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Résumé

Cette these d’habilitation contient un traitement systématique des
algorithmes d’élimination pour décomposer des systemes arbitraires
de polynémes a plusieurs variables en systemes triangulaires de dif-
férentes sortes (réguliers, simples, irréductibles, ou munis de pro-
priétés de projection), en fournissant les décompositions des ensem-
bles des zéros associés. Beaucoup de ces algorithmes et les théories
sous-jacentes sont proposés et développés par I'auteur sur la base
des travaux de J. F. Ritt, W.-t. Wu, A. Seidenberg et J. M. Thomas.
Certains algorithmes pertinents comme ceux fondés sur les résul-
tants ou les bases de Grobner sont passés en revue. Des applications
de ces méthodes d’élimination sont présentées, concernant des as-
pects algorithmiques en géométrie algébrique, la théorie des idéaux
de polyndmes, la résolution des systemes algébriques, la démon-
stration automatique en géométrie, etc.
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Preface

The development of polynomial elimination techniques from classical the-
ory to modern algorithms has undergone a tortuous and rugged path. This
can be observed from B. L. van der Waerden’s elimination of the “elimina-
tion theory” chapter from his classic “Modern Algebra” in later editions,
A. Weil’s hope to eliminate “from algebraic geometry the last traces of
elimination theory,” and S. Abhyankar’s suggestion to “eliminate the elim-
inators of elimination theory.” The renaissance and recognition of polyno-
mial elimination owe much to the advent and advance of modern computing
technology, based on which effective algorithms are implemented and ap-
plied to diverse problems in science and engineering. In the last decade,
both theorists and practitioners have more and more realized the signif-
icance and power of elimination methods and their underlying theories.
Active and extensive research has contributed a great deal of new devel-
opments on algorithms and software tools to the subject, that have been
widely acknowledged. Their applications have taken place from pure and
applied mathematics to geometric modeling and robotics, and to artificial
neural networks.

This thesis of habilitation provides a systematic treatment of elimination
algorithms that compute various zero decompositions for systems of multi-
variate polynomials. The central concepts are triangular sets and systems
of different kinds, in terms of which the decompositions are represented.
The prerequisites for the concepts and algorithms are results from basic
algebra and some knowledge of algorithmic mathematics. Some of the op-
erations and results on multivariate polynomials which are used throughout
the thesis are collected in the first chapter. Chaps. 2 to b are devoted to
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describing the algorithms of zero decomposition. We start by presenting
algorithms that decompose arbitrary polynomial systems into triangular
systems; the latter are not guaranteed to have zeros. These algorithm are
modified in Chap. 3 by incorporating the projection process and GCD com-
putation so that the computed triangular systems always have zeros. Then,
we elaborate how to make use of polynomial factorization in order to com-
pute triangular systems that are irreducible. Many of the algorithms and
their underlying theories are proposed and developed by the author on
the basis of the previous work of J. F. Ritt, W.-t. Wu, A. Seidenberg and
J. M. Thomas. A brief review of some relevant algorithms including those
based on resultants and Grobner bases is given in Chap. 5. Elimination
methods play a special role in constructive algebraic geometry and polyno-
mial ideal theory. Chap. 6 contains investigations on a few problems from
these two areas. The last three chapters of the thesis discuss several selected
applications of symbolic elimination methods.

Most of the algorithms presented in the thesis have been implemented
by the author in the Maple system, and they are among the most efficient
elimination algorithms available by this time. The algorithms are described
formally so that the reader can easily work out his own implementation.
Nevertheless, both theoretical complexity and practical implementation is-
sues are not addressed in the thesis.

The first six chapters and part of Chaps. 7-9 of this thesis are published
by Springer-Verlag Wien New York as a monograph entitled “Elimination
Methods.” Part of the material was also taught by the author at RISC-Linz,
Johannes Kepler University a few times from 1989 to 1998.
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1

Polynomial arithmetic and zeros

We start by collecting some concepts, operations and properties on multi-
variate polynomials, which are fundamental and will be used throughout
the following chapters. Most of the results presented here are not proved
formally; their proofs may be found in standard textbooks on algebra.
Wherever no reference is given, the reader is advised to look up them in

van der Waerden (1950, 1953) and Knuth (1981).

1.1 Polynomials

Let R be a ring and
L1,X2,...,&n

be n symbols, not in R, called indeterminates, unknowns or variables.

We often write @ for x1,za,..., 2y or (£1,%2,...,2,). For n non-negative
integers i1,1s, ..., 1,, one can form a power product
i1 is i
p=zxtelxr.

It is called a monomial.
Let a be an element of R, 1.e., a € R. The formal expression

o =ap=azr ey -xn

is called a term and written sometimes as o = ax®, where

x=(r1,...,29), t=1(i1,...,1n).
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The above a 1s called the coefficient of a. The term « is said to be non-zero
if a £ 0.

For an n-tuple ¢ = (i1,...,4,), the Ith element ¢ is denoted op(l, ).
Sometimes we write 1"} for (i1,...,%4). Any two n-tuples ¢ and j of non-
negative integers are said to be distinct if there is an { (1 <1 < n) such
that op(l,4) # op(l, 7). Two monomials #* and @7 are distinct if so are i
and j. Let ay,...,a; € R and 2q,...,% be t pairwise distinct n-tuples of
non-negative integers. The finite sum

t
P=> az" (1.1.1)
=1

is called a polynomial in the indeterminates @ with coefficients aq, ..., a; in
R. A polynomial P is 0 if all the terms of P are 0,1.e., a1 = --- = a; = 0.
Since the term 0 can be arbitrarily added to and deleted from a polynomial,
we assume that in any non-zero polynomial P all terms are non-zero, i.e.,
ar #Z0,...,a; # 0, and call ¢ the number of terms of P. P is said to be a
constant if P € R. Let 2* be a monomial. If there is an ¢ € R and a # 0
such that the term aa* appears in P, then a is called the coefficient of P
in @?, denoted by coef(P, 2?). Otherwise, coef(P, &%) is defined to be 0.

Let P be a non-zero polynomial as in (1.1.1) and xj an arbitrary inde-
terminate. We define the degree of P in zj as

deg(P, xy) = ki
eg( axk) 1H§1lasxtop( all)a
where 2 reads “is defined to be.” For convenience, we define deg(0,2) = —1.

The total degree of P is defined by
A .
tdeg(P) = max kE_lop(k, ir).

A polynomial is said to be homogeneous if all its monomials have the same
total degree.

Ezxample 1.1.1. The following is a polynomial in z1,...,z4 with integer
coefficients

2 2
Iy =z +x105 — 2oy — T12T274 + 122 + 322,

One sees that

coef(Fy, z1zo24) = —1, coef(Fy, zo23) = 0,
deg(Fl,xz) = 1, deg(Fl,x4) = 2,
tdeg(Fl) = 3,

and Fj 1s not homogeneous. a
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Let \
0=
=1

be any other polynomial. The sum of P and () is defined as

P+Qézclwkla

=1

where kq,... k, are all the distinct n-tuples among 21,...,2¢,71,..., 7,
and
¢ = coef(P, &%) 4 coef(Q, 2®), 1=1,... r

Form the n-tuples

kiujv = (Op(lalu) +Op(1ajfu)a .. .,Op(n,iu) + Op(naj'u))a
u=1,...,6; v=1,...,s,

and let ki,... k. be all the distinct ones among them. The product of P
and @ 1s defined as

-
A
PQ = E clazk’,
=1

where

¢ = Z ayby, 1=1,... 7

kiujv =k;

Theorem 1.1.1. Under the above definition of addition and multiplica-
tion, all the polynomials in @ with coefficients in R form a ring.

The ring of polynomials in the n indeterminates x1, ..., z, with coeffi-
cients in R is denoted by R[z1,...,z,], or R[x] for short. It is also known
as a polynomial ring derived from R by adjoining x. If R is commutative,
then so is R[x]. If, in particular, R is the integral ring Z, then R[] is a
ring of polynomials with integer coefficients.

Theorem 1.1.2. If R is an integral domain, then so is R[x].

Remember that n is the number of variables ®. We say that the polyno-
mials are uniwartate if n = 1, bivariate if n = 2, and multivariate if n > 2.
Accordingly, the polynomial ring R[x] is said to be univariate, bivariate
or multivariate respectively, depending on whether n is 1, 2 or > 2. The
multivariate polynomial ring R[#] derived from R by adjoining the inde-
terminates @ can also be considered as the ring R[x1][®2] - - -[2,] derived
from R by successively adjoining the indeterminates zq, 2, ..., z,.

Theorem 1.1.3. R[z1]---[x,] = Rlzg,]- - -[24,] = R[z], where ¢1---¢,
is an arbitrary permutation of 1---n.
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Therefore, a multivariate polynomial P € R[x] can also be understood
as a univariate polynomial in a fixed indeterminate, for example, in x,, with
coefficients in R[z1,...,2,_1]. In other words, P may be considered as an
element of R[z1"~1[z,].

By a polynomial set we mean a finite set of non-zero polynomialsin R[x].
While speaking about a polynomial system, we refer to a pair [P, Q)] of poly-
nomial sets. As a general convention, in this thesis we denote polynomials
by capital letters like P, @Q, F', polynomial sets by blackboard bold letters
like P, @, T, polynomial systems by Gothic (Fraktur) letters like P, %, &,
and sets or sequences of polynomial systems by Greek letters like W.

In what follows, let us fix an ordering for the indeterminates

Ty << Ty
Definition 1.1.1. For any two distinct monomials #* and 7 with
t=(i1,..,%n), 7= 1, --,0n),
we say that @? precedes ®9 or @ follows x*, denoted as
#t <a? or @7 - b,
if there is a k (1 < k < n) such that
In = Jn,---ytt1l = Jr+1 while i < ji.

Under “<” all the monomialsin @ may be ordered, and so may the terms
of any non-zero polynomial in R[x]. We call “<” the purely lezicographical
ordering of monomials or terms.

In fact, any non-zero polynomial in R[#] can be written in the form
(1.1.1) with

ay #0,...,a: 70, a; € R,

==

In this case, @* is called the leading monomial, ai@* the leading term
and a; the leading coefficient of P, denoted by Im(P), It(P) and lc(P)
respectively. When P ¢ K, the biggest index p such that

deg(P, z,) = deg(z*,z,) > 0

is called the class, z, the leading variable, and deg(P, x,,) the leading degree
of P, denoted by cls(P), Iv(P) and ldeg(P) respectively. Symbolically,

V(P) = xagpy, ldeg(P) = deg(P,1v(P)).

For any P € K and P # 0, we define the class, the leading variable, and
the leading degree of P to be 0, zy, and 0 respectively, where z; 1s a new
variable ordered to be < ;.
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Let P be a polynomial with cls(P) = p > 0, which may also be considered
as one in #,. Any other polynomial @ € R[z] is said to be reduced with
respect to P if deg(Q, z,) < ldeg(P). The leading coefficient lc(P, z,) of P
in #, is called the initial of P, denoted by ini(P), which is a polynomial
in z1,...,2p—1. The nitial of any P € K is defined to be itself. For any
polynomial set P, we define

ini(P) £ {ini(P): P € P}.

Ezxample 1.1.2. With 1 < -+ < x4, the polynomial F; in Example 1.1.1
may be rewritten as

Fi = zi2} + 25 — v12004 — 2224 + 2122 + 329
= (21 + 1)z + (—2102 — x2)Ta + 2122 + 320

We have

le(Fy) =1,

Im(Fy) = It(Fy) = z123,

cls(Fh) =4, Wv(F) = x4,

ldeg(Fy) =2, ini(Fy) =« + 1.
The polynomial

Iy =xix4 + 23 — 2129

is reduced with respect to P, but neither i1s Fy, with respect to Fs. a

1.2  Greatest common divisors, pseudo-division and
polynomial remainder sequences

Let the ring R be restricted to a unique factorization domain (abbreviated
to UFD), i.e., a commutative ring with identity. In this case, ab # 0 when-
ever a and b are non-zero elements of R, and every a € R either 1s a “unit”
or has a “unique” representation of the form

@G =pi1---Pt, tZL

where pq, ..., p: are “primes.” Every field is a UFD, in which each non-zero
element is a unit and there is no prime. When R is assumed to be a UFD,
by Theorem 1.1.2 R[x] is also a UFD.

Let F and G be two polynomials in R[], with G # 0. We say that G
divides I or F is divisible by G, denoted as G | F, if there exists a quotient
polynomial @ € R[] such that

F=QG.

In this case, GG is called a divisor of F', and F is called a multiple of G.
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Definition 1.2.1. Let Py, ..., Ps; be non-zero polynomials in R[x]. A poly-
nomial G € R[x] is called a greatest common divisor (GCD) of Py, ..., P;
if G divides Py, ..., Ps and every common divisor of Py, ..., P divides G.

A polynomial L € R[x] is called a least common multiple of Py, ... Psif
all P, ..., P; divide L and L divides every common multiple of Py, ..., P;.

The polynomial GG in this definition is not unique: For any unit a, aG
1s also a GCD. However, by the UFD property any two GCDs are different
only by a unit factor. Hence, all the GCDs of Py,..., P; will be considered
identical. Tt is so also for the least common multiples. Let P = {Py, ..., P}.

ged(P) = ged(Pr,y ..., Ps) and lem(P) = lem(Py,. .., Ps)
stand for any GCD and least common multiple of Py, ..., Ps respectively.
Ezxample 1.2.1. Consider the polynomials
G1 = 31‘421 — 31‘2l‘4 + 61‘1l‘4 — 31‘3l‘4 + 31‘2l‘3 — 61‘1l‘3,
G2 = 61‘421 + 151‘1l‘21‘4 — 61‘3l‘4 — 15l‘1l‘21‘3.
One can verify that 3xs — 3x4 divides both G; and G5. Actually, x4 — z3
(multiplied by any constant) is a GCD of G; and Gs. a

Let F' be a polynomial in R[#] and z;, a fixed variable. While considered
as a polynomial in x;, F' can be written as

F=Fol' + Fel ™ 4+ Fp,
FieRlxy, ... 251, %41, .., 2],

where m = deg(F, zx). In this expression, F,,_; is called the coefficient
of F'in 732 and denoted by coef(F, $2) for each i. In particular, Fy is the
leading coefficient of F in xy, denoted by lc(F, ). Namely,

le(F, ) = coef(F, xzeg(f’wk)).

The polynomial F' — Fyz7" is called the reductum of F' with respect to x
and denoted by red(F, zx). When z, = Iv(F), it is omitted in red(F, zj).
Symbolically,

le(F, ) £ Fo,

red(F, zy) £ le?_l + -+ By,
red(F) 2 red(F,1v(F)).

Any greatest common divisor of Fy, ..., F,, as polynomials in R[zq,.. .,
Th_1,Lkt1, ..., 2n) s called the content of F with respect to xg, denoted
by cont(F, zg). If cont(F,z;) € R, then F is said to be primitive with
respect to . For any non-zero polynomial F', F//cont(F, z) is called the
primitive part of F with respect to zj, denoted by pp(F, zj); therefore, F'
may be written as

F = cont(F, zx) - pp(F, xp).
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Lemma 1.2.1. (Gauss’ lemma). The product of primitive polynomials
over a UFD 1s primitive.

Let F' # 0,m = deg(F, ) as above and G be any other polynomial of
degree [ in x. For pseudo-dividing G by F' — considered as polynomials
in xg, we have a division algorithm as follows. Let R = G; Repeat the
following process until » = deg(R, zx) < m:

R FoR — Rox!, ™ F,

where Ry = le(R, ). As r strictly decreases for each iteration, the pro-
cedure must terminate. Finally, one obtains two polynomials @ and R in
RJx] satisfying the relation

G = QF + R, (1.2.1)

where
I=lc(F, xr), ¢=max(l—m+1,0),

deg(R, xp) < m, deg(Q,zr) = max(l —m, —1).
Incase m =0, R=0and Q = G'F.

The expression (1.2.1) is called a pseudo-remainder formula; @ is called
the pseudo-quotient and R the pseudo-remainder of GG with respect to F'in
zj, denoted by pquo(G, F, zi) and prem(G, F, xy) respectively. Actually,
the polynomials @ and R in (1.2.1) are uniquely determined by F and G.
This fact is stated as follows for late use.

Proposition 1.2.2. Let the polynomials F, G, I, @, R and integer ¢ be as
above. If )/ and R’ are two polynomials in R[x] such that

NG=Q'F+ R,
then @’ = @ and R’ = R.
Proof. Knuth (1981, pp. 402 and 407). a

The process of acquiring () and R in pseudo-dividing GG by F is called
a pseudo-reduction (with respect to zy). It is a fundamental operation
underlying many of the algorithms described in this thesis and thus will
play a key role in the following chapters. For this reason, let us describe the
computational process of a pseudo-remainder in the form of the following
algorithm.

Algorithm prem: R« prem(G, F, z). Given two polynomials G, F € R[x]
and a variable € {a}, this algorithm computes a pseudo-remainder R of
G with respect to F'in x.

P1l. Set R« G, r+deg(R,2), H+— F, h+deg(H,z),d+r—h+1.
P2. If h < r then set L« lc(H,z), H < red(H, z) else set L+ 1.
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P3. While h <r and R # 0 do:

P3.1. Compute T+ 2" ~"lc(R, z)H.
P3.2. If r = 0 then set R+ 0 else set R+ red(R, z).
P3.3. Compute R+ LR — T and set r+deg(R,x),d—d— 1.

P4. Return R« LR.
When 2z, = Iv(F), it is omitted in prem(G, F, z;). For a polynomial
set Q, prem(Q, T;) stands for {prem(@,T;): @ € Q@}. The following simple

example illustrates the division process. More complicated calculations will
be given in the next example.

Erample 1.2.2. Let
F=uxy’+1, G=2y>—y*+2%.

With respect to y, the corresponding R and @) can be calculated as follows

2zy —x =q

vy +1 ) 28—yt 4y G

2ry® — xy? + 23y zG

—(22y° + 2y) —2yF

—zy? 4+ 23y — 2y R

—z2y? + 2ty — 2xy TR

—(—2?y? — ) rF

ty — 2y +zx =R.

This implies that

’G = (2vy — o) F + 2ty — 2ey + x. (1.2.2)

a

The integer ¢ in (1.2.1) may be determined as small as possible, provided
that the division process does not introduce fractions into ¢ and R. For
example, the multiplier L¢ in step P4 of prem may be omitted (for some
applications). One can take ¢ = 1 instead of 2 in (1.2.2) so that it simplifies
to

vG =2y — )F + 2%y — 2y + 1.

Taking the smallest ¢ is rather crucial for control the size expansion of
the pseudo-remainder in practical computation. Moreover, one can modify
the formula (1.2.1) by replacing I9 with I{* ---I% where I1,...,I. are all
the distinct irreducible factors of I (see Sect. 1.4 for the definition of irre-
ducibility), and choosing the smallest ¢y, ..., ¢ so that the corresponding
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pseudo-remainder formula still holds. For this modification the determina-
tion of R requires additional computation and thus takes more time at every
individual step. However, the modified division may avoid some redundant
factors so that the subsequent computation profits.

Ezrample 1.2.3. Refer to the polynomials Fi, Fs, G1, G2 given in Exam-
ples 1.1.1, 1.1.2 and 1.2.1. Pseudo-dividing Fy by Fb in x4, we get the
following pseudo-remainder formula

l‘%Fl = QFQ —|— R,
where

B2
Q =airs+ 124 — 2123 — T3,

F = prem(Fy, Fa) = w123 + 23 — 23wows — r12023 + 2520 + 32i2s.
One can also verify that

Gz = prem(Gy, Ga, 24)
= —4bxiwory — 18xsxwy + 362124 + 45212223 + 18w023 — 362123,
5 = prem(Fy, G, z4)
= 6x1x324 + 62324 — 159:%1‘29:4 —21lx1xomy — 6woxy + 159:%1‘29:3
+15x @003 + 62122 + 1829,
and
cont(Fy, x4) = 1,
cont(G, x4) = cont(Ga, 24) = cont(Gh, x4) = 3,
cont(Glg, x4) = 4bx122 + 1822 — 3621,
pp(Gs, 24) = 23 — 24.
|

Two polynomials F', G € R[«] are said to be similar, denoted as F «~ G,
if there exist a,b € R, ab # 0, such that a/" = bG.

Let the polynomials GG and F' be renamed P, and Ps, and assume that
deg(P1, z) > deg(Pa, z). We form a sequence of polynomials

PlaPZaPE}a"'aPr

such that

Py~ prem(P_q, Py, 1), t=3,...,r

and
prem(P,_1, Py, ;) = 0.

Such a sequence is called a polynomial remainder sequence (abbreviated
PRS) of G and F' with respect to xj.
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From the pseudo-remainder formula and the formation of PRS one may
see that
ng(Pla Pz)ang(Pza P3)a A 'ang(PT—la PT)a PT

differ from each other only by factors of polynomialsin R[zy, ..., #5_1, k11,
., &p]. If P; and Ps are both primitive with respect to xj, then
ged(G, F) = ged(Py, P2) = pp(Pr, k).
It is easy to see, on the other hand, that

ged(G, F) = ged(cont (G o), cont(F, 2y)) - ged(pp(G, zx), pp(F, 2))

for any polynomials G and F'. It follows that the formation of PRS provides
a means for determining the GCD of two polynomials; while the determi-
nation of GCDs of more polynomials can be easily reduced to the case of
two polynomials.

Ezxample 1.2.4. Consider the polynomials in Example 1.2.1. Calculations
using Algorithm prem show that

prem(Ga, Gz, 24) = 0,
% = prem(Ga, G, 24)
= 24301‘%1‘%1‘% + 32409:?36%1‘% — 2430l‘%l‘§’l‘3 + 8641‘11‘21‘%
—540z 2323 + 216232023 + 13502 2323 — 2162ixir;
—324023r3xs — 1350z t23es + 5402 2323 — 864212323
+1296x1 23 + 2162723 + 62102723 + 59402323 + 13502 23
—1—16201‘11“;’ — 6481‘%1‘3 + 6481‘21‘% + 19449:%,
prem(G%, GY, x4) = 0.
Thus, Gy, Ga, G5 and Fy, G, G4, GY are both PRS. Tt follows that
ng(Gla GZ) = pp(G3a $4) = I3 — T4,
ged(Fr, Ga) = pp(GY, 24) = 1.
O
Definition 1.2.2. A sequence of non-zero polynomials Py, Ps, ..., P, in R[z]
with
r>2, dy =deg(P;,x), di>da, I =lc(P,x)

is called the subresultant polynomial remainder sequence (subresultant PRS)
of P; and P, with respect to x if

Piyo = prem(F;, Piy1,2)/Qit2, 1 <i<r—2,
prem(P._y1, Pr,z) =0,
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where
Qs = (—1)h-d2+l Hy= 1,

di_o—d;_1
Qi =—-L_2H, ;

_ l—diatdi—s .
Hi = (=ljp)thmemdime oot 02—y "

5 gy

In the following section we shall present several known results about
subresultants. They ensure that subresultant PRS above is well-defined,
ie., P; € R[x] for all i > 3 so long as Py, P» € R[z].

1.3 Resultants and subresultants

The resultant of two univariate polynomials F, G € R[z] is a form in the
coefficients of F' and G whose vanishing provides certain conditions for
these two polynomials to have common zeros for . A common zero z of F
and ¢ is meant a number in some extension of the quotient field of R such
that F'(z) = G(z) = 0. It will be defined formally in Sect. 1.5. An ideal
reference for this section is Chap. 7 in Mishra (1993).
Let F and G be of respective degrees m and ! in  with m > [ > 0,
written as
F=apx™+a1x™ 4+ 4 a1 + am,
G="bor! + b1+ F b1z +b.

We form a matrix of dimension m +1[ by m 4+, called the Sylvester matriz
of F and (G with respect to z as follows

(1.3.1)

ag aq e A
ag aq e A
. ag aq e A
M = bo by - b )
by by by
bo by - b

where the blank spaces are filled with 0 as usual.

Definition 1.3.1. The determinant of the Sylvester matrix M is called the
Sylvester resultant or eliminant of F and G with respect to z, denoted

res(F, G, ).

As usual we use det(O) to denote the determinant of any square matrix
O. The resultant res(F, G, z) = det(M) is homogeneous of degree [ in the
a; and of degree m in the b;.

Ezxample 1.3.1. Consider the cubic polynomial
F=ar®+br’+cx+d
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in z. The resultant R of F' and its derivative

dF
— =3az? +2bx +¢
dx
is also called the discriminant of F'. A necessary and sufficient condition
for F' to have multiple zeros 18 R = 0.
The 5 x5 Sylvester matrix M of F and dF/dx with respect to a is shown
below

a b ¢ d 0
0 a b ¢ d
M = 3¢ 2b ¢ 0 O
0 3a 2b ¢ O
0 0 3a 2b ¢

Thus, the resultant of F' and dF/dx with respect to « is

dF
res(F, p z) = det(M) = —a(27a*d* — 18abed 4 4b3d + 4ac® — b*c?).
x
|

Lemma 1.3.1. Let F' and G be as in (1.3.1). Then there exist polynomials
A, B € R[«] such that

AF + BG =res(F, G, z),
where deg(A, z) < deg(G, z) and deg(B, z) < deg(F, z).

A proof of this lemma can be found, for example, in van der Waerden
(1953, p. 85) or Mishra (1993, pp. 228-229). As a consequence of the above
lemma and definition, we have the sufficiency in the following theorem.

Theorem 1.3.2. Let F and G be as in (1.3.1). Then res(F, G, z) = 0 if
and only if either F' and GG have a common zero or ag = by = 0.

The necessity can be proved without much difficulty (see, e.g., van der
Waerden 1953, pp. 83-84). Therefore, if one of ap and by is non-zero,
res(F,G,z) = 0 is a necessary and sufficient condition for F and G to
have a common zero.

Now let M;; be the submatrix of M obtained by deleting the last j of
the [ rows of F' coefficients, the last j of the m rows of (G coefficients and
the last 25 4+ 1 columns, excepting column m+1{—:—j for 0 <:<j <.

Definition 1.3.2. The polynomial

S;(x) = Zdet(Mlj)xi

is called the jth subresultant of F' and G with respect to z, for 0 < j <
. Here deg(S;,z) < j, and R; = det(M;j;) is called the jth principal
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subresultant coefficient (PSC) or the jth resultant of F' and G with respect
to x.

If m > {4+ 1, the definition of the jth subresultant S;(z) and PSC R; of
F and G with respect to z 1s extended as follows:

Si(x) =o' G, Ry =007 Sj(e)=Rj=0,1<j<m—1.

S; 1is said to be defective of degree r if deg(S;,x) = r < j, and regular
otherwise.

It is easy to see that Sy = Ry 18 the resultant of F' and G with respect
to x.

Theorem 1.3.3. Let F and G be two polynomials in R[z] with m =
deg(F,z) > deg(G,z) =1 > 0 and S; be the jth subresultant of ' and
G with respect to @, for 0 < j < m — 1. Then there exist polynomials
A;, B; € R[z] such that

AjF + BjG = Sj,
where deg(A4;, ) <! —j and deg(B;,z) < m — j.

Proof. Mishra (1993, pp. 255-256). a

Definition 1.5.3. Let F and G be two polynomials in R[z] with m =
deg(F, z) > deg(G,z) =1 > 0 and set

[ m=1 ifm>1
=11 otherwise.

Let S,41 = F, S, = G, and S; be the jth subresultant of F' and G with
respect to @ for 0 < j < u, The sequence of polynomials in R[]

Spt1, S, Su—1,...,5

is called the subresultant chain of F' and G with respect to z. It is said to
be regular if all S; are regular, and defective otherwise.
Let

le(S;,z) if S; is regular,

0 otherwise for0<j=<n

Ru+1 Il and Rj :{

The sequence of polynomials
RN+1aRua . 'aRO
is called the PSC chain of F' and G with respect to z.

The PSC chain defined here 1s consistent with the PSCs in Definition 1.3.2.
In fact, for 1 < j < p R; above is the jth PSC, which vanishes when S; is
defective.
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Theorem 1.3.4. (Subresultant chain). Let 5,11 and S, be two polyno-
mials in R[z] with deg(S,41,2) > deg(S,,z) > 0 and

Sut1,5u, 550
be the subresultant chain of S, 1; and S, with respect to x, with PSC chain
Ry, Ry, ..o, Ro.
If both S;41 and S are regular, then
R?_l_lSj_l = prem(S;4+1,S;,2), 1<j<pu.

If S;4+1 is regular and S; is defective of degree r < j, then

Sjc1=Sja=-=841=0, -1<r<j<uy,
R:;_T_’{ST =1lc(Sj, ) 7S5, 0<r<j<up,

(=1~ RILTT2S, ) = prem(Sj41, 8j,2), 0<7<j<p.

Proof. Loos (1983, pp. 122-123) or Mishra (1993, pp. 268 and 274-283). O

Theorem 1.3.4 provides an effective algorithm for constructing subresul-
tant chains by means of pseudo-division. However, in the case deg(Syu41, %) =
deg(Syu, ), Sut1 is defective and thus how to obtain S,_1 is not covered
by the theorem. To deal with this special case, we need the following result
which will also be used later.

Proposition 1.3.5. Let ¢ denote a ring homomorphism of R into an-
other UFD R as well as its induced ring homomorphism of R[z] into R[x],
F,G,m,l be as in (1.3.1), and

ao = ¢(ag), bo = ¢(bo), m =deg(¢(F),x), [ =deg(d(G),z).

Then with respect to « the jth subresultant Sj of ¢(F) and ¢(G) is equal
to the jth subresultant S; of [' and ¢ multiplied by 4, i.e., Sj =45;, for

0 < j <max(m,l) — 1, where

1 if agbo # 0,
5 il ifag 2 0 and bo = 0,
bgn—m if Elo =0 and bo ;é 0,
0 if Go = bo = 0.
Proof. Corollary 7.8.2 in Mishra (1993, pp. 264-265). a

We turn back to the subresultant chain as before and consider S,y as
obtained from a generic polynomial S of degree 4 1 in x with indetermi-
nate coefficients by specializing lc(S, ) to 0 and coef(S, #*) to coef(S, 41, 2°)



1.3 Resultants and subresultants 15

for ¢ = p,...,0. According to Proposition 1.3.5, 5,_; is identical to the
(1 —1)st subresultant of S and S, with respect to # multiplied by le(S,, ).
It follows that

Su—1 = le(Sy, @)prem(Suy1, Sy, ).

From Theorem 1.3.4 and the above discussions, we derive the following
algorithm for computing subresultant chains.

Algorithm SubresChain: & + SubresChain(F, ). Given two polynomials
F,G € R[z] with deg(F, z) > deg(G, z) > 0, this algorithm computes the
subresultant chain & of F' and G with respect to z.

S1. Set m+«deg(F,z),l +—deg(G, x). If | < m then set j < m— 1 else set
Jj 1. Set
Sip1<F, Sj+6G, Rjja+1, pej.

S2. If S; = 0 then set 7+ — 1 else set 7+ deg(S;, ). Set S, + 0 for
k=j—1,—2 .. r+1.

S3. If 0 < r < j then compute
Sy < 1e(S;, 2)17"S; /RIT.
If » <0 then return
S« [Sut1,Su,---,S0]
and the algorithm terminates.
S4. If r = m = [ then set T «lc(G, z) else set T + 1. Compute
Sy—1 = Iprem(Sj 1, 57, 2) /(= Rja)’ "+,

Set jr—1, Rjt1 ¢ 1c(S41,2) and go back to S2.

Erample 1.3.2. Let

F=—zt— 28322 4+ 22— 24 42,72 -1,

G=uax4 2222 —r2224+ 24— 224 1.

Application of SubresChain yields the following subresultant chain of /' and
G with respect to a:

F, G, —Hz* H%* (=224 10)H? (*—=2241)2HY,

where H = 23 —224+r?—1. Now, u = 4; S4, S3, Sp are regular and S5, S3, S1
are defective of degrees 4,2, 0 respectively. a
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Definition 1.3.4. Let S,41 and S, be two polynomialsin R[z] with deg(S,41,
z) > deg(S,, z) > 0 and

S: SN+1’SN""’SO

be the subresultant chain of S, and S, with respect to z. A finite se-
quence

dladza"'adr

of steadily decreasing non-negative integers is called the block indices of &
if di = p+ 1, each Sy, is regular for 2 <7 < r, and for any 0 < j <y and
J&{ds, ..., d,} S; is defective.

The sequence of regular subresultants

Sd2,~~~,Sdr

is called the subresultant reqular subchain (SRS) of S,41 and S, with re-
spect to x.

The subresultant chain & possesses interesting block structures charac-
terized by its block indices dy, ..., d,. The first block consists of the single
term S, 41. For any 2 <1 < r, we have

Sd, 75 0, Sd, - Sdl_l—l and Sdl_l—Z == Sd,+1 =0.

Namely, the ith non-zero block of & can be put in the form

Sai_1-1,0,...,0,5,,

where Sq,_, 1 Sq, and d;_1 — 1 > d;. If d, > 0, then

this is the last block, called the zero block, of &. The block structure of &
is illustrated in Fig. 1.



1.3 Resultants and subresultants 17

SN+1 [ 1 dl
SN [ 1
1
1
I 1 d2
1
1
1
1
—————
1
1
——— d,
1
1
1
So I

Fig. 1

The following theorem establishes the relationship between subresultant
PRS and subresultant chains and shows that subresultant PRS is well-
defined (see Definition 1.2.2).

Theorem 1.3.6. Let S,41,S5,,...,50 and di,ds,...,d, be as in Defini-
tion 1.3.4. Then the sequence of polynomials

Sdl ) Sd1—1a Sdz—la cey Sdr—l—l
is the subresultant PRS of S, 4, and S, with respect to z.
Proof. Collins (1967) or Mishra (1993, pp. 272-273). a

It is easy to see that
Sut1,5u, 545, -+, 54,

is also a PRS of 5,41 and S, with respect to «. Thus, the SubresChain algo-
rithm may be modified to compute PRS, subresultant PRS and resultants
of polynomials.

Ezrample 1.3.3. As a more complicated example, consider
Py = 729y% — 145823y + 72922y* — 4158zxy* — 1685y + 72925y?
—1458z°y? — 2619x%y? — 489223y% — 297x%y? 4 5814xy?
+427y% 4+ 72928 4+ 21627 — 29002° — 23762° 4 3870z
+407223 — 118822 — 16562 + 529,
Py = 2187y* — 437423y? — 97222y — 124742y? — 2868y? + 2187x°
—19442° — 101252* — 480023 + 250122 + 4968z — 1587.
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The subresultant chain & of P; and P with respect to y is

56 = Pla
55 = PZa
Sy = 2187Ps,

Ss = 15496819562%(—87482%y? — 826202y — 8478xy? + 498y” + 2187
—T7762° — 18252 + 481223 + 478722 — 5402 — 2766),

Sy = —194422F, F, S,

Sy = 120503268898562°F) F, F2F2,

So = 8033551259904 F4 F,

where
=18z -1,

Fy, = 812% 4 81z + 83,

F3 = 812% 4 18z + 28,

Fy = 7292* 4+ 97223 — 10262? 4 1684z + 765.
Hence, the block indices of & are 6,4,2,0, and

SGa S5a S3a Sl

i1s a subresultant PRS of P; and P, with respect to y. The polynomials
above are written in factorized form for brevity and readability.
If, for instance, z is specialized to 1/18, then Fy becomes 0. Let

Sj25j|_118 j=6,...,0.

Then, S; =S, =0 and §0, S5 are both constants. Thus the block indices
of the specialized subresultant chain are 6,4,0. An application of Proposi-
tion 1.3.5 ensures that the jth subresultant of Sg and S5 with respect to y
1s identical to Sj for each j. Hence Sg, S5, S3 is a subresultant PRS of S
and S5 with respect to y. a

Resultant-based elimination theory is one of the classical in constructive
algebra and has wide applications in modern computer algebra and geome-
try. The idea and its development owe to L. Euler, E. Bézout, A. L. Dixon,
A. Cayley, and J. J. Sylvester, among others. Two easy references are van
der Waerden (1950, 1953) and Chap. 7 in Mishra (1993). In Sect. 5.4 of
this thesis, we shall explain another formulation of univariate resultants
and introduce multivariate resultants as well as various related elimination
techniques.

The often-mentioned modern references to the concept, theory and al-
gorithms of subresultants include Collins (1967, 1971), Brown and Traub
(1971), Knuth (1981), Loos (1983) and the early approach of W. Habicht.
Here we want to point out the earlier work by Thomas (1937, 1946) in
which the concept was also introduced.
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1.4 Field extension and factorization

Let R be a UFD. A polynomial F' € R[x] is said to be irreducible over RO
R if 1t cannot be written as the product of two non-constant polynomialsin
R[az] Otherwise, F is said to be reducible over R. Over R, any polynomial
can be factorized as the product of irreducible polynomials uniquely up to
a constant factor.

Now let K be the quotient field of R. One simplest, concrete example
of R is the ring Z of integers, where K becomes the rational number field
Q. According to a lemma of Gauss (see van der Waerden 1953, p. 73), if a
polynomial in R[«] factors over K, so does it over R. It is therefore appro-
priate to deal with factorization over K instead of R. A very fundamental
problem is to factorize a given polynomial in K[x] as the product of ir-
reducible polynomials in K [«]. This conceptually simple problem is by no
means trivial as far as practical computation is of concern. Nevertheless,
powerful algorithms have been well developed (see Knuth 1981, pp. 420-441
for instance) and implemented in popular computer algebra systems. We
shall feel free to use such algorithms and software systems when polynomial
factorization over K is necessary.

In Chap. 4 of this thesis is also needed factorization of polynomials in
K[x] over algebraic extension fields of K. Let us explain this precisely as
follows.

Let @ be an element in some extension field K of K, but not in K.
Denote by K () the set of all rational functions F(6)/G(f), where I and
G are both polynomials in # with coefficients in K and G(#) is non-zero in
K. Then under the operations of IN{, K (f) constitutes a field containing
K, called a simple extension field obtained from K by adjoining 6. If, for
any univariate polynomial A € K[y], A(8) # 0, then @ is a transcendental
number over K and K (6) is called a transcendental extension field obtained
from K by adjoining 0. In this case, K (f) is also called a rational function
field of K.

Next we turn to the case when there exist polynomials A € K[y] such
that A(f) = 0. Let A be one of such polynomials which have minimal degree
m in y. Now, 0 is an algebraic number over K, K () is called an algebraic
extension field obtained from K by adjoining 6, and m is called the degree
of @ or K(#) over K. The polynomial A is obviously irreducible over K.
It is called an adjoining polynomial of 6.

Let F(0)/G(f) be an arbitrary number in K (6). Since G(0) # 0 and
A € KJy] is irreducible over K, G and A do not have any common zero.
This implies that res(G, A, y) € K is non-zero. By Lemma 1.3.1, there are
polynomials K, L € K[y] such that

KG+LA=1, (1.4.1)

where deg(L,y) < deg(G,y), deg(K,y) < deg(A,y) = m. Dividing FK by



20 1. Polynomial arithmetic and zeros

A leads to the following remainder formula
FK =QA+ R, (1.4.2)

where @, R € K|y] and deg(K,y) < m. From the expressions (1.4.1) and

(1.4.2), one gets
F L

As A() = 0, it follows that
F) _
aie) ~ MO

Therefore, an arbitrary number in K () can be represented as a polynomial
of § whose degree is less than or equal to m—1. The representation is unique
and can be constructively determined via algebraic operations.

Note that 8 1s only a symbol and in general it cannot be given explicitly.
What we are usually given is the irreducible polynomial A, by means of
which @ is defined. In view of this we shall denote K (8) simply by K (y)
when the adjoining polynomial A is mentioned.

Now consider a sequence of » (> 1) polynomials

Al(yl)aAZ(ylayZ)a .. 'aAT(yla .. 'ayT)a

in which A; € K[y1,...,y] and deg(4;,y;) > 1 for each i. Such a sequence
satisfies the property that each A;, considered as a polynomial in y;, is
irreducible over the algebraic extension field

K, =K(y) - (yi-1) = K(y1,...,¥i-1)

with Ay, ..., A;—1 as adjoining polynomials, respectively. Therefore, we
have a sequence of algebraic extension fields K1,..., K,. For each z the
ordered set

A =T[4y, .. A

of adjoining polynomials will be called an irreducible ascending set, and
K ; an algebraic extension field of K with adjoining ascending set A; .

Let A, and K, be as before and a polynomial F € Klyi,...,yr, Yl
considered as ' € K ,[y], be reducible over K,. Then an irreducible fac-
torization of F' is of the form

F=F . F,

in which each F; € K, [y] is irreducible over K, and ¢t > 2. We shall see in
Sect. 4.1 that there are polynomials Fy, ..., Fy, Q1,...,Qr € K[y1, ..., Yr, Y]
and D € K[y, ..., yr] such that

I[(DF —F - F) =Y QiA;,
i=1
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where T is a power product of lc(A;, y;). Alternatively the factorization of
F is written as
DF =F - I}

over the extension field K .. The problem of algebraic factorization amounts
to constructing the polynomials Fy, . .., F; from F and A, |, for which several
algorithms are available. Two of them will be explained in Sect. 9.4.

Ezxample 1.4.1. Refer to the polynomialsin Examples 1.1.1,1.2.1,1.2.3 and
1.2.4. Over Q, F; and G% are both irreducible, and Gy, Gs, G5, G are all

reducible and have the following factorizations

G1 = 3(xa — x3) (24 — w9 + 221),
Ga = 3(wq — 23) (224 + D122),
Gz = —9(xq — 23)(Brixe + 229 — 421),
G} = —bdas(2623x + 3b2irs + 102120 + 421 + 12)
(—z123 — 23 + 212223 + Tox3 — 2175 — 322).
Let

A =22%2d + 20103 — 2070,

2 2 2 3 2
F=ziz54+ 25— 212223 — 12223 + T2 + 3x722.

Both A and F are irreducible over Q. Over the extension field Q(z1, z2),
where x1 1s a transcendental element and zs an algebraic element with
adjoining polynomial A, the polynomial F' can be factorized as

F = (l‘l + 1)(l‘3 — 21‘1l‘2 + 1‘1)(1‘3 + x1x9 — l‘l).

1.5 Zeros and ideals

Let K be an arbitrary field of characteristic 0 and K[x] the ring of polyno-
mials in the indeterminates @ = (1, ..., #,) with coefficients in K. Let K
be an arbitrary extension field of K. Any n-tuple & = (Z1, ..., #,) of num-
bers in K is called a point of the affine n-space A" over K.Let P e K[z
be a polynomial. The point & is called a zero of P or alternatively a so-
lution of the polynomial equation P = 0 if P(#) = 0, that is, P vanishes
when Z1,..., %, are substituted respectively for z1, ..., z,.

Let B = [P, Q] be a polynomial system. If an n-tuple of numbers in Kisa
common zero of all the polynomials in P but not a zero of any polynomial
in Q, it 1s called a zero of P or a solution of the system of polynomial
equations [P = 0 and inequations @ # 0. We may speak about the set of all
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zeros of P which is denoted by Zero(P) or Zero(P/Q). Symbolically, it is
defined as

A _ ~n.P§3:0aQ§3¢0’
Zero(P/Q):{wEK : (VJ)DEP,Q(E)Q }

We simply write Zero(I?) for Zero(P/Q) when Q@ C K \ {0}. In this case,
Zero(P) is the set of all common zeros of the polynomials in PP. Sometimes,
we write Zero(IP/Q) for Zero(P/{@}) and Zero(P/Q) for Zero({P}/Q), etc.

It is easy to see that

Zero(P/Q) = Zero(P/ H Q) = Zero(P) \ Zero( H Q).
QeQ QeQ

And, for any polynomial sets H IP;, Q;,

Zero(P/Q) = U Zero(P;/Q,)

implies that
Zero(PUH/Q) = U Zero(IP; UH/Q;),

Zero(P/QUMH) = U Zero(P;/Q; UH).

The components a; of a zero of a polynomial, a polynomial set or a poly-
nomial system — which are numbers of K — may be still in K. In order
to make the involved field K explicit, we shall sometimes call the zero (so-
lution) defined above a K -zero (K -solution) or an extended zero (extended
solution). Accordingly, we use the notations IN{—Zero(]P)), IN{—Zero(]P)/Q), etc.

Unless specified otherwise, Zero(3) = ) is always meant in any extension
of the ground field K, and so is Zero(3) # # in some extension field of K.

Let P = {Py,..., P} C K[x] be a (non-empty) polynomial set. Form
the following infinite set of polynomials:

J= {ZQiPz'i Q1,...,Qs € Kz]}.
i=1

Theorem 1.5.1. Jis an ideal in K[x].

The ideal J formed above is called a polynomial ideal generated by
Py, ..., Ps or simply by P, denoted by Ideal(IP). P, ..., P; and [P are called
the generators and generating set for J, respectively, and are said to form
a finite basis for J. Let the definition of zeros be extended naturally to
infinite sets of polynomials. It is easy to see that

Zero(Ideal(IP)) = Zero(IP).
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According to Hilbert’s finite basis theorem, one knows that for any subset J
of K[x],if it is an ideal, then there is a finite non-empty set P of polynomials
such that 3 = Ideal ().

Let 3 be any ideal in K[x]. The set of polynomials

{F € K[x]: F™ €7 for some integer m > 1}

forms an ideal, called the radical ideal of T and denoted by Rad(J) or
sometimes by /3. It is easy to see that

Zero(\/g) = Zero(7J).

1.6  Hilbert’s Nullstellensatz

A polynomial ideal T is called a unit ideal if it can be generated by the
constant polynomial 1.

Theorem 1.6.1. Every polynomial ideal 3 C K [#] which has no zero, i.e.,
Zero(J) = 0, in any extension field of K is a unit ideal.

This theorem may be restated as

Theorem 1.6.2. If the polynomials Py, ..., P; € K[2] have no common
zero, i.e., Zero({Py,..., Ps}) = 0, in any extension field of K, then there
exist polynomials @1, ..., Qs € K[x] such that the following identity holds

1:Q1P1+"'+Q5Ps~

Proof. Van der Waerden (1950, p. 5). a

Theorem 1.6.2 may be regarded as a special case of Hilbert’s Nullstel-
lensatz:

Theorem 1.6.3. (Nullstellensatz). Let P = {Py,..., Ps} be a polynomial
set and P a polynomial in K[x]. If Zero(?) C Zero(P), then there exist
polynomials @1, ..., Qs € K[x] such that

Pq:Q1P1+"'+QsPs
holds for some integer ¢ > 0.

For a proof of this theorem, one uses the well-known trick of Rabinowitsch
by reducing it to the case of Theorem 1.6.2 (see van der Waerden 1950,
p. 6). In detail, under the hypothesis of the theorem, Py,..., P, Pz — 1
have no common zero, where z is a new variable. By Theorem 1.6.2 there
are polynomials Hy, ..., Hy, H € K[, 2] such that

1= H\Py+ -+ H,P, + H(Pz - 1).
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Replacing z in this equality by 1/P and multiplying it by some power
of P to clean out the denominators, one immediately gets the identity in
Theorem 1.6.3.

The containment relation Zero(P) C Zero(P), which means that P van-
ishes at every common zero of Py, ..., P;, is written sometimes as

P|Zero(IF>) =0. (161)
By Theorem 1.6.3 and the definition of radical ideals, (1.6.1) is equivalent

to
P € y/Ideal(P).

Let <= stand for “if and only if.” The following theorem is a conse-
quence of the above results.

Theorem 1.6.4. Let P be a polynomial set in K[#] and J = Ideal(P).
Then

PeVi < l€ldeal(PU{Pz—1}) <= Zero(PU{Pz—1}) =0,

where z 1s a new variable.
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Zero decomposition of polynomial
systems

From now on we come to describe elimination algorithms that decompose
arbitrary systems of multivariate polynomials into special systems of tri-
angular form — the theme of this thesis. Meanwhile, various zero relations
between the given and the constructed systems will be established. In this
chapter are presented three kinds of different yet related algorithms which
compute such decompositions of relatively coarse form.

2.1 Triangular systems

Let K be a computable field of characteristic 0. The rational number field
Q 18 a concrete example of K. A polynomial set is a finite set of non-zero
polynomials in K[x]. By a polynomial system in K[®] we mean a pair
[P, Q] of polynomial sets with which the set Zero(P/Q) is of concern. In
other words, we are concerned with the solutions of a system of polynomial
equations I’ = 0 and inequations @ # 0.

In what follows, the number of elements of a finite set S is denoted [S|.
It is also called the length of S. An ordered set is written by enclosing
its elements in a pair of square brackets. For any non-empty ordered set
T=[T,...,T;] and 1 < i < r, the following symbols are often used:

op(i, )£ T;, T &[T, .. 7).

If S =[S, ...,S5;] is another ordered set which has no intersection with T,
we define

SUT&[S,...,S8,Th,...,T}].
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SUT and TU S are distinguished when they are considered as ordered
sets. In other words, the ordering is preserved for union of non-intersecting
ordered sets. If one or both of S and T are usual sets, then so 18 SUT = TUS.

Definition 2.1.1. A finite non-empty ordered set of non-constant polyno-
mials in K[x]
T= [TlaTZa"'aTT]

is called a triangular set or a non-contradictory quasi-ascending set if
cls(Ty) < cls(Ta) < -~ < cls(T3).

Any triangular set can be written in the following form

Tl(l‘l,...,l‘pl),
T = T2(x1a~~'a$p1""’$p2)’ , (2.1.1)
T2, oy Tpyy ooy Zp,)

where
0<p1 <p2<---<pr <,

pi=cls(Ty), zp, =lv(5), i=1,...,r

Let T be a triangular set asin (2.1.1) and P any polynomial. P is said to
be reduced with respect to T if P is reduced with respect to every T' € T,
i.e., deg(P, zp,) < ldeg(T;) for all 7. The polynomial

R =prem(- - -prem(P,T}),...,T1),

denoted simply by prem(P, T), is called the pseudo-remainder of P with re-
spect to T. From the expression (1.2.1), one can easily deduce the following
pseudo-remainder formula

I TP =3 QiT + R, (2.1.2)
i=1

where each ¢; is a non-negative integer and
L =ini(Th), @€ K[x], i=1,...,r

Apparently, prem(P, T) = P when P is reduced with respect to T. For any
polynomial set P, prem(P, T') stands for {prem(P,T): P € P}.

Ezrample 2.1.1. Recall F1, F5 in Example 1.1.1 and let

F3 = X3X4 — 21‘% — X1Xo2 — 1,
Fy = prem(Fy, Fs).
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Fy has been calculated in Example 1.1.2. F3 18 reduced with respect to F1,
but not so is Fy with respect to F3. Also, neither of Fs and Fj5 is reduced
with respect to the other. With respect to 1 < -+ < x4,

T = [Fa, F)

is clearly a triangular set. Both F; and F3 are not reduced with respect to
T;. One can verify that

Fs = prem(Fy, T1) = 2zq22 + 22323 — 2222y + 27 + 2,
prem(F3, T1) = 0.

a

In the following definition and hereafter, the ordering is preserved for
difference of ordered sets in the natural way. For example, [a, b, ¢, d]\[a,¢] =

[b, d].

Definition 2.1.2. A polynomial system [T, U] in K[x] is called a triangular
system if T is a triangular set and I(#) # 0 for any I € ini(T) and & €
Zero(T /U).

A triangular system [T, U] is said to be fine if 0 ¢ prem (U, T). It is said
to be reduced if every T € TUTU is reduced with respect to T\ [T].

Lemma 2.1.1. For any triangular system [T, U] and polynomial P in K[],
if prem(P, T) = 0 then Zero(T/U) C Zero(P).

Proof. Let & € Zero(T /U). By definition, I(#) # 0 for any I € ini(T). From
the pseudo-remainder formula (2.1.2) one sees that P(z) = 0. a

Definition 2.1.3. A triangular set T C K [#] is said to be fine or reduced if
[T,ini(T)] is fine or reduced, respectively.

A reduced triangular set is also called a non-contradictory ascending set.

A triangular set T is called a non-contradictory weak-ascending set if for
every T € T, ini(T) is reduced with respect to T\ [T].

Any set of a single non-zero constant is called a contradictory (quasi-,
weak-) ascending set.

Note that the pseudo-remainder of any polynomial with respect to a
contradictory ascending set is 0.

Erample 2.1.2. Let 1 < #5 < 23 and T = [z7 — 2, (27 — 4)z5 + a3]. T is
a triangular set, but it is not fine. [T, {zy, 1 — 2}] is a triangular system
(not fine), but not so is [T, {1 + 2}]. The triangular set

[a:% -2, x% —2x129 + 2, (22 — #1)23 + 1]

is both fine and reduced, so it is a non-contradictory ascending set. a
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It is easy to show that if [T, U] is a fine triangular system, then either T
is fine or Zero(T /U) = §.

Lemma 2.1.2. Let F' € K[xz] and G € K[z, y] be two polynomials. Then
prem(coef(G, y"), F,x) # 0 <= coef(prem(G, F,z),y") #0  (2.1.3)
for any 1 < k < deg(G,y).
Proof. Let I = lc(F,x),m = deg(F, z),l = deg(G, y) and G be written as
G=Gy +Giy ™ +- +Go, G;€Kl[z].

Set
R; =prem(G;, Fyz), i=0,1,...,L

Corresponding to the pseudo-remainder formula (1.2.1), one has
I1G; = Qi F + Ri, ¢q; = max(deg(G;,z) —m+1,0), (2.1.4)
for each . Let

q = max(deg(G,z) —m+1,0) = max g;.

Multiplying the remainder formula in (2.1.4) by y'[¢"% for each i and
adding the resulting formulae together, we obtain

l l
G = (3 17MQu ) F + ) I Ry
=0 i=0

By Proposition 1.2.2,
Tt Ryt 4 [0 Ry T 4 [T R, = prem(G, F, z).
It follows that
coef(prem(G, F, x), y) = I~ % Ry, = I~ % prem(coef(G, y*), F, x)

for any 1 < k <. Clearly, I # 0; (2.1.3) is therefore proved. a

The following is an obvious consequence of Lemma 2.1.2.

Corollary 2.1.3. Let T C K[«] be a triangular set and P € K[x,y] be
any polynomial, where y is a new indeterminate. Then

prem(coef(P, y*), T) # 0 <= coef(prem(P, T), y") # 0

for any 1 < k < deg(P,y).
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Lemma 2.1.4. From any fine triangular set T C K[x] one can compute
a reduced triangular set T* such that

Zero(T* /ini(T*)) = Zero(T /ini(T)). (2.1.5)
Proof. Let T =[T4,...,T,] with
pi =cls(Ty), I =ini(Ty), i=1,...,n
The case r = 1 is trivial, so we may assume r > 1 and set

T{i_l} — [Tla .. 'aﬂ—l]a
T :prem(Ti,T{i_l}), 1=2,...,7.
T3 = [Ty, T5, ..., T7],
As T1=1} does not involve the variables Tp,, ..., Zn, by Corollary 2.1.3 we

have
IS(T7) = pi, Mdeg(T7) = deg(T}), 2<i<r.

Hence, T* is a reduced triangular set.
To show (2.1.5), write down the following formula corresponding to

(2.1.2)

1—1
Tp =19 I T+ Y QuTy, 2<i<r. (2.1.6)
j=1

Let @iri-1} € Zero(TV =11 /ini(T1-11)). By (2.1.6), we have

Ty = 1> (@) e @D,

where
=T o,y T =T @) oy g, m).
Thus, 77 and 7T} have the same set of zeros for ,,_,41,...,7,,. As this is

true for any ¢ > 2, it follows that
Zero(T7 [ii(T7)) = Zero(T, /ini(T})),
and hence
Zero(T* 1 /ini(T*V})) = Zero(T 1 /ini(T1)).

With i = r, (2.1.5) is therefore established. O

Remark 2.1.1. Let [T, U] be a fine triangular system with Zero(T /U) # .

In this case, T 1s also fine as noted above. Therefore, we can compute a
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reduced triangular set T* such that (2.1.5) holds. Let U* = prem(U, T*);
then

Zero(T*/U*) = Zero(T™*/ini(T*) UTU*) = Zero(T /ini(T) UT) = Zero(T/U).

This is to say, one can compute from [T,T] a reduced triangular system
[T*, U*] such that
Zero(T*/U") = Zero(T/U). (2.1.7)

The main objective of this chapter is to describe algorithms that de-
compose any given polynomial system 3 into finitely many fine triangular
systems %1, ..., %, such that

Zero(P) = U Zero(%;). (2.1.8)

We assign e = 0 when Zero(5) = 0 is verified.

2.2 Characteristic-set-based algorithm

The concept of characteristic sets was introduced by Ritt (1932, 1950)
for (differential) polynomial ideals in the context of his work on differen-
tial algebra. However, this concept and the algorithmic method proposed
by Ritt drew little attention until 1978 when W.-t. Wu realized that the
constructive algebraic tools underlying his method of mechanical theorem
proving in geometry appeared already in Ritt’s two books. Since then, Wu
has considerably developed Ritt’s work by removing his analytic arguments
using continuity and limit, etc., by adapting the concept and method for
polynomial sets instead of ideals, and by demonstrating its powerfulness
in various geometric applications. For instance, Wu dropped irreducibility,
a major requirement in Ritt’s process, so that a characteristic set can be
effectively constructed from an arbitrary polynomial set. Wu’s insight and
extensive work have stimulated a great deal of research interest and ac-
tivity on the subject. These altogether have contributed to the theoretical
development of the method and made 1t more efficient and appropriate for
practical applications. The characteristic-set-based algorithms presented in

this thesis owe much to Wu (1984, 1986a, 1987, 1989a, 1994).

Ritt-Wu'’s characteristic sets

Definition 2.2.1. For two non-zero polynomials F' and G in K[x], F is said
to have a lower rank than G, which is denoted as

F<G or G=F,
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if either cls(F) < cls(G), or cls(F) = cls(G) > 0 and ldeg(F) < ldeg(G). In
this case, (G is said to have a higher rank than F.

If neither ' < G nor G < F', F' and (G are said to have the same rank,
denoted as F' ~ (.

We write F' X G for “F < G or F' ~ (G and similarly for “>.”

Erample 2.2.1. Recall Fy, F5, F3 in Examples 1.1.2 and 2.1.1. With z; <
-+ =< x4, we have

cls(Fh) = cls(Fa) = cls(F3) = 4,
ldeg(Fl) = 2, ldeg(Fz) = ldeg(Fg) = 1

It follows that
F3 ~ Fz, Fy < F.

Definition 2.2.2. For two triangular sets
T=[T,....,T.], T'=[1],...,7.],
T is said to have a higher rank than T’, which is denoted as
T>T or T'<T,
if either (a) or (b) below holds:
(a) There exists a j < min(r, ) such that

Ty ~Ty, ... Ty "'Ty{—l’ while T >T7{;

(b) #' > r and

Ty ~T), . T~ T

.y e

In this case, T’ is said to have a lower rank than T. If neither T < T’ nor
T’ < T, T and T’ are said to have the same rank, denoted as T ~ T’. In
this case,

r=7r" and Ty ~Ty, ..., T, ~T..

Ezrample 2.2.2. Let the polynomials Fy, ..., Fy be asin Examples 1.1.2 and
2.1.1, and

2 2 2
Fs = prem(F3, Fo) = —x3 + w12223 — 20105 — £7%2 — 1.

Then
Ty = [Fa, Fo], To=[Fs, Fy], Tz=[Fy, Fi]

are reduced triangular sets. Ty and Ty have the same rank which is lower
than that of Ts, i.e.,
Ty~ Ty < Ts.
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The above-defined “=” is a partial order, under which the collection of
all triangular sets is partially ordered. Thus, for any set of triangular sets
one is free to talk about the notion of minimal ascending set if it exists.

Lemma 2.2.1. Let
Ty Tom . Ty -

be a sequence of triangular sets whose ranks never increase. Then there
exists a k' such that Ty ~ Ty for all & > &'

Proof. Let T, = op(1, Tx) and ry = |Ty| for each k (recall that op(i, Tk)
denotes the i-th element of Tj). Then

R
In other words, for any k either cls(Tj41) < cls(T}), or
cls(Tiq1) = cls(Ty) > 0 and ldeg(Th41) < ldeg(Tk).

As both class and degree are non-negative integers, there exists an index
k1 such that Ty ~ Tj, for all k > k.

If there is a k] > ki such that r, = 1 for all k¥ > k], then the lemma
is clearly true. Otherwise, there exists a k] > ki such that ry > 2 for all
k> k7. Let T = op(2, T) for k > ki; then

! ! !
Ty 2Ty 2Tz

As before there exists a ky > ki such that T; ~ Ty for all k > ks.

If rp, < 2 for all & > ko, the lemma is already proved. Otherwise, there
exists a ki > ko such that rp > 3 for all & > k. In this case, we may
consider T}/ = op(3,Tx) and form a sequence of polynomials with non-
increasing ranks. As r; < n for all &k, proceeding in this way one should
stop at some r and k' such that

rg = 7, op(r, Tg) ~ op(r, Ty), Yk > k.

It follows that Ty ~ Ty for all £ > k', and the lemma is proved. a

Consider any non-empty polynomial set IP. Let @ be the set of all as-
cending sets contained in IP. Since each single polynomial forms by itself an
ascending set, ® # ). Any minimal ascending set of ® is called a basic set
of IP. Such a basic set exists and can be determined as follows.

Starting with P = Iy, one chooses a polynomial, say By, of lowest rank
from IFy . If cls(B1) = 0, then [B;] is already a basic set of P. Otherwise, let

Fy={F €F; \{By}: F isreduced wrt B;}.
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If F» = @, then [B4] is a basic set of F; = P. From the choice of B; all
the polynomials in Fy have rank higher than that of B;. Now, let By be a
polynomial in IF5 of lowest rank and

Fs = {F € Fy \ {B2}: F is reduced wrt Bs}.

If F5 = @, then [By, Bs] is a basic set of P. Otherwise, choose from F3 a
polynomial Bs of lowest rank and proceed as before. As

cls(By) < cls(Bz) < cls(Bs) < ---<n

bl

the procedure must terminate in a finite number of steps. Finally, a basic
set of IP is constructed.

Let wrt stand for “with respect to.” The above process can be described
as the following algorithm.

Algorithm BasSet: B+ BasSet(I?). Given a non-empty polynomial set
P C K], this algorithm computes a basic set B of .

B1. Set F P, B+ .
B2. While F # § do:

B2.1. Let B be an element of F with lowest rank.
B2.2. Set B+ BU[B].
B2.3. If cls(B) = 0 then set IF <+ else set

Fe{F €F\{B}: F isreduced wrt B}.

A basic set of P is contradictory if and only if P contains a constant. In
this case Algorithm BasSet terminates at the first iteration of the while-
loop. See Example 2.2.3 for examples of basic sets.

Definition 2.2.3. An ascending set C is called a characteristic set of a non-
empty polynomial set P C K[x] if

C C Ideal(P), prem(P,C) ={0}.

Here, a characteristic set of P is defined a la Wu. Ritt’s definition of
a characteristic set is for the ideal J (generated by P) and requires that
prem(J, C) = {0}; thus for computing € one has to consider its irreducibil-
ity as in Sect. 4.1 or use alternative algorithms (see Mishra 1993, Sect. 5.6).

Proposition 2.2.2. Let C = [C1,...,C;] be a characteristic set of any
polynomial set P C K[x] and
I; = Hll(CZ), P, =PU {IZ}, 1=1,...
I=ini(C) ={h,.... I }.

r

bl bl
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Then
Zero(C/T) C Zero(P) C Zero(C), (2.2.1)
Zero(P) = Zero(C/T)U O Zero(IP,) (2.2.2)

in K or any extension field of K.

Proof. Since C C Ideal(P), Zero(IP) C Zero(C).
On the other hand, for any P € P there are non-negative integers ¢; and
polynomials (); such that

I 18P =) Qi
i=1

It follows that
Zero(C/T) C Zero(P).

This is true clearly for K or any extension field of K. Thus, (2.2.1) is
proved.

Note that the zeros of P which make the vanishing of some I; are con-
sidered additionally as those of ;. (2.2.2) is obtained with ease. O

Now we are ready to present the characteristic set algorithm of Ritt-
Wu, which points out how to construct a characteristic set from any given
polynomial set.

Algorithm CharSet: C+ CharSet(P). Given a non-empty polynomial set
P C K], this algorithm computes a characteristic set C of P.

Cl. Set F< P, R +P.
C2. While R # § do:

C2.1. Compute C+ BasSet(TF).
C2.2. If C is contradictory then set R «+@ else compute

R «prem(F\ C,C) \ {0}
and set F<—TFUIR.
In order to show the termination of this algorithm, let us first prove the
following lemma.

Lemma 2.2.3. Let P C KJ[x] be a non-empty polynomial set having a
basic set
B= [BlaBZa .. 'aBT]a

where cls(By) > 0. If B is a non-zero polynomial reduced with respect to
B, then PU {B} has a basic set of rank lower than that of .
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Proof. Let Pt = P U {B}. If cls(B) = 0, then [B] is a basic set of P*
and has rank lower than that of B. Suppose otherwise cls(B) = p > 0.
As B is reduced with respect to B, there exists an ¢ (1 < ¢ < r) such
that p < cls(B;), and p > cls(B;_1) when ¢ > 1. Moreover, in the case
p = cls(B;), deg(B, zp) < ldeg(B;). Hence

[BlaBZa .. 'aBi—laB]

is an ascending set contained in Pt and has rank lower than that of B. The
basic set of PT has therefore rank lower than that of IB. a

Proof of CharSet. Algorithm CharSet may be sketched as follows:

P= ]Fl C Fz c --- (C ]Fm
U U U
BB e B, o= C (2.2.3)
Ry R, R, = 0

where
R; = prem(IF; \ B;, B;) \ {0},
Fip1 =F; UR;

and B; 1s a basic set of IF; for each 1.

Termination. We need to show that the while-loop has only finitely many
iterations, i.e., to show the finiteness of m in the sketch (2.2.3). If some B; is
contradictory, the algorithm terminates obviously. Otherwise, by Lemma 2.2.3
Biy1 < B; forall 2. Hence, By = By = ---. By Lemma 2.2.1, such a sequence

1s composed of a finite number of terms. In other words, m is finite and
thus the algorithm must terminate.

Correctness. From the formula (2.1.2) one knows that for any polynomial
F €Ty, prem(F, ) € Ideal(B; U {F}). Tt follows that

Ideal(IF;11) = Ideal([F;) = Ideal(P)
for each i. Therefore,
C =By CFy C Ideal(P).
As R, = (), we have
prem(FF,,, , C) = prem(IF,;,, \ C,C) U prem(C, C) = {0}.

By definition, C 1s a characteristic set of IP. The proof is complete. a

The above procedure of acquiring a characteristic set C from P is called
well-ordering principle and is attributed to Ritt by Wu (1984, 1986a).
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Ezample 2.2.3. Let P = {Fy, F5, F3} with
Fi = z12} + 25 — v12004 — 2224 + 2172 + 329,
Iy =214+ 23 — 2122,
F3 = r3rg — 21‘% — L1Xg — 1.

These polynomials already appeared in Examples 1.1.2 and 2.1.1. The se-
quence of polynomial sets and their basic sets corresponding to those in
the sketch (2.2.3) are as follows:

P= Ty ={F,Fy,Fs} C Fy={F,....I5} C Fz={F,... Fs}

U U U
By, = [FY] By = [Fy, I Bs = [Fg, 4, Fo] = C
Ry = {Fy, F5} Ry = {Fs} Ry =10,

where Fy, Fy, Fg are given in Examples 1.1.1 and 2.2.2. Hence, the last
basic set Bs is a characteristic set C of . Let the polynomials Fgs, Fa, Fo
be renamed (1, Cs, Cs and copied here for easy reference:

C = [Cla CZ, 03]
v1(2x123 + 203 — 2zq20 + 21 + 1),
= xlxg + x% — l‘%l‘zl‘g — 1223 + x:{’xz + 31‘%1‘2,

T1xq+ T3 — 2122
The initials of C', Cy, C'5 are
L =2z (x14+1), Lh=x1+1, Is=u.

Clearly, I; # 0 implies that [ /273 # 0, since both /3 and [5 are factors of
I;. So only the initial I; has to be further considered. Let P; and P5 be
the enlarged polynomial sets obtained from P by adjoining x; 4+ 1 and 3
respectively, i.e.,

]P)l = ]P)U{l‘l + 1}, ]pz I]P)U{l‘l}
We have the following zero relation
Zero(P) = Zero(C/11) U Zero(P1) U Zero(Ps). (2.2.4)
O

It is important to remark that, during the computation of characteris-
tic sets using CharSet, there appear inevitably some superfluous factors of
initials. These factors should be removed in order to control the growth of
polynomial size. The appearance of superfluous factors during the compu-
tation of polynomial remainder sequence was discovered by Collins (1967).
Such factors appearing in the computation of characteristic sets was studied

in Ti (1989a).
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Definition 2.2.4. An ascending set C is called a Q-modified characteristic
set of a non-empty polynomial set P C K] if

Zero(P/Q) C Zero(C), prem(P,C) = {0},

where (Q is a polynomial set.
The prefix (- is omitted when Q) C K.

Let Algorithm CharSet be modified by allowing the removal of polyno-
mial factors during the computation and denote the resulting algorithm by
ModCharSet. Then the output of ModCharSet consists of an ascending set
C and a set [F of distinct removed factors Fy, ..., Fy. It is clear to see that C
1s an F-modified characteristic set of the input polynomial set P. Moreover,
the zero relation (2.2.2) can be modified accordingly as

Zero(P) = Zero(C/T)U O Zero(P;) U U Zero(Q;), (2.2.5)

j=1

where P; = PU{L},Q; = PU{F;}. Furthermore, let Hy,..., H; be any
choice of polynomials such that Zero(§/H; --- H,) = Zero(§}/IU F). Then
(2.2.5) can be replaced by

Zero(P) = Zero(C/T)U CJ Zero(PU{Hy}). (2.2.6)
k=1

The inevitable occurrence of initial factors often renders the appearing
polynomials too large to be manageable. The incessant trial for removing
such factors often costs much computing time.

Remark 2.2.1. Weak-basic sets and quasi-basic sets may be defined sim-
ilarly. The algorithms for computing a weak-basic set and a quasi-basic
set B of any polynomial set P can be obtained from Algorithm BasSet by
replacing the last line with

Fe{F eF\{B}: cls(F) > cls(B),ini(F) is reduced wrt B}

and

Fe{F e F\{B}: cls(¥) > cls(B)}

respectively. Lemma 2.2.3 and the specification of CharSet are still true
when basic set is replaced by weak-basic set or quasi-basic set, and the
corresponding weak-ascending set or quasi-ascending set C computed as in
CharSet is called a weak-characteristic set or quasi-characteristic set of PP
respectively.

Let a fine triangular set also be called a non-contradictory W-ascending
set. Any set comprising a single non-zero polynomial of class 0 is a contra-
dictory W-ascending set. A W-ascending set is called an ascending chain in
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weak sense in Chou (1988) and Chou and Gao (1990b); the notion W-prem
is also introduced therein. It is easy to see that Algorithm CharSet can also
be modified to compute the corresponding W-characteristic sets by replac-
ing ascending set and basic set with the corresponding W-ascending set
and W-basic set.

We shall see that the method of characteristic sets in the standard sense
1s theoretically more complete than that in the other senses.

