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Ilqdqfldo$ vxssruw$ iru$ wklv$ uhvhdufk$zrun$zdv$ judqwhg$ e|$YXE$ vfkroduvklsv$ iurp$

wkh$DYLFHQQH$surmhfw$ixqgv/$jlyhq$e|$wkh$frpplvvlrq$ri$wkh$Hxurshdq$Xqlrq$xqghu$

frqwudfw$Qr1$ FW<6DYL53:6/$ hqwlwohg=$ *Ghyhorsphqw$ri$zdwhu$ uhvrxufhv$pdqdjhphqw$

wrrov$iru$sureohpv$ri$vhdzdwhu$lqwuxvlrq$dqg$frqwdplqdwlrq$ri$iuhvkzdwhu$uhvrxufhv$lq$

frdvwdo$dtxlihuv*1$Wkh$dxwkru$lv$dovr$wkdqnixo$wr$*Gdylg$hw$Dolfh$Ydq$Ehxuhq*$irxqgdwlrq$
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klv$grfwrudo$wkhvlv1$
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ri$wkh$LqwhuXqlyhuvlw|$Surjudp$ri$Zdwhu$Uhvrxufhv$Hqjlqhhulqj$+LXSZDUH,/$iru$klv$

xqfrqglwlrqdo$frqwulexwlrq$wr$wkh$vxffhvv$ri$wklv$wkhvlv/$e|$jlylqj$prudo/$�qdqfldo$dqg$
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H{whqghg$wkdqnv$wr$Suri1$ Gu1$ lu1$ D1$Odudel$iurp$P1$Y1$Xqlyhuvlw|/$Hfroh$Prkdp0$

pdgld$g*Lqj�hqlhxuv/$K|gurjhrorj|$Vhfwlrq/$Udedw/$Prurffr1$Dv$d$iruphu$Sk1G1$dw$wkh$
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vroxwh$wudqvsruw$sureohpv$ lq$jurxqgzdwhu$dtxlihu$v|vwhpv/$zlwk$vhyhudo$frpsoh{lwlhv/$

khwhurjhqhlwlhv$ dqg$ yduldeoh$ frqglwlrqv$ dv$ hqfrxqwhuhg$ lq$ wkh$ �hog1$ Ilqlwh$ hohphqw$

phwkrgv$duh$xvhg$wkurxjkrxw$wr$vroyh$d$udqjh$ri$gl�huhqw$sureohpv/$xvlqj$lq$sduwlfxodu$

wkh$Jdohunlq$zhljkwhg$uhvlgxdo$dssurdfk$edvhg$rq$wulolqhdu$kh{dkhgudo$hohphqwv1$

Vshfldo$hpskdvlv$ lv$pdgh$rq$wudqvlhqw$dqg$qrq0olqhdu$jurxqgzdwhu$�rz$sureohpv$

zlwk$prylqj$ lqwhuidfhv/$ vxfk$ dv$ wkh$ zdwhu$ wdeoh$ dqg$ wkh$ iuhvkzdwhu0vdowzdwhu$ vkdus$

lqwhuidfh1$ D$jhqhudol}hg$Idvw$Xsgdwlqj$Surfhgxuh$whfkqltxh$lv$ghyhorshg$iru$wkhvh$vlw0$

xdwlrqv/$ zklfk$ suhvhqwv$ d$ qxpehu$ ri$ dgydqwdjhrxv$ ihdwxuhv$ lq$ frpsdulvrq$ wr$ fodvvlf$

frpsxwdwlrqdo$whfkqltxhv$xvhg$wr$ghdo$zlwk$vxfk$sureohpv1$Rqh$ri$wkh$lpsruwdqw$frq0$

wulexwlrqv$lv$wkh$dxwrpdwlf$frqvwuxfwlrq$ri$wkh$jhqhulf$vrlov$fkdudfwhulvwlf$fxuyhv/$zklfk$
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wkh$qruwk$ ri$Prurffr1$ Vhyhudo$ h�flhqw$ uxqv$ duh$pdgh/$ ohdglqj$ wr$ d$ fdoleudwhg$pdq0$

djhphqw$prgho$iru$wkh$vwxg|$duhd/$jlylqj$d$fohdu$slfwxuh$ri$wkh$vdolql}dwlrq$ulvn$lq$wkh$
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v|vwhpv$ lv$ htxdoo|$ lqyhvwljdwhg1$ Lw$ lv$ frqfoxghg$ wkdw$ wkh$ vwdqgdug$Jdohunlq$�qlwh$ ho0$

hphqw$phwkrg$ lv$ frpsxwdwlrqdoo|$ lqwhqvlyh/$ vlqfh$ wkh$ rewdlqhg$ v|vwhp$ ri$ qxphulfdo$

htxdwlrqv$ lv$ yhu|$ odujh/$ vsduvh/$ qrqh$ v|pphwulf$ dqg$ xvxdoo|$ gl�fxow$ wr$ vroyh$ zlwk$

vwdqgdug$lwhudwlyh$whfkqltxhv1$Khqfh/$suhfrqglwlrqlqj$lv$qhfhvvdu|$wr$lpsuryh$wkh$frq0$

yhujhqfh$ehkdylru$ri$ loo0frqglwlrqhg$ v|vwhpv1$ Lq$ wklv$zrun/$zh$sursrvh$dq$P$pdwul{$

w|sh$ri$wudqvirupdwlrq$rq$wkh$jhqhudo$wudqvsruw$pdwul{$zklfk$jxdudqwhhv$wkh$h{lvwhqfh$

ri$ wkh$ suhfrqglwlrqlqj$ vfkhphv/$ dqg$ khqfh$ lpsuryhv$ wkh$ ryhudoo$ vroyhuv$ shuirupdqfh$

dqg$urexvwqhvv1$ Wkh$xvhixoqhvv$ri$wkh$phwkrg$lv$ghprqvwudwhg$e|$vroylqj$vhyhudo$whvw$

h{dpsohv$zlwk$gl�huhqw$frpsoh{lwlhv/$ lqfoxglqj$k|srwkhwlfdo$dqg$�hog$dssolfdwlrqv$ lq$

