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j �cQ �UT i �����+��3Z������P�������$� F  Y	$�
������C � � � � � � � � � � � � � � � � � �a[ Q

j �UT z�Q+ ��������!��� F �'L+���$ ��*� F �D�������+��3Z������P�������$�j���H������ ����� ���� F ���7���!�������
n C���� F �H(�K��-����+�%��� � � � � � � � � � � � � � � � � � � � � � � � � � � �a[bS
j �WT �RQ z"Q� ��������$��� F �7L����$ ���� F �7�������+��3'��������������$� � � � � � � � � � �a[bS
j �WT �UT ,g�$���+��� n C����#���#������
�$�������������$� � � � � � � � � � � � � � � � � �a[be
j �WT �UV G��(��L+���$3Z3K� F �VMc��$�#���#��C����!���������I�
��������Q� ���� � � � � � � � � �a[b[
j �WT �fY i ���� ���������R�$)������� ��\���H���$�����
��	����+�

ω0
���c���$-��
��������� F �"(����-����+�%��� QCp Q

j �WT �Uj :9���� ��d��������� F ���������� ���������I��������������������� F �����
����� ���=6@98T�+� F ���
F � F �� �Cd)��$ ������� � � � � � � � � � � � � � � � � � � � � � � � � QCpbT

! � 3*F EgH�F 9 ���C@?H �CLD3*@?E�����F ^ ?���� � � � � � �AH
"�L ?�H EGF �*B <$# P
S �RQ ��-���������� F �������
���� ���)��������$���?�����������������������������!��� F �(��L+���!3'3'������Q� ���� � � QCpbS

S �cQ �RQ 0��$��	$���������$����L+������-���Q� ���� � � � � � � � � � � � � � � � � � � � QCpbS
S �cQ �UT z"C��������������$� F �(��L����$3'3'������Q+ �� F ���X	$�
������C'���%�$������� � � � � � � QCpbd
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S �UT 0#����� � F ����ab�������� ��%�
Z

� � � � � � � � � � � � � � � � � � � � � � � � � Q%QNp
S �WT �RQ i �����+��3Z������P�������$� F  Y	$�
������C � � � � � � � � � � � � � � � � � � Q%QNp
S �WT �UT i �����+��3Z������P�������$� F �H(�'3'����������� F �H4�Va<����Q� �������� � � � � � � Q%QNV
S �WT �UV i �����+��3Z������P�������$� F  Y�����$����L+������ �� � � � � � � � � � � � � � � Q%QZY
S �WT �fY :9������L+������������#�
����� ��a �+��3K�� � � � � � � � � � � � � � � � � � � Q%QNd
S �WT �Uj z"C��������������$� F ���2a<�������� ����

Z
� � � � � � � � � � � � � � � � � � Q%QNe

� � ?:@!9 ? � @ �4@ �45 @ E �CE @?EOF�H � � ^ ?�B5E_E F FM3*@ �AH �GB�EG?:HD9�F H*B �A5�9 �CH*B��45 E � � �
L �NH(E @ <6\.<
d �RQ z�C+�������������$�D���X���$� ������$� F ���#��Q� ��������$��� F �7L����$ ���� F �7�������+��3'��������������$� QCT Q

d �cQ �RQ i �Pa9�
�����+������c�$�������4���+� � � � � � � � � � � � � � � � � � � � � � � QCT Q
d �cQ �UT ��-����+�����H��-�.+����Q� �� � � � � � � � � � � � � � � � � � � � � � � � QCTbT

d �UT G��(��L+���$3'3K� F �J8��!�
>����$������� n C����#������4������� F 8T �����	$�
���P�������� � � � � � � QCTbj
d �WT �RQ G��(��L+���$3Z3K� F ��8��!� � � � � � � � � � � � � � � � � � � � � � � QCTbj
d �WT �UT 0�(������� F 8  �����	!�
������������H���#��C����$�P���+���I�
��������Q� ���� � � � � � � � � � QCTbj
d �WT �UV ,"-������H���#�� �����������$�Y�Pw\��������	$���#���#Q� ��������������� �����	!�
����������� � � � QCTbd
d �WT �fY �\�(3K�����7������L! ����W
���@��� F �(3K���������$�

4
���#��.�����-����!�����P�������$� � � � � QCTbd

d �WT �Uj [ .+���P-����$�������������$� � � � � � � � � � � � � � � � � � � � � � � � � QCTbd
d �UV M��$���������!��� F �H���+������(�������!�D��� F �7�%�����$����� F �����#��7����L$�(3K�H�
��������Q� �� � � QCTbe

d �WV �RQ i �Pa9�
�����+������c�$�������4���+� � � � � � � � � � � � � � � � � � � � � � � QCVbp
d �WV �UT [ �$� ������$�

ca(s)
� � � � � � � � � � � � � � � � � � � � � � � � � QCV6Q

d �WV �UV ,"-������H���#�� �����������$�Y�Pw\��������	$��� � � � � � � � � � � � � � � � � � QCVbT
d �fY p������� ����H���H�������P�� ����������$�d����.�3K�����$����Q� �� F �7(�d����(�������$�BMc� ����� ��������$��/

G������������������!�YL$�����
������������ � � � � � � � � � � � � � � � � � � � � � � � � QCVgY
d �Uj 0����������������$������ �CD��$��� F 8 ����-������ � � � � � � � � � � � � � � � � � � � � QCVbS

��E B5E_H B5B EI?�5 < ;:n

�b� � ) &(- $*�_� ������� +."	�I �
�%�����%������$ � /����
< � H @ ?$� �6F�H(E FMEKL �CEKH(@ B%@5?&ENB(3#B%@?E E�B��&B%@ �4@ B 365 ��E �NEI@?E E_3*F L �4BD3A1 E ? �GB < P <

Q �RQ [ �����P-����������H��������	$��)����!��!L$���
��R��.������
3K� � � � � � � � � � � � � � � � � � QCj Q
Q �UT G�.����$3K��������������)�������������7��� F �$ �����af��Q� ������)����� �3  �����	$�
������U)*��-��]	+���+��� � QCjbV

Q �WT �RQ p?�;a9 ����
�������!������� FYF .����$3K���H����������)������������� � � � � � � � � � � � QCjbV
Q �WT �UT }� �����af��Q� ������)����� �3 �
���������
���)*��-��
	����+���#��� F �������+��3Z�����{
�������$�

L+���$ �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � QCjbj
\ � E ��F � @?B � ?�� � ?$��EG?:HD9�F � � ?�B5EgEIF FM3*@5?�� B < P �

T �RQ ,�-+.������
��\Q+ ����+��������������� F L$�����
���� F .+���$35����� � � � � � � � � � � � � � � QCjbd
T �cQ �RQ ~������
����� F .����$3K���H��Q� ��������$� � � � � � � � � � � � � � � � � � � QCjbd
T �cQ �UT r#�!�����H���+������(������� � � � � � � � � � � � � � � � � � � � � � � � � QCjbd

T �UT 0���������(�������$�D��� F ���������!������a  ����������!��� � � � � � � � � � � � � � � � � � QCjbe
T �UV Mc���� F ��-��������������
���a9�+��3Z������P3 � � � � � � � � � � � � � � � � � � � � � � QCjbe

T �WV �RQ AB���P�������4��\a ����3'�������3 ��� F ��s���/b���$�����"a9 ����������$��� � � � � � � � � QCjbe
T �WV �UT M� ����������$����RL!�����
�������+� � � � � � � � � � � � � � � � � � � � � � QCjbe
T �WV �UV zgw\��������	$�V���������!� � � � � � � � � � � � � � � � � � � � � � � � � QCjb[
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T �fY z���(3K������������L
ω0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � QCjb[
T �hY �RQ }��������4�����+��.Za<���$3K� � � � � � � � � � � � � � � � � � � � � � � � QCjb[
T �hY �UT z"C������#��������$L$.Zs#����-B�K��-��
��35� F .����$3K���������$)���
3 � � � � � � QCjb[
T �hY �UV ~������
����78� ����� ��������$��/ F �����������������$�Y��-����+���
3 � � � � � � � � � � QCSbp

; > �A365�� � F � @?B ��? � � ? � EG?�H(9 F � � ?7B5E_E FIFK3*@5? �GB EK5�@?B � E �NEI@?E E_3*F � �Am:EK@ � <$!.<
V �RQ �R��� F �� B����������C��43Z�������$� � � � � � � � � � � � � � � � � � � � � � � � � QCS Q

V �cQ �RQ [ � F�F ��P/b���$��������af��-��H��-����+�%. � � � � � � � � � � � � � � � � � � QCS Q
V �cQ �UT �f�%���P/b���	!��f����������C��43Z�������$� � � � � � � � � � � � � � � � � � � � QCS Q
V �cQ �UV [ �����$� F ���!��������af	�����s � � � � � � � � � � � � � � � � � � � � � QCSbT

V �UT Ae�
��� n �� F ���+���%��4�������$�`��� F ���������!�����#a9 ����������$��� � � � � � � � � � � � QCSbT
V �UV �X�$��af)��^a9 ����
�������$� � � � � � � � � � � � � � � � � � � � � � � � � � � � QCSbT

V �WV �RQ �#��3K�$L$�������$ ����$�������(��������.'����������)��������. � � � � � � � � � � � � � QCSbT
V �WV �UT AY�
��� n �� F ����.�3K�����!�����#)���-��]	��������#��� F �
���������
��R��C����$��������� � � QCSbV

V �fY Ae�
��� n �� F ����������C��(3'�������$�'	����� F ����.B��� F �
�%�������
�� F �(3K���������$��� � � � � QCSbV
� � �A5�?��C@!3*FME��%3*@?E ?:5Im � ?:HD9 � ? ��EG?�H(9 F � � ?�B5E_E FIFK3*@5? �GB <$! P

Y �RQ 9 ������!�R8T���������+��3'�����{
�������$�d����-��
35� � � � � � � � � � � � � � � � � � � QCSbS
Y �cQ �RQ i �����+��3Z�����{
�������$�YL+���$ ��d��Q� ��������$��� � � � � � � � � � � � � � � QCSbS
Y �cQ �UT i �����+��3Z�����{�� F ���!���$3K�����
�%�&��� F ����^a /b���!�����������������H��a"��-�����-����+��. QCS%d
Y �cQ �UV 0#���������
��R)*��-��]	+���+�?���B��������� F �435���������$���#(�$��L$�
�?��-����

4
� � � � QCSbd

Y �UT i ��������3'�����{
�������$�d��a"���$ ����� F �$�������(�����+�%�&���)9 ������$�R8T�#����-��
3K� � � � � QCSbe
Y �WT �RQ 0#�����$�����
�� F �(3K���������$��� � � � � � � � � � � � � � � � � � � � � QCSbe
Y �WT �UT [ .|3Z3K����������� � � � � � � � � � � � � � � � � � � � � � � � � � � QCSbe
Y �WT �UV ,"-������7�������+��3'�����{
�������!� � � � � � � � � � � � � � � � � � � � � QCSbe
Y �WT �fY i �����+��3Z�����{
�������$�YL+���$ ��d��Q� ��������$��� � � � � � � � � � � � � � � QCSb[

Y �UV i ��������3'�����{
�������$�d��aI���Y�$�������(�����+��.Z��-����+��. � � � � � � � � � � � � � � QCdbp
Y �WV �RQ z"��(3K�����������$�v��at��-������$���$3K�����
�

ω0
� � � � � � � � � � � � � � QCdbp

Y �WV �UT i �����+��3Z�����{
�������$�YL+���$ ��d��Q� ��������$��� � � � � � � � � � � � � � � QCdbp
Y �WV �UV 0#���������
��f����.|35�����$�����#)*��-��
	����+��� � � � � � � � � � � � � � � � � QCd Q
Y �WV �fY AY�
��� n �� F �
���������
��\��C����$������������� F �
�%�������
��U)*��-��]	+���+�����

d > 4
QCdbT

Y �WV �Uj J ����s �������+��3'�����{
�������!�D��a"��-��
O(2)

3K� F �� � � � � � � � � � QCd%T
Y �fY 0#���(����/ [ .�3'����{��(Ed�������+��3Z�����{
�������$�D����-��
3K� � � � � � � � � � � � � � � QCdbV
Y �Uj i ��������3'�����{
�������$�H��a���-��"��-�������.���a|���$ ����� F �$�������4�����+���R���@��-��&0#���(����/

[ .�3'����{��(E*8T������-��
35� � � � � � � � � � � � � � � � � � � � � � � � � � � QCdbV
Y �Wj �RQ p��$���H��-����+�%. � � � � � � � � � � � � � � � � � � � � � � � � � � QCdbV
Y �Wj �UT z"��(3K�����������$�v��at��-������$���$3K�����
�

ω0
� � � � � � � � � � � � � � QCdgY

Y �Wj �UV [  ����
� n ���(�� F ��L+��������a F ��	$�
��L$������� � � � � � � � � � � � � � � � QCdgY
Y �Wj �fY i �����+��3Z�����{�� F ��-����+��.d��� F ���! ��+���
�%���
��3K� � � � � � � � � � � � QCdgY
Y �Wj �Uj 0#���(����/ [ .�3'����{��(E'��Q� ��������$��� � � � � � � � � � � � � � � � � � QCdgY
Y �Wj �US [ �$� ������$�B��af��-��70#���(����/ [ .�3'����{��(EZ��Q+ ��������!��� � � � � � � � � � QCdbj
Y �Wj �Ud MR��C�� F �*�$���+������� F �
���������
��R��C����$��������� � � � � � � � � � � � � � QCdbj
Y �Wj �Ue i �����+��3Z�����{
�������$�YL+���$ ��d�����% ����� �����s#-����Ys��7E������

ω0
���B��-��

�����#��a"�������+��3'�����{�� F ���$���$3K�����
��� � � � � � � � � � � � � � � � QCdbS
�
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P � 5 � D F ?7?:9�? � � ��� 9 ���C@?H �CLD3*@?EM1�� Eg3*F E_H FK3*@?EI?�5 B < ���
j �RQ :<� n �����������(3'��#�������+��3Z�����{
�������$�j��a#��-��D���!���$3K�����
�%�����v��-��d�$���P/b��+�$�

�+� F �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � QCdbd
j �cQ �RQ ,I���!����L+�������"�������+��3'�����{
�������!� � � � � � � � � � � � � � � � � � QCdbd
j �cQ �UT h"�
������CY�������+��3Z�����{
�������$� � � � � � � � � � � � � � � � � � � � � QCdbe
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∂tQ(x, t) = F [Q(x, t), ∂xiQ(x, t), ...; Ω]
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∂tQ = F(Q,Ω)
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Fk = F
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kl Xl + F
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∂tZ = −(r + iω0)Z − (u+ iua) |Z|2Z + f
�:�Ae �1�A�

?
0Uw-pm�-A2:9t-5VDU<CK/7?NPpEDUIC7^TC
f
C7;46{2:C7U<9<87CL�pUw-L�\?N2H/7CKEDQNMT;49<RNSDCKEG-32Vw

f = (µ+ iµa)F +O(|FX |) �H�Aet�1�A�
�  



���������
	������������������������������� �!�"���$#%�'&!���(�*)+��,�#-����.���$�0/
�$#�����1��2 3�4��#��3��5�������

6ZC�� -$87?A@W�K-bmA?39w2�SD@DCZ2:C7Ut-5649<?A@`-5@G-5U<?AoASDC{�v�:�Aet�A�b�7k7@D?ASD;!/YQD?A9<;49t2:?A@D;�BDCj2:8787/12:9t2:C{/7C76J64C
2HC7Uw->649<?A@0;4?ASD;cUt-|�h?N24PFCZ;4SD9<m�-5@T64C1w

F = Λe−iθf +O(|fZ|) �:�Aet�7�T�
?


Λ
C7;46cSD@0@D?NP|VG2:CK2:87C7UsEG?A;J9I6J9��!C76

θ
SD@DCKEDQG-5;4CAe �T9

Z
2:C7EG2:87;4C7@T64CZSD@DCKEG?A;J9I6J9I?3@.k

Λ2HC7EG2:87;4C7@T64CjSD@DCZ� 2:9</7649<?A@.kDC76
θ
SD@dBD87/1-5Ut-5oACZBDC_EDQG-5;JCjC7@T6=2:CZ�h?N2:/7CZC76{mT9I6JC7;4;4CAe

�!gIi!d�s��\f3r*f3d�e cXi�m$f*r3r3s g>d�h���c
j c ��� g�h
� @G->UIMT;4?A@D;KP`-59<@T64C7@G-5@T6{U<CF/1-5;KBDC7;K;4MT;464O1PFC7;{876JC7@DBDSD;KC7@'C7;JEG-5/7CFBG-5@D;jU<CF/1-5BG2:C

BDC7;vQTMNEz?A64QDO7;4C7;`o387@D8124-5U<C7;`EG2:87/79<;487C7;0-5S BD87VDSD6�BDC�/7C�/YQG-5ED9<6=2:CAe �ZSD6=2:C0/7C7;vQNMTEG?5X
6JQDO7;4C7;1kD@D?ASD;l;4SDEDEG?A;J?A@D;{RTS.[i9<U+C7^T9<;464CKSD@�876Y-56{QD?NPF?3oAO7@DCjC7@dC7;4EG-5/7C|C76{;46=-56J9I?3@D@G-59t2:C
C7@�6JC1PFED;_;4?3UISD6J9I?3@�BDCWUt-uBDMT@G-APF9<RTSDCAk+C76F@D?ASD;F@D?ASD;FEDUt-$87?A@D;`-5S�mA?A9<;49<@G-5o3CWB.[iSD@DC
9<@D;46Y-5VD9<UI9<648uBDMT@G-APF9<RTSDC0BDC�/7C76`876=->6 �\EG?ASG2FU<CuPF?NPFC7@T6FoA87@D8124-5U<C1�7eI`!@ 64C124PFC7;FBDC7;
EzC12:64SG2:VG->649<?A@D;�-5SD64?ASG2�BDC{/7C76c876=-561k5SD@DCZ87RTSG-5649<?A@`U<9<@D81-A2:9<;487CK;4C1P|VDUt-5VDU<CK�W�:�Ae}�A��EGC7SD6
n76Y2:CF87/12:9<64CAe.xc?NP`PpC_U<C`;4MT;464O1PFCFC7;46K9<@Tm�-A2H9w->@N6KEG-A2Z6Y24-5@D;4Ut-5649<?A@D;bkDUt-�P`-56Y2:9</7CL-5EDEG-bX
2J-59<;4;=-5@T6.BG-5@D;�/7C76464C�87RNSG-56J9I?3@.k7C76+RTSD9TBD87EGC7@DB`P`-59<@T64C7@G-5@T6.BDC�Uh[iC7;4EG->/7CAk1C7;46�BD9t-5oA?A@G->UIC
BG->@D;_Uh[iC7;4EG-5/7C�BDC �T?ASG2:9<C127k�C76KU<C7;Fm�-5U<C7SG2:;FEG2:?AEG2HC7;

λ
;4?3@N6~�\?A@D/76J9I?3@'BDCvUh[i9tPFEDSDU<;49<?A@

p
w
λ(p; Ω) = −σ(p; Ω) − iω(p; Ω)

k ?�

Ω
C7;J6`U<C�EG-A24-3PFO76=2:C`BDCd/7?A@T6=2 :AU<CvBDC�Ut-

VD9}�hSG2:/1-5649<?A@��5e � Ut-KVD9}�\SG2H/1-5649<?A@.k
σ(p; Ω)

;b[�-5@D@TSDUICcEz?ASG2!SD@DCc/7C12:6=->9I@DClm�-5U<C7SG2!/12H9I6J9IRTSDC
Ωc

BDS$EG-A24-3PFO76=2:CvBDCu/7?A@N6Y2 :AU<C0C760EG?ASG2�SD@$/7C12:6=-59<@ mAC7/764C7SG2�B.[i?A@DBDC�/12H9I6J9IRTSDC
pc
e

� 9<U<UIC7SG2H;1k
σ(p; Ω)

2:C7;464C|@D87oN-5649}�yC76Z@D?ASD;KEz?ASDmA?A@D;Z87/12:9t2:CFU<?N/1-5U<C1PFC7@T6_U<CFBD87mAC7U<?AEDEzCYX
PpC7@N6�;4SD9<m�-5@T6�w
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∂tZ = −(r + iω0)Z + (c+ ica)∆Z − (u+ iua) |Z|2Z + f + η
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Z(x, t)
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Z 7→ Z exp(iΘ)
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X =
Z + Z∗

2
+O(|Z|2) F = Λe−iθf +O(|fZ|) �h�De��3�
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q = 0
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Z(ω)
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Z
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Z(ω) =
η

r + i(ω0 − ω)
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X(ω) ' Z(ω) + (Z(−ω))∗

2
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4D̃
Uh[�-APpEDUI9<64SDBDC�BDS"/7?N242:87Ut-56JC7S�2 〈ηη〉 kDC76 4D
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〈X(ω)X(−ω)〉 =
D

r2 + (ω − ω0)2
+

D

r2 + (ω + ω0)2
+

+2
�cC [ D̃

(r+ i(ω + ω0)) (r − i(ω − ω0))
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〈η(x, t)η(x′, t′)〉 = 0

〈η(x, t)η∗(x′, t′)〉 = 4Dδd(x− x′)δ(t− t′) �h��e��A�
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C̃(x, t; x′, t′)
C76
χ̃(x, t; x′, t′)

k
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(x − x′)
C76

(t − t′) e.xcC7;BDC7SD^��h?A@D/7649<?A@D;{?A@T6cEG?ASG2�BD8Y�G@D9<649<?A@ w

C̃(x, t; x′, t′) = C(x− x′, t− t′) ≡ 〈X(x, t)X(x′, t′)〉c
≡ 〈X(x, t)X(x′, t′)〉 − 〈X(x, t)〉〈X(x′, t′)〉

χ̃(x, t; x′, t′) = χ(x− x′, t− t′) ≡ δ〈X(x, t)〉
δF (x′, t′)

|F≡0
�h��e��A�
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δ〈X(x, t)〉=

∫
ddx′ dt′ χ(x− x′, t− t′)δF (x′, t′)

�h��e��A�
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χ(x− x′, t− t′) ;4?39I6lEG2:?AEG?T2 X6J9I?3@D@DC7UIU<CF�
θ(t − t′) kD?�
 θ C7;46lUw-L�\?A@D/76J9I?3@W/12:87@DC1->S0BDC	�{C1-bmT9I;J9IBDCqw

θ(t) =

{
0

;49
t < 0

1
;49

t > 0
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C(x − x′, t− t′) ' 〈ZR(x, t)ZR(x′, t′)〉 − 〈ZR(x, t)〉〈ZR(x′, t′)〉

χ(x− x′, t− t′) ' δ〈ZR(x, t)〉
δfR(x′, t′)

cos θ

Λ
+
δ〈ZR(x, t)〉
δf I(x′, t′)

sin θ

Λ �h�De �1�A�
?
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f ≡ 0
e � SumA?A9<;49<@G-5o3C_BDC_Ut-�6=24-5@D;J9I6J9I?3@.kDUh[�-APFEDU<9<64SDBDC

BDS	/=QG-APpE��v�h?N2:/7CF@TSDUIU<CvC7;46_9<@T�G@D9tPFC7@T6|� -59<VDU<C�� UIC7;|@D?A@TX U<9<@D81-A2:9<6487;FEG2:87;4C7@T64C7;KBG-5@D;
U<C`/YQG-5@DoAC1PpC7@N6ZBDCFm�-A2:9t-5VDU<C7;0�h�De��A��@.[�-5EDEG?T2:64C7@T6{BD?A@D/`RTSDCFBDC7;K/7?N242:C7/7649<?A@D;ZB.[i?N2HBG2:C
;JSDEG812:9<C7SG2cC76{EzC7SDmAC7@T6{n76=2:CZ@D87oAU<9<oA87C7;jEz?ASG2cUh[i8764SDBDCKRTSD9s@D?ASD;{9<@T64812:C7;4;4CAe

��@�� � P��XHK[RQ!N�ClHKJ OJ EXZ��IP��XN�J OJIC YXZ'[0H��'C

� ���,��� �,����) ��"��$������� )*�$������������"�"������ 
 �����6�������-��� %������ � ���������

6ZC�� -$87?3@p�K2HC76=2:?ASDmAC12 U<CjPF?TBDO7U<C
O(2)

BDMT@G-APF9<RTSDC{/7?NP`PpC�/1-5;�EG-A2:649</7SDU<9<C127k5@D?ASD;
2H8787/12:9<mA?A@D;!Ut-KBDMT@G-APF9<RTSDC{/7?NPFEDU<C7^TCL�h�Det�b�.C7@`6JC124PFC7;!BDC{mAC7/76JC7SG2:;�2:87C7U<;y�ZBDC7SD^`/7?TP|X
Ez?A;=-5@T64C7;1e>=l?ASD;F9<@N6Y2:?NBDSD9<;4?3@D;_BD?A@D/vU<C7;`EG-A2:649<C7;F2:87C7U<UIC0C76F9tP`-5o39I@G->9w2HC

ψ1
C76
ψ2

BDS
/YQG-APFE

Z
w
Z ≡ ψ1 + iψ2

e
`!@06JC124PFC7;cBDS0/=QG-3PFE
ψα
kT@D?ASD;Z-1m3?A@D;Vw

∂tψα = −Rαβψβ − Uαβψβψγψγ + fα + ηα
�h�De �A�1�

?

α
C76
β
;4?A@T6cBDC7;{9<@DBD9</7C7;KEG?ASDm5-5@N6cEG2:C7@DBG2HCKUIC7;lm�-5U<C7SG2:;

1
C76

2
e
vhUsM0-F;4?NP`P�-5649<?A@

9tPFEDU<9</79<64CF;4SG2�U<C7;j9<@DBD9</7C7;�2H87EG876487;1e
Rαβ

C7;46{SD@0?AEz8124-564C7SG2cP`-56Y2:9</79IC7UsBD?A@D@D8KEG-32�w

Rαβ =

(
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〈ηα(x, t)ηβ(x
′, t′)〉 = 2Dδd(x− x′)δ(t− t′)δαβ
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C̃αβ(x, t; x′, t′) = Cαβ(x− x′, t− t′) ≡ 〈ψα(x, t)ψβ(x
′, t′)〉c

≡ 〈ψα(x, t)ψβ(x
′, t′)〉 − 〈ψα(x, t)〉〈ψβ(x′, t′)〉

χ̃αβ(x, t; x′, t′) = χαβ(x− x′, t− t′) ≡ δ〈ψα(x, t)〉
δfβ(x′, t′)
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C(x− x′, t− t′) ' C11(x− x′, t− t′)

χ(x− x′, t− t′) ' χ11(x− x′, t− t′) cos θ

Λ
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J̃α, Jα

]
=

∫
D [ψα] D

[
−iψ̃α

]
exp

{
S
[
ψ̃α, ψα

]
+

∫
ddx dt

[
J̃αψ̃α + Jαψα

]}

�h�De �1�A�
?
`Uh[�-5/7649<?A@ S ;JC{BD87/7?NPFEz?A;4C{C7@vSD@DCjEG-32:649<C{RTSG-5BG24-5649<RTSDCAk5BD9<64C �:U<9<VG2:C��=kTC76cSD@DC{EG-A2:6J9ICRTSG-A2:6J9IRTSDCAkTBD9<64C �:B.[i9<@N6JC124-5/7649<?A@ �'w S = S0 + Sint

e �Z@�-|U<C7;jC7^TEG2:C7;4;J9I?3@D;{;4SD9<m�-5@T64C7;�w

S0

[
ψ̃α, ψα

]
=

∫
ddx dt

{
Dψ̃αψ̃α − ψ̃α [∂tψα +Rαβψβ]
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lnZ[J̃α, Jα]
w

C{ �ψαi},{ψβj}
(
{xi, ti}; {x′j, t′j}

)
= 〈

∏

i,j

ψ̃αi(xi, ti)ψβj(x
′
j , t
′
j)〉

=
∏

i,j

δ

δJ̃αi(xi, ti)

δ

δJβj(x
′
j , t
′
j)
Z
[
J̃α, Jα

]
|
Jα, �Jα≡0

Cc{ �ψαi},{ψβj}
(
{xi, ti}; {x′j, t′j}

)
= 〈

∏

i,j

ψ̃αi(xi, ti)ψβj(x
′
j , t
′
j)〉c

=
∏

i,j

δ

δJ̃αi(xi, ti)

δ

δJβj(x
′
j , t
′
j)

lnZ
[
J̃α, Jα

]
|
Jα, �Jα≡0
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C( �N,N),c ≡ Cc{ �ψαi},{ψβj}
(
{xi, ti}; {x′j, t′j}

)
= 0

;J9 ∃i, ∀j, ti > t′j
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χαβ(x− x′, t− t′) = 〈ψα(x, t)ψ̃β(x
′, t′)〉c

= 〈ψα(x, t)ψ̃β(x
′, t′)〉 − 〈ψα(x, t)〉〈ψ̃β(x′, t′)〉

=
δ〈ψα(x, t)〉
δJ̃β(x′, t′)

|Jα, �Jα≡0

=
δ(2) lnZ

δJα(x, t)δJ̃β(x′, t′)
|Jα, �Jα≡0
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Cαβ(x− x′, t− t′) =
δψα(x, t)

δJβ(x′, t′)
|Jα, �Jα≡0

=
δ(2) lnZ

δJα(x, t)δJβ(x′, t′)
|Jα,Jα≡0
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BDCKUt-F6JQD87?N2:9<CK;4?ASD;{Ut-|�h?N24PpC'w

Cc,(2)
αβ

(x− x′, t− t′) =

(
0 χ̃βα(x′ − x, t′ − t)

χ̃αβ(x− x′, t− t′) C̃αβ(x− x′, t− t′)

) �h�De}�A�A�

� 24�5/7C0�0Uh[i9<@Tm�-A2:9t-5@D/7C0EG-32_6Y24-5@D;4Ut-5649<?A@D;|;4EG-5649t-5U<C7;FC76_6JC1PFEG?N2HC7UIU<C7;1k�U<C0EG2:?AVDU<O1PFC
U<9<@D81-59t2:CFC7;46ZBD9t-5oA?A@G-5U<9<;48|BG-5@D;{Uh[iC7;4EG-5/7C|BDC �T?ASG2:9<C127e
v U+@D?ASD;Z;4C124-pBD?A@D/_6=2HO7;{SD649<U<CLBDC
6Y24-bm�-59<U<U<C12cBG-5@D;c/7C76{C7;4EG-5/7CAe � mAC7/ZU<C7;j@D?36=-5649<?A@D;�BDC_Uh[�-5@D@DC7^TC � kT@D?A6Y2:C{�h?A@D/7649<?A@D@DC7U<U<C
o387@D8124-56=2:9</7CZBG-5@D;{Uh[iC7;4EG->/7CKBDC �T?ASG2:9<C12c;1[i87/12H9I6 w

Z
[
J̃α, Jα

]
=

∫
D [ψα] D

[
−iψ̃α

]
exp

{
S
[
ψ̃α, ψα

]
+

∫

k

[
J̃α(k)ψ̃α(−k) + Jα(k)ψα(−k)

]}

�h�De}�A�A�

S0

[
ψ̃α, ψα

]
=

∫

k

{
Dψ̃α(k)ψ̃α(−k)− ψ̃α(k)[iωδαβ +Rαβ(−k)]ψβ(−k)

}

Sint

[
ψ̃α, ψα

]
= −

∫

ki

Uαβψ̃α(k1)ψβ(k2)ψγ(k3)ψγ(k4)(2π)d+1δ(d+1)(
∑

i

ki)

�h�De}�A�A�
?


Rαβ(k) = Rαβ(−k) =

(
r + cq2 −(ω0 + caq

2)
ω0 + caq

2 r + cq2

) �h�De}�A�A�
C76 S = Sint +S0

e(`!@v64C124PFC7;!BDC7;c6=24->@D;:�\?T24PF87C7;�BDC �T?ASG2H9IC12
C̃αβ(k, k′)

C76
χ̃αβ(k, k′)BDC7;d�h?A@D/7649<?A@D;

C̃αβ(x, t; x′, t′)
C76

χ̃αβ(x, t; x′, t′)
kl@D?ASD;'-bmA?3@D;0UIC7;"2:C7Ut-56J9I?3@D;�;4SD9}X

&n�
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m5-5@T64C7;�w

C̃αβ(k, k′) = 〈ψα(k)ψβ(k′)〉c
= 〈ψα(k)ψβ(k′)〉 − 〈ψα(k)〉〈ψβ(k′)〉

χ̃αβ(k, k′) =
δ〈ψα(k)〉
δfβ(−k′) |f=0

�h�De}�A�A�

,�[i9<@Nm5-A2:9t-5@D/7C_EG-32{6=2J-5@D;4Ut-5649<?A@09tPFEz?A;4C_RTSDC_/7C7;l�h?A@D/7649<?A@D;Z;4?A9<C7@N6lEG2:?AEG?T2:649<?A@D@DC7U<U<C7;��
δ(d+1)(k+ k′)

e�=l?ASD;cEG?3SDmA?A@D;{BD?A@D/K87/12H9w2HC1w

C̃
c,(2)

αβ
(k, k′) = Cc,(2)

αβ
(k)(2π)d+1δ(d+1)(k+ k′)

�h�De}�A�A�
C760Ut-�2:C7Ut-56J9I?3@ RTSD9Z;1[iC7@$;4SD9<6�-bmAC7/�BDC7;d@D?A6=-5649<?A@D;�/7?AQD812:C7@T64C7;WEz?ASG2

C̃αβ(k, k′)
C76

χ̃αβ(k, k′)
e

� ���,� � �	�6������� ��� ���6����� �

={?3SD;.;4?NP`PpC7;r87oT-5U<C1PFC7@N6 9I@T64812:C7;J;487;+EG-32sUt-{6=2J-5@D;:�h?N24PF87C.BDCc,sC7oAC7@DBG2:C�BDC�Ut-��\?A@D/YX
6J9I?3@D@DC7UIU<C

lnZ[J̃α, Jα]
k76=24->BD9I6J9I?3@D@DC7UIU<C1PFC7@T6�@D?A6487C

Γ
kbC76.RTSD9AC7;46.SD@DC��\?A@D/76J9I?3@D@DC7UIU<CcBDC7;

m5-5U<C7SG2:;jPF?5MAC7@D@DC7;
Ψα

C76
Ψ̃α

BDC7;l/=QG-APpED;
ψα

C76
ψ̃α

2:C7;JEGC7/7649<mAC1PFC7@T6�w

Γ
[
Ψ̃α,Ψα

]
=

∫
ddx dt

[
J̃αΨ̃α + JαΨα

]
− lnZ

[
J̃α, Jα

] �h�De}�D�1�
=l?ASD;{-bmA?A@D;cEG-A2�BD8Y�G@D9<649<?A@kw

Ψα(x, t) =
δ lnZ

δJα(x, t)
Ψ̃α(x, t) =

δ lnZ

δJ̃α(x, t)

�h�De}�A�A�

C76lUw-pEG2:?AEG2:9<87648Z;4SD9<m�-5@T64C1w

Jα(x, t) =
δΓ

δΨα(x, t)
J̃α(x, t) =

δΓ

δΨ̃α(x, t)

�h�De}�A�A�

, -c�h?A@D/7649<?A@D@DC7U<U<C
Γ[Ψ̃α,Ψα]

/1-324-5/764812:9<;4C!U<Cc/7?NPFEz?N2:64C1PpC7@N6sCYqrC7/76J9��sBDSF;4MN;J64O1PFC�-5EG2:O7;
9<@T6487oN24->649<?A@";4SG2|U<C7;O9GSD/764SG-56J9I?3@D;1e\`�@�EG-A2H649</7SDUI9<C127k�;4C7;FBD812:9<mA87C7;p�\?A@D/76J9I?3@D@DC7UIU<C7;`EG-32
2J-5EDEG?N2H6�-5SD^`/YQG-APFED;

Ψα
C76

Ψ̃α
EGC7SDm3C7@N6cn76=2:Cl9I@T64C12:EG2H876487C7;�/7?NP�PFC{BDC7;cEG-A24-APpO76=2:C7;

CYqsC7/7649}�\;ZBDC_Ut-�64QD87?N2:9<CKBG-5@D;lU\[]C7;4EG-5/7C_BDC �T?ASG2:9<C127eGx�C76464CZ�h?A@D/7649<?A@D@DC7U<U<CLEz?ASG2424-|BD?A@D/
EG2HC7@DBG2:C0U<C�@D?NP�B.[ �4-5/7649<?A@�CYqrC7/76J9Im3C���BDC0Uw-	64QD87?N2H9ICAe�,sC7;`64C124PpC7;`BDC�Ut-u;4812H9ICdEGC12 X
6JSG2:VG-5649<mAC|BDC7;KBD812:9<mA87C7;Z�\?3@D/7649<?A@D@DC7U<UIC7;|RNSDCF@D?ASD;_-bmA?3@D;�PFC7@T649<?A@D@D87C7;Z;4?A@T6�->EDEGC7U<87;
�:m3C12:64C7^�EG2H?AEG2:C7;��FBDC`Ut-064QD87?N2H9ICAe � m3C7/`U<C7;_/7?A@TmAC7@T649<?A@D;KBDC`Uh[�-5@D@DC7^TC x~ks/7C7;_64C124PpC7;
EzC7SDmAC7@T6!n76=2:C{2:C7EG2:87;4C7@T6487;!oN2J-5EDQD9<RNSDC1PFC7@T6�EG-A2�U<C7;�BD9t-5oN24-3P`PFC7;c�YX EG-A2:649</7SDU<C{9t242:87BDSD/YX
6J9IVDU<C7;|BDC`Ut-064QD87?N2H9ICAk.->SD^NRTSDC7U<;_?A@"-�2HC76=24-5@D/YQD8_U<C7;_EG2H?AEG-5oN-56JC7SG2:;{C7^T64C12:@DC7;`���Tk+���4�:e
x�C7;c�\?3@D/7649<?A@D;c;4?A@T6yBD?3@D@D87C7;{BG-5@D;{Uh[iC7;4EG->/7CKBDC �T?ASG2:9<C12cEG-A2�w

Γ
( �N,N)

�αiβj
(ki, kj) =

δ( �N+N)Γ

δΨ̃α1(−k1)...δΨ̃α �
N

(−k �N)δΨβ1(−k �N+1
)...δΨβN(−k �N+N

)
|
Ψα, �Ψα≡0

�h�De}�5�N�
& �



�n� & � �t#��1�$)+� ���1�E�7� 3��&!�$#!�5�N�7��� �����$�0/
�

?
_Uh[i9<@DBD9</7C
i
�h2:C7;4E.e

j
� m�-A2:9<C�C7@N6=2HC

1
C76
Ñ
� 2:C7;4E.e7C7@T6=2:C

Ñ+1
C76
Ñ+N

�7e�vhU3� -5SD6�@D?A64C12
RTS.[��F/1->SD;4CFBDC_Uh[i9<@Nm5-A2:9t-5@D/7CFEG-A2l6=24-5@D;JUw->649<?A@D;{;4EG-56J9w->UIC|C76j6JC1PFEG?N2HC7UIU<CFBDC_Ut-v64QD87?T2:9<CAk
U<C7;|BD812:9<mA87C7;_BDC`Ut-��h?A@D/7649<?A@D@DC7U<U<C

Γ
;4?A@T6KBDC7;K?AEG812J-564C7SG2:;Z;4/1-5Ut-59t2:C7;1e>`�@"EG-A2:6J9I/7SDU<9<C127k

/7CK;J?A@N6�BDC7;c�h?A@D/7649<?A@D;�BDC7;ZPF?NPFC7@T64;
ki
C76
kj
SD@D9<RNSDC1PFC7@T61e _l@DC�-5SD6Y2:Cj/7?3@D;487RNSDC7@D/7C

BDC�U\[]9I@Tm�-32:9t-5@D/7CWEG-32Z6=24-5@D;4Ut-56J9I?3@D;KC7;46KRNSDC�/7C7;_BD812:9<mA87C7;|;4?A@T6KEG2:?AEG?T2:649<?A@D@DC7U<U<C7;L�0Ut-
BD9<;46Y2:9<VDSD649<?A@0BDC'6Z9t24-5/

δ
(∑

i ki +
∑

j kj
) e

,![i9<@Tm�-A2:9t-5@D/7CKEG-32y2H?A6=-5649<?A@�BDCKUw-p64QD87?N2:9<CZ@D?ASD;j-5;4;JSG2:C{RTSDCKUIC7;ZBD812:9<mA87C7;cEG-A2{2J-5ETX
Ez?N2:6_� SD@�@D?NP|VG2:CF9tPFEG-59t2~BDCW/YQG-APFED;K;4?3@N6K@TSDU<UIC7;bk+C76|@D?ASD;_BD?3@D@DCWUh[i9<BDC7@T649<648`;4SD9}X
m5-5@T64C'w

∫
ddx

∫
dt

[
− δΓ

δΨ1
Ψ2 +

δΓ

δΨ2
Ψ1 −

δΓ

δΨ̃1

Ψ̃2 +
δΓ

δΨ̃2

Ψ̃1

]
= 0

�h�De}�A�A�

BD?3@N6�U<C7;�BD812:9<mA87C7;cPFO7@DC7@N6�->SD^K9IBDC7@T649<6487;�BDC �"-A2:BTX ^�- { -5QG->;4QD9NEz?ASG2�@D?A6=2HC�64QD87?N2H9ICK���Tk
�b�A����e

�Z@0EGC7SD6{BD81Pp?A@N6Y2:C12!RTSDCKUt-WP`->6=2:9</7C
Γ̃

(2) k�BD8Y�G@D9IC|EG-A2�w

Γ̃
(2)

αβ
=


 Γ̃

(2)

�α �β
Γ̃

(2)

�αβ

Γ̃
(2)

α �β
Γ̃

(2)
αβ


 �h�De}�A�A�

?
 Ut-�BD87EGC7@DBG-5@D/7CuC7@
(x, t; x′, t′)

C7;46v9tPFEDU<9</79I6JCAk{C7;46vBD?A@D@D87C�EG-32`Uh[i9<@TmAC12:;4CdBDC'Ut-
P�-56=2:9</7C

C̃
c,(2) kD;49sVD9<C7@�RTS.[i?A@0-FUt-FEG2:?AEG2H9I876J8K;4SD9<m�-5@T64C1w

∫
ddx′ dt′

∑

γ

Γ̃
(2)

αγ
(x, t; x′, t′)× C̃c,(2)

γβ
(x′, t′,x′′, t′′) = δd(x− x′′)δ(t− t′′)δαβ

�h�De}�A�A�
6K->@D;`Uh[iC7;4EG-5/7CdBDC �T?ASG2:9<C127k�Uh[i9<@Nm5-A2:9t-5@D/7CdEG-A2`6Y24-5@D;4Ut-5649<?A@�@D?ASD;0-5;4;4SG2HC0Uw-�2:C7Ut-5649<?A@
;JSD9Im5-5@T64CAkG-5@G-5U<?Ao3SDC���� �De��A�A�.w

Γ̃
(2)

αβ
(k, k′) = Γ(2)

αβ
(k)(2π)d+1δd+1(k + k′)

�h�De}�A�A�
C76l@D?ASD;{-1m3?A@D;cUw-pEG2:?AEG2:9<876481w

Γ(2)(k) =
[
Cc,(2)(k)

]−1 �h�De}�A�A�
,.-|/1-5SD;=-5U<9<648|BDCKUw-p64QD87?N2:9<CK9tPFEG?3;4CKUt-FEG2:?AEG2:9<87648Z;4SD9<m�->@N64C1w

Γ( �N,N) ≡ Γ �αiβj

(
{xi, ti}; {x′j, t′j}

)
≡ 0

;49 ∃j, ∀i, t′j > ti
�h�De]�N�A�

RTSDC"Uh[i?A@ EGC7SD6uBD81PF?A@T6=2:C12�?AS#VD9<C7@���EG-A2:6J9w2vBDC�Ut- 2:C7Ut-56J9I?3@ �h�De��3�A�`C76dBDC7;'2:C7Ut-bX
6J9I?3@D;`BD812:9<mA87C7;`BDC��h��e��A�A�Z;4SG2pUIC7;p�\?A@D/76J9I?3@D;`BDC0/7?N242:87Ut-56J9I?3@�B.[i?T2:BG2:C`;4SDEz812:9<C7SG27k!?AS
VD9<C7@0EzC12:64SG2:VG-56J9Im3C1PFC7@N6�C7@064C124PFC7;�BDC_2:C7EG2:87;4C7@T6=-56J9I?3@`;4?ASD;��h?N24PFC{BD9t-5oT24-AP`P`->649<RNSDC
�\mA?A9t2{Uh[�->@D@DC7^NC 6K��e<`�@'EG-32:649</7SDU<9IC12�k

Γ( �N=0,N) C7;46K9<BDC7@T649<RNSDC1PpC7@N6|@NSDU<U<CAe+,![]87UI81PpC7@N6
Γ̃

(2)
αβ(x, t; x′, t′)

BDCKU\[]C7^NEG2:C7;J;49<?A@��h�De��3�A�!C7;46cBD?A@D/K@TSDUhe
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ω0

6K-5@D;�U<C|/1-5;cEG-A2:649</7SDU<9<C12{?�
vU<C7;jEG-324-APFO76=2HC7;
ω0
k
ca
C76
ua
BDCK@D?A6=2HCj87RTSG-5649<?A@vBDMAX

@G-3PF9<RNSDC`�h�Det�b�.;4?3@N6�@NSDU<;1k3@D?A6=2:C{BDMT@G-APF9<RTSDCjC7;J6�SD@DCZBDMN@G-APp9IRTSDCj2:C7Ut-5^D-5649<?A@D@DC7U<U<CAe vhU
;b[�-5oA9<6�C7@�2H81-5U<9I6J8jC7^D-5/764C1PFC7@T6�BDCKUt-Fm3C12:;49<?A@vBDMN@G-APp9IRTSDCZBDS�PF?NBDO7U<C

O(n)
kA87/12:9<64CKC7@

6JC124PFC7;�BDSpPp?NBDO7U<C
A
BDCcUt-Z/7Ut-5;4;49}�G/1-5649<?A@FBDC �l?AQDC7@NVzC12:oZC76 �j-5U<EzC12:9<@ �}�D�J��k1C76!BG->@D;+U<C

/1->;�EG-A2:6J9I/7SDU<9<C12
n = 2

� EG-A24-APpO76=2:C�B.[]?N2:BG2:Cj�~BDC7SD^W/7?TPFEG?A;Y-5@N6JC7;�-1m3C7/{SD@DCj;JMfPF876Y2:9<C
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O(2)
e+��?ASG2|/7C7Ut-Dk�@D?ASD;
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∂tU = −rU + (c+ ica)∆U − (u+ iua) |U |2U + g + ζ
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ζ = eiω0t η
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eiω0tf
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U = ϕ1 + iϕ2
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ZU [H̃α, Hα] =

∫
D[ϕα]D[−iϕ̃α] exp

{
SU [ϕ̃α, ϕα] +

∫
ddx

∫
dt [H̃αϕ̃α + Hαϕα]

}
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ϕα(x, t) = Ωαβ(ω0t)ψβ(x, t)
�h�Dei�N�3�

?

Ωαβ(ω0t) =

(
cos(ω0t) − sin(ω0t)
sin(ω0t) cos(ω0t)

) �h�De]�A�N�
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Cαβ(x− x′, t− t′) = Ωασ

(
−ω0(t− t′)

)
Gσβ(x− x′, t− t′)

χαβ(x− x′, t− t′) = Ωασ

(
−ω0(t− t′)

)
γσβ(x− x′, t− t′) �h�De]�N�A�
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C11(q, ω) =
1

2

[
G11(q, ω + ω0) + G11(q, ω− ω0) + i

(
G12(q, ω+ ω0)− G12(q, ω− ω0)

)]

C12(q, ω) =
1

2

[
G12(q, ω + ω0) + G12(q, ω− ω0)− i

(
G11(q, ω+ ω0)− G11(q, ω− ω0)

)]
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∂tU = −rU + c∆U − u |U |2U + g + ζ = − δF
δU∗

+ g + ζ
�h�De]�N�A�

?
 F C7;J6{U<CKEG?A64C7@T649<C7U.;4SD9<m5-5@N6 w

F [U, U∗] =

∫
ddx

∫
dt

{
r |U |2 + c |∇U |2 +

1

2
u |U |4

} �h�De]�N�A�
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dF/dt ≤ 0
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Peq[U, U∗] = Zeq
−1 exp

{
−F [U, U∗]

D

}

?�

Zeq =

∫
D[U ]D[U∗] exp

{
−F [U, U∗]

D

} �h�De]�N�A�
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O(n)
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n = 2
w

∂tϕα = − δH
δϕα

+ ζα

H[ϕα] =

∫
ddx

{
r

2
ϕ2 +

1

2
|∇ϕ|2 +

u

4
|ϕ|4

}

ϕ2 ≡
2∑

α=1

ϕ2
α

�
ϕ4 ≡ (ϕ2)2 � |∇ϕ|2 ≡

2∑

α=1

(∇ϕα)2 �h�De}�A�A�
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Peq[ϕα] = Zeq
−1 exp

{
−H[ϕα]

D

}

Zeq =

∫
D[ϕα] exp

{
−H[ϕα]

D

} �h�De}�D�1�
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W
[
ϕiα → ϕfα; tf − ti

]
= e
− � H[ϕ

f
α]−H[ϕiα] � /D

WT
[
ϕfα → ϕfα; tf − ti

] �h�De}�A�A�

?

W [ϕiα → ϕfα; tf − ti]
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tf − ti
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WT [ϕfα → ϕfα; tf − ti]

Uh[�-APFEDU<9<64SDBDC`BDCvEG2:?AVG->VD9IU<9<648vB.[iCYqrC7/76JSDC12KUh[i?AEz8124-5649<?A@u9<@TX
m3C12:;4CAkD/1-5U</7SDU<87C`-bmAC7/KUh[�-5/7649<?A@u2:C7@Nm3C12:;487CK64C1PFEz?N2:C7U<U<C1PFC7@T61eGxcC7646JCK;4MfPp876=2:9<C_BD876=->9IU<U<87C
BDCFUt-02:81-5U<9<;=-56J9I?3@'BDC7;KBD9}qs812:C7@N6J;_-APFEDU<9<64SDBDC7;KBDC`EG2:?AVG->VD9IU<9<648FB.[�-5U<U<C12ZB.[iSD@DCF/7?A@T�GoASTX
2J-5649<?A@'�vSD@DC`-5SD6Y2:C_EzC124PFC76KBDCFBD87BDSD9t2:C`U<CF64QD87?N2:O1PFC �.U<SD/764SG->649<?A@TX 6Z9<;4;49<EG-5649<?A@.e.xcC
6JQD87?N2:O1PFCK-�5 24PpCjRTSDCAkDBG-5@D;{U<CK/1-5;lBDC7;{BDMN@G-3PF9<RNSDC7;{RTSD9.BD812:9<mAC7@T6{BDCKUh[i87RTSD9<UI9<VG2:CAks9<U
C7^T9<;464C{SD@DCK2:C7Ut-5649<?A@�C7@N6=2HC{U<C7;!�h?A@D/7649<?A@D;�BDCZ/7?N242H87Uw->649<?A@FC76�BDCK2:87EG?A@D;JCj�KBDC7SD^FEG?39I@T64;
BDC�Uw-d64QD87?T2:9<C � e�6K-5@D;KU<C`/1-5;_EG-32:649</7SDU<9IC12|RTSD9!@D?ASD;_9<@T64812:C7;4;JCAksUIC7;|�h?A@D/7649<?A@D;

Gαβ
C76

γαβ
;J?A@N6cBDC7;jP�-56=2:9</7C7;cBD9t-5oA?A@G-5U<C7;{C76c@D?ASD;lEG?ASDmA?3@D;y87/12H9w2HC1w

Gαβ(x, t) = G(x, t)δαβ γαβ(x, t) = γ(x, t)δαβ
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γ(x, t) = −θ(t)
D

∂

∂t
G(x, t)
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γ ′′(q, ω) =
ω

2D
G(q, ω)
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γ ′(q, ω) =
1

D
P
∫

ω′

ω′

ω′ − ωG(q, ω′)
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(χZF )αβ(x− x′, t− t′) =
1

Λ
Ωασ

(
θ − ω0(t− t′)

)
γσβ(x− x′, t− t′) �h�De}�A�A�
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θ
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cos θ (χ′′ZF )11(k) + sin θ (χ′′ZF )12(k) =
1

2ΛD

(
ω C11(k) + iω0 C12(k)

)

cos θ (χ′ZF )12(k)− sin θ (χ′ZF )11(k) =
1

2ΛD

(
ω0 C11(k) + iω C12(k)

)
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χ′(q, ω) =
1

π
P
∫

dω′
χ′′(ω′)
ω′ − ω

χ′′(q, ω) = − 1

π
P
∫

dω′
χ′(ω′)
ω′ − ω
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Z
[
J̃α, Jα

]
=

∫
D [ψα] exp

{
− 1

4D

∫
ddx dt

(
∂tψα − Fα[ψ]− J̃α

)2
+

∫
ddx dt Jαψα

}
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Fα[ψ]
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Fα[ψ] = −Rαβψβ − Uαβψβψγψγ
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[
−∂tδαβ + Rβα + Uβαψ

L
γ ψ

L
γ + 2Uβσψ

L
σψ

L
α

]
·

·
[
∂tψ

L
β +Rβσψ

L
σ + Uβσψ

L
σψ

L
γ ψ

L
γ − J̃β

]
= 2DJα

�h��e��A�

x�C76464C{87RTSG-5649<?A@`@D?3SD;�BD?A@D@DCZSD@DC{�h?A@D/7649<?A@�9wPpEDUI9</79<64C
ψLα [J̃β , Jβ]
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ZL
[
J̃α, Jα

]
= exp

{
− 1

4D

∫
ddx dt

(
∂tψ

L
α − Fα

[
ψL
]
− J̃α

)2
+

∫
ddx dt Jαψ

L
α

}
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ψLα

C7;J6!87m�-5U<SD8ZC7@
(J̃β , Jβ)
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〈ψα(x, t)〉L ≡ δ lnZL

δJα(x, t)
= ψLα(x, t) = Ψα(x, t)
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Jα[Ψ̃β ,Ψβ]
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J̃α[Ψ̃β,Ψβ]
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ΓL
[
Ψ̃α,Ψα

]
=

∫
ddx dt

{
−DΨ̃αΨ̃α + Ψ̃α [∂tΨα +RαβΨβ + UαβΨβΨγΨγ ]

}
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Γ
(4)
L �α1β2β3β4

(k1, k2, k3, k4) = 2[Uα1β2δβ3β4 + Uα1β3δβ2β4 + Uα1β4δβ2β3 ]

×(2π)d+1δd+1(k1 + k2 + k3 + k4)
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L �α1β2β3β4

(k1, k2, k3, k4) = −
[

3

1

4

2

+

2

1

4

3

+

2

1

3

4 ]

×(2π)d+1δd+1(k1 + k2 + k3 + k4)
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(α1, k1)
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(βi, ki)
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Γ
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L �1111(k1, k2, k3, k4) = 6u(2π)d+1δd+1(k1 + k2 + k3 + k4)

Γ
(4)
L �2111(k1, k2, k3, k4) = 6ua(2π)d+1δd+1(k1 + k2 + k3 + k4)
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ψ̃α
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ψα

w

δS
δψ̃α

≡ 0
δS
δψα

≡ 0
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−∂tψ̃Lα + Rβαψ̃

L
β + Uβαψ̃

L
βψ

L
γ ψ

L
γ + 2Uβσψ

L
σψ

L
α ψ̃

L
β = Jα

−2Dψ̃Lα +
[
∂tψ

L
α +Rαβψ

L
β + Uαβψ

L
βψ

L
γ ψ

L
γ

]
= J̃α
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ZL
[
J̃α, Jα

]
= exp

{
S
[
ψ̃Lα , ψ

L
α

]
+

∫
ddx dt [J̃αψ̃

L
α + Jαψ

L
α ]
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ψ̃Lα [J̃β, Jβ]
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ψLα [J̃β, Jβ]
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∂tΨα = −RαβΨβ − UαβΨβΨγΨγ + J̃α
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χαβ(x− x′, t− t′) =
δ〈ψα(x, t)〉
δJ̃β(x′, t′)

|
Jα, �Jα≡0
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χLαβ(k) = χLαβ(q, ω) =
1

∆

( −iω +R Ω0

−Ω0 −iω + R

) �h�De �1�A�
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R = r+ cq2

Ω0 = ω0 + caq
2

∆ = (R− iω)2 + Ω2
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(q = 0, ω = ω0)
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δ〈|Z(0, ω0)|〉L ∝ |f |1/3
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C̃αβ(x, t; x′, t′) =
δ〈ψα(x, t)〉
δJβ(x′, t′)

|
Jα, �Jα≡0
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CLαβ(k) = CLαβ(q, ω) =
2D

|∆|2
(
ω2 + Ω2

0 +R2 2iωΩ0

−2iωΩ0 ω2 + Ω2
0 + R2
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χL(k) = χL(q, ω) =
1

2

[
eiθ

−iΛ(ω − Ω0) + ΛR
+

e−iθ

−iΛ(ω + Ω0) + ΛR

]

CL(k) = CL(q, ω) =
D

R2 + (ω − Ω0)2
+

D

R2 + (ω + Ω0)2
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Jα ≡ 0
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ψ̃Lα ≡ 0
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δ �Jα
δ �ψLβ

δ �Jα
δψLβ

δJα
δ �ψLβ

δJα
δψLβ
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Gαβ
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ω0
e
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γLαβ(k) = γLαβ(q, ω) =
1

∆

( −iω + R caq
2

−caq2 −iω + R

)

GLαβ(k) = GLαβ(q, ω) =
2D

|∆|2
(
ω2 + (caq

2)2 +R2 2iωcaq
2

−2iωcaq
2 ω2 + (caq

2)2 + R2

)
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@D87C7;lEG-A2"w

GLαβ(q = 0, ω = 0) =
2D

r2
δαβ

γLαβ(q = 0, ω = 0) =
1

r
δαβ
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GL11(q = 0, ω = 0) ∝ 1

r2
γL11(q = 0, ω = 0) ∝ 1

r
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(q, t)
e ={?3SD;�-bmA?3@D;4w

GLαβ(q, t− t′) = DΩαβ

[
−caq2(t− t′)

] e−R|t−t′|
R

γLαβ(q, t− t′) = θ(t − t′) Ωαβ

[
−caq2(t − t′)

]
e−R(t−t′) �h�De}�5�N�
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q = ±i

√
r
c
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q = 0
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1/R(q = 0) = 1/r

e
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ξ ∝ 1

r1/2
τ ∝ ξ2 �h�De}�A�A�

�TSG2�Uw-p;4SG2 � -5/7Cj/12H9I6J9IRTSDC
r = 0

kT@D?ASD;Z-1m3?A@D;�w

GLαβ(q = 0, ω) =
2D

ω2
δαβ ∝

1

ω2

γLαβ(q = 0, ω) =
i

ω
δαβ ∝

1

ω

GLαβ(q, ω = 0) =
2D

(c2 + c2
a)(q

2)2
δαβ ∝

1

q4

γLαβ(q, ω = 0) =
1

(c2 + c2
a)(q

2)2

(
cq2 caq

2

−caq2 cq2

)
∝ 1

q2
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ω = ±ω0
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(q, t)
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CL(q, t− t′) = D cos
[
−Ω0(t− t′)

]e−R|t−t′|
R

χL(q, t− t′) =
θ(t − t′)

Λ
cos
[
θ − Ω0(t− t′)

]
e−R(t−t′) �h�De}�A�A�
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�αβ
(0, 0)
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Γ
(2)(1)

�αβ
(k) = −




σγ

α β

k′

+

γσ

α β

k′

+
σγ

α β

k′



= −[(a) + (b) + (c)]

= −
[
− Uαγδβσ

∫

k′
Cγσ(k′)− Uασδβγ

∫

k′
Cγσ(k′)− Uαβδγσ

∫

k′
Cγσ(k′)

]
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C12(q′, t′ = 0) = −C21(q′, t′ = 0) = 0

C11(q′, t′ = 0) = C22(q′, t′ = 0) =
D

r + cq2
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Γ
(2,1)

�αβ
(k) = 4Uαβ

∫ Λ

q′
C11(q′, t′ = 0)
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a ∼ 2π/Λ
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γ11(0, 0)−1 = r + 4u

