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Résumé

Dans cette thése nous proposons plusieurs contributions a 1’étude des groupes quan-
tiques et de leurs représentations.

Dans le cadre de ’étude des représentations de dimension finie des algébres affines quan-
tiques, nous proposons une nouvelle construction algébrique générale des ¢, t-caractéres
(t-déformations des g-caractéres de Frenkel-Reshetikhin), indépendante de la construc-
tion géométrique de Nakajima (cette derniére n’est valable que pour le cas ADE). Cela
nous permet d’étendre la quantification de ’anneau de Grothendieck et la définition des
analogues des polynomes de Kazhdan-Lusztig aux cas non simplement lacés.

Par ailleurs nous établissons une décomposition triangulaire des affinisées quantiques gé-
nérales (incluant les algébres affines et toroidales quantiques) et classifions leurs repré-
sentations intégrables de plus haut poids. Nous proposons une nouvelle construction d’un
produit de fusion en définissant une déformation du “nouveau coproduit de Drinfel’d”.

Mots clés : Algébre non-commutative, groupes quantiques, théorie des représentations,
algébres affines quantiques, algébres toroidales quantiques, g, t-caractéres, polyndémes de
Kazhdan-Lusztig, produit de fusion.

Abstract

In this thesis we propose several new developments in the study of quantum groups
and their representations.

In the framework of the study of finite dimensional representations of quantum affine
algebras, we give a new and more general algebraic construction of ¢, {-characters (¢-
deformations of Frenkel-Reshetikhin’s g-characters), independent from the geometric
construction of Nakajima (which holds only in the ADE-case). It allows us to extend the
quantization of the Grothendieck ring and the definition of analogs of Kazhdan-Lusztig
polynomials to non simply laced cases.

Besides we establish a triangular decomposition of general quantum affinizations (inclu-
ding quantum affine and toroidal algebras) and classify their integrable highest weight
representations. We propose a new construction of a fusion product by defining a defor-
mation of the “new Drinfel’d coproduct”.

Key words : Non-commutative algebra, quantum groups, representation theory, quan-
tum affine algebras, quantum toroidal algebras, ¢, t-characters, Kazhdan-Lusztig polyno-
mials, fusion product.
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Introduction

Dans cette thése nous proposons plusieurs contributions a 1’étude des groupes quan-
tiques et de leurs représentations. D’une part dans le cadre de I’étude des représentations
de dimension finie des algébres affines quantiques, nous donnons une nouvelle construc-
tion algébrique générale des ¢, t-caractéres (t-déformations des g-caractéres de Frenkel et
Reshetikhin), indépendante de la construction géométrique de Nakajima (qui n’est va-
lable que pour le cas ADE). D’autre part nous établissons une décomposition triangulaire
des affinisées quantiques générales, étudions leurs représentations intégrables et proposons
pour ces algébres une nouvelle construction d’un produit de fusion.

Le texte est constitué de cinqg parties :

1) t-analogues des opérateurs d’écrantage associés aux g-caractéres (article [Hel|, pu-
bli¢ dans International Mathematics Research Notices)

2) Algebraic approach to g, t-characters (article [He2|, publié dans Advances in Ma-
thematics)

3) The t-analogs of g-characters at roots of unity for quantum affine algebras and
beyond (article [He3|, publi¢ dans Journal of Algebra)

4) Representations of quantum affinizations and fusion product (article [Hed|, & pa-
raitre dans Transformation Groups)

5) Monomials of ¢ and ¢, t-characters for non-simply laced quantum affinizations (ar-
ticle |[Heb|, soumis)

L’approche algébrique des g, t-caractéres est traitée dans les parties 1, 2, 3 et 5, et I’étude
des affinisées quantiques, de leurs représentations et du nouveau produit de fusion est
traitée dans les parties 3, 4 et 5.

Les notations différant parfois légérement d’une partie a ’autre, nous proposons a la fin
de la thése un index des notations. De plus, au début de chaque partie, les résultats
nécessaires des parties précédentes sont explicités dans le cadre approprié.

Dans le résumé suivant, aprés quelques rappels sur les algébres affines quantiques, nous
présentons les résultats de cette thése plus précisément.

Rappels sur les algébres affines quantiques et leurs re-
présentations

La notion de quantification prend sa source en physique; elle correspond au passage
continu d’un espace d’observables classique & un espace d’observables quantique, moins
commutatif. Le procédé est paramétré par un nombre complexe ¢ = e (h “constante” de
Planck).

Les algebres de Kac-Moody (généralisations des algébres semi-simples complexes) jouent
un role majeur en mathématiques et en physique (voir [Kac|). Il y a moins de vingt
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ans, Drinfel’d et Jimbo ont découvert une quantification des algebres de Kac-Moody en
associant a toute algebre de Kac-Moody symétrisable g et tout nombre complexe non nul
q € C* une algebre de Hopf U, (g) (algebre de Kac-Moody quantique). Ces algébres, aussi
appelées groupes quantiques, sont depuis lors au centre de nombreux développements en
mathématiques et en physique (voir par exemple les ouvrages [CP4, ES, Gu, Ja, Jo, Kas,
KRT, L]).

Supposons que ¢ € C* n’est pas une racine de 'unité. Pour U, (g) une algébre quantique de
type fini (avec g de type fini de rang n ; voir par exemple la définition p 130) la structure
de l'anneau de Grothendieck Rep(U,(g)) des représentations de dimension finie est tout
a fait analogue a celle du cas classique ¢ = 1. On a en particulier des isomorphismes
d’anneaux :

Rep(U,(g)) =~ Rep(g) ~ Z[A|Y ~ Z[Ty, ..., T;,]

construits a partir d’'un morphisme x tel que pour une représentation V' de sous-espaces
de poids V), :

x(V) =D _dim(V3)A

AEA
ot A désigne 'ensemble des poids de V.

Pour une algébre affine quantique U, (g) (avec g de type affine de rang n ; voir par exemple
la définition p 131) la situation est différente car y n’est pas injectif (dans ce qui suit les
algebres affines quantiques sont supposées non tordues). Les représentations de dimension
finie ont été classifiées par Chari et Pressley en s’appuyant sur une propriété importante
de U,(g) ; en effet on en connait deux réalisations, celle de Drinfel’d-Jimbo et une nouvelle
comme affinisée d’une algébre quantique de type fini (nouvelle réalisation de Drinfel’d
[Dr2|). Frenkel et Reshetikhin [FR3| ont introduit un morphisme de g-caractéres adapté a
ces représentations. Cette application décrit la décomposition en sous-espaces de Jordan
(sous espaces de [-poids) pour une certaine famille commutante (aﬁfm)mzoﬂ-e ; d’éléments
de U,(g) correspondant & une sous-algébre de Cartan : il s’agit d’un morphisme d’anneau
Xq injectif (I ={1,...,n}) :

Xq : Rep(U,(g)) — Z[Y;'i:zl]ieI,ae(C* =)
Xo(V) = “dim (Vi) m,,
Y

ou V() désigne le sous-espace de [-poids 7y et m, € ) est un monome associé a . Lorsqu’on
regarde la limite classique ¢ = 1 on retrouve ’application de caractéres usuelle. L’applica-
tion x, permet d’établir Rep(U,(8)) ~ Z[X; olicracc (00 X, € Y est le g-caractére d'une
représentation fondamentale) et de montrer en particulier que Rep (i, (g)) est commutatif.

Le morphisme de g-caractéres vérifie une propriété de symétrie analogue au cas classique
de I'action du groupe de Weyl : Im () = Z[A]". En effet Frenkel et Reshetikhin ont défini
n opérateurs d’écrantage (i € I) :

Si Y — @y'si,a/zy'(si,aq? - Ai,aqi.Si,a)

aeC* aeC*



INTRODUCTION 13

oupouri € [ et aec C* A;, €)Y est un certain monome. S; est une dérivation vérifiant
Si(Y,) = Y,.5,. On a la propriété de symétrie [FR3, FM1] :

Im(x,) = ﬂKer(Si)

iel

Approche algébrique de la théorie des ¢, t-caracteéres

Dans le cas ou g est de type ADFE, Nakajima a raffiné la théorie en introduisant des t-
analogues des g-caractéres [N2, N3| appelés ¢, t-caractéres. Le morphisme de g, t-caractéres
est une application Z[t*]-linéaire :

Xq,t * Rep(Uy(9)) ®2z Z[ti] =V = Z[Yi,ia, ti]iel,aec*

qui devient x, & ¢ = 1. Du point de vue des représentations, elle permet de mieux com-
prendre la structure de chaque sous espace de [-poids. La définition de x,; est donnée sous
forme de propriétés combinatoires que nous appellerons propriétés axiomatiques des ¢, t-
caractéres. Elles font intervenir une multiplication t-déformée *y sur ), c¢’est a dire telle
que pour des mondme my,my € YV, on a my ky my = t24MM2)m my avec d(my, my) € Z
(voir aussi [VV3]). L'existence de x, vérifiant les propriétés axiomatiques est non-triviale
et est prouvée par Nakajima grace a la théorie géométrique des variétés carquois qui
n’existe que dans le cas ADE.

Nous proposons une nouvelle construction algébrique des g, t-caractéres indépendante de
I’approche géométrique. L’existence d’une telle construction répond positivement & une
conjecture de Nakajima [N3| et est de plus valable pour toutes les algebres affines quan-
tiques. Elle est également étendue aux cas ou le paramétre de quantification ¢ est une
racine de I'unité, et pour une grande classe de matrices de Cartan non finies.

Dans la partie 1 (|[Hel]) nous construisons des t-analogues des opérateurs d’écrantage
Si+ tels que x4+ a une propriété de symétrie relativement aux S;; analogue a celle de x,.
En effet :

Théoréme 1. ([Hel]) Pour g de type ADE, on a : [ Ker(S;:) = Im(xqt)-

i€l

La construction des S;; est purement algébrique et est aussi valable pour les cas non-
simplement lacés.

Ensuite dans la partie 2 (|[He2|) la multiplication %y est déduite de la structure d’une
certaine sous-algébre de Heisenberg H de U,(g) : H est générée par des y;im|] € H (i €
I,m € Z) et des éléments centraux ¢, € H (m € Z) tels que :

yilml, y;[r]] = 0 —raij(m)em

avec a; j(m) € C. Considérons alors les séries (ou courants) :

Vio = exp(S wilmla™z™)exp( S yilmla™=") € H[2]

m>1 m<1
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Alors I’étude des relations de commutation entre les )72-,& donne une structure multiplicative
s sur Yy 1 Yy est identifiée & un quotient d’une sous-algébre de H|[z]], le paramétre ¢ étant
analogue a la charge centrale ¢ € Uy(g) :

t=ep(3 ) e Ml

m>1
On obtient alors :

Théoréme 2. ([He2|) Pour g de type ADE les multiplications xy et x; coincident.

Les opérateurs S;, sont également obtenus grace a certains courants S; € H[[h]] : on a,
pour \ € ),
1 ~
Sit(A) = 1T— ¢ [Siy Al

Ainsi on peut étendre la définition des propriétés axiomatiques des g, t-caractéres a tous
les cas finis grace a *; et S; ;. Nous montrons ’existence d’'une unique application vérifiant
ces propriétés dans ce cadre général (ci-dessous, V;° est une complétion de Yy ol certaines
sommes infinies sont autorisées) :

Théoréme 3. ([He2/) Pour toute algébre affine quantique U,(g), il existe une unique
application Z[t*)-linéaire x,; : Rep(U,(§)) — V5° vérifiant les propriétés aziomatiques

des q,t-caractéres. On a de plus Im(x,:) = [ Ker(Siz).
iel

Dans le cas ADE, x,: est 'application de Nakajima [N3]. Notre preuve repose sur la
construction d’une ¢-déformation d'un algorithme que Frenkel et Mukhin [FM1| défi-
nirent pour construire les g-caractéres. Une fois I'algorithme t-déformé explicité, le point
technique est de montrer qu'il est bien défini (c’est a dire qu’a chaque étape les résultats
sont indépendants des choix) et qu’il produit des ¢, t-caractéres vérifiant les propriétés
axiomatiques. Pour ce faire on montre qu’on peut se ramener aux algébres de rang 2 pour
lesquelles on peut faire une vérification “a la main”.

Les ¢, t-caractéres permettent dans le cadre général de construire une quantification
de 'anneau de Grothendieck ainsi que des analogues des polynomes de Kazhdan-Lusztig,
dans le méme esprit que Nakajima le fit pour le cas ADFE. Nous pouvons en particulier
formuler une conjecture relative a la multiplicité des représentations irréductibles dans
un produit tensoriel, le cas ADE étant un résultat établi par Nakajima : pour m =

[T Y., monome dominant (c’est a dire avec les u;, > 0) considérons L(m) le U, (g)-
1€l,aeC*
module simple de plus haut l-poids m et M(m) = @ L(Y;.)"* le U, (g)-module
i€l,acC*
standard de plus haut poids m (le produit tensoriel est commutatif dans 'anneau de
Grothendieck). Lorsque g est de type ADE, Nakajima [N3| a défini pour m,m’ € )
des monomes dominants des polynémes P, /() € Z[t] (analogues des polynomes de

Kazhdan-Lusztig) et pour m dominant des L;(m) € ), invariant par ¢ — ¢t tels que :

Xqa(M(m)) = L(m) + Y Prur (t71) Lo(m) (1)

m/'<m
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Nakajima [N3] montre que dans le groupe de Grothendieck :

M(m) = L(m) + Y P (1)L(m) (2)

m/'<m

Comme nous avons construit le morphisme de g, t-caractéres pour toutes les algébres
affines quantiques, on peut définir de méme (avec la formule (1)) des analogues des
polynomes de Kazhdan-Lusztig P, . (t) € Z[t] pour les cas non simplement lacés. On
conjecture que la formule (2) sur la décomposition des produits tensoriels en modules
irréductibles est vraie dans le cas général.

Les e-caractéres ont été construits par Frenkel et Mukhin [FM2| pour étudier les re-
présentations de dimension finie de diverses spécialisations de U,(g) & ¢ = € racine de
I'unité de rang s. Pour les cas ADE Nakajima [N3| définit les propriétés axiomatiques des
€, t-caractéres et prouve 'existence du morphisme de ¢, t-caractéres x.;. Dans la partie 3
([He3]) nous construisons X, en général en développant notre approche algébrique : pour
s > 2 lordre de € (ou s = 0), nous munissons )A)f = Z[W;.a, Vi.al1<i<nacc d'une multipli-
cation t-déformée *¢ (en utilisant des courants comme pour le cas générique [He2|). Nous
définissons les opérateurs d’écrantage t-déformés aux racines de I'unité Sft et donnons les
propriétés axiomatiques des €, t-caractéres pour tous les cas finis. Puis nous construisons
une application 7y : )71? — j); telle que TS(KGI(Sgt)) C Ker(S;;). De plus on peut relever
Xot €0 Xat * Z[X;alicraccs — VO (voir [N3]), et nous montrons :

Théoréme 4. ([He3|) Pour toute algébre affine quantique, il existe une unique application
Z[tE)-linéaire X; vérifiant les propriétés ariomatiques des €, t-caractéres. De plus Xy =

Ts © Xq,t'

Nous généralisons en particulier la construction des analogues des polynéomes de Kazhdan-
Lusztig aux racines de l'unités de [N3| & ces situations. De plus nous construisons les
g-caractéres et g, t-caractéres pour une grande classe de matrices de Cartan généralisées
(incluant les cas finis et affines excéptés Agl)) en étendant 'approche de [He2] :

Théoréme 5. ([He3, He5[) Soit C une matrice de Cartan généralisée telle que i # j =
min{—C; j, —C;;} < 1. Alors il existe une unique application Z[t*]-linéaire
Xait : L[ Xia, tE)icr.acce — V5° vérifiant les propriétés aziomatiques des q,t-caractéres.

Dans la partie 5 ([He5]), une étude combinatoire au cas par cas permet de montrer que les
monomes apparaissant dans les g et g, t-caractéres des représentations standards (produits
tensoriels de représentations fondamentales) sont les mémes dans les cas non simplement
lacés (le cas simplement lacé a été traité dans [N3|) et que les coefficients sont positifs.
En particulier ces ¢, t-caractéres peuvent étre considérés comme des t-déformations des
g-caracteres.

Théoréme 6. ([He5]) Soit U,(g) une algébre affine quantique non simplement lacée et M
un module standard de Uy,(g). Les coefficients de x (M) sont dans N[t*] et les monomes
de Xq1(M) sont les monomes de x,(M).
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Représentations et produit de fusion des algébres affini-
sées quantiques

Le procédé d’affinisation quantique (que Drinfel’d [Dr2| décrit pour construire la se-
conde réalisation d’une algébre affinisée quantique) peut étre appliqué a toute algebre
de Kac-Moody quantique U, (g). On obtient ainsi une nouvelle classe d’algébres appelées
affinisées quantiques : I'affinisée quantique de U,(g) est notée U,(g). Les algebres affines
quantiques U,(g) (avec U,(g) de type fini) en sont les plus simples exemples et sont tres
particuliéres puisque ce sont aussi des algebres de Kac-Moody quantiques (deuxiéme réali-
sation de Drinfel’d) et en particulier des algébres de Hopf (avec un coproduit permettant
de considérer des produits tensoriels de représentations). Si U,(g) est affine, I’affinisée
quantique U,(g) est appelée une algébre toroidale quantique. Ce ne sont pas des algébres
de Kac-Moody quantiques, mais elles sont également trés étudiées. Dans la partie 4 ([He4|)
nous étudions les affinisées quantiques générales U, (g) (U,(g) Kac-Moody quantique géné-
rale) et nous développons leur théorie des représentations. Nous établissons d’abord une
décomposition triangulaire : pour les sous-algebres U, (§)~, Uy (h), Uy (§)" de Uy (d) (géné-
rées par certains éléments de U,(g)) on a :

Théoréme 7. ([He4]) La multiplication Uy(§)~ @ Uy(h) @ U, (§)* — U, (@) définit un
isomorphisme d’espace vectoriel.

Dans la preuve la difficulté est de vérifier la compatibilité des relations de Serre quantiques.

Ce résultat permet de considérer des modules de Verma. Nous donnons une classification
des représentations intégrables de plus haut poids (de type 1) a la Drinfel’d-Chari-Pressley
(I'intégrabilité est définie au sens habituel en considérant la décomposition en sous espaces
de poids relativement au réseau des poids de g). Une généralisation du morphisme de
g-caractéres que Frenkel et Reshetikhin ont défini pour les algébres affines quantiques
se révele étre un outil puissant dans cette étude : on définit y, : Rep(U,(g)) — Y ou
Rep(U,(g)) est le groupe de Grothendieck des représentations intégrables que nous avons
classifiées. Bien qu’a priori on n’ait pas, en général, de structure d’anneau sur Rep(i,(g)),
pour une grande classe d’affinisées quantiques (incluant les algébres affines et toroidales
quantiques) la combinatoire des g-caractéres donne :

Théoréme 8. ([He4[) L’image de x, est (| Ker(S;) ot pouri € I lopérateur d’écrantage
il
S; est une dérivation. En particulier Im(x,) est un sous-anneau de ).

Notons que ce résultat montre que ces g-caractéres obtenus par I’étude des représentations
coincident avec les g-caractéres obtenus combinatoirement dans le théoréme 5 (évaluation
at=1de xg).

Comme x, est injectif on a une structure d’anneau induite * sur Rep(U,(g)) . Nous
en proposons une interprétation : aucun coproduit n’a été défini en général pour U,(g)
mais pour les algébres affines quantiques on a les formules du “nouveau coproduit” A de
Drinfel’d (qui fait intervenir des sommes infinies). Nous leur donnons un sens en général
et proposons une nouvelle construction de produits tensoriels dans des catégories plus
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grandes (’)R(Z;{;(g)) (R >0; Z;{é(@) fait intervenir un paramétre formel u) en définissant
une déformation A, de A (qui ne peut pas étre directement utilisé pour Rep(U,(g)) a
cause des sommes infinies).

Théoréme 9. ([He4]) Pour R > 0, le coproduit A, définit une application bilinéaire
®r 1 OUy(8)) x OF(Uy(8)) — O (U,(9)).

Nous introduisons un procédé de spécialisation permettant de revenir a la catégorie
OU,(g)). Nous démontrons en particulier que * est un produit de fusion, ce qui n’appa-
raissait pas dans I’étude des g-caracteéres :

Théoréme 10. (/Hej|) Le sous-monoide Rep™ (U, (§)) C Rep(U,(g)) des vraies représen-
tations est stable par x.

Dans la partie 5 (|[Heb|) nous démontrons des propriétés complémentaires plus précises (ces
résultats sont utilisés dans la preuve des théorémes 5 et 7). D’abord nous démontrons,
puis utilisons, une généralisation d’un résultat de [FR3, FM1, N1| : pour une affinisée
quantique générale, les [-poids d’un module simple de plus haut [-poids sont inférieurs au
plus haut I-poids au sens des mondmes (m’ < m signifie que m’ s’écrit comme produit de
m par certains monomes A; ) :

Théoréme 11. ([He5]) Pour m’ mondme apparaissant dans le q-caractére d’un module
simple de plus haut poids m, on a m' < m.

Enfin nous montrons que pour certaines affinisées quantiques (incluant les cas A, B, C')
les espaces de [-poids des représentations fondamentales sont de dimension 1 (le type B, ,,
est défini en remplacant —2 par —p dans B,,, voir p 170) :

Théoréme 12. ([He5[) Soit g de type A, (n > 1), Al(l) (1>2),B,, (n>2,p>2)ou
C, (n>2). Soienti € I,a € C* et V une représentation simple de plus haut poids l-poids
Yia). Alors les espaces de l-poids de V' sont de dimension 1.
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Premiére partie

t-analogues des opérateurs d’écrantage

publié dans International Mathematics Research Notices
Référence : Int. Math. Res. Not. 2003, no. 8, 451-475

Résumé. Nous proposons des opérateurs d’écrantage adaptés aux ¢, t-caractéres défi-
nis par Nakajima [N2, N3| pour les représentations de dimension finie des algebres affines
quantifiées. Ce sont des analogues des opérateurs d’écrantage de Frenkel et Reshetikhin
relatifs a la théorie des g-caractéres [FR3|, avec en particulier les mémes propriétés de sy-
métrie. Comme la théorie de Nakajima utilise des anneaux non-commutatifs, nous aurons
a considérer des bimodules adaptés a ces structures. Notre construction étant purement
algébrique et s’appuyant sur la définition combinatoire des g, t-caractéres, elle est étendue
aux cas non-simplement lacés.

Abstract. We propose screening operators for the theory of q,t-characters of Na-
kajima [N2, N3| for finite dimensional representations of quantum affine algebras. They
are analogs of the screening operators introduced by Frenkel and Reshetikhin for the
g-characters [FR3|, with the same properties of symmetry. Nakajima introduced non-
commutative rings, so we propose bimodules. Since our construction is only algebraic and
uses the combinatorial definition of ¢, t-characters, it can therefore be extended to the
non-simply laced cases.

1 Introduction

Dans ce qui suit ¢ € C* est supposé ne pas étre une racine de I'unité.

Dans le cas d'une algébre de Lie semi-simple g, la structure de I'anneau de Grothendieck
Rep(U,(g)) des représentations de dimension finie de I'algébre semi-simple quantifiée U, (g)
est bien comprise, voir [R]. En fait on a pu montrer qu’elle est tout a fait analogue a celle
du cas classique ¢ = 1 déja bien connu. On a en particulier des isomorphismes d’anneaux :

Rep(Uy(9)) = Rep(g) = Z[A]" ~ Z[T1, ..., T,

construits & partir d’'un morphisme de caractéres x tel que pour une représentation V' de
sous-espaces de poids V) :

x(V) =) _dim(13)\

AEA
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ou A désigne 'ensemble des poids de V.

En revanche la quantification modifie la théorie des représentations lorsqu’on s’intéresse au
cas général des algébres de Kac-Moody. Dans le cas affine U,(g), Frenkel et Reshetikhin
|[FR3|, motivés par la théorie des W-algébres déformées, ont récemment introduit un
morphisme d’anneaux injectif, dit de ¢-caractéres, a valeurs dans un anneau de polynémes
de Laurent :

Xq : Rep(Uy(8)) — ZIY: hi<icnaccr =Y

La construction de yx, repose sur l'existence d’une R-matrice universelle. L’application
Xq Permet de décrire Panneau Rep(U,(8)) ~ Z[X; olicracc+ et lorsqu’on regarde la limite
classique ¢ = 1 on retrouve 'application de caractéres usuelle. En fait cette application
prend en compte la décomposition en sous-espaces de Jordan pour une certaine famille
commutante (¢ mezicr d'éléments de U, (g) :

i,m)
XeV) =Y dim(Ve) [ T] Yo ] Yool
Y

Z'EITZ]....]C’YZ‘ 8:1...l,ﬂ'

ou V() désigne le sous-espace de Jordan de V' de poids :

m>0 ’ Qz (UQZ>RZ (qu_l)

—1
m ki—1; Qi(ug; ) Ri(ug;
D bt = () = g (ug; )Fi(ugs)

avec a.; les racines du polynéome @); et b, les racines du polynéome R;.

Le morphisme de g-caractéres vérifie une propriété de symétrie analogue au cas classique
de T’action du groupe de Weyl qui veut Im(x) = Z[A]". En effet Frenkel et Reshetikhin
ont défini n opérateurs dits d’écrantage (avec A4;, € Y mondmes) :

Si : Z[Y;'il]ae(c*,iel = y - @y-si,a/zy'(5i7aq? - Ai,aqi'Si,a)

aceC* acC*

qui sont des dérivations (S;(UV) = US;(V) + V.S;(U)), vérifiant S;(Y,) = Y,.5,, et ont

conjecturé :

Im(x,) = ﬂKer(SZ-)
i€l
Ils ont montré dans le cas sly [FR3] puis Frenkel et Mukhin ont obtenu le résultat dans
le cas général [FM1].

Ces opérateurs permettent de comprendre la structure combinatoire des g-caractéres. Par
exemple :

Rep(Uy(8)) ~ Im(x,) = & = [ (Z[Y)jtiaec Z[Yip + Yip Ay}, Jiect)

iel

Dans le cas ou g est de type ADE, Nakajima a raffiné la théorie en introduisant un ¢-
analogue des g-caractéres grace a un point de vue géométrique lié aux variétés carquois
[N2, N3|. Il considére des applications X, et X, de Rep(U,(§)) ®z Z[tE] vers les anneaux
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de polynomes respectivement Y, = Z[Yfa, t*)ictacce €t Vi = ZVia, Wia, t5lict.acc-. D'un
point de vue des représentations, elles permettent de mieux comprendre la structure de
chaque sous-espace de Jordan. Au passage il introduit une nouvelle multiplication * sur

Y, qui n’est pas commutative.

Nous proposons dans cet article des t-analogues des opérateurs d’écrantage, adaptés aux
applications x,: et X, Cet article est organisé de la maniére suivante :

Dans la section 2, on rappelle la propriété fondamentale de symétrie des opérateurs
d’écrantage de Frenkel et Reshetikhin (Théoréme 2.1) ainsi que quelques résultats élé-
mentaires sur I'anneau ), de Nakajima. On définit dans la section 3 les opérateurs S’tlz
qui peuvent étre interprétés comme des dérivations pour la multiplication usuelle et une
certaine structure de bimodule. Dans la section 4 on définit les t-analogues des opérateurs
d’écrantage St,i qui dans le cas ot g est de type ADFE peuvent étre interprétés comme des
dérivations en utilisant la loi x de Nakajima. Ces opérateurs vérifient la propriété attendue
dans le théoreme 4.1 :

[Ker(S:) = & 2 Im(Xq)

el

On définit dans la partie 5 des opérateurs S;; pour 'anneau ); rendant le diagramme
commutatif :

Vo2 Y
0, | | I,
Vo 2 Y
T, | |,
y = »

avec une propriété de symétrie dans le théoréme 5.1 :

ﬂKer(St’i) = ﬁt = Im(Xq’t)

iel

ol X, est égal au .+ de [N2]. Dans la partie 6 on donne la construction d’involutions
analogues a celle de Nakajima.

Notons que la construction repose sur l'existence d’une structure de bimodule sur le

module libre a gauche @ )A)tSi,a telle que le t-analogue de >’ y.(si,aqg — A 4q;-Si.a) sOIt
acC* aceC*

un sous-bimodule. Cette structure est caractérisée par les relations suivantes, ot m € Y,
est un monome :

_ t2“i,a(m)

Swm mSz',a

Nous montrerons dans un prochain article! comment ces opérateurs permettent d’étendre
la théorie des g, t-caractéres au cas général.

Woir [He2].



T-OPERATEURS D’ECRANTAGE 21

2 Rappels

Soit g une algébre de Lie simple. On note n le rang de g, (C; j)1<i j<n sa matrice de
Cartan, I = {1,...,n} et D = diag(ry,...,r,) telle que B = DC' est symétrique (voir

[=5].
Pour I > 0 on note [{].! = [I].[l —1]....[1]. et pour 0 <r < m : [T} = [m].!/[r]m —r]..

[FR3]). On note ¢; = ¢". Pour z une indeterminée et [ € Z on note [l], = Zzl__zz__ll

2.1 Opérateurs d’écrantage [FR3, FM1]

On considére 'anneau :

Y =Z[Y;: ier aecr

yzl = @y-si,a

aceC*

les YV-modules libres (i € ) :

et les Y-modules ); définis respectivement comme )-module quotient de :)if :
= @y-si,a/zy-(si,aq? - Ai,aqi-Si,a)
acC* aceC*

par le sous-module F; = > V.(S5; aq? — A ag;-Sia), avec :

acC*
_ 1 1 1 1
Ai,a_ i,aq; zaqz H H YJanJaq Y;aq Y;CL Y;aq
]/CJ i=—1 j/cj,i:— J/Cj,i:—

On a alors les opérateurs d’écrantage S; : ) — JY; qui sont des dérivations pour le produit
de Y :
S;(UV)=U.5;(V)+ V.S;(U)

et qui vérifient pour a € C* :
Sz(Y]jZ) = i5z‘,jyifl5¢,a

On peut définir de maniére analogue Sf Y — y;.

Théoréme 2.1. (Frenkel-Reshetikhin [FRS3]) Le noyau de S; est le sous-anneau de
Y
Ker(S) = R = Z[Y}o)jiacce Z[Yip(1 + App, oec

2.2 L’anneau ); [N3]
On considére a présent ’anneau :

j}t = Z[Vi,aa VVi,m ti]iELaE(C*
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C’est un Z[t*]-module libre de base I'ensemble des  [] Vif};’“(m) W;jj;’“(m) qu’on appelera
i€l,acC*
monomes.

On définit un morphisme d’anneau .y, —Y par :

H sza(m wia(m) H Yu”(m et t—1

7, ,a
i1€l,aeC* i1€l,aeC*

avec pour un tel mondéme m :

Ui a(M) = wia(m) — Vs aq71 (m) — Yi,aq; (m)

+ > vam) A+ DY (0ag(m) Ve M)+ D (1ag2 (M) 05 (M) 05002 (m))
3/Cij==1 3/Cij==2 3/Cij==3
Remarquer que II, est construit pour que ﬁt(Ww) =Y, et ﬁt(Vm) = A L. On peut

- . A Uq m [N .
définir pour un monéme m = [[ Y] a“‘( e Yles u; o(m) de maniére évidente, et alors
1€l,aeC*

ces quantités sont conservées par II;.

Pour m € )A) monome i-dominant, c’est a dire vérifiant Va € C*, u; ,(m) > 0, on pose :

=m H Z tra(ui,a(m)_ra) |iui7‘;im>:| ‘/ngql

a€C*ry=0...uj,q(m)

et on note ﬁt,i le sous Z[t*]-module de Y, engendré par ces E;(m). On pose alors Ry =

()R, et on note A l'ensemble des mondémes de V;, B; C A l'ensemble des mondmes
i€l
i-dominants de ).

Lemme 2.1. Pour chaque i € I, on a une décomposition en somme directe de Z[t*]-
modules :

Vi=Ruo @ zlttlm=(PzitEm) o ( @ ZtF|m)

mEA—Bi mGBi mGA—Bi

Démonstration :

Notons d’abord que pour m € B;, on peut écrire E;(m) =m+ f(m) avec

=[5 e [ v -

a€C*rq=0...uj,q

qui ne fait intervenir que des monodmes de i-poids wt;(m') = > u;.(m') < wt;(m).
acC*

Considérons une combinaison linéaire qui s’annule :

> AnOEm)+ > pm(t)m =0

mEBi mGA—Ei
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avec les A, (1), pon(t) € Z[t¥]. Si on suppose qu'un des A(t) # 0, soit m; € B; un monome
dominant de i-poids maximal parmi ceux qui vérifient A, (t) # 0. Alors le monéme m; ne
peut apparaitre que dans F;(m;) puisque si il apparaissait dans E;(ms), le i-poids de msq
serait strictement plus grand que le sien. Donc A, (t) = 0, contradiction. Donc tous les

Am(t) sont nuls, et alors > p,(t)m = 0 implique la nullité des g, (t).
meA—B;
Il nous reste a montrer que tout m € A est dans F = ( @ Z[t*|Ei(m))®( @ Z[tF]m).
meDB; meA—B;
(est clair sim € A — B;. Dans le cas m € éi, montrons le par récurrence sur le i-poids
de m. Si m est de i-poids 0, tous les wu;,(m) sont nuls et m = E;(m). Puis dans le cas
général, on a E;(m) =m+ f(m). O

3 Les opérateurs S,

3.1 Définition

On considére les Yy-modules libres suivants (iel):
= DS
acC*
On a alors une application naturelle déduite de II, :
ﬁi,z‘ : j)zf,z - zl 5 ﬁt,i(z)\a'si,a) = Zﬁt()\a)-si,a
acC* acC*
Definition 3.1. On note S’tlz Uapplication Z[t*]-linéaire S’tlz Y, — )A)tlz qui prend sur un
monome m € A la valeur :
Stim)y=m( > (L4 2elmmg N (7 e 5, )
a€C* Ju;,q(m)>0 a€C* Juq,q(m)<0

Lemme 3.2. Le diagramme (1) suivant est commutatif :

O S'é,z 51

yt yt,i
] Tl
I | LI,

st .

y — Vi,

Démonstration :

Toutes les applications sont Z-linéaires, il suffit donc de regarder un monéme m € A
et \(t) € Z[t*] :

(I 0 St) (A(t)m)
= MDA (Y (4o 2Ee))S = Y (2 (2he)S) )
a€C* Jui,q>0 ~ aeg*/ui7a<0
= AL (m)( gcf*ui,asz,a)) = S{ADI(m)) = SHIL(A(t)m))
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3.2 Interprétation de S’iz en terme de dérivation
3.2.1 Des lois de bimodule sur )/,
Comme u; , est additive (u;q(my.ma) = u;o(m1) + u;qa(ms)), on a :
Lemme 3.5’). 1l existe sur :)A?fl une unique structure de bimodule pour la multiplication
usuelle de Yy telle que la structure & gauche soit la structure naturelle, et que pour tout

a € C* et tout monéme m € A :

Sw.m = tzui*“(m)m.Si,a 5 Sz'7a.t = t‘Sz',a

On peut généraliser ce qui précede au cas d’une multiplication tordue sur Y pour tout
bicaractére d : A x A — 7Z, c’est-a-dire vérifiant :

d(my.ma, m3) = d(my, ms) + d(mg, m3) , d(my, me.ms) = d(my, ma) + d(my, ms)
on a une loi de composition interne *, associative et Z[t*]-linéaire sur Y, en posant :

_ t2d(m1 ,m2)

mq *kq Moy my.MmMo

Remarquons que pour obtenir une loi associative, il suffit de demander que d vérifie sur des
monomes my, Mg, M3, la propriété de cocycle (vérifiée par exemple par les bicaractéres) :

—d(mag, m3) + d(myms, m3) — d(my, mams) + d(my,ma) =0

On peut munir )>tll d’une structure de Y,-bimodule pour la multiplication *,; en posant

(UG)A)t) :

U *q (Z)‘G'Sa) = Z (U %4 Aa)-Sia s Sia ¥am = My, Sia s Sia*at =t%3 54

aeC* acC*

3.2.2 S!. comme dérivation pour x,
Pour d bicaratére :

Proposition 3.4. L’application S,fz est une dériwation par rapport a la multiplication *g :
YU,V € Y, SHU %4 V) = U g SHV) + SLU) %4 V

Démonstration :
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Pour vérifier la propriété de dérivation, et il suffit de montrer que pour deux mondémes
m,m’ € Aona S (m*;m')=SL.(m)xqgm' +mx*y S, (m'). Calculons en effet :

gfl(m) *m/ +m * Sﬁl(m’)

= mxqgm
(> (4. 42 Dy2uag S (72 2 G
a€C* /u; >0 a€C* Ju; <0
+ Y (A4 2SS, = S (24 170 Shy)
beC* /u; ,>0 beC* /u; , <0

= m *xq m’( Z (1 + ...+ t2(ui’a+u§v“_l))5i7a
a€C* [u;,atu] , >0

LY ), ) = 8 (g )
aE(C*/ui,a—i-ug‘a<0

4 Les t-opérateurs d’écrantage S’m

4.1 Définition de S
Definition 4.1. On considere le Z[t*]-sous module de )Aitll :

Ft,i — Z Z[ti]m(‘/i’aqitzuz‘,aq? (m) Si7aq’i2 o t25i7a)

aE(C*,mEA

Le module quotient obtenu est noté 54,2- = J}tlz/ﬁm, et l'application obtenue a partir de S’tll

par composition avec la projection py; de ygﬂ. sur Yy ; est notée Sy ;.
On obtient alors la proposition suivante en remarquant :

Tl Y AmamViag 28, 2 — 25,4))

aE(C*,mEA

= Z)\mya(l)Ht(m)(A;;qi'Si,aqf - Si,a) € E

aceC*

Proposition 4.2. L’application ﬁiz donne naturellement une application ﬁtﬂ-, et on a les
diagrammes commutatifs :

~y£7z' E— yt,z‘

I, | | Ty
yf B yz
~ §t7i ~
Vi — yt,i ~
IL, | I I,
S;
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Soit ()A)t)Z = Z|V;.ay Wi a, ]aec C Y,. On définit alors mr; : ), — (:)A?t)Z comme 'unique
morphisme d’anneaux Z[t*]-linéaire tel que :
Ti(Wia) = Wia s Ti(Via) = Via , mi(Wja) = 1si j #i
Ti(Via) =11 Ci; =0, m(Vje) =W;esiCiy=—1
Ti(Via) = WiagWiag—1 81 Cij = =2, (Vi) = Wiag2WiaWiag—2 i Cij = =3
Pour un monéme m € A, on a alors u; (m) = u; .(m;(m)) pour a € C*.

Proposition 4.3. Le noyau de 'application St,i contient :@“

Démonstration :

Soit m € A un monoéme i-dominant. Dans Sti(Ei(m)), on peut factoriser tous les

St (Ei(m)

termes par m, et notons ) S j{fz la quantité obtenue. Elle ne dépend que des

u; qo(m) (a € C*), et donc :
Sti(Bi(m)) _ Si(Ei(mi(m)))

m mi(m)

Remarquons de plus que les u;, étant conservés, on a :
gtl,z-(Ez‘(m)) € b e gf,i(Ei(Wi(m))) €k,

En conséquence il nous suffit de montrer S ;(E;(m)) = 0 pour m € B; N (J});. Mais alors
tout se passe comme si on travaillait avec g = U, (sl2). On est ainsi ramené au cas ADE
qui sera établie plus bas, indépendamment de ce qui précéde, dans la proposition 4.8. [

4.2 Interprétation de St,i comme dérivation dans le cas ADE

Dans cette sous-partie on se restreint au cas ou g est de type ADFE. On a alors tous
les g; = q et la matrice de Cartan est symétrique.

4.2.1 Rappels [N3] et compléments sur la loi * de Nakajima

On pose pour deux mondémes my, my € A:
dyv(mi,me) = Y (Viag(Ma)to(ma) + w; aq(Mm1)v; 4(mMs2))
iel,aeC*
= > (tia(m1)vieg-1(m2) + via(m1)wi -1 (m2))
iel,aeC*
Ce bicaractere, introduit par Nakajima dans [N2, N3|, permet comme précédemment de
définir une nouvelle multiplication sur ) en posant pour mq, my deux mondémes :

_ t2dN (m1,m2)

miy *qy Ma my.Mmo

avec . la multiplication usuelle. On notera dans la suite simplement d et *. Cette nouvelle
multiplication * n’est pas commutative.

Notons que £ est une partie de ), stable pour la multiplication * (IN3]).
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Lemme 4.4. Soit m € A un monome, i € I et a € C*. On a alors :

Vi,aq m — tz(“iv“(m)_“i,an (m))m « ‘/i,aq _ t2ui'a(m)vi,aq-m

C’est une conséquence immédiate de d(V] g, m) = U o(m) et d(m, V] og) = ©; 4g2(m).

Lemme 4.5. Soit (mq, ..., m,) des monomes tels qu’il existe un a € C* vérifiant pour tout
r, Uia(m,) =1 et uipy(m,) =0 pour b # a. Alors il existe a € Z tel que :

(my (14 Vigg)) % (max (14 Viaq)) % ook (my* (14 Vi o)) = t%my...my, Z {re=r) B?] V6
t

r=0...p

Démonstration :

On procéde par récurrence sur p en s’appuyant sur le lemme 4.4. Pour p = 1, on a
my * Vigg = M1V, qq €t on a le résultat avec ov = 1. Ensuite dans le cas général :

(my * (1+ Vi,aq)) * (mg * (14 Vi,aq)) * ok (mp+1 * (14 Vi,aq))
= to‘(ml -+ ml\/wq) * (mg...mp+1 Z tr(p—?“) |i];:| Vr )
¢

Z7aq
r=0...p

= e gy 5 0070 2]V
r=0... t

P
+2d(my,mo...
Hgort2d(my,me mP+1)m1m2...mp+1 St
r=0

[p 2p—2ryr+l
=0...p

i,aq
r t

p—r)
— to‘+2d(m1’mz"'mp+1)m1m2...mp+1 Z (tr(p—r) |:p
r=0...p+1 r t
(r—1)(p—r+1) | P 2p—2r42\7/7
+ L, P 1} t Wi

Et on conclut en remarquant :

tr(p—r) p + t(r—l)(p—r+1) p 252;7—27“4-2 — tr(p—l—l—r) D+ 1
r, r—1], o,

On peut alors exprimer les F;(m) en utilisant la loi * :

Proposition 4.6. On fire uni € I. Soit m € B; un monéme i-dominant. Pour a € C¥,
on considere la suite (Z; ) = (Ziai)1<i<z, formée de

Ria = Wig + E Vja = Uja + Vi,aq + Vi, aq—1
J/Cji=—1

termes ou W, , apparait w; o, fois et pour j tel que C;; = —1, V; , apparait v;, fois :

{M/i,cu (RS VVi,CU ‘/jhaa teey ‘/jl,aa ijz,m crey ‘/jm,a} = {Zi,a,b crey Zi,a,ziya}
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Alors il existe un unique 3 € Z tel que :

t"Ei(m) = ( H Wia) * ( H Viagzr) * ( H Hmi,a,r)
j#i,aeC* 7/C;,i=0,a€(C*/q?2),reZ a€(C/q?2)rel

avec .
miar = (Zi,a,l * (1 + ‘/i,aq)) koK (Zi,a,ui,a * (1 + ‘/i,aq))

*(Zi7a’ui,a+1 * ‘/7:,11(] * Zi7aq27ui7aq2+vi’aq3+1> .k (Zi7a7ui,a+vi,aq * ‘/7:,11(] * Zi,an,Uiyan—‘,-”U 3+vi,aq)

i,aq
Démonstration :

On commence par expliciter E;(m) :

E ra(wiq(m)—rqe) | Wi,a\TM Tq
Ez(m):mll( t (ti,a(m) )|: ( ):| ‘/i,aq)
t

Ta
a€C* ru=0...u; q(m)

Si on ne tient pas compte des t, I'expression annoncée est correcte puisqu’on a le bon
nombre v; o4 de V; 44 et tous les Z; ,; pour | = 1...4; 4 + j qq + Vj ag-1. Le seul probléme est
I'inhomogenéité de E;(m) du fait des puissances de V; 4.

Les seuls facteurs de m qui contribuent aux wu;,(m) sont les W;,, Vi, et les V;, avec
C;i = —1. Mais ce sont exactement les facteurs qui posent probléme avec V; ,, d’aprés le
lemme 4.4. On en déduit une premiére expression :

—
*

t*Ei(m) =[] Wia)*( 11 Viag2r)

j#i,aeC* 3/C;,i=0,a€(C* /q*%),re’

s S grelsatmr) {Uiﬁa(”@)] Ve,
t

i,aq
ra=0...u; o(m) "a
avec ) ) )
m' =([I WiV ) I V2"
acC* CLEC*,]’/CZ'J‘:—].

= H( H Zi,ll,l)( H Zi,a,ui7a+7‘%,ani,an,Ui’an+viyaq3+7‘>

acC* I=1...u; 4 r=1...0; aq

Il nous suffit donc de montrer qu’il existe v € Z tel que :

Ez(m') —m Z {ra(uia(m)=ra) |:Uz',a(m):| Vifgq _ t—’Y( ﬁ ﬁmi,a,r)
t

r
ra=0...u; (M) “ aeC* /q?Lrel

. oy | Wia(m
Or d’apres le lemme 4.5, le facteur Z; 41..-Z; a,u; . (m) S tralvie(m)=ra) [ isa )} Ve,
7a=0...u; ¢ (M) Ta t
est égal a une puissance de ¢ prés a (Z; q,1 % (14 Viag)) * - * (Ziau, . * (14 Viag))- Il ne reste
plus qu'a vérifier que les facteurs restant [ (I ZiauutrVieaZiagu, , p+o, , a+r) 1
acC* r=1...v; q4q @ h
posent pas de probléme vis & vis de I'inhomogénéité en puissances de V; 44, mais c’est le

cas car pour tout r € Z :

Uisaq (Zisagus ot * Viag * Ziag2u, , o+, , a+1) =0

i,aq
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4.2.2 Une structure de bimodule sur ;)Aim' pour la loi *

Lemme 4.7. Le sous Z[t]-module Ft, de )A)tlz est en fait un sous-module & gauche pour
la lot * :

Ft,i = Zj;t * (V;L,aq-Si,an - tQSi,a)

C’est aussi un sous-bimodule Yy x Fy; = Fi; * Y = Fy; et V,; hérite d’une structure de
bimodule.

Démonstration :

La premiére propriété découle directement du lemme 4.4 qui donne pour m € A:
2u,
M % (Viag-Siage — 25i0) = £ % "V 0 S0 o — £2miS,.,

Pour la propriété de sous-bimodule, soit m € A un monéme. En utilisant le lemme 4.4,
on a pour A\, € )V :

)\a * (V;,aq.si,an — t25i,a) xm = )\a * (t2ui’“q2 (m)‘/z’,aq * m-Si,aq2 - t2+2Ui’a(m)m‘Si,a)
— t2ui,a(m))\a * 1 % (sz',aq'si,aq2 — t2SZ'7a) c Ft,z‘

4.2.3 St,i est une dérivation

Le résultat suivant permet d’obtenir la proposition 4.3 :

Proposition 4.8. L’application S’tﬂ- est une dériwation pour le produit * et son noyau
contient Ky ;.

Démonstration :

La propriété de dérivation est conservée, en effet pour U,V € Y,ona:
S:i(U * V) = pra(U + 53, (V) + Pra(Sea(U) * V)

= U pri(SL (V) + Dei(Si(U)) V= U % Spi(V) + Sy (U) x V

Pour montrer que f%t,i - Ker(gm-), considérons un mondéme i-dominant m, et décomposons
E;(m) en utilisant la proposition 4.6 sous la forme d’un produit pour *. En utilisant la
propriété de dérivation de S’m-, il nous suffit d’obtenir que chacun des termes est annulé.
Or pour a € C* :

St,i(Zi,a,k * (1 + ‘/i,aq)) - Zi,a,k'Si,a - t_QZi,a,k * ‘/i,aq'Si,an = Zi,a,k * (Si,a - t_2‘/i,aq5i,aq2) =0

gé,i(Zi,a,k * ‘/;1(1 * Zi,an,k’> =0
car pour tout b € C*, u; y(Z; ak * Vag * Zi a2 pr) =0 O
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4.3 Interprétation de S’m dans le cas général

Dans le cas général, on ne dispose pas de bicaratére vérifiant les deux relations fonda-
mentales du cas ADE pour tout 7 € [

d(Viag,m) = wia(m) et d(m, V;aq,) = t; 4q2(m)

2 -1
-2 2
est la transposée de celle de [Bol), ¢1 = ¢%, ¢ = q et :

0= U aq—2 (‘/Q,a) 7é u2,aq(‘/1,a) =1

Par exemple, pour g de type B, on a C = ) (la matrice de Cartan dans [FR3]

On peut seulement définir pour chaque ¢ € I un bicaractére d; qui vérifie une propriété
partielle. Nous étudierons une multiplication % pour le cas général dans un prochain
article?.

4.4 Démonstration du théoréme 4.1

On retourne au cas général g simple quelconque.

Théoréme 4.1. On a ﬁt,i = Ker(gm).

Démonstration :
La premiére inclusion ﬁt,i C Ker(gm) est déja connue dans la proposition 4.3.

Supposons par 'absurde qu’on n’ait pas égalité. Alors on considére un x € Ker(St,i) — :Qt,i
quon décompose en utilisant le lemme 2.1 sur Y, = &,; & @ Z[t¥]m sous la forme

mEA—Bi
r=v4uavecu # 0. Onnoteu = »_ A\,mavec M C A=B;, A\ € Z[t*] et A\, # 0 pour
meM
m € M. Alors z,v € Ker(S,;), donc u est un élément nonnul de @ Z[t¥]mNKer(Sy,;).
mEA—Bi

Pour m € fl—éi, notons N, le nombre de classe R € C*/¢* tel qu'il existe a € R vérifiant
u;o(m) < 0. Tous les monémes m de A — B, vérifient N,, > 1. Soit my € M avec Nino
minimal parmi les N, pour m € M. Soit alors a € C* tel que u; ,(mg) < 0 et pour r < 0,
U; qq2r(Mo) > 0. Lorsqu’on calcule

Siw) =0="Y Aum( > (144 P0G,

meM be(C*/ui’b(m)EO
— Y (),
beC* /u; ,(m)<0

on voit appaitre le terme —\,,,mo(t~2 + ... + t24a(™)S; . Ce terme doit étre annulé
par projection sur ;. Les termes qui vont I'annuler peuvent provenir soit d'un S; ;.-

2Voir [He2, He3].
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avec r < 0, soit d'un 5 agzr avec > 0. Dans le premier cas on a un monome m; €
M tel que mﬂ/mq 1qu quzrﬂ = myg, dans le deuxiéme on a un momoéme m; =
Mo Viag-Viagzr-1 € M. On peut ainsi définir une suite de monomes m,, tant que Ui qo(my) <
0. Les termes de la suite sont distincts deux a deux, car a chaque opération soit on ajoute
des V; 21 avec 7 > 0, soit on enléve des V; ,2r+1 avec r < 0. Notons aussi qu’a chaque
opération on ne diminue pas les Uj qq2r avec 7 < 0, et on n ‘augmente pas N. Comme M
est fini, la suite se termine sur un mp € M qui vérifie u; 442 (mp) > 0 pour r < 0, et
Npp = Ny. En notant m® = my et m' = mp, ce nouveau procédé donne une suite
m? telle que min{r/u; .- < 0} est strictement croissante. Par finitude de M, la suite se
termine sur un m?” € M tel que U; oq2r > 0 pour tout r € Z et les autres classes de C* /g

n’ont pas été modifiées. Donc Ny, ,, < Ny, contradiction. 0

5 Opérateurs d’écrantage pour anneau Y,

5.1 Rappels et compléments
5.1.1 L’anneau )

En suivant Nakajima [N2, N3] on considére anneau “intermédiaire” entre ), et ) :
y Z[ti Y;aa Y ]ZELaE(C*

On a un morphisme d’anneaux canonique II; : )y — )V et que YjE — YjE et t — 1. On
peut considérer pour tout bicaractére d I'application Z[t ]—hnealre Y — Y,

= I L L 11 Y ot ¢ 1

iel,aecC* iel,aecC*

On a toujours I, = II, o II,.

Dans le cas du bicaractére trivial d = 0, on note Il = II, et c’est alors un morphisme
d’anneaux. Dans le cas ADE, on peut prendre dy et on retrouve l'application II = II;,
de [N3].

Lemme 5.1. Un produitp = ] sz € Y vaut 1 si et seulement si tous les v; o = 0.
iel,aecC*

En conséquence on définit une relation d’ordre partiel sur l’ensemble A des mondémes de

Y en posant :
m < m' < m'/m est un monome en A;}

Démonstration :

Supposons par ’absurde qu'un tel produit p peut étre égal & 1 avec des v;, # 0.
Considérons alors un a tel qu’il existe un ¢ € I avec v;, # 0 mais pour m € Z stritement
positif, pour j € I, vj qgm = 0. Parmi ces ¢, on en Choisit un tel que la longueur de la racine

associée soit maximale. Dans p, le facteur Y, . ag, doit se simplifier avec un autre facteur.
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vi aq? 1 +7e
Cependant par définition de a il ne peut pas venir de A, 5 . Il reste donc les possibilités

k3

suivantes :

. . R Vjaq; o . . ..

il provient d'un A" avec C; j = —1, j # i. Alors vj 4, # 0, contradiction.

v,

. . , J - S ..

il provient d’un Aj,m]izq,1 avec C;j = —2, j # 14, ce qui impose v, 44,41 7 0. Comme
C; = —2, les racines associées & ¢ et j ne sont pas de méme longueur, et donc en utilisant

»J Y 7

1

I'hypothese sur i, on a r; > r; > 1. Alors ¢;¢~! = g ou ¢?, donc v 4q # 0 0u v; 42 # 0, ce

qui n’est pas possible d’aprés le choix de 1.
V. —_
. . , gz - ., .
il provient d’un Amqi;_Q avec C; j = =3, j # 1, ce qui impose v; 44,2 7 0. On est dans
le cas ou g est de type Gs. Les racines associées a i et j ne sont pas de méme longueur, et
ri/T; =3 ou % Sir; =3, 0n a v, # 0 ce qui est contraire au choix de ¢. Sir; =1, on a
v, —1 v, —1

— 3 J,aq — J,a9q
Vj.aq-1 7 0 et vjqqm = 0 pour m > 0. Mais alors on ne peut pas annuler Yirig, = Yiaa
Pour que < soit bien une relation d’ordre, la propriété la moins évidente est I’antisymétrie

qui est assurée par ce qui précéde. O

5.1.2 Quelques notations

On note A ’ensemble des monomes de ), B; C A 'ensemble des mondémes i-dominants

Uj a
de Y. Pour [[ Y;.*=m € B, on pose :
aE(C*vj

Ta(Ui,a—Ta uiﬂl —Ta
Bosm)=m[[ 3 #ramaro { } AT
ac€C*rq=0...uj q a1t
Notons que si m € B; NI1,(B;) = B, on a Ey;(m) = I,(E;(m')) avec m = II,(m’).
On note K;; le Z[t*]-module engendré par les Ey;(m) avec m € B;. On a f[t(fﬁz) C R
mais on n’a pas égalité dans le cas général.
Pour i € I, on a comme dans le lemme 2.1 une somme directe de Z[t*]-modules :

Vi=R® @@ ZitIm = (PZF)En(m) & ( @ Z[t*m)

meA—DB; meDB; meA—B;

Lemme 5.2. On a [’égalité :
(R) = [ |Rei
iel

et on notera R; cette sous-partie de Y.

