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P1(t) = λ(t) ∗ P0
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P2(t) = λ(t) ∗ P0
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Fmin
i ≤ Fi ≤ F max
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Umin
i ≤ Ui ≤ Umax

i

������� [��



Z�� ���M	����d����P���������������
	����@�B�� 	���	����Y	��������½���=���� " ��� " ��8�¥����	 �¹��������	 �¹����" " �8�

�K�({��H�d� y���wUz*wPz�y*w��¦����w��+z*w+�8�4� &�y�}!��w+&���|���|�~�w���} � ��w+���&��}H��w��=���(z�z�y*��y�}8� }!y*�&�-�H)h{�y6���&��}���}!��w/ÄQzd���(�!y���y'�-w/~�w
zd��w�¶�y*�!}�w��-��w � w��¿���4�()h{-wT&@�(y'��}�~�{ x'y�z�y*w�{e���&��}!y'��{ � ~�wT���&��}!�8� y'�h}�w���w�}/~�wT~�|����(�!x�� }!y*�&�-� � )�{�y��8w����&��}QÄ
z*w�{��=}��({��=���&�-�!y*~�|���|�w��=���(x'xTwB~�w��H���4� �!��w�xTw��h}��=x��(�������8���(&�y*)�{-w���&��({��Sz*w������B�

V�VhWYX6W�� ����tSvlp�g��4r ]4r �Ã]"!Ãi6r ]e]-p f�vqoÂr�b$#K^Ã]4oÃf�]Mr
R �2� ~�w���w/&�z��(��w��U~-�1�-��z*w��¹�(~���wQ~6�Å� &�&�z�y*�¹� }!y*�&� ~�w���~�w�{�¶2}!�-|��(��À�xTw��P��z��(���!y*)h{-w��U~�w/zd�Å�(~-� &�}8� }!y*�&� �

�&�0|��-�&�-��w+y*��ylz*w��H~�y�16|���w���}�w��=��·�&��(}!�-À���w��U�(���!{��8�1�h}Hz*w�{��H��� z�y*~�y�}�|��

%&%�')($'+*,'.- /�0�-2143658790;:<->=6?)7@143A?)3
79=6B4CD0�:�CE3FCG=IHGJ$7@KMLN=6?)7$1PONL4-Q3&?SRT3
=
->=6?�ONL�C

,lw���~�w�{�¶B�h·h&@�(}!�-À���w����!{�y����1��}�w��
~�|����({�z*w���}Â~�y���w���}�w�xTw���}Ã~�wÂz����4� }!{���wFw�}
~�w��K&����(&��!y*|�}�|���~�w������(z�z�y*��yVU
}8� }!y*�&�-��� % � �!{�&�&@����wH}��({�}F~6�Å� ���(��~�)�{l��w�z�z*w��\�-wU���&��}Â&4�(�Â~�w�}Y·�&�w=}!�-w��!x'y*)�{-w
¸hz*w��F���4� �!��w�xTw���}��=��w����&��}
~��&�-� {���y*)h{-w�xTw���}�xT|��¹�1��y*)�{-w���w�}��&�e�-w����&�-�!y*~�À���w��8�¦&4�(��zd� y'�>W-{-w��-��w ~�w z���}�w�x'&@|��8� }!{���w��������2� � �!y
w�z�z*w������&��}'~�|�&@w��-~-�1��}�w���~�{¾}�w�x'&-� � �&� �!{�&�&@����w )h{-w z*w������ �!y�� }!y*�&�-�

ḟ
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∀ δu
a R 0,

∫

Ω
σ : ε(δu) dV =
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f .δu dV +
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t7→∞

˙J(t) = 0
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J̇(t) < 0 ∀ t ≥ 0

lim
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J(t) = c
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J(t) ≥ 0 ∀ t ≥ 0
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t7→∞

ε̇p(y,t) = 0 ∀ y ∈ Ω
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β > 1
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β(σ(e) + ρ̄)
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Ω
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P(t)y �-��z�{-�=~-���-�

D
� � z*�(���=���¦�.¸

(σ − βσs) : ε̇p ≥ 0
~6�Å�����À��B�������! "�� ������� � ! �

aFw ��{�y6y�x �z�y��h{-w � w��0� � �({�}8����}�w�}=���({-�!}!�8�¹·�����}
βσ

� {2xTw�x�����wB~�wP��� {-���-w
¸

(σ − σs) : ε̇p ≥ β − 1

β
σ : ε̇p ��������� "��

w�} �w��!xTw�}=� z*�(����~�wP���(� �-w��=zd��w�¶ ���w�����y*���¦~�w
J̇

~-���-��������� � �h� ¸

J̇(t) = −
∫

Ω
(σ − σs) : ε̇p dV ≤ −β − 1

β

∫

Ω
σ : ε̇p dV
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W
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J̇(t) ≤ −β − 1

β
Ẇ (t)
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W (t) ≤ β

β − 1
[J(0) − J(t)]
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W (t) ≤ β

β − 1

∫

Ω

1

2
ρ̄ : C−1 : ρ̄ dΩ
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�� y�z�w�¶�y*�!}�w {������hw&����y*w��h}0~�w ��|���{��!y�}�|

β > 1
w�}�{����8�4� x  ~�w ������}!�8� y �h}�w��¦��|���y*~�{-w�z�z*w��

y �-~�|�@w��-~-����}P~�{�}�w�x -�
ρ̄ : y 7→ ρ̄(y)

�8� }!y*�!��� y*�8���h} ∫
Ω

ρ̄ : C−1 : ρ̄ dΩ < +∞ � }�w�z*� �h{-w
¸

F
(
β(σ(e)(y,t) + ρ̄(y))

)
≤ 0 ∀ y ∈ Ω

w�} ∀ P(t) ∈ D,
��������� � �
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û
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ε̂p(y) =

∫ T

0

˙̂εp(y,t) dt = e 0�-Q^ s û

=
0 ˙̂εp(y,t) = 0 ∀y ∈ Ω, ∀t,

û(y)
a R 0 ∀y ∈ δΩU
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}!�8� � w�}=~�w+���4� �!��w�xTw��h}��
P̂ : t ∈ [0,T ] 7→ P̂(t) ∈ D

}�w�z*� �h{-w
¸
∫ T

0

[∫

Ω
f(t). ˙̂u(y) dV +

∫

∂ΩF

F (t). ˙̂u(y) dS

]
dt >

∫ T

0

∫

Ω
σ(y,t) : ˙̂εp(y,t) dV dt,
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∫ T

0

∫

Ω
σ(e)(y,t) : ˙̂εp(y,t) dV dt >

∫ T

0

∫

Ω
σ(y,t) : ˙̂εp(y,t) dV dt
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γ > 1
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γ

∫ T

0

∫

Ω
σ(e)(y,t) : ˙̂εp(y,t) dV dt ≤

∫ T

0

∫

Ω
σ(y,t) : ˙̂εp(y,t) dV dt
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P : t ∈ [0,T ] 7→ P(t) ∈ D
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∫ T

0
ε̇p(y,t) dt = e 0�-Q^ su(y) ∀ y ∈ Ω

=
0
ε̇p(y,t) = 0 ∀ y ∈ Ω, ∀t

u(y) = 0 ∀y ∈ δΩU

∫ T

0

∫

Ω
σ(e)(y,t) : ε̇p(y,t) dΩ dt = 1
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z*w+}!�8�¹�(� y�zq~�y*�8�!y �| �z��(��}!y���{-w�xTw��h}=��|��!y��4w
¸
∫ T

0

∫

Ω
σ(y,t) : ε̇p(y,t) dΩ dt ≥ γ
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���9�<�6���J�������J�%���²� � �3�6� �"�J�������J�L���L�����<�<� � ���<�9���J�G�L³��������<�I���:�,���n�L�3� ��2���/�%���"�<�6�%�b� �J�3�^�3�/���J���9�I���<�9���
���]�b�²���C���:³��6�U�:�:�j�:�6�B�l�L���J�<�9�<�I�����W´µ�����6���<�j� �J���A�9�U�6�C���<�/���^�����f�:�:�j�:�6�E���O�����6���<�2�����¶�J���6���6�3�/���J�L� � ���L�
�6�3�J� ��6���j�9���6���<�I� �3�����[�����"���b��� ��· �L���<�V�S���I���:�����%�����6���<�j� �J���8�9�G���3����� �J�]���G�6�L�<�9�<�I���J�L�%���L�������6���<�2�����
�J���6���6�3�/���J�L���"���9�M¸°´�¸b���9�X���G�b�²���C���:³��6�
�:�:�j�:�6�B���L���J�L��� �J�����,���L�X�����6���<�2�����µ�L�3� l�B�<�:�6�L��´A¹ � �6�L�������J���6�����
���L���6�L�6�J���6�I�J�L�����XºU»5¼�¼f½M¾ ¿ �BÀ/Á?� Â]� �J�3� � �6�����W�<�I� �3�����W�<���:���:�6����� ���I�������<�J�L�3�<���"�J�L���"�����?� l���<�:�^�����I�������
�����9�[�1���6����� �"�C�3�<�:�^�����µ�6�3�J� � �3�6�L�[�6���µ���L�µ���<�:�6���6�L� ��J���J�3�^���J�3�9�3�B�����J�L���
Ã��L�[���<�:�6���6�L� � � �9��� ���J�
�6�?ÄC���I���"�]�3�I�6���W�L�3�<�6�L���6���^�����G�b���?� l���<�9���J�L�B����6�L�6���"�I���9�����]�L������J�J���"�
�������� �J�L�����/�����9���"�6�G��� · �����6��Å

Æ �:�9�G�N���9�F���9����� ������C���A�2� �C���<���6�E�^Ç��^�j���L�]�� ��6���6�J�L� ��J���J�3�^���J�3�9�3�B�����J�L� ��� ���6���<�/�����:�W���¶�<�6�L�
�B�I���J� �J�3� � �6�G����C���I���^���<�6�L���J�L�L�L�6�I���:�6�L��´]�2�A� ���I�3���6���<�9�I���<�9���n�����L�3� l�3�<�6���^�����8´]�2�]�<� ��<���6�
½1�3�È�L�3� l�3�<�6���^�����%�:�:�j�:�6��Á����L�
�L�3� l�B�<�:�6�L�,���<�J���9�L� �

Æ �������I����� C�3� � �3�6�L�]�<���]���J�E�/���<�:�I� � �9���� ��6�"�I�J�E�j�9���6�3�^�L� ���������J�B���:�9� �J� ��6���C���9����� C�3�]�<�:�/�3��¸
�6���J�6���^���"�X���[�L�3� ��6�
�9�L� ��6� ��<�9���6�L�����8�6�L�<�9�<�I���J�L�
���L�\��� � ���6�����6���L���J�<�<�:�<�C�����6�����L�\�L�3� l�B�<�:�6�L�
���<�J���9�L� �

É ¹ �i���E�6���^�L���9���f´n�L�L�]� �J�L���"�/�����9�����6�f� ���J���6�����6�f�����¶�^���<�J�����L� ��J���J�3�^���J�3�9�3�B�����J�L�������²�����<�6�L�W���<�V¸
�6���6�L�f�����O���6� ��6� l�B�6�L� ���L�I�I�L³����"�f��� ��6���J���6�^���i�L�3� ��6���9�j�L�3� ��3�<�6���^���"�O�^�L� �������"�J�^���L�W�L���J�<�<�V¸
�<�C���"�6� �(Ã�������J�J���"� �S�L�L� ��6���j�9���6�L�j���^���:�9�3�I���<�9���J�j�L���J�����9�I���"�j���J�L�3�6�n´m���L�f���<�:�6���6�L� l�B�6�6�L�J���"�f���
�<�6� g�B�I���J� �J�3� � �6�E��� C���I���^���<�6�L���K���²�����<�6�L�A�����6�����6�%�6���SÊdË¯Ì ��Í�ÎSÏ�¼�»5Ðd���
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� ��6� l�B�6���6�����A���

�����6���<�j� �J���j�9�[�6�C���<�/���^���"�j�:�:�j�:�6�[���µ�L�3� ��B�6�:�6�L�U���d�� ��:�����C���"�E�2�È�<�J�L�3�<�9�µ�����b�²���C���:³��6���:�:�j�:�6�n���
�/�3�:���^�U���9���^�����I���:�6�f�6����6�L�6���"�I���<�V�M�����E�^���<�J�����O�L���J�<�9�6�I���:�G���9�3�6�%´^�����6���<�j� �J���
�9�O���3����� �J�f���A�6�L�<�9�M¸
�I���J�L�8���EÑ]Ò(Ó C���S�9�L�S�<�J�L�3�<�9�L�u�����b�²���C���:³��I�X�:�:�j�:�6�B� ����9�(´]���<�<�<� � �J���(�L���^Ç��^�8���3����� �J�8�����6�L�<�9�<�I���J�L�
���m�j�:�:�9���È�J�3�^�3�/���J�W� �"���:�3���9���"�G�����<�9��� �C�I���J��l�3���
�����I�����
���<�:�:�9�I���,���A�^���<�J�"���L�
��� �J�3�^�3�/���J���9�I���<�9���
l���<�^���<�I�����[�9� C�3�6�I���/�n�j�9���6��¸b���3���6���XÃ����<�6� �J�3���/���:�9�m�� ��6���6�J� ����<�^���<�I���:�^�����J����n�6���^�L���9���[���
��6� � �9���^�[��� �J�3� � �6���<�6� i�:� l�3�<�I�����f��� C���I���^���<�6�L�����I���J�W�L��l���J�J�����U�������J���f���E�6���2���<�9���J�f�?� ��:�V¸
���:�6�L�O�����<�6�j�9�L� ��6� ��<�9���6�L�f���f�6�L�6�9�<�I���J�L�j���L�W��� � ���6�����6�W�L���J�<�<�:�<�C���"�6�O���A�9�L� ��6� ��<�9���6�L�f� � �L���<�:�/�L�W���
�L�3� l�B�<�:�6�B�/Ô°� ��� ³E�
¹ �C���9���^����� ����� ���J����� ���B�I��� �J�,���²�����J�L�L� ��Õ�Í�ÖRÍ�×�ØÙ½M¾ ¿ �BÚ ÁR���
½M¾ ¿ �BÛ Á l�B�I�G�9�L� � �3�6�L�
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��3���%���L�
�<�<�<�J���<���6�L�
�1�3�<�6���^���"�
�J���6���6�3�/���J�L� ���(�²�� ��6���6�J�U���jÕ�Í�ÖRÍ�×�ØR���������G�9�O���3����� �J�O���O�3���:�9���:�6�
�[���6� ��6�L���9�I� C����fÍ��CÎS×�� ��Ð ����� � ��Ø���� ½M¾ ¿ ��� Á?�l�1���W���9�3�6�W´[�b���3�<�:�B� �J�^��� �J�3� � �6�����Ù�<�I�L�B�����¶�6���
�9�L�W�����6���<�2�����#�L�3� l�B�<�:�6�L�f´µ¹ � �6�L��� � �i�6���<�9���J���I�È��� C���<�<�9�����:�9���f�9�L�O�6�L�6�J���6�6�J�L�E��� �E× �]Í�Ï
��Ð ���
���� ��¼�»5×��KË�» �\�uÒ �¯� � ��� � �E× �]Í�Ï �RÐ ½M¾ ¿ �B� Áf��� �E× �]Í�Ï ��Ð±���� ��¼�»5×��CËl» � ½M¾ ¿B¿�¾�Á ��6� l�B�6���6����� �
���g�� ��:���"�C�����]�b�²�� ��6�"�I�J�f�6�I���<�����J�U���W�b�²���C���:³��6�W�:�:�j�:�6�B�K���J�A�N�3�<�O���2���<�9���¶�<�J�L�3�<���"�J�f��� ���g���<�:�6���6�f���
�6�L�<�9�<�I���J�L� l�3���W���L�W�����6���<�2�����i�L�3� l�B�<�:�6�L�W�6�����N�3�6�L�L� C���O���L�]¹ � �6�L�O�9�����B�J�L�W�f���:�<�9���:�6�L���<�9�����J���:�9�L� �
�L�/�L�]�2� ��B�6�6� � �:�:�:�6�%��� ��6���J���6�]����L�3� ��6�%�2�f���L�L�3�J�L�6�9���È�����<�6�G¹ � �6�L�8���������<�<�9�L�B� �(�²�L�B�����I���/� ��<� �J���V¸
C�������
�9���������<�:�6���6�B� C�����I�� ��3�<�8���������<�:�6���6�L� ��J���J�3�^���J�3�9�3�B�����J�L� ���L�6� �"�J�,�9�L� C���I���^���<�6�L�8��� ��9� ³/�L�
�6����� �J��� �6�����9���^����� l��� �J�3� � �6�����l�������9�n�������9���^�����n�b�3���:�9���^������9�����"�<�V¹K� � �9�L�È��� l�B�6�6�L�J���"�[���J�
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� �J�n�9�L�j�����6���<�2����� �L� ! �<�<�:�<���<�V�N�����n�2�i�L���:�:���9�È��� � �3�6��6� ! ���<�����l�B�6�L���l�B�6�6�L�����j� ! �L�3���l�3�<�6���^� ! �
���2�3�<�6�&���2�3�<�<� � �J�'�C���M�b���:� ��Ã����<�6�f�L���:�:���9�f�?����� � �O��� ! �B�C� ! �I�C�3��� ! ���f�6�L�(�l�3� ! �6���J� ! ���3����� ! �U���)���2�3�M¸
�<�9���:�6�

F (x)
´j�b� � ! �6���<�9�����]��� � �J�����2�^�L� ! �<�I��� ! �6�E�j�9���6�B�6�L�&��� � �J� σ

�L�<�G�3�<�<�6��� ! �6�U´^�6�L�<�6��� �CÂA� ! � ! �3�<�6�
� �3� ���L�^���3����� ! �µ���*���2�3�6�<�9���:�6�^�9��� ���X�L�<�O���?¹ ! �+�C���O�b� � ! �6���<�^�L���2���:�6�µ���¤�L� ! �/�?���[���*���2�3�<�<�9���:�6� F ���
,'-�Ð/.IÊd»10�×
0[½5�/�3�:�,�9�)�C���I���B�I�#���J�fÔ6ÔF�:¾B� Ú ����Á�Å

F (x) =

{
σ(x) | F(σ(x),σ0(x)) =

√
3

2
σd(x) : σd(x) − σ0(x) ≤ 0

}
½1Ô6Ô6Ô?�:¾�Á

�&2WÅ
Æ σd(x)

�6�����6�L�6� ! �6�W�2�3�C���<�<�9�W�������2���6�3�<� � �J�W���
σ(x)

���?¹ ! �9�)�C����Å

σd(x) = σ(x) − 1

3
( � � σ(x)) I

½1Ô6Ô6Ô?� Ú Á

Æ σ0(x)
�L�<�8�2�U�:�:�j�:�6�O�������2�3�<�<�9���:�6�O��������6���<�2���¶���4���3� ! �

x
�

�B�B��� -S�.- 5a¡�¦�bJ§�«=¡����76±©±«Zf�§/��¬�¦B§��Ãf�¦/�\§/£i�SbJ§�«=�)/\«98S�\£
:��L�,�����6���<�2����� � �J� ! �3�J�
���:�9� ! �
���<�J���9���;���6�L�6� ! �6� ! �G�������9���^� ! �G�2�3�C���<�<�9�����2���<�:�6�O���<�l�B�6�6�L�����8� ! �

�j�9���6�B�<�<�<�J���<���6�,��� ! ���<���6�=�l���<�9�"��� � �J�B�&:��>�����<�9�����9���:�6�8�L�<�u� ! �6� ! ���J�G���E�I� ! �u���X�2�]���?¹ ! �:�<�9� ! �����C���I��¸
�B�I�#���J��Ô?� Û � � ���S�L�<�S�<�J�6�L�����<� � �9�����²��?l�L���6��� ��� ! �����l� ! �J���j�^� ! �(�3�E���(�b�21L� ! �L�3�����9�L�B���I� ! �R�9�L�@���6�&���<�9���6�L�
�/�L�3�^���<�<� � �J�L� � �J�j�9�L�A���6�&���<�9���6�L�U�����6���<�9���:�9�L� �  "! �L�3�����9���6�n���9�3�6�O�2�µ¹J�B���6�[ÔF�:¾B¾[� ! �2�n¹J�B���6�[Ô6Ô6Ô?�:¾B�
�<���A�2� � �J���:�9�^�9�L�

di �6� ! �W�9�L�W�6� ! �6�����6�O�������2�3�<�<�9���:�6�����L�O���B?����6� ! �6�O�L� ! �6�<�:�<�C� ! �6�U���Ù�����6���<�2���+C/�����W�9�L�

CELLULE DE BASE V

MILIEU HETEROGENE PERIODIQUE

x1

x2

x3

σ = d1 : ε

σ = d2 : ε

a1
a2

a3
a4
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ai
�6�����6�L�6� ! �6���6� ! �]�<�J�L�L�L�6�<�:�/���^� ! ��Å

Æ �b�����C���9�6�6�����G���L�,���B?l���6� ! �6�L�
�L�3�J�I�J�L�G��� � ! �����6���<�2���`�<�<�I���<�V¹C�B�
Æ �9�A���2���^���<�6�O���L�
� �L���:�6�L�(�l���M�1�3�I� ! �(�����<�9����� � �J���^� ! �
� ! �O�<�<�<�J���<���6�]¹ ! �B�
Æ �9�L�,���:�^� ! �<�9� ! �G���L�8�6� ! �N�3�<�6�
��� � ! �)���2� � �J�]�j� ! �L�B�
�l��� ��� ! ���9�����2���:�6�L�%´j�6� ! ���2� ! �^��³/� ! �
Æ �3�È� ! �L�3�6�W�9�A���2���^���<�6�f���A� ���J���6�L�
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�����	��
������� ��� �����������"����� � �	�C��!i�"$�� �
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���L�%�9�3�6� � �J�O�9� ���6� � �9���^�E�L� ! �L��� ! �E� ! �f�6�<�<�J���<���6�f�J���6���6�3�/� ! �j��� � �J�O�2� ! �3�<�9� ! �����L�6�J���:�9�^�#���C���I���9� �
Ò ! � ?l��� �u�<���2�g�<�<�<�J���<���6�n�J���6���6�3�/� ! �È�L�6�E� ?��L���<�:�/���^� ! �µ�6�3���j�9�6�´g���L�j�6�3�:�:�9���:�I���<�9� ! �����2�3�I�<� � �J�L�����:�
! ��� ! �3� �C�3�A���E�^Ç��^�3�l�3���A�2�n�L���:�:���9�j��� � �3�6�B��Ã��3�j�^�j�?���l�B�6�j��� �C���I���B�I�#���J�^Ô?� Û �l�9� ���<� ! ��� ���^���
� �3�I�[�����b� �J�3�^�3�/� ! ���9�I���<�9� ! �L�<�f���µ�<� � �<�<�:�<�J��� �R´È� ! �����6���<�2��� �6�L�����J���6���6�3�/� ! �B�R� ! �����6���<�2���¤¹C���<�V�
�J�3�^�3�/� ! �B�K�����9�
���m�L�3���l�3�<�6���^� ! �]� � ���:�3���9� ! � �C�<���,�9� � �J�����:���L�<�;���:�J�,�<�:�����9�W���A�^� ! ���%���L�,� ���9�����9� �
É � ! �<�b���I���9� ! �9�L�O���?¹ ! �:�<�9� ! �n½1ÔF� Ú�� Á?���9�j�����6���<�2���#�6�L�������W�9�j�����6���<�2�����Ù¹C���<�V�8�J�3�^�3�/� ! �B���6�3���j�9�U�����
�^Ç��^�L�O�6�3�:�:�9���:�I���<�9� ! �

(f ,F ,U )
�l�6� ! �A�L� ! �6�L�]�6���l� ! ���6�j���f�N�21L� ! �]�9��� ! �<� � �J�L� ���G�C� ! �f´[�2�µ�L���:�:���9�j���

� �3�I�B���6�����6�L�6� ! �I� ! �E� ! � ���3� ��� �l�3� ! �U���3���6�B�6�L�&��� � �J� X
�����:�9���L�6�O�6�3���j�9�6�µ�����#�6�C�����J�

Σ
���,+��3�

E
�8�6�C�����J�g���Ù�L� ! �<�I��� ! �6�L�¶���È���?�1�3�<�����<�9� ! � � ���)���6� !�! � ! � ! ���9�6�F� ! �L�#��� ���3� ! �

X
��� �����6���<�2���

�J�3�^�3�/� ! �U� � ���:�3���9� ! �%���m�N���:�
���L�%�6�3�:�:�9���:�I���<�9� ! �G���3���6�B�6�L�&��� � �J�L� (f ,F ,U )
� :��L�
�I�C���<�/���^� ! �6�A�<���G�2�

�L���:�:���9�%��� � �3�6�
�6� ! ����� ! �
�L� ! �<�9�����6�L�X�L�3�j�^�,�J�3�^�3�/� ! �L� ���B���L�<�M¸°´�¸=���:�6� � ��� �:�9�\�����l� ! ��� ! ��� ! � � �J���^� ! �
���E�l�3� ! �����3���6�B�6�L�&��� � �J� X

�  "! �6�L�6���^�%�L�L�����<�����2�W¹J�B���6�%ÔIÔ6ÔF� Ú �"�&2[�9�L���6���2���<�9� ! �8� ! �<�6�G�9�L���B���<�2� � �9�L�
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(f ,F ,U)(f ,F ,U) (Σ,E)

(< ( >V , < ) >V ) (Σ,E)

(σ,ε)
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�j�9���6�B�6�L�&��� � �J�L�����j�9�����6�E�J�3�^�3�9�3�B�J�L�^���3���6�B�6�L�&��� � �J�L�^�6� ! �^��� !�! �L�L���C���jÔF� Ú���� �J� ! �E�9�� �3�j��� � ! �
�L���:�:���9�W��� � �3�6�A�I� ! �,�<�6�3� ! ��¹C�6�<���6�uÅ





Σ =
1

|V |

∫

V
σ dx � 〈σ〉V

E =
1

|V |

∫

V
ε dx � 〈ε〉V

½1Ô6Ô6Ô?� Û Á

:��L�]�6�C���<�/���^� ! �6�
P

���Ù�I�C�#���:�<�6�UÔIÔ8�6� ! �A��� ! �B�/���3��� ! �3�<�6�E���<�J���B���6�3���6�L�G�9�L�]�L�3� � � ! ���9�6� ! �O�3���j�9�M¸
�<� � �9�L�,���L�,�L� ! �<�I��� ! �6�L�]���,���?�1�3�<�����<�9� ! �G���3���6�B�6�L�&��� � �J�L�G���B�9�6�F� ! �
�<���8�2�^�L���:�:���9�W��� � �3�6�uÅ

P = (Σ,E)
½1Ô6Ô6Ô?� � Á

$u�6�L���9�6� ! �
�L� � �J�%�b��� ! � ! �6� ! � �C��� ;6H3T G?05'K-30�+�H3'�+O-/)BTU0�+I+?0KG�7:*F+ � :��L�8�6� ! �6�����6�,���A�L� ! �<�I��� ! �6�L�%���,���?�1�3�M¸
�����<�9� ! �
�L� ! �<�9�����6�L�G���I� ! �G�6³"�^���<�<� � �J�L� ��� ! �9�L�,�6�����6�L�I� ! �6�)�C���,�9�����6�G�<�V�µ�L�3���l�B�I� ! �6�L��Å

{
Σ = ( Σ11, Σ22, Σ33, Σ12, Σ23, Σ13 )

E = ( E11, E22, E33, 2E12, 2E23, 2E13 )

½1Ô6Ô6Ô?� " Á

� ! �%�L�3� � � ! ���9�6� ! �3���j�9�I�<� � �9�]���G�L� ! �<�I��� ! �6�L�
�������?�N�3�<�����<�9� ! �����3���6�B�6�L�&��� � �J�L�8�L�6�����9�3�6��� ! �]�L�3� � �V¸
! ���9�6� ! �b���9�I� ! �,� ! �6���<�/� ! �:�G�<�V��L�3���l�B�I� ! �6�L�G���9�<�<� ! ���6�L�
���

Σ
���,���

E
�
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	������	 �����	���
$R���%�?���������9�B���9�A�I�C���<�/���^� ! �

P
1 �����?¹ ! � �C���,�2�^�L�3� � � ! ���9�6� ! ½1Ô6Ô6Ô?� � ÁJÅ

P
1 = ( Σ11 6= 0, E22 6= 0, Σ33 = 0, Σ12 = 0, Σ23 = 0, Σ13 = 0 )

½1ÔIÔ6ÔF� � Á

�L�<�
�3���j�9�6�<� � �9�B�C���9�3�6� � �J�]�9�A�I�C���<�/���^� ! �
P

2 �J���?¹ ! � �C���8�2�^�L�3� � � ! ���9�6� ! ½1Ô6Ô6Ô?� � Á ! �]�b���L�6�(�C�3� �

P
2 = ( Σ11 6= 0, E11 6= 0, Σ33 = 0, Σ12 = 0, Σ23 = 0, Σ13 = 0 )

½1ÔIÔ6ÔF� � Á
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���/� ! � ! �(���L�I�3�<�����9�u�<���S�2� ! �3�<�9� ! �������3����� ! �8���8�I�C���<�/���^� ! �6� ��Ã��3�j�^�Z���6�L���9�6�8�����U�I�C�#���:�<�6�L�\Ô

����Ô6Ô?�B�:� ! �3�J���L�<�\� ! ���<�:�9�%���%�L� !�! ���9�<�6�>�C�3��´'�C�3�X�b� ���9�<�6�3�:�6�]���µ�I�C���<�/���^� ! �
P

��Ô=���<���^� � �l�3���V���3���/�3�:�
�^� ! ��� ! �3�<�6�^���<�J���j���L�W���I���6�A�:�:�j�:�6�L�������j�I�L�/�3�:� � �3� ! ���W�L�j�I�C���<�/���^� ! � �  "! �<�����l�B�6�E��� ! � � �J�E�9�L�
�6�3�:�:�9���:�I���<�9� ! �,�:���l�B�6�L�L�,´U�2�U�L���:�:���9�W��� � �3�6�B���L�3� � � ! ���9�I� ! �G�3���j�9�6�<� � �9�L�
���

n
�I�C���<�/���^� ! �6�G� ! ������� ! ¸

�J� ! �6� ���6� ! �8� ! ���:�J�6�L�,�J� ! ���9�<�l�3�:³/�L���6�A�L� ! �/�?���
D

�����?¹ ! � �C���O½1ÔIÔ6ÔF� � Á(���8�6�����6�L�6� ! �6�A¹J�B���6�AÔ6Ô6Ô?� Û �J� ! �
�9�W� �3�,�&2

n = 2
�

D =

{
P(t) | P(t) =

n∑

i=1

µi(t)P
0
i , µi ∈

[
µ−

i ,µ+
i

]
}

½1Ô6Ô6Ô?� � Á

Â]� ! �[�L���<�6�m���?¹ ! �:�<�9� ! �X�9�L� � �C� ! �<�:�6�L�
P

0
i

�6� ! �[���L�µ�6�C���<�/���^� ! �6�[� ! �:�<�2����� �?� ���<�:�^�L�µ� ! �6���<�^�L�[���
�L� ! �<�I��� ! �6�L�]�3�È���?�N�3�<�����<�9� ! �
���3���6�B�I�L�&��� � �J�L� �
S*��� J2� � % ! # 34� +-! #2#-� LONPL�'�/ #$+*� N � ')3UL /2��3 �&% ��(]M�!�.KT �
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 �$���
	 ��� ��� � ��� � � �]� ��� 
������ ��	�� ��� ��
�� ��������	

D

P
0
1

P
0
2

P(t)

��»5ÎSÍ���×nÔ6ÔIÔF� Û Æ�� -�H30:Pµ)3>`)/H3T^-305'�*W0�'C05.b-37�)"*O;.-�-34�/"*?T�*?'C.5+

� 	��������
	 	 �����	���
:��4�l�3�:³/�L���6�m�L�<�^�I�J�3�9�<�
�6��� � �J�n�b� � ! ���È�6�L�^�6�3�j�^���6�µ�6�3�:���L� ! �N� ! ���±� �/�L�È�b���3�<�:�B� ! �B��Ã��È�6�J�3�V� �L�<�
��� � �:�<�I���:�6�f�����9�,�6���/Ç��G� ! �A�:���l�3�<�I� ! �L�f� �#���:�I���9�B� � �J� ! �3�J�G�?���l�B�6���6� ! �G� ! �����I���:�R���m�I�C�#���:�<�6�OÑ �9�3�6�
���W�b���?�����:�9� ���<�9� ! ���]�2�E�9�L���<���6�W���L�,���3����� ! �L�%���]�6�L�<�9�<�I� ! �L�W� � �6� ! �J�f½1�C���I���B�I�#���J�n½5ÑU�:¾B� Û ����ÁIÁ?�

❏
� �
	 � ���	 �����	��

É �<�:�<�6�A�����?���������9�B���<�l�b��� ! �6�>���2�3�L�W�J� ! ��� ! �L� �C�3�L�A���A���:�^� ! �<�9� ! �������i½

n = 2
Á?���b� � ! �A���L� � �3�6�L�,���

�I�C���<�/���^� ! �6�>�l�B�6�<� � �9�A�L�<�8�2�j�6���:�3� ! �6�uÅ
{

P
0
1 = ( Σ11 6= 0, Σ22 = 0, Σ33 = 0, Σ12 = 0, Σ23 = 0, Σ13 = 0 )

P
0
2 = ( Σ11 = 0, Σ22 6= 0, Σ33 = 0, Σ12 = 0, Σ23 = 0, Σ13 = 0 )

½1Ô6Ô6Ô?�²¿/Á

ÂA� ! �G�L�A� �3� ���6�3���
�6�C���<�/���^� ! �G�:���l�B�6�W�I���I�E�L�3� � � ! ���9�6� ! �:� ! � ���:�6�O���L�8�/�L���6�����6�G��� � �3�6� (
P

0
1,P

0
2

) � �

✘

�B�B�"� -S�� �Ù£C��� ¦ ®u�8£C¬ /(£¾f�£C = °�\ =£C¬ /(£��\¡�¬�£

�R� ! ���9���^� ! � ���9�L���6�C���<�/���^� ! �6�
���I� ! ���:���l�B�6�L�8´W�2�f�L���:�:���9�]��� � �3�6�B�"�L���:�9�?¸=�����L�<�8�L� ! �<�9�����6�L�]�L�3�j�^�
� ! �%�j�9���6�B�<�<�<�J���<���6�B���6���X�2� � �J���:�9�
�:�l�L�<�8���9�3�6�V���B�6�6� � �9�G���"���B�I���\�6�3���=���6� � �9���^�]���
�6� ! �J�]�^�L� � ! � � �J�B�
� �J�U�L�U�I�3�:�%��� ���3� ! �A���O���J�f���U�b�����2�3�<�<�9���:�6�B�l���f�b�²�3�J�#���I���<�9� ! �3�Ù���O�b�²� ! ���:³��6�f�:�:�j�:�6�B� $R�B�6���A�L�U�=³����
���'���6� � �9���^�f�6���,�2�j�L���:�:���9�O��� � �3�6�B���6�3���%�L�3�j�^� ! �3�J�G�b�²�L�/� ! �"���B�6�O�<���,� ! �j�:�:�9���`�<�<�9���:�^� ! �<�9� !�! ���
� �J���9�L� ! � �J���\���O�I�C�#���:�<�6�����6�L�L�L��� ! � ���:�����:� � �J�X���9�3�6�����u�L� ! �<�9�����6����� ! �(���������9���^�\�L���:�:���9�X��� � �3�6�B� ���:�6�
���
�6�?�1���6� ! �L�B���6�3���\�L�3�j�^�,�:���A���6�
�L� ! �<�9�����6�,� ! �j�:�:�9��� Û Â ���,�6�?�1���6� ! �L�U½�¹J�B���6�
Ô6Ô?� Ú Á?��Ã����<�6� ! �3���/���:�9�
�L���:�:���9�¶�L�<�n���?¹ ! �9�g���m�2�i�N�21L� ! �<���:�B� ! �6�uÅ����:�9� ���B�6�I�L���È�9�L�µ�^Ç��^�L�n� ���I�3���6���<�9�<�<� � �J�L�n�/�L�3�^���<�<� � �J�L�
� �J�W�2�^�L���:�:���9�O�6�L���:�9�B�C�����9� ��� ! �A�N�3�9�
�I�3���j�9�6�f������^Ç��^�L�%�6�C���<�/���^� ! �6���K�6���l� ! �m���A�N�21L� ! �����6���^� ! �
���2�3�6�<� � �J�B� $S���E� ! ���9�3�B�9��L�/�L�µ�9�µ�6�C�#���:�<�6� ���6�L�L�L��� ! � �u� ! �6�����6�L�6� ! �6��¹J�B���6�nÔ6ÔIÔF� � �2�`�L���:�:���9�n��� � �3�6�
�6�L���:�9�f���2�3�<�6�&���2�3�<�<� � �J�)�C���M�b���:�6�B� ! �3�6�L�AÑ]Ò(ÓO�����
�2�j�L���:�:���9�W��� � �3�6�O���]�6�?�1���6� ! �L�'�����6���^� ! �G���2�3�6�<� � �J�B�
! �3�6�L�OÑ%Ò\Ó (e) �
� ��I�!�J-3XM2�OJ2.0+*�,+�T  '�L"� . o .�� 34�PM�! 3  � 3 '�J>N9R '�M#L  34��� �
�	���% � .  �� m�� +]L"34� .4')#2. #2!  L ! #$+ % T N R-� �"� � �
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� 
 	 
�� ��� ��� 	������
 � �]� � ����� �9�����
 � ���

(Σ,E) (Σ,E)

σ,ε,εp σ(e),ε(e)

Ñ]Ò(Ó Ñ]Ò(Ó (e)

x1

x2

x3

��»5ÎSÍ���×ÔIÔ6ÔF� � Æ � *?757 >"79*F+O)�*3G<-�+ *f4<D6*�7�79*j*�.�)�*O4<D�� D?46*?'K;I*

	
	
	��� �����U} �����Us w�{K~�{�|6v]qfs �Uq ��
q��Et6~ �,s suzG{C}�s�� ��� � �,xuzUxu|6wK~�{K|��,z sR{
~ �U~��O{�~�{K|��,z

É ¹ ! ���È�<�I���:�6���µ���È�b�²�3�J�#���I���<�9� ! ���È�����6���<�2����� �J���6���6�3�/� ! �L�´Ù�j�9���6�B�6�<�<�J���<���6� �l���<�9�"��� � �J�B�\� !
���6�L�6� ! �6�j�J� ! �]� ! ���6���j�9���A�6�����J� ���9�U�L�3�����2���/�B��� ! � ���:�6�E���L�%�<�I�L�B�����¶����Õ�ËlÏ ������×¯½ Ú ÀBÀBÀ/Á?�l� ! �<�6�E�9�
�<�J�L�3�6���^�È�<�I���<� � �J����mÊ¤×C¼ ��Ðr���j�2�g�<�J�L�3�<�9�È���n�b� �J�3�^�3�/� ! ���9�I���<�9� ! �l���<�9����� � �J�B��:��g�^���<�J�"���3�9�3�B�9�
�L�<�%�6�:�j�:�2���:�6�E´[�L���:�9�E�������9� ³/�L�3�C���fÕ�Í�ÖRÍ�×�Ø ½M¾ ¿ �BÚ Á;���3���]�L�3�����9���]�b�²�#�����6�"�I�J�j�<�I���<� � �J�U���f�b�²� ! ���:³��6�
�:�:�j�:�6�����S�b� �J�3�^�3�/� ! ���9�I���<�9� ! �l���<�9����� � �J�B�  "! �6� � �3�6�X��� ! ���<���R�9���<�J�L�3�6���^��Ô6ÔF�:¾B�������9�R�b��� ! �^� ! �<�6� � �J�
�L���2�µ�6���"�9� ! �f´[�6�L�6�3�J���6�E� ! ���6� � �9���^�^���E�������:�j�9�I���<�9� ! ! � ! �:� ! � ���:�6�^�6�3�J�A�L� ! �<�I��� ! �6�L� �����W� ! ¹ ! � !
�6��� ! �<�6�������:�
�2� ! �3�<�9� ! ���A�L���������9� ! �
���A�I�L�����<�:�6�B�C��¹ ! ���A��� !�! ���,�9�A���3����� ! �W���]�B���:�9���:�6�W����6�L�<���:�I���
¹ ! ���b�

�B�B�����S�°� !u��§�© �\ =¡�¦B«=��¥ /X� f����(�� b¡l¢�£

:(��� ! � ! �L�W���n�<�J�L�3�6���^�A�L�3�����9� ! �]���B?l���6�A���%�b��� ! � ! �L�A���n�<�J�L�3�6���^��½1Ô6Ô?�:¾�Á � �J�>�C�����9�G�N���:� � �J�G�9�L�
�L� ! �<�I��� ! �6�L�G�6� ! � ���L���<�6�G�N�3�9�M¸=���b���?�����<�:�^�L�L�8�6�����2�U�L���:�:���9�]��� � �3�6�uÅ����:�9�L��������� ! ��� ! �
��� ! �%�6�3� · �3���6�8���
�6�����J� �"´W�b���?���L�����<�9� ! ���L�\�L� ! �<�I��� ! �6�L���6�L�<�9���J���:�9�L� �"�����9�\�������9���^� ! �8���,�2�A�B���<�2� � �9�
�����L���C�3�L�,�j�9���6�B�6�L��¸
��� � �J� x

�����L���<�:�B� ! �G�2�E�L���:�:���9�W��� � �3�6�B�

"$#&%�' �)(�� 	 �����	� �
* � �:���?���9�<�6�\� ! �I�C�����U���X�L� ! �<�I��� ! �6�L�R�6�L�<�9���J���:�9�L�R� ! �����l� ! �J� ! �S���O�6�����J�

ρ̄ : x ∈ V 7→ ρ̄(x)
�

�6��� � �J�uÅ
F
(
σ(e)(x,t) + ρ̄(x)

)
≤ 0 ∀ x ∈ V

��� ∀P(t) ∈ D, ∀t

���9�3�6�j�9�n�����6���<�2���ª�J���6���6�3�/� ! �È� �²�3�J�#���6� �l�3���j�6�3�J�j�9�L�j�<�I� · ���6�^����I�C���<�/���^� ! �6�
P : t ∈

[0, + ∞] 7→ P(t) ∈ D
��ÂA� ! �,�L�W� �3� ��� ! ���:�I� � ��� �:��³�j�3�J�#���I���<�9� ! �l�3���8�9�W���3����� ! �

D
�

 "! ���6�L���9�6� � �J� σ(e)(x,t)
�/� ! �L�3�6� ! �3�6�

σ(e) �B�L�<�(�b�����I���X���
�L� ! �<�I��� ! �6�L�V�����6���^� ! �X���2�3�<�<� � �J�L�\� ! �/� ! ���6�
�C���,�9�A�6�C���<�/���^� ! �

P(t)
Å

σ(e)(x,t) ≡ σ(e)(x,P(t))
½1Ô6Ô6Ô?�:¾ À/Á
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 �$���
	 ��� ��� � ��� � � �]� ��� 
������ ��	�� ��� ��
�� ��������	

Ô°�u³g�n��� ! �^�3�J�#���I���<�9� ! ���E�2�n�L���:�:���9�j��� � �3�6�j�<�u�9�E�6�C����� �6�L�<���:�I� ! �f���E�2�n�6�3�j�^�j���L�W�L� ! �<�I��� ! �6�L�
�����6���^� ! �j���2�3�<�<� � �J�L�f���f���L�f�L� ! �<�I��� ! �6�L�E�6�L�6�9���J���:�9�L�f�L� ! �<�<�:�<�J��� ! ���I���U�����L� ! �<�I��� ! �6�L�E�����6�L�����<�:�6�B�
� �J���9� � �J�j�6�3�:�A�9���l�3� ! �f���j�2�n�L���:�:���9����� � �3�6�����A�9�j�<�I� · ���f���j�6�C���<�/���^� ! �6�E�L� ! �<�9�����6�L�����B���L�<�M¸°´�¸=���:�6�
� �J�uÅ

σ(x,t) = σ(e)(x,t) + ρ̄(x) ∈ F (x) ∀ x ∈ V
��� ∀ P(t) ∈ D, ∀t

½1Ô6Ô6Ô?�:¾B¾�Á

�B�B�"���S� - ��§�� �X 9�C©±£C¬�f�£C = °�\ =¡l«=§/£C¬µ�X�\§/£C©±£C¥�¦��C =¡�¬�¦/« 8R�\£C¬

:��,�I�C�����µ���,�L� ! �<�I��� ! �6�L���j�9���6�B�6�L�&��� � �J�L�+�����6���^� ! �����2�3�<�<� � �J�L� σ(e) �L�6�X���9�3�6�X�I�3�:���<�9� ! ��� � ! ���6��¸
� �9���^�A�������2�3�6�<�9���:�6�<���B�6�]�<�����2�E�L���:�:���9�]��� � �3�6�B�CÃ��>���6� � �9���^�A�L���:�:���2���:�6�A�L�<�8� ��� � �J�]�<�����9�L�=���6� � �9���^�L�
���W�9�"� ���:�9�I���<�9� ! ���6�L�6� ! �6�L� �C�6���9� ! �9�]�=³��l�W���A�L���:�:���9�O��� � �3�6�B�K����� �C���I���B�I�#���J�L�%ÔF� Û � � ��Ô?� Û � " ���,Ô?� Û � � �

�����	�����
���� � ���1�5�"���	�i!#� �/� �C�L� ��� �B�������� �3� �R�1!i��$�������$�$��
���5��� �
� � ������ �����
ÂA� ! �
�9�U� �3�G��� � ! �E�L���:�:���9�U��� � �3�I�O�<�<�9���:�^� ! �<�9� !�! ���:�9� ! � ���6�L�6� ! �I� ! � ! ���<�6�3� ! ��¹C�6�<���6�B���L�L�;���6��¸

� �9���^�L�E�6� ! �U���2�3�I�<� � �J�L�O�"�9�<¸°´�¸b�"�9�f���L�f� � �C���<�9� ! �E����� � ���:�:� � �6�µ���f���[�L�3���C���<� � �:�:�:�6�B�S�����9�O�^���<�6� ! �E� !
�:���j�9���6�O�9�A�L�3�����2���/�O� ! �<�6�A�9�L�
�������n�<�J�L�3�<�9�L�G��� ! �:�/� ���`���L�Z���3� ! �6�
�<���:�B� ! �6��Å

Æ ���>�C�����9��������� ! �������<� � �J�%�b���9�I� ! ��� ! �6���<�/� ! �:�
� ! �������2�3�L���^� ! �(�l���<�9�"��� � �J�B�  "! �I�#���l���:�9�A� ! � ?l���
� ����� ! �<�J�L�3�<�9�^���E�b� �J�3�^�3�/� ! ���9�I���<�9� ! �l���<�9����� � �J�B�l�9�j�������2�3�L���^� ! �f�L�<�W�6��� ! ���j� ! ������� �C���<�<�9�L�
½5�/�3�:�(�C���I���B�I�#���J�fÔF� Û � � � � �J� � �C���<�9� ! ½1Ô?� � À/Á<Á�Å

u = E.x + up � r ´j���?�N�3�<�����<�9� ! �:���l�B�6�L�
u = 〈ε〉V .x + up � r ´j�L� ! �<�I��� ! �6�W�:���l�B�6�L� ½1Ô6Ô6Ô?�:¾ Ú Á

Æ ��� �C���%�9�����6�A�L� ! ���:�<�9� ! �W�����g�:�:�j�:�6�L� �l���L�L�3���2� ! �W���E�L���<�6�E��� ! �������<� � �J�È½5�/�3�:�A� � �C���<�9� ! �^½1ÔF� Û#" Á
���O½1Ô?� Û ¿/Á�� �C���I���B�I�#���J�L�GÔ?� Û � Û � � ���
Ô?� Û � Û ����Á�Å

{
up � r �l���<�9�"��� � �J�A�<���

∂V

σ.n
� ! �<�V¸U�l���<�9�"��� � �J�O�<���

∂V

´E���?�1�3�<�����<�9� ! �:�����B�6�L�

{
up � r �l���<�9�"��� � �J�A�<���

∂V

σ.n
� ! �<�V¸U�l���<�9�"��� � �J�O�<���

∂V

´E�L� ! �<�I��� ! �6�f�:���l�B�6�L�
½1Ô6Ô6Ô?�:¾ Û Á

Æ ���"�C�����2� ! ���<���6�]�B�9� � ���9�]����6�C���<�/���^� ! � �CÒ ! � ?���� �"�L�3�j�^�<���6�L�6� ! �6�W���E�C���I���B�I�#���J�AÔ6Ô6Ô?� Ú � Û �²���
�9�A�6�C���<�/���^� ! �%�L�6�8�:�����B�6�L�O� ! �^� ³/� !�! �uÅ

{
〈ε〉V = E

´j���?�N�3�<�����<�9� ! �:�����B�I�L�
〈σ〉V = Σ

´j�L� ! �<�I��� ! �6�f�:�����B�6�L� ½1Ô6Ô6Ô?�:¾ � Á
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� 
 	 
�� ��� ��� 	������
 � �]� � ����� �9�����
 � � �

 "! �j���9�3�6�G´U�6�L�6�3�J���6�uÅ
É �����6�"�I�J�W���?�N�3�<�����<�9� ! Å

P
(e),cl
d � f

É �����6�"�I�J�W�L� ! �<�I��� ! �6�uÅ
P

(e),cl
cont

E
��� !�! �L�

Σ
��� !�! �L�

*��6�3���/���
up � r,(e),

���
σ(e) � � � �LÅ *��6�3���/���

up � r,(e),
���

σ(e) � � � �LÅ




�S��� σ(e) = 0
�J� ! �

V

σ(e) = d : ε(e)(
〈
ε(e)
〉
V

.x + up � r,(e))

up � r,(e) �l���<�9����� � �J�A�<���
∂V

σ(e).n
� ! �<�V¸U�l���<�9�"��� � �J�O�<���

∂V〈
ε(e)
〉
V

= E





�S��� σ(e) = 0
�J� ! �

V

σ(e) = d : ε(e)(
〈
ε(e)
〉
V

.x + up � r,(e))

up � r,(e) �l���<�9����� � �J�A�<���
∂V

σ(e).n
� ! �<�V¸U�l���<�9�"��� � �J�O�<���

∂V〈
σ(e)

〉
V

= Σ

�����	�����
���� � � �����B�����������u$��"���(����� �K���"���
	S� � ���1� ���������"� � � $�� �5� ����� � � $
* ���b��� ! �L� ! �<�9�����6�µ� ! �n�L���:�:���9�n��� � �3�I�[�6�����6�L�I� ! �I���<�:�/���� � ! �n�<�<�<�J���<���6�[¹ ! �´m� � �"�:�6�L�j�6�3�:�:�9���:�6�L�

�J� ! ���6� ! ���2� ! �u�2�¶��� ! �������<� � �J� ½1ÔIÔ6ÔF�:¾ Ú ÁO�6�L�<�6�n�B���2� � �9�B�u�^��³/� !�! � ! �n�2�g�6�L�<�<�<�9���<�9� ! ½1Ô?� �B� Á��S�����9�^�9�L�
�L� ! ���:�<�9� ! �W�:�:�j�:�6�L�W���/�3�:�J� ! � � �J��� � �J� �l����� :��L�)���6� � �9���^�L�O���E�9��� ���:�9�I���<�9� ! ���6�L�L�L��� ! �6�f�6� �C���<�<�9�����2��¸
�<�9�6� ! �O��� ! ��� ! ½5�/�3�:�W�9���C���I���B�I�#���J�[ÔF� Û � " �l�3���)���:�J�O���j�����I���:�9�f�<���W�9�L�W���?¹ ! �:�<�9� ! �U���E�2��L���:�:���9�^���
� �3�6�W���,���A�b���&�l���I���6�����,�^� ³/� !�! �f�<���,�L���<�6�W�L���:�:���9��Á�Å

É �����6�"�I�J�O���?�N�3�<�����<�9� ! Å
P

(e),cav
d � f

É �����6���6�J�W�L� ! �<�I��� ! �6�uÅ
P

(e),cav
cont

Ẽ
��� !�! �L�

Σ̃
��� !�! �L�

*��6�3���/���
up � r,(e),

���
σ(e) � � � �LÅ *��6�3���/���

up � r,(e),
���

σ(e) � � � �LÅ




�R��� σ(e) = 0
�J� ! �

V ∗

σ(e) = d : ε(e)
(〈

ε̃(e)
〉

V
.x + up � r,(e)

)

up � r,(e) �����<�9����� � �J�O�<���
∂Vlat

σ(e).n
� ! �<�V¸U�l���<�9����� � �J�f�<���

∂Vlat

σ(e).n = 0
�6���

∂H ∪ ∂Vsup ∪ ∂Vinf〈
ε̃(e)
〉

V
= Ẽ

���m�6� ! �,���^½1Ô?� � " Á





�S��� σ(e) = 0
�J� ! �

V ∗

σ(e) = d : ε(e)
(〈

ε̃(e)
〉

V
.x + up � r,(e)

)

up � r,(e) �l���<�9����� � �J�A�<���
∂Vlat

σ(e).n
� ! �<�V¸U�l���<�9�"��� � �J�O�<���

∂Vlat

σ(e).n = 0
�<���

∂H ∪ ∂Vsup ∪ ∂Vinf〈
σ̃(e)

〉
V

= Σ̃
���`�6� ! �,���^½1Ô?� � � Á

�����	�����
�� � � ���5�5� � � �R�È����\����� � �  ���"�������3� ���R�� �����
Ò ! ¹ ! �R�9�n����� ! �9���U�°³%�l�µ��� ���6� � �9���^�L�^�L���:�:���2���:�6�L�3�����6���^� ! �^���2�3�<�<� � �J�L�U�L� ! �L��� ! �µ�9�L� ���6� � �9���^�L�

�?�����<�:�^�L��� ! �6���<�^�L�X���%���?�1�3�<�����<�9� ! �8�3�µ�L� ! �<�I��� ! �6�L�8�/� ! ���I���:�9�6�L�L� ��:��O�^���<�J�"���3�9�3�B�9�%�6�L�<�6�G�2�W�^Ç��^�B�
�����9�O������� ���3� ! �6�O�L�6�I� ! �<�9���9�O���B?����6� ! �U���#� �3���6�^�/� ! ���I���X���?¹ ! � �C���[½1Ô6ÔIÔF�:¾ Ú ÁG���[½1Ô6ÔIÔF�:¾ Û ÁU½5�/�3�:�'�C���I��¸
�B�I�#���J�WÔF� Û � � � � Á�Å

Æ �9�L�%�6�C���<�/���^� ! �6�]�:���l�B�6�L�%´j�2�^�L���:�:���9�f��� � �3�6�f�6� ! �%���L�G�I�C���<�/���^� ! �6�]�/� ! ���I���:�9�6�L���C�B���L�<�M¸°´�¸=���:�6�
���L�
���?�N�3�<�����<�9� ! �
���W�^��� � �I� ! �O���G���]ÄC�?���9� !

