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2.2 L’anneau Ŷt [N3] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3 Les opérateurs Ŝl
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Résumé

Dans cette thèse nous proposons plusieurs contributions à l’étude des groupes quan-
tiques et de leurs représentations.

Dans le cadre de l’étude des représentations de dimension finie des algèbres affines quan-
tiques, nous proposons une nouvelle construction algébrique générale des q, t-caractères
(t-déformations des q-caractères de Frenkel-Reshetikhin), indépendante de la construc-
tion géométrique de Nakajima (cette dernière n’est valable que pour le cas ADE). Cela
nous permet d’étendre la quantification de l’anneau de Grothendieck et la définition des
analogues des polynômes de Kazhdan-Lusztig aux cas non simplement lacés.

Par ailleurs nous établissons une décomposition triangulaire des affinisées quantiques gé-
nérales (incluant les algèbres affines et toroïdales quantiques) et classifions leurs repré-
sentations intégrables de plus haut poids. Nous proposons une nouvelle construction d’un
produit de fusion en définissant une déformation du “nouveau coproduit de Drinfel’d”.

Mots clés : Algèbre non-commutative, groupes quantiques, théorie des représentations,
algèbres affines quantiques, algèbres toroïdales quantiques, q, t-caractères, polynômes de
Kazhdan-Lusztig, produit de fusion.

Abstract

In this thesis we propose several new developments in the study of quantum groups
and their representations.

In the framework of the study of finite dimensional representations of quantum affine
algebras, we give a new and more general algebraic construction of q, t-characters (t-
deformations of Frenkel-Reshetikhin’s q-characters), independent from the geometric
construction of Nakajima (which holds only in the ADE-case). It allows us to extend the
quantization of the Grothendieck ring and the definition of analogs of Kazhdan-Lusztig
polynomials to non simply laced cases.

Besides we establish a triangular decomposition of general quantum affinizations (inclu-
ding quantum affine and toroidal algebras) and classify their integrable highest weight
representations. We propose a new construction of a fusion product by defining a defor-
mation of the “new Drinfel’d coproduct”.

Key words : Non-commutative algebra, quantum groups, representation theory, quan-
tum affine algebras, quantum toroidal algebras, q, t-characters, Kazhdan-Lusztig polyno-
mials, fusion product.
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Introduction

Dans cette thèse nous proposons plusieurs contributions à l’étude des groupes quan-
tiques et de leurs représentations. D’une part dans le cadre de l’étude des représentations
de dimension finie des algèbres affines quantiques, nous donnons une nouvelle construc-
tion algébrique générale des q, t-caractères (t-déformations des q-caractères de Frenkel et
Reshetikhin), indépendante de la construction géométrique de Nakajima (qui n’est va-
lable que pour le cas ADE). D’autre part nous établissons une décomposition triangulaire
des affinisées quantiques générales, étudions leurs représentations intégrables et proposons
pour ces algèbres une nouvelle construction d’un produit de fusion.

Le texte est constitué de cinq parties :

1) t-analogues des opérateurs d’écrantage associés aux q-caractères (article [He1], pu-
blié dans International Mathematics Research Notices)

2) Algebraic approach to q, t-characters (article [He2], publié dans Advances in Ma-
thematics)

3) The t-analogs of q-characters at roots of unity for quantum affine algebras and
beyond (article [He3], publié dans Journal of Algebra)

4) Representations of quantum affinizations and fusion product (article [He4], à pa-
raître dans Transformation Groups)

5) Monomials of q and q, t-characters for non-simply laced quantum affinizations (ar-
ticle [He5], soumis)

L’approche algébrique des q, t-caractères est traitée dans les parties 1, 2, 3 et 5, et l’étude
des affinisées quantiques, de leurs représentations et du nouveau produit de fusion est
traitée dans les parties 3, 4 et 5.

Les notations différant parfois légèrement d’une partie à l’autre, nous proposons à la fin
de la thèse un index des notations. De plus, au début de chaque partie, les résultats
nécessaires des parties précédentes sont explicités dans le cadre approprié.

Dans le résumé suivant, après quelques rappels sur les algèbres affines quantiques, nous
présentons les résultats de cette thèse plus précisément.

Rappels sur les algèbres affines quantiques et leurs re-

présentations

La notion de quantification prend sa source en physique ; elle correspond au passage
continu d’un espace d’observables classique à un espace d’observables quantique, moins
commutatif. Le procédé est paramétré par un nombre complexe q = eh (h “constante” de
Planck).

Les algèbres de Kac-Moody (généralisations des algèbres semi-simples complexes) jouent
un rôle majeur en mathématiques et en physique (voir [Kac]). Il y a moins de vingt
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ans, Drinfel’d et Jimbo ont découvert une quantification des algèbres de Kac-Moody en
associant à toute algèbre de Kac-Moody symétrisable g et tout nombre complexe non nul
q ∈ C∗ une algèbre de Hopf Uq(g) (algèbre de Kac-Moody quantique). Ces algèbres, aussi
appelées groupes quantiques, sont depuis lors au centre de nombreux développements en
mathématiques et en physique (voir par exemple les ouvrages [CP4, ES, Gu, Ja, Jo, Kas,
KRT, L]).

Supposons que q ∈ C∗ n’est pas une racine de l’unité. Pour Uq(g) une algèbre quantique de
type fini (avec g de type fini de rang n ; voir par exemple la définition p 130) la structure
de l’anneau de Grothendieck Rep(Uq(g)) des représentations de dimension finie est tout
à fait analogue à celle du cas classique q = 1. On a en particulier des isomorphismes
d’anneaux :

Rep(Uq(g)) ' Rep(g) ' Z[Λ]W ' Z[T1, ..., Tn]

construits à partir d’un morphisme χ tel que pour une représentation V de sous-espaces
de poids Vλ :

χ(V ) =
∑

λ∈Λ

dim(Vλ)λ

où Λ désigne l’ensemble des poids de V .

Pour une algèbre affine quantique Uq(ĝ) (avec ĝ de type affine de rang n ; voir par exemple
la définition p 131) la situation est différente car χ n’est pas injectif (dans ce qui suit les
algèbres affines quantiques sont supposées non tordues). Les représentations de dimension
finie ont été classifiées par Chari et Pressley en s’appuyant sur une propriété importante
de Uq(ĝ) ; en effet on en connaît deux réalisations, celle de Drinfel’d-Jimbo et une nouvelle
comme affinisée d’une algèbre quantique de type fini (nouvelle réalisation de Drinfel’d
[Dr2]). Frenkel et Reshetikhin [FR3] ont introduit un morphisme de q-caractères adapté à
ces représentations. Cette application décrit la décomposition en sous-espaces de Jordan
(sous espaces de l-poids) pour une certaine famille commutante (φ±i,m)m≥0,i∈I d’éléments
de Uq(ĝ) correspondant à une sous-algèbre de Cartan : il s’agit d’un morphisme d’anneau
χq injectif (I = {1, ..., n}) :

χq : Rep(Uq(ĝ))→ Z[Y ±1
i,a ]i∈I,a∈C∗ = Y

χq(V ) =
∑

γ

dim(V(γ))mγ

où V(γ) désigne le sous-espace de l-poids γ et mγ ∈ Y est un monôme associé à γ. Lorsqu’on
regarde la limite classique q = 1 on retrouve l’application de caractères usuelle. L’applica-
tion χq permet d’établir Rep(Uq(ĝ)) ' Z[Xi,a]i∈I,a∈C∗ (où Xi,a ∈ Y est le q-caractère d’une
représentation fondamentale) et de montrer en particulier que Rep(Uq(ĝ)) est commutatif.

Le morphisme de q-caractères vérifie une propriété de symétrie analogue au cas classique
de l’action du groupe de Weyl : Im(χ) = Z[Λ]W . En effet Frenkel et Reshetikhin ont défini
n opérateurs d’écrantage (i ∈ I) :

Si : Y →
⊕

a∈C∗

Y.Si,a/
∑

a∈C∗

Y.(Si,aq2
i
− Ai,aqi

.Si,a)



INTRODUCTION 13

où pour i ∈ I et a ∈ C∗, Ai,a ∈ Y est un certain monôme. Si est une dérivation vérifiant
Si(Ya) = Ya.Sa. On a la propriété de symétrie [FR3, FM1] :

Im(χq) =
⋂

i∈I

Ker(Si)

Approche algébrique de la théorie des q, t-caractères

Dans le cas où g est de type ADE, Nakajima a raffiné la théorie en introduisant des t-
analogues des q-caractères [N2, N3] appelés q, t-caractères. Le morphisme de q, t-caractères
est une application Z[t±]-linéaire :

χq,t : Rep(Uq(ĝ))⊗Z Z[t±]→ Yt = Z[Y ±i,a, t
±]i∈I,a∈C∗

qui devient χq à t = 1. Du point de vue des représentations, elle permet de mieux com-
prendre la structure de chaque sous espace de l-poids. La définition de χq,t est donnée sous
forme de propriétés combinatoires que nous appellerons propriétés axiomatiques des q, t-
caractères. Elles font intervenir une multiplication t-déformée ∗N sur Yt, c’est à dire telle
que pour des monôme m1, m2 ∈ Yt on a m1 ∗N m2 = t2d(m1 ,m2)m1m2 avec d(m1, m2) ∈ Z
(voir aussi [VV3]). L’existence de χq,t vérifiant les propriétés axiomatiques est non-triviale
et est prouvée par Nakajima grâce à la théorie géométrique des variétés carquois qui
n’existe que dans le cas ADE.

Nous proposons une nouvelle construction algébrique des q, t-caractères indépendante de
l’approche géométrique. L’existence d’une telle construction répond positivement à une
conjecture de Nakajima [N3] et est de plus valable pour toutes les algèbres affines quan-
tiques. Elle est également étendue aux cas où le paramètre de quantification q est une
racine de l’unité, et pour une grande classe de matrices de Cartan non finies.

Dans la partie 1 ([He1]) nous construisons des t-analogues des opérateurs d’écrantage
Si,t tels que χq,t a une propriété de symétrie relativement aux Si,t analogue à celle de χq.
En effet :

Théorème 1. ([He1]) Pour g de type ADE, on a :
⋂
i∈I

Ker(Si,t) = Im(χq,t).

La construction des Si,t est purement algébrique et est aussi valable pour les cas non-
simplement lacés.

Ensuite dans la partie 2 ([He2]) la multiplication ∗N est déduite de la structure d’une
certaine sous-algèbre de Heisenberg H de Uq(ĝ) : H est générée par des yi[m] ∈ H (i ∈
I, m ∈ Z) et des éléments centraux cm ∈ H (m ∈ Z) tels que :

[yi[m], yj[r]] = δm,−rαi,j(m)cm

avec αi,j(m) ∈ C. Considérons alors les séries (ou courants) :

Ỹi,a = exp(
∑

m≥1

yi[m]amzm)exp(
∑

m≤1

yi[m]amz−m) ∈ H[[z]]
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Alors l’étude des relations de commutation entre les Ỹi,a donne une structure multiplicative
∗t sur Yt : Yt est identifiée à un quotient d’une sous-algèbre de H[[z]], le paramètre t étant
analogue à la charge centrale c ∈ Uq(ĝ) :

t = exp(
∑

m≥1

zm cm − c−m

m
) ∈ H[[z]]

On obtient alors :

Théorème 2. ([He2]) Pour g de type ADE les multiplications ∗N et ∗t coïncident.

Les opérateurs Si,t sont également obtenus grâce à certains courants S̃i ∈ H[[h]] : on a,
pour λ ∈ Yt,

Si,t(λ) =
1

1− t2
[S̃i, λ]

Ainsi on peut étendre la définition des propriétés axiomatiques des q, t-caractères à tous
les cas finis grâce à ∗t et Si,t. Nous montrons l’existence d’une unique application vérifiant
ces propriétés dans ce cadre général (ci-dessous, Y∞t est une complétion de Yt où certaines
sommes infinies sont autorisées) :

Théorème 3. ([He2]) Pour toute algèbre affine quantique Uq(ĝ), il existe une unique
application Z[t±]-linéaire χq,t : Rep(Uq(ĝ)) → Y∞t vérifiant les propriétés axiomatiques
des q, t-caractères. On a de plus Im(χq,t) =

⋂
i∈I

Ker(Si,t).

Dans le cas ADE, χq,t est l’application de Nakajima [N3]. Notre preuve repose sur la
construction d’une t-déformation d’un algorithme que Frenkel et Mukhin [FM1] défi-
nirent pour construire les q-caractères. Une fois l’algorithme t-déformé explicité, le point
technique est de montrer qu’il est bien défini (c’est à dire qu’à chaque étape les résultats
sont indépendants des choix) et qu’il produit des q, t-caractères vérifiant les propriétés
axiomatiques. Pour ce faire on montre qu’on peut se ramener aux algèbres de rang 2 pour
lesquelles on peut faire une vérification “à la main”.

Les q, t-caractères permettent dans le cadre général de construire une quantification
de l’anneau de Grothendieck ainsi que des analogues des polynômes de Kazhdan-Lusztig,
dans le même esprit que Nakajima le fit pour le cas ADE. Nous pouvons en particulier
formuler une conjecture relative à la multiplicité des représentations irréductibles dans
un produit tensoriel, le cas ADE étant un résultat établi par Nakajima : pour m =∏
i∈I,a∈C∗

Y
ui,a

i,a mônome dominant (c’est à dire avec les ui,a ≥ 0) considérons L(m) le Uq(ĝ)-

module simple de plus haut l-poids m et M(m) =
⊗

i∈I,a∈C∗

L(Yi,a)
ui,a le Uq(ĝ)-module

standard de plus haut poids m (le produit tensoriel est commutatif dans l’anneau de
Grothendieck). Lorsque g est de type ADE, Nakajima [N3] a défini pour m, m′ ∈ Yt

des monômes dominants des polynômes Pm,m′(t) ∈ Z[t] (analogues des polynômes de
Kazhdan-Lusztig) et pour m dominant des Lt(m) ∈ Yt, invariant par t 7→ t−1, tels que :

χq,t(M(m)) = Lt(m) +
∑

m′<m

Pm,m′(t−1)Lt(m
′) (1)
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Nakajima [N3] montre que dans le groupe de Grothendieck :

M(m) = L(m) +
∑

m′<m

Pm,m′(1)L(m′) (2)

Comme nous avons construit le morphisme de q, t-caractères pour toutes les algèbres
affines quantiques, on peut définir de même (avec la formule (1)) des analogues des
polynômes de Kazhdan-Lusztig Pm,m′(t) ∈ Z[t] pour les cas non simplement lacés. On
conjecture que la formule (2) sur la décomposition des produits tensoriels en modules
irréductibles est vraie dans le cas général.

Les ε-caractères ont été construits par Frenkel et Mukhin [FM2] pour étudier les re-
présentations de dimension finie de diverses spécialisations de Uq(ĝ) à q = ε racine de
l’unité de rang s. Pour les cas ADE Nakajima [N3] définit les propriétés axiomatiques des
ε, t-caractères et prouve l’existence du morphisme de ε, t-caractères χ̂ε,t. Dans la partie 3
([He3]) nous construisons χ̂ε,t en général en développant notre approche algébrique : pour
s > 2 l’ordre de ε (ou s = 0), nous munissons Ŷs

t = Z[Wi,a, Vi,a]1≤i≤n,a∈C∗ d’une multipli-
cation t-déformée ∗st (en utilisant des courants comme pour le cas générique [He2]). Nous
définissons les opérateurs d’écrantage t-déformés aux racines de l’unité Ŝs

i,t et donnons les
propriétés axiomatiques des ε, t-caractères pour tous les cas finis. Puis nous construisons
une application τs : Ŷ0

t → Ŷ
s
t telle que τs(Ker(Ŝ0

i,t)) ⊂ Ker(Ss
i,t). De plus on peut relever

χq,t en χ̂q,t : Z[Xi,a]i∈I,a∈C∗ → Ŷ0
t (voir [N3]), et nous montrons :

Théorème 4. ([He3]) Pour toute algèbre affine quantique, il existe une unique application
Z[t±]-linéaire χ̂ε,t vérifiant les propriétés axiomatiques des ε, t-caractères. De plus χ̂ε,t =
τs ◦ χ̂q,t.

Nous généralisons en particulier la construction des analogues des polynômes de Kazhdan-
Lusztig aux racines de l’unités de [N3] à ces situations. De plus nous construisons les
q-caractères et q, t-caractères pour une grande classe de matrices de Cartan généralisées
(incluant les cas finis et affines excéptés A

(1)
1 ) en étendant l’approche de [He2] :

Théorème 5. ([He3, He5]) Soit C une matrice de Cartan généralisée telle que i 6= j ⇒
min{−Ci,j,−Cj,i} ≤ 1. Alors il existe une unique application Z[t±]-linéaire
χq,t : Z[Xi,a, t

±]i∈I,a∈C∗ → Y∞t vérifiant les propriétés axiomatiques des q, t-caractères.

Dans la partie 5 ([He5]), une étude combinatoire au cas par cas permet de montrer que les
monômes apparaissant dans les q et q, t-caractères des représentations standards (produits
tensoriels de représentations fondamentales) sont les mêmes dans les cas non simplement
lacés (le cas simplement lacé a été traité dans [N3]) et que les coefficients sont positifs.
En particulier ces q, t-caractères peuvent être considérés comme des t-déformations des
q-caractères.

Théorème 6. ([He5]) Soit Uq(ĝ) une algèbre affine quantique non simplement lacée et M
un module standard de Uq(ĝ). Les coefficients de χq,t(M) sont dans N[t±] et les monômes
de χq,t(M) sont les monômes de χq(M).
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Représentations et produit de fusion des algèbres affini-

sées quantiques

Le procédé d’affinisation quantique (que Drinfel’d [Dr2] décrit pour construire la se-
conde réalisation d’une algèbre affinisée quantique) peut être appliqué à toute algèbre
de Kac-Moody quantique Uq(g). On obtient ainsi une nouvelle classe d’algèbres appelées
affinisées quantiques : l’affinisée quantique de Uq(g) est notée Uq(ĝ). Les algèbres affines
quantiques Uq(ĝ) (avec Uq(g) de type fini) en sont les plus simples exemples et sont très
particulières puisque ce sont aussi des algèbres de Kac-Moody quantiques (deuxième réali-
sation de Drinfel’d) et en particulier des algèbres de Hopf (avec un coproduit permettant
de considérer des produits tensoriels de représentations). Si Uq(g) est affine, l’affinisée
quantique Uq(ĝ) est appelée une algèbre toroïdale quantique. Ce ne sont pas des algèbres
de Kac-Moody quantiques, mais elles sont également très étudiées. Dans la partie 4 ([He4])
nous étudions les affinisées quantiques générales Uq(ĝ) (Uq(g) Kac-Moody quantique géné-
rale) et nous développons leur théorie des représentations. Nous établissons d’abord une
décomposition triangulaire : pour les sous-algèbres Uq(ĝ)−,Uq(ĥ),Uq(ĝ)+ de Uq(ĝ) (géné-
rées par certains éléments de Uq(ĝ)) on a :

Théorème 7. ([He4]) La multiplication Uq(ĝ)− ⊗ Uq(ĥ) ⊗ Uq(ĝ)+ → Uq(ĝ) définit un
isomorphisme d’espace vectoriel.

Dans la preuve la difficulté est de vérifier la compatibilité des relations de Serre quantiques.

Ce résultat permet de considérer des modules de Verma. Nous donnons une classification
des représentations intégrables de plus haut poids (de type 1) à la Drinfel’d-Chari-Pressley
(l’intégrabilité est définie au sens habituel en considérant la décomposition en sous espaces
de poids relativement au réseau des poids de g). Une généralisation du morphisme de
q-caractères que Frenkel et Reshetikhin ont défini pour les algèbres affines quantiques
se révèle être un outil puissant dans cette étude : on définit χq : Rep(Uq(ĝ)) → Y où
Rep(Uq(ĝ)) est le groupe de Grothendieck des représentations intégrables que nous avons
classifiées. Bien qu’à priori on n’ait pas, en général, de structure d’anneau sur Rep(Uq(ĝ)),
pour une grande classe d’affinisées quantiques (incluant les algèbres affines et toroïdales
quantiques) la combinatoire des q-caractères donne :

Théorème 8. ([He4]) L’image de χq est
⋂
i∈I

Ker(Si) où pour i ∈ I l’opérateur d’écrantage

Si est une dérivation. En particulier Im(χq) est un sous-anneau de Y.

Notons que ce résultat montre que ces q-caractères obtenus par l’étude des représentations
coïncident avec les q-caractères obtenus combinatoirement dans le théorème 5 (évaluation
à t = 1 de χq,t).

Comme χq est injectif on a une structure d’anneau induite ∗ sur Rep(Uq(ĝ)) . Nous
en proposons une interprétation : aucun coproduit n’a été défini en général pour Uq(ĝ)
mais pour les algèbres affines quantiques on a les formules du “nouveau coproduit” ∆ de
Drinfel’d (qui fait intervenir des sommes infinies). Nous leur donnons un sens en général
et proposons une nouvelle construction de produits tensoriels dans des catégories plus
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grandes OR(Ũ ′q(ĝ)) (R ≥ 0 ; Ũ ′q(ĝ) fait intervenir un paramètre formel u) en définissant
une déformation ∆u de ∆ (qui ne peut pas être directement utilisé pour Rep(Uq(ĝ)) à
cause des sommes infinies).

Théorème 9. ([He4]) Pour R ≥ 0, le coproduit ∆u définit une application bilinéaire
⊗R : O(Ũq(ĝ))×OR(Ũq(ĝ))→ OR+1(Ũq(ĝ)).

Nous introduisons un procédé de spécialisation permettant de revenir à la catégorie
O(Uq(ĝ)). Nous démontrons en particulier que ∗ est un produit de fusion, ce qui n’appa-
raissait pas dans l’étude des q-caractères :

Théorème 10. ([He4]) Le sous-monoïde Rep+(Uq(ĝ)) ⊂ Rep(Uq(ĝ)) des vraies représen-
tations est stable par ∗.

Dans la partie 5 ([He5]) nous démontrons des propriétés complémentaires plus précises (ces
résultats sont utilisés dans la preuve des théorèmes 5 et 7). D’abord nous démontrons,
puis utilisons, une généralisation d’un résultat de [FR3, FM1, N1] : pour une affinisée
quantique générale, les l-poids d’un module simple de plus haut l-poids sont inférieurs au
plus haut l-poids au sens des monômes (m′ ≤ m signifie que m′ s’écrit comme produit de
m par certains monômes A−1

i,a ) :

Théorème 11. ([He5]) Pour m′ monôme apparaissant dans le q-caractère d’un module
simple de plus haut poids m, on a m′ ≤ m.

Enfin nous montrons que pour certaines affinisées quantiques (incluant les cas A, B, C)
les espaces de l-poids des représentations fondamentales sont de dimension 1 (le type Bn,p

est défini en remplaçant −2 par −p dans Bn, voir p 170) :

Théorème 12. ([He5]) Soit g de type An (n ≥ 1), A
(1)
l (l ≥ 2), Bn,p (n ≥ 2, p ≥ 2) ou

Cn (n ≥ 2). Soient i ∈ I, a ∈ C∗ et V une représentation simple de plus haut poids l-poids
Yi,a). Alors les espaces de l-poids de V sont de dimension 1.
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Première partie

t-analogues des opérateurs d’écrantage

publié dans International Mathematics Research Notices

Référence : Int. Math. Res. Not. 2003, no. 8, 451–475

Résumé. Nous proposons des opérateurs d’écrantage adaptés aux q, t-caractères défi-
nis par Nakajima [N2, N3] pour les représentations de dimension finie des algèbres affines
quantifiées. Ce sont des analogues des opérateurs d’écrantage de Frenkel et Reshetikhin
relatifs à la théorie des q-caractères [FR3], avec en particulier les mêmes propriétés de sy-
métrie. Comme la théorie de Nakajima utilise des anneaux non-commutatifs, nous aurons
à considérer des bimodules adaptés à ces structures. Notre construction étant purement
algébrique et s’appuyant sur la définition combinatoire des q, t-caractères, elle est étendue
aux cas non-simplement lacés.

Abstract. We propose screening operators for the theory of q,t-characters of Na-
kajima [N2, N3] for finite dimensional representations of quantum affine algebras. They
are analogs of the screening operators introduced by Frenkel and Reshetikhin for the
q-characters [FR3], with the same properties of symmetry. Nakajima introduced non-
commutative rings, so we propose bimodules. Since our construction is only algebraic and
uses the combinatorial definition of q, t-characters, it can therefore be extended to the
non-simply laced cases.

1 Introduction

Dans ce qui suit q ∈ C∗ est supposé ne pas être une racine de l’unité.

Dans le cas d’une algèbre de Lie semi-simple g, la structure de l’anneau de Grothendieck
Rep(Uq(g)) des représentations de dimension finie de l’algèbre semi-simple quantifiée Uq(g)
est bien comprise, voir [R]. En fait on a pu montrer qu’elle est tout à fait analogue à celle
du cas classique q = 1 déjà bien connu. On a en particulier des isomorphismes d’anneaux :

Rep(Uq(g)) ' Rep(g) ' Z[Λ]W ' Z[T1, ..., Tn]

construits à partir d’un morphisme de caractères χ tel que pour une représentation V de
sous-espaces de poids Vλ :

χ(V ) =
∑

λ∈Λ

dim(Vλ)λ
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où Λ désigne l’ensemble des poids de V .

En revanche la quantification modifie la théorie des représentations lorsqu’on s’intéresse au
cas général des algèbres de Kac-Moody. Dans le cas affine Uq(ĝ), Frenkel et Reshetikhin
[FR3], motivés par la théorie des W -algèbres déformées, ont récemment introduit un
morphisme d’anneaux injectif, dit de q-caractères, à valeurs dans un anneau de polynômes
de Laurent :

χq : Rep(Uq(ĝ))→ Z[Y ±1
i,a ]1≤i≤n,a∈C∗ = Y

La construction de χq repose sur l’existence d’une R-matrice universelle. L’application
χq permet de décrire l’anneau Rep(Uq(ĝ)) ' Z[Xi,a]i∈I,a∈C∗ et lorsqu’on regarde la limite
classique q = 1 on retrouve l’application de caractères usuelle. En fait cette application
prend en compte la décomposition en sous-espaces de Jordan pour une certaine famille
commutante (φ±i,m)m∈Z,i∈I d’éléments de Uq(ĝ) :

χq(V ) =
∑

γ

dim(V(γ))
∏

i∈I

∏

r=1...kγi

Yi,aγir

∏

s=1...lγi

Y −1
i,bγir

où V(γ) désigne le sous-espace de Jordan de V de poids :

∑

m≥0

γ±i,±mu±m = γ±i (u) = q
kγi−lγi

i

Qi(uq−1
i )Ri(uqi)

Qi(uqi)Ri(uq−1
i )

avec aγir les racines du polynôme Qi et bγir les racines du polynôme Ri.

Le morphisme de q-caractères vérifie une propriété de symétrie analogue au cas classique
de l’action du groupe de Weyl qui veut Im(χ) = Z[Λ]W . En effet Frenkel et Reshetikhin
ont défini n opérateurs dits d’écrantage (avec Ai,a ∈ Y monômes) :

Si : Z[Y ±1
i,a ]a∈C∗,i∈I = Y →

⊕

a∈C∗

Y.Si,a/
∑

a∈C∗

Y.(Si,aq2
i
− Ai,aqi

.Si,a)

qui sont des dérivations (Si(UV ) = USi(V ) + V Si(U)), vérifiant Si(Ya) = Ya.Sa, et ont
conjecturé :

Im(χq) =
⋂

i∈I

Ker(Si)

Ils l’ont montré dans le cas sl2 [FR3] puis Frenkel et Mukhin ont obtenu le résultat dans
le cas général [FM1].

Ces opérateurs permettent de comprendre la structure combinatoire des q-caractères. Par
exemple :

Rep(Uq(ĝ)) ' Im(χq) = K =
⋂

i∈I

(Z[Y ±j,a]j 6=i,a∈C∗Z[Yi,b + Yi,bA
−1
i,bqi

]b∈C∗)

Dans le cas où g est de type ADE, Nakajima a raffiné la théorie en introduisant un t-
analogue des q-caractères grâce à un point de vue géométrique lié aux variétés carquois
[N2, N3]. Il considère des applications χq,t et χ̂q,t de Rep(Uq(ĝ))⊗Z Z[t±] vers les anneaux
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de polynômes respectivement Yt = Z[Y ±i,a, t
±]i∈I,a∈C∗ et Ŷt = Z[Vi,a, Wi,a, t

±]i∈I,a∈C∗. D’un
point de vue des représentations, elles permettent de mieux comprendre la structure de
chaque sous-espace de Jordan. Au passage il introduit une nouvelle multiplication ∗ sur
Ŷt qui n’est pas commutative.

Nous proposons dans cet article des t-analogues des opérateurs d’écrantage, adaptés aux
applications χq,t et χ̂q,t. Cet article est organisé de la manière suivante :

Dans la section 2, on rappelle la propriété fondamentale de symétrie des opérateurs
d’écrantage de Frenkel et Reshetikhin (Théorème 2.1) ainsi que quelques résultats élé-
mentaires sur l’anneau Ŷt de Nakajima. On définit dans la section 3 les opérateurs Ŝl

t,i

qui peuvent être interprétés comme des dérivations pour la multiplication usuelle et une
certaine structure de bimodule. Dans la section 4 on définit les t-analogues des opérateurs
d’écrantage Ŝt,i qui dans le cas où g est de type ADE peuvent être interprétés comme des
dérivations en utilisant la loi ∗ de Nakajima. Ces opérateurs vérifient la propriété attendue
dans le théorème 4.1 : ⋂

i∈I

Ker(Ŝt,i) = K̂t ⊇ Im(χ̂q,t)

On définit dans la partie 5 des opérateurs Si,t pour l’anneau Yt rendant le diagramme
commutatif :

Ŷt
Ŝt,i
−→ Ŷt,i

Π̂t ↓ ↓ Π̂t,i

Yt
St,i
−→ Yt,i

Πt ↓ ↓ Πt,i

Y
S
−→ Y1

avec une propriété de symétrie dans le théorème 5.1 :

⋂

i∈I

Ker(St,i) = Kt = Im(χq,t)

où χq,t est égal au χ̃q,t de [N2]. Dans la partie 6 on donne la construction d’involutions
analogues à celle de Nakajima.

Notons que la construction repose sur l’existence d’une structure de bimodule sur le
module libre à gauche

⊕
a∈C∗

ŶtSi,a telle que le t-analogue de
∑

a∈C∗

Y.(Si,aq2
i
− Ai,aqi

.Si,a) soit

un sous-bimodule. Cette structure est caractérisée par les relations suivantes, où m ∈ Ŷt

est un monôme :

Si,am = t2ui,a(m)mSi,a

Nous montrerons dans un prochain article1 comment ces opérateurs permettent d’étendre
la théorie des q, t-caractères au cas général.

1Voir [He2].
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2 Rappels

Soit g une algèbre de Lie simple. On note n le rang de g, (Ci,j)1≤i,j≤n sa matrice de
Cartan, I = {1, ..., n} et D = diag(r1, ..., rn) telle que B = DC est symétrique (voir
[FR3]). On note qi = qri. Pour z une indeterminée et l ∈ Z on note [l]z = zl−z−l

z−z−1 ∈ Z[z±].

Pour l ≥ 0 on note [l]z! = [l]z[l− 1]z...[1]z et pour 0 ≤ r ≤ m :

[
m
r

]

z

= [m]z!/[r]z![m− r]z.

2.1 Opérateurs d’écrantage [FR3, FM1]

On considère l’anneau :
Y = Z[Y ±1

i,a ]i∈I,a∈C∗

les Y-modules libres (i ∈ I) :

Y l
i =

⊕

a∈C∗

Y.Si,a

et les Y-modules Yi définis respectivement comme Y-module quotient de Y l
i :

Yi =
⊕

a∈C∗

Y.Si,a/
∑

a∈C∗

Y.(Si,aq2
i
− Ai,aqi

.Si,a)

par le sous-module Fi =
∑

a∈C∗

Y.(Si,aq2
i
− Ai,aqi

.Si,a), avec :

Ai,a = Yi,aq−1
i

Yi,aqi

∏

j/Cj,i=−1

Y −1
j,a

∏

j/Cj,i=−2

Y −1
j,aqY

−1
j,aq−1

∏

j/Cj,i=−3

Y −1
j,aq2Y

−1
j,a Y −1

j,aq−2

On a alors les opérateurs d’écrantage Si : Y → Yi qui sont des dérivations pour le produit
de Y :

Si(U.V ) = U.Si(V ) + V.Si(U)

et qui vérifient pour a ∈ C∗ :
Si(Y

±
j,a) = ±δi,jY

±
i,aSi,a

On peut définir de manière analogue S l
i : Y → Y l

i .

Théorème 2.1. (Frenkel-Reshetikhin [FR3]) Le noyau de Si est le sous-anneau de
Y :

Ker(Si) = Ki = Z[Y ±j,a]j 6=i,a∈C∗.Z[Yi,b(1 + A−1
i,bqi

)]b∈C∗

2.2 L’anneau Ŷt [N3]

On considère à présent l’anneau :

Ŷt = Z[Vi,a, Wi,a, t
±]i∈I,a∈C∗
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C’est un Z[t±]-module libre de base l’ensemble des
∏

i∈I,a∈C∗

V
vi,a(m)
i,a W

wi,a(m)
i,a qu’on appelera

monômes.

On définit un morphisme d’anneau Π̃t : Ŷt → Y par :

m =
∏

i∈I,a∈C∗

V
vi,a(m)
i,a W

wi,a(m)
i,a 7→

∏

i∈I,a∈C∗

Y
ui,a(m)
i,a et t 7→ 1

avec pour un tel monôme m :

ui,a(m) = wi,a(m)− vi,aq−1
i

(m)− vi,aqi
(m)

+
∑

j/Ci,j=−1

vj,a(m)+
∑

j/Ci,j=−2

(vj,aq(m)+vj,aq−1(m))+
∑

j/Ci,j=−3

(vj,aq2(m)+vj,a(m)+vj,aq−2(m))

Remarquer que Π̃t est construit pour que Π̃t(Wi,a) = Yi,a et Π̃t(Vi,a) = A−1
i,a . On peut

définir pour un monôme m =
∏

i∈I,a∈C∗

Y
ui,a(m)
i,a ∈ Y les ui,a(m) de manière évidente, et alors

ces quantités sont conservées par Π̃t.

Pour m ∈ Ŷ monôme i-dominant, c’est à dire vérifiant ∀a ∈ C∗, ui,a(m) ≥ 0, on pose :

Ei(m) = m
∏

a∈C∗

∑

ra=0...ui,a(m)

tra(ui,a(m)−ra)

[
ui,a(m)

ra

]

t

V ra
i,aqi

et on note K̂t,i le sous Z[t±]-module de Ŷt engendré par ces Ei(m). On pose alors K̂t =⋂
i∈I

K̂t,i, et on note Â l’ensemble des monômes de Ŷt, B̂i ⊂ Â l’ensemble des monômes

i-dominants de Ŷt.

Lemme 2.1. Pour chaque i ∈ I, on a une décomposition en somme directe de Z[t±]-
modules :

Ŷt = K̂t,i ⊕
⊕

m∈Â−B̂i

Z[t±]m = (
⊕

m∈B̂i

Z[t±]Ei(m))⊕ (
⊕

m∈Â−B̂i

Z[t±]m)

Démonstration :

Notons d’abord que pour m ∈ B̂i, on peut écrire Ei(m) = m + f(m) avec

f(m) = m((
∏

a∈C∗

∑

ra=0...ui,a

tra(ui,a−ra)

[
ui,a

ra

]

t

V ra
i,aqi

)− 1)

qui ne fait intervenir que des monômes de i-poids wti(m
′) =

∑
a∈C∗

ui,a(m
′) < wti(m).

Considérons une combinaison linéaire qui s’annule :
∑

m∈B̂i

λm(t)Ei(m) +
∑

m∈Â−B̂i

µm(t)m = 0
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avec les λm(t), µm(t) ∈ Z[t±]. Si on suppose qu’un des λ(t) 6= 0, soit m1 ∈ B̂i un monôme
dominant de i-poids maximal parmi ceux qui vérifient λm(t) 6= 0. Alors le monôme m1 ne
peut apparaître que dans Ei(m1) puisque si il apparaissait dans Ei(m2), le i-poids de m2

serait strictement plus grand que le sien. Donc λm1(t) = 0, contradiction. Donc tous les
λm(t) sont nuls, et alors

∑
m∈Â−B̂i

µm(t)m = 0 implique la nullité des µm(t).

Il nous reste à montrer que tout m ∈ Â est dans F = (
⊕

m∈B̂i

Z[t±]Ei(m))⊕(
⊕

m∈Â−B̂i

Z[t±]m).

C’est clair si m ∈ Â − B̂i. Dans le cas m ∈ B̂i, montrons le par récurrence sur le i-poids
de m. Si m est de i-poids 0, tous les ui,a(m) sont nuls et m = Ei(m). Puis dans le cas
général, on a Ei(m) = m + f(m).

3 Les opérateurs Ŝl
t,i

3.1 Définition

On considère les Ŷt-modules libres suivants (i ∈ I) :

Ŷ l
t,i =

⊕

a∈C∗

Ŷt.Si,a

On a alors une application naturelle déduite de Π̃t :

Π̃l
t,i : Ŷ l

t,i → Y
l
i , Π̃t,i(

∑

a∈C∗

λa.Si,a) =
∑

a∈C∗

Π̃t(λa).Si,a

Definition 3.1. On note Ŝl
t,i l’application Z[t±]-linéaire Ŝl

t,i : Ŷt → Ŷ l
t,i qui prend sur un

monôme m ∈ Â la valeur :

Ŝl
t,i(m) = m(

∑

a∈C∗/ui,a(m)≥0

(1 + ... + t2(ui,a(m)−1))Si,a −
∑

a∈C∗/ui,a(m)<0

(t−2 + ... + t2ui,a(m))Si,a)

Lemme 3.2. Le diagramme (1) suivant est commutatif :

Ŷt

Ŝl
t,i
−→ Ŷ l

t,i

Π̃t ↓ ↓ Π̃l
t,i

Y
Sl

i−→ Y l
1,i

Démonstration :

Toutes les applications sont Z-linéaires, il suffit donc de regarder un monôme m ∈ Â
et λ(t) ∈ Z[t±] :

(Π̃l
t,i ◦ Ŝl

t,i)(λ(t)m)

= λ(1)Π̃l
t,i(m(

∑
a∈C∗/ui,a≥0

(1 + ... + t2(ui,a−1))Si,a −
∑

a∈C∗/ui,a<0

(t−2 + ... + t2ui,a)Si,a)

= λ(1)Π̃t(m)(
∑

a∈C∗

ui,aSi,a)) = Sl
i(λ(1)Π̃t(m)) = Sl

i(Π̃t(λ(t)m))
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3.2 Interprétation de Ŝl
t,i en terme de dérivation

3.2.1 Des lois de bimodule sur Ŷ l
t,i

Comme ui,a est additive (ui,a(m1.m2) = ui,a(m1) + ui,a(m2)), on a :

Lemme 3.3. Il existe sur Ŷ l
t,i une unique structure de bimodule pour la multiplication

usuelle de Ŷt telle que la structure à gauche soit la structure naturelle, et que pour tout
a ∈ C∗ et tout monôme m ∈ Â :

Si,a.m = t2ui,a(m)m.Si,a , Si,a.t = t.Si,a

On peut généraliser ce qui précède au cas d’une multiplication tordue sur Ŷt : pour tout
bicaractère d : Â× Â→ Z, c’est-à-dire vérifiant :

d(m1.m2, m3) = d(m1, m3) + d(m2, m3) , d(m1, m2.m3) = d(m1, m2) + d(m1, m3)

on a une loi de composition interne ∗d associative et Z[t±]-linéaire sur Ŷt en posant :

m1 ∗d m2 = t2d(m1 ,m2)m1.m2

Remarquons que pour obtenir une loi associative, il suffit de demander que d vérifie sur des
monômes m1, m2, m3, la propriété de cocycle (vérifiée par exemple par les bicaractères) :

−d(m2, m3) + d(m1m2, m3)− d(m1, m2m3) + d(m1, m2) = 0

On peut munir Ŷ l
t,i d’une structure de Ŷt-bimodule pour la multiplication ∗d en posant

(U ∈ Ŷt) :

U ∗d (
∑

a∈C∗

λa.Sa) =
∑

a∈C∗

(U ∗d λa).Si,a , Si,a ∗d m = t2ui,a(m)m ∗d Si,a , Si,a ∗d t = t ∗d Si,a

3.2.2 Ŝl
t,i comme dérivation pour ∗d

Pour d bicaratère :

Proposition 3.4. L’application Ŝl
t,i est une dérivation par rapport à la multiplication ∗d :

∀U, V ∈ Ŷt, Ŝ
l
t(U ∗d V ) = U ∗d Ŝl

t(V ) + Ŝl
t(U) ∗d V

Démonstration :
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Pour vérifier la propriété de dérivation, et il suffit de montrer que pour deux monômes
m, m′ ∈ Â on a Ŝl

t,i(m ∗d m′) = Ŝl
t,i(m) ∗d m′ + m ∗d Ŝl

t,i(m
′). Calculons en effet :

Ŝl
t,i(m) ∗m′ + m ∗ Ŝl

t,i(m
′)

= m ∗d m′

(
∑

a∈C∗/ui,a≥0

(1 + ... + t2(ui,a−1))t2ui,a′Si,a −
∑

a∈C∗/ui,a<0

(t−2 + ... + t2ui,a)t2ui,a′Si,a

+
∑

b∈C∗/u′
i,b≥0

(1 + ... + t2(u
′
i,b−1))Si,b −

∑
b∈C∗/u′

i,b<0

(t−2 + ... + t2u′
i,b)Si,b)

= m ∗d m′(
∑

a∈C∗/ui,a+u′
i,a≥0

(1 + ... + t2(ui,a+u′
i,a−1))Si,a

−
∑

a∈C∗/ui,a+u′
i,a<0

(t−2 + ... + t2(ui,a+u′
i,a))Si,a) = Ŝl

t,i(m ∗d m′)

4 Les t-opérateurs d’écrantage Ŝt,i

4.1 Définition de Ŝt,i

Definition 4.1. On considère le Z[t±]-sous module de Ŷ l
t,i :

F̂t,i =
∑

a∈C∗,m∈Â

Z[t±]m(Vi,aqi
t
2u

i,aq2
i
(m)

Si,aq2
i
− t2Si,a)

Le module quotient obtenu est noté Ŷt,i = Ŷ l
t,i/F̂t,i, et l’application obtenue à partir de Ŝl

t,i

par composition avec la projection p̂t,i de Ŷ l
t,i sur Ŷt,i est notée Ŝt,i.

On obtient alors la proposition suivante en remarquant :

Π̃t,i(
∑

a∈C∗,m∈Â

λm,am(Vi,aqi
t
2u

i,aq2
i
(m)

Si,aq2
i
− t2Si,a))

=
∑

a∈C∗

λm,a(1)Πt(m)(A−1
i,aqi

.Si,aq2
i
− Si,a) ∈ Fi

Proposition 4.2. L’application Π̃l
t,i donne naturellement une application Π̃t,i, et on a les

diagrammes commutatifs :
Ŷ l

t,i −→ Ŷt,i

Π̃l
t,i ↓ ↓ Π̃t,i

Y l
i −→ Yi

Ŷt
Ŝt,i
−→ Ŷt,i

Π̃t ↓ ↓ Π̃t,i

Y
Si−→ Yi
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Soit (Ŷt)i = Z[Vi,a, Wi,a, t
±]a∈C∗ ⊂ Ŷt. On définit alors πi : Ŷt → (Ŷt)i comme l’unique

morphisme d’anneaux Z[t±]-linéaire tel que :

πi(Wi,a) = Wi,a , πi(Vi,a) = Vi,a , πi(Wj,a) = 1 si j 6= i

πi(Vj,a) = 1 si Ci,j = 0 , πi(Vj,a) = Wi,a si Ci,j = −1

πi(Vj,a) = Wi,aqWi,aq−1 si Ci,j = −2 , πi(Vj,a) = Wi,aq2Wi,aWi,aq−2 si Ci,j = −3

Pour un monôme m ∈ Â, on a alors ui,a(m) = ui,a(πi(m)) pour a ∈ C∗.

Proposition 4.3. Le noyau de l’application Ŝt,i contient K̂t,i.

Démonstration :

Soit m ∈ Â un monôme i-dominant. Dans S l
t,i(Ei(m)), on peut factoriser tous les

termes par m, et notons
Ŝl

t,i(Ei(m))

m
∈ Ŷ l

t,i la quantité obtenue. Elle ne dépend que des
ui,a(m) (a ∈ C∗), et donc :

Ŝl
t,i(Ei(m))

m
=

Ŝl
t,i(Ei(πi(m)))

πi(m)

Remarquons de plus que les ui,a étant conservés, on a :

Ŝl
t,i(Ei(m)) ∈ F̂t,i ⇔ Ŝl

t,i(Ei(πi(m))) ∈ F̂t,i

En conséquence il nous suffit de montrer Ŝt,i(Ei(m)) = 0 pour m ∈ B̂i ∩ (Ŷt)i. Mais alors
tout se passe comme si on travaillait avec g = Uqi

(sl2). On est ainsi ramené au cas ADE
qui sera établie plus bas, indépendamment de ce qui précède, dans la proposition 4.8.

4.2 Interprétation de Ŝt,i comme dérivation dans le cas ADE

Dans cette sous-partie on se restreint au cas où g est de type ADE. On a alors tous
les qi = q et la matrice de Cartan est symétrique.

4.2.1 Rappels [N3] et compléments sur la loi ∗ de Nakajima

On pose pour deux monômes m1, m2 ∈ Â :

dN(m1, m2) =
∑

i∈I,a∈C∗

(vi,aq(m1)ui,a(m2) + wi,aq(m1)vi,a(m2))

=
∑

i∈I,a∈C∗

(ui,a(m1)vi,aq−1(m2) + vi,a(m1)wi,aq−1(m2))

Ce bicaractère, introduit par Nakajima dans [N2, N3], permet comme précédemment de
définir une nouvelle multiplication sur Ŷt en posant pour m1, m2 deux monômes :

m1 ∗dN
m2 = t2dN (m1 ,m2)m1.m2

avec . la multiplication usuelle. On notera dans la suite simplement d et ∗. Cette nouvelle
multiplication ∗ n’est pas commutative.

Notons que K̂t est une partie de Ŷt stable pour la multiplication ∗ ([N3]).
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Lemme 4.4. Soit m ∈ Â un monôme, i ∈ I et a ∈ C∗. On a alors :

Vi,aq ∗m = t2(ui,a(m)−ui,aq2 (m))m ∗ Vi,aq = t2ui,a(m)Vi,aq.m

C’est une conséquence immédiate de d(Vi,aq, m) = ui,a(m) et d(m, Vi,aq) = ui,aq2(m).

Lemme 4.5. Soit (m1, ..., mp) des monômes tels qu’il existe un a ∈ C∗ vérifiant pour tout
r, ui,a(mr) = 1 et ui,b(mr) = 0 pour b 6= a. Alors il existe α ∈ Z tel que :

(m1 ∗ (1+Vi,aq))∗ (m2 ∗ (1+Vi,aq))∗ ...∗ (mp ∗ (1+Vi,aq)) = tαm1...mp

∑

r=0...p

tr(p−r)

[
p
r

]

t

V r
i,aq

Démonstration :

On procède par récurrence sur p en s’appuyant sur le lemme 4.4. Pour p = 1, on a
m1 ∗ Vi,aq = m1Vi,aq et on a le résultat avec α = 1. Ensuite dans le cas général :

(m1 ∗ (1 + Vi,aq)) ∗ (m2 ∗ (1 + Vi,aq)) ∗ ... ∗ (mp+1 ∗ (1 + Vi,aq))

= tα(m1 + m1Vi,aq) ∗ (m2...mp+1

∑
r=0...p

tr(p−r)

[
p
r

]

t

V r
i,aq)

= tα+2d(m1 ,m2...mp+1)m1m2...mp+1

∑
r=0...p

tr(p−r)

[
p
r

]

t

V r
i,aq

+tα+2d(m1 ,m2...mp+1)m1m2...mp+1

∑
r=0...p

tr(p−r)

[
p
r

]

t

t2p−2rV r+1
i,aq

= tα+2d(m1 ,m2...mp+1)m1m2...mp+1

∑
r=0...p+1

(tr(p−r)

[
p
r

]

t

+t(r−1)(p−r+1)

[
p

r − 1

]

t

t2p−2r+2)V r
i,aq

Et on conclut en remarquant :

tr(p−r)

[
p
r

]

t

+ t(r−1)(p−r+1)

[
p

r − 1

]

t

t2p−2r+2 = tr(p+1−r)

[
p + 1

r

]

t

On peut alors exprimer les Ei(m) en utilisant la loi ∗ :

Proposition 4.6. On fixe un i ∈ I. Soit m ∈ B̂i un monôme i-dominant. Pour a ∈ C∗,
on considère la suite (Zi,a) = (Zi,a,l)1≤l≤zi,a

formée de

zi,a = wi,a +
∑

j/Cj,i=−1

vj,a = ui,a + vi,aq + vi,aq−1

termes où Wi,a apparaît wi,a fois et pour j tel que Cj,i = −1, Vj,a apparaît vj,a fois :

{Wi,a, ..., Wi,a, Vj1,a, ..., Vj1,a, Vj2,a, ..., Vjm,a} = {Zi,a,1, ..., Zi,a,zi,a
}
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Alors il existe un unique β ∈ Z tel que :

tβEi(m) = (

∗∏

j 6=i,a∈C∗

Wj,a) ∗ (

→
∗∏

j/Cj,i=0,a∈(C∗/q2Z),r∈Z

Vj,aq2r) ∗ (

∗∏

a∈(C∗/q2Z)

→
∗∏

r∈Z

mi,a,r)

avec :
mi,a,r = (Zi,a,1 ∗ (1 + Vi,aq)) ∗ ... ∗ (Zi,a,ui,a

∗ (1 + Vi,aq))

∗(Zi,a,ui,a+1 ∗ Vi,aq ∗ Zi,aq2,ui,aq2+vi,aq3+1) ∗ ... ∗ (Zi,a,ui,a+vi,aq
∗ Vi,aq ∗ Zi,aq2,ui,aq2+vi,aq3+vi,aq

)

Démonstration :

On commence par expliciter Ei(m) :

Ei(m) = m
∏

a∈C∗

(
∑

ra=0...ui,a(m)

tra(ui,a(m)−ra)

[
ui,a(m)

ra

]

t

V ra
i,aq)

Si on ne tient pas compte des t, l’expression annoncée est correcte puisqu’on a le bon
nombre vi,aq de Vi,aq et tous les Zi,a,l pour l = 1...ui,a + vi,aq + vi,aq−1 . Le seul problème est
l’inhomogènéïté de Ei(m) du fait des puissances de Vi,aq.

Les seuls facteurs de m qui contribuent aux ui,b(m) sont les Wi,a, Vi,a et les Vj,a avec
Cj,i = −1. Mais ce sont exactement les facteurs qui posent problème avec Vi,aq d’après le
lemme 4.4. On en déduit une première expression :

tαEi(m) = (
∗∏

j 6=i,a∈C∗

Wj,a) ∗ (

→
∗∏

j/Cj,i=0,a∈(C∗/q2Z),r∈Z

Vj,aq2r)

∗(m′
∑

ra=0...ui,a(m)

tra(ui,a(m)−ra)

[
ui,a(m)

ra

]

t

V ra
i,aq)

avec
m′ = (

∏
a∈C∗

W
wi,a

i,a V
vi,a

i,a )(
∏

a∈C∗,j/Ci,j=−1

V
vj,a

j,a )

=
∏

a∈C∗

(
∏

l=1...ui,a

Zi,a,l)(
∏

r=1...vi,aq

Zi,a,ui,a+rVi,aqZi,aq2,ui,aq2+vi,aq3+r)

Il nous suffit donc de montrer qu’il existe γ ∈ Z tel que :

Ei(m
′) = m′

∑

ra=0...ui,a(m)

tra(ui,a(m)−ra)

[
ui,a(m)

ra

]

t

V ra
i,aq = t−γ(

∗∏

a∈C∗/q2Z

→
∗∏

r∈Z

mi,a,r)

Or d’après le lemme 4.5, le facteur Zi,a,1...Zi,a,ui,a(m)

∑
ra=0...ui,a(m)

tra(ui,a(m)−ra)

[
ui,a(m)

ra

]

t

V ra
i,aq

est égal à une puissance de t près à (Zi,a,1 ∗(1+Vi,aq))∗ ...∗(Zi,a,ui,a
∗(1+Vi,aq)). Il ne reste

plus qu’à vérifier que les facteurs restant
∏

a∈C∗

(
∏

r=1...vi,aq

Zi,a,ui,a+rVi,aqZi,aq2,ui,aq2+vi,aq3+r) ne

posent pas de problème vis à vis de l’inhomogènéïté en puissances de Vi,aq, mais c’est le
cas car pour tout r ∈ Z :

ui,aq2r(Zi,a,ui,a+l ∗ Vi,aq ∗ Zi,aq2,ui,aq2+vi,aq3+l) = 0
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4.2.2 Une structure de bimodule sur Ŷt,i pour la loi ∗

Lemme 4.7. Le sous Z[t±]-module F̂t,i de Ŷ l
t,i est en fait un sous-module à gauche pour

la loi ∗ :
F̂t,i =

∑

a∈C∗

Ŷt ∗ (Vi,aq.Si,aq2 − t2Si,a)

C’est aussi un sous-bimodule Ŷt ∗ F̂t,i = F̂t,i ∗ Ŷ = F̂t,i et Ŷt,i hérite d’une structure de
bimodule.

Démonstration :

La première propriété découle directement du lemme 4.4 qui donne pour m ∈ Â :

m ∗ (Vi,aq.Si,aq2 − t2Si,a) = t
2u

i,aq2
i
(m)

mVi,aqi
Si,aq2

i
− t2mSi,a

Pour la propriété de sous-bimodule, soit m ∈ Â un monôme. En utilisant le lemme 4.4,
on a pour λa ∈ Ŷt :

λa ∗ (Vi,aq.Si,aq2 − t2Si,a) ∗m = λa ∗ (t2ui,aq2 (m)Vi,aq ∗m.Si,aq2 − t2+2ui,a(m)m.Si,a)

= t2ui,a(m)λa ∗m ∗ (Vi,aq.Si,aq2 − t2Si,a) ∈ F̂t,i

4.2.3 Ŝt,i est une dérivation

Le résultat suivant permet d’obtenir la proposition 4.3 :

Proposition 4.8. L’application Ŝt,i est une dérivation pour le produit ∗ et son noyau

contient K̂t,i.

Démonstration :

La propriété de dérivation est conservée, en effet pour U, V ∈ Ŷt on a :

Ŝt,i(U ∗ V ) = p̂t,i(U ∗ Ŝl
t,i(V )) + p̂t,i(Ŝt,i(U) ∗ V )

= U ∗ p̂t,i(Ŝ
l
t,i(V )) + p̂t,i(Ŝt,i(U)) ∗ V = U ∗ Ŝt,i(V ) + Ŝt,i(U) ∗ V

Pour montrer que K̂t,i ⊂ Ker(Ŝt,i), considérons un monôme i-dominant m, et décomposons
Ei(m) en utilisant la proposition 4.6 sous la forme d’un produit pour ∗. En utilisant la
propriété de dérivation de Ŝt,i, il nous suffit d’obtenir que chacun des termes est annulé.
Or pour a ∈ C∗ :

Ŝt,i(Zi,a,k ∗ (1+Vi,aq)) = Zi,a,k.Si,a− t−2Zi,a,k ∗Vi,aq.Si,aq2 = Zi,a,k ∗ (Si,a− t−2Vi,aqSi,aq2) = 0

Ŝl
t,i(Zi,a,k ∗ Vaq ∗ Zi,aq2,k′) = 0

car pour tout b ∈ C∗, ui,b(Zi,a,k ∗ Vaq ∗ Zi,aq2,k′) = 0
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4.3 Interprétation de Ŝt,i dans le cas général

Dans le cas général, on ne dispose pas de bicaratère vérifiant les deux relations fonda-
mentales du cas ADE pour tout i ∈ I

d(Vi,aqi
, m) = ui,a(m) et d(m, Vi,aqi

) = ui,aq2
i
(m)

Par exemple, pour g de type B2, on a C =

(
2 −1
−2 2

)
(la matrice de Cartan dans [FR3]

est la transposée de celle de [Bo]), q1 = q2, q2 = q et :

0 = u1,aq−2(V2,a) 6= u2,aq(V1,a) = 1

On peut seulement définir pour chaque i ∈ I un bicaractère di qui vérifie une propriété
partielle. Nous étudierons une multiplication ∗ pour le cas général dans un prochain
article2.

4.4 Démonstration du théorème 4.1

On retourne au cas général g simple quelconque.

Théorème 4.1. On a K̂t,i = Ker(Ŝt,i).

Démonstration :

La première inclusion K̂t,i ⊂ Ker(Ŝt,i) est déjà connue dans la proposition 4.3.

Supposons par l’absurde qu’on n’ait pas égalité. Alors on considère un x ∈ Ker(Ŝt,i)− K̂t,i

qu’on décompose en utilisant le lemme 2.1 sur Ŷt = K̂t,i ⊕
⊕

m∈Â−B̂i

Z[t±]m sous la forme

x = v+u avec u 6= 0. On note u =
∑

m∈M

λmm avec M ⊂ Â−B̂i, λm ∈ Z[t±] et λm 6= 0 pour

m ∈M . Alors x, v ∈ Ker(Ŝt,i), donc u est un élément non nul de
⊕

m∈Â−B̂i

Z[t±]m∩Ker(Ŝt,i).

Pour m ∈ Â−B̂i, notons Nm le nombre de classe R ∈ C∗/q2Z tel qu’il existe a ∈ R vérifiant
ui,a(m) < 0. Tous les monômes m de Â − B̂i vérifient Nm ≥ 1. Soit m0 ∈ M avec Nm0

minimal parmi les Nm pour m ∈M . Soit alors a ∈ C∗ tel que ui,a(m0) < 0 et pour r < 0,
ui,aq2r(m0) ≥ 0. Lorsqu’on calcule

Ŝt,i(u) = 0 =
∑

m∈M

λmm(
∑

b∈C∗/ui,b(m)≥0

(1 + t2 + ... + t2(ui,b(m)−1))Si,b

−
∑

b∈C∗/ui,b(m)<0

(t−2 + ... + t2ui,b(m))Si,b)

on voit appaître le terme −λm0m0(t
−2 + ... + t2ui,a(m))Si,a. Ce terme doit être annulé

par projection sur Ŷt,i. Les termes qui vont l’annuler peuvent provenir soit d’un Si,aq2r
i

2Voir [He2, He3].
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avec r < 0, soit d’un Si,aq2r
i

avec r > 0. Dans le premier cas on a un monôme m1 ∈
M tel que m1Vi,aq−1

i
Vi,aq−3

i
...Vi,aq2r+1

i
= m0, dans le deuxième on a un momôme m1 =

m0Vi,aqi
...Vi,aq2r−1

i
∈M . On peut ainsi définir une suite de monômes mp tant que ui,a(mp) <

0. Les termes de la suite sont distincts deux à deux, car à chaque opération soit on ajoute
des Vi,aq2r+1

i
avec r ≥ 0, soit on enlève des Vi,aq2r+1

i
avec r < 0. Notons aussi qu’à chaque

opération on ne diminue pas les ui,aq2r
i

avec r < 0, et on n’augmente pas N . Comme M
est fini, la suite se termine sur un mP ∈ M qui vérifie ui,aq2r

i
(mP ) ≥ 0 pour r ≤ 0, et

NmP
= Nm0 . En notant m0 = m0 et m1 = mP , ce nouveau procédé donne une suite

mj telle que min{r/ui,aq2r < 0} est strictement croissante. Par finitude de M , la suite se
termine sur un mP ′

∈M tel que ui,aq2r ≥ 0 pour tout r ∈ Z et les autres classes de C∗/q2Z

i

n’ont pas été modifiées. Donc NmP ′ < Nm0 , contradiction.

5 Opérateurs d’écrantage pour l’anneau Yt

5.1 Rappels et compléments

5.1.1 L’anneau Yt

En suivant Nakajima [N2, N3] on considère l’anneau “intermédiaire” entre Ŷt et Y :

Yt = Z[t±, Yi,a, Y
−1
i,a ]i∈I,a∈C∗

On a un morphisme d’anneaux canonique Πt : Yt → Y et que Y ±i,a 7→ Y ±i,a et t 7→ 1. On

peut considérer pour tout bicaractère d l’application Z[t±]-linéaire Π̂d : Ŷt → Yt :

m =
∏

i∈I,a∈C∗

V
vi,a(m)
i,a W

wi,a(m)
i,a 7→ t−d(m,m)

∏

i∈I,a∈C∗

Y
ui,a(m)
i,a et t 7→ 1

On a toujours Π̃t = Πt ◦ Π̂d.