Zero decomposition

Let us turn back to the zero relation (2.2.2). As each I; is reduced with
respect to C, by Lemma 2.2.3 any basic set of the polynomial set P; UC has
rank lower than that of C. Note that Zero(l?; U C) = Zero(P;). Therefore,
in proceeding further with each P; U C as P by means of CharSet, one may
arrive after a finite number of steps at a zero decomposition of the form

Zero(P) = O Zero(G; /1), (2.2.7)

i=1
in which C; is an ascending set and I; = ini(C;) for each .
Definition 2.2.5. A finite set or sequence ¥ of (weak-) ascending sets Cy, . . .,
C, is called a (weak-) characteristic series of a polynomial set P in K[x] if

(2.2.7) holds and prem(P, ) = {0} for every .
If ¥ =0, it is meant that e = 0 and thus Zero(P) = 0.

Algorithm CharSer: ¥ < CharSer(P). Given a non-empty polynomial set
P C K], this algorithm computes a characteristic series ¥ of P.

Cl. Set @+ {P}, U« 0.
C2. While ® # § do:

C2.1. Let T be an element of ® and set & + & \ {IF}.
C2.2. Compute C+ CharSet(IF).
C2.3. If C is non-contradictory then set

U« ¥ U {C},
d+dU{FUCU{I}: T€ini(C)\ K}.

Actually, this algorithm computes from P a multi-branch tree, called
a decomposition tree of P. The tree has root associated with P and its
characteristic set C and is branched at each node by forming enlarged
polynomial sets with adjunction of initials and their characteristic sets.
Such a decomposition tree is shown in Fig. 2.
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Ezample 2.2.4. Let P = {Fy, Fs, F5} and C be the characteristic set of P as
in Example 2.1.1. One can easily compute a characteristic set C; of Py UC
and Cy of Py U C as follows

Cl = [l‘l —|— 1, X, l‘% — 1, X4 — 1‘3],
Cy = [x1,222 + 1, 23,22 — 2oxq4 + 322).
Observe that all the initials of the polynomials in C; and Cs are constant.

We obtain therefore a characteristic series ¥ = {C,Cy,Cy} of P which
furnishes a zero decomposition of the form

Zero(P) = Zero(C/ 1) U Zero(Cy) U Zero(Cy).
O

Remark 2.2.2. Let C be a characteristic set of P C K[&] and P any poly-
nomial in K[x] reduced with respect to C. Neither the basic set nor the
characteristic set of PU{P} necessarily has rank lower than that of C. For
example, let

P={a? 234 21, 2129, xou3}.

With 1 < 29 < zs3,
B= [a:%,xlxz], C = [x1, xows)

are a basic set and a characteristic set of P, respectively. Now x5 is reduced
with respect to C. However, the basic set of PU {3} has the same rank as

B.
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As another example, consider the polynomial set
P={z? -2l x? - 222 x2}.

A characteristic set of P is C = [2},23]. Clearly, z125 is reduced with
respect to C. Now, [z3, 2 2] is a characteristic set of PU {z;25} and has
a higher rank than C.

These two examples explain why C cannot be omitted from FUCU{T} in
the last line of CharSet. However, under the assumption that a basic set B
of P 1s always chosen as a basic set of P* O P when any basic set of P* has
the same rank as 1B, the various characteristic series algorithms discussed
in this and later sections are still guaranteed to terminate when FU {7} is
used instead of FUC U {I}.

Remark 2.2.3. Algorithm CharSer works as well in the weak- and quasi-
sense. In other words, a weak- or quasi-characteristic series of a polyno-
mial set may be computed by using the algorithm in altering respectively
characteristic sets to weak- and quasi-characteristic sets. However, in the
quasi-sense the algorithm is no longer guaranteed to terminate.

During the computation of characteristic series, numerous branches of
the decomposition tree may be produced due to the recursive generation
of enlarged polynomial sets. Some of these branches are completely redun-
dant and should be removed. Various techniques have been developed for
controlling the expansion of branches (see Chou and Gao 1990b and Wang
1995a). For example, in Fig. 2, if the subtree with root at some I; is already
computed, then any branch IP; which contains IP; as a subset need not be
further considered.

Generalization and extensions

In Algorithm CharSet, each enlarged polynomial set I; 41, as shown in the
sketch (2.2.3), is the union of IF; and R;. This results in rapid expansion of
IF;y1 as ¢ increases. To reduce computational expenses, one strategy is to
let F; 41 just be the union of B; and R; and check finally whether all the
polynomials in P have pseudo-remainder 0 with respect to the last basic
set. This strategy was proposed in Wu (1987, 1989a). In the first half of
this subsection, we formulate this strategy as a generalized characteristic
set algorithm which may lead to several variants of the standard one.

Definition 2.2.6. Let P be a non-empty polynomial set in K[x]. Any as-
cending set which is contained in Ideal(P) and has rank not higher than
that of any basic set of P is called a medial set of IP.

A medial set M of P is a characteristic set of P if prem (P, M) = {0}.

Apparently, any basic set itself is a medial set of P. The characteristic
set mentioned here is consistent with that in Definition 2.2.3.
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Lemma 2.2.4. Let a non-empty polynomial set P C K [x] have medial set
M= [MlaMZa .. 'aMT]a

where cls(Mp) > 0. If M is a non-zero polynomial reduced with respect to
MI, then any medial set Mt of the polynomial set PT = PUMU {M} has
rank lower than that of M.

Proof. Let BT and B* be basic sets of PT and P U M, respectively. Then
B = M If B* ~ M, then M is reduced with respect to I5*. Hence, by
Definition 2.2.6 and Lemma 2.2.3 we have

M < BY < B ~ M

If B* < M, then
Mt B XB <M

holds. Therefore, in either case Mt < M. a

Let GenCharSet denote the algorithm obtained from CharSet by replacing
step C2.1 therein with

C2.1. Compute a medial set C of IF.

Theorem 2.2.5. Algorithm GenCharSet terminates and its specification is
correct; that is, it computes a characteristic set C of any given non-empty
polynomial set P.

Proof. Algorithm GenCharSet has the same structure as CharSet. While
replacing each IB; by an arbitrary medial set M of F;, and letting each
enlarged polynomial set [F; 1 be IF; UR;UM; | we should get a sketch similar
to (2.2.3), but each M is no longer a subset of [f;. Then, the termination of
GenCharSet is guaranteed by Lemmas 2.2.1 and 2.2.4. From the formation of
each TF; and the pseudo-remainder formula, the correctness is easily proved
by an argument similar to the correctness proof of CharSet. a

By taking different medial sets, one may get different variants of Al-
gorithm CharSet. In particular, if basic set is taken as medial set, then
GenCharSet is identical to CharSet. Now let CharSetN denote the algorithm
obtained from CharSet by replacing IF U R in the last line with C U R.
Then CharSetN computes a medial set of the input polynomial set. While
replacing step C2.1 in GenCharSet by

C2.1. Compute C+ CharSetN(F).

one obtains immediately a modification of CharSet as mentioned at the
beginning of this subsection.

If one intends to compute triangular sets only, the algorithm may have
plenty of scope for variation. Various modifications of CharSet lead naturally
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to modifications of the characteristic series algorithms, for which we omit
the details. The reader may also refer to Chou (1988), Ko (1988) and Chou
and Gao (1990b) and other relevant work for variants, modifications and
extensions.

Let [P, @] be a polynomial system. From (2.2.7) one obtains the following
zero decomposition

Zero(P/Q) = | ] Zero(C; /T; U Q), (2.2.8)

i=1

in which ©; is an ascending set and I; = ini(C;) for each ¢. In (2.2.8), one
can delete the component Zero(C; /I; UQ) when 0 € prem(Q, G) for some
i. So we may assume that 0 € prem(Q, G) for any i. Moreover, one can
replace T; UQ in (2.2.8) by I = I; U prem(Q, G) for each 4, so that

Zero(P/Q) = O Zero(C; /Dy ), (2.2.9)

i=1
where each [C;,1D;] is clearly a fine triangular system.

Definition 2.2.7. A finite set or sequence ¥ of (fine) triangular systems
1, ..., % in K[a] is called a (fine) triangular series. It is called a (fine)
triangular series of a polynomial system B in K[x] if (2.1.8) holds.

A (fine) triangular series of [P, §] is also called a (fine) triangular series
of the polynomial set P.

¥ is called a characteristic series of P = [P, Q] if (2.1.8) holds and
prem(P, T;) = {0} for every 4.

When ¥ = §, it is understood that Zero(5) = 0.

Clearly, the set of fine triangular systems [Cy, 4], ...,[C.,D.] in (2.2.9)
is a characteristic series of [P, (].

Remark 2.2.4. Weak-medial sets and quasi-medial sets may be similarly
defined. The corresponding weak- or quasi-characteristic sets can be com-
puted by the algorithm obtained from GenCharSet by replacing medial set
with weak-medial set or quasi-medial set. One can also compute weak-
characteristic series from polynomial sets or polynomial systems by devis-
ing similar algorithms.

Remark 2.2.5. A (weak-, quasi-) medial set computed by CharSetN from P
is called a (weak-, quasi-) N-characteristic set of P. For a (weak-, quasi-)
N-characteristic set C, the zero relations (2.2.5) and (2.2.6) no more hold;

we only have
Zero(IP) C Zero(C).

It is worth noting that (weak-, quasi-) N-characteristic sets are sometimes
sufficient for applications such as solving systems of algebraic equations.
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If, in particular, C has only finitely many zeros, whether every zero of C is
also a zero of P can be verified by evaluation.

Remark 2.2.6. To determine whether a (weak-, quasi-) N-characteristic set
Cis indeed a (weak-, quasi-) characteristic set, one has to follow Algorithm
GenCharSet to verify whether all the polynomials in the input set have
pseudo-remainder 0 with respect to C. Experiments show that in most
cases the pseudo-remainders are 0, i.e., GenCharSet terminates after the
first iteration of the while-loop. The verification of 0 pseudo-remainders
often takes a great amount of computing time. There are some strategies
which can be used to partially avoid the verification of 0 pseudo-remainders.
This is done by examining the factor-relations of some initials and removed

factors (see Wang 1992b).

Most of the algorithms presented in this thesis have been implemented
by the author in Maple, a popular computer algebra system. In particular,
a package that implements a number of characteristic-set-based algorithms
has been publicly available with the Maple share library since early 1991.
The current version of the package can be obtained via WWW as:

http://wuw-leibniz. imag.fr/ATINF/Dongming.Wang/charsets-2.0.tar.Z

This thesis focuses on the development of theory and algorithms. Imple-
mentation issues will not be discussed, neither will any experimental timing
statistics and comparison among the algorithms be provided. The reader
may consult relevant research publications for more information. Neverthe-
less, a number of remarks are given as tips for efficient implementation of
the algorithms. In general, one can skip reading the remarks if only the
theoretical aspect is of concern.

2.3 Seidenberg’s algorithm refined

The goal of this section is to present a decomposition algorithm that splits
polynomial systems whenever pseudo-division is performed. Using this algo-
rithm, triangular series are computed instead of characteristic series. One
advantage of this is that the verification of 0 remainders is completely
avoided. We employ a pure top-down elimination from z, to #; which is
essentially due to Seidenberg (1956a, 1956b). In comparison, the elimina-
tion in CharSet may be considered as performed simultaneously for all the
variables.

As a triangular set, not necessarily fine, may not be well behaved, it is
impossible to set up the whole theory for characteristic sets in the quasi-
sense. Characteristic sets computation in the standard or the weak-sense
often leads to rapid increase of polynomial size. For in this case, any poly-
nomial or its initial has to be reduced with respect to the others in an
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ascending set. To control the increase of polynomial size and for other rea-
sons, we use triangular system [T, U], in which prem(J, T) for all I € ini(T)
are collected, together with other polynomials, as U.

Moreover, computing a characteristic set of P U {I} as in CharSer may
have to perform pseudo-divisions which have been done already in the way
of computing the characteristic set C of P. In other words, there may be
repeated computation of pseudo-remainders which is unnecessary. To avoid
such repetition and to keep maximal amount of information for subsequent
computation, we shall retain partially triangularized systems using the data
structures of triplets and quadruplets.

Before describing the elimination algorithm, let us first prove the follow-
ing simple lemma.

Lemma 2.3.1. Let T be a non-constant polynomial with ini(7") = I and
[P, Q] a polynomial system in K[x], and R = prem(P,7")\ {0}. Then

Zero(PU{T}/Q) = Zero(RU{T}/QU {I}) UZero(PU{I, red(T)}(/Q). )
2.3.1

Proof. For every polynomial P € P, pseudo-dividing P by 7" in z; leads to
a pseudo-remainder formula of the form

[P = AT + R, (2.3.2)
where A, R € K[«] and the integer ¢ > 0. For any
x € Zero(PU{T}/Q),

we have

T(z)=0 and P()=0, VPP,

so R(z) = 0 for all R € R. Clearly, Q(&) # 0 for all Q € Q. If I(&) # 0,
then
x € Zero(RU{T}/QU{I}). (2.3.3)

Otherwise, we have () = 0 and thus red(T) (&) = 0; therefore
x € Zero(PU {I,red(T)}/Q). (2.3.4)

This shows that the left-hand side i1s contained in the right-hand side of
(2.3.1). To show the opposite, one sees that if @ satisfies (2.3.4), then
T(x) = 0 and thus & € Zero(P U {T'}/Q). Otherwise, let (2.3.3) hold.
By (2.3.2) we have P(#) = 0 for all P € P, so & € Zero(PU {T}/Q) as

well. a

For any integer 1 < ¢ < n and polynomial set [P, the set of those poly-
nomials in [P which involve the variables 1, . .., z; only is denoted by P().
Symbolically,

POEPAK[zy,. ..zl
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Moreover, let

pll 2 p \ pl)  p) 2 pl) \ pli-1),
For any polynomial system 5 = [P, @], define

Pl £ [p6) QU] ) £ [p) i),

A polynomial set P is said to be of level i, denoted as level(P) = 4, if
P C K[xy,...,z;] and P £ (§, ie., 7 is the smallest integer such that
PC Klzy,...,2;]. The level of P is also called the level of 9.

Now we introduce a data structure called triplet which will be used in
the presentation of several algorithms.

Data structure. A triplet of level i (1 < i < n)is a list [P, @, T] of three
elements, where

(a) [P, Q)] is a polynomial system of level ¢ in K[x];
(b) T, if non-empty, is a triangular set in K [#] with T() = §.

When speaking about a polynomial system [P, (], we are concerned with
Zero(IP/Q). Trivially, P may be written as P = POUPH for every i. It may
happen that, for some i, P() is of level i and PUl can be ordered as a
triangular set T. In this case, [P(), Q, T]is a triplet, with which Zero(P() U
T/Q) is of concern.

Our elimination procedure will start with a triplet [P, Q, T] with T = §.
The variables z; are eliminated and the obtained, triangularized polynomi-
als are adjoined to T successively for i =n,n—1,...,1.

Let ¢ be a positive integer and [P, Q] a polynomial system of level 1.
Clearly, F = Pp{®) #+ 0 and every polynomial in F has class i. We want
to eliminate the variable z; for the polynomials in IF, so that after the
elimination only one polynomial has class i. For this purpose, let us take
one polynomial 7" from F which has minimal degree in z; and pseudo-divide
all the polynomials in F\ {T'} by T in x;. Meanwhile, ini(T) is assumed
to be non-zero and the case in which ini(7") happens to be 0 is considered
disjunctively by replacing 7" with ini(7T") and red(7"). Then, we reset F to
be {T} U prem(IF,T) \ {0} and repeat the above process. In this way, we
shall finally get a single polynomial 7" in F which has class ¢ and a set of
other polynomial systems of level < .

The procedure explained above is described in the following algorithmic
form.

Algorithm Elim: [T\ F, G, A] + Elim(P,Q, 7). Given an integer ¢ > 0 and
a polynomial system [P, Q] of level ¢ in K[«], this algorithm computes a

polynomial T' of class 4, a polynomial system [F,G] of level <7—1 and a
set A of polynomial systems of level < 7 such that

Zero(P/Q) = Zero(FU{T}/G) U U Zero(P*/Q). (2.3.5)
[Fr,Q"lea
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El. Set T+ 0, F+ P, G+ Q, A+ 0.
E2. While F(") £ {T do:

E2.1. Let 7 be an element of F{") with minimal degree in ;.

E2.2. Set
A AU{F\{T} U {red(T), mi(T)}, G},

G« GU{ini(T)}.
E2.3. Compute F« {T} Uprem(F,T) \ {0}.

E3. Set F« [\ {T}.

Proof. Since P is of level 4, initially F(*) is neither empty nor equal to
{T} = {0}. One sees clearly that every substep of E2 terminates. As in each
iteration of this while-loop deg (T, #;) decreases at least by 1, after a finite
number of steps all the non-zero pseudo-remainders of the polynomials in
F with respect to T will have class < i. Then, the set T} becomes {T'}
and the while-loop terminates.

The zero relation (2.3.5) follows from repeated application of the relation
(2.3.1) in Lemma 2.3.1. a

Note that step E2.2 can be skipped when ini(T) is a constant, and the
pseudo-remainders need be computed in step E2.3 actually only for the
polynomials in FE-1\ {77}

Ezxample 2.3.1. The following polynomial set

P={e -2 —2—y,a®— 2 20 =1},

popularized by L. Robbiano (according to C. Traverso and L. Donati), was
considered in Wang (1993). Here and later on it will be used to illustrate
several algorithms. One may observe that [P is already a triangular set with
respect to the variable ordering z < y < z < t. But, for our purpose, we
order the variables as t < z < y < x.

To see how Elim works, consider the polynomial system [P, #] of level 4
as input. Initially, set

T«0, FeP, G0, A0

in step E1.

Now come to the while-loop. First, take 7" = 2% — z from F®l = I in
step E2.1 which has minimal degree 8 in « and initial 7 = 1. Since [ is a
constant, we can skip step E2.2. Pseudo-dividing the two other polynomials
in F =P by T, one gets two non-zero pseudo-remainders

Ri=22"—25—2—y, Ro=za®—t,
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where lv(Ry) = lv(Rz) = #. So in step E2.3, update F« {7, Ry, Ro}.
For the second loop, take 7' = Ry from FI¥] = F in step E2.1 which has
minimal degree 2 in « and initial I = z. In step E2.2, set

A« {[{xS — %, Rla <, _t}a m}a Q F{Z}
Similarly, pseudo-dividing the two other polynomialsin F by 7' = R yields
the pseudo-remainders
Rs=—z"4+t', Ry =130 — e —Py—13

with Iv(Rs) = z and Iv(R4) = . Then set <« {Ro, Rz, R4} in step E2.3.

For the third loop, set T« R4 in step E2.1, where deg(R4,2) = 1 <
deg(R2, x) and the initial 323 — 23 of Ry is simplified by z € Q to [ = t3—1.
In step E2.2 is added the polynomial system

[{RZa R3a _Z3y - tSatS - 1}’ {Z}]
to A and the polynomial t3 — 1 to Q. Pseudo-dividing Ry by T = R4, we
have
Rs = prem(Ry, Ry) = 2%y 4+ 20323y —172° 4 21425 — 25 448

with Iv(R5) = y. Finally, set F« {R4, R3, Rs} and the while-loop termi-
nates.

The algorithm terminates after deleting 7" from IF in step E3. The output
consists of 7' = R4, the polynomial system

[Fa G] = [{Rg, RS}a {ZatB - 1}]
and the set A of 2 other polynomial systems. a

Now, let us explain how to decompose a polynomial system [P, Q] into
triangular systems by using Elim as the main subalgorithm. This is done
by performing an elimination top-down from z, to x;. More concretely, for
each x;, i = n, ..., 1, one proceeds as follows.

If P4} = §§ then go for next i. Otherwise, let 7' € P{*) have minimal
degree 1n z;. Then

_ P*=0,I=0,red(T) =0, Q#0; or
P=0Q#0 { prem(P,T)= 0,7 =0, Q#0,1%0,
where
P*=P\{T}, I=ini(T).
Therefore we have
Zero(P/Q) = Zero(P*U{I,red(T)}/Q)
U Zero(prem(P, TYU{T}/QU {I})

= ... (repeat recursively)

= U Zero(T;/U;).

i=1
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The above sketch is made precise in the following algorithm.

Algorithm TriSer: ¥ + TriSer(IP, Q). Given a polynomial system [P, Q] in
K|[x], this algorithm computes a fine triangular series ¥ of [P, Q)].

T1. Set ¥ @, ® {[P,Q,0}.

T2. While ® # § do:

T2.1. Let [F, G, T'] be an element of ® and set &« &\ {[F, G, T']}.
T2.2. Compute [T, U, Q] « PriTriSys(F, G).
T2.3. Set
S QU{[F, G, T UT]: [F*,G, T e Q}.
If TUT # @ then set ¥+« W U {[TU T U}

The subalgorithm PriTriSys is described as follows.

Algorithm PriTriSys: [T, U, Q] < PriTriSys(IP, Q). Given a polynomial sys-
tem [P, Q]in K], this algorithm computes a fine triangular system [T, U]
and a set Q of triplets such that

Zero(P/Q) = Zero(T /U)U U Zero(P*UT*/Q).
[P*,Q* T*]eq

Pl. Set T« 0, F« P, U+Q, Q0.

P2. For ¢ = level(P),...,1 do:

P2.1. fFNK\ {0} # 0 then the algorithm terminates. If level(IF) < i
then go to P2 for next z.

P2.2. Compute [T,TF, U, Al +Elim(F, U, ¢) and set
Q«QUISUIT]: 6 € A}.

P2.3. Compute U +prem(U, T').
P2.4. If 0 € U then the algorithm terminates else set T+ [T]UT.

In step T2 of TriSer, the set & of triplets increases and decreases, and
meanwhile the triangular systems [T, U] are produced. This procedure ter-
minates when @ becomes empty. Within the while-loop, for each triplet
[F, G, T] of level £ taken from & the variables are eliminated, successively

from z; to 1, by the subalgorithm Elim.
As before, when Zero(P/Q) = () is detected in TriSer, we have e = 0 and
U = (.
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Erample 2.3.2. Let us recall Example 2.3.1 and illustrate TriSer with the
input system [P, {]. The sets ¥ and & are initially set to § and {[P, @, (]},
respectively.

Consider the while-loop. First, the only triplet in @ is taken and deleted
from @ in step T2.1. We turn to PriTriSys in step T2.2; first iterate for i = 4.
Call of Elim in step T2.2.2 yields the polynomial 7" = R4, the polynomial
system

[Fa G] = [{R?n R5}a {ZatS - 1}]

and the set A as given in Example 2.3.1. Thus, two triplets are formed
from the two polynomial systems of A and are added to &.

Since the two polynomialsin G have leading variables < z, the execution
of step T2.2.3 is trivial and does not update the value of any variable. In
step T2.2.4, set T +[R4].

For i = 3 and 2, the polynomials R5 and Rs in IF are chosen as 7 in
step T2.2.2, respectively, and no elimination is necessary. As the pseudo-
remainders of the two polynomials in G with respect to Rs and Rj3 are
themselves, G is not updated in step T2.2.3. Therefore, we obtain the first
triangular system [T, U;] with

Ty = [Rs, R5, Ra], Uy ={z,1*—1},

which is added to ¥ in step T2.3.

Now there are two triplets in & which remain to be considered. For the
first [{T, Ry, z,—t},0,0], the two polynomials T, R; have leading variable
z, of which Ry has lower degree 7 and initial 23 ~ z. Here and elsewhere,
~» stands for “simplified to.” One may split the computation to two cases
according as z = 0 and z # 0 by strictly following the described algorithm,
which 1s somewhat complicated. Actually, we may simplify 7" and R; by
z = 0 and ¢ = 0 and make the resulting polynomials squarefree. Then, the
second triangular set Ty = [t, z, y, x] is obtained immediately, with U, = §.
For the other triplet

[Fa Ga T] = [{R3, Rz, _ZSy - t3at3 - l}a {Z}a 0],

the polynomials
Ry, =23y —13, Ry, t2—1

have leading variables z, y, z, ¢, respectively, and thus already constitute a
triangular set. Hence, we get

TS = [tS - 1aR3a _ZSy - tSaRZ]a U3 = {Z}
O

Proof of TriSer Termination. We only need to prove that the while-loop
terminates. For any triplet ¢ taken from ® in step T2.1 of TriSer, let I be
the first component of ¢ and P* the first component of some polynomial
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system in A produced by Elim from . Then, from the replacement of T'
by its initial and reductum in step E2.2 of Elim one sees clearly that either

level(P*) < level(TF), or level(P*) = level(IF) = ¢.

In the latter case, the minimal degree in z,; of the polynomials in P*(®)
is less than that of the polynomials in F{¢). Since both level and degree
are positive integers, any steadily decreasing sequence of levels or minimal
degrees 1s finite. Therefore, the while-loop can only have finitely many
iterations. This proves the termination of TriSer.

Correctness. Let us view Algorithm TriSer as for computing a multi-branch
tree T starting from its root with which the triplet [P, @, §i] is associated
(see Fig. 3).

Fig. 3
Set P = [P,Q]. With each node or leal ¢ of 7, a triplet [P;, Q;, T,] is

associated such that after the execution of every step! of TriSer the zero
relation

Zero(P) = UJ Zero(IP; U T;/Q;) (2.3.6)
i over all leaves of T
is preserved. This is because the relation (2.3.1) implies that
Zero(PUT/Q) = Zero(FU{T}IUT /G U U Zero(P*UT/Q%) (2.3.7)
[P+ Qlea

for any T, and because Zero(FU{T}UT /G) remains unchanged when step
T2.2.3 is executed. The branches are generated clearly by the subalgorithm

'For steps T2.2.2 and T2.2.3, the polynomial 7" is taken into account of the
triplet in process. Namely, IP; corresponds to IF U {T'}.
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Elim with the zero relation (2.3.1) and thus (2.3.7) above preserved. We can
of course cut those leaves 7 for which P; contains a non-zero constant or
@Q; contains 0 at any time. If all the leaves are cut off, then Zero(P) = 0.
Otherwise, when the algorithm terminates, IP; is empty for every leaf ¢ of
T . In this case, the corresponding pair ¥; = [T,;, U;] = [T, Q;] is obtained
and the zero decomposition (2.3.6) has the form (2.1.8).

Next we show that each [T;, U;] is a fine triangular system, viz.,

ini(T)(x) #0, forany T €T, @ € Zero(T;/U;),
and 0 ¢ prem(U;, T;). Let T; = [T4,...,T,] with
mi(7;) =1I;, cls(T3) =p;, j=1,...,7

One sees that each [; is adjoined in step E2.2 of Elim to the set G. Since
cls(I;) < pj, I; remains in G after the execution of T2.2.3 and T2.2.4 for
iteration ¢ = p;. In the next iteration ¢ = p;_1, I; will be replaced by its
pseudo-remainder (which is non-zero, for otherwise this leaf is cut away)
with respect to 7T;_1. This pseudo-remainder will further be replaced by its
non-zero pseudo-remainder with respect to 7;_» in the iteration ¢ = p;_»,
and so on. Therefore,

prem(l;, T;) = prem(f;, [T1, ..., T;-1])

is contained in U; for all j. From the pseudo-remainder formula (2.1.2),
one knows that any zero of I; which is also a zero of T; must be a zero of
prem(l;, T;) € U;. Hence, I;(x) # 0 for every j and & € Zero(T;/U;).

Since all the polynomialsin U; are actually the non-zero pseudo-remainders
of some initials of polynomials with respect to T;, one sees that 0 &
prem(U;, T;) for every i. Therefore, each [T;,U;] is a fine triangular sys-
tem and the proof 1s complete. a

Algorithm TriSer implements the strategies of top-down elimination and
splitting mentioned at the beginning of this section. It is structurally simple
and practically effective. Note that the second component of a triangular
system computed by TriSer may contain numerous polynomials, which in-
creases the solution size of the problem. Fortunately, this drawback will
disappear when the computed fine triangular systems are made regular,
simple or irreducible (see Theorems 3.4.6, 4.3.11 and 5.1.11).

By TriSer the decomposition tree as in Fig. 3 is computed depth-first.
When the basic ideas of the algorithm are understood, one can design the
corresponding breadth-first algorithm without essential difficulty.

Definition 2.3.1. Any (fine) triangular system computed by the algorithm
PriTriSys from a polynomial system B in K[#] is called a (fine) principal
triangular system of .

Proposition 2.3.2. Let P C K[#] and [T, U] be a principal triangular
system of [P, ]. Then T is a quasi-medial set of P.



52 2. Zero decomposition of polynomial systems

Proof. Tt is clear that T C Ideal(P) and T is a quasi-ascending set. So we
only need to prove that T has rank not higher than that of any quasi-basic
set B of P, i.e., T X B. For this purpose, let

B:[Bla"'aBs]’ T:[Tla"'aTT]

and p; = cls(B;). Since By € P and cls(B;) = pi, pira) #+ § and thus
T contains an element of class p;. This implies that cls(71) < cls(By).
If cls(71) < cls(By), then T < B and the proposition is already proved.
Otherwise, cls(Ty) = cls(By). From the elimination for each ¢, one knows
that ldeg(7Ty) < Ideg(B). Hence either Ty < By or Ty ~ By. In the former
case, the proposition is proved. Suppose otherwise the latter happens.

Similarly, T should contain a polynomial of class ps and thus cls(72) <
cls(Bsz), etc. Using the same argument, one knows that either there is a
J < min(r, s) such that

Ty NBl,...,I}_l NBj_l, while j} = Bj,

or
s=r

s and T1 ~ Bl,...,TT ~ Br.
In any case, T X B and the proposition is proved. a

Remark 2.3.1. 1t appears that Algorithm TriSer may produce a large num-
ber of branches. Nevertheless, the branch problem here is actually not more
serious than that in CharSer. This is partially because for many of the
branches produced, the corresponding polynomial systems have no zeros.
In this situation, more polynomials in the second component of a poly-
nomial system, higher possibility is created to discard the system. Some
analysis shows that the number of involved pseudo-divisions for the tri-
angularization process in TriSer is similar to that in CharSer. Due to the
advantages explained before, the computation for every individual branch
in TriSer is less expensive. However, at the implementation level heuristic
detection of redundant components is always necessary and profitable.

2.4 Subresultant-based algorithm

The decomposition algorithm TriSerS presented in this section has the same
functionality and employs the same strategies of splitting and top-down
elimination as TriSer. For the difference: TriSerS is based on computing
subresultant chains. Let us recall the theory of subresultants and the re-
lations between PRS and subresultant chains reviewed in Sect. 1.3. It has
been widely recognized that forming subresultant chains is one of the most
efficient ways to compute PRS. In our case, the process allows in particular
to decompose any polynomial system into simple systems (see Sect. 3.3).
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First we demonstrate how the computation of subresultant chains is incor-
porated into TriSerS as the core operation.

The subresultant chain of two polynomials has the well-known block
structure as shown in Theorem 1.3.4 and Fig. 1 which has been exten-
sively studied, for example, in Collins (1967), Brown and Traub (1971),
Loos (1983) and Mishra (1993). For our purpose, it is sufficient to use the
existing results without entering into details of the theory of subresultants.
As before, let R be a commutative ring with identity and K a field of
characteristic 0. For the decomposition algorithms based on subresultant
chains, the following lemma is of particular importance.

Lemma 2.4.1. Let S, 41 and S, be two polynomialsin R[z] with deg(S,41,
z) > deg(S,, z) > 0 and
SN+1aSua . 'aSO

be the subresultant chain of S, 1; and S, with respect to x, with PSC chain
Ry, Ry, ..o, Ro.
Then for any 1 < i < p,
Si#£0,5_1=-=8=0<= R, #0,Ri_1=---= Ry =0.
Proof. Corollary 7.7.9 in Mishra (1993, p. 262). a

Recall the SRS
Sd2’ RS Sd

of S,41 and S, with respect to z, in Definition 1.3.4. We rename these
regular subresultants Ho,..., H, and set P, = 5,41, P, = S,. Clearly,
Hy « Py. As before, 21} stands for 21, ..., 2; or (x1,...,%;), and similarly
for &1} ete.

r

Lemma 2.4.2. Let P; and Py be two polynomials in K [21#}] with deg(P;,
zy) > deg(Pa, i) > 0, Ha,..., H, be the SRS of P, and P; with respect
to g, I = lc(Pa, xi), and I; = lc(H;, #) for i = 2,...,r. Then

(a) for any 2 < i < r and &5~ € Zero({L;41,..., I.}/IL),
ged(Py (a1~ 2y), Po(@ V=1 2p), ap) = Hy (V=1 ap).
(b)
Zero({Py, Po}/I) = U Zero({H;, Liv1, ..., L }/1L;). (2.4.1)
i=2

Proof. (a) Let &: S,41,S5,,...,S0 be the subresultant chain of P; = S,41
and P, = 5, with respect to zy, with PSC chain

Ry, Ry, ... R
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and block indices dy,d», ..., d,. Then, H; = Sy, and I; = Ry, for 2 <i <r.
By Definition 1.3.4, for any 0 < j < g and j € {d»,...,d.}, S; is
defective, so R; is identically zero. Let

a1~ e Zero({Liz1, ..., I}/ I1;).
Then R;(2tF=1) = 0for 0 < j < d; — 1. Set

(@F1 ), 0<j<p+1,
(@ k=1 2, i=1,2, (2.4.2)

Sj = Sj
P, =P
Hi = Hi(:i{k_l},l‘k), 2 S 7 S r.
By Lemma 2.4.1, - -
Sg1=---=8,=0

and H; = Sy, is a non-zero polynomial in 3. Note that the specialization of
=1} to 21~} induces a homomorphism that maps the coefficients of P
and P, in z; to numbers in some extension field of K. By Proposition 1.3.5,
each Sj may differ from the jth subresultant of P, and P, with respect
to x at most by a factor of some power of I(:i{k_l}) # 0. According to
Theorem 1.3.4 about the block structure of subresultant chains, there exists
an integer d, d; < d < y, such that Sy «~ Sy, . It follows from Theorem 1.3.6
that S is similar to the last polynomial in the subresultant PRS of P; and
P, with respect to zj. Therefore,

gcd(Pl, Py, rp) = Sy~ Sy, = H;.
(b) For any @&%=1} € Zero(f)/I), there must be an i (2 < i < r) such that
L@¥=#£0, L@ Y= =n@%* =0
Thus, according to (a)
o, = gcd(Pl, P, ),

where H; and Pl, P, are as in (2.4.2). The zero relation follows immediately.
O

Lemma 2.4.2 (a) may be simply stated as: ged(Py, P2, #) = H; when
Iiy1=0,...,0, =0 and [[; # 0 for any 2 < i < r. A similar wording will
be used for squarefreeness in later chapters.

Now, we show how to decompose a polynomial system [P, Q] in K|[x]
into triangular systems by using subresultant chains. Again, let us perform
a top-down elimination for g, k = n,..., 1.

If, trivially, P*) = @), then proceed for next k. Consider the simple case
PR = 1 and let P € P*) with T = ini(P). Then

{ P=0,Q#0,1#0; or

P=0Q+#0 P\ {P}=0,7=0,red(P)=0,0 # 0.
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Here two subsystems are produced. For the first, we have obtained a single
polynomial P in xj whose initial is assumed to be non-zero, so the process
can continue for next k. For the second, the minimal degree in z; of the
polynomials of class k£ has decreased. So we can assume that the subsystem
may be dealt with by induction.

Now come to the more general case |]P><k>| > 1. Let P, Py € PR with P,
having minimal degree in z; and compute the SRS H,,..., H, of P, and
Py with respect to xp. Let T = lc(Pa, ) and I; = le(H;, xy) for 2 < i < r
as in Lemma 2.4.2. Then

Py=0,T=0,red(P2) =0, Q#0; or
P=0,Q0+40 <— P12 =0,H; =0, Q+0,1#0,
Liy1=0,...,1, =0 I; 20

for some 2 < i<,

where

Py=P\{P}, P1o=P\{P, P}
It follows that

Zero(P/Q) = Zero(P5U {1, red(Ps)}/Q)U
OZero(]Plzu{HZ»,IZ»H,...,Ir}/QU{I,IZ»})
_ (repeat recursively)
= OZero(Ti/Ui).
iz1

What has been explained above can be formalized as the following algo-
rithm.

Algorithm TriSerS: ¥ + TriSerS(P, ). Given a polynomial system [P, Q]
in K[x], this algorithm computes a fine triangular series ¥ of [P, Q).

T1. Set &« {[P,Q,n]}, ¥+ 0.
T2. While ® # § do:
T2.1. Let [T, T, /] be an element of & and set &« &\ {[T, U, /]}.

T2.2. Fork=¢,...,1 do:

T2.2.1. If T¢) = §§ then go to T2.2.3 else repeat:

T2.2.1.1. Let P; be an element of T{*) with minimal degree in xg
and set

& U [T\ {P)} U {ini(Ps), red(Ps)}, U, k]},
U+ U U {ini(Ps)}.
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If |} = 1 then go to T2.2.2. Otherwise, let P; be an
element of T\ {Py}.

T2.2.1.2. Compute the SRS Hs, ..., H, of P; and P> with respect
to x and set [; < lc(H;, xp) for 2 <i < r. Ifcls(H,) < k
then set 74— r — 1 else set 7+ 7.

T2.2.1.3. Set

S dU{[T\{P, P} U{H;, Liy1,..., 1.},

DU{L} k] 2<i<r—1},
T« T\{P, P} U{H,, H-},
U+UuU{l}.

T2.2.2. Compute U <prem(U, Pa, xj).
T2.2.3. f TNK \ {0} # 0 or 0 € U then go to T2.
T2.3. Set ¥« ¥ U {[T,U]}, with T ordered as a triangular set.

Proof. The algorithm adopts a top-down elimination from =z, to z;. For
each z, a single polynomial Py of class k is first produced from T} so
long as T¢*) # 0 (step T2.2.1); this polynomial is then used to reduce the
polynomials in U (step T2.2.2). There are two kinds of splitting in the
algorithm. One is performed in step T2.2.1.1 according as the initial of
the considered polynomial vanishes or not: either 1t is assumed to be non-
vanishing or the polynomial is replaced by the initial and the reductum.
The other kind of splitting is performed for SRS elimination in step T2.2.1.3
according to Lemma 2.4.2. At each time of splitting, one produced system
(corresponding to the case i = r in Lemma 2.4.2) (b) is taken to update
the current system [T, U] and the others are added to ®. As in any case of
splitting a polynomial system 3 into subsystems 3; the zero relation

Zero(P) = U Zero(%P;)

is preserved, the decomposition (2.1.8) is obtained eventually. In view of
steps T2.2.2 and T2.2.3, each computed triangular system as %; in (2.1.8)
is fine.

The termination of the algorithm is guaranteed because in each case of
splitting, new polynomial systems are generated from the current system in
two ways: either replacing one polynomial by another having lower degree in
their common leading variable, or replacing two polynomials by one having
the same class k. For the latter, some polynomials of class smaller than %
may be added. Step T2.2.1 terminates obviously, as in each repetition two
polynomials P;, P, € T{) are replaced by one Hy of class k and sometimes
plus a polynomial H, of class < k (see T2.2.1.3). a

The polynomial set in the following example, considered initially by
M. Bronstein, can be found in Wu (1987b), Chou and Gao (1992), and
Wang (1998).
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Ezample 2.4.1. Let P = {Py, P5, P3} with
P=a? 4y 422 — 12,
Py=xy+ 22 -1,
Pi=axyz — 2 —y>— 241
andr <z <x<y.

First assume that ini(P2) = « # 0 and compute the subresultant chain
of P53, P, and of Py, Py, respectively, with respect to y. We obtain Ps, Py, F'
and P, Po, G with

F=—zt— 28322 4+ 22— 24 42,72 -1,
G=za+ 2222 =222 + 24 — 222 4+ 1.
Thus, P>, F' and P», G are the SRS of Ps, P, and P, P> respectively. It

follows that
ged(Ps, Po,y) = ged(Py, P, y) = Po

when F = (G = 0 and = # 0. From the subresultant chain of /" and ¢
calculated in Example 1.3.2, one sees that the SRS of F' and G with respect
to x is

G, H?z* (*—2:24+1)2H%
where H = 23 — 22 + 2 — 1. Hence,

G  when H =0,
ng(F’G’x)_{l‘z when z* — 2224+ 1=10,H # 0.

Since z is assumed to be non-vanishing, the latter case is discarded. There-
fore, we get a fine triangular system [Ty, U;] with

Tl = [H,G,Pz], Ul = {l‘}

For the case # = 0, a new polynomial set is generated by replacing P» with
ini(P;) = = and red(P;) = 2% — 1. Following the same procedure, one can
obtain from this polynomial set the second triangular system [T», ] with

To=[r'—4r? +3, 241 =2, 2,y* —r? +1].

It follows that
Zero(IP) = Zero(T1/x) U Zero(T2).
O

Example 2.4.2. By using TriSerS the polynomial set P in Example 2.3.1
can be decomposed into the following reduced triangular systems

El = [[_ZS +t4aT2aT3]a {t(tS - 1),2’}],
52 = [[tazaya$]a®]
Ty =[[t(t3 = 1), =2° + £, tzy? + 223y + 1, 227 — 1], {}],
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where
Ty = —tzy? =223y +18 — 25 — 3 412, Ty=t e —te —ty— 22,
such that

Zero(IP) = U Zero(%;).

For comparing the triangular set in ¥; with Ty = [Rs, Rs, R4] in Exam-
ple 2.3.2, we note that

Ty = prem(Rs, Ra, z), —t>Ty = prem(2* R4, R3, 2).

Ezample 2.4.3. Let P = {Py, P5, P3} with

Pr=z(@>+y*—c)+1,

Py =y(z® + 2% —c)+1,

Ps=z(y* +22—c)+1.
This set of polynomials, originating from a paper by V. W. Noonburg, has
been considered in Gao and Chou (1992), and Wang (1998). Under the

variable ordering ¢ < z < y < «, P can be decomposed by using TriSerS
into 7 fine triangular systems [Ty, U4], ..., [T7, U7 such that

7
Zero(P) = U Zero(T;/Uy),

i=1

=

1= [2e2% =223 — 222 —2e2 — 1, (ez + Dy + e2? — 2,22%2 + ez + 1],
[2:% —3cz? +z4 % 2y — 22+ e, — 2],

[ —cz—1,(z2 =)y’ +y—cz®? + 2+ yr — 2% + ],

Ty =[22% —3ez? + 2+ 2, (223 — 2¢2 + 2)y — e2? — 2 + 2, Ps],
Ts=[22% —cz+1,y— 2,220 —cx + 1],

6=[c, 2234+ 1,y — 2,222 + 1],

Tr = [4¢3 — 27,92 4 2¢2, 6cy® — 9y — 4¢?, 3yx + 2¢);

=

Uy ={e,z,cz+ 1},

Us = {2,22 —¢,222 — ¢},

Us={z* - ¢,y},
Up={22—c,28—cz+1,23—cz -1},
Us = {2,222 — ¢},

Us = {2},

Uz ={c,y}.
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In computing these triangular systems, some intermediate polynomials were
factorized over Q. See Remark 2.4.2. a

Two slightly different data structures are adopted for Algorithms TriSer
and TriSerS. We do so mainly to follow our early idea on the algorithm
design and to show the two possibilities. It is possible to use the data
structure of one algorithm for the other.

Remark 2.4.1. For the implementation of TriSer and TriSerS, some details
have to be taken into account for the sake of efficiency. For example, a
polynomial system [P, Q] is readily found to have no zero whenever P con-
tains a non-zero constant or 0 € Q. Any factor of a polynomial in P, when
it occurs as a factor in some polynomial in @@, may be removed, and so
may any such factor of other polynomials in Q. Heuristic reduction and
simplification of some polynomials by the others should be adopted. The
usual GCD and squarefree decomposition may be used in combination with
the conditional GCD and squarefree computation. Here is a more technical
trick: for any [P,Q], when |P("| > 2, Zero(P/Q) is likely empty and the
emp(ti?ess may be tested first by computing the GCD of the polynomials
in P,

Remark 2.4.2. Toreduce cost for computing triangular series using CharSer,
TriSer or TriSerS, polynomial systems may be split by heuristically factoriz-
ing some intermediate polynomials at appropriate stage. If some polynomial
in a polynomial set P can be factorized, for instance, into two polynomials
and thus [P, Q] can be split into two polynomial systems, say [P’, Q] and
[P”, @], such that

Zero(P/Q) = Zero(P'/Q) U Zero(P"/Q),

then one may proceed to decompose [P/, Q] and [P”, Q)], respectively, in-
stead of [P, Q]. Polynomial factorization is expensive in general, but making
proper use of it may improve the efficiency of the decomposition algorithms.
This issue will be treated in more detail in Chap. 4.

As we have seen in the previous sections, the procedures for comput-
ing decomposition (2.1.8) with fine triangular systems are not complex.
However, a fine triangular system may have “undesired behavior,” so much
more sophisticated algorithms will be developed in the following chapters
for computing various kinds of triangular systems that have better behav-
ior.
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3

Projection and simple systems

The fine triangular systems computed by Algorithms CharSer, TriSer and
TriSerS are not necessarily perfect. In other words, those triangular systems
which have no zero are not necessarily detected. This issue is to be treated
in this and the following chapters. To get some primitive idea, let us look
at the following example.

Ezample 3.0.1. Consider the fine triangular set T = [T}, T5, T3] with
T = 2% 4+ u,
Ty = y* + 22y — u,
Ts=(r+y)z+1

and u < # < y < z. Now I = ini(T3) =  + y. We want to verify whether
Zero(T) = (). For this, there are four different techniques available.

Factorization. To understand the “undesired behavior” of T, let us observe
that 75 factors as
Ty = (y+a)? =I?

over Q(u, z) with minimal polynomial 7} for ». It is then obvious that T
has no zero.

Projection. Instead of algebraic factorization, we calculate
prem(1%,Ty) = #? +u =T,

where deg(75,y) = 2 is taken for the exponent of I. Thus the same conclu-
sion is reached.
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Squarefree decomposition. As another way, let us form

aT:
prem(Th, —2) = —4(x? +u) = —4T}.

dy
This says that 75 is the square of some polynomial 7" when 77 = 0. 7" can
be easily determined to be I = y + x. Therefore, one can conclude that T

has no zero.

GCD computation. Finally, we compute
prem(Th, Iz) = —(xz +u)=-T1.

It follows that 7 is the GCD of T3 and I when T} = 0. So Zero(T) = @ is
verified as well. a

Our aim in what follows is to develop the above techniques into system-
atic algorithms. This is done first by incorporating projection into some
algorithms. In Sects. 3.3 and 5.1, we shall consider the problem by means
of other devices, for which the concepts of simple systems and regular sys-
tems will play a role. The perfectness of triangular systems may also be
guaranteed when one arrives at an irreducible decomposition, the central
theme of Chap. 4.

3.1 Projection

Let a polynomial system [P, Q] in KJa1,...,2,] be given. We want to
eliminate the variables #,,..., 2541 (0 < k < n) and to obtain finitely
many other polynomial systems [Py, Q4], ..., [P., Q] in K[z1, ..., 2] such
that

Zero(P/Q) £ 0 <> | Zero(IP;/Q;) # 0.
i=1
When k = 0, Zero(P/Q) # (0 if and only if there exists an ¢ such that
P;\ {0} =% and 0 ¢ Q. It is also expected that for any

(Z1,...,%k) € U Zero(P,;/Q,)

i=1

one can find Zx41, ..., Z, in some extension field K of K such that (Z1, ..
Zp) € Zero(P/Q). An elimination procedure meeting these two require-
ments only is relatively simple. However, the algorithms to be presented
in Sect. 3.2 are somewhat involved mainly because we also want to es-
tablish the zero relationship between the given system and the eliminated
(triangular) systems.
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Basic lemmas

Recall the notations P(), Pl and P{*) introduced in Sect. 2.3. We continue
writing @} for xy,... x; or (21,...,2;) with @ = 1} and similarly
U for Zy,...,% or (Z1,...,%;), etc. Unless stated otherwise, K always
denotes some extension field of K.

For any Z1,...,Z; € K, the set of polynomials obtained from P by sub-
stituting &, ..., #; respectively for z1, ..., #; is denoted by P{%%) Symbol-
ically,

P 2P|y sy = Plor=zy,. ez,

For any polynomial system 3 = [P, Q], we have
Definition 3.1.1. For any polynomial system P in K[x] and 1 <i<n—1,

the projection of Zero() onto x1'} is defined to be

Proj, 3 Zero($f) £ {w{i} c f{l

3Zig1,...2n € K
such that & € Zero(P) |~

Moreover, we define

Proj, Zero(P) = Zero(P)

for the extreme case ¢ = n, and

. A [0 if Zero(P) = 0,
ProjZero(*p) —{ {0} otherwise

for the extreme case ¢ = 0.

It is easy to see that

Proj,ciy Zero(P) # 0 <= Zero(P) # 0.

And, for i elements z1,...,7; € K,
@1 € Projy i Zero(P) < Zero(P1) £ 0.

For any polynomial system 9 = [P, Q], if Pl = QU = §§, then obviously
Proj i Zero(P) = Zero(P).

Lemma 3.1.1. Let [P, Q] be a polynomial system of level < i in K[x].
Suppose that QU1 #+ 0 and let Hy,..., Hy be all the polynomials in Qb

Denote, by Hy1, ..., Him,, all the non-zero coefficients of the monomials in
H; with respect to those variables which are > ;. Then

P10j, (i3 Zero(IP/Q) = U Zero(P/Qj,...5,), (3.1.1)
1<51<m, . 1< n<mn
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Zero(P/Q) = UJ Zero(P/Qf, ), (3.1.2)

1<ji<my,..,1<jn<my
where '
Qjyjn = QO U{Hyy,, ..., Hajy },
Q}1~~~jh = Q U {Hle’ .. 'athh}'

Proof. We first prove (3.1.1). For any U € Proj iy Zero(P/Q), by def-
inition there exist #;y1,...,%, € K such that & € Zero(P/Q). Clearly,
Hi(#) # 0 and thus

Hy (217, .. Hyp, (217)
cannot be all 0 for each {; let j/ be any integer such that Hljl/(:i{i}) + 0.
Then
21} € Zero(P/Qjr..51). (3.1.3)

In the other direction, if 1"} belongs to the right-hand side of (3.1.1), then
there must be some indices ji,. .., j; such that (3.1.3) holds. Therefore,

Hl(:i{i},l‘i+1, . ..,l‘n) 3_'5 0

for all I, so there are Z;11,...,%, € K such that Hy - -Hp(®) # 0. This
implies that H;(#) # 0 for each I. Hence, @ € Zero(I’/Q) and thus @17} €

Proj g, Zero(IP/Q).
To show (3.1.2), one first sees that the right-hand side is obviously con-
tained in the left-hand side. This is simply because

Zero(P/Q}, ;) C Zero(IP/Q)

for each set of ji,...,jn. On the other hand, for any & € Zero(P/Q) let j/
be any integer such that Hljl/(:i{i}) # 0 for each [ as before. Then

x € Zero(@/@}i,“jz)

and thus & belongs to the right-hand side of (3.1.2). O

Remark 3.1.1. The zero relations (3.1.1) and (3.1.2) in Lemma 3.1.1 can be
complicated by replacing [P on the right-hand side with PUHL;, ...;,, where

By, .y, ={Hy: 0<j<ji—1,1<I<h}\{0}

and Hyg =0forl =1,..., k. This is considered of practical interest because
the more polynomials in the system the easier the elimination may be, in
particular, when the system has no zero. This modification of the zero
relations would lead the subalgorithm ProjA described in Sect. 3.2 to a
more complicated version.
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Lemma 3.1.2. Let T be a polynomial in K[x] with
cs(T) =4¢>0, ini(T) =1, ldeg(T) =d,
and [P, Q] a polynomial system of level £ < i — 1 with level(Q) < i.
(a) If Q) = @, then for any £ < j <i—1
Proj, iy Zero(PUL{T}/QU{I}) = Proj, iy Zero(P/QU {T}).  (3.1.4)

((l))) Suppose that Q) # ¢ and let Hy,..., H, be all the polynomials in
QY. Set

R=prem((H,---Hy)%,T), Q' =Qt~-Yu{I R}.
Then, for any £ < j <i—1
Proj iy Zero(PU{T}/QU {I}) = Proj,;3 Zero(P/Q'), (3.1.5)
Zero(PU{T}/QU{I}) = Zero(PU {T}/Q). (3.1.6)

Proof. (a) In this case, all the polynomials in Q have class < ¢, i.e., @ C
K[x1"~1]. The left-hand side is obviously contained in the right-hand side
of (3.1.4). For the other direction, consider any £ < j < ¢— 1 and

:i{]} c Projm{j} Zero(ﬂD/QU {I})

By definition there exist Zj41,...,%i—1 € K such that #1i=1} € Zero(P/QU

{I}). According to the fundamental theorem of algebra, T'(21'='} ;) has

a zero 7; € K for z;. Thus, 1"} belongs to the left-hand side of (3.1.4).
(b) To prove (3.1.5), first consider any

@17} € Proj ¢y Zero(PU {T}/QU{I}). (3.1.7)
Then there exist Z;41,...,%; € K such that
TE') =0, 1@V £0, H - Hy@!) #0.
By the pseudo-remainder formula
I'(Hy---Hp)*=AT+R (3.1.8)

for some integer s > 0, we have R(#111) # 0. Therefore, 211} € Zero(P/Q),
which implies that '
@1} € Proj, i) Zero(P Q). (3.1.9)

Now let (3.1.9) hold; then there exist Z;y1,...,% € K such that #1 €
Zero(IP/QY). Note that, while T, Hy, ..., Hj are regarded as polynomials in
K (21"=")[2;], T contains a factor not occurring in any of Hy, ..., Hy if
and only if R # 0. Since R(&1) £ 0, T(21"=1, #;) must contain a factor,
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say T", which is not a factor of any H; (21~} #;), 1 <1 < h. Hence, there
must be an z; in some algebraic extension field of K(:i{i_l}) and thus of
K such that

T(@U= %) =0 while Hy-- Hp(@''1 &) #£0
(actually, any zero of 7" does). Therefore,
(@1, &) € Zero(P U {T}/Q U 1Y),
so (3.1.7) holds. This completes the proof of (3.1.5).

Finally, from the formula (3.1.8) it is easy to see that under the condition

I#0, Hy---Hp #0if and only if R # 0. Hence (3.1.6) holds true. O

Projection for triangular systems

Definition 3.1.2. A triangular system ¥ in K[x] is said to be perfect over
K (O K) if K-Zero(%) # 0.

A triangular set T C K] is said to be perfect over K if [T, ini(T)] is
perfect over K.

A triangular set or system in K[x] is said to be perfect (without reference
to any specific field) if it is perfect over some suitable extension of K.

Consider a fine triangular system [T, U] with
T=[T,...,T}].

Let cls(T;) = p; for each 4; clearly, 0 < p1 < -+ < pr < n. In general, for
each ¢ and any

z17) € Zero(TV /Py

the existence of &, 41,...,%, € K such that @& € Zero(T/U) is not guar-
anteed. In other words,

[Tl d@ee) |l pi))

is not necessarily perfect. We explain how to deal with this situation by
means of projection exhibited in Lemmas 3.1.1 and 3.1.2. Here, projection
is meant to carry out the task in either of the following two cases A and
B. It is considered first with respect to T,..

Case A. If p, = n, this case is skipped. If p, < n and Ul = @, then
proceed with case B below. Suppose, otherwise, that p, < n and U] # 0.
Let Hy, ..., Hy be all the polynomialsin Ul and denote, by Hyq, . . ., Hipy,
all the non-zero coefficients of the monomials in H; with respect to those
variables which are > =z, for each [. Then, by Lemma 3.1.1

Zero(T /U) = UJ Zero(T /Uj,..5,), (3.1.10)
1<j1<ma,..,1<in<mn
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where

Ujl"'jh =0u {Hljla . ..,thh}.
To simplify notations, let
T=4gn: 1< <ma, o 1< jr <k

i.e., J is the set of indices of Uj,...;, . Then, for any zlrrl ¢ Zero(T /UP),
there exist #p 41,...,%, € K such that Hy--- Hy(2) # 0 if and only if

Hyj, - ~thh(§z{pr}) #0 forsome j,---jn € J.
Or equivalently, we have

Proj 4 ip.y Zero(T /U) = U Zero( T/U Pr) ).
jeg

Case B. Consider each triangular system [T,TUj], j € J, and note that
Zero(T/U; Uini(T)) = Zero(T/U;). If ngr) = {, then
; A {r=1}ytp-—1)
Projgtp.-11 Zero(T /U;) = Zero(T /U; )

according to Lemma 3.1.2 (a). In this case, proceed next for T,_;.

(pr)

Otherwise, let K7y, ..., Kj be all the polynomials in U;""". Compute

R = prem((K; -+ Kz)9sT) 1) U = U;\ Y U {R}.

If R = 0, then Zero(T/U;) = § and the triangular system [T, ;] is removed.
In the case R # 0, application of Lemma 3.1.2 (b) yields

Projg -1 Zero(T /U;) = Projgip,.—13 Zero(T{r_l}/U;(pr)),
Zero(T /U;) = Zero(T /1U%). (3.1.11)
Combining (3.1.10) and (3.1.11) results in

Zero(T/U) = U Zero(T /7).
JjeT

Meanwhile, we have

Proj (v, _1yZero(T/U) = U Proj_ ¢, _ I}Zero(T{T 1}/U pr)
jeg

The above projection cases A and B can be repeated for each triangular
system [T{’“_l}, U;(pr)] with respect to 7,._1, and so forth. In this way, either
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all the split triangular systems are removed and thus Zero(T/U) = @, or a

finite sequence of polynomial sets U7, ..., U¥ are finally obtained such that
Zero(T /U) = | Zero(T/T5). (3.1.12)

i=1
In particular, when projection is needed only for z,,...,zk41, let ¢ be

such that p; < k 4+ 1 < p;y1. Then, the projection is performed first for
both cases A and B with respect to 7., ..., T;41, and finally for case A with
p = k in addition. Then

Proj, o Zero(T /U) = | Zero(T® /¥y,
i=1

Definition 3.1.3. Let T = [T, U] be a fine triangular system in K[#] and k&
a non-negative integer. ¥ is said to possess

e the projection property of dimension k if
Zero(E(i)) C Proj, Zero(%) (3.1.13)
holds for i = k and all ¢ € {cls(T"): T € T,cls(T) > k};

o the strong projection property of dimension k if (3.1.13) holds for all
k<i<n.

When the dimension is not mentioned, it is meant that & = 0.

Lemmas 3.1.1 and 3.1.2 ensure that the above-computed triangular sys-
tems [T,U;], 1 < j <s, all possess the projection property of dimension
k.

We do not describe the above projection procedure for triangular systems
as a formal algorithm because it is a special case of Algorithm TriSerP in
Sect. 3.2. Case A here is so designed that projection is performed once for all
the variables x,, ..., ®p, 4+1. This is mainly for some practical consideration.
Of course, one can modify the procedure in order to project for one variable
each time (see Remark 3.2.1).

For an arbitrary polynomial system 93, using CharSer, TriSer or TriSerS
one can compute a fine triangular series ¥ of B. If ¥ = §§, then Zero(P) =
. Otherwise, for each ¥ = [T,U] € ¥ one can project for x,, ..., Tx41
to determine the polynomial sets corresponding to UY in (3.1.12). When
Zero(%) = 0, it will be detected in the way of projection. Thus, either
Zero(%) = () is detected for all ¥ € ¥, or a zero decomposition of the form

Zero(P) = U Zero(%;)
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is finally reached, such that
Proj vy Zero(P) = U Zero(zgk))
i=1

and each %; is a fine triangular system possessing the projection property

of dimension k. In fact, for any ¥} € Zero(zl(»k)) the zeros of Egk]@’k) for
Zk41, ..., Ty can be successively determined from the triangular system.
As a consequence,

Zero(P=H) £ 0.
Therefore, the requirements we have specified at the beginning of this sec-

tion are all satisfied. In particular, when k = 0, Zero(*) = §§ if and only if
e=20.

Ezample 3.1.1. Consider the triangular set Ty = [T}, T, T3] with
T1:z3—z2—|—r2—1,
Ty = ot 4+ 2222 — 222 + 24 — 222 4+ 1,
Ts=ay+22—1,

which have been computed in Example 2.4.1. We want to project [Ty, {a}]
with & = 0. No projection is needed with respect to T5. To project with
respect to 15, compute

R= prem(x4, Ts) = Riz? + R,
where Ry = —2% + r% and Ry = —2* 4+ 22% — 1. Thus, [Ty, {=}] is split to
[T1,{R1, RY], [T, {Rs, R}].
For projection with respect to 77, we need compute

R} = prem(R3, 1Y)
= (=3t +5r2 = 3)22 — Brt —4r? + )z + " — 49t + 697 — 2,
R} = prem(R3, T1)
= (=8, + 475 — 6r* + 11)22 — (129* — 2972 4+ 17)2
—r® —4r5 4 167 — 1192 — 1.

Replacing Ry and R» in the two triangular systems by R} and R3 respec-
tively, we obtain

%1 = [Ty, {R1, R}], %= [Ty, {R5, R}

As all the coefficients of R} with respect to r and 2z are constants, no further
splitting is needed for each ¥;. Therefore,

Zero(Ty/x) = Zero(%1) U Zero(%2)
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and each %; possesses the projection property. In particular, for any (7, z) €
Zero(T1/RY), o
Zero([13, Ts]/x) # 0,

where T, = Ti|r=r .=z for ¢ = 1,2, 3. Nevertheless, the original [Ty, {}]
does not satisfy this property. This can be seen easily by taking r = z = 1;
then

Tl = Rﬂr:?,z:i = R§|7‘:F,z:2 = 0; TZ = x3’ TB =Y.

It follows that (1, 1) € Zero(T1) and (1,1) & Zero(T1/RY). Now,
Zero([Ty, T5)/x) = 0.

Finally, we note that projection of T3 = [T5, #] in Example 2.4.1 does not
modify the triangular system. Therefore, the polynomial set P given there
can be decomposed into three triangular systems %7, %5, %3 such that

Zero(P) = U Zero(%;)

and each ¥; possesses the projection property. a

Refer to Remark 3.1.1 and Hj, ..;, defined therein. If the modification
indicated there is incorporated into the above projection process for [T, U],
then in the corresponding places T should be replaced by TUH], j € J. In
this case, one obtains the projection method of Wu (1990). Usually, TUH; is
no more a triangular set, so its triangular series has to be further computed.
For this reason, H; was also abandoned by Gao and Chou (1992).

The projection case B is clearly expensive when ngr) # (. For the
pseudo-remainder

prem( H Kldes(Tr) T)
K6U§pr)

1s difficult to compute. This projection process can be considerably im-
proved by eliminating polynomials from U via GCD computation and
normalization. See the concepts of regular systems and normal triangular
sets and their computation in Sects. 5.1 and 5.2.

We shall see in Sect. 3.2 how the projection process explained above can
be effectively embedded into Algorithm TriSer, so that one does not need

to compute a triangular series before projection.

3.2 Zero decomposition with projection

Refer to the data structure of triplet introduced in Sect. 2.3. Quadruplet
is defined now to help understand the algorithms presented in this section.
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Data structure. A quadruplet of level i (1 < i < n) is a list [P,Q, T, U] of
four elements such that [P, Q,T] is a triplet, level(Q) = ¢ < p, and U is a
polynomial set in K [x] with U@ = §, where

. { cls(op(1,T)) if T # 0, (3.2.1)

n otherwise.

For any polynomial system [P, Q], one may write P and Q as
p=p@Oypll Q=0Q@yuQl

for some 7 and ¢ such that level(ﬂp(i)) =i, Pl can be ordered as a triangular
set T, and ¢ = level(Q(@) < p, where p is defined in (3.2.1). Let U = Q[4l.
Then, [P4), Q@ T, T]is a quadruplet, with which Zero(P® U T/Q@ uT)
is of concern.

The subalgorithm ProjA below implements Lemma 3.1.1. The polynomial
system [P, Q] is split by projection into finitely many subsystems, of which
one is separated as [P, Q’, T, U] (in step P2.4) and the others are put into
A. Those polynomials corresponding to Hi,..., Hp in Lemma 3.1.1 are
moved from Q to U, forming the output sets Q' and U’ (in step P1).

Algorithm ProjA: [Q', U, ©] « ProjA(P, @, T, U, ¢). Given an integer ¢ > 0
and a quadruplet [P, Q, T, T] of level 4, this algorithm computes a polyno-
mial set Q' of level < i, a polynomial set U/ = UU QU and a set © of
quadruplets of level 7 such that

Proj,iy Zero(P /Q) = Zero(P/Q') U U Zero(P/Q%), (3.2.2)
[F,Q~T,U]c®

Zero(P/Q) = Zero(P/Q'UQy U | ] Zero(P/0 uQll), (3.2.3)
[P,Q*T,U]c®
where level(Q*) < 4.
P1. Set Q'+ QW, U+ U QL ©+0.
P2. If QU1 £ § then do:
P2.1. Let Hy,..., Hp be all the polynomials in QU.

P2.2. Forl=1,...,h do:
P2.2.1. Compute

Vie—{z;: deg(H;, x;) > 0,1 < j < n}.

P2.2.2. Let H; be the set of all the non-zero coefficients of H; with
respect to V. If H; N K # (§, then set my < 1, Hy; < 1 else
let Hyi, ..., Him, be all the polynomials in H;.
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P2.3. Form
O {[P,QU{Hyj,, ..., Hnjp }, T, U] 1 < i <y, 1< g <}
P2.4. Set
Q'+« Q' U{H1,...,Hp}, 90\ {[P,Q, T U7}

Proof. No recursive loop is involved in this algorithm, so the termination is
obvious.

To see (3.2.2) and (3.2.3), we first note that in step P2.2.2,if H;NK # 0,
then H; has at least one coefficient which is a non-zero constant. In this
case, for any &'} € K' there always exist Zijy1,...,%n € K such that
Hi(#) # 0, so one does not need to consider the coefficients of H; with
respect to V;. In other words, H; is not needed. This is treated by simply
taking m; = 1 and Hj; = 1.

Except for this minor modification, [P, Q'] here corresponds to the sub-
system in Lemma 3.1.1 for the indices j; = 1,...,j, = 1, while the [P, Q*]’s
put into © correspond to the subsystems in Lemma 3.1.1 for all the other
indices. Therefore, (3.2.2) and (3.2.3) are actually an alternative form of
(3.1.1) and (3.1.2) in Lemma 3.1.1. O

Now, we are ready to present the elimination algorithm with projection.
This algorithm is modified from TriSer by: (i) replacing the reduction step
P2.3 in PriTriSys with step T2.2.4 below for the projection case B in which
there are polynomials of class ¢ but no polynomial of class > ¢ to be “pro-
jected;” (ii) inserting two steps T2.2.3 and T2.3 for the projection case A
in which there are polynomials of classes > i to be “projected.”

Algorithm TriSerP: ¥ « TriSerP (P, Q, k). Given a polynomial system [P, Q]
in K[2] and an integer & (0 < k < n), this algorithm computes either an
empty set ¥ that means Zero(P/Q) = @}, or a finite non-empty set

v = {[]P)la Qla Tla Ul]a sy []P)ea Qea Tea Ue]}a

where each [P;, Q;, T;, U] is a quadruplet of level < &k with level(Q;) < k,
such that

(a)

Zero(P/Q) = O Zero(P; U T,;/Q; UT,); (3.2.4)
) e
Proj vy Zero(P/Q) = U Zero(P;/Q;); (3.2.5)

i=1
(c) for any 1 < i< e and

jE{YU{AS(T): TETY, (24,...,2;) € Zero(P; UTY /Q, uTW)),
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[riled) ke

is a perfect triangular system, and thus so is [T;, U;].
T1. Set <0, ®«{[P,Q,0,0]}.
T2. While ® # § do:

T2.1. Let [F,G, T, U] be an element of ® and set
@ \ {[Fa Ga TaU]}a EFICVGI(F)

T2.2. Fore=4/,... k41 do:
T2.2.1. f FN K \ {0} # 0 then go to T2. If level(IF) < ¢ then go to
T2.2 for next 2.
T2.2.2. Compute [T, F, G, A] + Elim(FF, G,:) and set

S+ dU{SU[T,U]: § € A}
T2.2.3. Compute
[G,U,0] +ProjA(FU{T},G,T,U, )

and set ¢ P U O.
T2.2.4. If GI~11 £ (§ then compute

G+ GV U {prem( H Gles(™) )y,
Ge@l-1l

T2.2.5. If 0 € G then go to T2 else set T« [T]UT.

T2.3. Compute
[G,U,0] «ProjA(F, G, T,U, k)

and set & «+ & U O.
T2.4. Set ¥+ VU {[F, G, T,U]}.

We may assume that P, " K \ {0} = § and 0 € @; for each ¢; =
[P;, Q;, T3, U] € W. For, otherwise, Zero(P; U T;/Q,;UTU;) = § and ¢; can
be simply deleted from W. If k& = 0, then Zero(P/Q) # § if and only if
e > 1. Hence, when k = 0 and e > 1, P;\ {0} = § and [T;, U;] possesses the
projection property for all 1 < <e.

Ezrample 3.2.1. See Example 2.3.2. Let & = 0 and perform the elimination
with projection. For z € U;, we need compute in step T2.2.4 the pseudo-
remainder of z°, instead of that of z, with respect to Rs. It is —t* ~+ ¢, so
U, is replaced by {t,#3 — 1}. Similarly, for z € Uz we need compute the
pseudo-remainder of z° with respect to Rz, which is —t* ~~ ¢, and then
the pseudo-remainder of ¢3 with respect to 3 — 1, which is the constant
1. Hence, Us is simplified to @). The projection steps T2.2.3 and T2.3 are
trivially executed for this example. a
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Proof of TriSerP Termination. Define, for any polynomial system [P, Q], a
triple
Index(P/Q) £ (d, £, p),
where
d = min{deg(P, x,): P € P},
£ = level(IP),
p = max({, level ().

We order two triples as (dy, £1,p1) < {da, {2, pa2) if

p1 < p2; or
p1 = p2 while {1 < f5; or
p1 = pa2, b = fo while d; < ds.

For a quadruplet ¢ taken from W in step T2.1 of TriSerP, let F, G be
the first two components of ¢ and P*, Q* the two components of some
polynomial system in A produced by Elim or the first two components of
some quadruplet in © produced by ProjA from 1. Then we always have

Index(P*/Q") < Index(F/G).

Since each component of the triple Index(IP/Q) is a positive integer, any
steadily decreasing sequence of such index triples is finite. Therefore, the
while-loop of TriSerP has only finitely many iterations. The termination is
proved.

Correctness. This is to show that the computed ¥ satisfies the properties
(a), (b) and (c) in the specification of TriSerP.

(a) Similar to TriSer, Algorithm TriSerP can also be viewed as for com-
puting a multi-branch tree 7. With the root of 7', the quadruplet [P, Q, @, ]
is associated, and with each node or leaf i, a quadruplet [P;, Q;, T;, U;] is
associated such that after the execution of every step of TriSerP the zero
relation (2.3.6), when @Q; on the right-hand side is replaced by @; U Uy,
is preserved. To see this, one only need note that in the present case, the
branches are generated also by the subalgorithm ProjA with the zero rela-
tion (3.2.2) preserved, while (3.2.2) implies that

Zero(PUT/QUU) = Zero(PUT/GUU)U | ] Zero(PUT/Q"UT),
[P,Q*T Ule®

where U’ = TUQU. Zero(FU{T}UT/GUU) also remains unchanged when
step T2.2.4 is executed.

