�Y�\]Y�fdP�Y�fdl`NQW	[QW	cn\�_ZS�\aXQ[QWVN(S X x

�0M�NQP&[QTVP�fd_�XQM�XQP&R(\�S
F [ψα]

NQXQW��}MOXQ^VY�fdM�XQXQWVcdcvW![QN�^,b(\�p�R
ψα

�k^�s�WVP�Y�m�[QfnSUWDNQXQW 	 �}M�XQ^,j
Y"fvMOX 
 [QM�XZY�cdWVP ea\�SUfn\a�QcdWVPJP"M�X`Y�cdWVPD^�b(\�p�RQP�e�WV^VY�M`SUfdWVcQm	[QWVNQ��^VM`p�R�M�P�\aXZY�WVP&[QT �(XQfdPJP�N(S
cts�WVP"R(\a^VW,j8Y�W{p�RQP{x

�0M�NQP![QTVP�fd_�XQM�XQP0R(\�S	�
∫
D [ψα] D

[
−iψ̃α

]

NQXQW!fdXZY�TV_`S�\acdW��tM�XQ^VY�fdM�XQXQWVcdcdW P"N(S&cvWVP�^,b(\�p�RQP
ψα

WVY
ψ̃α

�a^�s�WVP�Y�m)[QfnSUW!NQXQW!fvXZY�TV_`S"\acdWJP�N(S
Y"M�NQY�WVPJcdWVP�ea\acdWVN(SUP�lZNQWrR�WVNQe�WVXZY�R(SUWVXQ[(SUW)cdWVP�^�b(\Op�RQP

ψα
WVY
ψ̃α

WVXi^,b(\alZNQWrR�M�fdX`Y�[QW
cts�WVP"R(\a^VW,j8Y�W{p�RQP{�ZWVY)R(M�N(S*^�b(\a^VNQXQWo[QWVP�e|\]cvWVN(ShPr[QWoc}s�fvXQ[Qfd^VW

α
x "	\aXQP0c}s�WVP�R(\a^VW	[QfnSUWV^VY{�

cts�fdXZY�TV_`S�\]cvW �}M�XQ^VY"fvMOXQXQWVcvcdWiP�N(SocdWq^�b(\�p�R
ψα

P"W�� \]fvYk�9WVX ^,b(\al`NQW R(M�fdXZYg[QWqcts�WVP�R(\a^VW,j
Y"W{p�RQP{�aP�N(SDcdWVP!e|\acdWVN(SUP�SUTVWVcdcdWVP{�ZWVYJcts�fdXZY�TV_`S�\acdW �tM�XQ^VY�fdM�XQXQWVcdcdW	P�N(S6cvW)^,b(\�p�R

ψ̃α
P"N(S�cdWVP

ea\acdWVN(SUP!fnp�\a_�fdX(\afnSUWVP!RQN(SUWVP$w e�MOf�S&ctsu\]RQR(WVXQ[Qfd^VW "	yVx��0XQW)fvXZY�TV_`S"\acdW7�tM�XQ^VY�fdM�XQXQWVcdcdW	R(WVNQY
#VY,SUW	e`NQWo^VM`p�p�W	cts�fdXZY�TV_`S�\]cvWoP�N(S!Y�MONQY�WVP�cdWVP7�tM�XQ^VY�fdM�XQP0R(M�P�P"fv�QcdWVP	[QWoc}s�WVP�R(\a^VW,j8Y�W{p�RQPk�
MON�WVXQ^VM`ShWrP�N(SDY�MONQP cdWVP 	U^,bQW{p�fdXQP�
	R(M�P"P�fd�QcvWVPkx ��cdcdW	[QM�XQ^$\aNQP�P"f�\aRQR�WVcvTVW 	UfdX`Y�TV_ZS�\acdWr[QW

� � �
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^,bQW{p�fdXQP�
�x

z�WVP XQMOY�\aY�fdM�XQPJSUWVcn\aY"fveOWVP \aNQ��_`S�\]RQbQWVP�[QW �ZWV�ZX(p�\aX�P"M�X`Y�R(ShTV^VfvP"TVWVP [(\]XQPJctsu\aXQXQWV�ZW $�x

Γ( �N,N) [QTVP�fd_�XQW	cn\�[QT{SUfde�TVW �tM�XQ^VY�fdM�XQXQWVcdcdW	[QW Γ[ψ̃α, ψα]
R(\�S!S�\aRQR�M`SUY m

Ñ
^,b(\�p�RQP

ψ̃WVY
N

^�b(\Op�RQP
ψ
x

Γ( �N,N)(p) [QTVP�fd_�XQW cvW Y�W{S�p�Wo[9s�M`SU[(SUW p [QW Γ( �N,N) WVX�Y�bQTVM`ShfvW�[QWVP
R�W{SUY�N(SU�(\]Y�fdM�XQP{x

z�M`SUP�lZNQW�cdWVP�fdXQ[Qfd^VWVP�P�M�XZYJfdXQ[Qfdl`NQTVP0XQM�NQP!R(M�NQe�MOXQPJXQM�Y�W{S
Γ

(n)

�αiβj = Γ
(n)

�α1... �α �Nβ1 ...βN

w}M�


n = Ñ + N
�
i
ea\�SUfdW�WVX`Y�ShW

1
WVY
Ñ

WVY
j
e|\OSUfdWgWVXZY�SUW

Ñ + 1
WVY
Ñ + N

y)cn\q[QT{SUfde�TVW
�tM�XQ^VY�fdM�XQXQWVcdcdW$[QW

Γ[ψ̃α, ψα]
R(\OS S"\aRQR(M`ShY*m

Ñ
^,b(\�p�RQP

ψ̃
WVY
N

^,b(\�p�RQP
ψ
x

�6X �(X XQMONQPgXQMOY�M�XQP
Γ

( �N,N)

�αiβj [φ]
cdWVP�eOW{SUY�WV��R(SUM�R(SUWVP�\aP�P�MZ^VfdTVP�mFcn\�Y"bQTVM`SUfdW�TV^{SUfdY�WiWVX

Y"W{S�p�WVP)[QWVP$^,b(\�p�RQP
φα

WVY
φ̃α
��P"fvY"NQTVWg[(\]XQP	cvWqSUT��}T{ShWVX`Y�fdWVc�M�P"^Vfvcdcn\aXZY$micn\ �8SUTVl`NQWVXQ^VW

W ��WV^VY�fde�W)[QWVPJM�P�^Vfdcdcn\aY�fdM�XQP!P�R�M�X`Y,\aXQTVWVP�[QN�P��ZP�Y��{p�W)m)c}s�TV^�bQWVcdcdW$m	cn\alZNQWVcdcvW	MOX�cdWr^VM�XQP"fuj
[Q�{ShW�w e�M�fnSDcdWVP�TVl`N(\]Y�fdM�XQPgw �(x
����y&lZNQf9[QT �(XQfdP�P�WVXZY�cdWVPr^,b(\�p�RQP