Dans le cas du bicaractère trivial d = 0, on note Π̂0 = Π̂t et c’est alors un morphisme
d’anneaux. Dans le cas ADE, on peut prendre dN et on retrouve l’application Π̂ = Π̂dN

de [N3].

Lemme 5.1. Un produit p =
∏

i∈I,a∈C∗

A
vi,a

i,a ∈ Y vaut 1 si et seulement si tous les vi,a = 0.

En conséquence on définit une relation d’ordre partiel sur l’ensemble A des monômes de
Y en posant :

m ≤ m′ ⇔ m′/m est un monôme en A−1
i,a

Démonstration :

Supposons par l’absurde qu’un tel produit p peut être égal à 1 avec des vi,a 6= 0.
Considérons alors un a tel qu’il existe un i ∈ I avec vi,a 6= 0 mais pour m ∈ Z stritement
positif, pour j ∈ I, vj,aqm = 0. Parmi ces i, on en choisit un tel que la longueur de la racine
associée soit maximale. Dans p, le facteur Y

−vi,a

i,aqi
doit se simplifier avec un autre facteur.
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Cependant par définition de a il ne peut pas venir de A
v

i,aq2
i

i,aq2
i

. Il reste donc les possibilités
suivantes :

il provient d’un A
vj,aqi
j,aqi

avec Ci,j = −1, j 6= i. Alors vj,aqi
6= 0, contradiction.

il provient d’un A
vj,aqiq−1

j,aqiq−1 avec Ci,j = −2, j 6= i, ce qui impose vj,aqiq−1 6= 0. Comme
Ci,j = −2, les racines associées à i et j ne sont pas de même longueur, et donc en utilisant
l’hypothèse sur i, on a ri > rj ≥ 1. Alors qiq

−1 = q ou q2, donc vj,aq 6= 0 ou vj,aq2 6= 0, ce
qui n’est pas possible d’après le choix de i.

il provient d’un A
vj,aqiq−2

j,aqiq−2 avec Ci,j = −3, j 6= i, ce qui impose vj,aqiq−2 6= 0. On est dans
le cas où g est de type G2. Les racines associées à i et j ne sont pas de même longueur, et
ri/rj = 3 ou 1

3
. Si ri = 3, on a vj,aq 6= 0 ce qui est contraire au choix de i. Si ri = 1, on a

vj,aq−1 6= 0 et vj,aqm = 0 pour m ≥ 0. Mais alors on ne peut pas annuler Y
vj,aq−1

j,aq−1qj
= Y

vj,aq−1

j,aq2 .

Pour que ≤ soit bien une relation d’ordre, la propriété la moins évidente est l’antisymétrie
qui est assurée par ce qui précède.

5.1.2 Quelques notations

On note A l’ensemble des monômes de Y, Bi ⊂ A l’ensemble des monômes i-dominants
de Y. Pour

∏
a∈C∗,j

Y
uj,a

j,a = m ∈ Bi, on pose :

E0,i(m) = m
∏

a∈C∗

∑

ra=0...ui,a

tra(ui,a−ra)

[
ui,a

ra

]

t

A−ra
i,aqi

Notons que si m ∈ Bi ∩ Π̂t(B̂i) = B′i, on a E0,i(m) = Π̂t(Ei(m
′)) avec m = Π̂t(m

′).

On note Kt,i le Z[t±]-module engendré par les E0,i(m) avec m ∈ Bi. On a Π̂t(K̂i) ⊂ Kt,i

mais on n’a pas égalité dans le cas général.

Pour i ∈ I, on a comme dans le lemme 2.1 une somme directe de Z[t±]-modules :

Yt = Kt,i ⊕
⊕

m∈A−Bi

Z[t±]m = (
⊕

m∈Bi

Z[t±]Ei,0(m))⊕ (
⊕

m∈A−Bi

Z[t±]m)

Lemme 5.2. On a l’égalité :

Π̂t(K̂t) =
⋂

i∈I

Kt,i

et on notera Kt cette sous-partie de Yt.

Démonstration :

On sait déjà :
Π̂t(K̂t) = Π̂t(

⋂

i∈I

K̂i) ⊂
⋂

i∈I

Π̂t(K̂t,i) ⊂
⋂

i∈I

Kt,i

Considérons à présent x ∈
⋂
i∈I

Ki. Soit m ∈ A un monôme maximal parmi ceux qui inter-

viennent dans x pour la relation d’ordre ≤ du lemme 5.1. Pour chaque i ∈ I, m provient
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d’un certain E0,i(m
′) avec m′ i-dominant, ce qui impose m ≤ m′. On a donc m = m′ et

m est i-dominant pour tout i ∈ I. Il est donc de la forme :

m =
∏

i∈I,a∈C∗

Y
ui,a(m)
i,a = Π̂t(

∏

i∈I,a∈C∗

W
ui,a(m)
i,a ) ∈ Π̂t(Ŷt)

car les ui,a(m) ≥ 0. Si on suppose m 6= 1 (soit x 6∈ Z[t±]) et on considère i0 ∈ I tel que
wti0(m) 6= 0, on a dans l’écriture de x dans Ki0 le monôme m qui ne peut provenir que de

E0,i0(m) = Π̂t(Ei0(
∏

i∈I,a∈C∗

W
ui,a(m)
i,a )) ∈ Π̂t(K̂t)

On peut alors enlever de x le terme E0,i0(m) avec son coefficient de Z[t±], et on se ramène
à un élément de

⋂
i∈I

Kt,i faisant intervenir strictement moins de monôme, ce qui permet de

conclure par récurrence.

5.2 Les opérateurs S l
t,i

5.2.1 Définition

On considère les Yt-modules libres :

Y l
t,i =

⊕

a∈C∗

Yt.Si,a

On déduit respectivement de Π̂t, Π̂ (dans le cas ADE), Πt des applications Π̂l
t,i, Π̂l

i, Πl
t,i.

On note S l
t,i l’application Z[t±]-linéaire S l

t,i : Yt → Y l
t,i qui prend sur un monôme m ∈ Yt

la valeur :

Sl
t,i(m) = m(

∑

a∈C∗/ui,a(m)≥0

(1 + ... + t2(ui,a(m)−1))Si,a −
∑

a∈C∗/ui,a(m)<0

(t−2 + ... + t2ui,a(m))Si,a)

On voit immédiatement S l
t,i(Yj,a) = δj,iYi,aSi,a et Sl

t,i(Y
−1
j,a ) = −δj,it

−2Y −1
i,a Si,a, et :

Lemme 5.3. Le diagramme suivant est commutatif :

Ŷt

Ŝl
t,i
−→ Ŷ l

t,i

Π̂t ↓ ↓ Π̂l
t,i

Yt

Sl
t,i
−→ Y l

t,i

Πt ↓ ↓ Πl
t,i

Y
Sl

i−→ Y l
1,i

Dans le cas ADE, le diagramme (1)’ obtenu en utilisant respectivement Π̂, Π̂l
i à la place

de Π̂t, Π̂
l
t,i est commutatif également.
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5.2.2 Interprétation des S l
i en terme de dérivation

On munit comme précédemment Y l
t,i d’une unique structure de Y-bimodule telle que

Si,a.m = t2ui,a(m)m.Si,a, et :

Proposition 5.4. L’application S l
t,i a alors une propriété de dérivation :

∀U, V ∈ Ŷt, S
l
t,i(U.V ) = U.S l

t,i(V ) + Sl
t,i(U).V

5.3 t-analogues des opérateurs d’écrantage pour Yt

5.3.1 Définition des opérateurs St,i

On considère le sous Z[t±]-module Π̂l
t,i(F̂t,i) de Y l

t,i. Il découle du fait que Π̂t est un
morphisme d’anneaux qui conserve les quantités ui,a :

Lemme 5.5. Les éléments de Π̂l
t,i(F̂t,i) sont les éléments de Y l

t,i de la forme (λm,a ∈ Z[t±]
presque tous nuls) :

∑

a∈C∗,m∈Π̂t(Â)

λm,am(A−1
i,aqi

t
2u

i,aq2
i
(m)

Si,aq2
i
− t2Si,a)

Soit à présent :

Ft,i =
∑

a∈C∗,m∈A

Z[t±].m(A−1
i,aqi

t
2u

i,aq2
i
(m)

Si,aq2
i
− t2Si,a)

C’est un sous Z[t±]-module de Y l
t,i qui contient Π̂l

t,i(F̂t,i),dont les éléments de Ft,i sont
caractérisés par l’écriture :

∑

a∈C∗

(A−1
i,aqi

Si,aq2
i
.Ua − t2Ua.Si,a) avec Ua ∈ Yt

Definition 5.6. On note Yt,i le Z[t±]-module quotient de Y l
t,i par Ft,i, et St,i l’application

obtenue à partir de S l
t,i par projection sur Yt,i.

Notons que Ft,i n’est pas un Yt-sous module de Y l
t,i, mais c’est une partie de Y l

t,i stable
par multiplication par des éléments de Z[Y ±j,a]j 6=i. En particulier on peut définir une mul-
tiplication à gauche sur Yt,i par les élements de Z[Y ±j,a]j 6=i. Elle commute alors avec la
projection pi de Y l

t,i sur Yt,i.

Proposition 5.7. Les applications Πl
t,i, Π̂

l
t,i donnent naturellement des applications

Πt,i, Π̂t,i rendant le diagramme suivant commutatif (les flêches sans nom représentent les
projections canoniques) :

Ŷ l
t,i −→ Ŷ1,i,t

Π̂l
t,i ↓ ↓ Π̂t,i

Y l
t,i −→ Yt,i

Πl
t,i ↓ ↓ Πt,i

Y l
i −→ Yi
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On a alors le diagramme commutatif suivant :

Ŷt
Ŝt,i
−→ Ŷt,i

Π̂t ↓ ↓ Π̂t,i

Yt
St,i
−→ Yt,i

Πt ↓ ↓ Πt,i

Y
Si−→ Yi

et :

Kt,i ⊂ Ker(St,i)

Démonstration :

Montrons le dernier point : Π̂t,i ◦ Ŝt,i = St,i ◦ Π̂t et K̂t,i ⊂ Ker(Ŝt,i) implique Π̂t(K̂t,i) ⊂
Ker(St,i). Soit alors m ∈ Bi qu’on décompose m = mi

∏
j 6=i

mj avec les mj ∈ Z[Y ±j,a]a∈C∗ . On

a :
E0,i(m) = E0,i(mi)

∏

j 6=i

mj

et comme pour tout a ∈ C∗, ui,a(
∏
j 6=i

mj) = 0, on a :

Sl
t,i(E0,i(m)) = (

∏

j 6=i

mj)S
l
t,i(E0,i(mi))

Alors pour la multiplication à gauche sur Yt,i par des éléments de Z[Y ±j,a]j 6=i, on a :

St,i(E0,i(m)) = (
∏

j 6=i

mj)St,i(E0,i(mi))

Mais comme m est i-dominant, on a mi =
∏

a∈C∗

Y
ui,a

i,a = Π̂t(
∏

a∈C∗

W
ui,a

i,a ) avec les ui,a =

ui,a(mi) ≥ 0. En conséquence :

E0,i(mi) = Π̂t(Ei(
∏

a∈C∗

W
ui,a

i,a )) ∈ Π̂t(K̂t,i) ⊂ Ker(St,i)

5.4 Remarques sur les opérateurs S ′t,i

Pour définir des E ′0,i(m) analogues des E0,i(m) relatifs à Π̂, on considère pour i ∈ I en
suivant [N2] φi : Kt,i → Yt telle que (m ∈ Bi) :

E0,i(m) =
∑

λM(t)M 7→
∑

λM(t)t−α(m,M)M
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avec pour M = m
∏

a∈C∗

A−ra
i,a (ra ≥ 0) qui intervient effectivement dans E0,i(m) :

α(m, M) =
∑

a∈C∗

ra(ui,aq−1
i

(m) + ui,aqi
(m)− ra − raq−2

i
)

On pose alors pour m ∈ Bi, E ′0,i(m) = φi(E0,i(m)), et :

Lemme 5.8. Dans le cas ADE, soit m ∈ B ′i. On a, si m = Π̂t(m
′), l’égalité :

E ′0,i(m) = t−d(m′ ,m′)Π̂(Ei(m
′))

On note alors K′t,i le Z[t±]-module engendré par les E0,i(m)′ avec m ∈ Bi.

Pour i ∈ I, on obtient de la même manière que dans le lemme 2.1 une décomposition :

Yt = K′t,i ⊕
⊕

m∈A−Bi

Z[t±]m = (
⊕

m∈Bi

Z[t±]E ′i,0(m))⊕ (
⊕

m∈A−Bi

Z[t±]m)

Dans le cas ADE, on a Π̂(K̂i) ⊂ K′t,i, on n’a pas égalité dans le cas général, mais :

Π̂(K̂t) =
⋂

i∈I

K′t,i

comme dans le lemme 5.2 et on notera K′t cette sous-partie de Yt. Alors on pose :

F ′t,i =
∑

a∈C∗,m∈A

Z[t±].m(A−1
i,aqi

t
u

i,aq2
i
(m)−ui,a(m)

Si,aq2
i
− tSi,a)

puis Y ′t,i = Y l
t,i/F

′
t,i, et S ′t,i la composée de S l

t,i avec la projection de Y l
t,i sur Y ′t,i.

Dans le cas ADE, on a Π̂l
t,i(F̂t,i) ⊂ F ′t,i, le diagramme commutatif :

Ŷt
Ŝt,i
−→ Ŷt,i

Π̂ ↓ ↓ Π̂i

Yt

S′
t,i
−→ Y ′t,i

Πt ↓ ↓ Π′t,i

Y
Si−→ Yi

et K′t,i ⊂ Ker(S ′t,i).

5.5 Noyau des t-opérateurs d’écrantage St,i

Théorème 5.1. On a Kt,i = Ker(St,i).
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On pourrait montrer ce résultat de la même manière que K̂t,i = Ker(Ŝt,i) en utilisant la
décomposition de Yt du lemme 2.1. Cette méthode permet aussi retrouver le résultat du
théorème 2.1 en utilisant la décomposition de Y :

Y = Ki ⊕
⊕

m∈A−Bi

Zm

On obtient également dans le cas ADE K′t,i = Ker(S ′t,i).

On peut également déduire le résultat du théorème 5.1 de celui du théorème 2.1 en notant :

Lemme 5.9. Le noyau de Πt est Ker(Πt) = (t− 1)Yt. Si α ∈ Y l
t,i vérifie (t− 1)α ∈ Ft,i

alors α ∈ Ft,i.

6 Compléments relatifs aux involutions

On définit ([N3]) sur Yt une involution par t = t−1, Y ±i,a = Y ±i,a, et sur Ŷt par :

t = t−1 , m = t2d(m,m)m (d bicaratère)

Dans le cas ADE avec dN , elle est anti multiplicative relativement à ∗ et commute avec
Π̂.

On étend ces involutions à Y l
t,i (respectivement à Ŷ l

t,i) en posant Si,a = t−2Si,a, soit

(Ua ∈ Yt resp ∈ Ŷt) : ∑

a∈C∗

UaSi,a =
∑

a∈C∗

t−2Si,aUa

Lemme 6.1. On a pour x ∈ Ŷt (y ∈ Yt), Sl
t,i(x) = Sl

t,i(x) (Ŝl
t,i(y) = Ŝl

t,i(y)). De plus

F̂t,i, F
′
t,i sont stables par les involutions correpondantes.

Démonstration :

Les deux résultats s’obtiennent de manière analogue, en considérant par exemple un
monôme a ∈ Yt :

Sl
t,i(λ(t)m)

= λ(t−1)(
∑

a∈C∗ui,a(m)≥0

(1 + t−2 + ... + t−2(ui,a(m)−1))t−2Si,am

+
∑

a∈C∗ui,a(m)<0

(t2 + ... + t−2ui,a(m))t−2Si,am)

= λ(t−1)m(
∑

a∈C∗ui,a(m)≥0

(t2(ui,a(m)−1) + ... + t2 + 1)Si,a

+
∑

a∈C∗ui,a(m)<0

(t2ui,a(m) + ... + t−2)Si,a)

= λ(t−1)Sl
t,i(m) = Sl

t,i(λ(t)m) Considérons ensuite, par exemple dans le cas ADE :

λ(t)m(Vi,aqi
t
2u

i,aq2
i
(m)

Si,aq2
i
− t2Si,a)
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= λ(t−1)t−4+2ui,a(m)m(A−1
i,aqi

t
u

i,aq2
i
(m)−ui,a(m)

Si,aq2
i
− tSi,a) ∈ F ′t,i

Ainsi Ŷt,i,Y ′t,i héritent d’involutions qui commutent avec les t-opérateurs d’écrantage.
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Deuxième partie

Algebraic approach to q, t-characters

Publié dans Advances in Mathematics

Référence : Adv. Math. 187 (2004), no. 1, 1–52

Résumé. Frenkel et Reshetikhin [FR3] ont introduit les q-caractères pour étudier
les représentations de dimension finie de l’algèbre affine quantique Uq(ĝ). Dans le cas
simplement lacé, Nakajima [N2, N3] a défini des déformations des q-caracères appelées
q, t-caractères. La définition est combinatoire mais la preuve de l’existence utilise la théorie
des variétés carquois qui n’existe que dans le cas simplement lacé. Dans cet article nous
proposons une nouvelle approche algébrique générale (non nécessairement simplement
lacée) pour les q, t-caractères, motivée par les opérateurs d’écrantage déformés [He1].
Les t-déformations sont déduites de la structure de Uq(ĝ) : le paramètre t est analogue
à la charge centrale c ∈ Uq(ĝ). Ainsi les q, t-caractères permettent de construire une
quantification de l’anneau de Grothendieck et des analogues généraux des polynômes de
Kazhdan-Lusztig dans le même esprit que Nakajima le fit pour le cas simplement lacé.

Abstract. Frenkel and Reshetikhin [FR3] introduced q-characters to study finite di-
mensional representations of the quantum affine algebra Uq(ĝ). In the simply laced case
Nakajima [N2, N3] defined deformations of q-characters called q, t-characters. The defini-
tion is combinatorial but the proof of the existence uses the geometric theory of quiver
varieties which holds only in the simply laced case. In this article we propose an alge-
braic general (non necessarily simply laced) new approach to q, t-characters motivated by
the deformed screening operators [He1]. The t-deformations are naturally deduced from
the structure of Uq(ĝ) : the parameter t is analog to the central charge c ∈ Uq(ĝ). The
q, t-characters lead to the construction of a quantization of the Grothendieck ring and to
general analogues of Kazhdan-Lusztig polynomials in the same spirit as Nakajima did for
the simply laced case.

1 Introduction

We suppose q ∈ C∗ is not a root of unity. In the case of a semi-simple Lie algebra g,
the structure of the Grothendieck ring Rep(Uq(g)) of finite dimensional representations of
the quantum algebra Uq(g) is well understood. It is analogous to the classical case q = 1.
In particular we have ring isomorphisms :

Rep(Uq(g)) ' Rep(g) ' Z[Λ]W ' Z[T1, ..., Tn]
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deduced from the injective homomorphism of characters χ :

χ(V ) =
∑

λ∈Λ

dim(Vλ)λ

where Vλ are weight spaces of a representation V and Λ is the weight lattice.

For the general case of Kac-Moody algebras the picture is less clear. In the affine case
Uq(ĝ), Frenkel and Reshetikhin [FR3] introduced an injective ring homomorphism of q-
characters :

χq : Rep(Uq(ĝ))→ Z[Y ±i,a]1≤i≤n,a∈C∗ = Y

The homomorphism χq allows to describe the ring

Rep(Uq(ĝ)) ' Z[Xi,a]i∈I,a∈C∗

where the Xi,a are fundamental representations. It particular Rep(Uq(ĝ)) is commutative.

The morphism of q-characters has a symmetry property analogous to the classical action
of the Weyl group Im(χ) = Z[Λ]W : Frenkel and Reshetikhin defined n screening operators
Si such that Im(χq) =

⋂
i∈I

Ker(Si) (the result was proved by Frenkel and Mukhin for the

general case in [FM1]).

In the simply laced case Nakajima introduced t-analogues of q-characters ([N2], [N3]) : it
is a Z[t±]-linear map

χq,t : Rep(Uq(ĝ))⊗Z Z[t±]→ Yt = Z[Y ±i,a, t
±]i∈I,a∈C∗

which is a deformation of χq and multiplicative in a certain sense. A combinatorial axio-
matic definition of q, t-characters is given. But the existence is non-trivial and is proved
with the geometric theory of quiver varieties which holds only in the simply laced case.

In [He1] we introduced t-analogues of screening operators Si,t such that in the simply
laced case : ⋂

i∈I

Ker(Si,t) = Im(χq,t)

It is a first step in the algebraic approach to q, t-characters proposed in this article : we
define and construct q, t-characters in the general (non necessarily simply laced) case. The
motivation of the construction appears in the non-commutative structure of the Cartan
subalgebra Uq(ĥ) ⊂ Uq(ĝ), the study of screening currents and of deformed screening
operators. In particular this article proves a conjecture that Nakajima made for the simply
laced case (remark 3.10 in [N3]) : there exists a purely combinatorial proof of the existence
of q, t-characters.

As an application we construct a deformed algebra structure, an involution of the Gro-
thendieck ring, and analogues of Kazhdan-Lusztig polynomials in the general case in the
same spirit as Nakajima did for the simply laced case.

This article is organized as follows : after some backgrounds in section 2, we define
a deformed non-commutative algebra structure on Yt = Z[Y ±i,a, t

±]i∈I,a∈C∗ (section 3) : it
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is naturally deduced from the relations of Uq(ĥ) ⊂ Uq(ĝ) (theorem 3.11) by using the
quantization in the direction of the central element c. In particular in the simply laced
case it can be used to construct the deformed multiplication of Nakajima [N3] (proposition
3.16) and of Varagnolo-Vasserot [VV3] (section 3.5.3).

This picture allows us to introduce the deformed screening operators of [He1] as commu-
tators of Frenkel-Reshetikhin’s screening currents of [FR2] (section 4). In [He1] we gave
explicitly the kernel of each deformed screening operator (theorem 4.10).

In analogy to the classical case where Im(χq) =
⋂
i∈I

Ker(Si), we have to describe the

intersection of the kernels of deformed screening operators. We introduce a completion
of this intersection (section 5.2) and give its structure in proposition 5.17. It is easy to
see that it is not too big (lemma 5.7) ; but the point is to prove that it contains enough
elements : it is the main result of our construction in theorem 5.11 which is crucial for us.
It is proved by induction on the rank n of g.

We define a t-deformed algorithm (section 5.7.1) analog to the Frenkel -Mukhin’s algo-
rithm [FM1] to construct q, t-characters in the completion of Yt. An algorithm was also
used by Nakajima in the simply laced case in order to compute the q, t-characters for
some examples ([N2]) assuming they exist (which was geometrically proved). Our aim is
different : we do not know a priori the existence in the general case. That is why we have
to show that the algorithm is well defined, never fails (lemma 5.22) and gives a convenient
element (lemma 5.23).

This construction gives q, t-characters for fundamental representations ; we deduce from
them the injective morphism of q, t-characters χq,t (definition 6.1). We study the properties
of χq,t (theorem 6.2). Some of them are generalization of the axioms that Nakajima defined
in the simply laced case ([N3]) ; in particular we have constructed the morphism of [N3].

We have some applications : the morphism gives a deformation of the Grothendieck ring
because the image of χq,t is a subalgebra for the deformed multiplication (section 6.2).
Moreover we define an antimultiplicative involution of the deformed Grothendieck ring
(section 6.3) ; the construction of this involution is motivated by the new point view
adopted in this paper : it is just replacing c by −c in Uq(ĝ). In particular we define
constructively analogues of Kazhdan-Lusztig polynomials and a canonical basis (theorem
6.9) motivated by the introduction of [N3]. We compute explicitly the polynomials for
some examples.

In section 7 we raise some questions : we conjecture3 that the coefficients of q, t-characters
of fundamental representations are in N[t±] ⊂ Z[t±]. In the ADE-case it a result of
Nakajima ; we give an alternative elementary proof for the A-cases in section 7.1. The
cases G2, B2, C2 are also checked in the appendix. The cases F4, Bn, Cn (n ≤ 10) have
been checked on a computer.

We also conjecture that the generalized analogues to Kazhdan-Lusztig polynomials
give at t = 1 the multiplicity of simple modules in standard modules. We propose some
generalizations and further applications which will be studied elsewhere.

3This conjecture is proved later in [He5].
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In the appendix we give explicit computations of q, t-characters for Lie algebras of rank
2. They are used in the proof of theorem 5.11.

2 Background

2.1 Cartan matrix

A generalized Cartan matrix of rank n is a matrix C = (Ci,j)1≤i,j≤n such that Ci,j ∈ Z
and (i 6= j) :

Ci,i = 2 , Ci,j ≤ 0 , Ci,j = 0⇔ Cj,i = 0

Let I = {1, ..., n}. We say that C is symmetrizable if there is a matrix D = diag(r1, ..., rn)
(ri ∈ N∗) such that B = DC is symmetric.

Let q ∈ C∗ be the parameter of quantization. In the following we suppose it is not a
root of unity. z is an indeterminate. If C is symmetrizable, let qi = qri , zi = zri and
C(z) = (C(z)i,j)1≤i,j≤n the matrix with coefficients in Z[z±] such that (i 6= j) :

C(z)i,j = [Ci,j]z , C(z)i,i = [Ci,i]zi
= zi + z−1

i

where for l ∈ Z we use the notation [l]z = zl−z−l

z−z−1 . In particular, the coefficients of C(z)
are symmetric Laurent polynomials (invariant under z 7→ z−1). We define the diagonal
matrix Di,j(z) = δi,j[ri]z and the matrix B(z) = D(z)C(z).

In the following we suppose that C is of finite type, in particular det(C) 6= 0. In this case
C is symmetrizable ; if C is indecomposable there is a unique choice of ri ∈ N∗ such that
r1 ∧ ... ∧ rn = 1. We have Bi,j(z) = [Bi,j]z and B(z) is symmetric. See [Bo] or [Kac] for a
classification of those finite Cartan matrices.

C is said to be simply-laced if r1 = ... = rn = 1. In this case C and C(z) = B(z) are
symmetric. In the classification those matrices are of type ADE.

Denote by U ⊂ Q(z) the subgroup Z-linearly spanned by the P (z)
Q(z−1)

such that P (z) ∈

Z[z±], Q(z) ∈ Z[z], the zeros of Q(z) are roots of unity and Q(0) = 1. It is a subring
of Q(z), and for R(z) ∈ U, m ∈ Z we have R(zm) ∈ U and R(qm) ∈ C makes sense. It
follows from lemma 1.1 of [FM1] that C(z) has inverse C̃(z) with coefficients of the form
R(z) ∈ U.

2.2 Finite quantum algebras

We refer to [R] for the definition of the finite quantum algebra Uq(g) associated to
a finite Cartan matrix, the definition and properties of the type 1-representations of
Uq(g), the Grothendieck ring Rep(Uq(g)) and the injective ring morphism of characters
χ : Rep(Uq(g))→ Z[y±i ].
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2.3 Quantum affine algebras

The quantum affine algebra associated to a finite Cartan matrix C is a C-algebra Uq(ĝ)

with generators x±i,m (i ∈ I, m ∈ Z), k±i (i ∈ I), hi,m (i ∈ I, m ∈ Z∗), central elements c±
1
2 .

We refer to [FR3] for the relations and the definition of the φ±i,m ∈ Uq(ĝ) (i ∈ I, m ∈ Z).
In particular we will use the relations :

[hi,m, hj,m′] = δm,−m′

1

m
[mBij]q

cm − c−m

q − q−1

One has an embedding Uq(g) ⊂ Uq(ĝ) and a Hopf algebra structure on Uq(ĝ) (see [FR3] for
example). The Cartan subalgebra Uq(ĥ) ⊂ Uq(ĝ) is the C-subalgebra of Uq(ĝ) generated
by the hi,m, c± (i ∈ I, m ∈ Z− {0}).

2.4 Finite dimensional representations of Uq(ĝ)

A finite dimensional representation V of Uq(ĝ) is called of type 1 if c acts as Id and V
is of type 1 as a representation of Uq(g). Denote by Rep(Uq(ĝ)) the Grothendieck ring of
finite dimensional representations of type 1. The operators {φ±i,±m, i ∈ I, m ∈ Z} commute
on a such V . So we have a pseudo-weight space decomposition :

V =
⊕

γ∈CI×Z×CI×Z

Vγ

where for γ = (γ+, γ−), Vγ is a simultaneous generalized eigenspace :

Vγ = {x ∈ V/∃p ∈ N, ∀i ∈ {1, ..., n}, ∀m ∈ Z, (φ±i,m − γ±i,m)p.x = 0}

The γ±i,m are called pseudo-eigen values of V .

Theorem 2.1. (Chari, Pressley [CP3, CP4]) Every simple representation V in
Rep(Uq(ĝ)) is a highest weight representation, that is to say there is v0 ∈ V (highest weight
vector) γ±i,m ∈ C (highest weight) such that :

V = Uq(ĝ).v0 , c
1
2 .v0 = v0

∀i ∈ I, m ∈ Z, x+
i,m.v0 = 0 , , φ±i,m.v0 = γ±i,mv0

Moreover we have an I-uplet (Pi(u))i∈I of (Drinfel’d-)polynomials such that Pi(0) = 1
and :

γ±i (u) =
∑

m∈N

γ±i,±mu± = q
deg(Pi)
i

Pi(uq−1
i )

Pi(uqi)
∈ C[[u±]]

and (Pi)i∈I parameterizes simple modules in Rep(Uq(ĝ)).

Theorem 2.2. (Frenkel, Reshetikhin [FR3]) The eigenvalues γi(u)± ∈ C[[u±]] of a
representation V ∈ Rep(Uq(ĝ)) have the form :

γ±i (u) = q
deg(Qi)−deg(Ri)
i

Qi(uq−1
i )Ri(uqi)

Qi(uqi)Ri(uq−1
i )

where Qi(u), Ri(u) ∈ C[u] and Qi(0) = Ri(0) = 1.
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Note that the polynomials Qi, Ri are uniquely defined by γ. Denote by Qγ,i, Rγ,i the
polynomials associated to γ.

2.5 q-characters

Let Y be the commutative ring Y = Z[Y ±i,a]i∈I,a∈C∗.

Definition 2.3. For V ∈ Rep(Uq(ĝ)) a representation, the q-character χq(V ) of V is :

χq(V ) =
∑

γ

dim(Vγ)
∏

i∈I,a∈C∗

Y
λγ,i,a−µγ,i,a

i,a ∈ Y

where for γ ∈ CI×Z × CI×Z, i ∈ I, a ∈ C∗ the λγ,i,a, µγ,i,a ∈ Z are defined by :

Qγ,i(z) =
∏

a∈C∗

(1− za)λγ,i,a , Rγ,i(z) =
∏

a∈C∗

(1− za)µγ,i,a

Theorem 2.4. (Frenkel, Reshetikhin [FR3]) The map χq : Rep(Uq(ĝ)) → Y is an
injective ring homomorphism and the following diagram is commutative :

Rep(Uq(ĝ))
χq
−→ Z[Y ±i,a]i∈I,a∈C∗

↓ res ↓ β

Rep(Uq(g))
χ
−→ Z[y±i ]i∈I

where β is the ring homomorphism such that β(Yi,a) = yi (i ∈ I, a ∈ C∗).

For m ∈ Y of the form m =
∏

i∈I,a∈C∗

Y
ui,a(m)
i,a (ui,a(m) ≥ 0), denote by Vm ∈ Rep(Uq(ĝ))

the simple module with Drinfel’d polynomials Pi(u) =
∏

a∈C∗

(1 − ua)ui,a(m). In particular

for i ∈ I, a ∈ C∗ let Vi,a = VYi,a
and Xi,a = χq(Vi,a). The simple modules Vi,a are called

fundamental representations.

Let Mm =
⊗

i∈I,a∈C∗

V
⊗ui,a(m)
i,a . It is called a standard module and his q-character is

∏
i∈I,a∈C∗

X
ui,a(m)
i,a .

Corollary 2.5. (Frenkel, Reshetikhin [FR3]) The ring Rep(Uq(ĝ)) is commutative and
isomorphic to Z[Xi,a]i∈I,a∈C∗.

Proposition 2.6. (Frenkel, Mukhin [FM1]) For i ∈ I, a ∈ C∗, we have Xi,a ∈
Z[Y ±

j,aql]j∈I,l≥0.

In particular for a ∈ C∗ we have an injective ring homomorphism :

χa
q : Repa = Z[Xi,aql ]i∈I,l∈Z → Ya = Z[Y ±

i,aql ]i∈I,l∈Z

For a, b ∈ C∗ let αb,a : Repa → Repb and βb,a : Ya → Yb be the canonical ring homomor-
phism. As a consequence of theorem 4.2 (or see [FR3, FM1]), we have βb,a ◦χ

a
q = χb

q ◦αb,a.
In particular it suffices to study χ1

q. In the following denote Rep = Rep1, Xi,l = Xi,ql,
Y = Y1 and χq = χ1

q : Rep→ Y.
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3 Twisted polynomial algebras related to quantum af-

fine algebras

The aim of this section is to define the t-deformed algebra Yt and to describe its
structure (theorem 3.11). We define the Heisenberg algebraH, the subalgebra Yu ⊂ H[[h]]
and eventually Yt as a quotient of Yu.

3.1 Heisenberg algebras related to quantum affine algebras

Definition 3.1. H is the C-algebra defined by generators ai[m] (i ∈ I, m ∈ Z − {0}),
central elements cr (r > 0) and relations (i, j ∈ I, m, r ∈ Z− {0}) :

[ai[m], aj[r]] = δm,−r(q
m − q−m)Bi,j(q

m)c|m|

This definition is motivated by the structure of Uq(ĝ) : in H the cr are algebraically
independent, but we have a surjective homomorphism from H to Uq(ĥ) such that ai[m] 7→

(q − q−1)hi,m and cr 7→
cr−c−r

r
.

For j ∈ I, m ∈ Z we set yj[m] =
∑
i∈I

C̃i,j(q
m)ai[m] ∈ H.

Lemma 3.2. We have the Lie brackets in H (i, j ∈ I, m, r ∈ Z) :

[ai[m], yj[r]] = (qmri − q−rim)δm,−rδi,jc|m|

[yi[m], yj[r]] = δm,−rC̃j,i(q
m)(qmrj − q−mrj )c|m|

Let π+ and π− be the C-algebra endomorphisms of H such that (i ∈ I, m > 0, r < 0) :

π+(ai[m]) = ai[m] , π+(ai[r]) = 0 , π+(cm) = 0

π−(ai[m]) = 0 , π−(ai[r]) = ai[r] , π−(cm) = 0

They are well-defined because the relations are preserved. We set H+ = Im(π+) ⊂ H and
H− = Im(π−) ⊂ H. Note that H+ (resp. H−) is the subalgebra of H generated by the
ai[m], i ∈ I, m > 0 (resp. m < 0). So H+ and H− are commutative algebras, and :

H+ ' H− ' C[ai[m]]i∈I,m>0

A product of the ai[m], cr is called a H-monomial.

Lemma 3.3. There is a unique C-linear endomorphism :: of H such that for all m H-
monomials : m := π+(m)π−(m).

In particular there is a triangular decomposition H ' H+ ⊗ C[cr]r>0 ⊗H−.

Proof : The H-monomials span the C-vector space H, so the map is unique. But there
are non trivial linear combinations between them because of the relations of H : it suffices
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to show that for m1, m2 H-monomials the definition of :: is compatible with the relations
(i, j ∈ I, l, k ∈ Z− {0}) :

m1ai[k]aj[l]m2 −m1aj[l]ai[k]m2 = δk,−l(q
k − q−k)Bi,j(q

k)m1c|k|m2

We can conclude because H+ and H− are commutative and :

π+(m1c|k|m2) = π−(m1c|k|m2) = 0

3.2 The deformed algebra Yu

3.2.1 Construction of Yu

Consider the C-algebra Hh = H[[h]] and the application exp : hHh → Hh. For l ∈ Z,
i ∈ I, introduce Ãi,l, Ỹi,l ∈ Hh such that :

Ãi,l = exp(
∑

m>0

hmai[m]qlm)exp(
∑

m>0

hmai[−m]q−lm)

Ỹi,l = exp(
∑

m>0

hmyi[m]qlm)exp(
∑

m>0

hmyi[−m]q−lm)

Note that Ãi,l and Ỹi,l are invertible in Hh. Recall the definition U ⊂ Q(z) of section 2.1.
For R ∈ U, introduce tR ∈ Hh :

tR = exp(
∑

m>0

h2mR(qm)cm)

Definition 3.4. Yu is the Z-subalgebra of Hh generated by the Ỹ ±i,l , Ã
±
i,l, tR (i ∈ I, l ∈

Z, R ∈ U).

In this section we give properties of Yu and subalgebras of Yu which will be useful in
section 3.3.

3.2.2 Relations in Yu

Lemma 3.5. We have the following relations in Yu (i, j ∈ I l, k ∈ Z) :

Ãi,lỸj,kÃ
−1
i,l Ỹ −1

j,k = tδi,j (z−ri−zri)(−z(l−k)+z(k−l)) (3)

Ỹi,lỸj,kỸ
−1
i,l Ỹ −1

j,k = tC̃j,i(z)(zrj−z−rj )(−z(l−k)+z(k−l)) (4)

Ãi,lÃj,kÃ
−1
i,l Ã−1

j,k = tBi,j (z)(z−1−z)(−z(l−k)+z(k−l)) (5)

Proof : For A, B ∈ hHh such that [A, B] ∈ hC[cr]r>0, we have :

exp(A)exp(B) = exp(B)exp(A)exp([A, B])

So a straightforward computation and lemma 3.2 give the result.
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3.2.3 Commutative subalgebras of Hh

The C-algebra endomorphisms π+, π− of H are naturally extended to C-algebra en-
domorphisms of Hh. As Yu ⊂ Hh, we have by restriction the Z-algebra morphisms
π± : Yu → Hh. Introduce Y = π+(Yu) ⊂ H+[[h]]. In this section 3.2.3 we study Y.
In particular we will see in proposition 3.8 that the notation Y is consistent with section
2.5. For i ∈ I, l ∈ Z, denote :

Y ±i,l = π+(Ỹ ±i,l ) = exp(±
∑

m>0

hmyi[m]qlm)

A±i,l = π+(Ã±i,l) = exp(±
∑

m>0

hmai[m]qlm)

Lemma 3.6. For i ∈ I, l ∈ Z, we have :

Ai,l = Yi,l−ri
Yi,l+ri

(
∏

j/Cj,i=−1

Y −1
j,l )(

∏

j/Cj,i=−2

Y −1
j,l+1Y

−1
j,l−1)(

∏

j/Cj,i=−3

Y −1
j,l+2Y

−1
j,l Y −1

j,l−2)

In particular Y is generated by the Y ±i,l (i ∈ I, l ∈ Z).

The formula already appeared in [FR3]. We have the last point because Yu is generated
by the Ỹ ±i,l , Ã

±
i,l, tR. We need a technical lemma to describe Y :

Lemma 3.7. Let J = {1, ..., r} and let Λ be the polynomial commutative algebra Λ =
C[λj,m]j∈J,m≥0. For R = (R1, ..., Rr) ∈ Ur, consider :

ΛR = exp(
∑

j∈J,m>0

hmRj(q
m)λj,m) ∈ Λ[[h]]

Then the (ΛR)R∈Ur are C-linearly independent. In particular the
Λj,l = Λ(0,...,0,zl,0,...,0) (j ∈ J , l ∈ Z) are C-algebraically independent.

Proof : Suppose we have a linear combination (µR ∈ C, only a finite number of µR 6= 0) :
∑

R∈Ur

µRΛR = 0

The coefficients of hL in ΛR are of the form

Rj1(q
l1)L1Rj2(q

l2)L2...RjN
(qlN )LN λL1

j1,l1
λL2

j2,l2
...λLN

jN ,lN

where l1L1 + ... + lNLN = L. So for N ≥ 0, j1, ..., jN ∈ J , l1, ..., lN > 0, L1, ..., LN ≥ 0 we
have : ∑

R∈Ur

µRRj1(q
l1)L1Rj2(q

l2)L2...RjN
(qlN )LN = 0

If we fix L2, ..., LN , we have for all L1 = l ≥ 0 :
∑

α1∈C

αl
1

∑

R∈Ur/Rj1
(ql1 )=α1

µRRj2(q
l2)L2 ...RjN

(qlN )LN = 0
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We get a Van der Monde system which is invertible, so for all α1 ∈ C :
∑

R∈Ur/Rj1
(ql1 )=α1

µRRj2(q
l2)L2 ...RjN

(qlN )lN = 0

By induction we get for r′ ≤ N and all α1, ..., αr′ ∈ C :
∑

R∈Ur/Rj1
(ql1 )=α1 ,...,Rj

r′
(ql

r′ )=αr′

µRRjr′+1
(qlr′+1)Lr′+1...RjN

(qlN )LN = 0

And so for r′ = N : ∑

R∈Ur/Rj1
(ql1 )=α1,...,RjN

(qlN )=αN

µR = 0

Let be S ≥ 0 such that for all µR, µR′ 6= 0, j ∈ J we have Rj −R′j = 0 or Rj − R′j has at
most S − 1 roots. We set N = Sr and :

((j1, l1), ..., (jS, lS)) = ((1, 1), (1, 2), ..., (1, S), (2, 1), ..., (2, S), (3, 1), ..., (r, S))

We get for all αj,l ∈ C (j ∈ J, 1 ≤ l ≤ S) :

∑

R∈Ur/∀j∈J,1≤l≤S,Rj(ql)=αj,l

µR = 0

It suffices to show that there is at most one term is this sum. But consider P, Q ∈ U such
that for all 1 ≤ l ≤ S, P (ql) = P ′(ql). As q is not a root of unity the ql are different and
P − P ′ has S roots, so is 0.

For the last assertion, we can write a monomial
∏

j∈J,l∈Z

Λ
uj,l

j,l = ΛP

l∈Z

u1,lzl,...,
P

l∈Z

ur,lzl. In parti-

cular there is no trivial linear combination between those monomials.

It follows from lemma 3.6 and lemma 3.7 :

Proposition 3.8. The Yi,l ∈ Y are Z-algebraically independent and generate the Z-algebra
Y. In particular, Y is the commutative polynomial algebra Z[Y ±i,l ]i∈I,l∈Z.

The A−1
i,l ∈ Y are Z-algebraically independent. In particular the subalgebra of Y generated

by the A−1
i,l is the commutative polynomial algebra Z[A−1

i,l ]i∈I,l∈Z.

3.2.4 Generators of Yu

The C-linear endomorphism :: of H is naturally extended to a C-linear endomorphism of
Hh. As Yu ⊂ Hh, we have by restriction a Z-linear morphism :: from Yu to Hh. We say
that m ∈ Yu is a Yu-monomial if it is a product of generators Ã±i,l, Ỹ

±
i,l , tR. In the following,

for a product of non commuting terms, denote
→∏

s=1..S

Us = U1U2...US.

Lemma 3.9. The algebra Yu is generated by the Ỹ ±i,l , tR (i ∈ I, l ∈ Z, R ∈ U).
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Proof : Let be i ∈ I, l ∈ Z. It follows from proposition 3.8 that π+(Ãi,l) is of the form

π+(Ãi,l) =
∏

i∈I,l∈Z

Y
ui,l

i,l and that : m :=:
→∏
l∈Z

∏
i∈I

Ỹ
ui,l

i,l :. So it suffices to show that for m a Yu-

monomial, there is a unique Rm ∈ U such that m = tRm : m :. Let us write m = tR
→∏

s=1..S

Us

where Us ∈ {Ã
±
i,l, Ỹ

±
i,l }i∈I,l∈Z are generators. Then :

: m := (
∏

s=1..S

π+(Us))(
∏

s=1..S

π−(Us))

And we can conclude because it follows from the proof of lemma 3.5 that for 1 ≤ s, s′ ≤ S,
there is Rs,s′ ∈ U such that

π+(Us)π−(Us′) = tRs,s′
π−(Us′)π+(Us)

In particular it follows from this proof that : Yu :⊂ Yu.

3.3 The deformed algebra Yt

Denote by Z((z−1)) the ring of series of the form P =
∑

r≤RP

Prz
r where RP ∈ Z and

the coefficients Pr ∈ Z. Recall the definition U of section 2.1. We have an embedding
U ⊂ Z((z−1)) by expanding 1

Q(z−1)
in Z[[z−1]] for Q(z) ∈ Z[z] such that Q(0) = 1. So we

can introduce maps :
πr : U→ Z , P =

∑

k≤RP

Pkz
k 7→ Pr

Definition 3.10. We define Yt (resp. Ht) as the algebra quotient of Yu (resp. Hh) by
relations :

tR = tR′ if π0(R) = π0(R
′)

We keep the notations Ỹ ±i,l , Ã
±
i,l for their image in Yt. Denote by t the image of t1 =

exp(
∑

m>0

h2mcm) in Yt. As π0 is additive, the image of tR in Yt is tπo(R). In particular Yt is

generated by the Ỹ ±i,l , Ã
±
i,l, t

±.

As the defining relations of Ht involve only the cl and π+(cl) = π−(cl) = 0, the algebra
endomorphisms π+, π− of Ht are well-defined. So we can define H+

t ,H−t ,Y+
t ,Y−t in the

same way as in section 3.2.3 and :: a C-linear endomorphism of Ht as in section 3.2.4. The
Z[t±]-subalgebra Yt ⊂ Ht verifies : Yt :⊂ Yt (proof of lemma 3.9). We have Y+

t ' Y. We
say that m ∈ Yt (resp. m ∈ Y) is a Yt-monomial (resp. a Y-monomial) if it is a product
of the generators Ỹ ±i,m, t± (resp. Y ±i,m).

Theorem 3.11. The algebra Yt is defined by generators Ỹ ±i,l (i ∈ I, l ∈ Z), central ele-
ments t± and relations (i, j ∈ I, k, l ∈ Z) :

Ỹi,lỸj,k = tγ(i,l,j,k)Ỹj,kỸi,l
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where γ : (I × Z)2 → Z is given by :

γ(i, l, j, k) =
∑

r∈Z

πr(C̃j,i(z))(−δl−k,−rj−r − δl−k,r−rj
+ δl−k,rj−r + δl−k,rj+r)

Proof : As the image of tR in Yt is tπo(R), we can deduce the relations from lemma 3.5.
For example we use formula 8 (p. 92) :

π0(C̃j,i(z)(zrj − z−rj )(−z(l−k) + z(k−l))) = γ(i, l, j, k)

It follows from lemma 3.6 that Yt is generated by the Ỹ ±i,l , t
±.

It follows from lemma 3.7 that the tR ∈ Yu (R ∈ U) are Z-linearly independent. So
the Z-algebra Z[tR]R∈U is defined by generators (tR)R∈U and relations tR+R′ = tRtR′ for
R, R′ ∈ U. In particular the image of Z[tR]R∈U in Yt is Z[t±].

Let A be the classes of Yt-monomials modulo tZ. So we have :
∑

m∈A

Z[t±].m = Yt

We prove the sum is direct : suppose we have a linear combination∑
m∈A

λm(t)m = 0 where λm(t) ∈ Z[t±]. We saw in proposition 3.8 that Y ' Z[Y ±i,l ]i∈I,l∈Z. So

λm(1) = 0 and λm(t) = (t−1)λ
(1)
m (t) where λ

(1)
m (t) ∈ Z[t±]. In particular

∑
m∈A

λm(t)(1)(t)m =

0 and we get by induction λm(t) ∈ (t− 1)rZ[t±] for all r ≥ 0. This is possible if and only
if all λm(t) = 0.

In the same way using the last assertion of proposition 3.8, we have :

Proposition 3.12. The sub Z[t±]-algebra of Yt generated by the Ã−1
i,l is defined by gene-

rators Ã−1
i,l , t± (i ∈ I, l ∈ Z) and relations :

Ã−1
i,l Ã−1

j,k = tα(i,l,j,k)Ã−1
j,kÃ

−1
i,l

where α : (I × Z)2 → Z is given by :

α(i, l, i, k) = 2(−δl−k,2ri
+ δl−k,−2ri

)

α(i, l, j, k) = 2
∑

r=Ci,j+1,Ci,j+3,...,−Ci,j−1

(−δl−k,−ri+r + δl−k,ri+r) (if i 6= j)

Moreover we have the following relations in Yt :

Ãi,lỸj,k = tβ(i,l,j,k)Ỹj,kÃi,l

where β : (I × Z)2 → Z is given by :

β(i, l, j, k) = 2δi,j(−δl−k,ri
+ δl−k,−ri

)
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3.4 Notations and technical complements

In this section we study some technical properties of the Y-monomials and the Yt-
monomials which will be used in the following. Denote by A the set of Y-monomials. It
is a Z-basis of Y (proposition 3.8). Let us define an analog Z[t±]-basis of Yt : denote A′

the set of Yt-monomials of the form m =: m :. It follows from theorem 3.11 that :

Yt =
⊕

m∈A′

Z[t±]m

The map π : A′ → A defined by π(m) = π+(m) is a bijection. In the following we identify
A and A′. In particular we have an embedding Y ⊂ Yt and an isomorphism of Z[t±]-
modules Y ⊗Z Z[t±] ' Yt. We say that χ1 ∈ Yt has the same monomials as χ2 ∈ Y if in
the decompositions χ1 =

∑
m∈A

λm(t)m, χ2 =
∑

m∈A

µmm we have λm(t) = 0⇔ µm = 0.

For m a Y-monomial we set ui,l(m) ∈ Z such that m =
∏

i∈I,l∈Z

Y
ui,l(m)
i,l and ui(m) =

∑
l∈Z

ui,l(m). For m a Yt-monomial, we set ui,l(m) = ui,l(π+(m)) and ui(m) = ui(π+(m)).

Note that ui,l is invariant by multiplication by t and compatible with the identification of
A and A′. Section 3.3 implies that for i ∈ I, l ∈ Z and m a Yt-monomial we have :

Ãi,lm = t−2ui,l−ri
(m)+2ui,l+ri

(m)mÃi,l

Denote by Bi ⊂ A the set of i-dominant Y-monomials, that is to say m ∈ Bi if ∀l ∈ Z,
ui,l(m) ≥ 0. For J ⊂ I denote by BJ =

⋂
i∈J

Bi the set of J-dominant Y-monomials. In

particular, B = BI is the set of dominant Y-monomials.

We recall that we can define a partial ordering on A by putting m ≤ m′ if there is
a Y-monomial M which is a product of A±i,l (i ∈ I, l ∈ Z) such that m = Mm′ (see
for example [He1]). A maximal (resp. lowest, higher...) weight Y-monomial is a maximal
(resp. minimal, higher...) element of A for this ordering. We deduce from π+ a partial
ordering on the Yt-monomials.

Following [FM1], a Y-monomial m is said to be right negative if the factors Yj,l appearing
in m, for which l is maximal, have negative powers. A product of right negative Y-
monomials is right negative. It follows from lemma 3.6 that the A−1

i,l are right negative. A
Yt-monomial is said to be right negative if π+(m) is right negative.

Lemma 3.13. Let (i1, l1), ..., (iK, lK) be in (I × Z)K . For U ≥ 0, the set of the m =∏
k=1...K

A
−vik,lk

(m)

ik ,lk
(vik ,lk(m) ≥ 0) such that min

i∈I,k∈Z

ui,k(m) ≥ −U is finite.

Proof : Suppose it is not the case : let be (mp)p≥0 such that min
i∈I,k∈Z

ui,k(mp) ≥ −U but
∑

k=1...K

vik ,lk(mp) →
p→∞

+∞. So there is at least one k such that

vik,lk(mp) →
p→∞

+∞. Denote by R the set of such k. Among those k ∈ R, such that

lk is maximal suppose that rik is maximal (recall the definition of ri in section 2.1). In
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particular, we have uik,lk+rik
(mp) = −vik ,lk(mp) + f(p) where f(p) depends only of the

vik′ ,lk′
(mp), k′ /∈ R. In particular, f(p) is bounded and uik,lk+rik

(mp) →
p→∞

−∞.

Lemma 3.14. For M ∈ B, K ≥ 0 the following set is finite :

{MA−1
i1,l1

...A−1
iR,lR

/R ≥ 0, l1, ..., lR ≥ K} ∩ B

Proof : Let us write M = Yi1,l1...YiR,lR such that l1 = min
r=1...R

lr, lR = max
r=1...R

lr and consider

m in the set. It is of the form m = MM ′ where M ′ =
∏

i∈I,l≥K

A
−vi,l

i,l (vi,l ≥ 0). Let L =

max{l ∈ Z/∃i ∈ I, ui,l(M
′) < 0}. M ′ is right negative so for all i ∈ I, l > L ⇒ vi,l = 0.

But m is dominant, so L ≤ lR. In particular M ′ =
∏

i∈I,K≤l≤lR

A
−vi,l

i,l . It suffices to prove

that the vi,l(mr) are bounded under the condition m dominant. This follows from lemma
3.13.

3.5 Presentations of deformed algebras

Our construction of Yt using Hh (section 3.3) is a “concrete” presentation of the defor-
med structure. Let us look at another approach : in this section we define two bicharacters
N ,Nt related to basis of Yt. All the information of the multiplication of Yt is contained is
those bicharacters because we can construct a deformed ∗ multiplication on the “abstract”
Z[t±]-module Y ⊗Z Z[t±] by putting for m1, m2 ∈ A Y-monomials (for example with N ) :

m1 ∗m2 = tN (m1,m2)−N (m2,m1)m2 ∗m1

Those presentations appeared earlier in other papers [N3, VV3] for the simply laced case.
In particular this section identifies our approach with those articles and gives an algebraic
motivation of the deformed structures of [N3, VV3] related to the structure of Uq(ĝ).

3.5.1 The bicharacters N and Nt

It follows from the proof of lemma 3.9 that for m a Yt-monomial, there is N(m) ∈ Z
such that m = tN(m) : m :. For m1, m2 Yt-monomials we define

N (m1, m2) = N(m1m2)−N(m1)−N(m2)

We have N(Yi,l) = N(Ai,l) = 0. Note that for α, β ∈ Z we have N(tαm) = α + N(m) and
N (tαm1, t

βm2) = N (m1, m2). In particular the map N : A× A → Z is well-defined and
independent of the choice of a representant in π−1

+ (A).

Lemma 3.15. The map N : A×A→ Z is a bicharacter, that is to say for m1, m2, m3 ∈ A,
we have :

N (m1m2, m3) = N (m1, m3) +N (m2, m3)

N (m1, m2m3) = N (m1, m2) +N (m1, m3)
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Moreover for m1, ..., mk Yt-monomials, we have :

N(m1m2...mk) = N(m1) + N(m2) + ... + N(mk) +
∑

1≤i<j≤k

N (mi, mj)

Proof : It is a consequence of the relations (m1, m2 Yt-monomials) :

π−(m1)π+(m2) = tN (m1,m2)π+(m2)π−(m1)

For m a Yt-monomial and l ∈ Z, denote πl(m) =
∏
j∈I

Ỹ
uj,l(m)

j,l . It is well defined because for

i, j ∈ I and l ∈ Z we have Ỹi,lỸj,l = Ỹj,lỸi,l (theorem 3.11). For m a Yt-monomial denote

m̃ =
→∏
l∈Z

πl(m), and At the set of Yt-monomials of the form m̃. From theorem 3.11 there is

a unique Nt(m) ∈ Z such that m = tNt(m)m̃, and :

Yt =
⊕

m∈At

Z[t±]m

We define Nt : A × A → Z as N and we have analogues result of lemma 3.15 for Nt

because (m1, m2 Yt-monomials) :

Nt(m1, m2) =
∑

l>l′

(N (πl(m1), πl′(m2))−N (πl′(m2), πl(m1)))

3.5.2 Presentation related to the basis At and identification with [N3]

We suppose we are in the ADE-case.

Let m1 =:
∏

i∈I,l∈Z

Ỹ
yi,l

i,l Ã
−vi,l

i,l :, m2 =:
∏

i∈I,l∈Z

Ỹ
y′

i,l

i,l Ã
−v′i,l
i,l :∈ Yt. We set my

1 =:
∏

i∈I,l∈Z

Ỹ
yi,l

i,l : and

my
2 =:

∏
i∈I,l∈Z

Ỹ
y′

i,l

i,l :.

Proposition 3.16. We have Nt(m1, m2) = Nt(m
y
1, m

y
2) + 2d(m1, m2), where :

d(m1, m2) =
∑

i∈I,l∈Z

vi,l+1u
′
i,l + yi,l+1v

′
i,l =

∑

i∈I,l∈Z

ui,l+1v
′
i,l + vi,l+1y

′
i,l

where ui,l = yi,l − vi,l−1 − vi,l+1 +
∑

j/Ci,j=−1

vj,l and u′i,l = y′i,l − v′i,l−1 − v′i,l+1 +
∑

j/Ci,j=−1

v′j,l.

Proof :

First note that we have (i ∈ I, l ∈ Z) :

Nt(Yi,l, A
−1
i,l−1) = Nt(A

−1
i,l+1, Yi,l) = Nt(A

−1
i,l+1, Yi,l) = 2

Nt(Y
−1
i,l+1, Y

−1
i,l−1) = Nt(A

−1
i,l+1, A

−1
i,l−1) = −2
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We have Nt(m1, m2) = A + B + C + D where :

A = Nt(m
y
1, m

y
2)

B =
∑

i,j∈I,l,k∈Z

yi,lv
′
j,kNt(Yi,l, A

−1
j,k) = 2

∑
i∈I,l∈Z

yi,lv
′
i,l−1

C =
∑

i,j∈I,l,k∈Z

vi,ly
′
j,kNt(A

−1
i,l , Yj,k) = 2

∑
i∈I,l∈Z

vi,l+1y
′
i,l

D =
∑

i,j∈I,l,k∈Z

vi,lv
′
j,kNt(A

−1
i,l , A−1

j,k)

= −2
∑

i∈I,l∈Z

(vi,l+1v
′
i,l−1 + vi,lvi,l′) + 2

∑
Cj,i=−1,l∈Z

vi,l+1v
′
j,l

And we have the annonced formula for B + C + D.

The bicharacter d was introduced for the ADE-case by Nakajima in [N3] motivated by
geometry. It particular this proposition 3.16 gives a new motivation for this deformed
structure.

3.5.3 Presentation related to the basis A and identification with [VV3]

Lemma 3.17. For m1, m2 ∈ A, we have :

N (m1, m2) =
∑

i,j∈I,l,k∈Z

ui,l(m1)uj,k(m2)((C̃j,i(z))rj+l−k − (C̃j,i(z))−rj+l−k)

Proof : Indeed we have Ỹi,lỸj,k = tC̃j,i(z)zk−l(z−rj−zrj ) : Ỹi,lỸj,k :.

In sl2-case we have C(z) = z + z−1 and C̃(z) = 1
z+z−1 =

∑
r≥0

(−1)rz−2r−1. So ỸlỸk = ts :

ỸlỸk : where :

s = 0 if l − k = 1 + 2r, r ∈ Z

s = 0 if l − k = 2r, r > 0

s = 2(−1)r+1 if l − k = 2r, r < 0

s = −1 if l = k

It is analogous to the multiplication introduced for the ADE-case by
Varagnolo-Vasserot (see the notations in [VV3]) :

Yi,lYj,m = t
2ε

zlωi,zmωj
−2ε

zmωj,zlωiYj,mYi,l , ελ,µ = π0((z
−1Ω−1(λ̄)|µ))

But we have εzlωi,zmωj
= (C̃i,j(z))l+1−m and if we set ε′λ,µ = π0((zΩ−1(λ̄)|µ)) then we have

ε′
zlωi,zmωj

= (C̃i,j(z))l−1−m and

εzlωi,zmωj
− ε′zlωi,zmωj

= N (Yi,l, Yj,m)
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4 Deformed screening operators

Motivated by the screening currents of [FR2] we give in this section a “concrete”
approach to deformations of screening operators. In particular the t-analogues of screening
operators defined in [He1] will appear as commutators in Hh. Let us begin with some
background about classical screening operators.

4.1 Reminder : classical screening operators ([FR3, FM1])

4.1.1 Classical screening operators and symmetry property of q-characters

Definition 4.1. The ith-screening operator is the Z-linear map defined by :

Si : Y → Yi =

⊕
l∈Z

Y.Si,l

∑
l∈Z

Y.(Si,l+2ri
− Ai,l+ri

.Si,l)

∀m ∈ A, Si(m) =
∑

l∈Z

ui,l(m)Si,l

Note that the ith-screening operator can also be defined as the derivation such that Si(1) =
0 and Si(Yj,l) = δi,jYi,l.Si,l (j ∈ I, l ∈ Z).