(E,K)
���
���L�,�L� ! �<�I��� ! �6�L�]���]�^��� � �I� ! �U���,���

ÄC�?���9� !
(N ,M )

�
Æ �2�j��� ! �������<� � �J�O�������9� ! �
��� ! �W� ! �W��� ! �������<� � �J�O���)���2� � �J�B�C���?¹ ! �9�)�C���f½1Ô6Ô6Ô?�:¾ " ÁKÅ

ε(u) = E − x3K + ε(up � r)
½1Ô6Ô6Ô?�:¾ " Á



¿ � ��� ���/�U����<���������>����� �9�����
 �$���
	 ��� ��� � ��� � � �]� ��� 
������ ��	�� ��� ��
�� ��������	

:��W�6�C�����
σ(e) �L�<�,��� ! �O�6�3�:���<�9� ! ���]�b� � ! ���L�Z���6� � �9���^�L�%�L���:�:���2���:�6�L�
�6���:�3� ! �6��Å

É �����6���6�J�W���?�N�3�<�����<�9� ! Å
P

(e),plq
d � f

É �����6���6�J�O�L� ! �<�I��� ! �6�uÅ
P

(e),plq
cont

(E,K)
��� !�! �L�L�

(N ,M )
��� !�! �L�L�

*��6�3���/���
up � r,(e),

���
σ(e) � � � �LÅ *��6�3���/���

up � r,(e),
���

σ(e) � � � �LÅ





�R��� σ(e) = 0
�J� ! �

V

σ(e) = d : (E − x3K + ε(up � r,(e)))

up � r,(e) �����<�9����� � �J�O�<���
∂Vlat

σ(e).n
� ! �<�V¸U�l���<�9����� � �J�f�<���

∂Vlat

σ(e).n = 0
�6���

∂Vinf
���

∂Vsup





�S��� σ(e) = 0
�J� ! �

V

σ(e) = d : (E − x3K + ε(up � r,(e)))

up � r,(e) �l���<�9�"��� � �J�W�<���
∂Vlat

σ(e).n
� ! �<�V¸U�l���<�9�"��� � �J�O�<���

∂Vlat

σ(e).n = 0
�<���

∂Vinf
���

∂Vsup

〈σαβ〉V̄ = Nαβ

〈−x3σαβ〉V̄ = Mαβ

�F�3�6�C� ! � � �J�W�9�L�8�6���2���<�9� ! �f½1Ô?� "#" Á��6� ! �
�6�3� · �3���6�
�3���2� � �9�L� �

�����	�����
�� � � ��$��
� ����� �K$��
$��3���\�6�L�<���^��� � ! �3�J�(�6���6� ! �\��� ! �,���^� ! �L�X´%�<�I���:�6���\�<�V�U�=³����L�u���(���6� � �9���^�L�\�L���:�:���2���:�6�L�\���2�3�6�<� � �J�L� �

���B?����6� ! �6�G�9�L�8� ! �G���L�
�����<�6�L� �J�6�3�:�Z�C���
�9�L�,�L� ! ���:�<�9� ! �
�:�:�j�:�6�L���J�6�3�:�(�C���8�9�W�I�C���<�/���^� ! �]���,�2�j��� ! ������¸
�<� � �J���:���l�B�6�L� �BÃ������ ! �J� ! � � � �J��� � �J���6�3�:�S�9�X�°³%�l�����8�L���:�:���9�8��� � �3�6�A½1Ô6Ô6Ô?� Û � Ú �²����Ô6ÔIÔF� Û � Ú � � �3�jÔ6Ô6Ô?� Û � Ú ����Á?�
�b��� ��· �L���<�V���6�L�6�6�G�6�3� · �3���6���9�%�^Ç��^�uÅ�� ���9�����9�����9�L�8�L� ! �<�I��� ! �6�L�Z�����6���^� ! �,���2�3�<�<� � �J�L�8� ! �/� ! ���6�L�L�=�C�����9�L�
�I�C���<�/���^� ! �6�E���3���6�B�6�L�&��� � �J�L�U� ! ���?�N�3�<�����<�9� ! �3�#� ! �L� ! �<�I��� ! �6�B�!$S���O�2�È�<���:�6�B��� ! �3���&���6�µ��� ! �^�2�
�L� ! �/� ! �<�9� ! �<���:�B� ! �6�uÅ

Æ �9�]�6���<�^�A�/� ! ���<� � �J� P
(e)
d � f

���L�6�:� ! ���I�j�6���9� ! �9�A� �3�
P

(e),cl
d � f

�
P

(e),cav
d � f

�3�
P

(e),plq
d � f

�
Æ �9�]�6���<�^�A�/� ! ���<� � �J� P

(e)
cont

���L�<�:� ! ���I�^�6���9� ! �9�A� �3�
P

(e),cl
cont

�
P

(e),cav
cont

�3�
P

(e),plq
cont

�
$(�6�L���9�6� ! � � �J�u���L���L�3���l�B�I� ! �6�L���j�V���6�L�����u�2�����?�N�3�<�����<�9� ! �������u�2���L� ! �<�I��� ! �6�+�������/� ! ��Ç��<�6�u�:���l�B�6�L�L� �
�L�3�j�^�O� ! ��� � �J�'�C���,�b���?���������9�[½1Ô6Ô6Ô?�:¾�ÁF�KÃ����l� ! �J� ! � �K�<�I���:�I� ! �G�I���C���6���^� ! � �l���m�6�C�#���:�<�6�fÑU�J�9�L�
� �3�
� !
���?�N�3�<�����<�9� ! ���È� ! �L� ! �<�I��� ! �6�B�%� ! ! � ���6�L�6� ! �6� �C�3�È�J� ! ��2�d�<���:�6�i�9�L�E���6� � �9���^�L�g�3�6�I�"���9�L�È´d�L�L�
�I�C���<�/���^� ! �6�%�j�V���6�L� �

�B�B�"���S��� ��§�� �X 9�C©±£C¬n¡���� f���¥�¦B§/¡�«°¥�¦B£C¬È§ �C¬3«	/X�(£C ° b£C¬
Ô=��� ! �B�j���W�^Ç��^� ���3���G�9�L�
�L� ! �<�I��� ! �6�L�]�6�L�<�9���J���:�9�L�

ρ̄ � �����6� ! � � � �C� ! �M¸°´�¸=���:�9�L� � V
¸U�����<�9����� � �J�L�G���

�����6��¸=� � ���:�:� � �6�L�L� �RÒu�:�9�L�W�/���<�V¹C� ! �U��� ! �^�9�����6� � �9���^�`½1Ô6Ô?� Û�� Á?� �l�B�6�j�<���W�2�È�L���:�:���9�^��� � �3�6�^���O�^�"���V¹C�
�C����Å

Æ �9�L�,�L� ! ���:�<�9� ! �%���)�l���<�9�"���9���:�6�uÅC� ! �<�V¸U�����<�9�����9���:�6�U���
ρ̄.n

�<���8�6�3���
�3�4�C���<�<�9�W���
∂V

� ! �N� ! ���<�9� !
���µ�=³����]���"���6� � �9���^�]�<�I���:�6�B��Ã��L���L� ! ���:�<�9� ! �
�3�I�<���6� ! �,���9�3�6���b��� � ���:�:� � �6�A���%�6�C� � �J�]�L���:�:���9�W�L�/�L�
�6�L���/�3�9�<� ! �L���

Æ �9�L�]�L� ! ���:�<�9� ! �A���O�^��³/� !�! �uÅ 〈ρ̄〉V = 0
½1�&2g�b���&�����I���6����� 〈...〉V

�L�<�%���?¹ ! �S� ! �1� ! ���<�9� ! ���¶�=³����
���(���6� � �9���^�%�<�I���:�6��Á?���3�6�<���I� ! � ���9�3�6� � �J�,�b��� ! �<�I�L�B���:�:�9�]´O�L� ! �<�I��� ! �6�%�:�����B�I�L�B� � �J�,�2�W�6�3�I���:�:�6�%���
�6�C���<�/���^� ! �G���3���6�B�I�L�&��� � �J�W�L�6�,�6�L���������6�A�C���8�9�L�
�L� ! �<�I��� ! �6�L�;�����6���^� ! �G���2�3�<�<� � �J�L� �



���������%� �����/� 
��°� �"	 �9����������A�C����
�� �/� � ��� ��� ����
� 
 	 
�� ��� ��� 	������
 � �]� � ����� �9�����
 � ���

�����	����� � � � ���1�5�"���	�i!#� �/� �C� � �	� �B�������n� �3� �R�1!i��$�������$�$��
���5� � � � � � ���� �����
* ���:�3� ! � � �J�E�b��� ! �<�I�L�B���:�:�9��´���?�N�3�<�����<�9� ! �3�#´È�L� ! �<�I��� ! �6�[�:���l�B�6�L�B�l�9�^�6�C�����

ρ̄
�L�<�O��� ! �E�6�L�M¸

���L���<�:�/���^� ! �G�6�3�:���<�9� ! ���
P

(r),cl
d � f

���
P

(r),cl
cont

Å
É �����6�"�I�J�W���?�N�3�<�����<�9� ! Å

P
(r),cl
d � f

É �����6�"�I�J�W�L� ! �<�I��� ! �6�uÅ
P

(r),cl
cont

E
��� !�! �L�

Σ
��� !�! �L�

*��6�3���/���
ρ̄

� � � �LÅ *��6�3���/���
ρ̄

� � � �LÅ
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�<�:�<�9� ! ���A�b��� � �C���<�9� !�� ˙̄ρ = 0 ∀ t ≥ 0
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���L�8�L� ! ���:�<�9� ! �

�:�:�j�:�6�L� � �J�<���3���,�9�<���6� � �9���^�'�����6���^� ! �%���2�3�<�<� � �J�B�
É �����6�"�I�J�W���?�1�3�<�����<�9� ! Å

P
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d � f

É �����6���6�J�O�L� ! �<�I��� ! �6�uÅ
P
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cont
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Ò ! ¹ ! �
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É �����6�"�I�J�W���?�1�3�<�����<�9� ! Å
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P
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cont
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∂Vinf
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∂Vsup





�S��� ρ̄ = 0
�J� ! �

V
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� ! �<�V¸U�����<�9����� � �J�O�<���

∂Vlat

ρ̄.n = 0
�<���
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���

∂Vsup

〈ρ̄αβ〉V = 0

〈−x3 ρ̄αβ〉V = 0
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�L�3�j�^�]�<���:��Å
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(r)
d � f

���L�6�:� ! ���I�j�6���9� ! �9�A� �3�
P

(r),cl
d � f
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P

(r),cav
d � f
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P

(r),plq
d � f
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Æ �9�]�6���<�^�A�/� ! ���<� � �J� P
(r)
cont
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cont
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P
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(r)
d � f
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P stat
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(e)
cont
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(r)
cont
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P stat

cont
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PROBLEME DIT "CLASSIQUE"

(Cellule de base 3D sans trou ni fissure)

PROBLEME GENERALISE

(Cellule de base 3D, chargement généralisé)

GENERIQUES

NOTATIONS

APPROCHE

DEFORMATION

(Cellule de base 3D trouée, chargement plan)

PROBLEME DE STRUCTURES FINES A CAVITES

APPROCHE

CONTRAINTE

�<����Ô6Ô6Ô?�:¾��
P

(e),cl
d � f

�
P

(r),cl
d � f

�<���CÔ6Ô6Ô?�:¾��
P

(e),cav
d � f

�
P

(r),cav
d � f

�<���JÔ6ÔIÔF�:¾��
P

(e),plq
d � f

�
P

(r),plq
d � f

�<����Ô6Ô6Ô?�:¾��
P

(e),cl
cont

�
P

(r),cl
cont

�<���CÔ6Ô6Ô?�:¾��
P

(e),cav
cont

�
P

(r),cav
cont

�<���JÔ6Ô6Ô?�:¾��
P

(e),plq
cont

�
P

(r),plq
cont

P stat
d � f P stat

cont

½5�<���CÔ6Ô6Ô?�:¾��
P

(e)
d � f

�
P

(r)
d � f

Á ½5�<���JÔ6ÔIÔF�:¾��
P

(e)
cont

�
P

(r)
cont

Á

P stat

½5�<����ÔIÔ6ÔF�:¾��
P (e) � P (r) Á
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¯
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α σ(e)(x,P(t)) + ρ̄(x), σ0(x)
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�O��� � �J�(�l�3��� � ��� �:��³����:���3�J�#���I���<�9� ! ���:�K�N����� � �J�G�b��� ! ���<�B�9�]���9�6�<� �l�L�(���2�3�<�<� � �J���^� ! �Z�C�����2�f�L���:�:���9�%���
� �3�I�f�6�3�:�]�<���l���<�9�����6�j´

1
(K�����9� �C�6�3���]�<³��<�6���^�U�6�J���6�6�C� ! �A�C��� ! ���<���6�E´[���9�6�<� �l���
�9�f�^�3� ! �]����� ! ���<�B�9�

�l�B�6�<� � �9�B���9�"���6� � �9���^�A�����&���<�:�j�9�I���<�9� ! �B�O��� ! �]�L� ! �<�9�6�6���8´O�6�L�6�J���6�I�J���
�9�G�j� ! �:�O��� ���%�L���<�6�A���9�6�<� �C��¸
�<�9� ! ���2�3�<�<� � �J�B�K�6��� � �J�O�9�L�]�L� ! �<�I��� ! �6�L��½1Ô6ÔIÔF� Ú À/Á,�6�3�9� ! �%�6�L� �l�L���6�L�L� � � ! �O�1�3�9�%�2�[�L���:�:���9�U��� � �3�6�U���G�9�
���3����� ! �U���W�I�C���<�/���^� ! �6�]��� !�! �L� �J�2�j�6�L�6�J���6�6�J�E���m�L���������9� ! �]���W�I�C���<�/�O�������9� ! �]��� ! �A�9�)���6� � �9���^�
���W�j� ! �:�j�9�I���<�9� ! �<���:�B� ! ��Å

���*��� # � #  � # +  ! J�� ! J*34.XM2')3XN � ' .�.KL [\J2�	�-.4' #2.XN ! # +�L  L"!�# �OL YZL  ��M2')3  LONPJ2�OL � 34�,�  .4')#2. N R2')3UQ �PY � #  Q T #�T�3 ' �OL".KT��



��������� � �����/� 
��°� � ��� � �6	 ����������'�C����
�� �/� � ��� ��� �

(Cellule de base 3D sans trou ni fissure)

PROBLEME DIT "CLASSIQUE"

APPROCHE

DEFORMATION

APPROCHE

CONTRAINTE

GENERIQUES

NOTATIONS

�<���CÔ6Ô6Ô?� Ú �
P

(e),cl
d � f

�<���JÔ6Ô6Ô?� Ú �
P

(e),cl
d � f

P
(e),cl
cont

P cin
d � f P cin

cont

½5�<���JÔ6ÔIÔF� Ú �
P

(e)
d � f

Á ½5�<���JÔ6ÔIÔF� Ú �
P

(e)
cont

Á

P cin

½5�<����Ô6Ô6Ô?� Ú �
P (e) Á

��»5ÎSÍ���×ÔIÔ6ÔF� � Æ,+ ;.-�D?T^-µ)"*]+���'K. -��F+L*U)�*?+W)B0 	GD?46*?'C.5+(FK4MH%G?7
��T^*?+f.14M-B05.=DF+VF�HB>"4W7�� -�F FK4<H ;.-�*E;L0�'�D�Tj-/.101@�>J*
)3>`;6H3>]FK7:- /�* -�H3T^H /�D?'�D�02+L-B.101HB'3kl-/)/- F�.b-B.10NH3'

Pmin Å *��6�3���/���
αAD �6��� � �J�uÅ αAD = min

˙) p, � p � r , �

(∫ T

0

∫

V
σ(x,t) : ε̇p(x,t) dV dt

)

�&2 (
ε̇p,up � r,E

) �I���<�9�<�1� ! ��Å

∫ T

0
ε̇p(x,t) dt = �C� � � su(x) ∀ x ∈ V

½1Ô6Ô6Ô?� Ú ¾ �/Á

� � ε̇p(x,t) = 0 ∀ x ∈ V
��� ∀t

½1ÔIÔ6ÔF� Ú ¾ � Á

u(x) = E.x + up � r(x)
� �/�L�

up � r(x)
�����<�9����� � �J�O�<���

∂V
½1Ô6ÔIÔF� Ú ¾L��Á

∫ T

0

∫

V
σ(e)(x,t) : ε̇p(x,t) dV dt = 1

½1Ô6Ô6Ô?� Ú ¾L�CÁ

�&2
σ(e) �L�<�]�6�3�:���<�9� ! ���

P (e) � � ! �W�N�3�9�G� ! �L�3�6�B���<���2�����?�N�3�<�����<�9� ! �L�6�G�:���l�B�6�L�B�J�b��� � �C���<�9� ! ½1Ô6Ô6Ô?� Ú ¾L��Á
�����"�9� ! �

u(x) = up � r(x)
�  "! �L�6�O��� ! � � �9� ! � ! ���6�L�I� ! �L����� � ! ���6� � �9���^�[��� !#�1$��1! ��� � ������$ $ ��$

�5�1$ � � �5���m� � ��� ����$�� � � �1$�� �"� �C�L�/�L�uÅ
Æ �b��� ! ���<�B�9�

W
���9�6�<� �l�L�3���2�3�<�<� � �J���^� ! �'�C���O�2�n�L���:�:���9�^��� � �3�6�j�L�3�j�^�j�N� ! ���<�9� ! � ��· �L���<�V�M��Ò(�I� ! �

�6�3� · �3���6�A� ! ���6�L�I� ! �L�U���U�����6���<�2�����Ù���2�3�<�<� � �J�L�"�C���M�b���:�6���^� ! �'���2�3�<�<� � �J�L�A� � ���9�6�I� ! �W���g���<�:�6���6�
���A,'-RÐ/.IÊd» 0�×
0B�J�L���<�6�O� ! ���<�B�9�W�L�<�
���?¹ ! �9�W�L�3�j�^�O�<���:��Å

W =

∫ T

0

∫

V
σ0(x)

√
2

3
ε̇p(x,t) : ε̇p(x,t) dV dt

½1Ô6Ô6Ô?� ÚBÚ Á

:��U�N� ! ���<�9� ! � ��· �L���<�V�(�L�<�,��� ! �B�J�L���<�6�]�N�3�9�M¸=���b� ! � ! �:� ! � ���:�6�B�
Æ �9�L�,�L� ! �<�I��� ! �6�L� �K� ! � � �J���^� ! �G���L�G�L� ! �<�I��� ! �6�L�%�����������:�:�6�L� �K�6� ! �Z�C���
�L� ! �<�6�W�:� ! � ���:�6�L� �
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�b�21L� ! � ! �<�9���6���^� ! �G� ! ���:³��<� � �J�B�  "!
�I�(���6�&�l�B�6�
��� ! �G���
� ���9�����9�����9�L�X�L���������9� ! �6�����
�I�C���<�/�G���G�L�,�����6���<�2���������9�M¸°´�¸b�"�9�X���,�b�����2�3�<�<�9���:�6�%���X���
�b�²�3�J�#���I���<�9� ! � � �C�9�3�6� � ��� �:�R�L�<�G�I�3�:�:�9���:�6�A�C���
� ! � � � � �K��! � ��� �K$±! � �/� �C� � � �S�  ��� � ! �9���:�^� ! �<�9� !�! ���:�9�B�
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�<�9� !
X3

���[�������#�L�3�J�6�J�L�U���^�����6���<�2�����¤����� ���6�&���<�9���6�L�f�/�L�3�^���<�<� � �J�L�E���f�^�L� � ! � � �J�L�E���B?����6� ! �6�L� �
ÃX�C�3��� ! �m���L�j�������¤�L�3�J�6�J�L���L�<�j�<�������B�I�L�µ�������C���9�I�6�����^�L� ! �<�I� ! �6�B�(�6�L� ���L���<�:�/���^� ! � ! �3�6�L�

e1 ���
e2 �

���j�L�3���l�B�6�L�n��� � ! �����6���<�2���¯�J�3�^�3�/� ! �n�9�6�3�<�6�&�l�B�  "! ��� !�! �n�J� ! �E�9�µ�I� � �9� ��� Ô6Ô6Ô?�:¾j�9�L�j���B?����6� ! �6�L�

COUCHE 2

COUCHE 1

X1

X2

X3

e1

e2
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� ���I�3���6���<�9�6�<� � �J�L�G���L�,�������µ�L�3�J�I�J�L� ���9�L�8� ! ���9�L�L�,�6�������<�9�����6� 1 ��� 2 ���L�<�:� ! � ! �
�6�L� ���L���<�:�/���^� ! �
�9�L�=���6��¸
���<�9���6�L�[���L���L�3�J�I�J�L�

1
���

2
�XÃX�C� � �J������6���<�2���ª�L�6�^�������9���^� ! �n�<�������B�I�� � ���:�[�����d��³��l�3�<�J�L�6�L�����

�C���I���B�I�#���J�UÔ6Ô?�:¾B� Ú ����� � �J���:�9�L�,� ! � · �3���6�A�2�E���?¹ ! �:�<�9� ! ���`���3����� ! �W���)���2�3�<�<�9���:�6�A�9��� ���\½1Ô6Ô6Ô?�:¾�ÁF�
É ¹ ! ���A�l�3���/�3�:�
�^� ! ���
�9�L�%� ���9�����9�]� ! ���:³"�<� � �J���^� ! � ��� ! �6�3�:�:�9���:�6�O�9�O�<�<�I���<�V¹C�'�C���
�2�j���?�N�3�<�����<�9� !

���3���6�B�I�L�&��� � �J�µ½1Ô6Ô6Ô?� ÚBÛ ÁI���L� � �����L�3�<�6�L� �l� ! �m´U�<�I���:�6���,�9�O� �3�
n = 1

�J� ! �,�2�E���?¹ ! �:�<�9� ! ½1ÔIÔ6ÔF� � ÁX���
D

Å

E0
1 = (0, 0, 0, 2E12, 0, 0)

½1Ô6Ô6Ô?� ÚBÛ Á

:\��� ��· �L���<�V�X�L�6�G� ! �<���:�6�f�������3���:�J���%�9�L�
�L���������9� ! �6�]���O�I�C���<�/�O���9�M¸°´�¸b���9�
���f�������m���L�
�°³%�l�L�
���²� ! ���:³��6�L��Å
�b�����2�3�6�<�9���:�6�A���X�b�²�3�J�#���I���<�9� ! ���6�L� �l�L���<�:�/���^� ! � ! �3�6�L�

αE ���
αAD ��:��3�6�����%�2�W�6�L�I�J���6�6�J�W���L���L���������9� ! �6�

������ '  R#T�! 3UL"� +*� . N9R ')3UQ � . �OLOYZL  ��.�T  ' #  T #-!�#�NPT �VM�!�J-3�J-# .��*.  �� Y � +-��� !)3UN � .�LOYZM�!�.KT � . o N ' �ONPJ2�"��3 �"�VN�! � V NPL"� #  +-�
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 �<	 �����
 � �:	O� 
]	 �\� ��� �

� � � � �/�����3��� ���  ����� � � �K! ��� ���� �����
Ò��C���9�6�6�����

e1 = 0.1
�j�

e2 = 0.3
�j�

� � � � �/�����3��� ���  �����µ! �"� � $��� �����

`�������9�A�����\�3� ! �

EY,1 = 210000

 $S�

EY,2 = 120000

 $S�

Ã����������9� ! �%����$��3�9�6�I� !
ν1 = 0.3 ν2 = 0.27:��:�j�:�6�W�������2�3�<�<�9���:�6�

σ1
0 = 180


 $S�
σ2

0 = 80

 $S�

)� �K¼"× �lÍ#Ô6Ô6Ô?�:¾ Æ � -34<-/;L.=D?4?02+�.101@L>�*F+E)�*F+O)�*?>BP;6H3>�;.-�*F+j)�*WTj-/.=D?4F0N-3>

���Ù�6�C���<�/�B�,� ! ���6� � �9���^� �����&���<�:�j�9�I���<�9� ! �����L���V¹ � �J�Ù�L�<�È�3�6�6�����9�i´d�6�C�3��� ! ���L�n�=³����L�È���²� ! ���:³��6�L� �
:�����B?����6� ! �L�3���<� ! ��� �C���9��� ! �<�6�^�9�L�W������� ���6� � �9���^�L� � �J� ! �3�J�O�����6� ! �U´µ�<�I���:�6���W�9���(�L�<�]�2��<���:�B� ! �6�uÅ
���J��� ! �,�L� ! �<�I��� ! �6�,�6�L�<�9���J���:�9� ! �8�I���I�G�L� ! �6�9�����6�L�,�J� ! �u�9�=���6� � �9���^�,�����&���<�:�j�9�I���<�9� ! ���3���u�2�%�6�L�I�J���6�6�J�
���È�L�"�������9� ! �G���A�6�C���<�/�

αE � $S���
�L� ! �<�6�B�
�l�3���8�9�L�,�������µ�°³%�l�L�,���²� ! ���:³��6�L� ���9�W�I�C���<�/���^� ! �]�?���6���<�9�����
� � �6���<�/���I�E�9�L�8�B���<�2���<�9� ! �
�<���:�B� ! �6�L��Å

µ− 2E0
12 ≤ 2E12 ≤ µ+ 2E0

12

½1Ô6Ô6Ô?� Ú�� Á

���3���,���L�8�B���9�����6�,���
µ− ���

µ+ �6�L� ���L���<�:�/���^� ! �,¹����L�L�,´
0
���

1
�
:��E���3� � �9�A� ! �������:�:�6��½1ÔIÔ6ÔF� Ú�� Á(�<�I�3�����:�

�2�`�����L���V¹C���:�6�n���n�2�m�<�J�L�3�<�9����[�b�²�3�J�#���I���<�9� ! Å\�L� ! �<�9�����6���^���L�j�6�C���<�/���^� ! �6�^�B���<�2� � �9�L�E�����9� � �3� ! �L� �
� ���L���V¹C���:�6� � ���R�L�<�
���6� ! ���J�E���`� �3�G���W�b�����2�3�<�<�9���:�6�µ½5�/�3�:�G�9�)�C���I���B�I�#���J�EÔ6ÔIÔF� " � Û �l�3���G���L�%�?�����:�9� ���<�9� ! �
�L�3�����9���^� ! �I���:�6�L�FÁ?��ÂA� ! �
�L�A� �3� ���9�W���3����� ! �

D
�L�6�,��� ! �W���?¹ ! � �C����Å

D =
{
Eij

� � � � µ− 2E0
12 ≤ 2E12 ≤ µ+ 2E0

12, Eij = 0
�l�3���8�9�L�
�����<�6�L�
�L�3���l�B�I� ! �6�L� } ½1Ô6Ô6Ô?� Ú#" Á

�B�B�����S�.- �u«=©±�X °«�Ff�¡�¦/«b��¥ /\� �\§/� �X U�K©ª£ �\¡l§ £��u�X b��«N¦B¡�¦B«=��¥ /\£C¬ «=¥�l¡l§�«b¡�¥Ãf�£K¬ ©ª¡�¦ ���
§�«=£C = =£C¬
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up � r : x3 ∈ [ 0; e ] 7→ up � r(x3)
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�%�l�3���8�2� � �J���:�9� x3 ∈ [ 0,e1 ]

�����8�2�O�B���9�����
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� � ���9�I�6� ! ��´]�2�A�^Ç��^�G�L� ! �/� ! �<�9� ! ��� � ! ���9�L�
���E�6� ! �U�9�L�E���B?����6� ! �6�E�L���������9� ! �6�^���¤�6� ! �6�����E�������2�3�<�<�9���:�6�

d
�J� ! �E�6�C�3��� ! ����L�E������� �L�3�J�I�J�L� � � ���

�����L���<�:�
�6�3�J�,�I�f�N�3�<�^�A�����<�<�9���9���:�9�uÅ

d =




di
1 di

2 di
2 0 0 0

di
2 di

1 di
2 0 0 0

di
2 di

2 di
1 0 0 0

0 0 0 di
3 0 0

0 0 0 0 di
3 0

0 0 0 0 0 di
3
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� �/�L�uÅ

di
1 =

EY,i(1 − νi)

(1 + νi)(1 − 2νi)
, di

2 =
EY,iνi

(1 + νi)(1 − 2νi)

���
di
3 =

EY,i

2(1 + νi)

½1Ô6Ô6Ô?� Û#" Á

Ã��]� ���9�����l�^���8��� ! �]� ! �:���j�9���6�%�9�
�N���:� � �J�
�9�L���L�3���l�B�I� ! �6�L�8���
σ(e) � ��� ! �G�6� ! �=�C�3���L� ! �6�I� ! �6�L�,�<���

�2���L���:�:���9�O��� � �3�6�B���6�L�<�6� ! �G�6�3���%���A�^Ç��^�B�K���È�N���:�%���A�b� �J�3�^�3�/� ! ���:�6�E���W�6�C� � �J�f�L�3�J�I�J�B�K�L� ! �6�I� ! �6�L�
�C���G�L�3�J�6�J�B�

�����	������
�� � �O� � ���3� �/����� �R��� ���K$�� � � �1$�� ���^������� � ��� �����"�
:��L�<���6�&���<�9���6�L�W���Ù�6�C�����i���E�L� ! �<�I��� ! �6�L�f�6�3�I���

σ
���A���Ù�6�C�����i���j�L� ! �<�I��� ! �6�L�A�����6���^� ! �O���2�3�M¸

�<� � �J�L� σ(e) �6�
�6�������6�����6� ! �
���9�3�6���6���X�9�L���L� ! �<�I��� ! �6�L�8�6�L�<�9���J���:�9�L� ��Ò ! � ?���� ���2�f���L�L�3�����B�6�:�<�9� ! ��� � �3�6�
���W�b�²�3�J�#���I���<�9� ! Å

σ(x3,t) = σ(e)(x3,t) + ρ(x3)
½1ÔIÔ6ÔF� Û�� Á

�3�I�6�"���9�L�A���µ�b���:� � �J�%�9�L���L�3���l�B�I� ! �6�L�
σi3

���
σ

(e)
i3

�I� ! �,�L� ! �<�I� ! �6�L�8�<�����2�f�L���:�:���9�]��� � �3�6�>�l���<�^���<�6� ! �
����� ! � ! �L���U� ! �����6���j�9���6�µ�L� ! ���:�J�<�9� ! Å��9�L�f�L�3�����B�F� ! �6�L�

ρi3
�6� ! �f�L� ! �<�I� ! �6�L�E�<���A�2��L���:�:���9�[��� � �3�6�B�

ÂE�²�����<�6� �C���<� �G�L³�� ! �`�^� ! �<�6� � �J�¶�9�L�È�L�3���l�B�I� ! �6�L�
σ

(e)
11

�
σ

(e)
22

���
σ

(e)
12

���L�È�L� ! �<�I��� ! �6�L� �����6���^� ! �
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 �<	 �����
 � �:	O� 
]	 �\� ��� �

���2�3�<�<� � �J�L�E�6� ! �U�L� ! �6�I� ! �6�L� �C���U�L�3�J�I�J�B�S� ! �<�����l�B�6� � ��� �:��� ! �L�<�E���^�^Ç��^� �l�3���O�9�L�U�L�3�����B�F� ! �6�L�
� � ���:�B���9� ! �6�L�G���

ρ
Å
ρ11

�
ρ22

���
ρ12

� $R�3���
�6�L�<���^��� �C� ! �E��� ! �uÅ

{
ρi3

�L� ! �<�I� ! �6�L�%�<���
V
���3���

i = 1,2,3

ραβ
�L� ! �<�I� ! �6�L�;�C���
�L�3�J�6�J�'���3���

(α,β) ∈ (1,2)2
½1Ô6Ô6Ô?� Û�� Á
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 "! �#���l�3�<�6�j�9��� � �J��� � �J�L�)���6�L���9�<�9� ! �f��� ! �3�I���<�9� ! � ! �L�L�L�I�I���:�6�L�A�9�3�6�W���L�A�6�L�I�3�:���<�9� ! �f� ! ���:³��<� � �J�L�
���6�L�6� ! �6�L�L�
����L�3���6�8���L�8������� �C���I���B�I�#���J�L�,�<���:�B� ! �6� � :��]�6�C���<�/���^� ! �

2E12
�B���<�2� ! �,� ! �<�6�]�9�L� � �3� ! �L�

���6�L�6���<�:�6�L�(�C���f½1ÔIÔ6ÔF� Ú#" ÁI���9�L�8�B���<�2� � �9�L�,���L���<�:�B� ! �G�9�L�Z���6� � �9���^�L�
�<�I���:�6�L��Å
Æ �9�L�,�I�C�����J�

σ
���

σ(e) �l�3���8�b�²�#�����6�"�I�J�O�<�I���<� � �J�B�
Æ �9�L�,�I�C�����J�

σ(e) � ε̇
���

u
���3���,�b�²�#�����6���6�J�f��� ! �������<� � �J�B�

������� ! ��� ! �����9�3�6�\�:�����:�9���:�6���^� ! �8���^�6�����J� �"�B���L�<�M¸°´�¸=���:�6�
���L�X���B?l���6� ! �6�L�\�B���9�����6� ���<�9�I�L���C���
2E12

� ! �<�6�
µ− 2E0

12

���
µ+ 2E0

12

��Â%�\�^Ç��^�B���9�L���L�3���l�B�I� ! �6�L�S���L�S�L� ! �<�I��� ! �6�L�u���I� ! �u�6�3�:�R�L� ! �<�I� ! �6�L�u�<�����2�
�L���:�:���9�
��� � �3�6�B�J�6�3�:�,�L� ! �6�I� ! �6�L�"�C���
�L�3�J�6�J�B�K���:�9�L� ! �)���6� !�! � ! �%���È�������:�O��� � �J�W��������B���9�����6�,���B?����6� ! �6�L�
�9�3�6� � �J� x3

���L���<�:�
[ 0; e ]

� É ¹ ! ���f�����6���<�2���:�9�I���O�L�L�]������� ! �J� ! �L�L�A�6�����l�3�6���:�9�j���A� �C���<�2���9�B�l� ! ���<�:�:�9�6�
�6�L� ���L���<�:�/���^� ! � � �J��� � �J�A�6�3�:�8�9�A�=³��l�A���²� ! ���:³��6�[½1���2�3�<�<�9���:�6�W�3�`�3�J�#���I���<�9� ! Á�Å

Æ �9�L� F�H305'C.5+W)�*W;.-�-34�/"* ��� · ´O���/� � �J�L�����E�C���I���B�I�#���J�AÔ?�:¾B� " �²�����<�I�3�����9�I� ! �8� ! �%���9�6���6���<�9�I���<�9� ! � � ���
�6�����J� �lÃ��L�(�l�3� ! �6�%�6� ! � ! �L�L�L�6�I���:�6�L�G´j�2�j�<�J�L�3�<�9�O���O�b�²�3�J�#���I���<�9� ! � ! �/���<�<�`���m�<�J�L�3�6���^�µ½1ÔF�:¾�Á
��� � -R×JÐ�»5Î ×JØ��^¼�×J»���×��R� � ���\� ! � ! �L� � �J���l�3���U�3�6�<���6���O�b�²�3�J�#���I���<�9� ! ���j�2�È�L���:�:���9����� � �3�6�
Æ � ���b��� ! �9�%�I�#���l���:�9�B���L�<���L� ! �<�9�����6�L�A�L�3�j�^�]� ! �]�j�9���6�B�<�<�<�J���<���6� Æ �J� ! ���6�3�����9�]���3����� ! �

D
���:�

�<���^�8���%�b�²�3�6�<���6���V���3���8���L���<�I� · ���6�8���G�I�C���<�/���^� ! �6�(�C�3�I�I� ! �=�C�����9�L���6�3�j�^���6�8���G�L�]���3����� ! �B�
�B���L�<�M¸°´�¸=���:�6� �l�3���E�9�L�j�<� ! �B�9���6� ! � {µ− 2E0

12}
��� {µ+ 2E0

12}
��:��L�j�L� ! �<�I��� ! �6�L�µ�����&���<�:�j�9�I���<�9� !

���3�:�/� ! �%��� ! �WÇ��<�6�A�/���<�V¹C�L�L�;���3���,�9�L�,� ! �<�I� ! �6�
tj
���6���9� � �J�uÅ

P(tj) = Pj j = 1..2n ½1Ô6Ô6Ô?� ÛB� Á

ÂA� ! � ! �3�<�6�`���<�J���B�
n

�L�<�^¹����m´
1
�����9� � �J��9�`���3����� ! �

D
�6��<�6�3���/�m�6�L�<�<�6��� ! ���� �6���B�^� ! �

[ µ− 2E0
12, µ+ 2E0

12 ]
�
:�� ! �3� � �6�O���<�l�3� ! �6�
���A�I�C���<�/�f´E�L� ! �<�9�����6���%�L�<�,��� ! �W���

2
Å

{
P1 = µ− 2E0

12 = 0

P2 = µ+ 2E0
12 = 2E0

12

½1Ô6Ô6Ô?� Û ¿/Á

$S���X� ! ���9�3�B�9�B�3�2�G�<�I� ! � ���B�6�:�<�9� ! �����L���<�J�L�3�6���^�,���j� �3�u�����b�����<�J���8���2�3�<�<� � �J�V�����<�^���(�����L� ! ���:���6�
� �J�3���3���W�3�6�<���6���]�9�j�L�3���l�3�<�6���^� ! �U���2�3�<�<� � �J�E���E�2�µ�L���:�:���9�^��� � �3�6�3�l�3���]�6�3���6�j���?�1�3�<�����<�9� !
���3���6�B�6�L�&��� � �J�f�L�3�����<�9�I�O� ! �<�6�

µ− 2E0
12

���
µ+ 2E0

12

���:���<���^�%���A�b�²�3�6�<���6���"���3���,�9�L� F�H305'C.5+f)�*
;.-�-B4�/�* ! �3�6�L�

Pj , j = 1..2n �
Æ �b� � ! ���9�L�A�<���l���<�9����� i ���6���l���I� ! �,�I�C�3��� ! �W���L�8�������µ�L�3�J�I�J�L�,�6���9� ! �2�U�L� ! �/� ! �<�9� ! �<���:�B� ! �6�uÅ

i = 1�J� ! �,�2�E�L�3�J�I�J�
1
���

i = 2
�J� ! �,�9�A�L�3�J�6�J�

2
�
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 "! �I�J�3�9�<�:�,��� ! �A���%�<�I�L�B���:�:�9���G�L�/�L�]�9�L� ! �3�I���<�9� ! �
�<���:�3� ! �6�L��Å �l�3�����6�3���
2E12

�3���<�2� ! �,� ! �<�6�
µ− 2E0

12���
µ+ 2E0

12

���(�l�3���8�6�3���
x3

�B���<�2� ! �
�J� ! �
[ 0; e ]

�J� !4! �3�6�uÅ




σ(x3,tj) ≡ σi(Pj)
���3���

j = 1..2n ���Z�l�3���
i = 1,2

σ(e)(x3,tj) ≡ σ(e)i(Pj)
�l�3���

j = 1..2n ���Z���3���
i = 1,2

ε̇p(x3,tj) ≡ ε̇pi
(Pj)

�l�3���
j = 1..2n ���(�l�3���

i = 1,2

ρ(x3) ≡ ρi �l�3���
i = 1,2

½1Ô6Ô6Ô?� � À/Á

:��L�(�B���<�2���<�9� ! �\�L� ! �<� ! �J�L�X���I� ! � � �C���\�L�L� ! �3�I���<�9� ! ���B�I���^� ! �L�L�X´A���L�(�3���<�2���<�9� ! �(���9�I���6���6�L� �/� ! �6�L���?¹ ! �:�
�9�L�u�I�3�j�^�L�R�L� ! �<� ! �J�L� �C���S���L�S�6�3�j�^�L�u���9�I���6���6�L� �B��¹ ! ���V�l�3���/�3�:�S�^� ! ���R�9�L�u� ���9�����9�(� ! ���:³��<� � �J���^� ! � �
* �3�9� ! �G��� ! �]�N� ! ���<�9� ! �

f
���

g
�L� ! �<�I� ! �6�L�;�C���
�L�3�J�6�J�W���G���?¹ ! �9�L�(�C����Å

f : t ∈ � 7→ f(t)

g : x3 ∈ [ 0,e ] 7→ g(x3)

½1Ô6Ô6Ô?� � ¾�Á

 "! �j���9�3�6��Å
∫ T

0
f(t) dt =

2n∑

j=1

f(Pj)

∫

V
g(x3) dx3 =

2∑

i=1

eigi

½1Ô6Ô6Ô?� ��Ú Á

ÂA� ! �
�9�A� �3�8�/� ! ���I������� � ! �]�N� ! ���<�9� !
h
���L� ! �6�I� ! �6�A�C���G�L�3�J�6�J�O���,���?¹ ! �9�'�C����Å

h : (x3,t) ∈ [ 0,e ]x � 7→ h(x3,t)
½1Ô6ÔIÔF� ��Û Á

� ���V�������UÇ��<�6�B�X�l�3���f��� !�! ���U� ! �?���������9�µ�6�j�I�#���l�3�<�I� ! �^´ ! �3�<�6�µ���<�J���B�R�2� �����9�6�I� ! �L�µ���9�6�<� �l�L���C���
� ! �:�6�O���A�/�3�:���^�B�J� ! �j���9�3�6��Å

∫ T

0

∫

V
h(x3,t) dx3 dt =

2n∑

j=1

2∑

i=1

eihi(Pj)
½1ÔIÔ6ÔF� �B� Á

�B�B�"���S�� �¶�\�X§/�
f�¨\£d¬�¦B¡�¦/«98S�(£ �8���(§Ù�\¥\£¯¬��� = =«Zf�«N¦B¡�¦/«b��¥ £C¥ f�«°¬�¡l«° = =£C©±£C¥�¦µ���(§
:(���?� ���9�3�:�I���<�9� ! ���L�n� ! �B���<�2� ! �L�L�È�����6���<�9���:�9�L�`��� ���6� � �9���^� Û Â ! �3�J� �l���<�^���<�6� ! �`��� ���B�6������L�

���6� � �9���^�L�f�����&���<�:�j�9�I���<�9� ! �<�:�����:�V¹C�L����� ! �L�j�I� ! � � ��� �:�9�<�l�����/� ! �OÇ��<�6�E�6�L�6�3�:�J�W� ! ���:³��<� � �J���^� ! � ����¹ !
���f�6�L�6�3�J���6�f�9�L�;���6� � �9���^�L�A�����`���I���6�G�:�:�j�:�6�L�]�L�3�<�6�L� �l� ! �J� ! �6� �  "! ���<�:�:�9�I�B�K�J� ! �G� ! ���6���j�9���%�6�����J� �
�b�²�#�����6���6�J�E�<�I���<� � �J� ���3���
�1�3�<�f���9���G�9�L�%�L�3�����2���/�L�W´j�b���3�<�:�B� ! �U���f�L�L�"���6� � �9���^�L�]�����&���<�:�j�9�I���<�9� ! � � ���
�������9� !�! � ! �]���9�3�6�
���L�Z���6� � �9���^�L�%���]�������:�j�9�I���<�9� ! �

�����	������� ��� �W� � � ����!i�"� ���g! � ���1!#�5� � ��� �K$
Ã��3�j�^�>���6�L���9�6�;�C���A½1Ô6Ô6Ô?� ÚBÛ ÁF���9�%�6�C���<�/���^� ! �,�:���l�B�6�G�L�6�X� ! �9���:�^� ! �<�9� !�! ��� �����9� � �J�%�6�����9�G�2�O�L�3�E¸

�l�B�I� ! �6�
2E12

���%�2�E���?�1�3�<�����<�9� ! ���3���6�B�6�L�&��� � �J�]�:���l�B�6�L�A�L�<� ! � ! ! ���:�9�B��Ò ! � � �6���<�B� ! �8�2�E�<�<�<�J���<���6�
�����2�]�I�3�:���<�9� ! �����6���^� ! �����2�3�<�<� � �J�W½1ÔIÔ6ÔF� ÛBÛ ÁI�B� ! �L� ! �<�I���6� � �J���L���=³����8���8���?�N�3�<�����<�9� ! ���3���6�B�6�L�&��� � �J�
� ! �����:�G� ! �6�C�����g���A�L� ! �<�I��� ! �6�L�

σ(e) � �����L�6�,�������9���^� ! �
� ! �9���:�^� ! �6�9� !�! ���b�  "! �E� ! � ?�����Å

* ���6�����9�
2E12 6= 0,

���9�3�6�
σ(e)i =

(
0, 0, 0, σ

(e)
12

i
, 0, 0

) �L�/�L�
σ

(e)
12

i
= 2E12d

i
3
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$R���%�L� ! �6� � �J� ! �L�B�J�9�A�6�C�����`���O�L� ! �<�I��� ! �6�L�G�6�L�<�9���J���:�9�L�
ρ

�L�<�,�������9���^� ! �%�6�J���6�6�J�U�6�3�J�8�2�f�N�3�<�^�

ρi =
(
0, 0, 0, ρi

12,0, 0
) ½1Ô6Ô6Ô?� � � Á

* ���%�2� � �3�6�E���L�]� � �C���<�9� ! �^½1Ô6Ô6Ô?� � " Á8���^½1Ô6Ô6Ô?� � � ÁF�C�9�L�<���6� � �9���^�L�A���U�������:�j�9�I���<�9� ! �3�6�6�����9�L�A�����`�������
�=³����L�����²� ! ���:³��6�L�V�������/� ! �,�6�,�^���<�<�6�A�6�3�J�X�2�O�1�3�<�^�G�/� ! ���I���9�

P max �"�&2n�b��� ! ! �3�6�
αc �9�G�L���������9� ! �,���

�6�C���<�/�B� � ��� �l�����
Ç��<�6�]�9�W�L���������9� ! �G�������2�3�6�<�9���:�6�W�3�m���²�3�J�#���I���<�9� ! Å

Pmax Å *��6�3���/���
αc �6��� � �J�uÅ αc = max
 ,α

(α)
�&2

ρ
�F���<�9�M�N���:��Å

F
(

α σ
(e)
12

i
(Pj) + ρi

12, σi
0

)
≤ 0 ∀ i = 1,2

��� ∀j = 1..2n ½1Ô6Ô6Ô?� � � �/Á

P (r) ½1Ô6Ô6Ô?� � � � Á

�I�3�6�C� ! � � �J�]�b��� ! �6��� � �9�f���L�,�L� ! �<�I��� ! �6�L�G�6�L�6�9���J���:�9�L�
ρi �6�3�:���<�9� ! ���

P (r) �I���<�9�M�b���:��Å

• ρi = 0
�l�3���G�6�3���

i = 1,2
���6���b��� ! ���<�J���9�O�2���6�L�<�9�<�I� ! �L�U���9�M¸°´�¸b���9�G���f�b�����2�3�<�<�9���:�6�B�/���3���%�2� � �J���:�9�

���J��� ! �O�L� ! �<�I��� ! �6�f�6�L�<�9���J���:�9� ! �A�6�A�����/���9�&���l�O�J� ! �,�2�j�L���:�:���9�W��� � �3�6�B�

• �9�]�<³��6�6���^�
����� � �C���<�9� ! �W½1Ô6Ô6Ô?� ��� ÁS�9�3�6� � �J�
�b��� ! �<�I� �3���:�:�9�%���9�M¸°´�¸b�"�9�����%�2�W�<�J�L�3�<�9�]���G�b�²�3�J�#���I���<�9� ! Å

ρi
k3,3 = 0 ∀ i = 1,2

��� ∀ k = 1,2,3
½1Ô6Ô6Ô?� ��� �/Á

ρ1
k3(0) = ρ2

k3(e) ∀ k = 1,2,3
½1Ô6Ô6Ô?� ��� � Á

�&2^�b���������:�:�6�U½1Ô6Ô6Ô?� ��� � Á��L�6�u�9�6�<�J�8���8�2�%�b�²� ! �<�V¸U�����<�9�����9���:�6�G���
ρ.n

�<���u�9� � �3�6�j���8�2�]�L���:�:���9�G��� � �3�6�
∂V = {0; e} �(Ã��[�<³��6�6���^� ! ���6���I�m�L����� ! �J� ! � �C�3�O���<�:�9�[�J� ! � ! �3�<�6�[���<�J��� �����9� � �J���6�����9���9�L�
�L�3���l�B�I� ! �6�L�

ρi
12

�I� ! �W�<�����l�B�6�L�L� ! � ! ! ���:�9�L� � � ���L� � ��� ! �f�6���I���:�)�C�3�%�9�E� �3�A�<�R�b��� ! �:�����B�I���:� �
�C���
�?���������9�B���2�j���?�N�3�<�����<�9� ! ���3���6�B�6�L�&��� � �J� E0

1 = (0, 0, 0, 0, 0, 2E13)
�

� 	�� � ���
	 	 �����	��
 "! ���3���<�I���:�
�6�L�6�J���6�6�J���%�9�A�6�C�����g���A�L� ! �<�I��� ! �6�L�G�6�L�6�9���J���:�9�L�
�6�3�J�8�2�f�N�3�<�^�)���:�J�8�/� ! ���I���9�uÅ

ρi =
(
ρi
11, ρi

22, ρi
33, ρi

12, ρi
23, ρi

13

) ½1Ô6Ô6Ô?� � ¿/Á

 "! �^� ! �<�6���I���:�S���9�3�6� � �J�S�2���6�3�:���<�9� ! ���A���6� � �9���^�
P max �L� ! �����:�S´ ! �(�L� ! �<�9�����6��� � �J�S�2���N�3�<�^�,½1Ô6Ô6Ô?� � � ÁF�

❏

�����	����������� � ��� ���3!#�1$ � ������$ �R��� ������� ���5�"$�� ���R� ��� � �	�C�
É ¹ ! ���n�6�L�6�3�J���6�

Pmax �u� ! �?� ���:�9���:�6��6�3�������²� � �3�6�¯�9�L�^�L� ! �<�I��� ! �6�L�n��� � ! �������:�:�6�L�g½1ÔIÔ6ÔF� � � �/ÁF��:��
���<�:�6���6�W���A,'-RÐ/.IÊ¤»10�× 0W�L�<�,��� !�! �L�A�C���,�b���?�����6�L�I�<�9� ! �/� ! ���I���9�uÅ

F(σ) = σ2
11 + σ2

22 + σ2
33 − σ11σ22 − σ22σ33 − σ11σ33 + 3 σ2

12 + 3 σ2
23 + 3 σ2

13 − σ2
0
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� ���b�J�L�3�����6�?¸b�6� ! �g��� �C���I���B�I�#���J�'���6�L�L�L��� ! � �������"�9� ! �
�J� ! � ! �3�<�6�W� �3��Å

F
(

α σ
(e)
12

i
(Pj) + ρi

12, σi
0

)
= 3

(
α σ

(e)
12

i
(Pj) + ρi

12

)2

−
(
σi

0

)2 ½1Ô6Ô6Ô?� " ¾�Á

:��L�
�L� ! �<�I��� ! �6�L�]��� � ! �������:�:�6�L�;�l�B�6�6�L��� ! �
��� ! �A� ! �W�?� ���6�L�6�<�9� ! ���B?����6� ! �6�'�C���
�L�3�J�6�J�f���Z�C���(�l�3� ! �G���
�I�C���<�/�uÅ

− σi
0√
3
≤ α σ

(e)
12

i
(Pj) + ρi

12 ≤ σi
0√
3

∀ i = 1,2
��� ∀ j = 1..2n ½1Ô6Ô6Ô?� "BÚ Á

Ã%���L�6�
� ! �<�I�L�B���:�:�2� ! �%�<���,�L���<�6�W�?� ���6�L�6�<�9� ! � �J�]�9�L�,�L���������9� ! �6�
αE ���

αAD �6� ! �
�����6���<�j� ! �L���

� D 4MH%G?7
��T^*E) � D?7:-�+�.101;�01.=D �S)"D�.=*?4?TU05'K-B.10NH3'Ù)�*
αE

Ò(�3���:�J���8�9�%�L�"�������9� ! �,���]�6�C���<�/�
αE ���6��� � �J� αE 2E12

�6�3�:��� ! �6�C���<�/���^� ! �G�<�������3�<�I� � �9�%���9�M¸°´�¸b���9�����
�b�����2�3�6�<�9���:�6�3���3���]�6�3���6�E�B���9�����]���

αE 2E12
�L�3�����<�9�6�E� ! �<�6�

αE µ− 2E0
12

���
αE µ+ 2E0

12

�K�6�����9� ! �O´
�����6���<�j� ! ���8�9�
�������:�f���a���L�X�L���������9� ! �6�=�l�B�<�:�<�V�N�\�6��� � �J�G�9�L�X���<�:�6���6�L�����>,'-�Ð .6Êd»10�×
0E½1ÔIÔ6ÔF� " ¾�Áu�6�3�9� ! �
�F���<�9�M�N���:�6�]� ! �6�C� � �J�E�L�3�J�6�J�j���>���3���]�6�C� � �J�3�l�3� ! �A���f�I�C���<�/�B��Â]�O�2�µ���?¹ ! �:�<�9� ! ½1Ô6Ô6Ô?� Û ¿/Á8���L�>�l�3� ! �6�
���U�6�C���<�/�B��� ! ���L�����:�
�9�L�G�3���9�����6�%���L�G�L� ! �<�I��� ! �6�L�<�����6���^� ! �]���2�3�6�<� � �J�L� σ

(e)
12

i
(Pj)

�J� ! �%�6�C�3��� ! �E���L�
�������È�L�3�J�I�J�L��Å





σ
(e)
12

i
(P1) = 0 ∗ di

3 = 0

σ
(e)
12

i
(P2) = 2E0

12d
i
3
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:��)���6� � �9���^�O���]�������:�j�9�I���<�9� ! �������9� ! �%���9�3�6��Å

Pmax,E Å�*��6�3���/���
αe �6��� � �J�uÅ αE = max

α
(α)

�F���<�9�M�N���9�F� ! ��Å

α > 0
½1Ô6ÔIÔF� "�� �/Á

− σi
0√
3
≤ 0 α ≤ σi

0√
3

i = 1,2
½1Ô6Ô6Ô?� "�� � Á

− σi
0√
3
≤ 2E0

12d
i
3 α ≤ σi

0√
3

i = 1,2
½1Ô6Ô6Ô?� "�� ��Á

�&2U�9�L�R� � �C���<�9� ! ��½1Ô6Ô6Ô?� "�� � Áu½5�6�L� �l�L���<�:�/���^� ! �
½1Ô6ÔIÔF� "�� ��ÁZÁ��I� ! ���9�L�R�?� ���6�L�6�<�9� ! �R���U���<�:�6���6����� ,'-RÐ/.IÊd» 0�×
0
�J� ! �
�9�L�,�L�3�J�6�J�L�

1
���

2
�l�3���,�9�<���3� ! �
���W�I�C���<�/�

P1
½5�6�L� ���L���<�:�/���^� ! �

P2
Á?�  "! �l�B�6�uÅ

si =
σi

0√
3 2E0

12 di
3

½1Ô6Ô6Ô?� "#" Á

Ã��3�����6�?¸b�6� ! �¯���L�A�3���9�����6� ! ���^���<� � �J�L�f��� !�! �L�L�U�J� ! �W�9�^�I� � �9� ���ª½1Ô6Ô6Ô?�:¾�ÁF���9�^�L���������9� ! �
s2 �L�<�W��� ! �

�b� � ! � � �J�8�L���������9� ! �\�I���<�9�<�N���9�I� ! �u�6�3���6�L�S�9�L�u�L� ! ���:�<�9� ! � �/�L� � �����:�����:� � �J� � �J�X�2�]�L�3�J�I�J�
2
�L�<�S�2�G�L�3�J�I�J�

�:�:�j�:�I� ! �6�O���9�M¸°´�¸b���9�8���A�b�����2�3�<�<�9���:�6�B�  "! �f¹ ! ���9���^� ! ��Å