Cutting those leaves ¢ of T for which PP; contains a non-zero constant
or 0 € @Q; and assuming that not all the leaves are cut off, we obtain the
zero decomposition (3.2.4). From the correctness proof of TriSer, one sees
clearly that [T;, U,] here is also a triangular system.
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(b) First let #1F} ¢ K belong to the right-hand side of (3.2.5); then
there is an ¢ such that 53‘““{6 Zero(P;/Q;). By property (c) to be proved,
there exist Zx41,...,%, € K such that

(Zpgi, ..., &n) € Zero(TF) jUtR)y,
Hence
x € Zero(PiUTi/QiUUi). (3.2.6)
By (3.2.4), & € Zero(P/Q). It follows that

" € Proj_u Zero(P/Q). (3.2.7)

Now suppose that (3.2.7) holds, so there exist Tpy1,...,%, € K such
that @ € Zero(?/Q). By (3.2.4), there must be an ¢ such that (3.2.6) holds.

In particular, we have

AL Zero(P;/Q;) C U Zero(IP;/Q;).

i=1
Thus, (3.2.5) is proved.
(c) Let T, G, T,Uand T be as in TriSerP. We first show two assertions:

(A) If step T2.2.3 is executed for some ¢, then after the execution, for any
(Z1,...,%,) € Zero(FU{T}/G),

Zero(T{®1 /(@) £ ¢, (3.2.8)

(B) If step T2.2.4 is executed for some ¢, then after the execution, for any
J, level(F) < j <e¢—1, and (Z1,...,%;) € Proj,u Zero(F/G),

Zero([T)U T /@)y £ ¢, (3.2.9)

If 0 € G, then Zero(IF/G) = @. In this case, the property is trivial and need
not be considered.

To avoid confusion of notations, the quadruplet [F, G, T, U] in what fol-
lows will always be referred to before the execution of the step under dis-
cussion, and the corresponding components after the execution, if updated,
will be referred to with the superscript star *. The proof proceeds by in-
duction on |T|.

Case (1). T = 0.
(A) Let ¢ and ¢* be the quadruplets corresponding to [F, G, T, U] before
and after the execution of step T2.2.3 in TriSerP, respectively. Then

1/):[F’G’0’0]’ ¢*:[F’G*’®’U*]’
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where U* = G[i]. Let @'} € Zero(F U {T}/G*). By (3.2.2), there exist
Zyt1, ...,y € K such that

x € Zero(FU{T}/G).

Since U* € G, U(®) # 0 for any U € U*. Hence, & € Zero(/U*) and
(3.2.8) holds.
(B) Now, we have

,l/) = [F’ G’Q’U]’ 1/)* = [F’ G*’Q’U]’

where

G = { GU=1 U {prem([gegr-n G**8M), T)} if Gl =1 # 4,

G otherwise.

In both cases, for any level(F) < j < 12— 1 and @17} € Proj ;) Zero(F/G*),
by (3.1.4) and (3.1.5), and noting that Zero(1'/GU{ini(1)}) = Zero(1/G),
there exist #;11,...,%, € K such that

a1 € Zero(F U {T}/G). (3.2.10)

Now for (3.2.10), by (A) above there exist Z,41,...,%, € K such that
& € Zero(§/U). Therefore, @ € Zero([T]/U) and (3.2.9) holds.

Case (ii). T # 0.

By induction we suppose that the property in (B) is satisfied after the
execution of step T2.2.4 for ¢« = p, where p = cls(op(1, T)). Observe that
steps T2.2.5 and T2.2.1 are trivial, the execution of step T2.2.2 does not
update T and U, and for this step any zero of [F* U {T'}, G*] is also a zero
of [F, G] by (2.3.5). Hence, we have the following (B’) which corresponds
to (B) for j = level(TF):

(B’) If step T2.2.2 is executed for some ¢, then after the execution, for any
(Z1,...,%,) € Projum Zero(FU{T}/G),

Zero(T{™0 /(@) £ ¢,
(A) In this case, we have
1/):[F’G’T’U]’ ¢*:[F’G*’T’U*]’

where U* = UUGH. For any @1} € Zero(FU{T}/G*), according to (3.2.2)
there exist #,41,...,%, € K such that

z1P} € Zero(FU {T}/G).

Therefore, by (B') there exist Z,41,...,%, € K such that @ € Zero(T/U).
Since U*) = G c G,

@ € Zero(T/U*P) U TU) = Zero(T /U*),
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0 (3.2.8) holds.

(B) Similar to (B) in case (i), for any level(F) < j < 12— 1 and @17} €
Zero(IF/G*), by (3.1.4) and (3.1.5), and noting that Zero(7'/GU{ini(T)}) =
Zero(T/G), there exist Z;41,...,%, € K such that

a1 € Zero(F U {T}/G).
By (A) in case (ii) above, there exist Z,41,...,%, € K such that
x € Zero(T/U).

Hence, ® € Zero([T] U T/U) and (3.2.9) holds as well. By now the two
assertions (A) and (B) have been proved.

Next, we show that after the execution of step T2.3, (3.2.8) holds for any
'} € Zero(F/G).

If T= (), then step T2.2 is trivially executed and the execution of step
T2.3 is the same as that of step T2.2.3 for ¢+ = k in (A) of case (i), noting
that the polynomial 7" does not play any special role in ProjA. Therefore,
for any &%} € Zero(F/G*), there are Zxy1,..., %, € K such that @ is not
a zero of any polynomial in U* C G. Hence, ® € Zero(}/U*) and (3.2.8)
holds.

If T # @, then step T2.2.4 must have been executed before, say for
¢t = p > k, where p = cls(op(1,T)). Now the execution of step T2.3 is
the same as that of step T2.2.3 for ¢ = k in (A) of case (ii). Therefore,
for any &%) € Zero(F/G*), there exist Zpq1,...,%5 € K such that z €
Zero(T /U~), so (3.2.8) holds as well.

Clearly, the final [F, G, T, U] is some ¢; = [P;,Q;,T;;U;] € ¥ in the
specification of TriSerP. In the way of computing ¢, step T2.2.4 must have
executed for all ¢ € {cls(T): T € T;} and ¢« = k. From the splitting process
and the zero relations that are preserved between the original and the split
systems, we know that any [P; U Tl(j),(@i U Ul(j)] is produced from some
corresponding [FU {T'}, ] as in the assertion (A) for : = j such that any

(Z1,...,%;) € Zero(P; U Tz('j)/(@i U Uz('j))
is also a zero of [F'U {7}, G. Therefore, it follows from (A) that
Zero(T?Kf’j)/Uy](@j)) £,

In other words, [Ty]@’j),Uy](f’j)] is perfect for any j € {k} U {cls(T): T €
T;}. Since

Zero(Tgf’M/Ugf’k)) # 0 = Zero(T;/U;) # 0,

by definition the triangular system [T;, U;] is also perfect.
This completes the correctness proof of TriSerP. a
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Remark 3.2.1. The second “if-condition” in step T2.2.1 of TriSerP may be
modified so that projection step T2.2.3 is also executed when level(F) < i.
Then, ProjA is called for every ¢ and V; in step P2.2.1 contains x; only for
each call. This may simplify the presentation and proof slightly. In this case,
properties (b) and (c) in the specification may be modified accordingly:

(b’) for any k < j < n,

Projguy = U Zero(P; U ng)/(@i Uy,

i=1

(¢/) for any 1 < i < e and
k<j<n, &V} e Zero(P; UTZ(j)/QiUU(j))’

[Ty]@’j),Uy](f’j)] is a perfect triangular system, and thus so is [TZU], UZD]].
If &k = 0, then each [T; U,] possesses the strong projection property.

However, if splitting also occurs when level(F) < ¢ # k, there is a critical

drawback: Elim in step T2.2.2 may be called repeatedly for the same IF.

Remark 3.2.2. The projection step T2.2.4 can be modified by using a more
complicated procedure as follows. Instead of forming

prem( H Gldeg(T),T),
GE@[z—l]

after squarefreeing 1" one computes the GCD of 7" and each polynomial G €
G with respect to ;, say by pseudo-division, and deletes it as a factor
from T" and (. After the deletion of all such common divisors, the GCD of
T and every polynomial in G~ should be 1. Then, Zero(T/GI'—1) £ § if
and only if T is of positive degree in #; (see Seidenberg 1956a). Along with
computing the GCD’s, the system is split into finitely many other systems
so that the necessary zero relations are preserved. This technique will be
reflected in Algorithm SimSer. In fact, another projection algorithm can be
derived from SimSer.

Algorithm TriSerP provides a quantifier elimination procedure and thus
a decision procedure for the existential theory of algebraically closed fields.
As a corollary of this algorithm, we have the following projection theorem.

Theorem 3.2.1. (Projection theorem of elimination theory — affine case).
Let {IF; (2, y): 1 < i< s} be aset of finite conjunctions of polynomial equa-
tions and inequations over K in the variables

az:(xl,...,xn), y:(yl”ym)

Then there is a finite set of G; (x) of which each one is a finite conjunc-
tion of polynomial equations and inequations over K having the following
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property: for every point & = (Z1, ..., Z,) of the affine space V" over some
extension field K of K there is a point y = (§1, ..., Ym) of the affine space
W™ over some algebraic extension field of K such that (@, y) satisfies at
least one of the F; (%, y) if and only if  satisfies one of the G; ().

One proof of this theorem, contained in the classical decision method of
A. Tarski, was clarified by Jacobson (1974, Sect. 5.4, pp. 305-306). Another
proof appeared in Seidenberg (1956a, 1956b). A recent proof was given by
Wu (1990).

For every polynomial system [P;,Q;] in (3.2.4), one can further com-
pute its triangular series using Algorithm CharSer, TriSer or TriSerS. The
corresponding zero decompositions may be merged with (3.2.4). As a con-
sequence, there is an algorithm which computes, for any polynomial system
[P, Q] and integer 0 < k < n, a set ¥ which is either empty, that means
Zero(P/Q) = 0, or of the form

{[]P)la Qla Tla Ul]a ceey []P)ea Qea Tea Ue]}

such that (a), (b) and (c) in the specification of TriSerP are all satisfied
and moreover each [P;UT;, Q;UT,] is a (fine) triangular system possessing
the projection property of dimension &k, where [P; is ordered as triangular
set. In this case, we call n — k the dimension of projection and say that
the elimination is performed with full projection if the dimension is n, and
without projection if the dimension is 0.

Ezample 3.2.2. Let P = {Py,..., Ps} with

Pi=(x—u)?+(y—v)?-1,
Py =v? — 4,
Py = 2v(x — u) + 3u’(y — v),

Py = (3wu? — 1)(2wv — 1).

This set of polynomials was communicated by P. Vermeer from the Depart-
ment of Computer Science, Purdue University in April 1990. It has been
used as a test example in Wang (1993).

Under the variable ordering ¢ < y < u < v < w, I’ can be decomposed
by TriSerP with projection for w, v, u into 5 fine triangular systems ¥; =
[T;, U] such that the zero decomposition (2.1.8) holds with @ = @ and
e = 5, and each F; possesses the (strong) projection property of dimension
2. Listed below are the triangular sets T; and the corresponding U; which
will be used in Example 9.1.6.

Ty = [T11, Tz, Ps, P4,

Ty = [T1, Toa, Tos, Ps, P4,

T3 = [T51, T3z, T3, Ps, Pa],

Ta=[Tu1,y, 120u+ 2u — 922 — 22 + 9, v2 + u? — 2zu+ 2?2 — 1, Py,

Ty =[x, 729y* — 956y% — 529, u(85u — 81y? + 72), u(3uv + 2v — 3uy), Pa),



80 3. Projection and simple systems

where

Tiy = 729y° — (145823 — 72922 + 41582 + 1685)y*
+(7292° — 145825 — 26192 — 489223 — 29722 + 5814x + 427)y?
+72928 + 21627 — 29002° — 23762° + 3870x* 4+ 407223 — 1188z
—1656x 4 529,

Ty = [2187y* — 6(72922 + 16222 + 2079z + 478)y” + 21872°% — 19442°
—101252* — 480023 + 250122 + 4968z — 1587]u + 4x2T3,,

Ty = 243z + 362 + 85,

Ty = 10460353203y° — 6377292(8523x + 4535)y*
+648(155380149z + 61648)y? — 16(22502185922 — 1609630283),

Ths = (81y* + 16223 — 3622 — 1542 — 72)u + 7223 — 422,

T = (8127 + 18z + 28)(7292* + 97223 — 102622 + 16842 + 765),

Tso = 27(18z — 1)y? + 2432 + 75623 — 27022 4+ 1242 + 279,

Tsz = —To1u” + Ths,

Ty = 272* + 423 — 54x? — 362 + 23,
and

Uy = {z,y, Ty, ini(T12), T3o,
729(21872°% — 113425 — 73262 + 414423 4 201522 — 6498z — 2268)y"
—2(15943232° 4 200766625 4 259159527 + 68001122° — 1264207525
+21798182* + 487242923 — 125461722 — 78212162 — 1084104)y?
+1594323212 4+ 59049021t — 12328119210 — 64662302° + 2260240228
+873363627 — 2292687025 4+ 114183562° + 356137112 + 157984223
—1332123522 — 318366 + 1199772},
Us = {x,y,41942 — 935, —6561y% + 16344z + 4132, 1162261467z y*
—26244(35676x — 79985)y* — 40(61438590x + 29843347)},
Us = {x,y, To1,8474827586184x5 — 62404135712552* + 752196915788423
+232143021516622 4+ 3035377934972x + 1281758320845, 18z — 1, U },
Uy = {9224+ 22 — 9,62 + 1,23 + 542? + 27z — 52},
Us = {y,5653y% — 2116, U }.

The polynomial U in Us and Uj is somewhat too large to be produced
here. It 1s irreducible of degrees 15,10, 1 in z, y, u respectively and consists
of 91 terms.

A triangular series of P can also be computed easily by TriSer or TriSerS
with respect to the same variable ordering. One may obtain with TriSer
5 fine triangular systems in which the triangular sets are the same as the

above T;, and with TriSerS 4 fine triangular systems in which some of the
triangular sets are slightly different from the corresponding T; above. O
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Applications of projection include solving parametric algebraic systems,
automatic derivation of locus equations, implicitization of parametric ob-
jects and determining existence conditions of singularities which will be

discussed in Sects. 7.1, 7.3 and 7.4.

3.3 Decomposition into simple systems

In this section, we introduce the concept of simple systems, which possess
other nice properties than those of perfect triangular systems. We extend
Algorithm TriSerS to compute such simple systems. For any polynomial
system P = [P, Q], define
P=PUQ.

Recall the notations 1} 2 (z1,... ;) and &1} 2 (7,,... &), etc.

For any P € K[zt*}] and 21~1} in some extension field K of K, the
polynomial P(:i{k_l}, zy,) is said to be squarefree with respect to uj if

op :

ged(P(&1F1 2p), (@1 2p) ) € K.

8l‘k

For example, 2 — z1 is squarefree with respect to x5 for z; = 1, but not
for x4 = 0.

Definition 3.3.1. A pair & = [T,T] of triangular sets in K [z] is called a
simple system 1f

(a) TN T =0 and & can be reordered as a triangular set;
(b) for every P € & of class p and any @{P=1} € Zero(&P—1)),
ini(P)(:i{p_l}) #0 and P(:i{p_l}, zp) is squarefree
with respect to z,.

A triangular set T C K[#] is said to be simple or called a simple set if
there exists another triangular set T such that [T,T] is a simple system.

While talking about a triangular system %, we sometimes say that % is
stmple. Naturally, this means that ¥ i1s a simple system. The concept of
simple systems is due to Thomas (1937, Chap. VI). What he called a simple
system 1s a reduced primitive simple system in our definition.

Ezample 3.3.1. Let P = {Py, P5, P3} with

_ .2
P1 =Ty — T,

_ 3 2 2
Py = xoxy — 2x25 + 25+ 212283 — 22083 + x4,
P3 = 22374+ Ta+ 2123 + %2

and xy < --- < x4. The polynomials P;, Py, Ps are all irreducible over Q.
One sees that
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* lIll(Pl) = 1, Iz = lIll(Pz) = I and 13 = lIll(Pg) = Zax3 + 1,
o T =[Py, P, P5] is a triangular set,
o T =[T, {I5, I5}] is a fine and reduced triangular system.

However, ¥ is not a simple system. First, cls(/3) = cls(Ps) and cls(I) =
cls(Py), so condition (a) is violated. Second, one may verify that P; has a
factorization

P2 = (l‘21‘3 + 1)(l‘3 — 1‘2)2
over Q(z1,22) with 23 having minimal polynomial P;. Thus, P, is not
squarefree with respect to zz for any (z1,z2) € Zero(P1/12). a

Ezrample 3.3.2. The polynomials and triangular systems are as in Exam-
ple 2.4.1. [T, Us] is not a simple system because y? —r2+1 is not squarefree
with respect to y when r = +1 € Zero(T), where

T=r*—4r"+3.

Since lv(G) = # € Uy and thus Ty UTU; cannot be ordered as a triangular
set, [T, U] is not a simple system either.

As further illustration, consider ¥ = [Ty,{7'}], which is triangular sys-
tem. This can be verified as follows: ini(P2) = # = 0 and Ty = 0 only if
z = £1 and r = 41 or r? = 3. This is possible only if 7' = 0. Hence, if
T =0 and T # 0, then z # 0. For ¥, condition (a) is satisfied. However,
neither is % a simple system because H is not squarefree with respect to z,
for example, when 27r? — 31 = 0 (noting that 27r*—31 and T are relatively
prime). O

Definition ?5’2 A triangular system ¥ in K[#] is said to be primitive if
every P € % is primitive with respect to its leading variable.
Lemma 3.3.1. Let [T, T] be a simple system in K[z] and
T = [pp(T,Iv(T)): T €T], T* = [pp(T,Iv(T)): T € TJ.
Then [T~ TNT*] Is a primitive simple system such that
Zero(T*/T*) = Zero(T /T).

Proof. Note that the primitive part of any polynomial has the same class as
the polynomialitself, so T*, T* and T*UT* can all be ordered as triangular
sets. Hence, we only need to see that for any 7'€ TU T of class p and

1P~ e Zero(T®—V/TP-1),

cont(T, xp)(:i{p_l}) # 0 and thus cont(7, z,) can be removed from T'. This
is obvious because cont (T, ;) is a divisor of ini(7T"), while ini(7)(zlr—11) £
0 by definition. a

In view of this lemma, we shall feel free to make simple systems primitive,
in particular for example calculations.
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Lemma 3.3.2. Let P; and Py be two polynomials in K [21#}] with deg(P;,
zy) > deg(Pa, i) > 0, Ha,..., H, be the SRS of P, and P; with respect
to z; and

I =le(Pa,ay), I =lc(Hi ap), 2<i<r

Let P,Q C K[2*~1] be two polynomial sets and assume that
I(:i{k_l}) #0 and Pz(:i{k_l}, zy) is squarefree

with respect to x, for any @1*=11 € Zero(P/Q). Then

Zero(PU{P}/QU{P}) = U Zero(PUP,/QU{L}), (3.3.1)

i=2
where P; = {pquo(Ps, H;, 2%), lit1, - .., Iy } for each i.

Proof. For any zt*~1} ¢ Zero(IP/Q), there must be an ¢ (2 < ¢ < r) such
that
L) £0, L@ )=. =@ ) =0

According to Lemma 2.4.2 (a),
Hi(@" =1 ay) = ged(Py (@71 ), Po(@ ™1, ap), ).

The zero relation (3.3.1) is established. a

Observe that on the right-hand side of (3.3.1), P; does not appear and the
only polynomial of class k is pquo(Pa, H;, x;) for each i. In this sense, the
polynomial P; is eliminated by means of splitting. The purpose of splitting
in the following lemma is to make an arbitrary polynomial squarefree.

Lemma 3.3.3. Let P be a polynomial in K[x!*1] with deg(P,z;) > 1
and I = le(P,x), Ha,..., H, be the SRS of P and its derivative 0 P/0x,
with respect to x, and

H; .
HSIHQ’ H::T,3§Z§r’ IZIIC(H;F,Ik),QS 1<

Then
Zero(P/I) = U Zero({Qi, Ly, ..., I}/ 11;), (3.3.2)
i=2
Zero(§/PI) = U Zero({{Tit1, ..., I}/ QillL;), (3.3.3)
i=2

where Q; = pquo(P, H}, 1) for each i. Moreover, Q; (1= x,) is square-
free with respect to x; for any 2 < ¢ <r and

a1 e Zero({Iigr, ..., I}/ IT;).
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Proof. Obviously, lc(0P/0xy, x;) = deg(P,x)l. Tt is also easy to see
from the definition of subresultants that [/ divides H; for 3 < ¢ < r.
As a fundamental fact in algebra, we know that for any 2 < ¢ < r and

"= ¢ Zero({liy1,..., I, }/1L),

P&t )/ ged(P(2F 7Y 2y), S—P(i{k_l}, ), Tx)
Tk

1s squarefree with respect to x; and has the same set of zeros as P(:i{k_l}, zp)
for zj. The squarefreeness of Qi(:i{k_l}, zj;) with respect to zj and the zero
relations (3.3.2) and (3.3.3) follow from this fact and Lemma 2.4.2 (a). O

Definition 3.3.3. A finite set or sequence of simple systems &1,..., &, in
K{[x] is called a simple series. It is called a simple series of a polynomial
system P if the following zero decomposition holds

Zero(P) = U Zero(6;). (3.3.4)

A simple series of [P, (}] is also called a simple series of the polynomial set

P.

The algorithm below is devised to compute a simple series of any given
polynomial system. It employs an elimination process again top-down from
zp, to #1 with splitting, modified from Algorithm TriSerS. For each zj (in
the for-loop 52.2), there are four major steps:

$2.2.1 producing from T*) + § a single polynomial P, of class k;
52.2.2 making P, squarefree with respect to ay;
52.2.3 eliminating the polynomials from T*) + 0 by Ps;

52.2.4 producing a single polynomial P, squarefree with respect to xx from

TR £ 9.
There are three kinds of splitting performed:

(1) in steps S2.2.1.1 and S2.2.4.1 according as the initial of the considered
polynomial vanishes or not (either the initial is assumed to be non-
vanishing or the polynomial is replaced by its initial and reductum);

(ii) in steps S2.2.1.3 and $2.2.3.2 according to Lemmas 2.4.2 (b) and 3.3.2
for basic elimination;

(iii) in steps 52.2.2.2 and 52.2.4.3 according to Lemma 3.3.3 for square-
freeness.
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Algorithm SimSer: ¥ « SimSer(P, ). Given a polynomial system [P, Q]
in K[x], this algorithm computes a simple series ¥ of [P, Q).

S1. Set @+ {[P,Q,n]}, ¥+0.
S2. While ® # {§ do:

$2.1. Let [T,T, /] be an element of ® and set &« &\ {[T, T, ]}.
S2.2. Fork=¢,...,1do:
$2.2.1. While T®*) £ § do:
$2.2.1.1. Let P; be an element of T{*) with minimal degree in xg
and set
S —DU{[T\{P=} U{ini(Pa),red(Pa)}, T, k]},
T T U {ini(P,)}.

If |T¢)] = 1 then go to $2.2.2 else take a polynomial Py
from T¢I\ {Py}.

S2.2.1.2. Compute the SRS Hs, ..., H, of P; and P> with respect
to x and set [; < lc(H;, xp) for 2 <i < r. Ifcls(H,) < k
then set 74— r — 1 else set 7+ 7.

S2.2.1.3. Set

S dU{[T\{P, P} U{H;, Liy1,..., 1.},
TU{L},k: 2<i<r—1},
T« T\{P, P} U{H,, H-},
T+ Tu{l}.
$2.2.2. If T} = § then go to $2.2.4. If deg(Ps, xx) = 1 then go to

S2.2.3 else:

S2.2.2.1. Compute the SRS Ho, ..., H, of P; and its derivative
OPs/0wxy with respect to ¢ and set

"r’

Hi « Hy, HF ¢ Hifini(Py), i=3,..
L—le(Hf Jap), i=2,...,7

If T(*) = @ then set k& — 1 else set k « k.
$2.2.2.2. Set

<I>H<I>U{[T~T\{P2}EJ{pquo(Pz,H;‘,xk),IHl,...,L«},
TU{L}K: 2<i<r—1},

T« T\{P2} U{pquo(Ps, H}, 1)},

T+« TuU{l},

Py pquo(Pa, HY, zy).
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$2.2.3. While T*) £ § and cls(Py) = k do:

S$2.2.3.1. Let P be a polynomial in T~T<k>, compute the SRS Ho, .. .,
H, of P, and Ps if deg(Py, #) > deg(Pa, zg), or of Ps
and Py otherwise, with respect to xj and set I; « lc(H;, zx)
for 2 <i<r.

S$2.2.3.2. Set
d+—dU {[TNT\ {P2} U{pquo(Ps, Hi, x5), liv1, .-, Ir },
TA{PYU{LL M 2<i<r—1},
T« T\ {P} U{pquo(Ps, Hr,zx)},
T T\{P}U{L},
Py pquo(Pa, Hy, xy).

$2.2.4. If T() # @ then:
$2.2.4.1. Set

Pl — HPEﬁ"(k) Pa
& U{[TU {ini(Py)}, T\ T® U {red(P1)}, k]},
T T U {ini(P,)}.

If deg(P1, zr) = 1 then go to S2.2.5.

S2.2.4.2. Compute the SRS Ho, ..., H, of P, and its derivative
0Py /0xy with respect to ¢ and set

Hi+ Hy, Hf+ H;fini(Py), i=3,...,r,
L—le(Hf Jap), i=2,...,7

S2.2.4.3. Set

S DU{[TU{Lip1,..., L}, T\ THuU
{pquo(Pr, Hyap), it k—1]: 2<i<r—1},

TNTHTNT\ T U {pquo( Py, HY, zx), I, }.

$2.2.5. Set T« T\ {0}, T« T\ (K\{0}). HTNK #0or0eT
then go to S2.

$2.3. Set W+ WU {[T,T]}, with T and T ordered as triangular sets.

Proof. Correctness. Let us first note that the interchange of P, and P, in
step 52.2.3.1 when deg(Py, zx) < deg(Pa, #1) does not cause any problem.
To see this, we claim that Lemma 2.4.2 (a) is still valid when [ is set to
le( Py, z) instead of le(Pa, 21). The leading coefficient I need be considered
as shown in the proof because the subresultants may differ by a factor of
some power of I when the coefficients of P; and P, with respect to xj
are specialized. According to Proposition 1.3.5, it does not matter which
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leading coefficient of P; and P- is taken as I and assumed to be non-
vanishing. Therefore, (3.3.1) in Lemma 3.3.2 still holds when deg( Py, z1) <
deg(Pa, zr) and Ha, ..., H, is the SRS of P, and P, with respect to zy
(while I remains unchanged). [Tt may happen that

Lt =...=n@* =0

for some ztF~1} ¢ Zero(B/I) (cf. the proof of Lemma 3.3.2). In this case,
Pl(:i{k_l},xk) = 0, so Zero(Ps/P,I) = (). Hence, the case need not be
considered.]

Next we see that in each case of splitting in SimSer, one split system is
taken to update the current system [T, TNT], this system corresponds to that
for i = rin (2.4.1) and (3.3.1)—(3.3.3), with an exception: for i = r — 1 in
(2.4.1) when deg(H,, ;) = 0. The other split systems are added to ®. By
(2.4.1) and (3.3.1)—(3.3.3) and the evident zero relation for the first kind

of splitting, an associated zero decomposition of the form

Zero(P/Q) = U Zero(P,/Q4)

holds all the time, where the union ranges over all the split systems. Thus
the decomposition (3.3.4) with P = [P, Q] should be obtained eventually.
The computed pairs of ordered polynomial sets in ¥ are simple systems by
definition.

Termination. One first notes that steps S2.2.1 and S2.2.3 terminate ob-
viously because in each loop of $2.2.1 two polynomials Py, Py € T} are
replaced by one Hy of class k (see 52.2.1.3), and in each loop of $2.2.3 one
polynomial P, € T*) is deleted (see 52.2.3.2). In any case of splitting, the
split polynomial systems are obtained from the current system either by
replacing one or two polynomials with another having lower degree in their
common leading variable #;; (as in most of the cases), or by replacing two
or more polynomials with a single one of the same class & (as in $2.2.1.3
when 7 = 2 and in $2.2.4.3 when |T(*)| > 1), sometimes having polynomi-
als of classes < k added as well. Hence, the while-loop S2 has only finitely
many iterations. a

Remark 3.3.1. Steps 52.2.2.1 and 52.2.2.2 in SimSer can be skipped when
Py is any of the pquo(Ps, HY, xi) produced in $2.2.2.2 or the pquo( P, H;, k)
produced in S2.2.3.2 previously, because in this case P» is known to be con-
ditionally squarefree with respect to .

The strategies mentioned in Remark 2.4.1 should also be implemented to
avoid unnecessary computations for TriSerP and SimSer. Some further re-
duction may sometimes simplify simple systems and make the result more
canonical. For example, one can require that simple systems be made prim-
itive and reduced. This issue will be addressed in Sect. 5.2, though the
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settlement does not contribute much to the theoretical development and
practical application of the method.

One motivation for computing simple systems comes from the work of
Thomas (1937). The functionality and some individual steps of SimSer is
similar to that of Thomas’ method. However, the algorithm here is de-
scribed differently in terms of structure and elementary operations.

Ezxample 3.3.3. Let P, P;, ¥ be as in Example 3.3.1 and
T' =[P, zoxs + 1], T"=[x1,..., x4

Then, by using SimSer, P can be decomposed into three reduced simple
systems

[[Pla T3 — T2, %Ta+ 1‘2], [1‘1(1‘1 + 1)]]a [T/a [xl]]a [T//a 0] (335)
The procedure proceeds roughly as follows. Let
[Ta T] — [{Pla PZa P3}a {an 13}] =%

Ps is linear and thus squarefree with respect to z4. To make Ps squarefree
with respect to a3, compute the SRS of Py and 9P;/0xs with respect to
x3, which is

@, 21‘2H1, 41‘2H2,

3903
where H; is a polynomial of degree 1 in x3 and Hs a polynomial of class 2.
Observing that zo € TNT, there are two cases: (i) H2 # 0 and P, is squarefree
with respect to @3, and (ii) Hy = 0,1 = ini(H;1) # 0 and P, is replaced
by pquo(Ps, Hy, x3) which is squarefree with respect to 3. For the sake of
simplicity, we point out that Hy contains P; as a factor. Hence, by following
the procedure the first case will be discarded and for the second case H,
need not be added to T. Therefore, set

[Ta 1~T] — [{Pla Hs, P3}a [l‘z, I3, I]]a

in which Hs = pquo(Ps, Hy, 23) has 42 terms and degree 2 in 23 and [ has
5 terms and degree 2 in z,.

Next we want to eliminate I3 from T by Hj. For this purpose, compute
the SRS of H3 and I3 with respect to xs: I3, Hq, where H, is a polynomial
of 20 terms, also containing P; as a factor, so gcd(Hs, I3, #3) = Is when

z1 # 0. Thus, set
[Taﬁf]F[{PlaH5aP3}a{x1ax2aI}]a

in which Hs = pp(pquo(Hs, I3, #3), x3) consists of 11 terms.

Now P; is squarefree with respect to o and both ged(Py, z2,22) and
ged(Py, I, #2) are constants when z1 (21 + 1) # 0. Therefore, a simple sys-
tem [{ Py, Hs, Ps}, {w1(x1 4+ 1)}] is obtained. Finally, replacing Hs and Ps
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respectively by

pp(prem(HE)a Pla $2)a $3) = T3 — T,
pp(prem(Ps, [P1, 23 — 22]), £3) = x4 + 22,

we arrive at the first reduced primitive simple system in (3.3.5).
Considering the polynomial sets obtained from P by replacing P» and
Ps5 respectively with their initials and reductums and following the same
procedure, one will get the two other reduced simple systems.
Remark incidentally that by TriSerS, P may be decomposed into three
fine triangular systems ¥, [T, {z2}], [T” 0. O

Ezxample 3.3.4. Let P be as in Example 2.4.1 and the polynomials H, GG, Ps
there be renamed 17,75, T5:

Ty =23 =22 +¢2 -1,
Ty = ot 4+ 2222 — 222 + 24 — 222 4+ 1,
Ty =ay+ 22— 1.

In addition, let
T =7r%—6r° +71r* — 6202 — 67.

A simple series of P computed by SimSer consists of 9 simple systems

[Ty, T4], ..., [To, To] with

Ty, T>,T5],

r—1,z— 1,2y,

2 -1z, 2t — 22+ 1,2y — 1],

r2—3 24+ 1,22 -2y,

r2 -3 z4+1,2,y% - 2],

P2 — 3,27 =224 2,7y, T3],

272 — 31,922 — 32 — 2, 27z* —|—(9z—25)x — 1324+ 17,92y + 32 — 7],

Tg_ T, (r* + 1472 + 15) 2 + 3r* + 13r% —
(22 —|—z—|—1)x2—|—z5—|—z4—z3—3z2—|—z—|—1,T3],

Ty = [T, (347 + 155r + 4827 + 292)22 — (107r° + 165 + 8072 + 433)2
+2057°% — 484r* 4+ 77972 4 760, Ty, Ts);

Ty = [(r? = 1)(r? = 3)(27r% = 31)T7,

o= Te = 0.

[
[r?
[
[
[
[
[
[

=
[5V)
|

In computing the series, we did not make use of polynomial factorization.
The output is somewhat simpler when the occurring polynomials are fac-
torized. a
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Ezrample 3.3.5. A simple series of the polynomial set P given in Exam-
ple 2.4.3 computed by SimSer with respect to the same variable ordering
consists of 13 simple systems [T}, Tl], ooy [T1s, TNT13], where T4, ..., T7 are
as in Example 2.4.3 and

Tg = [Hy, 3623 — 8c?22 — 42cz + 81, Hy, Ps),

To = [Hy,2cz + 3,2¢%y? — ey — 9, 3yx + 2¢],

Tio = [2¢3 — 27,2¢22% + 3¢z — 9,y — 2, 2y — xc + 1],

Ty = [Ho, Hs, Ha, P3],

Tis=[Hs, H3, 2y — 22 + ¢,z — 2],

Tys = [Hy, 54(1938466¢ + 138253)2% — 16¢2(440494¢3 + 31419) 22
—9¢(4103430¢ 4 292663) 2 — 3(7980362¢® + 569169),
(cz+ Dy + ez? — z, Ps);

TlITQI[CHz], TgI[Hl], T4I[CH1H2], T5I[263—27],
1~1"6:...:1~1"13:®;

Hy = 465 — 27,

H, = 8¢5 — 378¢3 — 27,

Hsz = 36(18¢® 4+ 1)23 + 8¢2(10¢® + 3)2? — 2¢(250¢% + 9)z — 9(290¢3 + 21),
Hy= (3 —cz+ 1)y + 2zt =227 + 2.

For obtaining the simple series, factorization over Q has been done for some
of the intermediate polynomials. a

Computing simple series is expensive in general, mainly because of the
high price that has to be carried to make polynomials squarefree and to
eliminate inequation polynomials. In practice, it is even preferable to com-
pute irreducible triangular series instead, making use of powerful routines
available for polynomial factorization. This will be explained in Chap. 4.

3.4 Properties of simple systems

The significance of introducing simple systems may be seen partially from
the properties that are stated and proved in this section. Let K denote the
algebraic closure of the ground field K.

Theorem 3.4.1. Let & be a simple system in K[#]. Then for any 1 <
k <n and
g1 ¢ Zero(6(k_1))

there exist j,..., 7 € K such that &1 € Zero(6W) for all k <! <n.In
particular, & is perfect over K.
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Proof. Let & = [T,TNT] and & be reordered as a triangular set [T1,...,T;],
with
pi = cls(Ty), d; = ldeg(T3), L =ini(T;), 1<i<r.

Clearly, for every pair k <[ there exist 7 and s > 0 such that

Pi—1 <k <pi, pigs—1 << pigs.

Let
zth-1) ¢ Zero(G(k_l)).

If s =0 and ! < p;, then take arbitrary zg,...,z; € K. In this case, we
have

't € Zero(6W)
and the theorem is already proved. Otherwise, take any Z,...,%,,—1 € K.
By definition,
Ii(:i{p’_l}) £0 and T} = Ti(:i{p’_l}, Zp,) 1s squarefree

with respect to zp,. Thus, T; has d; distinct zeros in K for zp, T, €T,
then take any of the d; zeros for z,,. If T; € TNT, then take an element of K
other than the d; zeros of T} for Tp,.

If s =1 and ! < p;41, then take arbitrary Z,,41,...,%; € K; we have

¢ Zero(6W").

Otherwise, take arbitrary p, 41, ..., %p,,—1 € K respectively forz, 41, ..
Tpiyi—1. Similarly,

)

Lipi (P70 £ 0 and Tipy = Ty (2iP+—1) Tp,,.) 1s squarefree

with respect to z, Accordingly, Tiy1 is a polynomial of degree d;41 in

i1t
Tp, 4, and has d; 1 distinct zeros in K for xp, ., .

Proceeding in this way, we shall construct a zero 1" of &, and the
theorem is proved. a

Corollary 3.4.2. Every simple system possesses the strong projection prop-
erty.

Therefore, SimSer provides another method for solving parametric alge-
braic systems.

Theorem 3.4.3. Let P be any polynomial system in K[#] and ¥ a simple
series of L. Then

(a) Zero(P) = @ if and only if ¥ = @;
(b) Zero($P) is finite if and only if |T| = n and T = @ for every [T, T] € ¥.
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Proof. (a) follows from (3.3.4) and Theorem 3.4.1.

(b) For any [T,T] € ¥, if |T| = n, then T = § and T can be written as
[Ty,...,T,] with cls(7;) = 7. Let d; = ldeg(T;). Then, T3 has d; distinct
zeros in K for x1, and for any of these d; zeros 75 has ds distinct zeros
in K for xs, and so on. Therefore, T has a finite set of dy - - -d,, distinct
zeros. If |T| < n, then there exists a k such that T{*) = . Thus, the scope
of &y, in Zero(T/T) is K when T®*) = §, and is K minus a finite number
of elements otherwise. In any case, Zero(T/TNT) is infinite. By (3.3.4), (b) is
proved. a

According to Theorem 3.4.3, one can apply SimSer to determine the
solvability of any system of polynomial equations and inequations (with
no need of polynomial factorization). In other words, the algorithm gives
a solution to the decision problem in elementary algebra and geometry
over algebraically closed fields. It is clear from the above proof that, when
Zero(P) is finite, the exact number of zeros can be counted according to the
leading degrees of the polynomials in T; all the zeros can be successively
computed from T.

Theorem 3.4.4. For any simple system [T, TNT] and polynomial P in K [x],
Zero(T/TNT) C Zero(P) <= prem(P,T)=0.

Proof. Let R

prem(P,T)=0 and & € Zero(T/T).
By definition, ini(T")(#) # 0 for any T € T. Hence, according to the pseudo-
remainder formula (2.1.2) we have P(&) = 0. The “<=" part of the theorem

is proved. R
Now suppose that Zero(T/T) C Zero(P). We want to show that

R =prem(P,T) = 0.

For this purpose, let & = [T,TNT] and & be reordered as a triangular set
[Tl, ceey TT] with

cs(Ty) = pi, d;i =ldeg(Ty), 1<i<r.
For any z1Pr=1} € Zero(&®-=1) and arbitrary Tpg1,...,%4n € K, let

:ip (:i{pr_l}

r

 Ep Bp o4l .y T ).

Then T, (#,,) has d, distinct zeros for z, . By the pseudo-remainder for-
mula (2.1.2), Zero(&) C Zero(R). Thus, R(#,,) also has d, distinct zeros
for x,, when T, € T; and any #, € K other than the d, zeros of T} (,,)
is a zero of R(zp,) when T, € T. As deg(R, p,) < dy when T, € T, the
coefficients R; of R, considered as a polynomial in z,, , must be all zero
for &1P-=1} € Zero(&Pr=1) and arbitrary Tp.41,...,%n € K. Namely,
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Zero(6(pr_1)) C Zero(R;) for each i. As Tr_l(:i{pr—l_l},xpr_l) has d,_;
distinct zeros for z,,_, and deg(R;, #p,_,) < dr_1 when T,_1 € T, the co-
efficients of every R;, considered as a polynomial in z,, _,, are all zero for
any

aPr-1=1 ¢ Zero(&Pr-171)

and arbitrary p, _,41,.. ., Tp.—1,&p,41,---,Ln € K.

Continuing the argument for 7T,_s, ..., T}, we shall see that the coeffi-
cients of R, considered as a polynomial in z,,,...,%p, , are all zero when
any set of values is substituted for the other (parametric) variables. This
implies that R = 0, and the proof is complete. a

As a corollary of the above theorem, we have the following result.

Corollary 3.4.5. For any simple set T and polynomial P in K[x],
Zero(T /ini(T)) C Zero(P) <= prem(P,T)=0.

Proof. From the remainder formula, it is easy to see that prem(P,T) = 0
implies that Zero(T/T) C Zero(P). As T is a simple set, there exists a T
such that [T, TNT] is a simple system. From the definition of simple systems,
one knows that

Zero(T /T) C Zero(T/T).
Hence, by Theorem 3.4.4, if Zero(T /T) C Zero(P) then prem(P,T)=0. O

Theorem 3.4.4 together with Algorithm SimSer provides a solution to
the radical ideal membership problem. It can also be used to prove the
following properties about simple series.

Theorem 3.4.6. Let [P, Q] be a polynomial system in K[#] and ¥ a sim-
ple series of [P, Q]. Then

(a) prem(P, T) = {0} and 0 ¢ prem(Q, T) for every [T, TNT] ew;

(b)
Zero(P/Q)= | ] Zero(T/ini(T)UQ). (3.4.1)

[T, Tew

Proof. (a) Let [T,T] € ¥; then Zero(T/T) C Zero(P/Q). It follows that
Zero(T/TNT) C Zero(IP) and Zero(T/TNT) ¢ Zero(Q) for any @ € Q. Hence,
by Theorem 3.4.4 we have prem(P,T) = {0} and prem(@, T) # 0 for any
QeQ.

(b) By (a) just proved and the pseudo-remainder formula, the right-hand
side is contained in the left-hand side of (3.4.1). On the contrary, let @ €
Zero(P/Q). Then there is a [T, T] € ¥ such that & € Zero(T/T). Clearly,
& is not a zero of any polynomial in ini(T). Hence & € Zero(T /ini(T)U Q),
i.e., @ belongs to the right-hand side of (3.4.1). O
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Corollary 3.4.7. Any simple series of a polynomial system P is a W-
characteristic series of .

Theorem 3.4.8. Let &; = [T, Ty] and &y = [T, T5] be two simple sys-
tems in K [x] with Zero(&1) C Zero(6s).

(a) Then prem(73,T1) = 0 for all 75 € Ta.
Forany1<k<n:
(b) If 6 = () then 6 = 0;

(c) Assume that T # ) and let T; € T< ) for i = 1,2. Then
prem(7y, T{* ™V U [T3]) = 0,

Proof. (a) follows from Theorem 3.4.4.
(b) Note that for any 1 < k< n

Zero(@%k)) C Zero(@ék)),

and the scope of xk in Zero(6(k)) is K for any ﬁxed zlh-1) ¢ Zero(6(k_1))
if and only if 6 = for i = 1, 2. Hence, 6 = (f implies that 6 =10.

(c) Let T7 ) = T(lk 1)U[ T5]; then [T 1(k), T(lk 1)] is a simple system. And
any zero of [ 1(k), T(1 - )] for which 71 # 0, if exists, is also a zero of 6(1k)

and thus of 6(2k). The existence of such a zero would lead to a contradiction.

Therefore,

Zero(TT(k)/TNT(lk_l)) C Zero(TY)

and the conclusion follows from (a). a

Theorem 3.4.9. Let [T, Ty] and [T, Ts] be two simple systems in K [ .
Then Zero(T 1/T ) = Zero(T z/T ) if and only if the polynomialsin T;U T,
and in T U T can be put in a one-to-one correspondence such that for
any corresponding polynomials 77 and 75 either 7} € Ty and 75 € Ty, or
T, € ffl and 15 € Tz, and

prem([2T1 — Isz, Tl) = prem([2T1 - Isz, Tz) = 0,
where I; = ini(T;) for i =1, 2.

Proof. We only need to prove the necessity. First of all, the leading variables
must be exactly the same for the two systems [Tl, ] and [Ts, Ts]. For the

scope of a leading variable ) in Zero( i /T1 ) is a proper subset of K
for any fixed z{¥~1} € ZerO(T(lk_l)/TNT(lk_l)), whereas in Zero(T(Zk)/TNT(zk)) a
free variable x; may take any element of K. Therefore, any T € TgMUTNT(lM
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corresponds to a Ts € Tgﬂ U ﬁ“gﬂ (1 < k < n), and vice versa. Thus, for
any k and

a1 ¢ Zero(T(lk_l)/TNT(lk_l)) = Zero(T(zk_l)/TNT(Zk_l)),

Tl(:i{k_l},xk) and Tz(:i{k_l},xk) are squarefree with respect to z; and
have the same set of zeros for x;. This implies that

T, € T(ﬁ) — 1y € TgM,

L(@t=1hy (2t =1 ay) — L@y Ty (@l ay) = 0.

The result is established by Theorem 3.4.4. a

Lemma 3.4.10. From any simple system & in K[x], one can compute a
reduced simple system &* such that Zero(S) = Zero(&*).

Proof. According to the remark following Lemma 2.1.4, one can compute
a reduced triangular system &* such that Zero(&) = Zero(&*). We need
to show that &* is a simple system. Referring to the proof of Lemma 2.1.4
and the remark and notations therein with T = U and T* = U*, one knows
that

cs(T7) = cls(Ty) = ps, 1deg(T7) = ldeg(T) = d;, 2<i<r

Hence, &* can be ordered as a triangular set and 7}*(53{1”_1}, zp,) has the
same set of d; distinct zeros as Tj(@iPi—1} zp,) for z,, and is squarefree
with respect to x,, for any

i1 e Zero([1y, T3, ..., TF_ ]/ TP=1)
and 2 < i < 7. Similarly, for any 7' € T of class p, let T* = prem(T, T*);
then cls(T*) = p and T*(z{r—1} #p) has the same set of distinct zeros as
T(:i{p_l}, zp) for x,, and is squarefree with respect to z, for any

1P~ € Zero(T*~1)/TlP=1),

Therefore, [T*, T*] is a reduced simple system. O
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4

[rreducible zero decomposition

Polynomial factorization is not required theoretically for the algorithms
described in the previous two chapters. Nevertheless, available factoring
programs have been efficient enough to be used to enhance the performance
of elimination algorithms. It is a good strategy to incorporate polynomial
factorization (even over algebraic extension fields) in the implementation of
such algorithms. In this chapter, we elaborate how triangular systems can
be further decomposed by making use of factorization in order to compute
zero decompositions possessing better properties. For our exposition some
of the material from Wu (1984) and Chap. 4 of Wu (1994) will be used

without explicit mention.

4.1 TIrreducibility of triangular sets

Definition 4.1.1. A triangular set T C K] is said to be quasi-irreducible
if every polynomial in T is irreducible over the ground field K.

A triangular system [T,U] in K[x] is said to be quasi-irreducible if T is
quasi-irreducible.

Using polynomial factorization over K, one has no difficulty to compute
zero decompositions of the forms (2.2.7) and (2.1.8) with all triangular sets
quasi-irreducible. This is done by splitting the corresponding polynomial
systems when polynomials are factorized. More concretely, for any poly-
nomial system [P,Q], if Py,..., P, are all the irreducible factors of some
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polynomial P € P, we have
¢
Zero(P/Q) = | ] Zero(P;/Q), (4.1.1)
j=1

where
P;=P\{P}U{P}, 1<j<t.

As a subalgorithm of IrrTriSer to be presented in Sect. 4.2, let us modify
Algorithm TriSer to QualrrTriSer with the following specification:

Algorithm QualrrTriSer: ¥ + QualrrTriSer(P, @, T). Given a triplet [P, @, T]
with [T, Q] constituting a quasi-irreducible triangular system and all the
polynomials in @ reduced with respect to T, this algorithm computes a fi-
nite set ¥ of fine quasi-irreducible triangular systems [T, U4], ..., [T, U]
such that

Zero(PUT/Q) = ] Zero(T:/Us). (4.1.2)
i=1
As before, ¥ = () when Zero(lP U T/Q) = @ is detected. In the case
T = @, QualrrTriSer decomposes any polynomial system [P, Q] into fine
quasi-irreducible triangular systems. Algorithm QualrrTriSer is obtained
from TriSer by replacing T1 with

T1'. Set W« 0, &« {[P,Q,T]}.

and T2.2.3 with

T2.2.3". Compute all the irreducible factors Fy, ..., I, of T over K
and set G+ G.

T2.2.3". For j=1,...,t do:
T2.2.3.1. Compute G/ < prem(G, F)).

T2.2.3.2. If 3 = 1 then set Ge@’, T + F,. Otherwise, if 0 ¢ G/
then set @ @ U{[F, &, [F,] U T"}.

Proof. For the modification of step T1 to T1’, we note that P U T here
corresponds to the set P in the input of TriSer, while the cases in which the
initials of the polynomials in T happen to be zero need not be considered
because [T, Q] is a triangular system. Actually, any triplet from ® in TriSer
is of the same form as the input triplet to QualrrTriSer. For the modification
of step T2.2.3 to T2.2.3', the polynomial T' produced by Elim is factorized
over the ground field K and the polynomial system is then split into sub-
systems by replacing 7" with its factors. One sees that for any triplet —
say [F*, G*,T*] — produced in step T2.2.3.2, level(F*) < level([F), where
IF is the first component of the corresponding triplet taken form @ in step
T2.1 (see the termination proof of TriSer). Hence, Algorithm QualrrTriSer
terminates as well.
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To see the correctness of this algorithm, one only need be aware of the
zero relation (4.1.1) for splitting of polynomial systems via factorization.
(4.1.2) is proved by the same argument as for the proof of (2.1.8) in Al-
gorithm TriSer. Since the corresponding T' is replaced by its irreducible
factors, by definition T; is quasi-irreducible and thus so is [T;, U,] for each
i. [T;,U,] is fine because all the polynomials in T; are actually the pseudo-
remainders of some polynomials (and thus are reduced) with respect to
T;. O

A passing remark: those F; whose classes are < 7 are factors of the initial
of T and thus need not be considered. Consequently, the corresponding
triplets can be deleted from the set ®.

Example 4.1.1. Recall Examples 2.3.1 and 2.3.2, and apply Algorithm Qua-
Irr TriSer to the triplet [P, @, ] of level 4. It is easy to verify that all the
polynomials in the triangular sets T and Ty produced by Algorithm TriSer
are irreducible. However, the first polynomial t3 + 1 in T3 is reducible and
factors as the product of two polynomials

t—1 and Ty =t +t+1.

Hence, in QualrrTriSer [T3, Ug] is split into two triangular systems [T4, U%]
and [T4, U] with

T = [T, =25 + 1%, =23y — 3, 222 — 1],
T4 =t —1,—2° +1*, =23y — 3, 222 — 1],
y= U5 = {:}.
|

Let a triangular set T be written in the form (2.1.1) and the leading vari-
ables @, ..., 2p, be renamed y1, ..., y,. Denote all the x; in {®1,...,2,}\
{&py, ..., 2p, } by u1,..., uq, abbreviated to w. Clearly, d + r = n; we call
Uy, ..., uq the parameters and yq, ..., y, the dependents of T. Then T can
be written as

Tl (ua yl) ;

T = T2(uay1ay2)a . (413)

Tr(uaylayZa .. 'ayT)

Let K be the transcendental extension field K (u) = K(uy,...,uq) of K
acquired by adjoining ui,...,uy. We define inductively the irreducibility
and generic zeros of T as follows.

Definition 4.1.2. A fine triangular set T containing only one polynomial
Ti(u,y1) is said to be irreducible if Ty is irreducible as a polynomial in
K[y1]. In this case, let n; be a zero of T} in some algebraic extension field
of Ky; then (w,n) is called a generic zero of T.



100 4. Irreducible zero decomposition

Suppose that the irreducibility and generic zeros of any fine triangular
set of length < r have already been defined.

A fine triangular set T of length » > 1 asin (4.1.3) is said to be irreducible
if the fine triangular set

Tir=-Y=1[1y,... T,_4]
is irreducible with a generic zero (w, 71, ...,7m,—1), and the polynomial
Tr — Tr(ua My Nr—1, yr) S Kr—l[yr]

is irreducible over K,_1, where K,_1 = Kq(n,...,n-—1) is the algebraic

extension field acquired from Ko by adjoining 71,...,7--1. In this case,
let 7, be a zero of 7, in some algebraic extension field of K,_1; then
(w,m1,...,m) is called a generic zero of T.

A fine triangular system [T, U] is said to be irreducible if T is irreducible.

Let T as in (4.1.3) be an irreducible triangular set with (e, 1,...,7,)
as a generic zero. For the sake of brevity, we sometimes write €{i} for
(w,m1,...,m) with & = €{T}. It is convenient to call 1%, ...,7, adjoining
polynomials and T an adjoining triangular set of the extension field K, =
K (¢). Evidently, any generic zero & of T can be considered as a point of the
linear space K". The above d = |u|, the number of parameters, is called
the dimension of T, denoted by dim(T).

If a fine triangular set T as above is reducible, then there is a k such that
T1A=1} ig irreducible with a generic zero

€{k_1} = (’U,, m, - 77k—1)

and the polynomial
T, = Tk(€{k_1}, yk) € Ki_1[yx]

1s reducible over K;_1 = K(ﬁ{k_l}). Let an irreducible factorization of T}
in Ki_1[yx] be given by B
Ty = Hy-- - Hy,

in which each H; € Kj_1[yx] is irreducible over Kj_1 and ¢t > 2. As the co-
efficients coef(H;, yi) are all elements of K _1 and thus can be expressed as

the quotients of polynomials in €{k_1}. By reducing fractions to a common
denominator, one gets an expression of the form

DT, = Fy - Fy,
where

DEK[uayla"'ayk—l]a FZ EK[uayla"'ayk]a
D=D(E" N e Koy, F=F(e" 1 y) € Ko [ul.
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The polynomial D may be assumed to be reduced with respect to T1F=1}
and so may each I} with respect to T1A},
Consider y; as a free variable, renamed v. Then

5*{k_1} = (v,u, My--s 77k—1)

is a generic zero of T~ € K[v,w,y1,...,yp_1]. Let
G= FlFt_DTk € K[vauayla"'ayk—l]'

Since DTy, = F} - - - F}, we have G(€*{k_1}) = 0. It follows from Lemma4.3.1
that prem(G, T{k_l}) = 0, so there are non-negative integers sq,..., 8,1
and polynomials Q1,...,Qx—1 € K[v,w,y1,...,ys—1] such that

k-1
I G =1 RS B Fo= DT = 3 QT
i=1

or

k
L L P Fo= Qi (4.1.4)
i=1

In the above, yi is renamed to help understand the application of Lemma4.3.1.
The renaming does not have any actual effect. The polynomials @); are all
in the variables w, vy, ..., Y.

We summarize the discussions as the following lemma.

Lemma 4.1.1. There 1s an algorithm which determines
(a) whether a fine triangular set T C K[u, y] is irreducible or not;
and 1f not:

(b) an integer k such that the triangular set T1E=1} formed by the first

k — 1 terms of T 1is irreducible with €{k_1} as a generic zero, while the
polynomial Ty (€{k_1}, yi) is reducible over Kp_; = K(ﬁ{k_l});

(c) an irreducible factorization of T} of the form
DIy = Fy - F, (4.1.5)
over K _1, where the polynomials
De Klu,yi,...,ye-1], Fi€ Klu,yr,...,y], 1< <A,

are all reduced with respect to T =1} and the dot equality means that
prem(DTj — Fy --- F, TH=1) = 0.

Let the algorithm indicated in Lemma 4.1.1 be specified as follows.
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Algorithm Factor: [k, D, T] + Factor(T). Given a fine triangular set T C
K|[x], this algorithm computes an integer k, a polynomial D and a finite
set IF of polynomials in K[#] such that 0 < k£ < |T| and

(a) if £ =0 then T is irreducible;

(b) if k = 1 then T is reducible, |F| > 1, the first polynomial T3 of class
p1 in T has a factorization 7} = HFe]F Fover Ko =K(z1,...,2p,-1), and
each F € F C K[xp,] is irreducible over K;

(c) if k > 1 then T is reducible, T1*=1} is irreducible, [F| > 1, the kth
polynomial Tj in T has a factorization DT = HFe]F F over the extension
field Kj_; of K with adjoining triangular set Tt~} and each F € IF C
Ky _1[x,,] is irreducible over Kg_;.

In the above specification (c), the extension field Kj_; is obtained from
K 1n a slightly different way:
Kk—l = K(l‘l, .. .,l‘pk_l),

where x,, = Iv(1}) is considered as an algebraic element with adjoining
polynomial 7; for 1 < j < k—1, and the other z; are adjoined as transcen-
dental elements. We shall refer to polynomial factorization over algebraic
extension fields as algebraic factorization for short. See Sect. 9.4 for a brief
introduction to two algorithms of algebraic factorization.

4.2 Decomposition into irreducible triangular
systems

From the formula (4.1.4) the following decomposition lemma may be easily

established.

Lemma 4.2.1. Let a polynomial set P have a medial set
T= [Tla"'aTT]
with
cs(Ty) >0, I =ini(T3), 1<i<r

Assume that T is reducible, so there 1s a k such that 7} has an irreducible
factorization into polynomials Iy, ..., F} as of the form (4.1.5). Then the
following zero decomposition holds

Zero(IP) = O Zero(P;) U U Zero(Q;), (4.2.1)

j=1

where P; = PU{L;} and Q; = PU{F;} for each i and j.
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Proof. Any zero of either IP; or Q; is obviously a zero of IP. Conversely, any
zero of P is a zero of the T;. By (4.1.4), it is also a zero of some I; or Fj,
and thus a zero of some IP; or ;. a

As in Lemma 4.2.1 each I; 1s already reduced with respect to T and each
I} is assumed to be reduced with respect to Tj and hence also reduced
with respect to T, any medial set of the polynomial set P; U C or Q; UC
has rank lower than that of T by Lemma 2.2.4. Therefore, in proceeding
with each P; UC or Q; UC as P to get further zero decomposition of the
form (4.2.1), we shall arrive at a decomposition of the same form (2.2.7)
with all C; irreducible.

A characteristic series or triangular series W 1s said to be irreducible if
every ascending set or triangular system in ¥ is irreducible. The following
algorithm points out how to construct an irreducible characteristic series
from any given polynomial set .

Algorithm IrrCharSer: ¥ < lrrCharSer(IP). Given a non-empty polynomial
set P C K[x], this algorithm computes an irreducible characteristic series

W of P.

I1. Set &« {P}, ¥ « 0.
I12. While ® # § do:

I2.1. Let T be an element of ® and set & + & \ {IF}.
I2.2. Compute C+ CharSet(F).
12.3. If C is non-contradictory then:

12.3.1 Compute [k, D, G] + Factor(C).
12.3.2 If k = 0 then set

U« ¥ U {C},
P—QU{FUCU{I}: T eini(C)\ K}

else set

B dU{FUCU{T}: T €ini(CH-1)\ K}
U{FUCU{G}: G€G}.

Ezxample 4.2.1. Refer to Example 2.2.3. It is easy to check that the first
polynomial €' in the characteristic set C therein is irreducible over Q(xz1).
To decide whether C is irreducible, one needs to verify whether the second
polynomial C5 in € is irreducible over the extension field Q(z1, n) with  an
extended zero of C7. Application of any method of algebraic factorization
should confirm that

Co = (21 + 1)(23 — 2122+ 21) (23 + 2122 — 21)
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over Q(x1, 7). Let

Plzpu{xl}, ]P)3I]P)U{l‘3—21‘1l‘2—|—l‘1},
pzzpu{l‘1+1}, ]P)4I]P)U{l‘3—|—l‘11‘2—l‘1}.

By Lemma 4.2.1, we have the following decomposition
4
Zero(P) = U Zero(IP;).
i=1

The characteristic sets C; and C; of P; U C and Py U C have already been
given in Example 2.2.4. P3U C and P4 U C have their characteristic sets

Cs = [Cy, w3 — 2z120 + 21, 21 (w4 + 22 — 1)],
Cy = [Ch, 23+ 100 — 21, —21 (24 — 229 + 1)],

respectively. The factor z; of the third polynomials in Cs and C4 can be
simply removed; let the obtained ascending sets be denoted by Cs and Cy
still.

Let us check whether the four ascending sets Cy, ..., Cy are irreducible;
both €5 and C, are indeed so because all of their polynomials are linear
in their leading variables. One can find that the third polynomial in C;
factors as

x% — 1= (23— 1)(z3z+ 1),
and so does the fourth polynomial in Cs as
xi — oty + 322 = (x4 + 22 — 1)(2g — 222+ 1)

over the algebraic extension field Q(z2) with adjoining polynomial 223 + 1
for z;. By Lemma 4.2.1 again, we have further decompositions with the
corresponding irreducible ascending sets as follows

Cl =[x1+ L, ze, 25+ 1,24 + 1],
Vo=Jer 4+ 1 ee, 23— 1, 2q — 1],

T = [x1,222 + 1,23, 24 + 72 — 1],

CY) = [x1,223 4+ 1, 23,24 — 222 + 1].

Thus, an irreducible characteristic series {C, C{, C,, ), C3,Cy} of P is
finally obtained, with as associated zero decomposition
Zero(IP) = Zero(T) ) U Zero(CY) U Zero(C})
UZero(CY) U Zero(Cg /ey + 1) U Zero(Cy /1 + 1).
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Remark 4.2.1. TIrreducible weak-ascending sets can be defined as well, but
neither can irreducible quasi-ascending sets. Algorithm IrrCharSer can also
be used to compute irreducible weak-characteristic series of polynomial sets
by modifying the corresponding notions.

Remark 4.2.2. A triangular set in which all the polynomials other than
the first are linear in their leading variables is said to be quasilinear. The
characteristic set of a general polynomial set happens quite often to be
quasilinear. This may be observed from the feature of the characteris-
tic set algorithm, in which pseudo-division is the principal operation. Let
R = prem(G, F, z); normally, deg(R, ) = deg(F,z) — 1, i.e., the divided
polynomial G is reduced to a remainder polynomial R of degree one less
than that of the dividing polynomial F'. The frequent occurrence of quasi-
linearity allows us to argue that, for computing irreducible characteristic
series, algebraic factorization is not needed for the first characteristic set in
the normal case. This gives one explanation of why irreducible decomposi-
tion 1s practically feasible, noting that in general the first characteristic set
is the most complex one in terms of size. During the computation of char-
acteristic series the adjunction of initials often destroys the quasilinearity
of characteristic sets of the enlarged polynomial sets, unfortunately. There-
fore, algebraic factorization is often required for verifying the irreducibility
of these characteristic sets.

Lemma 4.2.2. Let [T, U] be a fine triangular system in K[x]. Assume
that T is reducible, so there exists a k such that the kth term Tj of T
has an irreducible factorization into polynomials Fi, ..., F; as of the form
(4.1.5). Then the following zero decomposition holds

Zero(T/U) = O Zero(T;/UU{D}) U Zero({D} U T/U), (4.2.2)

i=1
where T; = T\ {7} U {F;} for each 4.

Proof. For any @ € Zero(T /U), we have Tj(#) = 0, so there must be an ¢
such that F;(#) = 0. If D(&) # 0, then

x € Zero(T,;/UU {D}).

Otherwise, & € Zero({D} U T/U). Hence, in any case & belongs to the
right-hand side of (4.2.2).

On the other hand, let @ be contained in the right-hand side of (4.2.2).
If & € Zero({D} UT/U), then & € Zero(T/U) obviously. Otherwise, there
is an ¢ such that

x € Zero(T,;/UU {D}),

so Fi(®) = 0 and D(&) # 0. Tt follows from (4.1.5) that Tj(2) = 0. There-
fore & € Zero(T/U). O
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Remark 4.2.3. Tf, in particular, D € K or dim(T*=1}) = 0, then (4.2.2)
may be simplified to

Zero(T/U) = U Zero(T;/U).

i=1

This is trivial for D € K. If dim(T{#=1}) = 0, then by Proposition 4.3.10,
we have

Zero({D}YUT/U)=0, Zero(T;/UU{D}) = Zero(T,;/U).

The following algorithm generalizes Algorithm IrrCharSer. The strategy
it employs is adapted from Wu (1986a) and is somewhat different from that
used in IrrCharSer.

Algorithm IrrCharSerE: ¥ + lrrCharSerE(P, Q). Given a polynomial sys-
tem [P,Q] in K[«], this algorithm computes an irreducible characteristic

series ¥ of [P, Q).
I1. Set @« {[P,Q]}, ¥+ 0.
I12. While ® # § do:

I2.1. Let [F, G] be an element of ® and set & + & \ {[F, G]}.
I2.2. Compute C+ CharSet(F).
12.3. If C is non-contradictory then:

12.3.1. Set

I+ini(C)\ K, ®«®U{[FUCU{I},G: eI}

12.3.2. Compute [k, D, H] + Factor(C). If & = 0 then go to 12.3.3.
Set

@+ @ U{[C\ {op(k,C)} U{H},GUIU{D}]: H €H}
U{[FU{D},GuUI]}

and go to 12.
12.3.3. Compute D« prem(GUT, Q). If 0 € D then set

¥ WU {[C,D]}.

Since for each branch of the decomposition tree the basic sets of the
successively adjoined polynomial sets are of steadily decreasing ranks, the
above algorithm terminates obviously. It correctness follows from the pre-
vious discussions.

Let the natations be as in Lemma 4.2.2 and U; = prem(U U {D}, T;)
(where the pseudo-division need be performed actually only with respect
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to T{k} [Th,...,Tk-1, F;]). If 0 € U; for some ¢, then the corresponding
component in (4.2.2) can be simply removed. For those components in

which TU; does not contain 0, it is easy to see that [T;, U;] is still a fine
k).

triangular system and, in particular, T;»{ is irreducible for each i. Moreover,
all T; have the same set of parameters as T.

The polynomial set {D} U T may no longer be in triangular form, yet it
can be further triangularized by applying Algorithm QualrrTriSer to

HTi,..., Ty, D}, U, [Tygq, - -, T,

where ¢ is the biggest index such that cls(T5) < cls(D).
In step D2.2.3 of the following algorithm, the ordering is preserved nat-
urally for ordered set collection. For instance, if S = [1,...,10], then

[feS: 4<i<8 2] =][4,56].
Algorithm Decom: [¥, ®] + Decom(T,U). Given a fine quasi-irreducible
triangular system [T, U] in K], this algorithm computes two sets
¥ = {[T, U4, ..., [Te, Uel},
® = {[P1,Q1, T3], . . ., [P, Qp, T3]}
such that

)
Zero(T /U) = U Zero(Ti/U;) U | Zero(P; U T3/Q;), (4.2.3)
i=1 j=1
where each [T;, U] is an irreducible triangular system, T; has the same set
of parameters as T and [P}, Q;, T7] is a triplet with [T}, Q] constituting a
fine quasi-irreducible triangular system. Zero(T /U) = § is detected when
U= =(.

D1. Set ® <@, 7« |T|. If » = 1 then set ¥« {[T, U]} and the algorithm
terminates else set 2 < {[[op(1, T)], T\ [op(1, T)], U]}.

D2. For ¢ =2,...,r do:

D2.1. Set W« 0.
D2.2. For each [T/, T '] € £ do:
D2.2.1. Set T+ op(L, T"), T" « T\ [T].
D2.2.2. Compute [k, D, F] « Factor(T'U[T]).If k = 0 then set D+ 1,
F« {T}.

D2.2.3. Set
T« [T €T’ cs(T") < cls(D)],

T+« [T" e T': cls(T") > cls(D)].
If D¢ K and T~ = § or dim(T~) > 0 then set
P+ dU{T-U{D} U, THtU[TIUT"]}, U« U U{D}.
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D2.2.4. For each F € F do:
D2.2.4.1. Set U"” « prem(U’, T/ U [F]).
D2.2.4.2. If 0 € U” then set ¥+ ¥ U {[T' U [F], T", U"]}.

D2.3. Set Q W,

D3. Set W« {[T’,1: [T',0, "] € ¥}.

Proof. There is no recursive loop involved in this algorithm, so the termina-
tion is trivial. The correctness of the algorithm follows from Lemma 4.2.2

and Remark 4.2.3. a
By the way, the integer & in the factorization step D2.2.2 is known to be

0 or 2 because T’ is irreducible of length + — 1.

Ezample 4.2.2. Consider the triangular system [T4, U%] produced in Exam-
ple 4.1.1. One may verify that the second polynomial in T4 factors as

— Pt = 2+t )T (4.2.4)

over the algebraic extension field obtained from Q with 77 as adjoining
polynomial, where

Ty= =zt 428+ 22—t — 24t 41

and Ty =t?+t+1 as in Example 4.1.1. By replacing the polynomial —z° 4
with its two factors respectively, one obtains two triangular systems [T5, U%]
and [T5*, U5*] with
ng[TlaZ—i_t"i'laT?nT‘l]a Tg*:[TlaTZaTBaT‘l]a
Us=A{t+1}, Uz ={z},
where
Ty =—2y—13, Ty=z2? 1.

Since T3 is linear in y (and thus irreducible), we need only to test whether T}
is irreducible over the successive algebraic extension fields Q(¢, z) obtained
from Q with [T,z + ¢ + 1] and with [T}, 75] as adjoining triangular sets,
respectively. Using algebraic factorization, one may determine that it is
reducible and can be factorized as

Ty = —(t+ 1)z + 1) (x — 1), (4.2.5)

oz
T = STiTY (4.2.6)

respectively, where
D=4tz3 423 4422 4222 412 — 22 4+ 3¢,
Ti=2e+22e+tet+o+t3+ 23422 — 242t 41,
Ty =t3e+ 283 — 2%+ tzr +te+ o — 23 — 23—tz —
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and the factors ¢t + 1, z and the denominator are viewed as elements
of Q(¢, ). Replacing T, in T% and T%* respectively by the two factors
whose leading variables are z, we obtain four irreducible triangular sys-
tems [Ts;, Us;] with

T31 = [T1,2+t+ 1,T3,$+t], T32: [T1,2+t+ 1,T3,$_t],
T3z = [TlaTZaTESaTAﬂa T34 = [TlaTZaTBaTAi/]a
Usy =Uga = {t+ 1}, Usg = Uss = {z}.

Thus, [T%, UY] is decomposed into a set ¥ of 4 irreducible triangular systems
[T31, Usil, ..., [Ta4, Usa).

The polynomial corresponding to D in (4.1.5) is equal to 1 for (4.2.4)
and (4.2.5). For the factorization (4.2.6), since the irreducible triangular set
[T}, T3] corresponding to T~ is of dimension 0, by Proposition 4.3.10 the
adjunction of D into the triangular set need not be considered. Therefore,
o =0 i

Algorithm lrrTriSer: ¥ « lrr TriSer(P, Q). Given a polynomial system [P, (]
in K [#], this algorithm computes an irreducible triangular series ¥ of [P, Q.

I1. Set W@, &« {[P,Q, 0]}
I12. While @ # §§ do:

I2.1. Let [F, G, T, m] be an element of ® and set ® « ®\{[F, G, T, m]}.
12.2. Compute ¥’ « QualrrTriSer(TF, G, T).
12.3. For each [T, U] € ¥ do:

If |T| > m then compute [¥, ®] +— Decom(T, ) and set

Ve VUl, o« dU{PQT,|T: [P,Q,T] € ®}.

Proof. To see the termination of the while-loop 12, consider any [F, G, T, m]
taken from ® in step 12.1 and [P, Q, T, m] added to ® in step 12.3. Then
we have m > m. Since m is the number of polynomials in a triangular set
and thus cannot be greater than n, the while-loop must terminate.

