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8 Synthése des travaux

1.1 Introduction

Le but de 'optimisation de forme est de trouver “la meilleure” forme géo-
métrique d’un objet donné par rapport & certains critéres physiques. Cet
objet peut étre une structure mécanique (un pylone), une forme immergée
dans un fluide (un avion), un dispositif électromagnétique (une antenne),...
Les critéres a optimiser peuvent étre respectivement la solidité, la trainée,
I’énergie transmise,... Ces exemples ont tous en commun que le critére a op-
timiser fait intervenir la solution d’une équation aux dérivées partielles posée
dans un domaine, qui peut étre ’espace occupé par 1’objet ou le complémen-
taire de cet espace. Schématiquement, un probléme d’optimisation de forme
peut étre exprimé de la maniére suivante : trouver Q* € O,y tel que

J(Q2 ug) = (nin J (2, uq), (1.1)

ou O,4 est une classe de domaines admissibles, uq est la solution d’un pro-
bléme d’état relatif & 'ouvert variable €2 et J est le critére & minimiser.

En dehors des méthodes stochastiques comme les algorithmes génétiques
[23, 24, 25, 26, 37| qui restent d’un cout de calculs élevé, les techniques
usuelles d’optimisation requiérent le calcul de la dérivée de la fonction coiit.
Il apparait donc important de pouvoir disposer de la dérivée du critére qu’on
souhaite minimiser. Et c’est 1a que les difficultés commencent ! En effet, pour
des raisons évidentes, on a 'habitude de ne définir une notion de différentia-
bilité que dans des espaces vectoriels normés. Or ’ensemble des domaines de
R™ n’est pas muni d’une telle structure d’espace vectoriel. Plusieurs possibi-
lités ont été étudiées :

— En optimisation de forme classique [11, 32, 18, 19, 22, 29, 36, 39|,
chaque domaine Q2 € O,y est écrit sous la forme Q = F(€y), ou
est un domaine de référence et F' est une fonction de transport. Par
exemple, dans [11], ’ensemble des domaines admissibles est donné par

Oa = {% = F(Q, t),t > 0}.

Ici, la fonction F est construite & partir d'un champ de déplacement V'
par

d
EXX (t) = V(XX(t>7 t)v
XX (0) = X € QQ,
avec F(X,t) = Xx(t). La fonction coit est alors redéfinie par
Jt) = J(Q, ug,), Vt>0.
Nous pouvons alors parfaitement considérer les quotients différentiels
j(t) — j(0)
t

nous l'appelons dérivée de J en (2 suivant la direction V. Cette méthode
présente les limitations suivantes :

du type et si ce quotient posséde une limite quand ¢t — 0,
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1. Une déformation infinitésimale de la forme se traduit par un pe-
tit déplacement de la frontiére du domaine. Ainsi, les domaines
admissibles ont tous la méme topologie. Par exemple, si ) est
simplement connexe, alors tous les domaines F'({)y) obtenus par
itérations successives seront simplement connexes.

2. Cette approche implique des modifications du modéle éléments fi-
nis au cours du processus d’optimisation, ce qui peut étre contrai-
gnant.

— Pour surmonter les difficultés liées aux problémes de non-existence de la
forme optimale, la méthode de relaxation a été proposée. Elle consiste
en fait a élargir I’espace des formes admissibles. Par exemple, en s’ap-
puyant sur la théorie de I'homogénéisation, G. Allaire [1] considére
comme formes admissibles les matériaux composites obtenus par un
mélange fin de matériau et de vide. Une telle structure composite est
déterminée par deux fonctions : f(x), la densité volumique locale de ma-
tériau, prenant ses valeurs entre 0 et 1, et A*(x), le tenseur de Hooke
correspondant a sa microstructure. Pour plus de détails sur la théorie
de ’homogénéisation, le lecteur peut se référer a [1, 10, 33, 41]. Une des
propriétés les plus intéressantes de cette méthode est qu’elle permet de
capturer sur un maillage fixe une forme optimale dont la topologie n’est
pas fixée ni dictée par le choix des conditions initiales. Il faut noter ce-
pendant que plusieurs difficultés liées a 'utilisation de cette méthode
subsistent :

1. La solution homogénéisée n’est pas classique : c’est une distribu-
tion de matériau composite. Des méthodes de pénalisation doivent
étre appliquées pour retrouver un domaine admissible.

2. Cette approche est limitée au cadre strict de 1’élasticité linéaire.
Son application en électromagnétisme reste problématique.

— En suivant les idées de Osher et Sethian [34], G. Allaire, F. Jouve et
A.-M Toader [2] ont introduit une nouvelle méthode basée sur la combi-
naison des techniques d’optimisation de forme classique et la méthode
Eulerienne des courbes de niveaux (level-set method). Dans cette ap-
proche, toutes les formes admissibles () sont contenues dans un domaine
fixe D. La frontiére de () est paramétrée par une fonction 1, appelée
fonction courbe de niveaux. Cette fonction est définie sur le domaine
fixe D par

Y(x) =0< 2 €09,
P(r) <0z e, (1.2)
Y(z) > 04z € D\Q.

A chaque itération, la fonction v est calculée en résolvant une équa-
tion d’Hamilton-Jacobi, posée dans le domaine D et faisant intervenir
la dérivée de forme classique. Cette méthode présente les avantages
suivants :
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1. La forme est capturée sur un maillage fixe.

2. Durant le processus d’optimisation, elle permet de réduire le nombre
de trous, donc de changer de topologie.

Toutefois, cette approche souffre des inconvénients suivants :
1. Il n’est pas permis de créer des trous.

2. Comme dans le cas de 'optimisation de forme classique, la forme
optimale dépend fortement du choix de la géométrie initiale.

— La fonction level-set v est soumise a une contrainte de positivité a 1’ex-
térieur du domaine et une contrainte de négativité a l'intérieur. Nous
proposons une méthode permettant & ¢ d’étre positif a 'intérieur du
domaine et de créer des trous. La fonction 1) que nous proposons a une
propriété fondamentale : sa positivité est une condition nécessaire et
méme suffisante d’optimalité. Il s’agit de la fonction gradient topolo-
gique. Plus précisément, soit 2 un domaine borné de RY (N=2 ou 3)
et J(Q) = J(2,uq) est le critére & minimiser. Nous notons B(z,¢),
r € Q, la boule de rayon ¢ > 0, B(z,¢) = {y € RY, |ly — x| < &} et
B(z,¢e) désigne la fermeture de B(z,¢). Dans la plus part des cas, la
variation J (Q\B(z,¢)) — T (2) admet un développement asymptotique
(par rapport a €) qui s’écrit sous la forme

J(N\B(z,¢)) = T (Q) = f(e)g(x) + o(f(¢)), (1.3)

ou f(e) est une fonction positive qui tend vers 0 avec . Nous appelons
Pexpression (1.3) 'asymptotique topologique. La fonction g est appelée
gradient topologique. A chaque itération, un certain pourcentage de
matiére est enlevé ou inséré (selon la nature du probléme) aux endroits
ou g est la plus négative. Ainsi, la forme optimale €,,; est caractérisée
par g(z) > 0,V € Q.

Cette derniére méthode nécessite donc de connaitre le développement
asymptotique de la variation J(Q\B(z,¢)) — J(£2). Le premier travail sur
ce sujet est celui de Eschenauer, Kobelev et Schumacher [16], dans lequel ils
ont étudié la minimisation de la compliance en élasticité linéaire avec une
condition de Neumann sur le bord du trou. Leur idée consiste a faire bou-
ger le bord de la perforation en utilisant les outils de ’optimisation de forme
classique. Cette approche a été appelée : “the bubble method”. Toujours dans
le cadre de ’élasticité linéaire, J. Sokolowski et A. Zochowski [40| ont géné-
ralisé cette approche a une certaine classe de fonctions cotits. Dans [30], M.
Masmoudi a introduit deux outils mathématiques pour calculer ’expression
de 'asymptotique topologique : une adaptation de la méthode d’état adjoint
[11] et une technique de troncature de domaine. Il a considéré pour la pre-
miére fois une condition de Dirichlet sur le bord du trou (circulaire). Dans
[17], S. Garreau, Ph. Guillaume et M. Masmoudi ont étudié le cas d’un trou
de forme quelconque dans le cadre de I’élasticité linéaire. Dans [20, 21|, Ph.
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Guillaume et K. Sididris ont étudié les problémes de Poisson et de Stokes
avec une condition de Dirichlet sur le bord d’un trou de forme quelconque.
Sur le plan numérique, cette approche a été appliquée avec succés a 1’élasti-
cité linéaire [12, 17|, en pétrophysique [15], & la mécanique des fluides [38§],
en électromagnétisme [28, 35|, etc. Une des propriétés les plus intéressantes
de cette méthode est que la simple observation du gradient topologique g,
calculé & la premiére itération, donne une bonne idée de la forme a obtenir.

Tous les cas cités ci-dessus concernent des opérateurs dont le symbole est

homogéne. Dans cette thése, les thémes suivants sont abordés :

— Etude d’opérateurs dont le symbole est non-homogéne.

— Insertion d’un objet diélectrique dans le domaine. Dans cette partie,
nous généralisons les travaux de M.S. Vogelius et H. Ammari. L utili-
sation d’une approche adjointe nous permet d’obtenir des développe-
ments asymptotiques pour une large classe de fonctions coiits.

— Création d’un trou sur le bord du domaine.

Aprés la synthése effectuée ci-dessous, le document est constitué de cing
articles publiés ou soumis & publication.

1.2 Equation de Helmholtz : condition de Diri-
chlet sur le bord d’un trou [Chap2, Chap3]

1.2.1 Position du probléme

Soit 2 un domaine borné de RY (N = 2 ou 3) et de frontiére I" assez
réguliére. Etant donné h € H ‘%(F), nous supposons qu’il existe un unique
ug € H'(Q) vérifiant

Aug + K?uq =0 dans ©Q, (1.4)
Op U0 =h surl, ’

ol 0, désigne la dérivée normale. La condition aux limites sur le bord exté-
rieur n’intervient pas dans ’analyse asymptotique.

Soit w un domaine borné de RY contenant I'origine et xy € ). Pour tout
e > 0 assez petit, nous posons w. = xy + cw et 2. = Q\w;. La possibilité de
faire un changement de coordonnées nous permet de supposer que xg = 0.
Nous posons ug, € H*(€).) la solution du probléme perturbé

Aug, + k*ug. =0 dans €,
U, =0 sur Jw,, (1.5)
Opiq, =h surl.

Pour simplifier la présentation dans ce chapitre introductif, les espaces fonc-
tionnels considérés sont tous des R-espaces vectoriels.
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Nous considérons une application J différentiable de H'(O) dans R, ou
O est une partie voisine de I'. Nous posons

J(€) = J(uq. p), Ve = 0. (1.6)

Pour simplifier, nous écrivons j(¢) = J(ugq, ). L’hypothése faite sur la fonction
cotit J s’explique par le fait que dans les problémes électromagnétiques les
critéres telle que la matrice S sont définis sur les accés d’'un guide d’onde
ou a l’infini pour les obstacles bornés. Dans le chapitre 4 par exemple, nous
avons étudié une large classe de fonctions coiits.

Notre but est d’étudier le comportement asymptotique de la différence
j(e) —7(0) lorsque ¢ tend vers 0. Nous utilisons deux outils mathématiques :
la méthode adjointe généralisée et la troncature de domaine.

1.2.2 Outils mathématiques
La méthode adjointe généralisée

Nous rappelons que cette méthode a été introduite par M. Masmoudi dans
[30]. Nous la généralisons dans [Chap2, Chap3| au cas d’un champ complexe
et d’un probléme non coercif.

Soit ¥V un espace de Hilbert fixe, ¢ une forme linéaire continue sur V et
(ac)e>o est une famille de formes bilinéaires continues sur V. Nous supposons
que ’hypothése suivante soit satisfaite.

Hypothése 1 Pour tout € > 0, la forme bilinéaire a. est uniformément
coercive : il existe une constante o > 0 (indépendante de ) telle que

a-(u,u) > al|ul|®>, Yu € V. (1.7)

Il existe 0, une forme bilinéaire continue sur V et une fonction f(c) définie
sur RY telles que

li{égf(g) = 0, (1.8)
lac —ao — f(€)dallcayy = o(f(e)), (1.9)

ot Lo(V) désigne lespace des formes bilinéaires continues sur V.
Soit u, la solution du probléme : trouver u. € V tel que
ac(ue,v) =L(v), Yve. (1.10)

En utilisant 'inégalité (1.7) pour u = u. — ug, pour tout ¢ > 0 la fonction wu,
est la solution de I’équation (1.10), les égalités (1.8) et (1.9) et la continuité
de la forme bilinéaire d,, nous obtenons le lemme suivant.
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Lemme 1 Nous avons

lue = uoll = O(f(e))-

Nous posons
jle) = J(us), Ve>0, (1.11)

ou J est une fonction différentiable de VV dans R. Pour tout £ > 0, nous
définissons le lagrangien par

L.(u,v) = J(u) + a-(u,v) — L(v), Yu,v € V. (1.12)

Le résultat classique qui dit que la dérivée de la fonction coiit est égale a la
dérivée partielle du lagrangien est remplacée par

J(ue) — J(ug) = L (ue,v) — Lo(ug,v), Vv € V. (1.13)

En utilisant (1.13), la différentiabilité de la fonction J, le lemme 1, I’hypo-
thése 1 et la continuité de la forme bilinéaire §,, nous obtenons le résultat
suivant.

Théoréme 1 La variation j(¢) — j(0) admet le développement asymptotique
sutvant :

J(e) = j(0) = f(€)da(uo. po) + o(f(€)),

ol ug est la solution du probléme directe (1.10) pour e = 0 et py est la solution
du probléme adjoint : trouver py € V tel que

ag(w,pg) = —DJ(up).w, Yw € V. (1.14)

Revenons maintenant au probléme perturbé (1.5) et a la fonction coit
j(e) = J(ugq,). Pour avoir un développement asymptotique de notre critére,
nous ne pouvons pas appliquer directement le théoréme 1 car ug. € H'(Q.),
espace fonctionnel qui dépend du parameétre €. Pour cela, nous avons besoin
de considérer la technique proposée dans le paragraphe suivant.

La technique de troncature de domaine

Cette technique fournit le cadre mathématique nécessaire pour I’applica-
tion de la méthode adjointe généralisée. Nous fixons R > 0. Nous utilisons
les notations suivantes :

- Qr = Q\B(0, R),

- I'r = 0B(0, R),

- D. = B(0, R)\w:.

Pour tout € > 0, nous définissons 'opérateur Dirichlet-to-Neumann T par

T.: HY?(Tg) — H'2(Tg)
@ — Top = Vug.ngry,

(1.15)
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ou njr, est la normale sortante sur I'g et u¢ est la solution du probléme

Auf + k*uf =0 dans D,,
uf = sur g, (1.16)
uf =0 sur Ow..

Pour tout £ > 0, nous posons u. la solution du probléme tronqué

Au. + k*u. =0 dans Qp,
Ope +Tou. =0 sur I'p, (1.17)
OnUg =h surl.

Nous avons alors le résultat suivant.

Proposition 1 La restriction o Qg de uq, solution de (1.5) est la solution
ue du probléeme (1.17).

Nous rappelons que notre fonction cotit est de la forme j(¢) = J(uq, o), ou O
est une partie voisine de I'. Ainsi, en utilisant la proposition 1, nous pouvons
écrire
je)=J(us), Ve>D0.
La formulation variationnelle de (1.17) peut alors s’écrire : trouver u. €
H'(Qpg) tel que
a:(us,v) = £(v), Vv e H' (Qg),

ol la forme bilinéaire a. et la forme linéaire ¢ sont données par

a(u,v) = / Vu.Vu dx—k2/ uv dx—i—/ Touvdo(x),
Qr Qr r
l(v) = /hv do(x).
r

Ainsi, la variation (a. — ag) s’écrit
(ac — ap)(u,v) = / (T. — Toy)uv do(z), Yu,v € H'(Qg),
T'r

et le probléme se raméne & trouver une expression asymptotique de la varia-
tion T, — 1.

1.2.3 Calcul asymptotique de 1. — T
Premiére méthode : développement en séries de Fourier

Dans le cas ou w est la boule unité, nous pouvons avoir une expression
explicite de 'opérateur 7. sous la forme d’une série de Fourier. Par exemple,
i ) 1
en dimension N = 2, nous avons pour tout p € H2(I'g)

J!( kR ke) — Ju(ke)Yi(kR) — ing
g = kZ )—Yn(kR)Jn(ke)@”e ’

ou (p,) sont les coefﬁ(:lents de Fourier de ¢, (J,) et (Y,,) sont respectivements
les fonctions de Bessel de premier et de deuxiéme espéce.
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Deuxiéme méthode : approximation par la solution d’une équation
intégrale

Dans le cas ol w est de forme quelconque, nous proposons la technique sui-
vante pour obtenir un développement asymptotique de 7. —Ty. L’idée princi-
pale consiste a approcher u? —u par la solution d’un probléme extérieur a w,,
ou seulement la partie principale de 'opérateur non-homogéne est considé-
rée. Plus précisément, pour étudier la variation (7. — Ty avec o € H2(I'g),
nous regardons d’abord le comportement asymptotique de uf — uf, ce qui
est naturel vu que

(T. —To)p = V(uf —uf).nr,.

Nous rappelons que poure > 0et p € H 3 (T'r), u? est la solution du probléme
(1.16) et nous prenons N = 3. La variation u? — u est solution de

Auf —uf) + k*(uf —uf) =0 dans D.,

¢ — _y®

uf — uf = —uj sur Ow,, (1.18)
¢ _

uf —uf =0 sur ['p.

Nous approchons u¥ — uf par u.. solution de
13 0 P

Aue o+ Ku.p, =0 dans D.,
Ue = —uf(0) sur Jwe, (1.19)
Ue =0 sur I'g.

Cette premiére approche se justifie facilement par I'utilisation d’un dévelop-
pement de Taylor de u{. Nous approchons ensuite u. , par v¢, avec vf(z) =

T . :
vl <—> et v¥ est la solution du probleme extérieur

£
—Av¥ =0 dans R3\w,
Ve =0 a 00, (1.20)
vf = —uj(0) sur dw.

Nous exprimons v¢ sous la forme
vl (r) =¢ (/ Po(x) dcr(m)) E(z) + O(e?), (1.21)
Ow

ol E est la solution élémentaire du Laplacien et p,, € H~2(dw) est la solution
de I’équation intégrale

/8 By — )po(x) dy(x) = —uf(0), Wy € Ow.

En posant P?(z) = ([, pu(x) do(z)) E(x), nous pouvons écrire
(uf —uy)(x) = eP?(x) + R(e). (1.22)
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Si nous introduisons I'opérateur 67" défini par
8T = VP nr, Yoe H?(Tg), (1.23)
nous obtenons

|7 =Ty — <67, = 0(e).

HE (Cp),H™2(TR)
Ce résultat est non exploitable, la méthode adjointe généralisée exige o(¢)
et non O(e). C’est ici qu’intervient le fait que le symbole de 'opérateur est
non-homogeéne. Pour cela, nous corrigeons I'approximation (1.22) par la prise
en compte du terme diagonal, en utilisant un terme correctif ¥, solution de

AQ? + k?Q¢ = k?P¥ dans Dy,
{ Q¥ = Pf\rR sur I'p. (1.24)
En posant 07 'opérateur défini par
0T = V(P = Q)npp, Vo € H?(T), (1.25)
nous obtenons le résultat désiré
| T: — Ty — 6T || = o(e). (1.26)

L(HZ (TR),H 2(TR))

Comparaison entre les deux méthodes

La premiére méthode ne peut étre utilisée que dans le cas d’un trou ayant
une forme particuliére. Par exemple, dans le chapitre 2, nous I’avons utilisée
pour un trou circulaire. ’avantage de cette méthode est qu’elle nous permet
d’avoir une expression explicite de la variation 7, — Tj, ce qui nous donne
une idée précise sur le terme dominant. Cependant, lorsque le probléme est
non-homogeéne, 'utilisation de cette méthode pose beaucoup de difficultés : le
terme général de la série fait intervenir des fonctions spéciales (les fonctions
de Bessel dans notre cas), 1’étude du comportement du terme général lorsque
n — oo et € — 0, convergence uniforme des séries,... Néanmoins, lorsque 1’on
connait mal les propriétés de ’opérateur que 1’on étudie, cette méthode peut
étre utilisée comme premiére approche. Sinon, la deuxiéme méthode nous
permet d’étudier un trou de forme quelconque, elle est donc plus générale et
elle permet d’éviter beaucoup de calculs.