∫ Λ

q

D

r + cq2
+ O(u2)
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, -K/7?A@DBD9<649<?A@`/12H9I6J9IRTSDC
γ11(0, 0)−1 = 0
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rc = −4u

∫ Λ

q

D

rc + cq2
+O(u2) = −4u

∫ Λ

q

D

cq2
+ O(u2)

�h�De}�A�A�
Ut-	BDC7SD^N9<O1PFCd87/12:9<64SG2:C0876=->@N6`6J?ASD6`-5SD;4;49{m5-5Ut-5VDU<C�RTSDC�Ut-	EG2:C1PF9<O12:C��	/7C76`?N2:BG2:C0C7@
6JQD87?N2:9<CKBDC7;{EGC12H64SG2:VG-5649<?A@D;bkA/1-A2

rc
C7;46lB.[i?N2:BG2:C

u
e

��?ASG2
d ≤ 2

k�Uh[i9<@T6487oN24->UICdEG2:87;4C7@T64C�BG->@D;WU<C"PFC1P|VG2:C�BDCdBG2:?A9<64CuBDC�Uh[i87RTSG-5649<?A@
� �De��A�A�ZBD9<mAC12HoACAe!xcC7/79cC7;46FSD@DC09I@DBD9</1-56J9I?3@ BDS�� -59<6LRTSDC0U<C0EG?A9<@T6`/12:9<649<RTSDC�-5;4;4?T/79<8 �
@D?36=2:CZ64QD87?N2:9<CKBD9<;4EG-A24- �I6lC7@0BD9wPpC7@D;49<?A@�9<@T�h812:9<C7SG2:CL�FBDC7SD^se
6ZCl� -t87?A@0oA87@D8124-5U<CAkT@D?ASD;
;Y-1m3?A@D;jRTS.[iSD@";JMN;46JO1PFC_EDQTMN;J9IRTSDC`BD87/12:9<6|C7@"64C124PFC7;KB.[]SD@"EG-A24-APpO76=2:CKB.[i?N2HBG2:C`�v;4MAX
Pp876=2:9<CF/7?A@N6J9I@TSDCF@DC`EGC7SD6|EG-5;KEG2:87;4C7@T64C12lB.[i?N2:BG2HCL�vU<?A@DoASDC`BD9<;46Y-5@D/7C`C7@uBD9tPFC7@D;49<?A@
C |



&(� C �<�$)+���$�3�&O�7� ) / �%/7/X#;� � �3���t��5�$2 �z� �>�$2 �7�$� ��4�$�*�1��2(���5�t2(�'��#!�*������ �!�

;J6=2:9</764C1PFC7@T6{9<@T�\812H9IC7SG2HCp�
2
�t�1�5�Dk��1�A�Y�:erxcC76J64CKBD9tPFC7@D;49<?A@"C7@TX BDC7;4;J?ASD;jBDC|Ut-5RNSDC7U<U<C`U<C

;JMN;46JO1PFCj@DCZEG2:87;4C7@T64CZEG-5;{BDCK6=2J-5@D;49<649<?A@`BDCKEDQG-5;JCAkNC7;J6j-5EDEGC7U<87C �:BD9tPFC7@D;49<?A@d/12:9<649<RNSDC
9<@T�h812:9<C7SG2:C��=eX={?ASD;Z2:C76=2:?ASDm3?A@D;c9I/79�Ut-`;J9Io3@G-564SG2:CKBDC|/7C76464C_EG2H?AEG2:9<87648KoA87@D8124->UIC|BG-5@D;{U<C
/1->;{EG-A2:649</7SDU<9<C12cBDCK@D?A6=2HCj64QD87?T2:9<CAe

`!@vBD9tPFC7@D;49<?A@�;JSDEG812:9<C7SG2:C_�
2
kNUt-Fm5-5U<C7SG2{/12H9I6J9IRTSDC

rc
BDS0EG-A2J-APFO76=2:ClBDCK/7?A@N6Y2 :AU<C

r
C7;46_@D87oT-5649<mACAk./7CvRTSD9y@D?3SD;L9<@DBD9<RTSDC0RNSDCvUt-�EG2H87;4C7@D/7CWBDC7; 9GSD/764SG->649<?A@D;`-0BD876=2:SD9<6

Uh[i?T2:BG2:C`�0U<?A@DoASDC�BD9I;J6=-5@D/7C`RTSD9�C7^T9<;46=-59<6_C7@	/=QG-APpE Pp?�M3C7@'C7@T6=2:C
r = rc

C76
r = 0

e
=l?ASD;{-bmA?A@D;{-5U<?N2:;�w

γ11(0, 0)−1 = (r − rc)− 4(r − rc)u
∫ Λ

q

D

(rc + cq2)(r+ cq2)
+ O(u2)

= (r − rc)− 4(r − rc)u
∫ Λ

q

D

cq2(r− rc + cq2)
+O(u2)

�h�De}�A�A�
=l?ASD;0-5EGC12H/7C7mA?A@D;v9I/79KEz?ASG2vUt-�EG2:C1PF9<O12:Cd�h?A9<;0UIC"2 :3UICu/12:SD/79t-5UKBDCuUt-�BD9tPFC7@D;49<?A@

4
k

->EDEGC7U<87C �:BD9tPFC7@D;49<?A@ /12H9I6J9IRTSDC0;4SDEz812:9<C7SG2:C��WBDC0Ut-u64QD87?N2H9ICAe!��?ASG2
d > 4

k+Uh[i9<@T6487oN24->UIC
EG2H87;4C7@N6JC�BG-5@D;0Uh[i87RTSG-5649<?A@ �h�De}�A�A�F/7?A@TmAC12:o3C�64?AS1aJ?ASG2:;be � 9<@D;49

γ11(0, 0)−1 ;b[�-5@D@TSDUICU<9<@D81-59t2:C1PFC7@T6vC7@
r − rc

-5S EG?A9<@T6`/12:9<649<RTSDCAk�C76`U<C7;0U<?A9<;vB.[i87/=QDC7U<U<C7;vEG2:87mNSDC7;vEG-A2FUt-
6JQD87?N2:9<CK/=QG-3PFE'PF?5MAC7@v@DCF;4?A@T6cEG-5;�Pp9I;JC7;jC7@dBD8Y� -5SD6lEG-A2c/7C_/1->UI/7SDU!��U\[]?N2:BG2:CKB.[iSD@DC
Vz?ASD/7U<C � e
`!@�2HC7m�-5@D/YQDCAkDUt-Fm�->UIC7SG2�/12:9<649<RNSDC|BDS0EG-A24-APFO76Y2:C{BDC_/7?3@N6=2;:AU<CAkN-59<@D;49.RTSDCKU<C7;
EG2H8YXh� -5/76JC7SG2:;{BDC7;KU<?A9<;_-5;4MDPFED64?A6J9IRTSDC7;1kD;J?A@N6KPF?TBD9}�G87;KEG-A2j2J-5EDEG?N2H6j-5SD^0C7^TEG2:C7;4;49<?A@D;
BD812H9Im387C7;WC7@ /=QG-APpE PF?5MAC7@.e!��-59<;09<Uj;b[�-5oA9<6FUt��BDC�RTSG-5@N6J9I6J87;`@D?A@TX SD@D9<mAC12:;4C7U<U<C7;vRNSD9
BD87EzC7@DBDC7@N6|BDC7;KBD876=-59<U<;LPF9</12:?3;4/7?AED9<RNSDC7;KBDC�Uw- 64QD87?N2:9<C�� /7?NP�PFC_EG-A2ZC7^TC1PFEDU<C`BDC`Ut-
/7?3SDEDSG2:C

Λ
EG2:87;JC7@N64CKBG->@D;y@D?3;{9<@N6487oT24-5U<C7;=�7e

`!@ BD9wPpC7@D;49<?A@$9I@T�h812:9<C7SG2:C"�
4
k!C7@#2:C7m�->@D/=QDCAk�Uh[i9<@N6487oT24-5U<C�BDCdU\[]87RNSG-56J9I?3@(�h�De}�A�A�

87/12H9I6JCW;4?3SD;_;=- BDC7SD^N9<O1PFCv�h?N24PFCFEG2:87;JC7@N64C�SD@DCWBD9<mAC12:o3C7@D/7CWU<?N2:;JRNSDC
r
64C7@DB�mAC12:;_;Y-

m5-5U<C7SG2K/12:9<649<RTSDC
rc
e�6K-5@D;K/7C`/1-5;KU<Cv64C124PFCFEGC12H64SG2:VG-5649}�cBD?NPF9<@DC`Ut-0U<?A9!B.[i87/YQDC7U<U<CAk+/7C

RTSD9K9<@Nm5-5U<9<BDC"U<C"/1-5U</7SDUKEG2:87;4C7@T648�9</79hej��?3SG2`EG2:C7@DBG2HC'C7@$/7?NPpED64C�/7?N2J2:C7/764C1PFC7@T6`U<C7;
9GSD/76JSG-5649<?A@D;{C76{6Y2:?ASDmAC12�UIC7;ZU<?A9<;jB.[]87/=QDC7U<U<CAkG9<U�@D?ASD;c� -5SD6{BD?A@D/K/YQG-5@DoAC12�BDCFPF8764QD?TBDCAe
x~[iC7;46./7CcRTSDCy@D?3SD;�� -59<;4?3@D;+BG-5@D;�Ut-Z;4SD9<64CcBDCc@D?A6=2:C�8764SDBDCAe���?3SG2s/7C7Ut-Dk5@D?ASD;!SD649<U<9<;4C12:?A@D;
Ut- 64QD87?N2:9<CFBDC`Ut-�2:C7@D?T24P`-5U<9<;=-5649<?A@.k�BD?A@N6K@D?3SD;KEG2:87;4C7@T64?A@D;KUt-0;46Y2:SD/764SG2:C|EG?ASG2Z@D?A6Y2:C
876JSDBDCKBG-5@D;{U<CK/=QG->ED9I6Y2:CK;4SD9<m�-5@T61e

7 � >1*,& 
�#%2<&�$35�6�$3#%>�5?& *�5 /�#%D�*?(4$35�6 
�."*?&OD@235?23#%/�.�/B&�&S*�#%/15�6 .0/ L�/1."�0F �06�2 F�$ .0/ 6S9?2'>�#��0$ - 9?/@( 

(4> <@$35 $35EF �0( $35,&S�0>15N&S* 
 23#��0$%*�#%$4U

4
F�/15,& .0$+- 9?/ 
��06S#%$4&S*��0L1/�5�6'[

C  



����� &�� ��&!�$#!�5�O�����$�0/ �1�$	7��2 ��/ �������*)3) �$����(#-�D�!�$��/X) &�� �7�$2(�D) � #-& � �*�1����#��3��5�����

C \



� �������	��
� �

� �	 ��& � ��� �	�()����
 �������"� ���� ) ���(�
%�"�#������� �	������� �$%��& � � �

6K-5@D;`/7Cd/=QG-5ED9<6=2HC�@D?ASD;vEG2:87;4C7@T64?A@D;`Ut-�;46Y2:SD/764SG2:CvoA87@D8124-5U<CdBDS oT2:?ASDEGCdBDC'2:CYX
@D?T24P`-5U<9<;=-5649<?A@0EzC12:64SG2:VG->649}� BDC|@D?A6=2:CK64QD87?T2:9<CAe
={?3SD;jEG2:87;JC7@N64?3@D;y;JSD/7/7C7;4;49<mAC1PFC7@T6{U<C7;
BDC7SD^�;J/=QD81P`->;LBDC�2HC7@D?N24P`-5U<9<;=-56J9I?3@�RTSDC�@D?ASD;�SD649<UI9<;4C12H?A@D;WBG->@D;`U<C7;W/YQG-5ED9<6=2:C7;F;4SD9}X
m5-5@T64;_�vUh[i?N2:BG2:C|B.[iSD@DC`C76KBDC7SD^uVG?3SD/7UIC7;|C7@"64QD87?N2H9ICFBDC7;KEzC12:64SG2:VG-56J9I?3@D;1kr�v;Y-1m3?A9t2{U<C
;J/=QD81P`-lBDC{2:C7@D?N24P�-5U<9I;Y-5649<?A@_BDC � 9IU<;4?3@.kAC76�/7C7UISD9zBDC{x{-5U<Ut-5@TX �TMfP�-5@ x79 { e5��?ASG2 /=QG-5/7SD@
BDCl/7C7;�;4/YQD81P`-5;1k5@D?3SD;�/7?NP`PpC7@ 87?A@D;+EG-32!C7@W24->EDEGC7U<C12!Ut-K;J6=2:SD/764SG2:CcoA87@D812J-5U<C{BG-5@D;!U<C7;
;JC7/7649<?A@D;_�Ge �FC76_�Gei�ze.,sC7;FUIC7/76JC7SG2:;K� -APF9<U<9<C12:;L-bmAC7/`/7C7;|;4/YQD81P`-5;_BDCv2:C7@D?N24P`->UI9<;=->649<?A@
EzC7SDmAC7@T6K9Io3@D?N2:C12l/7C7;K;4C7/7649<?A@D;1e>6K-5@D;ZUt-v;4C7/7649<?A@u�Ge���kG@D?ASD;ZEG2:87;4C7@T64?A@D;ZUt-v;46=2:SD/76JSG2:C
BDS$oN2H?ASDEGC0BDC"2:C7@D?N2JP`-5U<9<;=-5649<?A@�BDC7;v?A;4/79<U<Ut-564C7SG2:;v/7?ASDEDU<87;0BG-5@D;vUICu;4/YQD81P`-	BDC'2:CYX
@D?T24P`-5U<9<;=-5649<?A@�BDC � 9<U<;4?A@.e ={?ASD;`PF?3@N6=2H?A@D;_RTSDC0Ut-"2:C7@D?N24P�-5U<9I;Y-5649<?A@"BDC7;`/YQG-APFED;bk
SD;JSDC7UIU<C1PFC7@T6{2:81-5U<9<;487C{EG-A2�SD@F� -5/764C7SG2�BDCZBD9IUt-56Y-5649<?A@W2:87C7Uhk3BD?A9<6�9<@D/7?N2:Ez?N2:C12!SD@p� -5/76JC7SG2
BDC�EDQG-5;4C`/7?NPpEDUIC7^TC'� EG-324-5oN24->EDQDC_�Ge���e��A�7e
=l?ASD;KBD812:9<mA?3@D;_U<C7;_87RTSG-5649<?A@D;KBDCvoN2:?ASDEzC
BDCF2:C7@D?N24P�-5U<9I;Y-5649<?A@�-5;4;J?N/79<87C7;K�`/7C|;4/=QD81P�-DkDC76jPF?3@N6=2H?A@D;cRNS.[iC7U<U<C7;K@DC_EzC7SDmAC7@T6�PFCYX
@DC12�RNS.[}-5SFEG?A9<@T6!�G^TC{B.[iSD@DC{6=2J-5@D;49<649<?A@FBDC{EDQG-5;4Cc@D?A@TX ?3;4/79<UIUt-5@T64CL�\EG-A24-5oN2J-5EDQDC��Ge}�De��A�7e
6K->@D;!Uw-~;4C7/7649<?A@`�ze��Dkb@D?ASD;!EG2:87;4C7@T64?A@D;!/7?NP�PFC7@N6!2:C7@D?N2JP`-5U<9<;4C12�Ut-K64QD87?N2H9ICcBDCc� -$87?A@`�
?3VD64C7@D9t2�U<C|EG?A9<@T6��G^TCKB.[iSD@DCK6=2J-5@D;49<649<?A@`?A;J/79IU<Ut-5@T64CAeG��?ASG2�/7C7Ut-DkD9<U.@D?ASD;�� -5SD6cCYqrC7/764SDC12
U<C7;Z6=24-5@D;H�\?N2JP`-56:9<?A@D;�BDCKoN2H?ASDEGCKBDC_2:C7@D?T24P`-5U<9<;=-5649<?A@vBG-5@D;{BDC7;K2:8Y�h812:C7@T649<C7UI;l?A;4/79<U<Uw->@N6
��BDC7;Z� 2:87RNSDC7@D/7C7;ZBD9}qr812:C7@T64C7;KBD87EzC7@DBG-5@N6ZBDCF87/=QDC7U<U<C'� EG-324-5oN24->EDQDCj�Ge}�Det�1�7eD,sC7;K/7?TP|X
Ez?N2:64C1PpC7@N64;K-5;4MDPFED64?3649<RNSDC7;Z/12:9<649<RNSDC7;K;J?A@N6KBD87BDSD9<64;|BG-5@D;KU<CW2:8Y�h812:C7@T649<C7U!?A;4/79<U<Uw->@N6_�
Ut-p� 2H87RNSDC7@D/7CFCYqrC7/76J9Im3C_BDC7;K?A;4/79<U<Ut-5649<?A@D;K;4Ez?A@T6=-5@D87C7;L� EG-324-5oN24->EDQDCj�Ge}�De��A�7e(={?3SD;jEG2:8YX
;JC7@N64?3@D;yC7@T�G@dBG-5@D;ZUw-p;4C7/7649<?A@��ze��|Uw-�;46=2HSD/764SG2:CZBDS�oN2:?3SDEGCKBDCL2HC7@D?N24P`-5U<9<;=-56J9I?3@WBDC7;
?3;4/79<UIUt-56JC7SG2:;c/7?ASDEDU<87;{BG-5@D;�U<CK;4/YQD81P`-~BDC_2:C7@D?N24P`->UI9<;=->649<?A@FBDC_x{-5U<Ut-5@TX �TMfP�-5@ x79 { k3RNSD9
@D?3SD;W;4C12J-"9<@DBD9<;4EGC7@D;Y-5VDU<C�Ez?ASG2vU<C'/1->UI/7SDUKEzC12:64SG2:VG->649}�L�"Uh[i?N2HBG2:C�BDCuBDC7SD^ Vz?ASD/7U<C7;
BDS /=QG->ED9I6Y2:C��De�=l?ASD;0PF?A@T6=2:?A@D;|/7?NP`PFC7@T6`BD812:9<mAC12FC76v2:87;4?ASDBG2:C0U<C7;087RTSG-5649<?A@D;`BDC
xl-5U<Uw->@TX �TMfP`->@ x79 { BDCKUt-�64QD87?N2:9<CKC7@d9wPpEDUI81PpC7@N6=->@N6{U<C7;Z9<BD87C7;K;4EG87/79}�GRTSDC7;�-5SdoN2:?ASDEzC
BDC_2HC7@D?N24P`-5U<9<;=-56J9I?3@WBDC7;{?3;4/79<UIUt-56JC7SG2:;{/7?ASDEDU<87;1e

� @-? A�YXZ��IHK[ OJ �<J�	OP��XHK[RQ!N!C
[.E
N-P 	 OJ�� N!Q!C
P�	

6K-5@D;!/7C76464Cc;4C7/76J9I?3@`@D?ASD;�EG2H87;4C7@N6J?A@D;+U<CZ;4/YQD81P`-ZBDCj2:C7@D?N2JP`-5U<9<;=-5649<?A@FEGC12H64SG2:VG-5649}�
BDC � 9<UI;J?A@ �t���N�Tky�b�b��k�RNSDC0@D?3SD;W-5BG-5ED64C12H?A@D;_BG-5@D;�UIC7;�;4C7/7649<?A@��Ge��dC76`�ze��u-5SD^"?A;:X

�N�



�����!C��R#-�$��/F� �7� #;��2
�$#!���t) � ���$����$2 �7�!�D�������*)3) �$����(#-�D�!�$��/X) &��

/79<U<Ut-564C7SG2:;|/7?ASDEDU<87;1e.xcC7646JC_EG2:87;4C7@T6=-56J9I?3@'-vSD@u/1-A24-5/76JO12:CKoA87@D8124-5U�C76K@.[iC7;46KC7@"-5SD/7SD@
/1->;j;4Ez87/79}�GRNSDC`��@D?A6=2:C|64QD87?N2:9<C � e<`�UIU<CF@D?ASD;l�\?3SG2:@D9t24-FU<CF/1-5BG2:C_o387@D8124-5U.@D87/7C7;4;Y-59t2:CL�
Uh[i876Y-5VDU<9I;J;4C1PFC7@T6{BDS0;4/YQD81P`-|BDC_2:C7@D?N24P`->UI9<;=->649<?A@WRTSD9.@D?ASD;c9<@T64812:C7;4;4CAe
�(������� � +,���$�������-�	%�� ������� � � %-� �����-����)*�!"���� �$� �����

� h(g\clb�j s r*f�i!s d�f*clg �>h iN��s b�s j � d�b�h�i
��?ASG2c87/12:9t2:CFUh[i9<@T6487oN24-5U<C|�h?A@D/7649<?A@D@DC7U<U<CW-5;4;4?T/79<87CL�vSD@DCF64QD87?N2H9ICFBDC7;K/YQG-APFED;`� RTSD9

BG->@D;�@D?A6=2HC{/1-5;�C7;J6�BD?A@D@D87CZEG-A2!Uh[iC7^TEG2:C7;4;J9I?3@ �h��et�1�A�4��k7@D?ASD;�87/12H9Im3?A@D;cUw-~U<9wPp9I6JCK/7?A@N6J9�X
@TSDCFB.[iC7^TEG2:C7;4;49<?A@D;ZBD8Y�G@D9<C7;_BDC`P`-5@D9<O12:CFBD9<;4/12:O764CAes�!QTMT;49<RNSDC1PFC7@T61kzUt-vBD9I;J/12:87649<;=-5649<?A@
/7?T242:C7;4Ez?A@DB -dUh[iC7^T9<;464C7@D/7C0B.[iSD@ 2:87;JC1-5S�;JEG-5649t-5U�;JSG2_U<C7RTSDC7U{;4?A@T6FEDUt-5/787;`U<C7;`?A;4/79<U<Ut-bX
6JC7SG2:;c9I@DBD9<mT9<BDSDC7UI;|C7@�9<@T64C124-5/7649<?A@.e v U.@.[iM0-FBD?A@D/_-5SD/7SD@DCF24-59<;4?A@vEDQNMT;49<RTSDC_EG?3SG2cRNSDC
Ut- UI9tPF9<64C�/7?A@N6J9I@TSDC`C7^T9<;464CAe>`!@"2:81->UI9<648Aks/7?TP`PFCF@D?ASD;KUh[�-bmA?A@D;KBD8 aY�vC7@N6Y2:C7mNSuBG-5@D;KUt-
;JC7/7649<?A@'�De]�GkDUt-`/7?3@NmAC12HoAC7@D/7CK@.[�-FEG-5;ZU<9<C7S"BDO7;jRTSDC_Ut-vBD9tPFC7@D;49<?A@u;4EG->649t-5U<C_C7;46{;JSDEG8YX
2H9IC7SG2HC �

2
C76FUh[i?A@�@DCvEGC7SD6`EG-5;|;1[�-bq.24-5@D/YQD9t2K64?A6Y-5U<C1PFC7@N6KBDS�2:87;4C1->S�;4?3SD;:XIa=->/7C7@N6_�

Ut-v64QD87?T2:9<CAer,sC7;Z�h?A@D/7649<?A@D;ZBDCF/7?N242:87Ut-56J9I?3@�RTSDC_@D?ASD;K/1-5U</7SDU<?A@D;K@DCF;4?A@T6ZEG2:?AEG2:C1PFC7@T6
BD8Y�G@D9<C7;`RTSDCvEG?ASG2|SD@DCv64QD87?N2:9<Cv;4SG2_2:87;JC1-5S�C76|U<C7SG2:;`C7^TEG2:C7;4;49<?A@D;|BD87EGC7@DBDC7@T6`BDCWUt-
P�-59<UIU<C0BDS 2:87;JC1-5S

a
e!,sC7;`/1-5U</7SDU<;`;4SG2F2:87;JC1-5S�EzC7SDmAC7@T6Ln76Y2:CWPFC7@D87;1k�C76F?A@T6FEGC124PF9<;

Uh[i87Ut-5Vz?N24-56J9I?3@LBDClUw-ZEG2HC1PF9<O12:C{mAC12:;J9I?3@LBDSFoN2H?ASDEGCcBDCj2:C7@D?T24P`-5U<9<;=-5649<?A@v���5�DkA�A����eAxcC76J64C
->EDEG2:?N/YQDC0C7;46`6JC7/=QD@D9<RTSDC1PFC7@N6vU<?ASG2:BDCdC76`9<UjC7^T9<;464C�B.[}-5SD6=2:C7;F� -$87?A@D;FEDU<SD;�-5BG-5ED6J87C7;
B.[]9wPpEDUI81PpC7@N64C12~Ut-�EG2H?N/787BDSG2:C�BDC 2:C7@D?T24P`-5U<9<;=-5649<?A@.e � S"U<9<C7S�B.[i9<@N6Y2:?NBDSD9t2:C�Uw-uP`->9IU<U<C
BDS�2:87;4C1-5S

a
BG-5@D;|Uh[iC7;4EG-5/7C`BD9t2:C7/76bksUw-d64C7/YQD@D9<RNSDC�BDC � 9<U<;4?A@�/7?A@D;J9I;J64C`�09<@N6Y2:?NBDSD9t2:C

SD@DC�/7?ASDEDSG2:C
Λ ∼ 2π/a

BG-5@D;_U<C7;_9<@T6487oN24->UIC7;K;JSG2ZU\[]C7;4EG-5/7CFBDC �T?ASG2:9<C127k /A[iC7;46K�0BD9t2:C
�	2:C7;46=2:C79<@DBG2:C0U<C7;v9<@N6487oT24-5U<C7;`;4SG2F/7C76�C7;4EG-5/7C��uSD@DCdVG?ASDU<C�BDCu24-bMA?A@

Λ
�t�7�N� ��e�,sC7;

6J?AEG?AU<?Ao39IC7;FBDC7;`BDC7SD^�64QD87?N2H9IC7;`-59<@D;49cBD8Y�G@D9<C7;v;4?A@T6_BD9}qr812:C7@T64C7;1k�Uw-d64?3EG?AU<?AoA9<C�2:87;JSDU�X
6Y-5@N6cBDCKUh[i9<@T6=2:?TBDSD/7649<?A@0B.[iSD@DCK/7?ASDEDSG2:CK876Y-5@N6c@DC7646JC1PFC7@N6�EDU<SD;j;49tPFEDU<C|BG-5@D;{Uh[iC7;4EG-5/7C
BDC �T?3SG2:9<C127e��Z@�EGC7SD6�64?ASD64CY�h?A9<;`PF?A@T6=2:C12KRTSDC0U<C7;WBDC7SD^�64QD87?N2H9IC7;`-5EDEG-32:649<C7@D@DC7@N6`�
Ut-"Ppn1PFCW/7Ut-5;J;4C0B.[iSD@D9<mAC12:;=->UI9<648Ak�C76LEz?A;4;4O7BDC7@T6FU<C'PFn1PFCv/7?NPFEz?N2:64C1PpC7@N6F-5;4MDPFED64?5X
6J9IRTSDC`BDC`oT24-5@DBDC`87/YQDC7U<UICAe!,sC7;|/1-5U</7SDU<;LBDC�64QD87?N2:9<C`BDC7;|/=QG-APpED;KRNSDC`@D?3SD;_SD649<U<9<;4?A@D;1k
VG->;487;K;4SG2lBDC7;KBD87mAC7U<?AEDEGC1PFC7@T64;_-5;JMfPFED6J?A649<RNSDC7;bkD@DCFEGC7SDmAC7@T6KBD?A@D@DC12K-5/7/7O7;KRTS.[�-5SD^
RTSG-5@T649<6487;{SD@D9<mAC12:;JC7UIU<C7;1esxcC|;4?A@T6{C7U<UIC7;KRTSD9.@D?ASD;Z9<@N6J812:C7;4;4C7@T61kTC76j/7C7/79 m�-5U<9<BDCFUICF/YQD?A9<^
BDCFUh[iSD@DCF?ASdU\[}-5SD6=2:C|BDC7;KBDC7SD^'PF8764QD?TBDC7;1eX={?3SD;jCYqsC7/764SD?A@D;ZUIC�/=QD?A9<^0U<C`EDU<SD;K;49tPFEDU<C
6JC7/=QD@D9<RTSDC1PFC7@N6be

xc?NP`PpC"@D?ASD;uUh[�-bmA?A@D;�9<@DBD9<RTSD8�BG-5@D;"U<C�EG-A24-5oT24-5EDQDC��Ae��De}�Dkc@D?ASD;u;4?ASDQG-59<64?3@D;
B.[}-5VG?N2HBWC7^TEG2:9tPFC12lUIC7;ZEG-A24-3PFO76=2:C7;�BD87/12:9<m�-5@T6{U<C_/7?NPpEG?N2:6JC1PFC7@N6cCYqsC7/7649}��BDC_Ut-F64QD87?5X
2H9IC_�|SD@DCK/7C12:6Y-59<@DCj87/YQDC7U<UICAk�UI?T2:;4RTSDCj@D?ASD;c/7?A@D@G->9I;J;4?A@D;c/7C7SD^WRTSD9sBD87/12:9<mAC7@T6y/7CKPFn1PFC
/7?TPFEG?N2H64C1PFC7@T6j�0SD@DC`87/YQDC7U<U<CW9<@T�h812:9<C7SG2:CAe+,.-vEG2H87;4C7@D/7C`BDC`Ut-0/7?3SDEDSG2:C`@D?ASD;KBD?A@D@DC
Uh[i87/YQDC7U<U<CL�|Ut-5RNSDC7U<U<C_/7?T242:C7;4Ez?A@DB`@D?A6=2HC+a4C7S0BDCZEG-A24-3PFO76=2:C{RTSD9G9<@T64C12:mT9<C7@N6cBG-5@D;cUh[i87/12:9}X
6JSG2:CKBDC_Ut-v64QD87?N2H9ICAel={?ASD;lEG-A2:64?A@D;cBD?A@D/|BDCFUw-p�h?A@D/7649<?A@0BDC_EG-32:649<649<?A@0BDCFUt-`64QD87?T2:9<CAk
87/12H9I6JC_-1m3C7/jSD@DC|/7?ASDEDSG2:C

Λ
BG->@D;{Uh[iC7;4EG-5/7CKBDC7;{9tPFEDSDU<;49<?A@D;Ow

Z =

∫

0..Λ
D [ψ] D

[
−iψ̃

]
exp

{
S
[
ψ̃, ψ

]} � �zet�1�

ψ
C76
ψ̃
;4?3@N6!U<C7;�/YQG-APFED;�BDMT@G-APF9<RNSDC7;!BDSp�\?N2JP`-5U<9<;=PFC�BDC��N-5@D;4;4C7@TX 6ZCR6Z?NPp9I@D9</79<;j�}�A�Ak

�3�7�+� mA?39w2 -5@D@DC7^NC.6K�7k7C76 S[ψ̃, ψ]
C7;46.Uh[�-5/76J9I?3@_BDCcUt-{64QD87?T2:9<CAk1BD?A@D@D87C�EG-A2 SD@DC�87RTSG-5649<?A@

� �)$<&4$�� 
 >B&�2'&4F�2'6�/��".".02'&MF�$G-'$<6�6�$I6�$<- 9�5��0K@*?$ 
 $3*?L@$%5�6 �<6S#%$I6S#%>1*,LB2'&4$35�6S#%$G/1*,6S#%$'& F�/15,&Z.0$<&4>�*1>
L@#%/@D@$<& ������A ! �	�S[

	�



C
�*���<�!� &��1���z�D#-��2
�$#��1�$)+� ���$����$2 �z��� �3) ���$2

;J9wPp9IUt-59t2:Cu���h�De��A�3� � e ,gC7;`9<@N6487oT24-5U<C7;FBG-5@D;FU\[]C7;4EG-5/7CvBDC7;`9tPFEDSDU<;49<?A@D;`EG?T2:64C7@T6L;JSG2_Ut-
Vz?ASDU<CjBDC_2J-1M3?A@

Λ
e(={?3SD;�;4?ASDQG->9I6J?A@D;�/1-5U</7SDU<C12�Ut-_m5-5U<C7SG2�BDC7;yEG-324-APFO76=2HC7;+CYqsC7/7649}�\;{BDC

Ut-v64QD87?T2:9<CL��SD@DCL87/YQDC7U<U<C
Λ/b

k
b
876=->@N6{SD@uEG-A2J-APFO76=2:CZBDCFBD9<Uw->6=-5649<?A@u;4SDEz812:9<C7SG2j�

1
e

=l?ASD;c87/12:9<mA?A@D;lBD?A@D/1w

Z =

∫

0..Λ/b
D
[
ψ<
]
D
[
−iψ̃<

] ∫

Λ/b..Λ
D
[
ψ>
]
D
[
−iψ̃>

]
exp

{
S
[
ψ̃< + ψ̃>, ψ< + ψ>

]}

� �ze��A�
?

ψ<

�h2:C7;JE.e
ψ̃<
�s/7?A@T649<C7@N6sU<C7;!PF?NBDC7; BDC �T?ASG2:9<C12.BDSK/YQG-APFE

ψ
�h2:C7;4E.e

ψ̃
�sB.[i9tPFEDSDU<;49<?A@

BDCl@D?N24PFC{9<@T�h812:9<C7SG2:CK�
Λ/b

k5C76y2:87/79<EG2:?TRNSDC1PpC7@N6!Ez?ASG2
ψ>

�h2:C7;4E.e
ψ̃>
�7eA,![i9<@T6487oN24->649<?A@

EG-32:649<C7U<UIC|;4SG2cU<C7;{BD87EzC7@DBG-5@D/7C7;jBDC7;l/=QG-APpED;{BG-5@D;cU<C7;�PF?TBDC7;{BDC �T?ASG2H9IC12lBDCKoN24->@DBDC7;
U<?A@Do3SDC7SG2:;{B.[i?A@DBDC7;bkN@D?3SD;yBD?3@D@DCKU\[]C7^NEG2:C7;J;49<?A@0;4SD9<m�-5@T64C1w

Z =

∫

0..Λ/b
D
[
ψ<
]
D
[
−iψ̃<

]
exp

{
S<
[
ψ̃<, ψ<

]} � �ze��A�

?
 S<[ψ̃<, ψ<]
C7;46`/1-5U</7SDU<87C�BDCd64C7U<UICd;4?N2:6JCWRTSDC�Ut-d�h?A@D/7649<?A@�BDCdEG-A2:649<649<?A@

Z
;4?A9<6

9<@D/YQG-5@DoA87CAe
�T9GUh[i?A@v;4C{/7?3@N64C7@T64C{BDCZ/7C76464Cl?AEG8124->649<?A@.k5?A@0-K6=2:9<mT9t-5U<C1PFC7@N6�U<C7;jPFn1PFC7;��\?A@D/76J9I?3@D;

BDC|/7?N242:87Ut-56J9I?3@0C76jBDCF2:87EG?A@D;JCKEG?ASG2lU<C7;jBDC7SD^0C7^TEG2:C7;4;49<?A@D;ZBDC_Ut-�64QD87?N2:9<CAkDC7^TEG2:9tPF87C7;
;J9wPpEDUIC1PpC7@N6F�vU\[}-59<BDC`BDCjaJC7SD^'BDC�EG-A24-APFO76Y2:C7;jBD9}qs812:C7@N6J;1k

Λ
876=-5@T6jSD@	BDC`/7C7;_EG-A2J-bX

PpO76=2:C7;1es��-59<;|Uw- /7?ASDEDSG2:C
Λ
� ?ASuUt-0P`-59<U<UICvBDS�2:87;JC1-5S

a
�Z9<@T6=2:?TBDSD9I6KSD@DC�87/=QDC7U<U<CWBDC

2H8Y�\812:C7@D/7CKBG->@D;jU<CFEG2:?AVDU<O1PFCAkDC76Z9<U+@D?3SD;c� ->SD6{/7?NPFEG-A2HC12cU<C7;jBDC7SD^0C7^TEG2:C7;4;49<?A@D;ZBDC_Ut-
6JQD87?N2:9<CjBG->@D;{BDC7;{SD@D9<6487;{BDCKU<?A@DoASDC7SG2�BD9�qs812:C7@T64C7;1kDBDCZ� -$87?A@0�|/7CKRNSDCK/7C7U<U<C7;:X /79!-59<C7@N6
Ut-`Ppn1PFCj87/YQDC7U<U<C_BDCK2:8Y�\812HC7@D/7C �:CYqrC7/7649<mAC��=eDxcC7/79s/7?N242HC7;4EG?A@DB0-5U<?N2:;cVD9<C7@��|/7?A@D;49<BD812:C12
Ut- BDC7;4/12:9<ED649<?A@"CYqsC7/7649<mACWBDC�Uw-dPFn1PFCF64QD87?N2H9ICv�0BDC7;_87/YQDC7U<U<C7;LBD9}qs812:C7@N6JC7;1e �Z@�/7?TP|X
EG-32:C{-5U<?N2:;!C7@T6=2:C{C7U<U<C7;cUIC7;�oN24-5@DBDC7SG2H;!/1-5U</7SDUI87C7; #-��) �$�� � ���1��2  �KUh[i87/YQDC7U<U<CjBDCj2H8Y�\812:C7@D/7C
BDC|/=QG->/7SD@DC_BDC7;Z64QD87?N2:9<C7;1e �Z@dEGC7SD6ZBD81PF?A@T6=2:C12�RTS.[�-5EG2:O7;{/7C76J64CKBDC12:@D9<O12:C_?3EG8124-56J9I?3@.k
->EDEGC7U<87C_BD9<Ut-56=-56J9I?3@0B.[i87/=QDC7U<U<CAkD@D?ASD;lEG?ASDmA?3@D;y87/12H9w2HC w

Z =

∫

0..Λ
D
[
ψR
]
D
[
−iψ̃R

]
exp

{
SR
[
ψ̃R, ψR

]} � �zei�N�

?
 SR -dUw-uPFn1PpCW;46Y2:SD/764SG2:C`RTSDCvU\[}-5/7649<?A@ S k�C7^NEG2H9wPp87CWC7@�64C12JPFC7;_BDCvoN24-5@DBDC7SG2H;BD9<64C7;Z2:C7@D?N24P`->UI9<;487C7;K�t�b�Nkz�D�J��e
,.-�EG2:87;4C7@D/7C_BDC|64C124PFC7;l@D?A@TX U<9I@D81->9w2HC7;KBG-5@D;jUh[i87RTSG-5649<?A@dBDMN@G-3PF9<RNSDCAkDRTSD9�;4C_6=2J-bX

BDSD9<6KEG-A2ZBDC7;K6JC124PFC7;{@D?A@uRTSG-5BG24-56J9IRTSDC7;ZBG-5@D;KUh[�-5/7649<?A@.kz@D?ASD;KC1PFEzn7/=QDCFBDC|� ->9w2HCLSD@
/1->UI/7SDUcC7^D-5/76FBDCW/7C76J64CW6Y24-5@D;:�h?N24P`->6�9<?A@.kzC76F@D?ASD;FBDC7mA?A@D;F6=24->9I6JC12KU<C7;F@D?A@TX U<9I@D81-32:9<6487;
EzC12:64SG2:VG->649<mAC1PFC7@T61e
^ C7/=QD@D9<RTSDC1PFC7@N6bksUIC7;F64C12JPFC7;jBDC�Uw- ;4812:9<C`EzC12:64SG2:VG-56J9Im3C_EGC7SDm3C7@N6
n76Y2:CW2:C7EG2:87;JC7@N6487;K;J?ASD;K�h?N24PFCFBDC`BD9t-5oT24-AP`PFC7;KBDC �TC7MT@GP`-5@.k.BD?3@N6KU<C7;F/7?A@TmAC7@N6J9I?3@D;
BDC_2HC7EG2:87;4C7@T6=-5649<?A@FEG?3SG2c@D?A6=2:Cl64QD87?N2:9<CZ;4?A@T6�EG2:87/79<;487C7;{BG->@D;yUh[�->@D@DC7^NC_xKeT,![i?N2HBG2:CjBDS
BD87m3C7UI?3EDEGC1PFC7@T6jCYqsC7/764SD8F;4C_6Y24-5BDSD9<6{oN24->EDQD9IRTSDC1PFC7@T6{EG-A2cUt-vEG2:87;JC7@D/7C_B.[iSD@d@D?NP|VG2:C
BD?3@D@D8{BDC��:VG?3SD/7UIC7; ��BG->@D;!UIC7;cBD9t-5oN2J-AP`PFC7;!2:C7EG2:87;4C7@T6=-56J9��h;�BDC7;!BD9�qs812:C7@T64;�64C12JPFC7;1kbRNSD9
/7?T242:C7;4Ez?A@DBW-5S`@D?TP_VG2HC{B.[i9<@N6J87oN24-5U<C7;!EG2:87;4C7@T64C7;�BG-5@D;cUIC7;cC7^TEG2:C7;4;49<?A@D;�BDCj/7C7;c64C12JPFC7;1e
x~[iC7;46_Ez?ASG2:RTSD?A9!/7CvBD87mAC7U<?AEDEGC1PFC7@T6FC7;46`-5SD;4;49�->EDEGC7U<8 �:BD87mAC7U<?AEDEGC1PpC7@N6FC7@�@D?NP|VG2:C
BDCuVz?ASD/7U<C7;��=eV=l?ASD;�-bmA?A@D;`mTS$BG-5@D;0U<C"EG-A24->oN24-5EDQDC��De}�De��	C76WoN2J�5/7C"-5SD^ 2:C7Ut-5649<?A@D;

718 $'6�6�$N&�$'-<6S�0>�5 / <@/�5�6 *�5 -'/1#%/@-'6�=%#%$ DB235?23#%/�.�A+5?>�*?& >B(4$'6�6�>�5?&O.0$'& �"5?F��0-'$'&NF�$'&EL�/1#��0/�!�.0$'& F�$
- 9?/@( 
?&'[

	7�



�����!C��R#-�$��/F� �7� #;��2
�$#!���t) � ���$����$2 �7�!�D�������*)3) �$����(#-�D�!�$��/X) &��

� �De��A�A��RTSDCKUt-F�h?A@D/7649<?A@D@DC7U<U<C
Γ[Ψ̃,Ψ]

EG?ASDm5-59<6{n76=2:CKmTSDCK/7?NP`PpCjSD@DC_-5/76J9I?3@WCYqsC7/7649<mAC
BDC�Uw-d64QD87?T2:9<Cp->EG2:O7;_9<@T6487oN24-56J9I?3@';JSG2ZUIC7; 9GSD/764SG->649<?A@D;1e.,sC7;|BD812:9<mA87C7;K�h?A@D/7649<?A@D@DC7U<U<C7;
BDC

Γ
BD?A@D@DC7@N6KU<C7;KEG-A2J-APFO76=2:C7;lCYqrC7/7649}�h;_BDC`Ut-v64QD87?N2H9ICAeX6F[�-5SD6Y2:C_EG-A2H61kDBG-5@D;KSD@"/1->U�X

/7SDUzEGC12:6JSG2:VG-5649}�4k5/7C7;�BD812:9<mA87C7;��h?A@D/7649<?A@D@DC7U<U<C7;y;J?A@N6�2HC7EG2:87;4C7@T6487C7;!EG-A2!U<C7;cBD9t-5oN24-3P`PFC7;
� X EG-A2:649</7SDU<CW9t242H87BDSD/7649<VDUIC7;F;=->@D;LEG2H?AEG-5oN-56JC7SG2{C7^T64C12:@DC`BDCvUt-d64QD87?N2:9<CAk!-5EDEGC7U<87;`-5SD;4;J9
m3C12:64C7^0EG2:?AEG2HC7;1e<6K->@D;jSD@u;4/YQD81P`-�BDCW2:C7@D?N24P�-5U<9I;Y-5649<?A@0BDC � 9IU<;4?3@.k.U<C7;KEG-A24-APpO76=2:C7;
2HC7@D?N24P`-5U<9<;487;c9<@N6JC12:mAC7@G-5@T6cBG-5@D;{Uh[iC7^TEG2:C7;4;49<?A@0BDCKUh[�-5/76J9I?3@ SR ;4?A@T6{87oN-5SD^W->SD^WEG-A2J-bXPpO76=2:C7;�B.[]?N2:9<oA9<@DC�-ba4?3SD6487;!BDCKUt-_;J?NP`PFC{BDC7;cBD9t-5oN2J-AP`PFC7;�RNSD9z9I@T64C12:mT9<C7@D@DC7@N6cBG-5@D;cU<C
BD87m3C7UI?3EDEGC1PFC7@T6�EzC12:64SG2:VG-56J9��.BDC{Ut-|BD812:9<mA87Cl�\?3@D/7649<?A@D@DC7U<UICZBDC

Γ
RTSD9GU<C7SG2�C7;46y-5;J;4?N/79<87CAe

,gC7;+9<@T6487oN24-5U<C7;sBG-5@D;�Uh[iC7;4EG-5/7C!BDC7;.9tPFEDSDU<;49<?A@D;�->;4;4?T/79I87C7;�-5SD^jVz?ASD/7U<C7;+BDC7;�BD9t-5oN24-3P`PFC7;
;JCZ�\?A@T6{;4SG2�Uw-�/7?ASD/YQDCKB.[i9tPFEDSDU<;49<?A@D;KBDCK@D?N24PpCK/7?NPFEG2:9<;4CKC7@T6=2:C

Λ/b
C76

Λ/(b exp δl)�\mA?A9t2�C7@N6=2HC�-5SD6Y2:C7;K�t�7�N� �+C76_�t�1���\��e

� r*cldW� h b�hng�c
b�jks r3f�i!s d�f*clg hnd �Ic
f3g>d�i ���<h i
�{-5EDEzC7UI?3@D;{RNSDCZ@D?ASD;c;4?ASDQG->9I6J?A@D;{-5/7/787BDC12c-5SW/7?TPFEG?N2H64C1PFC7@T6!BDCKoN24-5@DBDCZ87/=QDC7U<U<C

BDSF;4MT;464O1PpCAe =l?ASD;!BDC7mA?A@D;�BD?A@D/ � /<#!�5�$#!� CYqsC7/764SDC12�U<C7;!?AEG812J-5649<?A@D;!EG2:87/787BDC7@T64C7;�EG?ASG2
SD@FoN2J-5@DBK� -5/764C7SG2 BDCcBD9IUt-56Y-5649<?A@

b
e �K2 U<C7;�9<@T6487oN24-5U<C7;�BDCcUw-Z;J812:9<CyEzC12:64SG2:VG->649<mAC�BD87/12:9<64C

EG2H87/787BDC1P`PFC7@T6j@DCF;4?A@T6{EG-5;l� -5/79<UIC1PpC7@N6K/1-5U</7SDUt-5VDU<C7;1e>`�@ 2HC7m�-5@D/YQDCAkG@D?3SD;�-bmA?A@D;�� -bX
/79<U<C1PFC7@T6j-5/7/7O7;j->SD^`C7^NEG2HC7;4;49<?A@D;{BDC7;{BD812H9Im387C7;{BDC7;cEG-A24-APFO76Y2:C7;�CYqsC7/7649}�\;{C7@v�h?A@D/7649<?A@
BDSd� -5/764C7SG2cBDC|BD9<Uw->6=-5649<?A@

b
e
^ C7/=QD@D9<RTSDC1PFC7@T6j@D?ASD;ZEG-A2:6J?A@D;{B.[iSD@DC|64QD87?N2:9<C_CYqsC7/7649<mAC

BD87/12H9I6JC �	SD@DC�87/YQDC7U<U<C
Λ/b

� BD?3@N6`Ut-	m�-5U<C7SG2vC7@$64C124PpC7;`BDC7;0SD@D9I6J87;0CYqrC7/7649<mAC7;vC7;46
Λ
�7k�C76j@D?ASD;Z/YQDC12:/=QD?3@D;j�`/1->UI/7SDU<C12ZU<C7;KEG-A24-3PFO76=2:C7;cCYqrC7/76J9��h;KBDCF/7C76464C_PFn1PpC_64QD87?N2H9IC

� SD@DC'-5SD6=2HCW87/YQDC7U<UIC
Λ/b′

k�?�

b′ = b exp δl

e��!SD9<;4RTSDC�U<C0� -5/764C7SG2|BDCdBD9IUt-56Y-5649<?A@
b@.[]9I@T64C12:mT9<C7@N6cEG-5;cC7^TEDU<9I/79<64C1PpC7@N6{BG->@D;yUh[iC7^TEG2:C7;4;J9I?3@WBDCZUh[i9<@N6487oT24-5U<C{�h?A@D/7649<?A@D@DC7U<U<C �\@D?5X

6Y-AP`PFC7@T6.oN24�>/7Cy�ZUt-ZBD9<Uw->6=-5649<?A@FB.[i87/YQDC7U<UICAk3RNSD9D-ZC7@T6=2:Cy->SD6=2:C7;�EG?ASG2�CYqsC76!BDC{oN-A2:BDC12
Λ/7?3@D;46=-5@T6y-5Sv/7?ASG2:;cBDCKUt-|EG2:?T/787BDSG2:CjBDC_2HC7@D?N24P`-5U<9<;=-56J9I?3@G�7kAU<CK/1-5U</7SDUsC7;46cC7^f->/764C1PFC7@T6

9<BDC7@T649<RNSDCKRTSDC7UsRNSDCZ;4?A9<6
b
kTC76cU\[]C7^NEG2:C7;J;49<?A@WBDC7;cEG-A2J-APFO76=2:C7;�2HC7@D?N24P`-5U<9<;487;{�KUh[i87/YQDC7U<U<C

b exp δl
@DCFBD87EGC7@DB"EG-5;KC7^TEDU<9</79I6JC1PFC7@N6KBDC

b
esxc?A@D;49<BD812:?3@D;�-5U<?N2H;jUh[iC7^TEG2:C7;4;49<?A@uBDCFUt-

BD812H9Im387C0B.[iSD@ EG-A2J-APFO76=2:C�CYqrC7/7649}�
x
BDCdUw- 64QD87?N2:9<C0C7@��h?A@D/7649<?A@�BDC0Uh[i87/YQDC7U<U<CAeR={?ASD;

-bmA?3@D;Vw
dx(b)

d ln b
=

dx(beδl)

d(δl)
|δl=0 = { SD@DCZ�h?A@D/7649<?A@0;4C7SDU<C1PFC7@T6{BDC7;{EG-324-APFO76=2HC7;��FUh[i87/=QDC7U<U<C b}

,�[iC7^NEG2HC7;4;49<?A@�BDC7;`BD812:9<mA87C7;vBDC7;`EG-A2J-APFO76=2:C7;|C7@��h?A@D/7649<?A@�BDC
b
/7?A@D;J649<64SDC0BD?A@D/�SD@

;JMN;46JO1PFCFBD9�qs812:C7@T649<C7U�->SD64?A@D?NPFC � BDS�EG2HC1PF9<C12K?N2:BG2HCLBG->@D;_Ut-dm�-A2:9t-5VDU<C
l = ln b

e.xcC
;JMN;46JO1PFC_C7;46K/7?3@D;4649<64SD8`B.[i87RTSG-5649<?A@D;ZBD9}qr812:C7@T649<C7U<U<C7;`@D?A@TX U<9<@D81-59t2:C7;_/7?ASDEDU<87C7;1k RNSD9!BD8YX
/12H9Im3C7@N6KUh[i87mA?3UISD6J9I?3@'BDC7;|EG-A24-APpO76=2:C7;{CYqsC7/7649}�\;KC7@u�h?A@D/7649<?A@uBDC`Uh[i87/YQDC7U<U<CAk.C76KRTSD9!;4?A@T6
->EDEGC7U<87C7; �:87RTSG-5649<?A@D;cBDCKoN2H?ASDEGCKBDC_2:C7@D?T24P`-5U<9<;=-5649<?A@ �=e

={?3SD;_-1m3?A@D;_2:CY�h?N24P|SDU<8`U<CWEG2:?3VDUIO1PpC`BDS�/1->UI/7SDUcBDC`Uh[i87m3?AU<SD649<?A@�BDC7;|EG-A24-APpO76=2:C7;
C7@p�\?A@D/76J9I?3@`BDC{Uh[i87/YQDC7UIU<CAkDEG->;4;=-5@T6+B.[]SD@`/1-5U</7SDUGB.[i9<@T6487oN24->UIC7;c�ZUh[i9<@N6487oT24-5649<?A@FB.[iSD@`;JMN;:X
6JO1PFCKBD9}qr812:C7@T649<C7Uher,.-p@D?ASDmAC7U<U<CK�h?N24PFCKC7;46c9<@T64SD9<649<mAC1PFC7@T6j@DC7646JC1PFC7@N6cEG2:8Y�h8124-5VDU<CAe `!@
CYqsC761kT@D?ASD;{Ez?ASDmA?A@D;c6=24->/7C12!U<C"9G?A6cB.[i87mA?AU<SD649<?A@0BDS_aJC7SD^`BDCKEG-A2J-APFO76=2:C7;�C7@`�h?A@D/7649<?A@
BDC�U\[]87/=QDC7U<U<CAe�TSG2ZSD@DCWPFn1PFCFU<9<oA@DCWBDC�9G?A6K;4C`;49<64SDC7@T6KBDC7;yaJC7SD^�BDC�EG-A24-APFO76Y2:C7;jBD8YX
/12H9Im5-5@T6_U<C Ppn1PFC`;4MT;464O1PFCFEDQTMN;J9IRTSDC0�0BDC7;_87/YQDC7U<U<C7;LBD9}qs812:C7@N6JC7;1e!,sC`EG?39I@T6F/12:9<649<RNSDC

� 8)= $<&�6 U4F��"#%$ZK@*�� 5?$)H�/��06 
,/B& �"5�6�$3#%L@$35��"#+.0/GL1/�#��0/�!�.0$
l = ln b

F�$+(4/�5�� =3#%$�$�� 
�."�0-3�06�$@[

	��



C
�*���<�!� &��1���z�D#-��2
�$#��1�$)+� ���$����$2 �z��� �3) ���$2

/7?T242:C7;4Ez?A@DB_-5SFEG?A9<@T6.�G^TCcBDSFoN2:?ASDEzC�BDCy2HC7@D?N24P`-5U<9<;=-56J9I?3@.k7C76+U<C7;!EG2:?3EG2:9<876487;+BDSFEz?A9<@N6
�G^TCvBD?A@D@DC7@N6|U<C7;LRTSG-5@T649<6487;KSD@D9<mAC12:;4C7U<U<C7;'� m3?A9t2ZUIC0EG-324-5oN24->EDQDCW�Ae���e��A�7es,![i9<@Tm�-A2:9t-5@D/7C
B.[]87/=QDC7U<U<C_-5S`Ez?A9<@N6��G^TCj9tPFEz?A;4CK-5SD^`oN24->@DBDC7SG2:;!EDQNMT;49<RTSDC7;yBDCK;b[i87/12:9t2:C{;4?3SD;�Ut-~�\?N2JPFC
BDC0U<?A9<;`B.[]87/=QDC7U<U<CAe�xc?NP�PFC`@D?ASD;FUh[�-bmA?A@D;|BD9I6bk+U<C0/7?NPpEG?N2:6JC1PFC7@N6KBDC7;�87RNSG-56J9I?3@D;LBDC
oT2:?ASDEGCZBDCK2:C7@D?N24P`->UI9<;=->649<?A@ ->SWmA?39I;J9I@G->oACjBDSvEG?39I@T6c�G^TCjBD?3@D@DC_-5/7/7O7;{-5SW/7?TPFEG?N2H64CYX
PpC7@N6!CYqsC7/7649}�gB.[]SD@`;4MT;464O1PFC �:EG2:C7;4RTSDC{/12:9<649<RNSDC��{;4SG2�SD@DClUw-32:oACcoN-AP`PpC�B.[i87/YQDC7U<UIC7;beN,.-
U<9<@D81-A2:9<;=->649<?A@uBDC7;K87RNSG-56J9I?3@D;�-5SD6J?ASG2{BDSuEz?A9<@N6Z�G^TCFEGC124PFC76ZSD@DC`9<@T6487oN24-56J9I?3@�-5@G-5U<MAX
6J9IRTSDCAeD,sC7;cm�-5U<C7SG2:;cEG2:?3EG2:C7;�BDSv;4MT;464O1PFC{U<9<@D81-A2:9<;48KBG->@D;�Ut-|m�-A2:9t-5VDU<C

l = ln b
BD?3@D@DC7@N6

BDC7;!U<?A9<;!BDC�EDSD9I;J;=-5@D/7CcBG-5@D;�Uw-Zm5-A2:9t-5VDU<C
b
e�,gC7;!C7^NEz?A;=-5@T64;+-5;J;4?N/79<87;�;4?A@T6.BDC7;!RTSG-5@N6J9I6J87;

SD@D9<mAC12H;4C7U<UIC7;ZC76{;4?3@N6{-5EDEzC7UI87; �:C7^NEz?A;=-5@T64;c/12:9<649<RNSDC7; �=e

� c
g+�>f3d�f*clgpi �>h b�h(g\clb�j s r*f�i!s d�f*clg h(dW� f3jkh(gpi!f3c
gIiOs g�c
b�jks r3h�i
`!@ 2:81->UI9<6480U<Cd/1-5U</7SDUjBDC0Uh[�-5/76J9I?3@�CYqrC7/7649<mAC SR[ψ̃R, ψR]

k!BD8Y�G@D9<C�BDCd64C7U<UICd;4?N2:6JC
RTSDCFUt-F�h?A@D/7649<?A@dBDCLEG-32:649<649<?A@

Z
;J?A9<6K9I@Tm�-32:9t-5@N6JC_;4?ASD;K2:C7@D?N2JP`-5U<9<;=-5649<?A@.kT@D?ASD;ZUt-59<;4;4C

SD@�/7C12:6=->9I@�@D?NP|VG2:CvBDCWBDC7oT2:87;FBDCWU<9<VGC12:6J8Ak!C76FEDUISD;J9IC7SG2H;`87/12:9<64SG2:C7;FBD9}qr812:C7@T64C7;FUt-59<;:X
;JC12:?A@T6_Ut- �\?A@D/76J9I?3@"BDC0EG-A2:649<649<?A@