Démonstration :
On sait déja :
(R = IL(()R) C [ H(Rei) € [ )Re
iel iel iel
Considérons a présent x € [ R;. Soit m € A un monéme maximal parmi ceux qui inter-
viennent dans x pour la relzmetlion d’ordre < du lemme 5.1. Pour chaque ¢ € I, m provient
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d’un certain Ey;(m') avec m’ i-dominant, ce qui impose m < m/. On a donc m = m’ et
m est i-dominant pour tout ¢ € I. Il est donc de la forme :

m — H Yuza(m Ht H W“za(m Eﬂt(?t)

iel,acC* iel,aeC*

car les u; o(m) > 0. Si on suppose m # 1 (soit = & Z[t*]) et on considére iy € I tel que
wt;,(m) # 0, on a dans l'écriture de x dans K;, le monéme m qui ne peut provenir que de

i o (M) - A
Eoi(m) =L(E,( [[ Wie™)) € (&)
1€l,aeC*
On peut alors enlever de z le terme Fj ;,(m) avec son coefficient de Z[t*], et on se raméne
a un élément de ()R, faisant intervenir strictement moins de monéme, ce qui permet de
i€l
conclure par récurrence. 0

5.2 Les opérateurs Sfji
5.2.1 Définition

On considére les V,-modules libres :

ytz @yt 2,0

aceC*

On déduit respectivement de IT;, I (dans le cas ADE), II, des applications 1L ;, TI, IT! ..

On note S ; Papplication Z[t*]-linéaire S}; : Y} — Y}, qui prend sur un mondme m € Y,
la valeur :

Stim)y=m( > (L4 2elmmg N (e 5, )

a€C* Ju;,q(m)>0 a€C* Juq,q(m)<0
On voit immédiatement S} (Y} q) = 0;,;Yi0Siq et SI{Z(Y]_CLI) = —0;t Y, LS, et
Lemme 5.3. Le diagramme suivant est commutatif :

&l
A Sy

V= Y
IL; | LI,
Sé,i !
yt E— yt,i
IL; | Lo,
St I
y — yl,i

Dans le cas ADE, le diagramme (1)’ obtenu en utilisant respectivement 11, f[ﬁ a la place
de T1,, Ht i est commutatif également.
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5.2.2 Interprétation des S! en terme de dérivation

On munit comme précédemment yt{z. d’une unique structure de )-bimodule telle que
Siam = t2“i»“(m)m.5¢,a, et :

Proposition 5.4. L’application Séﬂ- a alors une propriété de dérivation :

YU,V € Y, S;,(UV) =U.SL(V) + St,(U).V

5.3 t-analogues des opérateurs d’écrantage pour ),
5.3.1 Définition des opérateurs S;;

On considére le sous Z[t*]-module f[ffz(F“) de Y} ;. 1l découle du fait que IT, est un
morphisme d’anneaux qui conserve les quantités u;, :

Lemme 5.5. Les éléments de ﬂil(ﬁm) sont les éléments de Y} ; de la forme (A € Z[t*]
presque tous nuls) :

Z )\m’am(A 1 t zan( )Si’aq? _ t2S7:’a>

1,aq;
aceC* mell, (A)

Soit & présent :

1,aq;

Fu= Y Z[t (AL "8, o — £25,4)
aeC* meA

C’est un sous Z[t*]-module de Y}, qui contient f[iﬂ-(pt,i),dont les éléments de F;; sont
caractérisés par I’écriture :

Z (Az ,aq; Sz ,aq? U, — t2Ua-Si7a) avec U, € ),

acC*
Definition 5.6. On note Yy; le Z[t*]-module quotient de Y} ; par Fy;, et Sy; lapplication
obtenue a partir de S,fﬂ. par projection sur YV ;.

Notons que Fy; n’est pas un Y,-sous module de )} ;, mais c’est une partie de )}, stable
par multiplication par des éléments de Z[Y 154 En partlcuher on peut définir une mul-
tiplication a gauche sur );; par les élements de Z[Y |ji- Elle commute alors avec la

ia
projection p; de Vi, sur V.

Proposition 5.7. Les applications H”, Hfm donnent naturellement des applications

1L ; th‘ rendant le diagramme suivant commutatif (les fléches sans nom représentent les
2 s
projections canoniques) :

i Vi

I, | | I,
y,f,i B yt,i
I, | L Iy

yil—> Vi
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On a alors le diagramme commutatif suivant :

A, St,i

Ayt —_— 5)15,2' A
II; | U I
St
Vi — yt,z'
1L, | L I,
y oy
et :
ﬁtﬂ' C K@’/’(Stﬂ')
Démonstration :

Montrons le dernier point : 1:[“ o S’m = S0 I, et :@“ C Ker(gt ;) implique ﬂt(ﬁt i) C
Ker(S; ;). Soit alors m € B; qu'on décompose m = m;[[m; avec les m; € Z[Y%],ec-. On

J#i e
a:
Eo,i(m) = Eovi(mi)Hmj
J#
et comme pour tout a € C*, w; o([[m;) =0, on a :
J#i
Sti(Boi(m)) = (] [ )5t (Eoi(ma))
J#i
Alors pour la multiplication & gauche sur );; par des éléments de Z[Y ] j#is O A
St Z(EOZ Hm] Stz EO z(mz))
J#i
Mais comme m est i-dominant, on a m; = [] Y, = IL( I] W;a®) avec les u;, =
acC* acC*
u;o(m;) > 0. En conséquence :
Eyi(mi) = (E;( [T W) € T(R1s) € Ker(S,.:)
acC*

5.4 Remarques sur les opérateurs S},

Pour définir des Ej ;(m) analogues des FEy;(m) relatifs & I1, on considére pour i € I en
suivant [N2| ¢; : Ry — Yy telle que (m € B;) :

Eoi(m Z)\M MHZAM (t)t— M) pp
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avec pour M =m [] A;[* (r, > 0) qui intervient effectivement dans Fy;(m) :
acC*

a(m, M) =3 (U 4yt (1) + ti00, (M) = 70 = 70y 2)

acC*

On pose alors pour m € By, B ;(m) = ¢i(Ep:(m)), et :
Lemme 5.8. Dans le cas ADE, soit m € Bl. On a, si m = II,(m'), Uégalité :

Ey y(m) =t~ 1O (B (m'))

On note alors &} ; le Z[t*]-module engendré par les Ey;(m) avec m € B;.

Pour ¢ € I, on obtient de la méme maniére que dans le lemme 2.1 une décomposition :

V=R, 0 P ZitFIm = (PZIFIE(m) & ( P ZltIm)

mEA—BZ mEBi mEA—Bi

Dans le cas ADFE, on a f[(f%l) C Ri,, on n’a pas égalité dans le cas général, mais :
ﬂ(ﬁt) - ﬂﬁiz
i€l

comme dans le lemme 5.2 et on notera R, cette sous-partie de V;. Alors on pose :

Ft/,i = Z Z[ti].m(Ai_’;qitui’“qu(m)_ui’a(m)Sl-ﬂqiz —tSia)

aeC* meA

puis V/; = Vi, /F};, et S;; la composée de S}, avec la projection de Y, sur Y/ ;.
Dans le cas ADE, on a ﬂil(ﬁm) C F},, le diagramme commutatif :

727

A, St

Ayt — 5)15,2' A
IT | I IL
St
yt — yt,z'

I | LI,
y 2oy

et R;, C Ker(S},).

5.5 Noyau des t-opérateurs d’écrantage S;;

Théoréme 5.1. On a R;; = Ker(S;).
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On pourrait montrer ce résultat de la méme maniére que ﬁtﬂ- = Ker(S’m) en utilisant la
décomposition de ), du lemme 2.1. Cette méthode permet aussi retrouver le résultat du
théoréme 2.1 en utilisant la décomposition de Y :

y=fo P Zm
mEA—BZ
On obtient également dans le cas ADE & ; = Ker(S;,).

On peut également déduire le résultat du théoréme 5.1 de celui du théoréme 2.1 en notant :

Lemme 5.9. Le noyau de 11, est Ker(ll;) = (t — 1)Y;. Sia € y,f,i vérifie (t — 1)a € Fy;
alors a € Fy ;.

6 Compléments relatifs aux involutions

On définit ([N3]) sur ), une involution par ¢ = t‘l,% =Y, et sur ), par :

=171, m=t* ™™ (d bicaratére)

Dans le cas ADE avec dy, elle est anti multiplicative relativement & * et commute avec
IT.

On étend ces involutions a Y}, (respectivement a )};) en posant S;, = t72S5;,, soit

(U, € Y, resp € jit) :
ZUaSi,a - Zt_zsi,aﬁa

aeC* acC*

Lemme 6.1. On a pour x € Vs (y € V), SLi(z) = SL(T) (S!,(y) = SLi(7)). De plus
Ft,i, F{; sont stables par les involutions correpondantes.

Démonstration :

Les deux résultats s’obtiennent de maniére analogue, en considérant par exemple un
mondme a € Y :
Sta(A(t)m)
=AEH( Y (At 2amD Y28 m
a€C*u;,q(m)>0

+ Y (P4 22, m)

a€C*u; q(m)<0
=AtHm( Y (PueatmD 424 1)S,,

a€C*uj q(m)>0

+ S (Pwal 44178 ,)

a€C*u; q(m)<0

= Mt™")S!;(m) = S};(A(t)m) Considérons ensuite, par exemple dans le cas ADE :

AOM(Viaget™ ™S, e — 125,4)

2
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= )\(t_l)t_4+2ui’a(m)m(A_1 tui’aqg(m)_ui’a(m)s

i R g
2,44 i,aq;

tSi,a) c FZZ.
[

Ainsi Y, ;, V;,; héritent d’involutions qui commutent avec les t-opérateurs d’écrantage.
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Deuxiéme partie

Algebraic approach to ¢, t-characters

Publié dans Advances in Mathematics
Référence : Adv. Math. 187 (2004), no. 1, 1-52

Résumeé. Frenkel et Reshetikhin [FR3| ont introduit les g-caractéres pour étudier
les représentations de dimension finie de l'algébre affine quantique U,(g). Dans le cas
simplement lacé, Nakajima [N2, N3| a défini des déformations des g-caracéres appelées
q, t-caractéres. La définition est combinatoire mais la preuve de I'existence utilise la théorie
des variétés carquois qui n’existe que dans le cas simplement lacé. Dans cet article nous
proposons une nouvelle approche algébrique générale (non nécessairement simplement
lacée) pour les g¢,t-caractéres, motivée par les opérateurs d’écrantage déformés [Hel].
Les t-déformations sont déduites de la structure de U,(g) : le paramétre ¢ est analogue
a la charge centrale ¢ € U,(g). Ainsi les ¢,t-caractéres permettent de construire une
quantification de 'anneau de Grothendieck et des analogues généraux des polynoémes de
Kazhdan-Lusztig dans le méme esprit que Nakajima le fit pour le cas simplement lacé.

Abstract. Frenkel and Reshetikhin [FR3| introduced g-characters to study finite di-
mensional representations of the quantum affine algebra U, (g). In the simply laced case
Nakajima [N2, N3| defined deformations of ¢g-characters called ¢, t-characters. The defini-
tion is combinatorial but the proof of the existence uses the geometric theory of quiver
varieties which holds only in the simply laced case. In this article we propose an alge-
braic general (non necessarily simply laced) new approach to ¢, t-characters motivated by
the deformed screening operators |[Hel|. The t-deformations are naturally deduced from
the structure of U,(g) : the parameter ¢ is analog to the central charge ¢ € U,(g). The
q, t-characters lead to the construction of a quantization of the Grothendieck ring and to
general analogues of Kazhdan-Lusztig polynomials in the same spirit as Nakajima did for
the simply laced case.

1 Introduction

We suppose ¢ € C* is not a root of unity. In the case of a semi-simple Lie algebra g,
the structure of the Grothendieck ring Rep(,(g)) of finite dimensional representations of
the quantum algebra U, (g) is well understood. It is analogous to the classical case ¢ = 1.
In particular we have ring isomorphisms :

Rep(Uy(9)) = Rep(g) = Z[A]" ~ Z[Ti, ..., T,
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deduced from the injective homomorphism of characters x :

x(V) = _dim(Va)A

AEA

where V) are weight spaces of a representation V' and A is the weight lattice.

For the general case of Kac-Moody algebras the picture is less clear. In the affine case
U,(g), Frenkel and Reshetikhin [FR3| introduced an injective ring homomorphism of ¢-
characters :

Xq : Rep(Uy(8)) — Z[Y,J)1<i<naccr = Y

The homomorphism Yy, allows to describe the ring
Rep(Uq(é)) = Z[Xi,a]iel,aetc*

where the X; , are fundamental representations. It particular Rep(i,(g)) is commutative.

The morphism of g-characters has a symmetry property analogous to the classical action

of the Weyl group Im(y) = Z[A]" : Frenkel and Reshetikhin defined n screening operators

S; such that Im(y,) = (Ker(S;) (the result was proved by Frenkel and Mukhin for the
iel

general case in [FM1]).

In the simply laced case Nakajima introduced t-analogues of g-characters ([N2], [N3]) : it

is a Z[t*]-linear map

Xt : Rep(Uy(8)) ®z Z[tF] — Ve = Z[Yi o, t¥lier accr

which is a deformation of x, and multiplicative in a certain sense. A combinatorial axio-
matic definition of ¢, t-characters is given. But the existence is non-trivial and is proved
with the geometric theory of quiver varieties which holds only in the simply laced case.

In [Hel] we introduced t-analogues of screening operators S;; such that in the simply
laced case :

ﬂKef(Si,t) = Im(xq,:)

iel
It is a first step in the algebraic approach to ¢, t-characters proposed in this article : we
define and construct g, t-characters in the general (non necessarily simply laced) case. The
motivation of the construction appears in the non-commutative structure of the Cartan
subalgebra U, () C U,(§), the study of screening currents and of deformed screening
operators. In particular this article proves a conjecture that Nakajima made for the simply
laced case (remark 3.10 in [N3]) : there exists a purely combinatorial proof of the existence
of g, t-characters.

As an application we construct a deformed algebra structure, an involution of the Gro-
thendieck ring, and analogues of Kazhdan-Lusztig polynomials in the general case in the
same spirit as Nakajima did for the simply laced case.

This article is organized as follows : after some backgrounds in section 2, we define
a deformed non-commutative algebra structure on ), = Z[YjE t*)icr.acc+ (section 3) : it

i,a7
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~

is naturally deduced from the relations of U,(h) C U,(g) (theorem 3.11) by using the
quantization in the direction of the central element c. In particular in the simply laced

case it can be used to construct the deformed multiplication of Nakajima [N3] (proposition
3.16) and of Varagnolo-Vasserot [VV3] (section 3.5.3).

This picture allows us to introduce the deformed screening operators of [Hel| as commu-
tators of Frenkel-Reshetikhin’s screening currents of [FR2| (section 4). In [Hel| we gave
explicitly the kernel of each deformed screening operator (theorem 4.10).

In analogy to the classical case where Im(x,) = [)Ker(S;), we have to describe the

il

intersection of the kernels of deformed screening operators. We introduce a completion
of this intersection (section 5.2) and give its structure in proposition 5.17. It is easy to
see that it is not too big (lemma 5.7); but the point is to prove that it contains enough
elements : it is the main result of our construction in theorem 5.11 which is crucial for us.
It is proved by induction on the rank n of g.

We define a t-deformed algorithm (section 5.7.1) analog to the Frenkel -Mukhin’s algo-
rithm [FM1] to construct g,t-characters in the completion of };. An algorithm was also
used by Nakajima in the simply laced case in order to compute the ¢,t-characters for
some examples (|[N2]) assuming they exist (which was geometrically proved). Our aim is
different : we do not know a priori the existence in the general case. That is why we have
to show that the algorithm is well defined, never fails (lemma 5.22) and gives a convenient
element (lemma 5.23).

This construction gives ¢, t-characters for fundamental representations; we deduce from
them the injective morphism of g, t-characters x,+ (definition 6.1). We study the properties
of X4+ (theorem 6.2). Some of them are generalization of the axioms that Nakajima defined
in the simply laced case (|[N3]); in particular we have constructed the morphism of [N3].

We have some applications : the morphism gives a deformation of the Grothendieck ring
because the image of y,; is a subalgebra for the deformed multiplication (section 6.2).
Moreover we define an antimultiplicative involution of the deformed Grothendieck ring
(section 6.3); the construction of this involution is motivated by the new point view
adopted in this paper : it is just replacing ¢ by —c in U,(g). In particular we define
constructively analogues of Kazhdan-Lusztig polynomials and a canonical basis (theorem
6.9) motivated by the introduction of [N3|. We compute explicitly the polynomials for
some examples.

In section 7 we raise some questions : we conjecture® that the coefficients of ¢, t-characters
of fundamental representations are in N[t¥] C Z[t¥]. In the ADFE-case it a result of
Nakajima; we give an alternative elementary proof for the A-cases in section 7.1. The
cases Gy, By, Cy are also checked in the appendix. The cases Fy, B,,C, (n < 10) have
been checked on a computer.

We also conjecture that the generalized analogues to Kazhdan-Lusztig polynomials
give at ¢t = 1 the multiplicity of simple modules in standard modules. We propose some
generalizations and further applications which will be studied elsewhere.

3This conjecture is proved later in [He5].



42 PARTIE 2

In the appendix we give explicit computations of ¢, t-characters for Lie algebras of rank
2. They are used in the proof of theorem 5.11.

2 Background

2.1 Cartan matrix

A generalized Cartan matrix of rank n is a matrix C' = (C; ;)1<; j<n such that C; ; € Z
and (i # j) :
OZ'7Z':2,CLJ'SO,CZ"j:O@Cj,i:O

Let I ={1,...,n}. We say that C' is symmetrizable if there is a matrix D = diag(ry, ..., 7,)
(r; € N*) such that B = DC' is symmetric.

Let ¢ € C* be the parameter of quantization. In the following we suppose it is not a
root of unity. z is an indeterminate. If C' is symmetrizable, let ¢; = ¢", z; = 2" and
C(z) = (C(2)i)1<ij<n the matrix with coefficients in Z[2*] such that (i # j) :

C(2)ij = [Cijl: » C(2)ig = [Cigles = 2 + 2

where for [ € Z we use the notation [l], = Zl__;:f. In particular, the coefficients of C(z)
are symmetric Laurent polynomials (invariant under z — 27!). We define the diagonal

matrix D; ;(z) = 6; ;[r:]. and the matrix B(z) = D(2)C(z).

In the following we suppose that C'is of finite type, in particular det(C) # 0. In this case
C' is symmetrizable ; if C' is indecomposable there is a unique choice of r; € N* such that
1 A ...\, =1. We have B, ;(z) = [B; ], and B(z) is symmetric. See [Bo| or [Kac]| for a
classification of those finite Cartan matrices.

C' is said to be simply-laced if r; = ... = r,, = 1. In this case C and C(z) = B(z) are
symmetric. In the classification those matrices are of type ADE.
Denote by & C Q(z) the subgroup Z-linearly spanned by the % such that P(z) €

Z[2*], Q(z) € Z|z], the zeros of Q(z) are roots of unity and Q(0) = 1. It is a subring
of Q(z), and for R(z) € ¢,m € Z we have R(z™) € 4 and R(q™) € C makes sense. It
follows from lemma 1.1 of [FM1] that C'(2) has inverse C(z) with coefficients of the form
R(z) € 4.

2.2 Finite quantum algebras

We refer to |R] for the definition of the finite quantum algebra U,(g) associated to
a finite Cartan matrix, the definition and properties of the type 1-representations of
U,(g), the Grothendieck ring Rep(U,(g)) and the injective ring morphism of characters

X : Rep(Uy(g)) — Zly;"].
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2.3 Quantum affine algebras

The quantum afﬁne algebra associated to a finite Cartan matrix C'is a C-algebra U, (g)
with generators 27, (i € [,m € Z), kf (i € I), hiyn (i € I, m € Z*) central elements Ci%
We refer to [FR3] for the relations and the definition of the ¢ U(g) (i el,melZ).
In particular we will use the relations :

1 " —c ™
i hjme] = O — M Bygg =
One has an embedding U, (g) C U,(g) and a Hopf algebra structure on ¢, (g) (see [FR3] for
example). The Cartan subalgebra U, (h) C U,(§) is the C-subalgebra of U, (§) generated
by the h; . c* (i € I,m € Z — {0}).

2.4 Finite dimensional representations of ¢/, (g)

A finite dimensional representation V' of U, (g) is called of type 1 if ¢ acts as Id and V'
is of type 1 as a representation of U,(g). Denote by Rep(, (@)) the Grothendieck ring of
finite dimensional representations of type 1. The operators {(/5Z tmy § € I,m € Z} commute
on a such V. So we have a pseudo-weight space decomp081t10n

v= & Vv

YECIXZ X CIXZ
where for v = (y",77), V; is a simultaneous generalized eigenspace :
V,={zeV/Ipe N\Vi e {1,....n}, VmEZ( %m). =0}
The 'yffm are called pseudo-eigen values of V.

Theorem 2.1. (Chari, Pressley [CP3, CPJ]) Every simple representation V in
Rep(U,(g)) is a highest weight representation, that is to say there is vy € V' (highest weight
vector) me € C (highest weight) such that :

V =U,(g).vo , c%.vo =g

VZEITTLGZZE U0:O7 ) fm,voz’}/i:t:mvo

r,m”

Moreover we have an I-uplet (P;(u));cr of (Drinfel’d-)polynomials such that P;(0) = 1
and : Pug ™)
_ E gt = q?eg(Pi) i\ugq; c Cllu®
mZeI:\;y ,+ Pz(UqZ) H ]]
and (P;);er parameterizes simple modules in Rep(Uy,(g))-

Theorem 2.2. (Frenkel, Reshetikhin [FRS3]) The eigenvalues v;(u)* € C[[u®]] of a
representation V' € Rep(U,(g)) have the form :

V(1) = geo(@)—dea(R Ry Qiug; ) Ri(ug,)
Z ' Qi(ug;) Ri(ug; ")

where Q;(u), R;(u) € Clu] and @Q;(0) = R;(0) = 1.
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Note that the polynomials @);, R; are uniquely defined by 7. Denote by Q.;, R,; the
polynomials associated to 7.

2.5 qg-characters
Let ) be the commutative ring Y = Z[Y;=]ics acc--

,a

Definition 2.3. For V € Rep(U,(g)) a representation, the g-character x,(V) of V is :
. )\’y,i,a_ v,%,a
Xo(V) =D dim(Vy) [ Yigrt ey
v

i€l,acC*

where for v € C*%2 x CI*2 i € I, a € C* the Ay, fbyia € Z are defined by :

Qra(z) = [ (1 —za)ie , Ryi(z) = [ (1 — za)vee
aceC* acC*
Theorem 2.4. (Frenkel, Reshetikhin [FR3/) The map x, : Rep(U,(8)) — Y is an

injective ring homomorphism and the following diagram is commutative :

Rep(Uy(9)) — Z[Yi,j;]z‘el,aec*

| res 1 6
RepUy(g)) ——  ZlyJier

where 3 is the ring homomorphism such that 3(Y;.) = yi (i € I,a € C*).

For m € Y of the foom m =[] Y;Z’“(m) (uia(m) > 0), denote by V,,, € Rep(U,(g))

i€l,acC*

the simple module with Drinfel’d polynomials P;(u) = [] (1 — ua)%=™. In particular
acC*
forv e I,a e C let Vi, = Vy,, and X;, = Xq(Via). The simple modules V;, are called

fundamental representations.
Let M,, = & Viiui’“(m). It is called a standard module and his g-character is
1€l,aeC*
I X

1€l,aeC*

Corollary 2.5. (Frenkel, Reshetikhin [FR3]) The ring Rep(U,(g)) is commutative and
isomorphic to Z|X; alicr acc-

Proposition 2.6. (Frenkel, Mukhin [FMI1]) For i € I,a € C*, we have X;, €
ZIYE lierizo-

Jraq
In particular for a € C* we have an injective ring homomorphism :
XZ : Rep, = Z[Xi,aql]iELlEZ — Vo= Z[YiiqZ]ieI,leZ

For a,b € C* let oy, : Rep, — Rep, and By, : Vo, — I be the canonical ring homomor-
phism. As a consequence of theorem 4.2 (or see [FR3, FM1]), we have 3,0 x§ = xZ 0 (.
In particular it suffices to study Xé- In the following denote Rep = Rep,, X;; = X, 4,
Y= andxqzxé:RepHy.
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3 Twisted polynomial algebras related to quantum af-
fine algebras

The aim of this section is to define the t-deformed algebra ); and to describe its
structure (theorem 3.11). We define the Heisenberg algebra H, the subalgebra ), C H[[h]]
and eventually ) as a quotient of ).

3.1 Heisenberg algebras related to quantum affine algebras

Definition 3.1. H is the C-algebra defined by generators a;im] (i € I,m € Z — {0}),
central elements ¢, (r > 0) and relations (1,5 € I,m,r € Z —{0}) :

[a;[m], a;[r]] = Opm,—r (™ — ¢ ™) Bij(q™)Cm|

This definition is motivated by the structure of U,(g) : in H the ¢, are algebraically

~

independent, but we have a surjective homomorphism from H to U,(h) such that a;[m| —

[

(¢ —q "him and ¢, —

For j € I, m € Z we set y;[m] = 3.C;.;(¢™)a;[m] € H.
iel

Lemma 3.2. We have the Lie brackets in H (i,j € I,m,r € Z) :

mr; —Tr;m

[aslm], ys[r]] = (¢ = ¢~"")0m,—+0i 5C\m)

[wilm], y;[r]] = 0m,—Cla(d™ ) (@™ — ¢ )iy
Let m, and 7_ be the C-algebra endomorphisms of H such that (: € I, m >0, r <0) :
T (a;lm]) = ai[m] , 7 (a;[r]) =0, 7 () =0

m_(a;[m]) =0, 7_(a;[r]) = a;[r] , 7—(¢m) =0

They are well-defined because the relations are preserved. We set H* = Im(7,) C H and
H~ = Im(r_) C H. Note that HT (resp. H~) is the subalgebra of H generated by the
a;m], i € I,m > 0 (resp. m < 0). So H* and H~ are commutative algebras, and :

H" = H™ > Clai[mllierm>o
A product of the a;[m], ¢, is called a H-monomial.

Lemma 3.3. There is a unique C-linear endomorphism :: of H such that for all m H-
monomials : m := 7 (m)m_(m).

In particular there is a triangular decomposition H ~ H* ® Clc,],~0 ® H™.

Proof :  The H-monomials span the C-vector space H, so the map is unique. But there
are non trivial linear combinations between them because of the relations of H : it suffices
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to show that for m, ms H-monomials the definition of :: is compatible with the relations
(t,jel, l,keZ—{0}) :

maa;[k)a;[llme — mya;[la;[klms = & —1(¢" — ¢7%) B j(¢")macpyma
We can conclude because H* and H~ are commutative and :

T (micpgmsa) = m—(macpms) =0

3.2 The deformed algebra ),
3.2.1 Construction of )/,

Consider the C-algebra H;, = H[[h]] and the application exp : h'H}; — Hy,. For | € Z,
v € I, introduce A, ;,Y;; € Hy, such that :

flu = exp(thai [m]qlm)exp(thai[—m]q_lm)

m>0 m>0
371',1 = eXp(thyi [m]qlm)eXP(thyz‘[—m]q_lm)
m>0 m>0

Note that flu and )72-,1 are invertible in Hj,. Recall the definition & C Q(z) of section 2.1.
For R € 4, introduce tgr € Hy, :

tp = exp(thmR(qm)cm)

m>0

Definition 3.4. ), is the Z-subalgebra of Hy generated by the }Zf,ﬁfl,tjg (iellce
Z,Redl).

In this section we give properties of ), and subalgebras of ), which will be useful in
section 3.3.

3.2.2 Relations in ),

Lemma 3.5. We have the following relations in Y, (i,j € [ I,k €Z) :

Ai,l?}ﬁfii_’ll?j;l = t(;i’j(zfri_zri)(_z(sz)_i_z(kfz)) (3)
YiVinY o Yool = tey eers—amm)(a-baten) (4)
Ai,lAj,kA;llfij_’; - tBi,j (z)(z*l—z)(—z(l—k)-i-z(k—l)) (5>

Proof :  For A, B € hH}, such that [A, B] € hC|e,|,~0, we have :
exp(A)exp(B) = exp(B)exp(A)exp([4, B])

So a straightforward computation and lemma 3.2 give the result. O
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3.2.3 Commutative subalgebras of H,

The C-algebra endomorphisms 7, ,7_ of H are naturally extended to C-algebra en-
domorphisms of Hj,. As )V, C Hj,, we have by restriction the Z-algebra morphisms
+ Yy — Hp. Introduce Y = 7(Y,) € HT[[h]]. In this section 3.2.3 we study Y.
In particular we will see in proposition 3.8 that the notation ) is consistent with section
2.5. For i € I,l € Z, denote :

YE = 7 (V) = exp(x S b7y {mlg™)

m>0
Afl = 7T+(f~1fl) = exp(i—thai[m]qlm)
m>0
Lemma 3.6. Fori € I,l € Z, we have :

1
Ai,l— il—r; zl+r H H ]l+1 ]l 1 H Ygl+2Y Y;z 2)

]/C] i=—1 ]/C] i=—2 ]/CJ i=—3

In particular Y is generated by the Yﬁ (el le).

The formula already appeared in [FR3|. We have the last point because ), is generated
by the Yzil, AjE ,tr. We need a technical lemma to describe ) :

Lemma 3.7. Let J = {1,...,r} and let A be the polynomial commutative algebra A =
C[Njmljesmso- For R = (Ry,...,R,) € U, consider :

AR = exp( Z h"R;(¢™)\jm) € A[[h]]

jeJm>0

Then the (Ar)reywr are C-linearly independent. In particular the
Aji=MNo,. 0:0,..0 (1 €J,1€Z) are C-algebraically independent.

Proof :  Suppose we have a linear combination (ug € C, only a finite number of ug # 0) :

The coeflicients of h” in Ap are of the form

Ry (q")" Ry ()2 Ry () NS AL AT

J1,l1 7 g2l2 T NGIN

where 1Ly + ...+ IyLy = L. Sofor N >0, ji,....,jvn € J, l1, ...,y >0, Ly, ... Ly > 0 we
have :

S urRi (@) Ry (q2)" Ry ()5 = 0
Resur

If we fix Lo, ..., Ly, we have for all L1 =1 >0 :
> o > urRL(%) Ry (¢™) =0

a1€C  Reyl"/Rj, (¢'1)=a1
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We get a Van der Monde system which is invertible, so for all a; € C :

> prRj,(¢%)"2 . Ry (¢™)™ =0
ReWr /Rj, (¢'1)=cn

By induction we get for »* < N and all aq,...,aw € C :

> prR;, . (g )t Ry (@)Y =0

ReW /R, (¢")=au,...,R; , (¢ ) =0,

And so for ' = N :

Z pr =10

REM’“/le(qll):al,...,RjN(qlN):aN
Let be S > 0 such that for all pug, ur # 0, j € J we have R; — R =0 or R; — R has at
most S — 1 roots. We set N = Sr and :

((j1,11); oy (s, 1s)) = ((1,1),(1,2), ..., (1,5),(2,1),...,(2,5),(3,1), ..., (r, S))
We get forall o, e C (j € J,1 <1 <8):
Z pr =10
Rer )¥je J1<I<S,R;(q") =0y,

It suffices to show that there is at most one term is this sum. But consider P, ) € i such
that for all 1 <1< S, P(¢") = P'(¢"). As ¢ is not a root of unity the ¢’ are different and
P — P’ has S roots, so is 0.

)

jeJlez
cular there is no trivial linear combination between those monomials. O

. . . (A .
For the last assertion, we can write a monomial [] Aj]l’l = As w2t Suyy2t- In parti-
lEZ leZ

It follows from lemma 3.6 and lemma 3.7 :

Proposition 3.8. TheY;; € Y are Z-algebraically independent and generate the Z-algebra
Y. In particular, Y is the commutative polynomial algebra Z[Yﬁ]ig,lez.

The AZ._J1 € Y are Z-algebraically independent. In particular the subalgebra of Y generated
by the A;ll is the commutative polynomial algebra Z[Azll]ieLleZ.

3.2.4 Generators of ),

The C-linear endomorphism :: of H is naturally extended to a C-linear endomorphism of
Hp. As Yy C Hp, we have by restriction a Z-linear morphism :: from Y, to Hj;. We say
that m € ), is a ),-monomial if it is a product of generators Afl, Yzil, tr. In the following,

for a product of non commuting terms, denote [[ Us = U Us...Us.
s=1..5

Lemma 3.9. The algebra ), is generated by the ?ﬁ,tR (el,leZ,Re).
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Proof : Let be 1 € I, 1 € Z. It follows from proposition 3.8 that 7r+(Ai7l) is of the form

m(Ai) = TI V7" and that : m :=: [[T]Y;;" :. So it suffices to show that for m a V-
iellez leziel

—

monomial, there is a unique R,, € i such that m =tg,, : m :. Let us write m =t [[ Us
s=1..5

where U € {Am Zl}zellez are generators. Then :

~ (ML =@ I =@

s=1..5 s=1..5

And we can conclude because it follows from the proof of lemma 3.5 that for 1 < s,s" < S,
there is 5 ¢ € U such that

T (Us)m-(Uy) = R, T (Us )4 (Us)

In particular it follows from this proof that : Y, :C ).

3.3 The deformed algebra ),

Denote by Z((z71)) the ring of series of the form P = Y  P,2" where Rp € Z and
r<R
the coefficients P, € Z. Recall the definition i of section 2.11.3 We have an embedding

U C Z((z71)) by expanding ﬁ in Z[[27']] for Q(z) € Z[z] such that Q(0) = 1. So we
can introduce maps :
U —7Z,P= ZszkHPT

k<Rp

Definition 3.10. We define Y, (resp. H;) as the algebra quotient of Y, (resp. Hy) by
relations :

tr =tr if mo(R) = mo(R)

We keep the notations ?ﬁ,flfl for their image in );. Denote by t the image of t; =

exp( Y h¥"¢,,) in Y, As 7 is additive, the image of tz in Y, is t™(®. In particular ), is
m>0

generated by the Y7, A% t+.

4,00 D
As the defining relations of H; involve only the ¢; and 74 (¢;) = 7_(¢;) = 0, the algebra
endomorphisms 7, 7_ of H, are well-defined. So we can define H;", H;,V;", ), in the
same way as in section 3.2.3 and :: a C-linear endomorphism of H; as in section 3.2.4. The
Z[tF]-subalgebra Y, C H; verifies : Vs :C V; (proof of lemma 3.9). We have J," ~ ). We
say that m € ), (resp. m € )) is a ),-monomial (resp. a }-monomial) if it is a product
of the generators Y% #* (resp. Y;3).

,m?

Theorem 3.11. The algebra Y, is defined by generators Yﬁ (i € I,l € Z), central ele-
ments t* and relations (i,j € I,k,l €Z) :

Y;’lY = t’Y(ivlvjvk)};}7kY~;7l
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where v : (I X Z)* — 7 is given by :

ZJ l?]? E 7T7“ 6l k,—rj—r 6l—k,r—rj + 5l—k,rj—r + 5l—k,rj+r)
r€Z

Proof :  As the image of tg in Y, is t™® we can deduce the relations from lemma 3.5.
For example we use formula 8 (p. 92) :

mo(Ca(2) (27 = 277) (=20 + 280)) = (i, 1, j, k)

It follows from lemma 3.6 that ), is generated by the V¥, t+.

IR
It follows from lemma 3.7 that the tp € ), (R € Y) are Z-linearly independent. So
the Z-algebra Z[tg|rey is defined by generators (tg)rey and relations tgyp = tgrtp for
R, R’ € 4. In particular the image of Z[tg]rey in V; is Z[tF].

Let A be the classes of V,-monomials modulo t4. So we have :
> Zttm =Y,
meA

We prove the sum is direct : suppose we have a linear combination
> Am(t)m = 0 where A, (t) € Z[t*]. We saw in proposition 3.8 that Y ~ Z[Y, ]Zeuez So

meA

Am(1) = 0and A (t) = (t=1)A% (¢) where A% () € Z[t£]. In particular 3> A (£)D (t)m =
mecA
0 and we get by induction \,,(t) € (t — 1)"Z[t*] for all » > 0. This is possible if and only

if all A (t) = 0. O

In the same way using the last assertion of proposition 3.8, we have :

Proposition 3.12. The sub Z[t*]-algebra of V; generated by the fl;ll is defined by gene-
rators A7} 1% (i € 1,1 € Z) and relations :

1,0
i-13 a(iljk) F—1 F—
A ATy = 10 IR AT A
where o : (I x Z)? — Z is given by :

Oé(?:, lu 7;7 k) - 2(_6l—k,2ri + 5l—k,—2n)

ali,l,j. k) =2 > (=01 —retr + O1trisr) (if i % )

r=C; j+1,Ci j+3,...,—Ci j—1
Moreover we have the following relations in ), :
Azlffjk PuLik)y kAzl
where 3 : (I x Z)* — 7Z is given by :

6(% l>j7 k) = 25i,j(_5l—k’,n‘ + 51—’67—7”1')
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3.4 Notations and technical complements

In this section we study some technical properties of the }J-monomials and the Y-
monomials which will be used in the following. Denote by A the set of J-monomials. It
is a Z-basis of Y (proposition 3.8). Let us define an analog Z[t*]-basis of ) : denote A’
the set of V;-monomials of the form m =: m :. It follows from theorem 3.11 that :

Vi = Pztt)m

meA’

The map 7 : A" — A defined by 7(m) = 7w, (m) is a bijection. In the following we identify
A and A’. In particular we have an embedding ) C ); and an isomorphism of Z[ti]—
modules Y ®z Z[t¥] ~ V;. We say that x; € ); has the same monomials as y, € Y if in

the decompositions x1 = > A\ (t)m, x2 = Y. pmm we have A, (t) =0 < p,, = 0.
meA mecA

Y“i,l (m)

For m a Y-monomial we set u;;(m) € Z such that m = [ Y, and u;(m) =

icllez,
> ui(m). For m a Yi-monomial, we set u;;(m) = u; (74 (m)) and u;(m) = (7w (m)).
I€Z

Note that u,; is invariant by multiplication by ¢ and compatible with the identification of

A and A’. Section 3.3 implies that for ¢ € I,] € Z and m a );-monomial we have :

Ayym = 2001y (M) +20 14 (m)m[l“

Denote by B; C A the set of i-dominant Y-monomials, that is to say m € B; if VI € Z,
u;(m) > 0. For J C I denote by By = () B; the set of J-dominant }-monomials. In
icJ

particular, B = By is the set of dominant )-monomials.

We recall that we can define a partial ordering on A by putting m < m’ if there is
a Y-monomial M which is a product of Afl (t € I,1 € Z) such that m = Mm/' (see
for example [Hel]). A maximal (resp. lowest, higher...) weight }-monomial is a maximal
(resp. minimal, higher...) element of A for this ordering. We deduce from 7, a partial
ordering on the );-monomials.

Following [FM1]|, a Y-monomial m is said to be right negative if the factors Y;,; appearing
in m, for which [ is maximal, have negative powers. A product of right negative )-
monomials is right negative. It follows from lemma 3.6 that the A; | are right negative. A
Yi-monomial is said to be right negative if 7 (m) is right negative.

Lemma 3.13. Let (i1, l1), ..., (ix,lx) be in (I x Z)X. For U > 0, the set of the m =

kz]i[“KA;:;:’lk(m) (Vi, 1, (m) > 0) such that ier%rezzui,k(m) > —U is finite.

Proof : Suppose it is not the case : let be (m,),>o such that .I}linzu@k(mp) > —U but
- el ke

> Ui (my) — 400. So there is at least one k such that

k=1..K p=ee

Vi1, (M) — +00. Denote by R the set of such k. Among those & € R, such that
p—00

l;; is maximal suppose that r;, is maximal (recall the definition of r; in section 2.1). In
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particular, we have w;, j, 4r, (M) = —vj1,(m,) + f(p) where f(p) depends only of the
Vi (M), k' & M. In particular, f(p) is bounded and w; g4, (M) — —o00. O
p—0o0

Lemma 3.14. For M € B, K > 0 the following set is finite :

{MA; A JR>0,0, ..l > K} N B

11,01

Proof :  Let us write M =Y, ;,...Y;

inln such that [} = HiianT’ lr = max [, and consider
r=1...

r=1...R
m in the set. It is of the form m = MM’ where M' = ][] A;lvi’l (v;y > 0). Let L =
i€li>K
max{l € Z/3i € I,u;;(M') < 0}. M’ is right negative so for all i € I, [ > L = v;; = 0.
But m is dominant, so L < lp. In particular M’ = I A ;7' Tt suffices to prove
i€l K<I<lp
that the v;;(m,) are bounded under the condition m dominant. This follows from lemma
3.13. ]

3.5 Presentations of deformed algebras

Our construction of )y using H, (section 3.3) is a “concrete” presentation of the defor-
med structure. Let us look at another approach : in this section we define two bicharacters
N, N, related to basis of V,. All the information of the multiplication of ), is contained is
those bicharacters because we can construct a deformed * multiplication on the “abstract”
Z[t*]-module Y @z Z[t*] by putting for my, my € A Y-monomials (for example with N) :

_ t/\f(ml,mz)—./\/(mz,ml)

my * Moy meo * M

Those presentations appeared earlier in other papers [N3, VV3]| for the simply laced case.
In particular this section identifies our approach with those articles and gives an algebraic
motivation of the deformed structures of [N3, VV3| related to the structure of U,(g).

3.5.1 The bicharacters N’ and N,

It follows from the proof of lemma 3.9 that for m a Y;-monomial, there is N(m) € Z
such that m =tV : m .. For my, ms Y,-monomials we define

N(myi,ms) = N(mymsy) — N(my) — N(my)

We have N(Y;;) = N(A;;) = 0. Note that for a, § € Z we have N(t*m) = a+ N(m) and
N (t¥my, t°my) = N (mq, ms). In particular the map N : A x A — Z is well-defined and
independent of the choice of a representant in 7 '(A).

Lemma 3.15. The map N : AxA — Z is a bicharacter, that is to say for my, ma, ms € A,
we have :
N(mimag,m3) = N (mq,ms3) + N (ma, m3)

N (my,mamg) = N(mq,ma) + N (mq, m3)
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Moreover for my, ..., my Yi,-monomials, we have :

N(mimg..my) = N(mq) + N(mg) + ... + N(my) + Z N (mq,m;)

1<i<j<k

Proof : It is a consequence of the relations (m;, ms Y,-monomials) :
7 () (ma) = VO (o) (m)

0

For m a Yj-monomial and [ € Z, denote m;(m) = H?}Zj’l(m). It is well defined because for
jer

i,j € I and | € Z we have }7@71%,1 = ffj’lffi,l (theorem 3.11). For m a )-monomial denote

n = [[m(m), and A; the set of Y;-monomials of the form m. From theorem 3.11 there is
IeZ

a unique Ny(m) € Z such that m = "™ and :
= @ Z[tFm
meAs

We define NV; : A x A — Z as N and we have analogues result of lemma 3.15 for NV,
because (my, mo YV;-monomials) :

Ni(mi,me) = (N (m(ma), my(ms)) — N (m(ms), m(m)))

>

3.5.2 Presentation related to the basis A; and identification with [N3]

We suppose we are in the AD F-case.
Let my =[] Y'A" wme = ] ””Azl € Vi Weset m{ = [ Y}':and

iEI,lGZ i€l leZ i€l,leZ

Yy o__. Vil
my = [[ Y=
i€elleZ

Proposition 3.16. We have Ny(mq,ma) = Ny(mi,m3) + 2d(my, ms), where :

d(my, ms) E U l+1u7,l + Y z+1UZz = E U; l+1U” + v; z+1yzz
iclleZ icl,leZ

— / _ / / / !
where w;; =Yg — Vig—1 — Vi1 + 2 vj; and Ui =Yip — Uiy 1 — Vigyq T > Vi

3/Cij=—1 j/Cij==1

Proof :
First note that we have (i € I,l € Z) :

-/vt(Y;,l’Az'_,ll—l):M( zl+17 ) M(Azl+1’ Zl) 2
N(Yzl}rp z_l 1) /\/t( zl+1’ z_ll 1):_2
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We have N;(myi,ms) = A+ B+ C + D where :
A = Niy(m{, m3)
B= >y N(Yiy, A]_é) =2 > Yivi;

ijellkel iellez
_ / -1 _ /
C= X Ui,lyj,k-/\/t(Ai,z Yik) =2 ) Vi i+1Y;
ijelLken el €z
_ ! -1 —1
D= > Ui,lvj,kM(Ai,l 7Aj,k>
ijeLLKEL
/ !/
==2 > (ViU Fogvip) £2 0 30 vgavyy
i€l lEZ Cj,iz—l,lEZ
And we have the annonced formula for B + C' + D. O

The bicharacter d was introduced for the ADFE-case by Nakajima in [N3] motivated by
geometry. It particular this proposition 3.16 gives a new motivation for this deformed
structure.

3.5.3 Presentation related to the basis A and identification with [VV3]

Lemma 3.17. For my,ms € A, we have :

N (mi,ma) = Z Uz‘,l(ml)uj,k(mz)((éj,z'(z))rﬁl—k - (éj,i(z)>—rj+l—k>

i,jelLke,

PTOOf N Indeed we haVe }/;J}/;vk - téj’l(z)zk,[(zf’!‘] —ZTJ) : }/;J}/;vk .. |:|

In sly-case we have C(z) = z+ 27" and C(2) = 2 = > (-1)"z7"1. So V}¥), = ¢ :
r>0

Y}Y,. : where :
s=0ifl—k=14+2r,reZ
s=0ifl—k=2r,r>0
s=2(-1)*ifl—k=2r,r<0
s=—1ifl=k

It is analogous to the multiplication introduced for the AD E-case by
Varagnolo-Vasserot (see the notations in [VV3]) :

2e,1 —2¢

)/i,l}/j,m — ¢ Al e 2Mwj 2w, )/j,m)/i,l s Eap = WO((Z_IQ_I(S\)LLL))

But we have €1, m,, = (Cij(2)i41-m and if we set = 7o((2271(A\)|i)) then we have

6/1 = (Cz',j(z>)l—1—m and

Z'wi,zMwj

/ p—
C2lw;,zmw; Ezlwi,zmwj - N(Y;J, Y"j7m)



ALGEBRAIC APPROACH TO @Q,T-CHARACTERS 55

4 Deformed screening operators

Motivated by the screening currents of [FR2| we give in this section a “concrete”
approach to deformations of screening operators. In particular the t-analogues of screening
operators defined in [Hel| will appear as commutators in H;. Let us begin with some
background about classical screening operators.

4.1 Reminder : classical screening operators ([FR3, FM1])
4.1.1 Classical screening operators and symmetry property of ¢g-characters

Definition 4.1. The i""-screening operator is the Z-linear map defined by :

PY.Si,
Si Y= Vi= =
YV (Siitar; — Aiggr,-Sit)

IEZ

Vm € A, S;(m) = Zui,z(m)si,l

IEZ

Note that the i*-screening operator can also be defined as the derivation such that S;(1) =
0 and SZ()/]J) = (51'73'}/@'7[.5@'7[ (] el le Z)

Theorem 4.2. (Frenkel, Reshetikhin, Mukhin [FR3, FM1]) The image of x4 :
ZXiilierjez — Y is

Im(xq) = [ \Ker(S;)

iel

It is analogous to the classical symmetry property of x : Im(y) = Z[yli]lvgf

4.1.2 Structure of the kernel of S,
Let R; = Ker(S;). It is a Z-subalgebra of ).

Theorem 4.3. (Frenkel, Reshetikhin, Mukhin [FR3/,[FM1]) The Z-subalgebra R; of
Y is generated by the Y;,(1+ A; L, ), Y (1 #i,1€Z).

For m € By, let Ej(m) = m[[(1+ A; ., H)u™ € &,
IeZ

Corollary 4.4. The Z-module R; is freely generated by the E;(m) (m € B;).
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4.1.3 Examples in the sl>-case

We suppose in this section that g = sly. For m € B, let L(m) = x4(V,,) be the

g-character of the Uq(sz2)—irreducible representation of highest weight m. In particular
L(m) € KRand R= @ ZL(m).
meB

In [FR3| an explicit formula for L(m) is given : a ¢ C Z is called a 2-segment if o is
of the form o = {l,1+ 2,...,1 4+ 2k}. Two 2-segment are said to be in special position if
their union is a 2-segment that properly contains each of them. All finite subset of Z with
multiplicity (I, u;)iez (u; > 0) can be broken in a unique way into a union of 2-segments
which are not in pairwise special position.

For m € B we decompose m = [[[[Y, € B where the (0;); is the decomposition of

j leoj
the (I, u;(m));ez. We have L(m) = [[L(]]Y:). So it suffices to give the formula for a
7 leoj
2-segment :

L(Y)Yi4oYiga..Yigor) = ViYieoYiga Yipor + V1Yo Yipou— 1)Yl;2(k+1)

VY10, Yo 2)Yl+2le+2(k+1) + ot Yl 1Yl—ié Yl+§(k+1)

We say that m is irregular if there are j; # jo such that :
0j, Coj, and 05, +2 C 0,

Lemma 4.5. (Frenkel, Reshetikhin [FRS3/) There is a dominant Y-monomial other
than m in L(m) if and only if m is irreqular.

4.1.4 Complements : another basis of {;

Let us go back to the general case. Let Vg, = Z[Yli]lez the ring ) for the sly-
case. Let i be in I and for 0 < k < r; — 1, let wy : A — Vg, be the map defined by

wr(m) = ZHZYlui’kH”(m) and vy, : Z[(Y;_1Yi41) ez — Y be the ring homomorphism such
S

that Vk((}/l_lifl_i_l)_l) AT !

ikt For m € B, wi(m) is dominant in )y, and so we can
define L(wi(m)) (see section 4.1.3). We have L(wy(m))wi(m)~! € Z[(Yi_1Yi41) Yiez. We

introduce :
=m H Ve (L(wi(m))wp(m)™!) € K

0<k<r;—1

In analogy with the corollary 4.4 we have &; = @ ZL;(m) ~ Z(5).
meDB;

4.2 Screening currents

Following [FR2], for ¢ € 1,1 € Z, introduce 5“ € Hy :

Zl — exp th i exp th a'z —lm)

m>0 q;" meo 4T ql
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Lemma 4.6. We have the following relations in Hy, :
Ai,lgi,l—ri = t—z*Q’"i—l‘gi,l—i—ri
SipAjk = tCm-(z)(z(k—l)+z(l—k))121j,kgi,l

SiaYjk = s, (2000 420-1)Yj kS0

The proof is a straightforward computation as for lemma 3.5.

4.3 Deformed bimodules

In this section we define and study a t-analogue Y ; of the module Y.

For i € I, let Vi, be the sub Y,-left-module of H,, generated by the g@,l (Il € 7). Tt follows
from lemma 4.6 that (S;;) <1<, generate };, and that it is also a subbimodule of Hj.
Denote by S;; € H; the image of S;; € Hj, in H,.

Definition 4.7. ), is the sub left-module of H; generated by the S’M (l€Z).

In particular it is the image of V;,, in H;. It follows from lemma 4.6 that for | € Z, we
have in Y, :
Ai1Sitr, =t Siter,

So YV, is generated by the (gi’l)_ri§l<ri. It follows from lemma 4.6 that for m a Y-
monomial 3 3
S“.m = tQ“ivl(m)m.Si,l

and so ) a sub Y;-bimodule of H;.

Proposition 4.8. The Y;-left-module Y, is freely generated by (SZ-J)_”SK”.
Proof : We saw that (gz',l)—nSKn generate );;. We prove they are Y;-linearly inde-
pendent : for (Ry, ..., R,) € U", introduce :

It follows from lemma 3.7 that the (Yr)geyn are Z-linearly independent. Note that we have

7+ (Vit) C @ ZYR and that Y = @ ZYg. Suppose we have a linear combination
Resun Rez[zi}n

A € Vi) AepiSiery + oo + Apim1Sis—1 = 0. Introduce pyr € Z such that m(\x) =

Y. MrrYR and
ReZ[zE]n

Rix = (R} (2), ..., R7(2)) € 4" such that 74 (Sik) = Yg,,- If we apply 7 to the linear
combination, we get :

> e, RYRYR, , =0

ReZ[zF]",—r;<k<r;—1
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and we have for all R’ € i :

Z Pk, R Ry, = 0

—TiSkSTi—l/R'—Ri’kEZ[zi}"

Suppose we have —r; < ky # ky < r; — 1 such that R — R;;,, R — Rix, € Z[z*]". So
Ri, — Riy, € Z|zE]". But a;[m] = >.C;i(¢™)yj[m], so for j € I :

jel
2F — ok _(pi j +
C’M(z)m = (R, (2) — B, (2)) € Z[z7]

. . _ Ti 42 Ti) (k1 — gk ...
In particular for j =i we have C;;(z) jril_;ffi = G +eri_)z(fr1i 22) ¢ Z[z*]. This is impos-

sible because |k; — k| < 2r;. So we have only one term in the sum and all g = 0. So
7 (Ar) = 0, and Ay € (t — 1));. We have by induction for all m > 0, A\, € (t — 1)"Y;. It
is possible if and only if Ay = 0. O

Denote by Y; the Y-bimodule 7, (Y ;). It is consistent with section 4.1.