Now we show that, for each [T, U] € ¥’ as in step 12.3, if |T| < m then
Zero(T/U) = . When this is done, the correctness of IrrTriSer follows from
the zero relations (4.1.2) and (4.2.3).

Let [T, U] € ¥ as in step 12.3. Then for any triplet [P, Q, T] generated in
Decom from [T, U], P is enlarged from an irreducible triangular set T~ by
adjoining a single polynomial D. Moreover, [T~, Q] is a triangular system.
From the formation of the triplet in D2.2.3 of Decom one sees that

1 (D) < CIS(T), VI eTy,
o > cls(T), YT € T~
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|T~| + |Ty| = |T| and D is reduced with respect to T~. Let the quasi-
irreducible triangular systems computed by QualrrTriSer from P, Q, T be
[T7,U%],..., [Ty, Us]. Then each T can be written as T, U T; such that

h
Zero(P/Q) = U Zero(T%/U?).

According to Theorem 6.1.11,if |T7| < |T| then [TF, U}] is not perfect, i.e.,
Zero(TF/Us) = (), for each 4. This proves what we wanted and thus the
correctness of the algorithm. a

Excluding the case |T| < m in step 12.3 is crucial for the termination
of IrrTriSer. We guess that this case never happens, but we cannot find a
proof. If it 1s indeed so, then the algorithm may be slightly simplified by
not considering the fourth element m and the correctness becomes obvious.
When the “if”-condition in 12.3 is not imposed, the termination of the
algorithm may be proved by requiring that in the algebraic factorization
of T'in D2.2.2 of Decom the polynomial D does not involve any dependent
of T’. The requirement can be satisfied if some additional computation is
performed for algebraic factorization.

Ezrample 4.2.3. Let us look at the triangular systems in Examples 2.3.2
and 4.1.1. Trivially, [Ty, Us] is irreducible. Algebraic factorization shows
that [T, U] is also irreducible. As we have seen in Example 4.2.2, [T5, Uj]
can be decomposed into 4 irreducible triangular systems. It is easy to see
that [T4, U%] is reducible, because substitution of ¢ = 1 into the second
polynomial of T4 yields z% — 1 which is reducible. In fact, this triangular
system can also be decomposed by Algorithm Decom into four irreducible
triangular systems [Tss, Uss), . . ., [Tss, Usg] with

Tas=[t—1,z—1Ly+1,2—1],
Tas=[t—1,z—1Ly+ 1,2+ 1],
Tar=[t—1,2+23+ 22+ 241,23y + 1,2 — 22,
Tag=[t— 1,2 +23+ 22+ 241,23y + 1,2+ 22,
Uss = Ugs = 0,

Us7r = Uss = {z}.

We omit the details for this decomposition.

In summary, the original polynomial set [P is decomposed into a sequence
of 10 irreducible triangular systems [T, U4], [Ts, Us], [Ts1, Us1], ..., [Tss,
Usg] such that

Zero(P) = Zero(T1/U;) U Zero(To/Usa) U U Zero(T3;/Us;).

j=1
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By Theorem 4.3.11, each U; in the above decomposition may be substituted
by ini(T;). As |Ty| = |T3;| = 4 (the number of variables) for 1 < j <8, we
have

Zero(T;/ini(T;)) = Zero(T,), i=2,31,...,38,

according to Proposition 4.3.10. Therefore,

Zero(IP) = Zero(T1/ini(T1)) U Zero(T3) U O Zero(Ts;). (4.2.7)

a

Ezxample 4.2.4. As further illustration, let us take a more complicated poly-
nomial system P = [{ Py, Ps, Ps}, {a3}], where

Py = 23(22 — 2 + 22124 — 27) + 221 (21 — 24) 25,

Py = z3(22 — 23 + 220m4 — 23) + 229(29 — x4) s,

Py = w3[(x1 — z6)(z2mws + 23) + (22 — z6) (2126 + 23)].

With respect to the variable ordering 1 < - - - < g, I8 may be decomposed
into 7 (reduced) irreducible triangular sets T; such that

Zero(P) = | Zero(T;/ini(T;) U {xs}), (4.2.8)

i=1
where

Tl = [TlaTzaTE}]
[Ty, T2, T%],

902-1-96‘1,903-1-901,904,905 z3),

2 2
1‘2-1-1‘1,904 T3 — xi, x5 — I3, Te),

2
To+ 1, 2q, 2372 + 22305 — 2223, 26,

[
[
[
[

1‘2—1‘1,T2,1‘6 1‘1],
_ 21.
T7 =2y — 21, Ty, 2126 + 23];

T 2\ ,.2

4t —8(wa + x1)2d — 4(23 — 22 — w120 — 2F)2?

—|—4(x2x§ +x12d — r2d — 2izg)es — (23 4 23120 + 27)23,
Ty = 224 — 29 — x1)5 — 22324 + (22 + 21) 23,
Ty = w3z — 201 (x4 — x1)25 — 2325 + 2010304 — 2323,
Ts = (zo + 21)ws + 225 — 2(22 + 1) 24,
T4 = (xo + x1)2e — 205 + 2(x2 + @1) 24 + 225 — 22125,
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4.3 Properties of irreducible triangular systems

In what follows, we write z{%} for (w,y1,..., %) and el for (w,m1, ..., 1)
with z = 21"} and &€ = €{T}. Obviously, z is a permutation of . The
following lemma is taken from Wu (1994, pp. 174-175).

Lemma 4.3.1. Let T be an irreducible triangular set in K[z] with a
generic zero €. Then, for any polynomial P € K|[z],

prem(P,T)=0 < P(&) =0.
Proof. Let T =[T1,...,T:] asin (4.1.3) with
I =ini(Ty), d; = ldeg(T3), 1<i<r,
and € be of the form
€: (uanla""nT)'
As before, Ky, = K(€{k}). We first prove the following assertion:
(A) If R € K[z] is reduced with respect to T and R(€) = 0, then R = 0.

Note that 7, is an extended zero of the polynomials
R=RE" Y y), T =T 5) € Koy,

As T, is irreducible over K,_; and deg(R,y,) < d., R = 0. Hence, all the
coefficients of R as a polynomial in y, are identically equal to 0, viz.,

Ri(€" 1) = coef(R,y/) =0, 0<i<d,.
Similarly, 1,_1 is an extended zero of the polynomials
Ri=Ri(€"" yoo1), T = Tooa (€779 prc) € Koalyea).

Since R is reduced with respect to T, so is each R;. Therefore, deg(R;, yr—1)
< d,_1. This and the irreducibility of T._1 over K,_» imply that R, =0
for every i. It follows that the coefficients of R; in y._; are all identically
0, and thus so are the coefficients of R; in y._; when 2172} is substituted
by ¢t~

The above argument may be continued for 7,._»,...,71. In this way, we
shall see that all the coefficients of R as a polynomial in Kolyi,...,y:]
must be identically 0. Therefore, R = 0 and assertion (A) is proved.

To complete the proof of Lemma 4.3.1, let R = prem (P, T). Then there
are integers s; > 0 and polynomials @); such that

L I P =Y Qi+ R (4.3.1)

i=1
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As T;(€) = 0, plunging & into the formula (4.3.1) yields
L(&§) - 1(§)* P(§) = R(E).

Since each I; is a non-zero polynomial reduced with respect to T, I;(&€) # 0
by assertion (A). Hence,

P(£)=0 < R()=0 < R=0.

The second “ <= " above is ensured by assertion (A) because R is reduced
with respect to T. The proof is complete. a

Definition 4.5.1. Let P be any polynomialand T = [T}, ..., T,] a triangular
set in K[x]. The polynomial

res(P, T) £ res(- - -res(P, T}, Iv(T}.)), ..., Ty, Iv(Th))
1s called the resultant of P with respect to T.

Clearly, R = res(P, T) does not involve 1v(7;) for any i. When the vari-
ables ® are renamed u and y with y; = 1v(7;) as before, we have R € K [u].

Lemma 4.3.2. Let T = [T},...,T,] be a triangular set and P a polynomial
in K[z], and R = res(P, T). Then in K[z] one can determine polynomials
@ and @)q,...,Q, such that

QP=g:1+---+Q, 7.+ R (4.3.2)
If T is irreducible with a generic zero
§=(u,m,....n)
and prem(P, T) # 0, then
Rlu) £0, Q(€) # 0.

Proof. The first half of the lemma is a direct consequence of Lemma 1.3.1.
To prove the second half, let

Rr = reS(PaTTayT)a RZ = reS(Ri+1aani)a i=7r— 1a .. 'ala

where y; = 1v(T;) for each i and Ry = R. Since T is irreducible and
prem(P, T) # 0, P(&) # 0 by Lemma 4.3.1. On the other hand,

Tr =T, (€{r—1}’ yr)

is irreducible over K(€{T_1}) and T,(¢) = T.(n,) = 0. Thus, the two
polynomials P(€{T_1}, yr) and T}, cannot have a common zero for y, in any
extension field of K(€{T_1}). Therefore,

R (61 #0.
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As Tr_l(ﬁ{r_z}, yr—1) is irreducible over K(€{T_2}) and Tr_l(ﬁ{’“_l}) =0,
we have

R 1 (€U £ 0

for the same reason. Continuing this argument, finally we shall have

Plunging & into the polynomials in (4.3.2), one immediately gets @ (&) # 0.
The lemma is proved. a

See Wu (1994, pp. 175-177) for another proof of Lemma 4.3.2. The fol-
lowing theorem and its proof are adapted from the same book by Wu

(pp. 189-190).

Theorem 4.3.3. Every irreducible triangular system in K[z] is perfect
over the algebraic closure K of K.

Proof. Let [T, T] be an irreducible triangular system with T = [T},...,T,]
written in the form (4.1.3), and let

L=ini(T;), 1<i<r, and V=] U
UelU

As prem([;, T{i_l}) # 0, by Lemma 4.3.2 there exist polynomials Q;, Qi; €
K[z1="] such that

i1
Ry = Qil; — ZQijTj € Klu]

j=1

and R; # 0 for each ¢. Since prem(U, T) # 0 for any U € U, prem(V, T) # 0
according to Lemma 4.3.1. Again, by Lemma 4.3.2 there are polynomials
H, H; € K[z] such that

R=HV -> HT € Klu], (4.3.3)

i=1
and R # 0. Hence, there exists a point
w=(d,..., 0q) € K*

such that
Ri(u) - Ry(u)R(u) #0.

Such u may be chosen as a rational point. B
Now we proceed to determine numbers y; € K by induction such that
the point

_ _ —d
z:(u,yl,...,yr)EK tr
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satisfies the relations

Tzt =0, L) #0. (4.3.4)

First of all, let
Ty=Ti(u,y) € Kly], L=1L(u)eK.
Since
Qi(u)i(u) = Ri(u) # 0,

I # 0 and T is a polynomial in y; of degree > 1. Thus, one can take a
number y; from some algebraic extension field of K such that

Tyi(g) =0, or Ti(z1Y) =0.
As

Ry = QoI — QuTi, Ro(21) = Ra(u) #0,

we have I,(2111) £ 0. So (4.3.4) holds for i = 1.
Suppose that we have already found 4y, . . ., y; satisfying (4.3.4) and want
to find ¥;41.
Let '
Tis1 = Ti41 (21, 4ig1) € K'[yiqa),
where K' is some algebraic extension of K containing %1, .. ., %;. The lead-
ing coefficient of Tz’+1 as a polynomial in ;41 is

L (1) £ 0.

Hence, one can choose a number y; 11 in some algebraic extension of K’
and thus of K such that T;y1(%i+1) =0 or TH_l(%{Z"'l}) = 0. Therefore,

i1
Riyo = Qiqoliys — Z Qiyo T3,
j=1
Rigo(zUH1) = Ripo(u) # 0,
and ' '
T = =0, T =0
imply immediately that '
Lo (21T £ 0.

Finally, plunging the above-constructed z into (4.3.3) one sees that V(z) #
0, and thus z is a zero of [T, U]. This completes the proof of the theorem.
|

Corollary 4.3.4. Every irreducible triangular set in K|[x] is perfect over
the algebraic closure K of K.



116 4. Irreducible zero decomposition

Corollary 4.3.5. Any irreducible triangular set and system in K[x] are
perfect.

As a matter of fact, Corollary 4.3.5 can be established without using
Theorem 4.3.3. For any generic zero of an irreducible triangular set T is a
zero of [T,ini(T)] and any fine triangular system [T, U] in some extension

field of K.

Corollary 4.3.6. Let ¥ be an irreducible triangular series of any polyno-
mial system B in K[x]. Then

Zero(P) =0 —= ¥ =40.
Proposition 4.3.7. Any irreducible triangular set is a simple set in K [x].

Proof. Let T = [T}, ...,T,] be an irreducible triangular set written in the
form (4.1.3) with

I, = ii(T}), T = ,
ini(T), T =5

and let

D=1I---LT T
As prem(/;, T) # 0 and prem(7/,T) # 0 for each ¢, prem(D,T) # 0. By
Lemma 4.3.2, there are polynomials @, Q); € K[z] such that

R=r1es(D,T)=QD—> QT #£0 (4.3.5)

i=1
and R € K[u]. Let }
T, = sqfr(R),

where sqfr(R) denotes the product of all the distinct irreducible factors of
R over K (i.e., the greatest squarefree divisor of R) and the index ¢ is to
be determined as follows. Construct ¢ — 1 polynomials

. e O, .
Ti_1 = sqfr(ini(T;)res (T3, —, up,)), 1=1,...,2,
Jup

such that B
~ ~ ~ T
Ty = ini(77)res(717, 6—1, up, ) € K,
Oup,
where up, = lv(j}) and T} # 0 for each i. Let T = [Tl, .. ,Tt] We want to

show that [T, TNT] is a simple system. From the construction of j}, it 1s easy
to see that

ini(T3)(@Pi=13) £ 0 and T;(al? = u,,) is squarefree
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with respect to wup, for any @i?*=1 € Zero(@/TH~1).
Now let
211 = (u, g~ € Zero(TV=1/T).
Clearly, R(i{i_l}) = R(u) # 0. To see the squarefreeness of Ti(i{i_l}, i)
with respect to y;, let us proceed to derive a contradiction by supposing the
opposite: T (217~} 4} and T/ (211} ;) have a common divisor of degree
> 11in y;. Then there exists a y; € K such that

T =T = 0.
It follows that '
D(E{Z}agi-l—la .- 'agT) =0

for any %it11,..., 9 € K. Clearly, this is also true if Ii(i{i_l}) =0.
On the other hand, since T is irreducible, by Corollary 4.3.5 there exist
Yit1s---, Yr € K such that

L(2) 40, Tj(2) =0, j>i.

Plunging z into (4.3.5), one sees that D(z) # 0. This leads to a contradic-
tion. Hence,

Ii(i{i_l}) #0 and Ti(i{i_l}, y;) is squarefree

with respect to y;. Thus [T,TNT] i1s a simple system, and the proposition is
proved. a

Another simpler proof of this proposition is provided by Lemma 4.4.1.

Roughly speaking, a simple set is a triangular set T in which each poly-
nomial of class p is squarefree with respect to x, over every extension field
obtained from K with an irreducible component of T{?=1} ag adjoining
triangular set. Note that an irreducible triangular system is not necessarily
a simple system. This can be seen from the triangular system [T, {T}] in
Example 3.3.2: 1t is not a simple system, though T, is irreducible.

As a consequence of Corollary 3.4.5 and Proposition 4.3.7, we have:

Corollary 4.3.8. For any irreducible triangular set T and polynomial P
in K[x],

Zero(T /ini(T)) C Zero(P) <= prem(P,T)=0.
The following corollary corresponds to Theorem 3.4.4.

Corollary 4.3.9. For any irreducible triangular system [T,U] and poly-
nomial P in K],

Zero(T /U) C Zero(P) <= prem(P,T)=0.
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Proof. As Zero(T /U) C Zero(T /ini(T)), the direction “<=" follows from
Corollary 4.3.8.

For the other direction, let € be a generic zero of T. For any U € U, as
prem(U, T) # 0, by Lemma 4.3.1 U (&) # 0. This implies that

& € Zero(T /U) C Zero(P)

and thus P(€) = 0. Applying Lemma 4.3.1 again, we have prem(P, T) = 0.
|

Proposition 4.3.10. Let T be an irreducible triangular set and P a poly-
nomial in K [#] with prem(P, T) # 0. If dim(T) = 0, then

Zero({P}UT) =10, Zero(T/I) = Zero(T),
where T = ini(T).

Proof. The first equality follows from Lemma 4.3.2, and the second is ob-
vious by noting that

Zero(T) = Zero(T/T) U U Zero({I}UT).
Iel

a

In zero decompositions of the form (2.2.8) computed using characteristic
sets, Zero(C; /ini(C;) U Q) is placed instead of Zero(T;/U;) in the zero de-
composition associated to a triangular series, where each C; is an ascending
set having the properties that prem(P, ) = {0} and 0 ¢ prem(Q, G). In
general there is no guarantee that prem(P,T;) = {0}, however. And each
U; may contain many more polynomials than ini(C; ) UQ does. Tt is remark-
able that the property prem(P, T;) = {0} is recovered when the triangular
series 1s irreducible or simple.

Parallel to Theorem 3.4.6 for simple series; let us state the properties
for irreducible triangular series as the following theorem. Here property (a)
is easily proved by applying Corollary 4.3.9, while the proof of (b) is an
analogy to that of Theorem 3.4.8 (b).

Theorem 4.3.11. Let ¥ be an irreducible triangular series of any poly-
nomial system [P, Q] in K[x]. Then

(a) prem(P, T) = {0} and 0 ¢ prem(Q, T) for any [T,U] € ¥.

(b)
Zero(P/Q)= | Zero(T/ini(T)U Q). (4.3.6)
[T, Ulew
If dim(T) = 0, then Zero(T/ini(T) U Q) in (4.3.6) can be simplified to
Zero(T /Q).
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Proof. (a) Let [T,U] € ¥; then Zero(T/U) C Zero(IP/Q). Hence, for all
PePand @ € Q:

Zero(T /U) C Zero(P), Zero(T/U) ¢ Zero(Q);
and 1t thus follows from Corollary 4.3.9 that
prem(P, T) =0, prem(Q,T)# 0.

(b) By (a) and the pseudo-remainder formula, any @ belonging to the
right-hand side of (4.3.6) is contained in the left-hand side. On the contrary,
let & € Zero(P/Q). By definition there is a [T,U] € ¥ such that & €
Zero(T /U). Since [T, U] is a triangular system, I(&) # 0 for any I € ini(T).
Hence @ € Zero(T/ini(T) U Q), i.e., ® belongs to the right-hand side of
(4.3.6). If dim(T) = 0, by Proposition 4.3.10 Zero(T /ini(T) U Q) may be
simplified to Zero(T/Q). O

Property (a) in Theorem 4.3.11 is satisfied by each irreducible triangular
system %, no matter whether or not the other triangular systems in ¥
are irreducible. It can be used to avoid some verifications of the 0 pseudo-
remainder in decomposition algorithms based on characteristic sets.

Corollary 4.3.12. Any irreducible triangular series of a polynomial sys-
tem P in K[x] is an irreducible W-characteristic series of .

Some of the results stated in this section are consequences of the prop-
erties about simple systems shown in Sect. 3.4. Most of the other results
newly proved for irreducible triangular sets or systems also hold or can be
generalized for simple sets or systems when the corresponding notions are
appropriately substituted. These include the properties in Lemmas 4.3.1
and 4.3.2, Theorem 4.3.3, and Proposition 4.3.10. A generalization of The-
orem 4.3.3 will be given as Theorem 5.1.12. The generalization of other
results will be discussed somewhere else.

4.4 Irreducible simple systems

A simple system 1is said to be irreductble or prime if it is irreducible as a
triangular system. We want to decompose any polynomial system 3 into
irreducible simple systems. This may be achieved by first decomposing 3
into irreducible triangular systems ¥; and then computing simple systems
from each %;.

To explain the process in detail, consider an irreducible triangular system
[T, U] and let

, or
U _{6IV(T)' T eT}
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and

R = {sqfr(res(U, T)): U € UUT'}.

Since T is irreducible and prem(U,T) # 0 for every U € U U U, any
polynomial R € R is non-zero and does not involve the dependents of T
and
Zero(T/U) = Zero(T/R) U U Zero(TU{R}/U).
ReR

Compute a simple series [Ty, T4], ..., [T, TNTq] of [, R]. There must be some
T; which is empty. This is because for every variable xy occurring in some
polynomial in IR there exist values of the other variables such that R # 0
for all R € R and infinitely many values of zg. If all T; are non-empty,
then there exists an z; occurring in some polynomial in R such that for
any fixed values Z1,...,Zk—1, Zk41,. .., Zn of the other variables

x € CJ Zero(T;/T;) = Zero(/R)

i=1

holds only for finitely many values Z; of x;. This leads to a contradiction.
Suppose that Ty,...,T; (! < q) are all those T; which are empty. Then,

q
Zero(T /U) = U Zero(T/T;)U | ) Zero(TUT/T;)U | | Zero(TU{R}/U).
i=1 i=l+1 ReR

Note the fact that T, U T for ¢ > and TU {R} for R € R are all enlarged
from T by adjoining at least one polynomial which does not involve any
dependent of T.

We want to show that [T TNTZ] is an irreducible simple system for 1 < ¢ <.
For this purpose, consider a fixed ¢ (> 1 and <) and a polynomial 7' € T
of class p. Let

zir-11 ¢ Zero(T(p_l)/ﬁ“Z(»p_l));
then R(z1P—11 Zp, ..., &) £ 0 for all R € R. It follows from the construc-
tion of R that ini(7)(z{P=11) £ 0 and
T(@{p—l}’xp)’ a_T(@{p—l}’xp)

Jx,

do not have any common divisor of degree > 1 in . Therefore, T(:i{p_l} zp)
18 squarefree with respect to z,. Note that [0, T] is simple and any poly-
nomial in T; does not involve the dependents of T. Hence [T, T] is simple.

What has been explained above may be summarized as the following
lemma. One of its consequences is Proposition 4.3.7.

Lemma 4.4.1. From any irreducible triangular system [T, U] in K[z], one
can compute a finite number of triangular sets Ty, ..., T; and polynomial
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systems [Fy, U], ..., [Fom, Un] with F; # @ such that each [T,T;] is an
irreducible simple system, every polynomial in F; does not involve the de-
pendents of T and

{ m
Zero(T/U) = U Zero(T /T;) U U Zero(T UT; /Uj;).

j=1

Now consider an arbitrary polynomial system 93 and let [T, U], .. ., [T¢, U]
be an irreducible triangular series of . For each [T, U,], one can determine
triangular sets TNTU, ce TNTHl and polynomial systems [F;1, U], . . ., [Fim, , Uim,]
with F;x # 0, according to Lemma 4.4.1, such that

l; my
ZeI’O(Ti/Ui) = U ZeI’O(Ti/Tij) U U Zero(Ti U sz/Uzk),
j=1 k=1

where each [T, TNTU] is simple and deg(F,1v(T)) = 0 for every F € [F;, and
TeT;.

One may decompose each polynomial system [T; U g, U;g] into irre-
ducible triangular systems [T;},U;}] and apply Lemma 4.4.1 to each ob-
tained [T7;,U7], and so on. As T is irreducible and deg(F,lv(7)) = 0 for
any I € Iy and T € Ty, |T7;| > |T;|. Hence, the recursive process must
terminate. Finally, 8 will be decomposed into finitely many irreducible
simple systems. In other words, we have the following theorem.

Theorem 4.4.2. There is an algorithm which computes, from any given
polynomial system 3 in K[x], a finite number of irreducible simple systems

&4, ..., 6, such that
Zero(P) = U Zero(6;).
i=1

The above theoretical approach may have undesirable performance. It
has been so explained mainly for simplicity and ease of termination proof.
In practice, one may compute directly a simple series of each irreducible
triangular system [T;,U,] and then examine which of the obtained sim-
ple systems are already irreducible. For the reducible ones, one decompose
them further into irreducible triangular systems, and so forth. In this way,
P should also be decomposed into irreducible simple systems, but the ter-
mination 1s not evident.

Ezxample 4.4.1. Consider the irreducible triangular systems in (4.2.7). As
dim(T4) = dim(Ts;) = 0 for 1 < j < 8, it is easy to see that each [T}, 0] is

a simple system for i = 2,31,...,38. Now recall the triangular set
—25 414,
Ty = | 252 + 26323y — t72% + 26425 — 2% +¢5, |,

(3 = 1)282 — 2By — 3
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where t < z < y < . The factors of the initials and derivatives of the three
polynomials which need be considered are t3 — 1,z and 23y + 3. As

sqfr(res(z, T1)) = t, sqfr(res(z’y + 12, T1)) = ¢(t> — 1),

we can take R = {{,#> — 1}. A simple series of [, R] consists of a single
simple system [}, T,], where T; = [t(t> — 1)]. Therefore, an irreducible

simple system [Ty, T4] is obtained. Computing directly a simple series of
[T1,ini(T4)] yields the same result. In any case, we have

8
Zero(IP) = Zero(Tl/ﬂH) U Zero(T2) U U Zero(Ts;).
j=1

a

As an alternative to decompose P into irreducible simple systems, one
can compute a simple series of P first. Each of the obtained simple systems
may be further decomposed into irreducible triangular systems by using
Algorithm Decom. However, these triangular systems are not necessarily
simple, and from them simple systems have to be determined by using a
technique similar to the one exhibited above. This approach has obvious
disadvantages. The computation of simple series is very expensive, due
to the high price of making polynomials squarefree. Apparently, the cost is
spent in vain when the polynomials finally have to be factorized. Therefore,
we do not pursue any further in this direction.
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Various elimination algorithms

It is somewhat unusual to postpone the presentation of important elimina-
tion methods based on resultants and Grobner bases to this later chapter.
The main reason for this is that these methods are already well-known,
fully described in standard textbooks and are widely accessible. In order
to reduce overlap with existing materials in the literature, we shall not in-
troduce the methods in detail and be satisfied by only giving them a brief
review. Most formal proofs will be omitted.

As the reader may have been aware, our emphasis is placed mainly on a
systematic treatment of elimination techniques based on pseudo-division.
The objective is to establish various decompositions of zero sets (rather
than ideals) of multivariate polynomials. This attempt is continued in part
of this chapter.

5.1 Regular systems

Roughly speaking, a regular system is a simple system without the re-
quirement on squarefreeness. We want to modify the subresultant-based
algorithms described in Chaps. 2 and 3 to decompose any polynomial sys-
tem into regular systems. It will also be shown that the decomposition can
be computed by using an alternative algorithm.

Definition 5.1.1. A triangular system [T, U] in K[x] is said to be regular
or called a reqular system if for any 1 < k£ < n:

(a) either T = ¢ or UK = §;
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(b) I(ii{k_l}) # 0 for any I € ini(U(’ﬂ) and
=1 e Zero(T®-1 /U1y,

A triangular set T is said to be reqular or called a regular set if there
exists a polynomial set U such that [T, U] is a regular system.
A triangular series W is called a regular series if every T € U is a regular
system.
U is called a reqular series of a polynomial system P if it is a regular
series and
Zero(P) = U Zero(%).

Tevw

A regular series of [P, (] is also called a reqular series of the polynomial
set [P

In the above definition, condition (b) is also satisfied for every I €
ini(T)) as [T, U] is a triangular system. For example, with respect to
the ordering # < y, [zy — 1] is a regular set because [[xy — 1],{«}] is a
regular system; but neither is T = [#? — 1, (z + 1)y — 1]. For [T, 0] is not a
triangular system by definition, while U = § is the only possible set such
that condition (a) holds.

For convenience, sometimes § is also regarded as a regular set. Refer to
Sect. 3.1: for triangular systems, projection is rather easy.

Subresultant-based algorithm

The following algorithm RegSer is an extension of TriSer. It may also be
considered as simplified from SimSer. The algorithm decomposes any poly-
nomial system into finitely many regular systems, where the elimination
strategy for the equation-polynomials is almost the same as that employed
in TriSer. The main new ingredient is step R2.2.3 in which the polynomial
Py of class k obtained in step R2.2.2 is used to eliminate the inequation-
polynomials from U + (. Roughly speaking, the elimination is realized
by computing SRS and removing GCDs.

Algorithm RegSer: ¥ < RegSer(P, ). Given a polynomial system [P, Q]
in K[x], this algorithm computes a regular series ¥ of [P, Q)].

R1. Set &« {[P,Q,n]}, ¥«0.
R2. While @ # §§ do:

R2.1. Let [T, U, ] be an element of ® and set & + &\ {[T, U, {]}.
R2.2. For k =/{,...,1 do:

R2.2.1. Set T T\ {0},UU\ (K\{0}). U TAK #£0or0€U
then go to R2. If T) = ) then go to R2.2.4.
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R2.2.2. Repeat:

R2.2.2.1. Let P, be an element of T*) with minimal degree in xg
and set

& U [T\ {P)} U {ini(Ps), red(Ps)}, U, k]},
U+ U U {ini(Ps)}.

If |T)| = 1 then go to R2.2.3 else take a polynomial P,
from T¢I\ {Py}.

R2.2.2.2. Compute the SRS Hs, ..., H, of P; and P with respect
to x and set [; < lc(H;, xp) for 2 <i < r. Ifcls(H,) < k
then set 74— r — 1 else set 7+ 7.

R2.2.2.3. Set

S dU{[T\{P, P} U{H;, Liy1,..., 1.},

DU{L} k] 2<i<r—1},
T« T\{P, P} U{H,, H-},
U+UuU{l}.

R2.2.3. While U*) £ § and cls(P>) = k do:

R2.2.3.1. Let P; be a polynomialin U*); compute the SRS Ho, . . .,
H, of P, and Ps if deg(Py, #) > deg(Pa, zg), or of Ps
and Py otherwise, with respect to xy, and set I; «lc(H;, z)
for 2 <i<r.

R2.2.3.2. Set
@ @ U{[T\ { P2} U{pquo(Pe, Hi,xk), Lix1, ..., Ir},
DU K 2<i<ro1),
T FjT\ {Pz} U {quO(Pz, HTa $k)};
Py pquo(Pa, Hy, xy).

If cls(Hy) < k then set U«U\ {P1} U {I.} else set
U«Uu{l}.
R2.2.4. If U¥) £ () then for each P, € U*) do:

& U {[TU{ini(P)}, U\ {P} U {red(P1)}, K]},
U U U {ini(Py)}.

R2.3. Set ¥+ ¥ U {[T, U]}, with T ordered as a triangular set.
The termination and correctness of RegSer may be proved by a similar

argument to the proof of those of SimSer. We only need to note the fol-
lowing. Recall Lemma 3.3.2 and drop the assumption that Pz(:i{k_l}, zp)
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is squarefree with respect to x, for 1=} € Zero(IP/Q). Corresponding to
(3.3.1) therein is the zero relation

Zero(PU {P>}/QU{P}) = | ] Zero(PUP;/QU{P1, I;}).

i=2

Clearly, cls(H;) = k holds for 2 < i < v — 1 but not necessarily for ¢ = r. If
cls(H,) < k, then I, = H, and

Zero(PUP,/QU{P, I,}) = Zero(PU {pquo(Ps, I, z;)}/QU{IL})
= Zero(PU{P.}/QU{IL}),

i.e., the polynomial P; may be eliminated. Otherwise, the process may con-
tinue, for example, by computing the SRS of pquo(Pa, H;, %) and Py with
respect to x; for each i. This procedure will terminate eventually because
the degree of pquo(Pa, Hy, xj) is less than that of Py in 2, when cls(H;) = k.
Roughly speaking, the conditional GCD of P» and P; is removed from P»
by using pquo recursively until no such factors can be removed; then P; is
eliminated.

Ezxample 5.1.1. The polynomial set P in Example 2.4.1 may be decomposed
by RegSer into 4 regular systems [T;, U;] such that

Zero(P) = U Zero(T;/U;),

i=1

where
Ts=[r*—4r?+3,—22 + 1% — 2 =12 + 1, F, P3],

U1:{7°4—47°2+3}a Uy =Usz=Us=10,

Ty, Ty and F, Po are as in Example 2.4.1, and T4 as in Example 3.3.4.

To give more details, let 77,75, 7T5 denote the three polynomials in Ty
successively. Compute the SRS of ¢ = ini(75) and Th with respect to x;
let R be the last polynomial in the subchain (which is identical to the
resultant of z and 75 with respect to #). The inequation-polynomial in U
is acquired as the last in the SRS of squarefreed R and 77 with respect to
z. In splitting according to the SRS are generated some new polynomial
systems; from which the two regular sets T3 and T, are obtained. a

Ezxample 5.1.2. Recall the polynomial set PP and variable ordering given
in Example 3.2.2. A regular series of P computed by RegSer consists of 6
regular systems [T, Uq], [T2, 0], ..., [Ts, @], where the triangular sets T, are
either the same as or very similar to those listed in Example 3.2.2 and Uy
contains z and two other univariate polynomials that are 73; and T4y in
Example 3.2.2. a
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Algorithm based on generalized GCD

Definition 5.1.2. Let T = [T, U] be an arbitrary triangular system in K [].
A zero (&1,...,&n) of T is said to be regular if either & = x;, or z; is a
dependent of T for any 1 < i < n.

When ¥ is regular, any regular zero of ¥ 1s also called a regular zero of

T.

As usual, we write &1 for &,...,& or (&1,...,&) with & = €7} The
set of all regular zeros of ¥ or T is denoted RegZero(%) or RegZero(T).
Apparently, RegZero(%) C Zero(%).

Proposition 5.1.1. The regular zeros of any regular set are well-defined.
In other words, for any two regular systems [T, ;] and [T, Us],

RegZero(T /U1) = RegZero(T /Us).

Proof. Let & € RegZero(T/U;). First, consider any U € Uy of smallest
class p. Clearly z, is a parameter of T by definition, so &, = z, is an

indeterminate. Therefore, U(€{p}) = 0 implies that ini(U)(ﬁ{p_l}) = 0.
Since [T, Us] is a regular system, by definition ini(U)(ﬁ{p_l}) # 0. It follows
that U (¢7)) # 0.

Now suppose that Ugﬂ + 0, and U(€{i_1}) #0forall U € U(;_l). Then

=1 e Zero(TU-1 /-1,

Consider any U € Ug”. By definition, x; is a parameter of T and & = x;.
As [T, Uy] is regular, ini(U)(ﬁ{i_l}) # 0. For the same reason as above, we

have U(€{i}) # 0. Hence, by induction U(&) # 0 for all U € U,. This shows
that & € RegZero(T /Us); thereby RegZero(T/Uy) C RegZero(T/Us). The

other direction is proved by the same argument. a

Corollary 5.1.2. For any regular system [T, U] and regular zero € of T,
U(€) #0forallU € T.

If T is written as
T=[Ti(w, ), ..,To(w,y1,..., 9], (5.1.1)
then any regular zero of ¥ has the form
&= (u,n,...,n) € Zero(%), (5.1.2)
where n; € K O K (u) for each i.

Lemma 5.1.3. Every perfect triangular system in K [#] has a regular zero.



128 5. Various elimination algorithms

Proof. Let ¥ = [T, U] be a perfect triangular system and write T as

T=[Ti(w, 1), .., To(w,y1,...,9)]

as before with

Li(u, gy, opio1) =ini(Ty), 1<i<r, V=][U
eu

Since I1(u) # 0in K (u), T1(w, y1) must have zeros for y; in some suitably
chosen algebraic extension field K of K (u). Because ¥ is perfect, V can
vanish only at some but not all of these zeros. For, otherwise, any zero of
T, for specialized values of w 1s also a zero of V and thus ¥ is not perfect.
Therefore, the zero set

Zl :{(u’gl): gl Eka Tl(uagl)zoa V(uaglayZa"'ayT)#O}

1s not empty.

For any (u, 1) € 21, by the definition of a triangular system I (u, §1) #
0 and thus T5(wu, y1,y2) has zeros for yo in some algebraic extension field
K. For the same reason, V may vanish at (w, §1, y2) only for some but not
all (w,y1) € 21 and ya € Zero(Ta(w, 41, y2)). In other words,

(w,51) € Z1, §2 € K, To(u,71,%) =0, £
V(uaglaQZayE}a .. 'ayT) 7£ 0

ZZ = {(uaylayZ):

The above reasoning may continue for 73,7, and so on. In this way, a
regular zero of ¥ will finally be constructed and the lemma is proved. O

The algorithms presented below are adapted from Kalkbrener (1993).
They are somewhat complicated by the cross-calling. The basic idea here
is to compute GCDs modulo regular sets with splitting on demand.

Algorithm Split: [A A] < Split(T, P, k). Given an integer k (1 < k < n),
a polynomial P and a regular set T in K[az{k}], this algorithm computes
two sets A and A of regular sets in K [#1¥}] such that

RegZero(T) N Zero(P) = U RegZero(T™),
T*eA

RegZero(T/P) = U RegZero(T™).
T*EA

S1. Compute Q « GenGCD(T*=1 THF U {P} k).
S2. If T*) = @ then set
A—{S: [S,Gle 2, G=0}, A<{S: [S,G]eQ,G#0}

and the algorithm terminates.
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S3. Let F be the only element of T*) and set

[S,G] € Q,cls(G) = k,
deg(G, ap) < deg(F,z) |°

A—{SU[G]: [S,G] € Q,cls(G) = kY,
A—{SU[F]: [S,G] € Q,cls(G) < k}U {op(2,5Split(S, P, k)): Se, }.

, {S U [pquo(F, G, zx)]:

Refer to Definition 6.2.2 for the saturation sat(T) of any triangular set
T. Zero(sat(T)) represents the union of the irreducible algebraic varieties
whose generic points are regular zeros of %.

Algorithm GenGCD:  « GenGCD(T, P, k). Given an integer k (1 < k <
n), a polynomial set P C K[x!*1] and a regular set T C K[x*~1}] this
algorithm computes a finite set € of pairs [Ty, G4], ..., [T, G{], with each
T; a regular set in K[z~ and G; a polynomial in K [#1%}] such that

(a)

l
RegZero(T) = U RegZero(T;);
i=1
b) for any 1 < ¢ <[ and €{k_1} € RegZero(T;),
g

Gi # 0= 1c(Gy,zp) (¥ ) £ 0
and Gi(ﬁ{k_l}, x1) is a GCD of the polynomials in P{&*¥=1) with respect to
Tk;
(¢) Zero(sat(T;)) N Zero(IP) C Zero(G;) for any 1 < i < 1.

Gl. Ifk=1;or P=0;0r k > 1, |P|= 1 and op(1, Split(T,Ic(op(1, P), z),
k—1)) = 0 then set

{10, 0]} when k=1 and P = 0,

{[0,gcd(P)]}  when k=1 and P # 0,
Q

{[T, 0]} when k£ > 1 and P = {J,

{[T,op(1,P)]} when k> 1and |P|=1
and the algorithm terminates.
G2. Let P be an element of P with minimal degree in xy, set
B B\ {PYU fred (P, z4)} \ {0}
and compute
[A,A] < Split(T, le(P, ), k — 1),
P« {P}Uprem(P, P,z;) \ {0},

Q[ ] GenGCD(S, P, k) U | ] GenGCD(S, P”, k).
SeA SeA
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Algorithm RegSer*: ¥+ RegSer* (T, P, k). Given an integer k (1 < k <
n), a non-empty polynomial set P C K[x1#1] and a regular set T C
K[x5—1}]  this algorithm computes a set ¥ of regular sets in K [z15}]
such that

(a)
Zero(sat(T)) N Zero(P) C U Zero(sat(T*)) C Zero(P); (5.1.3)
T*ew
(b) for any T* € U, either
RegZero(T**~1)y ¢ RegZero(T), or |T** =Y <|T|.
R1. If £ = 1 then set

0 when ged(P) € K,
v { {lged(P)]} otherwise

and the procedure terminates.
R2. Compute
Q0 GenGCD(T, P, k),
, = U S.a1en RegSer(S¥2), SE=21u {le(G, ax) ), k — 1),
G#0
U {S: [S,Gl€ Q,G=0}U{SU[G]: [S,G] € Q,cls(G) = k}U
User RegSer™ (S, P, k).

When T = §, (5.1.3) leads to

Zero(P) = U Zero(sat(T™)). (5.1.4)

Hence, with T = @ and k = n, Algorithm RegSer* decomposes any polyno-
mial set P C K [#] into a finite set ¥ of regular sets such that (5.1.4) holds.
In general, (5.1.4) does not imply that

Zero(P) = | J Zero(T*/ini(T")). (5.1.5)

However, one may observe from the algorithms that (5.1.5) does hold for
any ¥ computed by RegSer* from T = @), P and k¥ = n. Therefore, ¥ can
be taken as a regular series of the polynomial set .

The correctness and termination proofs for the above algorithms involve
some technical arguments, for which new notations and terminologies may
have to be introduced. We omit the details and refer to Kalkbrener (1993).
The interested reader may also work out his own proofs. Kalkbrener (1994)
extended the algorithm to decompose radicals of polynomial ideals into
primes — the equivalent problem of decomposing algebraic varieties into
irreducible components will be discussed in Sect. 6.2.
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Properties

When a regular zero &€ is written in the form (5.1.2), €{i} stands alterna-
tively for w,ny,...,m; or (w,m,...,n;) with & = ¢} as before.

Proposition 5.1.4. Let T as in (5.1.1) be a regular set. Then for any
1<i<r—1land ¢ e RegZero(T 1),

ini(Tiq1) (&) £ 0. (5.1.6)

Proof. As T is regular, there exists a U such that [T, U] is a regular system.
In particular, U C K[u]. For any 1 <7 <r —1, let €{i} € RegZero(T1}),
Clearly, U(€{i}) # 0 for any U € U. As [T, U] is a triangular system, (5.1.6)
holds by definition. a

Proposition 5.1.5. For any regular set T and polynomial P in K[x],
res(P,T)# 0 < P(&) #0 for any & € RegZero(T).

Proof. (=) Let the variables @ be renamed so that T is written in the form
(5.1.1). If there exists a & € RegZero(T) such that P(&) = 0, then plunging
¢ into (4.3.2) in Lemma 4.3.2 yields R = res(P, T) = 0. This contradicts
the assumption that R # 0.
(<=) Let
Ry = Ri(z1""1) = res(P, T}, )

and

gt ¢ RegZero(T1 1),

As T is regular, by Proposition 5.1.4 we have ini(Tr)(ﬁ{r_l}) #+ 0. If
Rl(ﬁ{r_l}) =0, then P(€{T_1}, yr) and T, (€{T_1}, yr) have a common zero
N for y,. This is impossible because

& € RegZero(T), P(&) =0

contradict with the hypothesis that P(&) # 0 for any & € RegZero(T).
Hence Rl(ﬁ{r_l}) £ 0 for any ¢V ¢ RegZero(T1r=1}).

Next, consider Ry = res(Ry, 7,1, yr—1) and use the same argument. We
shall see that Rz(ﬁ{r_z}) #+ 0 for any €{T_2} € RegZero(T17=2}). In this
way, one will finally arrive at R(u) = R,(u) # 0. The proof is complete. O

Since any simple set is regular, Proposition 5.1.5 holds as well when T
is a simple set. From Propositions 5.1.4 and 5.1.5, the following result is
obtained.

Corollary 5.1.6. For any regular or simple set T C K[#] and any I €
ini(T), res(I, T) # 0.
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The conclusion in the above corollary is also a sufficient condition for
any triangular set to be regular. This is stated as follows.

Lemma 5.1.7. Let T = [T3,...,T;] be a triangular set in K[x] and as-
sume that '

res(ini(73), TV £ 0, 2<i<r
Then T is regular.

Proof. Let

Ry =ini(Ty) H res(ini(7;), T{i_l});
i=2
then R; is not equal to 0 and does not involve any lv(7;). Let R; = ini(R;—1)
for ¢ = 2,... ¢ such that R; is a constant. It is easy to verify by definition
that
[T’ {Rla ) Rt}]

is a regular system. The lemma follows immediately. a

Let T be any triangular set in K [#]. Summarizing the above results, we
have the equivalence of the following conditions:

(a) T is regular;
(b) res(I,T) # 0 for any I € ini(T);
(c) For any 1 < k <n — 1, T*) is regular and

I(€{k}) #0 for [ € ini(T<k+1>) and all ¢} e RegZero(T(k)).

Therefore, either of the conditions (b) and (c) above may be taken for the
definition of a regular set as well. In fact, they have been used respectively
to define the equivalent concepts of proper ascending chains in Yang and
Zhang (1994) and regular chains in Kalkbrener (1993). Condition (b) may
be regarded as an effective criterion to check whether a given triangular set
is regular. The results of Proposition 5.1.5, Corollary 5.1.6 and Lemma5.1.7
are also given in Yang and Zhang (1994).

The following proposition follows from the specification of Algorithm
Split and the definition of saturation.

Proposition 5.1.8. Let T be a regular set and P a polynomial in K[x].
Then

(a)
P(&) #0 for any & € RegZero(T) <= RegZero(T)N Zero(P) =0
<~ op(L,Split(T, P,n)) = 0;

(b)
Zero(sat(T)) C Zero(P) <= RegZero(T) C Zero(P)
<~ op(2,Split(T, P,n)) = 0.
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In contrast with Theorem 3.4.4 and Corollary 4.3.9, we have the following
theorem. The proof of this theorem as well as Theorem 5.1.11 below requires
a result given late in Sect. 6.2 (see Definition 6.2.3 and Theorem 6.2.4).

Theorem 5.1.9. For any regular system [T, U] and polynomial P in K [x],
Zero(T /U) C Zero(P) if and only if there exists an integer d > 0 such that
prem(P4 T) = 0.

Proof. The sufficiency follows obviously from the pseudo-remainder formula
and the definition of regular systems.
To show the necessity, suppose that Zero(T /U) C Zero(P), let

V= H res(U, T),
UeU
and write T in the form (5.1.1) with ini(7;) = I; and ldeg(7;) = d; for
1 < ¢ < r.Then, V € Klu], V # 0 (according to Corollary 5.1.2 and
Proposition 5.1.5), and

Zero(T /V) C Zero(T /U) C Zero(P)

(by Lemma 4.3.2). It follows that Zero(T /V P) = (. We complete the proof
of the theorem by proving the following assertion with induction on r:

(A) For any regular set T and non-zero polynomials V € K[u] and P €
Klu,y1,...,ys] as above, if Zero(T/V P) = §§ then there exists an integer
d > 0 such that prem(P¢ T) = 0.

Consider first the case r = 1 and let R = prem(P%T}). Denote all the
non-zero coefficients of R in y; by Ry, ..., R;. According to Lemmas 3.1.1
and 3.1.2 (b), Zero(§/VR;) = 0 for all j. This implies that R; = 0 for
1 < j <; therefore, R = 0 and the assertion is proved.

Now suppose that (A) holds for any regular set T with |T| < r; we
proceed to prove (A) for |T|=r > 1. Let

TUY =1y, To1), Jeor =1Ly, R=prem(P™, T,

and denote all the non-zero coefficients of R in y, by R1,..., R;. Again by
Lemmas 3.1.1 and 3.1.2 (b), Zero(T{’“_l}/VRj) = (f for all j. By the induc-

tion hypothesis, there exists an integer k; > 0 such that prem(R?j, T{’“_l})
= 0 for each j. Thus, there exists an integer s; > 0 such that

JLRY € Wdeal(TV 1), 1<j<L.
Set

k= max k;, s= max s;;
1<t 1<t
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then J_, R® € Ideal(T). On the other hand, R = prem(P% T,) implies
that there exists an integer ¢, > 0 such that I¢" P4 — R € Ideal({T,}).
Hence

JEIEFPER = J8  RE 4 JF_ (I8 P — R)[(I PRt 4o RFTY
€ Ideal(T).

Let d = d.k and ¢ = max(s, k). Then (I, ---1,)4P% € Ideal( ),s0 P4 ¢
sat(T). By Theorem 6.2.4, P4 € p-sat(T), Wherefore prem(p?, T) = 0. The
proof is complete. a

Corollary 5.1.10. For any regular set T and polynomial P in K],
Zero(T /ini(T)) C Zero(P) if and only if there exists an integer d > 0
such that prem(P% T) = 0.

Proof. The sufficient condition is obvious, so we only need to prove the
necessity. As T is regular, there exists a polynomial set U C K [«] such that
[T,U] is a regular system and Zero(T/U) C Zero(T/ini(T)). If
Zero(T /ini(T)) C Zero(P), then Zero(T/U) C Zero(P). In view of The-
orem 5.1.9, there exists an integer d > 0 such that prem(P¢, T) = 0. a

The reader should compare the following with Theorems 3.4.6 and 4.3.11.

Theorem 5.1.11. Let [P, Q] be a polynomial system in K[®] and [Ty, Uq],
[ Te, Ue] a regular series of [P, Q]. Then:

(a) there exists an integer d > 0 such that prem(P¢,T;) = 0 for all P € P
and 1 <i<e;

(b) for any integers m > 0, 1 < i < e and polynomial Q € @, prem(Q™, T,)
#0;
()
Zero(P/Q) = U Zero(T;/ini(T;) UQ). (5.1.7)

i=1

Proof. (a) From Definition 5.1.1, we know that

Zero(P/Q) = U Zero(T;/U,),

i=1

so Zero(T;/U;) C Zero(P/Q) C Zero(IP) for each ¢. By Theorem 5.1.9, there
exists an integer dp; > 0 such that prem(P T;) = 0 for any P € IP and
1 <i<e. It follows that PP € sat(T;). Let

d= max dp;.
pelP
1<i<e
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We have P? € sat(T;), and thus prem(P¢ T;) = 0 for all P € P and
1 < i < e according to Theorem 6.2.4.

(b) Suppose otherwise that there exist m > 0, 1 < i < e and @ € Q such
that prem(Q™, T;) = 0. Then

Zero(T;/U;) C Zero(T;/ini(T;)) C Zero(Q).

This contradicts the fact that Zero(T;/U;) C Zero(P/Q).

(c) By (a) and the pseudo-remainder formula, the right-hand side is
clearly contained in the left-hand side of (5.1.7).

Now, let J; = [[ ey, ini(T) for each i and consider any @ € Zero(P/Q).
Then there exists an ¢ such that

x € Zero(T;/U;) C Zero(T;/{J;} UQ).
Hence, @ belongs to the right-hand side of (5.1.7). The theorem is proved.
O

In view of Theorem 5.1.11 (c), it is proper to call Ty, ..., T, a regular
series of P when [Ty, U4],...,[T., U] is a regular series of P.

Let ¥ = [T, U] be a regular system and write T in the form (5.1.1) with
ini(T;) = I; for each i. Let

R= H res(U,T) € KJu).
UelU

Then, R # 0 by Corollary 5.1.2 and Proposition 5.1.5, and
Zero(T/R) C Zero(%).

Clearly, I; (w) # 0 and thus 77 has a zero n for y1 in K(u). By Propo-
sition 5.1.4, Ia(uw,m) # 0. Therefore To(w,m1, y2) has a zero 52 for ys in
K (u)(m). Tt follows from Proposition 5.1.4 that Is(w,n1,n2) # 0. Contin-
uing in this way, one can obtain a regular zero (w,n1,...,7n,) of [T,{R}]
and thus of . Hence ¥ is perfect.

Furthermore, one can construct a zero of ¥ with specialized values u of
w. In other words, we have the following.

Theorem 5.1.12. Any regular system in K [x] is perfect over the algebraic
closure K of K.

Proof. Let [T, U] be a regular system with T = [T}, ...,7,] and
cds(Ty) =pi, mi(T;) = L, 1<i<r
Obviously, there exists an

@111 ¢ Zero (/U1
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As [T, U]is a triangular system, I, (2171 =11) £ 0. Hence, Ty (@1P1-1} Zp,)
has a zero Z,, in some algebraic extension of K for x,,. Since Ulen = ¢
and ini(U)(z1=1) # 0 for any U € UY), 311 € Zero(Ty/UU =) and
j=pi+1,...,p2s— 1, one can choose Zp, 41, ..., %,,—1 in K such that

aiP2=1 ¢ Zero(T) /UP"1)),

Thus, Ir(21P2=11) £ 0 because [T,U] is a triangular system. Therefore,
Ty(air=—11, zp,) has a zero Zp, in some algebraic extension of K for x,,.
Continuing in this way, we shall finally construct a zero @ of [T, U], so

Zero(T/U) # § in K. O
We may list some corollaries of this theorem as follows.
Corollary 5.1.13. Any regular set T C K] is perfect.

Proof. As T is regular, there exists a polynomial set U such that [T, U] is
regular and thus Zero(T /U) # §. The corollary is proved by observing that
Zero(T /U) C Zero(T /ini(T)). O

Corollary 5.1.14. For any polynomial system B in K[x], Zero(*) = @ if
and only if any regular series of 3 is empty.

Corollary 5.1.15. Let 3 = [P, Q] be a polynomial system and P a poly-
nomialin K[#], and let ¥ and ¥* be any regular series of P and [P, QU{ P}],
respectively. The following are equivalent:

(a) Zero(P) C Zero(P);
(b) ¥* = 0;
(c) op(2, Split(T, P,n)) =0 for all T € V.

Several results will be proved in the following chapter for arbitrary trian-
gular sets. From those results, special properties such as unmixed-dimension-
ality for regular systems may be obtained.

Let T as in (5.1.1) be a regular set with d; = ldeg(T;) and d = d; - - - d;;
T is perfect. If T is irreducible, then it has d distinct regular zeros which
are also called generic zeros of T and generate the same extension field of
K. If T is simple and reducible, then it has d distinct regular zeros which
generate more than one extension field of K of the same transcendence
degree. If T is reducible but not simple, then it has less than d distinct
regular zeros which generate one or more extension fields of K of the same
transcendence degree.

The above remarks may help understand the difference among regular
set, simple set and irreducible triangular set. The term “regular zero” which
was introduced by Kalkbrener (1993) for a regular set is used here for an
arbitrary triangular system. It can be understood as “generic zero,” but
this notion has been used in algebraic geometry exclusively for irreducible
varieties and the corresponding irreducible triangular sets.
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5.2 Canonical triangular sets

One gain of introducing regular sets is Theorem 5.1.12, which ensures the
non-emptiness of Zero(T/ini(T)) for any triangular set T that is regular
and may be reducible. Now, we want to impose more restrictions, but not
irreducibility, on triangular sets in order to make them canonical.

Definition 5.2.1. A triangular system [T, U] in K[#] is said to be normal
if
deg(I,Iv(T)) =0 forany T €T and I €ini(TUT).

A triangular set T is said to be normal if [T,ini(I)] is normal.

In other words, the initial of any polynomial in a triangular system [T, U]
does not involve the dependents of T. A normal triangular set is called a
p-chain in Gao and Chou (1992). When T is normal, it is quite trivial to
perform projection for [T,ini(T)] (see Sect. 3.1). The following algorithm
exhibits how to compute a normal simple set from any simple set.

Algorithm Norm: [T* [F] « Norm(T). Given a simple set T C K[x], this
algorithm computes a normal simple set T* and a polynomial set [F such
that
Zero(T/T) = Zero(T*/TUF) U | ] Zero(TU {F}/T)
FelF

and deg(F,1v(T)) = 0 for any F' € F and 7' € T, where T is any triangular
set that makes [T, T] a simple system.

N1. Let the polynomialsin T be T7,...,T, and set F <« (.
N2. Fori=r,...,2 do:

N2.1. Compute
R res(ini(Ty), [T, ..., Ti—1])

and a polynomial @) such that
T+ +Q; 1 Ti1+Q-ini(T;) =R

for some @1, ...,Qi—1 € K[x].

N2.2. Compute
Ty = R -1v(T3)"98T) 4 Q - red(T5).

If R ¢ K and sqfr(R) { HFEini(T)U]FF then set F+ T U {R}.
N3. Set T* ¢« [T1,T5,...,T7].
Proof. Let T =[T4,...,T,] with

pi =cls(Ty), I = ini(Ty), d; =ldeg(T;), 1<i<r,
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and
Ri =vres(L;,[Th, ..., Ti—1]), 2<i<r

Since T is simple, by Corollary 5.1.6 R; is a non-zero polynomial not involv-
ing the variables x, ,...,2p,_, for each i. In other words, deg(R;, xp,) =0
for any pair of ¢ and j. By Lemma 4.3.2, there are polynomials @);; and s

such that
i1

ZQijTj +Qili =R;, 2<i<r (5.2.1)

j=1

Let
T = Rizd 4+ Qi -red(T3), 2<i<r,

T = [TlaTZ*a .. "T;‘k]a

F={Ro,...,R.}.
If R; € K or every irreducible factor of R; is a divisor of some polynomial
in ini(T) or another R; for j # ¢, then R; is not needed and can be deleted

from IF. Let T be any triangular set such that [T,TNT] makes up a simple
system. We now show that

Zero(T/T) = Zero(T*/T UTF) U U Zero(T U {R;}/T). (5.2.2)
=2
For this purpose, consider any ¢ and let
aPi=1 ¢ Zero([Ty, ..., T;_1]/T® Y UT).
One knows from (5.2.1) that
Qi(@{pl—l})[i(@{pz—l}) - Ri(:i{p"l}) 0,
so after #1Pi=1} is substituted by @{r:=1}
17 =QiT; = Gix;lg + Qi - red(T;)

has the same set of d; distinct zeros as T; for z,, (and thus is squarefree
with respect to x,,). It follows that

Zero(T /TUT) = Zero(T*/T UT)

and thus the zero relation (5.2.2) holds.

Apparently, T* is normal (but [T*, TNTU]F] is not necessarily a simple sys-
tem). It remains to show that T* is a simple set. In fact, one can construct a
triangular set T* from TUF such that [T~ TNT*] is a simple system. The con-
struction proceeds as follows. Let R = Ry --- R,. We repeat the following

until R € K:
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1. If there exists a 7' € T such that cls(T) = cls(R) then set

R« RT, T« T\{T}.

2. Compute R +sqfr(R) and set

OR N

T+ TU{R}, R+ ini(R) - res(R, () v(R)).

Let T* be the ﬁnalﬁf ordered as a triangular set. Then it is not difficult
to verify that [T*, T*] is a simple system by definition (see the proof of
Proposition 4.3.7 for a similar verification). Therefore, T* is a normal simple

set. O

Lemma 5.2.1. From any normal simple set T C K], one can compute
a normal, reduced and primitive simple set T* such that

Zero(T /ini(T)) = Zero(T™*/ini(T)).
Proof. Let T=[T},...,T,] and
TF = pp(prem(T;, T{i_l}),lv(Ti)), 2<i<r

As T is normal, T7 is clearly well-defined and primitive with cls(77) =
cls(T;). Set
T = [TlaT;aaT:]

Then T* is reduced and primitive, and the zero relation is easily verified.
O

Remark 5.2.1. The normal simple set T* and polynomial set F computed
from a simple set T by Algorithm Norm possess the following property: For
any polynomial G' and triangular set T with [T, T] a simple system,

Zero(T*/TNTUF) C Zero((G) <= prem(G,T) = 0.

The property holds still when T* is made reduced and primitive according
to Lemma5.2.1. The proof is an analogy to the proof of Theorem 3.4.4. One
needs to note that all the polynomials in IF do not involve the dependents
of T*.

In fact, Algorithm Norm works as well for any regular set T, with respect
to which the resultant R of any I € ini(T) never vanishes identically. One
can also try to normalize an arbitrary triangular set T, but there is no
guarantee to succeed. The following alternative algorithm does the job and
returns a normalized triangular set when successful. It always succeeds
when T is regular, simple or irreducible.
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Algorithm NormG: [T* T] + NormG(T). Given a triangular set T C K [#],
this algorithm computes a pair [T* F] such that either T* = Fail (in this
case the algorithm fails), or T* is a normal triangular set and IF a polynomial
set satisfying

Zero(T /) C Zero(T*), Zero(T*/ini(T*)) C Zero(T/ini(T)).  (5.2.3)

N1. Let the polynomials in T be T3,...,7, and set F« @, T* < T,. If
7 = 1 then set T* <« [T7] and the procedure terminates.

N2. Fori=r—1,...,1do:

N2.1. Set I «ini(7}). If cls(]) < cls(7T;) then go to N3 else set y + Iv(T;).

N2.2. Compute R+ ged(T5, 1, y) and a polynomial @) such that R =
PT; + QI for some P € K[x].

N2.3. If cls(R) < cls(T;) then go to N2.4. Otherwise, compute

T;
D+ Remo(E, R, y)

and set F+FU{R}. If cls(D) = cls(7;) then set T; « D else set
T* <+ Fail and the procedure terminates.

N2.4. Set
Ty R -1v(T7 )48 4 @ - red(T7).
N3. Compute
[T, ] < NormG([14, . .., T —1]).
If T* = Fail then set T* <« Fail else set

FeFUFY T*« T U [T]].

The simple subalgorithm Remo is given below.

Algorithm Remo: H « Remo(F, G, zy). Given two polynomials F' and G
in K[x] and a variable z, this algorithm computes a polynomial H such
that ged(H, G, #y) does not involve zy,.

Set R+ ged(F, G, xp).
If deg(R, ) = 0 then set T < F else compute H + Remo(F/R, G, x1).

Proof. For NormG the termination is obvious, so we only need to show its
correctness. As in the algorithm, let |T| = r; then r = 1 is a trivial case.

For r > 1, assume that step N2 has iterated fori =r—1,... k+ 1 and
let the current values of IF and T be denoted I and

T=[T(z1), . T (U1, T (2]
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respectively, where z1"} stands for (w,y1,...,y;) with z = = 21"} as usual.
Then (5.2.3) holds when F and T* are replaced by F and T respectively.

Now consider N2 for iteration ¢ = k. Let I; = ini(7}) for 1 < j <r—1
and I = ini(T*); then T € K[z1F1]. If cls([) < cls(Tk), then proceed the
iteration for ¢ = k — 1. Suppose, otherwise, that cls(7) = cls(7}). There are
two cases:

Case 1. Ty and I are relatively prime with respect to yi = Iv(T}), i.e
R = ged(Ty, I, yx) € K[z1*~11]. This is similar to the case handled by
Norm. One can determine polynomials P, Q) € K[z{k}] such that

PT, +QI = Re K[z1F1]. (5.2.4)

Writing T as TF = Iy? +red (7)) and multiplying both sides of (5.2.4) by
yff, one gets

QT = Ry} + Q - red(T}") — PTpy}, (5.2.5)
where d = ldeg(T). Set
T, = Ry? + Q -1ed(T}).
Evidently, IV(TT) = Iv(T}) = y,. This implies that
T=[T,...,Tr_1,T}]
is a triangular set. We want to show that
Zero(T) C Zero(T), Zero(T/ini(T)) C Zero(T /ini(T)).

Since 7} can be written as a linear combination of 7} and 17 with poly-
nomial coefficients, the first relation holds obviously. Note that ini(7,) = R.
Hence, for any z € Zero(T/ini(T)) one has

Ty() =0, [j(z) #0, 1<j<r—1,
<z>¢o R(x)#0.

From (5.2.5) and the determination of T,, one sees that Q(z)Tr(z) = 0.
On the other hand, Q(z)I(z) # 0 by (5.2.4). Tt follows that

TX(z)=0, I(z)#0.
Therefore, z € Zero(ﬁ"/ini(ﬂ“)) and the second zero relation is proved.

Case 2. Ty, and I are not relatively prime with respect to yg. In this case,
they have a common divisor whose leading variable is y. Let us simply
remove all possible factors of R, the GCD of T, and I with respect to
Yg, from T} as done by the subalgorithm Remo and denote the obtained
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polynomial by D. If cls(D) < cls(T}), then the algorithm terminates with
T* = Fail returned. Otherwise,

T/ = [Tla .. 'aTk—la DaTk-I—la .. 'aTr—laT:]a
is a triangular set. Thus,
Zero(T/R) C Zero(T'), Zero(T/ini(T)) = Zero(T'/ini(T")).

As D and I now are relatively prime with respect to yx, the problem is
reduced, by regarding T’ as T, to Case 1. Therefore, one can determine a
T and F such that

Zero(T/T) C Zero(T') C Zero(T),
Zero(T/ini(T)) C Zero(T’/ini(T")) = Zero(T/ini(T)).

Hence, in any case the iteration step N2 either fails with T* = Fail or
produces a sequence of triangular sets T = T, ... T; and polynomial sets
F,._1,...,[F; satisfying

Zero(T, /1) C Zero(Ty_1), ..., Zero(Ty/TF1) C Zero(T),
Zero(T1/ini(T)) C -+ C Zero(Tyr—1/ini(Tyr—1)) C Zero(T,/ini(T,)).

Setting F=F,_,U---U IFy, we have

Zero(T /) = Zero(T, /) C Zero(T}),
Zero(T1/ini(T1)) C Zero(T,/ini(T,)) = Zero(T /ini(T)).

Let
Ty =[10,.. T, Ty =T, T_]

r —

Observe that ini(7)) € K[u]. Since T/ contains r — 1 polynomials, one can
compute, if not fail, a fine normal triangular set T* and a polynomial set
IF* by induction as in step N3 such that

Zero(T/F*) C Zero(T™), Zero(T*/ini(T*)) C Zero(T/ini(T1)).

Now, let T* = T*U [7!] and F = F UTF*. Then the zero relations in
(5.2.3) hold. As we wanted, all the initials of the polynomials in T* are
now in K[u]; therefore, they are all reduced with respect to T*. In other
words, T* is a fine triangular set and the correctness of the algorithm is
proved. a

Remark 5.2.2. For the normal triangular set T* computed from any trian-
gular set T by Norm or NormG, there is no guarantee that

Zero(T/ini(T)) = Zero(T™/ini(T™)),
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even if T 1s simple. This is why the additional polynomial set [F need be
computed by Norm. Consider, for example,

T = [a:% + 1, (23 — x2)ag + 1]

It is a simple set with respect to #1 < - -+ < @4 because & = [T, [#1, 23— 3]]
1s a simple system. T is also irreducible. Normalization of T yields

T* = [ + 1, (25 4 1) x4 + 3 + 3],
Now
Zero(T /ini(T)) = Zero(T /(x3—x2)) # Zero(T*/(x34x1)) = Zero(T*/ini(T*)).
This may be seen by verifying that

(—1,1,-1, %) € Zero(T/(x3— x2)), but & Zero(T*/(x3 + x1)).
In fact, T may be decomposed into two normal simple sets T* and
T = [22 + 21, 23 + 2o, 22124 + 23]
such that
Zero(T /(x5 — x2)) = Zero(T*/(x3 + x1)) U Zero(T’/x1).
Also, one cannot get a normal simple system &* from & such that
Zero(8) = Zero(6™).

& may decompose into two normal simple systems

& = [T [x1, 25+ x1]], & = [T, [z4]]

such that
Zero(&) = Zero(&™) U Zero(&').

However, if T is regular, simple or irreducible, then T and T* have the
same set of regular or generic zeros. This can be easily proved by using the
fact that the resultant R computed in N2.1 of Norm does not vanish at any
regular zero of T.

A polynomial P is monic if Ic(T) = 1. A polynomial set P is said to be
monic if every P € P is monic.

Definition 5.2.2. A triangular set T C K] is said to be canonical if it is
normal, simple, reduced, primitive and monic.
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The definition of a canonical triangular set here is similar to but slightly
stronger than that of a triangular set given in Lazard (1991). For example,

[a:% =1, (22 — 21)ws + 1]

is a triangular set by Lazard’s definition, but it is not canonical by Defini-
tion 5.2.2.
Now consider any polynomial set P. One knows how to compute simple

systems [Ty, T4], ..., [T, Ty from P using Algorithm SimSer such that

Zero(IP) = U Zero(Ti/TNTi).

i=1

By Algorithm Norm and Lemma 5.2.1, one can compute, from each simple
set T;, a reduced, normal, and primitive simple set T} and a polynomial
set IF; such that

Zero(T;/T;) = Zero(T7/T; UF) U | Zero(T; U{F}/Ty).
Fel;

Applying SimSer to each polynomial system [T; U{F}, TNTZ], one may obtain
other reduced, normal, and primitive simple sets and the corresponding
zero decompositions. Since each F' € F; does not involve the dependents
of T;, the first triangular set in any simple system from a simple series of
[T;U{F},T,] should contain more polynomials than T. Hence, the recursive
process must terminate. Finally one should reach a zero decomposition of
the form

Zero(P) = | Zero(T4/Ty), (5.2.6)

i=1
where each triangular set T; is normal, simple, reduced and primitive. Ac-
cording to Remark 5.2.1, prem (P, T;) = 0 for any P € P. A simplereasoning
similar to the proof of Theorem 3.4.6 shows that each T; in (5.2.6) can be

replaced by ini(T;). For every T € T, it is trivial to make 7" monic: one
divides T' by le(T). The following theorem is therefore established.

Theorem 5.2.2. There is an algorithm which computes, from any polyno-
mial set P C K], a finite number of canonical triangular sets Ty, ..., T,
such that

€
Zero(P) = U Zero(T;/ini(Ty)).
i=1
The above zero decomposition is not necessarily minimal. Some redun-

dant zero sets may be removed by using Corollary 3.4.5.

Ezxample 5.2.1. Refer to the polynomial set P in Example 2.4.1 and its
simple series in Example 3.3.4. The simple sets T; are normal only for
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i = 2,4,5 but not for the others. Let us first consider Ty = [T}, T>, T3],

where
T =22 =22 42 -1,

Ty =2 4+ 2222 — 222 4+ 24 — 222 + 1,
Ty =ay+ 22— 1.
One sees that ini(71) = ini(72) = 1 and ini(73) = «. It is easy to verify
that
R=res(x, [Ty, T2]) = (r* = 1)2(r* = 3)* = 2Q + Q1 T\ + Q2 T>,
where
Q= —x(x?+22 =) (2 =22t 1 227 — 2 4 307 — 2+ 3 = T 1 4).

All irreducible factors of R are divisors of the only polynomial in T, (see
Example 3.3.4), so R is not needed. Hence, the output IF from Norm(T}) is
empty, and T is normalized to

TT = [Tla T, T?T]
with 7§ = Ry + Q(z® — 1) such that
Zero(T1/T1) = Zero(T;/Uy).

Reducing T3 by T» and 71 and taking the primitive part of the remainder,
we have

T5 = pp(prem(75, [T1, T2]), ¥)
= (rt —4r? + 3)y — 2223 + riead — za® — 2B 4 23 4?22 %
—22 —rtre + 2%z — 22 4 2r%x — 2.
T is monic, so Ty = [Ty, T>, Tg] is canonical triangular set.

Observe that for the other abnormal simple sets, the corresponding resul-
tants R; are all constants. This is because |T;| = 4, the number of variables,
for ¢ > 1. Therefore, one can obtain a canonical triangular set T, from each
T; for ¢ = 3,6,...,9. The polynomials in these canonical triangular sets
should all have constant initials. In particular, T, = T; for i = 2,3,5.
Thus, we have

Zero(P) = Zero(T1/(r? — 1)(r* — 3)) UZero

This decomposition is not minimal: Zero(Ti) can be removed for ¢ =
3,4,6,...,9. In other words, the summation index i ranges only for 2 and
5, viz.

Zero(P) = Zero(ﬂ"l/(r2 — 1)(r2 — 3)) U Zero(Ts) U Zero(Ts).
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In the above example, a number of redundant simple sets are computed,
normalized and finally removed in order to arrive at a canonical zero de-
composition. A crucial question i1s how to avoid computing such redundant
simple sets or systems. A complete answer to this question is not easy, but
in practice one must develop effective strategies to detect the redundant
components as early as possible. When efficiency is of concern, one is ad-
vised to compute irreducible triangular series rather than simple series. A
canonical zero decomposition can be obtained more easily via the former
than via the latter. As we have mentioned early, simple series i1s of value
more theoretically than practically.