Z
9<@D/YQG-5@DoA87CAe\v UcM�-dBD?A@D/WSD@�/7C12:6=->9I@�-A2:VD9<6=2J-59t2:C

�\?ASW/YQD?A9<^D��BG->@D;yUt-|� -$87?A@vBD?A@T6�@D?ASD;l9wPpEDUI81PpC7@N64?3@D;yU<CKoN2H?ASDEGCZBDC_2:C7@D?N24P�-5U<9I;Y-5649<?A@.e
, -�6JC7/=QD@D9<RTSDC0SD;4SDC7U<UICd/7?A@D;49<;464C0�dBD87/79<BDC12FRNSDCv/7C12:6=->9I@D;FEG-A2J-APFO76=2:C7;KBDC0Ut-d64QD87?N2H9IC
2HC7;464C7@T6K9I@D/YQG-5@DoA87;FEG-A2|2:C7@D?N24P�-5U<9I;Y-5649<?A@.ks/7CvRNSD9coAO7U<CvUIC7;FBDC7oN2H87;LBDCvU<9<VGC12:648Ae!xcC76J64C
->EDEG2:?N/YQDCcC7;46!/7C12:6=->9I@DC1PpC7@N6!/7?NPpEG-5649<VDU<C�-bmAC7/cUh[iC7^T9<;464C7@D/7C{BDC{Ez?A9<@N6J;��G^NC7;1k5C76�EGC124PpC76
B.[}-1m3?A9t2.U<CjPF9<@D9tP|SGP�BDC{/7?3@N6=2J-59<@N64C7;�EG?3;4;49<VDU<CjEz?ASG2�U<C7SG2!C7^T9I;J64C7@D/7CAeNxcCc/YQD?A9<^F9wPpEG?A;4C
C7@�2:C7m�-5@D/YQDCFBDCW2:C7@D?N2JP`-5U<9<;4C12ZU<C7;_/YQG-APFED;ZBDC`Ut-064QD87?N2H9ICAk.->9I@D;J9!RNSDC`Ut- /7?N?N2HBD?A@D@D87C
6JC1PFEG?N2HC7UIU<C��AeD�!QTMT;49<RNSDC1PFC7@T61kTUt-|EG2:?N/787BDSG2HCKC7;46c/7Uw->9w2HC1wDC7@0CYqrC761kTBDC_PFn1PpCjRTS.[i9<U.MW-
SD@DC|SD@D9<648KBDC_U<?A@DoASDC7SG2�@G-564SG2:C7U<U<CKRNSD9 BD87EGC7@DB�BDC|Uh[i87/=QDC7U<U<C`�FUt-5RTSDC7UIU<C|?A@�2:C7oN-A2HBDCjU<C
;JMN;46JO1PFCW� C76ZRNSD9.BG->@D;j/7CF/1-5;Zm�-A2H9IC|;49tPFEDU<C1PFC7@T6jEG2:?3EG?N2:6J9I?3@D@DC7UIU<C1PFC7@T6K�`Uh[i87/YQDC7U<UIC`�
Ut-5RTSDC7U<U<Cj?A@`2:C7oT-A2:BDCcU<C{;4MT;464O1PFC1�7k�9IUzM`-ZSD@DC{SD@D9<648{BDC{64C1PpED;!C76!SD@DC{SD@D9<648{BDCjPFC7;JSG2:C
BDCFUh[�-APpEDUI9<64SDBDCFBDC7;K/YQG-APFED;K-5;4;4?T/79<87C7;��v/YQG-5RTSDC_87/YQDC7U<UICAe � U<?N2H;jBDC`PFn1PFC|RNSDCFUh[i?A@
-pmNSdRNS.[i9<U�@D?ASD;c� -5U<Ut-59<6�2:C7BD8Y�G@D9t2lU<C7;KSD@D9I6J87;jBDC|UI?3@DoASDC7SG2{C7@ �\?3@D/7649<?A@0BDC_Uh[i87/YQDC7U<UIC`�
Ut-5RTSDC7U<U<C{?A@`2:C7oN-A2HBDC!UICl;4MN;J64O1PFCAk79<UD@D?ASD;�� -5SD6!-5SD;4;49DPFC7;4SG2:C12gUIC7;�/=QG-3PFED;+C76�U<C7;�64C1PpED;
BG->@D;KBDC7;_SD@D9<6487;_RTSD9�BD87EzC7@DBDC7@N6|BDC`Uh[i87/YQDC7UIU<CAe!,![i9<@T6487oN24->649<?A@�;4SG2ZU<C7;|@D?A@TX U<9I@D81-32:9<6487;
9<@T6=2:?TBDSD9<6_SD@DCW2:C7@D?T24P`-5U<9<;=-5649<?A@d@D?A@"6=2H9ImT9t-5U<C`BDC`/7C7;|SD@D9I6J87; � C7@"EDU<SD;|B.[iSD@DC`;49tPFEDU<C
BD9<Ut-56=->649<?A@0B.[i87/YQDC7UIU<C1�7e � S�EG?39I@T6c�G^TCAkDUh[i9<@Nm5-A2:9t-5@D/7C|B.[i87/=QDC7U<U<CF9tPFEG?A;JC_RTSDCK/7C7;jSD@D9<6487;
;J?A9<C7@N6KBDC7;|UI?39I;|BDC`EDSD9<;4;=-5@D/7CvC7@u�h?A@D/7649<?A@uBDC`Uh[i87/YQDC7U<UICv;4EG-56J9w->UICAe.,gC7;_C7^TEG?A;=->@N64;KBDC
/7C7;FU<?A9<;`BDCvEDSD9<;4;=-5@D/7C7;F;4?A@T6L->EDEGC7U<87;`BD9tPFC7@D;49<?A@D;W->@D?N24P`-5U<C7;1ksEG-32K?AEDEz?A;49<649<?A@�-5SD^
BD9tPFC7@D;J9I?3@D;{/1-5@D?A@D9<RTSDC7;1e

�(����� � � �!���!) ��� ����� �����-����)*�!"���� #�� ������� ��#$�����-��� %-� "�� � ��#$�������

���Xjke(d�b�f3h i
={?3SD;_-1m3?A@D;jBD9<6FRTSDC`U<C7;_EG-A24-3PFO76=2:C7;K2:C7@D?N24P�-5U<9I;J87;K;1[iC7^TEG2:9tP`-59<C7@N6_� EG-A2:649t2ZBDC7;

BD812H9Im387C7;WBDC0Ut- �\?A@D/76J9I?3@D@DC7UIU<C
Γ
e�6F[}-5SD6=2:CvEG-A2:61k�U<C7;vEG2:?AEG2:9<876487;`BDCd;4MDPF876=2:9<C0BDC�Ut-

6JQD87?N2:9<Cj@D?3SD;{EGC124PpC76464C7@T6�BDC_PF?A@T6=2:C12�RNSDCK;JC7SDUIC7;Z/7C12:6=->9I@DC7;cBD812:9<mA87C7;lBDCK/7C76464Cl�\?A@D/YX
6J9I?3@D@DC7UIU<C|EGC7SDmAC7@T6{n76=2:CZ@D?A@0@TSDU<UIC7;beG�!-A2�/7?A@D;487RTSDC7@N6bkA;4C7SDU<;Z/7C12:6=-59<@D;cEG-A24-APpO76=2:C7;�BDS
BD87m3C7UI?3EDEGC1PFC7@T6jBDCO^+-bMTU<?N2{BDC|Uh[�-5/7649<?A@dCYqrC7/7649<mACFBDC_Ut-v64QD87?T2:9<CKEGC7SDmAC7@T6jn76Y2:CL2:C7@D?T2 X

� � >��"#Q&S*�#�-'$ 
 >1�"5�6 .0$+-'>B(4(4$35�6�/1�"#%$4F * 
,/1#%/@D1#%/ 
�9,$���[ ��[ $�[
	'&



�����!C��R#-�$��/F� �7� #;��2
�$#!���t) � ���$����$2 �7�!�D�������*)3) �$����(#-�D�!�$��/X) &��

P�-5U<9I;J87;1e\=l?ASD;KBD876=-59<U<U<C12:?A@D;|BG-5@D;_U<CvEG-A24-5oN2J-5EDQDC_�Ge}�De��DkDC76|BG-5@D;_U<C`/1->BG2:C`BDC`@D?A6Y2:C
6JQD87?N2:9<CAk1U<C7;c2:C7;46=2:9</7649<?A@D;�RTSDC{@D?ASD;!?AVD64C7@D?3@D;+;4SG2�Ut-K2:C7@D?T24P`-5U<9<;=-5649<?A@|BDC7;!EG-A24-APpO76=2:C7;
C76lRNSD9s;4?A@T6cBDSDC7;j-5SD^vEG2:?AEG2:9<876487;cBDC|;4MfPp876=2:9<C7;1e

�qf3j hngIi!f*clgpi m$s g\clg\f��lo\h i
�!-A24PF9DU<C7;cEG-A24-3PFO76=2:C7;!BD?A@T6cUt-L2HC7@D?N24P`-5U<9<;=-56J9I?3@`C7;46{-5SD64?N2H9I;J87C{EG-A2!;JMfPF876Y2:9<CAkAU<C7;

EG-324-APFO76=2HC7;{@D?A@"EzC12:649<@DC7@N6J;1ksRNSD9!;J?A@N6_P|SDU<649<EDU<9<87;LEG-32ZSD@u� ->/764C7SG2Z/7?A@T6=24-5/76=->@N6{EG-32
BD9<Ut-56=->649<?A@FB.[i87/=QDC7U<U<CAk5@DCc/=QG->@DoAC7@N6 EG-5;+U<C{/7?TPFEG?N2H64C1PFC7@T6r/12H9I6J9IRTSDCcBDCcoN24-5@DBDC�87/=QDC7U<U<CAk
C76cEzC7SDmAC7@N6lBD?A@D/Kn76=2:CZ@D87oAU<9<oA87;{BG-5@D;{U<CK/1-5U</7SDU 0 eD��?ASG2�BD8764C12JPF9<@DC12�U<C|/1-A24-5/764O12HC{EGC12 X
6J9I@DC7@T6F?AS"@D?A@�B.[iSD@"EG-324-APFO76=2HCAks9IUc@D?ASD;~� ->SD6_/7?A@D@G-��<6=2HC`;=-0BD9tPFC7@D;J9I?3@�/1-5@D?A@D9<RNSDC
dc
kARTSD9sBD?A@D@DCjUh[iC7^TEG?3;=-5@T6�BDS�� -5/76JC7SG2!EG-A2�UIC7RTSDC7UsU<CKEG-A24-APFO76Y2:C�C7;46{P|SDU<649<EDU<9I8KU<?N2H;yBDC

Uh[i?3EG8124-56J9I?3@WBDCKBD9<Ut-56=-56J9I?3@0B.[i87/=QDC7U<U<C �
x→ xedcδl

�7e
xc?NP`PpCj@D?ASD;ZUh[�-bmA?A@D;cBD9<6KEG2:87/787BDC1P`PFC7@T61kT9<U+M�-�SD@�/7C12H6=-59<@�-A2:VD9<6=24->9w2HCKBG-5@D;jUt-

� -$87?A@vBDCK2:C7@D?N24P`->UI9<;4C12�Ut-|64QD87?N2:9<CAkTC76c@D?ASD;cBD87/79<BD?A@D;{BDCKoN-A2HBDC12!/7?A@D;46Y-5@N6JC{Ut-Fm�-5U<C7SG2
BDCZ/7C12:6=->9I@D;cEG-A2J-APFO76=2:C7;�BDCZU\[}-5/7649<?A@ S ;4?ASD;y2HC7@D?N24P`-5U<9<;=-56J9I?3@.eAxcC7Ut-_BD9<61kT9<Us@D?ASD;�� ->SD6C7@D/7?T2:C{/YQD?A9<;49t2�U<C7;{EG-324-APFO76=2HC7;+RTSDCj@D?3SD;�BD87/79<BD?A@D;{BDCZoN-A2:BDC12�/7?3@D;46=-5@T64;1eA,sC7;cBDC7oN2H87;
BDC|U<9IVzC12:648FBG-5@D;ZUh[i87/12:9<64SG2:C|BDC_Uh[�-5/7649<?A@u2:C7@D?N24P�-5U<9I;J87CK;4?A@T6{C7@0� -59<6�->SD6=-5@T6yBDCFBDC7oN2H87;
BDC|U<9IVzC12:648|BG-5@D;{Ut-`EG-324-APF876=2H9I;Y-5649<?A@`BDC7;ZEG?A9<@T64;c�G^TC7;'wf�G^NC12cSD@d/7C12:6=-59<@0@D?NP|VG2:CKBDC
EG-324-APFO76=2HC7;!BG-5@D;�U<CK/1-5U</7SDUsBDCjUh[�->/7649<?A@W2:C7@D?N2JP`-5U<9<;487CAkAEDSD9<;{/YQDC12:/YQDC12!U<C7;cEG?A9<@T64;��G^NC7;
BG->@D;�/7CZ/1-5BG2:CAk5/7?N242HC7;4EG?A@DBv�KEG-A24-3PF876=2:C12 U<C7;yEz?A9<@N6J;��G^TC7;�BDCZUt-|64QD87?N2:9<Cj�~U\[}-59<BDCjBDC7;
EG-324-APFO76=2HC7;{RNSDC�U\[]?A@"-v�G^T87;1e>_{@"-5SD6Y2:CF/=QD?A9<^dEG?ASG2~UIC7;|EG-A24-APpO76=2:C7;c�G^T87; �'/<#����$#!�
/7?3@DBDSD9w2J-59<6{;49tPFEDU<C1PFC7@T6j�FSD@DC_2:C7EG-A2J-APF876=2:9<;=->649<?A@FBDC7;{EG?A9<@T64;c�G^TC7;1e

`!6=->@N6cP`-59<@N6JC7@G-5@N6c/7?A@Tm�->9I@D/7SD;lBDC_/7CKU<9<VG2:CF/=QD?A9<^skD/7?A@D;49<BD812:?3@D;yUt-�64QD87?N2:9<CKoN->SD;:X
;J9IC7@D@DCAe>6K->@D;j/7CF/1-5;K-5SD/7SD@DC`2:C7@D?N24P�-5U<9I;Y-5649<?A@0@D?A@d6=2:9<mN9t-5U<CF@.[i9<@T64C12:mT9IC7@T61kzU<C7;Km�-A2:9t-bX
6J9I?3@D;�BDC7;�EG-324-APFO76=2HC7;+876=->@N6GaJSD;464CcBD?A@D@D87C7;�EG-A2!U<C7;!� -5/764C7SG2H;!BDC{BD9<Uw->6=-5649<?A@`B.[]87/=QDC7U<U<CAe
�T?3SD;�2HC7@D?N24P`-5U<9<;=-56J9I?3@.k5/7C7;c� ->/764C7SG2:;�BDCZBD9<Ut-56=-5649<?A@0;J?A@N6�BDC7;cUI?39I;lBDCKEDSD9I;J;=-5@D/7C`�

x→
xedcδl

?�

dc
C7;46KUt-0BD9tPFC7@D;49<?A@u/1-5@D?3@D9IRTSDC`BDC

x
��erxc?TP`PFC_U<C7;_U<?A@Do3SDC7SG2:;_PFC7;4SG2:87C7;

2HC7Uw->649<mAC1PFC7@T6+�{Uh[i87/YQDC7U<U<C{BDC{2:8Y�\812HC7@D/7C�BD87/12:?A9<;4;JC7@N6�;4?ASD;+2HC7@D?N24P`-5U<9<;=-56J9I?3@.k7?A@_/YQD?A9<;49t24-
−1

Ez?ASG2lBD9wPpC7@D;49<?A@u;4EG-5649t-5U<C��
[x] = −1

�7kzC76j?3@�C7^TEG2:9tPFC124-�UIC7;_->SD6=2:C7;{BD9tPFC7@D;49<?A@D;
2HC7Uw->649<mAC1PFC7@T6y�|/7C7U<UICYX /79he.,![}-5/7649<?A@vBDCjUt-F64QD87?T2:9<CjBD?A9<6{n76Y2:Cjo3UI?3VG-5U<C1PFC7@N6�;=-5@D;cBD9tPFC7@TX
;J9I?3@��5/7C7Ut-_BD?3@D@DC{BDC7;�/7?A@T6=24->9I@T64C7;!;4SG2�U<C7;�BD9tPFC7@D;49<?A@D;cBDC7;�EG-324-APFO76=2HC7;1k�P�-59<;!9IU.2:C7;J64C
BG->@D;�/7C76464CZ?AEz8124-5649<?A@`BDC7;cBDC7oN2H87;�BDCZUI9<VzC12:648 3 e(`!@v64C124PFC7;�BDC7;�oN2J-5@DBDC7SG2:;y2HC7Uw->649<mAC7;y�
@D?36=2:Cc64QD87?N2:9<CAkb@D?ASD;�m3C1242:?A@D;�RNSDCc@D?ASD;c-5SG2:?A@D;�VGC7;J?A9<@.kN-5S`PF?A9<@D;�EG?ASG2�U<C7;�876Y-5EGC7;!9<@TX
6JC124PF87BD9t-59t2:C7;�BDCZ/1-5U</7SDUhkDB.[i9<@T6=2:?TBDSD9w2HC{SD@0EG-A24-APpO76=2:C

λ
/7?NP`PFCl/7?NC 5W/79<C7@T6cBDSW64C12JPFC

−ψ̃α∂tψα
BG-5@D;FUh[�-5/76J9I?3@ �h�Det�b�A�7kz/7C0RNSD9�@D?ASD;FBD?A@D@DCW6Y2:?A9<;_BDC7oN2H87;_BDCvUI9<VzC12:6480BG-5@D;

Uh[iC7^TEG2:C7;4;J9I?3@`BDC7;�BD9tPFC7@D;49<?A@D;�BDC7;�BD9}qr812HC7@N64C7;�oN24-5@DBDC7SG2H;1e =l?ASD;!;4?3SDQG-59<64?A@D;!/7C12:6=->9I@DCYX
PpC7@N6!RTSDCcUIClEG-A24-APFO76Y2:C

r
k5RTSD9G2:C7EG2:87;4C7@T64C�U<C{EG-324-APFO76=2HC�BDCc/7?A@T6=2 :AU<CcBG-5@D;!Ut-KmAC12H;49<?A@

BD876JC124PF9<@D9<;464C�BDCcUt-ZVD9}�\SG2H/1-5649<?A@.k7;4?39I6�SD@FEG-A24-APpO76=2:C!EGC12H649<@DC7@N6�;4?ASD;!2:C7@D?N24P�-5U<9I;Y-5649<?A@.e
=l?ASD;{/YQD?A9<;49<;4;4?3@D;jBD?A@D/|BDC|�G^NC12cU<C7;KBD9tPFC7@D;49<?A@D;KBDC7;ZEG-A24-3PFO76=2:C7;

c
k
λ
C76
D
� x7812:?Gk

/7C0RTSD9coAC7UcU<C7;`BDC7oN2:87;|BDC0UI9<VzC12:6480C76F�G^TCWU<C7;`BD9tPFC7@D;J9I?3@D;`BDC064?ASD64C7;|U<C7;`RNSG->@N649<6487;be
��?3SG2�n76=2:Cc/7?AQD812:C7@T6 -bmAC7/cUt-K6JQD87?N2:9<C{oN-5SD;J;49<C7@D@DCAk5@D?ASD;�9tPFEz?A;4C12:?A@D;!C7@�EDUISD;c�Z/7C7;�EG-bX
2J-APFO76=2:C7;cB.[in76Y2:Cj/7?3@D;46=-5@T64;cBG-5@D;{Ut-�EG2:?N/787BDSG2HCKBDCL2:C7@D?N2JP`-5U<9<;=-5649<?A@voA87@D8124-5U<C17berx�C7/79
8 � >��"# .0$Z-<>@(4(4$%5�6�/��"#%$�U4-'$+&S*BR�$'6 *�5 
 $3* 
�."*,& .0>��"5T[
9;: 5E$�� $'6)5?>�*?&+/1L@>�5?&'A $35 
�."*?&+F�$'&+F �0( $35,&S�0>15,&�F�$'& 
,/1#%/@(@=<6S#%$'&'A,.0$'&+F��0(4$35?&S�0>�5?&4F * 6�$'( 
?&)$<6

F�$'& F�$3* � -�9,/B( 
,&QF�<@5?/@(��0K@*,$'&+U - 9?>��0&S�"#1[
B �)/15,& .0$+-'/B& F�*O(4>�F1=3.0$

O(n)
F1<@5,/B(Z�0K@*?$@A >�5 - 9?>��0&S�06 
�."*,6��B6 9?/�!��06S*,$3.".0$<(4$35�6+F�$)#%$35,>1#%(4/�."�0&�$%#

	DC



C
�*���<�!� &��1���z�D#-��2
�$#��1�$)+� ���$����$2 �z��� �3) ���$2

@D?3SD;!9wPpEG?A;4ClUIC7;cm5-5U<C7SG2:;�;4SD9<m5-5@N6JC7;!EG?ASG2�UIC7;�BD9tPFC7@D;49<?A@D;�/1->@D?A@D9<RNSDC7;�BDC7;�BD9}qr812:C7@T64C7;
oT24-5@DBDC7SG2:;�w
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[t] = −2 [ω] = 2 ; [r] = [ω0] = 2 [u] = [ua] = 4− d

[ψα(q, ω)] = −d+ 6
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EG2H87/787BDC1P`PFC7@T6yU<C|VDSD6{C76cUIC|EG2:9<@D/79<EGCFBDCK/7C76464CKP`-5@D?TC7SDmf2HCAe

={?3SD;_/YQDC12:/=QD?3@D;_P`-59<@N6JC7@G-5@N6|Ut-'2HC7Uw->649<?A@"C7@T6=2:C`U<C7;FEG-A24-APpO76=2:C7;ZCYqrC7/7649}�h;W�0BDC7;
87/YQDC7U<U<C7;LBD9}qs812:C7@N6JC7;

Λ/b
C76

Λ/b′
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BDCv2:C7@D?N24P`->UI9<;=->649<?A@�9<@T�G@D9<6487;49tP`-5U<CvBDCF� -5/764C7SG2ZBDC`BD9<Ut-56=-56J9I?3@'87oT-5U��
b′/b = exp δl

e
=l?ASD;cBD9<mN9<;4?3@D;jUh[i9<@T6487oN24-5U<CK;4SG2�U<C7;Z9wPpEDSDUI;J9I?3@D;jC7@0BDC7SD^vEG-A2:649<C7;Dw

∫ Λ

0
=

∫ Λ/eδl

0
+

∫ Λ

Λ/eδl

� �Ge �1�A�

C76Z@D?ASD;K9<@T6487oN2:?A@D;l;4SG2{Ut-v/7?ASD/YQDCFB.[i9tPFEDSDU<;49<?A@D;K/7?NPFEG2H9I;JC7;jC7@T6=2:C
Λ/eδl

C76
Λ
eX={?3SD;

/1->UI/7SDU<?A@D;FSD@DCvEG2:C1PF9<O12:C0-5/7649<?A@"9<@T64C124PF87BD9t-59t2:C S(1) k BD8Y�G@D9IC0BDC�� -$87?A@�� /7CWRTSDCWUt-�h?A@D/7649<?A@�BDCvEG-A2:649<649<?A@ � �De��A�A��ks87/12:9<64CWC7@�64C124PpC7;_BDCv/7C76464Cv@D?ASDmAC7U<U<C�-5/7649<?A@.k.;J?A9<6LUt-
Ppn1PFCjRTSDC_/7C7U<U<C_BD?3@N6c@D?ASD;{;J?NP`PFC7;cEG-A2:6J9I;�w

S(1)
[
ψ̃α, ψα

]
=

∫ Λ/eδl

q

∫

ω

{
(D + δD)ψ̃αψ̃α − ψ̃α

[
i(1 + δλ1)ω + (r+ δr) + (c+ δc)q2

]
ψα

−ψ̃α
[
iδλ2ω + (ω0 + δω0) + (ca + δca)q

2
]
εαβψβ

}
−
∫ Λ/eδl

k1k2k3

(Uαβ + δUαβ)ψ̃αψβψγψγ

� �Get�A�b�
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U<C7;F9<@N6J87oN24-5U<C7;_Ez?N2:6=->@N6K;4SG2|U<C7;F9tPFEDSDU<;49<?A@D;F;4?A@T6L2:C7;46Y2:C79<@N64C7;F�0Ut-d/7?ASD/YQDC`/7?NPFEG2:9<;4C
C7@T6=2:C

Λ/eδl
C76

Λ
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->;4MfPpED64?A649<RTSDC7;.BDCcoN24-5@DBDC�87/=QDC7U<U<C7;1e76ZC�� -t87?A@L�l87U<9wPp9I@DC12�U<Cy6JC124PFC

δλ2
RTSD9D-Z87648�/12:878

EG-32K2:C7@D?N24P`->UI9<;=->649<?A@.kG@D?3SD;_?A@u9<@N6Y2:?NBDSD9<;4?3@D;_SD@WaJC7S"BDC`/YQG-APFED;
(ψ

(2)
α , ψ̃

(2)
α
ksBD8Y�G@D9

BDCKUt-|� -$87?A@0;JSD9Im5-5@T64C1w

ψ(2)
α = ψα

ψ̃(2)
α = Ωαβ(δθ)ψ̃β

� �Ge �1�A�
v U�C7;46_->UI?T2:;KEG?A;J;49<VDUICvBDC`/YQD?A9<;49t2

δθ
BDC�64C7U<UICp� -$87?3@"RNS.[]C7@'6JC124PFC7;KBDC`/7C7;|@D?ASDmAC1-5SD^

/YQG-APFED;cUh[�-5/76J9I?3@0;1[i87/12:9<mACOw

S(2)
[
ψ̃(2)
α , ψ(2)

α

]
=

∫ Λ/eδl

q

∫

ω

{
(D + δD(2))ψ̃(2)

α ψ̃(2)
α

−ψ̃(2)
α

[
i(1 + δλ(2))ω + (r + δr(2)) + (c+ δc(2))q2

]
ψ(2)
α

−ψ̃(2)
α

[
(ω0 + δω

(2)
0 ) + (ca + δc(2)

a )q2
]
εαβψ

(2)
β

}
−
∫ Λ/eδl

k1k2k3

(Uαβ + δU
(2)
αβ )ψ̃(2)

α ψ
(2)
β ψ(2)

γ ψ(2)
γ
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/A[]C7;46{�FBD9t2:CKRNS.[]C7UIU<C|@DCK/7?A@N6J9IC7@D@DCKEG->;yBDCK6JC124PFCZQD?N2:;cBD9t-5oA?A@G-5UsEG2:?3EG?N2:6J9I?3@D@DC7Ur�
iω
e

��?3SG2�/7C7Ut-F@D?3SD;{BDC7mA?A@D;c/YQD?A9<;49t2�w
δθ = arctan

[
−δλ2(1 + δλ1)−1

] � �Ge �7�N�
C76lUIC7;l@D?ASDmAC7U<U<C7;jm5-A2:9t-5649<?A@D;cBDC7;{EG-A2J-APFO76=2:C7;�;4?A@T6{-5U<?N2:;cBD?A@D@D87C7;{EG-A2 w

δD(2) = δD

δλ(2) = (C − 1) + δλ1C − δλ2S

δr(2) = r(C − 1) + δrC − (ω0 + δω0)S

δc(2) = c(C − 1) + δcC − (ca + δca)S

δω
(2)
0 = ω0(C − 1) + δω0C + (r+ δr)S

δc(2)
a = ca(C − 1) + δcaC + (c+ δc)S

δU
(2)
αβ = Uασ(Ωσβ(δθ)− Iσβ) + δUασΩσβ(δθ) � �Ge �1�A�

?
09IU�-F87648ZEG?A;48
C = cos δθ

C76
S = sin δθ

e
`�qsC7/764SD?A@D;{P`-59<@T64C7@G-5@T6yUt-FBD9<Ut-56=->649<?A@�B.[i87/YQDC7U<U<C_BDCK6=-59<U<U<C

eδl
kTBDC_64C7U<U<C_;J?N2:64CZRNSDC

Ut-|/7?ASDEDSG2:CK-5EDEG-A2J-59<;4;=-5@T6+BG->@D;yUh[�->/7649<?A@'� �Ge �1�A�7k5PFC7;4SG2:87CZBG-5@D;�/7C76464C{@D?ASDm3C7UIU<CKSD@D9<648Ak
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Λ
e�xcC7/79c@D?ASD;`BD8Y�G@D9<6vUIC7;�9wPpEDSDUI;J9I?3@D;1k�U<C7;�� 2H87RNSDC7@D/7C7;FC76`U<C7;v/=QG-APpED;

CYqsC7/7649}�\;F� ?AS�2:C7@D?N2JP`-5U<9<;487;=�c�|U\[]87/=QDC7U<U<C
Λ/b′

w

q′ = eδlq

ω′ = e2δlZ ′ωω

ψ′α(q′, ω′) = e−
d+6

2
δl
√
Z ′ψα(q, ω)

ψ̃′α(q′, ω′) = e−
d+2

2
δl
√
Z̃ ′ψ̃(2)

α (q, ω)

= e−
d+2

2
δl
√
Z̃ ′Ωαβ(δθ)ψ̃β(q, ω) � �Ge �1�A�

=l?ASD;{-bmA?A@D;�9I@T6=2:?TBDSD9<6c6=2:?A9<;!� -5/764C7SG2H;
Z
kD/1-5U</7SDU<87;{BDCK64C7U<U<CK;4?N2:64ClRNSDCZU<C7;{EG-A24-APpO76=2:C7;

c
k
D
C76
λ
2:C7;J64C7@N6Z/7?A@D;46Y-5@N6J;jEG-A2Z2:C7@D?N2JP`-5U<9<;=-5649<?A@.esxcC7/79!@D?ASD;KEzC124PFC76KBDCF/1-5U</7SDU<C12

�'/F���!���#!�5�$#!� U<C7;_@D?ASDm3C1-5SD^0EG-A24-APpO76=2:C7;cCYqrC7/7649}�h;L��Uh[i87/=QDC7U<U<C
Λ/b′

e>`!@0�h?A@D/7649<?A@uBDC7;
EG-324-APFO76=2HC7;�9<@N6JC124PF87BD9t-59t2:C7;L� �zet�1�A�7k5@D?3SD;�-bmA?3@D;yU<C7;{C7^TEG2:C7;4;J9I?3@D;{;4SD9<m�-5@T64C7;Dw
c(l+ δl) = c(l) D(l+ δl) = D(l) λ(l+ δl) = 1

ca(l+ δl) =
[
ca(l) + δc(2)

a

]
(1 + δc(2)/c)−1

r(l+ δl) = e2δl
[
r(l) + δr(2)

]
(1 + δc(2)/c)−1

ω0(l+ δl) = e2δl
[
ω0(l) + δω

(2)
0

]
(1 + δc(2)/c)−1

Uαβ(l+ δl) = e(4−d)δl
[
Uαβ(l) + δU

(2)
αβ

]
(1 + δc(2)/c)−2(1 + δD(2)/D)(1 + δλ(2))−1

Zω(l+ δl) = Zω(l)(1 + δc(2)/c)−1(1 + δλ(2))

Z(l+ δl) = Z(l)(1 + δc(2)/c)3(1 + δD(2)/D)−1(1 + δλ(2))−1

Z̃(l+ δl) = Z̃(l)(1 + δc(2)/c)(1 + δD(2)/D)(1 + δλ(2))−1
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,�[i87mA?AU<SD649<?A@0BDCKUt-FEDQG-5;JC
θ
k�RNSG-5@T6{�FC7U<U<CAkGC7;46cBD?A@D@D87C|EG-A2�Uh[i87RNSG->649<?A@0;4SD9<m�-5@T64C1w

θ(l + δl) = θ(l) + δθ
� �zet�1�A�

?

δθ

C7;46KBD?A@D@D8`EG-A2`�\�Get�7�N��e
`!U<U<CWC7;J6KBD87/7?ASDEDU<87C`BDS�2:C7;46JCLBDC7;|87RNSG->649<?A@D;1ksBG-5@D;KU<C
;JC7@D;{?�
0U<CK/1-5U</7SDU.BDC7;ZEG-A24-APFO76Y2:C7;j� �Get�b�A�!@DCZ� -59<6{9<@N6JC12:mAC7@D9t2�@D9

θ(l)
@D9
δθ
e

�qb�cloQ�Ih �>h b�h(g\clb�j s r*f�i!s d�f*clg
,.-�BD812:9<m�-5649<?A@uBDC7;K87RTSG-5649<?A@D;W� �zet�1�A��EG-A2Z24-5EDEz?N2:6K�`Ut-0m5-A2:9t-5VDU<C

δl
@D?ASD;KBD?A@D@DC

SD@u;4MT;464O1PpCLB.[]87RNSG-56J9I?3@D;jBD9}qr812HC7@N649<C7U<U<C7;FRNSD9!BD87/12:9<6|U\[]87mA?AU<SD649<?A@uBDC7;KEG-A24-APpO76=2:C7;j2:CYX
@D?T24P`-5U<9<;487;cC7@0�h?A@D/7649<?A@vBDCKUh[i87/=QDC7U<U<CAe � 24�5/7CK-5SD^02:C7Ut-5649<?A@D;Dw

dr(l)

dl
=

dr(l+ δl)

d(δl)
|δl = 0

d lnZ(l)

dl
=

d lnZ(l+ δl)

d(δl)
|δl = 0
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δl
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l = ln b

�1�=e
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lnZ
kb64?ASD6�/7?NP`PpC
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θ(l)
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b
e � EG-A2:649t2cBDC7;ZU<?A9<;KBDC_6=24->@D;:X
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C76KBDCv2:87EG?A@D;JCp� BDC7SD^�Ez?A9<@N64;bksRNSD9�;4?A@T6jU<C7;_RTSG-5@T649<6487;KRTSD9!@D?ASD;K9<@N64812HC7;4;4C7@T61e>={?3SD;
C7^TEG2:9tPF?A@D;F/7C7;`RTSG-5@T649<6487;FC7@��\?3@D/7649<?A@�BDC

Π
k�U<CLaJC7S�BDC0EG-A24-3PFO76=2:C7;_-5;J;4?N/79<8��uSD@

� -5/764C7SG2lBDC`BD9<Ut-56=-56J9I?3@
b = 1

kGC76|BDC
Π′
k.U<CjaJC7S"BDCFEG-A24-APpO76=2:C7;K2:C7@D?N24P`->UI9<;487;be �!?A9</79

/7C7;|U<?A9<;_BDC`6=2J-5@D;:�h?N24P`-56:9<?A@D;{BG->@D;_U<C7;_BD9}qr812HC7@N64;|C7;4EG-5/7C7;W� BD9t2:C7/76J;K?AS�2:87/79<EG2:?TRNSDC7;Y�
BDCKm5-A2:9t-5VDU<C7;ZB.[iC7;4EG-5/7CYX 64C1PpED;Vw
6K->@D;yUh[iC7;JEG-5/7C

(q, ω)

ψα(q, ω) = b
d+6

2

√
Z(b)

−1
ψRα (bq, b2Zω(b)ω)

ψ̃α(q, ω) = b
d+2

2

√
Z̃(b)

−1

Ωαβ(−θ(b))ψ̃Rβ (bq, b2Zω(b)ω)

Cαβ(q, ω; Π) = b4Z(b)−1Zω(b)−1Cαβ(bq, b2Zω(b)ω; Π′)

χαβ(q, ω; Π) = b2
√
Z(b)Z̃(b)

−1

Zω(b)−1Ωασ(θ(b))χσβ(bq, b2Zω(b)ω; Π′)� �Ge}�A�A�
6K->@D;yUh[iC7;JEG-5/7C

(q, t)
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ψα(q, t) = b
d+2

2

√
Z
−1
Z−1
ω ψRα (bq, b−2Z−1

ω t)

ψ̃α(q, t) = b
d−2

2

√
Z̃
−1

Z−1
ω Ωαβ(−θ)ψ̃Rβ (bq, b−2Z−1

ω t)

Cαβ(q, t1 − t2; Π) = b2Z−1Z−2
ω Cαβ(bq, b−2Z−1

ω (t1 − t2); Π′)

χαβ(q, t1 − t2; Π) =
√
ZZ̃
−1

Z−2
ω Ωασ(θ)χσβ(bq, b−2Z−1

ω (t1 − t2); Π′)� �Ge}�D�1�
6K->@D;yUh[iC7;JEG-5/7C

(x, t)

ψα(x, t) = b
−d+2

2

√
Z
−1
Z−1
ω ψRα (x/b, b−2Z−1

ω t)

ψ̃α(x, t) = b−
d+2

2

√
Z̃
−1

Z−1
ω Ωαβ(−θ)ψ̃Rβ (x/b, b−2Z−1

ω t)

Cαβ(x1 − x2, t1 − t2; Π) = b(2−d)Z−1Z−2
ω Cρσ((x1 − x2)/b, b−2Z−1

ω (t1 − t2); Π′)

χαβ(x1 − x2, t1 − t2; Π) = b−d
√
ZZ̃
−1

Z−2
ω Ωασ(θ)χσβ((x1 − x2)/b, b−2Z−1

ω (t1 − t2); Π′)�\�Ge��A�A�
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ω0
C76
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2
e7,![i9<@T6487oN24->649<?A@
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?


ω̂0
C7;46`Ut-"EDSDU<;=->649<?A@ PFC7;JSG2:87C'�uUh[�->9IBDCuBDS ;4MN;J64O1PFC0B.[iSD@D9<6487;02:C7@D?N24P�-5U<9I;J87C7;�� � e

,�[�-5/7649<?A@vCYqrC7/7649<mAC|C7;46cBD?A@D@D87C_EG-32Vw

Seff [ϕ̃α, ϕα] =

∫ Λ

q

∫

ω

{
Dϕ̃αϕ̃α − ϕ̃α

[
iω + r + cq2

]
ϕα − ϕ̃α

[
0 + caq

2
]
εαβϕβ

}

−
∫ Λ

k1k2k3

Uαβϕ̃αϕβϕγϕγ
� �Ge��>�N�

=l?ASD;�/7?A@D;46=-56J?A@D;!RNSDCAk3/7?NP`PFClEG2:87/787BDC1P`PFC7@T61kA;JC7SDUGU<Cj/YQG-APFE
ψ̃
-_876J8{64?ASG2:@D8lEG?ASG2

87U<9tPF9<@DC12KUt-vEDQG-5;JCL;J6=-5649<RTSDC
θ(b)

ksP`-59<;KRNSDCFU<C7;KBDC7SD^�/YQG-APFED;Z;4?A@T6Z;49tP_SDU<6=->@D81PFC7@N6
6J?ASG2:@D87;{Ez?ASG2c87U<9tPF9<@DC12ZUICFEG-A2J-APFO76=2:C

ω̂0(b)
e
=l?ASD;{EG2:?T/787BD?A@D;jP�-59<@N64C7@G->@N6{��U\[]9I@T648YX

oT24-5649<?A@v;4SG2�SD@DC_/7?ASD/YQDCZB.[i9tPFEDSDU<;49<?A@D;'w
∫ Λ

0
=

∫ Λ/eδl

0
+

∫ Λ

Λ/eδl

� �Ge}�A�A�

� � 	 /
�*�.0&�/B6S�0>�5 $ � $'-'6S�0LB$4F *E#%2'&S*�.06�/@6�A�5?/�.�ATK@*�� &�$%#%/I$ � 
�#��0(42<$4F�/15,&).0$�&�<�&�6�='(4$�F = *�5��06�2<&+F = >�#��?>
D��"5?$@A &�$3#%/Z5?>@6�2'$

ω0(b)
[

| 	



�����!C��R#-�$��/F� �7� #;��2
�$#!���t) � ���$����$2 �7�!�D�������*)3) �$����(#-�D�!�$��/X) &��

/7CKRTSD9.@D?ASD;cBD?A@D@DC|SD@DCKEG2:C1PF9<O12:C_-5/76J9I?3@W9<@T64C124PF87BD9t-59t2:C1w

S(1) [ϕα, ϕ̃α] =

∫ Λ/eδl

q

∫

ω

{
(D+ δD)ϕ̃αϕ̃α − ϕ̃α

[
i(1 + δλ1)ω + (r+ δr) + (c+ δc)q2

]
ϕα

−ϕ̃α
[
iδλ2ω + δω̂0 + (ca + δca)q

2
]
εαβψβ

}
−
∫ Λ/eδl

k1k2k3

(Uαβ + δUαβ)ϕ̃αϕβϕγϕγ

� �ze��A�A�
U<C7;|m�-A2:9t-56J9I?3@D;KBDC7;K/7?NC 5W/79<C7@T64;K876=-5@T6KBD?A@D@D87C7;KEG-A2ZU<C7;|BD9w->oN24-AP`PpC7;_�YX EG-A2:6J9I/7SDU<C`9t2 X
2H87BDSD/7649<VDUIC7;ZBDCKUt-F64QD87?N2H9ICAk�;=-5@D;cEG2:?AEG-5oT-564C7SG2:;�C7^N64C12H@DC7;1eD�!-A2c2:C7@D?N24P`->UI9<;=->649<?A@`@D?ASD;
-bmA?3@D;!/12:878AkA/7?NP�PFCcEG2:87/787BDC1P`PFC7@T61k5SD@v64C124PFC

δλ2
kTP`-59<;�87oN->UIC1PpC7@N6!SD@v64C124PFC

δω̂0
k

RTSD9s9</79+@DCKEzC7SD6{EG-5;{n76=2HC�-5VD;J?N2:VG8ZEG-A2�SD@DCL2HC7BD8Y�G@D9I6J9I?3@0BDC7;{EG-A24-APpO76=2:C7;�EDSD9<;4RTSDC_/7C
/7?TC 5W/79<C7@T6{@.[iC7;46c?N2:9<oA9<@DC7U<U<C1PFC7@T6jEG-5;cEG2:87;JC7@N61e v U.@D?ASD;�� ->SD6yBD?3@D/_-5VD;4?N2:VzC12�/7C7; �7��� �
m5-A2:9t-5649<?A@D;cBG-5@D;lSD@DC_2:C7BD8Y�G@D9<649<?A@�BDC7;{/YQG-APFED;be

={?3SD;y/7?TP`PFC7@ 87?A@D;cEG-A2�BD8Y�G@D9t2{SD@0EG2HC1PF9<C12c/=QG-3PFEW9<@T64C124PF87BD9t-59t2:C
ϕ

(1′)
α

EG-A2�w

ϕ(1′)
α = ϕα

ϕ̃(1′)
α = Ωαβ(δθ)ϕ̃β

� �Ge}�A�A�
`�@u/=QD?A9<;49<;4;Y-5@N6

δθ = arctan
[
−δλ2(1 + δλ1)−1

] @D?ASD;K;=-bmA?A@D;ZRTSDC`@D?ASD;K?AVD64C7@D?3@D;
SD@DCFC7^TEG2:C7;4;49<?A@"-5@G->UI?3oASDC`�'� �zet�1�A�7k�/A[iC7;46K�vBD9w2HCL;Y-5@D;K/7?NC 5v/79IC7@T6KQD?N2:;HX BD9w->oA?A@G-5U.C7@
iω
eNxcC7/79z@D?ASD;cBD8Y�G@D9I6cBDCZ@D?ASDmAC7U<U<C7;cm�-A2:9t-56J9I?3@D;yBDC7;�EG-A24-APpO76=2:C7;1k5BD?A@T6�C7@vEG-A2:6J9I/7SDU<9<C12

SD@DCK@D?3SDmAC7U<UIC|m�-A2H9w->649<?A@0BDS0EG-A24-APpO76=2:C
ω̂0

BD?3@D@D87CKEG-A2�w

δω̂
(1′)
0 = δω̂0C + (r+ δr)S

� �Ge��A�3�
?


C = cos δθ
C76
S = sin δθ

eX`!@uBD8Y�G@D9<;4;=-5@T6KSD@uBDC7SD^N9<O1PFC`/YQG-APFEd9<@N64C12JPF87BD9t-59t2:C
ϕ(2) EG-A2"w

ϕ(2)
α (q, t) = Ωαβ(δω̂

(1′)
0 t)ϕ

(1′)
β (q, t)

ϕ̃(2)
α (q, t) = Ωαβ(δω̂

(1′)
0 t)ϕ̃

(1′)
β (q, t)

� �Ge��A�3�
@D?3SD;!87UI9tPF9<@D?A@D;�U<C{EG-A24-APpO76=2:C

δω̂
(1′)
0

BDCcU\[}-5/7649<?A@.eA,sC7;!@D?ASDm3C7UIU<C7;!m5-A2:9t-5649<?A@D;!BDC7;!EG-A2J-bX
PpO76=2:C7;s;4?A@T6sUIC7;�PFn1PFC7;.RTSDC!U<C7;+m5-A2:9t-5649<?A@D;s9<@N6JC124PF87BD9t-59t2:C7;.EG2:87/787BDC7@T64C7;.C76s;1[]87/12:9<mAC7@N6Iw

δD(2) = δD(1′) = δD

δλ(2) = δλ(1′) = (C − 1) + δλ1C − δλ2S

δr(2) = δr(1′) = r(C − 1) + δrC − (ω0 + δω0)S

δc(2) = δc(1′) = c(C − 1) + δcC − (ca + δca)S

δc(2)
a = δc(1′)

a = ca(C − 1) + δcaC + (c+ δc)S

δU
(2)
αβ = δU

(1′)
αβ = Uασ(Ωσβ(δθ)− Iσβ) + δUασΩσβ(δθ) � �Ge}�A�A�

->SD^NRTSDC7U<UIC7;�9<UT� -5SD6!-1aJ?ASD64C12gRNSDCcUh[i?A@F@DCc/12:87CcEG-5;!BDCcm�-A2H9w->649<?A@L-5;J;4?N/79<87C{-5SFEG-A24-3PFO76=2:C
ω̂0
kD/7CKRNSD9sEzC7SD6j;1[]87/12:9t2:C'w

δω̂0 = δω̂
(2)
0 = 0

e
|z|



C
� & � ��2
�$#!���t) � ���$����$2 ��/ �(2
�O3��&!�$#!�5� �������*)3) �$2 ��

={?3SD;�BD8Y�G@D9<;4;4?A@D;lC7@T�G@0UIC7;lRNSG-5@T649<6487;{2:C7@D?N2JP`-5U<9<;487C7;y-5EG2HO7;yBD9<Ut-56=->649<?A@WB.[]87/=QDC7U<U<CAk
BDCZ� -$87?A@0�F/7CKRTSDC

D
k
λ
C76
c
;4?A9<C7@T6{/7?A@D;4C12HmA87C7;�w

q′ = eδlq

ω′ = e2δlZ ′ωω

ϕ′α(q′, ω′) = e−
d+6

2
δl
√
Z ′ϕ(2)

α (q, ω)

= e−
d+6

2
δl
√
Z ′
[
Opr(δω̂

(1′)
0 t)

]
αβ
ϕβ(q, ω)

ϕ̃′α(q′, ω′) = e−
d+2

2
δl
√
Z̃ ′ϕ̃(2)

α (q, ω)

= e−
d+2

2
δl
√
Z̃ ′Ωαβ(δθ)

[
Opr(δω̂

(1′)
0 t)

]
βσ
ϕ̃σ(q, ω)

� �Ge��D�b�

?
�Uw- @D?A6=-5649<?A@ [
Opr(δω̂

(1′)
0 t)

]
αβ

BD87;49<oA@DC0Uh[i?AEG812J-564C7SG2|6=24-5@D;H�\?N2JPF8FBDC �T?ASG2:9<C12`BDC
Uh[i?3EG8124-56JC7SG2.BDCj2H?A6=-5649<?A@

Ωαβ(δω̂
(1′)
0 t)

eA,sC7;�EG-A24-APFO76Y2:C7;.CYqrC7/76J9��h;y�ZUh[i87/YQDC7U<U<C
beδl

;4?A@T6
BD?3@D@D87;{EG-A2�U<C_;4MT;464O1PFCZ;4SD9<m�->@N6Dw

c(l+ δl) = c(l) D(l+ δl) = D(l) λ(l+ δl) = 1

ca(l+ δl) =
[
ca(l) + δc(2)

a

]
(1 + δc(2)/c)−1

r(l+ δl) = e2δl
[
r(l) + δr(2)

]
(1 + δc(2)/c)−1

Uαβ(l+ δl) = e(4−d)δl
[
Uαβ(l) + δU

(2)
αβ

]
(1 + δc(2)/c)−2(1 + δD(2)/D)(1 + δλ(2))−1

Zω(l+ δl) = Zω(l)(1 + δc(2)/c)−1(1 + δλ(2))

Z(l+ δl) = Z(l)(1 + δc(2)/c)3(1 + δD(2)/D)−1(1 + δλ(2))−1

Z̃(l+ δl) = Z̃(l)(1 + δc(2)/c)(1 + δD(2)/D)(1 + δλ(2))−1

� �Ge��3�A�
,gC7;+87mA?3UISD6J9I?3@D; 2:C7;JEGC7/7649<mAC7;�BDCcUw-lEDQG-5;4C

θ
C76�BDCcUt-{EDSDU<;=-56J9I?3@

ω̂0
;4?A@T6.BD?A@D@D87C7;bk1RTSG-5@T6

�pC7UIU<C7;1k�EG-A2cU<C7;{87RTSG-5649<?A@D;{BD87/7?ASDEDU<87C7;{;JSD9Im5-5@T64C7;Dw

θ(l+ δl) = θ(l) + δθ

ω̂0(l+ δl) = e2δl
[
ω̂0(l) + δω̂

(1′)
0

]
(1 + δc(2)/c)−1(1 + δλ(2)) � �Ge}�A�A�

?

δθ
C7;46lBD?A@D@D8KEG-A2K� �Get���N�7k5C76

δω̂
(1′)
0

EG-A2|� �Ge��A�3�7e

� �lo\s d�f3c
gIi��>h � b�cloQ�Ih �>h b�h(g\clb�j s r*f�i!s d�f3c
g
��?ASG2DU<C7;!PFn1PFC7;.24-59<;4?3@D;rRTSDC�/7C7U<U<C7;�RNSD95?A@T6s87648!C7^NEz?A;487C7;.BG->@D;.U<C7;.EG-A24-5oT24-5EDQDC7;G�zet�Aet�

C76|�Ge��De]�GkDUh[i87mA?AU<SD649<?A@	BDC7;_EG-A24-3PFO76=2:C7;ZC7@u�h?A@D/7649<?A@uBDC`Uh[i87/YQDC7UIU<C0C7;46KBD?3@D@D87C`EG-A2KSD@
;JMN;46JO1PFC_B.[i87RTSG-5649<?A@D;Z-5SD64?A@D?NPpCAkDEG?ASG2lU<C7RNSDC7U!Uh[i87m3?AU<SD649<?A@uBDS�U<?AoN-A2H9I6JQGPFC_BDC7;K6=2H?A9<;
� -5/764C7SG2H;

Z
kzBDC_Ut-�EDQG-5;4C

θ
�� BDC_Ut-vEDSDU<;=-5649<?A@

ω̂0
;4?3@N6{BD87/7?3SDEDUI87C7;be � EG2:O7;Z9I@T6487oN2J-bX

6J9I?3@0BDCj/7CK;4MT;464O1PpCAkN@D?3SD;y?3VD64C7@D?A@D;cBDC7;cUI?39I;ZBDCK6=24->@D;:�\?T24P`-56:9<?A@FEG?ASG2�U<C7;l�\?A@D/76J9I?3@D;
BDCv/7?N242H87Uw->649<?A@uC76_BDC02:87EG?A@D;JCW-5@G-5U<?AoASDC7;_��� �Ge��3�A�7k!� �Ge��D�b�{?AS$� �Ge��A�3�7kGP`-59<;|64C7@G-5@T6

|  



�����!C��R#-�$��/F� �7� #;��2
�$#!���t) � ���$����$2 �7�!�D�������*)3) �$����(#-�D�!�$��/X) &��

/7?TPFED64C{/7C7646JCc�\?39I;HX /79rBDS�� -59<6�RTSDCj@D?ASD;cCYqsC7/764SD?A@D;�Ut-F2:C7@D?N2JP`-5U<9<;=-5649<?A@`BG->@D;�SD@02:8Y�\8YX
2HC7@N649<C7U.?3;4/79<UIUt-5@T6K�FUt-|� 2H87RNSDC7@D/7C|CYqrC7/7649<mAC|RNSD9.C7;J6j-5;4;4?T/79<87C_�FUh[i87/YQDC7UIU<C`�FUt-5RTSDC7U<UICF?A@
U<C02:C7oN-A2HBDCAer,.- EDSDU<;=-5649<?A@�CYqrC7/7649<mACv9<@N6JC12:mAC7@G-5@T6jBG->@D;_U<C 2H87;4SDU<6=-56Z�G@G-5U�C7;46_BD?A@D@D87C
EG-32Vw

ω0(b) = b−2Zω(b)−1 ω̂0(b)
� �Ge��>�N�

=l?ASD;|BD?A@D@D?A@D;_6J?ASD6KB.[�-5Vz?N2:BuUh[iC7^NEG2HC7;4;49<?A@�BDC`Ut-'2HC7@D?N24P`-5U<9<;=-56J9I?3@'BDC7;|�h?A@D/7649<?A@D;_�
BDC7SD^|EG?A9<@T64;�BDCyUt-Z64QD87?T2:9<CyBG->@D;+Uh[iC7;4EG->/7Cy?
_C7U<U<CjC7;46�Ut-ZEDU<SD;!;49tPFEDU<CAkA�Z;=-bmA?A9t2sUh[iC7;4EG-5/7C
(q, t)

e(={?3SD;j-bmA?A@D;Vw

ψα(q, t) = b
d+2

2

√
Z(b)

−1
Zω(b)−1Ωαβ(−ω0(b)t)ϕβ(bq, b−2Zω(b)−1t)

ψ̃α(q, t) = b
d−2

2

√
Z̃(b)

−1

Zω(b)−1Ωαβ(−θ(b)− ω0(b)t)ϕ̃β(bq, b−2Zω(b)−1t)

C76 w

Cαβ(q, t1 − t2; Π) = b2Z(b)−1Zω(b)−2Ωασ(−ω0(b).(t1− t2))

Gσβ(bq, b−2Zω(b)−1(t1 − t2); Π′)

χαβ(q, t1 − t2; Π) =

√
Z(b)Z̃(b)

−1

Zω(b)−2Ωασ(+θ(b)− ω0(b).(t1− t2))

γσβ(bq, b−2Zω(b)−1(t1 − t2); Π′) � �Ge}�A�A�
,�[iC7^NEG2HC7;4;49<?A@uBDC7;Z�\?3@D/7649<?A@D;KBDCF/7?N242:87Ut-5649<?A@dC76KBDCW2:87Ez?A@D;4CF876=-5@T6jSD;JSDC7UIU<C1PFC7@T6KEDU<SD;
;J9wPpEDUIC7;!BG->@D;!U\[]C7;4EG-5/7C�BDC �T?ASG2H9IC12�k59IUD;JC124-{6Y2:O7;+SD6J9IU<CcBDCcBD9<;4EG?A;JC12�BDCy/7C7;!U<?A9<;!BDCc6=24->@D;:X
�h?N24P�-5649<?A@KBG-5@D;�/7C76!C7;4EG-5/7CAe5��?ASG2s/7C7Ut-Dk5@D?ASD;�BD87/7?NPFEz?A;4?A@D;�Ut-ZU<?A9NBDCc6=2J-5@D;:�h?N24P`-56J9I?3@
C7@0BDC7SD^v876=-5EzC7;1e
=l?ASD;cBD8Y�G@D9<;4;4?A@D;{SD@Fa4C7S0BDCK/YQG-APFED;c9<@T64C124PF87BD9t-59t2:C7;{EG-32Vw

ψ(I)
α (q, t) = b

d+2
2

√
Z(b)

−1
Zω(b)−1Ωαβ(−ω0(b)t)ϕβ(bq, b−2Zω(b)−1t)

ψ̃(I)
α (q, t) = b

d−2
2

√
Z̃(b)

−1

Zω(b)−1Ωαβ(−ω0(b)t)ϕ̃β(bq, b−2Zω(b)−1t)

6JC7UI;lRNSDCKU<C7;Z/=QG-APpED;yBDCKBD87EG-32:6c;4?A9<C7@N6lBD?A@D@D87;{EG-A2"w

ψα(q, t) = ψ
(I)
β (q, t)

ψ̃α(q, t) = Ωαβ(−θ(b))ψ̃(I)
β (q, t)

6K->@D;y/7CK/1->;y@D?3SD;{EG?ASDm3?A@D;c87/12:9t2:CKU<C7;j2:C7Ut-5649<?A@D;{C7@T6=2:CZU<C7;c�h?A@D/7649<?A@D;cBDCK/7?N242:87Ut-56J9I?3@D;
C76 BDC�2H87EG?A@D;4C�->;4;4?T/79I87C7;!�c/7C7;�/=QG-3PFED;.9<@N6JC124PF87BD9t-59t2:C7;�C76.U<C7;��\?A@D/76J9I?3@D;+2:C7@D?N24P�-5U<9I;J87C7;
BDCKUt-|� -$87?A@0;JSD9Im5-5@T64C1w

C
(I)
11 (q, ω; Π) = b4Z−1Z−1

ω

1

2

[
G11(bq, b2Zω(ω + ω0); Π′) + G11(bq, b2Zω(ω − ω0); Π′)

+i
[
G12(bq, b2Zω(ω + ω0); Π′)−G12(bq, b2Zω(ω − ω0); Π′)

]]

C
(I)
12 (q, ω; Π) = b4Z−1Z−1

ω

1

2

[
G12(bq, b2Zω(ω + ω0); Π′) + G12(bq, b2Zω(ω − ω0); Π′)

−i
[
G11(bq, b2Zω(ω + ω0); Π′)−G11(bq, b2Zω(ω − ω0); Π′)

]]

� �ze��A�A�
| \



C
� & � ��2
�$#!���t) � ���$����$2 ��/ �(2
�O3��&!�$#!�5� �������*)3) �$2 ��

x�C76464C�2:C7Ut-5649<?A@�EG2HC7@DB C7@ /7?TPFED64C0U<C7;W6Y24-5@D;:�h?N24P`->6�9<?A@D;|BDC'2:C7@D?T24P`-5U<9<;=-5649<?A@�QG-5VD9}X
6JSDC7UIU<C7;1k�-59<@D;49!RTSDCLU<CF� -59<6KRTSDCLU<C`/YQG-APFE"2:C7@D?T24P`-5U<9<;48_C7;J6K87/12:9<6_BG-5@D;KSD@"2:8Y�h812:C7@T649<C7U
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Cαβ(q, ω; Π) = C
(I)
αβ (q, ω; Π)

χαβ(q, ω; Π) = Ωασ(+θ(b))χ
(I)
σβ (q, ω; Π)
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φα
ksBDC
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φRα
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ω0(b)

w

φα(q, t) = Ωαβ(ω0(b)t)ψβ(q, t)

φ̃α(q, t) = Ωαβ(θ(b) + ω0(b)t)ψ̃β(q, t)

φRα (q, t) = ϕα(q, t)

φ̃Rα (q, t) = ϕ̃α(q, t)
� �Ge��A�3�
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G [φ]
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γ [φ]
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φα(q, t) = b
d+2

2

√
Z
−1
Z−1
ω φRα (bq, b−2Z−1

ω t)

φ̃α(q, t) = b
d−2

2

√
Z̃
−1

Z−1
ω φ̃Rα(bq, b−2Z−1

ω t)

Gαβ [φ] (q, t1 − t2; Π, b) = b2Z−1Z−2
ω Gαβ [φ] (bq, b−2Z−1

ω (t1 − t2); Π′)

γαβ [φ] (q, t1 − t2; Π, b) =
√
ZZ̃
−1

Z−2
ω γαβ [φ] (bq, b−2Z−1

ω (t1 − t2); Π′)� �Ge}�A�A�
?
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Cαβ(q, t1 − t2; Π) = Ωασ(−ω0(b).(t1− t2))Gσβ [φ] (q, t1 − t2; Π, b)

χαβ(q, t1 − t2; Π) = Ωασ(θ(b)− ω0(b).(t1 − t2))γσβ [φ] (q, t1− t2; Π, b)� �Ge}�A�A�
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z
k
η
C76

η̃
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Zω(b) = bz−2

Z(b) = b−2(z−2)+η

Z̃(b) = b−2(z−2)+ �η � �Ge]�N�A�
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ξ ∝
(

1

δr̃

)ν
τ ∝ ξz

G [φ] (q = 0, ω = 0) ∝
(

1

δr̃

)ν(2+z−η)

γ [φ] (q = 0, ω = 0) ∝
(

1

δr̃

)ν(z− η+η̃
2 )

� �Gei�z�1�
?