φα
WVY
φ̃α
y x

�V� �
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"	\aXQP�cdWJR(\�S�\]_`S�\aRQbQW!��x �Qx
�Q�UXQM�NQP�\{eOM�XQP(fdXQP�fdP�Y�TDP�N(S�cts�fnp�R�M`SUY�\aXQ^VW�[QWVP � NQ^VY�N(\aY"fvMOXQP
WVY�cdW �8\afdY�lZNQW�^VWVcn\)R(M�NQea\afdY1#VY�SUW!R(SUfdP�WVX�^VMZp�RQY�WJ[(\]XQP�cvWVPDTVl`N(\]Y�fdM�XQP�[Q�`X(\Op�fdl`NQWVP{�aWVX
^VMONQRQc�\]X`Y)cts�TVe�M�cdNQY�fdM�X�[QWVP)R(\�S�\�p��VY,SUWVP!l`NQf�XQM�NQP)fdX`Y"T{SUWVP�P�WVXZYrm NQX��(ShNQfvY	P"Y�\aY�fdP�Y�fdlZNQW
W ��WV^VY�f��hx �0M�NQPJX9s~\{eOM�XQP�WVX�ShWVe|\aXQ^,bQW ShfvWVXq[QfdY�[QW)c�\o[QfdP�Y�Shfv�QNQY"fvMOX�[QW)R(SUM��(\a�QfdcdfdY�T)l`N9s�fdc
XQMONQP1�8\acdcn\afdY�^,bQM�fdP�fnS!R(M�N(SD^VW	�(SUNQfdY{x��Q\$^{\OS�\a^VY�T{SUfdP�\]Y�fdM�X�WVP�Y!cts�M��`�"WVYJ[QW	^VWVY"Y�W$\aXQXQWV�ZW�x
z�WVP \�SU_ON(p�WVX`Y"P9l`NQfQP"NQfveOWVX`YDP�M�XZY3^VM`p p$NQXQPJm)[QW0XQM`po�(SUWVNQ�$p�MZ[Q�VcvWVPD[QW�[Q�ZX(\�p�fdl`NQW
^{ShfvY"fvlZNQW�x

z�WJ�(ShNQfvY�[QMOX`Y&XQM�NQP�\{eOM�XQP`�"NQP�Y�f �(T!c�\)R(ShTVP�WVXQ^VWJWVP�Y&[���\aNQ� � NQ^VY�N(\aY"fvMOXQP3[9s�NQX�Y�Sh�VP
_ZS�\aXQ[�XQM`po�(SUW)[QW	[QWV_`SUTVPD[QW	cdfv��W{SUY�TVP{x!"	\aXQPJcts�WVP�R(ShfvY0[QN�Y�bQTVMZSU�{p�W)[QWrcn\�cdfnp�fdY�W$^VWVXZj
Y,S�\acdW��aXQM�NQP�P�\ke�M�XQP&lZNQW�cn\	[QfdP�Y�SUfd�QNQY�fdM�X [QW R(ShM��(\a�QfdcdfvY"Tr_�TVXQT{ShfvlZNQW![QW�Y�WVcdcdWVP!e|\�SUfn\a�QcdWVP
\]cvT{\]Y�M�fnSUWVP&WVP�Y�NQXQW![QfvP"Y�SUfd�QNQY�fdM�X�_`\]NQP�P�fdWVXQXQW�x $�s�WVP�Y&TV_`\acdW{p�WVXZY3^VWVY�Y"W [QfdP�Y,SUfd�QNQY�fdM�X�l`NQf
XQTV^VWVP"P�fdY�W	cdWgp�M�fdXQP![9s�bZ�`R�M�Y�bQ�VP�WVP!^VM�XQ^VW{ShX(\aX`Y!cdWVP�R(SUMOR(SUfdTVY�TVP![QNi�(SUNQfdY{x �0M�NQP��}W{SUMOXQP
[QMOXQ^	^VW$^,bQM�fd��WVY)XQM�NQP�X9su\]N(SUM�XQP�\acdM`SUP�m�R(SUTV^VfdP�W{S0lZNQW	cvWVP)[QWVNQ�iR(SUW{p�fdW{SUP)p�M`p�WVXZY�P
[QW cn\�[QfdP�Y�SUfd�QNQY�fdM�X9x!z�WFR(ShW{p�fdW{S�p�M`p�WVXZY�R(M�NQea\aXZY�Y�M�N{�"M�N(SUP)#VY�SUWifdXQ^VM`SUR�M`SUTi[(\aXQP
cn\�R(\OSUY�fdW�[QTVY"W{S�p�fdXQfdP�Y�Wq[QWic}s�TVl`N(\aY"fvMOX [Q�ZX(\�p�fdlZNQW��3^VWVcdNQf~j8^Vf�P�W{S"\FR(ShfvP TV_`\ac m � T{SUM�x
z�WiP��`P"Y��{p�WqTVY�NQ[QfdTFTVY�\aXZY$bQMZp�M�_��VXQWqWVY�fdX`ea\�SUfn\aXZY�R(\�S�Y�S�\]XQP�cn\aY�fdM�XQP{�?cvWi[QWVNQ�Zfd�{p�W
p�M`p�WVXZYJ[QNF�(ShNQfvY0R(SUWVXQ[icn\)�}MZS�p�W)_�TVXQT{S�\acdW	P�NQfde|\]X`Y�W��

〈η(x, t)η(x′, t′)〉 = φ(|t− t′|) ρ(|x− x′|) w �rx �{y

"�s~\aNQY�SUWqR(\�SUY{�6[QWVNQ� TVe��VXQW{p�WVXZY�P�P"N���P�\�p�p�WVX`Y�P"TVR(\�SUTVP�WVX�Y�W{p�RQP M�N�WVX WVP�R(\a^VW
[QMOfveOWVX`Y #VY�SUWi[QTV^VM`S"SUTVcdTVP{�JWVYq^VWVP �tM�XQ^VY�fdM�XQP�[QM�fde�WVXZYq[QM�XQ^F[QTV^{SUM �vY,SUWFP�N��qP�\�p�p�WVXZY
eZfdY�WimFcts�fdX �(XQftx �6X+R(\�SUY�fd^VNQcdfdW{S�XQM�NQPo[QW{p�\aXQ[QW{SUM�XQPol`NQWq^VWVP)�}MOXQ^VY�fdM�XQP$P�MOfvWVXZY�fdX`Y�T,j
_ZS�\a�QcdWVP{x "	\aXQP$cn\�cdfnp�fdY�W [QWVPg_ZS�\aXQ[QWVP�TV^�bQWVcdcdWVPqY�W{p�R(MZSUWVcdcvWVP�WVY�P"R(\aY�fn\acdWVP�l`NQf!XQM�NQP
fdXZY�T{SUWVP�P"W��`MOXiR(WVNQYr\acdM`ShP ^VMOXQP�fd[QT{SUW{SDl`NQW	cdW$�(ShNQfvY0P�Y�\aY�fdP�Y"fvlZNQW)[QTV^{SUfde|\aXZY�cdWVP � NQ^VY�N(\kj
Y"fvMOXQP�WVP�Y!XQM�Xi^VM`S�ShTVcvT���^�s�WVP�Y�m�[QfnSUW	lZNQW$cdWVP �tM�XQ^VY�fdM�XQP

φ
WVY
ρ
P�M�XZY![QWVP�[QfdP�Y�SUfd�QNQY�fdM�XQP

δ
[QW ")f�S"\a^�x�"	\aXQP�cdW)^{\a[(SUW![QWVP!RQbQTVXQM`p��VXQWVPD^{SUfdY�fdl`NQWVPD[Q�`X(\�p�fvlZNQWVP{�OcvWVPD[Qfde�W{SU_�WVXQ^VWVP

[QW�cn\icdM�XQ_ONQWVN(S�[QW�^VMZS�SUTVcn\aY�fdM�X WVY	[QN�Y"W{p�RQPr[QW ^VM`S�SUTVcn\aY�fdM�X �}MON(SUXQfdP�P�WVXZYrNQXQW�P�TVR(\kj
S"\aY�fdM�X%X(\aY�N(SUWVcdcdWi[QWVP�TV^,bQWVcvcdWVPqWVX`Y,SUW�cdWVPip�MZ[QWVPg^{ShfvY"fvlZNQWVPqWVYgcdWVPi\aNQY�SUWVPo[QWV_`SUTVP�[QW
cdfd�(W{ShY�T�x�z�WVPrY�S"\aXQP �tM`S�p�\aY"fvMOXQPJ[QW$_ZSUM�NQR(W	[QW�SUWVXQM`S�p \acdfvP,\aY�fdM�X �tM�N(SUXQfdP�P�WVXZY!NQXF^{\a[(SUW
p \aY�bQT{p�\aY"fvlZNQW$R(ShM�R(SUW$R�M�N(S)lZN(\aX`Y"f��(W{S)cn\ ^VM�X`eOW{SU_�WVXQ^VW$[QWVPo^VM`S�SUTVcn\aY"WVN(SUP�[QN+�(SUNQfdY