4.4 t-analogues of screening operators

We introduced t-analogues of screening operators in [Hel]. The picture of the last
section enables us to define them from a new point of view. For m a );-monomial, we
have :

[Si,l, m] = SZ-Jm — mgu = (tQ“i»l(m) — 1)m§i,l = it(m) (t— t_l)[uu(m)]tmgi’l

So for A € ), we have [S’i,l, Al € (1 — 1)V, and [S’i,l, Al # 0 only for a finite number of
l € Z. So we can define :

Definition 4.9. The i*" t-screening operator is the map Sit : Ve — Viy such that (A €

yt) ;
1

T2

Si,t()\> Z[gi,la Al € Vit

IEZ

In particular, S;; is Z[t*]-linear and a derivation. It is the map of [Hel]. For m a Y-
monomial, we have :

7 (S1a(m)) = 7 (£ g ()]s (i) = iy (m) s (mS)

and so mp 0 S;y = S; omy.

4.5 Kernel of deformed screening operators
4.5.1 Structure of the kernel

We proved in [Hel] a t-analogue of theorem 4.3 :
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Theorem 4.10. ([Hel]) The kernel of the it tscreemng operator S;; is the Z[t*]-
subalgebra of Y, generated by the Y (1 + tA; l+n)’ T #LIEL).

Proof :  For the first inclusion we compute :
Sia(Yia(L+ AL ) = YauSiu + tYi Ak, (—t72) S p40r, = 0

For the other inclusion we refer to [Hel]. O

Let &;; = Ker(S,;). It is a Z[t*]-subalgebra of ). In particular we have 7, (&;;) = &;
(consequence of theorem 4.3 and 4.10).

For m € B; introduce : (recall that [[U; means ...U_1UyUyUs...) :

Iz
Eiy(m) = H((?z (1+ tAZ s ui,z(m)H%iLlj,z(m))
lez i

It is well defined because it follows from theorem 3.11 that for j # i,l € Z, (?;,l(l +

tA; ir,)) and Y;, commute. For m € B;, the formula shows that the ),-monomials of

Ez,t(m) are the Y-monomials of E;(m) (with identification by 7). Such elements were
used in [N3] for the ADE case. The theorem 4.10 allows us to describe & :

Corollary 4.11. For all m € B;, we have E;(m) € R;;. Moreover :

ﬁz‘,t = @Z[ti]Ei’t(m) ~ Z[ti](Bi)

meDB;

Proof : First E;;(m) € RK;; as product of elements of R;;. We show easily that the
E; 1(m) are Z[t*]-linearly independent by looking at a maximal );-monomial in a linear
combination.

Let us prove that the E; ;(m) are Z[t*]-generators of &;; : for a product x of the algebra-
generators of theorem 4.10, let us look at the highest weight };-monomial m. Then E; ;(m)
is this product up to the order in the multiplication. But for p =1 or p > 3, Y, Y, 14py, is
the unique dominant Y-monomial of E;(Y; ;) E;(Yiitpr), SO :

Y; l(l + tAz A+ )Y'i,l-l-p?“ ( + tAz JApritr; ) S t Y; +pri (1 + tAz JApri+r; )Y~; (1 + tAz A+ )
And for p=2:

Y;l(l + tAz J4r; )Y;H‘Q?”z(l + tAz 1437 ) - }’;;714-27“ (1 + tAz J1+3r; )}7 ( + tAz A4y )

€ Z[ti] + tZY/”( + tAz J+T; ) 3,l4+2r; ( + tAz J+3r; )
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4.5.2 Elements of £;; with a unique i-dominant );-monomial

Proposition 4.12. Form € B;, there is a unique F;(m) € K, such that m is the unique
i-dominant Yi-monomial of F;+(m). Moreover :

Ry = @ Fi,t(m)

meDB;

Proof : It follows from corollary 4.11 that an element of K;; has at least one i-dominant
Yy-monomial. In particular we have the uniqueness of F;;(m).

For the existence, let us look at the sly-case. Let m be in B. It follows from the lemma
3.14 that {MA;" A7} /R >0,l,...1g > (M)} N B is finite (where [(M) = min{l €
Z)3i € I,u; (M) # 0}). We define on this set a total ordering compatible with the partial
ordering : m;, = m > my_1; > ... > my. Let us prove by induction on [ the existence of
F,(my). The unique dominant };-monomial of E;(m;) is my so Fy(my) = Ey(m;). In general
let A1(t),..., \i_1(t) € Z[tE] be the coefficient of the dominant );-monomials my, ..., m;_;
in Ey(my). We put :
F,(my) = Ey(my) Z A (t) Fy(m,.)

r=1...1-1
Notice that this construction gives Fy(m) € mZ[A; !, t¥]cz.

For the general case, let i be in [ and m be in B;. Consider wy(m) as in section 4.1.4.
The study of the sly-case allows us to set x; = wip(m) 1 Fi(wi(m)) € Z[A; ', t*];. And

using the Z[t*]-algebra homomorphism vy ; : Z[fll_l, t*liez — Z[A; ll,t ]ZGUGZ defined by
Vk,t(A ) A_

ikairs We set (the terms of the product commute) :

F,i(m)=m H Vet(Xk) € Rip

0<k<r;—1
For the last assertion, we have E;;(m) = Z )\l( )F;+(my) where my,...,m are the
i-dominant );-monomials of E;;(m) with coefﬁments i (t), ..., \p(t) € Z[tF]. O

In the same way there is a unique F;(m) € RK; such that m is the unique i-dominant
Y-monomial of F;(m). Moreover F;(m) = 7 (F;+(m)).

4.5.3 Examples in the sl>-case

In this section we suppose that g = sl and we compute Fi(m) = Fj,(m) in some
examples with the help of section 4.1.3.

Lemma 4.13. Let 0 = {l,1+ 2, ...,1 + 2k} be a 2-segment and
= YYio..Yiior € B. Then Ft(ma) is equal to :

- 2 7-1 - k j—1 1 ~1
mU(l + tAl+2k+1 +i Al+(2k+1 Al+ 2k—1) T+t Al+(2k+1 Al+(2k 1) Al+1)
If 01,09 are 2-segments not in special position, we have :

Fi (mUI)Ft (Mg,) = ¢V Moy mog) =N (mo ’mgl)Ft (maz)Ft (Mg,
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If o1, ...,0r are 2-segments such that me,...m,, is reqular, we have :

Fi(mgy..myy) = Fi(mg,)...Fi(my},)

In particular if m € B verifies VI € Z,u;(m) < 1 then it is of the form m = m,,...m,,
where the o, are 2-segments such that max(o,)+2 < min(o,;1). So the lemma 4.13 gives
an explicit formula Fy(m) = F;(mg,)...Fi(mgyy).

Proof : First we need some relations in Yy : we know that for [ € Z we have tS;,_; =
A 1Sl+1 = ¢{? Sl+1A , S0t~ 151 1 = Sl+1A . So we get by induction that for » > 0
t" S e = St A TA. Az 127« - As

Uz‘,l+1(Al Al_—2"'Al—12(r—1)) = Uz,l+1(z‘~1f )= —1, we get :
t_rgl+1—2r = t_QAl_llel__lQ Al_ 2(r— 1)Sl+l

For v’ > 0, by multiplying on the left by A7} Al_—i-2(r’ 1y Az_+12 and puting v’ = 1+ R',r =

1+2r!

R—RI=L—-1-2R wegetfor0< R <R:
tR,AL—HAZil"‘AZ—li-l—2R’gL—2R - tR_2AZ}r1AZi1"‘Aii1—2R§L—2R’

Now let be m = }70}72?2 and x € ), given by the formula in the lemma. The last remark
enables us to compute Si(x) = 0. So x € K. But we see on the formula that m is the
unique dominant monomial of x. So x = F(m).

For the second point, we have two cases :

if my,m,, is regular, it follows from lemma 4.5 that L(m,,)L(m,,) has no dominant
monomial other than m, m,,. But our formula shows that F;(m,,) (resp. F;(m,,)) has
the same monomials than L(m,,) (resp. L(m,,)). So

Fi(mg, ) Fy (maz) — tNlme ’mgQ)_N(mgmmal)Ft (Mg, ) Fy (mal)

has no dominant );-monomial.

it m,,m,, is irregular, we have for example o;, C 0}, and o;, +2 C 0j,. Let us write
04, = {ll, l1+2, ooy ;pl} and Oj, = {lg, l2+2, ooy ,pg}. So we have 12 < ll and D1 < p2—2 Let
m = myms be a dominant Y-monomial of L(m,,m,,) = L(m,,)L(m,,) where m; (resp.
my) is a Y-monomial of L(my, ) (resp. L(m,,)). If my is not my,, we have Y, * in my which

can not be canceled by my. So m = mym,,. Let us write m; = mglAIDlJrl Ap1+1 o D0 We

just have to prove [Ap L Ap11+1 ors May] = 0. This follows from (I € Z) : A7, 1Yy, =

Y, 1Yl+1A . For the last assertion it suffices to show that Fi(m,,)...Fi(m,, ) has a unique
dominant Y,-monomial than m,,...m,,. But Fi(m,,)...Fi(m,,) has the same monomials
than L(my,)...L(my,) = L(my,...my,) and m,,...m,, is regular. O

4.5.4 Technical complements

Let us go back to the general case. We give some technical results which will be used
in the following to compute F;;(m) in some cases (see proposition 5.15 and the appendix).
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Lemma 4.14. Let i be in I, | € Z, M € A such that u; (M) = 1 and u;j4o,, = 0. Then
we have N (M, AZ_HT ) = —1. In particular (MAZ_HT ) =tMA}

B0+
Proof :  'We can suppose M =: M : and we compute in ), :

MAZ_I-'FT =tR: MAzll-i-r :

where R(z) = — (22" — 272%) + S uy (M) 24777 (27 — 2774). So

rez

N(M, A7 ll-l—r Zuz r 2T g = =i (M) + e, (M) = —1

O

Lemma 4.15. Let m be in B; such that Yl,r € Z,u;;(m ) < 1 and the set {k €
L/ rrokr,(m) = 1} is a 1-segment. Then we have F;(m) = 7' (Fi(m)).

Proof :  Let us look at the sly-case : m = mymy = m,, m,, Where o1, 0y are 2-segment. So
the lemma 4.13 gives an explicit formula for Fi(m) and it follows from lemma 4.14 that
Fy(m) = 7~ (F(m)).

We go back to the general case : let us write m = m’'my...mg,, where m’ =[] Y;lj‘l(m)
JAIET

Uj r+21r,b
and m, = HYZ ol . We have m, of the form

Y;zTY;zTHn Y;,lr-‘rQniri and :
F,i(m) = ¢ Nmimame) ! B i(ma). F i (may,)
The study of the sly-case gives F;;(m,) = 7 '(Fi(m,)). It follows from lemma 4.14 that :
N =R (my)). Y (Fi(my))

= (m'Fy(ma)...Fy(m,)) = 7 (Fy(m))

5 Intersection of kernels of deformed screening opera-
tors

Motivated by theorem 4.2 we study the structure of a completion of 8 = [ Ker(S; ;)
el
in order to construct x,. in section 6. Note that in the sly-case we have K = Ker(S),)

that was studied in section 4.
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5.1 Reminder : classical case ([FR3, FM1])

For J C I, denote the Z-subalgebra K; = (| K; C Y and & = &;.

icJ
Lemma 5.1. ([FR3, FM1]) A non zero element of R; has at least one J-dominant Y-
monomial.

Proof : It suffices to look at a maximal weight )-monomial m of y € K; : for i € J we
have m € B; because x € ;. O

Theorem 5.2. ([FRS3, FM1]) Fori € I there is a unique E(Y;o) € R such that Y; o is the
unique dominant Y-monomial in E(Y; ).

The uniqueness follows from lemma 5.1. For the existence we have E(Y; ) = x4(Va, (1))
(theorem 4.2).

Note that the existence of E(Y;() € R suffices to characterize y, : Rep — K. It is
the ring homomorphism such that x,(X;;) = s;(E(Y;0)) where s; : Y — Y is given by
s1(Yjk) = Ykt

For m € B, we defined M, and V,, in section 2. We set :

= [ s:(E(Yi0)"1"™ = (M) € &, L(m) = xq(Vin) € &

meB
We have :
R =PZE(m) = PZL(m) ~ 7"
meB meB
For m € B, we can also define a unique F'(m) € K such that m is the unique dominant
Y-monomial which appears in F'(m) (see for example the proof of proposition 4.12).

For J C I, let g; be the semi-simple Lie algebra of Cartan Matrix (C; ;); jes and Uy(g) s the
associated quantum affine algebra with coefficient (7;);c;. In analogy with the definition
of E;(m), L;(m) using the sly-case (section 4.1.4), we define for m € By : E;(m), L;(m),
F;(m) € K, using Uy(g),. We have :

meB meB meBy

As a direct consequence of proposition 2.6 we have :

Lemma 5.3. For m € B, we have E(m) € Z[Y; ]icri>1m) where [(m) = min{l € Z/3i €
I u;(m) # 0}

5.2 Completion of the deformed algebras

In this section we introduce completions of ), and of 8;; = Ry C Vi (J C I). We
icJ
have the following motivation : we have seen 74 (R,;) C R, (section 4). In order to prove

an analogue of the other inclusion (theorem 5.11) we have to introduce completions where
infinite sums are allowed.
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5.2.1 The completion V;° of ),

Let A, = [T Z[t£].m ~ Z[t*]*. We have @ Z[t*].m =Y, C A,. The algebra structure

meA meA
of Y, gives a structure of );-bimodule on A; but can not be naturally extended to A;. We
define a Z[t*]-submodule Y° with Y, C Y C Ay, for which it is the case :

Let YA be the Z[t*]-subalgebra of ), generated by the (fl;ll)ie riez- 1t follows from pro-

position 3.12 that Y = @ V7% where for K > 0 :
K>0

YAK = £ Z[tt).m c YA

m::/i._ll ,,,Afll :
1,01 KK

Note that for Ky, Ky > 0, yg‘l’Kly;“’KQ C yg“’Kl”ﬁ for the multiplication of ). So ytA is
a graded algebra if we set deg(z) = K for € Y/***. Denote by Y/ the completion of
A for this gradation. It is a sub-Z[t*]-module of A,.

Definition 5.4. V° is the sub V;-leftmodule of jit generated by yg“’“.

[oe)
In particular, we have : Y° = > M.yg‘l’“ C A
MeA

Lemma 5.5. There is a unique algebra structure on Y° compatible with the structure of

Ve C YP°.

Proof :  The structure is unique because the elements of )/ are infinite sums of elements
of Y. For M € A, we have y{‘*“.M C M.yg“m, so Y/ is a sub );-bimodule of A,;.
For M € A and )\ € y{*"” denote \M € y;‘m such that A.M = M.IM. We define the
Z[t*]-algebra structure on Y© by (M, M’ € A\, N € V) :

(MX)(M'N) = MM (XM

It is well defined because for My, My, M € A, X\ Xy € y;“ we have MiA = MyAy =
MMM = MyMNY. O

5.2.2 The completion ﬁ;’fg of R,

We define a completion of £;; analog to the completed algebra Y;°.

For M € A, we define a Z[t*]-linear endomorphism E}{ : M VoMYA such that
(m Y/-monomial) :
EN(Mm) =0if : Mm :¢ B;
EM(Mm) = E;y(Mm) if : Mm :€ B;

It is well-defined because if m € Y;/** and : Mm :€ B; we have E;,(Mm) € M @ YK

K'>K



ALGEBRAIC APPROACH TO @Q,T-CHARACTERS 65

Definition 5.6. We define 855 = > Im(E}M) C V.
MEA

For J C I, we set R, = [ &5 and & = Ry

icJ

Lemma 5.7. A non zero element of ﬁ?ﬁt has at least one J-dominant YV,-monomial. For
J C I, we have 85, N\ Yy = Ryy. Moreover RS, is a Z[t*]-subalgebra of Yi°.

Proof :  For the first point the proof is analog to the proof of lemma 5.1. Next it suffices
to prove the results for J = {i}. First for m € B; we have E;;(m) = EJ}(m) € R

and so &;; = @ Z[t*|FE;(m) C R3S N Y. Now let x be in &% such that x has only a
meB;
finite number of ),-monomials. In particular it has only a finite number of i-dominant

Yi-monomials my, ..., m, with coefficients \;(¢), ..., A.(¢). In particular it follows from the
first point that x = Ay (¢)Fi¢(my) + ... + A\(t) Fie(m,.) € Riy (see proposition 4.12 for the
definition of F;;(m)).

For the last assertion, consider My, My € A and mq, ms ytA—monomials such that : M{m; :
, - M2m2 € Bz Then Ei,t(Mlml)Ei,t(Mgmﬂ is in the the sub—algebra Rz‘,t C yt and in
Im(E}7H). O

In the same way for ¢t = 1 we define the Z-algebras Y*° and K5 C Y*°. The surjective
map 74 : V; — Y is naturally extended to a surjective map m : Y° — Y. For i € [,
we have 7, (R79) = &° and for J C I, 7 (RT;) C KF. The other inclusion is equivalent
to theorem 5.11.

5.2.3 Special submodules of );*
For m € A, K > 0 we construct a subset D,, x C m{Ai_l?ll...Ai_Kl’lK} stable by the
maps B}y such that \J Dim.x is countable : we say that m’ € D,, k if and only if there is
K>0
a finite sequence (mg = m,my,...,mr = m') of length R < K, such that forall 1 <r < R,
there is v’ < r, J C I such that m,» € B; and for ' < r” <r, m,~ is a Y-monomial of
E;(m,) and m»m," | € {A;l1 Jl € Z,j € J}. The definition means that “there is chain

of monomials of some E;(m”) from m to m”.

Lemma 5.8. The set D,, k is finite. In particular, the set D,, is countable. Moreover For
m,m’ € A such that m' € D,, we have D, C D,,. For M € A, the set BN D), is finite.

Proof :  Let us prove by induction on K > 0 that D,, x is finite : we have D,, o = {m}
and :
Dpki1 C U {Y-monomials of E;(m')}

JC[,m,EDmTKﬂB‘]

Consider (mg = m,my, ..., mgp = m') a sequence adapted to the definition of D,,. Let m”
be in D,y and (mr = m/,mpg41,....,mp = m”) a sequence adapted to the definition of
D,y So (mg,my, ...,mpg) is adapted to the definition of D,,, and m” € D,,.
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Let us look at m € B() Dy : we can see by induction on the length of a sequence (my =
M, my,...,mr = m) adapted to the definition of D,; that m is of the form m = MM’

where M' = ] A;"" (viy > 0). So the last assertion follows from lemma 3.14. O
ieli>l

Definition 5.9. D,, is the Z[t*]-submodule of Y&° whose elements are of the form
(A (£)m)mvep, -

For m € A introduce mg = m > my > my > ... the countable set D,,, with a total ordering
compatible with the partial ordering. For k& > 0 consider an element F, € D,,, . Note that
some infinite sums make sense in D,, : for k > 0, we have D,, C {mg, my41, ~} So my,

appears only in the Fy with &* <k and the infinite sum ) F} makes sense in D,,.
k>0

5.3 Crucial result for our construction

Definition 5.10. Forn > 1 denote P(n) the property “for all semi-simple Lie-algebras g
of rank rk(g) = n, for all m € B there is a unique Fy(m) € K° N D,, such that m is the
unique dominant Yy-monomial of Fy(m).”.

Our construction of ¢, t-characters is based on theorem 5.11.

Theorem 5.11. For all n > 1, the property P(n) is true.

Note that for n = 1, that is to say g = sl, the result follows from section 4. In general
the uniqueness follows from lemma 5.7 : if x1, x2 € K5 are solutions, then x; — x2 has no
dominant );-monomial, so x; = xo.

Remark : in the simply-laced case the existence is a consequence of the geometric theory
of quivers [N2], [N3], and in A, D,-cases of algebraic explicit constructions [N4|. In the
rest of this section 5 we give an algebraic proof of this theorem in the general case.

Let us outline the proof : first we give some preliminary technical results (section 5.4) in
which we construct t-analogues of the E(m). Next we prove P(n) by induction on n. Our
proof has 3 steps :

Step 1 (section 5.5) : we prove P(1) and P(2) using a more precise property ((n) such
that Q(n) = P(n). The property Q(n) has the following advantage : it can be verified by
computation in elementary cases n =1, 2.

Step 2 (section 5.6) : we give some consequences of P(n) which will be used in the proof
of P(r) (r > n) : we give the structure of K° (proposition 5.17) for rk(g) = n and the
structure of K%, where J C I, |J| = n and |I| > n (corollary 5.18).

Step 3 (section 5.7) : we prove P(n) (n > 3) assuming P(r), r < n are true. We give an
algorithm (section 5.7.1) to construct explicitly Fy(m). It is called t-algorithm and is a
t-analogue of Frenkel-Mukhin algorithm [FM1]| (a deformed algorithm was also used by
Nakajima in the ADFE-case [N2]). As we do not know a priori that the algorithm is well
defined the general case, we have to show that it never fails (lemma 5.22) and gives a
convenient element (lemma 5.23).
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5.4 Preliminary : Construction of the E;(m)

Lemma 5.12. We suppose that for i € I, there is Ft(f/ 0) € RN Df/io such that }7@0 s
the unique dominant Yi-monomial of Fy( i,O)- Then :

i) All Y,-monomials of Fy(Yi,), except the highest weight V,-monomial, are right ne-
gative.

i) All Y-monomials of Fy( Z0) are products on with 1 > 0.

iii) The only Yi-monomial of Fy(Y; o) which contains a Y]io (j € I) is the highest weight
monomial 17; 0-

w) The F,(Yip) (i € I) commute.

Note that (i),(ii) and (iii) appeared in [FM1]| for ¢ = 1.
Proof :
i) It suffices to prove that all };-monomials mg = }7@0, my, ... of Dy 7,0 €xcept }7@0 are

right negative. But m; is the monomial Y; OAZ L of E;(Y;) and it is right negative. We can
now prove the statement by induction : suppose that m, is a monomial of E;(m, ), where
m, is right negative. So m, is a product of m,, by some A;ll (I € Z). Those monomials
are right negative because a product of right negative monomial is right negative.

ii) Suppose that m € A is product of ?’kfl with [ > 0. It follows from lemma 5.3 that
all monomials of D,, are product of ffkil with [ > 0.

iii) All Y-monomials of Dy, = except Yo are in Dy, 0irl . But (Y}, YioA; ) > 1 and we

can conclude with the help of lemma 5.3.

iv) Let i # j be in I and look at F;(Yio)Fi(Yj0). Suppose we have a dominant Y-
monomial my = m;ms in E(YZ O)Ft(Y] o) different from the highest weight );,-monomial
Yonjo We have for example my # Y, o, so m; is right negative. Let [; be the maximal
[ such that a Yk,l appears in m;. We have wy;(m;) < 0 and [ > 0. As uy (mo) > 0
we have uy (m2) > 0 and my # Yjo. So my is right negative and there is £’ € I and
I > [ such that uy l/(m2) < 0. So ug p(my) > 0, contradiction. So the highest weight
Yi-monomial of F( zo)Ft(Y] o) is the unique dominant };-monomial. In the same way
the highest weight );-monomial of Ft( fl O)Ft(YZ 0) is the unique dominant );-monomial.
But we have Y; 0V} = Yj0Yio, 50 F(Yio)Fi(Yj0) — Fi(Y;0)Fi(Yio) € £° has no dominant
Y,-monomial, so is equal to 0. O

Denote, for [ € Z, by s; : Y° — Y;° the endomorphism of Z[t*]-algebra such that
$1(Yj k) = Y,k (it is well-defined because the defining relations of ), are invariant for
k +— k +1). If the hypothesis of the lemma 5.12 are verified, we can define for m € tZB :

= m( [TV ) T su(FeYio)) 0™ € 52

leZiel leZiel

because for i # j [s;(Fi(Yio)), 51(Fi(Yj0))] = 0 (lemma 5.12).
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5.5 Step 1 : Proof of P(1) and P(2)

The aim of this section is to prove P(1) and P(2). First we define a more precise
property Q(n) such that Q(n) = P(n).

Definition 5.13. Forn > 1 denote Q(n) the property “for all semi-simple Lie-algebras g
of rank rk(g) = n, for all i € I there is a unique Fy(Y;o) € R N Dy, = such that Y is the
unique dominant YVi;-monomial of Ft(f/zo) Moreover Ft(f/w) has the same monomials as

E(Y;0)”

The property Q(n) is more precise than P(n) because it implies that F}(Y;o) has only a
finite number of monomials.

Lemma 5.14. Forn > 1, the property Q(n) implies the property P(n).

Proof :  We suppose Q(n) is true. In particular the section 5.4 enables us to construct
Ey(m) € & for m € B. The defining formula of E;(m) shows that it has the same
monomials as E(m). So Ei;(m) € D,, and Ei(m) € K.

Let us prove P(n) : let m be in B. The uniqueness of F;(m) follows from lemma 5.7. Let
myp = m > mp_1 > ... > mq be the dominant monomials of D,, with a total ordering
compatible with the partial ordering (it follows from lemma 3.14 that D,, N B is finite).
Let us prove by induction on [ the existence of F;(m;). The unique dominant of D,,, is
my so Fy(my) = Ey(my) € Dml. In general let A\;(t),..., \_1(t) € Z[t*] be the coefficient
of the dominant );-monomials my, ...,m;_1 in E;(m;). We put :

Ft(ml) Et ml Z )\ Ft m,n

r=1...1—1

We see in the construction that F,(m) € D,, because for m’ € D,, we have E,(m') €
D,y C Dy, (lemma 5.8). O

We need the following general technical result :

Proposition 5.15. Let m be in B such that all monomial m’ of F(m) verifies : Vi €
I,m' € B, impliesVl € Z,u;;(m') <1 and for1 <r < 2r; the set {l € Z/u; ,+o1r,(m') = 1}
is a 1-segment. Then 7= (F(m)) € Y is in K and has a unique dominant monomial m.

Proof : Let us write F(m) = > pu(m')m’ (u(m’) € Z). Let i be in I and consider

m/eA
the decomposition of F(m) in & F(m) = > wu(m/)F;(m'). But u(m’) # 0 implies
m/€B;
the hypothesis of lemma 4.15 is verified for m’ € B;. So # ' (F;(m’)) = Fi,(m/). And
T (F(m)) = 3 p(m')Fu(m') € Ry O

m'€B;
For n =1 (section 4.5), n = 2 (appendix), we can give explicit formula for the E(Y;() =
F(Y;). In particular we see that the hypothesis of proposition 5.15 are verified, so :

Corollary 5.16. The properties Q(1), Q(2) and so P(1), P(2) are true.
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This allow us to start our induction in the proof of theorem 5.11. In section 7.1 we will
see other applications of proposition 5.15.

Note that the hypothesis of proposition 5.15 are not verified for fundamental monomials

m = Yo in general : for example for the Dj-case we have in F(Y5,) the monomial
YaYsd You Yid

5.6 Step 2 : consequences of the property P(n)

Let n > 1. We suppose in this section that P(n) is proved. We give some consequences
of P(n) which will be used in the proof of P(r) (r > n).

Let &>/ be the Z[t*]-submodule of £° generated by elements with a finite number of

dominant ),--monomials.

Proposition 5.17. We suppose rk(g) = n. We have :

8> = EPZtH)Fi(m) ~ Z[t+] P

meB

Moreover for M € A, we have :

f*NDy= EP Z*]F(m) = Z[tF]PP

meBND s

Proof : Let x be in ﬁfo’f and mq,...,m; € B the dominant )j;-monomials of y and
(1), ..., AL(t) € Z[t*] their coefficients. It follows from lemma 5.7 that

= > M) F(m).

l=1...L

Let us look at the second point : lemma 5.8 shows that m € BN Dy = F,(m) € Dy. In
particular the inclusion O is clear. For the other inclusion we prove as in the first point

that ° N Dy = 3 Z[t*]F,(m). We can conclude because it follows from lemma
meBND s
3.14 that Dj; N B is finite. O

We recall that some infinite sum make sense in Dy, (section 5.2.3).

Corollary 5.18. We suppose rk(g) > n and let J be a subset of I such that |J| = n.
For m € By, there is a unique Fj,(m) € KT, such that m is the unique J-dominant
Yi-monomial of Fi(m). Moreover Fj(m) € D,,.

For M € A, the elements of 83 N Dy are infinite sums > An(t)Ey(m). In parti-

meByND s
cular :

%, N Dy =~ Z[tE])PI" Py

Proof : The uniqueness of Fj;(m) follows from lemma 5.7. Let us write m = m m/

where my; =[] Y;fli’l(m). So my is a dominant ),-monomial of Z[Y;fll:]iGJJGZ. In par-
i€ L

ticular the proposition 5.17 with the algebra U,(g); of rank n gives m;x where x €
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ZIAL 7Y ), jier (where for i € 1,1 € Z, A9V = g ;(AF) where §r (V) =

il .
§ieJY~Z|l:>. So we can put Fy(m) = mv (x) where vy, : Z[Agf(g)J’_l,ti]iEJ,lez — ), is the

ring homomorphism such that

v (]7t(1411;{7(g)] = fli—’ll. The last assertion is proved as in proposition 5.17. O

5.7 Step 3 : t-algorithm and end of the proof of theorem 5.11

In this section we prove the property P(n) by induction on n > 1. In particular we
define the t-algorithm which constructs explicitly the Fy(m).

It follows from section 5.5 that P(1) and P(2) are true. Let be n > 3 and suppose that
P(r) is proved for r < n.

Let m4 be in B and my = m4 > m; > my > ... the countable set D,, with a total
ordering compatible with the partial ordering.

For J & I and m € By, it follows from P(r) and corollary 5.18 that there is a unique
Fji(m) € Dy, NAT; such that m is the unique J-dominant monomial of F;(m). Moreover

the elements of D,,, N R7; are the infinite sums of V;° : > An(t)Eji(m) where

mEDm+ﬂBJ

An(t) € Z[tF]. It m € A — By, denote Fj(m) = 0.
For r,r" > 0 and J C I denote by [F;(m)]m, € Z[t*] the coefficient of m, in Fj;(m,.).

5.7.1 Definition of the t-algorithm

Definition 5.19. We call t-algorithm the following inductive definition of the sequences
(s(my)(t))r0 € Z[EFTY, (s5(my)(t))rz0 € ZIEFTY (T G 1)
s(mo)(t) =1, s;(mo)(t) =0
and forr >1,J C I :
sa(mp)(8) =D (s(mp) () = s5(mp) (0) [Fe(mys) ],
r'<r

if my & By, s(my)(t) = s5(m,)(t)
if m, € B,s(m,)(t) =0

We have to prove that the t-algorithm defines the sequences in a unique way. We see that
if s(m,.), s;(m,) are defined for r < R so are s;(mp1) for J C I. The s;(mpg) impose the
value of s(mg1) and by induction the uniqueness is clear. We say that the t-algorithm is
well defined to step R if there exist s(m,.), s;(m,.) such that the formulas of the ¢t-algorithm
are verified for r < R.

Lemma 5.20. The t-algorithm is well defined to step r if and only if :

VI, Jo G IV < rmy & Byyand my ¢ By, = 55,(ma)(t) = s,(ma) (1)
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Proof : 1f for v < r the s(m,)(t), s;(m,)(t) are well defined, so is
sy(m,)(t). If m, € B, s(m,)(t) = 0 is well defined. If m, ¢ B, it is well defined if and
only if {s;(m,)(t)/m, ¢ B;} has one unique element. O

5.7.2 The t-algorithm never fails

If the t-algorithm is well defined to all steps, we say that the t-algorithm never fails.
If the t-algorithm is well defined to step r, for J & I we set :

pa(my)(t) = s(m,)(t) = s.(m.)(t)

X5 =Y _ps(me () Fre(my) € &,
r'<r
Lemma 5.21. If the t-algorithm is well defined to step r, for J C I we have :

Zs M) )+ sy(myyq)(E)myy1 + Z Z[t*

r'<r r’'>r+1
For J, C Jy € I, we have :

T D> A (D),

r'>r

where A\ (t) € Z[t%]. In particular, if m,.1 & By, we have sy, ((my11) = S5,4(Myi1).

Proof :  For 1" < r let us compute the coefficient (X'})m,, € Z[t*] of m, in X :

) m = Y (s(mp)(t) = 55 (mp ) () [Fre (1m0,

= (s(mp)(£) = 5. () (£)) [Fa (s )],
3 (s(mpn) (1) — 55 (mpo ) (0) [Fge (1),

ri<r!

= (s(my)(t) = s(mu)(1)) + s5(me ) (1) = s(m)(2)

Let us compute the coefficient (x7)m,,, € Z[t*] of m,41 in X7} :

X Dmesn = Y (smpn) () = 5 (mp ) (O) [Ere (myn) i,y = 8.5(mps)

r’<r41

For the second point let J;1 C Jp & I. We have x;, € 8%, N Dm+ and it follows from
P(|J1]) and corollary 5.18 (or section 5.5 if |J;| < 2) that we can introduce A, , (t) € Z[t*]
such that :

Xy = D A (O F sy 4(my)

r’>0
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We show by induction on 7’ that for 7' <r, m. € By, = Ay, (t) = s, (m,)(). First we
have A (t) = (Vi )Jmo = 5(m0)(t) = 1 = iy, (o). For v’ <1

s(my)(t) = )‘m A Z Am " FJl mr”)]m /
/r.//<T
)\mr/ (t) =S mT Z 'U'Jl mT" FJI (mr””mr/
T//<T

= s(my)(t) — s, (M) (t) = pg, (my) (1)
For the last assertion if m, 1 ¢ By,, the coefficient of m,,; in
S Z[F)Ey i (my) is 0, and (X7 )m,er = (X5, )mss- It follows from the first point that
r'>r
8J17t(m7"+1> = SJQ,t(mr+1)' 0

Lemma 5.22. The t-algorithm never fails.

Proof : Suppose that the sequence is well defined until the step » — 1 and let Jy, J, & 1
such that m, ¢ Bj, and m, ¢ By,. Let i be in Ji, j in J, such that m, ¢ B; and m, ¢ B,.
Consider J = {i,j} ¢ I. The x'; ', x{ ', x}~' € ) have the same coefficient s(m,)(t) on
m,, for v’ < r — 1. Moreover :

si(me) () = (¢ Dme » 55(me)() = (G D, 5 s(me) (1) = O ome

But m, ¢ By, so :

XS_I = Z Mi(mr’)( it mr Z >\m/ zt mr)

r'<r—1 r'>r+1

So (X7 m, = (f and we have s;(m,)(t) = s;(m,)(t). In the same way we have

i,
si(m ) (1) = s5,(m) (1), ,(m) () = s(m,)(t) and s;(m,)(1) = s,(m,)(1). So we can
conclude s, (m,.)(t) = s,(m,)(t). O

5.7.3 Proof of P(n)

It follows from lemma 5.22 that x = > s(m,)(t)m, € V;° is well defined.
r>0

Lemma 5.23. We have x € R°() Dm+. Moreover the only dominant Y,-monomaial in x
18 My = M.

Proof : The defining formula of y gives y € D,, .- Let i bein I and :

Z,Uz mr zt mr) S ﬁ(;i

r>0

Let us compute for > 0 the coefficient of m,. in x — x; :

(X - Xz)m =S mr Z,U/z mr zt mr )]m

r'<r
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= s(my)(t) = si(my)(8) = pa(me) (O) [F 1 (m)lm,
= (s(my)(t) = si(m, ) (1)) (1 = [Fie(me)]m, )

We have two cases :

if m, € B;, we have 1 — [F, (m;)]m, = 0.

if m, ¢ B;, we have s(m,.)(t) — s;(m,)(t) = 0.
So x = xi € &%, and x € R°. The last assertion follows from the definition of the
algorithm : for » > 0, m, € B = s(m,)(t) = 0. O

Corollary 5.24. Forn > 3, if the P(r) (r < n) are true, then P(n) is true.

In particular the theorem 5.11 is proved by induction on n.

6 Morphism of ¢, t-characters and applications

6.1 Morphism of ¢, t-characters

We set Rep, = Rep ®z Z[t*] = Z[Xi,,t%)icriez- We say that M € Rep, is a Rep,-

monomial if it is of the form M = [] Xfll (x;; > 0). In this case denote z;;(M) = ;.
iel,lez
Recall the definition of the E;(m) (section 5.4).

Definition 6.1. The morphism of q, t-characters is the Z[t*]-linear map x,+ : Rep, — V5°
such that (u;; >0) :

Xyt ( H XZZ’I) = Ei( H Y;,uzi’l)

1€l,leZ i€l,leZ

Theorem 6.2. We have m(Im(x,:)) C Y and the following diagram is commutative :

Rep Xetoog m(Xq.t)
id | ! T4
Rep =% Y

In particular the map X, s injective. The Z[t*]-linear map x,+ : Rep, — Y{° is charac-
terized by the three following properties :
1) For a Rep,-monomial M define m = 7 '( [] YZ?’I(M)) € Aand m € A; as in
i€l ez
section 3.5.1. Then we have :

Xqt(M) =1 + Z e ()M (where any (t) € Z[tF])

2) The image of Im(x,+) is contained in R;°.
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3) Let My, My be Rep,-monomials such that

maz{l/ Y “xi (M) > 0} < min{l)) ;)(My) > 0}
icl icl
Then we have :
Xq,t(Mle) = Xq,t(Ml)Xq,t(M2)

Note that the properties 1,2, 3 are generalizations of the defining axioms introduced by
Nakajima in [N3] for the ADFE-case; in particular in the ADE-case x,. is the morphism
of g, t-characters constructed in [N3].

Proof : my(Im(x,:)) C )V means that only a finite number of }-monomials of E;(m)
have coefficient A\(t) & (¢t — 1)Z[t%]. As Ft(YZ 0) has no dominant J;-monomial other than
Y0, we have the same property for 7, (F,(Y;)) € £ and 7 (F;(Yio)) = E(Yio) € V. As
Y is a subalgebra of Y we get 7, (F;(m)) € Y with the help of the defining formula.

The diagram is commutative because 7, o s; = s; 0 m; and 7r+(Ft(}~/Z-70)) = E(Yip). It is
proved by Frenkel, Reshetikhin in [FR3| that x, is injective, so x,. is injective. Let us
show that x,. verifies the three properties :

1) By definition we have x,.(M) = E;(m). But si(F,(Yi0)) = Fi(Yiy) € D(Yyy). In
particular s;(F;(Y;p)) is of the form Y; ;+ >~ A, (t)m’ and we get the property for E;(m)

m/ <Y,
by multiplication.

2) We have s;(F,(Y0)) = Fy(Yi;) € 8° and £° is a subalgebra of Y, so Im(x,,) C

R
3) If we set L = max{l/> x; (M) >0}, m; = [] Yfli’l(Ml) and my = ] Yfli’l(MQ)
iel iellez iellez
we have :
HHSZ Ft 7,0 rzle Et m2 HHSl Ft f/ le(MQ)
I<Liel I>Liel

and in particular : Ey(mimg) = Ey(my) Ey(ms).

Finally let f : Rep, — Y be a Z[t*]-linear homomorphism which verifies properties 1,2,3.
We saw that there is only element of £7° with highest weight monomial Y; ; is s;(£3(Y;0)). In
particular we have f(X;,;) = Ey(Y;;). Using property 3, we get for M € Rep, a monomial :

= TITT 06 = TTTTFFan) ) = x4

leZiel leZiel

6.2 Quantization of the Grothendieck Ring

In this section we see that x, . allows us to define a deformed algebra structure on Rep,
generalizing the quantization of [N3|. The point is to show that Im(x,.) is a subalgebra
of R°.
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6.2.1 Construction of the quantization

Recall the definition of &>/ in section 5.6. For m € B, all monomials of E;(m) are in
{mA; .. AL, Jk > 0,1y > L} where L = min{l € Z,3i € I,u;y(m) > 0}. So it follows
from lemma 3.14 that E;(m) € & has only a finite number of dominant );-monomials,

that is to say Ey(m) € &7

Proposition 6.3. The Z[t=]-module £/ is freely generated by the Ey(m) :

8> = Pz E(m) ~ Z[tH]) )

meB

Moreover ﬁfo’f s a subalgebra of K.

Proof : The Ey(m) are Z[t*]-linearly independent and we saw E,(m) € £/ It suffices
to prove that the E;(m) generate the Fy(m) : let us look at mg € B and consider L =
min{l € Z,3i € I,u;;(my) > 0}. In the proof of lemma 3.14 we saw there is only a finite

dominant monomials in {moA;)lill’ll...A;:;f;’lR JR>0,i, € I,l, > L}. Let mg >my > ... >
mp € B be those monomials with a total ordering compatible with the partial ordering. In
particular, for 0 < d < D the dominant monomials of E;(my) are in {mg, mgi1,...,mp}.

So there are elements (Mg q (t))o<q.a<p of Z[t¥] such that Ey(mg) = > Aga(t)Fi(ma).
d<d’<D

We have A\ 4 (t) = 0if d’ < d and A\g4(t) = 1. We have a triangular system with 1 on the
diagonal, so it is invertible in Z[t*].

For the last point it suffices to prove that for my, my € B, Ey(mq)E;(m2) has only a
finite number of dominant );-monomials. But E;(m;)F;(ms) has the same monomials as
Ei(myms). ]

It particular x,; is a Z[t*]-linear isomorphism between Rep, and &7 So we can define
an associative deformed Z[t*]-algebra structure on Rep, by

VA1, A2 € Repy, A1 x Ag = X;tl (Xa,t (M) Xt (A2))

6.2.2 Examples : sl;-case

We make explicit computation of the deformed multiplication in the sls-case :

Proposition 6.4. In the sly-case, the deformed algebra structure on Rep, = Z[X;, 1% ez
s given by :
Xll *Xl2 * ... *le = Xlleg-'-le Zfll < l2 <..< lm

X Xp = tWXle/ = tﬂ/Xl/ * X Zfl > 1" andl 7£ I'+2
Xix X o=t2X X o+ (1 -t =t2X; o Xy + (1 —t7%)
where v € Z is defined by ;Y = 'Y}Y].
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The proof is a straightforward computation which uses for I € Z the g, t-character of
Xi o xg(X)) =Y+ Y, =Y(1+tAZ).
Note that v were computed in section 3.5.3. We see that the new Z[t*]-algebra structure
is not commutative and not even twisted polynomial.

6.3 An involution of the Grothendieck ring

In this section we construct an antimultiplicative involution of the
Grothendieck ring Rep,. The construction is motivated by the point view adopted in
this article : it is just replacing c; by —cy. In the ADE-case such an involution were
introduced Nakajima |[N3| with different motivations.

Lemma 6.5. There is a unique C-linear isomorphism of H; which is antimultiplicative
and such that (m > 0,i € I,r € Z —{0}) :

Cm = —Cm , CLZ'[T’] = CLZ'[T]
Moreover it is an involution. The Z-subalgebra YV, C Hy, verifies Yy C Vu.

Proof : Tt suffices to show that it is compatible with the defining relations of H (i,j €
I.m,r € Z—A{0}) : [a;[m], a;[r]] = —[ai[m], a;[r]]. It is an involution because &,, = ¢,, and

a;[r] = a;[r]. For the last assertion it suffices to check on the generators of Y, (R € ;i €
IleZ):

—_ ~ ~__].

Fo — — ~ . . — ~ —1
trR=1-r, Y;vl - t_Ci,i(Q)(Qi_qi_l)}/;’l ’ szl - tCi,i(Q)(qz‘—qi_l)Y;'J

O

As for R, R’ € U, we have my(R) = mo(R') < mo(—R) = mo(—R’), the involution of Y,
(resp. of Hy) is compatible with the defining relations of ), (resp. H;). We get a Z-linear
involution of ), (resp. of H;). For \, N € ), € Z, we have :

AN =N, X =t"A

Note that in Y, for i € I,l € Z, fl—zl =1
A=A

)AM. So in Y, we have fli,l = flu and

—g;+q;

Lemma 6.6. Fori € I, the V;,, C H) verifies m C Viu-

ai+a; * Pl € yi,u- Now for A\ € Y,
-2 7
qi—qi_l

we have /\.gu =1, gt ~Z-,1X. But it is in Y, because NI (lemma 6.5) and Y, ,, is a

Proof : First we compute for i € I,l € Z : a =1

Yy-subbimodule of Hh (lemma 4.6). O
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—_ ~ . -1
In H; we have S;; = t5;; because Wo(%) = 1. As said before we get a Z-linear
involution of );; such that : '
AS;; = tSi\
We introduced such an involution in [Hel|. With this new point of view, the compatibility
with the relation A4;;_,,S;; = t‘15i7l+ri is a direct consequence of lemma 4.6.

Lemma 6.7. Fori € I, the subalgebra R;; C Y, verifies E C Riz

Proof :  Suppose A € R, that is to say S;+(\) = 0. So (12 —1)S;,(\) =0 and :

D (Sid = ASi) =0=1Y (ASiy— Sih) =0

I€Z lez

So t(1 —t2)S;;(A) =0 and X € &,. O

Note that x € ), has the same monomials as ¥, that is to say if x = > A(f)m and
meA

X = Y u(t)ym, we have \(t) # 0 < u(t) # 0. In particular we can naturally extend our

meA
involution to an antimultiplicative involution on Y°. Moreover we have K7° C K7° and

R S = Im(x,¢) C Im(xg+). So we can define a Z-linear involution of Rep, by

VA € Rep, , A = xgt (Xgue(N)

6.4 Analogues of Kazhdan-Lusztig polynomials

In this section we define analogues of Kazhdan-Lusztig polynomials (see [KL|) with
the help of the antimultiplicative involution of section 6.3 in the same spirit Nakajima
did for the AD E-case [N3]. Let us begin we some technical properties of the action of the
involution on monomials.

6.4.1 Construction

We recall that the Y/--monomials are products of the fli_’ll (tel,leZ).

Lemma 6.8. For M a Y;-monomial and m a Y*-monomial there is a unique (M, m) € Z
such that toMm) M = t*Mm) N m,

Proof : Let B € Z such that m = t°m. We have Mm = mM = t°™'Mm where v € 27
(section 3.4). So it suffices to prove that 5 € 27Z.

Let us compute 8. Let 7 (m) = [] A;lvi’l. In Y, we have :
icl lez

my(m)m_(m) = tgm_(m)my(m)
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where m(R) = 3 and :

R(q) = Z Ui,rvj,r’qur_lr/ W

i,je€l,r,r'€l >0

where for [ > 0 we set %;HH = B, ;(¢")(¢' — ¢7") € Z|g*] which is antisymmetric. For
t = j, we have the term :

Z Ui rUf qur—lr/ w

r,r! €L >0

[ai[l], ai[=1]]

30 v m)un )@ ) + 3 (m)?)

>0 {rp'}CZ,r#r' reZ

It is antisymmetric, so it has no term in ¢°. So mo(R) = m(R') where R’ is the sum of the
contributions for i # j :

Z Ui, (m)Ujﬂ«/ (m)quT_lrl( [ai [l] ’;j [_l” + [aj [”7 az[_l]] )

C
r,r' €L >0

=9 Z vi,r(m)vj,r,(m)z qzr_zrfw

ror!' €L >0

In particular mo(R') € 2Z. O

For M a Y-monomial denote A¥y = {t*(™™ Mm/m Y *-monomial}. In particular for
m' € AW we have m'm'~" = MM~"'. Let B = (t*B) N Ay,

Theorem 6.9. For m € t“B there is a unique Li(m) € &° such that :

Li(m) = (mm™")Ly(m)

Efm)=Li(m)+ > Pwm(t)L(m)

m!'<m,m’ € B

where P (t) € t71Z[E7).

Those polynomials P, ,,(t) are called analogues to Kazhdan-Lusztig polynomials and

the Ly(m) (m € B) for a canonical basis of &>, Such polynomials were introduced by
Nakajima [N3|] for the AD E-case.

Proof :  First consider Fy(m) : it is in K5° and has only one dominant );-monomial 777, so
Fy(m) = mm~'F,(m).

Let be m = my > my_1 > ... > my the finite set t?D(m) N B (see lemma 5.8) with
a total ordering compatible with the partial ordering. Note that it follows from section
6.4.1 that for L > > 0, we have mym; ' =mm™".

We have Ey(mg) = Fy(mg) and so Ey(mg) = momg ' Ey(mg). As B;?I;:)’ =
Li(mg) = Ey(mg). We suppose by induction that the L;(m;) (L—1>1>

{mo}, we have
0) are uniquely
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and well defined. In particular m; is of highest weight in L;(my), L;(m;) = WmflLt(ml) =
mm~'L(m;), and we can write :

Dy(mp) N &2 = Z[t*|F(my) & €D Z[t*|Ly(m)

0<I<L—1

In particular consider oy 1 (t) € Z[t*] such that :

Ey(m) = Fy(m) + > a0.(t) Ly(my)

We want L;(m) of the form L;(m) = Fy(m) + > 5..(t)L:(my). The condition Li(m) =
I<L

mm~'mL;(m) means that the 3, (¢) are symmetric. The condition P, ,(t) € t™'Z[t™!]
means oy (t) — Bi.(t) € t7'Z[t7']. So it suffices to prove that those two conditions
uniquely define the 3, 1(t) : let us write ay 1(t) = a; 7 (t) + o7 1 (t) + o 1 (t) (vesp. Bo(t) =
Bl (t) + BPL(t) + Bi,(t) where a7y (t) € t*Z[t*] and of (t) € Z (vesp. for §). The
condition ay 1(t) — B,.(t) € t7'Z[t™"] means 3 (t) = a);(t) and G (t) = oy (t). The
symmetry of £, () means (3, (t) = 6, (t7") = a; ,(t7). O

6.4.2 Examples

Proposition 6.10. We suppose that g = sly. Let m € t2B such that VI € Z,uw(m) < 1.
Then Li(m) = F,(m). Moreover :

Ey(m)=Ly(m)+ >t ""L(m)
m/<m/m’ € BiY
where R(m') > 1 is given by m(m'm™') = A~% . A!

iy Ain - I particular form’ € B™ such
that m' < m we have Py (1) = t~#m),

Proof :  Note that a dominant monomial m’ < m verifies VI € Z,u;(m') < 1 and appears
in F;(m). We know that D,, N &; = @  Z[t*|F,(m'). We can introduce P, ,,(t) €

m/ €tZ Dy, NBInY

Z[t*] such that :
E,(m) = F,(m) + > Py (8) Ey(m))
m’ €tL Dy, NBY —{m}

So by induction it suffices to show that Py, (t) € t7'Z[t™].

P,y .m(t) is the coefficient of m’ in E;(m). A dominant },-monomial M which appears in
Ei(m) is of the form :

_ -1 i-1 i-1 i-1
M =m(my..mpy1) mutA; motA ma..tA; Mmpi1

where [ < ... <lgr € Zverity {l,+2,1, =2} {l1, ..., [, 1,41, ..., g } is empty, u;, _1(m) =

u,+1(m) = 1 and we have set m, =[] Y;u’(m). Such a monomial appears one time
lr71<l§lr



80 PARTIE 2

in Ey(m). In particular Py, (t) = t* where a € Z is given by M = t*m’ that is to say
MM =299 '/ = t72*m~'m. So we compute :

MM~ =t 2R R A A WA, AymTt = 2 mm !

Let us look at another example : g = sly and m = }702172. We have :
E;(m) = Li(m) +t 2Ly(m’) , Ppym(t) =172
where m’ = tY2Y,A7! € B™ and
Ly(m) = F,(Yo) Fi(YoYa) = Yo(1 + tAT)YpYa (1 + tA7 (1 4 tATY))
Ly(m') = F(m') = tY2Y, A7 (1 + tATY)

Let suppose that C = By and m = 17270}71,5. The formulas for Et(ffg,o) and Et(f/l,g,) are
given is the appendix. We have :

Et(m) = Lt(m) + t_lLt(m') 3 Pm/7m(t) = t_l
where m/ = tY,0V1 5 A;3 AT} € B2 and :

Li(m') = Fy(m') = tYa 01 5 A5 3 ATL(1 + tATS (1 + tAg (1 + tAT)))

7 Questions and conjectures

7.1 Positivity of coefficients

Proposition 7.1. If g is of type A,, (n > 1), the coefficients of x,.+(Yio) are in N[t*].

Proof :  We show that for all ¢ € I the hypothesis of proposition 5.15 for m = Y are
verified ; in particular the property @) of section 5.5 will be verified.

Let i be in I. For j € I, let us write E(Y;o) = > A\j(m)E;(m) € R; where \;(m) € Z.

mEBj

Let D be the set D = {monomials of E;(m) /j € I,m € Bj, A\j(m) # 0}. It suffices to
prove that for j € I, m € B;N D = u;(m) < 1 (because proposition 5.15 implies that for
alli € I, Fy(Yio) =7 HE(Yip)))-

As E(Y; ) = F(Y;0), Yiois the unique dominant Y-monomial in E(Y; (). So for a monomial
m € D there is a finite sequence {my = Y; o, m1,...,mzr = m} such that for all 1 <r < R,
there is v’ < r and j € I such that m,» € B; and for ' < r” < r, m,» is a monomial
of Ej(my) and my»m,,; | € {A;]/l € Z}. Such a sequence is said to be adapted to m.
Suppose there is j € I and m € B;N D such that u;(m) > 2. So there is m' < m in DN B,
such that u;(m) = 2. So we can consider my € D such that there is jo € I, my € By,
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ujo(m) > 2 and for all m’ < my in D we have Vj € I,m’ € B; = u;(m’) < 1. Let us
write :

mo = Yo g Yjo,qm H mo
J#Jo
where for j # 7o, mo HYu“ ™) In a finite sequence adapted to mg, a term Y, ;i or

Iz
Y, q» must come from a Ej 1(my) or a Ej,_1(my). So for example we have m; < mg in

D of the form my = Yj, gmYj 14—t ] mg ) In all cases we get a monomial m; < myg
J#jo,.jo+1

_ (4)
=YY [1
J#j1,51+1

in D of the form :

But the term Y}, ; 41 can not come from a £ (mz) because we would have u;, (mg) > 2.
So we have my < my in D of the form :

_ (4)
my =Yi,goViage ] ms
J#j2,J2+1,j24+2

This term must come from a Ej,_;, Fj,+3. By induction, we get my < mg in D of the
form : '
my = )q7quYn7qlN H m%) = )/17qm—NYn7qlN
j#l,..n
It is a dominant monomial of D C Dy, , which is not Y; o. It is impossible (proof of lemma
5.12). O

An analog result is also geometrically proved by Nakajima for the ADFE-case in [N3| (it
is also algebraically for AD-cases proved in [N4|). Those results and the explicit formulas
in n = 1, 2-cases (see the appendix) suggest :

Conjecture 7.2. The coefficients of F,(Yio) = Xqu(Yio) are in N[t¥].

In particular for m € B, the coefficients of E;(m) would be in N[t*] ; moreover x,;(Y;) and
Xq(Yio) would have the same monomials, the ¢t-algorithm would stop and Im(x,.) C V;.