The normalization process may also be incorporated into SimSer and
other decomposition algorithms. Moreover, resultant computation can be
substituted by subresultant computation; the latter has been used in sev-
eral algorithms including SimSer and RegSer. Actually, one can design an
algorithm that computes, from any polynomial set, a simple or regular se-
ries with all simple or regular systems therein normal. For each normal
simple or regular system [T, TNT], one can also require that every polynomial
P € TUT does not involve the dependents of T\ [P]. We do not go any
further in this direction.

Another algorithm is presented in Lazard (1991) to decompose polyno-
mial sets into canonical triangular sets. It makes use of incremental compu-
tations over field extensions and is rather involved. A technical description
of the algorithm 1s provided without formal proof in the above-mentioned
reference.

5.3 Grobner bases

The method of Grobner bases introduced by Buchberger (1965) provides
another powerful device for polynomial elimination. It has been well studied
and described in great detail in several books including Adams and Lous-
taunau (1994), Becker and Weispfenning (1993), Cox et al. (1992, Chap. 2),
and Mishra (1993, Chaps. 2 and 3), so we have no intention to give another
comprehensive exposition. We shall be satisfied by only giving a brief review
of the method with emphasis on its elimination aspects.

With a fixed variable ordering, one may introduce different admissible
term orderings for monomials. Two commonly used examples of them are
the total degree and purely lexicographical orderings. For our purpose of
variable elimination, we shall use the purely lexicographical term ordering
which has been explained in Sect. 1.1. Some of the notations used below are

also given there. All the polynomials mentioned in this section are assumed
to be in KJx].
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Buchberger’s algorithm

Definition 5.5.1. Let P be a polynomial set and G any polynomial in K [x].
G is said to be reducible with respect to IP if there exist a polynomial P € P
and a monomial A such that coef(G, A - Im(P)) # 0. If no such P and A

exist, GG 1s said to be reduced or in normal form with respect to IP.

If G is reducible with respect to IP, then one can find a polynomial P € P
with the monomial A - Im(P) maximal (with respect to the term ordering)
such that

G=b-A-P+H,
where
coef(G, A - Im(P))

b= le(P)

This is a one-step reduction of G to H so that one term of G is eliminated.
In other words, the monomial A - lm(P) does not appear in H.

If H is reducible with respect to P, then one can reduce H to another
polynomial in the same way by choosing P, b and A. As the reduction is a
Noetherian relation, such a process will terminate. That is, after a finite
number of reduction steps, the obtained polynomial R will be reduced with
respect to P. In this case, one gets a remainder formula of the form

G=> QP +R, (5.3.1)
j=1

in which P; € P, @;, R € K[z] and R is reduced with respect to . The
polynomial R is called the remainder or normal form of G with respect to
P and denoted rem(G,P). The procedure for getting R from G is called a
reduction of G with respect to P. As usual, for any Q C K|[x]

rem(Q,P) 2 {rem(Q,P): Q € Q}.
Ezxample 5.3.1. Consider the following polynomials

Py = x4+ 23 — 2123,
P2 = 21‘421 - 21‘3l‘4 + 5l‘1l‘2l‘4 - 51‘11‘21‘3,
_ 2 2
G =xix]+&; — 212204 — 224 + 129 + 329.

The terms in P;, P> and (G are ordered according to the purely lexicograph-
ical ordering. In symbol, we have

Im(Py) = w124, Im(P2) = x3, Im(G) = rixs

and

le(Py) = lc(G) =1, le(P2) = 2.
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Set P = {Py, Po}. G is clearly reducible with respect to P. For example, we
have

G=b-Xlm(P)+H

with
b=—1, A= xs,

2 2 2
H=x2;+ 2] — xox4 + T2x3 — 125 + 2122 + 322.

Here, the monomial xxs24 does not appear in H. In the above reduction,
the monomial 1s not maximal with respect to the term ordering. To select
the maximal monomial, one has to reduce the leading term z;23 in G first.
The following is a reduction of GG to its remainder with respect to P:

1 5
G=x4P+H, H = §P2+H2, o, = —§P1 + Hs,

where

_ .2
Hy = 2§ — 2324 — 22%a + 2122 + 322,

5
Hy = —5T1T2T4 — Tay —+ 5 T1T2T3 + x120 + 329,
5 5 5,
Hz = —xomy + JT1TaTs + ST2v3 — ST + 120 + 3x2.

Now Hj is reduced with respect to P, so no further reduction is possible.
Therefore,

5 1
R:rem(Gap):H3:G+§Pl_(x4+§)P2.

a

In general the remainder R is not unique; that is, different choices of
P; from P in (5.3.1) may produce different remainders. Those polynomial
sets, with respect to which the remainders of any polynomial are always
the same, are of special significance.

Definition 5.5.2. A polynomial set G C K] is called a Grébner basis if
and only if the remainder rem(G, G) is unique for all G € K[x].

G is called a Grobner basis of a polynomial set P C K [#] or for Ideal(P)
if G 1s a Grobner basis and

Ideal(P) = Ideal(G).

Definition 5.3.3. The S-polynomial of two non-zero polynomials F' and G
in K[#] is defined to be

le(F)
1e(G)

spol(F,G) & pu- F — v-G,

where p and v are monomials such that

Im(F) - p = lm(G) - v = lem(Im(F), Im(G)).
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Ezxample 5.3.2. For the polynomials P, and P» in Example 5.3.1, we have

_ IC(Pl)

spol(Py, Pa) = p1 - P4 m po - Py

5 5
_ 2 2
= X123%4 + X3%4 — 59019021‘4 — T12224 + 51‘11‘2903,

where p1 = x4 and ps = 7. O

Theorem 5.3.1. A polynomial set G C K] is a Grébner basis if and
only if
rem(spol(F,G),G) =0 for any F,G € G.

This theorem provides an algorithmic characterization of Grobner bases.
Whether a polynomial set P is Grobner basis can be tested by considering
only finitely many pairs of polynomials in IP. On the basis of Theorem 5.3.1
we are ready to describe the following algorithm due to Buchberger (1965,
1985).

Algorithm GroBas: G+« GroBas(IP). Given a non-empty polynomial set
P C K], this algorithm computes a Grébner basis G of P.

G1. Set G P, 0« {{F,G}: F#G,F,GeP).
G2. While © # § do:

G2.1. Let {F, G} be an element of © and set © <O\ {{F, G}}.
G2.2. Compute R+ rem (spol(F,G),G).
G2.3. If R # 0 then set

O+ 0U{{R G}: GEG}, G+ GU{R}.

The above algorithm for computing Grobner bases may be sketched as
follows:

P= G C¢ G c -+ C Gy = G
Chl O, . O (5.3.2)
R, R, R, = 0
where
0,={{F,G}: F£G,F,GeP}
and

R; = rem(©;,G;) \ {0} with |R;]=1 for some ©; C O,
Qi1 =0;\6;U {spol(R,G): G € G},
GZ'_|_1 =G; UR;
for 1 <7< m— 1. The algorithm terminates at the mth step with
Ry, = rem(0,,, G,) \ {0} = 0.
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The correctness that G = G,, 1s a Grobner basis of P follows from The-
orem 5.3.1. To see the termination, one considers the sequence of ideals

Ideal(IFy) C Ideal(IF3) C --- C Ideal(IF;) C - - -,

where IF; is the set of leading monomials of the polynomials in G; and G; is
enlarged from P for the ¢th time. The inclusions in the above sequence are
proper, so by Hilbert’s theorem on ascending chains of ideals in K[«] the
sequence must be finite. See Buchberger (1985), Adams and Loustaunau
(1994, pp. 42-43), and Becker and Weispfenning (1993, pp. 213-215) for
more details.

A polynomial set P is said to be reduced if every polynomial P € P
is monic and reduced with respect to P\ {P}. The following algorithm
computes, from any Grobner basis, the unique reduced Grébner basis (see

Theorem 5.3.3).

Algorithm RedGroBas: G* <~ RedGroBas(G). Given a Gébner basis G C
K[z], this algorithm computes the reduced Gébner basis G* of G.

R1. Set P+ G, G* +0.
R2. While P # § do:

R2.1. Select a polynomial GG € P and set P« P\ {G}.
R2.2. If Im(P) 1 Im(G) for all P € PU G then set G* « G* U {G}.

R3. While G* 1s not reduced do:

R3.1. Select a G € G* which is reducible with respect to G* \ {G} and
set G« G* \ {G}.

R3.2. Compute R+ rem(G,G*). If R # 0 then set G* « G* U{R}.
R3. Set G* + {G/lc(G): G e G }.
We refer to Becker and Weispfenning (1993, pp. 203-204 and 216-217)
for the proof of this algorithm.
Ezrample 5.3.3. Recall the polynomials in Example 5.3.1 and let
P3 = x3x4 — 21‘% —xixs — 1.

The reduced Grobner basis of { Py, G, Ps} with respect to the purely lexi-
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cographical term ordering determined by #1 < -+ < x4 18
— 9 9 1 1 -
r1xy + T3 —T1T2+ 5% + 3

x% — X1Xox3 — 21‘% + x%xz + 22129 — 1,
T1T4 + XT3 — 122,

1
-T2,

2

o — B —

2

1
2 2
TyTa + T4 — T5T3 + Taks —

2

T304 — 21‘% —x1wg — 1,

_xi—x2x4—2x§—|—3x2—l ]

The reader may compare this Grobner basis with the characteristic set in
Example 2.1.1.

With the same variable and term ordering, a Grobner basis of { Py, P2, Ps}
consists of 9 polynomials. These polynomials are quite large and are not
listed here. a

Algorithm GroBas is not optimized and thus not practically efficient.
Several improved versions of the algorithm exist. Such improved algo-
rithms take into account of criteria for optimal selection of pairs for the
S-polynomial formation, additional reduction and detection of unnecessary
S-polynomials before they are produced. Moreover, some alternative algo-
rithms have also been developed for Grobner bases computation. We do
not pursue any further on these developments and refer to the previously
cited books on the theory and method of Grobner bases.

Properties

A Grobner basis G not containing any constant can be written as

Gi(z1, ..., 2p,), 1
Gq.l.(.a:l, e Ty ),
Go1(21, .. Ty, 2py),
G= Gg, (21,85, ..., Tp,), ’
Gy _41(21, o Tpry oo py,y ooy Zp ),
| Gy, (T1, . &pyy e Xy T, )

where
0<p1 <p2<---<pr <,

pi = Cls(qu—l‘I'l) == Cls(qu)’
2p, = W(Gy_ 1) = =IWv(Gy,), 1<i<r



152 5. Various elimination algorithms

The above form is exhibited vis-a-vis (2.1.1).

In what follows we list some of the nice properties of Grobner bases, which
have closer relevance with polynomial elimination, the theme of this thesis.
The reader may refer to the previously mentioned works for elaborations
of many other properties.

Theorem 5.3.2. The following properties are equivalent:
(a) G is a Grobner basis in K [#];
(b) For all F and G in K],
F — G eldeal(G) <= rem(F,G) = rem(G, G);
(c) Every non-zero polynomial F' € Ideal(G) is reducible with respect to
G;

(d) For every non-zero polynomial F' € Ideal(G), there exists a polyno-
mial G € G such that Im(G) | Im(F);

(e) For all F € K[x],
F eldeal(G) <— F = GZE(:@HGG with Im(F) = rélea(édm(Hg) -Im(G);
(f)
Ideal({lt(G): G € G}) =Ideal({It(G): G € Ideal(G)}).
Proof. Theorem 6.1 in Buchberger (1985), Theorem 1.6.2 in Adams and

Loustaunau (1994, pp. 32-33) and Proposition 5.38 in Becker and Weispfen-
ning (1993, pp. 207-208). a

The significance of introducing reduced Grobner bases lies partially on
the fact that for any polynomial ideal, its reduced Grobner basis is unique.
In other words, we have the following theorem.

Theorem 5.3.3. Let G; and Gy be reduced Grobner bases of two poly-
nomial sets Py and P in K [#], respectively. If Ideal(IP;) = Ideal(P3), then
Gl = Gz .

Proof. Theorem 6.3 in Buchberger (1985), Theorem 1.8.7 in Adams and
Loustaunau (1994, pp. 48-49), or Theorem 5.43 in Becker and Weispfenning
(1993, p. 209). a

For any polynomial set P C K[x], let GB(IP) denote the unique reduced
Grobner basis of P

Corollary 5.3.4. Let P be any polynomial set in K[x]. Then

Zero(P) =0 < GB(P) = [1].
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Proof. If Zero(P) = @, then 1 € Ideal(IP) according to Theorem 1.6.2. Tt
follows that Ideal(P) = Ideal({1}). Hence, by Theorem 5.3.3

GB(P) = GB({1}) = [1].

On the other hand, GB(P) = [1] implies that Zero(P) = Zero([1]) = 0. O

The following elimination property of Grobner bases, observed first by
W. Trinks, can be easily proved. It is of particular importance for successive
zero determination and will also play a crucial role in the following chapter.

Theorem 5.3.5. Let G be a Grobner basis over K with respect to the
purely lexicographical term ordering determined by z; < --+ < x,,. Then
forany 1 <i<n

Ideal(G) N K[21"] = Ideal(G N K [211]), (5.3.3)
where the ideal on the right-hand side is formed in K[z1"}].

Proof. The right-hand side is obviously contained in the left-hand side of
(5.3.3). To show the other direction, let G € Ideal(G) N K[#!"}]; then
rem(G,G) = 0. Note that in the reduction of G to 0 all the polynomi-
als involve only the variables 21"}, Thus, in the corresponding remainder
formula (5.3.1) we have

R=0, P;e GnK[x"], Q; e K="

Hence G belongs to the right-hand side of (5.3.3). O

Grobner series

Let G € G be a polynomial reducible over K and has a factorization
G = G1Gy. Let P, = GU{G; } and G; be a Grobner basis of P; for 1 = 1, 2.
Then the following zero decomposition holds

Zero(G) = Zero(Gy) U Zero(Gg).

Regarding each G; as G and continuing in this way, one shall finally get a
decomposition of the form

Zero(P) = O Zero(Gy ), (5.3.4)

where (; 1s a Grobner basis and all the polynomial in G; are irreducible
over K for each 1.
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Definition 5.3.4. A finite set or sequence W of Grobner bases G, ..., G, is
called a Grébner series of a polynomial set P in K[#] if the zero decom-
position (5.3.4) holds.

A finite set or sequence ¥ of polynomial systems [Gy,Dy], ..., [Ge, D] is
called a Grébner series of a polynomial system P in K[x] if

Zero(*P) = U Zero(G; /IDy)

i=1
and each G; 1s a Grobner basis.

¥ is said to be quasi-irreducible if all the polynomialsin G; are irreducible
over K for 1 <i<e.

Ezxample 5.3.4. The last polynomial in the Grobner basis G in Exam-
ple 5.3.3 is reducible over Q. Splitting G according to the factorization
of this polynomial, one may get two Grobner bases
Gy = [22% + 20122 — 2vyw0 + 21 + 1,03 — 22120 + 1, 24 + 9 — 1],
Gy = [222 4+ 27122 — 2 y@0+ 21 + 1,23 + 2125 — 21,24 — 222 + 1]
such that
Zero({ Py, G, Ps}) = Zero(Gy) U Zero(Ga).
Refer to Examples 5.3.1 and 5.3.3 for Py, P», P5 and G. A Grobner series
of {Py, Po, P3} consists of the following two Grobner bases
vle 4+ drixl 4+ 202 + 2fxs + 222020 + w20 + 22+ 22, + 1,
r1T3 + T3 — r122,
Toxs + 2102 + 203 + 2o + w1wa + 11 + 1, ,
3 — 222 — xyxs — 1,
g — X3
[251‘?1‘% + 101‘%1‘% + 81‘% +dx129 + 4,203 — 5l‘%l‘2 — 2x1@9, 204 + 51‘11‘2] .
O

5.4 Resultant elimination

This section summarizes the main elimination techniques using resultants.
Our presentation is based on the materials in Chionh and Goldman (1995),
Kapur and Lakshman (1992), and van der Waerden (1950, Chap. XI).

Resultants revisited

The Sylvester resultant has been introduced in Sect. 1.3. Hereinbelow is
described another formulation of univariate resultants due to E Bézout
and A. Cayley, and its extention to the bivariate case by Dixon (1908).
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Bézout-Cayley resultant

Consider two univariate polynomials F, G € R[z] of respective degrees m
and { in & with m > > 0 as in Sect. 1.3. Let a be a new indeterminate.
The determinant

F(x) G(e)
Fla) G(a)

is a polynomial in # and «, and is equal to 0 when z = . So # —a i1s a
divisor of A. The polynomial

Az, o) =

Az, o)

r —

Az, a) =

has degree m — 1 in « and is symmetric with respect to both # and «a. As
A(z,a) = 0 for any Z € Zero({F, (G}) no matter what value a has, all the
coefficients of A as a polynomial in a, B;(x) = coef(A,a?), are 0 at = = Z.
Consider the following m polynomial equations in x:

Bo(x) =0,...,Bn_1(x) = 0; (5.4.1)

the maximum degree of the B; in  is m— 1. Any common zero of F' and G
is a solution of (5.4.1), and the equations in (5.4.1) have a common solution
if the determinant R of the B;’s coefficient matrix is 0.

The determinant R of the m x m matrix is called the Bézout-Cayley
resultant of I and G with respect to z. It is identical to the Sylvester
resultant defined in Sect. 1.3 when m = [, and has an extraneous factor
le(F, z)™~" when m > [. Note that the Sylvester resultant of F' and G with
respect to x was formulated as the determinant of an ({ + m) x ({ + m)
matrix.

Ezxample 5.4.1. Consider the univariate quartic polynomial
F=z'4212°% + 222> + 237 + 74.

We want to compute the discriminant of F' with respect to z, which is

defined to be the resultant of F and its derivative
dF
G = o 423 + 3w12% + 2200 + 3.
x

Following the above method, we first compute

‘ = GO{3+BQO[2 + Bloz—l—Bo,

where
By = 32123 — (222 — 323)2? — (325 — 2w122)2 — 424 + 2123,
By = 22223 — (323 — 2rq29)2? — (d2a + 22123 — 223)2 — 32124 + Tou3,

Bo = 232% — (424 — x123)2% — (3w1204 — 2273)2 — 22924 + 25,
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By equating the coefficients of the monomials of @ in A to 0, one gets four
equations
G=0, Bo=0, Bi=0, By=0.

Considered as homogeneous linear equations in the unknowns 3, 2%, z*, z°,

they have a common solution if and only if the determinant of the coefficient
matrix is 0, viz.

4 3l‘1 21‘2 s
R= 3x1 —2x + 31‘% —3x3 + 2w 29 —Adxy + X123
T | 229 —3x3 42170 —dwy — 22173+ 222 —3wi34 + 2223
r3 —Adxy + z123 —3z124 + Tox3 —2xom4 + x%

= 2561‘2 — 19237:13633631 — 1281‘%1‘2 + 1449:%1‘21‘421 — 2737:‘1136421
—|—144J:2x§x4 — 61‘%1‘%1‘4 — 801‘11‘%1‘31‘4 + 18l‘?l‘21‘3l‘4 + 16l‘%l‘4
—4airiey — 2724 + 18z w023 — 42f2d — 4r32d + 2223

=0.

The above determinant which i1s the discriminant of F will be used 1n
Example 9.3.10. a

Dixon bidegree resultant

The formulation of Bézout-Cayley resultants may be extended to three
polynomials F, G and H of bidegree (I,m) in two variables z and y and
other restricted cases. This was shown by Dixon (1908). Here, bidegree
means that the polynomials F, G, H € Rz, y] have total degree [ + m in
z and y but only degree { in  and m in y. Let us consider this case. The
determinant

Flz,y) G(z,y) H(zy)
Flayy) Gla,y) H(a,y)
Fla,8) Gla,p) H(a,pB)

vanishes when one replaces o by #, or 2 by y. It follows that (z—a)(y—2) |

A. Hence
A($a Y, a, 6)
(. —a)(y—p)

A(l‘,y,a,ﬁ) =

A($a Y, a, 6) =
1s a polynomial in z, y, a, § with

deg(A, o) =20 — 1, deg(A,z)=1-1,
deg(A,3) =m—1, deg(A,y) =2m— 1.

Since A(Z,y, o, §) = 0 for any (Z,y) € Zero({F, G, H}) no matter what o
and 3 are, the coefficients D;; = coef(A, a'37) for 0 < i <2/ —1 and 0 <
J < m—1 have common zeros for z and y, which contain Zero({F, G, H}).
Consider

Dij(z,y) =0 (0<i<1—1,0<j<2m—1)
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as 2lm homogeneous linear equations in the 2/m monomials
gy (0<i<l—1,0<j<2m—1).
In matrix form, we have

a2l—16m—1

ﬁm._l
A(x,y,a,ﬁ) — (xl—lyZm—l . .yZm—l ROES 1) D :
2[—1

1

where D is the coefficient matrix of the D;;. The matrix D and the de-
terminant R of D are called the Dizon matriz and the Dizon resultant of
{F,G, H} with respect to « and y, respectively.

For arbitrary three polynomials F, G, H € R[z, y], one can also construct
the corresponding Dixon matrix D in a similar way. In this case, D is not
necessarily square, or even it is square, but may be singular, i.e., det(D) =
0. So the method does not work in general. However, as far as the Dixon
matrix D is square and non-singular, the determinant of D differs only by
a constant factor from the usual resultant, and is called the Dizon resultant
of {F, G, H} with respect to # and y. The following example is provided as
an 1llustration.

Ezxample 5.4.2. Consider the binary cubic polynomial
Fx,y) =y + arey + azy — #° — asx® — agz — as.

The resultant R of

oF 3F}
"0z Oy
with respect to # and y is also called the discriminant of F'; R = 0 gives a
necessary and sufficient condition for the cubic curve F(z,y) = 0 to have
singularities (see Sect. 9.3). If R # 0, then F'(x,y) = 0 is an elliptic curve.

To obtain R, one first computes the polynomial A(z,y, e, 3) which con-
sists of 45 terms and can be written as

P={F

0 6 0 3a;  3as af
6 a% + 4as 6ay dog  dog
(xy y = 1) 0 0 —6 dzs dss a?
3aq 3as Qa% —4aq dgyg  dys a
3as 2asa3 —arjay  2a1a3 — 2a4  dsq  dss 1



158 5. Various elimination algorithms

where
d2a = a3 + 4ayas + 3as,

_ .2
dos = ajas + 2asas + ajay,

d34 = —a% — 4&2,

d3s = —aiaz — 2aq,

d44 = —a%az - 4&% + 5&1&3 + 4&4,
das = —ayaszaz + 3a3 — 2asaq + Gag,

— 2 2
d54 = ayaz2a3 + 3&3 — ajaq — 2&2&4 + 6&6,

dss = 2a2a§ — 2a1a3a4 — Qa?1 + a%a6 + dasag.
The determinant of the 5 x 5 matrix

R= 18(72a2a§a4 + 288asaqag + 72a%a4a6 — Sa%agag — 12a‘11a2a6
—|—8a%a2a421 + 36a1a2a§ — 30a%a§a4 + 36a:1)’a3a6 — 96a1a3ai

—48a%a§a6 — a‘llaza% + a?a3a4 + a‘fa?1 — a?a6 + a?ag

—|—16a1a%a3a4 + 144aiasazas + 8a?a2a3a4 — 64a2 — 27a§

+16aa3 — 216a3as — 432a2 — 64a3as — 16a3a3)

consists of 26 terms and is the Dixon resultant of P with respect to z and
y. It can be written as

R = 18(—blbg — 83 — 27b2 + 9bababs),

where
_ .2 _ _ .2
by = af +4as, bs = araz + 2a4, bs = az+ 4as,
_ .2 2 2
bs = ajas + 4asas — ayasay + asaz — aj.
These are familiar expressions in the arithmetic of elliptic curves. a

We do not go further with Dixon’s method for three equal-degree polyno-
mials and other cases, nor its recent generalizations. The interested reader
may refer to Dixon (1908), Chionh and Goldman (1995), Kapur and Lak-
shman (1992), Kapur and Saxena (1995), and references therein for more
information and technical discussions.

Multivariate resultants

In this subsection we explain Macaulay’s method that constructs a resultant
from any n homogeneous polynomials in n variables; so several variables
are eliminated at once. This 1s clearly a generalization of univariate and
bivariate resultants. Again, we proceed to form a system of m linear equa-
tions in m monomials which may be considered as unknowns. This will be
done by the dialytic method which takes certain monomials as multipliers
for the polynomials.
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Macaulay matrix

Consider a set of n homogeneous polynomials, P = {P;,...,P,}, in n
variables ® = (z1,...,z,) with d; = tdeg(F;). Let

d= 1+Zn:(di— 1)
i=1

and ' '
M={a? oz i+ -+, =d}
Then 4 )
m:|/\/l|:< - )
n—1

We want to multiply each polynomial P; by appropriate monomials to
generate m equations in m monomials of degree d. For this purpose, let

My = {pufa s 2l | ppe MY,

M= {pfels el | ppe M\ {af v vy e Mj 1< <i—1}},
2<i<n.

Set m; = |M;| for 1 < i < n. Macaulay (1964, pp. 7-8) showed that
my —+---+my = m.

In fact,
M= {abip i € My, 1 <i <}

Now, we form a square matrix M of dimension m x m as follows. Let
the columns of M be labeled by the monomials in M. And, let the first
my rows be labeled by the monomials in M, the next ms rows be labeled
by the monomials in M5, and so forth. In each row of M labeled by the
monomial g € M, fill in the coefficient coef(uP;,v) under the column
labeled by v for all v € M (observing that tdeg(uP;) = d). The matrix M
so constructed is called the Macaulay matriz of Py, ..., P,, or of P, with
respect to ®.

Macaulay resultant

Let A; be the set of those monomials in M; which are divisible by x;lj for
at least one j, where 2 < i+ 1 < j < n. If all the N} are empty, then set
N to be the trivial matrix (1) of dimension 1 x 1. Otherwise, let N be the
minor of M whose columns are labeled by the monomials in

{afipi: s €Ny 1<i<n—1},
and whose rows are labeled by the monomials in

N U UN,_1.
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The determinant of M is a polynomial homogeneous in the coefficients of
each P;. Assume that the determinant of N is non-zero (see Remark 5.4.2).
The quotient

_ det(M)

~ det(N)
is defined to be the Macaulay resultant of Py, ..., P, or of P with respect
to x.

The above discussions are recapitulated in the form of the following al-

gorithm.

Algorithm MacRes: R« MacRes(P). Given a set P = {Py,..., Py} of
n homogeneous polynomials in n variables @ with coefficients in K| this
algorithm computes the Macaulay resultant R of P with respect to .

M1. Set
di%tdeg(Pi), 1=1,...,n,

de1457" (di —1),

M {2t i i 44, = d,
T« M,

Ml (.

M2. Fori=1,...,ndo:

M2.1. Set
S{peT: af|ul,
M —{pu/al: pe Sy,
T«T\S.

M2.2. Compute
M MU {puP;: pe M;}.

M3. Fori=1,...,n—1 do:

Nie—{peM;: Fj,i+1<j<n,such that x;lj | 1}

M4. Let M be the coefficient matrix of the polynomials in Ml with the
monomials in M as unknowns and set

NF/\GU"'UN”_L

If "= 0 then set N < (1) else let N be the minor of M whose rows
are labeled by the monomials in A" and whose columns are labeled
by the monomials in

{afipi: s €Ny 1<i<n—1}

Return R+ det(M)/ det(N).
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Ezxample 5.4.3. Consider the following set P of three polynomials in three
variables with indeterminate coefficients

_ 2 2 2
Py = aj1x7 4+ a122122 + a132123 + a2225 + a23T223 + a33r3,
_ 2 2 2
Py =bi1x] 4 biax122 + bi3x123 + boos + bazrars + basrs,
Ps =cix1 + cos + caxs.
Using the above notations, we have
d1:d222, d3:1, d:3, m = 10.

The Macaulay matrix M of dimension 10 x 10 together with the labeled
monomials is shown below

l‘? l‘%l‘z l‘%l‘g, l‘ll‘% T1X2X3 l‘ll‘% l‘% l‘%l‘g, l‘zl‘% l‘g
T ajy  aiz a1z 022 as3 azz 0 0 0 0
T3 0 e 0 ais a3 0 asz aszz azz 0
T3 0 0 ay 0 ais ai3 0 @z a3 ass
T b1 bia b1z bas bas bss 0 0 0 0
T3 0 bi1 0 bio bi3 0  boa bag b3z 0
T3 0 0 bi1 0 bio bis 0 boo Doz b33
12 0 C1 0 C2 C3 0 0 0 0 0
13 0 0 (&) 0 Co C3 0 0 0 0
raX3 0 0 0 0 C1 0 0 C2 C3 0
l‘% 0 0 0 0 0 c1 0 0 Co c3

It is constructed as follows.

As the monomials labeled on the first three columns of M are divisible
by 2%, we have My = {21, 22, #3}. Multiplying P; by the x; in M respec-
tively and filling in the corresponding coefficients, one obtains the first 3
rows of M. The monomials labeled on the fourth, the sixth, and the seventh
columns of M are divisible by z2, so My = {2, 22, z3}. Thus, the next 3
rows are obtained by filling in the coefficients of @1 P2, 29Ps, x3P> respec-
tively. Dividing the remaining four monomials labeled on the columns by
x3 yields

Mz = {x129, 2123, xo23, 23}
Accordingly, the last four rows are obtained by filling in the coefficients of
pwPs for i€ Ms.

The determinant of M is a polynomial consisting of 432 terms in a;;, b;;
and cg. To see the corresponding minor N of M, one may find that

Nl = Nz = {l‘g}
Taking the third and the eighth columns, and the third and the sixth rows

of M, produces N as follows

$%$3 $%$3

T3 a1 @22
T3 b1 bao
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The Macaulay resultant of P, a polynomial consisting of 234 terms in
aij, bi; and ¢, is finally obtained by taking the quotient det(M)/ det(IN).
O

The following theorem lists some important properties about Macaulay
resultants.

Theorem 5.4.1. Let P = {P;,..., P,} be a set of n homogeneous poly-
nomials in K [x], R the Macaulay resultant of P (with respect to ), and
0=1(0,...,0). Then

(a) R =0 if and only if Zero(I?) ;ﬁ {0};

(b) R is irreducible over the algebraic closure of K and invariant under
linear coordinate transformations — thus R = 0 is the smallest necessary
condition for Zero(IP) ;ﬁ {0};

(c) R is homogeneous and has degree [[ | < j <, d; in the coefficients of
J#
each P;, where d; = tdeg(FP;) for 1 <i < n;

(d) If P, = FG forsome 1 < i < n, then R is the product of the Macaulay
resultants Ry of P\ {P;} U{F} and R of P\ { P} U{G} with respect to @.

Proof. Sects. 7-11 in Macaulay (1964, pp. 8-15). a

Remark 5.4.1. Macaulay (1921) gave an improved algorithm for construct-
ing the resultant of P when all the P; have the same degree, i.e.,d; =--- =
dy,. In this case, the dimensions of the corresponding matrices are made
smaller; see Chionh and Goldman (1995). Macaulay’s methods mainly deal
with sets of homogeneous polynomials and their zeros in projective space
P". For non-homogeneous polynomial sets, one has to homogenize the poly-
nomials before applying the methods. Zeros at infinity may be included and
have to be handled separately if one is only interested in affine zeros.

Remark 5.4.2. The Macaulay resultant as a quotient of two determinants
is defined if the submatrix N is non-singular. The condition is satisfied “in
general,” or when the polynomials have indeterminate coefficients. For spe-
cialized polynomials, the theoretical approach is to compute the Macaulay
resultant R of the polynomials with indeterminate coefficients and then
evaluate R by specializing the coefficient values. However, this is not prac-
tically feasible because of the large size of R even for polynomials of small
degree. To compute R with specialized coefficients, one may encounter the
situation in which N is singular. To deal with this in practice, more ad-
vanced techniques such as perturbation are required (see the end of this
section).
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Resultant systems and u-resultants

Resultant system

Write &1 for 21,..., 2; with ® = 1*} as before and let
P={P, ... P}

be a finite set of s (> 2) polynomials in K[x]. We want to determine
another polynomial set R = {Ry,..., R,} C K[&!"="] (with the variable
2y, eliminated) and establish some zero relation between P and R.

For this purpose, let

di =deg(P;,zp), 1<i<s, and d= max d;
1<i<n

and construct a new polynomial set F = {Fy,..., Fi} from P by replacing
those P; for which d; < d with z¢=4P; and (z, — 1) 9 P; so that the
polynomials in F have the same degree d in x, and Zero(IlF) = Zero(PP).
With respect to z,, we form the resultant R of the two polynomials

Frug + -+ Foug, Frog + - -+ P,

where w = (u1,...,u) and v = (vq, ..., v:) are new indeterminates. Clearly,
R is a polynomial in 1"~} and w,v. Consider R as polynomial in w and
v only and let its non-zero coefficients be Ry, ..., R.. The polynomial set

R = {Ry,...,R.} C K[z1"=1] is called a resultant system of P with
respect to @,. It is empty when R = 0. According to van der Waerden
(1950, p. 1), the above method of constructing resultant systems is due to
L. Kronecker.

Theorem 5.4.2. Let R be a resultant system of any polynomial set P C
K[x] with respect to z,, and 21?1} ¢ K" Then, #1711 € Zero(IR) if
and only if either
Zero(@@®n =1y £ ¢ or &1~ € Zero({le(P, x,): P €P}).
Proof. Let
Fy=Twu + -+ Feug, Fy =T+ + Py

and F as above. Since F), is independent of v and so 1s F), of u, every com-
mon divisor of F, and F, must be independent of # and v and thus divides
Py, ..., Fy. Conversely, any common divisor of Fy, ... F; also divides F,
and F,. Therefore,

Zero(F) # 0 < Zero({Fy,, F,}) # 0.

Let R = res(Fy, Fy, #,) and "~} € K"~ By Theorem 1.3.2, R(u, v,
#17=11) = 0 if and only if either F,(w,z"=11) and F,(v,#{"~1}) have a
common zero for z,, or

le(Fy,y 2) (w, 211 = 1e(F,, 2,) (v, 21" H) = 0;
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and thus if and only if
Zero(P®n 1Y = Zero({Fy, . .., Fi}| gtn-1) —gin-13) % 0,

or

1" € Zero({le(P, x,): P €P}).

As w and v are indeterminates, R(u,v, 53{”_1}) = 0 if and only if all the
coefficients of R considered as a polynomial in w and » vanish at &{"~1} =
211 je 2t} e Zero(R). O

Ezample 5.4.4. Let P = {Py, P5, P3} with
Pi=zx—rt, Po=y—rt?, Ps=2z—1?

and z < y < z <t < r. These polynomials will appear again in Exam-
ple 9.1.5. To compute a resultant system of P with respect to r, we first
form the following polynomials

Gi=rP, Gao=(r—1)P;, Ga=7rP2, Ga=(r—1)Ps, G4 = Ps.
The resultant R of
G1U1 + -+ G5U5 and lel + 4 GSUS

with respect to r is a polynomial consisting of 710 terms in z, y, z,¢ and the
indeterminates u;,v;. By collecting all the coefficients of R in u; and v;,
one gets a resultant system of P, which contains 76 polynomials in z,y, z
and . a

As remarked in van der Waerden (1950, p. 2), if one of the formal leading
coefficients of P;, say lc(Py, #,,), does not vanish, then the construction of F
is not needed and the resultant system may be obtained simply by forming
the resultant of P; and voPs + - - - + v, P, 1nstead.

For Example 5.4.4 above, lc(Ps, ) = —1 # 0, so we only need to compute

R =res(Ps,v1 Py + vaPo, 1)

= —x2v? — 2zyvive — yius + 2t2vi 4 2230 09 + 2tted.

Collecting the coefficients of R as a polynomial in v; and vs, one obtains a
much simpler resultant system of P as follows

B = {zt? — 2% 2" — y* 224 — 2y}, (5.4.2)
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Zero determination

Now we explain how to determine all zeros of an arbitrary polynomial set
P = {Py,...,Ps} by using resultant systems. Following van der Waerden
(1950, p. 3), one can assume that P contains one polynomial with non-
vanishing leading coefficient with respect to z,. If the assumption does
not hold, it may be brought about as follows. Leaving out the trivial case
in which all P; vanish identically, we assume, without loss of generality,
that P, does not vanish identically. Under this hypothesis, introduce the
following variable transformation

r1 = 21+ u1Zp,

Tpn_1 = Zn—1 + Up_12n,
L = Unin,

where w = (u1,...,up) are indeterminates or some special values to be
determined later. This transformation maps P, to a polynomial whose
leading coefficient with respect to z, is a non-vanishing polynomial in .
One can take any values from K or some extension field of K for uw as far
as the leading coefficient does not vanish.

Let R, = PP and assume that R, contains one polynomial having non-
vanishing leading coefficient with respect to z,,. Compute a resultant sys-
tem B,,_; C K[z1"~1] of R,,. Then, Zero(Rﬁf’n_”) # () for any z17~1} ¢
Zero(Ry,_1). In fact, all the zeros can be obtained from the GCD of the
polynomials in }Rﬁf’”‘” with respect to x,,.

Therefore, the problem is reduced to determining the zeros of R, _;.
Again, we can assume that IR,_; contains one polynomial whose leading
coefficient with respect to xz,_; does not vanish and compute a resultant
system R, _o C K[az{”_z}] of R,_1, and so on. In this way, two cases may
happen: the process either stops at the ith step with i < n and R,,_; = {0},
or continues until Ry is computed and 1t contains a non-zero constant. In
the latter case, Zero(P) = §. For the former, one can determine successively
the zeros for #,_;41, ..., 2, from the resultant systems R, _;41,..., R, by
replacing @1, ..., z,—; with arbitrary values. The number of zeros is finite
if and only if ¢+ = n. If some linear variable transformations have been made
in the process of elimination, the zeros of the original polynomial set may
be recovered by transforming back to the original variables.

In view of the complexity of computing resultant systems, the above-
described method is however not practically applicable. The successive
elimination is rather straightforward, but the variable transformations nec-
essary for making the hypothesis satisfied complicate the process. We do
not go further to give an algorithmic presentation of the method. Instead,
the previous example is recalled for illustration.

Ezxample 5.4.5. Refer to Example 5.4.4. For R in (5.4.2), we take a simple
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variable transformation z = w + ¢. Then the three polynomials in R are
mapped to

Q1 = (w+ )12 — 2% = 3 + wt? — 22,
Q2 = (w+ 1)t* — y? = 15 + witt — y?,
Q3 = 2(w + )t3 — 22y = 28" + 2wt® — 2zy,

whose leading coefficients with respect to ¢ are all constants. The resultant
of ()1 and vo(Qo + v3Qs with respect to ¢ is Ry Rs with

Ry = 2% — ¢ — eyPw,

Ry = 4?3 + 6zy?vivs — ry?wvd — 4z?ywvivs + 1227 yvav}

3 2 3,3 5,3
—4dz wvovs + 8z vy + 275,

from which the following resultant system of {Q1, @2, @3} with respect to
t 18 obtained:

Ry = {(z° + v® — zy*w) Ry, 422 (3y — xw) Ry, 2xy(3y — 22w) Ry, 8x° Ry }.

Since all the polynomialsin R have a common divisor, any resultant system
of Ry with respect to any of the variables @, y, w should be equal to {0}.

For any given values of z and y, the zeros for w, ¢ and r can be successively
computed from R, R and P respectively. The zeros for z are obtained as
the corresponding w + t. In the generic case, x and y are regarded as
indeterminates, and thus zy # 0. The GCD of the four polynomials in R
is Ry. Solving R1 = 0 for w, one gets

Substituting this solution into @1, @2, s and computing their GCD, one
finds the only solution for ¢: ¢ = y/«. Now the zero for z can be recovered:
z=w+t=2x*/y?. Substituting the solution for z and ¢ into the original
polynomials in P and computing their GCD, one finally obtains the only
solution for r: » = 22 /y. Therefore, the only zero of P for z,¢, 7 in terms of
generic ¢ and y is determined as

[5V)
[5V)

X

(=

X

,—).

<
5|

Solvability criteria

Using the Macaulay resultant, we have established solvability criteria for
n homogeneous polynomials in n variables. In what follows an algebraic
criterion is derived for the solvability of an arbitrary set of homogeneous
polynomial equations by using resultant systems.
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In the rest of this section, ® stands for n + 1 variables zg,x1,..., 2,
with 11} = (zg,x1,...,2;); similar abbreviations are used with &, u, A,
etc. Let Py, ..., Py be homogeneous non-constant polynomials in . They
always have the “trivial” zero 0 = (0, ..., 0) at least. So the criterion should
be for the existence of non-trivial zeros of P = {Py, ..., P;}. The following
approach based on Kronecker’s method of successive elimination is due to
H. Kapferer (see van der Waerden 1950, p. 7).

Form the resultant system R C K[z{?~1}] of P with respect to z, ac-
cording to the method explained above without the linear variable trans-
formation. We now show that

Zero(IP) ;ﬁ {0} <= Zero(R) ;ﬁ {0} (5.4.3)

in some extension field of K.

Let d; = tdeg(P;) for 1 < ¢ < s. Consider first the case in which the
coefficients coef(P;, %) do not all vanish. Then by Theorem 5.4.2, for every
non-trivial zero &{?=1} of R, P{®1n=1) has at least one zero &, for x,. The
zero @ of course cannot be trivial. Conversely, every non-trivial zero @ of
P gives rise to a zero 1”1} of R, which cannot be trivial either since
z1"=1} = 0 would lead immediately to Z, = 0 (noting that each P; is

homogeneous).
If coef(P;, %) vanishes for all i, then R = {} according to Theorem 5.4.2.
Hence, R has a non-trivial zero, say (1,...,1). In this case, (0,...,0,1) is

a non-trivial zero of P as the terms F; with the highest power of z,, are all
omitted. This proves (5.4.3).

Now the polynomials in R, if any, are homogeneous in "~} and one
can form a resultant system of R with respect to z,_;. Let this elimina-
tion process continue for ¢,_1,...,z;. Finally, a finite set of homogeneous
polynomials in g

Ryl ..., R (5.4.4)
will be obtained. These polynomials have a non-trivial zero if and only if
Ri=---=R:=0.

Clearly, Ry, ..., Ry are polynomials in the coefficients of the F;. From
their construction, it is easy to show that they are homogeneous in the
coefficients of every individual P; (see van der Waerden 1950, p. 8). The
set of polynomials Ry, ..., R; 1s also called a resultant system of Py, ..., Ps
or of P with respect to . It may be empty: in this case ¢ = 0.

Summing up the above discussions, we have the following.

Theorem 5.4.3. From any set IP of homogeneous polynomials in @ with
indeterminate coefficients u, one can determine a finite set R of polynomials
in K[u] such that for any special values @ of w in an arbitrary extension
field of K

u € Zero(R) <= Zero(Plu=a) 2 {0}.
The polynomials in R are homogeneous in the coefficients of every individ-
ual polynomial in P.
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The resultant system R of P may contain numerous polynomials. Theo-
rem 5.4.1 implies that, when |P| = s = n+ 1 (the number of variables), the
single Macaulay resultant is sufficient. In general no condition for solvabil-
1ty 18 necessary if s < n + 1.

u-resultant

Consider a set of n homogeneous polynomials
P={P,...,P,} C K[z].
Let d; = tdeg(P;) for 1 <i < n and
Py = zquo +x1u1 + - -+ Tpiy,
where w = (ug, 41, ..., uy) are n + 1 new indeterminates.

Definition 5.4.1. The Macaulay resultant R, of the n + 1 homogeneous
polynomials
Pla"'aPnaPu

with respect to the n + 1 variables @ is called the u-resultant of Py, ..., P,
or of IP with respect to x.

The u-resultant may also be defined for an arbitrary set of s (not neces-
sarily n) homogeneous polynomials in @ that has only finitely many zeros
(van der Waerden 1950, pp. 15-16). For n = 2, it can be constructed alter-
natively by using the bivariate resultant (Chionh and Goldman 1995).

Let Ry, be the u-resultant of P, a set of n homogeneous polynomials in
K[z], with respect to ®. If R, = 0, then Zero(IP) is infinite. Otherwise, R,
is a polynomial homogeneous in u of degree D = dy - - - d,, by Theorem 5.4.1
(c). In this case, R, can be factorized into linear factors:

D
Ry = H(/\Ojuo +Agur 4 Agjun)
j=1

over some algebraic extension field of K. Thus,

(Aoj, A1j, - .-, Anj) € Zero(P) (5.4.5)
for any 1 < j < D. On the contrary, if (5.4.5) holds, then

UpAg; F Ut A+ F UnAp;

must be a factor of R,. This gives a method for the exact determination
of Zero(P) as well as the multiplicity of each zero (as the degree of the
corresponding linear factor).
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To see the correctness of the method, consider any
& = (Zo,%1,...,2Tn) € Zero(IP).
For any w = (g, 41, ,. .., Up) satisfying
ToUg + T1U1 + - -+ Tpup =0, (5.4.6)

the linear equation Pz = 0 represents a hyperplane passing through the
point &. It follows that

x € Zero(PU{Py}).

Hence, Rz = 0 by Theorem 5.4.1 (a). As this is true for any u satisfying
(5.4.6),
Toug + T1u1 + -+ Trly
is a factor of R, by the divisibility of polynomials.
For any linear factor

L= Xug+Aus + -+ Auy

of Ry, we call the number of all those linear factors (including L itself)
of Ry, which differ from L only by constant factors (in some algebraic
extension of K), the multiplicity of

(Ao, A1y ..oy An) € Zero(IP).

As a consequence, we have the following constructive version of Bézout’s
theorem.

Theorem 5.4.4. Let P be a set of n homogeneous polynomials in K[x].
Then either Zero(IP) is infinite, or the sum of the multiplicities of all & €
Zero(IP) is equal to []pcp tdeg(P).

If the given polynomials P; are non-homogeneous but ordinary ones in
n variables @1, ..., x,, one can introduce a new variable zy to homogenize
them. Let the obtained set of homogeneous polynomials be

b={P,.. P

Unlikely to cause confusion, the u-resultant R, of P is also said to be the
u-resultant of P. R, may be used to determine Zero(IP) as well. This is
illustrated by the following example.

Ezxample 5.4.6. Find the intersection of the circle and ellipse given respec-
tively by

P=xi+22-2=0,

Py=2%4+623-3=0.
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We do so by computing the u-resultant R of {P;, P»} with respect to
and zy. By definition, R is the Macaulay resultant of

P = 2+ 22— 222,

Py = #% + 623 — 30,

Py = wozo + w1z + uaws,
where z( 1s introduced to homogenize P; and P;. R may be obtained from
the Macaulay resultant computed in Example 5.4.3 with x5 = xo by substi-

tuting a;;, b;; with the corresponding numerical coefficients of P;, P» and
¢; with u;. One can find that

R = 25uj — 90ujui — 10ujus + 81uf — 18uiul + us,
which can be factorized to
(VBuo + 3ut + uz) (VBuo + 3ur — un)(VBug — 3us + uz) (Vhuo — 3uy — us).

From the linear factors, one gets the four points of intersection

\/5’\/5 ’ \/5’ \/5 ’ \/5’\/5 ’ \/5’ \/5 .
O

The above method of determining Zero(IP) based on computing the wu-
resultant R, of P is applicable only if R, # 0, i.e., Zero(]@) is finite. It
may happen that Zero(P) is finite, but not so is Zero(]@). In other words, P
may have infinitely many zeros at infinity. Thus, R, may be identically 0
even if Zero(P) is finite. When this happens, Zero(P) is said to have excess
components at infinity. For example, let

P=dzi(e1+ - +an)—1,. . ag(zr+ -4 2,) — 1}

Zero(IP) consists of two (affine) zeros

( 1 1 b 1 1 )
Tn ) T
and has an excess component at infinity given by ¢ + -+ z, = 0 for

n > 2. The u-resultant R, of P is zero when n > 3. In the case n = 2, R, is
non-zero because the homogenized polynomial set P has only finitely many
ZEros.

To deal with such sets of non-homogeneous polynomials which have
finitely many affine zeros with excess components at infinity, one may em-
ploy a modified version of the method which permits to find all the affine
zeros. The modification explained below is due to J. F. Canny, A. L. Chis-
tov and D. Yu. Grigor’ev according to Kapur and Lakshman (1992).
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Consider an arbitrary set of n polynomials, P = {Py,..., P,} C K[zy,. .,
z,]. Let P; be the homogenization of P; by #¢ and

F; = ﬁl + vxf’
for 1 <7 <n, and let
Fy = (w0 +v)xo + ur@y + - 4 un®p,

where v is a new variable. Compute the Macaulay resultant R, = Ry (v, u)

of Fy,..., Fy,, Py, regarded as homogeneous polynomials in zg, z1, ..., Zn;
R, is called the generalized characteristic polynomial of P with respect to
z1,...,ZT,. Now consider R, as a polynomial in v, written in the following
form

Ru = v? + Rq—lvq_l +--+ Rkvka

where k > 0 and the R; are polynomialsin K[u]. If k = 0, then Ry is the
same as the u-resultant R, of P. However, if P has excess components at
infinity, then & > 0. In this case, the trailing coefficient Ry shares a nice
property with R,: R; may be factorized into linear factors

Ry = H(/\Ojuo + A 4+ Anjug)
J

over some algebraic extension field of K and thus

(/\Oja A1ja ceey An]) S ZCI'O(]P))
for each j. On the contrary, if (Z1,...,%,) € Zero(IP), then
Ug + Tiuy + -+ Tplty

is a divisor of Ry. This provides a way to recover all the affine zeros of P
even in the presence of excess components at infinity.

Remark 5.4.3. Computing full u-resultants and thus complete generalized
characteristic polynomials is almost impossible for polynomial sets of mod-
erate size. For practical computation of zeros, one may construct the u-
resultant for specialized values of some of the indeterminates u;, so that
the zeros for some of the variables are determined first. Techniques of this
type come from recent research. For more details, the interested reader may
consult relevant publications by J. F. Canny, Y. N. Lakshman, and their
co-workers.
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6

Computational algebraic geometry and
polynomial ideal theory

Among the fundamental objects studied in algebraic geometry are algebraic
varieties which are aggregates of common zeros of polynomial sets, viewed
as points in an affine space. In contrast, ideals generated by polynomial sets
are typical examples dealt with in commutative algebra. Elimination algo-
rithms provide powerful constructive tools for many problems in these two
related areas. In this chapter, we investigate some computational aspects
of a few such problems.

6.1 Dimension

As in the previous chapters, all considered polynomials are in n variables
x with coefficients in a fixed field K of characteristic 0 unless stated oth-
erwise.

Definition 6.1.1. The dimension of a perfect triangular set T C K[#] is
defined to be

dim(T) £ n — |T].
It is also called the dimension of any perfect triangular system [T, U] in

Lemma 6.1.1. One can compute an irreducible triangular series ¥ of any
perfect triangular system ¥ in K[x] such that

dim(f) = %1261)‘1(’ dim(f*).
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Proof. Applying Algorithm Decom to ¥ = [T, U], one can obtain [T, U4], . . .,
[T, U] and [Pq, @1, T4, ..., [Ph, Qp, T}] such that (4.2.3) holds and each
irreducible triangular set T; has the same set of parameters as T and thus
dim(T;) = dim(T). We assume that in all the algebraic factorization of T'
in D2.2.2 of Decom the polynomial D is so chosen that does not involve
the dependents of T'. Then each P; in (4.2.3) is obtained actually from a
triangular set T by adjoining a single polynomial D;. Moreover, T has
the same set of parameters as T and D; involves only these parameters.
Let
(T2, Ujal, - oo [Ty, Uje,]

be a triangular series of {D;} and T} = Ty U T; UT; for I =1,...4;.
Then
tj
Zero(P; U T}/Q;) = U Zero(T75,/Q; U U;),
=1

each T7 can be ordered as a triangular set and T; = [T;l’(@j Ul;] is a
triangular system. If T;; is perfect, then dim(%j;) < dim(T). Now consider
each of the perfect triangular systems X as [T, U] and proceed as above
recursively. The procedure will terminate finally to give an irreducible tri-
angular series W of %. This proves that

dim(%) > max dim(%*).
TrEW
It remains to be shown that e # 0. By Lemma 5.1.3, ¥ has a regular zero
& If e = 0, then the number of parameters of T* is smaller than that of
T for any [T*,TU*] € ¥. Hence, £ cannot be a zero of any such triangular
system [T* U*]. This derives a contradiction, so e > 0 and the lemma is
proved. a

Corollary 6.1.2. For any irreducible triangular series ¥ of a perfect tri-
angular system ¥ in K[x],

dim(f) = %1261)‘1(’ dim(f*).

Proof. Compute an irreducible triangular series ¥ of ¥ according to Lemma
6.1.1 such that

dim(%) = maxdim(%).

Tev
Clearly,
U Zero(%) = U Zero(%7) (6.1.1)
TeT T eV
holds. If

maxdim(%) > max dim(%*),
Tew TrEW
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then there exists a ¥ € ¥ such that dim(i) > dim(%*) for all * € U. Let

& € RegZero(%). Tt follows that & cannot be a zero of any ¥* € ¥. This

contradicts with (6.1.1). For the same reason, maxgcg dim(%) cannot be
smaller than maxgs g dim(%*). Therefore,

dim(%) = maxdim(%) = max dim(%~)
Tew Trevw

and the proof is complete. a

Lemma 6.1.3. Any perfect triangular system in K[x] is also perfect over
the algebraic closure of K.

Proof. Let ¥ be a perfect triangular system and ¥ an irreducible triangular
series of T; then ¥ #79. Let % € ¥. By Theorem 4.3.3 ¥ has a zero in
the algebraic closure K of K. It is also a zero of T. Hence ¥ is perfect over
K. a

Corollary 6.1.4. Any triangular system in K[x] is perfect if and only if
it 1s perfect over the algebraic closure of K.

Theorem 5.1.12 can also be considered as a corollary of Lemma 6.1.3.
A new notation: ITS(P) stands for an irreducible triangular series of any
polynomial set or system 5 in K[x].

Lemma 6.1.5. Let ¥; and ¥, be two triangular series in K[x], with all
triangular systems in ¥; and ¥y perfect, such that

U Zero(%) = U Zero(%s).

Ti1ev, T2€¥,

Then

max dim(%;) = max dim(%2).
Ti1ev, T2€¥,

Proof. Note that
= | 1ms(@), i= 12,
TieVv;

are two irreducible triangular series such that

U Zero(%) = U Zero(%s).

T,€0? TLeWs
By Corollary 6.1.2 we have

max dim(%;) = max max dim(%]) = max dim(%)
T€Y; Tiev: o elTS(Ty) Tev!
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for i = 1,2. Repeating the reasoning in the proof of Corollary 6.1.2 shows
that

max dim(%;) = max dim(%s).

T, e TLe03

This implies that

max dim(%;) = max dim(%2).
Ti1ev, T2€¥,

As a consequence of this lemma, we have the following.

Corollary 6.1.6. Let ¥ be any triangular series of a perfect triangular
system T in K[x], with all triangular systems in ¥ perfect. Then

dim(f) = %1261)‘1(’ dim(f*).

By Lemma 6.1.5, the following definition is proper.
Definition 6.1.2. Let P be a polynomial system in K [x] with Zero(3) # 0,

and ¥ any triangular series of 3, with all triangular systems in ¥ perfect.
The dimension of P is defined to be

Dim($p) £ max dim(%).

Dim([P, #]) is also called the dimension of P.

Remark 6.1.1. The notation Dim is used to distinguish the dimension of a
polynomial set/system from that of a triangular set/system. Consider, for
example,

T=[x(x—1),2y+ u,xz — u

in 4-dimensional space with u < * < y < z. As a polynomial set, T is
clearly of dimension 2. However, T as a triangular set is perfect of dimension
4 — |T|= 1. Hence

Dim(T) =2 # 1 = dim(T).

Now we introduce a few concepts related to algebraic varieties or man-
ifolds which are geometric objects defined by zeros of sets of algebraic
equations in an n-dimensional space.

Definition 6.1.3. Let V be a collection of points in an n-dimensional affine
space AT}{ with coordinates  over some extension field K of K.V is called
an (affine) algebraic variety, or simply a variety, if there is a polynomial
set P C K[&] such that V = Zero(IP). We call P the defining set and P =0
the defining equations of V.

A variety Vy 1s called a subvariety of another variety Vs, which is denoted
as Vi C Vo, if any point in Vi is also in V,. A variety V; is called a true
subvariety of Vo if Vi C V2 and Vq # Vs.
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Definition 6.1.4. A variety V C AT}{ is saild to be rreducible if it cannot
be expressed as the union of two true subvarieties V; and Vs of V. In this
case, the defining set of V is also said to be irreducible.

Any point & of an algebraic variety V over some extension of K, which is
such that every polynomial annulled by & vanishes on V), is called a generic
point of V.

Definition 6.1.5. Let an algebraic variety V C A'; be defined by the poly-
nomial set P C KJ[z] and V # @. The dimension of P is also called the
dimension of V or Zero(IP). Symbolically,

Dim(V) = Dim(Zero(P)) = Dim(P).

The dimension of a non-empty algebraic variety is one of the fundamental
invariants that characterize the variety. The definition given here is equiv-
alent to those in standard books of algebraic geometry. This can be seen
from the following fact which will be proved in the next section. From each
irreducible triangular set T in an irreducible triangular series ¥ of P| one
can construct an irreducible algebraic variety Vr C V = Zero(P) such that
any generic zero of T is a generic point of V1 and

v=Jwr

Tew

Therefore, Dim(Vr) = dim(T) coincides with the dimension of V defined
in algebraic geometry, and so does Dim(}) = Dim(PP).

Definition 6.1.6. An irreducible component of an algebraic variety V C AT}{
is an irreducible subvariety W of V. Any defining polynomial set of W is
also called an irreducible component of the defining set P C K[x] of V.
W is said to be irredundant if it is not contained in another irreducible
subvariety of V.

In what follows we recall several results on dimension from algebraic
geometry (see, for instance, Hartshorne 1977, pp. 7-8 and 48). Some of
them can be easily proved by using triangular series. We omit the proofs.
The interested reader may work out them as exercises.

Proposition 6.1.7. An irreducible polynomial set P C K[x] has dimen-
sion n — 1 if and only if Zero(IP) = Zero(P), where P is a non-constant
polynomial irreducible over K.

Proposition 6.1.8. Let P be an irreducible polynomial set and P any
polynomial in K [&] with Zero(IP) ¢ Zero(P). If Zero(PU{P}) # 0, then all
the irredundant irreducible components of PU{ P} have the same dimension
Dim(P) — 1, and thus so does PU {P} itself.

See Wu (1994, pp. 186-187) for a proof of the above lemma in weak form:
Dim(PU{P}) < Dim(P).
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Proposition 6.1.9. Let P C K[x] be any polynomial set with Zero(IP) #
(). Then every irredundant irreducible component of P has dimension >
n — |P|. In particular,

Dim(P) > n — |P|.

Proposition 6.1.10. [Affine Dimension Theorem] Let Py, Py C K[x] be
two irreducible polynomial sets of dimensions sy, so respectively. Then ev-
ery irredundant irreducible component of P; U Py has dimension > s; +
s9 — n, and thus so does Py U P, itself.

Theorem 6.1.11. Let T be a regular set and P any polynomial in K[x]
such that P(€) # 0 for any &€ € RegZero(T), and ¥ a triangular series of
[TU{P},ini(T)]. Then either ¥ is not perfect or dim(%) < dim(T) for each
Tev.

Proof. By Lemma 4.3.2, R = res(P, T) is a non-zero polynomial not involv-
ing the dependents of T. Therefore, T U[R] can be ordered as a triangular
set T*. Either T* is not perfect or dim(T*) = dim(T) — 1. On the other
hand,

Zero(T U {P}/ini(T)) C Zero(T™/ini(T)).

If T* is not perfect, then Zero(T*/ini(T)) = (. Hence, every ¥ € ¥ is not
perfect. Otherwise, we have

Dim([T U {P},ini(T)]) < dim(T*) = dim(T) — 1 < dim(T).

Hence, for each ¥ € ¥ either ¥ is not perfect or dim(%) < dim(T). The
lemma is proved. a

This theorem holds true when T is irreducible and prem(P, T) # 0. For
any irreducible triangular set T is regular, and P(&) # 0 for any generic
zero & of T if and only if prem(P, T) # 0 (see Lemma 4.3.1). The theorem
is also valid if ¥ is a triangular series of [TU{P},Q], where Q is such that
I(®) # 0 for any I € ini(T) and & € Zero(T U {P}/Q).

6.2 Decomposition of algebraic varieties

Decomposing given algebraic varieties into irreducible or equidimensional
components is a fundamental task in classical algebraic geometry and has
various applications in modern geometry engineering. Among such applica-
tions we can mention two: one in computer-aided geometric design where
the considered geometric objects are desired to be decomposed into simpler
subobjects and the other in automated geometry theorem proving where
the configuration of the geometric hypotheses needs to be decomposed in
order to determine on which components the geometric theorem holds true.

In view of the relationship between varieties and ideals, a decomposition
of an algebraic variety will lead to one of the radical of the corresponding
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ideal, and vice versa. So the two kinds of decomposition are presented and
mixed together in this section.

Ideal saturation for triangular sets

Definition 6.2.1. Let J be an ideal and F a polynomial in K[x]. The sat-
uration of J with respect to F' is the infinite set

J:F®2{P¢e K[z]: FIP €7 for some integer ¢ > 0}.

It is easy to verify by definition that J : F'*° is an ideal. This can also be
seen from the following lemma.

Lemma 6.2.1. Let P be a polynomial set and F a polynomial in K[x],
and P* = PU{zF—1}, where z is a new variable. Then P € Ideal(P*)N K [x]
if and only if there exists an integer ¢ > 0 such that F¢P € Ideal(IP).

Proof. Let P € Ideal(P*)N K [#]; then there are polynomials Q;, @ € K|, z]
such that

P=> QiPi+Q(:F—1).

P;elP

In the above equality, z is arbitrary, so we can substitute z by 1/F. Cleaning
the denominators of the substituted equality, one gets an expression of the
form

F*P=Y QP

P;elP

for some integer s > 0 and polynomials @F € K[x]. It follows that F4P €
Ideal(P), where ¢ = max(s, 1) > 0.
On the other hand, if F4P € Ideal(PP) for some integer ¢ > 0, then

(zF)1P € Ideal(P*) C K|, z].

Hence

P = (zF)P —[(zF)?-1]P
(zF)IP — (zF = 1)[(:F)9=1 + - - - + 1] P € Ideal (P*).

a

The following lemma and Lemma 6.2.1 are parallel, and so are their
proofs.

Lemma 6.2.2. Let P be a polynomial set and Fy, ..., F} be t polynomials
in K[x], and
P*=PU{zuF—1: 1<i<1t},

where z1, ...,z are new variables. Then P € Ideal(P*) N K[x] if and only
if there exist integers ¢; > 0,...,¢q; > 0 such that FI* --- F* P € Ideal(P).
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Proof. Let P € Ideal(P*) N K[«]; then there are polynomials Q;, H; €
Klx, z1,..., 2] such that

P = Z Q:P; + ZHj(Zij — 1)
j=1

P;elP

This equality holds for arbitrary 21, ..., z;, wherefore one can substitute z;
by 1/F; for each j. Cleaning the denominators of the obtained expression
(and multiplying the result by F; when necessary), we have

F - F#P =" QiPi € ldeal(P),
Pel

in which ¢; > 0,...,¢: > 0 and Q; € K[x].
Conversely, let F* - -« F#* P € Ideal(P) for some integers g1 > 0,...,q; >
0. Then

(21 F1)0 - (2 BT P € 1deal (P¥) C K[, 21, . . ., 2]

The left-hand side of this expression can be written as

[(z1Fy = 1)+ 19 (2 Fy — 1) + 4P =Y Ri(ziFy — 1) + P,

i=1

where R; € K[®,z1,...,%]. This implies that P € Ideal(P*) N K[x], and
the lemma 1s proved. a

Lemma 6.2.3. Let J be an ideal generated by P and F' a polynomial in
K[x]; F1,..., F; be t factors of F such that Fy---F;, 20 < F # 0;

P*=PU{zF —1}, P*=PU{uF—1: 1<i<t},

where z,2z1,...,2 are new variables; and G*,G* be the Grobner bases
of P* in KJx,z] and of P* in KJx, 21, ..., 2] with respect to the purely
lexicographical ordering determined with x; < z and x; < z;, respectively.
Then

3:F*° = Ideal(P") N K[x] = Ideal(G* N K[x])
= Ideal(P*) N K[z] = Ideal(G* N K[x]).

Proof. The first equality i1s a corollary of Lemma 6.2.1. The two equalities
on the right-hand side follow from the elimination property of Grobner
bases (see Theorem 5.3.5). So we only need to show that

Ideal(P*) N K[x] = Ideal(P*) N K [x].

This is proved if, for any P € K[x], there exists an integer ¢ > 0 such
that F9P € J if and only if there exist integers ¢; > 0,...,¢ > 0 such
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that Fi'* --- F* P € 3. This is obvious because each F; is a factor of F' and
i B #0 < F#0. a

In fact, for the Grobner bases computation any compatible ordering in
which (' ---zl» < z does. The above technique of computing saturation
bases was introduced independently by several researchers, for example,
Gianni et al. (1988), Chou et al. (1990), and Wang (1989).

There is another method for determining a finite basis for any J : F'*
that may be more efficient in practice. The method proceeds by computing
the bases for the ideal quotients J : F'* with k increasing from 1. A basis
for J : F* is obtained when J : F* = J : FF+! for some k; in this case
J: % =3 : F>. See Definition 6.4.2 and Lemma 6.4.1.

Definition 6.2.2. Let T be any triangular set in K[x]. The saturation of T
is the ideal

sat(T) £ Ideal(T) : J*,
where J = [[ 7oy ini(7T).
Let P be a finite basis for sat(T); the following relation is obvious
Ideal(T) C sat(T) = Ideal(P).

Definition 6.2.3. Let T be any triangular set in K[x]. The p-saturation of
T is the infinite set

p-sat(T) £ {P € K[z]: prem(P,T)=0}.
Theorem 6.2.4. For any regular set T C K[x], sat(T) = p-sat(T).

Proof. Let P € p-sat(T) and J = [[pcpini(7T); then prem(P,T) = 0.

By the remainder formula (2.1.2), there is an exponent ¢ > 0 such that

J1P € Ideal(T). It follows from Definitions 6.2.1 and 6.2.2 that P € sat(T).
To show the other direction, write T as

T= [Tla"'aTT]

with I; = ini(7;) and J; = I --- I; for 1 < ¢ < r. Then, for any P € sat(T)
there exist an integer ¢ > 0 and polynomials @; € K[«] such that

JIP=Q/ v+ -+ Q. 1. (6.2.1)
We now prove the following assertion by induction on 7:

(A) If P € sat(T) is reduced with respect to T, then P = 0.

If r = 1, then (6.2.1) becomes J{P = @Q1T;. This is possible only if @ =
0. For P is reduced with respect to 71, and thus 1deg(7}) > deg(P,1v(T1)).
Therefore, P = 0.
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Suppose that (A) holds for any regular set T of length < r. We proceed
to prove it for r = |T| > 1. Let

zp, =W(T,), dr =1deg(T;), m =deg(Qr,zp,)> —1.
In case @, # 0, consider the coefficients
Fr=1e(Qr, xp,), Fi=coef(Qi, z, m"'d "), 1<i<r—1.

Since T7,...,T,-1 do not involve z, and P is reduced with respect to 7T,

ZFT + F 1, = coef( ZQZT 2ty = coef (JIP, 2 t) = 0. (6.2.2)

1 Pr

Multiplying (6.2.1) by I and using (6.2.2), we have
JULP=Q\Ti + -+ Q.T}, (6.2.3)
where
Qi =1Qi— T Fxy, 1<i<r—1, Q= Lred(Q,,z,).

The right-hand side of (6.2.3) has the same form as that of (6.2.1), while
deg(@h, zp,.) < m = deg(Qr,zp,). If Q. # 0, then we proceed in the same
way to get

JAZP =QTi + -+ Q/T,
with deg(Q/, z,.) < deg(Q),zp,). This process must terminate at some

point, so that
JLEP=QiTy + - +Q:_ T (6.2.4)

holds for some integer s > ¢ and polynomials QF € K[x].
Since T is regular, by Lemma 4.3.2 and Proposition 5.1.5 there exist
polynomials H, H; € K[x] such that

HI:+ H\Tv+ -+ Ho Tooy =S =res(I5, T ) £0. (6.2.5)
Multiplying (6.2.4) by H and using (6.2.5), we obtain
JISP =T+ -+ Qr_1Tr1,

where Q; = HQ:+J?_ | H;P for 1 <i < r—1. Therefore, SP € sat(T{"=1}).
As S does not involve the dependents of T, SP is reduced with respect to
T{r=1} By the induction hypothesis, SP = 0; this implies that P = 0.
Assertion (A) is proved.

To complete the proof of Theorem 6.2.4, consider any P € sat(T) and let
R = prem(P, T); R is reduced with respect to T. As T; € sat(T) obviously
for each i, from the pseudo-remainder formula we know that R € sat(T).
According to Assertion (A) above, R = 0. Hence P € p-sat(T). a

The following is a direct consequence of Theorem 6.2.4.
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Corollary 6.2.5. Let T be any regular set in K[x] and P a finite basis for
sat(T). Then T is a (weak-) characteristic set of P.

In fact, one can state a result stronger than Corollary 6.2.5: Any regular
set T is a (weak-) characteristic set of the ideal sat(T) in Ritt’s definition
(see Mishra, 1993, pp. 174-176 and Ritt, 1950, pp. 4-5).

For any irreducible triangular set T, Theorem 6.2.14 asserts that sat(T)
is a prime ideal. For any F € K|[&], if prem(F,T) # 0, then F' & sat(T)
according to Theorem 6.2.4 and thus sat(T) : F'*° = sat(T) by definition.
This result is generalized in the following lemma for regular sets.

Lemma 6.2.6. Let T be a regular set and F any polynomial in K[x]. If
res(F, T) # 0, then sat(T) : F*° = sat(T).

Proof. Obviously, sat(T) C sat(T) : F*. To show the opposite direction,
let R = res(F,T) and T be written in the form (5.1.1). Then R # 0 and
R € K[u]. By Lemma 4.3.2, there exists a polynomial @ € K[u,yi, ..., y]
such that QF — R € Ideal(T) C sat(T). Now consider any P € sat(T): F.
By definition, there exists an integer ¢ > 0 such that FYP € sat(T). It
follows that

RIP=QIFIP — (QF — R)[(QF)T " 4+ -+ RT1P € sat(T).

Let H = prem(P,T); it is then easy to see from the pseudo-remainder
formula that RYH € sat(T). By Theorem 6.2.4, R?H € p-sat(T) and thus
prem(R2H,T) = 0. Since R € K[u] does not involve the dependents of T
and H is reduced with respect to T, we have R?H = prem(R?H,T) = 0.
It follows that prem(P, T) = H = 0, so P € p-sat(T) = sat(T). The proof
1s complete. a

Proposition 6.2.7. Let [T,U] be a regular system in K[z] and V =
[IewU. Then
Ideal(T): V> = sat(T). (6.2.6)

Proof. Let 3 = Ideal(T) and J = [[pcpini(7). Since [T, U] is regular,
res(V, T) # 0. From Lemma 6.2.6 and Definition 6.2.1 one knows that

sat(T) =sat(T): V> = (J:J°) : V= =T (JV)™.
As J(&) # 0 for any & € Zero(T/V), Zero(TU{J}) C Zero(V). By Hilbert’s
Nullstellensatz, there exists an exponent s > 0 and a polynomial @ € K|[x]

such that V* — QJ € 3. Consider any P € J: (JV)®; then there exists an
integer ¢ > 0 such that (JV)9P € 3. It follows that

Viethip — vy — QN Ve ... 4 (QI)T P+ QYJV)IP €T

This implies that P € J: V™.
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On the other hand, J: V® C J: (JV)* by definition. It is thus proved
that

sat(T) =T : (JV)* =T V™.