Ehojlxp1$Gl�huhqw$vroyhuv$duh$whvwhg$dv$wkh$plqlpdo$uhvlgxdo$phwkrg$dqg$wkh$vwdelol}hg$

elfrqmxjdwh$judglhqw$phwkrg/$ lq$frpelqdwlrq$zlwk$gl�huhqw$suhfrqglwlrqlqj$vfkhphv/$

dv$gldjrqdo$vfdolqj$dqg$ lqfrpsohwh$ idfwrul}dwlrq1$ Lw$ lv$frqfoxghg$wkdw$P$pdwul{$suh0$

frqglwlrqlqj$lv$yhu|$vlpsoh$wr$lpsohphqw/$dqg$suryhv$wr$eh$yhu|$h�flhqw$dqg$urexvw1$

Dq$ h�ruw$ lv$ sxw$ rq$ sdfndjlqj$ wkh$ frpsxwhu$ surjudpv/$ e|$ jlylqj$prghuq$ ylvxdo$

vxssruw$wr$pdq|$prgxohv1$ Wkhuhiruh/$vhyhudo$JXL$surjudpv$duh$surylghg$dv$frpsoh0$

phqwdu|$ wrrov$ wr$ vxssruw$ wkh$ghyhorshg$prghov/$ hqdeolqj$ wkhlu$ iulhqgo|$xvh/$ dqg$ wkh$

srvvlelolw|$iru$ixwxuh$h{whqvlrqv1$
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DSSURDFK�Z� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �eH �

��e� 7KUHH�GLPHQVLRQDO FRQWUROZYROXPHZFRQWULEXWLRQZRIZWKHZHOHPHQW H DWZ

QRGH L�Z� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �D� �

��D� ([DPSOHZRIZDZSDUWLDOO\ZSHQHWUDWLQJZSXPSLQJZ HOO ZLWKGUDZLQJZ DWHUZ

RYHU D SRUWLRQ RI WKH oOWHUHG SDUW�Z� � � � � � � � � � � � � � � � � � � �S� �



 ��	 wW5A �6 6WBN+,5.