1.2.4 Les principaux résultats

Dans le chapitre 2, nous étudions I’équation de Helmholtz avec une condi-
tion de Dirichlet sur le bord d’un trou circulaire. Nous obtenons

B 2
log(e)

J(e) = §(0) = %(m(z)m(asmo( ! ) (1.27)

log(e)
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ol N désigne la partie réelle d’'un nombre complexe, ug et pg sont respecti-
vement 1’état direct et ’état adjoint. Notons que le terme k% n’apparait pas
dans ’expression du gradient topologique.

Dans le chapitre 3, nous étudions le cas d’un trou de forme quelconque.
Nous montrons qu’en dimension N = 2, la formule (1.27) est indépendante de
la forme du trou, ce qui n’est pas le cas lorsque N = 3. Dans cette situation,
I’asymptotique topologique est donnée par

§(6) = 3(0) = R (Au(ua(@)pa(@) ) +ofe), (1.28)

ou A, (uq(z)) est une quantité qui dépend de la forme de w. Dans le cas d’un
trou sphérique, nous obtenons

J(e) = j(0) = dmeR(ua(z)pa(z)) + ofe). (1.29)

1.2.5 Les applications numériques
Optimisation d’un guide d’onde

Dans le chapitre 2, nous utilisons le gradient topologique pour I’optimi-
sation d’un guide d’onde fonctionnant en plan H. Nous présentons trois tests
numériques. Dans le premier test, nous utilisons une méthode itérative. A
chaque itération, nous choisissons un seuil au-dessus duquel nous insérons du
métal. Dans le deuxiéme cas, la forme est choisie & partir de I’allure du gra-
dient topologique calculé a I’état initial. Le troisiéme test consiste a ajouter
un point de métal (de la taille d'une maille) 1a o le gradient topologique est
le plus négatif, et d’itérer en calculant & chaque fois un nouveau gradient.
Dans les trois cas étudiés, nous obtenons des résultats satisfaisants.

Détection d’objets métalliques enfouis

La partie numérique présentée dans le chapitre 3 concerne la détection
d’objets métalliques enfouis dans un sol, a partir des mesures de champ
effectuées au dessus du sol. Trois tests numériques sont étudiés :

— Le sol correspond a un sable trés sec. Cinqg objets métalliques sont
présents dans ce sol. Le gradient topologique est calculé dans le sol, mais
en ’absence des objets métalliques. Une seule itération est suffisante
pour avoir une bonne idée sur la position des objets.

— Les mesures de références sont effectuées sur un sol bosselé, et dont la
permittivité relative est variable. Le gradient topologique est calculé
sur un sol parfaitement plat et de permittivité constante. Une seule
itération, et les cinq objets sont localisés, avec des images légérement
déformées par rapport au résultat précédent.

— Une méthode itérative est utilisée. A chaque itération, un point de
métal est inséré 1a ou le gradient est le plus négatif. le résultat obtenu
est satisfaisant.
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1.3 Imsertion d’une inhomogénéité dans le do-
maine [Chap4, Chap3]

Dans ces deux articles, nous étudions I’asymptotique topologique lorsque
nous insérons une petite inhomogénéité dans le domaine. Plusieurs études
ont été réalisées sur ce sujet. Voir par exemple les travaux de H. Ammari,
S. Moskow, H. Kang, D. Volkov, C. Alves, A. Friedman, M.S. Vogelius et
A. Khelifi [3, 4, 5, 6, 7, 8, 13, 27]. Dans ces travaux, des développements
asymptotiques de la solution ont été considérés. Dans le chapitre 4, nous
utilisons une méthode adjointe pour obtenir I’expression de Iasymptotique
topologique pour une large classe de fonctions cotits. Comme exemple modéle,
nous considérons I’équation de Helmholtz en dimension N (N = 2 ou 3). Dans
le chapitre 5, nous étudions les équations de Maxwell en dimension N = 3.

1.3.1 Position du probléme : équation de Helmholtz

Soit © un domaine borné de RY et de frontiére I' assez réguliére. Nous
supposons que {2 contient une inhomogénéité w. = cw, ol € est un petit
paramétre et w est un domaine borné de RY contenant l’origine. Soit «. la
fonction constante par morceaux, définie par

ap dans Q\w;,
O =
© o  dans w,,
ou «g et oy sont des constantes. Une autre fonction (. est définie d’une

maniére analogue. Pour ¢ > 0, nous posons u. la solution dans H'(Q) du
probléme

{ V.(a.Vu.)+ feu. =0 dans Q, (1.30)

O g =h surl.

La condition aux limites 0,u. = h n’intervient pas dans le calcul asympto-
tique et elle peut étre remplacée par une autre condition. Nous Nous inté-
ressons a la détermination d’un développement asymptotique de la variation
j(e) — j(0), ou la fonction cott j est définie par

j(e) = Je(uc), Ve=>0. (1.31)

1.3.2 Formulation variationnelle

Pour tout € > 0, u. est la solution dans H*(2) de I’équation variationnelle

ac(ug,v) = L(v), Vv € H(Q), (1.32)
ou la forme bilinéaire a. et la forme linéaire ¢ sont données par
a-(u,v) = / a.Vu.Vu dr — / G.uv dx, (1.33)
Q Q

l(v) = oco/Fhv do(z). (1.34)
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Dans le paragraphe suivant, nous présentons deux méthodes différentes pour
calculer 'asymptotique topologique dans cette situation.

1.3.3 Différentes possibilités
Premiére possibilité : utilisation de la méthode adjointe généralisée

Dans cette situation, nous pouvons aussi appliquer la méthode adjointe
généralisée. Mais, il ne faut surtout pas tomber dans le piége. Bien que nous
travaillons dans un espace fonctionnel fixe : H'(f2), nous ne pouvons pas
appliquer directement la méthode adjointe généralisée. En effet, dans cette
situation, la variation de la forme bilinéaire est donnée par

(ac—ap)(u,v) = (al—ao)/ Vu.Vu dm—(ﬁl—ﬁo)/ wv dv, Yu,v € H(Q).

Si nous écrivons que 0, (ug, po) = (a1 —0ag) Vug(0).Vpe(0)—(51—0FG0)ue(0)pe(0),
ol ug et py sont respectivement 1’état direct et 1’état adjoint, nous ne pouvons
pas en déduire la variation de j(¢) — j(0) vu que I’application J, n’est pas
continue dans H'(f2). Le résultat ainsi obtenu est faux. Ainsi, comme dans
le cas d’une perforation, nous devons utiliser la technique de troncature de
domaine, malgré le fait que ’espace fonctionnel soit fixe.

Deuxiéme possibilité : une méthode adjointe pour les inhomogé-
néités
Nous supposons que les hypothéses suivantes sont satisfaites.

Hypothése 2

Je(ue) = Je(ug) + DJ:(ug).(ue — uo) + f()0J1 + o(f(e)),

Je(uo) = Jo(uo) + f(e)dJa + o(f(e)),
ot 0.J; et 6Jo sont deuxr nombres réels qui dépendent de la fonction cofit.
Hypothése 3 Il existe §, € R tel que

(a: — ao)(uo, pe) = f(€)da + o(f(€)),
ol p. est la solution de
a-(w,p.) = —DJ.(up).w, Yw € H'(Q).

Nous notons que I’hypothése 2 est vérifiée pour une large classe de fonctions
cotits. Nous obtenons alors le théoréme suivant.

Théoréme 2 La variation J.(u.) — Jo(ug) admet le développement asymp-
totique sutvant :

Je(ue) = Jo(uo) = f(€)dj + o(f(e)),
01 6j = 6, +0J et 6J = 5J; + 6.
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| Fonction cotit j(e) | 0J

J(ua\f‘) 0

aelue — ud|2 dx (a1 — ap)|w]|uo(0) — ug(0)]?
0

1 1 —

5 / .|V (u. — ud)|2 dx 5(041 — ao)(Vuo(O)TMquo(O) - \w||Vu0(0)\2
Q

+|w|[Vuo(0) = Vug(0)]?)

TAB. 1.1 — Fonctions cotts particuliéres (inhomogénéité).

Comparaison des méthodes

Nous avons présenté deux méthodes différentes pour traiter un probléme
d’inhomogénéité. La premiére exige une troncature du domaine qui rend
I’étude d’une fonction cotit générale un peu compliquée (voir par exemple
[20]). La deuxiéme évite les problémes de la troncature et elle nous permet
d’étudier plus facilement une large classe de fonctions cotits. Pour toutes
ces raisons, nous utilisons la deuxiéme méthode pour obtenir I’expression de
I’asymptotique topologique.

1.3.4 Les principaux résultats

Dans le chapitre 4, nous étudions 1’équation de Helmholtz en dimension
N, posée dans un domaine contenant une inhomogénéité w. = cw. Lorsque
w est de forme quelconque, I'expression de I'asymptotique topologique est
donnée par

3(€)=3(0) = "R {(a1 = a0) Vo (0)" Mo — (81 = o) eoluo(0)po(0) + 87 |
+o(N),

ou M, est une matrice qui dépend de la forme de w. Dans le cas particulier
ol w est la boule unité, nous obtenons

Nag(ag — ) N -

-0 = {5 /¥ 0(0) F7000) — (B — o) a(0)(0)
+6J} + o(eN).

Notons que le terme 0.J qui apparait dans ces formules dépend de la fonction
coiit étudiée (voir Tableau 1.1). Nous obtenons aussi I’expression de 1’asymp-
totique topologique dans le cas oll w est une ellipse de grand axe a et de petit
axe b. Dans cette situation, la matrice M., est donnée par

ap(l+a)+ai(b—1)
Mw = wab a0a+a1b
0

0

ap(1+0) + ai(a—1)
apb + aqa
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Il est intéressant de voir (formellement) que si a; — 0, 51 — 0, o9 = 1
et By = k2, nous obtenons des formules d’asymptotique topologique pour
I’équation de Helmholtz avec une condition de Neumann sur le bord d'un
trou. Par exemple, dans le cas d’un trou sphérique, nous obtenons

—-N
N -1

j(e)=j(0) = "R { |w[Vuo(0)-Vpo(0) + |w]k*uo(0)po (0) + 5J}+0(€N)~

Dans le cas d’un trou elliptique, la matrice M., est donnée par

M. = ( W(GBLl)b w(bima )

En faisant tendre b vers 0, nous retrouvons la formule dans le cas d’une fissure
[9] : w = [—a,a] x {0}. Elle est donnée par

() — j(0) = 2R <—7ra(Vuo(O).n)(Vpo(0).n) + 5J> +o(e?),

oll n est un vecteur normal & la fissure.

Dans le chapitre 5, nous étudions les équations de Maxwell en dimension
N = 3. Plus précisément, pour tout € > 0, nous considérons H. la solution
dans H(rot, Q) de

V x (a.V x H.)+ f.H. = 0 dans Q,

avec une condition aux limites sur I'. Dans le cas d’'une inhomogénéité de
forme quelconque, nous obtenons

ie) = j(0) = &% {(al — 0g)V x Ho(0).M,, (Z—;) ¥V % po(0) + B (1 - %)

Hy(0).M,, (%) po(O)} +o(e?),

ol M, est une matrice de polarisation qui dépend de la forme de w. Dans le
cas d’'une inhomogénéité sphérique, nous obtenons

. . B 3 Oéo(Oq - Oéo) = < ﬁo(ﬁl - 50)

1€ =30) = ar=n{ 28N 1y 0) T 0] + HAZ ) 1 0) )
+o(e?)

Lorsque a; — 0, 8, — 0, ap = 1 et 3y = —k?, nous obtenons (formellement)

la formule dans le cas d’une bille métallique. Elle est donnée par

() — j(0) = 213 R {—zv % Hy(0).Y % po(0) + k?HO(O).m} +o(?).
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1.3.5 Les applications numériques

Le chapitre 5 contient diverses applications numériques en électromagné-
tisme (six tests numériques). Les deux premiers tests ont été déja présentés
dans le chapitre 3. Le troisiéme, concerne la détection d’objets métalliques
enfouis dans un sol a forte permittivité. Pour pouvoir traiter ce probléme, on
peut procéder en deux étapes :

— reconstruction du profil du sol en utilisant le gradient topologique par

rapport a l'insertion de billes diélectriques,

— calcul du gradient topologique en prenant en compte le profil du sol.
Les quatriéme et cinquiéme tests concernent la détection de la forme d’objets
meétalliques en espace libre. le sixiéme est dans le méme contexte, mais ici,
le gradient topologique est calculé par rapport a l'insertion de paillettes de
métal.

1.4 Insertion d’un trou sur le bord du domaine
[Chap6]

Dans cet article, nous étudions le cas d’un trou situé sur le bord du
domaine. Plus précisément, nous considérons le probléme suivant. Soit €2 un
domaine borné du plan. Une partie Iy du bord est définie par deux segments
formant un angle de sommet O (l'origine) et de mesure Am, 0 < A < 2.
Nous notons ugq la solution du probléme de Laplace posé dans le domaine (2,
vérifiant u = 0 sur 'y et une condition aux limites sur I'; = 9Q\I'y. Pour
e > 0 (assez petit), nous considérons le domaine perturbé €2, = Q\S., ot S.
est le secteur défini par S. = {(r,0);0 <r <e,0 <6 < Ar}. Notre but est de
donner une expression asymptotique de la variation J(ugq_)—J(ugq), ot ug, est
la solution du probléme de Laplace posé dans le domaine perturbé avec une
condition de Dirichlet imposée sur I’arc de cercle joignant les deux segments
du secteur S.. La méthode adjointe généralisée et la technique de troncature
sont proposées pour résoudre ce probléme. Dans le cas oi A~! € N*, nous
obtenons

1 -2 YAy al/Ap
Hun) = tue) = | ()] PG OG0+ o,

ou pq est I'état adjoint. Nous remarquons que ’expression du gradient to-
pologique dépend de I’angle de singularité : plus I’angle est petit et plus des
dérivées d’ordre élevé de I’état direct et de I’état adjoint apparaissent.

Nous avons présenté ci-dessus les principaux thémes abordé dans les cing
articles qui constituent cette thése. Cependant, du travail reste a faire dans
cette direction. En particulier, les points suivants mériteraient d’étre étudiés :

— Dans le chapitre 5, nous avons montré 'intérét d’'une perturbation fi-

laire pour identifier une structure formée d’arétes. L’expression du gra-
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dient topologique utilisée, qui a donné d’excellents résultats, n’a pas
encore été justifiée.

— Dans le chapitre 4, les formules asymptotiques obtenues ont de nom-
breuses applications potentielles en électromagnétisme notamment en
imagerie.

— Nous n’avons pas encore étudié des problémes d’évolution comme par
exemple 1’équation des ondes.
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30 The topological asymptotic for the Helmholtz equation

Ce chapitre est constitué de ’article : The topological asymptotic for the
Helmholtz equation, STAM J. Control Optim. Vol. 42, no. 5, pp. 1523-1544
(2003). C’est un travail réalisé en collaboration avec Samuel Amstutz et Mo-
hamed Masmoudi.

2.1 Introduction

Classical shape optimization methods are based on the perturbation of
the boundary of the initial shape. The initial and the final shape have the
same topology. The aim of topological optimization is to find an optimal
shape without any a priori assumption about the topology of the structure.
Many important contributions in this field are concerned with structural me-
chanics and in particular the minimization of the compliance (external work)
subject to a volume constraint. In view of the fact that the optimal struc-
ture has generally a large number of small holes, most authors [3, 5, 15]
have considered composite material optimization. Using the homogenization
theory G. Allaire and al. [3] exhibit a class of laminated materials with an
explicit expression for the optimal material at any point of the structure. The
range of application of this approach is quite restricted. For this reason, glo-
bal optimization techniques like genetic algorithms and simulated annealing
are used in order to solve more general problems [26|. Unfortunately, these
methods are very slow.

The topological gradient has been introduced by A.Schumacher [27] to
minimize a cost function j(Q2) = J(2,uq) where uq is the solution to a
partial differential equation defined in the domain 2. The idea is to create
a spherical hole B(z,e) of radius € around a point z in 2. Generally, an
asymptotic expansion of the function j can be obtained in the following
form :

J(Q\ B(z,€)) = j(Q) = f(e)g(x) + o(f(e))- (2.1)
The function f(¢) is positive and tends to zero with €. We call this expansion
the topological asymptotic. To minimize the criterion, we have to create holes
where ¢ is negative. The optimality condition g > 0 in 2 is exactly what G.
Buttazzo and G. Dal Maso [6] have obtained for the Laplace equation, using
a relaxed formulation. The topological gradient g(x) has been computed by
A. Schumacher [27] in the case of compliance minimization with Neumann
condition on the boundary of the hole. In the same context, J. Sokolowski
[25] gave some mathematical justifications in the plane stress case, and gene-
ralized it to various cost functions. A topological sensitivity framework using
an adaptation of the adjoint method and a truncation technique has been
introduced in [16] in the case of an homogeneous Dirichlet condition imposed
on the boundary of a circular hole. The fundamental property of the adjoint
technique is to provide the variation of a function with respect to a parame-
ter by using a solution ug and an adjoint state po which do not depend on
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the chosen parameter. From the numerical view point, only two systems have
to be solved for obtaining g(x) for all x € Q. This observation leads to very
efficient numerical algorithms. In [10, 11, 12|, the topological sensitivity has
been obtained in the contexts of linear elasticity, the Poisson equation and
the Stokes problem with general shape functions and arbitrary shaped holes.
These publications are concerned with PDE’s operators whose symbols are
homogeneous polynomials.
In this paper, we are interested in the differential operator

2 62 )
P:ZWH‘“
i=1 7

whose symbol is not homogenous. First, an adaptation of the adjoint me-
thod to the topological context is proposed in section 2.2 for the operator
P. Next, a wave guide problem, the truncation method and the explicit ex-
pression of the topological asymptotic are presented in Section 2.3. Finally,
an optimization algorithm and some applications of the topological gradient
to wave guides optimization are given in section 2.4. This work is done in
collaboration with Alcatel Space Industries.

2.2 A generalized adjoint method

In this section, the adjoint method is adapted to topological optimization.
Let V be a fixed complex Hilbert space. For ¢ > 0, let a.(.,.) be a sesquilinear
and continuous form on V and [, be a semilinear and continuous form on V.
We consider the following assumptions.

Hypothesis 1 There exists a sesquilinear and continuous form d,, a semi-
linear and continuous form &;, and a real function f(c) > 0 defined on R*,
such that

lim /() = 0. (2:2)
. = a0 = FOllesy = ol (€)). (2.3
lie =t = £(@oillery = ol (E)) (2.4)

where L(V) (respectively Lo(V)) denotes the space of continuous and semili-
near (respectively sesquilinear) forms on V.

Hypothesis 2 There erists a constant o > 0 such that

inf sup Jao(w, v)f Z o
w0 o0 [|ullvl|v]ly

We say that ay satisfies the inf-sup condition.
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According to (2.3), there exists a constant 5 > 0 (independent of ¢) such

that
inf sup 7‘%(% v)l

>3 Ve>0.
w0 20 [|ullv][v]ly

For ¢ > 0, we suppose that the following problem has one solution : find
u. € V such that
a:(ue,v) = l(v) Yv e V. (2.5)

According to Hypothesis 2, this solution is unique. We have the following
lemma.

Lemma 1 If Hypotheses 1 and 2 are satisfied then
[ue — uollv = O(f(€)).