αE =
σ2

0√
3 2E0

12 d2
3
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αAD

:������6� � �9���^�����²�3�J�#���I���<�9� ! ���I� ! �U���?¹ ! � �C���W�9�L�W�^Ç��^�L�O�B���<�2���<�9� ! �O���
2E12

� �J�E�9�����6� � �9���^�����2�3�M¸
�<� � �J�B��� ! ���6���L�L���f���O�^Ç��^�'�l�3���
�9�O�6�L�6�3�J���6�B�  "! �L� ! �<�9�����6�U��� ! �O�9�L�G�^Ç��^�L�>���3� ! �6�G���f�6�C���<�/�

P1���
P2
( �C���W�L� ! �<�6�B���b�²�3�J�#���I���<�9� ! �6���9���B� ! �W���E�2� ���2�3�<�<�9���:�6�B���:�(�L�<� ! �L�L�L�6�I���:�6�^���3���6� ! ���6�j� ! �L�3�����6�

�9�L�,�L� ! �<�I��� ! �6�L�G�6�L�6�9���J���:�9�L�
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���<�:�6���6�L�
���A,'-RÐ/.IÊd» 0�×
0B�

Pmax,AD Å�*��6�3���/���
αAD �6��� � �J�uÅ αAD = max

ρi
12,α

(α)
�&2 (

ρi
12,α

) �I���<�9�M�N� ! ��Å

α > 0
½1ÔIÔ6ÔF� "�� �/Á

− σi
0√
3
≤ ρi

12 ≤ σi
0√
3

i = 1,2
½1Ô6ÔIÔF� "�� � Á

− σi
0√
3
≤ α 2E0

12d
i
3 + ρi

12 ≤ σi
0√
3

i = 1,2
½1Ô6ÔIÔF� "�� ��Á

 "! �6�����6�L�6� ! �6�^�6���%�2�[¹J�B���6�jÔIÔ6ÔF�:¾B¾B�K�b��� ! �6��� � �9�^���L�W�L���������9� ! �6�O�F���<�9�M�N���9�F� ! �]�9�L�W�L� ! �<�I��� ! �6�L�O�����&���<�V¸
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i
��$��3���
�I�C� � �J�O�L�3�J�6�J�B�C� ! ���L�����:�
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α

α
αAD,i

ρi
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σ1
0√
3

− σ1
0√
3

αAD,1αAD,2

+∞
0
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�L� ! �<�I��� ! �6�L��Å

αAD,i =
2 σi

0√
3 2E0
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i
3

= 2 si �&2
si �L�<�,���?¹ ! � �C���U½1Ô6Ô6Ô?� "#" Á ½1Ô6Ô6Ô?� "B� Á

Ó
�L�<�6�W� ! �6���:�6�f´E�6�L�I�J���6�6�J���]�2�^�L�3�J�I�J�O�:�:�j�:�I� ! �6�U��¹ ! ����� ! ���L�����:�6�
αAD �J�L� � ���b�J�L�3�����6�?¸b�6� ! �Ù���A�2�

�6���2���<�9� ! �����3�6���6�W� ! �<�6�
s1 ���

s2 �J��� !�! �uÅ

αAD = min
(
αAD,1,αAD,2

)
= min
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2 s1,2 s2

)
= 2 s2 ½1Ô6Ô6Ô?� " ¿/Á

 "! �f¹ ! ���9���^� ! ��Å

αAD = 2 αE =
2σ2

0√
3 2E0
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〉
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eiσ
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m = 0
qVY_�d�uog~[&qsrtVYn�_�[ba�i~[�_�a�i~[Lq[bdPabV�[�«}a�c[�nok�d�m�[ a�ijeh_l��[��3cd+µ°Ê#µs��cdPm�[¦qsrzehnjehq$¬�d�[ q$c$XZc$k�[�x

�TrzeYdl]%[ba�k¦�Yeh_lc�eh��q[�m�[bd¦a�ijeh_l��[�X\[�n3k�d&kl_�eYm�g�cd�ehn3k q[�g�_¦m�`�]%[�n~m~ehn~ab[Ik�[�XZ]0VY_�[�q$q[�|%qsrt[�n~d�[�X���q[ZË_�[�µ
]�_�`bd�[�nok�[Z[�n�ab[Ld�[�n~dNg�n~[�m�cd�a�_�`�klcd�ehklcVYn�k�[�XZ]%VY_�[�q$q[�m�g»m�VYX}ehc$n~[

D
x0³@eh_&abVYn~d�`bu3g~[�nok�|0k�VYg�k�[�d�VYXZX\[

abVYnoklc$nog~[,m�[���c[�nokIg�n~["d�VYXZX\[}m�cd�a�_���k�[´m�`�§~n�c[}]jeh_,v�w½¯�x � {¦]%VYg�_�k�VYg�kIk�[�XZ]~d
T > 0

[�k�]%VYg�_�k�VYg�k�[



�X� y � ')���0
s�����¦��������
�b���������
	����E���Y!,���l
�����L�����¦�b�������¶��*����

�-VYn~a�klcVYn
f : t ∈ � 7→ f(t)

±
∫ T

0
f(t) dt =

2m∑

j=1

f(Pj)
v�w°¯Ix � {

�=eIm�cd�a�_�`�klcd�ehklcVYn©k�[�XZ]%VY_�[�q$q[ `�k�ehnokPm�`�§~n�c[�|~c$nok�`�_�[bd�d�VYn~dPn~VYg~d�m�`bd�VY_lX}ehcdEÊLq�eIm�cd�a�_�`�klcd�ehklcVYn�dl]je#µ
klc�ehq["dlg�_ q�e�ab[�q$q$g�q[\m�[\�jeYd�[�|�[�n�]�_�[�njehn3kL[�n¸abVYXZ]�k�[}q[I�-ehc$k�u3g~[�q[bd&��eh_lc�eh��q[bd&c$n3k�[�_l��[�njehnok�m~ehn~d&q[bd
]�_�VY��q��X\[bd�abVYg�]�q`bdEm�`�]%[�n~m�[�nok¦ÊIq�eL��VYcdEm�g©k�[�XZ]~dP[�kEm�[¦qsrt[bdl]jeYab[�x

1�254�� ����� HJDGFL>�����AP;@HTMOHJDN?): H@? DICB?)AB?)8�CPDL:KAE:j:jC ;@8�>JHJ:

³�VYg�_Lab[��-ehc$_�[�|=VYn�_�eh]�]0[�q$q[}m~ehn~d&ab[\m�[�g�ª�c��X\[\]jeh_�eh��_�eh]�i~[�|=u3g~[�qu3g~[bd n~VYk�ehklcVYn~dLm�[�q�e�X\`�kli~V3m�[
m�[bd�`�q`�X\[�n3k�dB§~n�cd�[�n,m�`�]�q�eYab[�X\[�nok�dLv�����T{fm�VYnokPVYn,kl_�VYg���[�g�n~[¦m�[bd�a�_lc$]�klcVYn©m�`�k�ehc$q$q`b[ m~ehn~d! �"$#&%$%
[�k('�)�À+*,)+% v ��£ y.-3{�xWU�rt[bdlk}[�n·[�¥%[�k}ab[�klk�[©X\`�kli~V3m�[�uog�cPd�[�_�e»g�klc$q$cd�`b[©]%VYg�_Zc$XZ]�q`�X\[�nok�[�_,n~V�d\abVYg�µ
]�q�eh��[bd�|�a�rt[bdlk+µ°Ê#µ½m�c$_�[´]%VYg�_�_�`bd�VYg~m�_�["nog�X\`�_lcu3g~[�X\[�nokZq[bdI]�_�VY��q��X\[bdIqV�a�ehg�ª�]�g�_�[�X\[�nokZ`�q�eYdlklcu3g~[bdI[�k
ehg�ªIabVYnokl_�ehc$nok�[bdp_�`bd�cm�g~[�q$q[bd�xYUW[bd�n~VYk�ehklcVYn~dp[�k�m�`�§~n�c$klcVYn~dJd�VYn3k�ab[�q$q[bdpm�[Tq�e!���/�©a�q�eYd�dlcu3g~[�|#[�n�eb¬oehn3kJÊ
qsrt[bd�]�_lc$kBu3g~[Pq[bdW��eh_lc�eh��q[bdBm�`�]0[�n~m�[�n3kB`��oehq[�X\[�n3kPm�g"k�[�XZ]~d�|o]jeh_Wqsr c$nok�[�_lX\`bm�c�ehc$_�[&m�[bdBm�c�¥�`�_�[�nok�dW]%VYc$nok�d
m�[�a�ijeh_l��[�x

0214365�387 9�:<;.=�>�?
@,:8;.A�@B:8C+DFEGA$>H?JIK?MLONMDP@,;(QRDG:8;
�=e�a�c$n~`�X}ehklcuog~[,]jeh_lklca�g�q$c��_�[�|Jc$n�i~`�_�[�n3k�[©ehg a�i~VYc�ª�m�["kl_�eb��ehc$q$q[�_}eb��[ba,qsr i~VYX\VY��`�n~`�cd�ehklcVYn ]0`�_lcVhµ

m�cu3g~[�|%c$XZ]�q$cu3g~[�g�n~[Zm�cd�a�_�`�klcd�ehklcVYn»k�VYg�k�[\ehg~d�dlcp]jeh_lklca�g�q$c��_�[�x��Tn�[�¥%[�k�|0q�e,m�`babVYXZ]%V�dlc$klcVYn²v�w�x -�S�{�m�g
m�`�]�q�eYab[�X\[�n3kBk�VYk�ehqj[�n\g�n~[�]jeh_lklc[E]0`�_lcV�m�cuog~[�[�k^g�n~[�]jeh_lklc[PX}eYa�_�V�d�abVY]�cu3g~[�X\[�nokWi~VYX\VY����n~[�|�uog~[BqsrtVYn
_�`bd�g�X\[&abVYXZX\[�dlg�c$k�±

u(x,t) = ε̄.x + up T r(x,t)
VY¾

{
ε̄ = E

d�c�qsrtVYn©kl_�eb��ehc$q$q[�Ê
E
c$XZ]%V�d�`b[

,

ε̄ = 〈ε〉V
dlc�qsrtVYn©kl_�e��Yehc$q$q[LÊ

Σ
c$XZ]0V�d�`b[�x v�w°¯Ixz��{

c$XZ]�q$cu3g~[&u3g~[¦q[bdB]�_�VY��q��X\[bdEab[�q$q$g�q�ehc$_�[bdNVYnokPabVYXZX\[ c$n~abVYn�n3g~[ ]�_lc$n~a�c$]jehq[&q�eI]jeh_lklc[¦]%`�_lcV3m�cu3g~[ m�[
u
|

u3g�c~[bdlkTehqVY_�dTm�cd�a�_�`�klcd�`b[�a�q�eYd�dlcu3g~[�X\[�nok�|�abVYXZX\[�qsrt[�ª�]0V�d�[fq[W]jeh_�eh��_�eh]�i~[Nw½¯�x � x � xze�xVUE[bdlk�[B[�n~dlg�c$k�[�|�e#§~n
m�[P_�[babVYn~dlklc$klg~[�_^q[�m�`�]�q�eYab[�X\[�n3kfk�VYk�ehqs|oÊ e#�lVYg�k�[�_Tq�e¦abVYn3kl_lc$��g�klcVYn´m�g\m�`�]�q�eYab[�X\[�n3kfX}eYa�_�V�d�abVY]�cu3g~[�|oab[
u3g�c�[bdlkB]�_�`bd�[�n3k�`�ehg,]jeh_�eh��_�eh]�i~[&w½¯�x � x � x ��x
WE§~n,m�[¦_�ehX\[�n~[�_Eq[bd�abVYg�]�q�eh��[bdPabVYnoklc$n3g~dNÊ�m�[bd�abVYg�]�q�eh��[bd
m�cd�a�_�[�k�d�|)VYn�dlg�]�]%V�d�[Le��Yehn3k�k�VYg�k�[Ia�i~V�d�[Lu3g~[&q�e}ab[�q$q$g�q[Lm�[L�jeYd�[�[bd�kNm�cd�a�_�`�klcd�`b[I[�n

NELT
`�q`�X\[�nok�d

cd�VY]jeh_�ehX\`�kl_lcuog~[bd�x$X ehn~dNq�e\]�_�ehklcu3g~[�|jqsrt`�q`�X\[�n3k abVYg�_�ehnok�|0n~VYk�`
e
|jd�[�_�e"[bd�d�[�n3klc[�q$q[�X\[�nok¦g�n�i~[�ª~eY�bm�_�[

Ê � SIn~V3[�g~m�d�|j`�q`�X\[�nokNu3gjeYm�_�ehklcu3g~[ n~VYk�`ZY � S�x

[]\H^`_$^aM^cb dfehg�i,j.k,l2ehg�b�l2ehmJnpoPqrgts
b
j.ehb
u�vhq�gxw�krj.ehmyo�ehz|{+qrg
UWVYn~ab[�_lnjehnok"q�e�]jeh_lklc[©]%`�_lcV3m�cu3g~[�m�[bd\]�_�VY��q��X\[bd"]%V�d�`bdZdlg�_\q�e»ab[�q$q$g�q[�m�[��jeYd�[�|Jq[bdZc$n~abVYn�n3g~[bd

`�q`�X\[�n3k�ehc$_�[bd}d�VYn3kZq[bd�m�[���_�`bd\m�[´q$c$�0[�_lk�`,m�[bd�n~V�[�g~m�dZm�r c$nok�[�_l]%VYq�ehklcVYn²m�[´qsrt`�q`�X\[�nok
e
|pu3g~[,d�VYnok�q[bd

m�`�]�q�eYab[�X\[�n3k�d©]%`�_lcV3m�cu3g~[bd"n~V3m~ehg�ª²n~VYk�`bd
up T r,k |^VY¾�qsr c$n~m�cab[ k

c$n~m�cu3g~[�q[�nog�X\`�_�V m�g n~V3[�g~m�m�[
qsrt`�q`�X\[�n3k&abVYg�_�ehnok

e
uog�cp[�n�]0V�d�d��bm�[

NNOE
x0��[Im�`�]�q�eYab[�X\[�nok ]%`�_lcV3m�cu3g~[Idlg�_Nqsrt`�q`�X\[�n3k&abVYg�_�ehnok [bdlk
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��b��� ��.��

ehqVY_�dPm�cd�a�_�`�klcd�`¦]jeh_�qsr c$n3k�[�_lX\`bm�c�ehc$_�[Lm�[ ab[bdPm�`�]�q�eYab[�X\[�n3k�dPn~V�m~ehg�ª,[�kPm�[
NNOE

��VYn~a�klcVYn~dPm�[��-VY_lX\[��
Nk |�k�[�qdPu3g~[
	J±

up T r,e(x) =

NNOE∑

k=1

Nk(x) up T r,k v�w°¯�x -3{

VY¾
x
��eh_lc[Im~ehn~d�qsrt`�q`�X\[�n3k

e
x%�Jn¸eYm�VY]�k�ehn3k q[bd abVYno��[�noklcVYn~dLdlg�c$��ehnok�[bd�|0g~dlg~[�q$q[bd&ehg�ª�X\`�kli~V3m�[bd `�q`�µ

X\[�nok�d�§~n�cd=±
Á k�VYg�kP��[ba�k�[�g�_�abVYqVYn�n~[&m�[bd�]�_�VY��q��X\[bd�m�cd�a�_�`�klcd�`bdP[bdlk�n~VYk�`�[�nokl_�[LeYababVYq�eYm�[bd=± {...} |
Á k�VYg�kP��[ba�k�[�g�_Nq$c$��n~[&m�[bd�]�_�VY��q��X\[bdEm�cd�a�_�`�klcd�`bdE[bdlk�n~VYk�`�[�nokl_�[&a�_�V�a�i~[�k�d�± 〈...〉 |
Á k�VYg�k�[ X}ehkl_lcab[Lm�[bd�]�_�VY��q��X\[bdEm�cd�a�_�`�klcd�`bdE[bdlk�n~VYk�`b[&[�n3kl_�[�a�_�V�a�i~[�k�d�±

[...]
|

[�kE[�n©m�`�§~n�cd�d�ehn3k�|~]jeh_�v�w°¯Ix � {�|�q�eIX}ehkl_lcab[
N
eh]�]%[�q`b[ X}ehkl_lcab[&m�[bdB�-VYn~a�klcVYn~dEm�[��-VY_lX\[�ehg©]%VYc$nok

x
±

[N (x)] =




N1(x) 0 0 ... NNNOE(x) 0 0

0 N1(x) 0 ... 0 NNNOE(x) 0

0 0 N1(x) ... 0 0 NNNOE(x)




v�w°¯�x � {

q�eZm�`�§~n�c$klcVYn¨v�w°¯Ix -3{Bd�rt`ba�_lc$k�±
{
up T r,e(x)

}
= [N (x)]

{
up T r,e} v�w°¯�x���{

VY¾¢q[,��[ba�k�[�g�_ {
up T r,e} [bdlk\abVYn~dlklc$klg~`©m�[�qsrt[�n~d�[�X���q[�m�[bd}��[ba�k�[�g�_�d}m�[���_�`bd"m�[�q$c$�0[�_lk�`�`�q`�X\[�n3k�ehc$_�[bd

d�[�qVYn¨v�w°¯Ix ¤ {0±
{
up T r,e} =

{
up T r,k}

k=1..NNOE

=
〈
up T r,1, up T r,2, ..., up T r,NNOE

〉T v�w°¯�x ¤ {
�Jn�d�[ �jeYd�ehnok�dlg�_Eq[bdE_�`bdlg�q$k�ehk�dEm�g�]jeh_�eh��_�eh]�i~[Lw�w�x � x � xta�|~VYn�abVYn~a�q$g�k�u3g~[ qsr io¬�]%VYkli~�bd�[�m�[bdE]0[�klc$k�[bd

kl_�ehn~d+��VY_lX}ehklcVYn~dP]0[�_lX\[�k�m�[¦m�`�§~n�c$_�q[¦a�ijehXZ]©m�[bd�m�`��-VY_lX}ehklcVYn~dB]0`�_lcV�m�cuog~[bdPÊL]jeh_lklc$_�m�g�a�ijehXZ]�m�[bd
m�`�]�q�eYab[�X\[�nok�dB]%`�_lcV3m�cu3g~[bd�x�X�rzeh]�_��bd v�w�w�xz��{�|�q[Ea�ijehXZ]�m�[Em�`��-VY_lX}ehklcVYn~d

εp T r(x)
d�[Nm�cd�a�_�`�klcd�[�m�VYn~aE[�n

g�n©��[ba�k�[�g�_Em�[&m�`��-VY_lX}ehklcVYn~dE`�q`�X\[�n3k�ehc$_�[bd {
εp T r,e(x)

} |�k�[�q�u3g~[J±
{
εp T r,e(x)

}
= [Be(x)]

{
up T r,e} v�w°¯�xzy�{

VY¾»q�e}X}ehkl_lcab[
[Be(x)]

[bdlk¦q�e"X}ehkl_lcab[ZabVYXZ]%V�d�`b[Zm�[bd m�`�_lc$��`b[bd&m�[bd��-VYn~a�klcVYn~d&m�[I��VY_lX\[Zehg»]%VYc$nok
x
|

d�[�qVYn©q�e�m�`�§~n�c$klcVYn�d�g�c$�Yehn3k�[J±

[Be(x)] =




∂N1(  )
∂x1

0 0 ... ∂NNNOE(  )
∂x1

0 0

0 ∂N1(  )
∂x2

0 ... 0 ∂NNNOE(  )
∂x2

0

0 0 ∂N1(  )
∂x3

... 0 0 ∂NNNOE(  )
∂x2

∂N1(  )
∂x2

∂N1(  )
∂x1

0 ... ∂NNNOE(  )
∂x2

∂NNNOE(  )
∂x1

0

0 ∂N1(  )
∂x3

∂N1(  )
∂x2

... 0 ∂NNNOE(  )
∂x3

∂NNNOE(  )
∂x2

∂N1(  )
∂x3

0 ∂N1(  )
∂x1

... ∂NNNOE(  )
∂x3

0 ∂NNNOE(  )
∂x1




v�w°¯�x £ {

`,^��ArWeti2pai2qXr2n  e i  k�n  caegl,o3k{h�k{qXi  hjcm}0~Cr2e��0f2r2e��(l,nCf  cal,nCetcan  r�hjoJl,par2n  �� pKk��(l�cae¨pKk��,iWl,qXi  hjcarvr  pardz<i2o3pmk�fWr2qXr2n  oJi�hjcml��
z<cm}0~Cr,^
_0^�� s3nuz<rwn3rdo3k�e�eg~Chjf��@k.hj�,rWh p"� rW�<oJl,egi��3l,n¤l�qXr  pmk=zCiWoJr2n@zCk�n3fWr  r2qXoJl�hjrWpmparwi��,r2n  ~3r2paparwzCrWe���k{hjcmk{|3par2e2^
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[]\H^`_$^aM^cu dfehg�i�j k�l2e6g2b�l2e6m�n4o q�gxi��Pb���w g�l�m l�b {���� ehi,j.mMg�i�mMw�e6z|{Pq�g
WE]�_��bdLeb��VYc$_Lm�cd�a�_�`�klcd�`\a�q�eYd�dlcu3g~[�X\[�nokLq�e,]jeh_lklc[Z]%`�_lcV3m�cu3g~[\m�g¸m�`�]�q�eYab[�X\[�n3k�|�VYn¸q$g�cfeYmh�+VYc$n3kLd�e

]jeh_lklc[&X}eYa�_�V�d�abVY]�cuog~[&e#§~n©m�rt[�ª�]�_lc$X\[�_Pq[ m�`�]�q�eYab[�X\[�n3kPk�VYk�ehq�`�q`�X\[�nok�ehc$_�[L[�kPm�rt[�n©m�`bm�g�c$_�[¦q[bd�m�`���VY_+µ
X}ehklcVYn~dN[�kEabVYnokl_�ehc$n3k�[bdE]�g�_�[�X\[�n3k�`�q�eYd�klcuog~[bdPabVY_l_�[bd�]0VYn~m~ehn3k�[bd�x0ºNn�eB±

ue(x) = ε̄.x + up T r,e(x)
v�w½¯�x � S�{

UW[�uog�c�c$XZ]�q$cu3g~[�|~m�rzeh]�_��bdLv�w°¯�xzy�{�|~uog~[¦q�e�m�`��-VY_lX}ehklcVYn�k�VYk�ehq[�`�q`�X\[�nok�ehc$_�[Id�rt`ba�_lc$k�±

εe(x) = ε̄ + εp T r,e(x)
v�w½¯�x �e� {

¼�VYc$kN[�n©]jeYd�d�ehn3kNehg�ª´n~VYk�ehklcVYn~dN`�q`�X\[�nok�dE§~n�cd�±

{εe(x)} = {ε̄} + [Be(x)]
{
up T r,e} v�w°¯Ix �X� {

VY¾´q[P��[ba�k�[�g�_
ε̄
[bdlkfabVYn~d�klc$klg~`Nm�[bdfdlc�ª}abVYXZ]0V�d�ehnok�[bdBm�[Pq�e�m�`���VY_lX}ehklcVYn,X}eYa�_�V�d�abVY]�cu3g~[�x�ºNn"c$nokl_�V�m�g�c$k

ehqVY_�dEq�e�X}ehkl_lcab[ [
Bhom,e(x)

] |�abVYn~dlklc$klg~`b[�]jeh_�q�eZabVYn~a�ehk�`�njehklcVYn�m�[&q�eIX}ehkl_lcab[�a�q�eYd�dlcu3g~[
[Be(x)]

[�k
m�[&q�eIX}ehkl_lcab[&cm�[�noklc$k�`

6 ∗ 6
n~VYk�`b[

[I ]
|�m�[ k�[�q$q[&d�VY_lk�[ u3g~[¦q�eZm�`��-VY_lX}ehklcVYn�`�q`�X\[�nok�ehc$_�[Lm�[��3c[�n3k�±

{εe(x)} =
[
Bhom,e(x)

] { up T r,e
ε̄

}
v�w°¯Ix � ��{

e���[baJ±
[
Bhom,e(x)

]
= [[Be(x)] , [I]]

v�w°¯Ix � -3{
U�rt[bd�kLq�Ê©q�e©]�_lc$n~a�c$]jehq[,dl]%`ba�c�§ja�c$k�`}m�r g�n~[´m�cd�a�_�`�klcd�ehklcVYn	cd�dlg~["m�[\qsr g�klc$q$cd�ehklcVYn m�[}qsr i~VYX\VY��`�n~`�cd�ehklcVYn
]%`�_lcV�m�cuog~[J±Jq�e�m�`��-VY_lX}ehklcVYn¢k�VYk�ehq[©d�rt[�ª�]�_lc$X\[�|JabVYXZX\[©m~ehn~dZk�VYg�kZ]�_�VY��q��X\[�a�q�eYd�dlcu3g~[�|Tehg kl_�eb��[�_�d
m�r g�n~[}X}ehkl_lcab[\abVYn~dlklc$klg~`b["m�[Zm�`�_lc$��`b[bdLm�[bd¦�-VYn~a�klcVYn~d�m�[I�-VY_lX\[�|�X}ehcdLab[�klk�[ZX}ehkl_lcab[\[bdlk 1 K Æ>D .I= 5Y@ .
m�[&q�eIX}ehkl_lcab[&cm�[�noklc$k�`�|jkl_�eYm�g�cd�ehnokNq�eI]jeh_lklc[&i~VYX\VY����n~[&m�g�m�`�]�q�eYab[�X\[�nok�k�VYk�ehq=`�q`�X\[�nok�ehc$_�[�x

�	��
���������4[]\H^ha
UW[�klk�[}_�[bm�`�§~n�c$klcVYn¨m�[Zq�e´X}ehkl_lcab["m�[bd&m�`�_lc$��`b[bdIm�[bd¦��VYn~a�klcVYn~dLm�[I��VY_lX\[}[bdlk&��ehq�eh��q[\uog~[�qu3g~[Zd�VYc$k&q�e
ab[�q$q$g�q[�m�[N�jeYd�[EabVYn~dlcm�`�_�`b[�|3]%VYg�_l�3g´uog~[Eq[Ea�ijeh_l��[�X\[�n3kPd�VYc$kfm�g"k½¬�]0[NabVYnokl_�ehc$n3k�[ VYg"m�`��-VY_lX}ehklcVYn"X}e#µ
a�_�V�d�abVY]�cuog~[ c$XZ]%V�d�`b[�x�³peh_PabVYnokl_�[�|�]%VYg�_�q[bdB]�_�VY��q��X\[bd�]%V�d�`bdB[�n�k�[�_lX\[ m�[�a�ijeh_l��[�X\[�nok�dN��`�n~`�_�ehq$cd�`bd�|
q�e\a�c$n~`�X}ehklcuog~[Lm�[¦]�q�eYuog~[&m�`�§~n�c[&]jeh_Pq�eI_�[�q�ehklcVYn�v�w°¯Ix �X� {¦v�� )@À�¡j�p� )@����| ��£�£�¤ {0±

ε(ue(x)) = E − x3K + ε(up T r,e(x))
v�w½¯�x �X� {

X\V�m�c�§j[ u3g~[�quog~[¦]%[�g�ab[�klk�[¦n~VYg���[�q$q[ X}ehkl_lcab[�x)ºNn©e�[�n�[�¥%[�k�|�[�n�eh]�]�q$cu3gjehnokPq[bdBX\¹�X\[bdP]�_lc$n~a�c$]0[bdPm�[
m�cd�a�_�`�klcd�ehklcVYn�u3g~[¦]0VYg�_Eq�e�a�c$n~`�X}ehklcuog~[La�q�eYd�dlcu3g~[J±

[
Bhom,e(x)

]
= [[Be(x)] , [Ix3 ]]

v�w°¯Ix � ��{
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VY¾©q�eIX}ehkl_lcab[
[Ix3 ]

[bd�kPm�`�§~n�c[&]jeh_��@±

[Ix3 ] =




1 0 0 −x3 0 0

0 1 0 0 −x3 0

0 0 0 0 0 0

0 0 1 0 0 −x3

0 0 0 0 0 0

0 0 0 0 0 0
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�Jn�§~n�|�m~ehn~dTq[Ea�eYm�_�[Nm�[�qsrt`�q�eYdlklca�c$k�`Nq$c$n~`�ehc$_�[�|oVYn´[�ª�]�_lc$X\[Eq[���[ba�k�[�g�_Wm�[bdfabVYnokl_�ehc$n3k�[bdW`�q`�X\[�n3k�ehc$_�[bd
��_��Yab[�ÊIq�e�qVYc=m�[ abVYXZ]%VY_lk�[�X\[�nokZv�w�w�xzy�{^m�[�� ) )	�@�%x%ºNn�e\ehqVY_�d�
J±

{
σ(e),e(x)

}
= [de]

[
Bhom,e(x)

] { up T r,e
ε̄

}
v�w°¯Ix � y�{

X¦ehn~d�ab[�klk�[�[�ª�]�_�[bd�dlcVYn�|
[de]

[bd�kPq[ k�[�n~d�[�g�_¦m�rt`�q�eYdlklca�c$k�`Lehklk�eYa�i~`Iehg�ª©]�_�VY]�_lc`�k�`bdNX}ehk�`�_lc[�q$q[bd¦m�[&qsrt`�q`�µ
X\[�nok

e
|~m�`�§~n�cs|jm~ehn~d�q[�a�eYdEm�[ X}ehk�`�_lc�ehg�ª©cd�VYkl_�VY]%[bd�|�]jeh_Pqsr c$n3k�[�_lX\`bm�c�ehc$_�[�m�[&m�[�g�ª�]jeh_�ehX\��kl_�[bdEc$n~m�`�µ

]0[�n~m~ehn3k�d�±�q[ X\V�m�g�q[&m�[�x)�À��=�
EY [�k�q[�abV3[�«}a�c[�n3kNm�[��!)@��� �2)@�

ν
|�k�[�qdEuog~[J±

[de] =




de
1 de

2 de
2 0 0 0

de
2 de

1 de
2 0 0 0

de
2 de

2 de
1 0 0 0

0 0 0 de
3 0 0

0 0 0 0 de
3 0

0 0 0 0 0 de
3




v�w°¯Ix ��£ {

VY¾©q[bdPabV�[�«}a�c[�nok�dPX}ehk�`�_lc�ehg�ª
de
1

|
de
2

[�k
de
3

d�VYnokEm�`�§~n�cdNabVYXZX\[&dlg�c$k�±

de
1 =

EY (1 − ν)

(1 + ν)(1 − 2ν)
, de

2 =
EY ν

(1 + ν)(1 − 2ν)

[�k
de
3 =

EY

2(1 + ν)

v�w°¯Ix � S�{

��[bdT�-VYn~a�klcVYn~d^m�[P��VY_lX\[P_�[bdlk�[�nokBab[�]0[�n~m~ehn3kWm�rzehg�k�ehn3kf]�q$g~dfm�c�«}a�c$q[bdWÊ�dl]%`ba�c�§j[�_^uog~[Eqsrt`�q`�X\[�nokBabVYg�_�ehnok
e
[bdlk�abVYXZ]�q[�ª�[�xE�=e�k�[ba�i�n�cu3g~[�a�q�eYd�dlcu3g~[�abVYn~dlcdlk�[�ehqVY_�d�Ê�_�`bd�VYg~m�_�[�q[bd,]�_�VY��q��X\[bd�|�n~VYnK]jeYd©dlg�_

qsrt`�q`�X\[�nok=_�`b[�q
e
|bX}ehcd�dlg�_=qsrt`�q`�X\[�nok�m�[p_�`��-`�_�[�n~ab[

r
|��%[�ehg~abVYg�]&X\VYc$n~d=abVYXZ]�q[�ª�[�|�u3g�c�q$g�co[bdlk=eYd�d�V3a�c`p]jeh_

qsr c$nok�[�_lX\`bm�c�ehc$_�[\m�[Iq�e}kl_�ehn~d+��VY_lX}ehklcVYn»��c �l[ba�klc$��[
τ
|)m�`�§~n�c[�]jeh_Zv�w½¯�x �2� {�|0m�`�§~n�cd�d�ehn3k�q[bd abV�VY_�m�VYn�n~`b[bd

x
m�[bd\]%VYc$nok�d´m�[�qsrt`�q`�X\[�nok´_�`b[�q

e
Ê�]jeh_lklc$_"m�[bd"abV3VY_�m�VYn�n~`b[bd,m�[

ξ
m�[bd}]0VYc$n3k�d"abVY_l_�[bdl]%VYn~m~ehnok�d´m�[

qsrt`�q`�X\[�nokNm�[&_�`���`�_�[�n~ab[
r
x

τ : ξ 7→ x(ξ)
v�w°¯�x �2� {

�<^{bwk{n3e¨f2r  C r�z<iWs@nCc  cml�n �Cp"� k{p  c  ~3zCr�z<rvhji �(i�hjr2n3f2r
x3 = 0

r2e  p � k{p  c  ~3zCr�zC~ �(r2~Ccmpapar  qXl���r2n&zCrdpmk
f2rWpmpa~Cpmr�z<rd|@k{egr,^
� ^��vnEk  C c�hjr=caf2c p � k  C r2n  cml�n z<~Epar2f  rW~Ch�eg~Chwpmk¤z<c��7iWhjr2n3fWrXzCr�n3l  k  cal,n r2n  hjr�p � can@z<caf2rXeg~3oJiWhjcar2~<h (e) �;}�~Cc�hjrWoChji2egr2n  r

p"� k�egoJrWf  �������� �!� "�#	$&%('�)*#,+,-&��� zCr�pmkX}�~@k�n  c  i � pmk,}�~3rWpmpar�cap;r2e  k��7~C|3pai��3r  p"� can@z<cmfWr�eg~CoJiWhjcar2~Ch e �@}�~3cYoChji2f2caegr�egcaqXo3par2qXr2n  
}�~Crdf2r  C r�}�~@k{n  c  ivr2e  i2par2qXr2n  k�c�hjr,^
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UW[ba�cZ]%[�_lX\[�k�ehqVY_�d�m�rt[�ª�]�_lc$X\[�_»]�q$g~d»dlc$XZ]�q[�X\[�n3k»q�e·X}ehkl_lcab[
[Be(x)]

d�[�qVYn q�e²_�����q[ m�[¨m�`�_lc$��e#µ
klcVYn9v�w°¯Ix �e� {�|^]0[�_lX\[�klk�ehn3k©m�rt[�ª�]�_lc$X\[�_´q�e¨m�`�_lc$��`b[�m�[�q�e

i � ��� �-VYn~a�klcVYn�m�[©�-VY_lX\[ N i m�[�qsrt`�q`�X\[�nok
e
[�n,��VYn~a�klcVYn�m�[¦q�eZm�`�_lc$��`b[&m�[¦q�e

i � ��� �-VYn~a�klcVYn�m�[¦�-VY_lX\[ N i m�[ qsrt`�q`�X\[�nok r
x

{
∂N i(x)

∂x

}
=
[
J e(ξ)−1

]{∂N i(ξ)

∂ξ

} v�w°¯Ix �e� {

VY¾
[J e]

[bdlkBq�eIX}ehkl_lcab[W�leYabVY��c[�n�n~[�m�[Nq�eIkl_�ehn~dl��VY_lX}ehklcVYn
τ
x
�@c$njehq[�X\[�nok�|j[�n´��g~[ m�[�q�eIX}ehn�c$]�g�q�ehklcVYn

m�r c$n3k�`���_�ehq[bd�|TVYn	g�klc$q$cd�[,`��oehq[�X\[�nok"ab[�klk�["kl_�ehn~dl��VY_lX}ehklcVYn ]%VYg�_Z[�ª�]�_lc$X\[�_�qsrt`�q`�X\[�nok"m�["��VYq$g�X\[
dVm~ehn~dEq[¦_�[�]0��_�[

(ξ1,ξ2,ξ3)
±

dV = dx1 dx2 dx3 = det [Je(ξ)] dξ1 dξ2 dξ3
v�w°¯Ix � ��{

UW[Ia�ijehn���[�X\[�n3k&m�[&��eh_lc�eh��q[bd�]0[�_lX\[�k ehqVY_�dNm�[�_�[�XZ]�q�eYab[�_¦qsr c$nok�`���_�ehklcVYn�m�r g�n~[���VYn~a�klcVYn��
f
dlg�_

e
]jeh_

d�VYn©c$nok�`���_�ehklcVYn�dlg�_
r
±
∫

e
f(x)dx1 dx2 dx3 =

∫

r
f(x(ξ)) det [Je(ξ)] dξ1 dξ2 dξ3

v�w°¯Ix � -3{
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f
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�-VYn~a�klcVYn~dB[�n}m�[bdf]0VYc$n3k�d�|3eh]�]%[�q`bd Ä?; 3 = 5 9 R Ç 3 = 5Y@sÆ>7m1q563 ;>= xo�Jn´m�rzehg�kl_�[bdfk�[�_lX\[bd�|�q[PqVY��ca�c[�q%`�q`�X\[�nok�df§~n�cd
u3g~[\n~VYg~d�g�klc$q$cd�[�_�VYn~dLkl_�ehn~d+��VY_lX\[}q[bd�d�VYXZX\[bdLabVYnoklc$n3g~[bdI[�n�d�VYXZX\[bd�m�cd�a�_���k�[bd�d�[�qVYn¨q�e´��VY_lXLg�q["m�[
 #%À � �´v�w½¯�x �e� {%±

∫

V e

f(x)dV =

NGE∑

i=1

ωi det
[
Je(ξ

i)
]
f(x(ξi))

v�w°¯Ix �e� {
VY¾&±
Á

NGE
m�`bdlc$��n~[ q[ n~VYXL��_�[�m�[¦]%VYc$nok�dEm�[� #�À � ��m�[&qsrt`�q`�X\[�nok

e
|

Á
V e m�`bdlc$��n~[ q[¦��VYq$g�X\[LV3aba�g�]%`¦]jeh_Pqsrt`�q`�X\[�n3k e

|
Á q[¦��[ba�k�[�g�_ {

xi
} abVYn3klc[�nokEq[bdNabVYXZ]0V�d�ehnok�[bdEm�g

i � ��� ]%VYc$nokEm�[� #�À � �bm�[&qsrt`�q`�X\[�n3k e
|

Á q[¦��[ba�k�[�g�_ {
ξi
} abVYnoklc[�n3kEq[bdNabVYXZ]0V�d�ehn3k�[bdEm�g

i � ��� ]0VYc$n3kEm�[� #�À � �Lm�[¦qsrt`�q`�X\[�n3k r
|

Á
ωi
m�`bdlc$��n~[ q[¦]%VYcm�dPm�g

i � ��� ]0VYc$n3kEm�[� #�À � ��x
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�0^��Ak �5l,nCf  cal,n

f
oJr2~  hjrWoChji2egr2n  rWhQ~3nCr��(l,nCf  cal,n egf*k{pKk{c�hjr��Y~3n3r�qVk  hjcmfWr��@~Cn �Zr2f  r2~<h �@l�~  l,~  r�k�~  hjr�r2n  c  i�z<iWs@nCcmr

eg~Ch p"� iWpmiWqXr2n  
e
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P
(e),cl
cont
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�-VYn~m~ehX\[�nok�ehq[bd¦m�[ q�e�X\`�kli~V�m�[�a�eh_Pq[bdE]�_�VY��q��X\[bdNab[�q$q$g�q�ehc$_�[bdN]�_�`bd�[�n3k�`bdNehg©]jeh_�eh��_�eh]�i~[Iw�xz��x � x �
n~[Zm�c�¥���_�[�nok�m�[�ab[�g�ª�]�_�`bd�[�nok�`bd�ehg»]jeh_�eh��_�eh]�i~[}w�xz��x -~xtaZu3g~[I]jeh_ q[�g�_�d&abVYn~m�c$klcVYn~d q$c$XZc$k�[bd�x�UW[bd
m�c�¥�`�_�[�n~ab[bdTd�[�_�VYnokTm�VYn~aB]�_lcd�[bdJ[�n�abVYXZ]�k�[Bn3g�X\`�_lcuog~[�X\[�n3kf[�n�k�ehnokTu3g~[BabVYn~m�c$klcVYn~dJq$c$XZc$k�[bdTd�ehn~d
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Á q[ kl_�VYcdlc��X\[&k½¬�]0[ m�[&ab[�q$q$g�q[�m�[¦�jeYd�[�|jÊ�d�e���VYc$_�|�q[bdPab[�q$q$g�q[bdEm�[&�jeYd�[bdB_�[�]�_�`bd�[�nok�ehklc$��[bd¦m�[ dlkl_lg~a�µ
klg�_�[bd=m�[^k½¬�]0[T]�q�eYuog~[bd=]0`�_lcV�m�cuog~[bd�|�c$XZ]�q$cuog~[fuogjehn3k+µ°Ê#µsq$g�c3g�n�a�ijehn���[�X\[�nokTehg&n�c$��[�ehgIm�g�a�ijeh_l��[�µ
X\[�nokT[�kpm�[fq�eEa�c$n~`�X}ehklcu3g~[Bc$XZ]0V�d�`bd�xhUW[�]%[�n~m~ehnok�|Yq�eE_�[�X}eh_�uog~[Bw°¯Ix � X\VYnokl_�[�u3g~[Tq[Ba�ijehn���[�X\[�nok
[bdlkp]�_lcdJ[�nZabVYXZ]�k�[PehgZn�c$��[�ehg\m�[Wqsrt[�ª�]�_�[bd�d�cVYn�m�[Wq�eNX}ehkl_lcab[P`�q`�X\[�n3k�ehc$_�[Pm�[bdJm�`�_lc$��`b[bdJm�[bd@��VYn~a�µ
klcVYn~dIm�[���VY_lX\[�|=ab[\uog�cs|�g�n~[Z�-VYcd&m�[Z]�q$g~d�|�n�rze#¥�[ba�k�[\]jeYd�q�e,X\`�kli~V�m�VYqVY��c[}��`�n~`�_�ehq[}]�_�`bd�[�nok�`b[
a�c�µ°eh]�_��bd�x
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UWVYn~dlcm�`�_�VYn~d�|B]%VYg�_´§�ª�[�_,q[bd´cm�`b[bd�|Wq[�]�_�VY��q��X\[»ab[�q$q$g�q�ehc$_�[»`�q�eYdlklcuog~[»Ê�m�`��-VY_lX}ehklcVYnKc$XZ]0V�d�`b[�|

P
(e),cl
d T f

|�_�[�]�_�`bd�[�n3k�`¦]jeh_fq[Ndl¬�d�k���X\[Nm�rt`bu3gjehklcVYn~d v�w�x - � {�xrWP§~n,m�r c$XZ]�q`�X\[�nok�[�_�q[bdW]�_�VY��q��X\[bdBab[�q$q$g�q�ehc$_�[bd
ÊIqsrzehcm�[ m�[bdPVYg�klc$qdPm�[¦q�e ���/�¨]�_�`bd�[�nok�`bdP]�_�`bab`bm�[�XZX\[�n3k�|jab[�klk�[&d�[ba�klcVYn�eI]0VYg�_�VY���l[ba�klc��pm�rt`ba�_lc$_�[ g�n~[
��VY_lXLg�q�ehklcVYn»�Yeh_lc�ehklcVYn�n~[�q$q[�m�[Iab[bdN]�_�VY��q��X\[bd�|0u3g�c@]�_�[�n�n~[L_lc$��VYg�_�[�g~d�[�X\[�nok&[�n�abVYXZ]�k�[Lq[bd�_�[�q�ehklcVYn~d
m�[E]%`�_lcV3m�ca�c$k�`¦dlg�_Wq�eLab[�q$q$g�q[�m�[N�jeYd�[�|�ehc$n~dlc%uog~[Nq[bd^_�[�q�ehklcVYn~d�m�[NX\V�¬�[�n�n~[ [�n3kl_�[�q[bdWu3gjehnoklc$k�`bdBXZca�_�Vhµ
d�abVY]�cuog~[bd¦[�k�q[�g�_�d�i~VYX\VYqVY��g~[bd X}eYa�_�V�d�abVY]�cu3g~[bd�x$XIrzeh]�_��bd�q[Ia�ijeh]�c$kl_�[Zw�|jq[L]�_�VY��q��X\[IqV3a�ehqpabVYn~dlcdlk�[
Ê�m�`�k�[�_lXZc$n~[�_Eq[bdEa�ijehXZ]

up T r,(e) [�k σ(e) |�k�[�qdPu3g~[J±

P
(e),cl
d T f





o�e6s
σ(e) = 0

m~ehn~d
V

σ(e) = d : ε(e)(
〈
ε(e)
〉
V

.x + up T r,(e)) m~ehn~d V

up T r,(e) ]%`�_lcV�m�cuog~[ dlg�_ ∂V

σ(e).n
ehnoklc�µs]%`�_lcV3m�cu3g~[�dlg�_

∂V〈
ε(e)
〉
V

= E

v�w°¯Ix � ��{

ºNn�d�[�m�VYn�n~[ZehqVY_�d�g�n~[Ia�c$n~`�X}ehklcu3g~[I�3c$_lklg~[�q$q[�m�[Ik½¬�]%[´v�w�x -�S�{�|)a�c$n~`�X}ehklcu3g~[�X\[�nokIeYm�XZcd�dlc$��q[ZÊ���`�_�V
[�kEm�`�§~n�c[ ]jeh_�±

δu(e) = δup T r,(e) + δE.x
v�w½¯�x ��¤ {

�=e,�-VY_lX�g�q�ehklcVYn	��eh_lc�ehklcVYn�n~[�q$q[´[bd�kLVY��k�[�nog~[´dlg�c$k�[´ehg¸_�ehcd�VYn�n~[�X\[�n3k�[�ª�]%V�d�`}a�c�µ°eh]�_��bd�|�a�ehquog~`´dlg�_&q[
_�ehcd�VYn�n~[�X\[�nokPa�q�eYd�d�cuog~[N[�n"X\`ba�ehn�cu3g~[Nm�[bdWd�VYq$cm�[bdBm�`��-VY_lX}eh��q[bdf]%[�_lX\[�klk�ehnok�m�[N]jeYd�d�[�_Wm�r g�n~[P�-VY_lX�g�µ
q�ehklcVYn}qV�a�ehq[PÊ¦g�n~[B�-VY_lX�g�q�ehklcVYn}��qVY�jehq[�xrX�rzeh]�_��bdTqsrt`bu3gjehklcVYn"m�rt`bu3g�c$q$c$��_�[Lv�w°¯Ix � ��xze�{p[�kJq�e&a�c$n~`�X}ehklcuog~[
�3c$_lklg~[�q$q[,v�w½¯�x ��¤ {�|jVYn�VY��klc[�nok�|%[�n�]jeYd�d�ehnok ehg�ª©n~VYk�ehklcVYn~d�c$n~m�ca�c[�q$q[bd��|jq�eZ�-VY_lX�g�q�ehklcVYn�c$n3k�`���_�ehq[Ldlg�c�µ

�<^��;k�f2l,n �Zr2n  cal,nuzCrdegl�qXqVk  cal,n&~  capacaegi2rwr2e  pmk=f2l,n �Zr2n  cal,nuzY� ���������������;^
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��ehnok�[�|j]0VYg�_�k�VYg�kEkl_lc$]�q[�k
(i,j,k)

��eh_lc�ehnokEm~ehn~d
(1,2,3)3

±

∫

V

(
δu

p T r,(e)
i + δEijxj

)
σ

(e)
ik,k dV = 0

v�w½¯�x � y�{

��eI��VY_lXLg�q[�m�[��¡��j�~�¸eh]�]�q$cu3g~`b[�Ê�qsrt`��oehq$c$k�`"v�w½¯�x � y�{f�-VYg�_ln�c$kEehqVY_�d�±

−
∫

V
δu

p T r,(e)
i,k σ

(e)
ik dV +

∫

∂V
δu

p T r,(e)
i σ

(e)
ik nk dS + δEij

[
−
∫

V
xj,kσ

(e)
ik dV +

∫

∂V
xjσ

(e)
ik nk dS

]
= 0

v�w°¯Ix ��£ {
VY¾

n
m�`bdlc$��n~[�q�e¸n~VY_lX}ehq[�[�ª�k�`�_lc[�g�_�[�ehg abVYn3k�VYg�_

∂V
m�[�q�e¨ab[�q$q$g�q[»m�[��jeYd�[�xPUW[�klk�[�`��oehq$c$k�`�]%[�g�k

¹�kl_�[¸dlc$XZ]�q$c�§j`b[�]jeh_�q�e�]�_lcd�[»[�n abVYXZ]�k�[�m�[bd�_�[�q�ehklcVYn~d�m�[�]0`�_lcV�m�ca�c$k�`¢v�w½¯�x � ��xta�{´[�k¸v�w°¯Ix � ��xtmj{�|Pm�[
X\V�¬�[�n�n~[´v�w°¯�x � ��xt[�{W[�kEm�rt`buog�c$q$c$��_�["v�w½¯�x � ��xze�{�x~�Jn�[�¥�[�k�|
Á q�e,]%`�_lcV3m�ca�c$k�`�v�_�[�]0`�_�`b[}]jeh_&q[\dlc$��n~[

#
{�dlg�_

∂V
m�g¸m�`�]�q�eYab[�X\[�nok

δup T r,(e) eYd�d�V3a�c`b[}Ê�qsrzehnoklc�µ
]%`�_lcV3m�ca�c$k�`\v�_�[�]%`�_�`b[¦]jeh_Bq[ dlc$��n~[ −#

{fm�g���[ba�k�[�g�_
σ(e).n

c$XZ]�q$cu3g~[�nokPqsrzehn3klc�µs]0`�_lcV�m�ca�c$k�`&dlg�_�q[
�%VY_�m

∂V
m�[¦qsr c$nok�`���_�ehn~m�[

δup T r,(e).σ(e).n
|�m�rtVY¾&±

∫

∂V
δu

p T r,(e)
i︸ ︷︷ ︸
#

σ
(e)
ik nk︸ ︷︷ ︸
−#

dS = 0
v�w½¯�xz�BS�{

Á eYd�d�V�a�c`b[bdZÊ�q�e���VY_lXLg�q[©m�[ �¡��~�~� [�k}ehg�ª�`bu3gjehklcVYn~d\m�rt`buog�c$q$c$��_�[�|pq[bd�_�[�q�ehklcVYn~d}m�[,X\V�¬�[�n�n~[
dlg�_Pq�e}ab[�q$q$g�q[�m�[��jeYd�[ c$XZ]�q$cu3g~[�nok�|0m�[&]jeh_Eq�e\m�`�§~n�c$klcVYn�X\¹�X\[Lm�[&qsrtVY]%`�_�ehk�[�g�_NX\V�¬�[�n�n~[´v�_�[�q�e#µ
klcVYn¨v�w�x ��¤ {l{�|�qsrt`��oehq$c$k�`�dlg�c$��ehnok�[J±

∫

∂V
xj σ

(e)
ik nk dS =

∫

V
xj,k σ

(e)
ik dV

︸ ︷︷ ︸
|V | Σij ����� 	����

+

∫

V
xj σ

(e)
ik,k dV

︸ ︷︷ ︸
0 	�
� σ

(e)
ik,k=0 ������� 	  � 
 �

v�w°¯Ixz� � {

�¦_��Yab[�ÊZab[bdPVY�~d�[�_l��ehklcVYn~d�|�q�eI_�[�q�ehklcVYn	v�w½¯�x ��£ {Wm�[���c[�nokEm~ehn~dEg�n�]�_�[�XZc[�_Ek�[�XZ]~d�±

−
∫

V
δu

p T r,(e)
i,k σ

(e)
ik dV − δEij

∫

V
σ

(e)
ij dV + δEij |V | Σij = 0

v�w°¯Ixz� � {

�Tn"]�_�[�njehn3kB[�n´abVYXZ]�k�[Eq[P�-ehc$kWuog~[Eq�e&m�`��-VY_lX}ehklcVYn,X}eYa�_�V�d�abVY]�cuog~[�[bdlkWabVYn~dlcm�`�_�`b[NabVYXZX\[Ni~VYX\VY����n~[
d�g�_�q�e�ab[�q$q$g�q[Bm�[^�jeYd�[�|ha�rt[bd�k+µ°Ê#µ½m�c$_�[Wu3g�rt[�q$q[Wn~[fm�`�]%[�n~mI]jeYdpm�[fq�eE��eh_lc�eh��q[fXZca�_�V�d�abVY]�cuog~[

x
v /��Gi v�w�x � ��{�{�|

q�eZ_�[�q�ehklcVYn¨v�w½¯�x ��£ {Bm�[���c[�nok�§~njehq[�X\[�n3k�±
∫

V
δu

p T r,(e)
i,k σ

(e)
ik dV +

∫

V
δEij σ

(e)
ij dV = |V | δEij Σij

v�w°¯Ixz����{

�=[Wa�ijehXZ]Zm�[fm�`�]�q�eYab[�X\[�n3k�dJ]0`�_lcV�m�cu3g~[bd
δup T r,(e) `�k�ehnokp_�[�q$c`Wehg�a�ijehXZ]Zm�[Wm�`���VY_lX}ehklcVYn~dp]%`�_lcV�m�cuog~[bd

δεp T r,(e) ]jeh_¦q�e\_�[�q�ehklcVYn¢v�w�w�xz��{�|)q[bdNk�[�n~d�[�g�_�d�m�[Im�`��-VY_lX}ehklcVYn~d δεp T r,(e) [�k m�[IabVYnokl_�ehc$nok�[bd σ(e) `�k�ehnok
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dl¬3X\`�kl_lcu3g~[bd�|�[�kPq[bdPc$n~m�cab[bd
k
[�k

i
`�k�ehn3kEX�g~[�k�d�|~VYn�eB±

δu
p T r,(e)
i,k σ

(e)
ik =

1

2

(
δu

p T r,(e)
i,k σ

(e)
ik + δu

p T r,(e)
i,k σ

(e)
ik

)

=
1

2

(
δu

p T r,(e)
i,k σ

(e)
ik + δu

p T r,(e)
k,i σ

(e)
ki

)

=
1

2

(
δu

p T r,(e)
i,k σ

(e)
ik + δu

p T r,(e)
k,i σ

(e)
ik

)

=
1

2

(
δu

p T r,(e)
i,k + δu

p T r,(e)
k,i

)
σ

(e)
ik

= δε
p T r,(e)
ik σ

(e)
ik

v�w°¯Ixz�.-3{

UW[&uog�c�]%[�_lX\[�kEm�[¦_�`b`ba�_lc$_�[´v�w½¯�xz����{Wm�[ q�eL�se��bVYn�dlg�c$��ehnok�[J±
∫

V

(
δεp T r,(e) + δE

)
: σ(e) dV = |V | δE : Σ

v�w°¯Ixz� � {
UE[bdlk�[Lm�`bd�VY_lX}ehcd ÊZ]�_�[�n~m�_�[I[�n�abVYXZ]�k�[Iq�eZqVYc@m�[LabVYXZ]%VY_lk�[�X\[�nok `�q�eYdlklcu3g~[´v�w°¯�x � ��x �){�|)m~ehn~dNq�eYuog~[�q$q[
VYn©_�`�c$nY�+[ba�k�[&q�eI_�[�q�ehklcVYn�m�[¦X\V�¬�[�n�n~[´v�w½¯�x � ��xt[�{0±