e��	 �D�Z/RFDWLRQZRIZDZ DWHUZWDEOHZEHWZHHQZWZRZQRGHV�ZDQGZ�E�ZLGHDOL]HGZ

UHODWLYHZK\GUDXOLFZFRQGXFWLYLW\ZFXUYHZYHUVXVZQRGDOZSUHVVXUHZKHDGV �QRWHZ

WKDWZ&�� ' 0 RQO\ LI ERWK QRGHV DUH XQVDWXUDWHG��Z� � � � � � � � � � � �Sb �

e�2� :DWHU UHWHQWLRQ FXUYHV IRU VSHFLoF VRLO W\SHV� DQG HUURUV LQ WKHZ DWHUZ

FDSDFLW\ WDQJHQW DSSUR[LPDWLRQ �PRGLoHG IURP ,VWRN� ������Z� � � � � �.� �

e��� ,OOXVWUDWLYH H[DPSOHZRIZPDSSLQJ VDWXUDWHG�ZXQVDWXUDWHGZDQGZSDUWLDOO\Z

VDWXUDWHG QRGHV IURP D SDUWLDOO\ VDWXUDWHG HOHPHQW�Z� � � � � � � � � � �.� �

e�e� ,GHDOL]HG �D�Z DWHU UHWHQWLRQ FXUYH� DQG �E� DQDO\WLF GLnHUHQWLDWLRQ RIZ

VORSH WDQJHQW DW QRQOLQHDU oUVW LWHUDWH�Z � � � � � � � � � � � � � � � � �.e �

e�D� 6FKHPDWLF YLHZ RI D GUDLQLQJ YHUWLFDO VRLO FROXPQ�Z � � � � � � � � � � �H� �

e�S� :DWHUZOHYHOZGUDZGRZQZODZ lE|�( FRPSXWHGZUHVXOWV ZLWKZWKHZ)83ZDUHZ

SORWWHG YHUVXV DQDO\WLFDO VROXWLRQ�Z� � � � � � � � � � � � � � � � � � � �He �

e�.� &RPSXWHG VKDUSZ DWHU WDEOH KHLJKWZlE|� XVLQJZWKHZPRYLQJZPHVK WHFK�Z

QLTXH YHUVXV DQDO\WLFDO UHVXOWV�Z� � � � � � � � � � � � � � � � � � � � � �HD �

e�H� :DWHU FRQWHQWZSURoOHV DW VSHFLoF WDUJHWZWLPHV�ZGRWVZLQGLFDWHV QRGDOZ

SRVLWLRQV�Z� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �HS �

e�b� 6FKHPDWLF YLHZ RI D VRLO FROXPQ GUDLQLQJ WKURXJK D OHDN\ RXWOHW�Z� � � �HH �

e��f 'LVFKDUJHZUDWHZ�ZKHDGZGURSZUHODWLRQVKLS�ZQXPHULFDOZYHUVXVZDQDO\WLFDOZ

UHVXOWV�Z� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �Hb �

e��� :DWHUZWDEOHZGUDZGRZQZODZ lE|�c )83ZDQGZPRYLQJZPHVKZQXPHULFDOZ

PHWKRGV DUH FRPSUHG WR WKH DQDO\WLFDO VROXWLRQ�Z � � � � � � � � � � � �bf �

e��2 :DWHU FRQWHQW SURoOHV DW WDUJHW WLPHV�Z � � � � � � � � � � � � � � � � �b2 �

e��� 6FKHPDWLF YLHZ RI WHVW SUREOHP ��Z� � � � � � � � � � � � � � � � � � � �b� �

e��e )LQLWH HOHPHQW PHVK IRU WHVW SUREOHP ��Z� � � � � � � � � � � � � � � � �be �

e��D &RPSDULVRQ RI PRYLQJ QXPHULFDO DQG DQDO\WLFDOZ DWHU WDEOHV� FRXWRXUZ

KHDGVZ LWKZDQZLQWHUYDOZRIZ����PZDUHZDOVRZSORWWHG�Z'RWVZUHSUHVHQWZWKHZ

DQDO\WLFDO VROXWLRQ�Z� � � � � � � � � � � � � � � � � � � � � � � � � � � �bD �

e��S &RQoJXUDWLRQZRIZWKHZODERUDWRU\ZPRGHOZVKRZLQJZWKHZoQLWHZHOHPHQWZ

PHVK� WKH SKRWRJUDSKHG VHFWLRQV� DQG WKH FRUH GDP ORFDWLRQ�Z � � � � �bH �



wW5A �6 6WBN+,5�  ���.