δr̃
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δr̃
�7kD@D?ASD;{-bmA?A@D;�w

G [φ] (q = 0, ω) ∝
(

1

|ω|

) 2+z−η
z

γ [φ] (q = 0, ω) ∝
(

1

|ω|

)1− η+η̃
2z

G [φ] (q, ω = 0) ∝
(

1

q

)2+z−η
γ [φ] (q, ω = 0) ∝

(
1

q

)z− η+η̃
2

G [φ] (x = 0, t) ∝
(

1

t

) d−2+η
z

γ [φ] (x = 0, t) ∝
(

1

t

) 1
z (d+ η+η̃

2 )

G [φ] (x, t = 0) ∝
(

1

x

)d−2+η

γ [φ] (x, t = 0) ∝
(

1

x

)d+ η+η̃
2
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〈φ〉 ∝ f1/δ -bmAC7/
δ =

d− 2 + 2z − η̃
d− 2 + η
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ω → 0
k
q = |q| → 0

k
t→∞ C76

x = |x| → ∞ e
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νL =
1

2
zL = 2 ηL = 0 η̃L = 0
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=
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=
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=
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δ = −3Ñ −N − 2L+ 6 + ε

(
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C
��	 � ��2
�$#!���t) � ���$����$2 �7�!�D�������*)3) �$����(#-�D�!�$��/X) &�� �z�$2(�D) �"������&��1���7�
���$)3) �$2����
	$�1�$2 � ���

,�[�-5/7649<?A@v@NSDCW�\�Ge��A�A��EGC7SD6j->UI?T2:;{;4CZBD87/7?NPFEz?A;4C12c/7?NP�PFCj;JSD9I6 w

S(0)
[
ϕ̃(0)
α , ϕ(0)

α

]
= S [ϕ̃α, ϕα] + δS [ϕ̃α, ϕα] + Sper [ϕ̃α, ϕα]

� �Ge��>�N�
?
 S[ϕ̃α, ϕα]

2:C7EG2:87;JC7@N64C�Uh[�-5/7649<?A@FBDC{Ut-Z64QD87?N2H9IC{2:C7@D?T24P`-5U<9<;487CAk Sper[ϕ̃α, ϕα]
Ut-ZEG-A2:649<C

BDClU\[}-5/7649<?A@`6=2J-59<6487C{C7@`EzC12:64SG2:VG-56J9I?3@D;j�hP`-59<;�/7C76J64Cc�h?A9<;:X /79G87/12:9<64ClC7@`64C124PFC7;�BDC7;�oN2J-5@TX
BDC7SG2H;j2:C7@D?N24P�-5U<9I;J87C7;=�7kTC76

δS[ϕ̃α, ϕα]
Ut-`EG-32:649<CKBDC_Uh[�-5/76J9I?3@'2:C7oN2H?ASDEG-5@T6�U<C7; �:/7?3@N6=2HCYX

6JC124PFC7;��=eTxcCK;4?A@T6cC7SD^WRTSD9s;4C12:?A@T6c/1-5U</7SDUI87;ZBDC_P`-5@D9<O12:CK�`-5VD;J?N2:VGC12�U<C7;{El:AU<C7;{C7@
ε−1BDC7;l9I@T6487oN2J-5U<C7;yBDC �TC7MN@GP�-5@.e ={?ASD;Z-1m3?A@D;cUIC7;lC7^NEG2:C7;J;49<?A@D;{;4SD9<m�->@N64C7;�w

,�[�-5/7649<?A@02:C7@D?N24P�-5U<9I;J87CK;1[i87/12:9<6�w
S [ϕ̃α, ϕα] =

∫

q,ω

{
Dϕ̃αϕ̃α − ϕ̃α

[
iω + cq2

]
ϕα − ϕ̃α

[
caq

2
]
εαβϕβ

}

−
∫

k1k2k3

µ′ε(4π)−ε/2gαβϕ̃αϕβϕγϕγ
� �Ge}�A�A�

,�[�-5/7649<?A@vBDC7;{/7?A@T6=2:CYX 64C12JPFC7;�;1[]87/12:9<6Dw
δS [ϕ̃α, ϕα] =

∫

q,ω

{
D
(
ZωZ̃ − 1

)
ϕ̃αϕ̃α

−ϕ̃α
[
iω
(
Z2
ω

√
ZZ̃ cos θ − 1

)
+ cq2

(
Zω

√
ZZ̃ cos θ − Zω

√
ZZ̃Zca

ca
c

sin θ − 1
)]
ϕα

−ϕ̃α
[
iω
(
Z2
ω

√
ZZ̃ sin θ

)
+ caq

2

(
Zω

√
ZZ̃Zca cos θ + Zω

√
ZZ̃

c

ca
sin θ − 1

)]
εαβϕβ

}

−µ′ε(4π)−ε/2
∫

k1k2k3

{[
(ZuZ

3
ω cos θ − 1)g − ZuaZ3

ω sin θga
]
ϕ̃αϕαϕγϕγ

+
[
(ZuaZ

3
ω cos θ − 1)ga + ZuZ

3
ω sin θg

]
εαβϕ̃αϕβϕγψγ

} � �Ge��3�A�
`�6KC7@T�G@uU\[}-5/7649<?A@"-5;4;4?T/79<87C`-5SD^�64C12JPFC7;jBDCvP`-5;4;4CAkzC76KRTSD9+C7;46K6Y24-59<6487C_C7@	EGC12:64SG2HVG-bX
6J9I?3@D;Dw

Sper [ϕ̃α, ϕα] =

∫

q,ω

{
−ϕ̃αϕα

√
ZZ̃Zω(rZr cos θ)

}

+

∫

q,ω

{
−ϕ̃αεαβϕβ

√
ZZ̃Zω [−δω0 + rZr sin θ]

}

� �Ge}�A�A�
=l?ASD;`2:C1P`-32:RNSD?3@D;_RTSDCAk+6JC7/=QD@D9<RTSDC1PFC7@N6bk+Ut-"2H?A6=-5649<?A@$� �Ge��A�3�Z9I@T6=2:?TBDSD9<6FSD@�/7?A@N6Y2:CYX
6JC124PFC

δω0
RNSD9.EzC124PFC7646Y24-KUh[�-5VD;J?N2:ED649<?A@vBDC7;{BD9<mAC12:oAC7@D/7C7;lQD?N2:;:X BD9t-5oA?3@G-5U<C7;�BDC

Γ
(2)

�αβ
e

�TSD9<m�-5@T6{U<C7;{9<BD87C7;jBDS0EG-324-5oN24->EDQDC{�Ge��De}�Dk5@D?ASD;{BD8Y�G@D9<;4;4?3@D;{U<C7;j/YQG-APFED;
φα

C76
φ̃αC7@	64C124PFC7;ZBDC7;4RTSDC7UI;|Ut-v64QD87?N2:9<CFCYqrC7/7649<mAC�@.[i?A;4/79<U<U<C`EG-5;_�vUh[i87/YQDC7UIU<Cv/7?A@D;49<BD812:87C`C76K@DC

/7?3@N649<C7@T6cEG-5;{BDC_2:?A6Y-5649<?A@D;�BG->@D;{;=-F2:C7@D?N24P�-5U<9I;Y-5649<?A@.eN��?3SG2�/7C7Ut-Dk�@D?ASD;c9I@T6=2:?TBDSD9<;4?A@D;
SD@DCFEDSDU<;=-56J9I?3@'CYqsC7/7649<mAC

ω0
kzRNSD9�BD87EGC7@DB"BDCFUh[i87/YQDC7U<UICv-A2:VD9<6=24-59t2:C

µ′
kzC76ZRNSD9Da4?3SDCLSD@

2;:AU<CL;J9wPp9IUt-59t2:Cv�v/7C7UISD9�2H87;4C12:mA8F�
ω0(b)

kzBD8Y�G@D9!BG-5@D;KU<C7;KEG-A24-5oN2J-5EDQDC7;{�Ge���et�KC76K�Ge���e��
BG->@D;{U<CK/1-5BG2:CKBDCKUt-`PF8764QD?TBDCKBDC � 9<U<;4?A@ �;7 w

ω0 = Z−1
ω ω

(0)
0 + δω0 = Z−1

ω

(
ω

(0)
0 + δω̃0

)
= Z−1

ω ω̃0
� �Ge}�A�A�

� B � >1*,& #%$'L@�0$%5,F�#%>�5?&+&S*�# .0$'&Q&S�0(Z�".0/�#��06�2<&+$'6 F � � 2%#%$35,-<$'&+$35�6S#%$+F�$'& F�$3* �
,/1#%/@(@=<6S#%$'&)F�/�5?& .0$Z-�9,/ >

��06S#%$�� [

 �



�����!C��R#-�$��/F� �7� #;��2
�$#!���t) � ���$����$2 �7�!�D�������*)3) �$����(#-�D�!�$��/X) &��

=l?ASD;{BD8Y�G@D9<;4;J?A@D;jSD@DC|64QD87?N2:9<C_-5;J;4?N/79<87C_-5SD^v/YQG-APFED;
φα

C76
φ̃α
kzRNSD9.;JCK6=2:?ASDmACZBG-5@D;

U<C`2:8Y�h812:C7@T649<C7U+?A;J/79IU<Ut-5@T6��vUt-�EDSDU<;=-5649<?A@uCYqrC7/76J9Im3Cp2HC7@D?N24P`-5U<9<;487C
ω0
kGC76ZEG?3;4;487BG-5@T6jSD@

BD87/1->Uw->oACKBDC_EDQG-5;JC
θ
C7@d64C124PFC7;cBDS�/YQG-APFE�->SD^N9<U<9t-59t2:CAe<=l?ASD;{EDUt-$87?3@D;j87oN->UIC1PpC7@N6{Ut-

6JQD87?N2:9<Cj@TSDC_-5;4;J?N/79<87CZBG-5@D;cUIC_2H8Y�\812:C7@T649<C7Us?A;4/79<U<Ut-5@N6{�|Ut-|� 2:87RNSDC7@D/7C
ω0
kTBDCZ� -$87?A@0�_/7C

RTSDC!U<C7;+6Y24-5@D;:�h?N24P`->649<?A@D;DBDC�oN2H?ASDEGC�BDCy2:C7@D?T24P`-5U<9<;=-5649<?A@ZU<9<87C7; �c/7C76J64C!64QD87?N2:9<C!@DC�� -5;J;4C
EG->;`9<@N64C12HmAC7@D9t2FBDC�2:?A6=->649<?A@D;1e\`�@�EG-A2:649</7SDU<9<C127k!U<C7;v87RNSG-56J9I?3@D;`BDC�x{-5U<Ut-5@TX �TMDP`-5@ x79 {
->;4;4?T/79I87C7;K��/7C7;K/=QG-APpED;

φα
C76
φ̃α

@DC~�\C12:?3@N6{EG->;j9<@T64C12:mAC7@D9t2l/7C7;KEG-A24-APFO76Y2:C7;1e ={?3SD;
-bmA?3@D;Vw

φ(0)
α (x, t(0)) = Ωαβ(ω̃0t

(0))ψ
(0)
β (x, t(0))

φ̃(0)
α (x, t(0)) = Ωαβ(ω̃0t

(0) + θ)ψ̃
(0)
β (x, t(0))

φα = ϕα

φ̃α = ϕ̃α
� �Ge}�A�A�

,gC7;y87RTSG-5649<?A@D;cBDCKx{-5U<Ut-5@TX �TMDP`-5@ x79 { -5;4;J?N/79<87;{�|/7C76464CZ64QD87?N2:9<C{EzC124PFC76464C7@T6�BDCZ/1-5U</7STX
U<C12ZU<C7;Z�h?A@D/7649<?A@D;ZmAC12:64C7^vEG?ASG2ZUt-�64QD87?N2:9<C`2:C7@D?N2JP`-5U<9<;487C_U<9<87CW-5Sd/=QG-APpE

φα
kGC76Z@D?ASD;

-bmA?3@D;�-5/7/7O7;y�~/7C7;yPFn1PFC7;��\?3@D/7649<?A@D;�Ez?ASG2!Ut-|64QD87?N2:9<C{RTSD9G@D?3SD;�9<@N6J812:C7;4;4C{oT24�5/7C{�KBDC7;
6Y24-5@D;:�h?N24P`->6�9<?A@D;�BDCL2:?36=-5649<?A@W->@G-5U<?AoASDC7;j���\�Ge��A�A��eAxcC7;{6=24->@D;:�\?T24P`-56:9<?A@D;!�h?A@T6c9I@T64C12 X
m3C7@D9w2�U<C7;cEG-A24-APpO76=2:C7;�2:C7@D?N2JP`-5U<9<;487;

ω0
C76
θ
9I@T6=2:?TBDSD9<64;y2HC7;4EGC7/7649<mAC1PpC7@N6�C7@�� �Ge��A�3�.C76

�\�Ge��A�A��k5C76{RNSD9sBD87EzC7@DBDC7@N6ZBDCKUh[i87/=QDC7U<U<C`-A2:VD9<6=24->9w2HC
µ′
e

�(� ����� � +,���$�������-�	%�� �&� "�"��!� � ��'�) � �������

={?3SD;.@D?A64?A@D;
Γ( �N,N,L)[φ]

U<C7;�mAC12:64C7^ZEG2:?AEG2HC7;.BDC�Ut-l64QD87?N2:9<C�-5;4;J?N/79<87C7;+-5SD^K/YQG-APFED;
φα

C76
φ̃α
eGxcC7646JCj64QD87?T2:9<CKEG?A;4;JO7BDCKBDC7;c�\?3@D/7649<?A@D;cBDC_/7?N242H87Uw->649<?A@WRTSD9s@DCK/7?A@T649<C7@D@DC7@N6

EG->;jU<C7;KEG-A24-3PFO76=2:C7;
ω0

C76
θ
e>`!@dCYqrC761kz64?ASD64C|Ut-vBD87EGC7@DBG-5@D/7CFBG-5@D;K/7C7;ZEG-A24-APpO76=2:C7;

-p87648_-5VD;4?N2HVG87CZBG-5@D;{Ut-FBD8Y�G@D9<649<?A@uBDS�2:8Y�h812:C7@N6J9IC7UsBG-5@D;lUIC7RTSDC7U.C7;46l87/12:9<64CKUt-`64QD87?T2:9<CAe
=l?ASD;`@D?364?A@D;

Γ( �N,N,L)[φ](k{i(j)}, k̄{l}; c, ca, g, ga, r, µ
′)
U<C�mAC12:6JC7^"EG2:?AEG2:CvBDC�/7C76J64C

6JQD87?N2:9<CAkTC76{/7?A@D;46=2HSD9I6{-bmAC7/
L
9<@D;4C12:6J9I?3@D;{BDC1w

−rZr
√
ZZ̃Zω

[
φ̃αφα cos θ + φ̃αεαβφβ sin θ

]

RTSD9DEG?3;4;4O7BDC7@T6!UIC7;!9tPFEDSDU<;49<?A@D;cC7@T6=24-5@T64C7;
k̄{l}

� mA?39w2�Ut-Z/7?A@D;J6=2:SD/7649<?A@|BDC7;�BD9t-5oN24-3P`PFC7;
BG->@D;!UICZ/YQG-5ED9<6=2:C{�A�7e5,sC7;�m3C12:64C7^_EG2H?AEG2:C7;

Γ( �N,N,L)[φ]
BD87EGC7@DBDC7@T6�BDC{6=2H?A9<;Ga4C7SD^FB.[i9tP|X

EDSDU<;49<?A@D;"w
k{i}

k
k{j}

C76
k̄{l}

e
i
m5-A2:9<CcC7@N6Y2:C

1
C76
Ñ
k
j
C7@T6=2:C

Ñ+1
C76
Ñ+N

k1C76
l
C7@T6=2:C

1
C76
L
eT,.-|@D?A6=-56J9I?3@

k{i(j)}
BD87;49<oA@DCKUh[iC7@D;JC1P_VDU<CZBDC7;+aJC7SD^`B.[i9tPFEDSDU<;49<?A@D; {k{i}, k{j}} e,gC{mAC12:64C7^|EG2:?AEG2:CZ2:C7@D?N24P`->UI9<;48

Γ( �N,N)[φ]
k5RNSD9z/7?A@N6J9IC7@T6!64?ASD;!U<C7;c?N2:BG2HC7;!EGC12:64SG2HVG-5649}�\;

BG->@D;{U<CK64C124PFCZBDCLP`->;4;4CAkAC7;J6j-5U<?N2:;cBD?A@D@D8KEG-A2 w

Γ( �N,N)[φ](k{i(j)}; c, ca, g, ga, r, µ
′) =

∞∑

L=0

rL

L!
Γ( �N,N,L)[φ](k{i(j)}, k̄{l} = 0; c, ca, g, ga, r = 0, µ′)

� �Ge}�A�A�
\ �



C
��	 � ��2
�$#!���t) � ���$����$2 �7�!�D�������*)3) �$����(#-�D�!�$��/X) &�� �z�$2(�D) �"������&��1���7�
���$)3) �$2����
	$�1�$2 � ���

=l?ASD;{-bmA?A@D;cU<C7;�2HC7Uw->649<?A@D;c;4SD9<m�-5@T64C7;{C7@T6=2:CZU<C7;j64QD87?T2:9<C7;y@TSDC7;{C76j2HC7@D?N24P`-5U<9<;487C7;�w

Γ( �N,N)[φ](k{i(j)}; c, ca, g, ga, r, µ
′) =

Z �N+N
ω Z̃ �N/2ZN/2Γ

( �N,N)
0 [φ(0)](k

(0)
{i(j)}; c, c

(0)
a , u(0), u(0)

a , r(0))

Γ( �N,N,L)[φ](k{i(j)}, k̄{l}; c, ca, g, ga, r, µ
′) =

Z �N+N
ω Z̃ �N/2ZN/2ZLr Γ

( �N,N,L)
0 [φ(0)](k

(0)
{i(j)}, k̄

(0)
{l}; c, c

(0)
a , u(0), u(0)

a , r(0))� �Ge}�D�1�
={?3SD;y;Y-1m3?A@D;cRNSDCKU<C7;l�\?A@D/76J9I?3@D;{mAC12:64C7^�/7?A@N6J9IC7@D@DC7@T6{;4MT;46481P�-5649<RNSDC1PpC7@N6�SD@v� -5/YX

6JC7SG2
(2π)d+1δd+1(

∑
i,j ki(j))

U<9<8 � Uh[i9<@Nm5-A2:9t-5@D/7CvEG-A2Z6=24-5@D;JUw->649<?A@.er��?3SG2Z8764SDBD9<C12KU<C7;
/7?TPFEG?N2H64C1PFC7@T64;+BDC7;��\?A@D/76J9I?3@D;�BDCZ/7?N242:87Ut-5649<?A@D;bk5@D?ASD;cEG2:8Y�\812H?A@D;�87U<9tPF9<@DC12c/7Cl� -5/76JC7SG2
6Y2:9<mN9t-5Uhe>=l?A6=-AP`PpC7@N6c/7C7Ut-v@D?ASD;ZEGC124PFC76ZBDC`2:C76=2:?3SDmAC12cEDU<SD;K;49tPFEDU<C1PFC7@T6KUIC7;KC7^TEG2:C7;:X
;J9I?3@D;{?AVD64C7@TSDC7;cBG-5@D;cUIC|/1-5BG2:CZBDCKUt-F64C7/YQD@D9IRTSDC_BDC � 9<UI;J?A@�Ez?ASG2�Uw-�2:C7@D?N24P`->UI9<;=->649<?A@
BDC7;��\?A@D/76J9I?3@D;��|BDC7SD^vEG?A9<@T64;cBDCKUt-F64QD87?N2:9<CAe =l?ASD;c@D?A64?A@D;

Γ̂
/7C7;��h?A@D/7649<?A@D;{2:87BDSD9<64C7;1e

`�U<UIC7;|?AVG879<;4;JC7@N6KEG2:C7;JRNSDC`-5SD^uPFn1PFC7;K2:C7Ut-5649<?A@D;KRTSDC`/7C7U<UIC7;|87/12:9<64C7;�aJSD;464C`-5STX BDC7;4;4SD;bk
�|/7C7/79sEG2:O7;cRTSDCjU<CZ� -5/764C7SG2

Zω
;4CZ6=2:?ASDmACZP`-59<@N6JC7@G-5@N6c�KUt-FEDSD9<;4;=->@D/7C

Ñ +N − 1
-5S

U<9<C7S�BDC
Ñ + N

e
={?3SD;_87/12:9<mA?A@D;`P`->9I@T64C7@G-5@T6KRTSDCWUt-uBD812:9<mA87Cv64?A6Y-5U<C`BDC7;|�\?A@D/76J9I?3@D;Lm3C12:64C7^�BDC0Ut-

6JQD87?N2:9<CF@NSDC`EG-32K24-5EDEG?T2:6��vUh[i87/YQDC7U<U<C -A2HVD9I6Y24-59t2:C
µ′
� 9<@T6=2:?TBDSD9<64CFBG-5@D;KUt-064QD87?N2H9IC`2:CYX

@D?T24P`-5U<9<;487C1�cC7;46Z9<BDC7@N6J9IRTSDC1PFC7@T6K@NSDU<U<CAe.xcC7Ut-�@D?ASD;�PpO7@DCL-5SD^087RTSG-5649<?A@D;{BDC`x{->UIUt-5@TX
�TMDP`-5@ x79 { k.87/12:9<64C7;FC7@"6JC124PFC7;_BDC7;|�h?A@D/7649<?A@D;|mAC12:64C7^u2:87BDSD9<64C7;`-5;4;4?T/79<87C7;L-5S�/=QG-3PFE
φ
w

[
∂

∂ lnµ′
+ β

∂

∂g
+ βa

∂

∂ga
+ ρca

∂

∂ca
+

�N(N)∑

i(j)=1

γ̄ωi(j)
∂

∂ωi(j)
− γr

∂

∂ ln r
−

−(Ñ +N − 1)γω −
Ñ

2
γ̃ − N

2
γ

]
Γ̂( �N,N)[φ](qi(j), ωi(j); c, ca, g, ga, r, µ

′) = 0

� �Ge}�A�A�
-bmAC7/ZU<C7;jBD8Y�G@D9<649<?A@D; w

β(g, ga, ca, ε) =
dg

d lnµ′
|
u(0) ,u

(0)
a ,c

(0)
a

βa(g, ga, ca, ε) =
dga

d lnµ′
|
u(0),u

(0)
a ,c

(0)
a

ρca(g, ga, ca, ε) =
dca

d lnµ′
|
u(0) ,u

(0)
a ,c

(0)
a

γ̄ωi(j)(g, ga, ca, ω
′
i(j), ε) =

dωi(j)
d lnµ′

|
u(0) ,u

(0)
a ,c

(0)
a

γω(g, ga, ca, ε) =
d lnZω
d lnµ′

|
u(0) ,u

(0)
a ,c

(0)
a

γ̃(g, ga, ca, ε) =
d ln Z̃

d lnµ′
|
u(0),u

(0)
a ,c

(0)
a

γ(g, ga, ca, ε) =
d lnZ

d lnµ′
|
u(0) ,u

(0)
a ,c

(0)
a

γr(g, ga, ca, ε) =
d lnZr
d lnµ′

|
u(0) ,u

(0)
a ,c

(0)
a
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γ̄ωi(j)

kDRNSD9 ;4C12:?A@T6{2:C7;4EG?3@D;=-5VDU<C7;cBDC7;jU<?A9<;{B.[i87/YQDC7U<U<CL6JC1P|X
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γ̄ωi(j)(g, ga, ca, ωi(j), ε) = −ωi(j)γω(g, ga, ca, ε)
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ki(j)/µ
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ki(j)/µ
′ k+BDCvBDC7oN2:8v9<@T�\812H9IC7SG2|?AS�87oN-5Uc-5S�BDC7oN2:8`BDC0BD9<mAC12:o3C7@D/7CWBDS�BD9t-5oN24-AP�PFCFRNSD9U<C7SG2cBD?3@D@DCj@G-59<;4;Y-5@D/7C`���D�H��eDxcCjBDC7oT2:8j876Y-5@N6cB.[i?T2:BG2:C

ε
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ln ki(j)/µ
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Z̄
;4SD9<m�->@N64; w

g(0) = Z̄ug g(0)
a = Z̄uaga c(0)

a = Z̄caca
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Z̄u + g ∂Z̄u∂g g ∂Z̄u∂ga
g ∂Z̄u∂ca

ga
∂Z̄ua
∂g Z̄ua + ga

∂Z̄ua
∂ga

ga
∂Z̄ua
∂ca

ca
∂Z̄ca
∂g ca

∂Z̄ca
∂ga

Z̄ca + ca
∂Z̄ca
∂ca







β
βa
ρca


 =



−εZ̄ug
−εZ̄uaga

0
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β
k
βa
C76
ρca

kbRNSD9
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ε
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ε → 0
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ε
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ε−1 C7;46!�Z/7?A@D;49<BD812:C127e7=l?ASD;!?AVD64C7@D?3@D;BD?3@D/1w




β
βa
ρca


 =



−εg
−εga

0


+




g ∂Z̄u∂g g ∂Z̄u∂ga
g ∂Z̄u∂ca

ga
∂Z̄ua
∂g ga

∂Z̄ua
∂ga

ga
∂Z̄ua
∂ca

ca
∂Z̄ca
∂g ca

∂Z̄ca
∂ga

Z̄ca + ca
∂Z̄ca
∂ca




(1)


g
ga
0
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ε−1 BG-5@D;Ut-uP`-56Y2:9</7CAe+,.-d@TSDUIU<9<648dBDC7;L6JC124PFC7;_BDS�BD87m3C7UI?3EDEGC1PFC7@T6FC7@�EDSD9<;4;=->@D/7C7;`BDC
ε−i
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β
k
βa

C76
ρca
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β(g, ga, ca, ε) = −εg + β(4)(g, ga, ca)

βa(g, ga, ca, ε) = −εga + β(4)
a (g, ga, ca)

ρca(g, ga, ca, ε) = ρca(g, ga, ca)
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γω(g, ga, ca, ε) = γω(g, ga, ca) = −g ∂Z
(1)
ω

∂g
− ga

∂Z
(1)
ω

∂ga

γ̃(g, ga, ca, ε) = γ̃ω(g, ga, ca) = −g ∂Z̃
(1)

∂g
− ga

∂Z̃(1)

∂ga

γ(g, ga, ca, ε) = γ(g, ga, ca) = −g ∂Z
(1)

∂g
− ga

∂Z(1)

∂ga

γr(g, ga, ca, ε) = γr(g, ga, ca) = −g ∂Z
(1)
r

∂g
− ga

∂Z
(1)
r

∂ga
γ̄ωi(j)(g, ga, ca, ε) = γ̄ωi(j)(g, ga, ca) = −ωi(j)γω(g, ga, ca)
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~V .~∇f = gf
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h(t) = f(~x(t))
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ẋi(t) = Vi(~x(t))
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d lnh

dt
= g(~x(t))
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[
Γ̂( �N,N)

]
= d+ 2− Ñ

(
d+ 2

2

)
−N

(
d− 2

2

) � �Ge}�A�A�

� EG2:O7;!BD9<Ut-56=-56J9I?3@LB.[]87/=QDC7U<U<CAkAUt-Z;4?AU<SD649<?A@�BDC7;!87RNSG-56J9I?3@D;!BDC�xl-5U<Uw->@TX �TMfP`->@ x79 { ;1[]87/12:9<6 w

Γ̂( �N,N)[φ](qi(j), ωi(j); c, ca, g, ga, r, µ
′) =

sd+2− �N(d+2
2 )−N(d−2

2 ) exp

{
−
∫ ln s

0

[
(Ñ +N − 1)γω +

Ñ

2
γ̃ +

N

2
γ

]
d ln s′

}
·

Γ̂( �N,N)[φ]

(
qi(j)
s
,
ωi(j)(s)

s2
; c, ca(s), g(s), ga(s),

r(s)

s2
, µ′
) � �ze��5�N�

,gC7;{�h?A@D/7649<?A@D;
γ
RNSD9�-5EDEG-A24-59<;4;JC7@N6cBG-5@D;{Uh[i9<@T6487oN24->UICKBDC|Uh[iC7^NEz?A@DC7@T649<C7UIU<CF;4?A@T6{�`/7?TP|X

EG2HC7@DBG2:Cj/7?TP`PFCZBDC7;c�\?3@D/7649<?A@D;cBDC
(g(s), ga(s), ca(s))

eD,![i87m3?AU<SD649<?A@WBDC7;lEG-A24-APFO76Y2:C7;
C7@p�\?A@D/76J9I?3@_BDC{Ut-KBD9<Ut-56=->649<?A@FB.[i87/=QDC7U<U<C

s
C7;46!BD?A@D@D87CcEG-A2�Uh[i87RTSG-5649<?A@�� �Ge}�D�1�sBDC{Ut-KPF8YX

6JQD?NBDC|BDC7;j/1-A2J-5/764812:9<;4649<RTSDC7;1e
^�24-5BDSD9<64CKC7@u64C124PpC7;{BDC7;{�h?A@D/7649<?A@D;lBD8Y�G@D9IC7;KC7@ � �ze��A�A�7k
C7U<U<C_;b[i87/12:9<6Dw

dg

d ln s
= β(g(s), ga(s), ca(s), ε)

dga
d ln s

= βa(g(s), ga(s), ca(s), ε)

dca
d ln s

= ρca(g(s), ga(s), ca(s))

dr

d ln s
= −r(s) γr(g(s), ga(s), ca(s))

dωi(j)
d ln s

= −ωi(j)(s) γω(g(s), ga(s), ca(s))
� �Ge��3�A�

=l?ASD;F-1m3?A@D;_BD?A@D/�;4S�9<@T6487oN2:C12~U<C7;L87RTSG-5649<?A@D;FBDC0x{-5U<Ut-5@TX �TMDP`-5@ x79 { EG?ASG2|U<C7;|�\?A@D/YX
6J9I?3@D;KBDCL/7?T242:87Ut-5649<?A@D;ZBDCFUw-v6JQD87?N2:9<C`-5;4;4?T/79<87Cp->S'/YQG-APFE

φ
ksBD8Y�G@D9!C7@ �\�Ge��A�A��e
={?3SD;

BD9<;4/7SD6JC12:?A@D;{BG-5@D;ZU<C_/YQG-5ED9<6=2:C_��/7?NP`PFC7@T6c/1-5U</7SDU<C12ZUIC7;l�h?A@D/7649<?A@D;{BDC|/7?N242:87Ut-5649<?A@0BDC
Ut-F6JQD87?N2:9<CKEDQNMT;49<RTSDCKBG-5@D;{U<CL2:8Y�h812:C7@T649<C7Us?N2:9<oA9<@DC7U�� mA?A9t2�Uh[i87RNSG->649<?A@��h�De��3�4�7e
\ C



C
��	 � ��2
�$#!���t) � ���$����$2 �7�!�D�������*)3) �$����(#-�D�!�$��/X) &�� �z�$2(�D) �"������&��1���7�
���$)3) �$2����
	$�1�$2 � ���

�(� ����� � ��������� ��� ����� ��� ��� �!����������������+,�-���

xc?NP`PpCy@D?3SD;�Uh[�-bmA?A@D;!BD9<6�EG2H87/787BDC1P`PFC7@T61k5U<CKEG?A9<@T6!�G^TCjBDS`oT2:?ASDEGClBDC�2:C7@D?T24P`-bX
U<9<;=-56J9I?3@0C7;46{BD8Y�G@D9.EG-A2"w

β(g∗, g∗a, c
∗
a, ε) = 0

k
βa(g

∗, g∗a, c
∗
a, ε) = 0

C76
ρca(g∗, g∗a, c

∗
a) = 0

� �Ge}�A�A�
`�@u/7C`EG?A9<@T61kzUIC7;|EG-A24-APpO76=2:C7;

g
k
ga
C76
ca
@DCLm5-A2:9<C7@T6KEG-5;KC7@u�h?A@D/7649<?A@�BDC�U\[]87/=QDC7U<U<CAe

,gC7;!�h?A@D/7649<?A@D;
γ(xi(s))

;4?A@T6+BD?3@D/{BDC7;!/7?A@D;46=->@N64C7;be � 9<@D;49z64?ASD64C7;�U<C7;�BD87EzC7@DBG-5@D/7C7;�C7@
s
;4?A@T6�BDC7;{U<?A9<;{B.[]87/=QDC7U<U<C7;1kDC76cUt-F;4?AU<SD649<?A@vBDC7;{87RTSG-5649<?A@vBDC_x{-5U<Ut-5@TX �TMDP`-5@ x79 { � �Ge}�5�N�

BDC7mT9<C7@N6 w

Γ̂( �N,N)[φ](qi(j), ωi(j); c, c
∗
a, g
∗, g∗a, r, µ

′)

= exp

{[
d+ 2− Ñ

(
d+ 2

2

)
−N

(
d− 2

2

)
− (Ñ +N − 1)γ∗ω +

Ñ

2
γ̃∗ +

N

2
γ∗
]

ln s

}
·

Γ̂( �N,N)[φ]

(
qi(j)
s
,
ω′i(j)(s)

s2
; c, c∗a, g

∗, g∗a,
r(s)

s2
, µ′
)

� �ze��A�A�
-bmAC7/Ow

r(s) = r.s−γ
∗
r ωi(j)(s) = ωi(j)s

−γ∗ω � �Ge}�A�A�
,�[i9<BDC7@N649}�G/1-56J9I?3@p-bmAC7/!U<C7;!/7?NPpEG?N2:6JC1PFC7@N6J;g->;4MfPpED64?A649<RTSDC7;y� �Gei�z�1�zC76�� �zei�N�A�z@D?ASD;�EGC12 X
PpC76yB.[]9IBDC7@T649}�GC12lUIC7;lC7^NEz?A;=-5@T64;c/12:9<649<RNSDC7;beG��?ASG2�/7C7Ut-DkT9IU � -5SD6cBD87BDSD9w2HC_BDCKUt-F;4?AU<SD649<?A@
�\�Ge��A�A� ;4?A@F9tPFEDU<9</1-5649<?A@vC7@W6JC124PFC7;�BDCjUt-Z�h?A@D/7649<?A@�BDC{/7?N242:87Ut-56J9I?3@

G[φ]
C76�BDC{Ut-Z�h?A@D/YX

6J9I?3@�BDC`2:87EG?3@D;4C
γ[φ]

eD,sC7;KRTSG-56=2:CKC7^TEG?A;Y-5@N6J;{/12:9<649<RNSDC7;K9<@DBD87EGC7@DBG->@N64;K;J?A@N6lBD?A@D@D87;
EG-32Vw

ν =
(
2 + γr(g

∗, g∗a, c
∗
a)
)−1

z − 2 = γω(g∗, g∗a, c
∗
a)

η − 2(z − 2) = γ(g∗, g∗a, c
∗
a) η̃ − 2(z − 2) = γ̃(g∗, g∗a, c

∗
a)

� �Ge}�A�A�
�(� ����� �������-�6� �-��� %�� ������� � � �$� ���!��%��!���

ω0

6K-5@D;�/7C76464C{;4C7/76J9I?3@.k5@D?ASD;!C7^NEz?A;4?A@D;�Ut-K;46=2HSD/764SG2:C�BDS�oN2:?ASDEzCyBDCZ2:C7@D?N24P`->UI9<;=->649<?A@
BG->@D;yU<C|/1-5BG2:CZBDCKUw-|64C7/YQD@D9<RNSDCKBDC_xl-5U<Uw->@TX �TMfP`->@ x79 { BG-5@D;cUt-FmAC12:;J9I?3@W?�
vUh[i?A@0oN-32:BDC
ω0

BG-5@D;ZU<C7;K87RNSG-56J9I?3@D;{BDC_oN2H?ASDEGC|BDCL2:C7@D?N2JP`-5U<9<;=-5649<?A@.eG, -`EDU<SDEG-A2:6lBDC7;_2:C1P`-A2:RTSDC7;
� -59<64C7;�BG-5@D;�UIC7;!;JC7/7649<?A@D;!EG2:87/787BDC7@T64C7;+;JC12:?A@T6.m�-5Ut-5VDU<C7;1e7`�@L2:C7m5-5@D/YQDCAk1SD@ �7�$� ,�) � BD87mACYX
U<?AEDEzC1PFC7@T6+EzC12:64SG2:VG-56J9��GBDC7; �h?A@D/7649<?A@D;�mAC12:64C7^ZC7;46!P`-59<@N6JC7@G-5@N6 @D87/7C7;4;=-59t2:CAe � SF@D9<mAC1-5S
BDC7;|87RNSG->649<?A@D;_BDCWxl-5U<Uw->@TX �TMfP`->@ x79 { ks/7C7Ut-d;4C`6=24->BDSD9I6KEG-32KUt-0EG2:87;JC7@D/7C`B.[iSD@"64C12JPFC
;JSDEDEDUI81PpC7@N6=->9w2HCKEG-A2c24-5EDEG?T2:6{-5SD^`87RTSG-5649<?A@D;{RTSD9s?A@N6c87648K?3VD64C7@NSDC7;cEG2:87/787BDC1P�PFC7@N6be
6K->@D;L/7C0@D?3SDmAC1-5S�/1-5BG2:CAk�Ut-u64QD87?N2:9<C0/12:9<649<RTSDC0C7;46FBD8Y�G@D9<C�EG-A2 �z��� � /7?A@DBD9<649<?A@D;1k!�
;Y-1m3?A9t2!Ut-|@NSDU<U<9<648KBDC7;{EG-A24-3PFO76=2:C7;�2:C7@D?T24P`-5U<9<;487;

r
��
ω0
e�=l?ASD;c2:C76=2:?ASDm3?A@D;�-59<@D;49sRNSDC

U<CK/7?NPpEG?N2:6JC1PFC7@N6!/12H9I6J9IRTSDC_-5;4;J?N/79<8_�|/7C76464CKPF8764QD?TBDCj/7?T242:C7;4Ez?A@DBW-5Sv/1-5;{EG-A2H649</7SDUI9<C12
B.[]SD@DCy6Y24-5@D;49<649<?A@F@D?A@TX ?A;J/79IU<Ut-5@T64CAe7=l?ASD; ->;4;4SG2:?A@D;�Ut-Z/7?AQD812:C7@D/7C{BDCc@D?A;�2H87;4SDU<6=-564;!-bmAC7/
U<C|/1-5U</7SDU.BDC7;{EG-A24->oN24-5EDQDC7;�EG2:87/787BDC7@N6J;yC76lUIC7;l/7?NP`PFC7@T6=-59t2:C7;cBDS0EG-A24->oN24-5EDQDC{�ze��De��De

6ZC{� -$87?A@0�F-5U<U<87oAC12cU<C7;{@D?A6=->649<?A@D;1kA@D?3SD;y@D?364?A@D;cBG-5@D;c/7C76464CZ;4C7/7649<?A@
~g
U<C_mAC7/76JC7SG2

(g, ga, ca)
kTC76 ~β UICZmAC7/764C7SG2 (β, βa, ρca)

e(`!@vCYqrC761kT/7C7;c6=2:?A9<;�EG-A24-APFO76Y2:C7;!C76��\?A@D/76J9I?3@D;
->EDEG-A24-59<;4;4C7@T6{BDC`P`-5@D9<O12:CF;4MDPF876=2H9IRTSDC_BG->@D;KUIC7;K87RTSG-5649<?A@D;ZBDC`x{-5U<Ut-5@TX �TMDP`-5@ x79 { C76

\ 	



�����!C��R#-�$��/F� �7� #;��2
�$#!���t) � ���$����$2 �7�!�D�������*)3) �$����(#-�D�!�$��/X) &��

U<C7SG2:;l;4?AU<SD649<?A@D;1e
^ ?ASD64CY�h?A9<;1kT@D?ASD;{oT-A2:BD?A@D;c�FUh[iC7;4EG2:9<6{RTSDCKU<C_EG-A24-3PFO76=2:C
ca
@.[iC7;46cEG-5;

SD@DCK/7?3@D;46=-5@T64CZBDCK/7?ASDEDUt-5oACAe
={?3SD;`EG-A2:64?3@D;pP�-59<@N64C7@G->@N6`BDCdUh[�-5/7649<?A@ @NSDC�� �Ge��D�b�7k.C76`@D?3SD;W9<@T6=2:?TBDSD9I;J?A@D;`U<C7;

P�-5;4;4C7;c-A2:VD9<6=24-59t2:C7;
µ
C76
µ′
kT-59<@D;49sRNSDCZU<C7;y/7?3@D;46=-5@T64C7;!BDCZ/7?ASDEDUt-5oAC7;{-5BD9tPFC7@D;49<?A@D@D87C7;

g(0) C76 g(0)
a

w

u(0) = µεg(0) = µ′ε(4π)−ε/2g(0)

u(0)
a = µεg(0)

a = µ′ε(4π)−ε/2g(0)
a

� �Ge}�A�A�
=l?ASD;cBD8Y�G@D9<;4;4?A@D;ZU<C7;{RTSG-5@N6J9I6J87;�2HC7@D?N24P`-5U<9<;487C7;Dw

ψ(0)
α = ψ(I)

α =
√
Zψβ

ψ̃(0)
α = Ωαβ(−θ)ψ̃(I)

β = Ωαβ(−θ)
√
Z̃ψ̃β

g(0) = Zu

√
Z̃Z3

−1

g

g(0)
a = Zua

√
Z̃Z3

−1

ga

r(0) = r(0)
c + Zrr

ω(0) = Zωω

ω
(0)
0 = Zω0Zωω0

c(0)
a = Zcaca

� �Ge}�D�1�
,�[�-5/7649<?A@v@NSDCK;JCKBD87/7?NPFEG?3;4CKBDCKUt-|� -t87?A@0;4SD9<m�-5@T64C1w

S(0)
[
ψ̃(0)
α , ψ(0)

α

]
= S

[
ψ̃α, ψα

]
+ δS

[
ψ̃α, ψα

]
+ Sper

[
ψ̃α, ψα

] � �Ge}�A�A�
?
0UIC7;lBD9�qs812:C7@T64;{64C124PpC7;y;J?A@N6�w
Uh[�->/7649<?A@�2:C7@D?N24P�-5U<9I;J87C'w

S
[
ψ̃α, ψα

]
=

∫

q,ω′

{
Dψ̃αψ̃α − ψ̃α

[
iω + cq2

]
ψα − ψ̃α

[
caq

2
]
εαβψβ

}

−
∫

k′1k
′
2k
′
3

µ′ε(4π)−ε/2gαβψ̃αψβψγψγ
� �Ge}�A�A�

Uh[�->/7649<?A@0BDC7;{/7?A@T6=2:CYX 64C12JPFC7;Vw

δS
[
ψ̃α, ψα

]
=

∫

q,ω

{
D
(
ZωZ̃ − 1

)
ψ̃αψ̃α

−ψ̃α
[
iω
(
Z2
ω

√
ZZ̃ cos θ − 1

)
+ cq2

(
Zω

√
ZZ̃ cos θ − Zω

√
ZZ̃Zca

ca
c

sin θ − 1
)]
ψα

−ψ̃α
[
iω
(
Z2
ω

√
ZZ̃ sin θ

)
+ caq

2

(
Zω

√
ZZ̃Zca cos θ + Zω

√
ZZ̃

c

ca
sin θ − 1

)]
εαβψβ

}

−µ′ε(4π)−ε/2
∫

k′1k
′
2k
′
3

{[
(ZuZ

3
ω cos θ − 1)g − ZuaZ3

ω sin θga
]
ψ̃αψαψγψγ

+
[
(ZuaZ

3
ω cos θ − 1)ga + ZuZ

3
ω sin θg

]
εαβψ̃αψβψγψγ

} � �Ge��>�N�
\(|
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	$�1�$2 � ���

C76lU\[}-5/7649<?A@0-5;4;4?T/79<87C_-5SD^W6JC124PFC7;c6=24-59<6487;cEzC12:64SG2:VG-56J9Im3C1PFC7@N6"w

Sper
[
ψ̃α, ψα

]
=

∫

q,ω′

{
−ψ̃αψα

√
ZZ̃Zω [rZr cos θ − ω0Zω0Zω sin θ]

}

+

∫

q,ω′

{
−ψ̃αεαβψβ

√
ZZ̃Zω [ω0Zω0Zω cos θ + rZr sin θ]

}

� �Ge}�A�A�
={?3SD;�-bmA?A@D;ZP`-59<@N6JC7@G-5@N6lBDC7SD^06�MTEGC7;ZBDCF64C124PFC7;ZEGC12H64SG2:VG-5649}�h;{BD9}qr812:C7@T64;1wz/7C7SD^

->;4;4?T/79I87;_�vUt-0P`->;4;4C`2:C7@D?N24P�-5U<9I;J8
r
ksC76K/7C7SD^"-5;4;4?T/79<87;_�vUw-vEDSDU<;=->649<?A@�2:C7@D?N2JP`-5U<9<;487C

ω0
e =l?A64?A@D;

Γ( �N,N,Lr,Lω)(ki(j), k̄lr(lω); c, ~g, r, ω0, µ
′)
U<C7;+mAC12H64C7^jEG2H?AEG2:C7;.BDC�Uw-l64QD87?N2H9IC

2HC7@D?N24P`-5U<9<;487CZ/7?A@D;46=2HSD9I6J;�-bmAC7/
Lr

9<@D;4C12:649<?A@D;lBDC w

−rZr
√
ZZ̃Zω

[
ψ̃αψα cos θ + ψ̃αεαβψβ sin θ

]

-bmAC7/ZSD@DC_9tPFEDSDU<;49<?A@dC7@N6Y24-5@T64C
k̄lr
kNC76

Lω
9<@D;4C12:649<?A@D;lBDC1w

−ω0Zω0Z
2
ω

√
ZZ̃

[
ψ̃αψα(− sin θ) + ψ̃αεαβψβ cos θ

]

-bmAC7/KSD@DC|9tPFEDSDU<;49<?A@uC7@N6=2J-5@N6JC
k̄lω
er,gC_mAC12:6JC7^WEG2:?3EG2:C_2:C7@D?N24P�-5U<9I;J8

Γ( �N,N) C7;J6�-5U<?N2H;BD?3@D@D8KEG-A2"w

Γ( �N,N)(ki(j); c, ~g, r, ω0, µ
′) =

∞∑

Lr=0

∞∑

Lω=0

tLr

Lr!

tLω

Lω!
Γ( �N,N,Lr ,Lω)(ki(j), k̄lr(lω) = 0; c, ~g, 0, 0, µ′)

� �Ge}�A�A�
`�@`64C124PpC7;!BDC7;!�h?A@D/7649<?A@D;�m3C12:64C7^L2H87BDSD9I6JC7;1kA@D?ASD;c-bmA?A@D;�UIC7;{2:C7Ut-56J9I?3@D;�;4SD9<m�->@N64C7;�C7@N6Y2:C
U<C7;{6JQD87?N2:9<C7;{@TSDCKC76j2:C7@D?N24P�-5U<9I;J87C'w

Γ̂( �N,N)(ki(j); c, ~g, r, ω0, µ
′) = Z �N+N−1

ω Z̃ �N/2ZN/2Γ̂
( �N,N)
0 (k

(0)
i(j); c, ~u

(0), r(0), ω
(0)
0 )

Γ̂( �N,N,Lr,Lω)(ki(j), k̄lr(lω); c, ~g, r, ω0, µ
′) =

Z �N+N
ω Z̃ �N/2ZN/2ZLrr (Zω0Zω)Lω Γ̂

( �N,N,Lr ,Lω)
0 (k

(0)
i(j)
, k̄

(0)
lr(lω)

; c, ~u(0), r(0), ω
(0)
0 )� �Ge��A�3�

C76lUIC7;l87RNSG-56J9I?3@D;{BDC_x{-5U<Ut-5@TX �TMDP`-5@ x79 { ;b[i87/12:9<mAC7@T64w
[

∂

∂ lnµ′
+ ~β.

∂

∂~g
+

N(P )∑

i(j)=1

γωi(j)
∂

∂ωi(j)
− γr

∂

∂ ln r
− γω0

∂

∂ lnω0
−

−(N + P − 1)γω −
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'9<U�� -5SD6K64C7@D9t2Z/7?NPFED6JCLBDC7;Z� -5/764C7SG2H;jBDC`;JMfPF876Y2:9<C_BDC7;KBD9t-5oN24-3P`PFC7; ��UICp� -5/76JC7SG2 1
2EG2H?�mT9<C7@N6�BDS�BD87mAC7U<?AEDEGC1PFC7@T6vBDC�Uh[iC7^TEG?A@DC7@T649<C7U<UICAecxcQG-5/7SD@ BDC0/7C7;WBD9t-5oT24-AP`PFC7;F;4C

BD87/7?TPFEG?A;JCj;4C7U<?A@ w

= + + + + +

= (a) + (b) + (c) + (d) + (e) + (f)
�h��e��A�

-bmAC7/ZU<C7;jVz?A@D;c� -5/764C7SG2:;�BDC_;4MDPF876=2H9ICAe
6ZCc� -$87?A@W�|@DCZ/7?NP`PFC7646Y2:C{-5SD/7SD@DCjC12J2:C7SG2!BG-5@D;cU<CK/1-5U</7SDUsBDC7;�� -5/76JC7SG2:;!BDCj;JMfPF8YX

6Y2:9<CAks@D?ASD;K/7?A@D;49<BD812:?A@D;K6J?ASD64C7;ZUIC7;|/7Ut-5;4;4C7;KBDC`;JMfPF876Y2:9<C_RTS.[iC7@DoAC7@DBG2:CF@D?A6=2HC_64QD87?N2H9IC
�pEG-A2:649t2�BDS0oN24-5EDQDCZSD@D9<RNSDCF�FRTSG-56=2:CZEG-56464C7;�BDC_Ut-F64QD87?T2:9<C

φ4 ;J6=-5649<RTSDCAen6K-5@D;{/7C76J64C
� �



����� 	 ���$) ���n)z/F��#���(#�,��$�� ���1) / �$#1�$#-�E��/ �n2
�O,!�$� ��) �

6JQD87?N2:9<CK;46=-56J9IRTSDCAkA@D?3SD;j-bmA?A@D;�w

Γ(4)(1)(k1, k2, k3, k4) = −1

2




k1 k2

k3 k4

+

k1 k3

k2 k4

+

+

k1 k4

k2 k3


 · (2π)d+1δd+1(k1 + k2 + k3 + k4)

�h��e��A�

?
W/YQG-5RTSDC{oN24-5EDQDClC7;46{-bqrC7/7648lBDSv� -5/76JC7SG2
(4!)2 en6K->@D;�Ut-|64QD87?N2:9<CZBDMN@G-APp9IRTSDCAkAUh[�->;4MAXPp876=2:9<CKBDS0mAC12:64C7^�/7?A@DBDSD9<6j-5SD^v/7Uw->;4;4C7;c64?AEz?AU<?AoA9<RNSDC7;l;4SD9<m�-5@T64C7;Dw

(1) = (2) = (3) = (4) =
�h��e��A�

BD?3@N6cU<C7;{� -5/764C7SG2H;�BDC_;JMfPF876Y2:9<Cj;4?3@N6{2:C7;4EzC7/7649<mAC1PFC7@T6�w

(1) → 2× 3× 2× 3× 2× 2 = 144

(2) → 2× 3× 2× 3× 2 = 72

(3) → 2× 3× 2× 3× 2 = 72

(4) → 4× 2× 3× 3× 2× 2 = 288
�h�De��3�

� Sv64?A6=-5UD@D?3SD;y-bmA?A@D;�VD9IC7@
144 + 72 + 72 + 288 = 576 = (4!)2 oN24-5EDQDC7;1k5/7CZRTSD9r/7?T2 X2HC7;4EG?A@DBFVD9<C7@W-5S|� -5/764C7SG2 BDCc;4MfPp876=2:9<CcBDSLoT24-5EDQDC�BDClUw-Z6JQD87?N2:9<Cc;46=-5649<RTSDCAe `�@T�G@FEG?ASG2

@D?36=2:CZ8764SDBDCAkD@D?ASD;{@DCK;J?NP`PFC7;c9<@N6J812:C7;4;487;{RTSDCKEG-A2
Γ

(4)(1)

�α1β2β3β4

kDEG?3SG2cU<C7RNSDC7U�;4C7SDU<;{U<C7;
oT24-5EDQDC7;�BDCZUt-F/7Ut-5;4;4CZ64?AEz?AU<?AoA9<RTSDC

(4)
;J?A@N6c�|/7?A@D;49<BD812:C127e(vhUz� ->SD6y@D?364C12!RTSDCjUt-|EG-5646JC

VG2H9I;J87CjC7^T64C12:@DCZ9<@N6=2H?NBDSD9<6cSD@DCjBD9<;4;JMfPF876Y2:9<CjBG-5@D;cU<CKBD9t-5oN24-3P`PFCAk5/7C7U<U<CYX /79.@.[i876=-5@T6!EG-5;
87RTSD9<m�-5U<C7@T64C'->SD^�6=2H?A9<;W-5SD6=2:C7;�� U<Cd/=QD?A9<^�BDC�Ez?A;49<649<?A@D@DC1PFC7@T6`BDC�;J?A@�9<@DBD9I/7C"-bMN-5@T6
876J8KB.[i?N2:C7;cC76cBD8 a=�p9wPpEDUI9</79<64C1PFC7@T6ZCYqrC7/764SD81�7el={?ASD;{-bmA?A@D;{-5U<?N2H;�->S064?A6=-5UzRNSG->6=2:Cl�\?A9<;
Pp?A9<@D;KBDC`oN24-5EDQDC7;KRTSDCFBG-5@D;_U<C`BD87/7?TPFED64CFEG2:87/787BDC7@T61kG/A[]C7;46_�vBD9t2:C

3 × 4!
oN24-5EDQDC7;

Ez?ASG2Z/YQG-5/7SD@DC`BDC7;_Ez?A;49<649<?A@D;|BDC7;_9<@DBD9</7C7;LBDC�U\[]87RNSG-56J9I?3@ � �De��A�7el6F[�-5SD6=2:C|EG-A2:61kz@D?ASD;
-bmA?3@D;�SD@DC_BD9<;4;JMfPF876Y2:9<CK;4SDEDEDU<81PFC7@N6Y-59t2:CjU<9<87C`�|Uw-p64?AEG?3UI?3oA9<CKBDS0mAC12:64C7^skT/7CKRNSD9s@D?ASD;
C7@Do3C7@DBG2:CKU<C7;{oN24-5EDQDC7;cBDCKUh[i87RTSG-5649<?A@��h��e��A�7eAxcC7;l;4?ASD;:X /7Ut-5;4;JC7;yBDCKoT24-5EDQDC7;c;4CKBD87/7?NP|X
Ez?A;4C7@T6cBDC_Ut-|� -$87?A@v;4SD9<m�-5@T64C1w

� �



	7�*� � ��2
�$#!���t) � ���$����$2 �*2 � 2 �3�&!���3�1�$) �N�7�!� /F�$#-�$�1���#;��� � ) / �$#1�$#-�E��/ �(2
�1,!�$����) �

(a) = =

α1, k1 β2, k2

β3, k3 β4, k4

+

α1, k1 β3, k3

β2, k2 β4, k4

+

α1, k1 β4, k4

β2, k2 β3, k3

= (a2) + (a3) + (a4)
�h��et�1�A�

-bmAC7/0BDC7;vBD87/7?NPFEz?A;49<649<?A@D;W->@G-5U<?AoASDC7;`U<C7;0;4?ASD;HX /7Uw->;4;4C7;'� VG��� � �=�7e�,sC7;�� -5/764C7SG2:;`BDC
;JMfPF876Y2:9<C�-5;J;4?N/79<87;j�p/7C7;{BD9t-5oN24-AP�PFC7;�;4?3@N6{2:C7;4EzC7/7649<mAC1PFC7@T6�w

EG?ASG2�UIC7;l;4?ASD;:X /7Ut-5;4;JC7;
(a)

k
(c)
k
(e) → 2× 2× 2 = 8EG?ASG2�U<C7;Z;4?ASD;:X /7Ut-5;4;JC7;

(b)
k
(d)

k
(f) → 2× 2× 2× 2 = 16

� �Det�A�1�

v U.� -5SD6Z@D?A64C12cRTSDCFU<C7;K;4?ASD;:X /7Ut-5;4;JC7;
(b)
k
(d)

C76
(f)

;4?A@T6jC7@d� -59<6j/YQG-5/7SD@DC_BD9<mT9<;487C`C7@
BDC7SD^ �:;4?3SD;:X ;4?ASD;:X /7Ut-5;J;4C7;��yBDCl� -5/764C7SG2�BDCZ;4MfPp876=2:9<C

23 eN,![]?N2:9<oA9<@DC{BDC{/7C7646JC{BD9<;4649<@D/7649<?A@C7;J6{BDSDC_-5S0/YQD?A9<^WBDS0Ez?A;49<649<?A@D@DC1PFC7@T6j2:C7;4EzC7/7649}� BDC7;l9I@DBD9</7C7;
β3
C76
β4
e

`!/12:9<mA?3@D;�P`-59<@N6JC7@G-5@N6�U<C7;cC7^NEG2:C7;J;49<?A@D;�P`-564QD81P�-5649<RNSDC7;!BDCl64?ASD64C7;!/7C7;�/7Uw->;4;4C7;�6J?5X
Ez?AU<?AoA9<RTSDC7;{BDCKoN24-5EDQDC7;be�=l?ASD;c9<@DBDC7^N?3@D;jU<C7;{oN2J-5EDQDC7;cBDC_Ut-|� -$87?A@v;4SD9<m�-5@T64C1w

α1, k1

β2, k2

σ
k + k′

k′

σ̄

β3, k3

β4, k4

γ γ̄ �h�De �1�A�

� &



����� 	 ���$) ���n)z/F��#���(#�,��$�� ���1) / �$#1�$#-�E��/ �n2
�O,!�$� ��) �

� mAC7/K/7C7;{@D?36=-5649<?A@D;1k3@D?ASD;{?AVD6JC7@D?A@D;cUIC7;lC7^NEG2:C7;J;49<?A@D;Dw

(a2) =

= 8× Uα1β2Uγ̄σ̄δβ3β4

∫

k′
χσγ̄Cσ̄σ

= 8× Uα1β2δβ3β4

∫

k′
Tr(χUC)

(b2) =

= 8×
[
Uα1β2Uγ̄β3

∫

k′
χσγ̄Cβ4σ + Uα1β2Uγ̄β4

∫

k′
χσγ̄Cβ3σ

]

= 8× Uα1β2

∫

k′
[(CχU)β4β3 + (CχU)β3β4 ]

(c2) =

= 8× Uα1σUγ̄σ̄δβ3β4

∫

k′
χβ2 γ̄Cσ̄σ

= 8×
∫

k′
(UCtU tχt)α1β2δβ3β4

(d2) =

= 8×
[
Uα1σUγ̄β3

∫

k′
χβ2 γ̄Cβ4σ + Uα1σUγ̄β4

∫

k′
χβ2 γ̄Cβ3σ

]

= 8×
∫

k′

[
(UCt)α1β4(χU)β2β3 + (UCt)α1β3(χU)β2β4

]

(e2) =

= 8× Uα1γUγ̄σ̄δβ3β4

∫

k′
χγγ̄Cσ̄β2

= 8×
∫

k′
(UχUC)α1β2δβ3β4

(f2) =

= 8×
[
Uα1γUγ̄β3

∫

k′
χγγ̄Cβ4β2 + Uα1γUγ̄β4

∫

k′
χγγ̄Cβ3β2

]

= 8×
∫

k′
[(UχU)α1β3Cβ4β2 + (UχU)α1β4Cβ3β2 ]

�h�De �1�A�
?
09IU�C7;46j2J-5EDEGC7U<8_RTSDC_U<C7;Z9<@N6487oT24-5U<C7;{EG?T2:64C7@T6{;4SG2c64?3SD64C7;cUIC7;Km5-5U<C7SG2:;{BDC7;ZEDSDU<;=-5649<?A@D;
C76Z;4SG2cU<C7;Z9tPFEDSDU<;49<?A@D;K/7?NPFEG2:9<;4C7;lC7@N6=2HC

Λ/eδl
C76

Λ
el6F[�-5SD6=2:CZEG-A2:6bk

χ
BD87;49<oA@DC

χ(k′)C76
C
k
C(k+ k′)

en=l?ASD;�EG?ASDmA?3@D;�Pp?A@N6Y2:C12�RNS.[]C7@`SD@0EG?A9<@T6cBDCj;4MDPF876=2H9ICF� /A[iC7;46c�_BD9t2:C
� C



	7�*� � ��2
�$#!���t) � ���$����$2 �*2 � 2 �3�&!���3�1�$) �N�7�!� /F�$#-�$�1���#;��� � ) / �$#1�$#-�E��/ �(2
�1,!�$����) �

6JC7UrRTSDC
k2 = k3 = k4

�7k
Γ(4)(1) EzC7SD6{;1[i87/12:9t2:COw

Γ
(4)(1)

�α1β2β3β4
(k1, k2, k2, k2) =

[Bα1β2δβ3β4 + Bα1β3δβ2β4 +Bα1β4δβ3β3 ] · (2π)d+1δd+1(k1 + 3k2)�h�De �7�N�
?
'Ut-0P`->6=2:9</7C

B
-vUt-v;4MDPF876=2H9ICF2:?A6=->649<?A@D@DC7U<UIC0�h�Det�b�A�7e `!@uCYqrC76bks/=QG-5/7SD@DCFBDC7;K;4?3SD;:X

/7Ut-5;J;4C7;FBDCWoN2J-5EDQDC7;
(a)

�
(f)

EG?A;J;4O7BDCWUt-d;46=2HSD/764SG2:C'�h��et�7�N�7es��?ASG2~UIC0m3?A9t27k.9<Uc@D?ASD;
� -5SD6K64?3SD6jB.[�->VG?N2:B"2:C1P�-A2:RTSDC12{RTSDC`U<C7;_6=2H?A9<;K9I@DBD9</7C7;

β
aJ?ASDC7@T6jSD@�2;:AU<C`;4MDPF876=2:9<RTSDC

EDSD9<;4RTSDCcRNS.[]9IUTM_-Z;4?NP�P`-5649<?A@Z;4SG2 UIC7;!EzC124P|SD6=-5649<?A@D; /79w2H/7SDUw->9w2HC7;1e7`!@D;4SD9<64C�Ut-Z;4MfPp876=2:9<C
2H?A6=-5649<?A@D@DC7U<U<C`�h�Det�1�3��C7;46c/7?A@D;4C12:mA87CZEG-A2�UIC7;lEG2:?NBDSD9<64;lBDC�P`->6=2:9</7C7;1kAC76l@D?ASD;cEG?ASDmA?3@D;
BD?3@D/Ak5EG?ASG2�U<C7;!;4?ASD;HX /7Uw->;4;4C7;

(a)
k
(b)
k
(c)

