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µ ¾ µ Â }%�Z{���� ¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ µ�K
µ ¾ µ ¾ µ t6�rgTdr}T�xqSm�qfk_��� ¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ µ�K
µ ¾ µ ¾ ¸ Â }%�P{���� � o�� gBqèmpq]��m�qf{~�r}To ¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ µBº
µ ¾ µ ¾ K Â }%�P{�����}B��onmp�h���fmpqr��k_�r} ¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ µBº
µ ¾ µ ¾ º Â }%�A���;}B�|q��=mL����gBqrkzyx{�}Pmp�����»m�oñ�#{W�P{���� ¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ µBº

µ ¾ ¸ Â }Td�mpqr���;}Bd��Z{�����kzyx{�}Td ¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ µ �
µ ¾ ¸ ¾ µ �u���r�=m�qfk_��� ¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ µ �
µ ¾ ¸ ¾ ¸ t6�rk_�uiBk_e�mpo�}Td�ijmp�èm�ilqfgB�rk_drqrkzyx{�}Td ¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ µ �
µ ¾ ¸ ¾ K Â � v|w~�~�¼�9���T��}%�Z{�����k�y|{�} ¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ µ4M

µ ¾ K Â mN�n{�drk����O�´�r��kz�#}Qijm�qSmpo_w�dfgB}Oe�mp���Z{�����d ¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ µT¶
P <F6+Q/?A-SRT"%UV"	$%68(LWXRY=XZ�&4?[.E?\- P :

¸ ¾ µ �|qf�¼{uilqf{~�r}%v|w#eh}T�]�u��}O�~}Oo�� gBqSm�q^�´���u�ump�;}T�|qSmpoñ�~}%o���m�qf���;}O�/� v|w~�~�r�_���T��} ¾O¾ ¸#µ
¸ ¾ µ ¾ µ Écmpd��~{�e~�r��qf����dèmp��d]d¼qf�¼{uilqf{~�r}%k_�|qf}B�r��} ¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ¸�¸
¸ ¾ µ ¾ ¸ ��gTe�m��fmpqrk_����v|w#eh}T�`�u�~}Q�~}2�u}B�r�;k ¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ¸LK
¸ ¾ µ ¾ K ÉÑ���r�r}Tilqfk_���W�~} Ò }B�=m�ifv ¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ¸pº
¸ ¾ µ ¾ º �u���uilqfk_���W�/� ���u�~}OiB���r�rk���gT} ¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ¸pº
¸ ¾ µ ¾ � Å�mTwx���W�~} Ò }T�=m�ièv ¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ¸ �

¸ ¾ ¸ ��gBqf}T�¼�;k_��mpqrk������~{��fmTwx�����~} Ò }T�=m�ièv ¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ¸9M
¸ ¾ ¸ ¾ µ �u���r�Z{�ozm�qfk_����eh}T�¼qr{��r��m�qfk��x}O�~} ∆Eth

hf

¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ¸9M
¸ ¾ ¸ ¾ ¸ È �f�~�r}Bd��~}a���èmp�u�~}T{���}Bq�k��uil}T�¼qfk�qf{u�#}Td ¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ¸�¶
¸ ¾ ¸ ¾ K Ì k_onmp� ¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ¸�¶
¸ ¾ ¸ ¾ º ÉÑ����drgjy|{�}T�uiB}Td]dr{��co�}Bd]�;���~�To_}Td�qfv�gT���rk�y|{�}Td]�~}%d¼qf�r{�ilqf{��r}%k_�|qr}T�r��} ¾ ¸Lb

¸ ¾ K ��qrk�o_k�qfgO�/� {���}%�;}Tdr{��¼}QmT�x}ji)o�� v|w#�~�r�_���T��}%�Z{�����k�y|{�} ¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ K�¹
¸ ¾ K ¾ µ �|qf�r{uiSqf{��r}%vxw#eh}T�`�u��}O�~}%o�� v|w#�~�r�_���T��}%�Z{�����k�y|{�} ¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ K�¹
¸ ¾ K ¾ ¸ Ï �xqf}T�c
lq��~}%ozm?�;}Tdr{��¼} ¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ K~µ

M
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K ¾ µ ÊKqr{u�~}%}��~ehgT�¼k��A}T�|qSmpo_}Q�~{Mqf�èmp��dc�´}T� q]�P{�����k�y|{�} ¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ K9K

K ¾ µ ¾ µ �1}TdfiB�¼k�e~qrk������#}Td]e��¼�#iB}Tdrdr{�d]�Ak�d�}T�A��}T{ ¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ K9K
K ¾ µ ¾ ¸ �1��m�o�w#dr}O�~{�dreh}jilqf�¼}Q�~}%�èmTwx����dji ¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ K�º
K ¾ µ ¾ K Ç1{�}Tozyx{�}Td��~gk�u��k�qfk_����d]e��rgTo_k_�;k��um�k_�r}Td ¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ K �
K ¾ µ ¾ º Ï �|qr}T��drk�qfgO�~{�dfeh}Tilqf�r} ¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ K �
K ¾ µ ¾ � Écmpd��~}%o�� �E�#w	���T��} ¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ K �
K ¾ µ ¾ � È �rk���k_��}Oe�vxw#drkzyx{�}Q�~}Bd (pµ) �����Mqfv�}T�¼�=m�o_k_dfgBd ¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾ K �
K ¾ µ ¾ M ½ ���~�To_} � �~}B{	��iB���;eh��dèm��xqf}Td ¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ K+M

K ¾ ¸ ÊY�#eúgB�rk_}T�uiB}Oe��¼��eh��drgT} ¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ K�¶
K ¾ ¸ ¾ µ ½ ���~}O��ehgT�èm�qf��k_�r} ¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ K�¶

K ¾ K Ã]gjiB}Tdrdrk�qfgO�/� {��~}OgBqr{u�~})qfv�gT���rk�y|{�}O�~{Mqf�èmp��dc�´}T� q]�Z{~����k�y|{�} ¾Q¾O¾O¾Q¾O¾O¾O¾ K9b
l m ?IRTn	C,">(9?ACo*o-@3+6/*H&4" l :

º ¾ µ ��}TdfiB�rk_e~qfk_�����~{�e��r��iB}Tdrdf{~d��~})qf�èmp��dc�´}T� q ¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ºuµ
º ¾ µ ¾ µ ½ ���~�To_}%qfv�gT���rk�y|{�} ¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ºuµ
º ¾ µ ¾ ¸ tKmp�èmp�;gBqf�¼k�dèm�qfk_���W�~{�d¼w#d¼qf�T�A} ¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ º|¸
º ¾ µ ¾ K �1}TdfiB�¼k�e~qrk�����yx{�m�o_k�qSm�qfk��x}O�~{�qr�èmp��dc�´}T�¼q ¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ºpK

º ¾ ¸ ½ gBqfv����~}O�|{��;gT�rk�y|{�}%{~qrk_o�k_drgT} ¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ º �
º ¾ K q1mp�;k_o_qr����k_}T��}T�WiB�����f�~������gT}Td]v|w#eh}T�¼dre�v�gT�rk�y|{�}Td ¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ º �

º ¾ K ¾ µ ÉÑ�|���r�~������gT}Bd�vxw#eh}T�rdre�v�gT�¼kzyx{�}Td ¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ º �
º ¾ K ¾ ¸ Ê�y|{�m�qfk_���W�~}P�#ièv��`r#�~k_�s��}T� ¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ºx¶

º ¾ º ÉËm�o�iB{�oñ�~}Td�gBqSm�qfd�m��~knmp��m�qfk�y|{�}Td ¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ºx¶
º ¾ º ¾ µ Ê�y|{�m�qfk_���~d�iB��{�e�o�gB}Td ¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ºx¶
º ¾ º ¾ ¸ Ì m�dr}Qm��#knmp��m�qfk�y|{�} ¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ ºpb

º ¾ � Ï �|qfg����èm�qfk_�����~}Bd]gjyx{�mpqrk�����d�iB��{�e�o_gT}Td ¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ � K
º ¾ � �1��mpo_w�df}Qmpd¼w#�;e~qf��qfk�y|{�} ¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ � º
º ¾ M ÅcgTdr{�o_qèmpqrd�}Bq��~k_dèil{�dfdrk_��� ¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ �9�

º ¾ M ¾ µ ½ ���~�To_} Â m��u��m�{	� Ò }T��}T� ¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ �_�
º ¾ M ¾ ¸ ÉÑ���;eh��� qf}T�;}B�|q � ��mpdfdr}%gT��}T�`��k_} ¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾Q¾O¾O¾Q¾O¾O¾O¾ � M
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�;k�y|{�}Td^© º ý � ý � ª ¾ ��}ce�o_{�d ý o_}Td6}��~ehgT�rk_}T�uiB}BdÑmT�x}Tic�/��mp{~qr�r}Td6}Tdreh�jiB}Td'iB���;�;}Ëo�}Ëdf��{s�´�¼}2©®M4ªu��{o�}°�;gBqrv�m���} | É¯q

4
}�© ¶�ª/�;���|qf�¼}T�|qc�D
B�;}°{���}%�#gjiB�r��k�drdèmp�uiB}O�~{Dqèm�{	�	�~}1qf�èmp��dc�´}T�¼q���m���dco_}

�~���»m�k_��})�/� gT��}B�c��k�}Td�il����drk��~gT�rg?s Ù õ ×Tù�Ûjê+°lð¬ÝPá�Ø#ìfápåóÜ{yòåóÙ�á�Ù_×pìèâ°Ø�ð æè×pÞ�àu×pìlÜ·ÝlÞ=ÝSð�ÜKâSånð#ê�Ø�Ù÷åçÝlìÑít¢��{��Q�rgTeh���u�~�r} � iB}Bqrqr}	yx{�}Td¼qfk_��� ý k_oËmpe�e�m��fm�k_drdèm�k�q?��gjiB}Bdfdèmpk��¼}	�~}=�rgGmpo�k_dr}T�P{�� iTm�o�iB{�oe��rgjilk�d%eh}B�r�;}Bq¼qSmp�|qO�/�÷m���mpo�w#dr}T�%o_}AiB���Aeh��� qf}T�;}T�xqO�~{IqSmp{	� �~}Zqf�èmp��dc�´}T� q%}T�<�´���uilqfk_���©�~}
oç� gT��}T�`��k_}Z�~}PiB��o_o_k�drk_��� ¾ É°� }Td¼q°iB}Bqrqr}PgBqr{u�~}Py|{�k m»iB����d¼qfk�qf{�gQoç� }Tdrdr}T�|qfk_}To��~}Q�;���Wqr�èmT��mpk_o��~}
qfv��Tdr} ¾Â }Td»qr�r��k�d=e��¼}T�;k_}T�rdDifv�m�e�k�qf�¼}TdD�~}�iB}��»m���{�dfiB�¼k_q=dr���xq	iB����dèm�iB�rgTd � onm e��rgBdf}T�xqSm�qfk_���
�~{ e��r����o_�T�;};y|{�}A����{�dPmT�x����dOiB����dfk��~gT�¼g ¾ �1e��r�Td%{��¿mpeh}T��±B{©�~}Aozm	e�v|w#drk�y|{�}A�Z{�����k�y|{�}
| ièv�mpe�k�qf�¼}]µ)} ý ����{~d��x}T�¼�r����dño�� k_�|qfgT�`
Bq¢y|{�}�e��¼gTdr}T�|qf}6onmË�A}Tdr{��r}'�#}�ozmËdrqr�r{uilqr{��r}6v|w#eh}T�]�u��}'�~}oç� v|w~�~�¼�9���T��}Ñ�Z{�����k�y|{�} | ifv�m�e~k_qr�r}c¸9} ý e�{�k_dK�~��{�dK�~gBqèm�k_o_o�}T�¼����d oç� }��~ehgT�¼k�}T�uil}Ëe��r��eh��drgT}Ñeh��{���rgGmpo_k�dr}T�ËiB}lqrqf}1�A}Tdf{~�r} | ièv�mpe�k_qr�r}�Kp} ¾ �)mp��dÑo_}Tdcièvum�e�k�qf�¼}TdÑdf{�k���m��xqfd ý ����{�dËe~�rgTdr}T�|qr}T�r����dÑo�}Td�rgTdr{�o�qSm�qfdc���~qf}T��{�dcdr{��Ëo�}°qf�fm��~d��n}T�¼q��~})�Z{���� ¾~Â }%ièv�mpe�k_qr�r})º?df}B�èmZiB����dèm�iB�rg � {��M�;�#�~�Bo�}
iB��o�k_��gGmpk��¼}�mpo����rd;y|{�}	o�}Bd»ifv�m�e�k�qf�¼}Td � }Bq � }��~eh��dr}T�r���|q;�¼}Tdreh}jilqfk��x}T�A}T�|qAonm��;gBqrv��#�~}M}Bq
o�}Bd��rgTdr{�o�qSm�qfd��~{�ijmpo�iB{�o�iB���;e�o_}Bq ¾ É4���;�;}O����{�d�o_}O�x}B�r�r����d ý iB}Qijmpozil{�o¢����{�d°mAeh}T�¼�;k_d1�~}d¼qSm�qf{�}T�Qdr{��Qozm��óm�k_dèm��~k�o_k�qfgD�~}=o�� }��#ehgT�rk_}T�uiB}=}T�|�#k_dèmL��gT}	mT�x}ji;oç� �E�#w	���T��} ¾ t¢��{~�2�u��k�� ý ����{�de��rgTdr}T�xqf}T�r����dZ{���}	gBqr{u�~}Mil���;e�o_gT�;}B�|qSmpk��¼}	dr{��Po�}TdZ}k²¬}Bqrd?k_dr��qr��e�k�y|{�}Bd;yx{�kcmpe�e�m��fm�k_drdr}T�|q
�um��~d]o_})qf�èmp��dc�´}T� q]�Z{�����k�y|{�} | ifv�m�e�k�qf�¼}¤M9} ¾

µ�µ
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q1mp��k�qf{�}To_o_}T�;}T�|q ý o�}Oqr}T�r�;} á�Ü·×pÞ»Ý �~gTdrk�����}Q{���d¼w#d¼qf�T�;}Oo�k_gPiB����drqrk_qr{�gP�/� {������Gw�mp{�}T�k��xqf}T�fm�ilqrk���� gTo�}jiSqf�r���=m�����glqfk�y|{�}WmT�x}jiD{~���|{�mL��}	gTo�}Tilqf�r����k�y|{�} ¾KÂ ���¼dèyx{�� {�� ��{ e�o�{~dfk_}T{��¼d
gTo_}jilqf�¼����d ý ��{Oo_}'���Gw�mp{ ý dr���|q¢�r}T�Ae�onm�iBgTd¢e�mp�ñ{���}4m�{~qr�r}�e�mp�¼qfk�iB{�o_} ý ���O���~qfk_}T�|q�iB}4yx{�� ���Zmpe	�eh}To_o�}°{���m�qf���;} Ýrù|×�Üøå7·lØuÝ ¾�È �	e�mp�ro_})�/��m�qf���;} Þ?Ø�×�ðuå7·lØuÝ o����rdfy|{�� {��	gTo_}jilqf�¼���M�/� {���m�qf���;}}Td¼q%�¼}T�;e�ozm�iBg?e�mp�){�� �Z{���� ¾¬Â m=e�v|w�dfk�y|{�}?�Z{�����k�y|{�} ý yx{�k6iB����d¼qfk�qf{�}?o_}Aijm��~�¼};�~}?����qf�¼}gBqf{u�~}�qfv�gT���rk�y|{�} ý iB���;e~�r}T�u�Qo�� glqf{u�~}Ñ�~}TdKm�qf���;}Td¢}Bq��;��o_gjiB{�o_}Td��Z{�����kzyx{�}TdKm�k_��drk�y|{�}4o_}T{��rdk��xqf}T�fm�ilqrk�����d]�Z{#qf{�}To_o�}Bd]��{�mj��}ji%�/��mp{~qf�¼}Td]d¼w#d¼qr�T�;}Td ¾

É4}�e��r}T�Ak�}T�4ièv�mpe�k�qf�r}�}Td¼qË�#���ui�iB����dèm�il�rg � {���}�e��¼gTdr}T�|qSm�qfk_���D�~}TdÑe��¼k���iBk�e�mp{	�Dm�ilqr}T{��rd
�~}%ozm?e�v|w#drk�y|{�}%�Z{�����k�y|{�};s�o_}%�Z{�����}Bq]o_}Td1m�qf���;}Td��P{�����k�y|{�}Td ¾

¸2¹E¸ º�»�¼ ½ ¾¤¿

À;Á]À;Á]À ÂhÃ�Ä@Å+Æ@Ç�È�ÉYÈsÊ�Ë�Ç
��gjiB��{~�x}T� q)}T� µEb_K+M;e�m��1�1�u�~}T�rdr���I}Bq Ì ozm�iÌ�}Bq¼q%�ump��d°o�}Z�èmTwx������}T�A}T�|q%il��dr�;k�y|{�} ý o_}�Z{����»}Td¼q4{���}]e�m�� qfk�iB{�o_}�gTo�gB�;}T�|qSmpk_�r}1�~}]ozma�ømp�;k_o�o_}1�~}Bd4o�}Be~qf����d ¾ ��}T�r�;k_���=k_��dr}T��drk��~o�}°mp{	�

k��xqf}T�fm�ilqrk�����d)��{uiBo_gGmpk��¼}Tda�n��� qf}Td°}Bq%�~gTeh��{��¼�#{ �~}Zd¼qf�r{�ilqf{��r}Zk_�|qf}B�r��} ý o_}?�Z{����I}Td¼q)e�m��`�´��k�dm�e�eh}Bo�g ¨TÙ_ÝèælÜøìè×�ð©Ù_×pØ�ìèÚ ¾ Ê6�W}k²ú}Bq ý k_oñ��}Qdr}Q�~k_drqrk��s��{�}P�~}Oo�� gTo_}jilqf�¼����yx{�}Qe�mp�]dèmA�=mpdfdr}Qy|{�k}Td¼qQ}T�|�#k_�r���®¸�¹ � ¾ M � �´��k�dPil}To�o_}=�~}»iB}»�~}T�¼��k�}T� ¾ñÂ };�Z{����¿eh��drdr�j�~}=�~���uiAonmM��
T�;}»ièv�mp�c��}
| qµ = qe = 1.602 177 10−19 É�}4}Bq]o_}%�D
T�;}%dre�k_� | S = 1/2 }Ëy|{�}%o�� gTo_}jilqr�r��� ¾��{��ømpk_q]�~})dèmZ�»m�drdr})k_�;eh��� qSmp�|qf} ý o�})�Z{����M}Td¼q�{~��}%e�mp�¼qrkziB{~o�})k���d¼qSmp��o_}Oy|{�k¬dr}O�#gTdfk_�	�qf�����r}%}T��{���gTo_}jilqr�r���W}Bq]�~}T{	�M��}T{~qf�¼k�����d]dr{�k���m��xq]o�}%�rgGm�ilqrk����©s

µ→ e+ ν̄e + νµ | µ ¾ µ)}
�9Í ν̄e }Bq νµ dr���|q)�¼}Tdreú}Tilqfk��x}T�;}B�|q){�� m��xqfk��ò��}T{~qf�¼k����	gTo_}jilqr�r����k�y|{�}?}Bq){��I��}T{~qr�rk_���	�Z{������k�y|{�} ¾�Â mZ�~{��rgT}%�~}°�#k_}%�~{M�Z{���� τ ��m���dcdr���M�¼g��´gT�r}B�|qfk_}To/e��¼��e��¼})}Td¼q]�/� }T�|�#k_�r��� 2.2 10−6

dt©ÎbLª ¾
µ�K



µBº É4v�m�e�k�qf�¼};µ ¾uÂ }%�P{����M}Bq]o_}Td1m�qf���;}Td��Z{�����k�y|{�}Td

À;Á]À;Á{Ï Ð¤ÆÒÑ�Ó^Ë�ÇÕÔ×Ö�ØHÄ\È	ÉgÈBÇ�ÉgÈ�Ó�Ã�ÆIÖ
Â }Td;�Z{�����d ý y|{�kc�h���Z�um��r�~}T�|q»��m�qf{��r}To_o_}T�;}T�xq=ozm dr{��c�óm�iB}W�~}WozmIqr}T�r�¼} ý �rgTdr{�o�qf}T�xq=�~}oç� k_�|qf}T�fm�ilqrk����M�~}°e��r��qf����dc�~}1v�m�{~qr}°gT��}T�`��k_}°e��r�G�x}T�um��|qc�~{	�fmTwx���~��}T�;}T�|qciB��dr�;k�y|{�} ý mT��}jioç�÷mpqr�;��dfe�v~�T�r}�qr}T�r�r}Bdrqr�r} ¾�Ï o_dÑdr���xqciB�¼gTgTd � {���}1dr��k���m��|qèm�k_��}°�~}��k_o_���;�lqf�r}TdË�/�÷m�o�qfk�qf{��~}%mT��}ji

{���}P�#k�qf}Bdfdr}Pe��r�#ifv�}?�~}?iB}To_o_}?�~}Zozm»o�{~�;k��B�r} ¾ �aiB}lqrqf}Q�#k�qf}Tdrdr} ý o�}T{��°�~{��¼gT}?�~}P��k�}Z�~}B�#�èmpk�qo�}B{���eh}T�r�;}lqrqf�¼}Ñ�~}4e�mp�fiB��{��rk_��{���}Ñ�~k_d¼qSmp�uiB}Ë�#}4oç� ���r�~�r}Ñ�~} τ.c ∼ 600 � ¾�Ï o���}4�~}B�#�èmpk�qK�~���ui�r}Td¼qf}B�%mp{Idr��oKy|{/� {���}¬�n�èm�ilqfk_���I��g���o_k���}Gmp��o�}A�~}Ponm»eh��e�{�onm�qfk_��� k_��k�qfkzm�o_}T�;}T�xq��´���¼�;gT}?��m���d
onm�v�m�{~qr}Wm�qf�;��dre�v��T�r} ¾ t���{��¼qèm��|q ý o_}M�P{���� }Td¼qAo�� {~��}��~}Td?e�o�{�dA�~���Z�~�r}T{�dr}TdAeum��¼qrk�iB{�o�}Bdièv�mp�c��gT}Td�e~�rgTdr}T�|qf}Bd�mp{M��k���}Gm�{��~})ozmZ�A}T� ¾ � iB}Bqrqr}Om�o�qfk�qr{u�~} ý ���M�;}Tdr{��r}°}T�M}k²ú}Bq�{~� Ùu{	��/� }T�x�#k��¼��� 104 �Z{�����d]e�mp� m2 }Bq]e�mp�]�;k_��{~qf} ¾ É4}TozmAdG� }��~e�o_k�y|{�}O}T�Wqr}T��mp�|q1iB���;e~qr}Q�~}Oonm
�~k_onm�qSm�qfk_���M�~}TdÑqf}T�;e�dÑe��rgB�#{~}°e�m��ÑonmOqfv�gT���rk_})�~}°ozmP�¼}Tozmpqrk_�#k�qfg°�¼}Tdrqr�r}Tk_�|qr} ¾ �1k���drk ý �~}°����qf�¼}eh��k_�|q%�~}Z��{�}A�/� ����dr}T� ��m�qf}B{��)k_�;�;����k_o�} � ozmDdr{��c�óm�il}A�~}Zonm»qr}T�r�r} ý o_}?�Z{����I��k_q)}T�>�ømpk_q 2�;d�}Bq�eh}T{~q]e�m��riB��{~�rk_��}T�|�#k_�r��� 600 ��[mj��mp�|q��~}%dr}O�~gTdrk_�|qfg����r}T�Ú ¾

Ã]��qf����dP}T����� y|{�}»onmO���èmp�u�~}=gT��}T�`��k_}D�~}TdZil}TdPe�mp�¼qfk�iB{�o_}Td | ∼ 4 ¡°} Î })�r}T�u�©o_}T{��Qk��	�
qf}T�fm�ilqrk���� mT�x}jiDonm��=m�qfk_�T�r}Dqr�r�TdAeh}T{ }kÛ=ijm�iB} s o�}	�h���P��m��r�~}T�;}T�xq;�Z{~����k�y|{�}	}Td¼q»�#���ui
k��~�_²ú}T��drk���eh��{���oç� v����A�;} ¾
À;Á]À;Á�Ü Ð¤ÆÒÑ�Ó^Ë�ÇÕÆ@ÇÝÖeÉ;Þ2ËVÃ�ÉgÈ	Ë�ÊeÃ�Æ

ÊK� onmp�h���èm�qf��k��¼} ý o_}Td?�Z{~����d?dr���|qAiB�rgTgTd?}T� �¼gGm�o_k_dSmp�|q;�#}TdAiB��o_o_k�drk_���~d;k_��gTozmpdrqrkzyx{�}Td;�~}v�m�{#qf}OgT��}T�`��k_}Oe��r��qf���	�òe��r��qf��� ¾ �1{WiB��{~�rd��~}QiB}Td�iB��o�o_k_drk�����d ý �~}Bd à�åç×pð�â π+ ý π− df���|q]e��r����~{�k�qfd�df}Bo����Wo_}Td]�¼gGm�ilqfk_����dOs
p+ p→

{
p+ p+ π− + π+ + · · ·
p+ n+ π+ + · · ·

| µ ¾ ¸p}
Â }TdPe~k�����d ý y|{�k'dr���|qZ�~}TdPe�mp�¼qfk�iB{�o_}TdZièv�mp�c��gT}Td ý dr���|qP}T��dr{�k�qf}=drgTe�mp�rgT}Td � o���mpkz�~}D�/� {��ièv�mp�;e	�=mL����gBqrkzy|{~} ¾ � ijmp{�dr}%�~})o�� k_�|qr}T�èm�ilqfk_���O�óm�k_��o_} ý o_}Tdce�k_����d π− dr})�~gTdrk��xqf�����r}T�|qËqf�¼�Td�èmpe�kz�#}T�;}T�|q | τ ∼ 10−8 d}Ñ}T���P{�����dr}To_���©s

π− → µ+ νµ | µ ¾ K+}
Â }TdM�P{�����d�m�k_��drk)���~qr}T��{�dMeh}T{~�x}T�xq�mpo_���¼dO
Bqr�r}I�èmpo�}T�xqfk_dM}BqM}T�|�x�GwxgTd	dr{��	{���} iBk_��o�}

�/��m�qf���;}Td�eh��{��;�n���¼�;}T���~}Td4m�qf���;}Td��P{�����k�y|{�}Bd ¾ É°� }Td¼q�dr{��'il}�e��rk_�uiBk_eh}�y|{�}��~}Td;�ømpk_dèil}Gm�{	�
�~}M�P{�����dAdr���|qAe�mp�?}��~}T�Ae�o�}	e��r���~{�k�qfd»mp{§tKmp{�o]�#ièv~}T�r�r}B� Ï ��d¼qfk�qf{#q;�~} Î k_o�o_k���}T� | t4� Ï } ýonmp�h���èm�qf��k��¼}I�9Í ���|qDgBqfg����~qf}T��{~d	ozm®y|{�mpdrk�qr��qèm�o_k�qfgI�~}TdD�rgTdr{�o�qSm�qfdD}��~ehgT�rk_�;}T�xqSmp{	� y|{�}
����{~d1mpo�o_���~d]e��rgTdr}T�|qr}T�]�ump��d]iB}Bqrqr})qfv��Tdr} ¾

À;Á]À;ÁHß Ð¤ÆÒÑàË�ÑàÆ@Ç�ÈBÑáÉVâ�Ç�Ä\È�ÊeãjÓ^ÆäÉ�Ç�Ë�ÑàÉ�Ö�å�ÓÝÑæÓ^Ë�Ç
Æ ��{~qf}%e�m�� qfk�iB{�o_}Q�~}Odre�k�� S eh��drdf�T�~}Q{����;���;}T�|q]�»mL����gBqfk�y|{�} µ y|{~kñeh}T{~q]dr}O�;}Bq¼qf�r}dr��{�d�ozmN�´���r�;}As

µ = g
( q

2mc

)
S | µ ¾ º+}

ç7è�é�êkë]ì7íÎîLï`é�ðñíÎòkó¬ôeõEö9ë]ì7íø÷¯ô`ó�ð�éùøô�ú)ô�ï]ôjö�û)ë`ó4òk÷uücó4ô^é�ú+ýþéÌí®ùøùøô`ÿ4ì��;ï]òkó��oðñíÎð7ÿ)ë�ù�ý ÿ�óNú4ô��;ö)ì{ô`÷jíÎô]ì��Vð7ô��oð��í®÷uö_ò�ì�ð�éó�ð��Iú4ô;ù®é�ðñû4ë]ò�ì7íøôVú4ô;ù®é�ì7ô`ù®é�ðñí�ê)í�ð7ë;úpý �/íøó���ð7ô`íøó��	��
���
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�9Í q }Td¼qcozmZifv�m��`��}°gTo_}jilqr�rk�y|{�})�~}°ozmPe�mp�¼qrkziB{~o�} ý m dèmQ�=mpdfdr}1}Bq c ozmO�#k_qr}Tdrdr})�~}°ozmPo_{��;k_�T�r}�um��~dËo�}��#k��~} ¾ g }Bdrq�mpe�eh}To_g°o_}��øm�ilqf}B{��c�#} Â mp�u�~g ¾ Ê6�IµEb�¸�¶ ý ��k��fm�i ý � oç�÷m�k��~})�~}1o�� gjy|{�m�qfk_����r}Tozm�qfk��#k_drqr}1y|{�k�eh��� qf}�dr���=����� ý ijmpoziB{~o�}1y|{�}]eú��{��'o�}Td4e�mp�¼qrkziB{�o_}TdÑ�~}�dre�k_� 1/2 ý g = 2 ©_µ�µkª ¾Ê6��µEb�ºx¶ ý Í){�dfièv=}Bqj����o_}Bwh©�µG¸)ªú�;}Tdr{��r}T�xqcyx{�}1eh��{~�Ño�� gTo_}jilqf�¼��� g = 2(1.00119± 0.00005)}Bq]�~gjiB��{~�#�¼}T�|q1mpo_���¼d]iB}Oyx{�}%o�� ���Wm�e�eh}To_o_}Oo_} Þ»×pÞ=ÝSð�Ü�Þ=ájê�ðA¨BÜøå7·lØuÝZápð¬×pÞ»á�Ù �~}%o�� gTo�}jiSqf�r��� ¾Â m®�~gB�#kzm�qfk_���,�~{��øm�iSqf}T{��	�~} Â m��u�~g�e�mp�D�èmpe�eh���¼q � onm©��mpo�}T{��De��¼gj�~k�qf}�e�m��	�1k_�èm�i�}Tdrq
dr��{~��}T�|q]}��#e��rk_�;gT}%dr��{�d�ozmN�´���r�A};s

a =

(
g − 2

2

)
| µ ¾ � }

��ilqf{�}To_o_}T�;}T�|q ý o�}Td»ijm�o�iB{�o_d=�/� gTo_}jilqr�r�#�#w���m��Akzy|{~}�yx{�m��|qrk�y|{�} | Ç)Ê'��}Zeh}T�r�A}Bqrqf}B�|q=�~}��k_}T� iB���;e��r}T���~�r}ZiB}Bq¼qf}?m������=mpo�k_}Zeh��{��1o�� gTo_}jilqf�¼����}T��qf}T��mp�|q)iB���;e~qf}Z�~}Bd°}k²ú}Bqfd°�~}Peh�L�
onmp�rk_dèm�qfk_���W�~{���kz�~} ¾

É4���A�;}	eh��{��?oç� gTo_}jilqf�¼��� ý {���}M�~gB�#kzmpqrk_���§�#{ �øm�ilqr}T{��A�~} Â m��u�~g�m�e~{ 
Bqr�r}	�;k_dr}	}T�gB�#k��~}T�uiB}©eh��{��Wo_} �Z{���� ¾�Â }TdWe��¼}T�;k_�T�r}Td��;}Tdr{��r}Bd��~} aµ �n{��r}T�|qW�¼gGm�o_k_drgT}Td�m�{ ÉcÊ�Å�Ã
| É4}T�|qf�¼}cÊK{��r��ehgT}T�?�~}cÅc}jièv~}T�fièv�}cÃ�{uiBo�gjm�k_�r})}�}T�	µ�b �9� ©�µEK�ª ¾pÂ }Td �¼gTdr{�o_qèmpqrd }��~ehgB�rk_�;}T�|qèm�{	�o�}Bd]e�o_{�d]�¼gjiB}T�|qrd]���~qf}T�|{�d1mp{ Ì Ã Â | Ì �r�|�9�v�mT�x}B��Ã1m�qfk_����m�o Â mp�/}Ë�~������}T�|q¤©�µTºLª's

aexpµ = 1 165 920.2 10−9 | µ ¾ � }
mT�x}ji	{��~}M}T�r�¼}T{��A�~} 1.34 e�e�� ¾ �]ilqr{�}To�o_}T�;}B�|q ý o_}TdAe��rgB�#k_drk_����d?qfv�gT���rk�y|{�}Td;�~k�²ú�T�r}T�xq»�~}
(3.7 ± 1.4) e�e���mT�x}ji?ozmD��mpo�}T{~�O}��#ehgT�rk_�;}T�|qèm�o_}�©�µ � ª ¾/Â m	�fm�k_dr���©�~};iB}»�#gTdSm�iTiB���f� �r}Td¼qf}
m�{��·��{��r�/� v|{�k6{���};y|{�}Bdrqrk���� ��{~�x}T� qf};y|{~k6dr{�dfiBk�qf}Ao�� k_�|qrgT�c
BqO�~}?qf��{~qf}?onm	iB���;�Z{���mp{~qfgA�~}Td
e�v|w#drk�iBk_}T��d)�~}Td1e�mp�¼qfk�iB{�o_}Td ¾ Ê6��}k²ú}Bq ý drk�o_}Td°ijmpozil{�o�d1qrv�gT���rk�y|{�}Td°�A}T��gTd°�um���d1o_}Zijm��~�r}Z�~{½ �#�~�To_}°�|qSmp�u�um��r� | � ½ } dj��mT�x�T�¼}T�|q4iB���r�r}Tilqfd'}Bq'dr{�Û»dèmp�;�;}T�|q�e��rgjiBk_d ý k_o[�øm�{��~�èmOm�o_���rd'e��r���eh��dr}T�%{���}Zqfv�gT���rk_}Ae�o�{�dOiB���;e�o_�Bqf}Aeh��{��%}�~e�o_kzy|{~}T�Qil}Ae�v�gT�����;�T��} ¾ �°m���dOiB}Bqrqr}?�x��k�} ý ozmqfv�gT���rk_}A�~}?onmDdr{�eh}T�°drw��;gBqf�¼k�}O©�µ � ª6eh}T�¼�;}BqO�#}A�~k�}T� �r}T�u�~�¼}AiB���Ae~qf}A�~}Td%�~�����~gT}Td%}��~ehg��
�rk_�;}T�|qèm�o_}Td ¾ ÉÑ}Teh}T�u�ump�|q%iB}Bd%ijmpo�iB{�o_d)dr���xq)�;}T�~gTd°}T�Ieh��drqr{�ozm��|q°oç� }��~k_d¼qf}T�uiB}?�~}Z����{~�x}To_o_}Td
e�m�� qfk�iB{�o_}Td6�um���dKo_}Ñ��kz�~}Ëy|{�mp�|qfk�y|{�}cy|{�� k�o#�¼}Tdrqr} � e��r��{~�x}T� }Bq � }��~e~o����r}T�Ke~o�{�d e��rgjiBk_drgT�;}T�|q ¾

¸2¹�6 º�»3798;:T¾t¼ »37×¼ ½ ¾¤¿=<?>D½ »37
À;Á{ÏjÁ]À @^ËVÃsÑáÉgÈ�ÊeË;Ç

t¢��{��¯�´���¼�;}T�c�~}Td�m�qf���;}Tdc�Z{�����k�y|{�}Td | �x��k��u�[��{��r} | µ ¾ µ4}c} ý ���M�h���Z��mp�f�~}){����|m��Qm�qf����;k�y|{�}Qe�mp�]{��»��}Bq1�~}Q�P{�����d]e��rgGmponmp��o_}T�;}T�|q1�¼}��´�¼��k��~k_d ¾�Â � k_�|qf}T�fm�iSqfk_���ImT�x}jiOo_}Td�gTo_}jilqr�r����d
�~}Td?m�qf���;}TdQ�èmpo_}T�|qfk�qPo_}=�P{����®�ump��dPo_}F�|m��Dm�o_���¼dZy|{�}=�~}TdQgTo_}jilqf�¼����dPdr}T�¼���|qQg¼��}jilqrgTdZ�~}Td
mpqr���A}Td ¾ ��k���mpo_}T�;}T�|q ý o����rdfy|{�� k_oxdr}T�èmcdr{�Û;dèm��;�A}T�|qño�}T�xq ý o_}��Z{����Oeh��{��r�èmj
lqf�r}�ijm�e~qr{��rg�e�m��{��D���Gw�mp{	mpqr���;k�y|{�}�}Bqu�´���r�A}T�4{��DglqSm�qËo_k_g1�P{�����k�y|{�}°mj��}ji1iB}Bo�{�k��·iBk ¾#Â � ���r��k�qf}1�~}°ijmpe~qr{��r}
�~{¿�Z{����¿iB���¼�r}Tdreh����� � {��¿gBqèmpqOqf�¼�TdQ}���ilk_qrgD�#}»oç�÷mpqr���;};�Z{�����k�y|{�} ¾ �)mp��dQ{��¿e��r}T�Ak�}T�
qf}T�;e~d ý o���m�qf���;}	�P{�����k�y|{�}	dr}M�~gBdf}��~iBk_qr}Mdr{�k���m��|q?{�� e��r��iB}Tdrdr{�d;�~}Dqr�èmp��dc�´}T�¼qA�/� gT��}T�c��k_}}T�|qf�¼}	o_}M�P{���� }Bq;�~}Td?gTo_}jilqr�r���~dAdrk_qr{�gTd?df{��?�~}Td?��k��x}Gmp{	� k����´gT�rk_}T{��¼d ý e��¼�����#y|{um��|q;m�k_��drkoç� gT�;k_drdfk_���W�/� gTo�}jiSqf�r����d��1{s��}T� ¾�Ï o�mpq¼qf}Tk_�|q�}T��dr{�k�qf})dr���MgBqSm�q��´���u�ump�;}T�|qSmpo/e�mp�Ëqf�èmp��drk�qfk_����d
�èm��~kzmpqrk_��}Td | gB�;k�drdrk_��� γ } ¾



µ � É4v�m�e�k�qf�¼};µ ¾uÂ }%�P{����M}Bq]o_}Td1m�qf���;}Td��Z{�����k�y|{�}Td

ACB piège cyclotron
( D BFEHGJILK(M )

guidage
magnétique

plaques de carbone

collimation

gaz

N ²´«PO µ ¾ µ ÓRQ'ìSå´ð¬ælå÷àuÝ?Ú�Ýcàhìf×GÚpØuæBÜøåç×pð©Úñõ ápÜ·×pÞ=ÝSâ)Þ?Ø�×�ðuå7·lØuÝSâZÝlð Ù_áTSè×pìfá�Ü·×�å´ìèÝjô

À;Á{ÏjÁ{Ï ÂhÃsÊ]Ç"U\ÊWV�É�Ö�Æ@ÅXUAÉVÃ�ÉYU8È	ÄIÃsÊ]Å9È�Ê]ã¯Ó�Æ@Å

�°mp��d¢{��Zm�qf���;}'vxw~�~�r�_��gT��� Zç�~}��n���¼�;g'�/� gTo_}jilqf�¼����d¢}B�Qk_�|qf}T�fm�ilqrk����?É4��{�o_���Z��k_}T����}ËmT��}ji
{��=���Gw�mp{=�~}���{��AgT�r�Pmpqr���Akzy|{~} Z ý o_}��fmjw����»�A��w�}T�=�/� {���}]���¼��k�qf}]gTo�}jiSqf�r����k�y|{�} | n, l } }Td¼qm�e�e~�r�E�~k��»mpqrk_��}T�;}T�|q]�~������g%e�mp�t©�µ)M)ª�s

r̄n,l =
~2

2Zmee2

(
3n2 − l(l + 1)

) | µ ¾ M9}

�9Í e2 = q2
e/4πε0

¾ É4}Q�fmjw����W}Td¼q1�~����iOk��|��}T�rdr}T�;}B�|q�e��r��eh��� qfk_���~��}To � ozmA�=m�drdr}Q�~}Qo�� gBo�}ji�
qf�r��� ¾ Ê6�®�r}B�;e�ozm_±jmp�|qZonmW�=mpdrdr}	�~}=oç� gTo_}jilqf�¼��� e�mp�ZiB}To�o_}	�~{ �P{���� �ump��dZozm��n���¼�Z{�o_}	iBk��
�~}Tdrdr{�d ý ���P����k�qKy|{�}Ë�ump��d {��Ampqr���;}4�Z{�����k�y|{�}Ño_}Ë�P{����P}Td¼qK}T�x�#k_�r���?¸�¹pM^�´��k_dKe�o_{�d e��r��ièv�}�~{Q����w|m�{Py|{�}'��}'oç� }Td¼q�{��QgTo�}jiSqf�r���Z�ump��d�{��Zm�qf���;}4iBozm�drdrkzyx{�} ¾pÂ mce��r����m��~k�o_k�qfgÑ�~}'e��rgTdr}T�uiB}
�~{©�P{���� � o�� k_�|qrgT�rk_}T{��Q�#};ozmM�~k�d¼qr�rk_��{~qfk_���©�|{uiBo�gjm�k_�r};eh}T{~qO�D
T�A}D
Bqr�r}?qf�¼�Td%k��;eh���¼qèm��xqf}
eh��{��O�~}BdPm�qf���;}TdO�~} Z gTo_}B�xgTd�[ ¾�Â }A�Z{���� }Td¼qPmpo����rd)qf�¼�Td%df}B��dfk_��o_} � onm	�~k�d¼qr�rk_��{~qfk_���©�~}
ièv�mp�c��}Q�~}Td]���Gw|m�{	�Wm�k_��drkñy|{�� � o�}T{��]�~g��n���¼�=mpqrk���� ¾uÂ � gBqf{u�~}%dreh}jilqf�¼��dfiB��e�k�y|{�}Q�~}Td1m�qf���;}Td
�Z{�����k�y|{�}TdDeh}T�r�A}Bq	�~����i��/� gBqr{u�~k�}B�Dozm©d¼qf�r{uiSqf{��r}�k_�|qf}T�¼��}I�~}BdD����w|m�{	� }T� {~qfk_o_k�dèmp�|q	o_}
�Z{����WiB���;�;}%{���}%dr���u�~}O�|{uiBo�gjm�k_�r} ¾

��}?�D
T�;} ý ��� eh}B{~q%�;���xqf�r}T�)y|{�}?o�� gB��}T�c��k�}A�~}Td)��k_��}Gm�{	�IgTo_}jilqr�r����kzy|{~}TdQ�¬� {��©mpqr���A}}Td¼q��~������gT}Oe�mp�Os

En = −Z
2mee

4

2~2n2
| µ ¾ ¶+}

�1k_��dfk ý o_}TdQgT��}T�`��k_}TdP�~}TdOgBqSm�qfdOo�k_gTdP�/� {��®mpqr���;};�Z{�����k�y|{�};df}B�r���|qZ¸�¹+M �n��k_dQe�o_{�dQgTo_gB�xgT}Bdy|{�}OiB}To_o_}Td��~}Td]�~k_��}Gm�{	�MgTo_}jilqr�r����kzyx{�}Td]dfk_�;k_ozm�k_�r}Td ¾
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\ ]_^a`cbcd

e

f g�h	i�jlk
m

N ²´«PO µ ¾ ¸ Ó�zñ×pìSÞ»á�Üøåç×pð©ÚxÝPÙ õ ä|Û|Úpìf×fê+°Sð¬ÝOÞZØ�×pð�å7·lØ�ÝGô

À;Á{ÏjÁ�Ü Ð Ø,npo^å^Ã�Ë;ârq@Ç^ÆÒÑ�Ó�Ë;Ç�Ê]ã¯Ó�Æ
��{~�Ponm��[��{��¼} | µ ¾ ¸p})����{~dAmT�x����dZdfifv�gT�=m�qfk_dfg=ozm�ijmpe~qf{��¼}D�/� {��®�Z{����®e�mp�P{�� m�qf���;}�/� v|w#�~�r�_���T�~} �ump��d	dr���,gBqèmpq��´�����um��;}B�|qSmpo ¾ÑÂ }��Z{���� �#k_}T�|q	dr}�e�ozm�iB}T�Ddr{��Do�� ���r��k�qf}I�~}

�����P���r}�yx{�m��|qrk�y|{�}ce��rk_�uiBk_e�m�o n iB���r�¼}Tdreh���u�ump�|q � o�� gT��}T�c��k_}]�~}coç� gTo_}jilqf�¼���Ag¼��}jilqrg ¾|È �Aeh}T{~q�~����i%gjil�rk_�r}O�/��mpe��r�Td | µ ¾ ¶p}°s
mee

4

2~2
' mµe

4

2~2n2
| µ ¾ b+}

�9Í me
}Bq mµ

df���|qQ�r}Bdfeh}jiSqfk��x}T�;}T�xqPozm��=mpdrdr}=�~}»o�� gTo_}jilqr�r���®}BqPiB}To_o_}D�~{¿�P{���� ý }Bq α ozm
iB����drqèm��xqf}O�~}%d¼qf�r{uiSqf{��r}��u��} ¾uÏ o/�#k_}T�|q��#���uiAs

n =

√
mµ

me

∼ 14 | µ ¾ µT¹p}
t m��]�~gTdr}���ilk_qèmpqrk������fm��~kzm�qfk��x} ý oç� v|w~�~�¼�9���T��}O�Z{�����kzyx{�}2�´���r�;g%�r}lqf���Z�h}Q�ump��d]dr���WglqSmpq�´���u�um��A}T�|qSmpo ¾uÂ }%�èmTwx���W�~} Ì ��v~� aµ s �~}OiB}Bq1m�qf���;})��mp{~qQs

aµ ' a0/206.76 ' 255 �´� | µ ¾ µ�µ)}
�9Í a0

}Td¼q4o_}��fmjw����=�~} Ì ��v��4�~}]oç�÷mpqr���;}��/� v|w~�~�¼�9���T��} ¾ aµ iB����d¼qfk�qf{�}]oç� {���k�qfg��P{�����k�y|{�}��~}o����s��{�}T{�� ¾�Â � {���k�qfg;�P{�����k�y|{�};�/� gT��}T�`��k_}»iB���¼�r}Tdreh���u� � oç� gT��}T�c��k_}=�~}Aoç� gBqSm�q2�´�����um��;}B�|qSmpo
�~}%o�� v|w~�~�¼�9���T��}%�Z{�����kzyx{�} ý }To_o�})��m�{~qOs

mµe
4

~2
' 5626 } Î | µ ¾ µG¸9}

<#"	$%6[&)GI=@"
Ã]��{�dÑ{~qfk_o�k_dr}T�r����dËdr��{~��}T�|qËe�mp�ÑonmOdf{�k�qf}1o_}TdË{��~k_qrgTdË�Z{�����k�y|{�}Tdcyx{�kúdr���|qËo_}Tdcm���mpo_�9��{�}Td

�~}Td?{~��k_qrgTd;m�qf���;kzyx{�}Td?{~qrk_o�k_drgT}Td?}T� e�v|w#drk�y|{�}Mmpqf���;k�y|{�} ¾ É4}Dd¼w#d¼qf�T�;}D�/� {���k�qfgBd?eh}T�r�;}Bq
tWu éÌìgôeõ4ô`÷uöLùÎôwvpö_òkÿ)ìVùÎôuöLùÎòk÷rx2y

Z = 82 z vpùÎô¯ìñé|{kòkótú)ÿtó)ò}{�éÿtô��oð R ' 8.5 ~ ÷�ôeð;ù®é ~ ò�ì7÷�ÿ)ùøô�yc�w�� zú4òkó�ó4ô
r̄1s ' 3.1 ~ ÷�|� éó���ù®éJ�{ÿ�í�ð7ôtú4ô¤ó4òð7ì{ô2ëeðñÿ)ú4ôwv!ó4òkÿ���ó)òÌð7ô]ì7ò�ó���ð7òkÿ.�Hòkÿ4ì��

aµ
ùøô2ìñé|{kòkó�ú4ô��\ò�û)ì�ú)ôtù�ý û�{4ú4ì{òw��ü`ó)ô÷�ÿ4òkó)í���ÿ4ôC�Eÿpý íøù+ó4ô ~ éÿEðTú4òkó)ïYöLé��Iïeòkó ~ òkó)ú4ì{ô;é]êkô`ïgù é�ú4ë]ê4í®é�ðñíøòkó�ú)ÿ ~ éÌïeð{ôcÿ4ì@ú4ôVè	éó)ú)ëYö)ì{ë}��ô`ókð7ë]ôgö)ì{ëcïeëW�ú4ôc÷¯÷uôcó�ð}



µT¶ É4v�m�e�k�qf�¼};µ ¾uÂ }%�P{����M}Bq]o_}Td1m�qf���;}Td��Z{�����k�y|{�}Td

�/��mpo_o�g���}T�Ëdr}T��drk_��o_}T�;}T�|qËoç� gjiB�rk�qf{~�r})�~}TdÑgjy|{�m�qfk_����dcyx{�}°����{�d�mp{��r����d � qr�èmpk_qr}T�Ñ��{��;gT�¼kzyx{�}��
�;}T�|q ¾ �u���r�;}To_o_}T�;}T�|q ý o_}Td�{���k�qfgTd��Z{�����k�y|{�}Td�dr���|q°�~g��u��k�}Bd1}T��eh��dèm��xqZs ~ = 1 ý e = 1 }Bq
mµ = 1

¾

�]��}=ijm��fm�iSqfgT�rk_d¼qfk�y|{�}D�~}=o�� v|w~�~�r�_���T��}=�Z{�����k�y|{�}Dy|{�k'����{�dPk��xqfgT�¼}Tdfdr}T�fmWeum��¼qrk�iB{�o�k_�T�¼}��
�;}T�|qPe�m��QonmWdr{�k�qf}=}Td¼qZozmWd¼qf�r{�ilqf{��r}»v|w#eh}T�]�u��}	�~}=dr���®gBqèmpq¬�n���u�ump�;}T�xqSmpo ý dfièv�gT�=m�qfk_drgT}dr{��Oozm��[��{��¼} | µ ¾ Kp} ¾ É4���;�;}A����{~dQo_}A��}T�r�r����dQm�{©e��¼�#ifv�m�k_�¿ièv�m�e~k_qr�r} ý ��� eh}T{~qQ�;���|qr�r}T�y|{�}%il}Bq�gjiTm�� qcv|w#eh}T�`�u�	}Td¼q�}B�|�#k_�r��� (207)2 �´��k_dce�o_{�dck_�;eh��� qSmp�|q�y|{�}°oç� gjijm�� q�vxw#eh}T�`�u�M�~}
oç� gBqSm�qj�´���u�ump�;}T�|qèm�o/�~}°o���m�qf���;})�/� v|w~�~�¼�9���T��} ¾uÈ �Dqf�¼��{#�x}%m�o_���rd ∆Ehf ' 0.18 } Î ý iB}%yx{�kiB���¼�r}Tdreh���u� � {���}Oqr�èmp��drk_qrk������~}Qo_���s��{�}T{��1�/� �����~} λ ' 6.7µ � ý � iB���;e�mp�r}T� � onmA�èmpk�} �
21 iB� �~}PozmAqr�èmp��drk_qrk�����vxw#eh}T�`�u��}P�~}Po���m�qf���;}P�/� vxw~�~�r�_���T��} ¾ ÉÑ}Bq�}k²¬}Bq1}Bdrq�o � }T�uil���¼}Z���� ozm?e��¼�4�~k_�;k�qfgO�#{W�P{�����mj��}ji)o_}Oe��¼��qr���Wy|{�k/�r}T�s�n���riB}%o�}T{���k_�|qr}T�èm�ilqfk_���W�=m�����glqfk�y|{�} ¾

(1S) �����,��� eV

F=1

F=0

N ²´«PO µ ¾ K ÓF�hÜøìSØ�æBÜøØ�ìèÝ%äxÛSàuÝlì,�6ð¬ÝZÚxÝQÙ¼õ ¨BÜ·ápÜhëT×pð¬Ú�ápÞ=ÝlðuÜ·á�ÙñÚxÝPÙ¼õ äxÛ|Úpìf×fê+°lð¬Ý%Þ?Øu×pðuå7·SØ�ÝGô

¸2¹�� º�8 �L½=7�<k¾¤¿ ����¾�<?� »¡ p8;:¢8�£�¤27�¥j»§¦$8�� ¼ ½�¾¤¿$7
Â }Td��rgGm�ilqfk_����d��~}%�´{�drk_��� �~} ����w|m�{	� o_g���}T�rd�o�k_�h�T�¼}T�|qW{���} gT��}T�c��k_}©}��#qf�fm����f�~k_��mpk��¼} ¾

�1}Be�{�k�d�{���})�#k_�s��qSmpk_��}Q�/�÷m�����gT}Bd ý {���k_�;eh��� qSmp�|q�e��r�_���fm��;�A}O�~})�r}jièv�}T�rièv�}QmZgBqfg)�;k_d�}T�e�ozm�iB}ceh��{��KgBqf{u�~k_}T�6}Bq6�=m(¨�qf�rk_dr}T��il}Td��¼gGm�ilqfk_����d'm)�u�;�/� }T���óm�k_�r}cozm°dr��{��fiB}��¬� gT��}T�`��k_}�e~�r��e~�r}
�~}»�~}B�=m�k_� ¾ t���{��Qyx{�};ozm �´{�drk����©e�{�k_drdr};dr};�¼gGm�o_k_df}B� ý o_}TdO���Gw�mp{	�©�#��k��x}T�xqQdr}A�èm�e~e��r��ièv�}T�dr{�Û»dèmp�;�;}T�|qDo�� {��,�~}�oç�÷m�{~qr�r} ¾ �°mp��d	o_}�dr��o_}Tk_o ý y|{�k°iB����d¼qfk�qf{�}�{�� ozm��h���èm�qf��k��¼}I��mpqr{��r}To�/� gBqr{u�~}��~}WiB}Td;�rgGm�qfk_����dAqfv�}T�¼�;����{uiBo_gGm�k_�r}Bd ý o_}Td;qf}T�AehgT�èm�qf{��¼}Td=yx{�k��r������}T�|q | e�o�{�drk_}T{��¼d�;k_o�o_k_����d°�~}Z�~}����rgTd}��n��{��¼��k_dfdr}T�|q1df{�Û;dèm��A�;}T�|q°�/� gT��}T�c��k_}Amp{	�����Gw�mp{	��eh��{�����m�k_�uiB�¼}Zo_}Td
�rgTe�{�o_drk_����d'gTo_}jilqf�¼��d¼qSm�qfk�y|{�}Td4y|{�khmp{s���A}T�|qf}T�xq4o_���rd4�~}]o_}T{����èmpe�e��r��ièv�}T�;}T�xq ý }Bq'eh}T�r�;}lqrqf�¼}onm¬�´{�drk����©suiB}%e��¼�#iB}Tdrdr{�d]}Td¼q]y|{�mpo�k��ugQ�~} ëfØ�âSåç×pð©æSä�ápØuÚxÝ ¾Â }TdP�D
T�A}TdQ�rgGm�ilqfk_���~d � qf}B�;ehgT�èm�qf{��¼}	mp�Z��kzm��|qr}=dr���|qZ�~}=ozm ëèØ�âSå�×pð�ëèìf×på�ÚxÝ ©�µkª ¾ ����}�x��k�}��#}W�r}jièv�}B�fièv�}Wdj� }Td¼q=�~���uiMqf��{��r��gT}M�x}T�rd»ozm eh��drdrk_��k�o_k�qfg��/� {~qfk_o_k�dr}T�»o_}W�Z{���� iB���;�A}
ijmpqèm�o�w#dr}T{��1�~}PiB}Td1�¼gGm�ilqrk�����d1��{uiBo_gGmpk_�r}TdZs�����e�mp�ro_}?mpo_���¼d°�~} ëèØ�âSå�×pð;ëèìf×på�ÚxÝ;æèá�Ü·á�Ù�Û�âE¨èÝ]à�ápì
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Þ?Øu×pð�â ¾�Â � k��~gT}D}Td¼q?�/� {~qrk�o_k_dr}T�Zo_}��ømpk_q?y|{�}	��m���dZ{���m�qf���;}=�Z{�����k�y|{�}Do_}D�Z{���� }BdrqPqf�¼�Tde��r��ièv�}P�~{W���Gw�mp{W}Bq]��m;m�k_��drkñgjiB�èmp�|qf}B��ozm;ièv�mp�c��}Q�|{uiBo�gjm�k_�r}Qeh��{��]eh}T�r�;}lqrqf�¼}Ooç�÷m�e�e��¼�#ièv~}
�/� {�� m�{~qr�r}M����w|m�{ �·{�dfy|{�� � {��~}W�~k�d¼qSmp�uiB}�dr{�Û;dSmp�|qr}�eh��{��»y|{/� k_o�e�{�k_drdr}O�´{�drk_������}B�=mj��}ji
o�}��~��w|m�{ �#}�oç�÷mpqr���;}W�Z{�����kzyx{�} ¾ ��e��r�Td=ozm¢�n{�drk���� ý o_}��Z{���� eh}T{~q#
Bqf�r}Wo�k_�hgT�¼g�}Bq#
Bqf�¼}ijmpe~qfgPe�m��1{�� m�{~qr�r}P���Gw�mp{Ieh��{��1e��r���~{�k_�r}Z{���}P����{~�x}To_o�}P�rgGm�ilqfk_��� ¾úÂ mF�´{�drk_���Iijm�qSm�o�w#drgT}
e�m��O�P{�����dOdr}T�èmM�¼}T�|qèm���o_};gT��}T�c��gBqfk�y|{�}T�A}T�|qPdrk�o_};�����P���r}»�~}»�¼gGm�ilqfk_����dPiTmpqèm�o�w#drgT}TdQe�m��
{����Z{~���W}Td¼q1dr{�Û;dSmp�;�;}T�xq�k��Aeh��� qSmp�|q�eh��{��]o�k_�hgT�r}B�1{~��}QgT��}T�c��k_}Pdr{�ehgT�¼k�}B{��r} � iB}To�o_}P�~}
�´���r�=m�qfk_�����#}QiB}%�P{���� ¾À {�dfy|{�� � mp{�����{��f�/� v|{�k ý iB}4�;���~}Ñ�~}u�n{�dfk_���Z���÷m��¼mp�=mpk�d�gBqfg4�rgjm�o_k_dfgÑ�~}Ñ�»m���k_�T�¼}Ñ�¼}T�|qSmp��o_} ¾Ê6�§}k²ú}Bq ý k_o�}Td¼q»eh��dfdrk_��o_}�y|{�� {���}�e�mp�¼qrk�}W�~}Td»�P{�����d;dr��k�q»eh}T�r�~{�}Weh��{��;onm ijm�qSmpo�w#dr}W}T�gBqSmp�|qZijm�e~qrgTdZeum��P�~}TdPk��Ae�{��r}BqrgTdZ�~{®�;gTozm��s��}=�rgGm�ilqfk_���~��}To ¾ É4}Bqrqf}»v|w#eh��qfv��Tdr}DiB���|qfk_��{�}
�/�Î
Bqr�r};gBqr{u�~k_gT} ¾ Ê6� e�m�� qfk�iB{�o_k�}T� ý k�o6}Td¼qOk��;eh���¼qèm��xqP�~};�~gBqf}T�¼�;k_��}T�Oo_}Td%qSmp{	�©�~}Aqr�èmp��dc�´}T�¼q�~{®�Z{����¿df{��Qo_}TdZ�~k�²¬gT�¼}T�|qr}TdPk��;e~{��r}BqfgBd?m��u� �/� gB��m�o_{�}T�Po_}TdZiB���uiB}T�|qr�èm�qfk_����dP�=m4�~k_�=mpo�}Td
�~}=iB}TdP}Bdfeh�jil}TdZy|{�}»oç� ���®�~��k_qP���~qr}T��k�� ý eh��{~�Zy|{/� }To_o�}BdP��� }T�xqf�èmT�x}T�xqPe�mpdPo_}»e��r��iB}Tdrdr{�dZ�~}�´{�drk_��� ¾
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Â m¿drqr�r{uilqr{��r}�v|w#eh}T�`�u�~} �~}Io�� gBqèmpq �´���u�um��A}T�|qSmpo)�~}Io���m�qf���;} �/� v|w~�~�¼�9���T��} }Bdrq	{���}
�~}TdZyx{�m��xqfk�qfgTdQe�v|w#drk�y|{�}TdZil������{~}=}��~ehgT�¼k��;}B�|qSmpo�}B�;}T�|q ý mj��}ji»o_}»e�o_{�d¤���èmp�u�¿�����Z���¼}=�~}ièv�k�²ú�r}Td�dfk�����k���ijmpqrk��nd ¾ �~mZ��mpo�}T{���}Bdrq]�~}F©_µT¶ ý µEbLª�s

∆Eexp
hf = 1 420 405 751.7667 ± 0.0009 q^� | ¸ ¾ µ4}

Â }Tdñe��¼gB�#k_dfk_����dñqfv~gT���¼kzyx{�}Td�y|{�k���gjiB}Bdfdrk�qf}T�xq�o�� {~qfk_o�k_dèmpqrk����P�~}�o�� gBo�}jiSqf�r���#w#��mp�;k�y|{�}4y|{um��	�
qfk�y|{�} | Ç)Ê'��}]dr���|q)�h}Gmp{uiB��{�e �;��k_��d)e��¼gjiBk_df}Bd ¾¬Â m=e��rgjiBk_drk_��� �~}AiB}Bd%ijm�o�iB{�o_d%}Td¼q)dr{��¼qr��{~qo�k_�;k�qfgB}Oe�mp������qf�¼}OiB�����um�k_drdSmp�uiB}Q�~}%ozm?d¼qf�¼{uilqf{��¼}%k��xqf}T�r��}O�~{�e��¼��qr��� ¾

�°mp��d	iB}Iièv�mpe�k�qf�¼} ý ����{�dD�;���|qf�¼����dDiB���;�;}T�|q=onm¿iB���|qf�¼k���{#qfk_���,�~}�iB}Bqrqr}�d¼qf�¼{uilqf{��¼}k��xqf}T�¼��}�eh}T{~qT
Bqf�r}6e��rk_dr}'}B�PiB���;e~qr}'�um��~d¢o_}4iTm�o�iB{�o|�~} Ehf ¾ É4}Tozmc����{�d�mp�;�T��}T�fm � �~g��u��k��ño_}�èmTwx���Z�~} Ò }T�»m�ièvZ�~{Pe��¼��qf��� Rp
y|{�k|�r}T�u�PiB���;e~qf}Ñ�~}4dèm��~k_d¼qf�¼k���{#qfk_���ZgBo�}jiSqf�r���=m�����glqfk�y|{�}

k��xqf}T�¼��} ¾ Ê6�Wm���mpo�w#dèm��|q]o_}Td]�~k�²¬gT�¼}T�|qrd�qr}T�r�;}Td]m�e�e�mp�èmpk_dfdèmp�|q��ump��d]o�� }��#e��r}Tdrdrk����Mqfv�gT���rk�y|{�}
�~}Ionm®d¼qr�r{uilqr{��r}Iv|w#eh}B�`�u��} ý ����{�d��~gBqr}T�r�;k_������dMozm®e��¼}T�;k_�T�r}���mpo_}T{�� Ýrùlà[¨lìSå´Þ»Ýlð�Ü·á�Ù�Ý �~}iB}»�èmTwx���¿}BqQ�;���|qf�¼����dOoç� k_�|qfgT�`
BqZ�~}»�¼gGm�o_k_df}B�Q{���}»�;}Tdr{��r}»�~}»ozm�d¼qf�¼{uilqf{��¼}»v|w#eh}B�`�u��}=�~}
oç� v|w~�~�¼�9���T��}%�Z{�����kzyx{�} ¾

6D¹E¸ J:¢�Y½$ r:Y½®��» ¯�¤°¦>»P�¢±�¿ » � » £³²W¥´:µ8¶: �L¾¤¿$�®8t¼ »�¿�:¢8�£ � »
£T²W8;:T¾t¼ »§�·²|¯�¤2�®��¾�¸�¹�¿�»

Â mZd¼qf�¼{uilqf{��¼})v|w#eh}T�]�u��}O�~})oç� gBqSm�q��´���u�um��A}T�|qSmpo��~}%o���m�qf���;}%�/� v|w~�~�r�_���T��}%�rgBdf{�o�qr}O�~}Td
k��xqf}T�fm�ilqrk�����d'�=m�����gBqrkzyx{�}Td'}T�|qf�¼}]o�� gBo�}jiSqf�r���»}Bq'o_}]e��¼��qf��� ¾ Ê6o_o_}]dr}�qr�èm��~{�k�q4e��¼k��uilk�e�mpo_}T�;}T�|q
e�m���ozm�o_}B�xgB}Ë�~}Ë�~g���gT��gT�r}TdfiB}B�uiB}c�~}ËiB}Ñ��k��x}jm�{?y|{~k#dr}ÑdfiBk_�u�~}Ñ}T�?�~}B{	�Pdr��{�d ��k��x}jm�{	�Pv|w�eú}B�]�
�u��d ¾ É4}Bqrqr}'o_}B�xgT}4�#}4�~g���gT��gT�r}BdèiB}B�uiB}4e��r�G�#k_}T�|q��~{PiB��{�e�ozmL��}4}B�|qf�r}�o_}'�;���;}T�|q¢�»mL����gBqfk�y|{�}
�~}Pdre�k_�I�~}Po�� gBo�}jilqr�r����}Bq°o_}Zifv�m��;e��=m�����glqfk�y|{�}Pk��xqf}T�r�~}Z�~{�e��¼��qr��� © ¸�¹�ª ¾ ��e�eh}To�gB}Amp{�drdfk
qf}T�¼�;}O�~} æè×�ð�Ü·áxæBÜ�ý ����eh}T{~q]�;}Bqrqr�r}%iB}Bqrqr}%k��xqf}T�èm�ilqrk����Wdr��{�d]ozmN�n���¼�;};s

W c
hf = 2µB

( F
~

)
.
9
in(
<

) | ¸ ¾ ¸9}

¸#µ



¸�¸ ÉÑv�mpe�k�qf�r}Q¸ ¾ Å]mjw����W�~} Ò }T�=m�ièvW�~{�e��r��qf���

�_Í µB = |qe|~
2me

}Td¼qPo_}=�=m�����gBqr���®�~} Ì ��v��Z�~}»oç� gTo�}Tilqf�r��� ý F o�� ��ehgT�èm�qf}B{��Z�~}=dre�k_� �~}
oç� gTo_}jilqf�¼����}Bq 9

in
o_}Oièv�mp�;e��=m�����gBqrkzyx{�}OiB�rgTg%e�mp��o�}%e��¼��qr��� � oç� k��xqfgT�¼k�}T{��]�~}%o_{�k��ò�D
T�;} ¾

ÏjÁ]À;Á]À º%É�Å å�ÓHV�ÃsËYÈ�Ë;Ç Å+É�Ç�Å Å9È	ÃsÓ/U8È�Ó�Ã�ÆäÊ]Ç�È�Æ!ÃsÇ�Æ
��k#o�� ���Zdèm�k�q�m�ilqf{�}Bo�o_}T�;}T�xq�yx{�}Ëo_}Ñe��r��qf���Zeh��drdr�j�~}Ñ{���}ciB}B�¼qSmpk_��}Ë}��#qr}T��drk_���Zdfeumpqfkzmpo�} ý ���dèm�k�q�mp{�drdfkúy|{�� }To_o_}°}Td¼q4qf�r�Td4eh}Bqfk�qf}°�~}B��m��xqËo�}1�fmjw����	�~}1�h��v�� a0

Ú �~}1o���m�qf���;}°�/� v|w~�~�r�_���T��} ¾Ï o�dr}T�P��o�}]�~���uico_g���k�qfk_�;}]�ump��d�{��;e��r}T�Ak�}T�Kqf}T�Ae�d'�~}�o_}]iB����dfk��~gT�¼}T�'iB���A�;}�{��~}]eum�� qfk�iB{�o�}
eh���uiSqf{�}To_o�} ¾ �Z� {���eh��k_�|q��~})�#{�})qrv�gT���¼kzyx{�} ý iB}Tozm?�r}B�#k_}T�|q � �;���~gTo�k_dr}T��o�}%e��¼��qr����e�mp��{���}dre�v��T�r}Z{���k��´���¼�;gT�;}T�xq)�=m�����glqfk_dfgB}A�~���xq)���>�´}T�fm»qf}T���~�r}?o_}Z�èmTwx��� r0

��}T�rd)¹ � ozmF�u� �~{
ijm�o�iB{�o ¾

��kË��������qr} m o�}	��}jilqf}T{��;m�k_�=mp�|qSm�qfk_��� �x��o�{~�;kzyx{�}��~}�iB}Bq¼qf}Mdre�v��T�¼} ý dr�����A���A}T�|q�=m�����gBqrkzyx{�}O}Bdrq]�~������g%e�mp�Os
m

I =
4π

3
r3

0.
m | ¸ ¾ K+}

o�}Oièv�mp�;e��=m�����gBqfk�y|{�} � o�� k��|qrgT�rk_}T{��]�~}OiB}Bq¼qf}O�~k_drqr�rk_��{~qfk_���W}Td¼q1mpo_���¼dQs
9
in =

2

3
µ0
m

=
µ0

4π

2

r3
0

m
I

| ¸ ¾ º'}

k�o¬�#k_}T�|qQs
W c
hf =

µ0

4π
2µB

( F
~

)
.

2

r3
0

m
I

| ¸ ¾ � }
m

I
gBqSmp�|q1{~����}jilqf}T{��1iB����d¼qSmp�|q ý ����eh}T{~q1eh��dr}T��dèm���d��r}Td¼qf�¼}Tk_�u�~�r}QozmD��gT��gT�fm�o_k�qfgZ�~{�e��r�����o_�T�;};s

m
I = MI .

=
z

| ¸ ¾ � }
}Bq��u��mpo_}T�;}T�|qQs

W c
hf =

µ0

4π
2µB

(
Sz
~

)
.

2

r3
0

MI
| ¸ ¾ M9}

ÉËm�o�iB{�o_����dW�»m�k_�|qf}B��m��|qMo�}TdMgTo_gT�;}T�|qrd��~} �=mpqr�rk�iB} �~} iB}Bq���ehgT�èm�qf}T{����ump��d�ozm �um�dr}
�~}Td;gBqèmpqrdDÉ4��{�o����Z��k_}T��d |k lm, ε〉 �9Í ε }Td¼q;o_}������Z���¼}�y|{�mp�|qfk�y|{�}Wm�drdr�#iBk_g�mp{§dre�k_�§�~}oç� gTo_}jilqf�¼��� ¾hÈ ��mMs

〈k l m, ε|W c
hf |k′ l′m′, ε′〉 =

µ0

4π

2µBMI

~
〈ε|Sz|ε′〉

× 2

r3
0

∫

r<r0

d3r ϕ∗klm(r)ϕk′l′m′(r) | ¸ ¾ ¶p}

ç1»Yótì�é�ö�ö_ô`ù®ùÎô3��ÿ)ô
a0 = ~

αmepc

v	é]êkô`ï
mep =

meMp

me+Mp

ù®é�÷jé����{ô¯ì{ë`ú)ÿ)íÎð7ôjú�ÿ��c{(��ð{üc÷uô3¼�ú4ô`ÿEõ¬ïeò�ì{ö��
ö�ì{òð{òkó(��ë`ùÎôcï�ð7ì{òkó�ôeð

α =
q2
e

4πε0~c = e2

~c
ù®é¯ïeòkó��oð�éó�ð7ôVú)ôC��ð7ì7ÿ)ï�ðñÿ4ì{ôVî�ó4ôVò�½�òkó�é�ö_ò��{ë

e2 ≡ q2
e

4πε0





���������������¶¾�� � �.¿À%('ÂÁ��¶Ã��.!°�&Ä|�ÂÁ�#Å����%��1%�' ¸LK

��m�k_dr���~d]�=m�k_�|qr}T��m��xq�qf}T���~�r} r0
�x}T�¼d��TgT�r��s

lim
r0→0

2

r3
0

∫

r<r0

d3r ϕ∗klm(r)ϕk′l′m′(r) =
2

r3
0

4π

3
r3

0 ϕ
∗
klm(0)ϕk′l′m′(0)

=
8π

3
ϕ∗klm(0)ϕk′l′m′(0) | ¸ ¾ bp}

����}B���~gj�~{~k_q]o�� }��#e��r}Tdrdrk������#{�qr}T�r�;}%�~}OiB���xqSm�ilqQs

W c
hf =

µ0

4π

8π

3

m
I .

(
2µB
~
F )

δ(r) | ¸ ¾ µj¹p}

ÏjÁ]À;Á{Ï ÆjÄ�V�É;Ã�ÉgÈ�ÊeË�ÇÇnpoPV2ÆIÃ0È�Ç�Æäå�ÆÉ@^Æ!ÃsÑ Ê
t¢��{��?���~qr}T��k_�AonmId¼qf�¼{uilqf{��¼}Mv|w#eh}T�]�u��}W�#}�o�� glqSm�q | µBd�}Qk_oc����{~d;dr{�Û;qA�=mpk��|qr}T��mp�|q»�~}�~kzmL������mpo_k�dr}T� W c

hf
�um���d�ozm?�Z{�o�qfk_e�o_k�iBk_qrgQiB���r�r}Tdreh���u�ump�|qf} ¾hÈ ��m	s

m
I = gp

µn
~
@ | ¸ ¾ µ�µ)}

�9Í @ }Td¼q]o_}%dre�k_�W�~{�e��r��qf��� ý µn = qp~
2Mp

o�}%�»mL����gBqf���W�~} Ì ��v��c��{uiBo_gGm�k_�r}%}Bq gp o_}a�øm�ilqr}T{���~} Â m��u�#gQ�~{Me��r��qf��� ¾uÂ }Td�gTo_gT�;}T�|qrd��#}%�=mpqr�rk�iB}O�~{Mqr}T�r�;}%�~}OiB���|qSm�ilq]dj� gTiB�rk��x}T�|q]�~���uiAs

〈1s|W c
hf |1s〉 = A〈ms′ , mI′|

@
.
F |ms, mI〉 | ¸ ¾ µj¸9}

mT�x}jiAs
A =

µ0

4π

8π

3

2µB
~

gpµn
~
〈l = 0, ml = 0|δ( < )|l = 0, ml = 0〉 | ¸ ¾ µ�Kp}

È ��mMs
〈l = 0, ml = 0|δ( < )|l = 0, ml = 0〉 =

1

4π
|R10(0)|2 | ¸ ¾ µBº'}

�9Í R10(r) }BdrqOozmMeum��¼qrk_};�èm��~knmpo_}=�~}Aonm �´���uilqrk����®�¬� ���u�~}»�~};o�� gBqèmpq2�´���u�um��A}T�|qSmpo��~���~��gT}e�m��%s
R10(r) =

2

a
3/2
0

e−r/a0 | ¸ ¾ µ � }
��k���mpo_}T�;}T�|qQs

A =
4

3
gp
me

Mp

mec
2α4

(
1 +

me

Mp

)−3
1

~2
| ¸ ¾ µ � }

t¢��{����~knm�������mpo_k�dr}T��oç� ��ehgT�fmpqr}T{�� @ . F yx{�khmpe�e�mp�èm(¨zq4�ump��d'o�� gTy|{�mpqrk_��� | ¸ ¾ µG¸9}����»iB���;eh��df}o�}Bd=�~}T{	�§�A���;}B�|qfd»iBk_��gBqfk�y|{�}BdD�~}�dre�k��§}T� eh��dèm��|q � =
@

+
FK¾�Â m ��mpdf}����~qr}T��{�}�}Td¼q

�´���r�;gT} �~}Td�y|{�m�qf�¼}TdMgBqèmpqrd |S = 1/2, I = 1/2, F mF 〉 mT�x}ji | F = 0, mF = 0 }=}lq| F = 1, mF = −1, 0, 1 } ¾ Ê6���r}T�»m��ry|{�m��xq�yx{�}
@
.
F

=
1

2
(
� 2 − @ 2 − F 2) | ¸ ¾ µ4M_}



¸pº ÉÑv�mpe�k�qf�r}Q¸ ¾ Å]mjw����W�~} Ò }T�=m�ièvW�~{�e��r��qf���

o�}Bd���m�o_}T{��¼d]e��r��e��r}Bd]��}O�~gBeh}T�u�~}T�|q�y|{�}O�~} F }Bq���m�o_}T�|qOs
~2

2

(
F (F + 1)− 3

2

)
| ¸ ¾ µT¶+}

È � ���~qrk�}T�xqMmpk_��drk1�~}T{	�§��k_��}Gmp{	� �~}�d¼qf�¼{uilqf{~�r}�vxw#eh}T�`�u��}®s6{�� gBqSm�q=����� �~g���gT��gT�rg
| F = 0, mF = 0 }�}Bq){�� dr}jiB���u� | F = 1, mF = −1, 0, 1 }1�#g���gT�~gT�rgZqf�r��k_da�n��k_d ¾/Â � gjijm�� qv|w#eh}T�]�u�W}Td¼q�m�o_���¼d��#������g%e�m��%s

∆E0
hf =

A~2

2

[(
1(1 + 1)− 3

2

)
+

3

2

]
= A~2 | ¸ ¾ µ�b+}

É4}Bq]gjijmp�¼q�gT��}T�c��gBqfk�y|{�}Qm�e�eh}To_gOdrgTe�mp�èm�qfk_����v|w#eh}T�]�u��}O�~}t��}T�r�;k;© ¸~µ�ªñdj� gTiB�rk�q��~���ui;s

EF =
4

3
gp
me

Mp

mec
2α4

(
1 +

me

Mp

)−3 | ¸ ¾ ¸�¹+}

ÏjÁ]À;Á�Ü º%Ë;Ã�Ã�Æ�U8È�ÊeË�ÇÝå�ÆËÊtÆIÑáÉYUÌn
Â m1iB���r�¼}jilqfk_���A�~} Ò }T�»m�ièv�©÷¸�¸�ª�iB����drk_drqr} � iB����drkz�~gB�r}T�Kozm�drqr�r{uilqr{��r}Ñk��xqf}T�r��}Ë�~{?e��¼��qr��� ¾È �P�~g��u��k_q mpk���drkxo�};�øm�ilqf}B{����~};�´���r�;}��»mL����gBqfk�y|{�} ρm(r) }lq�o_};�øm�ilqf}T{��¢�~};�´���r�;}�gTo_}jilqf�¼kzyx{�}

ρe(r) qr}To_d�y|{�};s
~MI = gp

µp
~
~Iρm(r) }Bq qp = qρe(r) | ¸ ¾ ¸#µ4}

mj��}jiAs ∫
ρm(r)d3r =

∫
ρe(r)d3r = 1 | ¸ ¾ ¸�¸p}

ÊK� df{�k���m��xqAo_}M�D
B�;}Mièv~}T�;k_��}T�;}T�|qAy|{�}Me~�rgjiBgj�~}B�;�;}T�|q ý ���§m��¼�rk��x} � o�� }�~e��r}Tdrdrk_���iB���¼�rk���gB}Q�~}%ozmN�´���r�P{�o�}O�~}2��}T�r�Ak | ¸ ¾ ¸�¹p}°s
∆Ehf = B~2 | ¸ ¾ ¸LK+}

�9Í©s
B =

µ0

4π

8π

3
2gp

µBµn
~2

∫
d3r |ϕ(r)|2ρm(r) | ¸ ¾ ¸pº+}

�9Í ϕ(r) �r}Te��¼gTdf}B�|qf}%ozm¬�´���uilqfk_���W�/� �����~}%dSmp��d�dre�k_�W�~{�����{~�x}To/gBqSm�q��´���u�um��A}T�|qSmpoñ�/� ���r�~�r}�TgT�r�Ie��¼}T��mp�|q?}T��il���;e~qr}	o�� }�#qf}T��drk_��� dfeumpqrknmpo�}	�~}	ozm�ièv�mp�c��}M�~{ e��r��qf��� ¾ Ï oÑ����{�d?�r}Td¼qr}
�~����i � �~gBqf}T�¼�;k_��}T�]iB}Bqrqr}a�´���uilqfk_��� ¾

ÏjÁ]À;ÁHß @^Ë;Ç/U8È�ÊeË�ÇÝå¬ØHË�Ç�å�ÆÉUAË;Ã�ÃsÊeâ;Ä!Æ
Ã]��{�d�m�o_o_����d	}Tdrdèmjw�}T�M�/� }��~e��rk_�;}B�	onm��´���uilqfk_���!�/� ���u�~}I�;���~k��ugT} }B� �´����ilqfk_��� �~}Ionm

�´���uilqfk_���¿�/� �����~}»�~}Aoç� gBqSm�q2�´�����um��;}B�|qSmpo��~};o���m�qf���;};�/� v|w#�~�r�_���T�~};���~qr}T��{�}»��m���dOo_};ijm�d
�/� {�� ����w|m�{ �~}�ifv�m��`��}WgTo�}Tilqf�rk�y|{�}�eh���uilqf{�}To_o_} ¾ Ã]��{�dDm�²ú}jilqr}T�r����dD�~���ui�{�� k_�u�~k�iB} p �
qf��{~qf}»y|{�mp�|qfk�qfg;df};�èmpe�eh���¼qSmp�|qZm�{¿ijm�dOeú���uilqr{�}To ý o_}TdPy|{�mp�|qfk�qfgTdQdèmp��dQk_�u�~k�iB}»df};�rg��ngT�r}T�|q
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m�{�d¼w#d¼qr�T�;}MiB���Ae��r}T��mp�|q;{�� e��r��qf��� mT�x}ji	{���}�il}T�¼qSmpk_��}M}��#qf}T�~dfk_���§dre�m�qfkzm�o_} ¾ �1k_��drkËo�}Td
eh��qr}T�|qfk_}To_dÑ�/� k_�|qr}T�èm�ilqfk_���	É4��{�o_���P��k_}T����}�}T�|qr�r}]o�� gTo_}jilqr�r���=}Bq4o_}�e~�r��qr���»dr���|qÑ�~������gTd4e�mp��s

V p(r) = −e
2

r
| ¸ ¾ ¸ � }

V (r) = −e2

∫
ρe(r

′)

|r− r ′|d
3r ′ | ¸ ¾ ¸ � }

ÊK�	{#qfk_o�k_dèm��xqËo�}TdÑe��r��e��¼k�gBqrgTdc�~}1ozmt�´���uilqfk_���M�~}a¡°�¼}T}T� Gk(r) �~}1oç� ��ehgT�fmpqr}T{�� | ∆− k2 }
| �x��k_��mp����}��~}%�a} ý ���Weh}B{~q]gjiB�rk_�r}%o_}Td]�~}T{	�Mgjy|{�m�qfk_����d]k_�|qrg����fm�o_}Td�df{~k_��mp�|qf}TdOs

ϕ(r) =
2mep

~2

∫
d3r ′Gk′(r− r ′)V (r ′)ϕ(r ′) | ¸ ¾ ¸9M_}

ϕp(r) =
2mep

~2

∫
d3r ′Gk(r− r ′)V p(r ′)ϕp(r ′) | ¸ ¾ ¸�¶p}

mT�x}jiAs
k =

√
2mep(−E0)

~
}lq k′ =

√
2mep(−E ′0)

~
| ¸ ¾ ¸Lb+}

�9Í E0
| �¼}Tdre ¾ E ′0 }�}Td¼q°o�� gT�~}T�c��k�}?�~{���k��x}Gmp{>�n���u�ump�;}T�xqSmpoK��m���d1oç�÷m�e�e��¼�4�#k��»mpqrk���� �/� ���f�~�¼}�TgT�r�)dèm���dKe��rk_df}Ë}T�;iB���;e~qf} | �¼}Tdfe ¾ mT��}jiËe��rk_dr}c}T�;il���;e#qf})}��~}co�� }k²ú}Bq��~}Ë����o_{��;}��#{A����w|m�{ ¾Ê6���u���èmpe�eh}To_���~d�y|{�} Gk(r) }Bdrqcqf}To_o_}Qy|{�};s

(∆− k2)Gk(r) = δ(r) | ¸ ¾ K�¹+}
Â m ��mp�rkzm�qfk_��� �~}�o�� gB��}T�c��k�}��~}�o�� gBqSm�q | µBd�}A�~}�o���m�qf���;}��/� v|w#�¼�9���T��}�o�k_gT} � o�� }�²¬}BqD�~}�x��o�{~�;}=�~{©e��r��qf���¿}Td¼qOqr�r�Td2�øm�k_��o_} [ ¾ñÏ o�}Td¼qP�~���ui;o_g���k�qfk_�;}=�~}»iB����dfk��~gT�¼}T�Py|{�} Gk′(r) '

Gk(r)
¾ ��}1��
T�;} ý �ump��dÑo_}°ijmpo�iB{�oú�~}1o�� k��|qrg����èm�o_}°m�e�e�mp�èmpk_dfdèmp�|qË�um���d4oç� gjy|{�m�qfk_��� | ¸ ¾ ¸9M_}6���eh}T{~q)�¼}T�;e�ozm�iB}B� ϕ(r) e�mp� ϕp(r)

¾ Ê6��dr��{~drqr�èmTw�mp�|q%mpo����rd°o�� gjy|{�m�qfk_��� | ¸ ¾ ¸�¶+}]�~} | ¸ ¾ ¸pM_}�������~qrk_}T�|qQs

ϕ(r) ' ϕp(r) +
2mep

~2

∫
d3r ′Gk(r− r ′) (V (r ′)− V p(r ′))ϕp(r ′) | ¸ ¾ K~µ4}

iB���;�;} Gk(r − r ′) = − 1
4π

e−k|r−r ′|
|r−r ′|

}BqMy|{�}�onm®�~k�²úgT�¼}T�uiB}I}T�|qr�r} V (r) }Bq V p(r) ��� }Td¼qk��Aeh��� qSmp�|qf}1y|{���mp{=�x��k_dfk_��m���}°�~k_�r}jiSqc�~}1o�� ���rk���k���} ý ���Deh}T{~qÑgjiB�rk_�r} ý }T�D�~}°iB����drkz�~gT�fm��xqcy|{�}o�}Bd�qf}T�¼�;}Td]�#���;k_��mp�|qfd]�um���d�o�� k_�|qfgk���fm�o_}Q�~}%o�� gjyx{�mpqrk���� | ¸ ¾ K�µ4}°s

ϕ(r) ' ϕp(r) +
2mepe

2

4π~2
ϕp(0)

∫
d3r ′

(∫
ρe(u)

|r ′ − u|d
3u− 1

r′

)
1

|r− r ′|
| ¸ ¾ K�¸p}

}T��{~qfk_o_k�dèmp�|q]onmZ�r}Tozmpqrk���� | ¸ ¾ ¸�¸p}ÑiB}Bqrqr}%gjy|{�m�qfk_����df}%�A}Bq]dr��{�d]ozmN�n���¼�;};s

ϕ(r) ' ϕp(r)+
2mepe

2

4π~2
ϕp(0)

∫ ∫
d3u d3r ′

(
1

|r− r ′|

(
1

|r ′ − u| −
1

r′

))
ρe(u) | ¸ ¾ K9Kp}

t �/ó^ô|Í_ô]ð}v4ù®é;êéÌì7í é�ðñíÎòkó^ì{ô`ù é�ðñí�êkôgú4ô
E0

ô��oðIú)òkó)ó4ë]ôYö_éÌì
δE0

E0
= 4

5 ( r0a0
)2
ò�½

r0

ô���ðIùÎôYì�é|{�òkó�ú)ÿ^ö)ì7òÌð7òkó
��Î.
�����/ó�ö�ì{ô`ó�éókð

r0 ∼ 1F = 10−15m
v4òkó�ð{ì{òkÿ4ê�ô

δE0

E0
∼ 2, 8.10−10





¸ � ÉÑv�mpe�k�qf�r}Q¸ ¾ Å]mjw����W�~} Ò }T�=m�ièvW�~{�e��r��qf���

oç� k_�|qfg����èm�qfk_����dr{�� r ′ �~������}Qm�o_���rd s s

ϕ(r) ' ϕp(r) +
mepe

2

~2
ϕp(0)

∫
d3u (r − |u− r|) ρe(u) | ¸ ¾ K�º+}

�]� �~gB�x}To_��e�eh}T�;}T�|qDo_k_�;k_qrgImp{ e��r}B�;k�}B�=���f�~�r}��~} ϕp(r) mp{ ����k_drk���m���}I�~}Woç� ���¼k���k_��}eh}T�r�;}lq��/� gjil�rk_�r}O�/��mpe��r�Td | ¸ ¾ µ � }°s

ϕp(r) = ϕp(r) ' ϕp(0) +

(
∂ϕp

∂r

)

0

r = ϕp(0)

(
1− e2mep

~2
r

)
| ¸ ¾ K � }

dr��k�qQs
ϕ(r) ' ϕp(0)

(
1− mepe

2

~2

∫
d3u |u− r|ρe(u)

)
| ¸ ¾ K � }

ÏjÁ]À;Á�Ï ÐBÉ�o�Ë�ÇÝå�ÆËÊ2Æ@ÑáÉrUÌn
Â }'qf}T�¼�;}Ñ�~}Ë�#�r��k_qr}Ë�~}4o�� }��~e��¼}Tdrdrk���� | ¸ ¾ K � }ñm�e�e�mp�èm(¨�q6iBozmpk��¼}T�;}T�|qKiB���;�;}4ozm�iB���r�r}jiSqfk_���o�k_gT} � o�� }���qf}T��drk_���Odre�m�qfkzm�o_}'�~}�ozmc�~k_drqr�rk_��{~qfk_���QgBo�}jilqr�r���=m�����gBqrkzyx{�}'�~{Oe��r��qf��� ¾ Ê6�%{~qfk_o_k�dèmp�|q

onm¬�´���r�Z{�o_} | ¸ ¾ ¸pº+}Ñ���W���~qfk_}T�|qOs

∆Ehf ' ∆EF

(
1− 2

mepe
2

~2

∫ ∫
d3r d3u |u− r|ρe(u)ρm(r)

)
| ¸ ¾ KpM9}

t¢��dr����dOs
ρem(r) =

∫
d3u ρe(r− u)ρm(u) | ¸ ¾ K�¶p}

É4}1e��r���~{�k_qc�~}°il���|����o_{~qfk_���	}T�|qr�r}1o_}��øm�ilqf}T{��Ë�~}��´���¼�;}1gTo_}jilqr�rk�y|{�}°}BqÑ�=m�����glqfk�y|{�}°}Bdrq
m�e�eh}Bo�g2�óm�ilqr}T{��]�~}a�´���r�;})gTo_}jilqf�¼���=m�����gBqfk�y|{�} ¾hÈ ��m?��k_}T�Wd}���%s

∫
d3rρem(r) =

∫ ∫
d3rd3u ρe(r− u)ρm(u) = 1 | ¸ ¾ K9bp}

ÊK�D}k²ú}jilqr{�m��xqËo_}1ièv�mp�s��}T�A}T�|qË�~}���mp�rkzm���o_}Td r ′ = u− r }Bq s = u + r �ump��dÑo�� k_�|qrg����fm�o_}�~}Do�� gjy|{�m�qfk_��� | ¸ ¾ K+M_}%���®eh}T{~q?�;}Bq¼qf�r}=ozm�drgTe�mp�èm�qfk_��� vxw#eh}T�`�u��}D�~}Doç� gBqSm�qN�n���u��m��;}T�xqSmpodr��{�d�ozmN�´���r�;}As
∆Ehf ' ∆EF

(
1− 2

mepe
2

~2
Rp

)
= ∆EF

(
1 + δZemach

) | ¸ ¾ º�¹+}
mj��}jiAs

δZemach = −2αmepc
2Rp

| ¸ ¾ º�µ)}
�9Í©s

Rp =

∫
d3r ′r′ρem(r ′) | ¸ ¾ ºx¸p}

Rp
}Td¼q%o_} ìèápÛx×pð�ÚxÝ�Ñ ÝlÞ»áxæSä �~{ e��¼��qr��� ¾ tK�r}T�;k_}T�)�A���;}B�|q%�~}AdèmD�~k�d¼qr�rk_��{~qfk_��� gTo_}jilqf�¼�L��=m�����gBqrkzyx{�} ý k_o��~gBqr}T�r�;k_��}Ëo�� }���qf}T��drk_���?dfeumpqfkzmpo�}c�~}TdKe�v�gT�����;�T��}TdKgTo_}jilqf�¼���=m�����gBqfk�y|{�}Td'mp{dr}Tk��W�~{�e��¼��qf��� ¾
� »Yó�é�ô`ó�ô|Í9ôeðrÒ

1
2π

∫
d3r ′ 1

|r−r ′|

(
1

|r ′−u| − 1
r′

)
= r − |u− r|
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Â mI�~gBqf}T�¼�;k_��mpqrk����§�~}Mozm�drqr�r{uilqr{��r}	k_�|qf}T�¼��}��~{�e��r��qf����e�mpdrdr}Me�m��?ozm iB������mpk�drdèmp�uiB}

�~}»oç� }T��dr}T�Z��o_}D�#}TdP�;���;}T�xqfdP�~}TdP�~k_drqr�rk_��{~qfk_����dPgTo_}jilqf�¼kzyx{�}TdP}BqP�=m�����gBqfk�y|{�}Td ¾¢Â }»�èmTwx���
�~} Ò }T�»m�ièv }Td¼q»oç� {�� �~}�iB}Td»�;���;}T�|qrd ¾�Â � }��~ehgT�rk_}T�uiB}��#}��A}Tdf{~�r}��~{ ozm��P� dfv~k��nq=�um���d
oç� v|w~�~�¼�9���T��}��P{����~kzy|{~}�m�ilqf{~}To�o_}T�;}T�xq»}T�§iB��{��rd»m�{ t4� Ï ý �~��k�q;eh}T�r�A}Bqrqf�¼}Me�mp�A}��~}T�;e�o_}�~}?�#gBqf}T�¼�;k��~}T�1}T�|qf�¼}?m�{~qr�r}Po_}Z�fmjw����I�~}Zièv�mp�c��}?�~{�e��¼��qr���Iy|{�k il���r�¼}Tdreh���u�Im�{�e��r}T�Ak�}T�
�;���;}T�|q]�~}%dèmA�~k_d¼qf�rk_��{~qrk����WgTo_}jilqr�rk�y|{�} ¾

6D¹�6 ÓÔ¥´:T»P��¼ <�¿®8;:�<�¾¤¿ ��½ �µ83¤¬¾¤¿ ��» Õ>»j¼ 8� C¯

ÏjÁ{ÏjÁ]À @^ËVÃsÑæÓ�ÖeÉgÈ�ÊeË;ÇÖV2ÆIÃ'È�Ó^ÃsÞ�ÉgÈ�Ê1×�ÆÒå^Æ
∆Eth

hf

��kÑo�� }��#e��r}Tdrdrk���� | ¸ ¾ º�¹p}P�~} ∆Ehf
�;}Bq?}T� gB�#k��~}T�uiB}	o_}	�}Ø�o_}M�~}	ozm�d¼qf�r{uiSqf{��r}Dk_�|qf}B�r��}

�~{ e��r��qf��� ý }To_o_};��}Ae��r}T�u� e�mpdO}T�©iB���;e~qf}Ao�� }T��dr}T�P��o�};�~}Td%e�v�gT�����;�T��}TdOe�vxw#drkzyx{�}TdO�;k_d}T�Z��}T{M�ump��dcozmQdrqr�r{uilqr{��r}°vxw#eh}T�`�u��} ¾ t6o_{�dce��¼gjiBk_dfgB�;}T�|q ý k�oú}Td¼qceh��drdrk���o_}%�~}°�A}Bqrqf�¼} ∆Ehfdr��{�d�ozmN�´���r�;}D©÷¸LKLª�s

∆Eth
hf = EF

(
1 + δQED + δZemach + δrecoil + δpol + δhvp

) | ¸ ¾ º9K+}
ÊK�§e�o_{�d»�~}Monm iB���r�¼}jilqfk_��� δZemach o_k_gT} � ozm d¼qf�¼{uilqf{~�r}Mk��xqf}T�r�~}W�~{§e��¼��qr��� ý ���§�~k�d]�qfk_�s��{�}Me�o_{�drk_}T{��rd;m�{~qr�r}TdZqf}T�¼�;}Td ¾ δQED }Td¼qAozm�iB���¼�r}jilqrk����§m�e�eh���¼qfgB}Me�mp�?o�� gTo�}jiSqf�r���#w#��m4�

�;k�y|{�}Oy|{�mp�|qfk�y|{�} ¾ �1{	�Me��¼}T�;k_}T�rd����r�~�r}Td�}T� α ý δQED }Td¼q��~������gOeum��t© ¸�º ý ¸ � ª�s

δQED = ae +
3

2
α2 +α2(log 2− 5

2
)− 8α3

3π
logα(logα− log 4 +

281

480
) + 17.676× α

3

π
+ . . .
| ¸ ¾ º�º'}�9Í ae }TdrqKo_}Ë�A���;}B�|qK�=m����~gBqfk�y|{�}�mp�����r�=mpo~�~}Ëo�� gTo_}jilqr�r��� ¾ δpol e��r�G�#k_}T�|q6�~}Ëozm1�#w#��mp�;k�y|{�}

k��xqf}T�¼��}��#{ e��¼��qr��� }lq=eh}T{~q#
Bqf�¼}WgB��m�o_{�gT}�}B� {~qfk_o_k�dèmp�|q=o�}Td=�~������gT}Td=���~qf}T��{�}Bd=e�mp�=�~}Td
}��~ehgT�¼k�}T�uil}TdZ�~}=�~k�²¬{�drk_���¿k_��gTonmpd¼qfk�y|{�}TdPdr{��Q�~}TdPe��¼��qr����d ¾ δhvp �~gjil�rk�qPo�}TdQ}k²ú}BqrdPo_k_gTd?mp{	�
k��xqf}T�fm�ilqrk�����d;�´���¼qf}Td'm�{;dr}Tk_�»�~{;e~�r��qf��� | }Bdfdr}T�|qrk�}Bo�o_}T�;}T�xq'ozm)eh��onmp�rk_dèm�qfk_���»�~{A�#k��~})} ¾ Ê6�	�u� ý
δrecoil iB���uiB}T�r��}?o�}Td)}k²ú}Bqfd%�~}?�r}jiB{�oK}lq%}T�s��o����h}?qf��{�d)o�}Td°qf}T�¼�;}Td%�~gTeh}T�u�ump�|qO�~{ �èmpe�eh��� q
�~}%�=mpdrdf}Td me/mp

¾

<#"	$%6[&)GI=@"'0
µ ¾ t¢��{��Ñ�~}BdÑ�èmpk�dr����dË�~}°iB���;�A�#�~k�qfg1�/� gjiB�¼k_qr{��r} ý ����{�dcmT�x����dÑ{~qrk�o_k_dfg1o_}1d¼w#d¼qr�T�;}1�/� {��~k��qrgTd ~ = c = 1