e��. &RPSDULVRQ RI SUHGLFWHG �FRQWLQXRXV OLQHV� DQG REVHUYHG IUHH VXUIDFHZ

GXULQJZULVHZDQGZVWHDG\ZVWDWHZIRUZWKHZKRPRJHQHRXVZGDP�Z�)�ZIURQWZ

VHFWLRQ� �%��%2� %DFN VHFWLRQV� �6� VLGH VHFWLRQ�Z � � � � � � � � � � � �bb �

e��H &RPSDULVRQZRIZSUHGLFWHG �FRQWLQXRXVZOLQHV�ZDQGZREVHUYHGZIUHHZVXU�Z

IDFHZGXULQJZGUDZGRZQZIRUZWKHZKRPRJHQHRXVZGDP�Z�)�ZIURQWZVHFWLRQ�Z

�%��%2� %DFN VHFWLRQV� �6� VLGH VHFWLRQ�Z� � � � � � � � � � � � � � � � �ff �

e��b &RPSDULVRQ RI SUHGLFWHG �FRQWLQXRXV OLQHV� DQG REVHUYHG IUHH VXUIDFHZ

GXULQJZULVHZDQGZVWHDG\ZVWDWHZIRUZWKHZKHWHURJHQHRXVZGDP�Z�)�ZIURQWZ

VHFWLRQ� �%�ec%2� %DFN VHFWLRQV� �6� VLGH VHFWLRQ�Z � � � � � � � � � � � �f� �

e�2f &RPSDULVRQZRIZSUHGLFWHG �FRQWLQXRXVZOLQHV�ZDQGZREVHUYHGZIUHHZVXU�Z

IDFHZGXULQJZGUDZGRZQZIRUZWKHZKHWHURJHQHRXVZGDP�Z�)�ZIURQWZVHFWLRQ�Z

�%�ec%2� %DFN VHFWLRQV� �6� VLGH VHFWLRQ�Z� � � � � � � � � � � � � � � � �f2 �

D��� 3RWHQWLDO SUHVVXUH FRQGLWLRQV DORQJ WKH IUHH ERXQGDULHV� LQ WKH XQVDW�Z

XUDWHG� IUHVK DQG VDOWZ DWHU ]RQHV�Z � � � � � � � � � � � � � � � � � � �fH �

D�2� *HQHUDOL]HG �D�Z DWHU UHWHQWLRQ FXUYH� DQG �E� DQDO\WLF GLnHUHQWLDWLRQZ

RI WKH VORSH WDQJHQWV DW WKH QRQOLQHDU oUVW LWHUDWH�Z � � � � � � � � � � ��2 �

D��� 6FKHPDWLF UHSUHVHQWDWLRQ RI WKH *ORYHU
V SUREOHP �������Z � � � � � � ��D �

D�e� &RPSDULVRQ RI *ORYHU
V DQDO\WLFDO VROXWLRQ DQG QXPHULFDO UHVXOWV�Z� � � ��S �

D�D� =RRP ZLQGRZ VKRZLQJZWKHZIUHVK�VDOWZDWHUZLQWHUIDFHZSRVLWLRQZDQGZWKHZ

IUHVK JURXQGZDWHU KHDGV �; DQG = D[LV KDYH WKH VDPH VFDOH��Z � � � � ��S �

D�S� &RQYHUJHQFHZUDWHZKLVWRU\ZRIZWKHZPRGLoHGZ3LFDUG QRQOLQHDUZLWHUDWLRQZ

VROYHU IRU WHVW SUREOHP ��Z � � � � � � � � � � � � � � � � � � � � � � � ��. �

D�.� 9DQ GHU 9HHU
V DQDO\WLFDO LQWHUIDFH SUREOHP �������Z� � � � � � � � � � ��H �

D�H� &RPSDULVRQ EHWZHHQ QXPHULFDO DQG 9DQ GHU 9HHU
V DQDO\WLFDO VROXWLRQ�Z�2f�

D�b� )UHVKZDWHU SRWHQWLDO KHDGV GLVWULEXWLRQ IRU WKH oUVW UXQ�Z � � � � � � � �2� �

D��f )UHVKZDWHU SRWHQWLDO KHDGV GLVWULEXWLRQ IRU WKH VHFRQG UXQ�Z� � � � � � �2� �

D��� &RQYHUJHQFHZUDWHZKLVWRU\ZRIZWKHZPRGLoHGZ3LFDUG QRQOLQHDUZLWHUDWLRQZ

VROYHU IRU WHVW SUREOHP � �UXQV � DQG ���Z � � � � � � � � � � � � � � � �22 �



 ����� wW5A �6 6WBN+,5.

D��2 'HoQLWLRQ RI WKH +XQW
V DQDO\WLFDO LQWHUIDFH SUREOHP ������� �D� SODQZ

YLHZ� DQG �E� DZ HOO FURVV�VHFWLRQ SURoOH�Z� � � � � � � � � � � � � � � �2� �

D��� &RPSDULVRQZEHWZHHQZDQDO\WLFDOZDQGZQXPHULFDOZUHVXOWVZIRUZWKHZKXQW
VZ

WHVWZSUREOHPZDW WKHZDTXLIHU ERWWRP� 5HVXOWVZDUH SORWWHGZWRJHWKHUZ LWKZ

WKH FRXQWRXU OLQHV RI SRWHQWLDO KHDGV�Z � � � � � � � � � � � � � � � � �2D �

D��e &URVV�VHFWLRQZYLHZ RIZWKHZFRPSXWHGZLQWHUIDFHZDQGZIUHVKZDWHUZSRWHQWLDOZ

KHDGV DORQJ WKH LQMHFWLRQZ HOO�Z� � � � � � � � � � � � � � � � � � � � � �2D �

D��D $Z]RRPZYLHZ RQZWKHZLQWHUIDFH�ZFURVVLQJZSRWHQWLDOZLVROLQHVZDUHZVKRZQZ

DORQJ ZLWK WKH RXWpRZ WR WKH VHD IDFH�Z � � � � � � � � � � � � � � � � �2S �

D��S 6FKHPDWLF UHSUHVHQWDWLRQ DQG SDUDPHWHU YDOXHV RI WKH IRXUWK WHVW H[�Z

DPSOH �+X\DNRUQ HW DO�� ������Z � � � � � � � � � � � � � � � � � � � � �2. �

D��. &RPSDULVRQZRIZWKHZDQDO\WLFDOZDQGZQXPHULFDOZVROXWLRQVZFRPSXWHG E\Z

+X\DNRUQ HW DO�Z�������Z� � � � � � � � � � � � � � � � � � � � � � � � �2. �

D��H &RPSDULVRQZRIZDQDO\WLFDOZDQGZWKHZQXPHULFDOZVROXWLRQZFRPSXWHG ZLWKZ

*(2�6:,0 FRGH� IRU WKH IRXUWK WHVW SUREOHP�Z � � � � � � � � � � � � �2H �

D��b 'HVFULSWLYHZYLHZ RIZWKHZH[SHULPHQWDOZVDQGZER[ZPRGHOZXVHGZE\Z6XJLRZ

DQG 5DKLP �������Z� � � � � � � � � � � � � � � � � � � � � � � � � � � �2b �

D�2f )LQLWH HOHPHQW PHVK XVHG LQ 6XJLR
V ODERUDWRU\ VDQG ER[ PRGHO YDOL� Z

GDWLRQ�Z� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��f �

D�2� 1XPHULFDO VROXWLRQV YHUVXV ODERUDWRU\ H[SHULPHQWV IRU �D� )URQW VHF�Z

WLRQ� �E� EDFN VHFWLRQ� DQG �F� ERWWRP VHFWLRQ�Z� � � � � � � � � � � � ��� �

D�22 *HQHUDO JHRJUDSKLF VLWXDWLRQ PDS RI 0DUWLO DTXLIHU�Z� � � � � � � � � � ��2 �

D�2� 6WXG\ DUHD DQG ORFDWLRQV RI FURVV�VHFWLRQV RI LQWHUHVW�Z � � � � � � � � ��� �

D�2e ,QWHUSRODWHGZFRXQWRXUZPDSVZRIZ�$�ZDTXLIHUZWRSRJUDSK\�ZDQG ERWWRPZ

RI RI �%� SKUHDWLF DTXLIHU� �&� DTXLWDUG DQG �'� FRQoQHG DTXLIHU UH�Z

VSHFWLYHO\�Z � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��e �

D�2D 6�1ZDQGZ:�(ZFURVV�VHFWLRQVZRIZWKHZFRQFHSWXDOZPRGHO�ZVKRZLQJZWKHZ

oQLWH HOHPHQW PHVK DQG VRLO W\SHV GLVWULEXWLRQ�Z� � � � � � � � � � � � ��D �



wW5A �6 6WBN+,5	  � .