C76
(e)
k5UI9t2:ClUw-Z;J6=2:SD/764SG2:CK�h�Det���N�sBD9t2:C7/764C1PFC7@T6

;JSG2KU<C7;FC7^NEG2:C7;J;49<?A@D;_/79}X BDC7;4;4SD;bep`�@"/7CvRNSD9�/7?A@D/7C12:@DC`U<C7;F;4?ASD;:X /7Ut-5;J;4C7;
(d)

C76
(f)

k.9<U
@D?3SD;�� -5SD6c;4?NP�PFC12!;4SG2�U<C7;{EzC124P|SD6=-5649<?A@D;�/79w2H/7SDUw->9w2HC7;{EG?ASG2�BD81PF?A@T6=2:C12�Ut-FEG2:?AEG2H9I876J8Ak
/7C7U<U<CYX /79�@DCKEG?ASDm5-5@N6l;4CKmA?A9t2�RNS.[}-5EG2:O7;{-bmA?A9t2�CYqrC7/764SD8KU<C_/1->UI/7SDUhe

�!C7@D?A@D;:X C7@�P`-59<@T64C7@G-5@T6p->S�/1-5U</7SDU{BDC�2HC7@D?N24P`-5U<9<;=-56J9I?3@�BDC7;FEG-A24-3PFO76=2:C7;1e�={?3SD;
BDC7m3?A@D;c/1-5U</7SDUIC12�UICK6JC124PFC{/7?A@D;J6=-5@T6�BDC

Γ(4) BG-5@D;cSD@0BD87mAC7U<?AEDEGC1PFC7@T6cC7@0EDSD9<;4;=-5@D/7C7;BDC
iω

C76LBDC
q
k�C76FBD?A@D/087m�-5U<SDC12�U<C7;`oN24-5EDQDC7;`-bmAC7/vBDC7;`9tPFEDSDU<;49<?A@D;vC76`BDC7;`EDSDU<;=-bX

6J9I?3@D;�C7^T64C12:@DC7;�@TSDU<U<C7;1eGxcC7/79z@D?ASD;�EDUt-5/7CZC7@WEG-32:649</7SDU<9IC12�C7@vSD@WEz?A9<@N6cBDCZ;4MDPF876=2:9<C{BDC7;
BD9t-5oT24-AP`PFC7;bkAC76{Ut-F;46Y2:SD/764SG2:C`�h�Det���N��C7;46{mA812H9��G87CAezxcC7/79s@D?ASD;j-5;4;JSG2:CjB.[]SD@DCKEG-A2:6cRNSDC
U<CjaJC7SuBDC`EG-A24-3PFO76=2:C7;j->;4;4?T/79I8`�

Γ(4) C7;46K;46Y-5VDU<CLEG-32K2:C7@D?N24P`->UI9<;=->649<?A@ �h->S'PF?A9<@D;_�
Uh[i?T2:BG2:C�B.[]SD@DC�VG?3SD/7UIC1��k5C76+B.[�->SD6=2:C!EG-A2:6 RNS.[i9<UD@D?ASD;�;4S65W6 BDCy/1->UI/7SDU<C12

Γ
(4)(1)

�1111
(0, 0, 0, 0)C76

Γ
(4,1)

�2111
(0, 0, 0, 0)

EG?ASG2�/7?A@D@G- �I6Y2:Cj6J?ASD;�U<C7;{64C12JPFC7;cBDSW64C7@D;JC7SG2
Γ(4)(1) C7@qx7812:?GeD,sC7;

m5-A2:9t-5649<?A@D;!BDC7;�EG-A24-APpO76=2:C7;
u
C76
ua
BG-5@D;�U<C7;�C7^TEG2:C7;4;J9I?3@D;�� �Ge �A�1�sC76K� �Ge��A�3�.;4?3@N6�-5U<?N2H;

BD?3@D@D87C7;{EG-A2"w

(2π)d+1δd+1(0)δu =
1

6
Γ

(4)(1)

�1111
(0, 0, 0, 0)

(2π)d+1δd+1(0)δua =
1

6
Γ

(4)(1)

�2111
(0, 0, 0, 0)

�h�Det�1�3�
6F[}-5SD6=2:CKEG-A2H61kDBG-5@D;KU<CF/1-5;Z?�
uUIC7;K9tPFEDSDU<;49<?A@D;|C7^N6JC12:@DC7;j;J?A@N6Z@TSDUIU<C7;1ks@D?3SD;KEG?ASDmA?3@D;
87/12H9w2HC1w
∫

k′
χγγ̄Cσ̄σ =

∫

k′
χγγ̄(k′)Cσ̄σ(k′) =

∫

q′

∫
dt′ χγγ̄(q′, t′)Cσ̄σ(q′,−t′) �h�De �1�A�

C76K@D?3SD;K?AVD64C7@D?A@D;1ks-5EG2:O7;Z;4?NP�P`-5649<?A@d;4SG2Z64?ASD64C7;ZU<C7;_;4?3SD;:X /7Ut-5;4;4C7;Z64?AEz?AU<?AoA9<RNSDC7;KBDC
oT24-5EDQDC7;1k3UIC7;ZC7^TEG2:C7;4;49<?A@D;{;JSD9Im5-5@T64C7;�w

Γ
(4)(1)

�1111
(0, 0, 0, 0) = −24

{
3u

∫
(χUC)11

+

∫ (
UCt

)
11

(Uχ)11 +

∫ (
U2χ

)
11
C11

}
(2π)d+1δ(d+1)(0)

Γ
(4,1)

�2111
(0, 0, 0, 0) = −24

{
2ua

∫
(χUC)11

+ua

∫
(εχUC)21 +

∫
(Uχ)11

(
UCt

)
21

+

∫ (
U2χ

)
21
C11

}
(2π)d+1δ(d+1)(0)

�h�De �1�A�
� 	



����� 	 ���$) ���n)z/F��#���(#�,��$�� ���1) / �$#1�$#-�E��/ �n2
�O,!�$� ��) �

?
 ∫ BD?A9<60n76=2:Cd/7?NPFEG2:9<;v/7?NP`PFC ∫
q′
∫∞

0 dt′
k
C
/7?NP�PFC

C(q′,−t′) C76 χ /7?NP`PpC
χ(q′, t′)

eDxcC7/79s@D?ASD;{BD?3@D@DCKUIC7;ZC7^TEG2:C7;4;49<?A@D;��G@G-5U<C7;ZBDC
δu

C76
δua

w

XWBG-5@D;{Ut-FmAC12H;49<?A@W?
0U\[]?A@0oN-A2:BDC
ω0

w

δu = −2D

∫

q

u2(5R2 + 4Ω2
0)− u2

aR
2 + 2uuaRΩ0

R2(Ω2
0 +R2)

δua = +2D

∫

q

(u2 − u2
a)Ω0R− 2uua(2Ω2

0 + 3R2)

R2(Ω2
0 +R2)

�h�De �1�A�

XWC76{BG-5@D;cUh[�-5SD6=2HCjmAC12H;49<?A@ w

δu = −2D

∫

q
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q = |q| ep=l?ASD;vEG?ASDm3?A@D;WP`-59<@T64C7@G-5@T6F/1-5U</7SDUIC12�U<C7;`� -5/764C7SG2H; Zu C76 Zua e.={?3SD;

�z� �



| ��� ���$) ���()Q�7�!� ���7������n#%�
Z

-bmA?3@D;Vw

Zu = 1− 4D
1

εᾱ

[
ᾱ2
a − ᾱ2 − 2ᾱᾱac̄a

1 + c̄2
a

− 4ᾱ2

]
+O(g2)

Zua = 1− 4D
1

εᾱa

[
c̄a

1 + c̄2
a

(ᾱ2 − ᾱ2
a + 2ᾱᾱac̄a)− 6ᾱᾱa

]
+O(g2)

�h�De}�A�A�
?
0@D?ASD;{-1m3?A@D;c@D?A648Ow

ᾱ =
g

(4π)2c2

�
ᾱa =

ga
(4π)2c2

�
c̄a =

ca
c

�h�De}�5�N�

�(����� � � ��������)*�!"���� �$������� %-� "�� )*�!� � � ����%-� "�� 
��#$+,�����-���

,sCv/1-5U</7SDU�BDC
Γ(2,1)(1) @.[]C7;46_EG-5;|;46=2:9</764C1PpC7@N6|9IBDC7@T649<RTSDC -5S�/1-5U</7SDU�BDC Γ(4,0)(1) kP�-59<;�BDC1P`-5@DBDCZ�Kn76=2:Cc/7?A@D;J9IBD812H8jEz?ASG2!U<SD9}X�PFn1PFCAe

Γ
(2,1)(1)
αβ

C7;J6Ix7812:?_EG-A2�/1->SD;=-5U<9<648AkAC76
�~Uh[i?N2:BG2:ClB.[iSD@DC{VG?3SD/7UIC

Γ
(2,1)(1)

�α �β

C7;46�@TSDUhe vhUG@D?3SD;y2:C7;46JC{BD?A@D/j�~/7?A@D;49<BD812:C12!Uh[i87RTSG-5649<?A@
� �Det�1�A�|C76v;=-	BD87/7?NPFEG?3;49<649<?A@ �h�Det�A�b�7k�UIC7;0oT24-5EDQDC7;`876=->@N6W-�qrC7/76487;0B.[iSD@ � ->/764C7SG2`BDC
;JMfPF876Y2:9<Cj87oN->Ug�

2
e ={?ASD;Z-1m3?A@D;�EG2:87/787BDC1P�PFC7@N6.aJSD;4649}�G8_RTS.[��|/7C76{?N2HBG2:CjU<C7;c� -5/764C7SG2H;

Z
k
Z̃
C76
Zω

BDC7m�-59<C7@T6cn76=2:C{EG2:9<;{87oT-5SD^`�
1
k
θ
BDC7m5-59<6{n76=2:ClEG2:9<;y87oT-5Ur�

0
kTC76

Zr
C76
δω0BDC7m5-59<C7@N6|;1[i87/12:9t2:C w

Zr = 1 + O(g)
C76
δω0 = O(g)

e<`�@u64C7@G-5@T6K/7?NPFED64C|BDC`64?ASD64C7;
/7C7;l9I@T�h?N24P�-5649<?A@D;1k3@D?ASD;{?AVD64C7@D?3@D;yUh[iC7^TEG2:C7;4;J9I?3@0;4SD9<m�-5@T64C1w

q̄

α β
= 2 r µ′ε(4π)−ε/2 [Gβγδασ +Gβσδαγ + Gβαδγσ]×

×
∫

q

∫ ∞

0
dt (χ(q, t)C(q̄ + q,−t))γσ

�h�De}�A�A�
,�[i9<@N6487oT24-5649<?A@v;4SG2�U<C_64C1PFED;{PFO7@DC_� w

∫

q

∫ ∞

0
dt (χ(q, t)C(q̄ + q,−t))11 =

1

2
× J + c.c.

=
D

c2

1

(4π)2(4π)−ε/2
1

ε

(
1 +O(ε)

)

∫

q

∫ ∞

0

dt (χ(q, t)C(q̄ + q,−t))21 = − i
2
× J + c.c.

=
0

ε
+O(1)

�h�De��3�A�
C76lU\[]87RNSG-56J9I?3@ �h��et�1�A��@D?ASD;{BD?A@D@DCKU<C7;{C7^TEG2:C7;4;49<?A@D;l;4SD9<m�-5@T64C7;Dw

Zr = 1 + 8D
ᾱ

ε
+ O(g2)

δω0 = −8rD
ᾱa
ε

+O(g2)
�h�De}�A�A�
�7�'&
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�(����� � � ��������)*�!"���� �$������� %-� ����� ��� ���$�������

xc?A@D;49<BD812:?3@D;_P`-59<@N6JC7@G-5@N6|U<C7;Lm3C12:64C7^�EG2H?AEG2:C7;_RTSD9�@DCv;4?A@T6_EG->;L2:C7@D?N2JP`-5U<9<;487;L�
Uh[i?T2:BG2:CFB.[iSD@DCvVG?ASD/7U<CAe!,sC`EG2:C1Pp9IC12|RTSDC`@D?ASD;|/7?A@D;49<BD812:?A@D;|C7;46

Γ(2,0) e � U\[]?N2:BG2:C`BDC
BDC7SD^vVG?3SD/7UIC7;bkDC76cBG-5@D;cUIC|/1-5BG2:CZBDCKUt-F64QD87?N2:9<C

φ4 ;46Y-5649<RNSDCAkT@D?ASD;c6=2H?ASDmA?A@D;�U\[]SD@D9IRTSDCoT24-5EDQDCZ;4SD9<m�-5@T6Dw

�h�De}�A�A�

RTSD9K-"Ez?ASG2�� ->/764C7SG2FBDCu;4MDPF876=2:9<Ckw
2 × 4 × 4 × 3 × 2 = 192

e.6K-5@D;WUt-	64QD87?N2:9<C
BDMT@G-APF9<RTSDCAkD9<U.;4CKBD87/7?NPpEG?A;4CZC7@ w

(1) = (2) =

(3) = (4) =

�h�De}�A�A�

,gC7;c� ->/764C7SG2:;cBDCK;4MDPF876=2:9<CKBDCK/7C76464CZBD87/7?NPFEz?A;49<649<?A@0;4?3@N6{2:C7;4EzC7/7649<mAC1PFC7@T6�w

(1) → 2× 3× 2 = 12

(2) → 2× 2× 3× 3× 2 = 72

(3) → 2× 3× 3× 2 = 36

(4) → 2× 3× 3× 2× 2 = 72
�h�De��A�3�

��?3SG2!U<C7;{PFn1PFC7;{24-59<;4?A@D;�RNSDCZ/7C7U<U<C7;jRTSD9G?A@T6c87648{C7^TEG?A;J87C7;yBG->@D;yU<CKEG-A2J-5oN24-5EDQDC{�De �Ae��
BG->@D;_U<CW/1->;_BDC

Γ
(4)(1)

�α1β2β3β4

k.@D?3SD;_@DC`BDC7mA?3@D;_/7?A@D;49<BD812:C12~EG?ASG2~U<CW/1-5U</7SDU�BDC
Γ

(2,0)(2)

�αβRTSDCKUt-WPp?A9<649<8KBDC7;joN2J-5EDQDC7;cBDCKUw-�/7Ut-5;4;4C
(2)
e ={?ASD;l?AVD64C7@D?A@D;1kTEz?ASG2cU<C7;j;J?ASD;:X /7Ut-5;4;4C7;

(a)
�

(g)
BDC7;lBD87/7?NPFEG?3;49<649<?A@D;_�h�Det�1�3�.C76_�h�De �1�A�7k5U<C7;�� ->/764C7SG2:;�BDCK;JMfPF876Y2:9<C{;4SD9<m�-5@T64;�w

(a) → 2× 2 = 4

(b) → 2× 2× 2 = 8

(c) → 2× 2 = 4;4?ASD;:X /7Ut-5;4;JC7;
(d)

�
(g) → 2× 2× 2 = 8

�h�De��D�b�
�z�4C
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(a)αβ =
1

2
×

k

α β

= 2µ′2ε(4π)−ε(g2 + g2
a)

∫

p,q

∫ ∞

0
dτ
(
C(q, τ)Gt

)
αβ
Tr
(
C(p − q, τ)Ct(k− p, τ)

)

(b)αβ =
1

2
×

k

α β

= 4µ′2ε(4π)−ε(g2 + g2
a)

∫

p,q

∫ ∞

0
dτ
(
C(q, τ)Ct(p− q, τ)C(k− p, τ)

)
αβ

(c)αβ =
1

2
×

k

α β

= 2µ′2ε(4π)−ε
∫

p,q

∫ ∞

0

dτ
(
G2χ(p− k, τ)

)
αβ
Tr
(
Ct(q− p, τ)C(−q, τ)

)

(d)αβ = (e)αβ =
1

2
×

k

α β
=

1

2
×

k

α β

= 4µ′2ε(4π)−ε
∫

p,q

∫ ∞

0
dτ
(
G2χ(p− k, τ)Ct(q− p, τ)C(−q, τ)

)
αβ

(f)αβ =
1

2
×

k

α β

= 4µ′2ε(4π)−ε(g2 + g2
a)

∫

p,q

∫ ∞

0
dτ
(
χt(p− k, τ)C(q− p, τ)C(−q, τ)

)
αβ

(g)αβ =
1

2
×

k

α β

= 4µ′2ε(4π)−ε
∫

p,q

∫ ∞

0

dτ (GC(−q, τ))αβ Tr
(
Gtχt(p− k, τ)C(q− p, τ)

)

� �De��A�A�

={?3SD;.CYqrC7/764SD?3@D;+C7@D;4SD9<64CcUh[i9<@T6487oN24-5U<C!;4SG2 U<Cc64C1PFED;1k7C76�C7^TEG2:9tPF?A@D;.U<C7;!BD9t-5oN24-3P`PFC7;
�7�
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C7@~�\?3@D/7649<?A@KB.[i9<@N6J87oN24-5U<C7; �:87U<81PFC7@N6Y-59t2:C7;��!UIC7;�EDU<SD;!;49tPFEDU<C7;+Ez?A;4;49<VDU<C7;1e$={?3SD;.?AVD64C7@D?A@D;Iw

1

2
×

k

α β
= µ′2ε(4π)−ε(g2 + g2

a) [2Ia + 6Ib] δαβ

1

2
×

k

1 1
= 2µ′2ε(4π)−ε

[
g2(4Ja + 7Jc + Je)+

+g2
a(4Ja − 7J3c− Je) + 2gga(7Jd − Jf )

]

1

2
×

k

2 1
= 2µ′2ε(4π)−ε

[
g2(−4Jb − 7Jd + Jf )+

+g2
a(−4Jb + 7Jd − Jf ) + 2gga(7Jc + Je)

]
�h�De}�A�A�

?
 w

Id,ε′ε′′(c, ca,k) =
D3

c4
Id,ε′ε′′(c̄a,k)

=

∫

p,q

D3

cq2c(p− q)2c(k− p)2 [(c+ ica)q2 + (c+ iε′ca)(p− q)2 + (c+ iε′′ca)(k− p)2]

Jd,ε′ε′′(c, ca,k, ωk) =
D2

c3
Jd,ε′ε′′(c̄a,k, iωk)

=

∫

p,q

D2

cq2c(p− q)2 [(c+ ica)q2 + (c+ iε′ca)(p− q)2 + (c+ iε′′ca)(k− p)2 + iωk ]�h�De��>�N�
C76

Ia =
1

2
(Id,ε′ε′′(ca) + Id,ε′ε′′(−ca)) ε′ = +1 ε′′ = −1

Ib =
1

2
(Id,ε′ε′′(ca) + Id,ε′ε′′(−ca)) ε′ = −1 ε′′ = +1

Ja =
1

2
(Jd,ε′ε′′(ca) + Jd,ε′ε′′(−ca)) ε′ = +1 ε′′ = −1

Jb =
i

2
(Jd,ε′ε′′(ca)− Jd,ε′ε′′(−ca)) ε′ = +1 ε′′ = −1

Jc =
1

2
(Jd,ε′ε′′(ca) + Jd,ε′ε′′(−ca)) ε′ = −1 ε′′ = +1

Jd =
i

2
(Jd,ε′ε′′(ca)− Jd,ε′ε′′(−ca)) ε′ = −1 ε′′ = +1

Je =
1

2
(Jd,ε′ε′′(ca) + Jd,ε′ε′′(−ca)) ε′ = −1 ε′′ = −1

Jf =
i

2
(Jd,ε′ε′′(ca)− Jd,ε′ε′′(−ca)) ε′ = −1 ε′′ = −1

�h�De}�A�A�
�z� |
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,gC7;yBD87EzC7@DBG-5@D/7C7;cC7@
c
k
k
C76�87mAC7@T64SDC7U<U<C1PFC7@N6

ωk
;4?3@N6�;4?ASD;:X C7@T64C7@DBDSDC7;1e7v UD� -5SD6�@D?A6JC12

RTSDC`Uh[i9<@T6487oN24-5U<C
Jd,ε′ε′′(c, ca,k, ωk)

C7;46|C7@u� -59<6_SD@DC��\?A@D/76J9I?3@"BDC
c
k
ca
k
ck2 C76 iωk ex�?NP`PFCc@D?ASD;�U\[}-1m3?A@D;!BD9<61kA@D?ASD;�@.[�-bmA?A@D;!VzC7;4?A9<@WRTSDC{BDSv64C124PFCl/7?A@D;46=-5@T6�BDC

Γ
(2,0)(2)

�α1 �α2C76FBDC7;`6JC124PFC7;FU<9I@D81->9w2HC7;`C7@
iω

C76
ck2 BDC Γ

(2,0)(2)

�αβ
e!��-59<;`@D?3SD;`;=-bmA?A@D;|87oN-5U<C1PFC7@T6

RTSDCZ@D?ASD;�BDC7mA?3@D;�oN-A2HBDC12�UIC7;cBD87EzC7@DBG-5@D/7CKC7@
k
-bm�-5@T6!B.[iCYqrC7/76JSDC12�U<CZBD87mAC7U<?AEDEGC1PpC7@N6

C7@
ε
ksC76K@DCFEG2:C7@DBG2HCLUt-vU<9tPF9<64C

k → 0
RTS.[�-5EG2:O7;be
={?3SD;_-1m3?A@D;{BD?A@D/FVGC7;J?A9<@"BDCFU\[]C7^AX

EG2HC7;4;49<?A@`BDCZUh[i9<@N6487oT24-5U<C
Id,ε′ε′′(c, ca,k)

C76�BDC7;cBD812:9<mA87C7;cEG-A2�24-5EDEz?N2:6�-
iωk

C76
ck2 BDC

Jd,ε′ε′′(c, ca,k, ωk)
eD,sC_/1->UI/7SDU�PFO7@DC_-5SD^`C7^TEG2:C7;4;49<?A@D;l;4SD9<m�-5@T64C7;Dw

Id,ε′ε′′(c, ca,k) =
D3

c4

k2(d−4)

(4π)d
Γ(4− d)×Hd,ε′ε′′(c̄a)

=
D3

c4

1

(4π)4(4π)−ε
1

ε
Hd=4,ε′ε′′(c̄a)(1 + O(ε))

∂Jd,ε′ε′′(c, ca,k, ωk)

∂ck2
= −D

2

c4

6− d
2

k2(d−4)

(4π)d
Γ(4− d)Γ

(
6−d

2

)

Γ
(

8−d
2

) ×K1,d,ε′ε′′(c̄a)

= −D
2

c4

1

(4π)4(4π)−ε
1

ε
×K1,d=4,ε′ε′′(c̄a)(1 +O(ε))

∂Jd,ε′ε′′(c, ca,k, ωk)

∂iωk
= −D

2

c3

6− d
2

k2(d−4)

(4π)d
Γ(4− d)Γ

(
6−d

2

)

Γ
(

8−d
2

) ×K2,d,ε′ε′′(c̄a)

= −D
2

c3

1

(4π)4(4π)−ε
1

ε
×K2,d=4,ε′ε′′(c̄a)(1 +O(ε))

�h�De}�A�A�
�(����� � �1����#	�����!"����	�������!"�����" 
 ����)*��"

,sC7;ZRNSG-5@T649<6487;
Hd,ε′ε′′(c̄a)

k
K1,d,ε′ε′′(c̄a)

C76
K2,d,ε′ε′′(c̄a)

;4?A@T6{BDC7;Z9<@N6487oT24-5U<C7;jBDC
� 24-5/76J9I?3@D;j24-5649<?A@D@DC7U<U<C7;K�`EDU<SD;49<C7SG2:;Km5-A2:9t-5VDU<C7;jBD87EzC7@DBG-5@T6jBDSdEG-A24-APFO76Y2:C

c̄a
kGC76lRNS.[i9<U

@D?3SD;0;4S65W6vBDC'/1->UI/7SDU<C12vC7@$BD9tPFC7@D;49<?A@
d = 4

e
K1,d=4,ε′ε′′(c̄a)

C76
K2,d=4,ε′ε′′(c̄a);J?A@N6cBDC7;c9<@N6J87oN24-5U<C7;{BD?ASDVDU<C7;1kTC76

Hd=4,ε′ε′′(c̄a)
C7;46{SD@DCK9<@N6J87oN24-5U<CZ6=2:9<EDU<CAeG,sC7SG2c/1-5U</7SDU

2HC7EG2:87;4C7@T64C_SD@u6=24-bm5-59<U+C7^T6=2:n1PFC1PpC7@N6{/7?3ED9IC7SD^d;49!9<U!C7;46KCYqrC7/76JSD8p�vUt-0P`->9I@.ksC76Z@D?ASD;
-bmA?3@D;WBD?A@D/u/YQD?A9<;49KB.[iSD649<U<9<;4C120U<C"U<?Ao39I/79<C7UF��-564QDC1P�-5649</1-De��d-59<;�U<C"U<?AoA9</79<C7ULPFO7@DC"�
SD@�2:87;4SDU<6=-56K64?36=-5U<C1PFC7@T6jC1242H?A@D8`;49!?A@	@DC`EG2:C7@DB"EG-5;|BDC`EG2:87/1-5SD6J9I?3@D;1e>`!@"CYqsC761ksU<C7;
� 24-5/76J9I?3@D;y24-56J9I?3@D@DC7UIU<C7;{RTSDCK@D?ASD;cBDC7mA?A@D;c9<@T6487oN2:C12�;4?A@T6yBDC7;��h?A@D/7649<?A@D;cBDS0EG-A24-3PFO76=2:C
c̄a
k5RTSD9G-5EDEG-A2J-��<6+64?3S1a4?ASG2H;.BG-5@D;!Ut-Z/7?NP|VD9<@G-59<;4?A@

ic̄a
e5,sC7;�EG2H9wPp9I6J9Im3C7;!BDCy/7C7;�� 24-5/76J9I?3@D;

2J-5649<?A@D@DC7U<U<C7;���m�-5U<C7SG2l/7?NPFEDU<C7^TC7;{�h?A@T6{9<@N64C12HmAC7@D9t2{BDC7;Z/7?NP|VD9<@G-59<;4?A@D;ZBDC_Ut-F�h?A@D/7649<?A@
U<?AoT-A2:9<64QGPFCAkDBD?3@N6{?3@�;=-59<6ZRNS.[]C7UIU<CFC7;46KP|SDUI6J9Im5-5U<SD87C`;4SG2lU<CLEDUt-5@d/7?NPFEDU<C7^TCAer,sCF/YQD?A9<^
B.[]SD@DCy/7?3SDEDSG2:Cc/7?A@N6JC7@G-5@N6�U<C{E
:3UIClBDSLU<?AoT-A2:9<64QGPFC_�3x7812:?T�sC7;46!@D87/7C7;4;=->9w2HCyEz?ASG2�BD?A@D@DC12
SD@d;4C7@D;K�FUt-`RTSG-5@T649<648

ln z, z ∈ C
ez,sC7;j9<@T6487oN24->649<?A@D;{@DC_BD?3@D@DC7@N6j->UI?T2:;{SD@'2H87;4SDU<6=-56

/7?T242:C7/76cRNSDCK;J9.U<C_/YQDC1PF9<@0B.[i9<@N6487oT24-5649<?A@vBG-5@D;{U<C_EDUt-5@0/7?TPFEDU<C7^NC|@DCK6=24-bmAC12:;4C�a=-AP�-59<;
Ut-F/7?3SDEDSG2:CAe
vhU @D?ASD;�� -5SD6cBD?A@D/Akz�F/=QG->RNSDCZ876=-5EzCKBDCKU\[]9I@T6487oN2J-5649<?A@��\?N2JPFC7U<UICAk�/=QG-5@Do3C12
U<C7;c87/12:9<64SG2:C7;!BDC7;�EG2:9tPF9<649<mAC7;��\?3SG2:@D9<C7;�EG-A2�U<CZUI?3oA9</79IC7UhkTBDCl� -$87?3@p�~VG?ASDo3C12�Uw-|/7?ASDEDSG2HCAk
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I1(c̄a) = K1,d=4,+1+1(c̄a) =
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(1 + ic̄a)
× 1
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I2(c̄a) = K1,d=4,−1−1(c̄a) =
2 + ic̄a

4(3 + ic̄a)

I3(c̄a) = K1,d=4,−1+1(c̄a) = I2(−c̄a)

I4(c̄a) = K1,d=4,+1−1(c̄a) =
1− ic̄a
6− 2ic̄a

I5(c̄a) = K2,d=4,+1+1(c̄a) =
1

(1 + ic̄a)2
log

[
4

3
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log

[
4
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I7(c̄a) = I6(−c̄a) = K2,d=4,−1+1(c̄a)

I8(c̄a) = K2,d=4,+1−1(c̄a) =
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(1− ic̄a)2
log

[
4

(3− ic̄a)(1 + ic̄a)

]
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ZωZ̃ = 1− 8D2 1

ε
(ᾱ2 + ᾱ2

a)
�cC

[I9]

Z2
ω

√
ZZ̃ cos θ = 1− 8D2 1

ε

{
ᾱ2 �cC [I8 + 2I6] + ᾱ2

a

�cC
[I8 − 2I6] + 2ᾱᾱa

v P
[2I6]

}

Zω

√
ZZ̃ (cos θ − c̄aZca sin θ) = 1− 8D2 1

ε

{
ᾱ2 �cC [I4 + 2I2] + ᾱ2

a

�cC
[I4 − 2I2] + 2ᾱᾱa

v P
[2I2]

}

Z2
ω

√
ZZ̃ sin θ = −8D2 1

ε

{
ᾱ2 v P [I8 − 2I6] + ᾱ2

a

v P
[I8 + 2I6] + 2ᾱᾱa

��C
[2I6]

}

Zω

√
ZZ̃

(
Zca cos θ +

sin θ

c̄a

)
= 1− 8D2 1

ε

{
ᾱ2 v P [I4 − 2I2] + ᾱ2

a

v P
[I4 + 2I2] + 2ᾱᾱa

�cC
[2I2]

}
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k
ᾱa

C76
c̄a
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β
C76
βa
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β(ᾱ, ᾱa, c̄a, ε) = (4π)2c2

{
−εᾱ − 4D

[
ᾱ2
a − ᾱ2 − 2ᾱᾱac̄a

1 + c̄2
a

− 4ᾱ2

]}

βa(ᾱ, ᾱa, c̄a, ε) = (4π)2c2

{
−εᾱa − 4D

[
c̄a

1 + c̄2
a

(ᾱ2 − ᾱ2
a + 2ᾱᾱac̄a)− 6ᾱᾱa

]}
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γr
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γr = −8Dᾱ+ O(ᾱ2)
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ᾱ
C76
ᾱa
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?T2:BG2:CK-A2:VD9<6=24-59t2:CAk3@D?ASD;cEG?ASDm3?A@D;c/1-5U</7SDUIC12l-1m3C7/jSD@DCKEG2:87/79<;49<?A@�-32:VD9<6=24-59t2:CZUt-K�h?A@D/7649<?A@
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6JC7@D9w2lU<C7;j?3VD;4C12:m�->VDUIC7;lEDQNMT;49<RNSDC7;ZBG-5@D;ZU<CL2:8Y�h812:C7@T649<C7U.?N2:9<oA9<@DC7Uhe<=l?ASD;{EG2H87/79I;J?A@D;{BG-5@D;
RTSDC7U<;j2:87oA9tPFCK@D?3;{C7^NEG2HC7;4;49<?A@D;c;4?A@T6cm�-5Ut-5VDU<C7;1e
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@D?T24P`-5U<9<;=-5649<?A@�EG?3SG2

Γ̂(1,1)[φ]
k+RTSD9{C7;46FUh[i9<@TmAC12:;4C0BDC0Ut-d�h?A@D/7649<?A@�BDC�2:87Ez?A@D;4C0BDC0Ut-

6JQD87?N2:9<C_2:C7@D?N24P�-5U<9I;J87Cj87/12:9<64CKBG->@D;{U<CL2:8Y�h812:C7@T649<C7UG?A;4/79<U<Ut-5@T61e
=l?ASD;j-bmA?A@D;"w

Γ̂(1,1)[φ](q, ω; c, ca, g, ga, t, µ
′) = s2 exp

{
−
∫ ln s

0

[
γω +

1

2
(γ̃ + γ)

]
d ln s′

}
·

Γ̂(1,1)[φ]

(
q

s
,
ω(s)

s2
; c, ca(s), g(s), ga(s),

r(s)

s2
, µ′
) �h�De �1�A�

=l?ASD;cSD649<U<9<;4?A@D;{U<CK� -5/764C7SG2�B.[i87/YQDC7UIU<C
s
mAC12:;c;4C7;cEzC7649<64C7;{m�->UIC7SG2H;yEz?ASG2c@D?ASD;cEDUt-5/7C12cC7@

SD@0Ez?A9<@N6cBDCKUh[iC7;4EG->/7CKBDC7;yEG-324-APFO76=2HC7;!EG?ASG2cU<C7RTSDC7U
r? = r(s?)/s?
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s = 1
C76
s = s?
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Γ̂(1,1) k5@D?ASD;?3VD64C7@D?A@D;cUh[iC7^NEG2HC7;4;49<?A@0;4SD9<m�->@N64C1w

Γ̂
(1,1)
11 [φ](q = |q|, ω) =

(
ξ0

ξ

)z− 1
2

(η+ �η) [
−iω

(
ξ

ξ0

)z
+

c

ξ2
0

[1 + (qξ)2]

] �h�De �1�A�
?


ξ0
C7;46!SD@DCjU<?A@Do3SDC7SG2�CYqrC7/7649<mACj->EDEG-A24-59<;4;=->@N6�BG-5@D;�U<C{EG2H?AVDU<O1PFCAeAxcC76464CcC7^TEG2:C7;4;49<?A@

C7;J6_m�->Uw->VDUICvEG?3SG2
qξ
C76
ωξz
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1
e\6K-5@D;KU<C02:87oA9tPFC`BDC7;|U<?A@DoASDC7SG2:;

;JS65W;=-AP`PpC7@N6�EGC7649<64C7;�EG-A2�2J-5EDEG?N2H6��ZUw-|U<?A@DoASDC7SG2�BDC{/7?N242H87Uw->649<?A@
ξ
EG?3SG2�RNSDCZU<C7;�U<?A9<;

->;4MfPpED64?A649<RTSDC7;!/12:9<649<RNSDC7;cEG2:87mTSDC7;�U<CKEG?39I@T6��G^NCl;4?A9<C7@N6cm5-5Ut-5VDU<C7;1kDP`-59<;�;4S65v;=-AP`PFC7@T6
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;JC7/7649<?A@��De��A��kA@D?ASD;j-bmA?3@D;�U<C7;jC7^TEG2:C7;4;J9I?3@D;y;JSD9Im5-5@T64C7;Dw

Γ̂
(1,1)
11 [φ](q, ω = 0) ' A1 q

z− 1
2

(η+ �η)

Γ̂
(1,1)
11 [φ](q = 0, ω) ' A2 |ω|1−

1
2z

(η+ �η) �h�De �1�A�
`�@$9wPpEG?A;=->@N6`Ut-�/7?A@T649<@TSD9I6J8'C7@

q = ξ−1 �h2:C7;4E.e |ω| = ξ−z
�7k�@D?ASD;vEG?ASDmA?3@D; 2:CYX

U<9<C12lU\[]C7^NEG2:C7;J;49<?A@0BDC7;j-APFEDU<9<64SDBDC7;
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C76
A2
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� �Det�1�A��e1,sCZEG?A9<@T6y9tPFEz?N2:6=->@N6!C7;46�RNSDC

A1
C76
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ξ
e
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ca
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BG->@D;+U<C7;�C7^NEG2:C7;J;49<?A@D;+BDC7; �h?A@D/7649<?A@D;�BDC�/7?N242H87Uw->649<?A@D;.BD9<Ut-56487C7;�B.[iSD@K� -5/764C7SG2sB.[]87/=QDC7U<U<C

sEz?ASG2�U<C7;cEGC7649<64C7;�m�-5U<C7SG2:;�BDC
s
e �T9zSD@`EG-A24-APpO76=2:C!@D?A@TX EzC12:649<@DC7@N6�;4C{6=2H?ASDmAC�C7@p� -5/76JC7SG2

BDC7;��h?A@D/7649<?A@D;vBDC�/7?N242H87Uw->649<?A@.k!9<U�Pp?NBD9}�GCuU<C7;0UI?39I;vB.[i87/YQDC7U<UIC7;be{xK[iC7;46`U<Cu/1-5;`BDC
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k
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� �Det�1�A��Ez?ASG2cUt-FEG-A2H649<CjQD?N2H;:X BD9t-5oA?A@G-5U<CZBDC

Γ̂(1,1) C7;46j->UI?T2:;{PF9<C7SD^ 2:C7EG2H87;4C7@N6J87Cj;49sUh[i?A@PpC76
ca
C7@0� -5/764C7SG2lBG-5@D;Z/=QG->/7SD@�BDC7;_PFC1P|VG2:C7;{BDCFUh[i87RTSG-5649<?A@.e � 9<@D;49hksEG?ASG2l?AVD64C7@D9t2
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ca(s),sC7;v87RNSG-56J9I?3@D;0B.[i87mA?AU<SD649<?A@ EG?ASG2

g
k
ga

C76
ca

;J?A@N6�BD?A@D@D87C7;0EG-A2�SD@ ;JMN;46JO1PFC
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~g
C76 ~β 2:C7;4EzC7/7649<mAC1PFC7@T6+U<C7;�mAC7/764C7SG2:; (g, ga, ca)

C76
(β, βa, ρca)

� e � SFmA?A9<;49<@G-5oAC
BDSFEz?A9<@N6��G^TCAk1@D?3SD;!EG?ASDmA?3@D;+U<9<@D81-A2:9<;4C12�U\[]87RNSG-56J9I?3@_B.[i87mA?3UISD6J9I?3@_BDC{mAC7/76JC7SG2

~g
BD?A@D@D87C

EG-32��\�Ge��A�A��k5C76{@D?ASD;{?AVD6JC7@D?A@D;�w
d(~g − ~g∗)

d ln s
= ω.(~g− ~g∗) �h�De �1�A�

BD?3@N6cUt-F;4?AU<SD649<?A@0;b[i87/12:9<6Dw
~g(s)− ~g∗ = exp

{
ω ln s

}
.(~g− ~g∗) �h�De �1�A�

� Uh[i?N2:BG2HCWBDC0BDC7SD^�VG?ASD/7U<C7;1k�Ut-"P`-56Y2:9</7C
ω
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ε O(ε2) O(ε3)

O(ε2) ε/5 − ε2

100D̄

O(ε2) O(ε2) ε2
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D̄ = D/

(
(4π)2c

) eDxcC7;lm�-5U<C7SG2:;{EG2H?AEG2:C7;c;4?A@T6�w

ω1 = ε
�
ω2 =

ε

5

�
ω3 =

ε2
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ω2
C76
ω3
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O(2)
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ε
C76
ε/5
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ρca(g, ga, ca)->S'm3?A9<;49<@G-5oAC_BDS	EG?A9<@T6Z�G^NCAe � 9<@G-5U<C1PFC7@N6K@D?3SD;K?AVD64C7@D?A@D;1kzBG-5@D;KU<CW2:87o39wPpC_U<9<@D81-59t2:CAk
Uh[i87m3?AU<SD649<?A@0;4SD9<m�-5@T64C1w
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γ ′′11[φ](q, ω) =
ω
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G11[φ](q, ω)
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γ ′12[φ](q, ω) = i
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G12[φ](q, ω)

� �De��A�A�
� EG-A2H649t2KBDC7;_87RTSG-5649<?A@D;|BDC xl-5U<Uw->@TX �TMfP`->@ x79 { � �ze��A�A�7kzC76_C7@�SD649<U<9<;=-5@T6LU<C�� ->9I6JC`RNSDC
Ut-vP`-56=2H9I/7C|BDC7;j/7?T242:87Ut-564C7SG2:;{��BDC7SD^0EG?A9<@T64;ZBDCLUt-�64QD87?N2:9<C|C7;46{BD?A@D@D87CFEG-A2cUh[i9<@TmAC12:;4C
BDCFUt-vP`-56=2:9</7C

Γ̃
(2) � `!Rse+�h�De��3�A�4�7kT@D?ASD;ZEG?ASDm3?A@D;jBD812H9Im3C12{BDC7;Z87RNSG->649<?A@D;jBDC`x{->UIUt-5@TX

�TMDP`-5@ x79 { EG?ASG2lU<C7;{�h?A@D/7649<?A@D;lBDC_/7?N242H87Uw->649<?A@WC76ZBDCL2H87EG?A@D;4CAe =l?ASD;Z9I@T6=2:?TBDSD9<;4?A@D;{Ut-
RTSG-5@T649<648

F (q, ω; c, ~g, r, µ′)
kDBD8Y�G@D9<C_EG-32Vw

γ ′′11[φ](q, ω, ~g) =
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F (q, ω, ~g)G11[φ](q, ω, ~g)
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∂ lnµ′
+ ~β.
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∂ω
− γr
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∂ ln r

]
F (q, ω, ~g) =

[
γω +

1
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(γ − γ̃)

]
F (q, ω, ~g)
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C( �N,N) =

[
(Ñ +N − 1)(γω − γ∗ω) +

Ñ

2
(γ̃ − γ̃∗) +
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(γ − γ∗)

]
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exp
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−
∫ ln s
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[
(Ñ + N − 1)(γω − γ∗ω) +

Ñ

2
(γ̃ − γ̃∗) +

N

2
(γ − γ∗)

]
d ln s′

}
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= 1 +

+(~g − ~g∗)t. exp
{
ωt ln s

}
.
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]
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�Y=s41.t9Z>K.VW�>KT ^ .M03=�G3=8_:,325.125TZ,"T<W�9<,Y=8km=A6A.125RZ=y.103=ATU>\H#� ¹Qbl�<¹U�A@CB]03256t0Y254�>\TX.t9<.1=AG
W�>\T ^ .103=�TU>\25rZ25,:9<N<TZ,3=�PUHx9]>\=AN[9<.125RZ=�;30:9O41=�W�9<6A.1TU>QPQ=A.jBV=A=A, ϕα 9<,3G ϕ̃α @�9<,3Gx;3N[9<6A=AGJ25,9v>\TZ.89<.125,3rVW�>19 ^ =�9<.µ.103=�;3F3NL489<.125TZ, ω̂0(b) � ����fmbU� ¹:bl�X�Z�1�AbA�V03=A,c@<9<4µBD=�G325G�;:>K=ARU25TZF341N5HZ@BV=x;Q=?>£WqTS> ^ 9<,d25,S_:,32L.M=A412 ^ 9<N�>\=A,3TU> ^ 9ONL25w?9<.M2LTX,dT<W&.103=EfUF:9<,S.125.125=A4?b��Y=yG3=8_:,3=�9E_|>\4M.25,S.1=?> ^ =AG32[9<.M=�9O6A.125TZ,z� ¹:bl�Z¼X�mB]03256t0�6ATZ,U.89<25,34�6ATU= �g6A25=A,S.14 ^ TUG32p_:=AGyW�>\T ^ .103=]TU>K2LrX2L,:9ONTX,3=A4DPSHg9<G3G325.125TZ,:9ON|.M=?> ^ 4�B 032L680z9Z>\= rZ25RZ=A,dPUH�.103=��¬h.-�+�½S=AHS, ^ 9<,IG32 9OrU>19 ^ 4�T<W&.103=.M03=ATU>\HZb��Y=g.M03=A,#G3=8_:,3=d9I_|>\4M.x2L,S.1=?> ^ =AG32 9O.1=y_:=AN5G#PSH`� ¹:bl� �Z�A@Q2L,	TU>\G3=?>v.MT�9<P341TS>\P.M03=�;30:9O41=s41032pW-.

δθ
6?>\=?9<.1=AGYPSH�>\=A,3TS> ^ 9<N525w?9<.125TZ,cbc�V03254xN5=?9<G34E.1Tz9d,3=AB�=AaS;:>\=A414125TZ,

� ��PUY\J'ECDHB?M B�Y\DFE PCMHJ!�VKNK
E [ PCDHJ?K
E B?D S Y\J?B�YZE �F@�Y\J?P B�P�Y\J5K�� K.[NB�Y �HKLT�@UX\J?M B�Y\DFE���GLKNM J�@UQRK S YZE B?K
QRGIJ
D��8B�P,K'QRK
ECDFQRGIMFXZY$#NK S @�EUY\B?J�� O�Y\B�P B�P,K	��E,M�X�K�� KN[NB�Y � K T�@UX\J?M B�Y\DFE���X\M�� KRX\K S ω0(b)

� M�E S O�P�Y\[ P O�YZXZX�� K
GLKNMHJ�@�QRK S YZE<B?K
QRGIJAD���B�PCK5DFQ?Y$��YZE,M�X�@�EUY\B?J�D���B�PCK'TUQRD��UX\K.G ^

�����



�
δω̂

(1′)
0

��WqTU>µ.M03=DR<9Z>\2[9<.125TZ,�T<W|.103=V=8km=A6A.125RZ=7;3F3N54t9O.125TZ,sT<Wm.103=V.103=ATU>\HEB7>\25.1.1=A,y25,s.1=?> ^ 4
TOWJ.103254I_|>\41.s25,S.1=?> ^ =AG32[9<.1= _:=AN5G!����fmb7� ¹Qbl�Z�Z�1�»b¦��03=A,c@�.1T	9<P341TU>\P .103=z.M=?> ^ δω̂

(1′)
0W�>\T ^ .103=E,3=AB�=8k|=A6A.125RZ=g9O6A.125TZ,c@:BV=y680:9<,3rZ=J.M03=JW�>19 ^ =xT<WD.103=y.103=ATS>\HZ@3G3=8_:,325,3rz.103=TX416A25NLN[9<.M2L,3rE_:=AN5G34

ϕ
(2)
α
9<,3G

ϕ̃
(2)
α

����fmb|� ¹:bp���Z�1�Ab�½c25,:9<N5N5HdBV=7>\=A416?9<N5=v.103=]F3,325.]T<WcN5=A,3rZ.10
9O,3G#6ATZ03=?>K=A,U.1N5H�.M03=dTZ.103=?>xfSF:9<,S.125.125=A4yT<W7.103=d.103=ATS>\HZb&�V03=�_:,:9<NVRe9X>\2[9<.125TZ,34yT<W7.103=
G32pkm=?>\=A,U.EfUF:9O,U.125.125=A4y9Z>\=yrZ25RZ=A,�PSHz.103=�=AfUF:9<.M2LTX,34g� ¹:bl���X�].1T#�q¹:bl�Z�Z�»b �S25,36A=sBV=s0:9�RZ=
=AN52 ^ 25,:9<.1=AG	.103=A41=y;:9Z>M9 ^ =A.1=?>\4�WqTU> ^ .103=s>\=A,3TU> ^ 9ONL25w?9<.M2LTX,�;:>KTU6A=AG3F:>\=Z@m.M03=�=8km=A6A.125RZ=;30:9O41=g9<,3GY;3F3N54t9<.125TZ,	T<WV.103=s.103=ATU>KHz9Z>\=srZ25RZ=A,"PUH/.jBVTd=AfSF:9<.125TZ,34xB]0325680�G3=A6ATZF3;3N5=
W�>\T ^ .103=xTX.103=?>\4�����fmb��q¹:bl�Z�Z�M�Ab
������������������ ��!"��������U���'( �����'��!"�����5+

�cTd=AaS;:>\=A414E.103=I=8k|=A6A.125RZ=I;3F3N54t9<.125TZ,
ω0(b)

@mBV=s0:9�RZ=s.1Td.t9 <=s25,U.MT�9<6A6ATZF3,S.x.103=
>K=A,3TU> ^ 9<N525w?9<.125TZ,yT<Wm.103=].12 ^ = F3,32L.M4?@ZB]0325680s254 ^ 9<G3=VPUHy.103=�W�9<6A.MTU> Zω(b)

bZ½�2L,:9ONLN5HZ@S25,
.M03=JTU>\25rZ25,:9<N�F3,32L.M47T<W�.103=E;30UHS41256?9<Nc;:>\TXP3NL= ^ @3.103=J=8km=A6A.125RZ=J;3F3N54t9O.125TZ,zT<W�.103=E.103=ATU>\H254VrZ25RZ=A,IPUHy.103= =AfUF:9<.M2LTX,�� ¹:bl�O¹U�Ab<�V03=7N525,#yPQ=A.jBV=A=A,s.M03=7.\BVT<h�;:TX2L,S.µW-F3,36A.125TZ,34�T<Wc.103=
.M03=ATU>\HJ9<414MTU6A2[9<.1=AGyB]25.10�.103=�_:=ANLG

ϕα
@<B]03256t0s254�F341=AGyW-TU>µ.103=V6?9<N56AF3N[9<.125TZ,34D9O,3GsB]03256t0

,3=ARX=?>�TX416A25NLN[9<.M=A479<.V.103=x416?9<N5=J9<.VB]0325680dBV=76ATZ,34M2LG3=?>�.103=x.103=ATU>\HZ@S9<,3Gd.103=x.\BVT<h�;:TX2L,S.
W-F3,36A.125TZ,34yT<W7.M03=g;30SHU4M2L6?9OND.M03=ATU>\H�9<4141TS6A2[9<.1=AG�B 2L.M0i.103=s_:=AN5G

ψα
@µ2L4�rZ25RZ=A,#PSH�.103=

=AfSF:9<.125TZ,34J� ¹Qbl��'Z�Ab
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�Y=z0:9�RZ=z4M03TeB ,i.10:9<.sBV=d6?9<, =ANL2 ^ 25,:9<.M=�.M03=z;:9Z>19 ^ =A.1=?> ω0
W�>\T ^ .103=z41=A.IT<W

>K=A,3TU> ^ 9<N525wA=AGz;:9X>19 ^ =A.1=?>K479<,3GzG3=8_:,3=s9I>\=A,3TU> ^ 9<N52Lw?9O.125TZ,z;:>\TS6A=AG3F:>\=y9<4141TS6A2[9<.1=AGz.MT.M03=JTZ416A25N5N[9<.125,3rdW�>19 ^ =x2L,YB]0325680Y.103=JTZ4M6A2LN5N[9<.1TS>\Hd.t>19<,34M2L.M2LTX,z254xG3=A416?>\25P:=AGYPSH�9n_:aU=AG;QTZ25,U.xTOWD.103=s>\=A,3TU> ^ 9<N525w?9<.125TZ,YrU>\TZF3;cbm�V03=A,c@c9<N5.103TXF3rZ0z25.14E6?9<,3TZ,3256?9<NµG32 ^ =A,34125TZ,#254;QTZ4125.125RZ=Z@3.M032L4v;:9Z>19 ^ =A.1=?>�254v=8k|=A6A.125RZ=AN5Hd2[>1>\=AN5=AR<9<,U.�@:9<,3GdB]0:9<.M=ARZ=?> ^ 9�HUPQ=725.14vRe9<N5F3=Z@.M03=J.103=ATU>KHg=AaS0325P32L.M4�9�6?>\25.1256?9<Nµ;:TZ25,S.�9<,3Gz9O,�9<414MTU6A2[9<.1=AGd4M=A6ATZ,3GSh�TU>\G3=?>V;30:9O41=J.t>M9<,Sh
4M2L.M2LTX,cb:�V03=J;:>K2L6A=EBV=x0:9?RX=7.1T�;:9?HI2547.M0:9<.V.103=�>\=A,3TS> ^ 9<N525w?9<.125TZ,IrU>\TZF3;I41.t>KF36A.1F:>\=xT<W.M03=x.103=ATU>\Hs6ATX,U.t9O2L,34]9y4M6?9<N5=8h�G3=A;:=A,3G3=A,S.]TZ416A25N5N[9<.125,3rsW�>19 ^ =7.t>M9<,34\W-TU> ^ 9<.\25TZ,cb
� � 65����!"����� � $ ���0��� ���,!"� ���)!"&'����� � ���#��� ��+��,��������!"��� �0$N�������

+-,YTU>\G3=?>v.MTg41.MF3G3Hz.103=s6?>K2L.M2L6?9ON�P:=A0:9�RU25TU>»@:BV=yG3=8_:,3=g9<,Y=8k|=A6A.M2LRX=s.103=ATU>\HZ@m9<414MT<h
6A2[9<.M=AG�B 2L.M0¾9n_:=AN5G

φα
� 41=A= �{f|b�� ¹:bp���Z�1�A@SB]0325680Y2L4xBv>\25.1.1=A,dW�>\T ^ .103=EP:=ArZ25,3,325,3rz25,

.M03=gTZ4M6A2LN5N[9<.1TS>\H/W�>19 ^ =s9<.�9/.103=s=8km=A6A.125RZ=IW�>\=AfUF3=A,36AH ω0(b)
bc�V03254�.M03=ATU>\HYG3TU=A4y,3TZ.

TX416A25NLN[9<.M=�9<.V.103254v416?9<N5=
Λ/b

9O,3Gc@34125,36A=J.103= ^ 2L6?>KTZ416ATZ;3256J9<,3G�>K=A,3TU> ^ 9<N525wA=AGd.103=ATU>K2L=A49O4141TS6A2 9O.1=AGJB]25.10y.103254{_:=ANLG
φα

9Z>K=�B7>\25.1.M=A,J25,s.103=V4t9 ^ =DTX416A25NLN[9<.M2L,3rvW�>19 ^ =Z@?.103=]>\=A,3TS>£h
^ 9<N52Lw?9O.125TZ,s.t>19O,34\WqTS> ^ 9<.125TZ,34�WqTU>µ.M032L4V.103=ATS>\HJG3TE,3TZ.�25,36AN5F3G3=J9<,SH�>\TZ.89<.125TZ,34?b �Y=76?9<,.M03=?>\=8WqTS>\=7=AaS.t>19O6A.].103=x6?>\25.1256?9<N�9<41H ^ ;3.1TZ.M2L6vP:=A0:9�RS25TU>\4vT<W¦.M032L4v.103=ATU>KH·9<4 BD=xF34MF:9<N5NLHG3Ty25,z9

φ4 .103=ATS>\Hs9<,3Gg.M03=A,c@U6AT ^ P325,325,3rs.103=v=AfSF:9<.125TZ,34J� ¹:bl� �Z�&9O,3G#� ¹:bl�Z�X�A@?rXT�P:9O6 .MT�.M03=x6?>\25.1256?9<NcP:=A0:9�RS25TU>�T<W¦.M03=xTU>\25rZ25,:9<Nm.103=ATU>\H�BD=x9Z>\=x25,S.1=?>\=A41.M=AGg25,cb
	 ����!"� �,��� �*7�(5���'���9!�+

�].V.103=v_:aS=AGz;:TX2L,S.]T<W�.103=J>\=A,3TS> ^ 9<N525w?9<.125TZ,IrU>\TZF3;c@S.103= Z h-W�9<6A.1TU>\4�@U9<4VW-F3,36A.125TZ,34TOW¦.103=xG325N[9<.t9O.125TZ,d6ATU= �I6A2L=A,S.
b
@39Z>\=x;QT<BD=?>�N[9�B]4?b3�V03=A41=x;QT<BD=?>�N[9�B]4]G3=8_:,3=E.10:>\=A=xT<W

���3�



.M03=yWqTXF:>v2L,3G3=A;Q=A,3G3=A,U.y6?>\25.1256?9<N�=AaU;QTZ,3=A,S.14xT<W].103=s.103=ATS>\HZb�� 03=A,#BV=g9O;3;:>\TU9<680z.103=
6?>K2L.M2L6?9ON�41F:>£W�9<6A=Z@m.103=yN52L,3=?9X>\25wA=AG#rU>KTZF3;Y=AfUF:9<.M2LTX,34xrZ25RZ=yF34J.103=EW-TZF:>\.10Y25,3G3=A;:=A,3G3=A,S.
=AaS;:TX,3=A,U.