��� �
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eOW{SUPJcdWVP�[QfdP�Y�Shfv�QNQY"fvMOXQP�[QW�")fnS�\a^"�Vx �0M�NQPD^�bQM�fdP�fnSUMOXQP�[QM�XQ^��`\]NFSUWV_`\�SU[ [QWVP*\OSU_�N(p�WVXZY�P
R(ShTV^VTV[QWVX`Y�Pk�`NQXi�(ShNQfvY0_`\aNQP�P�fdWVXiXQM�Xi^VMZS�SUTVcdT��ZWVXQ^VM`SUW	\aRQR(WVcdT 	U�(ShNQfvY0�Qc�\]XQ^$_`\aNQP"P�fdWVX 
�x

	�� .�6$����*,+�!7���>+��7��� �%� .":
��� !��4����� ��� !���:
#���68-4*,# ��:��	�%����: !�-�����(7���4*��7����: *��7.$�%��.�* �4�7��:
δ
��� :��7.":�����:

��+�:�*,��+>���"*,+�- .": 2
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"	\aXQP�^VWVY�Y�W)\aXQXQWV�`W0XQM�NQP!XQM�NQPJR(SUMOR(M�P�MOXQP�[9s�TVY�\a�QcdfnS�cdWVP�SU�V_�cdWVPJ[QNq^{\acd^VNQc�R(W{SUY"N(S:j
�(\]Y�f�� R�M�N(S�XQM�Y�ShW�Y�bQTVM`SUfdW�[QM�XZY9XQM�NQP3\ke�MOXQP���WVP�M�fdX$Y"M�NQY9\aN	cdM�XQ_r[QWDXQM�Y�SUW&TVY�NQ[QW�x �&MON(S
^VWVcn\Q��XQM�NQPr^VMOXQP�fd[QT{SUM�XQP�cn\)�tM�XQ^VY�fdM�XQXQWVcdcdW�_�TVXQT{S�\aY�Shfv^VW)[QW$XQMOY�SUW)Y�bQTVM`SUfdW	WVXFY,S�\aXQP �tM`S:j
p�TVWg[QW �ZM�N(SUfdW{SV��lZNQf3WVP"Y	[QM�XQXQTVW$R(\�S)cdWVP	TVlZN(\aY�fdM�XQP�w��Qx ����yDWVY�w��Qx �43OyVx`z�W�[QTVY�\]fvc�[QN
^{\]cv^VNQc!p�WVX(\aXZYgmq^VWVY�Y"W�WV�`R(ShWVP�P�fdM�X+WVP�Yo[QM�XQXQT�[(\aXQPoctsu\aXQXQWV�ZW "���M�
 fvc!WVP�Y�p�M�XZY�SUT
lZNQW�^VWVY�Y�WoTV^{SUfdY�N(SUW�P�NQRQR(MOP�W�c�\q^VMOX`e�WVXZY�fdM�X

θ(0) = 0
R(M�N(S0cn\ie|\]cvWVN(S)WVX � T{SUMi[QW�cn\

�tM�XQ^VY�fdM�X
θ
[QW �0W{\ke`fdP�fd[QW�xQz9\oR(\�SUY"fvW)_`\aNQP"P�fdWVXQXQWrM�N 	Ucdfd�(SUW 
 S0

[QW)ctsu\a^VY�fdM�XqR(WVNQY7#VY,SUW
ShTVTV^{SUfdY�W	[QW	cn\)� \��VM�X�P"NQfvea\aXZY�W��

S0[ψ̃α, ψα] =

∫
ddx dt

{
Dψ̃αψ̃α − ψ̃α[∂tψα + Rαβψβ ]

}

= −1

2

∫

k,k′
ψt(k)Ã(−k,−k′)ψ(k′)

= −1

2

∫

k
ψt(k)A(−k)ψ(−k)

w�$	xn�ky

M�
+�

ψ =

(
ψ̃
ψ

) w�$�x ��y

WVY

Ã(k, k′) = A(k)(2π)d+1δ(d+1)(k + k′)

A
αβ

(−k) =

( −2Dδαβ iωδαβ + Rαβ(−k)
−iωδβα +Rβα(k) 0

) w�$�x ��y

z�W�R(SUM�R(\a_Z\aY�WVN(S![QW�cn\iY�bQTVMZSUfdW$WVP�Y	[QM�XQXQT�R(\�S)cts�fdXZe�W{SUP�W�[QW�cn\ip�\aY�Shfv^VW
Ã(x, x′)[(\]XQP cts�WVP"R(\a^VWr[QfnSUWV^VYkx�$!WVY�Y"Wrp�\aY�Shfv^VW	\	cn\)�tM`S�p�W�_�TVXQT{S�\acdWgw �Qx � ��y �aWVYJR(WVNQY0[QM�XQ^ #VY,SUW

TV^{ShfvY"W��

C̃
0

αβ
=

(
0 χ̃0,+

αβ

χ̃0
αβ C̃0

αβ

)
w�$�x �`y

����3
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z6s�fdX`ea\�SUfn\aXQ^VW�R(\�S)Y�S�\]XQP�cn\aY�fdM�XQP	\aP�P�N(SUWol`NQW ^VWVY�Y�W�p�\aY�Shfv^VW���Y�M�NQY)^VM`p�p�W$cn\Fp�\]Y�SUfd^VW
Ã
��WVP�YrR(ShM�R(M`ShY�fdM�XQXQWVcdcvW�m

δ(d+1)(k + k′)
[(\aXQP)c}s�WVP�R(\a^VW$[QW �ZM�N(ShfvW{S x��0M�NQP)R(M�NQe�MOXQP

[QMOXQ^	TV^{SUfnSUW��
C̃

0

αβ
(k, k′) = C0

αβ
(k)(2π)d+1δ(d+1)(k+ k′)

w�$�x ��y
WVY)cdWVP$TVlZN(\aY�fdM�XQP)l`NQf&P{s�WVX P�NQfde�WVXZY	R(M�N(S0cdWVP �}M�XQ^VY"fvMOXQP$m�[QWVNQ� R(M�fdXZY�Pr[QW�cn\qY�bQTVM`ShfvW
cdfd�(SUW

χ̃0
αβ

WVY
C̃0
αβ

x �0M�NQP�\ke�M�XQP!cdWVP�WV�`R(ShWVP�P�fdM�XQP�P�NQfdea\aX`Y"WVP$�

χ0
αβ(k) = χαβ(q, ω) =

1

∆

(
−iω + R Ω0

−Ω0 −iω + R

)