D�2S &RPSDULVRQ EHWZHHQ �D� FRPSXWHG DQG �E� REVHUYHG �LQ ����� EHIRUHZ

KHDYHZSXPSLQJ�ZVWHDG\ZVWDWHZJURXQGZDWHUZSRWHQWLDOVZ�SUHVHQWHGZDVZ

PHWHUV DERYH VHD OHYHO��Z� � � � � � � � � � � � � � � � � � � � � � � � ��. �

D�2.	6KDSH DQG H[WHQW RI WKH QDWXUDO ��' IUHVK�VDOWZDWHU LQWHUIDFH�Z� � � � ��b �

D�2H :�(ZFURVV�VHFWLRQVZVKRZLQJZWKHZLQLWLDOZJURXQGZDWHUZKHDGVZDQGZIUHVK�Z

VDOWZDWHUZLQWHUIDFHZSRVLWLRQ�Z�7KHZYHUWLFDOZVFDOHZPDJQLoFDWLRQZIDFWRUZ

HTXDOV ��� IRU FURVV�VHFWLRQV &�&
 DQG (�(
� DQG ���� IRU )�)
�Z � � � �ef �

D�2b &RPSXWHGZPRYLQJZWRH SRVLWLRQVZRIZWKHZVKDUSZIHVKZDWHUZVDOWZDWHUZLQWHU�Z

IDFH HDFK � \HDUV IURP ���� WR �����Z7KH VKDGHG VXUIDFH UHSUHVHQWVZ

WKH ERWWRP RI WKH ORZHU DTXLIHU�Z� � � � � � � � � � � � � � � � � � � � �e� �

D��f &URVV�VHFWLRQDOZYLHZ RIZWKHZVHDZDWHUZLQWUXVLRQ�ZVLPXODWHGZPRYLQJZLQ�Z

WHUIDFH SRVLWLRQV IURP ���� WR ���� DUH SORWWHG�Z � � � � � � � � � � � �e2 �

D��� 0D[LPXPZLQWHUIDFHZWRHZSRVLWLRQZRIZWKHZPRYLQJZIUHVK�VDOWZDWHUZLQWHU�Z

IDFH YHUVXV WLPH� WKH JUDSK VKRZV HYLGHQFH RI RYHUH[SORLWDWLRQ RI WKHZ

DTXLIHU GXULQJ WKH QLQHWLHV�Z� � � � � � � � � � � � � � � � � � � � � � � �e� �

S��	 6FKHPDWLF UHSUHVHQWDWLRQ RI WKH WHVW SUREOHPV� �$� ,QMHFWLRQ LQ D XQL�Z

IRUPZpRZ oHOG�Z�%�Z5DGLDOZLQMHFWLRQ ZLWKZHTXLOLEULXPZFRXQWHUZGLVSHU�Z

VLRQ� �&� 5DGLDOZLQMHFWLRQ� �'� )LHOGZSUREOHP �� DQGZ�(�Z)LHOGZSUREOHPZ

��Z� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �DS �

S�2� &RQYHUJHQFH KLVWRU\ DQDO\VLV RI WHVW SUREOHPV �D� �D DQG �E� �E�Z� � � �Db �

S��� &RPSDULVRQ RI DQDO\WLFDO DQG QXPHULFDO VROXWLRQV RI QRUPDOL]HG FRQ�Z

FHQWUDWLRQ YHUVXV UDGLDO GLVWDQFH IRU WHVW H[DPSOHV �D DQG �E�Z � � � � �S2 �

S�e� &RQYHUJHQFH KLVWRU\ DQDO\VLV RI WHVW SUREOHPV �D� �D DQG �E� �E�Z� � � �S� �

S�D� &RPSDULVRQ RI DQDO\WLFDO DQG QXPHULFDO VROXWLRQV RI QRUPDOL]HG FRQ�Z

FHQWUDWLRQZYHUVXVZUDGLDOZGLVWDQFHZIRUZWHVWZH[DPSOHZ��Z 2XWSXWVZDUHZ

SORWWHG DW WLPH OHYHO ���GD\ DQG �GD\�Z� � � � � � � � � � � � � � � � � �SD �

S�S� 6LPXODWHGZVWHDG\ZVWDWHZ�D�ZSRWHQWLDOV�Z DWHUZpRZ YHORFLWLHV�ZDQGZ�E�Z

FRQFHQWUDWLRQ LVR�VXUIDFHV IRU WHVW SUREOHP ��Z� � � � � � � � � � � � � �SS �



  � wW5A �6 6WBN+,5.