ν
9O4D.M03=x2L,SRZ=?>\4M=xT<W&.103=x;QTZ4125.125RZ=x=A25rZ=A,zR<9<N5F3=JT<Wµ.103= ^ 9<.t>K2La�T<W&.103=xN525,3=?9�h>K2LwA=AGI=AfSF:9<.125TZ,34?b �S.t9X>\.125,3rxW�>\T ^ .103=A4M=]G3=8_:,325.125TZ,34�WqTU>{.103=VW-TZF:>�25,3G3=A;Q=A,3G3=A,U.V6?>\25.1256?9<N

=AaS;:TX,3=A,U.14
ν
@
z
@
η
9<,3G

η̃
@3BV=x6?9<,d=AaS.t>19<6A.]9<N5Nc.103=x6?>K2L.M2L6?9ON&9<41H ^ ;3.1TZ.M2L6v416?9<N525,3rIN 9�B]4����fmbU� ¹:bº¹Q�?�Q.1T�� ¹:b ¹U�Z�1�Ab8�V03=�=AfSF:9<.125TZ,d� ¹:bº¹S�Z�Q6ATU>1>\=A41;QTZ,3G34c.1Tv.103=�,3TZ,3N52L,3=?9X>&>\=A4M;:TZ,341=

TOW&.103=x.103=ATU>KHs.1Ts9<,d=AaS.1=?>\,:9<Nm41.12 ^ F3N5F3479<.V.103=x6?>\25.1256?9<N525.\HZb
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d > 4

�V03=µ6AT ^ ;:9Z>\2541TX,7T<W3.103=A41=µrZ=A,3=?>19ONe4M6?9<N52L,3rvN[9�B]4mB]25.10x.103=�=AfSF:9<.125TZ,34��-�3bl�X�Z�A@?�-�3bp��'Z�9O,3G#�-�3bl�Z¼X��TXP3.t9<25,3=AGd25,z.103=�W�>19 ^ =ABVTU>&ET<W ^ =?9<,I_:=AN5Gz.103=ATS>\H·9ONLN5T<B]4]F34v.1TyG3=AG3F36A=.M03=x6?>\25.1256?9<Nm=AaU;QTZ,3=A,U.M4]B]03=A,d.103=x41;:9O6A=xG32 ^ =A,34125TZ,d2547N[9Z>\rX=?>�.M0:9<,g¹Y����fmbc� ¹:bº¹Z¹S�1�Ab

�{¡  �¡�� ��¯�©�� ³Z©:¯�c³ZÃ�¥m¨�®
	3¥Q°O®£c¯�Q±�°Z²�©
O(2)

Ã��§�©Q¨
+-,I.103=v6?9<41=

ca = 0
9O,3G

ua = 0
@S.103=7>K=A,3TU> ^ 9<N525w?9<.125TZ,�41.t>\F36A.1F:>K=]T<Wc.103=v6AT ^ ;3N5=Aauv25,3wAP3F:>\rOhj�c9<,3G:9<F�.103=ATU>KH�25, .M03=�>\TZ.89<.125TZ,:9<N�W�>19 ^ =z9<.�.103=dW�>\=AfSF3=A,36AH ω0

4103TXF3NLG
6ATS>1>\=A41;QTZ,3G���� ���
	���E.1Ty.103=x>\=A,3TU> ^ 9ONL25w?9<.M2LTX,srU>\TZF3;I41.t>KF36A.1F:>\=]T<Wc.103=xG3HS,:9 ^ 256 O(2)^ TUG3=AN-b�+-,	;:9Z>\.1256AF3N[9Z>A@ ω0(b)

9O,3G
θ(b)

4M03TZF3N5Gi,3TZ. �:T<BJ@µ9<,3G�.103=d>\=AN[9<.125TZ,��-�3b	' 'Z�A@
>K=AN 9O.1=AGd.1Ty.103= �:F36A.1F:9<.M2LTX,Sh�G32L4M4125;:9<.125TZ,z.M03=ATU>\= ^ @X4103TZF3N5Gz.t9 <=7;3N[9<6A=E.1Ts9<N5NcTU>\G3=?>�25,;Q=?>\.1F:>\P:9O.125TZ,g.M03=ATU>\HZb

�V03=Y_|>\4M.d;:>\TZ;:=?>K.jH 6?9<,�PQ=#=?9<4M2LN5H�4M=A=A,�W�>KT ^ .103=�=AaS;:>\=A414125TZ,34/T<Ws.103=�;:9Z>M9�h
rS>19<;30	¹:bl�3bl�Cbc�V03=d41=A6ATZ,3G	;:>\TZ;Q=?>\.\H�254s0325G3G3=A,`25,iTZF:>�WqTS> ^ 9<N5254 ^ b�+-.y2 ^ ;QTZ41=A4s.103=6ATX,341.t>19<25,S.�� ¹:b ¹ 'Z��TX,z.103=

Z
h-W�9<6A.1TU>K4]T<W�.103=E.103=ATU>\HZ@SB]0325680�6ATS>1>\=A41;QTZ,3G3479<N541TI.1Ts.103=

=AfSF:9<.125TZ,34]� ¹:b ¹U¼Z�m9<,3Gz� ¹:bº¹ �Z�AbA+-,y.103254�6?9<41=Z@�TZ,3N5Hx.10:>\=A=VT<W:.M03=�W-TZF:>c6?>K2L.M2L6?9ON3=AaU;QTZ,3=A,U.M4
G3=8_:,3=AGz9OP:T<RZ=x9Z>\=v2L,3G3=A;Q=A,3G3=A,U.�@34125,36A=x.103=J>\=AN[9<.125TZ,�� ¹:b ¹U�Z�µ.t9�O=A4D;3N[9<6A=x.MTn9ONLNmTU>KG3=?>
25,/;:=?>\.1F:>KP:9<.125TZ,I.103=ATU>\HZb

�7,/TZ.103=?>v>\= ^ 9Z>-s6ATZ,36A=?>K,32L,3rdTXF:>7>\=A,3TS> ^ 9<N525w?9<.125TZ, ^ =A.M03TUGY4103TZF3N5GYP:=yF3,3G3=?>£hN525,3=AGcb�+�,#.103=
O(2) ^ TUG3=AN-@µ25.y2L4y,:9<.MF:>19<N�.1T/B7>\25.1=s.103=�G3HU,:9 ^ 2L6A4yF3,3G3=?>E.103=yW-TU> ^�q¹:bº¹ �Z�»@UB 032L680�6ATZ,S.t9<25,34v41.t>\F36A.MF:>19<N5N5Hz.103= �:F36A.1F:9<.M2LTX,Sh�G32L4M4125;:9<.125TZ,�>\=AN[9<.125TZ,cb��Y=s41=A=

W�>\T ^ .103254yW-TU> ^ .10:9O.sBV=g6?9<,�9<P341TU>KP#.103=d;:9X>19 ^ =A.1=?> D 2L,�9�>\=AG3=8_:,325.125TZ,iT<Wx.103=
.M2 ^ =�¸c.103=?>K=8WqTU>K=Z@c.103=IB]9?HYBV=I6t03TSTZ41=s.MT¾>K=A,3TU> ^ 9<N525wA=I.103=g.M03=ATU>\HZ@cB 032L680i6ATZ,3412541.M425,"_:aU25,3r

D
9O,3G#>\=A,3TU> ^ 9<N52LwA25,3rd.103=s.M2 ^ =Z@c254J=AfSF325Re9<N5=A,S.?@c25,	.103=s6?9<41=�T<WD.103= O(2)^ TUG3=AN-@�.1T�.103=/.t>19<G325.125TZ,:9<N B�9�H	T<WJ>\=A,3TU> ^ 9ONL25wA25,3r	.103=z.103=ATS>\HZ@�B]0325680 6ATX,3412541.14s25,_:aS25,3rd.103=y.12 ^ =s9<,3G�>\=A,3TU> ^ 9<N52LwA25,3r D bc+-,YTZF:>v6?9<41=E03T<BD=ARX=?>A@325.J254x,3TZ.v,:9<.1F:>19ON&.1TBv>\25.1=g.M03=gG3HS,:9 ^ 256A4sF3,3G3=?>y.M03=sW-TU> ^ ∂tψα = DFα [ψ] + ηα

@µB]03256t0iBVTZF3N5G	P:=z9
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b

�V03=J=A25rZ=A,YRZ=?>K.1=AaU=A4vBV=J0:9�RZ=E.1T·>K=A,3TU> ^ 9<N525wA=�9X>\=J.103=�WqTXNLN5T<B]25,3r��Q.103=y6ATZ,341.t9<,S..M=?> ^ 4�TOW Γ
(4,0)�
α1β1β2β3

@
Γ

(2,0)�
α1

�
α2

9<,3G
Γ

(2,1)�
αβ

@S9<,3Gg.M03=]N52L,3=?9X>V.1=?> ^ 4�25, iω 9<,3G q2 T<W Γ
(2,0)�
αβ

b
�{¡��&¡�� �Y©:¯��³ZÃ�¥m¨�®
	3©:§ °Z²�©:�³<´�¥|¯�§ �3�0�¯c°Z©Q³<°Z©:³ZÃ 2

�Y=V_|>\41.�25,S.t>\TSG3F36A=].103=V,3TZ,3G32 ^ =A,34125TZ,:9<NQ6ATZF3;3N525,3rJ6ATZ,341.89<,U.M4 g(0) 9O,3G g(0)
a
bU�V03254

P:>K2L,3rX4�9 ^ T ^ =A,S.1F ^ 416?9ONL=x;:9X>19 ^ =A.1=?> µ � TU> µ′ �{2L,d.M03=].103=ATU>\H���b¶��03=7>\=A,3TU> ^ 9<N52LwA=AGfSF:9<,S.125.125=A4�9X>\=xG3=8_:,3=AGz25,`� ¹:bl¼X�Z�A@ZP3F3.v.103=�_:=ANLG34J9X>\=x41.125N5N&,3TX.].103=JG3=8_:,325.125RZ=s>\=A,3TS>£h
^ 9<N52LwA=AGITZ,3=A4?b �Y=x.103=A,g25,S.t>\TSG3F36A=79E6ATZF3,S.1=?>\.1=?> ^ >\=AN[9<.1=AGI.1TE.103=79<P341TS>\;3.125TZ,sT<Wc.103=
,3TX,3G32 9OrZTZ,:9<NS;:9Z>\.µT<W

Γ
(2,1)�
αβ

@<B]0325680s9<;3;:=?9Z>K4¦9<4�9x>KTZ.t9<.125TZ,xTOW|.103=V>\=A,3TU> ^ 9ONL25wA=AGE_:=AN5G34B 2L.M0g.103=vW�>\=AfSF3=A,36AH
δω0

����fmbc� ¹:bl¼Z�X�1�Ab<�V03254].1=?> ^ B]25NLN�P:=x.t>\=?9O.1=AGc@U9<4]9 ^ 9<4M4�.1=?> ^ @4M=A;:9Z>19<.1=AN5HZb �Y=DB 2LN5NQ6AT ^s^ =A,S.cTZ,y.103254�;:TX2L,S.�25,s;:9Z>19OrU>19<;30 �3b �Zbl�3bA�V03=]9<6A.125TZ,y254�41;3N525.25,S.1Tz.M0:>\=A=y;:9Z>\.14s��.103=s;:>\TZ;Q=?>x9<6A.125TZ,�TOWD.103=g>K=A,3TU> ^ 9<N525wA=AG�6?>\25.1256?9<N�.103=ATU>\H S @m.103=9O6A.125TZ,zB]0325680Y6ATZ,U.89<25,347.103=E6ATZF3,S.1=?>\.1=?> ^ 4 δS @m9<,3G/.103=s9<6A.125TZ,zB 032L680z6ATX,U.t9O2L,34v.103=Ä ^ 9<414\Å7.M=?> ^ 4?@ Sper b½STZN5N5TeB 2L,3r .103=�25G3=?9<4&TOWU.103=�;:9Z>19OrU>19<;30]¹Qbl�3bl�3@MBV=�G3=8_:,3=�9V.103=ATU>\H B]03256t0x254µNLTS6?9<.1=AG
W�>\T ^ .103=yP:=ArZ25,3,325,3rz25,Y.103=JTX416A25NLN[9<.MTU>\HdW�>19 ^ =J9<4141TS6A2[9<.1=AGzB 2L.M0z.103=y416?9<N5=s9<.vB]03256t0.M03=J>\=A,3TU> ^ 9ONL25wA=AGI.103=ATU>\H�2L4 G3=8_:,3=AGcb:�V03=v_:=AN5G347TOW&.103254].103=ATU>KHg9Z>\=vN[9<P:=AN5=AG φα 9<,3G
φ̃α
bS+-,d;:9Z>\.M2L6AF3N[9Z>»@Z.103=7>K=A,3TU> ^ 9<N525wA=AGI.103=ATU>\Hs9<414MTU6A2[9<.1=AG�B]25.10s.103= _:=AN5G φα G3TS=A4D,3TX.6ATX,U.t9O2L,I.103=x;:9Z>M9 ^ =A.1=?> ω0

b3�V03=J9<4141TS6A2[9<.1=AG9�]9<N5N[9<,Sh��SH ^ 9<,3wA2 s=AfSF:9<.125TZ,34VB]25N5Nc.103=A,,3TX.D6ATX,U.t9O2L,z9O,UHsR<9Z>\2[9<.125TZ,dB 2L.M0z>\=A41;:=A6A.V.1T�.103254];:9Z>19 ^ =A.1=?>AbZ�V03=J>\=A4MTZN5F3.125TZ,dT<W&.103=
� 9<N5N 9O,Sh��SH ^ 9O,3wA2 ¾=AfUF:9<.M2LTX,YWqTS>x.103254J.M03=ATU>\HY6?9<,�.103=A,	P:=I;:=?>jWqTU> ^ =AG�25, 9/412 ^ 25N[9Z>B]9�H�9<4s.103=ITZ,3=�X,3T<B],�W-TU>E9

φ4 .103=ATS>\HZb!��=d.M03=A,iB]25NLN 0:9?RX=g.1TYrZTYP:9<6 Y.1TY.103=;30SHS41256?9<Nm.103=ATU>\HZb��Y=JB]25N5Nc=AaS;3N[9<25,z.103254];:>\TS6A=AG3F:>\=xN[9<.1=?>�2L,d;:9X>19<rU>19O;30 �3b[�Zbp�3b
�{¡��&¡�� �g¥m¨�¨�¥m¯{ª?¤µ´�Ã�¥m¯ 	3®�� ©���0�¥:°Z®£c¯32

�Y=JN[9<P:=AN
Γ[φ]

.103=E=A2LrX=A,zRZ=?>\.M=AaU=A4]TOW¦.103=x.M03=ATU>\Hd9<4141TS6A2[9<.1=AGdB]25.10d.103=�_:=AN5G
φα
b

�Y=x0:9�RZ=x9<N[>\=?9<G3H7oMF341.12p_:=AGd.10:9O.D.M03=A41=]W-F3,36A.125TZ,34]G3Ty,3TZ.VG3=A;Q=A,3GzTZ,d.103=v;:9Z>19 ^ =A.1=?>
ω0
b��Y=7N[9<PQ=AN

Γ(

�
N,N,L)[φ](k{i(j)}, k̄{l}; c, ca, g, ga, r, µ

′)
.M03=]=A25rZ=A,gRX=?>\.1=Aa�9O4141TS6A2 9O.1=AG

�
µ′ = µ

√
4π

Y\JAYZE�B�QRD S @,[.K S � DFQ�T�@UQRKRX\] B?KN[ P�E�Y\[NMFX�QRKNM J?DFECJN^

���<¹



B 2L.M0d.103=v_:=AN5G
φα
@SB]03256t0d6ATZ,S.t9<25,34

L
25,341=?>\.125TZ,34]TOWD�

−rZr
√
ZZ̃Zω

[
φ̃αφα cos θ + φ̃αεαβφβ sin θ

]

B 2L.M0�.M03=�25,36AT ^ 2L,3r/2 ^ ;3F3N54125TZ,34 k̄{l} � 41=A=y.103=s6ATX,341.t>\F36A.125TZ,34vT<W�G32[9<rU>M9 ^ 4v2L,"6t0:9<;Sh.M=?>7¼Z�»b:�V03=J=A25rZ=A,YRZ=?>K.1=AaU=A4 G3=A;:=A,3GYTZ,z.M0:>\=A=JG32pk|=?>K=A,U. X25,3G347T<W�2 ^ ;3F3N54125TZ,34s� k{i} @
k{j}

9O,3G
k̄{l}
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i
Re9Z>\25=A4VP:=A.\BV=A=A,

1
9<,3G

Ñ
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j
PQ=A.jBV=A=A,

Ñ +1
9<,3G

Ñ +N
@U9<,3G

l
PQ=A.\h

BV=A=A,
1
9<,3G

L
bQ�V03=x,3TZ.t9<.M2LTX,

k{i(j)}
25,3G3256?9<.1=A4x9<N5Nc.103=E2 ^ ;3F3N54125TZ,Y41=A.14 {k{i}, k{j}} b��03=#>\=A,3TU> ^ 9<N52LwA=AG'=A2LrX=A,�RZ=?>K.1=AaU=A4
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.M=?> ^ 4s25,�9�;QT<BD=?>n41=?>\25=A4gTOWJ.103= ^ 9O414s.1=?> ^ 4?@�9Z>\=zrX2LRX=A,`PSH�� ¹:b	���X�AbD� ¹Qb	�3�?�ErZ25RZ=A4
.M03=xNL25,#IPQ=A.jBV=A=A,I.103=x=A25rZ=A,zRX=?>\.1=AaS=A4DTOW&.103=xP:9Z>\=x9<,3Gz>\=A,3TS> ^ 9<N525wA=AGd.103=ATU>\25=A4?b�V03=xRZ=?>\.M=AaU=A4V6ATZ,S.t9<25,z9<N5B]9�HU4]9EW�9<6A.1TU>

(2π)d+1δd+1(
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i,j ki(j))
@¶>K=AN 9O.1=AGd.1Ts.103=

.8>19<,341N[9<.125TZ,:9ONZ25,UR<9Z>\2[9<,36A=VT<W|.M03=D.M03=ATU>\HZb��Y=]N[9<PQ=AN
Γ̂
.103=]>\=AG3F36A=AGEW-F3,36A.125TZ,34�9�W-.1=?>c=AN52ph

^ 2L,:9O.125TZ,xT<W3.103254cW�9<6A.1TU>»bt+-,E.1=?> ^ 4�T<W¶.M03=A41=�>\=AG3F36A=AGxW-F3,36A.125TZ,34?@».103=3�]9<N5N[9<,Sh��SH ^ 9<,3wA2 =AfSF:9<.125TZ,34xTOW�.M03=s.103=ATU>\Hz9O4141TS6A2 9O.1=AG�B]25.10Y.103=y_:=AN5G
φα

9Z>\=yrZ25RZ=A,�PSH`� ¹:b	�X�Z�A@3B]25.10
.M03=xG3=8_:,32L.M2LTX,34n� ¹Qb	�Z�Z�Ab

�7,y2 ^ ;QTU>\.t9<,S.c;QTZ25,U.�T<W:.103=A41=V=AfSF:9<.125TZ,y254�.10:9<.�@AW-TU>�.103=V6?>\25.1256?9<N3.103=ATU>\Hg��9<4141TS6A2[9�h.M=AGgB]25.10I9JwA=?>KTJRe9ONLF3=vT<W&.M03=];:9Z>19 ^ =A.1=?> r �A@ZBV=]0:9�RZ=].M0:>\=A=]6ATZ,3G325.125TZ,34V.1TEP:=x9<.�.103=_:aS=AGs;QTZ25,U.�T<Wm.103=]>\=A,3TU> ^ 9<N52Lw?9O.125TZ,yrU>\TZF3;cb<�V03= �:T<BiG32 9OrU>19 ^ T<W|.M03=D6?>K2L.M2L6?9ON3.103=ATU>\H254y.103=?>\=8W-TU>\=yrZ25RZ=A,"PUHY.10:>\=A=�6ATZF3;3N5=AG#,3TZ,3N525,3=?9Z>EG32pk|=?>\=A,S.12[9<NV=AfSF:9<.125TZ,34?@mB]0325680 9X>\=
Bv>\25.1.1=A,s25,I.1=?> ^ 4�T<Wc.103=].10:>\=A= W-F3,36A.125TZ,34 β @ βa 9<,3G ρca b 
z9O.103= ^ 9<.1256?9<N5N5HZ@ ρca ;3N[9�HU4.M03=x4t9 ^ =J>\TXNL=J9O4 β 9O,3G βa b ��F3. P:=A6?9<F341= ca 254v,3TZ.79y6ATZF3;3N525,3rI6ATZ,341.t9<,S.?@SBV=xN[9<P:=AN.M032L4�WqF3,36A.125TZ,dG32pkm=?>\=A,U.MNLHZb
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Z
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1
25,
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+-,s.M032L4V41=A6A.M2LTX,sBV=&o1F34M.�rZ25RZ=].M03=]41.t>\F36A.MF:>\=VT<Wc.103=7>\=A,3TU> ^ 9<N525w?9<.125TZ,yrU>\TZF3;yT<Wc.103=.M03=ATU>\HyB]03=A,dBV= O=A=A;
ω0
25,d.103=x41=A.VT<W¦>\=A,3TS> ^ 9<N525wA=AGg;:9X>19 ^ =A.1=?>K4?bZ�V03254];:9Z>19 ^ =A.1=?>B 2LN5NQP:=].t>K=?9<.1=AG�9O4�9VÄ ^ 9<414\Å�.M=?> ^ @<9<,3Gy.103=?>\=8W-TU>\=VB]25.10325,g9v;:=?>K.1F:>\P:9<.125TZ,E41=?>\25=A4?bZ�V03=

^ 9<25,d=8k|=A6A.]T<Wµ.103254];:9Z>19 ^ =A.1=?>A@Z6AT ^ ;:9Z>\=AGs.MT�.M03=x;:>\=ARU25TZF34 41.t>\F36A.1F:>K=Z@Z254].1TyrZ25RZ=xF349n,3=AB�.1=?> ^ 25,z.103= � 9<N5N 9O,Sh��SH ^ 9O,3wA2 I=AfSF:9<.125TZ,34VT<W�.103=x.103=ATS>\HZb���=E.103=?>\=8W-TU>\=v0:9�RZ=03=?>K=d.1TYG3=8_:,3=z9Y,3=AB WqF3,36A.125TZ,
γω0(g, ga, ca, ε)

G3=A416?>\25P325,3r�.103=d=ARZTXNLF3.M2LTX,iT<W7.103254
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ω0 = 0
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P:9O.125TZ,z.103=ATS>\Hg25,�.M03= �`25N541TZ,� 4x416t03= ^ =Zb|�V03= ^ =A.103TSGz0:9<4vP:=A=A,Y=A41.89<P3N52L4M03=AG�.MT·9<N5NTS>\G3=?>�25,I;:=?>\.1F:>KP:9<.125TZ,s.103=ATS>\HJ25,d41=A6A.125TZ,34�¹:bl�E9<,3Gg¹Qbl�3bZ�V03=];:>K2 ^ 2L.M2LRX=7R<9Z>\2[9<.125TZ,34VT<W.M03=�6ATS= �g6A25=A,S.14�9O;3;:=?9Z>\25,3rd25,Y.103=s9<6A.125TZ,34s� ¹:b[�X�?�]9<,3Gi� ¹:bl�Z¼X�]9Z>\=ErZ25RZ=A,YPUH/.103=7ÄA�8h
-�+ ÅJ½S=AHU, ^ 9<,dG32[9<rU>19 ^ 4�T<W&.M03=x.103=ATU>\HZ@X.103=x25,U.1=ArS>19<.125TZ,sT<RZ=?>�.103=v2 ^ ;3F3N54125TZ,34vP:=A25,3r;Q=?>£W-TU> ^ =AGITZ,z.M03=x4103=AN5N�� q = |q| Re9Z>KHU25,3rsPQ=A.jBV=A=A, Λ/eδl
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Γ(M)(1) 2L,3G3256?9<.M=A4J.103=sTX,3=8h�NLTSTZ;YTU>\G3=?>v25,�.M03=s;:=?>\.MF:>\P:9<.125RZ=EG3=ARZ=AN5TZ; ^ =A,S.xT<W Γ(M) b
M
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Γ
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α1

�
α2
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@mB]0325680 ^ =?9O,34�9<,25,S_:,325.1=d,SF ^ P:=?>xTOW7TZ;:=?>M9<.125TZ,34?bc�V03=I;:>\TZP3N5= ^ 41=?9 ^ 4J25,3=AaU.8>\256?9<P3N5=Zb¦��03=gG32 �g6AF3N5.\H254s>\= ^ T<RZ=AG"PUH�F34M2L,3rY.103=�W�9<6A.J.10:9O.J.103=d>\=A41F3N5.y6?9<,	P:=I=AaU;:>\=A4M41=AG#25,i.1=?> ^ 4JT<W79<,9O,:9<N5HU.1256yW-F3,36A.125TZ,	T<W].103=s;:9Z>M9 ^ =A.1=?> c̄a b �!6?9ONL6AF3N[9<.M2LTX,#25,	.103=sRS2L6A25,325.\H#TOW

c̄a = 0254].M03=?>\=8WqTS>\=]41F��g6A25=A,S.V.1TyG3=AG3F36A=x.103=7B 03TZN5=vWqF3,36A.125TZ,IPSHg9<,:9<N5HS.1256x;:>\TZN5TZ,3rU9<.M2LTX,cbU+-,
.M032L4ERU256A25,325.\HZ@&TX,3=s6?9<, ^ T<RZ=y.103=�6AF3.�TOWD.103=yW-F3,36A.125TZ, ln z, z ∈ C

25, 9<,"F3,32LfSF3=AN5H
G3=8_:,3=AG/B]9?HZb

�V03=v;:>\256A=JBV=70:9�RZ=v.1Ty;:9�Hg254].M0:9<.V.103=�>K=A41F3N5.14]6?9<,dTZ,3N5HIP:=xG3=8_:,3=AGY9<4]9<,:9<N5HU.M2L6
=AaS.1=A,34125TZ,34�T<W:W-F3,36A.125TZ,34�G3=8_:,3=AGs25,g.103= ;:>\T<aU2 ^ 25.\HJT<WmwA=?>\T:bZ½STU>{.103=]25,S.1=ArU>19<N547�-¼Cbl���Z�A@BV=y6ATZF3N5GY_:,3G#9 412 ^ ;3N5=g9<,:9<N5HS.1256yW-TU> ^ G3=8_:,3=AGYWqTS>v=ARZ=?>\HzR<9<N5F3=sT<W].103=y;:9Z>19 ^ =A.1=?>
c̄a
bS½STU>µ.103=]25,S.1=ArU>19ON��-¼Cbl�Z�Z�m03T<BV=ARZ=?>A@�41F3680g9<,y=AaS;:>\=A414125TZ,y6?9<,3,3TZ.�PQ=]W-TZF3,3Gc@Z9<,3Gy.103=

>K=A41F3N5.&254µ=AaU;:>\=A4M41=AGJ9<4µ.103=D9<,:9ONLHS.1256�;:>\TZN5TZ,3rS9<.125TZ,x.1T79ONLN3>\=?9<NXRe9<N5F3=A4µT<W¶.M03=�;:9Z>19 ^ =A.1=?>
c̄a
T<W&.103=x=AaS;:>\=A414M2LTX,

I9
rZ25RZ=A,d25,Y9<;3;:=A,3G325a��]b

�{¡-¿&¡��
Z
ª1±t¥ �S°Zc³�2d©3Â�«�³Z©#242<®��¯32

½c25,:9<N5N5Hy.103=
Z
h-W�9<6A.1TU>\4�T<W:.103=�.M03=ATU>\Hx9Z>\=�rX2LRX=A,c@?.1T .103=�_|>\4M.&,3TZ,S.t>\25RS2[9<NZ6ATU>1>K=A6A.125TZ,

25,y;:=?>K.1F:>\P:9<.125TZ,x.M03=ATU>\HZ@APSHx.103=V41HS41.1= ^ �-¼Cbl���Z�m9<,3GE.103=�=AfSF:9<.125TZ,34]�-¼3bl�X�Z�m9<,3G·�-¼Cbl���Z�Ab

�?�Z�



�?�<¹



� �������	��
� �

� ����� �µ�#�

+-,y.103254�680:9<;3.1=?>A@�BV=�;:>\=A41=A,S.�9<N5NS.103=]>\=A41F3N5.14�T<Wm.103=�.103=A4M2L4�BVTU>&Q@AB]03256t0y0:9�RZ=�P:=A=A,
=AN[9<PQTU>19<.M=AGs.10:9<,#X4�.1Ty.103=v41.t>KF36A.1F:>\=A4�9<,3GI6?9<N56AF3N[9<.125TZ,34]=A41.89<P3N52L4M03=AG·9<,3GI;:=?>jWqTU> ^ =AG25,/.103=x;:>\=ARS2LTXF34D680:9<;3.1=?>K4?b

� ~1� �¾�J��� ��!�!:�8�]� �]�y� !:� �t�E�|�8�]� � $���� � � ���y�]�m���7�8�H�&�V�:�8�V�
� �|� �������x�y�V�m�t�]�"!

�µ¡�¢c¡£¢ ��2 �3®£¨�¨£¥:°Z®£¯�/	±t³Z¥mÃ�©
�V03=D>K=A,3TU> ^ 9<N525w?9<.125TZ,ErU>\TZF3;x=AfSF:9<.125TZ,34�W-TU>c.M03=�6AT ^ ;3N5=Aayuv2L,3wAP3F:>Kr<hj�c9<,3G:9<FE_:=AN5G.M03=ATU>\H]6ATU>M>\=A41;:TX,3G7.1TV.103=3� 9<N5N 9O,Sh��SH ^ 9O,3wA2  =AfSF:9<.125TZ,34m;:>\=A41=A,S.1=AGx25,x41F3P341=A6A.125TZ,x¹Qb	'3b	'3@9O,3GsB]03TZ41=V41TXNLF3.M2LTX,g254�rX2LRX=A,sPUHz� ¹Qbl�<¹U�µ9<,3Gs.103= 41HU4M.1= ^ � ¹:bl� 'Z�D�qB7>\25.1.1=A,y25,g.M=?> ^ 4�T<W.M03=�>K=AG3F36A=AG�;:9X>19 ^ =A.1=?>K4{��¼3bl�<¹U�M�AbA�V03254�41TZN5F3.125TZ,y254�=AaU;:>\=A4M41=AGy2L,y.1=?> ^ 4&TOW:.103=V.103=ATU>\H9O4141TS6A2 9O.1=AG�B]25.10�.M03=y_:=AN5G

φα
B]03256t0�254yG3=8_:,3=AG	2L,�� ¹:bp¼��Z�A@m9<,3G�B]03TX41=s6ATU>1>K=AN 9O.125TZ,

W-F3,36A.125TZ,34V9Z>\=VN[9<P:=AN5=AG
Γ[φ]

bZ�V03254�.103=ATU>KHJ,3=ARZ=?>µTZ4M6A2LN5N[9<.1=A4V9<.�.103=]4M6?9<N5=79<.�B]0325680s25.�254
6ATX,34125G3=?>\=AGc@Z9<,3GJG3TS=A4�,3TZ.µ6ATZ,S.t9<25,�9<,SH�>KTZ.t9<.125TZ,x25,y25.14�>\=A,3TU> ^ 9<N525w?9<.125TZ,J.8>19<,34\W-TU> ^ 9eh.M2LTX,34?b:+-,d;:9X>\.1256AF3N[9Z>A@3.103=x;:9X>19 ^ =A.1=?>K4 ω0

9<,3G
θ
9Z>\=J9<P341=A,S.�W�>KT ^ .103=J>\=A,3TU> ^ 9<N52LwA=AG.M03=ATU>\HZ@:9<,3G/G3Tg,3TX.�9<;3;Q=?9Z>V25,�.103=y>\=AN[9<.1=AG��]9<N5N[9<,Sh��SH ^ 9<,3wA2 I=AfUF:9<.M2LTX,34?b:�V03=EB�9�HP:9O6 y.MTs.103=xTU>\25rZ25,:9<NQW�>19 ^ =v254]G3=A416?>\25PQ=AGz25,z41F3P34M=A6A.125TZ,��3b[�Zbp�3b

�]4M2L,3rd.M03=n>K=A41F3N5.14JT<WV.103=y;:>\=ARS2LTXF34x6t0:9<;3.M=?>A@:BV=y6?9<,�=AaS;:>\=A414J9ONLN�.M03=JW-F3,36A.125TZ,34
B 032L680�9<;3;:=?9X>]25,�.103=E41TZN5F3.125TZ,`� ¹:bp�<¹U��T<W�.103= �]9<N5N[9<,Sh��SH ^ 9<,3wA2 d=AfSF:9<.125TZ,34�b��Y=s=AaZh;:>K=A414x.103=A41=EW-F3,36A.125TZ,34x25,#.1=?> ^ 47TOWD.103=s>\=AG3F36A=AG�;:9X>19 ^ =A.1=?>K4��-¼3bl�O¹U�Ab��Y=grZ25RZ=y03=?>\=.M03=7=AaS;:>\=A414125TZ,34�TZP3.t9<25,3=AGyW-TU>{.103=]W-F3,36A.125TZ,34

β
@
βa
9<,3G

γr
bS�V03=7=AaS;:>\=A414M2LTX,34�W-TU>�.103=

W-F3,36A.125TZ,34
ρca
@
γ
@
γω
9<,3G

γ̃
9Z>\=V03=?9�RSHZb��Y=]rZ25RZ=].M03= ^ W-TU>

γ
9O,3G

ρca
25,d9<;3;:=A,3G325a � b

γω
9<,3G

γ̃
0:9�RZ=�412 ^ 25N[9Z>µ=AaS;:>\=A414125TZ,34�.MT γ b<�V03=V=ARZTZN5F3.125TZ,JTOW|;:9Z>19 ^ =A.1=?>\4&9O4cW-F3,36A.125TZ,34TOW&.103=x416?9<N5=y9Z>\=vrZ25RZ=A,dPUHI.103=x41=A.VT<W�=AfSF:9<.125TZ,34J� ¹:bl� 'Z�Ab

�µ¡�¢c¡�¿ �s²�´32e®��3¥m¨v°O²�©:c³O´
�Y=�0:9�RZ=E,3T<B�.1TIrZTsP:9O6  .1Tg.M03=J;30SHU41256?9<Nµ.103=ATU>KHZ@:B]0325680Y6ATZ,3412541.14v25,�.M03=�P:9X>\=

.M03=ATU>\HJBv>\25.1.1=A,s25,d.103=]TS>\25rZ25,:9<N3W�>19 ^ =Zb ��=A,3TU> ^ 9<N525wA=AGd9<,3GsP:9Z>\= .103=ATU>\25=A4�G32pkm=?>VTZ,3N5HPSH ^ F3N5.125;3N52L6?9O.125RZ=76ATX,341.t9<,S.14�rZ25RZ=A,IPUHY� ¹:b	�3���A@e9O,3Gg.103=A,�TZP:=AHs.M03=74t9 ^ =]G32pk|=?>\=A,S.12[9<N=AfSF:9<.125TZ,34�bZ+-,I;:9Z>\.1256AF3N[9Z>�.M03=AH�;QTZ4141=A4M4�.103=]489 ^ =79<4MH ^ ;3.MTZ.1256VP:=A0:9�RU25TU>K4?b �V=A.1F:>\,325,3r.MT�.M03=7TU>K2LrX2L,:9ON:W�>19 ^ =]254],3TZ.V.10:9<.�412 ^ ;3N5=Z@:9<,3GI2L4 41;:=A6A2p_:6J.MT�.M03=7.103=ATS>\HyT<W&6ATZF3;3N5=AG
�?��'



TX416A25NLN[9<.MTU>\4?b:+�,3G3=A=AGc@:BV=E0:9?RX=x.1Tg.89�<=x25,U.MTg9<6A6ATZF3,S.].103=�W�9<6A. .10:9<.].103=E.103=ATU>\Hd9<414MT<h
6A2[9<.M=AG�B]25.10�.103=n_:=ANLG

φα
0:9<4JPQ=A=A, >\TX.t9<.1=AG/B]25.10#9�W�>\=AfUF3=A,36AHZ@µ9<,3G#9�km=A6A.1=AG�PSH�9

;30:9O41=]W�9<6A.1TS>A@<B]03256t0IG3=A;:=A,3GdTX,g.103=v416?9<N5=x9<.�B 032L680d.103=v41HS41.1= ^ 254V6ATZ,34125G3=?>\=AGcb3�V03=
=ARXTZN5F3.125TZ,gTOW&.103=A41= W�>K=AfUF3=A,36AHs9<,3GI;30:9<41=x9Z>\=vrZ25RZ=A,IPUHs=ARXTZN5F3.125TZ,g=AfSF:9<.125TZ,34V412 ^ 25N[9Z>.MTn� ¹Qbl��'Z�AbA�V03=A2[>µ=ARZTXNLF3.M2LTX,J254�G3=A416?>K2LPQ=AGyPUHE.103=�G32pk|=?>K=A,U.12[9<N3=AfSF:9<.125TZ,34]���3b ¹U�A@AB7>K2L.M.1=A,
25,Y.1=?> ^ 4]T<W�.103=�WqF3,36A.125TZ,34vG3=8_:,3=AGY25, ���3bl�Z�Ab��Y=s0:9�RZ=x.1TI,3TZ.1256A=E.10:9<.?@34M.t>\F36A.1F:>19ONLN5H25,Y.103=x.103=ATS>\HZ@3.103=y>\=A,3TU> ^ 9ONL25w?9<.M2LTX,gT<W�.M03=vW�>\=AfSF3=A,36AHd41032pW-. δω0

2L4v;:>\TZ;QTU>\.125TZ,:9ON|.MT
.M03=�;:9X>19 ^ =A.1=?> r bc+-.E2L4E.103=?>\=8W-TU>\= ^ TU>\=y6ATZ,SRZ=A,325=A,U.x.MTd=ANL2 ^ 25,:9<.M=g.103254EG3=A;:=A,3G3=A,36A=W�>\T ^ .103=xG3=8_:,325.125TZ,YT<W�.103=vW-F3,36A.125TZ,

γω0

b:�V03=ERe9<N5F3=A4v6t03TX41=A,IWqTS>�.M03=x2L,325.12[9<Nµ6ATZ,3G32ph
.M2LTX,

δω0(s = 1)
9<,3G

δθ(s = 1)
9Z>\=x,3TZ.V2 ^ ;QTU>\.t9<,S.?bS+-,3G3=A=AGc@QTZ,3N5Hg416?9ONL=8h�G3=A;Q=A,3G3=A,U.R<9Z>\2[9<.125TZ,34ET<W7.103254y;:9Z>19 ^ =A.1=?>\4J9Z>K=s;30UHS41256?9<NVTZP341=?>KRe9<P3N5=A4?@µ9<,3G#,3TX.J.103=A2[>y9<P341TZN5F3.1=R<9<N5F3=Zb

�Y=�0:9�RZ=�9<N541T].1T7>K= ^ = ^ P:=?>Q.10:9<.?@8PQ=8WqTU>K=�>\=A,3TU> ^ 9ONL25w?9<.M2LTX,c@1BV=�9<N[>\=?9<G3HvG325GJ.t>19O,34\hW-TU> ^ 9<.125TZ,34?@X=ANL2 ^ 25,:9<.M2L,3rI.103=ETU>\25rZ25,:9<NQW�>K=AfUF3=A,36AHd9<,3Gz;30:9O41=x;:>\=A41=A,S.]25,z.103=x4MHU41.M= ^�q41=A=�=AfUF:9O.125TZ,g�-�3bl�X�:9<,3Gx.103=�=AN52 ^ 25,:9<.125TZ,yT<W ω0
� ¹Qb	'Z�Z�1�»b1�V03=�TU>\25rZ25,:9<N<;30SHU41256?9<NX.103=ATU>\H

254VrZ25RZ=A,IPUHy.103=v6ATU>1>K=AN 9O.125TZ,yW-F3,36A.125TZ,34
Γ[
-{0UHS4

]
@S9<,3Gs.103=A2[>�=AaS;:>\=A414125TZ,34V9Z>\=]rZ25RZ=A,IPSH

.M03=�=AfSF:9<.125TZ,����3bl¼X�s9<4d9"WqF3,36A.125TZ, T<W�.M03=z6ATU>1>K=AN 9O.125TZ,iW-F3,36A.125TZ,34
Γ[φ]

6?9<N56AF3N[9<.1=AG
;:>K=ARU25TZF341N5HZbµ�V03254x=AfUF:9<.M2LTX,�6ATX,341.125.1F3.1=A4x.103=y.t>KF3=�4MTZN5F3.125TZ,34JT<WV.103=yB]03TZN5=s;:>\TXP3NL= ^ @25,36AN5F3G325,3rY.103=yTZ416A25N5N 9O.125TZ,#9<,3GY;30:9<41=y41032pW-.?bc�V03=y;:9Z>19 ^ =A.1=?> ω0(s)

254JrZ25RZ=A,YPSHz.103=
=AaS;:>\=A414M2LTX,·���3b�'Z�QB]03=?>\=

δω0(s)
254�rZ25RZ=A,EPUHx.M03=�25,U.M=ArU>19<.125TZ,ET<W&���3bº¹U�»@¬9O,3G

θ(s)
PSHx.103=

25,S.1=ArU>19O.125TZ,gTOW����3bº¹S�AbU�V03=x,3TX.t9<.125TZ,yÄ ��=A;:>Ab �VTZ.�b Åx25,3G3256?9<.1=A4].103=J>K=A;:>\=A41=A,S.t9<.125TZ,IT<W¦9
>KTZ.t9<.125TZ,:9ON|TX;:=?>19<.MTU>VTZ,Y.103=

Γ̂
W-F3,36A.125TZ,34?@mB]0325680¾9X>\=

(Ñ + N)
h�TU>KG3=?>V.1=A,341TU>K4?b:�V03=

,3TX.t9<.125TZ,
Γ̂(

�
N,N) 25,3G3256?9<.1=A4y.103=I=A2LrX=A,#RZ=?>K.1=Aa Γ(

�
N,N) 9�W-.1=?>vG325RS2L4M2LTX,iPUHY.103=�W�9O6A.1TU>

(2π)d+1δd+1(
∑

i,j ki(j))
� 41=A=v41F3P341=A6A.125TZ,#�q¹:b	'3b	'X�1�Ab

+-,s.M=?> ^ 4�TOW�.M03=]25,U.1=ArS>19<N54��-¼Cbl���Z�A@»BD= rZ=A.�.103=v=AaS;:>\=A414125TZ,����3b	�Z��WqTS>�.103=VW-F3,36A.125TZ,34>K=A41;:TZ,34M2LP3N5=yW-TU> .103=y=ARZTZN5F3.125TZ,YT<WV.103=y=8k|=A6A.125RZ=yW�>\=AfSF3=A,36AH�9<,3GY;30:9<4M=JW�9<6A.1TS>\4?b:�V03=
2 ^ ;QTU>\.t9O,U.mW-TZN5N5T<B]25,3r7;QTZ25,U.µ4103TZF3N5GyP:=VF3,3G3=?>\N525,3=AGz��.1T].103=VTZ,3=8h�N5TSTZ;JTU>KG3=?>m25,s;:=?>\.MF:>£hP:9O.125TZ,J.103=ATS>\HZ@?.M03=D=ARXTZN5F3.125TZ,yT<W:.103=V;:9Z>19 ^ =A.1=?> ω0(s)

254�rX2LRX=A,JPSHJ.103=V25,U.M=ArU>19<.125TZ,ET<W
���3bl�Z�A@»B]03256t0y4103TZF3N5GsPQ=]6AT ^ ;:9X>\=AGJ.1Tv.103=]=AfSF:9<.125TZ,d��'3bl� 'Z�mTZP3.t9O2L,3=AGy25,s.103= � 2LN541TX,�º4
W�>19 ^ =�.1=A6803,325fUF3=ZbZ�V03=A4M=D.\BVT]=AfSF:9<.125TZ,34�N5TST xG32pk|=?>K=A,U.?bZ��032L4�G32pkm=?>\=A,36A=]254D>\=AN[9<.M=AG�.MT.M03=]W�9<6A.V.10:9<.�.103= �]9<N5N[9<,Sh��SH ^ 9<,3wA2 y.1=A6803,325fUF3=xBV=vF341=AGd.t>\=?9<.M4�.103= ^ 9<414V.1=?> ^ 4�� .MTB 032L680

ω0
PQ=ANLTX,3rZ4t�µ;:=?>K.1F:>\P:9<.125RZ=AN5HZb<�V03=A,c@<B]25.10325,s.103254�.1=A6803,325fUF3=Z@<BV=V6?9<,yTZ,3N5Hy0:9�RZ=

9O6A6A=A414x.1Td.103=yG32pk|=?>\=A,36A=IP:=A.\BV=A=A,
ω0

9<,3GY25.14JR<9<N5F3=g9<.x.103=E_:aS=AG�;:TZ25,S.xB]03=A,�.103254
G32pkm=?>\=A,36A=7254�4 ^ 9<N5NqbS+ WmBD=V.t9 <=V.103=�_|>\41.�TU>\G3=?>�.1=?> ^ T<W���'3bl��'X�m25,g9<,s=AaS;:9<,34125TZ,y41=?>\25=A425,/;:T<BV=?>\4VT<W¦.M03=J;:9Z>19 ^ =A.1=?> r @3BV=v_:,3G/=Aa¶9<6A.MNLHI.103=x4t9 ^ =x=AfUF:9O.125TZ,z9<4����Cbl�Z�A@S9�Wq.M=?>,3TX.1256A2L,3r�.10:9<.J�

ln s
�V03=?>K=x;3N 9�HS4].103=J>\TXNL=vT<W

(−l) 2L,/.103= �`25N541TZ,� 4VW�>M9 ^ =v.1=A6t03,325fSF3=Zb��032L4�TZP341=?>\R<9<.125TZ,y25,341F:>\=A4�.10:9<.�.103=]G32pkm=?>\=A,U.�;:>\TS6A=AG3F:>\=A4�BV=DG3=8_:,3=AGd9Z>\=V6ATZ,34M2L4M.1=A,U.�b

� ~�� � �t��� �y�8� �]�m�]��� �y� �����I�]�t�v���]�y� �y�y� � ��� !Q�7�t�K��� � �8�7!#!
�µ¡-¿&¡£¢ �x¨� ��§�®�¥�/&³X¥|Ã

�V03= �:T<B�G32[9<rU>19 ^ TOW&.103=v.103=ATU>\Hy25,URXTZN5RZ=A4V.103=7=ARXTZN5F3.125TZ,34�T<Wµ.103=7.M0:>\=A=];:9Z>19 ^ =8h.M=?>\4
g
@
ga
9<,3G

ca
@SB]03256t0Y9Z>\=vrZ25RZ=A,IPUH�� ¹:bl� 'Z�µ25,z.1=?> ^ 4�T<W�.103=x>\=AG3F36A=AGd;:9Z>19 ^ =A.1=?>\4��¼3bl�<¹U�»bc�V03=I_:aU=AG ;:TZ25,S.14sT<Wv.103=d.103=ATU>\H	9Z>\=IrZ25RZ=A,`PSH�.103=d41HS41.1= ^ � ¹Qbl�Z¼Z�A@�B]03256t0

6ATX,3412541.JT<Wv.10:>\=A=s=AfSF:9<.125TZ,34EG3=A;:=A,3G325,3r�TZ,	.10:>\=A=sR<9Z>\2[9<P3N5=A4?b!�Y=d6?9<,�4103T<B .10:9<.J25.
254]4M=ANlW h�6ATZ,3412541.M=A,U.?@S.1Ty.103= _|>\41.V,3TZ,S.t>\25RS2[9<Nm6ATU>1>\=A6A.125TZ,�.1Ty.103=xG32pk|=?>\=A,S.]fSF:9<,U.M2L.M2L=A4�@U.MT

�?�Z¼



.89�<=�.M03=�_:aS=AGy;:TZ25,S.�R<9<N5F3=A4�TZP3.t9<25,3=AGEW�>KT ^ .M03=D6?9O,36A=ANLN[9<.M2LTX,sT<W|.M03=�W-F3,36A.125TZ,34 β 9<,3G
βa
@:B 032L680�9X>\=xrZ25RZ=A,dPSH#���3b	�Z�»@U9<,3G/.1Tg>\=A;QTU>\.V.103= ^ 25,S.1Tg.M03=x=AfUF:9<.M2LTX,#���3b[���X�AbU�V03=

_:aS=AGd;:TX2L,S.14]TOW¦.103=v.103=ATU>KHg9Z>\=x.103=A,drX2LRX=A,dPUHsTX,3=x=AfUF:9<.M2LTX,dT<W&TZ,3=xR<9Z>\2[9<P3N5=
c̄a
b

�V03=IrU>19<;30�TOW
ρca(ᾱ∗(c̄a), ᾱ∗a(c̄a), c̄a)

� B 032L680	G3=8_:,3=A4s.103=�_:aU=AG	;:TZ25,S.14yT<W7.103=
.M03=ATU>\H3��9<479�WqF3,36A.125TZ,dTOW

c̄a
254]rZ25RZ=A,z½�25r:b#�3b �Zb

�µ¡-¿&¡�¿ ��¯�®�Á&©:³ 2e¥m¨£®-°A´ �3¨�¥ 242z¥m¯�§ �3³X®-°Z® �3¥m¨]©CÂ�«]c¯�©Q¯c°�2
�V03=g>\=A4MF3NL.ET<W]TZF:>x6?9ONL6AF3N[9<.M2LTX,34�254y.10:9<.E.103=sTZ,3N5H�4MTZN5F3.125TZ,#TOW�.M032L4E=AfUF:9O.125TZ,#254

.M03=]_:aS=AGg;QTZ25,U.
c̄∗a = 0

b��Y= X,3=AB`W�>\T ^ .103=]PQ=ArZ25,3,32L,3rI.10:9<.�.M032L4 ;:TZ25,S.D4M03TZF3N5GgPQ=�9
_:aS=AGs;QTZ25,U.�T<W|.103= ;:>\=A41=A,S.&.103=ATS>\HZbZ+-,3G3=A=AGc@X2L.�6ATU>1>\=A4M;:TZ,3G34�.1Tx.M03=�_:aS=AGs;QTZ25,U.�T<W|.103=
G3HS,:9 ^ 256 O(2) ^ TUG3=AN-b ��=y6?9<,/,3T<B�9<4141=?>K.].103=xW-TZN5N5T<B]25,3r·>\=A4MF3NL.y�3.1TI.103=x.\BVT<h�N5TUTX;
TS>\G3=?>m25,J;Q=?>\.1F:>\P:9<.M2LTX,x.103=ATU>\HZ@8.103=�F3,32lW-TU> ^ TZ416A25N5N 9O.1TU>\Hv;30:9<41=�.t>19<,34125.125TZ,xTOWC9V4MHU41.M= ^25,S_:,325.1=AN5HY=AaU.M=A,3G3=AGz25,�9

(4− ε)h�G32 ^ =A,34M2LTX,:9<N&4M;:9<6A=Z@303T ^ TXrZ=A,3=ATZF3479<,3G/2541TZ.t>\TX;32L6Z@;QTZ4141=A4M41=A4?@S25,d.103=7TX416A25NLN[9<.MTU>\HyW�>19 ^ =x9<.V.103= W�>K=AfUF3=A,36AHIT<W&.103=v=8k|=A6A.M2LRX=x41;:TZ,S.t9<,3=ATXF34TX416A25NLN[9<.M2LTX,34�9<.V.103=x.8>19<,34125.125TZ,c@S.103=x4t9 ^ =]_:aS=AGz;QTZ25,U.v9<4].103=xG3HS,:9 ^ 256 O(2) ^ TUG3=AN-b+�,s;:9Z>\.M2L6AF3N[9Z>»@<2L.�;:TZ4M41=A4141=A4�.103= 4t9 ^ =VN5=?9<G325,3r�9<4MH ^ ;3.MTZ.1256V416?9<N525,3rJN[9�B]4?bZ�V03=V6?>\25.1256?9<N=AaS;:TX,3=A,U.14]9Z>K=xrZ25RZ=A,dPUHI.103=v=AfUF:9O.125TZ,34����3b �Z�?��9<,3G#���Cb[�?�Z�Ab
�Y=70:9�RZ=v.1TJ,3TX.1256A=7.10:9O.�.103=v=ARZTZN5F3.125TZ,34x���3bº¹U��9Z>\=]PQTZ.10IwA=?>\T�9O.�.103= _:aU=AGI;:TX2L,S.?b

��03=?>\=8WqTS>\=
ω0
9<,3G

θ
9Z>\=],3TX.�>K=A,3TU> ^ 9<N525wA=AGd9<.V.103=]_:aS=AGd;:TX2L,S.?b��].�.103254V_:aU=AGI;:TX2L,S.?@.M03=AHJ.t9�O=�=8k|=A6A.M2LRX=]Re9<N5F3=A4�B]03256t0s9Z>\=V,3TZ,SF3,325RZ=?>\4t9ONUfSF:9<,S.125.125=A4?b ��F3.�.103=A2[>{Re9Z>\2[9<.M2LTX,34

W�>\T ^ .103=A2[> _:aS=AG�;:TZ25,S.xRe9<N5F3=A4?@mG3=A;Q=A,3G325,3r�TX,�.M03=�4M6?9<N5=s;:9Z>19 ^ =A.1=?>A@39Z>\=yF3,325RZ=?>\4t9ONfSF:9<,S.125.125=A4?b��Y=sB]25N5N�41=A=y25,	41=A6A.125TZ, �3bl��03T<B�.103=AHz25,��:F3=A,36A=I.103=y=AaU;:>\=A4M4125TZ,YT<WD.103=
;30SHS41256?9<Nc>\=A41;:TX,341=vWqF3,36A.M2LTX,d2L,/.103=x6?>\25.1256?9<Nc>\=ArZ2 ^ =Zb

�µ¡-¿&¡   �J©���0�¨�®£¥m³z¨�®£Ã�®-°I®�¯ �`§�®�Ã�©Q¯32<®��¯32I¥|¯�§ 2�´�¯3�Z²�³Zc¯�®
	3¥Q°O®£c¯
�V03= �:T<B G32[9<rS>19 ^ T<W].103=I.103=ATU>\H/254n9

4
h�G32 ^ =A,34M2LTX,:9<N�G32[9<rU>M9 ^ b��Y=·>K=A;:>\=A41=A,S.03=?>K=J;:>\T<o1=A6A.125TZ,34 T<W�.103254 �:T<B�G32[9<rS>19 ^ 25,YG32pk|=?>\=A,S.x;3N[9<,3=A4?bm�V03=J;:>\T<o1=A6A.M2LTX,d2L,Y.103=

(r, u)
;3N 9O,3=7254V,3TZ.�fSF:9<N52L.89<.125RZ=AN5Hs680:9<,3rZ=AGsB]25.10I>\=A41;:=A6A.�.1TxB]0:9<.�BV=]rXTZ.�.1TJ.M03=]TZ,3=8h

N5TSTZ;	TU>\G3=?>A@c9<,3G"B]03256t0	BV=s;:>\=A41=A,S.1=AG�25,	_:rZF:>\= '3b[�Zbc�V03=�;:>\TeoM=A6A.125TZ,34xT<W].103= �:T<B
G32[9<rS>19 ^ 25,i.103=

(u, ca)
;3N 9O,3=z9Z>\=s;:>\=A4M=A,U.1=AG"2L,"_:rZF:>\=A4"�3bl�/9<,3G �Cbl�3@c>\=A41;Q=A6A.125RZ=AN5H

25,Y41;:9<6A=EG32 ^ =A,34125TZ,34vN 9X>\rZ=?>]9<,3G/N5TeBV=?>V.M0:9<, 4
bQ�V03=JN52 ^ 25.x.1T<B]9Z>\G34VG32 ^ =A,34125TZ, 4

254
;Q=A6AF3N52 9X>A@mB]03256t0Y254x25N5NLF34M.t>19<.1=AG/PUH/.103=xW-TU> ^ F3N[9z���Cb[�A¹U�Ab3+�,�.M032L4 W-TU> ^ F3N[93@3B]25.10/BD=AN5Nph6803TZ41=A,I25,325.12[9<N&6ATX,3G32L.M2LTX,34?@

c?a
6?9<,d.t9 <=79<,SHgrX2LRX=A,dRe9<N5F3=Zb:+�,dG32 ^ =A,34125TZ,zN[9Z>\rX=?>�.M0:9<,

4
@Z.103=xux9<F341412[9<,�_:aS=AGg;QTZ25,U.V254V41.t9<P3N5=Z@39<,3GI6?9<,sP:=J>K=?9<N52LwA=AG�W-TU>�9<,SHsR<9<N5F3=

c?a
T<Wc.103=

;:9X>19 ^ =A.1=?> ca bU��03=�_:aS=AGs;QTZ25,U.�=A,341= ^ P3NL= 0:9<4�TZ,3=V=AaS.t>19vG32 ^ =A,34125TZ,�6AT ^ ;:9Z>\=AGyB]25.10.M03=x6?9<41=vT<W{9n41;:9<6A=vG32 ^ =A,34125TZ,zN5T<BV=?>�.M0:9<, 4
b

�Y=z4103TZF3N5G ,3TZ.1256A=z9<N541T�.103=/2 ^ ;:TU>K.t9<,S.xW-TZN5NLT<B]25,3r	;:TZ25,S.z��B]25.103TXF3.s,3TZ2541=Z@�.103=G3HS,:9 ^ 256A4IG3=A416?>\25P:=AG�PSHi.103=z6AT ^ ;3N5=Aa`uv2L,3wAP3F:>Kr<hj�c9<,3G:9<F�=AfSF:9<.125TZ, 2L4IRZ=?>\Hi6AT ^ h;3N5256?9<.1=AG	25,#.M03=sF3,341.t9<P3N5=g>K=ArZ25TZ,cbc½STU>x4MT ^ =yRe9<N5F3=A4yT<W].103=s4M=A.xT<W];:9Z>19 ^ =A.M=?>\4?@3.103=G3HS,:9 ^ 256A4x254x680:9<TZ.1256Zb �ST ^ =�BVTU>-Z4]0:9�RZ=E4103T<B],d.10:9<.v,3TZ2541=y6?9<,Y41HS,36t0:>KTZ,325wA=JTZ416A25NphN[9<.M2LTX,34 8[�Z���U@Q�A¹U�S@Z¹S� :\bU�V03= W�9O6A.�.10:9<.�.M03=]TZ,3N5Hs41.t9OP3NL= _:aS=AGg;QTZ25,U.�T<Wc.103=�9O4141TS6A2 9O.1=AG
4M.t9<.12541.1256?9<NQ_:=AN5GY.103=ATU>\HI6ATU>1>K=A41;:TZ,3G34V.1T�.103=x_:aS=AGz;QTZ25,U.vT<W�.103=JG3HS,:9 ^ 256 O(2) ^ TOhG3=AN ^ 9�Hg6ATZ,34M.125.1F3.1=J9yrZ=A,3=?>M9<Nm;:>\TUTOW¦PSH·>K=A,3TU> ^ 9<N525w?9<.125TZ,IrU>\TXF3;d.1=A6t03,325fSF3=A47TOW¦.1032549O41;:=A6A.�T<W&.103=]G3HS,:9 ^ 256A4VT<Wc6ATZF3;3N5=AGITZ416A25N5N 9O.1TU>\4?b��]=ARX=?>\.103=AN5=A414?@S9x41.1F3G3HyT<Wµ.103=]TZ416A25NphN[9<.MTU>\Hd>\=ArZ25TZ,dT<W�.103=x;30:9O41=JG32[9<rU>M9 ^ PSH·>\=A,3TS> ^ 9<N525w?9<.125TZ,drU>KTZF3;d.1=A6803,32LfSF3=A4vBDTXF3NLG

�?���



PQ=x,3=A6A=A414t9Z>KHg.1Ty;QTZ4141=A414]9yG3=8_:,325.125RZ=y9<4141=?>K.125TZ,cb

� ~£} �%��!:�I�]�"!#�'�]�y� �µ�]�m� ���8�V�m�t�]� $?���"���|�8�]�"!#�8�����"� �µ�m�1�m� �µ�7�
� ���]�8� �

�Y=s;:>\TZ;QTZ41=J.MTgrZ25RZ=I9<,z=8km=A6A.125RZ=s=AaS;:>\=A414125TZ,/W-TU>].M03=�N525,3=?9Z>E>\=A41;:TX,341=EWqF3,36A.125TZ,
TOWD.103=y.103=ATU>KHd2L,".103=y6?>\25.1256?9<N¦>K=ArZ2 ^ =Zbc�V03=y;:9<.10YBV=xW-TZN5N5TeB�25,�.M032L4x4M=A6A.125TZ,Y6?9<,YP:=
=Aa39<6A.1N5Hg>K=A;:>\TUG3F36A=AG�W-TU>�.103=x6ATS>1>\=AN[9<.125TZ,yW-F3,36A.125TZ,cb��Y=x6t03TSTZ41=v.1TE;:>\=A41=A,S.D25,dG3=A.t9O2LN54
.M03=x6?9<N56AF3N 9O.125TZ,zT<W�.103=J>\=A4M;:TZ,341=vW-F3,36A.125TZ,c@SP:=A6?9OF341=J25.]25,36AN5F3G3=A4x.103=x=8k|=A6A.M2LRX=J;30:9<41=
W�9<6A.1TS>

θ
B 032L680i>\=A;:>\=A41=A,S.14J;30SHS41256?9<N5NLHi9/;30:9<41=I41032pWq.yPQ=A.jBV=A=A,�=AaS.1=?>\,:9ON�W-TU>\6A=g9<,3G

RX=ANLTS6A25.\H¾� 4M=A=x41=A6A.125TZ,z�3b[���Ab
�V03= ^ 9<.t>K2La/T<WD.M03=�.\BVT<h�;QTZ25,U.v6ATU>1>\=AN[9<.MTU>\4v2L4ErZ25RZ=A,�PSHz.103=�2L,SRZ=?>\4M=�TOWD.103= ^ 9�h

.8>\25a
Γ̃

(2) @:B]03TX41=J=AaS;:>\=A414125TZ,/6?9<,zPQ=yG3=AG3F36A=AGzW�>\T ^ .103=JrZ=A,3=?>M9<Nc41TZN5F3.125TZ,`���Cbl¼Z�AbS�cT
G3=AG3F36A=d.M03=s=8k|=A6A.125RZ=d=AaS;:>\=A414M2LTX,34JT<W7.M03=s6ATU>1>\=AN[9<.M2LTX,34JT<W7.M03=s;30UHS41256?9<NV.103=ATU>KHZ@mBD=
F34M=J.103=�WqTZN5N5T<B]25,3rs.103TZF3rX0U.];:>KTU6A=A414E�:.103=E=AfUF:9O.125TZ,#���3bl¼X�D9ONLN5T<B]4]F34v.1TI6ATZ,3,3=A6A.].103=
=AaS;:>\=A414M2LTX,34�W-TU>

Γ̃
(2) 9O.�G32lkm=?>\=A,S.�416?9<N5=A4?b �Y=741.89Z>\.�W�>\T ^ 9x.103=ATU>KHJB]0325680gG3=A416?>K2LPQ=A4D9

4MHU41.M= ^ TZ;:=?>19O.125,3rJ6AN5TZ41=v.1TJ.M03=].t>19<,34M2L.M2LTX,cb���=x.M03=A,s6t03TSTZ41=v9JG325N[9<.t9O.125TZ,s6ATS= �g6A25=A,U.
s
4MF��g6A25=A,U.1N5Hy4 ^ 9ONLNQ41TJ.M0:9<.�.103=]6ATU>M>\=AN[9<.125TZ,34�25,g.M03=�>\25rZ0S.\h�0:9<,3G3=AGy.1=?> ^ T<W����3bl¼Z��9X>\=

9O4141TS6A2 9O.1=AGdB]25.10z9y41=A.v9y;:9Z>19 ^ =A.1=?>\4VN5TU6?9<.M=AGIW�9Z>DW�>\T ^ .M03=x6?>\25.1256?9<Nc41F:>£W�9<6A=Zb3�V03=?>\=8h
W-TU>\=Z@XW-TU>�.103254].1=?> ^ @¶9E6AN[9<414M2L6?9ONc;:=?>\.MF:>\P:9<.125RZ=v=AaU;:9O,34125TZ,z9Z>\TZF3,3G ^ =?9<,s_:=AN5G/.103=ATU>\H
254V9<N5NLT<BV=AGcb �].�.103254�;QTZ25,U.?@»W-TU>µ412 ^ ;3N5256A2L.\HZ@XBD=V=AaS;:>\=A414 Γ̃

(2) 25,s.M=?> ^ 4µT<W|25.14�=AaS;:>\=A414125TZ,TXP3.t9<25,3=AGgB 2L.M032L,d.M03= ^ =?9<,�_:=ANLGz9O;3;:>\T<aU2 ^ 9<.M2LTX, : b���HI25,U.M=ArU>19<.125TZ,�T<W&.103=J>\=A,3TS> ^ 9�hN525w?9<.125TZ,	rU>\TXF3;z=AfSF:9<.125TZ,34?@mBV=s6?9<,Y=AaS;:>\=A414E.103=EWqF3,36A.125TZ,34EBV=g9Z>\=y25,U.M=?>\=A41.1=AGY25, 9O.
.M03=7TU>K2LrX2L,:9ON|4M6?9<N5=Zb �)6?9<N56AF3N[9<.125TZ,z9<4V;:>\=A6A2541=x9<4VBV=7B 032L4M0d6ATZF3N5GdP:=x;:=?>jWqTU> ^ =AGcb��Y=F34M=�03=?>K=J.103=yN525,3=?9Z>\25wA=AG�rU>\TXF3;d=AfUF:9<.M2LTX,34?@:B 032L680�9<N5N5TeB�9<,�9<,:9<N5HS.1256?9<Nµ2L,S.1=ArU>M9<.125TZ,cb
��03=y_:,:9<ND>K=A41F3N5.�254y=AaS;:>\=A4141=AG�25,	.1=?> ^ 4ET<W]=8k|=A6A.125RZ=I;:9Z>19 ^ =A.1=?>\4?@QB]0325680�W-TU> ^ .103=
;30SHS41256?9<NmTZP341=?>\R<9<P3N5=A4?b
�µ¡  �¡£¢ ��2 �3®£¨�¨£¥:°Zc³O´`±t³Z¥mÃ�©

�Y=D4M.t9Z>\.mB]25.10y41.1F3G3HS25,3r
Γ̂(1,1)[φ]

@AB]03256t0y254�.103=�2L,SRZ=?>\4M=�T<W:.103=V>\=A41;QTZ,341=�W-F3,36A.125TZ,
25,�.103=YTZ416A25N5N[9<.1TU>KH	W�>19 ^ =Zb �Y=�F341=Y.103=/41TZN5F3.125TZ, ���3b[�('Z�ET<WJ.103= �]9<N5N[9<,Sh��SH ^ 9<,3wA2 =AfSF:9<.125TZ,34�b¦½STS>g9Y;:9X>\.1256AF3N[9Z>yRe9ONLF3=

s?
T<Wx.103=dG325N[9<.t9<.M2LTX,`6ATS= �g6A25=A,U.

s
@�6803TZ41=A,`4MT

.M0:9<.
r? = r(s?)/s?