¾
¸ ¾ É4}»�~gB��}To_��e�eh}T�A}T�|qQeh}T�¼qr{��r��m�qfk��Ë�~} ∆Eth

hf
��� }Bdrq%��m�ozmp��o_}=yx{���mp{	� e��¼}T�;k_}T�rdO���f�#�r}Td

}T� α ¾ Ê6�I}k²ú}Bq ý mp{	�����f�~�r}Bd)e�o_{�d)gTo_}B�xgTd ý o_}Td)}k²ú}Bqfd)�~}?d¼qr�r{uilqr{��r}Z}Bq%iB}T{	��o_k�gBd � ozm| Ç)Ê'��}Ñdr}%�;gTozmp�s��}T�xq ý o_}Td��~k_d¼qfk_�s��{�}T���#}B�#k_}T�|q1m�o_���rd�k��Aeh��drdrk_��o�} ¾
K ¾�Â m e��¼k�dr}©}B� iB���;e~qf}©�/� }k²ú}BqrdW�èm��~knm�qfk��´dW�;���~k��u}©{�� eh}B{ onm�iB���|qr�rk_��{~qfk_��� �~} ozm
d¼qf�¼{uilqf{��¼}=k_�|qf}T�¼��}D�~{®e��¼��qf��� ¾ ÍOm��¼dfv~}T���h��k_� ©÷¸ � ªËm��;���xqf�rg=y|{�}=o�� }��~e��r}Tdrdrk_��� �~}



¸�¶ ÉÑv�mpe�k�qf�r}Q¸ ¾ Å]mjw����W�~} Ò }T�=m�ièvW�~{�e��r��qf���

δZemach }Td¼q1mpo_���¼dQs
δZemach = −1.0152× 2αmepRp

| ¸ ¾ º � }
ÏjÁ{ÏjÁ{Ï Ù Ãså�Ã�ÆIÅ å�Æ â;Ã�É�Ç�å�Æ@Ó^ÃBÆ\ÈBÊeÇ/UAÆIÃ'È�ÊñÈ�Ó�å^Æ@Å

Ï o/}Td¼q]k_�|qfgT�¼}Tdrdèm��|q]�/� }���m��;k_��}T�coç� ���r�~�r}O�~}a���èmp�u�~}T{��]�#}Oièv�m�il{����~}Bdcqf}T�r�A}Td]iBk��·�~}Tdrdf{~d
}Bq��~}1e��rgjiBk_dr}T�Ëo_}TdËk���iB}T�¼qfk�qr{u�~}Td�y|{�kúo_}T{��rdËdr���xq]mpdrdr�#iBk_gT}Td ¾~Â }BdË�rgTdr{�o�qSm�qfdc�~})iB}Bq¼qf}%mp��mpo_w#dr}
dr���|qËe��¼gTdr}T�|qfgTdc�ump��dËo_}Td��#}T{	�De��¼}T�;k_�T�r}TdciB��o_������}Tdc�~{DqSmp��o_}Gm�{ | ¸ ¾ µ)}��r}Bonm�qfk��x}Td � oç�÷mpqr���A}�/� v|w#�~�r�_���T�~} ¾ Ç1{�}To�y|{�}Td=e��rgjiBk_drk�����d=df{��»o_}Td»��m�o_}T{��¼d	y|{�}Woç� ���§qf�r��{~�x}��ump��dDiB}WqSmp��o_}Gm�{
�;gT�rk�qf}B�|qc�/��
Bqf�¼}%mpe�eh��� qfgT}Td ¾ ÉÑ����drkz�~gB�r����dÑqf��{~qc�/��mp�h���r�Do_}1qf}T�¼�;}°�~}��u}T�¼�;k EF ¾�Â � k���iB}T�]�
qfk�qf{u�~}°mpdfdr��iBk_gT}1}Td¼qÑ}Tdrdr}T�|qrk�}To_o_}T�;}T�|qÑo_k�gB})mp{	�»k���iB}T�¼qfk�qr{u�~}TdÑdr{�� me

ý mp
ý µp }Bq α ¾ �P��mpe��r�Td©Îb�ªK}To_o_}Z��� }���il�j�~}?e�mpd)¹ ¾ ¹�µPe�e�� ¾ Ê6� iB}Zy|{�kKil���uiB}T�¼��} δQED ý oç� k��uil}T�¼qfk�qf{��~}?e��¼���#k_}T�|q)�~}Tdqf}T�¼�;}Td6�����»iTm�o�iB{�o_gTd'�/� ���f�~�¼}�dr{�ehgT�¼k_}T{�� � K°}T� α ¾xÈ �Aeh}T{~q�}Td¼qfk_�;}T�6y|{�� }Bo�o_}c}Tdrq6k����´gT�rk_}T{��¼}� ¹ ¾ ¹�¹~µËe�e�� © ¸�ºLª ¾ �°mp��d�iB}ÑqSmp��o_}Gm�{ ý ����{�d��~���������~d6onm���m�o_}T{��6�~}Ëozm°iB���|qr�rk_��{~qfk_���Ao�k_gT} � onmd¼qf�r{uilqr{��r}°k_�|qr}T�r��})�~{Me��¼��qr��� δrigid ¾ ÊK�s��o�����mp�|q�o_}Td�iB���r�r}Tilqfk_����d δZemach }Bq δrecoil ý }To_o�})}Bdrq���~qr}T��{�} � e�m�� qfk_���~}Bd��~�����~gT}Td]e��r�G�x}T��mp�|q��/� }��#ehgT�rk_}T�uiB}Td��~}Q�~k�²¬{~dfk_����gBonmpd¼qfk�y|{�}Odr{��]�~}Td

e��r��qf����d ¾úÂ }Qqr}T�r�;}P�~}P�¼}jiB{�o δrecoil m;e�m��°mpk�o_o_}T{��rd1gBqfgZijmpo�iB{�o_gZe�mp�N© ¸ � ª ý k_o¢}Tdrq°�~}Po�� ���f�#�r}�~} � ¾ � ¶»e�e~� ¾hÂ mA��mpo�}B{��°�~} δpol ý µ ¾ � e�e~� ý }Bq�oç� k_�uiB}T�¼qrk_qr{u�~}?mpdfdr��iBk�gB} ý ¹ ¾ � e�e~� ý ���|q1glqfgijm�o�iB{�o_gT}Td��hmp{�d¼qf�G� ÝBÜËá�Ù_ô ©÷¸9M)ª � e�mp�¼qfk_�]�~}O�~������gT}Bd�}��#ehgT�rk_�;}T�|qèm�o_}Td]dr{���ozm?eh��ozm��rk_dèmp��k�o_k�qfg�~{Me��r��qf��� ¾ Ê6���u� ý ���	eh}T{~q��¼}T�=mp�fy|{�}T�cy|{�}°onmZiB���r�¼}jilqfk_���Mo_k_gT} � ozmPeh��ozm��¼k�dèm�qfk_���W�~{	�#k��~}
δhvp ∼ 10−8 © ¸�¶�ªñ}Td¼q�eh}Bqfk�qf}OiB���;e�m��¼gT}Qm�{	�Wmp{~qf�¼}Td ¾

q�w#�~�r�_���T�~} q�w~�#�r�_���T��}%�Z{�����k�y|{�}Î mpo�}B{�� Ï �uil}T�¼qfk�qf{��~} Î m�o_}T{�� Ï �uiB}T�¼qrk_qr{u�~}
EF µTº�µj¶ ¾ ¶�º ½ q^� ¹ ¾ ¹�µ)e�e�� µj¶�¸ ¾ º�º9KA�;} Î ¹ ¾ µ%e�e��
δQED 1.13 10−3 < 0.001 10−6 1.13 10−3 10−6

δrigid 39 10−6 2 10−6 7.5 10−3 0.1 10−3

δrecoil 6 10−6 10−8 1, 7 10−3 10−6

δpol 1.4 10−6 0.6 10−6 0.46 10−3 0.08 10−3

δhvp 10−8 10−9 0.02 10−3 0.002 10−3

����Ú+O ¸ ¾ µ ÓÜÛ�á�Ù_ÝSØ#ìZÝBÜ�å´ðúæèÝlìlÜøåóÜøØuÚxÝ?æf×pìlìfÝSâòàu×�ð¬Úxápð�ÜòÝZÚxÝèâPÚpå�Ý�¨lìfÝlð�Ü´â%Ü·ÝlìSÞ=ÝSâPæè×pð�Üóìlå�SlØ�ápðuÜßÞ
Ù_á%âlÜøìSØ�æBÜøØ�ìèÝ�ä|ÛSàuÝSìc�6ðúÝ)ÚxÝ1Ù¼õ ¨BÜ·ápÜ#ëT×pðúÚxápÞ=ÝSð�Ü·á�ÙhÚxÝ1Ù¼õ ápÜ·×pÞ=Ý)Úñõ ä|Û|Úpìf×fê+°lð¬Ý)ÝBÜ6ÚxÝ1Ù¼õ ä|Û|Úpìf×fê+°lðúÝ
Þ?Øu×pðuå7·lØuÝGô (1 Þ»Ý4Û ' 2.41798836 105 à=áãâ ) ô

ÏjÁ{ÏjÁ�Ü ä ÊeÖeÉ�Ç
Ã]��{�dPeh��{~������dQqf��{~q?�/�÷m��h���f�¿�r}T�»m��ry|{�}T�Zyx{�}Di�� }Td¼qPo�}»qr}T�r�;}DiTm�o�iB{�o_gDe�mp�Po�� gTo_}jilqf�¼�L�

�#w#��mp�;k�y|{�}Ay|{�m��xqfk�y|{�}Ay|{�k6iB���|qr�rk_��{�}Ao_}?e�o_{�d � onmDd¼qr�r{uilqf{~�r}?v|w�eh}T�`�u��} ¾ É4}TozmDgBqSmp�|q ý onmiB���Ae�m��fm�k_dr��� �#k��¼}jilqf}=}T�|qf�¼}=onm���m�o_}T{��P}��~ehgT�¼k��A}T�|qSmpo_}	�~}Do�� gjijm�� q?vxw#eh}T�`�u� ∆Eexp
hf

}BqZonm
��mpo_}T{��Oqfv�gT���rk�y|{�} ∆Eth

hf
��}»eh}T�r�;}lqPe�mpdZ�~};qf}Td¼qf}T�Oonm	��mpo_kz�~k�qrgD�~{®�~gB�x}To_��e�eh}T�;}T�|qPeh}T�]�

qf{��¼��mpqrk��ñ�~} δQED ¾ Ê6�D}k²ú}Bq ý ����{�dc�~gj�~{�k_dr����d��~}TdË�¼gTdr{�o_qèmpqrdËe��¼gjiBgj�~}T�xqfdcy|{�}°o�� k��uiB}B�¼qfk�qf{u�~}
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m�drdr�#ilk�gT} � oç� }T��dr}T�Z��o_}O�~}Td1mp{~qf�¼}Td�iB���r�¼}jilqfk_���~d | ∼ 10−6 }4}Td¼q]�h}Gmp{uiB��{�eWe�o_{�d����èmp�u�~}Oy|{�}
onm e��rgjilk�drk_��� ���~qr}T��{�}�mj��}ji�o_}TdDijmpo�iB{�o�dD�~} | Ç)Ê'��} | ∼ 10−9 } ¾ ÊK� e�m�� qfk�iB{�o_k�}B� ý i�� }Td¼q=o_}qf}T�¼�;} δrigid y|{�kúmpe�eh��� qf}]onm%e�o_{�d����èmp�u�~}�k_�;e��rgTiBk�drk_���D�ump��d4o_}TdÑiTm�o�iB{�o_d4qrv�gT���rk�y|{�}Td ¾ É4}Bqrqr}
k���iB}T�¼qrk_qr{u�~}1}Td¼qÑ}Tdrdf}B�|qfk_}To_o�}T�A}T�|qÑo�k_gT} � ozm%��m�o_}T{��Ñ�~{=�èmTwx���D�~} Ò }T�=m�ièv	yx{�k ý il���;�A}�����{�dm�o_o_����d4o�}]�x��k_�Ëm�{=e�mp�èm����èmpe�v�}1dr{�k���mp�|q ý ��� }Td¼qÑeum�dÑiB������{�}°�~}��»m���k_�T�r}]qrv�gT���¼kzyx{�} � �;k_}T{	��~} 5 %

¾ t���{��Ëqr}Td¼qf}T�Ëo�})ijm�o�iB{�o��~} | Ç)Ê'��} ý k_o!�ømp{u�~�èmpk�q]�~k_dfeh��dr}T���~}%�~������gT}Tdcqr�r�Tdce~�rgjiBk_dr}Tddr{��]iB}O�fmjw���� ¾hÈ ��eh��{��¼�èmpk_q1mp{�drdfkñiB���;e�mp�r}T��o_}Td]�rgTdr{�o�qSm�qfd�}��~ehgT�rk_�;}T�xqSmp{	��}Bq�qfv�gB���¼kzy|{�}Bd
���~qr}T��{�d]dr{����~}Td]d¼w#d¼qf�T�;}Td�vxw~�~�r�_��gB��� Zò�#}Td��n���r�AgTd]eum��]�~}T{	�Me�mp�¼qfk�iB{�o_}Td]eh���uilqr{�}To_o�}Td��~g��
eh��{�� �#{�}Td��~} d¼qf�¼{uilqf{��¼} k_�|qr}T�r��} ¾ ÉÑ}Bq¼qf}©mp��mpo_w�df}©m �~g¼� � gBqrg �;}T��gB} df{~�	o�} �P{�����k_{�� ýd¼w#d¼qf�T�;}2�n���¼�;gOe�m��]{��W�Z{����Weh��drk�qfk�� µ+ }Bq�{��WgTo�}jiSqf�r��� ¾�Â mAiB���;e�m��fm�k_dr�����#k��¼}jilqf}Pmj��}ji
o�}Bd4�rgTdr{�o�qSm�qfd4}��~ehgT�¼k��A}T�|qSmp{	�»���~qf}T��{�d4e�mp� Â k_{ ÝBÜ�á�Ù ¾ ©÷¸LbLª¬mQm�k_��drkhiB�����u�¼�;g�ozm%��mpo�k��~k�qfg1�~}onm | Ç)Ê'��}¢��{�dfy|{�� � {���}%e��rgjilk�drk_�����#} 0.5 10−7 ¾

� e�mp�¼qrk��)�#}AiB}Bd%iB����drkz�~gB�èmpqrk_����d ý ����{�dOmT�x����d%m��#��e~qrg?{���qf��{~qOmp{~qf�r}Zeh��k_�|q%�~}Z��{�}Msdrk4o�� k_�uiB}T� qfk�qf{u�~}=dr{�� δrigid ��}=eh}T�r�A}BqZeum�dZ�~}»qr}Td¼qf}T�Qo�� gTo_}jilqr�r���#w#��mp�;kzyx{�}	y|{�mp�|qfk�y|{�} ý ozme��rgjilk�drk_�������~qr}T��{�}Pdr{��1o_}Td)m�{#qf�r}Td°iB���|qr�rk_��{~qfk_���~d°eú}B{~q°����{�d°eh}B�r�;}Bq¼qf�r}Z�¬� }��#qr�èmpk��¼}Z�~}Pozm
�;}Tdr{��r}M}��~ehgT�¼k��A}T�|qSmpo_}��~}Moç� gjijmp�¼q»vxw#eh}T�`�u� ý {���}M��m�o_}T{��;�~{§�èmTw����§�~} Ò }T�=m�ifv ¾ É4}Bqrqr}��m�o_}T{���}Td¼q1mpo����rd]�~������gT}%e�m��Os

Rp = −
(
∆Eexp

hf /E
F − 1− δQED − δrecoil − δpol − δhvp

)
/(1.0152× 2mepα) | ¸ ¾ º � }

ÊK�	{~qfk_o_k�dèmp�|q�iB}lqrqf}1gjy|{�m�qfk_���	}BqËo�}BdË��mpo�}T{��¼dc�~}Tdc�~k�²úgT�¼}T�|qf}Tdcil���|qr�rk_��{~qfk_����dce��rgBdf}B�|qfgT}Td
�um��~d�o�})qèm���o_}Gmp{ | ¸ ¾ µ)} ý ����{�d1mT�x����d����~qf}T�|{�onmZe��¼}T�;k_�T�r})��mpo�}B{�� Ýrùlà[¨lìSå´Þ»Ýlð�Ü·á�Ù_Ý �~{M�èmTwx����~} Ò }B�=m�ifv��~{�e��¼��qr���©s

Rp = 1.037(16) �n� | ¸ ¾ º'M_}
�9Í�o�� k_�uiB}T� qfk�qf{u�~}O�~} ±0.016 �n� e��r�G�#k_}T�|q]�~}%oç� k��uil}T�¼qfk�qf{��~}Odr{���ozmZ��m�o_}T{��]�~} δpol ¾

ÏjÁ{ÏjÁHß º%Ë�Ç�Å+Ä@ã¯Ó�ÆIÇ/UAÆ@ÅäÅ'Ó�Ã�ÖeÆ@ÅäÑàËjå"qIÖeÆ@Å È�n�ÄIËVÃsÊ]ã¯Ó�Æ@Åäå�Æ Å9È�ÃsÓ"U8ÈsÓ^Ã�Æ
Ê]Ç�È�Æ!ÃsÇ�Æ

É4���A�;};����{�dOoç�÷mT�x���~dO��{©e��rgjilgj�~}T�;�;}T�xq | ����k_�%oç� gjy|{�m�qfk_��� | Ì�¾ Kp}c} ý o_};�èmTwx���¿�~} Ò }���=m�ièv Rp
}Tdrq��~gk�u��k¢iB���;�A}Oo_}Qe��r}T�Ak�}T���;���A}T�|q1�~}Oozm»�#k�d¼qf�¼k���{#qfk_����gBo�}jiSqf�r���=m�����glqfk�y|{�}

�~{ e��¼��qr��� ¾ �1k_��drk ý k_o ��m=�r}T�u�~�¼};iB���;e~qf}A�~}Ao�� }�#qf}T��drk_��� dre�m�qfkzmpo�};�~}AiB}Bqrqr};�~k_d¼qf�rk_��{~qrk���� ¾Ê6�®�/��mp{~qf�¼}TdQqf}T�r�A}Td ý k�o4�~������}={���}»��mpo�}T{��P�~{®�èmTwx��� �~}»onm�dre�v��T�¼} � o�� k��|qrgT�rk_}T{��P�~}=ozm)�y|{�}To_o_}]���;��}�eh}T{~q4iB����drk��~gT�r}T��o_}�e��r��qf���»iB���;�;}�{��~}�e�m�� qfk�iB{�o_}��~}]ifv�m��`��}�eh���uilqf{�}To_o_} ¾|Â m
��m�o_}T{��Ñ}��~ehgB�rk_�;}T�|qSmpo_})�~} Rp

���~}°�/� k_�;eh���¼qSmp�|qr}TdÑ�r}Td¼qf�¼kzilqrk�����dÑdr{��Ño_}Tdc�#k�²úgT�r}B�|qfdÑ�;���~�To�}Bd
qfv�gT���rk�y|{�}TdË�~}1d¼qf�¼{uilqf{��¼}1k_�|qf}B�r��}°�~{De��¼��qr��� ¾ Ê6�Deum�� qfk�iB{�o�k_}T� ý il}Bqrqf}]��mpo_}T{��ËiB���|qf�fm�k_�|qu�´���]�qf}T�;}B�|qËozmQe�mp�èmp�;gBqf�¼k�dèm�qfk_���	�~}Tdu�øm�ilqf}T{��¼dc�~}��´���r�;}TdÑgTo_}jilqf�¼kzyx{�}TdË}BqË�=m�����gBqrk�y|{�}Td ý GE(k)}Bq GM(k)

¾ ÊK�;}�²¬}Bq ý k_o�}Td¼q�eh��drdrk��~o�}]�/� }��~e��rk_�;}T� Rp
}T���´���uilqrk����»�~}�iB}Td;�øm�ilqr}T{��rd'�~}j�n���¼�;}

dr}To����©s

Rp =
1

π2

∫
d3pZ

4

(
1− 1

µp
GE(− Z 2)GM(− Z 2)

)
| ¸ ¾ º�¶+}



K�¹ ÉÑv�mpe�k�qf�r}Q¸ ¾ Å]mjw����W�~} Ò }T�=m�ièvW�~{�e��r��qf���

�_Í µp }Tdrq�o_}O�A���;}B�|q��=mL����gBqrkzy|{~}Q�~{�e��r��qf��� ¾Â � gjy|{�k���mpo_}T�uiB}1}T�|qr�r}1iB}Bq¼qf}�}��~e~�r}Tdrdrk����=}BqËiB}To_o_}°�~������gT}�}T�#�´���uilqfk_���D�~}TdÑ�~k�d¼qr�rk_��{~qfk_���~d
gTo_}jilqf�¼���=m�����gBqfk�y|{�}Td | Ì1¾ K+}Q}Tdrq»�#gT�;���|qf�rgB}W�ump��d;o���mp����}��~} Ì1¾ �]ilqf{�}Bo�o_}T�;}T�xq ý o_}Td;}��~ehg���rk_}T�uiB}Td)�~}Z�~k�²ú{�drk����IgTozm�d¼qfk�y|{�}PgTo_}jilqf�¼���	�òe��¼��qr���Ieh}T�¼�;}Bq¼qf}T�|q°�/� ���~qf}T��k_�°�~}Td)�#������gT}Bd°df{��
o�}Bd��øm�ilqf}T{��¼d]�~}��´���r�;} � v�mp{~qf}Td�gB��}T�c��k�}Bd ¾�Â }T{��Ë��m�o_}T{��]mp{	�	��m�drdr}Td�gT�~}T�c��k�}Td�}Bdrqc���~qr}T��{�}
}T� }��#qf�fm�eh��ozm��|qOozm �´���r�;};m���mpo�w�qfk�y|{�};y|{�k6�¼}T�u�©il���;e~qr};�~}Td%�rgTdr{�o�qSm�qfd � v�mp{~qf}AgT��}T�`��k_} ¾
ÉÑ����drkz�#gT�r����d1e�mp�]}��~}T�;e�o_}Qo_}Td]��m�o_}T{��rd1�#} Rp

���~qf}B��{�}Td�}T��{~qrk�o_k_dèm��|q1�~k�²úgT�¼}T�|qf}Td�}��#e��r}Td]�
drk�����dO�~g¼� � e�{���o_k�gB}Td%eh��{�� GE(k) }Bq GM(k)

¾ �¢�x}jiZo_}Tda�n���¼�;}TdOm��um�o�w�qfk�y|{�}BdO�~gj�~{�k�qf}TdO�~}
oç�÷m�e~e��r�E�~k_�=mpqrk����,�~k�eh��ozm�k_�r} ý ��� qf�r��{~�x} Rp = 1.02 �´� ¾ Ê6� {~qrk�o_k_dSmp�|q	o_}TdD�rgTdr{�o�qSm�qfd	�~}
��k_�;��� ÝBÜ;á�Ù_ô ©ÎK�¹Lª ý Rp = 1.067 �´� ¾ ÅcgjiB}T�;�;}B�|q ý iB}TdD�¼gTdr{�o_qèmpqrdD���|qDgBqfgImp��m�o�w#drgTdD}T�k���iBo�{�mp�|qP}T�®m�{~qr�r} ý o_}TdQ}k²¬}lqfdP�~}»�¼}jiB{�o�©ÎK~µkª ¾ �ñ�x}jiAdf}BdQ����{~��}To_o�}TdP�~������gT}Td ý onm	��mpo�}T{~�P�~}
Rp

}Td¼qO�=mpk_�|qf}T��mp�|qO�~} 1.08 �´� ¾¬Â }Bd%}��~e��¼}Tdrdfk_����d%qr�r��{~�xgT}Td%eh��{�� GE
}Bq GM

e��¼gB�x��k�}T�xq
{��W�èmpe�eh���¼q�{��W�fm�e�eh���¼q µpGE(− å 2)/GM(− å 2) qf}T�u��m��|q��x}T�¼dQµOeh��{�� k2 < 5 ¡°} Î 2 æ i 2 ¾
ÉÑ}Teh}T���um��|q ý ¡%mjw���{ ÝBÜ%á�Ù_ô ���|qQ���~qr}T��{¿{���}»}��~e~�r}Tdrdrk����®�~}=iB}»�èmpe�eh��� qP��};qf}T���um��|qQe�m���x}T�¼dOµQmp{	�	qf�r�Bd���m�drdr}Td]gB��}T�c��k�}Bd ¾uÏ o�dcqr�r��{#�x}T�|qt©ÎK�¸�ª�s

µpGE(− å 2)/GM (− å 2) = 1− 0.13(− å 2 − 0.04) | ¸ ¾ ºpbp}
� e�mp�¼qfk_�6�~}cozm°�~�����~gT}��~}co�� {��A�~}TdV�øm�ilqf}T{~�rd��~}j�n���¼�;} ý ���Aeh}T{~q'm�k_��drk�ijm�o�iB{�o_}T�6oç�÷m�{#qf�r} ¾Ê6� {~qfk_o�k_dèm��xqAozm��´���¼�;}=qf�r��{~�xgT}De�mp�»��k_�;��� ÝBÜQá�Ù�ô eh��{�� GE

}Bq?}T��ijmpo�iB{�onmp�|q GM
mT��}ji

| ¸ ¾ º9b+} ý ����qr�r��{~�x} Rp = 1.060 �n� ¾ ��kc�=mpk_�|qf}T��mp�|q;����{~qfk_o�k_dr} GM
eh��{��A���~qf}T��k_� GE

ý
Rp = 1.073 �´� ¾ É4���;�A}?����{~d%o���mT�x����d%k_�u�~k�y|{�gAe~�rgjiBgj�~}T�A�;}T�|q ý oç� k_�uiB}T�¼qrk_qr{u�~}Ae��¼gTdr}T�|qf}dr{���oç� }T��dr}T�Z��o_}Q�~}Bd�iB}Td]�rgBdf{�o�qSm�qfd��;���|qf�¼}Oy|{�} Rp

��� }Td¼q�iB�����|{�qfv�gB���¼kzy|{~}T�;}T�|q�y|{�� � 5 %e��r�Td ¾ É4}Bqrqr}6k��uiB}B�¼qfk�qf{u�#}'�~gTe�mpdrdr}�ozm��`��}T�A}T�|qño�� k_�uiB}T�¼qrk_qr{u�~}'�~}6����qf�r}K��mpo�}T{���}��~ehgB�rk_�;}T�|qèm�o_} ¾
�1k_��dfk ý ozm	��m�o_}T{��O}��~ehgT�rk_�;}T�xqSmpo�}=�~} Rp

eh}T{~qZmpo����rdt
Bqr�r};{~qrk�o_k_dfgB}»eh��{��%qf}Td¼qf}B�Oozm�y|{�m�o_k�qfg
�~}Td]iB}Td]�;���~�To_}Td ¾

��k¢iB}Bq¼qf}Q�~gT�=mp�fièv~}Qdr}T�Z��o_}Qk_�|qrgT�r}Tdrdèm��xqf} ý k_oñ��� }T���¼}Td¼qf}Oe�mpd��;��k_��d�y|{�}Qozm?��m�o_}T{���y|{�}����{~d1mT�x����dcqf�¼��{~��gT}%}Td¼q�onmZe��r}B�;k��B�r}%}Bq�{���kzyx{�}O}Bdrqrk��»mpqrk�����}��~ehgT�¼k��A}T�|qSmpo_}Q�~{��fmjw������~}Ò }T�»m�ièv ¾ t¢��{��]yx{�}QiB}Bq¼qf}Oy|{�m��xqfk�qfg%e�{�k�drdr}Odr}T�¼��k��]�~}2���èmp�u�~}T{��]�~}O�¼g��´gT�¼}T�uiB} ý k�o¢mpe�e�m��fm�¨�q��gjiB}Tdrdèm�k_�r}1�/� ���~qf}T��k_�Ñ�/��mp{~qf�¼}TdËiB�����u�¼�=mpqrk�����d4}��~ehgT�rk_�;}T�xqSm�o_}TdË�~}�dèm%��m�o_}T{�� ¾ Ã]��{~dcm�o_o_���~d
�;���|qf�r}B��iB���A�;}T�|q�ozm)�;}Bdf{~�r}]�~}�o�� gjijm�� q'v|w�eh}T�`�u�»�~}�o�� gBqSm�q��´���u�ump�;}T�|qèm�ou�~}�o�� v|w~�~�¼�9���T��}
�Z{�����k�y|{�}%eh��{��¼�èmpk_q]eh}T�¼�;}Bqrqr�r}OiB}lqrqf}OiB�����u�¼�=mpqrk���� ¾

6D¹�� çÇ:µ<?£?<�:¢¥è��²e½�¿�»�¼ »37@½®��»è8ãé¬»ã É£³²|¯�¤2�®��¾�¸�¹�¿ »�¼ ½�¾¤¿$<?>D½ »
ÏjÁ�Ü�Á]À ÆuÈ	ÃsÓ/U8È�Ó�Ã�ÆênpoPV2ÆIÃ0È�Ç�Æäå�ÆäÖkØ,npo^å^Ã�Ë;ârq@Ç^ÆÒÑ�Ó�Ë;Ç�Ê]ã¯Ó�Æ

��{ eh��k_�|q	�#}W�#{�}�qfv�gB���rk�y|{�} ý o�� }�~e��r}Tdrdrk_��� eh}T� qf{��¼��mpqrk_��}��~}Woç� gjijmp�¼q=v|w#eh}T�]�u� eh��{��oç�÷mpqr���A}��/� v|w#�~�r�_���T��}��~������gT}�e�mp�»o�� gTy|{�mpqrk_��� | ¸ ¾ ºpKp} ý �r}Td¼qf}M��mpozm���o_}�eh��{��»o�� v|w~�~�¼�9���T��}�Z{�����k�y|{�} ¾ ��k o_}Td)}��#e��r}Tdrdrk_����d | ¸ ¾ ¸�¹p}]}Bq | ¸ ¾ º � }�iB���uiB}T�¼��m��xq%o�� gjijmp�¼q%�~}N�u}B�r�;k�}Bq)ozmDiB���]��r}jilqrk����»�#} Ò }T�=m�ièvAdf���|q'�~k_�r}Tilqf}T�;}T�xq4m�e�e~o�k�ijmp��o�}Bd'}T�;�¼}T�;e�ozm_±jmp�|q�ozm°�=mpdrdf}��~}coç� gTo_}jilqf�¼���
e�m��1iB}To�o_}?�#{I�P{���� ý o_}Td%mp{~qf�¼}Td�qf}T�¼�;}Td°�~{I�~gB�x}To_��e�eh}T�;}T�|q°�;gB�rk�qf}T�|q1{���}��ump�;}T��drehgjiBk����y|{�} ¾



���������������¶¾�� � �.¿À%('ÂÁ��¶Ã��.!°�&Ä|�ÂÁ�#Å����%��1%�' K~µ

ÊK� }�²¬}Bq ý iB���;�;} ����{�dWo���mT�x����d��;}T�|qfk_������g¿m�{!e��rgTiBgj�~}T�|q�ièv�mpe�k�qf�r} ý o_} �Z{����!}Tdrq
�h}Gmp{uiB��{�eWe�o_{�d]e��r��ièv�}Q�~{�e��r��qf���W�um���d��¬� v|w~�~�¼�9���T��}O�P{�����k�y|{�}Oy|{�}%��}Oo�� }Td¼q]o�� gTo_}jilqf�¼���
�um��~d4oç�÷mpqr���A}��/� v|w#�~�r�_���T�~} | aµ ∼ a0/200 } ¾ ÉÑ}Bq¼qf}]���r��k�qf}]e�o�{�d'�r}Tdrdr}T�r�¼gT}]�r}T�u�;o_}�d¼w#d¼qf�T�A}�Z{�����k�y|{�}Pe�o_{�d°dr}T��drk_��o�} � onm;d¼qf�r{uilqr{��r}P�~{�e��r��qf��� ¾ �1k_��drk ý o_}Td)il���¼�r}jilqrk�����d°o_k_gT}Td � iB}Bq¼qf}d¼qf�r{uiSqf{��r}M�~��k��x}B�|qD
Bqf�¼}M�;���~k��ugT}Td ¾�Â }TdA�¼gTdr{�o_qèmpqrd»yx{�}M����{~d=mT�x����dAe�{§iB��o�o_}jilqr}T�;dr{��?ozm
d¼qf�r{uiSqf{��r};v|w#eh}T�]�u��}=�~}»o�� vxw~�~�r�_���B��}=�P{����~kzy|{�};df���|qQ�rgTdr{��;gTdQ�um��~dQo�}TdP�~}T{	�©iB��o_������}Td
�~}��~�¼��k�qf}��~{ qSmp��o_}Gmp{ | ¸ ¾ µ4} ¾ Åc}T�=mp�fy|{�����dD�/�÷m��h���f� yx{�}�o�� gjijmp�¼q=v|w#eh}T�]�u� }Td¼q=}T�|�#k_�r���
40000 �´��k_d�e~o�{�dck_�;eh���¼qèm��|q�yx{���mT�x}ji1o���m�qf���;}%�/� v|w~�~�¼�9���T��} ¾~Â })�fm�e�eh���¼q EF (pµ)/EF (pe)}Td¼q'}B�;}k²¬}Bq�e��¼��eh���¼qrk�������}To � (mµ/me)

2 ¾ Ê6�»iB}�y|{�k�il���uiB}T�¼��}�onm)iB���r�r}Tilqfk_���=mpe�eh��� qfgT}�e�m��
oç� gTo_}jilqf�¼�#�#w#�um��;k�y|{�})y|{�mp�|qfk�y|{�} δQED ý ����{�dË��}°iB������mpk_drdf����dËe�m�dË�~}1qf�fmj��mp{	�=e�{���o_k�gTdcy|{�k}T�D�#������}T�xqÑ{��~}�}��~e~�r}Tdrdrk���� ¾�½ 
B�;}]dfkuoç� }��~e��¼}Tdrdfk_���»qfv�gT���rk�y|{�} | ¸ ¾ º�º+}Keh}T{~q�
Bqf�¼}]�;�#�~k��ugT}�um��~d?o_}	ijmpd?�~}Doç� v|w~�~�¼�9���T��}D�Z{�����k�y|{�} ý ����{�dAmT�x����d?iB����df}B�¼�xgDozm���mpo_}T{��Pqr�r��{#�xgT}Deh��{��oç�÷mpqr���A}O�/� v|w#�~�r�_���T��}Qm����W�/� gB��m�o_{�}T��o�� ���f�~�¼}O�~}2���èmp�u�~}T{��]�~}OiB}Bq¼qf}OiB���|qf�¼k��~{~qfk_��� ¾Â }Td	�#k�Û»iB{�o�qfgTd	�/� {���}���gT�rk���ijm�qfk_��� }��~ehgB�rk_�;}T�|qèm�o_}I�~}IiB}IiTm�o�iB{�o1}�~e�o_kzy|{~}T�|qMiB}T� qSmpk��
��}T�;}T�xq�o_} �=mp�uy|{�} �/� k��|qrgT�c
BqMdr{�dfiBk_qrg e�mp��iB}Bq¼qf} y|{�}Td¼qrk���� ¾ É4}Teh}T�u�ump�|q ý ����{�dM�r}Td¼qf����diB���|��mpk_�uiB{�d;yx{�}	o�� k_�uiB}T�¼qrk_qr{u�~}Mo_k_gT} � iB}MijmpoziB{~oËqrv�gT���rk�y|{�}	eh��{��r�èmpk�q�
Bqf�¼} ý dfkÑ��gjil}Tdfdèmpk_�r} ým���mpk_drdfgB}���{�dfy|{�� � {���})��mpo�}T{���k_�s�´gT�¼k�}T{~�r} � ¹ ¾ µ%e�e~� ¾Â }Dqr}T�r�;}M�#}M�¼}jiB{�o δrecoil }Td¼qAe�o_{�dA�~k�Û=iBk_o_} � gB��m�o_{�}T�Ay|{�}M�ump��dAo_}Mijm�dA�~}	o���m�qf���;}
�/� v|w#�~�r�_���T�~} ¾ Ê6� }k²ú}Bq ý o_}�e�o_{�d����èmp�u� �èmpe�eh���¼q	�~}��=mpdrdf}Bd mµ/mp ∼ 0.11 k_�;e�o_kzyx{�}
�~};e��r}T�u�~�¼}»}T�¿iB���;e~qr};o�}TdQiB���xqf�rk_��{~qrk�����dP�~}Td%qf}T�¼�;}TdQ�/� ���f�~�¼};df{~ehgT�rk_}T{��O}T� (mµ/mp)

¾
�P��mpe��r�Td°o_}Td)ijmpoziB{~o�d)}k²ú}jilqr{�gTd°dr{��)il}Ze��r����o_�T�;}�©ÎK_K ý K�º_ª ý oç� k_�uiB}T�¼qrk_qr{u�~}Zdf{��°iB}lqrqf}ZiB���xqf�rk����{~qfk_���	eh}T{~qj
Bqf�¼}°e��¼k_df}1g��|mpo_} � µ1e�e�� ¾~Â �÷m��;e~o�k�qf{u�~})�#})iB}BqË}k²¬}Bq�mQgBqrg)ijmpoziB{�o_gT})�/��mpe��r�Td
onmB�´���¼�Z{�o_} �~������gT} eh��{���o�}®�Z{�����k_{�� �ump��dIo_} o_k��#�r} �~}��~m�e�k_�¼drqr}Tk_��}Bq�Ä'}T����k_} © ¸ � ª ¾
Ã]��{�d;mT�x����d;mpo����rd?���~qr}T��{ δrecoil ∼ −(3α/π)(mµ/mp) ln(mµ/mp) ∼ 1.7 10−3 ¾ δpol m
gBqfg»���~qf}T��{~}=e�m��Qozm���
T�;}»�;gBqrv��#�~}=y|{�}»eh��{��Po���m�qf���;}=�/� v|w~�~�r�_���T��}>©ÎK � ª4y|{�k4�~������}�s
δpol = (4.6±0.8)×10−4 ¾ Ê6���u� ý �¼}T�=mp�fy|{�����d�ozm�iB���xqf�rk_��{~qrk����Ze~o�{�d�k��Aeú���¼qèm��xqf}Ñ�~}Td�}k²ú}Bqfd�~}Qeh��ozmp�rk_dèmpqrk����I�~{W�#k��~} ý }Td¼qfk_�;gT}Zmpe�e��r�E�~k_�=m�qfk��x}T�A}T�|q � ¸�¹;e�e�� ©�K � ª ¾�Â � }T��dr}T�Z��o_}P�~}Td
�~���~��gT}Td'e��rgTdr}T�|qrgT}Td4�ump��d'o_}cqSmp��o�}Gmp{ | ¸ ¾ µ)}¢��m)�~��{�d�eh}T�r�;}Bq¼qf�r}]�#}��~k_dèil{~qf}T��ozm)eh}T�¼qfk_��}T�uil}�/� {���}%�;}Bdf{��¼}O�~}%o�� gjijmp�¼q]vxw#eh}T�`�u�W�~}%o�� gBqSm�q^�n���u�ump�;}T�xqSm�o��~}%oç� v|w~�~�¼�9���T��}O�P{�����k�y|{�} ¾

ÏjÁ�Ü�Á{Ï ë9Ç�È	ÆIÃ�ì\È å�ÆÒÖ�É×ÑàÆ@Å'Ó�Ã�Æ
É4���A�;}4mT�x}ji6oç�÷mpqr���;}'�/� v|w~�~�r�_���T��} ý onmc�A}Tdr{��r}'�~} ∆Ehf

�ump��d¢o�� v|w~�~�r�_���T��}'�Z{�����k�y|{�}
��}Qeh}T{~q�
Bqf�¼}Q{~qrk�o_k_dfgB}Peh��{��]��mpo�k��~}T�1�~}Bd1ijmpoziB{�o_d°�/� gTo_}jilqf�¼�#�#w#��mp�;k�y|{�}Py|{�mp�|qfk�y|{�}P�~���|q�ozm
e��rgjilk�drk_���W}Bdrq]iB���;e~o��Bqr}T�;}T�|q��=m�dfy|{~gT}Oeum���o_}Td�}k²¬}Bqrd��~}%d¼qr�r{uilqf{~�r} ¾ Ã]��{�d�m��¼�rk��x����d]�~���ui� onmAiB���uiBo_{�drk_����dr{�k���m��xqf}»suiB���|qr�èmpk��¼}T�;}T�|q � iB}Qyx{�� ���|q]e�{Weh}B��df}B��iB}T� qSm�k_��d1mp{~qf}T{��¼d¤©ÎKpM ýK�¶�ª ý o�}Td]�;}Tdr{��r}Bd1�~}OozmAd¼qf�r{uiSqf{��r}%v|w#eh}T�`����}P�~}Oo���m�qf���;}Q�/� v|w#�~�r�_���T��}O}Bq1�~}Oo�� v|w~�~�¼�9���T��}�Z{�����k�y|{�}»��};dr���xqQe�m�dQiB���Ae�o�gB�;}T�|qSmpk_�r}TdP�ump��dQo_}»dr}T��dQy|{�� }Bo�o_}Tdt�´��{��r��k_drdf}B�|qOqf��{~qf}TdOo�}Td
�~}T{	�DozmP��
T�;}1k��s�n���¼�=m�qfk_���	dr{��ÑonmQdrqr�r{uilqr{��r}°�~{	e��r��qf��� ¾ �1k���drk ý ozmQ�;}Tdr{��r}1�rgGmpo_k�drgT}%mj��}jioç� v|w~�~�¼�9���T��}A�Z{�����kzyx{�};�~��k�q2
Bqf�¼}Aeh}T��±B{�};iB���A�;}A{���}Adr}jiB���u�~};}��~ehgB�rk_}T�uiB};eh}T�r�A}BqrqSmp�|q
�/� }���qf�èmpk_�r}4ozm���mpo�}T{~� �~{P�èmTwx���Z�#} Ò }T�=m�ièv ¾ ��k|o�}Td �~}T{	�O��mpo�}T{~�rd¢qf�¼��{~��gT}TdKmj��}ji'o_}TdK�#������gT}Bd
dr{��	o��÷mpqr���;}I�/� v|w#�~�r�_���T��}I}Bq	oç� v|w~�~�¼�9���T��}I�Z{�����k�y|{�}Idr���xq�iB���;e�m�qfk_��o_}Td ý iB}Tozm m�Û;��}T�fmoç� }Td¼qfk_�=m�qfk_���M�~{	�fmjw����	�~} Ò }T�»m�ièvD}Bq�iB�����u�¼�;}T�èmQe�m��ÑonmQ�D
T�;}1�#iTiTm�drk_���	onmO��m�o_k��~k_qrg%�~}Td



K�¸ ÉÑv�mpe�k�qf�r}Q¸ ¾ Å]mjw����W�~} Ò }T�=m�ièvW�~{�e��r��qf���

ijm�o�iB{�o_d�iB���uiB}T�r��mp�|q]ozmAiB���r�¼}jilqfk_����o_k�gT} � ozm?eh��onmp�rk_dèm��~k�o_k�qfgQ�~{�e��r��qf��� ¾Â m%�A}Tdr{��r}��~{ Â mp�Z�;drv�k��zqÑ�~}]o�� v|w~�~�¼�9���T��}]�Z{�����k�y|{�}]}Td¼q4}T�=iB��{��rdÑm�{Dt mp{�o¬�#ièv�}B�r�r}T�Ï �~drqrk_qr{~qf} | t4� Ï }Ë�~} Î k_o_o�k���}T� ¾ �]��}O}���qf}T��drk_���Weh��drdfk_��o_}P�~}OiB}Bqrqr}O}��~ehgT�¼k�}T�uil}Q}Td¼q]onmA�~gBqf}B�]��;k_��mpqrk���� �~{ �èmTwx��� �~} Ò }T�»m�ièv e�mp�)ozmD�;}Bdf{��¼}A�~}?ozmDd¼qf�r{uilqr{��r}?vxw#eh}T�`�u�~};�~}?o�� gBqèmpqQ¸ s�~}Mo�� v|w#�~�r�_���T�~}��P{�����k�y|{�} ¾ É4}Teh}T�u�ump�|q ý �~}TdA}Bdrqrk��»mpqrk�����d?qfv�gT���rk�y|{�}Td;�~}	onmIiB���r�r}jiSqfk_����~})eh��ozmp�rk_dSm�qfk_�����~{Me��¼��qr���Mdr}T�Z��o_}T�|qc�;���|qf�¼}T��yx{�}O��m���d�iB}OiTm�d ý δpol }Tdrq]m������r�=mpo_}T�;}T�|q
gTo_}B�xgT}%}Bq]ozm?e��¼gjiBk_drk����Wdr{��conmP��m�o_}T{��]�~} Rp

�~}B�#�èmpk�q^
Bqf�¼}OiB���;e��¼k�dr}%}T�|qr�r} � }BqQµT¹Tí ¾ �^�u�
�/� {~qrk�o_k_dr}T�Dozm ��m�o_}T{��D�~} Rp

eh��{��D�~gBqr}jilqf}T�={���}�gB��}T�|qf{�}To_o_}I�~gB�#kzm�qfk_��� �~} GE/GM
e�m��

�èmpe�eh��� q � µ ý k�o6dr}T�fm�k�qO��gjiB}Tdrdèmpk��¼}»�/� ���~qf}T��k_�%{���};e~�rgjiBk_drk����©k_�s�´gT�¼k�}T{��¼} � ¹ ¾ � í dr{��OiB}Bq¼qf}
y|{�mp�|qfk�qfg ¾ �]ilqf{�}Bo�o_}T�;}T�xq ý o_}Td]}B�r�r}T{~�rd�}��~ehgT�¼k��A}T�|qSmpo_}Td]e��rgB��{�}Td��ump��d�oç� }��~ehgT�rk_}T�uil}Q�A}T��gT}m�{�t'� Ï ��}%eh}T�¼�;}Bqrqr}T�|q�e�m�d]�/� }B�|�#k_dSm���}T�]{~��})qf}To_o_}Oe��rgTiBk�drk_����df{��co_}O�fmjw������~} Ò }T�=m�ièv ¾

t¢��{��Qmp�;gTo_k_���¼}T�%onm	e~�rgjiBk_drk����¿�~};iB}Bqrqr};�A}Tdr{��r} ý {~��};�~��{~��}To�o_};�;gBqrv��#�~}Aeh}T�r�;}lqrqSmp�|qonmQ�;}Bdf{��¼}°�~k��¼}jilqf}°�~}°ozmQdrqr�r{uilqr{��r}1v|w#eh}B�`�u��})�~}1oç� gBqSm�q¯�´���u�um��A}T�|qSmpo¬�~} pµ mQgBqfg1�rgTiB}T�N��;}T�|q4e��r��eh��drgT}N©�KLª ¾ É1� }Td¼qË�#}°iB}Bq¼qf}��;gBqrv��#�~}1y|{�}�����{�dcm�o_o_����dÑ�~k�dfiB{~qr}T�Ë��m���d4o�}�e��r��ièv�mpk_�
ièv�mpe�k_qr�r} ¾ É4���;�;}O�~��{�d1mpo�o_����d�o_}%�x��k_� ý iB}Odr���|q]o�}Td^�T����}Td1�/� ���P���r}Td]dr��{�o_}B�xgT}Td]e�mp��iB}Bq¼qf}e��r��eh��drk�qfk_���Wy|{�k��~��{�d����|q�m��A}T��g � qr�èmT��mpk_o�o_}T��dr{���o_})qf�fm���dc�´}B�¼q��~}Oifv�m��`��}%�Z{�����k�y|{�} ¾



³ �+��´+�hM�W
 î

ï ð ´ §��W��
§��� 
 ´��W� ´ � ��§§
 ´ ��� � � 
 �D����
�� �ñ�
�»	�W���¿�� �W
 �ñª ´ 
��=ò���
 � 
 �3ó��9ª � �W���à §��

� ������������


�°mp��dOo_}»ifv�m�e�k�qf�¼}Ae��rgjiBgj�~}B�|q ý ����{�dPmT�x����d%�;k_dO}T� gl�#kz�~}B�uiB};oç� k_�|qfgT�`
BqQ�~}A�;}Tdr{��r}B�%ozmd¼qf�r{uiSqf{��r}Av|w#eh}T�`����}=�~};o�� gBqèmpq2�´�����um��;}B�|qSmpo'�~};o�� v|w~�#�r�_���T��};�Z{�����k�y|{�} ¾ �Õijm�{�dr}»�~};ozm
�ømpk���o_};�~}T��drk_qrg»�/� v|w~�~�¼�9���T��}Td%�Z{�����kzyx{�}TdQy|{~}Aoç� ���¿mp�r�rk��x} � ���~qf}T��k_�%}T� onmp�h���èm�qf��k��¼} ý o�}Tdqf}jifv���kzyx{�}Td°{~qrk�o_k_dfgB}Td°eh��{��1�A}Tdr{��r}T��ozm»d¼qf�r{uiSqf{��r}Qv|w#eh}T�`����}Z�~}Zo��÷mpqr���;}P�/� v|w~�#�r�9���T��}P��}
dr���|qPe�o�{�d?m�e�e~o�k�ijmp��o�}Bd ¾ ���u� �~}=��k_}T� iB���;e��¼}T�u�~�r}=ozm��AgBqfv����~}	�#}D�;}Bdf{��¼}=�rgjiB}T�A�;}T�|q
e��r��eh��drgT}¬©ÎK�ª ý �~��{�dÑiB���;�;}T�uiB}T�¼���~dËiB}1ièv�mpe�k_qr�r}�e�mp�4{���}1�~}TdfiB�rk_e~qfk_���	�~}TdÑ}��#eúgB�rk_}T�uiB}TdË�~}qf�fm���dc�´}T� q4�Z{�����k�y|{�} ¾ Ê6��dr{�k�qf}��~��{�d4e~�rgTdr}T�|qr}T�r����d4o_}�e��rk_�uiBk_eh}1�~}�o�� }��#ehgT�rk_}T�uiB}�}T�|�#k_dèmL��gT} ýiB}Oy|{~k�����{�d�eh}T�¼�;}Bqrqr�èm?�~}%iB���Ae��r}T�u�~�¼}%o_}Td��;��qfk���m�qfk_����d]y|{�k/����{�d����|q�mp�;}T��g � gBqf{u�~k_}T�
�~}%�=mp��k��B�r})qfv�gT���rk�y|{�}%o�}%e��¼�#iB}Bdfdr{�d��~})qr�èmp��dc�´}T�¼q]�~}Oièv�mp�c��}O�P{�����k�y|{�} ¾

�#¹E¸ ôõ:Y½$� »�»Yö®¦)¥3��<�¼ »^¿�:¢8�£k»§��½ :¢�µ8¤¿$7���»P��: ¼ ½ ¾¤¿$<?>D½ »
Ü�Á]À;Á]À ÷�Æ@Å�U\ÃsÊ1V^È�ÊeË;Ç å�ÆIÅøV�Ã�ËPUAÆ@Å'Å'Ó�Å Ñ ÊeÅ Æ@ÇèùpÆ@Ó

É4}Qe��¼}T�;k_}T�]e�m��fmL���èmpe�v�}Q}Td¼q1�~}Td¼qfk_��g � �~gjiB�¼k��¼}Q{���}O}��~ehgT�rk_}T�uiB}Oq�w�e�kzy|{~}Qeh}T�r�A}BqrqSmp�|q
�/� gBqr{u�~k_}T��o�}%e��¼�#iB}Tdrdr{�d��~})qr�èmp��d��n}T�¼q]�~}Oièv�mp�c��}O�P{����~kzy|{~} ¾

�°mp��d'{���}cqf}To_o_}]}��#eúgB�rk_}T�uiB} ý {��O�·}Bq4�~}��Z{�����d�}Td¼q'}T�|�x�Gwxgcdf{~��{���}]iB}To_o�{�o_}�iBk_��o�}]iB���|qf}����m��xq��~}'o�� vxw~�~�r�_���B��}ÑmT�x}ji6{���}�eh}Bqfk�qf}4yx{�m��xqfk�qfg | ∼ 1% }/�/� {~�Zmp{~qf�¼}'gBo�gT�A}T�|q¢���~}'�|{��;gT�r�mpqr���Akzy|{~} Z gTo�}l�xg ¾úÂ m»�~{��rgT}Z�~{Ie�{�o_dr}?�~}Z�P{�����d1}Td¼q1qf�r�Bd)iB��{��¼qf}P}T� il���;e�mp�èmpk_dr��� �~}Td
qf}T�;e~d�ijmp�èm�ilqfgT�¼k_drqrkzyx{�}Td��~}Td¢e��r��iB}Tdrdr{�d��~}�qf�fm���dc�n}T�¼q¢gBqr{u�~k_gTd ¾GÏ �;�;gj�~kzmpqr}T�;}T�xq mpe��r�Td mT�x��k��
gBqfg»k����·}jilqfgTdZ�um���dPozm�il}To�o_{�o_} ý o_}TdP�Z{�����dPdr���|q?ijmpe~qr{��rgTdPe�m��Qo�� v|w~�~�¼�9���T��}=}BqPo�}BdZ� ¾�Â }Td�Z{�����d6ijmpe~qf{��rgBd��ump��d6o_}Td6gBqèmpqrd6}��~iBk_qrgTd��~} ( � µ) �r}lqf���Z�h}T�|q6�fm�e�k��~}T�;}B�|q��ump��d6o�� gBqèmpqV�n���	��um��A}T�|qSmpo�}T�=gT�;}Bqrqèm��xqË�~}BdÑ�fmjw�����d;i ¾ É4}Bqrqr}�gT�;k_drdfk_���=}Td¼qÑ}T���¼}���k_d¼qf�¼gT}1eum��4{��D�~glqf}jilqr}T{��
m�iBiB���r�~g	df{~�?{���}	�~}TdZqf�fm���drk�qfk_����d?�èm��~kzmpqrk_��}TdA�~}	o���m�qf���;}D�Z{�����kzyx{�} ( � µ)n → ( � µ)1s

¾
�°m���dPo�}BdZdreh}jilqr�r}TdPe��rgTdr}T�|qrgTdZdr{��QozmO�[��{��r} | K ¾ µ4} ý o_}De~kzi=�/� k_�|qr}T��drk_qrg=����dr}T� �xg	m�{ �~gB��{~q�~}=oç� }T���r}���k_drqr�r}T�;}B�|qZ}Td¼q?ijmp�èm�iSqfgT�rk_d¼qfk�y|{�}	�~}DiB}=e�v�gT�����;�T��}D�~}D�¼}Tozm)�um�qfk_��� �èmpe�kz�#} ¾ É4}��

K_K



K�º É4v�m�e�k�qf�¼}2K ¾ Ê��~ehgT�rk_}T�uiB}%e��r��eh��drgT}

eh}T�u�ump�|q ý o_}Td°�P{�����d1dr���xq)�»mp�����rk�qSmpk��¼}T�;}T�|q)ijmpe~qfgTd°e�mp�1oç� v|w~�~�¼�9���T��}?y|{�k�}Td¼q°}T�>���èmp�u�~}y|{�mp�|qfk�qfgZ��m���d1ozm=il}To�o_{�o_} ¾¬Â � v|w~�~�¼�9���T��}P�Z{�����k�y|{�} (pµ) m�k_��drk��´���r�AgPdr}Qqr�r��{~�x}P�um���d1{��gBqSm�q1qr�r�Td1}��~iBk_qrg | n ∼ 14 } ¾ Ê6��{���qr}T�;e�d�qr�r�Td°iB��{��¼q ý iB}Td)mpqr���A}Td1�r}B��k�}T���~}T�|q)�um��~d°o_}T{��gBqSm�q2�´���u�ump�;}T�|qèm�oKe�m��){�� | ��{ {���};iB���P��k��um�k_dr���/}°�~}Td%�;���~}TdQ�~}A�¼}Tozm)�um�qfk_���©dr{�k���mp�|qrd»s�~gTdr}���iBk�qSm�qfk_���M�èm��~knm�qfk��x}°e�m��ÑgT�;k_dfdrk_�����~}°�èmTwx����dui �;��{�d ý gT�Ak�drdrk_���	�����	�èm��~kzmpqrk_��}%�/� {��gTo_}jilqf�¼��� ��{s��}T� ý ��{ }T��iB���¼}We�mp�;�r}Tozm)��mpqrk���� iB��o�o_k_drk�������}To_o�}ImT��}jiMoç� v|w~�~�¼�9���T��} ¾ �]��}O�´��k�d�um��~d�o�}B{��cgBqSm�q��´���u�ump�;}T�|qèm�o ý k�o_d�eh}T{~��}T�|q�}T�|qr�r}T�c}B�Wil��o_o_k�drk_����mT�x}ji)�~}Tdc� e��rgTdr}T�xqfd]��m���d
onm?iB}To_o�{�o_}Odr{�k���mp�|q]ozm?�¼gGm�ilqfk_���©s

(pµ)1s + � → p+ ( � µ) | K ¾ µ4}
Â }Td ( � µ) dr���|q �´���r�;gBd���m���dM�~}Td	gBqSm�qfdDqf�r�BdM}��iBk�qfgTd ¾ËÂ }T{��M�#gTdf}��iBk�qSm�qfk_��� e��¼�#�~{�k�qm�o_���rd��~}Td]�èmTwx����d�i��~{��rd]�~}aÙu{����¼}TdfiB}T�uiB} ¾ ��o���mpk��~}P�~{��~gBqr}jilqf}B{��1m�iTil���r�~gQdr{���onm?�D
T�;}

qf�èmp��drk�qfk_�����èm��~kzmpqrk_��} ( � µ)n → ( � µ)1s
����eh}T{~q°dr{�k��#�r}Po�� gB�x��o_{~qfk_����qf}T�;eh���r}To_o_}?�~}ZiB}Bq¼qf}

gT�;k_drdfk_��� ¾ Ã]��qf����d]y|{�}%ozm?�¼gGm�ilqrk����W�~})qr�èm��~d��n}T�¼q���� }Td¼q�e�mpd]ozm?dr}T{�o_}Oijmp{�df}O�#}O�~k�dre�mp�rk�qfk_���
�~}Td6v|w~�~�¼�9���T��}Td6�P{����~kzy|{~}Td ¾ ��}T{	�;mp{~qr�r}Td6e��¼�#iB}Bdfdr{�d6}T�|qr�r}T�|qKe��rk_�uiBk_e�m�o_}T�;}T�xq�}T�;iB���;ehg��
qfk�qfk_���;mT�x}TiËo_}Ñqf�fm��~d��n}T�¼q6�~}Ë�Z{���� ý k_o~dj�÷mL��k_q6�~}Ëonm1�~k_dfe�mp�rk�qfk_���;�~}Td (pµ) e�mp�6�~gTdrk_�|qfgk���fmpqrk������mpqr{��r}To_o_}Q�~}%�Z{�����}Bq]�~}%onm¬�´���¼�=m�qfk_���W�~}%ozm?�;��o�gTiB{�o_} (ppµ)

¾

Ü�Á]À;Á{Ï úSÇ�É�Ö1o�Å+ÆÒå�Ó Å&V2Æ�U8È	Ã�Æäå�Æ Ã�É¢o�Ë�Ç�Åüû

C
o

u
p

s

Temps (ns) ýaþ ÿþ

C
ou

ps

Temps (ns)

N ²ó«PO K ¾ µ Ó=��àuÝèælÜøìèÝèâQÚxÝ)ìfápÛ|×pð~â � Ý¼ùlà[¨lìSå´Þ=ÝSð�Ü·ápØ�ùMÚ�ÝPÚp¨SâjÝrù�æSåóÜ·á�Üøå�×pð ÚxÝ ( � Ý µ) � ��ê�Ø�ìèÝQÚxÝÚpìf×påóÜ·ÝSßÑÝrù�ÜøìfápåóÜËÚxÝ����	��
�	ÝlÜ ( ö]ì µ) � ��ê�Ø#ìfÝZÚxÝ°ê|ápØuæSä�ÝSßÑÝrù�ÜøìfápåóÜËÚxÝ�������
��xô
Ã]��{�d�m�o_o_����dË�=m�k_�|qr}T��m��xqc�;���|qf�¼}T�ËiB���;�;}T�|qËo���mp��m�o�w#dr})�~{	dfeh}jiSqf�r})�~}°�èmTw�����dui eh}T�]�

�;}BqO�~};�~glqf}T�r�Ak���}B�%ozm=��mpo_}T{��O�~{ qèm�{'� �~}?qr�èmp��dc�´}T�¼q%�P{�����k�y|{�}?df{~�%o�� gBo�gT�A}T�|qO�YiB����dfk��
�~gT�rg ¾�Â � �E�#w	���T��}Q}Td¼q1{~��ijm�d�e�mp�¼qfk�iB{�o_k_}T�°yx{�k¢dr}T�fm;e��¼gTdr}T�|qfgZmp{�e�mp�èm����fm�e�v�}Qdr{�k���m��|q ¾hÂ }Td
dreú}Tilqf�r}Bd%���~qr}T��{�dQmT�x}jiZo�}?��gT��� }lqOo��÷m��c����� | �x��k_���[��{��¼} | K ¾ µ4}c}��;���|qr�r}T�|q°qf��{�d%o�}?�D
T�;}q�w#eh}?�#}?iB���;eh���¼qr}T�;}T�|q?sú{��Ie�k�iZ�/� k_�|qr}T��drk_qrgAil}T�|qf�¼g � q = 0 ý df{~k_�#k �/� {���}?�#gjiB�r��k�drdèmp�uiB}}��~eh����}T�|qfk_}To_o_} | ����qr}T�4o�� {~qfk_o_k_dSm�qfk_���M�/� {���}�gjièv�}To_o_}1o��_�xm��¼k_qrv��;k�y|{�}1}T�=���r�~������gT}Td} ¾ ÉÑ���;�;}����{~dco��÷mj������d4�#{	e��¼gjiBgj�~}T�;�A}T�|q ý o_}°e�k�i°�/� k��xqf}T��drk�qfg°}Td¼qË}Tdrdr}T�|qfk_}To_o_}T�;}T�|q��0� � ozmZijmpe~qf{~�r}



������������������� ��� ���.�}� �.' Ä��P����%���%(-��?� K �

�~k_�r}jilqr})�~}TdÑ�Z{�����dËeum��4oç� gTo�gB�;}T�|qËo_��{��r� ¾ t���{��ËiB���;e��r}B�u�~�r}1oç�÷m�o_o_{��r})�#})iB}BdËdreh}jilqf�¼}Td�mp{	�
qf}T�;e~d�{�o_qrgT�rk_}T{��rd ý ����{�d1mpo_o�����d�ijmpo�iB{�o�}B�]o�� k_�|qr}T��drk_qrg Ï | q}Ë�#}Td]�èmTwx����dji�gB�;k�d ¾

Ü�Á]À;Á�Ü � Ó^Æ@Ö]ã¯Ó�ÆIÅ å^Ä È�Ç�ÊñÈ�ÊeË;Ç�Å V�Ã�Ä@Ö]ÊeÑ ÊeÇ�É�ÊeÃ�ÆIÅ
Â }Ë�;gTozm��s��}j�|m��T}T{	� | q

2 + �a}¢}Td¼q'iTm��fm�ilqrgT�rk_drg�eum��Kdèm)�#}T��drk_qrg]mpqr���;k�y|{�}Ëk��~k_qrknmpo_}�����qfgT}
n }Bq)o_}Td)iB���uiB}T�|qr�èm�qfk_����d)}T�Ivxw~�~�r�_���B��};m�qf���;k�y|{�}Z}Bq)}T�IgTo_gT�;}T�xq)� ý ����qrgT}Td°�r}Tdreh}jilqfk��x}��;}T�|q)i

p
}Bq%i�� ¾¬Â }Z�����Z���¼}?�~}?�P{����~d)y|{�k k_�|qf}B�èmL��k_drdf}B�|qQmT�x}TiZiB}¬�|m��?}Bdrq°df{	Û»dèm��A�;}T�|q

eh}Bqfk�qceh��{��cy|{�} n ý i p }Bqci��Ze�{�k�drdr}T�|q¯
Bqf�r}°iB���~dfk��~gT�¼gTd�iB���;�;}°iB����drqèm��xqfdÑqf��{~q�m�{	o_���s�?�~}onmZ�;}Tdr{��r} ¾
Ã]��{�d)����qr}T�r����d λ �	o�}Zqèm�{	� �~}Zqr�èmp��d��n}T�¼q)�Z{�����k�y|{�};m�drdr�#iBk_g � ozmD�rgGm�ilqrk���� | K ¾ µ)} ¾ É4}qSmp{	�Z}BdrqK�����r�=mpo_k�drg � {���}c�~}T�~dfk�qfgË�/��m�qf���;}TdK� g��|mpo_} � iB}Bo�o_}c�~}Ëo�� v|w~�#�r�9���T��}Ëo_k�y|{�k��~} n0 =

4.25 1022 m�qf���;}Td /cm3 ¾ ��k ϕ �¼}Te��rgTdr}T�xqf}�ozmc�~}T��drk�qfg4m�qf���;k�y|{�}��¼}Tozmpqfk��x}��~{O�;gBonmp�s��};�|m��T}T{	�e�m��Q�èmpe�eh���¼q � n0
| ϕ = n/n0

} ý o�}»qèm�{	�¿�~}»qf�fm���dc�´}T� qP����dr}T� �xg=}��~ehgT�¼k_�;}T�|qSmpo_}T�;}T�|qP}Tdrq�~���~��g4e�mp�4s�i � ϕλ � ¾GÂ m]�~k_dfeum��¼k_qrk����Z�~}Td (pµ) e�m��@�´���r�=m�qfk_���P�~}'ozm��;��o�gTiB{�o�} (ppµ) dr}T�èm��~}onmO��
T�;}��=mp��k��B�r}°ijmp�èm�ilqrgT�rk_drg1e�m��4{��»qSmp{	� λppµ ý �����r�=mpo_k�drg1eh��{��4{���}°�~}B��dfk�qrg°�/��m�qf���;}Td�/� v|w#�~�r�_���T�~} n0
¾ Ã]��{�d»����qr}T�r����d=}T���u� λ0

o�}�qSmp{	� �~}��~gTdrk_�|qfg����èm�qfk_��� �èm��#k��xm�iSqfk��x}��~{
�Z{���� ¾xÈ �Aeh}T{~q4m�o_���rd��~gk�u��k_��{~�?qSmp{	�N��o_����m�ou�~}��~k_dre�mp�rk�qfk_���;�~}Td6v|w~�~�r�_���T��}Td��Z{~����k�y|{�}Td
Λp

s

Λp = λ0 + ϕ( i pλppµ + i�� λ � ) | K ¾ ¸9}
mT�x}Ti

�uÃ
pµ�#q | q�} = −Λp

Ã
pµ
| q�} | K ¾ K+}

�_Í�Ã
pµ
| q�}4}Td¼q]o_}%�����P���r}O�~} (pµ)

� oç� k_��drqèm��xq�q ¾

Ü�Á]À;ÁHß ë9Ç�È	Æ@Ç�Å	Ê7È�Ääå�ÓÝÅ&V2Æ�U8È	Ã�Æ
ÊK� dr{�e�eh��dSmp�|q?o_}De��¼�#iB}Tdrdr{�d?�~}	�~gBdf}��~iBk_qèmpqrk_��� �~}Td ( � µ) {�o�qr�èmW�èmpe�kz�#}	e�mp�P�èmpe�eh���¼qm�{	�?�~k�²¬gB�r}T�|qrd6e��r��iB}Tdrdr{�d��~}Ëqr�èmp��dc�´}T�¼q�Ú ý oç� k��xqf}T��drk�qfg Ï | q}¢}Td¼q��~k��¼}jilqf}T�A}T�|q6e��r��eh��� qfk_���~��}To�o_}m�{Mqèm�{	�M�~}2�n���¼�=mpqrk����W�~}Td ( � µ) ý dr��k_qOs

Ï | q} ∝
�uÃ��

µ�#q | q} | K ¾ º'}
�_Í Ã �

µ
| q}Q}Td¼qAo_}M�����Z���r}M�~} ( � µ)

� o�� k_��d¼qSmp�|q?q ¾KÂ �÷m�{s���;}T�xqSm�qfk_���§�~{ �����Z���r}M�~}
( � µ) }Td¼q]o_k_gT} � onm?�¼gGm�ilqfk_���W�~})qf�fm���dc�´}T� q | K ¾ µ)} ¾hÈ ��m?�~����i;s

�uÃ��
µ�#q | q} = i � ϕλ � Ã pµ | q} | K ¾ � }

ÊK�WiB����drk��~gT�fm��|q Λp
iB����d¼qSmp�|q]���Mqf�r��{~�x}%�/��mpe��r�Td | K ¾ Kp}°s

ç! ípò�ó�ó4òð7ô
τd
ùÎôgð7ô`÷uö��IïcéÌìñéï�ð7ë]ì7í	��ðñí	�Eÿ4ô;ú4ôVú4ë}��ôeõ)ï]í�ð�é�ðñíøò�ó&v)òkó�é

τd ∼ 10−14
��



K � É4v�m�e�k�qf�¼}2K ¾ Ê��~ehgT�rk_}T�uiB}%e��r��eh��drgT}

Ã
pµ
| q�} = Ã 0

pµe
−Λp

q | K ¾ � }
mT�x}jiOÃ 0

pµ = Ã
pµ( q = 0)

¾�Ï o¬�#k�}B�|q��~���ui
Ï | q} ∝ Ã 0

pµ
i�� ϕλ � e−Λp

q | K ¾ M9}
È �%�r}Bqr�r��{~�x}K��k�}T�%o_}'iB���;eh���¼qr}T�;}T�|q�}��~eh���~}T�|qfk_}To����~qr}T��{%}��~ehgT�¼k��A}T�|qSmpo_}T�;}T�|q ¾ ÉÑ������mpk�d]�

dèm��|q λ0
}Bq λppµ ý ozm]�;}Tdr{��r}Ñ�~}Ñonm]eh}T�|qr}c�#}ËiB}Bqrqr}ËiB��{��¼�h}4qf�èm�iBgT}Ñ}T�ZgTièv�}To_o�}Ño��_�xm��rk�qrv��;k�y|{�} ý�~���~��}]ozm°��m�o_}T{��'�~{Aqèm�{	�A�~}cqf�èmp��dc�´}T� q λp ¾ �¢�x}jiciB}Bqrqr}��;gBqfv����~}����Aqf�¼��{#�x}�e�mp��}��~}T�Ae�o�}Os

λ �#" = 1.63[9] 1011s−1 © º�¹�ªñ}Bq λ $�% = 0.849[2] 1010s−1 ©�K9b�ª ¾

Ü�Á]À;Á�Ï º%É�Å å�ÆäÖkØHË'&3ojârqIÇ�Æ
Â }TdQ}��~ehgT�¼k�}B�uiB}TdP�rgGmpo�k_drgT}TdP}T� µ�b_b9KWe�mp�¤� ¾�½ {�o_v�mp{�df}B�P}Bq¬q ¾ �#ièv���}T{�þ�o�w©dr{��Oo�}=�~k��

�4��w~�~};�~}Adr��{s�´�r} | � È
2
}�©®M4ª ý ���|q%eú}B�r�;k_dO�/� gBqr{u�~k�}B�%o�}?qr�èmp��dc�´}T�¼qO�~}A�Z{���� dr{��)oç� �E�#w	���T��} ¾Â }�dreh}jilqf�¼}]�~}��fmjw�����dVi,���~qf}T��{A}Tdrq�e��¼gTdr}T�|qfg¯�[��{��¼} | K ¾ ¸9} ¾ É4}Bqrqf}cgBqf{u�~}c�;}Bq�}T�;gB�#k��~}T�uiB}{���}Zd¼qf�r{�ilqf{��r}Pe�mp�¼qrkziB{�o_k_�T�r} � �~}T{	��}��~eh���~}T�|qfk_}To_o�}BdOy|{�k���}ZiB���¼�r}Tdreh���u�Ieum�d%mp{ iB���;eh���]�

qf}T�;}B�|qQqr�r��{~�xg»e��¼gjiBgj�~}T�;�A}T�|q ¾ t���{��Oqf}B�|qf}T�Q�/� }�~e�o�k�y|{�}B�ZiB}»�rgTdr{�o�qSm�q ý Ð®}T� qfv��¬«�o_o_}T�Q}Bqdr}Td=iB��o_ozm��h���èm�qf}T{~�rd=dr{�e�eh��df}B�|qDy|{�}�o_}�qSmp{	� �#}�qf�fm���dc�´}B�¼q»�Z{�����k�y|{�}Wdr{��;o�� �E�#w	���T��} λ (�~gTeh}T�u�W�~}%o�� gT��}T�`��k_}QiBk_��gBqrkzyx{�}Q�~}Td (pµ) © ¸�ª ¾ �1k_��drk ý �~}Td (pµ) �����Mqfv�}T�¼�=m�o_k_dfgBd]eh��{��]y|{�ko�}De��¼�#iB}Tdrdr{�dA�~}=qr�èmp��dc�´}T�¼qZdr}T�èmpk_qZe�o�{~d?}kÛ»ijm�iB}	y|{�� � o�� gT��}T�`��k_}Dqrv�}T�r�;k�y|{�}De~�r�#�#{�k��fm�k_}T�|q
onmD�~gjiB�¼��k_drdèm��uiB}?e�o_{�d%�fm�e�k��~}?����df}B�¼�xgT}Am�{	��qf}T�;e�d%il��{�� qfd ¾ t���{��%�#}Td°qf}T�;e�d)e~o�{�d)o_���s��d ýonmZqfv�}T�¼�=mpo�k_dèmpqrk����W}Td¼q]qr��qèm�o_}O}Bq�o_}Odreh}jilqr�r}O�r}Bqr�r��{~�x}%o�}QiB���;eh���¼qf}T�A}T�|q]����dr}T� �xgPmT�x}ji%o_}Td
m�{~qr�r}Td�gTo_gT�;}T�|qrd ¾

Ü�Á]À;Á�) Ù ÃsÊeâ;Ê]Ç�Æ V�npo^Å'Ê]ã¯Ó�Æäå^Æ@Å
(pµ)

Ç�Ë�Ç È4n^ÆIÃsÑáÉ;Ö]Ê]Å+Ä@Å
Â m=e��r}T�Ak��T�¼}Ay|{~}Tdrqrk���� y|{~kK����{�d°�#k_}T�|qOm�o_���rd � o�� }Tdre��rk�q%iB���uiB}T�r��}?o�� ���rk���k_��}?e�v|w#drk�y|{�}

�~}ZiB}Td1v|w~�~�r�_���T��}Td°�Z{�����k�y|{�}Td1������qrv�}T�r�=mpo_k�drgTd ¾ �]��}P}��#e�o�k�ijm�qfk_��� eh��drdfk_��o_}Z}Td¼q°�~������gT}
e�m��'o�� gBqr{u�~}1�~}Td'e��r��iB}Tdrdf{~dË�~}��~gTdr}���iBk�qSm�qfk_���	�~}Td (pµ) �´���r�AgTd¢��{~drqr}°mpe��r�Td'oç� k����·}jilqfk_���	�~}Bd�Z{�����d%�ump��d)ozmDiB}To_o�{~o�} ¾ Ê6� }k²ú}Bq ý iB���A�;}Z����{�d)oç�÷mT�x���~d%�~g¼� � �;}T�xqfk_�����~g?e�o�{~d)v�m�{~q ý {���~}=iB}TdQ�;�#�~}BdZ�~}=�~gTdr}���ilk_qèmpqrk���� iB���r�¼}Tdfeh���u� � {���}=iB��o_o�k_drk����®dr{��P�~}Bd?m�qf���;}TdP�/� vxw~�~�r���
���T�~}1�~{=�AgTonmp�s��} ¾|Â � gT��}T�`��k_}�k_�|qf}B�r��}1�~}Td'��k��x}Gmp{	�»}��~iBk_qrgTd4}Td¼qËmpo����rd4iB���|��}T�¼qrk�}]}T�»gT��}T�c��k�}
iBk_��gBqfk�y|{�}Py|{�k¢dr}O�rgTe�mp�¼qfk�q1}B�|qf�r}Oo�}Bd°�~}T{'��iB���¼e�d�}T�|qf�fm��|q�}T��iB��o_o�k_drk_��� ¾ �1}Bd°ijmpo�iB{�o_d�qfv�gT���
�rk�y|{�}Td��rgjiB}B�|qfdt© º|¸)ª�mpe�e�{~w�gTd]e�mp���~}Td��rgTdr{�o�qSm�qfd�}��~ehgT�¼k_�;}T�|qSmp{	�M�;}T��gTd�mT�x}Ti%�~}Td�m�qf���;}Td
�/� v|w#�~�r�_���T�~}	e�k_����k�y|{�}Bd�© ºx¸ ý º9K�ª ý �;���|qf�r}B�|qAyx{�}Donm��~k_drqr�rk_��{~qfk_��� gT��}T�`��gBqrk�y|{�}M�~}Td (pµ)m�e��¼�Td��~gTdr}���iBk�qSm�qfk_����}Td¼q�o_��k_���/�Î
Bqr�r}O{���}Q�~k_d¼qf�rk_��{~qrk�����qfv�}T�r�»m�o_k_dfgB} � ozm?qf}B�;ehgT�èm�qf{��¼}Q�~}
onm%iB}To_o�{�o_} ¾ tKo_{�d4e��¼gjiBk�drgT�A}T�|q ý }Bo�o_}�e~�rgTdr}T�|qr}1�~}B{	�»iB���;eh��dèm��xqf}Td4e��¼k_�uiBk�e�mpo_}Td1sx{���}1mp{~qf��{���~}]o�� gT��}T�`��k_}�qfv�}T�¼�;k�y|{�} Eth ' 0.04 } Î }Bq'{���}1m�{#qf�r}�iB}B�|qf�¼gT}1mp{~qf��{��4�/� {���}]gT��}T�`��k_}�iBk_��g��qfk�y|{�} Ec ≥ 10 } Î | �x��k��;�[��{��r} | K ¾ Kp}c} ¾|Â m)qfv�}B�r�=mpo�k_dèm�qfk_���=e��¼�9���r}Tdrdrk��x}1�~}�ozmO�~k�d¼qr�rk_��{~qfk_���e�o_{�dËgT��}T�c��gBqfk�y|{�}°}��#e�o�k�y|{�}%mpo_���¼dËozmQe��rgTdr}T�uiB})�~} (pµ) }T�uiB���r}°�����Dqrv�}T�r�=mpo_k�drgTd�mp{	�~gT��{~q�~}%o�� }T���r}k��k_d¼qf�r}B�;}T�|q��~{�dreh}jilqf�¼} ¾
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C
ou

ps

Temps (ns)

N ²ó«PO K ¾ ¸ ÓJ��àuÝfæBÜøìèÝ�ÚxÝ�ìfápÛ|×�ð�â � Ýrùlà[¨lìSå´Þ»Ýlð�Ü·á�ÙuÚxÝ1Úp¨SâjÝ¼ù�ælåóÜ·ápÜøåç×pð�Ú�Ý�Ù õ ×Tù�Ûjê+°lð¬ÝcÞ?Ø�×�ðuå7·lØuÝSß
Ýrù�ÜøìfápåóÜËÚxÝ����+*,
Bô
Ü�Á]À;Á�- . Ëjå"qIÖeÆäÔ å�Æ@Ó/&HUAË�Ñ V2Ë�Å+É�Ç�È�ÆIÅ

tK�rk��xgTd]�~}°qf��{#qf}%e��¼gB�#k_dfk_���Mqfv�gT���rk�y|{�}%dr{��conm?�~gTeh}T���um��uiB}O�~{MqSmp{	���~}°qf�èmp��dc�´}T� q�mj��}ji
oç� gT��}T�`��k_}AiBk_��gBqfk�y|{�}A�~}?iB��o�o_k_dfk_��� ý Ð®}T� qfv��¬«~o�o_}T� ÝBÜ�á�Ù_ô e��¼��eh��df}B�|q){�� �;���~�To_}?drk��Ae�o�k��ug ��~}T{	�=iB���Aeú��dèmp�|qf}Td�© ¸�ª ¾�Â }�qèm�{'�D�~}]qf�fm���dc�´}T� qÑ}Td¼qcm�o_���rdË�#gjiB�rk�qÑe�m��4ozm2�´���uilqfk_���=df{�k���m��xqf}Zs

λ ( ( Ê ) =

{
λth( eh��{���Ê ≤ Ê 1

λe( eh��{���Ê
1 ≤ Ê ≤ Ê 2

| K ¾ ¶+}

�_Í λth( = 0.85 1011s−1 }Td¼q;ozm���m�o_}T{��?qfv�}T�¼�;k�y|{�}W�#{�qèm�{	���~}	qf�fm���dc�´}B�¼q»�~gBqr}T�r�;k_��g
e�m��Po_}	iB���;eh���¼qf}B�;}T�|qAmp{	�¿qf}T�;e~dZo_������d?�~{ dreh}jilqr�r}	�~}=�èmTwx����d¤i ¾ λe( ý Ê 1

}BqAÊ
2
dr���|q

�~}TdQe�mp�èmp�;�Bqf�¼}TdZmp�·{�drqèm���o_}TdP�~{¿�;���~�To_} ¾ Ê
1
�r}Te��¼gTdr}T�|qf};oç� gT��}T�c��k_}=iBk���glqfk�y|{�}=}B�®�~}Tdrdr��{�d

�~}�ozm�y|{�}Bo�o_}�o_}Td (pµ) eh}T{~��}T�|q�
Bqr�r}�iB����drkz�#gT�rgTd	iB���;�;}�qfv�}B�r�=mpo�k_drgTd ¾ Ê 2
���~}�o�� gT��}T�c��k_}

�=m4�~k_�=m�o_}P�~}Td (pµ) ������qfv~}T�r�=mpo_k�drgTd°y|{~}Po�� �����~���;�A} ¨·àhåóÜóä~ÝlìlÞZå7·lØuÝSâ }Bq1eh��{���o_}Tdfy|{�}To_do�}DqSmp{	� �~}	qr�èmp��dc�´}T�¼q?}Td¼q;gk�|mpo � λe( ¾ �[e�m�� qfk_�A�~}MiB}M�;���~�To_} ý �#}TdAdrk��P{�ozmpqrk�����d ½ ���xqf}Écmp�ro_� �~{ dreh}jilqr�r}	�~}D�èmTw�����dti[���|q?eh}T�¼�;k�d?�¬��mp��{�d¼qr}T�Zo_}TdP��mpo_}T{��rd?�~}	iB}TdZe�m��fm��;�lqf�r}Td ¾È �Wqf�r��{~�x}=shÊ
1 ' 0.11 } Î ý Ê 2 ' 0.22 } Î }lq λe( ' 3.9 1011s−1 ¾ ÉÑ}Td��rgTdr{�o�qSm�qfd��;}Bqrqr}T�|q

}T� ��mpo_}T{��O{���}=�~gTeh}T���um��uiB}F�n���¼qr}»�~{©qèm�{'�©�~};qr�èmp��d��n}T�¼qQ�P{�����k�y|{�};dr{��Oo�� �E�#w	���T��}=mj��}ji
oç� gT��}T�`��k_}QiBk_��gBqfk�y|{�}O�~}Td (pµ) m�{M����k_drk���m���}Q�~}%o�� gT��}T�`��k_}%qfv~}T�r�;k�y|{�} ¾Ã]��{�d°m�o_o_����d1�=mpk_�|qf}T��mp�|q�����k_�1iB���;�;}T�|q1iB}Bq¼qf}P�~gTeh}T�u�ump�uiB}Peh}T{~q�
Bqf�¼}P�Ak�dr} � e��¼�_��q
eh��{����A}Tdr{��r}T�conmZdrqr�r{uilqr{��r}%vxw#eh}T�`�u��}O�~}%o�� v|w~�#�r�_���T��}%�Z{�����k�y|{�} ¾



K�¶ É4v�m�e�k�qf�¼}2K ¾ Ê��~ehgT�rk_}T�uiB}%e��r��eh��drgT}

0

2

4

6

8

10

12

14

16

18

20

0.0001 0.001 0.01 0.1 1 10 100021435+6

78 9: ;8< =
:8 > ?@ A ?
A ;B:8 C=
A DFE 3�GIHKJMLONP3

Q E�R N�SP3

N ²ó«PO K ¾ K ÓUT°ånâlÜøìSå�SlØ#Üøåç×pð�âh¨lð¬Ýlìçê+¨BÜøå{·lØ�ÝSâMðú×pìlÞ»á�Ù�åzâE¨èÝSâ�ÚxÝSâ � pµ � ápØ,Úp¨(SlØ#ÜAÚ�Ý�Ù¼õ Ýlð�ìèÝòê�åzâ�yÜøìfÝlÞ=ÝlðuÜ�Ú�ÝQâòàuÝèæBÜøìfÝGôWVñá�X�°èæSä~ÝPå´ð¬Úpå{·lØ�Ý?Ù_ÝQâjÝlð�âAÚxÝ?Ù�á	Üóä~ÝlìlÞ»á�Ù�åzâjá�Üøåç×�ð ÚxÝ?Ù�á�æè×pÞ1àu×Gâjápð�Ü·Ý
æSä�ápØuÚxÝGô

�#¹�6 ô«ö®¦Â¥P��<k»�¿$ �»§¦=�T¾�¦<¾�7�¥j»
Ü�Á{ÏjÁ]À . Ëjå�Æ ËrV2ÄIÃ�ÉYÈ�Ë;ÊeÃ�Æ

Â }	e��rk_�uiBk_eh}W�~}	oç� }��~ehgT�rk_}T�uiB}Me��r��eh��dfgB}�e�mp�?� ¾ ���um��»i��GmL ÝBÜPá�Ù_ô eh��{~�A�;}Tdr{��¼}T�?onmd¼qf�r{uilqr{��r}cv|w#eh}T�`�u�~}]�~}�oç� v|w~�~�¼�9���T��}��Z{�����kzyx{�}�}Td¼q'e��¼gTdf}B�|qfg�dr{��6onm��[��{��r} | K ¾ º+} ¾ ÉÑ���;�;}�um��~d6o�}Td6}�~ehgT�rk_}T�uiB}Td6e��rgjilgj�~}T�|qf}Bd'�~}Ë�;}Tdr{��r}c�~{ZqSmp{	�?�~}Ëqf�fm���dc�n}T�¼q ý {��)��}Bq��~}Ë�Z{�����d6}Bdrq}T�|�x�Gwxg1dr{��4{���})iB}To_o_{�o�})iB���|qr}T��m��xq��~}1o�� v|w#�~�r�_���T��}%mT��}ji�{���}°eh}Bqrk_qr})y|{�mp�|qfk�qrg)�/� �4��w	���T�~} ¾È �W}B���r}���k�d¼qr�r}Pmpo����rd�o�}%dreh}jilqf�¼}Q�~}�Ùu{����¼}TdfiB}T�uiB}Q�~}Td]�E�#w	���T��}Td��Z{�����kzy|{~}Td1m�k_��drkI�´���r�;gTd ¾Â m»qfv~}T�r�=mpo_k�dèm�qfk_����qf��qSmpo�}?�~}Td (pµ) }Td¼qOmpq¼qf}Tk_�|qr}Am�{I�h��{~q%�/� {���qf}T�Ae�d1q 0 df{�Û;dèm��A�;}T�|q���fm��u� | ∼ 300 ��d} ¾ ÉÑ}Td�mpqr���;}BdWdr} qf�¼��{~��}T�|q�mpo_���¼d��um��~dWo_}T{���gBqSm�q��´���u�ump�;}T�|qSmpoO�~}
d¼qf�r{uilqr{��r}�v|w#eh}T�]�u��} | � = 0 } ¾xÂ }�dfeh}jiSqf�r}]����dr}T�¼��g]}Td¼q'dfk_�;k_ozm�k_�r} � iB}To_{�kh�#}]onm��[��{��r} | K ¾ ¸p}eh��{��cq ≥ q 0 ¾È � dr{�e�eh��dr}��=mpk_�|qf}T�um��|qDy|{�}�o�� ��� �~k_dfeh��dr}I�/� {�� ozm�dr}T�D�~���|q=onm%�´�¼gjy|{�}T�uiB}�}Td¼qMm�i�
iB���r�ump��o�};mp{~qf��{��%�~}?ozm��´�¼gjy|{�}T�uil} fhf �~}Zonm»qf�èmp��drk_qrk_��� v|w#eh}T�]�u��} (pµ)

�
=1

1s → (pµ)
�

=0
1s| ∆EHFS ' 0.18 } Î ý dr��k�q fHFS ' 4.35 1010 Í2q^�)} ¾ � {�� k_��d¼qSmp�|qZq

1 ≥ q
0
ý ��� }T�|����k_}o�}#�óm�k_dfiB}Gmp{ ozm�dr}T�Pdr{��QonmWiB}To_o�{�o_}=}BqZ���®��m�ozmpk�}=dSmO�´�¼gjy|{�}T�uil}Mmp{~qf��{��Z�~} fhf ¾¢Â ���¼dfy|{�}=onm�´�rgTy|{�}T�uiB}Q�~{�ozm�dr}T��e�mpdfdr}%e�m�� fhf ý {���il}T�¼qSmpk_�W�����P���r}O�~} (pµ) df���|q]}��~iBk_qrgTd]}Bq]e�mpdrdf}T�xqdr{��]o�}O��k_��}Gmp{��~}Qd¼qf�¼{uilqf{��¼}a�u��}Q}���ilk_qrg | � = 1 } ¾ tKmp�]�r}Tozm4�um�qfk_����iB��o�o_k_dfk_������}To_o�}?mT�x}TiQ�~}Td�;��o�gjiB{~o�}Td	�/� v|w~�~�¼�9���T��} ý k_o�d=�r}Bqf���Z�h}T�xqD}T��dr{�k�qf}��um���d=o�}B{��DgBqèmpq#�´���u�um��A}T�|qSmpo ¾ tKmp�DiB}e��r��iB}Tdrdr{�d ý k�o_d����|q4m�iTy|{�k_d'{���}�gT��}T�`��k_}]iBk_��gBqfk�y|{�}�df{�e~e�o�gT�A}T�|qSmpk_�r}]�~}�oç� ���r�~�r}]�#} 0.12 } Î [ ¾Ï o_d)}T�|qr�r}T�|q%�~���uiA�ump��d)o�}?�¼g���k_�;}?gTe~k_qrv�}T�r�;k�y|{�} ¾�Â }Zqr�èmp��d��n}T�¼q)�Z{�����k�y|{�}?dr{��)o�� �E�#w	���T��}

tW�/óOô|Í_ô]ð�v@ùÎôtð7ìñéó�� ~ ô]ì�ð�úpý ë`ó4ô`ì��kíÎô¬íøókð7ô]ì7ó4ô���òkÿ�� ~ ò�ì7÷¯ô¤ï]í®ó4ëeðñí	�Eÿ4ô¬ô��oð�ú4òkó)ó)ë¤ö_òkÿ4ì�ÿ�óOû�{4ú4ì{òw��ü`ó)ô÷�ÿ4òkó)í���ÿ4ôVöLéÌìCÒ
[m Y

2
/(m Y

2
+mpµ)]∆EHFS ∼ 0.12

ô�Zp
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N ²ó«PO K ¾ º Ó Q4ìSå´ðúælå�àuÝAÚxÝZÙ¼õ Ýrùlà[¨lìSåçÝlðúæèÝ�àhìf×èàu×�âE¨èÝcàu×pØ#ìOÞ=ÝSâSØ�ìèÝSìZÙ_á;âlÜøìSØ�æBÜøØ�ìèÝ%ä|ÛSàuÝlì,�6ð¬Ý?ÚxÝ
Ù¼õ ¨BÜòá�ÜhëT×�ð¬ÚxápÞ»Ýlð�Ü·á�ÙñÚxÝPÙ õ ä|Û|Úpìf×fê+°Sð¬ÝOÞZØ�×pðuå{·lØ�ÝGô

gBqSmp�|q;e~o�{�dA}kÛ=ijm�iB} � iB}Bqrqr}MgT��}T�c��k_} ý ���§�~��k_q;����dr}T�¼��}T�A{���}Wm�{����;}T�xqSm�qfk_���§�~}Moç� k��xqf}T�	�drk_qrgQ�~{�dreh}jilqr�r}Q�~}O�èmTwx����d�ibgT�;k_d]e�mp���~gTdr}���iBk�qSm�qfk_�����~}Td (
È
µ)
¾uÂ mN�´�¼gjy|{�}T�uil}P�~{Wonmpdr}T�

eh��{���ozm�yx{�}To_o�}O}Td¼q]����dr}T� �xgT}OiB}Bqrqr}Pmp{s���;}T�|qSm�qfk_����iB���r�r}Tdreh���u�W�~���ui � ozmN�´�rgTy|{�}T�uiB}Q�~}%ozm
d¼qf�r{uiSqf{��r})v|w#eh}T�]�u��}Q�~}%o�� vxw~�~�r�_���T�~}O�Z{�����k�y|{�} ý �~���|q]�������~qfk_}T�|q1mpk���drk�{~��}O�A}Tdf{~�r} ¾

��{~�1ozmD�[��{��r} | K ¾ � }�����{�d)mj������d�dèifv�gT�=m�qfk_drgZo�� gl�x��o�{~qrk���� m�qrqr}T�u�~{�}Z�~}Po�� k_�|qf}T��drk�qfgZ�~}Td�èmTwx����d#i o_���rdfy|{�}�ozm¢�´�rgjyx{�}T�uiB}I�~{ onmpdr}T�=e�m�drdr}�e�mp� fhf ¾4Â m ��mp�rkzm�qfk_���,�~}�o�� k_�|qf}T��drk�qfg}Td¼q%�~k_�r}Tilqf}T�;}T�xq)o�k_gT} � ozm»��mp�rkzmpqrk���� �#}Zoç� }kÛ=ijm�iBk�qfgA�~{Ie~�r�#il}Tdfdr{�d)�~}Pqf�fm���dc�´}B�¼q)}B�|qf�r}Po�}Td
gT��}T�`��k_}Td�qfv�}B�r�;k�y|{�}Td�}Bq]gTe~k_qrv�}T�r�;k�y|{�}Td ¾

�#¹�� |§¥3 �»37¢7�<�:¢¥ê�·²]½�¿ »ê¥´:�½$��» :�¯®¥j¾���<?>D½ »ê��½Ô:¢�µ8¤¿$7��L»P��: ¼ ½�¾�}
¿=<�>F½ »

�������/� gBqf{u�~k_}T�?o�� }kÛ»ijm�iBk_qrg��#}	o_}T{��?�AgBqfv����~} ý � ¾ �]�ump�»ik�Gm� ÝBÜQá�Ù�ô ���|q?�rgGmpo_k�drgM�~}Tddrk��P{�onm�qfk_����d ½ ���|qr}MÉcmp�ro_�I�~{ dreh}jilqr�r}D�~}=�èmTwx����d¤i[�~}Td (
È
µ) ý mT�x}ji»}BqZdèm��~dZozm�dr}T� ©ÎK�ª ¾Ê6� {~qfk_o_k�dèmp�|q=ozm©�~gTeh}T�u�ump�uiB}��~{ qèm�{	� �~}�qr�èmp��dc�´}T�¼q»�Z{�����kzyx{�}�dr{��;oç� �4��w	���T�~}Wqf�¼��{~��gT}

e�m��KÐ®}T� qfv��¤«�o�o_}T� ÝlÜ�á�Ù_ô�ý k�o_d'���|q'�;���|qf�¼g�y|{�}�onm)�;�#�~k���ijm�qfk_���D�~{»dreh}jilqf�¼}�o_���rdfy|{�}]o_}]onmpdr}T�}T�|qf�¼}4}T�Q�rgTdr����m��uiB}ËmT�x}ji�onmcqr�èm��~dfk�qfk_���Pv|w#eh}T�`����}Ñ�~}Td (pµ) ý }Bdrq�dr{�Û»dèmp�;�;}T�xq�k_�;eh��� qSmp�|qf}eh��{��O}k²ú}jilqf{�}T�O{���}»�;}Tdr{��¼}»e��rgjilk�dr}=�~}»o_}T{��Qd¼qf�¼{uilqf{��¼}»vxw#eh}T�`�u��} ¾ ÉÑ}Teh}T�u��m��|q ý onmM�;k_dr}}T��~%{~�#�¼}��/� {���}Dqf}To_o�}M}��~ehgT�¼k�}B�uiB}���gjiB}Tdrdrk�qf}��~}TdAk_��drqèm�o_ozmpqrk�����d;drehgjiBk���y|{�}Td»�~���|qAdr}T{�o�}�
�;}T�|q1y|{�}To�y|{�}Td�k��~drqrk_qr{~qfd1�~k_dfeh��dr}T�|q ¾hÂ �÷m�iBiB}Te~qSm�qfk_���I�/� {��Wqr}To¢e��r����}Bq°�~}Q�¼}jièv�}T�rièv�}Qe�m�drdr}
e�m��OonmMe��rgBdf}B�|qSm�qfk_���®�/� {���}Dm���mpo�w#dr}D�~}F�ømpk_dèm���k_o_k_qrgD�~}»oç� }��~ehgT�¼k�}T��iB}=e��r��eh��dfgT} ¾�Â }»eh��k_�|q
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N ²ó«PO K ¾ � ÓJ�/æSäs¨lÞ»á�ÜøånâTá�Üøåç×pðMÚxÝ�Ù¼õ ÝcÝ1ÝlÜ á�Ü�Ü·ÝlðúÚpØ?âèØ#ì�Ù¼õ å´ðuÜ·Ýlð�âSå´Ü�¨1ÚxÝSâÑìèápÛx×pð�â � ¨lÞ?åzâ�Ù_×pìèâE·lØuÝ
Ù_ÝPÙ_áGâjÝlìËàuá�âèâjÝËàuápìQÙ�á]ëèì�¨Ì·lØ�ÝSð¬æèÝ fhf ô

ièv�mp�r��k_�T�r}P�~}Oozm;e~�r��eú��drk�qfk_�����~}O� ¾ �]�ump�»ik�jmL	}Bq°m�o ¾ }Td¼q1iBozm�k_�r}B�;}T�|q�onm;�~gTeh}T���um��uiB}P�~{
qSmp{	�»�~}�qf�fm���dc�´}B�¼q4dr{��'o�� �4�#w'���T��}1mT�x}ji�o�� gB��}T�c��k�}�iBk��~gBqfk�y|{�}1�~}Td (pµ)