∫

V

(
δεp T r,(e) + δE

)
: d : ε(e)(up T r,(e) + E.x) dV = |V | δE : Σ

v�w½¯�xz� ��{
UW[ba�c�X\VYnokl_�[¦§~njehq[�X\[�n3kNu3g~[N_�`bd�VYg~m�_�[¦q[ dl¬�d�k���X\[�v�w°¯�x � ��{fc$XZ]�q$cuog~[ m�[¦m�`�k�[�_lXZc$n~[�_Eq[¦a�ijehXZ]©]0`�_lcVhµ
m�cuog~[

up T r,(e) |�k�[�q�uog~[J±




∀ δup T r,(e) ]0`�_lcV�m�cu3g~[&dlg�_
∂V

k�[�q=u3g~[
δεp T r,(e) = � j b
o s δup T r,(e),

∀ δE
i~VYX\VY����n~[�d�g�_

V,

∫

V

(
δεp T r,(e) + δE

)
: d :

(
εp T r,(e) + E

)
dV = |V | δE : Σ

v�w°¯Ixz� ¤ {

�Tr c$XZ]�q$ca�ehklcVYn�_�`ba�c$]�_�V�u3g~[&d�[ m�`�X\VYnokl_�[L[�n�m�[�g�ª�`�k�eh]0[bd�±
Á ]�_�[�XZc��_�[�X\[�nok�|0[�n©]�_�[�njehn3k

δup T r,(e) = 0
m~ehn~d�v�w°¯Ixz� ¤ {�|jVYn�eB±

∀ δE,

∫

V
δE : σ(e) dV = |V | δE : Σ

v�w°¯Ixz��y�{
ab[&u3g�c�]0[�_lX\[�kNm�[¦_�[�kl_�VYg���[�_Eq�e�_�[�q�ehklcVYn�m�[&X\V�¬�[�n�n~[�d�g�_�q[bdPabVYnokl_�ehc$n3k�[bd�±

Σ =
1

|V |

∫

V
σ(e) dV

v�w°¯Ixz� £ {

Á m�[�g�ª�c��X\[�X\[�nok�|0[�n©]�_�[�njehnok
δE = 0

|~VYn�VY��klc[�n3kNeh]�_��bdPc$n3k�`���_�ehklcVYn�]jeh_�]jeh_lklc[bdNm�[}v�w½¯�xz� ¤ {0±

∀ δup T r,(e), −
∫

V
δup T r,(e) :

o�e6s
σ(e) dV +

∫

∂V
up T r,(e).σ(e).n dS = 0

v�w½¯�x -�S�{
�Jn�a�i~VYcdlcd�d�ehnokTehqVY_�d�q[^m�`�]�q�eYab[�X\[�nokJ]%`�_lcV�m�cuog~[^�3c$_lklg~[�q�nog�q�dlg�_=q[f�%VY_�m�|�VYn�_�[�kl_�VYg���[ v�w°¯Ix � ��xze�{�x
�Jn�§~n�|#[�n&a�i~VYcdlcd�d�ehnok

up T r,(e) n3g�qom~ehn~d V |�X}ehcd�]%`�_lcV3m�cu3g~[Tdlg�_ ∂V
|�VYn X\VYn3kl_�[Tqsrzehn3klc�µs]0`�_lcV�m�ca�c$k�`

m�[
σ(e).n

dlg�_�q[¦�0VY_�m�|~_�[�]�_�`bd�[�nok�`b[�]jeh_Pq�eI_�[�q�ehklcVYn�v�w°¯Ix � ��xtmj{�x
UW[ba�co§~n�c$kJm�VYn~aWm�[^X\VYn3kl_�[�_pu3g~[fq[bd��-VY_lX�g�q�ehklcVYn~dpqV�a�ehq[�v�w°¯�x � ��{�[�k@��qVY�jehq[�v�w°¯�xz� ¤ {�d�VYn3k@`bu3g�c$��ehq[�nok�[bd�x
�=e�_�`bd�VYq$g�klcVYn�m�["v�w½¯�x � ��{f]jeYd�d�[ m�VYn~a ]jeh_Eq�eI_�`bd�VYq$g�klcVYn�m�[\v�w°¯Ixz� ¤ {�m�cd�a�_�`�klcd�`b[�x
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d�rzeb����_�[&ab[�]%[�n~m~ehnokPn~`bab[bd�d�ehc$_�[ ]%VYg�_P¹�kl_�[&ÊIX\¹�X\[ m�[¦kl_�ehc$k�[�_EabVY_l_�[ba�k�[�X\[�nokNq�e�m�cd�a�_�`�klcd�ehklcVYn�m�[bdB]�_�Vhµ
��q��X\[bdfab[�q$q$g�q�ehc$_�[bd�xo�Tn}[�¥%[�k�|�ab[�klk�[���VY_lXLg�q�ehklcVYn}X\[�k^[�n\q$g�XZc��_�[Pq�e¦_�`b[�q$q[Pdlc$��n�c�§ja�ehklcVYn ��m�[bdTm�[���_�`bd^m�[
q$c$�%[�_lk�`NeYd�d�V3a�c`bdfehg}a�ijehXZ]´m�[Pm�`�]�q�eYab[�X\[�nok�dBdlg�_Jq�e ab[�q$q$g�q[Nm�[��jeYd�[�x�w°qdTd�VYn3k^[�nZ�sehc$k^m�[Pm�[�g�ªZnjehklg�_�[bd�±
Á m�[bdpm�[���_�`bdJm�[Wq$c$�0[�_lk�`WqV�a�ehg�ª%|

up T r,(e) |Yuog�c�m�`ba�_lc$��[�nok^q�e��~g~a�klgjehklcVYn}m�gZa�ijehXZ]\m�[Wm�`�]�q�eYab[�X\[�n3k�d
m�g,�sehc$kEm�[bd�i~`�k�`�_�VY��`�n~`�c$k�`bd�m�[¦q�eZab[�q$q$g�q[&m�[ �jeYd�[�|

Á m�[bd&m�[���_�`bdIm�[Zq$c$�%[�_lk�`Z��qVY�jehg�ª%|
E
|�_�[�]�_�`bd�[�nok�ehnokIq[\a�ijehXZ]¸X\V�¬�[�n	dlg�_ q�e�ab[�q$q$g�q["m�[Z�jeYd�[�| 3 R

.:9 5 q[�a�ijehXZ]�m�[�m�`��-VY_lX}ehklcVYn~d&uog�cTeh]�]jeh_�e�kl_�ehc$k&m~ehn~d¦q�e´ab[�q$q$g�q[Zdlcp[�q$q[In~[L]�_�`bd�[�nok�ehc$kLehg~a�g�n~[
i~`�k�`�_�VY��`�n~`�c$k�`�x

��e���VY_lXLg�q�ehklcVYn v�w°¯Ixz� ¤ {L]%[�_lX\[�k\m�VYn~a©m�[�abVYn~dlcm�`�_�[�_}q[bdZabVYXZ]0V�d�ehn3k�[bd}m�[,q�e�m�`��-VY_lX}ehklcVYn²X}eYa�_�Vhµ
d�abVY]�cuog~[,abVYXZX\[,m�[bdZm�[���_�`bdZm�[}q$c$�%[�_lk�`,dlg�]�]�q`�X\[�nok�ehc$_�[bd�|J��[�njehnokZd�rze#�lVYg�k�[�_\ehg�ª�abVYXZ]%V�d�ehnok�[bdZm�[bd
m�`�]�q�eYab[�X\[�n3k�d�]%`�_lcV�m�cuog~[bd n~V�m~ehg�ª�|�[�k&m�VYnok&q[bd¦�-VY_�ab[bd¦n~V�m~ehq[bd�eYd�d�V�a�c`b[bd&d�VYn3k q[bd&abVYXZ]0V�d�ehnok�[bd�m�[
q�e\abVYnokl_�ehc$nok�[LX}eYa�_�V�d�abVY]�cu3g~[ X�g�q$klc$]�q$c`b[bd�]jeh_�q[ ��VYq$g�X\[�m�[ q�e�ab[�q$q$g�q[&m�[ �jeYd�[�x
�	��
���������4[]\H^ _
�=[bd©kl_�eb��ehg�ª m�[ � )�À�¡)�p� )�����v ��£�£�¤ {,[�kH �)��N�¶�����������T�~�|)@ 0�o� v ��£�£�£ {´X\VYnokl_�[�n3k�u3g~[�qsrtVYn eh_l_lc$��[
[�ª~eYa�k�[�X\[�nokIÊ}q�e"X\¹�X\[ZabVYn~a�q$g~dlcVYn�abVYn~ab[�_lnjehn3k&q[bd�]�_�VY��q��X\[bd&m�[Ik½¬�]0[I]�q�eYu3g~[�|�[�ª�]�_lc$X\`bd [�n�k�[�_lX\[
m�[�m�`��-VY_lX}ehklcVYn~d [�k�abVYn3kl_�ehc$nok�[bd ��`�n~`�_�ehq$cd�`b[bd�x%��[bd¦m�[���_�`bd�m�[Lq$c$�%[�_lk�`L��qVY�jehg�ª�d�VYnok�|%m~ehn~d¦ab[La�eYd�|jq[bd
abVYXZ]%V�d�ehn3k�[bdNm�g���[ba�k�[�g�_�dlg�c$�Yehn3k�±

〈E, K〉 = 〈E11, E22, 2E12, K11, K22, 2K12〉
v�w°¯Ix - � {

[�kZq[bdI�-VY_�ab[bd�n~V�m~ehq[bd}eYd�d�V�a�c`b[bd©v�m�c$�3cd�`b[bd�]jeh_Zqsrzehc$_�[ |V̄ | m�g	�-[�g�c$q$q[�kZX\V�¬�[�n¢m�[,q�e�ab[�q$q$g�q[�m�[,�jeYd�[�{m�[���c[�n�n~[�nok�±

〈N , M〉 = 〈N11, N22, N12, M11, M22, M12〉
v�w°¯Ix - � {

UW[bd´abVYn~a�q$g~dlcVYn~d´d�VYnok"cd�dlg~[bd"m�[�q�e��-VY_lX�g�q�ehklcVYn �Yeh_lc�ehklcVYn�n~[�q$q[	v�w°¯Ix -o��{�|^`buog�c$��ehq[�nok�[�ehg¢]�_�VY��q��X\[
qV�a�ehqfv�w�x � -3{�|~d�rt`ba�_lc$��ehnok�|�]%VYg�_Pg�n~[ ab[�q$q$g�q[Lm�[¦�jeYd�[ d�ehn~d�kl_�VYg©n�c�§jd�dlg�_�[J±

∫

V

(
δE − x3δK + δεp T r,(e)) : d :

(
E − x3K + εp T r,(e)) dV = |V̄ | δE : N + |V̄ | δK : M

v�w°¯Ix -o��{
❏

³T_�ehklcuog~[�X\[�n3k�|=g�n~[I�-VYcd q�e,ab[�q$q$g�q[Zm�[Z�jeYd�[�X}ehc$q$q`b[�|�g�n»n~V3[�g~m»dlg�]�]�q`�X\[�n3k�ehc$_�[�|�m�VYn3k&q[bd m�[���_�`bd�m�[
q$c$�%[�_lk�`&d�VYn3kEq[bdPabVYXZ]%V�d�ehn3k�[bdEm�[ q�eZm�`��-VY_lX}ehklcVYn�X}eYa�_�V�d�abVY]�cuog~[�|)[bdlkEe#�+VYg�k�`LÊ�k�VYg~d�q[bdE`�q`�X\[�n3k�dNm�[
q�e�ab[�q$q$g�q[}m�["�jeYd�[�|�uog�cf]0V�d�d��bm�[�nok&§~njehq[�X\[�n3k

NNOE+1
n~V�[�g~m�dLa�ijeYa�g�n�xp��[\��[ba�k�[�g�_�m�[bdLm�[���_�`bd�m�[

q$c$�%[�_lk�`&`�q`�X\[�n3k�ehc$_�[bd�m�[���c[�nokNm�VYn~aJ±

{ue} =

{
up T r,e

E

}
v�w°¯Ix -B-3{

�0^��v~CcYiWf2pmk�c�hjrWh�k �@o@k{h pmk
q��2qXrQl�f2f*k{egcml�n �Jp"� l�hjca��cmnCr�zCrwp"� rW�<oChjr2egegcal,n�� ]�� ^a`2�! �^
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UW[ba�c��(g~d�klc�§j[ m�VYn~a�|j[�kEehcm�[&[�n©g�n©d�[�n~dEÊIXZc[�g�ª�eh]�]�_�`�i~[�n~m�[�_�|jqsr c$n3kl_�V3m�g~a�klcVYn�m�[ q�eIX}ehkl_lcab[
Bhom,e |

_�[�q$c�ehnokNm�`��-VY_lX}ehklcVYn~dE[�kNm�[���_�`bdPm�[ q$c$�%[�_lk�`&`�q`�X\[�nok�ehc$_�[bd�|j]jeh_�±

{εe(x)} =
[
Bhom,e(x)

] { up T r,e
E

}
v�w°¯Ix - � {

� g�X\`�_lcu3g~[�X\[�nok�|)c$q=m�[���c[�nok�ehqVY_�d�ehg~d�dlc=d�c$XZ]�q[&m�rzeh]�]�q$cuog~[�_Ng�n~[&m�`��-VY_lX}ehklcVYn�X}eYa�_�V�d�abVY]�cu3g~[�[�k��hVYg
g�n~[ZabVYnokl_�ehc$nok�["X}eYa�_�V�d�abVY]�cu3g~[�|�u3g~[Im�rzeh]�]�q$cu3g~[�_&g�n�m�`�]�q�eYab[�X\[�n3kLVYg»g�n~[��-VY_�ab[�m~ehn~d g�n�abV3m�[Z`�q`�µ
X\[�nok�d�§~n�cdNa�q�eYd�dlcu3g~[�x

0�143���3 � � >,C��GI��MLON E���>,NMLONMDP@f?MI8Ay;2@,: 
 �/N��G:8;V=�>,?
@,:<; ?
ºNnI[�ª�]�q$ca�c$k�[Wm�`bd�VY_lX}ehcd�|habVYXZ]�k�[�µsk�[�nogZm�[bd=_�[�X}eh_�u3g~[bd@]�_�`bab`bm�[�nok�[bd�|hq�eEm�cd�a�_�`�klcd�ehklcVYnZm�g�]�_�VY��q��X\[

qV3a�ehq�`�q�eYdlklcu3g~[�xp³�VYg�_\ab["�sehc$_�[�|@VYn `ba�_lc$k�v�w°¯Ixz� ¤ {�d�VYg~dZd�e©�-VY_lX\[´`�q`�X\[�n3k�d�§~n�cd�±@kl_�VYg���[�_Zq[,a�ijehXZ]
]0`�_lcV�m�cuog~[ {

up T r,(e),e} |�k�[�q=u3g~[J±




∀
{
δup T r,(e),e} ]%`�_lcV�m�cuog~[ dlg�_

∂V, ∀ {δE} i~VYX\VY����n~[�d�g�_ V

NELT∑

e=1

∫

V e

〈
δεp T r,(e),e + δE

〉
[de]

{
εp T r,(e),e + E

}
dV = |V | 〈δE〉 : {Σ}

v�w°¯Ix - ��{

�Jn�c$n3kl_�V3m�g�cd�ehn3k�q�ePm�`���VY_lX}ehklcVYnLk�VYk�ehq[^`�q`�X\[�nok�ehc$_�[Wm�`�§~n�c[T]jeh_Bv�w½¯�x � ��{%[�k=[�nL[�ª�]�q$ca�c$k�ehn3k�g�n�cu3g~[�X\[�nok
q�eZm�`�]0[�n~m~ehn~ab[�dl]jehklc�ehq[�|�q�eI�-VY_lX�g�q�ehklcVYn�m�[��3c[�n3k�±

NELT∑

e=1

∫

V e

〈
δε(e),e(x)

〉
[de]

{
ε(e),e(x)

}
dV = |V | 〈δE〉 : {Σ} v�w½¯�x - ¤ {

�=e�_�[�q�ehklcVYn v�w°¯Ix - � {}eh]�]�q$cuog~`b[�Ê»g�n~[�m�`���VY_lX}ehklcVYn���c$_lklg~[�q$q[�|WeYd�d�V3a�c`b[�Ê�qsr c$nok�`���_�ehklcVYnKn3g�X\`�_lcuog~[
m�`�§~n�c[ ]jeh_Pq�e�_�[�q�ehklcVYn¨v�w°¯�x �e� {�|~m�VYn�n~[�nok�±

NELT∑

e=1

〈
δup T r,(e),e,δE

〉[
khom,e

]{ up T r,(e),e
E

}
= |V | 〈δE〉 : {Σ} v�w½¯�x -oy�{

VY¾©q�eIX}ehkl_lcab[�m�[¦_lc$��cm�c$k�`L`�q`�X\[�nok�ehc$_�[ [
khom,e

] [bdlkPm�`�§~n�c[&]jeh_�v�w°¯Ix - £ {�±
[
khom,e

]
=

NGE∑

i=1

ωi det
[
Je(ξ

i)
] [

Bhom,e(xi)
]T

[de]
[
Bhom,e(xi)

] v�w°¯Ix - £ {

WE]�_��bd�eYd�d�[�X���q�eh��[Ldlg�_Pqsrt[�n~d�[�XL��q[Lm�[bd
NELT

`�q`�X\[�n3k�dNm�[�q�eZab[�q$q$g�q[�m�[&�jeYd�[
V
|~VYn�[bdlk�ehqVY_�d�ehX\[�n~`

ÊI_�`bd�VYg~m�_�[&q[ dl¬�dlk���X\[¦q$c$n~`�ehc$_�[&a�q�eYd�dlcuog~[	� dlg�c$��ehnok�±

[K]

{
up T r,(e)

E

}
=

{
0

|V |Σ

}
v�w°¯Ix � S�{

UW[,]�_�VY��q��X\[�`�q�eYdlklcuog~[�ab[�q$q$g�q�ehc$_�[�|^m�VYnokZq[bdZc$n~abVYn�n3g~[bd\d�VYnokZq[bdZm�`�]�q�eYab[�X\[�n3k�d}]%`�_lcV�m�cuog~[bdZm�cd�a�_�`�µ
klcd�`bd�|^[bd�k\_�`bd�VYq$g�|WabVYXZ]�k�[�µsk�[�nogKm�[©q�e¸m�`�]0[�n~m~ehn~ab[�k�[�XZ]0VY_�[�q$q[�|f]%VYg�_"a�ijeYu3g~[�]0VYc$n3k"m�[�a�ijeh_l��[

Pj
|

m~ehn~d\q[�qVY��ca�c[�q�`�q`�X\[�nok�d}§~n�cd´¼�wlU v�
&À��$# �^| ��£�£ S�{Zdlg�_\q�e»�jeYd�[©m�[bdZkl_�e��Yehg�ª²m�[�	���$"��~��|fuog�cEe
c$XZ]�q`�X\[�nok�`´m~ehn~d�¼�wlU qsr g�klc$q$cd�ehklcVYn�m�[Zqsr i~VYX\VY��`�n~`�cd�ehklcVYn	]0`�_lcV�m�cu3g~[\m~ehn~d&q[\a�eYm�_�["m�[Zqsrt`�q�eYdlklca�c$k�`
kl_lcm�c$X\[�n~dlcVYn�n~[�q$q[�x

�<^��xpmk  h�k{n3e �5l�hjqVk  cal�n�zCrwpmk
qVk  hjcmfWr�zCr2e�z<iWhjc��Zi2r2e zCrWe��5l,nCf  cal,n3e z<r �(l�hjqXrvoCh��2e2^
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: @B? ; �/> I8NM; ��?MEGIKAy=�NMLONMDP@,;
� n~[Wm�[bdpdl]%`ba�c�§ja�c$k�`bdJm�[fab[bdJm�`���[�qVY]�]%[�X\[�nok�dJ_�[�]%V�d�[=�(g~d�k�[�X\[�nokTdlg�_@q�eN]�_lcd�[f[�nZabVYXZ]�k�[Wnog�X\`�_lcu3g~[

m�[bd�abVYn~m�c$klcVYn~dZm�["]0`�_lcV�m�ca�c$k�`,dlg�_�q[bd�m�`�]�q�eYab[�X\[�n3k�d�xJ³J_�ehklcu3g~[�X\[�nok�|Jab[bd�abVYn~m�c$klcVYn~dZd�[\kl_�eYm�g�cd�[�nok
]jeh_�m�[bdP_�[�q�ehklcVYn~dNq$c$n~`�ehc$_�[bdE[�n3kl_�[�q[bdNm�[���_�`bdEm�[ q$c$�%[�_lk�`�m�[bdEn~V3[�g~m�dNuog�c=d�[ abVY_l_�[bdl]0VYn~m�[�n3kN]jeh_E]0`�_lcVhµ
m�ca�c$k�`�x)³@eh_�[�ª�[�XZ]�q[�|~q�eI§~��g�_�[�w°¯Ix � _�[�]�_�`bd�[�nok�[&g�n~[�ab[�q$q$g�q[�m�[ �jeYd�[L�VXI|�XLg�n�c[�m�[ kl_�VYcdE��[ba�k�[�g�_�dNm�[

A

A′

B B′
C

C ′

x1

x2

x3

V1

V2

V3

¿ ���pÀ�¡���w°¯�x � Á��:AhA KT9 567m1q563 ;>=sRT.:9 7 . AC1e563 ;e=?9`RT.�Ä @I7I3 ;�R 3 / 3^5Y@ 9IK 7|A .:9`R @ Ä Ac1 /:. D .I= 5 9z=4;�R 1 Kel

]%`�_lcV�m�ca�c$k�`
V1
|
V2
[�k

V3
x � n~[N�-VYcd�ab[�klk�[ ab[�q$q$g�q[¦X}ehc$q$q`b[�|�VYn©d�[¦m�VYn�n~[ dlc�ª}n~V�[�g~m�d�d�[¦abVY_l_�[bdl]%VYn~m~ehnok

m�[�g�ª�Ê�m�[�g�ª�|~a�rt[bdlk+µ°Ê#µ½m�c$_�[&`�k�ehn3kN[�n���cd+µ°Ê#µs��cdPdlg�_�q[bd�kl_�VYcdE]jehc$_�[bdPm�[¦�seYab[bd�]jeh_�ehq$q��q[bd�±
Á q[bdPn~V�[�g~m�d

A
[�k

A′ |)m�[�abV�VY_�m�VYn�n~`b[bdN_�[bd�]0[ba�klc$��[bd xA
[�k

xA′
|jd�VYn3kEc$X}eh��[bdNqsr g�n�m�[�qsrzehg�kl_�[&]jeh_

q�eIkl_�ehn~dlq�ehklcVYn�m�[¦��[ba�k�[�g�_
V1
±
xA′ = xA + V1

|
Á q[bd�n~V�[�g~m�d

B
[�k

B′ |�m�[&abV3VY_�m�VYn�n~`b[bdN_�[bdl]%[ba�klc$��[bd xB
[�k

xB′
|�d�VYn3kPc$X}eh��[bdNqsr g�n�m�[ qsrzehg�kl_�[ ]jeh_

q�eIkl_�ehn~dlq�ehklcVYn�m�[¦��[ba�k�[�g�_
V2
±
xB′ = xB + V2

|
Á q[bdPn~V�[�g~m�d

C
[�k

C ′ |~m�[LabV3VY_�m�VYn�n~`b[bdN_�[bdl]%[ba�klc$��[bd xC
[�k

xC′
|~d�VYnokNc$X}eh��[bdPqsr g�n�m�[ qsrzehg�kl_�[&]jeh_

q�eIkl_�ehn~dlq�ehklcVYn�m�[¦��[ba�k�[�g�_
V3
±
xC′ = xC + V2

x
w°qB[bdlkIehqVY_�dIq$ca�c$k�[,m�rt`ba�_lc$_�[}q[bdI_�[�q�ehklcVYn~dIq$c$n~`�ehc$_�[bdZdlg�c$��ehnok�[bd�[�nokl_�[´q[bdIm�`�]�q�eYab[�X\[�nok�dZn~V�m~ehg�ª v�m�VYn~a
[�n3kl_�[&q[bdPm�[���_�`bdNm�[¦q$c$�0[�_lk�`�{�uog�c�d�[ abVY_l_�[bd�]0VYn~m�[�n3kN]jeh_�]%`�_lcV3m�ca�c$k�`J±





up T r,A − up T r,A′
= 0

up T r,B − up T r,B′
= 0

up T r,C − up T r,C′
= 0

v�w°¯Ix �2� {

��e�X\`�kli~V3m�[Bc$XZ]�q`�X\[�n3k�`b[Em~ehn~df¼�wlU�|Y[�nZ]jeh_lklc[�m�`ba�_lc$k�[Pm~ehn~d/ ��~ J)@¡
	=� � . 5}1>A x~v ��£ y � {�|�abVYn~dlcdlk�[PehqVY_�d
Ê,abVYn~m�[�n~d�[�_ q[bd X}ehkl_lcab[bd&m�[�_lc$��cm�c$k�`Z`�q`�X\[�nok�ehc$_�[bdI[�n�`�q$c$XZc$njehnok�q[bd m�[���_�`bd&m�[�q$c$�0[�_lk�`�_�[bm�VYn~m~ehn3k�d�x
X ehn~d^n~VYkl_�[P[�ª�[�XZ]�q[�|oq[bdJkl_�VYcd^m�`�]�q�eYab[�X\[�n3k�d

up T r,A | up T r,B [�k up T r,C d�[�_�ehc[�n3kf`�q$c$XZc$n~`bdBehgZ]�_�Vh§~kfm�[bd
kl_�VYcdBehg�kl_�[bd�|3ab[Eu3g�c0ehg�_�ehc$k^]%VYg�_fabVYn~d�`buog~[�n~ab[Nm�[P_�`bm�g�c$_�[Nq�e k�ehc$q$q[Em�[bd^X}ehkl_lcab[bdB`�q`�X\[�nok�ehc$_�[bdB[�kfm�VYn~a
q�eIk�ehc$q$q[ m�g�dl¬�dlk���X\[���qVY�jehqsx)UWVYn~a�_���k�[�X\[�n3k�|jab[�klk�[ `�k�eh]%[N]%[�g�kP¹�kl_�[��-VY_lX}ehq$cd�`b[¦m�[¦q�e&�se��bVYn©dlg�c$��ehnok�[J±
Á d�VYc$k {

up T r} q[,��[ba�k�[�g�_\m�[bdZc$n~abVYn�nog~[bd}n~V3m~ehq[bd}eYd�d�V3a�c`b[bd\ehg¢a�ijehXZ]²m�[�m�`�]�q�eYab[�X\[�nok�d up T r |
]%`�_lcV3m�cu3g~[ dlg�_

∂V
|

Á d�VYc$k {
u

p T r
1

} q[�d�VYg~d+µ½[�n~d�[�XL��q[Pm�[bdTabVYXZ]%V�d�ehnok�[bdWm�[ {
up T r} dlg�_Jq[bd�u3g~[�q$q[bd^ehg~a�g�n~[PabVYn~m�c$klcVYn"m�[

]%`�_lcV3m�ca�c$k�`�n�rt[bdlkEc$XZ]%V�d�`b[�xj�=[bdNm�[���_�`bd�m�[&q$c$�%[�_lk�`�abVYn~ab[�_ln~`bd�d�VYnok�m�VYn~aIeYd�d�V3a�c`bd�ÊZm�[bdNn~V3[�g~m�d
u3g�c�n~[ d�[ dlc$klg~[�nokN]jeYdPdlg�_�q[ �%VY_�m

∂V
m�[¦q�eZab[�q$q$g�q[�m�[ �jeYd�[�|

Á d�VYc[�n3k {
u

p T r
2

} [�k {
u

p T r
3

} q[bd�d�VYg~d+µ½[�n~d�[�X���q[bdEm�[bd�abVYXZ]0V�d�ehn3k�[bdPm�[ {
up T r} u3g�c�abVY_l_�[bdl]%VYn~m�[�nok

Ê�m�[bd�n~V�[�g~m�dEehklk�eYa�i~`bd¦Ê�m�[bdB�seYab[bd�q�ehk�`�_�ehq[bd�m�[
∂V

[�n��3cdlµ°Ê#µs�3cd�xjUW[bdEabVYXZ]0V�d�ehn3k�[bdEd�VYn3kEm�VYn~a



����� �3�	��
����������
������
������M�Z�0�����.����!,�L�b� �c�K�V�¶�#
$����� �¶�h����
�
��� ��� �

_�[�q$c`b[bdP]jeh_Eq�eI_�[�q�ehklcVYn�q$c$n~`�ehc$_�[J±
{

u
p T r
2

}
=
{

u
p T r
3

} v�w°¯Ix �e� {
ºNnI]�_�`ba�cd�[Wu3g~[fq[Wa�ijehXZ]Z�3c$_lklg~[�q {

δup T r} VY�%`�c$kpehg�ªIX\¹�X\[bdJabVYno��[�n3klcVYn~d�x��=eE�-VY_lX�g�q�ehklcVYn\m�cd�a�_�`�klcd�`b[
d�rt`ba�_lc$kNehqVY_�d��@± ∀ δup T r

1 ,δup T r
2 ,δup T r

3 ,δE
|

〈
δup T r

1 ,δup T r
2 ,δup T r

3 ,δE
〉 [

Khom
]





u
p T r
1

u
p T r
2

u
p T r
3

E





=
〈
δup T r

1 ,δup T r
2 ,δup T r

3 ,δE
〉





0

0

0

|V |Σ





v�w°¯Ix � ��{

VY¾ [
Khom

] ]%[�g�kWd�rt`ba�_lc$_�[N]jeh_W��qV3abd�|3q[bdWm�c�¥%`�_�[�n3k�dB��qV3abdf]�_�V���[�njehn3kPm�[EqsrzeYd�d�[�X���q�eh��[¦m�[bdWX}ehkl_lcab[bdWm�[
_lc$��cm�c$k�`�`�q`�X\[�nok�ehc$_�[bd=±

[
Khom

]
=




Khom
11 Khom

12 Khom
13 Khom

14

K
hom,T
12 Khom

22 Khom
23 Khom

24

K
hom,T
13 K

hom,T
23 Khom

33 Khom
34

K
hom,T
14 K

hom,T
24 K

hom,T
34 Khom

44




v�w°¯Ix � -3{

�Jn�]�_�[�njehn3kN[�n�abVYXZ]�k�[�q[bdP_�[�q�ehklcVYn~d�m�[ ]%`�_lcV3m�ca�c$k�`�q$c�ehnok {
u

p T r
2

} v�_�[bdl]�x {
δup T r

2

} {�Ê {
u

p T r
3

} v�_�[bdl]�x
{

δup T r
3

} {�|�q[&dl¬�dlk���X\[&ÊI_�`bd�VYg~m�_�[�d�[¦_�`bm�g�c$k�§~njehq[�X\[�nok ehg©dl¬�dlk���X\[ dlg�c$��ehnok�±




� hom
11

� hom
12 +

� hom
13

� hom
14

� hom,T
12 +

� hom,T
13

� hom
22 +

� hom
23 +

� hom,T
23 +

� hom
33

� hom
24 +

� hom
34

� hom,T
14

� hom,T
24 +

� hom,T
34

� hom
44








u
p T r
1

u
p T r
3

E





=





0

0

|V |Σ





v�w°¯Ix �e� {
�=e}abVYn~m�[�n~d�ehklcVYn�]%[�_lX\[�kNm�VYn~aIm�[L]jeYd�d�[�_Nm�r g�n�dl¬�dlk���X\[&��qV�a

4 ∗ 4
Ê\g�n�dl¬�dlk���X\[���qV3a

3 ∗ 3
|0ab[Lu3g�c

_�`bm�g�c$k}abVYn~dlcm�`�_�eh��q[�X\[�nok"q[�abV���k}m�[bd\a�ehqa�g�qd�|pk�ehn3k}[�n ]�q�eYab[�X\`�X\VYc$_�[©u3g�rt[�n k�[�XZ]~d�x^UW[�d�VYg~a�cPm�[
��[bdlklcVYn»m�[�q�e}]�q�eYab[IX\`�X\VYc$_�[Z[�ª�]�q$cu3g~[L`��oehq[�X\[�n3k q[&�sehc$k¦uog~[Iab[�klk�[�`�k�eh]0[�m�[IabVYn~m�[�n~d�ehklcVYn¸ehc$kNq$c[�g
ehg´n�c$��[�ehg�`�q`�X\[�n3k�ehc$_�[J±~ab[ba�c0`���c$k�[¦m�[E_�`bd�[�_l��[�_Wc$n3g�klc$q[�X\[�nokEm�[�q�e�]�q�eYab[�X\`�X\VYc$_�[¦]0VYg�_Wq�eLX}ehkl_lcab[�m�[
_lc$��cm�c$k�`&��qVY�jehq[�x

� n~["�-VYcdIq[´a�ijeh_l��[�X\[�nok\X}eYa�_�V�d�abVY]�cuog~[,c$XZ]%V�d�`´]jeh_�qsr c$nok�[�_lX\`bm�c�ehc$_�[�m�[bd�m�[���_�`bdZm�[´q$c$�%[�_lk�`´m�g
n~V3[�g~m�X}eYa�_�V�d�abVY]�cuog~[I[�kEm�[ q[�g�_�dP��VY_�ab[bd�n~V�m~ehq[bdNeYd�d�V3a�c`b[bd�|~[�kPg�n~[¦�-VYcd�q[bdP_�[�q�ehklcVYn~d�m�[ ]%`�_lcV3m�ca�c$k�`
]�_lcd�[bd&[�n�abVYXZ]�k�[}ehg»n�c$��[�ehg¸`�q`�X\[�n3k�ehc$_�[�|=q[�]�_�VY��q��X\[}m�cd�a�_�`�klcd�`©v�w°¯Ix � S�{�[bdlk _�`bd�VYq$g�]jeh_L¼�w+U�|�e#§~n
uog�r g�n~[I]�_�[�XZc��_�[Z]jeh_lklc[�m�[bd m�VYn�n~`b[bd m�[bd m�c�¥�`�_�[�nok�d ]�_�VY��q��X\[bd&m�rtVY]�klc$XZcd�ehklcVYn�d�VYc$k m�cdl]0VYn�c$��q[J±%q[bd
abVYnokl_�ehc$nok�[bdI]�g�_�[�X\[�n3kL`�q�eYdlklcu3g~[bd&[�n¸a�ijeYuog~[Z]%VYc$nokLm�[  #%À�� �

i
[�k�[�n�a�ijeYu3g~[Z]%VYc$nok�m�[}a�ijeh_l��[

Pj
|

n~VYk�`b[bdP]jeh_Pq�e�dlg�c$k�[
σ

(e)
i (Pj), j = 1..2m x

�<^�� s3nuz<rwegcaqXo3pac�s@rWh�p"� rW�<oJl,egi��3l,n&l,qXr   l�~���l�~Chje��Zl,pal�n  k{c�hjr2qXr2n  pmk=zCi2oJrWn@z3k{n3f2rvr2n
Pj
^
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m�c$_�[ba�k�[�X\[�n3kfehgI]jeh_�eh��_�eh]�i~[�dlg�c$�Yehn3kpkl_�ehc$k�ehnokTm�[fq�eEm�cd�a�_�`�klcd�ehklcVYn�m�[bd@]�_�VY��q��X\[bdTm�rtVY]�klc$XZcd�ehklcVYn�x�³@eh_
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]�_�VY��q��X\[Lab[�q$q$g�q�ehc$_�[Lehg�ª©abVYnokl_�ehc$n3k�[bd�_�`bdlcm�g~[�q$q[bd�|�k�VYg�kEabVYXZX\[�qsrtVYn©��c[�nokEm�[&m�cd�a�_�`�klcd�[�_Pq[¦]�_�VY��q��X\[
ab[�q$q$g�q�ehc$_�[�]�g�_�[�X\[�nok�`�q�eYdlklcuog~[�x
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UWVYnokl_�ehc$_�[�X\[�n3k,Ê�q�e��-VY_lX�g�q�ehklcVYn²��eh_lc�ehklcVYn�n~[�q$q[�]�_�`bab`bm�[�n3k�[�|Tc$q�n�rt[bdlk�]jeYdZ]%V�d�dlc$��q[,m~ehn~dZq[�a�eYd

m�[bdL]�_�VY��q��X\[bdIqV3a�ehg�ª¸ehg�ª¸abVYn3kl_�ehc$nok�[bd�_�`bdlcm�g~[�q$q[bd�|�m�[}d�[}abVYnok�[�nok�[�_Zm�[}kl_�eb��ehc$q$q[�_Idlg�_Lq[Z]�_�VY��q��X\[
Ê	m�`��-VY_lX}ehklcVYn c$XZ]%V�d�`b[»]�g�cd�m�[���`�n~`�_�ehq$cd�[�_�|E]jeh_�ehnjehqVY��c[�|EehgK]�_�VY��q��X\[¸Ê	abVYn3kl_�ehc$nok�[�c$XZ]%V�d�`b[�x
�Tn [�¥%[�k�|Bq[bd�m�[�g�ª�]�_�VY��q��X\[bd

P
(r),cl
d T f

[�k
P

(r),cl
cont

n~[�d�VYn3k�]jeYd©dlc$XZc$q�ehc$_�[bd�]�g�cd�u3g~[�q�e�nog�q$q$c$k�`�m�[�q�e
X\V�¬�[�n�n~[�m�[bd\abVYn3kl_�ehc$nok�[bd"_�`bdlcm�g~[�q$q[bd\n�rze�]jeYd\q$c[�g¢m�rt¹�kl_�[�Ê�m�`���VY_lX}ehklcVYn²c$XZ]0V�d�`b[�x WE§~n¢m�[,_�[bdlk�[�_
q[�]�q$g~d}��`�n~`�_�ehqN]0V�d�dlc$��q[�|^VYn abVYn~dlcm���_�[�m�VYn~a�q[©]�_�VY��q��X\[�ab[�q$q$g�q�ehc$_�[�dlg�c$��ehnok�|^cd�dlg²m�[bd"]�_�VY��q��X\[bd
]�_�`bd�[�nok�`bd¦ehg�]jeh_�eh��_�eh]�i~[�w�w�w�xz��xz��xzeB±

P (r)





o e6s
ρ = 0

m~ehn~d
V

ρ.n
ehnoklc�]%`�_lcV3m�cu3g~[&dlg�_

∂V

〈ρ〉V = R

v�w°¯Ix � ��{

d�eYa�ijehnokNuog~[
R
[bdlk�nog�q�qVY_�d�u3g~[�q�e�abVYnokl_�ehc$n3k�[&X}eYa�_�V�d�abVY]�cu3g~[ [bdlkBc$XZ]0V�d�`b[ [�kB[bd�k�g�n,a�ijehXZ] 1 Ä 7:3 ; 7I3

u3g~[�qabVYn~u3g~[ qVY_�d�u3g~[ q�e�m�`���VY_lX}ehklcVYn�X}eYa�_�V�d�abVY]�cu3g~[�[bdlk�c$XZ]%V�d�`b[�x

02143���365 � >�C��GI��MLON �/:<;V=�>,?
@,:8;.?�N
@ LOAJ@B>�:<=�N ���`? 
	�/:8I<:��G>,N
�Trt`bu3g�c$�Yehq[�n~ab[´[�nokl_�[´q�e©��VY_lXLg�q�ehklcVYn���eh_lc�ehklcVYn�n~[�q$q[»v�w½¯�x ��¤ {�[�k�q["]�_�VY��q��X\["qV�a�ehq�v�w°¯�x � ��{&d�rtVY��µ

klc[�n3k�[�ª~eYa�k�[�X\[�nok�m�[�q�e�X\¹�X\[��se��bVYn�u3g~[�]�_�`bab`bm�[�XZX\[�nok�|N[�n d�[�m�VYn�njehnok©g�n~[�a�c$n~`�X}ehklcu3g~[»�3c$_+µ
klg~[�q$q[�m�[»k°¬3]%[·v�w°¯Ix ��¤ {©[�k�[�n ]�_�[�njehn3k�[�n abVYXZ]�k�[�q[bd�_�[�q�ehklcVYn~d�m�[¸]0`�_lcV�m�ca�c$k�`·v�w°¯�x � ��x �){�[�k�m�[
X\V�¬�[�n�n~[Zv�w½¯�x � ��xta�{�x3�^rt[�n~d�[�X���q[¦m�[bdWabVYn~m�c$klcVYn~dWm�g"]�_�VY��q��X\[Zv�w½¯�x � ��{p]%[�g�kWehqVY_�dWd�rt[�ª�]�_lc$X\[�_WabVYXZX\[
d�g�c$k�±





∀ δup T r ]%`�_lcV3m�cu3g~[&dlg�_
∂V

k�[�q�uog~[
δεp T r = � j.b
o s δup T r,

∀ δE
i~VYX\VY����n~[�d�g�_

V,

∫

V

(
δεp T r + δE

)
: ρ dV = |V | δE : R

v�w°¯Ix ��¤ {

UWVYXZ]�k�[�µsk�[�n3g�m�[�q�e�m�cd�a�_�`�klcd�ehklcVYn¸v�w°¯�x � ��{^m�[�q�e�m�`��-VY_lX}ehklcVYn�k�VYk�ehq[ `�q`�X\[�nok�ehc$_�[&[�kP[�n,n~VYk�ehn3k {ρe}q[���[ba�k�[�g�_´m�[bd´abVYnokl_�ehc$n3k�[bd,_�`bdlcm�g~[�q$q[bd´`�q`�X\[�nok�ehc$_�[bd�|W_�[�]�_�`bd�[�n3k�ehnok,qsrt[�n~d�[�X���q[�m�[bd´abVYnokl_�ehc$nok�[bd�[�n
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a�ijeYu3g~[ ]0VYc$n3kEm�[  #�À � ��m�[¦qsrt`�q`�X\[�n3k�|@v�w°¯�x ��¤ {Wm�[��3c[�n3k�±




∀
{
δup T r,e} ]%`�_lcV3m�cu3g~[&dlg�_

∂V,

∀ {δE} i~VYX\VY����n~[Ldlg�_ V,

NELT∑

e=1

〈
δup T r,e,δE〉

∫

V e

[
Bhom,e

]T
{ρe} dV = |V | 〈δE〉 {R}

v�w°¯Ix � y�{

�=e��-VY_lX\[�m�cd�a�_�`�klcd�`b[©m�[¸v�w°¯�x ��¤ {I[bdlk\VY��k�[�nog~[�|Weh]�_��bd\c$nok�`���_�ehklcVYn·nog�X\`�_lcu3g~[�|^d�VYg~d\q�e���VY_lX\[©m�r g�n
dl¬�d�k���X\[Em�rt`bu3gjehklcVYn~dBq$c$n~`�ehc$_�[bdf_�[���_�VYg�]jehn3k�k�VYg�k�[bdWq[bdWabVYn~m�c$klcVYn~dBm�rt`��oehq$c$k�`bd�m�[���ehnok�¹�kl_�[N��`�_lc�§j`b[bdf]jeh_
q[bdPabVYnokl_�ehc$n3k�[bdN_�`bd�cm�g~[�q$q[bd�±

[
Chom

]
{ρ} =

{
0

|V |R

}
v�w°¯Ix ��£ {

VY¾&±
Á q[B��[ba�k�[�g�_ {ρ} [bdlkJabVYn~dlklc$klg~`�m�[Bq�e¦abVYn~a�ehk�`�njehklcVYn´m�[bdJabVYXZ]0V�d�ehn3k�[bd^m�[bdJabVYn3kl_�ehc$nok�[bdf_�`bdlcm�g~[�q$q[bd[�n�k�VYg~dpq[bdp]0VYc$n3k�dJm�[  #%À�� ��m�[Wk�VYg~d@q[bdJ`�q`�X\[�nok�dNv�VYnIn~VYk�[

NG
q[fn~VYXL��_�[�m�[W]0VYc$n3k�dJm�[  #%À � �

k�VYk�ehq=m�[ q�e�ab[�q$q$g�q[Lm�[¦�jeYd�[J±
NG=NGE∗NELT

{0±

{ρ} =





ρ1(x1)

...

ρ1(xNGE)

ρ2(x1)

...

ρ2(xNGE)

...

...

ρNELT (x1)

...

ρNELT (xNGE)





�





ρ1

...

ρNG





v�w°¯Ix��BS�{

Á q�e²X}ehkl_lcab[ [
Chom

] |Nca�c�eh]�]%[�q`b[ Db1q567:3 /o.vR Ç @UQ K 3hAg3��I7 . |¦n~[¨m�`�]%[�n~m u3g~[�m�[bd�]�_�VY]�_lc`�k�`bd���`bVhµ
X\`�kl_lcu3g~[bd©m�g·]�_�VY��q��X\[¸[�k"_�`bdlg�q$k�[»m�[�qsrzeYd�d�[�XL��q�eh��[�m�[bd´X}ehkl_lcab[bd©m�rt`bu3g�c$q$c$��_�[�`�q`�X\[�n3k�ehc$_�[bd
[
Chom,e

] |�k�[�q$q[bdPu3g~[J±

[
Chom,e

]
=

NGE∑

i=1

ωi det
[
Je(ξ

i)
] [

Bhom,e(xi)
]T v�w°¯Ix�� � {

³J_�ehklcuog~[�X\[�n3k�|�g�n~[Wn~VYg���[�q$q[�abVYXZX}ehn~m�[Pe�`�k�`�m�`���[�qVY]�]0`b[�m~ehn~d^¼�wlU�|hm�[BX}ehn�c��_�[PÊEab[�u3g~[^q�eNX}ehkl_lcab[
m�rt`buog�c$q$c$��_�[Ld�VYc$kEehg�k�VYX}ehklcuog~[�X\[�n3kN��`�n~`�_�`b[�|)uog~[�q$q[ u3g~[ d�VYc$kPq�eInjehklg�_�[Lm�g©a�ijeh_l��[�X\[�n3kNc$XZ]%V�d�`�x



� - � � ')���0
s�����¦��������
�b���������
	����E���Y!,���l
�����L�����¦�b�������¶��*����

02143���3�� � >r:8;.N NMD =�C+LOE�@BN �/NM; >,NMI8A�@B:8C+D/; �/N E ? >�:8C��/:8=
:K@B? ; �/> I8NM; ��? ERIKAy=�NMLONMDP@,;
	�:K>B@ �/NMI8;

�=e�]�_lcd�[^[�nLabVYXZ]�k�[Wm�[bd�_�[�q�ehklcVYn~d=q$c$n~`�ehc$_�[bdp[�nokl_�[Wm�[���_�`bd@m�[Tq$c$�%[�_lk�`f[bdlk�kl_�ehc$k�`b[T]jeh_JehnjehqVY��c[We���[ba^q[
]�_�VY��q��X\[W]�g�_�[�X\[�n3kp`�q�eYd�klcuog~[�xh�JnL[�¥�[�k�|h[�nIeYm�VY]�k�ehnokpq[bd�X\¹�X\[bd=n~VYk�ehklcVYn~dJu3g�rzehg�]jeh_�eh��_�eh]�i~[Bw°¯Ixz��x -~|
VYn�eB± ∀ δup T r

1 ,δup T r
2 ,δup T r

3 ,δE
|

〈
δup T r

1 ,δup T r
2 ,δup T r

3 ,δE
〉 [

Chom
]
{ρ} =

〈
δup T r

1 ,δup T r
2 ,δup T r

3 ,δE
〉





0

0

0

|V |R





v�w°¯Ix�� � {

VY¾�q�eIX}ehkl_lcab[�m�rt`bu3g�c$q$c$��_�[&[bdlkEm�`babVYXZ]%V�d�`b[&m�[¦q�eI�se��bVYn©dlg�c$��ehnok�[J±

[
Chom

]
=




Chom
1

Chom
2

Chom
3

Chom
4




v�w°¯Ix�����{

UWVYXZ]�k�[�µsk�[�n3g�m�[�qsrt`��oehq$c$k�` [�nokl_�[ {
δup T r

2

} [�k {
δup T r

3

} |�ab[�dl¬�d�k���X\[Nd�[�_�`bm�g�c$kPehg�dl¬�dlk���X\[Iv�w°¯�x��.-3{�|�[�n
ab[¦d�[�n~dWu3g�rzeh]�_��bdf]�_lcd�[N[�n,abVYXZ]�k�[¦m�[bdf_�[�q�ehklcVYn~dBq$c$n~`�ehc$_�[bdWq�e�X}ehkl_lcab[¦m�rt`buog�c$q$c$��_�[ abVYXZ]%VY_lk�[EX\VYc$n~d�m�[
q$c$��n~[bd=±�q[Tdl¬�dlk���X\[J]jeh_=��qV3abd=c$n�c$klc�ehq[�X\[�nok

4∗1 m�[���c[�nok�g�n�dl¬�dlk���X\[ 3∗1 x�UW[�klk�[TX\`�kli~V�m�[^m�rt`�q$c$XZc$njehklcVYne�m�VYn~a `�k�`¦c$XZ]�q`�X\[�n3k�`b[&m~ehn~dN¼�wlU�|�dlg�_�q�eL�jeYd�[ m�[bdBkl_�eb��ehg�ª,m�[ �	���$"��~��vK ��~ �)�¡
	���� . 5[1eA x$| ��£ y � {�|
m�[ �-e��bVYn�ÊZeh��c$_�ehg�n�c$��[�ehg�`�q`�X\[�nok�ehc$_�[Ieb��ehnok¦eYd�d�[�X���q�eh��[�x




Chom
1

Chom
2 + Chom

3

Chom
4


 {ρ} =





0

0

|V |R





v�w°¯Ix��.-3{

02143���3�� 9�:<;2@,:<D/=&@,:KC+D ��?�� C|>�LOA�@,:KC+D���=�C+DP@B>,Ay:8DP@BN :<LpE CP; ?MN
�@c�ª�[�_�q�e"�Yehq[�g�_&m�[ {R} Ê 0

|0[�n»a�eYd m�[�abVYnokl_�ehc$n3k�[ZX}eYa�_�V�d�abVY]�cu3g~[ {E} c$XZ]%V�d�`b[�|%VYg»[�n~abVY_�[�q�eq�ehcd�d�[�_Eq$c$��_�[�|0[�n�a�eYd�m�[�m�`��-VY_lX}ehklcVYn�X}eYa�_�V�d�abVY]�cuog~[ {Σ} c$XZ]%V�d�`b[�|jm�[���c[�nok¦dlc$XZ]�q[�ÊZq�eZq$g�XZc��_�[Im�[qsr c$n3k�[�_l]�_�`�k�ehklcVYn�m�[ {E} [�k {Σ} |o[�n"k�[�XZ]~dWu3g~[Em�[���_�`bdWm�[Nq$c$�0[�_lk�`Ndlg�]�]�q`�X\[�nok�ehc$_�[bd�[�kf��VY_�ab[bdfn~V�m~ehq[bdeYd�d�V3a�c`b[bdIv-Ê�q�eZX\[bd�g�_�[&m�g���VYq$g�X\[Lm�[&q�eZab[�q$q$g�q[Lm�[ �jeYd�[&]�_��bd�{�x)U�rt[bdlkEq�ÊZk�VYg�k�[&q�eI�-VY_�ab[�m�[&ab[&n~V3[�g~m
§ja�klc��l|~q[�n~V3[�g~m�X}eYa�_�V�d�abVY]�cu3g~[J±jq�eZ��VY_lXLg�q�ehklcVYn�dl]%`ba�c�§ju3g~[�[bdlkE`ba�_lc$k�[Lm~ehn~dEq[La�eYdP��`�n~`�_�ehqs|)]�g�cdPqsrtVYn
]jeh_lklca�g�q�eh_lcd�[&]jeh_Pqsr c$n3k�[�_lX\`bm�c�ehc$_�[Lm�[&abVYn~m�c$klcVYn~dEq$c$XZc$k�[bd�±
Á dlcpqsrtVYn»kl_�eb��ehc$q$q[}Ê,m�`��-VY_lX}ehklcVYn�c$XZ]%V�d�`b[�|�q�e"�se��bVYn�m�[�q�ehcd�d�[�_¦q$c$��_�[Zq�e´X\V�¬�[�n�n~[}m�g�a�ijehXZ]¨m�[
abVYnokl_�ehc$n3k�[bd&_�`bdlcm�g~[�q$q[bd�|%_�[�]�_�`bd�[�nok�`b[Z]jeh_¦q[���[ba�k�[�g�_&m�cd�a�_�`�klcd�` {R} |%[bdlk m�r c$XZ]%V�d�[�_ k�VYg�k�[bd¦q[bdabVYXZ]%V�d�ehnok�[bdPm�[�q�eIm�`��-VY_lX}ehklcVYn©X}eYa�_�V�d�abVY]�cu3g~[ {E} Ê ��`�_�V�x~UW[ba�c�[bdlkBg�n~[ abVYn~a�q$g~dlcVYn©m�c$_�[ba�k�[m�[©qsrt`ba�_lc$klg�_�[	v�w°¯Ix�� � {�|fuog~[�qsrtVYn²_�`�ehq$cd�[�k�VYg�k´ehg~d�dlc�dlc$XZ]�q[�X\[�nok,u3g~[©qsrtVYn ehg�_�ehc$k´c$XZ]%V�d�`�m�[bd
m�`�]�q�eYab[�X\[�nok�d¦Ê ��`�_�V\m~ehn~dEg�n©abV3m�[&a�q�eYd�dlcuog~[�x

Á dlc)qsrtVYn}kl_�eb��ehc$q$q[ Ê&abVYn3kl_�ehc$nok�[¦c$XZ]%V�d�`b[�|oq�e&X\V�¬�[�n�n~[¦m�[bdWabVYnokl_�ehc$nok�[bdP_�`bdlcm�g~[�q$q[bdBm�VYc$kW¹�kl_�[Nnog�q$q[�|
ab[Zu3g�cs|�k�VYgY�+VYg�_�dIÊ,q�e´��g~[\m�g¸dl¬�dlk���X\[©v�w°¯Ix�� � {�|�[bd�k _�`�ehq$cd�`\[�n�n�r c$XZ]%V�d�ehnok�ehg~a�g�n~[\abVYn~m�c$klcVYn
q$c$XZc$k�[ ]jeh_lklca�g�q$c��_�[Iehg�ª,m�[���_�`bdNm�[ q$c$�0[�_lk�` {E} x



����� �3���J�����.����!,������� � �p��
$!Z
������
�������
����������
�b��� �����

�Jn�abVYn~a�q$g~d�cVYn�|)q[bd¦abVYn~m�c$klcVYn~d m�rt`��oehq$c$k�`bd m�[bdN]�_�VY��q��X\[bd m�rtVY]�klc$XZcd�ehklcVYn
P stat

d T f
[�k

P stat
cont

d�[�_�VYn3k¦m�VYn�µ
n~`b[bd�|Jm~ehn~dZq[bd\m�[�g�ª a�eYd�|Jd�VYg~d�q�e��-VY_lX\[�m�g¢dl¬�dlk���X\[�v�w°¯Ix�� � {�|TÊ�ab[ba�c�]�_��bd\u3g~[�m~ehn~dZq[�a�eYd\m�r g�n~[
m�`���VY_lX}ehklcVYn�c$XZ]0V�d�`b[�|�q�eIX}ehkl_lcab[�m�rt`buog�c$q$c$��_�[Iehg�_�e�`�k�`&abVYn~dlkl_lg�c$k�[&[�n�c$XZ]%V�d�ehnokEq[bdPabVYXZ]0V�d�ehnok�[bdEm�[
{E} Ê ��`�_�V�x [

Chom
]
{ρ} = {0} v�w°¯�x�� � {

0�143���3�� � @VC =��JA �|N C|E�@,:<LO:<;.? ��N IKApLpA�@B>�:<=�N ���`? 
	�/:8I<:��G>,N
�=e�m�`�§~n�c$klcVYn v�w½¯�x��BS�{�m�g¢��[ba�k�[�g�_ {ρ} c$n~a�c$k�[�Ê»V�a�kl_�V�¬�[�_,Ê�q�e�X}ehkl_lcab[�m�rt`bu3g�c$q$c$��_�[ [Chom

] q�e
dlkl_lg~a�klg�_�[¦_�[�]�_�`bd�[�nok�`b[ §~��g�_�[ w½¯�xz��|�dlg�_Bq�eYuog~[�q$q[¦q[bdBq$c$��n~[bd���_lcd�`b[bd�abVY_l_�[bdl]0VYn~m�[�n3kNehg�ª´[�XZ]�q�eYab[�X\[�n3k�d
m�[bd¦k�[�_lX\[bd n~VYn»nog�qd�x=UW[�]%[�n~m~ehnok�|�abVYXZ]�k�[�µsk�[�nog�m�[bd¦_�[�q�ehklcVYn~d q$c$n~`�ehc$_�[bd�[�n3kl_�[�q[bd m�[���_�`bd&m�[�q$c$�0[�_lk�`

...