Theorem 4.2. (Frenkel, Reshetikhin, Mukhin [FR3, FM1]) The image of χq :
Z[Xi,l]i∈I,l∈Z → Y is :

Im(χq) =
⋂

i∈I

Ker(Si)

It is analogous to the classical symmetry property of χ : Im(χ) = Z[y±i ]Wi∈I .

4.1.2 Structure of the kernel of Si

Let Ki = Ker(Si). It is a Z-subalgebra of Y.

Theorem 4.3. (Frenkel, Reshetikhin, Mukhin [FR3],[FM1]) The Z-subalgebra Ki of
Y is generated by the Yi,l(1 + A−1

i,l+ri
), Y ±j,l (j 6= i, l ∈ Z).

For m ∈ Bi, let Ei(m) = m
∏
l∈Z

(1 + Ai,l+ri

−1)ui,l(m) ∈ Ki.

Corollary 4.4. The Z-module Ki is freely generated by the Ei(m) (m ∈ Bi).
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4.1.3 Examples in the sl2-case

We suppose in this section that g = sl2. For m ∈ B, let L(m) = χq(Vm) be the
q-character of the Uq(ŝl2)-irreducible representation of highest weight m. In particular
L(m) ∈ K and K =

⊕
m∈B

ZL(m).

In [FR3] an explicit formula for L(m) is given : a σ ⊂ Z is called a 2-segment if σ is
of the form σ = {l, l + 2, ..., l + 2k}. Two 2-segment are said to be in special position if
their union is a 2-segment that properly contains each of them. All finite subset of Z with
multiplicity (l, ul)l∈Z (ul ≥ 0) can be broken in a unique way into a union of 2-segments
which are not in pairwise special position.

For m ∈ B we decompose m =
∏
j

∏
l∈σj

Yl ∈ B where the (σj)j is the decomposition of

the (l, ul(m))l∈Z. We have L(m) =
∏
j

L(
∏

l∈σj

Yl). So it suffices to give the formula for a

2-segment :

L(YlYl+2Yl+4...Yl+2k) = YlYl+2Yl+4...Yl+2k + YlYl+2...Yl+2(k−1)Y
−1
l+2(k+1)

+YlYl+2...Yl+2(k−2)Y
−1
l+2kY

−1
l+2(k+1) + ... + Y −1

l+2Y
−1
l+2...Y

−1
l+2(k+1)

We say that m is irregular if there are j1 6= j2 such that :

σj1 ⊂ σj2 and σj1 + 2 ⊂ σj2

Lemma 4.5. (Frenkel, Reshetikhin [FR3]) There is a dominant Y-monomial other
than m in L(m) if and only if m is irregular.

4.1.4 Complements : another basis of Ki

Let us go back to the general case. Let Ysl2 = Z[Y ±l ]l∈Z the ring Y for the sl2-
case. Let i be in I and for 0 ≤ k ≤ ri − 1, let ωk : A → Ysl2 be the map defined by

ωk(m) =
∏
l∈Z

Y
ui,k+lri

(m)

l and νk : Z[(Yl−1Yl+1)
−1]l∈Z → Y be the ring homomorphism such

that νk((Yl−1Yl+1)
−1) = A−1

i,k+lri
. For m ∈ Bi, ωk(m) is dominant in Ysl2 and so we can

define L(ωk(m)) (see section 4.1.3). We have L(ωk(m))ωk(m)−1 ∈ Z[(Yl−1Yl+1)
−1]l∈Z. We

introduce :
Li(m) = m

∏

0≤k≤ri−1

νk(L(ωk(m))ωk(m)−1) ∈ Ki

In analogy with the corollary 4.4 we have Ki =
⊕

m∈Bi

ZLi(m) ' Z(Bi).

4.2 Screening currents

Following [FR2], for i ∈ I, l ∈ Z, introduce S̃i,l ∈ Hh :

S̃i,l = exp(
∑

m>0

hm ai[m]

qm
i − q−m

i

qlm)exp(
∑

m>0

hm ai[−m]

q−m
i − qm

i

q−lm)
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Lemma 4.6. We have the following relations in Hh :

Ãi,lS̃i,l−ri
= t−z−2ri−1S̃i,l+ri

S̃i,lÃj,k = tCi,j (z)(z(k−l)+z(l−k))Ãj,kS̃i,l

S̃i,lỸj,k = tδi,j (z(k−l)+z(l−k))Ỹj,kS̃i,l

The proof is a straightforward computation as for lemma 3.5.

4.3 Deformed bimodules

In this section we define and study a t-analogue Yi,t of the module Yi.

For i ∈ I, let Yi,u be the sub Yu-left-module of Hh generated by the S̃i,l (l ∈ Z). It follows
from lemma 4.6 that (S̃i,l)−ri≤l<ri

generate Yi,u and that it is also a subbimodule of Hh.
Denote by S̃i,l ∈ Ht the image of S̃i,l ∈ Hh in Ht.

Definition 4.7. Yi,t is the sub left-module of Ht generated by the S̃i,l (l ∈ Z).

In particular it is the image of Yi,u in Ht. It follows from lemma 4.6 that for l ∈ Z, we
have in Yi,t :

Ãi,lS̃i,l−ri
= t−1S̃i,l+ri

So Yi,t is generated by the (S̃i,l)−ri≤l<ri
. It follows from lemma 4.6 that for m a Yt-

monomial
S̃i,l.m = t2ui,l(m)m.S̃i,l

and so Yi,t a sub Yt-bimodule of Ht.

Proposition 4.8. The Yt-left-module Yi,t is freely generated by (S̃i,l)−ri≤l<ri
.

Proof : We saw that (S̃i,l)−ri≤l<ri
generate Yi,t. We prove they are Yt-linearly inde-

pendent : for (R1, ..., Rn) ∈ Un, introduce :

YR1,...,Rn = exp(
∑

m>0,j∈I

hmyj[m]Rj(q
m)) ∈ H+

t

It follows from lemma 3.7 that the (YR)R∈Un are Z-linearly independent. Note that we have
π+(Yi,t) ⊂

⊕
R∈Un

ZYR and that Y =
⊕

R∈Z[z±]n
ZYR. Suppose we have a linear combination

(λr ∈ Yt) λ−ri
S̃i,−ri

+ ... + λri−1S̃i,ri−1 = 0. Introduce µk,R ∈ Z such that π+(λk) =∑
R∈Z[z±]n

µk,RYR and

Ri,k = (R1
i,k(z), ..., Rn

i,k(z)) ∈ Un such that π+(S̃i,k) = YRi,k
. If we apply π+ to the linear

combination, we get : ∑

R∈Z[z±]n,−ri≤k≤ri−1

µk,RYRYRi,k
= 0
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and we have for all R′ ∈ U :
∑

−ri≤k≤ri−1/R′−Ri,k∈Z[z±]n

µk,R′−Ri,k
= 0

Suppose we have −ri ≤ k1 6= k2 ≤ ri − 1 such that R′ − Ri,k1, R
′ − Ri,k2 ∈ Z[z±]n. So

Ri,k1 − Ri,k2 ∈ Z[z±]n. But ai[m] =
∑
j∈I

Cj,i(q
m)yj[m], so for j ∈ I :

Cj,i(z)
zk1 − zk2

zri − z−ri
= (Rj

i,k1
(z)−Rj

i,k2
(z)) ∈ Z[z±]

In particular for j = i we have Ci,i(z) zk1−zk2

zri−z−ri
= (zri+z−ri)(zk1−zk2)

zri−z−ri
∈ Z[z±]. This is impos-

sible because |k1 − k2| < 2ri. So we have only one term in the sum and all µk,R = 0. So
π+(λk) = 0, and λk ∈ (t− 1)Yt. We have by induction for all m > 0, λk ∈ (t− 1)mYt. It
is possible if and only if λk = 0.

Denote by Yi the Y-bimodule π+(Yi,t). It is consistent with section 4.1.

4.4 t-analogues of screening operators

We introduced t-analogues of screening operators in [He1]. The picture of the last
section enables us to define them from a new point of view. For m a Yt-monomial, we
have :

[S̃i,l, m] = S̃i,lm−mS̃i,l = (t2ui,l(m) − 1)mS̃i,l = tui,l(m)(t− t−1)[ui,l(m)]tmS̃i,l

So for λ ∈ Yt we have [S̃i,l, λ] ∈ (t2 − 1)Yi,t, and [S̃i,l, λ] 6= 0 only for a finite number of
l ∈ Z. So we can define :

Definition 4.9. The ith t-screening operator is the map Si,t : Yt → Yi,t such that (λ ∈
Yt) :

Si,t(λ) =
1

t2 − 1

∑

l∈Z

[S̃i,l, λ] ∈ Yi,t

In particular, Si,t is Z[t±]-linear and a derivation. It is the map of [He1]. For m a Yt-
monomial, we have :

π+(Si,t(m)) = π+(tui,l(m)−1[ui,l(m)]t)π+(mS̃i,l) = ui,l(m)π+(mS̃i,l)

and so π+ ◦ Si,t = Si ◦ π+.

4.5 Kernel of deformed screening operators

4.5.1 Structure of the kernel

We proved in [He1] a t-analogue of theorem 4.3 :
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Theorem 4.10. ([He1]) The kernel of the ith t-screening operator Si,t is the Z[t±]-
subalgebra of Yt generated by the Ỹi,l(1 + tÃ−1

i,l+ri
), Ỹ ±j,l (j 6= i, l ∈ Z).

Proof : For the first inclusion we compute :

Si,t(Ỹi,l(1 + tÃ−1
i,l+ri

)) = Ỹi,lS̃i,l + tỸi,lÃ
−1
i,l+ri

(−t−2)S̃i,l+2ri
= 0

For the other inclusion we refer to [He1].

Let Ki,t = Ker(Si,t). It is a Z[t±]-subalgebra of Yt. In particular we have π+(Ki,t) = Ki

(consequence of theorem 4.3 and 4.10).

For m ∈ Bi introduce : (recall that
→∏
l∈Z

Ul means ...U−1U0U1U2...) :

Ei,t(m) =
→∏

l∈Z

((Ỹi,l(1 + tÃ−1
i,l+ri

))ui,l(m)
∏

j 6=i

Ỹ
uj,l(m)

j,l )

It is well defined because it follows from theorem 3.11 that for j 6= i, l ∈ Z, (Ỹi,l(1 +
tÃ−1

i,l+ri
)) and Ỹj,l commute. For m ∈ Bi, the formula shows that the Yt-monomials of

Ei,t(m) are the Y-monomials of Ei(m) (with identification by π+). Such elements were
used in [N3] for the ADE case. The theorem 4.10 allows us to describe Ki,t :

Corollary 4.11. For all m ∈ Bi, we have Ei,t(m) ∈ Ki,t. Moreover :

Ki,t =
⊕

m∈Bi

Z[t±]Ei,t(m) ' Z[t±](Bi)

Proof : First Ei,t(m) ∈ Ki,t as product of elements of Ki,t. We show easily that the
Ei,t(m) are Z[t±]-linearly independent by looking at a maximal Yt-monomial in a linear
combination.

Let us prove that the Ei,t(m) are Z[t±]-generators of Ki,t : for a product χ of the algebra-
generators of theorem 4.10, let us look at the highest weight Yt-monomial m. Then Ei,t(m)
is this product up to the order in the multiplication. But for p = 1 or p ≥ 3, Yi,lYi,l+pri

is
the unique dominant Y-monomial of Ei(Yi,l)Ei(Yi,l+pri

), so :

Ỹi,l(1 + tÃ−1
i,l+ri

)Ỹi,l+pri
(1 + tÃ−1

i,l+pri+ri
) ∈ tZỸi,l+pri

(1 + tÃ−1
i,l+pri+ri

)Ỹi,l(1 + tÃ−1
i,l+ri

)

And for p = 2 :

Ỹi,l(1 + tÃ−1
i,l+ri

)Ỹi,l+2ri
(1 + tÃ−1

i,l+3ri
)− Ỹi,l+2ri

(1 + tÃ−1
i,l+3ri

)Ỹi,l(1 + tÃ−1
i,l+ri

)

∈ Z[t±] + tZỸi,l(1 + tÃ−1
i,l+ri

)Ỹi,l+2ri
(1 + tÃ−1

i,l+3ri
)
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4.5.2 Elements of Ki,t with a unique i-dominant Yt-monomial

Proposition 4.12. For m ∈ Bi, there is a unique Fi,t(m) ∈ Ki,t such that m is the unique
i-dominant Yt-monomial of Fi,t(m). Moreover :

Ki,t =
⊕

m∈Bi

Fi,t(m)

Proof : It follows from corollary 4.11 that an element of Ki,t has at least one i-dominant
Yt-monomial. In particular we have the uniqueness of Fi,t(m).

For the existence, let us look at the sl2-case. Let m be in B. It follows from the lemma
3.14 that {MA−1

i1 ,l1
...A−1

iR,lR
/R ≥ 0, l1, ..., lR ≥ l(M)} ∩ B is finite (where l(M) = min{l ∈

Z/∃i ∈ I, ui,l(M) 6= 0}). We define on this set a total ordering compatible with the partial
ordering : mL = m > mL−1 > ... > m1. Let us prove by induction on l the existence of
Ft(ml). The unique dominant Yt-monomial of Et(m1) is m1 so Ft(m1) = Et(m1). In general
let λ1(t), ..., λl−1(t) ∈ Z[t±] be the coefficient of the dominant Yt-monomials m1, ..., ml−1

in Et(ml). We put :
Ft(ml) = Et(ml)−

∑

r=1...l−1

λr(t)Ft(mr)

Notice that this construction gives Ft(m) ∈ mZ[Ã−1
l , t±]l∈Z.

For the general case, let i be in I and m be in Bi. Consider ωk(m) as in section 4.1.4.
The study of the sl2-case allows us to set χk = ωk(m)−1Ft(ωk(m)) ∈ Z[Ã−1

l , t±]l. And
using the Z[t±]-algebra homomorphism νk,t : Z[Ã−1

l , t±]l∈Z → Z[Ã−1
i,l , t±]i∈I,l∈Z defined by

νk,t(Ã
−1
l ) = Ã−1

i,k+lri
, we set (the terms of the product commute) :

Fi,t(m) = m
∏

0≤k≤ri−1

νk,t(χk) ∈ Ki,t

For the last assertion, we have Ei,t(m) =
∑

l=1...L

λl(t)Fi,t(ml) where m1, ..., mL are the

i-dominant Yt-monomials of Ei,t(m) with coefficients λ1(t), ..., λL(t) ∈ Z[t±].

In the same way there is a unique Fi(m) ∈ Ki such that m is the unique i-dominant
Y-monomial of Fi(m). Moreover Fi(m) = π+(Fi,t(m)).

4.5.3 Examples in the sl2-case

In this section we suppose that g = sl2 and we compute Ft(m) = F1,t(m) in some
examples with the help of section 4.1.3.

Lemma 4.13. Let σ = {l, l + 2, ..., l + 2k} be a 2-segment and
mσ = ỸlỸl+2...Ỹl+2k ∈ B. Then Ft(mσ) is equal to :

mσ(1 + tÃ−1
l+2k+1 + t2Ã−1

l+(2k+1)Ã
−1
l+(2k−1) + ... + tkÃ−1

l+(2k+1)Ã
−1
l+(2k−1)...Ã

−1
l+1)

If σ1, σ2 are 2-segments not in special position, we have :

Ft(mσ1)Ft(mσ2) = tN (mσ1 ,mσ2 )−N (mσ2 ,mσ1)Ft(mσ2)Ft(mσ1)
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If σ1, ..., σR are 2-segments such that mσ1 ...mσr is regular, we have :

Ft(mσ1 ...mσR
) = Ft(mσ1)...Ft(mσR

)

In particular if m ∈ B verifies ∀l ∈ Z, ul(m) ≤ 1 then it is of the form m = mσ1 ...mσR

where the σr are 2-segments such that max(σr)+ 2 < min(σr+1). So the lemma 4.13 gives
an explicit formula Ft(m) = Ft(mσ1)...Ft(mσR

).

Proof : First we need some relations in Y1,t : we know that for l ∈ Z we have tS̃l−1 =
Ã−1

l S̃l+1 = t2S̃l+1Ã
−1
l , so t−1S̃l−1 = S̃l+1Ã

−1
l . So we get by induction that for r ≥ 0

t−rS̃l+1−2r = S̃l+1Ã
−1
l Ã−1

l−2...Ã
−1
l−2(r−1). As

ui,l+1(Ã
−1
l Ã−1

l−2...Ã
−1
l−2(r−1)) = ui,l+1(Ã

−1
l ) = −1, we get :

t−rS̃l+1−2r = t−2Ã−1
l Ã−1

l−2...Ã
−1
l−2(r−1)S̃l+1

For r′ ≥ 0, by multiplying on the left by Ã−1
l+2r′Ã

−1
l+2(r′−1)...Ã

−1
l+2 and puting r′ = 1+R′, r =

R−R′, l = L− 1− 2R′, we get for 0 ≤ R′ ≤ R :

tR
′

Ã−1
L+1Ã

−1
L−1...Ã

−1
L+1−2R′ S̃L−2R = tR−2Ã−1

L+1Ã
−1
L−1...Ã

−1
L+1−2RS̃L−2R′

Now let be m = Ỹ0Ỹ2...Ỹl and χ ∈ Yt given by the formula in the lemma. The last remark
enables us to compute S̃t(χ) = 0. So χ ∈ Kt. But we see on the formula that m is the
unique dominant monomial of χ. So χ = Ft(m).

For the second point, we have two cases :

if mσ1mσ2 is regular, it follows from lemma 4.5 that L(mσ1)L(mσ2) has no dominant
monomial other than mσ1mσ2 . But our formula shows that Ft(mσ1) (resp. Ft(mσ2)) has
the same monomials than L(mσ1) (resp. L(mσ2)). So

Ft(mσ1)Ft(mσ2)− tN (mσ1 ,mσ2 )−N (mσ2 ,mσ1 )Ft(mσ2)Ft(mσ1)

has no dominant Yt-monomial.

if mσ1mσ2 is irregular, we have for example σj1 ⊂ σj2 and σj1 + 2 ⊂ σj2. Let us write
σj1 = {l1, l1+2, ..., , p1} and σj2 = {l2, l2+2, ..., , p2}. So we have l2 ≤ l1 and p1 ≤ p2−2. Let
m = m1m2 be a dominant Y-monomial of L(mσ1mσ2) = L(mσ1)L(mσ2) where m1 (resp.
m2) is a Y-monomial of L(mσ1) (resp. L(mσ2)). If m2 is not mσ2 , we have Y −1

p2
in m2 which

can not be canceled by m1. So m = m1mσ2 . Let us write m1 = mσ1A
−1
p1+1...A

−1
p1+1−2r. So we

just have to prove [Ã−1
p1+1...Ã

−1
p1+1−2r, mσ2 ] = 0. This follows from (l ∈ Z) : Ã−1

l Ỹl−1Ỹl+1 =

Ỹl−1Ỹl+1Ã
−1
l . For the last assertion it suffices to show that Ft(mσ1)...Ft(mσR

) has a unique
dominant Yt-monomial than mσ1 ...mσR

. But Ft(mσ1)...Ft(mσR
) has the same monomials

than L(mσ1)...L(mσR
) = L(mσ1 ...mσR

) and mσ1 ...mσR
is regular.

4.5.4 Technical complements

Let us go back to the general case. We give some technical results which will be used
in the following to compute Fi,t(m) in some cases (see proposition 5.15 and the appendix).
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Lemma 4.14. Let i be in I, l ∈ Z, M ∈ A such that ui,l(M) = 1 and ui,l+2ri
= 0. Then

we have N (M, Ã−1
i,l+ri

) = −1. In particular π−1(MA−1
i,l+ri

) = tMÃ−1
i,l+ri

.

Proof : We can suppose M =: M : and we compute in Yu :

MÃ−1
i,l+ri

= tR : MÃ−1
i,l+ri

:

where R(z) = −(z2ri − z−2ri) +
∑
r∈Z

ui,r(M)z(l+ri−r)(zri − z−ri). So :

N (M, Ã−1
i,l+ri

) =
∑

r∈Z

ui,r(M)(z2ri+l−r − zl−r)0 = −ui,l(M) + ui,l+2ri
(M) = −1

Lemma 4.15. Let m be in Bi such that ∀l, r ∈ Z, ui,l(m) ≤ 1 and the set {k ∈
Z/ui,r+2kri

(m) = 1} is a 1-segment. Then we have Fi,t(m) = π−1(Fi(m)).

Proof : Let us look at the sl2-case : m = m1m2 = mσ1mσ2 where σ1, σ2 are 2-segment. So
the lemma 4.13 gives an explicit formula for Ft(m) and it follows from lemma 4.14 that
Ft(m) = π−1(F (m)).

We go back to the general case : let us write m = m′m1...m2ri
where m′ =

∏
j 6=i,l∈Z

Y
uj,l(m)

j,l

and mr =
∏
l∈Z

Y
ui,r+2lri

(m)

i,r+2lri
. We have mr of the form

mr = Yi,lrYi,lr+2ri
...Yi,lr+2niri

and :

Fi,t(m) = t−N(m′m1...mr)m′Fi,t(m1)...Fi,t(m2ri
)

The study of the sl2-case gives Fi,t(mr) = π−1(Fi(mr)). It follows from lemma 4.14 that :

t−N(m′m1...mr)m′π−1(Fi(m1))...π
−1(Fi(mr))

= π−1(m′Fi(m1)...Fi(mr)) = π−1(Fi(m))

5 Intersection of kernels of deformed screening opera-

tors

Motivated by theorem 4.2 we study the structure of a completion of Kt =
⋂
i∈I

Ker(Si,t)

in order to construct χq,t in section 6. Note that in the sl2-case we have Kt = Ker(S1,t)
that was studied in section 4.
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5.1 Reminder : classical case ([FR3, FM1])

For J ⊂ I, denote the Z-subalgebra KJ =
⋂
i∈J

Ki ⊂ Y and K = KI .

Lemma 5.1. ([FR3, FM1]) A non zero element of KJ has at least one J-dominant Y-
monomial.

Proof : It suffices to look at a maximal weight Y-monomial m of χ ∈ KJ : for i ∈ J we
have m ∈ Bi because χ ∈ Ki.

Theorem 5.2. ([FR3, FM1]) For i ∈ I there is a unique E(Yi,0) ∈ K such that Yi,0 is the
unique dominant Y-monomial in E(Yi,0).

The uniqueness follows from lemma 5.1. For the existence we have E(Yi,0) = χq(Vωi
(1))

(theorem 4.2).

Note that the existence of E(Yi,0) ∈ K suffices to characterize χq : Rep → K. It is
the ring homomorphism such that χq(Xi,l) = sl(E(Yi,0)) where sl : Y → Y is given by
sl(Yj,k) = Yj,k+l.

For m ∈ B, we defined Mm and Vm in section 2. We set :

E(m) =
∏

m∈B

sl(E(Yi,0))
ui,l(m) = χq(Mm) ∈ K , L(m) = χq(Vm) ∈ K

We have :
K =

⊕

m∈B

ZE(m) =
⊕

m∈B

ZL(m) ' Z(B)

For m ∈ B, we can also define a unique F (m) ∈ K such that m is the unique dominant
Y-monomial which appears in F (m) (see for example the proof of proposition 4.12).

For J ⊂ I, let gJ be the semi-simple Lie algebra of Cartan Matrix (Ci,j)i,j∈J and Uq(ĝ)J the
associated quantum affine algebra with coefficient (ri)i∈J . In analogy with the definition
of Ei(m), Li(m) using the sl2-case (section 4.1.4), we define for m ∈ BJ : EJ(m), LJ(m),
FJ(m) ∈ KJ using Uq(ĝ)J . We have :

KJ =
⊕

m∈BJ

ZEJ(m) =
⊕

m∈BJ

ZLJ(m) =
⊕

m∈BJ

ZFJ(m) ' Z(BJ )

As a direct consequence of proposition 2.6 we have :

Lemma 5.3. For m ∈ B, we have E(m) ∈ Z[Yi,l]i∈I,l≥l(m) where l(m) = min{l ∈ Z/∃i ∈
I, ui,l(m) 6= 0}.

5.2 Completion of the deformed algebras

In this section we introduce completions of Yt and of KJ,t =
⋂
i∈J

Ki,t ⊂ Yt (J ⊂ I). We

have the following motivation : we have seen π+(KJ,t) ⊂ KJ (section 4). In order to prove
an analogue of the other inclusion (theorem 5.11) we have to introduce completions where
infinite sums are allowed.
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5.2.1 The completion Y∞t of Yt

Let
∞

At =
∏

m∈A

Z[t±].m ' Z[t±]A. We have
⊕

m∈A

Z[t±].m = Yt ⊂
∞

At. The algebra structure

of Yt gives a structure of Yt-bimodule on
∞

At but can not be naturally extended to
∞

At. We

define a Z[t±]-submodule Y∞t with Yt ⊂ Y∞t ⊂
∞

At, for which it is the case :

Let YA
t be the Z[t±]-subalgebra of Yt generated by the (Ã−1

i,l )i∈I,l∈Z. It follows from pro-

position 3.12 that YA
t =

⊕
K≥0

YA,K
t where for K ≥ 0 :

YA,K
t =

⊕

m=:Ã−1
i1,l1

...Ã−1
iK,lK

:

Z[t±].m ⊂ YA
t

Note that for K1, K2 ≥ 0, YA,K1
t YA,K2

t ⊂ YA,K1+K2
t for the multiplication of Yt. So YA

t is
a graded algebra if we set deg(x) = K for x ∈ YA,K

t . Denote by YA,∞
t the completion of

YA
t for this gradation. It is a sub-Z[t±]-module of

∞

At.

Definition 5.4. Y∞t is the sub Yt-leftmodule of
∞

At generated by YA,∞
t .

In particular, we have : Y∞t =
∑

M∈A

M.YA,∞
t ⊂

∞

At.

Lemma 5.5. There is a unique algebra structure on Y∞t compatible with the structure of
Yt ⊂ Y∞t .

Proof : The structure is unique because the elements of Y∞t are infinite sums of elements

of Yt. For M ∈ A, we have YA,∞
t .M ⊂ M.YA,∞

t , so Y∞t is a sub Yt-bimodule of
∞

At.
For M ∈ A and λ ∈ YA,∞

t denote λM ∈ YA,∞
t such that λ.M = M.λM . We define the

Z[t±]-algebra structure on Y∞t by (M, M ′ ∈ A, λ, λ′ ∈ YA,∞
t ) :

(M.λ)(M ′.λ′) = MM ′.(λM ′

λ′)

It is well defined because for M1, M2, M ∈ A, λ, λ2 ∈ YA
t we have M1λ1 = M2λ2 ⇒

M1MλM
1 = M2MλM

2 .

5.2.2 The completion K∞i,t of Ki,t

We define a completion of Ki,t analog to the completed algebra Y∞t .

For M ∈ A, we define a Z[t±]-linear endomorphism EM
i,t : MYA,∞

t → MYA,∞
t such that

(m YA
t -monomial) :

EM
i,t (Mm) = 0 if : Mm :/∈ Bi

EM
i,t (Mm) = Ei,t(Mm) if : Mm :∈ Bi

It is well-defined because if m ∈ YA,K
t and : Mm :∈ Bi we have Ei,t(Mm) ∈ M

⊕
K′≥K

YA,K′

.
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Definition 5.6. We define K∞i,t =
∑

M∈A

Im(EM
i,t ) ⊂ Y

∞
t .

For J ⊂ I, we set K∞J,t =
⋂
i∈J

K∞i,t and K∞t = K∞I,t.

Lemma 5.7. A non zero element of K∞J,t has at least one J-dominant Yt-monomial. For
J ⊂ I, we have K∞J,t ∩ Yt = KJ,t. Moreover K∞J,t is a Z[t±]-subalgebra of Y∞t .

Proof : For the first point the proof is analog to the proof of lemma 5.1. Next it suffices
to prove the results for J = {i}. First for m ∈ Bi we have Ei,t(m) = Em

i,t(m) ∈ K∞i,t
and so Ki,t =

⊕
m∈Bi

Z[t±]Ei,t(m) ⊂ K∞i,t ∩ Yt. Now let χ be in K∞i,t such that χ has only a

finite number of Yt-monomials. In particular it has only a finite number of i-dominant
Yt-monomials m1, ..., mr with coefficients λ1(t), ..., λr(t). In particular it follows from the
first point that χ = λ1(t)Fi,t(m1) + ... + λr(t)Fi,t(mr) ∈ Ki,t (see proposition 4.12 for the
definition of Fi,t(m)).

For the last assertion, consider M1, M2 ∈ A and m1, m2 YA
t -monomials such that : M1m1 :

, : M2m2 :∈ Bi. Then Ei,t(M1m1)Ei,t(M2m2) is in the the sub-algebra Ki,t ⊂ Yt and in
Im(EM1M2

i,t ).

In the same way for t = 1 we define the Z-algebras Y∞ and K∞J ⊂ Y
∞. The surjective

map π+ : Yt → Y is naturally extended to a surjective map π+ : Y∞t → Y
∞. For i ∈ I,

we have π+(K∞i,t) = K∞i and for J ⊂ I, π+(K∞J,t) ⊂ K∞J . The other inclusion is equivalent
to theorem 5.11.

5.2.3 Special submodules of Y∞t

For m ∈ A, K ≥ 0 we construct a subset Dm,K ⊂ m{Ã−1
i1,l1

...Ã−1
iK ,lK
} stable by the

maps Em
i,t such that

⋃
K≥0

Dm,K is countable : we say that m′ ∈ Dm,K if and only if there is

a finite sequence (m0 = m, m1, ..., mR = m′) of length R ≤ K, such that for all 1 ≤ r ≤ R,
there is r′ < r, J ⊂ I such that mr′ ∈ BJ and for r′ < r′′ ≤ r, mr′′ is a Y-monomial of
EJ(mr′) and mr′′m

−1
r′′−1 ∈ {A

−1
j,l /l ∈ Z, j ∈ J}. The definition means that “there is chain

of monomials of some EJ(m′′) from m to m′”.

Lemma 5.8. The set Dm,K is finite. In particular, the set Dm is countable. Moreover For
m, m′ ∈ A such that m′ ∈ Dm we have Dm′ ⊆ Dm. For M ∈ A, the set B ∩DM is finite.

Proof : Let us prove by induction on K ≥ 0 that Dm,K is finite : we have Dm,0 = {m}
and :

Dm,K+1 ⊂
⋃

J⊂I,m′∈Dm,K∩BJ

{Y-monomials of EJ(m′)}

Consider (m0 = m, m1, ..., mR = m′) a sequence adapted to the definition of Dm. Let m′′

be in Dm′ and (mR = m′, mR+1, ..., mR′ = m′′) a sequence adapted to the definition of
Dm′. So (m0, m1, ..., mR′) is adapted to the definition of Dm, and m′′ ∈ Dm.
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Let us look at m ∈ B
⋂

DM : we can see by induction on the length of a sequence (m0 =
M, m1, ..., mR = m) adapted to the definition of DM that m is of the form m = MM ′

where M ′ =
∏

i∈I,l≥l1

A
−vi,l

i,l (vi,l ≥ 0). So the last assertion follows from lemma 3.14.

Definition 5.9. D̃m is the Z[t±]-submodule of Y∞t whose elements are of the form
(λm′(t)m)m′∈Dm .

For m ∈ A introduce m0 = m > m1 > m2 > ... the countable set Dm with a total ordering
compatible with the partial ordering. For k ≥ 0 consider an element Fk ∈ D̃mk

. Note that
some infinite sums make sense in D̃m : for k ≥ 0, we have Dmk

⊂ {mk, mk+1, ...}. So mk

appears only in the Fk′ with k′ ≤ k and the infinite sum
∑
k≥0

Fk makes sense in D̃m.

5.3 Crucial result for our construction

Definition 5.10. For n ≥ 1 denote P (n) the property “for all semi-simple Lie-algebras g

of rank rk(g) = n, for all m ∈ B there is a unique Ft(m) ∈ K∞t ∩ D̃m such that m is the
unique dominant Yt-monomial of Ft(m).”.

Our construction of q, t-characters is based on theorem 5.11.

Theorem 5.11. For all n ≥ 1, the property P (n) is true.

Note that for n = 1, that is to say g = sl2, the result follows from section 4. In general
the uniqueness follows from lemma 5.7 : if χ1, χ2 ∈ K∞t are solutions, then χ1−χ2 has no
dominant Yt-monomial, so χ1 = χ2.

Remark : in the simply-laced case the existence is a consequence of the geometric theory
of quivers [N2], [N3], and in An, Dn-cases of algebraic explicit constructions [N4]. In the
rest of this section 5 we give an algebraic proof of this theorem in the general case.

Let us outline the proof : first we give some preliminary technical results (section 5.4) in
which we construct t-analogues of the E(m). Next we prove P (n) by induction on n. Our
proof has 3 steps :

Step 1 (section 5.5) : we prove P (1) and P (2) using a more precise property Q(n) such
that Q(n)⇒ P (n). The property Q(n) has the following advantage : it can be verified by
computation in elementary cases n = 1, 2.

Step 2 (section 5.6) : we give some consequences of P (n) which will be used in the proof
of P (r) (r > n) : we give the structure of K∞t (proposition 5.17) for rk(g) = n and the
structure of K∞J,t where J ⊂ I, |J | = n and |I| > n (corollary 5.18).

Step 3 (section 5.7) : we prove P (n) (n ≥ 3) assuming P (r), r ≤ n are true. We give an
algorithm (section 5.7.1) to construct explicitly Ft(m). It is called t-algorithm and is a
t-analogue of Frenkel-Mukhin algorithm [FM1] (a deformed algorithm was also used by
Nakajima in the ADE-case [N2]). As we do not know a priori that the algorithm is well
defined the general case, we have to show that it never fails (lemma 5.22) and gives a
convenient element (lemma 5.23).
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5.4 Preliminary : Construction of the Et(m)

Lemma 5.12. We suppose that for i ∈ I, there is Ft(Ỹi,0) ∈ K∞t ∩ D̃Ỹi,0
such that Ỹi,0 is

the unique dominant Yt-monomial of Ft(Ỹi,0). Then :

i) All Yt-monomials of Ft(Ỹi,0), except the highest weight Yt-monomial, are right ne-
gative.

ii) All Yt-monomials of Ft(Ỹi,0) are products of Ỹ ±j,l with l ≥ 0.

iii) The only Yt-monomial of Ft(Ỹi,0) which contains a Ỹ ±j,0 (j ∈ I) is the highest weight

monomial Ỹi,0.

iv) The Ft(Ỹi,0) (i ∈ I) commute.

Note that (i),(ii) and (iii) appeared in [FM1] for t = 1.

Proof :

i) It suffices to prove that all Yt-monomials m0 = Ỹi,0, m1, ... of DỸi,0
except Ỹi,0 are

right negative. But m1 is the monomial Ỹi,0Ã
−1
i,1 of Ei(Ỹi,0) and it is right negative. We can

now prove the statement by induction : suppose that mr is a monomial of EJ(mr′), where
mr′ is right negative. So mr is a product of mr′ by some Ã−1

j,l (l ∈ Z).Those monomials
are right negative because a product of right negative monomial is right negative.

ii) Suppose that m ∈ A is product of Ỹ ±k,l with l ≥ 0. It follows from lemma 5.3 that

all monomials of Dm are product of Ỹ ±k,l with l ≥ 0.

iii) All Y-monomials of DỸi,0
except Ỹi,0 are in DỸi,0Ã−1

i,ri

. But l(Ỹi,0Ã
−1
i,ri

) ≥ 1 and we

can conclude with the help of lemma 5.3.

iv) Let i 6= j be in I and look at Ft(Ỹi,0)Ft(Ỹj,0). Suppose we have a dominant Yt-
monomial m0 = m1m2 in Ft(Ỹi,0)Ft(Ỹj,0) different from the highest weight Yt-monomial
Ỹi,0Ỹj,0. We have for example m1 6= Ỹi,0, so m1 is right negative. Let l1 be the maximal
l such that a Ỹk,l appears in m1. We have uk,l(m1) < 0 and l > 0. As uk,l(m0) ≥ 0
we have uk,l(m2) > 0 and m2 6= Yj,0. So m2 is right negative and there is k′ ∈ I and
l′ > l such that uk′,l′(m2) < 0. So uk′,l′(m1) > 0, contradiction. So the highest weight
Yt-monomial of Ft(Ỹi,0)Ft(Ỹj,0) is the unique dominant Yt-monomial. In the same way
the highest weight Yt-monomial of Ft(Ỹj,0)Ft(Ỹi,0) is the unique dominant Yt-monomial.
But we have Ỹi,0Ỹj,0 = Ỹj,0Ỹi,0, so Ft(Ỹi,0)Ft(Ỹj,0)−Ft(Ỹj,0)Ft(Ỹi,0) ∈ K∞t has no dominant
Yt-monomial, so is equal to 0.

Denote, for l ∈ Z, by sl : Y∞t → Y∞t the endomorphism of Z[t±]-algebra such that
sl(Ỹj,k) = Ỹj,k+l (it is well-defined because the defining relations of Yt are invariant for
k 7→ k + l). If the hypothesis of the lemma 5.12 are verified, we can define for m ∈ tZB :

Et(m) = m(
→∏

l∈Z

∏

i∈I

Ỹ
ui,l(m)
i,l )−1

→∏

l∈Z

∏

i∈I

sl(Ft(Ỹi,0))
ui,l(m) ∈ K∞t

because for i 6= j [sl(Ft(Ỹi,0)), sl(Ft(Ỹj,0))] = 0 (lemma 5.12).
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5.5 Step 1 : Proof of P (1) and P (2)

The aim of this section is to prove P (1) and P (2). First we define a more precise
property Q(n) such that Q(n)⇒ P (n).

Definition 5.13. For n ≥ 1 denote Q(n) the property “for all semi-simple Lie-algebras g

of rank rk(g) = n, for all i ∈ I there is a unique Ft(Ỹi,0) ∈ Kt ∩ D̃Ỹi,0
such that Ỹi,0 is the

unique dominant Yt-monomial of Ft(Ỹi,0). Moreover Ft(Ỹi,0) has the same monomials as
E(Yi,0)”.

The property Q(n) is more precise than P (n) because it implies that Ft(Ỹi,0) has only a
finite number of monomials.

Lemma 5.14. For n ≥ 1, the property Q(n) implies the property P (n).

Proof : We suppose Q(n) is true. In particular the section 5.4 enables us to construct
Et(m) ∈ K∞t for m ∈ B. The defining formula of Et(m) shows that it has the same
monomials as E(m). So Et(m) ∈ D̃m and Et(m) ∈ Kt.

Let us prove P (n) : let m be in B. The uniqueness of Ft(m) follows from lemma 5.7. Let
mL = m > mL−1 > ... > m1 be the dominant monomials of Dm with a total ordering
compatible with the partial ordering (it follows from lemma 3.14 that Dm ∩ B is finite).
Let us prove by induction on l the existence of Ft(ml). The unique dominant of Dm1 is
m1 so Ft(m1) = Et(m1) ∈ D̃m1 . In general let λ1(t), ..., λl−1(t) ∈ Z[t±] be the coefficient
of the dominant Yt-monomials m1, ..., ml−1 in Et(ml). We put :

Ft(ml) = Et(ml)−
∑

r=1...l−1

λr(t)Ft(mr)

We see in the construction that Ft(m) ∈ D̃m because for m′ ∈ Dm we have Et(m
′) ∈

D̃m′ ⊆ D̃m (lemma 5.8).

We need the following general technical result :

Proposition 5.15. Let m be in B such that all monomial m′ of F (m) verifies : ∀i ∈
I, m′ ∈ Bi implies ∀l ∈ Z, ui,l(m

′) ≤ 1 and for 1 ≤ r ≤ 2ri the set {l ∈ Z/ui,r+2lri
(m′) = 1}

is a 1-segment. Then π−1(F (m)) ∈ Yt is in Kt and has a unique dominant monomial m.

Proof : Let us write F (m) =
∑

m′∈A

µ(m′)m′ (µ(m′) ∈ Z). Let i be in I and consider

the decomposition of F (m) in Ki F (m) =
∑

m′∈Bi

µ(m′)Fi(m
′). But µ(m′) 6= 0 implies

the hypothesis of lemma 4.15 is verified for m′ ∈ Bi. So π−1(Fi(m
′)) = Fi,t(m

′). And
π−1(F (m)) =

∑
m′∈Bi

µ(m′)Fi,t(m
′) ∈ Ki,t.

For n = 1 (section 4.5), n = 2 (appendix), we can give explicit formula for the E(Yi,0) =
F (Yi,0). In particular we see that the hypothesis of proposition 5.15 are verified, so :

Corollary 5.16. The properties Q(1), Q(2) and so P (1), P (2) are true.
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This allow us to start our induction in the proof of theorem 5.11. In section 7.1 we will
see other applications of proposition 5.15.

Note that the hypothesis of proposition 5.15 are not verified for fundamental monomials
m = Yi,0 in general : for example for the D5-case we have in F (Y2,0) the monomial
Y 2

3,3Y
−1
5,4 Y −1

2,4 Y −1
4,4 .

5.6 Step 2 : consequences of the property P (n)

Let n ≥ 1. We suppose in this section that P (n) is proved. We give some consequences
of P (n) which will be used in the proof of P (r) (r > n).

Let K
∞,f
t be the Z[t±]-submodule of K∞t generated by elements with a finite number of

dominant Yt-monomials.

Proposition 5.17. We suppose rk(g) = n. We have :

K
∞,f
t =

⊕

m∈B

Z[t±]Ft(m) ' Z[t±](B)

Moreover for M ∈ A, we have :

K∞t ∩ D̃M =
⊕

m∈B∩DM

Z[t±]Ft(m) ' Z[t±]B∩DM

Proof : Let χ be in K
∞,f
t and m1, ..., mL ∈ B the dominant Yt-monomials of χ and

λ1(t), ..., λL(t) ∈ Z[t±] their coefficients. It follows from lemma 5.7 that
χ =

∑
l=1...L

λl(t)Ft(ml).

Let us look at the second point : lemma 5.8 shows that m ∈ B ∩DM ⇒ Ft(m) ∈ D̃M . In
particular the inclusion ⊇ is clear. For the other inclusion we prove as in the first point
that K∞t ∩ D̃M =

∑
m∈B∩DM

Z[t±]Ft(m). We can conclude because it follows from lemma

3.14 that DM ∩B is finite.

We recall that some infinite sum make sense in D̃M (section 5.2.3).

Corollary 5.18. We suppose rk(g) > n and let J be a subset of I such that |J | = n.
For m ∈ BJ , there is a unique FJ,t(m) ∈ K∞J,t such that m is the unique J-dominant

Yt-monomial of FJ,t(m). Moreover FJ,t(m) ∈ D̃m.

For M ∈ A, the elements of K∞J,t ∩ D̃M are infinite sums
∑

m∈BJ∩DM

λm(t)FJ,t(m). In parti-

cular :
K∞J,t ∩ D̃M ' Z[t±]BJ∩DM

Proof : The uniqueness of FJ,t(m) follows from lemma 5.7. Let us write m = mJm′

where mJ =
∏

i∈J,l∈Z

Y
ui,l(m)

i,l . So mJ is a dominant Yt-monomial of Z[Y ±i,l ]i∈J,l∈Z. In par-

ticular the proposition 5.17 with the algebra Uq(ĝ)J of rank n gives mJχ where χ ∈
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Z[Ã
Uq(ĝ)J ,−1
i,l , t±]i∈J,l∈Z (where for i ∈ I, l ∈ Z, Ã

Uq(ĝ)J ,±
i,l = βI,J(Ã±i,l) where βI,J(Ỹ ±i,l ) =

δi∈J Ỹ ±i,l ). So we can put Ft(m) = mνJ,t(χ) where νJ,t : Z[Ã
Uq(ĝ)J ,−1
i,l , t±]i∈J,l∈Z → Yt is the

ring homomorphism such that
νJ,t(Ã

Uq(ĝ)J ,−1
i,l ) = Ã−1

i,l . The last assertion is proved as in proposition 5.17.

5.7 Step 3 : t-algorithm and end of the proof of theorem 5.11

In this section we prove the property P (n) by induction on n ≥ 1. In particular we
define the t-algorithm which constructs explicitly the Ft(m).

It follows from section 5.5 that P (1) and P (2) are true. Let be n ≥ 3 and suppose that
P (r) is proved for r < n.

Let m+ be in B and m0 = m+ > m1 > m2 > ... the countable set Dm+ with a total
ordering compatible with the partial ordering.

For J  I and m ∈ BJ , it follows from P (r) and corollary 5.18 that there is a unique
FJ,t(m) ∈ D̃m∩K∞J,t such that m is the unique J-dominant monomial of FJ,t(m). Moreover
the elements of D̃m+ ∩ K∞J,t are the infinite sums of Y∞t :

∑
m∈Dm+∩BJ

λm(t)FJ,t(m) where

λm(t) ∈ Z[t±]. If m ∈ A− BJ , denote FJ,t(m) = 0.

For r, r′ ≥ 0 and J ( I denote by [FJ,t(mr′)]mr ∈ Z[t±] the coefficient of mr in FJ,t(mr′).

5.7.1 Definition of the t-algorithm

Definition 5.19. We call t-algorithm the following inductive definition of the sequences
(s(mr)(t))r≥0 ∈ Z[t±]N, (sJ(mr)(t))r≥0 ∈ Z[t±]N (J  I) :

s(m0)(t) = 1 , sJ(m0)(t) = 0

and for r ≥ 1, J ( I :

sJ(mr)(t) =
∑

r′<r

(s(mr′)(t)− sJ(mr′)(t))[FJ,t(mr′)]mr

if mr /∈ BJ , s(mr)(t) = sJ(mr)(t)

if mr ∈ B, s(mr)(t) = 0

We have to prove that the t-algorithm defines the sequences in a unique way. We see that
if s(mr), sJ(mr) are defined for r ≤ R so are sJ(mR+1) for J ( I. The sJ(mR) impose the
value of s(mR+1) and by induction the uniqueness is clear. We say that the t-algorithm is
well defined to step R if there exist s(mr), sJ(mr) such that the formulas of the t-algorithm
are verified for r ≤ R.

Lemma 5.20. The t-algorithm is well defined to step r if and only if :

∀J1, J2  I, ∀r′ ≤ r, mr′ /∈ BJ1 and mr′ /∈ BJ2 ⇒ sJ1(mr′)(t) = sJ2(mr′)(t)
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Proof : If for r′ < r the s(mr′)(t), sJ(mr′)(t) are well defined, so is
sJ(mr)(t). If mr ∈ B, s(mr)(t) = 0 is well defined. If mr /∈ B, it is well defined if and
only if {sJ(mr)(t)/mr /∈ BJ} has one unique element.

5.7.2 The t-algorithm never fails

If the t-algorithm is well defined to all steps, we say that the t-algorithm never fails.
If the t-algorithm is well defined to step r, for J  I we set :

µJ(mr)(t) = s(mr)(t)− sJ(mr)(t)

χr
J =

∑

r′≤r

µJ(mr′(t))FJ,t(mr′) ∈ K∞J,t

Lemma 5.21. If the t-algorithm is well defined to step r, for J ⊂ I we have :

χr
J ∈ (

∑

r′≤r

s(mr′)(t)mr′) + sJ(mr+1)(t)mr+1 +
∑

r′>r+1

Z[t±]mr′

For J1 ⊂ J2 ( I, we have :

χr
J2

= χr
J1

+
∑

r′>r

λr′(t)FJ1,t(mr′)

where λr′(t) ∈ Z[t±]. In particular, if mr+1 /∈ BJ1, we have sJ1,t(mr+1) = sJ2,t(mr+1).

Proof : For r′ ≤ r let us compute the coefficient (χr
J)mr′

∈ Z[t±] of mr′ in χr
J :

(χr
J)mr′

=
∑

r′′≤r′

(s(mr′′)(t)− sJ(mr′′)(t))[FJ,t(mr′′)]mr′

= (s(mr′)(t)− sJ(mr′)(t))[FJ,t(mr′)]mr′

+
∑

r′′<r′

(s(mr′′)(t)− sJ(mr′′)(t))[FJ,t(mr′′)]mr′

= (s(mr′)(t)− sJ(mr′)(t)) + sJ(mr′)(t) = s(mr′)(t)

Let us compute the coefficient (χr
J)mr+1 ∈ Z[t±] of mr+1 in χr

J :

(χr
J)mr+1 =

∑

r′′<r+1

(s(mr′′)(t)− sJ(mr′′)(t))[FJ,t(mr′′)]mr+1 = sJ(mr+1)

For the second point let J1 ⊂ J2 ( I. We have χr
J2
∈ K∞J1,t ∩ D̃m+ and it follows from

P (|J1|) and corollary 5.18 (or section 5.5 if |J1| ≤ 2) that we can introduce λmr′
(t) ∈ Z[t±]

such that :
χr

J2
=

∑

r′≥0

λmr′
(t)FJ1,t(mr′)
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We show by induction on r′ that for r′ ≤ r, mr′ ∈ BJ1 ⇒ λmr′
(t) = µJ1(mr′)(t). First we

have λm0(t) = (χr
J2

)m0 = s(m0)(t) = 1 = µJ1(m0). For r′ ≤ r :

s(mr′)(t) = λmr′
(t) +

∑

r′′<r′

λmr′′
(t)[FJ1,t(mr′′)]mr′

λmr′
(t) = s(mr′)(t)−

∑

r′′<r′

µJ1(mr′′)(t)[FJ1,t(mr′′)]mr′

= s(mr′)(t)− sJ1(mr′)(t) = µJ1(mr′)(t)

For the last assertion if mr+1 /∈ BJ1, the coefficient of mr+1 in∑
r′>r

Z[t±]FJ1,t(mr′) is 0, and (χr
J2

)mr+1 = (χr
J1

)mr+1. It follows from the first point that

sJ1,t(mr+1) = sJ2,t(mr+1).

Lemma 5.22. The t-algorithm never fails.

Proof : Suppose that the sequence is well defined until the step r − 1 and let J1, J2  I
such that mr /∈ BJ1 and mr /∈ BJ2 . Let i be in J1, j in J2 such that mr /∈ Bi and mr /∈ Bj.
Consider J = {i, j}  I. The χr−1

J , χr−1
i , χr−1

j ∈ Yt have the same coefficient s(mr′)(t) on
mr′ for r′ ≤ r − 1. Moreover :

si(mr)(t) = (χr−1
i )mr , sj(mr)(t) = (χr−1

j )mr , sJ(mr)(t) = (χr−1
J )mr

But mr /∈ BJ , so :

χr−1
J =

∑

r′≤r−1

µi(mr′)(t)Fi,t(mr′) +
∑

r′≥r+1

λmr′
(t)Fi,t(mr′)

So (χr−1
J )mr = (χr−1

i )mr and we have si(mr)(t) = sJ(mr)(t). In the same way we have
si(mr)(t) = sJ1(mr)(t), sj(mr)(t) = sJ(mr)(t) and sj(mr)(t) = sJ2(mr)(t). So we can
conclude sJ1(mr)(t) = sJ2(mr)(t).

5.7.3 Proof of P (n)

It follows from lemma 5.22 that χ =
∑
r≥0

s(mr)(t)mr ∈ Y∞t is well defined.

Lemma 5.23. We have χ ∈ K∞t
⋂

D̃m+. Moreover the only dominant Yt-monomial in χ
is m0 = m+.

Proof : The defining formula of χ gives χ ∈ D̃m+. Let i be in I and :

χi =
∑

r≥0

µi(mr)(t)Fi,t(mr) ∈ K∞i,t

Let us compute for r ≥ 0 the coefficient of mr in χ− χi :

(χ− χi)mr = s(mr)(t)−
∑

r′≤r

µi(mr′)(t)[Fi,t(mr′)]mr
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= s(mr)(t)− si(mr)(t)− µi(mr)(t)[Fi,t(mr)]mr

= (s(mr)(t)− si(mr)(t))(1− [Fi,t(mr)]mr)

We have two cases :

if mr ∈ Bi, we have 1− [Fi,t(mr)]mr = 0.

if mr /∈ Bi, we have s(mr)(t)− si(mr)(t) = 0.

So χ = χi ∈ K∞i,t, and χ ∈ K∞t . The last assertion follows from the definition of the
algorithm : for r > 0, mr ∈ B ⇒ s(mr)(t) = 0.

Corollary 5.24. For n ≥ 3, if the P (r) (r < n) are true, then P (n) is true.

In particular the theorem 5.11 is proved by induction on n.

6 Morphism of q, t-characters and applications

6.1 Morphism of q, t-characters

We set Rept = Rep ⊗Z Z[t±] = Z[Xi,l, t
±]i∈I,l∈Z. We say that M ∈ Rept is a Rept-

monomial if it is of the form M =
∏

i∈I,l∈Z

X
xi,l

i,l (xi,l ≥ 0). In this case denote xi,l(M) = xi,l.

Recall the definition of the Et(m) (section 5.4).

Definition 6.1. The morphism of q, t-characters is the Z[t±]-linear map χq,t : Rept → Y
∞
t

such that (ui,l ≥ 0) :

χq,t(
∏

i∈I,l∈Z

X
ui,l

i,l ) = Et(
∏

i∈I,l∈Z

Y
ui,l

i,l )

Theorem 6.2. We have π+(Im(χq,t)) ⊂ Y and the following diagram is commutative :

Rep
χq,t
−→ Im(χq,t)

id ↓ ↓ π+

Rep
χq
−→ Y

In particular the map χq,t is injective. The Z[t±]-linear map χq,t : Rept → Y
∞
t is charac-

terized by the three following properties :

1) For a Rept-monomial M define m = π−1(
∏

i∈I,l∈Z

Y
xi,l(M)
i,l ) ∈ A and m̃ ∈ At as in

section 3.5.1. Then we have :

χq,t(M) = m̃ +
∑

m′<m

am′(t)m′ (where am′(t) ∈ Z[t±])

2) The image of Im(χq,t) is contained in K∞t .
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3) Let M1, M2 be Rept-monomials such that

max{l/
∑

i∈I

xi,l(M1) > 0} ≤ min{l/
∑

i∈I

xi,l(M2) > 0}

Then we have :
χq,t(M1M2) = χq,t(M1)χq,t(M2)

Note that the properties 1, 2, 3 are generalizations of the defining axioms introduced by
Nakajima in [N3] for the ADE-case ; in particular in the ADE-case χq,t is the morphism
of q, t-characters constructed in [N3].

Proof : π+(Im(χq,t)) ⊂ Y means that only a finite number of Yt-monomials of Et(m)
have coefficient λ(t) /∈ (t− 1)Z[t±]. As Ft(Ỹi,0) has no dominant Yt-monomial other than
Ỹi,0, we have the same property for π+(Ft(Ỹi,0)) ∈ K∞ and π+(Ft(Ỹi,0)) = E(Yi,0) ∈ Y. As
Y is a subalgebra of Y∞ we get π+(Et(m)) ∈ Y with the help of the defining formula.

The diagram is commutative because π+ ◦ sl = sl ◦ π+ and π+(Ft(Ỹi,0)) = E(Yi,0). It is
proved by Frenkel, Reshetikhin in [FR3] that χq is injective, so χq,t is injective. Let us
show that χq,t verifies the three properties :

1) By definition we have χq,t(M) = Et(m). But sl(Ft(Ỹi,0)) = Ft(Ỹi,l) ∈ D̃(Ỹi,l). In
particular sl(Ft(Ỹi,0)) is of the form Ỹi,l+

∑
m′<Yi,l

λm′(t)m′ and we get the property for Et(m)

by multiplication.

2) We have sl(Ft(Ỹi,0)) = Et(Ỹi,l) ∈ K∞t and K∞t is a subalgebra of Y∞t , so Im(χq,t) ⊂
K∞t .

3) If we set L = max{l/
∑
i∈I

xi,l(M1) > 0}, m1 =
∏

i∈I,l∈Z

Y
xi,l(M1)

i,l and m2 =
∏

i∈I,l∈Z

Y
xi,l(M2)

i,l

we have :

Et(m1) =

→∏

l≤L

∏

i∈I

sl(Ft(Ỹi,0))
xi,l(M1) , Et(m2) =

→∏

l≥L

∏

i∈I

sl(Ft(Ỹi,0))
xi,l(M2)

and in particular : Et(m1m2) = Et(m1)Et(m2).

Finally let f : Rept → Y
∞
t be a Z[t±]-linear homomorphism which verifies properties 1,2,3.

We saw that there is only element of K∞t with highest weight monomial Ỹi,l is sl(Ft(Ỹi,0)). In
particular we have f(Xi,l) = Et(Yi,l). Using property 3, we get for M ∈ Rept a monomial :

f(M) =
→∏

l∈Z

∏

i∈I

f(Xi,l)
ui,l(m) =

→∏

l∈Z

∏

i∈I

sl(Ft(Ỹi,0))
ui,l(m) = χq,t(M)

6.2 Quantization of the Grothendieck Ring

In this section we see that χq,t allows us to define a deformed algebra structure on Rept

generalizing the quantization of [N3]. The point is to show that Im(χq,t) is a subalgebra
of K∞t .
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6.2.1 Construction of the quantization

Recall the definition of K
∞,f
t in section 5.6. For m ∈ B, all monomials of Et(m) are in

{mA−1
i1,l1

...A−1
iK ,lK

/k ≥ 0, lk ≥ L} where L = min{l ∈ Z, ∃i ∈ I, ui,l(m) > 0}. So it follows
from lemma 3.14 that Et(m) ∈ K∞t has only a finite number of dominant Yt-monomials,
that is to say Et(m) ∈ K

∞,f
t .

Proposition 6.3. The Z[t±]-module K
∞,f
t is freely generated by the Et(m) :

K
∞,f
t =

⊕

m∈B

Z[t±]Et(m) ' Z[t±](B)

Moreover K
∞,f
t is a subalgebra of K∞t .

Proof : The Et(m) are Z[t±]-linearly independent and we saw Et(m) ∈ K
∞,f
t . It suffices

to prove that the Et(m) generate the Ft(m) : let us look at m0 ∈ B and consider L =
min{l ∈ Z, ∃i ∈ I, ui,l(m0) > 0}. In the proof of lemma 3.14 we saw there is only a finite

dominant monomials in {m0A
−vi1,l1
i1,l1

...A
−viR,lR
iR,lR

/R ≥ 0, ir ∈ I, lr ≥ L}. Let m0 > m1 > ... >
mD ∈ B be those monomials with a total ordering compatible with the partial ordering. In
particular, for 0 ≤ d ≤ D the dominant monomials of Et(md) are in {md, md+1, ..., mD}.
So there are elements (λd,d′(t))0≤d,d′≤D of Z[t±] such that Et(md) =

∑
d≤d′≤D

λd,d′(t)Ft(md′).

We have λd,d′(t) = 0 if d′ < d and λd,d(t) = 1. We have a triangular system with 1 on the
diagonal, so it is invertible in Z[t±].

For the last point it suffices to prove that for m1, m2 ∈ B, Et(m1)Et(m2) has only a
finite number of dominant Yt-monomials. But Et(m1)Et(m2) has the same monomials as
Et(m1m2).

It particular χq,t is a Z[t±]-linear isomorphism between Rept and K
∞,f
t . So we can define

an associative deformed Z[t±]-algebra structure on Rept by

∀λ1, λ2 ∈ Rept, λ1 ∗ λ2 = χ−1
q,t (χq,t(λ1)χq,t(λ2))

.

6.2.2 Examples : sl2-case

We make explicit computation of the deformed multiplication in the sl2-case :

Proposition 6.4. In the sl2-case, the deformed algebra structure on Rept = Z[Xl, t
±]l∈Z

is given by :
Xl1 ∗Xl2 ∗ ... ∗Xlm = Xl1Xl2 ...Xlm if l1 ≤ l2 ≤ ... ≤ lm

Xl ∗Xl′ = tγXlXl′ = tγXl′ ∗Xl if l > l′ and l 6= l′ + 2

Xl ∗Xl−2 = t−2XlXl−2 + tγ(1− t−2) = t−2Xl−2 ∗Xl + (1− t−2)

where γ ∈ Z is defined by ỸlỸl′ = tγỸl′Ỹl.



76 PARTIE 2

The proof is a straightforward computation which uses for l ∈ Z the q, t-character of
Xl : χq,t(Xl) = Ỹl + Ỹ −1

l+2 = Ỹl(1 + tÃ−1
l+1).

Note that γ were computed in section 3.5.3. We see that the new Z[t±]-algebra structure
is not commutative and not even twisted polynomial.

6.3 An involution of the Grothendieck ring

In this section we construct an antimultiplicative involution of the
Grothendieck ring Rept. The construction is motivated by the point view adopted in
this article : it is just replacing c|l| by −c|l|. In the ADE-case such an involution were
introduced Nakajima [N3] with different motivations.