¾ ��kuo_}��A�#�~�To_} � �~}T{	�
iB���Aeh��dèmp�|qf}Td'm°eh}T�r�;k_d'�~}c�r}Te~�r�#�~{~k��¼}�o_}Td��rgTdr{�o�qSm�qfd6}��~ehgT�¼k��;}B�|qSmp{	�;�~}c�=mp��k��T�¼}�dèm�qfk_dc�øm�k��
dèm��|qr} ý k�o¢��� }Bdrq1e�m�d�df{�Û;dèm��xq°eh��{��1dr}ZiB���|��mpk��uiB�¼}?�#}Ponm;�rgjm�o_k�qfgZ�/� {���}Qqr}To_o�}Z�~gTeh}T�u��m��uiB} ¾��}T{�o_}T�;}T�|qÑ�~}T{	�»ijmpozil{�o�d'qrv�gT���rk�y|{�}TdËmT��m�k_}T�|q4gBqrg��¼gGm�o_k_drgTd4df{~�4iB}]df{��·}Bq��xk_o�d'{~qfk_o�k_dèmpk�}T�xqË�~}Td
�;gBqfv~�#�~}Td6m�e�e��¼�#ifv�gT}TdKeú��{���qr�èmpk_qr}T� o�}Ñe��¼�#iB}Tdrdr{�d6�~}4qf�fm���dc�´}T� q ¾pÂ }Ñe��r}T�;k_}T�Kijmpo�iB{�o ý �rgGmpo_k�drge�m���¡1}T�rdrv|qf}Bk���}T�¿µ�b � ¸O© ºLªñe��rgB�x��k�q]{���qèm�{	���~})qf�èmp��dc�´}T� q�iB����d¼qèm��|q]g��xmpo � 0.68 1011s−1 ¾
Ê6�={~qfk_o_k�dèmp�|qË{~�Deh��qf}T�|qrk_}To¬�~}]q�w�eh} Æ v����»m�d]���u}T�¼�;k ý t ¾ Í ¾ q�m�² ÝBÜ'á�Ù_ô ijm�o�iB{�o_}T�|qÑ}T�Iµ�b+M_M ýy|{�}Zo�}PqSmp{	�I�~}Pqf�èmp��dc�´}T� q%�~��k_q�
Bqr�r}?iB�r��k_dfdèmp�|q)}T�>�´���uilqfk_��� �~}?o�� gB��}T�c��k�}?�~}AiB��o_o�k_drk����B© � ª ¾
t6o_{�d°�¼gjiB}T�;�A}T�|q ý ��{�o�qSmp���G�W}Bq°�]�~v~k��mp�rk����|q�qf�r��{~�xgPy|{�}ZiB}QqSmp{	���~}Qqf�fm���dc�´}B�¼q°�~gjiB�r��k_d`�dèm�k�qZmT�x}jiAo�� gT��}T�`��k_}=iBk_��gBqrkzy|{~}h© � ª ¾ ÉÑ}TdO�rgTdr{�o�qSm�qfdPil���|qr�èm��~k�ilqf��k��¼}TdQe�ozm�k��umpk�}T�xqZ�~���ui;eh��{��
onmM�;k_dr}»}T��~%{#�#�r}=�¬� {���}»gBqr{u�~};qfv�gB���rk�y|{�}»e�o_{�dQe��rgjilk�dr}=�~{¿e��¼�#iB}Tdrdr{�dZm��u�®�~};eh��{~����k_�
d¼qSmpqr{�}T�cdf{���iB}Bqrqr}Oy|{�}Td¼qfk_����iB�¼{uiBkzm�o_} ¾
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�°mp��dciB})ifv�m�e�k�qf�¼} ý �~��{�dËe��¼gTdr}T�|qf����dËo_}TdËe��¼}T�;k_}T�rdË�¼gTdr{�o_qèmpqrdcy|{�}1����{�d�mT�x����dË���#qf}T��{�ddr{���o_}'qf�fm���dc�n}T�¼q �~}4�Z{����Q}T�|qf�¼}4{��Pv|w~�#�r�_���T��}4�P{�����k�y|{�}4}Bq�{���}4�;��o_gjiB{�o_}Ë�/� �E�#w	���T��} È
2

¾
ÉÑ}Td1�¼gTdr{�o_qèmpqrd)iB���r�¼}Tdreh���u�~}T�xq � {��Iijmpo�iB{�o y|{�mp�|qfk�y|{�}P}��um�ilq°}T�I�~k_�;}T��drk_���um�o_k_qrgZ�rgj�~{~k_qr} ¾
ÉÑ}Bq¼qf}�mpe�e��¼�#ièv�}]iB��o�k_��gGmpk��¼}]����{�dÑm°eh}T�r�;k_d'�~}���k_}T�»iB���;e~�r}T�u�~�¼}]o_}Td�e��r��iB}Tdrdr{�d'e�v|w#drk�y|{�}Td
y|{�k�k_�|qr}T�¼�#k_}T����}T�xq��um���d�o�})qr�èmp��d��n}T�¼q��Z{�����kzyx{�} ¾

� ¹E¸ Ó »37� ´�µ<�¦2:�<k¾¤¿ ��½ ¦=�T¾  u»37�7@½=7ñ��» :¢�µ8¤¿$7��L»P��:
ß�Á]À;Á]À . Ëjå"qIÖeÆ È�n�Ä!Ë;ÃsÊ]ã¯Ó�Æ

Â }�qr�èmp��dc�´}T�¼q4�~}�ièv�mp�c��}]�Z{~����k�y|{�}]}T�xqf�r}�{��»v|w~�~�¼�9���T��}]�Z{�����k�y|{�}]}Bq'oç� �E�#w	���T��}]eh}T{~q

Bqf�¼}O�~gjiB�rk�q��~}%ozm?�=mp��k_�T�r}%dr{�k���mp�|qr}»s
µ ¾ �]��}?e�vum�dr}A�/� áèàxà�ìè×Gæèä�Ý �~{��fm��xq%onm�y|{�}To_o_}Ao�� v|w~�~�¼�9���T��}?�Z{�����kzyx{�}Adr}?�èmpe�e��r��ièv�}A�~}ozm?�;��o_gjiB{�o_}Q�/� �4��w	���T�~} ¾
¸ ¾�Â mZe�v�m�dr}O�~} Üøìfápð�âóëTÝlìlÜ yx{�kñiB���r�¼}Tdfeh���u� � o�� gjièvum��s��}Q�~{��Z{���� ¾
K ¾�Â mZ�rgGm�ilqfk_����dr})qf}T�¼�;k��~}%}T���u��e�m���ozm Ú�ånâòàuÝlìèâSåç×pð �~}Td�e��r���~{�k�qfd^�n���¼�;gTd ¾
t¢}T�u�ump�|q)ozm=e�vum�dr}?�/��mpe�e��r��ièv�} ý o�� vxw~�~�r�_���B��}?�P{����~kzy|{~}Z}Td¼q)dr��{~�;k�d%mp{ ièv�mp�;eIgBo�}jiÌ�qf�¼��d¼qSm�qfk�y|{�}��~}Bd����Gw�mp{	�A�~}co�� �E�#w	���T��} ý e�o_{�d���{A�;��k���d6gjiB�fm��|qrgce�m��Ko�}c��{�m���}�gBo�}jilqr�r����k�y|{�}�~}1ozmQ�;��o_gjiB{�o_} ¾ ÉÑ}Teh}T�u�ump�|q ý �~{��øm�k�qË�~}1dèmQeh}Bqrk_qr}�qSm�k_o_o_} ý o�� v|w~�~�r�_���T��}°�P{����~kzy|{~}1}Td¼qÑqf�¼�Tdeh}T{§eh��ozm��¼k�dèmp��o�} ¾4È �§eh}T{#q=�~���ui�iB����drk��~gT�r}T�;y|{�� k�oË��m�qr�èmT�x}T�¼df}B�Ao_}��|{�mL��}�gBo�}jilqr�r����k�y|{�}

�~})oç� �E�#w	���T��}OiB���;�A}){���})e�m�� qfk�iB{�o_}%��}T{~qr�r} ý dèmp��d�k_�|qr}T�èm���k_�]mT�x}ji°o_}Td�gBo�}jilqr�r����d ¾ �1})e�o_{�d ýo�}Bd%e~�r}T�;k_}T�rd1qf�èmT��m�{	���;}B��gTd)dr{��°o�}Zqr�èmp��dc�´}T�¼q)�P{����~kzy|{�}Z���|q)�;���|qr�rg?y|{�}?o�� gjièv�mp�s��}A�~}
ièv�mp�c��};�Z{�����kzyx{�};��};df}Ae��r���~{�k_qPyx{�};o����rdfy|{~}»o�� v|w~�~�r�_���T��}»�P{�����k�y|{�};dr}Aqr�r��{~�x} � {���}
�~k_drqèm��uil}Ñqr�r�Td�eh}Bqfk�qf}Ë�/� {��?�~}Td ���Gw�mp{	�P�~}Ño�� �E�#w	���T��} | ∼ 0.05 � }�© ºLª ¾ É1� }Td¼q eh��{��fy|{���k#eh��{���;�#�#gTo�k_dr}T�)iB}Pe��r��iB}Tdrdr{�d)�~}Pqf�fm���dc�´}B�¼q°����{�d%mT�x����d1qf�fm�k�qfgPo�� �E�#w	���T��}?iB���;�;}P{���k���� È 8+

}T� ��g���o_k���}Gmp�|qOo�}Td)}k²¬}Bqrd%�;��o�gjil{�onmpk_�r}TdPmpk_��dfk6y|{�}?onmDd¼qf�r{�ilqf{��r}?gTo_}jilqr�r���~kzy|{~} | ����k_���[��{��r}
| º ¾ µ4}c} ¾ �°mp��d%onm	ijm��~�r};�~}AiB}TdQm�e�e��¼�E�~k��»mpqrk�����d ý o_}?qf�fm��~d��n}T�¼qO�~}A�Z{~��� }T�|qf�¼}A{�� vxw~�~�r������B��}»�Z{�����k�y|{�};}BqQ{��®mpqr���;}»�/� �E�#w	���T��}»eh}B{~q¤
Bqr�r}»�~gjiB�¼k_qQe�mp�Oozm�iB��o�o_k_dfk_���¿k���gTozmpd¼qfk�y|{�}

º�µ
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N ²´«3O º ¾ µ ÓR�/æèäs¨lÞ=ápÜøånâjá�Üøå�×pð©ÚxÝPÙ_á â ×pð¬ÝZÚxÝQÜøìfápð~âóëTÝlìlÜ·ô

dr{�k_��mp�|qf};s
(pµ) +

È 8+ → p+ (
È
µ)7+ | º ¾ µ)}

É1� }Td¼q»iB}Bqrqr}��rgGm�ilqfk_��� yx{�}�����{�dDmT�x����d;gBqf{��~k�gT}�}T� iB�����[��{��èm�qfk_��� iB��o�k_��gGmpk��¼} ¾ É4}Bqrqr}
m�e�e~�r�#ifv�}Ddrk_�;e�o_k���ijm�qf�¼kzil}	iB���r�r}Bdfeh���u� mp{ ijmpdZ�_Í®o�}TdQqf�¼��k_dPe�m�� qfk�iB{�o_}TdZdr}D�~gTe�ozm�il}T�|qZdf{��
{���}%�D
T�;}O�#�r��k_qr} ¾

ß�Á]À;Á{Ï Â�É;Ã�É�ÑàÄ\È	ÃsÊ]Å+ÉgÈ�ÊeË�ÇÝå�ÓÝÅ&o�Å9È�qIÑáÆ
Â }Ëe��r����o��T�A}�y|{�}Ë����{�d�mj������d � qf�èmpk�qf}T�K}Td¼q6{��Ae��¼���~o��T�A} � qf�¼��k_d�il���¼e�d6}T�Ak_�|qf}B�èm�iSqfk_���

gTo_}jilqf�¼��d¼qSm�qfk�y|{�}°ÉÑ��{�o_���P��k�}B����} ¾ t¢��{��'�~gjiB�¼k��¼}1il}�d¼w#d¼qr�T�;} ý ���»eh}T{#q4{~qfk_o�k_dr}T�'o�}BdÑiB�|���r�~���	���gT}Td��#} À m�iB����k ¾ �]�~}%�=m���k_�T�¼}%eh��drdrk��~o�}Q�~}O�#gk�u��k_��iB}Td]iB�|���r�~���~��gT}Td]}Td¼q]�r}Be��rgTdr}T�|qrgT}%df{��
onm¤�[��{��¼} | º ¾ ¸p} ¾Â }Td]iB�|���r�~������gB}Td1�~} À m�iB����k (S, R̄, r̄) dr���|q1mpo����rd]�~������gT}Td]e�mp�Os

S = (mpxp +mµxµ +m ( x ( )/M | º ¾ ¸9}
R̄ = x ( − (mpxp +mµxµ)/(mp +mµ) | º ¾ K+}
r̄ = xµ − xp | º ¾ º'}

�9Í M = mp+mµ+m ( }Td¼q6onm1�=mpdfdr}Ëqr��qèm�o_}��~{Ad¼w�qf�T�A} ¾ �)mp��d6o�}�ijmpd��/� {��Ad¼w#d¼qf�T�A}ck_dr��o_g ýoç� gBqf{u�~}D�~{ �;��{~�x}B�;}T�|qZeh}T{#qN
Bqr�r}=�rgj�~{�k�qf} � iB}To_o�}	�~{®�;��{~�x}T�A}T�|q?�ump��dZo_}D�rg��ngT�r}T�|qrk_}To
�~{ iB}T�xqf�r}Z�~}Z�=mpdfdr}Z�~{Id¼w#d¼qf�T�;} ý y|{�k�df}Z�~gTe�ozm�iB}Zdr{�k_��mp�|q){~��}Pqf�èmp�·}jilqf��k_�r}Z�r}Tilqfk_o�k�����}?}Bq



���������������°¯0� � %0Á_±.*,�ÅÄ�%�* � '+����� �w� º9K

R̄

r̄

p µ O
G S

x

1

N ²´«3O º ¾ ¸ Ó³²�×G×pìèÚ�×pðuð\¨èÝèâZÚxÝµ´#áxæè×TSlå
{���k��´���r�;})e�mp�c�fm�e�eh���¼q�mp{M�rgk�´gT�r}B�|qfk_}To��~{Mozmp�ú���èm�qf��k_�r} ¾ �°m���d�iB})�¼g��´gT�¼}T�|qfk_}To ý o_}Td]iB�|���r�~���'���gT}Td R̄ }Bq r̄ df���|qPdr{�Û»dèmp�|qf}TdPeh��{��P�~gjiB�rk_�r}=o_}=e��¼����o_�T�;} ¾ É4���;�A}=���®eh}T{~qZo_}»����k_�Qdr{��onm��[��{��r} | º ¾ ¸p} ý iB}Td°iB�����f�~������gT}Td°dr���|q1e�m�� qfk�iB{�o_k��T�¼}T�;}T�|q1��k�}T� m��um�e~qrgT}Td1eh��{��1�~gjiB�rk_�r}Po_}ijmp��m�ou�/� }T�|qf�¼gT}��~}conm°�¼gGm�iSqfk_��� | º ¾ µ4}Ñs (pµ)n=1 +

È 8+ ¾ Ê6�?}k²¬}Bq ý o_���¼dèyx{�} R̄� r̄ ý o_}�eh��qf}T�	�qfk_}To¢�/� k_�|qr}T�èm�ilqfk_����qf}T�u�M�x}T�rd�iB}To_{�k¢�~}Qo�� v|w#�~�r�_���T�~}Q�Z{�����k�y|{�}Py|{~kñdr}T�èmAe��¼�9���r}Tdrdrk_��}T�;}T�|q
eh}T�¼qr{��r�hgËe�mp� oç� k��xqf}T�fm�ilqrk����;mT�x}ji4o�}Ñ���Gw�m�{?�/� �E�#w'���T��}cm�{¬�´{�� }Bq � �;}Bdf{��¼}cyx{�} R̄ �~k��Ak��|{�} ¾

��}�ozm%�D
T�;}]�=mp��k��B�r} ý ���»eh}T{~qË�~gk�u��k_�'{��	mp{~qf�r}]drw�drqr�T�;}��~}1iB�|���r�~������gT}TdË�~} À m�iB����ky|{�k]dr}T�fm©iB}lqrqf}��´��k_d=��k_}T� m��umpe~qfgWeh��{��=�~gjiB�¼k��¼}�o_}Td=ijm���mp{	� �~}Wdr��� qfk_} p + (
È
µ)7+

n′
¾'Â m

iB�����f�~������gT} r̄ iB���r�r}Tdreh���u�Mm�o_���rd � onmP�~k�d¼qèm��uiB}°}B�|qf�¼}°o�}°�~��w|m�{M�¬� �E�#w	���T��}°}BqËo�}°�P{���� ý }lq
R̄ }Td¼q]ozmA�~k_d¼qSm���iB}Q�~{�e��¼��qr����mp{�il}T�|qf�¼}O�~}%�=mpdfdr}O�~{�d¼w#d¼qf�B�;} È 8+ − µ ¾t¢��{��4�~k�²úgT�r}T�uilk�}T�ÑiB}BdÑ�~}T{	�O�·}T{	�=�~}�iB�����f�#������gT}Bd ý ����{�d4o_}T{��Ëm)²ú}jilqf}T�¼���~dÑ{~�=k����~kziB} i ¾�1k_��dfk ý (R̄1, r̄1) �¼}Te��rgBdf}T�xqf}T�fm1o�}Ëd¼w#d¼qf�B�;}c�~}ciB�����f�~������gT}Td6��k_}T�;m��umpe~qfg�mp{;ijmp��mpo��/� }T�xqf�rgT} ým�o_���rd�yx{�} (R̄2, r̄2) dr}T�èm?iB}To_{�k¢m��umpe~qfgQm�{'��ijm���mp{	���~}%dr��� qfk_} ¾
ß�Á]À;Á�Ü ÷�Æ@Å�U\ÃsÊ1V^È�ÊeË;Ç ã¯Ó�É�ÖeÊñÈ	ÉgÈ�Ê1×�ÆÒå�Ó È	Ã�É�Ç�Åe¶�ÆIÃ'È

ÊK��{~qrk�o_k_dèm��|q (R̄1, r̄1) o�})eh��qr}T�|qfk_}To��/� k_�|qr}T�èm�ilqfk_���W�~{Md¼w#d¼qf�T�A})df})�;}Bqcdr��{�d�ozm¬�´���r�A}As

V = − e2Z

|xµ − x ( | +
e2Z

|xp − x ( | − e2

|xp − xµ|
| º ¾ � }

mT�x}jiAs
|xµ − x ( | = R̄1 − (1− β)r̄1

| º ¾ � }
|xp − x ( | = R̄1 + βr̄1

| º ¾ M9}
|xp − xµ| = r̄1

| º ¾ ¶+}
�9Í�o�� ���Im;eh��drg β = mµ/(mp + mµ)

¾
Z }Td¼q1ozm»ièv�mp�c��}P�~{����Gw�mp{I�¬� �E�#w	���T��} | Z = 8 }Ë}Bq

e2 = q2
µ/4πε0

�9Í qµ }Td¼q°ozm=ièv�mp�c��}ZgBo�}jiSqf�rk�y|{�}Z�~{I�P{���� ý g��xm�o_} � onm=ifv�m��`��}PgTo_gT�;}T�|qèm�k_�r}�~}%o�� gTo_}jilqf�¼��� ¾
t¢��{��ñdr};�øm�k_�r}�{���}'k_�=m���}4�#{Qe��r��iB}Tdrdr{�d �#}�qf�èmp��dc�´}T� q ý ���Qeh}T{~q¢�r}Te��rgBdf}B�|qf}T�¢iB}�eh��qr}T�|qfk_}Todr��{�d��´���r�;}%�~}OiB��{��¼�h}Td��~}%��k��x}Gmp{	� ¾ �]��}��#}T�;e�o_}O}Bdrq]�~������ga�[��{��r} | º ¾ Kp} ¾
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N ²ó«PO º ¾ K Ó«Q�×�ÜòÝlð�ÜøåçÝBÙ]Úñõ å´ðuÜ·ÝlìfáxæBÜøåç×�ð Þ©Üøìf×pånâ�æè×pìòà�â�Ýlð!æè×G×pìfÚx×pðuð\¨fÝSâ�ÚxÝÊ´~á�æè×TSlåçô3��Ø�ì�Ù�á
��ê�Ø#ìfÝZÚxÝ?Úpìf×på´Ü·ÝPÙ_ÝSâËX�°èæSä~ÝSâ)âSÛ�Þ Sè×�Ù�åzâjÝlð�Ü4Ù¼õ ¨�Ì�×�Ù�Ø~Üøå�×pð¿ÚpÛ�ðúápÞ?å{·lØ�Ý?ÚpØMâSÛpâlÜñ°lÞ=ÝGô

��}T{	�B�T����}Td=dr}��~g��xmL��}T�|qD��}lqrqf}T�A}T�|q ¾'Â m e��¼}T�;k_�T�r} | �T����} | Ï }`} ý }TdrqD�~gk����k�}�e�mp�»onmiB�����~k_qrk���� R̄1 � r̄1
s�o_��ijm�o_k_dfgB}D�ump��dQo_}»e�{�k�qfdP�#}»eh��qf}T�|qrk_}To4�~};o�� v|w#�~�r�_���T��}»�P{����~kzy|{~} ý}To_o�}�iB���r�r}Bdfeh���u� � oç�÷m�e�e~�r�#ifv�}��~{Ad¼w#d¼qf�T�;}Ëdr{��Ko�}�iTm���mpou�/� }T�|qf�¼gT} ¾�Â m1df}TiB���u�#} | �T����} | Ï¼Ï }`} ýdr}6qf�r��{~�x}6o�}�o_���s���#}'ozmËo�k�����}'}T�Oeh��k��|qrk�o_o_gTd�y|{�k|il���¼�r}Tdreh����� � ozmËdfk_�s��{�ozm��rk�qrgËÉÑ��{�o����Z�~k�}T����}

�~}Ëo�� k_���?�P{�����k�y|{�} (
È
µ)7+ ¾ t���{��K�~}Td ��m�o_}T{��¼d6�~} R̄1

df{�Û;dèm��A�;}T�|qg���èmp�u�~}Td ý ���?�¼}Bqf�¼��{~��}kzilk~o�}Bd�ijmp��mp{	�A�#}Ëdr��� qfk_}c�~}Ëonm��rgGm�ilqfk_���AgBqr{u�~k_gT} ¾�Â m1�¼g���k_���Adrk�qf{�gT} � �|mp{uièv�}c�~}TdKeh��k��xqfk_o�o_gTd
iB���¼�r}Tdreh���u� � {���mp�r�fm��s��}T�;}B�|q]�~{�d¼w#d¼qf�T�;}%��m���d�o_}jy|{�}To/o_}%�Z{����M}Td¼q�e�m�drdrg � �~�¼��k�qf}%�~{
���Gw�m�{Z�/� �E�#w	���T��} ¾ ÉÑ}Bq¼qf}4�rg���k_���Z�~}Ñeh��qf}T�xqfk_}To�df}B�èm�qr��{��·��{��¼dKiB����drkz�~gB�rgT}Ñk_��m�iTiB}Tdrdrk���o_}c��m���d
����qr�r}Qmpe�e��r��ièv�} ¾

Ï oú}Td¼q�mpo����rdËeh��drdrk���o_})�~}°�~������}B�Ë{���}°�~}TdfiB�rk_e~qfk_���My|{�mpo�k�qSm�qfk��x})�~{De��r��iB}Tdrdr{�dc�~}1qr�èmp��d]�
�´}T� qDyx{�}W����{�dDmj������d»dfifv�gT�=m�qfk_dfg�df{��;ozm>�[��{��¼} | º ¾ Kp} ¾ t¢}T�u�ump�|q=ozm e�v�m�dr}��/�÷m�e~e��r�#ifv�} ýo�}Ad¼w#d¼qf�T�A}A}Td¼qOdrk_qr{�g;�um���d%ozm �T����} | Ï }�}BqOgB����o_{�}?�x}T�rdO�~}Td)��mpo_}T{��rdO�~} R̄1

e�o_{�dOeh}Bqrk_qr}Td ¾Â ���¼dèyx{�}DozmW��m��¼�rk_�T�r}D�~}Deh��qf}T�|qrk�}To_o_}	}Td¼qZdr{�Û»dèmp�;�;}T�xqAm��um�k_drdfgB} ý k_oÑ}T�xqf�r}D�ump��dZozm��B����}k��xqf}T�r�~};�_Í o_};�P{���� eh}B{~qOdf}?qr�èmp��dc�´gT�r}B�%dr{��%o�� �E�#w'���T��} ¾ �]��}N�´��k_dOiB}?qf�èmp��dc�´}T� qO}k²ú}jilqf{~g ýo�}1drw�drqr�T�;}1dr}1�r}Bqr�r��{#�x}°�um��~dcozmt�T����} | Ï¼Ï }�}BqËgB����o_{�}1�x}B�rdc�#}TdÑ��m�o_}T{��¼d��#} R̄1
iB�¼��k_drdèm��|qr}Td ýiB}Oy|{�kñil���¼�r}Tdreh���u� � ozmA�~k_dreh}T�rdrk_�����#}Td]e��¼�#�~{�k�qrd^�´���r�;gBd ¾

<#"	$%6[&)GI=@"
�°mp��dP{��~}=�~}TdfiB�rk_e~qrk����®e�o_{�dQ�¼gGm�o_k_drqr}=�~{¿e�v�gB�����A�T��} ý o�� gBqSm�qQk���k�qfkzmpo4�~��k�q¤
Bqr�r}=�~gTiB�rk�qe�m��Q{��®e�m�y|{�}Bq?�¬� ���u�~}TdZo_�#ijmpo_k�drg	�ump��dPozm��T����} | Ï })dr}D�~gTe�ozm_±jmp�|qP�x}T�¼dPozm��T����}=k��xqf}T�r�~} ¾�1�r�¼k_��g;�ump��dOiB}Bqrqr}A�rg���k_��� ý k_oKeh}T{~q ý dr{�k���m��xqO{���};iB}T� qSmpk���}Ae��¼����mp��k_o�k�qfg;�~}?qf�fm���dc�´}T� qOy|{�}
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����{~d°ifv�}T�fièv�����d � �~glqf}T�r�Ak���}T� ý e�mpdrdf}B��ozm;��mp�r�¼k��B�r}P�~}Qeh��qf}T�|qrk�}To¢}lq1gB����o_{�}T��}T��dr{�k�qf}O�x}T�¼donmO�B����} | Ï¼Ï } ¾¢Â m�e�mp�¼qrk_}D�~{¿e�m�y|{�}BqZy|{�k'���÷m�e�mpdP�¼gGmL��k'�r}l�#k�}B�|q?m�o_���rdQ��}T�rdQonm��T���~} | Ï }Asi�� }Td¼q]ozm¬�´�èm�ilqfk_���WgTozmpdrqrkzyx{�}Q�~{�e�v�gT�~���;�T�~}QiB��o�o_k_drk�������}ToñgBqr{u�~k�g ¾

� ¹�6 Í ¥ß:µ¯ ¾ � » ¿D½�¼ ¥P��<?>D½ » ½°:µ<?£?<?7�¥j»
�°mp��d�{��Me��r}T�Ak�}T�Ñqf}T�;e�d ý ����{�d�mT�x����dcqr�èmpk_qrg%iB})e��r����o��B�;}%e�mp�c{���})�;glqfv��#�#}O�~gTeh}T�'��um��xqf}°�~{=qf}T�;e�dÑ}T�De��r��e�mL��}Gmp�|qc�~}TdËe�m�y|{�}BqfdË�/� ���u�~}1df{��ÑozmQdr{��c�óm�iB}°�~}1eh��qr}T�|qfk_}To ¾ É4}Bqrqr}

qf}jifv���kzyx{�}?dj� }Td¼q%mj��gT�rgT}Ze�mp�¼qfk�iB{�o_k_�T�r}T�;}B�|q%�=mpoKm��umpe~qfgB}?eh��{��)�~}B{	�I�fm�k_dr����d°}Tdrdf}B�|qfk_}To_o�}Td ¾Â m�e��¼}T�;k_�T�r}»}Td¼qPo_k_gT}	mp{®�~���=mpk���}»gT��}B�c��glqfk�y|{�}Dy|{�k�����{�dPk_�|qrgT�r}Tdrdr} ¾ �1{	� gT��}T�c��k_}TdQqf�¼�Td
��m�drdr}Td ý o_}»e�m�y|{�}BqP�/� ���u�~};}Tdrqt�n��� qf}T�;}T�xqP�~gTo_�#iTm�o_k_dfg»dfe�m�qfkzmpo�}B�;}T�|qPiB}=yx{�k��r}T�u�©�~k�Û=iBk_o_}dèm��~}TdfiB�rk_e~qrk���� ¾¢Â m	df}TiB���u�~};�èmpk�dr���¿e��¼����k�}T�xqP�~{©qr�èmpk_qr}T�;}T�|qQ�~}TdOdfk_�s��{�ozm��¼k_qrgTd?ÉÑ��{�o����N�
��k_}T����}TdPs�}To_o�}Bd���gjiB}Bdfdrk�qf}T�xq�}T�W}k²ú}Bq1�~}Td^���rk_o_o�}Td��~}Oeh��k_�|qfd�qf�r�Tdj�u��}Td�y|{�k¢m�{s���;}T�xqf}T�|q��~}
�ømL±B����iB�rk�qfk�y|{�}Qo_}Q�~���=mpk_��}Qdreh}jilqf�fm�o � e��¼}T�u�~�r}O}T��iB���;e~qr} ¾ tKmp�1mpk�o_o_}T{��rd ý ozm;�#w#��mp�;k�y|{�}�/��mpe�e��r��ièv�}%}Td¼q�qf�¼�Td�o�}T�xqf}%}Bq1mp{s���;}T�|qr}QiB����drk��~gT�èmp��o_}T�;}T�|q]o_}Td�qr}T�;e�d]�~}Oijm�o�iB{�o ¾

��k_��m�o_}T�;}B�|q ý ����{�d?mT������dQ��e~qfg»eh��{��O{���}»�;gBqfv~�#�~}=�~}»�rgBdf��o_{~qfk_���®�~}»oç� gjy|{�m�qfk_���®�~}�#ièv��`r#�~k_�s��}T�Dk_�u�~gTeh}T�u��m��|qr}I�~{ qr}T�;e�dD�~{§q�w#eh} æBÙ_×�âjÝky¼æè×�Ø�à¬Ù�ånð#ê ¾'Â }�e��¼k��uilk�eh}��~}�iB}Bq¼qf}qf}jifv���kzyx{�}]iB����drk_drqr} � ijmpoziB{�o_}T�6o_}Td�gBqèmpqrd�d¼qèmpqrk�������mpk��¼}Td'�~}��~k�²ú{�drk����=mpdfdr��iBk_gTd � ozm°�¼gGm�ilqfk_���
| º ¾ µ4} ý e�{�k_d � mp��mpo_w�df}B�4o_}T{��4iB���;eh���¼qr}T�;}T�|qÑm�d¼w#�;e~qr��qrkzyx{�} ¾#È �»eh}T{~qËmpk_��drkh�~gBqf}T�¼�;k_��}T�'ozm�=m�qf�rk�iB}O�~}OiB��o_o�k_drk_��� S }Bq�}��#qf�fm�k_�r}%o_}Td�e��r����m��~k�o_k�qfgTd��~})qf�èmp��dc�´}T� q ¾

É4���A�;}M����{�d;o���mT�x����dA�#{�e��¼gjiBgj�~}T�A�;}T�|q ý o�}Bd»iB�����f�~������gT}Bd=�~} À m�iB����kcdr���|q;e�mp�¼qfk��iB{�o_k��B�r}T�;}T�xqD��k_}T� m��umpe~qfgB}Td=eh��{��=�~gTiB�rk_�r}Wo�}Wd¼w#d¼qf�T�;}W�ump��d=o_}Td#�T����}Td	mpd¼w#�;e~qr��qrkzy|{~}Td ¾
ÉÑ}Teh}B�u�um��xq ý eh��{��'ijmpo�iB{�o�}B�ÑmT�x}jice��¼gjiBk�drk_���»o�}cqr�èmp��d��n}T�¼q'�P{����~kzy|{~} ý ����{�dÑmT�x����d'�h}Tdr��k_�=�~}��k_}T� �#gjiB�rk_�r}Zo�� gB�x��o_{~qfk_��� �~{Id¼w#d¼qf�T�;}Z�ump��d°onmF�T����}?k_�|qr}T�r��} ¾ �1k��~dfk ý eh��{��1qf�fm�k�qf}T�1��{��Ag���rk�y|{�}T�;}B�|q�iB}°e~�r�#iB}Bdfdr{�d ý ����{�d�mT�x���~dce~�rg��´gT�¼g°{~qfk_o_k�dr}T�Ëo_}TdciB�����f�~������gT}Tdcvxw#eh}T�rdre�v�gT�¼kzyx{�}Tdy|{�k����xq=�~g¼� � �;���xqf�rg�o_}T{��»}kÛ»ijm�iBk_qrg��um���d=�~}Td»e~�r����o��T�A}Td»dfk_�;k_ozm�k_�r}Td ¾�Â }Bd»e��rk_�uiBk_e�m�o_}Td
gBqSmpeh}Td��~{Wijmpo�iB{�o�eh}T{~�x}T�xq^
Bqf�r}%�¼gTdr{��;gT}Td�mpk���drk�s
µ ¾ Ê6iB�rk�qf{��¼}Q�~}%o�� v�m��;k_o�qf����k_}T�
¸ ¾ ÉËm�il{�oñ�~}Td]gBqèmpqrd�m��~kzmp��mpqrkzyx{�}Td
K ¾�Ï �|qrg����fmpqrk����W�~}Td]gjyx{�mpqrk�����d�il��{�e�o_gT}Td
º ¾ �1��mpo�w#dr}Pmpd¼w#�;e~qr��qrkzyx{�}
�ñ��mp�|q%�~}?e��rgTdr}T�|qr}T�)o_}Td)�rgBdf{�o�qSm�qfd%�~}AiB}lqrqf}?glqf{u�~} ý ����{�dOmpo�o_����dO�/��mp�h���f� �~gBqSmpk_o�o_}T�)ozm�;k_df}%}B�Î~%{~�#�r}O�~}OiB}Td]�~k�²¬gB�r}T�|qr}Td]gBqèm�eh}Td ¾

� ¹�� Ï§8t¼ <�£�:�¾¤¿$<k»�¿ »^¿  �¾D¾���� ¾¤¿O¿®¥j»37ñ¯�¤°¦<»P��7�¦=¯®¥P��<?>D½ »ã7
ß�Á�Ü�Á]À º%Ë¯Ë;Ãså�Ë�Ç�Ç�ÄIÆIÅXnpoPV2ÆIÃsÅ&V�n^ÄIÃsÊ]ã¯Ó�Æ@Å

t¢��{��P�~gk����k��Qo�}Bd?il�����f�~������gT}TdZv|w�eh}T�rdre�v�gT�¼kzy|{~}Td ý ���¿e�m�� qZ�~}=o�� {�� �#}TdPd¼w#d¼qf�T�;}TdP�~}iB�����f�~������gT}Bd��~} À m�iB����k ¾ É4v���k�drk_drdf����dKe�mp� }��#}T�;e�o_}Ëo_}Ñd¼w#d¼qf�T�;} (R̄1, r̄1) ��k_}T�Am��umpe~qfgÑeh��{��
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�~gjiB�rk_�r}�o_}]ijmp��mpo��/� }T�xqf�rgT} (pµ)+
È 8+ �~}conm°�rgGm�ilqfk_��� | º ¾ µ)} ¾ �°mp��d�o�}��¼g��´gT�¼}T�|qfk_}To��#{»iB}T�|qr�r}�~}%�»m�drdr} ý drk¬���M����qr} V o_})eh��qf}B�|qfk_}To��/� k_�|qf}T�fm�iSqfk_����}B�|qf�r})o_}TdËqf�r��k_d]iB���re�d ý o��®q�m��;k_o�qf����k�}B��~{�e��r����o_�T�;}%}Td¼q��~������gOe�mp�Os

H = − ~2

2m ( ,pµ ∂2

∂R̄2
1

− ~2

2mp,µ

∂2

∂r̄2
1

+ V (R̄1, r̄1) | º ¾ b+}

mj��}ji m ( ,pµ = m ( (mp +mµ)/(m ( +mp +mµ) }Bq mp,µ = mpmµ/(mp +mµ)
¾�È � �~g��

�u��k�q mpo_���¼d��~}©����{~�x}To_o_}TdIiB�|���f�~������gT}Td (R1, r1) �#k_qr}Td æè×G×pìfÚx×pð�ð\¨èÝSâDà�×pð¬Úp¨lì�¨èÝSâDà�ápì¿Ù�ÝSâÞ=á�âèâTÝSâ s

R1 =

√
m ( ,pµ
m

R̄1
| º ¾ µT¹+}

r1 =

√
mp,µ

m
r̄1

| º ¾ µ�µ)}
mj��}jiAs

m =

(
mpmµm (

mp +mµ +m (
)1/2 | º ¾ µj¸p}

Â �øq1m��;k_o�qf����k_}T�We��¼}T�u��mpo_���¼d]ozmN�n���¼�;};s

H = − ~
2

2m

(
∂2

∂R2
1

+
∂2

∂r2
1

)
+ V (R1, r1) | º ¾ µ�K+}

Â }Td;iB�|���f�~������gT}Td;v|w�eh}T�rdre�v�gT�¼kzy|{~}Td (ρ, θ) dr���|q;�~gk�u��k_}Td � e�m�� qfk_�A�~} (R1, r1) �~}	ozm�=mp��k��T�¼}%df{�k���m��xqf};s

R1 = ρ cos θ | º ¾ µBº+}
r1 = ρ sin θ | º ¾ µ � }

dr��k�qQs

ρ =
√
R2

1 + r2
1

| º ¾ µ � }
tan θ =

r1

R1

| º ¾ µ4M9}

�°mp��d�iB}%d¼w#d¼qf�T�;}%�~}OiB�����f�~������gT}Td ý oç�øq1mp�;k�o�qf����k_}T� | º ¾ µEKp}Ë�~}B��k�}T�xqQs

H = − ~
2

2m

(
∂2

∂ρ2
+

1

ρ2

∂2

∂θ2
+

1

ρ

∂

∂ρ

)
+ V (ρ, θ) | º ¾ µj¶p}

Â mZqf�fm��~d��n���¼�=mpqrk�����eh}T�r�;}Bq¼qSmp�|q]�~}Oe�mpdrdr}T�]�~}%o�� }��~e��¼}Tdrdfk_��� | º ¾ µ�Kp} � | º ¾ µj¶p}Ñ}Td¼q��#gBqSmpk�o_o_gT}�um��~d]o���mp����}��~}PÉ ¾
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È ��eh}T{~q m�{�drdrk?�~gk�u�~k��Io_}Td iB�|���r�~���~��gT}Td eh���u�~gB�rgT}Td e�mp�Io_}TdI�=m�drdr}Td �~{�d¼w#d¼qf�T�;}

(R̄2, r̄2) ��k_}T��m��umpe~qfgT}Bd°m�{	��ijm��um�{	�W�~}Odr���¼qfk_} ¾ ÉÑ}Td�iB�|���r�~������gB}Td (R2, r2) df���|q��~������gB}Tde�m��%s

R2 =

√
mp, ( µ
m

R̄2
| º ¾ µ�b+}

r2 =

√
m ( ,µ
m

r̄2
| º ¾ ¸�¹+}

�9Í mp, ( µ = mp(m ( +mµ)/(m ( +mp +mµ) }Bq m ( ,µ = m ( mµ/(m ( +mµ)
¾uÈ �	e�m�drdr}

�~} (R1, r1)
�

(R2, r2) e�mp��ozmZqf�fm��~d��n���¼�=mpqrk�����dr{�k���mp�|qf};s
(
R2

r2

)
=

(
cos θs sin θs
sin θs − cos θs

)(
R1

r1

)
| º ¾ ¸#µ)}

�9Í θs = arctan (mµ/m) }Td¼qMm�e�eh}Bo�g�o���mp�s��o_}I�~} ìf×�Ü·á�Üóåç×pð æSå´ð\¨lÞ»á�Üøå7·SØ�Ý ¾ ��{��=onm%�[��{��r}
| º ¾ º+}4����{�d�mT�x����d��r}Be��rgTdr}T�|qrgOiB}Td]�~}T{	�Md¼w#d¼qf�T�A}Td]�~}Oil�����f�~������gT}Td1mT�x}ji°o�}Bd�il�����f�~������gT}Tdv|w#eh}T�¼dfe~v�gT�rk�y|{�}Td (ρ, θ)

¾hÂ ��m4�~} R2
iB���¼�r}Tdreh����� � ozm;dfk_�s��{�onmp�rk�qrgAÉÑ��{�o_���P��k�}T�~��}Z}B� r2 =

|xµ − x ( | = 0
¾

ÐËÑ

Ò Ñ Ð�Ó

Ò Ó

ÔÎÕ
Õ
Ö

N ²ó«PO º ¾ º ÓØ×cÝ·àhì�¨SâjÝlðuÜ·á�Üøåç×�ðWâòàuá�Üóåçá�Ù_ÝPÚxÝSâ1âSÛ�âlÜ�°lÞ»ÝSâQÚxÝPæè×G×pìfÚx×pðuðA¨èÝSâQÚxÝ�´#áxæè×³Slåúà�×pð¬Úp¨lì�¨èÝSâ
àuápìQÙ_Ýèâ%Þ=áGâèâjÝSâjô

t¢��{��Ñ�~gjiB�¼k_�r}1oç� }T��dr}T�Z��o_}°�~}TdËiB�����[��{��fmpqrk_����d�m�iTiB}Tdrdrk��~o�}Td�mp{Dd¼w#d¼qf�T�;} ý oç�÷m��s��o_} θ ��mp�rk_}�um��~d]o�� k_�|qf}T� ��m�o_o_}#© 0, θs ª ¾�È ��m;mpo����rdOs
R2 = ρ cos (θs − θ) | º ¾ ¸�¸9}
r2 = ρ sin (θs − θ) | º ¾ ¸LKp}
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Â }»�fmTwx���¿v|w�eú}B�rdre�v�gT�rk�y|{�} ρ =
√
R2

1 + r2
1 =

√
R2

2 + r2
2
}BdrqP�~���ui;k_�u�~gTeh}T�u�ump�|qZ�~}

oç�÷m��¼�èmp�s��}B�;}T�|qQiB����dfk��~gT�¼g ¾ É1� }Td¼qQiB}Bq¼qf}Ae��r��e��rk_gBqfg;y|{�k6eh}T�¼�;}BqQ�~}A��k�}T�©�~gjiB�rk_�r}AonmM�#w#�um)�
�;k�y|{�}O�~{�d¼w#d¼qf�T�;}%�um��~d]ozmN�T����}Ok_�|qr}T�r��} ¾
ß�Á�Ü�Á{Ï ÙOã¯Ó�ÉgÈ�ÊeË;Ç å�ÆËÆ3U4n�ÃFÚjå�ÊeÇ�â;Æ!Ã

Â m°�r}jifv�}T�fièv�}��~}Td�gBqSm�qfd6e��r��e��r}Td'�~}]il��o_o_k�drk_��� ψE �/� gT��}T�c��k_} E e�mpdfdr}�eum��6ozm)�rgTdr��o_{~qfk_���
�~}%o�� gjy|{�m�qfk_�����~}P�#ièv��`r#�~k_�s��}T�]k_�u�~gTeh}T�u�ump�|qf}Q�~{Mqr}T�;e�dOs

HψE = EψE | º ¾ ¸pº'}
}T��}k²ú}jilqf{�mp�|q]ozmZqf�fm���dc�´���r�»mpqrk���� ψE → ψE

√
ρ iB}Bq¼qf}%gjy|{umpqfk_���Wdj� gTiB�rk�qQs

− ~
2

2m

(
∂2

∂ρ2
+

1

ρ2

∂2

∂θ2

)
ψE(ρ, θ) +

(
V (ρ, θ)− ~2

8mρ2

)
ψE(ρ, θ) = EψE(ρ, θ) | º ¾ ¸ � }

�9Í�o_}%eh��qr}T�|qfk_}Toñ�/� k��xqf}T�èm�ilqfk_���W}Td¼q��~������g%e�m��%s

V = − e2Z

|xµ − x ( | +
e2Z

|xp − x ( | − e2

|xp − xµ|
| º ¾ ¸ � }

mj��}jiAs

|xµ − x ( | =

(
m

m ( ,pµ
)1/2

ρ cos θ + (1− β)

(
m

mp,µ

)1/2

ρ sin θ | º ¾ ¸9M_}

|xp − x ( | =

(
m

m ( ,pµ
)1/2

ρ cos θ + β

(
m

mp,µ

)1/2

ρ sin θ | º ¾ ¸�¶p}

|xp − xµ| =

(
m

mp,µ

)1/2

ρ sin θ | º ¾ ¸Lbp}

� ¹ � Û 8�£� ¯½$£ü� »ã79¥´:¢8;:µ798��=<w8µÜ=8;:µ<?>D½ »37
ß�ÁHß�Á]À ÙOã¯Ó�ÉgÈ�ÊeË;Ç�Å UAË�Ó"V�ÖeÄIÆIÅ

t¢��{��	�rgTdr��{��~�r} oç� gjy|{�m�qfk_��� | º ¾ ¸ � }=����{�d�mT�x����dM{~qfk_o_k�drg ozm �;glqfv��#�#} Úpå�áTSèá�Üøå{·lØ�ÝDà�ápì
âjÝèæBÜ·ÝlØ�ì © º�º_ª ¾�Â };�~���=mpk���};�/� k��xqfg����èm�qfk_���X© ρ0, ρend

ª�}Td¼qO�~k_��k�drgA}T� Nρ
dr}jilqf}T{��¼d ¾�Â } nièmedr}jilqf}T{���}Td¼qÑmpk_��drk��~gk�u��kue�mp��onm)�~������gB}��~}]dr���»iB}T�|qr�r} ρn }Bq4�~}�dèm°qSmpk_o�o_} 2δρn ý qf}Bo�o_}�yx{�}�dfk

ρ mpe�e�mp�¼qfk_}T�|q � iB}�dr}jilqf}B{��1s ρn− δρn ≤ ρ < ρn + δρn
¾ �°m���dÑièv�m�y|{�}1dr}jilqr}T{��4ozmt�n���uiSqfk_���

�/� ���u�~};}Td¼qP�~gB��}To_��e�ehgT};dr{��O{��~}»�um�dr}»�~}D�´���uilqrk�����dP�~kzmp��mpqrkzyx{�}TdQ��}»�~gTeh}T���um��|qPyx{�}»�~}
oç�÷m�����o_}Avxw#eh}T�rdre�v�gT�¼kzyx{�} θ ¾ É4}Tda�n���uilqrk�����dOil���r�¼}Tdreh���u�#}T�|qQm�{	��gBqSm�qfd φi(θ, ρn) ý �x}jilqf}B{��rde��r��e��r}Td°�~}Po��®q1mp�;k_o_qr����k_}T�Iijm�o�iB{�o_gTd � ρ = ρn

���~g ¾ ��o�� k_�|qfgT�¼k�}B{��°�~{�dr}jilqf}T{��1�|{��;gT�r� n ý����gjil�rk_�èmA�~���ui;s
ψE(ρ, θ) =

N∑

i=1

fi(ρ)φi(θ, ρn) | º ¾ K�¹+}
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�9Í N �r}Te��¼gTdr}T�|qf}Zo_}Z�����P���r}?�~}¬�´���uilqfk_����d)�~}?�um�dr}?{#qfk_o�k_drgT}Td ¾ Ê6�Ik����·}jilqSmp�|q | º ¾ K�¹+}]�um���doç� gjy|{�m�qfk_��� | º ¾ ¸ � } ý �������~qrk_}T�|q]{���d¼w#d¼qf�T�;})gjy|{�k���mpo_}T�|q��~} Nch
gTy|{�m�qfk_����d�iB��{�e�o_gT}TdQs

(
− ~

2

2m

∂2

∂ρ2
− E

)
fj(ρ) +

N∑

i=1

Qji(ρn; ρ)fi(ρ) = 0 | º ¾ K�µ4}
mT�x}jiAs

Qji(ρn; ρ) = 〈φj(θ, ρn)| − ~2

2mρ2

∂2

∂θ2
+ V (ρ, θ)− ~2

8mρ2
|φi(θ, ρn)〉 | º ¾ K�¸9}

ß�ÁHß�Á{Ï ä�É;Å'Æ É�å�ÊeÉ;Þ�ÉgÈ�Ê]ã¯Ó�Æ
Â � gjiB�rk�qf{��¼}Z�#}Td1gjyx{�mpqrk�����d1iB��{�e�o_gT}Td1��gjil}Tdfdrk�qf}P�~}Pijmpo�iB{�o�}B�1o_}Td�gBqSm�qfd°m��~knmp��m�qfk�y|{�}Td°�~{

d¼w#d¼qf�T�;} φi(θ, ρ) ý df��o_{~qfk_���~d��~}%oç� gjy|{�m�qfk_��� � ρ ���~g;s
Hµ(ρ)φi(θ, ρ) = εi(ρ)φi(θ, ρ) | º ¾ K9Kp}

mT�x}jiAs
Hµ(ρ) = − 1

2mρ2

∂2

∂θ2
+ V (ρ, θ)− 1

8mρ2
| º ¾ K�º'}

Â }=e��¼����o_�T�;}=iB����dfk_d¼qf}»�=m�k_�|qr}T��m��xq � �r}jièv�}B�fièv�}T�Qo_}TdPgBqèmpqrdPo_k�gBd?�/� {��®eh��qf}B�|qfk_}To'e��rgTdr}T�	�
qSmp�|q)�~}T{	��drk�����{�ozmp�rk�qfgTdQÉÑ��{�o_���P��k_}T����}TdAsúo�� {~��}?}B� θ = 0 y|{�k iB���¼�r}Tdreh���u� mp{ ijm�d°�9ÍIo_}e��r��qf����}Bq1o_}P�Z{�����dr���xq°iB���s�´���u�~{�d ý }Bq1o���mp{~qf�¼}Peh��{�� θ = θµ = arctan (mµ/m) o����rdfy|{�}onm��#k�d¼qSmp�uiB}	�P{����'�·�E�#w'���T��}D}Td¼q?��{�o_o_} ¾ �1}D�����Z���¼}T{�dr}Td?�AgBqfv����~}Td?��{��AgT�rk�y|{�}Td?iB���A�;}
oç� k_�|qf}T�¼eh��ozmpqrk_���=�~}°�#ièv�þ]mp�¼qc�¤© º � ý º � ªh��{=�#} Â mL���èmp�s��}¤© º+M)ª ý ��{»}B�uiB���¼}��~}Td�qf}Tièv���k�y|{�}Td4�~}�=mpe�e�k����%© º�¶ ý º9bLª ý eh}T�¼�;}Bqrqr}T�|q)�~}Pqf�fm�k�qf}B�°o_}Ze��r����o_�T�;};É4��{�o_���Z��k_}T� � {���}Zdrk_�s��{�ozmp�rk�qfg ¾ÉÑ}Td��;gBqrv��#�~}Bd]drehgjiBk���y|{�}Td��#k_df}B�|q � m�{s���;}T�|qr}T��onm?�~}T��drk_qrgO�~}Oeh��k_�|qfd]�~}2���rk_o_o�}Qm�{M�x��k_drk��
��mL��})�~}°ozmQdfk_�s��{�ozm��¼k_qrg ¾ t¢��{~�Ñqr�èmpk_qr}T�Ño�})ijmpdc�~}Tdc�~}T{	�=dfk_�s��{�onmp�rk�qrgTdce��rgTdr}T�|qr}Tdc�ump��dc����qf�¼}
e��r����o_�T�;} ý ����{�d;mT�x����dZ{~qfk_o�k_drg	{���}Mmp{~qf�¼}	�AgBqfv����~}	}T� ièv�}B�fièv�mp�|q?{���}=qf�fm���dc�´���r�=m�qfk_���eh}T�r�;}lqrqSmp�|q]�~}O�¼g���{�onmp�rk_dr}T�]iB}%eh��qr}T�|qfk_}To ¾
<#3+�A=�C,6[&�*o0�6�.)*,?A-�RY=XZg?8.E"	-/.)*,"�C

ÊK�W{~qrk�o_k_dSmp�|q]o_}Td]�r}Tozm�qfk_����d | º ¾ ¸~µ4}Ñ}T�|qf�¼}Oo_}Td]d¼w#d¼qr�T�;}Td]�~}QiB�|���r�~���~��gT}Td1�#} À m�il����k ý ���eh}T{~q]�;}Bq¼qf�r})o_}Oeh��qf}T�xqfk_}To�dr��{�d�ozmN�´���r�;}As

V = − e2

k1ρ sin θ
− Ze2

k2ρ sin (θs − θ)
+

Ze2

K1ρ cos θ + βk1ρ sin θ
| º ¾ K � }

�9Í©s

ki =

(
m

mβ,γ

)1/2 | º ¾ K � }

Ki =

(
m

mα,βγ

)1/2 | º ¾ KpM9}
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mj��}ji (α, β, γ) = (
È
, p, µ) drk i = 1 }Bq (α, β, γ) = (p,

È
, µ) drk i = 2

¾ ÊK�©eh��dèm��|qPmpo����rd
x = 2θ ( /θµ − 1 ý �������~qfk_}T�|qQs

V = V1 + V2
| º ¾ K�¶+}

mj��}jiAs

V1 =

(
2e2

ρ

) −(1/k1) sin
[
θµ
2

(1− x)
]
− (Z/k2) sin

[
θµ
2

(1 + x)
]

cos (θµx)− cos (θµ)
| º ¾ K_b+}

}Bq
V2 =

(
e2

ρ

)
Z

K1 cos
[
θµ
2

(1 + x)
]

+ β ( k1 sin
[
θµ
2

(1 + x)
] | º ¾ º�¹+}

É4}O����{~�x}To�}T��dr}T�Z��o_} | ρ, x }4}Tdrq]gjy|{~k_��mpo�}T�xq°m�{	��iB�|���r�~������gB}Td�v|w#eh}T�rdre�v�gB�rk�y|{�}Td]�=m�k_d�~gTdr���¼�=mpk�d ý o_}]�~���=mpk���}��~}c��mp�rkzmpqrk����»�~}conm)iB�|���f�~������gT}�m��s��{�ozm�k_�r}�dr}c�rgj�~{�k�q � o�� k_�|qf}T� ��m�o_o�}© �èµ ý µ�ª }Bq°o_}Td°drk_�s��{�ozmp�rk�qfgTd)�~{�eh��qr}T�|qfk_}To�df}Qqr�r��{~�x}T�|q)m�{	���h���r��}Td)�~}ZiB}To_{�k��·iBk }T� x = ±1
¾

Â � v�mp�;k_o_qr����k_}T� Hµ
e��r}T�u�MozmN�´���r�;}As

Hµ = − 2~2

mθµ
2ρ2

∂2

∂x2
+ V1 + V2 −

1

8mρ2
| º ¾ º�µ)}

ÊK�,eh��dèm��xq φi(θ, ρ) = (1 − x2)
1
2ϕi(x, ρ) ý o�� gjyx{�mpqrk����!mp{	� ��m�o_}T{��rdDe��r��e��r}Bd | º ¾ K_Kp}�~}B�#k_}T�|qQs

(
− 2~2

mθµ
2ρ2

D + (1− x2)(V1 + V2 −
1

8mρ2
)

)
ϕi(x, ρ) = (1− x2)εi(ρ)ϕi(x, ρ) | º ¾ ºx¸9}

�9Í D }Td¼q]o�� ��ehgT�fmpqr}T{��Qs

D = (1− x2)
∂2

∂x2
− 2x

∂

∂x
− 1

1− x2
| º ¾ º9K+}

�P��mpe��r�Bd4o�� }�~e��r}Tdrdrk_��� | º ¾ ºx¹p}6�#} Î
2
ý o�}cqf}T�¼�;} (1−x2)(V2− 1

8mρ2 ) ��}�e��rgTdr}T�|qr}]e�mpd4�~}drk��s��{�ozm��¼k_qrgc}T� x = ±1 ý �;���|qf�¼����d6y|{�}ci�� }Td¼q'mp{�drdrk~o�}cijm�d6eh��{�� (1−x2)V1

¾ Ê6�?}��ump�;k_��m��xq
| º ¾ K_b+} ý k_o�����{�d]dr{�ÛAq��~}%�;���|qf�¼}T��y|{�}%onm¬�´���uilqfk_��� F (x) �#gk�u��k_}Oe�mp�Os

F (x) =
(1− x2)

cos (θµx)− cos (θµ)
| º ¾ º�º'}

eh��drdr�j�~}%{���}Oo_k_�;k�qf}��u��k_}O}B� x = ±1
¾hÈ � ý

1

cos (θµx)− cos (θµ)
= − 1

2 sin
[
θµ
2

(x+ 1)
]

sin
[
θµ
2

(x− 1)
] | º ¾ º � }

dr��k�q
F (x) =

1

2

1 + x

sin
[
θµ
2

(1 + x)
] 1− x

sin
[
θµ
2

(1− x)
] | º ¾ º � }
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k�o¬�#k_}T�|q��~���uiAs
lim
x→±1

F (x) =
2

θµ sin θµ
| º ¾ º+M9}

ÉÑ}Bq¼qf}¯�´����ilqfk_���A}Td¼q��~���uiË�~k�}T�A�¼g���{�o_k_�T�r}c}T� x = ±1
¾ Ã]��{~d'mj������d��~���uiÑqr�r��{~�xgc{��~}Ëqf�èmp��d]�

�´���r�=m�qfk_����eh}T�r�A}BqrqSmp�|q1�/� ���~qf}T��k_��{���}Pgjy|{�m�qfk_����dèm���d�eh��k_�|q°�~k_��}T�c��}T�|q ¾ É4}Bq¼qf}Q�r}T�����r�=m4�
o�k_dèm�qfk_��� ����{�dQm=eh}T�r�;k_d%�~};ijmpo�iB{�o_}T�%}kÛ»ijm�il}T�;}T�|q%o�}Bd%��k��x}Gmp{	�©m��~kzm��umpqrkzy|{~}TdOdèm��~dQmT�x��k��
�r}jiB��{��rd�mp{	�M�;gBqfv����~}Td�drehgjiBk���y|{�}Td��~})qf�èmpk�qf}T�;}T�xq��~}Td�drk_�s��{�ozmp�rk�qfgTd°É4��{�o_���Z��k_}T����}Td ¾
<#3'0�?ACo=I.)*,?A-�R@">C·\�3'GI=@6�.�*,?A-X68=If ��6/C,"	=T&)0DZ�&4?/Z�&4"'0

Â }Tdg�n���uilqrk�����d ϕi(x, ρ) dr���|q6�~gB��}To_��e�ehgT}Td6dr{�� o_}Td nL e��r}T�;k_}T�¼dKgBqSm�qfdKe��¼��e��¼}Td��#}Ëoç� ��ehg��èm�qf}T{�� D
¾ ÉÑ}Td�gBqSm�qfd1iB���r�¼}Tdreh���u�~}B�|q)m�{	�O�´����ilqfk_����d1�~} Â }���}T�u�~�r}Zmpdfdr��iBk�gB}Td P 1

n(x) | �x��k_�m����~}��~}P��} ¾�È �����~qfk_}T�|q1mpo����rd�o�� gjy|{�m�qfk_����mp{	�	��mpo_}T{��rd�e��r��e��r}Td���gT��gT�èmpo�k_drgT}Odr{�k���mp�|qf};s
(
− 2~2

mθµ
2ρ2

D + W

)
Φi(ρ) = εi(ρ)OΦi(ρ) | º ¾ º�¶p}

�9Í Φi(ρ) }Td¼q»o�}��x}Tilqf}T{��»�~}Td=iB���;eh��dèmp�|qf}BdD�~}Wozm<�´����ilqfk_��� ϕi(x, ρ) �ump��d»onm ��m�dr}��~}Bd�´���uilqfk_����d��~} Â }���}T�u�~�r} ¾ D }Td¼qcozmP�¼}Te��rgTdr}T�xqSmpqrk_���M�~}°o�� ��ehgT�èm�qf}T{�� | º ¾ ºpKp} ý }To_o�}°}Td¼qc�~������gB}e�m���ozm%�=mpqr�rk�iB}��~kzmL������m�o_} Dnn′ = −n(n+ 1)δnn′
¾
W }Td¼q4ozm%�=m�qf�¼kziB}]iB���¼�r}Tdreh���u�um��xqcmp{	�

qf}T�¼�;}TdËeh��qf}T�|qrk_}To�dc}lq O iB}To_o�})�~}°ozm¤�´���uilqfk_��� (1− x2)
¾ �°mp��dcozmP��mpdr}%� Î Å | �x��k_��mp����}��~}Ê�} ý o_}TdA�=m�qf�rk�iB}Td;�~}Td?qr}T�r�;}Td?eú��qf}B�|qfk_}To_d;}Bq;�~} (1 − x2) dr���|q;�~knm�������mpo_}Td ¾6Â mI�»mpqr�rk�iB}�~}Me�m�drdèm���}W�#}�ozmI��mpdr}�� Î Å � ozmI�um�dr}W�#}TdD�´���uilqrk�����d»�~} Â }k��}T�u�~�¼}�eh}T�¼�;}Bq=mpo����rd;�~}

ijmpoziB{�o_}T�;�øm�iBk_o�}T�A}T�|q'e�mp��drk_�;e�o_}��Z{�o�qfk_e�o_kzijm�qfk_���»�=m�qf�¼kziBk_}To_o_}]o_}Td��r}Te��¼gTdr}T�|qSm�qfk_����d W }Bq O
¾

t���{���qf�fm���dc�´���r�;}B� | º ¾ º�¶p}c}B��{���}Qgjyx{�mpqrk����Imp{	����mpo�}T{~�rd�e��r��e��r}Td]d¼qSmp�u�um��r� ý �P{�o_qrk�e~o�k_����d
onmZ�=m�qf�rk�iBk_}To_o�}T�A}T�|q � �xmp{uièv�}Oe�mp� O−

1
2
¾uÏ o¬�#k_}T�|q ý

O−
1
2

(
− 2~2

mθµ
2ρ2

D + W

)
Φi(ρ) = εi(ρ)(O

1
2 Φi(ρ)) | º ¾ ºpbp}

}T��{~qfk_o_k�dèmp�|q]onmZ�r}Tozmpqrk���� O−
1
2 O

1
2 = 1 �������~qrk�}B�|qQs

O−
1
2

(
− 2~2

mθµ
2ρ2

D + W

)
O−

1
2 (O

1
2 Φi(ρ)) = εi(ρ)(O

1
2 Φi(ρ)) | º ¾ � ¹p}

k�o/��}%�r}Td¼qr}%e�o�{�d]y|{�� � �~kzmL������m�o_k_df}B�]oç� ��ehgT�fmpqr}T{��

O−
1
2

(
− 2~2

mθµ
2ρ2

D + W

)
O−

1
2 | º ¾ � µ)}

Et?\-/�/"'&4�8"�-@(9"�"p.#&43'04=�C�.E6s.40
Â mPiB���|��}T�c��}T�uiB})�~})iB}lqrqf}1�;gBqfv����~}°}Bdrqc�~k_�r}jiSqf}T�;}T�xqco_k_gT} � ozmZ�~}B��dfk�qfg)�#}°eh��k��xqfdËe��r���

�~{�k�qf}Ze�m��1ozmDy|{um��~�fmpqr{��r}?�~}D¡%mp{�drd]� Â }���}T�u�~�¼} | �x��k��)mp����}��~}N�;}�{~qfk_o_k�drgT}Zeh��{��°�~gk�u��k_�°ozm��m�dr}�� Î Å ¾ É4}Bqrqr}��~}T�~dfk�qfg��~��k�q#
Bqr�r}�m��umpe~qfgT} � ozm©�~}BdèiB�¼k_e~qfk_��� �~{ d¼w#d¼qf�B�;} ¾�Â ���rdfy|{�}
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oç� gT��}T�`��k_} }Td¼qM��mpdrdr} ��{,o_���¼dèyx{�} o_}I�èmTwx���,v|w�eú}B�rdre�v�gT�rk�y|{�} ρ }Td¼q����èmp�u� ý o�}Td �´���uilqfk_���~d�/� ���u�~}QiB���¼�r}Tdreh���u�~}T�|q � �~}Td]gBqSm�qfd]o_�#ijmpo_k�drgTd°m�{~qr��{����¬� {����~}Td]����w|m�{	�©s�}To_o�}Td�dr���|q1�#���ui
iB����iB}T�|qf�¼gT}Td'mp{Z�x��k_drk���m���}��~}TdK�h���f�~d6�~}Ëo�� k_�|qr}T�¼��m�o_o_}��¬� k_�|qfg����èm�qfk_��� ¾ Ã]��{�d ����{�d�m�qrqf}T�u�#����d
e�m��ËiB����drgjyx{�}T�|q � iB})y|{�}°ozmP�;gBqrv��#�~})iB���|�x}T�`��}°e�o_{�d��~k�Û=ilk�o_}T�;}T�xq]�ump��d�il}Td�iB���u�~k�qfk_����d ¾
�1}c�D
T�A}co����rdfy|{�} ρ }Td¼q;���fm���� ý k_o�}Td¼q��èmpk_df������mp��o�}]�~}ceh}T��dr}T�'yx{�}�o_}Td���k��x}Gmp{	�;il���¼�r}Tdreh���	��um��xq � o��÷m��¼�èmp�s��}T�A}T�|q p Ý | ( È µ)7+ }'dr��k_}T�|qce�o_{�dco�}B�|qfd � il���|��}T�c��}T� ý e�{�k_dfy|{�})o_}TdcgBqSm�qfdc�~}oç� k_��� (

È
µ)7+ dr���xq%e�o_{�d%iB���;e�m�iSqfd%y|{�}AiB}T{	� �~} | pµ }aÚ ¾ ���u� �/� gBqr{u�~k�}B�)onmDiB���|�x}T�`��}T�uiB}�~}Mozm���m�dr}�m��~kzmp��mpqrkzyx{�}M}T� �´���uilqfk_�����~{��~���Z�~�r} nL �~}��n���uilqrk_����d;�~} Â }���}T�u�~�r}	{~qfk_o_k��

drgT}Td ý �~��{�dZmT�x����dQgB��mpo�{�g»o�� }B�r�r}T{~�Q�¼}Tozmpqrk_��}»df{��Oo_}TdP�~k�²úgT�r}T�|qrdQ��k��x}Gmp{	�©gT��}B�c��k�}=ijmpozil{�o�gTd ý}T��e��r}T��mp�|q�iB���;�;})�rg��´gB�r}T�uiB}%onmZ��mpdf}Qm��~kzm���m�qfk�y|{�}O���~qf}T��{�}QmT�x}ji nL = 450
¾

�¢��}ji¿µ � ¹ �n���uiSqfk_����d	�~} Â }k��}T�u�~�¼} ý ¶ � gBqèmpqrd	iB���|�x}T�`��}T�xqMmj��}ji�{���}�}T�r�¼}T{��=�r}Tozm�qfk��x}k����´gT�rk_}T{��¼} � 10−8 eh��{��c�#}TdÑ��mpo�}B{��rdc�~} ρ ∼ a0

¾#Â ���rdfy|{�} ρ mp{s���;}T�|qr} ý ozmPiB���|�x}T�`��}T�uil}°dr}�~gBqfgT�¼k����r} ý �/�÷m��h���f�»eh��{��4o�� gBqèmpqu�n���u�ump�;}T�xqSmpoú�~} | È µ } ý e�{�k_dÑeh��{��4o�}�e��r}T�Ak�}T�4glqSm�qÑ}���iBk�qfg
n = 2 ��}T�rd ρ ∼ 2 a0

¾ t¢��{��%�r}Teh��{�drdf}T�Oozm	��m�o_}T{��Oo_k��Ak_qr}=�~{©�èmTwx���©v|w#eh}T�¼dfe~v�gT�rk�y|{�}Dmp{	�
�~}To � �~}Pozm�y|{�}To_o�}Pozm=iB���|��}T�c��}T�uiB}Pdf}P�~g����èm��~} ý ��� m�{s���;}T�xqf}Po_}P�����Z���¼}Z�~}¤�n���uiSqfk_����d°�~}Â }���}T���~�r} ¾ �1k���drkKmj��}ji nL = 250 ý oç� gBqSm�q��´���u�um��A}T�|qSmpo }Td¼q%iB���|�x}T�`��gAmj��}jiP{���}?e��¼gjiBk_dfk_����r}Tozm�qfk��x}4�~} 10−8 ��{�dfy|{�� � ρ ∼ 5 a0

ý }Bq��·{�dèyx{�� � ρ ∼ 10 a0
}T�Q{~qrk�o_k_dSmp�|q�K � ¹��´����ilqfk_����d ¾ É°� }Bdrq

iB}Bqrqr}°�~}T�r��k_�T�¼}1��mpo�}T{��Ñ�~} nL yx{�}1����{~d�mT�x����dÑ{~qfk_o_k�drgT}1eh��{~�u��gT��gB�r}T�ÑozmQ��mpdr})m��~kzmp��mpqrkzyx{�}�~{�ijm�o�iB{�o ¾ ��oç� }���iB}Te~qrk_�����~}Bd1y|{�m�qf�¼}Td�e~�r}T�;k_}T�rd]gBqèmpqrd��~} (
È
µ)7+ y|{�kñ��}��·��{�}T�xq�e�m�d]{��

�}Ø�o�}1qr�r�TdËk_�;eh���¼qèm��|qc�ump��dËo�}°e��¼�#iB}Bdfdr{�dc�~}1qf�fm���dc�´}B�¼q ý qr��{�dËo_}Td�mp{~qf�r}TdËglqSm�qfdc�~}°o�� �E�#w	���T��}�Z{�����k�y|{�}D�r}Td¼qf}T�xqAil���|��}T�c��gTd;mT�x}Ti={���}De��rgTiBk�drk_��� �r}Tozm�qfk��x}	�~}Do�� ���f�~�¼}	�~} 10−4 ��{�dfy|{�� �
�~}TdË�~}Td'��mpo_}T{��rdË�~} ρ �~}1o�� ���r�~�r}1�~} 40 a0

¾ ÉÑ���;�;}�����{�dÑ����{�d4w=mpq¼qf}T�u�~k_����d ý o_}TdÑgBqèmpqfdÑ�~}oç� v|w~�~�¼�9���T��}Z�Z{�����kzyx{�}Zdf���|q°e�o�{�d��øm�iBk_o_}T�;}T�|q%iB���|�x}T�`��gTd?shoç� }T�r�¼}T{��°�r}Bonm�qfk��x} � ρ ∼ 40 a0}Td¼q��~} 10−10 eh��{��Koç� gBqSm�qV�´���u�um��A}T�|qSmpoumT�x}ji nL = 250 }Bq'm�qrqr}Tk��xq 10−12 yx{�m��u� nL = 350
¾

Â m#�[��{��¼} | º ¾ � }1�r}Be��rgTdr}T�|qr}Ao�}BdOgT��}B�c��k�}TdQm��~kzmp��mpqrkzy|{~}Td εi }T�%�´����ilqfk_���©�~{ �fmjw���� v|wp�eh}T�rdre�v�gT�¼kzyx{�} ρ ¾4Â � ���rk���k��~}I�~}Td=gT��}T�c��k_}TdMm gBqfg�ièv~��k_drk�}�eh��{��=iB� Z��uiBkz�#}T�MmT�x}jiWozm©o_k_�;k�qf}m�d¼w#�Ae~qf��qfk�y|{�})�#{Mijmp��mpo/�/� }T�|qf�¼gT} (pµ)n=1 +
È 8+ ¾#Â }Tdcijmp��mp{	�D��{~�x}T�¼qrdcyx{�k¬dr���|qËdr{�dfiB}Te	�

qfk_��o_}Td1�/�Î
Bqr�r}Oeh}T{�e�o_gTd1dr���|q1iB}T{	��eh��{��]o_}Tdfy|{�}To_d�oç� gT��}T�c��k_}Zm�d¼w#�Ae~qf��qfk�y|{�}O}Td¼q�k��s�ngT�rk_}T{��r} �
oç� gT��}T�`��k_}QiBk_��gBqfk�y|{�}Q�#}QiB��o_o�k_drk_��� E ¾ ÉÑ}Td]iB��{��¼�h}Td]eh}T�r�A}Bqrqf}B�|q��~g¼� � �~}OiB���Ae��r}T�u�~�¼}Qy|{�m4�o�k�qSm�qfk��x}B�;}T�|q)ozmD�#w#��mp�;k�y|{�}A�~{Ie��r��iB}Tdrdf{�d)�~}Zqr�èmp��d��n}T�¼q ¾ tKmp�¼qèm��|q)�~{ ijm���mpo6�¬� }T�|qr�rgT} ý o_}d¼w#d¼qf�T�;}%iB�r��k_df}O�~kzmp��mpqrkzyx{�}T�;}T�|q]o_}Oijmp��m�o��~}%df���¼qrk�} p+ (

È
µ)7+

n=7
dr{���o_}jy|{�}To/o�})qr�èmp��dc�´}T�¼q

dr}T�èm)�~���uiË��g���o_k���}jm���o_} ¾xÂ }Td'iB��{�e�ozmL��}TdÑmT��}jico_}Td�ijm��um�{	� p+(
È
µ)7+

n=5
}Bq p+(

È
µ)7+

n=6
dr���|q

e�o_{�d]k_�;eh��� qSmp�|qfd ¾ ÉÑ}Tozm?dr}%�=mp��k��´}Td¼qf}%e�mp�]�~}Td]iB�r��k_df}T�A}T�|qfd�gB�#k�qfgBd1mp{���k_��}Gm�{W�~}Tdfy|{�}To_d]o_}
qf�èmp��dc�´}T� q6�~}Ñ�Z{����?dj� ��eh�T�¼} ¾ Ê6���u� ý o_}Td6ijmp��m�{	� p+(

È
µ)7+

n<5
ý yx{�k#dr���|qY�ømpk���o_}T�;}T�xq�iB��{�e�o_gTdmj��}ji)o_}Qijmp��mpo�k��~k_qrknmpo ý �¼k�dfy|{�}B�|q��~}%��}%e�mpd^
Bqr�r}%eh}T{�e�o_gTd��~}%�=mp��k_�T�r}%drk�����k���ijm�qfk��x} ¾

<#"	$%6[&)GI=@"
Â m#���fm��u�#}?e��rgjiBk_drk_��� ���~qr}T��{�}?eh��{��°oç� gT��}T�c��k_}A�~{ ijmp��m�oK�/� }T�|qr�rgT}Z}Td¼q%�~gjiB}TdrdSmpk_�r}A�~�Td

o����rd%y|{�}?����{�d)����{�d)k_�|qfgT�¼}Tdrdf����d � �~}Td)e��r��iB}Tdrdr{�dO�ump��d%o_}Tdfy|{�}To_d%o�� gT�~}T�c��k�}AiBk_��gBqfk�y|{�}A�¼}��
onm�qfk��x}Zk_��k_qrknmpo_}A�~{ d¼w#d¼qf�T�A}Z}Td¼q%�~}?o�� ���f�#�r}A�~} 10−6 } Î?¾ Ê6�I}k²¬}lq ý drk o�� ��� iB���;e�mp�r}?iB}Bq¼qf}
ç��/ó�ô�Í_ôeð}vú�éó��[ùÎô@ï`é��[úpý ÿ)ó�ö)ì{òwxLùÎü`÷¯ô�ÞAòkÿ�ùÎòk÷Yx�íÎôcó�ö�ÿ4ì�v�ùÎô!ì�é|{�òkóu÷¯ò}{�ôcó�ú)ô��sëeð�é�ð��[ùøíøë��[ú+ý ÿ�ó´�,{��oð7ü`÷¯ô÷�ÿ4òkó)í���ÿ4ôVô���ð@ú)òkó)ó4ë3y�ô`ó�ÿ�ó)í�ð7ë��@÷�ÿ4òkó)í���ÿ4ô}� z öLéÌì < r >nl=

1
2z [3n2 − l(l + 1)]





���������������°¯0� � %0Á_±.*,�ÅÄ�%�* � '+����� �w� � K

-4

-3

-2

-1

0

1

2

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

ρ (Å)
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N ²´«3O º ¾ � ÓØß4ð¬Ýlìçê�åçÝSâPáxÚpåçá³Sèá�Üøå7·SØ�ÝSâZÝSð?ëT×�ð¬æBÜøåç×�ð¿ÚpØ�ìèápÛx×pð�äxÛSàuÝlìèâòà�äs¨lìSå7·SØ�ÝGô
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T�;}Pmp{	�gT��}T�`��k_}Td¢qrv�}T�r�Akzy|{�}Bd ¾GÂ }Td¢}k²ú}Bqfd � qr�r�Tdñ��m�drdr}'gT��}T�`��k_}'��}'dr}T�r���|q��~���ui���k�}B�P�¼}Te��r���~{�k�qfd�y|{�}
drkuo_}Td6��m��¼kzmpqfk_����d4�#}�o�� gT��}B�c��k_}]iBk_��gBqfk�y|{�}]�ump��d�oç� k��xqf}T�¼��mpo�o_}]�/� gBqr{u�~} ý ��}�dr���xq'e�mpd��=mpdfy|{�gT}Tde�m��coç� k_�;e��rgjiBk_drk_�����~{Wijmpo�iB{�oñ�~}Td�gBqSm�qfd�m��~kzmp��mpqrkzyx{�}Td ¾

� ¹Oà áA¿�:¢¥P¸��µ8;:µ<k¾¤¿ � »37ñ¥3>D½®8;:µ<k¾¤¿$7ñ �¾¤½$¦=£�¥j»37
âäã¥å{æ	ç�è�é�êëìçOåîí�æðïFñ�òóè#ô	õöëìçOåîí�æFòø÷�í�õvùvúîè�ñ�ò |�ûvü4ýFþ } ñ�ò�çóê�èÿëÃú{åîò�è�ñ/ò�ñ#÷�çOñ�õvêóùöëÃêóò�ñ#÷�çOñ�õvêóñ�æ õFçOå �ú{åîòëÃæ	ç�úãsëÃúîé�í�ê�å�ç����ðñ ïFñ�� ñ	�äí�é ëÃñ�ú{ñ�ê�ñ�
��í�åîê�ë�æFævñ��Fñ���� ü âKëðò�í�úîõFçOåîí�æ í��FçOñ�æeõFñ��ðú�ã¥ñ��_çOê�è ��ðå�çOèøïFõ�ò�ñ#÷�çOñ�õFê

n
ñ�æ
ρ = ρn+δn

ñ�ò�çWùvê�í��!ñ�çOè�ñäò�õvê�úIë��öëÃòOñøïFåIë�� ëÃçOå{ô	õvñ {φi(θ, ρn+1)}i=1,N
ü� ñ�ç�çOñ ùFê�í���ñ#÷PçOåîí�æ òOñ�ê,ç¿ïFñ�÷�í�æ ï_åîç�å{í�æ åîævå�çOåIë�úîñ�ù�í�õvê úIë�ùvê�í�ùöëÃé ëÃç�å{í�æ ï ëÃævò ú{ñ ò�ñ#÷�çOñ�õvê

n+ 1 ü� æ�ùvê�í�ùöëÃé�ñÎò�å��ºõvú�çPëÃævè��ðñ�æ	ç
N

ò�í�ú{õFç�å{í�ævòðúîå{ævè#ë�åîê�ñ�� ñ�æ	çðå{æ ï_è�ù�ñ�æ ï ëÃæ	çOñ�òðñ�çðúîñ�õvê�ò ïFè�ê�å �� è�ñ�ò ü � ñ�ò�� í�æ ÷�çOåîí�æFò�÷�í�ê�ê�ñ�òOù�í�æ ïFñ�æ	ç �ðï_ñ�ò�÷�í�æ ï_åîç�å{í�ævò�åîævå�çOåIë�úîñ�ò�ñ�æ
ρ = ρ0

ïFå"!aè�ê�ñ�æ	ç�ñ�ò�ñ�çò#ãMè#÷�ê�å���ñ�æ	ç ÷�í��#�ðñ ñ�æ$
 ûvü4ý�% �'&
ψEj (ρ, θ) =

N∑

i=1

fij(ρ)φi(θ, ρn)

 ûvü)(�* �

� æ í��FçOåîñ�æ	çðõvævñ+� ëÃç�ê�å{÷�ñ
F

ïFñØïFå��ðñ�æFòOåîí�æ
N × N

ñ�çðòë ïFè�ê�å���è�ñ
F′

ïFí�æ ç úîñ+��ñ#÷�çOñ�õvê÷�í�ú{í�ævævñ�ïaãMåîæ ïFåI÷�ñ
j
ñ�ò�ç,��í�ê-�ðè ïFñ�òØ÷�í.�ðù�í�òë�æ çOñ�òØïFñ úIë³ò�í�ú{õ_çOåîí�æ ÷�í�ê�ê�ñ�ò�ù�í�æ ï ëÃæ	ç/� úIë÷�í�æ ïFåîç�å{í�æ åîævå�çOåIë�úîñ

fij(ρ0) = δij

÷�ãMñ�ò�ç0�ØïFåîê�ñ.1'òOñ�õFúøúîñ ÷#ëÃæöëÃú

j
ù�ñ�õvùvúîè ñ�æ

ρ = ρ0

� ü âWëùvê�í�ùöëÃé	ëìçOåîí�æ ñ�ò�ç ñ2!+ñ#÷�çOõvè�ñ3�!õvòOô	õ'ã)�
ρ = ρM ü54 õ � ïFñ�ú6�µï_ñ�÷�ñ�ç�ç�ñ7��ëÃú{ñ�õvê í�æ ùöëÃê�úîñ�ïFñ	8�9;:�<>=@?

ACBED�F�GIH = H <>J�KML21_ô õvå ÷�í�ê�ê�ñ�ò�ù�í�æ ï+� ïFñ�òN��ë�úîñ�õvê�ò ïFñ ρ ò�õPOðòë��#� ñ�æ	ç é�êëÃæ ïFñ�ò ù�í�õvê¿ù�í�õP��í�åîêævè�é�ú{åîé�ñ�ê�úîñ�ò�÷�í�õvùFú�ëÃé�ñ�ò ñ�æ	ç�ê�ñ°è�çPëìçOò ü
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S
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N0

÷�í��0�våîæöë�åîò�í�æFò�ú{åîævèÿëÃå{ê�ñ�ò ïFñ�ò
ψEj

ô	õvñºúãMí�æ2÷�í�� �ùöë�ê�ñZ� ú�ë+� í�êv� ñ ëÃò-qp�ðùFç�í�ç�åIô õvñ ïFñ�ò
N0

ò�í�ú{õFç�å{í�ævòµù��rq_ò�å{ô	õvñ�ò ü â'ñ�òµò�í�ú{õFç�å{í�ævòµù��rq_ò�å{ô	õvñ�òù�ñ�õP� ñ�æ ç�òÿã¥è#÷�ê�åîê�ñ�æ	ç'� úã4ë�å{ïFñµïFñ°úIë�� ëÃç�ê�å{÷�ñ�ïFñ°ê�èÿë�÷�çOåîí�æ
K

ò�õvå���ëÃæ	ç	&
FK
ij = f sj δij + f ciKij


 ûvü)(�ý �
ëi��ñ#÷

1 ≤ i ≤ N
1
1 ≤ j ≤ N0

ñ�ç ù�í�õvê úîñ�ò�÷#ëÃæöë�õp� í�õp� ñ�ê�ç�ò�&
f si (Ri) =

1√
ki

sin (kiRi)

 ûvü)(Ãû �

f ci (Ri) =
1√
ki

cos (kiRi)

 ûvü)(�( �

í.w
ki =

√
2m(E − εi)/~

1vñ�ç
Ri

ê�ñ�ùvê�è�ò�ñ�æ	çOñ°úIë ÷�íeí�êOïFí�ævævè�ñµïFõØò-q_ò�ç�R2�ðñ�ïFñ0x�ë�÷�í��våy�våîñ�æë�ï ëÃùFçOè��°úIë æöëìçOõvê�ñ ïFõ ÷#ëÃæöëÃú
i ü hWí�õvêäúîñ�ò ÷#ëÃæöë�õp��� ñ�êv� è�òz1�í�æ ù�í�ò�ñ

κi =
√

2m(εi − E)/~ñ�ç�í�æÊë+&
f ci (Ri) = e−κiRi


 ûvü)(�{ �
4�| æ ïFñøù�í�õP� í�å{êWúîñ�ò�÷�í��ðùöëÃê�ñ�êKë�õp��ò�í�ú{õFç�åîí�ævò�÷#ëÃú{÷�õvú{è�ñ�òóô	õFå	ò�í�æ ç�÷�í�ævæeõvñ�òKñ�æ ÷�í	í�ê�ïFí�æ �ævè�ñ�ò'�5q_ù�ñ�ê�ò�ù��vè�ê�åIô õvñ�òi1�í�æÊùvê�í���ñ�ç�ç�ñµú{ñ�ò

FK
ij

úîñ úîí�ævé ïFõÊêOëiq�í�æ}�rqeù�ñ�ê�ò�ù��vè�ê�å{ô	õvñ
ρ = ρM ü

s å'í�æÎæví�ç�ñ
A

úIë�� ëìçOê�åI÷�ñ
N ×N0

ïFñ�ò�÷�í.�u�våîæöë�åîò�í�ævò ú{åîævèÿëÃå{ê�ñ�ò ïFñ�ò
ψEj
1ví�æÊë+&

FA = FK 
 ûvü)(.~ �
F′A = F′K


 ûvü)(�� �
ú�ã¥è�úîå�� å{æöëìçOåîí�æ�ïFñ

A
ñ�æ	çOê�ñ úîñ�ò°è�ô	õöëÃç�åîí�ævò�
 û ü�(5~ � ñ�ç�
 ûvü)(�� � ù�ñ�êv�ðñ�ç°ï ãMí��FçOñ�ævåîê ú�ëZ� ëÃç�ê�å{÷�ñ

K üM� æÎæví�çPëÃæ	ç
Z = FF−1 ú�ë�� ëÃç�ê�å{÷�ñ�ïFè�ê�å"� è�ñ�úîí�é	ëÃê�å�ç����ðå{ô	õvñ�ïFñ

F
1Fí�æÎí��FçOåîñ�æ	ç	&

K = −
(
ZFc − F′c

)−1 (
ZFs − F′s

) 
 ûvü)(�� �
í.w í�æÎë ù�í�ò�è�&

FK = Fs + FcK ü âWëu� ëÃç�ê�å{÷�ñ°ïFñ ïFå"!aõvò�åîí�æ S
ò�ñ ÷#ëÃúI÷�õvúîñ ñ�ævò�õvå�çOñ�� úãsëÃåIïFñïFñ°úIë ò�í�õvò � � ëìçOê�å{÷�ñ Ko

1 ô õvå�÷�í�ê�ê�ñ�ò�ù�í�æ ïØë�õp�Î÷#ëÃæöëÃõp� í�õP��ñ�ê�çOò�ïFñ
K
&

S =
1 + iKo

1− iKo


 ûvü�{�% �
â'ñ�ò ùvê�í��öë@�vå{úîå�çOè�ò ïFñ çOêOë�ævòv� ñ�ê�ç�ò�í�æ	ç ë�úîí�ê�ò ïFí�ævævè�ñ�ò�ù ë�ê�&

Pij = |Sij|2

 ûvü�{Fþ �
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�^�p�����C \¡y�
� í.���ðñ úãMè�ævñ�ê�é�åîñ çOêOë�æFòOúIëìçOåîí�ævævñ�ú{úîñ°å{ævå�çOåIëÃú{ñ°ñ�ò�ç çOêvR�ò ù�ñ�çOå�çOñ.1Fúîñ�÷#ëÃæöëÃú�ïaãMñ�æ	ç�ê�è�ñ �ðè�ê�åîç�ñõvæ çOêOë�å�çOñ2�ðñ�æ	ç ùöëÃê�ç�åI÷�õFú{åîñ�ê ò�åöúãMí�æ æFñ7� ñ�õFç ù ë�ò ë�� í�å{êN�°åîæ	çOè�é�ê�ñ�êy��õFòô õ'ã)��ïFñ�ò3��ë�úîñ�õvê�òøç�ê�í�ùè�úîñ2� è�ñ�òðïFñ

ρ
ù�í�õvêðïaãsëìç�çOñ�åîæ ïFê�ñÎúîñ�ò���í�ê-�ðñ�ò ëÃò-qp�ðùFçOí�çOå{ô	õvñ�ò¢
 ûvü)(Ãû �µñ�ç¢
 ûvü)(�( � ü£� æ�ñ2!+ñ�çz1ù�í�õvê

ρM ∼ 30 a0

1	úîñ ù�í�çOñ�æ çOåîñ�ú¤�°úîí�ævé�õvñ�ïFåîò�çë�æ ÷�ñ ñ�æ
1/R2 æ'ãMñ�ò�ç ùöëÃò ñ�æ ÷�í�ê�ñ ævè�é�úîå{é�ñÿë@�vú{ñïFñ2��ë�æ çµúãMè�ævñ�ê�é�åîñ ïFñ ÷�í�úîú{åîò�åîí�æ¥& úIë òOí�úîõFçOåîí�æ�÷�í�ê�ê�ñ#÷�çOñðïFñðúãMè#ô	õöëìçOåîí�æ�ïFñ s ÷k�vê-¦_ïFåîævé�ñ�ê�ñ�ò�çõvævñØ÷�í.�u�vå{æ ë�åîò�í�æ úîåîævèÿëÃå{ê�ñÊïFñ¢��í�æ ÷PçOåîí�ævò ïFñ}§ ñ�òOò�ñ�ú�ï ã¥í�ê�ïFê�ñÎå�� ëÃé�åîæöëÃå{ê�ñ¨n (�%�o ô	õvñÎæví�õvòë�� í�æFò õFçOåîúîåîòOè�ñ�ò ù+í�õvê ÷�ñ ÷#ëÃæöë�ú ü hKí�õvêøúîñ�ò ëÃõFçOê�ñ�ò¿÷�ë�æöëÃõp�©1 úãMè�ævñ�ê�é�åîñ�÷�åîævè�ç�åIô õvñ�ë�÷�ô õvå{ò�ñ�ú{í�ê�òïFñ ú�ëÊ÷�í�ú{úîåîò�å{í�æª
 ≥ « ñ;���°ñ�ò�ç ò�õPOðòPë@�#�ðñ�æ	çºé�êOë�æ ïFñ ù�í�õFê ë�æöëÃú"q_ò�ñ�ê ÷�ñ�ò è�çPëìçOò ë�� ñ#÷ ïFñ�òò�å{æeõFò�ñ�ç�÷�í�ò�åîæeõvò ü

��Sk¬ ¯® Yyg+°E` X `eY±[N`¯²+d�Yy³´g+YyYyd2a V
âWë | é�õvê�ñ}
 ûvü�{ ��ê�ñ�ùvê�è�ò�ñ�æ çOñðúîñ�ò�ùvê�í��öë��våîúîåîç�è�òµùöëÃê�çOåîñ�úîúîñ�ò ïFñ çOêOë�ævòv� ñ�ê�ç�òOõFê�úîñ�òµ÷#ë�æ ë�õp�

p+(
�
µ)7+

n=5,6

ëÃå{æFòOåFô	õvñ¿úIë ùvê�í��öë��våîúîå�çOè¿çOí�çPëÃú{ñ ïFñ çOêëÃævòv� ñ�ê,çóù�í�õvêóïFñ�òóè�ævñ�ê�é�å{ñ�òäï_ñ/÷�í�ú{úîåîò�å{í�æë�úîúIë�æ ç°ïFñ
10−6 ñ;�µ�

103 ñ¶� ü âWë ùvê�í��öë@�vå{úîå�çOè
w

÷�í�ê�ê�ñ�ò�ù�í�æ ï�� õvæ2÷#ë�ú{÷�õvúe�ðñ�ævè ë�� ñ#÷µõvæ
�ðí_ïpR�ú{ñ ò�å��ðùvúîå | èÎô	õvñ æví�õvò ùvê�è�òOñ�æ	çOñ�ê�í�ævòðï ëÃævò úîñ ùöë�êOë�é�êëÃù��vñ ò�õvå���ëÃæ	ç ü � í.���ðñ æví�õvòú�ã4ë��_åîí�ævòäïFè-�-��ùvê�è2�_õ ñ�æ ñ�� ë@�ðåîæöë�æ çäúîñ�òä÷�í�õvêv��ñ�òøë�ï_å�ë@�öëìçOå{ô	õvñ�òi1�úîñ�òä÷#ë�æ ë�õp�

p+(
�
µ)7+

n=5

ñ�ç
p+(

�
µ)7+

n=6

òOí�æ	ç�ç�êvR�ò�� ë@��í�ê�å�çPëÃåîê�ñ��ðñ�æ çóù�ñ�õvùvúîè�òËùöëÃê�ú{ñ¿ùvê�íe÷�ñ�ò�ò�õvò ü � ñ�òË÷#ëÃú{÷�õvúîò·�ðí�æ	çOê�ñ�æ	çë�õvò�ò�åKõvævñ0� í�ê�ç�ñºùvê�í��öë@�vå{úîå�çOè çOí�çPë�úîñ ïFñ ç�êëÃævòv� ñ�ê�ç
(∼ 0.8)

å{ævïFè�ù�ñ�æ ï ëÃæ	çOñ ïFñ ú�ã¥è�ævñ�ê�é�åîñ ïFñ÷�í�ú{úîåîòOåîí�æ#��õvòOô	õ'ã)�ºñ�ær�_åîê�í�æ
100

ñ;� ü
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¾3¿À�Á ûvüõ~uÂ÷ö = m.Ê Å�L ÉyA ? m A KPl;Ë�L�?IL�8�ø H 8�=@< B�jkA ? A K.ù ÈbÉ L B�j =CKp8iÄkL B m < A Ä A�H <>JEKML B L H7A m < A Ä A lH <>J�K�L B�B =@? H 8�L G 8�9 B L�? H 9kL BiÈ Ã =@Kp8^Å"L jkA ? A Åú? ◦ ûzü Å�L�?�<Æý�L A K m < A Ä A�H <>J�K�L+L B�H 8 A.jkj =@8 m 9�ø¢Kt?G = H L�? H <>L�Å m L ö =@8 B L A K.ù G L H < H L B ý A Å�L�Kp8 B m L ρ G =@Kp8�8�L�? m 8�L j = F'GIH L m L,Å A 8�9 G K�Å B <>=@?þøj =@Kp8 H L m < B�H¶A ? j L�L�? H 8�L�Å�L B ?¤= D5A K.ù È�ÿ Kt8 j L H�H L��e:�Kp8�L ü Å�L B#j =@K G Å A :rL B =@? H 9 H 908kL G 8k9 B LE? H 9 BL�?÷Kt?�< H 9 A 8iÄ�< H 8 A <Æ8�L F�A < B Å�LEKp8c<Æ? H L�? B < H 9c8kL�Å A�H <Æý�L0L B�H 8�L B;G L j�H 9kL È

hWí�õvê � è�ê�å | ñ�êµô	õvñ çOí�õFçOñ ú�ëÎïpqeæöë�� åIô	õFñ ï_ñðç�êëÃævòv� ñ�ê�ç�ñ�ò�çµé�í�õp� ñ�ê�ævè�ñ ùöëÃê�úîñ�ò ÷�ê�í�å{ò�ñ ��ðñ�æ	ç�ò ñ�æ	ç�ê�ñ úîñ ÷#ëÃæöë�úËïaãMñ�æ	ç�ê�è�ñ ñ�ç úîñ�ò°ïFñ�õp�2ævå"� ñÿëÃõp� ïFñ ò�í�ê,çOåîñ ù�ñ�õvùvúîè�òi1aæví�õvò�ë�� í�ævò°ñ2� �� ñ#÷�ç�õvè õvæ ÷#ëÃúI÷�õFú'ïFñ�ç¶q_ù�ñ âWë�æ ï ëÃõ ��� ñ�ævñ�ê/ò�õvê õvæ��ðíeïPR�úîñ ò�å��ðùvúîå | è ïFñ ÷�ñ�ò ç�ê�í�åîò ævå���ñÿë�õp� üâ'ñ�ò�÷�ê�í�å{ò�ñ��ðñ�æ	çOò�è2�eåîç�è�ò�í�æ	ç�è�çOèµê�ñ�ùvê�í_ïFõvå�çOò�ñ�æ õFçOåîúîå{òëÃæ	ç�ú{ñ�ò'� í�êv�ðñ�ò�ë�ò-qp�ðùFç�í�ç�å{ô	õvñ�ò�ïFñ�òïFå"!aè�ê�ñ�æ	çOò ÷#ëÃæöëÃõp� 
Æ� í�åîê | é�õvê�ñ+
 ûvüõ~ ��ñ�ç°ë�ævævñ��_ñ��'� ü�4 åîævòOå�1+úãMè�ævñ�ê�é�å{ñ ïFõ ÷#ëÃæöë�úóï ã¥ñ�æ	çOê�è�ñ

�ævå"� ñÿëÃõÎæ ◦ þ ïFõ,�ðí_ïPR�ú{ñC�/ëºè�çOèc�ðíeïFè�úîåîòOè�ñ°ùöë�êc&

εm1 (ρ) = −α Z
R̄2

1

∼ −αZ
ρ2


 ûvü�{.* �
ëi��ñ#÷

α = 3~2/(2mpµ) ü � ñÊç�ñ�êv�ðñ2÷�í�ê�ê�ñ�ò�ù�í�æ ï ��õvævñ å{æ çOñ�êOë�÷�ç�å{í�æª��úîí�ævé�õFñ ïFå{ò�çPëÃæ ÷�ñå{í�æ � ïFåîù���úîñ ñ�æ	çOê�ñ
(pµ)

ñ�ç
O8+ ü hKí�õvê�úîñ�ò ÷#ëÃæöë�õp� ïFñºò�í�ê�çOåîñº÷�ãMñ�ò�ç�úãMåîæ	çOñ�êOë�÷�ç�å{í�æ2ê�è�ùvõvú{ò�å"� ñ

� í�õvúîí.�u�vå{ñ�æFævñ ñ�æ	ç�ê�ñ ú{ñ ùvê�í�çOí�æ ñ�çÎúãMåîí�æ
(
�
µ)7+ ô	õvå°ïFí��ðåîævñ ñ�çØïFí�ævævñ õvævñ è�ævñ�ê�é�å{ñë�ò-qp� ùFçOí�çOå{ô	õvñ�ïFñ°ú�ë0� í�êv�ðñ#&

εm2,3(ρ) =
Z − 1

R̄2

+ ε6,5 ∼
Z − 1

ρ
+ ε6,5


 ûvü�{�ý �
í.w

ε6,5
òOí�æ	ç úîñ�ò è�ævñ�ê�é�åîñ�ò ë�ò-qp� ùFçOí�çOå{ô	õvñ�ò�ïFñ�ò ÷#ë�æöëÃõp�ÎïFñ òOí�ê�ç�å{ñ

p+ (
�
µ)7+

n=6,5
ü â'ñ�ò�÷�í�õ �ùvúIë�é�ñ�òKñ�æ çOê�ñø÷�ñ�òWè�çPëìçOòWí�æ	çWè�ç�èøùvê�åîòKïFñ3� í�êv�ðñN�°ëÃõvò�òOåîñ�ævævñ ÷�ñ�æ	ç�ê�è�ñ ë�õµù�í�åîæ	ç�ïFñ ÷�ê�í�å{ò�ñ��ðñ�æ çïFñ�ò�ævå"� ñÿëÃõp� ü âäã4ë�� ùvú{å�çOõ ï_ñ ñ�ç�úIë�ú�ëÃê�é�ñ�õvêóïFñ�òó÷�í�õvùFú�ëÃé�ñ�òóí�æ çóè�ç�è/ë@��õvò�ç�è�ñ�ò�ù�í�õvêKê�ñ�ùvê�í_ïFõvåîê�ñ