Proof. 1t follows from Hypothesis 2 that there exists v. € V,v. # 0 such that

ﬂ“ue - UOHVHUSHV < ‘ae(us - anvs)‘u
which implies

Bllue — uollvllvelly < ac(uo, ve) — I (v:)]
= Jac(uo,ve) — (I- — lo — f(£)dr)(v:) — lo(ve) — f(e)u(v.)]
|(ae (o, ve) — ao(uo, ve)) — (le —lo — f(€)dr)(v:) — f(€)di(ve)|
< ac(uo, ve) — ao(uo, ve) — f(€)da(uo, v2)| + [le(ve) — lo(ve) — f(€)d(v:)]
+.f(€)(19a(uo, ve)| + [du(ve)])-

Using Hypothesis 1, we obtain

Bllue = uollvllvelly, < (o(f(€)) + f(&)1dall copvlluolly + el ) l1vellv-

0
Consider now a cost function j(¢) = J(u.), where the functional .J satisfies

J(u+h) = J(u) + R(La(h) + o(|hlly)  Vu,h e V. (2.6)

Here, L, is a linear and continuous form on V. We suppose that the problem :
find py € V such that

ao(v,po) = — Ly, (V) Yv eV, (2.7)

has a unique solution pg, called the adjoint state. For ¢ > 0, we define the
lagrangian operator L. by

L.(u,v) = J(u) + a-(u,v) — l.(v) Yu,v € V.

The next theorem gives the asymptotic expansion of j(e).
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Theorem 1 If Hypotheses 1 and 2 are satisfied, then
j(e) = j(0) = f(e)R(d(uo, po)) + o(f(€)), (2.8)

where ug 18 the solution to Equation (2.5) with ¢ =0, py is the adjoint state,
solution to Problem (2.7) and

O (u,v) = 8(u,v) — & (v), Yu,v € V.
Proof. We have that
je) = Le(us,v) Ve >0,Yv € V.
Next, choosing v = pg, we obtain
j(€) = 4(0) = Le(ue,po) — Lo(uo, po)
= J(ue) — J(uo) + ac(ue, po) — ao(uo, po) + lo(po) — I=(po)
= J(Ue) - J(uo) + §R(aa(ue,Po) - ao(uoapo)) - §R(le(po) - lo(po))

= J(ue) — J(ug) + RN(ac(ue, po) — ao(ue, po) + ao(us — ug, po))
—R(l=(po) — lo(po) — f(€)du(po)) — [(e)R(i(po))-

Using (2.6), we have that
J(ue) = J(uo) = R(Lug (ue = uo)) + o([ue — uollv)-
Hence,

j(e) = 3(0) = R(ac(uc,po) — ao(ue, po)) + Rao(us — uo, po) + Lug(ue — o)) + o([Jue — uollv)
—R(l-(po) — lo(po) — f(€)di(po)) — f(e)R(di(po))-

Using that p, is the adjoint solution, we obtain

§(e) = 4(0) = R(ac(ue, po) — ao(ue, po)) + o([[us — uolly)
—R(l-(po) — lo(po) — f(€)di(po)) — f(€)R(0i(po))
= R((a: — ao)(uo, po)) + R((a= — ao)(u= — o, po)) + of|[u= — uo|lv)
—R(l(po) — lo(po) — f(€)di(po)) — f(e)R(0(po))-

It follows from Hypothesis 1 that

j(e) = J(0) = [f(e)R(0al(uo, po)) + o(f(e)) + f(€)R(0a(ue — uo, po)) + o(f(€))llue — uolly
+o([lue = uollv) = f(e)R(di(po))-

Finally, from Lemma 1 and the hypothesis lim._of(¢) = 0, we have

j(e) = j(0) + f(e)R(da(uo, po) — di(po)) + o(f(€)),

since 9, is continuous by assumption.
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2.3 A wave guide problem

In this section, we study a problem of a wave guide as a component of

a spatial antenna feeding system. Because the wave guide O has a uniform
thickness, O = Qx]a,b[, Q@ C R? and the electric field has a vertical pola-
rization (normal to 2), the 3D problem can be reduced to a 2D problem
in €, called the H-plane model. We assume that 2 is a domain of R? with
a regular boundary I' = I'yUT; U...UT'y, N € N*. We denote by ug the
normal component to €2 of the electric field. It is a solution to the Helmholtz
problem :

Aug + k*ug =0 in Q,

Ug =0 only, (2.9)

aan - Z]CUQ = hj on Fj,j = 1, 2, ey N,

where O,uq is the normal derivative of ug, k € {k € C*/¥(k) > 0} and

h; € HO%O(F]»)’ for all j € {1,2,..., N}. The first boundary condition means
that I'y is a perfect metallic surface. When h; = 0, the last equation is an
approximate absorbing boundary condition (the normal incident plane waves
are completely absorbed). When h; # 0, it is a transmission condition. We
prove in Appendix 2.5.1 that Problem (2.9) has one and only one solution in
the Hilbert space

Vo ={ue H(Q),u=0on Ty} (2.10)

Here and in the following, all the Sobolev spaces involve complex-valued
functions.

For a given x € (), let us consider the perforated open set Q. = Q\B(x, ¢),
where z is a point of €, B(x,e) is the ball of center z and of radius e
(see Figure 2.1). We assume that ¢ > 0 is small enough, and we denote
Y. = 0B(z,¢). Our aim is to get the sensitivity analysis of ug_, being the

F1G. 2.1 — The initial domain and the same domain after the perforation.
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unique solution (see Appendix 2.5.1) to :

AUQE + k2UQE =0 in Qa,
UuQ =0 on I,

€

uQ =0 on X,

Opuq. —ikug, =h; only,j=12..N,
with respect to € at ¢ = 0. The solution of Problem (2.11) is defined on the
variable open set )., thus it belongs to a functional space which depends on
. Hence, if we want to derive the asymptotic expansion of a function of the
form

(2.11)

j(e) = J(uq,), (2.12)
we cannot apply directly the tools of Section 2.2, which require a fixed func-
tional space. In classical shape optimization, this requirement can be satisfied
with the help of a domain parameterization technique [13, 20, 17|. This tech-
nique involves a fixed domain and a bi-Lipshitz map between this domain
and the modified one. In the topology optimization context, such a map does
not exist between {2 and ().. However, a functional space independent of ¢
can be constructed by using a domain truncation technique.

2.3.1 The domain truncation
Let R > ¢ be such that the ball B(z, R) is included in Q. The boundary

of B(x, R) is denoted by Xg. The truncated domain Q\B(z, R) is denoted

by Qr and D, denotes the corona B(z, R)\B(z,¢) (see Figure 2.2).

Fi1G. 2.2 — The truncated domain.

For a U € H2(Xg), we consider uS, the solution to the problem

Augy, +k*ug, =0 in D,
ug =V onXg, (2.13)
uy =0 on X,
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and the Dirichlet-to-Neumann operator

Te: HY?(%R) — H2(ZR)
v — T°W = Vug.ns,,

where ny, denotes the outward normal to the boundary X . Using the Poin-
caré inequality, we obtain that, for ¢ < R < (v/2|k|)~}, the problem (2.13) is
coercive. Hence it has one and only one solution.

We consider the truncated problem : find u. such that

Au. +k*>u. =0 in Qp,
U =0 on I,
Ople + T°u, =0 on Xg,
Opte —thku. =h; only,j=12 ., N.

(2.14)

The variational formulation associated to Problem (2.14) is the following :
find u. € Vg such that

a-(us,v) =1(v)  Yv € Vg, (2.15)

where the functional space Vg, the sesquilinear form a., and the semilinear
form [ are defined by

Vi = {u€ H(Qg),u=0onTy}, (2.16)

o) = | VuTode—k /Q s + /2 (Tupdr(e) (217

—ikﬁ; /F T ), (2.18)

() = ﬁ; /Fj by (a). (2.19)
du o

Here, Vu.Vo = Z

and dv(x) is the Lebesgue measure on the boun-

ox; 0x;
dary. The follovvlng result is standard in PDE theory.

Proposition 2 The problem (2.14) has one and only one solution in Vg
which is the restriction to Qg of the solution to (2.11).

Proof. Existence : Applying the definition of T°, we prove that the restriction
to Qg of the solution to (2.11) is a solution to (2.14).
Uniqueness : Any solution u to Problem (2.14) can be extended in ). to the
solution to Problem (2.11) : we use the solution uy to (2.13) with ¥ = uy,,.
O
We have now at our disposal the fixed Hilbert space Vg required by
Section 2.2. We assume that the function J is defined in a neighbor part of
I'. Then we have

i(e) = J(ug.) = J(u:;) Ve >0. (2.20)
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2.3.2 Variation of the sesquilinear form
The variation of the sesquilinear form a. — a reads
0, v) — ag(u, v) = / ((T° — T°)) T dv(a). (2.21)
¥R

Hence, the problem reduces to the computation of (7% — T°)U for ¥ = ujy, ,.
We have the following proposition.

Proposition 3 The solution uj, to Problem (2.13) and the operator T¢ are
given by the explicit expressions :

i (r, 0) = Z Jn(kr)Y,(ke) — Ju(ke)Y, (kr)

¢n€in0

and
e) — Ju(ke)Y, (kR)

_— o (kR)Y, (K in
Ty =k % TR, (ko) Y. (hR) (k) e (2:22)

where (r,0) are the polar coordinates in R?, (V,,) are the Fourier coefficients
of ¥, (J,) and (Y,) are respectively the Bessel functions of the first and the
second kind.

Proof. We have in polar coordinates :
ug,(r,0) = Z cn(r)e™,
nez

where ¢, (r) satisfies the differential equation :

d?c 1dc n?
noy 2T L (k2
dr? + r dr + 72

Yen(r) =0 Vn € Z,
and thus ¢, is a linear combination of J,, and Y,, Bessel functions :
cn(r) = andyp(kr) + b,Y, (kr) Vn € Z.

Using the boundary conditions, we obtain

Y, (ke)
Jo(kR)Y, (ke) — Y, (kR)J,(ke)

—J(ke)

Yns ba = Jn(kR)Y,(ke) — Yn(k:R)Jn(kg)wn'

O

Ay —

In particular, for ¢ = 0 we have :

Proposition 4 The solution uY, and the operator T are given by the explicit

ETPTESSIONS
Jn(kr) :
0 — E n inf
ud) (T7 9) nEZ Jn(k:R) @bne
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and

0 _ Jn(kR) g
T = k:; Jn(sz)w”e : (2.23)

where u, is the solution to (2.13) for ¢ = 0.

For ¥ € H*(XRg), let

112, = X lal? (1 + [n))* (2.24)

nez

be the norm of ¥ in this space. The so defined norm is equivalent to the
usual norm of H*(Xg). We introduce the operator :

(5TZ HI/Q(ER) — H~ 1/2(23)

v — 5T\I/ = \IJO

RJQ(kR)
We have the following lemma.

Lemma 2 We have that

—1 -1
e _ 0 -
IT° =17 = g Orlleon e ‘O(k)g(s))'

Proof. Let ¥ € Hz(Xp). Using the series (2.22) and (2.23), we obtain

N Jn(kR)Yy(ke) — Jo(ke)Yi(KR) Jn(kR) i
L D (7 A (= e A r A= R Dl 1
_ J’(k:R) L (ke) — Ju(KE)YIR) | g JL(kR) |
2 T kRY, (ke) — Va kB (k) 2 T er)
Yo (kR)Jo(kR) — Yo(kR)Jy(kR) Jo(ke)Jo(kR)
- JkR) To(RB)Y(ke) — Yo(kR)Jo(he)
We have that [1]
Yi(kR)Jo(kR) — Yo(kR) Jo(kR) ~_ W{Jo(kR),Yo(kR)}
J2(kR) B J3(kR)
o2
~ nkRJ2(kR)’
where IV is the Wronskian. Then
e 0y, _ In(ke)Yn(kR) Ju(kR) Y (kR) in
=T =& %XZ: Yo (ke) Ju(kR) — Yo(kR) J, (ke) (Jn(k:R) - Yn(k:R)>wne

7 To(kRR)Yo(ke) — Yo(kR) Jo(ke) RIZ(RE)
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We have the following formula [1] :

Yo(ke) = ; (log(%) + 7) Jo(ke) +ea(e), (2.26)

where v denotes Euler’s constant and «(s) — 0 when € — 0. We insert (2.26)
into (2.25) :

(T° — T ) = eR.W +

~1 M -
og(5) (1 + g (2) + 59(5)) oV,

where M is a constant independent of €, #(¢) — 0 when ¢ — 0 and

k I (ke)Ya(kR) TR YRR\ | .,
Rev = 2 oy k) (k) — Y (o) T (k) (Jn(kR) Yn(km)w :

nez
Then

1 ) 2
log(e) ) RJZ(kR)

Yo.

(1= 10— S5 )=+ o0

Using (2.24), we have

2

) B |2 In(ke)Yn(kR)
IR g, = 2neze 2 Y, (ke)Ju(kR) — Y, (kR)J, (ke)
J! (kR) Yi(kR)  |?

(1 + [n])[¢nl*.

Jo(ER)(1+ |n|)  Y.(ER)(1+ |n|)

Let us prove that there exists a constant ¢ > 0 (independent of ¥ and ¢)
such that for all 0 < e <eg < R,

HREw H—%;ERS c || Q/}H%;ER‘
We have [1]

1 J'(kR) 1 Joa(kR)  n 1

1+|n| JL(kR) ~ 1+]n| J.(kR) ~ 1+ |n|kR

and for n — oo

Jn(2) ~ (270)" % (%)"

Then

L JualkR)

=0
n—oo 1 + |n| J,(kR)
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and

‘ 1 J'(kR)

< Y 7.
1+|n|Jn(k:R)‘ S

Here and in what follows, ¢ is a positive constant independent of the data
(e.g.,of € and n). Similarly, we have

1 Y!(kR)
i < 7.
P B

Hence,

J!(ER) Y!(kR) ‘

- — - <c Vnez.
T kRY(I+n])  YakR)A+n)| = "
We denote
file) = 1 Jn(ke)Y, (kER)
e |\ Y (ke) o (kR) — Yo (ER) J,(ke) |
We have also
i) = elu(kR)Y,(ke) |7
T Ja(ke) Y, (kR)

We show in Appendix 2.5.3 that there exist ng and ¢y such that

Jo(kR) R\"!

> — > 2.2
'an(ks) _c(g) Vn > ng, Ve < g (2.27)
and Y,(ke) | (R)"
(ke
> — > . 2.2
Yn(k}R) _C(g) Vn_no,V€<60 ( 8)

Using (2.27) and (2.28), we obtain

eY,(ke)J.(kR) ' >

>
Jn(k‘g)Yn(kR) Vn > no,Ve < €y

and
fn(g) <c Vn > no,v€ < &g.

For p € {1,2,...,n9 — 1}, we have f,(¢) — 0 when ¢ — 0. Then
fule) <c Vn € Z% Ve < g.

Hence .
IRy sn el s, Vo € HH(Sh).
This completes the proof.

From this lemma we obtain
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Proposition 5 Let d, be the sesquilinear and continuous form defined on

VR by
umean W
6(1 ) - ;
(. 0) = SR o)
where u™" and V""" denote respectively the mean values of u and v on Xg.
We have
(1.9) — ap(u.p) ~ o5, .p)| = 0 ( ) lullvalollv,  Yup eV
Ag\U, P ao\u, p log(s) a\W,p)| =0 log(s) U||VrIIPl| VR u,p R-

2.3.3 The asymptotic expansion

We prove in Appendix 2.5.2 that the sesquilinear form ag satisfies Hypo-
thesis 2 (inf-sup condition).
The adjoint problem is : find po € Vg such that

N
/(Vv.VpQ—kzvp_Q) dx—ik;Z/ vpg dy(x) = =Ly, (v) Yv € Vq. (2.29)
L j=1 7 Ti

This problem has one and only one solution (see Appendix 2.5.1). If L, €

uQ

HE(T), m e {1,2,..., N}, the strong formulation of Problem (2.29) is :

Apo+FKpa =0  inQ,
Po =0 on ',

- 2.30
Oppa +ikpg = —Ly, on Iy, (2:30)
Onpa +ikpa =0 onl';,j€{l,2,..., N}\{m}.

Hence, all the assumptions of Section 2.2 are satisfied and we can apply the
adjoint method. Then we have the following theorem.

Theorem 2 The function j has the following asymptotic expansion

B —2m
- log(e)

Rus(olpa(e) +o (1 ).

j(e) —4(0)
Proof. Using Theorem 1, we obtain

B —2m
~ log(e)

j(e) - 4(0) R (5 (10, 0)) +o( ! ) ,

log(e)

where wug is the solution to (2.15) for ¢ = 0 and p, is the solution to the
adjoint problem

ao(v,po) = — Ly, (V) Vv € Vg. (2.31)
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As observed in Proposition 2, ug is the restriction to 2z of ug. Let us prove
that the same property holds for py and pg. For v € Vg, we denote by pr
and vg the restriction of pg and v to 2g. On the one hand, we have

N
/(VU.VpQ — k*upq) dv — z/{:Z/ vpq dy(z)
Q j=1 71
- N
= / (Vur.Vpr — k*vgrDr) dv — ik Z/ VRDR dy(T) +/ (Vu.Vpg — k*vpg) dr
Qg parl Y Do

N
— / (Vur.Vpr — k*vgPr) dv — ik Z/ VRDR dy(T) +/ (T°vg)pr dvy(z)
Qpr j=1 F]‘ YR
= CLQ(UR,pR). (232)

On the other hand, due to the fact that J is defined in a neighbor part of I,
we have that J(u) = J(ug) for all u € V. Hence

Ly, (v) = Ly, (vR). (2.33)
Then, gathering (2.32), (2.29) and (2.33), we obtain
ao(vr, pr) = —Lus(VrR) ~ VUR € Vg,

which proves that pg is the solution to (2.31). Then py is the restriction to
Qr of po. It remains to prove that d,(uqja,,Pojn,) = ua(r).pa(r). Using
that ug is the solution to Helmholtz equation in the ball B(x, R), we obtain

mean

_ UQ|ER
ug(r) = TR
Similarly, we have
_ _ boly"

Hence

da(uo,p0) = da(uoiay, Pajay)

= uo(r)pa(z).

This completes the proof.
Then the topological gradient is

g = N(uapa).
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2.4 Numerical results

2.4.1 T-shaped waveguide

We use the topological gradient to design a H-plane T-shaped waveguide.
The geometric constraints are shown on Figure 2.3.(a). The input I'y is ex-
cited by the TE10 mode (see the second boundary condition of (2.34)) : the
excitation is given by

ue(y) = cos (%) Vy e T'y.

We follow the two ideas [22] :

— the initial guess is the free space

— instead of minimizing the reflected energy, we maximize the transmitted

energy on I's and I's.

At the beginning, only the input and output channels have metallic bounda-
ries. In order to use the finite element method, the design domain is delimited
by a fictitious boundary 'y on which an absorbing condition is imposed (see
Figure 2.3.(b)). The problem is modelized as follows

Au+ku =0 in Q,

U =0 on I'y,

Opu — ik'v = Oyu, — ik'u, on I'y, (2.34)
Opu —ik'u =0 on 'y, I's,

Oyu—iku =0 on I'y,

where k% = k"2 + g—;, d being the length of I';. The perfect conduction on the
metallic boundary leads to the first boundary condition v = 0 on I'y. The
third boundary condition prevent reflections on I's, I'3. The last equation is
an approximate absorbing boundary condition. Here and in the following, we
take k£ = 10.

The cost function to maximize is
J(u) = [S1a(u)]? + [S1s(u) [,

where S;(u) is given by

S1j(u) :/ u|p,; cos (%) dz, je{2,3}.
Ly
The adjoint state is solution to

(Ap+k*p =0 in Q,
D =0 on [y,
o,p—ik'p =0 on I'y,
Onp — 1k'p = —2S12(u)cos (’%”) on I'y, (2.35)
Onp—ik'D = —2S13(u)cos (Z£) on T,

\ 8n]5 - Zkﬁ =0 on F4.
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Then the topological gradient is ¢ = R(up) (see Figure 2.4.(b)). We are
interested in the relative loss of energy
E6 — (E2 + Eg)(u)

E. ’

P(u) =

where E. is the entering energy and Ej;(u) is the outgoing energy through
I';, je{2,3}.