254I41F��g6A25=A,S.1N5H#N[9Z>\rX=Z@�BV=dF341=d.103= ^ =?9<,	_:=AN5G =AaU;:>\=A4M4125TZ,	WqTS>.M03=�>\25rZ0S.\h�0:9<,3G3=AGI.1=?> ^ T<W&.103=v=AfSF:9<.125TZ,����3b[��'X�Abe��03=�>\=A4MF3NL.M2L,3r�=AaU;:>\=A4M4125TZ,¾���3b[�?¼Z�µ254
R<9<N525G#25,	.103=s>\=ArZ2 ^ = qξ � 1

9<,3G
ωξz � 1

bc+-,�.103254E=AaU;:>\=A4M4125TZ,c@
ξ
>\=A;:>K=A41=A,U.M47.103=

6ATS>1>\=AN[9<.125TZ,sN5=A,3rZ.M0gT<Wc.103=v;:>\TZP3N5= ^ 9<,3G
ξ0
9<,3TZ.M03=?>�=8k|=A6A.M2LRX=7N5=A,3rZ.10dB 032L680d9<;3;:=?9Z>K4

25,/.103=x6?9<N56AF3N[9<.125TZ,cb
�V03=x6?>\25.1256?9<N&>K=ArZ2 ^ =x6ATU>1>\=A4M;:TZ,3G34].MTn9n6t03TZ256A=ET<W¦.M03=J;:9Z>19 ^ =A.1=?>\4�T<W¦.M03=x.103=ATU>\H4MF36t0d.10:9O.

qξ � 1
9<,3G

ωξz � 1
@SP3F3.]4MF��g6A25=A,U.1N5HI4 ^ 9<N5Nm.1Ts9<N5N5T<B�F34].1Ty,3=ArZN5=A6A.].103=25,��:F3=A,36A=vT<W|.M03=D2[>1>K=ANL=AR<9<,S.�;:9Z>19 ^ =A.1=?>\4&9O,3G�4M.t9�Hx2L,I.103=]>\=ArZ2 ^ =VB]03=?>K=DBV=V6?9<,yB7>\25.1=9O,s=8k|=A6A.125RZ=�_:=ANLGI.103=ATU>KHxW-TU>µ.103=];:>\TXP3NL= ^  bS�cTxG3=AG3F36A=x9x412 ^ 25N[9Z>{=AaU;:>\=A4M4125TZ,34�25,g.103=

=�� DFQRK9TUQRK.[
Y\J?K5[NMFX\[R@UX\M B�Y\DFECJ��,@,J�YZE �LM5DFECK�� X\D"DFT<K.WHT,M�E,J�Y\D�E � D�Q9KNW"MHG TUX\K ��M�QRKAT D J?J�Y �UX\K �U@CB�O�D�@UX SE,D B YZE � DFX � KLMFE�]%M S�S Y\B�Y\D�E,M�X�T�Q?YZE,[RYZTUX\KNJN^� � E S KNK S ��M B � K
QR]<J?GLMFXZX�J?[NM�X\KNJ���B�P,K S Y\J?[
QRKNB?K X\M B?B�Y\[NK DFE O P�Y\[?P B�PCKLYZE S Y �HY S @CMFX D J?[
YZXZX\MHB?D�QRJ MFQRKX\D"[NMHB?K S [.MFE�E,D B � K!� D�Q �HD B?B?K
E�^

�?�Z�



6?>K2L.M2L6?9ON¶>\=ArX2 ^ =��¦BV=�F34M=�.103={_:aU=AGy;:TX2L,S.µ416?9<N525,3rxP:=A0:9�RU25TU>K4D���3b[�(�Z�Ab A1
9O,3G

A2
6?9<,EP:=

=AaS;:>\=A414M=AGJPSHJ6ATZ,S.125,UF325.\Hx25,
q = ξ−1 �->K=A41;cb ω = ξ−z

�µB]25.10y.103=�;:>\=ARU25TZF34�=AaS;:>\=A414M2LTX,cb
��03= ^ 9O2L,I2 ^ ;:TS>\.t9<,S.�;:TZ25,S.]254V.10:9<.�.M03=AHsG3Ty,3TZ.�G3=A;Q=A,3GdTZ,g.M03=76ATU>M>\=AN[9<.125TZ,sN5=A,3rZ.10
ξ
b
�V03=A41=]>\=A41F3N5.14�0:9�RZ=]P:=A=A,�TZP3.t9<25,3=AGyW-TU>µ.103=]G32[9<rXTZ,:9<N3;:9Z>\.�TOW

Γ̂(1,1)[φ]
bZ�V03=],3TZ,Sh

G32[9<rXTZ,:9<N];:9Z>K.s25,U.t>KTUG3F36A=A4z9";:=A6AF3N52[9Z>I;:TX2L,S.?bV+-,3G3=A=AGc@V.103= ^ =?9<, _:=ANLG�=AaS;:>\=A414125TZ,W-TU>�.103=�,3TZ,3G32[9<rXTZ,:9<Nv;:9Z>\.I2L4/;:>\TZ;QTU>\.125TZ,:9<N .1Ti.103=Y;:9Z>19 ^ =A.1=?> ca b]��03=�;:>K=ARU25TZF349X>\rZF ^ =A,S.14g>\=AN[9�HiTZ, .103=/W�9<6A.�.10:9<.I2 >M>\=AN5=ARe9<,S.g;:9X>19 ^ =A.1=?>K4sG3T#,3TX.g25,��:F3=A,36A=�.103==8km=A6A.125RZ=I=AaU;:>\=A4M4125TZ,34?@µ4125,36A=g.M03=AH�Re9<,325410	W-TU>�RZ=?>\HY4 ^ 9<N5N�Re9<N5F3=A4sT<W].103=IG325N[9<.t9<.125TZ,6ATS= �g6A25=A,S.
s
b ��F3.s2pWJ.103=AH 9O;3;:=?9Z> ^ F3N5.125;3N5256?9<.125RZ=AN5HZ@V.103=AH	G3T ^ TSG32lW-H	.103=z416?9ONL25,3rN[9�B]4?b3+�,d.103=A41=x.1=?> ^ 4?@ ca 2L4x9vÄ\G:9<,3rZ=?>\TXF34D2[>1>K=ANL=AR<9<,S.];:9Z>19 ^ =A.1=?>£Åtb

�µ¡  �¡�¿ ¤¦c¨�0�°Z®��¯
ca(s)

�V=ArU9Z>KG32L,3ry.103=x;:>K=ARU25TZF34]TXP341=?>\Re9O.125TZ,c@SBD=x,3=A=AG/.1T Z,3T<B�.103=x41TXNLF3.M2LTX,
ca(s)

b:+-,
.M03=µWqTZN5N5T<B]25,3r:@8BV=�N 9OP:=AN

~g
9O,3G ~β >\=A41;Q=A6A.125RZ=AN5Hx.103=&RX=A6A.1TU>\4 (g, ga, ca)

9<,3G
(β, βa, ρca)

� b��03=dNL25,3=?9Z>K2LwA=Y>\=A,3TU> ^ 9<N52Lw?9O.125TZ,�rU>\TXF3;#=AfSF:9<.125TZ,34s9Z>\TXF3,3G#.103=�_:aS=AGi;:TZ25,S.s6?9<,	P:=Bv>\25.1.1=A,J25,y.103={WqTU> ^ ���Cb[�?�Z�A@MB]03TZ41=�41TZN5F3.125TZ,y254�rZ25RZ=A,JPSH·���3b[���Z�»b
ω
254�rZ25RZ=A,yPUHg���Cbl���Z�A@

9O,3G�25.14x=A25rZ=A,YR<9<N5F3=A4JPSH ���3bp�3�?�Ab3�V03=A41=y=A25rZ=A,YRe9ONLF3=A4y9Z>\=EF3,32LRX=?>\4t9<NµfUF:9O,U.125.125=A4J9<,3G
ω2
9<,3G

ω3
9X>\=V41;:=A6A2p_:6xF3,325RZ=?>\4t9ON:fSF:9<,U.M2L.M2L=A4�@Z9<4141TS6A2[9<.1=AGsB]25.10I.103=]N525,3=?9Z>\25wA=AGz>\=A,3TS>£h

^ 9<N52Lw?9O.125TZ,�rU>\TXF3;�=AfSF:9<.125TZ,34ET<W].103=s.103=ATS>\Hz25,	.103=s6AT ^ ;3N5=AaYG32[>\=A6A.125TZ,34yT<WV.103=s41=A.TOW¦;:9Z>M9 ^ =A.1=?>\4�b���=E,3TZ.1256A=J.M0:9<.VBD=x>\=A6AT<RZ=?>�.103=x.\BVTy2 >M>\=AN5=ARe9<,S.]=A25rZ=A,zR<9<N5F3=A4]TZP3.t9O2lh,3=AGd25,d.103= �`25N541TZ,� 4VW�>M9 ^ =v.1=A6t03,325fSF3=x.1TJ.M03=xTZ,3=8h�N5TUTZ;ITU>\G3=?>�6?9<N56AF3N[9<.125TZ,34y� 41=A= ��fmb��'3bl�Z�Z�M�c¸<.103=ETZ.103=?>V,3TZ,Sh�wA=?>KTsRe9<N5F3=A4J9Z>K=xrZ25RZ=A,zPSHg.M03=J.\BVT<h�N5TUTZ;dTS>\G3=?>V6?9<N56AF3N[9<.125TZ,34
TOW&6t0:9O;3.1=?>V¼3b:�V03=x41TXNLF3.M2LTX,

ca(s)
254V_:,:9<N5N5HdrZ25RZ=A,dPSH¾���3bl�Z�Z�»b

�V03=x,3TZ,3G32[9<rZTX,:9<Nm;:9Z>\.
Γ̂

(1,1)
12 [φ]

0:9O4].103=A,dG32pk|=?>\=A,S.v416?9<N525,3rgN[9�B]4].10:9O,d.103=JG32[9�h
rXTZ,:9<NmTZ,3=g���{f|bc���3bp�Z�Z��9O,3G#���3bl�<¹S�1�AbZ�V03=

ω
G3=A;Q=A,3G3=A,36A=n9O.

q = 0
254?@3.1T�.103254]TU>\G3=?>A@

25G3=A,S.1256?9<N5N5Hd=AfUF:9<N�.1TywA=?>\T:b
½c25,:9<N5N5HZ@mBV=xrZ=A.VW-TU>V.103=E6AT ^ ;3N5=A.1=J>\=A4M;:TZ,341=�WqF3,36A.M2LTX,�9<414MTU6A2[9<.1=AGdB 2L.M0d.103=x_:=AN5G

φα
@�rZ25RZ=A,�PSH�.M03=s25,URZ=?>K41= ^ 9<.8>\25a�TOW Γ̂(1,1)[φ]

@m.103=yW-TZN5NLT<B]25,3r/=AaU;:>\=A4M4125TZ,34g��2L,	.103=
>K=ArZ2 ^ = qξ � 1

@
ωξz � 1

@µBV=grX=A.�.M03=g=AfSF:9<.125TZ,����Cbl��'Z�A@m9<,3Gi25,i.103=d6?>\25.1256?9<N]>\=8h
rX2 ^ =x.103=7=AfSF:9<.125TZ,34J���Cbl���Z��9<,3G#���3bl�Z�Z�»b���=x0:9�RZ=v.1Ty,3TZ.1256A=v.10:9<.V.103=v,3=AB�F3,325RZ=?>\4t9ON=AaS;:TX,3=A,U.

ω3
9<;3;:=?9X>\4y2L,i.M032L4n_:,:9<N]>\=A41F3N5.?b �Y=/B]25NLN 41=A=g25.14y2 ^ ;:9<6A.�2L,i.M03=gB]03TXNL=;30SHS41256?9<Nc>\=A41;:TX,341=vWqF3,36A.M2LTX,d2L,/.103=vW-TZN5NLT<B]25,3rs4MF3P341=A6A.125TZ,cb

�µ¡  �¡   ���7©#�S°Z®-Áµ©�«�²�¥ 2<©	¥m¯�§)±t³Z©���0�©Q¯3�S´
�cT	rZ=A.I.103=z6AT ^ ;3N5=A.1=Y;30UHS41256?9<Nx>\=A41;:TX,341=dW-F3,36A.125TZ,c@VBV=z0:9�RZ=/.1T#;Q=?>£W-TU> ^ .103=

6AT ^ ;3N5=A.1=·>K=A,3TU> ^ 9<N525w?9<.125TZ,YrU>KTZF3;�.t>19O,34\WqTS> ^ 9<.125TZ,34vB]0325680 9Z>K=srZ25RZ=A,	PUH�.M03=g41TXNLFSh.M2LTX,%���Cbl¼Z�Ab��Y=dN5=?9Z>\,3=AG	25,i6t0:9<;3.M=?>J�/03T<B!.M03=·>\=A;:>K=A41=A,U.89<.125TZ,34xT<W7.M03=·>\TX.t9<.125TZ,:9<N
.8>19<,34\W-TU> ^ 9O.j25TZ,34vB]0325680#9<;3;:=?9X>x25,�.103254y=AfUF:9O.125TZ,�9<6A.JTZ,".103=s.\BVT<h�;:TZ25,S.]W-F3,36A.125TZ,34TOW¦.103=E.103=ATU>\HZb3+qW�BD=y9Z>\=x25,S.1=?>\=A41.1=AGdTX,3NLHd25,/.103=J;:>\T<aS2 ^ 25.jHIT<W�.103=J6?>K2L.M2L6?9ON ^ TSG3=JT<W;3F3N54t9O.125TZ,

ω ' ω0
@X.103=];30SHU41256?9<N:>K=A41;:TZ,34M=�W-F3,36A.125TZ,

χ(q, ω)
254�rZ25RZ=A,�2L,�.1=?> ^ 4�T<Wm.103=W-F3,36A.125TZ,dBV=x0:9�RZ=�o1F341.V6?9<N56AF3N[9<.1=AG/;:>\=ARS2LTXF341N5HgPSHg.M03=7=AfSF:9<.125TZ,34����3bl���Z��9O,3G#���3bl���X�Ab

�
ca

T�X\M�]"J5GLMHB�PCKNGLM B�Y\[NMFXZX\]<MLQRDFX\K J�Y\G YZX\MFQIB?D
g
MFE S ga � ��@,B�O�K  K.K
T Y\B'G YZE S B�P,M B Y\B S D"K.JAECDHBTUP�]"J�Y\[NM�XZX\] QRKRTUQRKNJ?KRE�B'ML[ND�@UT�XZYZE � [ND�E,J?B?M�E�BN^

�?���



�74�BV=]489<25Gs;:>\=ARS2LTXF341N5HZ@Z.103=]=ARXTZN5F3.125TZ,34�T<W
θ(s)

9<,3G
ω0(s)

9<.�.103=�_:aU=AGI;:TZ25,S.D9Z>K=
.8>\25RU2[9<N-bU��03=DN525,3=?9Z>\25w?9<.M2LTX,gT<Wm.103=V=ARZTZN5F3.125TZ,s=AfSF:9<.125TZ,34µW-TU>µ.103=A4M=D;:9X>19 ^ =A.1=?>K4¦9Z>KTZF3,3G.M03=x_:aS=AG�;QTZ25,U.xrX2LRX=JF34x6ATU>1>K=A6A.125TZ,34]B]0325680¾9X>\= ^ 9O.103= ^ 9<.1256?9<N5N5Hd=AfSF32LR<9<N5=A,U.x.MTg.103=F34MF:9<NU6ATS>1>\=A6A.125TZ,34c.MT].103=V416?9<N525,3r7N[9�B]4µG325416AF34141=AGy25,y41=A6A.125TZ, �Cb	'3b�-{0UHS41256?9<N5N5HJ03T<BV=ARZ=?>A@
.M03=AH�9Z>\=�G32lkm=?>\=A,S.g�m25,3G3=A=AGc@µ.103=AHzrZ25RZ=I9I_|>\41.x6ATS>1>\=A6A.125TZ,Y.1Tz9I6ATZ,34M.t9<,S.7R<9<N5F3=Z@¦9O4
.M03=dF341F:9<NV6ATU>1>\=A6A.M2LTX,34�.MT�4M6?9<N52L,3r	N[9�B]4yrZ25RZ=z9Y6ATU>1>K=A6A.125TZ,#.MT¾9O,`9<N[>\=?9<G3H	=AaU2541.125,3r
9O41H ^ ;3.1TZ.1256]PQ=A0:9?RS25TU>AbS½STU>�.103254�>K=?9<41TZ,c@X2L.V254 ^ F3680g=?9<4M2L=?>�.1Ty9<6A6A=A414V=AaS;:=?>\2 ^ =A,S.t9<N5N5H.MTg.103=yF3,325RZ=?>\489<N&PQ=A0:9�RU25TU> T<W

θ(s)
9<,3G

ω0(s)
9Z>\TXF3,3Gz.103=A2[> 6?>\25.1256?9<N�Re9<N5F3=y.10:9<,Y.1T

.M03=]F341F:9<N36ATU>M>\=A6A.125TZ,34µ.1TJ416?9ONL25,3rEN 9�B]4�bZ�V03=A41=V6ATU>1>\=A6A.M2LTX,34�9Z>\=V.103=?>\=8W-TU>\= ^ F36t0 ^ TS>\=2 ^ ;QTU>\.t9O,U.�.10:9<,d.103=xF341F:9ON|6ATS>1>\=A6A.125TZ,34V.1TyN5=?9<G325,3r<h�TU>\G3=?>�416?9<N525,3rsN[9?B 4?b+ W�BV=yrZTg9�B]9�HsW�>\T ^ .M03=�6?>K2L.M2L6?9ON&41F:>jW�9<6A=Z@QBV=JrZ=A.v.103=EG3=A;:=A,3G3=A,36A=����Cbl�3�?�Ab3�V03=
6AT ^ ;3N5=A.1=V;30UHS41256?9<N3>\=A41;:TX,341=�W-F3,36A.125TZ,y25,s.103=D>K=ArZ2 ^ = qξ � 1

9<,3G
(ω−ω0(ξ))ξz � 1254�rZ25RZ=A,yPSH·���Cbl�Z�Z�A@8B]25.10E.103=V=AaU;:>K=A414125TZ,34]���3bl�3���c9<,3G·���3bl�Z�Z�»b

ωeff
0

@
θeff

@
αeff

@
βeff

@
ρeff

@
σeff

9<,3G
δeff

9Z>\=E,3TZ,UF3,325RZ=?>K4t9<Nµ=8k|=A6A.125RZ=y;:9Z>19 ^ =A.1=?>\4VT<W�.103=y.103=ATS>\HZ@:9<4xBV=AN5N¦9O47.103==8km=A6A.125RZ=];:9Z>M9 ^ =A.1=?>\4]���3bp�<¹U��b�� 03=A,gBV=VrZTx6AN5TZ41=].MTx.103=V6?>\25.1256?9<N:41F:>jW�9<6A=Z@
ξ
G325RZ=?>\rZ=A4�@

9O,3G
ω0(ξ)

9O,3G
θ(ξ)

rXT�.MTeB]9Z>KG34�.103=A2[>�_:aS=AGd;:TZ25,S.]Re9ONLF3=A4�b
+-,/.103=x6?>\25.1256?9<N&>\=ArX2 ^ =Z@3BV=JrZ=A.].M03=J>\=A41F3N5.14����Cbl��'Z��B]25.10d.103=E=AaU;:>K=A414125TZ,34����Cbl�Z¼Z�Ab

�Y=I41=A=s.10:9O.x.103=y_|>\41.x6ATS>1>\=A6A.125TZ,34x.1Td.M03=s6ATZ,341.t9O,U.vRe9<N5F3=
θeff

T<W
θ
6ATU>M>\=A41;:TX,3G�.MT

4M6?9<N52L,3rIN[9�B]4]B]0325680z25,URXTZN5RZ=J.103=x,3=AB)F3,325RZ=?>\4t9ON|fSF:9<,S.125.125=A4
ω2

9<,3G
ω3
bQ+-,z=AfSF:9<.125TZ,

���3bl��'Z�»@?.103=A4M=x=AaU;QTZ,3=A,U.M4D9<;3;Q=?9Z>�TZ,3N5H·9<4V6ATU>M>\=A6A.125TZ,34�.MT�N5=?9<G325,3r<h�TS>\G3=?>�416?9<N525,3rsN[9?B 4
B 032L680z9Z>\=xrX2LRX=A,dPUHs.M03=x=AaU;QTZ,3=A,U.M4

z
@
η
9<,3G

η̃
b

� ~�� �i� ���V�m�t�]�)�]�y� +y� ��� �x�8� �i� $7���"� �7���"���m�7�8� � �����s�"�c�m�y�V�|�8�]� 	
�y� !#!Q�t�y�V�m�1�]��� ���t���|�8�]�

�V03=v_:aS=AGz;:TX2L,S.vT<W¦.M03=J.103=ATU>KHs254?@:25,Y.103=x=8km=A6A.125RZ=yTZ416A25N5N 9O.125,3rsW�>19 ^ =Z@S.103=�_:aU=AG;QTZ25,U.vT<W�.103=EG3HU,:9 ^ 256 O(2) ^ TSG3=ANqbm�V03=?>\=8W-TU>\=Z@SB]03=A,YBV=J9Z>\=E=Aa¶9O6A.1N5H·9<.v.103=�_:aU=AG;QTZ25,U. T<W&.103=x.103=ATS>\HZ@Z.103=xrX=A,3=?>19<N525wA=AG �:F36A.1F:9<.125TZ,Sh�G325414125;:9<.M2LTX,z>\=AN[9<.125TZ,#�-�3b�'Z�Z�µ.t9�O=A4
;3N[9<6A=Zb � .&.103=V.t>M9<,34125.125TZ,c@A.103254�>\=AN[9<.M2LTX,c@?B]0325680y,3=ARZ=?>µ=AaU2541.M4&TZ.M03=?>\B]2541=�25,s.M03=�.103=ATU>KHZ@
254V9<41H ^ ;3.1TZ.1256?9<N5N5Hx6?>\=?9<.M=AGcbe�V03254�>\=AN[9<.M2LTX,�254�P:9<4M=AG�TX,n9v;:9X>\.1256AF3N[9Z>c4MH ^s^ =A.t>\HxT<W:.103=.M03=ATU>\Hz� 41=A=v41F3P341=A6A.125TZ,z�Cbº¹:bl�Z�µB 032L680d254],3=ARZ=?>�4t9<.M2L4K_:=AGg=AaS6A=A;3.�W�>\T ^ .103=x;:9Z>K.1256AF3N 9X>
6?9O41=sT<WV.103=y_:aS=AG�;:TZ25,S.J.103=ATS>\HZbc�V03254xW�9<6A.x6ATZ,341.M2L.MF3.1=A4J9sÄ\G3HS,:9 ^ 256g>\=A4M.1TU>19<.M2LTX,zT<W4MH ^s^ =A.t>\HXÅtb:�V03254J;303=A,3T ^ =A,3TZ,�0:9<4xPQ=A=A,#9<N[>\=?9<G3H/TZP341=?>\RZ=AGY25,�.103=�;:9<41.?bm+-.E2L4�WqTS>=Aa39 ^ ;3N5=].M03=]6?9<41=VW-TU>µ.103= O(n) ^ TSG3=AN-@ZB]03TX41=�_:aU=AGI;:TZ25,S.�254V41.t9<P3N5=79OrU9<25,341.�41=ARZ=?>M9<NX25,3G34�T<W:;Q=?>\.1F:>\P:9O.125TZ,34 8p���S@3�����S@U�(�3@U���Z�S@3�?�<¹3@3�?�Z� :jb ;]T<BV=ARZ=?>A@825,s.103=A4M= ^ TUG3=AN54?@<.103==AfSF325N52LP:>K2LF ^ G3HU,:9 ^ 2L6A4�6ATX,341.125.1F3.1=A4�9<N5B]9�HU4�.M03=�W-TZF3,3G:9<.M2LTX,sT<W|.M03= ^ TSG3=ANqb �vN5.103TZF3rZ0,3=AB	F3,325RZ=?>\4t9ONL25.\Hv6AN 9O4141=A4 ^ 9�H7PQ=�TZP3.t9O2L,3=AGEPUHxP:>K=?9�Z25,3r].M03=�G3=A.t9<25N5=AGJP:9ON 9O,36A=�6ATZ,3G32ph.M2LTX,34]TZ,z.M03=x,3TZ2541=J6ATU>M>\=AN[9<.1TU>\4 8[�?�3�-:j@S.103=AHz9X>\= ^ TZ41.VT<W�.103=E.12 ^ =xTZP3.t9<25,3=AGdTZ,3N5Hd25,.M03=ATU>\25=A4&B 032L680s9Z>\=�2L,S.t>\25,341256?9<N5N5HyTZF3.cT<W:=AfSF325N52LP:>K2LF ^ � 68W�� - �g9O,3G�>\=?9<6A.M2LTX,Sh�G32lkmF34125TZ,
^ TUG3=AN54vB]03256t0Y9Z>\= ^ =A,U.125TZ,3=AGd25,Y.103=�_|>\41.]680:9<;3.1=?>VTOW�.103=x.103=A41254t�Abm�V03=E41F:>\;:>\2541=x25,TXF:>x6?9<41=I6AT ^ =A4EW�>\T ^ .103=sW�9<6A.E.10:9<.?@�=ARZ=A,Sh�.103TZF3rZ0"TZF:>EG3HU,:9 ^ 2L6A4y25,i25,U.8>\25,341256?9<N5NLHTXF3.]T<W�=AfUF325N525P:>\25F ^ @mBV=J>\=A6AT<RZ=?>�.103=xF3,325RZ=?>\4t9<N525.\Hd6AN[9<414]T<W�9<,/=AfUF325N525P:>\25F ^ G3HU,:9 ^ 2L6_:=AN5Gy.103=ATU>KH�9<.µ.103=�.t>19<,34125.125TZ,EB]25.10�9O,J=8k|=A6A.M2LRX=DrX=A,3=?>19<N525wA=AG �:F36A.MF:9<.125TZ,Sh�G325414125;:9<.125TZ,
>K=AN 9O.125TZ,cb

�Y=g6?9<,",3TeB 6t0:9X>19<6A.1=?>\25wA=s03T<B .103254JrZ=A,3=?>19ONL25wA=AG`>\=AN[9<.M2LTX,�254�P:>KT <=A,�B]03=A,"BD=
rXTz9?B]9�HdW�>\T ^ .M03=y_:aU=AG";:TZ25,S.�.M03=ATU>\HZbc½�2 >K41.1N5HZ@c.103=�F341F:9<N �:F36A.MF:9<.125TZ,Sh�G325414125;:9<.125TZ,
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>K=AN 9O.125TZ,J254�P:>\T O=A,x.10:>\TZF3rZ0x.M03=�;:>\=A41=A,36A=�T<W:.103=�=8k|=A6A.125RZ=�W�>\=AfUF3=A,36AH
ω0
9<,3GE;30:9<41=

θ
@

B 032L680x25,J;:9Z>K.1256AF3N 9X>:N5=?9<GE.1T]9VG325RZ=?>\rZ=A,S.m=8k|=A6A.125RZ=�.M= ^ ;:=?>19O.1F:>\=]� 41=A=�WqTU>Q=Aa39 ^ ;3N5=78	���;:q�»b

 TU>\=AT<RZ=?>A@X=ARZ=A,d25,Y.103=x416?9<N5=8h�G3=A;:=A,3G3=A,S.vTZ416A25N5N 9O.125,3rsW�>19 ^ =Z@S.1032547>K=AN 9O.125TZ,d2547P:>\T <=A,B 03=A,xBD=�rXT�9�B]9�H�W�>\T ^ .M03=µ_:aU=AGx;QTZ25,U.?b ��=�6?9<,x680:9Z>19<6A.1=?>K2LwA=µ.103254cP:>\=?9 Z25,3rV25,J.1=?> ^ 4TOW¦.103=E.103=ATU>\HI9<4141TS6A2[9<.1=AGdB]25.10/.103=x_:=AN5G

φα
@SW-TU>VB 032L680z.M03=JrZ=A,3=?>19ONL25wA=AGY>\=AN[9<.125TZ,z254

rX2LRX=A,JPSHg���3bl���X�Ab ��=VG3=8_:,3=V.103=�fUF:9<,S.125.\H
F (q, ω; c, ~g, r, µ′)

B]0325680y6t0:9Z>M9<6A.1=?>\25wA=A4c.103=
P:>K=?9�Z25,3rvT<W¦���3bp���Z�A@A9<,3GEW-TU>cB 032L680yBV=�6?9<,EB7>\25.1=]9 � 9<N5N 9O,Sh��SH ^ 9O,3wA2 �.\HU;Q=�=ARZTZN5F3.125TZ,=AfSF:9<.125TZ,`���{f|b����3bp���Z�1�Ab3�V03=s>\=AN[9<.M2LTX,�254E4t9<.1254\_:=AGYB]03=A,

F (q, ω; c, ~g, r, µ′)
2L4E=AfUF:9ON

.MT
1
@QB]0325680z254x.103=y6?9<41=EB]03=A,zBV=�9X>\=J=Aa39<6A.1N5Hz9<.v.103=x_:aS=AGY;:TZ25,S.?b ��=y,3TZ.M2L6A=y.10:9O.

.M03=DfSF:9<,S.125.\H
γω+ 1

2(γ− γ̃)
@?B]0325680g9<;3;Q=?9Z>\4µ2L,�.103=V=AfUF:9<.M2LTX, ���3bl���Z�»@t254�=AfUF:9<NS.1TxwA=?>\T

9O.�.103= _:aU=AGI;:TX2L,S.?b��Y=x6?9<,I41.1F3G3Hy.103=vP:=A0:9�RU25TU>�T<Wc.103254VfSF:9<,U.M2L.\H
F (q, ω; c, ~g, r, µ′)B 2L.M0s=Aa¶9O6A.1N5HJ.103=]489 ^ =V6ATZ,36A=A;3.14V9<,3Gs.1=A6803,325fUF3=A4V9<4�.103=]TZ,3=A4�BV=DF34M=AGs.1TJ4M.1F3G3HJ.103=>K=A41;:TZ,34M=vWqF3,36A.125TZ,d25,d41=A6A.M2LTX,��3bl�3b

� ~�
 �i�]�m� �����|�8�]�"!i�|� !#�µ�7�8�t� � �8� � !

+-,y.103254µ41=A6A.125TZ,c@<BV=�G3=?>\25RZ=V=AaS;:>\=A414125TZ,34�W-TU>c.M03=�_|>\41.µ6ATU>1>K=A6A.125TZ,34c.1TvN5=?9<G325,3r<h�TU>\G3=?>
4M6?9<N52L,3ryN[9�B]4?b �`25.10I2LG3=?9O4D4M2 ^ 2LN[9Z>�.1TE.103TZ41= F341=AGg25,d.103= ;:>\=ARU25TZF34V41=A6A.M2LTX,c@U9<,3G�WqTXNLN5T<hB 2L,3r .103=�G325416AF3414125TZ,x;:>\=A4M=A,U.1=AGx25, 8l�;:j@8BD=µG3=8_:,3=D9�fUF:9<,S.125.\H

C(N,P )(qi(j), ωi(j); c, ~g, r, µ
′)PSHs.103=v=AfSF:9<.125TZ,����3bº¹:���AbZ�V03254VfUF:9<,S.125.\Hy6t0:9Z>M9<6A.1=?>\25wA=A4�.M03=7P:>\=?9 Z25,3ryT<W&.103=vN5=?9<G325,3r<h

TS>\G3=?>]4M6?9<N52L,3rdN[9�B]4?b ��=�6?9<,zB7>K2L.M=n9 �]9<N5N[9<,Sh��SH ^ 9<,3wA2 d.\HS;:=E=AfUF:9<.M2LTX,dW-TU>]25.14x=ARXT<hN5F3.125TZ,	B]25.10#>K=A41;:=A6A.E.1Td.103=s416?9ONL=�;:9Z>19 ^ =A.M=?> µ′ @c9<,3G"2L,S.1=ArU>M9<.1=y25.�B 2L.M0�.103=sF341F:9ON680:9Z>19O6A.1=?>\2541.1256A4 ^ =A.103TUG�.1TJrZ=A.V.103=v41TZN5F3.125TZ,����3b ¹U�Z�Ab��]4M2L,3ry.103=vN525,3=?9Z>\25wA=AG�>\=A,3TS> ^ 9�hN525w?9<.125TZ,	rU>\TXF3;�=AfUF:9O.125TZ,34JBV=srZ=A.�@c41F��g6A25=A,S.1N5H�6AN5TZ41=I.1Td.103=�_:aU=AG	;:TX2L,S.?@�.103=s_:,:9ON
=AaS;:>\=A414M2LTX, ���3bº¹ 'Z�»b:+-,	.103254x=AfUF:9O.125TZ,c@

Γ̂(

�
N,N)[φ](qi(j), ωi(j); c, ~g

∗, r, µ′)
WqTXNLN5T<B]4x.103=

6?>K2L.M2L6?9ON|9<41H ^ ;3.1TX.1256D4M6?9<N52L,3rEN[9?B 4�� ¹:bp���Z�A@?9O,3Gs.103=]=A25rZ=A,IRe9<N5F3=A4J���3bp�3�?�mT<Wc.103= ^ 9<.t>\25a
ω
rX2LRX=x.103=x,3=AaU.Kh�.1T<h�N5=?9<G325,3ryTU>\G3=?>�416?9<N525,3rgPQ=A0:9�RU25TU>\4�b
�Y=�0:9�RZ=µ.1T],3TZ.1256A=�.103=µW-TZN5N5T<B]25,3r7F341F:9ON?W�9<6A.��»TZ.103=?>Q6ATU>1>\=A6A.M2LTX,34?@8G3F3=�W-TU>Q=Aa¶9 ^ ;3NL=.MT�.M03=d;:>\=A41=A,36A=zTOW7.t>\25RS2 9ONLN5Hi2[>1>\=AN5=AR<9<,U.�;:9Z>19 ^ =A.M=?>\4 � @�6?9O,i.t9�<=I;3N[9<6A=Zb ��F3.s.103=A41=6ATS>1>\=A6A.125TZ,34yB]25N5NxP:=/=AaU;:>\=A4M41=AGi25, .M=?> ^ 4yT<Wx;:T<BV=?>yN[9?B 4sB]25.10`=AaS;:TX,3=A,U.sTOW�TU>KG3=?>F3,325.\Hs25,d.103=vRU256A25,325.\HgT<W

4
G32 ^ =A,34M2LTX,34?b3�V03=A,c@XWqTU>{4 ^ 9<N5NQRe9<N5F3=A4]T<W s @S.103=v=AaU;QTZ,3=A,U.M46AT ^ 25,3rYWqTS> ^ .103=

ω ^ 9O.t>\25a|@µB]0325680`9Z>\=dT<WxTU>\G3=?> ε TU> ε2 @�9<N5B�9�HS4yG3T ^ 25,:9<.1=d.103=,3=AaS.\h�.1TOh�NL=?9OG32L,3r�TU>\G3=?>�6ATU>1>\=A6A.M2LTX,34�� 41=A=vW-TU>�=Aa39 ^ ;3N5= 8l�;:q�Ab
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�Y=z0:9�RZ=d41.1F3G325=AG .103=d6?>\25.1256?9<N]PQ=A0:9?RS25TU>yT<Wx6ATZF3;3N5=AG�TZ416A25N5N[9<.1TU>\4�2L, .103=d;:>\T<aS2lh
^ 2L.\HyT<W&9x6ATX,U.125,SF3TZF34�TX416A25NLN[9<.MTU>\Hy03T ^ TZrX=A,3=ATZF34�;30:9<4M=].t>19<,34M2L.M2LTX,c@<TU>�41F3;Q=?>£h�6?>\25.1256?9<N
; TZ;SW�P32pWqF:>\6?9O.125TZ,cb��Y=J0:9�RZ=v41=A=A,z.M0:9<.?@S41F��g6A25=A,S.1N5Hd6ANLTX41=x.1Ts.103=x6?>K2L.M2L6?9ONc;:TZ25,S.?@3.103=
G3HS,:9 ^ 256A4yT<W7.M03=g41HS41.1= ^ 6?9<,	P:=dBv>\25.1.1=A,�25,i.1=?> ^ 4�TOW 9/G3HS,:9 ^ 256d41.t9O.12541.1256?9<N�TXF3.TOW¦=AfSF325NL25P:>\25F ^ _:=AN5Gz.M03=ATU>\HZ@ZB 03TZ41=x6?>\25.1256?9<NcPQ=A0:9�RU25TU>�6?9<,dPQ=J25,URX=A41.125rU9<.1=AGI.10:>\TXF3rZ0
;Q=?>\.1F:>\P:9O.125RZ=7>\=A,3TU> ^ 9<N525w?9<.125TZ,srU>KTZF3;y.1=A6t03,325fSF3=A4?b��Y=x0:9?RX=]4103T<B],s.10:9O.�.103254 ^ TSG3=AN=AaS0325P325.14]9x41=A6ATZ,3GSh�TS>\G3=?>�;30:9<4M=].t>19<,34M2L.M2LTX,�B 2L.M0·9<,I9<4141TS6A2[9<.1=AGs6?>\25.1256?9<NQ;:TZ25,S.?bU+�,gTS>£h
G3=?>�.1TE_:,3GI.103= _:aU=AGd;QTZ25,U.VT<W¦9O,gTZ4M6A2LN5N[9<.1TS>\Hs;30:9<41=v.t>19O,34125.125TZ,c@ZBV=v0:9<Gg.MTJ;:=?>jWqTU> ^.M03=�>K=A,3TU> ^ 9<N525w?9<.125TZ,ErU>\TZF3;E.t>19<,34KWqTU> ^ 9<.125TZ,34m25,g9<,yTZ416A25N5N[9<.125,3rvW�>19 ^ =V9<.�9<,J=8km=A6A.125RZ=W�>\=AfSF3=A,36AHz9<,3GY41032pWq.M=AGzB]25.10�9�;30:9<41=xW�9<6A.1TS>VB]03256t0YG3=A;Q=A,3G�TX,�.M03=J416?9<N5=s9<.vB]03256t0
.M03=s41HS41.1= ^ 2L4E6ATZ,34125G3=?>\=AGcbµ+-,�.103254�W�>19 ^ =Z@:.M03=s.103=ATU>\Hd0:9O4?@m.1Td.103=s.\BVT<h�N5TSTZ;zTU>KG3=?>25,Y;:=?>K.1F:>\P:9<.125TZ,d.M03=ATU>\HZ@3.103=y4t9 ^ =v_:aU=AGY;QTZ25,U.x9<4v.103= O(2) ^ TUG3=AN-b ��rZ=A,3=?>19<N525wA=AG
�:F36A.MF:9<.125TZ,Sh�G325414125;:9<.125TZ,�>\=AN[9<.M2LTX,�254xG3HS,:9 ^ 256?9<N5N5H�>\=A6AT<RZ=?>\=AGz9<.x.103=E.t>19<,34M2L.M2LTX,c@|9<,3G.M03=xNL=?9OG32L,3rOh�TU>\G3=?> 416?9<N525,3rgPQ=A0:9?RS25TU>\479X>\=xrZ25RZ=A,dPSHd.103=x4t9 ^ =x6?>K2L.M2L6?9ONc=AaU;QTZ,3=A,S.14�9O425,/.103=x6?9<41=xT<Wµ.103=

O(2)
G3HU,:9 ^ 2L6 ^ TUG3=AN-@3B7>K2L.M.1=A,g25,/.1=?> ^ 4VT<W�.103= ^ TSG3=AN A T<W&.103=

6AN[9<4M412p_:6?9<.125TZ,yT<W ; TZ03=A,SP:=?>\rx9<,3G ;v9<N5;:=?>\25,�8l¼C� :jb ; T<BD=ARX=?>A@8,3=ABiF3,32LRX=?>\4t9<NSfUF:9O,U.125.125=A4
0:9�RZ=vP:=A=A,/6?9<N56AF3N[9<.1=AGc@m9<,3GdrZ25RZ=xF34?@325,/;:9Z>\.1256AF3N[9Z>A@S680:9Z>19<6A.1=?>K2Lw?9O.125TZ,34�T<W�.103=x=ARZTXNLFSh
.M2LTX,�TOW�.103=J=8km=A6A.125RZ=y;30:9<41=s9<,3GdW�>\=AfSF3=A,36AHzT<W�.M03=JTZ416A25N5N[9<.125TZ,34EB]03=A,zBV=�9O;3;:>\TU9<680
.M03=].t>19<,34M2L.M2LTX,cbZ�V03=]fSF:9<N52L.89<.125RZ=]41.8>\F36A.1F:>\=VT<Wc.103=V_:aS=AGs;QTZ25,U.14�T<Wc.103=].103=ATS>\HJ254VRZ=?>\H
G32pkm=?>\=A,U.y25,i41;:9<6A=IG32 ^ =A,34125TZ,34sN[9Z>KrZ=?>xTU>EN5T<BV=?>x.10:9<, 4

bµ½c25,:9<N5N5HZ@�.M03=g=AaS2541.1=A,36A=dT<W
TX,3NLHITZ,3=v41.t9<P3N5=v_:aS=AGg;QTZ25,U.�@36ATU>1>\=A4M;:TZ,3G325,3ry.1TJ.M03=

O(2) ^ TSG3=AN3_:aS=AGd;:TZ25,S.?@S6ATZF3N5G6ATX,341.125.1F3.1=V9]rZ=A,3=?>M9<NU;:>KTUT<W3T<Wm.103=�=8km=A6A.�T<W:,3TZ2541=VTZ,y.103=�4MHU,3680:>\TZ,325w?9<.125TZ,ET<W:6ATZF3;3N5=AG
TX416A25NLN[9<.MTU>\4VN5TU6?9<.M=AGd6ANLTX41=J.1Ts9<,dTX416A25NLN[9<.MTU>\Hs25,341.t9OP32LN525.\HZb

6 F:>c>\=A41F3N5.14�>\2541=�,UF ^ =?>KTZF34cTZ.103=?>QfSF3=A41.125TZ,34?b<½�2 >K41.1N5HZ@?TXF:>m6?9<N56AF3N[9<.125TZ,34µ0:9?RX=�P:=A=A,;Q=?>£W-TU> ^ =AGE.1Tx.103=V.\BDTOh�NLTSTZ;ETU>\G3=?>µ25,s;:=?>K.1F:>\P:9<.125TZ,E.103=ATU>\HZb<½3>\T ^ .M03=A41=]6?9<N56AF3N[9<.125TZ,34
BV=]6?9O,g9<N[>\=?9<G3HE6ATZ,36AN5F3G3=7.10:9O.?@<41F��g6A25=A,S.1N5H�6AN5TZ4M=].1T

4
G32 ^ =A,34M2LTX,34?@S.103= O(2) ^ TUG3=AN_:aS=AGY;:TZ25,S.xG3=A416?>\25P:=A4E.103=yTZ416A25N5N[9<.1TU>\Hd.8>19<,34125.125TZ,/T<WD6ATZF3;3N5=AGYTZ416A25N5N[9<.1TU>K4?b8; T<BV=ARZ=?>A@

TXF:>]41.MF3G3HdG3TU=A4x,3TZ.vrZ25RZ=EF34J9<,UHd25,SW-TU> ^ 9O.125TZ,zTZ,/.103=J4M.t9<P325N52L.\H/T<W�.103254v_:aU=AGY;QTZ25,U.25,YN5T<BD=?>�G32 ^ =A,34125TZ,34?@Q2L,Y;:9Z>K.1256AF3N 9X>]25, 3
G32 ^ =A,34M2LTX,34?b|+qW�.103=y;:>\TZ;Q=?>\.\Hg>\= ^ 9<25,34vRe9�hN525Gi25,3G3=A;:=A,3G3=A,S.1N5H#TOW�.M03=sG32 ^ =A,34125TZ,c@�9drZ=A,3=?>M9<N�9Z>\rZF ^ =A,U.?@Q;:>\TZP:9OP3NLHYP:9<4M=AG�TZ,#90325G3G3=A,Y41H ^s^ =A.t>KHs25,�.M03=J;:>\TZP3N5= ^ @C4103TZF3N5GYP:=J;QTZ414125P3N5=y.1Ts;QTZ25,U.vTZF3.?b �S=A6ATX,3G3NLHZ@m25.6ATXF3NLGIP:= 2L,S.1=?>\=A4M.125,3rJ.1Tx41.MF3G3H�.M03=]P:=A0:9�RS2LTS>�T<Wm.103=]41HS41.1= ^ B]03=A,�2L.]9<;3;:>KTU9<6803=A4&.103=

.8>19<,34125.125TZ,yW�>\T ^ .M03=]TZ416A25N5N[9<.1TU>\Hs>\=ArX2 ^ =Zb �v4�BV=]0:9�RZ=79<N[>\=?9OG3H ^ =A,U.125TZ,3=AGc@X.103=],:9<25RZ=
^ =?9<,x_:=AN5Gy.103=ATU>\HZ@»6ATU>1>\=A41;QTZ,3G325,3r7.MT7.103=�G3=A.1=?> ^ 25,32541.1256V6AT ^ ;3N5=Aayuv2L,3wAP3F:>Kr<hj�c9<,3G:9<F=AfSF:9<.125TZ,c@C2L4x0325rZ03N5H/,3TZ,U.8>\25RU2[9<N-@QNL=?9OG32L,3rd25,Y41T ^ =�>\=ArZ25TZ,34vT<W�.103=y;30:9<41=EG32 9OrU>19 ^ .MT
680:9<TZ.M2L6yPQ=A0:9?RS25TU>\4?b �V=ArU9X>\G325,3rz.103=A41=yTZP34M=?>\Re9<.M2LTX,34?@:G3=8_:,325,3rY9d>\=AN52 9OP3NL=�_:=AN5G�.103=AT<h
>K=A.1256?9<N ^ TSG3=ANc25,z.103254x>\=ArZ25TZ, ^ 9�Hs25,36ANLF3G3=�,3=AB�;3F3wAwAN52L,3rz9O41;:=A6A.14�b:+-.v6ATZF3N5GzPQ=�9<N541T
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25,S.1=?>\=A41.M2L,3rx.MTJ41.1F3G3HE.103=]RS256A2L,325.\HsT<W
2
41;:9O6A=]G32 ^ =A,34125TZ,34?b ��= X,3TeB	W�>\T ^ .M03=D4M.1F3G3H

TOW&41.t9<.M2L6v6?>\25.1256?9<Nc;303=A,3T ^ =A,:9E.10:9<.?@S25,d.103254]6?9<41=Z@3uv25,3wAP3F:>\r<hj��9<,3G:9<Fz=AaS;:9<,34125TZ,34VG3T,3TX.D9<N5N5T<BiW-TU>�9�rZTUTSGIG3=A416?>\25;3.125TZ,sT<Wµ.103=]6?>\25.1256?9<NQ;:>\TZ;:=?>K.125=A4DTOW�.M03=]=8k|=A6A.125RZ=v.103=ATU>KHZ@
9O,3G�.M0:9<.],3TZ,3;QTZN5HU,3T ^ 2 9ON¦9<6A.M2LTX,34x0:9?RX=J.1TIP:=yB7>\25.1.M=A, 8[��' �Z@c�S@��3�-:jbm+-,Y.103=y6?9<41=yT<W
9�>\TZ.t9<.M2LTX,:9<N:41H ^s^ =A.8>\HyW-TU>V9 n h�6AT ^ ;:TX,3=A,U.14 TU>\G3=?>�;:9Z>19 ^ =A.1=?>A@Z.M03=x6?9<41= n = 2

@3TU>
XY ^ TSG3=AN-@Z254�0325rZ03N5Hs4M;:=A6A2[9<N-@ZB]25.10I9v;30:9<41=].t>M9<,34125.125TZ,JfSF:9<N525.t9<.125RZ=AN5HyG32pk|=?>\=A,S.�W�>\T ^.M03=JTZ,3=EB]03256t0Y=AaS2L4M.14725,Y.103=ERU256A25,325.jH/T<W

4
G32 ^ =A,34125TZ,34 8p���S@&�?�X� :\b	��rZ=A,3=?>19<N525w?9<.125TZ,

TOW&.103=A41= ^ TSG3=ANL4 .1TJ.103=x6?>K2L.M2L6?9ON|G3HS,:9 ^ 256A4VT<W&6ATXF3;3NL=AGdTX416A25NLN[9<.MTU>\4V,3=A=AG34].1TyP:=xBv>\25.\h.M=A,cb���= Z,3T<B�9<N541Td.10:9<.?@Q25,�.103=y6?9<41=yT<W
O(n)

G3HU,:9 ^ 2L6A4xB 2L.M0#9I6ATZ,341=?>\RX=AGzTU>\G3=?>;:9X>19 ^ =A.1=?>»@?,3=AB F3,32LRX=?>\4t9<N525.\H�6AN[9<4M41=A4�6?9<,�P:=v;:TZ25,S.1=AGsTZF3.�B]03=A,s.103=],3TX2L4M=7254�6803TZ41=A,9O,32L4MTZ.t>\TZ;325698[�?�C�&:\b �!G3HS,:9 ^ 256?9<N ^ TUG3=ANµW-TU>v6ATZF3;3N5=AG	TZ416A25N5N 9O.1TU>\4xB]25.10	9d6ATZ,341=?>KRZ=AGTS>\G3=?>�;:9Z>M9 ^ =A.1=?>µ6ATZF3N5GdrZ25RZ=vF34V,3=AB�F3,32LRX=?>\4t9<N525.\Hs6AN[9<4141=A4?b �7,3TX.103=?>�6AN[9<414VT<W ^ TUG3=AN54BV=E6ATZF3N5G�4M.1F3G3Hz6ATZ,34M2L4M.147TOWD9sG3HS,:9 ^ 256A4xB7>\25.1.M=A,z25,Y.1=?> ^ 4vT<WD9�RZ=A6A.1TU>\2[9<N�6AT ^ ;3N5=Aa_:=AN5G ~Z
@�;QTZ4141=A414M2L,3r	.103=

O(n)
4MH ^s^ =A.t>\H�25,�.103=z4M;:9<6A=zT<Wx.103=/RZ=A6A.1TU>\2[9<N 6AT ^ ;:TOh,3=A,S.14?bm�V03=y41H ^s^ =A.t>KHdrU>\TZF3; WqTU> .103254J.M03=ATU>\HdBVTZF3N5GYP:= O(n) × U(1)

b:½c25,:9<N5N5HZ@µ25,
.M03=J25,3,3=?>]=?9X>]T<W ^ 9 ^�^ 9<N54?@S.103=J0:9O2 > 6A=AN5N54xT<W¦.M03=J6ATS6t03N5=?93@QB]03256t0Y9Z>\=x;QTZ414125P3N5Hz.103=25,3G325RS2LG3F:9ON�6?>\25.1256?9<N�TZ4M6A2LN5N[9<.1TS>\4�>K=A41;:TZ,34M2LP3N5=yW-TU> .103=y,3TZ,3N525,3=?9Z>vP:=A0:9�RS2LTS>v2L,Y.103= ^ =8h680:9<,3256?9<N�>\=A4M;:TZ,341=ET<WD.M03=�P:9O4125N 9X> ^ = ^ P:>19O,3=J.1Td9<,Y=AaU.M=?>\,:9<NµTZ416A25N5N 9O.1TU>\Hd41.M2 ^ F3N5F34?@>K=A41;:TZ,3G/;:>\=8W-=?>\=A,U.M2 9ONLN5H/.1Tg680:9Z>19O6A.1=?>\2541.1256xG32pk|=?>\=A,S.vW�>\=AfUF3=A,36A25=A4?b ��;:>KTZ;:=?>vG3=A416?>K2L;Sh
.M2LTX,�TOW|.103=A2[>µ6ATZF3;3N525,3ry.10:>\TZF3rZ0E.103=VP:9<4125N[9Z> ^ = ^ P:>19<,3=�6ATZF3N5GsP:= P:=A.1.1=?>�>K=A;:>\=A41=A,S.1=AGPSH�9·_:=AN5G�.103=ATU>\H/25,�B]03256t0".103=y;:9Z>19 ^ =A.M=?> ω0

BVTZF3N5G�G3=A;Q=A,3G�TZ,�.103=y41;:9O6A=s;:TZ4M2lh
.M2LTX,

x
b:+-,/.103=vW�>19 ^ =ABVTU>&ET<W��vF:9<,S.1F ^ ½�25=ANLG��V03=ATS>\HZ@SBD= X,3T<B�.10:9<.V2 ^ ;QTZ4125,3rg.MT9 rZN5TZP:9<N�41H ^�^ =A.t>\H/.1TYP:=A6AT ^ =�NLTS6?9<N5N5H#.8>\F3=gN5=?9<G34y.1T/.103=I2L,S.t>\TSG3F36A.125TZ,�TOW�9d,3=AB_:=AN5Gc@m6?9<N5N5=AGzÄ\rU9OF3rZ=x_:=AN5GSÅt@mB]0325680¾9O;3;:=?9Z>\4v25,#9EÄ\6ATeR<9Z>\2[9<,S.7G3=?>K2LR<9<.125RZ=8Åt@m9<,3GYB]03256t0

G3=A4M6?>\25P:=A4v2L,S.1=?>19O6A.125TZ,34?bU+�,z.103254]6ATX,U.1=AaS.?@X.103254].103TZF3rZ0S.V;:>\TS6A=A414VrZ25RZ=A479ErZ=A,3=?>19<N ^ =8h680:9<,3254 ^ .1Tv6ATZ,341.8>\F36A.¦��9<rU>19<,3rX2 9O,34cW-TU>�2L,S.1=?>19O6A.125,3r7rU9OF3rZ=V.103=ATU>\25=A4 8[��'��S@<��'(:jb<+-,sTXF:>
6ATX,U.1=AaS.?@XB]25.10d.103=J;:>K=A41=A,36A=xT<W¦9y;:9X>19 ^ =A.1=?> ω0(x)

@S.103=x.8>19<,34\W-TU> ^ 9O.125TZ,y6ATZ,3412541.125,3r25,Y=AN52 ^ 25,:9<.125,3rd.103=xW�>\=AfSF3=A,36AHIW�>KT ^ .103=y9<6A.125TZ,zTOW�.103=J.103=ATS>\HgBVTZF3N5G/P:=A6AT ^ =y9sN5T<h6?9ON:.t>19O,34\WqTS> ^ 9<.125TZ,cb<�V03=v;:>\=A41=A,36A=vT<W&41;:9O.12[9<N:G3=?>\25R<9<.125RZ=A4V25,g.103=vG3HS,:9 ^ 2567=AfSF:9<.125TZ,TOWD.103=y.103=ATU>KHzBVTZF3N5G�>\=AfUF32[>\=y.103=y25,S.t>\TSG3F36A.125TZ,�T<W]9<,YTZ.103=?> G3HU,:9 ^ 2L6n_:=ANLGc@�B]03256t0BVTZF3N5GiN5=?9<Gi.1T	9YG3HU,:9 ^ 256A4sN5TU6?9<N5N5Hi;30:9<41=d25,SRe9Z>K2 9O,U.g9O,3Gi6ATZ,U.89<25,32L,3r	9z6AT<R<9Z>\2[9<,S.G3=?>K2LR<9<.125RZ=Zb��Y=I6ATZF3N5G�BVTZ,3G3=?>]B 03=A.103=?>v.103254�9<;3;:>KTU9<680zBVTZF3N5G�N5=?9<G�F34E.1T·9 ^ TSG3=ANB 032L680dBVTZF3N5GgPQ=x;30UHS41256?9<N5N5H·9O6A6A=A;3.t9<P3N5=�9O,3G ^ 9O.103= ^ 9<.1256?9<N5N5HyW-TZF3,3G3=AGcb�
dTU>K=7rZ=A,3=8h>M9<N5NLHZ@Q9<N5Nc.103=v=AaU.1=A,34M2LTX,34]BV= ^ =A,U.M2LTX,3=AGg03=?>\=J9X>\=¦oMF341.]4MF3rZrZ=A41.1=AGIPSHsTZF:>VBVTU>&v¸<.103=;30SHS41256?9<N&>\=AN5=ARe9O,36A=�9<4vBV=ANLNµ9<4].103= ^ 9<.103= ^ 9O.1256?9<N:R<9<N52LG325.\HzTOW¦.103=A4M=x=AaU.1=A,34M2LTX,34741.M2LN5N,3=A=AGd.MTsP:=x=A41.89<P3N52L4M03=AGcb
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� ��� ��� � �

� � �	 !�	�{� $ �

�x9<,34x6A=A.1.1=d9<,3,3=AaS=s,3TZF34y;:>��A6A2541TZ,34EN5=A4s,3TZ.t9<.M2LTX,34xfUF3=I,3TZF34JF3.M2LN52541TZ,34�G:9<,34JN5=
;:>	�A41=A,U. ^ � ^ TZ2[>\=Zb

d
>\=A;:>��A4M=A,U.1=vN[9yG32 ^ =A,34125TZ,/G3=xN � =A41;:9<6A=x41F:>�N5=AfUF3=ANµ=A41.VG
�8_:,325=J,3TZ.8>\=7.M0
�ATU>\25=Zb

x
TZF

y
>K=A;:>��A41=A,S.1=JF3,3=yRe9X>\2[9<P3N5=�G3=E;:TZ4M2L.M2LTX,�G:9O,3476A=A.x=A41;:9O6A=Z@:=A.

q
TXF

p
F3,3=y2 ^ h;3F3N54125TZ,cb!�],Y;:>\TSG3F325.x416?9<N[9<2[>\=y=A41.x,3TZ.��

x.y
�->K=A41;cb

q.p
�Ab
x
�->\=A4M;cb

q
�x>\=A;:>��A4M=A,U.1=EN[9

,3TS> ^ =vG3FdRZ=A6A.1=AF:> x
�->\=A4M;cb

q
�»b

t
>\=A;:>��A41=A,S.1=vF3,z.1= ^ ;34?@S=A. ω F3,3=�W�>��AfSF3=A,36A=Zb

� ,3=x25,U.��ArU>19<N5=x41F:>�N��º=A41;:9<6A=8h�.M= ^ ;34]=A41.V,3TZ.��A=s�
∫

ddx dt

=A. F3,3=x2L,S.��ArU>M9<N5=x41F:>�N � =A41;:9<6A=xG3=J½STZF:>\25=?> 41;:9<.125T<h�.M= ^ ;:TU>K=AN&�
∫

ddq dω

� TZF34V,3TZ.1TX,34��
∫

q
=

∫
ddq

(2π)d
¸ ∫

ω
=

∫
dω

2π

δ
>\=A;:>��A4M=A,U.1=�N[9xG32541.t>\25P3F3.125TZ,yG3=�v2[>19O6Z@?=A.