C0
αβ(k) = Cαβ(q, ω) =

2D

|∆|2
(
ω2 + Ω2

0 + R2 2iωΩ0

−2iωΩ0 ω2 + Ω2
0 +R2

) w�$�x ��y

M�

R = r+ cq2

Ω0 = ω0 + caq
2

∆ = (R− iω)2 + Ω2
0

z�su\aRQRQcdfd^{\aY�fdM�X [QN�Y�bQTVMZSU�{p�W�[QW �
fd^�� R(W{S�p�WVYJ[QW)^{\acd^VNQcvW{SDR�W{SUY�N(SU�(\aY"fveOW{p�WVX`Y&cdWVP
�tM�XQ^VY�fdM�XQP![QW	^VM`S"SUTVcn\aY�fdM�Xq[QW$cn\�Y�bQTVM`ShfvW�w P�fnp�RQcdWVP{��^VM�XQXQWV�`WVP0M�N+�,j8R(\�SUY"fv^VNQcdW	fnS�SUTV[QNQ^,j
Y"fv�QcdWVP�y �aWVX$X9su\k�`\aXZY3m0TVe|\acdNQW{S&lZNQW![QWVP�e|\acdWVN(SUPJp�Ma��WVXQXQWVP?[QW1�tM�XQ^VY�fdM�XQP�m0[QWVNQ�$R(MOfvXZY�P
R(ShfvP"WVP$\{eOWV^$NQX�R(M�fd[QPo[QWgR(ShM��(\a�QfdcdfvY"T�_`\aNQP�P"fvWVX25 �Q� �Q� 6 x $!WVP)e|\acdWVN(SUP$p�M|�OWVXQXQWVPrTVcdT,j
p�WVX`Y�\]f�ShWVPrP�MOX`Y)Y�S�\a[QfdY�fdM�XQXQWVcdcdW{p�WVXZY$\aRQR(WVcdTVWVP 	UR(SUMOR(\a_`\aY�WVN(ShP�cdfv�(ShWVP�
g[QW�cn\qY�bQTVMZSUfdW�x
�0M�NQP9R�M�NQe�M�XQP&SUWVR(SUTVP�WVXZY�W{S�_`S"\aRQbQfdl`NQW{p�WVXZY�cdWVP�Y�W{S�p�WVP9[QWDcn\�P�T{ShfvWDR(W{SUY"N(SU�(\aY�fde�W�P�MONQP
�tM`S�p�WJ[Qfn\a_`S�\Op�p�\aY�fdlZNQW�x � ^,b(\al`NQWDY�W{S�p�WD[QW!^VWVY�Y�WJP"T{SUfdW WVP"YJ\aP�P�MZ^VfdTJNQX 	U[Qfn\a_`S�\�p p�W
[QW �ZWV�`X(p \aX 
�x(z9\ R(SUMZ^VTV[QN(SUW	_�TVXQT{S�\acdWo[QW$^VM�XQP�Y,SUNQ^VY�fdM�Xq[QWVPr[Qfn\a_`S"\�p�p�WVP![QW �ZWV�ZXZj
p \aXFWVP�Y)^VM`p�poNQXQW�m�[QWoXQM`po�(SUWVNQP�WVP)Y�bQTVM`SUfdWVP{x �)NQP�P�f&R(WVNQYhj8WVcvcdW�#VY,SUW$Y�ShM�NQe�TVW	[(\aXQP
[QWiXQMZp$�(ShWVNQ�+M�NQeQS�\a_�WVP�WVY�XQM�NQP XQWic�\ [QTVY�\afdcdcvMOXQP�R(\aP fv^Vftx ��MONQP�S"\aRQR(WVcdM�XQP	��NQP"Y�W
lZNQWVcdl`NQWVP�SU�V_OcvWVP�[QWq^VM�XQP�Y�ShNQ^VY�fdM�X+[QWVP�Y�W{S�p�WVP	[QWqcn\ P�T{SUfdW�R�W{SUY�N(SU�(\]Y�fde�W�WVY�[QW�cdWVN(S
ShWVR(SUTVP�WVXZY�\aY�fdM�X9�(\]RQR(WVcdTVWVP 	�SU�V_OcvWVP	[QW �ZWV�`X(p�\]X 
���WVY	l`NQf�P�MOX`Y)P�R(TV^Vf �(lZNQWVP$M�N�XQM�X+m
XQMOY�SUW$Y"bQTVM`SUfdW�x��0M�NQP	P�MONQb(\afdY�M�XQP)TV_`\acdW{p�WVXZY S�\]RQR(WVcdW{S)l`NQW�cdWVP	P�T{SUfdWVP	R�W{SUY�N(SU�(\aY"fveOWVP
lZNQW	XQM�NQP!^{\acd^VNQcdM�XQP �tM�XZYJfdX`Y"W{SUe�WVXQfnSD[QWVP�fdX`Y�TV_ZS�\acdWVP!l`NQft�ZWVXiY�W{S�p�WVPD[QW	[Qfn\a_`S�\�p p�WVP{�
P"W{SUM�XZYJSUWVR(SUTVP�WVXZY�TVWVP&R(\�S�[QWVPD�(M�NQ^VcdWVP{xZz�s�M`SU[(ShW lZNQW�XQM�NQPD^VM�XQP�fd[QT{SUM�XQP�WVX Y�bQTVM`SUfdW�[QWVP
R�W{SUY�N(SU�(\]Y�fdM�XQPg\aNQ_Zp�WVX`Y"WgcdfdXQT{\afnSUW{p�WVXZY�\ke�WV^�cdWiXQM`po�(SUW�[QWi��M�NQ^VcdWVPg[(\]XQPgcdWVP�[Qfn\kj
_ZS�\�p�p�WVPkx �rNQP"P�f3XQMOY�SUW$[QTVeOWVcvMORQR(W{p�WVXZY	R(W{SUY"N(SU�(\aY�f��JWVP�YUj8fdcJ\aRQR�WVcdT 	U[QTVe�WVcdM�RQR(W{p�WVX`Y
WVXiXQMZp$�(ShWr[QW	��M�NQ^VcdWVP�
�x

z9\�SUWVR(SUTVP�WVXZY�\aY"fvMOX�_`S"\aRQbQfdl`NQW)WVP�Y��(\aP"TVW	P�N(SDcvWVP)R(SUfdXQ^VfdR(WVP)P�NQfde|\aXZY�P$�

�0Xi^,b(\�p�R
ψ
WVP"Y*ShWVR(SUTVP�WVXZY�TrR(\OS	�

WVY0NQXi^�b(\�p�R
ψ̃
R(\�S)�

� � �
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z�WVP�[QWVNQ��R(ShM�R(\a_`\aY"WVN(SUPJcdfd�(SUWVP)[(\aXQP!c}s�WVP�R(\a^VW	[QW �ZMON(SUfdW{S!P�M�XZY�SUWVR(SUTVP�WVXZY�TVP!R(\�S)�

α β

k
=

k

α β
= Cαβ(k)

w�$	x�3�y

WVY

α β

k
=

k

α β
= χαβ(k)

w�$	x ��y

�?fdX(\acdW{p�WVXZYrcdW	e�W{SUY"WV��[9s�fdX`Y"W{S�\a^VY�fdM�XqWVP�Y$�

α3, k3

α1, k1

α4, k4

α2, k2

= −Uα1α2δα3α4

w�$�x ��y

z�WVP�SU�V_OcvWVP�[QW �ZWV�`X(p�\]X R(M�N(Socn\ ShWVR(SUTVP�WVXZY�\aY�fdM�X+[Qfn\a_ZS�\�p�p�\]Y�fdl`NQWVPo[QWVP�[Qf ��T,j
ShWVX`Y�WVP?Y�W{S�p�WVP�fdX`Y"W{SUe�WVX(\aXZY�[(\aXQP9cn\�P"T{SUfdWJR(W{ShY�N(SU�(\aY�fde�W&[9s�NQXQW �}M�XQ^VY"fvMOX	[QWJ^VM`S�ShTVc�\]Y�fdM�X
[QW	cn\�Y"bQTVM`SUfdW	P�M�XZY�\acdM`SUP!cdWVPrP�NQfdea\aX`Y"WVP$�

j � ^�b(\alZNQW)cvfd_�XQWo[9s�NQXi[Qfn\a_`S�\Op�p�W)[QM�XQXQT	^VM`S�SUWVP"R(M�XQ[qNQXiR(SUM�R(\a_Z\aY�WVN(S�cdfd�(SUW�x
j $!b(\alZNQW)R(SUM�R(\a_`\]Y�WVN(S�^VM�XZY�fdWVXZY NQX �8\a^VY�WVN(S

(2π)d+1δd+1(k + k′)
x

j $!b(\alZNQW)e�W{SUY�WV��^VMOX`Y�fdWVXZY!NQX � \a^VY"WVN(S
(2π)d+1δd+1(k1 + k2 + k3 + k4)

x
�)R(SU�VP�fdX`Y"TV_`S�\aY�fdM�X P�N(SocvWVP f�p�RQNQcvP"fvMOXQP�\aP�P�MZ^VfdTVWVP�\aNQ�+^,b(\�p�RQP�e�WVX(\aXZY$[QWVP�Y�W{S�p�WVP
[9s�fvXZY�W{S�\]^VY�fdM�X�fdc3ShWVP�Y�W��

j��0XQW	fvXZY�TV_`S"\acdW ∫ ddq
(2π)d

dω
(2π)