We present here the topological optimization procedure. The underlying
idea is the following : in the /-th step of the process, if * is such that the
topological gradient is higher than a certain value t,, we insert at this point
a Dirichlet node (metal). The constant ¢, is chosen by the user, which allows
him to take into account other constraints, as for example the feasibility. The
process is stopped when the topological gradient is everywhere negative in
the design domain or when the shape suits the designer. The algorithm is
the following :

— Initialization : choose the initial domain €2y, and set ¢ = 0. The domain

) is meshed and it is identified with the set of the nodes : Qy =
{zg, k € {1,2,...,n}}. The grid is fixed during the process.
— Repeat

1. compute uy, p, the direct and adjoint solutions in the domain €2,
2. compute the topological gradient g, = R (uspy),

3. set Q1 = QE\{xhgf(xk) > té+1},
4. 0 — 0+ 1.

Figure 2.4 shows the isovalues of |u| and the topological gradient for the
initial geometry. In this case, 94.4% of the energy is lost. After two iterations,
the loss is reduced to 2.02% (see Figure 2.5) and the topological gradient is
everywhere negative. The last step consists in smoothing the boundary of
the domain by inserting some metal where |u| is close to zero. The loss of
energy of this waveguide is equal to 1.5% (see Figure 2.6). The convergence
history is given by Figure 2.7.

2.4.2 L-shaped waveguide

Here, we use the topological gradient like a decision help system to build
a junction between two rectangular waveguides. The initial geometry and the
design domain are given by Figure 2.8. The cost function to maximize is

J(u) = [Siz(u)*.

Figure 2.9.(a) shows the isovalues of |u| for the initial geometry. In this
case, 95.43% of the energy is lost. We observe that the topological gradient is
high on a quarter of circle where we decide to put metal (see Figure 2.9.(b)).
The loss of energy of the obtained waveguide is now equal to 0.34% (see
Figure 2.10).
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F1G. 2.4 — Modulus of the electric field (a) and topological gradient (b).

(a)

Y :

F1G. 2.5 — Modulus of the electric fields obtained after a first iteration (a)
and after two iterations (b).

2.4.3 U-shaped waveguide

Here, the initial guess is a metallic cavity. The geometry of the waveguide
is shown in Figure 2.11. The cost function to maximize is

J(u) = [S(u)]*
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F1G. 2.8 — The initial geometry (a) and the design domain (b).

Figure 2.12.(a) shows the isovalues of |u| for the initial geometry. In this
case, 88.45% of the energy is reflected. There are three local maximas of the
topological gradient (see Figure 2.12.(b)). At each local maxima, we introduce
a pointwise Dirichlet condition (a metallic plot). The new energy distribution
is shown in Figure 2.13.(a). The loss of energy is now equal to 39.19%. A
new analysis is performed : after the introduction of another metallic plot,
we obtain the design of Figure 2.13.(b). The objective is fulfilled, the loss
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F1G. 2.10 - Final geometry (a) and modulus of the electric field (b).

of energy is equal to 0.7%. For feasibility reasons, we decide not to insert

additional plots.
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2.5 Appendix

2.5.1 Existence and uniqueness of solution

Here we establish the existence and uniqueness of solution to problem
(2.9). Replacing 2 with €, the argumentation would be the same for Problem
(2.11). Without any loss of generality, we suppose here that N = 1. The
variational form of problem (2.9) is : find u € V, satisfying

a(u,v) =1(v) Y € Vg, (2.36)



2.5 Appendix 49

where the functional space Vg, the sesquilinear form a and the semilinear
fom [ are defined by

Vo = {ve H'(Q),v=0on Ty},
a(u,v) = /(Vuw — k*uv)dz — ik | wvdy(z),
0

Iy
) = [ gudrta)
We split a in the following form :
a(u,v) = b(u,v) + c(u,v), (2.37)
where b and ¢ are defined by
bu,v) = /Q (Va0 + uv) de, (2.38)

clu,v) = —(1+/{:2)/91@al;1:—z'k:/F ut dy(z). (2.39)
1
We recall the following result which is a consequence of the Lax-Milgram
theorem.
Lemma 3 For all f €V, there exists a unique uy € Vo such that
b(up,v) =< f,v >y v -
The operator f — uy is continuous from Vy, to Vq.

We define
C: VQ S VQ

u — Cu

such that
b(Cu,v) + c(u,v) =0 Yo € V. (2.40)

We have the following lemma.
Lemma 4 The operator C is compact.
Proof. By Lemma 3, it suffices to prove that the operator
ur— c(u,.)

from Vg, to VY, is compact. Let (u;) be a sequence bounded in V. The fol-

1
lowing imbeddings : Vo — L?(Q) and HZ\(T;) — L?*(T';) are compact, then
there exists a subsequence always denoted by (u;) such that

u; — wy in L*(Q)
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and
You; — wsy in L*(Ty).

Then,
c(ug, ) — lp? in Vg,

where [;;? is defined by

(12,0}, = —(14 1) [

w0 dr — zk;/ wovdy(z) Yo € Vq.
Q Iy

Hence the operator C is compact.
0
Using (2.40), Problem (2.36) can be written as follows : find u € Vg such
that
b((I —Cu,v) =1(v) Vv € Vq. (2.41)

We have the following lemma.

Lemma 5 For k € {k € C*/(k) > 0}, the following problem : find u € Vq
such that
a(u,v) =0 Yv € Vq, (2.42)

has no non-trivial solution.

Proof. Let u be a solution to Problem (2.42). For v = u, we have
a(u,u) = 0.
Then,
/Q Vul de — k2 /Q fu? dr — m/F WPdy(@) =0.  (2.43)

By writing k = ky + iky, where (ki, ko) € R? and using (2.43), we obtain
/ |Vul?dr — (k¥ — k3) / lul>dz + ky | |ul*dy(z) =0, (2.44)
Q Q I
and

kv | |ul?dy(z) + 2l<:1k:2/ lu|? dz = 0. (2.45)
Q

'
Two cases can arise :
— first case : ko > 0. If ky = 0, using (2.44) we obtain

/ |Vu\2dx+k§/ lul>dz + ky | |u*dy(z) = 0.
Q Q I
Then, u = 0 in Q. If k; # 0, using (2.45) we obtain

/ u|? dry(x) + 2k2/ lu|? dz = 0.
I, Q
Then, v = 0 in 2.
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— second case : ko = 0 and k; # 0. Using (2.45), we obtain
u=0 onl}y.

Let Q be a regular domain containing (2 and so that I'y C o). Exten-
ding u by zero in Q \ 2. We obtain a function @ that satisfies

A+ ka=0 in D'(Q).

This extension is analytic, it is equal to zero in an open subset of a
connex domain, thus @ = 0 in Q.
This completes the proof.
O
By Lemma 5, Lemma 4 and using the Fredholm alternative, we obtain the
following result.

Theorem 3 For k € {k € C*/(k) > 0}, problem (2.36) has one and only
one solution.

2.5.2 The inf-sup condition

Our aim is to prove that the sesquilinear form a, defined by (2.17) for
e = 0, satisfies the inf-sup condition (see Hypothesis 2). We have the following
lemma.

Lemma 6 The sesquilinear form a defined in (2.36) satisfies the inf-sup
condition.

Proof. Let u € V. We set v = (I — C)u, where C is the operator defined by
(2.40). According to (2.40), we have

a(u,v) = b(v,v)
”(I _C)U’“VQHU”VQ

> afullvg[[vllv,

where a = [|({ — C)_lHZ(va,VQ)' Thus the sesquilinear form « satisfies the
inf-sup condition.
U
We have the following result.

Proposition 6 The sesquilinear form ag satisfies the inf-sup condition.

Proof. We have

ag(u,v) = / (Vu.Vv — k*ut) dx +/ (T°u)v dvy(z) — zk/ wody(z) Yu,v € Vg.
Or 2

R 1N
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For all u € Vi we set
. [ uin Qg
v= uy, in B(z, R),

where 9 = s, and uj, is the solution to

Auf, + k*u), =0 in B(z, R)
ug, = on Lp.

It can easily be proved that
ao(u, vja,) = a(@,v) Yu € Vg, Vv € Vo.
According to Lemma 6, there exists v € Vo, v # 0, such that

ao(u, vja,) = a(@,v) 2> alldfvellv]lv,
>

allullvallviesllve-

This completes the proof.

2.5.3 Some useful inequalities

We have the following proposition.

Proposition 7 There exists ¢ > 0 such that

R n—1
>c (—) Yn > ng, Ve < €.

' Ju(kR)

A

Proof. The Bessel function J,(z) is defined by

nlz) = Gz)n f p!rggii): 1)

p=0
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Then we have

“+o00

(- IR

p'(n+p+1)

kR 6(5)”

€ oo

(T(n+1))

(1=

“p!T'(n+p+1)

—+00

7

‘F n+p+1)

(C(n+1))

—+00

RS

n!
1+Zp7(n+p) (—;¥R

Fn+p+1)

(Y
1+ " (2%
;p!(n+p)!( 4 &)

p=1

It is easy to see that the series which intervene in the expression of u,(¢)

converge normally with respect to (n,e). Hence, we have

lim
(n,6)—(00,0)

Using the limit definition, there exists ¢ > 0 such that

lun(e)| > ¢ Vn > ng, Ve < eo.

This completes the proof.

By the same techniques we obtain the following result.

un(e) = R.

Proposition 8 There exists ¢ > 0 such that

Y, (ke)
Y, (kR)

3

>c <E) Yn > ng, Ve < €.
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Ce chapitre est constitué de ’article : The topological asymptotic for the
Helmholtz equation with Dirichlet condition on the boundary of an arbitrary
shaped hole, accepté pour publication dans SIAM J. Control Optim. C’est un
travail réalisé en collaboration avec Julien Pommier.

3.1 Introduction

The same numerical methods are genarally used in shape inversion and
optimal shape design. There are mainly two categories of shape inversion or
shape optimization methods. In the first category we deform continuously the
boundary of the object to optimize in order to decrease a given cost function
[5, 20, 24, 27, 30|. The final shape has the same topology as the initial shape
given by the designer. Therefore, to reach the optimal geometry we need a
priori knowledge of its topology. However the topology of the optimal shape
is often the main unknown in object detection problems. For example, the
knowledge of the number and the locations of buried mines is more important
than their accurate shapes. The second category of algorithms allow topology
modifications. Many important contributions in this field are concerned with
structural mechanics and in particular the optimization of the compliance
(external work) subject to a volume constraint [4, 16]. In view of the fact
that the optimal structure has generally a large number of small holes, most
authors [1, 3, 14| have considered composite material optimization. Using
the homogenization theory G. Allaire et al. [1| exhibit a class of laminated
materials with an explicit expression for the optimal material at any point
of the structure. In this case, the optimal solution is not a classical design :
it is a distribution of composite materials. Then penalization methods must
be applied in order to retrieve a realistic shape. For all these reasons glo-
bal optimization methods are used to solve more general prolems [15, 25].
Unfortunately these methods are quite slow.

More recently, Eschenauer and Olhoff 7], Schumacher [26], Céa et al. [6],
Garreau et al. [8] and Sokolowski et al. [28, 29, 21| presented a method to
obtain the optimal topology by calculating the so-called topological gradient
(or topological derivative). This gradient is a function defined in the domain
of interest where, at each point, it gives the sensitivity of the cost function
when a small hole is created at that point. This approach seems to be general
and efficient. To present the basic idea, we consider ) a domain of R"”, n=2 or
3and j(Q) = J(uq) a cost function to be minimized, where ug, is the solution
to a given PDE problem defined in Q. For € > 0, let Q. = Q\xy + ew be the
subset obtained by removing a small part xq + cw from €2, where zy € 2 and
w C R" is a fixed open and bounded subset containing the origin. We can
generally prove that the variation of the criterion is given by the asymptotic
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expansion :

5O = 3+ F(eglan) + o F(E)) (3.)
li f(e) = 0. f(€)>0.

This expansion is called the topological asymptotic. To minimize the cri-
terion, we have to create holes where g (called the topological gradient) is
negative.

In this paper, using the adjoint method and the domain truncation tech-
nique introduced in [17], we compute the topological asymptotic expansion
for the Helmholtz equation in two and three space dimensions with Dirichlet
condition on the boundary of an arbitrary shaped hole. The originality of
this work is that the symbol of the Helmholtz operator is non-homogeneous.
The basic idea is to say that the leading term of the topological asymptotic
expansion is given by the principal part of the operator on the case of a
Dirichlet condition on the boundary of the hole. Our work generalizes the
contribution of Ph. Guillaume et al. [9] for the Poisson equation and it is
easily applicable to other problems of which the symbol of the operator is
non-homogeneous, as for example, the Quasi-stokes problem and the elastic
waves problem. In the numerical part, We present some applications that
illustrate the abilitie of the topological sensitivity approach to solve inverse
scattering problems.

As a background to our work, we cite the contributions of A. M. II'in
[11, 12, 13] for the construction of asymptotic expansions of solutions to boun-
dary value problems in domain with small holes in the case of second order
scalar equations by the use of the method of matched asymptotic expansions.
Various spectral problems in domains with small holes are investigated by V.
G. Maz’ya, S. A. Nazarov, B. A. Plamenevskij and Shin Osava |23, 18, 22|.
In [31], M. S. Vogelius et al. provided a rigorous derivation for solutions to
the time-harmonic Maxwell’s equations of a TE (transverse electric) nature,
in the presence of a finite number of diametrically small inhomogeneities.
Based on layer potential techniques, H. Ammari et al. [2] provided a rigorous
derivation of complete asymptotic expansions for solutions to the Helmholtz
equation in two and three dimensions, in the presence of small inhomoge-
neities in the domain. In our work, we derive asymptotic expansions not for
solutions but for a given cost function.

The generalized adjoint method is recalled in Section 3.2. Next, the formu-
lation of the Helmholtz problem is presented in Section 3.3 and its truncated
version is described in Section 3.4. Section 3.5 presents the main results whose
proofs are given in Section 3.6. Finaly, numerical examples illustrate in Sec-
tion 3.7 the abilities of the topological sensitivity to solve inverse scattering
problems.
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3.2 A generalized adjoint method

In this section, the generalized adjoint method introduced in [17, 8] is
slightly modified. The first modification is due to the fact that the cost func-
tion is defined in a C-Hilbert space and it takes values in R, then it is not
differentiable. For this reason, the differentiability property is replaced by
the formulation (3.7). The second modification is due to the fact that the
sesquilinear form associated to our problem is not coercive. For this reason,
the coercivity property is replaced by the inf-sup condition (see Hypothesis
4).

Let V be a fixed complex Hilbert space. For € > 0, let a.(.,.) be a sesqui-
linear and continuous form on V and [, be a semilinear and continuous form
on V. We consider the following assumptions.

Hypothesis 3 There exists a sesquilinear and continuous form da, a semi-
linear and continuous form d;, and a real function f(¢) > 0 defined on R*,
such that

lim f(e) = 0, (3.3)
lac — a0 — f(e)dalleany = o(f(e)), (3.4)
I —lo— f(©)dllcoy = olf(e), (3.5)

where L(V) (respectively Lo(V)) denotes the space of continuous and semili-
near (respectively sesquilinear) forms on V.

Hypothesis 4 There exists a constant o« > 0 such that

inf sup M =
w20 20 ||ully vy

We say that ag satisfies the inf-sup condition.

According to (3.4), there exists a constant 3 > 0 independent of ¢ such

that
sup 120
w0 20 [|ullv][v]ly

For € > 0, let u. be the solution to the problem : find u. € V such that
a-(ue,v) =1Il.(v) Yo e. (3.6)
We have the following lemma.

Lemma 7 If Hypotheses 3 and /4 are satisfied then

[ue — uolly = O(f(€)).
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Proof. Tt follows from Hypothesis 4 that there exists v. € V,v. # 0 such
that

Bllue — uollv|velly < |ac(ue — uo, ve)l,

which implies

IA

|ac(uo, ve) — le(ve )|

= |as(uo,ve) = (le —lo — f(€)dr)(ve) — lo(ve) — f(€)du(ve)]

|(ac(uo, ve) — ag(uo, ve)) — (le — lo — f(€)0)(ve) — f(€)di(ve)]

< fae(uo, ve) — ao(uo, ve) — f(€)da(uo, ve)| + |l-(ve) — lo(ve) — f(€)di(ve)|
+f(e)([0aluo, ve)| + [0i(ve)])-

Using Hypothesis 3 we obtain

B0 ue —uo [Iv lvelly, < (o(f(e) + fe)Ioall oy lluolly + 1Idillcev))) lvelly.

Bllue = uollvlvellv

U
Consider now a cost function j(¢) = J(u.), where the functional J satisfies
J(u+h) = J(u) + R(Ly(h)) + o(||h]]) Yu,h € V, (3.7)

where L, is a linear and continuous form on V.
For € > 0, we define the Lagrangian operator L. by

L.(u,v) = J(u)+ a:(u,v) — . (v) Yu,v € V.
The next theorem gives the asymptotic expansion of j(¢).
Theorem 4 If Hypotheses 3 and 4 are salisfied, then
J(e) = J(0) = f(e)R(0c(uo, po)) + o(f(e)), (3-8)

where ug is the solution to Equation (3.6) with € = 0, po is the solution to
the adjoint problem : find py € V such that

ao(v,po) = — Ly, (V) Yv eV (3.9)
and
oc(u,v) = da(u,v) — §(v), Vu,vel.
Proof. We have that
Jje) = L(ug,v) Ve > 0,Vv € V.

Next, choosing v = pg, we obtain
j(€) —4(0) = Le(ue,po) — Lo(uo, po)

= J(uc) = J(uo) + ac(ue, po) — ao(uo, po) + lo(po) — (o)

= J(ue) — J(uo) + R(ae(ue, po) — ao(uo, po)) — R(le(po) — lo(po))

= J(uc) — J(uo) + R(ac(ue, po) — ao(ue, po) + ao(u: — uo, po))

—R(l(po) — lo(po) — f(£)0i(po)) — f(€)R(du(po))-
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Using (3.7), we have that
J(ue) = J(uo) = R(Luy (ue — o)) + o([[ue — uol]).
Hence,

J(€) = j(0) = Rlac(ue,po) — ao(ue, po)) + R(ao(ue — uo, po) + Lug (ue — uo)) + o(||ue — uol|)
—R(l(po) — lo(po) — f(€)di(po)) — f(€)R(di(po))-

Using that pg is the adjoint solution, we obtain

j(€) = j(0) = R(ae(ue, po) — ao(ue, po)) + of[[ue — uol|)
—R(l(po) — lo(po) — f(€)di(po)) — f(e)R(0(po))
= R((a: — ao)(uo, po)) + R((a= — ao)(us — o, po)) + of[[u= — uol|)
—R(l-(po) — lo(po) — f(€)di(po)) — [(€)R(d1(po))-

It follows from Hypothesis 3 that

(€)= 30) = f(e)R(0aluo, po)) + o(f(€)) + f(e)R(da(uc — uo, po)) + o(f(€))l[ue — uoll
+o([lue — uoll) — f(€)R(d1(po))-

Finally, from Lemma 7 and the hypothesis hII(l] f(e) = 0, we have

J(e) = 3(0) + f(e)R(0a(uo, po) — di(po)) + o(f(e)),

since J, is continuous by assumption.
O

3.3 The Helmholtz problem in a domain with
a small hole

Let € be an open and bounded subset of R" with boundary I' = 'y U Ty,
n = 2 or 3. The Helmholtz problem is

Aug + Kuq =0 in Q,
UuQ =0 on I'y,
o (3.10)
— =Aug+© only,
on
where k € R*, © € Hz,(Th) and A € L(HZ,(T), Ha,(T1)).
We define
V(Q) = {ve H(Q),v=0o0n Ty}
a(Q,u,v) = / Vu.Vodr — k* / wodr — (Au,v) (3.11)
Q

wy = 0.9,
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where () is the duality product between H()%O(Fl)’ and HO%O(F 1). The variatio-
nal formulation associated to problem (3.10) is the following : find uq € V(2)
such that

a(, ug,v) =L(v) Yve V(). (3.12)

We consider the following assumption.
Hypothesis 5 The operator A s split into Ay + Ay with
- A1 € L(HgG(Th), Hip(T)'), and satisfies

R(A, D) <0 Vo € H(T), (3.13)

- Ay € L(H(I'), Hip(I')).-
We assume the following property of uniqueness
Hypothesis 6 We have

a(Qu,v)=0 YoeV(Q)=u=0, (3.14)
a(Qu,v) =0 YueV()=0v=0. (3.15)

From the Lax-Milgram theorem and the fact that the imbeddings Vg, —

L*(Q) and HZy(Ty) — L*(T';) are compact, and due to the Fredholm alter-
native, we obtain (see e.g. [10] for a detailed argumentation) the following
result.