Lemma 6.5. There is a unique C-linear isomorphism of Hh which is antimultiplicative
and such that (m > 0, i ∈ I, r ∈ Z− {0}) :

cm = −cm , ai[r] = ai[r]

Moreover it is an involution. The Z-subalgebra Yu ⊂ Hh verifies Yu ⊂ Yu.

Proof : It suffices to show that it is compatible with the defining relations of H (i, j ∈
I, m, r ∈ Z−{0}) : [ai[m], aj[r]] = −[ai[m], aj[r]]. It is an involution because cm = cm and

ai[r] = ai[r]. For the last assertion it suffices to check on the generators of Yu (R ∈ U, i ∈
I, l ∈ Z) :

tR = t−R , Ỹi,l = t−C̃i,i(q)(qi−q−1
i )Ỹi,l , Ỹi,l

−1

= tC̃i,i(q)(qi−q−1
i )Ỹ

−1
i,l

As for R, R′ ∈ U, we have π0(R) = π0(R
′)⇔ π0(−R) = π0(−R′), the involution of Yu

(resp. of Hh) is compatible with the defining relations of Yt (resp. Ht). We get a Z-linear
involution of Yt (resp. of Ht). For λ, λ′ ∈ Yt, α ∈ Z, we have :

λ.λ′ = λ′.λ , tαλ = t−αλ

Note that in Yu for i ∈ I, l ∈ Z, Ãi,l = t(−q2
i +q−2

i )Ãi,l. So in Yt we have Ãi,l = Ãi,l and

Ã−1
i,l = Ã−1

i,l .

Lemma 6.6. For i ∈ I, the Yi,u ⊂ Hh verifies Yi,u ⊂ Yi,u.

Proof : First we compute for i ∈ I, l ∈ Z : S̃i,l = t qi+q
−1
i

qi−q−1
i

S̃i,l ∈ Yi,u. Now for λ ∈ Yu,

we have λ.S̃i,l = t qi+q−1
i

qi−q−1
i

S̃i,lλ. But it is in Yi,u because λ ∈ Yu (lemma 6.5) and Yi,u is a

Yu-subbimodule of Hh (lemma 4.6).
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In Ht we have S̃i,l = tS̃i,l because π0(
qi+q−1

i

qi−q−1
i

) = 1. As said before we get a Z-linear

involution of Yi,t such that :

λS̃i,l = tS̃i,lλ

We introduced such an involution in [He1]. With this new point of view, the compatibility
with the relation Ãi,l−ri

S̃i,l = t−1S̃i,l+ri
is a direct consequence of lemma 4.6.

Lemma 6.7. For i ∈ I, the subalgebra Ki,t ⊂ Yt verifies Ki,t ⊂ Ki,t.

Proof : Suppose λ ∈ Ki,t, that is to say Si,t(λ) = 0. So (t2 − 1)Si,t(λ) = 0 and :

∑

l∈Z

(S̃i,lλ− λS̃i,l) = 0⇒ t
∑

l∈Z

(λS̃i,l − S̃i,lλ) = 0

So t(1− t2)Si,t(λ) = 0 and λ ∈ Ki,t.

Note that χ ∈ Yt has the same monomials as χ, that is to say if χ =
∑

m∈A

λ(t)m and

χ =
∑

m∈A

µ(t)m, we have λ(t) 6= 0 ⇔ µ(t) 6= 0. In particular we can naturally extend our

involution to an antimultiplicative involution on Y∞t . Moreover we have K∞t ⊂ K∞t and

K
∞,f
t = Im(χq,t) ⊂ Im(χq,t). So we can define a Z-linear involution of Rept by

∀λ ∈ Rept , λ = χ−1
q,t (χq,t(λ))

6.4 Analogues of Kazhdan-Lusztig polynomials

In this section we define analogues of Kazhdan-Lusztig polynomials (see [KL]) with
the help of the antimultiplicative involution of section 6.3 in the same spirit Nakajima
did for the ADE-case [N3]. Let us begin we some technical properties of the action of the
involution on monomials.

6.4.1 Construction

We recall that the YA
t -monomials are products of the Ã−1

i,l (i ∈ I, l ∈ Z).

Lemma 6.8. For M a Yt-monomial and m a YA
t -monomial there is a unique α(M, m) ∈ Z

such that tα(M,m)Mm = tα(M,m)Mm.

Proof : Let β ∈ Z such that m = tβm. We have Mm = mM = tβ+γMm where γ ∈ 2Z
(section 3.4). So it suffices to prove that β ∈ 2Z.

Let us compute β. Let π+(m) =
∏

i∈I,l∈Z

A
−vi,l

i,l . In Yu we have :

π+(m)π−(m) = tRπ−(m)π+(m)
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where π0(R) = β and :

R(q) =
∑

i,j∈I,r,r′∈Z

vi,rvj,r′

∑

l>0

qlr−lr′ [ai[l], aj[−l]]

cl

where for l > 0 we set [ai[l],aj [−l]]

cl
= Bi,j(q

l)(ql − q−l) ∈ Z[q±] which is antisymmetric. For
i = j, we have the term :

∑

r,r′∈Z

vi,rvi,r′

∑

l>0

qlr−lr′ [ai[l], ai[−l]]

cl

=
∑

l>0

(
∑

{r,r′}⊂Z,r 6=r′

vi,r(m)vi,r′(m)(ql(r−r′) + ql(r′−r)) +
∑

r∈Z

vi,r(m)2)
[ai[l], ai[−l]]

cl

It is antisymmetric, so it has no term in q0. So π0(R) = π0(R
′) where R′ is the sum of the

contributions for i 6= j :

∑

r,r′∈Z

vi,r(m)vj,r′(m)
∑

l>0

qlr−lr′(
[ai[l], aj[−l]]

cl
+

[aj[l], ai[−l]]

cl
)

= 2
∑

r,r′∈Z

vi,r(m)vj,r′(m)
∑

l>0

qlr−lr′ [ai[l], aj[−l]]

cl

In particular π0(R
′) ∈ 2Z.

For M a Yt-monomial denote Ainv
M = {tα(m,M)Mm/m YA

t -monomial}. In particular for
m′ ∈ Ainv

M we have m′m′−1 = MM−1. Let Binv
M = (tZB) ∩ Ainv

M .

Theorem 6.9. For m ∈ tZB there is a unique Lt(m) ∈ K∞t such that :

Lt(m) = (mm−1)Lt(m)

Et(m) = Lt(m) +
∑

m′<m,m′∈Binv
m

Pm′,m(t)Lt(m
′)

where Pm′,m(t) ∈ t−1Z[t−1].

Those polynomials Pm′,m(t) are called analogues to Kazhdan-Lusztig polynomials and
the Lt(m) (m ∈ B) for a canonical basis of K

f,∞
t . Such polynomials were introduced by

Nakajima [N3] for the ADE-case.

Proof : First consider Ft(m) : it is in K∞t and has only one dominant Yt-monomial m, so
Ft(m) = mm−1Ft(m).

Let be m = mL > mL−1 > ... > m0 the finite set tZD(m) ∩ Binv
m (see lemma 5.8) with

a total ordering compatible with the partial ordering. Note that it follows from section
6.4.1 that for L ≥ l ≥ 0, we have mlm

−1
l = mm−1.

We have Et(m0) = Ft(m0) and so Et(m0) = m0m
−1
0 Et(m0). As Binv

m0
= {m0}, we have

Lt(m0) = Et(m0). We suppose by induction that the Lt(ml) (L− 1 ≥ l ≥ 0) are uniquely
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and well defined. In particular ml is of highest weight in Lt(ml), Lt(ml) = mlm
−1
l Lt(ml) =

mm−1Lt(ml), and we can write :

D̃t(mL) ∩ K∞t = Z[t±]Ft(mL)⊕
⊕

0≤l≤L−1

Z[t±]Lt(ml)

In particular consider αl,L(t) ∈ Z[t±] such that :

Et(m) = Ft(m) +
∑

l<L

αl,L(t)Lt(ml)

We want Lt(m) of the form Lt(m) = Ft(m) +
∑
l<L

βl,L(t)Lt(ml). The condition Lt(m) =

mm−1mLt(m) means that the βl,L(t) are symmetric. The condition Pm′,m(t) ∈ t−1Z[t−1]
means αl,L(t) − βl,L(t) ∈ t−1Z[t−1]. So it suffices to prove that those two conditions
uniquely define the βl,L(t) : let us write αl,L(t) = α+

l,L(t) + α0
l,L(t) + α−l,L(t) (resp. βl,L(t) =

β+
l,L(t) + β0

l,L(t) + β−l,L(t)) where α±l,L(t) ∈ t±Z[t±] and α0
l,L(t) ∈ Z (resp. for β). The

condition αl,L(t) − βl,L(t) ∈ t−1Z[t−1] means β0
l,L(t) = α0

l,L(t) and β−l,L(t) = α−l,L(t). The
symmetry of βl,L(t) means β+

l,L(t) = β−l,L(t−1) = α−l,L(t−1).

6.4.2 Examples

Proposition 6.10. We suppose that g = sl2. Let m ∈ tZB such that ∀l ∈ Z, ul(m) ≤ 1.
Then Lt(m) = Ft(m). Moreover :

Et(m) = Lt(m) +
∑

m′<m/m′∈Binv
m

t−R(m′)Lt(m
′)

where R(m′) ≥ 1 is given by π+(m′m−1) = A−1
i1,l1

...A−1
iR,lR

. In particular for m′ ∈ Binv
m such

that m′ < m we have Pm′,m(t) = t−R(m′).

Proof : Note that a dominant monomial m′ < m verifies ∀l ∈ Z, ul(m
′) ≤ 1 and appears

in Et(m). We know that D̃m∩Kt =
⊕

m′∈tZDm∩Binv
m

Z[t±]Ft(m
′). We can introduce Pm′,m(t) ∈

Z[t±] such that :

Et(m) = Ft(m) +
∑

m′∈tZDm∩Binv−{m}

Pm′,m(t)Ft(m
′)

So by induction it suffices to show that Pm′,m(t) ∈ t−1Z[t−1].

Pm′,m(t) is the coefficient of m′ in Et(m). A dominant Yt-monomial M which appears in
Et(m) is of the form :

M = m(m1...mR+1)
−1m1tÃ

−1
l1

m2tÃ
−1
l2

m3...tÃ
−1
lR

mR+1

where l1 < ... < lR ∈ Z verify {lr +2, lr−2}∩{l1, ..., lr−1, lr+1, ..., lR} is empty, ulr−1(m) =

ulr+1(m) = 1 and we have set mr =
→∏

lr−1<l≤lr

Ỹ
ul(m)
l . Such a monomial appears one time
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in Et(m). In particular Pm′,m(t) = tα where α ∈ Z is given by M = tαm′ that is to say
MM−1 = t−2αm′−1m′ = t−2αm−1m. So we compute :

MM−1 = t−2Rt4RÃ−1
lR

...Ã−1
l1

mÃlR...Ãl1m
−1 = t2Rmm−1

Let us look at another example : g = sl2 and m = Ỹ 2
0 Ỹ2. We have :

Et(m) = Lt(m) + t−2Lt(m
′) , Pm′,m(t) = t−2

where m′ = tỸ 2
0 Ỹ2Ã

−1
1 ∈ Binv

m and :

Lt(m) = Ft(Ỹ0)Ft(Ỹ0Ỹ2) = Ỹ0(1 + tÃ−1
1 )Ỹ0Ỹ2(1 + tÃ−1

3 (1 + tÃ−1
1 ))

Lt(m
′) = Ft(m

′) = tỸ 2
0 Ỹ2Ã

−1
1 (1 + tÃ−1

1 )

Let suppose that C = B2 and m = Ỹ2,0Ỹ1,5. The formulas for Et(Ỹ2,0) and Et(Ỹ1,5) are
given is the appendix. We have :

Et(m) = Lt(m) + t−1Lt(m
′) , Pm′,m(t) = t−1

where m′ = tỸ2,0Ỹ1,5Ã
−1
2,2Ã

−1
1,4 ∈ Binv

m and :

Lt(m
′) = Ft(m

′) = tỸ2,0Ỹ1,5Ã
−1
2,2Ã

−1
1,4(1 + tÃ−1

1,2(1 + tÃ−1
2,4(1 + tÃ−1

1,6)))

7 Questions and conjectures

7.1 Positivity of coefficients

Proposition 7.1. If g is of type An (n ≥ 1), the coefficients of χq,t(Yi,0) are in N[t±].

Proof : We show that for all i ∈ I the hypothesis of proposition 5.15 for m = Yi,0 are
verified ; in particular the property Q of section 5.5 will be verified.

Let i be in I. For j ∈ I, let us write E(Yi,0) =
∑

m∈Bj

λj(m)Ej(m) ∈ Kj where λj(m) ∈ Z.

Let D be the set D = {monomials of Ej(m) /j ∈ I, m ∈ Bj, λj(m) 6= 0}. It suffices to
prove that for j ∈ I, m ∈ Bj ∩D ⇒ uj(m) ≤ 1 (because proposition 5.15 implies that for
all i ∈ I, Ft(Ỹi,0) = π−1(E(Yi,0))).

As E(Yi,0) = F (Yi,0), Yi,0 is the unique dominant Y-monomial in E(Yi,0). So for a monomial
m ∈ D there is a finite sequence {m0 = Yi,0, m1, ..., mR = m} such that for all 1 ≤ r ≤ R,
there is r′ < r and j ∈ I such that mr′ ∈ Bj and for r′ < r′′ ≤ r, mr′′ is a monomial
of Ej(mr′) and mr′′m

−1
r′′−1 ∈ {A

−1
j,l /l ∈ Z}. Such a sequence is said to be adapted to m.

Suppose there is j ∈ I and m ∈ Bj∩D such that uj(m) ≥ 2. So there is m′ ≤ m in D∩Bj

such that uj(m) = 2. So we can consider m0 ∈ D such that there is j0 ∈ I, m0 ∈ Bj0,
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uj0(m) ≥ 2 and for all m′ < m0 in D we have ∀j ∈ I, m′ ∈ Bj ⇒ uj(m
′) ≤ 1. Let us

write :
m0 = Yj0,qlYj0,qm

∏

j 6=j0

m
(j)
0

where for j 6= j0, m
(j)
0 =

∏
l∈Z

Y
uj,l(m0)

j,l . In a finite sequence adapted to m0, a term Yj0,ql or

Yj0,qm must come from a Ej0+1(m1) or a Ej0−1(m1). So for example we have m1 < m0 in
D of the form m1 = Yj0,qmYj0+1,ql−1

∏
j 6=j0,j0+1

m
(j)
1 . In all cases we get a monomial m1 < m0

in D of the form :
m1 = Yj1,qm1Yj1+1,ql1

∏

j 6=j1,j1+1

m
(j)
1

But the term Yj1+1,ql−1 can not come from a Ej1(m2) because we would have uj1(m2) ≥ 2.
So we have m2 < m1 in D of the form :

m2 = Yj2,qm2Yj2+2,ql2

∏

j 6=j2,j2+1,j2+2

m
(j)
2

This term must come from a Ej2−1, Ej2+3. By induction, we get mN < m0 in D of the
form :

mN = Y1,qmN Yn,qlN

∏

j 6=1,..,n

m
(j)
N = Y1,qm−N Yn,qlN

It is a dominant monomial of D ⊂ DYi,0
which is not Yi,0. It is impossible (proof of lemma

5.12).

An analog result is also geometrically proved by Nakajima for the ADE-case in [N3] (it
is also algebraically for AD-cases proved in [N4]). Those results and the explicit formulas
in n = 1, 2-cases (see the appendix) suggest :

Conjecture 7.2. The coefficients of Ft(Ỹi,0) = χq,t(Yi,0) are in N[t±].

In particular for m ∈ B, the coefficients of Et(m) would be in N[t±] ; moreover χq,t(Yi,0) and
χq(Yi,0) would have the same monomials, the t-algorithm would stop and Im(χq,t) ⊂ Yt.

At the time he wrote this paper the author does not know a general proof of the
conjecture4. However a case by case investigation seems possible : the cases G2, B2, C2

are checked in the appendix and the cases F4, Bn, Cn (n ≤ 10) have been checked on
a computer. So a combinatorial proof for series Bn, Cn (n ≥ 2) analog to the proof of
proposition 7.1 would complete the picture.

7.2 Decomposition in irreducible modules

The proposition 6.10 suggests :

Conjecture 7.3. For m ∈ B we have π+(Lt(m)) = L(m).

4This conjecture is proved later in [He5].
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In the ADE-case the conjecture 7.3 is proved by Nakajima with the help of geometry
([N3]). In particular this conjecture implies that the coefficients of π+(Lt(m)) are non
negative. It gives a way to compute explicitly the decomposition of a standard module in
irreducible modules, because the conjecture 7.3 implies :

E(m) = L(m) +
∑

m′<m

Pm′,m(1)L(m′)

In particular we would have Pm′,m(1) ≥ 0 (we have checked for numerous examples on
computer that the coefficients of the Pm′,m(t) are positive).

In section 6.4.2 we have studied some examples :

-In proposition 6.10 for g = sl2 and m ∈ B such that ∀l ∈ Z, ul(m) ≤ 1 : we have
π+(Lt(m)) = F (m) = L(m) and :

E(m) =
∑

m′∈B/m′≤m

L(m′)

-For g = sl2 and m = Ỹ 2
0 Ỹ2 : we have π+(Lt(m)) = F (Y0)F (Y0Y2) = L(m) and :

E(Y 2
0 Y2) = L(Y 2

0 Y2) + L(Y0)

Note that L(Y 2
0 Y2) has two dominant monomials Y 2

0 Y2 and Y0 because Y 2
0 Y2 is irregular

(lemma 4.5).

-For C = B2 and m = Ỹ2,0Ỹ1,5. The π+(Lt(Ỹ2,0Ỹ1,5)) has non negative coefficients and
the conjecture implies E(Y2,0Y1,5) = L(Y2,0Y1,5) + L(Y1,1).

7.3 Further applications and generalizations

We hope to address the following questions in the future :

Our presentation of deformed screening operators as commutators leads to the defini-
tion of iterated deformed screening operators, for example in order 2 :

S̃j,i,t(m) = [
∑

l∈Z

S̃j,l, Si,t(m)]

Some generalizations of the approach used in this article would be possible :

a) the theory of q-characters at roots of unity ([FM2]) suggests a generalization to the
case qN = 1.

b) in this article we decided to work with Yt which is a quotient of Yu. The same
construction with Yu will give characters with an infinity of parameters of deformation
tr = exp(

∑
l>0

h2lqlrcl) (r ∈ Z).

c) our construction is independent of representation theory and could be established
for other generalized Cartan matrices (in particular for affine cases).
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8 Appendix

There are 5 types of semi-simple Lie algebra of rank 2 : A1 × A1, A2, C2, B2, G2

(see for example [Kac]). In each case we give the formula for E(1), E(2) ∈ K and we
see that the hypothesis of proposition 5.15 is verified. In particular we have Et(Ỹ1,0) =
π−1(E(1)), Et(Ỹ2,0) = π−1(E(2)) ∈ Kt.

Following [FR3], we represent the E(1), E(2) ∈ K as a I × Z-oriented colored tree. For
χ ∈ K the tree Γχ is defined as follows : the set of vertices is the set of Y-monomials of χ.
We draw an arrow of color (i, l) from m1 to m2 if m2 = A−1

i,l m1 and if in the decomposition
χ =

∑
m∈Bi

µmLi(m) there is M ∈ Bi such that µM 6= 0 and m1, m2 appear in Li(M).

A1 × A1-case : C =

(
2 0
0 2

)
and r1 = r2 = 1 (note that in this case the computations

keep unchanged for all r1, r2).

Y1,0

1,1
��

Y −1
1,2

and Y2,0

2,1
��

Y −1
2,2

A2-case : C =

(
2 −1
−1 2

)
. It is symmetric, r1 = r2 = 1 :

Y1,0

1,1
��

Y −1
1,2 Y2,1

2,2

��

Y −1
2,3

and Y2,0

2,1
��

Y −1
2,2 Y1,1

1,2

��

Y −1
1,3
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C2, B2-case (dual cases) : we use C = B2 =

(
2 −2
−1 2

)
and r1 = 1, r2 = 2.

Y1,0

1,1
��

Y −1
1,2 Y2,1

2,3

��

Y −1
2,5 Y1,4

1,5

��

Y −1
1,6

and Y2,0

2,2
��

Y −1
2,4 Y1,1Y1,3

1,4

��

Y1,1Y
−1
1,5

1,2

��

Y −1
1,3 Y −1

1,5 Y2,2

2,4

��

Y −1
2,6

G2-case : C =

(
2 −3
−1 2

)
and r1 = 1, r2 = 3.

First fundamental representation :

Y1,0

1,1
��

Y −1
1,2 Y2,1

2,4

��

Y −1
2,7 Y1,4Y1,6

1,7

��

Y1,4Y
−1
1,8

1,5

��

Y −1
1,6 Y −1

1,8 Y2,5

2,8

��

Y −1
2,11Y1,10

1,11

��

Y −1
1,12
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Second fundamental representation :

Y2,0

2,3
��

Y −1
2,6 Y1,5Y1,3Y1,1

1,6

��

Y −1
1,7 Y1,3Y1,1

1,4

��

Y2,4Y
−1
1,7 Y −1

1,5 Y1,1

1,2
uukkkkkkkkkkkkkk

2,7

((QQQQQQQQQQQQ

Y −1
1,7 Y −1

1,5 Y −1
1,3 Y2,4Y2,2

2,5

��

2,7

))SSSSSSSSSSSSSS

Y −1
2,10Y1,9Y1,1

1,2
vvmmmmmmmmmmmm

1,10

��

Y2,4Y
−1
2,8

2,7

��

Y2,2Y
−1
2,10Y1,9Y

−1
1,3

2,5
uukkkkkkkkkkkkkk

1,10

((QQQQQQQQQQQQ

Y −1
1,11Y1,1

1,2

��

Y −1
2,8 Y −1

2,10Y1,9Y1,7Y1,5

1,10

))SSSSSSSSSSSSSS

Y2,2Y
−1
1,11Y

−1
1,3

2,5
vvmmmmmmmmmmmm

Y −1
2,8 Y −1

1,11Y1,7Y1,5

1,8

��

Y −1
1,11Y

−1
1,9 Y1,5

1,6

��

Y −1
1,11Y

−1
1,9 Y −1

1,7 Y2,6

2,9

��

Y −1
2,12



86 PARTIE 3

Troisième partie

The t-analogs of q-characters at roots of

unity for quantum affine algebras and

beyond

Publié dans Journal of Algebra

Référence : J. Algebra 279 (2004), no. 2 , 514–557

Résumé. Les q-caractères ont été construits par Frenkel et Reshetikhin [FR3] pour
étudier les représentations de dimension finie des algèbres affines quantiques non tordues
Uq(ĝ) pour q générique. Les ε-caractères aux racines de l’unité ont été construits par
Frenkel et Mukhin [FM2] pour étudier les représentations de dimension finie de diverses
spécialisations de Uq(ĝ) à qs = 1. Pour les cas simplement lacés finis, Nakajima [N2,
N3] définit des déformations des q-caractères appelées q, t-caractères, pour q générique
ou racine de l’unité. La définition est combinatoire mais la preuve de l’existence utilise
la théorie des variétés de carquois qui n’exite que dans le cas simplement lacé. Dans
[He2] nous avons proposé une nouvelle approche algébrique générale (non nécessairement
simplement lacée) pour les q, t-caractères avec q-générique. Dans cet article nous traitons
le cas q racine de l’unité. De plus nous construisons les q-caractères et q, t-caractères
pour une grande classe de matrices de Cartan généralisées (incluant les cas finis et affines
exceptés A

(1)
1 , A

(2)
2 ) en étendant l’approche de [He2]. Nous généralisons en particulier

la construction des analogues des polynômes de Kazhdan-Lusztig aux racines de l’unité
de [N3] à ces situations. Nous étudions également les propriétés de nombreux objets
utilisés dans cet article : opérateurs d’écrantage déformés aux racines de l’unité, algèbres
polynomiales t-déformées, bicaractères associés aux matrices de Cartan symmétrisables
et déformation de l’algorithme de Frenkel-Mukhin.

Abstract. The q-characters were introduced by Frenkel and Reshetikhin [FR3] to
study finite dimensional representations of the untwisted quantum affine algebra Uq(ĝ)
for q generic. The ε-characters at roots of unity were constructed by Frenkel and Mukhin
[FM2] to study finite dimensional representations of various specializations of Uq(ĝ) at
qs = 1. In the finite simply laced case Nakajima [N2, N3] defined deformations of q-
characters called q, t-characters for q generic and also at roots of unity. The definition is
combinatorial but the proof of the existence uses the geometric theory of quiver varieties
which holds only in the simply laced case. In [He2] we proposed an algebraic general (non
necessarily simply laced) new approach to q, t-characters for q generic. In this paper we
treat the root of unity case. Moreover we construct q-characters and q, t-characters for a
large class of generalized Cartan matrices (including finite and affine cases except A

(1)
1 ,
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A
(2)
2 ) by extending the approach of [He2]. In particular we generalize the construction of

analogs of Kazhdan-Lusztig polynomials at roots of unity of [N3] to those cases. We also
study properties of various objects used in this article : deformed screening operators at
roots of unity, t-deformed polynomial algebras, bicharacters arising from symmetrizable
Cartan matrices, deformation of the Frenkel-Mukhin’s algorithm.

1 Introduction

Drinfel’d [Dr1] and Jimbo [Jim] associated, independently, to any symmetrizable Kac-
Moody algebra g and any complex number q ∈ C∗ a Hopf algebra Uq(g) called quantum
group or quantum Kac-Moody algebra.

First we suppose that q ∈ C∗ is not a root of unity. In the case of a semi-simple Lie
algebra g of rank n, the structure of the Grothendieck ring Rep(Uq(g)) of finite dimensio-
nal representations of the quantum algebra of finite type Uq(g) is well understood. It is
analogous to the classical case q = 1. In particular we have ring isomorphisms :

Rep(Uq(g)) ' Rep(g) ' Z[Λ]W ' Z[T1, ..., Tn]

deduced from the injective homomorphism of characters χ :

χ(V ) =
∑

λ∈Λ

dim(Vλ)λ

where Vλ are weight spaces of a representation V and Λ is the weight lattice.

For the general case of Kac-Moody algebras the picture is less clear. The representation
theory of the quantum affine algebra Uq(ĝ) is of particular interest (see [CP3], [CP4]). In
this case there is a crucial property of Uq(ĝ) : it has two realizations, the usual Drinfel’d-
Jimbo realization and a new realization (see [Dr2] and [Be]) as a quantum affinization of
the quantum algebra of finite type Uq(g).

To study the finite dimensional representations of Uq(ĝ) Frenkel and Reshetikhin [FR3] in-
troduced q-characters which encode the (pseudo)-eigenvalues of some commuting elements
in the Cartan subalgebra Uq(ĥ) ⊂ Uq(ĝ) (see also [Kn]). The morphism of q-characters is
an injective ring homomorphism :

χq : Rep(Uq(ĝ))→ Z[Y ±i,a]i∈I,a∈C∗

where Rep(Uq(ĝ)) is the Grothendieck ring of finite dimensional (type 1)-representations
of Uq(ĝ) and I = {1, ..., n}. In particular Rep(Uq(ĝ)) is commutative and isomorphic to
Z[Xi,a]i∈I,a∈C∗.

The morphism of q-characters has a symmetry property analogous to the classical action
of the Weyl group Im(χ) = Z[Λ]W : Frenkel and Reshetikhin [FR3] defined n screening
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operators Si and showed that Im(χq) =
⋂
i∈I

Ker(Si) for g = sl2. The result was proved by

Frenkel and Mukhin for all finite g in [FM1].

In the simply laced case Nakajima [N2, N3] introduced t-analogs of q-characters. The mo-
tivations are the study of filtrations induced on representations by (pseudo)-Jordan de-
compositions, the study of the decomposition in irreducible modules of tensorial products
and the study of cohomologies of certain quiver varieties. The morphism of q, t-characters
is a Z[t±]-linear map

χq,t : Rep(Uq(ĝ))→ Z[Y ±i,a, t
±]i∈I,a∈C∗

which is a deformation of χq and multiplicative in a certain sense. A combinatorial axio-
matic definition of q, t-characters is given. But the existence is non-trivial and is proved
with the geometric theory of quiver varieties which holds only in the simply laced case.

In [He2] we defined and constructed q, t-characters in the general (non necessarily simply
laced) case with a new approach motivated by the non-commutative structure of Uq(ĥ) ⊂
Uq(ĝ), the study of screening currents of [FR2] and of deformed screening operators Si,t

of [He1]. In particular we have a symmetry property : the image of χq,t is a completion of⋂
i∈I

Ker(Si,t).

The representation theory of the quantum affine algebras Uq(ĝ) depends crucially whether
q is a root of unity or not (see [CP5]). Frenkel and Mukhin [FM1] generalized q-characters
at roots of unity : if ε is a sth-primitive root of unity the morphism of ε-characters is :

χε : Rep(U res
ε (ĝ))→ Z[Y ±i,a]i∈I,a∈C∗

where Rep(U res
ε (ĝ)) is the Grothendieck ring of finite dimensional (type 1)-representations

of the restricted specialization U res
ε (ĝ) of Uq(ĝ) at q = ε. In particular Rep(U res

ε (ĝ)) is
commutative and isomorphic to Z[Xi,a]i∈I,a∈C∗.

Moreover χε can be characterized by

χε(
∏

i∈I,l∈Z/sZ

X
xi,l

i,εl ) = τs(χq(
∏

i∈I,0≤l≤s−1

X
xi,[l]

i,ql ))

where τs : Z[Y ±
i,ql]i∈I,l∈Z → Z[Y ±

i,εl]i∈I,l∈Z/sZ is the ring homomorphism such that τs(Y
±
i,ql) =

Y ±
i,ε[l]

(for l ∈ Z we denote by [l] its image in Z/sZ).

In the simply laced case Nakajima generalized the theory of q, t-characters at roots of
unity with the help of quiver varieties [N3].

In this paper we construct q, t-characters at roots of unity in the general (non ne-
cessarily simply laced) case by extending the approach of [He2]. As an application we
construct analogs of Kazhdan-Lusztig polynomials at roots of unity in the same spirit
as Nakajima did for the simply laced case. We also study properties of various objects
used in this paper : deformed screening operators at roots of unity, t-deformed polynomial
algebras, bicharacters arising from general symmetrizable Cartan matrices, deformation
of the Frenkel-Mukhin’s algorithm.

The construction is also extended beyond the case of a quantum affine algebra, that
is to say by replacing the finite Cartan matrix by a generalized symmetrizable Cartan
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matrix : the construction of q-characters as well as q, t-characters (generic and roots of
unity cases) is explained in this paper for (non necessarily finite) Cartan matrices such
that i 6= j ⇒ Ci,jCj,i ≤ 3 (it includes finite and affine types except A

(1)
1 , A

(2)
2 ). The notion

of a quantum affinization is more general than the construction of a quantum affine algebra
from a quantum algebra of finite type : it can be extended to any general symmetrizable
Cartan matrix (see [N1]). For example for an affine Cartan matrix one gets a quantum
toroidal algebra (see [VV1]). In general a quantum affinization is not a quantum Kac-
Moody algebra and few is known about the representation theory outside the quantum
affine algebra case. However for an integrable representation one can define q-characters
as Frenkel-Reshetikhin did for quantum affine algebras. So the role of the q-characters in
the representation theory of the general quantum affinizations has to be studied in details.
We will address further developments on this point in a separate publication.

This paper is organized as follows : after some backgrounds in section 2, we generalize
in section 3 the construction of t-deformed polynomial algebras of [He2] to the root of
unity case. We give a “concrete” construction using Heisenberg algebras. We show that
this twisted multiplication can also be “abstractly” defined with two bicharacters d1, d2 as
Nakajima did for the simply laced case (for which there is only one bicharacter d1 = d2).

In section 4 we remind how q, t-characters are constructed for q generic and C finite in
[He2]. We extend the construction of q-characters and of q, t-characters to symmetrizable
(non necessarily finite) Cartan matrices such that i 6= j ⇒ Ci,jCj,i ≤ 3, in particular for
affine Cartan matrices (except A

(1)
1 and A

(2)
2 ). The q, t-characters can be computed by the

algorithm described in [He2] which is a deformation of the algorithm of Frenkel-Mukhin
[FM1].

In section 5 we construct q, t-characters at roots of unity. Let us explain the crucial
technical point of this section : we can not use directly a t-deformation of the definition
of Frenkel-Mukhin because there is no analog of τs which is an algebra homomorphism
for the t-deformed structures. But we can construct τs,t which is multiplicative for some
ordered products (see section 5.2.1). In particular τs,t has nice properties and we can
define χε,t such that “χε,t = τs,t ◦χq,t”. We give properties of χε,t analogous to the property
of χε (theorem 4.8, 5.6, 5.11). In particular in the ADE-case we get a formula which is
Axiom 4 of [N3], and so the construction coincides with the construction of [N3] for the
ADE-case.

In section 6 we give some applications about Kazhdan-Lusztig polynomials and quantiza-
tion of the Grothendieck ring. If C is finite the technical point in the root of unity case is
to show that the algorithm produces a finite number of dominant monomials. We give a
conjecture about the multiplicity of an irreducible module in a standard module at roots
of unity. For the ADE-case it is a result of Nakajima [N3]. We also discuss the non finite
cases.

In section 7 we give some complements : first we discuss the finiteness of the algorithm ;
at t = 1 it stops if C is finite and it does not stop if C is affine. We relate the structure
of the deformed ring in the affine A

(1)
r -case to the structure of quantum toroidal algebras.

We study some combinatorial properties of the Cartan matrices which are related to the
bicharacters d1 and d2 (propositions 7.9, 7.11, 7.12 and theorem 7.10).
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In the course of writing this paper we were informed by H. Nakajima that the t-analogs of
q-characters for some quantum toroidal algebras are also mentioned in the remark 6.9 of
[N5]. This incited us to add the construction of analogs of Kazdhan-Lusztig polynomials
at roots of unity also in the non finite cases (in section 6.1).

2 Background

2.1 Cartan matrices

A generalized Cartan matrix is C = (Ci,j)1≤i,j≤n such that Ci,j ∈ Z and :

Ci,i = 2 , i 6= j ⇒ Ci,j ≤ 0 , Ci,j = 0⇔ Cj,i = 0

Let I = {1, ..., n}.

C is said to be decomposable if it can be written in the form C = P

(
A 0
0 B

)
P−1 where

P is a permutation matrix, A and B are square matrices. Otherwise C is said to be
indecomposable.

C is said to be symmetrizable if there is a matrix D = diag(r1, ..., rn) (ri ∈ N∗) such
that B = DC is symmetric. In particular if C is symmetric then it is symmetrizable with
D = In.

If C is indecomposable and symmetrizable then there is a unique choice of r1, ..., rn > 0
such that r1 ∧ ... ∧ rn = 1 : indeed if Cj,i 6= 0 we have the relation ri =

Cj,i

Ci,j
rj.

In the following C is a symmetrizable and indecomposable generalized Cartan matrix. For
example :

C is said to be of finite type if all its principal minors are positive (see [Bo] for a classifi-
cation).

C is said to be of affine type if all its proper principal minor are positive and det(C) = 0
(see [Kac] for a classification).

Let r∨ = max{ri − 1 − Cj,i)/i 6= j} ∪ {1}. If C is finite we have r∨ = max{ri/i ∈ I} =
max{−Ci,j/i 6= j}. In particular if C is of type ADE we have r∨ = 1, if C is of type
BlClF4 (l ≥ 2) we have r∨ = 2, if C of type G2 we have r∨ = 3.

Let z be an indeterminate and zi = zri . The matrix C(z) = (Ci,j(z))1≤i,j≤n with coeffi-
cients in Z[z±] is defined by Ci,i(z) = [2]zi

= zi + z−1
i and Ci,j = [Ci,j]z for i 6= j where for

l ∈ Z, we denote [l]z = zl−z−l

z−z−1 ∈ Z[z±].

Let B(z) = D(z)C(z) where D(z) is the diagonal matrix Di,j(z) = δi,j[ri]z, that is to say
Bi,j(z) = [ri]zCi,j(z).

In particular, the coefficients of C(z) and B(z) are symmetric Laurent polynomials (in-
variant under z 7→ z−1).

In the following we suppose that det(C(z)) 6= 0 and that B(z) is symmetric. It includes
finite and affine Cartan matrices (if C is of type A

(1)
1 we set r1 = r2 = 2) and also the
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matrices such that i 6= j ⇒ Ci,jCj,i ≤ 3 which will appear later (see lemma 6.4 and section
7.3 for complements).

2.2 Quantum affine algebras and q-characters

In the following q is a complex number q ∈ C∗. If q is not a root of unity we set s = 0
and we say that q is generic. Otherwise s ≥ 1 is set such that q is a sth primitive root of
unity.

We suppose in this section that C is finite. We refer to [FM2] for the definition of the
untwisted quantum affine algebra Uq(ĝ) associated to C (for q generic) and of the restricted
specialization U res

ε (ĝ) of Uq(ĝ) at q = ε (for ε root of unity).

We briefly describe the construction of U res
ε (ĝ) from Uq(ĝ) : we consider a Z[q, q−1]-

subalgebra of Uq(ĝ) containing the (x±i )(r) =
(x±

i )s

[r]qi !
(where [r]q! = [r]q[r − 1]q...[1]q) for

some generators x±i , and we set q = ε.

One can define a Hopf algebra structure on Uq(ĝ) and U res
ε (ĝ), and so we consider the

Grothendieck ring of finite dimensional (type 1)-representations : Rep(Uq(ĝ)) and
Rep(U res

ε (ĝ)).

The morphism of q-characters χq (Frenkel-Reshetikhin [FR3]) and the morphism of ε-
character χε (Frenkel-Mukhin [FM2]) are injective ring homomorphisms :

χq : Rep(Uq(ĝ))→ Z[Y ±i,a]i∈I,a∈C∗ , χε : Rep(U res
ε (ĝ))→ Z[Y ±i,a]i∈I,a∈C∗

In particular Rep(Uq(ĝ)) and Rep(U res
ε (ĝ)) are commutative and isomorphic to

Z[Xi,a]i∈I,a∈C∗.

Frenkel and Mukhin [FM1][FM2] have proven that for i ∈ I, a ∈ C∗ :

χq(Xi,a) ∈ Z[Y ±i,aqm ]i∈I,m∈Z and χε(Xi,a) ∈ Z[Y ±i,aεm ]i∈I,m∈Z

Indeed it suffices to study (see [He2] for details) :

χq : Rep = Z[Xi,l]i∈I,l∈Z → Y = Z[Y ±i,l ]i∈I,l∈Z

(where Xi,l = Xi,ql, Y ±i,l = Y ±
i,ql), and :

χs
ε : Reps = Z[Xi,l]i∈I,l∈Z/sZ → Y

s = Z[Y ±i,l ]i∈I,l∈Z/sZ

(where Xi,l = Xi,εl, Y ±i,l = Y ±
i,εl).

3 t-deformed polynomial algebras and screening opera-

tors

In this section we generalize at roots of unity and beyond the finite case the construc-
tion of [He2] of t-deformed polynomial algebras and screening operators. In particular the
presentation with bicharacters d1, d2 is introduced for the non simply laced case. Technical
results which will be used in the construction are also proved in this section.
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3.1 The t-deformed algebra Ŷs
t

In this section we suppose that B(z) is symmetric.

Definition 3.1. Ĥ is the C-algebra defined by generators ai[m], yi[m] (i ∈ I, m ∈ Z−{0}),
central elements cr (r > 0) and relations (i, j ∈ I, m, r ∈ Z− {0}) :

[ai[m], aj[r]] = δm,−r(q
m − q−m)Bi,j(q

m)c|m| (6)

[ai[m], yj[r]] = (qmri − q−rim)δm,−rδi,jc|m| (7)

[yi[m], yj[r]] = 0 (8)

Let Ĥh = Ĥ[[h]]. For i ∈ I, l ∈ Z/sZ we define Y ±i,l , A
±
i,l, t

±
l ∈ Ĥh such that :

Yi,l = exp(
∑

m>0

hmqlmyi[m])exp(
∑

m>0

hmq−lmyi[−m])

Ai,l = exp(
∑

m>0

hmqlmai[m])exp(
∑

m>0

hmq−lmai[−m])

tl = exp(
∑

m>0

h2mqlmcm)

For R =
∑
l∈Z

Rlz
l ∈ Z[z±] we denote tR =

∏
l∈Z

tRl
l = exp(

∑
m>0

h2mR(qm)cm) ∈ Ĥh.

Note that the root of unity condition, that is to say s ≥ 1, is a periodic condition (Yi,l+s =
Yi,l).

Lemma 3.2. ([He2]) We have the following relations in Ĥh :

Ai,lYj,kA
−1
i,l Y −1

j,k = tδi,j (z−ri−zri)(−z(l−k)+z(k−l))

Ai,lAj,kA
−1
i,l A−1

j,k = tBi,j (z)(z−1−z)(−z(l−k)+z(k−l))

Definition 3.3. Ŷs
u is the Z-subalgebra of Ĥh generated by the Yi,l, A

−1
i,l , tl (i ∈ I, l ∈

Z/zZ).

Ŷs
t is the quotient-algebra of Ŷs

u by relations tl = 1 if l ∈ Z/sZ− {0}.

We keep the notations Yi,l, A
−1
i,l for their image in Ŷs

t . We denote by t the image of

t0 = exp(
∑

m>0

h2mcm) in Ŷs
t . In particular the image of tR is tR0 . We denote by Ŷt = Ŷ0

t

the algebra in the generic case (in the same way for a family (M s)s≥0 we will denote
M = M0).

Note that if s ≥ 1, the elements A−1
i,0 A−1

i,1 ...A−1
i,s−1 and Yi,0Yi,1...Yi,s−1 are central in Ŷs

t .

The following theorem gives the structure of Ŷs
t :
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Theorem 3.4. The algebra Ŷs
t is defined by generators Yi,l, A

−1
i,l , t± (i ∈ I, l ∈ Z/sZ) and

relations (i, j ∈ I, k, l ∈ Z/sZ) :

Yi,lYj,k = Yj,kYi,l , A−1
i,l A−1

j,k = tα(i,l,j,k)A−1
j,kA

−1
i,l , Yj,kA

−1
i,l = tβ(i,l,j,k)A−1

i,l Yj,k

where α, β : (I × Z/sZ)2 → Z are given by (l, k ∈ Z/sZ, i, j ∈ I) :

α(i, l, i, k) = 2(δl−k,−2ri
− δl−k,2ri

)

α(i, l, j, k) = 2
∑

r=Ci,j+1,Ci,j+3,...,−Ci,j−1

(δl−k,r+ri
− δl−k,r−ri

) (if i 6= j)

β(i, l, j, k) = 2δi,j(−δl−k,ri
+ δl−k,−ri

)

(the ri, r are seen in Z/lZ.)

This theorem is a generalization of theorem 3.11 of [He2]. It is proved in the same way
except for lemma 3.7 of [He2] whose proof is changed at roots of unity : for N ≥ 1 we
denote by ZN [z] ⊂ Z[z] the subset of polynomials of degree lower that N . The following
lemma is a generalization of lemma 3.7 of [He2] at roots of unity :

Lemma 3.5. We suppose that s ≥ 1. Let J = {1, ..., r} be a finite set of cardinal r and Λ be
the polynomial commutative algebra Λ = C[λj,m]j∈J,m≥0. For R = (R1, ..., Rr) ∈ Zs−1[z]r,
consider :

ΛR = exp(
∑

j∈I,m>0

hmRj(q
m)λj,m) ∈ Λ[[h]]

Then the (ΛR)R∈Zs−1 [z]r are C-linearly independent. In particular the Λj,l = Λ(0,...,0,zl,0,...,0)

(j ∈ I, 0 ≤ l ≤ s− 1) are C-algebraically independent.

Proof : Suppose we have a linear combination (µR ∈ C, only a finite number of µR 6= 0) :
∑

R∈Zs−1 [z]r

µRΛR = 0

In the proof of lemma 3.7 of [He2] we saw that for N ≥ 0, j1, ..., jN ∈ J , l1, ..., lN > 0,
α1, ..., αN ∈ C we have :

∑

R∈Zs−1[z]r/Rj1
(ql1 )=α1,...,RjN

(qlR )=αN

µR = 0

We set N = sr and

((j1, l1), ..., (jN , lN)) = ((1, 1), (1, 2), ..., (1, s), (2, 1), ..., (2, s), (3, 1), ..., (r, s))

We get for all αj,l ∈ C (j ∈ J, 1 ≤ l ≤ L) :
∑

R∈Zs−1[z]r/∀j∈J,1≤l≤s,Rj(ql)=αj,l

µR = 0

It suffices to show that there is at most one term is this sum. But consider P, Q ∈ Zs−1[z]
such that for all 1 ≤ l ≤ s, P (ql) = P ′(ql). As q is primitive the ql are different and so
P − P ′ = 0.
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3.2 Bicharacters, monomials and involution

3.2.1 Presentation with bicharacters

The definition of the algebra Ŷs
t with the Heisenberg algebra Ĥ is a “concrete” construc-

tion. It can also be defined “abstractly” with bicharacters in the same spirit as Nakajima
[N3] did for the simply laced case :

For m a Ŷs
t -monomial, i ∈ I, l ∈ Z/sZ we define yi,l(m), vi,l(m) ≥ 0 such that m ∈

tZ
∏

i∈I,l∈Z/sZ

Y
yi,l

i,l A
−vi,l

i,l . We define also ui,l(m) ∈ Z by :

ui,l(m) = yi,l(m)− vi,l−ri
(m)− vi,l+ri

(m) +
∑

j 6=i,r=Ci,j+1,Ci,j+3,...,−Ci,j−1

vj,r(m)

In particular if Ci,j = 0 we have ui,l(A
−1
j,k) = 0 and if Ci,j < 0

ui,l(A
−1
j,k) =

∑

r=Ci,j+1...−Ci,j−1

δl+r,k

Definition 3.6. For m1, m2 Ŷs
t -monomials we define :

d1(m1, m2) =
∑

i∈I,l∈Z/sZ

vi,l+ri
(m1)ui,l(m2) + yi,l+ri

(m1)vi,l(m2)

d2(m1, m2) =
∑

i∈I,l∈Z/sZ

ui,l+ri
(m1)vi,l(m2) + vi,l+ri

(m1)yi,l(m2)

For m a Ŷs
t -monomial we have always d1(m, m) = d2(m, m) (see section 7.3). In the

ADE-case we have d1 = d2 and it is the bicharacter of Nakajima [N3].

By checking on generators we see that :

Proposition 3.7. For m1, m2 Ŷs
t -monomials, we have in Ŷs

t :

m1m2 = t2d1(m1 ,m2)−2d2(m2,m1)m2m1 = t2d2(m1,m2)−2d1(m2 ,m1)m2m1

If B(z) is not symmetric, the product is defined in section 7.3.3.

3.2.2 Involution

We consider the Z[t±]-antilinear antimultiplicative involution of Ŷs
t such that Yi,l = Yi,l,

A−1
i,l = A−1

i,l , t = t−1 (in [He2] we gave a “concrete” construction of this involution for the

generic case : in Ŷu the involution is defined by cm 7→ −cm).

A computation analog to lemma 6.8 of [He2] gives :
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Lemma 3.8. There is a Z[t±]-basis As
t of Ŷs

t such that all m ∈ As
t is a Ŷs

t -monomial
and :

m = t2d1(m,m)m = t2d2(m,m)m

Moreover for m1, m2 ∈ As
t we have m1m2t

−d1(m1 ,m2)−d2(m1,m2) ∈ As
t .

For example we have Yi,l ∈ As
t (because d1(Yi,l, Yi,l) = 0) and if s = 0 or s > 2ri we have

tA−1
i,l ∈ As

t (because d1(A
−1
i,l , A−1

i,l ) = −1).

For m1, m2 ∈ As
t we set m1.m2 = m1m2t

−d1(m1 ,m2)−d2(m1,m2) ∈ As
t . We have m1.m2 =

m2.m1. The non commutative multiplication can be defined from . by setting (m1, m2 ∈
As

t) :
m1m2 = td1(m1,m2)+d2(m1 ,m2)m1.m2

In the ADE-case it is the point of view adopted in [N3]. In particular if s = 0 or s > 2ri,
Yi,l (resp. A−1

i,l ) is denoted by Wi,l (resp. t−1Vi,l) in [N3].

For s ≥ 0 there is a surjective map ps : At → As
t such that for m ∈ At, ps(m) is the unique

element of As
t such that for i ∈ I, l ∈ Z/sZ :

yi,l(ps(m)) =
∑

l′∈Z/[l′]=l

yi,l(m) , vi,l(ps(m)) =
∑

l′∈Z/[l′]=l

vi,l(m)

In particular it gives a Z[t±]-linear map ps : Ŷt → Ŷs
t .

3.2.3 Dominant monomials

A Ŷs
t -monomial is said to be i-dominant (resp. i-antidominant) if ∀l ∈ Z/sZ, ui,l(m) ≥

0 (resp. ui,l(m) ≤ 0). We denote by Bs
i,t the set of i-dominant monomials m such that

m ∈ As
t .

A Ŷs
t -monomial is said to be dominant (resp. antidominant) if ∀l ∈ Z/sZ, ∀i ∈ I, ui,l(m) ≥

0 (resp. ui,l(m) ≤ 0). We denote by Bs
t the set of dominant monomials m such that m ∈ As

t .

We define Π̂ : Ŷs
t → Y

s = Z[Y ±i,l ]i∈I,l∈Z/sZ as the ring morphism such that for m a Ŷt-

monomial Π̂(m) =
∏

i∈I,l∈Z/sZ

Y
ui,l(m)
i,l (Ys is commutative).

In particular for i ∈ I, l ∈ Z/sZ, we have :

Π̂(A−1
i,l ) = Y −1

i,l−ri
Y −1

i,l+ri

∏

j/Cj,i<0

∏

k=Cj,i+1,Cj,i+3,...,−Cj,i−1

Yj,l+2k

and we denote this term by A−1
i,l = Π̂(A−1

i,l ). Let As = Π̂(As
t ) the set of Ys-monomials,

Bs
i = Π̂(Bs

i,t), Bs =
⋂
i∈I

Bs
i = Π̂(Bs

t ).

We recall that there is a partial ordering on the Ŷs
t -monomials such that

m = tαA−1
i1,l1

...A−1
ik ,lk

m′ ⇔ m < m′.

We have a generalization of lemma 3.14 of [He2] :
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Lemma 3.9. Let s ≥ 0 and M be in As
t . Then :

i) If C is finite then there is at most a finite number of m′ ∈ As
t such that m′ ≤ M

and m′ is dominant.

ii) If C is finite or det(C(q)) 6= 0 then for m ∈ As there is at most a finite number of
m′ ∈ As

t such that m′ ≤M and Π̂(m′) = m.

iii) We suppose that there are (ai)i∈I ∈ ZI such that ai > 0 and for i ∈ I
∑
j∈I

ajCj,i = 0.

Then for M ∈ As there are at most a finite number of dominant monomials m ∈ Bs of
the form m = MA−1

i1 ,l1
A−1

i2,l3
...A−1

ik ,lk
.

In particular an affine Cartan matrix verifies the property of (iii) (see [Kac] for the coef-
ficients aj).

Proof : i) If s = 0 see lemma 3.14 of [He2]. Suppose that s ≥ 1 and let m′ be in As
t

with m′ = tαM
∏

i∈I,l∈Z/sZ

A
−vi,l

i,l and the vi,l ≥ 0. It suffices to show that the condition

m′ dominant implies that the vi =
∑

l′∈Z/sZ

vi,l are bounded (because Z/sZ is finite). This

condition implies :

ui(m
′) = −2vi +

∑

j 6=i

(−Ci,jvj) + ui(M) ≥ 0

Let U be the column vector with coefficients (u1(M), ..., un(M)) and V the column vector
with coefficients (v1, ..., vn). So we have U − CV ≥ 0. As C is finite, the theorem 4.3 of
[Kac] implies that C−1U − V ≥ 0 and so the vi are bounded.

ii) If det(C(q)) 6= 0 then the A−1
i,l are algebraically independent (see [He2]) and the

result is clear. If C is finite and s ≥ 1, we use the proof of (i) with the condition :

ui(m
′) = −2vi +

∑

j 6=i

(−Ci,jvj) + ui(M) = ui(m)

iii) Consider m′ =
∏

i∈I,l∈Z/sZ

A
−vi,l

i,l and m = Mm′. For i ∈ I let vi =
∑

l∈Z/sZ

vi,l ≥ 0. We

have : ∑

i∈I

aiui(m
′) =

∑

i∈I

ai

∑

j∈I

(−Ci,j)vj = −
∑

j∈I

vj(
∑

i∈I

aiCi,j) = 0

We suppose that m is dominant, in particular ui,l(m
′) ≥ −ui,l(M). So :

ui,l(m
′) = ui(m

′)−
∑

l′∈Z/sZ,l′ 6=l

ui,l′(m
′) ≤ ui(m

′) +
∑

l′∈Z/sZ,l′ 6=l

ui,l′(M)

≤
1

ai

∑

j 6=i

aj(−uj(m
′)) +

∑

l′∈Z/sZ,l′ 6=l

ui,l′(M) ≤
1

ai

∑

j 6=i

ajuj(M) +
∑

l′∈Z/sZ,l′ 6=l

ui,l′(M)

So the ui,l(m
′) (i ∈ I, l ∈ Z/sZ) are bounded and there is at most a finite number of m′

such that m is dominant.
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In (ii) the condition det(C(q)) 6= 0 is essential : if we suppose that C is of type A
(1)
2 and

s = 3 (so det(C(q)) = q−3(q3−1)2 = 0). Then for all L ≥ 0, we have Π̂(Y1,0A
−L
1,1 A−L

2,2 A−L
3,3 ) =

Y1,0 and Π̂−1(Y1,0) is infinite.

3.3 Screening operators

Classical screening operators were introduced in [FR3] and t-deformed screening ope-
rators were introduced in [He1] for C finite and q-generic. We define classical and deformed
screening operators in the general case :

Definition 3.10. Ŷs
i,u is the Ŷs

u-bimodule defined by generators Si,l (i ∈ I, l ∈ Z/sZ) and
relations :

Si,lA
−1
j,k = t−Ci,j (z)(z(k−l)+z(l−k))A

−1
j,kSi,l , Si,lYj,k = tδi,j (z(k−l)+z(l−k))Yj,kSi,l

Si,lt = tSi,l , Si,l−ri
= t−q−2ri−1A

−1
i,l Si,l+ri

Ŷs
i,t is the Ŷs

t -bimodule Ŷs
t ⊗Ŷs

u
Ŷs

i,u ⊗Ŷs
u
Ŷs

t .

(Note that Ŷs
t is a Ŷs

u-bimodule using the projection Ŷs
u → Ŷ

s
t ). For s ≥ 1 we have a

periodic condition Si,l+s = Si,l.

For m a Ŷs
t -monomial only a finite number of [Si,l, m] = (t2 − 1)tui,l(m)−1[ui,l(m)]tSi,l ∈

(t2 − 1)Ŷi,t are not equal to 0, so we can define :

Definition 3.11. The ith-deformed screening operator is the map Ss
i,t : Ŷs

t → Ŷ
s
i,t defined

by (λ ∈ Ŷs
t ) :

Ss
i,t(λ) =

1

t2 − 1

∑

l∈Z/sZ

[Si,l, λ] ∈ Ŷs
i,t

At t = 1 we define the classical screening operators :

Ss
i : Ys → Ys

i =
⊕

l∈Z/sZ

YsSi,l/
∑

l∈Z/sZ

Ys.(Si,l−ri
− A−1

i,l Si,l+ri
)

such that for m ∈ As, Ss
i (m) = m

∑
l∈Z/sZ

ui,l(m)Si,l. For λ ∈ Ŷs
t we have Si(Π̂(λ)) =

Π̂(Si,t(λ)) where Π̂ : Ŷs
i,t → Y

s
i is defined by Π̂(mSi,l) = Π̂(m)Si,l.

The Ss
i,t, S

s
i are derivations. Denote K̂s

i,t = Ker(Ss
i,t) and K̂s

t =
⋂
i∈I

K̂s
i,t (resp. Ks

i = Ker(Ss
i )

and Ks =
⋂
i∈I

Ks
i ) be the subalgebras of Ŷs

t (resp. of Ys).
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4 q, t-characters in the generic case

In [He2] we defined q, t-characters for all finite Cartan matrices in the generic case. In
this section we define q and q, t-characters for all symmetrizable (non necessarily finite)
Cartan matrix such that i 6= j ⇒ Ci,jCj,i ≤ 3, in particular for Cartan matrices of affine
type (except A

(1)
1 , A

(2)
2 ). We suppose s = 0, that is to say q is generic. The root of unity

case will be studied in section 5.

4.1 Reminder on the algorithm of Frenkel-Mukhin and on the
deformed algorithm

4.1.1 Kernel of deformed screening operators

In the following a product
→∏
l∈Z

Ml (resp.
←∏
l∈Z

Ml) is the ordered product

...M−2M−1M0M1... (resp. ...M2M1M0M−1...).

Definition 4.1. For M ∈ Ŷt a i-dominant monomial we define :

←

Ei,t(M) = M(
∏

l∈Z

Y
ui,l(M)
i,l )−1

←∏

l∈Z

(Yi,l(1 + tA−1
i,l+ri

))ui,l(M) ∈ Ŷt

Theorem 4.2. ([He1]) For all Cartan matrix C, the kernel K̂i,t of Si,t is the Z[t±]-

subalgebra of Ŷt generated by the (l ∈ Z, j 6= i) :

Yi,l(1 + tA−1
i,l+ri

) , A−1
i,l Yi,l+ri

Yi,l−ri
, Yj,l ,

←

Ei,t(A
−1
j,l )

For M a i-dominant monomial we have
←

Ei,t(M) ∈ K̂i,t, and K̂i,t =
⊕

M∈Bi,t

Z[t±]
←

Ei,t(M).

Note that the proof of [He1] works also if C is not finite : the point of this proof is that
an element χ ∈ K̂i,t−{0} has at least one i-dominant monomial, which is shown as in the
sl2-case.

At t = 1 it is a classical result of [FR3].

Note that in the ADE-case the identification (see section 3.2.2) between the tA−1
i,l and

the Vi,l shows that the notation K̂i,t coincides with the notation of [N3].

4.1.2 Completed algebras

We define a Z−-gradation of Ŷt by putting deg(A−1
i,l ) = −1, deg(Yi,l) = 0. Note that

m < m′ ⇒ deg(m) < deg(m′). We define the algebra Ŷ∞t ⊃ Ŷt as the completion for
this gradation. In particular the elements of Ŷ∞t are (infinite) sums

∑
k≤0

λk such that λk is

homogeneous of degree k.
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In the same way we define K̂∞i,t such that Ŷ∞t ⊃ K̂∞i,t ⊃ K̂i,t, that is to say χ ∈ Ŷ∞t is in K̂∞i,t
if and only if it is of the form χ =

∑
k≤0

χk where :

χk ∈
⊕

M∈Bi,t/deg(M)=k

Z[t±]
←

Ei,t(M)

Let K̂∞t =
⋂
i∈I

K̂∞i,t. In particular :

Lemma 4.3. An element of K̂∞t − {0} has at least one dominant monomial. An element
of K̂t − {0} has at least one dominant monomial and one antidominant monomial.

In the same way for t = 1 we define Y∞ ⊃ Y, K∞ ⊃ K. They are well defined because in
Y the A−1

i,l are algebraically independent (see section 3.2.3) and Π̂ preserves the degree.

In particular the maps Π̂ can be extended to a map Π̂ : Ŷ∞t → Y
∞.

For m a Ŷt-monomial let u(m) = max{l ∈ Z/∀k < l, ∀i ∈ I, ui,k(m) = 0}. We define the
subset C(m) ⊂ At

C(m) = {tZmA−1
i1,l1

...A−1
iN ,lN

/N ≥ 0, l1, ..., lN ≥ u(m)} ∩ At

We define the Z[t±]-submodule of Ŷ∞t :

C̃(m) = {χ ∈ Ŷ∞t /χ =
∑

m′∈C(m)

λm′(t)m′}

4.1.3 Algorithms

In [He2] we defined a deformed algorithm to compute q, t-characters for C finite. We
had to show that this algorithm is well defined, that is to say that at each step the different
ways to compute each term give the same result.

The formulas of [He2] gives also a (non necessarily well defined) deformed algorithm for
all Cartan matrices, that is to say :

Let m ∈ Bt. If the deformed algorithm beginning with m is well defined, it gives an
element Ft(m) ∈ K̂∞t such that m is the unique dominant monomial of Ft(m).