At the time he wrote this paper the author does not know a general proof of the
conjecture*. However a case by case investigation seems possible : the cases G, Bs, Co
are checked in the appendix and the cases Fy, B,,C, (n < 10) have been checked on
a computer. So a combinatorial proof for series B,,C, (n > 2) analog to the proof of
proposition 7.1 would complete the picture.

7.2 Decomposition in irreducible modules

The proposition 6.10 suggests :

Conjecture 7.3. For m € B we have m(Ly(m)) = L(m).

4This conjecture is proved later in [He5].
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In the ADFE-case the conjecture 7.3 is proved by Nakajima with the help of geometry
(IN3]). In particular this conjecture implies that the coefficients of 7, (L:(m)) are non
negative. It gives a way to compute explicitly the decomposition of a standard module in
irreducible modules, because the conjecture 7.3 implies :

E(m) = L(m) + Y _ P m(1)L(m)
m/'<m
In particular we would have P, ,,(1) > 0 (we have checked for numerous examples on
computer that the coefficients of the P, ,,(t) are positive).
In section 6.4.2 we have studied some examples :

-In proposition 6.10 for g = sly and m € B such that VI € Z,u;(m) < 1 : we have
7wy (Ly(m)) = F(m) = L(m) and :

E(m)= Y L(m

m!€B/m’<m
-For g = sly and m = Y2Y; : we have 7, (L;(m)) = F(Yy)F(YyYs) = L(m) and :
BRYy) = LOJY:) + L(%)
Note that L(YY3) has two dominant monomials YY, and Y, because Y Y5 is irregular

(lemma 4.5).

-For C' = By and m = Y,4Y1 5. The 7, (L;(Y20Y15)) has non negative coefficients and
the conjecture implies E(Y20Y15) = L(Ya0Y15) + L(Y11).

7.3 Further applications and generalizations

We hope to address the following questions in the future :

Our presentation of deformed screening operators as commutators leads to the defini-
tion of iterated deformed screening operators, for example in order 2 :

Sjia(m) =) S, Sia(m)]

IEZ

Some generalizations of the approach used in this article would be possible :

a) the theory of g-characters at roots of unity (|[FM2]) suggests a generalization to the
N _
case ¢" = 1.
b) in this article we decided to work with )} which is a quotient of )),. The same
construction with ), will give characters with an infinity of parameters of deformation

t, = exp(>_h%¢" ;) (r € Z).
i>0

¢) our construction is independent of representation theory and could be established
for other generalized Cartan matrices (in particular for affine cases).
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8 Appendix

There are 5 types of semi-simple Lie algebra of rank 2 : A; x Ay, Ay, Cy, Bs, Gs
(see for example [Kac]). In each case we give the formula for E(1), E(2) € K and we
see that the hypothesis of proposition 5.15 is verified. In particular we have Et(f/l,o) =
7Y E(1)), Ey(Yapo) = mH(E(2)) € A
Following |FR3|, we represent the F(1), E(2) € & as a I x Z-oriented colored tree. For
X € R the tree I is defined as follows : the set of vertices is the set of Y-monomials of x.
We draw an arrow of color (i,1) from m; to msg if my = A;llml and if in the decomposition
X = >, tmL;i(m) there is M € B; such that uy # 0 and my, my appear in L;(M).

meDB;

0 2
keep unchanged for all r1, 7).

2 . . .
Ay X Aj-case : C = < 0) and 7 = ry = 1 (note that in this case the computations

Yio and Yao
ll,l lQ,l
1 1

Yi, Yy,

2

Ay-case : C' = (_1

—1 . :
9 ) It is symmetric, 7y =ry =1:

Yio and Yap

ll,l l2,1

-1 -1
Yia Yo Yy Yia

lzz lm

-1 -1
Yos Yia
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Cy, By-case (dual cases) : we use C' = By = (_21 _22) and r; =1, 7y = 2.

Yio
1,1
Yl,_glyz,l
2,3

Yo, Yia

)

1,5

-1
Yie

)

2 -3
Gy-case : C' = (_1 9 ) and r; =

First fundamental representation :

and }/270

2,2

-1
YoiYi1Yis
1,4

-1
)/1 1}/1,5

1,2
—1v -1
Yig Y5 Yoo

2,4

-1
Yoo

)

1, 9 = 3.

Yio
11
1
Yio Yo

2,4

Y2_71Y1 Y1

1,7
—1
Yi4Yig
1,5
-1y -1
YigYigYes
2,8
Y, 1Y
2,1141,10

1,11

-1
Vi
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Second fundamental representation :

Yap
2,3
-1
Y5 dY15Y13Y1
1,6
-1
Yl,? Y1,3Yl,1
1,4
—1y -1
YouYi7 Y15 Y10
2,7
1,2
YA Y LY .Y Y, Y10V,
1,7 41,5 11,3 12,4122 2,10411,941,1
2,7
2,5 1,10
1,2
-1 -1 -1 -1
Y2,4Y2,8 Y2,2Y2,10Y1,9Y1,3 Y1,11Y1,1
1,10
2,7 1,2
2,5
Y, Y, Y, oY 7Y YooV Yt
2,8 12,104 1,941,741,5 2,241,1141,3
1
28Y111Yl 7Y15
1,8
1y -1
Yl,11Y1,9 Y1,5
1,6
—1y -1y -1
Y1,11Y1,9 Y1,7 Y2,6
2,9

—1
Y2,12
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Troisiéme partie

The t-analogs of g-characters at roots of
unity for quantum affine algebras and
beyond

Publié dans Journal of Algebra
Référence : J. Algebra 279 (2004), no. 2 , 514-557

Résumé. Les g-caractéres ont été construits par Frenkel et Reshetikhin [FR3| pour
étudier les représentations de dimension finie des algébres affines quantiques non tordues
U,(g) pour ¢ générique. Les e-caractéres aux racines de l'unité ont été construits par
Frenkel et Mukhin [FM2] pour étudier les représentations de dimension finie de diverses
spécialisations de U,(g) & ¢° = 1. Pour les cas simplement lacés finis, Nakajima [N2,
N3| définit des déformations des g-caractéres appelées ¢, t-caractéres, pour ¢ générique
ou racine de l'unité. La définition est combinatoire mais la preuve de 'existence utilise
la théorie des variétés de carquois qui n’exite que dans le cas simplement lacé. Dans
[He2] nous avons proposé une nouvelle approche algébrique générale (non nécessairement
simplement lacée) pour les ¢, t-caractéres avec g-générique. Dans cet article nous traitons
le cas ¢ racine de l'unité. De plus nous construisons les g-caractéres et g¢,t-caractéres
pour une grande classe de matrices de Cartan généralisées (incluant les cas finis et affines
exceptés Agl), Aé”) en étendant l'approche de [He2|. Nous généralisons en particulier
la construction des analogues des polynémes de Kazhdan-Lusztig aux racines de 'unité
de [N3] & ces situations. Nous étudions également les propriétés de nombreux objets
utilisés dans cet article : opérateurs d’écrantage déformés aux racines de I'unité, algébres
polynomiales t-déformées, bicaractéres associés aux matrices de Cartan symmétrisables
et déformation de 'algorithme de Frenkel-Mukhin.

Abstract. The g-characters were introduced by Frenkel and Reshetikhin [FR3| to
study finite dimensional representations of the untwisted quantum affine algebra U,(g)
for ¢ generic. The e-characters at roots of unity were constructed by Frenkel and Mukhin
[FM2| to study finite dimensional representations of various specializations of U,(g) at
¢® = 1. In the finite simply laced case Nakajima [N2, N3| defined deformations of ¢-
characters called g, t-characters for ¢ generic and also at roots of unity. The definition is
combinatorial but the proof of the existence uses the geometric theory of quiver varieties
which holds only in the simply laced case. In [He2| we proposed an algebraic general (non
necessarily simply laced) new approach to g, t-characters for ¢ generic. In this paper we
treat the root of unity case. Moreover we construct g-characters and ¢, t-characters for a
large class of generalized Cartan matrices (including finite and affine cases except Agl),
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Agz)) by extending the approach of [He2|. In particular we generalize the construction of
analogs of Kazhdan-Lusztig polynomials at roots of unity of [N3| to those cases. We also
study properties of various objects used in this article : deformed screening operators at
roots of unity, t-deformed polynomial algebras, bicharacters arising from symmetrizable
Cartan matrices, deformation of the Frenkel-Mukhin’s algorithm.

1 Introduction

Drinfel’d [Drl] and Jimbo [Jim]| associated, independently, to any symmetrizable Kac-
Moody algebra g and any complex number ¢ € C* a Hopf algebra U, (g) called quantum
group or quantum Kac-Moody algebra.

First we suppose that ¢ € C* is not a root of unity. In the case of a semi-simple Lie
algebra g of rank n, the structure of the Grothendieck ring Rep(U,(g)) of finite dimensio-
nal representations of the quantum algebra of finite type U,(g) is well understood. It is
analogous to the classical case ¢ = 1. In particular we have ring isomorphisms :

Rep(U,(g)) ~ Rep(g) ~ ZIA)Y ~ Z[Ty, ..., T,)

deduced from the injective homomorphism of characters x :

X(V) = dim(Vy)A

A€A

where V) are weight spaces of a representation V' and A is the weight lattice.

For the general case of Kac-Moody algebras the picture is less clear. The representation
theory of the quantum affine algebra U, (g) is of particular interest (see [CP3|, [CP4]). In
this case there is a crucial property of U, (g) : it has two realizations, the usual Drinfel’d-
Jimbo realization and a new realization (see [Dr2| and [Be]) as a quantum affinization of
the quantum algebra of finite type U, (g).

To study the finite dimensional representations of U, (g) Frenkel and Reshetikhin [FR3| in-
troduced g-characters which encode the (pseudo)-eigenvalues of some commuting elements

in the Cartan subalgebra U,(h) C U, (g) (see also [Kn|). The morphism of ¢-characters is
an injective ring homomorphism :

Xq : Rep(Uy(g)) — Z[Y;i]ieI,aEC*

where Rep(U,(g)) is the Grothendieck ring of finite dimensional (type 1)-representations
of U,(g) and I = {1,...,n}. In particular Rep(U,(g)) is commutative and isomorphic to

Z[Xi,a]iELaE(C* .

The morphism of ¢-characters has a symmetry property analogous to the classical action
of the Weyl group Im(x) = Z[A]" : Frenkel and Reshetikhin [FR3| defined n screening
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operators S; and showed that Im(x,) = (Ker(S;) for g = sly. The result was proved by
iel

Frenkel and Mukhin for all finite g in [FM1].
In the simply laced case Nakajima [N2, N3| introduced t-analogs of g-characters. The mo-
tivations are the study of filtrations induced on representations by (pseudo)-Jordan de-
compositions, the study of the decomposition in irreducible modules of tensorial products
and the study of cohomologies of certain quiver varieties. The morphism of ¢, t-characters
is a Z[t*]-linear map

Xq.t + Rep(Uy(8)) — Z[}/iiv ti]z'el,aeC*
which is a deformation of y, and multiplicative in a certain sense. A combinatorial axio-
matic definition of ¢, t-characters is given. But the existence is non-trivial and is proved
with the geometric theory of quiver varieties which holds only in the simply laced case.

In [He2| we defined and constructed ¢, t-characters in the general (non necessarily simply
laced) case with a new approach motivated by the non-commutative structure of Uq(ﬁ) C
U,(g), the study of screening currents of [FR2| and of deformed screening operators S;
of [Hel|. In particular we have a symmetry property : the image of x, is a completion of

N Ker(S;.).

iel

The representation theory of the quantum affine algebras U, (g) depends crucially whether
q is a root of unity or not (see [CP5]). Frenkel and Mukhin [FM1] generalized g-characters
at roots of unity : if € is a s'*-primitive root of unity the morphism of e-characters is :

Xe : Rep(U™(§)) — Z[Y lieraccr

where Rep(U!*(g)) is the Grothendieck ring of finite dimensional (type 1)-representations
of the restricted specialization U**(g) of U,(g) at ¢ = €. In particular Rep(U*(g)) is
commutative and isomorphic to Z[X; 4)ier.acc-

Moreover Y. can be characterized by

Xe( X' =106 I X"

t€l,leZ/sZ 1€],0<I<s—1

where 75 : Z[YijE lieriez — Z[Yiiel]iE”eZ/Sz is the ring homomorphism such that TS(Y;:EI) =

!
Yim (for I € Z we denote by [l] its image in Z/sZ).

In the simply laced case Nakajima generalized the theory of ¢, t-characters at roots of
unity with the help of quiver varieties [N3|.

In this paper we construct g, t-characters at roots of unity in the general (non ne-
cessarily simply laced) case by extending the approach of [He2]. As an application we
construct analogs of Kazhdan-Lusztig polynomials at roots of unity in the same spirit
as Nakajima did for the simply laced case. We also study properties of various objects
used in this paper : deformed screening operators at roots of unity, ¢-deformed polynomial
algebras, bicharacters arising from general symmetrizable Cartan matrices, deformation
of the Frenkel-Mukhin’s algorithm.

The construction is also extended beyond the case of a quantum affine algebra, that
is to say by replacing the finite Cartan matrix by a generalized symmetrizable Cartan
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matrix : the construction of g-characters as well as ¢, t-characters (generic and roots of
unity cases) is explained in this paper for (non necessarily finite) Cartan matrices such
that i # j = C;;C;; < 3 (it includes finite and affine types except Agl), Af)). The notion
of a quantum affinization is more general than the construction of a quantum affine algebra
from a quantum algebra of finite type : it can be extended to any general symmetrizable
Cartan matrix (see |[N1]). For example for an affine Cartan matrix one gets a quantum
toroidal algebra (see [VV1]). In general a quantum affinization is not a quantum Kac-
Moody algebra and few is known about the representation theory outside the quantum
affine algebra case. However for an integrable representation one can define g-characters
as Frenkel-Reshetikhin did for quantum affine algebras. So the role of the g-characters in
the representation theory of the general quantum affinizations has to be studied in details.
We will address further developments on this point in a separate publication.

This paper is organized as follows : after some backgrounds in section 2, we generalize
in section 3 the construction of t-deformed polynomial algebras of [He2| to the root of
unity case. We give a “concrete” construction using Heisenberg algebras. We show that
this twisted multiplication can also be “abstractly” defined with two bicharacters d;, ds as
Nakajima did for the simply laced case (for which there is only one bicharacter dy = ds).

In section 4 we remind how ¢, t-characters are constructed for ¢ generic and C' finite in
|[He2]. We extend the construction of ¢g-characters and of ¢, t-characters to symmetrizable
(non necessarily finite) Cartan matrices such that i # j = C;;C;; < 3, in particular for
affine Cartan matrices (except Agl) and AgQ)). The ¢, t-characters can be computed by the
algorithm described in [He2| which is a deformation of the algorithm of Frenkel-Mukhin
[FM1].

In section 5 we construct q,t-characters at roots of unity. Let us explain the crucial
technical point of this section : we can not use directly a t-deformation of the definition
of Frenkel-Mukhin because there is no analog of 7, which is an algebra homomorphism
for the t-deformed structures. But we can construct 75, which is multiplicative for some
ordered products (see section 5.2.1). In particular 7,; has nice properties and we can
define x. . such that “x.; = 7504+ We give properties of . ; analogous to the property
of x. (theorem 4.8, 5.6, 5.11). In particular in the ADFE-case we get a formula which is
Axiom 4 of [N3|, and so the construction coincides with the construction of [N3| for the
AD E-case.

In section 6 we give some applications about Kazhdan-Lusztig polynomials and quantiza-
tion of the Grothendieck ring. If C' is finite the technical point in the root of unity case is
to show that the algorithm produces a finite number of dominant monomials. We give a
conjecture about the multiplicity of an irreducible module in a standard module at roots
of unity. For the AD E-case it is a result of Nakajima [N3]. We also discuss the non finite
cases.

In section 7 we give some complements : first we discuss the finiteness of the algorithm
at t = 1 it stops if C is finite and it does not stop if C is affine. We relate the structure
of the deformed ring in the affine AWM case to the structure of quantum toroidal algebras.
We study some combinatorial properties of the Cartan matrices which are related to the
bicharacters d; and dy (propositions 7.9, 7.11, 7.12 and theorem 7.10).
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In the course of writing this paper we were informed by H. Nakajima that the t-analogs of
g-characters for some quantum toroidal algebras are also mentioned in the remark 6.9 of
[N5]. This incited us to add the construction of analogs of Kazdhan-Lusztig polynomials
at roots of unity also in the non finite cases (in section 6.1).

2 Background

2.1 Cartan matrices

A generalized Cartan matrix is C' = (C; ;)1<; j<n such that C;; € Z and :
C’Z-,Z-:2,i;éj:>C'Z-,j§O,C’Z'J:O<:>Cj7i:0
Let I ={1,...,n}.

A 0
0 B
P is a permutation matrix, A and B are square matrices. Otherwise C is said to be
indecomposable.

C is said to be decomposable if it can be written in the form C' = P P~! where

C' is said to be symmetrizable if there is a matrix D = diag(ry,...,r,) (r; € N*) such
that B = DC' is symmetric. In particular if C' is symmetric then it is symmetrizable with
D=1,.

If C' is indecomposable and symmetrizable then there is a unique choice of rq,...,r, > 0

such that ry A ... Ar, =1 :indeed if C;; # 0 we have the relation r; = %r]

In the following C'is a symmetrizable and indecomposable generalized Cartan matrix. For
example :

C' is said to be of finite type if all its principal minors are positive (see [Bo| for a classifi-
cation).

C' is said to be of affine type if all its proper principal minor are positive and det(C) =0
(see |[Kac] for a classification).

Let ¥ = max{r; — 1 —C};)/i # j} U{1l}. If C is finite we have r¥ = max{r;/i € I} =
max{—C;;/i # j}. In particular if C' is of type ADE we have r¥ = 1, if C' is of type
B,CiFy (I > 2) we have rV = 2, if C of type G5 we have r¥ = 3.

Let z be an indeterminate and z; = 2. The matrix C(2) = (C;;(2))1<ij<n With coeffi-
cients in Z[zF] is defined by C;;(2) = [2]., = 2+ 2; ' and C;; = [C, ;. for i # j where for
| € Z, we denote [l], = zl__j:ll € Z|zF).

Let B(z) = D(z)C(z) where D(z) is the diagonal matrix D; ;(z) = ¢; ;[r;]., that is to say
Bi;(z) = [ri]-Ci,;(2).
In particular, the coefficients of C'(z) and B(z) are symmetric Laurent polynomials (in-

variant under z +— 271).

In the following we suppose that det(C(z)) # 0 and that B(z) is symmetric. It includes
finite and affine Cartan matrices (if C' is of type Agl) we set 1 = 19 = 2) and also the
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matrices such that i # j = C; ;C;,; < 3 which will appear later (see lemma 6.4 and section
7.3 for complements).

2.2 Quantum affine algebras and g-characters

In the following ¢ is a complex number ¢ € C*. If ¢ is not a root of unity we set s =0
and we say that ¢ is generic. Otherwise s > 1 is set such that ¢ is a s primitive root of
unity.

We suppose in this section that C' is finite. We refer to [FM2] for the definition of the
untwisted quantum affine algebra U, (g) associated to C' (for ¢ generic) and of the restricted
specialization U!*(g) of U,(g) at ¢ = € (for € root of unity).

We briefly describe the construction of U (g) from U,(g) : we consider a Z[q,q ']-
+\s
subalgebra of U,(g) containing the (7)™ = (z, ), (where [r],! = [r]4[r — 1]4-..[1],) for

[r] q;°

some generators x°, and we set ¢ = e.

One can define a Hopf algebra structure on U,(g) and U!*(g), and so we consider the
Grothendieck ring of finite dimensional (type 1) representations : Rep(U,(g)) and

Rep(U;*(g))-
The morphism of g-characters x, (Frenkel-Reshetikhin [FR3|) and the morphism of -
character x. (Frenkel-Mukhin [FM2]) are injective ring homomorphisms :

Xq : RepUy(8)) — ZIYi lieraecs » Xe : Rep(U™(8)) — ZIYi lier aec

In particular Rep(U,(g)) and Rep(U**(g)) are commutative and isomorphic to
Z[Xialier.acc-
Frenkel and Mukhin [FM1][FM2]| have proven that for i € I, a € C* :
Xq(Xia) € Z[Yziaq Jier,mez and xe(Xiq) € Z[Y, aem]zel mez
Indeed it suffices to study (see [He2| for details) :
¢ 1 Rep = Z[X; lieriez — YV = Z[Y; lier ez

(where X;; = X 4, Yﬁ YjE 1), and :

Xe : Rep® = Z[Xz l]zelleZ/sZ — Y = Z[Y ]ZEI I€Z/ ST
(where X;; = X ., Yfl V).

3 t-deformed polynomial algebras and screening opera-
tors

In this section we generalize at roots of unity and beyond the finite case the construc-
tion of [He2| of t-deformed polynomial algebras and screening operators. In particular the
presentation with bicharacters dy, ds is introduced for the non simply laced case. Technical
results which will be used in the construction are also proved in this section.
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3.1 The t-deformed algebra j);

In this section we suppose that B(z) is symmetric.

Definition 3.1. H is the C-algebra defined by generators a;[m],y;[m) (i € I,m € Z—{0}),
central elements ¢, (r > 0) and relations (i,5 € I,m,r € Z —{0}) :

[as[m], a;[r]] = 6m,—r(q™ — ¢ ") Bij(q")Cpm| (6)
[as[m], y;[r]] = (@™ — """ )Om,—r0i jCim| (7)
[yi[m], y;[r]] = 0 (8)

Let Hy, = H[[h]]. Fori € I, 1 € Z/sZ we define Y1, AF

a0 4,0

Yii = eXp(thqlmyi [m])exp(zhmq_lmyi[—m])

m>0 m>0

t e Hj, such that :

A= eXP(thqlmai [m])exp(thq_lmai[—m])

m>0 m>0

ty = exp(d_h*"q"en)

m>0

For R = S_ Rz € Z[z*] we denote tp = [t = exp( 32 B2 R(¢™)cm) € H.

leZ IEZ m>0

Note that the root of unity condition, that is to say s > 1, is a periodic condition (Y; ;s =
Yii).

Lemma 3.2. ([He2|) We have the following relations in H,, :
Az‘,le,kAi_,llyjﬁgl = tai’j(z—ri_zri)(_z(l—k)_;’_z(k—l))

-1 A4-1 _
At iy Ajg =, j(a) (a1 -2)(-20-R+20-0)

Definition 3.3. JA)j is the Z-subalgebra of Hp, generated by the Y;J,A;ll,tl (ielle
Z7]27).

Vs is the quotient-algebra of V? by relations t; = 1 if | € Z./sZ — {0}.

We keep the notations Yi,l,A;ll for their image in j); We denote by t the image of
to = exp( Y. h®™c,,) in )A)f In particular the image of tp is 0. We denote by Y, = )Aito

m>0
the algebra in the generic case (in the same way for a family (M?®)s>¢ we will denote

M = MY).
Note that if s > 1, the elements A;&A;ll...A;Sl_l and Y;Y;;...Y; ;1 are central in )75.

The following theorem gives the structure of )75 :
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Theorem 3.4. The algebra V§ is defined by generators Yy, A;ll, t* (i e I,l € Z/sZ) and
relations (i,j € I, k,l € Z/sZ) :

YiYin = YiaYio s A AL = 0ORARAL VAl = 00 ALY

il
where o, 3 : (I X Z/sZ)*> — Z are given by (I,k € Z)sZ, i,j € 1) :
Oé(i, lv i? k) = 2<5l—k,—2ri - 51—]@,27”1-)
Oé(i, lvjv k) =2 Z (&—k,r—l—ri - 5l—k,r—ri) (Zf’& 7& ])

r:Ci,j—i-l,Ci,j—i-S ..... —Ci’j—l
6(% l>j7 k) = 25i,j(_5l—k’,n‘ + 51—’@7—7”1')

(the r;,r are seen in Z/IZ.)

This theorem is a generalization of theorem 3.11 of [He2|. It is proved in the same way
except for lemma 3.7 of [He2| whose proof is changed at roots of unity : for N > 1 we
denote by Zy|z] C Z|z] the subset of polynomials of degree lower that N. The following
lemma is a generalization of lemma 3.7 of [He2| at roots of unity :

Lemma 3.5. We suppose that s > 1. Let J = {1, ...,r} be a finite set of cardinalr and A be
the polynomial commutative algebra A = C[\;m]jesm>o0. For R = (Ry,...,R,) € Zs_1[2],
consider :

Ar=eap( 3 KRB0 Aim) € AllR]

JEI,M>0

Then the (Ar)gez, - are C-linearly independent. In particular the Nj; = N o:10...0)
(j€1,0<1<s—1) are C-algebraically independent.

Proof :  Suppose we have a linear combination (ug € C, only a finite number of ug # 0) :
Z prAR =0
REZy 1 [2]"

In the proof of lemma 3.7 of [He2| we saw that for N > 0, ji,...,Jjn € J, l1,....,Ix > 0,
aq,...,ay € C we have :
Z pr =0

REZs_1[2]" /Ry, (1) =01,...,Rj 5 (¢'R)=ap

We set N = sr and

We get forall o, e C (j € JJ1<I<L):
S e
ReZs_1[2]" /VjeJ,1<I<s,R;(¢")=aj,

It suffices to show that there is at most one term is this sum. But consider P, Q € Zs_4[2]
such that for all 1 <[ < s, P(q') = P'(¢'). As ¢ is primitive the ¢! are different and so
P—P =0. D
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3.2 Bicharacters, monomials and involution
3.2.1 Presentation with bicharacters

The definition of the algebra yf with the Heisenberg algebra H is a “concrete” construc-
tion. It can also be defined “abstractly” with bicharacters in the same spirit as Nakajima
N3] did for the simply laced case :

For m a Y-monomial, i € I, | € Z/sZ we define y;,(m), v (m) > 0 such that m €

t2 T Y7'A;[". We define also u; (m) € Z by :
i€l IEL/ST ’

uii(m) = yia(m) — vig—r, (M) — Vi1, (M) + > vj,r(m)
j#i,r=C; j+1,C; j+3,...,—C; j—1

In particular if C; ; = 0 we have u”(AJ_,i) =0 and if Cj; <0

UZJ(A]_’;) = Z 5l+r,k

T=Ci,j+1...—Ci,j—1
Definition 3.6. For my, ms V;-monomials we define :

di(my, mg) = Z Vi 1y (M) i 1 (M) + Yitr, (M) v (Ma)
i€l ,l€L /ST

do(ma,ma) = Y e, (ma)vig(ma) + viger, (m1)yia(mo)
iel,l€Z/sZ.

For m a Yj-monomial we have always dy(m,m) = dy(m,m) (see section 7.3). In the
AD E-case we have d; = dy and it is the bicharacter of Nakajima [N3].

By checking on generators we see that :

Proposition 3.7. For my, my V;-monomials, we have in Y} :

_ 42d1(m1,m2)—2d2(m2,m1) _ 42d2(m1,mz2)—2d1 (m2,m1)
=1 =t

mims maoiny mainy

If B(z) is not symmetric, the product is defined in section 7.3.3.

3.2.2 Involution

We consider the Z[t*]-antilinear antimultiplicative involution of Y# such that Y;; = Y;,,
A7l = A7l t=t"! (in [He2] we gave a “concrete” construction of this involution for the

generic case : in Y, the involution is defined by Cm = —Cm)-

A computation analog to lemma 6.8 of [He2| gives :
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Lemma 3.8. There is a Z[t¥]-basis A3 of Vi such that all m € A$ is a Yi-monomial

and :
m = 2 mm)y — g2d2mm)

Moreover for my, ms € A7 we have mymat— 4 (mm2)—da(mims) o A

For example we have Y;; € A} (because d;(Y;;,Yi;) = 0) and if s = 0 or s > 2r; we have
tAZ-_,ll € A$ (because d;(A;} Ai—’ll) = —1).

il
For my,my € AJ we set my.my = mymat 4 (mima)—dz(mi,ma) - < A;. We have mji.my =
ma.m1. The non commutative multiplication can be defined from . by setting (mq, my €
A7)

_ tdl (m1,m2)+d2(m1,mz2)

mi1me miy.MmMo

In the AD FE-case it is the point of view adopted in [N3]. In particular if s = 0 or s > 2r;,
Yi: (resp. A;ll) is denoted by W, (resp. t~'V;;) in [N3].

For s > 0 there is a surjective map p; : A; — A7 such that for m € A;, ps(m) is the unique
element of A$ such that for i € I,1 € Z/sZ :

yalps(m)) = Y yaa(m) , vialps(m)) = Y via(m)

rez/i"=l rez/[i=l

In particular it gives a Z[t*]-linear map p; : Y, — )Aif )

3.2.3 Dominant monomials

A Ys-monomial is said to be i-dominant (resp. i-antidominant) if VI € Z/sZ, u;,(m) >
0 (resp. u;i(m) < 0). We denote by B;, the set of i-dominant monomials m such that
m € Aj.
A Ys-monomial is said to be dominant (resp. antidominant) if VI € Z/sZ,¥i € I, u;;(m) >
0 (resp. u;;(m) < 0). We denote by B; the set of dominant monomials m such that m € A;3.
We define 11 : )75 — Y5 = Z[Yﬁ]ig,lez/sz as the ring morphism such that for m a V-
monomial II(m) =[] Yiuf’l(m) (Y* is commutative).

i€l leL/sT

In particular for i € I, [ € Z/sZ, we have :

A =Y Yok, |1 11 Yok

j/Cj,i<0k’=Cj,i+l,Cj,i+3,...7—Cj,i—l

and we denote this term by A;ll = ﬂ(AZ_ 1), Let A* = TI(A$) the set of Y*-monomials,
B; =1(By,), B* = N\ B; = TI(B;).
’ icl
We recall that there is a partial ordering on the yf-monomials such that
m = taAi_l}ll...A;jlkm’ Sm<m.

We have a generalization of lemma 3.14 of [He2] :
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Lemma 3.9. Let s > 0 and M be in Aj. Then :

i) If C is finite then there is at most a finite number of m' € A; such that m' < M
and m' is dominant.

i) If C'is finite or det(C(q)) # 0 then for m € A® there is at most a finite number of
m' € A such that m’ < M and II(m’) = m.
i11) We suppose that there are (a;)ier € Z' such that a; > 0 and fori € I Y a;C;; = 0.
jel
Then for M € A® there are at most a finite number of dominant monomials m € B® of
the formm = MA L AL A1

11,0174 Tio,l3 T,k
In particular an affine Cartan matrix verifies the property of (iii) (see [Kac| for the coef-
ficients a;).

Proof : 1) If s = 0 see lemma 3.14 of [He2|. Suppose that s > 1 and let m’ be in A7

with m’ = t*M ] AZ._;”’Z and the v;; > 0. It suffices to show that the condition
i€lIEL/sT
m’ dominant implies that the v; = > v;; are bounded (because Z/sZ is finite). This
VeZ/sT
condition implies :

uz(m’) = —QUZ' + Z(—C’i,jvj) + UZ(M) Z 0
JFi
Let U be the column vector with coefficients (u1 (M), ..., u,(M)) and V the column vector

with coefficients (vq, ...,v,). So we have U — C'V > 0. As C is finite, the theorem 4.3 of
[Kac] implies that C~'U — V > 0 and so the v; are bounded.

i) If det(C(q)) # 0 then the A7 are algebraically independent (see [He2|) and the
result is clear. If C' is finite and s > 1, we use the proof of (i) with the condition :

ui(m') = —2vu; + Z —C.jv;) + wi (M) = u;(m)
J#i
iii) Consider m’ = [[ A;;" and m = Mm'. Fori € Iletv; = Y v;; > 0. We
i€lI€L/sT 1€Z/sT
have :
D aui(m) =3 ai) (=Cijv; == v;(3_aiCiy)
iel el jel jeI el

We suppose that m is dominant, in particular u;;(m’) > —u;;(M). So :

ui g (m') = w;(m') — Z wip(m') <u(m') + Z w; (M)

VEZ/ST 1 #1 VEZST I #1
/
> a_E :a’] —uj(m’)) + E wi (M E :a']u] M) + E wi (M
bt VEZ/sT I #1 g;éz VeZ/sZ 1 #1

So the w;;(m') (i € I,l € Z/sZ) are bounded and there is at most a finite number of m/
such that m is dominant. O
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In (ii) the condition det(C(q)) # 0 is essential : if we suppose that C' is of type A and
s =3 (sodet(C(q)) = ¢*(¢*—1)* = 0). Then for all L > 0, we have II(Y1 0 A] [ A3 A5 %) =
Y1, and ﬂ_l(Yl,o) is infinite.

3.3 Screening operators

Classical screening operators were introduced in [FR3| and t-deformed screening ope-
rators were introduced in [Hel| for C finite and ¢-generic. We define classical and deformed
screening operators in the general case :

Definition 3.10. J}fu is the Y*-bimodule defined by generators S;; (i € I,1 € Z/sZ) and
relations :

—1 -1
Si,lA'k =1t 0, (2)(zk=D 4o 1—F) A~kSi,l , SZ'JY]-’k =ts, (k=0 L(—k) Yj,kSz‘,l
7, 5,5 (2)( )4, i, ( )

-1
SZ'Jt = tSi,l ) Si,l—ri = t—q_Qri—lAz',l Si,l—i—ri

Vs, is the Vi -bimodule Vi ®y. V5, @3. V5.

(Note that Y§ is a Y:-bimodule using the projection Y¢ — Y#). For s > 1 we have a
periodic condition S; ;45 = S;;.

For m a yf—monomial only a finite number of [S;;,m] = (#* — 1)t“t™ =1y, ;(m)]:S;, €
(t* — 1)), are not equal to 0, so we can define :

Definition 3.11. The i'"-deformed screening operator is the map Sy, : Vi — )A)ft defined

by (A€ Vi) :
s 1 \ys
Sii(A) = 71 Z [Sii, A € Vi
=

At t = 1 we define the classical screening operators :

S = V= @BV Si) D> YV Siier, — A Sitgr)

leZ/sZ USYAEYA

such that for m € A%, S5(m) = m Y wiy(m)S;;. For A € Vi we have S;(II(\)) =

1€L/sZ.

I1(S;+(\)) where IT : yft — V¢ is defined by II(msS;;) = II(m)S,,.
The S?,, S are derivations. Denote ﬁ?’t = Ker(S5;7,) and R = ﬂfiit (resp. R = Ker(S7)

1,0 M1 ()
icl
and 8 = (&%) be the subalgebras of J§ (resp. of V*).

el
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4 q,t-characters in the generic case

In [He2| we defined ¢, t-characters for all finite Cartan matrices in the generic case. In
this section we define ¢ and g, t-characters for all symmetrizable (non necessarily finite)
Cartan matrix such that ¢ # j = C;;C;; < 3, in particular for Cartan matrices of affine

type (except Agl), Af)). We suppose s = 0, that is to say ¢ is generic. The root of unity
case will be studied in section 5.

4.1 Reminder on the algorithm of Frenkel-Mukhin and on the
deformed algorithm

4.1.1 Kernel of deformed screening operators

In the following a product [[M; (resp. [[M;) is the ordered product
lez lez
...M_QM_lMoMl... (resp. ...MngMoM_l...>.

Definition 4.1. For M € ;)Z a i-dominant monomial we define :

«—

Ei,t(M) = M(HY;Z’LJ(M))_IH(Y;J(l _‘_tAZ—’ll_i_rz))uz,l(M) c j}t

lez leZ

Theorem 4.2. ([Hel) For all Cartan matriz C, the kernel R, of Si; is the Z[t*]-
subalgebra of Y, generated by the lelZ,j#1i):

—

)/i,l(l + tA;ll+rl> ) Agll}/i,l-i-?“i}/i,l—n ) )/j,l ) Ei,t(Aj_,ll)

For M a i-dominant monomial we have E; (M) € :@i,t, and :@i,t = @ Z[{tEEi(M).
MEBM

Note that the proof of [Hel] works also if C'is not finite : the point of this proof is that
an element xy € ®;; — {0} has at least one i-dominant monomial, which is shown as in the
sly-case.

At t =1 it is a classical result of [FR3|.

Note that in the ADFE-case the identification (see section 3.2.2) between the tAZ._,ll and
the V;; shows that the notation f%@t coincides with the notation of [N3|.

4.1.2 Completed algebras

We define a Z -gradation of ), by putting deg(AZ._,ll) = —1, deg(Yi;) = 0. Note that

m < m' = deg(m) < deg(m’). We define the algebra V® > ) as the completion for

this gradation. In particular the elements of }7° are (infinite) sums ) Ax such that Ay is
k<0
homogeneous of degree k.
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In the same way we define ﬁf‘; such that ;)950 D ﬁf‘; D ﬁ@t, that is to say y € J}fo is in ﬁf‘;
if and only if it is of the form y = > x; where :
k<0

«—

Xk € & ZItF)E (M)

MeB; ¢ /deg(M)=k

Let R° = ﬂf%‘f’t In particular :
iel

Lemma 4.3. An element of &> — {0} has at least one dominant monomial. An element
of & — {0} has at least one dominant monomial and one antidominant monomial.

In the same way for t = 1 we define Y*° D )Y, K% D K. They are yvell defined because in
Y the A; ! are algebraically independent (see section 3.2.3) and II preserves the degree.

In particular the maps [T can be extended to a map Il: yfo — Y.

For m a Y,-monomial let u(m) = max{l € Z/Vk < [,Vi € I,u;x(m) = 0}. We define the
subset C'(m) C A,

C(m) = {t*mA;*

1,017

AL N> 0,0y > u(m)} 0 A,
We define the Z[t*]-submodule of Y¢° :

Cm)={xeVF/x= Y Awl)m'}

m/eC(m)

4.1.3 Algorithms

In [He2| we defined a deformed algorithm to compute g, t-characters for C' finite. We
had to show that this algorithm is well defined, that is to say that at each step the different
ways to compute each term give the same result.

The formulas of [He2| gives also a (non necessarily well defined) deformed algorithm for
all Cartan matrices, that is to say :

Let m € B;. If the deformed algorithm beginning with m is well defined, it gives an
element Fi(m) € 8° such that m is the unique dominant monomial of F(m).

An algorithm was also used by Nakajima in the ADFE-case in [N2]. If we set t = 1 and
apply II we get a classical algorithm (it is analogous to the algorithm constructed by
Frenkel and Mukhin in [FM1]). So :

Let m € B. If the classical algorithm beginning with m is well defined, it gives an
element F'(m) € K such that m is the unique dominant monomial of F'(m).

We say that the classical algorithm (resp. the deformed algorithm) is well defined if for
all m € B (resp. all m € By) the classical algorithm (resp. deformed algorithm) beginning
with m is well defined.
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Lemma 4.4. If the deformed algorithm is well defined then the classical algorithm is well
defined.

Proof : If the deformed algorithm beginning with m is well defined then the classical
algorithm beginning with II(m) is well defined and F(II(m)) = II(Fi(m)). O

The following results are known :
If C is finite then the classical algorithm is well defined (|[FM1]).
If C is finite and symmetric then the deformed algorithm is well defined (|N3]).
If C is finite then the deformed algorithm is well defined (|He2]).

In this section (theorem 4.6) we show that the classical and the deformed algorithms are
well defined for a (non necessarily finite) Cartan matrix such that i # j = C;;C;,; < 3.

4.2 Morphism of ¢, t-characters beyond the finite case

The construction of [He2| is based on the fact that we can compute explicitly g, t-
characters for the submatrices of format 2 of the Cartan matrix. So :

Proposition 4.5. We suppose that C' is a Cartan matriz of rank 2. The following pro-
perties are equivalent :

i) For allm € B, F(m) € R

i) C is finite

iii) ChaChy < 3

) Fori=1 or2, 8 NC(Y;0) # {0}

v) Fori=1 or2, C(Y;o) has an antidominant monomial

Proof :  'The Cartan matrices of rank 2 such that C'; ,C5; < 3 are matrices of type A; x Ay,
Ay, By, Cy, Gy or GY. Those are finite Cartan matrices of rank 2, so (i4) < (4ii). Moreover
if C' is finite, the classical theory of g-characters shows (ii) = (7).

We have seen in [He2| that (i7) = (iv). It follows from lemma 4.3 that (iv) = (v) and
(i) = (v).

So it suffices to show that (v) = (ii7). We suppose there is an antidominant monomial
m € C(Y10). We can suppose C12 < 0 and Cy; < 0. m verifies :

I(m) = Yi0Ar], .. AT} Ag) . Ayl

2,0
where L, M > 0. In particular we have :
ul(m) =1—-2L— MCLQ and Ug(ﬂl) = —2M — LCQ,l

As m is antidominant, we have ui(m), us(m) < 0.
if M =0, we have us(m) = —LC5; <0 = L =0 and u;(m) = 1 > 0, impossible.



THE T-ANALOGS OF Q-CHARACTERS AT ROOTS OF UNITY 101

—C1,2
2

2 —C1,2 2
S =557 %0 5 < =57 = Chalhn <3 O

if M > 0, we have ﬁ > and

Let us look at the general case :

Theorem 4.6. If i # 7 = C,;,;C;; < 3, then the classical and the deformed algorithms
are well defined.

Proof : It suffices to show that the deformed algorithm is well defined (lemma 4.4).We
follow the proof of theorem 5.11 of [He2| : it suffices to construct Fy(m) for m = Yq

. . . 2 i .
(1 € I) and it suffices to see the property for the matrices ( Ciy ) If r; Ar; =1 this

Cjﬂ' 2

follows from proposition 4.5. If r; A r; > 1 it suffices to replace r;,7; with — o

AT TiAT (111
i/\T'j i/\T'j
fact it means that we replace ¢ by ¢""\"7). O
In the following we suppose that i # 7 = C;;C;; < 3. For example C' could be of finite
or affine type (except Agl), Agz)).

We conjecture that for C' of type Agl) (with 7 = r9 = 2) and of type Agz) the algorithms

are well defined (note that for C' of type Agl) and r; = ro = 1 the classical algorithm is
not well defined).

We verify as in [He2| that Fy(Y;;)Fi(Y;) = Fr(Y;)Fi(Yii). Let Rep = Z[ X, )icr ez as in
section 2.2 and a Rep-monomials is a product of the X ;.

Definition 4.7. The morphism of q,t-characters x,: : Rep — :@fo 1s the Z-linear map

such that : }
Xaa( H szll) = HHFt(Y;,z)”l

i€l,leZ leZiel

The morphism of q-characters x, : Rep — 8% is defined by x, = [To Xq.t-

We show as in [He2] :

Theorem 4.8. The Z-linear map xq: : Rep — )>t°° 1s injective and is characterized by
the three following properties :

1) For M a Rep-monomial define m = ] Yff’l(M) € B;. Then we have :
iellez

Xqt(M) =m + Z Ay (1)m/ (where a,, (t) € Z[tF])

m/'<m

2) The image Im(x,,) is contained in R5°.
3) Let My, My be Rep-monomials such that
maz{l/ > “wi (M) > 0} < min{l)Y “wii(My) > 0}
il iel
We have :
Xt (M1 M) = Xg(M1)xq,e(Ma)
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Remark : Those properties are generalizations of Nakajima’s axioms [N3| and of properties
of [He2|. In particular if C' is finite then we have IT(Im(x,)) C Y , Xq : Rep — Y is the
classical morphism of ¢-characters and x,; is the morphism of [He2|. If C' is of type ADE
then x, is the morphism of g, t-characters of [N3].

5 ¢, t-characters in the root of unity case

In this section we define and study e, t-characters at roots of unity : let ¢ € C* be a
sth-primitive root of unity. We suppose that s > 2rV.

The case t = 1 was studied in [FM2]|. The t-deformations were studied in the AD E-case
by Nakajima in [N3] using quiver varieties. In this section we suppose that ¢ # j =
Ci;C;i < 3 and B(z) is symmetric. In particular C' can be of finite type or of affine type

(except A (W A§2 , see section 7.3.2). The deformed algorithm is well defined and x4 exists

(theorem 4.6). We define the completed algebra yf >, ffo , ﬁf "> as we did for the generic
case (section 4.1.2).

5.1 Reminder : classical e-characters at roots of unity

We define 7, : ¥ — Y, as the ring homomorphism such that 7,(Y;;) = Y; jy where for
[ € Z we denote by [l] its image in Z/sZ.

If C is finite the morphism of e-characters x. : Rep® — )* is defined by Frenkel and
Mukhin (see section 2.2). We have the following characterization :

Theorem 5.1. ([FM2]) If C is finite, the morphism of e-characters x. : Rep® — Y* is
the linear map such that (lo € Z) :

C 1] xih==0aC I x0™)

i€l l€Z/sZ 1€1,lp<I<lp+s—1

If C is not finite, we can consider J* = Z]Y;,, A;ll]i€[7lez/sz and the completion )A)foo as
in the generic case. We define x. : Rep® — Y5> with the formula of the theorem 5.1.

In the following we give an analogous construction in the deformed case t # 1.

5.2 Construction of y.;

The point for the t-deformation is that we can not define a natural t-analog of 7
which is a ring homomorphism. However we construct an analog 7, of 7, which has nice
properties.
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5.2.1 Definition of 7,

First let us briefly explain how 7, is constructed. The main property is a compatibility
with some ordered products : suppose that I; > Iy (I1,ly € Z), that my € jit involves only
the }/;711,14;!11 and that moy involves only the Y;lQ,A;llQ. Then 7,; is defined such that
Tst(M1imsg) = T51(m1) 751 (Mm2). Let us now write it in a formal way :

For m a Y,-monomial and [ € Z, let :

m(m) = ([ Tv ) 1A

el el

It is well defined because for ¢, 7 € f and | € Zwehave Y;;Y;; =Y,,Yi;, A;, llA]_l = A;;A;ll
and for i # j, A;lle,l = Yj,lA;ll (theorem 3.4).

Let m = [[m(m), m = [[m(m), and the Z[t=]-basis of Y, :

15/ lez
A= {m/ m Y,-monomial} and A = {m/ m Y,-monomial}
Definition 5.2. We define 7,, : Y, — V¢ as the Z[t¥]-linear map such that form € A :
T T A4~ J1(m)
moo(m) = LT T4 A D™
Iz jeI jer

Note that 7, is not a ring homomorphism and is not injective; the motivation of the
construction are the results of theorem 5.6 and 5.11.

5.2.2 Definition of yx.,

T,+ is compatible with the gradations of Y, and V¢ and is extended to a map Tot °
Ve — Vi
Definition 5.3. The morphism of q,t-characters at the s -primitive roots of unity x.; :
Rep® — Y& is the Z-linear map such that :

Xeit( H szl” ) = Tot(Xg.t( H XZZ“))

1€ll€L)ST 1€l,0<I<s—1

It follows from theorem 4.8 and 5.1 :

Proposition 5.4. The morphism x.. verifies the following properties :
1) If C s finite we have o Xet = Xe-
2) The map X is injective.

3) For a Rep-monomial M define m =[] Yf”(M € B;. Then we have :
i€1IEL/sT

Xqt(M) =m + Z Ay (1)m' (where a,, (t) € Z[tF])

m/<m
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Note that 1) means that in the finite case we get at t = 1 the map of [FM1].

Remark that in general we have an analog of 1, that is to say Il o x.+ = X. where
IT: Y™ — Y% is defined in an obvious way.

In the following we show other fundamental properties of x.; (theorem 5.6 and theorem
5.11).

5.3 The image of y.;

In this section we show an analog of the property 2 of theorem 4.8 at roots of unity
(theorem 5.6).

5.3.1 Classical case t =1

The map 7, : Y — Y?* is a ring homomorphism. In particular we can define a Z-linear
map 7, : V; — V¢ such that 7,(mS;;) = 7,(m)S; . Indeed it suffices to see it agrees with
the defining relations of ) :

To(mALL, Sivrar) = To(mALL, ) Sirar) = Ts(M) A7, Siivar) = Ts(m)Siy = 75(mSiy)
Lemma 5.5. We have 750 .S; = S7 o 75. In particular 7,(R) C 8.

Proof : It suffices to see for m a Y-monomial :

j{:ihl 73 nlfﬂl _‘73 2{:1%1 ‘S I = 75 2{: j{:ihl+rs z ]

leZ lez 0<I<s—1 reZ
= 7o(m) Y wiy(7e(m))Sip = 85 (7a(m))
0<I<s—1
0
Remark : 75(R;) is a subalgebra of & and 74(R;) = @ E;(m) where for m € B, we set
meB;
Ei(m) =m ] (1+A; ., )" In particular if x € 7,(&;) has no i-dominant monomial
I€Z/5E.

then x = 0.

5.3.2 Deformed case
Theorem 5.6. The image of X is contained in fif’oo

In this section we prove this theorem. With the help of theorem 4.8 it suffices to show
that 7,,(R::) C &, which will be done in proposition 5.10.

For m a yt—monomial and k € Z let :

—

lk) = i) Ty A

lez jel jel
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—

Note that 7,¢(mlks]) = 75+(m) and for m € :l, k € Z we have m[k| € A.
For my, mo )A)t—monomials, and k& € Z we have :
di(my, malk]) = dy(mq[—k], me) and do(my, malk]) = da(mq[—k], ms2)

Lemma 5.7. For mq, my V;-monomials we have :

dy(Tst(my), Ts:(ma)) g dy(my, malrs]) E dy(my[rs], ms)

reZ reZ
da(Ts1(m1), Ts1(m2)) E do(my, malrs]) g day(my[rs], ms)
reZ rez

Proof : For example for d; we compute :

di(Ts (M), Ts1(m2))
= > Uit (T (ma)) w1 (Ts 1 (M2)) 4+ Wi pgr, (Ts 1 (M) )03, (T £ (M2))

i€IIEL/ST

= Z Ui l4+r;+rs (ml)ui,l—i—r’s (m2) + Wi 14r;+rs (ml)vi,l+r/s(m2)
i€l 0<I<s—1,reZ,r' e’

= D> Vigr, (M)W grs(Mma) + Wi g (M) Vi 14 (Ma) = D di (M, ma[rs]) O
i€l l€Z,reZ rez

Lemma 5.8. Let m be a )>t monomial of the form m = Z1Z5...Zk where Zk Yi 1. or

Zy, = AZkl We suppose that k > k' implies Iy, <l + " and (Zy, Zi) ¢ {(A;] Zl : Z_l%)/z €
Il < 1}. Then we have :

Tot(Mm) = Ts1(Z1)Ts4(Z2)..Ts 1(Z k)

2N d(ZeZy)d2(Z D) _

Proof : First we order the factors m = t *<*/'<lw m. So we can apply
Tst -
2 /Z dl(Zk,Zk/)—dQ(Zk/,Zk) _ _ — v (m) s (m)
Toa(m) = ¢ </t moam) s malm) = LI D55 LA
lez jel jel

If we order the factors of 74 +(Z1)7s1(Z2)...7s+(Z)), we get :

2 /Z (d1 (75,6 (Z1),7s,t(Z ) —d2 (75,6 (Zy1 ), 75,6 (Z1))) -
Ts,t(Zl)Ts,t(Z2)"'Ts,t(Zk) =1 <Kl <ty 7—57t(m)

So it suffices to show that k < k' and I, < Il implies dy(Zx, Zp) — do(Zpr, Zi) =
A1 (Tst(Zk), Ts t(Zpr)) — do(Ts4(Zhr ), T4 (Zy)). But we have 0 < Iy — [ < 7Y and s > 2r".
So for p € Z such that p # 0 we have |l — I + ps| > rY. But in general for kq, ko, we

have :

(Ziys Z1s) # 0 = (Zhy, Ziy) = (A7, A lk:I:2r ) or |lg, = l,| <77

(
So in our situation we have dy(Zy, Zy [ps]) = do( Zi, Zi[ps]) = 0. In particular :
di(Ts(Zk), Ts,t(Zi)) — do(Tst(Zir), T 4 (Zi))

— dl(Zk7 Zk’)_d2(Zk’7 Zk)+2(dl(zk7 Zk' [p8]>_d2(Zk’7 Zk[p8]>> - dl(Zk7 Zk’)_d2(Zk'7 Zk)
p#0
]
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Lemma 5.9. Let m be a yf—monomial and l,I' € 7.
U!'>1+s—r;=uy(m(m)) =0
U <l+4+r—s+1=uyp(mim)m_(m)...) =up(m)
Proof : First notice that for [,1’ € Z, we have :
wip (Vi) Z0=1 =1, up(Ay) #0=1=1+r

i E G up(A) A0= =1 <-Cj—1<r'—1
As 7 <1V we have : u;p(m(m)) £0=1—rV <" <Il+7rV.
If we suppose ' >l +s—r; >1+2rY+1—r; > 1+ 1Y + 1 we have u; y(m(m)) = 0 and
this gives the first point.
We suppose that I/ <l +r,—s+1. Ik >1+1>1+s—r; >0 +rY+1 we have

wiy(me(m)) = 0. So : wyp(m(m)m—_1(m)...) = wip(m) — > u;p(mp(m)) = u;p(m). d

k>l

Proposition 5.10. We have Ts7t(§iz-,t) C fift Moreover for m a i-dominant monomsial :

«—

Tst(Eir(m)) = Ts,t(m)Ts,t(mi)_IH(E}[l](1 + 1A %—i—r ))ui’l(m)

IEZ

~ 3 A
where m* = HYHJ( ) ¢ Bi;.
IeZ.

«—

Proof :  We have to show that for m a i-dominant monomial, 7,+(E;;(m)) € ﬁft The
proof has three steps :

1) First we suppose that m = Y;; where [ € Z. We have Ei,t(Yi,l) =Y (1 +tA;]} s ),
and :

Ts,t(Ei,t(}/i,l)) = Ts,t((l +1 lAz_l—i-r ) ) =1 +t lAz_[l—i-r ) [l — Y (1] (1 + tA %—l—r )

and so :

—

Sie (Tt (Bie(Yin)) = YiuSin —t Yo Ar gy Siivard = Yam (Si =t~ ALy Silivzr) = 0

2) Next we suppose that m = []Y;}"". We have E; (m) = [T (E;(Yi))". But r; <1,
I€Z Iz
and in (E;4(Y;,))"* there are only Y;; and AZ Ltr;+ SO we are in the situation of the lemma
5.8, and :
Ts,t(Ez‘,t(m)) = H(Ts,t(Ei,t(}/i,l»)ui’l
1€Z

«—

As ﬁst is a subalgebra of )¢, it follows from the first step that 7, ,(E;(m)) € :@ft
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3) Finally let m € B;; be an i-dominant monomial. As for all I € Z, u;;(m) = u; ("),
we have :

(Tst(m)) ST (m)) = (7se (1)) 7Sy (7, (021))

It follows from the second point that 7, ,(E;, (1)) € &, Let { = rs,t(mi)—lTsvt(Ei,t(mi)) €
Vs. We have 7,,(m)x € ﬁit, because :

Sie(msr(m)X) = Si(rae(m))X + 7o, (m)S5(0)

= o (m) (72 (1)) (stt(TSt( )X+ 7ot (1) 57,(X))

= Tt (m) (T (12°)) ™1 zt(TSt(mZ>X)

= 57, (ras(Ei(m)) =

So it suffices to show that 7, t(i_?it(m)) = T51(m)X.