Elément 2 Elément NELTElément 1

[
Chom

]
=

¿ ���@À=¡���w°¯Ixz� Á
	4567 K?/ 5 K 7 .FRT. AC1ODO1e567I3 /:.FR Ç @<Q K 3^Ag3 �I7 .

m�[bdfn~V�[�g~m�d�eh]�]jeh_lk�[�njehnokEehg�ª\�seYab[bdWm�[
V
[�n´�3cdlµ°Ê#µs�3cd�|3q�e�X}ehkl_lcab[�m�rt`bu3g�c$q$c$��_�[�]0V�d�d��bm�[Pg�n~[¦dlkl_lg~a�klg�_�[

c$_l_�`�X\`bm�c�eh��q[�X\[�nokLa�_�[�g~d�[�xJX¦[�ab[&�sehc$k�|�e#§~n�m�rt`babVYn~VYXZcd�[�_&m�[Lq�e}]�q�eYab[IX\`�X\VYc$_�[�|�d�[�g�qdNq[bd¦k�[�_lX\[bd�m�[
[
Chom

] u3g�cNd�VYnok�|T]jeh_´abVYn~dlkl_lg~a�klcVYn�|fn~VYn²nog�qd,VYn3k"`�k�`�d�k�V3a���`bd�xWUW[ba�cNn~`bab[bd�dlc$k�[©qsr c$XZ]�q`�X\[�n3k�ehklcVYn
m~ehn~d ¼�wlU m�[Lm�[�g�ª���[ba�k�[�g�_�d�|)q[L]�_�[�XZc[�_ abVYnok�[�njehn3k&q[bd�c$n���VY_lX}ehklcVYn~d¦_�[�q�ehklc$��[bd ehg�ª�a�eh_�eYa�k�`�_lcdlklcu3g~[bd
m�[bd X}ehkl_lcab[bd&`�q`�X\[�nok�ehc$_�[bd,v�n~VYX���_�[}m�[Zm�[���_�`bd�m�[Iq$c$�0[�_lk�`}abVYn~d�[�_l��`bd �� 3 Ru.:9 5 n~VYX���_�[\m�[�q$c$��n~[bd&m�[
a�ijeYu3g~[ZX}ehkl_lcab[Z`�q`�X\[�nok�ehc$_�[�|=c$n~m�cab[bd�m�[I]0V�d�c$klcVYn�n~[�X\[�nokLm~ehn~d [

Chom
] 3 Ru.:9 5 c$n~m�cab[bd&m�[Zm�`���g�k&[�k

m�[P§~n�m�[�abVYqVYn�n~[N]%VYg�_�a�ijeYa�g�n~[¦m�[bdWX}ehkl_lcab[bd�`�q`�X\[�nok�ehc$_�[bd�| . 5 / {f[�kfq[�d�[babVYn~m,abVYnok�[�njehn3kPq[bdf�Yehq[�g�_�d
nog�X\`�_lcu3g~[bd&m�[bd�q$c$��n~[bdNn~VYn�n3g�q$q[bd¦_�`�]0[�_lk�VY_lc`b[bd¦]jeh_¦q[L]�_�[�XZc[�_�x � VYg~d¦a�i~VYcd�cd�d�VYn~d¦ab[�]0[�n~m~ehn3k&m�[�n~[
]jeYdE]�q$g~dNn~VYg~d�ehklk�eh_�m�[�_¦dlg�_Eab[bd�m�`�k�ehc$qdNk�[ba�i�n�cu3g~[bd�|)u3g�cs|~��c[�n�uog~[�]0V�d�d�`bm~ehnokNg�n�c$n3k�`�_�¹�kNn3g�X\`�_lcuog~[
c$n~m�`�n�c�eh��q[�|~n�rt[�n©]%V�d�d��bm�[�n3kP]jeYd�X\VYc$n~dPg�n�c$n3k�`�_�¹�kEq$c$XZc$k�` ]%VYg�_Eab[�kP[�ª�]0V�d�`�x

X ehn~dBq[�a�eYdBm�[�qsrzeh]�]�_�V�a�i~[ dlk�ehklcu3g~[�|�ab[�klk�[ m�[�g�ª�c��X\[¦`�k�eh]%[�m�[¦m�cd�a�_�`�klcd�ehklcVYn�]0[�_lX\[�k�m�VYn~a¦m�rt[�ª3µ
]�_lc$X\[�_L_lc$��VYg�_�[�g~d�[�X\[�n3k�q[bd�abVYn~m�c$klcVYn~d�m�[��Yehn3kL¹�kl_�[}��`�_lc�§j`b[bdL]jeh_�q[bd���eh_lc�eh��q[bdLm�rtVY]�klc$XZcd�ehklcVYn {ρ}d�VYg~d�q�eL�-VY_lX\[&m�r g�n�dl¬�dlk���X\[ m�rt`bu3gjehklcVYn~dPq$c$n~`�ehc$_�[bd�x

13254�� �	<%C�� � �TMOHJ:KF��½C ��?08�MO8�:jA�?)8�CPDGFL8�:);=<%>@?)8�:)>J:

��[bd^m�VYn�n~`b[bd^n~`bab[bd�d�ehc$_�[bdWÊ¦qsrt`ba�_lc$klg�_�[Em�[bdfm�c�¥%`�_�[�n3k�dT]�_�VY��q��X\[bdWm�rtVY]�klc$XZcd�ehklcVYn�|
P stat

d T f
|
P stat

cont

|
P cin

d T f[�k
P cin

cont

|�`�k�ehn3k�_�[�n~m�g~[bdpm�cdl]%VYn�c$��q[bd�]jeh_�m�[bd@a�ehqa�g�qd�`�q`�X\[�n3k�d=§~n�cd�|�_�[bdlk�[fm�`bd�VY_lX}ehcd@ÊE[�ª�]�_lc$X\[�_@]�g�cd�Ê
`��<^��ArWeQz<r2��hjiWeQz<rdpaca|JrWh��ji�eg~3o3o<hjcaqXi2etf2l{hghjr2egoJl,n3z3k�n�� egl,c�� � ~Cn3rwf2l�n@zCc��jcal,n&pacmqXc��jrwegl�c�� � ~Cn3rdhjr2pmk��jcml�n¤pacan3i*k{cahjr�^



� -B- � ')���0
s�����¦��������
�b���������
	����E���Y!,���l
�����L�����¦�b�������¶��*����

_�`bd�VYg~m�_�[�ab[bdp]�_�VY��q��X\[bd � �#xY³@VYg�_Tab[W�-ehc$_�[�|hc$q~e�`�k�`Bg�klc$q$cd�`Wg�nZabV3m�[Bkl_�ehc$k�ehn3kTm�[bdp]�_�VY��q��X\[bd^m�rtVY]�klc$XZcd�e#µ
klcVYn"n~VYn}q$c$n~`�ehc$_�[�|�d�VYg~d^abVYn3kl_�ehc$nok�[bd�[�kBÊ¦��_�ehn~m\n~VYXL��_�[Nm�[E�Yeh_lc�eh��q[bdWm�rtVY]�klc$XZcd�ehklcVYn�x�UW[EabV�m�[�|o�|W � µ
UW�^��º�� v��^eh_l��[��}n~m���VYn�q$c$n~[�eh_	��VYn~dlkl_�ehc$n3k�d�
Eª�k�[�n~m�[bm��feh��_�ehn���c�ehn�I]�klc$XZc ��ehklcVYn���[ba�i�n�cu3g~[bd�{
e�`�k�`�m�`���[�qVY]�]%`�]jeh_	� )@��� . 5z1>A xPv ��£�£e� {�[�kZg�klc$q$cd�[,q�e�X\`�kli~V�m�[�m�g¢�=eh��_�ehn���c[�n ehg���X\[�n3k�`�|T��_lc��µ
��[�X\[�n3k ]�_�`bd�[�nok�`b[\ehg�]jeh_�eh��_�eh]�i~[Zw�x � x � x ��|�e#§~n�m�[Ikl_�ehn~d+�-VY_lX\[�_ m�[bd�]�_�VY��q��X\[bd&m�rtVY]�klc$XZcd�ehklcVYn�d�VYg~d
abVYn3kl_�ehc$nok�[bd [�n�]�_�VY��q��X\[bd�m�rtVY]�klc$XZcd�ehklcVYn�d�ehn~d�abVYnokl_�ehc$n3k�[bd�x%³�VYg�_¦¹�kl_�[&��_�[��l|ja�eh_Nc$q��sehg�kE_�[babVYn�nje�kl_�[
u3g~[P�|W � UW�T��º��·e¦[bd�d�[�noklc[�q$q[�X\[�n3kW`�k�`�g�klc$q$cd�`�abVYXZX\[Pg�n~[��%V k�[Bn~VYc$_�[�|�q�e¦_�`bd�VYq$g�klcVYn"m�[bdT]�_�VY��q��X\[bd
d�ehn~dEabVYnokl_�ehc$n3k�[bd [bdlkE[�n~dlg�c$k�[��jeYd�`b[&dlg�_Nq[bdPX\`�kli~V�m�[bdNÊ\_�`���cVYn�m�[&abVYn�§)ehn~ab[�|0m�VYnok�q[ ]�_lc$n~a�c$]%[LeZ`�k�`
[�ª�]%V�d�` ehg´]jeh_�eh��_�eh]�i~[�w�x � x � xze�|�[�kBq�e�abVYno��[�_l��[�n~ab[&m�[�qsrzehq$��VY_lc$kli�X\[&[bd�kWk�[bd�k�`b[�|�ÊIa�ijeYuog~[¦c$k�`�_�ehklcVYn�|~[�n
`���ehq$gjehnokNq�e�n~VY_lX\[&m�g���_�eYm�c[�n3kE]�_�Vh�l[�k�`&dlg�_�q�e�_�`���cVYn�m�[�abVYn�§)ehn~ab[�x

w½qpe´m�VYn~aI`�k�`Ln~`bab[bd�d�ehc$_�[�m�[�m�`���[�qVY]�]%[�_�g�n~[Ic$n3k�[�_+�-eYab[Z[�n3kl_�[Lq[IqVY��ca�c[�qJ`�q`�X\[�nok�d §~n�cd ¼�wlU [�k�q[
qVY��ca�c[�qBm�rtVY]�klc$XZcd�ehklcVYn	�|W � UW�T�@º�� |@e#§~n�uog~[Zq[bd�_�`bdlg�q$k�ehk�dLcd�dlg~d&m�[,¼�w+U d�VYc[�nok�_�`�g�klc$q$cd�eh��q[bd�]jeh_
�+W � UW�T��º�� x�³J_�ehklcu3g~[�X\[�nok�|�g�n~[Pn~VYg���[�q$q[�abVYXZX}ehn~m�[ e `�k�`Em�`���[�qVY]�]%`b[�m~ehn~dB¼�wlU�|ou3g�c)[�ª�]�qVYc$k�[Pq[bd
_�`bd�g�q$k�ehk�dEm�[L¼�wlU [�n��3g~[�m�rt`ba�_lc$_�[ q[bdB§ja�i�c[�_�d�m�rt[�nokl_�`b[´v-ehg,��VY_lX}ehk¦¼�w<� � 	 {Bm�[ �+W � UW�T��º�� x

02143 ��387 9�:<;.=�>�?
@,:8;.A�@B:8C+D �/N I � A$E/EG>,C =���N ; @BA�@B: 
	��N
�Tr c$XZ]�q`�X\[�nok�ehklcVYn»m�[ q�e���VY_lXLg�q�ehklcVYn�dl]%`ba�c�§ju3g~[�ehc$n~dlc=u3g~[¦q�e�_�`�ehq$cd�ehklcVYn�m�[&qsr c$nok�[�_+�seYab[�[�n3kl_�[&q[bd

m�[�g�ª�qVY��ca�c[�qdEn~VYg~d�]%[�_lX\[�klk�[�nok¦m�VYn~aLm�rt`ba�_lc$_�[Lq�eZ�-VY_lX\[�m�cd�a�_�`�klcd�`b[Lm�[�qsrzeh]�]�_�V3a�i~[�dlk�ehklcuog~[Lm�g�abVYg�µ
]�q�eh��[E[�nokl_�[�i~VYX\VY��`�n~`�cd�ehklcVYn}]0`�_lcV�m�cuog~[�[�k^eYm~eh]�k�ehklcVYn"`�q�eYdlk�VY]�q�eYdlklcu3g~[�|�[�kJ]�q$g~dp��`�n~`�_�ehq[�X\[�nokB[�nokl_�[
i~VYX\VY��`�n~`�cd�ehklcVYn�]0`�_lcV�m�cu3g~[I[�k `�q�eYdlklca�c$k�`�VYg�ehnjehq$¬�d�[Iq$c$XZc$k�[ �*��x%³�VYg�_ g�n»m�VYX}ehc$n~[Zm�[Ia�ijeh_l��[�X\[�n3k�d
m�VYn�n~`�|Bm�g k½¬�]0[�m�[�ab[�g�ª m�[�q�e�§~��g�_�[�w°¯�x � |Tqsrzehnjehq$¬�d�[�abVYn~d�cdlk�[�m�VYn~a�Ê¨m�`�k�[�_lXZc$n~[�_´q[�abV�[�«}a�c[�nok
X}e#ª�c$X�g�X uog~[¦qsrtVYn�]%[�g�kBq$g�c=eh]�]�q$cuog~[�_�|~m�[N�se��bVYn�ÊIab[ uog~[�q[ abVYXZ]%VY_lk�[�X\[�nokE_�[ba�i~[�_�a�i~`Ld�VYc$kPehklk�[�c$nok�x
�=[bdP]�_�VY��q��X\[bdEm�rtVY]�klc$XZcd�ehklcVYn�m�cd�a�_�`�klcd�`bdE�3cd�ehnokEÊZm�`�k�[�_lXZc$n~[�_Nq[ abV3[�«}a�c[�n3kNm�[ a�ijeh_l��[��3cdlµ°Ê#µs�3cdPm�[
qsrzeYm~eh]�k�ehklcVYn v

m = n, αc = αAD {W[�kEm�[¦qsrzehnjehq$¬�d�[ q$c$XZc$k�["v m = 0, αc = αAL {�|�d�rt`ba�_lc$��[�nok�m�VYn~aJ±

�=_�VYg���[�_
αc k�[�q=u3g~[J± αc = max

{ � },α
(α)

VY¾ {ρ} d�ehklcdl�-ehc$k�±

F
(
α σ

(e)
i (P 0

j ) + ρi

)
≤ 0 ∀ i = 1..NG, ∀ j = 1..2m v�w°¯Ix�� ��e�{

[
Chom

]
{ρ} = 0

v�w½¯�x�� �h�){
�^rzeh]�]�_�V3a�i~[´d�k�ehklcuog~["m�g¨abVYg�]�q�eh��[\X\��n~[´m�VYn~a"Ê©g�n�]�_�VY��q��X\[´m�[\X}e#ª�c$XZcd�ehklcVYn¨n~VYn�µsq$c$n~`�ehc$_�[´d�VYg~d
abVYn3kl_�ehc$nok�[bd�x0�Jn�[�¥�[�k�|
Á q�eL�-VYn~a�klcVYn�VY���+[ba�klc��l|~u3g�rt[bdlk�q[ abV�[�«}a�c[�nokNm�[�a�ijeh_l��[

α
|�[bdlkPq$c$n~`�ehc$_�[�|

Á q[bd,abVYnokl_�ehc$n3k�[bd�m�rt`��oehq$c$k�`bd©d�VYn3k,q$c$n~`�ehc$_�[bd�]�g�cd�u3g~[�_�[�]�_�`bd�[�n3k�`b[bd©]jeh_,q[�dl¬�dlk���X\[�m�rt`bu3gjehklcVYn~d
q$c$n~`�ehc$_�[bdLv�w°¯�x�� �h�){�|

`,`,^�� l�qXqXr k�~C�Mo@k.h�k���h�k{o3�Cr2euo<hji2f2i*z<r2n��je��tl,n9nCr oChji2egr2n��jr�pmk$zCcaegfWhji��jcaejk��jcml�nR}�~Cr�oJl,~Ch&~3nCr f2r2papa~3par�z<r�|@k{egr�z<c��jr
� %(' ) )*+,-&��� ^
`._0^�� ��k{n@zCk{h�� � nCo3~ � P l{hjqVk��*^
`*�<^��vn?h�k�o3oJrWpmparV}�~3r
pmrWe
z<i��Zr2pal,oCoJr2qXr2n��jedoJrWhjqXr ���jr2n���zCr �gh�k{c��jrWh �ghjl,cae � �<oJr2e�zY� k�nCpmk��<egr2e��;iWpKk{e �jcaf2c��ji���k,zCk�o ��k��jcal,n r �
k�n@k{p��Cegr�pacaqXc��jr,^



����� �3���J�����.����!,������� � �p��
$!Z
������
�������
����������
�b��� ��� �

Á q[bdPabVYn3kl_�ehc$nok�[bd¦m�r c$n~`��oehq$c$k�`bdLv�w°¯Ix�� ��e�{�d�VYnokPn~VYn�q$c$n~`�ehc$_�[bdNm�g��sehc$kPm�[ q�eInjehklg�_�[&u3gjeYm�_�ehklcuog~[&m�g
a�_lc$k���_�[�m�[���)@� � �	� �#����x

� ��
 � ������� []\H^��
��[�a�ijeh]�c$kl_�[Id�g�c$�Yehn3kE]�_�`bd�[�n3k�ehnok `��oehq[�X\[�nok m�[bdEm�VYX}ehc$n~[bd¦m�[�_�`bdlcdlk�ehn~ab[&��cd+µ°Ê#µs��cdEm�[�qsrt`�q�eYdlklca�c$k�`�|)VYn
]�_�`ba�cd�[ ca�c=u3g~[�|�m~ehn~dPab[&a�eYd�|�q[&]�_�VY��q��X\[&m�rtVY]�klc$XZcd�ehklcVYn�ÊZ_�`bd�VYg~m�_�[&d�[ dlc$XZ]�q$c�§j[�[�n&±

��_�VYg���[�_
αE k�[�q�u3g~[J±

αE = max
α

(α)
d�ehklcdl�-ehcd�ehn3k�±

F
(
α σ

(e)
i (P 0

j )
)
≤ 0 ∀ i = 1..NG, ∀ j = 1..2n v�w°¯Ix�� ¤ {

❏

0�143 ��3h5 9�:<;V=�>,?
@,:8;.A�@,:KC+D �/N I � A$E/EG>,C =��/N =
:<D�?MLOA�@,:�
	��N
�=e´m�cd�a�_�`�klcd�ehklcVYn»m�[Lqsrzeh]�]�_�V3a�i~[Ia�c$n~`�X}ehklcu3g~[�g�klc$q$cd�[I`��oehq[�X\[�nok q[bd�abVYnokl_�ehc$n3k�[bd&]�g�_�[�X\[�nok `�q�eYd+µ

klcuog~[bd�[�n�a�ijeYu3g~[ ]%VYc$nok�m�[ a�ijeh_l��[ [�kP[�n�a�ijeYuog~[¦]%VYc$nokPm�[  #�À � ��x)UWVYXZ]�k�[�µsk�[�nog�m�[bd�m�cd�a�_�`�klcd�ehklcVYn~d
a�i~VYcdlc[bd�|~q[&abVYg�]�q�eh��[&a�c$n~`�X}ehklcu3g~[&��cd+µ°Ê#µs�3cdEm�[¦qsrzeYm~eh]�k�ehklcVYn�[�kEm�[¦qsrzehnjehq$¬�d�[ q$c$XZc$k�[&d�rt`ba�_lc$k�±

��_�VYg���[�_
αc k�xtu0xb± αc = min

{ ˙� p},{ � p � r},{ � }

∑

i,j

ωi det
[
Je(ξ

i)
]
σ0,i

√
2

3
ε̇

p
i (Pj) : ε̇

p
i (Pj)

eb��[baJ±

∑

j

ε̇
p
i (Pj) =

[
Bhom,e(xi)

]{ up T r,e
E

}
∀i = 1..NG

v�w°¯�x���y�e�{

kl_
ε̇

p
i (Pj) = 0 ∀i = 1..NG, ∀j = 1..2m v�w°¯Ix���yh�){

∑

i,j

ωi det
[
Je(ξ

i)
]

σ
(e)
i (Pj) : ε̇

p
i (Pj) = 1

v�w½¯�x���yYa�{

VY¾
σ0,i

[bdlkTq�e�abVYnokl_�ehc$n3k�[�d�[�g�c$q)ehg
i � ��� ]0VYc$n3kfm�[� #�À � ��x��Trzeh]�]�_�V3a�i~[Na�c$n~`�X}ehklcu3g~[�m�g}abVYg�]�q�eh��[EX\��n~[m�VYn~a�ÊIg�n©]�_�VY��q��X\[�m�[¦XZc$n�c$XZcd�ehklcVYn�n~VYn©q$c$n~`�ehc$_�[&d�VYg~dPabVYnokl_�ehc$n3k�[bd�x)�Tn�[�¥%[�k�|

Á q�e\��VYn~a�klcVYn�VY���+[ba�klc��l|0uog�rt[bdlk�qsrt`�n~[�_l��c[Im�cd�dlc$]%`b[�]�q�eYdlklcu3g~[�X\[�nok&ehg�abVYg�_�dNm�g�a�¬�a�q[Lm�[Im�`���VY_lX}e#µ
klcVYn~d {ε̇p} |�[bdlk�n~VYn©q$c$n~`�ehc$_�[�|

Á q[bdZabVYnokl_�ehc$n3k�[bd\m�rtVY]�klc$XZcd�ehklcVYn�|Tu3g�cWn~["d�VYn3k�|pabVYnokl_�ehc$_�[�X\[�nok,Ê�qsrzeh]�]�_�V3a�i~[�dlk�ehklcuog~[�|@u3g~[´m�[bd
abVYnokl_�ehc$n3k�[bd¦m�rt`��oehq$c$k�`bd�|~d�VYn3kPk�VYg�k�[bdPq$c$n~`�ehc$_�[bd�x

� ��
 � ������� []\H^	�
¼3c�qsrtVYn¢kl_�eb��ehc$q$q[�Ê�m�`��-VY_lX}ehklcVYn¢c$XZ]0V�d�`b[�|pc$qPabVYno��c[�nok�|Tk�VYg�k"abVYXZX\[,]0VYg�_Zqsrzeh]�]�_�V�a�i~[�dlk�ehklcuog~[�|Jm�[
��qV3u3g~[�_Pq[bdPm�[���_�`bdNm�[ q$c$�0[�_lk�`�m�[¦q�eZm�`���VY_lX}ehklcVYn�X}eYa�_�V�d�abVY]�cu3g~["v�u3g�c�d�VYnokE`��oehq[�X\[�n3k�m�[bdP�Yeh_lc�eh��q[bd
m�rtVY]�klc$XZcd�ehklcVYn){PÊ ��`�_�V}m~ehn~d�qsrt[�ª�]�_�[bd�dlcVYn�m�[¦q�eZabVYn3kl_�ehc$nok�[Im�rt`��oehq$c$k�`bdLv�w°¯Ix���y�e�{�x

❏



� - � � ')���0
s�����¦��������
�b���������
	����E���Y!,���l
�����L�����¦�b�������¶��*����

02143 ��3�� � ��@BNMDP@,:KC+D �/NM; �/C+LOA$:<D�NM; ��N >,?M;V:8; @BAyD/=�NM; LpAy=�>,CP;.=�C+EG:�
	�/NM;
��[bd�_�`bdlg�q$k�ehk�dPcd�dlg~dPm�[bd�_�`bd�VYq$g�klcVYn~d�]�_�`bab`bm�[�nok�[bdE��VYg�_ln�cd�d�[�nokNehqVY_�dEkl_�VYcd�k½¬�]%[bdPm�[ abV3[�«}a�c[�n3k�d�±~q[

abV�[�«}a�c[�nok\m�[,a�ijeh_l��[,�3cd+µ°Ê#µs��cdIm�["qsrt`�q�eYd�klca�c$k�`J±
αE |pm�[}qsrzeYm~eh]�k�ehklcVYn&± αAD [�kZm�["qsrzehnjehq$¬�d�[´q$c$XZc$k�[J±

αAL |j]0VYg�_�g�n~[LVY_lc[�n3k�ehklcVYn rδ
m�g�m�VYX}ehc$n~[Lc$n�c$klc�ehq@m�[Ia�ijeh_l��[�X\[�n3k}v¶§~��g�_�[,v�w°¯�x -3{l{�x0UW[bd¦abV3[�«}a�c[�n3k�d

]%[�_lX\[�klk�[�nok�m�VYn~aNm�rtVY��k�[�n�c$_Wm�[bdWm�VYX}ehc$n~[bdT§~njehg�ª´m�[�_�`bdlcdlk�ehn~ab[�|3_�[bdl]%[ba�klc$��[�X\[�nok
D

E
r

|
D

AD
r

[�k
D

AL
r

|
m�VYn3kEqsr c$n3k�[�_l]�_�`�k�ehklcVYn�[bdlk�q�e\dlg�c$�Yehn3k�[J±
Á k�VYg�kNa�ijeh_l��[�X\[�nok

P(t)
c$n~a�q$g~d¦m~ehn~d

D
E
r

abVYn~m�g�c$_�e"eYd�dlg�_�`�X\[�nok ÊZg�n~[L_�`�]0VYn~d�[&]�g�_�[�X\[�nok `�q�eYd+µ
klcu3g~[ m�[ q�e�ab[�q$q$g�q[&m�[ �jeYd�[�|

Á k�VYg�k�a�ijeh_l��[�X\[�nok
P(t)

c$n~a�q$g~d�m~ehn~d
D

AD
r

abVYn~m�g�c$_�e�eYd�dlg�_�`�X\[�nok�Ê�qsrzeYm~eh]�k�ehklcVYn�m�[\q�e�ab[�q$q$g�q[
m�[¦�jeYd�[�|

Á k�VYg�k�a�ijeh_l��[�X\[�n3k
P(t)

]�_�VY]%VY_lklcVYn�n~[�q � 
o|�m�VYnok�qsr g�n~[ m�[bd�[�ª�kl_�`�XZc$k�`bd�abV��-n~a�cm�[&eb��[ba¦qsrtVY_lc$��c$n~[&[�k
qsrzehg�kl_�[�e���[ba q[ ]%VYc$nok

P1
m�[

D
AL
r

|~abVYn~m�g�c$_�e\Ê�q�eI_lg�c$n~[ ]�q�eYd�klcuog~[&m�[¦q�e\dlkl_lg~a�klg�_�[�x

DOMAINE INITIAL DE CHARGEMENTS

DOMAINE FINAL ELASTIQUE DOMAINE FINAL D’ANALYSE LIMITEDOMAINE FINAL D’ADAPTATION

OPTIMISATION OPTIMISATION

P 0
2 P 0

3

P 0
1P 0

4

P2 P2P3 P3

P1

P1

P1

P4
P4

� 0
r

� E
r

� AD
r

� AL
r

l0

α
E ∗l0

α
A

D ∗l0
α
A

L ∗l0

P0
1

P0
2

P1 P1 P1

P2 P2 P2

rδ rδrδ

rδ

¿ �¶�pÀ�¡���w½¯�x - Á���D Ä A 3 Ã / 1q563 ;>=sR>KuRT; DO1>3 = . 3 = 3656361>A RT.j/�Å 1>7�Æ . D .I= 5 9�Ä2;eK 7`A .:9 567 ; 3 9 5�È Äa.:9`R Ç 1 = 1>A È 9G.:9

�^rtVY���+[ba�klc��L[bd�k´ehqVY_�d´m�[�_�`�c$k�`�_�[�_´q[©]�_�V�ab[bd�dlg~d}]0VYg�_,m�c�¥%`�_�[�n3k�[bd,VY_lc[�nok�ehklcVYn~d
rδ
m~ehn~d}qsrt[bdl]jeYab[�m�[bd

a�ijeh_l��[bd�|�e#§~nZm�rtVY��k�[�n�c$_Tm�[bdp[�no��[�qVY]�]%[bdTm�[Bm�VYX}ehc$n~[bdJm�[f_�`bd�cdlk�ehn~ab[�x�UWVYXZX\[Bq[^X\VYn3kl_�[Bq�eP§~��g�_�[Bw°¯Ix � |
qsrt[�n3��[�qVY]�]0[Im�[bdPm�VYX}ehc$n~[bdEc$n�c$klc�ehg�ª�[bd�kEehqVY_�dEm�`�§~n�c[ ]jeh_�±

H
0 =

⋃

r=1..p

D
0
r

v�w°¯Ix�� £ {

` � ^�� pmk pa~3qXc �WhjrEzCr pmk hjrWqVk{h�}�~3r ] ^a`��¨parEf��@k.hj�,r2qXr2n��&oJr2~ �&r2n �(k�c�� ���ghjrE}�~3r2paf2l�n@}�~3r � p"� cmn��jiWhjcar2~<h�z<r�� E
r

�¨o3~Ccae
oChjl,oJl{h��jcal,n3nCr2p�zCr�� E

r

� � AL
r

^ � r2oJr2n3z3k�n�� �Jpar�oChjl�pml�n3��r2qXr2n��wz<r�pmkVo@k{h��jcar�oChjl�oJl�h��jcal,nCn3r2papar=z<~?egrW�,qXr2n�� hjr2oChji2egrWn ��k{n��
pmr�f��@k.hj�,r2qXr2n���z<l,c�� o@k{egegrWh o@k{h p"� l�hjca�,canCr,^



����������� �b�����0
s� �V�¶����
��p��� �Y����� ���2�V�����W�����l
���½�#�%�b��� � � � �¶�h����
���
s�(�	�
� � � �o�����p�½����
���������� � � �#�)� ��~���G�$
$!Z
s�(�����)/

X�[¦X\¹�X\[�|jqsrt[�no��[�qVY]�]%[�m�[bdPm�VYX}ehc$n~[bdP§~njehg�ª©[bdlkPm�`�§~n�c[ ]jeh_�±

H =
⋃

r=1..p

Dr
v�w°¯Ix ¤ S�{

³J_�ehklcuog~[�X\[�n3k�|@qsrtVY��k�[�noklcVYn	m�[
H

E |
H

AD [�k
H

AL e©`�k�`}[�noklc��_�[�X\[�nok\ehg�k�VYX}ehklcd�`b[�|@m�[Z�se��bVYn¨Ê�ab[
uog~[�q[bdEX\V�m�c�§ja�ehklcVYn~d¦[�n���[�n~m�_�`b[bd¦]jeh_Eq[bdN�Yeh_lc�ehklcVYn~d¦m�[

r
|j[�n3kl_�[

1
[�k

p
|)d�VYc[�nok�kl_�ehn~dl]jeh_�[�n3k�[bdN]%VYg�_

qsr g�klc$q$cd�ehk�[�g�_�x

��[�k�[�_lX\[�m�r .W=aMt. A ;�Ä�Ä?. n�rt[bdlk}[�n �sehc$k}eh]�]�_�VY]�_lc`�u3g~[�]%VYg�_\qsrt`�q�eYdlklca�c$k�`�[�kZqsrzeYm~eh]�k�ehklcVYn�|Wa�rt[bdlk+µ°Ê#µ½m�c$_�[
]0VYg�_�q[bdBk°¬3]%[bd�m�rzehnjehq$¬�d�[bdBg�klc$q$cd�ehnok

2n ]0VYc$n3k�dPm�[¦a�ijeh_l��[bdP]jeh_Pm�VYX}ehc$n~[¦c$n�c$klc�ehqsx�³@VYg�_E[�ª�]�q$cuog~[�_Pab[ba�cs|
]�_�[�n~VYn~d�qsrt[�ª�[�XZ]�q["m�[}qsrt[�no��[�qVY]�]%["m�rzeYm~eh]�k�ehklcVYn

H
AD xPX¦[Z]jeh_�q�e�m�`�§~n�c$klcVYn¨X\¹�X\["m�[bdLm�VYX}ehc$n~[bd

c$n�c$klc�ehg�ª
D

0
r , r = 1..p

|=k�VYg~d�q[bdLa�ijeh_l��[�X\[�nok�d�c$n~a�q$g~dIm~ehn~d
H

AD n~[}abVYn~m�g�c$_�VYn3k�]jeYdIeYd�d�g�_�`�X\[�nokIÊ
qsrzeYm~eh]�k�ehklcVYn�m�[&q�e\ab[�q$q$g�q[�m�[��jeYd�[�xj�Tn�[�¥�[�k�|~d�[�g�qdPq[bd�a�ijeh_l��[�X\[�n3k�d�]0VYg���ehnok¦`��oehq[�X\[�nok¦¹�kl_�[&c$n~a�q$g~d
m~ehn~d^g�n"_�[ba�k�ehn���q[Pi~VYX\VYkli~`�klcu3g~[¦ehg�ªZ_�[ba�k�ehn���q[bdWc$n�c$klc�ehg�ª ��� abVYn~m�g�c$_�VYn3k�eYd�dlg�_�`�X\[�nok�Ê¦qsrzeYm~eh]�k�ehklcVYn�x
³@eh_T[�ª�[�XZ]�q[�|Yk�VYg�kTa�ijeh_l��[�X\[�n3k^c$n~a�q$g~dJm~ehn~dpq[W_�[ba�k�ehn���q[

Dr
m�[Wq�eE§~��g�_�[�w½¯�x � abVYn~m�g�c$k^eb��[ba�ab[�_lklc$klg~m�[

Ê�qsrzeYm~eh]�k�ehklcVYn�m�[&q�eZab[�q$q$g�q[�m�[ �jeYd�[�x � rze�¬oehnok�`�klg~m�c`�u3g�r g�n�d�[�g�q�k°¬3]%[&m�[ _�[ba�k�ehn���q[�c$n�c$klc�ehqs|~n~VYg~dPn~[
d�VYXZX\[bdP]jeYdP[�n�X\[bd�g�_�[&m�[ abVYn~a�q$g�_�[�abVYn~ab[�_lnjehn3kEq[bdPa�ijeh_l��[�X\[�nok�d�n~[ ��`�_lc�§)ehnokN]jeYdPab[�klk�[ ]�_�VY]�_lc`�k�`�x

D0
r

k ∗ δ k ∗ δ
P0

1

P0
2

P1

P2

P2

������� � ��� 
 �������

P 0
2

P 0
4

P 0
3

P 0
1

P2

P4

P3

Dr P 0
1

P1

� 
� ��� ��� � H
H0 H

¿ ���pÀ�¡��,w°¯Ix ��Á �L=aMt. A ;�Ä�Äa.:9 3 = 3^563k1>A .`. 5~Ã = 1eA .jRT.:9zRq; Db1e3 =d.I9 R Ç 1 R 1 Ä 5_1e563 ;>=

13254�� � >J;�A ��8+? � ��AB?08!  F����LD ;�A!��; � �EFIH�<0>J:)8�:�?0APDL;@H#" � �½> ��AP:�?08�;�8l?)>%$&" � �½APFIA �('
?)AB?08�CPD H@?)" � �½APDIA ��* :jH ��8�MO8l?)H

UW[�]jeh_�eh��_�eh]�i~[L_�`bdlg�X\[Lq[bdNm�c�¥�`�_�[�nok�[bd¦`�k�eh]%[bdNabVYn~m�g�cd�ehnok ÊZqsrtVY��k�[�noklcVYn�m�[bd�m�VYX}ehc$n~[bd�m�[�_�`bdlcdlµ
k�ehn~ab[EX}eYa�_�V�d�abVY]�cu3g~[bd�|o�3cd+µ°Ê#µs��cd^m�[bdfkl_�VYcdfk½¬�]0[bdfm�rzehnjehq$¬�d�[bd=�+g~d�uog�rzehqVY_�df`�klg~m�c`bd�±�qsrt`�q�eYd�klca�c$k�`�|oqsrzeYm~eh]�µ
k�ehklcVYn�[�kPqsrzehnjehq$¬�d�[¦q$c$XZc$k�[�x

�Tr g�klc$q$cd�ehk�[�g�_Em�VYc$kP¹�kl_�[ [�n�X\[bdlg�_�[ m�[��-VYg�_ln�c$_�g�n©ab[�_lk�ehc$n�n~VYX���_�[�m�[¦_�[�n~d�[�c$��n~[�X\[�nok�dNm�`ba�_lc$�Yehn3kNeb��[ba
]�_�`ba�cdlcVYn©q[ ]�_�VY��q��X\[&u3g�r c$q=d�VYg�ijehc$k�[�`�klg~m�c[�_�±

• q[bdPa�eh_�eYa�k�`�_lcdlklcu3g~[bd�e�¬oehnokNkl_�ehc$kNÊIq�eZab[�q$q$g�q[&m�[¦�jeYd�[�|)Ê�d�eb��VYc$_�±
Á d�[bdPa�eh_�eYa�k�`�_lcd�klcuog~[bdE��`bVYX\`�kl_lcuog~[bd�|

`��0^��Q� r2e � � � �ªzCc�hjrvzCl,n�� pmrQoJl,can��
P2
r2e �¨f2l�n �(l�n@z<~uk �Zr2f p"� l�hjca�,can3rwr ��zCl�n � parvoJl,can��

P4
k�oCo@k{h��jcar2n�� � pmk�f2l,~<hj|JrvqVk!+ �ghjr2egegr

z<r-,9^



� -oy � ')���0
s�����¦��������
�b���������
	����E���Y!,���l
�����L�����¦�b�������¶��*����

Á d�[bdPa�eh_�eYa�k�`�_lcd�klcuog~[bdNX}ehk�`�_lc[�q$q[bd�|j[�n�]jeh_lklca�g�q$c[�_ � Lq[bd�X\V3m�g�q[Lm�[ �x)�À��=�^|)abV3[�«}a�c[�n3k�m�[
�!)@��� �2)@�»[�kPabVYn3kl_�ehc$nok�[Id�[�g�c$q�m�rt`�q�eYdlklca�c$k�`Lm�[ a�ijeYa�g�n�m�[bdPX}ehk�`�_lc�ehg�ª�abVYn~dlklc$klg�klc���d�|

Á q[¦X}ehc$q$q�eh��[�a�i~VYcdlc�]%VYg�_P`�klg~m�c[�_Eq[bdPabVYXZ]%VY_lk�[�X\[�nok�d�m�[&ab[�klk�[&ab[�q$q$g�q[�|
Á q[bd\_�[�q�ehklcVYn~d"q$c$n~`�ehc$_�[bd,[�nokl_�[�m�[���_�`bd"m�[©q$c$�0[�_lk�`�m�[bd\�seYab[bd}m�[�q�e�ab[�q$q$g�q[�m�[��jeYd�[�u3g�cEd�[
abVY_l_�[bdl]%VYn~m�[�nokN]jeh_�]0`�_lcV�m�ca�c$k�`�x

• q[bdPa�eh_�eYa�k�`�_lcdlklcu3g~[bdNe�¬oehnokEkl_�ehc$k�ehg�a�ijeh_l��[�X\[�n3kNX}eYa�_�V�d�abVY]�cu3g~[&c$XZ]%V�d�`�|~Ê�d�e���VYc$_�±
Á q�eInjehklg�_�[&m�[&ab[ a�ijeh_l��[�X\[�nok\v�m�`��-VY_lX}ehklcVYn�VYg�abVYnokl_�ehc$n3k�[�X}eYa�_�V�d�abVY]�cuog~[�{�|
Á q[�m�VYX}ehc$n~[Zm�[I�Yeh_lc�ehklcVYn~d m�[Zab[�a�ijeh_l��[�X\[�n3k�|�m�`�§~n�cJ]jeh_¦qsr c$nok�[�_lX\`bm�c�ehc$_�["m�[bd¦�0VY_ln~[bd m�[bd
_�[ba�k�ehn���q[bd

D
0
r

x

• q�e�]�_�`ba�cdlcVYn�eb��[bafq�eYuog~[�q$q[fc$q3d�VYg�ijehc$k�[^kl_�eYab[�_�q[bd�m�VYX}ehc$n~[bd Á VYgI[�no��[�qVY]�]%[bd Á §~njehg�ª%|ha�rt[bdlk+µ°Ê#µ½m�c$_�[q�eN�Yehq[�g�_Jm�[Wq�eN�Yeh_lc�eh��q[
p
|hu3g�c�m�`�§~n�c$kJq�e�m�cd�a�_�`�klcd�ehklcVYn\m�g�m�[�XZc�µ½[bd�]jeYab[Bc$n�c$klc�ehq=v�_�[bdl]0[ba�klc$��[�X\[�n3k

§~njehq¶{Jm�[bdWa�ijeh_l��[bd
� �P[�n Π
(p+1)

_�[ba�k�ehn���q[bdWc$n�c$klc�ehg�ª
D

0
r

v�_�[bdl]%[ba�klc$��[�X\[�nokB_�[ba�k�ehn���q[bdf§~njehg�ª
Dr
{�|

d�VYc$kP[�n~abVY_�[&[�n
(p + 1)

m�c$_�[ba�klcVYn~dEm�[ _�[ba�i~[�_�a�i~[bd�x

��e}dlg�c$k�[Lm�[&q�e}]�_�V3ab`bm�g�_�[I[bdlk�[�n~dlg�c$k�[�[�n3klc��_�[�X\[�nok�ehg�k�VYX}ehklcd�`b[Im�[&�se��bVYn�Ê}¹�kl_�[�kl_�ehn~d�]jeh_�[�nok�[I]0VYg�_
qsr g�klc$q$cd�ehk�[�g�_�x�ºNn\]�_�`ba�cd�[�ab[�]%[�n~m~ehnokWuog~[�ab[�klk�[Nehg�k�VYX}ehklcd�ehklcVYn}n�rt[bdlk^Ê�qsr i~[�g�_�[NeYa�klg~[�q$q[PXZcd�[�[�nZ]�q�eYab[
u3g~[�]%VYg�_Jqsrzeh]�]�_�V3a�i~[Edlk�ehklcu3g~[Pm�[bdTabVYg�]�q�eh��[bd�x��Jn}[�¥�[�k�|Yqsrzeh]�]�_�V3a�i~[Ea�c$n~`�X}ehklcu3g~[Ne�¬oehnok^q�eh_l��[�X\[�n3kf`�k�`
`�klg~m�c`b[�m~ehn~d�q�e�q$c$klk�`�_�ehklg�_�[�|J[�n	]jeh_lklca�g�q$c[�_Z]jeh_�q[bdL_�`bab[�n3k�dZkl_�eb��ehg�ª�m�[ � #����~¡ . 5 1>A xBv � SBSBS�{�|p[�q$q[
n�rze�`�k�`´g�klc$q$cd�`b[�|Jm~ehn~d�n~VYkl_�[�`�klg~m�[�|Ju3g�rt[�n k�ehnok\u3g~[´�Yehq$cm~ehklcVYn¢[�kZabVY_l_�VY�%VY_�ehklcVYn²m�[bd�_�`bdlg�q$k�ehk�d\m�[
qsrzeh]�]�_�V�a�i~[�dlk�ehklcu3g~[©]%VYg�_}qsr g�n�m�[bd´[�ª�[�XZ]�q[bd"kl_�ehc$k�`bd�ehg·a�ijeh]�c$kl_�[�dlg�c$��ehnok�±^g�n·X}ehk�`�_lc�ehg�dlkl_�ehklc�§j`
��c�µ½abVYg~a�i~[�x��Trzeh]�]�_�V�a�i~[Zdlk�ehklcu3g~[IabVYn~dlklc$klg~[�m�VYn~a�qsrzeh]�]%VY_lk¦nog�X\`�_lcu3g~[Z[bd�d�[�noklc[�qJm�[Ln~V�d�kl_�eb��ehg�ª%x%��[bd
m�[�g�ª©m�[�_ln�c��_�[bdN`�k�eh]0[bdPm�rtVY��k�[�n3klcVYn�m�[bdEm�VYX}ehc$n~[bdEd�VYn3kEm�VYn~a q[bdPdlg�c$��ehnok�[bd=±
Á q[bdZkl_�VYcd\abV�[�«}a�c[�nok�d"m�[©a�ijeh_l��[

αE | αAD [�k
αAL d�VYn3k}a�ehqa�g�q`bd�|J]%VYg�_\a�ijeYa�g�n~[�m�[bd

(p + 1)m�c$_�[ba�klcVYn~d�m�[N_�[ba�i~[�_�a�i~[bd�|�]jeh_Bm�[bd�eh]�]%[�qdBdlg~abab[bd�dlc��-df[�kWc$nok�[�_�eh��cd�d�ehnok�dPehg�ª}qVY��ca�c[�qd�m�rt`�q`�X\[�n3k�d
§~n�cd�vs¼�wlU�{B[�kPm�rtVY]�klc$XZcd�ehklcVYn	v��|W � UW�T��º��E{�|

Á §~njehq[�X\[�nok�|�q[bd
3 ∗ (p + 1)

]0VYc$n3k�d&VY��k�[�nog~d�]0[�_lX\[�klk�[�n3k�[�n~dlg�c$k�[Zm�[�kl_�eYab[�_&a�ijeYa�g�n~[\m�[bd&[�no��[�µ
qVY]�]%[bd

H
E |

H
AD [�k

H
AL x

�=[Id�a�i~`�X}e´m�[Ld�¬3n3kli~�bd�[Lw°¯�x��\_�`bdlg�X\[Iab[�klk�[I]�_�V3ab`bm�g�_�[I]%VYg�_Ng�n~[�m�c$_�[ba�klcVYn»m�[L_�[ba�i~[�_�a�i~[Z§�ª�`b[�x � n~[
abVYXZX}ehn~m�[ e�`��oehq[�X\[�nokP`�k�`Em�`���[�qVY]�]%`b[¦m~ehn~dB¼�wlU¢e#§~n,m�[P��`�_lc�§j[�_Bq[bdf_�`bdlg�q$k�ehk�df_�[�k�VYg�_ln~`bdf]jeh_B�|W � µ
UW�^��º�� ]%VYg�_Pqsrzeh]�]�_�V�a�i~[�d�k�ehklcuog~[�xjUW[�klk�[LabVYXZX}ehn~m�[ ]0[�_lX\[�kNm�VYn~a&m�[ ��`�_lc�§j[�_�±
Á m~ehn~d,q[�a�eYd,m�[�q�e�_�[ba�i~[�_�a�i~[�m�gKabV�[�«}a�c[�nok©m�[�a�ijeh_l��[¸`�q�eYdlklcuog~[�|Bdlc¦qsr c$n~`��oehq$c$k�`¢v�w°¯Ix�� ¤ {"[bdlk
[�¥�[ba�klc$��[�X\[�nokE��`�_lc�§j`b[�]0VYg�_�q[

αE kl_�VYg���`�|
Á m~ehn~d q[Za�eYdLm�[�q�e´_�[ba�i~[�_�a�i~[´m�[bd&abV�[�«}a�c[�nok�dIm�[Za�ijeh_l��[´Ê´qsrzeYm~eh]�k�ehklcVYn�[�k�Ê´qsrzehnjehq$¬�d�[Zq$c$XZc$k�[�|
dlc%q[bdPabVYn3kl_�ehc$nok�[bd�m�r c$n~`��oehq$c$k�`bdLv�w°¯Ix�� ��e�{W[�kPm�rt`��oehq$c$k�`bdIv�w½¯�x�� �h�){Wd�VYnokPd�ehklcd+�-ehc$k�[bdP]0VYg�_�q[ abVYg�]�q[
d�VYq$g�klcVYn (

αAD,AL, {ρ}
) x

` �<^��vn h�k�o3oJrWpmpar�}�~3rvpmrWevz<i��Zr2pal,oCoJr2qXr2n��jetegl�n � k{o3oCpmcaf*k{|3par2e oJl,~<hvz<r2e¨qVk��ji�hjcKk{~C� i2pmk�e �jl�o3pmk�e �jcm}�~3rWevo@k.h �"k{c��je2^
` �0^��Ak�e �<qXi��ghjcardz<~&fWhjc����Whjr�z<r���� ��������� ���vo3k{h¨h�k�oCoJl�h�� � p � l{hjcm��can3r�zCrvp � r2ego3k�f2r�z<r2e¨f��@k{hj��r2e�caqXo3pacm}0~3k�n��tpmk
e �<qXi��ghjcar
f2r2n��gh�k�par�zCr2e¨rWn �,r2pal,o3oJrWe�s3n@k{pmrWe��3egr2~CpApar2e z<r2qXc � z<l,qVk{cmnCr2e	��
 0

1,

 0

2 � r�� (



1,



2)
egl,n���rW�Ck�qXcan3iWe2^



������/����W
c�¶�#�»�M�,�°')���0
s����� ��� �

SIC SIC SIC
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POINT DE DEPART 
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POINT DE DEPART 

DE L’ALGORITHME

Domaine de variations du chargement

Géométrie et maillage de V
Pour chaque constituant de V : 
Relations de périodicité sur 
Chargement en moyenne :

Coefficient de charge élastique :

LANCELOT

Fonction objectif :

Coeff. de charge plastiques :
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Données identiques

PLAS.SIF : fichier LANCELOT

Contraintes d’inégalités :

Variable d’optimisation :
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Contraintes d’égalités :
Fonction objectif :

Fonction objectif :

ELAS.SIF : fichier LANCELOT

APPROCHE STATIQUE APPROCHE CINEMATIQUE
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PROBLEME D’ADAPTATION

ET D’ANALYSE LIMITE
PROBLEME D’ADAPTATION
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Coefficients de charge plastiques :

Vecteur des contraintes résiduelles :
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eb��VYn~d�m�VYn~a,d�VYg�ijehc$k�`}X\[�klkl_�[´[�n�q$g�XZc��_�[�|�k�VYg�kZehg�qVYn���m�["ab["u3gjehkl_lc��X\[,a�ijeh]�c$kl_�[�|@q[bdLd�]0`ba�c�§ja�c$k�`bd
nog�X\`�_lcu3g~[bdEc$n�i~`�_�[�n3k�[bd�Ê�ab[bdPabVYg�]�q�eh��[bd�x0ºNn�_�[�klc[�n~m�_�e\m�VYn~aJ±
Á q�e&m�VYg���q[Nm�cd�a�_�`�klcd�ehklcVYn´dl]jehklc�ehq[E[�kTk�[�XZ]%VY_�[�q$q[�x��Jn"[�¥�[�k�|�qsr c$XZ]�q`�X\[�nok�ehklcVYn,n~`bab[bd�d�c$k�[Pg�n~[Pm�cd+µ
a�_�`�klcd�ehklcVYn�dl]jehklc�ehq[�|�a�q�eYd�dlcu3g~[�Ê&q�e&X\`�kli~V�m�[�m�[bdW`�q`�X\[�n3k�dW§~n�cd�|�X}ehcdB`��oehq[�X\[�n3k�g�n~[Nm�cd�a�_�`�klc�µ
d�ehklcVYn,k�[�XZ]%VY_�[�q$q[�|�n~`bab[bd�d�ehc$_�[¦]%VYg�_W_�[�]�_�`bd�[�nok�[�_�q[bdW�Yeh_lc�ehklcVYn~dEm�g,a�ijeh_l��[�X\[�nokPX}eYa�_�V�d�abVY]�cuog~[
]jeh_Pqsr c$n3k�[�_lX\`bm�c�ehc$_�[Lm�[&m�c�¥�`�_�[�nok�dE]0VYc$n3k�dEm�[ a�ijeh_l��[ �

Á q�e,k�[ba�i�n�cuog~[\m�g»n~V�[�g~m»X}eYa�_�V�d�abVY]�cu3g~[�x��Jn¨[�¥%[�k�|�ab[�n~V�[�g~m�§ja�klc���dlg�]�]�q`�X\[�nok�ehc$_�[�|�]�_�ehklcuog~[�µ
X\[�nok\e#�lVYg�k�`�Ê©q�e�k�eh��q["m�[´abVYn�n~[ba�klc$��c$k�`�m�["a�ijeYa�g�n	m�[bd�`�q`�X\[�n3k�dZm�g¨X}ehc$q$q�eh��[,m�["q�e�ab[�q$q$g�q[
m�[��jeYd�[�|T]0[�_lX\[�k�|^n~VYn²d�[�g�q[�X\[�nok´m�r c$XZ]0V�d�[�_\�seYa�c$q[�X\[�nok}g�n·a�ijeh_l��[�X\[�nok�[�n¢X\V�¬�[�n�n~[�|TX}ehcd
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`��oehq[�X\[�nok�m�[ kl_�eb��ehc$q$q[�_Pk�VYg�kNehg~d�dlc=ehcd�`�X\[�nok¦Ê�m�`���VY_lX}ehklcVYn�uog�rzÊ�abVYn3kl_�ehc$nok�[Lc$XZ]0V�d�`b[ �
Á q�e,]�_lcd�[}[�n¸abVYXZ]�k�[}m�[bd�_�[�q�ehklcVYn~d�m�[Z]%`�_lcV3m�ca�c$k�`´ehg�n�c$��[�ehg¨`�q`�X\[�n3k�ehc$_�[�|@e#§~n¨m�rtVY]�klc$XZcd�[�_Lq�e
]�q�eYab[IX\`�X\VYc$_�[I_�`bd�[�_l��`b[�[�k�m�VYn~aIq[bd�k�[�XZ]~d¦m�[La�ehqa�g�qd�|0k�ehn3k�]%VYg�_¦q�e\_�`bd�VYq$g�klcVYn�m�g�]�_�VY��q��X\[
ab[�q$q$g�q�ehc$_�[&`�q�eYdlklcu3g~[&u3g~[¦]0VYg�_Eq[ a�ehqa�g�q=m�[ q�eIX}ehkl_lcab[�m�rt`bu3g�c$q$c$��_�[ �

Á q�eB�-VY_lX�g�q�ehklcVYnZdl]%`ba�c�§ju3g~[�|�u3g�c�]0[�_lX\[�kpm�[T]�_�[�n~m�_�[W[�nLabVYXZ]�k�[BÊ�q�e���VYcd=q[bd=_�[�q�ehklcVYn~dpm�[^X\V�¬�[�n�n~[
[�kPm�[ ]%`�_lcV3m�ca�c$k�`�|jm�[ X}ehn�c��_�[�Ê�_�[���_�VYg�]%[�_Pqsrt[�n~d�[�XL��q[�m�[bdPabVYn~m�c$klcVYn~d�|)m�[��Yehn3kE¹�kl_�[&d�ehklcdl�-ehc$k�[bd
]jeh_Pq[bdPabVYn3kl_�ehc$nok�[bdN_�`bdlcm�g~[�q$q[bd�|)d�VYg~d�q�eL�-VY_lX\[&m�r g�n�dl¬�dlk���X\[ m�rt`bu3gjehklcVYn~dPq$c$n~`�ehc$_�[bd�|jn~[ m�`�]0[�n�µ
m~ehnokNuog~[ m�[bdE]jeh_�ehX\��kl_�[bdP��`bVYX\`�kl_lcu3g~[bdNm�g�]�_�VY��q��X\[L`�klg~m�c`�x