Proposition 9 If hypotheses 5 and 6 are satisfied, we have that

1. Problem (3.12) has one and only one solution

2. The sesquilinear form a(2,.,.) satisfies the inf-sup condition : there
erists a constant a > 0 such that

inf sup laa(u, v)

(3.16)
w0 w20 [|[ullvllvllve)

For a given zy € €, consider the modified open subset Q. = Q\w;, w. =
xo + cw, where w is a fixed open and bounded subset of R" containing the
origin (w. = 0 if ¢ = 0), whose boundary dw is connected and piecewise of
class C'. The modified solution uq_ satisfies

Aug, + k*ug, =0 in ),

uQ, = on [y,

U, =0 on Owe, (3.17)
aUQE

on
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The function ugq_ is defined on the variable open set ()., thus it belongs
to a functional space which depends on e. Hence, if we want to derive the
asymptotic expansion of a function of the form

J(e) = J(uq,), (3.18)

we cannot apply directly the tools of section 3.2, which require a fixed functio-
nal space. For this reason, we use the domain truncation method introduced
in [17] to avoid this complication.

3.4 The truncation method

Let R > 0 be such that the closed ball B(xy, R) is included in Q. It is
supposed throughout this paper that € remains small enough so that w; C
B(zg, R). The truncated open subset is defined by

The open subset B(zo, R)\w: is denoted by D. (see Figure 3). For ¢ €

F1G. 3.1 — The truncated domain.
Hz2(Tg) and € > 0, let u¢ be the solution to the problem : find u# such that

Auf + k¢ =0 inD.,
(4 =0 on Ow,, (3.20)
uf = Oon PR,

where I'g is the boundary of the ball B(xg, R). For ¢ = 0, u is the solution
to

{ Auf + k*uf =0 in B(xg, R), (3.21)

@ —
ug =@ on g

1
Using the Poincaré inequality, it can easily be seen that for R < m,

problem (3.20) has one and only one solution.
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For £ > 0, the Dirichlet-to-Neumann operator 7. is defined by

T.: H?(Tg) — H=2(T'g)
© — T.p = VuZ.np,,

where the normal np,, is chosen outward to D. on I'r and dw..
Finally, we define for € > 0 the solution u. to the truncated problem

[ Au. + k2u,. =0 in Qp,
Ue =0 on I'y,
61: =Au.+0 only, (3.22)
\ (;:; —Tiuep, =0 on I'g.
The variational formulation associated to (3.22) is : find u. € Vg such that
a-(uz,v) =L(v) Vv € Vg, (3.23)
where the functional space Vi and the sesquilinear form a. are defined by
Ve = {veH' (Qr); vr, =0}, (3.24)
a-(u,v) = / Vu.Vt dz — k:2/ u. dr — (Au, ) +/ T.uv(3.25)
O O T'r

Here, [. denotes the duality product between H'/*(T'z) and H~'/*(T'). The
following result is standard in PDE theory.

Proposition 10 Problems (3.17) and (3.22) have a unique solution. Moreo-
ver, the restriction to Qg of the solution uq_ to problem (3.17) is the solution
ue to problem (3.22).

We have now at our disposal the fixed Hilbert space Vg required by
Section 3.2. We assume that the following hypothesis holds.

Hypothesis 7 The function J introduced in (3.18) is defined in a neighbor
part of I' and it satisfies

Ju+h)=Jw)+R(L,(h))+o(||h]]) Vu,h € Vg,
where L, s a linear and continuous form on Vg.

Then, we obtain that
Jje) = J(uq.) = J(u:) Ve >0. (3.26)

Remark 1 We can also consider more general cost function (see e.g. [30]),
the truncation method does not restrict the choice of the function. In the nu-
merical part of this work, only measurements on the boundary of the domain
are used. For this reason and to simplify the presentation, we considered the
previous assumption about the cost function.
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Let vg be the solution to the adjoint problem
a(Q,w,vq) = =Ly, (w), Yw e V(Q), (3.27)

where the functional space V(2) and the sesquilinear form a(€2, .,.) are defi-
ned in (3.11). It has been shown in Proposition 10 that u is the restriction
to Qg of ug. Similarly, vy, the solution to

aog(w,vg) = — Ly, (w), Yw € Vg, (3.28)

is the restriction to Q2 of vq.

3.5 The main results

This section contains the main results of this paper. All the proofs are
reported in Section 3.6. Henceforth we have to distinguish the cases n = 2 and
n = 3. This is due to the fact that the fundamental solutions to the Laplace
equation in R? and R? have an essentially different asymptotic expansion at
infinity, and problem (3.29) has generally no solution if n = 2.

3.5.1 The three dimensional case

Possibly changing the co-ordinate system, we can suppose for convenience
that xq = 0. In order to derive the topological sensitivity of the function j,
we introduce two auxiliary problems.

The first problem, called the “exterior problem”, is formulated in R3\w
and consists to find v,,, solution to

—Av, =0 in R*\w,
Uy =0 at oo, (3.29)
Uy = uq(rg) on Jdw,

where ugq is the solution to the direct problem (3.10). Here, one can remark
that just the principal part of the Helmholtz operator is used, which described
by the Laplace equation. The function v, can be expressed by a single layer
potential on Ow. Let

1
Ely) = — 3.30
W) = 7 (3.30)
with 7 = ||y||. It is a fundamental solution for the Laplace equation in R3.
Then, the function v, reads
W) = [ Bu-on@ d), yeR\e (31
Ow

where p,, € H2(0w) is the solution to boundary integral equation

/a E(y — z)p,(z) dy(z) = ug(xy), Yy € ow. (3.32)
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For z bounded and large r = ||y||, we have

E(y—1) = BE(y)+ O ( ! ) (3.33)

)
and the asymptotic expansion at infinity of the function v,, is given by

vo(y) = P.(y)+Waly), (3.34)
P.(y) = A, (ualzo)) E(y), (3.35)

A, (ug(x0) = /a pula) dy(2), (3.36)

r2

1
W,ly) = O ( ) : (3.37)
Notice that P, € L. for all m < 3. Clearly, the function a — A, () is
linear on R, and the number A, («) depends on the shape of w.
The second problem, which we call “interior problem”; is formulated in
Dy = B(xg, R) and consists to find Q! solution to

AQL + k2QL =0 in Dy,
Q(}J = Pw\FR on FR.

Here, the idea is to consider an interior and exterior problems that give a
good “first order approximation ” of (uf — uj )ip.: ¥ = Uq[ry, in the form
f(e)(QL — P,), in a way which will be stated precisely in Section 3.6. But,
the given formulation (3.38) of the interior problem, which is the “natural”
choice, is not sufficient to get the behavior needed by the adjoint technique
described in Section 3.2. More precisely, in this case one can construct the
sesquilinear form da but there is no positive function f(¢) such that ||a. —
ao — f(€)dallzovy) = o(f(e)). Indeed, one can observe through the proof
of Proposition 11 that the behavior of ||a. — ag — f(€)dal|zo(vy) is not of
order o(¢), but only of order O(e). This due to the approximation used on
the exterior problem (3.29), where just the principal part of the operator is
considered. For this reason, a new term (Q? is used in order to correct the
error caused by this approximation. We construct Q2 as solution to

(3.38)

AQ2 +kQ2 =kP, in D,
{ Q§2 B o (3:39)
Setting Q,, = QL + Q2, then Q,, is solution to
AQ, +k2Q, =k*P, in D,
{ Qw = Pw\FR on FR. (340)

Using the corrected interior problem (3.40), one can derive the good ap-
proximation of (uf — ug) p_. The main result is the following, which will be
proved in Section 3.6.
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Theorem 5 Let j(¢) = J(uq.) be a cost function satisfying Hypothesis 7.
Then, the topological asymptotic expansion is given by

j(€) = §(0) = =R (A, (un(w0)) valzo) ) + ofe), (3.41)

where uq s the direct state, solution to (3.10) and v is the adjoint state,
solution to (3.27).

Then, the topological gradient is given by
g(r) =N <Aw (un(:v))vg(x)> . Ve

and only two systems must be solved in order to compute g(z) for all z € €.
When w is the unit ball B(0,1), then v,(y), P.(y) and W, (y) can be
computed explicitly :

vo(y) = =Pu(y), Woly)=0, 0#yeR’. (3.42)
Then it follows from (3.30) (3.35) that
A, (ug(xg)) = dmug(xo). (3.43)
Then, we have the following result.

Corollary 1 Under the assumptions of Theorem 5 and when w is the unit
ball B(0, 1), the topological asymptotic expansion is given by

j(e) — j(0) = dmeR (m(xO)vQ(:ﬁo)) +ole). (3.44)

3.5.2 The two dimensional case

In this paragraph, we intend to derive the asymptotic expansion of the
function j in two dimensional case. The technical used is similar to that of the
three dimensional case. We use the principal part of the Helmholtz operator
to derive the topological sensitivity expression. Next, we briefly describe the
transposition of the previous results to the two dimensional case. As before,
ug and the adjoint state vq are respectively the solutions to (3.10) and (3.27).

The exterior problem must now be defined differently than in (3.29). It
consists to find v, solution to

—Au,, =0 in R?\w,
vo(y)/logr =wuq(xg) at oo, (3.45)
Uy =0 on Ow.

A fundamental solution for the Laplace equation in R? is given by

1
E(y) = ~5- log r. (3.46)
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The function v, has the form
vu(y) = ua(wo) log |yl + P + Wa(y), (3.47)

where P, is constant and W, (y) = o(1) at infinity [9]. In the next proposition
(where w is not supposed to be a ball), one can observe that in the two
dimensional case the topological sensitivity does not depend on the shape of
the hole w, in contrast to the three dimensional case.

Theorem 6 The assumptions are the same as in Theorem 5. The function
j has the following asymptotic expansion

56 = 3(0) = 2 (wnfawyine) +o (o) B9

log e log e

The proof uses the same tools as for the three dimensional case (see
Section 3.6) and will not be repeated for the two dimensional case.

3.6 Proofs

This section consists in the proof of Theorem 5. The variation of the
sesquilinear form a, reads

0-(u,0) — ag(u, v) = / (. — Ty)uw doy(z). (3.49)

T'r

Hence, the problem reduces to the analysis of (T. — Tp)¢ for ¢ € Hz(T'g).
More precisely, it will be shown that there exists an operator 07" € £ (H% (Tr), H 2 (FR)>
such that

|T. — Ty — 55T|]£<H%(FR)’H,%(FR)> = 0(%?). (3.50)
Consequently, defining da by
da(u,v) = /F 0Tuv dy(z) Vu,v € Vg (3.51)
R
will yield straightforwardly
|la: — ag — 65&\|£<H%(FR),H,%(FR)> = 0(%/?). (3.52)

First we need some definitions and preliminary lemmas.
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3.6.1 Definitions

For convenience, the following norms and semi-norms are chosen for the
functional spaces which will be used.
— For a bounded and open subset @ C R? and m > 0, the sobolev space
H™(O) is equipped with the norm defined by

m
lullfo =D lulio.
5=0

where the semi-norms |u|; o are given by

2o = Z/ Ouul? dz. (3.53)
. JO

la|=y5

— For a given ¢ > 0, the space H%(FR/E) is equipped with the following
norm :

[ullsry,. = nf{llvllvo@eerre) Vg, = ul,
where C(r,7") = {x € R*;r < ||z|| < 7'}
— The dual space H ‘%(F r/e) is equipped with the natural norm

1
loll sy, = sup{] < w,0>_y 3 v e HH (Ta)i [ollyr,, = 1,

where <, >_1 1 is the duality product between H3 (I'g/c) and H 3 (Crye)-

3.6.2 Preliminary lemmas

Recall that zp = 0. We will use extensively the following change of va-

riable : for a given function u defined on a subset O, the function « is defined
on O =0/e by

- x
ily) = u(a), y=".
Lemma 8 We have that
luho = Pl g (3.54)
lulloo = €*lillye- (3.55)

proof. Due to Vu(z) = Vu(y)/e and to definition (3.53), we have

1 ~
ul? o :/ Vul? de = — /~ Vil dy.
o €°Jo

Similarly, we have
3/2

[ullo.o = e lally 5-
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Lemma 9 [9] For ¢ € H2(0w) let v be the solution to the problem

—Av =0 inR\D,
v =0 at oo, (3.56)
v =¢ on ow.

The function v is split into
oly) = Viy)+Wl(y)
Vi) = EW) [ ple) dy(o)
Bw

where E(y) = and p € H~2(0w) is the unique solution to

1
4|yl

/a E(y — x)p(z) dy(z) = ¢(y) Vy € Ow. (3.57)

There exists a constant ¢ > 0 (independent of ¢ and ) such that

IVllo.c(rj2e,m7e) < CE—WHSOHl Ow
\Vicryerre) < 1/2||90Hlaw
IVI_0,D./e < e gl g
Viioe < cuwr%,m
\Wllo,cr/2e,r/e) < 051/2||<P||l Ow
\(Wicrj2e,re) < 3/2||80Hl O
Wllo.p.re < cllells oo
Lemma 10 We assume that R < ——. For a given € > 0, f. € L*(D.)

xﬂ|

and o € H2(T'g), let v. be the solution to

Av. + Kk*v. = f. dans D,,
Ve =0 surOw., (3.58)
Ve =¢ surlg.

There ezists a constant C(R, k) > 0 (independent of ¢ and ) such that

leelli. < CRF) (Il o, + 1 F-ll0p.) (3.59)

Proof. Let Ry be the lifting of ¢ in the space H' (C(R/2, R)) such that
ch‘FR/Q = (. We extend Ry by zero to the domain D.. We denote by Ry
this extension. It belongs to H'(D,). We introduce

u. = Ry — v, (3.60)
g- = —f. +ARp+ERep. (3.61)
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The function g. belongs to the space H'(D.) and the new unknown u. is
the solution to

Au. + k*u. =g. in D,,
Ue =0 on Jw,, (3.62)
U, =0 onlIpg.

Using the Poincaré inequality and the elliptic regularity, we obtain

1+2R?
[ucll1,p. < <m) 19:1|-1,p.- (3.63)

Finally, the result follows from (3.60), (3.61), (3.63) and the continuity of the
lifting R

0J
1

V2[k|

Lemma 11 Fore >0 and ¢ € H'(Dy), let X, the solution to the problem

Here, and in the sequel, we assume that R <

AX. +k*X. =0 in D,
X. =1  on Jdw, (3.64)
X, =0 onTpg

There exists a constant ¢ > 0 (independent of ¢ and €), such that for all
e >0,

(Xelvowr < cellvley)ls o (3.65)
[ Xello.p. < cellv(ey)lls ow (3.66)
| Xclip. < 051/2||¢(5y)\|%,aw- (3.67)

Proof. Let U, be the solution to the exterior problem

~AG. =0 in R¥\@,
5. =0 at oo, (3.68)
Ue =(ey) on Jw.

The function X, can be written
Xe = Ve — We,

where v.(z) = 0. <£> The function w, itself is the solution to
£
Aw, + kK*w, =k*v. in D,,
W, =0 on Owe, (3.69)

We =, on I'p.
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It follows from Lemma 10 that there exists a constant ¢ > 0 such that
lwellso. < ¢ (Ioerall o, + B2leellon,) (3.70)

It follows from Lemma & and Lemma 9 that

[verpllirg < cllvelliewer (3.71)
< c (HUsHO,C(R/z,R) + |Ua\1,C(R/2,R)) (3.72)
= ¢ (*?10lloc(rzemse) + €0 Lc(rjoeRye)  (3-T3)
< celld(ey)ll o (3.74)

We have that

locllop. = 2lo0,.e (3.75)

< cellg(ey)ll on- (3.76)

From (3.70), (3.74) and (3.76), we obtain that

[well1,p. < cellv(ey)ll1 oo (3.77)
Then, we have
o|Xc|1crar) = |ve — Welior/2R) (3.78)
< ‘Ua‘l,C(R/Z,R) + ‘wg‘]_’C(R/Q,R) (3.79)
< cell(ey)lly o0 + llwellro. (3.80)
< celley) s o (3.81)
o[ Xellop. < Mlvello.p. + l[welly,p. (3.82)
< cellv(ey)lly oo (3.83)

o|Xclip. < |velup. + |welip. (3.84)
< eY?|0l1p.se + llwe 1. (3.85)
< e Pw(ey)ll 1o, + cellv(en)lly o (3.86)
< ee"[i(ey)lls o (3.87)

This completes the proof.

Lemmas 10 and 11 are summarized in the following Lemma.
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Lemma 12 Fore > 0, p € H2(T'y), » € HY(Dy) and f. € L2(D.), let v,
be the solution to the problem

Av. +k*v. =f. in D,,
Ve =1  on Ow,, (3.88)
Ve =¢ onlpg.

There ezists a constant ¢ > 0 (independent of v, ¥, f. and ) such that forall
e >0,

oo < e (elbEnlyon+ ¢l + 1Flop.)  (3:89)
Ny o0+ 190, + 1 Felon.) — (3.90)

leello.n. < e
oeln, < (P2 vEen)lly a0+ Iellyrn + 1 fllon.) - (3.91)

Lemma 13 Let u belongs to the space H' (C(R/2, R)) and satisfies Au + k*u = 0

in C(R/2,R), wr, = 0. Then, there exists a constant ¢ > 0 (independent of
u) such that

IVunrgll -1, < cluliom,m.- (3.92)

Proof. Let ¢ € H%(FR). We define v the solution to the problem

Av =0 in C(R/2,R),
v =0 ongp,
v =@ onlp.

Using the Green formula, we obtain

Vu Vv dx — k:2/ uv dx.
C(R/2,R)

Vunr,p dy(x) = /

I'r C(R/2,R)

Then, we have

IA

Vunr,p dy(x)
Tr

< luliewpenlellr, + 0k2|u|1,C(R/2,R)||<P||%,FR
<

C‘U‘LC(R/Z,R) HSOH +TR*

This completes the proof.

lulvorzr VLo + K lullo.cwrem vl |Low2m
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3.6.3 Variation of the sesquilinear form

The variation of the sesquilinear form a. reads

ac (1, v) — ao(u, v) = / (T. - Ty)u dn(x).

T'r

For ¢ € Hz(T'y), recall that u? is the solution to (3.20) or (3.21) if ¢ = 0.
Let v¢ be the solution to the problem

Av? =0 in R¥\@,
vE =0 at oo, (3.93)
v¢ =uf(rg) on dw.

Like in (3.34)-(3.35), Let P?(y) = A, (u§(x)) E(y) be the dominant part of
v?, and let Q¥ be the solution to the associated interior problem

AQ? + K2Q? = k2P? in D,
@ @ @ 7 3.94
{ Q¥ =Ffr, onlg (3.94)
The linear operator 67" (independent of ¢) is defined as follows :
. pgl/2 ~1/2
0T : HY*(T'g) — H=12(Tg), (3.95)

© — 0T =V (Q¥ — Pf).mpR.
Proposition 11 The operator T, admits the following asymptotic expansion

| T, — Ty — 07| ,=0 (%)

L(HE (TR),H 2 (Tr
Proof. Let ¢ € H2(I'g). For simplicity we drop the subscripts (.)¥. For
y = x/e, we have
vu(y) = Pu(y) + Wo(y),

) = 2P.fx) and W, (y) = O (Hyl\\?)' Let

X

with P, (5

Ve(v) = (T. — Ty — e0T) p(x).
We have
Ye(z) = (Vue —Vug—e(VQ, — VP,)) nr,
= V (we(x) - W, (g)) N

where w, is defined by

we(x) = u(z) —up(z) — eQu(z) + v, <§) )
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The function w, is solution to

Aw, + Kw. = kE*W,(z/e) in D,
We =Wy(z/e) on I'g, (3.96)
W, = —ug(x) + up(0) — eQu(z) on Jw..