«—

Let x = (')~ 1Ezt( ?) € ). By definition of Ezt( ), we have in Y, : E;,(m) = my. In
particular we want to show that 7;(my) = 7s.(m)7s,(Mm*) " 75, (7' x). Let A\, (t) be in
Z[t*] such that :

X = Z )‘m’(t)m/

m/eA;

If A (t) # 0 then m’ is of the form m’ = A7 ..
show that for all m’ of this form, we have :

Aj L. As 7, is Z[t*]-linear, it suffices to
Tot(m)Te (M) 1y ('m) = 74 1 (mm)
That is to say a = (8 where «, 3 € Z are defined by :

To(mm') = to7, (M) 7o, (m)) and 7,4 ('m’) = 71, ()75 (M)
We can suppose without loss of generality that m € A and m’ € A (because 7, is

Z[t*]-linear). Let us compute «. First we have in ) :

232 d2(m(m),my (m'))—di (my (m'),m(m))

mm’ =t V>l Hm

1€Z

We are in the situation of lemma 5.8, so :
23" da(my(m),mp (m'))—di (7 (m'), 7 (m))
Tug(mm') = £ 7= | | Tl () (mn')
1€Z
But we have in J# (lemma 5.7) :
2 Z dQ(Ts,t(Wl(m))7Ts,t(7F /( ))) d1 (TS t(ﬂ'/ TS it 7rl

Ts1(M) T (M) =1 > l l HTst 7 (m)) s (m(m'))

IEZ

And we get :

a =2 dy(m(m), m(m')) — dy(m(m'), m(m))
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—2) da(Tse(m(m)), 7o (me(m'))) = d (7ot (mp (), 7o 4 (ma(m)))

>l

And so we have from lemma 5.7 :

a =23 (da(m(m), 7 (m')) — di(my(m'), m(m)))

- 2ll>ilz(dz(m(m) sl o (') = da (o ('), ) [rs)
=2 5 (dalm(m)lrs), (o)) = d o om') ) )

But we have 7 (m’') of the form A, ", and so :

a==2 > vp(m)(uiper,(m(m)lrs]) — vy (m(m)[rs]))

U0
=2 Z Ui,l’(m/) Z (ui,l/—i-ri—rs - ui,l/—ri—rs) (Wl(m))
ez, 1<l 70
= —2 Z Ui,l’(m/) Z (ui,l/—i-ri—rs - ui,l’—ri—rs)(ﬂ—l/—l(m)/ﬂl’—2(m)~-~)
ez 20

We use lemma 5.9 :

a==2> v (M) (Ui tri—rs — Witr—rj—rs) (Tr—1(M)mr_2(M)...)

l'eZ r>0

= -2 Z Ui,l’(m/) Z (ui,l/—i-ri—rs - ui,l’—ri—rs)(m)

lVeZ r>0

It depends only of the wu;;(m), so with the same computation we get :

ﬁ = _2zvi,l’(m/)Z(ui,l/-‘rri—rs - ui,l’—Ti—TS)(mi)

VeZ r>0

and we can conclude a = 3 because for all [ € Z, u;;(m) = u;(m"). O

5.4 Description of .,

Recall the map p, of section 3.2.2 :
Theorem 5.11. If xo:.(  II  X;;") = X Au(t)m, then :

i€el,0<I<s—1 meA
Izl Di (m)+D5 (m
Xe,t( XZ [l] § Am t ( 2 ( )ps(m)
ie1,0<I<s—1 meA,

where for m a Y;-monomial :

[ (m) = di(m,mlks]) , Dy (m) =Y _da(m,m[ks])

k<0 k<0

In this section we prove this theorem (consequence of lemma 5.12 and proposition 5.13).
Note that this result is a generalization of the axiom 4 of [N3] to the non necessarily finite
simply laced case. In particular our construction fits with [N3| in the ADFE-case (where
Dy =Dy).
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Lemma 5.12. Form a yt—monomial we have t'm € A, and t—7"2ammm < A where :

y=Y O vhm = > wa(m)v(m)

leZ i€l Z’,j/ci7j+7‘i:—1

_ Z vi’l(m)(vj,lﬂ(m) + Uj,l—l(m)>>

1,j/Cs,j==—3 and r;=1

Proof :  We have m = m = t2*m where :

8= di(m(m),m(m)) = dy(me(m), m(m))

>l

— Zdl (m(m), Zdl m(m), mpy(m)) + do(m(m), my(m))

leZ <l

So tym = 21 mm)pr ) where -

—Zdl(m(m) Zdl m(m), mpy(m)) + do(m(m), m(m))

leZ <t

But for | € Z, dy(m;(m), m(m)) is equal to :

—szl(m) + Z v (m)v,(m) + Z vy (m)vj(m)

1€l i,j/Ci,j:—Q and r;=—1 ’i,j/Ci,j:—g and r;=2
_ 2
==Y wim)+ D v(m)v(m)
el z‘,j/Ci,]-—i—ri:—l

For | < I" we have :

di(m(m), my(m)) = y=i4+1 > Ui (m)vj 1 (m)

z’,j/Ci,j:—3 and ’I‘i=1
da(m(m), my(m)) = dy=i41 > Vi1 (m)vsa(m)
1,j/Cs,j=—3 and ;=1
and we get for v the annonced value.

For the second point we show that ¢ —2d1(mm)y e A, -

£——2d1 (m, m) t~/+2d1(m m) t~/+2d1(m m)— 25<— o t_%f(?_l _ t2d1(m,m)(t—7—2d1(m,m)7‘7_l)

Proposition 5.13. For m € A; we have :

) = ¢Dr (m)+D3 (m)

Ts (M ps(m)
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=+ 2d1 (m,m) ;-

Proof :  Using lemma 5.12 we can write m m. So we have :

Ts,t(m) = t—’y—2d1(m,m) HTs,t(ﬂ-l>
leZ

where m; = m(m). So we have 7, ,(m) = 2“7, ,(m) where :

a =75+ 2d;(m,m)+ Zdl (Tt (1), Tst (1)) — do(Tst(m0r), Ts 1(m1))

<l

=+ 2d;(m,m) + Zdl (Ts.t(m), Ts (1)) — do(Ts 2 (m0r), Ts.e(m1))

1<t
So it suffices to show that & = —D7 (m) — D3 (m) + dy(ps(m), ps(m)). But we have :

di(ps(m), ps(m)) =Y “di(Tas(m), Toe(mr)) + Y _di(7e(m), Tan(mr))
<’ >

So we want to show :

—do(Ts 1 (), Ts ¢ (717))
= Zdl(m(m), Tot(mr)) = (di(m,m) + Dy (m)) — (d2(m, m) + Dy (m)) —

>v

The second term is :

Z dy(my, mp[rs]) — Z (dy (my, mp[rs]) + do(my, wplrs]))

1>l rel LUEZ,r<0
+3 domiym) + Sy (w1 ) + da(m, )
leZ <l

But for I < " and r < 0 (resp. [ > 1" and r > 0) we have dy(m, mp[rs]) = do(m, mp(rs]) = 0.
So this term is :

> di(mymelrs)) = Y (di(m, wolrs]) + da(m, welrs])) + Y da(m,m)

1>1,r<0 1> r<0 17
=— E do(m, mp[rs)) E do(m, mp[rs)) E do(Ts1(m1), Tst(m0r))
1>1'r<0 1>l reZ >l

6 Applications

In this section we see how we can generalize at roots of unity results of [He2| about
Kazhdan-Lusztig polynomials and quantization of the Grothendieck ring. We suppose
that i # j = C;;C;; < 3 (C is not necessarily finite) and that s = 0 or (s > 2r" and
B(z) is symmetric). Such constructions were made by Nakajima [N3] in the finite simply
laced case.
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6.1 Analogs of Kazhdan-Lusztig polynomials

~ The involution of Vs is extended to an involution of Y. For m € B, a dominant
Yi-monomial we set :

(LY TITT A

leZ el leZiel

For m € B; we define E,(m) = m(r, (M) '7.4(Ey(M)) where M = ] Y30 1
1€l,l=0...s

follows from the proposition 5.10 that Et(m) € RS>,
Let AP™ = {t*™m/m € A5} and BY™ = {t*™m/m € B} where a(m) is defined by
tom = t*™m (see the proof of lemma 6.8 of [He2]).

The following theorem was first given in [N3| for the ADFE-case and in [He2| for the
generic finite case.

Theorem 6.1. For m € BY™ there is a unique Li(m) € K™ of the form L(m) =
m+ > e m(t)m’ such that Li(m) = Li(m) and :

m/<m

where P35, . (t) € t7'Z[t™"]. Moreover we have :

A

I(m) = (m') = m™ 'L (m) = m'~ "L (m)

In this section we prove this result and study possible interpretation. In finite cases the
proof is essentially in [He2|. In the cases s # 1 and C non finite we have to give another
proof.

6.1.1 Proof of theorem 6.1

i) If C'is finite : it follows from the lemma 3.9 (i ) that for m € B}, the set {m' < m}NB;
is finite. In particular Et( ) and a product Et( )Et( ') have a finite number of dominant

monomial. Moreover we see as in theorem 3.8 of [N3] that > Z[ti]gt(m) is stable by
mebBy

the multiplication and the involution. So we can apply the proof of theorem 6.9 of [He2|.

But in general (C' non necessarily finite) an infinite number of dominant monomials
can appear in the g, t-character : let us briefly explain it for the example of section 3.2.3.
We consider the case C' of type A and s = 3. We have the following subgraph in the
g-character given by the classical algorithm :

-1 -1 -1
Yl,o - Yl,g Y2,1Y}>,1 - YE’>,2Y2’>,1Y'273 - Yg,,4 Y}>,1Y1,0
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But at s = 3 we have Y5,'Y3,Y1 ~ Y. So we have a periodic chain and an infinity of
dominant monomials in 7, +(F;(Y1,)). So we have to give another proof :

ii) General case : for m € B{"™ and k > 0 we denote by B} (m) C By™ the set of

dominant monomials of the form m’ = t*mA; ", .. A;!, . We set also B*(m) = |J Bj(m).
) kstk kZO

It will be useful to construct the element Ff(m) € 87> with a unique dominant monomial

m : we denote by mg = m > m; > ms > ... the dominant monomials appearing in F;(m)
with a total ordering compatible with the partial ordering and the degree (the set is

countable because there is a finite number of monomials of degree —k in Et(m)) We
define \x(t) € Z[t*] inductively as the coefficient of my in Ey(m) — >, N(t)Ei(my).

1<i<k—1
We define : B B
Fy(m) = Ey(m) = Y (D) Ei(m)) € &>

>1

(this infinite sum is allowed in &*°). The unique dominant monomial of F?(m) is m.

In particular F?(m) = F7(m) (because as for the finite case the set of (infinite) sums of
E,(m) in 8™ is stable by the involution).
We aim at defining in a unique way the fi,m(t) € Z[t*] such that :

Lim) =Y pwm(t) ()

m/€B; (m)

The condition L§(m) = L;(m) means that pt m(t™") = i m ().
We define by induction on k > 0, for m' € B, (m) the Py,  (t) and the piuy ., (t) such

that :
Ey(m) — Z Py (1) Z fmr e (8) F (M)
k>1>0,m'€B; | (m) k>r>0,m" B, (m')
& Y G+ PunE@) Y ZPRm)
m'€B; ., (m) I>k+1,m'eB; (m')

For k = 0 we have P}, (t) = ptmm(t) = 1. And the the equation determines uniquely
P, () € tTVZ[ET] and piyy () € Z[tF] such that figy m(t) = panm ().

For the last point of the theorem we see also by induction on & that for my,my € By A
such that II(my) = II(my) and m} € Bi(my), mhy € Bi(my) such that my'm) € tZm; 'm)
we have :

Hom ymy (t) = Hmy mg (t) , Pqu,’l,ml (t) = P?flé,mg (t)

6.1.2 Conjecture in finite case

In the following example we suppose that we are in the sls-case and we study the
decomposition with my = YyY;Y5.
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If s =0, let m; = t?YyA;'Y1Ys. We have

—

Et(mo) = Lt(mo) + t_lLt(ml)
Li(mg) = mo(1 4+ tA7 (1 +tAT ) (1 +tASY) | Li(my) = my(1 +tASY)
If s =3, let my = t2Y A Y1Ys, mo = YY1 45 Y, my = YY1 Yo A5, We have :

Ey(mo) = Lj(mo) + ¢ 'Lj(my) + t 'L (ma) + t ' L; (m3)
Li(mg) = mo + AT Yo A5 1Y, ALY

Li(my) =m(1+ Agl) , Li(ma) = ma(1 4+ tASY) | Li(ms) = ma(1 + A1)

In particular we see in this example that the decomposition of E;(m) in general is not
necessarily the same if s = 0 or s # 0.

We recall that irreducible representations of U, (g) (resp. U!*(g)) are classified by dominant
monomials of J (resp. V*) or by Drinfel’d polynomials (see [CP3], [CP5], [FR3|, [FM2]).

For m € B (resp. m € B*) we denote by V.2 = V,,, € Rep(U,(§)) (resp. V5 € Rep(U*(g)))
the irreducible module of highest weight m. In particular fori € I,1 € Z/sZlet V5 = Vy, .

The simple modules V;% are called fundamental representations. In the ring Rep” it is
denoted by X; ;.

For m € B (resp. m € B*) we denote by M? € Rep(U,(g)) (resp. M, € Rep(U*(g)))

the module M7 = @ Visl@ui’l(m). It is called a standard module and in Rep’ it is
i€l l€L/ST
denoted by ] X l“(m).
i€IIEL/SL

The irreducible Mq(szg)—representation with highest weight m is V,, = Vyy, ® Vy, (see
|[CP3] or [FR3|). In particular dim(V;,) = 6, that is to say the number of monomials of
Li(m).

For € such that s = 3, the irreducible U **(g)-representation with highest weight m is V2
the pull back by the Frobenius morphism of the &/ (szg)-module V of Drinfel’d polynomial
(1 —u) (see [CP5] or [FM2]). In particular dim(V?) = 2, that is to say the number of
monomials of Lj(m).

Those observations would be explained by the following conjecture which is a generaliza-

tion of the conjecture 7.3 of [He2| to the root of unity case. We know from |N3| that the

result is true in the simply laced case (in particular in the last example).

Form= [] Y, adominant Y*-monomiallet M =[] Y} € V5. We suppose
i€l l€L/sZ i€l leL/sZ.

that C' is finite.

Conjecture 6.2. For m a dominant Ys-monomial, TL(L(M)) is the e-character of the
irreducible U**(g)-representation V.2 associated to m. In particular for m’' another domi-
nant Ys-monomials the multiplicity of V7, in the standard module M, associated to m
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18

> Frn (1)

m! € BE™ T (m!")=m/
Let us look at an application of the conjecture in the non-simply laced case : we suppose
that C' = (_21 _22) and m =Y Y7 1.
First we suppose that s = 0. The formulas for F}(Y; o) and Fi(Y; ;) are given in [He2] :
F (Y1) = Yio(1+tAT1(1 + tA75(1 + tATE)))
Fy(Y11) = Yia(1+ A7 (1 + tA (1 4+ tATg)))
The product Fi(Y10)F;(Y1,1) has a unique dominant monomial Y] ¢Ys, so :

Ey(Y10Y20) = Fi(Y10Y20) = Li(Y10Y2,0) = Fi(Y1,0)F2 (Y1)

In particular the Vi ® Vi is irreducible (also a consequence of classical theory of g¢-
characters).

We suppose now that s =5 >4 = 2r".

Tot(Ei(Y10Y11)) = Li(YioYi) + 7' Ly(1)

where Ly(1) = 1. So if the conjecture is true, at s = 5 the V%, ® V}*; is not irreducible and
contains the trivial representation with multiplicity one.

6.1.3 Non finite cases

Let us look at an example : we suppose that C'is of type Agl). In the generic case, the
classical algorithm gives the g-characters beginning with Y7 o, and the first terms are :

Yio
ll,l
-1
Yo Y512,
2,2
3,2
-1 -1
Y2,0 YE’>71Y3,2 Y},,g Y2,1Y2,2

The deformed algorithm gives :

—

Ey(Y1) = Yio(1 4+ tA (1 + tAz5 + tA53)) + terms of lower degree

We suppose now that s = 3. First let m =Y; Y12, m' = t2Y170A1_jY1,2. We have :

—

Ey(m) = Fy(m) +t ' Fy(m/) + ...
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In particular Py, (t) =t"".
Let m = }/271}/},71, m = tYYZl}/},’lAi%Aié, m’ = t}/271YEJ,71A2_éA3:é We have :

—

Ey(m) = Fy(m) +t 'Fy(m/) +t ' F,(m") + ...

In particular Py, (t) =t~' and By, (t) =t
Let us go back to general case : for m,m’ € B® we want to define P,  (t) . We can not

set as in the finite case P;,, . (t) = > Pora(t) (where M € B™ verifies
M'eBs (M) /I1(M")=m/
II(M) = m) because this sum is not finite in general.

However we propose the following construction. For m, m’ € B*, we define k(m,m’) > 0
such that for M € II"!(m) we have k(m,m') = min{k > 0/3IM" € B, (M),1I(M") = m'}.

Definition 6.3. For m,m’ € B* we define P, . (t) € Z[t*] by :

Prym(t) = > P (t)

M'eB$(M)/TI(M")=m' and deg(M’)=deg(M)—k(m,m’)
where M an element of BY™ NI (m).

Note that if C' affine it follows from lemma 3.9 (iii) that for each m € B?, there is a
finite number of m’ € B® such that P;, . (t) # 0. In particular in this situation the proof
of the theorem gives an algorithm to compute the polynomials with a finite number of
steps (although there could be an infinite number of monomials in the €, t-character).

For example if C' is of type Agl) and s = 3 we have :

— 41 =9t !
PY3,1Y2,1,Y1,0Y1,2 (t) =t ) PY1,0,Y1,2,Y3,1Y2,1 =2t

6.2 Quantization of the Grothendieck ring
6.2.1 General quantization

We set Rep; = Rep® ® Z[t*] = Z[X;y, t)ier ez/52 and we extend x., to a Z[t*]-linear

injective map X : Rep; — &>°. We set B* = {m =[] Yiuli’l(m)} C B¢. We have a
i€LIEL)sT
map 7 : Bf — B® defined by 7(m) =[] y;;i»l(m)‘
i€l lET/ST
We have :

Im(yes) = € ZIFEi(m) € &

meBs

But in general Im(y..) is not a subalgebra of R,
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If s =0 or C is finite we have Im(x.:) C P Z[ti];?t(m) (subalgebra of &) and we

meB;
have a Z[t*]-linear map 7: €@ Z[ti]l—ét(m) — Im(x.,) such that for m € B; :
meB;

If s > 2rY and C verifies the property of (ii) lemma 3.9 (for example C'is affine) then there
is a Z[t*]-linear map 7 : Im(Xet)Im(Xﬁt) — Im(x..) such that for m € B} of the form
m = Mm' where M € B® and m’ = to‘Azllll A;}:lk (see the definition of k(mq,ms) € Z
in section 6.1.3) :

w(Ey(m)) = Ey(w(m)) if k = k(T(m), (M)
w(Ei(m)) = 0if k > k({I(m), TI(M))

Indeed the elements of Im(x,+)Im(x.) are infinite sums of Et(m).

In both cases, as x.; is injective, we can define a Z[t*]-bilinear map * such that for
a, B € Rep; :
ax = x;; (m(Xer(a)Xer(B)))

This is a deformed multiplication on Rep;. But in general this multiplication is not asso-
ciative.

6.2.2 Associative quantization

In some cases it is possible to define an associative quantization (see [VV3], N3], [He2]).
The point is to use a t-deformed algebra ); = Z[Yﬁ, t%)ic1.1e7 instead of Y, : in this case
Im(x,) is an algebra and we have an associative quantization of the Grothendieck ring
(see [He2| for details). In this section we see how this construction can be generalized to

other Cartan matrices. We suppose that s = 0 and that ¢ is transcendental.

Lemma 6.4. Let C' be a Cartan matriz such that :
Cz',j < —-1= _Cj,z‘ <r;

Then :

det(C(2)) = 2 B+ a_pz B+ L Fag 284 20

where R=Y_ r; and o(—1) = a(l) € Z.

i=1...n

In particular finite and affine Cartan matrices (A with r; = o = 2) verify the property
of lemma 6.4. Note that the condition C;; < 0= C;; = —1 or C;; = —1 is sufficient ; in
particular Cartan matrices such that i # j = C; ;C;; < 3 verify the property.

Proof : For o € S, let us look at the term det, HC’Z (i) (2) of det(C(2)). If o = Id then

the degree deg(detyq) is > 7. So it suffices to show that for 0 # Id we have deg(det,) <
icl

> ri It i # o(i), we have the following cases :

i€l
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if Cioiy = 0 or —1, deg([Cio(i)]:) <0 < 740

if C; 04y < —1, we have Cy(;); = —1 and so 1;C; 5y = —74(;) and so

To(i) Coi),i

deg([Cive):) = —Ciop — 1 = — —1<rom) — 1 <1y

i

So if o # Id we have :

deg(det,) = Z T+ Z deg([Cio(i)]=) < Z i+ Z Ta(i)zzri

i€l fi=o(i) i€l fio(i) i€l fi=o(i) i€l fio(i) iel

For the last point det(C'(z)) is symmetric polynomial because the coefficients of C'(z) are
symmetric. O

We suppose in this section that C verifies the property of lemma 6.4.

In particular det(C(z)) # 0 and C(z) has an inverse C(z) with coefficients of the form

ol Z(Zl where P(2) € Z[2%], Q(2) € Z[z], Q(0) = £1 and the dominant coefficient of Q)
is +1. We denote by U C Z((z~!)) the set of rational fractions of this form. Note that
¥ is a subring of Q(z), and for R(z) € U, m € Z we have R(z™) € Q. In particular for

m € Z — {0}, C(¢"™) makes sense.
We denote by Z((z7!)) the ring of series of the form P = " P,z" where Rp € Z and the

r<Rp

coefficients P, € Z. We have an embedding U C Z((z7')) by expanding ﬁ in Z[[z7Y]]
for Q(z) € Z[z] such that Q(0) = 1. So we can introduce maps (7., r € Z) :

.0 —7Z,P= ZPTZTHPT

r<Rp

We denote by H the algebra with generators a;[m], y;[m], ¢, relations 6, 7 (of definition
3.1)and (j € I,m#0) :
= 3Gl )

el

Note that the relations 9 are compatible with the relations 7.

We define ), as the subalgebra of H[[h]] generated by the Yfl, AjE (telleZ),t
(R € ) and Y, in analogy to the definition of Y.

The following theorem is a generalization of theorem 3.11 of [He2]| :

Theorem 6.5. The algebra Y, is defined by generators Y;il, (1 € 1,1 € Z) central elements
t= and relations (i,j € I,k,1 €7Z) :

Vi Y = 0ERY Y
where v : (I x Z)* — 7 is given by :

Z; lyj) E 7Tr 6l k,—rj—r 6l—k,r—rj + 5l—k,rj—r + 5l—k,rj+r)
reZ
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7 Complements

7.1 Finiteness of algorithms

In the construction of ¢,t and e, t-character we deal with completed algebras 5): "> so the
algorithms can produce an infinite number of monomials. In some cases we can say when
this number is finite :

Definition 7.1. We say that the classical algorithm stops if the classical algorithm is well
defined and for all m € B, F(m) € R.

It follows from the classical theory of g-characters that if C' is finite then the classical
algorithm stops.

Proposition 7.2. We suppose that there are (a;);c; € Z' such that a; > 0 and > a;C;,; =
jel
0. Then the classical algorithm does not stop.

In particular if C' is an affine Cartan matrix then the classical algorithm does not stop.

Proof : It follows from lemma 4.3 at ¢t = 1 that it suffices to show that there is no

antidominant monomial in C'(Y; ). Solet m =Yy [] A;lvi’l be in C(Y; ). We see as in
iel,lez

lemma 3.9 (iii) that u;(Y;gm) = 0. In particular u;(m) = 1 and m is not antidominant.
U

Proposition 7.3. The following properties are equivalent :
i) For alli € I, F,(Y;) € .
ii) For allm € By, F,(m) € &,.
iii) Tm(xq) C R,

Definition 7.4. If the properties of the proposition 7.3 are verified we say that the defor-
med algorithm stops.

Let us give some examples :

-If C'is of type ADE then the deformed algorithm stops : [N3| (geometric proof) and
[N4] (algebraic proof in AD cases)

-If Cis of rank 2 (A; X Ay, As, By, Co, G5) then the deformed algorithm stops : [He2]
(algebraic proof)

-In [He2| we give an alternative algebraic proof for Cartan matrices of type A,, (n > 1)
and we conjecture that for all finite Cartan matrices the deformed algorithm stops. The
cases Fy, B,,, C,, (n < 10) have been checked on a computer (with the help of T. Schedler).

Lemma 7.5. If the deformed algorithm stops then the classical algorithm stops.
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A A

Proof :  This is a consequence of the formula F(II(m)) = II(F;(m)) (see section 4.1.3). O
In particular if C' is affine then the deformed algorithm does not stop.

Let C be a Cartan matrix such that i # j = C,;;C;; < 3. We conjecture” that the
deformed algorithm stops if and only if the classical algorithm stops.

7.2 ¢, t-characters of affine type and quantum toroidal algebras

We have seen in [He2| that if C' is finite then the defining relations of H :
[ailm], a;[r]] = 0m, (" = ¢7") Bi;i(¢" )¢im)

appear in the C-subalgebra Z/{q(f)) of U,(g) generated by the h;,,c (i € I,m € Z—{0}):
it suffices to send a;[m] to (¢ — ¢ *)h;,, and ¢, to -

c"—c”

In this section we see that in the affine case A (n > 2) the relations of H appear in the
structure of the quantum toroidal algebra. In particular we hope that g, t-characters will
play a role in representation theory of quantum toroidal algebras (see the introduction).

Let be d € C* and n > 3. In the quantum toroidal algebra of type sl, there is a
subalgebra Z generated by the k¥, h;; (i € {1,...,n}, | € Z — {0}) with relations :

kik7'=ccl =1, [kri(2), ke j(w)] =0

O, (Fd™ 0wz Ve (ko y(w) = 0 (7 2d ™ 9wz Yk ki a(z) (10)

(see [VV1] for the definition of the ky;(z) € Z[[z]], m(2) € C[[2]], the matrices A and
M). A computation gives :

Lemma 7.6. The relation (10) are consequences of :

lai; _ o —lai o6 _ -2l
q —q et —c
[hi,h h],m] == 51,—mwd i, ; f
In particular for d = 1, a;[m] = him and ¢, = 2= we get the defining relation of

a9—q m

the Heisenberg algebra H of section 3 in the affine case AS_)I ;
[ai[m], a;[r]] = Om,—r(¢™ — ¢~")[BijlgmCim)
In the case d # 1 we have to extend the former construction : let us study the case d # 1 :

we suppose that ¢, d are indeterminate and we construct a t-deformation of Z[Afh il kez-

We define the C[¢*, d*]-algebra Hy by generators a;[m] (i € I = {1,...,n},m € Z) and
relations :
[aifm], a;[r]] = bm,—r(q™ — ™™ [Aiglgmd ™™™y

5This conjecture is proved later in [He5].
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Fori e I,l,k € Z and R(q,d) € Z[q*, d*] we define :

Ai,l,k = eXP(thqlmdkmai [m])eXP(thq_lmd_kmai[_m]) S ﬂd[[h“

m>0 m>0

tR(q,d) = exp(thR(qm, d™)em) € Hal[h]]

m>0

A computation analogous to the proof of lemma 3.2 gives :
—1 g-1
Ai,l,ij,k,rAM’ij,k’r = t(q_q—l)[Ai’j}q(_qlfkdpfr_i_qk—ldrfp)d*mi,j

In particular, in the quotient of Hy[[h]] by relations tz = 1 if R # 0, we have :

-1 -1 _ ja(ijgklpr) A—1 —1
Ay Ak =1 A Al

where o : (I X Z x Z)? — Zis given by (k€ Z, i,j € I) :
Oé(i, 2.7 l> k7p7 T) = 2(51—16,27”1- - 5l—k,—2ri)5r,p

ali, g, k,p,r) = Z (_5l—kvr+7”iép—7“7mi,j +5l_k77”_7"i67"_P7mi,j) (if ¢ # j)

Tzriciyj+17T2‘Ci,j+3,...7—ricz‘,j—].

In particular this would lead to the construction of g, t-characters with variables Y;; ,,, Ai_,ll’p
associated to quantum toroidal algebras. But we shall leave further discussion of this point

to another place.

7.3 Combinatorics of bicharacters and Cartan matrices

In this section C' = (C;;)1<ij<n is an indecomposable generalized (non necessarily
symmetrizable) Cartan matrix and (71, ..., r,,) are positive integers. Let D = diag(ry, ..., 7,)
and B = DC' (which is non necessarily symmetric).

We show that the quantization of Vs ® Z[tE] = Z[Yiy, Vi,z,ti]z'el,leZ/sZ is linked to fun-
damental combinatorial properties of C' and (ry,...,r,) (propositions 7.9, 7.11, 7.12 and
theorem 7.10). Let us begin with some general background about twisted multiplication
defined by bicharacters.

7.3.1 Bicharacters and twisted multiplication
Let A be a set, Y be the commutative polynomial ring :
Y = Z[Xa,1"aca

and A the set of monomials of the form m = [[ X2*™ € Y. The usual commutative
acA
multiplication of Y is denoted by . in the following.
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Definition 7.7. A bicharacter on A is a map d : Ax A — 7 such that (mq,mg, mg € A) :

d(my.mg, m3) = d(my,m3) + d(ma,m3) , d(my, ma.ms3) = d(mq, ma) + d(my, ms)

The symmetric bicharacter Gd and the antisymmetric bicharacter 2d of d are defined by :

Sd(my, ms) = %(d(ml, ms) + d(ma, my))  Ad(my, ms) — %(d(ml,mg) — d(my, my))

and we have d = 20d + &d.

Let be d be a bicharacter on A. One can define a Z[t*]-bilinear map * : Y x Y — Y such
that :

_ td(ml ,ma)

my * Moy m1.My

This map is associative® and we get a Z[t*]-algebra structure on Y. We say that the new
multiplication is the twisted multiplication associated to the bicharacter d, and it is given
by formulas :

_ td(ml,mg)—d(mg,ml) — tQQ(d(mth)

mq * My mo * My mo * My

Lemma 7.8. Let dyi,ds be two bicharacters. One can define a multiplication on'Y such
that (my,my € A) :

my * My = t2d1(m1,m2)—2d2(m2,m1)

if and only if &dy = S&ds.

In this case, the multiplication is the twisted multiplication associated to the bicharacter
d == dl + d2 N

mo * My

_ td1 (m1,m2)+d2(m1,ma2)

my * Moy m1.1M9

Proof : 1t follows immediately from the definition of * :

— 21 (m1,m2)—2d2(ma,m1) (&d1 —&dz)(m1,mz2)

my * My mg*m1:t4 my * Mo

If &dy = &dsy, let x be the twisted multiplication associated with the bicharacter d =
dl + dg. We have :

_ tdl (m1,m2)+d2(m1,ma)—d1 (ma,m1)—dz(ma,m1) _ t2d1 (m1,m2)—2d2(ma,m1)

mq * Moy meo * My mo * M
O
7.3.2 Bicharacters and symmetrizable Cartan matrices
Let s > 0 and Aj be the set of monomials of the form m =[] Y;%";’l(m) Vif);’l(m).

(i,1)EIXL/SL
Let D(z) = diag([ri1]., ---, [Tn]2)-

For (i,1) € I xZ/sZ, we define a character 7 u;; and bicharacters d;, ds on A as in section
3.2.1.

SIn fact it suffices that —d(ma, m3) + d(mima, m3) — d(my, mams) + d(mq, ma) = 0.
Tie. uq(mi.ma) = ug(my) + uq(ms)
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Proposition 7.9. The following properties are equivalent :
i) For s >0, dy = dy
i) For s >0, V(i,1),(j, k) € I X Z/sZ,ui1(Vig) = W) psr; (Vigar,)

i) C' is symmetric and ¥i,j € I, r; =r;.

Proof : Only (ii) < (iii) needs a proof : for ¢,j € I and [, k € Z/sZ we have :

Uzz(VJk) = Z 5l+r,k = Z 5l—k,r

TZCZ'J‘-i-l...—Ci,j—l TZCZ'J‘-F]....—CZ'J‘—].
Uy k+r; (‘/z',l+ri> - E 5k+r+r]-,l+ri = E 5l—k,rj —ri+r
T=Cj,i+l...—Cj,i—l T=Cj,i+1...—0j’i—l

If s = 0, those terms are equal for all [,k € Z if and only if C;; # 0 implies C;; = C;;
and r; = r;. So as C' is indecomposable we have (i7) < (4i1).

If s > 0 and (di7) is verified we see in the same way that those terms are equal, so
(idi) = (id). O
In particular if C' is of type ADE, we get the bicharacter of [N3]| and d; = dy is the
equation ([N3], 2.1).

We have seen in lemma 7.8 that we can define a twisted multiplication if and only if
&d; = Gd,, so we investigate those cases :

Theorem 7.10. The following properties are equivalent :

i) For s > 0, we have &d; = &dy

i) For s > 0,V(i,1), (j, k) € I XZ/SZ, i )(Vj kir;) = Wi gr2r; Viktr;) = jnror,(Viggr,) —
uj,k(‘/i,l—l—ri)

iii) For s >0 and m € Af, di(m,m) = dy(m, m)

iv) B(z) is symmetric

v) B is symmetric and C; ; # C;; = (r; = —C;,; and r; = —C; ;)
Proof :  Only (ii) <= (v) needs a proof : the equation (i7) means :

> Gimkayr = Ok —2nr = > Gkt = Ok,
r=C; j+1...—C; j—1 r=Cji41...—Cji—1

At s = 0, the formula holds for all [,k € Z, if and only the coefficients of Kronecker’s
functions are equal, that is to say in Z[X 7] :

Z X XT]'—27"1'—7“ _ Z X2r]-+r—ri _ X
r:Ci7j+1...—Ci,j—1 r:Cj,i—i-l...—Cj,i—l
XTj_zTi"l'Ci,j (1 _ X_2Ci’j>(1 _ X2’f’1) — X—T‘i—‘er’i(l _ X—2Cj’i>(1 _ X2’f’j)
(C@j = Ojﬂ; = O) or (7“7; = ’l"j and C@j = Ojﬂ; 7é 0) or (Tj = _Ci,j and r, = —Cjﬂ;)
and so (ii) = (v). O
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7.3.3 Bicharacters and ¢g-symmetrizable Cartan matrices

There is a way to define a deformation multiplication if B(z) is non necessarily sym-
metric. First we define the matrix C; ;(z) = [C;]., and the characters :

!/

i (m) = yii(m) = vig—r, (M) = viggr, (m) + > Vitryr ()
jelr=C5 ;41,05 ;+3,...,—C; j—1

We define the bicharacters d} and dj from ,; in the same way d; and dy were defined
from w;; (section 7.3.2).

We also define B; ;(z) = [B;].. Note that we have always B'(z) = D(2)C'(2).

Proposition 7.11. The following properties are equivalent :

i) For s >0, 6d| = &d,

i) Fors > 0,5(i,1), (j, k) € I X2/ sy | (Vi ry — Wi gy 20, (Vihtr;) = W gy, (Vi) —
 (Vigir)

i) B = DC' is symmetric

i) B'(z) is symmetric

In particular if C' is symmetrizable we can define the deformed structure for all s > 0.

Proof :  Only (i7) = (iii) needs a proof : let us write the equation (ii) :

Ug,z(vj,kwj) - U;,z+2ri(vj,k+rj) = u;,k—‘rer(‘/i,l-H"i) - u;,k(vi,l—i-n)

If i = j, we are in the symmetric case, and it follows from proposition 7.9 that this
equation is verified. In the case 7 # j, if C;; = 0 then all is equal to 0. In the cases
C;,; < 0 the equation reads :

E 5l+rir,k’+rj - 5l+2ri+rn-,k+rj = E 5k+2rj+lrj,l+ri - 6k+rrj,l+ri
T:C@j—‘rl...—ci’]'—l Z:C’j,i-i-l...—Cj,i—l

E 5l—k,rj—rri - 6l—k,r]-—2ri—rir = E 5l—k,2r]-+rrj—ri - 5l—k,rrj—ri
T:Ci,j—i-l...—Ci,]-—l r:Cj,i+1...—C]-7i—1

6[—]4},7‘]'—7"1'—7‘1'01'7]' - 6[—]4},7‘]'—7‘1'-{-7‘1'01"]' - 6[—]6,7‘]'—7‘1'—7‘]'0]'71' - 5l_k7Tj_Ti+TjCj,i
That is to say :
(27"7;07;7]' € sZ and 27“]'0]'77; € SZ) or Tici,j — chj,i € st
If s = 0, the equation means r,C;; = r;C;; that is to say B = DC symmetric. So
(11) < (iid). O

In some situations the two constructions are the same :
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Proposition 7.12. The following properties are equivalent :
i) For s >0, ' =u
i) For s >0, dy = d;
iii) For s >0, dy = dy
i) C'(z) = C(z)
v) B'(z) = B(z)
vi)i#j= (r;=10rC;; =—10rC;; =0)

Proof :  Only (v) < (vi) needs a proof : we have always :

STi oy 227”1- _ Z—2ri

Bii(z) = —— (" +27") = ————— = 2ni]. = [Bil.

’ z—z71 z—2z71
If i # j, the equality B; ;(2) = Bl’j(z) means :

Zri+ci’j + Z—Ti—oi’j _ ZCi'j_ri _ Zri_ci'j — Zrici’j-i_l + Z—l—?“ici’j _ Zrici'j_l _ Zl—riC’m‘

If r;=1o0r C;; =—1or C;; =0 the equality is clear and so (vi) = (v). Suppose that (v)
is true and let be i # j. We have to study different cases :

ri+C;; = C;j —r; = r; =0 (impossible)
ri+Cij=ri—Ci;=C;; =0
ri+Cij=rCji+1landr,C;;, —1=C;; —ri=r, =1
ri+Ci;=rCi;+1and —r,C;;+1=C;; —r; = C;; =1 (impossible)
ri+Ci;=-1C;;j—land r,C;; —1=C;; —r;, = C;; = —1
ri+Ci;=-rC;—1and —r,C;;+1=C;; —r; = r; =—1 (impossible)

and so we get (vi). O

Lemma 7.13. If the properties of the proposition 7.12 are verified and B = DC' 1is
symmetric then the properties of the proposition 7.11 are verified.

Proof :  We verify the property (iv) of proposition 7.11 : we suppose that C;; # Cj,.
So C;; # 0, C;; # 0 and we do not have C;; = C;; = —1. As r,C;; = r,;C;;, we do
not have r; = r; = 1. So we have (property (vi) of proposition 7.12) r, = —C;; = 1 or
rj = —C;; = 1. For example in the first case, r;,C; ; = r;C;; leads to C; ; = —r;. O

Definition 7.14. We say that C' is q-symmetrizable if B = DC' is symmetric and :

27&]:>(TZ:1 OTCZ'J:—l OTCZ'J:(D

In particular C' g-symmetrizable verifies the properties of proposition 7.11, 7.12 and of
theorem 7.10.
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7.3.4 Examples

If C' is symmetric then for all ¢ € I we have r; = 1 and so C' is g-symmetrizable.

Lemma 7.15. The Cartan matrices of finite or affine type (except Agl), Ag) case, | >

2) are q-symmetrizable. The affine Cartan matrices Agl), Ag) with [ > 2 are not q-
symmetrizable.

In particular if C' is finite then u = @ and the presentation adopted in this paper fits with
former articles, in particular in the non symmetric cases ([FR3|, [FM1], [FM2], [He2|).

Proof :  As those matrices are symmetrizable, it suffices to check the property (vi) of
proposition 7.12 :

the finite Cartan matrices A; (I > 1), D; (I > 4), Eg, E7, Eg and the affine Cartan
matrices Al(l) (1>1), Dl(l) (1>4), él), Eél), Eél) are symmetric and so g-symmetrizable.

the finite Cartan matrices B; (I > 2), G and the affine Cartan matrices Bl(l) (1 >3),
Gél) verify r, =landfori# j:i<n—-1=C;; =—1or0.

the finite Cartan matrices C; (I > 2), the affine Cartan matrices Ag)_l (I > 3), Df’)

verify = ...=r,.1=1,Ch1=...=Chp2=0and C,,,_1 = —1.
the affine Cartan matrices Cl(l) (1 >2)verify ro = ... =7,y =1and C13 = ... =
C’l,n = 07 CV1,2 = _17 Cn,l = . — Upn-2=— 07 Cn,n—l =—1.

the affine Cartan matrices Dl(i)l (I > 2) verify r; =7, =1land for i # j :2 < i <
TL—]_:>CZ'J':—1 or 0.

The other particular cases (Fy, F4(1), Agz), éz)) are studied case by case.

Finally the affine Cartan matrices Agl) and Ag) (I > 2) are not g-symmetrizable because
Cn—l,n = —2 and T'n—1 = 2. O

One can understand “intuitively” the fact that Ag) (I > 2) is not g-symmetrizable : in
the Dynkin diagram there is an oriented path without loop with two arrows in the same
direction.

There are g-symmetrizable Cartan matrices which are not finite and not affine : here is
an example such that for all 4,5 € I, C;; > =2 :

2 =2 =2 0
-1 2 0 -1
¢= -1 0 2 -1
0 -2 =2 2

(r1,r9,r3,m4) = (1,2,2,1)
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Quatriéme partie

Representations of quantum
affinizations and fusion product

A paraitre dans Tranformation Groups

Prépublication arXiv : math.QA /0312336

Résumé. Dans cet article nous étudions les affinisées quantiques générales U, (g) des
algébres de Kac-Moody symmétrisables quantiques et nous développons leur théorie des
représentations. Nous en démontrons une décomposition triangulaire et donnons une clas-
sification des représentations intégrables de plus haut poids (de type 1) a la Drinfel’d-
Chari-Pressley. Une généralisation du morphisme de g-caractéres que Frenkel-Reshetikhin
ont défini pour les algébres affines quantiques se révéle étre un outil puissant dans cette
étude. Pour une grande classe d’affinisées quantiques (incluant les algébres affines et toroi-
dales quantiques) la combinatoire des g-caractéres donne une structure d’anneau * sur le
groupe de Grothendieck Rep(U,(g)) des représentations intégrables que nous avons classi-
fiées. Nous proposons une nouvelle construction de produits tensoriels dans une catégorie
plus large en utilisant une déformation du nouveau coproduit de Drinfel’d (qui ne peut pas
étre directement utilisé pour Rep(U,(g)) car il fait intervenir des sommes infinies). Nous
démontrons en particulier que * est un produit de fusion (un produit de représentations
est une représentation).

Abstract. In this paper we study general quantum affinizations U,(g) of symme-
trizable quantum Kac-Moody algebras and we develop their representation theory. We
prove a triangular decomposition and we give a classication of (type 1) highest weight
simple integrable representations analog to Drinfel’d-Chari-Pressley one. A generalization
of the g-characters morphism, introduced by Frenkel-Reshetikhin for quantum affine al-
gebras, appears to be a powerful tool for this investigation. For a large class of quantum
affinizations (including quantum affine algebras and quantum toroidal algebras), the com-
binatorics of g-characters give a ring structure * on the Grothendieck group Rep(H,(g)) of
the integrable representations that we classified. We propose a new construction of tensor
products in a larger category by using a deformation of the Drinfel’d new coproduct (it
can not directly be used for Rep(U,(g)) because it involves infinite sums). In particular
we prove that x is a fusion product (a product of representations is a representation).

1 Introduction

In this paper ¢ € C* is not a root of unity.
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Drinfel’d [Drl| and Jimbo [Jim| associated, independently, to any symmetrizable Kac-
Moody algebra g and ¢ € C* a Hopf algebra U,(g) called quantum Kac-Moody algebra.
The structure of the Grothendieck ring of integrable representations is well understood :
it is analogous to the classical case ¢ = 1.

The quantum algebras of finite type U,(g) (g of finite type) have been intensively stu-
died (see for example [CP4, L, R] and references therein). The quantum affine algebras
U,(g) (g affine algebra) are also of particular interest : they have two realizations, the
usual Drinfel’d-Jimbo realization and a new realization (see [Dr2, Be|) as a quantum
affinization of a quantum algebra of finite type U, (g). The finite dimensional represen-
tations of quantum affine algebras are the subject of intense research (see among others
[AK, CP1, CP3, CP4, EM, FR3, FM1, N1, N3, VV2| and references therein). In parti-
cular they were classified by Chari-Pressley [CP3, CP4|, and Frenkel-Reshetikhin [FR3|
introduced the g¢-characters morphism which is a powerful tool for the study of these
representations (see also [Kn, FM1]).

The quantum affinization process (that Drinfel’d [Dr2| described for constructing the
second realization of a quantum affine algebra) can be extended to all symmetrizable
quantum Kac-Moody algebras U,(g) (see [Jin, N1|). One obtains a new class of algebras
called quantum affinizations : the quantum affinization of U,(g) is denoted by U,(g). The
quantum affine algebras are the simplest examples and are very special because they are
also quantum Kac-Moody algebras. When C' is affine, the quantum affinization U,(g) is
called a quantum toroidal algebra. It is known not to be a quantum Kac-Moody algebra
but it is also of particular interest (see for example [GKV, M1, M2, N1, N5, Sa, Sc, STU,
TU, VV1] and references therein). This setting is summed up in this picture :

Quantum Affinization Process

QFA > QAA
I QTA
QKMA QA

(QKMA : Quantum Kac-Moody Algebras, QFA : Quantum Algebras of Finite type, QAA :
Quantum Affine Algebras, QTA : Quantum Toroidal Algebras, QA : Quantum Affiniza-
tions; the line between the two QAA symbolizes the Drinfel’d-Beck correspondence.)
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In [N1] Nakajima gave a classification of (type 1) simple integrable highest weight modules
of U,(g) when g is symmetric. The case C of type AD (toroidal sl,-case) was also studied
by Miki in [M1] (a coproduct is also used with an approach specific to the AW case ; but it
is technically different from the general construction proposed in this paper). In [He3| we
proposed a combinatorial construction of ¢-characters (and also of their t-deformations)
for generalized Cartan matrix C' such that i # j = C;;C;; < 3 (it includes finite and
affine types except Agl), Af)) ; we conjectured that they were linked with a general repre-
sentation theory. But in general little is known about the representation theory outside
the case of quantum affine algebras.

In this paper we study general quantum affinizations and we develop their represen-
tation theory. First we prove a triangular decomposition of U, (g). We classify the (type
1) simple highest weight integrable representations, we define and study a generalization
of the morphism of g-characters y, which appears to be a natural tool for this investi-
gation (the approach is different from [He3| because g-characters are obtained from the
representation theory and not from purely combinatorial constructions). If the quantized
Cartan matrix C(z) is invertible (it includes all quantum affine algebras and quantum
toroidal algebras), a symmetry property of those g-characters with respect to the action
of screening operators is proved (analog of the invariance for the action of the Weyl group
in classical finite cases; the result is proved in [FM1] for quantum affine algebras); in
particular those g-characters are the combinatorial objects considered in [He3]. Moreo-
ver we get that the image of x, is a ring and we can define a formal ring structure on
the Grothendieck group. Although quantum affine algebras are Hopf algebras, in general
no coproduct has been defined for quantum affinizations (this point was also raised by
Nakajima in [N5]). Drinfel’d gave formulas for a new coproduct which can be written
for all quantum affinizations. They can not directly be used to define a tensor product
of representations because they involve infinite sums. We propose a new construction of
tensor products in a larger category with a generalization of the new Drinfel’d coproduct.
We define a specialization process which allows us to interpret the ring structure that
we defined on the Grothendieck group : we prove that it is a fusion product, that is to
say that a product of representations is a representation (see [F| for generalities on fusion
rings and physical motivations).

In more details, this paper is organized as follows :

in section 2 we recall backgrounds on quantum Kac-Moody algebras. In section 3 we recall
the definition of quantum affinizations and we prove a triangular decomposition (theorem
3.2). Some computations are needed to prove the compatibility with affine quantum Serre
relations (section 3.3) ; note that we get a new proof of a combinatorial identity discovered
by Jing (consequence of lemma 3.10). The triangular decomposition is used in section 4.2.1
to define the Verma modules of U,(g).

In section 4 we recall the classification of (type 1) simple integrable highest weight re-
presentations of quantum Kac-Moody algebras, and we prove such a classification for
quantum affinizations (theorem 4.9; the proof is analog to the proof given by Chari-
Pressley for quantum affine algebras). The point is to give an adapted definition of a
weight which we call a [-weight : we need a more precise definition than in the case of
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quantum affine algebras (a l-weight must be characterized by the action of U, () C U,(§)
on a [-weight space). We also give the definition of the category O(U,(g)).

In section 5 we construct g-characters of integrable modules in the category O(U,(g)). New
technical points are to be considered (in comparison to quantum affine algebra cases) :
we have to add terms of the form k) (A coweight of U, (g)) for the well-definedness in
the general case. The original definition of ¢-characters ([FR3|) was based on an explicit
formula for the universal R-matrix. In general no universal R-matrix has been defined
for a quantum affinization. However g¢-characters can be obtained with a piece of the
formula of a “R-matrix” in the same spirit as the original approach (theorem 5.7). In
section 5.5 we prove that the image of y, is the intersection of the kernels of screening
operators (theorem 5.15) in the same spirit as Frenkel-Mukhin [FM1] did for quantum
affine algebras; new technical points are involved because of the k) (we suppose that the
quantized Cartan matrix C'(z) is invertible). In particular it unifies this approach with
[He3] and enables us to prove some results announced in [He3|. We prove that the image
of x4 is a ring. As x, is injective, we get an induced ring structure * on the Grothendieck
group.

In section 6 we prove that * is a fusion product (theorem 6.2), that is to say that there
is a product of modules. We use the new Drinfel’d coproduct (proposition 6.3); as it
involves infinite sums, we have to work in a larger category where the tensor product is
well-defined (theorem 6.7). To conclude the proof of theorem 6.2 we define specializations
of certain forms which allow us to go from the larger category to O(U,(g)) (section 6.5.2).
We also give some concrete examples of explicit computations in section 6.6.

2 Background

2.1 Cartan matrix

In this section we give some general backgrounds about Cartan matrices (for more
details see [Kac|). A generalized Cartan matrix is C' = (C; ;)1<ij<n such that C;; € Z,
Ciﬂ; = 2, 1 7&] = Ci,j <0, C@j =0«< Cjﬂ; = (0. We denote I = {1, ,n} and [ = rank(C).

In the following we suppose that C' is symmetrizable, that is to say there is a matrix
D = diag(ry,...,rn) (r; € N*) such that B = DC is symmetric. In particular if C' is
symmetric then it is symmetrizable with D = I,,. For example :

C is said to be of finite type if all its principal minors are in N* (see [Bo| for a classification).

C' is said to be of affine type if all its proper principal minor are in N* and det(C') = 0

(see [Kac| for a classification).

b=zt

z—z—1

Let z be an indeterminate. We put z; = 2" and for [ € Z, [l], = € Z|z*]. For 1 > 0

we put [[].! = [l].[l — 1]....[1], and for 0 <r < m : [T] = [m|.!/[r][m — r]..

Let C(z) be the quantized Cartan matrix defined by (i # j € I) :
Cii(2) = 2+ 27", Cij(2) = [Cigl:
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In sections 5.5 and 6 we suppose that C(z) is invertible. We have seen in lemma 6.4 of [He3|
that the condition (C;; < —1 = —C},; < r;) implies that det(C(z)) # 0. In particular
finite and affine Cartan matrices (where we impose 1 = ry = 2 for Agl)) satisfy this
condition and that quantum affine algebras and quantum toroidal algebra are included in
our study. We denote by C(z) the inverse matrix of C'(z) and D(z) the diagonal matrix
such that for i, j € I, D; j(2) = 0; j[ri].-

We consider a realization (b, IT, ITV) of C' (see [Kac|) : b is a 2n — [ dimensional Q-vector
space, IT = {ay,...,a,} C b* (set of the simple roots), IIV = {ay,...,a} C b (set of
simple coroots) and for 1 <i,5 < n:

aj(oy) = Ci

Denote by Ay, ..., A, € h* (resp. the AY,...,AY € h) the set of fundamental weights (resp.
coweights) : we have a;(AY) = Ai(af) = 6;;.

Consider a symmetric bilinear form (,) : h* x h* — Q such that for i € I, h € h* :
(i, h) = h(r;a)). It is non degenerate and gives an isomorphism v : h* — . In particular
for i € I we have v(«;) = r;a and for A, € b*, A(v(n)) = p(v(N)).

Denote P = {\ € h*/Vi € I,\(a)) € Z} the set of weights and P = {\ € P/Vi €

I, M) > 0} the set of dominant weights. For example we have ay,...,a, € P and

Ay, ..., A, € PT. Denote Q = @Za; C P the root lattice and QT = > Na; C Q. For
i€l il

A€ b write A > pif A\ —pe@t.

If C is finite we have n = [ = dim(h) and for A € h*, A = > "o/ (N)A;. In particular a; =

i€l

>-C;:A;. In general the simple roots can not be expressed in terms of the fundamental

jel

weights.

2.2 Quantum Kac-Moody algebra

Definition 2.1. The quantum Kac-Moody algebra U,(g) is the C-algebra with generators
kn (h€Y), 2 (i € I) and relations :

kb = knon » ko = 1 (11)
knay ko = ¢t My (12)
kr-a\/ - k—r-a\/
[l’;_, x,—] — 51.7 L A L B (13)
J J G — g 1
r ]-_CZJ IN\1-C; j—7r £ (. E\r . .
Z (1) r 7 () T (z7)" =0 (fori#j) (14)
r=0...1-C} ; i

This algebra was introduced independently by Jimbo [Jim| and Drinfel’d [Drl1] and is also
called a quantum group. It is remarkable that one can define a Hopf algebra structure on
U,(g) by setting :

A(ky) = kp ® kp,
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Arf) =2 @14k @af , Alry) =27 @k +1®@a;

S(kn) = kon , S(af) = —af ki, S(a7) = —kfay
e(kn) =1, e(xf) =e(z;) =0
where we use the notation kjt = k:l:n-aiv-
For i € I let U; be the subalgebra of U,(g) generated by the z, kpay (p € Q). Then U; is
isomorphic to Uy, (slz), and so a U,(g)-module has also a structure of U, (slz)-module.