An algorithm was also used by Nakajima in the ADE-case in [N2]. If we set t = 1 and
apply Π̂ we get a classical algorithm (it is analogous to the algorithm constructed by
Frenkel and Mukhin in [FM1]). So :

Let m ∈ B. If the classical algorithm beginning with m is well defined, it gives an
element F (m) ∈ K∞ such that m is the unique dominant monomial of F (m).

We say that the classical algorithm (resp. the deformed algorithm) is well defined if for
all m ∈ B (resp. all m ∈ Bt) the classical algorithm (resp. deformed algorithm) beginning
with m is well defined.
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Lemma 4.4. If the deformed algorithm is well defined then the classical algorithm is well
defined.

Proof : If the deformed algorithm beginning with m is well defined then the classical
algorithm beginning with Π̂(m) is well defined and F (Π̂(m)) = Π̂(Ft(m)).

The following results are known :

If C is finite then the classical algorithm is well defined ([FM1]).

If C is finite and symmetric then the deformed algorithm is well defined ([N3]).

If C is finite then the deformed algorithm is well defined ([He2]).

In this section (theorem 4.6) we show that the classical and the deformed algorithms are
well defined for a (non necessarily finite) Cartan matrix such that i 6= j ⇒ Ci,jCj,i ≤ 3.

4.2 Morphism of q, t-characters beyond the finite case

The construction of [He2] is based on the fact that we can compute explicitly q, t-
characters for the submatrices of format 2 of the Cartan matrix. So :

Proposition 4.5. We suppose that C is a Cartan matrix of rank 2. The following pro-
perties are equivalent :

i) For all m ∈ B, F (m) ∈ K

ii) C is finite

iii) C1,2C2,1 ≤ 3

iv) For i = 1 or 2, K̂t ∩ C̃(Yi,0) 6= {0}

v) For i = 1 or 2, C(Yi,0) has an antidominant monomial

Proof : The Cartan matrices of rank 2 such that C1,2C2,1 ≤ 3 are matrices of type A1×A1,
A2, B2, C2, G2 or Gt

2. Those are finite Cartan matrices of rank 2, so (ii)⇔ (iii). Moreover
if C is finite, the classical theory of q-characters shows (ii)⇒ (i).

We have seen in [He2] that (ii) ⇒ (iv). It follows from lemma 4.3 that (iv) ⇒ (v) and
(i)⇒ (v).

So it suffices to show that (v) ⇒ (iii). We suppose there is an antidominant monomial
m ∈ C(Y1,0). We can suppose C1,2 < 0 and C2,1 < 0. m verifies :

Π̂(m) = Y1,0A
−1
1,l1

...A−1
1,lL

A−1
2,l1

...A−1
2,lM

where L, M ≥ 0. In particular we have :

u1(m) = 1− 2L−MC1,2 and u2(m) = −2M − LC2,1

As m is antidominant, we have u1(m), u2(m) ≤ 0.

if M = 0, we have u2(m) = −LC2,1 ≤ 0⇒ L = 0 and u1(m) = 1 > 0, impossible.
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if M > 0, we have L
M

>
−C1,2

2
and L

M
≤ 2
−C2,1

so −C1,2

2
< 2
−C2,1

⇒ C1,2C2,1 ≤ 3.

Let us look at the general case :

Theorem 4.6. If i 6= j ⇒ Ci,jCj,i ≤ 3, then the classical and the deformed algorithms
are well defined.

Proof : It suffices to show that the deformed algorithm is well defined (lemma 4.4).We
follow the proof of theorem 5.11 of [He2] : it suffices to construct Ft(m) for m = Yi,0

(i ∈ I) and it suffices to see the property for the matrices

(
2 Ci,j

Cj,i 2

)
. If ri ∧ rj = 1 this

follows from proposition 4.5. If ri ∧ rj > 1 it suffices to replace ri, rj with ri

ri∧rj
,

rj

ri∧rj
(in

fact it means that we replace q by qri∧rj ).

In the following we suppose that i 6= j ⇒ Ci,jCj,i ≤ 3. For example C could be of finite
or affine type (except A

(1)
1 , A

(2)
2 ).

We conjecture that for C of type A
(1)
1 (with r1 = r2 = 2) and of type A

(2)
2 the algorithms

are well defined (note that for C of type A
(1)
1 and r1 = r2 = 1 the classical algorithm is

not well defined).

We verify as in [He2] that Ft(Yi,l)Ft(Yj,l) = Ft(Yj,l)Ft(Yi,l). Let Rep = Z[Xi,l]i∈I,l∈Z as in
section 2.2 and a Rep-monomials is a product of the Xi,l.

Definition 4.7. The morphism of q, t-characters χq,t : Rep → K̂∞t is the Z-linear map
such that :

χq,t(
∏

i∈I,l∈Z

X
xi,l

i,l ) =
→∏

l∈Z

∏

i∈I

Ft(Yi,l)
xi,l

The morphism of q-characters χq : Rep→ K∞ is defined by χq = Π̂ ◦ χ̂q,t.

We show as in [He2] :

Theorem 4.8. The Z-linear map χq,t : Rep → Ŷ∞t is injective and is characterized by
the three following properties :

1) For M a Rep-monomial define m =
∏

i∈I,l∈Z

Y
xi,l(M)
i,l ∈ Bt. Then we have :

χq,t(M) = m +
∑

m′<m

am′(t)m′ (where am′(t) ∈ Z[t±])

2) The image Im(χq,t) is contained in K̂∞t .

3) Let M1, M2 be Rep-monomials such that

max{l/
∑

i∈I

xi,l(M1) > 0} ≤ min{l/
∑

i∈I

xi,l(M2) > 0}

We have :
χq,t(M1M2) = χq,t(M1)χq,t(M2)
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Remark : Those properties are generalizations of Nakajima’s axioms [N3] and of properties
of [He2]. In particular if C is finite then we have Π̂(Im(χq,t)) ⊂ Y , χq : Rep → Y is the
classical morphism of q-characters and χq,t is the morphism of [He2]. If C is of type ADE
then χq,t is the morphism of q, t-characters of [N3].

5 ε, t-characters in the root of unity case

In this section we define and study ε, t-characters at roots of unity : let ε ∈ C∗ be a
sth-primitive root of unity. We suppose that s > 2r∨.

The case t = 1 was studied in [FM2]. The t-deformations were studied in the ADE-case
by Nakajima in [N3] using quiver varieties. In this section we suppose that i 6= j ⇒
Ci,jCj,i ≤ 3 and B(z) is symmetric. In particular C can be of finite type or of affine type
(except A

(1)
1 , A

(2)
2 , see section 7.3.2). The deformed algorithm is well defined and χq,t exists

(theorem 4.6). We define the completed algebra Ŷs,∞
t , K̂

s,∞
i,t , K̂

s,∞
t as we did for the generic

case (section 4.1.2).

5.1 Reminder : classical ε-characters at roots of unity

We define τs : Y → Ys as the ring homomorphism such that τs(Yi,l) = Yi,[l] where for
l ∈ Z we denote by [l] its image in Z/sZ.

If C is finite the morphism of ε-characters χε : Reps → Ys is defined by Frenkel and
Mukhin (see section 2.2). We have the following characterization :

Theorem 5.1. ([FM2]) If C is finite, the morphism of ε-characters χε : Reps → Ys is
the linear map such that (l0 ∈ Z) :

χε(
∏

i∈I,l∈Z/sZ

X
xi,l

i,l ) = τs(χq(
∏

i∈I,l0≤l≤l0+s−1

X
xi,[l]

i,l ))

If C is not finite, we can consider Ŷs = Z[Yi,l, A
−1
i,l ]i∈I,l∈Z/sZ and the completion Ŷs,∞

t as

in the generic case. We define χ̂ε : Reps → Ŷs,∞ with the formula of the theorem 5.1.

In the following we give an analogous construction in the deformed case t 6= 1.

5.2 Construction of χε,t

The point for the t-deformation is that we can not define a natural t-analog of τs

which is a ring homomorphism. However we construct an analog τs,t of τs which has nice
properties.
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5.2.1 Definition of τs,t

First let us briefly explain how τs,t is constructed. The main property is a compatibility
with some ordered products : suppose that l1 > l2 (l1, l2 ∈ Z), that m1 ∈ Ŷt involves only
the Yi,l1, A

−1
i,l1

and that m2 involves only the Yi,l2, A
−1
i,l2

. Then τs,t is defined such that
τs,t(m1m2) = τs,t(m1)τs,t(m2). Let us now write it in a formal way :

For m a Ŷt-monomial and l ∈ Z, let :

πl(m) = (
∏

i∈I

Y
yi,l(m)

i,l )(
∏

i∈I

A
−vi,l(m)

i,l )

It is well defined because for i, j ∈ I and l ∈ Z we have Yi,lYj,l = Yj,lYi,l, A−1
i,l A−1

j,l = A−1
j,l A

−1
i,l

and for i 6= j, A−1
i,l Yj,l = Yj,lA

−1
i,l (theorem 3.4).

Let
→
m =

→∏
l∈Z

πl(m),
←
m =

←∏
l∈Z

πl(m), and the Z[t±]-basis of Ŷt :

→

A = {
→
m/ m Ŷt-monomial} and

←

A = {
←
m/ m Ŷt-monomial}

Definition 5.2. We define τs,t : Ŷt → Ŷs
t as the Z[t±]-linear map such that for m ∈

←

A :

τs,t(m) =
←∏

l∈Z

(
∏

j∈I

A
−vj,l(m)

j,[l] )(
∏

j∈I

Y
yj,l(m)

j,[l] )

Note that τs,t is not a ring homomorphism and is not injective ; the motivation of the
construction are the results of theorem 5.6 and 5.11.

5.2.2 Definition of χε,t

τs,t is compatible with the gradations of Ŷt and Ŷs
t and is extended to a map τs,t :

Ŷ∞t → Ŷ
s,∞
t .

Definition 5.3. The morphism of q, t-characters at the sth-primitive roots of unity χε,t :

Reps → Ŷs,∞
t is the Z-linear map such that :

χε,t(
∏

i∈I,l∈Z/sZ

X
xi,l

i,l ) = τs,t(χq,t(
∏

i∈I,0≤l≤s−1

X
xi,[l]

i,l ))

It follows from theorem 4.8 and 5.1 :

Proposition 5.4. The morphism χε,t verifies the following properties :

1) If C is finite we have Π̂ ◦ χε,t = χε.

2) The map χε,t is injective.

3) For a Rep-monomial M define m =
∏

i∈I,l∈Z/sZ

Y
xi,l(M)

i,l ∈ Bs
t . Then we have :

χq,t(M) = m +
∑

m′<m

am′(t)m′ (where am′(t) ∈ Z[t±])
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Note that 1) means that in the finite case we get at t = 1 the map of [FM1].

Remark that in general we have an analog of 1, that is to say Π ◦ χε,t = χ̂ε where
Π : Ŷs,∞

t → Ŷ∞,s is defined in an obvious way.

In the following we show other fundamental properties of χε,t (theorem 5.6 and theorem
5.11).

5.3 The image of χε,t

In this section we show an analog of the property 2 of theorem 4.8 at roots of unity
(theorem 5.6).

5.3.1 Classical case t = 1

The map τs : Y → Ys is a ring homomorphism. In particular we can define a Z-linear
map τs : Yi → Ys

i such that τs(mSi,l) = τs(m)Si,[l]. Indeed it suffices to see it agrees with
the defining relations of Yi :

τs(mA−1
i,l+ri

Si,l+2ri
) = τs(mA−1

i,l+ri
)Si,[l+2ri] = τs(m)A−1

i,[l+ri]
Si,[l+2ri] = τs(m)Si,[l] = τs(mSi,l)

Lemma 5.5. We have τs ◦ Si = Ss
i ◦ τs. In particular τs(K) ⊂ Ks

i .

Proof : It suffices to see for m a Y-monomial :

τs(Si(m)) =
∑

l∈Z

ui,l(m)τs(mSi,l) = τs(m)
∑

l∈Z

ui,l(m)Si,[l] = τs(m)
∑

0≤l≤s−1

(
∑

r∈Z

ui,l+rs(m))Si,[l]

= τs(m)
∑

0≤l≤s−1

ui,[l](τs(m))Si,[l] = Ss
i (τs(m))

Remark : τs(Ki) is a subalgebra of Ks
i and τs(Ki) =

⊕
m∈Bi

Ei(m) where for m ∈ Bs
i , we set

Ei(m) = m
∏

l∈Z/sZ

(1+A−1
i,l+ri

)ui,l(m). In particular if χ ∈ τs(Ki) has no i-dominant monomial

then χ = 0.

5.3.2 Deformed case

Theorem 5.6. The image of χε,t is contained in K̂
s,∞
t .

In this section we prove this theorem. With the help of theorem 4.8 it suffices to show
that τs,t(K̂i,t) ⊂ K̂s

i,t which will be done in proposition 5.10.

For m a Ŷt-monomial and k ∈ Z let :

m[k] = m(
←
m)−1

←∏

l∈Z

(
∏

j∈I

Y
yj,l+k(m)
j,l )(

∏

j∈I

A
−vj,l+k(m)
j,l )



THE T -ANALOGS OF Q-CHARACTERS AT ROOTS OF UNITY 105

Note that τs,t(m[ks]) = τs,t(m) and for m ∈
←

A, k ∈ Z we have m[k] ∈
←

A.

For m1, m2 Ŷt-monomials, and k ∈ Z we have :

d1(m1, m2[k]) = d1(m1[−k], m2) and d2(m1, m2[k]) = d2(m1[−k], m2)

Lemma 5.7. For m1, m2 Ŷt-monomials we have :

d1(τs,t(m1), τs,t(m2)) =
∑

r∈Z

d1(m1, m2[rs]) =
∑

r∈Z

d1(m1[rs], m2)

d2(τs,t(m1), τs,t(m2)) =
∑

r∈Z

d2(m1, m2[rs]) =
∑

r∈Z

d2(m1[rs], m2)

Proof : For example for d1 we compute :

d1(τs,t(m1), τs,t(m2))
=

∑
i∈I,l∈Z/sZ

vi,l+ri
(τs,t(m1))ui,l(τs,t(m2)) + wi,l+ri

(τs,t(m1))vi,l(τs,t(m2))

=
∑

i∈I,0≤l≤s−1,r∈Z,r′∈Z

vi,l+ri+rs(m1)ui,l+r′s(m2) + wi,l+ri+rs(m1)vi,l+r′s(m2)

=
∑

i∈I,l∈Z,r∈Z

vi,l+ri
(m1)ui,l+rs(m2) + wi,l+ri

(m1)vi,l+rs(m2) =
∑
r∈Z

d1(m1, m2[rs])

Lemma 5.8. Let m be a Ŷt-monomial of the form m = Z1Z2...ZK where Zk = Yik,lk or
Zk = A−1

ik,lk
. We suppose that k > k′ implies lk ≤ lk′ + r∨ and (Zk, Zk′) /∈ {(A−1

i,l , A−1
i,l′)/i ∈

I, l′ < l}. Then we have :

τs,t(m) = τs,t(Z1)τs,t(Z2)...τs,t(ZK)

Proof : First we order the factors m = t
2

P

k<k′/lk<lk′

d1(Zk,Zk′)−d2(Zk′ ,Zk)
←
m. So we can apply

τs,t :

τs,t(m) = t
2

P

k<k′/lk<l
k′

d1(Zk,Zk′)−d2(Zk′ ,Zk)

τs,t(
←
m) , τs,t(

←
m) =

←∏

l∈Z

(
∏

j∈I

Y
yj,l(m)

j,[l] )(
∏

j∈I

A
−vj,l(m)

j,[l] )

If we order the factors of τs,t(Z1)τs,t(Z2)...τs,t(Zk), we get :

τs,t(Z1)τs,t(Z2)...τs,t(Zk) = t
2

P

k<k′/lk<lk′

(d1(τs,t(Zk),τs,t(Zk′ ))−d2(τs,t(Zk′ ),τs,t(Zk)))

τs,t(
←
m)

So it suffices to show that k < k′ and lk < lk′ implies d1(Zk, Zk′) − d2(Zk′, Zk) =
d1(τs,t(Zk), τs,t(Zk′)) − d2(τs,t(Zk′), τs,t(Zk)). But we have 0 < lk′ − lk ≤ r∨ and s > 2r∨.
So for p ∈ Z such that p 6= 0 we have |lk − lk′ + ps| > r∨. But in general for k1, k2, we
have :

[Zk1 , Zk2] 6= 0⇒ (Zk1, Zk2) = (A−1
ik,lk

, A−1
ik,lk±2rik

) or |lk1 − lk2 | ≤ r∨

So in our situation we have d1(Zk, Zk′[ps]) = d2(Zk′, Zk[ps]) = 0. In particular :

d1(τs,t(Zk), τs,t(Zk′))− d2(τs,t(Zk′), τs,t(Zk))

= d1(Zk, Zk′)−d2(Zk′, Zk)+
∑

p6=0

(d1(Zk, Zk′[ps])−d2(Zk′, Zk[ps])) = d1(Zk, Zk′)−d2(Zk′, Zk)
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Lemma 5.9. Let m be a Ŷs
t -monomial and l, l′ ∈ Z.

l′ ≥ l + s− ri ⇒ ui,l′(πl(m)) = 0

l′ ≤ l + ri − s + 1⇒ ui,l′(πl(m)πl−1(m)...) = ui,l′(m)

Proof : First notice that for l, l′ ∈ Z, we have :

ui,l′(Yi,l) 6= 0⇒ l′ = l , ui,l′(Ai,l) 6= 0⇒ l′ = l ± ri

i 6= j , ui,l′(Aj,l) 6= 0⇒ |l′ − l| ≤ −Cj,i − 1 ≤ r∨ − 1

As ri ≤ r∨ we have : ui,l′(πl(m)) 6= 0⇒ l − r∨ ≤ l′ ≤ l + r∨.

If we suppose l′ ≥ l + s− ri ≥ l + 2r∨ + 1− ri ≥ l + r∨ + 1 we have ui,l′(πl(m)) = 0 and
this gives the first point.

We suppose that l′ ≤ l + ri − s + 1. If k ≥ l + 1 ≥ l′ + s − ri ≥ l′ + r∨ + 1 we have
ui,l′(πk(m)) = 0. So : ui,l′(πl(m)πl−1(m)...) = ui,l′(m)−

∑
k>l

ui,l′(πk(m)) = ui,l′(m).

Proposition 5.10. We have τs,t(K̂i,t) ⊂ K̂s
i,t. Moreover for m a i-dominant monomial :

τs,t(
←

Ei,t(m)) = τs,t(m)τs,t(m̂
i)−1

←∏

l∈Z

(Yi,[l](1 + tA−1
i,[l+ri]

))ui,l(m)

where m̂i =
∏
l∈Z

Y
ui,l(m)
i,l ∈ Bi,t.

Proof : We have to show that for m a i-dominant monomial, τs,t(
←

Ei,t(m)) ∈ K̂s
i,t. The

proof has three steps :

1) First we suppose that m = Yi,l where l ∈ Z. We have
←

Ei,t(Yi,l) = Yi,l(1 + tA−1
i,l+ri

),
and :

τs,t(
←

Ei,t(Yi,l)) = τs,t((1 + t−1A−1
i,l+ri

)Yi,l) = 1 + t−1A−1
i,[l+ri]

)Yi,[l] = Yi,[l](1 + tA−1
i,[l+ri]

)

and so :

Ss
i,t(τs,t(

←

Ei,t(Yi,l)) = Yi,[l]Si,[l]−t−2tYi,[l]A
−1
i,[l+ri]

Si,[l+2ri] = Yi,[l](Si,[l]−t−1A−1
i,[l+ri]

Si,[l+2ri]) = 0

2) Next we suppose that m =
∏
l∈Z

Y
ui,l

i,l . We have
←

Ei,t(m) =
←∏
l∈Z

(
←

Ei,t(Yi,l))
ui,l. But ri ≤ r∨,

and in (
←

Ei,t(Yi,l))
ui,l there are only Yi,l and A−1

i,l+ri
. So we are in the situation of the lemma

5.8, and :

τs,t(
←

Ei,t(m)) =
←∏

l∈Z

(τs,t(
←

Ei,t(Yi,l)))
ui,l

As K̂s
i,t is a subalgebra of Ŷs

t , it follows from the first step that τs,t(
←

Ei,t(m)) ∈ K̂s
i,t.
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3) Finally let m ∈ Bi,t be an i-dominant monomial. As for all l ∈ Z, ui,l(m) = ui,l(m̂
i),

we have :
(τs,t(m))−1Ss

i,t(τs,t(m)) = (τs,t(m̂
i))−1Ss

i,t(τs,t(m̂
i))

It follows from the second point that τs,t(
←

Ei,t(m̂
i)) ∈ K̂s

i,t. Let χ̂ = τs,t(m̂
i)−1τs,t(

←

Ei,t(m̂
i)) ∈

Ŷs
t . We have τs,t(m)χ̂ ∈ K̂s

i,t, because :

Ss
i,t(τs,t(m)χ̂) = Ss

i,t(τs,t(m))χ̂ + τs,t(m)Ss
i,t(χ̂)

= τs,t(m)(τs,t(m̂
i))−1(Ss

i,t(τs,t(m̂
i))χ̂ + τs,t(m̂

i)Ss
i,t(χ̂))

= τs,t(m)(τs,t(m̂
i))−1Ss

i,t(τs,t(m̂
i)χ̂)

= Ss
i,t(τs,t(

←

Ei,t(m))) = 0

So it suffices to show that τs,t(
←

Ei,t(m)) = τs,t(m)χ̂.

Let χ = (m̂i)−1
←

Ei,t(m̂
i) ∈ Ŷt. By definition of

←

Ei,t(m), we have in Ŷt :
←

Ei,t(m) = mχ. In
particular we want to show that τs,t(mχ) = τs,t(m)τs,t(m̂

i)−1τs,t(m̂
iχ). Let λm′(t) be in

Z[t±] such that :
χ =

∑

m′∈At

λm′(t)m′

If λm′(t) 6= 0 then m′ is of the form m′ = A−1
i,l1

...A−1
i,lk

. As τs,t is Z[t±]-linear, it suffices to
show that for all m′ of this form, we have :

τs,t(m)τs,t(m̂
i)−1τs,t(m̂

im′) = τs,t(mm′)

That is to say α = β where α, β ∈ Z are defined by :

τs,t(mm′) = tατs,t(m)τs,t(m
′) and τs,t(m̂

im′) = tβτs,t(m̂
i)τs,t(m

′)

We can suppose without loss of generality that m ∈
←

A and m′ ∈
←

A (because τs,t is
Z[t±]-linear). Let us compute α. First we have in Ŷt :

mm′ = t
2

P

l′>l

d2(πl(m),πl′ (m
′))−d1(πl′(m

′),πl(m)) ←∏

l∈Z

πl(m)πl(m
′)

We are in the situation of lemma 5.8, so :

τs,t(mm′) = t
2

P

l′>l

d2(πl(m),πl′ (m
′))−d1(πl′(m

′),πl(m)) ←∏

l∈Z

τs,t(πl(m))τs,t(πl(m
′))

But we have in Ŷs
t (lemma 5.7) :

τs,t(m)τs,t(m
′) = t

2
P

l′>l

d2(τs,t(πl(m)),τs,t(πl′(m
′)))−d1(τs,t(πl′ (m

′)),τs,t(πl(m))) ←∏

l∈Z

τs,t(πl(m))τs,t(πl(m
′))

And we get :
α = 2

∑

l′>l

d2(πl(m), πl′(m
′))− d1(πl′(m

′), πl(m))
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−2
∑

l′>l

d2(τs,t(πl(m)), τs,t(πl′(m
′)))− d1(τs,t(πl′(m

′)), τs,t(πl(m)))

And so we have from lemma 5.7 :

α = 2
∑
l′>l

(d2(πl(m), πl′(m
′))− d1(πl′(m

′), πl(m)))

− 2
∑

l′>l,r∈Z

(d2(πl(m)[rs], πl′(m
′))− d1(πl′(m

′), πl(m)[rs]))

= −2
∑

l′>l,r 6=0

(d2(πl(m)[rs], πl′(m
′))− d1(πl′(m

′), πl(m)[rs]))

But we have πl′(m
′) of the form A

−vi,l′

i,l′ , and so :

α = −2
∑

l′>l,r 6=0

vi,l′(m
′)(ui,l′+ri

(πl(m)[rs])− ui,l′−ri
(πl(m)[rs]))

= −2
∑
l′∈Z

vi,l′(m
′)

∑
l<l′,r 6=0

(ui,l′+ri−rs − ui,l′−ri−rs)(πl(m))

= −2
∑
l′∈Z

vi,l′(m
′)

∑
r 6=0

(ui,l′+ri−rs − ui,l′−ri−rs)(πl′−1(m)πl′−2(m)...)

We use lemma 5.9 :

α = −2
∑
l′∈Z

vi,l′(m
′)

∑
r>0

(ui,l′+ri−rs − ui,l′−ri−rs)(πl′−1(m)πl′−2(m)...)

= −2
∑
l′∈Z

vi,l′(m
′)

∑
r>0

(ui,l′+ri−rs − ui,l′−ri−rs)(m)

It depends only of the ui,l(m), so with the same computation we get :

β = −2
∑

l′∈Z

vi,l′(m
′)
∑

r>0

(ui,l′+ri−rs − ui,l′−ri−rs)(m̂
i)

and we can conclude α = β because for all l ∈ Z, ui,l(m) = ui,l(m̂
i).

5.4 Description of χε,t

Recall the map ps of section 3.2.2 :

Theorem 5.11. If χq,t(
∏

i∈I,0≤l≤s−1

X
xi,[l]

i,l ) =
∑

m∈At

λm(t)m, then :

χε,t(
∏

i∈I,0≤l≤s−1

X
xi,l

i,[l]) =
∑

m∈At

λm(t)tD
−
1 (m)+D−

2 (m)ps(m)

where for m a Ŷt-monomial :

D−1 (m) =
∑

k<0

d1(m, m[ks]) , D−2 (m) =
∑

k<0

d2(m, m[ks])

In this section we prove this theorem (consequence of lemma 5.12 and proposition 5.13).
Note that this result is a generalization of the axiom 4 of [N3] to the non necessarily finite
simply laced case. In particular our construction fits with [N3] in the ADE-case (where
D−1 = D−2 ).
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Lemma 5.12. For m a Ŷt-monomial we have tγ
→
m ∈ At and t−γ−2d1(m,m)←m ∈ At where :

γ =
∑

l∈Z

(
∑

i∈I

v2
i,l(m)−

∑

i,j/Ci,j+ri=−1

vi,l(m)vj,l(m)

−
∑

i,j/Ci,j=−3 and ri=1

vi,l(m)(vj,l+1(m) + vj,l−1(m)))

Proof : We have
→
m =

←
m = t2β→m where :

β =
∑

l>l′

d1(πl(m), πl′(m))− d2(πl′(m), πl(m))

= d1(m, m)−
∑

l∈Z

d1(πl(m), πl(m))−
∑

l<l′

d1(πl(m), πl′(m)) + d2(πl(m), πl′(m))

So tγ
→
m = t2d1(m,m)tγ

→
m where :

γ = −
∑

l∈Z

d1(πl(m), πl(m))−
∑

l<l′

d1(πl(m), πl′(m)) + d2(πl(m), πl′(m))

But for l ∈ Z, d1(πl(m), πl(m)) is equal to :

−
∑

i∈I

v2
i,l(m) +

∑

i,j/Ci,j=−2 and ri=−1

vi,l(m)vj,l(m) +
∑

i,j/Ci,j=−3 and ri=2

vi,l(m)vj,l(m)

= −
∑

i∈I

v2
i,l(m) +

∑

i,j/Ci,j+ri=−1

vi,l(m)vj,l(m)

For l < l′ we have :

d1(πl(m), πl′(m)) = δl′=l+1

∑

i,j/Ci,j=−3 and ri=1

vi,l(m)vj,l+1(m)

d2(πl(m), πl′(m)) = δl′=l+1

∑

i,j/Ci,j=−3 and ri=1

vi,l+1(m)vj,l(m)

and we get for γ the annonced value.

For the second point we show that t−γ−2d1(m,m)←m ∈ At :

t−γ−2d1(m,m)
←
m = tγ+2d1(m,m)←m = tγ+2d1(m,m)−2β←m = t−γ←m = t2d1(m,m)(t−γ−2d1(m,m)←m)

Proposition 5.13. For m ∈ At we have :

τs,t(m) = tD
−
1 (m)+D−

2 (m)ps(m)
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Proof : Using lemma 5.12 we can write m = t−γ−2d1(m,m)←m. So we have :

τs,t(m) = t−γ−2d1(m,m)

←∏

l∈Z

τs,t(πl)

where πl = πl(m). So we have τs,t(m) = t2ατs,t(m) where :

α = γ + 2d1(m, m) +
∑

l<l′

d1(τs,t(πl), τs,t(πl′))− d2(τs,t(πl′), τs,t(πl))

= γ + 2d1(m, m) +
∑

l<l′

d1(τs,t(πl), τs,t(πl′))− d2(τs,t(πl′), τs,t(πl))

So it suffices to show that α = −D−1 (m)−D−2 (m) + d1(ps(m), ps(m)). But we have :

d1(ps(m), ps(m)) =
∑

l<l′

d1(τs,t(πl), τs,t(πl′)) +
∑

l≥l′

d1(τs,t(πl), τs,t(πl′))

So we want to show :
−d2(τs,t(πl′), τs,t(πl))

=
∑

l≥l′

d1(τs,t(πl), τs,t(πl′))− (d1(m, m) + D−1 (m))− (d2(m, m) + D−2 (m))− γ

The second term is :
∑

l≥l′,r∈Z

d1(πl, πl′[rs])−
∑

l,l′∈Z,r≤0

(d1(πl, πl′[rs]) + d2(πl, πl′[rs]))

+
∑

l∈Z

d2(πl, πl) +
∑

l<l′

(d1(πl, πl′) + d2(πl, πl′))

But for l < l′ and r < 0 (resp. l ≥ l′ and r > 0) we have d1(πl, πl′[rs]) = d2(πl, πl′[rs]) = 0.
So this term is :

∑

l≥l′,r≤0

d1(πl, πl′ [rs])−
∑

l≥l′,r≤0

(d1(πl, πl′[rs]) + d2(πl, πl′[rs])) +
∑

l∈Z

d2(πl, πl)

= −
∑

l>l′,r≤0

d2(πl, πl′[rs]) = −
∑

l>l′,r∈Z

d2(πl, πl′[rs]) = −
∑

l>l′

d2(τs,t(πl), τs,t(πl′))

6 Applications

In this section we see how we can generalize at roots of unity results of [He2] about
Kazhdan-Lusztig polynomials and quantization of the Grothendieck ring. We suppose
that i 6= j ⇒ Ci,jCj,i ≤ 3 (C is not necessarily finite) and that s = 0 or (s > 2r∨ and
B(z) is symmetric). Such constructions were made by Nakajima [N3] in the finite simply
laced case.
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6.1 Analogs of Kazhdan-Lusztig polynomials

The involution of Ŷs
t is extended to an involution of Ŷs,∞

t . For m ∈ Bt a dominant
Ŷt-monomial we set :

→

Et(m) = m(

→∏

l∈Z

∏

i∈I

Y
ui,l(m)

i,l )−1

→∏

l∈Z

∏

i∈I

Ft(Yi,l)
ui,l(m)

For m ∈ Bs
t we define

→

Et(m) = m(τs,t(M))−1τs,t(
→

Et(M)) where M =
∏

i∈I,l=0...s

Y
ui,[l](m)

i,l . It

follows from the proposition 5.10 that
→

Et(m) ∈ K̂
s,∞
t .

Let As,inv
t = {tα(m)m/m ∈ As

t} and Bs,inv
t = {tα(m)m/m ∈ Bs

t } where α(m) is defined by
tαm = tα(m)m (see the proof of lemma 6.8 of [He2]).

The following theorem was first given in [N3] for the ADE-case and in [He2] for the
generic finite case.

Theorem 6.1. For m ∈ Bs,inv
t there is a unique Ls

t (m) ∈ K̂
s,∞
t of the form Ls

t (m) =
m +

∑
m′<m

µm′,m(t)m′ such that Ls
t (m) = Ls

t (m) and :

→

Et(m) = Ls
t (m) +

∑

m′<m

P s
m′,m(t)Ls

t (m
′)

where P s
m′,m(t) ∈ t−1Z[t−1]. Moreover we have :

Π̂(m) = Π̂(m′)⇒ m−1Ls
t (m) = m′

−1
Ls

t (m
′)

In this section we prove this result and study possible interpretation. In finite cases the
proof is essentially in [He2]. In the cases s 6= 1 and C non finite we have to give another
proof.

6.1.1 Proof of theorem 6.1

i) If C is finite : it follows from the lemma 3.9 (i) that for m ∈ Bs
t , the set {m′ ≤ m}∩Bs

t

is finite. In particular
→

Et(m) and a product
→

Et(m)
→

Et(m
′) have a finite number of dominant

monomial. Moreover we see as in theorem 3.8 of [N3] that
∑

m∈Bs
t

Z[t±]
→

Et(m) is stable by

the multiplication and the involution. So we can apply the proof of theorem 6.9 of [He2].

But in general (C non necessarily finite) an infinite number of dominant monomials
can appear in the q, t-character : let us briefly explain it for the example of section 3.2.3.
We consider the case C of type A

(1)
2 and s = 3. We have the following subgraph in the

q-character given by the classical algorithm :

Y1,0 → Y −1
1,2 Y2,1Y3,1 → Y3,2Y3,1Y

−1
2,3 → Y −1

3,4 Y3,1Y1,0
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But at s = 3 we have Y −1
3,4 Y3,1Y1,0 ' Y1,0. So we have a periodic chain and an infinity of

dominant monomials in τs,t(Ft(Y1,0)). So we have to give another proof :

ii) General case : for m ∈ Bs,inv
t and k ≥ 0 we denote by Bs

t,k(m) ⊂ Bs,inv
t the set of

dominant monomials of the form m′ = tαmA−1
i1,l1

...A−1
ik ,lk

. We set also Bs(m) =
⋃

k≥0

Bs
k(m).

It will be useful to construct the element F s
t (m) ∈ K̂

s,∞
t with a unique dominant monomial

m : we denote by m0 = m > m1 > m2 > ... the dominant monomials appearing in
→

Et(m)
with a total ordering compatible with the partial ordering and the degree (the set is

countable because there is a finite number of monomials of degree −k in
→

Et(m)). We

define λk(t) ∈ Z[t±] inductively as the coefficient of mk in
→

Et(m) −
∑

1≤l≤k−1

λl(t)
→

Et(ml).

We define :

F s
t (m) =

→

Et(m)−
∑

l≥1

λl(t)
→

Et(ml) ∈ K̂
s,∞
t

(this infinite sum is allowed in K̂
s,∞
t ). The unique dominant monomial of F s

t (m) is m.
In particular F s

t (m) = F s
t (m) (because as for the finite case the set of (infinite) sums of

→

Et(m) in K̂
s,∞
t is stable by the involution).

We aim at defining in a unique way the µm′m(t) ∈ Z[t±] such that :

Ls
t (m) =

∑

m′∈Bs
t (m)

µm′,m(t)Ft(m
′)

The condition Ls
t (m) = Ls

t (m) means that µm′,m(t−1) = µm′,m(t).

We define by induction on k ≥ 0, for m′ ∈ Bs
t,k(m) the P s

m′,m(t) and the µm′,m(t) such
that :

Êt(m)−
∑

k≥l≥0,m′∈Bs
t,l(m)

P s
m′,m(t)

∑

k≥r≥0,m′′∈Bs
t,r(m′)

µm′′,m′(t)Ft(m
′′)

∈
∑

m′∈Bs
t,k+1(m)

(µm′,m(t) + P s
m′,m(t))Ft(m

′) +
∑

l>k+1,m′∈Bs
t,l(m

′)

Z[t±]Ft(m
′)

For k = 0 we have P s
m,m(t) = µm,m(t) = 1. And the the equation determines uniquely

P s
m′,m(t) ∈ t−1Z[t−1] and µm′,m(t) ∈ Z[t±] such that µm′,m(t) = µm′,m(t−1).

For the last point of the theorem we see also by induction on k that for m1, m2 ∈ Bs,inv
t

such that Π̂(m1) = Π̂(m2) and m′1 ∈ Bs
t (m1), m′2 ∈ Bs

t (m2) such that m−1
1 m′1 ∈ tZm−1

2 m′2
we have :

µm′
1,m1

(t) = µm′
2,m2

(t) , P s
m′

1,m1
(t) = P s

m′
2,m2

(t)

6.1.2 Conjecture in finite case

In the following example we suppose that we are in the sl2-case and we study the
decomposition with m0 = Y0Y1Y2.
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If s = 0, let m1 = t2Y0A
−1
1 Y1Y2. We have :

→

Et(m0) = Lt(m0) + t−1Lt(m1)

Lt(m0) = m0(1 + tA−1
3 (1 + tA−1

1 ))(1 + tA−1
2 ) , Lt(m1) = m1(1 + tA−1

2 )

If s = 3, let m1 = t2Y0A
−1
1 Y1Y2, m2 = Y0Y1A

−1
2 Y2, m3 = Y0Y1Y2A

−1
3 . We have :

→

Et(m0) = Ls
t (m0) + t−1Ls

t (m1) + t−1Ls
t (m2) + t−1Ls

t (m3)

Ls
t (m0) = m0 + A−1

1 Y2A
−1
3 Y4A

−1
5

Ls
t (m1) = m1(1 + A−1

3 ) , Ls
t (m2) = m2(1 + tA−1

2 ) , Ls
t (m3) = m3(1 + tA−1

2 )

In particular we see in this example that the decomposition of
→

Et(m) in general is not
necessarily the same if s = 0 or s 6= 0.

We recall that irreducible representations of Uq(ĝ) (resp. U res
ε (ĝ)) are classified by dominant

monomials of Y (resp. Ys) or by Drinfel’d polynomials (see [CP3], [CP5], [FR3], [FM2]).

For m ∈ B (resp. m ∈ Bs) we denote by V 0
m = Vm ∈ Rep(Uq(ĝ)) (resp. V s

m ∈ Rep(U res
ε (ĝ)))

the irreducible module of highest weight m. In particular for i ∈ I, l ∈ Z/sZ let V s
i,l = VYi,l

.
The simple modules V s

i,l are called fundamental representations. In the ring Reps it is
denoted by Xi,l.

For m ∈ B (resp. m ∈ Bs) we denote by M s
m ∈ Rep(Uq(ĝ)) (resp. M s

m ∈ Rep(U res
ε (ĝ)))

the module M s
m =

⊗
i∈I,l∈Z/sZ

V
s,⊗ui,l(m)

i,l . It is called a standard module and in Reps it is

denoted by
∏

i∈I,l∈Z/sZ

X
ui,l(m)
i,l .

The irreducible Uq(ŝl2)-representation with highest weight m is Vm = VY0Y2 ⊗ VY1 (see
[CP3] or [FR3]). In particular dim(Vm) = 6, that is to say the number of monomials of
Lt(m).

For ε such that s = 3, the irreducible U res
ε (ĝ)-representation with highest weight m is V s

m

the pull back by the Frobenius morphism of the U(ŝl2)-module V of Drinfel’d polynomial
(1 − u) (see [CP5] or [FM2]). In particular dim(V s

m) = 2, that is to say the number of
monomials of Ls

t (m).

Those observations would be explained by the following conjecture which is a generaliza-
tion of the conjecture 7.3 of [He2] to the root of unity case. We know from [N3] that the
result is true in the simply laced case (in particular in the last example).

For m =
∏

i∈I,l∈Z/sZ

Y
ui,l

i,l a dominant Ys-monomial let M =
∏

i∈I,l∈Z/sZ

Y
ui,l

i,l ∈ Ŷ
s
t . We suppose

that C is finite.

Conjecture 6.2. For m a dominant Ys-monomial, Π̂(Ls
t (M)) is the ε-character of the

irreducible U res
ε (ĝ)-representation V s

m associated to m. In particular for m′ another domi-
nant Ys-monomials the multiplicity of V s

m′ in the standard module M s
m associated to m
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is : ∑

m′′∈Bs,inv

t /Π̂(m′′)=m′

P s
m′′,M(1)

Let us look at an application of the conjecture in the non-simply laced case : we suppose

that C =

(
2 −2
−1 2

)
and m = Y1,0Y1,1.

First we suppose that s = 0. The formulas for Ft(Y1,0) and Ft(Y1,1) are given in [He2] :

Ft(Y1,0) = Y1,0(1 + tA−1
1,1(1 + tA−1

2,3(1 + tA−1
1,5)))

Ft(Y1,1) = Y1,1(1 + tA−1
1,2(1 + tA−1

2,4(1 + tA−1
1,6)))

The product Ft(Y1,0)Ft(Y1,1) has a unique dominant monomial Y1,0Y2,0, so :

→

Et(Y1,0Y2,0) = Ft(Y1,0Y2,0) = Lt(Y1,0Y2,0) = Ft(Y1,0)Ft(Y1,1)

In particular the V1,0 ⊗ V1,1 is irreducible (also a consequence of classical theory of q-
characters).

We suppose now that s = 5 > 4 = 2r∨.

τs,t(
→

Et(Y1,0Y1,1)) = Ls
t (Y1,0Y1,1) + t−1Lt(1)

where Lt(1) = 1. So if the conjecture is true, at s = 5 the V s
1,0⊗V s

1,1 is not irreducible and
contains the trivial representation with multiplicity one.

6.1.3 Non finite cases

Let us look at an example : we suppose that C is of type A
(1)
2 . In the generic case, the

classical algorithm gives the q-characters beginning with Y1,0, and the first terms are :

Y1,0

1,1
��

Y −1
1,2 Y3,1Y2,1

3,2
wwooooooooooo

2,2

''OOOOOOOOOOO

Y −1
2,0 Y3,1Y3,2 Y −1

3,3 Y2,1Y2,2

The deformed algorithm gives :

→

Et(Y1,0) = Y1,0(1 + tA−1
1,1(1 + tA−1

2,2 + tA−1
3,2)) + terms of lower degree

We suppose now that s = 3. First let m = Y1,0Y1,2, m′ = t2Y1,0A
−1
1,1Y1,2. We have :

→

Et(m) = Ft(m) + t−1Ft(m
′) + ...
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In particular P s
m′,m(t) = t−1.

Let m = Y2,1Y3,1, m′ = tY2,1Y3,1A
−1
3,2A

−1
2,3, m′′ = tY2,1Y3,1A

−1
2,2A

−1
3,3. We have :

→

Et(m) = Ft(m) + t−1Ft(m
′) + t−1Ft(m

′′) + ...

In particular P s
m′,m(t) = t−1 and P s

m′′,m(t) = t−1.

Let us go back to general case : for m, m′ ∈ Bs we want to define P s
m′,m(t) . We can not

set as in the finite case P s
m′,m(t) =

∑
M ′∈Bs

t (M)/Π̂(M ′)=m′

PM ′,M(t) (where M ∈ Bs,inv
t verifies

Π̂(M) = m) because this sum is not finite in general.

However we propose the following construction. For m, m′ ∈ Bs, we define k(m, m′) ≥ 0
such that for M ∈ Π̂−1(m) we have k(m, m′) = min{k ≥ 0/∃M ′ ∈ Bs

t,k(M), Π̂(M ′) = m′}.

Definition 6.3. For m, m′ ∈ Bs we define P s
m′,m(t) ∈ Z[t±] by :

P s
m′,m(t) =

∑

M ′∈Bs
t (M)/Π̂(M ′)=m′ and deg(M ′)=deg(M)−k(m,m′)

PM ′,M(t)

where M an element of Bs,inv
t ∩ Π̂−1(m).

Note that if C affine it follows from lemma 3.9 (iii) that for each m ∈ Bs, there is a
finite number of m′ ∈ Bs such that P s

m′,m(t) 6= 0. In particular in this situation the proof
of the theorem gives an algorithm to compute the polynomials with a finite number of
steps (although there could be an infinite number of monomials in the ε, t-character).

For example if C is of type A
(1)
2 and s = 3 we have :

PY3,1Y2,1,Y1,0Y1,2(t) = t−1 , PY1,0,Y1,2,Y3,1Y2,1 = 2t−1

6.2 Quantization of the Grothendieck ring

6.2.1 General quantization

We set Reps
t = Reps ⊗ Z[t±] = Z[Xi,l, t

±]i∈I,l∈Z/sZ and we extend χε,t to a Z[t±]-linear

injective map χε,t : Reps
t → K̂

∞,s
t . We set Bs = {m =

∏
i∈I,l∈Z/sZ

Y
ui,l(m)

i,l } ⊂ Bs
t . We have a

map π : Bs
t → Bs defined by π(m) =

∏
i∈I,l∈Z/sZ

Y
ui,l(m)
i,l .

We have :

Im(χε,t) =
⊕

m∈Bs

Z[t±]
→

Et(m) ⊂ K̂
s,∞
t

But in general Im(χε,t) is not a subalgebra of K̂
s,∞
t .
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If s = 0 or C is finite we have Im(χε,t) ⊂
⊕

m∈Bs
t

Z[t±]
→

Et(m) (subalgebra of K̂
s,∞
t ) and we

have a Z[t±]-linear map π :
⊕

m∈Bs
t

Z[t±]
→

Et(m)→ Im(χε,t) such that for m ∈ Bs
t :

π(
→

Et(m)) =
→

Et(π(m))

If s > 2r∨ and C verifies the property of (ii) lemma 3.9 (for example C is affine) then there
is a Z[t±]-linear map π : Im(χε,t)Im(χε,t) → Im(χε,t) such that for m ∈ Bs

t of the form
m = Mm′ where M ∈ Bs and m′ = tαA−1

i1,l1
...A−1

ik,lk
(see the definition of k(m1, m2) ∈ Z

in section 6.1.3) :

π(
→

Et(m)) =
→

Et(π(m)) if k = k(Π̂(m), Π̂(M))

π(
→

Et(m)) = 0 if k > k(Π̂(m), Π̂(M))

Indeed the elements of Im(χε,t)Im(χε,t) are infinite sums of
→

Et(m).

In both cases, as χε,t is injective, we can define a Z[t±]-bilinear map ∗ such that for
α, β ∈ Reps

t :
α ∗ β = χ−1

ε,t (π(χε,t(α)χε,t(β)))

This is a deformed multiplication on Reps
t . But in general this multiplication is not asso-

ciative.

6.2.2 Associative quantization

In some cases it is possible to define an associative quantization (see [VV3], [N3], [He2]).
The point is to use a t-deformed algebra Yt = Z[Y ±i,l , t

±]i∈I,l∈Z instead of Ŷt : in this case
Im(χq,t) is an algebra and we have an associative quantization of the Grothendieck ring
(see [He2] for details). In this section we see how this construction can be generalized to
other Cartan matrices. We suppose that s = 0 and that q is transcendental.

Lemma 6.4. Let C be a Cartan matrix such that :

Ci,j < −1⇒ −Cj,i ≤ ri

Then :
det(C(z)) = z−R + α−R+1z

−R+1 + ... + αR−1z
R−1 + zR

where R =
∑

i=1...n

ri and α(−l) = α(l) ∈ Z.

In particular finite and affine Cartan matrices (A(1)
1 with r1 = r2 = 2) verify the property

of lemma 6.4. Note that the condition Ci,j < 0⇒ Ci,j = −1 or Cj,i = −1 is sufficient ; in
particular Cartan matrices such that i 6= j ⇒ Ci,jCj,i ≤ 3 verify the property.

Proof : For σ ∈ Sn let us look at the term detσ =
∏
i∈I

Ci,σ(i)(z) of det(C(z)). If σ = Id then

the degree deg(detId) is
∑
i∈I

ri. So it suffices to show that for σ 6= Id we have deg(detσ) <
∑
i∈I

ri. If i 6= σ(i), we have the following cases :
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if Ci,σ(i) = 0 or −1, deg([Ci,σ(i)]z) ≤ 0 < rσ(i)

if Ci,σ(i) < −1, we have Cσ(i),i = −1 and so riCi,σ(i) = −rσ(i) and so

deg([Ci,σ(i)]z) = −Ci,σ(i) − 1 = −
rσ(i)Cσ(i),i

ri

− 1 ≤ rσ(i) − 1 < rσ(i)

So if σ 6= Id we have :

deg(detσ) =
∑

i∈I/i=σ(i)

ri +
∑

i∈I/i6=σ(i)

deg([Ci,σ(i)]zi
) <

∑

i∈I/i=σ(i)

ri +
∑

i∈I/i6=σ(i)

rσ(i) =
∑

i∈I

ri

For the last point det(C(z)) is symmetric polynomial because the coefficients of C(z) are
symmetric.

We suppose in this section that C verifies the property of lemma 6.4.

In particular det(C(z)) 6= 0 and C(z) has an inverse C̃(z) with coefficients of the form
P (z)

Q(z−1)
where P (z) ∈ Z[z±], Q(z) ∈ Z[z], Q(0) = ±1 and the dominant coefficient of Q

is ±1. We denote by V ⊂ Z((z−1)) the set of rational fractions of this form. Note that
V is a subring of Q(z), and for R(z) ∈ V, m ∈ Z we have R(zm) ∈ V. In particular for
m ∈ Z− {0}, C̃(qm) makes sense.

We denote by Z((z−1)) the ring of series of the form P =
∑

r≤RP

Prz
r where RP ∈ Z and the

coefficients Pr ∈ Z. We have an embedding V ⊂ Z((z−1)) by expanding 1
Q(z−1)

in Z[[z−1]]

for Q(z) ∈ Z[z] such that Q(0) = 1. So we can introduce maps (πr, r ∈ Z) :

πr : V→ Z , P =
∑

r≤RP

Prz
r 7→ Pr

We denote by H the algebra with generators ai[m], yi[m], cr, relations 6, 7 (of definition
3.1) and (j ∈ I, m 6= 0) :

yj[m] =
∑

i∈I

C̃i,j(q
m)ai[m] (9)

Note that the relations 9 are compatible with the relations 7.

We define Yu as the subalgebra of H[[h]] generated by the Y ±i,l , A±i,l (i ∈ I, l ∈ Z), tR

(R ∈ V) and Yt in analogy to the definition of Ŷt.

The following theorem is a generalization of theorem 3.11 of [He2] :

Theorem 6.5. The algebra Yt is defined by generators Y ±i,l , (i ∈ I, l ∈ Z) central elements
t± and relations (i, j ∈ I, k, l ∈ Z) :

Yi,lYj,k = tγ(i,l,j,k)Yj,kYi,l

where γ : (I × Z)2 → Z is given by :

γ(i, l, j, k) =
∑

r∈Z

πr(C̃j,i(z))(−δl−k,−rj−r − δl−k,r−rj
+ δl−k,rj−r + δl−k,rj+r)
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7 Complements

7.1 Finiteness of algorithms

In the construction of q, t and ε, t-character we deal with completed algebras Ŷs,∞
t , so the

algorithms can produce an infinite number of monomials. In some cases we can say when
this number is finite :

Definition 7.1. We say that the classical algorithm stops if the classical algorithm is well
defined and for all m ∈ B, F (m) ∈ K.

It follows from the classical theory of q-characters that if C is finite then the classical
algorithm stops.

Proposition 7.2. We suppose that there are (ai)i∈I ∈ ZI such that ai > 0 and
∑
j∈I

ajCj,i =

0. Then the classical algorithm does not stop.

In particular if C is an affine Cartan matrix then the classical algorithm does not stop.

Proof : It follows from lemma 4.3 at t = 1 that it suffices to show that there is no
antidominant monomial in C(Y1,0). So let m = Y1,0

∏
i∈I,l∈Z

A
−vi,l

i,l be in C(Y1,0). We see as in

lemma 3.9 (iii) that ui(Y
−1
1,0 m) = 0. In particular u1(m) = 1 and m is not antidominant.

Proposition 7.3. The following properties are equivalent :

i) For all i ∈ I, Ft(Yi,0) ∈ K̂t.

ii) For all m ∈ Bt, Ft(m) ∈ K̂t.

iii) Im(χq,t) ⊂ K̂t.

Definition 7.4. If the properties of the proposition 7.3 are verified we say that the defor-
med algorithm stops.

Let us give some examples :

-If C is of type ADE then the deformed algorithm stops : [N3] (geometric proof) and
[N4] (algebraic proof in AD cases)

-If C is of rank 2 (A1×A1, A2, B2, C2, G2) then the deformed algorithm stops : [He2]
(algebraic proof)

-In [He2] we give an alternative algebraic proof for Cartan matrices of type An (n ≥ 1)
and we conjecture that for all finite Cartan matrices the deformed algorithm stops. The
cases F4, Bn, Cn (n ≤ 10) have been checked on a computer (with the help of T. Schedler).

Lemma 7.5. If the deformed algorithm stops then the classical algorithm stops.
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Proof : This is a consequence of the formula F (Π̂(m)) = Π̂(Ft(m)) (see section 4.1.3).

In particular if C is affine then the deformed algorithm does not stop.

Let C be a Cartan matrix such that i 6= j ⇒ Ci,jCj,i ≤ 3. We conjecture5 that the
deformed algorithm stops if and only if the classical algorithm stops.

7.2 q, t-characters of affine type and quantum toroidal algebras

We have seen in [He2] that if C is finite then the defining relations of Ĥ :

[ai[m], aj[r]] = δm,−r(q
m − q−m)Bi,j(q

m)c|m|

appear in the C-subalgebra Uq(ĥ) of Uq(ĝ) generated by the hi,m, c± (i ∈ I, m ∈ Z−{0}) :
it suffices to send ai[m] to (q − q−1)hi,m and cr to cr−c−r

r
.

In this section we see that in the affine case A
(1)
n (n ≥ 2) the relations of Ĥ appear in the

structure of the quantum toroidal algebra. In particular we hope that q, t-characters will
play a role in representation theory of quantum toroidal algebras (see the introduction).

Let be d ∈ C∗ and n ≥ 3. In the quantum toroidal algebra of type sln there is a
subalgebra Z generated by the k±i , hi,l (i ∈ {1, ..., n}, l ∈ Z− {0}) with relations :

kik
−1
i = cc−1 = 1 , [k±,i(z), k±,j(w)] = 0

θ−ai,j
(c2d−mi,jwz−1)k+,i(z)k−,j(w) = θ−ai,j

(c−2d−mi,jwz−1)k−,jk+,i(z) (10)

(see [VV1] for the definition of the k±,i(z) ∈ Z[[z]], θm(z) ∈ C[[z]], the matrices A and
M). A computation gives :

Lemma 7.6. The relation (10) are consequences of :

[hi,l, hj,m] = δl,−m
qlai,j − q−lai,j

(q − q−1)2
d−|l|mi,j

c2l − c−2l

l

In particular for d = 1, ai[m] =
hi,m

q−q−1 and cm = c2m−c−2m

m
, we get the defining relation of

the Heisenberg algebra Ĥ of section 3 in the affine case A
(1)
n−1 :

[ai[m], aj[r]] = δm,−r(q
m − q−m)[Bi,j]qmc|m|

In the case d 6= 1 we have to extend the former construction : let us study the case d 6= 1 :
we suppose that q, d are indeterminate and we construct a t-deformation of Z[A±i,l,k]i∈I,l,k∈Z.

We define the C[q±, d±]-algebra Ĥd by generators ai[m] (i ∈ I = {1, ..., n}, m ∈ Z) and
relations :

[ai[m], aj[r]] = δm,−r(q
m − q−m)[Ai,j]qmd−|m|mi,jc|m|

5This conjecture is proved later in [He5].
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For i ∈ I, l, k ∈ Z and R(q, d) ∈ Z[q±, d±] we define :

Ai,l,k = exp(
∑

m>0

hmqlmdkmai[m])exp(
∑

m>0

hmq−lmd−kmai[−m]) ∈ Ĥd[[h]]

tR(q,d) = exp(
∑

m>0

hmR(qm, dm)cm) ∈ Ĥd[[h]]

A computation analogous to the proof of lemma 3.2 gives :

Ai,l,pAj,k,rA
−1
i,l,pA

−1
j,k,r = t(q−q−1)[Ai,j ]q(−ql−kdp−r+qk−ldr−p)d−mi,j

In particular, in the quotient of Ĥd[[h]] by relations tR = 1 if R 6= 0, we have :

A−1
i,l,pA

−1
j,k,r = tα(i,j,k,l,p,r)A−1

j,k,rA
−1
i,l,p

where α : (I × Z× Z)2 → Z is given by (l, k ∈ Z, i, j ∈ I) :

α(i, i, l, k, p, r) = 2(δl−k,2ri
− δl−k,−2ri

)δr,p

α(i, j, l, k, p, r) =
∑

r=riCi,j+1,riCi,j+3,...,−riCi,j−1

(−δl−k,r+ri
δp−r,mi,j

+δl−k,r−ri
δr−p,mi,j

) (if i 6= j)

In particular this would lead to the construction of q, t-characters with variables Yi,l,p, A
−1
i,l,p

associated to quantum toroidal algebras. But we shall leave further discussion of this point
to another place.

7.3 Combinatorics of bicharacters and Cartan matrices

In this section C = (Ci,j)1≤i,j≤n is an indecomposable generalized (non necessarily
symmetrizable) Cartan matrix and (r1, ..., rn) are positive integers. Let D = diag(r1, ..., rn)
and B = DC (which is non necessarily symmetric).

We show that the quantization of Ŷs ⊗ Z[t±] = Z[Yi,l, Vi,l, t
±]i∈I,l∈Z/sZ is linked to fun-

damental combinatorial properties of C and (r1, ..., rn) (propositions 7.9, 7.11, 7.12 and
theorem 7.10). Let us begin with some general background about twisted multiplication
defined by bicharacters.

7.3.1 Bicharacters and twisted multiplication

Let Λ be a set, Y be the commutative polynomial ring :

Y = Z[Xα, t±]α∈Λ

and A the set of monomials of the form m =
∏

α∈Λ

X
xα(m)
α ∈ Y . The usual commutative

multiplication of Y is denoted by . in the following.
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Definition 7.7. A bicharacter on A is a map d : A×A→ Z such that (m1, m2, m3 ∈ A) :

d(m1.m2, m3) = d(m1, m3) + d(m2, m3) , d(m1, m2.m3) = d(m1, m2) + d(m1, m3)

The symmetric bicharacter Sd and the antisymmetric bicharacter Ad of d are defined by :

Sd(m1, m2) =
1

2
(d(m1, m2) + d(m2, m1)) , Ad(m1, m2) =

1

2
(d(m1, m2)− d(m2, m1))

and we have d = Ad + Sd.

Let be d be a bicharacter on A. One can define a Z[t±]-bilinear map ∗ : Y × Y → Y such
that :

m1 ∗m2 = td(m1 ,m2)m1.m2

This map is associative6 and we get a Z[t±]-algebra structure on Y . We say that the new
multiplication is the twisted multiplication associated to the bicharacter d, and it is given
by formulas :

m1 ∗m2 = td(m1 ,m2)−d(m2 ,m1)m2 ∗m1 = t2Ad(m1 ,m2)m2 ∗m1

Lemma 7.8. Let d1, d2 be two bicharacters. One can define a multiplication on Y such
that (m1, m2 ∈ A) :

m1 ∗m2 = t2d1(m1,m2)−2d2(m2 ,m1)m2 ∗m1

if and only if Sd1 = Sd2.

In this case, the multiplication is the twisted multiplication associated to the bicharacter
d = d1 + d2 :

m1 ∗m2 = td1(m1,m2)+d2(m1 ,m2)m1.m2

Proof : It follows immediately from the definition of ∗ :

m1 ∗m2 = t2d1(m1,m2)−2d2(m2 ,m1)m2 ∗m1 = t4(Sd1−Sd2)(m1,m2)m1 ∗m2

If Sd1 = Sd2, let ∗ be the twisted multiplication associated with the bicharacter d =
d1 + d2. We have :

m1 ∗m2 = td1(m1,m2)+d2(m1 ,m2)−d1(m2,m1)−d2(m2,m1)m2 ∗m1 = t2d1(m1,m2)−2d2(m2 ,m1)m2 ∗m1

7.3.2 Bicharacters and symmetrizable Cartan matrices

Let s ≥ 0 and As
t be the set of monomials of the form m =

∏
(i,l)∈I×Z/sZ

Y
yi,l(m)
i,l V

vi,l(m)
i,l .

Let D(z) = diag([r1]z, ..., [rn]z).

For (i, l) ∈ I×Z/sZ, we define a character 7 ui,l and bicharacters d1, d2 on As
t as in section

3.2.1.
6In fact it suffices that −d(m2, m3) + d(m1m2, m3)− d(m1, m2m3) + d(m1, m2) = 0.
7ie. uα(m1.m2) = uα(m1) + uα(m2)



122 PARTIE 3

Proposition 7.9. The following properties are equivalent :

i) For s ≥ 0, d1 = d2

ii) For s ≥ 0, ∀(i, l), (j, k) ∈ I × Z/sZ, ui,l(Vj,k) = uj,k+rj
(Vi,l+ri

)

iii) C is symmetric and ∀i, j ∈ I, ri = rj.