�����2�I�����E�	�p�����p��
k����2�C�����I�2�@����� (.~

ô	õöëÃú{å�çPëìçOå"� ñ2�ðñ�æ	çµúîñ�ò�è�ævñ�ê�é�åîñ�òºë�ïFåIë��öëìçOå{ô	õvñ�òµïFõ ÷�ë�ú{÷�õvúäñ��vë�÷�ç ü\4 úã4ë�å{ïFñ ïFñ ÷�ñ�òµ÷�í�õvêv��ñ�òi1í�æÊù�ñ�õFç ë�úîí�ê�ò�÷#ëÃúI÷�õvúîñ�ê�úIëðùvê�í��öë@�våîú{å�çOèºïFñµç�êëÃævòv� ñ�ê�ç ç�í�çë�úîñ ñ�æ õFçOåîúîå{òëÃæ	ç�ú{ñ�ò�ê�è�òOõFúîçëÃç�ò�ïFõ
�ðí_ïpR�ú{ñ�âWëÃæ ï ë�õ ��� ñ�ævñ�ê n þC~zomüp� æ çOñ�æöëÃæ	ç ÷�í.� ùFçOñ�ïFñ�ò ïFå�!+è�ê�ñ�æ	çOò ÷k�vñ2�ðå{æFò ù�í�ò�ò�å��vúîñ�òi1_÷�ñ�ç�çOñùvê�í��öë@�vå{úîå�çOè

w
ò#ã¥è#÷�ê�å�ç	&

w = w1→2 + w1→3


 ûvü�{�û �ë�� ñ#÷
w1→2 = 2P1→2(1− P1→2)

(
1− P2→3 + P 2

2→3

) 
 ûvü�{.( �
w1→3 = 2P1→2P2→3 (1− P2→3)


 ûvü�{�{ �
w1→2

ñ�ç
w1→3

ò�í�æ	ç°úîñ�ò�ùvê�í.�öë@�våîúîåîç�è�ò ïFñ ç�êë�æFò���ñ�ê�ç � ñ�ê�ò�úîñ�ò°ævå���ñÿë�õp� * ñ�ç ý ïFõ��ðíeïPR�úîñ üâ'ñ�ò�ùFê�í��öë��våîúîåîç�è�ò ïFñ�ù ë�ò�ò�ñ�ê�ïFñ°úãMè�çëÃç
i
� úãMè�çëÃç

j

xñ�æÎõvæÎùöëÃòOòëÃé�ñz�¿òOí�æ	ç ï_í�ævævè�ñ�ò�ùöë�êc&

Pi→j = e−τij

 ûvü�{5~ �

ë�� ñ#÷�&
τij =

2πV 2
c

v|Fi − Fj|

 ûvü�{�� �

í.w
Vc

ñ�ò�ç úãsë@�ðùvúîå�çOõ ïFñ ïFõ ÷�í�õvùvúIëÃé�ñ ñ�æ	çOê�ñ úîñ�ò�è�çPëìçOò ÷�í�ævò�åIïFè�ê�è�òi1
v
úIë#�_å�çOñ�ò�ò�ñ ë�õ ævå���ñÿë�õïFõ ÷�ê�í�å{ò�ñ��ðñ�æ	ç

ρc
ñ�ç
Fi = (dεmi /dρ)ρc

ü âäã¥ñ��Fùvê�ñ�ò�ò�åîí�æ 
 ûvü�{5~ � ïFñµúIëðùvê�í��öë@�våîú{å�çOèºâWëÃæ ï ë�õ �� ñ�æFñ�ê ñ�ò�ç/í.�Fç�ñ�æeõvñ�ñ�æ çOêOë�å�çPëÃæ	ç ïFñ � ëÃævå�R�ê�ñ ô	õöëÃò�å ÷�úIë�ò�ò�å{ô	õvñ úIëºïpq_æöë@�ðå{ô	õvñ°ë�õZ� í�åîò�å{æöëÃé�ñï ãMõvæ ÷�ê�í�åîò�ñ��ðñ�æ çËè2�_å�çOècn þz~Co�ü � ñ�ç�çOñ ë�ùFùvê�íe÷k�vñ/æ'ã¥ñ�ò�çäïFí�æ ÷º��ëÃúIë��vúîñ ô õvñ ú{í�ê�òOô	õvñ úIë�úîí�ævé�õvñ�õvêï ãMí�æ ïFñ ïFñ ïFñ7§ ê�í�é�ú{åîñ ïFõ ò-q_ò�ç�R��ðñ
λdB

ñ�ò�çËù�ñ�çOå�çOñ ïFñ2��ë�æ çäúIë ïFåîò�çPëÃæ ÷�ñ ÷#ë�êOë�÷�ç�è�ê�åîò�çOå{ô	õvñ/òOõvêú�ë�ô	õvñ�ú{úîñ ú{ñ ù�í�çOñ�æ	çOåîñ�ú3��ëÃê�åîñ ò�å{é�ævå | ÷#ëìçOå"� ñ��ðñ�æ ç ü� í�çOí�ævò d ÷�ñ�ç�çOñ ïFå{ò�çPëÃæ ÷�ñ ü âKëØ÷�í�æ ïFå�çOåîí�æùvê�è#÷�è#ïFñ�æ	çOñ°ò#ãMè#÷�ê�åîç�&
λdB =

2π~√
2m � ,pµE � d


 ûvü�{�� �
��ë�ævò�æví�ç�ê�ñ ÷#ëÃòi1Wë�� ñ#÷

d ∼ 0.05 � 1 í�æ ç�ê�í�õP� ñ ô	õFñ ÷�ñ�� í_ïPR�úîñðæ'ãMñ�ò�çc��ëÃúIë��vúîñ ô õvñðù+í�õvêïFñ�ò è�ævñ�ê�é�åîñ�ò ïFñ�÷�í�úîúîåîòOåîí�æ
E ≥ 10

ñ¶� üâWë ùFê�í��öë��våîúîåîç�è
w

ñ�ò�ç�ùvê�è�ò�ñ�æ	çOè�ñðò�õvê ú�ë | é�õvê�ñ}
 û ü { � ü � æ ê�ñ�çOê�í�õP� ñ��våîñ�æ ú{ñð÷�í��ðù�í�ê �çOñ��ðñ�æ	ç í��vòOñ�ê-� è ëi��ñ#÷�õvæÊ÷#ëÃúI÷�õFúK÷�í.� ùvú{ñ�ç ü � ñµê�è�ò�õvú�çPëìç'� í�æ	ç�ê�ñµïFí�æ ÷µô	õvñ�ú�ëðïpq_æöë@�ðå{ô	õvñïFõÊòvqeò�çvR��ðñµñ�ò�ç'�våîñ�æ é�í�õP� ñ�ê�æFè�ñ ùöëÃê�÷�ñ�ò çOê�í�åîò�ævå"� ñ#ë�õp�Øù�í�õvê�ïFñ�ò è�ævñ�ê�é�åîñ�ò�ïFñº÷�í�úîú{åîò�å{í�ævòò�õvù�è�ê�åîñ�õvê�ñ�ò'�
10

ñ;� ü
Ì�Í>Î´Í�� ��Ò����cÒ£à��P×�� ×yÜ�������Û����t×! yÜ7×\à#"�$¶×
4 õt� � ë�ò�ò�ñ�ò è�ævñ�ê�é�åîñ�òi1äú�ë ùvê�í.�öë@�våîú{å�ç�è2ïFñÎçOêOë�ævòv� ñ�ê,ç ê�ñ�ò�ç�ñÊ÷�í�æFò�çë�æ	ç�ñ ü � ñØùöëÃú{åîñ�ê ñ�ò�çë�õvò�ò�å¤�våîñ�æ ê�ñ�ùvê�íeïFõvå�ç ùöëÃê/úîñ �ðí_ïpR�ú{ñ ùvê�è#÷�è#ïFñ�æ	çc&_ç�í�õFç/ò�ñ��0�vúîñ°ïFí�æ ÷�ò�ñ ùöëÃòOò�ñ�ê/÷�í��#�ðñ�òOåú�ë�ïpq_æöë@�ðå{ô	õvñ�ïFñ ç�êëÃævòv� ñ�ê�ç ÷�í�æ	ç�å{æ	õöë�å�ç��&%�ç�ê�ñ��våîñ�æ ïFè#÷�ê�å�çOñ ùöë�ê¿ïFñ�ò ç�êëÃævòOå�çOåîí�ævò âWëÃæ ï ë�õ �� ñ�æFñ�ê ü hWí�õvê¿÷�í.�ðùFê�ñ�æ ïFê�ñ�õvæ ù�ñ�õZ�ðåîñ�õp� ÷�ñ�÷�í��ðù�í�ê,çOñ�� ñ�æ	çz1	æví�õvò/ëi��í�ævò òOõvùFù+í�ò�è�ô	õ'ãMí�æù�í�õP��ëÃåîçðïFè#÷�ê�å{ê�ñ úîñ ùvê�íe÷�ñ�ò�òOõvò ïFñ ç�êëÃævò���ñ�ê�ç ù ë�ê õvæ �ðè#÷�ë�ævåîòv�ðñ ñ�æ ïFñ�õp�³è�çë�ù�ñ�ò,&�õvævñçOêOë�ævòv�ðåîò�òOåîí�æ ï ëÃævò úîñ ÷#ëÃæöëÃú ï ãMñ�æ	ç�ê�è�ñÊïFè�çOñ�ê-�ðåîævè�ñÊùöëÃê úãMåîæ	çOñ�êOë�÷�ç�åîí�æ � úîí�ævé�õvñÊù�í�ê�çOè�ñ.1



(�� � �öë�ùvå�çOê�ñ û üMQ íeïPR�úîñµ÷�í�ú{åîævèÿëÃå{ê�ñ

ò�õvå��eå{ñ ïFñøçOêOë�ævò�å�çOåîí�ævò�æví�æ ë�ïFåIë@�öëÃç�åIô õvñ�òËï ëÃævò�úIë('�í�ævñ¿ïFñ¿÷�í�õvùvúIëÃé�ñ ü âWë�ùvê�í.�öë@�våîú{å�ç�è¿ç�í�çë�úîñïFñ çOêOë�ævòv� ñ�ê,ç�ù�ñ�õFç�ëÃú{í�ê�ò ò#ãMè#÷�ê�åîê�ñ#&
P (E) = |T (E)|2Pmax


 ûvüõ~@% �í.w
T (E)

ñ�ò�ç�úIë���í�æ ÷PçOåîí�æØïFñ°ç�êëÃævòv�ðåîòOò�åîí�æØï ëÃævò�úîñµ÷�ë�æöëÃú�ï ãMñ�æ çOê�è�ñ°ñ�ç
Pmax

úIë0��ëÃúîñ�õvê�ïFõùöë�úîåîñ�ê��
E = 10

ñ;� ühWí�õvê ÷#ëÃúI÷�õvúîñ�ê
T (E)

1Ëæví�õvò ë�� í�ævò õFçOåîúîå{ò�èØõvæ �ðí_ïPR�ú{ñ/� õFæU÷#ë�æöëÃú�ò�è�ùöëÃê�èØñ�æUïFñ�õp�ê�è�é�åîí�ævò�&
þ�ü R > R0

&
V (R)

ë úIë^��í�ê-�ðñ ëÃæöëÃú�q	çOå{ô	õvñ ïFñºúãMåîæ	çOñ�êë�÷�çOåîí�æ�� úîí�æFé�õvñ ïFåîò�çPëÃæ ÷�ñ ï ë�æFòúîñ�÷#ë�æöëÃú�ï ã¥ñ�æ	çOê�è�ñ ü
*Fü R ≤ R0

&
V (R) = V (R0) ü � ñ�ç�çOñ	'�í�ævñ�÷�í�ê�ê�ñ�ò�ù�í�æ ï}�ºú�ë ê�è�é�åîí�æÊïFñ�ò�÷�ê�í�åîò�ñ��ðñ�æ	ç�ò ü

R0

ñ�ò�ç/÷k�ví�å{ò�å+ñ�æ���í�æ ÷PçOåîí�æ ïFñ�ò/÷�í�õvêv��ñ�ò ë�ïFåIë@�öëÃç�åIô	õFñ�ò ÷#ëÃúI÷�õvú{è�ñ�ò/ùvê�è#÷�è�ïFñ��#�ðñ�æ	ç ü � ãsëÃùvêvR�òú�ë | é�õvê�ñ 
 ûvü)( ��1ìí�æ ë
R0 ∼ 0.1 � ü hKí�õvê�õvævñ¿è�ævñ�ê�é�å{ñ ïFí�ævævè�ñ.1ÃúIë�� í�æ ÷�çOåîí�æ ïFñ ç�êëÃævò�� å{ò�ò�åîí�æï ë�æFò�úIë)'�í�ævñ�åîæ	ç�ñ�ê�ævñ°ñ�ò�ç	&

T (E) =
A[ϕ(R→0)]

A[ϕ(R→+∞)]

√
k0

k∞


 ûvüõ~eþ �
í.w

A[ϕ(R→0)]
ñ�ç
k0


�ê�ñ�ò�ù ü A[ϕ(R→+∞)]
ñ�ç
k∞
�Ëò�í�æ	ç¿úãsë@�ðùvúîå�çOõ ïFñ�ïFñ ú�ë�� í�æ ÷�ç�å{í�æ ï ãMí�æ ïFññ�ç úîñ ��ñ#÷�çOñ�õvê ïaãMí�æ ïFñµëÃò�òOíe÷�åîè�ï ëÃævò úIë*'�í�ævñ°åîæ	çOñ�ê�ævñ�
xê�ñ�ò�ù ü ï ë�ævò/ú�ë*'�í�ævñ�ë�ò-qp�ðù_çOí�çOå{ô	õvñC� ü� ëÃævò2úîñ ÷#ë�ò2ïFñ ú�ã¥å{æ çOñ�êOë�÷�ç�å{í�æ åîí�æ � ï_å{ù���úîñ�÷�í�úîå{ævè#ë�åîê�ñ³ïFñ æví�ç�ê�ñ¨�ðíeïPR�úîñ.1

V (R→+∞) =
−αZ/R2 ü â'ñ ÷#ë�ú{÷�õvúËïFñ

ϕ
ò�ñ���ëÃåîç°ùöëÃê åîæ	ç�è�é�êOëÃç�å{í�æ æeõP�ðè�ê�å{ô	õvñ ïFñ ú�ã¥è#ô	õöëìçOåîí�æ ïFñ s ÷k�vêv¦ �ïFåîævé�ñ�ê�� õFævñ�ïFå�� ñ�ævò�å{í�æ$&

(
− ~

2

2m

d2

dR2
+ V (R)

)
ϕ(R) = Eϕ(R)


 û ü)~�* �
â'ñ°ê�è�ò�õvú�çPëìç ïFñ�÷�ñ�ç�çOñ°åîæ	çOè�é�êOëÃç�å{í�æØñ�ò�ç�ùvê�è�ò�ñ�æ	çOè | é�õvê�ñ^
 û ü � � ü+ õvñ�úîúîñ ô	õvñ�ò�í�åîç�ú�ã¥è�ævñ�ê�é�åîñ ïFñµ÷�í�úîú{åîò�å{í�æ

E
1vúIë çOêOë�ævòv�ðåîò�ò�å{í�æØò�õvê�úIëð÷�ë�æöëÃúWï ãMñ�æ çOê�è�ñ°ñ�ò�ççOí�çPëÃú{ñ�÷�ñ ô õvåaïFí�æFævñ

T (E) = 1 ü � ñ�÷�í��ðù�í�ê,çOñ��ðñ�æ	ç ñ�ò�ç ñ�æ ùöë�ê-��ë�å�ç ë�÷�÷�í�êOï ëi��ñ#÷ ú{ñ�÷#ë�ú{÷�õvúñ�� ë�÷�ç ü hWí�õvêKåîæ	ç�ñ�ê�ùvê�è�çOñ�êKù��5q_ò�åIô õvñ��ðñ�æ	çó÷�ñ ê�è�ò�õvú�çPëìçz1ìí�æºù�ñ�õFçóïFå{ê�ñ ô	õvñ úãMè�ævñ�ê�é�åîñ ÷�åîævè�ç�åIô	õvñïFñ�÷�í�úîúîå{ò�åîí�æØñ�ò�ç�ævè�é�úîå{é�ñÿë@�vú{ñµïFñ2��ë�æ	ç�úã¥è�ævñ�ê�é�åîñ ë�÷�ô õvå{ò�ñ ëÃõÎævå���ñÿë�õØïFñ�ò ÷�ê�í�å{ò�ñ��ðñ�æ	çOò�ñ�ç�ævñ
�ðí_ï_å | ñ°ùöëÃò�úîñ°ùvê�í_÷�ñ�òOò�õvò�ïFñ çOêOë�ævòv� ñ�ê,ç ü
Ì�Í>Î´Í-, ./×\à/� Ý�Ü0� Ò�Ô�ÕyÖ¶×1�pà/$ÐÔ2$�� ×\Ü3��$ØÒ3Ü�Ü�×yÖ

â'ñº�ðíeïPR�úîñ¿ñ�æºïFñ�õp�µè�çPëÃù�ñ�òe��ë æví�õvòKù�ñ�êv� ñ�ç�çOê�ñ¿ï ã¥ñ�ò�ç�å�� ñ�êWú�ë�ïFè�ù�ñ�æ ï ëÃæ ÷�ñ¿è�ævñ�ê�é�è�ç�åIô	õvñïFõ çPëÃõp� ïFñ ç�êëÃævò���ñ�ê�ç ï ëÃævò�úîñ ÷#ëÃò�çOê�åIïFå��ðñ�ævò�åîí�ævævñ�ú�
 ý � � ü¤� æ ñ2!+ñ�çz1�úIë�� í�êv�ðñ ë�ò-qp� ùFçOí �çOå{ô	õvñðïFõ ÷#ë�æöëÃúäï ã¥ñ�æ	çOê�è�ñ¢
 ûvü�{.* � æ'ãsë ù ë�ò�ïFñ ê�èÿëÃúîåîç�èðù��rqeòOå{ô	õvñ.1aùvõvå{òOô	õvñðï ëÃævò�úîñ��ðí_ïPR�ú{ñ÷�í�úîåîævèÿëÃå{ê�ñ.1'ç�í�õ_çOñ�ò�úîñ�ò ïFè�ù�ñ�æ ï ë�æ ÷�ñ�òºë�ævé�õvúIë�åîê�ñ�òµí�æ	ç�è�çOè ævè�é�ú{åîé�è�ñ�ò ü � í.���ðñðæví�õvò��ðí�æ �çOê�í�ævò�ï ëÃævò�úãsëÃævævñ��Fñ4�	1Fú{ñ°ù�í�çOñ�æ	ç�å{ñ�úWëÃò-qp�ðùFç�í�ç�åIô õvñ�ï ë�ævò úîñµ÷#ëÃò	
 ý �c� òÿã¥è#÷�ê�å�ç�&
V = −βZ

2

R̄4
1
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¾3¿À�Á ûvü��7Â�J =@? j2H <>=C? mLK =@? m L B Kp87Å�L jkA ? A Å mLK L�? H 8k9kL'L�? Ç =@? j2H <>=@? m L�Å K 9�?IL�8;:�<�L m L j =�Å Å)< B <>=C? ÈÉbA �e:�Kt8kL m L·: A K jNM L3O>8�L B;G\È m 8k=C< H L?P j =C8�8�L B;G =C? m ø�Kt? G = H LE? H <>L�ÅtL�? 1/R2 O>8�L B;G\È 1/R4 P È5É L B9�?¤L�8>:�<>L B 8�L G 8�9 B L�? H 9kL B3B =C? H E1 = 1
L/Q ü E2 = 10−3 L/Q�L H E3 = 10−5 L/Q ÈtÉbA�j =z=C8 m =C?�?¤9kL

R
L B�H Lvù G 8E< F 9kL�L�?,Kp?�< H 9 F K�=@?�<>J�K�L È�ÉbA&R =@?¤L'<Æ? H L�8E?¤L j =@8E8kL B>G =@? m ø R ≤ R0 ' 40

K È�F^È

ë�� ñ#÷
β = 9~4/(4m2

pµ) ü� æ õ_çOåîú{åîòë�æ çä÷�ñ�ç�çOñN��í�ê-�ðñ ï ëÃævòóúîñ´� í_ïPR�úîñ ùFê�è#÷�è#ïFñ�æ çz1Ãí�æ ù�ñ�õFçäïFè�çOñ�êv� å{ævñ�ê�úIë�� í�æv÷�çOåîí�æïFñ ç�êëÃævò�� å{ò�ò�åîí�æ³òOõvê úîñÎ÷#ëÃæöëÃú ï ãMñ�æ	çOê�è�ñ ü â'ñ ê�è�ò�õvú�çPëìç ïFñ ÷�ñÎ÷#ëÃúI÷�õvú/ñ�ò�ç ùvê�è�ò�ñ�æ çOè ò�õvê úIë
| é�õFê�ñZ
 ûvü�� � ü ��ëÃævò�úIë#� í�êv� õvú{ñZ
 û ü)~�% �/æví�õvò ë�� í�ævò é	ëÃêOï_è Pmax = 0.8

1öô	õvåK÷�í�ê�ê�ñ�ò�ù�í�æ ï÷�ú�ë7��ëÃúîñ�õvêËïFõ ùöë�úîåîñ�êËï ë�ævòóú{ñ/÷#ëÃòä÷�í�úîå{æFèÿë�åîê�ñ ü â'ñ ùvê�íe÷�ñ�ò�òOõFòäïFñ¿çOêëÃævòv� ñ�ê,çËè�çë�æ	çóè2�_å{ïFñ��#�ðñ�æ	ç
��ë�� í�ê�åîò�è ï ëÃævò úIë ÷�í�æ | é�õvêOëÃç�å{í�æ ÷�í�úîå{ævè#ë�åîê�ñ.1+úãMñ�ò�çOå�� ëìçOåîí�æ2í.�Fç�ñ�æeõvñ ïFí�åîçS%�çOê�ñu�_õvñº÷�í.���ðñõvævñc� ë@��í�êëìçOåîí�æÊïFñ°úIë ùvê�í.�öë@�våîú{å�çOèµëÃç�çOñ�æ ïFõvñ�ï ëÃævò�úîñ�÷#ë�ò	
 ý � � ü
4 õt�Z�öëÃòOò�ñ�ò è�ævñ�ê�é�åîñ�òi1_í�æ í.�vò�ñ�êÐ� ñ�õvæ ù��Fè�æví.��R�ævñ°ïFñ�ïFè#÷�ê�í�åîòOòëÃæ ÷�ñ°ïFñ�úIëµùvê�í��öë��våîúîåîç�èïFñ�çOêOë�ævòv� ñ�ê,ç ÷#ëÃêë�÷�ç�è�ê�åîò�çOå{ô	õvñ�ï ã¥õvævñ0Å�=@< m L B LEKp< Å�ëÃùvùöëÃêëÃå{ò�òëÃæ	ç ï ë�æFò¿úîñ�÷#ë�ò¿ï ãMåîæ	ç�ñ�êë�÷�çOåîí�ævò�°ç�êvR�ò úîí�ævé�õvñ ù�í�ê,çOè�ñ ü � æ ù�ñ�õFçN�ðí�æ	çOê�ñ�ê ïFñ�� ë�æFå�R�ê�ñ�ç��vè�í�ê�å{ô	õvñ�ô	õvñ úîí�ê�òOô	õvñ úîñ ù�í�ç�ñ�æ	çOåîñ�úñ�ò�ç ñ�æ

1/Rα ëi��ñ#÷
α > 2

1
P (E) ∼

√
E

úîí�ê�ô	õvñ
E → 0

n þz~Co�ü � ãMñ�ò�ç¿÷�ñ ÷�í.� ù�í�ê,çOñ��ðñ�æ ç¿ô	õvñæví�õFò ëi��í�ævòøê�ñ�ç�ê�í�õP� è�æeõ��ðè�ê�åIô	õvñ2�ðñ�æ	ç üps õvêøú�ë | é�õvê�ñ0
 û ü � �óí�æ���í�å�ç¿ô	õvñ úîí�ê�òOô	õvñ úã¥è�ævñ�ê�é�åîñïFñ ÷�í�úîú{åîò�å{í�æÎïFå��ðåîæeõvñ.1_úIë	� í�æ ÷�çOåîí�æ ï ã¥í�æ ïFñ�ævñ�ù�è�æ�R�çOê�ñ�ùFú{õvò/ï ëÃævò/úIë4'�í�ævñ ïFñ ÷�ê�í�å{ò�ñ��ðñ�æ çOò÷�ñ�ô	õvå ñ��FùvúîåIô õvñ�ú�ë ïFå��ðåîæeõFçOåîí�æÊïFõ çOêëÃævòv� ñ�ê,ç7� õví�ævå{ô	õvñ ü
Ì�Í>Î´ÍÆÌ T�Û3Ý7U Ô�×V�pà�Û£Ü3��W�×\à��
hWí�õvê�÷�í.�ðùöëÃê�ñ�êKæví�ò�ê�è�ò�õvúîçëÃç�òËëÃõ0�ðíeïPR�úîñ�� ïFñ�õp� ÷�í��ðù�í�òëÃæ	çOñ�ò�ñE�_çOêOë�å�ç�ùöë�êLX�ñ�ê�çv�*Yvú �ú{ñ�ê°ïFñ�ò°ïFí�ævævè�ñ�ò ñ��Fù�è�ê�å��ðñ�æ	çPëÃú{ñ�ò°ò�õvê�ú�ã¥íi�pq_é�R�ævñ,
� í�åîê � �öëÃùvåîç�ê�ñ ý ��1+æví�õvò�ëi��í�ævò ÷#ë�ú{÷�õvúîèú{ñ çë�õp�ÎïFñ ç�êëÃævòv� ñ�ê�ç�ïFí�ævævè�ùöëÃê�&

λ(E) = Nvσ(E)

 ûvüõ~ìû �í.w

N = 4.25 1022cm−3 ñ�ò�ç�úIë/ïFñ�ævò�å�çOèøëÃç�í.� åIô	õFñäïFñäúã �5qFïFê�í�é�R�ævñäúîå{ô	õvå{ïFñ.1 v =
√

2E/m � ,pµú�ëu�_å�çOñ�ò�ò�ñ°ê�ñ�úIëÃç�å���ñ�ïFñµ÷�í�úîú{åîò�åîí�æØñ�ç
σ(E) =

π

k2
P (E)


 û ü)~�( �
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¾3¿À�Á ûvü���Â,Ã 8�=5Ä A Ä�< Å)< H 9 H = H;A Å�L m L H 8 A ? BÇ L�8 H m A ? B Å�L jkACB	j =�Å)<Æ?I9 A <Æ8�L0L H L B�H < F^A@H <>=@? G =@Kp8�Å"LjkACB�H 8�< m < F L�? B <>=@?�?¤L�ÅZO?[]\^P È
ñ�ò�ç ú�ë°ò�ñ#÷�ç�åîí�æ ñ2O ÷#ë�÷�ñ�ïFõ ùvê�íe÷�ñ�ò�òOõFò ï_ñ�çOêOë�æFò���ñ�ê�ç¿ï_ñ��ºõví�æ ë�� ñ#÷

k =
√

2m � ,pµE/~ üps õvêú�ë | é�õvê�ñ}
 û üîþi% ��æví�õvò ëi��í�ævò°ê�ñ�ùvê�è�òOñ�æ	çOè ú{ñ çPë�õt� ïFñ ç�êëÃævòv� ñ�ê�ç�í��FçOñ�æeõ ùöëÃê�æví�çOê�ñ ÷#ëÃú{÷�õvúñ�ç ÷�ñ�ú{õvåäïFõ �ðí_ïpR�ú{ñ^� ïFñ�õp� ÷�í��ðù�í�òë�æ	ç�ñ�òZ
 * � � ü ��ë�ævò�úãMñ��_ùvê�ñ�ò�ò�å{í�æ¥
 ûvüõ~�( ��æví�õvòºë�� í�ævòõFçOåîúîå{ò�è úIë°ùvê�í.�öë@�våîú{å�ç�è�ïFñ�ç�êëÃævòv� ñ�ê�ç ïFõ��ðí_ïPR�ú{ñu
 ý �c��ùvê�è#÷�è�ïFñ�æ	ç üps å ú�ã4ë�÷�÷�í�ê�ï ë�õt� è�ævñ�ê�é�å{ñ�òç��vñ�ê-�ðå{ô	õvñ�ò�

E ∼ 0.04

ñ;���äòOñ2�0�vúîñ òëÃç�åîò��xë�åîòë�æ	çi1_å{úañ�æ ñ�ò�ç çOí�õFç�ë�õFç�ê�ñ��ðñ�æ ç�ë�õp� è�ævñ�ê�é�åîñ�òùvúîõvòäè�ú{ñ2��è�ñ�ò ür� æðñ2!+ñ�çz1�ë�úîí�ê�òøô	õvñ/ú{ñ � í_ïPR�úîñ	
 * � �Kùvê�è2� í�å�çäõvævñ ëÃõvé.�ðñ�æ	çPëìçOåîí�æðïFõ çë�õp� ïFñçOêëÃævòv� ñ�ê,ç ëÃõp�ðè�ævñ�ê�é�å{ñ�ò 9 G < H_M L�8 F <>J�K�L B (E > 0.12
ñ;����1�úîñ çPëÃõp�ðñ�ò�çOå��ðè�ù ë�êäæví�ç�ê�ñ7�ðíeïPR�úîñ


 ý �c�¿ïFè#÷�ê�ía`{ç�ëi��ñ#÷ ú�ã¥è�ævñ�ê�é�åîñµïFñ�÷�í�úîú{åîò�å{í�æ ü
�^�p�����C \¡y�
� æ è#÷�ê�å"��ëÃæ	ç�úãMñ��Fùvê�ñ�ò�òOåîí�æ¥
 ûvüõ~�( ��ù�í�õvê°úIë ò�ñ#÷�çOåîí�æ ñ2O ÷#ë�÷�ñ æví�õvòµëi��í�ævò°ò�õvùvù�í�òOèðô	õvñò�ñ�õvú{ñøú�ã¥í�æ ï_ñ

J = 0
÷�í�æ	ç�ê�å��võöë�å�çËëÃõµç�êëÃævòv� ñ�ê�çKù�í�õvêKúîñ�òKè�ævñ�ê�é�åîñ�ò�÷�í�ævòOå{ïFè�ê�è�ñ�ò ü hKí�õvêy� è�ê�å | ñ�ê÷�ñ�ç�ç�ñ �5q_ù�í�çv��R�ò�ñ í�æ ù�ñ�õFç/ñ�ò�çOå��ðñ�ê úIëu�öëÃê�ê�å�R�ê�ñ°÷�ñ�æ	çOê�å�� õFé�ñ�ùvê�è�ò�ñ�æ	ç�ñ ò�õvê úîñ ÷#ëÃæöë�ú ï ã¥ñ�æ	çOê�è�ñù�í�õvê úîñ�ò/í�æ ïFñ�ò/ùöë�ê,çOåîñ�úîú{ñ�ò

J 6= 0 ü�� æØë@�!í�õFçë�æ ç/ú{ñ�ç�ñ�êv�ðñ ÷�ñ�æ	çOê�å���õvé�ñ.1_úîñ ù�í�çOñ�æ	ç�å{ñ�úañ2!+ñ#÷�ç�å��ï ë�æFò�úîñ�÷#ë�æöëÃú�ï ã¥ñ�æ	çOê�è�ñ�ùFê�ñ�æ ï úIë�� í�êv�ðñ�ë�ò-qp� ùFçOí�çOå{ô	õvñ#&
Veff = −βZ
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â'ñc� ëC�_å�� õ�� ïFñ°úIë��öëÃê�ê�å�R�ê�ñ�ïFñ°ù�í�ç�ñ�æ	çOåîñ�ú'ñ�ò�ç�ëÃúîí�ê�ò ïFí�ævævè°ùöë�êc&

V max
eff =
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6Zm � ,pµ
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J = 1
1ví�æ çOê�í�õp� ñ

V max
eff ∼ 0.1
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J 6= 0 ü
q�S�r s a V ³N°�g+Yyd2a V
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E
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(pµ)1s + � Z+ → p+ (µ � )
(Z−1)+
n`
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(O,XL, YL, ZL) ü ·�Ä)Æ-q�Æ�»�R2��Äºù�ÄÊÉ#»	%Á»ÇÀ½Ä)Ã#ÌHÎÅÀ�¼È»	Ã�Ï]¹/Æ	ÎÅÄ)À�Ì��ÒÌÊÀ�ÄÊ¹=»Ç¼ÈÄ�ú�ùÐÏaÀ�úÈÄÊÆ �ØÄHÎN»ÇÄÊÉ/À�Æ	Ã#ÄxÂÏºÎÅ¾��/¼
(OG,Ri, ri)

1�¾�w
G
ÄÊÆ�» ú¿Ä�ÎÅÄÊ¹Ø»ÇÀ½Ä�Ã#Ä��ÙÏaÆ½Æ½Ä�Ã#É�Æ-q�Æ�»vR���Ä ü Ri

ÄÅ»
ri
¼¿¹/Ã#¼ÚÑØÉ/ÄÊ¹=»úm¸Ó¾ÂÀ�¼¿ÄÅ¹=»NÏF»Ç¼È¾Â¹�ÄÅ» úÔÏÛÎÅ¾º¹ | ËºÉ/ÀÕÏF»Ç¼È¾º¹Ü¼È¹=»½ÄÊÀ½¹/ÄÝÃ#É�»½À½¼ÚÏa¹#Ë�úÈÄ}�Ò¾ºÀv�ÞÌÊùÐÏ]À úÈÄÊÆj»½À½¾º¼¿Æ ù�ÏaÀ�»½¼¿ÎÅÉvú¿ÄÅÆ


�Ø¾º¼ÈÀ | ËºÉ/À½Ä+
 (Füîþ �-� ü¯ ¾ÂÉ/Æ3É#»Ç¼îúÈ¼¿Æ½¾º¹/ÆÖÃ#¼¿À�ÄHÎÁ»ÇÄ��ÞÄÊ¹=»�ú¿ÄÅÆÖÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆÖÃ#Ä#xÂÏaÎÅ¾��/¼�ù�¾º¹�Ã#ÌÊÀ�ÌÊÄÊÆùÐÏaÀ/ú¿ÄÊÆ �ÙÏ]ÆÇÆ½ÄÊÆ��ºùÐÏ]À�»Ç¼ÈÀ(Ã#ÄÊÆÇÑ=É/Ä�ú{úÈÄÊÆ(Æ½ÄÊÀÇÏÞÃ#Ì | ¹/¼'úÈÄc�Ò¾ºÀv�ÙÏÃúÈ¼¿Æv��Äc�rqeù�ÄÊÀ½Æ�ù��/ÌÊÀ�¼ÚÑ=É#Ä ü·±Ï | ËÂÉ#À½Ä�
 (Fü�* �ZÀ½Ä�ù/À�ÌÊÆ½ÄÊ¹=»ÇÄ úÈÄÊÆ7Ã�ÄÊÉp�ÙÆ-q�Æ�»�R���ÄÅÆ�Ã#ÄSÎÁ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆ7Ã#Ä xÂÏºÎÅ¾��/¼+ù�¾º¹�Ã#ÌÊÀ�ÌÊÄÊÆùÐÏaÀ úÈÄÊÆ��ÙÏaÆ½Æ½ÄÊÆ0

R1, r1

�7ÄÅ»�

R2, r2

��1�ÏºÃ/Ï�ù#»½ÌÊÆ3À½ÄÊÆ�ù�ÄHÎÁ»½¼��ÂÄ���ÄÊ¹=»ÖÏ]ÉuÎÊÏa¹ÐÏÃúßÃ�¸×ÄÊ¹=»½À½ÌÊÄ4ÄÅ»ÖÏ]ÉÎHÏa¹�ÏaÉp��Ã#Ä	Æ½¾ÂÀ�»Ç¼ÈÄ&Ã#Ä�úÚÏ)À�ÌàÏºÎN»Ç¼È¾Â¹$
 (_ü{þ � ü/á ú¿Æ>Æ½¾Â¹Ø»2Ã#Ì | ¹/¼ÈÆ�ùÐÏ]À�&

Ri =

√
mi,jk

m

(
mjOMj +mkOMk

mj +mk

−OMi

) 
 (Fü�* �
ri =

√
mj,k

m
(OMj −OMk)


 (FüMý �
¾.w

(i = 1, j = 2, k = 3)
ÎÅ¾ºÀ½À½ÄÊÆ�ù�¾º¹�Ã��}
 � 1öù\1 µ �7ÄÅ» (i = 2, j = 3, k = 1)

�/
xù\1
µ
1 � � ü
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¾3¿À�Á (#ô�*7ÂÝh =z=@8 m =@?�?¤9kL B m L2õ A5j =.Ä�< G =@? m 9�8�9kL BeG�A 87Å�L B�F�ACBkB L B�È�É L B�G = B < H <�=@? B m L B'j L�? H 8kL Bm L F�ACBkB L m L B BED@B�H Ê F L B (pµ)
L H ( ö µ)

?IL B =@? H\G�AzB ø^Å K 9 jNM L2ÅÆÅ�L È
·�ÄÊÆ7�jÏaÆ½Æ½ÄÊÆ>À½ÌHÃ�É/¼È»½ÄÊÆ

mi,jk

ÄÁ»
mj,k

Ã#ÄÊÆ(ÌÊÑ=ÉÐÏ]»½¼¿¾º¹/Æu
 (#ô�* �kÄÅ»u
 (#ôMý �kÆÇ¾º¹=»(Ã#¾Â¹#¹/ÌÊÄÊÆ(÷ÐÏ]À�&
mi,jk =

mi (mj +mk)

mi +mj +mk

, mj,k =
mjmk

mj +mk


 (#ôÓø �
Ï��ØÄHÎ�&

m =

(
mimjmk

mi +mj +mk

)1/2 
 (#ô�( �
� ÄÊÆ2ÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÅÆ2Æ½¾Â¹=»(ùÚÏ)ËÂÌÊ¹/ÌÅÀÕÏ]ù¿¼ÈÆÕÏ]»½¼¿¾º¹úÃ#ÄÊÆ2ÎÅ¾=¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆ3Ã#ÄuxØÏaÎÅ¾��/¼L÷/À�ÌÊÆ½ÄÊ¹=»ÇÌÊÄÅÆSÏ]ÉÎk�ÐÏ]÷/¼û»ÇÀ½Ä ø/ô ·�Ä�ÎHÏaÆ�ÎÅ¾ÂùÈ¼È¹/ÌàÏa¼ÈÀ½Ä�ÎÅ¾ºÀ½À½ÄÊÆ½÷�¾º¹�Ã � γi = 0 ô ·�ÄÊÆjÃ#ÄÊÉp�÷�:ÄÊÉp��Ã#Ä�ÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆ


R1, r1

�^ÄÅ»	

R2, r2

�E1#ÆÇ¾º¹=»(À�ÄÊùÈ¼¿ÌÊÆ>÷ÐÏ]À>ùÔÏo»ÇÀÕÏ]¹/Æv�Ò¾ºÀv�ÙÏF»Ç¼È¾º¹�¾ÂÀ�»��/¾ºËÂ¾º¹ÐÏ]ù¿Ä^n (Fþ�o &
(
R2

r2

)
=

(
− cos θµ − sin θµ
sin θµ − cos θµ

) (
R1

r1

) 
 (#ô { �¾.w
tan θµ =

mµ

m


 (#ô)~ �
�SÏ]¹/ÆÞùÈÄ�ÎÊÏaÆ)¾.w � =

� 1
θµ ' 19◦ ô � ÄÅ»½»½Äü»ÇÀÕÏ]¹/Æv�Ò¾ºÀv�ÙÏF»Ç¼È¾Â¹ýÄÊÆ�»ÞÌÊÑ=É/¼"�ÂÏ]ùÈÄÊ¹=»ÇÄ¢�ÝÉ/¹/ÄÀ½¾a»NÏF»Ç¼È¾Â¹Íþ�Ã�Ïa¹#Æ(ùÈÄ	÷/ùÔÏ]¹�ÎÅ¾Â¹Ø»ÇÄÊ¹ÐÏ]¹=»(ùÈÄÊÆ �ØÄÊÎÁ»ÇÄÊÉ/À�Æ

R1

ÄÅ»
r1
ô � ¹ÝÏ)Ã#¾Â¹�Î�&

R2
1 + r2

1 = R2
2 + r2

2


 (#ô � �
�^�p�����C \¡y�

á ùÂÄÅÆ½»�Ì2��¼¿Ã#Ä��#�ÞÄÊ¹=»L÷�¾ºÆ½ÆÇ¼��/ùÈÄ�Ã#Ä¶Ã#Ì | ¹/¼ÈÀ�É/¹Ö»ÇÀ½¾º¼ÈÆ½¼�R��ÞÄZÆvq�Æ½»vR���Ä¶Ã�Ä�ÎÅ¾=¾ÂÀ½Ã#¾º¹/¹/ÌÊÄÊÆº
 R3, r3

�ÏºÃ�Ï]÷#»½Ì´�(ù�¸ÿÏaÀ�ÀÕÏa¹#ËÂÄ��ÞÄÊ¹=»
( � −p)+µ ô � ÄÊ÷�ÄÊ¹�Ã�Ï]¹=»z1@�2ÎÊÏaÉ/Æ½Ä^Ã#Ä�ùÔÏ>À½ÌÊ÷#É/ù¿Æ½¼È¾Â¹ � ¾ÂÉ/ùÈ¾��0�/¼ÈÄÊ¹/¹/ÄÄÊ¹=»ÇÀ�Ä�ùÈÄÊÆ±Ã#ÄÊÉp�4ÎÅÄÅ¹=»ÇÀ�ÄÊÆßÎk�ÐÏ]À½ËºÌÊÆ±÷�¾ºÆÇ¼û»Ç¼"�ØÄ2��ÄÊ¹=»z1àÎÅÄÁ» Ï]À½ÀÇÏa¹/ËºÄ���ÄÊ¹=»±¹�¸ÓÄÊÆ�»±÷ÐÏ]Æ±÷�ÄÊÀ�»Ç¼È¹/ÄÊ¹Ø»ß÷�¾ºÉ/ÀÃ#ÌHÎÅÀ�¼¿À�Ä&ùÚÏÞÃpq�¹�Ï���¼¿Ñ=É/Ä&Ã#Ä	ùÚÏ)À½ÌHÏºÎÁ»½¼¿¾º¹¨
 (#ôîþ � ô

�������	��
��������
��������������������! #"$������%'&��)(
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¾3¿À�Á (�ô , Â ö 8�<�L�? H¶A�H <�=@? m K 8�9 Ç 9�8kL�? H <>L�Å H =CKp8E? A ? H O�X J P G�A 8Z8 AkG.G =@8 H	A K 8k9 Ç 9�8�L�? H <>L2Å m Kj L�? H 8�L m L F�ACBkB LjO ÿ J P È
h±¾ÂÉ/À�É/¹VÆvq�Æ½»vRY.�Ä�¼ÈÆÇ¾ºùÈÌ.17ùÈÄZ.Þ¾ÂÉP�ÂÄY.�ÄÊ¹=»�Ã#É1ÎÅÄÊ¹=»½À½Ä Ã#ÄZ.ÙÏ]ÆÇÆ½Ä Ã�Ï]¹/Æ�ùÈÄ À½Ì��ÔÌÊÀ½ÄÊ¹=»½¼ÈÄÊùÃ#ÉiùÚÏ���¾ºÀÕÏF»Ç¾º¼¿À�ÄüÄÊÆ�»oÀ½ÄHÎÁ»½¼Èù¿¼ÈËº¹/ÄüÄÅ»oÉ/¹/¼��Ô¾ÂÀ#.�Ä ô±á ù�ÄÊÆ�»*Ã#¾Â¹�Îj÷�¾ºÆ½Æ½¼��/ùÈÄ�Ã�ÄÙÀ½ÄÊÆ�»ÇÀ�ÄÊ¼È¹�Ã#À½ÄÙùÚÏÝÃ#¼\[.�ÄÊ¹/Æ½¼È¾Â¹/¹ÐÏ]ùÈ¼È»½Ì�Ã#ÄÞ÷/À�¾.�/ù�RY.�Ä#�üÌÅ»ÇÉ�Ã#¼ÈÄÊÀÖÄÊ¹�ÆÇÄ)÷/ùÚÏº�ÊÏa¹=»&Ã�Ï]¹/Æ	ù¿Ä)À½Ì��ÔÌÊÀ½ÄÊ¹Ø»Ç¼ÈÄÊù¶Ã#É ÎÅÄÊ¹=»½À½ÄÞÃ#Ä.ÙÏ]ÆÇÆ½Ä.1ÐÆ½¾ÂÉP�ÂÄÊ¹=»	Ï]÷/÷�ÄÊùÈÌ*À½Ì2�ÒÌÊÀ½ÄÊ¹Ø»Ç¼ÈÄÊù ÿ.G�A.j L2l J <�ùtL m 
 s6] � ô ·�ÄoÀ½ÄÊ÷�RÊÀ�Ä � ÏaÀ�»ÇÌÊÆ½¼ÈÄÊ¹�ÏaÆ½Æ½¾�ÎÅ¼ÈÌ*ÄÅÆ½»

(G,X, Y, Z) ô ·�Ä�Ævq�Æ½»vRY.�Ä�÷�ÄÅÉ#»jÌÅË=Ï]ù¿Ä�.�ÄÊ¹=»�%Å»½À½Ä�Ã#ÌHÎÅÀ�¼È»jÃ�Ï]¹/ÆÞÉ/¹�À�Ì��ÒÌÊÀ�ÄÊ¹=»Ç¼ÈÄÊù�»½¾ÂÉ/À�¹ÐÏa¹Ø»z1ÄÊ¹�ÎÅ¾ºÀ½Ä�Ï]÷/÷�ÄÊùÈÌ4X�= m D l J <�ùtL m 
>§ ] ��1ÍùÈ¼ÈÌ�Ï]Ép�ú»ÇÀ�¾Â¼ÈÆÖ÷ÐÏ]À�»½¼ÚÎÁÉ/ù¿ÄÊÆ ô� ¾ÂÉ/ÆÖ¹/¾a»ÇÄÅÀ½¾º¹/Æ (G, x, y, z)
1ù¿ÄÞÀ�ÄÊ÷�RÊÀ½Ä � Ï]À�»ÇÌÅÆÇ¼ÈÄÊ¹ÛÑ=É/ÄÞ¹/¾ºÉ/Æ&É#»½¼¿ùÈ¼ÈÆ½ÄÊÀ½¾º¹/Æ4Ã�Ïa¹/Æ&ÎÅÄ�Ã#ÄÊÀ½¹/¼ÈÄÊÀ	À½Ì��ÔÌÊÀ½ÄÊ¹=»½¼ÈÄÊù ô ·±Ï | ËÂÉ/À�Ä}
 (#ô ,r�.�¾º¹=»ÇÀ½ÄSù�¸×¾ºÀ½¼ÈÄÊ¹=»ÕÏ]»½¼¿¾º¹�À½ÄÊùÚÏ]»½¼"�ØÄ	Ã#ÄÊÆ7À½Ì��ÒÌÅÀ½ÄÊ¹=»½¼¿ÄÊùÈÆ�
>§ ] ��ÄÅ»�
 s6] � ô�� ¹�÷/ÀÕÏF»Ç¼¿Ñ=É/Ä.1�¾Â¹�÷�ÏaÆ½Æ½Ä	Ã#Ä

(G,X, Y, Z)
�

(G, x, y, z)
÷ÐÏ]À)»ÇÀ�¾Â¼ÈÆÞÀ½¾a»NÏF»Ç¼È¾Â¹/ÆÞÆ½É�ÎÊÎÅÄÊÆ½Æ½¼��ÂÄÊÆ ôºs ¼ M ÄÊÆ�»�É/¹�÷�¾º¼¿¹Ø»ÙÑØÉ/ÄÊù^[ÎÅ¾Â¹/Ñ=É/Ä4Ã#Ä	ù�¸×ÄÅÆÇ÷ÐÏaÎÅÄ	¾Â¹ÝÏ+&

GM =




X
Y
Z




(SF )

RuZ (ϕR1
)−→




X ′

Y ′

Z


 RuY ′ (θR1

)
−→




X ′′

Y ′

z


 Ruz (ϕr1 )−→




x
y
z




(BF )
 (#ô � �¾.w
uZ
1
uY ′

ÄÅ»
uz
1�Æ½¾Â¹Ø»SÀ½ÄÊÆ½÷�ÄHÎÁ»½¼��ÂÄY.�ÄÊ¹=»Sù¿ÄÅÆ'�ØÄHÎÁ»½ÄÊÉ/À½Æ3É/¹/¼È»ÕÏa¼ÈÀ½ÄÅÆÖÃ#ÄÊÆ	ÏC��ÄÊÆ

(GZ)
1
(GY ′)ÄÅ»

(Gz) ô Ru(ε)
ÄÊÆ�»(ùÚÏ*À½¾º»ÕÏ]»½¼¿¾º¹�Ã�¸�Ï]¹/Ëºù¿Ä

ε
ÏaÉ#»½¾ÂÉ/À>Ã#Ä	ùm¸ÿÏC��Ä

u ô ·�¸ÿÏz�#Ä (Gz)
ÄÊÆ�»2ÎÁ¾Â¹��Ô¾Â¹�Ã#ÉÏi�ÂÄHÎ

R1

1�Ï]ùÈ¾ÂÀ�ÆÙÑ=É#Ä
(Gy)

ÄÊÆ�»j÷�ÄÊÀ½÷�ÄÅ¹�Ã#¼ÚÎÁÉ/ùÔÏ]¼ÈÀ½ÄúÏaÉ�÷/ùÚÏ]¹
(xGz)

Ñ=É/¼(ÎÁ¾Â¹=»½¼¿ÄÅ¹=»jùÈÄÊÆÞ»ÇÀ½¾º¼ÈÆÎÅ¾ÂÀ�÷/Æ ô �ÖÏ]¹/Æ4ùÈÄjÀ½Ì��ÔÌÊÀ½ÄÊ¹=»½¼¿ÄÅù'
�§ ] ��1�ù¿ÄÅÆoÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆ4Æ½÷ * ÌÊÀ½¼¿Ñ=É/ÄÊÆoÃ#ÄÊÆ��ÂÄHÎÁ»ÇÄÊÉ/À�ÆoÃ#ÄZxÂÏºÎÅ¾��/¼Æ½¾Â¹=»&Ã#¾º¹�Î
R1 = (R1, 0, 0)

ÄÅ»
r1 = (r1, γ1, 0) ô (ϕR1, θR1 , ϕr1)

Æ½¾Â¹Ø»&ùÈÄÊÆ4Ïa¹/ËºùÈÄÊÆ4Ã�¸ � É/ùÈÄÊÀÑ=É/¼LÃ#Ì | ¹/¼¿Æ½Æ½ÄÊ¹=»(ù�¸×¾ºÀ½¼ÈÄÊ¹=»ÕÏ]»½¼¿¾º¹ÝÃ#É�À½Ì2�ÒÌÊÀ½ÄÅ¹=»Ç¼ÈÄÊù3
�§ ] � ô
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² ÍÐÏ£Í-, ��Ò´Ò£à�Ô�Ò3Ü�Ü2 \×��`_ba7��×\à/�=�c_( \à/$�d´Ý�×L� Ô�×fe ×yÖ�g3×L�
h ùÔÏa�Å¾º¹/Æ)¹/¾ºÉ/Æ)Ã�Ï]¹/Æ*ùÈÄüÀ½Ì��ÒÌÅÀ½ÄÊ¹=»½¼¿ÄÊùch>§ ]�iNô ·¶¸×ÄÊÆ½÷ÐÏaÎÅÄ�Ã#ÄÊÆ)ÎÅ¾º¹ | ËºÉ/ÀÕÏF»Ç¼È¾Â¹/Æ*¼¿¹=»½ÄÊÀ½¹/ÄÅÆ*ÄÊÆ½».ÙÏ]¼¿¹Ø»ÇÄÊ¹ÐÏ]¹=»3Ã#ÄoÃ#¼j.�ÄÊ¹/Æ½¼È¾Â¹�»½À½¾º¼¿Æ(ÄÅ»2÷�ÄÊÉ#»3%Å»½À½Ä&÷ÐÏ]ÀÕÏk.�ÌÅ»ÇÀ�¼¿Æ½Ì&÷ÐÏaÀ(ùÈÄÊÆ3ÎÅ¾�¾ºÀÇÃ�¾Â¹/¹/ÌÊÄÅÆ � ÏaÀ�»½Ì)[Æ½¼¿ÄÊ¹/¹#ÄÊÆ(Æ½É/¼jlºÏ]¹=»ÇÄÊÆ	n (�*@o &

Xi =
2Ri.ri
ρ

h (�ônm�%oi
Yi =

2|ri ∧Ri|
ρ

h (�ônm	m!i
Zi =

Ri
2 − ri2
ρ

h (�ônmi*pi
¾.w�ù�¸Ó¾Â¹�ÏúÉ#»½¼¿ùÈ¼ÈÆÇÌ�ù�¸×¼È¹olºÏaÀ�¼ÔÏ]¹=»qh (#ô �oi Ã#ÄÊÆ�ÎÅ¾=¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆjÃ#Ä}xÂÏaÎÅ¾sr/¼�÷�¾ÂÉ/ÀÞÃ#Ì | ¹/¼ÈÀÞùÈÄ�ÀÕÏ�qØ¾º¹* q�÷�ÄÊÀ�ÆÇ÷ * ÌÊÀ½¼¿Ñ=É/Ä#&

ρ =
√
R2
i + r2

i , i = 1, 2
h (#ôjm , i

t ÄjÀÕÏ�qØ¾º¹iÀ�ÄÊ¹�Ã ÎÅ¾s.Þ÷#»ÇÄÙÃ#ÄjùÔÏ�»NÏ]¼¿ùÈùÈÄÙËºù¿¾	rÐÏ]ù¿ÄüÃ#ÉÛ»ÇÀ�¼ÔÏ]¹/Ëºù¿Ä ô ·�ÄÊÆoÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆ * q�÷ÍÄÅÀ�[Æ½÷ * ÌÊÀ½¼¿Ñ=É/ÄÊÆ&Ã#Ävu2ÄÊùjlÂÄÊÆvh
ρ, χi, γi i n ( , o ÏaÆ½Æ½¾�ÎÁ¼¿ÌÊÄÊÆxw�ù�¸ÿÏaÀ½ÀÇÏa¹#ËÂÄY.�ÄÅ¹=» i y ÎÅ¾ºÀ½À½ÄÊÆ½÷�¾º¹�Ã#ÄÊ¹=»oÏ]É6zÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÅÆ2Æ½÷ * ÌÊÀ�¼ÚÑØÉ/ÄÊÆ2Ã#Ì | ¹/¼ÈÄÊÆ�w*÷ÐÏaÀ�»Ç¼ÈÀ(Ã#Ävh Xi, Yi, Zi iÁô�� ùÈùÈÄÊÆ(Æ½¾º¹=»2Ã#¾º¹/¹/ÌÊÄÊÆ>÷ÐÏaÀ|{

tan(χi/2) =
ri
Ri

, 0 ≤ χi ≤ π
h} ônmÅøoiÄÅ»

cos(γi) =
ri.Ri

riRi

, 0 ≤ γi ≤ π
h} ônm } i·±Ï*À½ÄÊùÚÏ]»½¼È¾Â¹�ÄÊ¹=»ÇÀ�Ä	ù¿ÄÊÆ(Ã#ÄÊÉ6z�Æ-q�Æ�»�RY.ÞÄÊÆ(Ã#Ä&ÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆ2Ã#Äxu2ÄÊù^lØÄÊÆ>Æà¸ÓÄ)z#÷/À�¼n.�Ä	÷�ÏaÀ={




sinχ2 cos γ2

sinχ2 sin γ2

cosχ2


 =



− sin(2θµ) 0 cos(2θµ)

0 1 0
cos(2θµ) 0 sin(2θµ)






sinχ1 cos γ1

sinχ1 sin γ1

cosχ1


 h} ônm�{oi

·�Äu÷ÐÏ]Æ½ÆNÏ]ËºÄ Ã#Ä`h
ρ, χ1, γ1

i w~h
ρ, χ2, γ2

i ÆH¸×¾	r#»Ç¼ÈÄÊ¹=»�Ã#¾º¹�Îú÷ÐÏaÀüÉ/¹/ÄuÀ½¾a»NÏ]»½¼È¾Â¹VÃ�¸�Ï]¹/Ëºù¿Ä
2θµ

Ï]É#»Ç¾ºÉ/À3Ã#Äoù�¸�Ï�z#Äo÷�¾ºÀ�»NÏ]¹=»3ùÔÏjÎÅ¾=¾ÂÀ½Ã#¾Â¹/¹#ÌÊÄ
Y1
ô¤s É/À2ùÔÏ | ËºÉ/À½Ä4h�} ôÓø�i ¹/¾ºÉ/ÆÖÏYlØ¾º¹/Æ3À½ÄÊ÷/À�Ì)[Æ½ÄÊ¹=»ÇÌ&ù�¸ÓÄÊÆÇ÷�ÏºÎÅÄ4Ã#ÄÊÆ3ÎÅ¾º¹ | ËºÉ/ÀÕÏF»Ç¼È¾º¹/Æ2¼¿¹Ø»ÇÄÊÀ½¹/ÄÅÆ2÷�¾ºÉ/À(É/¹/Ä|lÂÏ]ùÈÄÊÉ/À2Ã#Ä ρ | z�ÌÊÄ&ÄÊ¹�É#»Ç¼Èù¿¼ÈÆÕÏa¹Ø»2ù¿ÄÊÆÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÅÆ	Æ½÷ * ÌÊÀ�¼¿Ñ=É/ÄÊÆ�h

ρ, χ1, γ1
iÁô ·¶¸×ÄÊÆ½÷ÐÏaÎÅÄ�ÏaÎÊÎÅÄÊÆ½Æ½¼jr/ù¿Ä)ÎÅ¾ÂÀ�À½ÄÊÆ½÷�¾º¹�ÃZwjùÔÏÙÃ#ÄY.�¼\[ ÆÇ÷ * RÊÀ½Ä� À½¾º¹=»ÕÏaùÈÄ&Ã#Ä	ùÔÏ | ËÂÉ/À�Ä ô

² ÍÐÏ£ÍÆÌ �+Û����rÛ¶"£× Û3Ý>U µIÒ´Ò·à�Ô7Ò3Ü�Ü2 \×L��_ba>�c×\à/����_2 ©à�$�d�Ý7×L� ×yÖØÖ�$:�>�#$�d´Ý�×L�
·�ÄÊÆjÎÅ¾=¾ÂÀ½Ã#¾º¹/¹/ÌÊÄÊÆ * q�÷�ÄÊÀ�ÆÇ÷ * ÌÊÀ½¼¿Ñ=É/ÄÊÆ�ÄÊù¿ùÈ¼È÷#»Ç¼¿Ñ=É/ÄÊÆ�h

ρ, ξ, η i Æ½¾º¹=»jÃ#Ì | ¹/¼ÈÄÊÆ2wu÷ÐÏ]À�»Ç¼ÈÀjÃ�ÄÊÆÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÅÆ3Ã#Äxu2ÄÊù^lØÄÊÆ	n�} ø�o ÷ÐÏ]À={



{�� t+* Ï]÷/¼û»ÇÀ½Äx} ô t Ïaù¿ÎÅÉ/ù-,su�{/.�ÌÅ» * ¾�Ã#Ä

�o�
�	������

� �s�����n��� � � �����n���

¾3¿À�Á�} ô×ø0Â���� G:�5j L m L � j��k� � ��K6¡ ��H�¢��k� � ¢£�MH L�¡ � L � ¡kL G ¡�¤ � L �MH ¤�L �$j���� ¡ m �k�:� ¤�L � MrDkG L)¡ � GÐM ¤2l¡ ¢ J�KML � m L	\	L�Å)ý�L � G:� K�¡cK � Lcý � Å�L�K�¡ m L ρ �bù�¤kL È

ξ = χ1 + χ2, 2 θµ ≤ ξ ≤ 2π − 2 θµ
h} ônmz~si

η = χ1 − χ2, −2 θµ ≤ η ≤ 2 θµ
h} ônm��oi

t ÄÊÆjÎÅ¾=¾ÂÀ½Ã#¾Â¹/¹#ÌÊÄÊÆj÷�ÄÊÀ#.�ÄÅ»½»½ÄÊ¹=»jÃ#Ä�Ã#¾Â¹/¹#ÄÊÀ�É#¹/ÄÝÏ]É#»ÇÀ½Ä�À½ÄÅ÷/À½ÌÊÆ½ÄÊ¹=»ÕÏ]»½¼¿¾º¹�Æ½÷ * ÌÊÀ�¼ÚÑØÉ/Ä�Ã#Äùm¸ÓÄÊÆ½÷ÐÏºÎÁÄjÃ#ÄÊÆ&ÎÅ¾Â¹ | ËÂÉ/ÀÇÏ]»½¼¿¾º¹/Æ&¼È¹=»ÇÄÊÀ�¹/ÄÊÆ¥h£lØ¾º¼¿À | ËÂÉ/À�Äqh�} ô } i#iÁô\� ¹ ¾ºÉ#»ÇÀ�Ä y ÄÊùÈùÈÄÊÆ4Ã#ÌHÎÅÀ½¼^lÂÄÊ¹=»4Ã#Ä.ÙÏ]¹/¼�RÊÀ�Ä^ÌHÑ=É/¼^lºÏaùÈÄÊ¹=»½Ä�ùÈÄÊÆ Ã#ÄÊÉ6z*ÏaÀ½ÀÇÏa¹#ËÂÄY.�ÄÅ¹=»ÇÆ Ã�É*Ævq�Æ½»vRY.�Ä ô ·�Ä^ÎHÏaÆ ÎÅ¾ºùÈ¼¿¹/ÌàÏ]¼ÈÀ½Ä|h_¾.woùÈÄ+.*É/¾º¹ÄÊÆ�»�ÆÇ¼û»ÇÉ/Ì>ÄÊ¹=»½À½Ä>ù¿Ä(÷#À½¾º»½¾Â¹�ÄÅ»�ù�¸�Ï]É#»ÇÀ½Ä>ÌÊùÈÌY.�ÄÊ¹=» i ÎÁ¾ÂÀ�À½ÄÊÆ½÷�¾Â¹/ÃüÏ]ÉjÆ½ÄÊË	.�ÄÊ¹=»-¦?¾Â¼ÈËÂ¹�Ïa¹=»�ù¿ÄÊÆ�Ã#ÄÊÉ6zÏ!z�ÄÊÆ	÷�¾ÂÀ�»NÏ]¹=»&ùÈÄÊÆ&ÎÅ¾=¾ÂÀÇÃ�¾Â¹/¹/ÌÊÄÅÆ
Z1

ÄÅ»
Z2
ô�§ ÉÛÎÁ¾ÂÉ/À�Æ&Ã#ÄÞùÔÏüÀ�ÌàÏºÎÁ»½¼È¾Â¹ y ùÈÄÊÆ&Ã#Ì�l�¼ÔÏF»Ç¼È¾Â¹#Æ&÷ÐÏaÀÀÕÏ]÷/÷�¾ÂÀ�»�w)ùÚÏ)ËºÌÊ¾	.�ÌÅ»ÇÀ�¼¿Ä&ÎÅ¾ºùÈ¼¿¹/ÌàÏ]¼ÈÀ½Ä4ÎÅ¾ºÀ½À½ÄÅÆÇ÷�¾º¹�Ã#ÄÊ¹=»�w)Ã#ÄÊÆ$lÂÏ]ùÈÄÊÉ/À½Æ2Ã�Ä

ξ > 2θµ ô
¨ S�© ª X ] d�°k`ea V d2[ V

 ¾ºÉ/Æ&Î * ÄÊÀÇÎ * ¾Â¹/Æxw�ÌHÎÅÀ½¼ÈÀ½ÄÞù�¸��3Ïk.�¼ÈùÈ»½¾Â¹/¼ÈÄÊ¹ Ã#É Æ-q�Æ�»�RY.ÞÄ�Ã�Ïa¹#Æ&ùÈÄ�À½Ì � ÌÊÀ½ÄÅ¹=»Ç¼ÈÄÊù¶Ã#ÉÛÎÅÄÊ¹=»½À½ÄÃ#Ä¥.jÏaÆ½Æ½Ä�h s6]�i ÄÊ¹iÃ#ÌHÎÅÀ½¼^lºÏa¹Ø»*ùÚÏ�Ãpq�¹ÐÏk.�¼¿Ñ=É/ÄÙ¼È¹=»½ÄÊÀ½¹/Ä2w�ù�¸�Ï]¼ÚÃ#ÄÙÃ#ÄÊÆ*ÎÅ¾=¾ÂÀ½Ã#¾Â¹/¹/ÌÅÄÊÆ * q�÷�ÄÅÀ�[Æ½÷ * ÌÊÀ½¼¿Ñ=É/ÄÊÆ(ÄÅù¿ùÈ¼È÷#»Ç¼¿Ñ=É/ÄÊÆ«h
ρ, ξ, η iÁô ·LÄ&Ã�ÌÅ»NÏ]¼¿ùLÃ#ÄÅÆ2ÎHÏ]ù¿ÎÅÉ/ùÈÆ2ÄÊÆ�»>÷/À½ÌÊÆ½ÄÊ¹=»½Ì&Ã�Ïa¹/Æ>ù�¸�Ï]¹/¹/Ä)z#Ä áNô ¾ºÉ/Æ�ÎÅ¾	.�.�ÄÅ¹��Å¾Â¹/Æ¶÷ÐÏ]ÀZÌHÎÅÀ½¼ÈÀ½Ä>ù�¸ÓÌÊ¹/ÄÊÀ½Ëº¼ÈÄ2ÎÁ¼¿¹/ÌÁ»Ç¼¿Ñ=É/Ä(Ã#É�Æ-q�Æ�»�RY.�Ä¬wSù�¸�Ï]¼¿Ã#Ä(Ã#Ä>ùÚÏ � ¾ÂÀ#.*É/ùÈÄÃ#Ä	hß¾�Ã#¾ÂùÈÆUrq�n�}	} o {
T = − ~

2

2m

N∑

i=1

N∑

j=1

1√
g

∂

∂qi

(√
gg−1

ij

∂

∂qj

) h} ônm��oi
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®)¯
®�°±�²j³

´pµ�¶^·�¸º¹

» µ�¶^·�¸º¹

¾3¿À�Á�} ô } Â�����¼ �5j�½ m ½ � j��k� � �L¾6¡ �L¿�¢��k� � ¢£�8¿�½ ¡ �À½ � ¡ ½ ¼ ¡�¤ � ½)�8¿ ¤ ½��$j���� ¡ m �k�:� ¤ ½ � MoÁ ¼ ½ ¡ ��¼ M ¤2l¡ ¢�Â ¾ ½ � ½ ÅÆÅ ¢ ¼ ¿�¢Â ¾ ½ �Ã¼ � ¾�¡=¾ ��½ ý � Å ½ ¾6¡ m ½ ρ �bù�¤ ½zÈ
¾.w
g−1 ÄÊÆ�»�ùÚÏÄ.jÏ]»ÇÀ�¼¿ÎÅÄu¼È¹olØÄÊÀ�ÆÇÄuÃ#ÉÜ»ÇÄÊ¹/Æ½ÄÊÉ/À2.�ÌÅ»ÇÀ�¼ÚÑØÉ/Ä

g
÷�ÄÊÀU.�ÄÅ»�»NÏ]¹=»�Ã�Äu÷ÐÏaÆ½Æ½ÄÊÀ�Ã�¸×É/¹Æ-q�Æ�»�RY.�Ä4Ã#Ä*ÎÁ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆ t Ï]À�»½ÌÊÆ½¼¿ÄÅ¹/¹/ÄÊÆÅwjÃ�ÄÊÆSÎÅ¾=¾ÂÀ½Ã#¾Â¹/¹#ÌÊÄÊÆSÎÅÉ/À#l�¼ÈùÈ¼¿Ëº¹/ÄÊÆ3ËºÌÊ¹/ÌÊÀÕÏ]ùÈ¼¿Æ½ÌÊÄÊÆ

qi ô
g
ÄÊÆ�»&ùÈÄ�Ã#ÌÅ»ÇÄÊÀ#.�¼È¹ÐÏa¹=»&Ã#É�»ÇÄÊ¹/Æ½ÄÊÉ/À|.ÞÌÅ»ÇÀ�¼ÚÑ=É#ÄÞÄÅ»

N
ùÚÏ�Ã#¼j.�ÄÊ¹/Æ½¼È¾Â¹ÛÃ#ÄÞù�¸×ÄÊÆ½÷ÐÏaÎÅÄjÃ#ÄÅÆ&ÌÅ»ÕÏ]»½Æ yÌÊËØÏaùÈÄ«w*Æ½¼^z�Ã�Ï]¹/Æ(¹#¾º»½À½Ä&ÎHÏ]Æ ôt ¾s.Æ.�ÄüÎÁ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆ t Ï]À�»½ÌÊÆ½¼¿ÄÊ¹#¹/ÄÊÆ)Ã#ÄüÃ#ÌÊ÷ÐÏ]À�» y ¹/¾ºÉ/Æ*Î * ¾º¼¿Æ½¼ÈÆÇÆ½¾º¹/Æ*ùÈÄÊÆ*ÎÅ¾s.Þ÷�¾ÂÆÕÏ]¹=»ÇÄÊÆh

R1x, R1y, R1z, r1x, r1y, r1z
i Ã#ÄÊÆ-lØÄHÎÁ»ÇÄÅÉ/À½ÆßÃ#Ä�xÂÏaÎÅ¾	r/¼�Ã�Ïa¹#ÆßùÈÄkÀ�ÄÊ÷�RÊÀ½Ä^Ï]ÆÇÆ½¾�ÎÅ¼¿Ì^ÏaÉ4À½Ì � ÌÊÀ½ÄÊ¹Ø»Ç¼ÈÄÊùh>§ ]�iNô ·�ÄÊÆ�ÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆÝÎÅÉ#À#l�¼Èù¿¼ÈËº¹/ÄÊÆ�ËÂÌÅ¹/ÌÊÀÕÏ]ù¿¼ÈÆ½ÌÊÄÊÆÝÑ=É/Ä ¹/¾ºÉ/Æ�Æ½¾ºÉ * Ï]¼È»½¾Â¹/Æ�É�»Ç¼Èù¿¼ÈÆ½ÄÊÀ�Æ½¾Â¹=»h

ρ, ξ, η, ωx, ωy, ωz)
¾.wÇ{

ω =




ωx
ωy
ωz




(BF )

=




Ω̇x

Ω̇y

Ω̇z


 h} ôÉÈLÊoi

ÄÊÆ�»Öù¿Ä«lØÄHÎÁ»½ÄÊÉ/ÀÖ¼È¹/Æ�»NÏ]¹=»ÕÏa¹/ÌÞÃ�Ä)À½¾a»NÏF»Ç¼È¾º¹ Ã#É�À�Ì � ÌÊÀ�ÄÊ¹=»Ç¼ÈÄÊù$h>§ ]�i ÷ÐÏ]ÀSÀÕÏa÷#÷�¾ÂÀ�»&Ï]É�À½Ì � ÌÊÀ½ÄÊ¹Ø»Ç¼ÈÄÊùh s6]�iÁô�s ¼ M ÄÊÆ½»�É/¹«lØÄHÎÁ»½ÄÊÉ/À ÑØÉ/ÄÊùÚÎÁ¾Â¹�Ñ=É#Ä7Ã#Ä
R3 y ùÚÏ(À½ÄÊùÚÏ]»½¼È¾Â¹)Ã#Ä7Î * Ïa¹/ËºÄY.�ÄÅ¹=»ZÃ#Ä^À½Ì � ÌÊÀ½ÄÊ¹Ø»Ç¼ÈÄÊùÆH¸×ÌHÎÅÀ�¼È»={

(
dM

dt

)

(SF )

=

(
dM

dt

)

(BF )

+ ω ∧M h} ôÉÈ6m�i
·�ÄÊÆ(Ï]¹/ËÂùÈÄÊÆ(Ã�ÄÖÀ½¾a»NÏF»Ç¼È¾Â¹�¼È¹/Æ�»NÏ]¹=»ÕÏa¹/ÌÊÄ

Ωx,Ωy

ÄÅ»
Ωz y À�ÄÊÆ½÷�ÄHÎÁ»Ç¼^lØÄY.ÞÄÊ¹=»2Ï]É#»Ç¾ºÉ/À>Ã#ÄÅÆ2Ï�z#ÄÊÆ

(Gx), (Gy)
ÄÅ»

(Gz) y ÷�ÄÊÀ#.�ÄÅ»½»½ÄÊ¹=»7Ã�¸×Ä�z#÷/À½¼j.�ÄÊÀ^ùÈÄc.�¾	.�ÄÊ¹=»�ÎÅ¼È¹/ÌÅ»Ç¼¿Ñ=É/Ä3»Ç¾a»NÏ]ù¯Ã#É�Æ-q�Æ�»�RY.ÞÄ J
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Æ½¾ÂÉ/Æ>ùÚÏ � ¾ºÀU.�ÄÆ{
J =




Jx
Jy
Jz




(BF )

= −i~




∂/∂Ωx

∂/∂Ωy

∂/∂Ωz


 h} ôÉÈ	Èpi

Ë ¹�»ÇÀ�¾ÂÉ/lÂÄ�{

g−1 =




1 0 0 0 0 0
0 g−1

22 0 0 g−1
25 0

0 0 g−1
33 0 g−1

35 0
0 0 0 g−1

44 0 g−1
46

0 g−1
52 g−1

53 0 g−1
55 0

0 0 0 g−1
64 0 g−1

66




h} ôÉÈ , i
Ï'lÂÄHÎÆ{

g−1
22 =

16

ρ2

α

α + β

h} ôÉÈ]ø�i
g−1

25 = g−1
52 = − 4

ρ2
tan

(
ξ + η

4

) √
αβ

α + β

h} ôÉÈ } i
g−1

33 =
16

ρ2

β

α + β

h} ôÉÈ�{oi
g−1

35 = g−1
53 =

4

ρ2
tan

(
ξ + η

4

) √
αβ

α + β

h} ôÉÈ.~si
g−1

44 = g−1
55 =

1

ρ2

1

cos2
(
ξ+η

4

) h} ôÉÈ��oi
g−1

46 = g−1
64 =

1

ρ2

1

cos2
(
ξ+η

4

) cot γ1
h} ôÉÈ��oi

g−1
66 =

1

ρ2

1− sin2
(
ξ+η

4

)
sin2 γ1

sin2
(
ξ+η

4

)
cos2

(
ξ+η

4

)
sin2 γ1

h} ô , Êoi
¾.w�ù�¸×¾º¹ÝÏ)÷�¾ºÆ½Ìv{

α = cos 2θµ − cos ξ
h�} ô , m�i

β = cos η − cos 2θµ
h} ô , ÈpiÄÅ»(ù�¸×¾º¹ÝÏ�Ï]É/ÆÇÆ½¼�{

sin γ1 =
αβ

sin 2θµ sin
(
ξ+η

2

) h} ô ,	, i
cot γ1 =

2

α + β
sin

(
ξ + η

2

)[
∂

∂ξ

√
αβ − ∂

∂η

√
αβ

] h} ô , ø�i
·�Ä&Ã#ÌÅ»ÇÄÅÀU.�¼È¹ÐÏ]¹=»2Ã#É�»ÇÄÊ¹#ÆÇÄÅÉ/ÀÌ.�ÌÅ»½À½¼¿Ñ=É/ÄÅlºÏaÉ#»={
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g =

[(
ρ5

32

)
α + β

sin 2θµ

]2 h} ô ,s} i·±Ï � ¾ºÀU.*É/ùÈÄvh} ônm��pi Ã#¾º¹/¹/ÄoÏ]ù¿¾ºÀ½Æ={
T = − ~

2

2m

1

ρ5

∂

∂ρ
ρ5 ∂

∂ρ
− 8~2

mρ2

1

α + β

∂

∂ξ
α
∂

∂ξ
− 8~2

mρ2

1

α + β

∂

∂η
β
∂

∂η

− ~2

2mρ2 cos2( ξ+η
4

)

∂2

∂Ω2
x

− ~2

2mρ2 cos2( ξ+η
4

)

∂2

∂Ω2
y

− ~2

2mρ2

(
1− sin2

(
ξ+η

4

)
sin2 γ1

sin2
(
ξ+η

4

)
cos2

(
ξ+η

4

)
sin2 γ1

)
∂2

∂Ω2
z

h} ô , {oi
− ~2 cot γ1

2mρ2 cos2( ξ+η
4

)

(
∂

∂Ωx

∂

∂Ωz

+
∂

∂Ωz

∂

∂Ωx

)

+
~2

2m

1

α + β

(
4

ρ2

) [
∂
∂ξ

(
tan( ξ+η

4
)
√
αβ
)

∂
∂Ωy

+ ∂
∂Ωy

(
tan( ξ+η

4
)
√
αβ
)
∂
∂ξ

]

− ~
2

2m

1

α + β

(
4

ρ2

) [
∂
∂η

(
tan( ξ+η

4
)
√
αβ
)

∂
∂Ωy

+ ∂
∂Ωy

(
tan( ξ+η

4
)
√
αβ
)
∂
∂η

]

� ¹�É#»Ç¼Èù¿¼ÈÆÕÏ]¹=»2ùÚÏ)Ã#Ì | ¹/¼û»Ç¼È¾Â¹Äh�} ô�ÈsÈsi ÄÅ»>ùÔÏ*À½ÄÊùÚÏ]»½¼¿¾º¹�Ã#Ä4ÎÁ¾s.�.oÉ#»NÏF»Ç¼È¾Â¹ÎÍx{
[Ĵi, Ĵj] = −i~

∑

k

εijkĴk
h} ô , ~si

¾.w
εijk

ÄÊÆ½»üù¿ÄÝ»ÇÄÊ¹/Æ½ÄÊÉ/À�Ï]¹=»Ç¼ÈÆ-q6.�ÌÅ»½À½¼¿Ñ=É/ÄúÆ�»NÏ]¹�Ã�ÏaÀ½Ã y ¾Â¹Ü÷�ÄÊÉ#»4.�ÄÅ»�»ÇÀ½Äúù�¸ÿ�3ÏL.�¼Èùû»Ç¾º¹/¼ÈÄÊ¹VÃ#ÉÆ-q�Æ�»�RY.�ÄÖÆÇ¾ºÉ/Æ>ùÔÏ � ¾ºÀU.�Ä�{
H = T + V (ρ, ξ, η)

h} ô , �oiÏYlØÄHÎÆ{
T = − ~

2

2m

1

ρ5

∂

∂ρ
ρ5 ∂

∂ρ

+ 8~2

mρ2
1

cos(η)−cos(ξ)

[
− ∂

∂η

(
cos(η)− cos(2θµ)

)
∂
∂η
− ∂

∂ξ

(
cos(2θµ)− cos(ξ)

)
∂
∂ξ

+
(

1
cos(η)−cos(2θµ)

+ 1
cos(2θµ)−cos(ξ)

)
sin2 (θµ) cos2 (θµ)( Ĵz~ )2

]
+ TR + TC

h} ô , �oi¾.w
TR =

Ĵ2 − 2Ĵ2
z

2mρ2 cos2( ξ+η
4

)

h} ô×øsÊoi
Ï#Ð �������
��U�É���������Å�#Ñ����k��Ò	 �
�#�)��b���b�º�$
��#�É�������)�|Ñ������!�k��
�|���b���)"$"�&������������Å���#Ñ "Ã��"+�#��� �#���� �����%Y&!�#Ñ�Ó�����L��
����Ñ���&'Ô��#���Õ���Ö
�#�É�������)�c��������"Ã"b&'������������×�Ø	Ù�ÚÃ×)ÛÉÜ��L���!ÑÝ����
� #Þº �
�#�)�����#�8ßnà�á8â�ãåä�æUç�(
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TC =
2 tan( ξ+η

4
)(cos(η)− cos(2θµ))

1
2 (cos(2θµ)− cos(ξ))

1
2

mρ2(cos(η)− cos(ξ))

×
[
2i~( ∂

∂ξ
− ∂

∂η
)Ĵy + ĴxĴz(

sin(ξ)
cos(2θµ)−cos(ξ)

+ sin(η)
cos(η)−cos(2θµ)

)
] h} ô×øÎm!i

TR
Ã#ÌHÎÁÀ½¼û»7ùÚÏ4À½¾a»NÏF»Ç¼È¾º¹�ËºùÈ¾srÐÏ]ùÈÄÖÃ#É�Æ-q�Æ�»vRY.�Ä y Ï]ùÈ¾ÂÀ�Æ7Ñ=É/Ä TC ÎÅ¾ºÀ½À�ÄÊÆ½÷�¾Â¹�Ã�ÏaÉ6züÎÅ¾ºÉ/÷/ùÚÏaËºÄÊÆÃ#Ä t ¾ºÀ½¼È¾ºù¿¼ÈÆ ô h±¾ÂÉ/À (ξ + η)/4 = π/2

h-¾ºÉ�ÄÊ¹/ÎÅ¾ÂÀ�Ä
R1 = 0 i y ùÈÄ�»½ÄÊÀU.�Ä�Ã#Ä�ÎÅ¾ºÉ/÷/ùÚÏaËºÄ�Ã�¼^[lØÄÊÀ�ËÂÄ ô t ÄÊ÷�ÄÊ¹�Ã�Ï]¹=» y w�ÎHÏ]É/Æ½Ä Ã#Ä ùÚÏýÀ½ÌÊ÷/É/ùÈÆ½¼¿¾º¹ t ¾ÂÉ/ùÈ¾	.�r/¼ÈÄÊ¹/¹/ÄÛÄÊ¹=»½À½Ä ù¿ÄÊÆ�÷ÐÏ]À�»Ç¼¿ÎÅÉ/ùÈÄÊÆÝÃ#Ä.�%Y.�Ä)Î * ÏaÀ�ËÂÄ y ÎÅÄÅ»�»ÇÄ)ÎÅ¾º¹ | ËÂÉ/ÀÇÏ]»½¼¿¾º¹ Ã#É�Æ-q�Æ�»vRY.�Ä*¹�¸×ÄÅÆ½»Ö÷ÐÏ]Æ&ÏaÎÊÎÅÄÊÆ½Æ½¼jr/ùÈÄjÏ]É6zúÌÊ¹/ÄÊÀ½Ëº¼ÈÄÊÆ	Ñ=É/Ä¹/¾ÂÉ#ÆkÎÅ¾º¹/Æ½¼ÚÃ�ÌÊÀ½ÄÊÀ�¾Â¹/Æ ô ·�Ä7»ÇÄÊÀ#.�Ä>÷�¾a»ÇÄÊ¹Ø»Ç¼ÈÄÊù y Ñ=É/¼/¹/Ä(Ã#ÌÅ÷ÍÄÅ¹�ÃjÑ=É/Ä(Ã#ÄÅÆkÎÅ¾=¾ÂÀ½Ã#¾Â¹#¹/ÌÊÄÊÆ�¼È¹=»ÇÄÊÀ�¹/ÄÊÆ yÆH¸×ÌHÎÅÀ�¼È»x{

V (ρ, ξ, η) =
e2Z

r12

− e2Z

r13

− e2

r23

h} ô×øpÈpi
¾.w�ùÈÄÊÆ(Ã#¼¿Æ�»NÏ]¹�ÎÅÄÊÆ(ÄÅ¹=»ÇÀ�Ä	÷ÐÏ]À�»Ç¼¿ÎÅÉ/ùÈÄÊÆ

rij = |OMj −OMi|
Æ½¾Â¹Ø»2Ã#¾º¹/¹/ÌÊÄÊÆ(÷�ÏaÀ={

r12 =

√
m1 +m2

2m1m2

ρ
√

1 + ε+ cos(ξ/2) cos(η/2)− ε− sin(ξ/2) sin(η/2)
h} ô×ø , i

r13 =

√
m1 +m3

m1m3

ρ sin

(
ξ − η

4

) h} ô×øºø�i
r23 =

√
m2 +m3

m2m3

ρ sin

(
ξ + η

4

) h} ô×ø } i
Z
ÄÊÆ�»ÖùÚÏ�Î * Ï]À½ËºÄÞÃ#É�¹/¾zq=ÏaÉ

X
h
Z = 8

Ã�Ï]¹/ÆÖù¿ÄÞÎHÏ]Æ	Ã#Ä)ù�¸×¾'zpq�Ë�RÊ¹/Ä i y e2 = q2
µ/4πε0

¾.w
qµÄÊÆ�»(ùÚÏÞÎ * Ï]À½ËºÄ	ÌÊùÈÄHÎÁ»ÇÀ½¼¿Ñ=É/Ä&Ã#Éè.*É/¾º¹ y ÄÅ»>¾Â¹ÝÏ*÷�¾ÂÆ½Ì�{

ε+ = 1 +
2m3

m1 +m2

, ε− =
m2 −m3

m1 +m2

h} ô×ø.{oi
�^�p�����C \¡y��é

mÂô uSÏ]¹/Æ7ùÔÏ4ÆÇÉ/¼û»ÇÄÖÃ#ÄS¹/¾a»ÇÀ½ÄSÌÅ»½É�Ã#Ä y ¹/¾ºÉ/Æ7¹/ÌÊËºùÈ¼¿ËºÄÊÀ½¾º¹/Æ7ù¿Ä3»ÇÄÊÀ#.�ÄÖÃ#ÄÖÎÅ¾ºÉ/÷/ùÔÏ]ËºÄ TC ô t ÄÅ»½»½ÄÏ]÷/÷/À½¾'z#¼j.ÙÏF»Ç¼È¾Â¹�»ÇÀ�¾ÂÉ/lÂÄÊÀÕÏ*ÆÕÏc¦:É/Æ�»½¼ | ÎÊÏ]»Ç¼È¾º¹ÝÃ�Ï]¹/Æ(ùÈÄ	÷/À½¾�Î * Ï]¼¿¹ÝÎ * Ïa÷/¼û»½À½Ä ô
È#ô uSÏ]¹/Æ�ùÚÏýÃ#ÄÊÀ½¹/¼�RÊÀ½Ä�÷ÐÏaÀ�»Ç¼ÈÄÛÃ�Ä ù�¸�Ï]¹/¹/Ä)z#Ä á y ¹#¾ÂÉ/Æ�÷/À½ÌÊÆ½ÄÊ¹=»½¾Â¹/Æ�É/¹/ÄÛÏaÉ#»½À½Äê.�ÌÅ» * ¾�Ã#Ä÷�¾ºÉ/ÀÙ¾sr#»½ÄÊ¹/¼ÈÀÙùm¸ÓÄ)z#÷/À�ÄÊÆÇÆ½¼È¾º¹ëh�} ô , �pi Ã#ÄÝù�¸×¾º÷�ÌÊÀÕÏF»ÇÄÊÉ/ÀÙÌÊ¹#ÄÊÀ½Ëº¼¿ÄúÎÅ¼È¹/ÌÅ»Ç¼¿Ñ=É/Ä ô Ë ¹ É#»Ç¼ÈùÈ¼¿Æ½ÄÉ/¹ÙÆvq�Æ½»vRY.�Ä2¼È¹=»ÇÄÊÀ#.�ÌHÃ#¼ÚÏ]¼¿À�ÄSÃ#Ä3ÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆ�ÎÅÉ/À#l�¼¿ùÈ¼ÈËÂ¹/ÄÊÆÅh

R1, r1, γ1, ωx, ωy, ωz i Ñ=É/¼÷�ÄÊÀ#.�ÄÅ»oÃ¯¸×ÌHÎÅÀ�¼¿À�Ä�É/¹/Ä�÷/À½ÄY.Þ¼�RÊÀ�Ä�Ä)z#÷/À�ÄÊÆ½Æ½¼¿¾º¹ Ã#Ä
T
ÄÅ¹ ÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆoÃ�Ä�xÂÏaÎÅ¾	r/¼ ô-ì ¹Î * Ïa¹/ËºÄY.�ÄÊ¹=»oÃ#Ä�lºÏ]À½¼ÚÏLr/ùÈÄÊÆ4¼È¹=»ÇÄÊÀ�¹/ÄÊÆ

(R1, r1, γ1) → (ρ, ξ, η)
ÎÁ¾Â¹�Ã#É/¼û»oÄÅ¹/ÆÇÉ/¼û»½Ä2w�ùÚÏ� ¾ºÀU.oÉ/ùÈÄZh} ô , �piÁô·s ¼^ÎÅÄÅ»½»½Ä4.�ÌÅ» * ¾�Ã#Äü¹/ÌHÎÅÄÊÆ½Æ½¼û»ÇÄ�Ã#ÄÊÉ�z � ¾º¼ÈÆ)ùÚÏq.�¼¿Æ½ÄüÄÊ¹�t	É/l�À½Ä�Ã#ÄüùÔÏ»½ÄHÎ * ¹/¼¿Ñ=É/ÄÝ÷/À�ÌHÎÅÌHÃ#ÄÊ¹Ø»ÇÄíh_ÆÇÉ�ÎÅÎÅÄÊÆ½ÆÇ¼^lØÄ�.�ÄÊ¹=»ÙÄÊ¹ Ã#¼j.�ÄÊ¹/Æ½¼¿¾º¹ Æ½¼\z�ÄÅ»j»ÇÀ�¾Â¼ÈÆ i y ùÈÄÊÆÙÎHÏaù¿ÎÅÉ/ùÈÆÆ½¾º¹=»(¹/ÌàÏ]¹Î.�¾º¼¿¹#Æ(÷/ùÈÉ/Æ(Æ½¼j.�÷/ùÈÄÊÆ�w)Î * ÏaÑ=É/Ä	ÌÅ»NÏ]÷�Ä ô
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¨ S#î ï X Yy[ X ²+d Xxð+X `ed�f#g�[
² Í-, ÍÐÏ D7Ò£Ü3µÐ�#$ØÒ3Ü Ô�ñÆÒ3Ü�Ô�× $ÐÜ��p×\à�Ü�×

§�| ¹1Ã#Äú»ÇÀÇÏ'lºÏ]¼¿ùÈùÈÄÊÀ�Ã�Ïa¹/Æ�ù¿ÄuÀ½Ì � ÌÅÀ½ÄÊ¹=»½¼¿ÄÊù3»½¾ÂÉ/À�¹ÐÏ]¹=»Çh>§ ]�i y ¹/¾ÂÉ/Æ�ÏYlØ¾Â¹#Æ�Ã#Ì�lØÄÅù¿¾º÷/÷�Ì�ùÚÏ� ¾º¹�ÎÁ»Ç¼È¾º¹iÃ�¸×¾º¹�Ã#ÄÙÃ�É Æ-q�Æ�»�RY.ÞÄ�Æ½É/À&É/¹/Ä�rÐÏaÆ½Ä�É/Æ½É/ÄÊùÈù¿Ä/n�} �@o y � ¾ÂÀ#.�ÌÊÄjÃ#Ä � ¾º¹�ÎÁ»Ç¼È¾º¹/Æ4÷/À½¾º÷/À½ÄÊÆÎÅ¾	.�.*É/¹/ÄÊÆ�ÏaÉ6z)¾Â÷�ÌÊÀÇÏ]»½ÄÊÉ/À½Æ
Ĵ2, ĴZ , Π̂

ÄÅ» |Ĵz| y ¾�w Π̂
ÄÊÆ�»¶ù�¸×¾º÷�ÌÊÀÕÏF»ÇÄÊÉ/À�Ã�¸Ó¼¿¹plØÄÊÀ½Æ½¼È¾º¹�÷ÐÏaÀZÀÕÏ]÷6[÷�¾ÂÀ�»>Ï]É�ÎÅÄÊ¹=»½À½ÄSÃ#Ä�.jÏaÆ½Æ½Ä

G ôPs ¼Íù�¸×¾º¹ü¹/¾º»½Ä J,M,Π (= ±1)
ÄÅ»

Ω̄
ùÈÄÊÆ�¹#¾s.�r#À½ÄÊÆ�Ñ=ÉÐÏ]¹=»Ç¼¿Ñ=É/ÄÊÆò ÎÁ¾ÂÀ�À½ÄÊÆ½÷�¾Â¹/Ã�Ïa¹=»½Æ y ÎÅÄÊÆ � ¾º¹�ÎÁ»½¼¿¾º¹/Æ(ÆH¸×ÌHÎÁÀ½¼^lØÄÊ¹=»={

ψJMΠΩ̄ = NJΠ
MΩ̄(ϕR1 , θR1 , ϕr1)φJΩ̄(ρ, ξ, η)

h�} ôÓøt~	i¾.w
NJΠ
MΩ̄ =

1√
2(1 + δΩ0)

(
DJ∗
MΩ + Π(−1)J+ΩDJ∗

M−Ω

) h} ô×ø.�oi
Æ½¾Â¹=»^Ã#ÄÊÆ � ¾Â¹�ÎÁ»½¼¿¾º¹/Æ^Ã#Ä2÷ÐÏ]À½¼û»ÇÌ�r/¼ÈÄÊ¹üÃ#Ì | ¹/¼ÈÄ3ÎÅ¾º¹/Æ½»½À½É/¼û»ÇÄÊÆÃw	ù�¸�Ï]¼ÚÃ�ÄSÃ#ÄÊÆb.jÏ]»½À½¼¿ÎÅÄÊÆ^Ã#Ä2À�¾º»ÕÏ]»½¼¿¾º¹
D
n�} �@o ô Ω

ÄÊÆ�»�ùÚÏú÷/À½¾	¦:ÄÊÎÁ»Ç¼È¾Â¹�Ã#É`.�¾	.�ÄÊ¹Ø»jÎÁ¼¿¹/ÌÁ»Ç¼¿Ñ=É/Ä�Æ½É/À)ù�¸�Ï�z#Ä
(Gz)

Ã#É�À½ÄÊ÷�RÊÀ�Ä�ù¿¼ÈÌ�Ï]ÉÀ½Ì � ÌÊÀ½ÄÊ¹=»½¼¿ÄÅù¬h�§ ]�i { −J ≤ Ω ≤ J ô Ω̄
¹/ÄÞ÷/À½ÄÅ¹�Ã Ñ=É/ÄÞÃ#ÄÊÆÅlºÏaùÈÄÊÉ/À½Æ	÷�¾ºÆ½¼È»½¼^lØÄÊÆ ôbs ¼ Π = −1 yÆ½ÄÊÉ/ù¿Æ>ùÈÄÊÆ(ÌÅ»ÕÏ]»½Æ>÷Í¾ºÉ/À>ùÈÄÊÆÇÑ=É/ÄÊùÈÆ

J
ÄÊÆ�»>¼n.Þ÷ÐÏa¼ÈÀ(ÎÅ¾º¹=»Ç¼ÈÄÊ¹/¹/ÄÊ¹Ø» ¯Ω = 0 ôt ÄÅ»½»½Ä>÷/À½¾�ÎÅÌHÃ#É/À½Ä>÷�ÄÊÀU.�ÄÁ»kÃ#Ä>À½ÄÊÆ�»ÇÀ�ÄÊ¼È¹�Ã#À½Ä>ùÚÏ	Ã#¼j.�ÄÊ¹/Æ½¼È¾Â¹/¹ÐÏ]ùÈ¼È»½Ì2Ã#É�÷/À½¾	r/ù�R�.�Ä�wSÌÅ»ÇÉ�Ã�¼¿ÄÊÀ yÄÊ¹�À½ÄÊËºÀ½¾ºÉ/÷ÐÏ]¹=»�ùm¸ÓÄ�ó¯ÄÁ»jÃ�¸×¾ºÀ½¼ÈÄÊ¹=»NÏF»Ç¼È¾º¹�Ã#É�÷/ùÚÏa¹ � ¾ÂÀ#.�Ì�÷ÐÏ]ÀÞù¿ÄÊÆ)»ÇÀ½¾º¼ÈÆ�÷�ÏaÀ�»Ç¼¿ÎÅÉ/ù¿ÄÅÆjÃ�Ïa¹/ÆÞù¿ÄÊÆ� ¾º¹�ÎÁ»Ç¼È¾º¹/Æ

NJΠ
MΩ̄

ôy� ¹ Ä�óÍÄÅ» y ÷�¾ÂÉ/À	É/¹/ÄôlÂÏ]ùÈÄÊÉ/À4Ã#¾º¹/¹/ÌÊÄjÃ�ÉÇ.�¾	.�ÄÊ¹=»&ÎÅ¼È¹/ÌÅ»Ç¼¿Ñ=É/ÄÞ»½¾º»ÕÏaù
J y ùÚÏÃpq�¹ÐÏk.�¼¿Ñ=É/Ä�¼È¹=»ÇÄÊÀ�¹/Ä�¹/Ä7Ã#ÌÊ÷�ÄÊ¹�Ã*÷ÐÏ]ÆZÃ#Ä7ÎÅÄÅ»�»ÇÄ�¾ºÀ½¼ÈÄÊ¹=»NÏF»Ç¼È¾º¹è{]¼Èù#¹/¾ºÉ/Æ Æ½É/õ�»ZÃ#¾º¹�Î�Ã#Ä7ÎHÏ]ùÚÎÅÉ#ù¿ÄÊÀù¿ÄÅÆ � ¾º¹�ÎÁ»Ç¼È¾º¹/Æ

φJΩ̄(ρ, ξ, η)
Ã�Ï]¹/Æ(ùÚÏ)ËØÏk.�.�Ä&Ã�¸ÓÌÊ¹/ÄÊÀ½Ëº¼ÈÄÊÆ2ÎÅ¾º¹/Æ½¼ÚÃ#ÌÊÀ�ÌÊÄ ô

� ¹ Ï]÷/÷/ùÈ¼¿Ñ=ÉÐÏ]¹=» H Æ½É/ÀÞùÚÏ � ¾º¹�ÎÁ»Ç¼È¾º¹�Ã�¸×¾º¹�Ã#ÄÇh} ô×ør~si y ¾º¹�»½À½¾ºÉ/lØÄ�Ñ=É#Ä φJΩ̄(ρ, ξ, η)
ÄÊÆ�»Æ½¾ÂùÈÉ#»Ç¼È¾º¹ÝÃ#Ä	ù�¸��3Ïk.�¼Èùû»Ç¾Â¹#¼¿ÄÊ¹�À½ÌHÃ#É/¼û»

HJΩ̄

{

HJΩ̄ = − ~
2

2m

1

ρ5

∂

∂ρ
ρ5 ∂

∂ρ
+

8~2

mρ2

1

cos(η)− cos(ξ)

(
DΩ̄(ξ) +DΩ̄(η)

)

+
~2

2mρ2

J(J + 1)− 2Ω̄2

cos2
(
η+ξ

4

) + V (ρ, ξ, η)
h�} ôÓø5�pi

ÏYlØÄHÎÆ{
D̂Ω̄(u) = −ε ∂

∂u
( cosu− cos(2θµ))

∂

∂u
+ ε

Ω̄2 sin2(θµ) cos2(θµ)

cosu− cos(2θµ)

h} ô } Êoi
¾.w

ε = 1
Æ½¼
u = η y ÄÅ» ε = −1

÷�¾ºÉ/À
u = ξ ô

ö�÷ �#Ñ6%Y&L�U�
��ø�)�	 �
��U��#&!
Ñ�����"$"�&'�������/��Ô��#�
H ù ���#Ñ6����"�ú!
��#Ñ6%Y&L��������%'&��#Ñ/��ÑÑ������� UÑ�Ñ��ø�����!Ñ���
�Ô)�#���/�k&�
����)��º�+�������É��Ñ�����p(