As a consequence of (6.2.6), we have

Zero(Ideal(T) : V°°) = Zero(sat(T)).

Unmixed decomposition

Refer to the zero decomposition (2.2.7) which provides a representation of
the variety V defined by P in terms of its subvarieties determined by C;.
However, each Zero(C; /I;) is not necessarily an algebraic variety; it is a
quasi-algebraic variety. In what follows; we shall see how a corresponding
variety decomposition may be obtained by determining, from each C;, a
finite set of polynomials.

Theorem 6.2.8. Let P be a non-empty polynomialset in K [#] and Ty, ... T,
a (weak-) characteristic series or a regular series of P. Then

Zero(P) = U Zero(sat(T;)). (6.2.7)

Proof f Ty, ..., Teis a (weak-) characteristic series of P, then prem(P, T;) =
{0} for each ¢; otherwise, by Theorem 5.1.11 (a) there exists an inte-
ger d > 0 such that prem(P? T;) = 0 for all P € Pand 1 < i < e.
In any case, it is easy to see from the pseudo-remainder formula that
Zero(sat(T;)) C Zero(IP).

Now let J; = [[ ey, ini(T) for each i. By definition and Theorem 5.1.11
(c), we have

Zero(P) = U Zero(T;/J;).

i=1

Hence, for any @ € Zero(P) there exists an ¢ such that & € Zero(T;/J;).
Let P be any polynomial in sat(T;). Then there exists an integer ¢ > 0
such that J!P € Ideal(T;). It follows that J;()IP(x) = 0. As J;(&) # 0,
we have P(&) # 0. This implies that & € Zero(sat(T;)). The theorem is
proved. a

The following result used by Chou and Gao (1990b) provides a useful
criterion for removing some redundant subvarieties in the decomposition
(6.2.7) without computing their defining sets.
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Lemma 6.2.9. Let I’ and T; be as in Theorem 6.2.8. If |T;| > |P|, then

Zero(sat(T;)) C U Zero(sat(T;));
1<i<e
N
thus Zero(sat(T;)) can be deleted from (6.2.7).

Proof. As |T;| > |P|, dim(T;) < n — |P|. By Proposition 6.1.9 and Theo-
rem 6.2.10, Zero(sat(T;)) is a redundant component of Zero(IP). O

Definition 6.2.4. An algebraic variety 1s said to be unmized or equidimen-
stonal if all its irredundant irreducible components have the same dimen-
sion.

The following theorem is due to Gao and Chou (1993).

Theorem 6.2.10. Let T be any triangular set in K[x]. If T is not perfect
then sat(T) = K[a]; if T is perfect then Zero(sat(T)) is an unmixed variety
of dimension n — |T|.

Proof. Let J = []perini(T). If T is not perfect, then Zero(T) C Zero(J).
By Theorem 1.6.3, there exists an integer ¢ > 0 such that J¢ € Ideal(T )
Thus, JIP € Ideal( ) for any P € K[x]. It follows that any P € K[x] is
contained in sat(T), so sat(T) = K[x].

Now suppose that T is perfect and let C;, ..., C. be an irreducible char-
acteristic series of T. Set

O={i: |[G|<|T|,1<i<e}, ©"={icO: prem(J,C) # 0}.
By Theorem 6.2.8 and Lemma 6.2.9, we have
Zero(T) = | Zero(sat (). (6.2.8)
1€EG®
According to Corollary 6.1.2,

mgxdim(@) =dim(T) =n —|T|.
1EO*

Whence, ©* # § and dim(C;) = dim(T) for all i € ©*. From (6.2.8) one
sees that
Zero(T/J) = U Zero(sat(C;)/J).
1€O*

This implies that

Zero(sat(T U Zero(sat(G;) : J™).
EO*
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Let i € ©* be fixed. Since C; is irreducible and prem(J, G;) # 0, sat(C;) :
J*° = sat(C;) according to Lemma 6.2.6 or the remark thereinbefore. Note
that Zero(sat(C;)) has dimension n — |T| for each ¢ € ©*. Tt is thereby
proved that Zero(sat(T)) is unmixed of dimension n — |T|. O

Recall that any regular, simple or irreducible triangular set T 1s perfect,
so sat(T) = p-sat(T) and its variety is unmixed of dimension n — |T|.

In (6.2.7), for each ¢ let P; be a finite basis for sat(C;) which can be
determined by computing a Grobner basis according to Lemma 6.2.3. If
sat(C;) = K[|, then the constant 1 is contained in (the Grobner basis
of) P;. Let us assume that such P; is simply removed. Thus, a variety
decomposition of the following form is obtained:

Zero(P) = O Zero(IP;). (6.2.9)

By Theorem 6.2.10, each P; defines an unmixed algebraic variety.
Let V; = Zero(P;); then the decomposition (6.2.9) can be rewritten as

V=V, U---UV.. (6.2.10)

This decomposition may be contractible; that is, some variety may be a
subvariety of another. Some of the redundant subvarieties may be easily
removed by using Lemma 6.2.9. The following lemma points out how to
remove all redundant components in order to get an irredundant unmixed
decomposition.

Lemma 6.2.11. Let G be a Grobner basis and [P an arbitrary polynomial
set in K[&]. If every polynomial in P has remainder 0 with respect to G,
then Zero(G) C Zero(IP).

Proof. Since every polynomial in P has remainder 0 with respect to G,

Ideal(P) C Ideal(G). Tt follows that Zero(G) C Zero(IP). a

The method for decomposing an algebraic variety into unmixed compo-
nents explained above can be described in the following algorithmic form.

Algorithm UnmVarDec: ¥+ UnmVarDec(P). Given a non-empty poly-
nomial set P C K[], this algorithm computes a finite set ¥ of polynomial
sets Py, ..., P, such that the decomposition (6.2.9) holds, it is irredundant,
and each PP; defines an unmixed algebraic variety.

U1l. Compute ® + CharSer(P) and set ¥+ .

U2. While ® # {§ do:

U2.1. Let C be an element of ® and set ® « &\ {C}. If |C] > |P| then
go to U2.
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U2.2. Compute a finite basis for sat(C) according to Lemma 6.2.3, let
it be given as a Grobner basis G and set ¥+ ¥ U {G}.

U3. While 3G, G* € ¥ such that rem(G, G*) = {0} do:
Set ¥+ W\ {G*}.

The termination of the algorithm is obvious. The variety decomposition
(6.2.9) and the unmixture of each Zero(P;) is guaranteed by Lemma 6.2.3
and Theorem 6.2.10. That (6.2.9) is irredundant follows from Lemma 6.2.11.

For an arbitrary regular set T, sat(T) is not necessarily radical. Tt is so
when T is a simple set.

Theorem 6.2.12. For any simple set T C KJx], the ideal p-sat(T) is
radical.

Proof. Let P? € p-sat(T); then
Zero(T /) C Zero(P?) = Zero(P);

so by Corollary 3.4.5, we have prem(P, T) = 0. Hence, P € p-sat(T) and
p-sat(T) is radical. The theorem is proved. O

Therefore, if @ in step Ul of UnmVarDec is a simple series of [P computed
by Algorithm SimSer, then J; = Ideal(P;) is radical for each P; € ¥. This
suggests the following ideal decomposition

€
Vi=(3,
i=1

where J = Ideal(P) and each J; is radical and unmixed.

The removal of redundant subvarieties by examining the containment
relations among the corresponding Grobner bases has the drawback that
one component can be removed only if the corresponding Grobner basis has
already been computed. The following lemma provides another criterion for
removing redundant components.

Lemma 6.2.13. Let T be a regular set in K[x] and P a finite basis
for sat(T). If P* is a polynomial set such that prem(P* T) = {0}, then
Zero(IP) C Zero(P7).

Proof. Since T is regular and prem(P*, T) = {0}, P* C p-sat(T) = sat(T).
It follows that
Zero(IP) = Zero(sat(T)) C Zero(IP¥).

a

Using Theorem 6.2.12 and Lemma 6.2.13, we can modify Algorithm Un-
mVarDec as follows.
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Algorithm UnmRadldeDec: ¥ + UnmRadldeDec(P). Given a non-empty
polynomial set P C K[x], this algorithm computes a finite set ¥ of poly-
nomial sets Py, ..., P, such that the decomposition (6.2.9) holds, it is irre-
dundant, and each IP; generates a radical and unmixed ideal.

Ul. Compute ® « SimSer(P) and set

& {T: |T|<|P|,[T,T] € B}, W+ 0.

U2. While ® # {§ do:

U2.1. Let T be an element of ® of highest dimension and set ® « &\
{T}.

U2.2. Compute a finite basis for sat(T) according to Lemma 6.2.3, let
it be given as a Grobner basis G and set ¥+ ¥ U {G}.

U2.3. While 3T* € ® such that prem(G, T*) = {0} do:
Set &+ @\ {T*}.

U3. While 3G, G* € ¥ such that rem(G, G*) = {0} do:
Set ¥+ W\ {G*}.

Note that a variety Vi can be a true subvariety of the other variety Vs
only if Dim(V) < Dim(Vs). The choice of T is step U2.1 and the detection
in step U2.3 allow to remove some redundant components before their
defining sets are computed. The last step U3 aims at removing those radical
ideals which contain other ideals of the same dimension. It ensures that the
obtained decomposition is irredundant. Inspecting the algorithmic steps,
one may see that for any simple series ® computed by SimSer there should
never exist G, G’ € ¥ of the same dimension such that rem(G, G') = {0},
i.e., Ideal(G) C Ideal(G'). However, the containment may happen for an
arbitrary simple series ®.

Together with ideal intersection computation, Algorithm UnmVarDec
provides a method for finding a generating set of v/J for any ideal J with
given generating set. The algorithms for computing simple series and Grob-
ner bases do not require polynomial factorization in theory, so neither does
the algorithm for computing unmixed decompositions.

Irreducible decomposition

We come to decompose an arbitrary algebraic variety defined by a poly-
nomial set into a family of irreducible subvarieties. This 1s done with an
analogy to the unmixed decomposition of P, requiring additionally that the
characteristic series @ is irreducible. Then any finite basis for sat(C;) will
define an irreducible variety with any generic zero of C; as its generic point.
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Definition 6.2.5. Anideal 3 C K[&] is said to be prime if whenever F, G €
K[x] and FG € 3, either F € Jor G € 7.

Theorem 6.2.14. For any irreducible triangular set T C K], the ideal
p-sat(T) is prime.

Proof. Let & be a generic zero of T; then
prem(P,T)=0 <= P(£) =0

forany P € K[#] by Lemma4.3.1. Let F'G € p-sat(T). Then prem(FG,T) =
0, so

F(§)G(E) = 0.

It follows that either F'(&) = 0 or G(&) = 0; that is, either prem(F,T) =0
or prem(G, T) = 0. In other words, either F' € p-sat(T) or G € p-sat(T).
Therefore, p-sat(T) is prime. O

When sat(T) = p-sat(T) is prime, its finite basis is called a prime basis
of T and denoted by PB(T). Then the variety defined by PB(T) should have
any generic zero of T as its generic point.

Proposition 6.2.15. Let Ty and Ts be two irreducible triangular sets in
K[2] which have the same set of generic zeros. Then sat(T;) = sat(T3).

Proof. Since Ty and T are irreducible and have the same set of generic ze-
ros, they have the same set of parameters and prem(Tq, T1) = prem(Ty, To) =
{0} by Lemma 4.3.1. Thus

Ideal(T3) C sat(Ty), Ideal(T;) C sat(Ts).

Consider any polynomial P € K[x]. If P & sat(T3), then prem(P, T2) # 0.
According to Lemma 4.3.2, there exists a polynomial @ € K[x] such that

QP — R €1deal(Ty), where R =res(P,Ts).

This implies that QP — R € sat(Ty). Since prem(R,T1) = R # 0, R ¢
sat(T1). Thus, P cannot be contained in sat(T1). This proves that sat(T;) C
sat(Ty).

As Ty and Ty are symmetric, the same argument shows that sat(Ts3) C
sat(T1). The proof is complete. O

The conclusion in Proposition 6.2.15 still holds when Ty and T, are
simple sets having the same set of regular zeros. The proof of this needs a
generalization of Corollary 3.4.5: for any simple set T and polynomial P in
K[z,

RegZero(T) C Zero(P) <= prem(P,T) = 0.
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Proposition 6.2.16. Let Ty and T be two triangular sets in K[«] which
have the same set of parameters, and T be irreducible. If prem (T, T;) =
{0}, then T is also irreducible and has the same set of generic zeros as Ta;
thus sat(T;) = sat(T2).

Proof. Since T and T» have the same set of parameters, they can be written
as

Ti = [Til(U,yl), . 'aET(uayla . 'ayT)]a i= 1’2

As prem(Ty, Ty) = {0}, we have prem (7521, T11) = 0. Thus, the irreducibil-
ity of To; implies that T is also irreducible over Ky = K (u) and 713
differs from T only by a factor in Kg. Similarly, prem (752, [T11, T12]) = 0.
Now Th; is irreducible over K1 = K(y1) with adjoining polynomial T5; or
Ti1 for y;. From the pseudo-remainder formula, we know that 75 divides
Too over Ky, so 115 differs from 759 only by a factor in K.

Continuing with this argument, we shall see that Ty, and 75 differ only
by a factor in the algebraic extension field Kj_1 = Ko(v1, ..., ys—1) with
adjoining triangular set T‘l{k_l} or Ték_l}
zeros for yi in Ki_1, 1 <k < r. Hence, T is also irreducible and has the
same set of generic zeros as Ty. By Proposition 6.2.15, sat(T1) = sat(Ty).

O

and thus have the same set of

Proposition 6.2.16 generalizes a result in Chou and Gao (1990b); in the
same paper the following is also proved.

Proposition 6.2.17. Let Ty and Ts be two triangular sets in K[x], of
which T is irreducible. If prem(Ts, T1) = {0} and 0 & prem(ini(Ts), T;),
then sat(Tq) C sat(Ty).

Proof. For any P € sat(T3), by definition there exists an integer ¢ > 0 such
that JP € Ideal(T1), where J, = HTeTQini(T). As T, is irreducible and
prem(Tz, 1) = {0}, Ideal(Ty) C sat(T;). It follows that J{P € sat(T}).
Since sat(T;) is prime and 0 ¢ prem(ini(Ty), T1) implies that J§ & sat(Ty),
we have P € sat(T). Therefore, sat(T2) C sat(Ty). a

By Theorem 6.2.14, to determine the prime basis of T one only needs to
find the generators for Ideal(T*) N K[x], by computing a Grébner basis of
T* according to Lemma 6.2.3.

Let each T; in (6.2.7) be irreducible. Then we have the following zero
decomposition

Zero(P) = U Zero(PB(Ty)).

Now, each PB(C;) which can be exactly determined by using Grobner bases
defines an irreducible algebraic variety and we have thus accomplished an
irreducible decomposition of the variety V defined by P.
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This decomposition is not necessarily minimal. The redundant subva-
rieties can be removed by using Proposition 6.2.17 and Lemma 6.2.13 or
6.2.11, so one can get a minumal irreducible decomposition.

Let us modify step Ul in Algorithm UnmRadldeDec as follows:

U1l. Compute an irreducible characteristic series ® of P by Algorithm
IrrCharSer, IrrCharSerE or IrrTriSer and set @« {T € ®: |T| < |P|},
U 0.

Furthermore, delete from UnmRadldeDec the detection step U3 (which is
not needed when the ideals are prime). Let the resulting algorithm be
named IrrVarDec; it has the following specification:

Algorithm IrrVarDec: ¥ « IrrVarDec(P). Given a non-empty polynomial
set P C K], this algorithm computes a finite set ¥ of polynomial sets
Py, ..., P such that the decomposition (6.2.9) holds, it is minimal, and
each P; defines an irreducible algebraic variety.

Ezample 6.2.1. Let the algebraic variety V be defined by P = { Py, Ps, Ps},
where

P = 3x3x4 — x% + 221 — 2,

Py = 3l‘%l‘4 + dwoxs + 6123 — 21‘% —3zqx9, .

P3 = 3l‘§l‘4 + xi1x4 — l‘%l‘g — x9.

With z; < --- < 24, P may be decomposed into 2 irreducible triangular
sets Ty and Ts such that

Zero(IP) = Zero(T1/2z2 + 31‘%) U Zero(Ty/z2),
where
Tl = [Tl, Tz, 21‘21‘4 + 31‘%l‘4 - 21‘% - 31‘1l‘2],
Ty = [r1,273 — 2, 3224 — 225 — 4];

Ty = 223 — 122323 + 9x125 — 9rtad + 8123 — 823 + 24292,

—24x3xs + 1825 — 1827,

_ 2 2
Ty = 2x9x3 + 3xizs — 25.

To obtain an irreducible decomposition of V| we determine the prime bases
from T, and T» by computing the respective Grobner bases Gy, o of

Ty U {2220 + 32%) — 1}, ToU {@sz — 1}

according to Lemma 6.2.3. The Grobner bases may be found to consist of
8 and 4 polynomials respectively. Let V; = G; N K[z1,...,24] and V; =
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Zero(V;) for i = 1,2. We have

Ty,

279:‘111‘3 — 271‘?1‘3 + 21“;’ — 15l‘%l‘% + 9l‘1l‘% + 8xq12o
—8xy + 1223 — 1227,

T3,

V= 122123 — 1223 — 92fws — 2r123 + 323 + 427 — 42y,

x4 — 22123 + 223 — X2,

roxy + 3l‘%l‘3 —3x1x3 — x%,

Py

and Vo = Ty such that
V=V UV,

One can check with ease that this decomposition is minimal. a

Ezample 6.2.2. Consider the algebraic curve defined by

322 —4y® 4+ 2% +dxz — 8yz — 4z + 1,
22427 42+ 2 — 22 —y— 32 ’

which 1s the intersection of 2 algebraic surfaces in 3-dimensional space.
With the variable ordering z < y < z, this curve may be decomposed into
2 irreducible components defined by

Pr={2y—1,2+ 2},

50y 4 1402y? — 5y° + 9422y — 58zy — 24y — 623
—742? — 422 — 5,

zx 4+ 22 — 10y? — ldzy + 3y + 22 + 92 + 1,

Syx — 132 + 70y* + 992y — 29y — 622 — 752 — 9,

2?2 —dr + 1297 + 162y —dy — 22 — 122 — 1

Py

the first 1s a line and the second is a twisted cubic. Except for points on the
plane z+2 = 0, the third and the fourth polynomial in P can be removed.
The cubic contains 1 real and 2 complex points

1 3 13
2,-,-2), (24 2V=T7,—, -2
( a2a )a ( =+ 5 7a 5 ) )

on the plane z + 2 = 0. The real parts of the two curves for =5 < & <5
are plotted in Fig. 4.
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Fig. 4 a

Ezrample 6.2.3. As a more complicated example, consider the algebraic va-
riety defined by the following five polynomials

Py = asgaiq + as + ajiage + 3aps,

Py = bdaspans + Yaspariags — Yasiags — Yariars — 18aspars — 2a3;,

Py = 18agoans — 9a3yaos + 3asoai1ao + 3aseaosast + 3aseaisan
—3as1a12 — 3azpas) — 2aj as,

Py = 3azpaniags + 3azpaiiars + 3asgasars — 18asgasoaes — 2a11a3,,

— 2 3
P5 = 9&30&21&12 - 27&30003 - 2&21.

Let P = {Py,..., Ps} and the variable ordering be wy: as; < a1 < asp <
a20 < ap3z < dpz < a12. Under wy, P can be decomposed into 9 irreducible
triangular sets T; such that

Zero(P) = U Zero(T;/ini(Ty)),

where
Ty = [9a? a3, + 2a2,a% az0 + 2a3,, as1a11a20 — ayazo + a2y, Pr, Ps),
Ty = [729a§0 + 81a%1ago — 243a§1a§0 + 36a§1a%1ago + 4a§1a%1a30 + 4agl,
Izasg + 2as1a11(81ady + 27a% a3, — 9a3 a3, — 2a3 a3 as0 — 6a4;)aso,
Ts, Py, Ps],
T3 = [as1,a11, ans],
T4 = [as1, aso, @20, a11a02 + 3aos, a1s + 2ai,],

_ 2 9
Ts = [az1, aso, 9a50 + 2a7,, a11¢02 + 3aos + a11a20, —9a11¢12 + Ya11020a02

3
+54asoans — 2a7y),
_ 2 9
Ts = [a11, a5, + a3, aso, 3aos + a1, ¢oz, @12 + 3aso),

_ 9 2 9 9
T7 = [ai1, 9a5¢ — 2a3;, a5y + 3aso, 3aos + a21, agz + 2a20, a12 + 2a3, + 6asp],
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Tg = [32a%, + 981aZ,af, — 324a3,, T, 729a3,as0 — 64al, — 2034a2,a3,, T3, Py, Po],
Tg = [4&?1 + 36a§1a‘111 — 81&%1, T, 1114656730&‘?1020 — 2077680789a§1a11a20
+1576363572as1a}, — 293827449643, T3, Py, Ps);
T = —(128a1? — 2430a3,a%, + 6885a3,a}, — 874845, )a?, aso
+3a2,(972a$, — 675at,a2, + 570a% a3, — 80ai?),
T3 = Izaps + 9a3 a3, + 27a3 azoaz0 + 2a3 as0 + 4asia}y + 9ad,;
I, = 81a? a3, — H4a2 a? ad, — 18a3 a3, + 4as,,
13 = 27(&21&11&20 — 0%1030 + Cl%l).
Fori =16,...,9, the triangular set T; contains more than 5 polynomials and
thus need not be considered for the variety decomposition by Lemma 6.2.9.
Let V; be the prime basis of T; under the ordering w;, for ¢ = 3,4,5.
Obviously T3 already defines an irreducible variety, so V3 = Ts. It re-
mains to determine the prime bases from Ty, Ty, T4 and Ty according to

Lemma 6.2.3. One may find that V4 = T4 and V5 is the same as the set
obtained by replacing the last polynomial in Ty with

2
9ay2 + 9aspags — 2ay;.

A prime basis of T under w; contains 20 polynomials. To reduce the num-
ber of elements, we compute a Grobner basis of this prime basis with respect
to another variable ordering wso: asp < a11 < ag2 < asg < as; < @12 < ags.
The new basis V1 consists of 10 polynomials as follows
[ 81la3, + 72a3 a3, + 16ataso + 90a2,a? ase + 4a2 at; + 18ad a?,,
Basgalyasr + 9adgass — 9aria3y — 4ad azg + 9adgariasze + 2a3qa3,
—|—9a§0a11,
Yazgasr + 4ad as + 9aZgas + 18asgariasy + 2aseas; + 9ad,a11,
a3) + azariaz — aiaso,
9a3gars — basgariageas — 12a3gai1az; + 9agsady + 18aspad,
+4a?  agaaso — 9adjagaaso + 8azpai;azo — 2a3gai; ans — 2a3,ai;,
9arais + Yagaas + 18aspasy + 18ariase + Yasearags + 247,
—|—18&%0011,

9 9
9azgai2 + Yas5ga12 — 4ar1ao2a21 — 8aseariazr + 18azy — Yaspap2asg

Vi

—|—2a%1a30 — 2a20a%1a02 — 2a§0a%1,

Yasiars — 6adaz — 18adgass + 9ar1apsasy — 18aspariasy — daspa’;
—18&%0011,

81&%2 + 81&20&02&12 — 162&%0012 + 108&11&02@21 + 216&20&11&21
—324a2, — 8la2,asg + 162as0ap2as0 — 72a%,azp + Hdazea?, ags
—4a}; 4 36a3,ai;,

Py
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As for T, the difficult case, let T; denote the ith polynomial of Ty and I;
the initial of 7; for 1 < i < 5. The non-constant initials are

Iz, 13, and 142152011.

Thus, it is necessary to determine a prime basis from Ty by computing a
Grébner basis of the enlarged polynomial set, for instance, To U {2114 —
1,200 —1,23ls — 1} or ToU{zI5I314 — 1}. Nevertheless, the Grobner basis
cannot be easily computed in either case. We have tried some of the most
powerful Grobner bases packages without success. For this reason, we apply
Norm to normalize T to get another triangular set T3: it is obtained from
Ts by replacing 75 and T3 respectively with

Ty = —4a3,ar1as0 + 8lajy + 9a? a3, — 9a2 a3, + 6a2,a? as0 — 2a3,,

T3 = 972a%,a03 + 729(2a}, + 27a3,)ai ady + 81(2a$, + 9a3,a}, — 81ad,)ai,
—648a3, (a; + 9a3;)afady + 9a3; (8af, + 180a3;afy + 81a3;)asz
—36a3, (2a1, + 27a3,)ai aso + 2a3, (4af; + 9043, aj; + 243a3,).

T% and Ts have the same set of generic zeros, so the prime bases constructed
from them define the same irreducible algebraic variety. T% possesses the
property that the initials of its polynomials only involve the parameters
asy and ajy.

A prime basis of T3 can be easily determined by computing the cor-
responding Grobner basis with respect to the variable ordering wy or ws

according to Lemma 6.2.3. The basis under ws contains 9 elements and is
as follows

[ 8lada2, + 16a},aos + 108a3ya? ags + 324a3yaes + 20as0aty
+144a3,a?, + 32443,
144a3 asg + 729a%,a30 + 8ladyags + 16at, + 144a2,a?, + 405a3,,
4agaaso + Haseaso + a3gags + ady,
4arrasy + 2Taspaso + 2aspai; + 9aly,
V, = 18apzas1 + 36azpas; — 18ay1asy + Yazeariage — 2a3;,
972as0azpas1 + 324a‘;’0a21 — 1296a11a§0 — 4O5a§0a11a30
+81adyariags + 1643, + 108a3ya3; + 243adai1,
144a3, + 129643, — 81a3yaso — 81adyags — 16a}; — 144a3,a?,
—405ad,,
B6ais + 18asg + 3asgags + 2a%1 + 12a§0,
Py

It is easy to verify that both Zero(V4) and Zero(Vs) are subvarieties of
Zero(Vy). Therefore, the variety defined by P is decomposed into three
irreducible subvarieties defined by Vi, Vs and V3. Symbolically,

Zero(IP) = Zero(V1) U Zero(V3) U Zero(V3), (6.2.11)
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where Zero(V,) is irreducible for ¢ = 1,2, 3. a

The above example comes from the qualitative study of plane differential
systems. We shall discuss the background and use the obtained decompo-
sition in Sect. 9.5.

Division of varieties

We now show how to remove a subvariety from a given algebraic variety
by division. This is a generalization of the division of one polynomial by
another. Such a division is particularly useful for polynomial factorization
in which a factor can readily be removed from the polynomial being factor-
1zed when the factor is found. However, the removal of subvarieties appears
much more difficult computationally. The removing technique can be in-
corporated into the decomposition algorithms according to the following
theorem.

Theorem 6.2.18. Let P and Q = {F},..., Fi} be two polynomial sets in
K[z] with Zero(Q) C Zero(P) and J be the ideal generated by

PU{zF + -+ F,—1} in K[z, 2] (6.2.12)
or by
PU{n P14+ zF— 1} in Ko, z1,..., 2], (6.2.13)
where z,21,..., 2 are new variables. Then
Zero(IP) = Zero(Q) U Zero(J N K[x]). (6.2.14)

Proof. Consider the case in which
J=1Ideal(PU{zFy + -+ 2'F, — 1}).

Let & € Zero(P). For any P € 3N K], there exists a polynomial @ €
K{[x, 2] such that

P—Q(:zFi+- +2'F,—1) € ldeal(P) C K|z, 2].

Hence

P(Z) = Q(&,2)[2F1(Z) + -+ 2" Fe (%) — 1] (6.2.15)

for arbitrary z. Suppose that & ¢ Zero(Q). Then there exists some j such
that F;(Z) # 0. So thereisa z € K such that ZF ()4 -+ F(Z)—1 = 0.
Plunging z into (6.2.15), we get P(&) = 0. Therefore, Zero(P) C Zero(Q) U
Zero(T N K[x]).

To show the opposite, let & € Zero(JIN K[x]). Obviously, for z € K[, 2]
and any P € P

Zero(P) C Zero(P(zFy + -+ 2'F)).
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By Hilbert’s Nullstellensatz (Theorem 1.6.3), there is an exponent ¢ > 0
such that
PYzF + -+ 2' F)? € Ideal(P) C K[z, 2].

It follows that

Pi+ PI(zF _|_..._|_ZtFt)<1—1 + (211 _|_..._|_ZtFt)<1—2_|_..._|_ 1]
(zFy+ -+ 2'F, — 1) € Ideal(P) C K[, 2],

so that P2 € 3. Since P does not involve z, P? € JNK[x]. Hence, P4(Z) = 0
and thus P(&) = 0. This proves that Zero(J N K[x]) C Zero(P).

The case in which J = Ideal(P U {z1Fy + --- 4+ 2 F: — 1}) is proved
analogously, observing that if 7,(&),..., F:(Z) are not all 0, then there
exist Z1,..., 2 such that 2, F1(Z) + - -+ 2 Fy(Z) — 1 = 0, and P4(1 Iy +
st 2 F)? € Ideal(P) C Ko, 21, . . ., 2] for some integer ¢ > 0. a

This theorem suggests a way to remove any subvariety Zero(Q) from the
given variety Zero(IP) by determining a finite basis H for the ideal 3N K[].
The latter can be done, for instance, by computing a Grobner basis of
(6.2.12) or of (6.2.13) with respect to the purely lexicographical ordering
determined by z; < z or x; < 2z together with its elimination property
(Theorem 5.3.5). Thus, decomposing Zero(IP) is reduced to decomposing
Zero(Q) and Zero(H). We have tested this technique. Nevertheless, the
Grobner bases computation in this case is too inefficient and we had no
gain from the experiments. One can make use of the technique only when
a more effective procedure for determining the finite bases is available.

In fact, the removal of Zero(Q) from Zero(IP) corresponds to computing
the quotient Ideal(P) : Ideal(Q) (see Definition 6.4.2). The latter can be
done by a possibly more efficient algorithm described in Cox et al. (1992,
pp. 193-195).

6.3 Ideal and radical ideal membership

A fundamental problem in polynomial ideal theory is membership test, that
18, to determine whether a given polynomial belongs to an ideal with given
generators. One of the most remarkable applications of Grobner bases is
an algorithmic solution to this problem. In concrete term, we state the
following theorem.

Theorem 6.3.1. Let P C K|[x] be a polynomial set and G a Grobner
basis of P. Then for any polynomial P € K[],

P € ldeal(P) < rem(P,G) = 0.

The theorem follows from the definition of a Grobner basis of P and

Theorem 5.3.2 (b).
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Corollary 6.3.2. Let P, () C K] be two polynomial sets and G a Grob-
ner basis of P. Then

Ideal(Q) C Ideal(P) <= rem(Q,G) = {0}.
Ezample 6.3.1. Consider the following two polynomials

_ 2 2
G = x12] + 223 — 3x1205 + 3x1200 — 21,

G2 = 21‘2l‘4 + x3 — 21‘1l‘% — 21‘2 — 1,

and let IP be as in Example 2.2.3. A Grobner basis & of P has been computed
in Example 5.3.1. One can verify that rem(Gy, G) = 0 and rem (G2, G) # 0.
Hence, 1 € Ideal(P), G2 ¢ Ideal(P) and Ideal({G1, G2}) ¢ Ideal(P). O

In contrast to membership test of polynomial ideals, there are a number
of methods for solving the membership problem of radical ideals. We sum-
marize the various methods introduced previously in this thesis in the form
of the following theorem. Let SS(3) and RS(P3) stand for any simple series
and regular series of a polynomial set or system P in K[x], respectively.

Theorem 6.3.3. Let P be any polynomial and P a polynomial set in K [x],
and P* = PU {zP — 1}, where z is a new variable. Then the following are
equivalent:

prem(P, T) =0 for all [T, TNT] € SS(P);

)
(b) Zero(P) C Zero(P);
(c) GB(P") = [1];
(d) 1T8([P, {P}]) = ITS(IP*) = 0
(e) SS([IP,{P}]) =ss(P*) = 0
(f) RS([P, {P}]) = RS(P~) = 0;
(g) TriSerP(P,{P}) =TriSerP(P*) = 0;
(h) prem(P,T) = 0 for all T € ITS(P).
)
i)

Proof. Note that Zero(]P) C Zero(P) if and only if Zero(P/P) = § if and
only if Zero(IP*) = §.

(a) <= (b): Theorem 1.6.3 and the definition of \/Ideal(P).
(b) <= (c): Corollary 5.3.4.
(b) <= (d): Corollary 4.3.6.
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e): Theorem 3.4.3 (a).

: Corollary 5.1.15.

: Algorithm TriSerP (c).

: Definition 2.2.7 and Corollary 4.3.9.

i): Theorem 3.4.4.

(j): Corollary 5.1.15. a

Direct consequences of the above theorem are various methods for ex-
amining containment relationship between algebraic varieties.

Ezxample 6.3.2. Recall the polynomial set P in Example 2.2.3 and the poly-
nomials GG and G4 in Example 6.3.1. As the characteristic set of PU {z -
Gy — 1} with respect to the ordering #; < --- < x4 < z is contradictory,
G € y/Ideal(P) (in this case further decomposition is not required). To

determine that
Ga ¢ /Ideal(P) (6.3.1)

according to Theorem 6.3.3 (d), an irreducible decomposition is however
needed.

The same conclusion can be reached by using other algorithms. When
(6.3.1) is determined by using Theorem 6.3.3 (h), one also knows that
the membership relation does not hold for the components €, CJ and Cy4
(which are given in Example 4.2.1). O

Ezrample 6.3.3. Let the ideal J be generated by three polynomials

Py =def — abe,
Py = 4e?f + 3a’c,
Py = 175bd%e f + 192ad>f — 108b3ce.

With respect to the total degree ordering determined by b < d < a < e <
f=e

G = [4b%e*c+3b%daec, 4baec+3da’c, —108b3ec+ 17507 dac+192d%a f, P, Py]
is a Grobner basis for J. Let
G = 8b%ac — 20bde f — 9d>af.

One may verify that rem(G, G) # 0 and rem(G?, G) = 0. Hence, G ¢ J and
G € V3. The conclusion G € /T can be drawn in different ways by using
other methods according to Theorem 6.3.3. ad

An important application of radical ideal membership test is to auto-
mated theorem proving in geometry. This will be discussed in detail in

Chap. 8.
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6.4 Primary decomposition of ideals

Decomposing polynomial ideals into primary components is very classical in
commutative algebra. In this section, we explain how to construct a primary
decomposition of any polynomial ideal from an irreducible decomposition
of the corresponding algebraic variety. The techniques of localization and
extraction we use are suggested by Shimoyama and Yokoyama (1996).

Definition 6.4.1. The intersection of two ideals J and J in K[«], denoted
as J N J, 1s the set of polynomials which belong to both J and J.

Definition 6.4.2. Let 3 and J be two ideals in K[#]. The infinite set of
polynomials

J:3&2{FeK[x]: FGeTJforall GE€J}
is called the ideal quotient of J by J.

It is easy to show that in K[#] the intersection of two ideals is an ideal,
and so is their quotient (see, e.g., Cox et al. 1992, pp. 185 and 193). Clearly,
J : J contains J. For any polynomial F, we write J : F' instead of J :

Ideal({F'}).

Lemma 6.4.1. Let J be an ideal and F' a polynomial in K], and let k
be an integer > 1. Then

CFF =3 PR

(]

J.F*=3:F" —

As a consequence, the minimal k can be determined by computing J : F?
with ¢ increasing from 1.

Proof. Exercise in Cox et al. (1992, p. 196). a

Definition 6.4.3. An ideal 3 C K[x] is said to be pseudo-primary if \/J is
prime.

J is said to be primary if FG € 3 and F € J imply that there exists an
integer ¢ > 0 such that G9 € J.

Definition 6.4.4. Let J be an ideal in K[x] and {u} a subset of {&}. {u}
is called a mazimally independent set modulo J if
TN Klu] = {0}, and TN K[u,z]# {0}, Ve € {x} \ {u}.

Lemma 6.4.2. Let 3 be a prime ideal in K[#] and G a Grobner basis
for J with respect to any admissible ordering. Then {u} is a maximally
independent set modulo J if and only if

Im(G) Nmon(u) =@, and Im(G) Nmon(u,z) # 8, Yz € {x} \ {u},
where Im(G) = {lm(G): G € G} and mon(u) denotes the set of all the

monomials in w, and similarly for mon(w, z).
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Proof. Definition A.9 and Lemma A.12 in Shimoyama and Yokoyama (1996).
O

From the irreducible variety decomposition (6.2.10) or (6.2.9), one im-
mediately gets the following decomposition of the radical ideal generated

by P
vVi=[)3,
i=1

where J = Ideal(P) and J; = Ideal(P;) for each i. From the algorithmic
construction, one also knows that each IP; is given as a Grobner basis and
J; 18 prime. In what follows, we shall construct a pseudo-primary ideal
J; such that J; is the prime ideal associated with J; for 1 < ¢ < e. An
additional ideal J* will also be constructed, so that we have the following
decomposition

I=()3n7 (6.4.1)
i=1

If e = 1, then J is already pseudo-primary. Now assume that e > 1, take a
polynomial S;; € P; \ J; for each pair i # j, and let

Ss= I Su

1 e

IA
IA

J
S

[

for each 7. Then J; = J : S{° is the pseudo-primary ideal we wanted to
determine. To obtain the additional ideal 3%, let &; be an integer such that
T Sf’ = J; for each 1. Then

. — Ideal(PU{Sfl, . ~~aS§e})~

From each pseudo-primary ideal J generated by a Grobner basis (G, one
can determine a primary ideal by extraction as follows.

Let {u} be a maximally independent set modulo /3 which can be com-
puted according to Lemma 6.4.2 and {y} = {&}\ {u}. Compute a Grobner
basis G of G with respect to the purely lexicographical ordering w deter-
mined with u; < y for any u; € {u},y € {y} and the extractor

F =lem({lc(G): G e G},

where lc(() is the leading coefficient of GG considered as a polynomial in
K (u)[y] with respect to the ordering w.

Let § = Ideal(G) : F'*°. According to Lemma 6.4.1, one can compute an
integer k such that

]

Ideal(G) : FF =

Thus B
3 =3 NIdeal(GU{F*}),
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and J is a primary ideal.

Applying the above process to the ideal 3* and Ideal(G U { F*}) recur-
sively, we shall get further decompositions of the form (6.4.1). This proce-
dure will terminate, resulting in an ideal decomposition of the form

h
I=()3,
i=1

where each J; is primary.
The above decomposition procedure is presented in the form of the fol-
lowing algorithm.

Algorithm PrildeDec: ¥ « PrildeDec(P). Given a non-empty polynomial
set P C K], this algorithm computes a finite set ¥ of polynomial sets

Py, ...,IP; such that
h

Ideal(P) = ﬂ Ideal(IP;)

i=1
and Ideal(?;) is primary for each 4.
P1. Set @ [P}, ¥ ¢ 0.
P2. While ® # {§ do:

P2.1. Let F be an element of ® and set & + @\ {IF}.

P2.2. Compute a set of defining sets TFy,... ,F. (given as Grobner
bases) from F by Algorithm IrrVarDec. If ¢ = 0 then go to P2.

P2.3. Fori=1,...,e do:

P2.3.1. Set S« 0. If e = 1 then set S« 1, G« [F; and go to P2.3.3.
Otherwise, select S; € F; \Ideal(F;) for 1 < j <eand j#1
and set

SFH 1<j<e SJ
J#i

P2.3.2. Compute afinite basis for Ideal(TF) : S according to Lemma6.2.3

and let it be given as a Grobner basis G.

P2.3.3. Compute amaximally independent set {u} modulo Ideal (IF;)
according to Lemma 6.4.2 and let {y} < {x} \ {u}.

P2.3.4. Compute a Grobner basis G of G with respect to the purely
lexicographical ordering w determined with u; < y; for any
ug € {u},y € {y} and the extractor

F =lem({le(G): G e G C K(u)y]})

with respect to the ordering w.
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P2.3.5. Compute afinite basis for Ideal (G)
let it be given as a Grobner basis G*, and set

Ve w UG

203

: F'*° according to Lemma 6.2.3,

P2.3.6. Compute two integers k and ! according to Lemma 6.4.1

such that

Ideal(G) : F*

and set

= Ideal(G*),

Ideal(TF) : St

= Ideal(G)

D DdU{GU{F*}}, S«SuU{s).
P2.4. Set ®—®U{FUS}.

The interested reader may refer to Shimoyama and Yokoyama (1996)
for a formal proof of PrildeDec and various techniques and strategies to

improve the algorithm.

Ezxample 6.4.1. The ideals generated by P in Examples 6.2.1, 6.2.2 and
6.3.1 are all radical and each of them contains two primary components.

Ezxample 6.4.2. The ideal J

into 8 primary ideals J1, . ..

a

given in Example 6.3.3 may be decomposed
, Js (with respect to the variable ordering b <

d<a<e=<f<c). The generating sets for J; and their associated prime

1deals are shown below.

Generating set for

2

prime associated

T; with J;
Ji a, €] [a, €]
Jo 1S, (] [f, ]
T3 [a?, Fy,ae,e?, Py, F2] [a, e, Fa)]
T4 [a?,27be — 64da, ae, e?, 27b%c — 64d%f, P1] [a,e,27b% — 64d%f]
35 [F1, Fa, Py, F3] [Fy, Fa, Py, Fs)
Js [FP,Fif, f? Fa, P, Fs, Fic, fe, ¢ [F1, f,d]
J;  [d?, Fie,de?,e3, de, Py, Fs, ec, c?] [d,e,c]
bs,b7a,b6a2,b5a3,b4a4,b3a5,b2a6,ba7,a8,
5 b2Fy, aF b5 f, b2af, b*a® f,63a> f, b%a f, b, a, f]

atf?, 072, baf?,

® basfaa6faFlfab4f2ab3af2ab2a2f2aba3f2a
a’f?, f* bFs, Py, F3, Fof

In the above table,

Py = 4be + 3da,

Fy = 4b%c+ 3d%f, Fy = 3a’c+ 4e’f

and P is given in Example 6.3.3.



204 6. Computational algebraic geometry and polynomial ideal theory

Remark 6.4.1. Finally, we point out that the various decomposition algo-
rithms developed in this thesis enjoy evident parallel features and can be
easily parallelized. Most of the algorithms compute decomposition trees,
for which different branches can be treated individually by parallel pro-
cessors. Discussions on the aspects of parallel computation are beyond the
scope of this thesis, but it is almost sure that the power of these algorithms
will be multiplied when they are brought to suitably parallelized versions
and implemented on parallel machines. Some preliminary experiments on
parallelizing some of the characteristic-set-based algorithms utilizing work-
station networks were reported in Wang (1991b).
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Solving polynomial systems

Elimination methods have diverse applications in many areas of science,
engineering and industry. A full account of such applications could be the
contents of a book. The applications discussed in this and the following
chapters are for a few selected problems, of which some are geometry-
related.

7.1 Principles

The various zero decompositions presented in the previous chapters apply
naturally to solving systems of polynomial equations and inequations. We
give a few theorems — which are consequences of already proved results
— as principles for polynomial system solving. Applications of the general
methods to some non-trivial examples will be discussed in the following
sections.

All the polynomials in what follows are assumed to be in ® = (z1,...,2y,)
with coefficients in K = Q(u) = Q(uy, ..., uq) unless specified otherwise.
We are now concerned with systems of simultaneous polynomial equations
and inequations of the form

PL=0,....P=0, Q1 #0,...,Q: #0. (7.1.1)

Let P={P,..., P}, Q =1{Q1,...,Q:} and P = [P,Q]. We often write
(7.1.1) simply as
P=0, Q#0. (7.1.2)
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The system (7.1.1) or (7.1.2) is said to be solvable in some field KOK if
it has solutions in K.

Lemma 7.1.1. Let [T,T] be a triangular system in K[z] with |T| = n.
Then

T=0, U#0 (7.1.3)

has at most finitely many solutions in any extension field of K. All the
solutions of (7.1.3) in K can be exactly computed.

If, in particular, d = 0, then all the solutions of (7.1.3) in R and in C
can be approximately computed.

Proof. As |T| = n, the ith polynomial T; in T can be written in the form
T =Ti(®r,. .., 2;)

with 1v(7;) = #;. Hence x; = #; is solution of T} for 7 in K in and only
if #1 — 21 1s a divisor of T} over K. Therefore, all the solutions of 7T} for
z1 in K can be found by computing all the linear factors of 77 over K.

If for any solution 1 = #; of T} = 0 there is a U € U such that
U(Z1,22,...,2,) = 0, then (7.1.3) has no solution in K. Otherwise, con-
sider those solutions z1 = &, of T} for which U(Z1, %2, ..., 2,) # 0 for any
U € U. The polynomial T5(Z1, z3) is clearly in K[xz], so all the solutions
of Ty(#1, x2) for 25 in K can be found in the same way by computing all
the linear factors of T2(Z1, x2) over K.

If for any solution &1 = 1,22 = &2 of 71 = 0,7% = 0 and I3 # 0 there ex-
istsa U € Usuch that U(Z1, 2,23, ...,2,) = 0, then (7.1.3) has no solution
in K. Otherwise, we take those solutions for which U (&1, Z2, #3,...,2,) # 0
for any U € U. Then the polynomial T5(#1, Z2, #3) is in K[z3] and all the
solutions of T5(#1, %2, #3) for #3 in K can be found by computing all the
linear factors of T5(Z1, T2, #3) over K.

In this way, we shall either end up with the conclusion that (7.1.3) has
no solution, or find all the solutions of (7.1.3) in K.

When d = 0, K becomes the rational number field Q. In the case, the
univariate polynomials 7; all have rational coefficients. Thus, one can solve
Ty for 1 in R or C approximately by any numerical method.

If for any solution 1 = #; of T} = 0 there is a U € U such that
U(Z1,22,...,2,) = 0 approximately, then ¥ = 0 has no solution in R or
C approximately. Otherwise, we consider such solutions z; = z; of 77 for
which U(Z1, za,...,2,) # 0 for any U € U and solve T5 (%1, z2) for 25 in
R or C approximately. In other words, the problem of solving polynomial
systems 1s reduced to that of solving univariate polynomial equations or
inequations. The latter can be done in R or C approximately by known
methods of numerical analysis. a
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Lemma 7.1.2. Let [T,T] be a regular system, or a simple system, or an
irreducible triangular system, or a triangular system possessing the pro-
jection property in K [x]. Then the system (7.1.3) must have solutions in
some extension field of K. If the number of solutions is finite, then |T| = n.

Proof. The first claim follows from Theorems 3.4.1, 4.3.3 and 5.1.12, and
Definition 3.1.3.

If |T| < n, then infinitely many « can be chosen for the parameters u of
T so that [T, U]|y=g remains perfect (see, e.g., the proofs of Theorems 4.3.3
and 5.1.12). So, in this case (7.1.3) has an infinite number of solutions in
the algebraic closure of K. a

For any triangular set T, [T, ini(T)]is a (special) triangular system. Thus,
the above two lemmas lead to the consequent results for triangular sets.
Moreover, if T = [T}, ...,T,] and any solution of T1 = 0 does not make
the vanishing of all the coefficients of T;41 for every ¢, then T = 0 also has
at most a finite number of solutions in any extension field of K.

Theorem 7.1.3. Let ¥ be a regular series, or simple series, or irreducible
triangular series of any polynomial system [P, Q] in K[x], or a triangular
series of [P, Q] computed by Algorithm TriSerP with k& = 0. Then:

(a) (7.1.2) has no solution in any extension field of K if and only if
U = (J;
(b) (7.1.2) has at most finitely many solutions if and only if |T| = n for

every [T, U] € ¥. In this case, the solutions of (7.1.2) may be found by
means of computing the solutions of T =0, U # 0 for all [T, U] € ¥.

Proof. (a) Theorem 3.4.3 (a), Corollaries 4.3.6 and 5.1.14, and TriSerP (a)
and (c).
(b) Lemmas 7.1.1 and 7.1.2; see also Theorem 3.4.3 (b). a

The process of solving arbitrary systems of polynomial equations and in-
equations by reducing them to triangular systems generalizes the Chinese
matrix method (Boyer 1968, pp. 218-219) and the well-known Gaussian
elimination for sets of linear equations. A Grobner basis is not necessarily
a triangular set, but the elimination property of Grobner bases (Theo-
rem 5.3.5) ensures the separation of variables. So the solutions to a set of
polynomial equations can be found from its Grobner basis (under the lex-
icographical ordering), possibly with some additional GCD computations.
For details, see the reference given below.

Theorem 7.1.4. Let P be a polynomialset in K[#] and G = GB(IP). Then:

(a) P = 0 has no solution in any extension field of K if and only if

= 0 has at most finitely many solutions if and only if for all i
n) there exist an integer m; and a polynomial G; € G such that

Im(G;) = 2™
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(c) f P = 0 has only finitely many solutions and G is computed with
respect to the purely lexicographical term ordering, then all the solutions
in K can be exactly computed from G. If moreover d = 0, then can all the
solutions in R and C be computed approximately from G as well.

Proof. (a) Corollary 5.3.4.
(b) Method 6.9 in Buchberger (1985).
(¢) Method 6.10 in Buchberger (1985) and Lemma 7.1.1. O

Theorem 7.1.5. Let ¥ be a simple series of P in Q[u, x], or a triangular
series of P computed by Algorithm TriSerP with projection for z,, ... 21
(i.e., k = d) and assume that ¥ # §). Then

(a) for any [T,U] € ¥ and u € Qd (where Q> Q), the system

(T\ Q[u])|u=a =0, (U\ Q[u])|u=a # 0
has solutions for & in C if and only if v = u is a solution of

TNQu] =0, UNQ[u] #0;

(b)
Proj, Zero(P) = U Proj, Zero(%) = U Zero(T N Qu]/UN Qu]).

Tev [T, Ulew

Proof. (a) follows from (b).
(b) Corollary 3.4.2, Definition 3.3.3, and TriSerP (b). a

7.2 Solving zero-dimensional systems

From the results shown in the preceding section, one can determine whether
a given polynomial system is zero-dimensional by computing its regular
series, simple series, irreducible triangular series, or Grobner basis. If the
system 1is zero-dimensional and thus has only finitely many solutions, all
the solutions can be computed exactly or approximately from the series
or Grobner basis. In what follows are presented some concrete examples,
illustrating how zero-dimensional systems may be solved in practice.

Ezxample 7.2.1. We start with a small system of polynomial equations

1Ly — 1= 0,
x%—i—bxlxzzo, (72.1)
bxlxg—i—x%—xlzo, o

bxoxs — x9 + x% =0.
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Let P be the set of the four polynomials on the left-hand side of (7.2.1) and
the variables be ordered as b < £1 < x2 < x3. From P:

o A characteristic series computed by CharSer consists of two ascending
sets

Cl = [b3—|—4, l‘? + 1, 1o — 1, 21‘3—|—b2], Cz = [b, l‘?— 1, 1o — 1, 1‘3].
e A triangular series computed by TriSerS consists of two triangular

systems [Cy,{b,21}] and [Cs,{x}]. When computed by TriSer, the
series consists of [Ty, {b, x1}] and [Ts, {z}] with

T, = [b3—1—4,x:1)’—|— Leyee — 1bag— 2], To= [b,a:zl)’— 1,29 — l‘%,l‘g],

where T, differs from C; only in their fourth elements; and so does
T5 from Cs in their third elements.

e A regular series computed by RegSer and a simple series computed
by SimSer are the same, consisting of [T, #] and [Cs, 0].

e A Grobner basis of P is
G = [b° + 4b% 227 — b® — 2,229 — b2 — 2% 2bx3 + b3, 23]
In any of the above cases, one can find all the 12 solutions of (7.2.1) for

b, z1,xs, x3 successively from the triangularized polynomial sets. These so-
lutions [b, 21, z9, 23] are listed below

[0,1,1,0], [0,—a,—3,0, [0,—8,—a,0],
(R O A A o |
(R R R e S R S P e
[ﬁ%—l,—l,o%z], [ﬁ%a,ﬁ,c%z], [ﬁ%ﬁ,a,c%z],

where
o 1—+/-3

1+=3 ,
9 3 BITa 7:\/1

a

The problem of solving the system of three polynomial equations con-
sidered in the following example was posted as a challenge by Raymond
Hemmecke from the Department of Informatics, University of Leipzig. They
arrived at the system while dealing with tilting effects on a double pendu-
lum. For easy numerical computations, they are interested in finding the
minimal polynomial F' in p alone such that, for any real root p of F', the
system has real solutions.
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Ezample 7.2.2. Let P = { Py, Ps, P3}, where

Py = Fiy® —dzy” + Foy® — 4y + 2[(19p + T)2% + 19p — T]y* + 4xy3
+Foy® + 4wy + Fi,

Py = —F3y*0 + 2(pz* + 822 — p)y® — Fuy® + 8(3px* + 422 — 3p)y”
—F5y® + 76p(z* — 1)y® + Fsy* + 8(3px* — 42? — 3p)y® + Fay?
+2(px* — 82* — p)y + Fs,

Ps = —[Gy —2(p— 4)x5 — 48z + 2(p + )z ?|y'® — H1y'"

—[G2 — 2(99p — 20)2° + 2722* 4+ 2(99p + 20)x?]y*® — Hoy'®

—[G3 — 16(135p + 12)x° + 2688x* + 48(45p — 4)x?]y** — Hsy'?

—[Ga— 32(237p+ 40)x° + 81922 + 32(237p — 40)2?]y'? — Hay'!

—[G5 — 4(1969p + 668)2° + 134722 + 4(1969p — 668)22|y'’ — Hs5y®

H[Gs + 4(151p + 668)2° — 134722% — 4(151p — 668)22)y® — Hay”

+[G4 —160(11p — 8)2® — 81922 + 160(11p + 8)2?]y® — Hzy®

+[G3 — 16(11p — 12)2° — 26882* + 16(11p + 12)2?]y* — Hay?

+[G2 — 2(43p + 20) 28 — 2722* + 2(43p — 20)2?]y? — Hy1y
+G1 —2(9p + 4)x° + 482* + 2(9p — 4) 22,
and
Fi=(p+Da?+p—1, Fy=4[3p+2)2? +3p- 2],
F3 = 2px(2? + 1), Fa=22px(z?+1), Fs=>52px(z?+1),
Gy = (p+1)pe® = 2p%z* + (p — 1)p,
Hy=4p[(p—3)2°+ (p— 5zt — (p+5)2? — p — 3x,
Ga = (23p + 19)px® — 46p22* + (23p — 19)p,
Hy = 16p[(6p — 7)x® + (6p — 5)z* — (6p + 5)x? — 6p — T,
G's = 4(49p + 32)pa® — 392p*x* + 4(49p — 32)p,
Hs = 16p[(55p + 1)a® + 11(5p — 3)2* — 11(5p + 3)2? — 55p + 1]z,
Gy = 4(179p + 86)px® — 1432px* + 4(179p — 86)p,
Hy = 16p[9(26p + 15)x° + (234p — 379)z* — (234p + 379)2?
—9(26p — 15)],
G's = 6(133p + 39)pa® — 1596p2z* + 6(133p — 39)p,
Hs = 8p[(867p +511)x° + (867p — 1399)z* — (867p + 1399)z?
—867p + 511]z.

Note that P;, Py, P3 consist of 24,26,172 terms respectively. We want to

determine a squarefree polynomial F' in p such that each irreducible factor

of F has at least one real root and for each real root p of F, P|,—5 has real

zeros for x and y. Also expected to be given are the triangular sets from
which the real zeros can be computed approximately.
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With respect to the variable ordering y < @ < p, an irreducible triangular
series of P computed by lrrTriSer consists of 6 irreducible triangular sets, of
which three contain the polynomial y? +1 and one contains y* +6y% +1; so
these four triangular sets obviously have no real zero. One of the remaining
two triangular sets is simple: [y, 2, p — 1]. So for p = 1 the polynomial set
P has zero (0,0) for (x,y). The other triangular set T consists of three
polynomials:

Ty = 5y + 119y — 1026322 — 33198y2° — 73569y'8 + 330381y'°
—826956y4 + 801228y'2 — 541965y + 9859335 — 1473845
—1086y* + 73y — 5,

Ty = 2800229949440
—(554715797135y2* + 13245948695838y 4
—112783397552632y%° — 3691969096634086y'3
—8453054312182633y'¢ + 35984613145186252y4
—88904017316023032y"2 + 81944347139116756y'°
—53872365946917715y% + 7072365366548726y°
—1416438227076176y* — 34613922094542y>
—27445391662739)yr
—92800229949440,

and T3 = P;. In order to get a polynomial in p from T, we compute a mod-
ified characteristic set C of T; C is irreducible and comprises the following
three polynomials with large integer coefficients:

C1 = 891956372701184p2% + 20681857299540430848p%*
—70356081438769503909p?? 4 271682250699555756151p20
—352622918902513898391p'® + 269322942095440399641p'°
—161495209483939229280p'* + 68524380500279748288p!?
—19025554366923988992p'° 4 3272908595517318656p°
—337374627314737152p°% 4+ 22759224799248384p*
—932001922220032p% + 25389989167104,

Cy = Coay? + Ca,

Cs = Cs1yr — 127pCs,

with
Cy2 = 97596069285814673617066118316032p*
+2263021199504486735034281169688730256p%2

—6445128413689655108167040863584775863p°
+26212422127959978004215590111392754659p*®
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—24188175706696847911672006783733784096p*°
+16615541447884461140451486478479619488p**
—8670364071094253213057783138290887552p*?
+2844615722290334148560991584871727104p!"
—535852172105963925589608448535918592p®
+57733782999568794064532852443996160p°
—4006630547637705936521457045307392p*
+166718638115384143626225139384320p”
—4653369315611714838187251073024,

Cao = 5190332949513881277892021747712p*

+120352816228986627112501468145817456p
—312280408157439555186048343596998793p*°
+1317721164143429048825672081647752397p'®
—961242947684448643010631887677341816p'°
+674404246899577504198017002592901344p*
—327559558971080229743822480554897536p?
+94819899239384626079409119905130496p*°
—16628288137479442591930684997449728p%
+1726044837932534863836342246121472p°
—117151089195602183499827194920960p*
+4806199355471889403131827257344p?
—131821769666765033493404581888,

Cs1 = 37180685754903476153120456704p%°

+24706314470648654886471303168p**
+862124500562923861565527409183232p3
+572876529608495972342085018633648p??
—2625859311677581377286792763494332p*!
—1730408184448766074577801102200038p°
+10435038269778664042912098963387254p*°
+6896470694766188219200982578632831p'®
—11093066044325708367270080030892672p7
—7214490734073783049965212394082929p*°
+7747608910891368241052159204122656p1°
+5037485491901043179104189690450800p*
—4243165118882995892452318320458880p!>
—2757459581652024395694746068269312p*?
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+1517129008176375659586012812502528p!
+989332732038604692490901481473280p'°
—304696265967449832058967795165184p°
—199762630410549896488774599141888p>
+33881392401694597659493187411968p"
+22271692235350864758592015650816p°
—2410501311591366398832035856384p°
—1588600788508295375916088000512p*
+101466217158638789838225801216p>
+66933864467214475735656824832p*
—2909343961680813477533843456p
—1925267368125917549668663296,

Cs0 = 54773131021899663538651136p>*

+1270045527117656047383591766272p?*
—3927302324324801265181215734139p°
+15484046099200925967336906647011p*®
—16867149760322976518797526099412p'°
+11404354396199128317753925881432p"*
—6134178436693360267186668138720p*?
+2155054429737018937187335296384p1"
—424467937326630860512467795456p>
+46757697001909599373780649984p°
—3296965851301491475364683776p*
+138312759565055121045946368p?
—3922536354990693960515584.

213

Since T and C are both irreducible of dimension 0 and Zero(C) C Zero(T),
we have Zero(C) = Zero(T). The idea of using the ordering y < « < p
first is due to L. Yang, who solved this challenging system using a different

method.

The polynomial C has four real roots —v*, —~, v, ~* i1solated as follows

where

3 3
_7* € [_1a__]a - € [_aa_ﬁ]a Y € [ﬁa O[], 7* € [_al]a

4 4

4968916493678842742821555

a= I
9937832987357685485643109
S ;
p= 2417851639229258349412352.

bl

8=
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Let D(p) = —4C53C50, the discriminant of C'y with respect to y; it is a
polynomial of 25 terms and degree 48 in p. Clearly, C'2|,=5 has real zeros
if and only if D(p) > 0. D also has four real roots

—T1 € [—Cl, _b]a —Tr2 € [_Ca _d]a ro € [da C]a Ty € [baa]a

where

_ 4968916493678842742821559
a= " ,
b— 9937832987357685485643117
8y ’
~9937832987357685485641801
c= S ,
d— 1242229123419710685705225

1

The two negative roots are very close, and so are the two positive ones.
Note that ¢ < b. It is easy to verify that

a < Z and D(:FZ) < 0,

so C'y has no real zero for y when p = F+~.
Since ¢ <  and « < a, we have

—v € (—r1,—7r2) and ¥y € (ra,71).

Moreover, D(Fa) > 0. It follows that D(Fv) > 0. On the other hand, the
irreducibility of C ensures that Caa(Fy) # 0. This implies that Cy has two
real zeros for y when p = F~. Actually, the four real zeros for y may be
1solated from the above T7.

As (35 18 linear in @, the existence of its real zeros for z 1s obvious. In
summary, C has four sets of real zeros for (p,y, z):

(_Va_gai;l)a (_PYaya

_Il)a (Wa_ga_i?)a (Vayax2)~
The approximate values of v, y and z; up to b5 digits are provided below

~ = 0.5137739236207634508235369242764404138533394611706909720,
y = 4.039111690022120746338973698640265000020327915708411949,
z1 = 1.366677459515899426474889444590010456177004304359982719,
zo = 0.7317015386748363688691362102473370621081618037430149163.

Therefore, the minimal polynomial F' we wished to determine is (p—1)C}.
The original polynomial set P has five sets of real zeros, in which p takes
three of the five real roots of F. a
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The following example shows how to solve zero-dimensional polynomial
systems over any functional field of Q.

Ezxample 7.2.3. Consider the following system of 8 polynomial equations

P = usgoo + ushoo + u3 + u3 — ui =0,

Py =hi1+911=0,

Ps=hio+910=0,

Py =ho1 + 901 =0,

P5 = usgooh1o + usgiohoo + ufusgorhi1 + uiusgiihoy — 2utgiihiy
—2uigiohio — 2urusgiohio — 2uiusgiihi = 0,

Ps = 2uyususgorhi — 2uiusgiihor — 2uiusgorhir + 2uiususgiihor
+udgorhio + uigoohin + udg11hoo + u3giohor — 2uiusgiihio
—2ufusgroh11 — 2uiususgiohiy — 4uiuigiihiy — 2uiususgiihio
+4uigi1hir =0,

Pr = uigoihor + uigiohio + uigiihit + goohoo + ui =0,

Ps = usgorhoo + 2uiuagorhor — 2uigorhor + usgoohor

+2ufusgiihin + uiusgiohin — 2utgiihin + uiusgiihio = 0.
(7.2.2)
We want to find one solution of (7.2.2) for h;; and gi; in Q(u1, uz, us).
To achieve this, let us compute a modified weak-characteristic set C of
{P1, ..., Ps} with respect to the variable ordering

hot < hi11 < hio < hoo < go1 < goo < g11 < g1o-

It is found that

duh2; — u — 2ujug — u?,

uq (s + u1)hi1 — usho,

(us 4+ w1)hio + (w2 — u1)ho,

2ushorhoo + 2ui?ushiihio + 2uf (us — ui)hiy

C= +2uy (us — w1)hgy + (w3 +uj — ui)hot, :
go1 + hot,
usgoo + ushoo + u3 + u3 — uf,
g11 + ha,
g1o0 + hio

which is quasilinear. The first polynomial in C factors over @ into
(2uihor — us — u1) (2urhor + us + wa).

The only initial not in Q(u1, us2, us) is ho1. Thus, two solutions are found
easily from the triangular set by solving univariate linear equations. We
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list one of the solutions as follows for later use:

g11 = QU%’
us
hin = ——,
QU%
Uy + U2
Jo1 = 2
Bt — Uy + U
01 = —
21 (7.2.3)
Uy — Uz
J10 = 2uy
Uy — Uz
hig = — u
1
QU% — 2u§ — u%
Joo = Qus )
us
hog = ——

By computing a triangular, characteristic or Grobner series of P, one may
see that (7.2.2) has no other solution for A;; and ¢;; in Q(u1,us,us). 0O

7.3 Solving systems of positive dimension

The polynomial system in the following example arises from the dynam-
ical system of a chaotic attractor considered by E. Lorenz. It has been

investigated by Liu (1989) and Gao and Chou (1992).

Ezxample 7.3.1. Consider the polynomial equations

Py =wza(zg—x4) —21+c=0,
Py =w3(wg—x1) —22+c¢=0,
Ps=wx4(ey —x2) —23+c¢=0,
Py=wz (22 —x3) —24+c=0.

Let P = {P,...,Ps} and ¢ < &1 < -+ < a4. P can be decomposed by
IrrTriSer into 13 irreducible triangular sets. With normalization by NormG,
IrrTriSer may compute 11 normal irreducible triangular sets T; such that

11
Zero(IP) = Zero(T1/F1Fa) U U Zero(T;),
i=2

where
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[ 228 — 2(c — 4)2] — 4(c — 4)z§ — 4(c+ 3)(c — 2)23
—(3e? + 3¢ —26)2} — (3 + 2 — 20)2% + (? + ¢ + 12)2?
+(3 +3c? +4)e1 + 27 + e+ 1,
FiFoxg + 2(c* + 8¢ — 8¢2 — 8¢ — 1)x]
—2(e% 4+ 5et — 233 + 31¢? + 30c + 4) 2§
—2(e% — 6c* — 273 + 67¢? + Hde + T)xd
—2(266 +17¢% — 35¢* — 3463 + 104¢% + T3¢ + 9)1‘411
+(c® +39¢® + 78¢* + 2¢% — 239¢% — 137¢ — 16)23
—(e" 4+ 10e% — 12¢° — 16¢* + 73¢3 + 190¢? + 82¢ + 8)z?
+(c7 4+ 145 — 2¢° — 17¢* — 45¢% — 90¢? — 34c — 3)xy
+3¢% — 37¢* — 28¢3 — 20c + ¢+ 1,
FiFoxs 4+ 2(c* + 3¢ +¢2 4+ 9c + 2)27
—2(e% — 2¢* — 133 — 3¢? — 32¢ — 7)x§
—2(3¢® — 5et — 21¢® — 19¢? — B8 — 12)a}
—2(2¢5 + 116 — 14¢* — 14¢® — 40¢? — 81c — 16) 2}
—(7¢5 4+ 30¢% — 36¢* — 68¢3 — 125¢% — 162¢ — 30) 23
(™ +11c% 4+ 23¢° — 62¢* — 79¢® — 123¢2 — 105¢ — 18)z?
(c" 4+ 7¢® —10¢% — 73¢* — 65¢® — 69¢? — Hde — 9)xy
+(c+1)(19¢* + 33¢® 4 15¢% + 11e + 2),

Py

202 —2xy —c+ 1, 2o+ 21 — 1,23 — 21,24 + 21 — 1],
Ty — ¢, @y — ¢, 23 — ¢, x4 — (],

Fi,e1 42,20+ 2c+ 1,23+ 2c+ 1,24 — ],

Fi,eq —c,eo+ 2,23+ 2¢+ 1,24+ 2¢+ 1],
Fi,a142¢+ 1,20 —c, a3+ 2,24 + 2¢ + 1]
Fi,e14+2c+ 1L,zo+2c+ 1,23 — ¢, x4 + 2],

[ P,

8z, + F|

422 — (A +12¢? — 3¢ — 2)zg + 3 + 1267 — c + 4, '
8xz — 2(c3 +12¢? — 3¢+ 2)as — (¢ — 1)(c? + 12¢ + 3), Py

bl

FZa
422 —2(c— 1)y — e =126 + 3¢+ 2,
81‘2—|—F, ’

223 + (¢® + 12¢% — 2¢ + By + 2,
Py

217
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Fy,

422 4+ ( + 8¢+ 3wy + A+ 13¢? + 3¢ + 3,

Tio= | 82+ (3¢ +37¢? + be + 3)ay + 2(c? + 12¢ — He, |,
8r3 + F|

Py

Fy,

42?2 — (A +12¢% — 3¢ — 2z + 3 + 127 — ¢ + 4,

Ty = | 822 —2(3+12¢? =3¢+ 2)zy — (e — 1)(? + 12¢+ 3), |;
8xz — (e + 1)(c? + 12¢ — 1) (21 + 1),

Py

Fi =242+ 1,

Fy=c*4+12¢% —2¢? + 4+ 1,

F=c3411c? — 13¢+ 9.
From these triangular sets, one sees that the given polynomial system is
of dimension 1 and thus has infinitely many solutions for ¢, z1, ..., z4. For
any given value of ¢, the system has only finitely many solutions. All such
solutions can be computed from the T;.

Compared with the above results, one may find that some of the p-chains

given in Gao and Chou (1992) are redundant. Let G; be the prime basis
of T. It follows from Lemma 6.2.9 that

Zero(P) = Zero(Gy ) U Zero(T3) U Zero(Ts).
O

For any polynomial P € K[x] we use an index triple [t 1v(P) ldeg(P)]
to characterize P, where t is the number of terms of P.
The polynomial set P in the following example, communicated to S. R. Cza-

por and K. O. Geddes by G. Fee, may be found in Wang (1993b).

Ezample 7.3.2. Let P={Py,..., Ps}, where

Py =2(b—1)*+2(q — pg + p*) + *(¢ — 1)* — 2bg + 2cd(1 — g)(q — p)
+2bpgd(d — ¢) + b2d?*(1 — 2p) + 2bd*(p — q) + 2bde(p — 1)
+2bpg(c + 1) + (b% — 2b)p?d? + 2b%p? 4+ 4b(1 — b)p + d*(p — q)?,

P,=d(2p+1)(g—p)+elp+2)(1—q)+ b(b—2)d+ b(1 — 2b)pd
+be(g +p—pg—1) +b(b+ 1)pd,

Py==b*(p—1)°+2p(p—q) —2(¢ = 1),

Py=b>+4(p—q¢*) +3c% (¢ — 1)? = 3d*(p — q)? + 3b%d*(p — 1)?
+b2p(p — 2) + 6bde(p + ¢ + pg — 1).
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Consider b as a parameter and order the other variables as p < d < ¢ < ¢.
An irreducible triangular series of P, which may be easily computed by
IrrTriSer, consists of two irreducible triangular sets. One of them is very
simple:

[])—1,d,b6+2,q—1],

the other consists of four polynomials, of which the first three have the
following index triples

(625 p 23], [373d 1], [17 c 1],

and the last 1s Ps.

For computing triangular series over Q (i.e., b is not considered as a
parameter), we have tried different algorithms under several variable or-
derings without success. The occurring polynomials are very large and the
computation cannot be completed within a reasonable limit of time. a

7.4 Solving parametric systems

Consider systems of polynomial equations and inequations of the form
(7.1.1), with w = (uy,...,uq) as parameters and coefficients in Q. We
want to identify the parametric values for which the considered system has
solutions for the unknowns x; over some extension field of Q and to com-
pute such solutions. Note that this is different from the situation such as
in Example 7.2.3, where uy, us, ug are treated as transcendental elements
and never take any specific values.