R(\�S!��M�NQ^VcdW$R(SUTVP�WVXZY�W)[(\aXQP�cdW	[Qfn\a_`S�\Op�p�W�x
j��0X � \a^VY"WVN(S −Uαβδρσ R(\�SDe�W{SUY"WV��xj��0XQW�[QTVR(WVXQ[(\aXQ^VWD_�TVXQT{S�\acdW&[(\aXQP9cdWVP3fnp�RQNQcdP�fdM�XQP?WV�`Y�W{ShXQWVP

kexti

\ke�WV^&cn\!^VM�XZY�S�\afdXZY�W
(2π)d+1δd+1(

∑
i k

ext
i )

x
��XiR(S�\]Y�fdl`NQW��Qcts�WV�ZR(SUWVP�P"fvMOXF[QWVP)R(SUM�R(\a_`\]Y�WVN(SUP�SUWVP�Y�W	P"f�p�RQcvW�P�f?fvcdP	P�MOX`Y�WV�ZR(SUfnp�TVP

[(\]XQP cts�WVP"R(\a^VW�[QfnSUWV^VY!R(M�N(SDcdWVN(SD^VM`p�R�M�P�\aXZY�W�Y�W{p�R(M`SUWVcdcdW���WVY!cdW	^{\acd^VNQc�[QWVP!fvXZY�TV_`S"\acdWVP
cdfdTVWVP�\aNQ�$��M�NQ^VcdWVPJ[9s�fdXZY�TV_`S�\]Y�fdM�X	WVP�Y��(W{\]NQ^VM�NQR�RQcdNQP \afdP�T!WVX�Y"W{S�p�WVP&[(\aXQP�^VWVYJWVP�R(\]^VW�x
 c3WVP"Yr[QM�XQ^�NQY�fdcdW�[9s�WV�ZR(SUfnp�W{S�cdWVP	R(SUMOR(\a_`\aY�WVN(ShP cdfd�(SUWVP	[QW�cn\qY�bQTVM`SUfdWoWVX�Y"W{S�p�WVP�[QWVP
ea\�SUfn\a�QcdWVP

(q, t)
x ��M�NQP0M��QY�WVXQM�XQP!cdWVPrWV�ZR(SUWVP�P"fvMOXQP P"NQfvea\aXZY�WVP$�

C0
αβ(q, t− t′) = DΩαβ

[
−Ω0(t− t′)

] e−R|t−t′|
R

χ0
αβ(q, t− t′) = θ(t − t′)Ωαβ

[
−Ω0(t − t′)

]
e−R(t−t′) w�$	x � ��y

M�

Ωαβ(θ)

WVP�Y�cn\%p�\aY�SUfd^VWq[QWFSUM�Y�\]Y�fdM�X [9s~\aXQ_�cdW
θ
x!z9\�^{\aNQP,\acdfvY"Ti[QWic�\ Y�bQTVM`SUfdWiP�W

Y,S�\a[QNQfdY�m�^VWFXQfde�W{\aN R(\OS�cn\�R(SUTVP�WVXQ^VW [QN2� \a^VY"WVN(S
θ(t − t′)

[(\aXQP�cts�WV�ZR(SUWVP�P�fdM�X [QN
R(ShM�R(\a_`\aY"WVN(S)cvfd�(SUWF\]P�P�MZ^VfvTim cn\ �tM�XQ^VY�fdM�X%[QWiSUTVR(M�XQP"W�x �0M�NQP�p�M�XZY�SUM�XQP	[(\aXQP�ctsu\aXZj
XQWV�ZW�" lZNQW��(\aP�P�MZ^VfdTVW$m�cn\�R(SUWVP�^{ShfvRQY"fvMOX

θ(0) = 0
�Z^VWVY�Y"W	R(SUM�R(SUfdTVY�T)XQM�NQP�R�W{S�p�WVY�[QW

p�WVY�Y�SUW)P�fnp�RQcdW{p�WVXZY�WVXFTVeZfd[QWVXQ^VW$cn\�XZNQcdcdfvY"Tg[QW	^VW{ShY�\afdXQP�[Qfn\a_`S�\Op�p�WVP![QW	cn\�Y�bQTVMZSUfdW�x
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�6XiR(\�SUY�fd^VNQcdfdW{SV�QXQM�NQP)SUWVY�SUM�NQeOM�XQPJm�ctsu\afd[QW$[9s�NQXF\�SU_�N(p�WVXZYJR�W{SUY�N(SU�(\]Y�f��3cdWVPrSUWVcn\aY�fdM�XQP
[QW	^{\]NQP�\acdfdY�T�w��Qx ����y�WVYgw �Qx � ��y x

��X �(X9��^VMZp�p�WiR(MON(S�NQXQW�Y�bQTVM`ShfvW
φ4 P�Y�\aY�fdlZNQWFM�N [Q�ZX(\�p�fdlZNQWFb(\a�QfdY�NQWVcdcdW��!cdWVP

[QTVeOWVcvMORQR(W{p�WVXZY�P9R�W{SUY�N(SU�(\aY"f �tP�P�M�NQP-�tM`S�p�W�[QW�[Qf�\]_`S�\�p�p�WVP�[QW��ZWV�`X(p \aX$P�MOX`Y�[QM�XQXQTVP
R(\OS&cvWVP!SU�V_�cdWVPJP"NQfvea\aXZY�WVP���cdWVP �tM�XQ^VY�fdM�XQP�[QW0^VM`S�SUTVcn\aY�fdM�XQP�P"M�X`Y&[QM�XQXQTVWVPDR(\�S&cn\	P�M`p p�W
[QWVP	[Qfn\a_ZS�\�p�p�WVP0^VM�XQXQWV^VY�TVP)[QWgcn\qY�bQTVMZSUfdW��(cdWVP �tM�XQ^VY�fdM�XQP)[QWg^VMZS�SUTVcn\aY�fdM�XQP�^VMOXQXQWV�`WVP
R(\OSJcn\�P"M`p�p�W)[QWVP�[Qfn\a_`S�\Op�p�WVPJ^VMOXQXQWV�`WVP�WVY0cvWVP0e�W{SUY�WV��R(ShM�R(SUWVP!R(\�SDcn\�P�M`p�p�Wr[QWVP
[Qfn\a_ZS�\�p�p�WVP�� j8R(\�SUY�fd^VNQcdW�fnS�SUTV[QNQ^VY�fd�QcdWVP�\aNQ�Zl`NQWVcdP!cdWVPJR(SUM�R(\]_`\aY�WVN(SUP&WV�ZY�W{SUXQWVPJMOX`Y�TVY�T
ShWVY�S�\aXQ^,bQTVP{x`z?\�[QT{p�M�XQP�Y,S�\aY�fdM�X�[QW	^VW$ShTVP�NQcdY�\aY{�Z^VM`p�poNQXQW	m�Y�M�NQY"WVPJcdWVPrY"bQTVM`SUfdWVP!l`NQf
MOX`Y�NQXQW�P"Y�SUNQ^VY�N(SUW!WVX