Proof : Only (ii)⇔ (iii) needs a proof : for i, j ∈ I and l, k ∈ Z/sZ we have :

ui,l(Vj,k) =
∑

r=Ci,j+1...−Ci,j−1

δl+r,k =
∑

r=Ci,j+1...−Ci,j−1

δl−k,r

uj,k+rj
(Vi,l+ri

) =
∑

r=Cj,i+1...−Cj,i−1

δk+r+rj ,l+ri
=

∑

r=Cj,i+1...−Cj,i−1

δl−k,rj−ri+r

If s = 0, those terms are equal for all l, k ∈ Z if and only if Ci,j 6= 0 implies Ci,j = Cj,i

and ri = rj. So as C is indecomposable we have (ii)⇔ (iii).

If s ≥ 0 and (iii) is verified we see in the same way that those terms are equal, so
(iii)⇒ (ii).

In particular if C is of type ADE, we get the bicharacter of [N3] and d1 = d2 is the
equation ([N3], 2.1).

We have seen in lemma 7.8 that we can define a twisted multiplication if and only if
Sd1 = Sd2, so we investigate those cases :

Theorem 7.10. The following properties are equivalent :

i) For s ≥ 0, we have Sd1 = Sd2

ii) For s ≥ 0, ∀(i, l), (j, k) ∈ I×Z/sZ, ui,l(Vj,k+rj
)−ui,l+2ri

(Vj,k+rj
) = uj,k+2rj

(Vi,l+ri
)−

uj,k(Vi,l+ri
)

iii) For s ≥ 0 and m ∈ As
t , d1(m, m) = d2(m, m)

iv) B(z) is symmetric

v) B is symmetric and Ci,j 6= Cj,i =⇒ (ri = −Cj,i and rj = −Ci,j)

Proof : Only (ii)⇐ (v) needs a proof : the equation (ii) means :
∑

r=Ci,j+1...−Ci,j−1

δl−k,rj−r − δl−k,rj−2ri−r =
∑

r=Cj,i+1...−Cj,i−1

δl−k,2rj+r−ri
− δl−k,r−ri

At s = 0, the formula holds for all l, k ∈ Z, if and only the coefficients of Kronecker’s
functions are equal, that is to say in Z[X±] :

∑

r=Ci,j+1...−Ci,j−1

Xrj−r −Xrj−2ri−r =
∑

r=Cj,i+1...−Cj,i−1

X2rj+r−ri −Xr−ri

Xrj−2ri+Ci,j (1−X−2Ci,j )(1−X2ri) = X−ri+Cj,i(1−X−2Cj,i)(1−X2rj )

(Ci,j = Cj,i = 0) or (ri = rj and Ci,j = Cj,i 6= 0) or (rj = −Ci,j and ri = −Cj,i)

and so (ii)⇒ (v).
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7.3.3 Bicharacters and q-symmetrizable Cartan matrices

There is a way to define a deformation multiplication if B(z) is non necessarily sym-
metric. First we define the matrix C ′i,j(z) = [Ci,j]zi

and the characters :

u′i,l(m) = yi,l(m)− vi,l−ri
(m)− vi,l+ri

(m) +
∑

j∈I,r=Ci,j+1,Ci,j+3,...,−Ci,j−1

vi,l+rir(m)

We define the bicharacters d′1 and d′2 from ũi,l in the same way d1 and d2 were defined
from ui,l (section 7.3.2).

We also define B′i,j(z) = [Bi,j]z. Note that we have always B ′(z) = D(z)C ′(z).

Proposition 7.11. The following properties are equivalent :

i) For s ≥ 0, Sd′1 = Sd′2

ii) For s ≥ 0, ∀(i, l), (j, k) ∈ I×Z/sZ, u′i,l(Vj,k+rj
−u′i,l+2ri

(Vj,k+rj
) = u′j,k+2rj

(Vi,l+ri
)−

u′j,k(Vi,l+ri
)

iii) B = DC is symmetric

iv) B′(z) is symmetric

In particular if C is symmetrizable we can define the deformed structure for all s ≥ 0.

Proof : Only (ii)⇒ (iii) needs a proof : let us write the equation (ii) :

u′i,l(Vj,k+rj
)− u′i,l+2ri

(Vj,k+rj
) = u′j,k+2rj

(Vi,l+ri
)− u′j,k(Vi,l+ri

)

If i = j, we are in the symmetric case, and it follows from proposition 7.9 that this
equation is verified. In the case i 6= j, if Ci,j = 0 then all is equal to 0. In the cases
Ci,j < 0 the equation reads :

∑

r=Ci,j+1...−Ci,j−1

δl+rir,k+rj
− δl+2ri+rri,k+rj

=
∑

l=Cj,i+1...−Cj,i−1

δk+2rj+lrj ,l+ri
− δk+rrj ,l+ri

∑

r=Ci,j+1...−Ci,j−1

δl−k,rj−rri
− δl−k,rj−2ri−rir =

∑

r=Cj,i+1...−Cj,i−1

δl−k,2rj+rrj−ri
− δl−k,rrj−ri

δl−k,rj−ri−riCi,j
− δl−k,rj−ri+riCi,j

= δl−k,rj−ri−rjCj,i
− δl−k,rj−ri+rjCj,i

That is to say :

(2riCi,j ∈ sZ and 2rjCj,i ∈ sZ) or riCi,j − rjCj,i ∈ sZ

If s = 0, the equation means riCi,j = rjCj,i that is to say B = DC symmetric. So
(ii)⇔ (iii).

In some situations the two constructions are the same :
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Proposition 7.12. The following properties are equivalent :

i) For s ≥ 0, u′ = u

ii) For s ≥ 0, d′1 = d1

iii) For s ≥ 0, d′2 = d2

iv) C ′(z) = C(z)

v) B′(z) = B(z)

vi) i 6= j ⇒ (ri = 1 or Ci,j = −1 or Ci,j = 0)

Proof : Only (v)⇔ (vi) needs a proof : we have always :

Bi,i(z) =
zri − z−ri

z − z−1
(zri + z−ri) =

z2ri − z−2ri

z − z−1
= [2ri]z = [Bi,i]z

If i 6= j, the equality Bi,j(z) = B′i,j(z) means :

zri+Ci,j + z−ri−Ci,j − zCi,j−ri − zri−Ci,j = zriCi,j+1 + z−1−riCi,j − zriCi,j−1 − z1−riCi,j

If ri = 1 or Ci,j = −1 or Ci,j = 0 the equality is clear and so (vi)⇒ (v). Suppose that (v)
is true and let be i 6= j. We have to study different cases :

ri + Ci,j = Ci,j − ri ⇒ ri = 0 (impossible)

ri + Ci,j = ri − Ci,j ⇒ Ci,j = 0

ri + Ci,j = riCi,j + 1 and riCi,j − 1 = Ci,j − ri ⇒ ri = 1

ri + Ci,j = riCi,j + 1 and − riCi,j + 1 = Ci,j − ri ⇒ Ci,j = 1 (impossible)

ri + Ci,j = −riCi,j − 1 and riCi,j − 1 = Ci,j − ri ⇒ Ci,j = −1

ri + Ci,j = −riCi,j − 1 and − riCi,j + 1 = Ci,j − ri ⇒ ri = −1 (impossible)

and so we get (vi).

Lemma 7.13. If the properties of the proposition 7.12 are verified and B = DC is
symmetric then the properties of the proposition 7.11 are verified.

Proof : We verify the property (iv) of proposition 7.11 : we suppose that Ci,j 6= Cj,i.
So Ci,j 6= 0, Cj,i 6= 0 and we do not have Ci,j = Cj,i = −1. As riCi,j = rjCj,i, we do
not have ri = rj = 1. So we have (property (vi) of proposition 7.12) ri = −Cj,i = 1 or
rj = −Ci,j = 1. For example in the first case, riCi,j = rjCj,i leads to Ci,j = −rj.

Definition 7.14. We say that C is q-symmetrizable if B = DC is symmetric and :

i 6= j ⇒ (ri = 1 or Ci,j = −1 or Ci,j = 0)

In particular C q-symmetrizable verifies the properties of proposition 7.11, 7.12 and of
theorem 7.10.
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7.3.4 Examples

If C is symmetric then for all i ∈ I we have ri = 1 and so C is q-symmetrizable.

Lemma 7.15. The Cartan matrices of finite or affine type (except A
(1)
1 , A

(2)
2l case, l ≥

2) are q-symmetrizable. The affine Cartan matrices A
(1)
1 , A

(2)
2l with l ≥ 2 are not q-

symmetrizable.

In particular if C is finite then u = ũ and the presentation adopted in this paper fits with
former articles, in particular in the non symmetric cases ([FR3], [FM1], [FM2], [He2]).

Proof : As those matrices are symmetrizable, it suffices to check the property (vi) of
proposition 7.12 :

the finite Cartan matrices Al (l ≥ 1), Dl (l ≥ 4), E6, E7, E8 and the affine Cartan
matrices A

(1)
l (l ≥ 1), D

(1)
l (l ≥ 4), E

(1)
6 , E

(1)
7 , E

(1)
8 are symmetric and so q-symmetrizable.

the finite Cartan matrices Bl (l ≥ 2), G2 and the affine Cartan matrices B
(1)
l (l ≥ 3),

G
(1)
2 verify rn = 1 and for i 6= j : i ≤ n− 1⇒ Ci,j = −1 or 0.

the finite Cartan matrices Cl (l ≥ 2), the affine Cartan matrices A
(2)
2l−1 (l ≥ 3), D

(3)
4

verify r1 = ... = rn−1 = 1, Cn,1 = ... = Cn,n−2 = 0 and Cn,n−1 = −1.

the affine Cartan matrices C
(1)
l (l ≥ 2) verify r2 = ... = rn−1 = 1 and C1,3 = ... =

C1,n = 0, C1,2 = −1, Cn,1 = ... = Cn,n−2 = 0, Cn,n−1 = −1.

the affine Cartan matrices D
(2)
l+1 (l ≥ 2) verify r1 = rn = 1 and for i 6= j : 2 ≤ i ≤

n− 1⇒ Ci,j = −1 or 0.

The other particular cases (F4, F
(1)
4 , A

(2)
2 , E

(2)
6 ) are studied case by case.

Finally the affine Cartan matrices A
(1)
1 and A

(2)
2l (l ≥ 2) are not q-symmetrizable because

Cn−1,n = −2 and rn−1 = 2.

One can understand “intuitively” the fact that A
(2)
2l (l ≥ 2) is not q-symmetrizable : in

the Dynkin diagram there is an oriented path without loop with two arrows in the same
direction.

There are q-symmetrizable Cartan matrices which are not finite and not affine : here is
an example such that for all i, j ∈ I, Ci,j ≥ −2 :

C =




2 −2 −2 0
−1 2 0 −1
−1 0 2 −1
0 −2 −2 2




(r1, r2, r3, r4) = (1, 2, 2, 1)
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Quatrième partie

Representations of quantum

affinizations and fusion product

À paraître dans Tranformation Groups

Prépublication arXiv : math.QA/0312336

Résumé. Dans cet article nous étudions les affinisées quantiques générales Uq(ĝ) des
algèbres de Kac-Moody symmétrisables quantiques et nous développons leur théorie des
représentations. Nous en démontrons une décomposition triangulaire et donnons une clas-
sification des représentations intégrables de plus haut poids (de type 1) à la Drinfel’d-
Chari-Pressley. Une généralisation du morphisme de q-caractères que Frenkel-Reshetikhin
ont défini pour les algèbres affines quantiques se révèle être un outil puissant dans cette
étude. Pour une grande classe d’affinisées quantiques (incluant les algèbres affines et toroï-
dales quantiques) la combinatoire des q-caractères donne une structure d’anneau ∗ sur le
groupe de Grothendieck Rep(Uq(ĝ)) des représentations intégrables que nous avons classi-
fiées. Nous proposons une nouvelle construction de produits tensoriels dans une catégorie
plus large en utilisant une déformation du nouveau coproduit de Drinfel’d (qui ne peut pas
être directement utilisé pour Rep(Uq(ĝ)) car il fait intervenir des sommes infinies). Nous
démontrons en particulier que ∗ est un produit de fusion (un produit de représentations
est une représentation).

Abstract. In this paper we study general quantum affinizations Uq(ĝ) of symme-
trizable quantum Kac-Moody algebras and we develop their representation theory. We
prove a triangular decomposition and we give a classication of (type 1) highest weight
simple integrable representations analog to Drinfel’d-Chari-Pressley one. A generalization
of the q-characters morphism, introduced by Frenkel-Reshetikhin for quantum affine al-
gebras, appears to be a powerful tool for this investigation. For a large class of quantum
affinizations (including quantum affine algebras and quantum toroidal algebras), the com-
binatorics of q-characters give a ring structure ∗ on the Grothendieck group Rep(Uq(ĝ)) of
the integrable representations that we classified. We propose a new construction of tensor
products in a larger category by using a deformation of the Drinfel’d new coproduct (it
can not directly be used for Rep(Uq(ĝ)) because it involves infinite sums). In particular
we prove that ∗ is a fusion product (a product of representations is a representation).

1 Introduction

In this paper q ∈ C∗ is not a root of unity.
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Drinfel’d [Dr1] and Jimbo [Jim] associated, independently, to any symmetrizable Kac-
Moody algebra g and q ∈ C∗ a Hopf algebra Uq(g) called quantum Kac-Moody algebra.
The structure of the Grothendieck ring of integrable representations is well understood :
it is analogous to the classical case q = 1.

The quantum algebras of finite type Uq(g) (g of finite type) have been intensively stu-
died (see for example [CP4, L, R] and references therein). The quantum affine algebras
Uq(ĝ) (ĝ affine algebra) are also of particular interest : they have two realizations, the
usual Drinfel’d-Jimbo realization and a new realization (see [Dr2, Be]) as a quantum
affinization of a quantum algebra of finite type Uq(g). The finite dimensional represen-
tations of quantum affine algebras are the subject of intense research (see among others
[AK, CP1, CP3, CP4, EM, FR3, FM1, N1, N3, VV2] and references therein). In parti-
cular they were classified by Chari-Pressley [CP3, CP4], and Frenkel-Reshetikhin [FR3]
introduced the q-characters morphism which is a powerful tool for the study of these
representations (see also [Kn, FM1]).

The quantum affinization process (that Drinfel’d [Dr2] described for constructing the
second realization of a quantum affine algebra) can be extended to all symmetrizable
quantum Kac-Moody algebras Uq(g) (see [Jin, N1]). One obtains a new class of algebras
called quantum affinizations : the quantum affinization of Uq(g) is denoted by Uq(ĝ). The
quantum affine algebras are the simplest examples and are very special because they are
also quantum Kac-Moody algebras. When C is affine, the quantum affinization Uq(ĝ) is
called a quantum toroidal algebra. It is known not to be a quantum Kac-Moody algebra
but it is also of particular interest (see for example [GKV, M1, M2, N1, N5, Sa, Sc, STU,
TU, VV1] and references therein). This setting is summed up in this picture :

QAQKMA

Quantum Affinization Process

QTAQAA

QAAQFA

(QKMA : Quantum Kac-Moody Algebras, QFA : Quantum Algebras of Finite type, QAA :
Quantum Affine Algebras, QTA : Quantum Toroidal Algebras, QA : Quantum Affiniza-
tions ; the line between the two QAA symbolizes the Drinfel’d-Beck correspondence.)
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In [N1] Nakajima gave a classification of (type 1) simple integrable highest weight modules
of Uq(ĝ) when g is symmetric. The case C of type A

(1)
n (toroidal ŝln-case) was also studied

by Miki in [M1] (a coproduct is also used with an approach specific to the A
(1)
n -case ; but it

is technically different from the general construction proposed in this paper). In [He3] we
proposed a combinatorial construction of q-characters (and also of their t-deformations)
for generalized Cartan matrix C such that i 6= j ⇒ Ci,jCj,i ≤ 3 (it includes finite and
affine types except A

(1)
1 , A

(2)
2 ) ; we conjectured that they were linked with a general repre-

sentation theory. But in general little is known about the representation theory outside
the case of quantum affine algebras.

In this paper we study general quantum affinizations and we develop their represen-
tation theory. First we prove a triangular decomposition of Uq(ĝ). We classify the (type
1) simple highest weight integrable representations, we define and study a generalization
of the morphism of q-characters χq which appears to be a natural tool for this investi-
gation (the approach is different from [He3] because q-characters are obtained from the
representation theory and not from purely combinatorial constructions). If the quantized
Cartan matrix C(z) is invertible (it includes all quantum affine algebras and quantum
toroidal algebras), a symmetry property of those q-characters with respect to the action
of screening operators is proved (analog of the invariance for the action of the Weyl group
in classical finite cases ; the result is proved in [FM1] for quantum affine algebras) ; in
particular those q-characters are the combinatorial objects considered in [He3]. Moreo-
ver we get that the image of χq is a ring and we can define a formal ring structure on
the Grothendieck group. Although quantum affine algebras are Hopf algebras, in general
no coproduct has been defined for quantum affinizations (this point was also raised by
Nakajima in [N5]). Drinfel’d gave formulas for a new coproduct which can be written
for all quantum affinizations. They can not directly be used to define a tensor product
of representations because they involve infinite sums. We propose a new construction of
tensor products in a larger category with a generalization of the new Drinfel’d coproduct.
We define a specialization process which allows us to interpret the ring structure that
we defined on the Grothendieck group : we prove that it is a fusion product, that is to
say that a product of representations is a representation (see [F] for generalities on fusion
rings and physical motivations).

In more details, this paper is organized as follows :

in section 2 we recall backgrounds on quantum Kac-Moody algebras. In section 3 we recall
the definition of quantum affinizations and we prove a triangular decomposition (theorem
3.2). Some computations are needed to prove the compatibility with affine quantum Serre
relations (section 3.3) ; note that we get a new proof of a combinatorial identity discovered
by Jing (consequence of lemma 3.10). The triangular decomposition is used in section 4.2.1
to define the Verma modules of Uq(ĝ).

In section 4 we recall the classification of (type 1) simple integrable highest weight re-
presentations of quantum Kac-Moody algebras, and we prove such a classification for
quantum affinizations (theorem 4.9 ; the proof is analog to the proof given by Chari-
Pressley for quantum affine algebras). The point is to give an adapted definition of a
weight which we call a l-weight : we need a more precise definition than in the case of
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quantum affine algebras (a l-weight must be characterized by the action of Uq(ĥ) ⊂ Uq(ĝ)
on a l-weight space). We also give the definition of the category O(Uq(ĝ)).

In section 5 we construct q-characters of integrable modules in the category O(Uq(ĝ)). New
technical points are to be considered (in comparison to quantum affine algebra cases) :
we have to add terms of the form kλ (λ coweight of Uq(g)) for the well-definedness in
the general case. The original definition of q-characters ([FR3]) was based on an explicit
formula for the universal R-matrix. In general no universal R-matrix has been defined
for a quantum affinization. However q-characters can be obtained with a piece of the
formula of a “R-matrix” in the same spirit as the original approach (theorem 5.7). In
section 5.5 we prove that the image of χq is the intersection of the kernels of screening
operators (theorem 5.15) in the same spirit as Frenkel-Mukhin [FM1] did for quantum
affine algebras ; new technical points are involved because of the kλ (we suppose that the
quantized Cartan matrix C(z) is invertible). In particular it unifies this approach with
[He3] and enables us to prove some results announced in [He3]. We prove that the image
of χq is a ring. As χq is injective, we get an induced ring structure ∗ on the Grothendieck
group.

In section 6 we prove that ∗ is a fusion product (theorem 6.2), that is to say that there
is a product of modules. We use the new Drinfel’d coproduct (proposition 6.3) ; as it
involves infinite sums, we have to work in a larger category where the tensor product is
well-defined (theorem 6.7). To conclude the proof of theorem 6.2 we define specializations
of certain forms which allow us to go from the larger category to O(Uq(ĝ)) (section 6.5.2).
We also give some concrete examples of explicit computations in section 6.6.

2 Background

2.1 Cartan matrix

In this section we give some general backgrounds about Cartan matrices (for more
details see [Kac]). A generalized Cartan matrix is C = (Ci,j)1≤i,j≤n such that Ci,j ∈ Z,
Ci,i = 2, i 6= j ⇒ Ci,j ≤ 0, Ci,j = 0⇔ Cj,i = 0. We denote I = {1, ..., n} and l = rank(C).

In the following we suppose that C is symmetrizable, that is to say there is a matrix
D = diag(r1, ..., rn) (ri ∈ N

∗) such that B = DC is symmetric. In particular if C is
symmetric then it is symmetrizable with D = In. For example :

C is said to be of finite type if all its principal minors are in N∗ (see [Bo] for a classification).

C is said to be of affine type if all its proper principal minor are in N∗ and det(C) = 0
(see [Kac] for a classification).

Let z be an indeterminate. We put zi = zri and for l ∈ Z, [l]z = zl−z−l

z−z−1 ∈ Z[z±]. For l ≥ 0

we put [l]z! = [l]z[l − 1]z...[1]z and for 0 ≤ r ≤ m :

[
m
r

]

z

= [m]z!/[r]z![m− r]z.

Let C(z) be the quantized Cartan matrix defined by (i 6= j ∈ I) :

Ci,i(z) = zi + z−1
i , Ci,j(z) = [Ci,j]z
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In sections 5.5 and 6 we suppose that C(z) is invertible. We have seen in lemma 6.4 of [He3]
that the condition (Ci,j < −1 ⇒ −Cj,i ≤ ri) implies that det(C(z)) 6= 0. In particular
finite and affine Cartan matrices (where we impose r1 = r2 = 2 for A

(1)
1 ) satisfy this

condition and that quantum affine algebras and quantum toroidal algebra are included in
our study. We denote by C̃(z) the inverse matrix of C(z) and D(z) the diagonal matrix
such that for i, j ∈ I, Di,j(z) = δi,j[ri]z.

We consider a realization (h, Π, Π∨) of C (see [Kac]) : h is a 2n− l dimensional Q-vector
space, Π = {α1, ..., αn} ⊂ h∗ (set of the simple roots), Π∨ = {α∨1 , ..., α∨n} ⊂ h (set of
simple coroots) and for 1 ≤ i, j ≤ n :

αj(α
∨
i ) = Ci,j

Denote by Λ1, ..., Λn ∈ h∗ (resp. the Λ∨1 , ..., Λ∨n ∈ h) the set of fundamental weights (resp.
coweights) : we have αi(Λ

∨
j ) = Λi(α

∨
j ) = δi,j.

Consider a symmetric bilinear form (, ) : h∗ × h∗ → Q such that for i ∈ I, h ∈ h∗ :
(αi, h) = h(riα

∨
i ). It is non degenerate and gives an isomorphism ν : h∗ → h. In particular

for i ∈ I we have ν(αi) = riα
∨
i and for λ, µ ∈ h∗, λ(ν(µ)) = µ(ν(λ)).

Denote P = {λ ∈ h∗/∀i ∈ I, λ(α∨i ) ∈ Z} the set of weights and P + = {λ ∈ P/∀i ∈
I, λ(α∨i ) ≥ 0} the set of dominant weights. For example we have α1, ..., αn ∈ P and
Λ1, ..., Λn ∈ P+. Denote Q =

⊕
i∈I

Zαi ⊂ P the root lattice and Q+ =
∑
i∈I

Nαi ⊂ Q. For

λ, µ ∈ h∗, write λ ≥ µ if λ− µ ∈ Q+.

If C is finite we have n = l = dim(h) and for λ ∈ h∗, λ =
∑
i∈I

α∨i (λ)Λi. In particular αi =
∑
j∈I

Cj,iΛj. In general the simple roots can not be expressed in terms of the fundamental

weights.

2.2 Quantum Kac-Moody algebra

Definition 2.1. The quantum Kac-Moody algebra Uq(g) is the C-algebra with generators
kh (h ∈ h), x±i (i ∈ I) and relations :

khkh′ = kh+h′ , k0 = 1 (11)

khx
±
j k−h = q±αj(h)x±j (12)

[x+
i , x−j ] = δi,j

kriα∨
i
− k−riα∨

i

qi − q−1
i

(13)

∑

r=0...1−Ci,j

(−1)r

[
1− Ci,j

r

]

qi

(x±i )1−Ci,j−rx±j (x±i )r = 0 (for i 6= j) (14)

This algebra was introduced independently by Jimbo [Jim] and Drinfel’d [Dr1] and is also
called a quantum group. It is remarkable that one can define a Hopf algebra structure on
Uq(g) by setting :

∆(kh) = kh ⊗ kh



QUANTUM AFFINIZATIONS AND FUSION PRODUCT 131

∆(x+
i ) = x+

i ⊗ 1 + k+
i ⊗ x+

i , ∆(x−i ) = x−i ⊗ k−i + 1⊗ x−i

S(kh) = k−h , S(x+
i ) = −x+

i k−1
i , S(x−i ) = −k+

i x−i

ε(kh) = 1 , ε(x+
i ) = ε(x−i ) = 0

where we use the notation k±i = k±riα∨
i
.

For i ∈ I let Ui be the subalgebra of Uq(g) generated by the x±i , kpα∨
i

(p ∈ Q). Then Ui is
isomorphic to Uqi

(sl2), and so a Uq(g)-module has also a structure of Uqi
(sl2)-module.

Definition 2.2. A triangular decomposition of an algebra A is the data of three subal-
gebras (A−, H, A+) of A such that the multiplication x− ⊗ h ⊗ x+ 7→ x−hx+ defines an
isomorphism of C-vector space A− ⊗H ⊗ A+ ' A.

Let Uq(g)+ (resp. Uq(g)−, Uq(h)) be the subalgebra of Uq(g) generated by the x+
i (resp.

the x−i , resp. the kh). We have (see [L]) :

Theorem 2.3. (Uq(g)−,Uq(h),Uq(g)+) is a triangular decomposition of Uq(g). Moreover
Uq(h) (resp. Uq(g)+, Uq(g)−) is isomorphic to the algebra with generators kh (resp x+

i , x−i )
and relations (11) (resp. relations (14) with +, relations (14) with −).

3 Quantum affinization Uq(ĝ) and triangular decompo-

sition

In this section we define general quantum affinizations (without central charge), we give
the relations between the currents (section 3.2) and we prove a triangular decomposition
(theorem 3.2).

3.1 Definition

Definition 3.1. The quantum affinization of Uq(g) is the C-algebra Uq(ĝ) with generators
x±i,r (i ∈ I, r ∈ Z), kh (h ∈ h), hi,m (i ∈ I, m ∈ Z − {0}) and the following relations
(i, j ∈ I, r, r′ ∈ Z, m ∈ Z− {0}) :

khkh′ = kh+h′ , k0 = 1 , [kh, hj,m] = 0 , [hi,m, hj,m′] = 0 (15)

khx
±
j,rk−h = q±αj(h)x±j,r (16)

[hi,m, x±j,r] = ±
1

m
[mBi,j]qx

±
j,m+r (17)

[x+
i,r, x

−
j,r′] = δij

φ+
i,r+r′ − φ−i,r+r′

qi − q−1
i

(18)

x±i,r+1x
±
j,r′ − q±Bijx±j,r′x

±
i,r+1 = q±Bijx±i,rx

±
j,r′+1 − x±j,r′+1x

±
i,r (19)

∑

π∈Σs

∑

k=0..s

(−1)k

[
s
k

]

qi

x±i,rπ(1)
...x±i,rπ(k)

x±j,r′x
±
i,rπ(k+1)

...x±i,rπ(s)
= 0 (20)
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where the last relation holds for all i 6= j, s = 1− Cij, all sequences of integers r1, ..., rs.
Σs is the symmetric group on s letters. For i ∈ I and m ∈ Z, φ±i,m ∈ Uq(ĝ) is determined
by the formal power series in Uq(ĝ)[[z]] (resp. in Uq(ĝ)[[z−1]]) :

∑

m≥0

φ±i,±mz±m = k±riα∨
i
exp(±(q − q−1)

∑

m′≥1

hi,±m′z±m′

)

and φ+
i,m = 0 for m < 0, φ−i,m = 0 for m > 0.

The relations (20) are called affine quantum Serre relations. The notation k±i = k±riα∨
i

is
also used. We have kik

−1
i = k−1

i ki = 1 , kix
±
j,mk−1

i = q±Bijx±j,m.

There is an algebra morphism Uq(g)→ Uq(ĝ) defined by (h ∈ h, i ∈ I) kh 7→ kh , x±i 7→ x±i,0.
In particular a Uq(ĝ)-module has also a structure of a Uq(g)-module.

3.2 Relations between the currents

For i ∈ I, consider the series (also called currents) :

x±i (w) =
∑

r∈Z

x±i,rw
r , φ+

i (z) =
∑

m≥0

φ+
i,mzm , φ−i (z) =

∑

m≥0

φ−i,−mz−m

The defining relations of Uq(ĝ) can be written with currents (h, h′ ∈ h, i, j ∈ I) :

khkh′ = kh+h′ , k0 = 1 , khφ
±
i (z) = φ±i (z)kh (21)

khx
±
j (z) = q±αj(h)x±j (z)kh (22)

φ+
i (z)x±j (w) =

q±Bi,jw − z

w − q±Bi,jz
x±j (w)φ+

i (z) (23)

φ−i (z)x±j (w) =
q±Bi,jw − z

w − q±Bi,jz
x±j (w)φ−i (z) (24)

[x+
i (z), x−j (w)] =

δi,j

qi − q−1
i

[δ(
w

z
)φ+

i (w)− δ(
z

w
)φ−i (z)] (25)

(w − q±Bi,jz)x±i (z)x±j (w) = (q±Bi,jw − z)x±j (w)x±i (z) (26)

∑

π∈Σs

∑

k=0...s

(−1)k

[
s
k

]

qi

x±i (wπ(1))...x
±
i (wπ(k))x

±
j (z)x±i (wπ(k+1))...x

±
i (wπ(s)) = 0 (27)

where δ(z) =
∑
r∈Z

zr. The equation (23) (resp. equation (24)) is expanded for |z| < |w|

(resp. |w| < |z|).

Remark : in the relations (26), the terms can not be divided by w − q±Bi,jz : it would
involve infinite sums and make no sense.

The following equivalences are clear : (relations (15) ⇔ relations (21)) ; (relations (16)
⇔ relations (22)) ; (relations (19) ⇔ relations (26)) ; (relations (18) ⇔ relations (25)) ;
(relations (20) ⇔ relations (27)).
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We suppose that the relations (16) are verified and we prove the equivalence (relations (17)
with m ≥ 1 ⇔ relations (23)) ((relations (17) with m ≤ −1 ⇔ relations (24)) is proved
in an similar way) : consider h+

i (z) =
∑

m≥1

mhi,mzm−1. The relation (17) with m ≥ 1 are

equivalent to (expanded for |z| < |w|) :

[h+
i (z), x±j (w)] = ±[Bi,j]q

w−1x±j (w)

(1− z
w
qBi,j )(1− z

w
q−Bi,j )

It is equivalent to the data of a α±(z, w) ∈ (C[w, w−1])[[z]] such that

φ+
i (z)x±j (w) = α±(z, w)x±j (w)φ+

i (z)

So it suffices to prove that this term is the q±Bi,j w−z

w−q±Bi,j z
of relation (23). Let us compute this

term : we have ∂φ+
i (z)

∂z
= (q − q−1)h+

i (z)φ+
i (z) and so the relations (17) imply :

(q − q−1)φ+
i (z)[h+

i (z), x±j (w)] =
∂α±(z, w)

∂z
x±j (w)φ+

i (z)

(±[Bi,j]q
w−1

(1− z
w
qBi,j)(1− z

w
q−Bi,j )

α±(z, w)−
1

q − q−1

∂α±(z, w)

∂z
)x±j (w)φ+

i (z) = 0

∂α±(z, w)

∂z
= ±(qBi,j − q−Bi,j)

w−1

(1− z
w
qBi,j )(1− z

w
q−Bi,j)

α±(z, w)

As q±Bi,j w−z

w−q±Bi,j z
is a solution, we have α±(z, w) = λ(w) q±Bi,j w−z

w−q±Bi,j z
. But at z = 0 we know

α±(0, w) = q±Bi,j (relations (16)) and so λ(w) = 1.

3.3 Triangular decomposition

3.3.1 Statement

Let Uq(ĝ)+ (resp. Uq(ĝ)−, Uq(ĥ)) be the subalgebra of Uq(ĝ) generated by the x+
i,r (resp.

the x−i,r, resp. the kh, hi,r).

Theorem 3.2. (Uq(ĝ)−,Uq(ĥ),Uq(ĝ)+) is a triangular decomposition of Uq(ĝ). Moreover

Uq(ĥ) (resp. Uq(ĝ)+, Uq(ĝ)−) is isomorphic to the algebra with generators kh, hi,m (resp
x+

i,r, x−i,r) and relations (15) (resp. relations (19), (20) with +, relations (19), (20) with
−).

For a quantum affine algebra (C finite) it is proved in [Be].

In this section 3.3 we prove this theorem in general. We will use the algebras U l
q(ĝ), Ũq(ĝ)

defined by :

Definition 3.3. U l
q(ĝ) is the C-algebra with generators x±i,r, hi,m, kh (i ∈ I, r ∈ Z,

m ∈ Z − {0}, h ∈ h) and relations (15), (16), (17), (18) (or relations (21), (22), (23),
(24), (25)).

Ũq(ĝ) is the quotient of U l
q(ĝ) by relations (19) (or relations (26)).
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Note that Uq(ĝ) is a quotient of U l
q(ĝ) and that (U l,−

q (ĝ),Uq(ĥ),U l,+
q (ĝ)) is a triangular

decomposition of U l
q(ĝ) where U l,±

q (ĝ) is generated by the x±i,r without relations. In the

sl2-case we have Ũq(ŝl2) = Uq(ŝl2).

Let us sketch the proof of theorem 3.2. We use a method analog to the proof for classic
cases or quantum Kac-Moody algebras (see for example the chapter 4 of [Ja]) : we have
to check a compatibility condition between the relations and the product as explained
in section 3.3.2. After some preliminary technical lemmas about polynomials in section
3.3.3, the heart of the proof is given in section 3.3.4 : properties of U l

q(ĝ) (lemma 3.9) lead
to a triangular decomposition of Ũq(ĝ). Properties of Ũq(ĝ) proved in lemmas 3.10, 3.11
imply theorem 3.2. Note that the intermediate algebra Ũq(ĝ) is also studied because it
will be used in the last section of this paper.

Remark : lemma 3.10 gives a new proof of a combinatorial identity discovered by Jing.

The theorem 3.2 is used in section 4.2.1 to define the Verma modules of Uq(ĝ). Let us give
another consequence of theorem 3.2 : for i ∈ I, let Ûi be the subalgebra of Uq(ĝ) generated
by the x±i,r, kpα∨

i
, hi,m (r ∈ Z, m ∈ Z−{0}, p ∈ Q). We have a morphism Uqi

(ŝl2)→ Ûi (in

particular any Uq(ĝ)-module also has a structure of Uqi
(ŝl2)-module). Moreover theorem

3.2 implies :

Corollary 3.4. Ûi is isomorphic to Uqi
(ŝl2).

3.3.2 General proof of triangular decompositions

Let A be an algebra with a triangular decomposition (A−, H, A+). Let B+ (resp. B−)
be a two-sided ideal of A+ (resp. A−). Let C = A/(A.(B+ + B−).A) and denote by C±

the image of B± in C.

Lemma 3.5. If B+.A ⊂ A.B+ and A.B− ⊂ B−.A then (C−, H, C+) is a triangular
decomposition of C and the algebra C± is isomorphic to A±/B±.

Proof : We use the proof of section 4.21 in [Ja] : indeed the product gives an isomorphism
of C-vector space A.(B+ + B−).A ' B+ ⊗H ⊗ A− + A+ ⊗H ⊗ B−.

3.3.3 Technical lemmas

Let i 6= j and s = 1− Ci,j. Define P±(w1, ..., ws, z) ∈ C[w1, ..., ws, z] by the formula :

∑

k=0...s

(−1)k

[
s
k

]

qi

(w1 − q±Bi,jz)...(wk − q±Bi,jz)(wk+1q
±Bi,j − z)...(wsq

±Bi,j − z)

Lemma 3.6. There are polynomials (f±,r)r=1,...,s−1 of s− 1 variables such that :

P±(w1, ..., ws, z) =
∑

1≤r≤s−1

(wr+1 − q±2
i wr)f±,r(w1, ..., wr−1, wr+2, ..., ws, z)
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Proof : It suffices to prove it for P+ (because P− is obtained from P+ by q 7→ q−1). First
we prove that P+(q

−2(s−1)
i w, q

−2(s−2)
i w, ..., q−2

i w, w, z) = 0. Indeed it is equal to :

zs
∑

k=0...s

(−1)k

[
s
k

]

qi

q
k(1−s)
i (q

−2(s−1)
i qs−1

i −
z

w
)

...(q
−2(s−k)
i qs−1

i −
z

w
)(q
−2(s−k−1)
i q1−s

i −
z

w
)...(q1−s

i −
z

w
)

= zs(q1−s
i −

z

w
)q−3s+3Mqi

(
z

w
q3s−3)

where :

Mq(u) =
∑

k=0...s

(−1)k

[
s
k

]

q

qk(1−s)(q2k − u)(q2(k+1) − u)...(q2(k+s−2) − u)

Let α0(q), ..., αs−1(q) ∈ Z[q] such that (a − u)(a − uq2)...(a − uq2(s−2)) = us−1αs−1(q) +
us−2aαs−2(q) + ... + as−1α0(q). So :

Mq(u) =
∑

p=0...s−1

αs−p(q)u
s−p

∑

k=0...s

(−1)k

[
s
k

]

q

qk(1−s+2p)

And so Mq(u) = 0 because of the q-binomial identity for p′ = 1 − s, 3 − s, ..., s − 1 (see
[L]) :

∑

k=0...s

(−1)k

[
s
k

]

q

qrp′ = 0

As a consequence P+ is in the kernel of the projection

φ : C[w1, ..., ws, z]→ C[w1, ..., ws, z]/((w2 − q2
i w1), ..., (ws − q2

i ws−1))

that is to say P+(w1, ..., ws, z) =
∑

1≤r≤s−1

(wr+1 − qBi,jwr)fr(w1, ..., ws, z) where the fr ∈

C[w1, ..., ws, z].

Let us prove that we can choose the (fr)1≤r≤s−1 so that for all 1 ≤ s ≤ r − 1, fr does
not depend of wr, wr+1. Let A ⊂ Ker(φ) be the subspace of polynomials which are degree
at most of 1 in each variable w1, ..., ws. In particular P ∈ A. We can decompose in a
unique way P = α + w2β + w1γ where α, γ ∈ C[w3, ..., ws, z], β ∈ C[w1, w3, ..., ws, z].
Consider λ(1) = −q−2

i γ(w2 − q2
i w1) ∈ A and P (1) = P − λ(1) ∈ A. We have in particular

P (1) = µ
(1)
3 +w2µ

(1)
2 +w2w1µ

(1)
1 where µ

(1)
1 , µ

(1)
2 , µ

(1)
3 ∈ C[w3, ..., ws, z]. In the same way we

define by induction on r (1 ≤ r ≤ s− 1) the λ(r) ∈ A such that P (r) = P (r−1) − λ(r) ∈ A
is of the form :

P (r) = µ
(r)
r+2 + wr+1µ

(r)
r+1 + wr+1wrµ

(r)
r + ... + wr+1wr...w1µ

(r)
1

where for 1 ≤ r′ ≤ r + 2, µ
(r)
r′ ∈ C[wr+2, ..., ws, z]. Indeed in the part of P (r) without

wr+2 we can change the terms wr+1λ(wr+3, ..., ws, z) to q−2
i wr+2λ(wr+3, ..., ws, z) by adding

q−2
i (wr+2 − q2

i wr+1)λ ∈ A, we can change the terms wr+1wrλ
′(wr+3, ..., ws, z) to



136 PARTIE 4

q−4
i wr+2wr+1λ

′(wr+3, ..., ws, z) by adding q−4
i (wr+2− q2

i wr+1)λ+ q−2
i (wr+2− q2

i wr+1)λ ∈ A,
and so on. In particular for r = s− 1 :

P (s−1) = µ
(s−1)
s+1 + µ(s−1)

s ws + µ
(s−1)
s−1 wsws−1 + ... + µ

(s−1)
1 wsws−1...w1

where µ
(s−1)
s+1 , ..., µ

(s−1)
1 ∈ C[z]. But :

0 = φ(P (s−1)) = µ
(s−1)
s+1 + µ(s−1)

s ws + µ
(s−1)
s−1 q−2

i w2
s + ... + µ

(s−1)
1 q

−2−4−...−2(s−1)
i ws

s

So for all 1 ≤ r′ ≤ s + 1, µ
(s−1)
r′ = 0, and so P (s−1) = 0. In particular P = λ(1) + λ(2) +

... + λ(s−1).

For 1 ≤ k ≤ s consider P
(k)
± (w1, w2, ..., ws, z) ∈ C[w1, ..., ws, z] defined by :

(−1)k

[
s
k

]

qi

∑

k′=1...k

(zq
±(1−s)
i −w1)(w2−q±2

i w1)...(wk′−q±2
i w1)(wk′+1q

±2
i −w1)...(wsq

±2
i −w1)

+(−1)k−1

[
s

k − 1

]

qi

∑

k′=k...s

(z − w1q
±(1−s)
i )(w2 − q±2

i w1)

...(wk′ − q±2
i w1)(wk′+1q

±2
i − w1)...(wsq

±2
i − w1)

Lemma 3.7. i) For 2 ≤ k ≤ s− 1 there are polynomials (f
(k)
±,r)r=1,...,s−1 of s− 1 variables,

of degree at most 1 in each variable, such that P
(k)
± (w1, ..., ws, z) is equal to :

(z − q
±(1−s)
i wk)f

(k)
±,k−1(w1, ..., wk−1, wk+1, ..., ws, z)

+(wk+1 − q
±(1−s)
i z)f

(k)
±,s−1(w1, ..., wk, wk+2, ..., ws, z)

+
∑

1≤r≤s−2,r 6=k−1

(wr+2 − q±2
i wr+1)f

(k)
±,r(w1, ..., wr−1, wr+2, ..., ws, z)

ii) There are polynomials (f
(1)
±,r)r=1,...,s−1 of s− 1 variables, of degree at most 1 in each

variable, such that P
(1)
± (w1, ..., ws, z) is equal to :

(w2− q
±(1−s)
i z)f

(1)
±,s(w3, ..., ws, z)+

∑

1≤r≤s−2

(wr+2− q±2
i wr+1)f

(k)
±,r(w1, ..., wr−1, wr+2, ..., ws, z)

iii) There are polynomials (f
(s)
±,r)r=1,...,s−1 of s−1 variables, of degree at most 1 in each

variable, such that P
(s)
± (w1, ..., ws, z) is equal to :

(z − q
±(1−s)
i ws)f

(s)
±,s−1(w1, ..., ws−1, z)

+
∑

1≤r≤s−2

(wr+2 − q±2
i wr+1)f

(s)
±,r(w1, ..., wr−1, wr+2, ..., ws, z)
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Proof : It suffices to prove it for P
(k)
+ (because P

(k)
− is obtained from P

(k)
+ by q 7→ q−1).

For i) : we see as in lemma 3.6 that it suffices to check that P
(k)
+ (w1, ..., ws, z) = 0

if w3 = q2
i w2, ... , wk = q2

i wk−1, wk+2 = q2
i wk+1, ... , ws = q2

i ws−1, z = q1−s
i wk and

wk+1 = q1−s
i z. It means w3 = q2

i w2, ..., wk = q
2(k−2)
i w2, wk+1 = q2k−2−2sw2, ... ,ws = q−4w2,

z = q2k−3−sw2. So if we set u = w1/w2 we find for P
(k)
+ w−s

2 :

(−1)k

[
s
k

]

qi

∑
k′=1...k

q
2(k′−1)
i (q2k−2−2s

i −u)(q2k−2s
i −u)...(q2k′−6

i −u)(q2k′

i −u)...(q2k−2
i −u)(q−2

i −

u)

+ (−1)k−1

[
s

k − 1

]

qi

∑
k′=k...s

q2k′−s−1
i (q2k−2s−4

i − u)...(q2k′−2s−6
i − u)(q2k′−2s

i − u)...(q2k−4
i −

u)(q−2
i − u)

It is a multiple of :

[s−k+1]qi

q2k−2s−4
i −u

[
∑

k′=1...k

q2k′−1
i

(q2k′−2
i −u)(q2k′−4

i −u)
]−

[k]qi

q2k−2
i −u

qs
i [

∑
k′=k...s

q2k′−1−s
i

(q2k′−2s−2
i −u)(q2k′−2s−4

i −u)
]

=
q2
i [s−k+1]qi

(1−q2
i )(q2k−2s−4

i −u)
[

∑
k′=1...k

1

q2k′−2
i −u

− 1

q2k′−4
i −u

]−
q2
i [k]qi

(1−q2
i )q2k−2

i −u
qs
i [

∑
k′=k...s

1

q2k′−2s−2
i −u

− 1

q2k′−2s−4
i −u

]

=
q2
i [s−k+1]qi

(1−q2
i )(q2k−2s−4

i −u)
[ 1

q2k−2
i −u

− 1
q−2
i −u

]−
q2
i [k]qi

(1−q2
i )(q2k−2

i −u)
qs
i [

1
q−2
i −u

− 1

q2k−2s−4
i −u

] = 0

For ii) : as for i) we check that P
(1)
+ (w1, ..., ws, z) = 0 if w3 = q2

i w2, ... , ws = q2
i ws−1,

z = qs−1
i w2. It means wk′ = q

2(k′−2)
i w2 for 2 ≤ k′ ≤ s. So it we set u = w1/w2 we find for

P
(1)
+ w−s

2 :

−[s]qi
(1−u)(q2

i −u)...(q2s−2
i −u)+ q1−s

i

∑
k′=1...s

q2k′−2
i (q2s−2

i −u)(q−2
i −u)...(q2k′−6

i −u)(q2k′

i −

u)...(q2s−2
i − u)

It is a multiple of : − q2
i [s]qi

q2s
i −1

( 1
q−2
i −u

− 1
q2s−2
i −u

) +
q1−s
i

1−q−2
i

( 1
q−2
i −u

− 1
q2s−2
i −u

) = 0.

For iii) : as for i) we check that P
(k)
+ (w1, ..., ws, z) = 0 if w3 = q2

i w2, ... , ws = q2
i ws−1,

z = q1−s
i ws. It means wk′ = q

2(k′−2)
i w2 for 2 ≤ k′ ≤ s and z = qs−3

i w2. The computation is
analogous to i).

Lemma 3.8. For all choices of polynomials (f
(k′)
±,r )1≤k′≤s,1≤r≤s−1 in lemma 3.7 and each

2 ≤ k ≤ s there are polynomials (g
(k)
±,r)r=1,...,s−2 of s− 1 variables such that :

f
(k)
±,k−1 − f

(k−1)
±,s−1 =

∑

1≤r≤s−2

(wr+2 − q±2
i wr+1)g

(k)
±,r(w1, ..., wr−1, wr+2, ..., ws, z)

Proof : We see as in lemma 3.6 that it suffices to check that f
(k)
+,k−1 + f

(k−1)
+,s−1 = 0 if

w3 = q2
i w2, ... , ws = q2

i ws−1. So we suppose that wk′ = q
2(k′−2)
i for all 2 ≤ k′ ≤ s. Let

Q = ws−1
1 (w2q

−2
i − 1)(w2− 1)...(w2q

2s−2
i )/(q2

i − 1)). It suffices to prove that for 2 ≤ k ≤ s,
we have :

(q2
i − q2−2s

i )f
(k)
+,k−1(Q(−1)k

[
s
k

]

qi

[k]qi
(qi − q−1

i ))−1
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qk+1+s
i + q−s−k+3

i − q−s+k+1
i − q3−k+s

i

(vq−2
i − 1)(vq2k−4

i − 1)(vq2s−2
i − 1)

(28)

and

(q2
i − q2−2s

i )f
(k−1)
+,s−1(Q(−1)k−1

[
s

k − 1

]

qi

[k − 1]qi
(qi − q−1

i ))−1

=
qk+1
i + q−k+3

i − q−2s+k+1
i − q3−k+2s

i

(vq−2
i − 1)(vq2k−4

i − 1)(vq2s−2
i − 1)

(29)

because we have the relation :
[
s
k

]

qi

[k]qi
(qk+1+s

i + q−s−k+3
i − q−s+k+1

i − q3−k+s
i )

= −

[
s

k − 1

]

qi

[k − 1]qi
(qk+1

i + q−k+3
i − q−2s+k+1

i − q3−k+2s
i )

First suppose that 3 ≤ k ≤ s−1. We have P
(k)
+ = (z−q1−s

i wk)f
(k)
+,k−1+(q2

i wk−q1−s
i z)f

(k)
+,s−1.

So for αk, βk such that P
(k)
+ = zαk + wkβk, we have f

(k)
+,k−1 =

q2
i αk+q1−s

i βk

q2
i−q2−2s

i

and f
(k)
+,s−1 =

q1−s
i αk+βk

q2
i−q2−2s

i

. But we have P
(k)
+ = z(q1−s

i λk+µk)−w1(λk+q1−s
i µk) where (we put v = w2/w1) :

λk = (−1)kws−1
1

[
s
k

]

qi

∑
k′=1...k

(v− q2
i )(vq2

i − q2
i )...(vq

2(k′−2)
i − q2

i )(vq2k′

i − 1)...(vq
2(s−2)+2
i − 1)

= Q(−1)k

[
s
k

]

qi

[ 1
vq−2

i −1
−

q2k
i

vq2k−2
i −1

]

µk = (−1)k−1ws−1
1

[
s

k − 1

]

qi

∑
k′=k...s

(v−q2
i )(vq2

i−q2
i )...(vq

2(k′−2)
i −q2

i )(vq2k′

i −1)...(vq
2(s−2)+2
i −

1)

= Q(−1)k−1

[
s

k − 1

]

qi

[
q2k−2
i

vq2k−4
i −1

−
q2s
i

vq2s−2
i −1

]

As αk = q1−sλk + µk and βk = −(λk + q1−s
i )/(qk−2

i w2), we have :

αk = Q(−1)k

[
s
k

]

qi

[k]qi
(qi − q−1

i )

.
((qk+1−s

i − qs+k−1
i ) + v(qs+k−3

i + qs+3k−3
i − q3k−3−s

i − qs+k−1
i ))

(vq−2
i − 1)(vq2k−2

i − 1)(vq2k−4
i − 1)(vq2s−2

i − 1)

βk = Q

(−1)k

[
s
k

]

qi

[k]qi
(qi − q−1

i )((qk
i + q2s−k+2

i − q−k+2
i − qk+2

i ) + v(−qk+2s−2
i + qk

i ))

(vq−2
i − 1)(vq2k−2

i − 1)(vq2k−4
i − 1)(vq2s−2

i − 1)

In particular (q2
i − q2−2s

i )f
(k)
+,k−1(Q(−1)k

[
s
k

]

qi

[k]qi
(qi − q−1

i ))−1 is :

(qk+1−s
i + qs−k+3

i − qs+k+1
i − q3−k−s

i ) + v(qs+3k−1
i + qk+1−s

i − q3k−1−s
i − qs+k+1

i )

(vq−2
i − 1)(vq2k−2

i − 1)(vq2k−4
i − 1)(vq2s−2

i − 1)
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and we get formula 28 for k. Moreover (q2
i − q2−2s

i )f
(k)
+,s−1(Q(−1)k

[
s
k

]

qi

[k]qi
(qi − q−1

i ))−1

is :
(qk+2−2s

i + q2s−k+2
i − q−k+2

i − qk+2
i ) + v(qk−2

i + q3k−2
i − q3k−2s−2

i − qk+2s−2
i )

(vq−2
i − 1)(vq2k−2

i − 1)(vq2k−4
i − 1)(vq2s−2

i − 1)

and we get formula 29 for k + 1.

So it remains to prove formula 29 with k = 2 and formula 28 with k = s.

P
(1)
+ = (w2 − q

(1−s)
i z)f

(1)
+,s−1 = −[s]qi

(zq1−s
i − w1)(q

2
i w2 − w1)...(q

2s−2
i w2 − w1)

+(z − w1q
1−s
i )

∑

k′=1...s

q2k′−2
i (q−2

i w2 − w1)...(q
2k′−6
i w2 − w1)(q

2k′

i w2 − w1)...(q
2s−2
i w2 − w1)

⇒ f
(1)
+,s−1 = −q1−s

i Q[
−[s]qi

q1−s
i (q2

i − 1)

(vq−2
i − 1)(v − 1)

+
∑

k′=1...s

q2k′−2
i

(q2k′−4
i v − 1)(q2k′−2

i v − 1)
]

And so we have for f
(1)
+,s−1(q

2
i − q2−2s

i )(−Q[s]qi
(qi − q−1

i ))−1 :

qi + q3
i − q2s+1

i − qi−2s + 3

(vq−2
i − 1)(v − 1)(vq2s−2

i v − 1)

that it to say the formula 29 with k = 2.

P
(s)
+ is equal to :

(z − q
(1−s)
i q

2(s−2)
i w2)f

(s)
+,s−1 = (−1)s−1[s]qi

(z − w1q
1−s
i )q

2(s−1)
i (q−2

i w2 − w1)...(q
2s−6
i w2 − w1)

+(−1)s(zq1−s
i −w1)

∑

k′=1...s

q2k′−2
i (q−2

i w2−w1)...(q
2k′−6
i w2−w1)(q

2k′

i w2−w1)...(q
2s−2
i w2−w1)

⇒ f
(s)
+,s−1 = Q[

(−1)s−1[s]qi
q
2(s−1)
i (q2

i − 1)

(vq2s−4
i − 1)(vq2s−2

i − 1)
+ (−1)sq1−s

i

∑

k′=1...s

q2k′−2
i

(q2k′−4
i v − 1)(q2k′−2

i v − 1)
]

And so we have for f
(s)
+,s−1(q

2
i − q2−2s

i )((−1)sQ[s]qi
(qi − q−1

i ))−1 :

q2s+1
i + q3−2s

i − qi − q3
i

(vq−2
i − 1)(vq2s−4

i − 1)(vq2s−2
i v − 1)

that it to say the formula 28 with k = s.

3.3.4 Proof of theorem 3.2

The algebras U l
q(ĝ), Ũq(ĝ),U l,±

q (ĝ) are defined in section 3.3. Let Ũ±q (ĝ) ⊂ Ũq(ĝ) be the
subalgebra generated by the x±i,r. Let τ± be the two-sided ideal of U l,±

q (ĝ) generated by
the left terms of relations (19) (with the x±i,r).

Lemma 3.9. We have τ+U l
q(ĝ) ⊂ U l

q(ĝ)τ+ and U l
q(ĝ)τ− ⊂ τ−U l

q(ĝ).

In particular (Ũ−q (ĝ),Uq(ĥ), Ũ+
q (ĝ)) is a triangular decomposition of Ũq(ĝ).
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Proof : First τ+Uq(ĥ) ⊂ Uq(ĥ)τ+, Uq(ĥ)τ− ⊂ τ−Uq(ĥ) are direct consequences of relations
(22), (23), (24). We have also (we use relations (25) and (23), (24)) :

[(w − q±Bi,jz)x±i (z)x±j (w)− (q±Bi,jw − z)x±j (w)x±i (z), x∓k (u)]

= (w − q±Bi,jz)x±i (z)[x±j (w), x∓k (u)]− (q±Bi,jw − z)[x±j (w), x∓k (u)]x±i (z)

−(q±Bi,jw − z)x±j (w)[x±i (z), x∓k (u)] + (w − q±Bi,jz)[x±i (z), x∓k (u)]x±j (w) = 0

and so τ+U l,−
q (ĝ) ⊂ U l

q(ĝ)τ+, U l,+
q (ĝ)τ− ⊂ τ−U l

q(ĝ).

The last point follows from Ũq(ĝ) = U l
q(ĝ)/(U l

q(ĝ).(τ+ + τ−).U l
q(ĝ)), the triangular decom-

position of U l
q(ĝ) and lemma 3.5.

Lemma 3.10. Let i 6= j, s = 1− Ci,j µ = 1 or µ = −1. We have in Ũq(ĝ) :

∑

π∈Σs

∑

k=0..s

(−1)k

[
s
k

]

qi

x±i (wπ(1))...x
±
i (wπ(k))φ

µ
j (z)x±i (wπ(k+1))...x

±
i (wπ(s)) = 0 (30)

∑

π∈Σs

∑

k=0..s

(−1)k

[
s
k

]

qi

ξi(wπ(1))...ξi(wπ(k))x
±
j (z)ξi(wπ(k+1))...ξi(wπ(s)) = 0 (31)

where ξi(wp) = x±i (wp) if p 6= 1 and ξi(w1) = φµ
i (w1).

Remark : in particular if we multiply the equation (30) by (
∏

r=1...s

(wr−qs−1
i z))(

∏
1≤r′<r≤s

(wr−

q2
i wr′)) and we project it on x+

i (w1)...x
+
i (ws)φ

+
j (z) (we can use the relations (26) thanks to

the multiplied polynomial), we get the combinatorial identity discovered by Jing in [Jin],
which was also proved in a combinatorial way in [DJ] : for π ∈ Σs denote by ε(π) ∈ {1,−1}
the signature of π (we have replaced z 7→ z−1, wk′ 7→ w−1

k′ to get the formula in the same
form as in [Jin]) :

0 =
∑

π∈Σs

ε(π)
∑

k=0...s

[
s
k

]

q

(z − qs−1wπ(1))...(z − qs−1wπ(k))

(wπ(k+1) − qs−1z)...(wπ(s) − qs−1z)
∏

1≤r<r′≤s

(wπ(r) − q2wπ(r′))

Proof : First we prove the equation (30) with µ = 1 (µ = −1 is analog). The left term is
(relations (23)) :

φ+
j (z)

(w1q±Bi,j − z)...(wsq±Bi,j − z)

∑

π∈Σs

P±(wπ(1), ..., wπ(s), z)x±i (wπ(1))...x
±
i (wπ(s))

that is to say (see lemma 3.6) it is equal to :



QUANTUM AFFINIZATIONS AND FUSION PRODUCT 141

∑

π∈Σs

∑

1≤r≤s−1

fr,±(wπ(1), ..., wπ(r−1), wπ(r+2), ..., wπ(s), z)

(wπ(r+1) − q±2
i wπ(r))x

±
i (wπ(1))...x

±
i (wπ(s))

For each r, we put together the π, π′ ∈ Σs such that π(r) = π′(r + 1), π(r + 1) = π′(r),
and π(r′′) = π′(r′′) for all r′′ 6= r, r + 1. So we get a sum of terms :

fr,±(wπ(1), ..., wπ(r−1), wπ(r+2), ..., wπ(s), z)x±i (wπ(1))...x
±
i (wπ(r−1))

A±{π(r),π(r+1)}x
±
i (wπ(r+2)...x

±
i (wπ(s))

where A±{k,k′} = (wk − q±2
i wk′)x±i (wk′)x±i (wk) + (wk′ − q±2

i wk)x
±
i (wk)x

±
i (wk′)

But A±{k,k′} = 0 in Ũq(g).

Let us prove the equation (31) with µ = 1 (µ = −1 is analog). The left term is :

φ+
i (w1)

(w2q
±2
i − w1)...(wsq

±2
i − w1)(zq

±(1−s)
i − w1)

∑

π∈Σs−1,k=1...s

P
(k)
± (w1, wπ(2), ..., wπ(s), z)x±i (wπ(2))...x

±
i (wπ(k))x

±
j (z)x±i (wπ(k+1))...x

±
i (wπ(s))

where Σs−1 acts on {2, ..., s}. With the help of lemma 3.7 and in analogy to the previous
case, for each 1 ≤ k ≤ s each r 6= k, we put together the π, π ′ ∈ Σs such that π(r) =
π′(r + 1), π(r + 1) = π′(r), and π(r′′) = π′(r′′) for all r′′ 6= r, r + 1. So the terms with

polynomials f
(k)
±,k′ with k′ 6= s, k − 1 are erased. We get : φ+

i (w1)

(w2q±2
i −w1)...(wsq±2

i −w1)(zq
±(1−s)
i −w1)∑

π∈Σs−1,k=1...s

((z − q
±(1−s)
i wπ(k))f

(k)
±,k−1 + (wπ(k+1) − q

±(1−s)
i z)f

(k)
±,s−1)

x±i (wπ(2))...x
±
i (wπ(k))x

±
j (z)x±i (wπ(k+1))...x

±
i (wπ(s))

But this last sum is equal to :

∑

π∈Σs−1,k=2...s

(z − q
±(1−s)
i wπ(k))(f

(k)
±,k−1 − f

(k−1)
±,s−1)

x±i (wπ(2))...x
±
i (wπ(k))x

±
j (z)x±i (wπ(k+1))...x

±
i (wπ(s))

where we can replace (z − q
±(1−s)
i wπ(k))x

±
i (wπ(k))x

±
j (z) by

(−wπ(k) + q
±(1−s)
i z)x±j (z)x±i (wπ(k)) (relations (26) in Ũq(ĝ)). As in the previous cases it

follows from lemma 3.8 that this term is equal to 0.