Theorem 7.1.5 permits us to solve any parametric polynomial system: by
computing simple systems or triangular systems with projection, one knows
for what values of the parameters w the system [P = 0, Q # 0 has solutions
for the unknowns @ (cf. Gao and Chou 1992). For any given parametric
values u, the solutions may be computed from or represented by the simple
or triangular systems

[(T\ Q[u])|u:ﬁ, (U\ Q[u])|u:ﬂ]a [T’U] € \Ija
where W is as in Theorem 7.1.5.

Remark 7.4.1. Let P = [P,Q]. The algorithm TriSerP with projection is
somewhat complicated mainly to preserve the zero decomposition

Zero(P) = U Zero(T;/U;).

It can be simplified if one only needs to identify the parametric values

~d . . . . .
u € Q for which the polynomial system obtained from B by substituting
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u for u has zeros for the unknowns xj; such zeros for x; are represented
by and can be computed from the triangular systems [TEO], UEO]].

It is easy to see that any zero of 5 must be a zero of some [T;, U;], and
whether a computed zero of [T, U;] is also a zero of P by direct verifi-
cation. However, to ensure that any zero of [T;, U] is necessarily a zero
of P without verification, one has to collect the polynomials in U] as in
ProjA and eventually adding them to the corresponding U; (it is possible
to eliminate some polynomials from U; via GCD computation).

For example, let P = 22 —«? and D = z — u with u as a parameter.
Then

Proj, Zero(P/D) = Proj, Zero((}/prem(D?, P)) = Proj,Zero(/uD)
= Zero(@/u).

Now, Zero(P/u) # Zero(P/D) because (1, 1) is contained in Zero(P/u) but
not in Zero(P/ D). This shows that the polynomial D cannot be abandoned
during the projection. Keeping D, we have

Zero(P/[u, D)) = Zero(P/ D),
so that for any u € Zero(f#/u) the system
?—u?=0, r—u#0

has solutions for #, which can be computed form the above (triangularized)
system.

A method similar to TriSerP has been proposed by Wu (1990), Gao and
Chou (1992) via characteristic sets computation. The issue explained above
is not correctly handled in Gao and Chou (1992), however.

Ezxample 7.4.1. (Buchberger 1985; Gao and Chou 1992). Solve

Pi=x4—as+ay =0,
Py=x44+ 2342+ 21 —ag —az—ay =0,
Py =x324+ 2124 + 2223 + 123 — azay — ajay — ajaz = 0,

P4 = X1X3x4 — A10304 = 0

for #1 < -+ < x4 as unknowns with a; < --- < a4 as parameters.
Using lrrTriSer and NormG, we may compute an irreducible triangular
series of P = {Py,..., P4} with normalization; the series consists of the
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following nine irreducible normal triangular sets

T1 =[Ie; —arag, Tea+ (I —a1)(J — az), @3 — aq, x4 — 1],

Ty — araq, Teg — as(] — a1), 3 — asg, x4 — 1],

Ty — agaq, Txg — as(] — ag), w3 — a1, x4 — 1],

ar, I, 294+ 21 — as, #3 — as, 24),

as,d4, Ty + T1 — a1, T3 — Az, T4,

as, a4, Ty + T1 — as, T3 — a1, T4,

[
[
[
[
la1, 1,22+ 21 — a3z, ¥3 — az, x4],
[
[
laz, [, 22+ 21 — ay, x3 — az, x4],
[

T9— as, I, 29+ 21 — as, 23 — a1, 24),

where I = a4 — a9, such that

Zero(P) = U Zero(T;/I) U U Zero(T

i=1
From the above T;, it is easy to identify for which values of ay,..., a4
the original system of equations P = 0 has solutions for z,...,z4. Such

solutions for any given parametric values can be exactly computed from
the triangular sets (in which every polynomial is linear with respect to its
leading variable).

The system of equations can also be solved by computing a triangular
series with projection using TriSerP, or a simple series using SimSer. The
projected triangular series is similar to the irreducible one, while the simple
series contains more triangular sets and thus is more complicated. We do
not produce them here. a

Ezxample 7.4.2. Refer to the polynomial set P and its decomposition into
simple systems in Example 3.3.5. It is not difficult to verify that

U;; Zero(T;(l)/U;(l)) = U?:1 Zero(@/U}f) U Zero(H1) U Zero(H3)
U Zero(c) U Zero(2¢® — 27) = K
Hence, the system of polynomial equations P = 0 has solutions for any
value of ¢, considered as a parameter. When a concrete value of ¢ is given,

the solutions for z, y, # may be determined from the corresponding simple
systems. O

From the triangular systems computed with projection/normalization
and/or simple systems given previously, the following parametric systems
may be solved:

(z—u)?+(y—v)?—1=0,
v? —ud =0,

2v(z — u) + 3u?(y —v) =0,
(Bwu? —1)(2wv —1) =0



222 7. Solving polynomial systems

with # < y as parameters and u < v < w as unknowns (Example 3.2.2);

4y 2?2 =0,
ry+22—-1=0,
ryzr—x’—y?  —2z4+1=0

with r as a parameter and z < y < # as unknowns (Examples 3.1.1 and

3.3.4);

222+ Yyt —e)+1=0,
y(x? + 22 —e)+1=0,
vy +22—c)+1=0

with ¢ as a parameter and z < y < # as unknowns (Example 3.3.5);

2o — x4) — 21 + ¢ =0,
23(rs — 1) — 22+ ¢ =0,
2421 — 22) —23+ ¢ =0,
z1(we —a3) — x4+ c =

with ¢ as a parameter and z; < -+ < 24 as unknowns (Example 7.3.1).



8

Automated geometry theorem proving
and discovering

Since the pioneering work of Wu (1978), automated theorem proving in
geometry has been an active area of research for two decades. There is a
rich literature on the subject. We recommend the comprehensive exposition
by Wu (1994) for thoroughly understanding his method and the subject
and the popular book by Chou (1988) for an easy presentation and many
examples. The reader may also look at the survey by Wang (1996b) and
references therein for the state-of-the-art.

8.1 Elementary approach

Most of the successful methods for proving geometric theorems developed
by Wu and his followers are algebraic in character. They can be considered
as one major application of the various elimination techniques presented in
the preceding chapters. The first step of proving geometric theorems using
algebraic methods is to algebraize the geometric problems in question. For
this purpose, one chooses a coordinate system and denotes the coordinates
of points as well as other involved geometric entities like areas of triangles
and squares of distances by the indeterminates x1,...,2z,. Then the hy-
potheses and the conclusions of most geometric theorems can be expressed
by means of polynomial equations (=), inequations (#) and inequalities
(<,<)in #1,...,&,. This is illustrated by the following example.

Ezample 8.1.1. (Simson’s theorem). From a point D draw three perpen-
diculars to the three sides of an arbitrary triangle ABC'. Then the three
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perpendicular feet P, ) and R are collinear if and only if D lies on the
circumscribed circle of AABC.

D

Fig. 5

Consider the “if” part of the theorem. Without loss of generality, we
take a Descartes coordinate system with AB as its first axis and the per-
pendicular bisector of AB as its second axis. Let the points be assigned
coordinates as follows

A(_xlao)a B(xlao)a C(xZaxE})a D(l‘4,l‘5),
P($4a0)a Q(x6ax7)a R(£8,£9)~

Then the hypothesis of the theorem consists of the following relations:
e D lies on the circumscribed circle of AABC

_ 2 2 2 2 2 N _q.
< My = zyese; — vy (05 + 23 — 27)xs + vres(ef —27) =0;

e () is the foot of the perpendicular drawn from point D to line AC

Hy = (w2 + 21) (26 — x4) + x3(x7 — 25) = 0,
Hs = (224 z1)x7 — x3(xs + x1) = 0;

e R is the foot of the perpendicular drawn from point D to line BC

Hy = (22— 21)(xs — xa) + 23(20 — 25) = 0,
H5 = (l‘z — 1‘1)1‘9 - 1‘3(1‘8 - l‘l) =0.
Note that
e P is the foot of the perpendicular drawn from D to AB

is ensured by the special choice of the coordinates for point P.
Someone careful might observe that the theorem may become meaning-
less if the triangle ABC' is flat. This degenerate case can be ruled out:
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e The three points A, B, C' are not collinear

— :x1x3¢0.

The exclusion of this degenerate case is not substantial. We will see that
non-degeneracy conditions may be found automatically by Wu’s method.
The conclusion of the theorem to be proved 1s:

e The three points P, @, R are collinear

< G = (vg — x4)xg — x7(0g — 24) = 0.
O

The algebraic expressions of most ordinary geometric relations like collin-
earity, perpendicularity and congruence involve only polynomial equations
— an observation made by Wu that is of special significance for the theory
and methods of geometry theorem proving. Also for this reason, we are
able to restrict our consideration to an important class of theorems, called
theorems of equality type, in which the algebraic formulation of any theo-
rem involves only polynomial equations and inequations. The class is large
enough to cover very many non-trivial and interesting theorems, though it
may exclude some theorems in which order relations are involved.

Remark 8.1.1. As pointed out by Wu (1994, pp. vi—vii), there are inherent
difficulties along the path to arrive at the algebraization and coordina-
tization of a geometry starting from its axiom system. Fortunately, such
difficulties for the usual Euclidean geometry do not appear seriously that
one must overcome. This is because of our knowledge about the real number
system and the standard techniques of analytic geometry. It is for this rea-
son that one may be supposed to know how to transform ordinary geometric
relations into algebraic expressions by introducing coordinate systems as
in analytic geometry, without going through the correctness proof of the
algebraization.

The algebraic formulation of Simson’s theorem in Example 8.1.1 is of
equality type. However, with this formulation one may fail in proving the
logical implication (HYP = CON). For in the statement of a geometric
theorem the considered figures are usually implicitly assumed to be in a
generic position. For example, while speaking about a triangle, we mean
a real triangle which does not degenerate into a line or a point. In the
above formulation, this degenerate case has been excluded a prior:, but
other degenerate cases may still be included that might make the implica-
tion (HYP = CON) logically false. Therefore, one has to determine some
subsidiary (non-degeneracy) conditions so that the theorem becomes true
under these conditions. We do not give a precise definition of degenerate
cases and non-degeneracy conditions here. Actually, 1t is rather difficult
to give such a definition because of the uncloseness of stating geometric
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theorems and the different understandings of the word “degenerate.” For
the moment the reader is only assumed to have a rough impression on the
concept of degeneracy. More explanations will be given later.

Let A, V and = denote the logical “and,” “or” and “imply” respectively.
We propose the following algebraic formulation for the decision problem of
geometry theorem proving.

Formulation «. Suppose that we are given a geometry &, a geometry-
associated field K of characteristic 0 and an appropriate coordinate system
$) under which a correspondence between statements in & and algebraic
expressions over K may be established. Let the hypothesis of a theorem
T in & be expressed under O as a finite set of polynomial equations and
inequations

HYP: { Hi(@) =0,.... Hy(x) =0, (8.1.1)

Dy(®) #0,...,Di(x) #0

(where each D; = 0 corresponds usually to a degenerate case determined a
priori from some analysis or observation of the theorem), and the conclu-
sion be expressed as a single polynomial equation

CON: (G(x) =0. (8.1.2)

All the polynomials are in the indeterminates @ = (1, ..., #,) — which are
coordinates of points and other geometric entities involved in the theorem
— with coefficients in K. Decide

(a) whether the formula
(V&) [Hi(2) = 0A- - -AH (=) = 0AD1 () # OA- - -ADi () £ 0 = G(x) = 0]
(8.1.3)

1s valid; and if not,

(b) find “appropriate” subsidiary conditions Dj(®) #0,..., Df.(x) #0
so that the formula

(Vae)[Hi(x) =0A - AHs(®) =0ADy(x) ZOA - ADe(x) #0A
Di(e) #0A---ADjL(x) £0 = G(x) = 0]
becomes valid over K or some extension field of K.

The additional inequations D7(x) # 0 are determined to ensure the
configuration of the geometric hypotheses to be in a generic position. In
the proof algorithms presented below,

P= {Hla"'aHs}a Q: {Dla"'aDt}'
For any geometric statement or theorem T, we write

e HC(T) for “the hypothesis of T is self-contradictory;”
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e NC(T) for “T is not confirmed;”

e True(T)/SC for “T is true under the subsidiary conditions SC.”

It is possible that the subsidiary conditions are not explicitly provided; in
this case SC is not set to any value. If SC = §§ then the theorem T is
unwwersally true; otherwise, T is conditionally true.

The following elementary method is very efficient for confirming geomet-
ric theorems, in particular when N-characteristic sets and principal trian-
gular systems are used.

Algorithm ProverA: HC, True/SC, or NC+ ProverA(P,Q, ). Given the
algebraic form T: P =0AQ # 0 = G = 0 of a geometric theorem of
equality type, this algorithm either proves True(T)/SC, or reports HC(T)
or NC(T).

P1.

P2.

Compute a (quasi-, weak-) medial set T of P over K by CharSetN or
PriTriSys. If T is contradictory or 0 € prem(Q, T) then report HC(T)
and the algorithm terminates.

Compute R« prem(G,T). If R = 0 then let I1,..., I, be all the
distinct irreducible factors of the polynomials in ini(T) which do not
divide any D;, set

SCeTN#0A---ANL #0

and return True(T)/SC else report NC(T).

The above P1 and P2 may be replaced alternatively by the following
three steps, in which Grobner bases are used.

P1.

P2/,

P3.

Compute a Grobner basis G of PU{Dy21 — 1,..., Dyzy — 1} over K
with respect to the purely lexicographical term ordering determined
by 1 < -+ < ¥, < 21 < --- < 2z, Where z1,..., 2 are new indeter-
minates. If 1 € G then report HC(T) and the algorithm terminates.

Compute R+ rem(G,G). If R = 0 then return True(T)/® and the
algorithm terminates.

Take a quasi-basic set of G: B+ BasSet((), and compute R+ prem
(R,B). If R = 0 then let I;,...,I. be all the distinct irreducible
factors of the polynomials in ini(18) which do not divide any D;, set

SCeTN#0A---ANL #0

and return True(T)/SC else report NC(T).
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The termination of this and other algorithms in later sections is obvious,
so the proofs are given only for their correctness.

Proof. As the medial set T of P computed by CharSetN or PriTriSys is
contained in Ideal(P), P = 0 implies that T = 0. Let & € Zero(P/Q); then
there exists a z; in some extension field of K such that D;(#)z; — 1 = 0 for
1 <<t Tt follows that G(&) = 0 for any

GeGNnK[x] Cldeal(PU{Dyz —1,..., Dize — 1}),

wherefore P = 0 and Q # 0 imply that G N K[x] = 0. Thus, the theorem
T is universally true when

rem(G, G) = rem(G, G N K[x])

Il
<

By the pseudo-remainder formula, if R = 0 then
T=0Ai(T)# 0= G = 0;

this 1s also true when T is replaced by B. Note that B C G. Hence T is
conditionally true under the subsidiary conditions SC when R = 0. a

The medial set T in ProverA may also be F-modified, while the cases in
which F' = 0 for ' € IF have to be handled separately. The following two
steps, which are necessary for implementing a geometry theorem prover,
are not included in the algorithms presented in this section.

PO. This is a preprocess that translates the geometric statement of a
theorem into the algebraic form. It can be done automatically by im-
plementing a translator for some commonly used geometric relations.

Poo. This is a postprocess that interprets the algebraic subsidiary condi-
tions geometrically and determine which conditions are non-degener-
acy ones. In most cases, the interpretation can be done easily and
automatically (see, e.g., Chou 1988 and Wang 1996a). Whether a
subsidiary condition is a non-degeneracy condition may be seen from
its geometric meaning, dimension analysis, etc.

It is a key insight of Wu that most geometric theorems are true only
under subsidiary conditions. Without predetermining all such conditions
the two steps P1’ and P2’ can prove only a limited number of theorems.
Adding non-degeneracy conditions to the hypotheses is a good heuristic for
geometric theorem proving using Grobner bases. So one should figure out
such conditions in the way of formulating a geometric theorem. However, in
practice it is not realistic to predetermine all the possible non-degeneracy
conditions to make every geometric theorem rigorously stated; the inclusion
of all the conditions also makes the hypotheses tedious and leads to high
computational complexity.
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In order to deal with subsidiary conditions effectively and to speak about
genericness we may separate the variables @ into parameters and geometric
dependents. The former are free variables which can take arbitrary values,
while the latter are constrained by the geometric conditions. The sepa-
ration can be done rather easily when the geometric theorem is stated
constructively step by step. Assume that all the parameters uw are cor-
rectly identified from @®. Then any inequation in « can be considered as a
non-degeneracy condition. So in this case the medial sets, principal trian-
gular systems or Grobner bases may all be computed over K (u), i.e., only
with respect to the geometrically dependent variables. Thus the theorem
is proved to be true under some non-degeneracy conditions which are not
necessarily provided, and step P3’ may be skipped when Grobner bases are
used (see Kutzler and Stifter 1986).

Whether or not the theorem is true in a degenerate case can be deter-
mined by using the same method, regarding the degeneracy condition as
an additional hypothesis of the theorem.

Unless explicitly stated, the Grobner bases mentioned in the examples
of this chapter are always with respect to the purely lexicographical term
ordering (plex) determined by the indicated variable ordering. For the sake
of efficiency one can choose other elimination orderings instead. In some
situation, the total degree term ordering is sufficient.

Ezample 8.1.2. Refer to Example 8.1.1 and let P = {Hy,..., Hs}. With
respect to the ordering z1 < - -+ < xg, a weak-N-characteristic set of P is

Lir? —2i(23 + 22 — 22)ws + vr23(2] — 29),
Izl‘6 — 131‘31‘5 — 132l‘4 + l‘ll‘%,

C=| Isx7 —x3(ze + 1), ;
I4l‘8 — 151‘31‘5 — Igl‘;l — l‘ll‘g,

I5l‘9 — 1‘3(1‘8 — l‘l)
where
I = L =z2+412 I3= Li=x24 12 Iy =ay—
1=x123, o =x3+15, 3=x0+4+21, Ih=a3+1;, Is=20—11

are the initials of the five polynomials C1, ..., C5 in C respectively. Clearly,
prem(7;, C) is non-zero for 1 < { < 5, and so is prem(D;, C). Tt is easy to
verify that prem (G, C) = 0, so the theorem is proved to be true under the
subsidiary conditions I; # 0 for 2 < ¢ < 5. The geometric meanings of the
four conditions, interpreted automatically by GEOTHER (Wang 1996a),
are as follows:

e /3 #£ 0 <= AC is non-isotropic;
o /3 # 0 <= AC is not perpendicular to AB;

e [y # 0 <= BC(C is non-isotropic;
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o /5 # 0 <= AB is not perpendicular to BC.

One can examine whether the theorem is true in each of the degenerate
cases by taking I; = 0 as a new hypothesis. Consider the case Is = 0 for
example. Let

P*={Hy,..., Hs, I3}

Then the hypothesis consists of P* = 0 and Dy # 0. A characteristic set of
P* with the same ordering is

[ ro + 21,
2 2 2
Ty — x3xs + vy — 27,
Te + 21,
C =
L7 — Ts,

2 2 2 2
(x5 + 4a7)xs + 2w w305 — dwieg — 21235,

2 2 2 2
| (23 +4ai)eg — w505 + 2210304 — 20723

with some factors #1 and 3 removed. Since prem (G, C*) = 0, the theorem
is also true in this case under the non-degeneracy condition 3 + 42% # 0
(i.e., the line BC' is non-isotropic).

One can verify the other degenerate cases one by one in the same way.
A systematic treatment as will be presented below is to compute a zero
decomposition for [P, {x1, 3}] and see for which components the conclusion
holds. One should finally conclude that only the first and the third non-
degeneracy conditions are necessary.

A Grobner basis G of P under the same variable ordering consists of 17
polynomials, and rem(G,G) = G # 0. Now G has quasi-basic set iden-
tical to C (up to a sign for some polynomials). According to the above
verifications, the theorem is proved to be true under the non-degeneracy
conditions Iy ---Is # 0.

With respect to x5 < - < xg a Grobner basis of P is

G" =[C1/x1,C3,G3,Cy, Gs],

where
_ 9
Gs = Ly — x305 — Izza(ra + 1),

— 2
G5 = I4l‘9 — X3x5 — 151‘3(1‘4 — l‘l),

and C1,Ca, Cy, Ia, . .., Iy are as above. One can verify that rem(z 23, G*) #
0 and rem(G, G*) = 0. Tt follows that the theorem is true under some non-
degeneracy conditions. a

The above method with variation has been implemented by several re-
searchers (Chou 1988, Ko and Hussain 1985, Kusche et al. 1987, Wang
and Gao 1987, and Wu 1984). A large number of geometric theorems — in-
cluding Steiner’s theorem (generalized), Morley’s trisector theorem and the
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recently confirmed conjecture of Thébault presented in Sect. 8.4 — have
been proved by using different implementations; some interesting “new”
theorems were also discovered (see, e.g., Wu 1984, 1994; Chou 1988; Wang
1995¢ and Sect. 8.5).

8.2 Complete method

We must note that Formulation « is not fine. First of all, there was no
requirement on verifying the consistency of the hypothesis HYP before de-
termining the validity of (8.1.3). If some H;, for instance, is a non-zero
constant, then H; = 0 itself is contradictory. In this case, (8.1.3) is al-
ways a true formula. Second, no definition has been given for what we call
“appropriate” and “subsidiary conditions.” Apparently, adding D #+0 to
HYP should not exclude interesting cases of the theorem. In particular, ev-
ery D} = 0 should not be a consequence of HYP, i.e., the addition of D #+0
to HYP does not destroy the consistency. However, 1t is not easy, theoret-
ically and computationally, to completely examine the consistency of the
hypothesis and to enforce the above-mentioned requirement be fulfilled for
the found subsidiary conditions.

The purpose of finding non-degeneracy conditions in the context of geo-
metric theorem proving is to rule out some degenerate cases in which the
theorem becomes false or meaningless. This aims at proving theorems even
if their algebraic formulations are not logically complete due to the miss-
ing of such conditions. The problem of missing conditions is caused by the
imprecise nature of human beings in expressing geometric problems and
the rigorlessness of the axiom system of geometry. In practice, one may
add conditions to get rid of some degenerate cases, but it is difficult and
impossible to predetermine all such cases.

Even though non-degeneracy conditions have been taken into account,
one may still have troubles in proving geometric theorems according to For-
mulation «. The reason is: some ambiguities corresponding to the reducibil-
ity of geometric configurations may occur when geometric statements are
transformed into polynomial expressions. Let us come to the following ex-
ample.

Ezrample 8.2.1. The bisectors of the three angles of an arbitrary triangle,
three-to-three, intersect at four points.

Let the triangle be AABC, the two bisectors of LA and ZB intersect
at point D, and the bisector of ZC' meet line AB at point E. We need to
show that D lies on C'E.

To simplify calculation, and without loss of generality, we take the coor-
dinates of the points as

A(l‘l,O), B(l‘z,O), 0(0,1‘3), D(l‘4,l‘5), E(l‘6,0)
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Fig. 6
The hypothesis of the theorem consists of the following three relations
H1 = l‘3[l‘g — (l‘4 — 1‘1)2] — 2l‘11‘5(l‘4 — l‘l) = 0,
« DA 1s the bisector of ZCAB
H2 = l‘3[l‘g — (l‘4 - 1‘2)2] - 2l‘21‘5(l‘4 - l‘z) = 0,
« DB is the bisector of ZABC
Hs = x3[(x1 — 26) (23 + a26) + (29 — 26) (23 + r126)] = 0.
« FEC(C is the bisector of ZBCA

HYP:

Here, the equality of tangent of angles is used to express the equality of
angles. We add the the condition

Dy =x3#0, « (' does not lie on AB
to eliminate the trivial degenerate case. The conclusion to be proved is
CON: G =x304 + 2506 — 2306 =0. « Dlieson CFE
O

At first sight, one might not see any problem in the above formulation.
Looking over the theorem and its formulation carefully, one may be aware
of the fact that the bisectors may be internal and external; both of them are
represented by the same polynomial equations. Without using inequalities,
the two kinds of bisectors cannot be distinguished from each other. If the
bisector of one angle of AABC is external and those of the two others are
internal, then the three bisectors are certainly not concurrent. So the theo-
rem could not be proved to be generically true with the above formulation.
To deal with this situation, let us slightly modify the formulation (cf. Wu
1994, pp. 197-199).

Ezrample 8.2.2. Instead of the collinearity of D,C' and E, we may prove
that
G* = [1‘1(1‘5 - l‘3) + l‘3l‘4][l‘3(l‘5 — l‘3) — l‘21‘4]
CON™ : +xa(ws — x3) + wawal[zs(es — 23) — x124] = 0.
« DC' 1s the bisector of ZBC'A
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Then point F need not be introduced, and the third relation Hs = 0 in
Example 8.2.1 becomes redundant. Now the 4 possibilities for which the
three bisectors are not concurrent have been excluded. a

Ambiguities of this kind also appear inherently in other geometric re-
lations like trisection of angles and contact of circles and may be dealt
with using inequalities. They give rise to the reducibility of the quasi-
algebraic variety V defined by the hypothesis of the geometric theorem
when the hypothesis is expressed by using equations and inequations only
(in unordered geometry). In a natural formulation of the theorem that
does not take non-degeneracy conditions and ambiguities into account, the
conclusion-equation holds true usually only for some components of V.
Those components for which the theorem is false have to be excluded ei-
ther as degenerate cases or as the unwanted cases that have been included
due to the ambiguities indistinguishable in the algebraic formulation.

Although there are special techniques dealing with reducibility (see, e.g.,
Wu 1986¢, Wang and Gao 1987), a complete and systematic treatment of
the problem is to decompose V into irreducible components.

Formulation §. Let &, K and O be as in Formulation «, and let the
hypothesis of a theorem T in & be expressed under £ as a finite set of
polynomial equations and inequations (8.1.1), and the conclusion be ex-
pressed as one polynomial equation (8.1.2). Set P = {Hy,..., H;} and
Q={Dy,...,D}. Decide

(a) whether Zero(P/Q) = @; and if not,
(b) on which components of Zero(?/Q) G vanishes (and thus T is true).
More precisely, let ¥ be a regular series of [P, Q] and define the set of
reqular zeros of [P, Q] to be
RegZero(P/Q) £ U RegZero(%).
Tev
Then problem (b) consists in separating RegZero(IP/Q) into
Zt = {¢& € RegZero(P/Q): G(&) =0}, and
Z7 = {€& € RegZero(P/Q): G(&) #0}.
The theorem T is universally true if and only if Z= = §§ and ZT #£ 0.
If Z*¥ = @ and Z= # 0, we say that “T is generically false,” which is
denoted by False(T). Otherwise, T is conditionally true. The subsidiary

conditions SC are provided by excluding those components of Zero(P/Q)
for which T is generically false.

The following algorithm is directed to Formulation j3.

Algorithm ProverB: HC, True/SC, or False « ProverB(P, ), G). Given
the algebraic form T: P=0AQ # 0 = G = 0 of a geometric theorem
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of equality type, this algorithm either proves True(T)/SC, or determines
False(T), or reports HC(T).

P1.

P2.

P3.

P4.

P5.

Compute a characteristic series or triangular series ¥ of [P, Q] over
K by CharSer, TriSer, or TriSerS. If ¥ = ) then report HC(T) and the

algorithm terminates.

Let all the triangular systems in ¥ be [T, U4], ..., [T, U.]. Compute
R +prem(G,T;), 1<i<e,
and set

Ae{it Ri£0,1<i<e}, 2 )  Zero(Ty/Uy).

1<i<e
igA
If A = () then
report HC(T) when Z = 0,
return True(T)/# otherwise

and the algorithm terminates.

Compute an irreducible triangular series ¥; of [T;, U,] over K by De-
com, IrrCharSer, or IrrCharSerE for each i € A and set W* < | J;ca ;.
If ¥* = ) then

report HC(T) when |A| =€ or Z = 0,

return True(T )/ otherwise

and the algorithm terminates.

Let [T5, U3, ..., [Tk, UL] be all the irreducible triangular systems in
U* . Compute
R} «~prem(G,T7), 1<j<e",
and set A"« {j: R} Z£0,1<j<e"}
If A* = § then return True(T)/f and the algorithm terminates.
If [Al] = e or Z =, and |A*| = ¢* then return False(T) and the

algorithm terminates.

Set

sce— A (\/ T#o0v \/ U=0)

JEA* TET; UeU;

and return True(T)/SC.
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Proof. The triangular series ¥ and ¥* give rise to a zero decomposition

Zero(P/Q)=ZUZt U Z~

such that
ZUZY C Zero(G);
G(&) #£0, V&€ € Z~ that is regular,
where
zt= |J  Zewo(T;/U3), 2= = | Zero(T}/U3).
1<j<et jeAr
jgar

Note that T7 1s irreducible for 1 < j < e*. Thus,
Zero(P/Q)=0 < Z=0 and ¥" =0.

Suppose that Zero(P/Q) # §. Then the theorem is universally true, i.e.,
Zero(P/Q) C Zero(G), if and only if A* = @, It is generically false if
and only if |[A] = ¢ or Z = @ and |A*| = e*. Otherwise, the theorem is
conditionally true under the subsidiary conditions SC. a

Remark 8.2.1. For the sake of practical efficiency some redundant triangu-
lar systems, for example those [T, U] for which |T| > |P|, should be removed
from ¥ and ¥; in ProverB (see Lemma 6.2.9). The algorithm starts by
computing a triangular series, not an irreducible one, mainly for bypassing
unnecessary (algebraic) polynomial factorization. It may be simplified by
computing directly an irreducible triangular series of [P, Q]. The computa-
tion of triangular series in the algorithm may also be performed over K (u)
when the parameters u are correctly identified from the variables @ and
the theorem is considered only for the non-degenerate cases.

To confirm theorems, one may also employ a refutational approach that
verifies the inconsistence of the hypothesis-relations with the negation of
the conclusion-equation. In Algorithm ProverC below, an irreducible (pro-
jected) triangular series of [P, QU {G}] is computed. Assume for simplicity
that x1,..., 24 are the parameters and z441,..., %, the geometric depen-
dents, which are correctly specified. We use a bar over SC to indicate that
the subsidiary conditions have been identified as non-degeneracy condi-
tions. Thus, True(T)/SC means that “the theorem T is generically true
under the non-degeneracy conditions SC.” And, we can talk about “T is
not generically true,” which is denoted by NGT(T). It means that there
exist Zq41,...,%, in some algebraic extension field of K(az{d}) such that
(19 Z4y1, ..., %,) is a zero of [P, Q] but not a zero of G.

Algorithm ProverC: HC, True/SC, or NGT < ProverC(P, Q, G). Given the
algebraic foom T: P = 0AQ # 0 = G = 0 of a geometric theorem
of equality type, this algorithm either proves True(T)/SC, or determines
NGT(T), or reports HC(T).
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P1. Determine whether Zero(P/Q) = () in K by Algorithm TriSerP, SimSer,
RegSer, RegSer*, IrrCharSer, IrrCharSerE, or IrrTriSer. If so, then report
HC(T) and the algorithm terminates.

P2. Compute over K a triangular series ¥ of [P,Q U {G}] by TriSerP
with projection for &, ..., x4, or an irreducible triangular series ¥ of

[P, QU {G}] by lrrCharSer, IrrCharSerE, or IrrTriSer.

If ¥ = then return True(T)/f and the algorithm terminates.
Let [Ty, T4],. .., [Te, Ue] be all the triangular systems in ¥. If Tl(d) +0
()

for all 1 < ¢ < e then let D} be any polynomial in T}, set

SC « ;\D;‘;ﬁo,

i=1

and return True(T)/SC else return NGT(T).

Proof. It W = (), then Zero(P/QU {G}) = . Tt follows that
Zero(P/Q) C Zero(G),

so the theorem is universally true. If Tl(d) #+ @ for all 1 < ¢ < e, then
according to the selection of D} we have

Zero(P/QU{D],..., D G}) = 0.
This implies that
Zero(P/QUA{DT, ..., D.}) C Zero(G).

Hence, the theorem 1s conditionally true under the subsidiary conditions
SC. Otherwise, there exists an 7, 1 < ¢ < e, such that Tl(d) = (). Note that
[T;, U,] is perfect, and thus has a regular/generic zero €. Now

& € Zero(P/QU{GY),

so &€ is a zero of [P, Q] but not a zero of G. Therefore, the theorem is not
generically true. a

As an alternative, one may determine the vacancy of Zero(P/Q) and the
subsidiary conditions under which [P, QU {G'}] has no zero by computing
Grobner bases according to Theorem 6.3.3 (¢) (see also Kapur 1988 and
Winkler 1990). This is in contrast with ProverA in which the conclusion-
polynomial 1s directly reduced to 0 by using the Grobner basis of the
hypothesis-polynomial set.

Algorithm ProverD. The same specification as that of ProverA.
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P1. Compute a Grobner basis Gy of
{Hl,...,Hs,Dlzl —1,...,Dt2t— 1}

over K with respect to any admissible term and variable ordering,
where z1, ..., 7 are new indeterminates. If 1 € Gy then report HC(T)
and the algorithm terminates.

P2. Compute a Grobner basis G of Gy U{Gz— 1} over K with respect to
the purely lexicographical term ordering determined by z; < -+ <
Ty < 21 < -+ < zt < z, where z is another new indeterminate. If
1 € G then return True(T)/% and the algorithm terminates.

P3. For each D €  do:
If De K[zl¥] and D ¢ {H,,..., H,} then:
Compute a Grobner basis G* of
{Hy,...,Hs,D1z1 —1,...,Dyzy — 1, Dz — 1}

under any admissible term and variable ordering. If 1 & G*
then set SC <« D # 0, return True(T)/SC and the algorithm
terminates.

P4. Return NC(T).

A drawback of Algorithms ProverC and ProverD arises from the extra
verification of consistency in step P1. So the computations in steps P1 and
P2 should be combined through implementation.

8.3 Illustration with examples

In this subsection we use the formulations in Examples 8.2.1-8.2.2 and
Steiner’s theorem to illustrate different aspects of proving geometric theo-
rems using the algorithms described above.

Ezrample 8.3.1. See Examples 8.2.1 and 8.2.2. Determine when the follow-
ing algebraic form of the theorem 1s true

(Vl‘l,,1‘5)[H1:0/\H220/\D1#0:>G*IO]

Using ProverA

Compute a characteristic set Cof P = { Hy, Ha} with respect to the ordering
T < .- < Ts: C = [DTl‘E;Cl’DTCQ] Wlth

Cy = 4x — 8Dad — 4(x3 — w129 — D?)xd + 4D (23 — x129)2q — D?23,

Cz = 2D§l‘5 - l‘3(2l‘4 — Xy — l‘l)
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and

* *
Dlzl‘z—l‘l, D2:$4—l‘2—l‘1, DI$2—|—1‘1.

The initials of the two polynomials in C are
Il = 4DTl‘3, Iz = QDTDz

respectively. Simple computation shows that prem(G*,C) = 0. Hence, the
theorem is proved to be true under the subsidiary conditions

Dr#0, Di#0.

The first condition has evident geometric meaning: A and B do not coin-
cide, so it can be considered as a non-degeneracy condition.

To see whether the theorem is true when D3 = 0, we form an enlarged
set P* = PU{D3} of hypothesis-polynomials. Proceeding in the same way,
one should prove that the theorem is also true in this case under the non-
degeneracy condition Dj # 0.

In the above proof, the consistency of the hypothesis is not examined.
For the examination, one has to see whether

Zero(P/x3D} D3) = Zero(C/x3 D7 D3) = 0.

Using ProverB

Instead of verifying the degenerate cases one by one, we compute a charac-
teristic series of [P, {#3}] in order to determine when the theorem is true.
With the same variable ordering, the series consists of three ascending sets

Ci =[Cy,Cy),
Cy, = [D7, C3],

7.2 2 Py 2 2
Cs = [x3 — @1, D3, xaxi — 2z 2005 — 25 23],
where C1,Cy, D}, D3 are given above and
C/ _ 2 2 2
L = waws — 2wy (xq — x1)xs — w3(wg — 21)°.

As prem(G*, Cy) = 0, the theorem is true for C; . However, prem(G*, C;) #
0 for ¢ = 2,3. It is easy to verify that C; is irreducible and Cs is reducible.
Therefore, the theorem is not true for Cs, and one does not know whether
it is true for Cs without going further.

It is trivial to see the consistency of the hypothesis, i.e., Zero(P/z3) # 0,
because Zero(Cy /ini(Cy) U {z3}) # B, for instance.

If 2% — 27 € G5 is factorized as to compute an irreducible zero decompo-
sition, one can get three irreducible ascending sets, of which one is

_ 2 2 2
Car = [xg + 21, 24, ¥325 + 22705 — Ti23],
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and the two others are identical to C; and Cs. For computing the decom-
position factorization does not need to be over algebraic extension fields.
It is again easy to verify that prem(G*, Cs/) = 0.

Therefore, we can conclude that the hypothesis of the theorem is consis-
tent, the theorem is true under the non-degeneracy condition

$2—$1¢0VC§7£0,

and in the degenerate case 29 — 21 = (' = 0 the theorem is not true.

Here the disjunction of inequations is used to represent the non-degeneracy
condition. This is to keep the excluded part of Zero(P/xz3) (for which the
theorem is false) minimal. One may take D} = x5 — 21 # 0 as the non-
degeneracy condition for simplicity, but this condition also excludes, for
example, the degenerate case 1 = 3 = x4 # 0,25 = 0 in which the
theorem is true.

By Theorem 6.2.8, we have

Zero(P/x3) = Zero(PB(Cy)/x3) U Zero(PB(Cs)/x3).

Therefore, the geometric configuration — quasi-algebraic variety — defined
by the hypothesis is decomposed into two irreducible components. The
conclusion-polynomial G vanishes on one of them but not on the other.
Hence, the theorem is true only for one component — the case in which
AABC is located in a generic position. The other component for which the
theorem is false corresponds to the case when AABC degenerates.

Using ProverC

Instead of Zero(IP/x3), let us compute an (irreducible) decomposition for
Zero(IP/x3G™) under the same variable ordering: we get the ascending set
Cy given above,

Can = [wa — 21, 24 — 221, 2325 — 22iws — xias),
and two polynomials
G2 = 1‘3H(l‘4 - 2l‘1)[(l‘4 - 2l‘1)l‘5 — 1‘3(1‘4 — l‘l)],
Gan = z123H,

where H = x2 + %, such that

Zero(P/xsG*) = U Zero(C; /GY).

i=2,3"

One sees that #9—21 is contained in both of the ascending sets. If we assume
z9 # x1 and consider it as a non-degeneracy condition of the theorem, then
Zero(P /x3G*) becomes empty; i.e., Zero(P/(z2— z1)z3G*) = . Hence, the
theorem is proved to be true under the given non-degeneracy condition
z3 # 0 and the found non-degeneracy condition z3 — 21 # 0. a
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Ezrample 8.3.2. Refer to Example 8.2.1. We want to show that
(Vl‘l,...,l‘6)[H1 =0AHy IO/\H3:0/\1‘37£0:>GIO].

For this purpose, let P = {H,, Hs, H3}.
Using ProverB

With respect to #; < -+ < x5, a characteristic set of P (with two factors
23 and x5 — 21 removed during the computation) is C = [C', Cs, C3], where

C3=Hs= Dmé + 2(1‘% — X1%2)Te — Dm%

and Cy,Cy, D are as in Example 8.3.1. Now prem(G, C) # 0, so one cannot
tell if the theorem is true or not. It is then necessary to determine whether
C is irreducible or not. By the methods explained in Sect. 9.4, one may find
that over the extension field Q(x1, ..., #4) — where 21, 2, 23 are adjoined
to Q as transcendental elements and x4 an algebraic element with C as
minimal polynomial — C'5 1s reducible and factors as

(Dxg + 222 — 2Dx4) (D — 222 4+ 2Dzy + 222 — 221 25)

Cs = 5

(8.3.1)

In fact, decomposing [P, {#3}] results in 7 irreducible triangular sets Ty, .. .,
T7 as given in Example 4.2.4. One may verify that prem(G,T;) = 0 for
¢t =1,3,5, but not for the others.

Moreover, from the obtained triangular sets one can compute an irre-
ducible decomposition of the quasi-algebraic variety defined by [P, {z3}],
into 4 irreducible components. This decomposition actually corresponds to
(4.2.8) with T3, T4, Ts removed. It follows that the theorem is true only for
the component that corresponds to T;. The component corresponding to
T, represents the cases such as two bisectors are internal whereas the third
is external, which are not degenerate cases at all. The remaining two com-
ponents for which the theorem is false can be interpreted as corresponding
to some degenerate cases.

If we specify x1, a2, 3 as parameters (as to ensure AABC to be generic)
and x4, 25, ¢ as geometric dependents and consider any inequations in
z1, g, ¢3 as non-degeneracy conditions of the theorem, then an irreducible
decomposition may be computed over the functional field Q(zy, 22, 3).
The inequations can be collected as to give the exact non-degeneracy con-
ditions during the computation if desirable. In this case, the irreducible
characteristic series contains only the two triangular sets T and Ts; now
prem(G, T1) = 0 and prem(G, T3) # 0. Hence, the theorem is generically
true for one component and false for the other, and thus is conditionally
true.

Using ProverC
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Now compute an irreducible characteristic series for [P, {zs, G}], yielding
one irreducible ascending set, that is Ts in Example 4.2.4, with a polyno-
mial

G2 = Dl‘gD;G

such that
Zero(P/z3G) = Zero(T2/G2) # 0.

Without further consideration and analysis, it is hardly possible to figure
out from this ascending set whether the theorem 1s true or false. Similarly,
if one computes an irreducible triangular series for P U {#3Gz — 1} (with
respect to x4 < x5 < g < z), then the series contains only one triangular
set that is To U [T4] with

Ty = l‘3[2l‘i —2Da4 — x% + zy22)z — D}
such that
Zero(PU{Gz — 1}) = Zero(Ty U [T4]/ini(To U [T4])).

From this decomposition one cannot conclude the conditional truth of the
theorem either. This is why ProverC is considered incomplete. There is some
possibility for determining the conditional truth of the theorem via a de-
tailed analysis of the computed ascending set, for example, by interpreting
its polynomials geometrically. In general this type of analysis is difficult.
O

Algebraic factorization may be avoided for Example 8.3.2 when reflection
of points is used instead of bisection of angles to formulate the theorem.
See Wu (1994, pp. 199-201) for details.

The examples above and in Sect. 8.4 should illustrate the following point:
For a given geometric theorem there are numerous ways to state it and to
formulate it algebraically. The proof methods work in principle no matter
how the theorem is formulated, but different formulations may produce
very different proofs and thus have remarkable effect in practice. Appro-
priate algebraic formulations may considerably reduce the computational
complexity, may yield a simple proof of the theorem that appears beyond
the applicability of a method, and may bypass some time-consuming steps
in the algebraic algorithm.

Ezample 8.3.3. (Steiner’s theorem; Wang 1994, 1995¢). Let ABC', BC'A’
and C'AB' be three equilateral triangles drawn all inward or all outward
on the three sides of an arbitrary triangle ABC. Then the three lines AA’,
BB’ and C'C" are concurrent (see Fig. 7).

Without loss of generality, let the points be located as

A(an)a B(lao)a C(ulaUZ)a C/(ylayZ)a A/(y3ay4)a B/(y5ay6)~
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A

Fig. 7

Then the theorem can be transformed into the following algebraic form

Hy=2y —1=0, « |AC'| = |BC'|
Hy=yi+y3 —1=0, « |AC"| = |AB]|
Hs = y3 +yi —ui —uj =0, « |AB'| = |AC]
ayp. J Ha= ¥ Hui— (s —w)’ = (g —w)’ =0, « [AB|=|CB|
Hs=(ys = 1)’ + 95 — (w1 = 1) —u3 =0, « |BA'|=|BC]

He=(ys — 1) + y3 — (y5 — w1)?
—(y6 - U2)2 =0,
Dy =wus £ 0, « (C'isnot on AB

— |BA| = |CA

G* = (119Ya — W1Ya — U1Y2y3 + Uay1 Y3 + U1Y2 — U2yt )Ys
CON: +H(ury2 — y2 — uzy1 + uz)yays = 0.
« AA’, BB’ and C'C’ are concurrent

Here the square of distance is used instead of distance to avoid radicals and
the case in which AABC degenerates into a line is eliminated by D; # 0.
The variables w1, us are regarded as parameters which are arbitrary, and
Y1, - - -, Ys are geometric dependents constrained by the algebraic conditions
H;,=0for 1 <i<6.
Set
P={Hi,...,He}, Q={uz}, Q"= {us,G"}

and order the variables as u; < us < y1 < -+ < yg. Using ProverB, we
compute an irreducible decomposition for Zero(PP/Q) over Q. The output
W of IrrTriSer consists of 9 triangular systems [T;, U;], so we have

Zero(IP /uq) = U Zero(T;/us), (8.3.2)

i=1
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where
Ty = [T, T, T3, T4, Ts, T5],
Ty = [T, T%, T4, Ty, Tk, T5],
Ts=[T1, T, T4, Ta, Ty, T5],
Ty = [T, T, T5,Ta, T, T5],
Ts = [u3 + ui, 71, T, Ty, T5, Ts),
Te = [u2+u1,T1,T2,T4,T5,T6]
Tr=[ui+uf —2u; + 1,71, Ts, T, Ty, T,
Ts— w2 +u? — 2uy + 1,7y, To, T4, Ty, T4),
= [2u; — 1,4u2 + 1,1y, T, T4, Tg],
Ty =291 — 1,
Ty = 4y§ — 3,

T5 = 2y3 — 2usys — u,

T4 = 2ys + 2uays — uy,

Ty = 2usys + 2urys — uj — ui,

T5 = 2y5 + 2usys — ug — 1,

T = 2ys — 2uoys —uy — 1,

Ts = 2usys + 2u1ys — 2ys — ui — uf + 1.
Hence the hypotheses of the theorem are consistent. To see for which com-
ponents the theorem is true, we compute prem(G, T;) for 1 < i < 9. From
this, one may find that the theorem is true only for Ty and false for all the

other components. Therefore, the theorem is conditionally true with the
subsidiary condition given as

9

AN T#0vu,=0).

i=2 TeT,;

When the theorem is considered for Ty, we have T} = --- = Tg = 0 and
us # 0. Hence, the above subsidiary condition can be simplified to

TEAOANTE £ 0AuE+ul £0Aud 4 (ug — 1)? £0.
If the variables u; and wus are specified as parameters, then
us+ul £EO0AuE+ (ug —1)? #0

is clearly a (minimal) non-degeneracy condition for the theorem, as it is
composed of polynomial inequations in u; and us only. Under this non-
degeneracy condition the components Ts, ..., Tg are all excluded. There-
fore, the decomposition, if computed over Q(u1, uz), should become

Zero(P /ug) = Zero(P) = U Zero(T
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This can be confirmed by computing the decomposition directly. From ei-
ther of the two decompositions together with the pseudo-remainder verifi-
cation, we can conclude that the theorem is not generically true.

The geometric meanings of the two inequations for the non-degeneracy
condition are easy to explain: AC' and BC' are both non-1sotropic. However,
neither T4 = 0 nor T} = 0 corresponds to a degenerate case of the theorem,
so the subsidiary condition T4 # 0 AT¢ # 0 cannot be considered as a non-
degeneracy condition. It turns out to be non-trivial to explain the geometric
meaning of this condition merely from the two polynomials.

Note that 74, 7% are taken from the (non-degenerate) triangular sets as
to exclude three components in the irreducible decomposition. Since for
any given values of uy and wus, the values of y1, ..., ys for each component
can be determined from the corresponding triangular set, the geometric
meaning of each component can be observed by some geometric means
such as drawing a figure. This would help us understand the ambiguity
of drawing triangles on a segment. It is not difficult to figure out that
T4 = 0 if and only if one of AABC” and ACAB’ is drawn inward and the
other outward, and T = 0 if and only if one of AABC" and ABCA’ is
drawn inward and the other outward. The theorem 1s true if and only if
ANABC', ANCAB" and ABCA’ are drawn all inward or all outward.

Using ProverC, we compute an irreducible decomposition for Zero(P/Q¥)
over Q and obtain 8 triangular sets, which are Ty, ... Ty as given above.
If the decomposition is computed over Q(uy, us), one gets the 3 triangular
sets T'g, Ts, T4. From either of the two decompositions, one can reach the
same conclusion that the theorem is not generically true. a

The formulation of Steiner’s theorem in the above example using square
of distance is straightforward, where we have encountered the reducibility
problem because on which side of a line an equilateral triangle is drawn
cannot be easily distinguished. Using vector rotation in which orientation
is taken into account, we can give a simple formulation of Steiner’s theorem
in a generalized form as shown below. With this formulation, the machine
proof becomes quite trivial.

Ezample 8.3.4. (Steiner’s theorem generalized). Let ABC’, BC' A’ and CAB’
be three similar isosceles triangles drawn all inward or all outward on the
three sides of an arbitrary triangle ABC'. Then the three lines AA’, BB’
and C'C" are concurrent.

As AABC', ABC A’ and ACAB’ are similar, their altitudes are propor-
tional to the lengths of the corresponding bases |AB|, |BC| and |C'A|. Let
the ratio be a and the six points be located as

A(an)a B(xlao)a C(xZaxE})a A/(l‘4,l‘5), B/(l‘6,l‘7), Cl(£8a£9)~

To avoid the problem of reducibility, we consider the point A’ as the end
of the vector starting from the midpoint of B and C' with length equal to



8.4 More examples 245

—
a|BC| and the same direction as the vector obtained by rotating BC' 90°
anticlockwise. Similarly, the points B’ and C’ are so constructed. Then the
hypothesis of the theorem may be expressed as

Hy =224 — (21 + 22) + 2023 =0,
Hy =225 — 23+ 20(2y — 2) =0,
Hs =226 — 29 — 2023 =0,

Hy =227 — 234+ 2022 =0,

Hy =22 — 21 =0,

H6Il‘9—0zl‘1:0.

Fig. 8

The polynomial set T = [Hy, ..., Hg] is already a triangular set and a plex
Grobner basis with respect to ws < a < ¥4 < --- < xg. The conclusion of
the theorem 1is

G = [(r2 — z1)waw7 — aws5(x6 — x1)]wo + [(w125 — x324)27

+ases(we — x1)]es — @1 (vows — wawg)w7 = 0.

It is easy to verify that prem(G, T) = rem(G, T) = 0, and 1 is contained in
the reduced Grobner basis of TU{Gz — 1}. So the theorem is proved to be
true universally. a

8.4 More examples

To show the power of the algorithms described in Sects. 8.1 and 8.2, we
present a few more geometric theorems and their machine proofs. These
theorems are well-known and are proved automatically in the matter of sec-
onds. For some of them, polynomial factorization over algebraic extension

fields 1s used.
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Let us first recall one of the most surprising and beautiful theorems in
elementary geometry that was discovered around 1899 by F. Morley. The
first automated proof of Morley’s theorem in the generalized form stated
below is attributed to Wu (1984), who worked out a tricky and elegant
algebraic formulation. Since then, several simplified machine proofs of the
theorem have been given by other researchers (Chou 1988 and Wang 1995c¢).

Ezample 8.4.1. (Morley’s theorem; Chou 1988, Wang 1995c¢, and Wu 1984).
The neighboring trisectors of the three angles of an arbitrary triangle in-
tersect to form 27 triangles in all, of which 18 are equilateral.

Fig. 9
Following Wu (1984), the hypothesis of the theorem consists of

ZABC = 3/PBC, LACB = 3/PCB, tan’ = 3,
ZABR = /PBC, ZACQ = /PCB, /BAR = ZQAC,
LCBP+ ZPCB+ ZBAR = 0 mod 2,

and the conclusion to be proved is
T
ZQPR=/ZRQP = 3
Let #g = tan @ and take the coordinates of the points as
A(za, x5), B(z1,0), C(z2,0), P(0,23), Q(z10,29), R(xs,27).

Then, by taking tangent for the equalities of angles both the hypothesis
and the conclusion of Morley’s theorem can be expressed as polynomial
equations with index triples

[6 s 1], [6 s 1], [2 e 2], [9 s 1], [9,1‘10 1], [41 10 1], [40 s 1]

and

[9 L10 l]a [10 T10 1]

with respect to the variable ordering ;1 < --- < #19. The theorem can
be easily proved by ProverA. For example, a plex Grobner basis of the



8.4 More examples 247

hypothesis-polynomial set under x4 < --- < x1¢ consists of 7 polynomials
with index triples

[T 24 1], [9 @5 1], [2 w6 2], [10 @7 1], [13 xs 1], [10 2o 1], [13 210 1].

The remainders of the conclusion-polynomials with respect to this Grobner
basis are 0. Therefore, the theorem is proved to be true under some possible
non-degeneracy conditions which are not explicitly provided.
Without using Wu’s trick, let us consider a natural formulation of the
theorem, where the hypothesis consists of
LABC =34PBC, ZACB=34PCB, ZCAB=3/RAB,
ZABR=/PBC, JACQ=/LPCB, ZBAR=/ZQAC

and the conclusion to be proved is
|PQ[=|PR|, |PQ|=|QR|
Let the coordinates of the points be chosen as

A(yZayl)a B(ulao)a C(“Zao)a P(Oal)a Q(y6ay5)a R(@/4a3/3)~

The hypothesis and the conclusion can both be expressed as polynomial
equations with index triples

o hypothesis: [6 y 1], [6 y2 1], [191 ya 3], [9 ya 1], [9, s 1], [41 ys 1];
e conclusion: [6 ys 2], [6 ys 2]

with respect to the variable ordering y1 < - -+ < ys. The set H of hypothesis-
polynomials can be decomposed over Q(uy, u2) into two irreducible trian-

gular sets
T = [T, T3, T3, Ty, 15, Tg],

T = [T1, T2, T3, T4, Ts, T3],
where
Ty =TIy —ap,
Ty = B(yz — ua) + ua(uj — 3)y1,
T3 = Iy — 4uy(u1f + 4us)ys + 4uip,
Ty = 2uyys + (uf — 1)ys — 2u?,
Ty = {[oud + uif + (Turuz + 3) (w2 + wi)]ys — 21 (ui + 1)} ys
—20us(ui 4+ 1)ys,
Ts = (y2 + uzyr — u2)(ys — u2) — (u2y> — y1 — u3)ys,
T3 = Tys + 2u1(uz — u1)f;

I:au§+8u1u2—u%—|—3,
a=3ui-1, B=3ul-1.
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In computing the zero decomposition, no algebraic factorization is needed.
The pseudo-remainders of the conclusion-polynomials are both 0 with re-
spect to T, but not 0 with respect to T*. Therefore, under some non-
degeneracy conditions the algebraic form of the theorem is true for one
component and false for the other.

In the tricky formulation of Wu, the constraint

/CBP + /Z/PCB+ ZBAR =6 mod 27

with tan? # = 3 is imposed. After the addition of this to H the component
T* is then excluded, so that only T remains. Therefore, we may arrive at
the same conclusion as Wu without using his trick in the formulation.

Note that T3 is of degree 2 and T35 of degree 1 in ys. This can be ex-
plained roughly as follows. After the trisectors are fixed for two angles of
the triangle, the trisectors for the third angle would have three possibilities
in forming the triangle PQR. T3 corresponds to two of these possibilities for
which APQR is equilateral, and T4 corresponds to the third possibility for
which APQR is not equilateral in general. To see the former more clearly,
let us introduce a new variable yp and add Ty = yg — 3 to H. Then T3
can be factorized, over Q(uy, us, yo) with yo having adjoining polynomial
Ty, as (9.4.7) so {Ty} UT can be further decomposed into two irreducible
triangular sets

T/ = [TO,Tl,TQ,Té,T4,T5,T6],
T// = [TO,Tl,TQ,Té/,T4,T5,T6].

We may prove, instead of |PQ| = |PR| and |PQ| = |QR)|, the conclusions
tan? ZQPR = 3 and tan? ZPQR = 3 which can be written as

(tan ZQPR + yo)(tan ZQPR — yy) = 0,
(tan ZPQR + yo)(tan ZPQR — yp) = 0.

It is easy to verify that tan ZQPR 4+ yp = 0 and tan ZPQR — yo = 0 are
true for T’, and so are tan ZQPR —1yo = 0 and tan ZPQR+ yo = 0 for T”.
That is, for both of the components that correspond to the two possibilities
of T3 in forming APQ R the theorem is true.

By means of polynomial factorization, H can also be decomposed over
Q(u1, uz) into two plex Grobner bases Gy and G such that

Zero(H) = Zero(Gy) U Zero(Gg),

where
TlanaT3aT4a
G1 = | wicys + ausys — 2uqua(us + ur), |,

2uycys — adys + 2uy(urd — 2usz)
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Th,G2, T35,

Ty, — 3bu§’ — 2uic — 7u%u2 — s,

Tys — 200us (ug — uy),

Tys — 3u:1)’d — 7u1u§ — 2aug — uq

Gy = Tys — Buqua(us + ui);

a=ui+1, b=ul-1, e=ui+1, d=ui-1.

It may be easily verified that the remainders of the two conclusion-polynomials
are both 0 with respect to (o2, but not 0 with respect to G;. Therefore, un-
der some non-degeneracy conditions the theorem is true for one component

and false for the other. This reflects the fact that among the 27 triangles
18 are equilateral and not so are the other 9. a

Ezample 8.4.2. (Thébault-Taylor’s theorem; Chou 1988, Wang 1995¢, Wu
1986¢, Yang, Zhang and Hou 1993). Given a triangle ABC' and a point D
on the side BC, let C; be any Thébault circle with center 7" tangent to
the circumscribed circle Cy of the triangle and the lines AD and BC'. Then
among the inscribed and escribed circles of ABC' there is just one ¢ with
center [ such that T'T passes through the center of another Thébault circle
Cjs tangent to Cy and AD, BC'.

We use the algebraic formulation given in Yang, Zhang and Hou (1993), in
which the hypothesis set H consists of 7 polynomials with index triples

[11 21 2], [35222), [3p252], [32al], [Bs1], [12261], [13z71]

and the conclusion consists of a single polynomial G with index triple
[11 @7 1] in the variables u; < us < uz < @1 < -+ < x7. H can be de-

composed over Q(u1, us, ug) into four irreducible triangular sets Ty, ..., Ty
with
T1 =[T,Ts,T5,Ts,...,T7],
=[N,T45, 15, Ty, ..., T7],
[T TZa TE/S’ T4a B T7]a
T4 - [Tla TZa T3a T4a ceey T7]a
Ty = 4uduie? — (2uiug — v + 2uiud) (2uiuiug + uiy — 2ul),

Ts = 2ugadrs + 2ugusa(xy + us) + 6,

T5 = 2ugadrs — 2uiusa(xy — us) + 6,

Ty = uiusxq — ab,

Ts = upusxs — cd,

Ts = 2uius (s + x4) — Bles — uiy(ws + x4) + F(ul + 1),

Tr = abedrr + [2uiudes + cd(uiui + 1)]ae — ujyrs + us — ui,
T4 = 2usbcxrs — 2uyusa(ry + ug) + 9,

T4 = 2usbexs + 2uyusa(ry — ug) + J;
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a=wuiuz +1, b=wus—1, c=uy +us, d=1uy —us,
a=ui—1, B=ul—1, y=ul+1, §=(ul+1)a>
The pseudo-remainder of GG is 0 with respect to Ty, but not 0 with respect
to Ts, Tg and T4. Hence, the algebraic form of the theorem is true for one
component and false for all the others. The largest polynomial occurring
in the reduction of the proof contains 168 terms. More than half of the

computing time was spent for the two algebraic factorizations (9.4.8) and
(9.4.9) given in Sect. 9.4. O

Ezample 8.4.3. (Steiner-Lehmus’ theorem; Wu and Lii 1985). Any triangle
ABC whose two internal bisectors |AA’| and | BB’| are equal is an isosceles
triangle.

Without loss of generality, let the coordinates of the points be located as
A(—l, 0), B(l, 0), C(l‘l, l‘z), A/(l‘g, l‘4), B/(l‘g,, l‘6).
Then the hypothesis of the theorem consists of

H1 = l‘zl‘i + 2(l‘1 + 1)(l‘3 + 1)1‘4
—l‘z(l‘g + 1)2 = 0,
H2 = l‘zl‘g + 2(l‘1 — 1)(l‘5 — 1)1‘6

LOAA = LA'AB

T

ZABB' = ZB'BC

—xo(rs — 1)% =0, “«
Hs = (214 Dag — xa(zs + 1) =0, « B'ison AC
Hy= (21— Doy —xa(zz—1) =0, « A'ison BC
Hs =22+ (z5—1)? =25 — (23+ 1) =0. « |AA'|=|BB|

The problem is to decide when G = z; = 0, i.e., |AC| = |BC|. With
the ordering #; < -+ < ag, {Hi,..., Hs} can be decomposed over Q by
IrrCharSer into 15 irreducible ascending sets and by IrrTriSer into 21 irre-
ducible triangular sets. There are 6 ascending sets in which 2 is contained.
These ascending sets correspond to the degenerate case in which A, B, ('
are collinear. Among the remaining 9 ascending sets, four contain z; as
their first polynomials, so the algebraic form of the theorem is true for
these components and false for the others.

For the zero decomposition, several algebraic factorizations have to be
computed. Two of them are given as (9.4.10) and (9.4.11) in Sect. 9.4. O

The above examples demonstrate the significance of algebraic factoriza-
tion in geometric theorem proving, for which polynomials needed to be
factorized as well as the adjoining polynomials are usually quadratic. The
degree is low mainly because the geometric theorems considered so far only
involve figures like triangles and circles whose algebraic character is no more
than quadratic and the algebraic formulations are often made carefully and
simple to avoid polynomials of high degree. If one does not take good care
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of algebraic formulation or geometric figures with algebraic character of
high order are considered, polynomials may have to be factorized over al-
gebraic extension fields with adjoining polynomials of degree greater than
2. This can be seen from the factorization (8.3.1) and the example given
below.

Example 8.4.4. (Feuerbach’s theorem; Wu 1994). The nine-point circle of
any triangle is tangent to the inscribed and escribed circles of the triangle.

Referring to the algebraic formulation given in Wu (1994, pp. 201-205),
one can easily verify that the conclusion polynomial GG there can be factor-
1zed over QQ and the set of hypothesis-polynomials can be decomposed over
Q(x1, 22, 23) (with no need of algebraic factorization) into four irreducible
ascending sets. With respect to each ascending set, there is one and only one
of the pseudo-remainders of the four factors of GG that is identically equal to
0. This phenomenon can be easily explained from a geometric point of view.
We have tried a more natural algebraic formulation different from Wu’s. In
our case, the set of hypothesis-polynomials can be decomposed into four
irreducible ascending sets, too, over the corresponding rational function
field and a similar phenomenon appears. However, with our formulation
algebraic factorizations have to be performed for the irreducible zero de-
composition. Two of the factorizations are given as (9.4.3) and (9.4.4) in
Sect. 9.4. a

8.5 Discovering geometric theorems

In the case of theorem proving, there is a known conclusion whose truth
one wishes to confirm. Now consider another situation where we want to
derive some possible conclusion or relation we do not know. We discuss two
example applications of elimination methods to deal with the situation.

We want to derive automatically algebraic unknown relations among
some geometric entities, where an adequate description of the geometric
hypotheses among the geometric entities 1s given. The idea is first to al-
gebraize the geometric hypotheses as a set of polynomial equations and
equations, then to compute a triangular set, triangular series or Grobner
basis of the corresponding polynomial set using an appropriate variable
ordering and finally to get the desired relations from the triangularized
sets. A typical example is the automated derivation of Qin-Heron formula
(representing the area of a triangle in terms of its three sides).

The problem of deriving unknown algebraic relations and its solution
may be formulated in the form of the following algorithm.

Algorithm Discover: HC, NO, or R <+ Discover(P, Q). Given a set HYP of
geometric hypotheses expressed as a system of polynomial equations and
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inequations

P={P(u,@),...,Ps(u,)} =0,
Q = {Ql(u’w)’ .- 'aQt(uaw)} 3& 0

in two sets of geometric entities w = (u1,...,uq) and ® = (21, ..., 2,) with
coefficients in K and given a fixed integer k, without loss of generality,
say k = 1, this algorithm either reports HC(HYP), or determines whether
there exists a polynomial relation R(u,z1) = 0 between w and x; such
that Zero(P/Q) C Zero(R), and if so, finds such a R(u, z1); otherwise, the
algorithm reports No.

D1. Compute over K a (quasi-, weak-) medial set T of P by CharSetN
or PriTriSys, or a Grébner basis T of PU {Q121 — 1,...,Qz — 1}
with respect to the purely lexicographical ordering under u; < -+ <
Ug < X1 < -+ < ¥y < 21 < - < z, where z1,...,2; are new
indeterminates. If TN K # @ or 0 € prem(Q, T) then return HC(HYP)
and the algorithm terminates.

D2. Set T« TN (K[u, 2]\ K[u]). If T is a Grébner basis computed
in D1 then go to D4. If there exists a polynomial R(w,z;) € TV
and T N K[u] is empty or irreducible as a triangular set, then return
R(w,z1) and the algorithm terminates.

D3. Compute an irreducible triangular series ¥ = {Ty,..., T} of [P, Q]
over K. If ¥ = {J then return HC(HYP) and the algorithm terminates.
Set

T T (K w, 2]\ K[u]), 1<i<e.

K3

If for every 1 < i < e there exists a polynomial R;(u,z) € T§1> then
return

R(u, 1)« [] Ri(u,21)

i=1

else return NO. The algorithm terminates.

D4. If T # @ then return the polynomial R(u,z1) € T that has
minimal degree in x; else return NO.

Proof. The equality R(w,z1) = 0, if computed, is clearly a polynomial
relation between u and x;. Since T is a medial set computed by CharSetN
or PriTriSys from P or a Grobner basis of P* = PU{Q121 — 1, ..., Q¢ze — 1},
T C Ideal(P*). Tt follows that Zero(P/Q) C Zero(R).

If there exists an i, 1 <7 < ¢, such that Til = (J, then z; is a parameter
of T;. In this case, the scope of z; in Zero(IP/Q) for a fixed w = u covers
any extension field of K. Hence, there is no algebraic relation between u
and 1 in general. It is so when T is a Grébner basis of P and T = §. O
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In the case of using Grobner bases, the consistency of HYP is not com-
pletely examined in Discover; it is when @ = @ or Ideal(Q) is radical. The
following postprocess may be incorporated into the algorithm.

Doo. When NO is returned, analyze the computed irreducible triangular
series or Grobner basis, and try to get possible relations by providing
appropriate subsidiary conditions of the form 1; # 0 and adding the
D; to Q to exclude some components.

The triangular sets/series and the Grobner bases may also be computed
over Q(u) when the variables u are specified to be independent parameters.
Then, any case in which u are constrained by a polynomial equation is con-
sidered as a degenerate case. The algorithm either detects the dependency
of u or derives a relation that holds generically; it does not necessarily hold
in the degenerate cases.

Ezample 8.5.1. (Qin-Heron’s formula; Wu 1986b, Chou and Gao 1990a,
Wang 1995b). Determine the area A of an arbitrary triangle ABC' in terms
of 1ts three sides a, b, c.

C

Fig. 10

Let the vertices of the triangle be located as A(x1,0), B(0,0), C(z2, x3).
Then the geometric hypotheses may be expressed as the following polyno-
mial equations

lel‘%—czzo, «—c:|AB|
szxg—i—x%—azzo, « a = |BC|
HYP:
Hs = (o —z1)* + 25— 02 =0, — b=]AC|
Hy = x3e] —4A% = 0. « A= 1AB| |AD|

Let P = {Hy,...,Hs} and the variables be ordered as a < b < ¢ < A <
x1 < &2 < x3. It is easy to compute a principal triangular system [T, U] of
P:
T= [Ra HlaTa Hz], U= {xl}a
where
R =16A% +¢* — 2b%c? — 2a%c? + b* — 2a%b? + a*,

T =2x129 — c® + 0% — a2
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Actually, T 1s a weak-characteristic set of P. A Grobner basis of P is
G =[R, Hy,2¢%5 — (62 -4 az)xl,T, Hs).

In either case R = 0 gives the algebraic relation we wanted to derive. Let
p=(a+b+c)/2; we have

A? =p(p—a)(p—b)(p - ¢).
This is the well-known Qin-Heron formula (Wu 1986b). a

Ezample 8.5.2. (Brahmagupta’s formula; Chou and Gao 1990a, Wang 1995b).
Let ABC'D be a cyclic quadrilateral. Determine the signed area of the ori-
ented quadrilateral ABC'D in terms of its four sides.

Fig. 11
Let the coordinates of the points be chosen as
A(0,0), B(a,0), C(z1,22), D(xs,xs),
and
b=|BC|, ¢=|CD|, d=|DA]|.
Denote the sum of the signed areas of AABC and AACD by ©. Then the
conditions relating these geometric entities can be expressed as
Hy =23+ 2% — 2ax; —b? +a* = 0,
Hy :xi—2x2x4—|—x§—2x1x3+x%+x%—62 =0,
Hsy=2%+22—-d> =0,
Hy = azsx3 — a(23 + 23 — axy)zs + avqzl — a’zozs = 0,
H5 = X1Xa — T2T3 + axs — 20 = 0.
We wish to find a relation among a,...,d and ©. To this end, set P =
{H4, ..., Hs} and compute a quasi-N-characteristic set C of P with respect

to the ordering a < -+ <d < 0O < z; < -+ < z4: C may be found to
contain five polynomials with the following index triples

[46@4], [35 X1 1], [6 o 1], [10 3 1], [4 X4 1],
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with three factors a,z; and F = d? 4+ ¢ — b? — a? removed during the
computation. Thus, we have the following zero relation

Zero(P/ax 1 F) C Zero(C).

It may be verified with ease that az;F = 0 corresponds to some degener-
ate cases of the geometric problem. The first polynomial R in C may be
factorized as

R = (Ro + 8abed) (Ry — 8abed),

where
Ry = 1607 + d* — 2(62 +07 4 az)d2 4+t — 2(1)2 + a2)62 + (b2 — az)z.

Therefore, we get the algebraic relation R = 0 under some non-degeneracy
conditions. In fact, by computing a characteristic series we have verified
that R = 0 holds in all the degenerate cases; namely, the relation follows
from the geometric hypotheses universally.

A Grobner basis of P under © < xy < --- < x4 may be found to consist
of five polynomials with index triples

[46 © 4], [26 xy 1], [13 22 1], [26 25 1], [13 4 1].

The first polynomial in the basis is identical to the above R. Hence, the
same relation R = 0 is derived without much difficulty. That R = 0 holds
universally may be verified, for instance, by computing a Grobner basis of
HU {Rz — 1} over Q with respect to the total degree term ordering; 1 is
contained in the basis.
Set p = (a+ b+ c+d)/2; R = 0 leads to either of the following two
equalities
0% = (p—a)(p—b)(p— ¢)(p - d),
O?=plp—a—-b)(p—a—c)(p—a—d).