~Fø t+* Ï]÷/¼û»ÇÀ½Äx} ô t Ïaù¿ÎÅÉ/ù-,su�{/.�ÌÅ» * ¾�Ã#Ä
² Í-, Í�� ûü�pÛ �#� Û3Ô3$¶Û¶�'Û��/$�d�Ý7×L�

t ¾s.Æ.�Ä	÷�¾ÂÉ/À>ù¿Ä4ÎÊÏaù¿ÎÅÉ/ùLÉ/¹/¼¿Ã#¼j.�ÄÊ¹/Æ½¼È¾Â¹/¹#ÄÊù y ùÔÏ � ¾º¹�ÎÁ»Ç¼È¾º¹ÝÃ�¸×¾º¹�Ã#Ä φJΩ̄(ρ, ξ, η)
ÄÊÆ�»2Ã#Ì�lØÄ)[ù¿¾º÷/÷�ÌÊÄ�Æ½É/À)É/¹/Ä4rÐÏaÆ½Ä�Ã#Ä

N
� ¾º¹�ÎÁ»Ç¼È¾Â¹/Æ

χJΩ̄
i (ξ, η; ρ)

Ñ=É/¼�¹/Ä�Ã#ÌÊ÷�ÄÊ¹�Ã#ÄÊ¹Ø»jÑ=É/Ä�Ã#ÄÊÆjÏ]¹/ËÂùÈÄÊÆ* q�÷�ÄÊÀ�ÆÇ÷ * ÌÊÀ½¼¿Ñ=É/ÄÊÆ
ξ
ÄÅ»
η ô Ë ¹�ÌHÎÅÀ�¼È»(Ã#¾Â¹/Î�{
φJΩ̄(ρ, ξ, η) =

1

ρ5/2

N∑

i=1

F JΩ̄
i (ρ)χJΩ̄

i (ξ, η; ρ)
h�} ô } m�i

·�ÄÊÆ�ÌÁ»NÏF»ÇÆ>ÏaÃ#¼ÚÏLrÐÏF»Ç¼¿Ñ=É/ÄÊÆ
χJΩ̄
i (ξ, η; ρ)

Æ½¾º¹=»�ù¿ÄÅÆ�ÌÅ»NÏF»ÇÆ�÷#À½¾Â÷#À½ÄÊÆ7Ã#Ä3ùm¸ÿ�3ÏL.Þ¼¿ùû»Ç¾º¹/¼ÈÄÊ¹�À½ÌHÃ#É#¼È»
HJΩ̄ y ÎÊÏaù¿ÎÅÉ/ùÈÌÊÆ2÷�¾ºÉ/À>É/¹#Ä|lºÏ]ù¿ÄÊÉ/À(Ã�É�ÀÇÏiqÂ¾Â¹ * q�÷�ÄÊÀ½Æ½÷ * ÌÊÀ�¼ÚÑØÉ/Ä ρ | z#ÌÊÄ ô Ë ¹ÝÏ4{

{
8~2

mρ2

1

cos(η)− cos(ξ)

(
D̂Ω̄(ξ) + D̂Ω̄(η)

)

+
~2

2mρ2

J(J + 1)− 2Ω̄2

cos2
(
η+ξ

4

) + V (ρ, ξ, η)
}
χJΩ̄
i (ξ, η; ρ) = εJΩ̄

i (ρ)χJΩ̄
i (ξ, η; ρ)

h} ô } Èpi
� ¹v.*É/ùû»Ç¼È÷/ùÈ¼ÔÏ]¹=»^ÎÁÄÅ»½»ÇÄ>ÌHÑ=ÉÐÏF»Ç¼È¾Â¹üÏ]É6zÆlºÏaùÈÄÊÉ/À�Æk÷/À�¾Â÷/À�ÄÊÆ�÷ÐÏ]À cos(η)− cos(ξ) y ¾Â¹�¾sr#»½¼¿ÄÊ¹Ø»ùm¸ÓÌHÑ=ÉÐÏF»Ç¼È¾Â¹�Ã#¼^ó¯ÌÊÀ�ÄÊ¹=»½¼¿ÄÊùÈùÈÄ&ÆÇÉ/¼^lºÏa¹Ø»ÇÄ�{
{

8~2

mρ2

(
D̂Ω̄(ξ) + D̂Ω̄(η)

)
+WJΩ̄(ξ, η; ρ, εJΩ̄

i (ρ))

}
χJΩ̄
i (ξ, η; ρ) = 0

h�} ô }	, i
¾.wÇ{

WJΩ̄(η, ξ; ρ, εJΩ̄
i (ρ)) = (cos(η)− cos(ξ))

(
~2

2mρ2

J(J + 1)− 2Ω̄2

cos2(η+ξ
4

)
+ V (ρ, η, ξ)− εJΩ̄

i (ρ)

)

h} ô } ø�i·�Ä�÷�¾a»ÇÄÊ¹=»½¼¿ÄÅù>À½ÄÊ¹/¾ºÀU.ÙÏ]ùÈ¼¿Æ½Ì
WJΩ̄(η, ξ; ρ, εJΩ̄

i (ρ))
÷�¾ÂÆ½ÆvRHÃ#Ä�»½À½¾º¼¿ÆjÎHÏ]ÀÕÏaÎÁ»ÇÌÅÀ½¼ÈÆ½»½¼ÚÑØÉ/ÄÊÆj¼j.ô[÷�¾ÂÀ�»NÏ]¹=»ÇÄÊÆ ôÝü ¾ºÉ#»4Ã�¸ÿÏLr�¾ºÀÇÃ y Ã#ÄÊÉ6z Ã#ÄÊÆ&Æ½¼È¹/ËÂÉ/ùÚÏ]À½¼û»ÇÌÊÆ t ¾ºÉ/ùÈ¾s.«r/¼¿ÄÅ¹/¹/ÄÊÆ4¾º¹=»&ÌÅ»ÇÌÞÀ�ÌÊËÂÉ/ùÚÏ]À½¼ÈÆ½ÌÊÄÊÆ÷ÐÏaÀ>ù¿Ä	»ÇÄÊÀ#.�Ä

cos(η)− cos(ξ) ô t ÄÅ»�»ÇÄ4ÎHÏ]ÀÕÏaÎÁ»ÇÌÊÀ�¼¿Æ�»½¼ÚÑØÉ/Ä4ÄÊÆ½Æ½ÄÊ¹=»Ç¼ÈÄÊùÈù¿Ä y .�¼ÈÆ½Ä4ÄÅ¹ÝÌ�l�¼¿Ã#ÄÊ¹�ÎÁÄ4÷ÐÏaÀË ô/áÕô/ü ¾ÂùÈÆ�»Ç¼j * ¼È¹�ÄÁ»2� ô�Q ÏF»ÇÆ½É/'àÏ�ý(Ï�n {	Ê�o y ÄÊÆ�»¬w*ù�¸×¾ºÀ½¼ÈËº¼¿¹/Ä	Ã#É�Æ½É�ÎÊÎ2RÊÆ7À½ÄY.�÷�¾ºÀ�»½ÌÖ÷ÐÏaÀ�ùÈÄÊÆ(ÎÁ¾L[¾ÂÀ½Ã#¾Â¹/¹#ÌÊÄÊÆ * q�÷�ÄÊÀ�ÆÇ÷ * ÌÊÀ½¼¿Ñ=É/ÄÊÆ	ÄÊùÈùÈ¼¿÷�»Ç¼¿Ñ=É/ÄÊÆ	÷�¾ÂÉ/ÀS»½ÀÕÏ]¼È»½ÄÊÀÖùÈÄ)÷/À½¾	r/ù�RY.�Ä t ¾ºÉ/ù¿¾	.�r/¼ÈÄÊ¹ÇwÙ»ÇÀ�¾Â¼ÈÆÎÅ¾ÂÀ�÷/Æ ôM� ¹�Ä�óÍÄÅ»x{
(cos(η)− cos(ξ))V (ρ, ξ, η) = (cos(η)− cos(ξ))

(
e2Z

r12

− e2Z

r13

− e2

r23

) h} ô }	} i
� ¹�É#»Ç¼Èù¿¼ÈÆÕÏa¹Ø»2ùÚÏ*À½ÄÊùÚÏ]»½¼¿¾º¹
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cos(η)− cos(ξ) = 2 sin

(
ξ + η

2

)
sin

(
ξ − η

2

) h} ô } {oiÄÅ»(ùÈÄÊÆ>Ä)z#÷/À½ÄÅÆÇÆ½¼È¾Â¹#Æ«h} ô×øºø�i ÄÁ»«h} ôÓø } i y h�} ô }s} i Ã�Ä�l�¼ÈÄÊ¹/¹/ÄÊ¹=»x{
(cos(η)− cos(ξ))V (ρ, ξ, η) = − e2Z

ρ
√

m1+m3

m1m3

4 sin

(
ξ + η

2

)
cos

(
ξ − η

4

)

− e2

ρ
√

m2+m3

m2m3

4 sin

(
ξ − η

2

)
cos

(
ξ + η

4

)

+ (cos(η)− cos(ξ))
e2Z

r12

h} ô } ~si·�ÄÊÆÙÃ#ÄÊÉ6z�Æ½¼È¹/ËÂÉ/ùÚÏ]À½¼û»ÇÌÊÆ
r13 = 0

ÄÅ»
r23 = 0

Ñ=É/¼2ÎÁ¾ÂÀ�À½ÄÊÆ½÷�¾Â¹�Ã�ÄÊ¹=»ÙÀ½ÄÊÆ½÷�ÄHÎÁ»½¼jlÂÄY.�ÄÊ¹=»4w
ξ = η = 2θµ

ÄÅ»
ξ = −η = 2θµ y ¾Â¹=»>Ã#¼ÈÆÇ÷ÐÏ]À½É�Ã#Ä	ÎÅÄÅ»½»½Ä	Ä�z#÷/À½ÄÊÆ½Æ½¼È¾Â¹ ôMs ÄÊÉ/ùÈÄ	Æ½ÉÎr/Æ½¼ÈÆ�»ÇÄÖùÔÏoÆÇ¼È¹6[ËÂÉ/ùÚÏ]À½¼û»ÇÌ

r12 = 0 ô h * q�Æ½¼¿Ñ=É/ÄY.�ÄÅ¹=» y ÎÅÄÅ»½»½Ä2Ã#ÄÊÀ½¹/¼�RÊÀ½Ä2ÎÅ¾ÂÀ�À½ÄÊÆ½÷�¾º¹�Ã2wÖùÔÏ	ÎÅ¾	þm¹/ÎÅ¼ÚÃ#ÄÅ¹�ÎÅÄSÃ#Éj¹/¾zq�Ï]É
XZ+ ÏYlØÄHÎ&ùÈÄo÷/À½¾a»Ç¾º¹ y ¾ºÀSÏaÉ6z�ÌÊ¹/ÄÊÀ�ËÂ¼ÈÄÊÆSÃ#Ä*ÎÅ¾ºùÈù¿¼ÈÆ½¼È¾Â¹uÎÅ¾Â¹#ÆÇ¼¿Ã#ÌÊÀ�ÌÊÄÊÆ y ùm¸Ó¼È¹=»ÇÄÊÀÇÏºÎÁ»½¼¿¾º¹úÀ½ÌÅ÷/É/ù¿Æ½¼^lØÄÄÊ¹=»ÇÀ�Ä&ÎÅÄÊÆ(Ã#ÄÊÉ6z�÷ÐÏ]À�»Ç¼¿ÎÅÉ/ùÈÄÊÆ(¼È¹=»ÇÄÅÀÇÃ#¼û»3Ï]É�Æ-q�Æ�»�RY.ÞÄ&Ã#Ä	Æ½Ä	÷/ùÚÏºÎÅÄÊÀ(Ã�Ï]¹/Æ(ÎÅÄÅ»½»½Ä4ÎÅ¾º¹ | ËºÉ/ÀÕÏF»Ç¼È¾º¹ ô·±ÏÞÆ½ÄHÎÅ¾º¹�Ã#ÄoÎÊÏaÀÇÏºÎÁ»½ÌÊÀ½¼ÈÆ�»Ç¼¿Ñ=É/ÄoÃ#Ä4ÎÅÄ&÷�¾º»½ÄÊ¹=»Ç¼ÈÄÊùLÀ½ÄÊ¹/¾ºÀU.jÏaùÈ¼ÈÆÇÌ&ÄÊÆ�»3Ñ=É�¸Ó¼¿ùLÃ#ÌÊ÷�ÄÊ¹�Ã�÷ÐÏ]ÀÕÏk.�Ì)[»ÇÀ�¼ÚÑ=É#ÄY.�ÄÊ¹=»�Ã#Ä3ù�¸×ÌÊ¹/ÄÊÀ�ËÂ¼ÈÄ

εJΩ̄
i (ρ)

Ã#ÄÊÆ^ÌÅ»NÏF»ÇÆ7ÏaÃ#¼ÚÏLrÐÏF»Ç¼¿Ñ=É/ÄÊÆ7ÑØÉ/Ä3¹/¾ºÉ/Æ7Î * ÄÊÀÇÎ * ¾Â¹/Æ$w4ÎHÏaù¿ÎÅÉ/ùÈÄÊÀ ô
� ¹ | ¹ y ùÚÏSÃ#ÄÊÀ�¹/¼�RÊÀ�Ä�÷/À½¾º÷/À½¼ÈÌÅ»ÇÌ7Ñ=É/Ä^¹/¾ÂÉ/Æ¶Ï]ù¿ùÈ¾º¹/ÆZÄ)z#÷/ùÈ¾º¼È»½ÄÊÀ ÄÊÆ�»ZÑ=É/Ä7ÎÅÄ�÷�¾a»ÇÄÊ¹=»½¼¿ÄÅù#À½ÄÊ¹/¾ºÀU.jÏaùÈ¼¿Æ½ÌÄÊÆ�»SÏ]÷/÷/À�¾�z#¼j.ÙÏF»Ç¼^lØÄY.ÞÄÊ¹=»(ÆÇÌÅ÷ÐÏaÀÇÏLr/ùÈÄ&ÄÊ¹

ξ
ÄÅ»
η ôÐ ¾ºÉ/Æ(ÌHÎÅÀ�¼jlÂ¾Â¹/Æ2Ã#¾º¹�Î WJΩ̄(η, ξ; ρ, εJΩ̄

i (ρ))Æ½¾ÂÉ/Æ>ùÚÏ � ¾ºÀU.�ÄÆ{
WJΩ̄(ξ, η; ρ, εJΩ̄

i (ρ)) = W s
JΩ̄(ξ, η; ρ, εJΩ̄

i (ρ)) + ∆WJΩ̄(ξ, η; ρ, εJΩ̄
i (ρ))

h�} ô } �pi¾.w
W s
JΩ̄

ÎÅ¾ÂÀ�À½ÄÊÆ½÷�¾Â¹/Ã�w*ùÚÏ*÷ÐÏ]À�»Ç¼ÈÄÖÆÇÌÊ÷�ÏaÀÇÏLr/ùÈÄ&Ã#É�÷�¾a»ÇÄÊ¹=»½¼¿ÄÅù�ÄÅ»
∆WJΩ̄

Ï]É�À½ÌÊÆ½¼¿Ã#É�¹/¾º¹�ÆÇÌÅ÷ÐÏ![ÀÕÏkr/ùÈÄ ô6§ ÎÅÄSÆ�»NÏaÃ#Ä y Ã#ÄÅ.oÉ/ùÈ»½¼È÷/ù¿ÄÊÆ7Î * ¾º¼\z�Æ½¾º¹=»�÷�¾ÂÆ½Æ½¼nr#ù¿ÄÊÆ7÷�¾ºÉ/À�¾	r#»ÇÄÊ¹/¼ÈÀ�ù�¸×Ä)z#÷/À�ÄÊÆ½Æ½¼¿¾º¹Çh�} ô } �piÁôhß¾ºÉ/ÀZùÔÏS÷ÐÏ]À�»Ç¼ÈÄ>Æ½ÌÊ÷ÐÏ]ÀÕÏkr/ùÈÄ y ¹/¾ÂÉ/ÆkÏYlØ¾º¹/Æ�Î * ¾º¼ÈÆÇ¼�Ã#Ä>÷/À½¼^l�¼ÈùÈÌÊËÂ¼ÈÄÊÀ¶ù�¸�Ï]À½ÀÕÏ]¹/ËºÄY.�ÄÊ¹=» (pµ)1s+ � Z+Ñ=É/¼LÎÁ¾ÂÀ½À�ÄÊÆ½÷�¾Â¹�Ã�w)ù�¸�Ï]÷/÷/À�¾�Î * Ä&Ã#ÄÊÆ>À½ÌàÏaÎÁ»Ç¼ � Æ ôÐ ¾ºÉ/Æ2Ï'lÂ¾Â¹/Æ(Ã#¾º¹�Î	÷#À½¼ÈÆx{
W s
JΩ̄(ξ, η; ρ, εJΩ̄

i (ρ)) = W ξ

JΩ̄
(ξ; ρ, εJΩ̄

i (ρ)) +W η

JΩ̄
(η; ρ, εJΩ̄

i (ρ))
h�} ô } �piÏYlØÄHÎ

W ξ

JΩ̄
(ξ; ρ, εJΩ̄

i (ρ)) = WJΩ̄(ξ,−2 θµ, ρ, ε
JΩ̄
i (ρ))−WJΩ̄(2 θµ,−2 θµ; ρ, εJΩ̄

i (ρ))

W η

JΩ̄
(η; ρ, εJΩ̄

i (ρ)) = WJΩ̄(η, 2 θµ; ρ, εJΩ̄
i (ρ))

h�} ô {sÊpi
 ¾ºÉ/ÆÖÎÁ¾s.�.ÞÄÊ¹��Å¾º¹/ÆS÷ÐÏaÀ3À½ÌÅÆÇ¾ºÉ�Ã#À�Ä*ù�¸×ÌHÑ=ÉÐÏF»Ç¼È¾º¹ÿh�} ô }	, i ÄÊ¹uÀ�ÄY.�÷/ùÚÏa�HÏa¹=» WJΩ̄

÷ÐÏ]À
W s
JΩ̄
ô·¶¸×ÌHÑ=ÉÐÏF»Ç¼È¾º¹ÝÃ�¼jóÍÌÊÀ½ÄÅ¹=»Ç¼ÈÄÊùÈù¿ÄoÏ]¼¿¹#ÆÇ¼�¾sr#»½ÄÊ¹�É/Ä	÷�ÄÊÉ#»(%Å»ÇÀ�ÄÖ»ÇÀÇÏa¹/Æ � ¾ÂÀ#.�ÌÊÄ	ÄÊ¹�Ã#ÄÊÉ6z�ÌHÑ=ÉÐÏF»Ç¼È¾º¹/Æ3Ï]É6zlºÏaùÈÄÊÉ/À½Æ^÷/À½¾º÷/À½ÄÊÆÌw&É/¹/ÄÖÃ#¼j.�ÄÊ¹/Æ½¼È¾º¹�ÄÊ¹

ξ
ÄÅ»
η ô hß¾ºÉ/À^É/¹/Ä�lºÏaùÈÄÊÉ/À7ÏaÀ#r/¼È»½ÀÕÏ]¼¿À�ÄÖÃ#Ä ε = εJΩ̄

i (ρ) y¾Â¹ÝÏ*÷ÐÏ]À>Ä)z#ÄY.�÷#ù¿Ä�{
8~2

mρ2
[D̂Ω̄(ξ) +W ξ

JΩ̄
(ξ; ρ, ε)]ϕξΩ̄j (ξ; ρ, ε) = EξΩ̄

j (ρ, ε)ϕξΩ̄j (ξ; ρ, ε)
h�} ô {Îm�i



~@{ t+* Ï]÷/¼û»ÇÀ½Äx} ô t Ïaù¿ÎÅÉ/ù-,su�{/.�ÌÅ» * ¾�Ã#Ä

uSÏ]¹/Æ(ù�¸�Ï]¹/¹/Ä)z#Ä á y ¹/¾ºÉ/ÆÌ.�¾º¹=»ÇÀ�¾Â¹/Æ(ÎÅ¾	.�.�ÄÊ¹Ø»(¾º¹�÷�ÄÊÉ#»(À�ÌÊÆÇ¾ºÉ�Ã#À�Ä	Ä�õÙÎHÏaÎÅÄY.�ÄÅ¹=»2ÎÅÄ	÷/À½¾k[r/ù�RY.�Ä�ÄÊ¹�É#»Ç¼Èù¿¼ÈÆÕÏ]¹=»ÞÉ/¹/Ä2rÐÏaÆ½Ä�Ã#Ä
NL

� ¾º¹�ÎÁ»½¼¿¾º¹/ÆÞÃ#Ä�·�ÄÊËºÄÊ¹�Ã#À�Ä ô�ì ¹/ÄüÌHÑ=ÉÐÏF»Ç¼È¾º¹ýÆÇ¼j.�¼ÈùÚÏa¼ÈÀ½ÄÄÊ¹
η
÷�ÄÊÀ#.�ÄÅ»2Ã�¸Ó¾sr#»½ÄÊ¹/¼ÈÀ(ùÈÄÊÆ � ¾Â¹�ÎÁ»½¼¿¾º¹/Æ(÷/À½¾º÷/À½ÄÅÆ

ϕηΩ̄
k (η; ρ, ε)

Ã#ÄÅlºÏaùÈÄÊÉ/À½Æ>÷/À½¾º÷/À½ÄÊÆ2ÏaÆ½Æ½¾�ÎÅ¼ÈÌÊÄÊÆ
EηΩ̄
k (ρ, ε) ô ·�ÄÊÆ � ¾º¹�ÎÁ»½¼¿¾º¹/Æ)÷/À�¾�Ã#É/¼û» ϕξΩ̄j (ξ; ρ, ε)ϕηΩ̄

k (η; ρ, ε)
Æ½¾Â¹Ø»ÞÃ#¾º¹�ÎüÌÁ»NÏF»ÇÆ*÷/À½¾º÷/À½ÄÅÆÞÃ#Äùm¸Ó¾Â÷�ÌÅÀÕÏ]»½ÄÊÉ/À={

8~2

mρ2
[D̂Ω̄(ξ) + D̂Ω̄(η)] +W s

JΩ̄

h} ô�{sÈpi
Ï'lÂÄHÎ(ùÈÄÊÆ�lºÏ]ù¿ÄÅÉ/À½Æk÷/À½¾º÷/À½ÄÅÆ

EξΩ̄
j (ρ, ε) +EηΩ̄

k (ρ, ε) ô h±¾ÂÉ#ÀkÎ * ÏaÑ=É/Ä3ÎÅ¾ºÉ/÷/ùÈÄ (j, k) y ¹/¾ºÉ/Æk÷/À½¾�ÎÅÌ)[Ã#¾Â¹#Æ(÷ÐÏ]À(Ã#¼¿Î * ¾º»Ç¾	.�¼ÈÄ&÷�¾ºÉ/À7»½À½¾ºÉ/lØÄÊÀ7ùÚÏ�lºÏ]ù¿ÄÊÉ/À(Ã#Ä
ε
»½ÄÊùÈù¿Ä&Ñ=É/Ä

EξΩ̄
j (ρ, ε) + EηΩ̄

k (ρ, ε) = 0 ô§ ÎÅÄÊÆ$lÂÏ]ùÈÄÊÉ/À½Æ
εjk(ρ) = ε

ÎÅ¾ÂÀ�À½ÄÊÆ½÷�¾º¹�Ã#ÄÊ¹=»(ù¿ÄÅÆ � ¾º¹�ÎÁ»Ç¼È¾º¹/Æx{
ϕξΩ̄j (ξ; ρ, εjk(ρ))ϕηΩ̄

k (η; ρ, εjk(ρ))
h} ô�{ , i

t Ä�Æ½¾º¹=»4ùÈÄÊÆ4ÌÅ»ÕÏ]»½Æ&÷/À½¾º÷/À½ÄÊÆ4Ã#Ä�ùm¸ÿ�3ÏL.Þ¼¿ùû»Ç¾º¹/¼ÈÄÊ¹~h�} ô } Èsi w ρ | z#Ì y Ã�Ïa¹/Æ&ù¿ÄÊÑ=É/ÄÊù¶ùÈÄ�÷Í¾a»ÇÄÅ¹=»Ç¼ÈÄÊù
V (ρ, ξ, η)

Ä)z�ÏaÎÁ»�Ï2ÌÅ»ÇÌ^À½ÄY.�÷/ùÚÏaÎÅÌ�÷ÐÏaÀ�ÆNÏ2÷ÐÏ]À�»½¼¿Ä�Æ½ÌÊ÷ÐÏ]ÀÕÏkr/ùÈÄ ô ·�ÄÊÆ ÌÅ»NÏF»ÇÆ¶ÏaÃ#¼ÔÏkrÐÏF»Ç¼¿Ñ=É/ÄÊÆ¶ÎÅ¾ºÀ½À�ÄÊÆ#[÷�¾Â¹�Ã�Ï]¹=»SÏaÉ6z�ÌÅ»NÏF»ÇÆ2÷/À�¾Â÷/À�ÄÊÆ3Ã#Ä4ù�¸��2ÏL.�¼Èùû»Ç¾º¹/¼¿ÄÅ¹úÄ)z/ÏºÎÁ»cw
ρ | z#Ì y Æ½¾Â¹=»2ÄÊ¹/Æ½É/¼û»ÇÄ4¾	r#»ÇÄÅ¹�É/Æ2ÄÊ¹Ã#¼ÚÏaËº¾Â¹ÐÏ]ùÈ¼¿ÆÕÏ]¹=»�ùÚÏSÀ½ÄÊ÷/À�ÌÊÆ½ÄÊ¹=»NÏF»Ç¼È¾º¹jÃ#Ä>ÎÅÄÅ»¶¾º÷�ÌÊÀÕÏF»ÇÄÅÉ/À�Ã�Ï]¹/ÆZÉ/¹/Ä$rÐÏaÆ½Ä7ÆÇÉ6õjÆÕÏL.Æ.�ÄÊ¹=»ZËÂÀÇÏa¹�Ã�Ä yÎÅ¾Â¹#Æ½»½¼È»½É/ÌÊÄ4Ã#Ä

Np

� ¾º¹�ÎÁ»Ç¼È¾º¹/Æ(÷/À½¾�Ã#É/¼û»ÇÆ2Ã�Ä	ùÔÏ � ¾ÂÀ#.�Ävh�} ô { , iÁô
¨ S:q UWV�X °N®ZY\[ X Y�®^] _Z`bac`ed�f#g+[

� ¹ ¼È¹	¦:ÄHÎN»NÏa¹Ø»&ùÚÏ � ¾º¹�ÎÁ»½¼¿¾º¹ÛÃ�¸×¾º¹�Ã#Ä�h�} ô } m�i Ã�Ï]¹/Æ	ù�¸×ÌHÑØÉÐÏ]»½¼¿¾º¹ÛÃ#Ä s Î * Àv¦�Ã#¼È¹/ËÂÄÅÀ	¼¿¹�Ã#ÌÅ÷�ÄÊ¹6[Ã�Ïa¹Ø»ÇÄ�Ã#Éi»ÇÄY.�÷/Æ y ¾Â¹�¾	r#»Ç¼ÈÄÊ¹=»)É/¹�Æ-q�Æ�»�RY.ÞÄ�Ã#Ä N ÌHÑ=ÉÐÏF»Ç¼È¾Â¹/Æ)ÎÅ¾ÂÉ/÷#ù¿ÌÊÄÅÆ�Ñ=É/Äüù�¸×¾º¹�¼¿¹Ø»�RÊËºÀ½Äù¿Ä�ùÈ¾Â¹/Ë Ã#Ä�ÀÕÏ�qØ¾º¹ * q�÷�ÄÊÀ�Æ½÷ * ÌÊÀ½¼¿Ñ=É/Ä
ρ
ÄÊ¹�É�»Ç¼Èù¿¼ÈÆÕÏa¹Ø»j»Ç¾ºÉ	¦:¾ºÉ/À½Æjù�¸�Ï]ùÈËÂ¾ºÀ½¼û» * .ÞÄÝÃ#ÄÝÃ#Ä��¶¾ÂËºÄ)[ùÔÏ]ÄÊÀ�Ä�h?lØ¾º¼ÈÀ4Ï]¹/¹/Ä)z#Ä�� iNôL ¾ÂÉ/Æ&ÎHÏ]ù¿ÎÅÉ/ùÈ¾Â¹/ÆoÏ]¼È¹/Æ½¼ZùÚÏ4.ÙÏF»ÇÀ�¼ÚÎÅÄÞÃ#ÌÊÀ½¼^lØÌÅÄ�ùÈ¾ºË=Ï]À½¼û» * .Þ¼ÚÑ=É/Ä Z ÄÊ¹

ρ = ρM y Ñ=É#¼ ÎÅ¾ÂÀ�À½ÄÊÆ½÷�¾º¹�Ã ÏaÉuÀÕÏ�qØ¾º¹ .ÙÏ�z#¼j.*ÉÎ. Ã�¸Ó¼È¹=»ÇÌÊËºÀÕÏF»Ç¼È¾Â¹ ô ·¶¸�Ï]¹ÐÏ]ù�q�Æ½ÄÞÏaÆ-q6.Þ÷#»Ç¾a»Ç¼¿Ñ=É/ÄÄÊÆ�»üÀ½ÌàÏ]ù¿¼ÈÆ½ÌÊÄúÄÊ¹ É#»Ç¼ÈùÈ¼¿ÆÕÏ]¹=»�ùÈÄúÆ-q�Æ�»��Y.�ÄúÃ#ÄúÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆ�Ã#Ä�xÂÏaÎÅ¾	r/¼ÖÏaÃ�Ï]÷#»ÇÌ wÛùÚÏ ¹�Ï]»ÇÉ#À½ÄÃ#ÉÝÎHÏa¹ÐÏ]ù±ÎÅ¾º¹/Æ½¼ÚÃ#ÌÊÀ�Ì ô hß¾ºÉ/À2Î * ÏºÑØÉ/Ä*Ï]À½ÀÇÏa¹/ËºÄY.�ÄÊ¹=» λ = 1, 2 y ù¿ÄÅÆ � ¾º¹�ÎÁ»½¼¿¾º¹/ÆSÏ]Ævq�.�÷#»Ç¾a»Ç¼¿Ñ=É/ÄÊÆÌÊùÈÌY.�ÄÊ¹=»ÕÏa¼ÈÀ½ÄÊÆ>Æ½¾Â¹=»>ÌHÎÅÀ½¼û»ÇÄÊÆ>Æ½¾ÂÉ#Æ(ùÚÏ � ¾ºÀU.ÞÄ�{
ψn`λ(Rλ, rλ, γλ) = fn`(Rλ)Cn`(rλ) P̄`(cos γλ)

h} ô�{aø�i¾.w
fn`(Rλ)

ÄÊÆ�»ÙÉ/¹/Ä � ¾Â¹/ÎÁ»Ç¼È¾Â¹�»½ÀÕÏ]¹/ÆÇùÚÏF»Ç¼È¾Â¹#ÄÊù¿ùÈÄúÆ½¼j.�¼ÈùÔÏ]¼ÈÀ½Ä wÛÎÅÄÊùÈùÈÄÊÆÙÉ#»Ç¼Èù¿¼ÈÆ½ÌÊÄÊÆ�ÏaÉ Î * Ï]÷/¼È»½À½Ä÷/À½ÌHÎÅÄÊÃ#ÄÊ¹=» y Cn`(rλ)
É/¹/Ä � ¾º¹�ÎÁ»Ç¼È¾º¹�Ã�¸×¾º¹�Ã#Ä t ¾ºÉ/ùÈ¾s.«r/¼¿ÄÅ¹/¹/Ä y ÄÅ» P̄`(cos γλ)

É/¹ý÷�¾ºù�q�¹/�	.�ÄÃ#Ä)·LÄÅËÂÄÊ¹�Ã#À�Ä*¹/¾ÂÀ#.ÙÏaùÈ¼ÈÆ½Ì ôÀ§ ÷ÐÏ]À�»½¼¿ÀÖÃ�ÄÞÎÅÄÅÆ � ¾Â¹�ÎÁ»½¼¿¾º¹/Æ y ¾Â¹ � ¾ÂÀ#.�Ä N0

Æ½¾ÂùÈÉ#»Ç¼È¾º¹/ÆÖ÷ * q�Æ½¼¿Ñ=É/ÄÊÆÃ#¾Â¹#¹/ÌÊÄÊÆ(÷ÐÏ]À={
Ψ(a) = ψSn`λ(Rλ, rλ, γλ) +

∑

n′`′λ′

ψCn′`′λ′(Rλ′ , rλ′ , γλ′)Kn′`′λ′←n`λ
h} ô�{ } i

¾.wjùÈÄÊÆk¼È¹�Ã#¼¿ÎÅÄÊÆ
S
ÄÅ»
C
Æ½Ä(À�Ì � �ÊÀ�ÄÊ¹=»�Ï]Éj»¶q�÷�Ä2Ã#Ä � ¾º¹�ÎÁ»½¼¿¾º¹j»½ÀÕÏ]¹/Æ½ùÔÏF»Ç¼È¾º¹/¹/ÄÊùÈù¿Ä2É#»Ç¼ÈùÈ¼¿Æ½ÌÊÄ«h

S
÷�¾ºÉ/ÀÉ/¹/Ä � ¾º¹�ÎÁ»Ç¼È¾º¹�ÄÊ¹�ÆÇ¼È¹�É/Æ*÷�¾ºÉ/À*ùÈÄÊÆ)ÎHÏ]¹ÐÏaÉ�z�¾ºÉ/lØÄÅÀ�»ÇÆoÄÅ»ÞÃ#Äj»Øq�÷�ÄÙÄ)z#÷�¾Â¹#ÄÊ¹=»Ç¼ÈÄÊùÈù¿Ä�ÎÁÀ½¾Â¼ÈÆ½ÆÕÏa¹Ø»ÇÄ÷�¾ÂÉ/À3ùÈÄÊÆ � ÄÊÀ#.�ÌÊÆ y Ï]ùÈ¾ÂÀ�ÆÖÑ=É/Ä C ÎÅ¾ºÀ½À�ÄÊÆ½÷�¾Â¹�Ãêw�É/¹/Ä � ¾º¹�ÎÁ»½¼¿¾º¹uÄÊ¹uÎÅ¾ÂÆ½¼È¹�É/ÆS÷�¾ºÉ/À3ù¿ÄÊÆSÎHÏa¹ÐÏ]É6z¾ÂÉ/lÂÄÊÀ�»½Æ>ÄÅ»2Ã#ÄÖ»¶q�÷�Ä	Ä)z#÷�¾º¹/ÄÊ¹=»Ç¼ÈÄÊùÈùÈÄoÃ#ÌHÎÅÀ�¾Â¼ÈÆ½ÆÕÏa¹Ø»ÇÄ&÷�¾ºÉ/À>ùÈÄÊÆ2ÎÊÏa¹ÐÏ]É6z � ÄÊÀU.�ÌÅÆ iNô



�����2�I�����E�4âr�y�·�@��Fã���ä]åçæ�è��C���I�t�P� ~�~

s ¼7ù�¸×¾º¹�¹/¾a»ÇÄ F ÄÅ»
F ′

ù¿ÄÅÆv.jÏ]»½À½¼¿ÎÅÄÊÆjÎÁ¾ÂÀ½À�ÄÊÆ½÷�¾Â¹�Ã/Ïa¹=»¥wuùÔÏu÷/À½¾L¦:ÄHÎÁ»Ç¼È¾º¹�Ã#ÄÊÆ � ¾º¹�ÎÁ»Ç¼È¾º¹/ÆÏaÆ-q6.Þ÷#»Ç¾a»Ç¼¿Ñ=É/ÄÊÆ>Æ½É/À>ùÚÏôrÐÏ]Æ½Ä4Ã#ÄÅÆ(ÌÅ»ÕÏ]»½Æ * q�÷�ÄÊÀ½Æ½÷ * ÌÊÀ�¼ÚÑØÉ/ÄÊÆ�w
ρ = ρM y ¾º¹úÏ4{

Fi,n`λ = 〈φi|ψn`λ〉ρ=ρM

=

∫
dη dξ [cos(η)− cos(ξ)] φi(η, ξ; ρM )ψn`λ(Rλ, rλ, γλ)|ρM

h} ô�{�{oi
ÄÅ»

F ′i,n`λ = 〈φi|∂ψn`λ/∂ρ〉ρ=ρM

=

∫
dη dξ [cos(η)− cos(ξ)] φi(η, ξ; ρM ) ∂ψn`λ(Rλ, rλ, γλ)/∂ρ|ρM

h} ô�{5~si
h±¾ÂÉ/ÀLÎHÏ]ùÚÎÅÉ#ù¿ÄÊÀ±ÎÅÄÊÆL¼È¹=»ÇÌÊËºÀÕÏ]ùÈÄÊÆ y ¹/¾ºÉ/Æ±É#»½¼¿ùÈ¼ÈÆÇ¾º¹/ÆßÃ�ÄÊÆLËÂÀ�¼¿ùÈùÈÄÊÆßÃ#Ä¶÷�¾º¼¿¹=»½Æ±Ã#Ä��	ÏaÉ#ÆÇÆ�[?·�ÄÊËºÄÊ¹�Ã#À½ÄÑ=É/¼kÆ½¾Â¹Ø»*÷ÐÏaÀ�»Ç¼¿ÎÅÉ/ùÈ¼��ÊÀ�ÄY.�ÄÊ¹=»�r/¼¿ÄÅ¹�ÏºÃ�Ï]÷#»ÇÌÊÄÅÆ)÷�¾ºÉ/À)Ã#ÌÊÎÅÀ½¼ÈÀ½ÄüùÈÄÊÆ � ¾Â¹�ÎÁ»½¼¿¾º¹/Æ MoÁ ¼ ½ ¡ �k� �k¾�Å �k¢ ¡ ½ �÷/À½¼È¹�ÎÅ¼È÷ÐÏ]ù¿ÄY.ÞÄÊ¹=»7ùÈ¾�ÎHÏaùÈ¼ÈÆÇÌÅÄÊÆ(Ï]É¥lØ¾º¼ÈÆÇ¼È¹ÐÏ]ËÂÄSÃ#ÄÊÆ^Æ½¼¿¹/ËºÉ/ùÚÏaÀ�¼È»½ÌÊÆ7Ã#Éü÷�¾a»ÇÄÊ¹=»½¼¿ÄÊù ô t ÄÊÆ+.ÙÏ]»½À½¼¿ÎÅÄÊÆ�Ã#Ä÷/À½¾	¦?ÄHÎÁ»Ç¼È¾º¹�¹/¾ºÉ/ÆÖ÷�ÄÊÀ#.�ÄÅ»½»½ÄÊ¹=»	Ã�¸ÓÌHÎÅÀ½¼ÈÀ½Ä*ùÈÄÊÆÖÆ½¾ºùÈÉ#»Ç¼È¾Â¹/ÆÖ÷ * q�Æ½¼ÚÑØÉ/ÄÊÆ�h} ô�{ } i ùÈÄ)ùÈ¾º¹/Ë�Ã#ÉuÀÕÏ�qØ¾º¹

ρM y Ï | ¹�Ã#ÄüùÈÄÊÆ*ÎÅ¾s.Þ÷ÐÏaÀ�ÄÊÀ)Ï]É6z Æ½¾ÂùÈÉ#»Ç¼È¾º¹/Æ * q�÷�ÄÊÀ�ÆÇ÷ * ÌÊÀ½¼¿Ñ=É/ÄÊÆ)ÎHÏ]ù¿ÎÅÉ/ù¿ÌÅÄÊÆ)¹=ÉÎ.�ÌÊÀ½¼¿Ñ=É/Ä�.�ÄÊ¹=» ôh Ï]À3É/¹/Ä*÷/À½¾�ÎÅÌHÃ#É/À�Ä�Ï]¹ÐÏaùÈ¾ºËÂÉ/ÄÆwüÎÁÄÊù¿ùÈÄ)Ã#ÌHÎÅÀ½¼û»½ÄÞÃ�Ï]¹/ÆSù¿Ä*ÎHÏaÆSÉ/¹/¼¿Ã#¼j.�ÄÊ¹/Æ½¼È¾Â¹/¹#ÄÊù y ¾Â¹uÄ)z�»½ÀÕÏ]¼È»ùÔÏ�.ÙÏF»ÇÀ½¼¿ÎÅÄ&Ã#Ä	À�ÌàÏºÎÁ»½¼¿¾º¹
K y ÷/É/¼¿Æ>ùÚÏô.ÙÏF»ÇÀ½¼¿ÎÅÄ&Ã#Ä&ÎÅ¾ºùÈù¿¼ÈÆ½¼¿¾º¹ S ô



~@� t+* Ï]÷/¼û»ÇÀ½Äx} ô t Ïaù¿ÎÅÉ/ù-,su�{/.�ÌÅ» * ¾�Ã#Ä



v wyx{zy|�}�~�� �
v x��L����� }�~�|L��|�� ������|���������� ��~���������}Ýx }�� ��}
��|L�����y����|�� �

uSÏ]¹/Æ*ÎÅÄÙÎ * Ï]÷/¼û»ÇÀ½Ä y ¹#¾ÂÉ/ÆoÃ#¾Â¹/¹#¾Â¹/ÆoùÈÄÊÆoÀ�ÌÊÆ½É/ùÈ»ÕÏ]»½Æ4¾sr#»½ÄÊ¹�É/ÆoÆ½É/À&ùm¸Ó¾�ztq�Ë	�Å¹/ÄÙÄÅ»4ù¿Äj¹/ÌÊ¾º¹ ôhß¾ºÉ/À�ùm¸Ó¾'zpq�Ë
�Ê¹/Ä2¹/¾ÂÉ#Æ�Ã#ÌÅ»ÕÏa¼ÈùÈù¿¾º¹/Æ�Ã¯¸�Ïkr�¾ÂÀ½ÃÙùÚÏ&ÎÅ¾Â¹Ø»ÇÀ½¼jr/É#»Ç¼È¾º¹�Ã�Ä2ùm¸Ó¾Â¹/Ã#Ä2÷ÐÏaÀ�»Ç¼ÈÄÊùÈù¿Ä
J = 0

Ï | ¹Ã�¸×ÌÅ»½É�Ã#¼ÈÄÊÀ�ùÔÏ&Ã#¼ÈÆ�»ÇÀ�¼nr/É#»½¼¿¾º¹üÃ#ÄÊÆ�ÌÅ»NÏF»ÇÆ�÷/À�¾�Ã#É/¼û»ÇÆkÃ#Ä2ùÚÏ	À�ÌàÏºÎÁ»½¼¿¾º¹üÃ#Ä>»½ÀÕÏ]¹/Æ � ÄÊÀ�» ôt� ¹/Æ½É/¼û»ÇÄ y ¹/¾ÂÉ/Æ÷/À½ÌÊÆ½ÄÊ¹Ø»Ç¾Â¹#Æ2ùÈÄÊÆ(»ÕÏaÉ6z�Ã�Ä&»½ÀÕÏa¹#Æ � ÄÊÀ�»¬.*É/¾º¹/¼¿Ñ=É/ÄÊÆ2Æ½É/À>ù¿ÄÊÆ2Ã#ÄÊÉ6z�ÌÊùÈÌY.�ÄÊ¹=»½Æ2÷�¾ºÉ/À2Ã#ÄÊÆ2ÌÅ¹/ÄÊÀ½Ëº¼¿ÄÅÆÃ#ÄSÎÅ¾ºù¿ùÈ¼ÈÆ½¼¿¾º¹�ÎÅ¾	.�÷/À�¼¿Æ½ÄÊÆ^ÄÊ¹Ø»ÇÀ½Ä
10−3 ÄÅ» 10

Ä�� ô� ¾ºÉ/Æ�ÎÅ¾º¹ � À½¾º¹=»½¾Â¹/Æ^ÄÊ¹ | ¹�ÎÅÄÊÆ^À�ÌÊÆÇÉ#ùÈ»ÕÏ]»½Æ7Ï'lÂÄHÎù¿ÄÅÆÌlºÏaùÈÄÊÉ/À�Æ(Ä)z#÷�ÌÊÀ�¼n.ÞÄÊ¹=»NÏ]ùÈÄÊÆ(ÄÅ»7» * ÌÊ¾ºÀ½¼¿Ñ=É/ÄÊÆ(¾	r#»ÇÄÊ¹=É/ÄÊÆ(÷ÐÏ]À(Ã�¸ÿÏaÉ#»½À½ÄÊÆ>ËºÀ½¾ºÉ/÷�ÄÊÆ(Æ½É/À(ÎÅÄ	Æ½É	¦?ÄÅ» ô
�� « �¨X g�� ²�[ ` bXuV Y��@[  `

·±Ï2÷#À½¾�ÎÁÌHÃ#É/À½Ä�Ã#Ä�ÎHÏaù¿ÎÅÉ/ù#Ã#ÌÊÎÅÀ½¼û»ÇÄ7ÏaÉ)Î * Ïa÷/¼û»ÇÀ�Ä�÷/À�ÌHÎÅÌHÃ#ÄÊ¹=» y ÷�ÄÊÀU.�ÄÁ»ZÃ�¸×¾	r#»ÇÄÅ¹/¼¿À�ùÚÏ�.jÏ]»½À½¼¿ÎÅÄÃ#ÄjÎÅ¾ºù¿ùÈ¼ÈÆÇ¼È¾º¹
S
Ã�¸Ó¾.wÛÆ½¾º¹=»4Ä)z�»ÇÀÕÏ]¼û»ÇÄÊÆ&ùÈÄÊÆ4÷/À�¾sr�ÏLr/¼ÈùÈ¼È»½ÌÊÆoÃ#ÄÞ»ÇÀÕÏ]¹/Æ � ÄÊÀ�»

PJ(E) ôy� ¹ÛÀ�ÌÊ÷�ÌÅ»NÏ]¹=»ÎÅÄÅ»½»½Äx.�ÌÅ» * ¾�Ã#Ä4÷�¾ºÉ/À3Î * ÏaÑ=É/Ä4¾º¹�Ã#Ä4÷ÐÏaÀ�»Ç¼ÈÄÊùÈù¿Ä
J y ¾Â¹Ý÷�ÄÊÉ#»SÎHÏ]ù¿ÎÅÉ/ùÈÄÊÀ2ùÔÏ�Æ½ÄHÎÁ»½¼È¾Â¹ÝÄ�õÙÎÊÏºÎÅÄoÃ#É»ÇÀÇÏa¹/Æ � ÄÊÀ�»¬.oÉ/¾Â¹/¼¿Ñ=É/Ä&Ã#Ì | ¹#¼¿Ä	÷ÐÏaÀ|{

σ(E) =
π~2

2mX,pµE

∑

J

(2J + 1)PJ(E)
h {#ônm�i

·�ÄÖ»NÏ]É6z�Ã#ÄÖ»½ÀÕÏa¹#Æ � ÄÊÀ�»>ÄÊÆ�»3ÏaùÈ¾ºÀ½Æ(Ã#¾Â¹#¹/Ì&÷ÐÏ]À={
λ(E) = N

(
2E

mX,pµ

) 1
2

σ(E)
h {#ôÉÈsi¾.w

N
ÄÅÆ½»kùÚÏ&Ã#ÄÊ¹/Æ½¼û»ÇÌ3Ï]»Ç¾	.�¼¿Ñ=É/Ä2Ã#Ä2ù�¸ÿ� q#Ã#À½¾ºË
�Ê¹/Ä2ù¿¼¿Ñ=É/¼¿Ã#Ä�h

4.25 1022 Î�. −3 iNô Ë ¹Ù÷�ÄÅÉ#»7Ï]É/Æ½ÆÇ¼Ã#Ì | ¹/¼ÈÀ>ùÈÄÊÆ>»NÏ]É6z�Ã#ÄÖ»½ÀÕÏ]¹/Æ � ÄÊÀ�»>÷ÐÏaÀ�»Ç¼ÈÄÊù¿Æ λJ(E)
»½ÄÊùÈÆ2Ñ=É#Äv{

λ(E) =
∑

J

λJ(E)
h {#ô , i

λJ(E)
ÄÊÆ�»7¾	r#»ÇÄÊ¹=É�ÄÊ¹�À½ÄY.�÷/ùÚÏa�HÏa¹Ø»>ùÚÏ*Æ½¾	.�.ÙÏF»Ç¼È¾º¹�Ã�Ï]¹/Æ7ù�¸×ÌHÑØÉÐÏ]»½¼¿¾º¹Çh {#ônm�i ÷ÐÏ]À7ùÚÏoÆ½ÄÊÉ/ùÈÄÎÅ¾º¹=»ÇÀ½¼jr/É#»½¼¿¾º¹ÝÃ#Ä	ù�¸×¾º¹�Ã#Ä	÷ÐÏaÀ�»Ç¼ÈÄÊùÈù¿Ä

J ô
~@�



�	Ê t+* Ï]÷/¼û»ÇÀ½Ä {/ô t Ï]ù¿ÎÅÉ/ù-,pu {/À�ÌÊÆ½É/ùÈ»ÕÏ]»½Æ>ÄÅ»2Ã#¼ÈÆÕÎÁÉ/ÆÇÆ½¼È¾º¹

§�| ¹�Ã#ÄÖÎÅ¾	.�÷ÐÏ]À½ÄÊÀ�Ã#¼ÈÀ½ÄHÎÁ»½ÄY.�ÄÊ¹=»�¹/¾ºÆ�À½ÌÊÆ½É/ùû»NÏF»ÇÆ>ÏYlØÄHÎ2ùÈÄÊÆ>Ã#¾º¹/¹/ÌÊÄÊÆ�Ä)z#÷�ÌÅÀ½¼j.�ÄÊ¹=»ÕÏaùÈÄÊÆ7Ã#¼¿Æ�[÷�¾Â¹/¼jr/ùÈÄÊÆ y ¹/¾ºÉ/Æ3ÏYlØ¾º¹/Æ(Ã#Ì | ¹/¼�É#¹�»ÕÏaÉ6z�Ã#Ä	»½ÀÕÏ]¹/Æ � ÄÊÀ�»Ì.�¾zqØÄÊ¹ λ(T )
{

λ(T ) =

∫ +∞

0

λ(E)n(E;T )dE
h {/ôÓø�i

¾.w
n(E;T )

ÄÊÆ�»�ùÔÏ�Ã#¼ÈÆ�»ÇÀ½¼jr/É#»½¼¿¾º¹!ÎÁ¼¿¹/ÌÅ»½¼¿Ñ=É/ÄÛÃ�ÄÊÆ
(pµ)1s

» * ÄÊÀU.jÏaùÈ¼ÈÆÇÌÅÆqwiùÚÏi»ÇÄ�.�÷�ÌÊÀÕÏF»ÇÉ/À�Ä
T ô uÖÏ]¹/Æ*¹/¾ÂÆ)ÎHÏ]ùÚÎÁÉ/ù¿Æ y ¹/¾ºÉ/Æ�ÏYlÂ¾Â¹/Æ*É#»Ç¼ÈùÈ¼¿Æ½ÌüÉ/¹/Ä�Ã#¼ÈÆ�»ÇÀ½¼jr/É#»½¼¿¾º¹��úÏ�z�ý�ÄÊù¿ùÈ¼ÈÄÊ¹/¹/Ä�Ã#Ä¥l�¼û»½ÄÊÆÇÆ½ÄÊÆÃ#¾Â¹#¹/ÌÊÄ&÷ÐÏ]À={

n(E;T ) =

(
1

kT

)3/2√
2E e−E/kT

h {/ô } i
�� © s X Y±²+[ °��¶a��Ù®��4°���[

·¶¸Ó¼¿¹=»½ÌÊËºÀÕÏ]»½¼È¾Â¹ÞÃ#ÄÊÆ ÌHÑ=ÉÐÏF»Ç¼È¾º¹/Æ¶ÎÅ¾ºÉ/÷/ùÈÌÊÄÊÆZÄÊÆ�» À½ÌàÏ]ùÈ¼¿Æ½ÌÊÄ�¦:É/ÆÇÑ=É�¸�w3É#¹)ÀÕÏ�qØ¾º¹ * q�÷�ÄÊÀ½Æ½÷ * ÌÊÀ�¼ÚÑ=É/Ä
ρmax ∼ 200aµ(∼ 1 � iÁô hß¾ºÉ/Àk»ÇÀ�¾ÂÉ/lÂÄÊÀ^ù¿ÄÅÆ�ÌÊ¹/ÄÊÀ½Ëº¼ÈÄÊÆ�÷/À½¾º÷/À½ÄÊÆ�Ã#ÄÊÆ�÷/À�¾sr#ù��Y.ÞÄÊÆ�ÆÇÌÅ÷ÐÏaÀÇÏLr/ùÈÄÊÆ�ÄÊ¹
ξ
ÄÅ»
η
h?lÂ¾Â¼ÈÀZÎ * Ï]÷/¼û»ÇÀ½Ä¬} i y ¹/¾ºÉ/Æ�Ï'lÂ¾Â¹/ÆZÉ�»Ç¼Èù¿¼ÈÆ½Ì NL = 150

� ¾Â¹�ÎÁ»½¼¿¾º¹/Æ¶Ã#Ä>·�ÄÊËÂÄÊ¹/Ã#À½Ä(ÏaÆ½Æ½¾�ÎÅ¼¿ÌÊÄÅÆ ô·�ÄÊÆ±ÎÊÏa¹ÐÏ]É6z&ÏºÃ#¼ÚÏLr�Ï]»½¼ÚÑ=É#ÄÊÆ±¾º¹=»LÄÊ¹#ÆÇÉ/¼û»ÇÄZÌÅ»ÇÌZ¾	r#»½ÄÊ¹�É/ÆLÄÅ¹4Ã#¼ÚÏ]ËÂ¾º¹ÐÏ]ù¿¼ÈÆÕÏa¹Ø»±ùÔÏ^À½ÄÊ÷/À�ÌÊÆÇÄÅ¹=»NÏF»Ç¼È¾Â¹&Ã#Äùm¸ÿ�3Ïk.�¼¿ùû»Ç¾º¹/¼ÈÄÊ¹ * q�÷�ÄÊÀ½Æ½÷ * ÌÊÀ�¼ÚÑØÉ/Ä$w
ρ | z�Ì�Ã�Ïa¹/Æ�É/¹/Ä+r�ÏaÆ½Ä^Ä)z�»½ÀÕÏ]¼È»½Ä�ÎÅ¾º¹/Æ½»½¼È»½É/ÌÊÄ�Ã#Ä NP = 209÷/À½¾�Ã#É/¼û»ÇÆ2Ã#Ä � ¾º¹�ÎÁ»½¼¿¾º¹/Æ(Æ½ÌÊ÷ÐÏ]ÀÕÏkr/ù¿ÄÅÆ ô§�| ¹iÃ�¸×ÌÅ»½É�Ã#¼¿ÄÅÀoùÚÏ�÷#À½ÌHÎÅ¼ÈÆ½¼¿¾º¹�Ã#ÄÊÆoÌÊ¹/ÄÊÀ�ËÂ¼ÈÄÊÆ)ÏºÃ#¼ÚÏkrÐÏ]»½¼ÚÑØÉ/ÄÊÆÞÏa¼È¹/Æ½¼kÎHÏaù¿ÎÅÉ/ùÈÌÊÄÊÆ y ¹/¾ºÉ/Æ*¹#¾ÂÉ/ÆÆ½¾s.�.ÞÄÊÆ)÷/ùÚÏaÎÅÌÊÆvw

ρ = ρmax
ÄÅ»�ÏYlØ¾º¹/ÆÞÎÅ¾	.�÷ÐÏ]À½Ì�ùÈÄÊÆ)À½ÌÊÆ½É/ùû»NÏF»ÇÆÞÎÁ¾ÂÀ�À½ÄÊÆ½÷�¾Â¹�Ã/Ïa¹=»�w

NL =
150

ÏYlØÄHÎ�ÎÁÄÊÉ6z ¾	r#»ÇÄÅ¹�É/Æ&÷�¾ÂÉ/À
NL = 300 ôL ¾ºÉ/ÆoÏ'lÂ¾Â¹/Æ4Ï]¼¿¹/Æ½¼ÖlØÌÊÀ½¼ | Ì�Ñ=É/Ä�ù�¸ÓÌÅ»NÏF»4÷/À�¾�Ã#É/¼û»

p + (
Ë
µ)7+

n′=4

ÄÅÆ½»*ÎÅ¾º¹olØÄÊÀ�ËÂÌ�ÏYlØÄHÎÙÃ#¼\ziÎ * ¼^ó¯À�ÄÊÆ*Æ½¼ÈËÂ¹/¼ | ÎHÏF»Ç¼ � Æ y Æ½¾Â¼û»*É/¹/ÄÙ÷/À½ÌHÎÁ¼¿Æ½¼È¾Â¹ýÏLr/Æ½¾ºù¿É/ÄÃ#Ä
5. 10−7 Ä�� ô t ÄÅ»�ÌÅ»ÕÏ]»�ÄÊÆ�»�ùÈÄ�÷/ùÈÉ/ÆGrÐÏ]Æ�ÄÊ¹VÌÊ¹#ÄÊÀ½Ëº¼¿Ä Ñ=É#Ä�¹/¾ºÉ/Æ�Ï�qØ¾Â¹#Æ�¼È¹�ÎÅùÈÉ!Ã�Ï]¹/Æ�ùÈÄÎHÏaù¿ÎÅÉ/ù ô t ¾	.�.�Ä*Ã�Ï]¹/ÆÖùÈÄ)ÎHÏ]ÆÖÎÅ¾ºù¿¼È¹/ÌàÏ]¼¿À�Ä y Îa¸×ÄÊÆ�»Ö÷�¾ºÉ/ÀÖÎÁÄ)ÎHÏa¹ÐÏ]ù ÑØÉ/Ä*ùÔÏÙÎÅ¾º¹olØÄÊÀ�ËÂÄÊ¹�ÎÁÄ)ÄÊÆ�»SùÔÏ÷/ùÈÉ/Æ3Ã#¼jõjÎÅ¼Èù¿Ä�wÞ¾	r#»ÇÄÊ¹/¼ÈÀ ô hß¾ºÉ/À(ù�¸×ÌÊ¹/ÄÊÀ�ËÂ¼ÈÄoÃ#ÉúÎÊÏa¹ÐÏ]ùßÃ¯¸×ÄÊ¹=»½À½ÌÊÄ (pµ)n=1 +

Ë 8+ y ùÔÏÞ÷/À�ÌHÎÅ¼¿Æ½¼È¾º¹ÄÊÆ�»jÌÅË=Ï]ù¿ÄqwuùÚÏ�÷/À½ÌÊÎÅ¼¿Æ½¼È¾Â¹�Ã#Ä�ùÚÏ .ÙÏºÎ * ¼¿¹#ÄEh-Æ½ÄÊ¼È'ÊÄ�Î * ¼^óÍÀ½ÄÊÆ�ÆÇ¼ÈËº¹/¼ | ÎHÏ]»½¼ � ÆjÄÊ¹�ÎHÏ]ùÚÎÁÉ/ù(Ã#¾ºÉÎr/ù¿Ä÷/À½ÌHÎÅ¼ÈÆ½¼È¾Â¹ iNô
� Í���ÍÐÏ ��Û3Ü�Û3Ý7U µIÒ3Ý2�'Ö: L�Ú×¯� Û¶�2�'àPÒLU($�� Û �#$ØÒ3Ü Ô'Ý Ô2 LµIÒ3Ý(� Ö¶Û¶"£×�µI×yÜ�Þ�Pà/$:WEÝ("£×

·±Ï | ËºÉ/À½Äèh {/ôjm!i ÷/À½ÌÊÆ½ÄÊ¹=»½Ä)ùÈÄÊÆÖÌÊ¹/ÄÊÀ�ËÂ¼ÈÄÊÆ&ÏºÃ�¼ÔÏkrÐÏF»Ç¼¿Ñ=É/ÄÊÆ εJΩ̄
i

Ã#É�Æ-q�Æ�»��Y.ÞÄèh
p, µ,

Ë 8+ i ÄÊ¹� ¾º¹�ÎÁ»Ç¼È¾Â¹�Ã#É�ÀÇÏ�qØ¾Â¹ * q�÷�ÄÊÀ½Æ½÷ * ÌÊÀ�¼ÚÑØÉ/Ä
ρ
÷�¾ºÉ/À

J = 1 ô ·±Ï | ËÂÉ/À�ÄÞÃ�Ä)ËØÏ]É�Î * ÄÞÎÅ¾ºÀ½À�ÄÊÆÇ÷�¾º¹�ÃZw
Ω̄ = 0

ÄÅ»3ÎÁÄÊù¿ùÈÄoÃ#Ä4Ã#À½¾º¼û»ÇÄ«w
Ω̄ = 1 ô ·�Ä4ÎÅ¾s.�÷�¾ºÀ�»½ÄY.�ÄÊ¹=»2Ã#ÄÊÆ3ÎÅÄÊÆ2ÎÅ¾ºÉ/ÀUr�ÄÊÆ2Æ½ÄÊÀÕÏ�Ïa¹ÐÏ]ù"q�Æ½Ì4ÄÊ¹Ã#ÌÅ»NÏ]¼Èù�Ã�Ï]¹/Æ7ùÔÏoÆÇÄÊÎÁ»Ç¼È¾Â¹�Æ½É/¼^lÂÏ]¹=»½Ä ô�� ÄY.ÙÏ]ÀÇÑ=É#¾Â¹/Æ7Æ½¼j.�÷/ùÈÄY.�ÄÊ¹=»>Ñ=É�¸ÓÉ/¹/ÄÅ.*É/ùû»Ç¼È÷/ùÈ¼ÚÎÁ¼È»½Ì	Ã#¾Â¹/¹/ÌÊÄh

n′ | z#Ì i ÎÅ¾	.�÷/À�ÄÊ¹�Ã n′− Ω̄
Æ½¾ºÉ/Æ�[?¹#¼jlÂÄàÏaÉ6zÙÎÅ¾	.�÷/ù �Å»ÇÄY.ÞÄÊ¹=»�Ã#ÌÊËºÌÊ¹/ÌÊÀ�ÌÊÆ7Ï]Ævq�.�÷#»Ç¾a»Ç¼¿Ñ=É/ÄY.�ÄÅ¹=» ôt+* ÏaÑ=É/ÄÆ.*É/ùû»Ç¼È÷/ùÈ¼¿ÎÅ¼È»½Ìqh

n′, Ω̄ = 0 i ÎÅ¾s.�÷�¾ºÀ�»½Ä�Ã#¾Â¹/ÎÞÉ/¹ ÌÁ»NÏF»4Ã#ÄÞ÷/ùÈÉ/Æ4Ñ=É#ÄÞùÔÏ2.*É/ùû»Ç¼È÷/ùÈ¼ÚÎÁ¼È»½Ìh
n′, Ω̄ = 1 iÁô�� ¹*÷ÐÏ]À�»Ç¼¿ÎÅÉ/ùÈ¼ÈÄÊÀ y ùm¸ÓÌÅ»NÏF» ¼È¹/¼û»Ç¼ÚÏaù (pµ)n=1+

Ë 8+ ¹�¸ÿÏa÷/÷ÐÏ]ÀÕÏà`¿»Z÷ÐÏ]Æ Ã�Ïa¹#Æ ùÈÄ7ÎHÏ]Æ Ω̄ =
1 ô t ¸ÓÄÊÆ½» ÷�¾ºÉ/À¶ÎÁÄÅ»½»ÇÄ�ÀÇÏa¼ÈÆ½¾Â¹ÞÑ=É/Ä�¹/¾ºÉ/Æ�ÏYlØ¾º¹/Æ ÷/É�ÎÊÏaù¿ÎÅÉ/ùÈÄÊÀZùÈÄÊÆZÎÅ¾Â¹Ø»ÇÀ½¼jr/É#»½¼¿¾º¹/Æ¶Ã#ÄÊÆZÃ#¼jóÍÌÊÀ½ÄÅ¹=»ÇÄÊÆ¾Â¹�Ã�ÄÊÆÙ÷ÐÏ]À�»½¼¿ÄÊùÈùÈÄÊÆÙÄÊ¹�¹/ÄÝÎÅ¾º¹/Æ½¼¿Ã#ÌÊÀÕÏ]¹=»üÑ=É/Ä�ùÈÄÊÆÙÌÁ»NÏF»ÇÆ�h

J y Ω̄ = 0 iÁô t ÄÅ»�»ÇÄúÏ]÷/÷/À½¾'z#¼j.ÙÏF»Ç¼È¾Â¹



�����2�I�����E�"!5�y�·�@��Fã���ä]åçæp���$#àã����¶�t�%# �C�´�5� #2�Fã&#�#��Æ�z� �/m
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¾3¿À�Á {/ôjm·Â�� �À½ ¡�� ¢½ � � m ¢� Ä �L¿?¢Â ¾ ½ � εJΩ̄
i

½)��Ç��k�¤j�¿�¢��k� m ¾�¡ �kÁp�k��MoÁ ¼ ½ ¡ ��¼ M ¤)¡ ¢Â ¾ ½ ¼ � ¾�¡ J = 1OÐø�� � ¾ jNM/½ Ω̄ = 0 ü ø m ¡ �k¢£¿�½ Ω̄ = 1
P È´É K � ¡ ¢ � ¢���½ m ½ � ¤ ��½ ¡� ¢½ � ½ � ¿ujNMÎ�!¢ � ¢½ m ½ ÇY�&Ak�k� ø

j��CB£�Ij)¢ m ½ ¡ � ý ½kj Å K ¤ ��½ ¡� ¢½�� � Á&D ¼ ¿��L¿�¢�Â ¾ ½ m ¾ j��k��� Å m�K ½)�8¿ ¡�¤ ½zÈ n ½�¿ n′ � �!�8¿ Å ½ � ���CD Ä)¡ ½ �Â ¾ �k�:¿�¢Â ¾ ½ �Ã¼ ¡ ¢£�Ij)¢ ¼ � ¾�ù m ½ � ¤ ¿��L¿ � MoÁ m ¡ � �o¤ ���CB m ½ � m ½ (pµ) ½�¿ ( ö µ)7+ È

À½Ä�l�¼ÈÄÊ¹Ø»$w	¹/ÌÅËÂùÈ¼ÈËÂÄÊÀkù�¸×Ä�óÍÄÅ»^Ã#ÄÊÆ^ÎÅ¾ºÉ/÷/ùÚÏaËºÄÊÆ�Ã#Ä t ¾ºÀ½¼È¾ºù¿¼ÈÆkÄÊ¹=»ÇÀ�Ä2ùÈÄÊÆkÌÅ»ÕÏ]»½Æ^Ã#Ä
Ω̄
Ã�¼jóÍÌÊÀ½ÄÅ¹=»ÇÆ ô t ÄÊÆÎÅ¾ºÉ/÷/ùÔÏ]ËºÄÊÆ4Æ½¾º¹=»	ÄÊ¹ÛÄ�óÍÄÅ»	»½À��ÊÆ � Ï]¼jr/ùÈÄÊÆ y ÄÅ»&¹/ÄÞ÷�ÄÊÉ/lÂÄÊ¹=»&¼È¹�Ã#É/¼ÈÀ½ÄjÃ#ÄÊÆÖ»ÇÀÇÏa¹/Æ½¼û»Ç¼È¾Â¹#Æ4Ñ=É�¸�wü»ÇÀ7�ÊÆrÐÏaÆ½Æ½Ä	ÌÅ¹/ÄÊÀ½Ëº¼¿Ä y Îa¸×ÄÊÆ�»#[�w�[?Ã#¼¿À�Ä	ùÈ¾ÂÀ�ÆÇÑ=É/Ä	ùÈÄ	Ævq�Æ½»��Y.�ÄÖÌ�lØ¾ºùÈÉ/Ä&ùÈÄ	ùÈ¾º¹/ËjÃ#Ä	ù�¸×ÌÁ»NÏF»(¼È¹/¼û»Ç¼ÚÏaù ô t ¾	.�.�Äù¿Ä*ÎÊÏa¹ÐÏ]ù

(pµ)n=1 +
Ë 8+ ¹�¸�Ï]÷/÷ÐÏ]ÀÕÏà`¿»ÖÑ=É/Ä*Ã�Ï]¹/ÆSùÈÄ*ÎHÏ]Æ

Ω̄ = 0 y ÎÅÄÅ»3ÌÅ»NÏF»SÆ½Ä4»½À½¾ºÉ/lØÄo%Á»ÇÀ½ÄoùÈÄÆ½ÄÊÉ/ù�ÏaÎÊÎÅÄÊÆ½Æ½¼jr/ù¿Ä4÷�ÄÊ¹�Ã�Ï]¹=»3ùÚÏÞ÷ * ÏaÆ½ÄoÃ�¸ÿÏa÷/÷#À½¾�Î * Ä2{ÐÏaÉ�ÎÅÉ#¹/Ä4»½ÀÕÏ]¹/Æ½¼È»½¼¿¾º¹Ý¹�¸×ÄÅÆ½»3Ã#¾º¹�Î&÷�¾ºÆÇÆ½¼jr/ùÈÄ¦:É/ÆÇÑ=É�¸�wÙùÚÏj'Ê¾º¹/Ä)Ã#Ä)ÎÅÀ½¾º¼ÈÆ½ÄY.�ÄÊ¹=»½Æ ô ·¶¸×ÌÅ¹/ÄÊÀ½Ëº¼¿Ä*ÎÅ¼¿¹/ÌÁ»Ç¼¿Ñ=É/Ä�ÏaÎÊÑ=É/¼ÈÆ½Ä*ùÈ¾ÂÀ�ÆÖÃ#Ä*ùÚÏüÎÅ¾ºùÈù¿¼ÈÆ½¼¿¾º¹�À�ÄÊ¹�ÃÎÅÄÊÆßÎÅ¾ÂÉ/÷/ùÚÏ]ËÂÄÊÆ�Ã�¸ÿÏaÉ#»ÕÏa¹=»±÷/ù¿É#Æß¼¿¹/Ä)õÙÎHÏaÎÅÄÊÆ�Ã�Ï]¹/ÆßùÚÏ>Æ½É/¼È»½ÄkÃ#Éo÷/À�¾�ÎÅÄÅÆÇÆ½É/Æ ôkì ¹/Ä^Ï]÷/÷/À½¾'z#¼j.ÙÏF»Ç¼È¾Â¹Æ½¼n.�¼ÈùÚÏa¼ÈÀ�Ä�Ï�Ã#Ì#¦#w�ÌÅ»ÇÌjÉ#»½¼¿ùÈ¼ÈÆÇÌÅÄÙ÷ÐÏ]À ü ¾ÂùÈÆ�»Ç¼j * ¼È¹ ½�¿|� Å È ÷�¾ºÉ/À4ÌÅ»½É�Ã#¼¿ÄÊÀ&ùm¸ÓÌÅ»NÏF»«.�ÌÅ»ÕÏaÆ�»NÏkr/ùÈÄÙÃ#Äùm¸ÿ�(ÌÊùÈ¼ÈÉÎ.�Ïa¹Ø»Ç¼È÷/À½¾a»Ç¾º¹/¼ÚÑØÉ/Ä�ÄÁ»oÏü÷�ÄÊÀU.Þ¼¿Æ&Ã�¸Ó¾sr�»ÇÄÊ¹/¼ÈÀ	É/¹/ÄÆr�¾º¹/¹/ÄÞ÷/À½ÌHÎÁ¼¿Æ½¼È¾Â¹ Æ½É/À	ùÈÄÊÆ	¹/¼^lØÄHÏaÉ6zÃ�¸×ÌÊ¹#ÄÊÀ½Ëº¼¿Ä&Ã#Ä&ÎÅÄ	Ævq�Æ½»��Y.�Ä�n {Îm�o ô·�ÄÊÆÖÀ½ÌÊÆ½É/ùû»NÏF»ÇÆ	Ñ=É/Ä)¹/¾ÂÉ#Æ4Ï]ù¿ùÈ¾º¹/Æ|.ÙÏ]¼¿¹Ø»ÇÄÊ¹ÐÏ]¹=»	÷/À½ÌÅÆÇÄÅ¹=»ÇÄÊÀ	ÎÁ¾ÂÀ½À�ÄÊÆ½÷�¾Â¹�Ã�ÄÊ¹=»«wüÃ#ÄÊÆ	ÎHÏaù¿ÎÅÉ/ùÈÆ¼¿¹/ÎÅù¿ÉÐÏ]¹=» ��� ÎHÏ]¹ÐÏaÉ�zVÎÅ¾ºÉ/÷/ùÈÌÊÆ n (pµ)n=1−2 +
Ë ÄÅ»

p + (µ
Ë

)n′=4−13
o ÄÅ»�É#¹/Äú»NÏ]¼¿ùÈùÈÄ Ã#ÄÊÆÆ½ÄHÎÁ»ÇÄÊÉ/À�ÆkÃ#Ä

δρ E Ê#ô } aµ ô t ÄÊÆ�÷ÐÏ]ÀÕÏk.��Å»½À½ÄÊÆ¶¹/¾ÂÉ#Æ�¾Â¹=»�÷�ÄÊÀ#.�¼ÈÆkÃ#Ä(ÎÅ¾Â¹olÂÄÊÀ½ËºÄÊÀ¶ù¿ÄÊÆ¶÷/À½¾	rÐÏLr/¼ÈùÈ¼È»½ÌÊÆÃ#ÄÖ»ÇÀÇÏa¹/Æ � ÄÅÀ�»�w�.�¼ÈÄÊÉ6z�Ñ=É/Ä
0.1% ô

� Í���Í�� F¥Ü�Û3Ö�a(�r×ÚÔ7×L�� Í�PÛ��/� Û3Ô2$ØÛ¶��Û �#$�d´Ý�×L�
J = 0uSÏ]¹/Æ2É/¹Ý÷/À�ÄY.�¼ÈÄÊÀ(»½ÄY.�÷/Æ y ¹/¾ºÉ/Æ2¹/¾ºÉ/Æ2¼¿¹Ø»ÇÌÊÀ½ÄÅÆÇÆ½¾º¹/Æ2É/¹/¼¿Ñ=É/ÄY.�ÄÊ¹Ø»ÅwÞùÚÏ�ÎÅ¾Â¹Ø»ÇÀ½¼jr/É#»½¼¿¾º¹úÃ#Äùm¸Ó¾Â¹/Ã#Ä&÷ÐÏ]À�»½¼¿ÄÊùÈùÈÄ

J = 0 ôs É#À>ùÚÏ | ËÂÉ#À½Ävh {/ô�Èpi ¹/¾ºÉ/Æ2ÏYlØ¾º¹/Æ>À�ÄÊ÷/À½ÌÊÆ½ÄÊ¹=»½Ì	ùÈÄÊÆ>ÌÊ¹/ÄÅÀ½Ëº¼¿ÄÊÆ2ÏaÃ#¼ÔÏkrÐÏF»Ç¼¿Ñ=É/ÄÊÆ εi ÄÊ¹ � ¾Â¹/ÎÁ»Ç¼È¾Â¹Ã#ÉjÀÕÏ�qØ¾º¹ * q�÷�ÄÊÀ�ÆÇ÷ * ÌÊÀ½¼¿Ñ=É/Ä ô ·�Ä3ÎÁ¾s.�÷�¾ºÀ�»½ÄY.�ÄÊ¹=»�Ï]Æ-q6.�÷#»½¾º»½¼ÚÑØÉ/Ä3Ã�Ä2ù�¸×ÌÁ»NÏF»k¼¿¹/¼û»Ç¼ÚÏ]ù (pµ)n=1 +Ë 8+ ÎÅ¾ÂÀ�À½ÄÊÆ½÷�¾º¹�Ãxw^É/¹/ÄZ¼¿¹=»½ÄÊÀÕÏaÎÁ»Ç¼È¾º¹&¼È¾Â¹�[:Ã#¼È÷��ºù¿Ä�Ñ=É/¼LlºÏaÀ�¼¿Ä�Ï]÷/÷/À½¾'z#¼j.ÙÏF»Ç¼^lØÄY.�ÄÅ¹=»LÄÊ¹ −αZ2/ρ4 y¾.w
α
ÄÊÆ�»�ùÚÏ>÷Í¾ºùÚÏaÀ�¼¿ÆÕÏkr/¼Èù¿¼û»ÇÌ�Ã#Äkù�¸ * q#Ã#À�¾ÂË
�Ê¹/Äb.*É/¾º¹/¼¿Ñ=É/Ä ô ·±Ï � ¾ÂÀ#.�ÄkÄ)z�÷/ù¿¼¿ÎÅ¼û»ÇÄ�Ã#Ä^ÎÅÄÁ»½»ÇÄ^ÎÅ¾ºÉ/ÀUr�Ä
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ε i
(k

eV
)

p + (µO)n=5

p + (µO)n=6

p + (µO)n=7

(pµ)n=1 + O

p + (µO)n=8

¾3¿À�Á {#ôÉÈ�Â¥� ��½ ¡� ¢�½ � � m ¢�� Ä �L¿�¢Â ¾ ½ � εi ½)�cÇ��k�¤j�¿�¢��k� m ¾¥¡ �kÁp�k��MoÁ ¼ ½ ¡ ��¼ M ¤)¡ ¢Â ¾ ½ ¼ � ¾�¡ J = 0 ÈÉ K � ¡ ¢ � ¢£��½ m ½ � ¤ ��½ ¡� ¢½ � ½ � ¿ jNM/�k¢ � ¢½ m ½ ÇY�&Ak�k� ø j��CB��¤j)¢ m ½ ¡ � ý ½kj Å K ¤ ��½ ¡� ¢½2� � ÁCD ¼ ¿��L¿�¢Â ¾ ½m ¾ j��!��� Å mLK ½)�8¿ ¡�¤ ½zÈ
ÄÊÆ�»�ÎHÏaù¿ÎÅÉ/ùÈÌÊÄSÃ�Ïa¹/Æ^ù�¸ÿÏa¹/¹/Ä)z�ÄÖ� ô t Ä3¹/¼^lØÄàÏ]É�ÎÅÀ�¾Â¼ÈÆ½Ä3ùÈÄÊÆ+.*É/ùû»Ç¼È÷/ùÈ¼ÚÎÁ¼È»½ÌÊÆ n′ Ã#ÄÅÆ�ÎHÏa¹ÐÏ]É6züÃ#Ä2Æ½¾ÂÀ�[»Ç¼ÈÄ

(
Ë
µ)7+

n′ + p ô ·�ÄÊÆ	ÌÅ¹/ÄÊÀ½Ëº¼¿ÄÅÆ4ÏºÃ#¼ÚÏkrÐÏ]»½¼ÚÑ=É#ÄÊÆoÏ]Æ½Æ½¾�ÎÅ¼ÈÌÊÄÊÆ&Ã#ÌHÎÅÀ�¾Â¼ÈÆ½Æ½ÄÊ¹=»4Ï]÷/÷/À½¾'z#¼j.ÙÏ]»½¼^lØÄY.�ÄÊ¹Ø»ÄÊ¹
1/ρ

÷�¾ÂÉ/ÀüùÈÄÊÆ�ËºÀÕÏ]¹�Ã#ÄÊÆ2lºÏaùÈÄÊÉ/À½Æ�Ã#Ä
ρ ô t ÄÅ»�»ÇÄuÃ#ÌHÎÅÀ�¾Â¼ÈÆ½ÆÕÏa¹�ÎÅÄuÀ½ÌÅÆÇÉ/ùû»½Ä�Ã#ÄuùÚÏ À�ÌÊ÷/É/ùÈÆÇ¼È¾º¹t ¾ºÉ/ùÈ¾s.«r/¼¿ÄÊ¹#¹/Ä&ÄÊ¹=»ÇÀ�Ä	ùÈÄ&÷/À�¾º»½¾Â¹�ÄÅ»>ùm¸Ó¼¿¾º¹è.*É/¾º¹/¼ÚÑØÉ/Ä

(
Ë
µ)7+

n′
ôt ¾Â¹/Æ½¼¿Ã#ÌÊÀ�¾Â¹/ÆÖ÷/ùÈÉ/ÆS÷/À½ÌHÎÅ¼ÈÆ½ÌY.�ÄÊ¹Ø»ÖÉ/¹/Ä�.*É/ùû»Ç¼È÷/ùÈ¼¿ÎÅ¼È»½Ì

n′
Ã�¸×ÌÅ»ÕÏ]»½ÆÖ÷/À�¾�Ã#É/¼û»ÇÆÆh_÷ÐÏaÀSÄ�z#ÄY.�÷/ùÈÄ

n′ = 6 iÁôys É#À	ùÚÏ | ËºÉ/À½Äèh {#ô , i ¾Â¹�À½ÄY.ÙÏ]ÀÇÑØÉ/ÄÞÑ=É/Ä)ù¿ÄÊÆ	ÌÅ»ÕÏ]»½Æ&Ã#ÄÞÎÅÄÅ»½»½ÄÆ.oÉ/ùÈ»½¼È÷/ù¿¼¿ÎÅ¼û»ÇÌ y ÷ÐÏaÀ � Ï]¼^[»ÇÄY.�ÄÅ¹=»*Ã#ÌÊËºÌÊ¹/ÌÊÀ�ÌÊÆôw�ù�¸×¼È¹ | ¹/¼ y Æ½ÄjÆÇÌÅ÷ÐÏaÀ�ÄÊ¹=»oùÈ¾ÂÀ�ÆÕÑØÉ/Ä ρ Ã#¼n.Þ¼¿¹�É/Ä ô u2Äj÷/ùÈÉ/Æ y ÎÅÄÁ»½»ÇÄjùÈÄ�lØÌÊÄÙÃ#ÄÃ#ÌÊËºÌÊ¹/ÌÊÀ½ÄÊÆÇÎÅÄÊ¹/ÎÅÄj¹/Ä�÷/À½¾�lØ¾�Ñ=É/Ä�÷ÐÏ]Æ4É#¹ÛÌHÎHÏ]À�»oÎÁ¾Â¹/Æ�»NÏ]¹=»&ÄÊ¹=»ÇÀ�Ä�ùÈÄÊÆ4Ã#¼jóÍÌÊÀ�ÄÊ¹=»ÇÆ&¹/¼^lØÄàÏ]É6z ô t ÄÎÅ¾s.Þ÷�¾ÂÀ�»ÇÄY.�ÄÊ¹Ø»�ÄÊÆ�»jÃ>G wuù�¸×Ä)ó¯ÄÅ» s »ÕÏaÀ#i÷/À½¾�lØ¾�Ñ=É/Ì�÷ÐÏ]ÀÞù¿Ä�Î * Ïk.�÷�ÌÊùÈÄHÎÁ»ÇÀ�¼¿Ñ=É/Ä�Ã#É�÷/À½¾a»Ç¾º¹Ñ=É/¼�l�¼¿ÄÅ¹=»	÷�ÄÊÀ�»½É/ÀUr�ÄÊÀÖùÈÄÊÆ	¹#¼jlÂÄàÏaÉ6z�Ã#Ä
(
Ë
µ)7+ ô\s ¼ ù�¸×¾º¹�ÆÇÄ)ùÈ¼j.�¼û»ÇÄ�Ï]É�»½ÄÊÀU.�Ä)Ã�¸×¼È¹=»ÇÄÊÀÇÏºÎN»Ç¼È¾Â¹Ã#¼È÷Í¾ºùÚÏa¼ÈÀ½Ä y ù¿ÄÊÆ�ÌÅ»NÏF»ÇÆ�÷/À½¾º÷/À�ÄÊÆ�Ã#Äuù�¸��3Ïk.�¼ÈùÈ»½¾Â¹/¼ÈÄÊ¹ s »NÏ]ÀU ÎÅ¾ºÀ½À½ÄÅÆÇ÷�¾º¹�Ã#ÄÊ¹=»�Ï]÷/÷/À½¾'z#¼j.ÙÏF»Ç¼^lØÄ)[.�ÄÊ¹=»3ÏaÉ6z�ÌÅ»ÕÏ]»ÇÆ(÷ÐÏ]ÀÕÏkr�¾ÂùÈ¼¿Ñ=É/ÄÊÆSÃ�ÉÝ÷�¾a»ÇÄÊ¹=»½¼¿ÄÅù t ¾ÂÉ/ùÈ¾	.�r/¼ÈÄÊ¹íh?lÂ¾Â¼ÈÀ3Ï]¹/¹/Ä)z#Ä*� iNô t Ä&À½ÌÊÆ½É/ùû»NÏF»ÄÊÆ�»*ÄÊ¹ýÏºÎÅÎÅ¾ÂÀ½ÃýÏYlØÄHÎjùÈÄ � Ï]¼È»)Ñ=É/ÄÙùÈÄÊÆ*ÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆ * q�÷�ÄÊÀ�ÆÇ÷ * ÌÊÀ½¼¿Ñ=É/ÄÊÆ*ÄÊùÈùÈ¼¿÷#»½¼¿Ñ=É/ÄÊÆo»ÇÄÊ¹�Ã#ÄÊ¹Ø»lØÄÊÀ�Æ*ùÈÄÊÆ*ÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆ*÷ÐÏaÀÇÏLr�¾ºùÈ¼ÚÑØÉ/ÄÊÆ)÷�¾ºÉ/À*Ã#ÄÊÆ*ËºÀÕÏ]¹�Ã#ÄÊÆxlÂÏ]ùÈÄÊÉ/À½Æ)Ã�Ä

ρ
n {	Ê�omô t ÄÅ÷ÍÄÅ¹�Ã�Ïa¹Ø» yÆ½¼¶ù�¸×¾º¹ É#»½¼¿ùÈ¼ÈÆ½ÄjùÚÏ � ¾ºÀU.*É/ùÈÄqh�� ôÉÈ } i Ñ=É/¼�Ã#¾º¹/¹/Ä�ù�¸×Ä)z#÷/À�ÄÊÆ½ÆÇ¼È¾º¹ ÷�ÄÊÀ�»½É/ÀUrÐÏF»Ç¼^lØÄ¥w�ù�¸×¾ºÀÇÃ�À½ÄjÃ#ÄÊÉ6zÃ#Äüù�¸×ÌÊ¹/ÄÊÀ�ËÂ¼ÈÄ�Ã#Ä�ÎÅÄÊÆ*ÌÅ»NÏF»ÇÆ*÷�ÄÊÀ�»ÇÉ/ÀUr�ÌÅÆ y ¾Â¹i»½À½¾ºÉ/lØÄ�ÑØÉ/Äüù�¸×ÌHÎHÏ]À�»)ÄÅ¹=»ÇÀ�Ä�Ã#ÄÊÉ6zi¹/¼^lØÄàÏ]É6ziÆ½É�Î�[ÎÅÄÊÆ½Æ½¼ � Æ	Ã#Ä�l�ÀÕÏ]¼û»Ö%Å»ÇÀ�ÄÞÎÅ¾º¹/Æ�»NÏ]¹=» ô©� ¹ � Ïa¼û» y ù¿¾ºÀ½ÆÇÑ=É/Ä ρ Ã#¼j.�¼È¹�É/Ä y ¼Èù � Ï]É#»Ö÷/À½ÄÊ¹/Ã#À½Ä*ÄÊ¹ ÎÅ¾	.�÷#»½Äù¿ÄÅÆ2»ÇÄÊÀ#.�ÄÊÆ2ÆÇÉ/÷�ÌÅÀ½¼ÈÄÊÉ/À½ÆSÃ#ÉuÃ#Ì�lÂÄÊùÈ¾Â÷/÷�ÄY.ÞÄÊ¹=»ÖÃ#ÉÝ÷�¾º»½ÄÊ¹=»Ç¼ÈÄÊù+h_»ÇÄÅÀU.�ÄÊÆ3Ñ=ÉÐÏaÃ#À½É/÷�¾ºùÚÏa¼ÈÀ½ÄÊÆ i ÷�¾ºÉ/ÀlØ¾º¼¿À�Ä�óÍÄHÎÁ»Ç¼^lØÄY.ÞÄÊ¹=»7Ï]÷/÷ÐÏ]ÀÕÏà`Ú»½À½Ä2É/¹üÎÅùÈ¼^lÂÏ]ËºÄ3¹/¾º¹ÙÌHÑ=É/¼¿Ã#¼ÈÆ½»ÕÏa¹Ø»�Ã#Ä3ÎÅÄÊÆkÌÅ»NÏF»ÇÆ ôt� ¹ÙÎÅ¾Â¹�ÎÁù¿É/Æ½¼È¾Â¹ yù¿¾ºÀ½ÆÇÑ=É/Ä

ρ
ÏaÉ/Ë	.�ÄÊ¹Ø»ÇÄ y ùÈÄÊÆ7ÌÊ¹/ÄÊÀ½Ëº¼ÈÄÊÆ2ÏºÃ�¼ÔÏkrÐÏF»Ç¼¿Ñ=É/ÄÊÆ(Ã�¸×É/¹/ÄÅ.�%�.�ÄÅ.*É#ùÈ»½¼¿÷/ùÈ¼¿ÎÅ¼û»ÇÌ	Æ½ÄÖÀ½ÄÊÆ½Æ½ÄÊÀ½À�ÄÊ¹=»ÄÅ»3Ã#Ä�l�¼¿ÄÊ¹#¹/ÄÊ¹=»2÷/À½¾ºËÂÀ�ÄÊÆÇÆ½¼^lØÄY.ÞÄÊ¹=»2ÌHÑØÉ/¼ÚÃ�¼¿Æ�»NÏ]¹=»½ÄÊÆ�¦:É/ÆÇÑ=É�¸�wÞÆ½Ä4ÎÅ¾º¹ � ¾º¹�Ã#À½Ä4ÄÊ¹�É/¹�ÌÅ»ÕÏ]»

n′
� ¾º¼¿ÆÃ#ÌÊËºÌÊ¹/ÌÊÀ½Ìxw)ù�¸×¼È¹ | ¹/¼ ô
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¾º¿ÆÀ�Á {/ô , Â ÉÕ½ ýL¤ ½ m ½ m ¤��o¤ � ¤)¡ ½ � j�½)�¤j�½ Å ¢ ¤ ½ ø^Å K ½ba�½�¿£ÿ8¿�� ¡$c È

t ¾s.Æ.�Ä(Ã�Ï]¹/Æ�ùÈÄ(ÎHÏaÆ�ÎÅ¾ÂùÈ¼È¹/ÌàÏ]¼¿À�Ä y ¾Â¹�À�ÄY.ÙÏ]ÀÇÑ=É/Ä(ÑØÉ/Ä(ÎÅÄ(Æ½¾º¹=»�ùÈÄÊÆ�.oÉ/ùÈ»½¼¿÷#ù¿¼¿ÎÅ¼û»ÇÌÊÆ n′ = 5
ÄÁ»

n′ = 6
Ñ=É/¼¯÷/À½ÌÊÆ½ÄÊ¹=»½ÄÊ¹=»7ùÈÄ	ÎÅ¾ºÉ/÷/ùÔÏ]ËºÄ4ÏYlØÄHÎ3ùm¸ÓÌÅ»NÏF»7¼¿¹/¼û»Ç¼ÚÏ]ù�ùÈÄÖ÷/ùÈÉ/Æ7¼j.�÷�¾ÂÀ�»NÏ]¹=» ô h±¾ÂÉ/À7Î * ÏºÎÅÉ#¹/ÄÃ#ÄÞÎÅÄÊÆÅ.*É/ùû»Ç¼È÷/ùÈ¼¿ÎÅ¼È»½ÌÊÆ y É#¹�ÌÅ»NÏF»	Æ½ÄY.�r#ù¿Ä)÷#ù¿É/Æ	ÎÅ¾ºÉ/÷/ù¿ÌÞÑ=É/Ä)ùÈÄÊÆ&Ï]É#»ÇÀ½ÄÅÆ ô hß¾ºÉ/ÀS¼¿¹Ø»ÇÄÊÀ½÷/À�ÌÅ»ÇÄÊÀÖÎÅÄ÷ * ÌÊ¹/¾	.��Ê¹/Ä y ¹/¾ºÉ/ÆSÏaÆ½Æ½¼j.�¼Èù¿ÄÊÀ�¾Â¹/Æ2ùÈÄÊÆ3ÌÁ»NÏ]»½ÆSÏºÃ�¼ÔÏkrÐÏ]»½¼¿Ñ=É/ÄÊÆÖÏ]É6z � ¾º¹�ÎÁ»Ç¼È¾º¹/Æ3Æ½ÌÊ÷ÐÏ]ÀÕÏkr/ù¿ÄÅÆ3É#»Ç¼ÈùÈ¼\[Æ½ÌÊÄÊÆ ÎÁ¾s.�.ÞÄbrÐÏaÆ½Ä^Ã#Ä^Ã#¼ÚÏ]ËÂ¾º¹ÐÏ]ù¿¼ÈÆÕÏ]»½¼¿¾º¹ÞÃ�Ä^ù�¸ÿ�3ÏL.�¼Èùû»Ç¾º¹/¼ÈÄÊ¹*Ä)z�ÏaÎÁ»$h£lØ¾º¼¿ÀßÎ * Ï]÷/¼È»½À½Äk÷/À½ÌHÎÅÌÊÃ#ÄÊ¹=» iNôt ÄÅ»�»ÇÄ�Ï]÷/÷/À�¾�z#¼j.ÙÏF»Ç¼È¾º¹ y Ñ=É/¼=À½Ä�l�¼ÈÄÊ¹=»Öw(¹/ÌÊËºùÈ¼¿ËºÄÊÀßù¿Ä�»½ÄÊÀU.�Ä�¹/¾º¹oÆÇÌÊ÷�ÏaÀÇÏLr/ùÈÄ^Ã#Éo÷Í¾a»ÇÄÅ¹=»Ç¼ÈÄÊù y ¹/¾ÂÉ/Æ÷�ÄÊÀU.�ÄÁ»(Ã�¸�Ï]Æ½Æ½¾�ÎÅ¼ÈÄÊÀ¬w)Î * ÏaÎÅÉ/¹�Ã#Ä	ÎÅÄÊÆ>ÌÅ»ÕÏ]»½Æ>É/¹�ÄÊ¹/Æ½ÄY.«r/ù¿Ä	Ã#ÄÖ¹/¾	.�r/À�ÄÊÆ>Ñ=ÉÐÏ]¹=»Ç¼¿Ñ=É/ÄÊÆ2Ï]÷/÷/À�¾L[Î * ÌÊÆ

(nξ, nη) ô ·�ÄÊÆoÌÅ»ÕÏ]»ÇÆ (nξ = 0, nη)
÷�¾ºÆ½Æ��ÊÃ#ÄÊ¹=»oÉ/¹/ÄÙÄ)z�»½ÄÊ¹/Æ½¼È¾Â¹iÆ½÷ÐÏF»Ç¼ÚÏaùÈÄÙùÈ¼n.Þ¼È»½ÌÊÄÙÄÊ¹

ξÏaÉ#»½¾ÂÉ#À^Ã#Ä(ÆÕÏÅlºÏaùÈÄÊÉ/À�.�¼È¹/¼n.jÏaùÈÄ
ξ = 2θµ

h-ÌÅ»ÕÏ]» � ¾º¹�Ã�Ïk.�ÄÊ¹=»ÕÏaù�Ã#Éj÷/À½¾	r/ù �Y.�Ä2ÄÊ¹
ξ i {Ø¼ÈùÈÆkÆ½¾Â¹Ø»Ã#¾Â¹/Î&»ÇÀ7�ÊÆ2÷/À½¾�Î * ÄÊÆ3Ã#ÄoùÚÏjÎÁ¾Â¹ | ËºÉ/ÀÕÏF»Ç¼È¾º¹uÎÅ¾ÂùÈ¼È¹/ÌàÏ]¼¿À�Ä ôø§ Æ-q6.�÷#»½¾º»½¼ÚÑØÉ/ÄY.�ÄÊ¹=» y Îº¸×ÄÊÆ�»3ùÈÄoÎHÏ]ÆSÃ#Äùm¸ÓÌÅ»NÏF»�¼È¹/¼û»Ç¼ÚÏ]ù

(pµ)n=1 +
Ë 8+ ô Ë ¹�¾	r/Æ½ÄÊÀ#lÂÄ2ÏaùÈ¾ºÀ½Æ�Ñ=É/Ä7ùm¸ÓÌÅ»NÏF» | ¹ÐÏ]ù/ù¿Ä>÷/ùÈÉ/Æ � ¾ºÀ�»ÇÄY.ÞÄÊ¹=»�ÎÅ¾ºÉ/÷/ùÈÌÎÅ¾ºÀ½À½ÄÊÆ½÷�¾º¹�Ã ù¿É#¼�Ï]É/ÆÇÆ½¼+w
nξ = 0 ô t ÄÅ»�»ÇÄÙÆ½ÌÊùÈÄHÎÁ»Ç¼È¾º¹�ËºÌÊ¾	.�ÌÅ»ÇÀ�¼ÚÑØÉ/Ä h nξ = 0 i .�¾º¹=»ÇÀ�ÄÙÃ#¾Â¹�ÎÑ=É/Ä	ùÈÄ	÷/À½¾�ÎÁÄÊÆÇÆ½É/Æ2Ã�ÄÖ»ÇÀÕÏ]¹/Æ � ÄÊÀ�»(ÄÊÆ�» � Ï'lÂ¾ÂÀ�¼¿Æ½Ì&Ã�Ï]¹/Æ(ùÈÄ&ÎHÏ]Æ2ÎÅ¾ºù¿¼È¹/ÌàÏ]¼ÈÀ½Ä ô
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¾3¿À�Á {/ôÓø¢Â Ã ¡ � Ä � Ä ¢ Å ¢?¿ ¤ � m ½4¿ ¡ �k� � Ç�½ ¡ ¿ ¼ � ¡ ¿?¢½ ÅÆÅ ½ � ½�¿Å¿��L¿�� Å ½�½)�¢Ç��k�¤j�¿�¢��k� m ½ Å K ¤ ��½ ¡� ¢½ m ½j�� ÅÆÅ ¢ � ¢�k� ¼ � ¾6¡ J = 0 È