φ4 �aR�WVNQYUj #VY�SUW�Y,SUM�NQe�TVWD[(\aXQPJ[QW�XQMZp$�(ShWVNQ�$M�NQeQS�\a_�WVP�w e�MOf�S&R(\OS
WV�ZW{p�RQcdW�5n� ���Z���Q���Q� 6}yVx�z�WVPDWV�`W{p�RQcvWVPD[QW�[Qfn\a_`S�\Op�p�WVP&f�p�R(M`SUY,\aX`Y"P3R�M�N(S&XQM�Y�SUW!TVY�NQ[QW
P"M�X`Y![QM�XQXQTVP0WV�`RQcdfd^VfdY�W{p�WVXZYr[(\aXQP!cdWVP)^�b(\aRQfdY�ShWVP ��WVY �Qx
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��MONQP	P�M�NQb(\afdY�M�XQPo[(\aXQP$^VWVY"Y�W�\aXQXQWV�ZW�TVY�\a�QcdfnS	cts�WV�ZR(SUWVP�P"fvMOX [QW�cts�fdXZY�TV_`S�\]cvW �}M�XQ^,j
Y"fvMOXQXQWVcvcdWFw��Qx � ��yJm R(\�SUY"f�SD[QWoc}s�TVl`N(\aY"fvMOXF[Q�ZX(\�p�fdl`NQW�w �Qxn�{yVx ��MONQPrP�\ke�MOXQP lZNQW	cts�TV^{SUf~j
Y"N(SUW�[9s�NQXQWqfdX`Y�TV_ZS�\acdW��tM�XQ^VY�fdM�XQXQWVcdcdWqX9su\ [QW�P�WVXQP�lZNQW�P"fJXQM�NQPoR(SUTV^VfdP�M�XQP�l`NQWVcdcdWiWVP�Y
cn\ [QfdP�^{SUTVY�fdP�\aY"fvMOXFP�M�NQPhjv��\a^VWVXZY�W)l`NQf&\�R�W{S�p�fdPrP"M�XiTV^{SUfdY�N(SUW��QWVY)P�f9P"M�XiTVe|\acdN(\aY"fvMOXFWVP�Y
W ��WV^VY�NQTVW�\ke�WV^�cdW�p #{p�W�^�bQM�fd� [QW�[QfdP�^{SUTVY�fdP�\aY"fvMOX9x ��M�NQPoWV�`RQcdfdlZNQM�XQP$lZNQW�[Qf ��T{SUWVXZY�P
^,bQM�fd��[QW�[QfdP�^{ShTVY�fdP�\aY�fdM�Xip��VXQWVXZY m	[QWVPDTV^{SUfdY�N(SUWVP![Qf ��T{SUWVXZY�WVPD[QWrcts�fdXZY�TV_`S�\acdW �tM�XQ^VY�fdM�XZj
XQWVcdcdW��&WVY	XQM�NQP	fd[QWVX`Y"f��(MOXQP$cdW�^,bQM�fd�Ffnp�RQcdfd^VfdY�W{p�WVXZY�W ��WV^VY�NQT�[(\]XQP	c}s�TV^{SUfdY�N(SUW�w���xn� ��yVx
z6su\�po�Qfd_�N��8Y�TqcdfdTVW \]N ^,bQM�fd� [QWF[QfdP�^{SUTVY�fdP�\]Y�fdM�X WVP�Y fvXZY�fnp�W{p�WVXZYqcvfdTVW+m c}s~\�po�Qfv_ON��8Y�T
[QWicn\ e|\acdWVN(S�WVX � T{ShM+[QWicn\ �}MOXQ^VY�fdM�X

θ
[QW �0W{\{eZfdP�fd[QW�x ��X R(\OSUY�fd^VNQcdfvW{S ��cn\+e�W{ShP�fdM�X

[QfdP�^{ShTVY�fdP�TVWi[QW�cn\ [Q�ZX(\�p�fdl`NQWiXQWq[QT �(XQfdY�NQXQWqY�bQTVM`SUfdWq^{\aNQP�\acdWql`NQWiR�M�N(SoNQX ^,bQM�fd�
R(\OSUY�fd^VNQcdfvW{S*[QW	^VWVY�Y�W)e|\acdWVN(S!WVXF\a^V^VMZSU[�\ke�WV^0c�\�[QfvP"^{SUTVY�fdP�\aY�fdM�X9x �0M�NQP�p�M�XZY�SUM�XQPDl`N9s~m
cts�TV^{ShfvY"N(SUW�w��Qxn����y�[QM�fdY #VY�SUW$\aP"P�M`^VfdTVW	cn\ R(SUWVP�^{SUfdRQY�fdM�X

θ(0) = 0
[QW � \��VM�XFm�\ke�M�fnS!NQXQW

Y"bQTVM`SUfdW	^{\aNQP�\acdW�x0$!W$SUTVP"NQcvY,\aY!R(WVNQYUj #VY�ShW$SUWVY�SUM�NQeOT�R(\�SDNQXF^{\acd^VNQc9RQN(ShW{p�WVX`Y!^VM�XZY�fdXZN9x
�6X+W ��WVYk�9cts�TVY�\a�QcdfdP�P�W{p�WVX`YoWVY$cts�TVe|\]cvN(\]Y�fdM�X [QW c}s�fvXZY�TV_`S"\acdW��}MOXQ^VY�fdM�XQXQWVcdcvW+w��Qx � ��y0P�M�XZY
R�M�P�P�fd�QcdWVPq[Qf�ShWV^VY�W{p�WVXZY�\ke�WV^iNQXQWFTV^{SUfdY�N(ShWiY�W{p�R(MZSUWVcdcvW{p�WVX`Y�^VMOX`Y�fdXZNQWF[QWicn\ [Q�`X(\kj
p�fvlZNQW�x ��X%SUWVe|\aXQ^,bQW���cn\q[QfdP�^{SUTVY�fdP�\aY"fvMOX+P�R(\aY�fn\acdW�XQW�R�WVNQY �,\�p�\afdP #VY�SUW�M�NQ�QcdfdTVW��3^{\OS
cdWVP	fdXZY�TV_`S�\acdWVP)P�R(\aY�fn\acdWVP	lZNQf3fdXZY�W{SUeZfdWVXQXQWVX`Y	[(\aXQP)cdW�^{\acd^VNQc�R(W{ShY�N(SU�(\aY�f���^VM�XZY�fdWVXQXQWVX`Y
[QWVP	[Qfde�W{Sh_�WVXQ^VWVP{x��9M�NQY"W��}M�fdP{��R(MON(S)^VWglZNQf�^VM�XQ^VW{SUXQWocts�TVY�NQ[QW�[QN�^VM`p�R�M`SUY�W{p�WVX`Y�^{Shfuj
Y"fvlZNQW�[QW$_`S"\aXQ[QW$TV^,bQWVcdcvW�[QN�P��ZP�Y��{p�W���cvW�^,bQM�fd�i[QW�c�\ [QfdP�^{SUTVY�fdP�\]Y�fdM�X�p�fd^{SUMOP�^VM�RQfdl`NQW
[QW0c�\�Y�bQTVM`SUfdW�X9s�f�p�R(M`SUY"W R(\]P{�aWVY�cdWVP [Qf ��T{SUWVX`Y"WVPJY�bQTVM`ShfvWVP�[QfdP�^{Sh�VY�WVP \aP"P�M`^VfdTVWVPJm�c�\�[Q��j
X(\Op�fdl`NQWgw �Qxn�{y9\]RQR(\�SUY�fdWVXQXQWVXZYJm)c�\op�#{p�W!^Vcn\aP�P�W0[9s�NQXQfde�W{SUP�\acdfdY�T�x4$!WVY"Y�W!fv[QTVW0R(W{S�p�WVYk�
[(\]XQP	cvW ^{\a[(SUW$[QW c�\qY"WV^�bQXQfdlZNQWg[QW � fdcdP�M�X+lZNQW�XQM�NQP	NQY�fdcdfvP"M�XQP$R�M�N(S)cdW�^{\acd^VNQc�R(W{S:j
Y"N(SU�(\aY�f�� m c}s�M`SU[(SUWo[9s�NQXQW��(M�NQ^VcdW���[9s�NQY�fdcdfdP�W{S	NQXQW�Y�bQTVMZSUfdW�ShTV_�NQcn\�SUfdP�TVWgmqctsu\]fv[QW�[9s�NQXQW
^VMONQRQN(SUW�[(\aXQPDc}s�WVP�R(\a^VW�[QWVP!fnp�RQNQcdP�fdM�XQP�m	cn\	RQcn\a^VW)[9s�NQX�ShTVP�W{\aN�P�R(\]Y�fn\act��^VW�lZNQf�p��VXQW
m�[QWVP�^{\acd^VNQcdPrRQcdNQP�P�fnp�RQcdWVP�w e�M�fnSDP�WV^VY�fdM�X ��xn�{yVx