The first, which is the known Brahmagupta’s formula, gives the real result
when the number ¢ of positive variables among a, . . ., d 1s even; and so does
the second when ¢ is odd (see Chou and Gao 1990a). a

Ezrample 8.5.3. Consider the geometric problem in Example 8.5.2. The the-
orem can be “discovered” in a different way as follows. Motivated by the
Qin-Heron formula, we may conjecture that the Brahmagupta formula
holds for an arbitrary oriented quadrilateral ABC'D. In other words, we
wish to show that

(Va,b,e,d, @y, ..., 24,0)[H1 =0ANHy; =0ANHs=0AH5 =0
=— Ry + 8abed = 0],

where the polynomials are as in Example 8.5.2. The conjecture is clearly
true when two of the points A, B, (', D coincide. If it is true not for arbitrary
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A, B,C, D, there should exist some relation which keeps the four points
constrained. So we order one of the variables a, z1, ..., 24 at the beginning
of the increasing queue, e.g.,

24 <O <b<c=<d.
With respect to this variable ordering, a plex Grobner basis G of
{Hla Hza H3; H5, RO + SCled}

may be easily computed. One finds that G contains the polynomial (H4/a)?.
In consequence,

H1:0, HQIO, H3:0, H5IO, R0—|—8abcd:0

imply that Hs = 0. Hence, the conjecture holds only if Hy = 0, 1.e.,
A, B,C, D are concyclic. One may verify that the conjecture becomes true
indeed when Hy = 0 is added to the hypothesis. In this way, the theorem
about Brahmagupta’s formula is rediscovered. a

Ezxample 8.5.4. (Poncelet’s theorem). Let R be the radius of the circum-
scribed circle and 7 the radius of the inscribed circle of an arbitrary triangle,
and let d be the distance between the centers of the two circles. Determine
the relation among R, r and d.

Fig. 12

Let ABC be an arbitrary triangle, D and H be the incenter and circum-
center of AABC and the coordinates be assigned as

A(x1,0), B(x2,0), D(0,z3), C(xq,25), H(xes,x7).
Now the geometric hypotheses are:

e (' lies on the reflection line of AB with respect to AD

< Hy = (x2— xl)[(xg — l‘%)l‘g, — 2reg(wg —21)] =0
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C lies on the reflection line of BA with respect to BD
= Hy = (25— 21)[(x3 — x3)as — 2waw3(2q — 22)] = 0;

H 1s the circumcenter of AABC

H4 = (l‘z — 1‘1)(21‘6 — Iy — l‘l) = 0,
Hz = 2x527 + 2w426 — 20926 — T2 — 23 + 22 = 0;

7 is the radius of the inscribed circle of AABC = Hs = r2—2% = 0;

o R is the radius of the circumcircle of AABC
:>H6:R2—x$—(x6—x1)2:0;

e d=|DH| = H7y=d*> — (z7 — 23)? — 22 = 0.
Assume that AABC does not degenerate into a line, so that
(zg — x1)5 #£ 0.
Computing a plex Grobner basis G of
{Hy,...,H7,(xa —x1)z1 — 1,522 — 1}

with respect to d < w9 < -+ < @7 < z; < 29, one finds that there is one
polynomial GG in G which involves d, R, r only:

G =d*—2d*°R*+ R* — 4R%** = (d* — R* 4+ 2Rr)(d* — R* — 2Rr).

Hence, the geometric hypotheses imply that G = 0. In the above derivation,
we have not used the implicit assumption that R > 0 and r > 0. Moreover,
it is obvious that R > d because the inscribed circle is contained in the
circumcircle of AABC'. Therefore, we have

R? — 2Rr = d°.

This is the great Poncelet theorem; it has been rediscovered automatically
by using Discover. a

The results in the above two examples can also be derived easily by
computing triangular sets/systems instead of Grobner bases.
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9
Other applications

9.1 Implicitization of parametric objects

Geometric objects like curves and surfaces may be represented algebraically
by implicit equations or parametric equations. The advantage of each rep-
resentation depends upon the type of problems to be solved. In geometric
modeling, one often needs to convert one representation into the other. The
rational parametrization of a geometric object in an n-dimensional affine
space may be represented as

_ Puy) _ Paly)
1 = yeeeydn = )
where y = (1, ..., Ym) are parametric variables. The problem of implicit-

ization amounts to find the implicit equations in @ which define the same
geometric object as the parametrized representation does. This can be done
by using the following algorithm. The incorporation of projection into im-
plicitization algorithms was suggested first by Li (1989b).

Algorithm Impli: ¥ < Impli(P, Q). Given two sets of polynomials Py, . .., P,
and @1,...,Q, in K[y], where Q1 ---Q, # 0 and m < n, this algorithm

computes a finite set ¥ of polynomial systems [P1,Q4], .. ., [Pe, Q] in K[x]

such that for any & = (#1,...,%,) € Kn,

= U Zero(P;/Q;) <= Pi(y)

i=1
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I1 Let
PP —21Q1,..., Py —2,Qn},
QF{Ql,uan},
P*«PU{z1Q1—1,...,2,Qn — 1}
and 1 < - < 2y < y1 < - < Y. Compute a triangular series ¥

of [P, @], or a Grobner series ¥ of P* under the purely lexicographical
term ordering, with projection for y and z1,..., z,.

I2 Remove redundant sets from Uy g q Zero(T N K[z]/UN K[x]), sim-
plify it and let the obtained zero set be | J;_, Zero(P;/Q;). Then return

U {[Py,Q4],..., [P, Qc}-

Proof. By the definition of triangular and Grobner series and the projection
property of [T, U] € . a

Ezample 9.1.5. (Buchberger 1987, Wu 1989a, and Wang 1995b). Consider
the parametric surface in 3-dimensional affine space defined by the following
equations

x =rt, y:rtz, z =7

Let P = {x —rt,y — rt2, 2 — r?}. A Grobner basis G of P with respect to
2z <y <x<t=<rcan be easily computed:

G =[x —zy? syt — 2 ot —y, 24> — 2 yr — 2% v — 2t tr — x, 1% — 2].

4+ — 2y? = 0 resulted from G appears to be the implicit

The equation x
equation of the surface, but it does not strictly meet the specification of
the implicitization problem as remarked by Buchberger (1987). For the y-
axis 1s a solution to this implicit equation, whereas 1t does not appear in
the surface defined by the parametric representation.

To get the exact implicit equations by projection, we adjoin x — the
initial of the third and the sixth polynomial in G which have lowest degree
1 in their leading variables — to P, compute the Grobner basis of the
obtained polynomial set and proceed further. Finally, one may get two

additional Grobner bases
Gl = [ya$atar2 - Z]’ GZ = [Zaya$ar]a
such that
Zero(P) = Zero(G/x) U Zero(Gy ) U Zero(Gg ).
Thus
Proj, , ,Zero(PP)

= Proj, , ,Zero(G/x) U Proj, , ,Zero(Gy) U Proj, ,, .Zero(Gz)

= Zero(y?z — x*/xyz) U Zero({z, y}) U Zero({z,y, 2 })

= Zero(y?z — x*/xy) U Zero({z, y}).
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This implies that the implicit equations are
(z—2*=0A2y£0)V(e=0Ay=0).

Now compute a characteristic series of IP with respect to the same variable
ordering: 1t consists of three ascending sets

Cl = [x4—zy2,xt—y,yr—x2],
Co =Gy, G =0Gs.

Projecting the corresponding zero sets, one obtains the same implicit equa-
tions for the surface. a

Ezample 9.1.6. Find the implicit form (in the variables z and y) of the
curve given by the following set of equations

(z—u)?+(y—v)?—1=0,
v? —ud =0,

2v(z — u) + 3u*(y —v) =0,
(Bwu? — 1)(2wv — 1) = 0.

This is a formulation of an offset to the curve y? — 23 = 0. It has appeared
in Example 3.2.2, where a triangular series with projection for w, v, v under
the variable ordering ¢ < y < u < v < w has been computed. Also listed
there are the 5 triangular systems [T, U,] contained in the series. Thus, the
implicit equations may be given as

5
\/ (T = 0A D #0), (9.1.1)

i=1

where ng) =T,;N Q[z,y] and UZ(»Z) =U,; N Q[z, y] for each i. However, the
equations (9.1.1) are rather tedious. We show how they can be simplified
(2)

considerably. First of all, computing a regular series of [ng), U,

(2) '

7

] one finds

that all the polynomialsin U;” can be eliminated for ¢ = 2,...,5. In other

words,

Zero(T?/UP) = Zero(T!Y), 2<i<5.

A regular series of [T(lz),U(lz)] comprises three regular systems [T1;, U]
with Tll = [Tll] and

T1g = [Tur, coef(Ti1, y°)y* + coef(T11, y*)y* + coef(T11, y?)],
Ty = [T51, 729(18z — 1)y2 — 39366x* — 2624423 — 609932% — 32868x — 13381],
U1 = {a,T51,T51,Ta1}, U =Usz=0.
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See Example 3.2.2 for the polynomials 711, 751, etc. It is easy to verify that
2y = Zero({To1,T11}/ %) = Zero(T),
Zy = Zero({T51,T11}/2Ta1) = Zero(Ts) U Zero(T13),
Z3 = Zero({Ta1, T11}/2T21T51) = Zero(T4) U Zero(T1a).

It follows that

4
Zero(T11 /x) = 21 U Z5 U Z5 U Zero(Th1/Uny) = | Zero(T{/U).
i=1
Therefore,
5
U Zero(ng)/ng)) = Zero(Ty1/x) U Zero(Téz))
i=1

and thus the implicit equations (9.1.1) are simplified (with £ = T11) to:

E = 7292% 4 21627 4+ 729252 — 290026 — 14582y — 237625
—26192%y? 4 38702 — 145823y* — 489223y* + 407223
+7292%y* — 29722%y% — 118822 — 4158z y* + H814xy? (9.1.2)
—16562 + 427y> — 1685y* 4+ 729y° + 529 = 0,

z#0

or
r=0, 729y* — 956y — 529 = 0. (9.1.3)
These equations may also be derived by computing a characteristic series
with projection. A characteristic set of [P is easy to compute, but the com-
putation of characteristic series may take much time.
One can examine that the first equation £ = 0 in (9.1.2) becomes

(y* — 1)(729y* — 956y* — 529) = 0

when z = 0. However, (0,1) and (0, —1) which are solutions of F = 0 do
not lie on the parametric curve (i.e., there are no corresponding u, v and
w such that the parametric equations are satisfied). This is why one needs
(9.1.3) instead of (9.1.2) in the case of # = 0. In summary, we have:

e Any point (z,y) on the curve defined by the parametric equations is
a point on the curve defined by the implicit equation £ = 0.

e Any point (z,y) other than (0,1) and (0,—1) on the curve defined
by the implicit equation £ = 0 is a point on the curve defined by the
parametric equations.

O

Related to the implicitization of parametric objects, there are several
other problems such as the independency of parameters, the propriety of
parametrization and the inversion problem. They can also be treated by
using elimination methods.



9.2 Automatic derivation of locus equations 263
9.2 Automatic derivation of locus equations

The method of formula derivation may be generalized to derive the locus
equations of a motion whose geometric description is given. The difference
is that now one needs to determine one or several sets of algebraic relations
between n variables @ = (#1,...,2,) and u, and projection is required.

By locus equations we mean a system or the disjunction of several sys-
tems of polynomial equations and inequations in @ with u as parameters
such that not only the system is a formal consequence of the geometric
hypotheses, but also for any point on the locus there is at least one config-
uration which satisfies the geometric hypotheses.

Before stating the problem and its solution in the form of an algorithm,
let us make the following convention. For any set union S = (J,ca S4,
by removing redundant sets from S we mean determining a subset A’ of
A such that UAeA\A’ Sa4 = 5. By sitmplifying S we mean finding another
set Q such that |J,.q54 = 5 and U, Sa as a representation of S is
stmpler than UAeA S4. We have indicated in Sect. 6.2 some possibilities of
removing redundant zero sets. Other techniques have been given in some
implementation-related articles, for example, Chou and Gao (1990b) and
Wang (1995a). A satisfactory discussion on how to simplify the union of
zero sets 18 much beyond the scope of this section. See Examples 9.1.5 and
9.1.6 for two concrete instances of such simplification.

Algorithm Derive: ¥ < Derive(I?, ). Given a set HYP of geometric con-
straints expressed as a system of polynomial equations and inequations

P={P(u,®,vy),...,P(u,@,y)} =0,
Q={Q:1(u,z,y),....Qt(u,z,y)} #0

in w, ® and y for a point ® = (21, ..., #,) to move in an n-dimensional affine
space Ay, where w = (u1,...,uq) is a set of (geometric) parameters and
y=(y1,...,Ym) aset of other geometric entities, this algorithm computes

a finite set ¥ of polynomial systems

[]pla Ql]a (RS []pea Qe]
in K (u)[#] such that
(a) for any (&,y) € Zero(P/Q), there exists an ¢, 1 < i < e, such that
x € Zero(P;/Qy);

(b) for any 1 < i < e and any & € Zero(I?;/Q;) there exists a y € K"
such that
(®,y) € Zero(P/Q).

The disjunction
€

\ (Pi=0AQ; #0)

i=1
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is called the locus equations of point @ (in terms of u).

D1. Compute a characteristic, triangular, or Grobner series ¥ of [P, Q]
with projection for y with respect to the variable ordering

T =< =< Ty <YL < = Y

If ¥ = 0, ie., Zero(P/Q) = @, then either the geometric conditions
are self-contradictory, or the motion is free (i.e., for any @ thereisa y
such that (z,y) € Zero(IP/Q), so the locus fills up the whole space);
thus the procedure terminates.

D2. Remove redundant sets from

U Zero(TN K (u)[x]/UN K (u)[x]),
[T, Ulew

simplify it and let the obtained zero set be | J;_, Zero(P;/IP;). Return

U {[Py,Q4],..., [P, Qc}-

Proof. Tt follows from the definition of characteristic/triangular/Grobner
series and the projection property of [T, U] € . a

In D1 the series ¥ may also be computed in K[u,x,y]. Actually, one
needs to perform the elimination only for y because it is sufficient when
one has already obtained the equations and inequations in w and & — they
do not have to be in triangular form.

Ezxample 9.2.7. Let a plane intersect the four edges AB, AC, DC' and DB
of a tetrahedron ABC'D at points E, F, G and H respectively such that
EFGH is a parallelogram. Determine the locus equations of the center O

of (JEFGH.

Fig. 13



9.2 Automatic derivation of locus equations 265

Let the points be located as

A(0,0,0), B(ulaoao)a C(UZaUE}aO)a D(U4,U5,U6), E(ylaoao)a
F(yZayE}aO)a G(y4ay5ay6)a H(y7ay8ay9)a O(XaYaZ)

We have the following relations

Hy = usys —uzys = 0, « F lies on AC

Hoy = uays — uays — UgYa + uaug = 0,

H3z = uqys — usys — usys + uzys + usus « G lieson C'D
—UzuUq = 0,

Hy = uays — ur1ys — usyr + wus = 0, w IJ lies on BD

Hs = uayo — u1ys — ugyr + urug = 0,

Ho=yr—ya+y2—1 =0, SN

Hr=ys—ys +ys =0, «— FE=GH

Hs=yo—ys =0,

Hy = 2X —ys — 11 =0,
Hig=2Y —ys =0,
H11:2Z—y620.

O 1s the center

T of (JEFGH

Let P = {Hy,...,Hi1} and the variables be ordered as
X <Y <Z<y < <y

Either of the characteristic, triangular and Grobner series of [P contains
only one element (triangular system, ascending set or Grobner basis). Pro-
jection onto X,Y, 7 yields the first and the same two polynomials of the
corresponding set:

P1 = 2(U3 — U5)X — 2(U1 + us — U4)Y + (U1 + Uz)Ug, — U3U4,
P2 = 2U6X + 2(U1 + us — U4)Z — (U1 + Uz)u6.

This is because all the initials are in the parameters u;. Hence the locus
equations are P, = 0 A Po» = 0, which represents the intersection line of the
two planes defined by P, = 0 and P> = 0 respectively. a

Ezample 9.2.8. (Biarcs; Wang 1995b). Given two points A and B of two
different circular arcs which have given tangent directions at A and B,
determine the locus of an intermediate point M at which the two circular
arcs join together with a common tangent.
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Fig. 14

This example originates from a book by A. W. Nutbourne and R. R. Mar-
tin (see Wang 1995b), in which one branch of the locus is proved to be a
circle using technical derivations. Here, we show how to derive the locus
automatically by using elimination methods. Let us choose the point coor-
dinates as

A(O, 0), D(Ul, 0), B(Uz, Ug), M(X, Y), 01(0, l‘l), Cz(l‘z, l‘3).
From the geometric conditions we get the following relations

H1 = (Uz—ul)(l‘z—UQ)—FUg(l‘g—Ug) IO, “ BCZ 1 BD

H22X2+($1—Y)2—l‘%:0, “ |01A|I |01M|
HYP: { Hz= (22— us)? —uz)? — (x2 — X)?
Ao P T B ]
—(l‘g—Y) IO,
Hy=X(x3—21)+22(x1 —Y) =0. « M lies on C1C5

Let P={Hy,...,Ha} and X <Y < 21 < x5 < 23. A characteristic series
of IP consists of three ascending sets, of which the largest comprises
R=u3(X?4+Y?)? = 2u3us X (X? + V%) + 2(ugus — v} —ud) (X2 + V)Y
+(2uius — ud — ud)uz(X? — Y2) 4+ 2(ud — uyud + usul + ugud) XY,
and other three polynomials having index triples [3 #y 1],[12 25 1] and
[6 23 1]. The two simpler ascending sets are

[X —us2, Y — us, 2uszy — ud — ud, —xo + us, 3 — us),
[X,Y,l‘l, [4 9 1], [5 xr3 1]]

Projection of the three onto X,Y results in

{R}, {X —us,Y —us}, {X, YV}
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The last two polynomial sets correspond respectively to the points B and
A which are actually on the curve R = 0, so they are redundant. Therefore,
R = 0 is the locus equation of point M that we wanted to derive.

A triangular series of P computed with projection for z3, xs, 1 1s similar
to the characteristic series above. A Grobner basis of P consists of R and
other 6 polynomials with index triples

[20 21 1], [Bay 1], [39 a2 1], 1225 1], [22 22 1], [6 a5 1].

By computing further Grobner bases and projection, the same locus equa-
tion R = 0 can be derived as well.

Using an extension of FactorA (Sect. 9.4 and Wang 1987), one can fac-
torize R into the following two polynomials

R e e s et
Ry= (X = M0 4 (7 Bgu?a)z B 2(%:1—%11%’
where
o =/ui+ (u1 — us)? = |BD|,

6:u1u2—u%—|—a2.

Hence the locus of M has two components for any fixed uy, us, ug. Ry =0
and Rs = 0 represent two circles ®/; and ®I» passing through A and B,
whose centers [, I> and radii are readily determined. We thought that
one of the circles corresponds to the biarc of convex shape, and the other
to the biarc of S-shape; this i1s not true. The situation seems to be more
complicated. We have observed how the two circles ®C; and ©@C5 centered
at C7 and (s contact at M along the locus circles ®/7 and ®I; with
numerical simulation for a particular case u; = —40, us = 55, ug = 80 (see
Fig. 15). The circle ®I; is divided by the two lines AD and BD into four
arcs, and so 18 ®ly. ®C1 and ©C5 are tangent externally when M moves
along two opposite arcs on ©I1 or ®I», and nternally otherwise. In the
latter case, ®C1 is inside ©®Cs when M moves along one of the two arcs,
and so is ®C; inside ®C7 when M moves along the other. It remains to be
an interesting geometric question to show whether this is always true.

The method works also for establishing locus equations for the space
biarcs. We omit the details.
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Fig. 15 O

9.3 Existence conditions and detection of
singularities

The study of singularities is not only a classical topic in algebraic geometry
but also of importance for modern geometric applications. For example,
while tracing an algebraic curve, one first has to detect all the singular
points at which numeric methods do not work well. While studying the
kinematic behavior of a robot motion, one has to determine the singular
configurations as in this situation the robot arm has difficulties to move. We
explain how to establish the sufficient and necessary conditions for paramet-
ric algebraic hypersurfaces to have singularities of an arbitrary multiplicity
and to depict the structure of the singular varieties by computing their
irreducible decomposition, or all the singular points when they are finite.

An algebraic hypersurface $ in an n-dimensional projective space P" or
affine space A" is an algebraic variety of dimension n — 1 given by a single
homogeneous polynomial equation F(zg, ) = 0 or “ordinary” polynomial
equation F'(x) = 0. It is called an algebraic curve and an algebraic surface
respectively for n = 2,3. A point (Zg, &) of H in P" is said to be of mul-
tiplicity p if all the partial derivatives of order < p of F' vanish at (Zg, ®),
but some of order p do not, 1.e.,

o F
Oz(P Ozt ... Oy
o F

Oz(P Ozt ... Oy

(Zg,x) =0 forall ro+r1+--+r =r<p,

(Zo,®) 20 for some ro+7r1+ - -+7r, =7=p.
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A point & of § in A" is said to be of multiplicity p if

"
Mﬁw(r):o forall ri 4 ---+r,=r<p,
o F

W(f);&o for some r1+---+r, =r=p.
L 0wy

Any point of multiplicity p > 2 is called a singular point of 9.

Algorithm SinConP: ¥« SinConP(F, p). Given the homogeneous poly-
nomial equation F(zg,®) = 0 in K[, zg, ®] of an algebraic hypersurface 9
in P" with ¢ = (t1,...,1) as parameters, this algorithm computes a set
¥ of n+ 1 polynomial sets Py, ..., P, C K[t] such that $ has singularities
of multiplicity > p+ 1fort =% ¢ K" if and only if

te U Zero(IP;).
i=0

S1 Set
OPF

r r r :
z*0xlt .. Oz

D%{a ro+ 7114+, =p)
Compute a Grobner basis G; of D|,, =1 with respect to the purely
lexicographical ordering determined by ¢ < -+ < t,, < g < -+ <
zn for 0 < < n.

S2 Let Py G NK[t] for 0 <i < nand U+ {Pg,...,P,}.
Proof. Suppose that $ has a singular point @ of multiplicity > p + 1 for

some t = t; then (¢, &) € Zero(ID). The trivial zero 0 is not counted, so
there exists an ¢, 0 < ¢ < n, such that z; # 0. It follows that

il

0 Ti_1 Tiy1 T,
c b T T € Zero(D

(t, -
i Li Li Li

e.=1) = Zero(G;).

xll

Hence

t € Zero(G; N K[t]) = Zero(IP;). (9.3.4)
On the other hand, let (9.3.4) hold for some ¢, 0 < ¢ < n; assume without
loss of generality that ¢« = 0. Then
t € Zero(Ideal(Gy) N K[t]) = Zero(Ideal(D|,,=1) N K[t]).

Let R be the resultant system of ID with respect to zg, ®. From Lemma 1.3.1
and the construction of R in Sect. 5.4, one knows that, for any R € R, there
exists an integer k such that Rz% € Ideal(DD). This can also be seen from
(5.4.4) and van der Waerden (1950, p. 8). Hence,

Zero(Ideal(D|y,=1) N K[t]) C Zero(R), VR e R.
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It follows that R(¢) = 0 for all R € R. By Theorem 5.4.3, D|,_; has a
non-trivial zero @ in some extension field of K (%) for . In other words,
£ has a singular point @ of multiplicity > p 4+ 1 for t = . The proof is
complete. a

Now consider hypersurfaces in the affine space A™. Let F be a polynomial
in K[x] of total degree m, and F; be the homogeneous part of total degree
¢ of F for 0 < ¢ < m. We define

or
Eé m-1+2Fm_2+ -+ mFy

and accordingly the successive derivatives of higher order of ' with respect
to 1. It is easy to verify the following Fuler relation

n

oF oF

Algorithm SinConA: ¥ « SinConA(F, p). Given the polynomial equation
F(x) = 0 in KJ[t,®] of an algebraic hypersurface $ in A" with ¢+ =
(t1,...,tm) as parameters, this algorithm computes a finite set ¥ of poly-
nomial systems [Py, Q1], ..., [Pe, Q¢ in K[t] such that $ has singularities

of multiplicity > p+ 1 fort =t € K" if and only if

tc U Zero(P;/Q;).

i=1

S1 Set

or +ri+--+ }

S+ ri 4o+ =pl

0170 dx]* ... Oup” 0 ! n=P

Compute a triangular series ¥ of I with projection for @ with respect

to the variable ordering t; < -+ <, < g < -+ < x,. If ¥ = (),
then $ has no singularity for any ¢ and the procedure terminates.

D+ {

S2 Remove redundant sets from Uy gcq Zero(T N K[t]/UN K[t]), sim-
plify it and let the obtained zero sets be |J;_, Zero(P;/Q;). Return

U {[Py,Q4],..., [P, Qc}-

Proof. By the definition of triangular series and the projection property of
[T, U] ¥. O

Remark 9.3.1. Together with projection, triangular series may also be used
to determine the conditions for projective hypersurfaces, and so may Grob-
ner bases for affine hypersurfaces.
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In case the hypersurface $ has singular points of multiplicity > p+ 1 for
some specialized ¢, the structure of the singular variety may be described
by computing its irreducible decomposition, from which the dimension of
each component is readily determined. When the singular points are fi-
nite, computing all of them amounts to solving systems of triangularized
polynomial equations and inequations.

The necessary and sufficient conditions for §) to have singularities of exact
multiplicity p 4+ 1 and the structure of the corresponding singular variety
for specialized t may be easily determined when these have been done for
multiplicity > p + 1: one simply introduces inequations.

Ezample 9.3.9. Consider the projective algebraic surface in P? defined by
the equation

F= J:S’ + l‘? + x‘;’ + l‘g + 3axpxi2s + Jbrixo23 = 0.
The set of four first partial derivatives of /' with the constant 3 removed is
D = {azjzs + a:g, broxs + axgrs + x%, brixs + axgr + x%, x% + brixa}.

Computing the Grobner bases of D)
is one and only one polynomial

z;=1 for 0 <7 < 3, one finds that there

§=a®—2a33 + 0% + 243+ 263 + 1

involving variables a and b only in all the four bases. Hence the projective
surface has a singular point if and only if 6 = 0. By the same method one
may find that the surface has no singularity of multiplicity > 3.

Consider in particular the case when zg is replaced by 1:

F=TFlpgo=1 = 1427 + 23 + 23 4 3ax,25 + 3bxi2023 =0

defines an algebraic surface in 3-dimensional affine space. With the ordering
a <b<xy < ry < x3,acharacteristic series of

b, = (OF OF OF oF
0= 81’31‘1’8l‘2’3l‘3

consists of two ascending sets
Cy =[6,2a323 + 0% — a® + 1, axy22 + 1, 2a%bxs + b3 + a® + 1],
Co =[a®+1,b,2% — 1, az129 + 1, 23].

Projecting Zero(C;) onto a, b for i = 1,2, we have

Proj, yZero(IDy) = Proj, ,Zero(Cy /abx1) U Proj, ,Zero(Cs /ax:)
= Zero(d/ab(a® — b3 — 1)) U Zero({a® + 1,b}/a)
= Zero(d/a).
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Therefore, the surface I’ = 0 has singular points if and only if § = 0
and a # 0. Using the same method, one can find that the surface has no
singularity of multiplicity > 3.

Take, for instance, a = b = —1/\3/41, which satisfies the condition obtained
in either case. Thus the surface must have singular points. To determine all
the points, one simply substitutes the values of a, b into the characteristic
series or Grobner bases. From them all the three singular points may be
easily found as follows

[1,V2,¥2,1],
V2(VBi+ 1) V2(V3i—1)

[L_ 9 ) 9 al]a
G VA=) VA
’ 2 ’ 2 T

If we take a = 1, then there are four values of b such that § = 0. For each
of them the surface has three singular points. All these points have been
found in Example 7.2.1. a

Ezxample 9.3.10. For the univariate quartic equation
F=a'+o123+a0a®+ase +04=0 (9.3.5)

with indeterminate coefficients #1, x2, x3 and x4, the discriminant Ap of F
has been computed in Example 5.4.1. It is a polynomial of total degree 6.
Ap = 0 defines an algebraic hypersurface, called the discriminant surface
of F', in 4-dimensional affine space. Let us investigate its singularities. The
existence of singular points, for example (0,...,0), is obvious. For the set
of four first partial derivatives of Ap, an irreducible characteristic series
consists of three ascending sets

Cy = [z — 327, 1623 — 23, 25624 — 27],

Cy = [823 — 4x179 + 23,6424 — 1622 + 8xixs — 7],

Cs = [1081‘% — 108z 2023 + 271‘?1‘3 + 321“;’ — 91‘%1‘%, 1224 — 3x123 + a:%]
They are of dimensions 1,2 and 2 respectively. Since the initials of all the
polynomials in €y, G, Cs are constants, each ascending set itself defines
an irreducible algebraic variety. We have thus accomplished an irreducible

decomposition of the singular variety of the discriminant surface as well.
With some inspection, one may find that

e C; =0 < (9.3.5) has a quadruple root;
e Cy =0 < (9.3.5) has two double roots;

e C3 =0 <= (9.3.5) has a triple root.
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The remaining points on the discriminant surface correspond to (9.3.5)
having only one double root. This can also be confirmed by elimination:
for example, collecting the coefficients of F' — (2? — ax — b)? in x yields
a set P of 4 polynomials in z; and a,b. C; may obtained by computing a
characteristic set or series of IP with respect to #1 < --- < x4 < a < b.

Furthermore, one may check with ease that the pseudo-remainders of
the second partial derivatives of Ay are all 0 with respect to C;, but not
with respect to C; and Cs. Hence the zeros, and in fact only those zeros,
of C; are singular points of multiplicity > 3 of the discriminant surface.
The origin (0,...,0) is the only singular point of multiplicity > 3 — it
is of multiplicity 6. It is also easy to verify that Zero(Cy) C Zero(C;) for
t = 2,3; actually,

Zero(Cy) = Zero(Cs) N Zero(Cs).

Hence, Zero(Cy) is a redundant component that can be removed from the
decomposition.

Note incidentally that if the quintic is considered instead of quartic,
the computation becomes much more complicated. We have tried the case
without success. a

9.4 Algebraic factorization

The first method

Let uy, ..., uq be d transcendental elements (indeterminates), abbreviated
u, and Ky = Q(uq,...,uq) be the extension field obtained from Q by
adjoining wuy, ..., uq. For every 1 < ¢ < r, K; = Kg(n,...,n) denotes
the algebraic extension field obtained from K by adjoining successively
the algebraic elements 7, ..., n;, where 7; has adjoining polynomial A; €
K;_1[y;]. As usual, let y¥} stand for y,...,y with y = gy}, When
the polynomials A; are explicitly given, we simply write Ko(y{i}) for K;
without introducing the ;. Assume without loss of generality that A; €
K[y} for each i. Then A = [A;,..., A,] forms an irreducible adjoining
ascending set of the field K, for y (see Sect. 1.4).
Our first algebraic factoring method may be described as follows.

Algorithm FactorA: F* « FactorA(F, A). Given an irreducible ascending
set A = [4y,...,A,] C Ko[y] and a polynomial F' € Kgly,y] of degree
m > 1, irreducible over Ky and reduced with respect to A, this algorithm
factorizes F into the product F* of irreducible factors over K, = K(y)
with adjoining ascending set A for y.

F1. If m is even then set m < m/2 else set m+ (m —1)/2.

F2. Fors=1,...,m do:



274 9. Other applications

F2.1. Let d; < ldeg(A;) for 1 <¢<randt4m—s. Set

Gy +qy' '+ +gs, Hey +hiy ™+ + hy,

where
k1 k
gz'%z 0< bk <dy—1 Giky-k,Y1 "Y' .
eT< 1<i<s,
k . .
hje=3" o<k<di—1 Pjkyonyit-oypr, 1 <ist

1<1<r

and ¢ix,.--k,, hjk,...k, are new indeterminates. Let the total num-
ber of gix, ...k, and hjx,...x, be M [which is equal to (s+t)d; - - - d,],
and rename these indeterminates z1,...,z5.

F2.2. Expand R+ F —Ic(F,y) - G - H, compute R+ prem(R, A) and
equate the coefficients of all the monomials of R in y and y to 0.

Let the obtained set of M polynomial equations in Ko[z1, ..., 2]
be
Pl(l‘l, ceey l‘M) = 0,
Pz(l‘l,...,l‘M)IO, (941)
PM(l‘l, .. .,l‘M) =0.

F2.3. Solve the equations (9.4.1) for z1,...,2p in K by any of the
methods presented in Chap. 7. If (9.4.1) has no solution in Ky
then go back to F2 for next s. Otherwise, let 1 = 21,..., 2y =
Zpr be any solution of (9.4.1), set

G FG|x1:fl,...,xM:fMa H — H|x1:fl,...,xM:fM

and go to F4 [in this case F is factorized as F' = lc(F,y) -G - H
over K,].

F3. Return F* « F [which is irreducible over K] and the algorithm ter-
minates.

F4. Factorize G and H over K, and return

F* «Ic(F,y) - FactorA(G, &) - FactorA(H, A).

Proof. It is obvious. a

In the above algorithm, algebraic factoring is reduced to solving polyno-
mial equations. In other words, whether F' can be factorized into GG and
H over K, is equivalent to whether (9.4.1) has a solution for z1,...,2xm
in Kg. Hu and Wang (1986) explained how the solvability and solutions
can be determined by using the method of characteristic sets with Gauss’
lemma.
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Ezxample 9.4.1. Consider the following three polynomials

Hi = usy? + 2uiusyr + 2uiyr — uius,
Hy = usy3 — 2uiusys + 2uiys — uius,
Hs = usy? — udys — uys + ufys — uius

(see Example 9.4.3). Let K¢ = Q(u1, uz2,uz). We first examine the ir-
reducibility of Hs over K1 = Kg(y1), where y; is an algebraic element
having adjoining polynomial H;. For this purpose, let

G =y + 9191 + go,

H = ys+ hiyr + ho.

Then
R =vprem (Hy —lc(Ho,y2) - G- H,Hy,y1) = Riy1y2 + Roys + Rayr + Ry,
where

Rq = us(g1 + h1),

Ra = uz(go + ho) + 2uy(us — ug),

Rs = —2ui(uz + u1)grh1 + us(g1ho + gohi),

Ra = us(ugihy + goho + ui).

Let P = {Ry,...,R4}. To determine whether P = 0 has a solution for
g1, 90 and hy, hg in K, we compute, for instance, a characteristic series of
[P under gy < hg < hy < g1: it consists of two quasilinear ascending sets

us(u3 + %) g3 + 2urv(u3 + p?)go — 4ufugus,
usho + uzgo + 2uyv,
uyprhy + uzgo + urv,

U g1 — Usgo — U1V

C =

Cy = [usgd + 2uivgo — uius, usho + usgo + 2uiv, hy, g1,
where
p=uz+uy, V=1uz— U

The first polynomial in C; and in C; are both irreducible over Q, so neither
the system C; = 0 Aini(Cy) # 0 nor C3 = 0 Aini(Cy) # 0 has a solution in
K. Hence, the polynomial Hy is irreducible over K.

Now we want to factorize Hz over K2 = K1(y2), with adjoining polyno-
mial Hs for ys. Proceeding in a similar way, let

G =ys 4+ gu1v1y2 + gory2 + g10¥1 + Joo,
H =ys+ hi1y1y2 + ho1y2 + 1oy + hoo.

The polynomial
R =prem(Hs —ini(H3) -G - H,[Hy, Hy])
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consists of 46 terms. Equating the coefficients of R in y1,y2,y3 to 0, one
obtains a set of 8 polynomial equations (7.2.2) given in Example 7.2.3. A
solution to (7.2.2) for h;; and g;; has been found as in (7.2.3). Therefore,
Hs 1s factorized as

= (2u?ys — F — ufus) - [2uiusys + usF — uf(ui + 2ui — QU%)]’

4u‘11
(9.4.2)

where
F = usyriyo + v1 (w2 + u1)ys — wi(uz — u1)ps.

The second method

The key idea underlying this method is the reduction of polynomial factor-
ization over algebraic extension fields to that over QQ via linear transforma-
tion and characteristic sets computation. Let A = [4y,..., A,], K; and F
be as in FactorA. Set

AT =[Aq,... A F].

With respect to y1 < --- < y, < y, AT is clearly an ascending set and
F is irreducible over K, if and only if AT is irreducible. While speaking
that G is a factor of F' over K,, we always mean that deg(G,y) > 0
(i.e., G is not a number in K,). G is said to be a true factor of F if
0 < deg(G,y) < deg(F,y).

Assume that one knows how to factorize polynomials over K. The fol-
lowing lemma guarantees the correctness of the factoring algorithm de-
scribed below.

Lemma 9.4.1. Let A and F be as above, ¢y, ..., ¢, be r integers,
F = F|y=y—61y1—~~—cryra

and C be an ascending set in any characteristic series of A= AU[F] over
K with respect to y < y1 < -+ < y,. Let C' be the first polynomial in C
and B

C = Cly=y+eryst-tery, -
If C is perfect, then |C| = 4 1. If C is moreover irreducible, then the GCD
of F and C is irreducible over K.

Proof. Since A is irreducible and F is reduced with respect to A,

Dim(A) = Dim(A U [F]) = 0.
If C is perfect, then dim(C) = 0. It follows that |C| = r + 1.

Let (n,m) = (n,m1,...,m,) be any generic zero of @i then (n,m) €
Zero(A). Hence, there exists an irreducible factor G of F over K, such
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that Gi(n,m) = 0; (n,7) is a generic zero of A U [G]. By Lemma 4.3.1,
prem(C, AU [(]) = 0. It follows that G = Gly=ytciys+-+ery, 15 a divisor
of C' over K,.

Let H be another irreducible factor of F' that is distinct from G over
K .. Then there exists an 7’ in some extension field of K, such that

H(',n) =0, G(o/,n)#0, Vi & Zero(4).

We claim that prem(C, A U [H]) # 0. For, otherwise, C'() = 0, and one
can find a 0/ such that (n', ') € Zero(C) C Zero(AU[G]). This would lead
to a contradiction. Hence, H cannot be a divisor of C' over K.

Let C be factorized as C = DG over K,. Then C — DG € sat(A). Tt
remains to be shown that G is not a divisor of D over K.

Since prem(G, A) # 0, by Lemma 4.3.2 there exists a polynomial @ €

K[y, y] such that
QG — R € Ideal(A) C sat(A), where R =res(G,A) £0, R Ky,

and Q(n,m) # 0 for any (n,n) € Zero(A U [G]). As any zero of @}s a zero
of AU [G], any zero of (' is also a zero of R. This implies that C' | R, so
there exists a T' € Ky[y] such that R = T'C'. Tt follows that

QG — TDG € sat(4).

Because sat(4) is prime and G ¢ sat(A), @ — T'D € sat(A). Thus, for any

(n,m) € Zero(A U[G])

Q(n,m) — D(n,m)T(n) = 0.

Note that Q(n,m) # 0. If G is a divisor of D over K, then D(nln) =0.
This is a contradiction. Therefore, G 1 D and G is the GCD of F' and C'
over K. The lemma is proved. a

We continue using the above notations and let C = [Cy, C4, ..., C,] be
a characteristic set of A and J = [1;_, ini(C;). Suppose that C is perfect,
so Cy € Ky[y]. Take an irreducible factor C' of Cy over Ky which does not
divide J, if any, and compute a GCD G of F and C' = Cly—yterys+-+eryr
over K,. In any case, it would be sufficient if GG is a true factor of F' over

K, . Otherwise, we check whether C is quasilinear. If so, then

[Ca Pfem(é1, C’), R prem(C’r, )]

is an irreducible ascending set contained in a characteristic series of A.
Thus, G is an irreducible factor of F' over K, according to Lemma 9.4.1.
So what we need is to get a C which is quasilinear and perfect. The linear
transformation y < y—eciy1 — - ~—cp y, with random integers ¢; is introduced
to make C quasilinear.
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The GCD of F and C over K, can be obtained from/as the last polyno-
mial in any characteristic set of AU{F, C}. Moreover, possible true factors
of F' may be constructed by computing over K, the GCDs of F' with the
irreducible factors of J|y=yte1y+--+eny, - The chance to obtain such factors
is higher when C is quasilinear.

There is an important practical issue: the factorization of F' over K, is
unique only up to a “constant” factor in K, which is represented here as
a polynomial in w and y. The size of each factor of F' may be dramatically
affected by such a constant. Let G be an irreducible factor of F', which
may be assumed, without loss of generality, to be in Q[u,y, y]. In general,
le(G,y) involves both the variables w and y. By using Algorithm Norm
or NormG, one can normalize G by A to get another polynomial G* €
Q[u,y,y] such that Ic(G*,y) € Qu] and G* differs from G only by a
factor in K. In many cases G* is much simpler than ¢, but the opposite
1s also true in many other cases. Heuristic use of normalization of this kind
may improve the efficiency of FactorB considerably.

Algorithm FactorB: F* « FactorB(F, A). Given an irreducible ascending
set A = [Ay,...,4,] C Koly] and a polynomial F € Ky[y,y] irreducible
over Ky and reduced with respect to A, this algorithm factorizes F' into
the product F* of irreducible factors over K, = Ky(y) with adjoining
ascending set A for y.

F1. Set A* «[A: 1deg(A) > 1,4 € A]. If A* = § or deg(F,y) < 1 then
return /' and the algorithm terminates. Otherwise, let y,, < -+ < yp,
be the leading variables of the polynomials in A* and set Q « (.

F2. Choose a set of integers [c1,...,¢5] € Q5 set QQ U {[e1,..., ¢}
and B
P Fly=y—ciyp, = —coyp,

Compute a characteristic set C of Ax U{ F'} with respect to the variable
ordering y < yYp, < -+ < yp,. If |C] # s+ 1 then go back to F2. Let
T be the set of all irreducible factors (over Kyg) of the polynomials in

ini(C) and I the set of those irreducible factors (over Ky) of the first
polynomial in C which do not divide any polynomial in I.

F3. If C is quasilinear then go to F4. If [F| < 1 then go to F2 else set
I+ TUTF and F+ 0.

F4. Set
G+ F,
P 0,
4= Fly=yteryp, ++eyp
[ = Tly=yteryp, ++eeyp, -

For each P € FUT while deg(G,y) > 1 do:
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Compute a GCD Fp of GG and P over K, with heuristic normal-
ization. If 0 < deg(Fp,y) < deg(G, y) then set G+ G/Fp over
K, and P<PU{Fp}.

If P # §§ then return

F* H FactorB(P, A™)
PePu{G}

and the algorithm terminates. If C is quasilinear and F # §§ then
return F* « F else go to F2.

The correctness of FactorB follows from Lemma 9.4.1. It is not easy to see
whether the algorithm always terminates, i.e., whether a perfect quasilinear
characteristic set can be produced in a finite number of steps. Fortunately,
the probability of obtaining a quasilinear characteristic set by a random
choice of integers ¢q, ..., ¢, in step F2 1s 1. This is because in general

deg(prem(P, Q, z), z) = deg(Q, z) — 1,

while prem is the principal operation in the characteristic set algorithm.
So in practice, termination has never been a problem for us.

An immediate variation in FactorB is to compute instead a characteristic
series in step F2. The irreducible factors of F' are determined from those
ascending sets in the series whose irreducibility can be easily verified. The
ordering for the variables y,y,,,...,yp, may be arbitrary as long as y is
arranged with the lowest order. As the purpose of this step is to produce
polynomials in K o[y] by successive elimination of the variables, other elim-
ination methods may be used as well. In fact, Algorithm FactorB can be
considered as a variant of the method of Trager (1976) based on resultant
computation.

The two algorithms described above are of sufficient generality. If the
transcendental elements w do not appear in the adjoining polynomials A;,
the factorization can be viewed as performed over the usually called alge-
braic number field Q(y). If u appear the A;, the factorization is performed
over the algebraic function field K, . In this case the algorithm is relatively
slow, mainly because the involvement of u greatly increases the complexity
of variable elimination and GCD computation.

Ezxample 9.4.2. During the computation of the irreducible decomposition
in Example 8.3.3, several polynomials have to be factorized over algebraic
extension fields. We take one of them as an example: factorize

F:4y§—4u1y5—4y5—3u§—|—u%—|—2u1—|—1

over Q(u1,us,y2) with ys having adjoining polynomial A = 4y2 — 3.
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Substituting ys in F' by y5 + y2, we have

F= F|y5=y5+yz
=4[y + (2y2 —ws — Dys + 3 — (us + D)yo] — 3u3 + uf + 2ug + 1.

A characteristic set of {F, A} with respect to the ordering ys < yo is
C=[Cy, F— A,
in which € factors over Q into (Cy + 6uz)(Cy — 6usg) with
Co = 4z — A(up + 1)ys — 3ui 4+ ul 4 2u; — 2.

Let us take the first factor of C; and substitute ys back by y5 — y2. The
resulting polynomial is

D= 4[y52, —(2y2+ur+ ys + yg + (w1 + Dy2] — 3u§ + 6us + u% 4+ 2uy — 2.

To find a GCD of D and F over Q(uy,uz,y2), we compute a characteristic
set C of {D, F, A} with respect to the ordering y2 < ys:

C= [Aa 43/23/5 - 2(“1 + 1)y2 — 3U2]

The second polynomial F; in C is a true factor of F over Q(uy, uz, y2).
Removing this factor from F', one obtains the other true factor

Fy = pquo(F, F1,y5) = 4y2ys — 2(u1 + 1)y + 3ua.
Therefore, F is factorized as the product FyFa/3 over Q(uy, uz, ya). a

Remark 9.4.1. Here are some heuristics which may be useful for imple-
menting algebraic factoring algorithms. The first 1s a result from algebraic
number theory: Let A € K[z] and F' € K[y] be two irreducible polynomials
of degrees m in z and ! in y, respectively. If m and [ are relatively prime,
then F is always irreducible over the algebraic extension field K (x) with
A as adjoining polynomial for z.

Secondly, let A € K[2] and F € K|[y] be two polynomials irreducible over
K. and let A and F be the homogenization of A and F' by z with respect
to  and y, respectively. Let R = prem(ﬁ, A, z) with T = lc(fl, z) such that
I9F = Q[H—R for some integer ¢ > 0. Then any factorization of R = ]:3|Z:1
over K divided by 7 is a factorization (not necessarily complete) of F' over
the algebraic extension field K(z) with A as adjoining polynomial for x.
This is obvious by plunging z = 1 into the pseudo-remainder formula.
There is more possibility for R to be reducible when R does not contain
the variable z.

The homogenization above is not needed if A and F' involve a transcen-
dental element. To be precise, let A € K[u, 2] and F' € KJ[u,y] be two irre-
ducible polynomials with deg(F, ) > deg(A, u) > 0. Let R = prem(F, A, u)
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with T = lc(A, u) such that 19F = QA+ R for some integer ¢ > 0. Then any
factorization of R over K divided by 79, upon reducing the higher powers
of # in each component by A, is a factorization (not necessarily complete)
of F' over the extension field K (u,#) with u a transcendental element and
A the adjoining polynomial for z.

Examples from geometry theorem proving

As we have seen from the examples in Sect. 8.4, algebraic factorization is
required to deal with the reducibility problem in geometry theorem proving
when “natural” algebraic formulations are used. Note that most of the
reducibility cases can be avoided by some tricky formulations which takes
into account of geometric information. One does not need to utilize such
tricks when the efficient factoring routines are available. Moreover, the
proof of a statement may be figured out even if its algebraic formulation
does not precisely correspond to the geometric statement and thus is not
a theorem in the logical sense. This will help us understand the geometric
ambiguity reflected in the algebraic form of the theorem. Here let us recall
the theorem about incenter and excenters.

Ezxample 9.4.3. Refer to Example 8.2.1 and take coordinates for the three
vertices of AABC as

A(—Ul, 0), B(Ul, 0), C(Uz, Ug).

(o4

Fig. 16
Let the three bisectors of the angles A, B, C' meet the y-axis at
A'(0,y1), B'(0,y2), C'(0,y3)
respectively. Then the hypothesis of the theorem consists of
LCAA = ZA'AB, /ABB = /B'BC, /BCC’'=/C'CA

and the conclusion to be proved is: the three lines AA’, BB’, C'C’ are con-
current. By taking tangent for the equalities of the angles the hypothesis
conditions correspond to three polynomial equations

H1:0, HQIO, H3IO,
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the polynomials Hy, Hy, Hs are given in Example 9.4.1. With the variable
ordering y; < y2 < ys3, these polynomials already form a characteristic set
C = [Hy, Hs, Hs]. Direct verification shows that the pseudo-remainder of
the conclusion polynomial C' with respect to C is non-zero. In order to prove
the theorem, we need to examine the reducibility of C. This involves first
checking the reducibility of Hy over K1 = Q(u1, u2, us, y1), where y; is an
algebraic element having adjoining polynomial H;. It is verified that H is
irreducible over K. Next, we check whether Hjz is reducible over Ko =
K (y2), where y2 is an algebraic element having adjoining polynomial Hs.
It has been found in Example 9.4.1 that 5 can be factorized as (9.4.2).
Using the factorization, C is immediately decomposed over Q(uy, us, us)
into two irreducible components. The algebraic form of the theorem is true
on one component and false on the other. This corresponds to the geometric
fact that among the 8 sets of three (internal or external) bisectors of the
three respective angles, the bisectors in 4 sets are concurrent at four points
and those in the other sets are not. a

In what follows is provided a list of algebraic factorizations required for
the geometry examples in Sect. 8.4 (cf. Wang 1994).

o Let Q(u1, us, y1) be an extension field of Q obtained by adjoining the
transcendental elements uq, us and algebraic element g, with minimal
polynomial

vt — ayi +ui.
where o = uZ + u? + 1. We have the following factorizations over
Q(Ul, Uz, yl)I

16uly? — a? + 4u? = (dusys + 27 — o) (duays — 27 + @),

(9.4.3)
16u3(y1 4 u1)yio — 32usyf + 16w uzyf
+Hu2(Tui + 6u? + 22) — (u? — 1)
—uq [u3(uj + 2u? + 18) + (uf — 1)?] (9.4.4)

L ntuw
= 7

1

(Aurusyio + H)(durusyro — H),

where
H= 4y:1)’ — 6u1yf — 4(u§ + Dy + wi(a+4).

e For computing (8.3.2) in Example 8.3.3, several polynomials had to
be factorized over algebraic extension fields. One of the factorizations
is

4y — 4(uy + 1)ys — 3uj + 2uy +uf + 1= 15T (9.4.5)
over Q(uy, us,y2) with adjoining polynomial 4y3 — 3 for ya; the fac-
toring details have been given in Example 9.4.2. Here is another fac-
torization over the same extension field Q(uy, ua, ya):

4yi — duyys — 3ud + ui = 1575, (9.4.6)
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e Let 75 and I be as in Example 8.4.1; then

L IETY[H + 2w (u3 + Dyol[H — 2us (w5 + 1)y (9.4.7)
o i 4.

13

over Q(uy,us, yo) with y3 — 3 as adjoining polynomial for yg, where
H=1y;— 2u1(3u1u§ + dus — uq).
e For the irreducible decomposition in Example 8.4.2, the following

algebraic factorizations are required:

ud(2uir, — H)2x3 — 4a’abedxs

—a’[2uiatey + 2uivus — 47 + ui)udus — Ba’

(9.4.8)
29,2
. uy(2ujzy — H) '
== *TT
abed 2t
qud(2uizy + H)22 + 4a’abedzs
—a?[2uia’r, — 2uiyus + 45 + u%)u%u;), + de] (9.4.9)

- ud(2uizy + H)
abed

over Q(uy, us, usz, 1) with z; having adjoining polynomial 7, where

TsT)

H = 2uius + 3;
a=us+1, f=uf -1, y=ui+1;

and a,b, e, d, a,y,To, T4, T3, T4 are as in Example 8.4.2.

e The following algebraic factorizations are needed for computing the
zero decomposition in Example 8.4.3:

1
21‘% +2z3—1= 5(21‘3 —3xy+ 1)(2e3 + 322+ 1) (9.4.10)

over Q(z3) with adjoining polynomial 323 — 1 for 2, and

x%—x1x5—x5+4x1—|—5

. (41‘5 — r1x2 + 51‘2 - 2l‘1 - 2)(4l‘5 + xixs — 51‘2 - 2l‘1 - 2)
16

(9.4.11)

over Q(xy, xz2) with adjoining ascending set
[a:% — 6z — 11, xlxg + 31‘% + 522y + 76]

for 1 and z».
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9.5 Center conditions for certain differential
systems

Problem
Consider plane autonomous differential systems of center and focus type

dx dy
E—y—I—P(x,y), E——l‘—l—Q(l‘,y), (9.5.1)

where P(z,y) and Q(x,y) are polynomials beginning with terms of total
degree > 1 in z and y with indeterminate coefficients w = (uy, ..., u.). As
explained in Wang (1991a), one can compute a locally positive polynomial
L(z,y) € Q[u, z,y] and polynomials vs, vs, ..., v2541, ... € Q[u] such that
the differential of L(z,y) along the integral curve of (9.5.1) is of the form

dL(z,y)
dt

where vy;41 1s called the jth Liapunov constant of (9.5.1).
The origin, a singular point of (9.5.1), is said to be a center for (9.5.1)
if and only if

=vsy' +vsy® + - F vy

1)3:1)5:"':1)2j+1:"':0.

The necessary and sufficient conditions given in this way require infinitely
many equations va;j 41 = 0,7 = 1,2, ...in afinite number of indeterminates.
The polynomial ideal generated by vs,vs, ..., v9541, ... In Q[u] has finite
bases. Hence for any P and @ of given total degree m there exists an N,
such that vz, vs,...,van, 41 form such a basis, but we do not know any
upper bound for N,,.

On the other hand, there are other methods for deriving center condi-
tions. The explicit expressions of the conditions for a number of concrete
systems have been obtained. Unfortunately, many of the conditions are er-
roneous and incomplete. In the next subsection we show how elimination
methods can be used to examine the correctness of the conditions and to
establish the relationship among different sets of conditions.

The computation and manipulation of Liapunov constants relate to and
are useful for several other problems such as distinguishing between center
and focus, searching for higher order foci and constructing limit cycles (the
second part of Hilbert’s 16th problem) in the qualitative theory of differ-
ential equations. The study of these problems forms an entire subject of
mathematics. Some of the treatments require solving polynomial equations,
determining whether a polynomial equation follows from a system of poly-
nomial equations and inequations, and simplifying a polynomial by using a
set of polynomial relations etc., and thus elimination techniques may have
applications therein. They are not discussed here. In this section, we only
explain some aspects of the problem with reference to a particular class of
cubic different systems.
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Kukles’ system

In what follows, we present a classical example of 1944 to illustrate the
application. The author began investigating this example in 1986; the same
example has also been studied by several other researchers since our results
were published. However, the problem is still unsolved and the example
remains challenging.

Let us consider a class of cubic differential systems, called Kukles’ system,
which is the particular case of (9.5.1) with

Pxz,y) =0,

Qx,y) = asor® + ap1xy + apey? + azor® + as 2’y + araxry® + aosy’.
(9.5.2)
Kukles (1944) showed that in this case the origin is a center “if and only
if” one of the following conditions holds:

o= a3oa%1 +anA =0,
6 = (3&03/\ —|— /\2 —|— alza%l)azl — 3&03A2 — alza%y\ = 0,

(K1)
¥ = A+ axpai + az =0,
6= 9a12a%1 + 2a‘111 +9A% 4 27a03\ = 0;
a3 =a =3 =~v=0; (KQ)
ags = a11 = agy = 0; (K3)
g3 = Go2 = agp = az1 = 0, (K4)

where A = agoay1 + 3ags. The above conditions have been commonly recog-
nized and used in standard textbooks (e.g., Nemytskii and Stepanov 1960).
Recent research interest and activity on Kukles’ system started in the later
1980s when Jin and Wang (1990) discovered, by using the methods of Grob-

ner bases and characteristic sets, the following example

2
a
20
asp 70, a11 =0, ags = —2as, az = 3
(JW)
2 _ a%o _ _ A
asy = —2 , a2 =0, ags= ——3

which is not covered by Kukles’ conditions. Our computations suggested
that for this example the origin is a center and thus Kukles’ conditions are
incomplete; the incompleteness was soon confirmed by Christopher and
Lloyd (1990). Afterwards, several papers were published to give other ex-
amples and to establish the complete conditions. For example, Lloyd and
Pearson (1992) together with C. J. Christopher found the following set of
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conditions:
k1 = 8ladyags — 2(18ad,r — 4at, — 27a} a3y — 81lady) = 0,
Ko = nazo + 36a3,r + 8at, + 90a? a3, + 243a5, = 0,
K3 = 1ag) — azpa (271 — Qa%l — 9a%0) =0,
k4 = 8ladynars + 2a3, (144a3,r — 567ad, — 270a} a3, + 243a3,r — 32a3,) = 0,
ks = 3naos + ar1(aoan + 2Tazer + 14aseai; + 72a3,) = 0,
(CLP)
where
n = 16ai, + 81a3,,
ko = 162a%,r% — (2a3, + 9a3,)® = 0,
azoair # 0.
On the other hand, the incompleteness of Kukles’ conditions was already
pointed out independently by Cherkas (1978). Cherkas investigated Kukles’

system with a different approach and derived the following set of conditions
instead of (K1):

v =0,
2 3
61 = Baz0aos + a20a11602 — 21002 — G11G12 — 2aA30011 — g% = 0,
_ 9
05 = baspaps — 3a35a03 + a30a11 @02 + Q20002021 + G20A12011

2 _
—a21012 — 30021 — 011021 = 0,

3

_ 2 _
03 = aspasiaps — Baspaspans + aspa11a12 + azpdaidais — 5011097 = 0,

3
2 2 3

94 = azplda1a19 — 3&30003 - 5021 =0.

(1)
which contain the conditions (JW). He also proved that, for ags = 0, his
conditions coincide with Kukles’.

Since center conditions may be derived by using different methods as
noted above, among the obtained conditions there are some equivalent or
containment relations which cannot be observed without involving heavy
computations. For Kukles’ system, one can easily verify that the third
condition (K3) is contained in both (K1) and (K2), so it is redundant. An
irreducible decomposition of (K1) consists of two components, of which one
is (K3).

To examine the relation between (K1) and (C1), we may compute an ir-
reducible decomposition of the variety defined by (C1). The decomposition
has been given in detail as Example 6.2.3.

From (6.2.11) and the decomposition of (K1) into irreducible compo-
nents, one can see that two components of (C1) coincide with the two
components of (K1). The third component of new conditions is given by
Va2 = 0. The following examines the relationship between this set of condi-
tions and (CLP).
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Let P, = {ko, ..., ks}. Computing a characteristic set of P, or a trian-
gular series of [Py, {azo, a11,n}] with respect to the ordering wy < 7, one
may find that

Zero(Py/asga11n) = Zero(T/az0a11n)

with T, = [T1,...,Ts], where 7T1, Ty and Tj are the first, the second and
the fourth polynomial in Vo, T5 = ~, and

T4 = 243020012 + 2(16&%1 + 27&%0)011021 — 4&20(2&%1 + 9&%0)0%1,
T6 = —27&20&117“ + 3(2&%1 + 27&%0)021 + 020(20%1 + 9&%0)011.
On the other hand, rem(7}, V) = 0 and prem(Vs, T,) = {0}. Hence,

Zero(Va/asparin) = Zero([Tl, ce Tg,]/azoann).

Let a stand for (a2, @11, @oz, @30, @21, @12, aps). It follows that

Zero(Va/asparin) = {a| (a,r) € Zero(P,/az0a11m)}.

This shows that the conditions
Vo =0, azann#0

are equivalent to (CLP) with n # 0. Note that n # 0 is implied by asga1; #
0 over R. Therefore, (CLP) is a subset of (C1) and thus a rediscovery of
Cherkas’ conditions.

V4 = 0 is simplified to the center conditions (JW) and

a0 = 11 = A30 = 21 = A12 = Ap3 = 0 (953)
when a7 = 0, and to the conditions (9.5.3) and
a2 = dg2 = a1 = ayp = ag3 = 0, 9azg +aj; =0 (K0)

when asg = 0. (9.5.3) is contained in Kukles’ conditions (K1), (K2) and
(K3), and so is (K0) in (K4). As a consequence, all the center conditions for
Kukles’ system discovered by Christopher, Lloyd, Pearson and the author
are already covered by the conditions V, = 0. In summary, we have the
following.

Theorem 9.5.1. The set of center conditions (C1) holds if and only if one
of the following four sets of conditions holds: (K0), (K1), (JW) and (CLP).

Therefore, the three sets of conditions (C1), (K2) and (K4) cover all the
known center conditions for Kukles’ system.

Our computational approach has given rid to the independent discovery
of the incompleteness of Kukles’ conditions and the non-trivial relations
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among the different sets of center conditions known so far. The derivations
for Kukles’” system show that this work depend heavily on the systematic
use of elimination methods.

Having Cherkas’ conditions (C1) does not prevent one from investigating
Kukles’ system further. This is because there are doubts about Cherkas’
method. The author found that some conditions derived by him for other
differential systems also appear to be incomplete. The incompleteness has
been confirmed by N. G. Lloyd and J. M. Pearson.

Derivation of center conditions

The problem of deriving necessary center conditions can be reduced par-
tially to decomposing large polynomial systems, for which the major com-
putational tools used are elimination techniques based characteristic sets,
Grobner bases and resultants. The derivation has proved to be thorny and
intractable because the occurring polynomials are too large in terms of
degree and number of terms to be manageable.

Computationally, one takes a suitable NV, form the polynomial set

Py ={vs,vs,...,va841},

and simplify or solve P = 0 to obtain the necessary conditions for the
origin to be a center. The sufficiency of the conditions, i.e., Py = 0 implies
that vo;41 = 0 for all j > N, is proved separately using sophisticated
mathematical techniques.

We have implemented a program called DEMS in Fortran, Scratchpad I1
and Maple for computing Liapunov constants from any differential systems
of center and focus type. For Kukles’ system, the first Liapunov constant
is vg = /3. To simplify calculations, we replace as; in (9.5.2) by

—(3ags + a11a02 + a11a20).

Then v3 = 0 and the next 8 Liapunov constants computed by DEMS may
be characterized as follows:

Vs U7 Vg V11 V13 V15 v17 V19
Number of terms 13 49 131 292 577 1046 1775 2859
Total degree 4 6 8 10 12 14 16 18
MLIC 2 4 6 9 13 17 22 27

where MLIC stands for “Maximum length of integer coefficients.” These
polynomials are made available in Maple format via World Wide Web from
http://www-leibniz. imag.fr/ATINF/Dongming.Wang/PEAA/Wang.html.
The Kukles problem is reduced partially to simplifying the conditions given
by Px = 0 and examining their relationships with the existing center con-
ditions.

It seems still unknown whether (C1), (K2) and (K4) cover all the cen-
ter conditions for Kukles’ system. According to Theorem 4.1 in Lloyd and
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Pearson (1992) and the result of the previous section, there are no cen-
ter conditions of positive dimension other than (Cl1), (K2) and (K4) for
Kukles’ system. In fact, Lloyd and Pearson conjectured that there are no
other center conditions at all. The difficulties of searching for the complete
conditions are caused by the involved large-scale polynomial computations.
Despite this, one often gets encouraged by seeing some hope to find new
conditions when coming to manipulate the polynomials which are large and
appear to follow some bizarre yet regular patterns.

From the known center conditions for Kukles’ system, one sees that the
algebraic variety Zero(Px) should become reducible for a sufficiently big
N. So a natural idea is to decompose Py into irreducible components.
However, elementary application of the previously mentioned elimination
algorithms to Py would fail due to the size of the polynomials in Px. The
reducibility occurs and thus splitting Py into subsystems becomes possi-
ble as N increases. When splitting happens, one gets smaller subsystems
and thus the involved computations become easier. Unfortunately, the size
of van41 expands rapidly as N increases. So a big N would cause some
problem as well.

We have taken N = 7 and made several attempts including interactive
elimination to decompose the polynomial set P7 into irreducible triangular
systems without success. Decomposing P; and establishing the complete
center conditions for Kukles’ system are still challenging problems that
remain open.
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Bibliographic notes

Although we have tried to acknowledge source of the material and work in
the text wherever they are used, 1t is possible that in some cases credits were
forgotten or not properly given to the original authors. We apologize for
any inadequate omission and unawareness. Here are some additional notes
on history and bibliography, of which some were not provided because of
interference or loose relevance with the context, and the others are repeated
for emphasis.

General

Elimination theory has been developed in the West since the 18th century.
Early methods are attributed to Euler (1980) and E. Bézout, while the
best known are the method of Gauss (1873) for sets of linear equations
and the dialytic method of Sylvester (1904) for sets of general polynomial
equations. The former is fundamental and has been used in many different
domains; the latter started at studying algebraic invariants and was further
developed as the theory of resultants through the British school: A. Cayley,
A. L. Dixon, F. 5. Macaulay, and others.

The method of triangularizing sets of linear equations, named after Gauss,
was also described in the ancient Chinese collection “Chiu Chang Suan
Shu” (Nine chapters on the mathematical art, abbreviated Chiu Chang
hereafter) which appeared early in the first century and was commentated
by Hui Liu in 260 AD. The book Chiu Chang was designed by first asking
a daily life question and then giving an answer together with a method for
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deriving the answer. The example of solving the following set of 3 linear
equations, extracted from the eighth chapter (Fang Chhéng Shu — the way
of calculating by tabulation), is one of the 246 problems included in the
book:

3z + 2y +z =39,

2 + 3y + = = 34,
x4+ 2y + 3z = 26.

The method given in the Chiu Chang proceeds by first placing the coeffi-
cients and constant terms of the equations in a matrix form and then reduc-
ing the matrix with column operations to another triangular matrix. The
latter represents the equations 36z = 99, by+z = 24, and 3z +2y+z = 39,
from which the values of z, y, and x are successively found with ease. See
Boyer (1968, pp. 218-219), Needham (1959, pp. 24-28) and van der Waer-
den (1983, pp. 47-49) for more details.

Fang Chhéng Shu illustrated by 18 problems deals with sets of simul-
taneous linear equations in an arbitrary number of unknowns, using both
positive and negative numbers. The last problem, involving four equations
and five unknowns, foreshadows indeterminate equations. The method de-
scribed in Chiu Chang 1s systematic and effective and has the same algo-
rithmic feature as that proposed by C. F. Gauss in 1826. In view of this
fact and the anonymity of Chiu Chang, the method was called China-Gauss
elimination by W.-t. Wu. In fact, it has already been known as Chinese
matriz method in mathematical history (see Boyer 1968, p. 248). Several of
the algorithms described in this thesis can be considered as generalizations
of the China-Gauss elimination.

The most widely known elimination methods of solving simultaneous
algebraic equations of high degree and problems about the solvability of
such systems are those based on resultants. The exploration of general
elimination methods in China is also of long standing. By the 13th century,
Chinese algebraists had already developed a method, called Ssu Yuan Yu
Chien (Precious mirror of the four elements), that can solve sets of polyno-
mial equations of high degree in four variables. Polynomial arithmetic and
elimination are among the most important achievements of Chinese ancient
mathematics. The methods then developed were used not only for efficient
resolution of algebraic equations but also as algebraic tools for systematic
treatment of geometric problems.

We conclude these general notes by reproducing the following interesting
quotation of Taoist paradoxes from Needham (1959, p. 47).

By moving the expressions upwards and downwards, and from side to side,
by advancing and retiring, alternating and connecting, by changing, divid-
ing and multiplying, by assuming the unreal for the real and using the imag-
inary for the true, by employing different signs for positive and negative,
by keeping some and eliminating others and then changing the positions of
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the counting-rods, by attacking from the front or from one side, as shown
in the four examples — he finally succeeds in working out the equations
and roots in a profound yet natural manner - - -

I-Chi Tsu, Preface to the Ssu Yuan Yi Chien by Shih-Chieh Chu (1303)

Chap. 1

Although the material in this chapter was taken from various sources, the
reader may find most of the concepts and results from van der Waerden
(1950, 1953) and Knuth (1981). The presentation of subresultants is based
largely on Chap. 7 of Mishra (1993).

Chaps. 2-4

The concept and method of characteristic sets were introduced by Ritt
(1932, 1950) for differential polynomial ideals. Tt was W.-t. Wu who real-
ized the power of Ritt’s method in the later 1970s and has considerably
refined and developed it for polynomial sets (instead of ideals). In particu-
lar, Wu dropped the irreducibility requirement so that characteristic sets of
arbitrary polynomial sets can be defined and computed in different senses.
Extensive work on the subject has been done by Wu himself (1984, 1986a,
1987, 1989a, 1994), members of his group (MMRC 1987-1996), Chou and
Gao (1990b, 1993), Gallo and Mishra (1991), and Wang (1992b, 1995a).
The presentation of the characteristic set method in this thesis 1s based on
Wang (1989) and Wu (1994).

The elimination algorithms described in Sects. 2.3 and 3.2 root in the
elimination theory of Seidenberg (1956a, b). The adaption and refinement
were made by the author (Wang 1993). The notion of simple systems is due
to Thomas (1937). The decomposition algorithms using SRS in Sects 2.4
and 3.3 are also proposed by us (Wang 1998), for which the exposition of
Mishra (1993, Chap. 7) on subresultants has been helpful.

The contents of Sects. 4.1-4.3 come mostly from Wu (1984, 1986a, 1994)
and Wang (1993).

Chap. 5

The concept of regular sets was introduced independently by Kalkbrener
(1993) under the name of regular chains and by Yang and Zhang (1994)
under the name of proper ascending chains. Related work has also been
done by Gao and Chou (1993). The algorithm based on SRS for computing
regular series is given in Sect. 5.1 for the first time, and so are some of
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the properties about regular systems proved. The inclusion of Sect. 5.2 is
motivated by the work of Lazard (1991).

The Grobner basis method was invented by Buchberger (1965). Most
of the material in Sect. 5.3 originates from Buchberger (1985). The his-
tory and extensive literature on Grobner bases are covered by Adams and
Loustaunau (1994), Becker and Weispfenning (1993).

The base of Sect. 5.4 is van der Waerden (1950, Chap. XI), Kapur and
Lakshman (1992), and Chionh and Goldman (1995), which contain a lot of

historical and bibliographic information.

Chap. 6

Methods for computing prime bases of irreducible ascending sets were sug-
gested by Chou et al. (1990), Wang (1989b), Wu (1989b) and Ritt (1950).
The technique of using Grobner bases to construct saturation bases is also
contained in Gianni et al. (1988). Trreducible decomposition of algebraic
varieties was investigated in Wang (1989, 1992). The presentation of un-
mixed decomposition is based partially on the work done by Kalkbrener
(1993), and Chou and Gao (1990b, 1993), with some generalizations.

The algorithm of primary ideal decomposition is attributed to Shimoyama

and Yokoyama (1996).

Chap. 89

Many researchers have worked on and contributed to automated geometry
theorem proving; see Wang (1986b) and

http://www-leibniz. imag.fr/ATINF/Dongming.Wang/GRBib

for a long list of references. We ought to mention Wu (1978, 1984, 1986¢,
1994) and the work done by his students (Wang and Gao 1987; MMRC
1987-1996), Chou (1988), Kapur (1988), and Kutzler and Stifter (1986),
just to name a few. In particular, Chou (1988) contains 512 geometric the-
orems which were proved by an implementation based on Wu’s method and
the Grobner bases method. Zero decompositions were used for geometric
theorem proving by Ko (1988), Chou and Gao (1990a), and Wang (1995c¢).

Automated discovery/derivation of unknown relations was initiated by
Wu (1986b) and Chou (1987); further work was carried out by Chou and
Gao (1990a) and Wang (1995b).

The implicitization of parametric objects was investigated by various
researchers; see Buchberger (1987), Gao and Chou 1991), and Li (1989) for
background and literature information.

Several other geometric applications of elimination methods can be found

in Buchberger (1987), Wang (1985b) and MMRC (1987-1996).
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