Let τ̃± be the two-sided ideal of Ũ±q (ĝ) generated by the left terms of relations (20) with
the x±i,r.

Lemma 3.11. We have τ̃+Ũq(ĝ) ⊂ Ũq(ĝ)τ̃+ and Ũq(ĝ)τ̃− ⊂ τ̃−Ũq(ĝ).
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In particular as Uq(ĝ) = Ũ l
q(ĝ)/(Ũ l

q(ĝ).(τ̃+ + τ̃−).Ũ l
q(ĝ)) the result of theorem 3.2 follows

from lemma 3.5 and the triangular decomposition of Ũq(ĝ) proved in lemma 3.9.

Proof : First τ̃+Uq(ĥ) ⊂ Uq(ĥ)τ+, Uq(ĥ)τ̃− ⊂ τ̃−Uq(ĥ) are direct consequences of relations
(22), (23), (24). Let us show that :

[
∑

π∈Σs

∑

k=0..s

(−1)k

[
s
k

]

qi

x±i (wπ(1))...x
±
i (wπ(k))x

±
j (z)x±i (wπ(k+1))...x

±
i (wπ(s)), x

∓
l (u)] = 0 (32)

where i, j, l ∈ I, i 6= j. If l 6= j and l 6= i the equation (32) follows from relations (25)).
If l = j, the equation (32) follows from the identity (30) of lemma 3.10 because the left
term is :
∑

π∈Σs

∑

k=0..s

(−1)k

[
s
k

]

qi

x±i (wπ(1))...x
±
i (wπ(k))(δ(

z

u
)φ±j (z)− δ(

z

u
)φ∓j (z))x±i (wπ(k+1))...x

±
i (wπ(s))

If l = i, the equation (32) follows from the identity (31) of lemma 3.10 because the left
term is :

∑

π∈Σs

∑

k=0..s

(−1)k

[
s
k

]

qi

(
∑

k′=1...k

x±i (wπ(1))...x
±
i (wπ(k′−1))δ(

wk′

u
)(φ±i (wk′)− φ∓i (wk′))

x±i (wπ(k′+1))...x
±
i (wπ(k))x

±
j (z)x±i (wπ(k+1))...x

±
i (wπ(s))

+
∑

k′=k+1...s

x±i (wπ(1))...x
±
i (wπ(k))x

±
j (z)x±i (wπ(k+1))...x

±
i (wπ(k′−1))

δ(
wk′

u
)(φ±i (wk′)− φ∓i (wk′))x±i (wπ(k′+1))...x

±
i (wπ(s)))

So we have proved the equation (32) and in particular τ̃+Ũ−q (ĝ) ⊂ Ũq(ĝ)τ̃+, Ũ+
q (ĝ)τ̃− ⊂

τ̃−Ũq(ĝ).

4 Integrable representations and category O(Uq(ĝ))

In this section we study highest weight representations of Uq(ĝ). In particular the theo-
rem 4.9 is a generalization of a result of Chari-Pressley about integrable representations.

4.1 Integrable representations of quantum Kac-Moody algebras
(reminder)

In this section we review some known properties of integrable representations of Uq(g).

For V a Uq(h)-module and ω ∈ h∗ we denote by Vω the weight space of weight ω :

Vω = {v ∈ V/∀h ∈ h, kh.v = qω(h)v}

In particular for v ∈ Vω we have ki.v = q
ω(α∨

i )
i v and for i ∈ I we have x±i .Vω ⊂ Vω±αi

.

We say that V is Uq(h)-diagonalizable if V =
⊕

ω∈h∗
Vω (in particular V is of type 1).
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Definition 4.1. A Uq(g)-module V is said to be integrable if V is Uq(h)-diagonalizable,
∀ω ∈ h∗, Vω is finite dimensional, and for µ ∈ h∗, i ∈ I there is R ≥ 0 such that
r ≥ R⇒ Vµ±rαi

= {0}.

In particular for all v ∈ V there is mv ≥ 0 such that for all i ∈ I, m ≥ mv, (x+
i )m.v =

(x−i )m.v = 0, and Ui.v is finite dimensional.

Definition 4.2. A Uq(g)-module V is said to be of highest weight ω ∈ h∗ if there is v ∈ Vω

such that V is generated by v and ∀i ∈ I, x+
i .v = 0.

In particular V = Uq(g)−.v (theorem 2.3), V is Uq(h)-diagonalizable, and V =
⊕
λ≤ω

Vλ. We

have (see [L]) :

Theorem 4.3. For any ω ∈ h∗ there is a unique up to isomorphism simple highest weight
module L(ω) of highest weight ω. The highest weight module L(ω) is integrable if and only
ω ∈ P+.

4.2 Integrable representations of quantum affinizations

In this section we generalize results of Chari-Pressley [CP3, CP4] to all quantum
affinizations.

4.2.1 l-highest weight modules

We give the following notion of l-weight :

Definition 4.4. A couple (λ, Ψ) such that λ ∈ h∗, Ψ = (Ψ±i,±m)i∈I,m≥0, Ψ±i,±m ∈ C,

Ψ±i,0 = q
±λ(α∨

i )
i is called a l-weight.

The condition Ψ±i,0 = q
±λ(α∨

i )
i is a compatibility condition which comes from φ±i,0 = k±i .

We denote by Pl the set of l-weights. Note that in the finite case λ is uniquely determined
by Ψ because λ =

∑
i∈I

λ(α∨i )Λi. Analogs of those l-weights were also used in [M1] for

toroidal ŝln-cases.

Definition 4.5. A Uq(ĝ)-module V is said to be of l-highest weight (λ, Ψ) ∈ Pl if there is
v ∈ V such that (i ∈ I, r ∈ Z, m ≥ 0, h ∈ h) :

x+
i,r.v = 0 , V = Uq(ĝ).v , φ±i,±m.v = Ψ±i,±mv , kh.v = qλ(h).v

In particular Uq(ĝ)−.v = V (theorem 3.2), V is Uq(h)-diagonalizable and V =
⊕
λ≤ω

Vλ. Note

that the l-weight (λ, Ψ) ∈ Pl is uniquely determined by V . It is called the l-highest weight
of V .
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The notion of l-highest weight is different from the notion of highest weight for quantum
affine algebras. The term “pseudo highest weight” is also used in the literature.

Example : for any (λ, Ψ) ∈ Pl, define the Verma module M(λ, Ψ) as the quotient of Uq(ĝ)
by the left ideal generated by the x+

i,r (i ∈ I, r ∈ Z), kh − qλ(h) (h ∈ h), φ±i,±m − Ψ±i,±m

(i ∈ I, m ≥ 0). It follows from theorem 3.2 that M(λ, Ψ) is a free U−q (ĝ)-module of rank 1.
In particular it is non trivial and it is a l-highest weight module of highest weight (λ, Ψ).
Moreover it has a unique proper submodule (mimic the classical argument in [Kac]), and :

Proposition 4.6. For any (λ, Ψ) ∈ Pl there is a unique up to isomorphism simple l-
highest weight module L(λ, Ψ) of l-highest weight (λ, Ψ).

4.2.2 Integrable Uq(ĝ)-modules

Definition 4.7. A Uq(ĝ)-module V is said to be integrable if V is integrable as a Uq(g)-
module.

Note that in the case of a quantum affine algebra, the two notions of integrability do not
coincide. Throughout the paper only the notion of integrability of definition 4.7 is used.

For i ∈ I, r ∈ Z and ω ∈ h∗ we have x±i,r.Vω ⊂ Vω±αi
. So if V is integrable, for all

v ∈ V , Ûi.v is finite dimensional and there is m0 ≥ 1 such that for all i ∈ I, r ∈ Z,
m ≥ m0 ⇒ (x+

i,r)
m.v = (x−i,r)

m.v = 0.

Definition 4.8. The set P +
l of dominant l-weights is the set of (λ, Ψ) ∈ Pl such that

there exist (Drinfel’d)-polynomials Pi(z) ∈ C[z] (i ∈ I) of constant term 1 such that in
C[[z]] (resp. in C[[z−1]]) :

∑

m≥0

Ψ±i,±mz±m = q
deg(Pi)
i

Pi(zq
−1
i )

Pi(zqi)

In particular for all i ∈ I, λ(α∨i ) = deg(Pi) ≥ 0 and so λ ∈ P + is a dominant weight.

Theorem 4.9. For (λ, Ψ) ∈ Pl, L(λ, Ψ) is integrable if and only (λ, Ψ) ∈ P +
l .

If g is finite (case of a quantum affine algebra) it is a result of Chari-Pressley in [CP3] (if
part) and in [CP4] (only if part). Moreover in this case the integrable L(λ, Ψ) are finite
dimensional. If g is symmetric the result is geometrically proved by Nakajima in [N1]. If
C is of type A

(1)
n (toroidal ŝln-case) the result is algebraically proved by Miki in [M1].

For the general case we propose a proof similar to the proof given by Chari-Pressley in
the finite case. For λ ∈ h∗ denote D(λ) = {ω ∈ h∗/ω ≤ λ}.

Proof : The proof uses the result for Uq(ŝl2) which is proved in [CP1, CP3].

First suppose that L = L(λ, Ψ) is integrable and for i ∈ I let Li be the Ûi-submodule
of L generated by the highest weight vector v. It is a l-highest weight Uqi

(ŝl2)-module of
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highest weight (λ(α∨i ), Ψ±i ). As L is integrable, Li is finite dimensional. So the result for
Uqi

(ŝl2) gives Pi(z) ∈ C[z] such that :

∑

m≥0

Ψ±i,±mz±m = q
deg(Pi)
i

Pi(zq
−1
i )

Pi(zqi)
, λ(α∨i ) = deg(Pi) ≥ 0

Now we prove that L = L(λ, Ψ) = Uq(ĝ).v is integrable where (λ, Ψ) ∈ P +
l . It suffices to

prove that :

(1) For all µ ≤ λ, if Lµ 6= {0} then there exists M > 0 such that m > M ⇒ Lµ−mαi
=

Lµ+mαi
= 0 for all i ∈ I.

(2) For all µ ≤ λ, dim(Lµ) <∞.

The proof goes roughly as in section 5 of [CP3], with the following modifications :

For (1) : the existence of M for Lµ+mαi
= 0 is clear because the weights of L are

in D(λ). Put r∨ = max{−Ci,j/i 6= j}. In particular if C is finite, we have r∨ ≤ 3.
First we prove that for m > 0, the space Lµ−mαi

is spanned by vectors of the form
X−1 x−i1,k1

...X−h x−ih,kh
X−h+1.v where λ− µ = αi1 + ... + αih , k1, ..., kh ∈ Z, X−p is of the form

X−p = x−i,l1,p
...x−i,lmp,p

where m1 + ... + mh+1 = m and m1, ..., mh ≤ r∨ (which is the crucial
condition). It is proved by induction on h (see [CP3] section 5, (e)) with the help of the
relations (20). Note that in [CP3] r∨ = 3. Now it suffices to prove that Ûi.v is finite
dimensional : indeed if m > r∨h + dim(Ûi.v) we have mh+1 > dim(Ûi.v) and X−h+1.v = 0.
It is shown exactly as in lemma 2.3 of [CP2] that Ûi.v is irreducible as Ûi-module, and so
is finite dimensional.

For (2) : let us write λ− µ = αi1 + ... + αih. The result is proved by induction on h.
We have seen that Ûi.v is finite dimensional. The induction is shown exactly as in [CP3]
(section 5. (b)) by considering the Lλ−µ+αij

and with the help of relation (19).

4.3 Category O(Uq(ĝ))

In the following by subcategory we mean full subcategory.

Definition 4.10. A Uq(h)-module V is said to be in the category O(Uq(h)) if :

i) V is Uq(h)-diagonalizable

ii) for all ω ∈ h∗, dim(Vω) <∞

iii) there is a finite number of element λ1, ..., λs ∈ h∗ such that the weights of V are in⋃
j=1...s

D(λj)

A Uq(g)-module (resp. a Uq(ĝ)-module) is said to be in the category O(Uq(g)) (resp.
O(Uq(ĝ))) if it is in the category O(Uq(h)) as a Uq(h)-module.

In particular we have a restriction functor res : O(Uq(ĝ))→ O(Uq(g)).

For example a highest weight Uq(g)-module is in the category O(Uq(g)) and the product
⊗ is well-defined on O(Uq(g)). An integrable l-highest weight module is in the category
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O(Uq(ĝ)). But in general a l-highest weight module is not in the category O(Uq(ĝ)), indeed
(Cr[z] is the space of polynomials of degree lower that r) :

Lemma 4.11. Consider a l-weight (ω, Ψ) ∈ Pl and i ∈ I. If dim(L(ω, Ψ)ω−αi
) = r ∈ N

then there is P (z) ∈ Cr[z] such that P (z)Ψi(z) = 0 where Ψi(z) =
∑
r≥0

(Ψ+
i,rz

r −Ψ−i,−rz
−r).

In particular the existence of a P (z) ∈ C[z] such that P (z)Ψi(z) = 0 for all i ∈ I is a
necessary condition for L(ω, Ψ) ∈ O(Uq(ĝ)).

Proof : Let v0, v1, ..., vr ∈ L(ω, Ψ) such that :

L(ω, Ψ)ω = Cv0 , L(ω, Ψ)ω−αi
= Cv1 ⊕ ...⊕ Cvr

For m ∈ Z let Ψi,m = Ψ+
i,m −Ψ−i,m. As x+

i.m.v0 = 0, we have :

x+
i,mx−i,m′ .v0 =

1

qi − q−1
i

Ψi,m+m′v0

As x−i,m.v0 ∈ L(ω, Ψ)ω−αi
and x+

i,m.vj ∈ L(ω, Ψ)ω, there are λj
m, µj

m ∈ C (m ∈ Z, 1 ≤ j ≤ r)
such that :

x−i,m.v0 = λ1
mv1 + ... + λr

mvr , x+
i,m.vj = µj

mv0

In particular we have : Ψi,m+m′ = (qi − q−1
i )

∑
j=1...r

λj
m′µj

m. We set λj(z) =
∑

m′∈Z

λj
m′zm′

,

Ψi(z) =
∑
r≥0

Ψ+
i,rz

r −Ψ−i,−rz
−r and we have :

z−mΨi(z) = (qi − q−1
i )

∑

j=1...r

µj
mλj(z)

So the {Ψi(z), zΨi(z), ..., zrΨi(z)} are not linearly independent.

5 q-characters

For a quantum Kac-Moody algebra, one can define a character morphism as in the
classical case. For quantum affine algebras a more precise morphism, called morphism of
q-characters, was introduced by Frenkel-Reshetikhin [FR3] (in particular to distinguish
finite dimensional representations). In this section we generalize the construction of q-
characters to quantum affinizations. The technical point is to add terms kλ (λ ∈ h∗) to
make it well-defined in the general case. We prove a symmetry property of q-characters
that generalizes a result of Frenkel-Mukhin : the image of χq is the intersection of the
kernels of screening operators (theorem 5.15).

5.1 Reminder : classical character

Let Uq(g) be a quantum Kac-Moody algebra. Let E ⊂ (h∗)Z be the subset of c : h∗ → Z

such that c(λ) = 0 for λ outside the union of a finite number of sets of the form D(µ). For
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λ ∈ h∗ denote e(λ) ∈ E such that e(λ)(µ) = δλ,µ. E has a natural structure of commutative
Z-algebra such that e(λ)e(µ) = e(λ + µ) (see [Kac]).

The classical character is the map ch : O(Uq(g))→ E such that for V ∈ O(Uq(g)) :

ch(V ) =
∑

ω∈h∗

dim(Vω)e(ω)

ch is a ring morphism and ch(L(ω1)) = ch(L(ω2))⇒ ω1 = ω2.

5.2 Formal character

Let Uq(ĝ) be a quantum affinization. In general the map ch ◦ res does not distin-
guish the simple integrable representations in O(Uq(ĝ)). That is why Frenkel-Reshetikhin
[FR3] introduced the theory of q-characters for quantum affine algebras. We generalize
the construction for quantum affinizations.

Let V be in O(Uq(ĝ)). For ω ∈ h∗, the subspace Vω ⊂ V is stable by the operators φ±i,±m

(i ∈ I, m ≥ 0). Moreover they commute and [φ±i,m, kh] = 0, so we have a pseudo-weight
space decomposition :

Vω =
⊕

γ/(ω,γ)∈Pl

Vω,γ

where Vω,γ is a simultaneous generalized eigenspace :

Vω,γ = {x ∈ Vω/∃p ∈ N, ∀i ∈ {1, ..., n}, ∀m ≥ 0, (φ±i,±m − γ±i,±m)p.x = 0}

As Vω is finite dimensional the Vω,γ are finite dimensional.

Let El ⊂ P Z

l be the ring of maps c : Pl → Z such that c(λ, Ψ) = 0 for λ outside the union
of a finite number of sets of the form D(µ).

Definition 5.1. The formal character of a module V in the category O(Uq(ĝ)) is chq(V ) ∈
El defined by :

chq(V ) =
∑

(µ,Γ)∈Pl

dim(Vµ,Γ)e(µ, Γ)

We have the following commutative diagram :

O(Uq(ĝ))
chq
−→ El

↓ res ↓ β

O(Uq(g))
ch
−→ E

where β : El → E is constructed from the first projection π1 : Pl → P .

5.3 Morphism of q-characters

The combinatorics of formal characters can be studied with a morphism of q-characters
χq which is defined on a category Oint(Uq(ĝ)) :
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5.3.1 The category Oint(Uq(ĝ))

Denote by Oint(Uq(g)) (resp. Oint(Uq(ĝ))) the category of integrable representations in
the category O(Uq(g)) (resp. O(Uq(ĝ))). For example a simple integrable l-highest weight
Uq(ĝ)-modules is in Oint(Uq(ĝ)). Moreover :

Proposition 5.2. For V a module in Oint(Uq(ĝ)) there are P(λ,Ψ) ≥ 0 ((λ, Ψ) ∈ P +
l ) such

that :

chq(V ) =
∑

(λ,Ψ)∈P+
l

P(λ,Ψ)chq(L(λ, Ψ))

Proof : We have two preliminary points :

1) a submodule, a quotient of an integrable module is integrable.

2) for V ∈ Oint(Uq(ĝ)) a module and µ a maximal weight of V , then there is v ∈ Vµ

such that Uq(ĝ).v is a l-highest weight module : indeed for (µ, γ) ∈ Pl such that Vµ,γ 6= {0}
there is v ∈ Vµ,γ−{0} such that ∀i ∈ I, r ≥ 0, φ±i,±r.v = γ±i,±rv (because for all i ∈ I, r ≥ 0,
Ker(φ±i,±r − γ±i,±r) ∩ Vµ,γ 6= {0}).

The end of the proof is essentially made in [Kac] (proposition 9.7) : first we prove that
for λ ∈ h∗ there exists a filtration by a sequence of submodules in Oint(Uq(ĝ)) : V = Vt ⊃
Vt−1 ⊃ ... ⊃ V1 ⊃ V0 = 0 and J ⊂ {1, ..., t} such that :

(i) if j ∈ J , then Vj/Vj−1 ' L(λj, Ψj) for some (λj, Ψj) ∈ P+
l such that λj ≥ λ

(ii) if j /∈ J , then (Vj/Vj−1)µ = 0 for every µ ≥ λ

(see the lemma 9.6 of [Kac]). Next for (µ, Ψ) ∈ P +
l , fix λ such that µ ≥ λ and introduce

P(µ,Ψ) the number of times (µ, Ψ) appears among the (λj, Ψj) (it is independent of the
choice of the filtration and of µ). We conclude as in proposition 9.7 of [Kac].

Definition 5.3. QP +
l is the set of (µ, γ) ∈ Pl such that there exist polynomials

Qi(z), Ri(z) ∈ C[z] (i ∈ I) of constant term 1 such that in C[[z]] (resp. in C[[z−1]]) :

∑

m≥0

γ±i,±mz±m = q
deg(Qi)−deg(Ri)
i

Qi(zq
−1
i )Ri(zqi)

Qi(zqi)Ri(zq
−1
i )

and such that there exit ω ∈ P +, α ∈ Q+ satisfying µ = ω − α.

In particular P +
l ⊂ QP +

l .

Proposition 5.4. Let V be a module in Oint(Uq(ĝ)) and (µ, γ) ∈ Pl. If dim(Vµ,γ) > 0
then (µ, γ) ∈ QP +

l .

Proof : The existence of the polynomials is shown as in [FR3] (proposition 1) : it reduces
to the sl2-case because for v ∈ V , Ûi.v is finite dimensional. The existence of ω ∈ P and
α ∈ Q+ is a consequence of proposition 5.2 and theorem 4.9.
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5.3.2 Construction of q-characters

Consider formal variables Y ±i,a (i ∈ I, a ∈ C∗) and kω (ω ∈ h). Let Ã be the commutative

group of monomials of the form m =
∏

i∈I,a∈C∗

Y
ui,a(m)
i,a kω(m) (k0 = 1) where only a finite

number of ui,a(m) ∈ Z are non zero, ω(m) ∈ h (the coweight of m), and such that for
i ∈ I :

αi(ω(m)) = riui(m) = ri

∑

a∈C∗

ui,a(m)

The product is given by ui,a(m1m2) = ui,a(m1)+ui,a(m2) and ω(m1m2) = ω(m1)+ω(m2).

For example for i ∈ I, a ∈ C∗, we have kν(Λi)Yi,a ∈ Ã because for j ∈ I, αj(ν(Λi)) =

Λi(ν(αj)) = rjΛi(α
∨
j ) = rjδi,j. For (µ, Γ) ∈ QP +

l we define Yµ,Γ ∈ Ã by :

Yµ,Γ = kν(µ)

∏

i∈I,a∈C∗

Y
βi,a−γi,a

i,a

where βi,a, γi,a ∈ Z are defined by Qi(u) =
∏

a∈C∗

(1− ua)βi,a , Ri(u) =
∏

a∈C∗

(1− ua)γi,a. We

have Yµ,Γ ∈ Ã because for i ∈ I :

αi(ν(µ)) = µ(ν(αi)) = riµ(α∨i ) = ri(deg(Qi)− deg(Ri)) = riui(Yµ,Γ)

For χ ∈ ÃZ we say χ ∈ Y if there is a finite number of element λ1, ..., λs ∈ h∗ such that
the coweights of monomials of χ are in

⋃
j=1...s

ν(D(λj)). In particular Y has a structure of

h-graded Z-algebra.

Definition 5.5. The q-character of a module V ∈ Oint(Uq(ĝ)) is :

χq(V ) =
∑

(µ,Γ)∈QP+
l

d(µ, Γ)Yµ,Γ ∈ Y

where d(µ, Γ) ∈ Z is defined by chq(V ) =
∑

(µ,Γ)∈QP+
l

d(µ, Γ)e(µ, Γ).

We have a commutative diagram :

Oint(Uq(ĝ))
χq
−→ Y

↓ res ↓ β

Oint(Uq(g))
ch
−→ E

where for m ∈ Ã, β(m) = e(ω(m)).

If C is of finite type then the weight of a monomial m ∈ Y is ω(m) =
∑
i∈I

ui(m)ν(Λi).

So we can forget the kh, and we get the q-characters defined in [FR3]. In this case the
integrable simple modules are finite dimensional.

Note that in the same way one can define the q-character of a finite dimensional Uq(ĥ)-
module.
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5.3.3 Morphism of q-characters

Denote by Rep(Uq(g)) (resp. Rep(Uq(ĝ))) the Grothendieck group generated by the mo-
dules V in Oint(Uq(g)) (resp. Oint(Uq(ĝ))) which have a composition series (a sequence of
modules V ⊃ V1 ⊃ V2 ⊃ ... such that Vi/Vi+1 is irreducible).

The tensor product defines a ring structure on Rep(Uq(g)) and ch gives a ring morphism
χ : Rep(Uq(g))→ E .

The q-characters are compatible with exact sequences and so we get a group morphism
χq : Rep(Uq(ĝ))→ Y which is called morphism of q-characters.

Proposition 5.6. The morphism χq is injective and the following diagram is commuta-
tive :

Rep(Uq(ĝ))
χq
−→ Y

↓ res ↓ β

Rep(Uq(g))
χ
−→ E

The commutativity of the diagram follows from the definition. To see that χq is injective,
let us give some definitions :

A monomial m ∈ Ã is said to be dominant if ui,a(m) ≥ 0 for all i ∈ I, a ∈ C∗. If a l-weight
(ω, Ψ) belongs to P +

l then Y(ω,Ψ) ∈ Ã is dominant. Moreover the map (ω, Ψ) 7→ Y(ω,Ψ)

defines a bijection between P +
l and dominant monomials. For m ∈ Ã a dominant monomial

we denote by L(m) ∈ Y the q-character of L(ω, Ψ) where (ω, Ψ) is the corresponding
dominant l-weight. In particular L(m) = m + monomials of lower weight (in the sense of
the ordering on P ), and so the L(m) are linearly independent.

A module with composition series in determined in the Grothendieck group by the mul-
tiplicity of the simple modules, and we have seen that the χq(L(λ, Ψ)) ((λ, Ψ) ∈ P +

l ) are
linearly independent in Y. So χq is injective.

5.4 q-characters and universal R-matrix

The original definition of q-characters ([FR3]) was based on an explicit formula for
the universal R-matrix established in [KT, LSS, Da]. In general no universal R-matrix
has been defined for a quantum affinization. However q-characters can be obtained with
a piece of the formula of a “R-matrix” in the same spirit as the original approach :

We refer to the chapter 3 of [Gu] for general background on h-formal deformations.
Consider Uh(ĝ) the C[[h]]-algebra which is h-topologically generated by h and the x±i,r
(i ∈ I, r ∈ Z), hi,m (i ∈ I, m ∈ Z− {0}) and with the relations of Uq(ĝ) (where we set for
ω ∈ h, kω = exp(hω)). The subalgebra Uh(ĥ) ⊂ Uh(ĝ) is h-topologically generated by h

and the hi,m (i ∈ I, m ∈ Z− {0}).

If V is a Uq(ĝ)-module (resp. Uq(ĥ)-module) which is Uq(h)-diagonalizable then we have
an algebra morphism πV (h) : Uh(ĝ) → End(V )[[h]] (resp. πV (h) : Uh(ĥ) → End(V )[[h]])
(Remark : for λ ∈ h∗, ω ∈ h, v ∈ Vλ we set ω.v = λ(ω)v).
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Define R0 and T in Uh(ĥ)⊗̂Uh(ĥ) ⊂ Uh(ĝ)⊗̂Uh(ĝ) (h-topological completion of the tensor
product) by the formula :

R0 = exp(−(q − q−1)
∑

i,j∈I,m>0

m

[m]q
B̃i,j(q

m)hmhi,m ⊗ hj,−m)

T = exp(−h
∑

1≤i≤2n−l

Λ∨i ⊗ ν(αi))

Remark : we have the usual property of T (see [FR3]) : for λ, µ ∈ h∗, x ∈ Vλ, y ∈ Vµ, we
have T.(x⊗ y) = q−(λ,µ)(x⊗ y). Indeed :

∑

1≤i≤2n−l

λ(Λ∨i )µ(ν(αi)) = (µ,
∑

1≤i≤2n−l

λ(Λ∨i )αi) = (µ, λ)

For i ∈ I, m ∈ Z − {0} denote h̃i,m =
∑
j∈I

C̃j,i(q
m)hj,m. We have an inclusion Ã ⊂ Uh(ĥ)

because the elements Y ±i,a = k∓ν(Λi)exp(∓(q − q−1)
∑

m≥1

hma−mh̃i,m) ∈ Uh(ĝ) (i ∈ I, a ∈ C∗)

are algebraically independent.

Theorem 5.7. For V a finite dimensional Uq(ĥ)-module, ((TrV ◦ πV (h))⊗ Id)(R0T )) ∈

Uh(ĥ) is equal to χq(V ).

Proof : For (λ, Ψ) ∈ Pl consider V(λ,Ψ) and ((TrV(λ,Ψ)
◦ πV(λ,Ψ)

(h)) ⊗ Id)(R0T ). First we

see as in [FR3] that the term R0 gives
∏

i∈I,a∈C∗

Y
ui,a(Yλ,Ψ)
i,a . But we have :

∑

1≤i≤2n−l

λ(Λ∨i )ν(αi) = ν(
∑

1≤i≤2n−l

λ(Λ∨i )αi) = ν(λ)

and so T gives k−ν(λ).

In general for V ∈ Oint(Uq(ĝ)) we can consider a filtration (Vr)r≥0 of finite dimensional sub
Uq(ĥ)-modules of V such that

⋃
r≥0

Vr = V ; so χq(V ) is the “limit” of the ((TrVr ◦ πVr(h))⊗

Id)(R0T ) in Y.

5.5 Combinatorics of q-characters

In this section we prove a symmetry property of general q-characters : the image of
χq is the intersection of the kernels of screening operators (theorem 5.15). Our proof is
analog to the proof used by Frenkel-Mukhin [FM1] for quantum affine algebras ; however
new technical points are involved because of the kλ and infinite sums. In particular it
shows that those q-characters are the combinatorial objects considered in [He3] (which
were constructed in the kernel of screening operators).

In sections 5.5 and 6 we suppose that C(z) is invertible (it includes the cases of quantum

affine algebras and quantum toroidal algebras, see section 2). We write C̃(z) = C̃′(z)
d(z)

where d(z), C̃ ′i,j(z) ∈ Z[z±]. For r ∈ Z let pi,j(r) = [(D(z)C̃ ′(z))i,j]r where for a Laurent
polynomial P (z) ∈ Z[z±] we put P (z) =

∑
r∈Z

[P (z)]rz
r.
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5.5.1 Construction of screening operators

Let Y int ⊂ Y be the subset consisting of those χ ∈ Y satisfying the following property :
if λ is the coweight of a monomial of χ there is K ≥ 0 such that k ≥ K implies that for
all i ∈ I, λ± kriα

∨
i is not the coweight of a monomial of χ.

Lemma 5.8. Y int is a subalgebra of Y and Im(χq) ⊂ Y int.

Consider the free Y int-module Ỹi =
∏

a∈C∗

Y intSi,a and the linear map S̃i : Y int → Ỹi such

that, for a monomial m :
S̃i(m) = m

∑

a∈C∗

ui,a(m)Si,a

In particular S̃i is a derivation. Let us choose a representative a for each class of C∗/q2Z

i

and consider :
Yi =

∏

a∈C∗/q2Z
i

Y intSi,a

For i ∈ I and a ∈ C∗ we set :

Ai,a = kiYi,aq−1
i

Yi,aqi

∏

j/Cj,i<0 , r=Cj,i+1,Cj,i+3,...,−Cj,i−1

Y −1
j,aqr ∈ Ã

We have Ai,a ∈ Ã because for j ∈ I : αj(riα
∨
i ) = riCi,j = rjCj,i = rjuj(Ai,a).

We would like to see Yi as a quotient of Ỹi by the relations Si,aqi
= Ai,aSi,aq−1

i
. But the

projection is not defined for all elements of Ỹi because there are infinite sums. However
if χ ∈ Y int and m is a monomial of χ there is a finite number of monomials in χ of the
form mA−1

i,aqi
A−1

i,aq3
i
...A−1

i,aqr
i

or of the form mAi,aq−1
i

A−1

i,aq−3
i

...A−1

i,aq−r
i

. So the projection on Yi

is well defined on S̃i(Y
int) ⊂ Ỹi. In particular we can define by projection of S̃i the ith

screening operator Si : Y int → Yi.

The original definition for the finite case is in [FR3].

5.5.2 The morphism τi

Some operators τi (i ∈ I) were defined for the finite case in [FM1]. We generalize the
construction and the properties of the operators τi (lemma 5.9 and 5.10).

Let i ∈ I. Denote h⊥i = {ω ∈ h/αi(ω) = 0}.

Consider formal variables k
(i)
r (r ∈ Z), kω (ω ∈ h), Y ±i,a (a ∈ C∗), Zj,c (j ∈ I−{i}, c ∈ C∗).

Let Ã(i) be the commutative group of monomials :

m = k
(i)
r(m)kω(m)

∏

a∈C∗

Y
ui,a(m)
i,a

∏

j∈I,j 6=i,c∈C∗

Z
zj,c(m)
j,c

where a finite number of ui,a(m), zj,c(m), r(m) ∈ Z are non zero, ω(m) ∈ h⊥i and such that
r(m) = riui(m) = ri

∑
a∈C∗

ui,a(m). The product is defined as for Ã. We call (r(m), ω(m)) ∈

Z× h⊥i the coweight of the monomial m.
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Let τi : Ã→ Ã(i) be the group morphism defined by (j ∈ I, a ∈ C∗, λ ∈ h) :

τi(Yj,a) = Y
δi,j

i,a

∏

k 6=i , r∈Z

Z
pj,k(r)
k,aqr , τi(kλ) = k

(i)
αi(λ)kλ−αi(λ)

α∨
i
2

(note that it is a formal definition because Yj,akν(Λj) ∈ Ã but Yj,a /∈ Ã). It is well defined

because for m ∈ Ã, αi(ω(m)) = riui(m) and αi(ω(m)− αi(ω(m))
α∨

i

2
) = 0.

Lemma 5.9. The morphism τi is injective and for a ∈ C∗ we have :

τi(Ai,a) = k
(i)
2ri

Yi,aq−1
i

Yi,aqi

Proof : Let m ∈ Ã such that τi(m) = 1. For a ∈ C∗ we have ui,a(m) = ui,a(τi(m)) = 0.
For k ∈ I, a ∈ C∗ denote uk,a(m)(z) =

∑
r∈Z

uk,aqr(m)zr ∈ Z[z±]. For j ∈ I − {i}, we have :

0 = zj,aqR(τi(m)) =
∑

k∈I,r+r′=R

pk,j(r
′)uk,aqr(m) = [

∑

k∈I

C̃ ′k,j(z)uk,a(m)(z)]R

As C̃(z) is invertible we get uk,a(m) = 0 for all a ∈ C∗. In particular for j ∈ I we have

αj(ω(m)) = rjuj(m) = 0. But ω(m)− αi(ω(m))
α∨

i

2
= 0 = ω(m) and so m = 1.

For the second point let M = τi(Ai,a). First for b ∈ C∗, ui,b(M) = ui,b(Ai,a) = δa/b,qi
+

δa/b,q−1
i

. For R ∈ Z and j 6= i we have :

zj,aqR(M) = [(C̃ ′(z)C(z))i,j]R = [(d(z)D(z))i,j]R = 0

Finally we have r(M) = riαi(α
∨
i ) = −2ri and ω(M) = riα

∨
i − riαi(α

∨
i )

α∨
i

2
= 0.

Formally we have τi(ki) = k
(i)
2ri

and for j ∈ I − {i} τi(kj) = k
(i)
Bj,i

k
α

(i)
j

where α
(i)
j =

rjα
∨
j −

Bj,i

2
α∨i . This motivates the following definition : for (r, ω) ∈ Z× h⊥i we set :

D(r, ω) = {(r′, ω′) ∈ Z×h⊥i /ω′ = ω−
∑

j∈I,j 6=i

mjα
(i)
j , r′ = r−

∑

j∈I,j 6=i

Bj,imj−2rik/mj, k ≥ 0}

Denote Y int,(i) ⊂ (Ã(i))Z as the set of χ such that :

i) there is a finite number of elements (r1, ω1), ..., (rs, ωs) ∈ Z × h⊥i such that the
coweights of monomials of χ are in

⋃
j=1...s

D(rj, ωj).

ii) for (r, λ) the coweight of a monomial of χ there is K ≥ 0 such that k ≥ K implies
that for all j ∈ I, j 6= i, (r ± Bj,ik, λ± kα

(i)
j ) and (r ± 2kri, λ) are not the coweight of a

monomial of χ.

In particular Y int,(i) has a structure of Z× h⊥i -graded Z-algebra.

The morphism τi can be extended to a unique morphism of Z-algebra τi : Y int → Y int,(i).
Denote by χi

q the morphism of q-characters for the algebra Uqi
(ŝl2).
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Lemma 5.10. Consider V ∈ Oint(Uq(ĝ)) and a decomposition τi(χq(V )) =
∑
k

PkQk where

Pk ∈ Z[Y ±i,ak
(i)
±ri

]a∈C∗, Qk is a monomial in Z[Z±j,c, kh]j 6=i,a∈C∗,h∈h⊥i
and all monomials Qk

are distinct. Then there exists a Ûi-module
⊕
k

Vk isomorphic to the restriction of V to Ûi

and such that χi
q(Vk) = Pk.

Proof : Let Uq(ĥ)⊥i the subalgebra of Uq(ĝ) generated by the kh (h ∈ h⊥i ), hj,m (j 6= i,
m ∈ Z−{0}). We can apply the proof of lemma 3.4 of [FM1] with Ûi and Uq(ĥ)⊥i because :

i) Ûi and Uq(ĥ)⊥i commute in Uq(ĝ)

ii) The image ω − αi(ω)
α∨

i

2
in h⊥i of ω ∈ h suffices to encode the action of the kh

(h ∈ h⊥i ) on a vector of weight ν−1(ω) = λ. Indeed for h ∈ h⊥i , we have :

λ(h) = (ν−1(h), ν−1(ω)) = ν−1(h)(ω) = ν−1(h)(ω − ω(αi)
α∨i
2

)

because αi(h) = 0⇒ ν−1(α∨i ) = 0.

5.5.3 τi and screening operators

In this section we prove that Im(χq) ⊂ Ker(Si) (proposition 5.12) with a generalization
of the proof of Frenkel-Mukhin [FM1].

Consider the Y int,(i)-module Ỹ(i)
i =

∏
a∈C∗

Y int,(i)Si,a and the linear map Si : Y int,(i) → Ỹ(i)
i

such that, for a monomial m :

Si(m) = m
∑

a∈C∗

ui,a(m)Si,a

In particular Si is a derivation. Consider Y (i)
i =

∏
a∈C∗/q2Z

i

Y int,(i)Si,a. The Si(Y int,(i)) ⊂ Ỹ(i)
i

can be projected in Y (i)
i by the relations :

Si,aqi
= Yi,aqi

Yi,aq−1
i

k
(i)
2ri

Si,aq−1
i

and we get a derivation that we denote also by Si : Y int,(i) → Y (i)
i .

We also define a map τi : Yi → Y
(i)
i in an obvious way (with the help of lemma 5.9). We

see as in lemma 5.4 of [FM1] that :

Lemma 5.11. We have a commutative diagram :

Y int Si−→ Yi

↓ τi ↓ τi

Y int,(i) Si−→ Y (i)
i
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With the help of lemma 5.9, 5.10 and 5.11 we see as in corollary 5.5 of [FM1] :

Lemma 5.12. We have Im(χq) ⊂
⋂
i∈I

Ker(Si).

In the following we denote Ki = Ker(Si) and K =
⋂
i∈I

Ki.

Lemma 5.13. An element χ ∈ Y int is in Ki if and only if it can be written in the form
χ =

∑
k

PkQk where Pk ∈ Z[kν(Λi)Yi,a(1 + A−1
i,aqi

)]a∈C∗ , Qk ∈ Z[Y ±j,a, kh]j 6=i,a∈C∗,h∈P ∗,⊥
i

and all

Qk are distinct monomials.

Proof : We use the result for the sl2-case which is proved in [FR3]. First an element of
this form is in Ki. Consider χ ∈ Ki and write τi(χ) =

∑
k

P ′kQ
′
k as in lemma 5.10. From

lemma 5.11 we have 0 = Si(χ) =
∑
k

Si(P
′
k)Qk. So all Si(P

′
k) = 0 and it follows from the

sl2-case that P ′k ∈ Z[Yi,ak
(i)
ri +Y −1

i,aq2
i
k

(i)
−ri

]a∈C∗ . The lemma 5.9 lead us to the conclusion.

5.5.4 Description of Im(χq)

Dominant monomials are defined in section 5.3.3. We have :

Lemma 5.14. An element χ ∈ K has at least one dominant monomial.

With the help of lemma 5.13 we can use the proof of lemma 5.6 of [FM1] (see also the
proof of theorem 4.1 in [He1] at t = 1).

Theorem 5.15. We have Im(χq) = K. Moreover the elements of K are the sums :

∑

m dominant

λmL(m)

where λm = 0 for ω(m) outside the union of a finite number of sets of the form D(µ).

Proof : The inclusion Im(χq) ⊂ K is proved in lemma 5.12. For the other one, consider
χ ∈ K. We can suppose that the weights of χ are in a set D(λ) (because the weights of
each L(m) are in a set D(µ)). We define by induction L(k)(m) ∈ Im(χq) (k ≥ 0) in the
following way : we set L(0) =

∑
ω(m)=λ

[χ]mL(m). If L(k) is defined, we consider the set Ãk+1

of monomials m′ which appear in χ− L(k) such that λ− ω(m′) = m1r1α
∨
1 + ... + mnrnα∨n

where m1, ..., mn ≥ 0 and m1 + ... + mn = k. We set :

L(k+1) = L(k) +
∑

m′∈Ãk+1

[χ− L(k)]m′L(m′)

Then we set L∞ =
∑

k≥0/m∈Ãk

[L(k)]mL(m) ∈ Im(χq) and it follows from lemma 5.14 that

L∞ = χ.



156 PARTIE 4

Note that proposition 5.2 gives that for χq(V ) (V module in Oint(Uq(ĝ))) the λm are
non-negative.

Remark : for m ∈ Ã a dominant monomial we prove in the same way that there is a
unique F (m) ∈ K such that m has coefficient 1 in F (m) and m is the unique dominant
monomial in F (m). In the finite case an algorithm was given by Frenkel-Mukhin [FM1] to
compute the F (m). In [He3] we extended the definition of the algorithm for generalized
Cartan matrix and showed that it is well-defined if i 6= j ⇒ Ci,jCj,i ≤ 3 (see also [He2]
for the detailed description of this algorithm at t = 1). Theorem 5.15 allows us to prove
two results announced in [He3] : the algorithm is well defined for

A
(1)
1 (with r1 = r2 = 2) because det(C(z)) = z4 − z2 − z−2 + z−4 6= 0

A
(2)
2 (with r1 = 4, r2 = 1) because det(C(z)) = z5 − z − z−1 + z−5 6= 0

But for A
(1)
1 (with r1 = r2 = 1) we have det(C(z)) = 0 ; we observed in [He3] that the

algorithm is not well-defined in this case.

6 Drinfel’d new coproduct and fusion product

Our study of combinatorics of q-characters gives a ring structure on Im(χq) (corollary
6.1). As χq is injective we get an induced ring structure on the Grothendieck group. In this
section we prove that it is a fusion product (theorem 6.2), that is to say that the product
of two modules is a module. We use the Drinfel’d new coproduct (proposition 6.3) ; as it
involves infinite sums, we have to work in a larger category where the tensor product is
well-defined (theorem 6.7). To end the proof of theorem 6.2 we define specializations of
certain forms which allow us to go from the larger category to O(Uq(ĝ)). Note that in our
construction we do not use that C(z) is invertible.

6.1 Fusion product

As the Si are derivations, theorem 5.15 gives :

Corollary 6.1. Im(χq) is a subring of Y.

Since χq is injective on Rep(Uq(ĝ)), the product of Y gives an induced commutative
product ∗ on Rep(Uq(ĝ)). For (λ, Ψ), (λ′, Ψ′), (µ, Φ) ∈ P +

l there are Qλ,Ψ,λ′,Ψ′(µ, Φ) ∈ Z
such that :

L(λ, Ψ) ∗ L(λ′, Ψ′) = L(λ + λ′, ΨΨ′) +
∑

(µ,Φ)∈P+
l /µ<λ+λ′

Qλ,Ψ,λ′,Ψ′(µ, Φ)L(µ, Φ)

We will interpret this product as a fusion product related to the basis of simple modules :
that is to say we will show that a product of modules is a module (see [F] for generalities
on fusion rings and physical motivations). Let us explain it in more details : consider :

Rep+(Uq(ĝ)) =
⊕

(λ,Ψ)∈P+
l

N.L(λ, Ψ) ⊂ Rep(Uq(ĝ)) =
⊕

(λ,Ψ)∈P+
l

Z.L(λ, Ψ)
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Theorem 6.2. The subset Rep+(Uq(ĝ)) ⊂ Rep(Uq(ĝ)) is stable by *.

In this section 6 we prove this theorem by interpreting ∗ with the help of a generalization
of the new Drinfel’d coproduct. Note that theorem 6.2 means that for (λ, Ψ), (λ′, Ψ′) ∈ P+

l

we have Qλ,Ψ,λ′,Ψ′(µ, Φ) ≥ 0.

6.2 Coproduct

6.2.1 Reminder : case of a quantum affine algebra and Drinfel’d-Jimbo co-
product

As said before the case of a quantum affine algebra is a very special one because
there are two realizations (if we add a central charge) ; in particular there is a coproduct
on Uq(ĝ), a tensor product on Oint(Uq(ĝ)) and Rep(Uq(ĝ)) is a ring. It is the product *
because it is shown in [FR3] that χq is a ring morphism. In particular the tensor product
is commutative. So theorem 6.2 is proved in this case.

6.2.2 General case : new Drinfel’d coproduct

In general we have a coproduct ∆ĥ : Uq(ĥ) → Uq(ĥ) ⊗ Uq(ĥ) for the commutative

algebra Uq(ĥ) defined by (h ∈ P ∗, i ∈ I, m 6= 0) :

∆ĥ(kh) = kh ⊗ kh , ∆ĥ(hi,m) = 1⊗ hi,m + hi,m ⊗ 1

In particular we have (i ∈ I, m ≥ 0) : ∆ĥ(φ
±
i,±m) =

∑
0≤l≤m

φ±i,±(m−l) ⊗ φ±i,±l.

No coproduct has been defined for the entire Uq(ĝ). However Drinfel’d (unpublished note,
see also [DI, DF]) defined for Uq(ŝln) a map which behaves as a new coproduct adapted
to the affinization realization. In this section we use those formulas for general quantum
affinizations ; as infinite sums are involved, we use a formal parameter u so that it makes
sense.

Let C = C((u)) be the field of Laurent series
∑
r≥R

λru
r (R ∈ Z, λr ∈ C). The algebra Ũq(ĝ) is

defined in section 3.3.1. Consider the C-algebra Ũ ′q(ĝ) = C⊗Ũq(ĝ) (resp. U ′q(ĝ) = C⊗Uq(ĝ)).
Let Ũ ′q(ĝ)⊗̂Ũ ′q(ĝ) = (Ũq(ĝ)⊗CŨq(ĝ))((u)) be the u-topological completion of Ũ ′q(ĝ)⊗C Ũ ′q(ĝ).
It is also a C-algebra.

Proposition 6.3. There is a unique morphism of C-algebra ∆u : Ũ ′q(ĝ) → Ũ ′q(ĝ)⊗̂Ũ ′q(ĝ)
such that for i ∈ I, r ∈ Z, m ≥ 0, h ∈ h :

∆u(x
+
i,r) = x+

i,r ⊗ 1 +
∑

l≥0

ur+l(φ−i,−l ⊗ x+
i,r+l)

∆u(x
−
i,r) = ur(1⊗ x−i,r) +

∑

l≥0

ul(x−i,r−l ⊗ φ+
i,l)
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∆u(φ
±
i,±m) =

∑

0≤l≤m

u±l(φ±i,±(m−l) ⊗ φ±i,±l) , ∆u(kh) = kh ⊗ kh

Proof : We can easily check the compatibility with relations (21), (22), (23), (24), (25),
(26) because ∆u can also be given in terms of the currents of section 3.2 : we have in
(Ũ ′q(ĝ)⊗C Ũ ′q(ĝ))[[z, z−1]] :

∆u(x
+
i (z)) = x+

i (z)⊗ 1 + φ−i (z)⊗ x+
i (zu) , ∆u(x

−
i (z)) = 1⊗ x−i (zu) + x−i (z)⊗ φ+

i (zu)

∆u(φ
±
i (z)) = φ±i (z)⊗ φ±i (zu)

Remark 1 : If C is finite or simply laced then ∆u is compatible with the affine quantum
Serre relations (relations (20)) and can be defined for U ′q(ĝ) (see [DI] for symmetric cases
and [E, Gr] for other finite cases). We conjecture that it is also true for general C, but we
do not need it for our purposes.

Remark 2 : let T : Ũq(ĝ)→ Ũ ′q(ĝ) be the Z-gradation morphism defined by T (x±i,r) = urx±i,r,
T (φ±i,m) = umφ±i,m, T (kh) = kh. The power of u in ∆u is put in such that ∆u = (Id⊗T )◦∆
where ∆ is the usual new Drinfel’d coproduct (without u).

Remark 3 : The map ∆u is not coassociative , indeed in (Ũ ′q(ĝ)⊗C Ũ ′q(ĝ)⊗C Ũ ′q(ĝ))[z] :

((∆u ⊗ Id) ◦∆u)(φ
+
i (z)) = φ+

i (z)⊗ φ+
i (uz)⊗ φ+

i (uz)

((Id⊗∆u) ◦∆u)(φ
+
i (z)) = φ+

i (z)⊗ φ+
i (uz)⊗ φ+

i (u2z)

Remark 4 : Although is is not defined in a strict sense, the “limit” of ∆u at u = 1 is
coassociative. On Uq(ĥ) the limit at u = 1 makes sense and is ∆ĥ.

6.3 Tensor products of representations of Ũ ′q(ĝ)

As the coproduct involves infinite sums, we have to introduce a category larger than
O(Uq(ĝ)) in order to define tensor products :

6.3.1 The category O(Ũ ′q(ĝ))

Definition 6.4. The set of l, u-weights Pl,u is the set of couple (λ, Ψ(u)) such that λ ∈ h∗,

Ψ(u) = (Ψ±i,±m(u))i∈I,m≥0, Ψ±i,±m(u) ∈ C[u, u−1] and Ψ±i,0(u) = q
±λ(α∨

i )
i .

Definition 6.5. An object V of the category O(Ũ ′q(ĝ)) is a C-vector space with a structure

of Ũ ′q(ĝ)-module such that :

i) V is Uq(h)-diagonalizable

ii) For all λ ∈ h∗, the sub C-vector space Vλ ⊂ V is finite dimensional

iii) there are a finite number of element λ1, ..., λs ∈ h∗ such that the weights of V are
in

⋃
j=1...s

D(λj)
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iv) for λ ∈ h∗, Vλ =
⊕

(λ,Ψ(u))∈Pl,u

V(λ,Ψ(u)) where :

Vλ,Ψ(u) = {x ∈ Vλ/∃p ∈ N, ∀i ∈ {1, ..., n}, ∀r ≥ 0, (φ±i,±r −Ψ±i,±r(u))p.x = 0}

The property iv) is added because C is not algebraically closed.

The scalar extension and the projection Ũq(ĝ)→ Uq(ĝ) gives an injection i : O(Uq(ĝ))→
O(Ũ ′q(ĝ)) such that for V ∈ O(Uq(ĝ)), i(V ) = V ⊗ C.

Let El,u ⊂ P Z

l,u be defined as El. The formal character of a module V in the category

O(Ũ ′q(ĝ)) is :

chq,u(V ) =
∑

(µ,Γ(u))∈Pl,u

dimC(Vµ,Γ(u))e(µ, Γ(u)) ∈ El,u

We have a map iE : El → El,u such that iE((λ, Ψ)) = (λ, (Ψ±m
i,±m)) and a commutative

diagram :

O(Uq(ĝ))
chq
−→ El

↓ i ↓ iE

O(Ũ ′q(ĝ))
chq,u
−→ El,u

In an analogous way one defines the category O(U ′q(ĝ)) and a formal character chq,u on
O(U ′q(ĝ)).

6.3.2 Tensor products

We consider subcategories of O(Ũ ′q(ĝ)). Let R ∈ Z, R ≥ 0 :

Definition 6.6. OR(Ũ ′q(ĝ)) is the category of modules V ∈ O(Ũ ′q(ĝ)) such that for all
λ ∈ h∗, there is a C-basis (vλ

α)α of Vλ satisfying :

i) for all m ∈ Z, α, β, the coefficient of x+
i,m.vλ

α on vλ+αi
β (resp. of x−i,m.vλ

α on vλ−αi
β ) is

in C[[u]] if m ≥ 0, in uRmC[[u]] if m ≤ 0.

ii) for all m ≥ 0, α, β the coefficient of φ−i,−m.vλ
α on vλ

β is in u−mRC[[u]]

iii) for all m ≥ 0, α, β the coefficient of φ+
i,m.vλ

α on vλ
β is in C[[u]]

Example : For V ∈ O(Uq(ĝ)), we have i(V ) ∈ O0(Ũq(ĝ)).

Theorem 6.7. Let V1 ∈ O(Ũq(ĝ)) and V2 ∈ OR(Ũ ′q(ĝ)). Then ∆u defines a structure

of Ũ ′q(ĝ)-module on i(V1) ⊗C V2 which is in OR+1(Ũ ′q(ĝ)). Moreover the l, u-weights of
i(V1) ⊗C V2 are of the form (λ1 + λ2, γ1(z)γ2(uz)) where (λ1, γ1) is a l-weight of V1 and
(λ2, γ2) is a l, u-weight of V2.

Remark : γ(u)(z) = γ1(z)γ2(uz) means that for i ∈ I, m ≥ 0 :

γ±i,±m(u) =
∑

0≤l≤m

(γ1)i,±l(u)(γ2)i,±(m−l)(u)u±(m−l)
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Proof : As the definition of ∆u involves infinite sums, we have to prove that the action
formally defined by ∆u makes sense on V ′1 ⊗C V2 where we denote V ′1 = i(V1). Indeed
the weight spaces of V ′1 and V2 are finite dimensional and for λ, µ ∈ h∗ we can use a
C-base (v1,λ

α )α of (V1)λ as a C-base of (V ′1)λ and the C-basis (v2,µ
α′ ) of (V2)µ given by the

definition of OR(Ũ ′q(ĝ)). So consider λ, µ ∈ h∗, i ∈ I and let us investigate the coefficients
(r ∈ Z, m ≥ 0) :

we have x+
i,r.((V

′
1)λ ⊗ (V2)µ) ⊂ (V ′1)λ+αi

⊗ (V2)µ ⊕ (V ′1)λ ⊗ (V2)µ+αi
.

on (V ′1)λ ⊗ (V2)µ+αi
: the coefficient of x+

i,m.(v1,λ
α ⊗ v2,µ

α′ ) on v1,λ
β ⊗ v2,µ+αi

β′ is in∑
l≥0

ur+lC[[u]] ⊂ C[[u]] if r ≥ 0, in
∑
l≥0

ur+luR(r+l)C[[u]] ⊂ u(R+1)rC[[u]] if r ≤ 0.

on (V ′1)λ+αi
⊗ (V2)µ : the coefficient of x+

i,r.(v
1,λ
α ⊗ v2,λ

α′ ) on v1,λ+αi

β ⊗ v2,µ
β′ is in C.

we have x−i,r.((V
′
1)λ ⊗ (V2)µ) ⊂ (V ′1)λ−αi

⊗ (V2)µ ⊕ (V ′1)λ ⊗ (V2)µ−αi
.

on (V ′1)λ⊗ (V2)µ−αi
: the coefficient of x−i,r.(v

1,λ
α ⊗ v2,µ

α′ ) on v1,λ
β ⊗ v2,µ−αi

β′ is in urC[[u]] ⊂

C[[u]] if r ≥ 0, in uruRrC[[u]] if r ≤ 0.

on (V ′1)λ−αi
⊗(V2)µ : the coefficient of x−i,r.(v

1,λ
α ⊗v2,µ

α′ ) on v1,λ−αi

β ⊗v2,µ
β′′ is in

∑
l≥0

ulC[[u]] ⊂

C[[u]].

we have φ±i,±m.((V ′1)λ ⊗ (V2)µ) ⊂ ((V ′1)λ ⊗ (V2)µ).

the coefficient of φ+
i,m.(v1,λ

α ⊗ v2,µ
α′ ) on v1,λ

β ⊗ v2,µ
β′ is in

∑
0≤l≤m

ulC[[u]] ⊂ C[[u]].

the coefficient of φ−i,−m.(v1,λ
α ⊗ v2,µ

α′ ) on v1,λ
β ⊗ v2,µ

β′ is in
∑

0≤l≤m

u−lu−lRC[[u]]

⊂ u−m(R+1)C[[u]].

So we have a structure of Ũ ′q(ĝ)-module on V ′1 ⊗C V2. Let us prove that it is in O(Ũ ′q(ĝ)).
We verify the properties of definition 6.5 : i) ii) iii) are clear because the restriction of
∆u to Uq(ĥ) is the restriction of ∆ĥ. For iv) we note that for (λ1, γ1), (λ2, γ2) ∈ Pl,u,
the (V ′1)λ1,γ1 ⊗ (V2)λ2,γ2 is in the pseudo weight space of l, u-weight (λ1 + λ2, γ1(z)γ2(zu))
because ∆u(φ

±
i (z)) = φ±i (z)⊗ φ±i (zu) (it also proves the last point of the proposition).

Finally we see in the above computations that the coefficients verify the property of
OR+1(Ũ ′q(ĝ)), so V ′1 ⊗C V2 is in OR+1(Ũ ′q(ĝ)).

Definition 6.8. For R ≥ 0, we denote ⊗R : O(Uq(ĝ)) × OR(Ũ ′q(ĝ)) → OR+1(Ũ ′q(ĝ)) the
bilinear map constructed in theorem 6.7.

See section 6.6 for explicit examples. For R ≥ 2 and V1, V2, ..., VR ∈ O(Uq(ĝ)), one can
define the iterated tensor product V1⊗R−2 (V2⊗R−3 (...⊗0 VR))...) which is in OR−1(Ũ ′q(ĝ)).
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6.4 Simple modules of Ũ ′q(ĝ)

6.4.1 l, u-highest weight modules

For (λ, Ψ(u)) ∈ Pl,u, let M̃(λ, Ψ(u)) be the Verma Ũ ′q(ĝ) module of highest weight
(λ, Ψ(u)) (it is non trivial thanks to the triangular decomposition of Ũq(ĝ) in lemma
3.10). So we have an analog of proposition 4.6 : for (λ, Ψ(u)) ∈ Pl,u, there is a unique up
to isomorphism simple Ũ ′q(ĝ)-module L̃(λ, Ψ(u)) of l, u-highest weight (λ, Ψ(u)) that is to
say that there is v ∈ L̃(λ, Ψ(u)) such that (i ∈ I, r ∈ Z, m ≥ 0, h ∈ h) :

x+
i,r.v = 0 , L̃(λ, Ψ(u)) = Ũ ′q(ĝ).v , φ±i,±m.v = Ψ±i,±m(u)v , kh.v = qλ(h).v

In a similar way one define the simple U ′q(ĝ)-module L(λ, Ψ(u)) of l, u-highest weight
(λ, Ψ(u)) (it is non trivial thanks to theorem 3.2).

Lemma 6.9. For (λ, Ψ(u)) ∈ Pl,u we have an isomorphism of Uq(ĥ)-modules L̃(λ, Ψ(u)) '
L(λ, Ψ(u)).

Proof : Let M̃ ′(λ, Ψ(u)) ⊂ M̃(λ, Ψ(u)) be the maximal proper Ũ ′q(ĝ)-submodule of
M̃ ′(λ, Ψ(u)). It suffices to prove that τ̃−.1 is included in M̃ ′(λ, Ψ(u)) (see section 3.3.4 ; it
implies that L̃(λ, Ψ(u)) is also a U ′q(ĝ)-modules). It is a consequence of lemma 3.11.

In particular L̃(λ, Ψ(u)) ∈ O(Ũ ′q(ĝ))⇔ L(λ, Ψ(u)) ∈ O(U ′q(ĝ)) and in this case
chq,u(L̃(λ, Ψ(u))) = chq,u(L(λ, Ψ(u))).

6.4.2 The category Oint(Ũ ′q(ĝ))

Definition 6.10. QP +
l,u is the set of (λ, Ψ(u)) ∈ Pl,u satisfying the following conditions :

i) for i ∈ I there exist polynomials Qi,u(z) = (1−zai,1u
bi,1)...(1−zai,Ni

ubi,Ni ), Ri,u(z) =

(1 − zci,1u
di,1)...(1 − zci,N ′

i
u

di,N′
i ) (ai,j, ci,j ∈ C∗, bi,j, di,j ≥ 0) such that in C[u, u−1][[z]]

(resp. in C[u, u−1][[z−1]]) :

∑

r≥0

Ψ±i,±r(u)z±r = q
deg(Qi,u)−deg(Ri,u)
i

Qi,u(zq
−1
i )Ri,u(zqi)

Qi,u(zqi)Ri,u(zq
−1
i )

ii) there exist ω ∈ P +, α ∈ Q+ satisfying λ = ω − α.