�����
	��
��������	������
$!M�XQP�fd[QT{SUMOXQP�XQM�Y�SUW TVl`N(\]Y�fdM�X [Q�ZX(\�p�fdlZNQW w �Qxn�{yV�&WVYi[QfdP�^{SUTVY"fvP"M�XQP�cdW+Y"W{p�RQP�WVX

fdXZY�W{SUea\acdcvWVPi[QW Y�\afdcdcdW
τ
x�"	\aXQP�NQXQW�Y�WVcdcdW�eOW{SUP�fdM�X [QfdP�^{SUTVY�fdP�TVW��Dcn\+R(ShW{p�fd�{SUWF[QT{SUfde�TVW

Y"W{p�R(M`ShWVcvcdW)[QNi^�b(\Op�R�WVP�Y!X(\aY�N(ShWVcvcdW{p�WVXZY!TVe|\acdNQTVW	WVXZY�SUW�cdWVP�P"fvY"WVP Y"W{p�R(M`ShWVcvPk��Y�\aXQ[QfdP
lZNQW	cdW$^,b(\�p�RqcdNQfuj p #{p�W$WVP�Y0TVe|\acdNQT$P"N(SJcdWVP)P�fdY�WVP{xQ�0Xi^�bQM�fd�q[QM�fdY�[QM�XQ^ #VY�ShW � \afdY!P�N(S
cdW�R(MOfv[QP�\���WV^VY"Tg\aNQ� P�fdY�WVP

n
WVY
n + 1

R(M�N(S)TVea\acdNQW{S)cn\q[QT{SUfde�TVW�WVX`Y�ShW$^VWVP	P�fdY�WVP{x-$!W
^,bQM�fd��R(WVNQYUj #VY,SUWrSUWVR(SUTVP"WVX`Y�T0R(\�S&cn\$[QMOXQXQTVW�[9s�NQXqR(\�S�\�p��VY,SUW

µ
^VM`p�R(SUfdPJWVXZY�SUW

0
WVY

1
x

� �Q�
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�0M�NQP!R(MONQe�M�XQP�TV^{SUfnSUW��

Zn+1 − Zn
τ

= µ
{
−(r + iω0)Zn − (u+ iua) |Zn|2Zn + (c+ ica)∆Zn

}
+

+(1− µ)
{
−(r + iω0)Zn+1 − (u+ iua) |Zn+1|2 Zn+1 + (c+ ica)∆Zn+1

}
+

+ηn
w�"�xn�ky

\ke�WV^

Zn = Z(tn)
WVY

ηn =
1

τ

∫ tn+1

tn

η(t)dt

WVY
n
e|\OSUfn\aX`YDWVX`Y,SUWrRQcdNQP�WVY�p�MOfvXQP0c}s�fvX �(XQftx �&e�WV^)^VWVY�Y�W)[QT �(XQfdY�fdM�X9�QcdW	�(SUNQfdY�[QfdP�^{SUTVY�fdP�T

WVP"Y�WVXQ^VM`SUW�NQX��(ShNQfvYD�Qcn\aXQ^�_`\aNQP"P�fdWVX9�aWVYJ[(\aXQP�cdW)^{\a[(SUW![QWrcn\ �}M`S"p$NQcn\aY"fvMOXgp�\aY,SUfd^VfvWVcdcdW
lZNQW	XQM�NQPr\ke�MOXQPJfdX`Y,SUM`[QNQfdY�W	[(\]XQP�cn\�P�WV^VY�fdM�X �Qx �Q�ZXQM�NQP�\{eOM�XQP	�

〈ηα,n(x)ηβ,n′(x
′)〉 =

2D

τ
δd(x− x′)δαβδnn′

�ZMOXiR(M�fd[QP�[QWoR(SUM��(\a�QfdcdfdY�T	WVP�Yr\acdM`ShP [QMOXQXQT	R(\�S)�

W [ηα,n] = exp

{
− τ

4D

+∞∑

n=−∞

∫
ddx

[
η2

1,n + η2
2,n

]
}

z�WrR�M�fd[QPr\aP�P�MZ^VfdT moNQXQW)^VM�X �(_�N(S�\]Y�fdM�X�[QNq^�b(\�p�R
ψα

[(\]XQP cn\ �tM�XQ^VY�fdM�X�[QW	R(\�ShY�fdY�fdM�X
WVP"Yr\acdM`SUP![QM�XQXQT	R(\�S)�

P(ψα,n) = P(ηα,n) ·
∣∣∣∣det

∂ηα,i−1(x)

∂ψβ,j(x′)

∣∣∣∣
z�W	Y�W{S�p�W)_�TVXQT{S�\ac�[QW	cn\�p�\]Y�SUfd^VW �,\a^VM��QfdWVXQXQW�\aRQR(\�S�\afdP�P,\aX`Y�[(\]XQP�^VW	^�b(\]XQ_�W{p�WVXZY [QW
ea\�SUfn\a�QcdWFWVP"Y�R(SUM�R�M`SUY�fdM�XQXQWVc�m

δd(x − x′)
[(\aXQP�NQXQW e�W{SUP�fdM�X ^VMOX`Y�fdXZNQWiWVX WVP�R(\]^VW�x

$*M`p�p�W	XQM�NQP)ctsu\ke�M�XQP�[QfdY{��XQM�NQP	\ke�M�XQP�Y�MONQY�W��}MOfvP)�(WVP"M�fdX�[9s�NQXQWgSUTV_�NQcn\�ShfvP,\aY�fdM�XiP�R(\kj
Y"f�\]cvW0R(M�N(S6TVe|\acdNQW{S�cts�fdXZY�TV_`S�\]cvW��tM�XQ^VY�fdM�XQXQWVcdcdW��ZWVY�c�\op�TVY�bQMZ[QW�[QW �
fvcdP�MOX�^,bQM�fdP�fdYJ[QW�cn\
ShT{\acdfvP"W{SJm	ctsu\]fv[QW0[9s�NQXQWr^VMONQRQN(SUW�[(\aXQP�cdWVP!fdX`Y�TV_ZS�\acdWVPJ[(\aXQP�cts�WVP"R(\a^VWr[QW �ZM�N(SUfdW{SVx�"	\]XQP
^VWq^{\a[(SUW�cdWVP�Y�W{S�p�WVP	[QWqcn\�p�\aY�SUfd^VW��,\a^VM��QfdWVXQXQW�P"M�X`Yk�([(\aXQPoNQX ^{\]cv^VNQcDR(W{SUY"N(SU�(\aY�f����
R(ShM�R(M`ShY�fdM�XQXQWVcdP*m �

δdΛ(x− x′) =

∫ Λ

q
eiq.(x−x′) w&"�x ��y

�)R(SU�VP�R(\]P�P�\a_�W	m c�\ cdfnp�fdY�W$^VM�XZY�fdXZNQW$Y�W{p�R�M`SUWVcdcdW��QcdW$^{\acd^VNQc&[QNg�,\a^VM��QfdWVXF[QWo^�b(\]XQ_�W,j
p�WVX`Y![QW	e|\OSUfn\a�QcdWgp�M�XZY�SUW0l`N9s�fdc9WVP"Y�R(SUM�R�M`SUY�fdM�XQXQWVc�mi�

exp

{
(1− µ)δdΛ(0)

∫

k
[Uααψβ(k)ψβ(−k) + 2ψα(k)Uαβψβ(−k)]

} w&"�x ��y

"	\aXQP�cn\�Y�WV^,bQXQfdl`NQW�[QW � fdcdP�M�Xo[QW SUWVXQM`S"p�\acdfdP�\aY�fdM�X9�,cn\!P�T{SUfdWDR(W{SUY�N(Sh�(\aY�fde�W�p�WVX(\aXZY
\]N ^{\acd^VNQc)[QW�cn\ e|\�Shf�\]Y�fdM�X [QWVPqR(\�S�\�p��VY�SUWVP�R(\�SqSUWVXQM`S�p�\]cvfdP�\]Y�fdM�X P�W �8\afdYqP�N(S�NQXQW
	U^VMONQ^�bQW 
�[9s�fnp�RQNQcdP�fdM�XQP$^VM`p�R(SUfdP�WVP	WVX`Y,SUW