�@c$njehq[�X\[�n3k�|�VYn»m�cdl]0V�d�[Im�r g�n»VYg�klc$qp��`�n~`�_�ehqs|%]�g�cd�u3g~[Iq�e}X\`�kli~V�m�[�nog�X\`�_lcu3g~[�]�_�VY]%V�d�`b[I]0V�d�d��bm�[Lg�n
a�eh_�eYa�k���_�[�k�VYg�kNÊL�sehc$kP��`�n~`�_�ehqs|~[�n�ab[ d�[�n~dEuog~[J±
Á [�q$q[I[bdlk�eh]�]�q$ca�eh��q[�u3g~[�q$q[Lu3g~[�d�VYc$kNq�e}ab[�q$q$g�q[Im�[L�jeYd�[&kl_lcm�c$X\[�n~dlcVYn�n~[�q$q[ZabVYn~d�cm�`�_�`b[�|0d�ehn~dE_�[bd+µ
kl_lca�klcVYnZm�[fabVYXZ]�q[�ª�c$k�`�xY�=eNd�[�g�q[^q$c$XZc$k�ehklcVYnZ]�_�V��3c[�n3kJm�gLqVY��ca�c[�q�m�rtVY]�klc$XZcd�ehklcVYn\�|W � UW�T��º��»±
dlcpq[Zn~VYXL��_�[\m�[Z��eh_lc�eh��q[bd&m�rtVY]�klc$XZcd�ehklcVYn¨m�[���c[�nok�kl_�VY]�c$XZ]0VY_lk�ehn3k"v�[�n�]�_�ehklcu3g~[\[�k&d�[�qVYn»q[bd
_�`bdlg�q$k�ehk�dN]�_�`bd�[�nok�`bd¦ehg�a�ijeh]�c$kl_�[Ld�g�c$�Yehn3k�|~]%VYg�_Eg�n©n~VYXL��_�[Lm�[��Yeh_lc�eh��q[bd�m�rtVY]�klc$XZcd�ehklcVYn�dlg�]0`�µ
_lc[�g�_EÊ

25000
{�|jq�eI]�ijeYd�[���VY]�klc$XZcd�ehklcVYn�� m�[bdPa�ehqa�g�qdP]0[�g�k�m�[���[�n�c$_Pkl_��bdB]�_�VYi�c$��c$klc$��[L[�n´k�[�_lX\[bd

m�[¦k�[�XZ]~dEm�[ a�ehqa�g�qd�|
Á [�q$q[�[bdlk^k�VYg�kPehg~d�dlc%eh]�]�q$ca�eh��q[¦dlc)qsrtVYn´n~[�d�VYg�ijehc$k�[E]jeYdf�sehc$_�[�eh]�]%[�q�Ê q�e�kli~`bVY_lc[�m�[Nqsr i~VYX\VY��`�n~`�c�µ
d�ehklcVYn�|�X}ehcdEm�c$_�[ba�k�[�X\[�nok�kl_�eb��ehc$q$q[�_Edlg�_Pg�n~[ dlkl_lg~a�klg�_�[LabVYXZ]�q��k�[�x
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vwKIACMV2H791xSy1?ExAC4eGH7zExACv?>V1?E{231|:}15SBS~M`Sy1?E�231��e<fE]1�>d4eK5Eb156_AnK5E|<HM�:5;=<5>d7BAC4D1l�bg���6�:}1{E]156VE?tcSy1
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2J<H6VE|Sk<wS~7BAUAnKI4�<OACM=4D1�>\<H4�4e<?>J>\GH4IA�<HMON�<HM\AC4e15E|Z�<OAnK5457C<OMHN3g���6XEVq 7�6_AnKI4e1?E?Eb1F1I6VE?M=7BAn1�rwM=6
Z�<OAnK5457C<HMF>\GfE?EbKe2J<O6_AsM`6@1�:}1IS�S~M`Sy1�231��D<fEb1�r�:D<HP�7BAnK?E?t^aIM81�SDq GO6 EbGHS�S~7U:I7BAn1�2J<O6VE¡EIGH6W>dSY<H6
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Seq 1?En>\<J:}1?ts1bA©156]��6£M=6@1©>dSY<JaIM81�>8154��bGH4DKD1^>d4eK5Eb156_A9<O6_A©231?E©>d4eG?>d457UKIAnK5El231s>VK5457CG]2O7C:I7CAnKx23<H6VE
2315MON�2H7B4e1e:]AC7CGH68E�2`1�SDq 1?E9>\<3:}1]g�ªi7B6d<HSy15Z[156_ABtpSy1[231I4?6879154¥>\<O4�<]mO4�<?>d;\1lAC4e<H7BAn1�2�q M`6wZ�<OAnK5457C<OM
K5SY<fE5A9G?>@Sk<fEIAC7CabMV1«4e156��IGH4e:}Kw>\<H4�2`1?E�7B6d:IS~M3E57CGO6VE£E9>_;VK54?7UaIM81?E«KISk<fEIAC7CabMV1?E?t[>VGfE}E]Ke2J<H6_AF23GH6d:
M`6j1�:?15S�S~M=SY1l231¬�e<fE]1¬:ISk<HE}E?7UaIM81�Z�<H7zE^M=6@1�4DKD15SBSy1�>VK5457CG]2O7C:I7CAnK¬2J<H6VE�Sy1?E�AC4�GO7zE[2H7B4e1D:bAC7CGO6VE�231
Seq 1?En>\<J:}1]g���1?Es2JGHZ�<H7B6@1?E^231s4DK?E?7�E5A9<H6@:}1sZ�<J:I4eGfEI:}G?>d7UaIMV15EsEbGH6_A�AC4e<J:}K?Eu>\GHM=4^:5;\<J:IM=6w231^:}15E
:D<fE?tc<?>d4D�?E¬<OPRGH7B4�4eK5EIGHS~MWSy1?Ec>d4eG3�5Sy�5Z[1?El:?15S�S~M=Sk<H7B4D1?E¡K5SY<fEIAC7CaIM81?E¬<HE}EIG�:I7UK5El1IA¦SY1?E�>d4�G`�5SY�IZ�15E
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O�PRQSP uwvyx0bSa{zgZ2]"k|_6aRiTiR_S}SZ�d~ZpiR_
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O�PRQSP t �4aTk�e0iR_6]DaTbc\~Y�\@e0klX2WDaR�^e0Z;Yyf8_6W"i�� _Sf~f~WDb^�`x0ZnY�]`_6]DaR�^e0Z�PnPnPpPnPnPpPnPnPnPoPnPnPnPpPqQsrcr
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O�PTQSP t@P h��pbSk|_SaT\0Z;Y�k|_6�2WDbcY[�2bcf0aR�^e0Z2Y��
d~X2�7bSWDk|_6]DaTbS\�aTklf�bcY[X;ZgPnPnPnPoPnPnPnPpPqQsrc�
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2 3547698�:�;=<><�69?@6	AB:C2 ��1?E¥6@GOA9<OAC7UGH6VEuM\AC7�S~7�EbKD1?E©2J<O6VEc:}1�:5;=<5>d7BAC4D1�>\GHM=4�4e1n>@4eK?E]156_An154©SY1?E�:5;=<O4Cm31IZ�1I6_ABE
7�Z¦>\GfE]K?E�G3�DKI7zE?Eb156_A�<HMONl:DGH68Pf1I6_AC7CGO6VE�E?M=7�Pf<H6_An1?EED

F 2J<H68E¦Sy1�:D<fE©G�G n = 1 t�Seq GH6|156_An1I6d2¥>\<O4IH�GH6x7BZu>VGfEb1 2E12
Hnt�6@GH6lEb15M=Sy15Z[156_A�abMV1�Sk<[:DGHZ¦>\GfEb<H6_An1

2E12
2`1 E 1?EIA�7BZ¦>\GfE]KD1s6dGH6�6_M`SBSY15t�Z�<H7�EsKUmJ<HSy15Z[156_AuabMV1sSy1?E�<HM=AC4D1?E�:DGHZ¦>\GfEb<H6_An1?E�EIGH6_A�68M=SBSY1?E?t:}1^aIM=7�4D15P]79156_A�r�7�Z¦>\GfE]154ED (E11 = 0, E22 = 0, E33 = 0, 2E12 6= 0, 2E23 = 0, 2E13 = 0),

F 231�Z�J5Z[1?t¦2J<O6VE�SY1¬:D<HE¬G�G n = 2 tcKe:I457B4e1KH�GH6�7BZ¦>\GfE]1�Sy1l:DGHM�>dSy1 (Σ11,Σ22)
HcE57kmH6_7 ��1�aIM81�Seq GH6

7BZu>VGfEb1©Sy1�:I;=<H4Um315Z[156_A�E?M=7BPR<H6_A9D (Σ11 6= 0, Σ22 6= 0, Σ33 = 0, Σ12 = 0, Σ23 = 0, Σ13 = 0).

� <[ZLJIZ�1s:DGO68Pf156_AC7UGH6�PR<HM\A�>\GHM=4�Sy1?E�:5;=<H4Um315Z[156dABE¥m3K56@KI4�<HS~7�EbK?E]g

MON�P QSRBT#UCVWUYXZT#[]\_^5R7`ba"c�^dTfegRhaB^iR7c�jk`lP)mon+p�`ba"c�q'UCc�rsT#V

tvuxw�y ��z%{}|�~�����z�{%z}|�|�z�����z}��~�}��z��h�/��|�~�zIz%��|�� ux� |��g�-~�z}�>��{%z}|�|�z�� w ~����Z{}~i����� � ��~��9�gz}�Lz}��|>����z����/| � ��~��/�
��|����/|�~�� � ��z%���h�/���/�1���/���gz%�5������� ® z}|����������-�+�/� w ����{>�/��{}��� � �/�h�/�!�	|�~����gz}�Lz}�9|5���g� ��zd��� � ��z}��|�z}�5��~!������z}�Lz}��|
��z%� y ����z%�'��zC����� � |�� w ��zk����� � ��~��9�gzk��� w � w � � z��/�@{��h�/��~!|���z��¢¡C�"£¤�����%�¤��� y ��z������/���Bz}�)��z%�'� w ��� � z%�
�-�¥��� w�y ��}�Lz1�"z}�¥�h�/��|�~�{}���!~�z}�'��z#���L{}~!� � ���/|�~��9�gz#{�� w ~���~�z#z}|s��z%�¤��� w�y ��}�Lz%�¦{%z}�!�!�����/~!��z%�'§L� � � w �g�-��z1�h��z
��|����/|�~�� � z%��|¨| w ��|b� u � yBw ��� � |��g�-~ � �h�/�¨� u �/����� w {��gz5��|��/|�~��9�gz1� t z�{��h�/���+z}�Lz}��|�z%��|�z}�#����z}��~�z}���!~�z}�C~!��� w � �
� w �g�v���¦� w ���Lzd� u ���gzd� � � w �����/|�~ w �Y����{}� w ��{ w ��~����gz1������~��>�+�g�/�g��������z%{ w �g�L|�z}���g���+� w �g�)���'� w ���Lzd� u ���gz
{ w ��|����/~!��|�zs����{}� w ��{ w ��~����gz1���)�´�9�gz¦��zP�1�/�!~���z}����z%��� � �����!|��/|��5��z¤� u �/����� w {��gzs��|��/|�~����gz1�9���/~�� � ���/��z}�Lz}��|
��zi{ w ���h�/��z}�v��z%�)|�z}���g�v��zi{>�/��{}�����v��z%�)��z}�-©L�/����� w {��gz%�>�1��zi��|����/|�~�� � z%��|vz}�g����~!|�z � |��g�-~ � �h�/�)� u �/����� w {��gz
{}~!� � ���/|�~����gz1�h� w ���i��������~��9�gz�{>���d��z'{��h�/���+z}�Lz}��|��hª/�

«¬Z®¯¬Z® °�±+²7³�´7µE¶1·B¶+¸º¹Eµo»�¼¾½�±+¹À¿�ÁºÂhÃÄ´
Å¤�Æ{ w �g��~����}��z�� w �g{L��z����/| � ��~��/�Ç��|����/|�~�� � |���~��-~!�Lz}�g��~ w ���gz}�5��zL���Y�g�1����zIÈ=¡k� �É �¯� � ��~ w �-~��9�gzL�g�/�g�

���gzi�-~!��z%{}|�~ w ����z5� u z%���h��{%z)Ê����s�-~!��z%{}|�~ w �
X3

�1z}|b~!�3���/��~��/�9|���z}� w ����z%�)��z}�-©L�/��|���z%�v�-~!��z%{}|�~ w �g�
X1

z}|
X2

�
t z%�i{>�/����{}| � ��~���|�~��9�gz%�i� �%w � � |���~����gz%��z}|����/| � ��~�z}�!��z%��� w ��|i{%z}�!��z%�i� w ��� � z%�5�h�/�i��z¤|�� y ��z>�/���������  ���9�gz¤� uxw �
��z%� w ���gz��g�1����z#¡C�  �"Å¤�I��z���� w � w ��z���z�|�����{%z}�¦��z%��� w ���/~!�gz%�s��z�� � ��~���|��/�g{%zC��z�{%z����/| � ��~��/���	~����¢§��s�9~��

COUCHE 2

COUCHE 1

X1

X2

X3

x1

x2

x3

e1

e2

c1

c2

Ë¨Ì>Í�Ì>Î�Ï¢Ð�Í�ÑÓÒºÏ�ÑÕÔ/Ö/×�Ò¯Ø>Ð�Ù/Ú�Ð�Ï�Í�ÑÕÔ/Ö/×�Ò
e1 = 0.1 Û)Û e2 = 0.3 Û)ÛË¨Ì>Í�Ì>Î�Ï�Ð�Í�ÑÓÒºÏ�ÑÕÔ/Ö/×�Ò¨Ú¤Ð�Î�Ì�Ü1ÑÓÔ�Ö/×�Ò

EY,1 = 210000 ÝiÞ�ß EY,2 = 120000 ÝiÞ+ß
ν1 = 0.3 ν2 = 0.27

σ1
0 = 180 ÝiÞ+ß σ2

0 = 80 ÝiÞ+ß

à5á=â�ãEä¯å ¡k� ¤æ�ç <OAnK5457C<OM¡E5AC4e<OAC7 ��KED�:D<O4�<J:]AnK54?7�E5AC7UaIM81?Ecm`KeGHZ[KIAC457CaIM81?E�1IAiZ[Ke:}<H687UaIMV15E
��zs� ux� ������|�~�{}~!| � ����zs� u ���g�/��|��/|�~ w � � ������| w ��������|�~��9�gz�z}|i��zs� u �/�h�/�!�-��zs�!~!��~!|�z1�hè	z}� w �����C� � |�� w ��z'� � {}��~!|�z��/�
{��h�/��~!|���zd��� � { � ��z}�9|>�9{%z%��� w ���/~!�gz%��� w �9| w�y |�z}���g�5§¦�h�/��|�~!����zi� w ���/~!�gz%��~!��~!|�~��/�-©L��zi{��h�/���+z}�Lz}��|����9� w ~!|
QcP�éJZ2YyWDX;Y[e0i{]`_$]DY�f~WDX;Y[Z;\^]DX;Y�d0_S\~Y��;Zpf0_6W`_6}SW`_Sf~x0Z�bc\^]�d~bS\0\~XoiTaTZ;eg_6e~z|�;bSklk
e~\0aT�s_6]DaTbS\0Y�d4Z)ê�ë1ì9í+ë�î1ïÕð�ñkò¢óBô�õ P+ö�u6µcµ¢u�÷
Z�]bê�ë1ì9í1ë9î1ïÕð�ñLò¢ó"ô�õ P	ö�u6µcµStc_}÷�¼~WDZ;Y[f�Z;�2]Daùø¢Z2klZ;\^]�f�bce~W�i�� _Sf~f~WDb^�`x0ZnY�]`_$]Da*�^e~ZnZ2]"�;aT\0X;k|_$]Da*�^e~ZcP
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�g�/�g�E� u z%���h��{%z���z%�E� � � w �����/|�~ w �g�¨����{}� w ��{ w ��~��9�gz%�>��� w ~!|À�g�/�g�E� u z%���h��{%zv��z%�¨{ w ��|����/~!��|�z%������{}� w ��{ w ��~��9�gz%�>�
{ w ���Lz���zs� w ��|���z����C�g�1����z'¡k���-�

OU P 0
1P 0

1

P 0
2P 0

2 P 0
3P 0

3

P 0
4P 0
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E0
1

E0
2

e1

Σ0
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Σ0
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à�á=âbãÀä¯å ¡k��� æ ��68PH15SkG5>J>V1�2315E�:5;=<H4Um315Z[156_ABE�7�687CAC7U<HMHNl156�23KB�bGH45Z�<JAC7CGH6�GHM�1I6�:DGO6_AC4�<O7�6_An1

«¬¢®¯¬�� ���v¹E¸�� ´�¶IÃÄ·¯¸ZÁ¢Áº·��À´ »�´�Áº·��-´hÁ¢ÁZ¼�Áº´ »�´ ¿�·¯³�´
 w ���Lz���� � {}~�� � �/�k�h�/���/�1���/���gz5������� ® ���-�ù�-���-�#�º�/~!|���z%����� w ����~ � | � �)��z�� � ��~ w �-~�{}~!| � z}|b� u ~!�"!��/��~��/�g{%z1����z

� w |�~��)� � {}��~#!1�/��|�z}�9|�~%$}��z}�Lz}��|���zs���/| � ��~��/�¥�Bz}��|i��z¦���/�Lz}�gz}�¤§#������z}�1�Lz}�9|>�g{ w ��|�z}�h�/�9|����gz � �h�/~�����z}���
��z5{��h��{}���gzd��z%�)��z}�-©C{ w �g{��gz%�>�& �z}�Bz}�g�g�/�9|>�+���g�L� u z�©	��� w ~!|�z}�)��z%�b{>�/�h��{}~!| � �v��z����¤� � |�� w ��z1�1� � !+z}� w ��� � z
� w ���d��z%�i{%z}�!�!����z%�d��z y ����z%��')(k�	���k{%z}�!�!����z'��z y ����z'{ w �g��~�� � � � z'z%��|5|���~��-~!�Lz}�g��~ w ���gz}�!��z1�h|�z}�!��z¦{%z}�!��z'��zs���
�g�1����z���������*-� t �k{%z}�!�!����z'z%��|d� w �g{s��z}��� � ��z}��| � z��h�/�i�����h�/���/�!� � � � ��~!��$%��z1�g{ w �g��|�~!|�� � ��zs���k�����"z}��� w ��~!|�~ w �
� u ����|¢�9�"z ��z {��h��{}���gz���z%����z}�-© { w �g{��gz%�Lz}|���z �-~!�Lz}�g��~ w �g�L�9�gz}��{ w �g���gz%��	��g�/�g�k��zY�����/�Ç�h�/���/�!�%$}��z
�/�-©S{ w �g{��gz%�>� t z%�¤��� w ����~ � | � ��� u ~!�&!1�/��~��/�g{%z��g�/�g�s��z%�¦�-~!��z%{}|�~ w �g�

X1
z}|

X2
�/��| w ��~���z}�9|���z#�gzC���/~!�!��z}�

��� {%z}�!�!����z���� u �+!+z%{���� � � � �Lz}��|��h�/��{ w �g{��gz
ci, i = 1,2

�¨Å¤�@{�� w ~���~!|�� w �g{���zk���/~!�!��z}��{��h���9�gz�{ w �g{��gz
�+!+z%{���� � � � �Lz}��|k���h���-���/|�~��9�gz�§

20
� w z}�g�����¯|������-~!|�~ w ���gz}�!��z}�Lz}��|�� w | ��,

20
�E{>�/��{}��� � z}� ~!�9| � �1���/|�~ w �

� � �-��~!|�z.-#È��g�1����z¤¡C��' É �&( u �/����$%����z%�����/���Bz}�����-��{��h�/��~!|���z¦���1��z�{��h�/���+z}�Lz}��|5~!��� w � � �
E0 w � Σ0 ������� w {}~ �

CELLULE DE BASE : V MAILLAGE DE V

x1

x2

x3

e1

e2

c1

c2

1
1

à5á=âbãÀä¯å ¡k��' æ	/ 15SBSTM=SY1s231^�e<HEb1p>\<H4e<HSBSYKISYKn>@7 >VKD2H7CabMV1�1IAiZ�<H7BSBSk<]m`1�2`1©:}1bAUAn1�:}15SBSTM=Sy1

§#���#� �%w � � |���~�zs� � �1���!~%$}��z'��z¦���C{%z}�!�!����z'��z y ����z1�	z}��{%zs��z}�g�5�9�gz¦{%z}|�|�zs��z}����~%$}��zs�gz¦��� � ��z}�9|�zs��~B|�� w ����~
�h��������z1��~!�����!~��9�gz}��|¤�9�gz)Ê

æ ���k{}~!� � ���/|�~��9�gz�z%��|d{�� w ~���~�z���z'���#� w ���Lz�È���� �&0+É �
æ ��zs��� w�y �%$}�Lz�{%z}�!�!�����/~!��z � ������|�~��9�gz'��z'� w {>�/�!~����/|�~ w �I§C� � � w �g�-��z�� ux� {}��~!|

P
(e),cl
d 1 f

w �
P

(e),cl
cont

�

u@PSUGbSe~W320z4Z2W�iTZ;Y�aRd~X;Z2Y;¼8�;Z;Y"d4aRklZ2\0Y[aTbc\~Y�d~bc\^]�f4WDaRY[Z2Y"X2}¢_SiTZ;Yo�
i�� e0\0a{]DXcP
t4P�éFZ;Y�WDX;Y[e0i{]`_6]DY"d4Z;Y�Y[aRk�e0iR_6]DaTbS\0Y�Y[bc\^]"aRd~Z;\^]DaR�^e0Z;Y�Z;\ aT\@]DX2}SW`_6]DaTbS\�Z2z~_S�2]DZcP



� ��� �������	��
��� �������	���������	���������	���! "�#�%$'&!()������*	�+��,-�	
 �/.1.

æ �g�/�g�i��z'{>���d��zs� u �/����� w {��gz���|��/|�~����gz1�-��zs��� w�y �%$}�Lz�{%z}�!�!�����/~!��z��/�-© { w �9|����/~!��|�z%�¤� � ��~��-�gz}�!��z%�d� ux� {}��~!|
P

(r),cl
d 1 f

w �
P

(r),cl
cont

�

«¬Z®¯¬ � � ¸¢Ã¼�ÁZ·7¶+¸Z¹Eµ�³ µb¼�ÃÄ²g±�¸��b¼v´h³�½�·"±SÁ���·"½�½�±+¹ �&�v´Ç³�¶1·7¶+¸���¼�´

tvuxw�y�� z%{}|�~�����z%�¤��~!�������/|�~ w �g�s��� � ��z}�9| � z%�¦�g�/�g�¦{%z#�h�/���/�1���/���gzCz%��|¤� w � y ��z)Ê7��z�����z}��~�z}�'z%��|���z}���/|�~���§
��� !1�/�!~��g�/|�~ w ����z������ � |�� w ��z¦�9��� � ��~����gzs� � !+z}� w ��� � zs�/� w ���5�9�gz���z¦��z%{ w �g�Y{ w �g{%z}���gzs���!�g����� � {}~�� � �Lz}��|
� ux� |��/�Bz#� u z�©	��� w ~!|��/|�~ w �S��z%��� w ���/~!�gz%�s��z'� � ��~���|��/�g{%z�����{}� w ��{ w ��~��9�gz%� w�y |�z}���g�>�
	 w ���s{%z'�º�/~!��z1�gz}|¦���g�
��z��gz �h���L� � � w � y ��z}����z%�L� � �����!|��/|���z}|���z}�����Y�/�h�/�!�	��z%��� w �{�� w ~���~!| ! w � w �9|��/~!��z}�Lz}��|���z��gz |����+!��/~!�!��z}�
���gz������C�9�gz}���9�gz%�#{>���C��z�{��h�/���+z}�Lz}��|��>�)£W|�~!|���zY� u ~!�!�!�g��|����/|�~ w �À��~!�i��� w �g{ � | � {�� w ~���~i� uxw �����/��~���z}�C{%z
�h�/���/�1���/���gz���z'���#�º��� w �¥����~#!1�/��|�z)Ê

æ � ux� �9��~#!��/��z}�g{%z���z%�s�-~!��z%{}|�~ w �g�
1
z}|

2
!	~����¢§���!	~��¦�-� { w ��� w ��|�z}�Lz}��|��-�S��|����/|�~�� � z%��|¦��~���zkz}� � !9~��

��z}�g{%z'� w ���d����{��h�/���+z}�Lz}�9|'z}��� � � w �����/|�~ w �À�
æ ��z%�¦� w ���/~!�gz%�¤� u ���g�/��|��/|�~ w � w�y |�z}���g�s� w �9| � ���/��z}�Lz}��| !1�/�!~�� � �¤��������� y ����z�� u ��� {��h�/���+z}�Lz}�9|sz}�
� � � w �����/|�~ w �À�g�h�/��{ w ���h�/���/~�� w �S� !+z%{'���gz�� � |�� w ��z��-~!��z%{}|�z���z'���C�!~!|�| � ���/|�����z1�

æ ��z%��� w ���/~!�gz%�#� u �/�h�/�!�	��zL�!~!��~!|�z w�y |�z}���g�#� w ��|>�À�9�h�/��|��¢§��Zz}�-©¯�3!1�/�!~�� � �������'��� y ����z�� u ��� {��h�/���+z��
�Lz}��|�z}�Ç{ w �9|����/~!��|�z1���h�/�k{ w ���h�/���/~�� w �K� !+z%{���z}�-©��/��|���z%��� � |�� w ��z%����z ���I�!~!|�| � ���/|�����z1�)� u ���gz
~!�g{}� � �Lz}��|��/��z1�7� u �/��|���z#�/�h�/�!�	|�~��9�gz1�

æ �9�gz}�����gz%�s{ w ���h�/���/~�� w �g�'��zC{>�/�h��{}~!| � �'��z�� � ��~���|��/�g{%zk� w ��|¦��� � ��z}��| � z%�s� w ���s�-~� � ��z}�9|��s�����/�g�¦��z
{��h�/���+z}�Lz}�9|��sz}�¥� � � w �����/|�~ w �Iz}|�z}��{ w ��|����/~!�9|�z1�

æ z}|#z}�-�g�À� w �@��� � ��z}��|�zY������� u z�©�z}������zL� u ��� {��h�/���+z}�Lz}��|�z}� { w �9|����/~!��|�z1����� ���/��~%$}��z�� u �/�h�/�!�	��z}�
��z%�d� w ���/~!�gz%�¤|�����{ � �>�

 w ����|�z��º|�z}�����-�Æ{�� w ~�© ��zL����{%z}�!�!����zY��z y ����z�z}|#��z�����{}~!� � ���/|�~����gz1����z%�#�-~� � ��z}�9|��#� � �����!|��/|�����z�{%z
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à5á=âbãÀä¯å ¡C� �kæ ç <OAnK5457U<HM{EIAC4�<JAC7 ��K^:}<HSk:bM`SyK�2J<O6VE�SY1p>@Sk<H6 (E11,E22)
D �-§���68Pf15SYG?>J>81�2�q K5SY<fE5AC7U:I7CAnK?t����

§���68Pf15SYG?>J>V1^2�q <J23<?>@A9<OAC7UGH6

|��/�g{%z¤����{}� w ��{ w ��~����gz !	~����¢§���!	~�����z¤� ux� ������|�~�{}~!| � ���/� ��z}�g��{}��������~����gz¦�-�Y|�z}���Lz1���v�Y� u �/��|���z%�5� w |��>�
{%z'� w ���/~!�gz�z%��| w�y |�z}���Iz}���gz�{ w �g��~�� � ���/��|¦���gzs��z'� w ~!��|¤��z'{��h�/���+z

P 0
1

��zs���C�g�1����z'¡k�����
æ ���5{ w ��� y z�� w ��|E���5� � �+z}�g��z�z%��| �

E − SIC/LANCELOT − 4PC
�b��z}��� � ��z}�9|�z � ���/��z}�Lz}��|���zv� w ���/~!�gz

��z�� � ��~���|��/�g{%zY����{}� w ��{ w ��~��9�gz�!	~����¢§���!	~��#��zY� ux� ������|�~�{}~!| � �����/~��k� w ~!| 0}|���z�{ w ������~���zY{ w ���LzY���gz
z}�&!+z}� w ���"z���z'� w ���/~!�gz%����z%{}|��/���1�����/~!��z%�

D
0
r , r = 1..p

�g� uxw,+ ���k� � �g��~!|�~ w � È��¢¡k� 5 0+É �
	b�/�)� w �g{}~9��z�{ w ���h�/���/~�� w ��z}��|���z���z%��z}�&!+z}� w ���"z%� � ������|�~����gz%��z}|b� u ���g�/��|��/|�~ w �À����z%��� w ���/~!�gz%�)� ux� ������|�~�{}~!| �
|�����{ � ���g�/�g�5������� � ��z}��|�z � |��g��zs��z}� w �9|i| w � ��w �����d�-����z}�-©-~%$}�Lzs|Z�	�Bz1�-�9�gz¦� uxw ��|���� !1�/~!�!��z�§#� � � w �����/|�~ w �
w �Ç§�{ w �9|����/~!��|�zY~!��� w � � z1�3(sz%��� w ���/~!�gz%�k�-�@����z}��~�z}�C|Z�	�Bz���z}���/~�z}��|k��� � ���h�/|��#����~����gz}�Lz}�9|Cz}� !9�gz
� u ���gzs{ w ���h�/���/~�� w � z}��|���z¦��z%��� w ���/~!�gz%�i� ux� ������|�~�{}~!| � z}|�� u �/�h�/�!�-��z¤�!~!��~!|�z1�9z}|5{%z¤§�{ w ��|����/~!��|�zs~!��� w � � z1�
�¢�¨� �/��|s� � �/��� w ~!�g�s��z}���/���9�gz}�s�9�gzC� u z}�&!+z}� w ���"z�� ux� ������|�~�{}~!| � ��z}����| w � ��w �������h�h�/�'{ w �g��|����g{}|�~ w � �10}�Lz1�
~!�g{}�!�g��z��g�/�g�d��z'� w ���/~!�gz#� ux� ������|�~�{}~!| � �

 w ���Lz���z�� w ��|���z����5�g�1����z�¡C� � ����z%�E� � !+z}� w ���"z}�Lz}��|��b� � �/�!~�� � ���"z}���Lz}|�|�z}��|b��zv|�����{%z}����z%�¨��z}�-©�|¢�9�"z%�¨��z
� � �����!|��/|��>� (sz¤���!�g���	{%z}|�|�z¦�g�1����zs{ w ��� w ��|�z � ���/��z}�Lz}��|d��zs� w ���/~!�gz'� ux� ������|�~�{}~!| � {}��������~��9�gzCÈ��-������z}��~�z}�
|¢�9�"z É w�y |�z}�9� �+!+z%{���z%��� � !+z}� w ���Bz}�Lz}�9|��5� � �/�!~�� � ���g�/�g� t 	 � t 	��  �z%{}~7{ w �g��|�~!|��gz¤���gz���z%{ w �g��z����h����z���z
!1�/�!~��g�/|�~ w �¥��zs� w |���z'� � |�� w ��z)Êgz}��z�¯z}|>��{%z'��z}����~�z}��� w ���/~!�gz�z}|d{%z}�!��~ w�y |�z}�9� � !+z%{s��z'{ w �������/�+z#z}��|���z
è	�  z}| t £ �  H� t Å�� { w	� �g{}~���z}�9|¤�h�/���º�/~!|�z}�Lz}��|>�

' ç 7zE]1�1I6�K5P�7C231I6d:}1�231©SDq KDaIM`7BPR<HSy156d:?1�231?E�2H7B4D1e:bAC7UGH6VE 1 1bA 2t �¥�g�1����z�¡C� ® ��� � ��z}��|�z ��z%�Cz}�&!+z}� w ���"z%��� ux� ������|�~�{}~!| � z}|k� u ���g�/��|��/|�~ w ��-�Æ�10}�LzY���/| � ��~��/��� w �!�!~�{}~!| �
�g�/�g����z%����z}�-©L�����/�g�

(E11,E33)
z}|

(E22,E33)
�  �z}|�|�z¤��z}�-©-~%$}�Lz'�/�����!~�{>�/|�~ w �Y~!�!�!�g��|���z�� ux� �9��~#!��/��z}�g{%z¦��z%�

�-~!��z%{}|�~ w �g�
1
z}|

2
!	~����¢§���!9~��¤�-� {��h�/���+z}�Lz}��|>�À�-�I�º�/~!|¤��z#� u ~!�&!1�/��~��/�g{%z#���/| � ��~�z}�!��zk�g�/�g�s{%z%�s�-~!��z%{}|�~ w �g�ÀÊ

��z%�s��z}�-©¥�1���/���gz%�'� w ��|sz�"z%{}|�~#!+z}�Lz}�9|�~���z}��|�~��9�gz%�>� t ��{ w �-�g�����/|�~ w � �h�/�¦��zC{>�/��{}���)��z#{%z}|�|�z#��� w ����~ � | �
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à�á=âbãÀä¯å ¡C� ®�æÆç <OAnK5457C<OM�E5AC4e<OAC7 ��K¬:D<HSY:IM`SyKx23<H6VE�SY15Ec>dSk<O6VE (E11,E33)
1IA (E22,E33)

D�� §¦��68Pf1ISkG?>3>V1
2�q KISk<fEIAC7C:b7BAnK?t�� � §���68PH15SkG5>J>V1^2�q <J2J<?>jA9<OAC7CGO6�� E0

11 = E0
22 = E0

33 = 10−3 �

� u ~!�&!1�/��~��/�g{%z�{ w �g��|�~!|��gzk� � � §����S�/| w ��|sz}� � �+!+z}���¦��zC��� !��/�!~��g�/|�~ w �À�7����|��º~!�¨����~��9�gz}�Lz}��|'�9�h�/�!~!|��/|�~���� t �
{ w �-�g�����/|�~ w �¥���h�/�9|�~!|��/|�~#!+z'z%��|i���h�/�9|��¢§��Zz}�!��z���������� � zs�-�Y� �/~!|i��z¦��� yBw ���gzs{ w ��� � ���/|�~ w �¥z}�9|���zs� w |���z¦z}�-�
!+z}� w ���Bzk� u ���g�/��|��/|�~ w �@z}|s{%z}�!��z w�y |�z}�9�gzk�h�/�¤��z%�s� � !+z}� w ���"z}�Lz}��|��#�g�/�g� t 	 � t 	¨�  �z}|�|�zk{ w �g��|��/|��/|�~ w �
�Bz}���Lz}|k�/� w ����� ux� |�z}�g�-��z���� !��/�!~��-~!| � ��zL��� � � |�� w ��z��/�-©@{>���C��zL� w ���/~!�gz%�C��z�{��h�/���+z}�Lz}�9|��kz}��|�~�z}���>�
z}|¤� w �S��~!������z}�Lz}��|�§����gz#�-~!��z%{}|�~ w � ��z#{��h�/���+z}�Lz}��|����À{ w ���Lz���z#� w ��|����/~!|s� u �/�����!~�{>�/|�~ w � �9��� � ��~����gz
��� � { � ��z}��|�zSÈ=�h�/���/�1���/���gz�¡k�  ��'-�ù� É ��Å¤�@��z}���/���9�gz � ���/��z}�Lz}�9|C�9�gzk� u z}�&!+z}� w ���"zY� u ���g�/��|��/|�~ w � { w ����z%���
� w �g���/�¥� w � y ��z���zs� u z}�&!+z}� w ���"z�� ux� ������|�~�{}~!| � � w ���i| w ��|�z%�i��z%�d�-~!��z%{}|�~ w �g�¤��z�{��h�/���+z��-�����h�/��|���zs�����/�
(E11 ≤ 0,E22 ≥ 0)

�

' / GHZ¦>\<H4e<H7zEbGH6VE�156_AC4D1^:}154IA9<H7B6@1?E�:D<5>\<J:I7CAnK?E^2`1�4DK?E?7�E5A9<O6d:}1
t �Y�g�1����z�¡k���Y�Bz}���Lz}|#��z�� w � !+z>�/� ��z !1�/�!~���z}�����Y� � |�� w ��z1�À{%z}|�|�zk� w ~����Z{}~)� w ���#��z%��{>�/��{}�������g�/�g�'��z
�����/�

(E11,E22)
���v�Iz�¯z}|>�7z}�!��zCz�©	��~ y z����gz�� w � !+z}�!��z#� w ~������gz y"w ���gz#{ w ��� � ���/|�~ w � z}�9|���z�� w �¤� � �����!|��/|��

z}|�{%z}�-© w�y |�z}�9�g�5�+!+z%{ t 	 � t 	¨�  �z}|�|�z��g�1����z��Lz}| � ���/��z}�Lz}��|iz}�Y�!����~%$}��z1�9z}|��"z}���Lz}|���z¦{ w ���h�/��z}�>�9��z%�
{>�/�h��{}~!| � �)��z�� � ��~���|��/�g{%z��!~ � z%�)§¤{��h��{}���L��z%�������/�g�b��z5{��h�/���+z}�Lz}��|��EÊ1���gz�{%z5� w ~!|�!	~����¢§���!	~��¨��z�� ux� ������|�~�{}~!| �
w � ��z¦� u ���g�/��|��/|�~ w �À����z¦���/| � ��~��/��� � ��~���|�z¤��~�z}�-© �g�/�g�5��z¦�����/� ��zs{��h�/���+z}�Lz}��|��

(E11,E22)
�9�gz¤�g�/�g�5��z

�����/�¥��z�{��h�/���+z}�Lz}�9|��
(E11,E33)

��z}���h�/��|�~�{}���!~�z}�¤� w ���i��z%���-~!��z%{}|�~ w �g�¤����~#!1�/��|�z%�EÊ
{

36◦ ≤ r δ ≤ 172.8◦
� w ���i� ux� ������|�~�{}~!| �

18◦ ≤ r δ ≤ 162◦
� w ���d� u ���g�/��|��/|�~ w � È=¡C� ®+É

�)�-�g�À�"������� w ����~ � | �Lw�y ��z}� ! � zk�����s��z%�s�1���/���gz%����zC�����g�1����zk¡C� ® ��z%��|�z}��| !1�/��� y ��z%�>�À§Y���+! w ~!�s�9�gzC� w ���
��z%�d{��h�/���+z}�Lz}�9|��¤����~��-~!�Lz}�g��~ w ���gz}���

E11
z}|

E33
����z'{ w z���{}~�z}��|¦��z�{��h�/���+z�§�� u ���g�/��|��/|�~ w � ! � ��~��hz)Ê

αSD = 2 αE È=¡C��� É

t �I�g�1����z�����~#!1�/��|�z È��g�1����z ¡k� 5 É { w �-�g���Lz����I��� � � w ��~!�h�/�g{%z¥��z ��� �-~!��z%{}|�~ w �
2
��������� �-~!��z%{}|�~ w �

3
�

z}� |�z}���Lz%����zY{>�/�h��{}~!| � ��z � � ��~���|��/�g{%z1���h�/~!|���z}���/�����h� y ��z1�v��z%�k�����/�g����zY{��h�/���+z}�Lz}��|��
(E11,E12)

z}|
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1IA (E11,E33)

D�� §¦��68Pf15SYG?>J>81
2�q K5SY<fEIAC7C:I7CAnK?t ��� §���68Pf1ISkG?>3>V1^2�q <J2J<?>@A9<JAC7CGH6

(E11,E13)
{ w �g�-��~���z}�9|�| w �g����z%�d��z}�-©�§k��z%�¤{ w z���{}~�z}�9|�����z�{��h�/���+z#§C� u ���g�/��|��/|�~ w � ! � ��~��7�/��|ÀÊ

αSD = 2 αE � w ���d| w ��|�z��-~!��z%{}|�~ w �I��z�{��h�/���+z}�Lz}�9|��¦z}�9|���z
0◦
z}|

180◦
È=¡C� 5 É

t z%���10}�Lz%�#{ w �g{}�!�g��~ w �g����z%��|�z}�9| !1�/��� y ��z%��� w ���'��z������/�
(E11,E23)

�"����~����9�gz���z%��z}�"!+z}� w ���Bz%�#� ux� �������

 0

 0.5

 1

 1.5

 2

 2.5

−1.5 −1 −0.5  0  0.5  1  1.5

Ε 1
2/

Ε0 12
, Ε

13
/Ε

0 13

Ε11/Ε0
11

E − SIC/LANCELOT − (E11,2E12) 
E − SIC/LANCELOT − (E11,2E13) 

AD − SIC/LANCELOT − (E11,2E12) 
AD − LPNLP − (E11,2E12) 

AD − SIC/LANCELOT − (E11,2E13) 
AD − LPNLP − (E11,2E13) 

 0

 0.5

 1

 1.5

 2

−1.5 −1 −0.5  0  0.5  1  1.5

Ε 1
3/

Ε0 13
, Ε

23
/Ε

0 23

Ε11/Ε0
11

E − SIC/LANCELOT − (E11,2E13) 
E − SIC/LANCELOT − (E11,2E23) 

AD − SIC/LANCELOT − (E11,2E13) 
AD − SIC/LANCELOT − (E11,2E23) 

*2

*2
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à5á=âbãÀä¯å ¡k� 5 æ@ç <OAnK5457U<HM�E5AC4e<OAC7 ��K�:D<HSY:IM`SyKl2J<H68EsSy1?E¥>dSY<H6VE (E11,E12)
t (E11,E13)

1IA (E11,E23)
D��Q§

��68Pf15SYG?>J>V1�2�q KISk<fEIAC7C:b7BAnK?t ��� §i��68Pf1ISkG?>3>V1�2�q <J2J<?>jA9<OAC7CGO6
|�~�{}~!| � z}|#� u ���g�/��|��/|�~ w �� w ��|�~���z}�9|�~����gz%�����g�/�g�C��z%�������/�g�

(E11,E13)
z}|

(E11,E23)
� ( u �/��|���z��h�/��|>�E���

{ w �g{ w ���g�/�g{%z ��z%��� � �����!|��/|�����z�{%z%�L��z}�-©��z}����~%$}��z%���g�1����z%�Y� !+z%{�{%z}�-© w�y |�z}���g���h�/� t 	 � t 	 { w ��|�~��
�9�gz#��z !��/�!~���z}�¤����� � |�� w ��z1� 	)�!�g�¤� � � � ���/��z}�Lz}��|>�B��z%��z}�"!+z}� w ���Bz%�s� u ���g�/��|��/|�~ w � w ��| � | � !1�/�!~�� � z%�>���h�/�

� P.E328\|d~Z�\~Z�f0_SY)WDZ2\8d4WDZ"iR_ 28}ce4WDZ�aTiTiTaTY[aRh~iTZc¼4Y[Z;e0iTY��^e0Z2i*�^e~Z;Y)f�bSaT\@]DYyd~Z;Y)Z;\>ø¢Z;iTbcf~f�Z;Y bch~]DZ2\4e~Z;Yyf�bSe~WyiRZ"f0iR_6\
(E11,E23)bc\^]"X2]DXoWDZ;f4WDX;Y[Z;\^]DX;Y�Y[e~W�iR_ 20}ce~WDZoO�P �@P,Bo\gf4WDX;�;aTY[Zn�;Z;f�Z;\0d0_6\@]"�^e~ZoiTZ;Y"�s_SiT�;e~iRY�bS\@]�X2}¢_SiTZ;klZ2\@]"X2]DXoZ2¨�Z;�2]De~X;Y�Z;\gf4WDZ;\8_6\@]

f�bce~W
δ
Z2]

r
iTZ;YEøS_SiTZ;e~WDY�d4X 28\~aTZ;Y�f8_6W�ö�O�PRQ�÷�P



� ��� �������	��
��� �������	���������	���������	���! "�#�%$'&!()������*	�+��,-�	
 ���1�

{ w ���h�/���/~�� w � �+!+z%{'��z%�dz}�&!+z}� w ���"z%�¦� u ���g�/��|��/|�~ w � w�y |�z}���gz%�¤�h�/�i��z%�d� � !+z}� w ���"z}�Lz}��|��s��z � 9"â � 9¨ä¯á=å��
È � 0 0 0+É z}|�� 9����Àå ��á 1IAi<HS �"È � 0 0\�É �-� w ���5��z�� w � y ��z}�g��z%�d{ w � y ~!�h�/~�� w �g�d��z¦{��h�/���+z}�Lz}��|����g� w ��|d��z}����z%�
���gz}���9�gz%�����gz%�¦� w �9|¤��� � ��z}�9| � z%�¦~�{}~º�� �z%�¦{ w ���h�/���/~�� w �g�¦� w �g���"z}���Lz}|�|�z}��|'� w �g{�� u � �L���Lz}�s� u �/��|�~!|��g��z
��z'���C� � |�� w ��z������ � ��~��9�gz�� � !+z}� w ��� � z#§#� w ������~!����z%�dz}�&!+z}� w ���"z%�¦� u ���g�/��|��/|�~ w �I{ w ����z%{}|�z%�>�

� ��������� � � � ? 	 ;�A¨6�<L? 	 ��8 � < � � �b;����E69<  � � AB:>8 	 ;�AB:>6 ;�?�� � < �96
t zi�h�/���/�1���/���gz���� � { � ��z}��|��>���/��|��Bz}����~��v��z�!��/�!~���z}�)��z%�vz}�"!+z}� w ���Bz%��� u ���g�/��|��/|�~ w �À� w ��� u �/|�|���{��gzi~�{}~

§¦��� !��/�!~��g�/|�~ w ����z%��� w ���/~!�gz%��� u �/�h�/�!�-��zi�!~!��~!|�z1� t z%����~!�������/|�~ w �g������~#!��/�9|�z%��� w �9|v� w �g{dz�¯z%{}|�� � z%�)� w ���
��z%�������/�g�¦��z�{��h�/���+z}�Lz}��|��'z}�I{ w �9|����/~!��|�z1�¯�/��| w ��~����/�9|¦� uxw�y |�z}�9|�~ w � ��z�� w ���/~!�gz%�¦� u �/�h�/�!�	��z#�!~!��~!|�z1�h{%z
����~"� ux� |��/~!|i�h���5� � �/�!~���|�z'§C� � � w �����/|�~ w �¥~!��� w � � z1�-{ w ���Lz � ! w ��� � �/� �h�/���/�1���/���gz�������� ® � t �C��z}���/�����gz
�-�¥�h�/���/�1���/���gzC��� � { � ��z}��|>�B{ w �g{%z}���h�/��|s��z�� w � y ��zk��z'� w ~!�9|��s��z�{��h�/���+z#��|�~!�!~�� � ��� w ���¤��z%{��gz}��{��gz}�'��z%�
{ w z���{}~�z}�9|��i��z�{��h�/���+z � ������|�~��9�gz%�>����z%��|�z !1�/��� y ��z1� (¦z��10}�Lz1��� ux� �9��~#!1�/��z}�g{%z¤��z%���-~!��z%{}|�~ w �g�

1
z}|

2
�+��~���z

z}�L��z}�!~�z��À�����)� u z�©-z}������z���zd{��h�/���+z}�Lz}�9|����g�/�g����z%�)�����/�g�
(E11,E33)

z}|
(E22,E33)

�+��z5��z}|�� w � !+z}���/~!|��g�/�g�
��z%�i�����/�g�

(Σ11,Σ33)
z}|

(Σ22,Σ33)
�

'�� <HST7U2J<OAC7UGH6�2HM|2JGOZ�<O7�6@1�2�q <H6d<HS~vfEb1�ST7BZ^7BAn1
t �s�7� y ~!�!~!| � ��zd���s� � |�� w ��z¦� � !+z}� w ��� � z � |��/��|5��������� � zd�h�/����z%����~!�#�����/|�~ w �g�5�-���h�/���/�1���/���gz¤��� � { � ��z}��|>�
z}|b{%z1�/�9�gz}�-�9�gz�� w ~!|¨��z������/��z}|����¤�-~!��z%{}|�~ w �L��z�� w �!�!~�{}~!|��/|�~ w �g�>� w �C�gz���� � ��z}��|�z5��� !1�/�!~��g�/|�~ w �L�-�C� w ���/~!�gz
� u �/�h�/�!�	��z5�!~!��~!|�z����gz5�����v��z}�-©�{>���)��zi{��h�/���+z}�Lz}�9|��ÀÊ+��z%�)�����/�g�

(Σ11,Σ22)
z}|

(Σ11,Σ33)
� �)�L{%zi��z}�g�>�/���

�g�1����z'¡C�/.C��� w � w ��z'��z%�d{ w ���h�/���/~�� w �g�¤z}�9|���z'��z%�d� w ���/~!�gz%��� u �/�h�/�!�-��z'�!~!��~!|�z w�y |�z}���g����zs|�� w ~��d� ��� w �g�

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

−0.6 −0.4 −0.2  0  0.2  0.4  0.6  0.8

Σ 
22

/ σ
 0

1 , Σ
 3

3/
 σ

 0
1

Σ 11/ σ 0
1

AL − SIC/LANCELOT
AL − Analytique − El Omri

AL − Calculs incrémentaux − SIC
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AL − SIC/LANCELOT − (Σ 11,Σ 22),(Σ 11,Σ 33) 
AL − Calculs incrémentaux − SIC − (Σ 11,Σ 22), (Σ 11,Σ 33) 
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W`_6f0f�Z;iTiTZvö!ø¢bca{W 28}ce4WDZ G�P u�÷��^e0Z�]Dbce4])][W`_ -�Z�]�d4Z"�`x8_$WD}cZ;klZ2\@]DY;¼¢�^e0Z;iT�;bS\8�^e0Z��ni�� aT\@]DX�WDaRZ2e~Wyd~eld4bck|_SaT\~Z�d�� X;iR_SY�]DaT�;a{]DXc¼
f4WDbcf�b6W[]DaRbS\0\~Z;ioZ;\^][WDZ�i�� Z;\>ø¢Z;iTbcf~f�Z�dF� X;iR_SY�]DaT�;a{]DX£Z2]giTZ£d~bSk|_SaT\0Z�d�� _S\8_6i{�~Y[Z�iTaTkla{]DZ£Z�]gd4bc\^]BiTZ£f4WDbciTbc\~}cZ;klZ2\@]Bf0_SY[Y[Z£f8_6W
i�� bSWDaT}SaR\~Zc¼�Z;Y�]"Y[e~Y[�;Z;f~]DaTh~iRZ�d�� Z;\^][W`_��*\0Z2W"e~\ f~x0X;\~bcklj;\~Znd~ZoWDe~aT\0Zpf~i*_6Y�]DaR�@e~Z�d~e k|_6]DX2WDaR_SeFP
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t �L�h�/|�����z�� w �!� $%�-��~��9�gz#��z%�¦� w ���/~!�gz%�¦��z�{��h�/���+z}�Lz}�9|��s~!��~!|�~��/�-©¥~!�����!~��9�gz����gz#��z%{}|�����z#�/|Z�	��~��9�gz#��z%�
� w ���/~!�gz%�Yz}|�z}�"!+z}� w ���Bz%���g�h�/�-©sÊ���z}��������z%��|���� � z}|��L��z¥{��h�/���+z}�Lz}��|�� � w � !1�/��|!0}|���z�~!�g{}�!�g�Y�g�/�g�L���
��z%{}|��/���1��z��-�@|Z�	�"zL��zL{%z}�-©@��z������g�1����zL¡k���-�À{ u z%��|��¢§��Z�-~!��z�� !+z%{L� u ���Æ��zL��z%��� w ���Lz}|��C§ � uxw ��~!�1~!�gz�z}|
��zk� w ���Lz}| w ��� w � � ������� u z}�"!+z}� w ���Bz�� u ���g�/��|��/|�~ w �À�À{ w �g�-��~���z}��|�§�� u ���g�/��|��/|�~ w �@�-�I���/| � ��~��/�À�¯£¾|�~!|���z
� u z�©�z}������z1� w �C��z}��� � ��z}��|�z5���������i�g�1����z�¡k� O ����� w � w ���/�9|���z%�bz}�"!+z}� w ���Bz%�)� u ���g�/��|��/|�~ w �L�g�/�g����z������/�k��z
{��h�/���+z}�Lz}��|��

(Σ11,Σ22)
�g��z}�-© |���� � z}|�����z'{��h�/���+z}�Lz}�9|����

1
z}|��

2
�-| w �g����z}�-©�~!�g{}�!�g�d�g�/�g�d���L������� ��{%z

z}���+z}�g�-� � zC�h�/�¤� u z}�&!+z}� w ���"z#� u ���g�/��|��/|�~ w �À� t z%�¦{ w �g{}�!�g��~ w �g�¤��z}���/|�~#!+z%�s§L���k� � � w �g��z#���g�/��| � z1� w �¥� w �À�
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à5á=âbãÀä¯å ¡k� O¤æ ��N?>dSYGH7BA9<JAC7CGH6�231�Seq 1568Pf1ISkG?>3>V1^2�q <J2J<?>@A9<JAC7CGH6�� ��� � 2HM¡Z�<OAnK5457C<OMlE5AC4e<OAC7 ��K�:D<HSY:IM=SYK^23<H6VE
Sy1�>dSY<H6 (Σ11,Σ22)

�-�¥���/| � ��~��/�I� w �g�d{%z%��{��h�/���+z}�Lz}��|����7� w �9|i��z%������~#!1�/��|�z%�EÊ
æ ��z�|���� � z}|��

1
~!�g�-��~!|C��������� � �Lz}��|C� u ���g�/��|��/|�~ w � �-�Æ���/| � ��~��/�À�¨{>�/�#~!���"z}��|0}|���zL~!�g{}�!�g�C�g�/�g�����

��z%{}|��/���1��z�� w � w |�� � |�~��9�gzC��z%����z%{}|��/���1��z%�¤~!��~!|�~��/�-©"�7{ u z%��|��¢§��Z�-~!��zC� w ��|���z�� w ~!�9|¤��z�{��h�/���+z
P2

z%��|
{ w �-� w �g�-�I� !+z%{'� uxw ��~!�1~!�gz#z}|i��z'� w ~!��|���z'{��h�/���+z

P1
z%��|i����� w ~!��|���zs� u z}�"!+z}� w ���Bz#� u ���g�/��|��/|�~ w �À�

æ �h�/��{ w �9|���z1�+��zi|���� � z}|��
2
� ux� |��/�9|��h����~!�g��{}��~!��|�~ y ��z��g�/�g�����L|�z}�g��z%{}|��/���1��z1�+~!�h� w �g��z%��|v~!��� w ����~ y ��z

��z'{ w �g{}�!����z��9�h�/��|��¢§�� u ���g�/��|��/|�~ w �À� w �����k� w �¥���g�/��|��/|�~ w �À�B�-�����/| � ��~��/�I� w �g�d{%zs|���� � z}|>�
t z%���10}�Lz%��{ w �g{}�!�g��~ w �g� !��/��z}�9|�� w ���'� u z}�&!+z}� w ���"z�� ux� ������|�~�{}~!| � � w�y |�z}���gz�§Y�h�/��|�~!�#��z%�'�10}�Lz%�'� w ~!��|��
��z�{��h�/���+z����gz�� u z}�"!+z}� w ���BzY� u ���g�/��|��/|�~ w �À�  �z}�Bz}�g�g�/�9|>�E��� �!~!� � �/��~!| � ��zL����� w �!��|�~ w � � ������|�~��9�gz�����������z
�9�gzC| w ��|s|���� � z}|s��zk{��h�/���+z}�Lz}��|���~!�g{}�!�g�'�g�/�g�s� u z}�&!+z}� w ���"z�� ux� ������|�~�{}~!| � { w �g�-��~!|�§L��� { w ��� w ��|�z}�Lz}��|
������z}�Lz}�9| � ������|�~����gz1�gz}|d� w �g{'�7� y ��z1�g�-�����/| � ��~��/�À�

«¬¢®¯¬	� � ¸ZÃ ¼�Áº·B¶+¸º¹¨µ�³ µb¼�ÃÄ²g±�¸���¼�´h³�½�·B± Á���·"½�½�±�¹ �"�v´ ��¸Zµ�²hÃÄ·B¶1¸��b¼v´@´�¶I±+²�
�´ �)¸Z¹Eµ�³

 �z��h�/���/�1���/���gz�� u ~!��| � ��z%����z�� � � w �����/~��v§d� ux� |��g��zi��z�� u ���g�/��|��/|�~ w �L�-�k�10}�Lz5��|����/|�~�� � �/���/~��v� yBw ��� � z
� u ���¥� w ~!�9|���z !	�gz'{}~!� � ���/|�~����gz1�.(¦z}�-© ���/~�� w �g������~!�g{}~!�h�/��z%�d� w |�~#!+z}��|¦{%z�{�� w ~�©'Ê

æ ����z}��~%$}��z}�Lz}��|>�7���¥� w �g{}~À��z�{ w � � ��z}�g{%z��g�/�g�i����� � ���/��{��gz1�h�9��~E{ w �g��~���|�z�§���|�~!�!~���z}�d��zs|�� �%w ��$}�Lz
{}~!� � ���/|�~��9�gz���z'� u ���g�/��|��/|�~ w � ����~����9�gz'���k� � |�� w ��z���z��-~���{}� � |�~����/|�~ w �I{�� w ~���~�z�z%��|d���gz�� � |�� w ��z
z}��� � ������{%z}�Lz}��|����



� ��� �������	��
��� �������	���������	���������	���! "�#�%$'&!()������*	�+��,-�	
 ���/.