S�.� &RQYHUJHQFH KLVWRU\ DQDO\VLV RI WHVW SUREOHP ��Z� � � � � � � � � � � � �S. �

S�H� $QZLOOXVWUDWLYHZSODQZYLHZ RIZWKHZFRPSXWHGZKHDGZDQGZYHORFLW\ oHOGVZDQGZ

WKH SROOXWLRQ SOXPH DW WKH EDVH RI WKH ORZHU DTXLIHU XQLW�Z� � � � � � � �Sb �

.��� *(2�6:,0 PRGXOHV�Z � � � � � � � � � � � � � � � � � � � � � � � � � �.. �

.�2� 9LVXDO *(2�6:,0 LQWHUIDFH�Z$ VDPSOH IURQW VHFWLRQ YLHZ� PHVK DQGZ

VRLO W\SHV DUH RYHUOD\HG�Z � � � � � � � � � � � � � � � � � � � � � � � � �Hf �

.��� )ORZ FRQGLWLRQHUZSDFNDJH�Z8SSHU OLVW VKRZV ERXQGDU\ZFRQGLWLRQVZXVHGZ

IRU WKH SURFHVVHG FDVH VWXG\�Z� � � � � � � � � � � � � � � � � � � � � � �H� �

.�e� 2SWLRQV RI *(2�6:,0 VROYHU SDFNDJH�Z� � � � � � � � � � � � � � � � �H2 �

.�D� ([HFXWDEOH SURJUDP SDWKV LQWHUIDFH�Z� � � � � � � � � � � � � � � � � � �H� �

.�S� $ 7DE YLHZ RI WKH *(2�6:,0 WR 7HFSORW FRQYHUWHU *8, SDFNDJH�Z� � �He �
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m�m Devroxwh$ydoxh$

� Dlu0hqwu|$suhvvxuh$khdg$ydoxh$^O`$

l

@

K�c K� Edvlv$ixqfwlrqv$

�c �W Erxqgdu|$frqglwlrqv$yhfwru$

F$ Frqfhqwudwlrq$ri$glvvroyhg$pdwwhu$^PO3�`$

� Frqwuro$yroxph$ri$qrgh$l$^O�`$

f$ Qrupdol}hg$frqfhqwudwlrq$^glphqvlrqohvv`$

F( Vrxufh$glvwulexwlrq$ixqfwlrq$^PO3�`$

�) Xqnqrzq$frqfhqwudwlrq$yhfwru$^PO3�`$

F� Zdwhu$fdsdflw|$^O3�`$

u Gho$rshudwru$

B Ghqvlw|$gl�huhqfh$udwlr$^glphqvlrqohvv`$

#) Gldjrqdo$pdwul{$

_T Gl�huhqwldo$yroxph$

> G|qdplf$ylvfrvlw|$ri$zdwhu$^PO3�W3�`$

G K|gurg|qdplf$glvshuvlrq$whqvru$^O2W�`$

eosS Frpsohphqwdu|$huuru$ixqfwlrq$

eos Huuru$ixqfwlrq$

e%R H{srqhqwldo$ixqfwlrq$

h6 Pd{lpxp$huuru$dw$lwhudwlrq$ohyho$6

4

K� Ilqlwh$hohphqw$sdwfk$ri$qrgh$� lq$wkh$vxuidfh${|$sodqh$

b Iluvw0rughu$ghfd|$frh�flhqw$

; Iru$ doo$ ydoxhv$ ri$

s Iuhvkzdwhu$ghqvlw|$^PO3�`$

} Dffhohudwlrq$ri$judylw|$frqvwdqw$E' b�H�62*r��



W
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E%c +c 5�� Joredo$frruglqdwh$v|vwhp$^O`$

C

BcB Joredo$�rz$frqgxfwdqfh$pdwul{$

��c C�� Joredo$�rz$frqgxfwdqfh$pdwul{$hqwulhv$

AB Wudqvsrvh$ri$pdwul{$B)e

!

g

�|

�

� Dssur{lpdwh$jurxqgzdwhu$srwhqwldo$^O`$

r Htxlydohqw$vdowzdwhu$srwhqwldo$^O`$

� Jurxqgzdwhu$khdg$^O`$

�) Xqnqrzq$jurxqgzdwhu$khdg$yhfwru$

��c �� Xqnqrzq$qrgdo$jurxqgzdwhu$khdg$dw$qrghv$l$dqg$m$^O`$

W) Lghqwlw|$pdwul{$

#E|�� Lqwhuidfh$ghswk$ehorz$gdwxp$ohyho$dw$wlph$| ^O`$

4@ e Pd{lpxp qxpehu ri olqhdu SFJ $lwhudwlrqv $

dao� Mdfreldq$pdwul{$

_ Dgvruswlrq$glvwulexwlrq$frh�flhqw$^O�P3�`$

k) K|gudxolf$frqgxfwlylw|$whqvru$^OW3�`$

o Uhodwlyh$k|gudxolf$frqgxfwlylw|$whqvru$^OW3�`$

k)r Vdwxudwhg$k|gudxolf$frqgxfwlylw|$whqvru$^OW3�`$

?

/

/

k

B

Xqvdwxudwhg$shuphdelolw|$whqvru$^O2`$

�� Nurqhfnhu$v|pero$

N�EBc hf�� Nu|ory$vxevsdfh$ri$glphqvlrq$� iru$B)dqg$hfe

O+1,$ Gl�huhqwldo$rshudwru$

E1c #c l�� Orfdo$�qlwh$hohphqw$frruglqdwh$v|vwhp$^O`$

u Orqjlwxglqdo$glvshuvlylw|$^O`$

w) Orzhu$wuldqjxodu$pdwul{$

�) Pdvv$wudqvsruw$pdwul{$

4@ e Pd{lpxp$xqghuuhod{dwlrq$idfwru$

4�?e Plqlpxp$xqghuuhod{dwlrq$idfwru$

e H�hfwlyh$srurvlw|$^glphqvlrqohvv`$

,?E��� Qdwxudo$orjdulwkp$ixqfwlrq$

?? Qxpehu$ri$qrghv$



n Outward unit vector perpendicular to curve tangent 

n Porosity [dimensionless] 