In order to apply Lemma 12, we have to estimate the right-hand side
terms.
e in ., we have

IWe(z/)llo.p. = 2 IIWe@)lo.p.e

Using Lemma 9, we obtain

W) llo,p./e cl[uo(o) |1 60,
clug(zo)|

el

(VAR VAR VAN

Then, we have
|Wo(z/e)|lo,p. < 053/2”%0”%,%'

e On I'g, using Lemma (8), Lemma (9) and the elliptic regularity, we obtain

IWolz/e)lyre < clWolz/e)llew/r)

< c(IWalz/e)llo.crsar + IWolz/e)|1cm/em)

= (2 IWa)llo.ctrsze.rre) + P IWo (W)l orzz 75
< cg?|luo(wo) 1 o0,

< ce?|ug(xo)|

< llollyry

e On Ow,., putting

we have for small ¢

10l 100 < cllf(ey)li

o ) g ey

< ¢ (H“OHCQ(B(O,R/?)) + ”Qw||C1(B(O,R/2)))
< cllglly o

We can now apply Lemma 12, which gives

IN

¢ (&Pl rp + 2l yrn + llebeley)lly 0)

053/2

\wel1,c(r/2,R)

IA

ol s r
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Finally, it follows from Lemma (8) and Lemma (13) that

[l sr, = IV(we = Walz/e)) gl 1,
c (|w5|1,C(R/2,R) + |Ww(£l?/€)|1,0(R/2,R))
¢ (Jwelrcmmm + P IWo W) oryerre)

¢ (Mol + 29l )
683/2

IA

IA

IA

el s r

Hence,

| T, — Ty — 07| =0 (%%).

L(HE (TR), H ™2 (TR))

O
The asymptotic expansion of the sesquilinear form a. follows now straight-
forwardly.

Proposition 12 Let
da(u,v) = / 0Tuv dy(z) w,v € Vg.
T'r

Then the asymptotic expansion of the sesquilinear form a. is given by

|lac — ap — 55&\|£<H

) = 0(53/2>.

3(Tg),H 2 (TR)

3.6.4 Proof of Theorem 5

The proof of this theorem is done in two steps. Firstly, we prove that
Hypothesis 4 is satisfied. More precisely, we prove that the sesquilinear form
ag satisfies the inf-sup condition. Secondly, we apply Theorem 1 to compute
the topological asymptotic expansion.

The first step : the inf-sup condition

For all u € Vi we set

~ % in QR,
= ug in B((L’(),R),

where ¢ = ur, and u{ is the solution to

Auf + k?uf =0 in B(zo, R),
U()(p = on FR.

It can easily be proved that

ao(u, vj,) = a(Q, 4,v) VYu € Vg, Vv € V(Q),
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where the functional space V(2) and the sesquilinear form a(€2,.,.) are de-
fined by (3.11). From Proposition 9, the sesquilinear form (€2, .,.) satisfies
the inf-sup condition. As a consequence, there exists v € V(§2),v # 0, such
that

ao(u, vj,) = a(Q, 4,v) > allally@llv]ve
> aHuHVRHU\QRHVR‘

Then a satisfies the inf-sup condition and Hypothesis 4 is satisfied.

Applying Theorem 4

All the hypotheses of section 3.2 are satisfied and we can apply Theorem
4. We obtain the following asymptotic formula :

J) = J(0) = R(Galua, va)) + ofe)
= er ([ vz~ o), i) + ol

where ¢ = uqr, = uor,- Thanks to Green’s formula and (3.94), we obtain
that

W%—Wmmmmm::ﬁ/mmm+ Ve, P do(x)
Do

FR FR
— | VP,nr,vq dy(z). (3.97)
g
It can be shown that
Vug.nr, P, dy(x) — VP, .nir,vq dy(z) = As (ua(zo)) <_AE7%¢>D/(DO)7D(DO)

FR FR

—k? / P,ug dx
Dy

= A, (ua(0)) (0, 70U) D (Do), D(Do)

—K? / P,uq dx
Dy

= A, (ug(wo)) va(xg) — k:2/ P,vg dz,

Do

where 1) € D(Dy) satisfies ¢ (z9) = 1. We insert this expression into (3.97),
and we obtain the desired result.

3.7 Numerical results : Buried objects detec-
tion

We will consider here a simple problem of detection of metallic object
buried in a soil. The aim is to find the number and the positions of metallic
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objects (supposedly infinite in the €, direction), using scattered field measure-
ments from a mono-static antenna horizontally translated above the soil. This
is a rough model of the facilities described in [19]. The 2D Helmholtz equation
is solved with time-domain finite differences (FDTD), the frequency-domain
solution being obtained with a Fourier transform. The antenna is roughly
approximated by a single source point, which will be translated at various
locations above the soil. At each point of the mesh, the topological sensitivity
will be computed.

Let X = {z;}i=1.n, be the set of the successive locations of the source (and
sensors, since the antenna is supposed to be mono-static), and F = { f; }i=1.,
the set of measurement frequencies. Let ¢, be the soil permittivity. The set
of metallic objects buried in the soil is denoted by €.

We associate to {2 a set of “measurements” M(€2) : at each couple (z;, f;) €
X x F, we first define the field uf s,» solution of

Au+ kju =3, inR?\Q,
u =0  on 09, (3.98)
lim, oo /7(0ru — iku) =0,

where s, represents a source point centered at z;, and where

Be) = s@ped,

wj = 27Tfj,
i €o if = > 0,
g(x)_{ e, ifz<O.

Then the “measurements” are M(Q) = {m,, ;,(€)}, in our numerical tests,
My, 7, (€2) is the value of the scattered field at the point x;.

We call reference measurements M = {Mg, s, } the values which are ob-
tained with the real objects in the soil. Ideally these would have been real
measurement, but in the following numerical results, we only consider syn-
thetical data obtained via FDTD.

The cost function, which expresses the adequacy between the measure-
ments obtained for a distribution of metallic objects {2 and the reference
data, is :

JQ) = M=M= js, 1, (), (3.99)
i,J
where
jri,fj(Q) = |m$i7fj(Q> - mxi,ij‘ (3100)

Applying the expression of the topological asymptotic (see Proposition 6),
one has

HONB0,2)~3(9) = 3~ o (48, (i () o (1o ) - (3100

log e log e
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where vf}i 7 is the adjoint state associated to the couple (z;, f;).

The first example (see Fig. 3.2) shows the topological sensitivity computed
on an “ideal” case : there is no noise on the data, and the reference soil is a flat
and homogeneous dry sand soil. One can see that the top of the five objects
is clearly identified by the negative values of the topological sensitivity . This
topological sensitivity can be obtained very quickly since it is evaluated on
a empty flat soil, which is invariant by translation : all direct states and
adjoint states are just horizontal translations of a “canonical” solution. The
computational cost is only 10 seconds on a 300MHz personal computer.

The second example (see Fig. 3.3) is a little bit more realistic : the data
is artificially noised since the reference data M was obtained on a non-flat
inhomogeneous soil, while the topological sensitivity was still computed on
a flat homogeneous soil. One can observe that, although the objects are still
located correctly, the image (see Fig. 3.3(b)) is a little bit distorted.

The third example shows that using an iterative process might give good
results, and the expense of some computational cost. In this example, the
basic iterative algorithm just inserts a metal point at the point where the
topological sensitivity is the most negative. Then the topological sensitivity
is reevaluated, taking into account the metal points inserted at previous
iterations, etc.. the figure 3.4 shows the objects and the metal points that
were inserted at iteration 10 and iteration 55.
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FiG. 3.2 — Repartition of metallic objects in the soil, and the corresponding
topological sensitivity computed on an empty flat soil (dry soil, flat surface
e, = 2.3,20 Frequencies ranging from 400MHz to 2GHz).
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Ce chapitre est une version détaillée de la note “Sensitivity analysis with
respect to the insertion of small inhomogeneities” soumise aux Comptes Ren-
dus de I’Académie des Sciences. C’est un travail réalisé en collaboration avec
Samuel Amstutz.

4.1 Introduction

The aim of the topological sensitivity analysis is to obtain an asymptotic
expansion of a cost function with respect to the creation of a small hole
in the domain. The principle is the following. We consider a cost function
J(Q) = J(Q,uq) where ugq is the solution to a partial differential equation
defined in the domain Q@ C R? (d=2 or 3), a point 7y € § and a fixed
domain B C RY, containing the origin. We search an asymptotic expansion
of J(Q\(zo + £B)) when ¢ tends to 0. In most cases, it is of the form

T (Q\(z0 +eB)) = T(Q) = f(e)G(x0) + o(f(€)). (4.1)

Here, f(e) is an explicit positive function going to zero with £ and the function
G, called the topological gradient (or sensitivity), is very easy to compute.
We call (4.1) the topological asymptotic expansion. Hence, to minimize the
criterion J we just have to create small holes at some points & where the
topological gradient is negative. For more details about this approach we
refer the reader to S. Garreau et al. [10], Ph. Guillaume and K. Sididris
[11], M. Masmoudi [12|, A. Schumacher [15], A.A. Novotny et al. [13] and
J. Sokolowski and A. Zochowski [16]. In all these works, the authors are
interested in only one way of perturbing the domain : the insertion of a hole.

Another situation, firstly considered by D.J. Cedio-Fengya, S. Moskov
and M.S Vogelius [9], consists in perturbing the domain by the insertion
of small inhomogeneities with constitutive parameters different from those of
the background medium. In this publication, the authors are interested in the
identification of conductivity imperfections of small diameter by the use of
boundary measurements. Other references can be found in [4, 3, 5, 2, 17, 6, 1].
In all these publications, only asymptotic formulas of solutions are presented.

In the present work, we combine these two approaches. More precisely,
we compute the topological asymptotic with respect to the insertion of small
inhomogeneities in the domain. As a model example, we consider solutions
to the Helmholtz equation in two and three dimensions. An adjoint method
is used to obtain the expressions of f(¢) and G(z¢) (see Formula (4.1)) for a
large class of shape functions. This method requires an asymptotic expansion
of the solution. It is given in this case in [17].

The paper is organized as follows. In Section 4.2 we present the adjoint
method. The Helmholtz problem in the presence of small inhomogeneities and
the adjoint equation are presented in Section 4.3. In Section 4.4 we compute
the expression of the topological asymptotic. Some particular cases of cost
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functions and of shape of inserted objects are presented in Section 4.5. The
case of metallic objects is retrieved formally [7].

4.2 The adjoint method

Let V be a complex Hilbert space. For all € > 0, let a. be a sesquilinear
and continuous form on V and /. be a semilinear and continuous form on V.
We assume that for all € > 0, The following problem :

u:. €V
{ a:(uz,v) =Ll:(v) YveV (4.2)

has one and only one solution. Consider now a cost function j(¢) = J.(u.) €
R, £ > 0. Suppose that the following hypotheses hold.

Hypothesis 8 There exist a linear and continuous form on V, denoted by
L., a function f(e) > 0 and two real numbers 6J1 and 6J2 such that

Jo(ue) = Jo(ug) + RL(ue —ug) + f(€)6J1 + o(f(e)), (4.3)
Je(ug) = Jo(ug) + f(e)d 2+ o(f(e)), :
}:ilr(l) fle) = 0. (4.5)

Hypothesis 9 There exist two complex numbers da and 6 such that

(a: — ao)(uo,v:) = f(e)da+o(f(e)), (4.6)
(b = lo)(ve) = f(e)ol+o(f(e)), (4.7)

where v, 1s the solution to
a.(w,v:) = —L.(w) Yw € V. (4.8)

It is supposed that for all ¢ > 0, Problem (4.8) has one and only one solution.
We call vy the adjoint state. We have the following result.

Theorem 7 The variation of the cost function j with respect to € is given
by

j(e) = 3(0) = f(e)R(87) + o(f(€)),
where 0§ = da — 0l + dJ and 6J = dJ; + 6.

Proof. We can write that

](5> - J(O) = [Ja(ua) - ‘]0(“0)] + %[aa(uaa UE) - aO(u0> Ua)] - %[65(05) - KO(UE)]'
Using Hypothesis 9, we obtain that

3(e) =3(0) = [Je(ue) = Jo(uo)] + Rac(ue — uo, ve) + f(e)R(6a — 60) + o(f(€))

= [Je(uec) = Je(uo)] + [Je(uo) — Jo(uo)] + Rae (ue — uo, ve)
+f(e)R(6a — 00) + o( f(¢)).
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It follows from Hypothesis 8 that
3(€)=3(0) = Rlac(ue—uo, ve)+Le(ue—uo) |+ f (£)R(0J1+6 Jo+da—dL)+o(f (¢)).

Using Equation (4.8), we obtain the desired result.
U

4.3 Problem formulation

4.3.1 The Helmholtz problem

Let  be a bounded, smooth subdomain of R¢, d = 2 or 3. For simplicity
we take 02 to be C*°, but this condition could be considerably weakened.
We suppose that ) contains a small inhomogeneity w. of the form w. = ¢B,
where B C R? is a bounded, smooth (C*°) domain containing 0 (the origin)
and ¢ is the order of magnitude of the diameter of the inhomogeneity. Let u.
be the solution to the Helmholtz problem :

ou,

on

4.9
= Au, + o on 0f2. (4.9)

{ V.(a.Vue) + fus =0 in Q,

Here, A € L(Hz(8Q), H 2(09)), o € H~2(09), n denotes the outward unit
normal to 0f) and «. is a piecewise constant function defined by

oza(x):{ ap if z € Q\wg, (4.10)

o ifx e w,,

where oy and «; are positive constants. The piecewise constant function [.
is defined analogously.
The variational formulation associated to (4.9) is :

u. € H(Q)
{ a-(us,v) = L(v) Yve H(Q), (4.11)

where for all u, v in H*(Q),
a-(u,v) = / aVu.Vv dx — / Beuv dx — ao/ (Au)v ds(z), (4.12)
Q Q o9
lv) = ao/ ov ds(x). (4.13)
20

We assume that the following hypotheses hold.

Hypothesis 10 The operator A is splitted in Ay + Ay with
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~ Ao € L(Hz(9Q), H2(09)) and satisfies

R | (Aow)P ds(z) <0 Vi € H2(0).
oN

~ Ay € L(Hz2(0Q), H2 (99)).
Hypothesis 11 For all ¢ > 0, we have
a-(u,v) =0 Yve HY(Q) = u=0, (4.14)
a-(u,v) =0 VYuée H'(Q) = v =0. (4.15)
We have the following result that is proved in Section 4.6.

Proposition 13 If Hypotheses 10 and 11 are satisfied, then for all € > 0
Problem (4.11) has one and only one solution.

4.3.2 The cost function and the adjoint problem

We consider a cost function j(¢) = J.(u.) € R, ¢ > 0. We assume that
J. satisfies Hypothesis 8 with f(g) =% V = H'(Q2) and the linear form L
satisfies the following hypothesis.

Hypothesis 12 The distribution L is of reqularity H? in a neighborhood of
the origin.

For all € > 0, we define v, solution to the following problem :

{ v, € HY(Q)

ac(w,v.) = —L.(w) Yw € HY(Q). (4.16)

We have the following result (see Section 4.6).

Proposition 14 If Hypotheses 10 and 11 are satisfied, Problem (4.16) has
one and only one solution.

4.4 The main result

4.4.1 Variation of the sesquilinear form

Here, our aim is to chek that Hypothesis 9 is satisfied and to compute
da, 6¢ and f(e). The sesquilinear form ¢ defined in (4.13) is independent of
. Then, we have that

ol = 0. (4.17)
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Using (4.12) and (4.10), we obtain that

(a: —ap)(ug, ve) = (a1 — ap) / Vug. Vo, dx — (81 — o) / u. Uz dz. (4.18)

We We

Denoting w. = v. — vy and using (4.18), we obtain
(aec —ag)(ug,v:) = (g — ao)/ Vug.Vw, dx + (a; — ao)/ V.V dx
—(61 — ﬁo)/ up Wz dr — (61 — ﬁo)/ uo-Ug d.

We obtain by using the Green formula :

(ae — ao)(ug,v.) = (a1 — ag) { T ds + /w s Vuo. Voo dx] (4.19)

Owe

e
—(B1 — ﬁo)/ up. Vg dx + (a—lﬂo — 61) / Up. W, dx.
we 0 we
Lemma 14 We have the following estimate.
/ uo. Wz dr = o(e?).

Proof. We have that

/ o W; dx
We

From the Holder inequality, we obtain that for all p,q € [1,+o0] satisfying

l/p+1/q=1,
/ o W, dx

We choose p = 3/2 and ¢ = 3. It follows from the Sobolev imbedding theorem
that H*(Q2) C L4(Q) with a continuous imbedding. Hence,

/ Uo. W, dx
We

It is proved in [17] that ||w.||g1@) = O(e¥?) (the energy estimate). Using
this result, we obtain that
/ o W, dx

< Nuollz=(on / .| d.
We

< ||l we| Lo -

S C‘gd/preHHl(Q)‘

< C€7d/6.
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Lemma 15 We have the following estimate.
/ uo.Tg dr = €| Blug(0).15(0) + o(e?).

Proof. We can write

/ U.Up dx = 6d|B\u0(0).m+/ [1o.Tg — uo(0).v9(0)] dx.

We

We obtain by a change of variable that

/ (1075 — 110(0).7(0)] dar — & /B (o (2y)-00(27) — 1o(0)-00(0)] dy.

By the Taylor expansion, we obtain

/B uo(ey). 702y — 10(0).00(0)] dy = O(e).

Hence,

/ o7 dz = £ Blug(0).10{0) + O(e+1).

In a similar manner, we prove the following estimate.

Lemma 16
/ Vuo. Vg do = | B|Vug(0).Vue(0) + o(e?).

Now we introduce the function ® solution to
((A® =0in B and RY\B,
® is continuous across 0B,
o \On on ’
lim |®(y)| = 0.

\ |y[—00

Here, n denotes the outward unit normal to 0B ; superscript + and — indicate
the limiting values as we approach 0B from outside B, and from inside B,
respectively. We have the following result.

Lemma 17 We have the following estimate.

aq

. %w—a ds = &* (@ - 1) Vuo(0)" [ /8 o ® D(y) ds(y)] Vo (0) + o(%),

where ® denotes the tensorial product between two vectors ; UV = (UiV j)i1<i<j<d

R,

VU,V €
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Proof. We can write

—w, ds = Vuy(0).nw; ds + / [Vuo(z).n — Vuy(0).n]w: ds.
Owe on Owe Owe
(4.21)

By a change of variable we obtain

/ [Vug(x).n—Vuy(0).n]w; ds(z) = Ed_l/ [Vug(ey).n—Vuy(0).njw.(ey) ds(y).
Owe 0B

We have

/8 [Vao(ey)n — Vuo(0)-nfun(zy) ds(y)| < el(Vuo(ey) n=Tuo(0) )3 o w-(z0)l 0

A Taylor expansion, the trace theorem and a change of variable yield

~—

1 _
/BB[Vuo(ay).n — Vuo(0).njw.(ey) ds(y)| < ce (@HweHLQ(ws) + et d/2|w5|1,w5) )

Yet, using the Holder inequality, we obtain that for all p,q € [1, +oo[ with
1/p+1/g=1,

HwEHLQ(ws) < 5d/2q||w8||L2P(ws)'
We choose p = 3 and ¢ = 3/2. Using that ||w.||gq) = O(c?¥?) and the
Sobolev imbedding theorem, we obtain

/83[Vu0(€y).n — Vo (0).n]w.(gy) ds(y)| < ce(e¥3 + ¢).

Then,
/ [Vug(z).n — Vug(0).njw; ds(z) = o(e?). (4.22)
Owe
In [17], it is proved that for all y € 0B,
a
we(ey) = 5<a_(1) — 1)®(y).Vuo(0) + Re(y), (4.23)

where O@me) itd
e“lne) ifd =2,
IRl ={ “ocs) s (420

Using a change of variable, (4.23) and (4.24), we obtain that

Vuo(0).nw; ds = & (% — 1) Vue(0)" {/83 n® ®(y) ds(y)| Vue(0)+o(e?).

Owe (0%}
(4.25)
From (4.21), (4.22) and (4.25) we obtain the desired result.
0
It follows from (4.19), Lemmas 14, 15, 16 and 17 that the following result

holds.
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Proposition 15 We have

O

(0 =)o) = =0 Tun0 (2 <1) [ o) ast)

+|B|I] Vug(0) + £%(By — 1) Blug(0)ve(0) + o(e?).

Then, Hypothesis 9 is satisfied with f(¢) = ¢4 and

Sa = (al—ao)Vuo(O)T[(——l) /aBn®(I>(y) ds(y)+|B|[}W(O)

+e%(Bo — B1)| Bluo(0)vo(0).