Definition 2.2. A triangular decomposition of an algebra A is the data of three subal-
gebras (A=, H, A") of A such that the multiplication t= @ h ® T — x~hx™ defines an
isomorphism of C-vector space A~ @ H®@ AT ~ A.

Let U,(g)" (resp. U,(g)~, Uy(h)) be the subalgebra of U,(g) generated by the z; (resp.
the x; , resp. the kj,). We have (see [L]) :

Theorem 2.3. (U,(g)",U,(h),U,(g)") is a triangular decomposition of U,(g). Moreover
U,(H) (resp. Uy(g)t, Uy (g)~ ) is isomorphic to the algebra with generators ky, (resp x, ;)
and relations (11) (resp. relations (14) with +, relations (14) with — ).

3 Quantum affinization /,(g) and triangular decompo-
sition
In this section we define general quantum affinizations (without central charge), we give

the relations between the currents (section 3.2) and we prove a triangular decomposition
(theorem 3.2).

3.1 Definition

Definition 3.1. The quantum affinization of U,(g) is the C-algebra U,(g) with generators
ai, (i€ l,r €Z) ky (h€h), him (i € 1,m € Z—{0}) and the following relations
(i,jel,r,r €Z,meZ—{0}):

khkh’ == kh-i-h’ ) kO =1 ) [kh7 h’],m] =0 ) [hi,ma hj,m/] =0 (15)
knat ko = = Ma, (16)
1
[hi,m? x;%r] - i%[mBiyj]qx;%m-i-r (17)
+ _ ¢—
—+ -1 _ i,r+r’ i,r+r!
[xi,m 'rj,r/] - 52] g — ql—l (18>
T Ty — O = IR — 2 (19)

k|S + + + _+ + _
Z Z (—1) {k} Loy Tirr i Lo L goeny = Lirny = 0 (20)
a

TeXk=0..5

k3
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where the last relation holds for all i # j, s =1 — Cj, all sequences of integers ry, ..., 7s.
Y 1s the symmetric group on s letters. Fori € I and m € Z, qﬁfm € U,(g) is determined
by the formal power series in U,(8)[[z]] (resp. in U, (9)[[z71]]) :

Z¢z +m~ = k:l:ria;/ ezp q -q Z hz :I:m/z

m>0 m'>1
and¢;fm:Of0rm<O, Gim =0 form > 0.

The relations (20) are called affine quantum Serre relations. The notation k° = Kir.ay is
also used. We have kik; " = ki 'k = 1, k) byt = ¢*Poa,,.

7,m"™vi

There is an algebra morphism U, (g) — U,(g) defined by (h € b,i € I) ky, — ky, , zi — x,.

In particular a U,(g)-module has also a structure of a U, (g)-module.

3.2 Relations between the currents

For i € I, consider the series (also called currents) :
=D _whu’, 6/(2) = 3 _0ln" 60 () = ) _0i i
reZ m>0 m>0

The defining relations of U, (g) can be written with currents (h,h’ € b, i,j € I) :

k)hk}h/ = kh+h’ 3 ko =1 3 k:hgzﬁi(z) = qﬁf(z)kh (21)
kn} () = = )k (22)
iB”w —z
O () (w) = | — 5 (w)oi (2) (23)
+Bijy —
O (2)af (w) = S — o (w)or (2) (24)
2 (), a5 (w)] = %[(5(9 F(w) = 6(5)87 ()] (25)
(w = P2 (2)aF (w) = (¢Pw = D) (w)s(2) (26)
IPIE D o] ) ) (e s )t =0 (20

where 5(2) = > 2". The equation (23) (resp. equation (24)) is expanded for |z| < |w|
rel

(resp. |w| < |z]).

Remark : in the relations (26), the terms can not be divided by w — ¢*Pu 2 : it would

involve infinite sums and make no sense.

The following equivalences are clear : (relations (15) < relations (21)); (relations (16)
< relations (22)); (relations (19) < relations (26)); (relations (18) < relations (25));
(relations (20) < relations (27)).
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We suppose that the relations (16) are verified and we prove the equivalence (relations (17)
with m > 1 < relations (23)) ((relations (17) with m < —1 < relations (24)) is proved

in an similar way) : consider h(2) = Y mh;,2™"'. The relation (17) with m > 1 are
m>1
equivalent to (expanded for |z| < |w]) :

w™ xi(w)
T 21— )
It is equivalent to the data of a ai(z,w) € (Clw,w'])[[z]] such that

[
o7 (2)75 (w) = ax(z, w)zj (w)] ()

+B; ;

So it suffices to prove that this term is the i_qi

term : we have a¢ ( ) = (¢ — ¢ VI (2)éF (2) and so the relations (17) imply :

(b (2), 27 (w)] = £[Bijl,

5 of relation (23). Let us compute this

(0= a0t () () )] = 22 g )

w 1 Oays(z,w)

;g — ’ * T(2) =
(:l:[BZJ]Q(l _ iqB“J)(l _ iq_BiJ)aﬂ:(za w) q— q_l az )x] (w)¢l (Z) O
Do (z,w) B . B, . wl
- 7 =4 1,5 — g P
0z (4 1 )(1 — Z¢Bii)(1 - iq—Bi,j)ai('Z’ w)
A ¢ Piiw—z . . _ g Piiw—z —
S TP, 1S a solution, we have ay(z,w) = )\(w)m. But at z = 0 we know

a+(0,w) = ¢*Pii (relations (16)) and so A(w) = 1.

3.3 Triangular decomposition
3.3.1 Statement

Let Uy, (§)" (resp. U,(§)~, U,(h)) be the subalgebra of U,(g) generated by the 7, (resp.
the x; ., resp. the ky, h;,).

’L’I“’

Theorem 3.2. (U,(§)",Uy(H),U,(§)1) is a triangular decomposition of Uy(§). Moreover
Uy (h) (resp. Uy ()T, Uy(§)~) is isomorphic to the algebra with generators ki, by, (Tesp
;) and relatwns (15) (resp. relations (19), (20) with +, relations (19), (20) with

—)
For a quantum affine algebra (C' finite) it is proved in |Be].

In this section 3.3 we prove this theorem in general. We will use the algebras U} (g), U,(§)
defined by :

Definition 3.3. U.(g) is the C-algebra with generators a:fr, him, kn (1 € I, r € Z,
m € Z—{0}, h € h) and relations (15), (16), (17), (18) (07’ relations (21), (22) (23),
(24), (25)).

U,(§) is the quotient of UL(§) by relations (19) (or relations (26)).
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q

decomposition of U(g) where U.*(g) is generated by the x7, without relations. In the

Note that U,(g) is a quotient of U!(g) and that (ug—(g),uq(ﬁ),ug*(g)) is a triangular
)

sly-case we have U, (sly) = U, (sly).

Let us sketch the proof of theorem 3.2. We use a method analog to the proof for classic
cases or quantum Kac-Moody algebras (see for example the chapter 4 of [Ja]) : we have
to check a compatibility condition between the relations and the product as explained
in section 3.3.2. After some preliminary technical lemmas about polynomials in section
3.3.3, the heart of the proof is given in section 3.3.4 : properties of U} (g) (lemma 3.9) lead

to a triangular decomposition of Z;lq(@). Properties of Z;lq(g) proved in lemmas 3.10, 3.11

imply theorem 3.2. Note that the intermediate algebra U, (g) is also studied because it
will be used in the last section of this paper.

Remark : lemma 3.10 gives a new proof of a combinatorial identity discovered by Jing.

The theorem 3.2 is used in section 4.2.1 to define the Verma modules of U, (§). Let us give
another consequence of theorem 3.2 : for i € I, let U; be the subalgebra of U,(g) generated
by the 27, kv, higm (r € Z, m € Z—{0}, p € Q). We have a morphism Uy, (sly) — U; (in
particular any U,(§)-module also has a structure of U,, (sl,)-module). Moreover theorem
3.2 implies :

Corollary 3.4. U; is isomorphic to Z/{qi(szg).

3.3.2 General proof of triangular decompositions

Let A be an algebra with a triangular decomposition (A~, H, A™). Let Bt (resp. B™)
be a two-sided ideal of A* (resp. A7). Let C = A/(A.(B* + B7).A) and denote by C*
the image of B* in C.

Lemma 3.5. If B*.A C A.B" and A.B~ C B~.A then (C~,H,C7") is a triangular
decomposition of C' and the algebra C* is isomorphic to A*/B*.

Proof : ' We use the proof of section 4.21 in [Ja| : indeed the product gives an isomorphism
of C-vector space A. (Bt + B )A~BT"QH®RA + AT H® B™. O

3.3.3 Technical lemmas

Let i # j and s = 1 — C; ;. Define Py (wy, ..., ws, 2) € Clwy, ..., ws, 2] by the formula :

> (1) M (w1 = 292w = 559 2) (w1 =50 = 2) . (w, g™ = 2)
k=0...s q

i

Lemma 3.6. There are polynomials (fi,)r=1.. s—1 of s — 1 variables such that :

.....

P:t(wl, .y, Wg, Z) = Z (w,«+1 — q;ﬂwr)fi,,«(wl, cory Wp—1, Wp42, ..., Ws, Z)
1<r<s—1
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Proof : It suffices toz%orc;\)fe it fgf P;)r (because P_ is obtained from P, by ¢ — ¢ !). First
251, 2o

) ) dq

s S —s —2(s— s— z
D H e
qi

k=0...s

we prove that P, (g w, ..., q; w, w, z) = 0. Indeed it is equal to :

g

“2(s=k) s—1 _ Fy —2s—k-1) 1-s _ * 1-s _ ~
(qz qz w)( (3 qz w)(qz w)
— Zs(qZ s i)q—3s+3MqZ(i 35—3)
w
where :
s s o
My (u) = (—1)* M (@ = w) (P — ). (PP — )
k=0...s q

Let ag(q), ..., as_1(q) € Z[q] such that (a — u)(a — ug?)...(a — ug®*=?) = vla,_1(q) +
u*2acs_2(q) + ... + a*tap(q). So :

My(u) = Y aup(qu™ > (=1)F {Zqu(l—sHp)

p=0...s—1 k=0...s

And so M,(u) = 0 because of the g-binomial identity for p’ =1 —15,3 —s,...,5 — 1 (see

L)
E N

k=0...s

As a consequence P, is in the kernel of the projection
¢ : Clwy, ..., ws, 2] — Clwy, ..., ws, 2]/ ((wy — Gwy), ..., (ws — Gws_1))

that is to say Py (wy, ..., ws,2) = >, (w1 — ¢Bvw,) f,(wy, ..., w,, 2) where the f, €
1<r<s—1

Clwy, ..., wg, 2]

Let us prove that we can choose the (f,)i1<r<s—1 so that for all 1 < s < r —1, f,. does
not depend of w,, w, 1. Let A C Ker(¢) be the subspace of polynomials which are degree
at most of 1 in each variable wq, ..., w,. In particular P € A. We can decompose in a
unique way P = « + wyf3 + w1y where o,y € Clws, ..., ws, 2|, § € Clwy,ws, ..., ws, z].
Consider AV = —¢; 2y(wy — ¢?w;) € A and PY = P — \(V) € A. We have in particular
PO = Mél) +w2ugl) +w2w1,ugl) where ,ugl), uél), ,uél) € Clws, ..., ws, 2]. In the same way we
define by induction on 7 (1 <r < s — 1) the A" € A such that P = PC=1 — X\ ¢ A
is of the form :

P = ,uﬁ?z + w,«+1,u§21 + w,«+1w,«,uff) + ...+ wrﬂwr...wl,ugr)

where for 1 < 7' < r + 2, ufff) € Clw,4a, ..., ws, z]. Indeed in the part of P without
w,4o We can change the terms w, . MWy y3, ..., Wy, 2) t0 ¢ 2wy o\ (Wyy3, ..., Wy, 2) by adding

¢ 2(w, 12 — 2w, )X € A, we can change the terms w, 1w, N (w43, ..., s, 2) to
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Qi_4wr+2wr+1)\/(wr+37 .., Ws, z) by adding qZ‘_4(wr+2 - C]?wr+1))\+qi_2(wr+2 - qfwT+1)A € A,
and so on. In particular for r = s —1:

PED = oY+ D, + 8w,y + o,

s

where p°", .., ™Y € C[z). But :

s

0= ¢(PE) = pCY + ulEVw, + p Vg 2w? + Vg T

S - K3

Soforalll <+ <s+1, ,u(s_l) =0, and so P~V = 0. In particular P = AW + @ 4

,r,/

e+ ALD, O
For 1 < k < s consider Pj(tk)(wl,w% iy W, 2) € Clwy, ..., w, 2] defined by :

§ —S
(—1)* {k} Z (Zq:c(l )_wl)(wz—qfc2w1)...(wk/_q;ﬂwl)(wk,ﬂq;ﬂ_wl)m(wsq;cz_wl)
G k'=1..k

HeD ]S e g )
qi k/

=k...s

o (wpr — q;ﬂwl)(wkurlql-jE2 — wl)...(wsql-jE2 —wy)

Lemma 3.7. i) For 2 < k < s—1 there are polynomials (fi’fl)rzlms_l of s — 1 variables,

of degree at most 1 in each variable, such that Pj([k) (w1, ..., ws, 2) s equal to :

(- k
(z —q; ( S)wk)fi%_l(wl, ooy W1y Wht 1y ey W,y Z)
(- k
+H(wgy1 — q; ( S)z) i;_l(wl, ooy Why Wh g2y +eey Wy, Z)
k
+ Z (wr+2 _q;t2wr+1>f:€:,2«(wla”'7wr—17wr+27”'7w872>

1<r<s—2,r#k—1

it) There are polynomials (fil,l),n:17”,7s_1 of s — 1 variables, of degree at most 1 in each

variable, such that Pj(tl)(wl, oy Wy, 2) s equal to :

(w2 _q;t(l_S)Z)szl,)s(w37 ey W, Z) + Z (wr+2 —(J;E2wr+1)fj([]?«(wla cony Wr—1, Wr42y o0y Wy, Z)
1<r<s—2

ii1) There are polynomials (ff’l),nzlms_l of s — 1 variables, of degree at most 1 in each

variable, such that Pf) (w1, ..., ws, 2) 1s equal to :
(Z - qi:t(l_S)wS)f:E:s,l—l(wh coey Ws—1, Z)

+ Z (Wygo — ql?tzw,ﬂﬂ)ff}(wl, ooy W1, Wiy 2y oeey Wy, Z)
1<r<s—2
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Proof : It suffices to prove it for P (because P™ is obtained from PJ(rk) by ¢ — ¢ 1).

For i) : we see as in lemma 3.6 that it suffices to check that Pik)(wl,...,ws,z) =0
if wy = Gwy, ... , Wi = PWp_1, Wpyo = CWhi1, - , Wy = PWe_q, 2 = qil_swk and
- 2(k—2 o _
wyt1 = q; "z It means wy = ¢?w, ..., wy = qi( My, Wiy = ¢ 2wy, o we = ¢ M,
z = ¢** 3 5wy. So if we set u = wy /w, we find for Pik)wz_s
s 2(k'—1); 2k—2-2 2%—2 2%'—6 ' 2%—2 )
0] S I @ ) 0l 00
qi '=1..

+ (=1 {k ° 1} k,Z A (e ) N I ) (/e 1) I (/e
q; V=

w)(g* ~ u)

It is a multiple of :

! /
[s—k+1]q [ Z qfk - ] Ky qs[ Z GF e ]
— — ! ! — y ! !
qizk L—d_, T (@ 2K — u)(qfk -1y qizk 2_, 4 5 k S(q% 2572_u)(qi2k —2s—4_y)
_ @ [s—k+1]q 1 1 4} [Klq, s 1 . 1
(1—‘11)(%2]c ) [k,zlj kqfk/ 2_u q?k/_4—u] (1—g; )quk 2 uql [k/zzkjmsq?kl_QS_Q—u q?kl_25_4—u]
a7 [s—k+1]q, [ 1 1 ] — @} [Klg; 5[ 1 1 =0
- e )(q% BTy q?k72_u q;2_u (1—g2) (@ 2_p i qi—2_u q?k72574—u
.. . 1 .
For ii) : as for i) we check that Pi)(wl, o Ws, 2) = 0 if wy = Pwe, ... , Wy = Pw,_1,
2(k'—2 .
z=q" Lwsy. Tt means wy = qi( )wg for 2 < k' < s. So it we set u = wy /wy we find for
P(l —S .

—[S]qi(l—U)(Q?—U) (¢ —u)+q” " @2 = u) (g =) (g T =) (B -
u)..(¢° % — u)

. . sl 1 1 1 q, 1 1
It is a multiple of : — %2 — + = (= — = 0.
p qizs_l(qiz_u ‘17,28 p) u) l—qu(qu—u ‘17,28 p) u)

For iii) . as for i) we check that P( )(wl,...,ws,z) = 0 if wy = @Pwy, ... , Wy = Gws_1,
z=¢q *w,. It means wy = qZ( wz for 2 < k' < s and 2z = ¢ *w,. The computation is
analogous to 1). O

Lemma 3.8. For all choices of polynomials (fik,;))lgk’gs,lgrgs—l m lemma 8.7 and each

2 < k < s there are polynomials (gfﬁl)rzl7...7s_2 of s — 1 variables such that :

f:&:’f])g— fj: i Z (wr+2 - qi:tzwr—i—l)g:(lgﬂ(wla vy Wr—1, Wr42, -y, Ws, Z)
1<r<s—2
Proof :  We see as in lemma 3.6 that it suffices to check that f o1t f(k D= o0if
wy = Gwsy, ... , Wy = ¢Pws_1. So we suppose that wy = qz(k 2 for all 2 < k' < s. Let

Q = wi H(wag 2 — 1) (wy — 1)...(w2q> %) /(¢? — 1)). Tt suffices to prove that for 2 < k < s,

we have :
s

(@ = )@V f] e -t



138 PARTIE 4

qzk-i-l-i-s + Qi_s_k+3 _ qi—s-i-k-i-l _ qéi—k-i-s (28)
(vg;? = (vt = 1) (vg}* > — 1)

and
s

R OV I N RVETR

_ qéf-‘rl + Qi_k+3 _ qi—2s+k+1 _ q?—k—i-Qs (29)
(vg; > = D(vg?* " = 1) (vg* > — 1)

because we have the relation :

S s —5— —s —k+s
M [Klg, (g7 T+ g7 — g — g7
q

7

s B N o
- {k; — 1] [k - 1]%(9?“ +q; k+3 _ 4 2s+k+1 ng. k2 )
q;

First suppose that 3 < k < s—1. We have PJ(rk) = (z—q}_swk)fi]f,)g_l—i—(qfwk—q}_sz) J(r’fz,_l.

1-—s
So for ay, B, such that PJ(rk) = zay + Wik, we have fi’fi_l = % and fﬁfi_l =
1—s
%. But we have PJ(rk) = 2(q " M+ ) —wy (Mp+q; *y) where (we put v = wy/wy) :

% @

S— S - ’ s—
Ne= DR ]S 0 @ - o = g~ Dot

M

vq;

_ s— S 2(k'—2 / 2(s—
e = (=1)F 1w 1{k_1] > (=g} (0aF =) (vg] " T —g?) (g —1)... (vg] T -
¢ k'=k..s

2
vg; vg;

_ k—1| S " g2
— Q(_l) |:k’ o 1:| [ k—4_1 - 2572_1]
ai

As ap = ¢" M\ + g and By = —(Ap + ¢ %) /(¢F*wy), we have :

S

=00t ;] Blata—a)

((qzk-i-l—s _ qis—i-k—l) + U(qf+k_3 + qis+3k—3 _ qfk—3—s _ qf+k_1))

(vg; 2 = 1)(vg]" 2 = 1) (vg]" ™" = 1) (vg}*™* = 1)
S — S— — S—
e A R (CT )
i

(vg;® — 1) (vg?* > = 1) (v} — 1) (vg?* > — 1)

Br =@

to panticular (g2 ~ g#) 15,1 [3] W= 7)) i
q;

(qlk+1—s + Qz's_k+3 _ qis—i-k—i-l _ q?—k—s> + v(qf+3k_1 + Qf—H_S _ q?k:—l—s _ qis—i-k—i-l)

(vg;® = D) (vg?* > = 1) (v — 1) (vg?* > — 1)
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and we get formula 28 for k. Moreover (¢? — ¢~ ) fi_l(Q(—l)k [s} (K] (a — g7 ')
qi

(] k (3
is :
(qEF2-2s g g2k kb2 gke2y g gke2 g o3keD | 3k-2s-2 (k252
(vg; 2 = (g = 1) (vg]" ™" = 1)(vg"* = 1)
and we get formula 29 for £ + 1.
So it remains to prove formula 29 with £ = 2 and formula 28 with k& = s.
PP = (wy = a2 [0 = sl (0 = w)(@fwr — ) (6 Py — w)
+(z —wig” Z qzk (g Pwy — wy). (CIZ% “Ow, —wl)(qz'zk/wz wi)-.. (g7 wy — wy)
k'=1...s
2%'—2
1-s [ ]quz ( 12 4q;
= s—1 = 7 + ! !
f+ 1= —4 Q[(qu Z 2k: )(qgk 21}_1)]

And so we have for f{!)_(¢? — ¢}~ 28)( Qlsly (¢ — qi‘l))‘1 :

G+ @ — ¢t —q—25+3
(vg;? = 1)(v = 1)(vg" v — 1)
that it to say the formula 29 with k = 2.

PJ(FS) is equal to :

(= = gl o) 7 = () sla(z = wial™)a TV (67 = wn) (6w — )

H(=1)°(2q; Z " (g wy —w1) (@7 Cwy —wn ) (7w —wy ). (G wy —wn)
s— 2(s—1) oK'
(s) ( 1) l[ ](hqz (qz 1) s 1—s q;
- [ = +(=1)%] _
o=l e T i 8 e
And so we have for f1, (% — ¢2~)((=1)*Qlsly, (¢ — )" :
q225+1 + qf} 2s ¢ — q23
(vg;* = 1) (vg?" ™ = 1)(vg* %0 — 1)
that it to say the formula 28 with k& = s. 0J

3.3.4 Proof of theorem 3.2

The algebras UL (a), Uy (), Z/{éi(@) are defined in section 3.3. Let U (g) C U,(g) be the
subalgebra generated by the 7. Let 4 be the two-sided ideal of L{l *(g) generated by
the left terms of relations (19) (w1th the x; )

Lemma 3.9. We have T,.U}(a) C U(§)7+ and UL(g)T— C T_UL(8).

In particular (qu (g),U,(h), ;(g)) is a triangular decomposition of U,(d).
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Proof :  First 7,U, () C Uy (5)7y, Uy(h)7— C 7_U,(h) are direct consequences of relations
(22), (23), (24). We have also (we use relations (25) and (23), (24)) :

[(w = ¢ 2)a (2)25 (w) — (579w — 2)a (W) (2), 77 (u)]

= (w — ¢ 2)27 (2)[25 (w), o (w)] = (777w — 2)[25 (w), ] (w)]2(2)
—(q* 9w = 2)a5 (w) 2 (2), 2 (W)] + (w — ¢ 2)[27 (2), o (w)] 2] (w) =
and so 7 UL (g) C UL(@)T, ULT(g) T C T_UL(G).
The last point follows from U, (§) = U(§)/UL(@).(T4 +7-).U.(§)), the triangular decom-
position of 24}(§) and lemma 3.5. O

Lemma 3.10. Leti #j,s=1—Ci; p=1 or p= —1. We have in Uy(§) :

Z Z { L i (Wr)).t7 (wr ()P} (2)z; i (Wr(rs)) - (Wr(s)) =0 (30)

meXsk=0..s

> 2. [ ] Ei(Wr(1)) - &i(wr(a) )25 (2)Es (W (1)) Ei(Wr(s)) = 0 (31)

TeXk=0..5

where §;(w,) = xz:'t(wp) if p#1 and &(wr) = & (wr).

Remark : in particular if we multiply the equation (30) by ( ] (w,—¢i'2)( I (w.—

r=1...s 1<r'<r<s
g;w,)) and we project it on z; (wy)...z; (ws)d; (2) (we can use the relations (26) thanks to
the multiplied polynomial), we get the combinatorial identity discovered by Jing in [Jin],
which was also proved in a combinatorial way in [DJ]| : for 7 € X, denote by e(7) € {1, -1}
the signature of m (we have replaced z — 271, wp — w;,' to get the formula in the same
form as in [Jin]) :

0= e(m) ) {}Z] q (2 = ¢ we()) e (2 = ¢ wary)

TEDs k=0...s

(Wa(ht1) — qs_lz)...(ww(s) —q¢*12) H (Wa(ry — q2wW(T/))

1<r<r’<s

Proof :  First we prove the equation (30) with =1 (1 = —1 is analog). The left term is
(relations (23)) :

Qb;_(Z) Z P w , W z)xi(w ) o (w )
(wlq b — Z) (w q Bij _ Z i (1) -+ Wr(s)s i (1)) Z; (s)
TEY

that is to say (see lemma 3.6) it is equal to :
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Z Z Jrt (Wr(1ys ooy Wr(r—1)s Wre(r42)5 -5 Wr(s) s 2)
TeEX1<r<s—1
(ww(r+l) - q?ﬁwﬂ.(r)){E;t(wﬂ.(l))..x;t(wﬂ(s))

For each r, we put together the 7,7’ € ¥ such that n(r) = #'(r + 1), n(r + 1) = «'(r),
and 7(r") = 7'(r") for all " # r,r 4+ 1. So we get a sum of terms :

fr,:i: (ww(l), ooy Wr(r—1)y Wr(r42)y -y Wr(s), Z)il?;t (wﬂ(l))...xlz-t (ww(r_l))
- - -
A{ﬂ(r),w(r—&-l)}xi (wﬂ(r+2>‘”xi (ww(s)>
where Af{tk,k/} = (wy, — ¢Pwp ) (wi)zE (W) + (W — ¢F2wg) 25 (wi) 7 (W)
But Afk’k/} =0 in U,(g).
Let us prove the equation (31) with g =1 (= —1 is analog). The left term is :

¢; (w1)

(w2qz'i2 - wl)---(wsqiﬂ - wl)(Zqz-i

(1-s) wl)

k
Z Pj([ )(wl, Wr(2), s Wr(s), 2)xE (ww(g))...xf: (107((/@)93;[(z):zfE (ww(kﬂ))...xf (Wa(s))
TEXs—1,k=1...s

where 31 acts on {2, ..., s}. With the help of lemma 3.7 and in analogy to the previous
case, for each 1 < k < s each r # k, we put together the 7, 7" € ¥, such that n(r) =
©(r+1), 7(r+1) = 7'(r), and w(r") = «'(r") for all ¥ # r,r + 1. So the terms with
o (w1)
(w2q? —w1)..(weq 2 —w1 ) (2

+(1—s k +(1—s k
Xz (2 = ¢ " we) L+ (Wagery — @7V 2) 1))
TE2Ls—1,k=1...8

polynomials fi’fi, with &' # s,k — 1 are erased. We get :

Y )

xF (Wr(2)) T (11J7r(,y€))xjE (2)zF (ww(kﬂ))...mf (Wa(s))

But this last sum is equal to :

+(1-—s k k—1
S =g w1 - )

TEXs—1,k=2...8

xjt (ww(g))...xgt (wﬂ(k))x]j-E (z)a:;t (w,r(kﬂ))...x;t (Wa(s))

where we can replace (z — qii(l_s)ww(k))a:f(ww(k))xf(z) by
(—wrry + qf(l_s)z)xf(z)xf(wﬂ(k)) (relations (26) in U,(g)). As in the previous cases it

follows from lemma 3.8 that this term is equal to 0. O

Let 74 be the two-sided ideal of Z;{qi (g) generated by the left terms of relations (20) with
the z7°.

Lemma 3.11. We have 7,.U,(§) C U, (§)7+ and Uy,(§)7- C 7_U, ().
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In particular as Uy, (g) = L?é(@)/(b?é(@)(ﬂ + %_)L?é(@)) the result of theorem 3.2 follows
from lemma 3.5 and the triangular decomposition of ?;lq (g) proved in lemma 3.9.

Proof :  First 74U, () C U, (5)7y, Uy(h)7- C 7_U,(h) are direct consequences of relations
(22), (23), (24). Let us show that :

DINE H 0 () oot (2 () () o (t05), ()] = O (32)

me€Xsk=0..s

where 4, 5,0 € 1,4 # j. If | # j and [ # ¢ the equation (32) follows from relations (25)).
If | = j, the equation (32) follows from the identity (30) of lemma 3.10 because the left
term 1is :

55 0 |5 ) O E) 8o (D )7 )

me€Xsk=0..s

If [ = i, the equation (32) follows from the identity (31) of lemma 3.10 because the left
term is :

55 04| (X a6 ) = 0 )

TEXsk=0..5 k'=1...k
o (wy (k/+1))...xi(ww(k))xf(z)xf(ww(kﬂ))...xf(ww(s))
+ Z F(Wn(1) 2T (W) 2T (2)2F (Wr(r1)) -2 (Wrgro 1))
=k+1...s
6<“j><¢i<wk/> OF ()2 (Waar 1)) (W)

So we have proved the equation (32) and in particular 7~'+L?q_ () C Uy ()7, Z;{;(@)%_ C
T_U,(9). O

4 Integrable representations and category O(U,(g))

In this section we study highest weight representations of ¢,(g). In particular the theo-
rem 4.9 is a generalization of a result of Chari-Pressley about integrable representations.

4.1 Integrable representations of quantum Kac-Moody algebras
(reminder)

In this section we review some known properties of integrable representations of U, (g).
For V' a U,(h)-module and w € h* we denote by V,, the weight space of weight w :
= {ve V/Vh € b, kyv=g*"o}

In particular for v € V, we have k;.v = qz-w(aiv)v and for ¢ € I we have xf.Vw C Vitay-

We say that V' is U, (h)-diagonalizable if V' = @ V,, (in particular V' is of type 1).

weh*
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Definition 4.1. A U,(g)-module V is said to be integrable if V is U,(h)-diagonalizable,
Yw € b*, V, is finite dimensional, and for p € b*, i € I there is R > 0 such that
> R = Vu:l:rai = {O}

In particular for all v € V there is m, > 0 such that for all i € I, m > m,, (z])™v =
(x;)™w =0, and U,.v is finite dimensional.

Definition 4.2. A U,(g)-module V is said to be of highest weight w € h* if there isv € V,,
such that 'V is generated by v and Vi € I, x; .v = 0.

In particular V = U,(g)~.v (theorem 2.3), V is U,(h)-diagonalizable, and V = V). We
A<w

have (see [L]) :

Theorem 4.3. For any w € b* there is a unique up to isomorphism simple highest weight
module L(w) of highest weight w. The highest weight module L(w) is integrable if and only
we PT.

4.2 Integrable representations of quantum affinizations

In this section we generalize results of Chari-Pressley [CP3, CP4| to all quantum
affinizations.

4.2.1 [-highest weight modules

We give the following notion of [-weight :

Definition 4.4. A couple (A, V) such that A\ € h*, U = (\Ijzzim)ieLmZO; \Iffim e C,
‘Iffo = ql-i’\(aiv) 15 called a l-weight.
The condition \Ilz-i’o = qijE Med) g g compatibility condition which comes from gzﬁfo = k.

We denote by P, the set of I-weights. Note that in the finite case A is uniquely determined

by W because A = > A ;' )A;. Analogs of those [-weights were also used in [M1] for
iel

toroidal szn-cases.

Definition 4.5. A U,(g)-module V is said to be of l-highest weight (A, V) € P, if there is
v eV such that (i € I,r € Z,m>0,h€h) :

:E;fr.v =0,V =U(d)v, ¢, v=" v, kpv= ARR"

i,m i,m

In particular U, (g)~.v =V (theorem 3.2), V' is U, (h)-diagonalizable and V = @ V). Note
A<w

that the l-weight (A, ¥) € P, is uniquely determined by V. It is called the I-highest weight

of V.
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The notion of [-highest weight is different from the notion of highest weight for quantum
affine algebras. The term “pseudo highest weight” is also used in the literature.

Example : for any (A, ¥) € P, define the Verma module M (A, V) as the quotient of U,(g)
by the left ideal generated by the x;fr (iel,relZ),k,—¢® (hen), ¢, —UE

i,m i,£m

(i € I,m > 0). It follows from theorem 3.2 that M (A, V) is a free U, (g)-module of rank 1.
In particular it is non trivial and it is a [-highest weight module of highest weight (A, U).
Moreover it has a unique proper submodule (mimic the classical argument in [Kac|), and :

Proposition 4.6. For any (A, V) € P, there is a unique up to isomorphism simple -
highest weight module L(\, V) of l-highest weight (A, V).

4.2.2 Integrable U,(g)-modules

Definition 4.7. A U,(g)-module V is said to be integrable if V is integrable as a U,(g)-
module.

Note that in the case of a quantum affine algebra, the two notions of integrability do not
coincide. Throughout the paper only the notion of integrability of definition 4.7 is used.
For i € I,r € Z and w € h* we have x;.';.vw C Vita;- So if V is integrable, for all

v eV, U;.v is finite dimensional and there is mg > 1 such that for all i € I, reZ,
m > my = (z7,)"v = (z;,)™.v =0.

Definition 4.8. The set P* of dominant l-weights is the set of (\, V) € P, such that
there exist (Drinfel’d)-polynomials P;(z) € Clz] (i € I) of constant term 1 such that in
C[[2]] (resp. in C[[z71]]) :

) Pi(2q")
le:I: +m — QEQ(Pz) 2 i
Z z,:l:mz qz PZ(ZqZ)

m2>0

In particular for all i € I, A(o)) = deg(P;) > 0 and so A € P* is a dominant weight.

Theorem 4.9. For (\,¥) € P, L(\, V) is integrable if and only (\,¥) € P;".

If g is finite (case of a quantum affine algebra) it is a result of Chari-Pressley in [CP3| (if
part) and in [CP4] (only if part). Moreover in this case the integrable L(\, V) are finite
dimensional. If g is symmetric the result is geometrically proved by Nakajima in [N1]. If

C is of type A} (toroidal sl,-case) the result is algebraically proved by Miki in [M1].

For the general case we propose a proof similar to the proof given by Chari-Pressley in
the finite case. For A € h* denote D(\) = {w € h*/w < A}

Proof :  The proof uses the result for U, (sl) which is proved in [CP1, CP3].

First suppose that L = L(A, V) is integrable and for i € I let L; be the [:]i—submodule
of L generated by the highest weight vector v. It is a [-highest weight U, (sl2)-module of
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highest weight (\()), UF). As L is integrable, L; is finite dimensional. So the result for
U, (sly) gives P;(z) € C[z] such that :

i

) Pizq; ")
U, = gl L N (o) = deg(P) > 0
2 Bieg) * 00 = deBlh)

Now we prove that L = L(\, ¥) = U,(§).v is integrable where (\, V) € P;". It suffices to
prove that :

(1) For all o < A, if L, # {0} then there exists M > 0 such that m > M = L, 0, =
Ltma; =0 foralli € 1.

(2) For all p < A, dim(L,,) < oc.
The proof goes roughly as in section 5 of [CP3|, with the following modifications :

For (1) : the existence of M for L, ma, = 0 is clear because the weights of L are
in D(A). Put ¥ = max{—C;;/i # j}. In particular if C' is finite, we have r¥ < 3.
First we prove that for m > 0, the space L,_pq, is spanned by vectors of the form
Xy Xy 2y, Xpq v where A — = i, + ...+, ki, . by € Z, X 1s of the form
X, = xi_’llyp...xi_’lmpyp where my + ... + myy1 = m and myq, ...,my, < ¥ (which is the crucial
condition). It is proved by induction on h (see [CP3| section 5, (e)) with the help of the
relations (20). Note that in [CP3] r¥ = 3. Now it suffices to prove that U;.v is finite
dimensional : indeed if m > rVh + dim(U;.v) we have my,1 > dim(U;.v) and X0 =0.
It is shown exactly as in lemma 2.3 of [CP2| that U.v is irreducible as Umodule, and so
is finite dimensional.

For (2) : let us write A — u = a;;, + ... + a;,,. The result is proved by induction on h.
We have seen that U;.v is finite dimensional. The induction is shown exactly as in [CP3]
(section 5. (b)) by considering the L A—p+a;, and with the help of relation (19). O

4.3 Category O(U,(§))

In the following by subcategory we mean full subcategory.

Definition 4.10. A U,(h)-module V is said to be in the category O(U,(Y)) if :
i) V' is Uy (h)-diagonalizable
i) for allw € b*, dim(V,,) < oo
iii) there is a finite number of element A1, ..., \s € h* such that the weights of V' are in

U D)

j=1l...s

A Uy(g)-module (resp. a Uy(g)-module) is said to be in the category O(U,(g)) (resp.
OU,(9))) if it is in the category O(U,(h)) as a Uy (h)-module.

A

In particular we have a restriction functor res : O(U,(g)) — O(U,(g)).

For example a highest weight U, (g)-module is in the category O(U,(g)) and the product
® is well-defined on O(U,(g)). An integrable [-highest weight module is in the category
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OU,(g))- But in general a I-highest weight module is not in the category O(U,(g)), indeed
(C,[z] is the space of polynomials of degree lower that r) :

Lemma 4.11. Consider a l-weight (w,V) € P, and i € I. If dim(L(w, V), a) =reN
then there is P(z) € C,[z] such that P(2)W;(z) = 0 where ¥;(z) = Y (¥, 2" — z77).

>0

z',—r

<

In particular the existence of a P(z) € C[z] such that P(z)¥;(z) =0 for all i € [ is a
necessary condition for L(w, ¥) € O(U,(g)).

Proof :  Let vy, vy, ..., v, € L(w, V) such that :
L(w, V), =Cvy , L(w,¥V)y—0, = Cvy & ...® Cu,

For m € Z let W;,, = W, — W7 . As z] v =0, we have :

i,m

1
£E+ 33 .Uy = 1 \Di,m-ﬁ-m/vo

,m ,m
qi — g;

As ;.00 € L(w,V),_q, and z,, v; € L(w, V), there are M, uf, € C(m € Z,1 < j <)
such that |
Ty V0 = A1 + oo + A0 0, f 0 = pd vy

In particular we have : Ui = (¢ — ¢ 1) 32 Ml We set M(2) = S M 2™

j=1l..r m/€Z
Wi(z) = YW 2" — W, _ 27" and we have :
r>0
() = (g — g ") D> LN (2
j=1l..r
So the {VU;(2), 2¥;(2), ..., 2"¥;(2)} are not linearly independent. O

5 g-characters

For a quantum Kac-Moody algebra, one can define a character morphism as in the
classical case. For quantum affine algebras a more precise morphism, called morphism of
g-characters, was introduced by Frenkel-Reshetikhin [FR3| (in particular to distinguish
finite dimensional representations). In this section we generalize the construction of ¢-
characters to quantum affinizations. The technical point is to add terms k) (A € h*) to
make it well-defined in the general case. We prove a symmetry property of g-characters
that generalizes a result of Frenkel-Mukhin : the image of x, is the intersection of the
kernels of screening operators (theorem 5.15).

5.1 Reminder : classical character

Let U,(g) be a quantum Kac-Moody algebra. Let £ C (h*)% be the subset of ¢ : h* — Z
such that ¢(A) = 0 for A outside the union of a finite number of sets of the form D(u). For



QUANTUM AFFINIZATIONS AND FUSION PRODUCT 147

A € h* denote e(\) € £ such that e(\)(u) = 65 ,. € has a natural structure of commutative
Z-algebra such that e(N)e(u) = e(A+ p) (see [Kac]).

The classical character is the map ch : O(U,(g)) — &€ such that for V € O(U,(g)) :

ch is a ring morphism and ch(L(w;)) = ch(L(w3)) = w1 = ws.

5.2 Formal character

Let U,(g) be a quantum affinization. In general the map ch o res does not distin-
guish the simple integrable representations in O(U,(g)). That is why Frenkel-Reshetikhin
|[FR3|] introduced the theory of g-characters for quantum affine algebras. We generalize
the construction for quantum affinizations.

Let V be in O(U,(g)). For w € h*, the subspace V, C V is stable by the operators ¢;-
(i € I, m > 0). Moreover they commute and [¢7
space decomposition :

i,+m
kn] = 0, so we have a pseudo- Welght

zm’

V.= P V.,

’Y/(w7"/)€Pl

where V,, , is a simultaneous generalized eigenspace :
Vg ={z €V,/IpeN,Vi € {1,...,n},¥Ym >0, (¢; 1, — Vizm)"-x = 0}

As V,, is finite dimensional the V, ., are finite dimensional.

Let & C PZ be the ring of maps ¢ : P, — Z such that ¢(\, ¥) = 0 for A outside the union
of a finite number of sets of the form D(u).

Definition 5.1. The formal character of a module V' in the category O(U,(g)) is chy(V') €

& defined by :
Z dim(V,r)e(p, I')

(;L F EP[

We have the following commutative diagram :

chq

OU(g) — &
| res 1B

ch

OUy(g) — €

where (3 : £ — &£ is constructed from the first projection m : P, — P.

5.3 Morphism of ¢-characters

The combinatorics of formal characters can be studied with a morphism of ¢g-characters
Xq which is defined on a category Oy (U,(g)) :
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5.3.1 The category Oint(U,(§))

Denote by Oint(Uy(g)) (resp. Omt(Uy(g))) the category of integrable representations in
the category O(U,(g )) (resp. O(U,(g ))) For example a simple integrable [-highest weight
U, (g)-modules is in Oy (U,(g)). Moreover :

Proposition 5.2. For V' a module in Ouu(Uy(§)) there are Py gy >0 (A, V) € P") such
that :

= Y Puuychy(L(\ 1))

A\ ®)ePt

Proof :  'We have two preliminary points :
1) a submodule, a quotient of an integrable module is integrable.

2) for V € Oy (U,(g)) a module and p a maximal weight of V', then there is v € V),
such that U, (g).v is a [-highest weight module : indeed for (,u 7v) € P, such that V,, , # {0}
there is vE Vuﬂ, {0} such that Vi € I,r > 0, ¢;,,.v = 7,y v (because for alli € I,r > 0,
Ker(¢;; it — Vi :I:r) NVuy 7 {0}).

The end of the proof is essentially made in [Kac| (proposition 9.7) : first we prove that
for A € h* there exists a filtration by a sequence of submodules in Oy (Uy(g)) : V =V, D
VieiD..DViDVy=0and J C{l,...,t} such that :

(i) if j € J, then V;/V;_y ~ L()\;, ¥;) for some (\;, ¥;) € P;* such that \; > A
(ii) if j ¢ J, then (V;/V;_1), = 0 for every pn > X

(see the lemma 9.6 of [Kac]). Next for (u, ¥) € P;", fix A such that g > X\ and introduce
P.,w) the number of times (y, ¥) appears among the (A, ¥;) (it is independent of the
choice of the filtration and of 1). We conclude as in proposition 9.7 of [Kac]. O

Definition 5.3. QP is the set of (1,y) € P, such that there exist polynomials
Qi(2), Ri(z) € C[z] (i € I) of constant term 1 such that in C[[z]] (resp. in C[[z7']]) :

S = 0 @0—dea(r) Qil=0 ) Ril24:)
"0 b ' Qi(zqi)Ri(zq; ")

and such that there exit w € PT, a € Q% satisfying p = w — a.

In particular P;" C QP

Proposition 5.4. Let V be a module in Ou(Uy(g)) and (p,7) € P. If dim(V,,) > 0
th’en (M?fy) € Q]Dl+

Proof :  The existence of the polynomials is shown as in [FR3| (proposition 1) : it reduces
to the sly-case because for v € V', U;.v is finite dimensional. The existence of w € P and
a € Q7 is a consequence of proposition 5.2 and theorem 4.9. O
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5.3.2 Construction of g-characters

Consider formal variables Y;% (i € I,a € C*) and k, (w € b). Let A be the commutative

group of monomials of the form m =[] YZZ’“(m) komy (ko = 1) where only a finite
i€l,aeC*
number of u; ,(m) € Z are non zero, w(m) € b (the coweight of m), and such that for

1el:
a;(w(m)) = ru;(m) = riZui,a(m)

aeC*
The product is given by u; o(mima) = u; o(M1) +u; o(M2) and w(mims) = w(my) +w(ms).

For example for ¢ € I,a € C*, we have k,(x,)Yi, € A because for j € I, a;(v(A)) =
Ai(v(ay)) = rjNi(a)) =10, . For (u,I') € QP we define Y, € A by :

J
,Bi,a_'W,a
Yor =k [ Yia

i€l,acC*
where 3.4, Via € Z are defined by Q;(u) = [] (1 —ua)%< , Rj(u) = [] (1 —ua)ie. We
acC* acC*

have Y, € A because for i € I

a;(v(p) = p(v(a) = rip(ey) = ri(deg(Q;) — deg(R;)) = riui(Yyr)

For x € A% we say y € Y if there is a finite number of element Aq, ..., \; € h* such that
the coweights of monomials of x are in |J v(D();)). In particular ) has a structure of

j=1l...s
h-graded Z-algebra.
Definition 5.5. The g-character of a module V- € O (Uy(§)) is -

XQ(Vj = j{: d(ﬂ7rviﬂhr € )}

(1.T)EQP"

where d(p, I') € Z is defined by chy (V)= > d(p,Ie(p,T).

(nI)eQP"
We have a commutative diagram :

OuwmeUy(8)) =5 Y
| res 1 6

ch

Oimi(Uy(g)) — &
where for m € A, f(m) = e(w(m)).
If C is of finite type then the weight of a monomial m € Y is w(m) = Zul(m)u(AZ)
So we can forget the kj, and we get the g-characters defined in [FR3|. Inzetlhis case the
integrable simple modules are finite dimensional.

Note that in the same way one can define the g-character of a finite dimensional L{q(ﬁ)—
module.
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5.3.3 Morphism of ¢g-characters

Denote by Rep(U,(g)) (resp. Rep(U,(g))) the Grothendieck group generated by the mo-
dules V' in Oi (U, (g)) (resp. Ot (U, (8))) which have a composition series (a sequence of
modules V'O V; D V5, D ... such that V;/V;,; is irreducible).

The tensor product defines a ring structure on Rep(U,(g)) and ch gives a ring morphism
X : Rep(Uy(g)) — €.

The g-characters are compatible with exact sequences and so we get a group morphism
Xq : Rep(U,(g)) — Y which is called morphism of g-characters.

Proposition 5.6. The morphism x, is injective and the following diagram is commuta-
tive :
~ Xq
Rep(Uy(9)) — Y
1 res 1B
Rep(Uy(g)) —

The commutativity of the diagram follows from the definition. To see that x, is injective,
let us give some definitions :

A monomial m € A is said to be dominant if u; ,(m) > 0 for alli € I, a € C*. If a I-weight
(w, ¥) belongs to P, then Y, g) € A is dominant. Moreover the map (w, ¥) + Y, )
defines a bijection between P;" and dominant monomials. For m € A a dominant monomial
we denote by L(m) € Y the g-character of L(w, V) where (w,¥) is the corresponding
dominant [-weight. In particular L(m) = m + monomials of lower weight (in the sense of
the ordering on P), and so the L(m) are linearly independent.

A module with composition series in determined in the Grothendieck group by the mul-
tiplicity of the simple modules, and we have seen that the x,(L(\, ¥)) (A, ¥) € P) are
linearly independent in Y. So x, is injective.

5.4 ¢g-characters and universal R-matrix

The original definition of g-characters (|[FR3|) was based on an explicit formula for
the universal R-matrix established in [KT, LSS, Da|. In general no universal R-matrix
has been defined for a quantum affinization. However g-characters can be obtained with
a piece of the formula of a “R-matrix” in the same spirit as the original approach :

We refer to the chapter 3 of |Gu| for general background on h-formal deformations.
Consider Uy (g) the C|[h]]-algebra which is h-topologically generated by b and the xfr
(tel,reZ), hiy (i€ I,m e Z—{0}) and with the relations of U, (g) (where we set for

~

w € b, k, = exp(hw)). The subalgebra Uy(h) C Up(g) is h-topologically generated by b
and the h;,, (i € I,m € Z — {0}).

~

If V is a U,(g)-module (resp. U,(h)-module) which is U, (h)-diagonalizable then we have

~

an algebra morphism my (h) : Un(g) — End(V)[[R]] (resp. my(h) : Up(h) — End(V)[[A]])
(Remark : for A € b*, w € h, v € V), we set w.v = A\w)v).



QUANTUM AFFINIZATIONS AND FUSION PRODUCT 151

Define R® and T in Uy, (5) QU (H) C Un(§)SUL(§) (h-topological completion of the tensor
product) by the formula :
m

0 __ -1 » m\ . m
R™=exp(—(¢—¢ )' Z mBm’(q A" him @ R )
i,j€1,m>0
T=exp(~h Y A @v())
1<i<2n—1
Remark : we have the usual property of T' (see [FR3|) : for \,p € b*, x € V), y € V,,, we
have T.(x ® ) = ¢~ (z ® ). Indeed :

> AN () = (n Y AMA i) = (1, A)

1<i<2n—1 1<i<2n-1
Fori € I,m € Z — {0} denote h;,m = S°C;.:(¢™)h;m. We have an inclusion A C Uy, (h)
jer
because the elements Yfa = kroanexp(F(g— ¢ ") X h™a ™ him) € Un(§) (i € I,a € C¥)
m>1

are algebraically independent.
Theorem 5.7. For V a finite dimensional Uy(h)-module, ((Try o my(R)) ® Id)(R°T)) €

~

Un(h) is equal to xq(V).

Proof : For (A, W) € P, consider V(x ) and ((Try,, ,, © Ty, ,, (7)) ® Id)(R°T). First we

see as in [FR3] that the term RY gives ] }Q?;‘“(YA‘W). But we have :
iel,aecC*

D A @) =v( Y AN )a) =v(N)

1<i<2n—1 1<i<2n—1
and so T' gives k_,(y). O

In general for V' € O, (U, (g)) we can consider a filtration (V}.),>0 of finite dimensional sub

~

U, (h)-modules of V such that (JV, =V ;s0 x,(V) is the “limit” of the ((Try, oy, (h)) ®
r>0
Id)(RT) in Y.

5.5 Combinatorics of g-characters

In this section we prove a symmetry property of general g-characters : the image of
Xq is the intersection of the kernels of screening operators (theorem 5.15). Our proof is
analog to the proof used by Frenkel-Mukhin [FM1] for quantum affine algebras; however
new technical points are involved because of the k) and infinite sums. In particular it
shows that those g-characters are the combinatorial objects considered in [He3| (which
were constructed in the kernel of screening operators).

In sections 5.5 and 6 we suppose that C(z) is invertible (it includes the cases of quantum
C'(2)
N N d(z)
where d(z), C} ;(2) € Z[z*]. For r € Z let p;;(r) = [(D(2)C"(2)); ;] where for a Laurent
polynomial P(z) € Z[z*] we put P(z) = Y_[P(2)],2".

reZ

affine algebras and quantum toroidal algebras, see section 2). We write C’(z) =
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5.5.1 Construction of screening operators

Let Y™ C Y be the subset consisting of those y € ) satisfying the following property :
if A is the coweight of a monomial of x there is K > 0 such that £k > K implies that for
all i € I, A+ kr;a/ is not the coweight of a monomial of .

Lemma 5.8. Y™ is a subalgebra of ¥ and Im(x,) C Y".

Consider the free Y™-module ); = [] YintS; . and the linear map S, Yint 5 Y. such

acC*

Si(m) =m Z Uia(M)Sia

aceC*

that, for a monomial m :

In particular S; is a derivation. Let us choose a representative a for each class of C* /¢
and consider :

yi = H yintSi,a
a€C* /q?Z
For i € I and a € C* we set :
_ -1 A
Az’,a - ki}/@aqi—lifi,aqi H )/j,aqr €A

j/Cj’i<0 s ’F:Cj,i+1,C]'7i+3,...,—0j77;—1
We have A@a c A because for j el Oéj(’f’Z'Oé;/) = TiCi,j = TjCjﬂ' = ’f’jUj(AZ'ﬂ).
We would like to see ); as a quotient of Y by the relations S; 44, = A4;495; ,,~1- But the

i,aq;
projection is not defined for all elements of ); because there are infinite sums. However
if ¥ € Y™ and m is a monomial of y there is a finite number of monomials in y of the

—1 41 -1 -1 -1 ot
form mAi,ainwq?...Amq: or of the form mA; , -1 Ai,aqgg’"‘Ai,aq;T’ So the projection on Y;

is well defined on Si(yint) C Y. In particular we can define by projection of S; the it
screening operator S; : Yt — ).

The original definition for the finite case is in [FR3].

5.5.2 The morphism 7;

Some operators 7; (i € I) were defined for the finite case in [FM1]. We generalize the
construction and the properties of the operators 7; (lemma 5.9 and 5.10).

Let i € I. Denote b = {w € h/a;(w) = 0}.
Consider formal variables k.’ (rez),k, (wehp), Yzj; (aeC, Z;.(j e I—{i}, ceC).
Let A® be the commutative group of monomials :
_ 1.0 i,a(m) zj,c(m)
m = kr(m)kw(m) H )/7:’& H Zj,C
aeC* jel,j#i,ceCx

where a finite number of u; o(m), zj.(m), r(m) € Z are non zero, w(m) € h;" and such that

r(m) = ryu;(m) =1; Y u;q(m). The product is defined as for A. We call (r(m),w(m)) €
acC*

Z x b3+ the coweight of the monomial m.
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Let 7; : A — A® be the group morphism defined by (j € I, a € C*, A € b) :

5i ) (r) (@)
TZ’()/]‘,G) = }/i,a] H Z]f]akq bl Tl(k ) - kaz )k)\ 0‘1()\) a;/
k#i , r€L ’

(note that it is a formal definition because Y.k, a,) € Abut Y, ¢ A). Tt is well defined

because for m € A, a;(w(m)) = ryu;(m) and a;(w(m) — ai(w(m))%) = 0.

Lemma 5.9. The morphism 7; is injective and for a € C* we have :

Ti(Aia) = ké?%a 1Y ag;

,aq;

Proof : Let m € A such that 7;(m) = 1. For a € C* we have u; ,(m) = ;. q(1:(m)) = 0.

For k € I, a € C* denote u o(m)(2) = Y. upaqr(m)2" € Z[zF]. For j € I — {i}, we have :
reZ

0=2j0n(ri(m)) = Y prji(unag(m) = [D>_Ch;(2)ura(m)(2)]r

kel,r+r'=R kel

As C(z) is invertible we get uyq(m) = 0 for all a € C*. In particular for j € I we have
aj(w(m)) = rjuj(m) = 0. But w(m) — ai(w(m))% =0=w(m) and so m = 1.