� Í���Í-, �/àPÒ¶�'ÛZ�S$ÐÖ:$ �� ÚÔ�×V�pà�Û£Ü3��W�×\à��
J = 0·±Ï | ËºÉ/À½Ä�h {/ôÓø�i ÷/À�ÌÊÆ½ÄÊ¹=»ÇÄ¶ùÈÄÊÆ±÷/À½¾	rÐÏkr/¼¿ùÈ¼û»ÇÌÊÆ�Ã#ÄZ»ÇÀÇÏa¹/Æ � ÄÊÀ�»±÷ÐÏ]À�»Ç¼ÈÄÊùÈùÈÄÊÆßÄÅ»L»Ç¾a»NÏ]ùÈÄ�ÄÊ¹ � ¾Â¹�ÎN»Ç¼È¾Â¹Ã#Ä^ùm¸ÓÌÊ¹/ÄÊÀ½Ëº¼ÈÄ7Ã#Ä�ÎÅ¾ºùÈù¿¼ÈÆ½¼¿¾º¹ ô t ÄÊÆ�À½ÌÊÆ½É/ùû»NÏF»ÇÆ�.�¾Â¹Ø»ÇÀ½ÄÊ¹Ø»ZÑØÉ/Ä^ùÔÏ2Ãpq�¹ÐÏk.�¼ÚÑØÉ/Ä�ÄÅÆ½»�ÄÊÆ½ÆÇÄÅ¹=»Ç¼ÈÄÊùÈù¿ÄY.ÞÄÊ¹=»Ã#¾s.Þ¼¿¹/ÌÅÄ y ÎÅ¾	.�.�Ä�Ã�Ï]¹/Æ)ùÈÄ2.�¾�Ã>�ÊùÈÄ�ÎÅ¾ºùÈ¼¿¹/ÌàÏ]¼ÈÀ½Ä y ÷ÐÏ]À*ùÈÄÊÆÞÎÅÀ½¾º¼ÈÆÇÄ�.�ÄÊ¹=»ÇÆ*Ì�l�¼û»ÇÌÊÆ)ÄÊ¹Ø»ÇÀ½Äüù�¸×ÌÅ»ÕÏ]»¼¿¹#¼È»½¼ÔÏ]ù�ÄÁ»4ù¿ÄÅÆx.*É/ùû»Ç¼È÷/ùÈ¼ÚÎÅ¼û»ÇÌÊÆ

n′ = 5
ÄÅ»
n′ = 6 ô t ÄÊÆ=.*É/ùû»Ç¼È÷/ùÈ¼ÚÎÅ¼û»ÇÌÅÆ*Ïa÷/÷ÐÏ]ÀÕÏ]¼ÈÆÇÆ½ÄÊ¹Ø»oÄÊ¹ÛÄ�ó¯ÄÅ»ÎÅ¾s.Æ.�Ä	ÌÅ»ÕÏa¹=»>ù¿ÄÅÆ(Æ½ÄÊÉ/ùÈÄÊÆ(Æ½¼ÈËÂ¹/¼ | ÎHÏF»Ç¼^lØÄY.ÞÄÊ¹=»(÷ÍÄÅÉ/÷/ù¿ÌÅÄÊÆ ô§ É6zjÌÊ¹/ÄÅÀ½Ëº¼¿ÄÊÆk»½À��ÊÆbrÐÏaÆ½Æ½ÄÊÆ^¾º¹üÀ�ÄÅ»ÇÀ�¾ÂÉ/lÂÄ2É/¹/ÄSÃ#ÌHÎÁÀ½¾º¼¿Æ½ÆÕÏa¹�ÎÁÄÖÃ�Ä3ùÚÏ&÷/À½¾	rÐÏkr/¼¿ùÈ¼û»ÇÌSÃ#Ä2»½ÀÕÏ]¹/Æ�[� ÄÊÀ�»(ÎHÏaÀÇÏºÎÁ»½ÌÊÀ½¼ÈÆ�»Ç¼¿Ñ=É/Ä&Ã�¸ÓÉ/¹/ÄÖù¿¾º¼�Ã#Ä	Æ½ÄÊÉ/¼Èù y Ã#Ì�¦#w*¾	r/ÆÇÄÅÀ#lØÌÊÄ	Ã�Ï]¹/Æ>ùÈÄ|.�¾�Ã>�ÊùÈÄ	÷/À�¾Â÷�¾ºÆ½Ì4ÏaÉ�Î * Ï�[÷/¼û»ÇÀ½Ä ø�ô h ù¿É#Æ ÷/À½ÌHÎÅ¼ÈÆ½ÌY.�ÄÊ¹Ø» y ùÔÏ2÷/À�¾sr�ÏLr/¼ÈùÈ¼È»½Ì�»½¾º»ÕÏaùÈÄ7Ã#Äk»ÇÀÕÏ]¹/Æ � ÄÊÀ�» ÄÊÆ�» ÷/À½¾º÷�¾ÂÀ�»Ç¼È¾Â¹/¹#ÄÊù¿ùÈÄ¬w √E ô·±Ï)À½ÌÅËÂ¼È¾Â¹�Ã#É�Æ½ÄÊÉ/¼ÈùÕw)÷ÐÏ]À�»½¼¿À(Ã�Ä	ùÔÏaÑ=É/ÄÊùÈùÈÄ4ÎÅÄÅ»½»½Ä&ùÈ¾º¼±Ï]÷/÷ÐÏaÀÇÏF`¿»2ÎÅ¾ºÀ½À�ÄÊÆÇ÷�¾º¹�Ã�w,n mz~Co {
ka� 1

h {#ô�{pi¾.w
k =

√
2m � ,pµE/~ ÄÅ» a ÄÊÆ�»kùÔÏ	÷�¾ºÀ�»½ÌÊÄ3Ã#Éj÷�¾a»ÇÄÊ¹=»½¼¿ÄÊùÍÏ]Æ-q6.�÷#»½¾º»Ç¼¿Ñ=É/Ä2Ã#ÉÙÎHÏ]¹ÐÏaù�Ã�¸×ÄÊ¹Ø»ÇÀ½ÌÊÄ ô·±Ï�Ã#Ì | ¹/¼û»Ç¼È¾Â¹�Ã#Ä a À½ÄÊÆ�»ÇÄ�Ï]Æ½Æ½ÄÊ'�Æ½ÉÎr/¦:ÄHÎÁ»½¼jlÂÄ ô Ë ¹�÷�ÄÊÉ#»j÷ÐÏ]ÀÞÄ)z#Ä�.�÷/ùÈÄ�ÎÅ¾º¹/ÆÇ¼¿Ã#ÌÊÀ�ÄÊÀjÑ=É/Ä�ùÚÏ÷�¾ÂÀ�»ÇÌÊÄüÃ#É ÷�¾a»ÇÄÊ¹=»½¼¿ÄÊù�ÄÊÆ�»oùÔÏ�Ã#¼ÈÆ�»NÏ]¹�ÎÅÄ4w�÷ÐÏ]À�»½¼¿ÀoÃ#ÄjùÔÏaÑ=É/ÄÊùÈùÈÄ�ÎÅÄj÷�¾a»ÇÄÊ¹=»½¼¿ÄÊù�ÄÊÆ�»o¼¿¹ � ÌÊÀ½¼ÈÄÊÉ/Àôwùm¸ÓÌÊ¹/ÄÊÀ�ËÂ¼ÈÄ4Ã#Ä&ÎÅ¾ºù¿ùÈ¼ÈÆ½¼¿¾º¹E{

|V (a)| ≤ E
h {#ôõ~	i·±Ï � ¾ÂÀ#.�Ä�Ï]Æ-q6.�÷#»½¾º»½¼ÚÑØÉ/Ä�Ã#É�ÎHÏa¹ÐÏ]ùÞÃ�¸ÓÄÊ¹=»ÇÀ�ÌÊÄýÄÊÆ�»ÛÎÊÏaù¿ÎÅÉ/ùÈÌÊÄ�Ã�Ï]¹/Æ ù�¸�Ï]¹/¹/Ä)z#Ä�� ô Ë ¹
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»ÇÀ�¾ÂÉ/lÂÄ�{
V (R̄1) = −βZ

2

R̄4
1

h {/ô �oiÏYlØÄHÎÆ{
β = 9~4/(4m2

pµ)
h {#ô��pi·±Ï*À½ÄÊùÚÏ]»½¼È¾Â¹Eh {/ô {pi Ã#Ä�l�¼ÈÄÊ¹=»3Ï]ù¿¾ºÀ½Æ={

E � 1

βZ2

(
~2

2m � ,pµ
)2 h {#ônmYÊoi

� ¹�É#»Ç¼Èù¿¼ÈÆÕÏ]¹=»3ÎÁÄÅ»½»ÇÄ	À�ÄÊùÚÏ]»½¼¿¾º¹ y ¾º¹�»½À½¾ºÉ/lØÄ&Ñ=É#Ä&ùÚÏ)À�ÌÊËº¼¿¾º¹ÝÃ#É�Æ½ÄÊÉ/¼Èù�ÄÊÆ�»2Ã#¾º¹/¹/ÌÊÄ	÷ÐÏaÀ|{
E � 0.1

Ä�� h {/ôjmsm�i
t ¸×ÄÊÆ�»(÷#À½ÌHÎÅ¼ÈÆ½ÌY.�ÄÊ¹=»(ÎÅÄ4ÑØÉ/Ä	¹/¾ÂÉ/Æ>¾sr�»ÇÄÊ¹/¾º¹/Æ2Ã�Ï]¹/Æ(ùÈÄ&ÎHÏ]ùÚÎÅÉ/ù�÷/À�ÌÊÆ½ÄÊ¹=»ÇÌ | ËºÉ/À½Ävh {#ô×øoiÁô
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¾3¿À�Á {#ô } Â�Ã � ¼ ¾PÅ �L¿�¢��k� � ¡ ½ Å �L¿?¢ ý ½ � m ½ � �:¢ ý ½�� ¾.ù&� ��� ¾.ùÛO n′, ` P ¼ � ¾6¡�¾ �À½ ¤ ��½ ¡� ¢½ m ½^j�� Å)lÅ ¢ � ¢��k� E = 0.1 ½ Q È7ÉÕ� j�� ¾6¡iÄ ½Z½)�B¿ ¡ �k¢?¿ ¼ Å ½)¢��Új�� ¡�¡ ½ ��¼ �k� m � ¾ j�� Å j ¾�Å ½ ù �5j�¿ ü j�½ Å Å ½Z½)�¼ �k¢£�:¿�¢ ÅÆÅ^¤ � ¾ Dv� m5Ê Å ½ô� ¼p¼ ¡ �zjNM ¤ È
·¶¸ÿÏa¹ÐÏ]ù"q�Æ½Ä�Ï]Ævq�.�÷#»Ç¾a»Ç¼¿Ñ=É/Ä�À�ÌàÏaùÈ¼ÈÆ½ÌÊÄ�ÏYlØÄHÎZù¿ÄÅÆ�ÎÅ¾=¾ÂÀ½Ã#¾Â¹/¹/ÌÅÄÊÆ�Ã#Ä´xÂÏºÎÅ¾	r/¼or/¼ÈÄÊ¹*ÏºÃ�Ï]÷#»½ÌÊÄÊÆ Ï]É6zÎHÏ]¹ÐÏaÉ6z	Ã#Ä¶Æ½¾ºÀ�»½¼¿Ä¶Ã#ÄZùÚÏ�À½ÌàÏaÎÁ»Ç¼È¾º¹4Ã#Ä »ÇÀÕÏ]¹/Æ � ÄÊÀ�» y ¹/¾ºÉ/Æ�÷�ÄÊÀU.�ÄÅ»±Ã�¸Ó¾sr�»ÇÄÊ¹/¼ÈÀ�ù¿ÄÅÆL÷�¾Â÷/É#ùÔÏF»Ç¼È¾Â¹#ÆßÃ#ÄÊÆÌÅ»NÏF»ÇÆ | ¹ÐÏ]É6z4Ã#Ä�ùm¸Ó¼¿¾º¹ (

Ë
µ)7+ ô�s É/ÀLùÔÏ | ËÂÉ/À�Äch {/ô } i y ¹/¾ºÉ/Æ ÏYlØ¾º¹/Æ±À½ÄÊ÷/À�ÌÊÆ½ÄÊ¹=»ÇÌ�ùÈÄÊÆß÷�¾º÷/É/ùÚÏ]»½¼¿¾º¹/ÆÀ½ÄÊùÚÏF»Ç¼^lØÄÊÆ7Ã#ÄÊÆ�¹#¼jlÂÄàÏaÉ6z h
n′, ` i ÷�¾ºÉ/À n′ = 5

ÄÅ»
n′ = 6 ôPs ¼Íùm¸Ó¾Â¹üÉ#»Ç¼ÈùÈ¼¿Æ½ÄSùÚÏoÀ7�ÊËºù¿ÄSÃ#ÄSÆ½ÌÊùÈÄHÎÁ»Ç¼È¾º¹Ïa÷/÷#À½¾�Î * ÌÊÄ�»ÇÀ�¾ÂÉ/lÂÌÊÄ�÷/À½ÌHÎÁÌHÃ#ÄY.�.�ÄÊ¹Ø» y ¾º¹�÷�ÄÅÉ#»jÆ½É/÷/÷�¾ºÆ½ÄÊÀjÑØÉ/Ä�÷�¾ºÉ/ÀÞÉ/¹/ÄG.*É/ùû»Ç¼È÷/ùÈ¼ÚÎÁ¼È»½Ì n′



��{ t+* Ï]÷/¼û»ÇÀ½Ä {/ô t Ï]ù¿ÎÅÉ/ù-,pu {/À�ÌÊÆ½É/ùÈ»ÕÏ]»½Æ>ÄÅ»2Ã#¼ÈÆÕÎÁÉ/ÆÇÆ½¼È¾º¹

Ã#¾Â¹#¹/ÌÊÄ y Æ½ÄÊÉ/ù¶ùm¸ÓÌÅ»NÏF» * q�÷�ÄÊÀ½Æ½÷ * ÌÊÀ�¼ÚÑØÉ/Ä h nξ = 0, nη i Æ½Äj÷�ÄÊÉ/÷/ùÈÄüÃ�Äv.ÙÏ]¹/¼��ÅÀ½ÄjÆ½¼ÈËÂ¹/¼ | ÎHÏF»Ç¼^lØÄ ô§ Æ-q6.�÷#»½¾º»Ç¼¿Ñ=É/Ä�.�ÄÊ¹=»�ÎÅÄÖÎÊÏa¹ÐÏ]ù�»ÇÄÊ¹�ÃvlØÄÊÀ�Æ�ù�¸ÓÌÅ»NÏF»�÷ÐÏaÀÇÏLr�¾ºùÈ¼ÚÑ=É#Ä�h n̄ξ = 0, n̄η = n′− 1 iÁô h±¾ÂÉ#ÀlØÌÊÀ�¼ | ÄÊÀ7ÎÅÄÅ»�»ÇÄ * q�÷�¾a» * �ÊÆ½Ä y ¹/¾ÂÉ/Æ>Ï'lÂ¾Â¹/Æ�÷/À½¾	¦?ÄÅ»ÇÌÖù�¸×ÌÅ»ÕÏ]»7÷ÐÏ]ÀÕÏkr�¾ÂùÈ¼¿Ñ=É/ÄÖÆ½É/À�ùÔÏ«rÐÏ]ÆÇÄSÆ½÷ * ÌÊÀ½¼¿Ñ=É/ÄÃ#ÄÊÆ>ÌÅ»NÏF»ÇÆ>ù¿¼ÈÌÊÆxh
n′, ` iÁô ·±Ï)÷�¾º÷/É/ùÚÏ]»½¼¿¾º¹ÝÃ�¸×É/¹�ÌÅ»ÕÏ]» ` ÄÅÆ½»2ÏaùÈ¾ºÀ½Æ(Ã#¾Â¹/¹/ÌÊÄ	÷ÐÏ]À	n {sÈ@o {
P app
n′` ∝ |C((n′ − 1)/2, (n′ − 1)/2,−n′/2,−n′/2; `, 0)|2 h {#ônm'Èpi¾.w

C
ÄÅÆ½»^É/¹üÎÅ¾=Ä�õÙÎÅ¼ÈÄÊ¹=»�Ã#Ä t ùÈÄYr/Æ * [_�S¾ºÀÇÃ�Ï]¹ ô# ¾ºÉ/Æ7ÏYlØ¾º¹/Æk÷/À½ÌÊÆ½ÄÊ¹=»½ÌSÎÁÄÅ»½»ÇÄSÏ]÷/÷/À½¾'z#¼j.ÙÏF»Ç¼È¾Â¹Æ½É/ÀkùÔÏ | ËºÉ/À½Ä�h {#ô } iÁô�á ù¯Ï]÷/÷ÐÏ]ÀÕÏà`Ú»�ÎÅùÔÏ]¼ÈÀ½ÄY.�ÄÅ¹=»7ÑØÉ/Ä3ùÚÏ&À��ÅËÂùÈÄSÃ#Ä3Æ½ÌÊùÈÄHÎÁ»½¼¿¾º¹ nξ = 0

ÎÅ¾ºÀ½À�ÄÊÆ½÷�¾Â¹�Ãw	É/¹/Ä>»ÇÀ7�ÊÆ�r�¾º¹/¹/ÄSÏ]÷/÷/À½¾'z#¼j.ÙÏF»Ç¼È¾Â¹j÷�ÄÊÀU.�ÄÅ»�»NÏ]¹=»kÃ�¸×Ä)z�»½ÀÕÏ]¼¿À�Ä(ù¿ÄÊÆ�¹/¼^lØÄàÏ]É6z�¼n.�÷/ùÈ¼¿Ñ=É/ÌÊÆ^Ã/Ïa¹/Æ�ùÔÏÃpq�¹ÐÏk.�¼¿Ñ=É/Ä&Ã#Ä	»½ÀÕÏ]¹/Æ � ÄÊÀ�» ô
� z#÷�ÌÊÀ½¼j.�ÄÊ¹=»ÕÏaùÈÄY.�ÄÅ¹=» y ÆÇÄÅÉ/ù¿ÄÊÆ7ùÈÄÊÆ7÷�¾Â÷#É/ùÔÏF»Ç¼È¾º¹/Æ(Ã#ÄÊÆ7ÌÅ»NÏF»ÇÆ>Ã#ÄSÆ½»½À½É�ÎÁ»½É/À½Ä | ¹/ÄÖÆ½¾Â¹Ø»>Ì�lÂÄÊ¹6[»ÇÉ/ÄÊùÈùÈÄY.�ÄÊ¹=»$.�ÄÊÆ½É/ÀÕÏkr/ùÈÄÊÆ ô ·±Ï*À�ÄÊùÚÏ]»½¼¿¾º¹�ÄÊ¹=»ÇÀ�ÄÖùÈÄÊÆ7÷/À½¾	rÐÏkr/¼¿ùÈ¼û»ÇÌÊÆ(Ã#ÄS»½ÀÕÏ]¹/Æ � ÄÊÀ�»7Æ½É/À�É/¹�ÌÅ»ÕÏ]»>Ã#ÄÆ�»ÇÀ½É�ÎÁ»½É/À½Ä | ¹/Ä¥h n′, j i ÄÅ»>ù¿ÄÊÆ Pn′` ÄÊÆ½»(Ã#¾Â¹/¹#ÌÊÄ&÷ÐÏ]À={

Pn′,j ∝
∑

`

Pn′,`
2`+ 1

∑

mj ,m`

|C(`, 1/2,m`,mj −m`; j,mj)|2
h {#ônm , i

= (2j + 1)
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h {#ônmÅø�i
·�ÄÊÆ�÷�¾Â÷/É#ùÔÏF»Ç¼È¾Â¹#Æ�Ã#ÄÊÆ�ÌÅ»NÏF»ÇÆkÃ#Ä(Æ�»ÇÀ�É�ÎÁ»ÇÉ/À�Ä | ¹/Ä3Ã�ÄÊÆb.*É#ùÈ»½¼¿÷/ùÈ¼¿ÎÅ¼û»ÇÌÊÆ n′ = 5

ÄÅ»
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¾3¿À�Á {/ô {�Â,Ã � ¼ ¾PÅ �L¿�¢�!� � ¡ ½ Å �L¿�¢ ý ½ � m ½ � �:¢ ý ½�� ¾.ù(� ��� ¾�ùÝO n′, j P ¼ � ¾�¡Å¾ ��½ ¤ ��½ ¡� ¢½ m ½uj�� ÅÆÅ ¢ l� ¢�k� E = 0.1 ½ Q È�ÉÕ�¢j�� ¾6¡iÄ ½¥½��Ä¿ ¡ �k¢?¿ ¼ Å ½)¢£� j�� ¡�¡ ½ ��¼ �k� m ø n′ = 6 ü j�½ ÅÆÅ ½v½)� ¼ �k¢��8¿�¢ ÅÆÅ^¤^ø
n′ = 5 È
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�^�p�����C \¡y�
� ô �(¾ÂùÈ')ý>ÏaÀ�» * ÄÅ»�� ô x ô h � ÄÊ¼^ó¯ÄÊÀ*¾º¹=»ÞÃ#Ì#¦�wÝÉ#»Ç¼ÈùÈ¼¿Æ½Ì�ÎÅÄÅ»�»ÇÄ2.�ÌÅ» * ¾�Ã#Äü÷�¾ÂÉ#À)Ã#ÌÅ»ÇÄÊÀ#.�¼È¹/ÄÊÀù¿ÄÅÆS÷�¾º÷/É/ùÚÏ]»½¼¿¾º¹/ÆÖÃ#ÄÊÆ3ÌÅ»NÏF»ÇÆ3÷/À½¾�Ã#É/¼û»ÇÆSÃ#ÄoùÔÏ�À½ÌàÏaÎÁ»Ç¼È¾º¹�Ã#Ä4»½ÀÕÏ]¹/Æ � ÄÊÀ�»�.*É/¾º¹/¼¿Ñ=É/ÄoÆ½É/À3ùÈÄ¥¤�É/¾ºÀ

n { , omô § ÷/À7�ÊÆÞÏYlØ¾º¼¿À*Ã#ÌÅ»ÇÄÊÀ#.�¼È¹/Ì�ùÈÄÊÆ*ÌÅ»NÏF»ÇÆÞÏaÃ#¼ÔÏkrÐÏF»Ç¼¿Ñ=É/ÄÊÆ)÷�ÄÊÀ�»½¼¿¹#ÄÊ¹=»ÇÆ)Ã#ÄüùÔÏÝÃpq�¹ÐÏk.�¼ÚÑØÉ/Ä y ¼Èù¿ÆÉ#»Ç¼ÈùÈ¼¿Æ½ÄÊ¹=»kù¿ÄÊÆkÌÁ»NÏ]»½Æk÷ÐÏaÀÇÏLr�¾ºùÈ¼ÚÑØÉ/ÄÊÆ�ÎÅ¾ºÀ½À½ÄÊÆ½÷�¾º¹�Ã�Ï]¹=»ÇÆk÷�¾ÂÉ/ÀkÎHÏaù¿ÎÅÉ/ùÈÄÊÀkùÈÄÊÆk÷Í¾º÷/É/ùÚÏF»Ç¼È¾Â¹/Æ ô ·�Ä(»ÇÀ7�ÊÆr�¾Â¹ÞÏaÎÊÎÅ¾ºÀÇÃ*ÄÅ¹=»ÇÀ½ÄkùÈÄÊÉ/À½Æ�À½ÌÊÆ½É/ùû»NÏF»ÇÆ�ÄÅ» ùÈÄÊÆ Ã#¾Â¹/¹#ÌÊÄÊÆ Ä)z#÷�ÌÊÀ�¼n.ÞÄÊ¹=»NÏ]ùÈÄÊÆZÃ#¼¿Æ½÷�¾º¹/¼jr/ù¿ÄÅÆZ¾º¹=»�÷/À½¾ºÉ/lØÌùm¸ÓÄ�õjÎHÏºÎÅ¼û»ÇÌúÃ#ÄÝÎÅÄÅ»�»ÇÄ�»ÇÄHÎ * ¹/¼ÚÑØÉ/ÄÝ÷�¾ºÉ/ÀÙ¼È¹=»½ÄÊÀ½÷/À�ÌÅ»ÇÄÊÀjùÈÄÊÆÙÆ½÷�ÄHÎÁ»½À½ÄÊÆüÃ�ÄúÎHÏ]ÆÇÎHÏaÃ#ÄÊÆüÀÇÏºÃ�¼ÔÏF»Ç¼^lØÄÊÆ¾sr/Æ½ÄÊÀ�lØÌÊÆ ô
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¾3¿À�Á {#ôõ~0ÂÐÏ � ¾.ù m ½ô¿ ¡ �k� � Ç�½ ¡ ¿ ¼ � ¡ ¿�¢½ Å � ½�¿$¿��L¿�� Å � ¾6¡�Å K � ù Á � Ê ��½v½)��Ç��k�¤j�¿�¢��k� m ½ Å K ¤ �À½ ¡�� ¢�½m ½¢j�� ÅÆÅ ¢ � ¢�k�IÈNÉ-½ �ÒÑ Ê jNMÎ½ � ý ½ ¡ ¿�¢�j�� Å ½ � ¢�� m ¢Â ¾ ½)�8¿ Å K ¤ �À½ ¡�� ¢½ m ½ Å � Ä � ¡�¡ ¢ Ê ¡ ½¢j�½)�8¿ ¡ ¢ Ç ¾p� ½zÈºÉÕ½¼ �k¢£�:¿�j�� ¡�¡ ½ ��¼ �k� m � ¾�¡�¤ � ¾�Å ¿��L¿$½ ù ¼ ¤)¡ ¢ÓD¥½)�:¿�� Å m ½ n�lNp È
·±Ï | ËÂÉ/À�ÄÆh {/ô)~si ÷/À½ÌÊÆ½ÄÊ¹=»½ÄSùÈÄÊÆk»NÏaÉ�züÃ#Ä3»½ÀÕÏ]¹/Æ � ÄÊÀ�»^÷ÐÏ]À�»Ç¼ÈÄÊùÈÆ�ÄÅ»^»½¾º»ÕÏaù�¾sr#»½ÄÊ¹�É/Æ7Ï'lÂÄHÎ2ùm¸Ó¾'zpqo[Ë	�Å¹/Ä4÷�¾ÂÉ/À2Ã#ÄÊÆ2ÌÊ¹/ÄÊÀ�ËÂ¼ÈÄÊÆ3Ã#ÄoÎÅ¾ºùÈù¿¼ÈÆ½¼È¾Â¹uÎÅ¾	.�÷/À�¼¿Æ½ÄÊÆ(ÄÊ¹=»ÇÀ�Ä

10−3 ÄÅ» 10
Ä�� ô ·�Ä4÷�¾Â¼È¹=»2¼È¹�Ã#¼ÚÑØÉ/ÄùÔÏZlºÏ]ù¿ÄÅÉ/ÀüÄ)z#÷�ÌÊÀ�¼n.ÞÄÊ¹=»NÏ]ùÈÄ .ÞÄÊÆ½É/À½ÌÊÄÝ÷ÐÏaÀ §*ô X ÄÊÀ�» * .*Y/ùÈùÈÄÊÀ ½�¿�� Å�ÄÊ¹ÜÄ)z#÷/ùÈ¾º¼È»ÕÏa¹Ø»�ùÈÄuÎÅ¾	.ô[÷�¾ÂÀ�»ÇÄY.�ÄÅ¹=»4Ï]É6zu»½ÄY.�÷/ÆÖù¿¾º¹/ËºÆ&Ã#É Æ½÷�ÄHÎÁ»ÇÀ�Ä�Ã#Ä)ÀÕÏ�qØ¾º¹/Æ � ÷/À½ÌÊÆ½ÄÊ¹=»½ÌjÏ]ÉÛÎ * Ïa÷/¼û»ÇÀ�Ä�,�n È@omô Ë ¹¾sr/Æ½ÄÊÀ�lØÄ&»½¾ÂÉ#»3Ã�¸�Ïkr�¾ºÀÇÃÝÑ=É�¸ÿÏ'lÂÄHÎ&ù�¸×ÌHÎ * ÄÊùÈù¿Ä4ù¿¾ºËØÏaÀ�¼È» * .�¼¿Ñ=É/Ä4É#»Ç¼Èù¿¼ÈÆ½ÌÊÄ4ÄÊ¹Ý¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆ y ùÈÄÊÆ(»NÏ]É6zÃ#ÄS»ÇÀÕÏ]¹/Æ � ÄÊÀ�»>÷ÐÏ]À�»½¼¿ÄÊùÈÆ(ÎÅ¾	.�÷�¾ºÀ�»½ÄÊ¹=»>É/¹/ÄÖ÷ÐÏ]À�»Ç¼ÈÄÖù¿¼È¹/ÌàÏ]¼ÈÀ½Ä�{

λJ(E)
ÄÊÆ�»>÷/À½¾º÷�¾ºÀ�»Ç¼È¾º¹/¹/ÄÊù-w

EJ ôt Ä4À½ÌÊÆ½É/ùû»NÏF»SÆH¸�ÏaÎÊÎÅ¾ºÀÇÃ#Ä4÷ÐÏaÀ � Ïa¼û»ÇÄ�.�ÄÊ¹=»ÖÏ'lÂÄHÎ4ùÈÄÊÆ3ùÈ¾Â¼ÈÆSÃ#ÄoÆ½ÄÊÉ/¼ÈùßÆH¸ÿÏa÷/÷/ùÈ¼¿Ñ=ÉÐÏ]¹=»S÷�¾ºÉ/À3ùÈÄÊÆSÃ#¼jóÍÌ)[À½ÄÊ¹=»½ÄÊÆ(¾Â¹�Ã#ÄÊÆ2÷ÐÏ]À�»½¼ÈÄÊù¿ùÈÄÊÆ0n mz~Comô�� ¹ÝÃ#ÄÊÆ½ÆÇ¾ºÉ/Æ3Ã#Ä 10−3 Ä�� y ùÈÄ&»NÏ]É6z�Ã#Ä&»½ÀÕÏ]¹/Æ � ÄÊÀ�»(ÄÊÆ½»3Ã#¾	.�¼È¹/Ì



��� t+* Ï]÷/¼û»ÇÀ½Ä {/ô t Ï]ù¿ÎÅÉ/ù-,pu {/À�ÌÊÆ½É/ùÈ»ÕÏ]»½Æ>ÄÅ»2Ã#¼ÈÆÕÎÁÉ/ÆÇÆ½¼È¾º¹

÷ÐÏaÀkùm¸Ó¾Â¹�Ã#Ä3÷ÐÏaÀ�»Ç¼ÈÄÊùÈù¿Ä
J = 0 y »NÏ]¹�Ã#¼ÈÆ7Ñ=É�¸�Ï]É6zÙÌÊ¹/ÄÊÀ�ËÂ¼ÈÄÊÆ^» * ÄÊÀ#.�¼ÚÑØÉ/ÄÊÆ|h ∼ 0.04

Ä�� i y ùÚÏoÎÅ¾º¹=»ÇÀ�¼^[r/É#»Ç¼È¾º¹ÝÃ#Ä	ù�¸×¾º¹�Ã#Ä
J = 1

Ã#Ä�l�¼ÈÄÊ¹=»(÷/À�ÌHÃ#¾	.�¼È¹ÐÏa¹=»½Ä ô
J m È , ø }

§�Ï]À½À½¼ �ÊÀ½Ä&ÎÁÄÊ¹=»ÇÀ�¼ � É/ËÂÄ Ê/ô�Ê.� Ê#ô��/m , ô } ~ �/ôÓø.� m��/ô , �
ÔÉÕ×Ö Á {#ônm�Â X � ¡)¡ ¢ Ê ¡ ½ �"Ø ½��8¿ ¡ ¢ Ç ¾s� ½ � ½)�Z½ Q � ¾6¡�Å ½ Ø �!��� ÅÎÙ K ½)�8¿ ¡�¤ ½ Ù ½ Å � ¡�¤ � Ø ¿?¢�k� (pµ)1s +ö 8+ → p+ (µ ö )7+ ¼ � ¾�¡=¾ ��½ ý � Å ½ ¾6¡ÚÙ ½ J Ù �!�:� ¤ ½zÈ

uSÏ]¹/ÆSùÈÄo»ÕÏLr/ùÈÄàÏ]É`h {#ônm�i y ¹#¾ÂÉ/ÆÖÏ'lÂ¾Â¹/Æ3¼È¹�Ã#¼ÚÑØÉ/Ì*ù¿ÄÅÆ * Ï]É#»ÇÄÊÉ/À�ÆÖÃ#ÄÊÆ�rÐÏaÀ�À½¼ �ÊÀ½ÄÊÆSÎÅÄÊ¹=»ÇÀ�¼ � É/ËÂÄÅÆÎÅ¾ÂÀ�À½ÄÊÆ½÷�¾º¹�Ã�Ïa¹Ø»�w�É/¹/ÄôlÂÏ]ùÈÄÊÉ/À4Ã#Ä
J
Ã#¾º¹/¹/ÌÊÄ ô t ÄÊÆ4Ã�¾Â¹/¹/ÌÊÄÅÆ4Æ½¾º¹=»4Ã#ÌHÃ#É/¼û»ÇÄÅÆoÃ�É ÎHÏ]ùÚÎÁÉ/ù�Ã#ÄÊÆÌÊ¹/ÄÊÀ½Ëº¼ÈÄÊÆSÏaÃ#¼ÚÏLrÐÏF»Ç¼¿Ñ=É/ÄÅÆ

ε(R1)
÷/À�¾!lÂÄÊ¹ÐÏ]¹=»3Ã�Ä&ùÔÏÞÃ#¼ÚÏaËº¾º¹ÐÏaùÈ¼ÈÆNÏF»Ç¼È¾º¹uÃ�Ä&ùm¸ÿ�3ÏL.Þ¼¿ùû»Ç¾º¹/¼ÈÄÊ¹Äh áÕôõ~@�oi÷/À½ÌÊÆ½ÄÊ¹=»½Ì	Ã�Ïa¹/Æ7ùm¸ÿÏa¹/¹#Ä)z#Ä á ÷�¾ºÉ/À>É#¹/ÄÅlºÏ]ù¿ÄÊÉ/À>Ã#Ä R1

| z#ÌÊÄ ô ·�ÄÊÆÃlÂÏ]ùÈÄÊÉ/À½Æ7¾sr#»½ÄÊ¹�É/ÄÊÆ(Ã#¼^óÛ�ÊÀ½ÄÊ¹Ø»Ã#ÄÞÎÅÄÅù¿ùÈÄÊÆÖ¾sr/Æ½ÄÊÀ�lØÌÊÄÊÆÖÆ½É/ÀSùÈÄÊÆÖ¹/¼^lØÄàÏ]É6z *ÝÜ ÷�ÄÊÀ�ÆÇ÷ * ÌÊÀ½¼¿Ñ=É/ÄÊÆ
ε(ρ) ô©� ¹�Ä)ó¯ÄÅ» y ÎÁÄÊÆ	Ã#ÄÊÀ½¹#¼��ÊÀ�ÄÊÆÖÀ½Ì)[Æ½É/ùÈ»½ÄÊ¹=»(ÄÊ¹�÷ÐÏ]À�»½¼¿Ä&Ã#Ä4ÎÅ¾ºÉ/÷/ùÚÏaËºÄÊÆ2¹#¾Â¹�÷ *�Ü Æ½¼ÚÑ=É#ÄÊÆ(÷/À½¾�lØÄÊ¹ÐÏ]¹=»2Ã#Ä	ùÔÏÞÃ#Ì | ¹/¼û»½¼¿¾º¹úÃ#É�Æ Ü Æ�»��Y.�ÄÃ#ÄüÎÅ¾=¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆ*Ñ=É/¼�¹/Ä�»ÇÄÊ¹�Ã Ñ=É�¸ÿÏaÆ Ü .�÷#»½¾º»½¼¿Ñ=É/ÄY.�ÄÊ¹=»xlÂÄÊÀ½Æ4ùÈÄÊÆ*ÎÅ¾=¾ÂÀ½Ã#¾Â¹/¹/ÌÅÄÊÆ)Ã#Ä�xÂÏºÎÁ¾sr/¼ ô·�ÄÊÆ�¤Þ�HÎ * ÄÊÆÅlØÄÊÀ�»½¼ÚÎÊÏaùÈÄÊÆ4Ã#Ä)ùÔÏ | ËÂÉ#À½Ä�h {#ôõ~	i ¼È¹�Ã#¼¿Ñ=É/ÄÊ¹=»&ù�¸×ÌÅ¹/ÄÊÀ½Ëº¼¿Ä�ÎÅ¾ºÀ½À½ÄÅÆÇ÷�¾º¹�Ã�Ï]¹=»«w�ùÚÏ * Ï]É6[»ÇÄÊÉ/ÀÞÃ#Ä�ÎÅÄÊÆÆrÐÏ]À½À�¼��ÊÀ�ÄÊÆ ô Ë ¹�¾	r/Æ½ÄÊÀ#lØÄ�Ñ=É�¸×É/¹/Ä � ¾Â¼ÈÆÞÆ½¾ÂÀ�»Ç¼ÈÄ�Ã#Ä�ùÚÏuÀ�ÌÊËÂ¼È¾º¹�Ã#ÉýÆÇÄÊÉ#¼¿ù y Î * ÏaÑ=É/Ä¾Â¹�Ã�Ä)÷ÐÏ]À�»Ç¼ÈÄÊùÈùÈÄ)÷ÐÏaÆ½Æ½Ä*÷ÐÏ]ÀSÉ/¹ .ÙÏ!z�¼n.oÉÎ.0÷�¾ºÉ/ÀSÉ/¹/Ä*ÌÊ¹/ÄÊÀ�ËÂ¼ÈÄ*»½À��ÊÆS÷/À½¾�Î * Ä)Ã#Ä*ùm¸ÓÌÊ¹/ÄÊÀ½Ëº¼ÈÄÞÃ#ÄùÔÏ«rÐÏ]À½À�¼��ÅÀ½Ä	ÎÅÄÊ¹Ø»ÇÀ½¼ � É/ËºÄ ô t ÄÊùÚÏoÆÇÉ#ËÂË
�ÊÀ½Ä	ÑØÉ/Ä	ÎÅÄÊÆ$.jÏ!z#¼j.ÙÏoÎÅ¾ÂÀ�À½ÄÊÆ½÷�¾º¹�Ã#ÄÊ¹=»�w*Ã#ÄÅÆ7À½ÌÊÆ½¾º¹ÐÏa¹�ÎÅÄÅÆÃ#Ä � ¾ºÀU.�ÄÊÆ>÷/À�¾�Ã#É/¼û»ÇÄÊÆ>÷ÐÏaÀ7ù¿ÄÅÆ¬rÐÏ]À½À½¼ �ÊÀ�ÄÊÆ2ÎÅÄÊ¹=»½À½¼ � É/ËºÄÊÆ ô

� ¹�É#»½¼¿ùÈ¼ÈÆNÏ]¹=»>ùÔÏ � ¾ÂÀ#.*É/ùÈÄvh {/ôÓø�i y ¾º¹�»½À½¾ºÉ/lØÄ	Ñ=É/ÄÖùÈÄÖ»NÏ]É6z�Ã#ÄÖ»½ÀÕÏ]¹/Æ � ÄÊÀ�»¬w*ù�¸×ÌÊ¹/ÄÊÀ�ËÂ¼ÈÄÖ» * ÄÅÀ�[.�¼¿Ñ=É/ÄÅlºÏaÉ#»={
λth = λ(300K) = 7.77 1010 s−1 h {#ônm } i·±Ï«lÂÏ]ùÈÄÊÉ/À>Ä)z#÷�ÌÊÀ½¼j.�ÄÊ¹Ø»NÏ]ù¿Ä|.�ÄÊÆ½É/À½ÌÊÄ	ÄÊÆ�»={

λexpth = 8.5[5] 1010 s−1 h {#ônm�{oi·¶¸ÓÄÊÀ½À½ÄÅÉ/À>À½ÄÊùÚÏF»Ç¼^lØÄ	ÄÊ¹=»ÇÀ�Ä&ÎÅÄÊÆ(Ã#ÄÊÉ6z4lºÏaùÈÄÊÉ/À½Æ>¹�¸×ÄÊÆ�»(Ã#¾Â¹/Î&Ñ=É#Ä4Ã#Ä
8.2 % ô

� Í���Í � eª$���µ©Ý2����$¶Ò3Ü
§ ÎÅÄÝÆ�»NÏaÃ#ÄúÃ#Äú¹#¾º»ÇÀ�ÄÝÌÅ»ÇÉ�Ã#Ä y ¼¿ù(ÄÊÆ½»Ù¼¿¹Ø»ÇÌÊÀ½ÄÅÆÇÆÕÏ]¹=»�Ã#ÄúÎÅ¾Â¹ � À½¾º¹=»ÇÄÊÀÙ¹/¾ºÆÙÀ½ÌÊÆ½É/ùû»NÏF»ÇÆ�ÏYlÂÄHÎù¿ÄÅÆÖ÷/À�ÌHÃ#ÌHÃ#ÄÊ¹=»½ÆÖÎHÏaù¿ÎÅÉ/ùÈÆÅ.�ÄÊ¹/ÌÅÆSÆ½É/ÀÖÎÅÄ*Æ½É	¦?ÄÅ» ôß�	ôÀ§oô©s É/ùû»NÏa¹#¾!lÝÄÅ» sÍô « ôÀ§ Ã * ¼jºÏ]À½¼ß¾º¹=»ÖùÈÄÊÆ÷/À½ÄY.Þ¼¿ÄÊÀ�Æ(¾sr#»½ÄÊ¹�É�É/¹/Ä|lºÏ]ù¿ÄÊÉ#À>» * ÌÅ¾ÂÀ�¼ÚÑ=É/Ä4Ã#É�»NÏ]É6z�Ã#Ä	»½ÀÕÏ]¹/Æ � ÄÊÀ�»>» * ÄÊÀU.�¼¿Ñ=É/Ä	ÆÇÉ/À>ù�¸×¾'z Ü Ë
�Ê¹/Ä÷/À½¾�Î * Ä(Ã#Ä>ùÚÏclºÏ]ù¿ÄÅÉ/À¶Ä)z#÷�ÌÊÀ�¼n.ÞÄÊ¹=»NÏ]ùÈÄ"à {aø&á ô ·�ÄÊÉ/À�.�ÌÁ» * ¾�Ã#Ä2Ïa÷/÷/À�¾�Î * ÌÊÄ(É#»½¼¿ùÈ¼ÈÆ½Ä(ùÈÄÊÆ¶ÌHÑ=ÉÐÏF»Ç¼È¾Â¹#Æ¼¿¹Ø»ÇÌÊËºÀ½¾k[?Ã#¼jóÍÌÊÀ�ÄÊ¹=»Ç¼ÈÄÊùÈù¿ÄÅÆ ] ÏaÃ#ÄÊÄ�lp[��2Ï * ¹¥w	Ã#ÄÅÉ6zÞ¹/¼jlÂÄàÏaÉ�z ô uÖÏ]¹/Æ¶ù¿ÄÅÉ/À�ÎHÏ]ùÚÎÅÉ/ù y ¼Èù¿Æ¶¹/Ä>÷/À½ÄÊ¹/¹/ÄÊ¹Ø»÷ÐÏaÆoÄÊ¹ýÎÅ¾	.�÷#»½ÄüùÈÄÊÆ)ÎÅ¾º¹=»ÇÀ�¼nr#É#»Ç¼È¾Â¹/Æ)Ã#ÄÊÆo¾Â¹�Ã#ÄÅÆ*÷ÐÏaÀ�»Ç¼ÈÄÊùÈù¿ÄÊÆ

J 6= 0 ô Ë À y ¹/¾ºÆ*À½ÌÅÆÇÉ/ùû»NÏF»ÇÆo¾Â¹Ø».�¼ÈÆ^ÄÊ¹ÙÌ�l�¼¿Ã#ÄÊ¹�ÎÅÄ3ùÈÄ3À½�ºùÈÄ � ¾º¹�Ã�Ïk.�ÄÊ¹=»NÏ]ùo¦:¾ºÉ/Ì3÷ÐÏ]Àkùm¸Ó¾Â¹/Ã#Ä
J = 1

ÏaÉ6zjÌÊ¹/ÄÊÀ�ËÂ¼ÈÄÊÆk» * ÄÊÀ#.�¼¿Ñ=É/ÄÊÆ�{ùm¸ÿÏºÎÅÎÅ¾ÂÀ½Ã�Ã#Ä�ùÈÄÊÉ/À�lºÏ]ù¿ÄÅÉ/À�ÏYlØÄHÎüù�¸×Ä)z#÷�ÌÊÀ�¼ÈÄÊ¹�ÎÅÄ�¹�¸×ÄÅÆ½»ÞÃ#¾º¹�Î�Ñ=É�¸�Ï]÷/÷ÐÏ]À½ÄÊ¹=» y ÄÅ»)÷/À½¾�l�¼ÈÄÊ¹=»�Ã�¸ÓÉ/¹Ä�óÍÄÅ»2Ã#Ä&ÎÅ¾	.�÷�ÄÊ¹/ÆÕÏF»Ç¼È¾Â¹�ÄÊ¹Ø»ÇÀ½Ä	ùÈÄÊÆ(Ã#¼^ó¯ÌÊÀ�ÄÊ¹=»ÇÄÅÆ3Ï]÷/÷/À½¾'z#¼j.ÙÏF»Ç¼È¾Â¹/Æ � Ïa¼û»ÇÄÊÆ ô
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� ôLáNô�s ÏYl�¼¿Î * Ä)lÛÄÅ» �	ô §kù¿Y/.�ÄÊù�¾Â¹=»4À½ÌHÎÅÄY.�.ÞÄÊ¹=»oÉ#»½¼¿ùÈ¼ÈÆ½ÌÙÉ/¹Ä.�¾�Ã>�ÊùÈÄÙÆÇÄ�.�¼^[?ÎÅùÚÏ]Æ½ÆÇ¼¿Ñ=É/Ä4wÃ#ÄÊÉ6z�¹/¼^lØÄàÏ]É6z�÷�¾ºÉ/À&ÎHÏaù¿ÎÅÉ/ùÈÄÊÀ	ùÈÄ)»NÏ]É6z Ã#Ä)»ÇÀÇÏa¹/Æ � ÄÅÀ�»«w�Ã#ÄÅÆ&ÌÊ¹/ÄÅÀ½Ëº¼¿ÄÊÆ	¼¿¹ � ÌÊÀ½¼ÈÄÊÉ/À½ÄÊÆxw
0.5

Ä��à { } ámô uSÏa¹/Æ2ÎÅÄx.Þ¾�Ã>�ÊùÈÄ y ¼¿ùÈÆ(»½ÄÊ¹=»ÇÄÊ¹Ø»3Ã#Ä4÷#À½ÄÊ¹�Ã#À�Ä4ÄÊ¹ÝÎÅ¾	.�÷#»ÇÄ&ù�¸×Ä�óÍÄÅ»3Ã�¸×ÌÊÎÅÀÕÏ]¹Ý÷/À½¾�lØ¾�Ñ=É/Ì&÷ÐÏaÀù¿ÄÅÆkÌÊù¿ÄHÎN»ÇÀ½¾º¹/Æ^Ã#Ä3ÎÅ¾=ÄÊÉ/À^Ã#Ä(ùm¸Ó¾'z Ü Ë
�Ê¹/Ä ô ·�ÄÊÉ/ÀkÎHÏ]ù¿ÎÅÉ/ù�¼È¹�ÎÅùÈÉ#»^ÌÊËØÏaùÈÄY.�ÄÊ¹Ø»�Ã#ÄÊÆk¾º¹�Ã#ÄÊÆk÷ÐÏ]À�»½¼¿ÄÊùÈùÈÄÊÆ
J 6= 0

¦:É/ÆÇÑ=É�¸Éw
J = 4 ô@s ¸Ó¼¿ùÈÆ�»ÇÀ½¾ºÉ/lØÄÅ¹=»�Ï]É/Æ½ÆÇ¼ÂÉ/¹=r�¾Â¹oÏaÎÊÎÅ¾ºÀÇÃ&÷�¾ºÉ/ÀLù�¸×ÌÊ¹#ÄÊÀ½Ëº¼¿ÄZ» * ÄÊÀ#.�¼¿Ñ=É/Ä y ùÈÄÊÉ/À»NÏ]É6zÝ÷/À½ÌÊÆ½ÄÊ¹Ø»ÇÄ*É#¹/Ä*À½ÌÊÆ½¾º¹ÐÏ]¹�ÎÅÄÞÏ]É�lÂ¾Â¼ÈÆ½¼¿¹ÐÏ]ËºÄ)Ã#Ä

0.2
Ä�� y ÏaÆ½Æ½¾�ÎÁ¼¿ÌÊÄÆw�ùm¸Ó¾Â¹/Ã#Ä J = 2 ô uSÏ]¹/Æ¹/¾º»½À½Ä�Ïa÷/÷/À�¾�Î * Ä y ¹/¾ºÉ/ÆÞÏYlØ¾º¹/Æ*¹/ÌÊËºù¿¼ÈËºÌ�ùÈÄüÀ½�ºùÈÄ�Ã#ÄÊÆ*ÌÊùÈÄHÎÁ»½À½¾º¹/Æ)Ã#ÄüùÚÏ�.�¾ÂùÈÌHÎÅÉ/ùÈÄ�Ã�¸×¾'z Ü Ë
�Ê¹/Ä÷�¾ÂÉ/À4Ã#ÌHÎÅÀ½¼ÈÀ�ÄÙùÈÄj÷�¾a»ÇÄÊ¹=»½¼¿ÄÅùkÃ�¸×¼È¹=»ÇÄÊÀÇÏºÎN»Ç¼È¾Â¹ ÄÊ¹=»½À½ÄjùÈÄÊÆ&»ÇÀ�¾Â¼ÈÆ4÷ÐÏ]À�»Ç¼¿ÎÅÉ/ùÈÄÊÆ ô ·¶¸×Ä)z#ÎÅÄÊù¿ùÈÄÊ¹=»)ÏaÎÊÎÅ¾ºÀÇÃÑ=É/Ä�¹/¾ºÉ/ÆÙÏ'lÂ¾Â¹#Æ�¾sr#»½ÄÊ¹�É�÷�¾ºÉ/À�ù�¸×ÌÊ¹/ÄÅÀ½Ëº¼¿Ä�» * ÄÅÀU.�¼¿Ñ=É/Ä�¹/¾ºÉ/Æ�Æ½É/ËÂË
�ÊÀ½Ä�ÎÅÄÅ÷�ÄÊ¹�Ã�Ïa¹Ø»ÙÑ=É/Ä�ÎÅÄÊÆÄ�óÍÄÅ»ÇÆ�Æ½¾Â¹Ø» � Ï]¼jr/ùÈÄÊÆ ô u2ÄS÷/ùÈÉ/Æ y Æ½¼¯ÎÅÄÊÆ7ÎÅ¾ºÀ½À½ÄHÎN»Ç¼È¾Â¹/Æ7Ã�¸×ÌHÎÅÀÇÏa¹Ø»NÏ]ËÂÄ	ÏYlÂÏ]¼ÈÄÊ¹=»7É/¹üÄ�ó¯ÄÅ»�Æ½¼¿Ëº¹/¼ | ÎHÏF»Ç¼ �Æ½É/ÀÙù¿Ä�»NÏ]É6zÜÃ#Ä�»ÇÀÇÏa¹/Æ � ÄÊÀ�» y ÄÅù¿ùÈÄÊÆÙ»ÇÄÊ¹�Ã#ÀÇÏa¼ÈÄÊ¹=»Gw Ã#¼j.�¼¿¹=É/ÄÊÀüù�¸Ó¼¿¹=»½ÄÊÀÕÏaÎÁ»Ç¼È¾º¹ªÄÅ¹=»ÇÀ�Äúù�¸×¾'z Ü Ë
�Ê¹/ÄÄÅ»	ùm¸ *ÝÜ Ã#À½¾ºË
�Ê¹/ÄÆ.*É/¾º¹/¼¿Ñ=É/Ä y ÎÁÄ�Ñ=É/¼¶ÏaÉ#ÀÕÏa¼û»	÷�¾ÂÉ/À	ÎÅ¾Â¹#ÆÇÌHÑØÉ/ÄÊ¹�ÎÅÄ�Ã�¸�Ï]É/Ës.ÞÄÊ¹=»ÇÄÊÀÖùÈÄÊÆ&ÌÅ¹/ÄÊÀ½Ëº¼¿ÄÅÆÃ#ÄÊÆüÀ�ÌÊÆ½¾Â¹ÐÏ]¹�ÎÅÄÊÆ�Ã#Ä � ¾ºÀU.ÞÄÊÆÙ¾sr/Æ½ÄÊÀ�lØÌÊÄÊÆ ô�§ ¼È¹/Æ½¼ y ÏYlØÄÊÎ�É/¹Ü÷�¾a»ÇÄÊ¹Ø»Ç¼ÈÄÊù3÷�ÏaÀ � Ïa¼û»ÇÄ�.�ÄÊ¹=»üÄ)z/ÏºÎÁ» yùÔÏÝÀ�ÌÊÆÇ¾º¹ÐÏ]¹�ÎÅÄ�Ã#Ä�ù�¸×¾º¹�Ã#Ä

J = 1
Æ½Äü»ÇÀ�¾ÂÉ/lÂÄÊÀÕÏ]¼È»�wÝÉ/¹/ÄüÌÊ¹/ÄÊÀ½Ëº¼ÈÄ�ÆÇÉ/÷�ÌÅÀ½¼ÈÄÊÉ/À½Äèw

0.04
Ä���ÄÅ»ÎÅÄÊùÈù¿Ä*Ï]Æ½ÆÇ¾�ÎÅ¼ÈÌÊÄôwÞù�¸×¾º¹�Ã#Ä

J = 2
w�÷/ùÈÉ/Æ3Ã#Ä È Ä�� ô� ¾ºÉ/Æ2ÄÊ¹úÎÅ¾º¹�ÎÅùÈÉ/¾Â¹/Æ3Ñ=É/Ä4Æ½¼LÉ/¹/ÄoÎÅÄÊÀ�»NÏ]¼¿¹/ÄÀ½ÌÊÆ½¾º¹ÐÏa¹�ÎÁÄ^Ã#¾º¼È» Ï]÷/÷ÐÏ]ÀÕÏà`¿»ÇÀ½Ä^ÏaÉ=lØ¾º¼ÈÆ½¼¿¹ÐÏ]ËÂÄkÃ#Ä

0.1−0.2
Ä�� y ÎÅÄÊù¿ùÈÄ)[?ÎÅ¼�ÏaÉ/ÀÇÏa¼û»ßÉ/¹ � ¾ÂÀ�»ßÎHÏ]ÀÕÏaÎÁ»��ÊÀ�Ä

J = 1 y ÎÅÄ&Ñ=É/¼�¹/Ä&ÎÅ¾ºÀ½À�ÄÊÆ½÷�¾Â¹�Ã�÷ÐÏaÆ2ÏaÉ�z�À½ÌÊÆ½É/ùû»NÏF»ÇÆ(Ã#Ä�� ô/áNôMs ÏYl�¼¿Î * Ä�l�ÄÅ» �	ô §�ù¿YÎ.�ÄÅù ô
� Í���Í>Î D7Û¶$��rÛ¶�S$ØÖ�$ �� ÚÔ�× Ö�ñÆ×ÍU(�	 \à/$Ø×yÜ2µI× Û-gº×�µªÖ)ñÆÒLU$a>"·ÕyÜ�×
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 ô��Â�h �CD ¼ � ¡ �!¢ � �k�Z½)�8¿ ¡ ½ Å ½=¿�� ¾.ù�Ù ½=¿ ¡ �k� � Ç�½ ¡ ¿ � ¾6¡cÅ K � ù Á � Ê ��½ Ø � Å Ø ¾PÅj¤ ½�¿ Å ½�D¥� Ù Ê Å ½ø Ù ½ ¾.ù Ø �CD ¼ � � �!�8¿�½ � n�lNp È
 ¾ºÉ/Æ(ÆÇ¾	.�.ÞÄÊÆ¬.ÙÏ]¼¿¹=»½ÄÊ¹ÐÏ]¹=»2ÄÊ¹�.�ÄÅÆÇÉ/À�Ä4Ã#Ä4ÎÅ¾º¹ � À½¾º¹=»½ÄÊÀ(¹/¾ÂÆ(÷/À½Ì)l�¼¿Æ½¼È¾º¹/ÆSÏYlØÄHÎ&ÎÅÄÊùÈùÈÄÊÆ3Ã#É



� Ê t+* Ï]÷/¼û»ÇÀ½Ä�
 ô t Ï]ù¿ÎÅÉ/ù-,pu {/À�ÌÊÆ½É/ùÈ»ÕÏ]»½Æ>ÄÅ»2Ã#¼ÈÆÕÎÁÉ/ÆÇÆ½¼È¾º¹

.�¾�Ã;�Êù¿Ä¥w�Ã#ÄÊÉ�zÛÎÅ¾	.�÷�¾ÂÆÕÏ]¹=»ÇÄÊÆ&÷/À½¾º÷�¾ºÆÇÌÅÄÊÆ4÷ÐÏ]À §*ô XiÄÊÀ�» * .oY/ù¿ùÈÄÊÀ ½�¿Å� ÅÐ÷�¾ºÉ/À&Ä)z#÷#ù¿¼¿Ñ=É/ÄÊÀ&ùÈÄÆ½÷ÍÄÊÎÁ»ÇÀ½ÄÖÃ#ÄSÀÇÏ Ü ¾Â¹/Æ � ¾sr/Æ½ÄÊÀ�lØÌ	ÏYlØÄHÎ3ù�¸×¾'z Ü Ë
�Ê¹/Ä à È á ô t ÄÅ»½»½ÄÖÎÅ¾	.�÷ÐÏ]ÀÕÏ]¼¿Æ½¾º¹�ÄÊÆ�»7÷/À�ÌÊÆ½ÄÊ¹=»ÇÌÅÄSÆÇÉ/ÀùÔÏ���ËÂÉ#À½Ä�h�
 ô�piÁô/ ¾ºÉ/Æ$lÂ¾ Ü ¾Â¹/Æ7ÎÅùÔÏ]¼ÈÀ½ÄY.�ÄÅ¹=»(Ñ=É/ÄÖ¹/¾ºÆ(ÎÊÏaù¿ÎÅÉ/ùÈÆ>¹/Ä	ÎÅ¾º¹���ÀU.�ÄÅ¹=»>÷ÐÏ]Æ>ù�¸�Ï]É/Ë	.�ÄÊ¹6[»NÏF»Ç¼È¾Â¹ÞÃ#É*»NÏ]É6z)Ã#Ä^»ÇÀÇÏa¹/Æ � ÄÊÀ�»ZÄÊ¹=»½À½Ä�ùÈÄÊÆZÌÅ¹/ÄÊÀ½Ëº¼¿ÄÅÆZ» * ÄÊÀU.�¼¿Ñ=É/ÄÅÆZÄÅ»ZÌÅ÷/¼È» * ÄÊÀU.�¼¿Ñ=É/ÄÅÆ¶Ã#Éô.�¾�Ã>�Åù¿Äh È t iNôFá ù=Æ½ÄY.�r/ùÈÄ^ÏaùÈ¾ÂÀ�Æ±»ÇÀ7�ÊÆ±÷/À½¾	rÐÏLr/ùÈÄ^Ñ=É/ÄkÎÅÄb.Þ¾�Ã>�ÊùÈÄ�ÆÇ¾º¼û»ß»½À½¾º÷oÆ½¼j.�÷/ùÈÄk÷�¾ºÉ/À±À½ÄÊ¹�Ã#À�Ä^ÎÅ¾	.�÷#»½ÄÃ#ÄSùm¸ÓÄ�ó¯ÄÁ»>¾	r/Æ½ÄÊÀ#lÂÌÖÆ½É/À�ùÈÄÖÆ½÷�ÄHÎÁ»½À½Ä �ôy ÄÊ¹�÷ÐÏaÀ�»Ç¼¿ÎÅÉ/ùÈ¼¿ÄÅÀ¬w*ÎHÏ]É/Æ½Ä	Ã#ÄSùm¸Ó¼È¹�ÎÅÄÊÀ�»½¼È»½É�Ã#Ä	ÎÅ¾Â¹�ÎÁÄÊÀ½¹ÐÏ]¹=»ùÔÏ*Ã#¼ÈÆ�»ÇÀ½¼jr/É#»½¼¿¾º¹�¼È¹/¼û»Ç¼ÚÏaùÈÄ	Ã#ÄÊÆ
(pµ)

ÄÅ»7Æ½¾Â¹�Ì)lØ¾ÂùÈÉ#»½¼¿¾º¹�»ÇÄY.�÷�¾ºÀ½ÄÊùÈùÈÄ	É/ùû»½ÌÊÀ½¼ÈÄÊÉ/À½Ä�h?lÂ¾Â¼ÈÀ7Î * Ï]÷/¼È»½À½Ä, iNô uo¸�Ï]÷/À��ÅÆ)ÎÅÄÅ»½»½ÄüÌÅ»½É�Ã#Ä y ùÔÏÝÃ�ÌÊ÷�ÄÊ¹�Ã�Ï]¹�ÎÅÄ�ÌÊ¹/ÄÊÀ�ËÂÌÅ»½¼¿Ñ=É/Ä�Ã#É »NÏ]É6z�Ã#Äj»ÇÀÇÏa¹/Æ � ÄÊÀ�»*¹�¸×ÄÅÆ½»o÷ÐÏaÆÆ½É/õjÆÕÏk.�.�ÄÊ¹=»^¼j.�÷�¾ÂÀ�»NÏ]¹=»ÇÄ3÷�¾ÂÉ/ÀkÄÊ¹ol�¼ÈÆÕÏaËºÄÊÀ�ù�¸Ó¾�z Ü Ë	�Ê¹/ÄSÎÅ¾	.�.�Ä�.�¾ Ü ÄÊ¹�Ã�ÄÖÃ#ÌÁ»ÇÄHÎÁ»½¼¿¾º¹�Ã#Ä3ùÔÏ»ÇÀÕÏ]¹/Æ½¼û»Ç¼È¾Â¹ *ÝÜ ÷�ÄÊÀ���¹/Ä4Ã�Ä	ùm¸ÓÌÅ»NÏF» � ¾º¹�Ã�Ïk.�ÄÊ¹=»ÕÏaùLÃ#Ä	ù�¸ *�Ü Ã#À½¾ºË	�Å¹/Ä=.*É/¾º¹/¼¿Ñ=É/Ä ô
�� î s���� ²�� � ®�� �
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¾3¿À�Á:
 ô � Â�� �À½ ¡�� ¢½ � � Ù ¢� Ä �L¿?¢Â ¾ ½ � εJΩ̄
i

½)��Ç��k� Ø ¿�¢��k� Ùk¾�¡ �kÁp�k��MoÁ ¼ ½ ¡ ��¼ M ¤)¡ ¢Â ¾ ½ ¼ � ¾�¡ J = 1OÐø�� � ¾ Ø M/½ Ω̄ = 0 ü ø Ùk¡ �k¢?¿�½ Ω̄ = 1
P È´É K � ¡ ¢ � ¢���½ Ù ½ � ¤ ��½ ¡� ¢½ � ½ � ¿ Ø MÎ�!¢ � ¢½ Ù ½ ÇY�&Ak�k� øØ �CB£� Ø ¢ Ù ½ ¡ � ý ½ Ø Å K ¤ ��½ ¡� ¢½�� � Á&D ¼ ¿��L¿�¢�Â ¾ ½ Ùk¾ Ø �k��� Å Ù K ½)�8¿ ¡�¤ ½zÈ n ½�¿ n′ � �!�8¿ Å ½ � ���CD Ä�¡ ½ �Â ¾ �k�:¿�¢Â ¾ ½ �Ã¼ ¡ ¢£� Ø ¢ ¼ � ¾�ù Ù ½ � ¤ ¿��L¿ � MoÁ Ùk¡ � �o¤ �À�CB Ù ½ � Ù ½ (pµ) ½�¿ ( ; ½ µ)9+ È

§ ��¹ Ã#ÄÆlÂÏ]ùÈ¼ÚÃ#ÄÊÀ&¹/¾ºÆ4÷/À½Ì�l�¼¿Æ½¼È¾Â¹/Æ y ¹/¾ÂÉ#Æ4¹/¾ÂÉ/Æ&¼¿¹Ø»ÇÌÊÀ½ÄÅÆÇÆ½¾º¹/Æ�w�ùÚÏ�À½ÌàÏaÎÁ»Ç¼È¾º¹iÃ#Ä�»½ÀÕÏ]¹/Æ � ÄÊÀ�».*É/¾º¹/¼¿Ñ=É/Ä	ÆÇÉ/À7ùÈÄ&¹/ÌÅ¾Â¹Ç{
(pµ)1s +  Ä 10+ → p+ (µ  Ä )9+

n′`
h�
 ônm=<si·±Ï*÷�¾ºÆ½ÆÇ¼jr/¼Èù¿¼û»½Ì4Ã#Ä	ÎÅ¾	.�÷ÐÏ]À½ÄÊÀ7¹/¾ºÆ>À�ÌÊÆ½É/ùÈ»ÕÏ]»½Æ2ÏYlØÄHÎÖÃ#ÄÊÆ(Ã�¾Â¹/¹/ÌÊÄÅÆ>Ä)z#÷�ÌÊÀ½¼j.�ÄÊ¹Ø»NÏ]ù¿ÄÊÆ(Ã#¼ÈÆ½÷�¾L[¹/¼jr/ù¿ÄÊÆ à�, � y 
:
 á � Ï]¼û»4Ã#Ä�ÎÁÄÅ»	ÌÊù¿Ì�.�ÄÊ¹=»	É/¹ÛÎHÏ]¹�Ã#¼¿Ã�Ï]»&¼¿Ã#ÌàÏ]ùZ÷�¾ºÉ/À	¹/¾a»ÇÀ�Ä)»ÇÄÊÆ�» ô ·±Ï�÷/À�¼È¹�ÎÅ¼¿÷ÐÏ]ùÈÄ



>@?BADCFE�G�HJI"!�KL>�ANM�OFãPM�ä]åçæ9HRQ$#àãPM�GSATG%#UIVGXW�E #DOFã&#�#!EZY=[ � m

Ã#¼^ó¯ÌÊÀ�ÄÊ¹�ÎÅÄÖÄÊ¹Ø»ÇÀ½ÄSùÈÄ3»ÇÀÕÏ]¹/Æ � ÄÊÀ�»>Ã#ÄÖÎ * Ï]À½ËºÄÖÆ½É/À�ù�¸×¾'z Ü Ë	�Ê¹/ÄSÄÅ»7Æ½É/À^ù¿ÄS¹/ÌÊ¾º¹�À�ÌÊÆ½¼ÚÃ#ÄÖÃ�Ïa¹/Æ�ù�¸�Ï]É/ËL[.�ÄÊ¹=»ÕÏ]»½¼¿¾º¹�Ã�Ä	ùÚÏÞÎ * ÏaÀ�ËÂÄ&Ã#ÄÖùm¸ÓÌÊùÈÌY.�ÄÊ¹=»
XZ+ Ñ=É/¼�÷ÐÏ]ÆÇÆ½Ä&Ã�Ä � w mYÊ/ô�\ É/À7ùÔÏ���ËºÉ/À½Ävh]
 ô � i ¾º¹lØ¾º¼È»(Ñ=É/Ä	ùÈÄÊÆ(ÌÁ»NÏF»ÇÆ2ÏaÆ Ü .�÷#»½¾º»½¼ÚÑØÉ/ÄÊÆ

(  Ä µ)9+ + p
Æ½¾Â¹=»>÷/ùÈÉ/Æ(ùÈ¼ÈÌÊÆ2Ñ=É/Ä&ÎÅÄÊÉ6z�Ã�Ä

(
Ë
µ)7+ + pÄÅ»^Îº¸×ÄÊÆ�»b.ÙÏ]¼¿¹Ø»ÇÄÊ¹ÐÏ]¹=»kù¿Ä2ÎHÏa¹�Ïaù

(  Ä µ)9+
n′=10

Ñ=É#¼�Æ½Ä>»ÇÀ½¾ºÉ/lØÄ(÷/À�ÄÊÆÇÑ=É/Ä3Ã#ÌÊËºÌÊ¹/ÌÊÀ�ÌÖÏYlØÄÊÎ
(pµ)n=1

ôt ÄÊÆÖÎÅ¾ºÉ/ÀUr�ÄÊÆÖ¾º¹=»ÖÌÅ»½Ì)¾	r#»ÇÄÊ¹�É#ÄÊÆ&ÏYlØÄHÎoù¿ÄÅÆÅ.�%Y.�ÄÊÆS÷ÐÏ]ÀÕÏk.��Å»½À½ÄÊÆÖÃ#ÄÞÎÁ¾Â¹olÂÄÊÀ½ËºÄÊ¹�ÎÅÄÞÑØÉ/Ä)÷�¾ºÉ/Àùm¸Ó¾'z Ü Ë
�Ê¹/Ä ô ·�ÄÊÆ ÎÅ¾ºÉ/÷/ùÚÏaËºÄÊÆ ùÈÄÊÆ�÷/ùÈÉ/Æ ¼j.�÷�¾ºÀ�»ÕÏa¹=»½Æ�Æ½¾Â¹=»�¾	r/Æ½ÄÊÀ#lÂÌÊÆ ÄÅ¹=»ÇÀ½Äkù�¸×ÌÅ»ÕÏ]»�¼¿¹/¼û»Ç¼ÚÏ]ù#Ã#Ä^ùÚÏ2À�Ì)[ÏºÎN»Ç¼È¾Â¹�h]
 ôjmV<	i ÄÅ»�ù¿ÄÅÆ�.*É/ùû»Ç¼È÷/ùÈ¼ÚÎÅ¼û»ÇÌÅÆ n′ = 6
ÄÅ»
n′ = 7

{Â¾º¹jÆH¸�ÏF»½»ÇÄÅ¹�Ã¥w	ÎÅÄ(Ñ=É/Ä>ùÔÏ	Ã Ü ¹�ÏL.�¼¿Ñ=É/ÄÃ#Ä4»ÇÀÇÏa¹/Æ � ÄÊÀ�»SÆ½¾º¼û»SËÂ¾ºÉ/lØÄÊÀ�¹/ÌÊÄo÷ÐÏaÀ3ÎÅÄÊÆ3ÌÅ»NÏF»ÇÆ ô8§ ÎHÏ]É/Æ½Ä)Ã�¸ÓÉ/¹/Äo¼¿¹Ø»ÇÄÊÀÕÏaÎÁ»½¼¿¾º¹u¼È¾º¹6[?Ã#¼¿÷��ºùÈÄ)÷#ù¿É/Æ¼n.Þ÷�¾ÂÀ�»NÏ]¹=»ÇÄ y ùÈÄÊÆ�rÐÏ]À½À½¼ �ÊÀ�ÄÊÆ3ÎÅÄÊ¹=»ÇÀ�¼ � É/ËÂÄÅÆ3Æ½¾º¹=»2÷/ùÈÉ/Æ3÷�ÄÅ»½¼È»½ÄÊÆ3Ñ=É�¸ÿÏ'lÂÄHÎ&ù�¸×¾'z Ü Ë	�Ê¹/Ä2h_ù¿Ä&ÀÕÏ]÷/÷�¾ÂÀ�»ÄÊÆ�»ÞÃ#Ä�ù�¸×¾ºÀÇÃ#À�Ä�Ã#Äêh 8
10

)2 iÁô t ÄÊ÷�ÄÊ¹�Ã�Ï]¹=» y ù¿ÄÊÆÞÎÅ¼È¹�Ñ ÷/À½ÄY.�¼ �ÊÀ½ÄÅÆ)¾Â¹�Ã�ÄÊÆ)÷ÐÏaÀ�»Ç¼ÈÄÊùÈù¿ÄÊÆ)Æ½¾Â¹Ø»)ÆÇÉ/õô[ÆÕÏa¹=»½ÄÊÆÖ÷�¾ºÉ/ÀÖÎÅ¾º¹olØÄÊÀ�ËÂÄÊÀSùÈÄÊÆÖÀ�ÌÊÆ½É/ùÈ»ÕÏ]»½Æ&Ï]É6zuÌÅ¹/ÄÊÀ½Ëº¼¿ÄÅÆ&ÎÁ¾Â¹/Æ½¼¿Ã#ÌÊÀ½ÌÊÄÅÆvh£lØ¾º¼¿À3ù¿Äo»NÏkr/ùÈÄàÏaÉÿh]
 ô�Èpi#iÁô·�Ä>Æ Ü Æ�»��Y.ÞÄ(Ã¯¸×ÌHÑ=ÉÐÏF»Ç¼È¾º¹/ÆkÎÁ¾ÂÉ/÷/ùÈÌÊÄÊÆkÏSÌÅ»ÇÌ>¼È¹=»½ÌÊËÂÀ�Ì�¦:É/ÆÇÑ=É�¸�w
ρmax = 200 aµ y ÄÊ¹Þ¼È¹�ÎÅù¿É�Ïa¹=» m ,	,ÎHÏ]¹ÐÏaÉ6zuÎÅ¾ÂÉ/÷/ùÈÌÊÆ�à

(pµ)n=1−2 +
Ë ÄÅ»

p + (µ  Ä )n′=4−16
á Ï'lÂÄHÎ*É/¹/Äo»NÏ]¼Èù¿ùÈÄÞÃ#ÄÊÆÖÆ½ÄHÎN»ÇÄÊÉ/À½ÆÖÃ#Ä

δρ E Ê#ô } aµ ô ·±ÏÞÎÅ¾º¹olØÄÊÀ�ËÂÄÅ¹�ÎÅÄ&¾	r#»ÇÄÊ¹�É/Ä	ÄÊÆ�»>ÄÊ¹�ÎÅ¾ºÀ½Ä&¼È¹ � ÌÅÀ½¼ÈÄÊÉ/À½Äxw 0.1 % ô
J m È , ø }

^�z�ÏaÎÁ»ÇÄ Ê#ô�Ê } Ê#ô } < È#ô�È 
 
 ô�Ê	Ê m , ôÉÈ }§ ÷/÷/À½¾�Î * ÌÊÄ Ê#ô�Ê } Ê#ô×ø4< mÂô_� 
 } ônm`� msmºô 
s}
ÔÉÕ×Ö Á�
 ôÉÈcÂ X � ¡�¡ ¢ Ê ¡ ½ �"Ø ½��8¿ ¡ ¢ Ç ¾s� ½ � ½)�Z½ Q � ¾�¡	Å ½ Ø �!��� ÅÎÙ K ½)�8¿ ¡�¤ ½ Ù ½ Å � ¡�¤ � Ø ¿?¢�k� (pµ)1s +
; ½ 10+ → p + (µ ; ½ )9+ ¼ � ¾�¡�¾ ��½ ý � Å ½ ¾6¡ Ù ½ J Ù �k�Î� ¤ ½zÈúÉÕ� ¼ ¡ ½�Dô¢ Ê ¡ ½ Å ¢ � �À½ Ø � ¡�¡ ½ �¼ �k� Ù
� ¾.ù�Ä � ¡)¡ ¢ Ê ¡ ½ �«� ¾6¡#Å ½ � ¤ ��½ ¡� ¢½ � ε(R1) Ø � Å Ø ¾�Å^¤ ½ � ½)� Ø ��� ¡�Ù �k�:� ¤ ½ � Ù ½ õ � Ø � Ä ¢ ü Å � � ½ Ø �k� Ù ½Ù �k�:�À½ Å ½ � Ä � ¡�¡ ¢ Ê ¡ ½ �ÚØ � Å Ø ¾�Åj¤ ½ �Å� ¾�¡	Å ½ � �:¢ ý ½�� ¾.ù � � Á&D ¼ ¿��L¿?¢Â ¾ ½ � ε̄(R1) È·±Ï���ËºÉ/À�Ä�h�
 ônmYÊpi .Þ¾Â¹Ø»ÇÀ½Ä3ù¿ÄÊÆ�»ÕÏaÉ6z�Ã#Ä3»ÇÀÇÏa¹/Æ � ÄÊÀ�»7÷ÐÏ]À�»Ç¼ÈÄÊùÈÆ7ÄÅ»�»½¾º»ÕÏaù¯ÄÅ»�ù¿ÄÊÆ7ÎÅ¾s.�÷�ÏaÀ�Ä&Ï]É6zÀ½ÌÊÆ½É/ùû»NÏF»ÇÆ^Ä)z�÷�ÌÊÀ½¼j.�ÄÊ¹=»ÕÏaÉ6z ô ·�ÄÊÆ^¾º¹�Ã#ÄÊÆ^÷ÐÏ]À�»Ç¼ÈÄÊùÈùÈÄÊÆ�¾º¹=»^É/¹�ÎÁ¾s.�÷�¾ºÀ�»½ÄY.�ÄÊ¹=»^Æ½¼j.�¼ÈùÔÏ]¼ÈÀ½ÄÅw4ÎÅÄÊùÈÉ/¼¾sr/Æ½ÄÊÀ�lØÌÞÏYlØÄHÎoùm¸Ó¾'z Ü Ë
�Ê¹/Äô.jÏa¼ÈÆ	Ã#ÄÊÆÖÃ#¼^ó¯ÌÊÀ�ÄÊ¹�ÎÅÄÊÆÖÆ½Ä)Ã#ÄÊÆ½ÆÇ¼È¹/ÄÊ¹Ø»�{�ùÔÏüÎÅ¾º¹=»½À½¼jr/É#»Ç¼È¾Â¹�Ã#Ä)ù�¸Ó¾Â¹�Ã#Ä÷ÐÏaÀ�»Ç¼ÈÄÊùÈù¿Ä

J = 1
ÄÊÆ�»|.�¾º¼È¹/ÆÖ¼n.�÷�¾ºÀ�»ÕÏa¹Ø»ÇÄÞÑ=É/Ä)÷�¾ºÉ/ÀÖù�¸×¾'z Ü Ë
�Ê¹/Ä y ÄÅ»&Îº¸ÓÄÊÆ�» J = 2

Ñ=É/¼�ÄÊÆ�»	ùÚÏ÷/ùÈÉ/Æ3¼È¹=»ÇÄÊ¹#ÆÇÄ ô ·�Ä&»NÏ]É6zÝÃ#Ä&»ÇÀÇÏa¹/Æ � ÄÊÀ�»3ÄÊÆ�»�.ÙÏ]¼È¹=»ÇÄÊ¹ÐÏ]¹=»�.�¼¿¹#¼n.ÙÏ]ù�Ï]É6z�ÌÊ¹/ÄÊÀ�ËÂ¼ÈÄÊÆ2» * ÄÊÀ#.�¼¿Ñ=É/ÄÊÆÄÅ»�÷/À½ÌÊÆ½ÄÊ¹=»½Ä(É/¹v.ÙÏ�z#¼j.*ÉÎ. »ÇÀ��ÅÆ�.ÙÏaÀ½Ñ=É/Ì2ÏaÉ�lÂ¾Â¼ÈÆ½¼¿¹ÐÏ]ËºÄ3Ã#Ä
0.3

Ä�� ô ^Z¹jÉ#»½¼Èù¿¼ÈÆÕÏa¹=»�ùÔÏ � ¾ÂÀ#.*É/ùÈÄh�
 ô×øoi y ¾Â¹�»½À½¾ºÉ/lØÄ�{
λth = λ(300K) = 10.2 109 s−1 h�
 ônm`�oi

t Ä(À�ÌÊÆÇÉ#ùÈ»ÕÏ]»kÄÊÆ�»�ÆÇÄÊÉ#ù¿ÄY.ÞÄÊ¹=»
20 %

÷/ùÈÉ/Æ�ÌÊùÈÌ�lØÌ2Ñ=É/Ä(ùÔÏ&Ã#¾º¹/¹/ÌÊÄ(Ä)z#÷�ÌÊÀ½¼j.�ÄÊ¹Ø»NÏ]ù¿Ä«h
8.49 109 s−1 ià�, � ámô

� Í-, Í�� eª$���µ¤Ý3����$¶Ò3Ü
� ÌHÎÅÄ�.�.�ÄÊ¹=» y \Íô � ôß� ¾	.ÙÏ]¹/¾�l|à_
 <ÿá ÏÙÎHÏ]ù¿ÎÅÉ/ùÈÌ)ùÈÄo»NÏ]É6zuÃ#Ä4»ÇÀÕÏ]¹/Æ � ÄÊÀ�»Å.oÉ/¾Â¹#¼ÚÑ=É#Ä*ÆÇÉ/À3ùÈÄ¹/ÌÊ¾º¹ ô ·�Ä(Æ Ü Æ½»��Y.�Ä(ÄÅÆ½»kÃ#ÌHÎÅÀ�¼È»ÃwÖùm¸ÿÏa¼¿Ã#Ä2Ã#ÄÊÆkÎÅ¾�¾ºÀÇÃ#¾º¹/¹/ÌÊÄÊÆ^Ã#ÄUaÂÏºÎÁ¾sr/¼ (R1, r1) y ÄÅ»kÆ½ÄÊÉ/ùÈÄY.ÞÄÊ¹=»Ñ=ÉÐÏF»ÇÀ½ÄÞÎHÏ]¹ÐÏ]É6z�Æ½¾º¹=»&ÎÅ¾º¹/Æ½¼ÚÃ#ÌÅÀ½ÌÊÆ ô § ��¹ÛÃ¯¸×ÌÅ»ÇÉ/Ã#¼¿ÄÊÀÖùÈÄÊÆ	Ä�óÍÄÅ»ÇÆ	Ã�¸ÓÌHÎÅÀÕÏ]¹=»NÏ]ËºÄÞÌÊùÈÄHÎÁ»½À½¾º¹/¼ÚÑ=É#Ä y ¼¿ùÉ#»Ç¼ÈùÈ¼¿Æ½ÄÞ»ÇÀ½¾º¼ÈÆ&÷�¾º»½ÄÊ¹=»Ç¼ÈÄÊùÈÆoÃ#¼^óÍÌÊÀ½ÄÊ¹=»½Æv{�É/¹Û÷�¾a»ÇÄÊ¹Ø»Ç¼ÈÄÊù¶÷/É/À½Ä�.�ÄÊ¹=» t ¾ºÉ/ù¿¾	.�r#¼¿ÄÊ¹ ÎÅ¾	.�.�Ä�Ã�Ïa¹/Æ



� È t+* Ï]÷/¼û»ÇÀ½Ä�
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 ônmYÊ^Â Ï � ¾.ùzÙ ½�¿ ¡ �k� � ÇY½ ¡ ¿ ¼ � ¡ ¿�¢½ Å � ½�¿¬¿��L¿�� Å � ¾6¡�Å ½�� ¤ �!� ½)�ZÇY�k� Ø ¿�¢�k� Ù ½ Å K ¤ ��½ ¡�� ¢�½Ù ½ Ø � ÅÆÅ ¢ � ¢��k�¤ÈúÉ-½ ��Ñ Ê Ø MÎ½ � ý ½ ¡ ¿?¢ Ø � Å ½ � ¢£� Ù ¢Â ¾ ½)�:¿ Å K ¤ �À½ ¡�� ¢½ Ù ½ Å � Ä � ¡�¡ ¢ Ê ¡ ½ Ø ½)�8¿ ¡ ¢ Ç ¾p� ½zÈ�ÉÕ½ �¼ �k¢£�:¿ �ÚØ � ¡�¡ ½ ��¼ �k� Ù ½)�8¿Ã� ¾�ù¥¡�¤ � ¾�Å ¿��L¿ � ½ ù ¼ ¤)¡ ¢[D¥½)�:¿�� ¾.ù�Ù ½ n [4� üX��� p È
¹/¾º»½À½ÄÖÎÊÏaù¿ÎÅÉ/ù y ÄÁ»>Ã#ÄÊÉ6zü÷�¾a»ÇÄÅ¹=»Ç¼ÈÄÊùÈÆ7¼¿¹�ÎÁù¿ÉÐÏ]¹=»>Ã#ÄÊÆ7ÎÅ¾ºÀ½À½ÄÊÎÁ»Ç¼È¾Â¹/Æ�ùÈ¼¿ÌÅÄÊÆ(ÏaÉ6zÙÌÊùÈÄHÎÁ»ÇÀ�¾Â¹/Æ7Ã#É�¹/ÌÊ¾º¹ ô§ lØÄHÎÖùÈÄ	÷/À½Ä�.�¼ÈÄÊÀ>÷�¾º»½ÄÊ¹=»½¼¿ÄÊù y Æ½¾Â¹�À½ÌÅÆÇÉ/ùû»ÕÏ]»(÷�¾ºÉ/À>ù�¸×ÌÊ¹/ÄÊÀ�ËÂ¼ÈÄ	» * ÄÊÀU.�¼¿Ñ=É/Ä	ÄÊÆ�»(Ñ=ÉÐÏF»ÇÀ½Ä � ¾Â¼ÈÆ(÷/ùÈÉ/ÆÌÊùÈÄ�lØÌ Ñ=É/Äuù�¸×Ä)z#÷�ÌÊÀ�¼¿ÄÅ¹�ÎÅÄ ô ^Z¹VÉ�»Ç¼Èù¿¼ÈÆÕÏa¹Ø»�ùÈÄÊÆ�÷�¾º»½ÄÊ¹=»Ç¼ÈÄÊùÈÆ�ÎÅ¾ºÀ½À�¼¿ËºÌÊÆ y ¼¿ùS¾	r#»Ç¼ÈÄÊ¹=»�É/¹ª»ÕÏaÉ6zªÃ#Ä»ÇÀÕÏ]¹/Æ � ÄÊÀ�»^ÄÊ¹�ÎÅ¾ºÀ½Ä3Ã#ÄÊÉ6z � ¾º¼¿ÆkÆÇÉ#÷�ÌÊÀ½¼ÈÄÊÉ/À7Ï]Éj»NÏaÉ�zjÄ)z#÷�ÌÊÀ½¼j.�ÄÊ¹Ø»NÏ]ùÍÄÅ»kÀ½ÄÅ»ÇÀ�¾ÂÉ6lØÄ2É/¹/Ä3À�ÌÊÆ½¾Â¹ÐÏ]¹�ÎÅÄÃ#Ä	ù�¸×¾º¹�Ã#Ä&÷ÐÏ]À�»½¼¿ÄÊùÈùÈÄ

J = 2
lÂÄÊÀ½Æ

0.3
Ä�� ô� ¾	.ÙÏ]¹/¾!l ÄÊ¹�ÎÅ¾Â¹�ÎÁù¿É#»)Ñ=É#ÄÙùm¸ÓÄ�óÍÄÅ»)Ã#ÄÊÆoÌÊùÈÄHÎÁ»ÇÀ�¾Â¹#Æ*ÄÊÆ�» � ¾Â¹�Ã�Ïk.�ÄÊ¹=»ÕÏaù�÷�¾ÂÉ#Ào¾sr#»½ÄÊ¹/¼ÈÀoÉ/¹»NÏ]É6z Ã#Ä�»ÇÀÇÏa¹#Æ � ÄÊÀ�»4À½ÌàÏ]ù¿¼ÈÆ�»ÇÄ ô�� ¾ºÉ/À�»NÏ]¹=» y r/¼ÈÄÊ¹iÑ=É/Äj¹/¾ºÉ/Æo¹�¸�Ï Ü ¾º¹/Æo÷ÐÏ]ÆoÎÅ¾º¹/ÆÇ¼¿Ã#ÌÊÀ�ÌüÎÅÄÅ»oÄ)ó¯ÄÅ»Ã�Ïa¹#Æ^¹/¾º»½À½Ä3ÎHÏ]ùÚÎÁÉ/ù y ¹#¾º»ÇÀ�Ä2À½ÌÊÆ½É/ùû»NÏF»�ÄÅÆ½»kÄÊ¹2.�ÄÊ¼ÈùÈùÈÄÊÉ/À7ÏaÎÊÎÅ¾ºÀÇÃüÏ'lÂÄHÎ2ù�¸ÓÄ)z#÷�ÌÊÀ½¼ÈÄÊ¹�ÎÅÄSÑ=É/Ä2ùÈÄ3Æ½¼¿ÄÅ¹ ô ¾ÂÉ#Æ2÷�ÄÊ¹/Æ½¾º¹/ÆSÑØÉ/Ä4ùÚÏÞÆ½ÄÊ¹/Æ½¼jr/¼¿ùÈ¼û»ÇÌoÃ#Ä&ÆÇ¾º¹úÎÊÏaù¿ÎÅÉ/ùÝl�¼ÈÆ#[�w�[l�¼ÈÆ3Ã#É�÷Í¾a»ÇÄÅ¹=»Ç¼ÈÄÊùLÉ#»Ç¼ÈùÈ¼¿Æ½Ì y l�¼¿ÄÅ¹=»3Ã#É»ÇÀÕÏ]¼û»ÇÄY.�ÄÅ¹=»&Ï]÷/÷/À½¾'z#¼j.ÙÏF»Ç¼ � Ã#É�ÎHÏa¹ÐÏ]ù Ã�¸×ÄÊ¹Ø»ÇÀ½ÌÅÄ�.ÙÏa¼ÈÆS¹/¾Â¹�Ã�¸ÓÉ/¹�Ä)ó¯ÄÅ»Ö÷ *�Ü Æ½¼ÚÑØÉ/Ä)¼j.�÷�¾ºÀ�»ÕÏa¹=»÷/À½¾�lØ¾�Ñ=É/Ìo÷ÐÏ]À3ùÈÄÊÆ3ÌÊù¿ÄÊÎÁ»ÇÀ½¾º¹/ÆSÃ#Éú¹/ÌÊ¾º¹ ô ^Z¹úÄ)ó¯ÄÅ» y Ï]ÉúùÈ¼¿ÄÊÉuÃ#Ä*ÎHÏ]ù¿ÎÅÉ/ùÈÄÊÀÖÃ#Äx.ÙÏa¹/¼ �ÊÀ�ÄoÄ)z�ÏºÎN»ÇÄùm¸ÓÌÊ¹/ÄÊÀ�ËÂ¼ÈÄ

ε(R1)
Ã#Ä^ÎÅÄ�ÎHÏ]¹ÐÏ]ù y ¼¿ù�É#»½¼¿ùÈ¼ÈÆ½Ä^ÆÕÏ � ¾ºÀU.�Ä�Ï]Æ Ü .�÷#»Ç¾a»Ç¼¿Ñ=É/Äch?lÂ¾Â¼ÈÀ Ï]¹/¹/Ä)z#Ä�� iÁô ·LÄÅÆ�rÐÏ]À�[À½¼ �ÊÀ½ÄÊÆ�ÎÅÄÊ¹=»½À½¼ � É/ËºÄÊÆ Ñ=É�¸×¼Èù�¾	r#»Ç¼ÈÄÊ¹=» ÎÅ¾Lþm¹�ÎÅ¼¿Ã#ÄÊ¹=»¶ÏYlÂÄHÎ^ÎÅÄÅù¿ùÈÄÊÆ�¼¿¹/Ã#¼ÚÑØÉ/ÌÊÄÊÆ Ã�Ïa¹/ÆßùÔÏ(Ã#ÄÊÉ6z#¼ �Y.�Ä^ùÈ¼ÈËÂ¹/ÄÃ#Éi»NÏkr/ùÈÄàÏaÉ h�
 ôÉÈsiÁô ·�Äj»NÏ]É6z�Ã#ÄÙ»½ÀÕÏ]¹/Æ � ÄÊÀ�»)Ñ=É�¸Ó¼¿ùk¾	r#»Ç¼ÈÄÊ¹=»�Ï]ùÈ¾ÂÀ�Æ)Ã#¼jóÛ�ÊÀ�Ä�ÎÅ¾º¹/Æ½¼¿Ã#ÌÊÀÕÏkr/ùÈÄY.�ÄÊ¹=»Ã#Ä�ùÔÏúÃ#¾º¹/¹/ÌÊÄ�Ä)z#÷�ÌÊÀ½¼j.�ÄÊ¹Ø»NÏ]ù¿Ä ô ^ ¹�Ïk¦:¾ºÉ#»NÏ]¹=»ÞùÈÄÊÆÞÎÅ¾ÂÀ�À½ÄHÎÁ»½¼¿¾º¹/Æ�Ã¯¸×ÌHÎÅÀÇÏa¹=»ÕÏaËºÄ�ÌÊù¿ÄÊÎÁ»ÇÀ½¾º¹/¼¿Ñ=É/Ä yù¿ÄÅÆ)¹/¼^lØÄàÏ]É6z�ÏaÃ#¼ÔÏkrÐÏF»Ç¼¿Ñ=É/ÄÊÆ�ÑØÉ�¸×¼Èù�ÎHÏaù¿ÎÅÉ/ùÈÄ�ÆÇÄüÀÇÏa÷/÷/À�¾�Î * ÄÊ¹=» � ¾ÂÀ�»ÇÉ/¼û»ÇÄY.�ÄÅ¹=»ÞÃ#Ä�¹/¾ºÆÞÎÅ¾ºÉ/ÀUr�ÄÅÆ¾sr#»½ÄÊ¹�É/ÄÊÆ*ÏYlØÄÊÎ�É/¹Û÷�¾º»½ÄÊ¹=»Ç¼ÈÄÊù¶÷/É/À½ÄY.ÞÄÊ¹=» t ¾ºÉ/ùÈ¾s.«r/¼¿ÄÊ¹ ô t ÄÅùÔÏ�Ä)z#÷/ùÈ¼¿Ñ=É/Äj÷�¾ÂÉ#ÀÇÑ=É/¾º¼�ùÈÄÞ»NÏaÉ�zÃ#Ä&»ÇÀÇÏa¹/Æ � ÄÊÀ�»SÑØÉ�¸×¼Èù±¾	r#»Ç¼ÈÄÊ¹=»2ÆÇÄ4ÀÇÏa÷#÷/À½¾�Î * ÄoÃ#Ä4¹/¾º»½À½Ä4À�ÌÊÆ½É/ùÈ»ÕÏ]»2ÄÅ»ÖÏ]É/Æ½Æ½¼ßÃ#Ä4ù�¸×Ä)z#÷�ÌÅÀ½¼ÈÄÊ¹�ÎÅÄ2{�¼¿ùÆH¸�Ï]ËÂ¼û»(ù w)ÄÊ¹�ÎÅ¾ºÀ½Ä&Ã�¸×É#¹�Ä�óÍÄÅ»2Ã�Ä&ÎÅ¾s.�÷�ÄÅ¹/ÆNÏF»Ç¼È¾º¹ÝÃ#ÄÊÆ2Ïa÷/÷/À�¾'z#¼n.jÏ]»½¼¿¾º¹/Æ(É#»½¼¿ùÈ¼ÈÆÇÌÅÄÊÆ ô



>@?BADCFE�G�HJI"!�KL>�ANM�OFãPM�ä]åçæ9HRQ$#àãPM�GSATG%#UIVGXW�E #DOFã&#�#!EZY=[ � ,

á ùkÄÊÆ�»�.ÙÏ]¼¿¹Ø»ÇÄÊ¹ÐÏ]¹=»*¼È¹=»ÇÌÊÀ�ÄÊÆÇÆÕÏ]¹=»)Ã#Ä�ÎÊÏaù¿ÎÅÉ/ùÈÄÊÀ*ùÈÄÙ»NÏ]É6ziÃ#Äj»ÇÀÕÏ]¹/Æ � ÄÊÀ�»*÷�¾ºÉ/Àoù¿ÄÊÆ*ÌÅ¹/ÄÊÀ½Ëº¼¿ÄÅÆÌÊ÷/¼û» * ÄÊÀ#.�¼¿Ñ=É/ÄÊÆ ô Ë ¹�»ÇÀ½¾ºÉ/lØÄ�{
λe = 4.7 1010 s−1 h�
 ônm � i·�Ä^»NÏ]É6z)Ã#Ä^»ÇÀÇÏa¹/Æ � ÄÊÀ�»

λe
ÄÊÆ�»¶ÎÁ¼¿¹�Ñ � ¾º¼ÈÆZÆ½É/÷�ÌÊÀ�¼¿ÄÊÉ/À�w2ÆNÏ¬lºÏaùÈÄÊÉ/À�» * ÄÊÀU.�¼¿Ñ=É/Ä

λth ô t ÄÊùÚÏ�.�¾Â¹Ø»ÇÀ½ÄÃ#¾Â¹/ÎuÑ=É�¸Ó¼¿ùSÃ#ÌÊ÷�ÄÊ¹�Ã � ¾ÂÀ�»ÇÄY.�ÄÅ¹=»�Ã#Äuù�¸ÓÌÊ¹/ÄÊÀ½Ëº¼ÈÄ�ÎÅ¼¿¹/ÌÁ»Ç¼¿Ñ=É/Ä�Ã#ÄuÎÅ¾ÂùÈùÈ¼¿Æ½¼È¾Â¹ªÄÊ¹=»½À½Äúù¿ÄÅÆ�ÌÅ¹/ÄÊÀ½Ëº¼¿ÄÅÆ» * ÄÊÀ#.�¼¿Ñ=É/ÄÊÆ2ÄÅ»2ÌÊ÷/¼û» * ÄÊÀU.�¼¿Ñ=É/ÄÊÆ ôF\ ¼Lùm¸Ó¾Â¹ÝÎÅ¾s.Þ÷ÐÏaÀ�ÄoÎÅÄÅ»�»ÇÄoÏaÉ/Ë	.�ÄÊ¹=»ÕÏ]»½¼¿¾º¹uÏYlØÄHÎ&ÎÅÄÊùÈù¿Ä4÷/À�Ì�l�É/Ä÷�¾ÂÉ/Àoù�¸×¾'z Ü Ë
�Ê¹/Äü÷ÐÏ]À*ùÈÄ¥.�¾�Ã>�ÊùÈÄGwÝÃ#ÄÊÉ6ziÎÅ¾s.�÷�¾ºÆÕÏa¹Ø»ÇÄÊÆ y ¾Â¹iÆà¸ÿÏa÷�ÄÊÀ½�Å¾º¼È»)Ñ=É�¸×ÄÊùÈùÈÄüÄÊÆ½»)Ã�¸ÓÉ/¹/ÄÏL.Þ÷/ù¿¼û»ÇÉ/Ã#ÄuÆ½¼n.Þ¼¿ùÚÏ]¼¿À�Ä ô�� ¼¿ÄÊ¹VÑ=É�¸×¼Èù3¹/ÌHÎÅÄÊÆ½Æ½¼û»ÇÄ�ÎÅ¾º¹���ÀU.ÙÏF»Ç¼È¾º¹ª÷ÐÏ]À�Ã#ÄÅÆ�Æ½¼n.oÉ/ùÔÏF»Ç¼È¾º¹/Æ ��¾Â¹Ø»ÇÄt Ï]À½ùÈ¾ y ÎÁÄuÀ½ÌÅÆÇÉ/ùû»ÕÏ]»�÷/ùÚÏa¼¿Ã#Äu÷�¾ÂÉ/Àüù�¸×É#»½¼Èù¿¼ÈÆÕÏ]»½¼¿¾º¹VÃ#Éª¹/ÌÊ¾º¹Bw ùÚÏ ÷/ùÚÏºÎÁÄ�Ã#Äuù�¸×¾'z Ü Ë
�Ê¹/ÄuÃ�Ïa¹/Æùm¸ÓÄ)z#÷�ÌÊÀ�¼¿ÄÊ¹/ÎÅÄ4Ã#Ä|.�ÄÊÆ½É/À½Ä&Ã#Ä	ùÚÏ)Æ�»ÇÀ�É�ÎÁ»ÇÉ/À�Ä *ÝÜ ÷�ÄÅÀ���¹/Ä&Ã#Ä	ùm¸ *ÝÜ Ã#À�¾ÂË
�Ê¹/Ä=.oÉ/¾Â¹#¼ÚÑ=É#Ä ô
���9�d���V���L�

§ É�z&»ÇÀ��ÊÆÕrÐÏaÆ½Æ½ÄÊÆßÌÊ¹/ÄÊÀ½Ëº¼ÈÄÊÆ$h T ∼ 20 � i y ù�¸�ÏaÎÊÎÅ¾ºÀÇÃ*Ï'lÂÄHÎ�ù¿ÄÅÆ Ã#¾º¹/¹/ÌÊÄÊÆ�Ä)z�÷�ÌÊÀ½¼j.�ÄÊ¹=»ÕÏaùÈÄÊÆ�àq
�
 áÀ½ÄÊÆ�»ÇÄ »ÇÀ��ÊÆLÆÕÏF»Ç¼ÈÆ � Ïa¼ÈÆÕÏ]¹=» ô t ÄÊ÷�ÄÊ¹�Ã�Ï]¹=» y ¼ÈùØÄÊÆ�»±Ã#ÌÊù¿¼¿ÎHÏF»�Ã¯¸×É#»Ç¼ÈùÈ¼¿Æ½ÄÊÀLùÚÏ � ¾ÂÀ#.*É/ùÈÄ�h�
 ô×øoi ÷�¾ºÉ/ÀL¾sr�»ÇÄÊ¹/¼ÈÀÉ/¹/ÄclºÏaùÈÄÊÉ/À>Ñ=É/ÄSùm¸Ó¾Â¹�÷/É#¼¿Æ½Æ½Ä&ÎÁ¾s.�÷ÐÏ]À½ÄÅÀ(ÏYlØÄHÎ3ùm¸ÓÄ)z#÷�ÌÊÀ½¼ÈÄÊ¹�ÎÅÄ ô ^Z¹�Ä�ó¯ÄÅ» y w*ÎÅÄÊÆ�»ÇÄY.Þ÷�ÌÊÀÕÏF»ÇÉ/À�ÄÊÆ yùm¸ *ÝÜ Ã#À�¾ÂË
�Ê¹/Ä�w�ù�¸ÓÌÅ»NÏF»jù¿¼¿Ñ=É/¼¿Ã#ÄE{ZùÚÏ Ã#¼¿Æ�»½À½¼jr/É#»Ç¼È¾Â¹ �uÏ�z�ý�ÄÊùÈù¿¼ÈÄÊ¹/¹/ÄÝÃ#ÄÊÆ�h
pµ i ÄÊÆ�»üÏaùÈ¾ºÀ½Æ�»ÇÀ7�ÊÆÌÊùÈ¾Â¼ÈËº¹/ÌÊÄ4Ã#Ä	ùÔÏ*À½ÌàÏ]ù¿¼û»ÇÌ ô