4.4.2 The topological asymptotic expansion

All the assumptions of the adjoint method are satisfied and we can apply
Theorem 7 to compute the topological asymptotic expansion. We obtain the
following result.

Theorem 8 The cost function j has the following asymptotic expansion :

6 =0) = &R { (- aVuo” (2 <1) [ e o) dstr) + 1511 | T0)

oy

~(B1 = B0)| Bluo(0)00(0) + 8 } + o(")

4.5 Particular cases

4.5.1 Preliminary lemmas

Lemma 18 [7] We denote Qi = Q\B(0, R), R being a fized radius such that
B(0,R) C Q. We have that

e — U0||H1(QR) = O(gd)

Lemma 19 We have that
/ aclue —ug|? do = o(e?).
0

Proof. To simplify the presentation, we make the proof only for d = 3. We
have that

/oze\ua—uo\2 dr = ao/ |ue — uol? dx—I—ozl/ lue — wol? do
Q Q\W_s We

= FEi(e) + Ex(e),
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where F;(e) = ao/ lue — up|?* dz and Ey(e) = al/ lue — wuol? da.

Q\TE We
We denote X, = u, — ug. It is the solution to

AX.+2X. =0 in Q\@z,

X. =u, — Uy on Ow,

X, =u, —ug on Of).

In [14], it is proved that
HXaHL?(Q\oTE) <c (5||(Ue - Uo)(é”y)Hl/zaB + [Jue — U0H1/2,aﬂ) .
Using Lemma 18 and the trace theorem, we obtain
Xl z2am) < cell(ue — uo)(ey) 208 + ce”.
Using (4.23), we obtain
1 Xl z2em) < cele +€%2) + ce® < ee?.

Then,
Ei(e) = O(eY). (4.26)

For any positive numbers p and ¢ such that 1/p + 1/q = 1, the Holder
inequality brings
d
| Xell 22wy < 2 || Xc||p2p () (4.27)

Next, the Sobolev imbedding theorem provides
[ Xellz2r ) < | Xella1(a)- (4.28)

We choose p = 3. Then, using that || X.| i@ = O(e%?), (4.27) and (4.28),
we obtain
Ey(e) = O(°). (4.29)

From (4.26) and (4.29) we obtain the desired result for d = 3.
O
Using the Taylor expansion and a change of variable, we can prove the
following result.

Lemma 20 We have
/ ftp — wal? de = |Bleun(0) — wa(0)? + o(c),

where ug € H*().

Lemma 21 We have

[ ¥ = ) Tl =) e - G el 8 ([ noow) i) Tuo
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Proof. We denote X, = u. — ug. We have

/QOKEV(uE—uo).m dx :/

N\we

aVX.. VX, dw+/ VX, VX, dx.

We

Using the Green formula we obtain

/aEV(uE —up).V(us —ug) = ap [—/ AX.. X, — (
Q Nz Bwe on

0X.—
+/ —XE:| +O{1
oo On

Using Lemmas 18 and 19 we obtain

{ag%} X, ds + o(e?),

a:V(ue — ug).V(ue: — ug) de = / o

X, OX.\ "~ OX N\ —
[aaﬁn}—/%.(al(@n) —a0<8n)>X5ds.
Using that
ou. \ B Ou\ " _0
a on a0 on N

/ a:V(ue — up).V(ue: —up) de = (a1 — ap) %Z ds + 0(5d).
Q

we ON

Q

where

We obtain

From Lemma 17 we obtain the desired result.

O
Using the Taylor expansion and a change of variable, we can prove the follo-
wing result.

Lemma 22 We have

/ IV (ug — ug)|? do = €| B||Vup(0) — Vug(0)]? + o(e?),
where ug € H3(Q).

4.5.2 Particular cost functions

First example

We denote Qr = Q\B(0, R), R being a fixed radius such that B(0, R) C
Q. We consider a cost function of the form : j(¢) = J.(u.) = J(ucq,). We
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assume that there exists L, a linear and continuous form on H'(Q2z) such
that

J(uoja, +h) = J(uojo,) + R(L(A)) + o(|[hll0n) Vh € H (Qp).
Using Lemma 18, it is easy to prove that Hypotheses 9 and 12 are satisfied

with
L.(u) = L(wgq,) Yu€ H'(Q),Ve >0

and
(5(]1 - (5<]2 - 0

Second example

It consists in the cost function
je) = Je(ue) = / aelue — ud|2 dx,
Q

where uy € H*(Q).
o Expression of J.(u.) — J-(up) : we have that

T (u2) — T () = /

e |ue —ug|? dx+29?/ o (ue —ug).(ug — ug) dz. (4.30)
Q 0

Using (4.30) and Lemma 19 we obtain that
Jo(ue) — Jo(ug) = RL:(ue — up) + 6.1y + o(e?),

where
L.(u) = 2/ acu.(ug — ug) dor Yu € H'(Q),
Q

and
5J1 - 0

e Expression of J.(ug) — Jo(ug) : we have that
Je(ug) — Jo(ug) = /Qoz€|u0 — ug|? dx — ozo/Q lug — ug|? do
= (o — ao)/ lug — ug|? dr.
Using Lemma 20, we obtain that

J(ug) — Jo(ug) = €460y 4 o(e?),

where

5J2 = (O./l — OKQ)|BHUO(O) — Ud(0)|2
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Third example

It consists in the cost function

1
j@ZLWJZi/MV%—wwdm
2 Ja
where ug € H3(Q).
o Ezpression of J.(u.) — J-(uo) : we have that
1 1
J(u) — J(ug) = ~ / |V (e — ug) 2 d — = / |V (o — ug) 2 da
2 Q 2 Q
1

= 3 / a:V(ue — ug).V(ue — ug) dx + §R/ a:V(ue — up).V(ug — ug) dz.
Q Q

Using Lemma 21 we obtain that

Jo(us) — Jo(ug) = RL(ue — ug) + £%6.J1 + o(e?),

where
L.(u) = /QaEVu.V(uo —ug) dz Yu € H'(Q)
and
0y = —%%VUO(O)T </BBn ® d(y) ds(y)) Vug(0).

o Ezpression of J.(ug) — Jo(up) : we have that

1 1
J.uo) = Jofue) = 5 [ o= ual? de =5 [ ol Vo~ ua)? da

1
— slar =) [ [Vl — ) do.

Using Lemma 22, we obtain that
Jo(ug) — Jo(ug) = €%6.Jy + o(e?),

where 1
0Jy = 5((11 — ag)| Bl[Vug(0) — Vua(0)[*.

4.5.3 Particular shaped dielectric objects

When B is the unit ball, we can explicitly determine ® the solution to
Problem (4.20). In this special case we obtain
1 { y in B,

- >< . J—
(d-1)% +1 o7 in RU\B.

D(y) = (4.31)

Using Theorem 8 and (4.31) we obtain the following result.
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Corollary 2 (ball) If B is the unit ball, the function j has the following
asymptotic expansion :

J(e) = 4(0) = edéR{(fl“_“(f);o_fizl\B|Vuo<0>.wo<0> - (5 —5o>|B\uo<0>vo<0>+5J}

+o(g?).

Now we consider the case when B is an ellipse whose semi-major axis is
of length a, and whose semi-minor axis is of length b. In this case we obtain
the following result.

Corollary 3 (ellipse) If B is an ellipse whose semi-major azis is of length
a, and whose semi-minor axis is of length b (2D problem), the function j has
the following asymptotic expansion :

je) —j(0) = R {Wab(al - ao)vuo(O)TPVUO(O) — (B1 = Bo)mabug(0)ve(0) + 5<]}
+o(e?),

where P is given by

ap(l+a)+ai(b—1)

0
Oé()CL"—Oélb
0 ao(1+b)+a1(a—1)
aogb + aja

For the expression of the function ® we refer the reader to [8].

4.5.4 Metallic objects

Setting a; — 0, 8, — 0, ap = 1 and 3y = k?, we obtain from Corollary 2
and Corollary 3 the following results.

Ou.
Corollary 4 (ball) If B is the unit ball, w. is a hole and 8% =0 on Ow,,

we obtain
‘ . d —d S ) - .
jle) —4(0) =R {ﬁ‘B|VUO(O).VUQ(O) + | Blk*u0(0)ve(0) + 5J} + o(e?).

Corollary 5 (ellipse) If B is an ellipse whose semi-magjor azis is of length a,

and whose semi-minor axis is of length b, w. is a hole and 8—8 =0 on Jw,,
n

we obtain

i(e) - j(0) = 82%{—VUO(O)T ( ma 1) W(bi e ) Voo (0) +mbk2u0(0)m+w}

+o(g?).
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Setting b — 0, we obtain from Corollary 5 the following result.

Corollary 6 (straight crak) If B is the segment [—a,a] x {0} and %ug =
n
0 on Ow., we obtain that
ou v
] -9 = 2 — _0 _0 2
i6) = 00) =23 (<o R O G20) + 67 4 ofe?).

In Corollaries 4 and 6, in the case d = 2, we retrieve formulas previously
proved in [7] for particular cost functions.

4.6 Well-posedness

In this section, our aim is to prove Proposition 13. For ¢ > 0 we split a.
in @ + a! with

al(u,v) = / a.(Vu.Vv +ud) dv —ay [ Aou ds(x),
Q o0
al(u,v) = — /(ﬂ6 +a)uvdr—ay [ Auo ds(x).
Q o0

We introduce the operator

A.: HY(Q) — HYQ)

u — A,

such that
a’(Acu,v) +al(u,v) =0 Yo € HY(Q). (4.32)

It follows from Hypothesis 10 and the Lax-Milgram theorem that the ope-
rator A. is well-defined. Using that the imbeddings H'(Q2) — L?(Q2) and
H: (0Q) — L*(0N2) are compact, we obtain that the operator A. is compact.
From (4.32) we obtain

a-(u,v) = a®((I — A)u,v) Yu,ve H(Q). (4.33)

The Fredholm alternative and Hypothesis 11 imply that the operator I — A,
is inversible. Then, using the Lax-Milgram theorem, we obtain the desired
result.

Proposition 14 can be proved by a similar manner.
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Ce chapitre est constitué de 'article : The topological asymptotic expan-
ston for the Mazwell equations and some applications, soumis dans ESAIM
Control, Optimization and Calculus of Variations. C’est un travail réalisé en
collaboration avec Julien Pommier et Mohamed Masmoudi.

5.1 Introduction

Topological optimization methods become very attractive for industrial
applications. It becomes possible to satisfy more challenging specifications of
industrial products by allowing modifications of the topology of the initial
design.

The most relevant topological optimization methods are based on the
computation of a level set function :

— the material density in the case of the topological optimization via the
homogenization theory. An optimal domain is defined by a threshold
of the material density function [2, 3, §|,

— the built-in level set function in the level set method [24, 1],

— the topological gradient provided by the topological asymptotic expan-
sion, which is the concern of this paper.

In the latter case, at convergence, the positivity of the topological gradient
inside the final domain provides a necessary and sufficient optimality condi-
tion. We will present in this paper the topological asymptotic expansion for
the Maxwell equations. Then we will show that our topological optimization
method is very promizing for solving shape inverse problems in electroma-
gnetic applications.

In |2, 3, 8] the optimal shape is derived from the optimization of material
properties. The range of application of this approach is quite restricted. The
difficulties arise when we have to identify highly contrasted medias : electro-
magnetic identification of metallic objects in the free space or identification
of an obstacle immerged in a fluid. In both cases the boundary condition that
appears on the surface of the obstacle is of Dirichlet type. For these reasons
global optimization methods are used to solve more general problems [16, 25].
The more recent level set method [24, 1| gives very promising results. Even if
it belongs to the classical shape optimization methods, it allows the modifi-
cation of the number of connected components of the domain. Unfortunately
these methods are quite slow.

The topological asymptotic expansion seems to be general and efficient.
To present the basic idea, we consider {2 a domain of R" (n=2 or 3) and
Jj(2) = J(ugq) a cost function to be minimized, where uq is the solution to
a given PDE problem defined in Q. For ¢ > 0, let Q2. = Q\zy + cw be the
subset obtained by removing a small part z¢ + ew from 2, where z, € ) and
w C R" is a fixed domain containing the origin. We can generally prove that
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the variation of the criterion is given by the asymptotic expansion :

5O = 3+ F(Eglan) + o F(E)) 6:1)
lin /(e) = 0./(€) >0,

This expansion is called the topological asymptotic. To minimize the criterion
j we just have to create infinitely small holes at some points & where the
topological gradient (or sensitivity) ¢(Z) is negative.

The first definition of the topological gradient has been introduced by A.
Schumacher et al. [26] under the name of bubble method in the context of
compliance optimization for linear elasticity problems. In the same context,
J. Sokolowski et al. [27] gave some mathematical justifications in the plane
stress case and generalized it to various cost functions. In [18, 14|, using an
adaptation of the adjoint method [9] and a domain truncation technique,
S. Garreau et al. presented a method to obtain the topological asymptotic
expansion. For more details about this approach, we refer the reader to [28,
20, 21, 15, 23|. In all these works, only the insertion of a hole is considered
to modify the domain.

In this paper, using an adjoint method, we derive the topological asymp-
totic expansion for the 3D Maxwell equations. Here, we consider two cases
of domain perturbation : insertion of a dielectric object and the insertion
of a metallic obstacle (a hole). The latter result is obtained by considering
the limit of the topological asymptotic expansion when the permittivity goes
to infinity and the permeability goes to zero. As a background to our work,
we cite the contribution of H. Ammari et al. [6] for the study of solutions
to the time-harmonic Maxwell equations in the presence of small inhomoge-
neities in the domain. Other contributions in this context can be found in
[13, 5, 4, 10, 29, 30, 17]. In all these publications, only asymptotic formulas of
solutions are given. Here, we derive asymptotic expansions not for solutions
but for a given cost function.

In Section 5.2, we present the adjoint method. The main contribution of
this paper is to make the topological gradient g easy to compute by using the
adjoint state. The formulation of the Maxwell problem with a small inhomo-
geneity is presented in Section 5.3. In Section 5.4, we compute topological
asymptotic expansions when we insert a dielectric object in the domain and
when we create a spherical hole. Some numerical results are presented in
Section 5.5, in the context of buried objects detection and shape inversion of
3D objects in free space from time-domain scattered field data.

5.2 The adjoint method

Let V be a complex Hilbert space. For all € > 0, let a. be a sesquilinear
and continuous form on V and ¢, be a semilinear and continuous form on V.
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We assume that for all € > 0, The following problem :

u: €V,
{ ac(uz,v) =L(v) Yv eV, (5.3)

has one and only one solution. Consider now a cost function j(¢) = J(u.) € R,
€ > 0. Suppose that the following hypotheses hold.

Hypothesis 13 There exist a linear and continuous form on V denoted by
Ly and a function f(e) > 0 such that

J(u) = J(ug) + RLo(ue — uo) + o( f(2)), (5.4)
lim /() = 0. (5.5)

Hypothesis 14 There exist two complexr numbers da and d¢ such that

(ac — ap)(uo,ve) = f(e)da+ o(f(e)), (5.6)
(le = Lo)(ve) = f(e)ol+o(f(e)), (5.7)

where v, 1s the solution to
a.(w,v.) = —Lo(w) Yw € V. (5.8)

It is supposed that for all ¢ > 0, Problem (5.8) has one and only one solution.
We call vy the adjoint state.

Theorem 9 The variation of the cost function j with respect to € is given
by

(&) = j(0) = f(e)R(67) + o(f(¢)),
where 07 = da — L.

Proof. We have that

Je) = j(0) = (J(ue) = J(uo)) + R (ac(ue, ve) — ao(uo, ve)) — R (Le(ve) — Lo(ve))
= (‘](UE) - ‘](UO)) + R ((ZE(U(), Ua) - a’O(an UE)) + %aa(ua — Uy, UE)
—R (Le(ve) — lo(ve)) -

Using Hypotheses 13 and 14, we obtain that
(&) = 3(0) = f(e)R(da — 6£) + R (ac(ue — uo, ve) + Lo(ue — uo)) + o(f(€)).
It follows from the definition of v, that

R (ae(ue — ug,v:) + Lo(ue —ug)) =0 Ve > 0. (5.10)

Using (5.9) and (5.10), we obtain the desired result.
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5.3 The Maxwell problem

Let Q be a bounded open domain of R3, with a smooth boundary. For
simplicity, we take 02 to be C*, but this regularity condition could be consi-
derably weakened. We suppose that 2 contains a small inhomogeneity D. of
the form D. = ¢B, where B is a bounded, smooth (C*) domain containing
0 (the origin) and ¢ is the order of magnitude of the diameter of the inhomo-
geneity. The magnetic field in the presence of the inhomogeneity is denoted
H.. It is the solution to :

{ V x (a.V x H)+0.H. =0 ing, (5.11)

a.(Vx H.) xn =g on 0f.

Here, n denotes the outward unit normal to 92 and a. is a piecewise constant
function defined by

o ifze O\D.,
ac(v) = { a; ifz € D, (5-12)

where oy and «; are constants. If we allow the degenerate case ¢ = 0, then
the function ay(x) equals the constant «g. The piecewise constant function
- is defined analogously. Problem (5.11) can be formulated as follows :

[V x (V x H.) + BoH. =0 in Q\ D,

V x (nV x H.) 4+ (1H. =0 in B,

H. x n is continuous across d(¢B),

ag(V x H)t xn—a1(Vx H.)” xn=0on deB),
BoHIn— BiH-.n=0on Jd(B),

ap(V x H.) x n = g on 0N.

(5.13)

\

Here, n denotes the outward unit normal to d(¢B) (and to 0f2) ; superscript
+ and - indicate the limiting values as we approach d(¢B) from outside ¢B,
and from inside €B, respectively. The magnetic field, Hy, in the absence of
any inhomogeneities, satisfies :

{ V x (agV x Ho) + BoHy =0 inQ, (5.14)

ap(V x Hp) X n =g on 0.

In order to define the variational formulation of Problem (5.14), let aq denotes
the sesquilinear form

ag(u,v) = / ooV x u.V x v dr + / Gou.T dux, (5.15)
Q Q

defined on H (curl, Q) x H(curl, Q), with H(curl,Q) = {u € L*(Q)3 : Vxu €

1
L*()3}. Let TH i (092) denotes the space of tangential vector fields on



The topological asymptotic expansion for the Maxwell equations
110 and some applications

9 that lie in H~2(99) and whose surface divergences also lie in H~2(5X).
Suppose that :

g€ THdiQV(ﬁQ).

Let ¢ denotes the semilinear form
0(v) :/ 9.7 doy, (5.16)
a0

defined on H (curl, ). It is well known that for such g the semilinear ¢ is conti-
nuous on H(curl, 2) (the integral on 0f) is to be interpreted as the duality
pairing between the appropriate spaces of distributions and test functions).
The variational formulation of Problem (5.14) is that Hy, € H(curl,©2) and
satisfies :

ao(Ho,v) = {(v) Yv e H(curl, ). (5.17)

We assume that the following hypothesis holds.

Hypothesis 15 The variational problem (5.17) has one and only one solu-
tion (for all g).

Similarly, Problem (5.11) has the weak formulation :
H. € H(curl,Q) and a.(H.,v) = ¢(v) Vv € H(curl, Q), (5.18)

where the sesquilinear form a. is given by

a-(u,v) = /Qozev x u.V x v dr+ /Qﬁeuﬁ dx (5.19)

for all w and v in H (curl, Q). We have the following result [6].

Proposition 16 If Hypothesis 15 holds, then, there exists a constant ey > 0,
such that for all 0 < e < &g, Problem (5.18) has one and only one solution.

We consider now a cost function j(¢) = J(H.) € R,e > 0. We assume
(for simplicity) that the following hypothesis holds.

Hypothesis 16 The cost function J is defined in a neighbor part of 02 and
it satisfies Hypothesis 13 with f(g) = &3.