For the second point let M = 7,(A4;,). First for b € C*, u; (M) = uip(Aia) = Saspg +
5/1) -1. For R € Z and j # i we have :

a/b,q;

z

jagt (M) = [(C'(2)C(2))iylr = [(d(2)D(2))i]r = 0

v

Finally we have r(M) = r;a;(o)) = —2r; and w(M) = r;af — ra;(a)) % = 0. O

2
Formally we have 7;(k;) = k:Q,; and for j € I — {i} n(k;) = k:(i) K ol? where ag;) =

riay — Bé a;. This motivates the following definition : for (r,w) € Z x hL we set :

D(r,w) = {(r', ') € Zxbhi Ju' = w— Z mjozg-i) ,r=r— Z B; m;—2r;k/m;, k> 0}

JELj#i jEIj#i

Denote Y0 ¢ (A®)? as the set of x such that :

i) there is a finite number of elements (r,w),..., (1s,ws) € Z x hi such that the

coweights of monomials of y are in |J D(rj,w;).
j=1l...s

ii) for (r, A) the coweight of a monomial of x there is K > 0 such that & > K implies

that for all j € I, j # i, (r £ B, ;k,A\ kay)) and (r &+ 2kr;, A) are not the coweight of a
monomial of y.

In particular Y™ has a structure of Z x hi--graded Z-algebra.

The morphism 7; can be extended to a unique morphism of Z—algebra 7, Yt pint, (@)
Denote by XZ the morphism of ¢-characters for the algebra U, (sls).
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Lemma 5.10. Consider V € O, (U,(g)) and a decomposition 7,(x4(V')) = > PQy where
k

P € Z[Eil{:gi]aec*, Qr s a monomial in Z[ch, knljziaccs nept and all monomials Qy,

are distinct. Then there exists a Ui—module V.. isomorphic to the restriction of V' to UZ
&

and such that x| (Vi) = Py.

Proof : Let U, (h); the subalgebra of U, () generated by the ky, (h € bt), hjm (j # 1,
m € Z—{0}). We can apply the proof of lemma 3.4 of [FM1] with U; and U, (h);- because :

i) U; and U,(h); commute in U, (§)

ii) The image w — ai(w)% in hi of w € b suffices to encode the action of the kj,

(h € hi) on a vector of weight v~ (w) = . Indeed for h € hi-, we have :

v
2%

AR) = (v (R), v (@) = v (M) (@) = v (M) (w = w(as) )

because a;(h) =0 = v"(«)) = 0. O

7

5.5.3 7; and screening operators

In this section we prove that Im(x,) C Ker(S;) (proposition 5.12) with a generalization
of the proof of Frenkel-Mukhin [FM1].
Consider the Y™@_module ;)72.“) = J] Y=@S;, and the linear map S; : Y= — ;)72.(“

acC*
such that, for a monomial m :

In particular S; is a derivation. Consider y}") = JI YOS, ,. The S;(Yt®) c ;)75“

a€C*/q??

can be projected in yf) by the relations :

Siva% = }/;7aqz'Y

i,aq.flké?isi,aq-fl
and we get a derivation that we denote also by S, : Y& — y}”.

We also define a map 7; : V; — y}") in an obvious way (with the help of lemma 5.9). We
see as in lemma 5.4 of [FM1] that :

Lemma 5.11. We have a commutative diagram :

S;

yint N yz
17 17
Yint, (i) N yi(i)
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With the help of lemma 5.9, 5.10 and 5.11 we see as in corollary 5.5 of [FM1] :
Lemma 5.12. We have Im(x,) C () Ker(S;).

iel
In the following we denote &; = Ker(S;) and 8 = (| &;.
iel
Lemma 5.13. An element x € Y™ is in &; if and only if it can be written in the form
X = ijPka where Py € Zlkya,)Yia(1+ A; gy accrs Qk € Z[Y 5 kil Ly ccr peprt and all

Y
J,a i

Q. are distinct monomials.

Proof :  We use the result for the sly-case which is proved in [FR3|. First an element of
this form is in R®;. Consider x € &; and write 7;(x) = >_P/Q), as in lemma 5.10. From
k

lemma 5.11 we have 0 = S;(x) = Y.5:(P})Qx. So all S;(P}) = 0 and it follows from the
ks

slo-case that P € Z[ka,@ +Yi;;2k(_iz«i]ae<c*. The lemma 5.9 lead us to the conclusion. O

5.5.4 Description of Im(x,)

Dominant monomials are defined in section 5.3.3. We have :

Lemma 5.14. An element x € K has at least one dominant monomial.

With the help of lemma 5.13 we can use the proof of lemma 5.6 of [FM1] (see also the
proof of theorem 4.1 in [Hel| at ¢t = 1).

Theorem 5.15. We have Im(x,) = K. Moreover the elements of R are the sums :

Z AmL(m)

m dominant

where Ay, = 0 for w(m) outside the union of a finite number of sets of the form D(u).

Proof :  The inclusion Im(x,) C K is proved in lemma 5.12. For the other one, consider
X € K. We can suppose that the weights of y are in a set D(\) (because the weights of
each L(m) are in a set D(u)). We define by induction L®(m) € Im(x,) (k > 0) in_the

following way : we set L(® = > [x],.L(m). If L% is defined, we consider the set Ay,
w(m)=\

of monomials m’ which appear in y — L) such that A —w(m’) = miriay + ... + mprpo)
where mq,...,m,, > 0 and m; + ... + m,, = k. We set :

Lk — (k) Z [x — L¥)], L(m)
m’EAk_H
Then we set L = Y. [LW],,L(m) € Im(x,) and it follows from lemma 5.14 that

E>0/meAy
L> = y. O
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Note that proposition 5.2 gives that for x,(V) (V module in Oy (U,(g))) the A, are
non-negative.

Remark : for m € A a dominant monomial we prove in the same way that there is a
unique F'(m) € K such that m has coefficient 1 in F(m) and m is the unique dominant
monomial in F'(m). In the finite case an algorithm was given by Frenkel-Mukhin [FM1] to
compute the F(m). In [He3| we extended the definition of the algorithm for generalized
Cartan matrix and showed that it is well-defined if i # j = C;,;C;; < 3 (see also [He2|
for the detailed description of this algorithm at ¢ = 1). Theorem 5.15 allows us to prove
two results announced in [He3| : the algorithm is well defined for

Agl) (with 71 = 7y = 2) because det(C'(2)) = 2* — 22 — 272+ 271 #£0
AP (with ry = 4, 75 = 1) because det(C(z)) = 2° — 2 — 271 4275 £ 0

But for A" (with r; = 5 = 1) we have det(C(z)) = 0; we observed in [He3| that the
algorithm is not well-defined in this case.

6 Drinfel’d new coproduct and fusion product

Our study of combinatorics of g-characters gives a ring structure on Im(y,) (corollary
6.1). As x, is injective we get an induced ring structure on the Grothendieck group. In this
section we prove that it is a fusion product (theorem 6.2), that is to say that the product
of two modules is a module. We use the Drinfel’d new coproduct (proposition 6.3); as it
involves infinite sums, we have to work in a larger category where the tensor product is
well-defined (theorem 6.7). To end the proof of theorem 6.2 we define specializations of
certain forms which allow us to go from the larger category to O(U,(g)). Note that in our
construction we do not use that C(z) is invertible.

6.1 Fusion product

As the S; are derivations, theorem 5.15 gives :
Corollary 6.1. Im(x,) is a subring of Y.
Since x, is injective on Rep(U,(g)), the product of ) gives an induced commutative
product * on Rep(U,(g)). For (A, W), (X, ¥'), (u, ®) € P there are Q) w v uw(p, ®) € Z
such that :
L U) % LN, ') = LA+ X, U0') + > Qv (11, ®)L(p, ®)
(1, @)EPT /u< A+

We will interpret this product as a fusion product related to the basis of simple modules :
that is to say we will show that a product of modules is a module (see [F| for generalities
on fusion rings and physical motivations). Let us explain it in more details : consider :

Rep*Uy(8)) = @ N.L(A W) CRepUy(8) = € Z.L(AY)

\w)ept A\w)ept
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Theorem 6.2. The subset Rep™ (U,(g)) C Rep(U,(§)) is stable by *.

In this section 6 we prove this theorem by interpreting % with the help of a generalization
of the new Drinfel’d coproduct. Note that theorem 6.2 means that for (A, ¥), (X', ') € P;*
we have QA,QI,A’,QI’(Ma (I)) Z 0.

6.2 Coproduct

6.2.1 Reminder : case of a quantum affine algebra and Drinfel’d-Jimbo co-
product

As said before the case of a quantum affine algebra is a very special one because
there are two realizations (if we add a central charge); in particular there is a coproduct
on U,(g), a tensor product on O (U, (g)) and Rep(U,(g)) is a ring. It is the product *
because it is shown in [FR3| that x, is a ring morphism. In particular the tensor product
is commutative. So theorem 6.2 is proved in this case.

6.2.2 General case : new Drinfel’d coproduct

In general we have a coproduct Ay : U,(h) — U,(h) @ U,(h) for the commutative

~

algebra U, (h) defined by (h € P*,i €I, m #0) :
Ap(kn) = kn @k s Ag(him) = 1@ iy + him @1

In particular we have (i € I,m > 0) : Ap(dip,,) = > ¢z:'t:|:(m—l) ® ¢y
0<i<m ’

No coproduct has been defined for the entire U, (g). However Drinfel’d (unpublished note,
see also [DI, DF|) defined for U,(sl,) a map which behaves as a new coproduct adapted
to the affinization realization. In this section we use those formulas for general quantum
affinizations; as infinite sums are involved, we use a formal parameter u so that it makes
sense.
Let C = C((u)) be the field of Laurent series 3> A\.u” (R € Z, A, € C). The algebra U, (§) is

r>R
defined in section 3.3.1. Consider the C-algebra U, (g) = CoU,(g) (resp. Uy (g) = CalU,(g))
Let L?é(@)@l;{é(@) = (U,(§)®@cU,(§))((u)) be the u-topological completion of Z;{é (g)®cz); (9)
It is also a C-algebra.

Proposition 6.3. There is a unique morphism of C-algebra A, : L?é(@) — L?;(@)@Z)é(@)
such that forie I, r€Z, m>0,hebh :

Au (x:—r) = x;,_r ® 1 + Zur+l(¢;—l ® x;,_r-i-l)
>0

AU(J;Z_,T) - uT(l ® xz_,r) + Zul(xi_,r—l ® (Zs:,_l)

>0
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Au(@Fm) = D w (B pny @ 07wy 5 Dulkn) = kin &k

0<i<m

Proof :  We can easily check the compatibility with relations (21), (22), (23), (24), (25),
(26) because A, can also be given in terms of the currents of section 3.2 : we have in

Uy (@) @c Uy())[[2,27]] -
Ay(z(2)) = 27 (2) @ 1+ ¢5 (2) @ 7 (2u) , Au(zy (2)) = 1@ 27 (2u) + 27 (2) @ ¢ (2u)

Au(97 (2)) = 07 (2) @ ¢ (zu)
O
Remark 1 : If C is finite or simply laced then A, is compatible with the affine quantum
Serre relations (relations (20)) and can be defined for U, (g) (see |DI] for symmetric cases

and |E, Gr| for other finite cases). We conjecture that it is also true for general C', but we
do not need it for our purposes.

Remark 2 : let T': U,(§) — ?;lé(ﬁ) be the Z-gradation morphism defined by T'(z7,) = u"z7,

7,7

T(¢7,) = u™¢;, , T(ky) = ki,. The power of u in A, is put in such that A, = (Id®T)o A

i,m i,m)
where A is the usual new Drinfel’d coproduct (without u).

Remark 3 : The map A, is not coassociative , indeed in (Z;{é(@) ®c Z;{é(@) Q¢ Z;{é(g))[z] :
((Ay ®1d) 0 A)(67(2)) = ¢7 (2) ® &7 (uz) ® ¢7 (uz)
((Id® Ay) 0 Au) (0] (2)) = ¢ (2) ® 6] (uz) ® ¢ (u”2)

Remark 4 : Although is is not defined in a strict sense, the “limit” of A, at u = 1 is

~

coassociative. On U,(h) the limit at u = 1 makes sense and is Aj.

6.3 Tensor products of representations of Z/Nlé(ﬂ)

As the coproduct involves infinite sums, we have to introduce a category larger than
OU,(g)) in order to define tensor products :

6.3.1 The category (9(1;1(;(@))

(oY

Definition 6.4. The set of I, u-weights P, ,, is the set of couple (A, ¥(u)) such that X € b*,
U(u) = (\Ij?,::tm(u))iel,mzof ‘I’ziim(u) € Clu,u™"] and ‘I’i:o(u) =q; g

Definition 6.5. An object V' of the category (9(1;{4(@)) is a C-vector space with a structure
oflflé(@)—module such that :

i) V is Uy(b)-diagonalizable
ii) For all X € b*, the sub C-vector space V\ C V is finite dimensional
iii) there are a finite number of element Ay, ..., \s € b* such that the weights of V' are

in U D(})

j=1l...s
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i) for X € b*, V) = D Vi,ww) where :
N (u)EP,

Viww = {z € Vi/Ip e N,Vi € {1,...,n},Vr >0, (¢7- L \IfffiT(u))p.x =0}

The property iv) is added because C is not algebraically closed.

A

The scalar extension and the projection z)q(g) — U,(g) gives an injection i : O(U,(g)) —
OU;(g)) such that for V'€ OU,(g)), i(V) =V &C.

Let &, C P, be defined as &. The formal character of a module V in the category
OUy(9)) is
Ch%u(v) = Z dimC(Vu,F(u))e(:U“v F(U)) € gl,u
(I (u)€R,y

We have a map ig : & — &, such that ig((A\,¥)) = (A, (\Ifjtfm)) and a commutative
diagram :

~ chg
oU,(g)) — &
Li g
chg,u

Oy (@) = &

In an analogous way one defines the category O(U,(g)) and a formal character ch,, on

OUy(9))-

6.3.2 Tensor products
We consider subcategories of (’)(Z;{’ (g)). Let REZ, R>0:

Definition 6.6. (’)R(Z)’(A)) is the category of modules V' € O(U’( )) such that for all
A € b*, there is a C- baszs (v))a of Vi satisfying :

i) for allm € Z, a, 3, the coefficient of x;, on vgﬂ” (resp. of Ty U X on Ué % ) s

in Cl[u]] if m >0, in u®"Cl[u]] if m < 0. o K
i) for allm >0, «, B the coefficient of Gi - v

i) for allm >0, a, B the coefficient of ¢ on v} is in C[[u]]

,m" Ol

on vy is in u”"C[[ul]

Example : For V € O(U,(§)), we have i(V) € O°(U,(g)).

Theorem 6.7. Let Vi € OU,(g)) and V, € OR(Z:{Q(Q)). Then A, defines a structure
of L?é(@)—module on (V1) ®c Vo which is in ORH(Z);(@)). Moreover the [, u-weights of
i(V1) ®c Vi are of the form (A1 + A2, v1(2)y2(uz)) where (A1, v1) is a l-weight of Vi and
(A2, v2) is a I, u-weight of V5.

Remark : y(u)(z) = 71(2)7v2(uz) means that for i € I,m >0 :

Vi (@) = Z (71)1.20(w) (92 4ty (W)™

0<Ii<m
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Proof : As the definition of A, involves infinite sums, we have to prove that the action
formally defined by A, makes sense on V/ ®¢ V5 where we denote V] = i(V}). Indeed
the weight spaces of V] and V5 are finite dimensional and for A\, u € h* we can use a
C-base (v1Y)q of (Vi) as a C-base of (V/) and the C-basis (v2/) of (V3), given by the

o e

definition of OR(Z;{(;(Q)). So consider A\, i € h*, 7 € I and let us investigate the coefficients
(reZ,m>0):

we have a7, (V/)x @ (V2),) € (V)rsa, @ (Vo) @ (VI)a ® (Vo) -
on (V{)x ® (Va)ura, : the coefficient of z7,,.(vi* ® v2) on ’U;’)\ ® vé’/‘ T s in

S urHC[[u]] € C[[u]] if r > 0, in Y uHulC+HIC[[u]] € w BV C[u]] if r < 0.

>0 >0
. 2,)\ 17>\ 7 27 3 3
on (V{)xta, ® (Va), : the coefficient of zf,.(v7* @ v7") on vy T vg!" is in C.

we have 2. (V/)x ® (Va)u) € (V{)a-a, ® (V2)u ® (V)2 @ (Va)u—a-

on (V/)x @ (Va)—a, : the coefficient of z;,.(v3* ® v2/") on vé’)‘ ® vé’,“_ai is in u"C[[u]] C
Cl[u]] if > 0, in w"ufC[[u]] if r <O0.

on (V])r—a; ®(V2), : the coefficient of z, .(vi*®@v%") on vé”\_o‘i ®v§’f is in ;)ulC[[u]] C
Cllu]]. i
we have ¢7y,.(V/)x @ (Va),) € (V)a @ (Va),).

the coefficient of ¢;,,,.(vi* ® v2") on vé’)‘ ® vy is in 0<; u!Cl[u]] € C[[u]].

the coefficient of ¢;_,,.(v1* ® v2/") on ’Ué”\ ® vé}“ isin Y uluTBC[[u]]

0<i<m
C B[]

So we have a structure of Z:{é(@)—module on V{ ®c¢ Vs. Let us prove that it is in O(Z;Ié(g))
We verify the properties of definition 6.5 : i) ii) iii) are clear because the restriction of
A, to U,(h) is the restriction of Aj. For iv) we note that for (A1, 71), (A2;72) € P,
the (V{)x . ® (V2)x,,4, 15 in the pseudo weight space of [, u-weight (A1 + Aa, v1(2)72(2u))
because A, (¢F(2)) = ¢ (2) ® ¢ (zu) (it also proves the last point of the proposition).

Finally we see in the above computations that the coefficients verify the property of
OR“(U[;(@)), so V] ®c¢ V4 is in ORH(Z/{Q(@)). O

Definition 6.8. For R > 0, we denote ®r : O(U,(g)) X (’)R(Z;{é(@)) — (’)R“(Z;{é(g)) the

bilinear map constructed in theorem 6.7.

See section 6.6 for explicit examples. For R > 2 and V1, V5, ..., Vg € O(U,(g)), one can
define the iterated tensor product Vi ®p_o (Va®pg_3(...®0Vg))...) which is in OR_l(Ué(g)).
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6.4 Simple modules of U/}(g)

6.4.1 [, u-highest weight modules

For (\, W(u)) € P, let M(X\, ¥(u)) be the Verma U’( ) module of highest weight

(A, ¥(u)) (it is non trivial thanks to the triangular decomposition of U,(g) in lemma
3.10). So we have an analog of proposition 4.6 : for (A, ¥(u)) € P,,, there is a unique up
to isomorphism simple L?é(@)—module L(\, ¥(u)) of 1, u-highest weight (X, ¥(u)) that is to
say that there is v € L(\, ¥(u)) such that (i € I,7 € Z,m > 0,h € b) :

xz—'t_r‘,U =0 ) I:()V \I](U)) ( ) v ¢z +m-U ;t:l:m( )U kh v = q)\(h)

In a similar way one define the simple U, (g)-module L(A, W(u)) of [,u-highest weight
(A, W(u)) (it is non trivial thanks to theorem 3.2).

Lemma 6.9. For (\, ¥(u)) € Py, we have an isomorphism of Uy(h)-modules L(\, ¥ (u)) ~
L\, U(u)).

Proof :  Let M'(\, ¥(u)) € M(\, ¥(u)) be the maximal proper Z;{é(@)—submodule of
M'(\, U (u)). It suffices to prove that 7_.1 is included in M'(X\, U (u)) (see section 3.3.4; it
implies that L(\, ¥(u)) is also a U (g)-modules). It is a consequence of lemma 3.11. [

In particular L\, U (u)) € (’)(Z)é(@)) & LA, ¥(u)) € OU,(g)) and in this case
chy (LA, W(u))) = chgu (LA, U(u))).

6.4.2 The category Oint(lflé(@))

Definition 6.10. QF, is the set of (A, ¥(u)) € Py, satisfying the following conditions :

i) fori € I there exist polynomials Q;.(2) = (1—za;ub1)...(1—za; y,ubiNi), R o (2) =
(1 — z¢;qudn)... (1 — ZC@NZ(udi‘Nz{) (aij,cij € C*, bij,dij > 0) such that in Clu,u'[[z]]
(resp. in Clu,u™[[z7Y]) :

Z‘I’ . +r deg(Qz u) deg 'Lu QZU( 1>R17U(zq7«>
r>0 ‘ 7" Qz,u(ZQZ>Ri,u(zq7;_1>

ii) there exist w € PT, a € Q% satisfying A = w — a.

P, is the set of (N, V(u)) € QP such that one can choose R;, = 1 (in this case we
denote P, = Q;.u).

Lemma 6.11. If~(/\,\11(u)) € P, then L\, U(u)) € (’)(Z;{é(@)) Moreover for (u,~v(u)) €
P, we have dim(L(X, ¥ (u)),w) # 0= (1, y(u)) € QP

Remark : it follows from lemma 6.9 that we have the same results for L(\, ¥ (u)) €
OU,(a))-
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Proof :  Let (A, ¥(u)) € P!, and decompose P;,(z) in the form :

Piu(2) = PO(2) PV (uz)... P (uf2)

3 (2

where R > 0, P(k (z) € Clz], P(k (0) =1 for 0 < k < R (R can be taken large enough so
deg(P") PM (29, )

that we have this form for all i € I). For 0 < k < R, set \I/(k)(z) =g, ~F - For
1 < k < R define )\k:Zdeg(P( JA; €b*.Set \g=A— > M. Thenfor 0 <k <R
icl k=1...R

the (A, ¥®)) € P/ and we can consider L(\;, %)) € O(U,(g)). Let V € OR(Z;{é(ﬁ)) be
defined by :

V = i(L(xo, W) @p_1 (i(L(A, W) @p g o (i(L(Ag—1, W) @0 i(L(AR, W1)))...)

Consider the Z;{é(ﬁ) submodule L of V' generated by the tensor product of the highest

weight vectors. It is a highest weight module of highest weight (X, ¥(u)). So LN, U (u))
is a quotient of L and so is in O(U(g)).

For the second point it follows from proposition 5.4 that the I, u-weight of i(L(\j, U*)))
are in QPZJ; So with the help of the last point of theorem 6.7 we see that the [, u-weights

of V are in QP;, and we have the property for L(\, ¥(u)). O

Definition 6.12. Let Omt( q( )) be the subcategory of modules V € O(U’( )) whose
I, u-weights are in QP

Lemma 6.13. For a module V' € Ouy(U,(§)) there are P wwy = 0 (A, ¥(u)) € Pf'u)
such that :

Chqm(V) = Z P(A,\I!(u))Chq,u(i(Aa \If(u))) = Z P()\,\I/(u))Chq,u(L(A; ‘I/(u)))
(AT (u)eP, AP (u)ePR,

Proof :  Analogous to the proof of proposition 5.2 (the second identity follows from lemma
6.9). O

6.5 C[u*]-forms and specialization
6.5.1 Clu*|-forms

Let U42(8) = Uy(8) c Clu] C Uy(§).

Definition 6.14. A C[u™]-form of a U}(g)-module V is a sub(§)-module L of V such
that the map C ®cpu+) L — V is an isomorphism of U, (g)- module

Note that it means that L generates V' as C-vector space and that some vectors which are
C[u*]-linearly independent in L are C-linearly independent in V.

Let us look at some examples :
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Proposition 6.15. For (\,¥(u)) € P, and v a highest weight vector of the Verma
module M (X, W(u)) (resp. the simple module L(\,W(u))), the Uy (g)-module U (g).v is a
Clu®]-form of M (X, ¥(u)) (resp. of L(\,¥(u))) which is isomorphic to the Verma (resp.
the simple) Uy (g)-module of lu-highest weight (A, ¥(u)).

Proof : As (A, ¥(u)) is fixed, we omit it in the proof. M is the quotient of C ®c¢ U,(§)
by the relations generated by xfr = gbf e — \IIZjE (W) =k — @™ = 0. So the relations
between monomials are in Clu*] and U(§).1 C M is a Clu*]-form of M. Moreover these
relations are the same as in the construction of the Verma U'(g)-module M" as a quotient

of Clu™] ®c Uy() ; and so U (@).1 ~ M*.

Let us look at L. Denote by L" the simple U;'(g)-module of highest weight (A, ¥(u)).
We have L = M /M’ (resp. L* = M*/M"™) where M’ (resp. M) in the maximal proper
submodule of M (resp. M*).

The C-subspace M" of M generated by M"™ is isomorphic to C ®c¢,] M™ (because M*
is a Clu®]-form of M). As M” has no vector of weight ), it is a proper submodule of
M and M"” C M’. Suppose that M" # M" and consider M'/M" c M/M". M*/M" is
a Clu*]-form of M/M". Let v be a non zero highest weight vector of M’/M" and let us
write : v = Y fo(u)v, where v, € M*/M™ and f,(u) € C (as there is a finite number

of fu(u), we can suppose that they are C[u*]-linearly independent). For all i € I,r € Z,
we have z;..v = 0 and so for all o, z,.v, = 0. Fix w, € M* whose image in M"/M"
is v,. As for all i € I,r € Z, a:;fr.wa € M™, Ui (g).w, is a proper submodule of M*
and w, € M™. So v = 0, contradiction. So M" = M". In particular M" ~ M"™ ®cp,+) C,
M MY =M™,

For v a highest weight vector of L, the U/ (g).v ~ U} (g).1 = M"/(M"NM') = M*/M" =
L¥ is a C[u*]-form of L. O

6.5.2 Specializations

Consider p : &, — & the surjection such that p((A\, ¥(u))) = (A, ¥(1)).

Lemma 6.16. Let V be in OU,(@)). If L is a Clu*]-form of V' then the specialization
L'=L/(1—-w)L of L isin OU,(g)) and chy(L") = p(chy.,(V)).

Proof :  Indeed for (p,v(u)) € QP consider L, vy = LNV, ). Asp: L ®cpC —V
is an isomorphism, we have V,, ) =~ 0™ (V) = Ly ®cpg C. In particular L, ) is
a free Clu*] of rank dime (V). So dime(L],) = dime(V,), and L' € O(U,(a)). We can
conclude because

o= @ Lo/ Dlaw)
Ay()ep=t (M)
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6.5.3 Proof of theorem 6.2

For (\, W(u)) € P

1w 1t follows from proposition 6.15 and lemma 6.16 that

p(chy (LN, U(u)))) = chy(L) where L € Oiy(Uy(g)). In particular p(chy,(L(A, ¥(u)))) is
1n ch, (Péefg)( ,(8))) and for V € (’)mt(U (8)) the p(ch,,(V)) is in ch,(Rep™ (U, (g))) (see

Consider Vi, Vs € Ot (Uy(g)). We have seen that :

plchgu(i(V1) ®0i(V2)) € chy(Rep™ Uy (g)))

But
p(cheu(i(V1) ®0i(V2)) = chy(Vi)chy(V2)

because the specialization of A, on Uq(ﬁ) at u=11s AG' This ends the proof of theorem
6.2. [

6.6 Example

We study in detail an example in the case g = sly where everything is computable
thanks to Jimbo’s evaluation morphism (see [CP3, CP4]). In this case we have U,(sly) =
uq(Slg).

For a € C* consider V = L(1 — za) € O (Y, (322)) V' is two dimensional V' = Cvy @ Cuv;
and for r € Z, m > 1 the action of U,(sl,) is given in the following table :

Vo U1
xt 0 a’vg
T, a"vy 0
Dim i(q — ¢ Na*v | F(g — ¢ Ha*m vy
k= g v g v
0 (2) | 5 ¢ L

Remark : in the table ¢*(2) € U, (g)[[z*]] acts on V[[2%]].

For a,b € C*, let V = L(1 — za),W = L(1 — 2b) € Oin(U,(g)). Consider basis V =
Cug & Coy, VI{ = Cwy ® Cw; as in the previous table. The tensor product ®, defines an
action of U; (sly) on X = i(V) ®c i(W) (see theorem 6.7). X is a 4 dimensional C-vector

space of base {vg®wy, v1 @ wy, vg @w1, v1 @w; }. The action of L{;(szg) is given by (r € Z) :

Vg & Wo U1 ® wo
o 0 a’ (vo ® wo)
T, u'b" (vg @ wy) + a’"q%(vl ® wp) | u"b" (v; @ wy)
+ 2 (1—q¢2az)(1—q %buz) (1—qaz)(1—q Zbuz)
¢ (Z) q ((]l—az)(l—guz) (U ® ’UJ()) ((i—az)(l—qbuz) (Ul ® ’UJ())
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Up & Wy U1 ® Wy
xt brurq_lﬁ(vo ® wp) | a"(vy ® wy) + brurq%(vl ® wp)
x, arq_lﬁ(vl ®wy) |0
* () | et (o @ w) | ¢ 2 (0 @ wi)

Remark : in the table ¢*(2) € U,(§)[[2*]] acts on X[[z¥]].
Consider the l-weights 74, 7., 7,7, € P, (the A € h* can be omitted because sl is finite) :

1—q *az I+

Ve (2) =4q

L, 1=d*az

,’Yb(Z):q

1—q¢ bz 1 —¢%*2

+ _ _
7. (2) = ¢ T, b B =a

1—az 1—az

Consider also 74 (2)ys(wz), v, (2) v (uz), va(2)v;(wz), v (2)7(uz) € P,. We see that :

chgu(X) = e(va(2)(u2)) + e(ve(2)0(u2)) + e(Ya(2)75(u2)) + e(7a(2)75(uz))

Those [, u-weights are distinct, the [, u-weights spaces are 1 dimensional :

X = (Xrarm@n) D (X @mwws) @ (Xra@mg @) S (X2 we)

We see that X is of highest weight v,(2)v(uz) € P,,. Let us prove that it is simple :
indeed X has no proper submodule : if for all r € Z, x;}F.(a(v1 @wp) + B(vo®@w1)) = 0, then
forall r € Z, aa” +6b’“u’“% = 0. In particular oH—ﬁ% =0anda" —b"u" =0

for all » € Z, impossible. So X ~ L(v,.(2z)7(uz)) as a L{é(szg)—module. It follows from
proposition 6.15 that X = UL G)-(vo ® wo) C X is a Clu*]-form of X.

Let us look explicitly at this C[u*]-form : consider ey, e5, e3, 4 € X defined by :

— -1 — —
€1 =V ®wy, €2 =2Ty.€1 , €3 =—a T|.61+ € ,€4=(qr;.€

We have the following formulas : e; = vg®@wy , €3 = (vo@w) +q%(vl ®wy) , €3 =

(1 —uba™")(vo@wy) , e4 = (v1 @ wy)
Moreover the action of U,/(g) is given by (r € Z) :

€1 €9
w0 (g0 g — a”Mbua” ey
_ a*lu T _ rl— a*lu 1 r— _ a*lu r—1
v |a(ea— Tt es) | (7l I — gbua’ T e,
+ 2 (1—¢"%az)(1—q_buz) (1-¢*az)(1—q_*buz) [ O )
¢ (Z) q (1—az)(1—buz) €1 (1—az)(1—buz) e+ (1—az)(1—buz)€3
€3 €4
zt+ ruma (1 = q2a=1b bru” r1—(uba"1)"
r ¢ (1 —q’a""bu)e; | b'u"es + a" r—=r-e3
x, a"q ' (1 — q*ua='b)ey |0
+ (1—g~”az)(1—q¢buz) —2 (1—¢%az)(1—¢%buz)
¢ (Z) (1—az)(1—buz) €3 (1—az)(1—buz) €4
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In particular we see that Clu*]e; @ Clu™]e; ® Clu*]es ® Clu™]e, is stable by the action of

Uy (g), so is equal to X. So we have verified that X ~ X ®cpuz] C.

Let us describe the specialization of Xatu=1:let X' = Ce; ® Cey ® Ces ® Cey. The
action of Uy(g) on X' is given by (for z € C,r € Z, we denote [z], = 1=2 € Z[z*] (2 # 1)

and [1)) =7r) :
€1 €2
z; |0 (qa"[a” bl — ¢~ "ba" o "B],_ ey
T U 2 i O e il i) N 2
+ 2 (1—¢~%az)(1—q “b2) (1—q%az)(1—q “bz) az(q®—q~
¢=(2) | ¢ [(Il—az)(l—gz) €1 ((i—az)(l—qbz) ez + (l—c[L]z)(lq—bz) €3
€3 €4
x b'q (1 — q?a'b)e; |bey +a"[atb] ey
T, a™q (1 —q¢*ath)es | O
+ (1—q—2az)(1—q¢%bz) —2(1—¢?%az)(1—q?%b2)
O=(2) | =i ¢ A R (S

We see that X' = U,(§).e;. Moreover if ab~ ¢ {¢?,¢ 2} : X’ has no proper submodule

because the formula z;} (cea + fes) = 0 means that for all r € Z :

a(ga’[a™ 0], 1 — ¢~ ba" a7 0]) + B gTH(1 = ¢PaTh) = 0

which is possible only if ab™! € {¢*,¢"2} or a = 3 =10. So :
if ab™' ¢ {¢% ¢}, X' ~ L(7.7) is simple and :

if ab™! = ¢ (resp. ab™! = ¢72), Ces C X’ (resp. C((¢>—1)ey4e5) C X') is a submodule

chy(V)ehy (W) = chy(X') = chy(L(yam))

of X’ isomorphic to L(1) and :

chy(V)chy (W) = chy(X') = chy(L(vam)) + chy(L(1))

PARTIE 4
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Cinquiéme partie

Monomials of ¢ and ¢, t-characters for
non simply-laced quantum affinizations

Prépublication arXiv : math.QA /0404187

Résumé. Nakajima [N2, N3| a introduit le morphisme de ¢,¢-caractéres pour les
représentations de dimension finie des algébres affines quantiques simplement lacées :
il s’agit d'une t-déformation du morphisme de g-caractéres de Frenkel-Reshetikhin (qui
sont des sommes de mondmes avec une infinité de variables). Dans [He2| nous avons
généralisé la construction des ¢, t-caractéres aux cas non simplement lacés. Dans cette
article nous prouvons en premier lieu une conjecture de [He2| : les monémes des ¢ et
q, t-caractéres des représentations standards sont les mémes dans les cas non simplement
lacés (le cas simplement lacé a été traité dans [N3|) et les coefficients sont positifs. Ces
q, t-caractéres peuvent en particulier étre considérés comme des t-déformations des ¢-
caractéres. Dans la preuve nous démontrons pour une grande classe d’affinisées quantiques
(incluant les algebres affines quantiques de type A, B,C') que les espaces de [-poids des
représentations fondamentales sont de dimension 1. Ceci implique aussi que le morphisme
de q, t-caractéres est bien défini pour les matrices de Cartan généralisées C' telles que i #
j = min{—-C; ;, —C;,;} < 1. Enfin nous prouvons, puis utilisons, une généralisation d'un
résultat de [FR3, FM1, N1| : pour une affinisée quantique générale les [-poids d’un module
simple de plus haut [-poids sont inférieurs au plus haut [-poids au sens des monomes.

Abstract. Nakajima [N2, N3| introduced the morphism of ¢, t-characters for finite di-
mensional representations of simply-laced quantum affine algebras : it is a t-deformation
of the Frenkel-Reshetikhin’s morphism of g-characters (sum of monomials in infinite va-
riables). In [He2| we generalized the construction of ¢, t-characters for non simply-laced
quantum affine algebras. First in this paper we prove a conjecture of [He2| : the monomials
of ¢ and q, t-characters of standard representations are the same in non simply-laced cases
(the simply-laced cases were treated in [N3|) and the coefficients are non negative. In
particular those ¢, t-characters can be considered as t-deformations of g-characters. In the
proof we show that for a large class of quantum affinizations (including quantum affine
algebras of type A, B, C') the [-weight spaces of fundamental representations are of dimen-
sion 1. It also implies that the ¢, t-characters morphism is well-defined for a generalized
Cartan matrix C' such that i # j = min{—C;;,—C;;} < 1. Eventually we show, and
use, a generalization of a result of [FR3, FM1, N1| : for general quantum affinizations the
[-weights of a [-highest weight simple module are lower than the highest [-weight in the
sense of monomials.
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1 Introduction

Drinfel’d [Drl] and Jimbo [Jim] associated, independently, to any symmetrizable Kac-
Moody algebra g and any complex number ¢ € C* a Hopf algebra U, (g) called quantum
Kac-Moody algebra.

In this paper we suppose that ¢ € C* is not a root of unity. In the case of a semi-simple
Lie algebra g of rank n (ie. with a finite Cartan matrix), the structure of the Grothendieck
ring Rep(U,(g)) of finite dimensional representations of the quantum finite algebra U,(g)
is well understood. It is analogous to the classical case ¢ = 1.

For the general case of Kac-Moody algebras the picture is less clear. The representation
theory of the quantum affine algebra U,(g) is of particular interest (see [CP3, CP4]). In
this case there is a crucial property of U, (g) : it has two realizations, the usual Drinfel’d-
Jimbo realization and a new realization (see [Dr2, Be|) as a quantum affinization of a
quantum finite algebra U, (g).

To study the finite dimensional representations of U,(g) Frenkel and Reshetikhin [FR3|
introduced g-characters which encode the (pseudo)-eigenvalues of some commuting ele-

~

ments ¢, (m > 0) of the Cartan subalgebra U,(h) C U,(g) (see also [Kn]) : for V a

i,+m
finite dimensional representations we have :

v= P v

y€eCIXZ
where for v = (’Yi(i)m)ie 1.m>0, V5 is a simultaneous generalized eigenspace (I-weight space) :
V,={zeV/FpeNViel,¥m>0,(6{2, — 1P )Pa=0}
The morphism of g-characters is an injective ring homomorphism :
Xq : Rep(Uy(8)) — Y = Z[Y; ieraccr

where Rep(U,(g)) is the Grothendieck ring of finite dimensional (type 1)-representations
of U,(g) and I = {1,...,n}, and :

where m, € ) depends of . In particular Rep(i,(g)) is commutative and isomorphic to
Z[Xi,a]iELaE(C* .

In the finite simply laced-case (type ADFE) Nakajima [N2, N3| introduced t-analogs of
g-characters. The motivations are the study of filtrations induced on representations by
(pseudo)-Jordan decompositions, the study of the decomposition in irreducible modules of
tensorial products and the study of cohomologies of certain quiver varieties. The morphism
of q,t-characters is a Z[t*]-linear map :

Xot : Rep(Uy(9)) — Vi = Z[Yz‘iti]ielﬂec*
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which is a deformation of x, and multiplicative in a certain sense. A combinatorial axio-
matic definition of ¢, t-characters is given. But the existence is non-trivial and is proved
with the geometric theory of quiver varieties which holds only in the simply laced case.

In [He2| we defined and constructed g, t-characters for a finite (non necessarily simply-
laced) Cartan matrix C' with a new approach motivated by the non-commutative structure
of U,(h) C U,(§), the study of screening currents of [FR2] and of deformed screening
operators S;; of [Hel|. It generalizes the construction of Nakajima to non-simply laced

cases.

The quantum affinization process (that Drinfel’d [Dr2| described for constructing the
second realization of a quantum affine algebra) can be extended to all symmetrizable
quantum Kac-Moody algebras U, (g) (see [Jin, N1, He4]). One obtains a new class of alge-
bras called quantum affinizations : the quantum affinization of U, (g) is denoted by U,(g).
It has a triangular decomposition [He4|. For example the quantum affinization of a quan-
tum affine algebra is called a quantum toroidal algebra. The quantum affine algebras are
the simplest examples and are very special because they are also quantum Kac-Moody
algebras. In the following, general quantum affinization means with an invertible quan-
tum Cartan matrix (it includes most interesting cases like affine and toroidal quantum
affine algebras, see section 2.2). In [He4| we developed the representation theory of gene-
ral quantum affinizations and constructed a generalization of the g-characters morphism
which appears to be a powerful tool for this investigation. In particular we proved that the
new Drinfel’d coproduct leads to the construction of a fusion product on the Grothendieck

group.
The results of this paper can be divided in fours parts :

1) First we prove that for general quantum affinizations, the [-weights m’ € ) of a
simple modules of [-highest weight m € ) are lower than m in the sense of monomials
(theorem 3.2) : it means that m/m™! is a product of certain A;ll € V. For C finite, this
result was conjectured and partly proved in [FR3|, and proved in [N1| (ADFE-case) and
[FM1] (finite case). In the general case no universal R-matrix has been defined : so we
propose a new proof based on the study of U, (sly)-Weyl modules introduced in [CP6].
This first result is used in the proof of the following points :

2) We prove a conjecture of [He2| : let U, (g) be a quantum affine algebra (C' finite)
and M be a standard module of ¢, (g) (tensorial product of fundamental representations).
We prove that the coefficients of x, (M) are in N[t*] and the monomials of x,(M) are
the monomials of x,(M) (theorem 7.6) (the case ADE follows from the work of Nakajima
[N3]; in this paper the non-simply laced case is treated.) In particular the ¢, t-characters
for quantum affine algebras have a finite number of monomials, and the ¢, t-characters of
|[He2] can be considered as t-deformations of g-characters for all quantum affine algebras.
So it is an argument for the existence of a geometric model behind the g, t-characters in
non simply-laced cases (in the simply laced-case the standard module can be realized in
the K-theory of quivers varieties).

3) In the proof of the conjecture we study combinatorial properties of g-characters : we
prove that for a large class of quantum affinizations (including type A, B, C') the [-weight
spaces of fundamental representations are of dimension 1 (theorem 3.5). Note that this
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property is not true in general, for example for type D.

Our proof is based on an investigation of the classical algorithm (see [FM1, He3|) which
computes g-characters. The proof is direct without explicit computation. Note that for
type A,,, B, 2 = B,,, C,, the result could follow from explicit computation of the specialized
R-matrix, as explained in [FR3|. The result should produce the formulas of [FR1]; however
with this method it would not easy to decide if the coefficients are 1 (for example it is
not the case for type D,). Moreover our direct proof can be extend to a larger class which

includes the type Al(l) (I >2) and B,, (n > 2,p > 2) defined in the following way :

Definition 1.1. The Cartan matriz C' of type B, , (n > 2,p > 2) is defined by (i,j € I,
‘Z—]‘ 2 2) N C@j = 0, Ciﬂ; = 2, Cn,n—l = —p, fO?”i S n—1 Oi,i—i—l = —1, fO?”i S n—2
Ciic1=—1.

Note that for n > 2, B,, 5 is B,,. The case By, (p > 2) are used to prove the following :

4) In [He3| we proved that for a generalized Cartan matrix C' such that i # j =
C;;Cji < 3 (it includes quantum affine and toroidal algebras except Agl), Agz)) the mor-
phism of ¢, t-characters exists. In this paper we propose a generalization of this result for
C such that i # j = min{—C,;,—C;;} < 1 (theorem 7.4). Note that in particular it

includes the case of a quantum toroidal algebra of type A§2>.

This paper is organized as follows : in section 2 we give reminders on representations
of quantum affinizations and their g-characters. In section 3 we state and prove theorem
3.2 (the l-weights of a [-highest weight simple module are lower than the highest [-weight
in the sense of monomials) and state theorem 3.5 (on g¢-characters of fundamental re-
presentations) and give technical complements. The proof of theorem 3.5 is based on a
case by case investigation explained in sections 4, 5, 6. In section 7 we give reminders
on ¢, t-characters and we prove theorem 7.4 (existence of ¢, t-characters for C' such that
i # j = min{—C;;,—C;;} < 1) and theorem 7.6 (on monomials of g, t-characters of
standard monomials). For the theorem 7.6 type F}, our proof is based on results obtained
by a computer program written with Travis Schedler, and those results are partly given
in the appendix (section 8).

2 Reminder

2.1 Representations of quantum affinizations

Let C' = (Ci;)1<ij<n be a symmetrizable (non necessarily finite) Cartan matrix and
I ={1,...,n}. Let D = diag(ry,...,,) such that DC is symmetric. We consider (b, IT, 1Y)
a realization of C, the weight lattice P C bh*, the roots ay, ..., a,, € P, the set of dominant
weights P™ C P, the relation < on P, the map v : h* — b (see [Hed]).

Let ¢ € C* not a root of unity. Let U,(g) be the quantum Kac-Moody algebra of Car-
tan matrix C. Let U,(g) D U,(g) be the quantum affinization of U, (g), with generators

sk ci%,aﬁ(i) where i € I,r € Z,m > 0,h € b (see for example [Hed|). A U,(g)-

7,7 ) i,Em»
module is said to be integrable if it is integrable as a U, (g)-module.
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Denote by P, the set of [- Weights that is to say couple (A, V) such that A € h*, ¥ =
(Ui ierms0, Vig,, € C, U =¢q; " ) Note that if C is finite, A is uniquely determined
by W.

A U,(g)-module V' is said to be of I-highest weight (A, ¥) € P, if there is v € V such that
(iel,reZ,m>0,heb):

A(h) v

=0,V =U(§)v, ¢i,v v, kpv=gq

NES
2 +m
For (\, V) € P, let L(\, V) be the simple U,(g)-module of i-highest weight (A, ¥) (see
[Hed]).

Let P be the set of dominant [-weights, that is to say the set of (A, ¥) € P, such that
there exist (Drinfel’d)-polynomials P;(z) € C[z] (i € I) of constant term 1 satifying in
Cl[z]] (vesp. in C[[z7"]]) :

S w _ el py Pilzq )
z:l:m
m>0 Pi(zq;)

Theorem 2.1. For (\, V) € P, L(\, ¥) is integrable if and only (A, ¥) € P;".

If g is finite (case of a quantum affine algebra) it is a result of Chari-Pressley in [CP3, CP4|
(moreover in this case the integrable L(A, V) are finite dimensional). If C' is symmetric
the result is proved by Nakajima in [N1]. If C'is of type A (toroidal sl,-case) the result
is proved by Miki in [M1]. In general the result is proved in [Hed4].

Denote by Rep(U,(g)) the Grothendieck group of decomposable integrable representations

of type 1 (see [Hed]). The operators ky, qbz om € Uy(8) (h € b,iel,meZ)commute on
V € Rep(Uy(g)). So we have a [-weight space decomposition :

vy ={reVy/FpeN,Viel, ¥vm>0, (% —~+E ywar=0}

i,+m i,tm

Cc Va={veV/Vh e, kv =M}

Let QP" C P, be the set of (i,7) € P, such that there exist polynomials Q;(z), Ri(z) €
Clz] (i € I) of constant term 1 such that in C[[z]] (resp. in C[[z7!]]) :

S = qdeg(Qi)—deg(Ri)Qi(Zqi_ ) Ri(2q:)
m>0 L ’ QZ(ZqZ>RZ(Zq7,_1)
In particular P," C QP

Proposition 2.2. Let V be a module in Rep(U,(g)) and (1n,v) € P. If dim(V,,) > 0
th’en (M?f}/) € Q]Dl+

The result is proved in [FR3] for C finite. The generalization is straightforward (see [He4]).
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2.2 qg-characters

Let z be an indeterminate. We denote z; = 2" and for [ € Z, [I], = 2=+ € Z[z%].

Let C(z) be the quantized Cartan matrix defined by (i # j € I) : 7

z—z~1

Cii(z) = zi+ 2, Cij(z) = [Cijl:

In the rest of this paper we suppose that C'(z) is invertible, that is to say det(C(z)) # 0. We
have seen in lemma 6.4 of [He3| that the condition (C;; < —1 = —C;; < ;) implies that
det(C(z)) # 0. In particular finite and affine Cartan matrices (where we impose r; = ry =
2 for A" verify this condition. The matrices such that (i # j = min(—C; ;,—C;;) < 1)
verify also this condition (in particular the matrices of type B, , (n,p > 2) defined in
section 1).

Consider formal variables Yf; (1t € I,a € C*) and k, (w € b) (ko = 1). Let A be the

commutative group of monomials of the form m =[] Y;;’“(m)kw(m) where a finite
i€l,acC*
number of u; ,(m) € Z are non zero, w(m) € b (the coweight of m), and such that for

iel:ai(wm))=r; > uiq.(m).

aeC*

For (u,I') € QP" we define Y, € A by :

YMI — k‘y(“) H }/'i:fz;,a_'Yi,a

i€l,acC*

where 3 4, Via € Z are defined by Qi(u) = J] (1— ua)ﬂi,a L Ri(u) = [T (1 — ua)re.

acC* acC+
For (u,I') € QP; and V a U,(§)-module, we denote V,,, = V,, where m =Y, r.
For xy € A% we say x € Y if for A € b, there is a finite number of monomials of y such that

w(m) = X\ and there is a finite number of element Ay, ..., A\; € h* such that the coweights

of monomials of y are in |J v(D();)) (where D(X;) = {p € h*/p < A;}). In particular
j=1l...s
Y has a structure of h-graded Z-algebra.

Definition 2.3. For V' € Rep(U,(8)) a representation, the q-character of V is :

XeV)= Y dim(V,r)Y.r €Y

(n.T)EQP"

If C is finite the construction is given in [FR3| and it is proved that x, : Rep(U,(g)) — Y
is an injective ring homomorphism (with the ring structure on Rep(,(g)) deduced from
the Hopf algebra structure of U,(g)).

For general C, x, is defined in [He4]. A priori there is no ring structure on ) that comes
from a tensor product, but we proved [He4] :

Theorem 2.4. The image Im(x,) C Y is a subalgebra of Y.
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Let * be the induced commutative product on Im(x,) C ). Using a deformation of the
new Drinfel’d coproduct we proved in [Hed| :

Theorem 2.5. For (\, V), (N, ¥) € P" we have :

LA, W) LN, W) = LA+ X, 0¥) + > Qrwv,w (1, @) L(p, @)

(1, @)EPT /u<A+N

where the integers Qv v v (1, ®) > 0.

2.3 Notations and technical tools

For i € I and a € C* we set :

A, =kY,

t,aq; Kﬂ%‘ H H Y]_ai]r c A
7/C5,:<0r=Cj ;+1,Cj i+3,...,—Cj ;i —1
The A;; are algebraically independent (see [He2]). Let A = Z[A; }icraccs C V.
For a product M € A such that w(M) € Zay @ ... ® Zav,, denote w(M) = —v;(M)ay —
o — vp(M)ay, and v(M) = vy (M) + ... + v, (M). v defines a N-gradation on A.

Definition 2.6. For m,m’ € A, we say that m > m' if m'm™! € A.

For m € A and J C I, denote uy(m) = Y. ujqo(m), mY) = kyomy 1 yfi»a(m)

j€J,acC* j€J,acC*

u;t(m) =4 Z wjy(m) , us(m) = Zuf(m

l€Z/Fuj;(m)>0 jeJ
For J C I, denote B; C A the set of J-dominant monomials (ie Vj € J,l € Z, u;;(m) > 0)
and B = Bj. Note that for (\,¥) € QP : (\, V) € P* & Y,y € B).
For m € B denote V,,, = L(\, V) € Rep(U,(g)) where (\,¥) € P" is given by Yy ¢ = m
In particular for i € I,a € C* denote Vj(a) = Via Vi and Xm = Xq(Via). The simple
modules V;(a) are called fundamental representatlons

Denote M, = [T Viu™™ € Rep(Uy(8)). We have xo(M,) = T X",

1€l,aeC* i€l,acC*

and (j € 1) :

For J C I we denote by g, the Kac-Moody algebra of Cartan matrix (C;;); jes and
by x; the morphism of g-characters for U, () C Uy(g). Let us recall the definition of the
morphism 7; (section 3.3 in [FM1] for finite case and |He4| for general case) :

We suppose that g, is finite. Let b7 = {w € h/Vi € J, a;(w) = 0} and h; = PQA;.
ieJ
Consider formal variables k[, (w € b,), k. (v € b7), Y, t(ie€JaeC), Zj. (jel-J,

c € C*). Let AY) be the commutative group of monomials :

m =Kk 11 Y™ TI zz™

zEJaE(C JjeI—J,ceC*
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where a finite number of w; ,(m), zj.(m),r(m) € Z are non zero, w(m) € h7 and such

that for i € J, a;(w'(m)) = riu;(m) =1 Y wio(m).

aceC*

Let 77 : A — AY) be the group morphism defined formally by (j € I, a € C*, A € b) :

TJ E]J H HZgJakq(T ’ k}\) _ ]{;Z (}\ A\/k}\ Zal()\)

kcl—JreZ = et

where j € J & ¢ ;=1and j ¢ J < €5 =0. The p; ;(r) € Z are defined in the following
way : we write C'(z) = c (Z where d(z), C’{](z) € Z[z*] and (D(2)C"(2))i; = Sopii(r)2"
reZ

d(2)

It is proved in [FM1]| (finite case) and in [He4| (the proof is given for the 74y (i € I), but
the proof for 7; (J C I, g; finite) is the same) :

Lemma 2.7. Consider V a module in Rep(U,(g)) and a decomposition T;(x,(V)) =

Zk:Pka where Py, € L[Y  kjlicsaccr ne,s Qr is @ monomial in Z[Z;., knljer_ s aece neyh

and all monomials Q, are distinct. Then there exist a Uy(§.)-module @Vi, isomorphic to
k

the restriction of V' to Uy(§s) and such that for all k, x; (Vi) = Px.

2.4 Classical algorithm

Consider R = (R C Y where & = Ker(S;) C Y is the kernel of the screening
i€l
operator S; (see [Hed]).

Theorem 2.8. We have 8 = Im(x,) and it is a subalgebra of V.

The result in proved in [FM1] for C finite and in [He4| in general. Note that for m € B;,
there is a unique F;(m) € K; such that m is the unique i-dominant monomial of F;(m)
(see [He2|).

In [He2] a classical algorithm (and also a t-deformation of it) is proposed : if it is well-
defined, it gives for m € B a F'(m) € & such that m is the unique dominant monomial of
F(m). Such an algorithm was first used in [FM1] for finite case (see also [He3]). Note that
if F'(m) exists, it is unique (see [He2]). Let us describe this algorithm : first for m € B we
have to define the set D,,

Definition 2.9. For m € B, we say that m’ € D,, if and only if there is a finite sequence
(mg = m,myq,....,mr = m'), such that for all 1 < r < R, there is j € I such that
m,_1 € Bj and m, is a monomial of Fj(m,_1).

In particular the set D,, is countable (see |[He2|) and m’ € D,, = m’ < m. Denote
D, = {mo = m, my, ma, ...} such that m, < m, =r >’

For ;7" > 0 and j € I denote [F;(m)|m, € Z the coeflicient of m, in F;(m,).