�� q s�� ��� �`� �L¡D� �
uSÏ]¹/Æ ÎÅÄ�Î * Ïa÷/¼û»ÇÀ�Ä y ¹#¾ÂÉ/Æ Ï'lÂ¾Â¹/Æß÷/À½ÌÊÆ½ÄÊ¹=»½Ì^ù�¸×ÄÊÆ½Æ½ÄÊ¹=»½¼¿ÄÊù�Ã#ÄÊÆßÀ½ÌÊÆ½É/ùû»NÏF»ÇÆ�¾	r#»ÇÄÊ¹=É/Æ ÎÅ¾Â¹/ÎÅÄÊÀ½¹ÐÏ]¹=»ù¿Ä3»ÇÀÇÏa¹/Æ � ÄÅÀ�»$.*É#¾Â¹/¼¿Ñ=É/ÄSÆÇÉ#À>Ã�ÄÊÉ6z�ÌÊùÈÌY.�ÄÅ¹=»ÇÆ|{�ùm¸Ó¾'z Ü Ë
�Ê¹/ÄÖÄÅ»7ùÈÄÖ¹/ÌÊ¾º¹ ô ·¶¸×ÌÅ»ÇÉ/Ã#Ä&Ï]÷/÷/À½¾ � ¾º¹�Ã#¼ÈÄÃ#Éj»ÇÀÕÏ]¹/Æ � ÄÊÀ�»^Æ½É/Àkùm¸Ó¾�z Ü Ë	�Å¹/Ä3¹/¾ºÉ/Æ7Ï&÷�ÄÊÀU.Þ¼¿Æ^Ã#Ä3ÎÅ¾s.�÷#À½ÄÊ¹�Ã#À�Ä3ùÈÄ�.�ÌHÎÊÏa¹/¼ÈÆU.�Ä3Ã#Éü÷/À�¾�ÎÅÄÊÆ½Æ½É/Æ ô·¶¸�Ï]¹ÐÏaù Ü Æ½Ä¶Ã#Ä¶ùÚÏ7Ã#¼ÈÆ½»½À½¼jr/É#»Ç¼È¾º¹4Ã#ÄÊÆLÌÅ»ÕÏ]»½ÆL÷/À�¾�Ã#É/¼û»ÇÆ±ÏÃ.�¼ÈÆLÄÅ¹&Ì�l�¼ÚÃ#ÄÊ¹/ÎÅÄ¶É/¹/Ä¶À7�ÊËÂùÈÄ¶Ã#Ä¶Æ½ÌÊùÈÄHÎÁ»Ç¼È¾º¹Ïa÷/÷#À½¾�Î * ÌÊÄ«{ÂùÈÄ>»½ÀÕÏ]¹/Æ � ÄÊÀ�»�ÆH¸×Ä�óÍÄHÎÁ»ÇÉ#Ä¬.ÙÏk¦:¾ºÀ½¼û»NÏ]¼ÈÀ½ÄY.�ÄÊ¹Ø»kÄÊ¹=»½À½Ä(Ã#ÄÊÆkÎHÏ]¹ÐÏaÉ6zjÑØÉ/¼ y Ã#Éj÷�¾º¼¿¹Ø»^Ã#Äl�É/Ä^Ã#Ä�ù�¸�Ï]À½ÀÕÏ]¹/ËºÄY.�ÄÊ¹=»ßÆ½÷ÐÏ]»½¼ÔÏ]ù�Ã#ÄÅÆ±»ÇÀ½¾º¼ÈÆß÷ÐÏ]À�»Ç¼¿ÎÅÉ/ùÈÄÊÆ y ÷�¾ºÆÇÆ��HÃ#ÄkÉ/¹ � ¾ÂÀ�»�ÎHÏaÀÇÏºÎÁ»��ÊÀ½Ä^ÎÁ¾ÂùÈ¼È¹/ÌàÏa¼ÈÀ½Ä ô^Z¹ýÎÅÄ�Ñ=É/¼�ÎÅ¾º¹�ÎÅÄÊÀ½¹/ÄüùÔÏúÃ#ÌÅ÷�ÄÊ¹�Ã�Ïa¹/ÎÅÄ�Ã#Éi»NÏ]É6z�Ã#Äü»½ÀÕÏ]¹/Æ � ÄÊÀ�»*Æ½É/À*ùm¸Ó¾�z Ü Ë
�Ê¹/Ä�ÄÊ¹ � ¾Â¹/ÎÁ»Ç¼È¾Â¹Ã#ÄÝù�¸×ÌÊ¹/ÄÅÀ½Ëº¼¿ÄúÃ#ÄúÎÅ¾ºù¿ùÈ¼ÈÆ½¼¿¾º¹ y ¹/¾a»ÇÀ�ÄÝÌÅ»½É�Ã#ÄÝ¹/ÄúÎÅ¾º¹���ÀU.ÞÄÝ÷ÐÏaÆÙùÈÄÊÆÙ÷/À½Ì�l�¼ÈÆ½¼È¾Â¹/ÆüÃ#É .�¾�Ã>�ÊùÈÄêwÃ#ÄÊÉ6ziÎÅ¾	.�÷�¾ÂÆÕÏ]¹=»ÇÄÊÆ ôÕ§ ÉiùÈ¼ÈÄÊÉýÃ#ÄüùÚÏÝÎÅÀ�¾Â¼ÈÆ½ÆÕÏa¹�ÎÅÄ�Ï]»�»ÇÄÊ¹�Ã#É/ÄÙùÈ¾ÂÀ�ÆÕÑØÉ�¸×¾º¹�÷ÐÏ]Æ½ÆÇÄüÃ#ÄÊÆ*ÌÅ¹/ÄÊÀ½Ëº¼¿ÄÅÆ» * ÄÊÀ#.�¼¿Ñ=É/ÄÊÆ^ÏaÉ�zjÌÅ÷/¼È» * ÄÊÀU.�¼¿Ñ=É/ÄÅÆ y ¹/¾ºÉ/Æ�»½À½¾ºÉ/lØ¾º¹/Æ�É/¹/Ä2Ã#¼n.Þ¼¿¹=É#»Ç¼È¾Â¹ÙÃ�¸×É/¹ � ÏaÎÁ»½ÄÊÉ/ÀkÃ#ÄÊÉ6z ô ^ ¹À½Ä�lºÏ]¹�Î * Ä y ùÈÄÊÆ&À½ÌÊÆ½É/ùû»NÏF»ÇÆ&¾	r#»ÇÄÊ¹�É/ÆoÏYlØÄÊÎÞù¿Ä�¹/ÌÅ¾Â¹Ç.�¾º¹=»ÇÀ�ÄÊ¹=»&É/¹/ÄjÃ#ÌÊ÷�ÄÅ¹�Ã�Ïa¹�ÎÁÄüÃ#É�»NÏ]É6zÛÃ#Ä»ÇÀÇÏa¹/Æ � ÄÊÀ�»7Ñ=É/¼�ÆÇÄY.«r/ùÈÄSÆ½É/õ�ÆÕÏa¹=»½Ä3÷�¾ÂÉ/À^É#»½¼¿ùÈ¼ÈÆÇÄÊÀ�ÎÅÄÅ»�ÌÊùÈÌY.�ÄÅ¹=»7Ã�Ïa¹/Æ^ùm¸ÓÄ)z#÷�ÌÊÀ½¼ÈÄÊ¹�ÎÁÄ	Ã#Ä�.�ÄÊÆ½É/À�ÄÃ#Ä	ùÚÏ)Æ�»ÇÀ½É�ÎN»ÇÉ/À½Ä *�Ü ÷�ÄÊÀ���¹/Ä&Ã#Ä	ù�¸ *ÝÜ Ã#À�¾ÂË
�Ê¹/Ä|.*É/¾º¹/¼¿Ñ=É/Ä ô



� ø t+* Ï]÷/¼û»ÇÀ½Ä�
 ô t Ï]ù¿ÎÅÉ/ù-,pu {/À�ÌÊÆ½É/ùÈ»ÕÏ]»½Æ>ÄÅ»2Ã#¼ÈÆÕÎÁÉ/ÆÇÆ½¼È¾º¹
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£ ¤ ��}�� |��ü�{}���zy|�¥ �����

uSÏ]¹/Æ�ÎÅÄ�Ã#ÄÊÀ½¹/¼ÈÄÊÀÞÎ * Ïa÷#¼È»½À½Ä y ¹#¾ÂÉ/ÆÞ¹/¾ºÉ/ÆÞ¼¿¹=»½ÌÊÀ½ÄÊÆ½Æ½¾º¹/ÆjÏaÉ6z�Ä�ó¯ÄÁ»ÇÆÞ¼ÈÆ½¾º»Ç¾º÷/¼¿Ñ=É/ÄÊÆ�Ã�Ïa¹#Æ�ùÈÄ»ÇÀÇÏa¹/Æ � ÄÊÀ�»�Ã#Ä^Î * ÏaÀ�ËÂÄ�.*É/¾º¹/¼¿Ñ=É/Ä ô ·�ÄÊÆ±Ä)z#÷�ÌÊÀ�¼¿ÄÅ¹�ÎÅÄÊÆ�¾º¹=»ßÄÊ¹4Ä�ó¯ÄÁ»�.�¾º¹=»½À½ÌkÑ=É/Ä�Æ½É/À±É/¹oÌÊùÈÌY.�ÄÅ¹=»Ã#¾Â¹#¹/Ì y ùÈÄ�»ÇÀÕÏ]¹/Æ � ÄÊÀ�»�Ã#ÌÊ÷�ÄÊ¹�Ã � ¾ÂÀ�»ÇÄY.�ÄÊ¹Ø»�Ã#Äkù�¸×¼ÈÆÇ¾a»Ç¾º÷�Ä^Ã#Äkù�¸ *ÝÜ Ã�À½¾ºË	�Ê¹/Äb.*É/¾º¹/¼¿Ñ=É/Ä^ÎÅ¾º¹/Æ½¼ÚÃ#ÌÅÀ½Ì yh
pµ i ¾ÂÉfh

dµ iNô ·¶¸ÓÄ�ó¯ÄÁ»j¼ÈÆÇ¾a»Ç¾º÷/¼¿Ñ=É/ÄÝÃ#ÌÅ÷�ÄÊ¹�Ã ÏaÉ#ÆÇÆ½¼(Ã#Ä�ù�¸×ÌÅù¿ÌY.ÞÄÊ¹=»jÆ½É/À�ùÈÄHÑ=É/ÄÊù>Æ½Ä�»ÇÀÇÏa¹/Æ � �ÅÀ½Äù¿Äv.*É/¾º¹ ô�¦ ¾ºÉ/Æo÷#À½ÌÊÆ½ÄÊ¹=»Ç¾º¹/Æ*Ã�¸ÿÏLr�¾ºÀÇÃÛùÈÄÊÆoÀ½ÌÊÆ½É/ùû»NÏF»ÇÆo÷�¾ºÉ/À4ùm¸ÿÏN§Ê¾º»½Ä y ù¿ÄÙ¹/ÌÅ¾Â¹ ÄÅ»où�¸×¾'z Ü Ë
�Ê¹/Ä ô
¦ ¾ºÉ/ÆÃlØÄÊÀ�À½¾º¹/Æ7ÄÊ¹/Æ½É/¼û»ÇÄÖÎÅ¾s.�.ÞÄÊ¹=»�¹/¾ÂÆ>ÎHÏ]ù¿ÎÅÉ/ùÈÆ>÷�ÄÊÀ#.�ÄÅ»½»½ÄÊ¹=»>Ã�¸Ó¼¿¹Ø»ÇÄÊÀ½÷#À½ÌÅ»ÇÄÅÀ7ùÈÄÊÆ7÷ * ÌÊ¹/¾	.��Ê¹/ÄÅÆ¾sr/Æ½ÄÊÀ�lØÌÊÆ ô
¨  « ©����«ª¬ ��� ��®X�°¯±¬
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ßià�á�â <�ônmäã Ï � ¾�å Ù ½¥¿ ¡ �!� ��æ ½ ¡ ¿ ¼ � ¡ ¿�¢½`ç � ½�¿c¿��k¿��:ç � ¾�¡ ç�è �Øé��L¿�½ ¼ � ¾6¡ çj½ � Ù ½ ¾�å ¢ � �L¿�� ¼ ½ � Ù ½ç�è êpÁ Ùk¡ � �4ë ��½ D ¾ �k�:¢Â ¾ ½ Ø �k� � ¢ Ùp¤)¡�¤ �&ì ½)� æ �!� Ø ¿�¢�!� Ù ½íç�è ¤ �À½ ¡�� ¢½ Ù ½ Ø �:çîçÉ¢ � ¢�!�ðïòñ-½ Ø � � Ù ½
ç�è êpÁ Ùk¡ � �4ë ��½�D ¾ �k�:¢�Â ¾ ½ô½ � ¿ ¼ ¡�¤ � ½)�:¿ ¤ôó«� � ¾ Ø êÎ½ ì�Ø ½`ç ¾ ¢ Ùk¾ Ù ½ ¾ ¿ ¤)¡ ¢ ¾ D D ¾ �k�:¢Â ¾ ½ ó Ùk¡ �k¢?¿�½Øï

� }
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 t+* Ï]÷/¼öõÇÀ½Ä <�ô ^ÖóÍÄDõ½Æ>¼¿Æ½¾PõÇ¾º÷/¼ÚÑØÉ/ÄÊÆ

\ É/À>ùÚÏä�/ËÂÉ/À�Ä¥h <�ônm�i ÷ ¾ÂÉ/Æ3ÏYlØ¾ ÷ Æ(÷/À�ÌÊÆ½Ä ÷ õÇÌ	ù¿ÄÊÆøõÕÏaÉ6z�Ã#Ä°õÇÀÇÏ ÷ Æ � ÄÊÀ�õ(÷ÐÏ]À�õÇ¼ÈÄÊùÈÆ(ÄDõøõÇ¾PõNÏ]ù�ÆÇÉ/Àù�ùÿÏP§Å¾:õ½Ä�÷�¾ÂÉ#ÀÞùÈÄÊÆ�Ã#ÄÊÉ6z�¼ÈÆ½¾:õ½¾Â÷�ÄÊÆ�Ã#Ä�ù�ù *ÝÜ Ã#À�¾ÂË
� ÷ ÄG.oÉ/¾ ÷ ¼¿Ñ=É/ÄZh (pµ)
wúËØÏaÉ�Î * Ä�ÄDõ

(dµ)
wÃ#À½¾º¼fõ½Ä iÁô t ÄÊÆ>À�ÌÊÆ½É/ùöõNÏVõÇÆ7¾ ÷ õ>ÌRõÇÌÖ¾	r�õÇÄ ÷ É#Æ>Ä ÷ ¼ ÷ ÎÅùÈÉÐÏ ÷ õ �:� ÎÊÏ ÷ Ï]É6z�ÎÅ¾ºÉ/÷/ù¿ÌÅÆ¥à

(pµ)n=1−2 + ¦ÄDõ
p+ (µ ¦ )n′=4−13

á ô�� ¾ºÉ/À^ù¿ÄÖÃ#¾	.ÙÏ]¼ ÷ ÄÖÃ�ùÓÌ ÷ ÄÊÀ½Ëº¼ÈÄÊÆ>ÎÅ¾ ÷ ÆÇ¼¿Ã#ÌÊÀ�Ì y ùÈÄÊÆ�¾ ÷ Ã#ÄÅÆ7÷ÐÏ]À�õÇ¼ÈÄÊùÈùÈÄÊÆ J = 0w ø y ¾ ÷ õÙÌDõ½Ì ÷ ÌHÎÅÄÊÆ½ÆÕÏa¼ÈÀ½ÄÊÆj÷�¾ÂÉ/Àj¾	r�õÇÄ ÷ ¼ÈÀjÉ ÷ ÄÝÎÅ¾ ÷ lØÄÊÀ�ËÂÄ ÷ ÎÅÄÝÃ#É´õNÏ]É6z�Ã#Ä�õÇÀÇÏ ÷ Æ � ÄÊÀ�õúõ½¾:õÕÏaù¼ ÷ � ÌÊÀ½¼ÈÄÊÉ/À�Ä«w 0.1 % ôË ÷ À½ÄDõ½À½¾ºÉ/lØÄ(ùÈÄ3ÎÅ¾	.�÷�¾ºÀ�õÇÄY.ÞÄ ÷ õ^Ã#Ä(ÆÇÄÅÉ/¼¿ù�Ã#ÄÊÆ�¾ ÷ Ã#ÄÅÆ^÷�ÏaÀ�õ½¼ÈÄÊù¿ùÈÄÊÆkÄ ÷ EJ ôp§ � ÷ Ã#Ä¬.�ÄDõ�õÇÀ½ÄÄ ÷ Ì�l�¼ÚÃ#Ä ÷ ÎÅÄ�ù�ùÓÄ�óÍÄDõ)¼¿Æ½¾PõÇ¾º÷/¼ÚÑØÉ/Ä y ÷ ¾ºÉ/Æ�ÏYlØ¾ ÷ ÆÞÎÅ¾	.�÷ÐÏ]À½Ì�Ã#¼¿À�ÄHÎRõÇÄ�.�Ä ÷ õ)ùÈÄÊÆôõNÏ]É6z�Ã#Äûõ½ÀÕÏ ÷ Æ�[� ÄÊÀ�õ�õ½¾:õÕÏaÉ6zfh
λp, λd i h?lØ¾º¼ÈÀú��ËºÉ/À�Äíh <�ôÉÈsiUiÁô Ë ÷ ÆØù�Ï]÷�ÄÊÀ7üÅ¾Â¼öõ�Ï]ù¿¾ºÀ½ÆüÑ=É/Ä�÷�¾ÂÉ/ÀÙÃ#ÄÊÆüÌ ÷ ÄÊÀ½Ëº¼¿ÄÅÆ¼ ÷ � ÌÊÀ½¼ÈÄÊÉ/À�ÄÊÆ�w 0.1

Ä�� y λd ÄÊÆ�õ(Æ Ü Æ�õ½ÌY.ÙÏVõÇ¼¿Ñ=É/ÄY.�Ä ÷ õ(÷/ùÈÉ/Æ(ÌÊùÈÄ�lÂÌ4ÑØÉ/Ä λp ô
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ßià�á�â </.ÉÈ ã10 �CD ¼ � ¡ �!¢ � �k��½)�8¿ ¡ ½Uçj½ � ¿�� ¾:å�Ù ½c¿ ¡ �k� ��æ ½ ¡ ¿�¿��k¿�� ¾�å � ¾6¡ ç�è �=é��L¿�½ Ù ½ ¼ ¾ ¢ � çj½ � Ù ½ ¾:å¢ � �L¿�� ¼ ½ � Ù ½ ç�è êoÁ Ù!¡ � ��ë ��½�D ¾ �!�:¢Â ¾ ½ Ø �k� � ¢ Ùp¤)¡�¤ � ï�ñÕ½ Ø ½ ¡ Ø ç^½Ì¢£� Ù ¢Â ¾ ½ çj½ ¡�¤ � ¾ çº¿��L¿�½ å ¼ ¤�¡ ¢ÓD¥½)�32¿��:çÕ�54�¿�½)� ¾ �76	½ Ø (pµ) 8+9;: ì çj½ Ø � ¡)¡�¤ Ø ½`ç ¾ ¢+�<4�¿�½)� ¾ �76L½ Ø (dµ) 8(9): ï

§>= l5?5@�AB@ ÷3C DFEHGIE 0.3 E � yKJ CMLBN AO? ÷3CN÷�PQEHGIE J ù�? ÷�GIESR3C L õO@ E J�J E J = 2
?srTA EUL l NUE A =TL J C� D5=ILBE h <".jm�i y RVEUL�WXE õÆw λp GIEHGINUR3C AOA EUL J ? PYC J EUWXE`÷ õ λd .@¦ ? = A C l<? ÷ A C = ABAB@ LBEUR ? L õ N J E ALBN A = J õ C õOA E z RVNUL @ WZE`÷ õ C7= z E z9õ L;C @fõBA GIE à ÈCá[. ^ ÷\= õO@ J @�A CN÷ õ J C � ? LBW]= J E h]
 ._^/`aRTLBN A E`÷ õ NUEbC7=

P;c3C7R @fõ LBEdRTLBNYP%NYGIE`÷ õ y ? ÷bRVEU= õ PYC J PQ= J EULeGIE AXõ C = z GIE õ L;CN÷ A � EUL õ W ? Ü E`÷$÷TN A�A =TL J C]G @�A�õ L @jr ="fõO@�? ÷MN`÷TEUL�D5N õO@hg =TEiGIE Ae@�AB?:õB? RVE A Wj= ? ÷ @kg =IE A . Ë ÷ õ L ? =Il<E {

λpth = λ(300K) = 5.2 1010 s−1 E õ λdth = 14.8 1010 s−1 m <".�no`
t E A LBN A = J õ C õOApAO? ÷ õ ED÷qR3C7L � C @öõ C PUP ? LOGqCYl5EYP J ù E z RVNUL @ E`÷�P%E m λpexp = 3.4 ± 0.7 1010 s−1 E õ
λdexp = 14.5± 0.2 1010 s−1 `%.Tr ù E ó E õs@�AB?:õB? R @hg =TEtE A�õ G ? ÷�Ptu @ E`÷MLBEURIL ? GI= @fõ .
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ßià�á�â </.¯úã Ï3°7± å Ù<²Z³(´ °7µT¶�æ ²)´Q³�· ° ´%³(¸[² ç ¶ ²Q³s³º¹ ³ ° ç ¶)± ´ ç ² µ¼» ¹ µ ·�¹ ± ´ ç ² ¶ Ù<² ± åM¸ ¶ ¹ ³º¹O·�² ¶ Ù<²
ç�è ê<½ Ù7´O¹O¾4ë µ ² D ± ¹ µ ¸[¿ ± ² Ø ¹ µI¶ ¸úÙ » ´ »)¶&ì ² µ æ ¹ µßØ ³(¸[¹ µ Ù<² ç�è »%µ ²%´�¾7¸[²zÙ<² Ø ¹ çîç ¸ ¶ ¸[¹ µ ïòñ ² ØO°o¶ Ù<²
ç�è ê<½ Ù7´O¹O¾4ë µ ² D ± ¹ µ ¸+¿ ± ²À² ¶ ³Á·V´ »)¶ ² µ ³ » ój¾ °7± Ø ê ² ì�Ø ² ç ± ¸�Ù ± Ù<² ± ³ » ´%¸ ± D D ± ¹ µ ¸[¿ ± ²äó Ù7´O¹7¸Â³º² ï

Ã l<EYP J E ÷TN ? ÷ÁÄ J ù EQÅÆE õÇ@hAB?PõO? R @kg =TEtE A�õXõ L�È AÇAB@ W @ J C @ L�EiÉ]PQE J = @Ê? u A EUL�l5NpCYl5EYP J ù C §U?Põ E5.�\/=TL
J C � DF=TLBE m </._^/`%Ä ? ÷ql ?F@öõZg =TEHR ? =TL]GIE A N`÷TEUL�D @ E A]@ ÷TËÌNUL @ EU=TL�E A É 0.1 E�ÍÀÄ λd E A�õ�õO? =FÎ ? =TL A
R J = A N J EQl<N g =TE λp ./rÁE>R3C ABA C DFEdGIE λp C7="fÏG"E AOA = A GIE λd l<EUL A 0.6 E�ÍÀÄ AØù E%ÐIR J @hg =TEaC = ABAB@ R3C7L
J CHL�N AB? ÷3CN÷�PQEXGIE J ù�? ÷�GIE J = 2 W ? ÷ õ LBNUE A =TL J C � DF=TLBE m <".�¯Ñ`). Ã ="ÐÒN`÷TEUL�D @ E A õ cTEQLBW @hg =TE A? ÷ õ L ? =Il<EXÓ

λpth = λ(300K) = 1.02 1010 s−1 E õ λdth = 15 1010 s−1 m <".Ô<`
rÁE A LBN A = J õ C õOA E%ÐIRVNUL @ WXE`÷ õ C7="ÐMG ? ÷$÷IE`÷ õ Ó

λpexp = λ(300K) = 0.849± 0.002 1010 s−1 E õ λdexp = 10.1± 0.3 1010 s−1 m <".�¯Ñ`
Õ×Ö WZE AB@ J ù C PUP ? LOGHE%ÐIRVNUL @ E`÷TPQE%f õ cTN ? L @ EaE A�õ =$÷HRVEU=bW ?F@ ÷ A�A C õB@�A ËÂC @�A CP÷ õ G�CN÷ A J EdPYC A GI=

GIEU= õ NQL @ =TWØWj= ? ÷ @kg =IE5Ä J ù EQÅÆE õZ@�AO?PõO? R @hg =TEÙE A�õ L�EURTL ? GI= @fõ .ªÚÛE A G ? ÷$÷TNUE A E%ÐIRVNUL @ WZE`÷ õ C J E AAB? ÷ õ C7= AOAB@ G @hA R ? ÷ @ u J E A É õ LBÈ A u3C AOA E õ EUWXRVNUL;C õ =TL�E m T = 20 � ` àq
�
 á¨Ó
λpexp = λ(20K) = 3± 1 1010 s−1 E õ λdexp = 18± 7 1010 s−1 m <"._^/`

^ ÷Ü= õB@ J @�A CP÷ õ =$÷TEiG @�A�õ L @ uT= õO@�? ÷ Õ CoÐÑÝÇE J�J @ ED÷$÷TEjR ? =TLÛPYC J PQ= J EUL J E Aøõ C =/ÐMW ? Ü E`÷$÷TN A Ä ? ÷? u õB@ E`÷ õ Ó

λp = λ(20K) = 1.2 1010 s−1 E õ λd = 10.5 1010 s−1 m <".Þ<`



� � ßàc3C7R @öõ LBE�</. ^ ÅÆE õBAe@hAB?PõO? R @kg =TE A

r ù CFPUP ? LOGÀE`÷ õ L�E J E A lFC J EU=TL A WXE A =TL�NUE A E õ J E A LBN A = J õ C õOA%õ cTN ? L @hg =TE A E A�õ W ? Ü E`÷Á.Ñß ? WXWXE
÷ ? = A J ù CUl ? ÷ A GIN�Î�ÉjL�EUWáC7L g =TNaC =ÙP;c3C7R @öõ L�EdRTLBNYPQNYGIED÷ õ ÄTÉjPQE õ7õ E õ EUWZRVNUL;C õ =TLBEFÄ J ù c Ü GIL ? DFÈ`÷TE
E A�õ É J ù N õ C õ J @kg = @ G"E5.ªr ù_@ ÷�PQEUL õB@fõ =�GIE A =TL J CâG @�A7õ L @ uT= õO@�? ÷ãN`÷IEULBDFN õO@hg =TE×GIE A (pµ) E õ (dµ)÷TEú÷ ? = A RVEULBWXE õ R3C A GIESP ? ÷�P J =TL�E A =TL J CMRTL�NYP @�AB@h? ÷\GIE A PYC J PQ= J A EQÅÆEYP õ =TN A .äÚÛESR J = A Ä J E Au3C L�LBE A G ù EULBL�EU=TL A E%ÐIRVNUL @ WZE`÷ õ C J E AHAB? ÷ õ LBE J C õO@ l<EUWZE`÷ õá@ WXR ? L õ CN÷ õ E A .àßåEURVE`÷�G�CN÷ õ Ä J ù EQÅÆE õ@hAB?PõO? R @hg =TEiP ? LBL�E A R ? ÷�GÙu @ E`÷æÉÀPQE J = @Á? u A EULçl<NtE%ÐIRVNUL @ WXE`÷ õ C J EUWZE`÷ õ .
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ßià�á�â <"._^ ã 0 ¹��>· ° ´ ° ¸ ¶ ¹ µ ² µ ³(´O² ç ² ¶ ³ °7± å Ù<²×³(´ °7µT¶�æ ²%´%³i³º¹ ³ °o± å ¶)± ´ ç ² µ¼» ¹ µ Ù<²º· ± ¸ ¶ ç ² ¶Ù<² ± å]¸ ¶ ¹ ³�¹;·�² ¶ Ù<² ç�è êÑ½ Ùo´;¹O¾4ë µ ²�� ± ¹ µ ¸[¿ ± ² Ø ¹ µT¶ ¸úÙ » ´ »;¶ ïBñ ² ¶�Ø ²%´ Ø ç ² ¶ ¸ µ Ù7¸+¿ ± ² µ ³ ç ² ¶ ´ »)¶;± ç ³ ° ³ ¶²7å%· » ´)¸��S² µ ³ °7± åX¹ 4 ³º² µ�±/¶>° 6 ² Ø (pµ) 8 ��� ì�� � : ì ç ² ¶ Ø;° ´)´ »)¶ Ø ² ± åX¹ 4 ³º² µ�±/¶>° 6 ² Ø (dµ) 8 ��� ì�� � : ï

¨��� ©���� ª¬ �"! �$#&%&')(+* ¬
r ù_? Ð Ü D5È`÷TEæE A�õ J EÒGIEUL7÷ @ EULHN J NUWXED÷ õÙg =TE ÷ ? = A RTL�N A E`÷ õO? ÷ A .-, J E A7õ R3C7L õB@ PQ= J @ ÈULBEUWZE`÷ õ@ ÷ õ NULBE AOA CN÷ õ Ä�PYC7LÀE%ÐIRVNQL @ WXE`÷ õ C J EUWXE`÷ õ Ä @ J E A�õ J E A EU= J R ? =TL J E g =TE JÇJ ù EQÅ¼E õZ@�AO?PõO? R @hg =TEÙE A7õ@ ÷<l<EUL A NiC7="ÐÙN`÷TEUL�D @ E Aøõ cTEULBW @hg =TE A . ^ ÷MEQÅÆE õ Ä ? ÷ ? u A EUL�l<E à ÔCáªÓ
λpexp = λ(300K) = 8.5± 0.5 1010 s−1 E õ λdexp = 5.5± 0.5 1010 s−1 m <". 
 `

rÁE õ C7="ÐHGIE õ LOCP÷ A ËÌEUL õ E A�õ G ? ÷�PÛR J = Aà@ WXR ? L õ CN÷ õ CUl<EYP (pµ)
g = ù CUl<EYP (dµ) .IßåE>L�N A = J õ C õAØù C PUP ? LBG R3C L�Ë(C @fõ EUWXE`÷ õ CYl5EYPû÷ ?5A RTLBN%l @hAB@�? ÷ AXg = @àAB? ÷ õ RTLBN A E`÷ õ NUE AÀA =TL J E Aô� D5=TL�E A m <".Þ<`

E õ m </. 
 `%.¨ß ù E A�õ WáC @ ÷ õ E`÷�CP÷ õ J CâLBN AB? ÷3CP÷�PQE ? u A EQL�l<NUEMR ? =TL J ù�? ÷�GIE×R3C7L õB@ E J�J E J = 1
g = @

E%ÐIR J @hg =TE>PQEÛP ? WZR ? L õ EUWXE`÷ õ .Ñr$C õ cTN ? L @ EÛE A�õ E`÷SE%ÐTPQE JhJ E`÷ õ EdCFGIN g =3C õB@h? ÷bCUl<EYP J ù E%ÐIRVNUL @ ED÷�PQERT= @�A;g =TE�÷ ? = A�õ L ? =Il ? ÷ A Ó
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O�PQOSRT
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]b^h`
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ßià�á�â </. ÞãlkV°o± å|Ù<²b³(´ °7µT¶Zæ ²%´%³à· ° ´Q³(¸+² ç ¶ ²Q³t³º¹7³ ° ç ¶)± ´ ç�è ¹`å ½ ¾4ë µ ²j·T¹ ± ´ ç ² ¶ Ù<² ± å1¸ ¶ ¹ ³º¹;·�² ¶Ù<² ç�è êÑ½ Ù7´O¹O¾4ë µ ²m� ± ¹ µ ¸+¿ ± ² Ø ¹ µT¶ ¸úÙ » ´ »)¶&ì ² µäæ ¹ µßØ ³(¸+¹ µ Ù<² ç�è »%µ ²%´[¾ ¸[²ÚÙ<² Ø ¹ çZç ¸ ¶ ¸[¹ µ ï�ñ ² Ø;°¥¶ Ù<²
ç�è ê<½ Ù7´O¹O¾4ë µ ²m� ± ¹ µ ¸+¿ ± ²À² ¶ ³Á·V´ »)¶ ² µ ³ » ój¾ °7± Ø ê ² ì�Ø ² ç ± ¸�Ù ± Ù<² ± ³ » ´%¸ ± �n� ± ¹ µ ¸[¿ ± ²äó Ù7´O¹7¸Â³º² ï

λp = λ(300K) = 7.77 1010 s−1 E õ λd = 6.6 1010 s−1 m <".�<5`

¨��po q ¡`� � � �±�L¡D�r*

^ J NUWXED÷ õ ^ m E�Íp` λp
^ ÐIRÊ. λd

^ ÐIRÁ.
Ã §U?Põ E sI.Bs ^ Þ". Ô ¯I.�^ ±0.7 nU^T.� nU^T. Þ ±0.2t Ð�u"DFÈ`÷TE sI.Bs ^ </. <:< �I. Þ ±0.5


 . 
 ÞI.Þ ±0.5

¦sN ? ÷ 2.10−3 nF. Ô ¯ ±1 n_sI. Þ n`� ±7sI.Bs ^ nF.Bs5Ô sI.� ^ � ±0.002 n¥Þ".Bs n_sI.hn ±0.3

vfwyx â </.hn%ãzkV°7± år{<²�³(´ °7µI¶�æ ²%´%³Ê³º¹7³ ° ç �S¹ ½ ² µ ¹ 4 ³º² µT±/¶Ç° 6 ²0| ±/µ ²+{o¸ ¶ ³(´)¸ 4 ± ³(¸[¹ µ�}1° åZ~à² çîç ¸[² µ�µ ²
°7± å »%µ ²%´[¾ ¸[² ¶ ¸ µ {7¸[¿ ±3» ² ¶ ï$� ¹ ± ´�|;¹��>· ° ´ ° ¸ ¶ ¹ µ$ì ç ² ¶ ´ »)¶)± ç ³ ° ³ ¶ ²7å%· » ´%¸:�á² µ ³ °7± å ²7å5³(´ ° ¸Ì³ ¶ {<²
8 ��� ì�� � ì 9): ¶ ¹ µ ³ °7±Ñ¶;¶ ¸¼·3´ »)¶ ² µ ³ »)¶ ï�ñ�è ±"µ ¸Ì³ »p± ³(¸ ç ¸ ¶Y» ²]² ¶ ³ 1010s−1 ï

rÁE õ C u J E¥C7= m <".�no`àLBEUDFL ? =TRVE J ù E`÷ A EUW]u J EiGIE A LBN A = J õ C õOAÛg =TE�÷ ? = A CYl ? ÷ Ae? u õ E`÷/= A C @ ÷ AB@g =TE J E A G ? ÷$÷TNUE A E%ÐIRVNUL @ WXE`÷ õ C J E A .ÊÚdCP÷ A õO? = A J E A PYC A ÄF÷ ?FA PYC J PQ= J A L�EURTL ? GI= @�A E`÷ õ R3C L�Ë(C @ fõ EUWXED÷ õ J ù E%Å¼E õe@hAB?PõO? R @kg =TE ? u A EUL�l<NF.
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ßià�á�â <".=©�ã 0 ¹��>· ° ´ ° ¸ ¶ ¹ µ ² µ ³(´O² ç ² ¶ ³ °7± åª{<²X³(´ °7µT¶�æ ²%´Q³s³º¹7³ °7± å ¶)± ´ ç�è ¹Då ½ ¾4ë µ ²«{5²º· ± ¸ ¶ ç ² ¶{<² ± å×¸ ¶ ¹7³º¹;·�² ¶ {<² ç�è êÑ½ {7´;¹B¾4ë µ ²�� ± ¹ µ ¸[¿ ± ²«|;¹ µI¶ ¸S{ » ´ »)¶ ï%ñ ²«|;²)´0| ç ²X¸ µ {7¸[¿ ± ² ç ²Z´ »;¶)± ç ³ ° ³a²7å 2· » ´)¸��á² µ ³ ° ç ¹ 4 ³º² µ�±Ò° 6 ²0| (pµ) 8(9): ì ç ²¬| ° ´%´ » |;² ç ± ¸à¹ 4 ³�² µ�±â° 6 ²0| (dµ) 8+9): ï

^ ÷áCN÷3C J u A CN÷ õ J E A P ? ÷ õ L @ uI= õO@�? ÷ A GIE A G @ ÅÆNULBE`÷ õ E Aª? ÷�G"E A R3C L õO@ E J�J E A Ä J ù E)ÐIR J @ PYC õO@�? ÷ õ cTN ? fL @hg =TEÀGIE J ù EQÅÆE õa@�AB?:õB? R @hg =TE A EÀGIE ABAO@ ÷TE]RVEU=1ÉáRVEU=Ê.�� ? =TL J E A õ L ?F@�A N J NUWZE`÷ õOA N õ =�G @ N A Ä ? ÷
LBEUWáC7L g =TE g = ù É õ LBÈ A u3C AOA EeN`÷TEULBD @ E5Ä J ? L AOg =TE J ù�? ÷�GIEeR3C L õO@ E JhJ E J = 0 G ? W @ ÷TE J EsRTL ? PQE ABA = A Ä
J E õ C7="ÐMGIE õ L;CN÷ A Ë�EUL õ CUl5EYP m dµ `åE A7õ�õO? =FÎ ? =TL AsA =TRVNUL @ EU=TLÛÉZPQE J = @Á? u õ E`÷/=æCUl<EYP m pµ `%.�r ù�@ ÷"fl<EUL AO@�? ÷bGIE>P ? WXR ? L õ EUWXE`÷ õà? u A EUL�l5NUEdCYl5EYP J ù_? Ð�u"DFÈ`÷TEaC7="ÐSN`÷TEUL�D @ E õ cTEULBW @hg =TE AàAØù E%ÐIR J @hg =TEAB@ WXR J EUWZE`÷ õ R3C7LÀ=$÷TEÙL�N AO? ÷3CN÷�PQE @ WXR ? L õ CP÷ õ EMG"E J ù�? ÷�GIEÙR�C L õB@ E JhJ E J = 1

g = ù_? ÷ ÷TEbLBE%fõ L ? =Il<EtR�C A CUl<EYP J E A C7= õ L�E A N J NUWXED÷ õOA .�� ? =TLsPQE A GIEUL7÷ @ EUL A ÄT=$÷MRTcTN`÷ ? WXÈ`÷TE AB@ W @ J C @ LBE�÷ ? ÷WXE A =TLBNsE%ÐIRVNUL @ WZE`÷ õ C J EUWXE`÷ õ Ä"C7RTR3C LOC� õ ÉpGIE A ND÷TEULBD @ E A R J = A N J EQl<NUE A m ∼ 0.3− 0.6 E�Íp`).Ñr$C
P ? ÷ õ L @ uT= õB@h? ÷×L�N AB? ÷3CN÷ õ EtE A�õ C J ? L A C ABAO? P @ NUEjÉ J ù_? ÷�GIEtR3C7L õB@ E J�J E J = 2 ., J ÷ ? = A LBE A�õ EæG ? ÷�PÜÉqP ? WXRTL�E`÷�GILBE J EÜWXNUPYCP÷ @�A WXEÜL�E A R ? ÷ A C7u J EæGI=�P ? WXR ? L õ EUWXE`÷ õ
É õ L�È A u3C ABA E õ EQWXRVNUL;C õ =TL�E5.�� ? =TLjPQE J C"Ä±÷ ? = A CUl ? ÷ A LBN¥C J @�A Ná=$÷\PYC J PQ= J É×GIEU="Ð ÷ @ l5E¥C ="Ð¼.^ ÷ EQÅÆE õ Ä J ù CN÷3C J u A EÜG"E A RTL ? u3C u @ J @öõ N A GIE õ L;CN÷ A ËÌEUL õ Ä�÷ ? = A CâRVEUL�W @�A GIE×P ? ÷ A7õ C õ EUL g = ù Éõ LBÈ A u3C ABA EâN`÷TEQLBD @ E5Äà=$÷ A EU= J PYCN÷3C J GIE AB? L õO@ E A EÒRVEU=TR J E1GIEÒWáCN÷ @ ÈUL�EÒRTLBNYG ? W @ ÷3CP÷ õ E Ó
p(d) + ( ¦ µ)6+

n=5
R ? =TL J ù C §U?:õ E5Ä p(d) + (

t
µ)7+

n=5
R ? =TL J ù�? Ð�u"DFÈ`÷TE1E õ p(d) + ( ¦sE µ)9+

n=6R ? =TL J E ÷TN ? ÷Á.�¦ ?:õ LBEÀW ? GIÈ J EZE A�õ G ? ÷�PZP ? ÷ A�õO@öõ =TNXGI=1PYCP÷�C J G ù E`÷ õ LBNUEZGIE J CHLBN¥C P õB@h? ÷ GIEõ L;CN÷ A ËÌEUL õ E õ GI=ÜPYCN÷3C J GIE AB? L õO@ EpRVEU=TR J N5.B� ? =ILeLBEURTL ? GI= @ LBE J E A ÷ @ l<E¥C7="ÐMc"u"RVEUL A RTcTNUL @kg =TE A
P ? L�LBE A R ? ÷�G�CP÷ õOA Äð÷ ? = A CYl ? ÷ A = õB@ J @�A N J CáË ? L�WXEXC A u"WXR õB?:õB@kg =TEZGIE A PYCN÷3C ="Ð m l ?F@ LtCN÷$÷TE%ÐIE® `¨E õ G"E A P ? =TR J C DFE A�¯ C = ABAB@ E`÷ A .Tr$C]P ? WXR3C7L;C @�AO? ÷ÙE`÷ õ LBE J EtPYC J PQ= J P ? WZR J E õ E õ J EdW ? GIÈ J EÉiGIEU="Ð�÷ @ l<E¥C7="ÐáE A�õ RTLBN A E`÷ õ NUE>R ? =IL J ù C §U?Põ E A =TL J C±°�DF=TLBE m <".�<5`)."Ú>E A L�N A = J õ C õBAàAB@ W @ J C @ LBE A? ÷ õ N õ N ? u õ E`÷Ñ= A CUl<EUP J E A GIEU="Ð×C7= õ LBE A N J NUWXE`÷ õOA .

rÁEHPYC J PQ= J AB@ WXR J @ °�NHL�EURTL ? GI= @öõ u @ E`÷ J E AÀ?FA P @ JhJ C õO@�? ÷ A G"E J C×RTL ? u3C7u @ J @öõ NbGIE õ L;CN÷ A ËÌEUL õ
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ßià�á�âÚÙ . Ù ã\0 ¹��Û· ° ´ ° ¸ ¶ ¹ µ ² µ ³Â´;² ç ² ¶ ·V´O¹ 4 ° 4 ¸ ç ¸Â³ »)¶ ²7å ° |%³º² ¶ {<²p³Â´ °7µI¶�æ ²%´%³ ¶)± ´ ç�è ° é ¹ ³º²r{<²º· ± ¸ ¶
(pµ)

²Q³
(dµ) Û ¹ µ {<²�· ° ´%³(¸+² çZç ² J = 0 Ü ì ²Q³ ç ²±�S¹b{�ë ç ²ôó«{<² ± å µ ¸ 6 ² °7± å ï

? u A EULçl<NUE A .ªßàEMP ? WXR ? L õ EQWXE`÷ õ PYC7L;C P õ NUL @hA�õO@hg =TEMP ? LBLBE A R ? ÷�G ÉâGIE AX?FA P @ JhJ C õO@�? ÷ A GIEzÝ õ ="f
P0Þ5E J uVEUL�Dàßá©ãâ�ä�. t ÷ ? u A EQL�l<ESG ? ÷�P J E Ai@ ÷ õ EQLBËÌNUL�E`÷�PQE A E`÷ õ LBE J E A GIEU="Ð P;cTEUW @ ÷ A G ? W @ ÷3CN÷ õOA
R ? =TL J E õ L;CN÷ A ËÌEUL õ G"EÙW]= ? ÷ Ó J ù =$÷ P ? L�LBE A R ? ÷TGãC7= õ LOCP÷ A ËÌEQL õ J ? L A;g =TE J E A R3C L õO@ PQ= J E AXA E
L;C7RTRTL ? P;cTE`÷ õ Ä J ù C = õ LBE J ? L AOg = ù E JhJ E AàAØù N J ?F@ D:÷TE`÷ õ .IÚdCN÷ A =$÷TEÛl @hAB@�? ÷ A EUW @ fºP J C ABAB@kg =TE5Ä J CpG @ ÅÆN%f
LBE`÷�P%E�GIEåRTc3C A EåE`÷ õ L�EàPQE A GIEU="ÐjP;cTEUW @ ÷ A E A�õ G ? ÷$÷TNUEåR3C L J CsG @ ÅÆNULBED÷�PQEàE`÷ õ LBE J E Aä@ ÷ õ NUDFL;C J E AG ù C P õO@�? ÷XP ? LBLBE A R ? ÷�G�CN÷ õ E A Ó7E J�J E�E A�õ G ? ÷�P�RTL ? R ? L õO@�? ÷$÷TE J�J EsÉ √m . Ã u3C ABA E�N`÷IEULBD @ E5ÄFPQE õ�õ E
G @ Å¼NUL�E`÷�PQEXGIEÀRTc3C A EÀRTL ? GI= @öõ GIE Aa@ ÷ õ EUL�ËÌNULBED÷�PQE A P ? ÷ A�õ LB=�P õB@ l5E A R ? =TL m dµ `dC J ? L Apg = ù E J�J E AAB? ÷ õ GIE A�õ L�=�P õO@ l<E A CUl<EYP m pµ `%.Áß ù E A7õ R ? =ILaPQE õ7õ EÀLOC @�AB? ÷ g =TE J E õ C7="ÐÒGIE õ L;CP÷ A Ë�EUL õ λp E A7õA u A�õ NUWáC õO@hg =TEUWZE`÷ õs@ ÷TËÌNQL @ EU=TLÛÉ λd C7="ÐÙu3C AOA E A�õ EUWZRVNUL;C õ =TL�E A .

ßåE A LBN A = J õ C õOA P ? ÷ A7õB@fõ =TE`÷ õ J CiRTLBEQW @ ÈQLBEaCP÷3C J u A E A u A�õ NQWáC õB@kg =TEdGIE A EQÅ¼E õBAà@hAB?PõO? R @kg =TE A
G�CP÷ A J E õ L;CN÷ A ËÌEUL õ Wj= ? ÷ @hg =TEF. Ã ="ÐMu3C ABA E A ND÷TEULBD @ E A Ä J E A RILBEUW @ ÈULBE A RILBNYG @ P õO@�? ÷ A L�N¥C J @�A NUE AR3C L�ÝÆ.ÚÝÆ. ¯ EUL A c õ E @ ÷åß_^�ääG ? ÷$÷3C @ E`÷ õ =$÷ õ C7="Ð×GIE õ LOCP÷ A ËÌEUL õ CUl<EYP (pµ) Ä 1.4 Ë ?5@�A R J = A N J EQl5Ng = ù CUl5EYP (dµ) .æÝ ? ÷MPYC J PQ= J ÄTGIE õ u"RVEtr$CN÷�G�C7="fèçÆE`÷TEQLYÄ�÷TEaRTL�E`÷3C @fõ R3C A E`÷ÙP ? WZR õ E J E A EQÅÆE õOAG ù�@ ÷ õ EULBËÌNUL�E`÷�PQE A G ? ÷ õ ÷ ? = A CUl ? ÷ A W ? ÷ õ L�N J EsLêé J EÛPQL�=�P @ C J .T� J = A L�NYPQEUWXWXED÷ õ ÄÒët. Ã .�ÝÑ= J õ Cof÷ ? ljE õ ÝÆ. � . Ã GIc @ Þ C L @I? ÷ õ LBE õ L ? =Il<N J E A E%Å¼E õBAy? u A EUL�l5N A CUl<EUP J ù_? Ð�u/D5È`÷TEmß=©�ä�.5ß ? WXWXE ÷ ? = A
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D @ EiNUR @öõ cTEUL�W @kg =TEo`%Ä�÷ ?FA LBN A = J õ C õOA W ? ÷ õ LBED÷ õ =$÷IEjGINYPQL ?F@�AOA CN÷�PQE]GIEiW ?F@fõB@ N]GI= õ C ="ÐÜGTCP÷ A
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 ñ ñ����� 


� ðòñôó�� úøðûñ ��� � ����� ñ

� ��� q |�� *��J¯����r*
r$C]Ë ? ÷�P õO@�? ÷×GIE ¯ LBEUE`÷ Gk

GIE J ù_? RVNULOC õ EU=TL m ∆ + k2 `åE A�õøõ E J�J E g =TEXÓ
(∆ + k2)Gk(r) = δ(r) m Ã .hn¥`

� �! " #$#&%±¬(')')���r*
t ÷ÜCbÓ

Gk(r) = − 1

4π

eikr

r
m Ã .Ô<`

ì ÷MEQÅ¼E õ Ó

∆

(
eikr

r

)
= eikr∆

(
1

r

)
+

1

r
∆
(
eikr
)

+2∇
(

1

r

)
.∇
(
eikr
) m Ã .�¯Ñ`

t ÷×PYC J P%= J EtË(CFP @ J EUWXE`÷ õ Ó

∆
(
eikr
)

= −k2
(
eikr
)

+
2ik

r

(
eikr
) m Ã ._^/`

∇
(
eikr
)

= ik
(
eikr
) r

r
m Ã .Þ<`

t ÷ÜCZC = ABAB@ ß�ÔZs�ä¨Ó
∆

(
1

r

)
= −4πδ(r) m Ã .B©<`

, J l @ E`÷ õ Ó
n_s5Þ



njsZ© Ã ÷$÷TE%ÐIE Ã .+* ? ÷�P õO@�? ÷ÜGIE ¯ L�EUE`÷

(
∆ + k2

)(
− 1

4π

eikr

r

)
= δ(r) m Ã . Ù `

PQE g = @ W ? ÷ õ LBE g =TE J C]Ë ? LBWXE m Ã . Ô5`ål5NUL @ °�Etu @ E`÷ J ù N g =3C õB@h? ÷ m Ã .hn¥`%.
,.-0/21�3	465)-

t ÷MW ? ÷ õ L�EpGIEtW Ö WZE g =TEXÓ
(
∆ + k2

)(
− 1

4π

e−ikr

r

)
= δ(r) m Ã .Bâ<`

� �è " #�#�%�¬7')')���r* �Q*ä¯ | '8%�9;:D¬ ª ¬ : !Ï|7<>= 9°¯����r* 9 = # ?@9;:D¬ = %�'
#�%��8#�%�¬7'

ß ? ÷ AB@ GINUL ? ÷ A J ù N g =�C õB@h? ÷æC7="ÐblFC J EU=TL A RTL ? RTL�E AsA = @ lFCP÷ õ ESÓ

(∆ + U(r))ϕ(r) = −k2ϕ(r) m Ã .=îÑ`
?BA

U E A�õ =$÷MR ?:õ E`÷ õO@ E J g =TE J P ? ÷ g =TEtl5NUL @ °VCP÷ õ J E A RTL ? RTL @ N õ N A GIEtL�NUD5= J C7L @öõ N A = A =TE JhJ E A .t ÷SRVEU= õ C J ? L A W ? ÷ õ LBEUL g =TE AB@
Gk

E A�õ J CaË ? ÷�P õO@�? ÷áGIE ¯ L�EUE`÷áGIE J ù�? RVNUL;C õ EU=TL m ∆+k2 `
GINQ°�÷ @ EtRTL�NYPQNYGIEUWZWXE`÷ õ Ä J C AB? J = õO@�? ÷MDFN`÷TNULOC J EpGIE J ù N g =3C õO@�? ÷ m Ã .Bî<`¨E A�õ GIE J C]Ë ? L�WXE ß�ÔZs�äªÓ

ϕ(r) = ϕ0(r) +

∫
d3r′Gk(r− r′)U(r′)ϕ(r′) m Ã .hnjsÑ`

?BA
ϕ0

E A�õ J C AB? J = õO@�? ÷×GIE J ù N g =3C õO@�? ÷ J @ uTL�ESÓ
(∆ + k2)ϕ0(r) = 0 m Ã .hnFno`




 ñ ñ����� C

D FE����3ù ù«úøðûñ � ÷ �HGJI´ðûñ ��� K ��L GòóNM � ñ
O ðòñôó�� úøðûñ ���3ù O Gòó��&� ÷��zù ��� O ðP��L �

ÚdCN÷ A PQE õ7õ EeCP÷$÷TE%Ð"E5Ä:÷ ? = A E%ÐIRTL @ W ? ÷ A J EÇL;Cju ? ÷XGIE çVEUWáC P;cXGI=ÀRTL ?PõO? ÷ Rp
ED÷ZË ? ÷TP õO@�? ÷

GIE A Ë(C P õ EU=TL A GIEtË ? LBWZEtN J EUP õ L @hg =TEtE õ WáC7D:÷TN õO@hg =TE5.
Q ��� " #$#&%�R7')')���r* �j*TS | '8%�9;:�R
UWVYXZVYX [7\^]`_0a6bdc+egfdaihkjZc+lma

rÁE A Ë(C P õ EU=IL A GIEbË ? LBWXEHN J EYP õ L @kg =TE Ge
E õ WáC7D�÷IN õO@hg =TE Gm

AB? ÷ õ LBE A RVEYP õO@ l<EUWXE`÷ õ J Cõ LOCP÷ A Ë ? LBWXNQE>GIEn* ? =TL�L @ EULàGIE J CpG @�A7õ L @ uT= õO@�? ÷HN J EYP õ L @kg =TEdG"E>P;c3C7LBDFE>GI=áRTL ?PõO? ÷ ρe E õ GIE A C
G @�A7õ L @ uT= õO@�? ÷×WáC7D�÷IN õO@hg =TE @ ÷ õ EUL7÷TE ρm . t ÷æCÀG ? ÷�PXÓ

ρe(r) =

∫
d3p

(2π)3
eiprGe(−p2) m �Û.hn¥`

E õ
ρm(r) =

∫
d3p

(2π)3
eiprGm(−p2)

µp
m �>.Ô<`

?BA
µp E A�õ J EÛW ? WXE`÷ õ WSC D:÷TN õO@hg =TE>GI=SRTL ?PõO? ÷áE õ p J Esl<EYP õ EU=TL @ WZRT= J AB@�? ÷Á.IßàE A G"NQ°�÷ õO@�? ÷ A? ÷ õ N õ NpPOc ?5@�AB@ E A GIE AB? L õ E g = ù E`÷M=$÷ @öõ N A C õO? W @hg =TE A Ä Ge(0) = 1 E õ Gm(0) = 1 .ý$? =TLSGIE A LOC @�AB? ÷ A GIE A u"WXN õ L @ E5Ä J ù C L�D5=TWZE`÷ õ GIE A Ë(C P õ EU=TL A GIE×Ë ? LBWZE A E A�õ −p2 . ì ÷

EQÅÆE õ Ä Ge
E õ Gm

C7RTR3C7L;C @hABA E`÷ õ ÷3C õ =TLBE JhJ EUWXE`÷ õ G�CN÷ A J E A E%ÐIRTL�E AOAB@�? ÷ A GIE A N J NUWXE`÷ õBA GIE
WáC õ L @ PQEXGIE J ù_? RVNQL;C õ EU=TLpGIEXP ? =IL;CP÷ õ N J EYP õ L ? WáC7D:÷TN õO@hg =TESG ù =�÷TEXR�C L õB@ PQ= J EXP;c3C7LBDFNUE5ÄKCYl5EYP
P ? WXWXEXC L�D5=IWXE`÷ õ J EXPUC L�LBNZGI=1^7f[l<EYP õ EU=TL @ WXRT= J AB@h? ÷ õ LOCP÷ A ËÌNQLBNUE P .ÁÚdCP÷ A J E A RTL ? PQE ABA = A
N J C A�õO@hg =TE A Ä @ J ÷ ù uÙCÀR3C A GIE õ L;CN÷ A ËÌEUL õ G ù ND÷TEULBD @ EtE õs? ÷ÜCZG ? ÷�PZÓ P2 = −p2 .
UWVYXZVpo qr\)stjZuvfdaxw8a6lm\^]�y

rÁE>L;Cju ? ÷bGIEmçÆEUWáC P;cbGI=HRTL ?PõO? ÷bE A�õ G"NQ°�÷ @ P ? WZWXE J E>RTLBEQW @ EQLàW ? WZE`÷ õ GIE J CjG @�A�õ L @ f
uT= õO@�? ÷×N J EYP õ L ? WáC7D�÷TN õB@kg =TEiGI=MRTL ?PõO? ÷Á. t ÷ÜCZG ? ÷�PZÓ

n_s Ù
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Rp =

∫
d3r ′r′ρem(r ′) m �>.�¯Ñ`

?BA Ó
ρem(r) =

∫
d3u ρe(r− u)ρm(u) m �Û.�^Ñ`

ì ÷Ù= õO@ J @�A CN÷ õ J E A GINQ°�÷ @öõB@h? ÷ A m �>.hn¥`¨E õ m �>. Ô5` ? ÷ÙRVEU= õ WXE õ7õ LBE J EaL;Cju ? ÷MGIE±çÆEUWSCFP;cÙGI=
RTL ?PõO? ÷ AB? = A J CÀË ? LBWXEXÓ

Rp =
1

π2

∫
d3pz 4

(
1− 1

µp
GE(− z 2)GM(− z 2)

) m �>.Þ<`

Q �k q ||{ �r*�'}S�%�9~S����r*
rZ� @���� NUDFL;C J E m �Û.¯<` g =TE �T? = A POcTEULOP;c ?��TA ÉdLBNQE%ÐIRTL @ WXEULUÄFRÆEQ= �¨A EeWZE �!� LBE AB? = A J CdË ? LBWZEpÓ

Rp =

∫
d3rr

∫
d3p

(2π)3
F (p2)eipr m �>.=©Ñ`

?BA]?�� CsR ?FA N F (p2) = Ge(−p2)Gm(−p2)/µp .�, J � �áujCsR3C A GIEàRTL ? u J ÈUWXE�GIEàP ?�� l<EUL�D5E � PQE
R ? =TL J � @���� NUDFL;C J E A =TL p .Ær$CHP ?B� l5EULBDFE � PQEÀGIE J � @���� NUDFL;C J E A =TL r LBE A�� EÀÉáN � =�G @ EULY. t � RVEU= �
NYPQL @ LBEXÓ

Rp = lim
a→0

∫
d3rre−ar

∫
d3p

(2π)3
F (p2)eipr m �>. Ù `

ì�� = �O@ J @�A C ��� J C]LBE J C �B@h?�� Ó
e−ar

r
=

∫
d3k

(2π)3

4π

k2 + a2
e−ikr m �>.=âÑ`

?B��� L ? =Il<EXÓ
re−ar =

∂2

∂a2

e−ar

r
= −8π

∫
d3k

(2π)3

k2 − 3a2

(k2 + a2)3 e
−ikr m �>.=îÑ`

ì��MA =Tu A!�B@�� =3C ��� PQE ��� EtE%ÐIRTLBE AOAB@�?B� G�C �TA m �>. Ù ` ?��M? u �B@ E ��� Ó

Rp = −8π lim
a→0

∫
d3r

∫
d3k

(2π)3

k2 − 3a2

(k2 + a2)3 e
−ikr

∫
d3p

(2π)3
F (p2)eipr m �>.hnjsÑ`

ß ? WZWXE �O? = � E A J E Ae@���� NUDFL;C J E A P ?B� l5EULBDFE ��� Ä ?B� RVEU= � POc3C � DFEUL J EU=TL ? LOGILBEXÓ

Rp = −8π lim
a→0

∫
d3p

(2π)3
F (p2)

∫
d3k

(2π)3

k2 − 3a2

(k2 + a2)3

∫
d3rei(p−k)r m �>.hnFno`
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rZ� @���� NUDFL;C J E A =IL r E A�� P ?B�+� =TESÓ
∫
d3rei(p−k)r = (2π)3δ(p− k) m �>.�n¥Ô5`

, J l @ E ��� Ó

Rp = − 1

π2
lim
a→0

∫
d3pF (p2)

p2 − 3a2

(p2 + a2)3
m �>.hnU¯Ñ`

Ú @ l @�AO?��TA PQE ��� E @���� NQD5LOC J EpE � GIEU="ÐÙR�C L �O@ E A Ó

Rp = − 1

π2
lim
a→0

∫
d3p
(
F (p2)− 1

) p2 − 3a2

(p2 + a2)3 + ∆ m �>.hnQ^Ñ`
CUl<EYPZÓ

∆ = − 1

π2
lim
a→0

∫
d3p

p2 − 3a2

(p2 + a2)3
m �>.hnYÞ<`

rZ� @���� NUDFL;C J E ∆
A EÙPYC J PQ= J EbË(CFP @ J EUWXE ��� E � P ?/? LOG ?��+� NUE AÀA RTcTNUL @kg =TE A Ó ?B�£� L ? =Il5E g =TE

∆ = 0 Ä @�� GINQRÆE � G�C WZWXE ��� GIE J CalFC J EU=TLåGIE a . ì�� P%E g = @ P ?B� PQEQL � E J CtRTLBEQW @ ÈQLBE @���� NUD5LOC J E5ÄAB?B�M@���� NQD5LOC ��� RVEU= �sA ��NYPQL @ L�EiG�C �TA J C J @ W @¤� E p2 → 0 Ó

d3p
(
F (p2)− 1

) p2 − 3a2

(p2 + a2)3 ∼ dΩdpF ′(0)p4 p
2 − 3a2

(p2 + a2)3
m �>.hnj©Ñ`

?BA
dΩ = sin θdθdφ .$ßàE �!� EÀE%ÐIRTLBE AOAB@�?B�2� EZR ?FABA ÈUGIEXR�C A GIE AB@�� D5= J C7L @¤� NXE � a = 0 E �p?��

RVEU= � G ?�� PtWZE �!� LBEpG @ LBEYP � EUWXE ��� a = 0 G�C �TA m �>.�nU^Ñ`åR ? =TL ? u � E �T@ L J ��E%ÐIRILBE ABAB@h?�� ° � C J ESÓ

Rp = − 1

π2

∫
d3p

1

p4

(
F (p2)− 1

) m �>.hn Ù `
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ÚdC �TA PQE �!� E1C �+� E%Ð"E �T? = A E%ÐIRTL @ W ?B�TA J E AÙ? RVNULOC � EU=TL A ∂2

∂R2
1

E � ∂2

∂r2
1

E � P ?/? LOG ?��+� NUE A
cÒu"RVEUL A RIcTNUL @hg =TE A .
¬ ��� ¬ �>�8%���r* * | R7'¯®¬%.#�R|%°'6#&® | %°� <±= R7'

rÁE A P ?Ñ? LBG ?B�+� NQE A cÒu/RVEUL A RTcTNUL @kg =IE A (ρ, θ)
A EpGINYGI= @hA E ��� GIE A P ?Ñ? LOG ?B�+� NUE A G"E² CFP ? u @ÁA = @ l5C ��� J C � L;C �TA Ë ? L�WáC �O@�?B� Ó

R1 = ρ cos θ m ßd.�no`
r1 = ρ sin θ m ßd.Ô<`

AB?5@¤� Ó
ρ =

√
R2

1 + r2
1

m ßd.�¯Ñ`
tan θ =

r1

R1

m ßd._^/`

¬ �k q | %°�³? | R´'6R7µ¶�r*�$R·#�98%¸%�98#�#��8%)S¸¹
R1t � CbÓ

∂

∂R1

=
∂ρ

∂R1

∂

∂ρ
+

∂θ

∂R1

∂

∂θ
m ßd.Þ<`

G«� C7RTLBÈ A m ßd.¯<`%Ä
∂ρ

∂R1

=
R1√
R2

1 + r2
1

=
R1

ρ
= cos θ m ßd.=©Ñ`

GIEtW Ö WXEFÄ
∂ tan θ

∂R1

= (1 + tan2 θ)
∂θ

∂R1

m ßd. Ù `
n5nFn



nFnYÔ Ã ��� E%ÐIEjßd. ì ÐIRTL�E ABAB@h?�� G"E As? RVNUL;C � EU=TL A C7="ÐMGINUL @ l<NQE A R3C7L �B@ E J�J E A

AB?5@¤� Ä�G}� C7RTLBÈ A m ß>.�^Ñ`dÓ
∂θ

∂R1

=
1

1 +
(
r1
R1

)2

(
− r1

R2
1

)
= − r1

ρ2
= −1

ρ
sin θ m ßd.=âÑ`

@ J l @ E ��� G ?�� PZÓ
∂

∂R1

= cos θ
∂

∂ρ
− 1

ρ
sin θ

∂

∂θ

° � C J EUWZE ��� Ó
∂2

∂R2
1

=
∂

∂R1

(
∂

∂R1

)

= cos2 θ
∂2

∂ρ2
+

1

ρ2
sin2 θ

∂2

∂θ2
+

1

ρ
sin2 θ

∂

∂ρ

2
1

ρ2
cos2 θ sin2 θ

∂

∂θ
− 2

1

ρ
cos2 θ sin2 θ

∂2

∂ρ∂θ
m ßd.=îÑ`

¬ �� q | %°�³? | R´'6R7µ¶�r*�$R·#&98%¯%�98#�#��8%)S¸¹
r1ì�� RTL ? PQNYG�C ��� GIE J CÀW Ö WXEtWáC �T@ ÈULBE g =TEtRTL�NYPQNYGIEUWZWXE ���s?���� L ? =Il5EXÓ

∂

∂r1

= sin θ
∂

∂ρ
+

1

ρ
cos θ

∂

∂θ
m ß>.hnjsÑ`

AB?5@¤� Ó
∂2

∂r2
1

= sin2 θ
∂2

∂ρ2
+

1

ρ2
cos2 θ

∂2

∂θ2
+

1

ρ
cos2 θ

∂

∂ρ

−2
1

ρ2
cos2 θ sin2 θ

∂

∂θ
+ 2

1

ρ
cos2 θ sin2 θ

∂2

∂ρ∂θ
m ß>.hnFno`
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q ��� q |�� *&��S°���r*
rÁE A Ë ?B� P �B@h?��TA GIE>rÁEUDFE � GILBEdC ABAB? P @ NUE A Ä �T?¾� NUE A Pm

l
Ä AB?���� J E AåAB? J = �O@�?��TAàA =TL J � @���� EULçlFC J�J Eß−1, 1 ä[Ä�GIE J ��N g =�C �B@h?�� G @ ÅÆNULBE ���B@ E JhJ ESÓ

(
(1− x2)

d2

dx2
− 2x

d

dx
+ l(l + 1)− m2

1− x2

)
Pm
l (x) = 0 m Új.hn¥`

ßåE A Ë ?B� P �B@�?B�TAsAB?���� G ?B�+� NUE A R3C L J C]LBE J C �B@h?�� Ó

Pm
l (x) =

(1− x2)m/2

2ll!

dl+m

dxl+m
(x2 − 1)l m Ú].Ô<`

CUl<EYP 0 ≤ m ≤ l .

q �k ¿ %��8#�%°� | S | '
ÀxVpo|VYX ÁgcÂ_�ydjÄÃZj^ud\ZÅYÆÇ_0È

ý$? =TL�= � EalFC J EU=ILsGIE m °IÐ"NUE5Ä J ��E �TA EUW]u J EtGIE A Pm
l

P ?��TA��O@¤� =TEa= �MA u A�� ÈUWXE ? L � c ? D ?B� C JGIEtË ?�� P �O@�?��TA . ì JhJ E AsA C �O@�A Ë ?���� J CÀLBE J C �O@�?B� G«� ? L � c ? D ?�� C J @¤� NSÓ
∫ 1

−1

Pm
l (x)Pm

l′ (x) =
2

2l + 1

(l +m)!

(l −m)!
δll′

m Ú].�¯Ñ`

ÀxVpo|Vpo É�\Zc+ÆÊ_�È
t � CbÓ

Pm
l (−x) = (−1)l−mPm

l (x) m Új.�^Ñ`

n5nU¯



nFnQ^ Ã �+� E%Ð"EjÚj.�* ?B� P �B@h?��TA GIEprÁEUDFE � GIL�EjC AOAB? P @ NUE A

ÀxVpo|VÌË q�a6ÅÍ\�_�ÆÍj^uderf(aic�È6]}bdc�c�a)ud]�a
, J E%Ð @�A�� EªGIE �T? W]uTL�EU= A E A L�E J C �O@�?��TA GIEªL�NYPQ=TLBL�E � PQE ß�ÞZs�ä<E ��� LBE J E A Ë ?�� P �O@�?B�IA GIEªrÁEUDFE � GILBEC ABAB? P @ NUE A�Î�ìÄ� l ?5@ P @ GIEU="ÐÙR�C L �B@ PQ= J @ ÈUL�EUWXE ���s@ WXR ? L � C ��� E A Ó

(2l + 1)xPm
l (x) = (l + 1−m)Pm+1

l (x) + (l +m)Pm−1
l (x) m Ú Î Þ5`

(1− x2)
d

dx
Pm
l (x) = (l + 1)xPm

l − (l + 1−m)Pm
l+1(x) m Ú Î ©<`

,.-0/21�3	465)-ÂÏ
n Î Ã =Ùl ?5@�AB@�� C7DFEiGIE x = ±1 Ä Pm

l (x) ' (1∓ x)m/2
Î

Ô Î+ý$? =TL m = 0 Ä Pm
l (x) = P 0

l (x) P ?�Ðp� P�Ñ�Ò�ÓTÔUlBÓ�Õ@Ö�Ó~×�Ø�ÖÏu � éBÙÚÓ8Ò�ÓÜÛ6Ó�Ý�Ó � Ò�Þ!Ó Pl(x)
Î

¯ Î Û6Ó�ß�à`ÔáÞ!ÙÚØ � Ñ�â�ã+Ó�ß�ß!×+à+ä�Þ!Ñ�â�ã+Ó�ß Y m
l

ÄàËåØ � Õ � Ñ�Ø � ß�×+Þ!Ø�×+Þ!Ó�ß&Ò�Ó�ÖÊ�æØB×�ä�ÞkÔ � Ó�ã+Þ&Õ�ÔáÞ!Þ!ä�Ò�ã
Ù>Ø�Ù>Ó ��� Õ�Ñ � ä � Ñ�â�ã+Ó L2 Ó � Ò�Ó�ß³Ô£×+Þ�ØFÎÍÓ�Õ � Ñ�Ø � ß!ã+Þ$ã � Ô¥Ð�Ó2Ò�Ó2â�ã`Ô ��� ÑÏ°`Õ�Ô � Ñ�Ø � Lz Ä×�Ó�ã�çBÓ ���sÖ�� Þ�Ó~Ó%Ð�×+Þ�Ñ�ÙÚä�Ó�ß>ÉTÖp�èÔáÑéÒ�ÓÜÒ�Ó�ß Pm

l
ß!Ó�Ö�Ø � ÖêÔTÞ!Ó�ÖéÔ � Ñ�Ø � Ó

Y m
l (θ, φ) = (−1)m

√
(2l + 1)

4π

(l −m)!

(l +m)!
Pm
l (cos θ)eimφ ë Ú Î ÙBì
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Ñ � ßk×+Ñ�Þ�ä�ßdÒ�Ó ß Ù s�ä Î
" ��� ö Q¨÷
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Hϕ(x) = Eϕ(x) ë ì7Î�ùõì
Ø A H Ó�ß � Öp�ûúnÔ¾Ù>Ñ�Ö � Ø � Ñ�Ó � Ò�ã.ß�u0ß � È�ÙÚÓnÕ�Ø � ßkÑ�Ò�ä�Þ�ä Î�ìÄ� Ý�ä � ä�Þ�ÔáÖ+Ä H ß!ÓnÕ�Ø�Ù>×�Ø�ßkÓnÒ«�æã �±� Ó�Þ!ÙÚÓ
Õ�Ñ � ä � Ñ�â�ã+Ó T ë Ø�×�ä�Þ�Ô � Ó�ã+Þ � Ø � Ö�ØÂÕ�ÔáÖ ì Ó � Ò}�óã ��� Ó�Þ�Ù>Ó~×�Ø � Ó ��� Ñ�Ó�Ö V ë Ö�ØÂÕ�ÔáÖ ì Ó

H = T + V ë ì7Î Ô ì
ÝÂØ�Ñ � {φi(x)}i=1,n

ã � Ó � ß!Ó�Ù;ò+Ö�Óf° � ÑÂÒ0ÓåËêØ � Õ � Ñ�Ø � ß�Ø�Þ � à+Ø � Ø�Þ!ÙÚä�Ó�ß°Ò�Ó^Öp�óÓ�ß!×`Ô¾Õ�Ó¶Ò�Ó�ßüä � Ô � ß Î
ß¶Ó � Ó � ß!Ó�ÙTò+Ö�ÓnÕ�Ø � ß � Ñ � ã+Ódã � Ódò`Ôáß!Óp¶ ·�²0|Q³Â´ °�ý ² Ò�ÓdÒ�Ñ�Ù>Ó � ß!Ñ�Ø � n Î Û�Ô~Ù>ä � à+Ø0Ò0Ó�*���ë ë *�Ñ � Ñ � Ó
ò`Ô¾ß!Ñ�ßrë|Ó�×+Þ�Ó�ßkÓ ��� Ô � Ñ�Ø ��ì Õ�Ø � ß!Ñ�ß � ÓSÉ�Ò�ÑéÔ¾Ý�Ø � Ô¾Ö�Ñ�ßkÓ�ÞÜÖéÔ$Ù.Ô � Þ!Ñ�Õ�Ó>Ò�ÓÚÖêÔ$Þ�Ó�×+Þ!ä�ß!Ó ��� Ô � Ñ�Ø � Ò�Ó HÒ�Ô � ß(ã � Ó~ò`Ôáß!ÓÜß!×�Ó�Õ � Þ�ÔáÖ�Ó ÎÝÂã�×+×�ØBß!Ø � ß�â�ã+ÓNÖ�Ó�ß φi(x) Õ�ØBÞ�Þ!Ó�ß!×�Ø � Ò�Ó ��� Ôáã"ÐWä � Ô � ß ×+Þ!Ø�×+Þ!Ó�ß$Ò«�æã � ÓN×`ÔáÞ � Ñ�Ó H0

Ò�Ó
ÖÊ�æà`ÔáÙ>Ñ�Ö � Ø � Ñ�Ó �&� Ó�Ö�Ö�Ó8â�ã+Ó~ÖÊ�æØ � ×+ã+Ñ�ß!ß!ÓÜä�Õ�Þ!Ñ�Þ!ÓXÓ

H = H0 + ∆V ë ì7Î ¯ ì
Ø A H0 = T + V0

Ó � ∆V = V − V0
Ó � Ó
H0φi(x) = εiφi(x) ë ì7ÎæþÂì

ÛüÔTÞ!Ó�×+Þ�ä�ß!Ó ��� Ô � Ñ�Ø � Ò�Ó H0
Ó�ß � Ô¾Ö�Ø�Þ!ß(Ò�ÑêÔáÝ�Ø � ÔáÖ�ÓÜÓ � Ø � ×�Ó�ã � ä�Õ�Þ!Ñ�Þ!ÓXÓ

ùBù Þ



ù�ù © Ã �+� Ó%Ð�Ó ì7Î � � Ñ�Ö�Ñ�ß�Ô � Ñ�Ø � Ù>Ñ Ð � ÓÜ*���ë¶ôÏÚ�Ímë

〈φi|H|φj〉 = HFBR
ij = εiδij + 〈φi|∆|φj〉 ë ì7Î Þ ìý ØBã+Þ|Ó%Ð�×+Þ!Ñ�Ù>Ó�Þ ∆V Ä�Ñ�ÖÁË�Ô¾ã � Õ�Ô¾Ö�Õ�ã+Ö�Ó�Þ7Ö�Ó�ß7Ñ ��� ä�Ý�Þ�ÔáÖ�Ó�ßdÒ�ã � uÂ×�ÓXÓ

∫
φ∗i (x)∆V (x)φj(x)dx ë ì7Î © ì

Õ Ô � Þ!Ñ�Õ�Ñ�Ó�Ö�Ö�Ó�Ù>Ó ��� Öp�æÓ%Ð�×+Þ!Ó�ß!ß!Ñ�Ø � ë ì7Î Þ ì Ò�Ó�ç0Ñ�Ó ��� Ó

HFBR = H0
FBR + ∆VFBR ë ì7Î ÙBì

Ø A H0
FBR Ó�ß � ã � ÓdÙ.Ô � Þ!Ñ�Õ�ÓnÒ�ÑéÔáÝBØ � Ô¾Ö�Ó�Ò�ÓnÒ�Ñ�Ù>Ó � ß!Ñ�Ø � n×n Ó � ∆VFBR ã � ÓnÙ.Ô � Þ�Ñ�Õ�Ó

×+Ö�Ó�Ñ � ÓÜÒ�Ó~Ù Ö Ù>ÓÜÒ0Ñ�Ù>Ó � ßkÑ�Ø �6Î

" �k ÿ � S�®$�±$R { �7#.S�R ö Q¨÷�� q�� ÷
Ú;�èÔá×+ÞBÈ�ß7Öp�óÓ)Ð�×+Þ!Ó�ß!ß!Ñ�Ø � ë ì|Î Ù�ì Ä0Ñ�Ö)Ôá×+×`ÔáÞ�Ôb � Ñ ��� ä�Þ!Ó�ßkß�Ô ��� Ò�Ó � Þ�ØBã�çBÓ�Þ|ã � Ó � ØBã�çBÓ�Ö�Ö�Ó@Þ!Ó�×+Þ�ä�ô

ß!Ó ��� Ô � Ñ�Ø � Ò�Ó ∆V Ô�° � Ò�Ó(ß!Ñ�Ù>×+Ö�Ñ�°+Ó�Þ^Ö�Ó � ÞkÔ¾Ñ � Ó�Ù>Ó ���^� ã+ÙÚä�Þ!Ñ�â�ã+ÓdÒ0ÓdÕ�Ó � Ó�Þ!Ù>Ó Î ß��æÓ�ß � Ö�Ó(Þ�éBÖ�Ó
Ò�Ó~ÖéÔ ò`Ô¾ß!ÓiÚ�Ímë ë ÚdÑ�ß�Õ�Þ!Ó � ÓaÍtÔáÞ!ÑéÔ¾ò�Ö�Ó)ë7Ó�×+Þ!Ó�ß!Ó ��� Ô � Ñ�Ø ��ì�Î
� Vpo�VYX �;\��n\^e�aiÀ
	 q

ßtØ � ß!Ñ�Ò�ä�Þ�Ø � ß � ØBãFÎ ØBã+Þ�ß8Ö�Ó.Õ�Ô¾ß;Ò«�æã � ×+Þ�ØBò+Ö�È�Ù>Ó±ã � ÑéÒ�Ñ�Ù>Ó ��� Ñ�Ø �+� Ó�ÖtÓ � Ñ � Ò�ä�×�Ó � Ò�Ô ��� Ò�ã� Ó�Ù>×�ß Î ÛüÔÀËêØ � Õ � Ñ�Ø � Ò«�æØ � Ò�Ó ψ Ò�ã&ß�u0ß � È�Ù>Ó@×�Ó�ã � ß��óä�Õ�Þ!Ñ�Þ!Ó~ßkØ�ã+ß7ÖéÔÀËåØ�Þ!Ù>ÓXÓ

ψ(x) =

n∑

i=1

aiφi(x) ë ì7Î â ì
Ø A {φi}i=1,2,...,n

Ó�ß � ã � Ó~ò`ÔáßkÓ~ß!×�Ó�Õ � Þ�ÔáÖ�Ó Î Û6Ó�ß(Õ�ØÂÓ��.Õ�Ñ�Ó ��� ß ai ß!Ø ��� Ò�Ø �+� ä�ß(×�Ô¾ÞpÓ
ai =

∫
φ∗i (x)ψ(x)dx ë ì|Î î ì

ÖÊ�æÑ ��� ä�Ý�Þ�ÔáÖ�Ó~ä � Ô ��� ÓQÅ�Ó�Õ � ã+ä�Ó~ßkã�Þ7Ö�ÓÜÒ�Ø�Ù.ÔáÑ � ÓÜÒ�Ó~Ò�äQ° � Ñ � Ñ�Ø � Ò�Ó~Öp�óÓ�ß!×`Ô¾Õ�Ó8Ô�Õ�Õ�Ó�ß!ßkÑ�ò+Ö�Ó;Ôáã&ß�u0ßYô� È�Ù>Ó Î Ã ° � Ò�Ó¶Ò�Ñ�ß�Õ�Þ!ä � Ñ�ß!Ó�Þ°Õ�Ó � Ó�ß!×`Ô¾Õ�Ó5Ä	Ø � ã � Ñ�Ö�Ñ�ßkÓtã � Ó¶â�ã`Ô�Ò0Þ�Ô � ã+Þ!Ó¶Ò�Ó ¯ Ôáã+ß!ßÄÔ¾Ò�Ô¾× � ä�Ó ë ç�Ø�Ñ�Þ
Ô �+� Ó%Ð�Ó;* ì³Î Ã ç�Ó�Õ n ×�Ø�Ñ ��� ßnÒ0Ó ¯ Ô¾ã+ß!ß {xα}α=1,2,...,n

Ò�ÓÜ×�ØBÑ�Ò�ß wα Ôáß!ß!Ø0Õ�Ñ�ä�ßYÄ�ßkÑ)Õ�à`Ô¾â�ã+Ó φi×�Ó�ã � ß��óä�Õ�Þ�Ñ�Þ�Ó Õ�ØBÙÚÙ>Ó.ã � Ó Õ�Ø�ÙTò+Ñ � ÔáÑ�ß!Ø � Ö�Ñ � ä�Ô¾Ñ�Þ!Ó Ò�Ó ×�Ø�ÖÏu � é�Ù>Ó�ß Ò�Ó Ò�Ó�Ý�Þ!ä.Ñ � Ëåä�Þ�Ñ�Ó�ã+Þ;Ø�ã
ä�Ý�ÔáÖ$É n− 1 Ä�Ø � Ô

ai =
n∑

α=1

wαφ
∗
i (xα)ψ(xα) ë ì7Î�ù s ì

ì�� Ñ � Î Ó�Õ � Ô ��� ë ì7Î�ù s ì Ò�Ô � ß7Öp�óÓ%Ð�×�Þ!Ó�ß!ß!Ñ�Ø � ë ì7Î â ì Ò�Ó ψ Ä�Ñ�Ö«çÂÑ�Ó ��� Ó

ψ(x) =
n∑

i=1

n∑

α=1

wαφ
∗
i (xα)ψ(xα)φi(x)

=
n∑

α=1

ψαδα(x) ë ì7Î�ù�ùõì



�n�+���!�����7���� ������. ��� �å� ��� � ��� ��������������� ùBùbÙ

Ø A Ø � ÔÚÒ�äQ° � Ñ6Ö�Ó�ßeËåØ � Õ � Ñ�Ø � ß
δα(x) =

√
wα

n∑

i=1

φ∗i (xα)φi(x) ë ì7Î�ù Ô ì

Ó � Ö�Ó�ß(Õ�ØBÙÚ×�ØBß�Ô ��� Ó�ß(Ò�Ó ψ ×`ÔáÞpÓ
ψα =

√
wαψ(xα) ë ì7Î�ù ¯ ì

 Ø�ã+ß ÔáÖ�Ö�Ø � ßTÙ±Ô¾Ñ ��� Ó � Ô ��� Ù>Ø ��� Þ!Ó�Þ;â�ã+Ó.Öp�óÓ � ß!Ó�Ù;ò+Ö�Ó Ò�Ó�ßjËåØ � Õ � Ñ�Ø � ß δα(x) ËåØ�Þ!ÙÚÓ.ã � Ó
ò`Ô¾ß!ÓdØ�Þ � à+Ø � Ø�Þ!Ù>ä�ÓnÒ�ÓdÖp�æÓ�ßk×�Ô�Õ�ÓnÒ�Ó@ú7Ñ�Ö�ò�Ó�Þ � Ò�Ñ�ßkÕ�Þ!ä � Ñ�ßkä Î�ì�� ØBã � Þ!Ó5Ä � Ø�ã+ßtç�Ó�Þ�Þ!Ø � ß¶â�ã+ÓnÕ�Ó ��� Ó
ò`Ô¾ß!ÓÜâ�ã+Ó � Ø�ã+ßnÔá×+×�Ó�Ö�Ö�Ó�Þ!Ø � ßdò`Ôáß!ÓiÚ�ÍmëtÄ�Ò�ÑéÔáÝBØ � ÔáÖ�Ñ�ß!ÓÜÖÊ�æØB×�ä�ÞkÔ � Ó�ã+Þ x̂ Î
� Vpo�Vpo !rb(a)Å#"|b(a)e%$nc�j�$nc+ÆÍÈ�_�È6e

ßtØ � ßkÑ�Ò�ä�Þ�Ø � ß(ÖéÔ Ù±Ô � Þ�Ñ�Õ�Ó P Ò�äQ° � Ñ�ÓÜ×`ÔáÞpÓ
Pij =

√
wiφj(xi)

ë ì7Î�ù�þ�ì
ë|Ó�Ù.ÔáÞkâ�ã+Ø � ß � ØBã � Ò«�ûÔ¾ò�Ø�ÞkÒ â�ã�Ó Ö�ÓHËÌÔáÑ � Ò«�ûÔ�çBØBÑ�ÞTÕ�à+Ø�Ñ�ßkÑtÖ�Ó Ù Ö ÙÚÓ � ØBÙTò�Þ!Ó Ò�Ó ×�Ø�Ñ ��� ß Ò�Ó¯ Ôáã+ßkß�â�ã�Ó Õ�Ó�Ö�ã+Ñ°Ò�ÓjËêØ � Õ � Ñ�Ø � ß@Õ�Ø � ß � Ñ � ã`Ô ��� ÖêÔ>ò`Ô¾ß!Ó;ß!×�Ó�Õ � ÞkÔ¾Ö�Ó5Ä�Ñ�Ù>×+Ö�Ñéâ�ã+Ó â�ã�Ó P Ó�ß � ã � Ó
Ù.Ô � Þ!Ñ�Õ�ÓÜÕ�ÔáÞ!Þ�ä�Ó8Ò}�óØ�ÞkÒ�Þ!Ó n Î'& Ö«çÂÑ�Ó ��� Ó � ß!ã+Ñ � Ó

δα(x) =
n∑

i=1

φi(x)P†iα ë ì7Î�ù Þ ì
Õ Ø ��� Þ!Ø � ß(â�ã+Ó P Ó�ß � ã � Ñ � ÔáÑ�Þ!Ó Î�ìÄ� ÓQÅ�Ó � Ó

(P†P)ij =
n∑

α=1

√
wαφ

∗
i (xα)

√
wαφj(xα)

=

∫
φ∗i (x)φj(x)dx

= δij
ë ì7Î�ù © ì

ßtÓ �!� ÓTÒ0Ó�Þ � Ñ�È�Þ!Ó8Þ!Ó�ÖéÔ � Ñ�Ø � ×+Þ!Ø�ã�ç�Ó8Öp�óã � Ñ � ÔáÞ!Ñ � ä;Ò�Ó P ÎÚì�� Þ�Ó�Ý�Ô¾Þ!Ò�Ô ��� ÖÊ�æä�â�ã`Ô � Ñ�Ø � ë ì7Î�ù�þ�ì ÄØ � ×�Ó�ã � Ò�ä�Ò�ã+Ñ�Þ!Ó Ò�Ó.Öp�óã � Ñ � Ô¾Þ�Ñ � ä$Ò�Ó P â�ã+Ó.Öp�óÓ � ßkÓ�ÙTò+Ö�Ó$Ò�Ó�ß]ËêØ � Õ � Ñ�Ø � ß δα(x) ËåØ�Þ!ÙÚÓ.ã � Ó
ò`Ô¾ß!Ó@Ø�Þ � à+Ø � ØBÞ�Ù>ä�Ó~Ò�Ó H Ä0ÖéÔTò`Ôáß!ÓpÚ�Ímë Î P† Ó�ß � Ò�Ø � ÕnÖêÔ;Ù.Ô � Þ!Ñ�Õ�Ó~Ò�Ó�×`Ô¾ß!ß�ÔáÝBÓ~Ò�Ó@ÖéÔ;ò`Ô¾ß!Óß!×�Ó�Õ � ÞkÔ¾Ö�ÓjÉTÖêÔTò`Ô¾ß!ÓiÚ�Ímë Î

ßtØ � ßkÑ�Ò�ä�Þ�Ø � ß(Ù.ÔáÑ ��� Ó � Ô ��� Öp�æä�Ö�ä�ÙÚÓ ��� Ò�Ó~Ù.Ô � Þ�ÑéÕ�ÓÜÒ0Ó~ÖÊ�æØB×�ä�ÞkÔ � Ó�ã+Þ x̂
〈δα|x̂|δβ〉 =

∫
δ∗α(x)xδβ(x)dx

=
n∑

γ=1

wγδ
∗
α(xγ)xγδβ(xγ)

ë ì7Î�ùbÙ�ì



ù�ù â Ã �+� Ó%Ð�Ó ì7Î � � Ñ�Ö�Ñ�ß�Ô � Ñ�Ø � Ù>Ñ Ð � ÓÜ*���ë¶ôÏÚ�Ímë

Õ�ØBÙÚÙ>Ó

δ∗α(xβ) =
n∑

i=1

φ∗i (xβ)φi(xα)
√
wα

= ∆αβ/
√
wβ

= δαβ/
√
wβ

ë ì|Î�ù â ì
Ñ�Ö}ç0Ñ�Ó ���

〈δα|x̂|δβ〉 = xαδαβ
ë ì|Î�ù î ì

ÖêÔ2ò`Ô¾ß!ÓÒÚ�Ímë Ó�ß � Ò0Ø � Õ×ËåØ�Þ!Ù>ä�ÓHÒ�ÓÜËåØ � Õ � Ñ�Ø � ß.×+Þ!Ø�×+Þ!Ó�ß Ò�ÓHÖp�óØ�×�ä�Þ�Ô � Ó�ã+Þ x̂ Î Û6Ó�ß±çBÔáÖ�Ó�ã+Þ!ß×+Þ!Ø�×+Þ!Ó�ß(Õ�Ø�Þ!Þ!Ó�ßk×�Ø � Ò�Ô ��� Ó�ß(ß!Ø ��� Ö�Ó�ß7×�ØBÑ ��� ß(Ò�Ó ¯ Ôáã+ß!ßnÔáß!ßkØÂÕ�Ñ�ä�ß>É ÖéÔ ò`Ôáß!Ó~ßk×�Ó�Õ � Þ�ÔáÖ�Ó Î
� Vpo�VÌË �)( $dc+a6e0eÂÆÍjZuvl¨Æ ( _0a

Ú�Ô � ß(ÖéÔ ò`ÔáßkÓiÚ�Ímë Ø � ×�ØBã+Þ�Þ�Ô ä�Õ�Þ!Ñ�Þ!ÓXÓ

〈δα|∆V |δβ〉 =

∫
dxδ∗α(x)∆V (x)δβ(x) ' ∆V (xα)δαβ

ë ì|Î Ô�s ì
Ø A Öp�óÓ�Þ!Þ�Ó�ã+Þ|×+Þ!Øõç0Ñ�Ó ��� Ò�Ó~ÖéÔ � Þ!Ø � Õ�Ô � ã+Þ!Ó~Ò�Ó~ÖêÔTò`Ôáß!Ó Î ÝÂã+Ñ¤ç�Ô ��� Õ�Ó ��� Ó8Ôá×+×+Þ!ØYÐ�Ñ�Ù.Ô � Ñ�Ø � Ä�ÖêÔ

Ù.Ô � Þ!Ñ�Õ�ÓÜÒ�Ó ∆V Ó�ß � Ò�Ø � ÕÜÒ�ÑéÔáÝBØ � ÔáÖ�ÓÜÓ � Þ!Ó�×+Þ�ä�ß!Ó ��� Ô � Ñ�Ø � Ú�Ímë Ó � Ø � ÔbÓ

HFBR = H0
FBR + P∆VDV RP−1 ë ì|Î Ô ù	ì




 ñ ñ����� �

÷·GP�F�NGi� ÷����3ù � Gl÷ ù«ù ú«� ñ ñ�� ù

Ú�Ô � ß$Õ�Ó �!� Ó�Ô �+� Ó%Ð0Ó5Ä � ØBã+ß.×+Þ!ä�ß!Ó ��� Ø � ß.Ö�Ó�ß ÑéÒ�ä�Ó�ß$Ò�ÓHò`Ô¾ß!ÓNß!ã+Þ±Ö�Ó�ßkâ�ã+Ó�Ö�Ö�Ó�ß Þ!Ó�×�Ø�ßkÓHÖéÔ
Ù>ä � à�Ø0Ò�ÓÜÒ«�èÔá×+×+Þ�Ø¥Ð�Ñ�Ù.Ô � Ñ�Ø � Ò«�æã � Ó~Ñ ��� ä�Ý�Þ�ÔáÖ�Ó~×`Ô¾Þ|ã � ÓÜâ�ã`Ô�Ò0Þ�Ô � ã+Þ!ÓÜÒ�Ó ¯ Ôáã+ß!ß Î
ö ��� ¿ �;')�³S����r*  = #�%��+*&:Q( { R

ßtØ � ßkÑ�Ò�ä�Þ�Ø � ß(Öp�óÑ ��� ä�ÝBÞkÔ¾Ö�Ó8Ò�ä° � Ñ�ÓÜÒ�Ó~ÖêÔ]ËåØBÞ�Ù>ÓXÓ
∫ b

a

w(x)f(x)dx ë * Î�ù	ì
Õ Ø�uBÓ �+� Ô ��� â�ã+Ó�Öéâ�ã�Ó�ß;Þ!Ó�ß � Þ�Ñ�Õ � Ñ�Ø � ß8ß!ã+ÞÜÖ�Ó�ß8×+Þ!Ø�×+Þ!Ñ�ä � ä�ßTÒ�Ó±ÖéÔÙËåØ � Õ � Ñ�Ø � w , Ôá×+×�Ó�Ö�ä�Ó$Ôáã+ß!ßkÑ-Ê� �}¡.� �å� �r����� �õ� � . , � ØBã+ß � Ø�ã+ß~Ñ ��� ä�Þ�Ó�ß!ßkØ � ßiÉ ÖÊ�æÓ%Ð�Ñ�ß � Ó � Õ�Ó>Ò«�óã � Ó � ßkÓ�Ù;ò+Ö�Ó ° � ÑZÒ�Ó ×�Ø�Ñ ��� ß
{xi}i=1,n

Ò�Ó(Öp�óÑ ��� Ó�ÞYçBÔáÖ�Ö�ÓrßûÔ , òüä`Ó � Ò«�æã � Ó � ßkÓ�ÙTò+Ö�ÓnÒ�Ó � Ø�ÙTò+Þ�Ó�ßtÞ�ä�Ó�Ö�ß�Ôáß!ßkØÂÕ�Ñ�ä {wi}i=1,n

� Ó�Ö�ß
â�ã+ÓXÓ

∫ b

a

w(x)f(x)dx =
n∑

i=1

wif(xi)
ë * Î Ô ì

Ö�Ó�ß wi ßkØ ��� Ö�Ó�ß � �	� � . Ò�Ó~ÖéÔÚâ�ã`Ô�Ò�ÞkÔ � ã+Þ!ÓÜÕ�Ø�Þ!Þ�Ó�ßk×�Ø � Ò�Ô ��� Ó Î
ö �k � #�#&%ü�.µ�®$R <>= 9;:��³S�9~S��³?TR

ÛZ�æÑéÒ�ä�Ó�×+Þ�Ó�Ù>Ñ�È�Þ!ÓNÒ�Ó�Õ�Ó ��� ÓNÙÚä � à+ØÂÒ�ÓNÞ!Ó�×�Ø�ß!ÓNß!ã+Þ ÖéÔ Ò�ä � Ó�Þ�Ù>Ñ � Ô � Ñ�Ø � Ò«�óã � ÓÜËåØ � Õ � Ñ�Ø �
Ò«�óÑ ��� Ó�Þ!×�Ø�ÖêÔ � Ñ�Ø � Ò�Ó f Ò�äQ° � Ñ�Ó ã � Ñ�â�ã+Ó�ÙÚÓ ��� ×`Ô¾Þ�ÖéÔ Ò�Ø �+� ä�ÓÚÒ«�óã ��� Ø�ÙTò+Þ!Ór° � ÑÄÒ�Ó;ç�Ô¾Ö�Ó�ã+Þ!ßÒ�Ó f Ó � Õ�Ó�Þ � ÔáÑ � ß8×�Ø�Ñ ��� ß {xi}i=1,n

Ò�Ó.Öp�æÑ ��� Ó�Þ�ç�ÔáÖ�Ö�Ó ßóÔ , òüä Î Ú�Ô � ß;Ö�Ó�ß8×+Þ!Ø0Õ�ä�Ò�ã+Þ!Ó�ß;ã+ß!ã+Ó�Ö�Ö�Ó�ßÒ«�óÑ ��� Ó�Þ!×�Ø�ÖêÔ � Ñ�Ø � , Ö�Ó�ß xi ß!Ø ��� ä�â�ã�ÑéÒ�Ñ�ß � Ô ��� ß Î"¯ Ôáã+ßkß�×+Þ!Ø�×�ØBß!Ó�Ó �&ù â ù�þ , Ò�Ó � Ñ�Þ�Ó�Þ�×`ÔáÞ � Ñ�Ó7Ò«�æã � ÓÒ�Ñ�ß � Þ!Ñ�ò+ã � Ñ�Ø � Ò�Ó@×�Ø�Ñ ��� ß � Ø � ä�â�ã+Ñ�Ò�Ñ�ß � Ô ��� ß7×�Ó�Þ!Ù>Ó ��� Ô ��� Ò«�æØBò � Ó � Ñ�Þ|ã � Ó@Ù>Ó�Ñ�Ö�Ö�Ó�ã+Þ�Ó~Ñ ��� Ó�Þ�×�Ø¾ô
ÖêÔ � Ñ�Ø � Ô�ç�Ó�Õ@Ö�Ó~Ù Ö Ù>Ó � Ø�ÙTò+Þ!ÓÜÒ�Ó~×�Ø�Ñ ��� ß Î