δd
N[9vG32L4M.t>\25P3F3.125TZ,sG3=��v2[>19<6V41F:>µF3,y=A41;:9<6A=

G3=xG32 ^ =A,34M2LTX, d b θ(t) >\=A;:>	�A41=A,U.M=7N[9EW-TZ,36A.125TZ,I6?>��A,3=?9<FdG3=<; =?9�RU254125G3=Zb

k
>K=A;:>��A41=A,S.1=7N5=ERZ=A6A.1=AF:>

(q, ω)
¸<,3TZF34],3TZ.1TX,34��

∫

k
=

∫

q,ω
=

∫
ddq

(2π)d
dω

2π

=A.
δ(d+1)(k) = δd(q)δ(ω)

�����



� TZ4�6ATZ,URX=A,U.125TZ,34�;:TZF:>{N5=A4].t>19<,34KWqTU> ^ �A=A4&G3=x½STZF:>\25=?>�G3=A4�WqTX,36A.125TZ,34VG
�8_:,32L=A4V41F:>�N��º=A4\h;:9O6A=x=A.]N5=x.1= ^ ;34]41TX,U.VN5=A4]41F325Re9O,U.1=A4E�

f(x, t) =

∫

q,ω
f(q, ω)ei(q.x−ωt) =

∫

k
f(k)eik.x

f(k) = f(q, ω) =

∫
ddx dt f(x, t)e−i(q.x−ωt)

�{,�;:9Z>\.M2L6AF3N525=?>A@�,3TZF34x,3TZ.1TZ,34xG3=IN[9 ^��?^ =JW�9��ATZ,YN[9 WqTX,36A.125TZ, f =A.J4t9I.t>M9<,34\W-TU> ^ �A=G3=I½STZF:>\25=?>Ab&� �º=A41;:9<6A=yG:9<,34ENL=AfSF3=AN�TX,�6ATZ,34125G��?>\=sN[9·WqTZ,36A.M2LTX, �A.89<,U.x;:>	�A6A2L4��s;:9Z>vN5=A4
,3TX.t9<.125TZ,34VG3=A4]R<9Z>\2[9<P3N5=A4?b

∆
>\=A;:>��A41=A,S.1=vN � TZ; �?>19O.1=AF:>�N 9<;3N[9<6A25=A,/41F:>VN��º=A41;:9<6A=x=A,dG32 ^ =A,34M2LTX, d b

ψα(x, t)
��>\=A41;cb

ψα(k) = ψα(q, ω)
�cG
�A4125rZ,3= N 9v6AT ^ ;:TZ489<,U.M= α G�ºF3,y6t0:9 ^ ;yRZ=A6A.1TU>\25=AN

ψα � G3=AF3as6AT ^ ;QTZ4t9<,S.1=A4?@ �AR<9<N5F
�7F3,I;:TX2L,S.�G3= 6ATUTU>KG3TZ,3,
�A=A4 (x, t)
G3=7N��º=A41;:9O6A=]G32[>\=A6A.

��>\=A41;cb
(q, ω)

G3=�N��º=A4M;:9<6A=g>��A6A25;:>\TSfUF3=?�»b|�m=A4E25,3G32L6A=A4
α
=A.
β
;:=AF3RZ=A,S.�9ONLTS>\47;:>K=A,3G:>\=

N5=A4]R<9<N5=AF:>\4
1
=A.

2
b

M̃αβ(x, t; x′, t′)
�->\=A4M;cb

M̃αβ(k; k′) = M̃αβ(q, ω; q′, ω′)
� G
�A4125rZ,3=JN�� �AN � ^ =A,S.vG3= ^ 9�h

.8>\256A=
αβ

G�ºF3,3=�W-TZ,36A.125TZ, ^ 9<.8>\256A2L=AN5N5= � G3=AF3a	;:TZ25,S.14 M̃αβ
@ �AR<9<N5F
�A=zG:9<,34yN��º=A41;:9<6A=

G32[>\=A6A.y�->\=A41;cbSN��º=A41;:9<6A=J>	�A6A2L;:>KTUfSF3=?�Ab
+�NcHd9J4MT ^s^ 9<.M2LTX,g2 ^ ;3N5256A25.1=y41F:>�NL=A4v25,3G3256A=A4�>��A; �A.��A4?b
� TZF34�G
�A4125rZ,3TX,34�;:9Z>

ψα
N5=7680:9 ^ ;yG3HS,:9 ^ 25fSF3= ψ =A,�.t9<,S.&fSF3=VW-TZ,36A.125TZ,yRZ=A6A.1TU>K2L=AN5N5= �G3=AF3ay6AT ^ ;:TZ4t9O,U.1=A4µG
�8_:,325=74MF:>µN � =A41;:9<6A=8h�.1= ^ ;34�@<NL=A4VR<9Z>\2[9<P3N5=A4�G�º=A4M;:9<6A=VRe9Z>\2[9<,S.�G:9<,34F3,d=A4M;:9<6A=xG3=xG32 ^ =A,34125TZ, d @S=A.]N��º25,3G3256A= α ;:TXF3Re9<,S.];:>\=A,3G:>\=vN5=A47R<9<N5=AF:>\4 1

=A.
2
b

〈X〉 G
�A4125rZ,3=xF3,3= ^ T<HZ=A,3,3=v41.t9O.12541.125fUF3=xG3=xN[9yrS>19<,3G3=AF:> X b
� TZF34µG
�A4125rZ,3TZ,34µ;:9Z>

F [ψα]
F3,3=�WqTX,36A.125TZ,3,3=AN5NL=VG3Fy680:9 ^ ; ψα @�6��º=A41. � G32[>\=�F3,3=�Ä£WqTZ,368h.M2LTX,SÅDG3TZ,S.�N5=A4DR<9Z>\2[9<P3N5=A4�4MTZ,U.�N5=A4�6t0:9 ^ ;34�RZ=A6A.1TU>\25=AN � G3=AF3ay6AT ^ ;QTZ4t9<,S.1=A4µG
�8_:,3254�41F:>N��º=A4M;:9<6A=8h�.1= ^ ;34?b

� TZF34VG
�A4125rZ,3TZ,34 ;:9Z>x�
∫
D [ψα] D

[
−iψ̃α

]

F3,3=V25,S.��ArU>19<N5=�W-TZ,36A.125TZ,3,3=AN5N5=D4MF:>µNL=A4�680:9 ^ ;34 ψα =A. ψ̃α @<6��º=A41. � G32[>\=VF3,3=V2L,S.��ArU>M9<N5=�41F:>.MTZF3.1=A4�N5=A4]R<9<N5=AF:>\4]fSF3=7;Q=AF3RZ=A,S.];:>\=A,3G:>\=vN5=A4]6t0:9 ^ ;34 ψα =A. ψ̃α =A,d680:9<fSF3=7;QTZ25,U.]G3=N��º=A4M;:9<6A=8h�.1= ^ ;34?@S=A.v;:TZF:>�6t0:9<6AF3,3=EG3=A4]Re9ONL=AF:>K47G3=EN � 2L,3G3256A= α b �x9<,34 N � =A41;:9<6A=xG32[>\=A6A.?@N��º25,S.��ArU>19ONL=nWqTZ,36A.M2LTX,3,3=ANLN5=d41F:>EN5=I6t0:9 ^ ; ψα 4M=yW�9O2L.�@c=A,i680:9<fUF3=�;:TZ25,S.�G3=IN��º=A41;:9<6A=8h.M= ^ ;34?@<41F:>�N5=A4VRe9<N5=AF:>\4]>��A=AN5N5=A4?@S=A.�N��º25,S.��ArU>19<N5=VW-TZ,36A.125TZ,3,3=AN5N5=x41F:>{NL=v680:9 ^ ; ψ̃α 4MF:>�N5=A4R<9<N5=AF:>\4V2 ^ 9<rZ25,:9<2[>\=A4V;3F:>\=A4J� RZTX2 >µN��l9O;3;:=A,3G3256A= �x�Ab�� ,3=v2L,S.��ArU>M9<N5=]W-TZ,36A.125TZ,3,3=AN5N5=x;:=AF3.
� .8>\=xRUF3=E6AT ^s^ =xN��º25,S.��ArU>19ONL=E41F:>V.1TXF3.1=A4]N5=A4]W-TZ,36A.125TZ,34 ;:TZ414M2LP3N5=A4xG3=EN � =A41;:9<6A=8h�.1= ^ ;34�@TXFg=A,36ATU>K=741F:>�.1TXF34DN5=A4�Ä\6803= ^ 25,34\Åx;:TZ4M4125P3NL=A4�b#��N5N5=xG3TZ,36J9<F3414M2|9<;3;Q=AN �A=vÄ\25,U.��ArS>19<N5=7G3=

�����



6803= ^ 25,34\Åtb
��=A4D,3TX.t9<.125TZ,34�>\=AN[9<.M2LRX=A4D9<F3ayrU>19O;303=A4�G3=�½S=AHS, ^ 9<,s4MTZ,U.�;:>	�A6A2L4��A=A4DG:9O,34�N��l9<,3,3=AaS= ��b

Γ(

�
N,N) G
�A4125rZ,3=xN[9yG
�?>\25R �A=vW-TZ,36A.125TZ,3,3=AN5N5=xG3= Γ[ψ̃α, ψα]

;:9Z>V>19<;3;QTU>\. � Ñ 680:9 ^ ;34 ψ̃=A.
N
6t0:9 ^ ;34 ψ b Γ(

�
N,N)(p) G
�A4125rZ,3=�NL=�.1=?> ^ =EG�ºTU>\G:>\= p G3= Γ(

�
N,N) =A,Y.10
�ATU>K2L=yG3=A4;Q=?>\.1F:>\P:9O.125TZ,34?b

��TU>\41fSF3=]N5=A4]25,3G3256A=A4]41TZ,S.�25,3G325fUF
�A4 ,3TZF34V;:TZF3RZTX,34�,3TZ.1=?>
Γ

(n)�
αiβj

= Γ
(n)�
α1...

�
α �
N
β1 ...βN

�qT��
n = Ñ + N

@
i
R<9Z>\25=y=A,U.t>K=

1
=A.
Ñ
=A.
j
Re9X>\25=�=A,S.t>\=

Ñ + 1
=A.
Ñ + N

�vN[9IG
�?>\25R �A=
W-TZ,36A.125TZ,3,3=AN5N5=JG3=

Γ[ψ̃α, ψα]
;:9X>D>M9<;3;:TU>K. � Ñ 680:9 ^ ;34 ψ̃ =A. N 680:9 ^ ;34 ψ b

�{,S_:,#,3TXF34�,3TX.1TZ,34
Γ

(

�
N,N)�
αiβj

[φ]
N5=A4sRX=?>\.1=AaY;:>\TZ;:>\=A4y9<4141TS6A2 �A4 � N[9Y.M0
�ATU>\25= �A6?>\25.1=d=A,.M=?> ^ =A4vG3=A4J680:9 ^ ;34 φα =A. φ̃α @m4M2L.MF
�A=�G:9O,34xNL=I>��8W �?>K=A,U.125=AN�TZ4M6A2LN5N[9<,S. � N[9�W�>��AfUF3=A,36A==8km=A6A.125RZ=vG3=A4�TZ416A25N5N[9<.125TZ,34V41;QTZ,U.89<,
�A=A4�G3Fs41HS41. � ^ = � N � �A6t03=AN5N5= � N[9<fSF3=AN5NL=xTX,sN5=76ATZ,34M2lhG��?>K=g� RZTZ2[>�N5=A4��AfUF:9O.125TZ,34�� ¹:bp¼��Z�µfSF32cG
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rS>19<,3Gs,3T ^ P:>\=vG3=xG3=ArU>��A4�G3=xN52LPQ=?>\.��A4?b �x9<,34�N��º=A41;:>K2L. G3Fg.10
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�x9<,34�6A=A.1.1=v9<,3,3=AaU= ,3TZF34V,3TZF34�;:>\TX;:TZ41TX,34�G� �A.t9<P3N52[>�N5=A4]> �ArZN5=A4�G3FI6?9<N56AF3Nm;:=?>\.MF:>£h
P:9O.12pW¶;QTZF:>m,3TZ.t>K=�.10
�ATU>\25=�G3TZ,S.c,3TZF34&9�RZTX,34|PQ=A41TZ25,J.MTZF3.c9<FxN5TZ,3r7G3=�,3TZ.t>\= �A.1F3G3=Zb�-µTXF:>
6A=AN[93@C,3TZF3476ATX,34125G
�?>\TZ,34]N[9EW-TZ,36A.125TZ,3,3=AN5N5=yr �A,
�?>19<.t>K2L6A=vG3=J,3TX.t>\=v.10
�ATU>\25=x=A,z.8>19<,34\W-TU>£h
^ �A=�G3=y½STZF:>\25=?>A@mfSF32&=A4M.xG3TZ,3,
�A=J;:9Z>vN5=A4 �AfSF:9<.125TZ,34s�-�3bl�X¼Z��=A.g�-�3bl���X�AbU�m=yG
�A.t9O2LN�G3F6?9ONL6AF3N ^ =A,:9<,S. � 6A=A.1.M=s=AaU;:>K=A414125TZ,�=A41.EG3TZ,3,
�sG:9<,34EN��l9<,3,3=AaS= �y@mT��"2LNV=A41. ^ TZ,S.t>��fSF3=y6A=A.1.1= �A6?>\25.1F:>\=y41F3;3;:TX41=yN 9I6ATX,URZ=A,S.125TZ,

θ(0) = 0
;:TZF:> N[9dRe9ONL=AF:>v=A,Yw �?>\TdG3=yN[9

W-TZ,36A.125TZ,
θ
G3= ; =?9�RU254125G3=Zb3�c9E;:9Z>\.M2L=vrU9<F34M4125=A,3,3=7TZFyÄ\N525P:>\=8Å S0

G3=vN��l9<6A.125TZ,I;:=AF3. � .8>\=>	� �A6?>\25.1=xG3=xN[9EW�9 �ATZ,g4MF32LR<9<,S.1=s�

S0[ψ̃α, ψα] =

∫
ddx dt

{
Dψ̃αψ̃α − ψ̃α[∂tψα + Rαβψβ ]

}

= −1

2

∫

k,k′
ψt(k)Ã(−k,−k′)ψ(k′)

= −1

2

∫

k
ψt(k)A(−k)ψ(−k)
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T ���

ψ =

(
ψ̃
ψ

) ����bl�Z�
=A.

Ã(k, k′) = A(k)(2π)d+1δ(d+1)(k + k′)

A
αβ

(−k) =

( −2Dδαβ iωδαβ + Rαβ(−k)
−iωδβα +Rβα(k) 0

) ����bl�Z�

�m=y;:>\TZ;:9<rS9<.1=AF:>VG3=yN[9d.10
�ATS>\25=J=A41.xG3TZ,3,
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C̃

0

αβ
=

(
0 χ̃0,+

αβ

χ̃0
αβ C̃0

αβ
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� �º25,UR<9Z>\2[9<,36A=y;:9Z>v.t>19O,341N[9<.125TZ,34x9<4141F:>\=EfUF3=�6A=A.1.1= ^ 9<.t>K2L6A=Z@Q.1TZF3.v6AT ^s^ =JN[9 ^ 9O.t>\256A=
Ã
@Q=A41.7;:>KTZ;:TU>K.125TZ,3,3=AN5NL= � δ(d+1)(k + k′)

G:9<,34vN � =A41;:9<6A=JG3=s½STZF:>K2L=?>»b � TZF34v;:TZF3RZTX,34
G3TX,36 �A6?>\2[>\=s�

C̃
0

αβ
(k, k′) = C0

αβ
(k)(2π)d+1δ(d+1)(k+ k′)
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χ̃0
αβ
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C̃0
αβ

b � TZF34]9�RZTZ,34VN5=A4]=AaU;:>K=A414125TZ,34]41F325R<9<,U.M=A4J�

χ0
αβ(k) = χαβ(q, ω) =

1

∆

(
−iω + R Ω0

−Ω0 −iω + R

)

C0
αβ(k) = Cαβ(q, ω) =

2D

|∆|2
(
ω2 + Ω2

0 + R2 2iωΩ0

−2iωΩ0 ω2 + Ω2
0 +R2

) ����bl¼Z�
T �

R = r+ cq2

Ω0 = ω0 + caq
2

∆ = (R− iω)2 + Ω2
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α β

k
=

k

α β
= Cαβ(k)
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=A.

α β

k
=

k

α β
= χαβ(k)

���xbp�Z�

½�25,:9<N5= ^ =A,S.7N5=xRZ=?>\.M=AasG�º25,U.M=?>19<6A.125TZ,I=A41.J�

α3, k3

α1, k1

α4, k4

α2, k2

= −Uα1α2δα3α4
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�ATU>\25=x41TZ,S.]9<N5TU>\4VN5=A4741F325R<9<,U.M=A4J�
h �)6t0:9<fSF3=vNL25rZ,3=EG�ºF3,dG32[9<rU>19 ^s^ =vG3TZ,3,
�x6ATU>1>\=A4M;:TZ,3GIF3,d;:>\TZ;:9<rS9<.1=AF:>�N525P:>\=Zb
h �V0:9<fSF3=v;:>\TZ;:9<rU9O.1=AF:>�6ATZ,S.125=A,S.DF3,IW�9<6A.1=AF:>

(2π)d+1δd+1(k + k′)
b

h �V0:9<fSF3=vRZ=?>\.1=Aas6ATX,U.125=A,S.VF3,IW�9<6A.M=AF:>
(2π)d+1δd+1(k1 + k2 + k3 + k4)

b
�v;:> �A4y25,U.��ArU>19<.125TZ,"41F:>ENL=A4�2 ^ ;3F3NL4M2LTX,34g9<4141TS6A2 �A=A4s9<F3a�680:9 ^ ;34yRZ=A,:9<,S.JG3=A4y.1=?> ^ =A4G� 2L,S.1=?>19O6A.125TZ,g25N&>K=A41.1=y�

h � ,3=x2L,S.��ArU>M9<N5= ∫ ddq
(2π)d

dω
(2π)

;:9Z>VPQTZF36AN5=J;:>��A41=A,S.1=vG:9<,34]N5=xG32[9<rU>19 ^s^ =Zb
h � ,IW�9<6A.M=AF:> −Uαβδρσ ;:9Z>�RZ=?>\.M=Aa|bh � ,3=�G
�A;:=A,3G:9<,36A=�r �A,
�?>19<N5=µG:9<,34cN5=A4&2 ^ ;3F3N54125TZ,34�=AaU.1=?>K,3=A4 kexti

9�RZ=A6µN[9V6ATZ,S.t>19<25,S.1=
(2π)d+1δd+1(

∑
i k

ext
i )

b
��,d;:>19O.125fUF3=Z@3N��º=AaS;:>\=A414M2LTX,zG3=A4v;:>\TZ;:9<rU9O.1=AF:>\4]>\=A41.1=x4M2 ^ ;3NL=y412�2LN54x41TX,U.]=AaS;:>\2 ^ �A4G:9O,34DN��º=A4M;:9<6A=]G32[>\=A6A.V;:TZF:>�N5=AF:>�6AT ^ ;QTZ4t9<,S.1=].1= ^ ;:TU>\=AN5N5=Z@Z=A.VN5=x6?9<N56AF3NmG3=A4V2L,S.��ArU>M9<N5=A4N52 �A=A4]9<F3aJPQTZF36AN5=A4�G�º25,S.��ArU>19O.125TZ,x=A41.�P:=?9OF36ATZF3;s;3N5F34D9<254��V=A,s.M=?> ^ =A4µG:9<,34�6A=A.�=A41;:9O6A=Zb+�N&=A4M.7G3TZ,36yF3.125N5=yG�º=AaS;:>\2 ^ =?>]N5=A4x;:>\TX;:9<rU9<.1=AF:>K4DN525P:>\=A4xG3=yN[9I.10
�ATU>\25=E=A,�.M=?> ^ =A4]G3=A4R<9Z>\2[9<P3N5=A4

(q, t)
b��]TZF34 TZP3.1=A,3TZ,34VN5=A47=AaS;:>\=A414M2LTX,34D4MF32LR<9<,S.1=A4J�

C0
αβ(q, t− t′) = DΩαβ

[
−Ω0(t− t′)

] e−R|t−t′|
R

χ0
αβ(q, t− t′) = θ(t − t′)Ωαβ

[
−Ω0(t − t′)

]
e−R(t−t′) ���xb ���Z�

T �
Ωαβ(θ)

=A41.yN[9 ^ 9<.t>\256A=IG3=z>\TZ.t9O.125TZ,#G�p9<,3rZN5= θ bV�c9Y6?9<F3489<N52L.��dG3=dN 9¾.10
�ATU>\25=d41=.8>19<G3F325. � 6A=z,325RZ=?9<Fi;:9X>yN[9Y;:>��A41=A,36A=/G3F	W�9<6A.M=AF:> θ(t − t′)
G:9<,34sN��º=AaS;:>\=A414125TZ,iG3F

;:>KTZ;:9<rU9<.M=AF:>vNL25P:>\=z9O4141TS6A2 � � N[9dW-TZ,36A.125TZ,	G3=d>��A;:TZ,34M=Zb � TZF34 ^ TZ,S.t>\TZ,34xG:9<,34yN��l9<,Sh,3=AaS= �)fSF3=Z@:9<4141TS6A2 �A= � N[9y;:>\=A416?>K2L;3.M2LTX, θ(0) = 0
@S6A=A.1.M=x;:>\TZ;:>\2 �A.��v,3TZF34];Q=?> ^ =A.]G3=

^ =A.1.t>\=v412 ^ ;3N5= ^ =A,S.]=A, �ARS25G3=A,36A=JN[9s,SF3N5N52L.���G3=x6A=?>K.t9<25,34]G32[9<rU>19 ^s^ =A4VG3=xN[9s.10
�ATS>\25=Zb
�����



�{,d;:9Z>\.1256AF3N525=?>A@3,3TZF34v>\=A.t>\TZF3RXTZ,34 � N��l9<25G3=JG� F3,z9Z>\rZF ^ =A,S.�;Q=?>\.1F:>\P:9O.12pW&N5=A47>\=AN[9<.125TZ,34G3=x6?9OF34t9<N525.��g�-�3bl�X�Z��=A.����3bº¹ �Z�»b
��,S_:,c@�6AT ^s^ =d;:TXF:>sF3,3=Y.10
�ATU>K2L= φ4 41.t9<.125fSF3=zTZFiG3HS,:9 ^ 25fSF3=z0:9<P325.1F3=AN5N5=Z@VN5=A4G
�ARX=ANLTX;3;:= ^ =A,S.14c;Q=?>\.1F:>\P:9<.M2lW-4m41TZF34mW-TU> ^ =�G3=�G32 9OrU>19 ^s^ =A4|G3=V½S=AHU, ^ 9<,J41TX,U.mG3TZ,3,
�A4;:9X>µNL=A4V> �ArZN5=A4�4MF32LR<9<,S.1=A4]�ZN5=A4�W-TZ,36A.125TZ,34�G3= 6ATU>1>��AN[9<.125TZ,34�4MTZ,U.µG3TZ,3,
�A=A4�;:9Z>µN[9x41T ^�^ =G3=A4xG32[9<rS>19 ^s^ =A4 6ATZ,3,3=A6A.��A4vG3=�N[9I.10
�ATS>\25=Z@:N5=A4vW-TZ,36A.125TZ,34vG3=�6ATS>1>��AN[9<.125TZ,34]6ATX,3,3=AaU=A4;:9X>�N[9y4MT ^s^ =vG3=A4]G32[9<rU>19 ^s^ =A4�6ATX,3,3=AaU=A4]=A. NL=A4 RZ=?>\.1=Aas;:>KTZ;:>\=A4V;:9Z>�N[9y41T ^s^ =7G3=A4G32[9<rS>19 ^s^ =A4]�¬h�;:9Z>\.1256AF3N5=]2[>1>��AG3F36A.125P3N5=A4]9<F3aSfUF3=AN54VN5=A4�;:>\TZ;:9OrU9<.1=AF:>\4µ=AaS.1=?>\,3=A4�TX,U. �A.��>K=A.t>19<,3680
�A4?bU��9yG
� ^ TZ,341.8>19<.125TZ,sG3=x6A=J>	�A41F3N5.t9<.?@S6AT ^s^ F3,3= � .1TZF3.M=A4�N5=A47.M0
�ATU>\25=A4VfUF32TX,U.�F3,3=]4M.t>\F36A.1F:>\=V=A,

φ4 @<;Q=AF3.\h � .t>\=].8>\TZF3R �A=�G:9<,34�G3=],3T ^ P:>K=AF3aJTZF3R3>19<rZ=A4]� RZTX2 >µ;:9X>=AaS= ^ ;3N5= 8[�('��S@Z�3@��3�-:q�AbZ�m=A4�=AaU= ^ ;3NL=A4�G3=]G32[9<rU>19 ^s^ =A4µ2 ^ ;:TU>\.89<,U.M4&;QTZF:>µ,3TZ.t>\= �A.1F3G3=4MTZ,U.VG3TZ,3,
�A4 =AaU;3N5256A25.1= ^ =A,S.7G:9<,34VN5=A4v6t0:9<;325.t>K=A4 'n=A.7¼3b
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� ��� ��� � �

�  ��%� ���{��$ �
θ(0)

��� �� �� �� ����&���

�]TXF34x41TZF30:9<25.1TZ,34EG:9<,34J6A=A.M.1=g9<,3,3=AaS= �A.t9<P3N52[>xN��º=AaS;:>\=A414M2LTX,#G3=sN��º25,S.��ArU>19ONL=nWqTZ,368h
.M2LTX,3,3=ANLN5=z�-�3b �?�Z� � ;:9Z>\.M2 >�G3=EN � �AfUF:9<.M2LTX,zG3HS,:9 ^ 25fUF3=g���3b[�?�Ab��]TXF3474t9�RZTX,34DfSF3=xN�� �A6?>\2ph.MF:>\=sG�ºF3,3=I25,U.��ArS>19<N5=sW-TZ,36A.125TZ,3,3=AN5N5=I,�l9/G3=g41=A,34yfSF3=g4M2�,3TZF34E;:>��A6A2541TZ,34yfUF3=AN5N5=d=A41.
N[9�G325416?>��A.1254t9<.M2LTX,z41TZF34KhLot9<6A=A,S.1=vfUF32µ9s;Q=?> ^ 25474MTZ,��A6?>\25.1F:>\=Z@3=A.v412c4MTZ,��ARe9<N5F:9<.M2LTX,z=A41.=8km=A6A.1F
�A=g9�RZ=A6yN5= ^ �?^ =y6t03TZ25a/G3=sG325416?>��A.1254t9<.M2LTX,cb �]TZF34E=AaU;3N525fSF3TZ,34JfSF3=sG32pk �?>\=A,S.146803TZ25asG3=]G325416?>	�A.1254t9<.125TZ, ^ �A,3=A,S. � G3=A4 �A6?>\25.1F:>\=A4VG32pk �?>\=A,S.1=A4�G3=7N��º25,S.��ArU>19<N5=VW-TZ,36A.125TZ,Sh,3=AN5N5=Z@µ=A.x,3TZF34x25G3=A,U.M2l_:TX,34JN5=g6803TZ25az2 ^ ;3N5256A25.1= ^ =A,S.y=8k|=A6A.1F
�sG:9O,34xN � �A6?>\25.1F:>\=��-�Cb[�?�Z�Ab� �l9 ^ P325rZF���.��IN52 �A=¾9OF`6803TZ25aiG3=zG325416?>��A.1254t9O.125TZ,`=A41.�2L,S.12 ^ = ^ =A,S.INL2 �A= � N �p9 ^ P32LrXF���.��G3=dN[9"Re9<N5=AF:>y=A,iw �?>KT�G3=dN[9/WqTX,36A.125TZ,

θ
G3=); =?9?RS254125G3=Zb3��,i;:9X>\.1256AF3N52L=?>»@�N[9�RZ=?>K4125TZ,

G325416?>	�A.1254��A=dG3=gN[9/G3HS,:9 ^ 25fUF3=d,3=IG
�8_:,325.sF3,3=I.10
�ATU>\25=I6?9<F34t9<N5=IfUF3=d;QTZF:>EF3,#6803TZ25a;:9X>\.1256AF3N52L=?>�G3=x6A=A.1.1=vRe9<N5=AF:>V=A,z9<6A6ATS>\G·9�RZ=A6 N 9nG32L4M6?>��A.1254t9<.125TZ,cb � TZF34 ^ TZ,S.t>\TZ,34�fUF� �N�� �A6?>K2L.MF:>\=g�-�3b[���Z��G3TZ25. � .t>\=J9<4M41TU6A2 �A=xN[9�;:>\=A416?>\25;3.125TZ, θ(0) = 0
G3=vW�9 �ATZ, � 9�RZTZ2[>VF3,3=.M0
�ATU>\25=x6?9<F34t9<N5=Zb��V=J>��A4MF3NL.89<.V;:=AF3.\h � .t>K=J>\=A.t>\TZF3R �];:9Z>�F3,z6?9<N56AF3Nc;3F:>K= ^ =A,U.V6ATZ,S.125,SFcb

�{,�=8k|=A.�@cN�� �A.t9<P3N5254141= ^ =A,U.E=A.JN�� �ARe9ONLF:9O.125TZ,#G3=�N � 2L,S.��ArU>M9<N5=yWqTX,36A.125TZ,3,3=AN5NL=��-�3b �?�Z� 41TZ,S.;QTZ414125P3N5=A4IG32 >K=A6A.1= ^ =A,S.g9�RZ=A6dF3,3= �A6?>\25.1F:>K=d.1= ^ ;:TS>\=AN5NL= ^ =A,U.s6ATX,U.125,SF3=zG3=dN[9"G3HU,:9�h
^ 2LfSF3=Zb���,	>\=ARe9<,36803=Z@mN[9IG325416?>��A.1254t9<.M2LTX,�41;:9<.12[9<N5=y,3=s;Q=AF3.Do89 ^ 9<254 � .t>\=yTZF3P3N52 �A=Z@&6?9X>N5=A4x25,S.��ArU>19<N5=A4v41;:9<.12[9<N5=A4xfSF32&25,S.1=?>\RS25=A,3,3=A,U.xG:9<,34vN5=s6?9<N56AF3N�;:=?>K.1F:>\P:9<.12pW�6ATZ,S.125=A,3,3=A,U.
G3=A4xG325RZ=?>KrZ=A,36A=A4?bm�cTZF3.M=8WqTZ254?@Q;:TXF:>v6A=�fSF32�6ATZ,36A=?>\,3=EN�� �A.1F3G3=sG3FY6AT ^ ;QTU>\.1= ^ =A,U.]6?>K2lh.M2LfSF3=yG3=JrU>M9<,3G3= �A6803=AN5NL=yG3FY41HS41. � ^ =Z@CNL=y6803TZ25adG3=yN 9�G325416?>��A.1254t9O.125TZ, ^ 256?>\TX416ATZ;325fUF3=G3= N 9�.10
�ATU>\25=],� 2 ^ ;:TU>\.M=D;:9O4?@<=A.�N5=A4DG32pk �?>\=A,U.M=A4�.10
�ATU>K2L=A4�G325416?> �A.1=A4D9<4M41TU6A2 �A=A4 � N 9�G3HZh,:9 ^ 25fUF3=����3b[�?�c9O;3;:9Z>\.125=A,3,3=A,S. � N 9 ^��?^ =V6AN[9<4141= G�ºF3,325RZ=?>\4t9<N525.��Zb��V=A.M.1=V2LG
�A= ;:=?> ^ =A.�@G:9O,34xNL=�6?9<G:>\=JG3=�N 9I.M=A6t03,325fSF3=�G3= �`25N541TZ,�fSF3=y,3TZF34xF3.125N52L4MTZ,34J;QTZF:>vN5=s6?9<N56AF3N�;:=?>£h
.MF:>\P:9<.12pW � N � TU>\G:>\=EG�ºF3,3=yP:TZF36AN5=Z@mG�ºF3.125N52541=?>xF3,3=y.10
�ATS>\25=n>	�ArZF3N[9Z>\254��A= � N��l9O2LG3=yG�ºF3,3=6ATXF3;3F:>\=]G:9<,34�N � =A41;:9<6A=]G3=A4V2 ^ ;3F3N54125TZ,34 � N[9x;3N[9<6A=vG�ºF3,g>	�A41=?9<Fs41;:9O.12[9<N-@Z6A=]fSF32 ^ �A,3=
� G3=A4]6?9<N56AF3N547;3N5F34]412 ^ ;3N5=A4s� RZTZ2[>�41=A6A.125TZ,d¹Qb[�?�Ab
	 ��� ���'� 49�?+��,�U�*!

�VTZ,34125G
�?>\TX,34s,3TZ.t>\= �AfUF:9O.125TZ,`G3HS,:9 ^ 25fSF3= ���3b[�?�A@µ=A.dG325416?>��A.M2L4MTZ,34gN5=�.M= ^ ;34g=A,25,S.1=?>\R<9<N5NL=A4dG3=/.t9<25N5N5=
τ
b �x9<,34sF3,3=Y.1=AN5N5=�RX=?>\4125TZ,iG325416?>��A.1254��A=Z@�N[9�;:>K= ^ 2 �?>\=zG
�?>\25R �A=.M= ^ ;:TU>K=ANLN5=vG3Fd6t0:9 ^ ;s=A41.V,:9<.1F:>K=ANLN5= ^ =A,S. �ARe9<N5F
�A=x=A,S.t>\=]N5=A4]4M2L.M=A4D.M= ^ ;:TU>K=ANL4�@Z.t9<,3G3254fSF3=xN5=J680:9 ^ ;IN5F32lh ^ �?^ =J=A41. �ARe9<N5F
�J4MF:>�N5=A4v4125.1=A4?b�� ,d6t03TZ25aIG3TZ25.]G3TZ,36 � .t>K=vW�9<25.V41F:>N5=y;:TX2LG34y9�k|=A6A.���9<F3a/4125.1=A4

n
=A.
n + 1

;:TZF:> �AR<9<N5F3=?>vN[9IG
�?>\25R �A=y=A,U.t>K=J6A=A4x4125.1=A4?b �V=
6803TZ25ay;:=AF3.\h � .8>\=7>\=A;:>��A4M=A,U.�� ;:9Z>µN[9JG3TX,3,
�A=]G�ºF3,I;:9Z>19 ^ �A.8>\= µ 6AT ^ ;:>\254�=A,S.t>\= 0

=A.
1
b

�����



� TZF34V;:TXF3RZTZ,34��A6?>\2[>\=s�
Zn+1 − Zn

τ
= µ

{
−(r + iω0)Zn − (u+ iua) |Zn|2Zn + (c+ ica)∆Zn

}
+

+(1− µ)
{
−(r + iω0)Zn+1 − (u+ iua) |Zn+1|2 Zn+1 + (c+ ica)∆Zn+1

}
+

+ηn
� �yb[���

9�RZ=A6
Zn = Z(tn)

=A.
ηn =

1

τ

∫ tn+1

tn

η(t)dt

=A.
n
Re9X>\2[9<,U.�=A,U.8>\=7;3N5F34]=A. ^ TX2L,34 N � 2L,S_:,32-b	�µRZ=A6v6A=A.1.1=vG
�8_:,325.125TZ,c@3N5=xP:>\F325.]G325416?>��A.1254��=A4M.�=A,36ATU>\=]F3,sP:>KF32L.�P3N[9<,36]rU9<F34M4125=A,c@<=A.�G:9<,34�N5=v6?9<G:>\=VG3=7N[9�WqTU> ^ F3N[9<.M2LTX, ^ 9<.8>\256A2L=AN5N5=fSF3=x,3TZF3479�RZTX,34�25,U.8>\TUG3F325.1=xG:9O,34]N[9y41=A6A.125TZ,z�3bp�3@S,3TZF34]9?RXTZ,34x�

〈ηα,n(x)ηβ,n′(x
′)〉 =

2D

τ
δd(x− x′)δαβδnn′

�STX,d;:TZ25G34]G3=E;:>\TZP:9<P325N525.��x=A41.79<N5TU>K4DG3TX,3,
�x;:9Z>v�

W [ηα,n] = exp

{
− τ

4D

+∞∑

n=−∞

∫
ddx

[
η2

1,n + η2
2,n

]
}

��=7;QTZ25G3479<4141TS6A2 � � F3,3=v6ATZ,S_:rZF:>19O.125TZ,sG3FI6t0:9 ^ ; ψα G:9O,34DN[9�W-TZ,36A.125TZ,sG3=x;:9Z>K.125.125TZ,=A4M.79<N5TU>\4VG3TZ,3,
�x;:9Z>v�

P(ψα,n) = P(ηα,n) ·
∣∣∣∣det

∂ηα,i−1(x)

∂ψβ,j(x′)

∣∣∣∣
��=x.1=?> ^ =vr �A,
�?>19<NmG3=xN[9 ^ 9O.t>\256A=¦o89<6ATZP325=A,3,3=y9<;3;:9Z>19<2541489<,U.�G:9O,34]6A=x6t0:9O,3rZ= ^ =A,S.DG3=R<9Z>\2[9<P3N5=z=A4M.s;:>\TZ;QTU>\.125TZ,3,3=AN � δd(x − x′)

G:9<,34sF3,3=/RZ=?>\4125TZ,i6ATX,U.125,SF3=d=A,`=A41;:9O6A=Zb
��T ^s^ =x,3TZF34vN��l9�RZTZ,34]G325.?@Q,3TZF34x9�RZTZ,34].1TXF3.1=8WqTX2L4vP:=A4MTZ25,�G� F3,3=�>��ArZF3N[9Z>K2L489<.125TZ,d41;:9�h.M2 9ONL= ;:TZF:> �ARe9<N5F3=?>�N��º25,S.��ArU>19ONL=�W-TZ,36A.125TZ,3,3=AN5N5=Z@S=A.�N 9 ^ �A.103TSG3=]G3= � 2LN541TX,g6803TZ254125.�G3=]N[9
>	�?9<N52L4M=?> � N��l9O2LG3= G�ºF3,3=76ATXF3;3F:>\=]G:9<,34�N5=A4V25,U.��ArS>19<N5=A4�G:9<,34�N��º=A4M;:9<6A=7G3=v½STZF:>\25=?>Ab �x9O,346A=I6?9<G:>\=yN5=A4y.1=?> ^ =A4xG3=IN[9 ^ 9<.t>\256A=]o89<6ATZP325=A,3,3=g4MTZ,U.�@:G:9<,34EF3,#6?9ONL6AF3N�;:=?>\.MF:>\P:9<.12pW1@;:>KTZ;:TU>K.125TZ,3,3=AN54 � �

δdΛ(x− x′) =

∫ Λ

q
eiq.(x−x′) � �ybl�Z�

�v;:> �A4];:9O414t9<rZ= � N 9�N52 ^ 25.1=J6ATZ,S.125,SF3=J.1= ^ ;QTU>\=AN5N5=Z@3N5=J6?9<N56AF3NµG3F�o89<6ATZP325=A,zG3=E6t0:9O,3rZ=8h^ =A,U.VG3=xRe9X>\2[9<P3N5= ^ TZ,S.t>\= fUF�º25Nc=A4M.];:>\TZ;QTU>\.125TZ,3,3=AN � �

exp

{
(1− µ)δdΛ(0)

∫

k
[Uααψβ(k)ψβ(−k) + 2ψα(k)Uαβψβ(−k)]

} � �ybl�Z�
�x9<,34mN[9].1=A6803,325fUF3=�G3= �`25N541TZ,EG3=D>\=A,3TU> ^ 9<N5254t9<.125TZ,c@8N[9V4��?>\25=�;:=?>\.1F:>KP:9<.125RZ= ^ =A,:9<,S.9OF`6?9<N56AF3NvG3=�N[9"Re9Z>K2 9O.125TZ,`G3=A4I;:9Z>19 ^ �A.t>\=A4y;:9Z>I>\=A,3TU> ^ 9ONL254t9O.125TZ,i41=dW�9<25.I41F:>sF3,3=Ä\6ATXF36t03=8ÅyG�º2 ^ ;3F3N54125TZ,34J6AT ^ ;:>\2541=A4x=A,U.8>\= Λ/b

=A.
Λ
� RZTZ2[>v41=A6A.M2LTX,�¹Qb[�?�Ab#��=A4 ^��?^ =A4.M=?> ^ =A4V;:=?>\.MF:>\P:9<.12pW-4�9O;3;:9Z>19 
5.t>\TX,U.�G3TZ,36J9�RZ=A6vN5=xW�9<6A.1=AF:>�G3=x;:>\TZ;QTU>\.125TZ,3,:9ONL25.��y�

δdΛ/b,Λ(x) =

∫ Λ

q,q=Λ/b
eiq.x

� �ybº¹U�

�3���



-µTXF:>�.MTZF34
Λ1 ≤ Λ2

@3,3TZF3479�RZTX,34�N[9y;:>\TZ;:>K2 �A.��xG3= �V0:9<41N5=A4]41F325R<9<,U.M=s�

δdΛ2
(x) = δdΛ1

(x) + δdΛ1 ,Λ2
(x)

� �yb�'Z�
� TZF34d;QTZF3RZTZ,34z9<254�� ^ =A,U.IR �?>\2p_:=?>dfSF�l9�RZ=A6/6A=A4dG
�8_:,32L.M2LTX,34�N5=A4Y> �ArZN5=A4dF341F3=AN5N5=A4�G3=6?9ONL6AF3Nc9�RZ=A6vN5=A4]G32541.t>\25P3F3.125TZ,

δ
4t9<,34V6ATZF3;3F:>\=x>\=A41.1=A,S.�R<9<N[9<P3N5=A479�RZ=A6v6ATZF3;3F:>\=Zb3�&>M9<25.��

=A,Y;Q=?>\.1F:>\P:9<.M2LTX,34?@3N5=EW�9<6A.M=AF:>�� �ybp�yN52 �I9<F�o89<6ATZP325=A,Y25,U.t>KTUG3F325.vG3=�,3TXF3RZ=?9<F3ad.1=?> ^ =A4;Q=?>\.1F:>\P:9O.12pWq4?bXfUF32�;:=AF3RZ=A,S.7>\=A;:>��A4M=A,U.��A4V;:9Z>�N5=JRX=?>\.1=Aa � G3=AF3aI;:TZ25,S.14]41F325Re9O,U.J�

γ σ

=A. G3TZ,U.VN��º=AaS;:>\=A414125TZ,d=A4M.��

2(1− µ)δdΛ/b,Λ(0) [δρσUαα + Uρσ + Uσρ]
� �ybp¼Z�

G:9O,34�N5=d41680
� ^ 9/G3=z>\=A,3TU> ^ 9<N5254t9<.125TZ,�G3= � 25NL4MTZ,cb��m=A4y.1=?> ^ =A4�;Q=?>\.1F:>\P:9O.12pWq4E;:>\T<RZ=8h,:9O,U.VG3FdRZ=?>\.M=AasG�º25,U.M=?>19<6A.125TZ,IN5TU>\41fSF�º25Nm=A41.VP:TZF36AN �J4MF:>VN5F32lh ^ �?^ =J9�RZ=A6xF3,3=x;:9<.1.1= ψ̃;Q=AF3RZ=A,S. � .t>\=x>\=A;:>��A41=A,S.��A4V;:9Z>v�

γ σ

=A. 6ATZ,U.8>\25P3F3=A,U.V;:TXF:>7�

−2θ(0)δdΛ/b,Λ(0) [δρσUαα + Uρσ + Uργ ]
� �yb��Z�

� TZF34c6ATX,341.t9<.1TX,34|G3TX,36�fSF3=�N5=A4¦9 ^ P325rZF��£.��A4mN52 �A=A4�9OFJ6803TZ25axG3=�N[9]G325416?>	�A.1254t9<.125TZ,E=A. � N[9G
�8_:,325.125TZ,dG3=
θ(0)

41TZ,S.�6AN[9<2[>\= ^ =A,S.�N52 �A=A4y�Z,3TZF34VTZP3.1=A,3TX,34�F3,d>��A41F3N5.t9<.�2L,3G
�A;Q=A,3G:9<,S.G3=IN[9YG325416?>��A.1254t9O.125TZ,#4M2�,3TZF34y6803TZ2541254141TZ,34yG3=dG
�8_:,32[>I�
θ(0) = 1 − µ @�9?oMTZF3.��yG�ºF3,.M=?> ^ =x25,3G
�A;:=A,3G:9<,S.vG3= µ b � TZF34v6ATZ,341.t9O.1TZ,34�fSF3=JN[9�G325416?>��A.1254t9<.M2LTX,zfSF3=J,3TZF3479�RZTX,342 ^ ;3N5256A25.1= ^ =A,S.s6803TZ254125=g;QTZF:> �A6?>\2[>\=gN��º25,S.��ArU>19ONL=�G3=g6803= ^ 25,%���3b[�?�Z�»@:fSF32V,3=g6ATZ,S.125=A,S.;:9O4�G3=].1=?> ^ =]9<4141TS6A2 �79<F7o89<6ATZP325=A,c@Z6ATS>1>\=A41;QTZ,3G � µ = 1
bU� � �A6?>\25.1F:>\=VfUF3=v,3TZF34�9�RZTZ,34

6803TZ254125=JG3TX2L. G3TZ,36 � .8>\=J9<6A6AT ^ ;:9OrZ,
�A=7G3=xN[9y;:>K=A416?>\25;3.125TZ, θ(0) = 0
b

	 ���1+H������!��
�]TXF34c;:TZF3RXTZ,34&G
�?>K2LRX=?>c9<F3.t>\= ^ =A,U.cN[9 Re9<N5=AF:>µfSF�º25NZ,3TZF34�W�9OF3.&6803TZ25412[>c;QTZF:> θ(0)

=A,
9O6A6ATU>\Gz9�RZ=A6xN�� �A6?>\25.1F:>\=U���3b[�?�Z�{G3=JN��º25,S.��ArU>19<N5=xG3=E6t03= ^ 25,34vG3=JN[9�.10
�ATU>\25=Zb � TZF3479<N5N5TZ,34RXTZ2[>]fSF3=yN 9�W�9<25.vG3=�G3= ^ 9<,3G3=?> � N[9I.10
�ATS>\25=JG� � .t>K=J6?9<F34t9ONL=E,3TZF34x2 ^ ;:TX41= θ(0) = 0

b
�SF3;3;QTZ41TZ,34 =A,d=8k|=A.].1TXF3.DG�p9<P:TU>KG

θ(0)
G32pk �?>\=A,U. G3=xw �?>\T:b��7N5TU>K4]N5=JG32[9<rU>19 ^s^ =J�

t t′t1�3�Z�



6ATX,U.t>K2LP3F3= � N[9Y>\=A,3TU> ^ 9<N52L489<.125TZ,	G3=dN 9�WqTZ,36A.M2LTX,#G3=z>��A;QTZ,341=IN52L,
�?9O2 >K=z=A.y,�º=A41.y;:9<46?9OF34t9<Nm6?9Z>
t
=A.
t1
,3=x41TX,U.V;:9<4VN52 �A476?9<F3489<N5= ^ =A,U.�b�SF3;3;:TZ4MTZ,34 ^ 9O2L,S.1=A,:9<,S.�9�RZTX2 > θ(0) = 0

b �VTX,34125G
�?>\TZ,34yF3,#G32[9<rS>19 ^s^ =�6ATZ,U.8>\2phP3F:9O,U. � F3,3=IW-TZ,36A.125TZ,�G3=I6ATU>1>��AN[9<.M2LTX,�6ATZ,3,3=AaS=gG�ºTS>\G:>\=yfUF3=AN56ATZ,3fSF3=Zb��VTZ,34125G
�?>\TX,344MTZ,yRZ=?>\.1=AaxG3=];3N5F34�rU>19<,3Gy.1= ^ ;34 τm b �39v;:9<.1.1= ψ̃ ,3=];:=AF3.�;:9<4 � .t>\=V>\=AN52 �A= � F3,g9<F3.8>\=RX=?>\.1=Aa � 6?9<F34M=7G3=vN[9xW-TZ,36A.125TZ, θ ;:>	�A41=A,U.M=7G:9<,34�N5=x;:>\TZ;:9<rU9O.1=AF:>cN525P:>\=xG3=vN[9xW-TZ,36A.125TZ,G3=J>	�A;:TZ,341=Zb��VT ^s^ =v=ANLN5=E,3=J;:=AF3. ;:9<4V,3TZ,d;3N5F34 � .t>K=�>\=AN52 �A=�9OFdRZ=?>\.1=AasG3TX,U.V=AN5N5=J=A41.25414MF3=Z@Zo1F341.M= ^ =A,U. ;:9Z>\6A=JfSF3=J,3TXF34J9?RXTZ,34]6803TZ25412 θ(0) = 0
@:=AN5N5=s=A41.vTZP3N525rU9<.1TX2 >K= ^ =A,U.>K=ANL2 �A= � F3,3=v;:9<.1.1=V=AaS.1=?>\,3= ψ b ��6A= ψ =A41.V9<4141TS6A2 �]F3,s.1= ^ ;34�41F3; �?>K2L=AF:> � τm b �VTZ,34M2lhG
�?>KTZ,34 ^ 9O2L,S.1=A,:9<,S.µF3,3=7;:9<.M.1=V=AaU.1=?>K,3= ψ̃ fSF3=AN56ATZ,3fSF3=Zb¶��=].1= ^ ;34�fUF32QNLF32Q=A41.D9O4141TS6A2 �=A4M.D25,SW �?>\25=AF:> � 6A=AN5F32cG3FdRZ=?>\.1=Aas9<F3fSF3=ANm=AN5NL=E=A41.]>\=AN52 �A=Z@3N5F32lh ^ �?^ =x25,SW �?>\25=AF:> � τm ;:9X>

0SHS;:TZ.10��A4M=Zb �725,3412QNL=v.1= ^ ;34V9<4141TS6A2 � � 6A= ψ̃ =A41.\h�25N:25,SW �?>\25=AF:> � 6A=AN5F32|9<414MTU6A2 � � N[9x;:9<.M.1==AaS.1=?>\,3=
ψ
fUF32�=A41.7>\=AN52 �A=�9<FdRX=?>\.1=AasG3=x.1= ^ ;34 τm b:�c9n;:9<.1.1=v=AaU.M=?>\,3=xG3=x;3N5F347rU>M9<,3G.M= ^ ;347=A4M.]P325=A,�.1TZF?oMTZF:>\4VF3,3=y;:9<.1.1= ψ b�� ,�>19<2541TZ,3,3= ^ =A,U.79O,:9<N5TZrZF3=x41F:> N5=A4xRZ=?>\.1=Aa;:>KTZ;:>\=A4�;:=?> ^ =A.�G3=76AT ^ ;3N �A.1=?>µN�� �A.t9<P3N5254141= ^ =A,S.�;:=?>K.1F:>\P:9<.12pWmG3=A4D;:>KTZ;:>\2 �A.��A47�-�3bp�Z�Z�m=A.���3bº¹ �Z�»b

	 ��� ���'� �,���A!"��� �
�VT ^s^ =J,3TZF34xN��l9�RZTZ,34vG325.?@mN[9dRZ=?>K4125TZ,YG32L4M6?>��A.1254��A=sG3=sN�� �A.89<P3N52L4M41= ^ =A,S.xG3=sN��º25,U.��8hrS>19<N5=]W-TZ,36A.125TZ,3,3=AN5N5=g�-�3b �?�Z��6ATZ,341.125.1F3=vN5=vWqTZ,3G3= ^ =A,U.�.10
�ATU>\25fSF3=7G
�8_:,325414t9O,U.VN5=vWqTS> ^ 9�hN5254 ^ =Zb3��TZF3.1=8W-TZ254?@Z6AT ^s^ =],3TZF34V9<N5N5TZ,34VNL=xRXTZ2[>A@ZN5=A4V6?9<N56AF3N54];:=AF3RZ=A,S. � .8>\= ^ =A,
�A4�G:9<,34F3,	W-TU> ^ 9<N52L4 ^ =g6ATX,U.125,SF#=A,i.M= ^ ;3498[��'�� :jb �]TZF34y;QTZF3RZTZ,34yG3TZ,36IW�9<2[>\=INL=/N52L=A, =A,U.8>\=N�� �AfSF:9<.125TZ,�G3HU,:9 ^ 2LfSF3=��-�Cb[�?��=A.�N��º25,U.��ArU>19<N5=�WqTX,36A.125TZ,3,3=AN5NL=v4t9<,34�;:9<4141=?>µ;:9X>µN 9ERZ=?>K4125TZ,G325416?> �A.1=Z@3=A.V4t9<,3479�RZTX2 > � ;:>��A6A2541=?>VG3=xG325416?>	�A.1254t9<.125TZ,d.1= ^ ;:TU>\=AN5N5=Zb-�9Z>\.t9O,U.�G3=A4]6ATS>1>��AN[9<.1=AF:>\4VG3FdP:>\F325.����3b[�A¹U�»@<,3TZF34];:TXF3RZTZ,34��A6?>\2[>\=xN[9EW-TZ,36A.125TZ,dG3=

;:9X>\.125.125TZ,I41F325Re9<,S.1=s�

Zη =

∫
D [ηα] exp

{
− 1

4D

∫
ddx dt

[
η2

1 + η2
2

]} � �ybl�Z�
9�RZ=A6

∫
D [ηα] = lim

τ→0

∏

α

+∞∏

n=−∞

√
τ

4πD

∫
D [ηα,n(x)]

ηα,n = ηn =
1

τ

∫ tn+1

tn

η(t)dt
=A.

tn = nτ

��9EWqTX,36A.125TZ,gG3=E;:9Z>\.125.125TZ,
Zψ

9<4141TS6A2 �A=J9<Fd680:9 ^ ; ψ 4 � �A6?>\25.]9<N5TU>\4x�

Zψ =

∫
D [ψα] exp

{
− 1

4D

∫
ddx dt

[
(∂tψα − Fα[ψ])2

]}
|detM | � �yb	�X�

T �
M

=A41.VN[9 ^ 9<.t>\256A=�ot9O6ATZP325=A,3,3=s�

Mαβ(x, t; x′, t′) =
∂ηα(x, t)

∂ψβ(x′, t′)
� �yb[���Z�

=A.
Fα

N[9EW-TZ,36A.125TZ,3,3=AN5N5=g�
Fα[ψ] = −Rαβψβ − Uαβψβψγψγ

�3�?�



��9 ^ 9<.t>K2L6A= M =A41.];:>\TZ;QTU>\.125TZ,3,3=AN5N5= � Id+N
T��

Nαβ(x, t; x′, t′) = −θ(t − t′)δdΛ(x− x′)
∂Fα[ψ](x, t)

∂ψβ(x, t)

-{F32541fUF3=
TrNn =A4M.],UF3NmG��A4]fSF3= n ≥ 2

@3,3TXF34�9�RZTX,34��
detM = expTr lnM ∝ exp TrN

∝ exp

{
θ(0)δdΛ(0)

∫
ddx dt [Uααψβψβ + 2ψαUαβψβ]

} � �yb[�Z�?�
�vN5TU>\4?@µ4t9O,34s41; �A6A2p_:=?>I9<F36AF3,3=zR<9<N5=AF:>s;QTZF:>

θ(0)
@{NL=A4I6ATZ,S.t>\25P3F3.125TZ,34y;:=?>K.1F:>\P:9<.125RZ=A4

N52 �A=A4 � 6A=x.1=?> ^ =x4 � �AN52 ^ 25,3=A,U.v=Aa39<6A.1= ^ =A,S.]9?RX=A67N5=A4v6ATZ,U.8>\25P3F3.125TZ,34]G3FzRX=?>\.1=Aas;:>\TX;:>\=� �yb	�Z�Abµ�c9Y.10
�ATU>K2L=d=A4M.g9<N5TU>\4g9OF3.1T ^ 9<.M2LfSF3= ^ =A,S.J6?9<F3489<N5=Z@�=A.sN�� �A6?>\25.1F:>\=#���3b[�?�Z�»@mfUF3225rZ,3TS>\=xN5=x.1=?> ^ =x9<4141TS6A2 �J9<FJo89<6ATZP325=A,c@3=A41.VRe9ON 9OP3NL=E412cN��ºTZ,I2 ^ ;:TX41= θ(0) = 0
b

	 &�����( ����7����������������*! $.��� �V!"�������'�*����� � �*� ������!"���
�,�
�]TXF34]41T ^s^ =A47G3TZ,36E6ATZ,SRe9<25,36AF34xfSF3=�,3TXF347;QTZF3RZTZ,34 �A6?>\2[>\=JN[9�W-TZ,36A.125TZ,/G3=�;:9X>£h.M2L.M2LTX,d;:TZF:>V,3TX.t>\= ^ TUG��AN5=E41TZF34VN[9yW-TU> ^ =s� �yb	�X�A@Z9�RZ=A67F3,3=ERe9<N5=AF:> 1

;:TZF:>VN5=�W�9<6A.M=AF:>
;:>KTeRX=A,:9<,U.vG3=IN 9 ^ 9<.t>K2L6A=vot9<6ATXP32L=A,3,3=Z@�=A.JN[9d;:>K=A416?>\25;3.125TZ, θ(0) = 0

b ��=A.1.1=EWqTS> ^ FShN[9<.M2LTX,`=A41. ^ 9<N503=AF:>\=AF341= ^ =A,S.y2L,:9OG:9<;3.��A=�9OFi6?9<N56AF3N7;Q=?>\.1F:>\P:9<.M2lWvG3=A4 �AfSF:9<.125TZ,34sG3=rS>\TZF3;:=vG3=J>\=A,3TU> ^ 9<N5254t9<.125TZ,c@X=A.D;3N5F34]r �A,
�?>19<N5= ^ =A,S.�9OFg6?9<N56AF3Nc;Q=?>\.1F:>\P:9O.12pW&G3=A4�WqTZ,368h.M2LTX,34JG3=s6ATU>M>��AN[9<.125TZ,Y=A.JG3=g>	�A;:TZ,341=�G3=sN[9d.10
�ATU>K2L=Zbµ�m=yW-TU> ^ 9ONL254 ^ =�G3=��U9<,34141=A,Sh �v=�vT ^ 25,32L6A254?@µfSF32�F3.125N52541=dN��º25,U.8>\TUG3F36A.M2LTX,�G�ºF3,	6t0:9 ^ ;�G3HU,:9 ^ 25fUF3=d9<F3aS2LN52[9<2[>\= ψ̃α @&>��8h4MTZF3.]6A=J;:>KTZP3N � ^ = 8[���3�<@#�X�U@m�Z¼;:jb:� �º25,U.t>KTUG3F36A.125TZ,dG3=E6A=J680:9 ^ ;z9<F3aS25N52 9O2 >K=�4 �º=8k|=A6A.1F3==A,dF3.M2LN5254t9<,S.vN 9�WqTU> ^ F3N5=y�

e−
x2

2σ =

√
σ

2π

∫ +∞

−∞
dx̄ e−

1
2
σx̄2±x̄(ix) � �yb[�?�Z�

>	� �A6?>\25.1= � N �p9<25G3=sG3=sN[9IRe9Z>K2 9OP3NL= x̃ = ix̄
bc+-N�W�9<F3.v,3TZ.1=?>vfSF3=yN � 2L,S.��ArU>M9<.125TZ,Y41F:>v6A=A.1.1=

R<9Z>\2[9<P3N5=J4M=vW�9<25.79ONLTS>\4V41F:>VN��l9<aS=x2 ^ 9<rZ25,:9<2[>\=Zb � TZF34];:TXF3RZTZ,34]9<;3;3N525fUF3=?> 6A=A.1.1= �ArU9ONL25.��=A,/6t0:9OfUF3=x;QTZ25,U.vG3=xN��º=A41;:9<6A=8h�.1= ^ ;34]=A.7;QTZF:>V680:9<fSF3=xRe9<N5=AF:> G3= α � ,3TZ.8>\=]W-TZ,36A.125TZ,G3=x;:9X>\.125.125TZ,#� �yb	�X�A@<=A.],3TZF34VTZP3.1=A,3TX,34]N[9EWqTX,36A.125TZ,gG3=E;:9Z>\.125.125TZ,I41F325Re9O,U.1=s�

Zψ =

∫
D [ψα]D

[
−iψ̃α

]
exp

{∫
ddx dt

[
Dψ̃αψ̃α − ψ̃α (∂tψα − Fα[ψ])

]}

� �yb[�?�Z�
��9IW-TZ,36A.125TZ,3,3=AN5N5=sr �A,
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�V=

(I9)
)
]
−

−ᾱa
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