MONOMIALS OF @@ AND Q,T-CHARACTERS 175

We call classical algorithm the following inductive definition of the sequences (s(m,.)),>o €
ZN, (sj(m))rs0 €ZN (j € 1) : s(mg) =1, sj(mg) =0and forr > 1,5 € I :

sj(m,) = Z(S(mr’) — s(mp))[Fj (my )|,
m, ¢ B; = s(m,) = s;(m,) , m, € B=s(m,) =0

It follows from theorem 2.8 that the classical algorithm is weel-defined and for all m € B,
F(m) € R exists (see section 5.5.4 in [Hed]).

3 Monomials of ¢g-characters

In this section we state the two main results on ¢-characters of this paper : theorems
3.2 and 3.5.

3.1 First result

In this section we prove that for m’ a l-weight of V,,, we have m’ < m (theorem 3.2).
This result is proved in [FR3, FM1| for C finite. In the general case a universal R-matrix
has not been defined so we propose a new proof based on the Weyl modules introduced
in [CP6].

Definition 3.1. For m € B, denote L(m) = x,(V;) and by D(m) the set of monomials
of L(m).
The partial order on monomials is set in definition 2.6.

Theorem 3.2. Form € B and m' € D(m), we have m' < m.

In this section 3 we prove this theorem. First let us show some lemmas which will be
useful :

Lemma 3.3. Let V be a U,(§)-module and W C 'V a Uy(h)-submodule of V. Then for
i€, Wi = x; W is aUy(h)-submodule of V.

rez

Proof : Forw e W, je J m,r€Z (m+#0), h €bh we have :

1
hjm (2, w) = x;r.(hj,m.w) — E[mBiJ]qx'_ we W,

7" i,m—+r

kp-(7;,.w) = x;r.(qai(h)kh.w) ew;
U

Note that g-character of an (integrable) U, (h)-module is well-defined (see section 5.4 of
[Hed]).
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Lemma 3.4. Suppose that g = sly and let L be a finite dimensional Uy(g)-module (A is
the fundamental coweight).

(i) If L is of l-highest weight M then L, # {0} implies m’ < M.
(i) For p € Z, let L, = >, Lyand L, = Y x;.L, Then Ly, L, are U, (h)-

AP /N(AY)>p rez
submodule of L and (L},)py # 0 = Im,m' < m and (Ly),, # {0}.

Proof : (i) Consider the Weyl module W, (M) of [-highest weight M defined in |[CP6] :
W,(M) is the universal finite dimensional module of [-highest weight M such that all
finite dimensional module of highest I-weight M is a quotient of W,(M). In particular L
is a quotient of W,(M). So it suffices to study W,(M). For U,(sl,), the Weyl modules are
explicitly described in [CP7] : in particular the dimension of W (M) is 2™ where m =
uw(M)= > wu.(M).But (see [VV2, AK, FM1]) there is a standard module (tensorial
iel,aeC*
product of fundamental representations) of highest I-weight M. But the dimension of such
a standard module is 2™ and it is a quotient of W,(M). So W, (M) is isomorphic to a
standard module. The g-character of a standard module is known (see section 2.3), in

particular for a l-weight m’ of W, (M) we have m’ < M.

~ ~

(ii) L, is a U,(h)-submodule of L because the action of U,(h) does not change the
weight, follows from lemma 3.3 that L is a qu(f))—submodule of L. Let us prove the
second point by induction on dim(L,) : if L, = {0} we have L} = {0}. In general let v
be a [-highest weight vector of L, (there is at least one, see the proof of proposition 5.2
in [He4]) and denote by M his I-weight. Consider V' = U,(g).v. It is a [-highest weight
module and so it follows from (i) that V,, # {0} = m < M. We can use the induction

hypothesis with L) = L/V and we get the result because x,(L) = x,(V) + x,(LY). O
End of the proof of theorem 3.2 :

We prove the result by induction on v(m’m™!). For v(m'm™') = 0 we have m’ = m. In ge-
neral suppose that the result is known for v(m'm=') < p and let W = > (Vi) e -

m! [v(m'm=1)<p

~

Note that W is a U, (h)-submodule of V,,,. It follows from the triangular decomposition of
U,(g) (see [Hed]) that :

@ (Vin)m C ZVVZ-' where W/ = ZxZ_TW

m/ Jo(m/m—1)=p+1 iel reZ

~

For i € I, W/ is a U,(h)-submodule of V,, (lemma 3.3). In particular W/ = @(W/ N

K3 K3 3

(Vi )h) = @(VVi)m/ and it suffices to show that for i € I, (W}),» # {0} = m/ < m.

Consider the decomposition of lemma 2.7 with J = {i} : V = @V,. We have W =
K

?(Vk NW) and so W/ = ?(Vk NW/) (because Vj is a sub U,(g;)-module of V,,). So we

can use the (i) of lemma 3.4 to the U, (sl,)-module Vj, with p such that (V}), = Vi, N W.
We get that for m a monomial of x}(W/) there are m’ a monomial x}(W) and m” €

Zy Y ! (ké?i)_l]ae(c* such that m = m'm” (the k" are the k;, for U, (sly), see [Hed]).

; 2
2,049y
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It follows from the lemma 5.9 of [Hed| (see also [FM1]) that 7;(A;4q,) = YiaYi zké?l So

2,aq;

for M a monomial of x,(W]/) there is M" a monomial of x,(W) such that M < M’. O

3.2 Second result

The type B, (n > 2,p > 2) are defined in section 1.

Theorem 3.5. Let g be of type A, (n > 1), Al(l) (1>2), B,, (n>2,p>2)orC,
(n>2). Leti € I,a € C*. Then form € D(Y;,), forall j € I,l € Z, u;y(m) < 1. In
particular all coefficients of L(Y;,) are equal to 1 and all l-weight space of Vi(a) are of
dimension 1.

The last part of the result for type A, is established in [N4].

Note that for type D,, the statement is false : for example for the type D, the monomial
Y52Y, 4 has a coefficient 2 in x,(V2(¢°)) (see the figure 1 in [N2]). For type Fy it is also
false (see section 8).

Let us explain the main points of the proof : it is based on the study of the classical
algorithm in a case by case investigation : for type A, a proof is given in |He2| and
recalled in section 4. The result for type Al(l) is proved in section 4, the result for type
B, , is proved in section 5, the result for type C), in section 6. In each case we suppose
the existence of a m € D(Y;,), such that there is j € I,l € Z, uj;(m) > 2. The classical
algorithm starts from the highest weight monomial. In our proof we look at a monomial
m with u;;(m) > 2 and show inductively that it implies a condition on some monomials
of higher weight. In particular it leads to a contradiction on the highest weight monomial.

Note that for type A,, B,, C, the result could follow from explicit computation of
Xq(Vi(a)). We would have to compute the specialized R-matrix, as explained in [FR3].
The result should produce the formulas of [FR1|. however with this method it would not
easy to decide if the coefficients are 1 (for example it is not the case for type Dy). In this
paper the proof is direct without explicit computation. In particular it allows us to extend
the proof to all B, , Al(l).

3.3 Notations

I the following (sections 3, 4, 5, 6) we can omit the terms k) because we work in a
set D(m) or D,, : indeed m’ such that m’ < m is uniquely determined by m and the
v (m'm=1).

For J C I, j € J,a € C* consider AT; = (AF,)V). Define
,Ug : Z[A;‘],7;t]jeJ,aeC* - Z[A;'lfa]jEJﬂE(C*

the ring morphism such that ,ug(A;]ai ) = Aji,a. For m € By, denote L?(m”)) defined for
g, (g is the Kac-Moody algebra of Cartan matrix (C, 4, )i, .ises). Define :

L7 (m) = m= Dl (m ) Ly (m )
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Definition 3.6. For J C I and m € By, denote by D;(m) the set of monomials of
LJ(m)

For J = {i} and m € B;, an explicit description of D;(m) is given in [FR3| : a ¢ C Z
is called a 2-segment if o is of the form o = {l,l + 2,...,l + 2k} where | € Z,k >
0. Two 2-segment are said to be in special position if their union is a 2-segment that
properly contains each of them. All finite subset of Z with multiplicity (I, u;);ez (u; > 0)
can be broken in a unique way into a union of 2-segments which are not in pairwise
special position. For m € B; and r € {1, ..., 2r;}, consider (aj(r)) ; the decomposition of the

(I, Upgora(m))icz as above. Let m®) =[] [Im,; where m,; = ][ Yirtor1, and we

r=1,....2r; j (r)

° lEaj
have :
D) =l ] T[2es
r=1,..2r;
where for m = [[ Yiitork. So Di(m) is
k=1...r
- - 1 - 1 1
{mAz J+2rik+ry mAZ l+2nk+nAi,l+2ri(k—1)+ri’ . mAz l+27“zk’+7“zAi,l+2ri(kz—l)+ri"'Ai,l-i-n'}

In particular :
Lemma 3.7. For m € B; such that ¥Vl € Z,u;;(m) < 1, we have F;(m) = L;(m).
Definition 3.8. Let J C I andi € I,a € C*. For m,m' € D(Y;,), we denote :

m —ym' (orm' —;m) ifme By and m' € Dy(m).
m —; m' (orm' —; m)if o(m'Y, ") > v(mY;!) and Im” € D(Y;,) such that

i,a
m’ —;m and m”" —;m'.

In particular m —; m’ implies m —; m/. For J = {j} (resp. J = I) we denote —,, —;
(resp. —, —).

3.4 Technical complements

Proposition 3.9. For m € B and J C I such that g is finite, there is a unique decom-

position :
L(m) = Z As(m")L;(m')

m/€B;ND(m)
where Ay(m') > 0.
Proof : Consider the decomposition of lemma 2.7 with J : V = V). We can decom-
&

pose each Vj in a sum of simple U, (g,)-modules in the Grothendieck group : X‘q] (Vi) =

S N LY (my ) where my o € By and A x> 0. In particular :
k/

7 (PeQr) = Z)\k,k/LJ(Tfl(mk,k'Qk))
o



MONOMIALS OF @@ AND Q,T-CHARACTERS 179

(consequence of lemma 5.9 of [He4|). For the uniqueness the L;(m') (m’ € Bj) are linearly
independent. O

We say that a monomial m € B is right negative if : for b € C* such that (3j € I,
u;p(m') # 0 and Vk € 1,1 > 0, ug p(m') = 0), we have Vk € I, uyp(m') < 0 (see [FM1]).
Corollary 3.10. Fori € I,a € C* and m' € D(Y;,), we have :

1) for J C I such that g; is finite, there is m" —;m/'.

2) there is a finite sequence Y;, = mg > my > mg > ... > Mg = m’ such that for all
1<r <R, dj, €I, m_1—j m,.

3) if m' # Y., then m’ is right negative.

4) for b € Z and j € I, we have u;,(m’) # 0= b € aq”

Note that the (1) will be used a lot in the following. For C' finite those results are proved
in [FM1].

Proof : 1) Consequence of proposition 3.9.
2) We use (1) inductively.

3) For m’ € Dy, , —{Y;q}, we have m’ <Y; A7}~ (theorem 3.2) which is right negative
(see also [FM1])

4) As for m € B; N Z[Y; aqm|mez implies Lj(m) € Z[Y; aqqgm|mez (see section 3.3), we
have M € B N Z[Y; aqm|mez implies D,,, C Z[Y; agm|mez (see also [FM1]). d

As a right negative monomial is not dominant, we have :

Corollary 3.11. Fori € I,a € C*, L(Y;,) = F(Y;.) has a unique dominant monomial
Yia-

For ¢ € C*, let B, : Y — Y be the ring morphism such that 5.(Y;.) = Y e
Proposition 3.12. For a,b € C*, L(Y;,) = Bpa-1L(Lip).
Proof :  For ¢ € C*, we have (.(R) = & (see [FM1, He3|). O
It suffices to study (see (4) of corollary 3.10 and [He3]) :

Xq - Z[Xi,ql]iel,lez - Z[Yi,ql]z’eI,ZGZ

In the following we denote Rep = Z[X ilicriez, Xig = X; g, Y = Z[Yi,iqz]z'el,lzo, Yzil = Y',l;l'
A Rep-monomials is a product of the X;;.

Lemma 3.13. For m € B, we have :

D(m)c [ D)™

jelLleZ

Proof : ] D(Y;,)"*™ is the set of monomials of x,(M,,). Then see theorem 2.5. [
jellez
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Lemma 3.14. Let my,my € B; such that VI € Z, u;;(my) < 1 and u;;(mg) < 1. Then
Dz(ml) N DZ(MQ) =)< ma 7& mo.

Proof : Let us write m{) = 1H2 Hm((:(z) as in section 3.3 . Denote U](-T) = a](-r) U
r=1,..., T j J

{max(a](-r)) + 2r;}. It follows from the hypothesis of the lemma that (j,7) # (j',r") =

/r./

o el = (. Moreover for m’ € Di(m_w), we have w; o, (m') #0 = 35,1 € O'J(»T). In
J

j j
particular the given of m' suffices to determine the aj(r
M = {max(@)/j,r} and M’ = {min(@)/j, r} in the following way :
if w; (m') =1 and w;gy9,,(m’) =0 and w; 44, (M) > 0, then [ + 2r; € M
if u; (m') = —1 and w; 49, (m') > 0, then [ € M
if ui (m') = —1 and w;y—9,,(m’) = 0 and w; 4., (m') <0, then | — 2r; € M’
if w;(m') =1 and w;y—o,,(m’) <0, then [ € M’

So if m" € D;(mq) N D;(msy), we have the same decomposition for m; and ms, that is to
say mi = my. O

)+ for example we can find the set

Lemma 3.15. Let m € B, m' € D(m) N B;j. We suppose that for all m” € D(m) such
that v(m"m=1) <v(m'm™1), alli € 1,1 € Z we have u;;(m") < 1. Then D;(m’) C D(m).

Proof :  Let p=wv(m'm™"). Consider the decomposition of proposition 3.9 with J = {;j} :

L(m) = > N(M)L;(M). It follows from the hypothesis and from the lemma 3.7
MeB;ND(m)
that for v(Mm™) < p, m' ¢ D;(M). So \;(m’) > 0, and D;(m’) C D(m). O

Proposition 3.16. Let i € I such that all m € D(Y; 1) verifies : for j € I, if m € B;
then V1 € Z,u; i (m) < 1. Then all coefficients of L(Y; 1) are equal to 1.

Proof :  'We can compute the coefficients of L(Y; ) = F(Y; 1) thanks to the classical
algorithm (see section 3.3) : let us show by induction on v(mY;le) that the coefficients
of m is equal to 1. For a monomial m < Y, , there is j € I such that m ¢ B;. There
is M —; m. It follows from the lemma 3.14 that M is entirely determined by m. So the
coefficient of m is the coefficient of M in L(Y;;) multiplied with the coefficient of m in
L;(M) = F;(M), that is to say 1 (section 3.3). O

4 Type A, Al(l)

Proposition 4.1. The property of theorem 3.5 is true for g of type A, (n > 1) or Al(l)
(1>2).

Technical consequences of this result which will be used in the following are discussed in
section 4.3.



MONOMIALS OF @@ AND Q,T-CHARACTERS 181

4.1 Type A,
Let n > 1 and g of type A,. Fori € {2,...n— 1}, € Z :

-1 -1

Ay = Y1,1+1Y1,l—1Y2,_l1 Ay = Yn,l+1Yn,l—1Yn__11yl
In particular for all i € I,1 € Z, u(A;ll) <0.Som <m' = u(m) < u(m’).
We can suppose Y; ;, = Y, (proposition 3.12).

Lemma 4.2. Form € B and m' € D(m) we have u(m) > v,(m'm™1).

Proof : For all i € I, we have w; +wp41-; € a + Y, Zay (see [Bo)).
j<n—1

Consider m’ € D(m). It follows from the lemma 6.8 of [FM1]| that w(m) > w(m') >

—> ui(m)wn1—i, and so —w(m'm™1) < S u;(m)(wi+wni1-4). So vy (m'm™) < S ui(m) =
iel icl icl

u(m). O

Lemma 4.3. Forj € I, ifm e B; N D(Y;) then uj(m) < 1.

Proof :  Suppose there is j € I and m; € B;ND(Y; ) such that u;(my) > 2. Let J; = {k €
I/k<j}, Jo={ke€l/k>j}and J=J UJy Let mg —; my and v = v;_y(mymy") +
vir1(mimy ). Tt follows from lemma 4.2 (for gy, and gy,) that wy, (mg) + uz,(me) > v.
Moreover we have wu;(msa) = u;(my)—v > 2—v. So u(ms) = uy (mz2)+u;(mse)+uy,(ms) >
2, contradiction because my < Y. O

The proposition 4.1 for type A,, follows from proposition 3.16 and lemma 4.3.

4.2 Type Al(l)

Let [ > 2 and g of type Al(l). Foriel,le€Z (where Y1, =Y, 1, Yoy =Yor) :

-1 -1

In particular for all i € I,1 € Z, u(A;ll) <0.Som <m' = u(m) < u(m’).

We have an analog of lemma 4.3 by putting in the proof J = I — {j} instead of J; U Js.
. . 1)
In particular we get proposition 4.1 for type A;”.

4.3 Consequences

In this section g is general and consider J C [ such that g; is of type A,, (m < n).
We prove technical results which will be useful in the following. Let ¢ € I,a € C*.

Lemma 4.4. Let m € By, j € J and m' € B; such that m' € D (m). We have u;(m) >
uj(m’).
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Proof : It follows from lemma 3.13 that we can write :

1 (I-J) / !
m o=m H T, T Ly, 4 (m)

keJleZ

where mj ;€ D;j(Yyy). For a € J x Z x N, it follows from lemma 4.3 that u}(m/,) >

«

1 = (m)V = Yjr. So there are o, ..., ) such that the (m] Y0 = Y, and

Qp

MMy = (m)9. So u;(m') < Y wgy(m) = uy(m). O
i keI

Lemma 4.5. Let M € By such that u;(M) > 2. The following properties are equivalent :

(1) there are j € J, 1 € Z, My € Dj(M) N B; such that u;; (M) > 2

(i1) there are iy,is € J, l1,ly € Z such that is — iy > |l; — ls| and (i —i1) — (Io — 1y) is
even and w;, ;, (M) > 1, ujyp, (M) > 1.
Proof :  'We can suppose that g = g is of type A,,. For K C I, in this proof the notation
—f, —x is defined as in definition 3.8 by putting D(M) instead of D(Y;,).
Let us show that (ii) = (i) : if iy = 41 we have w;, ;, (M) > 2. If i3 — i3 > 0, suppose that
(7) is not true. In this situation we can use the lemma 3.15. Consider the integers :
(g —i1) + (Ia = Iy) K (1o —i1) + (I1 — l9)

2 ’ 2

We have K, K’ > 0. Denote i =iy + K =iy — K', | =1, + K = I3 + K’ and consider :

K =

_ -1 -1 -1 —1 -1 —1
V - Ail,l1+1Ai1+1,l1+2”'Ail—‘,-(K—l),ll—i-KAig,12+1Ai2—1,l2+2‘"AZ’Q—(K’—I),IQ—‘,-K’

There is My € D(M) such that M; < MV and v;(M;M~') = 0 (lemma 3.15). In particular
M, € B; and u;;(M;) > 2, contradiction.

Let us show that (i) = (i7) : it follows from lemma 3.13 and proposition 4.1 that we can
suppose that u(M) = 2. Denote M =Y}, ;,Yi,,, and let us show the result by induction
on n. For n =1 we have M; = M and (i7) is clear. In general let My, € D(M) N B; such

that Ml(j ) = V7. We can suppose that v(M;M~") is minimal. If M; is dominant, we have
M, = M or u(m;) <1 (same argument as in lemma 4.4) and so (i¢). Otherwise consider
J'={1,.,n—-1}if j <n-—1,and J' = {2,...,n} if j = n (we suppose that j <n —1,
the case j = n can be treated in the same way). Let My — ; M;. The induction with g
of type An—l gives that MQ(J,) = }/1'17[1}/1'2712 where 7:2 — 7:1 Z ‘ll — ZQ‘ and (’LQ — ’Ll) — (l2 — l1>
is even. We have u(Ms) < 2 and so u,(My) = u(My) — uy(Msy) < 0. If MQ(n) =1, we
have My = M and so (ii). Otherwise it follows from the lemma 4.4 that we are in one the
following cases «, 3,7 :

. n — —
) if M{Y = Y, Yok, we have :
_ —1 —1
My =n Ms =Y, 0, Yio 1, Y11 k6,1 Yn—1, ko1 Y1 —2Y 0, K2

If Yip1, # Yo 1x,-1 and Yy, # Yo 1k, 1, there is My = My(MMy*) € D(M;) (lemma
3.15) such that M) = Y7 and v(MyM~") < v(M;M~"), contradiction. So for example
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we have M3 =Y, llY__ll,K2_1Yn7K1_2Yn7K2_2 and io =n —1, [ = K1 — 1. We have :

M3 {i1+1,...,n—1} My = Yzl i K2 1—(n— 2'1_1)}/1'14-1,](2—2—(11—2'1—I)Yn,K1—2

.....

If )/7,1 l1 i1, K2 1—(n—iy1—1) 7é ]., there iS .

..... i1} M5 }/1K3}/Z1 5 Zl+1 Ko—2—(n— Z'l_1)}/Z'1+1,K2—2—(’n—i1—l)Yn,K1—2

and u(Ms) = 3, impossible. So I} = Ky — 1 — (n —i; — 1) and My = Yy ;1 Yy 1, where
=i+ 1, =n1 =Ky—2—(n—1i,—1),l5 = Ky — 2. Moreover My = M and we
have i, — i} =iy — iy > |lo — | = |l — I} and (i5 — ) — (I5 = 1}) = (2 —i1) — (la — [y) is
even, so we get (ii).

B) if M2(") = Yn,KIYn_Jl{Q, we have :

-1
My, M3 =Y, YZQ 12Y _17K2_1Yn,K1—2Yn,K2—2

1,
and u(Mj;) = 3, impossible.
7v) if Mén) = Yn_,}{l, we have :

-1
My = M3 =Y, 1,Yio 1, Y, 21 ey —1 Yo —2

1,01

Y, 15,17 Yy and Y, 1 g, 1 # Yi,,, there is My = My(M, My ") € D(M;) (lemma
3.15) such that M) = Y7 and v(MyM~") < v(M;M~"), contradiction. So for example
we have M3 =Y, 1Y, k-2 and 79 = n — 1, I = K; — 1. In particular M = M3 and :
n—il —iQ—i1+1 > |l2—l1‘+1 > |(K1—2)—l1+1‘+1 Z |(K1—2)—ll| and
n—i— (K1 —2)—1) = (ia —i1) — (Ia — 1) is even, so we get the property (7). O

5 Type B,

5.1 Statement

In this section g is of type B, , (n > 2,p > 2) (see the definition in section 1). For
ie{2,..,n—-2},le€Z:

1 —1 —1
At =YY Y Yot » A = YipYiupYsy 5 Ang = Yo YaaaY,

— 1 1 1
An—l,l - Yn—LH‘PY -Ll- pY Ynl p+1Ynl —p+3°° Ynl+p 1

In this section we prove :
Proposition 5.1. The property of theorem 3.5 is true for g of type B, (n > 2,p > 2).

Denote J = {1,...,n — 1}. We can suppose Y; , = Y; ¢ (proposition 3.12).
As u(A, L)) >0, the m/ < m does not imply u(m') < u(m).
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5.2 Proof of the proposition 5.1

Suppose that there is m € D(Y; ) such that there is j € J,l € Z, u;;(m) > 2, and let
m such that v(mY, ') is minimal with this property.

Lemma 5.2. There is M € D(Y;o) such that v(MY;") < v(mY;,') and 3 € Z,
un,l/(M) Z 2.

Proof : Suppose that M does not exists. Let m; —; m. It follows from lemma 4.5
that myp = mll}/il,llifig,lg where m’l c BJ, p(’LQ - Zl) Z ‘ll - ZQ‘, (7,2 - 7,1) - (lg — ll)/p is
even. Let my —, my such that v(mym;"') = 1 (my exists because it follows from the
hypothesis and lemma 3.15 that My —,, my implies D, (M) C D(Y;)). We have my =
m’ngl,llYiQ,lQYn__lLLYn’L_l where m} € By and w, —1(my) > 0. f Y, Y}, ZQYn__lLL ¢ B,
there is my —; My = my(mm; ") (lemma 3.15) such that u; (M) > 2 and v(MY; ') <
v(infol), contradiction. So for example Y;, ;, = Y,,—1.1, and my € Bj. my is not dominant
(because we would have u(my) > 2), so there is ms —,, my such that v(myms') = 1 (same
argument as above for the existence of mgs). We have m3 = ng;LllYn__ll,L,Yn,L_lYmL/_l
where mf € By and w, ,—1(m4) > 0, w, r—1(mj) > 0.

if Vi, # Yoo1 and myY, | 1 € B, there is mg — Mz = msz(mms; ") (lemma 3.15)
such that u;;(M3) > 2 and U(M;),Y;O ) < v(mY;,"), contradiction.

if ng;LllYn__lLL, € B and L' # L, contradiction as above.
itY,,, =Y, 1, wehave iy =is =n—1,s0l; =l and L' = L.
So in all cases L' = L, and u,, (m3) > 2. O

Lemma 5.3. Let j € I and m € D(Y;o) N B; such that wj(m) = 2. For L,L" € Z such
that mY) =Y, 1Y} 1/, we have L # L.

Proof : It follows from lemma 5.2 that we can suppose that j = n and that for v(m’ Y;I)l) <
v(mY; '), for all j € J,1 € Z, uj(m’) < 1. Let M such that 3 € Z, u, (M) > 2
and suppose that v(M Y;fol) is minimal with this property. Let L be maximal such that
Up—1(M) > 2. First it follows from lemma 4.5 that M € B,. We have M —, M’ =
MA, "}, and the coefficient of M’ in L, (M) is at least 2. Suppose that there is j € J such
that M’ ¢ B;. Let M" —; M’. It follows from lemma 3.14 that M" is uniquely determined
by M’, and that the coefficient of M’ in F;(M') is 1. But the coefficient of M” in L(Y; )
is 1, so it follows from the proposition 3.9 that the coefficient of M’ is 1, contradiction. So
M’EBJ So M = YnllLMwhereMeBandunL (M) > 2. Asun(M) >2 M ¢ B.
So there is My —; M. We have :

MO = MOanL—lyn_,ll/—BYn_,lll 5 Yn ll/—i-l 2p

where M, € B and u J(MQ) > 1. But M, is not right negative, so M is dominant (corollary
3.10). But w(My) > uy(My) + tp,—1(Mp) > 2, contradiction. O

So the proposition 5.1 follows from proposition 3.16 and lemma 5.3.
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5.3 Complement for type B, : degree of monomials

In this section we suppose that C' is of type B,o = B, (n > 2). The aim of this
section is to prove the degrees are bounded (it is a complement independent of the proof
of theorem 3.5) :

Proposition 5.4. For j € I and m € B; N D(Y;o), then u;(m) < 2.

Note that it follows from proposition 5.1 that we can use the lemma 3.15.

For m € A denote w(m) = (u}(m),us(m),u}(m),u, (m)).

Suppose that there is j € J and my € D(Y;o) N B; such that u;(my) > 3. It follows
from lemma 4.4 that there is . —; mg such that u;(m) > 3. Suppose that v(mY;') is
minimal for this property.

Lemma 5.5. There is M € D(Y;) N B, such that M > m and u,(M) > 3.

Proof : Wehave m € By and uy(m) =3 :m = Y;, 1, Yi,1,Yissm' where (m')!) = 1. There
ism +—, m = )/7;1,[1}/1'27l2}/z'37l3Yn__lLLm/lYn’L_l where (m})¢) = 1 and wu, _1(m}) > 0. If
Vi YintoYists Y1 L € B, there is My —; my such that u;(M;) > 3, contradiction. So for
example my = Y;, 1, Vi, 1,m Y 15—1. There is my <, mg = Yil,llYZ-Q,IQYn__ll,L,m’zYn,IS_lYmL/_l
where (m5)) = 1 and wu,,_1(mh) > 0, U, p—1(mb) > 0. It follows from lemma 5.3
that I3 # L', so we see as above that for example ms = Y, ;;m5Y515-1Yn1,—1. In the
same way Mg “—, M3 = M5Yy 1 1Yy, 1Yn -1 where (m})) = 1 and w,,, 1(m}) > 0,
Up 1p—1 (M) >0, Uy gy —1(m4) > 0. We can conclude with lemma 4.4. O

For m € A, denote w(m) = (u}(m),u;(m), u}(m),u, (m)).

’o'n

End of the proof of proposition 5.4 :

Suppose that there is M € D(Y;o) N B,, such that u, (M) > 3. Suppose that U(MY;_OI) is
minimal for this property. It follows from lemma 5.5 that for M’ € D(Y;), M’ > M for
jeJleZ, uj (M) <2.

We have M € By
un(M') > 3).

If u,(M) = 3 : there is M «; M. If v, (M;M~') = 1, we have w(M;) = (a,0,3,2)
or (a,0,2,1) or (a,0,1,0) where a = 1 or 2. For the first two cases we have u}(M;) +
u,, (My) > 3, so there is M| —, M, such that w,(M;) > 3, contradiction. For the last
case M, is dominant with u(M;) > 2, contradiction. So v, 1(M;M~') =2 and w(m,;) =
(2,0,3,4) or (2,0,2,3) or (2,0,1,2) or (2,0,0,1). As above we have w(M;) = (2,0,0,1).
Let My —, M. If w(Msy) = (1,0,1,0), M, is dominant with w(My) > 2, contradiction.
So ’UJ(MQ) = (2,1,1,0) Let My —; M,. If U)(Mg) = (2,0,172), there is Mé > M;
such that wu,(Mj) > 3, contradiction. So w(M3) = (2,0,0,1). We continue and we get an
infinite sequence such that w(Max) = (2,1,1,0) and w(Mak41) = (2,0,0,1). Contradiction
because the sequence U(MkYZ.fOl) > 0 decreases strictly.

If u, (M) =4 : there is M «; M. If v, (M M~') = 1, we have w(M;) = (a,0,4,2)
or (a,0,3,1) or (a,0,2,0) where a = 1 or 2. We see as above that it is impossible.

n—2y M with M’ > M and

..........
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So v 1 (MiM~1) = 2 and w(my) = (2,0,4,4) or (2,0,3,3) or (2,0,2,2) or (2,0,1,1).
As above we have w(M;) = (2,0,1,1). Let My —,, M. If w(Ms) = (1,0,2,0), M, is
dominant with u(Ms) > 2, contradiction. So w(Ms) = (2,1,2,0). Let My —,; M. If
w(Ms) = (2,0,2,2), there is M} > Mj such that u, (M}) > 3, contradiction. So w(M3) =
(2,0,1,1). We continue and we get an infinite sequence such that w(My) = (2,1,2,0)
and w(Moy41) = (2,0, 1, 1). Contradiction because the sequence v(M,Y; ') > 0 decreases
strictly. O

6 Type C,

6.1 Statement
Let g be of type C,, (n >2). Fori € {2,....,n—1}, 1 € Z:

Azl —}/zl—i-l}/zl IY 113/Z:_1[

Ay = Y11+1Y11—1Y2_l1 y A = Yo 0Y 1 0Y, 1l+1Y_—11,l—1
In particular for all i € I,1 € Z, u(A;} ') <0.Som <m/ = u(m) <u(m).

In this section we prove :

Proposition 6.1. The property of theorem 3.5 is true for g of type C,, (n > 2).

Denote J = {1,...,n— 1} C 1.

Note that as in the previous section we could consider a type C,,,, (transposition of type
B,,,). But it seems more difficult to deal with. Moreover the type C,,, B, , suffice for the
applications on ¢, t-characters (section 7).

6.2 Proof of proposition 6.1

We can suppose Y; ;, = Y; ¢ (proposition 3.12).

Lemma 6.2. (i) For m € B, N D(Y;,), we have u,(m) <
(i) For j <n—1 and m € B; N D(Y;,), we have u;(m
(m

(1it) Let j <n—1 and m € D(Y;o) N B; such that uj(m
m\) =Y, Y1, we have L # L.

1.
) <
)=2. For L,L' € Z such that
Proof : (i) suppose that there is my € B,,ND(Y; ) such that u,(m;) > 2. Let mg —; m;.
We have u,(mg) > 2 — v,_1(mam;'). But us(my) > v,_1(mam;') (lemma 4.2) and so
u(ms) = uy(ma) + u,(mg) > 2. As Y; g > my it is impossible.

(77) suppose that there is j < n — 1 and m; € B; N D(Y;) such that u;(m;) > 3. Let

mg — 5 my. Then we have u;(mg) > 3 (lemma 4.4) and so u(ms) > 3 + u,(my) > 2 (it
follows from (i) that w,(m;) > —1). Contradiction.
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(17i) let j # n and my € D(Y;o) N B, such that mgj) = Y?,. We can suppose that
v(mym™') is minimal. Let my —; my. It follows from lemma 4.5 for g; of type A, ;
that mg‘]) = Y, 0,Yi 1, With iy — iy > |Ly — Ly| and (io — i1) — (Ls — Ly) is even. As
u(mg) < 1 and u,(msg) > —1, we have u,(my) = —1 and uy(ms) = 2. In particular
my = Vi, 1,Yiy1,Y, - There is my —, my =Y, 1, Y5 1,V ) Yo' g 3Vn—a. We are
in one the following cases «, (3,7, 9 :

@) Yy 0, Yo 0, Yo ' 1Yo 1 kg = 1 ¢ impossible because iy = iy = Ly = L.

B3) )/il,Ll}/iQ,L2Yn_—11,K—1Yn_—11,K—3 = Yz‘l,Llyn_—11,K_1 # 1 (or in the same way
ViV, k1 # 1) There is my <,y my = mgA,_1 x—2. In particular
mfln) = Yy k-4Y, _,, contradiction with ().

v) Y;LLIY;%LQYn__lLK_lYn__lLK_g = }/tL'l’LlYn__llyK_g # 1 (or in the same way

VipL, Vot kg # 1). In particular ip =n — 1, lo = K — L and mg = Y, 1,Y, ) i Yo x4
Let J' = {iy +1,....,n — 1} (J' can be empty) and :

_ -1
mga <—gr my = }/;1,L1}/;17K_2_n+i1Y;1+1,K—3—n+i1

If Yil,LlY;;%_Q_nHl # 1, let ms —;, my. If i3 = 1, we have u(ms) = 2, impossible.
If iy > 2, we have ms = }/;:—ll,K—?)—n—Q—ilY;17L1Y;17K—4—n+i1' Let J" = {1,...,4y — 1} and
mg «—gr mg = Y1 kY, 1. We have u(mg) = 2, impossible. So Y;, 1, = Yi, k—2-n+i,, that

istosay Ly = K—2—n+1i,.50 Ly — Ly =n—iy+1 =1y —1i1+2 > iy — iy, contradiction.
0) {(ix, L1), (i2, L)} N {(n — 1, K — 1),(n — 1, K — 3)} is empty : there is mg —

ms = ms(mimy') such that m{) = V7 (lemma 3.15) and v(mym™") < v(mim™"),

contradiction. O

The proposition 6.1 follows from proposition 3.16 and lemma 6.2.

7 Application to ¢, t-characters

In this section we state and prove the two main results of this paper on ¢, t-characters :
theorems 7.4 and 7.6.

7.1 Reminder on ¢, t-characters [N2, N3, Hel, He2, He3]

We define the product % on A x (A ® Z[t£]) such that : for (m,v), (m/,v") € A x A
(m,m/,v,v" monomials) :

(m, ) % (m!,v') = P00 (! )
where D((m,v), (m',v")) is :

Z 20 1, (M) Vi1 (V') 4 203 1, (V)31 (M) + 01147, (V)31 (V) + i gy (V) 010 (V)
icl,leZ
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(see [N3| for the ADE-case and [He2, He3| for other cases; if B(z) is not symmetric, the
definition is slightly different as explained in [He3|, section 7.3.3).

Let Yy = Y ®z Z[t*]. One can define K;;, & C V; with deformed screening operators (see
[Hel, He3]).

Definition 7.1. We say that a Z-linear map xq: : Rep — Vi is a morphism of q,t-
characters if :

1) For M a Rep-monomial define m = [[ (Yi,)**) € B. We have :
i€l lez

Xqt(M) =m + Z Qe ()M (where any (t) € Z[tF])

2) The image of xq+ is contained in K.
3) Let My, My be Rep-monomials. If maz{l/> x; (My) > 0} < min{l/> x; (M) > 0}

i€l il
then :

(M Ms, (My M) g e (MiMs)) = (M, My g (M) #¢ (Mo, My xq.(Ma))

Those properties are generalizations of the axioms that Nakajima [N3| defined for the
AD E-case.

Theorem 7.2. ([N3, He2, He3|) For C such that i # j = C,;;C;; < 3, there is a unique
morphism of q,t-characters.

This result (among others) was proved by Nakajima [N3] for C' of type ADE. For C finite
it is proved in [He2|, and for C' such that i # j = C;;C;; < 3 in [He3|. The existence of
Xq.t for symmetric toroidal type is also mentioned in [N5] (it includes quantum affine and

toroidal algebras except Aﬁl), Ag)). A generalization of this result if given in section 7.3.
In [He2| we defined a t-deformed algorithm : for m € B, if it is well-defined it gives an
element Fy(m) € &; such that m is the unique dominant monomial of F;(m) (an algorithm
was also used by Nakajima in the AD FE-case in [N2]). If we set ¢t = 1 we get the classical
algorithm. It follows from theorem 7.2 that the t-deformed algorithm is well defined if
i # j = C;;C;; <3. We proved in [He2| that if the ¢-deformed algorithm is well-defined,
foriel,jel,leZ: F(Y,)F(Y;) = Fi(Y;)Fi(Yi).

Note that x, is injective and we have (see [He2]) :

Xoel [T X0 = [T (vin)"

i€l leZ leZiel

= (I [ROu-)m ) [RE0 ) [R5 (33)

el el i€l
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7.2 Technical complement

Proposition 7.3. (i) Let m € B; such that for alll € Z, u;;(m) < 1. Then F;;(m) =
F;(m) = L;(m) and all coefficients are equal to 1.

(1) Let i € I such that all m € D(Y; 1) verifies : for j € I, if m € B; then VI €
Z,uj(m) < 1. Then Fy(Y; ) = F(Y;r) = L(YiL) € Vi is in R and all coefficients are
equal to 1.

Proof : (i) Direct consequence of the lemma 4.13 of [He2].
(ii) Let j be in I and consider the decomposition of proposition 3.9 :

LYip)= > A(m)Li(m)

m'€B;ND(Y; L))

But it follows from (i) that m’ € B; N D(Y; 1) implies that L;(m’) = F};(m’). And so :

LYi)= D Nm)Eu(m) e &,

m/EBjﬂD(Y'@L)

So L(Y;L) € ﬁt and Ft(Y;L,L) = L(Y;L) = F(Y;J) O

7.3 New results for ¢, t-characters

First the theorem 3.5 allows to generalize the theorem 7.2 :

Theorem 7.4. For C such that i # j = min{—C,;,—C;;} < 1, there is a unique
morphism of q,t-characters and the t-deformed algorithm is well-defined.

Proof :  We follow the proof of [He3| with the help of theorem 3.5 and proposition 7.3 : the
t-deformed algorithm is well-defined for C' of rank 2 such that C;; = Cy o = 2, Cy1 = —p,
Ci2 = —1 (case By ). Consider the duality 7 : Yy — Yy, 7(Y1,) = Yo, 7(Ys;) = Yi,. By
considering the 7(L(Y;,)) for C of type Bs,, we see that the t-deformed algorithm is also
well-defined for C of rank 2 such that C1; = Cyo = 2, C12 = —p, Co1 = —1. We can
conclude as in [He3|. O

Note that it includes the case of a quantum toroidal algebra of type Af) which was not
treated in [He3|.

If follows also from theorem 3.5 and proposition 7.3 :

Proposition 7.5. Let g be of type A, (n > 1), Al(l) (1>2), B,, (n>2,p>2)orC,
(n >2). Forie I,a € C*, we have x4:(Vi(a)) = xq(Vi(a)) and all coefficients are equal
to 1.

We prove a conjecture of [He2] :
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Theorem 7.6. Let U,(g) be a quantum affine algebra (C finite) and M be a standard
module of Uy(g). The coefficients of x4.(M) are in N[t*] and the monomials of xq.:(M)
are the monomials of x,(M).

In particular the g, t-characters for quantum affine algebras have a finite number of mo-
nomials and this result shows that the g,t-characters of [He2| can be considered as a
t-deformation of g-characters for all quantum affine algebras. In particular it is an argu-
ment for the existence of a geometric model behind the ¢, t-characters in non simply-laced
cases.

Proof : If follows from formula (33) in section 7.1 that it suffices to look at the F;(Y;,;).
We do it with a case by case investigation :

the case ADFE follows from the work of Nakajima [N3]
the case BC follows from theorem 3.5 and proposition 7.5 (ii)
the case G follows from an explicit computation in [He2]

the case Fy follows from an explicit computation on computer (see section 8). 0

8 Appendix : explicit computations on computer for
type F}

The proof of theorem theorem 7.6 for type F} is based on an explicit computations on
computer (program written in C with Travis Schedler).

For type Fj there are 4 fundamental representations (see [Bo| for the numbers on the
Dynkin diagram) : dim(V;(a)) = 26 (26 monomials), dim(V;(a)) = 299 (283 monomials),
dim(Vi(a)) = 1703 (1532 monomials), dim(V;(a)) = 53 (53 monomials). We checked that
the coefficients are in N[t*]. We give an explicit list of terms of fundamental representations
of type F, whose coefficient is not 1 (the complete list of monomials can be found on
http ://www.dma.ens.fr/~dhernand /f4monomials.pdf). We can see that the coefficient
are all (t +t~') € N[t%]. They appear only in fundamental representations 2 and 3 :

Fundamental Representation 2 :

Monomial 70 : (t7! + ) Y1,10Y277Y2;)1Y2,_111}Q,6
Monomial 87 : (t71 +¢) Y 15Y27Y5 Yig
Monomial 89 : (t71 + t) Yi10Ya7Ysg Ys11Ys, 8141—11()
Monomial 105 : (7 +¢) Yy 5Ya Y5, 911/385/4 10
Monomial 109 : (t7' +¢) Y1 10Y> 7Y3_12

Monomial 120 : (t7' +¢) Y1 8Y1.10Y5x 9 'y, 8}/},_12
Monomial 124 : (7 +¢) Y7 5Y27Y211 Y515
Monomial 142 : (7 +¢) Ya7Y5

Monomial 143 : (71 +¢) Y18Y, 5Y59 Yo 113 8Y3 12
Monomial 151 : (7 +¢) Y{ Y7 12Y2 1Y38Y515
Monomial 155 : (71 +t) Y1,8Y5 9 Y5 15Y558
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Monomial 168 :
Monomial 173 :
Monomial 188 :
Monomial 193 :
Monomial 206 :
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Fundamental Representation 3 :

(71 +1) YigY10Ya6Yos Yo 0Yas
1+ 1) Y1_51Y1 9Y2 4Y2,6Y2,‘81Y2,‘110K;,5
1) YisYsg Yas

Monomial 64 :

Monomial 90 :
Monomial 91 :
Monomial 93 :
Monomial 96 :
Monomial 117 :

Monomial 125 :
Monomial 126 :
Monomial 128 : (¢7!
Monomial 138 : (¢!
Monomial 152 :
Monomial 159 :
Monomial 162 :
Monomial 165 :
Monomial 166 : (¢7!
Monomial 194 : (¢!
Monomial 208 :
Monomial 209 :
Monomial 220 :
Monomial 221 :
Monomial 237 :
Monomial 238 : (¢7!
Monomial 251 : (¢~
Monomial 252 :
Monomial 253 :
Monomial 257 :
Monomial 281 :
Monomial 289 : (¢7!
Monomial 294 : (¢!
Monomial 296 :
Monomial 298 :
Monomial 300 :
Monomial 303 :
Monomial 320 : (¢!
Monomial 332 : (¢t}
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t) Y,
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t) Y,
t)
t)
t)

) Vs Y1 Y2uYosYog Yis
) Y15Y19Y24Y26Y28Y210337Y491
) YasYarYig Vg
) Y13Y71; 11Y26Y28Y37Y49
) Yi3Yi0Y5 6Y3 11
1 51Y1 11Y2 ne 6Y2 ,8 Y3 7Y21 91
YasYa10Ys5Ysg Yk
YigYirYigYoe YarYsh
Y 3Y1 1Y26Ys 10Y3_11
Vi VYo 4YaeYs1
1 51Y1 11Y2,4Y26Y210Ys 11
Y1 Yi0Ya Yo Y Yah
Yl 11Y2 8Y2 12Y3 5Y3 91
Y13YQ 6Y2_12
Yl 3Y1 7Y1 11YQ .8 Y2 10Y3 7Y3_11
Yl 9Y1 11Y2 10Y2 12Y3 5
3@73/193363/283@53373%11

Y13Y19 Y1 11Y2 10YE’,7Y3 11

S Y1Y 11Y2 1Yoy Ya10Y37Y5 0

Yl 3Y1 YYQ .8 Yz 12Y3 7
Y1 13Y2 8Y3 5Y3_9
1 51Y1 9 Y YouYa10Ys Vs
V17Y1,0Y37Y59Ys 1 Yar
V1,0Y1,11Y26Y28Y510Y5 15 Y50 Yaz
Y 3Y1 ,9 Y2 12YE% 7
Yl 7Y2 4Y2 .8 Yz 112Y3 7

Yl 7Y1 11Y2 ,6 Y2 .8 Y2 10Y3 5Y3 7Y3_11

Yi0Y7 155 1055
Yl 3Y1 7Y2 10Yg 12YEJ, 11Y4 9
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Monomial 351 :
Monomial 353 :
Monomial 359 :
Monomial 361 :
Monomial 362 :
Monomial 368 :
Monomial 370 :
Monomial 382 :
Monomial 384 :
Monomial 394 :
Monomial 399 :
Monomial 414 :
Monomial 422 :
Monomial 428 :
Monomial 431 :
Monomial 432 :
Monomial 436 :
Monomial 438 :
Monomial 461 :
Monomial 463 :
Monomial 469 :
Monomial 495 :
Monomial 498 :
Monomial 500 :
Monomial 502 :
Monomial 505 :
Monomial 512 :
Monomial 514 :
Monomial 526 :
Monomial 528 :
Monomial 564 :
Monomial 575 :
Monomial 577 :
Monomial 581 :
Monomial 583 :
Monomial 586 :
Monomial 591 :
Monomial 622 :
Monomial 648 :
Monomial 656 :
Monomial 657 :
Monomial 666 :
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Y5 Yig YauYs 5Ys7
Yi7Yo 61Y2 8 Yo nYs5Ysr
) 1 91Y1 11Y2 61Y2 10YE’> 5Y3 7YE>>_11
) Y17Y1 11}/210}@7%9}311}/47
) Y1, YT 13YE’> 5
) Y17Y19Y37Y5 iV
) Y10Y1,11Y26Y25Y5 10Y2 12Y4 11
) Y13Y19Y28Y210Y212Y311Y49
) Y15Y17Y24Y210Y212Y311Y49
) Y 9Y1 13Y2 6Y2 8Y2 10}% 91Y21 7
) Y13Y17Ya10Y515Y a0
) 191Y261Y2 12Y35Y37
+1) Y15 Yig YouYasYa10Y515Ys 11 Yao
+t) Yo Vi1 YasYa10Ys7Ysg YaiiYar
s t) Y 7Y1 11Y2 10Y3 7Y}, 11Y4 111
+t> Y111Y1 13Y26Y28Y},9 Y47
) Y17Y26Y210Y212Y},5Y3115@9
L+1) Y17Y212Y37Y3 'Yz
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) )/1 7}/2 8)/2 10)/2 12)/3 91}/3 11}/4 7Y;1 9
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Y1) Y Vi YasYai0Ys 7 Vs i Y
i t) Yl 11Y1 13Y2 6Y2 8Y4_11
Y1) Y17Y26Y210Y212Yésy4113
Y1) YigYenYarYi
L) Yy, 10Y2 5Y37Ya7
RS 7Y1 Y11 Y 3o Yo oYarYar
P t) Yy Yo Yan0Ys 5 Y 91Y3 11Y4 7Y
Y 9Y1 1Y 1Y2,6Y510Y30Yi 0
") Yig 2L 8Y5 15 Y3 7Y4_11
L+ Y, 7Y2 8Y2 10Y5 12Y3 9 Y, 7Yy 3
P ) Vg Yo YagYa0Ys 5 Ya5Y s
by t) Y17YosYo 10YQ 12Y3 11Y4 9Y4_11
Db t) Yo i0Ys 5 YarYaoYih
Y1) YagYs Vs i YarYag
f t) Y 7Y1 9Y1 11Y1 13Y2 81Y2 10Y3 7Ys3 9Y4_11
bt t) Y 7Y1 9Y1 11Y1 13Y3 11Y4 7Y49
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Monomial 669 :
Monomial 672 :
Monomial 694 :
Monomial 696 :
Monomial 729 :
Monomial 755 :
Monomial 764 :
Monomial 765 :
Monomial 767 :
Monomial 768 :
Monomial 770 :
Monomial 771 :
Monomial 772 :
Monomial 815 :
Monomial 818 :
Monomial 822 :
Monomial 834 :
Monomial 840 :
Monomial 844 :
Monomial 845 :
Monomial 849 :
Monomial 907 :
Monomial 911 :
Monomial 916 :
Monomial 920 :
Monomial 928 :
Monomial 930 :
Monomial 950 :
Monomial 953 :
Monomial 979 :
Monomial 981 :
Monomial 998 :

Monomial 1001 :
Monomial 1005 :
Monomial 1016 :
Monomial 1017 :
Monomial 1026 :
Monomial 1044 :
Monomial 1058 :
Monomial 1060 :
Monomial 1074 :
Monomial 1075 :
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Monomial 1076 :
Monomial 1078 :
Monomial 1079 :
Monomial 1085 :
Monomial 1096 :
Monomial 1101 :
Monomial 1123 :
Monomial 1137 :
Monomial 1138 :
Monomial 1140 :
Monomial 1146 :
Monomial 1154 :
Monomial 1155 :
Monomial 1156 :
Monomial 1158 :
Monomial 1160 :
Monomial 1177 :
Monomial 1191 :
Monomial 1193 :
Monomial 1204 :
Monomial 1205 :
Monomial 1209 :
Monomial 1231 :
Monomial 1232 :
Monomial 1239 :
Monomial 1256 :
Monomial 1263 :
Monomial 1276 :
Monomial 1277 :
Monomial 1278 :
Monomial 1284 :
Monomial 1288 :
Monomial 1305 :
Monomial 1310 :
Monomial 1311 :
Monomial 1312 :
Monomial 1317 :
Monomial 1346 :
Monomial 1348 :
Monomial 1349 :
Monomial 1356 :
Monomial 1360 :
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(" 4 1) V1Y Y210Y5 15 Y5 14 Va0

(7 4 1) YioYi13Y510Y30Y 515 10
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(t1+1) Y 5YasYs11 Y5 5Y 005
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(t' 1) Yy 13Y1 1Yo, Y5 ] 10Ya7

(t+1) Y, 91Y1 11 Y255, 10Y5 ; 12Y2 1440
(" +1) Yy, 11Y1 1373, oY ] 1310

(7 +1) YigY111Y510Y214Y50Y515Y5 5
(t7 4+ 1) Yia1Y115Y28Y5 16 Y505

(4 1) Vi Yy 7 YasYs10Ys 15 Y5 9Y4_11
(t'+1) Yy 15Y115Ys 8Y5 10Y2 1673, 9Y4 11
(4 1) VoY1 Ya10Y5 19514 Y5 11Y4113
( ) Yy 9Yl 13Y2 10YE’> 9Y3 11Y3 13Y4 13
( ) Yl 13Y2 8Y2 12Y2 14YEJ, 13Y3 115
(1) YigYioYss

(4 1) YioY11Y115Y510Ys 1630 513
(t ! + t) }/1 13}/1 17}/2 8)/2 10)/3 9}/4_11

T+ Y 91Y1 11Y2,8Y210Y5 15 Yo 14Y311 Y, 13
(t ! + t) Yl 11Y1 13Y3 9Y3 11Y}, 13Y4 113

(t ! + t) Yy 9Yl 13Y2 10Y2 12Y2 14Y3 9Y3 13Y}, 115
(t ! + t) Y 11Y1 17Y2 8Y3 113

(' +1) Yy, 13Y1 15Y28Y512Y5 16Y?> s

(t 4 1) V1Y Y210Y5 5

( ) Yi3YiirYasYa12Y5 05

(7 4+ 1) Vi YisYa12Yo14Ys0Y5 55 05
( ) Yl?Yz 12YE’> 11Y}, 115

(t'+1) YiasYasYs 14 Yo 06

(t 4+ 1) YioYi15Y115Y510Y212Y5 16 Y505 15
(14 1) YioYin Y7 Ys0Ys0Y505

(t~ )Y19Y111Y28Y210Y315

( ) Y1 9Y1 15Y2 10Y2 14Y2 16Y3 9

( ) Yl 17Y2 8Y2 114

( ) Yy 9Yl 13Y1 17Y2 10Y2 12Y3 9Ya 13
t+1) Yl 11Y1 15Y115Y2,12Y5 16 Y30V 15
(4 1) YVig YagYs5YanYas

' +1) Yl 11Y1 1Y 17 Y212Y3,0Y5 13

(4 1) Vi YiasYs 14 Y016 Y50

(t~ ) Y 1i10Y 11 123/293/2 1Y 1as
(7 + 1) YioYi 1Yo 0Y214Y59
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t=t 4t
T+t Y311Y313Y315Y411

=+t Yy 11Y1 15Y2,10Y2,12Y5 ; 14Yg 16Y}, 13Y21 11
Monomial 1397 : YioY 17Y2 12Y2 14Y3 13Y4 11
Monomial 1398 : (t7 ' +¢) Y; 9Y115Y2 12Y2 14Y2 16Y4 115

Monomial 1387 : ( ) Y]
( )
( )
(= +1)
( )
Monomial 1424 : (1=} + ) Vi VbV 10Y212Y Y Vi
( )
( ) Y,
(™ +1)
( )

Monomial 1392 :
Monomial 1394 :

1, 11}/1 17}/2 14}/3 9

Monomial 1431 : (¢7!1 +1¢) Y3 115 15Y4 15

Monomial 1433 : L 1 Yi5Y210Y5, 12Y5 1 14Y2 16Y4 15
Monomial 1436 : Yi0Y7 17Y2 12Y5 14Y21 115
Monomial 1452 : (t7t +¢ Y1 11Y1 17Y2 10Y2 12Y2 14Y21 115

tL 4+ 1) Y,
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