@x
; 
@y
; 
@z 

@ @ @ Partial derivatives with respect to global coordinates 

@ @ @ 
@»
; 
@´
; 
@³ 

Partial derivatives with respect to local coordinates 

Pi Polynomial of degree i 

P Preconditioning matrix 

Ã Pressure head [L] 

p Water pressure [ML¡1T¡ ]2

qn Prescribed Neuman or Cauchy °ux type [LT¡1] 

q Speci¯c discharge rate [LT¡1] 

Q Total in°ow/out°ow [L3T¡ ]1

Q Transport matrix 

R Internal °ow source/sink term [T¡1] 

r Residual vector 

R Retardation factor [dimensionless] 

Rc Solute transport source/sink [MT¡1L¡ ]3

SC Cauchy type concentration boundary 

Sii Diagonal term of the storage matrix 

S1 Dirichlet-type boundary 

SD Dirichlet type concentration boundary 

Sp Elastic storage coe±cient [dimensionless] 

S2 Neuman-type boundary 

SN Neuman type concentration boundary 

½s Saltwater density [ML¡3] 

µs Saturated water content [dimensionless] 

" Small positive number 

Ss Speci¯c storage coe±cient [L¡1] 

Se Storage coe±cient of element e 

S Storage matrix 

Sw Water saturation [dimensionless] 



S
Vljpd$vxp$qrwdwlrq$

A4@ e Pd{lpxp$fdofxodwlrq$wlph$^W`$

|J,� Suhvfulehg$jurxqgzdwhu$khdg$wrohudqfh$^O`$

|R Wdujhw$wlph$ydoxh$^W`$

{| Wlph$vwhs$^W`$

| Wlph$yduldeoh$^W`$

A Wudqvplvvlylw|$^O2W3�`$

kA� Wudqvyhuvh$krul}rqwdo$glvshuvlylw|$^O`$

kA� Wudqvyhuvh$yhuwlfdo$glvshuvlylw|$^O`$

/6 Xqghuuhod{dwlrq$idfwru$dw$lwhudwlrq$ohyho$6

N) Xsshu$wuldqjxodu$pdwul{$

{|�reo Xvhu0vshfl�hg$wlph$vwhs$^W`$

T e Frqwuro$yroxph$frqwulexwlrq$ri$hohphqw$e dw$qrgh$� ^O�`�

T8 Iuhvkzdwhu$}rqh$yroxph$^O�`$

�) Jurxqgzdwhu$vhhsdjh$yhorflw|$^O2W3�`$

T7 Vdowzdwhu$}rqh$yroxph$^O�`$

T Vsdfh$yroxph$^O�`$

5 Hohydwlrq$khdg$^O`$

w Yroxphwulf$zdwhu$frqwhqw$^glphqvlrqohvv`$

4 Zdwhu$ghqvlw|$^PO3�`$
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40G/ 50G/ 60GP Rqh/ wzr/ dqg wkuhh0glphqvlrqdoP