For all £ > 0, we define v, the solution to the following problem :
a-(w,v.) = —Lo(w) Yw € H(curl, Q). (5.20)

As in Proposition 16, if Hypothesis 15 holds and L is regular enough, then,
for alle > 0 (e is small enough), Problem (5.20) has one and only one solution

[6].
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5.4 Asymptotic expansions

5.4.1 Variation of the sesquilinear form : a preliminary
version
Here, our aim is to check that Hypothesis 14 is satisfied and to calculate

f(€), éa and 6¢. The semilinear form ¢ defined in (5.16) is independent of the
parameter €. Then, we have that

50 =0. (5.21)
Using (5.15) and (5.19), we obtain that

(@ — ag)(Hp,v:) = /Q(OéE —a)V x Hy.V x v, dx + /(ﬁ8 — Bo)Ho. 7z dx.

0
(5.22)
Using (5.12) and (5.22), we obtain that

(ac —ag)(Hp,ve) = (1 — ) V x Hy.V X v, dx+ (81 — Bo) Hy.v; dx.
D D,

Denoting w. = v. — vy, we obtain that

(ae — ag)(Hp,v:) = (a1 — ap) </ V x Hy.V X w, dx +/ V x Hy.V X vg dx)

€ €

+(ﬁ1 - 50) HO’U_Q dx + (51 — ﬁo) 1'—’[0’111_‘E dﬂf (523)

D, D,
Now, we introduce the vector field h* solution to the following problem :
Ah* =0 in R*\B and in B,
V.h* =0 in R*\B and in B,
ap(Vxh )t xn—a;(Vxh) xn=(a—ay)(V x1)(0) x non dB(5.24)
Bo(h*n)* = G1(h*.n)~ on 0B and h* X n is continuous across JB,
h*(y) = O(Jy|™") uniformly as |y| — oo.

We have the following result.

Lemma 23

/ V x Hy.V x w, de = >V x HO(O)./ V x h*(y) dy + O(e*).
B

€

Proof. We have that

V> HoV X w. dv = /DEV X H0.<Vx X <w5 e (g))) da
+€/ (V X Ho(z) — V X Hy(0)) .V, x h* (%) dx

+e . V x Hy(0).V, X h* <§) dx.
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We obtain by a change of variable that

V x Hy.V x w, dv = &’V x HO(O)./ V x h*(y) dy (5.25)
B

o, (T e (£)))

+g/ (V x Ho(z) — V x Ho(0)) .V, x h* (f) dz.

3

D.

Using the Cauchy-Schwartz inequality, we obtain that

/st x H0.<Vx x (we—ah* (g))) dx

S 53/2\B|1/2HV X HOHLOO(Q)

RGN )

L2(Q)

In [6], it is proved that

v (= (3))

= O("/?).

L*(Q)

Then, we obtain

/ng X H0.<Vx x (wa—eh* (f))) dx

By a change of variable, we obtain that

= 0(eh). (5.26)

/ (V x Ho(z) — V x Hy(0)) .V, x h* (f) dr = 62/B(v x Hy(ey) — V x H(0)) .

€
8 YV x h*(y) dy. (5.27)
By the Taylor expansion, we obtain that
/B(V x Hy(ey) — V x Hy(0)).V x h*(y) dy‘ = 0O(e). (5.28)
Using (5.27) and (5.28), we obtain
/ (V x Ho(z) — V x Hy(0)) .V, x h* (g) dz| = O(%). (5.29)

Finally, using (5.25), (5.26) and (5.29), we obtain the desired result.

We have the following result.

Lemma 24

V X Hov X Vg dxr = €3|B‘V X H0(0>v X ’Uo(O) + 0(54).

D,
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Proof. By a change of variable, we obtain that

V X Hov X Vg der = €3|B‘v X H()(O)v X Uo(())

D,

+€3/ ((V x Hy.V x vg)(ey) — (V x Ho.V X 1)(0)) dy.

By the Taylor expansion, we obtain the desired result.
O

By a similar manner, we can prove the following result.

Lemma 25

Hywg dx = €| B|Hp(0).v5(0) + O(g%).

De
Let ¢* be the unique (scalar) solution to :
Aq* =0 in R*\B and in B,
q* is continuous across 0B,

Bo(Vg*m)™ — Bi(Vg*n)~ = (81 — Bo)vo(0).m, (5.30)
lim ¢*(y) =0.

ly|—o0
We have the following asymptotic expansion.
Lemma 26

Hyw; dx = £3H0(0)./ Va*(y) dy + O(").
B

D.

Proof. We have

. Hyw, de = /Dg H0.<w5 — V,q* (g)) dx—i—/Ds Hy(0).Vyq* (g) dx

+ /D (Ho() — Ho(0)- 9" () d. (5.31)

Using the Cauchy-Schwartz inequality, we obtain

T T
/ H0.<w5—qu* (-)) dz| < \B|1/253/2||H0||Loo(9)‘we—qu* (-)‘ .
D, £ e/ Lz
In 6], it is proved that
v (E — O(5/2
’wa Vit (5)‘ £2(Q) O@E").
Then, we obtain
/ H0.<w5 — V¢ (g)) dz| = O(Y). (5.32)
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By a change of variable, we obtain

T

/D Hy(0).V,¢" (—) dz = £3Hy(0). /B Y (y) dy. (5.33)

3

Using the Taylor expansion, it is easy to see that

= 0(e"). (5.34)

| (o) = (0.9, (%)

From (5.31), (5.32), (5.33) and (5.34) we obtain the desired result.

O
Then, it follows from (5.23) and Lemmas 23, 24, 25 and 26 that the asymp-
totic expansion of (a. — ag)(Ho,v.) is given by the following result.

Proposition 17 We have

(a. — ag)(Hp,v.) = &g — )V x HO(O).(/B V X h*(y) dy + |B|V X v0(0)>

L8, — o) Hol0). (\B|vo<o> + [ vrw) dy) L0,

This is our preliminary version of the asymptotic expansion of (a. —
ao)(Hp,ve). In the following subsection, we show that this formula can be
rewritten by the use of two polarization tensors.

5.4.2 Rewriting the formula presented in Proposition
17

By ®;, 1 < j <3, we denote the solution to :

A®; =0 in R*\B and in B,
®; is continuous across 0B,
c¢(V®;n)" — (V®;n)” =0 on JB,
Qi(y) —y; — 0 as |y| — oo,

(5.35)

where ¢ > 0. The existence and uniqueness of ®; can be established (in the
real, as well as in the complex case) using single layer potentials with suitably
chosen densities, see [11, 12]. We now define the polarization tensor M (c) by :

o)
M;j(c) = c—l/ —®; dy, 1<i,j<3. (5.36)
B Oy
In [6], it is proved that

Bl + [ 9 dy =231 () w0 (5.37)
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and

|mv%mm+évwwmn@:M<%)vam. (5.38)

Insertion of (5.37) and (5.38) into the formula presented in Proposition (17)
yields to the following result.

Proposition 18 We have

(a. — ap)(Ho,v.) = &8 {(al — ap)V x Hy(0).M (ﬂ) V x 16(0) + o (1 - —) Ho(0).

M(%)%@}+Owy

Then, Hypothesis 14 is satisfied with f(g) = &3 and

Sa = {(ozl — o)V x Hy(0).M <Z—;) V x 19(0) + By (1 - %) Ho(0).M <%) UO(O)} .

5.4.3 The topological asymptotic

All the assumptions of Section 5.2 are satisfied. Then, we can apply Theo-
rem 9 and we obtain the principal result of this paper.

Theorem 10 If Hypotheses 2.8 and 16 are satisfied, the topological asymp-
totic expansion with respect the insertion of a small inhomogeneity is given

by

ie)—j(0) = &% {(@1 — ag)V x Hy(0).M <Z—;) Y x 50(0) + fo <1 _ %) Ho(0).M <%) UO(O)}

+o(g?).

Case of a spherical inhomogeneity

When B is the unit ball B(0,1), the polarization tensor M is given by
[10] :
M-»(c):ﬂd- Ve>0,1<14,7<3 (5.39)
" 1+4+2¢” = hl= '
Insertion of (5.39) with ¢ = o (and ¢ = %) into the topological asymptotic
expansion given by Theorem 10 yields to the following result.

Corollary 7 Under the assumptions of Therorem 10 and when B is the unit
ball, the topological asymptotic expansion is given by

60(61 - ﬁO)

j(e)—j(0) = 4me3R {Mv X Ho(0)-V X w(0) + =5

oo+ 204

HO(O).UO(O)}—l-O(ES).
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Case of a spherical metallic object

Setting a; = 31 = 0, ap = 1 and By = —k? (k is the wave number), we
obtain from Corollary 7 the topological asymptotic expansion with respect to
the insertion of a spherical metallic object in the domain €2 : D, is a spherical
hole with the boundary condition (V x H.) x n =0 on d(¢B).

Corollary 8 The topological asymptotic expansion with respect to the inser-
tion of a spherical metallic object in the domain <) is given by

() — j(0) = 2mEPR {—zv % Ho(0).% % 0(0) + szo(O).vo—(O)} + o).

5.5 Some applications

5.5.1 Topological asymptotic expansions for electroma-
gnetic problems
In the same manner we derive asymptotic expansions in different elec-

tromagnetic cases, when a small metallic obstacle is inserted in the domain.
The obtained results are presented in the following table. In Table 5.1 we

2D, TM polarization (E,, H,, H,) | — 2R (Eo(z)ve())

__log(e)
2D, TE polarization (E,, E,, H,) | 7e*R(k*Ho(x).vo(z) — 2V Hp(0).Vug(0))
3D Maxwell equations see Corollary 8

TAB. 5.1 — Expressions of the topological asymptotic with respect to the
insertion of a metallic object (a small hole).

denote by E,, E,, E., the components of the electrical field and by H,, H,,
H, the components of the magnetic field. In the 2D/TM polarization case,
the electrical field has only one non null component E,. It satisfies the 2D
Helmholtz equation with Dirichlet condition on the boundary of the hole.
Notice that the frequency does not appear in the 2D/TM expression. The
full justification of the topological asymptotic expansion in this case is gi-
ven in [23]. For the 2D/TE polarization, we consider the magnetic field H,
that satisfies the 2D Helmholtz equation with a Neumann condition on the
boundary of the hole. The mathematical analysis of this case can be found
in |7, 22|

5.5.2 Shape inversion from frequency domain data

We will consider here a simple problem of detection of metallic objects bu-
ried in the soil. The problem here is based on a 2D/TM model, hence we are
looking for infinite metallic wires placed in the z direction. The aim is to find
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the number and the locations of metallic objects using scattered field measu-
rements from a mono-static antenna horizontally translated above the soil.
This is a rough model of the problems described in [19]. The 2D Helmholtz
equation is solved by the Finite Differences Time-Domain (FDTD) method.
The frequency-domain solution being obtained with a Fourier transform. The
antenna is roughly approximated by a ponctual source, which will be trans-
lated at various locations above the soil.

Let X = {z;}i=1.n, be the set of the successive locations of the source (and
sensors, since the antenna is supposed to be mono-static) and F = { f; }i=1.x,
the set of measurement frequencies. Let ¢, be the soil permittivity and o,
its conductivity. The area occupied by the buried objects is denoted by (2.
We associate to (2 its response M((2) : for each couple (z;, f;) € X x F, we
consider the field £} ;. the solution to

AED ; + KBS ;= s, in R*\Q,

ngj =0 on 01, (5.40)
lim /7(8, By, ;. —ikEy ;) =0,

r—00

where s, represents a source point located at z; and where

k3 () = (@) pw? + iw;po(z),

’w]' = 27Tfj,

(60,0) if x > O,
(es,05) ifx <0.

(e(x),0(2)) = {

Then the measurement are M(Q) = (my, 7, (Q) := (da,, ngj)), where d,, is
the measurement function (in our numerical tests, m,, ,(€2) is the value of
the scattered field at the source point z;).

We call reference measurements M = (M4,,7,) the measured data. For
the moment, we only consider synthetic data obtained via FDTD.

We have to minimize the cost function that evaluates de discrepancy
between measured data and the response obtained for a given distribution of
metallic objects :

JEO) =M = MIP =Y [, 5, (2) — 1, g (5.41)
L

Since the cost function j involves many direct states Eg? g (and therefore

many adjoint states vf} f],), we shall adapt the result given in Table 5.1 to
our context. Indeed, one can rewrite j as a sum of cost functions j,, y,

](Q) = Zju’vmfj (Q)v

jﬂci,f]’(Q) = |mri,fj(Q) - mri7fj|2'
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Then, applying the topological sensitivity for the 2D /TM Maxwell equations,
one obtains

JON\Bw,) = () =3 —%%(Eﬁ,fj (2)-v5, 1, (@) + 0 (i) -

Since the function f(¢) = 1/loge is stiff, a “small” hole whose radius
is 1/20th of the wavelength still causes an important variation of the cost
function. Since only the linearized cost function is involved in the topological
sensitivity computation (via the adjoint), the nonlinearity of the cost function
would be an important source of error. Indeed, one can get a better estimation
of the variation of the cost function. Instead of computing the sensitivities
of the nonlinear cost functions j,, s, we first compute the sensitivities of
the linear functionals m,, ;. Then, we compute the effective variation of the
nonlinear cost function for a given .

- Dry soil (depth
ao0m 0.6m), flat surface

successive locations of the antenna
+0200m{ @ o 6 o o 0 o o o a6 6 6 oo oo o6 an oo aooooooo oo o air (ES - 2‘37 Os = 0)
- 35 measurement
+0.000m
’ points located at
-0.200m i 2
) m h
L \ ’ soil OC above the
~0.400m SOl]..
metallic buried objects H
. J - 20 Frequencies
0.000m 0.500m 1.000m 1.500m 2.000m in the range

400MHz to 2GHz
(a) Metallic objects

+0.400m — 0.1

0.08
+0.200m 0.06

0.04

+0.000m
- 0.02

- 0
-0.200m - —

-0.02

~0.400m ~0.04
. o
-0.600m -0.08

0.000m 0.500m 1.000m 1.500m 2.000m

(b) Topological sensitivity

FiG. 5.1 — Repartition of metallic objects in the soil and the corresponding
topological sensitivity computed on an empty flat soil.

The first example (Figure 5.1) shows the topological sensitivity computed
in a simple case : the data is not noisy and the reference soil is a flat and
homogeneous dry sand soil (low permittivity and null conductivity). One
can see that the top of the five objects (Figure 5.1(a)) is clearly identified
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by the negative region of the topological sensitivity (Figure 5.1(b)). This
topological sensitivity can be obtained very quickly since it is evaluated on
a flat soil without mines, which is invariant by translation : all direct states
and adjoint states are just horizontal translations of a “canonical” solution.
The computational cost is only 10 seconds on a 300MHz personal computer.

The second example (Figure 5.2) is a little bit more realistic : the data is
noisy since the reference data M was obtained on a non-flat inhomogeneous
soil, while the topological sensitivity was still computed on a flat homo-
geneous soil. One can observe that, although the objects are still located
correctly, the image (Figure 5.2(b)) is a little bit distorted.

The third example (Figure 5.3) goes further in this direction : the soil is
no more a dry sandy soil, but a wet ground (high permittivity and conduc-
tivity). Hence the waves quickly vanish in the soil and its surface is highly
reflective : its roughness has a great influence on the measurements and com-
puting a topological sensitivity without taking into account its roughness
would give an irrelevant result. So we proceed in two steps : the first step
recovers the shape of the ground surface, by computing a topological sen-
sitivity in the free space (without soil and without mines) with respect to
small balls of undergrass instead of small balls of metal (Figure 5.3(b)).
One can see Figure 5.3(c) that the result does not seem to be affected by
the influence of the two buried objects. But it is possible to recover these
two buried objects if we take into account the detected soil profile in the
computation (Figure 5.3(d)).

5.5.3 Shape inversion from time-domain data

The next numerical tests follow a different approach. We now consider
time-domain measurements in the context of 3D Maxwell equations. As it is
indicated in Table 5.1, the topological sensitivities for 3D Maxwell equations
and 2D transverse magnetic are very different. The main difference is the
behavior of the function f(e), since €* goes much faster to zero with ¢ than
—1/loge, we won’t have to face the difficulties arising from a large variation
of the solution when a relatively small (i.e. >~ 1/20th of wavelength) metallic
sphere is inserted. Using a time-domain solver, it is possible to keep the
computational cost very low with respect to the size of the problems (the
mesh size here is 140 x 140 x 140). The same FDTD code is used to compute
the direct solution and the adjoint solution (which is computed backward,
from the last time-step to the first time-step), and the topological sensitivity
is just the integration with respect to time ¢ of their product. Indeed, the
expression for the topological sensitivity that was used in these experiments
is simply

g(x) = §R/O E(z,t).v(x,t) dt,



The topological asymptotic expansion for the Maxwell equations
120 and some applications

- Dry soil with rough
surface (g5 ranging

+0.400m

$0.200M] e e e e e e e e aa e e e e e e e e e e e e e e from 16 to 415,
+0.000m USZO)
j— [ - 29 measurement

-0.200m

L \ ’ points, 20 fre-

quencies in  the

o L — — — = range [0.26MHz —
’ ’ 1.86GH z].

(a) Reference distribution of objects

-0.400m

+0.400m 0.002
0.001€

+0.200m 0.0012
0.000€
+0.000m 0.0004
0

a——
—J - ~0.0004
o -0.0008

~0.400m -0.0012

-0.200m

-0.001€

~0.600m -0.002
0.000m 0.500m 1.000m 1.500m 2.000m

(b) Topological sensitivity on a flat empty homo-
geneous soil (5 = 2.3)

F1G. 5.2 — Topological sensitivity with noisy data.

where E(z,t) (resp. v(x,t)) is the electric field solution of the direct (resp.
adjoint) problem.

The first object, the metallic edges of a cube, is placed in free Space
and is illuminated by 6 plane waves (whose time-domain signal is a gaussian
distribution). The measurements are the values, for each time-step, of the
tangential electric field along a “virtual surface” enclosing the cube. Figure
5.4 shows a surface of iso-values of the topological sensitivy, taking the free
space as initial guess. Figure 5.5 shows the same experience with a more
complex object.

Another major difference with the 2D/TM case is that the topological
sensitivity expression depends on the shape of the holes. So one can try to
see if the result is improved if the metallic obstacles are no more spherical
but “oriented” : the expression for an infinitely small wire of direction d is

R /0 (E().d)(0{0).d) dt.
We can write that

o[- (s 0 )
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0.450m

- 41 measurement points
- 30 frequencies in the

0.250m

oostn range [0.33GHz — 1GH?Z]
os50m — . - wet soil : [gg = 13,05 =
0.350m 005]

0.000m 0.500m 1.000m 1.500m 2.000m

(a) Reference distribution

0.450m 0.0008

— — - -
0.250m - o T —— — e 0.0004

0.050m 0

b T e e,

0.150m -0.0004

0.350m -0.0008
0.000m 0.500m 1.000m 1.500m 2.000m

(b) Topological asymptotic computed on an empty ini-
tial guess (no soil at all), with respect to small balls of
undergrass

+0.450m

sol de référence
sol détecté

+0.250m

sosom <ﬁ;C::#>*x\(:‘,a—«4444‘&C:,/'4‘\\<:,444,,f«\\Q(f,4—‘4444":j,/*«\&<:744450<»<&>:/1X{74

-0.150m

-0.350m
0.000m 0.500m 1.000m 1.500m 2.000m

(c) Detected soil surface

0.0002
0.00016
0.00012
8e-05
4e-05
0

-4e-05

—— e -8e-05

- -0.00012

-0.00016

-0.0002

(d) Topological sensitivity taking in account the detected soil
surface

F1G. 5.3 — Topological sensitivity in two steps.

where

Then at each point of the domain, the optimal orientation of the wire is given
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F1G. 5.4 — Metallic edges of a cube and an iso-values surface of the corres-
ponding topological sensitivity (computed in the free space as initial guess).

F1G. 5.5 — Topological sensitivity for a slightly more complex object.

T
min (5}?/ A(t) dt) d.d.
ders =1\ Jo

Hence, we have two interesting informations :
— the variation of the cost function, for an optimally oriented wire, is
given by the smallest eigenvalue of

R /0 ' A(t) dt,

— the corresponding eigenvector gives the optimal orientation of the wire.
Applying this new topological sensitivity to the wired cube of the figure
5.4 we show a significant improvement of the result. Figure 5.6 shows an
isosurface of the so obtained topological sensitivity.
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FiG. 5.6 — An isosurface of the topological sensitivity for optimally oriented

infinitely small wires.
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