Λ/b
WVY

Λ
w e�M�fnS)P�WV^VY"fvMOX ��xn�{yVx $*WVPgp�#{p�WVP

Y"W{S�p�WVP!R(W{SUY"N(SU�(\aY�f��tP*\]RQR(\�S�\��dY�SUMOX`Y�[QM�XQ^$\ke�WV^)cdW �8\a^VY�WVN(SD[QW	R(SUM�R�M`SUY�fdM�XQX(\]cvfdY�T��

δdΛ/b,Λ(x) =

∫ Λ

q,q=Λ/b
eiq.x

w&"�x �`y
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�&MON(SJY"M�NQP
Λ1 ≤ Λ2

�QXQM�NQPr\ke�MOXQPJcn\�R(SUM�R(ShfvTVY"T	[QW�$!b(\aP�cdWVP�P�NQfdea\aX`Y"W��

δdΛ2
(x) = δdΛ1

(x) + δdΛ1 ,Λ2
(x)

w�"�x ��y

�0M�NQPiR�M�NQe�M�XQPF\afdP�T{p�WVX`Yqe�T{SUf �(W{SilZN9su\ke�WV^ ^VWVPi[QT �(XQfvY"fvMOXQP�cdWVP�SU�V_�cdWVPiNQP�NQWVcdcdWVP�[QW
^{\]cv^VNQc9\ke�WV^)cdWVP�[QfdP�Y�SUfd�QNQY�fdM�X

δ
P�\aXQP!^VM�NQRQN(SUW	SUWVP�Y�WVXZYJea\acn\a�QcdWVPr\ke�WV^)^VM�NQRQN(SUW�x��3S"\afdY�T

WVX�R�W{SUY�N(SU�(\aY"fvMOXQP{�QcdW)� \a^VY"WVN(Sgw�"�x ��cdfvTq\aNg�,\a^VM��QfdWVX�fdX`Y�ShM`[QNQfdY)[QWgXQMONQe�W{\aNQ�iY�W{S�p�WVP
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γ σ

WVY0^VM�X`Y,SUfd�QNQWVX`Y!R(MON(Sr�
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[QT �(XQfdY�fdM�Xi[QW

θ(0)
P�M�XZYJ^Vcn\afnSUW{p�WVXZYJcdfdTVWVP���XQM�NQP!M��QY�WVXQMOXQPJNQXiSUTVP�NQcdY�\aYDfvXQ[QTVR�WVXQ[(\aXZY
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Zη =

∫
D [ηα] exp

{
− 1

4D

∫
ddx dt
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η2

1 + η2
2
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∏

α

+∞∏

n=−∞

√
τ
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ηα,n = ηn =
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τ

∫ tn+1
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η(t)dt
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tn = nτ

z?\)�}MOXQ^VY�fdM�X�[QWoR(\�SUY�fdY�fdM�X
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Mαβ(x, t; x′, t′) =
∂ηα(x, t)

∂ψβ(x′, t′)
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Fα
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Fα[ψ] = −Rαβψβ − Uαβψβψγψγ
� 8V�



� � � ���4� � � ��� � � 
���� �
θ(0)

��� ��� � 
 ��� 
 � �

z?\�p�\aY�Shfv^VW
M

WVP�Y�R(SUM�R�M`SUY�fdM�XQXQWVcdcdW$m
Id+N

M�
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I9 =
1

2(1 + c̄2
a)

(
(−1 + ic̄a) log

[
i
(
1 + c̄2

a

)]
+ (1− ic̄a) log

[
2i
(
1 + c̄2

a

)]
−

− i (−i+ c̄a) log [i (1 + c̄a (2i+ c̄a))] + ic̄a log [2i (1 + c̄a (2i+ c̄a))] + log [8i (1 + c̄a (2i+ c̄a))]

)
−

− 1

2(1 + c̄2
a)

(
2i arctan

[
2c̄a

3 + c̄2
a

]
+ log

[
9 + 10c̄2

a + c̄4
a

]
+ 2 log

[−i
4

(1 + c̄a (2i+ c̄a))

]
−

−2 log

[−i (1 + c̄a (2i+ c̄a))

3 + c̄a (2i+ c̄a)

])
+

+
1√

−(−i + c̄a)
2





log


−

√
−(−i+ c̄a)

2 (i+ c̄a)
(

1 + ic̄a +
√
−(−i+ c̄a)

2

)2


−

− log



c̄a − ic̄2

a + i

(
−2 +

√
−(−i + c̄a)

2

)

2 +
√
−(−i+ c̄a)

2 + c̄a (i+ c̄a)







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^{\]cv^VNQcdTVWVP)[(\aXQP�cdW	R(\�S�\]_`S�\aRQbQW �Qx �Qx ���

γ = −ᾱ
[
− 24D2 (4ᾱa

 8p
(I2) + 2ᾱ � W (2I2 + I4))−

−3c̄a8D
2 (2ᾱ

 8p
(−2I6 + I8) + 4ᾱa � W (I6)) + 8D2 (4ᾱa

 8p
(I6) + 2ᾱ � W (2I6 + I8)) +

+16D2ᾱ � W (I9)
)
]
−

−ᾱa
[
− 24D2 (4ᾱ

 :p
(I2) + 2ᾱa � W (−2I2 + I4))−

−3c̄a8D
2 (2ᾱa

 :p
(2I6 + I8) + 4ᾱ � W (I6)) + 8D2 (4ᾱ

 8p
(I6) + 2ᾱa � W (−2I6 + I8)) +

+16D2ᾱa � W (I9)

]
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WVY
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ρca

lZNQf�fdX`Y�W{She`fdWVXZY�[(\aXQP�cdWVP�TVlZN(\aY�fdM�XQP�[QWi_ZSUM�NQR(Wi[QW
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ρca = −ᾱa
[
8D2 (2ᾱa

 8p
(2I2 + I4) + 4ᾱ � W (I2))

]
− ᾱ

[
8D2 (2ᾱ

 :p
(−2I2 + I4) + 4ᾱa � W (I2))

]
+

+ᾱac̄a

[
8D2 (4ᾱ

 8p
(I2) + 2ᾱa � W (−2I2 + I4)) +

+

(
1

c̄a
+ c̄a

)
8D2 (2ᾱa

 :p
(2I6 + I8) + 4ᾱ � W (I6))

]
+

+c̄aᾱ

[
8D2 (4ᾱa

 8p
(I2) + 2ᾱ � W (2I2 + I4)) +

+

(
1

c̄a
+ c̄a

)
8D2 (2ᾱ

 8p
(−2I6 + I8) + 4ᾱa � W (I6))

]
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θ
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θ(s) = θeff + 32D2(ᾱ∗)2 log
4

3

[
2sω2

ω2

[ ᾱa
ᾱ∗
− c̄a

]
+
c̄a
ω3
sω3

]
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p�M`[Q�VcdW	WVY�[QW	cn\ cvMOXQ_�NQWVN(S
ξ0
l`NQf3\]RQR(\�S�\��dYJ[(\]XQP�cts�WV�`R(ShWVP�P�fdM�X w�3Qx � ��y��

λ̄eff = ξ0
− 1

2
(η+ �η)

c̄eff = c ξ0
z−2− 1

2
(η+ �η)

γ̄eff = ca ξ0
z−2− 1

2
(η+ �η)+ω3

αeff = 32D2(ᾱ∗)2 log

(
4

3

) [
1

ω2

( ᾱa
ᾱ∗
− c̄a

)]

βeff = 32D2(ᾱ∗)2 log

(
4

3

)
2c̄a
ω3

δeff = 8Dca
ᾱ∗

2− 1/ν

σeff = 8Dc
ᾱa − ᾱ∗c̄a

2− 1/ν + ω2

ρeff = −(δeff + σeff)
w �0xn�{y
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cn\�cdM�XQ_ONQWVN(S

ξ0
l`NQf�XQWoP�M�XZYJlZNQW$[QWVP�fdXZY�W{S�p�TV[Qfn\afnSUWVP![QW$^{\]cv^VNQctx
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