DQVLP Dphulfdq Qdwlrqdo Vwdqgdugv LqvwlwxwhP

DSLP Dssolfdwlrq Surjudpplqj LqwhuidfhP

EFP Erxqgdu| frqglwlrqvP

ELFJP Elfrqmxjdwh Judglhqw VroyhuP

EL0FJVWDEP Elfrqmxjdwh Judglhqw Vwdelol}hg VroyhuP

EL0FJVWDE +o,P Elfrqmxjdwh Judglhqw Vwdelol}hg Vroyhu ri rughu oP

FDGP Frpsxwhu Dlghg GhvljqP

FI<3P Fud| Iruwudq <3 frpslohu v|vwhpP

FJP Frqmxjdwh Judglhqw VroyhuP

FJ0olnhP Frqmxjdwh Judglhqw0olnh VroyhuP

FJVP Frqmxjdwh Judglhqw Vtxduhg VroyhuP

FSXP Fhqwudo Surfhvvlqj Xqlw

FuP Frxudqw qxpehuP

Fud| M<492;04357PVxshu Frpsxwhu dufklwhfwxuhP

FVUP FrpsuhvvhgPVsduvh Urz pdwul{ vwrudjh irupdw

FYIHP Frqwuro Yroxph Ilqlwh Hohphqw

GFVUP Gldjrqdo FrpsuhvvhgPVsduvh Urz pdwul{ vwrudjh irupdw

GVP Gldjrqdo Vfdolqj suhfrqglwlrqhuP

G[IP Gdwd H{fkdqjh �oh Irupdw

IGP Ilqlwh Gl�huhqfhvP

IHP Ilqlwh HohphqwvP

IGP Ilqlwh Gl�huhqfh PhwkrgP

IHP Ilqlwh Hohphqw PhwkrgP



IHPZDWHUPIlqlwh Hohphqw Jurxqg Zdwhu �rzP

dqg wudqvsruw prghoP

IXSP IdvwPXsgdwlqjPSurfhgxuhP

JHR0SURIP Jhrk|gurorjlfdoPSurihvvlrqdoPJurxqgzdwhuP�rzP

dqgPwudqvsruwPprghoP

JHR0VZLP Jhrk|gurorjlfdoPVdowzdwhuPLqwuxvlrqP rghoP

JKP Jk|ehq0Khu}ehujPuhodwlrqvklsP

JLVP JhrjudsklfdoPLqirupdwlrqPV|vwhpP

JPUHVP Jhqhudol}hgP lqlpdoPUhvlgxdoPvroyhuP

JXLP JudsklfPXvhuPLqwhuidfhP

KLVP K|gurjhrorjlfdoPLqirupdwlrqPV|vwhpP

LI3P LqfrpsohwhPIdfwrul}dwlrqPsuhfrqglwlrqhuPriPrughuP3P

LI30P 0pdwl{PLqfrpsohwhPIdfwrul}dwlrqPsuhfrqglwlrqhuPriPrughuP3P

LIGP LqwhjudwhgPIlqlwhPGl�huhqfhP hwkrg

PE Phjd E|whv}

PEH Pdvv Edodqfh Huuru}

PFVU Prgl�hg FrpsuhvvhgPVsduvh Urz pdwul{ vwrudjh irupdw}

PIHP l{hg Ilqlwh Hohphqwv}

PLI3 Prgl�hg Lqfrpsohwh Idfwrul}dwlrq suhfrqglwlrqhu ri rughu 3}

PLI30P 0pdwl{P rgl�hg Lqfrpsohwh Idfwrul}dwlrq suhfrqglwlrqhu ri rughu 3}

PLSV Pxowlsoh Lqvwuxfwlrq Surfhvvru V|vwhp}

PRFP rgl�hg Phwkrg ri Fkdudfwhulvwlfv}

PRGIORZP rgxodu jurxqgzdwhu �rz prgho}

PU Plqlpdo Uhvlgxdo vroyhu}

PW6G Prgxodu Wudqvsruw Wkuhh0Glphqvlrqdo �qlwh gl�huhqfh prgho}

QLP Qxpehu ri LwhudwlrqvP

SFP Shuvrqdo FrpsxwhuP

SFJP Suhfrqglwlrqhg Frqmxjdwh JudglhqwP

SGHP Sduwldo Gl�huhqwldo HtxdwlrqP



Sh$ Shfohw$Qxpehu$

Txdvl06G$ Txdvl$Wkuhh0Glphqvlrqdo$

UDP$ Udqgrp$Dffhvv$Phpru|$

XVJV$ Xqlwhg$Vwdwhv$Jhrorjlfdo$Vxuyh|$
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414 Jhqhudo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4

415 Sureohp Gh�qlwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5

416 Vfrsh dqg Remhfwlyhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9

417 Rujdql}dwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :
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in practice. Of special concern in the next chapters, will be the case of variably 

saturated °ow and saltwater intrusion. Next, conforming Galerkin ¯nite element 

discretizations of these equations are derived and presented in their general form 

as used and implemented in the numerical groundwater °ow models discussed 

further. The numerical algorithms used to handle each of the equations are left 

for the upcoming chapters. So, herein only classical derivations as found in the 

relevant literature are applied. Interesting issues such as treatment of di®erent 

boundary conditions from numerical point of view, and di®erent implementation 

techniques are discussed in more detail. A clear picture of di®erent strategies for 

solving the ¯nite element equations system is given, in which di®erent methods 

used during the last decades are compiled, compared and commented. 

3.2 Governing Equations for 3-D Groundwater 

Flow 

3.2.1 Basic Equations 

The governing equations for variable saturated °ow in heterogeneous porous 

medium are derived based on the mass conservation equation and the gener­

alized Darcy law relating °ux to potential gradient. 

In general, local mass conservation in compressible and variable saturated 

porous media is expressed as 

@ 
[Sp(p) + µ(p)] = ¡rq+R (3.1) 

@t 

where p is the water pressure [M/LT2] relative to atmospheric pressure, nega-

tive in the unsaturated zone and positive in the saturated zone, Sp is the elastic 

storage coe±cient due to the combined e®ect of water and solid porous ma-

trix compressibility, and saturated or unsaturated conditions [dimensionless], µ 

is the volumetric water content [dimensionless], q is the speci¯c discharge rate 



3.2 Governing Equations for 3-D Groundwater Flow 39 

1[LT¡1], R is the internal source/sink term [T¡ ], and is the del operator [L¡1],r 
(@=@x; @=@y; @=@z)T , where x = (x; y; z)T is the location vector [L]. 

The generalized Darcy law for variable saturated °ow in heterogeneous porous 

media is given by 

k(p) 
q = ¡ 

¹ 
[rp + ½grz] (3.2) 

where k is the unsaturated permeability tensor [L2], ¹ is the dynamic viscosity 

1[M/LT], g is the acceleration due to gravity [L2T¡ ], ½ is the °uid density [M/L3], 

and the z-axis is taken vertical and positive upwards. 

Introducing the hydraulic head or groundwater potential h, as 

p
h = z + = z + Ã (3.3) 

½g 

Where Ã is the pressure head [L]. Darcy's law can be written in an equivalent 

form 

q = ¡K(h) rh (3.4) 

where K = k½g=¹ is the hydraulic conductivity tensor [LT¡1]. 

3.2.2 Saturated Groundwater Flow 

Under saturated conditions, the porous medium compressibility depends upon 

the water pressure, or groundwater potential, such that we can assume the elastic 

storage coe±cient, Sp, proportional to the pressure head, p 

Sp = Ss p if p > 0 (3.5) 

where the coe±cient of proportionality, Ss, is called the speci¯c storage coe±cient 

[L¡1], depending only upon compressibility characteristics of the porous medium 

and the °uid, Ss represents the volume of water produced per unit saturated 

volume of the porous medium, per unit decline of groundwater potential. 
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