ßtØ � ßkÑ�Ò�ä�Þ�Ø � ßÜÖ�Ó±Õ�ÔáßÜØ A w(x) = 1 ×�ØBã+Þ � Ø�ã � x Ò�Ó>Öp�óÑ ��� Ó�Þ�ç�ÔáÖ�Ö�ÓzßûÔ , òüä Î ÝÂØ�Ñ � {xi}i=1,nã � Ó � ß!Ó�Ù;ò+Ö�Ó±â�ã+Ó�Ö�Õ�Ø � â�ã+Ó.Ò�Ó±×�Ø�Ñ ��� ß;Ò�Ó�ßûÔ , òüä Î ÝÂã+Ñ¤çBÔ ��� ÖêÔ�Ù>ä � à+Ø0Ò�Ó±Ò«�óÑ ��� Ó�Þ!×�Ø�ÖêÔ � Ñ�Ø � Ò�Ó
ùBù î



ù Ô�s / �+� Ó%Ð�ÓÜ* Î10 ã`Ô¾Ò�Þ�Ô � ã+Þ!Ó�ß ¯ Ôáã+ß!ß!Ñ�Ó �+� Ó�ß

ÛüÔ¾Ý�Þ�Ô � ÝBÓ ,32 ×`ÔáÞ � Ñ�Þ(Ò0ÓÜÖp�óÓ � ßkÓ�Ù;ò+Ö�Ó8Ò�Ó�ß(×�Ø�Ö�u � éBÙÚÓ�ß {Fi}i=1,n
Ò�äQ° � Ñ�ß(×`ÔáÞpÓ

Fi(x) = (x− x1)(x− x2) · · · (x− xi) (i = 1, 2, . . . , n) ë * Î54�ì
Ø � Õ�Ø � ß � Þ�ã+Ñ � Öp�óÓ � ßkÓ�ÙTò+Ö�Ó8Ò0Ó�ß(×�Ø�Ö�u � éBÙ>Ó�ß {Qi}i=1,n

Qi(x) =
1

F ′n(xi)

Fn(x)

x− xi
(i = 1, 2, . . . , n) ë * ÎæþÂì

Ò�Ó~ß!ØBÞ � ÓÜâ�ã+ÓXÓ
Qi(xk) = δik

ë * Î Þ ì
Ô¾Ñ � ß!Ñ , Ö�Ó~×�Ø�Ö�u � éBÙ>Ó pn−1

Ò�äQ° � Ñ6×`ÔáÞpÓ
pn−1(x) = f(x1)Q1(x) + f(x2)Q2(x) + · · ·+ f(xn)Qn(x) ë * Î © ì

×�ØBß!ß76�Ò�ÓdÖéÔ~×+Þ�ØB×�Þ!Ñ�ä � ädÒ�Ód×�Ô¾ß!ß!Ó�Þ^×`ÔáÞ f(xi) Ó � x = xi ×�Ø�ã+Þ i = 1, 2, . . . , n
Î ßtÓ(×�ØBÖÏu � é�Ù>Ó

Ó�ß � Ó � Ø�ã � Þ�Ódã � Ñ�â�ã+Ó Îüì�� Ó98�Ó � , ß!Ñ�Öp�óØ � ß!ã+×+×�Ø�ßkÓnâ�ã6�æÑ�Ö�Ó%Ð0Ñ�ß � Ódã � Ô¾ã � Þ!Ód×�ØBÖÏu � é�Ù>Ó p̃n−1

� Ó�Ö
â�ã+Ó p̃n−1(xi) = f(xi) ×�ØBã+Þ i = 1, 2, . . . , n , ÔáÖ�ØBÞ�ß�Ö�Ó;×�Ø�Ö�u � éBÙ>Ó pn−1 − p̃n−1

×�Ø�ß!ß76�Ò�Ó n§ ä�Þ!Ø�ß�ßkã+Þ ßûÔ , ò�ä Î ßtØ�Ù>Ù>Ó@Õ�Ó�×�Ø�ÖÏu � é�Ù>Ó@Ó�ß � Ò�Ó@Ò�Ó�Ý�Þ!ä n− 1 , Ñ�Ö}Ó�ß � Ñ�Ò�Ó ��� Ñ�â�ã+Ó�ÙÚÓ ���|� ã+Ö�ß!ã+ÞßûÔ , òüä Î pn−1
Ó�ß � Ò�Ø � Õ@ä�Ý�ÔáÖ 2 p̃n−1

Î
ÝÂÑ+Ù.ÔáÑ ��� Ó � Ô ��� Ø � Õ�Ø � ß!Ñ�Ò:6�Þ!Ó(â�ã+Ó pn−1

Ó�ß � ã � ÓdÔá×+×+Þ!ØYÐ�Ñ�Ù.Ô � Ñ�Ø � ß!ã��>ß�Ô¾Ù>ÙÚÓ ��� ×+Þ!ä�Õ�Ñ�ß!Ó
Ò�Ó f , Ø � ×�Ó�ã � ä�ç�ÔáÖ�ã�Ó�Þ7ÖÊ�æÑ ��� ä�Ý�Þ�ÔáÖ�Ó~ßkã+Þ±ßûÔ , òüä)Ò�Ó f ×�Ô¾ÞpÓ

∫ b

a

f(x)dx '
∫ b

a

pn−1(x)dx =

n∑

i=1

wif(xi)
ë * Î ÙBì

Ô�çBÓ�ÕZÓ
wk =

∫ b

a

Qk(x)dx (k = 1, 2, . . . , n) ë * Î â ì
ÛZ�æÑéÒ�ä�Ó±Ñ � Ý�ä � Ñ�Ó�ã+ß!Ó Ò�Ó ¯ Ôáã+ß!ß;×+Þ�Ø	çÂÑ�Ó ��� Ò0Ó.ÖéÔ&Þ!Ó�Ù±Ô¾Þ!â�ã+Ó±ß!ã+Ñ�ç�Ô ��� ÓÜÓ)ß!Ñ^Ø � Ô7ÎÍØ�ã � Ó±ã �� ØBã0ç�ÓõÔáã±×�ØBÑ ��� xn+1

Ôáã"ÐÚ×+Þ!ä�Õ�ä�Ò�Ó ��� ß , Ö�Ó�ßtÒ�äQ° � Ñ � Ñ�Ø � ß ë * Î54�ì Ó � ë * Îóþ�ì Ù>Ø ��� Þ!Ó ��� â�ã+Ó Qn+1Ó�ß �(� ä�Õ�Ó�ß!ß�ÔáÑ�Þ�Ó�Ù>Ó ��� ×+Þ�ØB×�Ø�Þ � Ñ�Ø �+� Ó�Ö 2 Fn Î'& Ö}ç0Ñ�Ó ��� Ò�Ø � Õ~Ò«�èÔá×+Þ76�ß ë * Î â ì Ó
wn+1 ∝

∫ b

a

Fn(x)dx ë * Î î ì
ÚdÓ@ÖéÔTÙ Ö ÙÚÓ@Ù.Ô � Ñ;6�Þ!Ó , ß!Ñ m � Ø�ã�ç�Ó�Ô¾ã"Ð$×�Ø�Ñ ��� ß|ßkØ ��� Ñ ��� Þ!ØÂÒ�ã+Ñ � ß , Ö�Ó�ß|×�ØBÑ�Ò�ß7Õ�ØBÞ�Þ!Ó�ß!×�Ø � ôÒ�Ô ��� ß7ßkØ ��� Ò�ä � Ó�Þ!Ù>Ñ � ä�ß(×`ÔáÞ7ã � Ó~Ñ ��� ä�ÝBÞkÔ¾Ö�ÓÜÒ�äQ° � Ñ�Ó8Ò�ã � uÂ×�ÓXÓ

wn+i =

∫ b

a

Fn(x)Gi
m−1(x)dx (i = 1, 2, . . . ,m) ë * Î�ù s ì

Ø A Ö�Ó�ß Gi
m−1

ßkØ ��� Ò�Ó�ßZ×�Ø�ÖÏu � é�Ù>Ó�ß^Ò�Ó(Ò�Ó�Ý�Þ!ä m−1
Î t � Þ!Ó�Ù.ÔáÞkâ�ã+ÓdÔáÖ�ØBÞ!ßZâ�ã+Ó7ß!Ñ+Ø � Ñ�Ù>×�ØBß!Ó

Ö�Ó�ßdÕ�Ø � Ò�Ñ � Ñ�Ø � ß(Ñ ��� ä�Ý�Þ�ÔáÖ�Ó�ß(ß!ã+Ñ¤ç�Ô ��� Ó�ßiÓ
∫ b

a

Fn(x)xidx = 0 (i = 0, 2, . . . ,m− 1) ë * Î�ù�ùõì



�n�+���!�������=<?>B�������@�7>¾��� .BA �:> .ê.!� ���+��� . ù Ô ù

Ö�Ó�ß wn+i
Ò�Ó�ç0Ñ�Ó �+� Ó ��� Ôáã � Ø�Ù.Ô � Ñ�â�ã+Ó�Ù>Ó ���@� ã+Ö�ß@×�Ø�ã+Þ i = 1, 2, . . . ,m , Õ�ÔáÞ�Ö�Ó�ß�×�ØBÖÏu � é�Ù>Ó�ß

Gi
m−1

ß!Ø ��� Õ�ØBÙ;ò+Ñ � ÔáÑ�ßkØ � ß(Ö�Ñ � äõÔ¾Ñ�Þ�Ó�ßnÒ0Ó�ß(×+ã+Ñ�ß!ß�Ô � Õ�Ó�ß7ßkã�Õ�Õ�Ó�ß!ßkÑ¤ç�Ó�ßdÒ�Ó x Î/nÑ � ß!Ñ , Õ�Ø � ß!ÑéÒ�ä�ÞkÔ ��� Ö�Ó>×+Þ�ØBò+Ö;6�Ù>Ó 2 n ×�Ø�Ñ ��� ß , ÖêÔ$×�ØBß!ß!Ñ�ò+Ñ�Ö�Ñ � ä.Ò«�æÑ�ÙÚ×�ØBß!Ó�ÞÜÖéÔ&Õ�Ø � Ò�Ñ � Ñ�Ø �ë * Î�ù�ùõì , Ò0Ñ � Ó ¡ � �}� � � �å� �2���8�DC � �E�p¢ �GF�� ��� ��� �IH Ó
∫ b

a

Fn(x)xidx = 0 (i = 0, 2, . . . , n− 1) ë * Î�ù Ô ì

×�Ó�Þ!Ù>Ó � Ô¾Ö�Ø�Þ!ß(Ò«�óä�Õ�Þ!Ñ�Þ!ÓXÓ
∫ b

a

f(x)dx '
n∑

i=1

wif(xi) =
m∑

i=1

wif(xi) ∀m ≥ n ë * Î�ùE4�ì

ÖêÔg×+Þ!ä�Õ�Ñ�ß!Ñ�Ø � Ò�Ó�Öp�èÔá×+×+Þ!ØYÐ�Ñ�Ù.Ô � Ñ�Ø � Ó�ß � ÔáÖ�ØBÞ�ß�Ôáã+ß!ßkÑ~ò�Ø �+� Ó Ô�ç�Ó�Õ n ×�Ø�Ñ ��� ß , â�ã6�ûÔ�çBÓ�Õ2ã �� ØBÙ;ò+Þ!Ó^ß!ã+×�ä�Þ!Ñ�Ó�ã+Þ°Ò0Ót×�Ø�Ñ ��� ß Î�ì�� ×`ÔáÞ � ÑéÕ�ã�Ö�Ñ�Ó�Þ , � ØBã+ßü×�Ó�ã � Ù>Ø ��� Þ!Ó�Þ�â�ã+Ótß!Ñ f ß��óä�Õ�Þ!Ñ � Õ�ØBÙÚÙ>Óã � Ó�Õ�Ø�ÙTò+Ñ � Ô¾Ñ�ß!Ø � Ö�Ñ � ä�Ô¾Ñ�Þ!Ó@Ò0Ón×�ØBÖÏu � é�Ù>Ó�ß|Ò�ÓnÒ�Ó�ÝBÞ�ä�ß�Ñ �'J ä�Þ!Ñ�Ó�ã+Þ!ß�Ø�ã ä�Ý�Ô¾ã�K 2 2n− 1 , Ñ�Ö�Ó�ß �×�ØBß!ß!Ñ�ò+Ö�Ó$Ò�Ó � Þ�ØBã0ç�Ó�Þ;ã � Ó � ß!Ó�ÙTò+Ö�Ó$Ò�Ó ×�Ø�Ö�u � é�Ù>Ó�ßTØ�Þ � à+Ø�Ý�Ø � Ôáã@K£×�Ó�Þ!Ù>Ó �!� Ô ��� Ò�Ó$Ò�ä � Ó�ÞYô
Ù>Ñ � Ó�Þ|Öp�óÓ � ß!Ó�Ù;ò+Ö�Ó~Ò�Ó�ß(Õ�Ø�ã+×+Ö�Ó�ß {(xi, wi)}i=1,n

� Ó�Ö«â�ã+Ó@ÖêÔTÞ�Ó�ÖéÔ � Ñ�Ø � ë * Î ÙBì ßkØ�Ñ � ã � Ó~ä�Ý�ÔáÖ�Ñ � ä
ÓLK�Ô¾Õ � Ó Î

ö �� " #$R { #&:�R7' $R <±= 9;$%�9~S = %�R7'NM 9 = ')'ü��R+* *$R7'
Û6Ó � Ôáò+Ö�ÓõÔáã ë * Î�ù	ì ä � ã+ÙO6�Þ�ÓnÖ�Ó�ß¶×�Ø�Ö�u � éBÙÚÓ�ß�Ø�Þ � à+Ø�ÝBØ � Ô¾ã�K$Ô¾ß!ß!Ø0Õ�Ñ�ä�ß 2 Ò�ÑP8�ä�Þ!Ó ��� Ó�ß J Ø � Õ³ô� Ñ�Ø � ß�Ò�Ó8×�Ø�Ñ�Ò�ßnß!ã+ÞdÖ�Ó�ßdÑ ��� Ó�Þ�ç�ÔáÖ�Ö�Ó�ß@Ô¾Ò�ä�â�ã�Ô � ß Î Û�Ô °�Ý�ã+Þ!Ó ë * Î�ù	ì Ñ�Ö�Ö�ã+ß � Þ!Ó8ÖéÔ±â�ã`Ô¾Ò�Þ�Ô � ã�Þ!Ó;Ò�ÓA �@> .7. �RQ°� F ���}����� â�ã+Ó � Ø�ã+ß(ã � Ñ�Ö�Ñ�ß!Ø � ßdÒ�Ô � ß7ÖêÔTÙ>ä � à�Ø0Ò�Ó+S�TmëiÔ¾ã�Õkà`Ô¾×+Ñ � Þ�Ó þ+Î

[a, b] w(x)
ý ØBÖÏu � é�Ù>Ó�ß7ØBÞ � à+Ø�ÝBØ � Ôáã@K

[−1, 1]
ù

Pn , ×�Ø�ÖÏu � éBÙÚÓ�ßdÒ�ÓÜÛ6Ó�Ý�Ó � Ò�Þ!Ó
[−1, 1] (1− x2)−1/2 Tn , ×�Ø�Ö�u � éBÙ>Ó�ßdÒ�ÓBU¶à+Ó�òÒu0ß!à+Ó�ç
[0,+∞[ e−x Ln , ×�Ø�Ö�u � éBÙ>Ó�ßdÒ�ÓÜÛüÔ¾Ý�ã+Ó�Þ!Þ�Ó
]−∞,+∞[ e−x

2
Hn , ×�ØBÖÏu � é�Ù>Ó�ßdÒ«�ûú(Ó�Þ!ÙÚÑ � Ó

vfwyxWV * Î�ùYX[ZW\�]�Y^ ý ]`_r{a]cbLd3e"{gfhejiRd�fk]`_Ol�egd�_`m�]Lnonp]`_
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ÛüÔ.Ù>ä � à+Ø0Ò0ÓÚÒ�ÓÚÒ�ÓBT^Ø�Ý�Ó�ÖêÔáÓ�Þ!Ó ß Ùj4 ä�Ó�ß � Ô¾ß!ß!Ó § Ô � Õ�Ñ�Ó �+� Ó ë ù îa�r� ì³Î Un�óÓ�ß � ã � ÓTÙ>ä � à+ØÂÒ�Ó
ÝBä � ä�Þ�ÔáÖ�Ó~×�ØBã+Þ7Þ�ä�ß!ØBã�Ò0Þ!ÓÜÒ�Ó�ß7ä�â�ã`Ô � Ñ�Ø � ßdÒ�ã � u0×�ÓO�

d2ψ

dr2
(r) = f(r) ë ¯TÎ�ùõì

S�Ô � ß7Ö�ÓÜÕ�ÔáßdÒ0Ó~ÖÊ�æä�â�ã`Ô � Ñ�Ø � Ò�ÓrÝÂÕ�à+Þ!øÂÒ�Ñ � ÝBÓ�Þ7Ø � Ôáã+Þ�Ô��
f(r) = −W (r)ψ(r) ë ¯ Î�qBì

Ô�ç�Ó�Õ��
W (r) =

2m

~2
(E − V (r)) ë ¯ Î�4�ì

Û6Ó�ß(ä�â�ã`Ô � Ñ�Ø � ß(Ñ � ä�Þ�Ô � Ñ¤ç�Ó�ß7ßkØ ��� Ö�Ó�ß(ß!ã+Ñ¤çBÔ ��� Ó�ß+�
ψ(r + δr/2) = ψ(r) +

δr
2
ψ′(r) +

δ2
r

24
W (r)

[
4f(r)− f(r − δr/2)

]
+ 0(δ4

r)
ë ¯ ÎæþÂì

Ø A ψ′(r) Ó�ß � ÖéÔÚÒ�ä�Þ!Ñ¤ç�ä�Ó~×+Þ!Ó�ÙÚÑ�6�Þ�Ó8Ò0Ó ψ Ôáã&×�ØBÑ ��� r ,

ψ(r + δr) = ψ(r) + δr ψ
′(r) +

δ2
r

6

[
f(r) + 2f(r + δr/2)

]
+ 0(δ5

r)
ë ¯ Î � ì

ψ′(r + δr) = ψ′(r) +
δr
6

[
f(r) + 4f(r + δr/2) + f(r + δr)

]
+ 0(δ5

r)
ë ¯ Î © ì

ÛZ�ûÔ¾Ö�Ý�ØBÞ!Ñ � à+Ù>Ó~Ó�ß � Ñ � Ñ � ÑêÔáÖ�Ñ�ß!äÜÓ � ×+Þ!Ó � Ô ��� �
ψ(r − δr/2) = ψ(r)− δr

2
ψ′(r) +

δ2
r

8
f(r) ë ¯ Î ÙBì

U¶Ó ��� ÓdÔ¾×+×+Þ�Ø.K0Ñ�Ù±Ô � Ñ�Ø � Ö�Ñ � äõÔáÑ�Þ�ÓdÓ�ß � ß!ã��±ß�Ô ��� Ó(×`ÔáÞkÕ�Ódâ�ã+Ó , Ò�Ô � ß ë ¯ Îóþ�ì , δ2
r f(r− δr/2) Ò�ØBÑ �� � Þ�ÓÜÕ�Ø �+� ãNÔ�ç�Ó�Õ@ã � ÓÜÓ�Þ!Þ!Ó�ã�Þ(Ò�Ó 0(δ4

r)
ßkÓ�ã+Ö�Ó�Ù>Ó ���õÎÝÂÑ«Ø � Õ�à`Ô � Ý�ÓÜÖ�Ó~×`Ô¾ß(Ò�Ó δr 2 δ̃r Ô¾Ö�Ø�Þ!ß+�

ψ(r + δ̃r/2) = ψ(r) +
δ̃r
2
ψ′(r) +

δ̃2
r

24

[(
3 +

δ̃r
δr

)
f(r)− δ̃r

δr
f(r − δr/2)

] ë ¯ Î â ì

ù.qj4
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S�Ô � ß°Õ�Ó ��� Ó¶Ô �+� Ó`K�Ó , � ØBã+ß�Õ�ÔáÖéÕ�ã�Ö�Ø � ß�ÖêÔ J Ø�Þ!ÙÚÓ¶Ô¾ß�u0ÙÚ× � Ø � Ñ�â�ã+ÓtÒ�Ó^ÖÊ�æä � Ó�Þ!Ý�Ñ�Ó�Ô�Ò0ÑêÔáò`Ô � Ñ�â�ã+ÓÒ�ã Õ�Ô � ÔáÖ�Ò«�óÓ ��� Þ!ä�ÓnÒ�ÓdÖêÔÜÞ�äõÔ�Õ � Ñ�Ø � Ò�Ó � ÞkÔ � ß J Ó�Þ � Ù;ã+Ø � Ñ�â�ã+Ó Î: Ø�ã+ß � Þ�ÔáÑ � Ø � ß�Ò«�ûÔ¾ò�Ø�ÞkÒ.Ö�ÓnÕ�Ô¾ß
Õ�Ø�Ö�Ñ � äõÔáÑ�Þ�Ó , ×+ã�Ñ�ß � Ø�ã+ßdÙ>Ø ��� Þ!Ø � ßnÕ�Ø�Ù>Ù>Ó ��� ÖÊ�æØ � Ø�ò � Ñ�Ó ��� Öp�óÓLK�×+Þ�Ó�ß!ß!Ñ�Ø � Õ�ØBÞ�Þ!Ó�ß!×�Ø � Ò�Ô ��� ÔáãÕ�Ôáß � Þ!Ñ�Ò�Ñ�ÙÚÓ � ß!Ñ�Ø �+� Ó�Ö Î

� � � ÿ �±��7:�R´µt�;:��G� � 9;��%�R

R̄

r̄

p µ O
G S

x

1

x�y{z V ú Î�ùYX
���.�gf7{a�gnon��k]`_r{a]B�@e"|k�a�`m

S�Ô � ßnÖ�Ó8Ù>ØÂÒ:6�Ö�ÓTÕ�ØBÖ�Ñ � äõÔ¾Ñ�Þ!Ó ë ç�Ø�Ñ�Þ9°�Ý�ã+Þ!Ó ë ú Î�ùõì!ì , Ö�Ó8×�Ø � Ó ��� Ñ�Ó�Ö�Ò«�óÑ ��� Ó�Þ�Ô¾Õ � Ñ�Ø � Ó ��� Þ!ÓÜÖ�Ó�ß� Þ�ØBÑ�ß(×�Ô¾Þ � Ñ�Õ�ã+Ö�Ó�ß ë p, µ, t ì ß��óä�Õ�Þ�Ñ �9� �
V = − e2Z

|xµ − x � | +
e2Z

|xp − x � | −
e2

|xp − xµ|
ë ú Î�ù	ì

Ô�ç�Ó�Õ��
|xµ − x � | = R̄− (1 + β)r̄ ë ú Î�qBì

� �:¡=¢¤£k¥I¡h¥�¦5£9¢
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ùEq © / �+� Ó`K�Ó8ú Î�ý Ø � Ó ��� Ñ�Ó�Ö)Ô¾ß®½0ÙÚ× � Ø � Ñ�â�ã+Ó

|xp − x � | = R̄ + βr̄ ë ú Î54�ì
|xp − xµ| = r̄ ë ú ÎæþÂì

Ø A Ø � Ô ×�Ø�ß!ä β = mµ/(mp + mµ) Ó � Z Ó�ß � ÖéÔ�Õkà`Ô¾Þ�ÝBÓ>Ò�ã � Ø¤½�Ô¾ã�Ò«�æØ.K�½0Ý¾6 � Ó Î Û6Ø�Þ!ßkâ�ã+Ó
R̄� r̄ ë ú Î�ù	ì Ò�Ó�çÂÑ�Ó ��� �

V ' −e
2

r̄
+ ∆V ë ú Î � ì

Ô�çBÓ�Õ
∆V = −e

2Zr̄

R̄2

ë ú Î © ì
â�ã+ÑÂÕ�ØBÞ�Þ!Ó�ß!×�Ø � Ò 2 ã � Ó¶Ñ ��� Ó�Þ�Ô¾Õ � Ñ�Ø � 2 Ö�Ø � Ý�ã+Ó�Ò�Ñ�ß � Ô � Õ�Ó¶Ó ��� Þ!Ó^Ö�Ó � Ø.½ÂÔáãTÒ«�óØEK@½0Ýr6 � ÓÀ¿ 8+ Ó � Ö�Ó
Ò�Ñ�×Úé�Ö�Ó ë pµ ì³Î U¶Ó � Ó�Þ�Ù>Ó|×�Ó�ã � � � Þ!Ó � ÞkÔ¾Ñ � ä7Õ�Ø�Ù>Ù>Ó|ã � Ó|×�Ó�Þ � ã+Þ!ò`Ô � Ñ�Ø � ç0Ñ�ß 2 çÂÑ�ßZÒ�ãÚ×�Ø � Ó ��� Ñ�Ó�ÖÒ«�óÑ ��� Ó�Þ�Ô¾Õ � Ñ�Ø � UtØBã+Ö�Ø�ÙTò+Ñ�Ó �+� Ó(Ò�Ó|Öp�æà�½�Ò�Þ!Ø�Ýr6 � Ó|ÙTã+Ø � Ñéâ�ã+Ó Î Û6Ó�ßÄä � Ô � ßÄÖ�Ñ�ä�ßZÒ�ãÚß®½0ß � 6�Ù>Ó ë pµ ìß!Ø ��� ß!ØBÖ�ã � Ñ�Ø � Ò�Ó~Öp�óä�â�ã`Ô � Ñ�Ø � Ò�ÓrÝ0Õ�à+Þ�ø0Ò�Ñ � Ý�Ó�Þ(ã � ÑéÒ�Ñ�Ù>Ó � ß!Ñ�Ø �+� Ó�Ö�Ö�ÓÁ�

(
− ~2

2mp,µ

d2

dr̄2
− e2

r̄

)
ϕ(r̄) = Eϕ(r̄) ë ú Î Ù�ì

Ø A mp,µ = (mpmµ)/(mp +mµ)
Î ÛüÔ � ØBÞ�Ù.ÔáÖ�Ñ�ß�Ô � Ñ�Ø � Ò0Ó8Õ�Ó�ß7ä � Ô � ß(ß��óä�Õ�Þ!Ñ � �
∫ +∞

0

|ϕ(r̄)|2 dr̄ = 1 ë ú Î â ì
ý ØBã+Þ|ÖÊ�æä � Ô ��J Ø � Ò�ÔáÙ>Ó ��� Ô¾Ö n = 1 , Ø ��� Þ!Ø�ã�ç�Ó ß qjÂ ä��

ϕn=1(r̄) =
4

aµ3/2
r̄e−r̄/aµ ë ú Î î ì

Ø A aµ Ó�ß � Ö�Ó~Þ�ÔG½�Ø � Ò�Ó8�tØ�à+Þ7ÙTã+Ø � Ñéâ�ã+ÓÜÒ�Ø ��� äÜ×`ÔáÞÃ�

aµ =
~2

mp,µe2
ë ú Î�ùGÂ�ì

/nãH×+Þ�Ó�Ù>Ñ�Ó�ÞdØ�ÞkÒ�Þ!Ó;Ò�Ó8ÖéÔ � à�ä�ØBÞ�Ñ�Ó;Ò�Ó�ßn×�Ó�Þ � ã+Þ�ò`Ô � Ñ�Ø � ßnß � Ô � Ñ�Ø �+� Ô¾Ñ�Þ�Ó�ß , ÖéÔ±Õ�Ø�Þ!Þ�Ó�Õ � Ñ�Ø � Ó �ä � Ó�Þ!Ý�Ñ�Ó8Ò�ÓÜÕ�Ó � ä � Ô � ß��óä�Õ�Þ!Ñ � �

∆E(1) = 〈ϕn=1|∆V |ϕn=1〉

= −e
2Z

R̄2

(
16

aµ3

)∫ +∞

0

r̄3e−2r̄/aµ dr̄

= −α Z
R̄2

ë ú Î�ù�ù	ì
Ô�çBÓ�Õ��

α =
3~2

2mp,µ

ë ú Î�ùEq�ì



�n�+���!����Ä;�'Å � �Í���1� � � � �¤Æ ���;�D� � � �RÇ >�� ù.qãÙ

ÛüÔ J Ø�Þ!Ù>Ó8Ôáß®½0Ù>× � Ø � Ñ�â�ã+ÓÜÒ�Ó~Öp�æä � Ó�Þ!Ý�Ñ�Ó8Ò�ÓÜÕ�Ó � ä � Ô � Ó�ß � Ò�Ø � ÕO�

ε(R̄) = ε1 − α
Z

R̄2

ë ú Î�ùG4�ì
Ø A ε1 Ó�ß � Öp�óä � Ó�Þ�ÝBÑ�Ó8Ò�Ó~Öp�óä � Ô � Ö�Ñ�ä � Ø � ×�Ó�Þ � ã+Þ!ò�äÜÒ�Ø �+� ä�ÓÜ×`ÔáÞÃ�

ε1 = −mp,µe
4

2~2
ë ú Î�ù�þÂì

� �  ¬ 9;'¨Sü%°���� { RÈ��')���B�É��R7:
ÊmVÌo|VYX � _0\�_�e
$d\Zc�\��Üj^ÅÍÆª"�bda)e

Û6Ó�ß°Õ�Ø�ØBÞ!Ò�Ø ��� ä�Ó�ß°×`ÔáÞ�Ôáò�ØBÖ�Ñ�â�ã+Ó�ß°ß!Ø ��� ò+Ñ�Ó � Ô�Ò+Ô¾× � ä�Ó�ß°×�Ø�ã+Þ°Ò�ä�Õ�Þ!Ñ�Þ!ÓtÖ�ÓtÙ>ØBã�çBÓ�Ù>Ó ��� Ò}�óã �
ß®½0ß � 6�Ù>Ónß!Ø�ã+Ù>Ñ�ß 2 ã � Õ�à`ÔáÙ>×ËU¶Ø�ã+Ö�ØBÙTò�Ñ�Ó � ÓLK � ä�Þ!Ñ�Ó�ã+Þ�â�ã+Ñ`çBÔ8×+Þ�Ñ�çÂÑ�Ö�ä�Ý�Ñ�ä�ã � Ó�Ò�Ñ�Þ!Ó�Õ � Ñ�Ø � Ò�ÓÖÊ�æÓ�ß!×`Ô¾Õ�Ó ë ×�Ô¾Þ~Ó`K�Ó�Ù>×+Ö�ÓÚã � Õkà`Ô¾ÙÚ×2ä�Ö�Ó�Õ � Þ!Ñ�â�ã+Ó ì�Î ÝÂÑ (x, y, z) Þ!Ó�×�Þ!ä�ß!Ó ��� Ó ã � Ó � ßkÓ�ÙTò+Ö�Ó±Ò�ÓÕ�ØÂØ�ÞkÒ�Ø �+� ä�Ó�ß�U�Ô¾Þ � ä�ß!Ñ�Ó �+� Ó�ß8×�Ó�Þ�Ù>Ó �!� Ô ��� Ò�Ó±Ò�ä�Õ�Þ�Ñ�Þ�Ó±Ö�Ó>ß7½Âß � 6�Ù>Ó , Ö�Ó�ß;Õ�Ø�ØBÞ!Ò�Ø ��� ä�Ó�ß;×`ÔáÞ�Ôõôò�ØBÖ�Ñ�â�ã+Ó�ß (ξ, η, ϕ) ß!Ø ��� Ò�äQ° � Ñ�Ó�ß(×�Ô¾Þ)ß ù�Ù ä��

ξ = r + z, 0 ≤ ξ < +∞ ë ú Î�ù � ì
η = r − z, 0 ≤ η < +∞ ë ú Î�ù © ì
ϕ = arctan

(y
x

)
, 0 ≤ ϕ < 2π ë ú Î�ùbÙ�ì

Ø A r =
√
x2 + y2 + z2

Î ÛZ�óä�Ö�ä�Ù>Ó ��� Ò�Ó@ç�Ø�Ö�ã+ÙÚÓÜÕ�ØBÞ�Þ!Ó�ß!×�Ø � Ò�Ô ��� Ó�ß � �

dτ =
1

4
(ξ + η)dξdηdϕ ë ú Î�ù â ì

ý ØBã+Þ|ã � ×�Ø � Ó ��� Ñ�Ó�ÖüÔ �!� Þ�Ô¾Õ � Ñ J �
V = −1

r
= − 2

ξ + η
ë ú Î�ù î ì

ÖÊ�æä�â�ã`Ô � Ñ�Ø � Ò�ÓrÝ0Õ�à+Þ�ø0Ò�Ñ � Ý�Ó�Þ(Þ�Ó�ç � � ÖéÔ J Ø�Þ!Ù>ÓO�
(
− ~

2

2m

[
4

ξ + η

(
∂

∂ξ
ξ
∂

∂ξ
+

∂

∂η
η
∂

∂η

)
+

1

ξη

∂2

∂ϕ2

]
−
(
E +

2

ξ + η

))
ψ(ξ, η, ϕ) = 0

ë ú Î�qjÂ�ì
Û6Ó�ß7ß!ØBÖ�ã � Ñ�Ø � ß � Ø�Þ!Ù.ÔáÖ�Ñ�ß!ä�Ó�ß(ß��æä�Õ�Þ!Ñ¤ç�Ó ��� �

ψn1,n2,m(ξ, η, ϕ) =

√
2

n2
fn1,m

(
ξ

n

)
fn2,m

(η
n

) eimϕ√
2π

ë ú Î�q0ù	ì



ùEq â / �+� Ó`K�Ó8ú Î�ý Ø � Ó ��� Ñ�Ó�Ö)Ô¾ß®½0ÙÚ× � Ø � Ñ�â�ã+Ó

Ô�çBÓ�Õ��
fp,m(x) =

1

|m|!

√
(p+ |m|)!

p!
F (−p, |m|+ 1, x)e−x/2x|m|/2 ë ú Î�qrq�ì

Ø A F Ó�ß � ã � Ó J Ø � Õ � Ñ�Ø � àa½0×�Ó�Þ!Ý�ä�Ø�Ù>ä � Þ�Ñéâ�ã+Ó�Ò�ä�ÝBä � ä�Þ!ä�Óöß�� Â ä Î Utà`Ô�â�ã�ÓNä � Ô � Ò�ã ß!×�Ó�Õ � Þ!Ó
Ò�Ñ�ß�Õ�Þ�Ó � Ó�ß � Ò�Ø � ÕnÕ�ÔáÞ�Ô¾Õ � ä�Þ�Ñ�ß!än×`Ô¾Þ � Þ!Ø�Ñ�ß � ØBÙ;ò+Þ!Ó�ß¶Ó ��� Ñ�Ó�Þ!ß��ÂÖ�Ó�ß � ØBÙ;ò+Þ!Ó�ß�â�ã�Ô ��� Ñéâ�ã+Ó�ß ^oe¤fkej��k� ý m�bLd3]`_ n1

Ó � n2 , Ó � Ö�Ó � Ø�ÙTò+Þ�Ó¶â�ã`Ô ��� Ñéâ�ã+ÓtÙ.ÔáÝ � ä � Ñ�â�ã+Ó m Î ÝÂÑ n Ó�ß � Ö�Ó � ØBÙ;ò+Þ!Ótâ�ã`Ô ��� Ñ�â�ã+Ó×+Þ!Ñ � Õ�Ñ�×`Ô¾Ö)Ò�Ó�ß7ß!ØBÖ�ã � Ñ�Ø � ß(ÓLK�×�Þ!Ñ�Ù>ä�Ó�ß(Ó � Õ�ØÂØ�ÞkÒ�Ø �+� ä�Ó�ß(ß!×+à+ä�Þ!Ñ�â�ã+Ó�ß , Ø � Ô��
n = n1 + n2 + |m|+ 1 ë ú Î�qj4�ì

ÊmVpo�Vpo É$j�_0a)u^_�ÆÍa)Å \^e�s7l�$7_�j°_+Æ#"|b(a
/�Ý�Þ�Ô � Ò�Ó�Ò�Ñ�ß � Ô � Õ�Ó , Ö�Ó�ß � Ñ�çBÓõÔ¾ã�KTÒ�ÓtÖÊ�æà�½�Ò�Þ�ØBÝr6 � Ó¶Ù;ã+Ø � Ñ�â�ã+Ótß!Ø ��� ×�Ó�Þ � ã+Þ�ò�ä�ß°×`ÔáÞ�ÖÊ�æÓ98�Ó �Ý � ÔáÞêÞn×+Þ!Øõç�ØÂâ�ã+äZ×`ÔáÞ6Ö�Ó^Õ�à�Ô¾Ù>×~ä�Ö�Ó�Õ � Þ�Ñéâ�ã�ÓtÒ�ã � Ø¤½�Ô¾ãÜÒ«�óØEK@½0Ýr6 � Ó Î�ý ØBã�Þ � Þ�ÔáÑ � Ó�Þ)Õ�ÓZ×+Þ!Ø�ò+Ö;6�Ù>Ó

Ó � Õ�ØÂØ�ÞkÒ�Ø �+� ä�Ó�ßZ×`Ô¾ÞkÔ¾ò�Ø�Ö�Ñ�â�ã+Ó�ß , Ø � Õ�à+Ø�Ñ�ß!Ñ � ÖÊ�ûÔ¤K�Ó z Õ�Ø �'J Ø � Ò�ã Ô�ç�Ó�Õ�ÖêÔ@Ò�Þ!Ø�Ñ � Ó�ÌÍØ�Ñ�Ý � Ô ��� ¿ 8+

Ó � Ö�ÓÚÕ�Ó ��� Þ!Ó Ò�Ó Ù.Ôáßkß!Ó C Ò�Ó (pµ)
Î ÝÂÑ°ÖÊ�æØ ��� Ø � Ó E ÖéÔ.ç�Ô¾Ö�Ó�ã+Þ@Ò�ã2Õ�à`ÔáÙ>×�ä�Ö�Ó�Õ � Þ!Ñ�â�ã+ÓÚÕ�Þ!ä�Ó×`Ô¾ÞY¿ 8+ Ó � C , Öp�æà`Ô¾Ù>Ñ�Ö � Ø � Ñ�Ó � Ý � ÔáÞêÞ.ßõ�æä�Õ�Þ!Ñ � �

WS = Ez = E
(
ξ − η

2

) ë ú Î�qáþÂì
ý ØBã+Þ@ß!Ñ�Ù>×+Ö�ÑÏ°�Ó�Þ~Ö�Ó�ßÜÓLK�×+Þ�Ó�ß!ß!Ñ�Ø � ß , � ØBã+ß � Þ�Ô�ç�Ô¾Ñ�Ö�Ö�Ø � ßÜÓ � ã � Ñ � ä�ßÜÙTã+Ø � Ñ�â�ã+Ó�ß ë ç�Ø�Ñ�ÞÜÕ�à`Ôõô×+Ñ � Þ!Ó ù	ì³Î � � Õ�ÔáÖéÕ�ã+Öd×�Ó�Þ � ã+Þ�ò`Ô � Ñ J ÌÍã+ßkâ�ã6� 2 ÖÊ�æØBÞ!Ò�Þ!Ó q ×�Ó�Þ!ÙÚÓ � Ò«�óØ�ò � Ó � Ñ�Þ±ÖÊ�æÓLK�×+Þ�Ó�ß!ßkÑ�Ø � Ò�ÓÖÊ�æä � Ó�Þ�ÝBÑ�Ó8Ò«�óã � ä � Ô � ×`ÔáÞ�Ôáò�Ø�Ö�Ñéâ�ã+ÓÜ×�Ó�Þ � ã+Þ!ò�ä ë n1, n2,m) �

En = εn +
3

2
En(n1 − n2)− E

2

16
n4
(
17n2 − 3(n1 − n2)2 − 9m2 + 19

) ë ú Î�q � ì
Ô�çBÓ�Õ��

εn = −mp,µ

2n2
ë ú Î�q © ì

ý ØBã+Þ|ÖÊ�æä � Ô ��J Ø � Ò�ÔáÙ>Ó ��� Ô¾Ö ë n = 1, n1 = n2 = 0,m = 0
ì , Ø � ØBò � Ñ�Ó ��� Ò�Ø � ÕO�

E1 = ε1 −
9

4
E2 ë ú Î�qãÙBì

ì�� Þ!Ó�×�Ô¾ß!ß�Ô ��� Ó � ã � Ñ � ä�ß^Ôáò+ßkØ�Ö�ã+Ó�ß , ÖéÔ J Ø�Þ!Ù>Ó7Ô¾ß®½0ÙÚ× � Ø � Ñ�â�ã+Ó7Ò0Ó7Õ�Ó �!� Ó�ä � Ó�Þ!Ý�Ñ�Ó(Ò�Ó�ç0Ñ�Ó ��� �
ε(R̄) = ε1 − β

Z2

R̄4

ë ú Î�q â ì
Ô�çBÓ�Õ��

β = 9~4/(4m2
pµ) ë ú Î�q î ì
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ÏW� � ö �8% { = :�R´$R ¿ �±$�;:�'�ÐÒÑ
Ó�VYXZVYX � u(a6c�Ã^ÆÍai]}ÆYudÈ�_+Æ#"|b(aª]}ÅÍ\^eÂeÂÆª"�bda

UtØ � ßkÑ�Ò�ä�Þ�Ø � ßZã � ß7½Âß � 6�Ù>Ó7Ò�Ó n ×`Ô¾Þ � Ñ�Õ�ã+Ö�Ó�ß Î ¿ �Ú� Ø � Ó mi
ÖêÔ�Ù±Ô¾ß!ß!Ó7Ò�Ó|ÖêÔ ieme ×`Ô¾Þ � Ñ�Õ�ã+Ö�ÓÓ � m =

∑n
i=1 mi , ÖêÔ$Ù±Ô¾ß!ß!Ó � Ø � ÔáÖ�Ó>Ò�ã2ß®½0ß � 6�Ù>Ó Î ÝÂØBÑ � {x̃i}i=1,N

ã � Ó � ßkÓ�Ù;ò+Ö�Ó±Ò�Ó>Õ�ØÂØ�ÞYô
Ò�Ø ��� ä�Ó�ß}U|ÔáÞ � ä�ßkÑ�Ó �+� Ó�ßZÖ�Ñ � äõÔáÑ�Þ�Ó�Ù>Ó ��� Ñ � Ò�ä�×�Ó � Ò�Ô ��� Ó�ß^×�Ó�Þ�Ù>Ó �!� Ô ��� Ò�Ó(Ò�ä�Õ�Þ�Ñ�Þ�Ó7Öp�óÓ�ßk×`Ô¾Õ�Ó(Ò�Ó�ß
ä � Ô � ßtÒ�ã±ß®½0ß � 6�Ù>Ó ë Ó � Ý�ä � ä�Þ�ÔáÖ N = 3n

ì³Î ¿ � Ò�äQ° � Ñ � Ò�Ó�ß¶Õ�ØÂØ�ÞkÒ�Ø �+� ä�Ó�ßt×�Ø � Ò�ä�Þ!ä�Ó�ßt×`Ô¾ÞZÖ�Ó�ß
Ù.Ôáßkß!Ó�ß {xi}i=1,N

Ò�Ó~ÖéÔ Ù.Ô � Ñ;6�Þ!Ó~ß!ã+Ñ¤çBÔ ��� ÓÁ�

xi =

√
mi

m
x̃i, i = 1, N ë &�Î�ùõì

ÝÂØ�Ñ � {qi}i=1,N
ã � Ó � ß!Ó�ÙTò+Ö�Ó&ä�â�ã+Ñ¤ç�Ô¾Ö�Ó ��� Ò�Ó�Õ�Ø�ØBÞ!Ò�Ø �+� ä�Ó�ß.Õ�ã+Þ�çÂÑ�Ö�Ñ�Ý � Ó�ß±Ý�ä � ä�ÞkÔ¾Ö�Ñ�ß!ä�Ó�ß Î

ÛZ�óä � Ó�Þ�ÝBÑ�ÓÜÕ�Ñ � ä � Ñ�â�ã+Ó8Õ�ÖéÔáß!ßkÑ�â�ã+Ó8Ò0ã&ß7½Âß � 6�Ù>Ó~ß��óä�Õ�Þ!Ñ � �

T =
1

2

N∑

i=1

mi
˙̃x

2

i =
m

2

N∑

i=1

ẋ2
i

=
m

2

N∑

j,k=1

gjkq̇j q̇k
ë &�Î�q�ì

Ø A
gjk =

N∑

i=1

∂xi
∂qj

∂xi
∂qk

ë &�Î54�ì

ÛüÔ@Ù.Ô � Þ!Ñ�Õ�Ó g ÔáÑ � ß!Ñ`Ò�äQ° � Ñ�Ó(Ó�ß � Ô¾×�×�Ó�Ö�ä�Ó iI]`n'_E]Ld@fÈÔ~�9iRf`m bLdo] Ôáß!ß!Ø0Õ�Ñ�änÔáã@K±Õ�Ø�ØBÞ!Ò�Ø �+� ä�Ó�ß¶Õ�ã+ÞYôç0Ñ�Ö�Ñ�Ý � Ó�ß qi Î ÝÂÑ0ÖÊ�æØ � � Ø � Ó J ÖéÔnÙ±Ô � Þ!Ñ�Õ�Ó ² Ô¾Õ�ØBò+Ñ�Ó �+� Ó(Ôáß!ß!Ø0Õ�Ñ�ä�Ó(Ôáã ×`Ôáß!ß�Ô¾Ý�Ó7Ò�Ó�ßZÕ�ØÂØ�ÞkÒ�Ø �+� ä�Ó�ß
Õ�ÔáÞ � ä�ß!Ñ�Ó �+� Ó�ß xi Ôáã@K&Õ�ØÂØ�ÞkÒ�Ø �+� ä�Ó�ßdÕ�ã+ÞYç0Ñ�Ö�Ñ�Ý � Ó�ß qi , Ø � ÔÉ�

g = JJ t ë &�ÎæþÂì
ù.q î



ùG4rÂ / �+� ÓLK�Ó &�Î �üÓ � ßkÓ�ã+Þ7Ù>ä � Þ�Ñéâ�ã+Ó

Ø A J t Þ!Ó�×+Þ�ä�ß!Ó ��� ÓdÖéÔÜÙ.Ô � Þ�ÑéÕ�Ó � Þ�Ô � ×�ØBß!ä�ÓnÒ�Ó J Î ÛZ�æÑ � ç�Ó�Þ!ß!ÓnÒ�ã � Ó � ßkÓ�ã�ÞtÙ>ä � Þ�Ñéâ�ã+ÓdÓ�ß �¶� Ø � ä
g−1 Ó � Ø � ÔÉ�

g−1
jk =

N∑

i=1

∂qj
∂xi

∂qk
∂xi

ë &�Î � ì

Ó�VYXZVpo � uda«c�Ã^ÆÍai]}ÆYudÈ�_+Æ#"|b(aÕ"|b(\^u^_+Æ#"|b(a
ÝÂØ�Ñ � |ψ〉 Ó � |ϕ〉 Ò�Ó�ã@K$çBÓ�Õ � Ó�ã+Þ�ßdÒ�Ó~Öp�óÓ�ß!×`Ô¾Õ�Ó8Ò0Ó�ß(ä � Ô � ß(Ò�ã&ß7½Âß � 6�Ù>Ó Î ¿ � ÔÉ�

〈ψ|T |ϕ〉 = − ~
2

2m

N∑

i=1

∫
ψ∗

∂2

∂x2
i

ϕdx1 · · · dxN ë &�Î © ì
ìÄ� Ñ ��� ä�Ý�Þ�Ô ��� ×�Ô¾Þ7×`ÔáÞ � Ñ�Ó�ß , Ñ�Ö}ç0Ñ�Ó ��� �

〈ψ|T |ϕ〉 =
~2

2m

N∑

i=1

∫
∂ψ∗

∂xi

∂ϕ

∂xi
dx1 · · · dxN ë &�Î ÙBì

=
~2

2m

N∑

i=1

∫
∂ψ∗

∂xi

∂ϕ

∂xi

√
g dq1 · · · dqN ë &�Î â ì

Ø A g Ó�ß � Ö�Ó±Ò�ä � Ó�Þ�Ù>Ñ � Ô ��� Ò�Ó g Î ¿ � ã � Ñ�Ö�Ñ�ßkÓ ÔáÖ�ØBÞ!ß8Ö�Ó�ß8Þ76�Ý�Ö�Ó�ßTÒ�Ó.Ò�ÑP8�ä�Þ!Ó ��� ÑéÔ � Ñ�Ø � ã+ß!ã+Ó�Ö�Ö�Ó�ß×�ØBã+Þ7ä�Õ�Þ!Ñ�Þ!ÓO�

〈ψ|T |ϕ〉 =
~2

2m

N∑

i,j,k=1

∫
∂ψ∗

∂qj

∂ϕ

∂qk

∂qj
∂xi

∂qk
∂xi

√
g dq1 · · · dqN ë &�Î î ì

= − ~
2

2m

N∑

j,k=1

∫
ψ∗
[

1√
g

∂

∂qj

(√
gg−1

jk

∂

∂qk

)]
ϕdx1 · · · dxN ë &�Î�ùGÂ�ì

¿ � Ó � Ò�ä�Ò�ã+Ñ � ÖêÔ J ØBÞ�ÙTã+Ö�ÓÜÒ�Ó ý ØÂÒ�Ø�Ö�ßêÞ�½ ß��r��ä��

T = − ~
2

2m

N∑

j,k=1

1√
g

∂

∂qj

(√
gg−1

jk

∂

∂qk

) ë &�Î�ù�ù	ì
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Û6ÓH×`Ôáßkß�ÔáÝBÓNÒ�ÓNÖp�óÓLK0×+Þ!Ó�ß!ß!Ñ�Ø � Õ�ÖêÔáß!ß!Ñéâ�ã+ÓNÒ�ÓNÖp�óä � Ó�Þ!Ý�Ñ�Ó�Õ�Ñ � ä � Ñéâ�ã+Ó ë &�Î�qBì 2 Öp�óÓ`K�×+Þ!Ó�ß!ß!Ñ�Ø �â�ã`Ô ��� Ñ�â�ã+Ó ë &�Î�ù�ùõì¶� Ó~ß��óÓ98�Ó�Õ � ã+ÓÜ×`Ôáß7ß!Ñ�Ù>×�Ö�Ó�ÙÚÓ ��� ×`ÔáÞ7ÖéÔ � ÞkÔ � ß J Ø�Þ!Ù±Ô � Ñ�Ø � �

q̇i → −i~
∂

∂qi

ë &�Î�ùEq�ì

Õ�Ô¾ÞüÕ�Ó �!� Ó^Õ�Ø�Þ!Þ!Ó�ßk×�Ø � Ò�Ô � Õ�Ó^Ó ��� Þ�ÓZã � ÓZç�Ô¾Þ�ÑéÔ¾ò+Ö�ÓtÕ�ÖéÔ¾ß!ß!Ñ�â�ã+Ó^Ó � Öp�óØ�×�ä�Þ�Ô � Ó�ã+Þ�â�ã�Ô ��� Ñéâ�ã+Ó¶Ôáßkß!ØÂÕ�Ñ�ä� �óÓ�ß � Ôá×+×+Ö�Ñ�Õ�Ô¾ò+Ö�Ó8â�ã6�ûÔ�çBÓ�Õ~Ò�Ó�ßdÕ�ØÂØ�ÞkÒ�Ø �+� ä�Ó�ß�U|ÔáÞ � ä�ß!Ñ�Ó �+� Ó�ß Î



�n�+���!����Ö³��×����'Æ��g>¾�7��H¤�Ì� �{Ç >�� ùE4�ù

Ó�VYXZVÌË Ø�yd\^u(ÃZa)l½a)u^_Jf(aª]�j�jZc+f(j^unu(È6a)eg]}bdc@Ù7ÆYÅÍÆÍÃ^u(a)e
¿ � ß!Ø�ã+à`ÔáÑ � Ó Ù.ÔáÑ ��� Ó � Ô ��� ã � Ñ�Ö�Ñ�ß!Ó�Þ@Ò�Ó � Ø�ã�ç�Ó�Ö�Ö�Ó�ß~Õ�ØÂØ�ÞkÒ�Ø �+� ä�Ó�ßÜÕ�ã+Þ�ç0Ñ�Ö�Ñ�Ý � Ó�ß {q̄i}i=1,N

Î
¿ ��� Ø � Ó J̄ ÖéÔ Ù.Ô � Þ!Ñ�Õ�Ó ² Ô¾Õ�Ø�ò+Ñ�Ó ��� ÓTÔáß!ßkØÂÕ�Ñ�ä�Ó;Ô¾ã�Õ�à`Ô � ÝBÓ�Ù>Ó ��� Ò�Ó~ç�ÔáÞ!ÑéÔ¾ò+Ö�Ó�ß {qi} → {q̄i}� Ó�Ö�Ö�Ó8â�ã+ÓO�

J̄jl =
∂q̄l
∂qj

ë &�Î�ùG4�ì
¿ � ×`ÔáÞ � Ò�ÓÜÖéÔ J ØBÞ�ÙTã+Ö�Ó ë &�Î î ì �

〈ψ|T |ϕ〉 =
~2

2m

N∑

j,k=1

∫
∂ψ∗

∂qj

∂ϕ

∂qk
g−1
jk

√
g dq1 · · · dqN ë &�Î�ù�þÂì

â�ã+Ñ)Ò�Ó�ç0Ñ�Ó ��� �

〈ψ|T |ϕ〉 =
~2

2m

N∑

j,k=1

∫ N∑

l,m=1

∂ψ∗

∂q̄l

∂ϕ

∂q̄m

∂q̄l
∂qj

∂q̄m
∂qk

g−1
jk

√
g
√
ḡ dq̄1 · · · dq̄N ë &�Î�ù � ì

Ø A √ḡ Ó�ß � Ö�ÓÜÒ�ä � Ó�Þ!Ù>Ñ � Ô ��� Ò�Ó J̄ t Î ÝÂØ�Ñ � M ÖêÔTÙ.Ô � Þ!Ñ�Õ�ÓÜÒ�ä9Ú � Ñ�ÓÜ×�Ô¾ÞÃ�
M = J̄ t

g−1J̄ ë &�Î�ùGÛ�ì
Ñ�Ö}ç0Ñ�Ó ��� �

〈ψ|T |ϕ〉 = − ~
2

2m

N∑

l,m=1

∫
ψ∗
[
∂

∂q̄l

(√
g
√
ḡMlm

∂

∂q̄m

)]
ϕdq̄1 · · · dq̄N ë &�Î�ùbÙBì

= − ~
2

2m

N∑

l,m=1

∫
ψ∗
[

1√
ḡ

∂

∂q̄l

(√
g
√
ḡMlm

∂

∂q̄m

)]
ϕdq1 · · · dqN ë &�Î�ù â ì

¿ � Ó � Ò�ä�Ò�ã+Ñ � Ò�Ø � ÕÜÖéÔ � Ø�ã�ç�Ó�Ö�Ö�Ó J Ø�Þ!ÙTã�Ö�Ó;Ò�Ó ý Ø0Ò�Ø�Ö�ßêÞ�½&ÓLK0×+Þ!Ñ�Ù>ä�Ó8Ó �ÜJ Ø � Õ � Ñ�Ø � Ò�Ó�ßnÕ�ØÂØ�ÞYô
Ò�Ø ��� ä�Ó�ß q̄i �

T = − ~
2

2m

N∑

l,m=1

1√
g

1√
ḡ

∂

∂q̄l

(√
g
√
ḡMlm

∂

∂q̄m

) ë &�Î�ù î ì
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%°� <>= R(' R7:�:���#$S�� <>= R7'

 Ø�ã+ß2Õ�Ø � ßkÑ�Ò�ä�Þ�Ø � ß2Ù.ÔáÑ ��� Ó � Ô ��� Ö�Ógß7½Âß � 6�Ù>Ó 2 � Þ�ØBÑ�ß2Õ�ØBÞ�×+ß�Ò�ä�Õ�Þ�Ñ � Ô¾ãPÕ�à`Ôá×+Ñ � Þ!ÓÞ� Î
U¶Ø�Ù>Ù>Ó Õ�ØÂØ�ÞkÒ�Ø �+� ä�Ó�ßcU�Ô¾Þ � ä�ß!Ñ�Ó �+� Ó�ßÜÒ0Ó>Ò0ä�×`Ô¾Þ � , � ØBã+ß~Õ�à+Ø�Ñ�ß!Ñ�ß!ß!Ø � ß@Ö�Ó�ß~Õ�Ø�Ù>×�ØBß�Ô ��� Ó�ßÜÒ�Ó�ßç�Ó�Õ � Ó�ã+Þ!ß Ò�Ó ² Ô¾Õ�Ø�ò+Ñ ë R1x, R1y, R1z, r1x, r1y, r1z

ì Ò�Ô � ß Ö�Ó Þ!Ó�×16�Þ!Ó&Ôáß!ß!Ø0Õ�Ñ�ä&Ô¾ã Þ!ä J ä�Þ!Ó ��� Ñ�Ó�Ö



ùG4¾q / �+� ÓLK�Ó &�Î �üÓ � ßkÓ�ã+Þ7Ù>ä � Þ�Ñéâ�ã+Ó

ë �¶* ì�Î Û6Ó�ß�Õ�ØÂØ�ÞkÒ�Ø �+� ä�Ó�ßHÕ�ã+ÞYç0Ñ�Ö�Ñ�Ý � Ó�ß�ÝBä � ä�Þ�ÔáÖ�Ñ�ß!ä�Ó�ßHâ�ã+Ó � Ø�ã+ß�ß!Ø�ã+à`ÔáÑ � Ø � ß�ã � Ñ�Ö�Ñ�ß!Ó�Þ&ß!Ø ���ë ρ, ξ, η, ωx, ωy, ωz) Ø A �
ω =




ωx
ωy
ωz




(BF )

=




Ω̇x

Ω̇y

Ω̇z


 ë &�Î�qjÂ�ì

Ó�ß � Ö�Ó;ç�Ó�Õ � Ó�ã+Þ@Ñ � ß � Ô ��� Ô � äÚÒ�ÓTÞ!Ø � Ô � Ñ�Ø � Ò�ã�Þ�ä J ä�Þ!Ó ��� Ñ�Ó�Ö ë �¶* ì ×`Ô¾Þ�ÞkÔ¾×+×�Ø�Þ � Ô¾ã�Þ!ä J ä�Þ!Ó ��� Ñ�Ó�Öë Ý0* ì�Î ÝÂÑ M Ó�ß � ã � ç�Ó�Õ � Ó�ã+Þ�â�ã+Ó�ÖéÕ�Ø � â�ã�Ó|Ò�Ó R3 , ÖéÔ(Þ!Ó�ÖéÔ � Ñ�Ø � Ò�Ó|Õkà`Ô � Ý�Ó�Ù>Ó ��� Ò�Ó¶Þ!ä J ä�Þ!Ó ��� Ñ�Ó�Öß��óä�Õ�Þ�Ñ � �
(
dM

dt

)

(SF )

=

(
dM

dt

)

(BF )

+ ω ∧M ë &�Î�q0ùõì
Û6Ó�ß(Ô � ÝBÖ�Ó�ß(Ò0Ó@Þ!Ø � Ô � Ñ�Ø � Ñ � ß � Ô ��� Ô � ä�Ó Ωx,Ωy

Ó � Ωz , Þ�Ó�ß!×�Ó�Õ � Ñ¤ç�Ó�Ù>Ó ��� Ôáã � Ø�ã+Þ7Ò�Ó�ßdÔ.K�Ó�ß
(Gx), (Gy) Ó � (Gz) , ×�Ó�Þ!ÙÚÓ �!� Ó ��� Ò«�óÓ`K�×+Þ!Ñ�Ù>Ó�Þ¶Ö�Ó�Ù>Ø�Ù>Ó ��� Õ�Ñ � ä � Ñ�â�ã+Ó � Ø � ÔáÖ}Ò�ã$ß®½0ß � 6�ÙÚÓ Jß!ØBã+ß7ÖéÔ J Ø�Þ!Ù>Ó��

J =




Jx
Jy
Jz




(BF )

= −i~




∂/∂Ωx

∂/∂Ωy

∂/∂Ωz


 ë &�Î�qrq�ì

¿ � ÔÉ�
R1 =




R1x

R1y

R1z




(BF )

=




0
0

ρ cos
(
ξ+η

4

)


 ë &�Î�qj4�ì

Ó �
r1 =




r1x

r1y

r1z




(BF )

=




ρ sin
(
ξ+η

4

)
sin γ1

0

ρ sin
(
ξ+η

4

)
cos γ1


 ë &�Î�qáþÂì

Ô�çBÓ�Õ��
sin γ1 =

αβ

sin 2θµ sin
(
ξ+η

2

) ë &�Î�q � ì
Ø A

α = cos 2θµ − cos ξ ë &�Î�qrÛ�ì
β = cos η − cos 2θµ

ë &�Î�qãÙBì
ì�� Ô¾×+×+Ö�Ñ�â�ã`Ô ��� ÖéÔ Þ�Ó�ÖéÔ � Ñ�Ø � ë &³Î�q�ùõì 2 R1

Ó � r1 , Ø � Ø�ò � Ñ�Ó ��� ÖéÔ Ù±Ô � Þ!Ñ�Õ�Ó ² Ô�Õ�Ø�ò+Ñ�Ó �+� ÓÁ�

J =




0 0 J13 J14 0 J16

0 0 J23 J24 0 J26

0 0 J33 J34 0 J36

0 J42 0 0 J45 0
J51 0 0 J54 0 J56

0 0 0 0 J65 0




ë &�Î�q â ì



�n�+���!����Ö³��×����'Æ��g>¾�7��H¤�Ì� �{Ç >�� ùE4r4

Ô�ç�Ó�Õ��
J13 = cos

(
ξ + η

4

) ë &�Î�q î ì

J14 = sin

(
ξ + η

4

)
sin γ1

ë &�Î�4rÂ�ì

J16 = sin

(
ξ + η

4

)
cos γ1

ë &�Î�4�ù	ì

J23 = J33 = −ρ
4

sin

(
ξ + η

4

) ë &�Î�4¾q�ì

J24 =
ρ

4
cos

(
ξ + η

4

)
sin γ1 + ρ sin

(
ξ + η

4

)
cos γ1

∂γ1

∂ξ
ë &�Î�4r4�ì

J26 =
ρ

4
cos

(
ξ + η

4

)
cos γ1 + ρ sin

(
ξ + η

4

)
sin γ1

∂γ1

∂ξ
ë &�Î�4¾þÂì

J34 =
ρ

4
cos

(
ξ + η

4

)
sin γ1 + ρ sin

(
ξ + η

4

)
cos γ1

∂γ1

∂η
ë &�Î�4 � ì

J36 =
ρ

4
cos

(
ξ + η

4

)
cos γ1 + ρ sin

(
ξ + η

4

)
sin γ1

∂γ1

∂η
ë &�Î�4rÛ�ì

J42 = −J51 = −ρ cos

(
ξ + η

4

) ë &�Î�4"ÙBì

J45 = −J54 = −ρ sin

(
ξ + η

4

)
cos γ1

ë &�Î�4 â ì

J56 = −J65 = −ρ sin

(
ξ + η

4

)
sin γ1

ë &�Î�4 î ì
Ø A �

∂γ1

∂ξ
=

β

2
√
αβ sin( ξ+η

2
)

ë &�Îóþ¾Â�ì
∂γ1

∂η
= − α

2
√
αβ sin( ξ+η

2
)

ë &�Îóþ+ù	ì

¿ � Õ�ÔáÖéÕ�ã+Ö�Ó8Ô¾Ö�ØBÞ�ß(Ö�Ó � Ó � ß!Ó�ã+Þ7ÙÚä � Þ!Ñ�â�ã+Ó g = JJ t �

g =




1 0 0 0 0 0
0 g22 g23 0 g25 0
0 g32 g33 0 g35 0
0 0 0 g44 0 g46

0 g52 g53 0 g55 0
0 0 0 g64 0 g66




ë &�Îóþaq�ì

Ô�ç�Ó�Õ��
g22 =

ρ2

16
+ ρ2 sin2

(
ξ + η

4

)(
∂γ1

∂ξ

)2 ë &�Îóþ¾4�ì



ùG4¾þ / �+� ÓLK�Ó &�Î �üÓ � ßkÓ�ã+Þ7Ù>ä � Þ�Ñéâ�ã+Ó

g33 =
ρ2

16
+ ρ2 sin2

(
ξ + η

4

)(
∂γ1

∂η

)2 ë &�Îóþ�þÂì

g44 = ρ2

(
1− sin2

(
ξ + η

4

)
sin2 γ1

) ë &�Îóþ � ì
g55 = ρ2 ë &�Îóþ¾Û�ì
g66 = ρ2 sin2

(
ξ + η

4

)
sin2 γ1

ë &�ÎóþÒÙBì

g23 = g32 =
ρ2

16
+ ρ2 sin2

(
ξ + η

4

)
∂γ1

∂ξ

∂γ1

∂η
ë &�Îóþ â ì

g25 = g52 = ρ2 sin2

(
ξ + η

4

)
∂γ1

∂ξ
ë &�Îóþ î ì

g35 = g53 = ρ2 sin2

(
ξ + η

4

)
∂γ1

∂η
ë &�Î � Â�ì

g64 = g46 = −ρ2 sin2

(
ξ + η

4

)
sin γ1 cos γ1

ë &�Î � ù	ì
ý ØBã+Þ � Þ!Ø�ã�ç�Ó�Þ7Öp�óÑ � ç�Ó�Þ�ß!ÓÜÒ�Ó8Õ�Ó �!� Ó~Ù±Ô � Þ!Ñ�Õ�Ó , Ø � ä�Õ�Þ!Ñ � g ß!ØBã+ß7ÖêÔ J Ø�Þ!Ù>ÓO�

g =

(
G C
CT K

) ë &�Î � q�ì
Ô�çBÓ�Õ��

G =




1 0 0
0 g22 g23

0 g32 g33


 ë &�Î � 4�ì

K =




g44 0 g46

0 g55 0
g64 0 g66


 ë &�Î � þÂì

Ó �

C =




0 0 0
0 g25 0
0 g35 0


 ë &�Î �r� ì

¿ � ×�Ó�ã � ÙÚØ ��� Þ!Ó�Þ7â�ã+Ó~Öp�óÑ � ç�Ó�Þ!ß!ÓÜÒ�Ó g Ó�ß � ÔáÖ�ØBÞ�ßdÒ�Ø �+� ä�ÓÜ×�Ô¾Þ)ß5� Ù ä��
g−1 =

(
G−1 +G−1CUCtG−1 −G−1CU

−UCtG−1 U

) ë &�Î � Û�ì
Ô�çBÓ�Õ��

U =
(
K −CtG−1C

)−1 ë &�Î � ÙBì
¿ ��� Þ�ØBã�çBÓO�
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g−1 =




1 0 0 0 0 0
0 g−1

22 0 0 g−1
25 0

0 0 g−1
33 0 g−1

35 0
0 0 0 g−1

44 0 g−1
46

0 g−1
52 g−1

53 0 g−1
55 0

0 0 0 g−1
64 0 g−1

66




ë &�Î ��â ì

Ô�ç�Ó�Õ��
g−1

22 =
16

ρ2

α

α + β
ë &�Î ��î ì

g−1
25 = g−1

52 = − 4

ρ2
tan

(
ξ + η

4

) √
αβ

α + β
ë &�Î�ÛrÂ�ì

g−1
33 =

16

ρ2

β

α + β
ë &�Î�Û�ù	ì

g−1
35 = g−1

53 =
4

ρ2
tan

(
ξ + η

4

) √
αβ

α + β
ë &�Î�Û¾q�ì

g−1
44 = g−1

55 =
1

ρ2

1

cos2
(
ξ+η

4

) ë &�Î�Ûr4�ì

g−1
46 = g−1

64 =
1

ρ2

1

cos2
(
ξ+η

4

) cot γ1
ë &�Î�Û¾þÂì

g−1
66 =

1

ρ2

1− sin2
(
ξ+η

4

)
sin2 γ1

sin2
(
ξ+η

4

)
cos2

(
ξ+η

4

)
sin2 γ1

ë &�Î�Û � ì

ÏW�®ß ¿ 9;')'69+à8R·#�98% :�R7' µ¶�>�8%°$�B�É� � R(' $Râá;9;µt�+*&�

S�Ô � ßÚÕ�Ó ×`ÔáÞ�ÔáÝBÞkÔ¾×+à+Ó , � Ø�ã+ß ÙÚØ ��� Þ!Ø � ß Õ�ØBÙ>ÙÚÓ ��� Ø�ò � Ó � Ñ�ÞTÖp�óÓ`K�×+Þ!Ó�ß!ß!Ñ�Ø � Ò�Ó Öp�æä � Ó�Þ!Ý�Ñ�ÓÕ�Ñ � ä � Ñ�â�ã+Ó$Ó � Õ�ØÂØ�ÞkÒ�Ø �+� ä�Ó�ß à�½0×�Ó�Þ�ßk×�à+ä�Þ!Ñ�â�ã+Ó�ß Ó�Ö�Ö�Ñ�× � Ñ�â�ã+Ó�ßÚÓ � ã � Ñ�Ö�Ñ�ß�Ô ��� Ò�Ó�ßÚÕ�ØÂØ�ÞkÒ�Ø �+� ä�Ó�ß
Õ�ã+Þ�çÂÑ�Ö�Ñ�Ý � Ó�ß(Ñ ��� Ó�Þ!Ù>ä�Ò�ÑéÔáÑ�Þ�Ó�ßdÒ�ä9Ú � Ñ�Ó�ß 2 ×`ÔáÞ � Ñ�Þ(Ò�Ó�ß|ç�Ó�Õ � Ó�ã+Þ�ßdÒ�Ó ² Ô¾Õ�Ø�ò+Ñ ÎÛ6Ó�ß;Õ�Ø�ØBÞ!Ò�Ø �+� ä�Ó�ß Õ�ã+Þ�ç0Ñ�Ö�Ñ�Ý � Ó�ß;Ñ ��� Ó�Þ�Ù>ä�Ò�ÑéÔ¾Ñ�Þ!Ó�ß;ß!Ø ��� ë R1, r1, γ1, ωx, ωy, ωz

ì�Î
R1

Ó � r1ß!Ø ��� Ö�Ó�ß � Ø�Þ!ÙÚÓ�ß�Ò�Ó�ß(ç�Ó�Õ � Ó�ã+Þ!ßnÒ�Ó ² Ô¾Õ�ØBò�Ñ R1
Ó � r1

Î S@Ô � ßnÖ�Ó;Þ�ä�×16�Þ!Ó ë G, x, y, z ì Ô¾ß!ß!Ø0Õ�Ñ�äÔ¾ã&Þ�ä J ä�Þ�Ó ��� Ñ�Ó�Ö ë �¶* ì , Ø � ä�Õ�Þ!Ñ�Þ�Ô Ò�Ø � Õ��

R1 =




R1x

R1y

R1z




(BF )

=




0
0
R1


 ë &�Î�ÛrÛ�ì

Ó �

r1 =




r1x

r1y

r1z




(BF )

=




r1 sin γ1

0
r1 cos γ1


 ë &�Î�Û"ÙBì
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ì�� Ô¾×+×+Ö�Ñ�â�ã`Ô ��� ÖêÔ;Þ!Ó�ÖêÔ � Ñ�Ø � ë &³Î�q�ùõì 2 R1
Ó � r1 , Ø �$� Þ!Ø�ã�ç�Ó@Öp�óÓ`K�×+Þ!Ó�ß!ß!Ñ�Ø � Ò�Ó@ÖéÔTÙ.Ô � Þ�Ñ�Õ�Ó² Ô�Õ�Ø�ò+Ñ�Ó �+� ÓÁ�

J =




0 0 1 0 0 0
0 0 0 sin γ1 0 cos γ1

0 0 0 r1 cos γ1 0 −r1 sin γ1

0 −R1 0 0 −r1 cos γ1 0
R1 0 r1 cos γ1 0 −r1 sin γ1

0 0 0 0 r1 sin γ1 0




ë &�Î�Û â ì

Ñ�Ö}ç0Ñ�Ó ��� �

g =




1 0 0 0 0 0
0 1 0 0 0 0
0 0 r2

1 0 r2
1 0

0 0 0 R2
1 + r2

1 cos2 γ1 0 −r2
1 sin γ1 cos γ1

0 0 r2
1 0 R2

1 + r2
1 0

0 0 0 −r2
1 sin γ1 cos γ1 0 r2

1 sin2 γ1




ë &�Î�Û î ì

ý ØBã+Þ � Þ�ØBã�çBÓ�Þ±ÖÊ�æÑ � ç�Ó�Þ!ß!ÓNÒ0ÓNÕ�Ó �!� ÓHÙ.Ô � Þ�ÑéÕ�Ó , Ø � ×+Þ!ØÂÕ96�Ò�ÓNÕ�Ø�Ù>Ù>Ó�×+Þ!ä�Õ�ä�Ò�Ó�Ù>Ù>Ó ��� Ó �ä�Õ�Þ!Ñ¤ç�Ô ��� g ß!ØBã+ß7ÖéÔ J Ø�Þ!ÙÚÓO�
g =

(
G C
CT K

) ë &�Î ÙgÂ�ì
Ô�çBÓ�Õ��

G =




1 0 0
0 1 0
0 0 r2

1


 ë &�Î ÙÂù	ì

K =




R2
1 + r2

1 cos2 γ1 0 −r2
1 sin γ1 cos γ1

0 R2
1 + r2

1 0
−r2

1 sin γ1 cos γ1 0 r2
1 sin2 γ1


 ë &�Î Ùjq�ì

Ó �

C =




0 0 0
sin γ1 0 cos γ1

r1 cos γ1 0 −r1 sin γ1


 ë &�Î Ùg4�ì

¿ ��� Þ�ØBã�çBÓ8ÔáÖ�Ø�Þ!ßÃ�

g−1 =




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1

r2
1

+ 1
R2

1
0 1

R2
1

0

0 0 0 1
R2

1
0 cot γ1

R2
1

0 0 − 1
R2

1
0 1

R2
1

0

0 0 0 cot γ1

R2
1

0 1
r2
1 sin2 γ1

+ cot2 γ1

R2
1




ë &�Î Ù	þÂì



�n�+���!����Ö³��×����'Æ��g>¾�7��H¤�Ì� �{Ç >�� ùE4"Ù

¿ � ÔÚÔ¾ã+ß!ß!Ñ J Ô�Õ�Ñ�Ö�Ó�Ù>Ó ��� �
g = det(g) = R4

1r
4
1 sin2 γ1

ë &�Î Ù � ì
ÛüÔ J Ø�Þ!Ù;ã+Ö�Ó ë &�Î�ù�ù	ì Ò�Ó�ç0Ñ�Ó ��� �

T = − ~
2

2m

[
1

R2
1r

2
1 sin γ1

∂

∂R1

R2
1r

2
1 sin γ1

∂

∂R1

+
1

R2
1r

2
1 sin γ1

∂

∂r1

R2
1r

2
1 sin γ1

∂

∂r1

+
1

R2
1r

2
1 sin γ1

∂

∂γ1

R2
1r

2
1 sin γ1

(
1

r2
1

+
1

R2
1

)
∂

∂γ1

+
1

R2
1r

2
1 sin γ1

∂

∂Ωx

r2
1 sin γ1

∂

∂Ωx

+
1

R2
1r

2
1 sin γ1

∂

∂Ωy

r2
1 sin γ1

∂

∂Ωy

+
1

R2
1r

2
1 sin γ1

∂

∂Ωz

(
R2

1

sin γ1

+
r2

1 cos2 γ1

sin γ1

)
∂

∂Ωz

+
1

R2
1r

2
1 sin γ1

∂

∂Ωy

R2
1r

2
1 sin γ1

−R2
1

∂

∂γ1

+
1

R2
1r

2
1 sin γ1

∂

∂γ1

R2
1r

2
1 sin γ1

−R2
1

∂

∂Ωy

+
1

R2
1r

2
1 sin γ1

r2
1 cos γ1

(
∂

∂Ωx

∂

∂Ωz

+
∂

∂Ωz

∂

∂Ωx

)] ë &�Î ÙgÛ�ì
ì�� ã � Ñ�Ö�Ñ�ß�Ô ��� ÖéÔ.Ò�ä9Ú � Ñ � Ñ�Ø � ë &�Î�q¾qBì Ó � ÖéÔ±Þ�Ó�ÖêÔ � Ñ�Ø � Ò�ÓTÕ�Ø�Ù>ÙTã � Ô � Ñ�Ø �Þegnp�gÔÁe ý ] Ò�Ó�ßnÙ>Øáô

Ù>Ó ��� ß(Õ�Ñ � ä � Ñ�â�ã+Ó�ßdÒ�Ô � ß(Ö�Ó~Þ!ä J ä�Þ!Ó ��� Ñ�Ó�Ö ë �¶* ì �
[Ĵi, Ĵj] = −i~

∑

k

εijkĴk
ë &�Î ÙZÙBì

Ø A εijk Ó�ß � Ö�Ó � Ó � ß!Ó�ã+Þ�Ô ��� Ñ�ß®½0Ù>ä � Þ!Ñ�â�ã+ÓNß � Ô � Ò�Ô¾Þ!Ò , Ø � ×�Ó�ã � Ù>Ó ��� Þ!ÓNÖp�ûúnÔ¾Ù>Ñ�Ö � Ø � Ñ�Ó � Ò�ãß®½0ß � 6�Ù>Ó@ßkØ�ã+ß7ÖêÔ J Ø�Þ!Ù>ÓO�
H = T + V (R1, r1, γ1) ë &�Î Ù â ì

Ô�ç�Ó�Õ��
T = − ~

2

2m

(
1

R1

∂2

∂R2
1

R1 +
1

r1

∂2

∂r2
1

r1

)

+
~2

2m

(
1

R2
1

+
1

r2
1

)(
− 1

sin γ1

∂

∂γ1

sin γ1
∂

∂γ1

+
1

sin2 γ1

(
Ĵz
~

)2

)

+
Ĵ2 − 2Ĵ2

z

2mR2
1

+
1

mR2
1

(
i~

∂

∂γ1

Ĵy + cot γ1ĴxĴz

) ë &�Î Ù î ì
ý ØBã+Þ � Þ!Ø�ã�ç�Ó�Þ$Öp�óÓLK0×+Þ!Ó�ß!ß!Ñ�Ø � ë � Î�4 â ì Ò�ã Õ�à`Ôá×+Ñ � Þ!Óã� , Ø � Ó98�Ó�Õ � ã+Ó�Ö�Ó2Õ�à`Ô � Ý�Ó�Ù>Ó ��� Ò�Óç�Ô¾Þ!ÑéÔáò+Ö�Ó�ßÚÑ ��� Ó�Þ � Ó�ß (R1, r1, γ1) → (ρ, ξ, η)

Î ¿ � ã � Ñ�Ö�Ñ�ß!Ó�ÖéÔ J Ø�Þ!ÙTã�Ö�Ó ë &�Î�ù î ì Þ!Ó�ÖêÔ � Ñ¤ç�Ó&Ôáã@K
Õ�à`Ô � ÝBÓ�Ù>Ó ��� Ò�Ó@Õ�Ø�ØBÞ!Ò�Ø �+� ä�Ó�ß7Õ�ã+Þ�çÂÑ�Ö�Ñ�Ý � Ó�ß Î ÛüÔ8Ù.Ô � Þ!Ñ�Õ�Ó J̄ Ó�ß � Õ�ÔáÖ�Õ�ã+Ö�ä�Ó 2 Öp�èÔáÑéÒ�Ó@Ò�Ó�ß|Þ�Ó�ÖéÔ	ô� Ñ�Ø � ß(ß!ã+Ñ¤çBÔ ��� Ó�ß+�

R1 = ρ cos

(
ξ + η

4

) ë &�Î â Â�ì

r1 = ρ sin

(
ξ + η

4

) ë &�Î â ù	ì



ùG4 â / �+� ÓLK�Ó &�Î �üÓ � ßkÓ�ã+Þ7Ù>ä � Þ�Ñéâ�ã+Ó

Ó �7� Ø�ãrÌÍØ�ã+Þ!ßÃ�
sin γ1 =

αβ

sin 2θµ sin
(
ξ+η

2

) ë &�Î â q�ì




 ñ ñ����� ä

C Gòù � ���3ù O ðûñ ó�� ú ðòñôù ��� » ��¼½� ñ·�F���

S�Ô � ß°Õ�Ó �!� Ó�Ô �+� ÓLK�Ó , � Ø�ã+ß�Ù>Ø ��� Þ�Ø � ß�Õ�Ø�Ù>Ù>Ó ��� Öp�æä�â�ã`Ô � Ñ�Ø � Ôáã@K~çBÔáÖ�Ó�ã+Þ!ß�×+Þ�ØB×+Þ�Ó�ß ë � Î�Û�ù	ìÒ�ã Õkà`Ô¾×+Ñ � Þ�Ó��&×�Ó�ã � � � Þ!Ó±Þ!ä�ß!Ø�Ö�ã+Ó±Ó��.Õ�Ô¾Õ�Ó�Ù>Ó ��� Ó � ã � Ñ�Ö�Ñ�ß�Ô ��� ã � Ó.ò`Ôáß!Ó Ò�Ó J Ø � Õ � Ñ�Ø � ßTÒ�Ó
Û6Ó�ÝBÓ � Ò�Þ!Ó Î

á � � å # � %�9~SüR = %
D̂Ω̄(u)

 Ø�ã+ß7Þ!Ó�Õkà+Ó�ÞkÕ�à+Ø � ß7Ö�Ó�ß7ä � Ô � ß7×+Þ!Ø�×+Þ!Ó�ßdÒ�Ó~Öp�óØ�×�ä�Þ�Ô � Ó�ã+Þ+�
D̂Ω̄(u) +W u

JΩ̄(u; ρ, ε) ë ²�Î�ùõì
Ø A W u

JΩ̄
Ó�ß � ÖéÔ ×`ÔáÞ � Ñ�Ó~ß!ä�×`ÔáÞ�Ôáò+Ö�ÓÜÒ�ã&×�Ø � Ó ��� Ñ�Ó�Ö6Þ!Ó � ØBÞ�Ù.Ô¾Ö�Ñ�ß!äÜÓ � u = ξ Ø�ã η , Ó � �

D̂Ω̄(u) = −ε ∂
∂u

( cosu− cos(2θµ))
∂

∂u
+ ε

Ω̄2 sin2(θµ) cos2(θµ)

cosu− cos(2θµ)
ë ²�Î�q�ì

Ô�ç�Ó�Õ ε = 1 ß!Ñ u = η , Ó � ε = −1 ×�Ø�ã+Þ u = ξ
Î

á �  æ � { ��:��³S = �R�9(?TR(µ�:�R('�çá�B��µ^S����B��' $Réè RÀà8RÈ��$%�R
UtØ � ßkÑ�Ò�ä�Þ�Ø � ß(Ö�ÓÜÕ�Ôáß u = η

Î�ì�� Ò�ä9Ú � Ñ�ß!ß�Ô ��� Ö�Ó � ØBã�çBÓ�Ö�Ö�Ó@çBÔáÞ!ÑéÔáò+Ö�Ó η̄ � Ó�Ö�Ö�Ó8â�ã+ÓO�
η̄ = η/(2 θµ), −1 ≤ η̄ ≤ 1 ë ²�Î�4�ì

ÖÊ�æØB×�ä�Þ�Ô � Ó�ã+Þ D̂Ω̄(η) ßkä�Õ�Þ!Ñ � ß!ØBã+ß7ÖéÔ J Ø�Þ!Ù>Ó��

D̂Ω̄(η) =
sin2(θµ)

2θ2
µ


− ∂

∂ η̄

(
1− sin2(θµ η̄)

sin2 θµ

) ∂

∂ η̄
+

Ω̄2 cot2(θµ)θ2
µ

1− sin2(θµ η̄)

sin2 θµ


 ë ²�ÎæþÂì

UtÓ �!� Ó~ÓLK�×+Þ�Ó�ßkß!Ñ�Ø � ×+Þ!ä�ß!Ó ��� Ó~ã � Ó~ÝBÞkÔ � Ò�ÓÜß!Ñ�Ù>Ñ�Ö�Ñ � ã+Ò�Ó;Ô�ç�Ó�Õ@Öp�óØ�×�ä�Þ�Ô � Ó�ã+Þ L̂Ω̄(η̄) Ò�Ø ��� Ö�Ó�ßJ Ø � Õ � Ñ�Ø � ßT×+Þ!Ø�×+Þ!Ó�ßTÕ�Ø�Þ!Þ!Ó�ßk×�Ø � Ò�Ó ��� Ôáã@K J Ø � Õ � Ñ�Ø � ß Ò�Ó Û)Ó�ÝBÓ � Ò0Þ!Ó�Ôáß!ßkØÂÕ�Ñ�ä�Ó�ß ë ç�Ø�Ñ�Þ Ô �+� ÓLK�Ó
S ì �

ùE4 î



ù�þ¾Â / �+� Ó`K�Ó ²�Î ��Ôáß!Ó8Ò�Ó�ß J Ø � Õ � Ñ�Ø � ßdÒ�ÓÜÛ6Ó�Ý�Ó � Ò�Þ!Ó

L̂Ω̄(η̄) = − ∂

∂ η̄

(
1− η̄2

) ∂

∂ η̄
+

Ω̄2

1− η̄2
ë ²�Î � ì

ý Ö�ã+ß7×+Þ!ä�Õ�Ñ�ß!ä�Ù>Ó ��� , Ò�ä9Ú � Ñ�ß!ß!Ø � ß(Ö�Ó�ß J Ø � Õ � Ñ�Ø � ß f(η̄) Ó � g(η̄)
� Ó�Ö�Ö�Ó�ßdâ�ã+ÓO�

D̂Ω̄(η)− sin(θµ η̄) cos(θµ η̄)

2θµ
L̂Ω̄(η̄) =

∂

∂ η̄
f(η̄)

∂

∂ η̄
+ Ω̄2g(η̄) ë ²+Î5Û�ì

¿ � ÔÉ�

g(η̄) =
sin2(θµ)

2θ2
µ

G(η̄)(
1− sin2(θµ η̄)

sin2 θµ

)
(1− η̄2)

ë ²�Î ÙBì
Ô�çBÓ�Õ��

G(η̄) = θµ cot θµ(1− η̄2)−
(

1− sin2(θµ η̄)

sin2 θµ

) ë ²�Î â ì
/nã�çBØBÑ�ß!Ñ � Ô¾Ý�Ó8Ò�Ó η̄ = −1 , ã � Ò�ä�ç�Ó�Ö�Ø�×+×�Ó�Ù>Ó ��� Ò�ÓÜ�°ÔG½0Ö�ØBÞ|×�Ó�Þ!Ù>Ó � Ò«�óä�Õ�Þ�Ñ�Þ�ÓO�

G(η̄) =
(η̄ + 1)2

2
G′′(−1) +O

(
(1 + η̄)3

) ë ²�Î î ì
¿ � Ô>Ôáã+ß!ß!Ñ��

1− sin2(θµ η̄)

sin2 θµ
= (1 + η̄)

θ sin 2θ

sin2 θµ
+O

(
(1 + η̄)2

) ë ²�Î�ùGÂ�ì
ß!ØBÑ � �

lim
η̄→−1

g(η̄) =
sin2(θµ)

2θ2
µ

G′′(−1) sin2(θµ)

4θµ sin 2θµ
ë ²�Î�ù�ù	ì

¿ � Ó � Ò�ä�Ò�ã+Ñ � â�ã+Ó g(η̄) = O(1) Ô¾ã�ç�Ø�Ñ�ßkÑ � ÔáÝBÓ±Ò�Ó −1
Î � � Õ�ÔáÖ�Õ�ã+ÖZß!Ñ�Ù>Ñ�ÖéÔ¾Ñ�Þ!Ó>ÙÚØ ��� Þ!Ó

â�ã+Ó g(η̄) Ô>Ö�Ó;Ù � Ù>Ó;Õ�Ø�Ù>×�ØBÞ � Ó�Ù>Ó ��� ÔáãHç�Ø�Ñ�ß!Ñ � Ô¾Ý�Ó Ò�Ó η̄ = 1
Î U¶Ø � ß!Ñ�Ò�ä�Þ!Ø � ß�Ù.ÔáÑ ��� Ó � Ô ���

Ö�Ó � Ó�Þ!Ù>ÓÜÒ0Ñ;8�ä�Þ!Ó ��� Ñ�Ó�Ö)â�ã+Ó~Öp�óØ � ×�Ó�ã � Ù>Ó �!� Þ!Ó@ß!ØBã+ß7ÖéÔ J Ø�Þ!Ù>ÓO�

f(η̄) = −sin2(θµ η̄)

sin2 θµ
G(η̄) ë ²�Î�ù.qBì

ì�� ã � Ñ�Ö�Ñ�ß�Ô ��� Ö�Ó7Ò�ä�çBÓ�Ö�ØB×+×�Ó�ÙÚÓ ��� ë ²�Î î ì , Ø � çBØBÑ � â�ã+Ó f(η̄) = O((1+sη̄)2) Ôáã çBØBÑ�ß!Ñ � ÔáÝ�ÓÒ�Ó η̄ = −1
Î ¿ � Ù>Ø ��� Þ�Ó;Ò�Ó;Ù � Ù>Ó;â�ã+Ó f(η̄) = O((1 − η̄)2) ×�Ø�ã+Þ η̄ ≈ 1

Î UtÓ�ßnÞ!ä�ß!ã+Ö � Ô � ß
Ù>Ø ��� Þ!Ó ��� Ò�Ø � Õtâ�ã6�èÔáã;ç�Ø�Ñ�ß!Ñ � ÔáÝBÓ�Ò�Ó η̄ = ±1 , Ö�Ó�ß�Ø�×�ä�Þ�Ô � Ó�ã+Þ!ß D̂Ω̄(η̄) Ó � L̂Ω̄(η̄)

� Ó�Ò�Ñ;8�6�Þ�Ó ���
â�ã+Ó~×`ÔáÞ7ã �ËJ Ô¾Õ � Ó�ã+Þ|ÙTã+Ö � Ñ�×+Ö�Ñ�Õ�Ô � Ñ J Ó � ã � ÓÜÕ�Ø � ß � Ô ��� Ó8Ô�Ò+Ò�Ñ � Ñ�çBÓ Î

Sdä�ç�Ó�Ö�Ø�×+×�Ø � ß°Ù±Ô¾Ñ ��� Ó � Ô ��� Ö�Ó�ß J Ø � Õ � Ñ�Ø � ß�×+Þ!Ø�×+Þ!Ó�ß�Ò�Ó^ÖÊ�æØB×�ä�Þ�Ô � Ó�ã+Þ D̂Ω̄(η̄) Ó � ×+ã+Ñ�ßkß�Ô � Õ�Ó�ßÒ�Ó (1 + sη̄) , Ø A s = 1 ×�ØBã+Þ η̄ ≈ −1 Ó � s = −1 ×�ØBã�Þ η̄ ≈ 1
Î' Ø � Ø � ß (1 + sη̄)α Ö�Ó � Ó�Þ!Ù>ÓÒ�ØBÙÚÑ � Ô ��� Ò�Ó±Õ�Ó±Ò�ä�ç�Ó�Ö�Ø�×+×�Ó�Ù>Ó ����Î�ìÄ� ã � Ñ�Ö�Ñ�ß�Ô ��� Öp�æä�â�ã`Ô � Ñ�Ø � ë ²�Î�Û�ì Ø ��� Þ!Ø�ã�ç�Ó α = Ω̄/2 �

Ö�Ó�ß J Ø � Õ � Ñ�Ø � ß7×+Þ!Ø�×+Þ!Ó�ß(Ò�Ó D̂Ω̄(η̄) Ø ��� Ò0Ø � Õ@Ö�Ó~Ù � Ù>Ó~Õ�Ø�Ù>×�Ø�Þ � Ó�Ù>Ó ��� Ò�Ó~Ö�Ó�ß J Ø � Õ � Ñ�Ø � ßdÒ�ÓÛ6Ó�ÝBÓ � Ò�Þ!Ó;Ôáß!ß!Ø0Õ�Ñ�ä�Ó�ßnÔáã�ç�Ø�Ñ�ß!Ñ � Ô¾Ý�Ó8Ò0Ó�ß(ß!Ñ � ÝBã+ÖéÔáÞ!Ñ � ä�ß η̄ = ±1 ë ç�Ø�Ñ�Þ(Ô ��� ÓLK�ÓBS ì�Î



�n�+���!���Ãê0�+�|�gÆ��Ü���kÆ -Ê� �}¡.� �å� �'Æ~����Q°� F ���}�B��� ù�þ+ù

� � ÓÜä � ã�Ò�Ó~ßkÑ�Ù>Ñ�ÖéÔ¾Ñ�Þ!Ó~×�ØBã+Þ u = ξ Ôá×+×�Ø�Þ � Ó~Ö�Ó�ß(Ù � Ù>Ó�ß(Õ�Ø � Õ�Ö�ã�ßkÑ�Ø � ßnâ�ã�Ñ � Ø�ã+ß(Ñ � Õ�Ñ � ä 2ã � Ñ�Ö�Ñ�ß!Ó�Þnã � Ó;ò`Ô¾ß!ÓTÒ�Ó J Ø � Õ � Ñ�Ø � ß@Ò�ÓTÛ6Ó�ÝBÓ � Ò�Þ!ÓÚÔáß!ß!Ø0Õ�Ñ�ä�Ó�ß�×�Ø�ã+Þ@Õ�Ô¾Ö�Õ�ã+Ö�Ó�Þ�Ö�Ó�ß�ä � Ô � ß�×+Þ�Ø0Ò�ã+Ñ �
Ò�ã&×+Þ!Ø�ò+Ö;6�Ù>Ó~ß!ä�×`Ô¾ÞkÔ¾ò+Ö�Ó Î



ù�þaq / �+� Ó`K�Ó ²�Î ��Ôáß!Ó8Ò�Ó�ß J Ø � Õ � Ñ�Ø � ßdÒ�ÓÜÛ6Ó�Ý�Ó � Ò�Þ!Ó



» ú ù>�&� ���3ù E ÷ìëôõ ú ó�Gi� úøðûñ ù

Xîícï)1 zDðòñ 3õ-ôó �
/ Î Sdã+×`ÔG½0ß , / Î �tÓ�ßªõ(ÑéÕhö , � Î Û6Ó�×�Ó � Ñ � , U Îa÷ Ñ §`§ Ø , Ô � ÒOS Î ��Ôgö¾Ô¾Ö�ØõçÉ�@ø fh�jiI�¤n�ùD]`Ô~eaú`ûfheaügmýd�_Dþhfk�¤ÔÿÔÁ]ke¤_`d�fk]LÔÁ]Ln3i{_?�ªþYi{û']Yû��`^o]`f���n�]Y_�^ ý m{iRiRm n@�Á�ªþÈû���ü¤fk�h�a]Ln , ý à�½0ß Î@÷ Ó�ç Î /��� , Â � q � Â¾4 ë qrÂrÂ¾4�ì�Î

Xîícï)1 zDðòñ 3õ-�� �
/ Î Sdã+×`ÔG½0ß , / Î �tÓ�ßªõdÑ�Õkö , � Î Û6Ó�×�Ó � Ñ � , U ÎD÷ Ñ §`§ Ø , Ô � Ò
S Î ��Ôgö�ÔáÖ�Ø	ç � ��e ý úLd ý ejiRm��gn�ªþ+ÔÒd3�¤n iRfke¤n'_{þG]Lf�þkfh�gÔ Ôcd3�gn'm úcû���ügfh�h��]Ln iI�ÜejiI�¤ÔÒm ú~�9\	�.��]Ln , ý à�½Âß Î�÷ Ó�ç Î / ��
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 ó[4�ù�ù ô 4�ùE4 ë ùF5 ? � ì�Î% Û¾þ	&B÷~Î / Î2� ã+Ö � Ô � Øõç&Ô � Ò ��Î : Î /(Ò�à+Ñ;ö¾Ô¾Þ�Ñ , ²�Î�( à�½0ß Î�8l*2� , 5r4 � ë qjÂ¾Â¾qBì�Î% Û � & T Î'&�Î2� Ô�ç0Ñ�Õ�à+Ó�ç&Ô � Ò ÷ÜÎ�8 Öm.+Ù>Ó�Ö ,�; ã+Þ Î�( à�½0ß Î�²�Î S ó") , 4 ô ù.q ë qjÂ¾Â¾q�ì³Î% ÛrÛ�& Û Î�� Õ�à+Ó�Ö�Ö�Ó � ò�Ó�Þ!Ý � ã�Ø � U|Ô �õÎ�e ã+ß!Ñ�Ø �n�2o � ,�? 4 ë ùF5E5rÂ \ 5�ù	ì³Î% Û ? &/��Î T Î3÷ Ø�Ù.Ô � Øõç ; ã+Þ Î�( àa½0ß Î�²�Î S ó � , ù�ù ô 4	7 ë qjÂrÂ�þ�ì�Î% Û	7�& ; Î U Î 0 Î���� ã�Õkö�Ó�Ö�ò�Ó�Þ!Ý.ú(Ó�Ö¤ç Î�( à�½0ß Î /(Õ � Ô � , 4rÛ	5 ë ùF5¾4¾qBì�Î% Û	5�& 3 ã Î���Î2� ÔG½ÂÔáß!Ø	ç�ú(Ó�Ö�ç Î�( àa½0ß Î /7Õ � Ô � * , � þ ? ë ù65	5¾Â�ì�Î% ? Â�& 0 Î U Î UtØ�Þ!Ó9½ , ²�Î<,PÎp4 Þ!Ø�Ù>× Ô � Ò S Î Û6Ó�ÙÚØBÑ � Ó , & � �q� d�Ô~]Lf`m úke ý �jf`m ürQã]9i{û'�.ü¤_egn�üÁi{û']Lmýf �}^a^ ý m úkejiRm��gnôiI� ] ú`û�fts.ügm n���]Lf�u _c]kbLdoejiRm �¤n ë  / 4 ¿ / �@&q� Ó�Þ!Ñ�Ó�ß , U Î U¶Ó�ÞRÌ�Ô � ,
: Ö�ãaõ�Ó�Þ ùF5E5r4�ì³Î% ? ù'& U Î ÛüÔ � Õ § Ø § , �¶^a^ ý m�]kü�egnpe ý �g_`mý_ ë ( Þ!Ó ��� Ñ�Õ�Ó8únÔáÖ�Ö ù65 � Û�ì�Î% ? q�&T²�Îv��� Ø�Ó�Þ�Ô � Ò ÷~Îw8 ã+Ö�Ñ�Þ�ßkÕ�à , � noiRfk�.ü¤d3ú9iRm��gnËiI�Bn'd@Ô~]Lf`m úhe ý egnpe ý �g_`mò_ ë � ×+Þ�Ñ � Ý�Ó�ÞYô TZÓ�Þ�ÖêÔáÝ ÓLõ 3 ØBÞ®ö &Ç� Õ ù65	7rÂ�ì³Î% ? 4�&B÷~Î Ò�Ó?T^Ø�Ý�Ó�ÖêÔáÓ�Þ�Ó , ²�Îo÷ Ó�ß Î3 ÔáÖ ��Î�8 ã�Þ Î2��� Ò Î2�G� , ù�ù65 ë ùF5 �r� ì³Î