æ ��z}�-©-~%$}�Lz}�Lz}��|>�v����� w �g{}~5��z { w ��� w�yBw ���/|�~ w �K��z%�#� � �����!|��/|��Lz}|C��z { w ���h�/���/~�� w �K��z%�#|�z}���g����z
{>�/��{}������z}�9|���z���z%�d��z}�-©��/����� w {��gz%�¦��|��/|�~����gz'z}|¤{}~!� � ���/|�~����gz1�

Å¤�L{�� w ~���~!|���z�� w �!�!~�{}~!|�z}�v��zi��|����/|�~�� � �g�/�g����z5�����/�Lz}��{ w ��|����/~!�9|�z%�
(Σ11,Σ22)

� t z%�v��~!�������/|�~ w �g���1� � �/�!~�� � z%�
z}��~!��| � �1���/|�~ w �k� � �-��~!|�z�z}|¨� w ��|���z%�À� � �����!|��/|��¨� w �9|¨��� � ��z}��| � �E�g�1����zv¡k�  �-��� w �9|�� w �g{�{%z}|�|�z)� w ~����Z{}~ y ��� � z%�
����������� � � w �!��|�~ w ���-�Y��� w�y �%$}�Lzs� uxw ��|�~!��~����/|�~ w �

P cin
cont

�9��z}��� � ��z}��|��/�9|i��z¦{ w �������/�+z���|�� �%w ��$}�LzLÈ���������� É �
P

(e),cl
cont

�iz}|�� w ��� � �g�/�9|
396

!1�/��~�� y ��z%��� uxw ��|�~!��~����/|�~ w ��z}|
161

{ w �9|����/~!��|�z%�i� ux� ���/�!~!| � �>����z}���/|�~#!+z}�Lz}�9|i�/�-©
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à�á=âbãÀä¯å ¡C�  � æ hdAC4e<OAC7 ��K�:D<HSY:IM=SYK©2J<H6VE¦SY1i>@Sk<H6 (Σ11,Σ22)
D :DGHZ¦>\<O4�<H7�EIGO6�156_AC4D1cSy1?E¥<?>3>d4�G�:5;\1?EcE5A9<JAC7CaIM81

1IA�:b7�6@KIZ�<JAC7CaIM81

w�y�� z%{}|�~�� �i����z}��~�z}���>�g{%z%�¤��~!�������/|�~ w �g�¤{ w �g�-��~���z}��|s�/�-©���z}�-© { w �g{}�!�g��~ w �g�¤����~#!1�/��|�z%�ÀÊ
æ w �Ç{ w �g��|��/|�zY���gzY������z1� y"w ���gz�{ w ��� � ���/|�~ w ��z}��|���zY��z%�k��z}�-©Æ�/����� w {��gz%�k� w ���C��z%�C� w �!�!~�{}~!|��/|�~ w �g�
�g�/�g�À��z����h�/��|¨��z)�����/�

(Σ11 ≤ 0,Σ22 ≥ 0)
�� �z%{}~9z%��| y z>�/�g{ w ���#���!�g�À��~!|�~!� � �g�/�g�E��z��9�h�/��|E��z)�����/�

(Σ11 ≥ 0,Σ22 ≥ 0)
� w,+ �9�gz}�����gz%�5� w ~!��|��5� w ��z}��|���� w�y �%$}�Lz1� �)��z�¯z}|>�9���#��� w ����~ � | � ��zs{ w �&!+z�©-~!| �

��zd� u z}�"!+z}� w ���Bz¤�g�h�/��z¦� u ���g�/��|��/|�~ w �Yz}|���zi�º�/~!|��9�gzd| w ��|�� w ~!�9|�~!�g{}�!�g���g�/�g��������z%{}|��/���1��z¤��z�|Z�	�Bz
Dr

�/���h�/��|�~�z}���gzL�/�S� w ���/~!�gzC� u ���g�/��|��/|�~ w �À�¯�9��~b� w ��|s��z}�-©¥��� w ����~ � | � �s~������gz%�¦��z#����{ w �"!+z�©	~!| �
�-�Ç{}��~!|�$}��z���z�� ����� � á ��å � z}|k�-� ����~!�g{}~!�"z��10}�Lz���zY{ w �g��|����g{}|�~ w ����z%�#� w ���/~!�gz%�#�g�h�/�-©¯�E�gz
� w �9|¤�h���¦���/|�~����º�/~!|����h�/�¤��z%��� � �����!|��/|��¤��z#� u �/����� w {��gz#{}~!� � ���/|�~��9�gz1�¯�/� w ���¤�9� u ~!���¦��z !9���/~�z}�9|¦� u 0}|���z
�9�gz}�!��z����gz'� w ~!|d� u �/����� w {��gz���|�~!�!~�� � z��

æ � u �/��|���zk�h�/��|>�B� u ~�� � zk����z}��~%$}��z����gz#��z%�s|�z}���g�'��zk{>�/��{}�����'��z !+z}�����/~�z}��|��-~!��~!�9� � ����z��h�/�'� u ��|�~!�!~��
���/|�~ w ����z¦� u �/����� w {��gz�{}~!� � ���/|�~��9�gz1�-� u z%��|5�h���i{ w �-� w ��| � z1� �v��z�"z}|>�	��z¦��� w�y �%$}�Lz�� uxw ��|�~!��~����/|�~ w �
����� w {}~ � §¦� u �/����� w {��gzd{}~!� � ���/|�~��9�gz5�gz5��� � ��z}��|��/�9|����gzi��z%�){ w �9|����/~!��|�z%��� uxw ��|�~!��~����/|�~ w ���!~!� � �/~!��z%�>�
~!�b� w �g�s��z}� y ���/~!|>� <�>d457UGH4?7 �B���gz#��z%�¦|�z}���g�¦��zk{>�/��{}�����s��z}���/~�z}�9|'� w ~!�g�¤��� w ��~ y ~!|�~�� �'�9�gz#{%z}�-©I��z
� u �/����� w {��gzk��|��/|�~��9�gz1�h� w ���¤�����9�gz}�!��z#��z%�¤{ w �g�-~!|�~ w �g�s� uxw ��|�~!��~����/|�~ w � �!~ � z%�s§L� u z�©-����z%����~ w � �-� {}��~��
|�$}��z¥��z�� ����� � á ��å � z}�K{��h�����gz¥� w ~!�9|���z�{��h�/���+zIz}|Yz}� {��h���9�gz�� w ~!��|Y��z
	 9¯ã � � � w ��|�� w �
�!~!� � �/~!��z%�>�. �z%{}~¯� u �#�h��� � | � ��zs{>��� <�>\GfEIAn154?7UGH457 � t�u �/����� w {��gz�{}~!� � ���/|�~����gz'� �/~����/�9|i~!��|�z}� !+z}��~!�d���
� w � y ��z¥��z�!1�/��~�� y ��z%�L� uxw ��|�~!��~����/|�~ w � y z>�/�g{ w �������!�g�k~!��� w ��|��/��|L�9�gzY� u �/����� w {��gz���|��/|�~��9�gz1�¨~!�
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��z}� y ��z}���/~!|¤� w �g{'�9�gz1��� w ���i������� w�y �%$}�Lz#� w ��� � � t £ �  H� t Å�� � w ~!|i���!�g�¤�/��|�z�§C� � ��z}�d��z%�i� w �
�!~!� � �/��~!| � ���9�gzs��z%�i�1���/�g����� w � y ��z%�¦��z !��/��~�� y ��z%�¤� uxw ��|�~!��~����/|�~ w �À�

 �z}|�|�z���|�~!�!~����/|�~ w �Ç��zL��� � � |�� w ��zY{}~!� � ���/|�~����gz�� u ��� w �g{��h����� � z}�!��z}�Lz}�9|C��z}| w ����� � ��z%��� � �����!|��/|��#z%���
{ w ����| � �5z}|�� � {%z%����~!|�z�z}�g{ w ��z¦�9�gz}�����gz%�5�/� � �!~ w ���/|�~ w �g�>�-z}���h�/��|�~�{}���!~�z}�i�/����~#!+z>�/�Y��z�� u ~!����� � �Lz}�9|��/|�~ w �
��zs���C� � |�� w ��z��g�/�g�i��zs� w �1~�{}~�z}�¨� uxw ��|�~!��~����/|�~ w �À���)��z�¯z}|>�-���C� w ���-~� � ��z}��|�~�� y ~!�!~!| � ��zs���#� w �g{}|�~ w � w�y �
� z%{}|�~���z}�%� � � w z%��|d���gz#��~!���1�����/��~!| � �9��~À� u z%��|¤�h���d|����/~!| � zk�/��| w ���/|�~����gz}�Lz}�9|s�h�/� t £ �  H� t Å�� z}|¦����~
� � {%z%����~!|�z¤� w �g{ æ � |��/��| !	���/~���z}� y ��� y ��z}�Lz}�9|d���#{>�/�g��z���z%����� w�y �%$}�Lz%� � ! w �9� � �5{}~��¢� !1�/��| æ ���gzs�/|�|�z}��|�~ w �
�h�/��|�~�{}���!~%$}��z1�

M N�� QSR7TCUCV UYXZT#[CV_e�Rha"T��ER7T#aBV_jk[CV_p�Vba��%qiaB`)V�� e7q��	��c
�¨c�RB`)VlV)[���qd[¤Rha"^dc�[¤R7V
UC^d[#e ehqd[ p���^d[

t ��� � |�� w ��z#��� w � w � � zC�>���/��| � | � !1�/�!~�� � z1�B���gzC{%z�� w ~!| !	~����¢§���!9~��¦��z�� u ���g�/��|��/|�~ w � w �S��z�� u �/�h�/�!�-��z
�!~!��~!|�z1�/� w ���¨���!�g��~�z}�����¨�����/�g�b��z�{��h�/���+z}�Lz}�9|��>�1��z%�b�/�����!~�{>�/|�~ w �g�)��� � ��z}��| � z%�b�g�/�g�b{%z��h�/���/�1���/���gzi��z}� w ��|
����~��9�gz}�Lz}��|b~������gz%�¨��z�� w �!�!~�{}~!|��/|�~ w �g�)�g�/�g�E��z������/�

(Σ11,Σ22)
�� �z}|�|�z���z}�-©	~%$}�Lz5�/�����!~�{>�/|�~ w � ª�ª { w �g{%z}���gz

� w �g{k��z%�'{%z}�!�!����z%�'��z y ����zk�-� ��z}�-©-~%$}�LzC|Z�	�Bz1�B��z}��� � ��z}�9|��/|�~#!+z%����zk��|����g{}|�����z%�¦�g�gz%�¦� � ��~ w �-~��9�gz}�Lz}��|
�"z}��� w � � z%�'z}|¦� w �!�!~�{}~!| � z%�'�g�/�g�s��z}���s�����/�À�3 w ���Lz � ! w �9� � �/� {��h�/��~!|���z���� w � �-~���|�~!���1�gzk{%zk{>���¦�-� {>���
���!�g��� � � � ���/��|����/~!| � �/�@�h�/���/�1���/���gz�����~#!��/�9|>�E���g�Æ��z�� w � ! w ~!��{ w ���h�/��z}�C��z%�'� � �����!|��/|��k� !+z%{�{%z}�-© ��z
���: ��ä��Eå � 1IA�<HS ��È  *7. ®+É �¨�9��~ � |��g�-~�z}�9|>���h�/�#���gzY�/����� w {��gz�~!�g{}� � �Lz}�9|��/��z z}|#� w �g�#� u ���	� w |�� $%��z���z%�
{ w �9|����/~!��|�z%�¦�����/�gz%�>�-��z'{ w ��� w ��|�z}�Lz}��|¦�!~!��~!|�z���zs�������9�gz%�d� u �/�!����~!��~!��� �"z}��� w � � z%����� w �!�!~�{}~!| � z%�d�h�/�d��z%�
{��h�/���+z}�Lz}��|��¦�����/�g� y ~���©-~��/�-©¯�

«¬ �b¬Z® °�±+²h³/´hµ¨¶1·B¶+¸º¹Eµ¾»�¼¾½�±+¹À¿�ÁºÂhÃÄ´@¶1±�¸¢»�¸¢ÃK´7µ�³�¸º¹Eµ�µv´hÁ
Å¤�@{ w �g��~�� $}��z�� w �g{L���gz����������gz�� u �/�!����~!��~!��� z�©-��~ y �/��|���z%����� w ����~ � | � ����z�� � ��~ w �-~�{}~!| � �g�/�g����z%�

��z}�-© �-~!��z%{}|�~ w �g�'��z#� w � �����/�À�  �z}|�|�z#� � ��~ w �-~�{}~!| � ��� w !9~�z}�9|���z������Bz}��� w ���/|�~ w � � � �1���!~%$}��zC��z#�������������gz1�
��z}� w �L����� � ��z>�/��{>�/��� � �+{ w ���Lzd��zi� w �9|���z����s�g�1����zi¡C�  '-� t z%��{>�/����{}| � ��~���|�~��9�gz%�����/| � ��~�z}�!��z%��� w �9|�{%z}�!��z%�
��zd� u �/�!����~!��~!��� ���/~!�À�+~������gz%�v��zi� u z�©-� � ��~�z}�g{%z#È ���: �¨ä��¨å � 1IA�<HS �!�  *7. ®+É � t �s�������9�gz�z%��|v� w �!�!~�{}~!| � z��g�/�g�

X1

X2

X3

2r d/2

h

Ë¨Ì>Í�Ì>Î�Ï¢Ð�Í�ÑÕÒ Ï�ÑÓÔ�Ö/×�ÒÀØ>Ð�Ù�Ú¤Ð�Ï�Í�ÑÓÔ�Ö/×�Ò
h = 0.1 Û)Û 2r

d
= 0.3 r + d

2
= 0.5 Û)ÛË¨Ì>Í�Ì>Î�Ï¢Ð�Í�ÑÓÒºÏ�ÑÕÔ/Ö/×�Ò¨Ú¤Ð�Î�Ì�Ü1ÑÕÔ�Ö/×�Ò

EY = 69550 ÝiÞ+ß ν = 0.337 σ0 = 159 ÝiÞ+ß

à5á=â�ãEä¯å ¡k�  ' æ ¢�SY<JaIM81sAC4�GHM8KD1�D�:D<H4e<J:bAnK5457�E5AC7UaIMV15E�m3KDGHZ[KIAC4?7UaIM81?E�1bA�Z[Ke:D<H6_7CaIM81?E
� w �������/���h�/�i���¥{��h�/���+z}�Lz}��|sz}��{ w ��|����/~!��|�z%���h|�z}�E{%z}�!��~¨��zs���C�g�1����z'¡k���-�
QcQcPcvyZ2][]DZ�_6f0f~iRaT�s_$]DaTbc\�Z;Y�]"X;}c_SiTZ;klZ;\^]�f~WDX2Y[Z;\^]DX;Z�d0_6\0YEê�ë1ì	í1ë�î1ï ð�ñLò¢ó¯ô�õ P9ö�uSµSµ¢u�÷�P
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����¢*>�}�%
��7�}*+
#
!����º���%
�
�� %*>�7�������!�7��
#�	���g���}*>��(�
���� ���	�

«¬��b¬�� ���v¹¨¸ � »�´ÇÁZ·��-´hÁ¢ÁZ¼�ÁZ´ »v´ ¿�·¯³/´

t ��� � ��~ w �-~�{}~!| � ��z¤���'�������9�gz¤~!�g{}~!|�z¦§�{�� w ~���~!�i{ w ���Lz¦{%z}�!�!����z¤��z y ����zd��� � {��h�/�9|�~!�!� w ����zd�������9�gz��gz
{ w ��� w ��|��/�9|��9� u ���gzd����~��9�gzd�"z}��� w ���/|�~ w �À�  �z}�Bz}�g�g�/�9|>����z%�����	� � |���~�z%����zd���'���������gz1��|��/��|�� �%w � � |���~��9�gz%�
���gzs���/| � ��~�z}�!��z%�>�B����� w {}~ � z%���/�¥{�� w ~�©��-�¥�����/�¥��z'{��h�/���+z}�Lz}�9|��

(Σ11,Σ22)
�g�/��| w ��~���z}��|s§k�gzs�Lz}�gz}����z%�

{>�/��{}�����C�9�gzL�����#��zL�9��~!|�~%$}�LzY��z�����{%z}�!�!����zY��z y ����z1��{%z��9��~��"z}���Lz}|#��z��-~!��~!���gz}�k��z%�#|�z}���g�  	�� §
��� � {}~���~ w � � ���/��z1� t z'����~!|�~%$}�LzC��z�{%z}�!�!����z1�7� w ��|���z����/~!�!���/�+z�z%��|d��z}��� � ��z}��| � �g�1����z�¡C�  � �hz%��|��-~���{}� � |�~�� �
� !+z%{ � . � � � �Lz}�9|����9�h���-���/|�~����gz%�¤z}��~!��| � �1���/|�~ w �I� � �-��~!|�z1�. w ����|�z��º|�z}���S��zs���C� �%w � � |���~�z���zs����{%z}�!�!����z

x1

x1

x2

x2

x3 x3

X1

X2

X3

∂Vlat∂Vsup

∂Vinf

∂H

r
d/2

h/2
h

à�á=âbãÀä¯å ¡k�  �kæ	/ 15SBSTM=Sy1�2`1s�D<fEb1�1IAiZ�<H7�SBSY<]m31s2HM¡;3M=7CAC7U�5Z[1�231©Sk<l:}1IS�S~M`Sy1^231^�e<fE]1

��z y ����z#z}|¤��z#�����h�/|�����zC�-�I{��h�/���+z}�Lz}�9|'~!��� w � � �g��z��h�/���/�1���/���gzk����'-� � � w �g�¤~!�g�-~����gz#���gz����L{}~!� � �����
|�~����gz'��z}���C��zs|¢�9�"z�È���� �&0+É z}|d�9�gz¦��z%�i��� w�y �%$}�Lz%�d{%z}�!�!�����/~!��z%� � ������|�~����gz%�iz}|��/�-© { w ��|����/~!��|�z%�¤� � ��~��-�gz}�!��z%�
§�{ w �g��~�� � ��z}�5z}��!9�gz¤��z�� � � w �g�-��z¦��z���� w�y �%$}�Lz¦� uxw ��|�~!��~����/|�~ w �

P stat
cont

��� w �9|���z%���Bz%{}|�~#!+z}�Lz}�9|
P

(e),cav
cont

z}|
P

(r),cav
cont

��� w ���i��z%���9�gz}���i��z%�dz}�9|�~!| � �
∂Vlat

�
∂Vsup

�
∂Vinf

z}|
∂H

� w �9|�� � �g��~�z%�i�g�1����z'¡k�  � �

 �z}�Bz}�g�g�/�9|>�v��z �º�/~!|L��z�|���� !1�/~!�!��z}����������z�����~!|�~%$}�LzI��z����S{%z}�!�!����z���z y ����z�� w �-~��hz��9�gz}���9�gz �Bz}� {%z%�
��� w�y �%$}�Lz%�¦{%z}�!�!�����/~!��z%��� �v�Iz�¯z}|>��$ � � � È  *7. �9É � w �9|���zC�9�gz���z%�¦{ w �g�-~!|�~ w �g�s��z�� � ��~ w �-~�{}~!| � � w �9|¦�/� w ���
��z}��������{ � z%���h�/�C��z%�k{ w �g�-~!|�~ w �g�L��z������!�!~!| � �����#��z%�C��z%��|���~�{}|�~ w �g����z%�#�º��{%z%�

∂Vlat
�
∂Vsup

z}|
∂Vmoy

ª 	
�/�¥����~!|�~%$}�Lzk��z����L{%z}�!�!����zC��z y ����z1�h��z%���Bz%{}|�~#!+z}�Lz}�9|s� w | � z%�

∂V
1/8
lat

�
∂V

1/8
sup

z}|
∂V

1/8
moy

� t z%�¤��� w�y �%$}�Lz%�
P

(e),cav
cont

z}|
P

(r),cav
cont

��z !9~�z}���gz}�9|¤� w �g{1�����gz'� w ~��dz�©-����~!� � �������i��zs����~!|�~%$}�Lz���z����k{%z}�!�!����z���z y ����z)Ê

Q$u@P
∂Vmoy

Z;Y�]�d~X 20\0a��;bcklklZoX2]`_S\^]�iTZnh�bSW`d dF� _Si{]Da{]De8d4Z	�;X2WDblf8_$W`_SiTiTj;iTZ��
∂Vsup
P
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£������ w {��gz�{ w ��|����/~!��|�z)Ê
P

(e),cav
cont

£¤����� w {��gz�{ w ��|����/~!�9|�z)Ê
P

(r),cav
cont

(
Σ̃11,Σ̃22

) � w ��� � z%�
�À� w � !+z}�

up 1 r,(e), z}| σ(e) |>�x�7�%Ê �À� w � !+z}�
ρ
|>�x�B�%Ê





 b;�4 σ(e) = 0
�g�/�g�

V ∗1/8

σ(e) = d : ε(e)
(〈

ε̃(e)
〉

V 1/8
.x + up 1 r,(e))

up 1 r,(e).n = 0
�����

∂V
1/8
lat ∪ ∂V

1/8
moy

〈
ε̃
(e)
12

〉

V 1/8
= 0

σ(e).n −
(
n.σ(e).n

)
.n = 0

�����

∂V
1/8
lat ∪ ∂V

1/8
moy

σ(e).n = 0
�����

∂H1/8 ∪ ∂V
1/8
sup

〈
σ̃

(e)
11

〉
V 1/8

= Σ̃11;
〈
σ̃

(e)
22

〉
V 1/8

= Σ̃22





 b;�4 ρ = 0
�g�/�g�

V ∗1/8

ρ.n − (n.ρ.n) .n = 0
�����

∂V
1/8
lat ∪ ∂V

1/8
moy

ρ.n = 0
�����

∂H1/8 ∪ ∂V
1/8
sup

〈ρ̃11〉V 1/8 = 〈ρ̃22〉V 1/8 = 0

{%z�����~Àz%��|i|���$%�¦� !1�/��|��/�+z}�-©I�/����~#!+z>�/���9��� � ��~����gz1�

t z%� � w � y ��z%�¥��z !1�/��~�� y ��z%��� uxw ��|�~!��~����/|�~ w �À�d��zS{ w ��|����/~!�9|�z%�¥� u ~!� � ���/�!~!| � ��z}|�� ux� ���/�!~!| � ������� w {}~ � ���/�
��� w�y �%$}�Lz'� u ���g�/��|��/|�~ w ��� w � � ��������z��9��~!|�~%$}�Lz'��z¤{%z}�!�!����zs� w �9|���z%���Bz%{}|�~#!+z}�Lz}�9| � ���/�-©Y§

2305
�
1536

z}|
944

���)�-�g�À�g��z%�i��~!�������/|�~ w �g�d� w ��|i� � �/�!~�� � z%�i� w ���i��z%� !��/��z}��������z
p
z}|

δ
��z%���"z%{}|�~#!+z}�Lz}��|i��© � z%�d§

41
z}|

4.5◦
�

«¬ �b¬ � � ±�·��-²�»�´h³�»�¸��d²g±+´hµ¨¶+³�»�¹EÃÄ·"¸¢µv´h³I»v´ ±+²h³�¸Z³�¶1·¯µ �-´ÇÃÄ·��-±�¹E³)�-¹À½�¸���¼�´h³
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Σ 
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/ σ
 0

Σ 11/ σ 0

AD − Calculs directs − SIC/LANCELOT
AD − Calculs incrémentaux − ABAQUS

 0

 0.2

 0.4
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 1

 1.2
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Σ 
22

/ σ
 0

Σ 11/ σ 0

AL − Calculs directs − SIC/LANCELOT
AL − Calculs incrémentaux − Contraintes planes 

AL − Calculs incrémentaux − SIC
AL −  Calculs incrémentaux − ABAQUS

à5á=âbãÀä¯å ¡C� ]®dæ ¢�SY<JaIM81�>8154��bGH4DKD1¥:D<HSY:IM=SYKD1�2J<H6VE�SY1�>dSY<H6 (Σ11,Σ22)
Dd23KIA9<O7�S_2315E�PR<OST7U2J<OAC7UGH6VEp2HM�2JGHZ�<H7B6@1

2�q <H6@<HSTvfE]1�S~7BZs7CAn1©1bA�231©SDq 1I68Pf15SYG?>J>V1�2�q <32J<?>@A9<OAC7UGH6
t z { w z���{}~�z}�9| ��z¥� w � w ��~!| �I� |��/�9|���© � §

0.04
�h�/�Y��z%��!��/��z}����� � � �g��~�z%���g�1����z¥¡k�  '-� w �Ä� u ~!�9| � �
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��z%����z�§k� � |�z}����~!�gz}����z%��{>�/�h��{}~!| � ����z'� � ��~���|��/�g{%z���zs���C���������gz��g�/�g�i��z'�����/�
(Σ11,Σ22)

��z}|¤§��/�h�/�!�-��z}�>�
�h�/�Y{ w ���h�/���/~�� w � �+!+z%{¥��z%�Y� � �����!|��/|�� ��z ���: ��ä��Eå � 1IA�<HS �sÈ  *7. ®+É ��� u ~!�	�g�gz}�g{%z ��zI� u ���	� w |�� $%��zI��z
{ w ��|����/~!��|�z%�������/�gz%�5�����5��z¤� w ���/~!�gz'� u �/�h�/�!�-��z¤�!~!��~!|�z1� t z%��� � �����!|��/|��>�-� � |��/~!�!� � ���g�1����z¦¡C� ]® �	� w ��|5� � ���-�
� � �5�g�1����z�¡k�  �-�
t zL����z}��~�z}�C�1���/���gz���z���� �g�1����z�¡C� ]® �Lz}|#z}� � !9~���z}�g{%z����Æ{%z}��|��/~!�Ç� � {>�/���/�+z�z}�9|���z���z�� w ���/~!�gz���z
 ��:���ä��Eå � 1IA�<HS ��z}|À��zv����|���z1���Z�+��z}� y ��z}���/~!|��9�gz)�����-~� � ��z}�g{%z�� w ~!| � �g��|�z}�Lz}��|b§d�/|�|���~ y �gz}�b§i� u ���	� w |�� $%��z
��z%�d{ w ��|����/~!�9|�z%�¤�����/�gz%�����)�¥z�¯z}|>��{%z}|�|�z'���	� w |�� $%��z'~!�����!~��9�gz'���k��z}���/|�~ w �¥����~#!1�/��|�z)Ê

s.n3 = 0 ∀ y ∈ V ∗1/8 È=¡C� +0+É
�/� w �����9�gzs� w �g�i~!��� w � w �g�i����~����gz}�Lz}�9|¤���gz'{ w �g�-~!|�~ w � ��z'|�����{}|�~ w ���!~ y ��z������i���C� ��{%z'����� � ��~�z}����z���zs���
{%z}�!�!����z���z y ����z)Ê

s.n3 = 0 ∀ y ∈ ∂V ∗1/8

sup

È=¡C� O�É
	��/��{ w �g� � �9�gz}��|>�b� uxw ��|�~!��~����/|�~ w ��z%��|k�g�/�g�C� w |���z {>���#� � �/�!~�� � z��g�/�g�k���Çz%���h��{%z����!�g�#���/���+z �9�gz�{%z}�!��~
� � �g��~d�h�/�IÈ=¡k� +0+É �v� uxw,+ � ux� {>�/��| w�y ��z}� !�� y ��zIz}��|���z���z%����z}�-©Ç� w ���/~!�gz%�Y��������� �g�1����z È=¡C� ]®+É �  �z}|�|�z
{ w ���h�/���/~�� w �¥�gzs�"z}���Lz}|�|��/��|¦���gz'��z�{ w �g{}�!����z#§C���gz !��/�!~��g�/|�~ w �I���h�/�!~!|��/|�~#!+z#��zs� w �i� � �����!|��/|��#È=��z'� w �
���/~!�gz���z ���: �¨ä��¨å � 1IAc<HS ��È  *7. ®+É z%��| y ~�z}�@~!�g{}�!�g���g�/�g����z�����|���z1�E{ w ���Lz�� u ~!�����!~����gz�� u ���	� w |�� $%��z
��z%�L{ w ��|����/~!�9|�z%�������/�gz%� É � w ��� � �/�!~���z ���gz���z}�-©	~%$}�Lz¥� � ��~�z���z !��/�!~��g�/|�~ w �g��� y ��� � z����������gz��/����� w {��gz
~!�g{}� � �Lz}��|��/��z���|�~!�!~����/�9|>�"� w �g��� á � ����~��s� w �g��� :�9��¨ã � �"��z#|���� � z}|s��zk{��h�/���+z}�Lz}��|

P
′ ��z#�����g�1����zk����'-�

t ��{ w	� �g{}~���z}�g{%z���z%�d� � �����!|��/|��i�g��~!|¤�/� w ������z !��/�!~���z}��� w |���z��/����� w {��gz1�
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 1.2

−0.8 −0.6 −0.4 −0.2  0  0.2  0.4  0.6  0.8  1

Σ 
22

/ σ
 0

Σ 11/ σ 0

E − SIC / LANCELOT
AD − SIC / LANCELOT

AD − Calculs incrémentaux
AL − SIC / LANCELOT

AL − Calculs incrémentaux 

à�á=âbãÀä¯å ¡C� 	�kæ ¢�Sk<JabMV1¥>V154B�IGH4DKD1�:D<HSY:IM=SYKD1�2J<H68E©SY1¦>dSk<O6 (Σ11,Σ22)
D��-§���68Pf15SYG?>J>81�2�q K5SY<fE5AC7U:I7CAnK?t ���

§���68Pf15SYG?>J>81^2�q <32J<?>@A9<OAC7UGH6Vt �¦�£§ ��GHZ�<H7B6@1�2�q <O6d<HS~vRE]1�S~7BZs7CAn1

tvu z}�&!+z}� w ���"z�� u ���g�/��|��/|�~ w �Iz%��|5�9�h�/��|��¢§��Zz}�!��z�{ w ���h�/� � z�� !+z%{s� u z}�"!+z}� w ���Bz w�y |�z}�9�gz�� w �g�
� :�9���ã � ���h�/�
���gzi� � |�� w ��zd~!�g{}� � �Lz}��|��/��z1�9� w ���v�����9�gz}�!��zi��zi{}��~!|�$}��z���|�~!�!~�� � � w ����� � |�z}����~!�gz}��� u ~!�g{}� � �Lz}��|5��z5�h�������/�+z
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§Y� u ���g�/��|��/|�~ w �Æz%��|s���S{}��~!|�$}��z � �gz}��� � |�~��9�gz)Ê w � { w �g��~�� $}��z��9�gzC����{%z}�!�!����z�� u ���g�/��|�zk� $%�'���gzC� ux� �gz}���1~�z
�-~�����~!� � zs��������|�~����gz}�Lz}�9|¤�h�/�i��z'� w � $}��z�{%z%����z'� ux� ! w �!�gz}�>�g{ w ���Lz���zs� w �9|���z����#�g�1����z������ 	� �
t �Y�g�1����z�¡k� 	� ��z}�1� w ���Bz�{%z%��{ w �g��|��/|��/|�~ w �g�Cz}�@�-~���|�~!���1�h�/��|#����~����gz}�Lz}�9|���� � � |�� w ��zL�-~!��z%{}|�zL��z����
� � |�� w ��z�~!�g{}� � �Lz}�9|��/��z1�

M N�� QSR7TCUCV UCVlp���^drsTCV)e pY`baBc�q'U#c�rsTCV)e��#`�RB`baBq����)[#V)e V)[ \_Vv\	�CaB^d[CVlV�R
V)[�
kV��c�qd[

 �z��h�/���/�1���/���gz1�B� w � !��/�9| 0}|���z !9� { w ���Lz����gz#� � � � ���/�!~����/|�~ w � �-�¥�h�/���/�1���/���gzC��� � { � ��z}�9|>�¯� u ~!��| � �
��z%����z��/�-©Y��|����g{}|�����z%����z¤|¢�9�"zs�������9�gz%�5� � ��~ w �-~����gz%��� w �!�!~�{}~!| � z%�dz}� �Lz}� y ���/�gz#z}|�� w ��z}� �hz�©	~ w �À��{ u z%��|��
§��Z�-~!��z¦�/�L|�� w ~���~%$}�Lz�|Z�	�Bzd��z�{%z}�!�!����zd��z y ����z1�9£��!���/�9|��g�/�g�v��zd��z}�g�v{}� w ~������/�9|���z%���-~���{}���!| � ���+��zi����z}��~�z}�
z�©�z}������z�{ w �g{%z}���gz����gzi�������9�gzi� w � w � $}�gz1����z���z%{ w �g�����gzi�������9�gzi� � ��~ w �-~��9�gzd�g�/�g�v���gz���z%���-~!��z%{}|�~ w �g�
��z¦� u z%���h��{%zs�-�Y�º�/~!|���z¤��z}�-� w ��|�� !+z}��|�~�{>�/�-©¯�-z}|5��z¤��z}����~�z}�d{ w �g��~�� $}��z¦���gz¤���������gz¦|�� w � � z'� w ����~���z1�9{%z}|�|�z
� w ~����Z{}~º�1§¦��z%�b� w �!�!~�{}~!|��/|�~ w �g�)� w �k����~����gz}�Lz}�9|v�����/�gz%�>��	 w ���b��©-z}�b��z%�b~�� � z%�>� w ��{�� w ~���~!|)��z5� w ���Lz}|�|���zi{%z%�
�������9�gz%���/��{��h�/���+z}�Lz}��|

(N11,M11)
� (szs���!�g�>�-��z%�5��� w�y �%$}�Lz%� � |��/��|¤� y"w ��� � �5�h�/�i� u �/����� w {��gz���|��/|�~����gz

��z�� u ���g�/��|��/|�~ w �À�7{��h��{}���I��z#{%z%�i|�� w ~��¤{>���d� $}�gz#§k� � � w �g�-��z���z'��� w�y �%$}�LzC� uxw ��|�~!��~����/|�~ w �
P stat

cont

�g� w ��|
��z%�5� w ��� � z%�i� w �9|5~������gz%����z������ � � w �!��|�~ w ����z%����� w�y �%$}�Lz%�i{%z}�!�!�����/~!��z%�

P
(e),plq
cont

z}|
P

(r),plq
cont

��� w ������z%�����gz}���
����{}~!� � ���/|�~����gz¦z%��|���z�|Z�	�Bz#È�������� ]®+É � � w ��|�z%����z%����~!�#�����/|�~ w �g� ª -¤��zd{%zd�h�/���/�1���/���gz¦� w �9|�� � �/�!~�� � z%��� w ���
p = 31

z}|
δ = 6◦

�

«¬ � ¬Z® �#¶+¼�»v´�» ��¼�µv´Ç½�ÁZ· ��¼�´ �v¹EÃÄ¹3�ÀÂ7µv´
Å¤��{ w �g��~�� $}��z¤z}������z}��~�z}���!~�z}�����gz����������gz�� w � w � $}�gz1�9� ux� �h�/~�����z}����{ w �g��|��/�9|�z

e
��z}� w �����'�-~!��z%{}|�~ w �

3
�¯� w ���������9�gz}�!��z�~!��z%��|'� w ����~ y ��z���z !��/�!~���z}�#�/�h�/�!�	|�~��9�gz}�Lz}��|C� u z}�&!+z}� w ���"z�� ux� ������|�~�{}~!| � z}|���zL� w ���/~!�gz
� u �/�h�/�!�-��zI�!~!��~!|�z1� t�u ~!�&!1�/��~��/�g{%z ��z%����� w ����~ � | � � �g�/�g����z%���-~!��z%{}|�~ w �g�

1
z}|

2
�/��| w ��~���zS§ {�� w ~���~!�Y���gz

{%z}�!�!����z���z y ����zk�h�/���/�!� � � � ��~!� � �-~����gz1�����gzk� uxw � �h�/��|�~�{}�����/��~���z��/� y ~!|����/~!��z}�Lz}�9|Cz}� ���gzL{%z}�!�!����z�{}� y ~����gz1�
t ���g�1����zY¡k�  5 ��� � ��z}�9|�z���z%�C{>�/����{}| � ��~���|�~��9�gz%����z����¥{%z}�!�!����z��/~!�g��~��9�gzL��z����/~!�!���/�+z���|�~!�!~�� � �b{ w ��� w � �

Ë¨Ì>Í�Ì>Î�Ï¢Ð�Í�ÑÓÒºÏ�ÑÕÔ/Ö/×�Ò¯Ø>Ð�Ù/Ú�Ð�Ï�Í�ÑÕÔ/Ö/×�Ò
e = d = 2 Û)ÛË¨Ì>Í�Ì>Î�Ï�Ð�Í�ÑÓÒºÏ�ÑÕÔ/Ö/×�Ò¨Ú¤Ð�Î�Ì�Ü1ÑÓÔ�Ö/×�Ò

EY = 100000 ÝiÞ+ß ν = 0.3 σ0 = 240 ÝiÞ+ß

X1
X2

X3

d de

à5á=âbãÀä¯å ¡k�  5 æ ¢�Sk<JabMV1[;=GOZ�G}m3�56@1�D�:D<H4e<J:bAnK5457�E5AC7UaIMV15E�m3KDGHZ[KIAC4?7UaIM81?E¡1bAuZ[Ke:D<O687CabMV1?El231[Sk<�:}15SBS~M`Sy1l231
�D<fEb1
Qst4PcvyZ;Y"Y[aTk
e~i*_$]DaTbc\0Y�bS\^]"�I_Sa{]"i�� bSh - Z2]od~ZniR_
�;bSklk
e0\~aT�s_6]DaTbc\ d~Z�ê�ë1ì9í1ë9î1ïÕð�ñLò¢ó"ô�õ P	ö�u6µcµStSh1÷�P
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��zC��~�© � � � �Lz}��|����9�h���-���/|�~��9�gz%� ,
20

z}�S~!��| � �1���/|�~ w �@z�©g��{}|�z1�  w ���Lz#� w ���s��zk��|����/|�~�� �k� |��g�-~ � �/�S�h���
���/�1���/���gz�¡C�  ����z%�k��� w ����~ � | � �L� u ~!�"!��/��~��/�g{%z¥�g�/�g����z%�k�-~!��z%{}|�~ w �g�

1
z}|

2
�/��| w ��~���z}��|�§I�gz { w �g��~�� � ��z}�

��� u ������z}��� � � � �Lz}��|¤�g�/�g�i{%z%���-~!��z%{}|�~ w �g��� t zs��� �L�gz}�Lz}��|�!+z}���5��z%�5�"z>�/�-©������ � ��~�z}����z'z}|5~!�-� � ��~�z}����z'z%��|
� |��g�-~ � ���g�S��z���z}�g�-��zC{ w ����z%{}|�z}�Lz}��|�{ w ����|�zC�-� ��� � � w � $}�gzC��z#��������|�~��h{>�/|�~ w �S����z}��~%$}��zC��z%���"z>�/�-©"�
Å¤�C��� � ��z}��|�z��g�1����z�¡C�  .¦��z}�-©C|Z�	�Bz%�b��~!�#�����/|�~ w �g�ÀÊ�� u ���gz5� w �������k���/~!�!���/�+z5|�z}��{%z}�!��~-��z������g�1����z�¡C�  5	�
{ w ��� w ��|��/�9|k� w �g{���~�© ,

20
�¨z}|�� u �/��|���z�� w ���#��zL�10}�Lz�|Z�	�Bz���zL���/~!�!���/�+z1�����/~��#�gz�{ w ��� w ��|��/��|����gz

���h�/|���z ,
20
� t z%�s� � �����!|��/|��'� w ��|���z}�9|��9�gz#� u ��|�~!�!~����/|�~ w �@��zC��~�© ,

20
�g�/�g�s� ux� �h�/~�����z}���������L|s� w �����/�-�

��� w {��gz}�d{ w �&!+z}�h� y ��z}�Lz}��|¦� u z}�&!+z}� w ���"z�� ux� ������|�~�{}~!| � ��� w �9|i���gz'z�©	����z%����~ w ���/�h�/�!�9|�~��9�gzs�g�/�g�i��zs���h�/��| ª *
��z'�����/�

(N11 ≥ 0,M11 ≥ 0)
z%��| w�y |�z}���gz��h�/�d{ w � y ~!�h�/~�� w � ��z%�d��z}���/|�~ w �g��� � �g��~������/��|d��z%��{ w ��|����/~!��|�z%�

� � � � ���/�!~�� � z%��z}|���zs���L{}~!� � ���/|�~����gz#{�� w ~���~�z)Ê
M11

M0
− e

6

N11

N0
− e

6
σ0 = 0

È=¡C�  � É
w,+ ��z%�i� w �Lz}��|¤�!~!��~!|�z���z �hz�©-~ w �¥z}|�{ w ��|����/~!�9|�z��!~!��~!|�z���zs�Lz}� y ���/�gzC� w ��|�� � �g��~��d�h�/�ÀÊ

M0 =
e2

4
σ0 z}|

N0 = eσ0 È=¡C�  ' É
Å¤����� � {}~���z��9�gz��g�/�g����z�{>���L� u �������/~!�!���/�+zI§S��~�© ,

20
�v��z ��� w�y �%$}�Lz�� uxw ��|�~!��~����/|�~ w � � � � w �!��� w ���
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Μ
22

/ Μ
 0

Ν11/ Ν 0

E − SIC/LANCELOT − 4 H20
E − SIC/LANCELOT − 6 H20

E − Analytique 
AD − SIC/LANCELOT − 4 H20
AD − SIC/LANCELOT − 6 H20

AL − SIC/LANCELOT
AL − SIC/LANCELOT

AL − Analytique (Ilyushin)

à�á=âbãÀä¯å ¡C�  . æ ¢�Sk<JabMV1l;=GHZ�GDm3�56j1x:D<HSY:IM=SYK}1{2J<O6VE[Sy1�>dSk<O6 (N11,M11)
Di� §¥��68Pf15SYG?>J>V1{2�q K5Sk<HE5AC7U:I7BAnK5t

� � §���68PH15SkG5>J>V1^2�q <J2J<?>jA9<OAC7CGO6Vt �u� § �©GOZ�<O7�6@1s2�q <H6d<OSTvfEb1�S~7�Z^7CAn1
� � |�z}����~!�gz}����zY{ w z���{}~�z}��|L��zY{��h�/���+z�§I� u ���g�/��|��/|�~ w ��� w ���C{��h��{}���gz���z%�

31
�-~!��z%{}|�~ w �g�k� w ����$%��z

973!��/��~�� y ��z%�¤� uxw ��|�~!��~����/|�~ w �À�
648

{ w �9|����/~!��|�z%�¦� u ~!� � ���/�!~!| � �¤z}|
87

{ w �9|����/~!��|�z%�s� ux� ���/�!~!| � �>�

������������� �����
t z�{>�/��{}���¨�/�h�/�!�	|�~����gz�{ w �g�-��~!|¦§C����� � |�z}����~!�h�/|�~ w � �-�¥� w ���/~!�gz�� ux� ������|�~�{}~!| � {}��������~��9�gz1� t zs�º�/~!|d���gzs��z
� w ���/~!�gz �/�h�/�!�	|�~��9�gz�{ w	� �g{}~���z�� !+z%{�� u z}�&!+z}� w ���"zY����� � ��~��9�gz�~!�����!~��9�gzY� w �g{��9�gz1�E�g�/�g�#��z�{>���C��zL���
Q;�~P�éJZ2YpWDX;Y[e0i{]`_6]DY�d4Z;YnY[aTk
e0iR_$]DaRbS\0Yn\@e0klX�WDa*�^e~Z;Yo\~Z¤Y[bc\^]�d4bc\0\~X;Y��^e0Z
d0_S\~YniTZl�^e8_6W[]�d4Z
f~i*_6\

(N11 ≥ 0,M11 ≥ 0)
d~e

�I_Sa{]
d~Z¤iR_gY��4klX2][WDaTZld4e/�2WDa{]Dj2WDZBd4Z���í����ºêLï���ð��
f8_$WnW`_Sf0f�b6W[]��gi�� b6WDaT}caT\0Z|Z2]�d4Zli*_ Y��~klX�][WDaRZ¤d~Z¤iR_g�;Z2iRiTe~iRZ|d4Zlh8_6Y[Zlf8_6W
W`_6f0f�b6W[]o_6e �7Z;e0aTiTiTZ2]oklbs�^Z2\JP
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�������9�gzi� w � w � $}�gz1����zd� w ���/~!�gz�� ux� ������|�~�{}~!| � {>�/��{}��� � §¦�h�/��|�~!��� u ���L����~��9�gzi� w ~!��|���zi{��h�/���+z�{ w ����z%��� w �g�
§�� u z}�&!+z}� w ���"z�� ux� ������|�~�{}~!| � {>�/��{}��� � zC§C�h�/��|�~!����z��9�h�/|���z'� w ~!��|��d��z�{��h�/���+z1�

❏

�0>d457CGO4?7 �B~!�¨�º�/�g�-���/~!| � ���/��z}�Lz}��|���� �L�gz}�'��z#���/~!�!���/�+z���z#�h�/��|�z}|'� u �/��|���z��-�S� z}��~!�!��z}|s� w �+z}� æ � � �g��~º�
w �¥��z'���/���Bz}�!��z1�h�h�/�

x3 = 0
æ ���g�¥��z'��z}��� � ��z}�9|�z}�¦{ w ����z%{}|�z}�Lz}�9|¤������������|�~��h{>�/|�~ w �¥| w |��/��z#��z'����{%z}�!�!����z1�

 �z}�"z}�g�g�/��|>�+��z%�¨� � �����!|��/|��)��z����d�g�1����z�¡C�  .¤� w �9|���z}��| <��IGH4IAC7UGH4?7 �9�gz�{%z%{}~	� u z%��|��h����� � {%z%�����/~!��z��g�/�g�){%z
{>����� �)�Lz�"z}|>����zi� w ���/~!�gz�� u �/�h�/�!�	��z5�!~!��~!|�z w�y |�z}����{ w	� �g{}~���zi�h�/���º�/~!|�z}�Lz}��|5� !+z%{i��z5� w ���/~!�gzd� u �/�h�/�!�-��z
�!~!��~!|�zL�/�h�/�!�	|�~��9�gz1�"~������S��z%�s|���� !1�/�-© ��z�� <���ã � �Àá � È  * ® �+É z}|�� � �Eâbå È  * ® * É �¯� w ��|'� u z�©-����z%����~ w � z%��|
� w ��� � z#�g�/�g�i��z��9�h�/��|d��z'�����/�

(N11 ≥ 0,M11 ≥ 0)
�h�/�ÀÊ

M11

M0
+

[
N11

N0

]2

− 1 = 0
È=¡k�  �9É

«¬ � ¬�� �#¶+¼�»v´�» ��¼�µv´Ç½�ÁZ· ��¼�´Ç±+´hµ���¹À±"�-²g´Ä®��	��½i²g±9¸º¹)»�¸���¼�´
Å¤�C� u ~!��| � ��z%����z5� � � w �����/~��v§¤���L�/��|���z�|Z�	�Bz���z����������gz�� � ��~ w �-~��9�gz)Ê/���gz5��|����g{}|�����z�� w ��� � z��h�/�)��z}�-©

�������9�gz%�i�����/�gz%�5� w ��~�� w �9|��/��z%��z}|5���/~��-~�zs�h�/�i��z%�5��z}�-� w ��|�� !+z}��|�~�{>�/�-©¯�g� w ��|i��z%����� w ����~ � | � �¤� w ��|i� w ��� � z%�
�g�1����zd¡C�  *-�& �z}|�|�z5�g�1����z5��� w � w ��z � ���/��z}�Lz}�9|���z%�v{>�/����{}| � ��~���|�~��9�gz%����z5���s{%z}�!�!����z���z y ����zi����~º����z5�h�/�v���
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g(a,d,e) = −2

3

a3
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(a − b) + ae

(
a2

b
− ae

2b
− a − e2

12b
+

e

2

)

f(a,d,e) =
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[2ab + a (e − 2a)]

N0 =
a

d
[e + 2 (d − a)] σ0

M0 =
a

d

[
e2

4
+ (d − a) (e − a)

]
σ0

È=¡C� 	�+É

Å¤����� � {}~���z��9�gz1��{ w �g{%z}���h�/�9|�� u �/�h�/�!�-��z�§i� u ���g�/��|��/|�~ w �À��{%zv���/~!�!���/�+z5{ w �g�-��~!|)§d{ w �g��~�� � ��z}��������� w�y �%$}�Lz

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  0.2  0.4  0.6  0.8  1

Μ
22

/ Μ
 0

Ν11/ Ν 0

E − SIC/LANCELOT 
E − Analytique 

AD − SIC/LANCELOT 
AL − SIC/LANCELOT

à�á=âbãÀä¯å ¡C��� dæ ¢�SY<JaIM81¥4D156]�bGH4e:}KD1s:D<HSY:IM=SYKD1�2J<H68EuSY1�>dSk<O6 (N11,M11)
D_��§���68Pf15SYG?>J>81�2�q K5SY<fE5AC7U:I7CAnK?t ���

§���68Pf15SYG?>J>81^2�q <32J<?>@A9<OAC7UGH6Vt �¦�£§ ��GHZ�<H7B6@1�2�q <O6d<HS~vRE]1�S~7BZs7CAn1
� uxw ��|�~!��~����/|�~ w � §

3565
!1�/��~�� y ��z%��� uxw ��|�~!��~����/|�~ w �À�

2376
{ w �9|����/~!��|�z%�C� u ~!� � ���/�!~!| � ��z}|

453
{ w ��|����/~!�9|�z%�

� ux� ���/�!~!| � �>�

«¬ � ¬ � �C¶1¼�»v´Ç» ��¼�µv´�½�Áº· �b¼v´Æ¶�±�¹E¼v²g´ ���	�}½i²g±�¸Z¹b»�¸ �b¼v´
�)�-�g�À� w � � |��g�-~�z ��� �10}�Lz �������9�gzS��� u �/� �h�/���/�1���/���gzS¡k���-��§ {%z%{}~s����$%�����gz � w � � �h�/~�����z}���

h!��/��|�� � � w �����/~��
0.2

��� z}|���� u z}�!��z z%��|�� w �!�!~�{}~!| � z@�g�/�g����zS�����/�
(N11,M11)

� t z%��{>�/����{}| � ��~���|�~��9�gz%�
� �%w � � |���~����gz%�Iz}|����/| � ��~�z}�!��z%�¥� w �9|�� w �g{@{%z}�!��z%��� w ��� � z%���h�/�����Æ�g�1����zS¡k�  '-�  w ��|����/~!��z}�Lz}�9|S§ ���
� w �!�!~�{}~!|��/|�~ w � �g�/�g����z������/�

(Σ11,Σ22)
�h��z�{��h�/���+z}�Lz}�9|�z}�%�hz�©-~ w �I�gz��Bz}���Lz}|¦���!�g�¦��z�|���� !1�/~!�!��z}�s��������z

����~!|�~%$}�Lzk��z'���L{%z}�!�!����zC��z y ����z1�"Å¤�I��z�{ w ��|�z}��|�zk� w �g{C��z'|���� !1�/~!�!��z}�s��������z#���h�/��|>�h|�z}�¨�9� u ~!�Ez%��|¤� � �g��~



 5 � ��� �}(B�º���}
����	�7��
!���	�	����*>�g�'
����}(�(�
!����	����*>�g����
�
��C� ��� � *	��
��B��� ������,-�	
#�����/
�
�*�(�()�%


x1x1

x2
x2

x3

x3

X1

X2

X3

∂Vlat∂Vsup

∂Vinf

∂H

r
d/2

hh

à�á=âbãÀä¯å ¡k��� � æ / 15SBS~M`Sy1s231^�e<fEb1^1IA�Z�<H7BS�SY<]m31�2HM|aIMV<H4IA�231�SY<l:}15SBSTM=Sy1^231^�e<fEb1

�g�1����z�¡C��� �-� t zi���/~!�!���/�+z1�	{ w �g��|�~!|�� � ��z
216

� � � �Lz}�9|�� ,
20
z}�L~!�9| � �1���/|�~ w ��� � �-��~!|�z1�9z%��|)��� �L� � !+z}������z%�

�"z>�/�-©¯�. w ���Lz � ! w ��� � z}���g�I��zs�h�/���/�1���/���gz�����'-�-��z%�i��� w�y �%$}�Lz%�¤{%z}�!�!�����/~!��z%�
P

(e),plq
cont

z}|
P

(r),plq
cont

� w ��|
~������g�¤� u ��� { w �������/�+zkz}��|���z

P
(e),cav
cont

z}|
P

(e),plq
cont

� w ���¦�����h�/��|�~�z�������z}�Lz}�9| � ������|�~����gz1�Bz}|sz}��|���z
P

(r),cav
contz}|

P
(r),plq
cont

� w ���i�����h�/��|�~�z�� � ��~��-�gz}�!��z1�.(¦zs���!�g���h§k���k�!����~%$}��z#��z%�i|���� !1�/�-©¥��zC$ � � � È  *7. �9É �g��z'� �/~!|���z
�gz�|���� !1�/~!�!��z}���9�gzd�����v��z����h�/��|���z����'{%z}�!�!����zd~!�����!~��9�gz � ���/��z}�Lz}�9|���zd� � � $}��z%�v� w �-~��h{>�/|�~ w �g��{ w �g��~���|��/��|>�
{ w ���LzY�/� �h�/���/�1���/���gzL¡k���-�À§Y|����/�g��� w ���Lz}����z%��{ w �g�-~!|�~ w �g�#��zk� � ��~ w �-~�{}~!| � z}� { w �g�-~!|�~ w �g�#��zk�����!�!~!| �
������{%z}��|��/~!�gz%�d�h�/��|�~�z%�¤�-� yBw ���¯� 	b�/��{ w �g� � �9�gz}��|>�7{%z%�i��� w�y �%$}�Lz%����z !	~�z}���gz}��|ÀÊ

£¤����� w {��gz�{ w ��|����/~!�9|�z)Ê
P

(e),cav,plq
cont

£¤����� w {��gz�{ w ��|����/~!�9|�z)Ê
P

(r),cav,plq
cont

(N11,M11)
� w ��� � z%�

�E� w � !+z}�
up 1 r,(e), z}| σ(e) |>�x�B�%Ê �À� w � !+z}�

ρ
|>�x�7�%Ê





 b;�4 σ(e) = 0
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V ∗1/4

σ(e) = d :
(
E − x3K + ε(e)(up 1 r,(e))

)

up 1 r,(e).n = 0
�����

∂V
1/4
lat

Ei3 = E12 = Ki3 = K12 = 0 i = 1,2,3

σ(e).n −
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n.σ(e).n

)
.n = 0
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∂V

1/4
lat

σ(e).n = 0
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sup ∪ ∂V

1/4
inf〈

σ
(e)
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〉

V 1/4
= N11

〈
σ

(e)
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〉
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〈
−x3σ

(e)
11

〉

V 1/4
= M11

〈
−x3σ

(e)
22

〉
V 1/4

= M22





 �;�4 ρ = 0
�g�/�g�

V ∗1/4

ρ.n − (n.ρ.n) .n = 0
�����

∂V
1/4
lat

ρ.n = 0
�����

∂H1/4 ∪ ∂V
1/4
sup ∪ ∂V

1/4
inf

〈ρ11〉V 1/4 = 〈ρ22〉V 1/4 = 0

〈−x3ρ11〉V 1/4 = 〈−x3ρ22〉V 1/4 = 0
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νM = 0.3 νI = 0.27

σM
0 = 180 ÝiÞ+ß σI

0 = 3.0 ∗ 1012 ÝiÞ�ß
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� u �/~���z#� u ~!�g{}�!�g��~ w �g� � ������| w ��������|�~����gz%��� w ��� � �g�/��|i���gz'|���$%���1���/�g��z'�!~!��~!|�z � ������|�~��9�gz1�
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t z%�k��� w ����~ � | � ���-�����/| � ��~��/�{ w �g�-��~���z}�9|�§I{�� w ~���~!�����gz {%z}�!�!����z���z y ����z ��z�|¢�9�"z {}��������~��9�gz1� (¤�

�º�/~!|s��z������-~���� w ��~!|�~ w �I��z%�¦~!�g{}�!�g��~ w �g�sz}� � � ��z>�/� {>�/��� � �7��z#� w |�~�����~!��~!���/�¨��z}��� � ��z}��|��/|�~��i�-�¥���/| � ��~��/�
z%��|���� �h�/���/�!� � � � ��~!��$%��z { w ��� w ��|��/�9|k���gzL����~��9�gz�~!�g{}�!�g��~ w �Çz}��| w ��� � zY��z����/|���~�{%z1�¨� w �9|#��z�����~!|�~%$}�Lz
z%��|���z}��� � ��z}��| � �g�1����z�¡k��� ® �� �z}|�|�z�{%z}�!�!����z���z y ����zLz%��|��/� w ����� w �!�!~�{}~!| � z��g�/�g����z������/�

(Σ11, Σ22)
� t �

{}~!� � ���/|�~��9�gz'z%��|5��z�|¢�9�"zkÈ���� �&0+É �9��z¤��� w�y �%$}�Lz¦��z¦� w {>�/�!~����/|�~ w � � ������|�~��9�gz¤��z¤|Z�	�Bz
P

(e)
cont

z}|���z¤��� w�y �%$}�Lz
�/�-©S{ w ��|����/~!�9|�z%��� � ��~��-�gz}�!��z%�'��zC|Z�	�"z

P
(r)
cont

� t z%�s��� w ����~ � | � ����zk���	� � |���~�z#� �%w � � |���~����gz�z}|s���/| � ��~�z}�!��z1�
����� w {}~ � z%�#�/� |Z�	�Bzk��z�{��h�/���+z}�Lz}�9|#~!��� w � � �À�/��| w ��~���z � ���/��z}�Lz}�9|C§Y�gzk�Lz}�gz}�'��z%��{>�/��{}���������gz������'���
�9��~!|�~%$}�LzL��zC��� {%z}�!�!����z���z y ����z1�B| w ��|s{ w ���Lzk� w ���'�������������gz � |��g�-~ � zL�/�S�h�/���/�1���/���gz�¡k���-� 	 w ����{%z
�º�/~!��z1� w � ��|�~!�!~���zL��zk���/~!�!���/�+zL��� � ��z}�9| � �g�1����z�¡k��� ® Ê¯��zk����~!|�~%$}�Lz���z�{%z}�!�!����z�z%��|'���/~!�!� � �+!+z%{

400
� � � �

�Lz}�9|����9�h���-���/|�~����gz%� ,
20
�gz}��~!�9| � �1���/|�~ w �¥� � �-��~!|�z1� �¤�gz¦� w ~��i��zs���!�g���-��z¦� �/~!|d��zs�gzs|����+!��/~!�!��z}���9�gz'�����
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x2

x3
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a/2
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����� w {}~ � ��§k{%z%�d{ w �g�-~!|�~ w �g�¦��zs�����!�!~!| � � w ��|¤�/� w ���ÀÊ

£������ w {��gz�{ w ��|����/~!��|�z)Ê
P

(e),cl
cont

£������ w {��gz�{ w �9|����/~!��|�z)Ê
P

(e),cl
cont

(Σ11,Σ22)
� w ��� � z%�

�À� w � !+z}�
up 1 r,(e), z}| σ(e) |>�x�B�%Ê �À� w � !+z}�

ρ
|>�x�7�%Ê





 �;�4 σ(e) = 0
�g�/�g�

V 1/8

σ(e) = d : ε(e)(
〈
ε(e)
〉
V 1/8 .x + up 1 r,(e))

up 1 r,(e).n = 0
�����

∂V 1/8

〈
ε
(e)
ij

〉
V 1/8

= 0 i 6= j (i,j) ∈ (1,2,3)2

σ(e).n −
(
n.σ(e).n

)
.n = 0

�����
∂V 1/8

〈
σ

(e)
11

〉
V 1/8

= Σ11,
〈
σ

(e)
22

〉
V 1/8

= Σ22〈
σ

(e)
33

〉

V 1/8
= 0





 �;�4 ρ = 0
�g�/�g�

V 1/8

ρ.n − (n.ρ.n) .n = 0
�����

∂V 1/8

〈ρ11〉V 1/8 = 〈ρ22〉V 1/8 = 0

〈ρ33〉V 1/8 = 0

w,+ �h���gz�� w ~��¦z}�g{ w ��z1�
V 1/8 z}| ∂V 1/8 � w �9|¤��z%�¦��z%��|���~�{}|�~ w �g�s��z V

z}|
∂V
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�Lz}��| � z)Ê	��zd��� w�y �%$}�Lzs� u ���g�/��|��/|�~ w �À�	�h�/��z�©�z}������z1�	{ w ��� w ��|�z
19201
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12800{ w ��|����/~!��|�z%� � u ~!� � ���/�!~!| � �Yz}|

5172
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���/~�� w ���h� y ��z%�>����z%��� w ���/~!�gz%��z}|�z}�&!+z}� w ���"z%����zd� � ��~���|��/�g{%z�� w ��|�� w �g{d|�����{ � ��� w ���ÀÊ
p = 17

�	{ u z%��|��¢§��Z�-~!��z
� w ���)�-~�©9�Z��z}��|b�-~!��z%{}|�~ w �g����z���z%{��gz}��{��gz1�+���/| � ��~��/�!~�� � z%�b�h�/�b�-~�©	�Z��z}��|)� w ���/~!�gz%�)~!��~!|�~��/�-©

D
0
r

�
r ∈ [0,16]

�
t z%��� � �����!|��/|�����z%����~!�������/|�~ w �g������� � ��~��9�gz%��� w ��|���� � ��z}��| � ���g�1����zd¡k��� � �	Å¤��{ w �g��|��/|�z¤�9�gzi� u z}�&!+z}� w ���"z
� u ���g�/��|��/|�~ w �Iz}|���z¦� w ���/~!�gz'� u �/�h�/�!�	��z��!~!��~!|�zs{ w	� �g{}~���z}��|�� w ����| w ��|�z%�5��z%�5�-~!��z%{}|�~ w �g�

rδ
���/|�~���� �/~����/��|ÀÊ

90◦ ≤ rδ ≤ 180◦
È=¡C�  . É

� w ��|i{��h�/���+z}�Lz}��|�!1�/��~�� y ��z¦� w � !1�/��|A0}|���z¤~!�g{}�!�g���g�/�g��������z%{}|��/���1��z
D

r ��|�z}�"�9�gz rδ
���/|�~����º������z�È=¡k�  . É �

z%��|Y� w �g{S���g��{%z}��|�~ y ��zS��zS� � {}��z}�g{��gz}�����Ä��� � � w � $}�gz ��z ����~!�gz ��������|�~����gz ��z ��� {%z}�!�!����z1� t �Æ�10}�Lz
��z}���/���9�gz !1�/��|i� w ���d���k�-~!��z%{}|�~ w �

rδ = 0◦
�
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�Z�!�!�g��|����/|�~��b��zs���k� � |�� w ��z'�9��� � ��~����gz���� w � w � � z1�h{%z'{��h�/��~!|���z�� w ��� � �g�/~!|���� w�y�� z%{}|�~��v� w � y ��z)Ê
æ !1�/�!~���z}�>���h�/�d��z%��{ w ���h�/���/~�� w �g�¦� !+z%{'�����!~!|�| � ���/|�����z1�g��z%�d� � !+z}� w ���"z}�Lz}��|��¤� � �/�!~�� � �>�
æ ~!�!�!�g��|���z}�v��z%��{>�/�h��{}~!| � ����zi{%z%��� � !+z}� w ���Bz}�Lz}�9|����/�L|����+!+z}������zd��~�©kz�©�z}������z%��� u �/�����!~�{>�/|�~ w �À�	�-~� � �
��z}��|��v��z%�)���g�v��z%�v�/��|���z%�>�+� w ~!|)�h�/�)��z5|Z�	�Bzi��zi{%z}�!�!����zd��z y ����z1�1� w ~!|)�h�/�)���¦�h�/|�����zd�-�L{��h�/���+z}�Lz}�9|
~!��� w � � �

Å¤� � u z%��|#�/|�|���{�� � §���� � {}~���z}�>�¯� w ���#{��h��{}��� ��z%��z�©�z}������z%��|����/~!| � ���À����{}~!� � ���/|�~��9�gzL��|�~!�!~�� � z1�E��z%����� w �
y �%$}�Lz%�¥{%z}�!�!�����/~!��z%�¥�/�-©-�9�gz}��� ���Æ� � |�� w ��z �9��� � ��~����gzS�º�/~!|��/���Bz}���/~!�g��~'�9�gz ��� |��/~!�!��zS�-� ��� w�y �%$}�Lz
� uxw ��|�~!��~����/|�~ w ������� w {}~ � §'������z%{��gz}��{��gzs�-� { w z���{}~�z}�9|���z¤{��h�/���+z'§'� u ���g�/��|��/|�~ w �À�-z}��|�z}���Lz¤��z�� w � y ��z
��z !��/��~�� y ��z%�¤� uxw ��|�~!��~����/|�~ w �À�h��z'{ w �9|����/~!��|�z%�s� u ~!� � ���/�!~!| � �¤z}|d��z�{ w ��|����/~!��|�z%�¦� ux� ���/�!~!| � �>�

��� ��|����/|�~�� � �B���/| � ��~��/� � � ��~ w �-~��9�gz#�g�/�g�¦���gzC�-~!��z%{}|�~ w �@��z�� u z%���h��{%zkz}|¦� w ��� � �g�/��|¦���gzk{%z}�!�!����zC��z
y ����z�{}��������~��9�gzL��| w ��|#� u � yBw ��� � | ��� |��g�-~ � � �¤�gzk����z}��~%$}��z � |��g��zL§ � � � w �����/|�~ w �@~!��� w � � zL�Y�Bz}����~��>�
�h�/�#{ w ���h�/���/~�� w �Æ� !+z%{L���gz��/����� w {��gzL�-~!��z%{}|�zL��zk���Y�!~!|�| � ���/|�����z1�¨��z�{ w �-�g���Lz}��� u �/��|�~!|��g��zL��zk���Y� � �
|�� w ��z#§#� w ������~!�¤��z%��z}�&!+z}� w ���"z%�¤� u ���g�/��|��/|�~ w �S{ w ����z%{}|�z%�>� ('�/�g�����¥��z%{ w �g��|�z}���g�>�g� ux� |��g��z��-���10}�Lz
���/| � ��~��/� §�{ w �9|����/~!��|�zC~!��� w � � z��k�"z}����~�����z !1�/�!~���z}�d��z%�¤� w ���/~!�gz%�¤� u �/�h�/�!�-��z��!~!��~!|�z1�h�h�/��{ w ���h�/���/~��
� w � �+!+z%{¤���gz¤� � |�� w ��z�~!�g{}� � �Lz}�9|��/��z'z}|���z%��� � �����!|��/|��i�/�h�/�!�9|�~��9�gz%�5��z������!~!|�| � ���/|�����z1��z}|���z%��� w ���/~!�gz%�
� u ���g�/��|��/|�~ w �À�h�h�/�d{ w ���h�/���/~�� w �I�+!+z%{'���gzs� � |�� w ��zs~!�g{}� � �Lz}�9|��/��z y ��� � z'����������{}��~!|�$}��z � �gz}��� � |�~��9�gz1�
è9~v{%z%� � |��g��z%� w �9| � | � z%����z}�9|�~�z}�!��z}�Lz}��|�� � � � z%��� u ��� � w ~!��|'��z !	�gzk��|��/|�~����gz1�B��zC���/| � ��~��/� ��|����/|�~�� � §
{ w �9|����/~!��|�z'~!��� w � � z'� � ���/��z}�Lz}��| � | �¦� |��g�-~ � �h�/�5� u �/����� w {��gz'{}~!� � ���/|�~��9�gzs�g�/�g�����gz w ��|�~��9�gzs��z¤{ w �k�
�h�/���/~�� w �¥��z%�5� � �����!|��/|��d� !+z%{�{%z}�-©Y��zs� u �/����� w {��gz���|��/|�~��9�gz)Ê-��z%�i{ w ���h�/���/~�� w �g�i|�z}�g��z}�9|d� w ����� u ~!�g��|��/��|
§�� �/~!��z���� � � � ��z}�¦� u �/����� w {��gzC��|��/|�~����gz1�h|��/��|'�/�¥��~#!+z>�/�S��z������7� y ~!�!~!| � ��z%�¤� � �����!|��/|��¦��� u �/�I��~#!+z>�/� ��z%�
|�z}���g�Y��z�{>�/��{}�����>�  �z}�Bz}�g�g�/�9|>�����g� ��z ! � ��~!|�� y ��z}�Lz}��| { w ���h�/��z}����z%�L��z}�-© �/����� w {��gz%�>��~!�d��z%��|�z}���/~!|
§¥� u ~!��| � ��z%����z}�C§ ����� � �1�����/��~����/|�~ w �Ç��z����Y� w �g{}|�~ w �Æ��z��-~�����~!�h�/|�~ w �À�Ez}� � u ~!�g����~!���/��|>�E�h�/�#z�©�z}������z1�E��z%�
� � {%z}�9|�z%� � |��g��z%�s��z�� ��9�9;:�9 1IA�<HS �bÈ � 0 0 ' É { w �g{%z}���h�/��|s� u �/����� w {��gzk{}~!� � ���/|�~����gzk��z#� u �/�h�/�!�	��z��!~!��~!|�z
z}|s��z�� 9¨ä��¨å�< <�á È  * * * É z}| � ã 1IAp<OS �bÈ §L�h�/���	��|���zkz}� � 0 0��9É { w �g{%z}���h�/��|'� u �/����� w {��gzk{}~!� � ���/|�~����gz���z
� u ���g�/��|��/|�~ w � � ������| w ��������|�~��9�gz1�
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|Z�	�Bz1���#z}�g����~!|�z � | �¦� |��g�-~ � z'� w �g��� w �!�!~�{}~!|��/|�~ w �g�5�����/�gz%�5�h�/��� u �/����� w {��gz'��|��/|�~����gz1�-z}��!9�gz1�-z}��|���z��/��|���z1�
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± IVL]\2H�E]j�E]I�L�g�� \2BDW�EGXYE]i+Z�W�E]\2FpdDW�EGLGE]i*°�K ± ¿cÞlÅ�� ± Û  Ç54²Z�C�HJI76.Fag98^\2FDLGEGFaI�Z�C7:p\2Fai�W�C<Z�EGFaIog94²Z�H�C<Z�FDH�EqZ�F

; BDW�EGXYEG�8Z�W�E]\2F'<7=?>A@"BDCFE,GD=IH�È�K�BRI�C�X4I�WTgDI:C*°oi<\2dag>C*IugDIoifBDC*\2mDL]®�X4IoiTg�� \2BDW�EGXYE]i+Z�W�E]\2FpL]\'j�Z�L]Iui*\2daiMjo\2F�W�C<Z�EGF�W*Ioi�K
LGEGFa°�Z�EGC*Ioi:\2d-Fa\2FMK�BDC*°oi*I�F�W<Z�F�WuLqZeB[Z�C�W�E]j�dDLqZ�C�EGW*°�gDI0BR\�i*i*°ogDI�C�dDF|H�C<Z�FagxFa\2XxmDC*I�gDI²b�Z�C�EqZ�mDL]Ioi:g�� \2BDW�EGXYE]i<Z��
W�E]\2FM@[Å�\2XYX4I�Fa\2daiÒL �ÕZobJ\2Fai�b'd1Z�d1Å0`[Z�BDEGW�C*Ip�+K�W*\2dDW�BDC*\2mDL]®�X4I�g�� \2BDW�EGXYE]i<Z�W�E]\2FÀi<\2dai�jo\2F�W�C<Z�EGF�W*IoicB)I�dDW
J W�C*I|C<Z�X4I�Fa° �.dDF�BDC*\2mDL]®�X4IYg�� \2BDW�EGXYE]i<Z�W�E]\2F¦i<Z�Fai�jo\2F�W�C<Z�EGF�W*IoilH�C�K2joI �.LqZ.W*Ioj*`DFDE
	�daIYg>d ± Z�H�C<Z�FDH�E]I�F
Z�dDH�X4I�F�W*°�@VÅ � Ioi*WpgD\2FajYF[Z�W�dDC*I�LGL]I�X4I�F�W 	�daI ± ¿ Þ�Å�� ± Û  Ioi�W�i�W�C�daj�W�dDC*°hI�F¦gDI�d>ÓµZ�LGHJ\2C�EGW�`DX4Ioi�KML � dDFMK
L2MN7OPLN KVW�C<Z�EGW<Z�F�W4gDI§LqZ1B[Z�C�W�E]I ( ± Z�H�C<Z�FDH�E]I�FÄZ�dDH�X4I�F�W*°'(^gDI§LqZ1C*°oi<\2LGdDW�E]\2FMK:I�W|L �ÕZ�dDW�C*I�KQ�R0SUT&V g>d
BDC*\2mDL]®�X4I.i<Z�Failjo\2F�W�C<Z�EGF�W*IoixZ2i*i*\'j�E]°�@ ± � \2m>n�Ioj�W�E�_zgDI-joI�W�W*I4Z�FDFaI�ÓDIYIoi�WlgD\2Faj|gDI-BDC*°oi<I�F�W*I�ClL]Ioi�H�C<Z�FagDIoi
LGEGH�FaIoicgDI�joIoiÒgDI�d>Ó1Z�LGHJ\2C�EGW�`DX4Ioi�@

WYX$Z []\_^a`)bdc'e
fhgji�kjlnm�oqpsrutwvyx�z�lj{9pso$two}|~g�p�o}ljf �D|~gjf
|��Dl�f�psm�gjo�f�p�v|0�

Å�I�WTZ�LGHJ\2C�EGW�`DX4IuBRI�C�X4I�WTgDI:C*°oi*\2dag>C*IuL]IoifBDC*\2mDL]®�X4IoiTg�� \2BDW�EGXYE]i<Z�W�E]\2FxFaI:BR\�i*i*°ogaZ�F�WTZ�daj�dDFaI0jo\2F�W�C<Z�EGF�W*I
Z�dDW�C*I 	�daI�gDIoiejo\2F�W�C<Z�EGF�W*Ioi gDIlmR\2C�FaIoiÒi�dDC x @�ÛcF1°oj�C�EGWejoIoiÒBDC*\2mDL]®�X4IoicgDI�LqZ|_ZP�o\2F1i�dDEGb�Z�F�W*I:Ô





min� ∈� n
f(x)

xr
min ≤ xr ≤ xr

max

Ç!¿x@GN8È

\P� f Ioi�Wei�dDBDBR\�i*°oI�gDIxj�LqZ2i*i*I C2 KaI�W \P� xr
min I�W xr

max BRI�dDbJI�F�W BDC*I�Fag>C*IxgDIoieb2Z�L]I�dDC*ieEGF �aFDE]Ioi�@[Æ�\2dDC
gD°oj�C�EGC*IeL �ÕZ�LGHJ\2C�EGW�`DXYE
	�daIcgDIzLqZ X4°�W�`a\�gDI�K�\2F4i�dDBDB)\�i<I�jo\2FDF�daIÒLqZ b�Z�L]I�dDCugDI x(k) K�Ioi�W�EGX.Z�W�E]\2F.gDIzLqZli*\2LGd>�
W�E]\2F§g>d4BDC*\2mDL]®�X4I-Ç!¿x@GN8È �lL � EGW*°�C<Z�W�E]\2F k @ ± � EGW*°�C<Z�W�E]\2FÉi�dDEGb�Z�F�W*I Z�Z�L]\2C*iuBR\2dDC²\2m>n�Ioj�W�E�_fg��ÕZ�X4°�LGE]\2C*I�CzjoI�W�W*I
Ioi*W�EGX.Z�W�E]\2F§I�F4W�C*\2dDb�Z�F�W�L � EGW*°�C*° k+1 KJbJ°�C�E���Z�F�W0L]Ioi0jo\2F�W�C<Z�EGF�W*Ioi�gDIÒmR\2C�FaIoi²I�W²g>EGXYEGF�d[Z�F�W�i*I�Fai�EGmDL]I�X4I�F�W
LqZYb2Z�L]I�dDCegDI f @D�:LGL]Ipi*IlgD°ojo\2XYB)\�i<I�Ioi*i*I�F�W�E]I�LGL]I�X4I�F�WcI�F�joIoi 	�daI�L
	�daIoiÒ°�W<Z�BRIoiMÔ
N�@ÒTIoi*W1gDI�LqZ jo\2F�bJI�C�HJI�FajoI �µL � EGW*°�C<Z�W�E]\2F k @eÅ�I�W�W*I¦jo\2F�bJI�C�HJI�FajoI Ioi�W1°�b2Z�LGda°oI�B[Z�C^LqZ�b�Z�L]I�dDCÀg>d
H�C<Z2g>E]I�F�W�BDC*\�n�I�W*°lI�F x(k) @aA�ERL � EGFa°�H�Z�LGEGW*°4Ç!¿x@ÕPJÈ0Ioi�W�i<Z�W�E]i�_7Z�EGW*I�K>Z�L]\2C*izL �ÕZ�LGHJ\2C�EGW�`DX4I�i �ÕZ�C�C J W*I�KDi�EGFa\2F
EGLfB[Z2i*i*I �|L � °�W<Z�BRI�i�dDEGb�Z�F�W*I�@

||x(k) − ∇p(x
(k) − ∇x(k),xmin,xmax)||2 ≤ η Ç!¿x@ÕPJÈ

\P� η Ioi�W�dDFaI-BDC*°oj�E]i�E]\2F �§gD°��aFDEGC�KfI�W�\P��LqZ i ���� jo\2XYBR\�i<Z�F�W*IYgDI-LqZ4_7\2Faj�W�E]\2F%H�C<Z2g>E]I�F�WpBDC*\�n�I�W*°
∇p

Ioi*WÒgD°��aFDE]I�jo\2XYX4I�i�dDEGWMÔ

∇p(x,xmin,xmax)i =





xi
min i*E xi < xr

min

xi
max i*E xi > xr

max

xi
i�E xi

min ≤ xi ≤ xi
max

Ç!¿x@Õ�JÈ

P>@cÅ�\2Fai�W�C�daj�W�E]\2FÀg�� dDFaI�Z�BDBDC*\�Ó'EGX.Z�W�E]\2F 	�d[Z2g>C<Z�W�E
	�daI hk+1 gDI�LqZx_7\2Faj�W�E]\2F f i*I�L]\2F^L]I�BDC�EGFaj�EGBRIlgDIoi
X4°�W�`a\'gDIoi��lC*°�H�E]\2F§gDIejo\2F ��Z�FajoI�K'Z�BDBDC*\oÓ>EGX.Z�W�E]\2FÉjoI�Fai<°oIÒC*I�BDC*°oi*I�F�W*I�C�jo\2C�C*Ioj�W*I�X4I�F�W�L]Iejo\2XYB)\2C��
W*I�X4I�F�W�gDI f gaZ�Fai�dDF%bJ\2E]i�EGF[Z�HJIYgDI xk gD°��aFDE:B[Z�ClL]I|C<Z�kJ\2F¦gDIYjo\2F ��Z�FajoI r(k) Ç��!;��$�)�cW*I�L 	�daI
||x − x(k)||2 ≤ r(k) È)Ô

hk(x) = f(xk) + ∇
T f(xk)(x − xk) +

1

2
(xk − xk)T ∇

2f(xk)(x − xk) Ç!¿x@ ��È
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\P�
∇

2f(xk) Ioi�WVdDF.Z�mDdai:gDIzFa\2W<Z�W�E]\2FMKJj � Ioi�W:I�F-_7Z�EGWVdDFaIÒZ�BDBDC*\�Ó'EGX.Z�W�E]\2F§i�k�X4°�W�C�E
	�daI�g>d-`aIoi*i�E]I�F
gDI f I�F xk @

�>@)�e°oi<\2LGdDW�E]\2F§g>d§i*\2dai��BDC*\2mDL]®�X4I-Ç!�+@GN��JÈugDIÒXYEGFDEGXYE]i<Z�W�E]\2F^i<Z�Fai0jo\2F�W�C<Z�EGF�W*Ioi�gDI h(k) @�Æ�\2dDC�joIÒ_7Z�EGC*I�K
\2F^°�b2Z�LGdaI�g��ÕZ�mR\2C*g§L]IcBR\2EGF�W�gDI �c fÐM¡R¢)Ñ HJ°�Fa°�C<Z�LGE]i<°4Ç�X4°�W�`a\�gDI�g�� °�b�Z�LGd[Z�W�E]\2F^Fa\2FÉgD°�W<Z�EGLGL]°oI�E]j�E"È�@
± � EGXYBR\2C�W<Z�FajoIhgDI.joIYB)\2EGF�W�W�E]I�F�W-Z�d%_Z�EGW 	�d�� dDFaI.jo\2Fag>EGW�E]\2FµFa°ojoIoi*i<Z�EGC*I4B)\2dDC 	�daIYL �ÕZ�LGHJ\2C�EGW�`DX4I
jo\2F�bJI�C�HJIxbJI�C*i�dDF1BR\2EGF�W \P�1L]I�H�C<Z2g>E]I�F�W BDC*\�n�I�W*°�Ioi�W�F�dDLK�Ioi�W 	�daIlLqZ-b�Z�L]I�dDCeg>d1X4\'gD®�L]I 	�d[Z2g>C<Z��
W�E
	�daI�I�F1joIlBR\2EGF�WÒFaI�gD°�B[Z2i<i*I�B[Z2iÒi<Z|b�Z�L]I�dDCcZ�d^BR\2EGF�WegDI �  RÐM¡R¢)Ñ @

�a@ ± Z�jo\2F�bJI�C�HJI�FajoI0gDIVL �ÕZ�LGHJ\2C�EGW�`DX4I�°�W<Z�F�W�Z2i*i�dDC*°oIVB[Z�CML � °�W<Z�BRI:BDC*°ojo°ogDI�F�W*I�K8L � °�W<Z�B)I²i�dDEGb2Z�F�W*Iujo\2Fai�E]i�W*I
� C*°og>dDEGC*I�L]IzX4\'gD®�L]I 	�d[Z2g>C<Z�W�E
	�daI�KJZ �aF.g��ÕZ�X4°�LGE]\2C*I�CuLqZ b'EGW*Ioi*i*IzgDI�jo\2F�bJI�C�HJI�FajoI�@�¿ LqZ �aF4gDI�joI�W�W*I
°�W<Z�BRI�Ka\2FÀg>E]i�BR\�i*Ilg�� dDF^BR\2EGF�W z(k) Zok�Z�F�W i*d �.i<Z�XYX4I�F�WÒC*°og>dDEGWcL]I�X4\�gD®�L]I�@

�>@eÅ�\2XYB[Z�C<Z�E]i*\2F^I�F�W�C*I LqZxgD°oj�C*\2E]i*i<Z�FajoI g>dhX4\'gD®�L]I I�W0LqZxgD°oj�C*\2E]i*i<Z�FajoIcC*°oI�LGL]I�gDI f I�F�W�C*IcL]Ioi0BR\2EGF�W*i
x(k) I�W z(k) @aÆ�\2dDCejoI�_Z�EGC*I�KD\2F1EGF�W�C*\'g>dDEGWeL]I�C<Z�BDBR\2C�W ρ(k) KDgD°��aFDETjo\2XYX4Ipi�dDEGWMÔ

ρ(k) =
f(x(k)) − f(z(k))

h(k)(x(k)) − h(k)(z(k))
Ç!¿x@Õ�JÈ

¿cEGFai�EK�i�E)joIejo\'I��.j�E]I�F�WzIoi�W²H�C<Z�FagfK'j � Ioi�W 	�daI�L]IeX4\�gD®�L]I�Z�dDC<ZlC*I � °�W*°cdDFaIÒmR\2FDFaIegD°oj�C*\2E]i<i<Z�FajoIcgDI
f @ ± IeX4\2W (�H�C<Z�Fag�( Ioi�W�C*I�LqZ�W�E�_�K>I�FÉI��RI�W�K'i�E)LqZ�b�Z�L]I�dDC�gDI ρ(k) Ioi�W�i�EGH�FDE��[j�Z�W�EGbJI�X4I�F�WÒBDLGdai�H�C<Z�FagDI
	�daI 1 KaZ�L]\2C*iÒLqZ|BDC*°og>E]j�W�E]\2F�i<I�C<Z-X.Z�dDb2Z�E]i<I�@

�>@���E]i*I �ln�\2dDC�gDIxL � EGW*°�C*° k + 1 @RA'\2EGW 0 < µ < 1 K)\2F%Z2j�W�d[Z�LGE]i*IYZ�L]\2C*ieL � EGW*°�C*°-i�dDEGb�Z�F�W LqZ4b�Z�L]I�dDC�g>d
jo\'I��.j�E]I�F�W ρ(k) Ô

x(k + 1) =

{
z(k) i*E ρ(k) > µ

x(k) i�EGFa\2F Ç!¿x@Õ�JÈ

Æ�\2dDClC*°oi�dDX4I�C�K)L]IxX4\'gD®�L]IxC*I � ®�W*I-X.Z�L�LqZ§gD°oj�C*\2E]i*i<Z�FajoI-gDI f i�E ρ(k) ≤ µ \2d�i*E ρ(k) � 1 KRZ�L]\2C*i
	�d�� EGLMLqZ|C*I � ®�W*Ipjo\2C�C*Ioj�W*I�X4I�F�Wci�E ρ(k) Ioi�WÒgDI�L � \2C*g>C*I�gDI 1 @

W X�� �����������_c
e f gji}kjljm�oqp�r
twv x�z�ln{ pso�two}|sg�pso}l�fhg �jv�y�"ljf p~m�g�o}f psv|

± �ÕZ�LGHJ\2C�EGW�`DX4I L2MN7OPLN BRI�C�X4I�W�K 	�d[Z�F�W������LGdDEKugDI§C*°oi*\2dag>C*I^gDIoi|BDC*\2mDL]®�X4Ioi4g�� \2BDW�EGXYE]i<Z�W�E]\2FÄi*\2dai
jo\2F�W�C<Z�EGF�W*Ioi8K�gDI�LqZ|_7\2C�X4I:Ô





min� ∈� n
f(x)

xr
min ≤ xr ≤ xr

max

ci(x) = 0 1 ≤ i ≤ p

Ç!¿x@ ×�È

\P�YL]IoiV_!\2Faj�W�E]\2Fai f I�W ci
i*\2F�W²i�dDBDBR\�i*°oIoi C2 I�W:BRI�dDbJI�F�W J W�C*IzFa\2F4LGEGFa°�Z�EGC*Ioi�@�Å�IzBDC*\2mDL]®�X4IÒFaIz_7Z�EGW²Z�BDB[Z��

C<Z��]W�C*IeZ�daj�dDFaIÒjo\2F�W�C<Z�EGF�W*Ieg�� EGFa°�H�Z�LGEGW*°oi�K�j�Z�C ± ¿ Þ�Å�� ± Û  L]Ioi:W�C<Z�EGW*I�jo\2XYX4IÒgDIoi²jo\2F�W�C<Z�EGF�W*Ioi�g�� °�H�Z�LGEGW*°oi
I�F�L]I�dDC�Z�n�\2dDW<Z�F�WlgDIoi�b�Z�C�EqZ�mDL]Ioi g�� °oj�Z�C�WlmR\2C�Fa°oIoi4Ç!j�_²B[Z�C<Z�H�C<Z�BD`aIY��@ÕP>@ÕP>@ m�È�@MÅ�IxC*Iojo\2dDC*i�Z�d>Ó�b2Z�C�EqZ�mDL]Ioi
g�� °oj�Z�C�WeIoi�WzEGFai�BDEGC*°lgDIoizW*Ioj*`DFDE
	�daIoiegDI�W�C<Z�EGW*I�X4I�F�WegDIoiÒjo\2F�W�C<Z�EGF�W*Ioieg�� EGFa°�H�Z�LGEGW*°oicgaZ�Fai�L]IoiÒZ�LGHJ\2C�EGW�`DX4Ioi
g>d1W?k'B)I'�$�"!eª$#&� �?��@ ± I�BDC�EGFaj�EGB)I�gDI�m[Z2i*I�gDI L2MN7OPLN Ioi*Weg�� dDW�EGLGE]i*I�CeLqZYX4°�W�`a\�gDI�g>d ± Z�H�C<Z�FDH�E]I�F�Z�dDH2�
X4I�F�W*°�KVZ �aF�gDIhi*IYC<Z�X4I�FaI�C �^dDFaI§i�dDEGW*I.gDI.BDC*\2mDL]®�X4Ioi|g�� \2BDW�EGXYE]i+Z�W�E]\2F�i<Z�Fai|jo\2F�W�C<Z�EGF�W*Ioi1Ç!\2dDW�C*I.L]Ioi



� �������������
	��������������������������� �"! �$#%���&�'�(�)�*�������+�����,��-'."/0�21 3

jo\2F�W�C<Z�EGF�W*IoicgDIcmR\2C�FaIoizi�dDC x È�K'Z�L]\2C*izC*°oi*\2LGdaizB[Z�CzL �ÕZ�LGHJ\2C�EGW�`DX4I Q�R0SUT&V�@ ± Zp_7\2Faj�W�E]\2F ± Z�H�C<Z�FDH�E]I�FÀZ�dDH2�
X4I�F�W*°oIpj<`a\2E]i�E]I�E]j�EMIoi�W�LqZ4i�dDEGb2Z�F�W*I:Ô

La(x,λ,S,µ) = f(x) +

p∑

i1

λici(x) +
1

2µ

p∑

i=1

sii[ci(x)]2 Ç!¿x@Õ�JÈ

\P��L]Ioi λi
i*\2F�W L]Ioi XpdDLGW�EGBDLGE]j�Z�W*I�dDC*i�gDI ± Z�H�C<Z�FDHJI�K µ dDF�jo\'I��.j�E]I�F�W�gDIxB)°�F[Z�LGEGW*°�KRI�W L]Ioi sii

L]IoicW*I�C�X4Ioi
g>EqZ�HJ\2F[Z�d>Ó�g�� dDFaI�X.Z�W�C�E]joI|gDI�jo\�I��.j�E]I�F�W*i�g�� °oj*`aI�LGL]IxB)\�i�EGW�E�_7i�@a�uFÀi�dDBDBR\�i<Z�F�W jo\2FDF�daIoi L]IoieI�Ó>BDC*Ioi*i�E]\2Fai
gDI x(k) K λ(k) K µ I�W S(k) �-L � EGW*°�C<Z�W�E]\2F k K>L � EGW*°�C<Z�W�E]\2F k + 1 i*IlgD°�C*\2dDL]I�gDI�LqZx_7ZP�o\2FÀi*dDEGb2Z�F�W*I:Ô
N�@ÒTIoi*WTgDI:LqZ�jo\2F�bJI�C�HJI�FajoI���L � EGW*°�C<Z�W�E]\2F k @�Æ�\2dDC�joIV_Z�EGC*I�K�L]IoiMjo\2Fag>EGW�E]\2Fai�g>d�BDC*I�XYE]I�C�\2C*g>C*I²gDI 
4ÐT¢MÍ
I�W �xÐM¡���Sa· i*\2F�W²dDW�EGLGE]i*°oIoi�@��:FhI��fI�W�KJBR\2dDC�	�d�� dDF.BR\2EGF�W�bJ°�C�E���Z�F�W�L]Ioi�jo\2F�W�C<Z�EGF�W*Ioi�g�� °�H�Z�LGEGW*°oizi*\2EGW
I��fIoj�W�EGbJI�X4I�F�W^dDF \2BDW�EGXpdDX1KzEGL _7Z�dDW�	�d�� EGL I�Ó>E]i�W*I�gDIoihXxdDLGW�EGBDLGE]j�Z�W*I�dDC*i1gDI ± Z�H�C<Z�FDHJI λi

B)\2dDC
L]Ioi 	�daI�L]ilL]I-H�C<Z2g>E]I�F�WxBDC*\�n�I�W*°YI�F x∗ gDI4LqZh_!\2Faj�W�E]\2FµgDI ± Z�H�C<Z�FDHJI.Ioi�WlF�dDL@�ÛcF¦C<Z�BDBRI�LGL]I 	�daI-LqZ
_7\2Faj�W�E]\2FÀgDI ± Z�H�C<Z�FDHJIpIoi*WÒgD°��aFDE]Ipjo\2XYX4I�i�dDEGWMÔ

L(x,λ) = f(x) +

p∑

i

λici(x) Ç!¿|@ÕOJÈ

Å�\2XYX4IxB)\2dDCÒLqZ4BDC*I�XYE]®�C*Ix°�W<Z�BRIpgDI
Q�R0SUT&V0K[L �ÕZ�LGHJ\2C�EGW�`DX4Ixi �ÕZ�C�C J W*I�C<Z.E]j�E�i*EML]Ioicjo\2Fag>EGW�E]\2Fai�i�dDE��
b�Z�F�W*IoiÒi*\2F�Wei<Z�W�E]i�_Z�EGW*IoiMÔ

||x(k) − P (x(k) − ∇ � L(x(k),λ(k)),xmin,xmax)||2 ≤ η1

||c(x(k))||2 ≤ η2

Ç!¿x@GN��JÈ

\P� η1
I�W η2

i*\2F�WegDI�d>Ó^B)I�W�EGW*i�B[Z�C<Z�X4®�W�C*IoicgDIlW*\2L]°�C<Z�FajoI�@
P>@Ò��EGFDEGXYE]i<Z�W�E]\2FpgDI:LqZ0_7\2Faj�W�E]\2F ± Z�H�C<Z�FDH�E]I�F-Z�dDH�X4I�F�W*°�@�Å�\2XYX4Iu°�bJ\ 	�da°:gaZ�FaiML]IVB[Z�C<Z�H�C<Z�BD`aI0�+@ÕP>@ÕP>@ mMK
gDIoiÒb�Z�L]I�dDC*iegDI 1

2µ
W�C*\2B�H�C<Z�FagDIoiÒC*I�FagDI�F�WcLqZ-XYEGFDEGXYE]i+Z�W�E]\2F�gDI La

g>E �.j�EGL]I�@�Æ�Z�C jo\2F�W�C*I�K�EGL�ZY°�W*°
X4\2F�W�C*° 	�daI�K[BR\2dDC�gDIoi j<`a\2E�Ó�gDIxXpdDLGW�EGBDLGE]j�Z�W*I�dDC*i�gDI ± Z�H�C<Z�FDHJI4Z�BDBDC*\2BDC�E]°oi�K)LqZhjo\2F�bJI�C�HJI�FajoI4gDI
L �ÕZ�LGHJ\2C�EGW�`DX4I|Ioi�WcZ2i*i�dDC*°oI � µ �DÓ>°�K[i�EfW<Z�F�W�Ioi�W 	�daI x i*\2EGWÒBDC*\'j*`aIxgDI x∗ @ ± ZYX4°�W�`a\'gDIpjo\2Fai�E]i�W*I
gD\2Faj �.Z�dDH�X4I�F�W*I�C�BDC*\2H�C*Ioi*i�EGbJI�X4I�F�W 1

2µ
n�dai 	�d�� �-dDFaI�b�Z�L]I�dDCeW*I�LGL]I 	�daI x(k) i*\2EGWeBDC*\�j<`aIxgDI x∗ K

BDdDE]i � �DÓ>I�C joI�W�W*I�b�Z�L]I�dDCcgDI 1
2µ
I�W �hZ�n�dai�W*I�CeL]IoiÒXpdDLGW�EGBDLGE]j�Z�W*I�dDC*ilgDI ± Z�H�C<Z�FDHJIpBR\2dDC Z�mR\2dDW�EGC �

LqZ-jo\2F�bJI�C�HJI�FajoI�@)¿ j<`[Z 	�daIpEGW*°�C<Z�W�E]\2FMKDL �ÕZ�LGHJ\2C�EGW�`DX4Ipi<\2C�WegDI Q�R0SUT&V i�E²Ç!¿|@GN�N8È�Ioi�WÒi<Z�W�E]i�_7Z�EGW*I4Ç!\P�
ζ(k) Ioi�W�dDF�Z�dDW�C*IlBRI�W�EGW�B[Z�C<Z�X4®�W�C*I8È)Ô

||x(k+1) − P (x(k+1) − ∇ � La(x
(k+1),λ(k),S( � ),µ( � )),x

�����
,x
�	� �

)||2 ≤ ζ(k) Ç!¿x@GN�N8È
3�EGF[Z�L]I�X4I�F�W�K�i�EfL � \2F�ZzÔ

||c(x(k+1))||2 ≤ ξ(k) Ç!¿x@GN�PJÈ
\P� ξ(k) Ioi�W�I�Fajo\2C*I�dDF^B)I�W�EGWzB[Z�C<Z�X4®�W�C*I�K[Z�L]\2C*izL]I B[Z�C<Z�X4®�W�C*I�gDI BR°�F[Z�LGE]i<Z�W�E]\2F µ Ioi�WzEGFaj*`[Z�FDHJ°�I�W
L]Ioi0XpdDLGW�EGBDLGE]j�Z�W*I�dDC*i�gDI ± Z�H�C<Z�FDHJIci<\2F�W�XYE]i ��n�\2dDC�
�gaZ�Fai0L]Icj�Z2i0jo\2F�W�C<Z�EGC*I�K>\2F§Z�dDH�X4I�F�W*I dDF§B)I�d
1
2µ
i<Z�FaiÒZ�H�EGCei�dDC�L]Ioi�XxdDW�EGBDLGE]j�Z�W*I�dDC*i�gDI ± Z�H�C<Z�FDHJI�@

�>@ Ç7ZJÈÉ��E]i*I �1n�\2dDC�K�i�E�Fa°ojoIoi*i<Z�EGC*I%gDIoi1XpdDLGW�EGBDLGE]j�Z�W*I�dDC*i�gDI ± Z�H�C<Z�FDHJI�@ Å�I�W�W*I%°�W<Z�BRI�K�gDI�bJI�F[Z�F�W
W�C*\2BµW*Ioj<`DFDE
	�daI�KVjo\2XYBDLGE
	�daI�C<Z�EGW-L � I�Ó'BR\�i*°.I�WxFaI.i*I�C<ZÀgD\2Faj.B[Z2i|gD°�W<Z�EGLGL]°oIhE]j�E@VÛcF EGFag>E
	�daI
i�EGXYBDL]I�X4I�F�W 	�daI-L]IoilXpdDLGW�EGBDLGE]j�Z�W*I�dDC*i|i*\2F�WpXYE]i �|n�\2dDC�I�F�_!\2Faj�W�E]\2FµgDIoi�b2Z�L]I�dDC*i�gDI λ K S K
c(x) I�W µ �YL � EGW*°�C<Z�W�E]\2F k @



�
	���	������	�
������P���������������������9�"! �$#%���&�'�(�$�*������� ���A����� �������$���&�s����� �

Ç�m�È1A�EGFa\2FMKuj � Ioi�W������?g>EGC*IÀi�E�Ç!¿x@GN�PJÈxF�� Ioi�WYB[Z2i.i<Z�W�E]i�_Z�EGW*I�K µ Ioi�W-C*°og>dDEGW4B[Z�CYL � EGF�W*I�C�X4°og>EqZ�EGC*IÀgDI
jo\'I��.j�E]I�F�W*i jo\2XYBDC�E]ieI�F�W�C*I 0 I�W 1 @
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×



� � ����������� 	�� �*�}��� �*���n� �}� �*������� �9�}� ����� ������� ����� #� ����� ���
� X�Z 	�ljo x
v �"l�t { ljm~psv0twvf pdvf�
uv� o}ljf x gjf
|di}v x
l�twgjo}f
v��i}gj|�p�o�� e v

ÛcF§jo\2Fai*E]gD®�C*IeE]j�ERLqZlBR\2dDW�C*I�g>dhB[Z�C<Z�H�C<Z�BD`aI��*��@Õ�>@ÕP�gDI i*Ioj�W�E]\2F B ∗ 2H I�W�gDIcL]\2FDH�daI�dDC L K�i<\2LGLGE]j�EGW*°oI
I�F � I�Ó'E]\2F BDdDC*I�KMI�WpL � \2F j*`aI�C*j*`aI �^gD°�X4\2F�W�C*I�CxL]IoipC*I�LqZ�W�E]\2Fai§Ç!�<�+@ÕP��JÈ�@�ÛcF i�dDBDB)\�i<I�KfB)\2dDC|°�W<Z�mDLGEGCxjoIoi
C*I�LqZ�W�E]\2Fai8K 	�daI�LqZ|B)\2dDW�C*I�Ioi*WÒi*\2dDXYE]i*I �-i*\2F1I�Ó>W�C*°�XYEGW*°lLGEGmDC*I �YdDF1I��R\2C�W F = Fy3

ZobJIoj F < 0 I�WÒFaI
i*dDmDEGWpZ�daj�dDF�I��f\2C�WlbJ\2LGdDXYE
	�daI�KfjoI 	�dDEVF����2W*I|C�E]I�F �.LqZhHJ°�Fa°�C<Z�LGEGW*°YgDIoilgD°�X4\2Fai�W�C<Z�W�E]\2Fai8@�ÛcF�C<Z�BDB)I�LGL]I
	�daIlL]Ioi�`�k�BR\2W�`a®oi*IoipÇ!�<�+@GN8È�\2F�Wejo\2Fag>dDEGW �-j<`aI�C*j*`aI�CeL]IpgD°�BDLqZ2joI�X4I�F�W�i*I�L]\2F^LqZ|_7\2C�X4Ili�dDEGb2Z�F�W*I:Ô

u(y1,y3) = −y3 w
′
(y1)y1 + w(y1)y3

Ç /�@GN8È
U�IlBDLGdai8KDI�FÀI�Ó'BDL]\2EGW<Z�F�WeL � `�k�BR\2W�`a®oi*I�gDIoi�BRI�W�EGW*Ioi�BRI�C�W�dDC�m[Z�W�E]\2Fai�K[\2F�ZzÔ

ε(y3) = ������� su(y1,y3)
Ç /�@ÕPJÈ

Å�I 	�dDEMgD\2FDFaI:Ô

ε(y3) =




−y3w
′′

0 0

0 0 0

0 0 0


 Ç /�@Õ�JÈ

ÛcFÀC*I�W�C*\2dDbJI�gD\2FajlmDE]I�F1L]I _Z�EGW 	�daI�L]IoiÒI��R\2C�W*iei*\2F�WÒBR\2C�W*°oi�B[Z�C�L �ÕZ�ÓDI�gDI�LqZ|BR\2dDW�C*I�KDBDdDE]i 	�daI�i*I�dDL ε11
K

	�daIlL � \2F^Fa\2W*I ε KaIoi�W�Fa\2F1F�dDL@�ÛcF1BR\�i*I�Z�L]\2C*iMÔ

ε(y3) = y3k
ZobJIoj k = w

′′ Ç /�@ ��È
± ZeBDC*I�XYE]®�C*I�°�W<Z�BRIzgaZ�Fai�LqZeBDC*I�dDbJIzgDIoi�C*I�LqZ�W�E]\2FaiÒÇ!�*��@ÕP��JÈMIoi*W�g�� °oj�C�EGC*IzL]I0BDC�EGFaj�EGB)IzgDIoi�W�C<Zob�Z�d>Óxb'EGC�W�daI�L]iMÔ

τint(δu) + τext(δu) = 0 ∀ δu Å�¿ � 0 Ç /�@Õ�JÈ
A'\2EGW-gD\2Faj δu dDF gD°�BDLqZ2joI�X4I�F�WYb'EGC�W�daI�L�j�EGFaI�X.Z�W�E
	�daI�X4I�F�W.Z2g>XYE]i<i�EGmDL]I�� 0 @ ± IoipW�C<Z�b2Z�d>Ó gDIoi-I��f\2C�W*i
I�Ó>W*°�C�E]I�dDC*iei � I�Ó'BDC�EGX4I�F�WeB[Z�CMÔ

τext(δu) = F (l) δu(l) Ç /�@Õ�JÈ
�uWÒL]Ioi�W�C<Zob�Z�d>Ó^EGF�W*°�C�E]I�dDC*icB[Z�CMÔ

τint(δu) = −
∫
Ω σ : ε(δ(u)) dΩ = −

∫
Ω σ δε dΩ

= −
∫

S

∫ L

0
σ δε dy1 dS

=

∫

S

∫ L

0
y3 σ δk dy1 dS

=

∫ L

0

[∫

S
y3 σ dS

]

︸ ︷︷ ︸
M

δk dy1

Ç /�@ ×�È

�cI�B)\2C�W*I�C�I�Fai�dDEGW*IYÇ /�@Õ�JÈ�I�WlÇ / @ ×�È�gaZ�FailÇ /�@Õ�JÈ0BRI�C�X4I�W�W�C<Z�EGWÒg��ÕZ�m)\2dDW�EGCÒZ�d>Ó§°�	�d[Z�W�E]\2Fai�g�� °�	�dDEGLGEGmDC*IlgDIcLqZ
BR\2dDW�C*I�KajoI�	�dDEfF�� Ioi�WzB[Z2i�Fa\2W�C*Ilg>E]i*jo\2dDC*i�E]j�E@[ÛcF1i � EGF�W*°�C*Ioi*i*I�B[Z�CÒjo\2F�W�C*I �|W�C*\2dDbJI�C�L � I�Ó'BDC*Ioi<i�E]\2F1gDI M
I�F1_!\2Faj�W�E]\2FÀgDI k @[ÛcF�Z|B)\�i*°:Ô

M = −
∫

S
y3 σ dS Ç /�@Õ�JÈ



� 	���	 �%����"! ���}� � �P�(�}�$� ��� �

ÛcC�Kag��ÕZ�BDC*®oiÒLqZ|L]\2ETgDI �|Q�Q ��S K[\2F�ZzÔ
σ = EY ε Ç /�@ÕOJÈ

\P� EY Ioi�WuL]IeX4\�g>dDL]I gDI�� Q�ÐMÍM¶ gDIeLqZ��R\2dDW����	����
hW���
[Z
�W�jo\2X��DW��eg��|Ç!�*���ÕPJ×�È���j��oj����GX������
	�d��-Ç /������JÈfÔ

M = −
∫

S
y3 EY ε dS = −

∫

S
y3 EY y3 k dS

= EY k

∫

S
y2
3 dS

Ç /������JÈ

Û���������X4\2X���
�W 	�d[Z2g��<Z�W��
	�d���g����qZ-i��oj�W��]\�
 �oi�WÒgD°���
��!�[Z�MÔ

I =

∫

S
y2
3 dS Ç /"���	�8È

Û�
#����W��*\2dDb$��gD\�
aj�m�����
#�qZ%�����qZ�W��]\�
 Ç!�*�&�ÕP��JÈ��²b2Z�qZ�m�����gaZ
ai'����j�Z2g�����g�� � � °��qZ2i�W��]j��GW*°(��W)�*����X���W�W<Z
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M = EY I k ⇒ M(y1) = EY I k(y1)
Ç /"����PJÈ

� X�� 	�ljo x�z ��Dm�lje
o}|s|~gjkjv

Û�
Ài � ��
�W*°����oi*i���X.Z��
�W���
[Z
�W �-�qZ-�[Z��W����.���qZ2i�W��
	�d��pg����qZ-�]\��Tg���jo\2X��R\���W���X���
�W"��W�� � \�
Ài/�"���*\��)\�i��
g��^gD°�X4\�
�W����������oi-�����qZ�W��]\�
aiÀÇ!�<�&�Õ���JÈ0��W1Ç!�*���Õ���8È���gD°���
��]i<i<Z
�W����oi��*�oj�W��Gb$��X���
�W1�qZ�g���X���`[Z�dDW���d��hg��)�qZ
�[Z��W����l°��qZ2i�W��
	�d��lg����qZ2�R\2dDW����"��W3�qZ.�]\��fg�� °oj��*\2d��]i*i+Z4$�	�aÆ�\2d��Òj�� _Z�����	�>\�
5�<Z�]i*\�
�
��li�d��6�qZ#��4�d����l�*������P��
	�d���� � \�
 ���ogD\�
�
��.�]j��7��
8�Gd���Z2g�n�\���4	
[Z
�W����9�R\���
�W yp

3
���R\���
�W����GX��GW��0��
�W����9�qZ-��\�
��x°��qZ2i�W��
	�d��0��W��qZY��\�
��

���qZ2i�W��
	�d��	�)Û�
:���*°oj��]i�� 	�d����qZ-jo\2d���mDd����.�oi�WÒg��li���4	
���
a°�4�Z�W���_ui�d��Òj���W�W�����4�d����:Ô

PARTIE

ELASTIQUE

PARTIE PLASTIQUE

PARTIE PLASTIQUE

y3

σ(y∗1 ,y3)

M e ≤ M ≤ M0
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