P+
l,u is the set of (λ, Ψ(u)) ∈ QP +

l,u such that one can choose Ri,u = 1 (in this case we
denote Pi,u = Qi,u).

Lemma 6.11. If (λ, Ψ(u)) ∈ P +
l,u then L̃(λ, Ψ(u)) ∈ O(Ũ ′q(ĝ)). Moreover for (µ, γ(u)) ∈

Pl,u we have dim(L̃(λ, Ψ(u))µ,γ(u)) 6= 0⇒ (µ, γ(u)) ∈ QP +
l,u.

Remark : it follows from lemma 6.9 that we have the same results for L(λ, Ψ(u)) ∈
O(U ′q(ĝ)).
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Proof : Let (λ, Ψ(u)) ∈ P +
l,u and decompose Pi,u(z) in the form :

Pi,u(z) = P
(0)
i (z)P

(1)
i (uz)...P

(R)
i (uRz)

where R ≥ 0, P
(k)
i (z) ∈ C[z], P

(k)
i (0) = 1 for 0 ≤ k ≤ R (R can be taken large enough so

that we have this form for all i ∈ I). For 0 ≤ k ≤ R, set Ψ
(k)
i (z) = q

deg(P
(k)
i )

i
P

(k)
i (zq−1

i )

Pi(zqi)
. For

1 ≤ k ≤ R define λk =
∑
i∈I

deg(P
(k)
i )Λi ∈ h∗. Set λ0 = λ −

∑
k=1...R

λk. Then for 0 ≤ k ≤ R

the (λk, Ψ
(k)) ∈ P+

l and we can consider L(λk, Ψ
(k)) ∈ O(Uq(ĝ)). Let V ∈ OR(Ũ ′q(ĝ)) be

defined by :

V = i(L(λ0, Ψ
(0)))⊗R−1 (i(L(λ1, Ψ

(1)))⊗R−2 ...(i(L(λR−1, Ψ
(R−1)))⊗0 i(L(λR, Ψ(R))))...)

Consider the Ũ ′q(ĝ) submodule L of V generated by the tensor product of the highest
weight vectors. It is a highest weight module of highest weight (λ, Ψ(u)). So L̃(λ, Ψ(u))
is a quotient of L and so is in O(Ũ ′q(ĝ)).

For the second point it follows from proposition 5.4 that the l, u-weight of i(L(λk, Ψ
(k)))

are in QP +
l,u. So with the help of the last point of theorem 6.7 we see that the l, u-weights

of V are in QP +
l,u and we have the property for L̃(λ, Ψ(u)).

Definition 6.12. Let Oint(Ũ ′q(ĝ)) be the subcategory of modules V ∈ O(Ũ ′q(ĝ)) whose
l, u-weights are in QP +

l,u.

Lemma 6.13. For a module V ∈ Oint(Ũ ′q(ĝ)) there are P(λ,Ψ(u)) ≥ 0 ((λ, Ψ(u)) ∈ P +
l,u)

such that :

chq,u(V ) =
∑

(λ,Ψ(u))∈P+
l,u

P(λ,Ψ(u))chq,u(L̃(λ, Ψ(u))) =
∑

(λ,Ψ(u))∈P+
l,u

P(λ,Ψ(u))chq,u(L(λ, Ψ(u)))

Proof : Analogous to the proof of proposition 5.2 (the second identity follows from lemma
6.9).

6.5 C[u±]-forms and specialization

6.5.1 C[u±]-forms

Let Uu
q (ĝ) = Uq(ĝ)⊗C C[u±] ⊂ U ′q(ĝ).

Definition 6.14. A C[u±]-form of a U ′q(ĝ)-module V is a sub-Uu
q (ĝ)-module L of V such

that the map C ⊗C[u±] L→ V is an isomorphism of U ′q(ĝ)-module.

Note that it means that L generates V as C-vector space and that some vectors which are
C[u±]-linearly independent in L are C-linearly independent in V .

Let us look at some examples :
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Proposition 6.15. For (λ, Ψ(u)) ∈ Pl,u and v a highest weight vector of the Verma
module M(λ, Ψ(u)) (resp. the simple module L(λ, Ψ(u))), the U u

q (ĝ)-module Uu
q (ĝ).v is a

C[u±]-form of M(λ, Ψ(u)) (resp. of L(λ, Ψ(u))) which is isomorphic to the Verma (resp.
the simple) Uu

q (ĝ)-module of l,u-highest weight (λ, Ψ(u)).

Proof : As (λ, Ψ(u)) is fixed, we omit it in the proof. M is the quotient of C ⊗C Uq(ĝ)
by the relations generated by x±i,r = φ±i,±m − Ψ±i,±m(u) = kh − qλ(h) = 0. So the relations
between monomials are in C[u±] and Uu

q (ĝ).1 ⊂ M is a C[u±]-form of M . Moreover these
relations are the same as in the construction of the Verma Uu

q (ĝ)-module Mu as a quotient
of C[u±]⊗C Uq(ĝ) ; and so Uu

q (ĝ).1 'Mu.

Let us look at L. Denote by Lu the simple Uu
q (ĝ)-module of highest weight (λ, Ψ(u)).

We have L = M/M ′ (resp. Lu = Mu/M ′u) where M ′ (resp. M ′u) in the maximal proper
submodule of M (resp. Mu).

The C-subspace M ′′ of M generated by M ′u is isomorphic to C ⊗C[u±] M ′u (because Mu

is a C[u±]-form of M). As M ′′ has no vector of weight λ, it is a proper submodule of
M and M ′′ ⊂ M ′. Suppose that M ′ 6= M ′′ and consider M ′/M ′′ ⊂ M/M ′′. Mu/M ′u is
a C[u±]-form of M/M ′′. Let v be a non zero highest weight vector of M ′/M ′′ and let us
write : v =

∑
α

fα(u)vα where vα ∈ Mu/M ′u and fα(u) ∈ C (as there is a finite number

of fα(u), we can suppose that they are C[u±]-linearly independent). For all i ∈ I, r ∈ Z,
we have x+

i,r.v = 0 and so for all α, x+
i,r.vα = 0. Fix wα ∈ Mu whose image in Mu/M ′u

is vα. As for all i ∈ I, r ∈ Z, x+
i,r.wα ∈ M ′u, Uu

q (ĝ).wα is a proper submodule of Mu

and wα ∈ M ′u. So v = 0, contradiction. So M ′ = M ′′. In particular M ′ ' M ′u ⊗C[u±] C,
M ′ ∩Mu = M ′u.

For v a highest weight vector of L, the Uu
q (ĝ).v ' Uu

q (ĝ).1 = Mu/(Mu∩M ′) = Mu/M ′u =
Lu is a C[u±]-form of L.

6.5.2 Specializations

Consider p : El,u → El the surjection such that p((λ, Ψ(u))) = (λ, Ψ(1)).

Lemma 6.16. Let V be in O(U ′q(ĝ)). If L is a C[u±]-form of V then the specialization
L′ = L/(1− u)L of L is in O(Uq(ĝ)) and chq(L

′) = p(chq,u(V )).

Proof : Indeed for (µ, γ(u)) ∈ QPl,u consider Lµ,γ(u) = L ∩ Vµ,γ(u). As p : L ⊗C[u] C → V
is an isomorphism, we have Vµ,γ(u) ' p−1(Vµ,γ(u)) = Lµ,γ(u) ⊗C[u] C. In particular Lµ,γ(u) is
a free C[u±] of rank dimC(Vµ,γ(u)). So dimC(L′µ) = dimC(Vµ), and L′ ∈ O(Uq(ĝ)). We can
conclude because

L′λ,γ =
⊕

(λ,γ(u))∈p−1((λ,γ))

(Lλ,γ(u)/(u− 1)Lλ,γ(u))
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6.5.3 Proof of theorem 6.2

For (λ, Ψ(u)) ∈ P +
l,u, it follows from proposition 6.15 and lemma 6.16 that

p(chq,u(L(λ, Ψ(u)))) = chq(L) where L ∈ Oint(Uq(ĝ)). In particular p(chq,u(L(λ, Ψ(u)))) is
in chq(Rep+(Uq(ĝ))) and for V ∈ Oint(Ũ

′
q(ĝ)) the p(chq,u(V )) is in chq(Rep+(Uq(ĝ))) (see

lemma 6.13).

Consider V1, V2 ∈ Oint(Uq(ĝ)). We have seen that :

p(chq,u(i(V1)⊗0 i(V2)) ∈ chq(Rep+(Uq(ĝ)))

But

p(chq,u(i(V1)⊗0 i(V2)) = chq(V1)chq(V2)

because the specialization of ∆u on Uq(ĥ) at u = 1 is ∆ĥ. This ends the proof of theorem
6.2.

6.6 Example

We study in detail an example in the case g = sl2 where everything is computable
thanks to Jimbo’s evaluation morphism (see [CP3, CP4]). In this case we have Uq(ŝl2) =

Ũq(ŝl2).

For a ∈ C∗ consider V = L(1− za) ∈ Oint(Uq(ŝl2)). V is two dimensional V = Cv0 ⊕ Cv1

and for r ∈ Z, m ≥ 1 the action of Uq(ŝl2) is given in the following table :

v0 v1

x+
r 0 arv0

x−r arv1 0
φ±±m ±(q − q−1)a±mv0 ∓(q − q−1)a±mv1

k± q±v0 q∓v1

φ±(z) q 1−q−2az
1−az

v0 q−1 1−q2az
1−az

v1

Remark : in the table φ±(z) ∈ Uq(ĝ)[[z±]] acts on V [[z±]].

For a, b ∈ C∗, let V = L(1 − za), W = L(1 − zb) ∈ Oint(Uq(ĝ)). Consider basis V =
Cv0 ⊕ Cv1, W = Cw0 ⊕ Cw1 as in the previous table. The tensor product ⊗0 defines an
action of U ′q(ŝl2) on X = i(V )⊗C i(W ) (see theorem 6.7). X is a 4 dimensional C-vector

space of base {v0⊗w0, v1⊗w0, v0⊗w1, v1⊗w1}. The action of U ′q(ŝl2) is given by (r ∈ Z) :

v0 ⊗ w0 v1 ⊗ w0

x+
r 0 ar(v0 ⊗ w0)

x−r urbr(v0 ⊗ w1) + arq 1−q−2a−1ub
1−a−1ub

(v1 ⊗ w0) urbr(v1 ⊗ w1)

φ±(z) q2 (1−q−2az)(1−q−2buz)
(1−az)(1−buz)

(v0 ⊗ w0)
(1−q2az)(1−q−2buz)

(1−az)(1−buz)
(v1 ⊗ w0)
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v0 ⊗ w1 v1 ⊗ w1

x+
r brurq−1 1−q2a−1bu

1−uba−1 (v0 ⊗ w0) ar(v0 ⊗ w1) + brurq 1−q−2a−1bu
1−uba−1 (v1 ⊗ w0)

x−r arq−1 1−q2ua−1b
1−a−1ub

(v1 ⊗ w1) 0

φ±(z) (1−q−2az)(1−q2buz)
(1−az)(1−buz)

(v0 ⊗ w1) q−2 (1−q2az)(1−q2buz)
(1−az)(1−buz)

(v1 ⊗ w1)

Remark : in the table φ±(z) ∈ Uq(ĝ)[[z±]] acts on X[[z±]].

Consider the l-weights γa, γ
′
a, γb, γ

′
b ∈ Pl (the λ ∈ h∗ can be omitted because sl2 is finite) :

γ±a (z) = q
1− q−2az

1− az
, γ′±a (z) = q−1 1− q2az

1− az
, γ±b (z) = q

1− q−2bz

1− bz
, γ′±b (z) = q−1 1− q2bz

1− bz

Consider also γa(z)γb(uz), γ′a(z)γb(uz), γa(z)γ′b(uz), γ′a(z)γ′b(uz) ∈ Pl,u. We see that :

chq,u(X) = e(γa(z)γb(uz)) + e(γ′a(z)γb(uz)) + e(γa(z)γ′b(uz)) + e(γa(z)γ′b(uz))

Those l, u-weights are distinct, the l, u-weights spaces are 1 dimensional :

X = (X)γa(z)γb(uz) ⊕ (X)γ′
a(z)γb(uz) ⊕ (X)γa(z)γ′

b(uz) ⊕ (X)γ′
a(z)γ′

b(uz)

We see that X is of highest weight γa(z)γb(uz) ∈ Pl,u. Let us prove that it is simple :
indeed X has no proper submodule : if for all r ∈ Z, x+

r .(α(v1⊗w0)+β(v0⊗w1)) = 0, then
for all r ∈ Z, αar +βbrur 1−q2a−1bu

1−uba−1 = 0. In particular α+β 1−q2a−1bu
1−uba−1 = 0 and ar− brur = 0

for all r ∈ Z, impossible. So X ' L(γa(z)γb(uz)) as a U ′q(ŝl2)-module. It follows from
proposition 6.15 that X̃ = Uu

q (ĝ).(v0 ⊗ w0) ⊂ X is a C[u±]-form of X.

Let us look explicitly at this C[u±]-form : consider e1, e2, e3, e4 ∈ X̃ defined by :

e1 = v0 ⊗ w0 , e2 = x−0 .e1 , e3 = −a−1x−1 .e1 + e2 , e4 = qx−0 .e2

We have the following formulas : e1 = v0⊗w0 , e2 = (v0⊗w1)+q 1−q−2a−1bu
1−a−1ub

(v1⊗w0) , e3 =
(1− uba−1)(v0 ⊗ w1) , e4 = (v1 ⊗ w1)

Moreover the action of Uu
q (ĝ) is given by (r ∈ Z) :

e1 e2

x+
r 0 (qar 1−(a−1ub)r+1

1−a−1ub
− q−1buar−1 1−(a−1ub)r−1

1−a−1ub
)e1

x−r ar(e2 −
1−(a−1ub)r

1−a−1ub
e3) (q−1ar 1−(a−1ub)r+1

1−a−1ub
− qbuar−1 1−(a−1ub)r−1

1−a−1ub
)e4

φ±(z) q2 (1−q−2az)(1−q−2buz)
(1−az)(1−buz)

e1
(1−q2az)(1−q−2buz)

(1−az)(1−buz)
e2 + az(q2−q−2)

(1−az)(1−buz)
e3

e3 e4

x+
r brurq−1(1− q2a−1bu)e1 brure2 + ar 1−(uba−1)r

1−uba−1 e3

x−r arq−1(1− q2ua−1b)e4 0

φ±(z) (1−q−2az)(1−q2buz)
(1−az)(1−buz)

e3 q−2 (1−q2az)(1−q2buz)
(1−az)(1−buz)

e4
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In particular we see that C[u±]e1⊕C[u±]e2⊕C[u±]e3⊕C[u±]e4 is stable by the action of
Uu

q (ĝ), so is equal to X̃. So we have verified that X ' X̃ ⊗C[u±] C.

Let us describe the specialization of X̃ at u = 1 : let X̃ ′ = Ce1 ⊕ Ce2 ⊕ Ce3 ⊕ Ce4. The
action of Uq(ĝ) on X̃ ′ is given by (for z ∈ C, r ∈ Z, we denote [z]′r = 1−zr

1−z
∈ Z[z±] (z 6= 1)

and [1]′r = r) :

e1 e2

x+
r 0 (qar[a−1b]′r+1 − q−1bar−1[a−1b]′r−1)e1

x−r ar(e2 − [a−1b]′re3) (q−1ar[a−1b]′r+1 − qbar−1[a−1b]′r−1)e4

φ±(z) q2 (1−q−2az)(1−q−2bz)
(1−az)(1−bz)

e1
(1−q2az)(1−q−2bz)

(1−az)(1−bz)
e2 + az(q2−q−2)

(1−az)(1−bz)
e3

e3 e4

x+
r brq−1(1− q2a−1b)e1 bre2 + ar[a−1b]′re3

x−r amq−1(1− q2a−1b)e4 0

φ±(z) (1−q−2az)(1−q2bz)
(1−az)(1−bz)

e3 q−2 (1−q2az)(1−q2bz)
(1−az)(1−bz)

e4

We see that X̃ ′ = Uq(ĝ).e1. Moreover if ab−1 /∈ {q2, q−2} : X̃ ′ has no proper submodule
because the formula x+

m(αe2 + βe3) = 0 means that for all r ∈ Z :

α(qar[a−1b]r+1 − q−1bar−1[a−1b]r) + βbrq−1(1− q2a−1b) = 0

which is possible only if ab−1 ∈ {q2, q−2} or α = β = 0. So :

if ab−1 /∈ {q2, q−2}, X̃ ′ ' L(γaγb) is simple and :

chq(V )chq(W ) = chq(X̃
′) = chq(L(γaγb))

if ab−1 = q2 (resp. ab−1 = q−2), Ce3 ⊂ X̃ ′ (resp. C((q2−1)e2+e3) ⊂ X̃ ′) is a submodule
of X̃ ′ isomorphic to L(1) and :

chq(V )chq(W ) = chq(X̃
′) = chq(L(γaγb)) + chq(L(1))
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Cinquième partie

Monomials of q and q, t-characters for

non simply-laced quantum affinizations

Prépublication arXiv : math.QA/0404187

Résumé. Nakajima [N2, N3] a introduit le morphisme de q, t-caractères pour les
représentations de dimension finie des algèbres affines quantiques simplement lacées :
il s’agit d’une t-déformation du morphisme de q-caractères de Frenkel-Reshetikhin (qui
sont des sommes de monômes avec une infinité de variables). Dans [He2] nous avons
généralisé la construction des q, t-caractères aux cas non simplement lacés. Dans cette
article nous prouvons en premier lieu une conjecture de [He2] : les monômes des q et
q, t-caractères des représentations standards sont les mêmes dans les cas non simplement
lacés (le cas simplement lacé a été traité dans [N3]) et les coefficients sont positifs. Ces
q, t-caractères peuvent en particulier être considérés comme des t-déformations des q-
caractères. Dans la preuve nous démontrons pour une grande classe d’affinisées quantiques
(incluant les algèbres affines quantiques de type A, B, C) que les espaces de l-poids des
représentations fondamentales sont de dimension 1. Ceci implique aussi que le morphisme
de q, t-caractères est bien défini pour les matrices de Cartan généralisées C telles que i 6=
j ⇒ min{−Ci,j,−Cj,i} ≤ 1. Enfin nous prouvons, puis utilisons, une généralisation d’un
résultat de [FR3, FM1, N1] : pour une affinisée quantique générale les l-poids d’un module
simple de plus haut l-poids sont inférieurs au plus haut l-poids au sens des monômes.

Abstract. Nakajima [N2, N3] introduced the morphism of q, t-characters for finite di-
mensional representations of simply-laced quantum affine algebras : it is a t-deformation
of the Frenkel-Reshetikhin’s morphism of q-characters (sum of monomials in infinite va-
riables). In [He2] we generalized the construction of q, t-characters for non simply-laced
quantum affine algebras. First in this paper we prove a conjecture of [He2] : the monomials
of q and q, t-characters of standard representations are the same in non simply-laced cases
(the simply-laced cases were treated in [N3]) and the coefficients are non negative. In
particular those q, t-characters can be considered as t-deformations of q-characters. In the
proof we show that for a large class of quantum affinizations (including quantum affine
algebras of type A, B, C) the l-weight spaces of fundamental representations are of dimen-
sion 1. It also implies that the q, t-characters morphism is well-defined for a generalized
Cartan matrix C such that i 6= j ⇒ min{−Ci,j,−Cj,i} ≤ 1. Eventually we show, and
use, a generalization of a result of [FR3, FM1, N1] : for general quantum affinizations the
l-weights of a l-highest weight simple module are lower than the highest l-weight in the
sense of monomials.
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1 Introduction

Drinfel’d [Dr1] and Jimbo [Jim] associated, independently, to any symmetrizable Kac-
Moody algebra g and any complex number q ∈ C∗ a Hopf algebra Uq(g) called quantum
Kac-Moody algebra.

In this paper we suppose that q ∈ C∗ is not a root of unity. In the case of a semi-simple
Lie algebra g of rank n (ie. with a finite Cartan matrix), the structure of the Grothendieck
ring Rep(Uq(g)) of finite dimensional representations of the quantum finite algebra Uq(g)
is well understood. It is analogous to the classical case q = 1.

For the general case of Kac-Moody algebras the picture is less clear. The representation
theory of the quantum affine algebra Uq(ĝ) is of particular interest (see [CP3, CP4]). In
this case there is a crucial property of Uq(ĝ) : it has two realizations, the usual Drinfel’d-
Jimbo realization and a new realization (see [Dr2, Be]) as a quantum affinization of a
quantum finite algebra Uq(g).

To study the finite dimensional representations of Uq(ĝ) Frenkel and Reshetikhin [FR3]
introduced q-characters which encode the (pseudo)-eigenvalues of some commuting ele-
ments φ±i,±m (m ≥ 0) of the Cartan subalgebra Uq(ĥ) ⊂ Uq(ĝ) (see also [Kn]) : for V a
finite dimensional representations we have :

V =
⊕

γ∈CI×Z

Vγ

where for γ = (γ
(±)
i,±m)i∈I,m≥0, Vγ is a simultaneous generalized eigenspace (l-weight space) :

Vγ = {x ∈ V/∃p ∈ N, ∀i ∈ I, ∀m ≥ 0, (φ
(±)
i,±m − γ

(±)
i,±m)p.x = 0}

The morphism of q-characters is an injective ring homomorphism :

χq : Rep(Uq(ĝ))→ Y = Z[Y ±i,a]i∈I,a∈C∗

where Rep(Uq(ĝ)) is the Grothendieck ring of finite dimensional (type 1)-representations
of Uq(ĝ) and I = {1, ..., n}, and :

χq(V ) =
∑

γ∈CI×Z

dim(Vγ)mγ

where mγ ∈ Y depends of γ. In particular Rep(Uq(ĝ)) is commutative and isomorphic to
Z[Xi,a]i∈I,a∈C∗.

In the finite simply laced-case (type ADE) Nakajima [N2, N3] introduced t-analogs of
q-characters. The motivations are the study of filtrations induced on representations by
(pseudo)-Jordan decompositions, the study of the decomposition in irreducible modules of
tensorial products and the study of cohomologies of certain quiver varieties. The morphism
of q, t-characters is a Z[t±]-linear map :

χq,t : Rep(Uq(ĝ))→ Yt = Z[Y ±i,a, t
±]i∈I,a∈C∗
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which is a deformation of χq and multiplicative in a certain sense. A combinatorial axio-
matic definition of q, t-characters is given. But the existence is non-trivial and is proved
with the geometric theory of quiver varieties which holds only in the simply laced case.

In [He2] we defined and constructed q, t-characters for a finite (non necessarily simply-
laced) Cartan matrix C with a new approach motivated by the non-commutative structure
of Uq(ĥ) ⊂ Uq(ĝ), the study of screening currents of [FR2] and of deformed screening
operators Si,t of [He1]. It generalizes the construction of Nakajima to non-simply laced
cases.

The quantum affinization process (that Drinfel’d [Dr2] described for constructing the
second realization of a quantum affine algebra) can be extended to all symmetrizable
quantum Kac-Moody algebras Uq(g) (see [Jin, N1, He4]). One obtains a new class of alge-
bras called quantum affinizations : the quantum affinization of Uq(g) is denoted by Uq(ĝ).
It has a triangular decomposition [He4]. For example the quantum affinization of a quan-
tum affine algebra is called a quantum toroidal algebra. The quantum affine algebras are
the simplest examples and are very special because they are also quantum Kac-Moody
algebras. In the following, general quantum affinization means with an invertible quan-
tum Cartan matrix (it includes most interesting cases like affine and toroidal quantum
affine algebras, see section 2.2). In [He4] we developed the representation theory of gene-
ral quantum affinizations and constructed a generalization of the q-characters morphism
which appears to be a powerful tool for this investigation. In particular we proved that the
new Drinfel’d coproduct leads to the construction of a fusion product on the Grothendieck
group.

The results of this paper can be divided in fours parts :

1) First we prove that for general quantum affinizations, the l-weights m′ ∈ Y of a
simple modules of l-highest weight m ∈ Y are lower than m in the sense of monomials
(theorem 3.2) : it means that m′m−1 is a product of certain A−1

i,l ∈ Y. For C finite, this
result was conjectured and partly proved in [FR3], and proved in [N1] (ADE-case) and
[FM1] (finite case). In the general case no universal R-matrix has been defined : so we
propose a new proof based on the study of Uq(ŝl2)-Weyl modules introduced in [CP6].
This first result is used in the proof of the following points :

2) We prove a conjecture of [He2] : let Uq(ĝ) be a quantum affine algebra (C finite)
and M be a standard module of Uq(ĝ) (tensorial product of fundamental representations).
We prove that the coefficients of χq,t(M) are in N[t±] and the monomials of χq,t(M) are
the monomials of χq(M) (theorem 7.6) (the case ADE follows from the work of Nakajima
[N3] ; in this paper the non-simply laced case is treated.) In particular the q, t-characters
for quantum affine algebras have a finite number of monomials, and the q, t-characters of
[He2] can be considered as t-deformations of q-characters for all quantum affine algebras.
So it is an argument for the existence of a geometric model behind the q, t-characters in
non simply-laced cases (in the simply laced-case the standard module can be realized in
the K-theory of quivers varieties).

3) In the proof of the conjecture we study combinatorial properties of q-characters : we
prove that for a large class of quantum affinizations (including type A, B, C) the l-weight
spaces of fundamental representations are of dimension 1 (theorem 3.5). Note that this
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property is not true in general, for example for type D.

Our proof is based on an investigation of the classical algorithm (see [FM1, He3]) which
computes q-characters. The proof is direct without explicit computation. Note that for
type An, Bn,2 = Bn, Cn the result could follow from explicit computation of the specialized
R-matrix, as explained in [FR3]. The result should produce the formulas of [FR1] ; however
with this method it would not easy to decide if the coefficients are 1 (for example it is
not the case for type D4). Moreover our direct proof can be extend to a larger class which
includes the type A

(1)
l (l ≥ 2) and Bn,p (n ≥ 2, p ≥ 2) defined in the following way :

Definition 1.1. The Cartan matrix C of type Bn,p (n ≥ 2, p ≥ 2) is defined by (i, j ∈ I,
|i − j| ≥ 2) : Ci,j = 0, Ci,i = 2, Cn,n−1 = −p, for i ≤ n − 1 Ci,i+1 = −1, for i ≤ n − 2
Ci,i−1 = −1.

Note that for n ≥ 2, Bn,2 is Bn. The case B2,p (p ≥ 2) are used to prove the following :

4) In [He3] we proved that for a generalized Cartan matrix C such that i 6= j ⇒

Ci,jCj,i ≤ 3 (it includes quantum affine and toroidal algebras except A
(1)
1 , A

(2)
2 ) the mor-

phism of q, t-characters exists. In this paper we propose a generalization of this result for
C such that i 6= j ⇒ min{−Ci,j,−Cj,i} ≤ 1 (theorem 7.4). Note that in particular it
includes the case of a quantum toroidal algebra of type A

(2)
2 .

This paper is organized as follows : in section 2 we give reminders on representations
of quantum affinizations and their q-characters. In section 3 we state and prove theorem
3.2 (the l-weights of a l-highest weight simple module are lower than the highest l-weight
in the sense of monomials) and state theorem 3.5 (on q-characters of fundamental re-
presentations) and give technical complements. The proof of theorem 3.5 is based on a
case by case investigation explained in sections 4, 5, 6. In section 7 we give reminders
on q, t-characters and we prove theorem 7.4 (existence of q, t-characters for C such that
i 6= j ⇒ min{−Ci,j,−Cj,i} ≤ 1) and theorem 7.6 (on monomials of q, t-characters of
standard monomials). For the theorem 7.6 type F4, our proof is based on results obtained
by a computer program written with Travis Schedler, and those results are partly given
in the appendix (section 8).

2 Reminder

2.1 Representations of quantum affinizations

Let C = (Ci,j)1≤i,j≤n be a symmetrizable (non necessarily finite) Cartan matrix and
I = {1, ..., n}. Let D = diag(r1, ..., rn) such that DC is symmetric. We consider (h, Π, Π∨)
a realization of C, the weight lattice P ⊂ h∗, the roots α1, ..., αn ∈ P , the set of dominant
weights P + ⊂ P , the relation ≤ on P , the map ν : h∗ → h (see [He4]).

Let q ∈ C∗ not a root of unity. Let Uq(g) be the quantum Kac-Moody algebra of Car-
tan matrix C. Let Uq(ĝ) ⊃ Uq(g) be the quantum affinization of Uq(g), with generators
x±i,r, kh, c

± 1
2 , φ

(±)
i,±m, where i ∈ I, r ∈ Z, m ≥ 0, h ∈ h (see for example [He4]). A Uq(ĝ)-

module is said to be integrable if it is integrable as a Uq(g)-module.
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Denote by Pl the set of l-weights, that is to say couple (λ, Ψ) such that λ ∈ h∗, Ψ =

(Ψ±i,±m)i∈I,m≥0, Ψ±i,±m ∈ C, Ψ±i,0 = q
±λ(α∨

i )
i . Note that if C is finite, λ is uniquely determined

by Ψ.

A Uq(ĝ)-module V is said to be of l-highest weight (λ, Ψ) ∈ Pl if there is v ∈ V such that
(i ∈ I, r ∈ Z, m ≥ 0, h ∈ h) :

x+
i,r.v = 0 , V = Uq(ĝ).v , φ±i,±m.v = Ψ±i,±mv , kh.v = qλ(h).v

For (λ, Ψ) ∈ Pl, let L(λ, Ψ) be the simple Uq(ĝ)-module of l-highest weight (λ, Ψ) (see
[He4]).

Let P+
l be the set of dominant l-weights, that is to say the set of (λ, Ψ) ∈ Pl such that

there exist (Drinfel’d)-polynomials Pi(z) ∈ C[z] (i ∈ I) of constant term 1 satifying in
C[[z]] (resp. in C[[z−1]]) :

∑

m≥0

Ψ±i,±mz±m = q
deg(Pi)
i

Pi(zq
−1
i )

Pi(zqi)

Theorem 2.1. For (λ, Ψ) ∈ Pl, L(λ, Ψ) is integrable if and only (λ, Ψ) ∈ P +
l .

If g is finite (case of a quantum affine algebra) it is a result of Chari-Pressley in [CP3, CP4]
(moreover in this case the integrable L(λ, Ψ) are finite dimensional). If C is symmetric
the result is proved by Nakajima in [N1]. If C is of type A

(1)
n (toroidal ŝln-case) the result

is proved by Miki in [M1]. In general the result is proved in [He4].

Denote by Rep(Uq(ĝ)) the Grothendieck group of decomposable integrable representations
of type 1 (see [He4]). The operators kh, φ

(±)
i,±m ∈ Uq(ĝ) (h ∈ h, i ∈ I, m ∈ Z) commute on

V ∈ Rep(Uq(ĝ)). So we have a l-weight space decomposition :

V =
⊕

(λ,γ)∈Pl

Vλ,γ

Vλ,γ = {x ∈ Vλ/∃p ∈ N, ∀i ∈ I, ∀m ≥ 0, (φ
(±)
i,±m − γ

(±)
i,±m)p.x = 0}

⊂ Vλ = {v ∈ V/∀h ∈ h, kh.v = qλ(h)v}

Let QP +
l ⊂ Pl be the set of (µ, γ) ∈ Pl such that there exist polynomials Qi(z), Ri(z) ∈

C[z] (i ∈ I) of constant term 1 such that in C[[z]] (resp. in C[[z−1]]) :

∑

m≥0

γ±i,±mz±m = q
deg(Qi)−deg(Ri)
i

Qi(zq
−1
i )Ri(zqi)

Qi(zqi)Ri(zq
−1
i )

In particular P +
l ⊂ QP +

l .

Proposition 2.2. Let V be a module in Rep(Uq(ĝ)) and (µ, γ) ∈ Pl. If dim(Vµ,γ) > 0
then (µ, γ) ∈ QP +

l .

The result is proved in [FR3] for C finite. The generalization is straightforward (see [He4]).
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2.2 q-characters

Let z be an indeterminate. We denote zi = zri and for l ∈ Z, [l]z = zl−z−l

z−z−1 ∈ Z[z±].
Let C(z) be the quantized Cartan matrix defined by (i 6= j ∈ I) :

Ci,i(z) = zi + z−1
i , Ci,j(z) = [Ci,j]z

In the rest of this paper we suppose that C(z) is invertible, that is to say det(C(z)) 6= 0. We
have seen in lemma 6.4 of [He3] that the condition (Ci,j < −1⇒ −Cj,i ≤ ri) implies that
det(C(z)) 6= 0. In particular finite and affine Cartan matrices (where we impose r1 = r2 =

2 for A
(1)
1 ) verify this condition. The matrices such that (i 6= j ⇒ min(−Ci,j,−Cj,i) ≤ 1)

verify also this condition (in particular the matrices of type Bn,p (n, p ≥ 2) defined in
section 1).

Consider formal variables Y ±i,a (i ∈ I, a ∈ C∗) and kω (ω ∈ h) (k0 = 1). Let A be the

commutative group of monomials of the form m =
∏

i∈I,a∈C∗

Y
ui,a(m)
i,a kω(m) where a finite

number of ui,a(m) ∈ Z are non zero, ω(m) ∈ h (the coweight of m), and such that for
i ∈ I : αi(ω(m)) = ri

∑
a∈C∗

ui,a(m).

For (µ, Γ) ∈ QP +
l we define Yµ,Γ ∈ A by :

Yµ,Γ = kν(µ)

∏

i∈I,a∈C∗

Y
βi,a−γi,a

i,a

where βi,a, γi,a ∈ Z are defined by Qi(u) =
∏

a∈C∗

(1− ua)βi,a , Ri(u) =
∏

a∈C∗

(1− ua)γi,a.

For (µ, Γ) ∈ QP +
L and V a Uq(ĝ)-module, we denote Vm = Vµ,Γ where m = Yµ,Γ.

For χ ∈ AZ we say χ ∈ Y if for λ ∈ h, there is a finite number of monomials of χ such that
ω(m) = λ and there is a finite number of element λ1, ..., λs ∈ h∗ such that the coweights
of monomials of χ are in

⋃
j=1...s

ν(D(λj)) (where D(λj) = {µ ∈ h∗/µ ≤ λj}). In particular

Y has a structure of h-graded Z-algebra.

Definition 2.3. For V ∈ Rep(Uq(ĝ)) a representation, the q-character of V is :

χq(V ) =
∑

(µ,Γ)∈QP+
l

dim(Vµ,Γ)Yµ,Γ ∈ Y

If C is finite the construction is given in [FR3] and it is proved that χq : Rep(Uq(ĝ))→ Y
is an injective ring homomorphism (with the ring structure on Rep(Uq(ĝ)) deduced from
the Hopf algebra structure of Uq(ĝ)).

For general C, χq is defined in [He4]. A priori there is no ring structure on Y that comes
from a tensor product, but we proved [He4] :

Theorem 2.4. The image Im(χq) ⊂ Y is a subalgebra of Y.
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Let ∗ be the induced commutative product on Im(χq) ⊂ Y. Using a deformation of the
new Drinfel’d coproduct we proved in [He4] :

Theorem 2.5. For (λ, Ψ), (λ′, Ψ′) ∈ P+
l we have :

L(λ, Ψ) ∗ L(λ′, Ψ′) = L(λ + λ′, ΨΨ′) +
∑

(µ,Φ)∈P+
l /µ<λ+λ′

Qλ,Ψ,λ′,Ψ′(µ, Φ)L(µ, Φ)

where the integers Qλ,Ψ,λ′,Ψ′(µ, Φ) ≥ 0.

2.3 Notations and technical tools

For i ∈ I and a ∈ C∗ we set :

Ai,a = kiYi,aq−1
i

Yi,aqi

∏

j/Cj,i<0

∏

r=Cj,i+1,Cj,i+3,...,−Cj,i−1

Y −1
j,aqr ∈ A

The Ai,l are algebraically independent (see [He2]). Let A = Z[A−1
i,a ]i∈I,a∈C∗ ⊂ Y.

For a product M ∈ A such that ω(M) ∈ Zα1 ⊕ ... ⊕ Zαn, denote ω(M) = −v1(M)α1 −
...− vn(M)αn and v(M) = v1(M) + ... + vn(M). v defines a N-gradation on A.

Definition 2.6. For m, m′ ∈ A, we say that m ≥ m′ if m′m−1 ∈ A.

For m ∈ A and J ⊂ I, denote uJ(m) =
∑

j∈J,a∈C∗

uj,a(m), m(J) = kω(m)

∏
j∈J,a∈C∗

Y
uj,a(m)
j,a

and (j ∈ I) :
u±j (m) = ±

∑

l∈Z/±uj,l(m)>0

uj,l(m) , u±J (m) =
∑

j∈J

u±j (m)

For J ⊂ I, denote BJ ⊂ A the set of J-dominant monomials (ie ∀j ∈ J, l ∈ Z, uj,l(m) ≥ 0)
and B = BI . Note that for (λ, Ψ) ∈ QP +

l : ((λ, Ψ) ∈ P +
l ⇔ Yλ,Ψ ∈ B).

For m ∈ B denote Vm = L(λ, Ψ) ∈ Rep(Uq(ĝ)) where (λ, Ψ) ∈ P +
l is given by Yλ,Ψ = m.

In particular for i ∈ I, a ∈ C∗ denote Vi(a) = Vkν(Λi)
Yi,a

and Xi,a = χq(Vi,a). The simple
modules Vi(a) are called fundamental representations.

Denote Mm =
∏

i∈I,a∈C∗

V
∗ui,a(m)
i,a ∈ Rep(Uq(ĝ)). We have χq(Mm) =

∏
i∈I,a∈C∗

X
ui,a(m)
i,a .

For J ⊂ I we denote by gJ the Kac-Moody algebra of Cartan matrix (Ci,j)i,j∈J and
by χJ

q the morphism of q-characters for Uq(ĝJ) ⊂ Uq(ĝ). Let us recall the definition of the
morphism τJ (section 3.3 in [FM1] for finite case and [He4] for general case) :

We suppose that gJ is finite. Let h⊥J = {ω ∈ h/∀i ∈ J, αi(ω) = 0} and hJ =
⊕
i∈J

QΛ∨i .

Consider formal variables k′ω (ω ∈ hJ), kω (ω ∈ h⊥J ), Y ±i,a (i ∈ J, a ∈ C∗), Zj,c (j ∈ I − J ,
c ∈ C∗). Let A(J) be the commutative group of monomials :

m = k′ω′(m)kω(m)

∏

i∈J,a∈C∗

Y
ui,a(m)
i,a

∏

j∈I−J,c∈C∗

Z
zj,c(m)
j,c
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where a finite number of ui,a(m), zj,c(m), r(m) ∈ Z are non zero, ω(m) ∈ h⊥J and such
that for i ∈ J , αi(ω

′(m)) = riui(m) = ri

∑
a∈C∗

ui,a(m).

Let τJ : A→ A(J) be the group morphism defined formally by (j ∈ I, a ∈ C∗, λ ∈ h) :

τJ(Yj,a) = Y
εj,J

j,a

∏

k∈I−J

∏

r∈Z

Z
pj,k(r)

k,aqr , τJ(kλ) = k′P
i∈J

αi(λ)Λ∨
i
kλ−

P

i∈J
αi(λ)Λ∨

i

where j ∈ J ⇔ εj,J = 1 and j /∈ J ⇔ εj,J = 0. The pi,j(r) ∈ Z are defined in the following

way : we write C̃(z) = C̃′(z)
d(z)

where d(z), C̃ ′i,j(z) ∈ Z[z±] and (D(z)C̃ ′(z))i,j =
∑
r∈Z

pi,j(r)z
r.

It is proved in [FM1] (finite case) and in [He4] (the proof is given for the τ{i} (i ∈ I), but
the proof for τJ (J ⊂ I, gJ finite) is the same) :

Lemma 2.7. Consider V a module in Rep(Uq(ĝ)) and a decomposition τJ(χq(V )) =∑
k

PkQk where Pk ∈ Z[Y ±i,ak
′
h]i∈J,a∈C∗,h∈hJ

, Qk is a monomial in Z[Z±j,c, kh]j∈I−J,a∈C∗,h∈h⊥J

and all monomials Qk are distinct. Then there exist a Uq(ĝJ)-module
⊕
k

Vk isomorphic to

the restriction of V to Uq(ĝJ) and such that for all k, χJ
q (Vk) = Pk.

2.4 Classical algorithm

Consider K =
⋂
i∈I

Ki ⊂ Y where Ki = Ker(Si) ⊂ Y is the kernel of the screening

operator Si (see [He4]).

Theorem 2.8. We have K = Im(χq) and it is a subalgebra of Y.

The result in proved in [FM1] for C finite and in [He4] in general. Note that for m ∈ Bi,
there is a unique Fi(m) ∈ Ki such that m is the unique i-dominant monomial of Fi(m)
(see [He2]).

In [He2] a classical algorithm (and also a t-deformation of it) is proposed : if it is well-
defined, it gives for m ∈ B a F (m) ∈ K such that m is the unique dominant monomial of
F (m). Such an algorithm was first used in [FM1] for finite case (see also [He3]). Note that
if F (m) exists, it is unique (see [He2]). Let us describe this algorithm : first for m ∈ B we
have to define the set Dm :

Definition 2.9. For m ∈ B, we say that m′ ∈ Dm if and only if there is a finite sequence
(m0 = m, m1, ..., mR = m′), such that for all 1 ≤ r ≤ R, there is j ∈ I such that
mr−1 ∈ Bj and mr is a monomial of Fj(mr−1).

In particular the set Dm is countable (see [He2]) and m′ ∈ Dm ⇒ m′ ≤ m. Denote
Dm = {m0 = m, m1, m2, ...} such that mr ≤ mr′ ⇒ r ≥ r′.

For r, r′ ≥ 0 and j ∈ I denote [Fj(mr′)]mr ∈ Z the coefficient of mr in Fj(mr′).
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We call classical algorithm the following inductive definition of the sequences (s(mr))r≥0 ∈
ZN, (sj(mr))r≥0 ∈ ZN (j ∈ I) : s(m0) = 1 , sj(m0) = 0 and for r ≥ 1, j ∈ I :

sj(mr) =
∑

r′<r

(s(mr′)− sj(mr′))[Fj(mr′)]mr

mr /∈ Bj ⇒ s(mr) = sj(mr) , mr ∈ B ⇒ s(mr) = 0

It follows from theorem 2.8 that the classical algorithm is weel-defined and for all m ∈ B,
F (m) ∈ K exists (see section 5.5.4 in [He4]).

3 Monomials of q-characters

In this section we state the two main results on q-characters of this paper : theorems
3.2 and 3.5.

3.1 First result

In this section we prove that for m′ a l-weight of Vm we have m′ ≤ m (theorem 3.2).
This result is proved in [FR3, FM1] for C finite. In the general case a universal R-matrix
has not been defined so we propose a new proof based on the Weyl modules introduced
in [CP6].

Definition 3.1. For m ∈ B, denote L(m) = χq(Vm) and by D(m) the set of monomials
of L(m).

The partial order on monomials is set in definition 2.6.

Theorem 3.2. For m ∈ B and m′ ∈ D(m), we have m′ ≤ m.

In this section 3 we prove this theorem. First let us show some lemmas which will be
useful :

Lemma 3.3. Let V be a Uq(ĝ)-module and W ⊂ V a Uq(ĥ)-submodule of V . Then for

i ∈ I, W ′
i =

∑
r∈Z

x−i,r.W is a Uq(ĥ)-submodule of V .

Proof : For w ∈ W , j ∈ J , m, r ∈ Z (m 6= 0), h ∈ h we have :

hj,m.(x−i,r.w) = x−i,r.(hj,m.w)−
1

m
[mBi,j]qx

−
i,m+r.w ∈ W ′

i

kh.(x
−
i,r.w) = x−i,r.(q

αi(h)kh.w) ∈ W ′
i

Note that q-character of an (integrable) Uq(ĥ)-module is well-defined (see section 5.4 of
[He4]).
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Lemma 3.4. Suppose that g = sl2 and let L be a finite dimensional Uq(ĝ)-module (Λ∨ is
the fundamental coweight).

(i) If L is of l-highest weight M then Lm′ 6= {0} implies m′ ≤M .

(ii) For p ∈ Z, let Lp =
∑

λ∈P ∗/λ(Λ∨)≥p

Lλ and L′p =
∑
r∈Z

x−r .Lp. Then Lp, L
′
p are Uq(ĥ)-

submodule of L and (L′p)m′ 6= 0⇒ ∃m, m′ ≤ m and (Lp)m 6= {0}.

Proof : (i) Consider the Weyl module Wq(M) of l-highest weight M defined in [CP6] :
Wq(M) is the universal finite dimensional module of l-highest weight M such that all
finite dimensional module of highest l-weight M is a quotient of Wq(M). In particular L

is a quotient of Wq(M). So it suffices to study Wq(M). For Uq(ŝl2), the Weyl modules are
explicitly described in [CP7] : in particular the dimension of Wq(M) is 2m where m =
u(M) =

∑
i∈I,a∈C∗

ui,a(M). But (see [VV2, AK, FM1]) there is a standard module (tensorial

product of fundamental representations) of highest l-weight M . But the dimension of such
a standard module is 2m and it is a quotient of Wq(M). So Wq(M) is isomorphic to a
standard module. The q-character of a standard module is known (see section 2.3), in
particular for a l-weight m′ of Wq(M) we have m′ ≤ M .

(ii) Lp is a Uq(ĥ)-submodule of L because the action of Uq(ĥ) does not change the
weight, follows from lemma 3.3 that L′p is a Uq(ĥ)-submodule of L. Let us prove the
second point by induction on dim(Lp) : if Lp = {0} we have L′p = {0}. In general let v
be a l-highest weight vector of Lp (there is at least one, see the proof of proposition 5.2
in [He4]) and denote by M his l-weight. Consider V = Uq(ĝ).v. It is a l-highest weight
module and so it follows from (i) that Vm 6= {0} ⇒ m ≤ M . We can use the induction
hypothesis with L(1) = L/V and we get the result because χq(L) = χq(V ) + χq(L

(1)).

End of the proof of theorem 3.2 :

We prove the result by induction on v(m′m−1). For v(m′m−1) = 0 we have m′ = m. In ge-
neral suppose that the result is known for v(m′m−1) ≤ p and let W =

∑
m′/v(m′m−1)≤p

(Vm)m′ .

Note that W is a Uq(ĥ)-submodule of Vm. It follows from the triangular decomposition of
Uq(ĝ) (see [He4]) that :

⊕

m′/v(m′m−1)=p+1

(Vm)m′ ⊂
∑

i∈I

W ′
i where W ′

i =
∑

r∈Z

x−i,r.W

For i ∈ I, W ′
i is a Uq(ĥ)-submodule of Vm (lemma 3.3). In particular W ′

i =
⊕
m′

(W ′
i ∩

(Vm)′m) =
⊕
m′

(Wi)m′ and it suffices to show that for i ∈ I, (W ′
i )m′ 6= {0} ⇒ m′ ≤ m.

Consider the decomposition of lemma 2.7 with J = {i} : V =
⊕
k

Vk. We have W =
⊕
k

(Vk ∩W ) and so W ′
i =

⊕
k

(Vk ∩W ′
i ) (because Vk is a sub Uq(ĝi)-module of Vm). So we

can use the (ii) of lemma 3.4 to the Uqi
(ŝl2)-module Vk with p such that (Vk)p = Vk ∩W .

We get that for m a monomial of χi
q(W

′
i ) there are m′ a monomial χi

q(W ) and m′′ ∈

Z[Y −1
i,a Y −1

i,aq2
i
(k

(i)
2ri

)−1]a∈C∗ such that m = m′m′′ (the k
(i)
r are the kh for Uqi

(ŝl2), see [He4]).
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It follows from the lemma 5.9 of [He4] (see also [FM1]) that τi(Ai,aqi
) = Yi,aYi,aq2

i
k

(i)
2ri

. So
for M a monomial of χq(W

′
i ) there is M ′ a monomial of χq(W ) such that M ≤M ′.

3.2 Second result

The type Bn,p (n ≥ 2, p ≥ 2) are defined in section 1.

Theorem 3.5. Let g be of type An (n ≥ 1), A
(1)
l (l ≥ 2), Bn,p (n ≥ 2, p ≥ 2) or Cn

(n ≥ 2). Let i ∈ I, a ∈ C∗. Then for m ∈ D(Yi,a), for all j ∈ I, l ∈ Z, uj,l(m) ≤ 1. In
particular all coefficients of L(Yi,a) are equal to 1 and all l-weight space of Vi(a) are of
dimension 1.

The last part of the result for type An is established in [N4].

Note that for type Dn the statement is false : for example for the type D4, the monomial
Y2,2Y

−1
2,4 has a coefficient 2 in χq(V2(q

0)) (see the figure 1 in [N2]). For type F4 it is also
false (see section 8).

Let us explain the main points of the proof : it is based on the study of the classical
algorithm in a case by case investigation : for type An a proof is given in [He2] and
recalled in section 4. The result for type A

(1)
l is proved in section 4, the result for type

Bn,p is proved in section 5, the result for type Cn in section 6. In each case we suppose
the existence of a m ∈ D(Yi,a), such that there is j ∈ I, l ∈ Z, uj,l(m) ≥ 2. The classical
algorithm starts from the highest weight monomial. In our proof we look at a monomial
m with uj,l(m) ≥ 2 and show inductively that it implies a condition on some monomials
of higher weight. In particular it leads to a contradiction on the highest weight monomial.

Note that for type An, Bn, Cn the result could follow from explicit computation of
χq(Vi(a)). We would have to compute the specialized R-matrix, as explained in [FR3].
The result should produce the formulas of [FR1]. however with this method it would not
easy to decide if the coefficients are 1 (for example it is not the case for type D4). In this
paper the proof is direct without explicit computation. In particular it allows us to extend
the proof to all Bn,p, A

(1)
l .

3.3 Notations

I the following (sections 3, 4, 5, 6) we can omit the terms kλ because we work in a
set D(m) or Dm : indeed m′ such that m′ ≤ m is uniquely determined by m and the
vi,l(m

′m−1).

For J ⊂ I, j ∈ J, a ∈ C∗ consider AJ,±
j,a = (A±j,a)

(J). Define

µI
J : Z[AJ,±

j,a ]j∈J,a∈C∗ → Z[A±j,a]j∈J,a∈C∗

the ring morphism such that µI
J(AJ,±

j,a ) = A±j,a. For m ∈ BJ , denote LJ(m(J)) defined for
gJ (gJ is the Kac-Moody algebra of Cartan matrix (Ci1,i2)i1,i2∈J). Define :

LJ(m) = m(I−J)µI
J((m(J))−1LJ(m(J)))
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Definition 3.6. For J ⊂ I and m ∈ BJ , denote by DJ(m) the set of monomials of
LJ(m).

For J = {i} and m ∈ Bi, an explicit description of Di(m) is given in [FR3] : a σ ⊂ Z
is called a 2-segment if σ is of the form σ = {l, l + 2, ..., l + 2k} where l ∈ Z, k ≥
0. Two 2-segment are said to be in special position if their union is a 2-segment that
properly contains each of them. All finite subset of Z with multiplicity (l, ul)l∈Z (ul ≥ 0)
can be broken in a unique way into a union of 2-segments which are not in pairwise
special position. For m ∈ Bi and r ∈ {1, ..., 2ri}, consider (σ

(r)
j )j the decomposition of the

(l, ur+2ril(m))l∈Z as above. Let m(i) =
∏

r=1,...,2ri

∏
j

mr,j where mr,j =
∏

l∈σ
(r)
j

Yi,r+2ril, and we

have :
Di(m) = m(I−{i})

∏

r=1,...,2ri

∏

j

Di(mr,j)

where for m =
∏

k=1...r

Yi,l+2rik. So Di(m) is :

{mA−1
i,l+2rik+ri

, mA−1
i,l+2rik+ri

A−1
i,l+2ri(k−1)+ri

, ..., mA−1
i,l+2rik+ri

A−1
i,l+2ri(k−1)+ri

...A−1
i,l+ri
}

In particular :

Lemma 3.7. For m ∈ Bi such that ∀l ∈ Z, ui,l(m) ≤ 1, we have Fi(m) = Li(m).

Definition 3.8. Let J ⊂ I and i ∈ I, a ∈ C∗. For m, m′ ∈ D(Yi,a), we denote :

m→J m′ (or m′ ←J m) if m ∈ BJ and m′ ∈ DJ(m).

m ⇀J m′ (or m′ ↼J m) if v(m′Y −1
i,a ) ≥ v(mY −1

i,a ) and ∃m′′ ∈ D(Yi,a) such that
m′′ →J m and m′′ →J m′.

In particular m →J m′ implies m ⇀J m′. For J = {j} (resp. J = I) we denote →j, ⇀J

(resp. →, ⇀).

3.4 Technical complements

Proposition 3.9. For m ∈ B and J ⊂ I such that gJ is finite, there is a unique decom-
position :

L(m) =
∑

m′∈BJ∩D(m)

λJ(m′)LJ(m′)

where λJ(m′) ≥ 0.

Proof : Consider the decomposition of lemma 2.7 with J : V =
⊕
k

Vk. We can decom-

pose each Vk in a sum of simple Uq(ĝJ)-modules in the Grothendieck group : χJ
q (Vk) =∑

k′

λk,k′LJ(mk,k′) where mk.k′ ∈ BJ and λk,k′ ≥ 0. In particular :

τ−1
J (PkQk) =

∑

k′

λk,k′LJ(τ−1
J (mk,k′Qk))
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(consequence of lemma 5.9 of [He4]). For the uniqueness the LJ(m′) (m′ ∈ BJ) are linearly
independent.

We say that a monomial m ∈ B is right negative if : for b ∈ C∗ such that (∃j ∈ I,
uj,b(m

′) 6= 0 and ∀k ∈ I, l > 0, uk,bql(m′) = 0), we have ∀k ∈ I, uk,b(m
′) ≤ 0 (see [FM1]).

Corollary 3.10. For i ∈ I, a ∈ C∗ and m′ ∈ D(Yi,a), we have :

1) for J ⊂ I such that gJ is finite, there is m′′ →J m′.

2) there is a finite sequence Yi,a = m0 > m1 > m2 > ... > MR = m′ such that for all
1 ≤ r ≤ R, ∃jr ∈ I, mr−1 →jr mr.

3) if m′ 6= Yi,a, then m′ is right negative.

4) for b ∈ Z and j ∈ I, we have uj,b(m
′) 6= 0⇒ b ∈ aqZ

Note that the (1) will be used a lot in the following. For C finite those results are proved
in [FM1].

Proof : 1) Consequence of proposition 3.9.

2) We use (1) inductively.

3) For m′ ∈ DYi,a
−{Yi,a}, we have m′ ≤ Yi,aA

−1
i,aqi

(theorem 3.2) which is right negative
(see also [FM1])

4) As for m ∈ Bj ∩ Z[Yi,aqm]m∈Z implies Lj(m) ∈ Z[Yi,aqm ]m∈Z (see section 3.3), we
have M ∈ B ∩ Z[Yi,aqm ]m∈Z implies Dm ⊂ Z[Yi,aqm ]m∈Z (see also [FM1]).

As a right negative monomial is not dominant, we have :

Corollary 3.11. For i ∈ I, a ∈ C∗, L(Yi,a) = F (Yi,a) has a unique dominant monomial
Yi,a.

For c ∈ C∗, let βc : Y → Y be the ring morphism such that βc(Yi,a) = Yi,ac.

Proposition 3.12. For a, b ∈ C∗, L(Yi,a) = βba−1L(Li,b).

Proof : For c ∈ C∗, we have βc(K) = K (see [FM1, He3]).

It suffices to study (see (4) of corollary 3.10 and [He3]) :

χq : Z[Xi,ql]i∈I,l∈Z → Z[Yi,ql]i∈I,l∈Z

In the following we denote Rep = Z[Xi,ql]i∈I,l∈Z, Xi,l = Xi,ql, Y = Z[Y ±
i,ql]i∈I,l≥0, Y ±i,l = Y ±

i,ql.
A Rep-monomials is a product of the Xi,l.

Lemma 3.13. For m ∈ B, we have :

D(m) ⊂
∏

j∈I,l∈Z

D(Yj,l)
uj,l(m)

Proof :
∏

j∈I,l∈Z

D(Yj,l)
uj,l(m) is the set of monomials of χq(Mm). Then see theorem 2.5.
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Lemma 3.14. Let m1, m2 ∈ Bi such that ∀l ∈ Z, ui,l(m1) ≤ 1 and ui,l(m2) ≤ 1. Then
Di(m1) ∩Di(m2) = ∅ ⇔ m1 6= m2.

Proof : Let us write m
(i)
1 =

∏
r=1,...,2ri

∏
j

m
(r)

σ
(r)
j

as in section 3.3 . Denote σ
(r)
j = σ

(r)
j ∪

{max(σ
(r)
j ) + 2ri}. It follows from the hypothesis of the lemma that (j, r) 6= (j ′, r′) ⇒

σ
(r)
j ∩ σ

(r′)
j′ = ∅. Moreover for m′ ∈ Di(mσ

(r)
j

), we have ui,r+2lri
(m′) 6= 0 ⇒ ∃j, l ∈ σ

(r)
j . In

particular the given of m′ suffices to determine the σ
(r)
j : for example we can find the set

M = {max(σ
(r)
j )/j, r} andM′ = {min(σ

(r)
j )/j, r} in the following way :

if ui,l(m
′) = 1 and ui,l+2ri

(m′) = 0 and ui,l+4ri
(m′) ≥ 0, then l + 2ri ∈ M

if ui,l(m
′) = −1 and ui,l+2ri

(m′) ≥ 0, then l ∈ M

if ui,l(m
′) = −1 and ui,l−2ri

(m′) = 0 and ui,l−4ri
(m′) ≤ 0, then l − 2ri ∈ M′

if ui,l(m
′) = 1 and ui,l−2ri

(m′) ≤ 0, then l ∈ M′

So if m′ ∈ Di(m1) ∩Di(m2), we have the same decomposition for m1 and m2, that is to
say m1 = m2.

Lemma 3.15. Let m ∈ B, m′ ∈ D(m) ∩ Bj. We suppose that for all m′′ ∈ D(m) such
that v(m′′m−1) < v(m′m−1), all i ∈ I, l ∈ Z we have ui,l(m

′′) ≤ 1. Then Dj(m
′) ⊂ D(m).

Proof : Let p = v(m′m−1). Consider the decomposition of proposition 3.9 with J = {j} :
L(m) =

∑
M∈Bj∩D(m)

λj(M)Lj(M). It follows from the hypothesis and from the lemma 3.7

that for v(Mm−1) < p, m′ /∈ Dj(M). So λj(m
′) > 0, and Dj(m

′) ⊂ D(m).

Proposition 3.16. Let i ∈ I such that all m ∈ D(Yi,L) verifies : for j ∈ I, if m ∈ Bj

then ∀l ∈ Z, uj,l(m) ≤ 1. Then all coefficients of L(Yi,L) are equal to 1.

Proof : We can compute the coefficients of L(Yi,L) = F (Yi,L) thanks to the classical
algorithm (see section 3.3) : let us show by induction on v(mY −1

i,L ) that the coefficients
of m is equal to 1. For a monomial m < Yi,L, there is j ∈ I such that m /∈ Bj. There
is M →j m. It follows from the lemma 3.14 that M is entirely determined by m. So the
coefficient of m is the coefficient of M in L(Yi,l) multiplied with the coefficient of m in
Lj(M) = Fj(M), that is to say 1 (section 3.3).

4 Type An, A
(1)
l

Proposition 4.1. The property of theorem 3.5 is true for g of type An (n ≥ 1) or A
(1)
l

(l ≥ 2).

Technical consequences of this result which will be used in the following are discussed in
section 4.3.
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4.1 Type An

Let n ≥ 1 and g of type An. For i ∈ {2, ..., n− 1}, l ∈ Z :

Ai,l = Yi,l+1Yi,l−1Y
−1
i+1,lY

−1
i−1,l

A1,l = Y1,l+1Y1,l−1Y
−1
2,l , An,l = Yn,l+1Yn,l−1Y

−1
n−1,l

In particular for all i ∈ I, l ∈ Z, u(A−1
i,l ) ≤ 0. So m ≤ m′ ⇒ u(m) ≤ u(m′).

We can suppose Yi,L = Yi,0 (proposition 3.12).

Lemma 4.2. For m ∈ B and m′ ∈ D(m) we have u(m) ≥ vn(m′m−1).

Proof : For all i ∈ I, we have ωi + ωn+1−i ∈ αn +
∑

j≤n−1

Zαj (see [Bo]).

Consider m′ ∈ D(m). It follows from the lemma 6.8 of [FM1] that ω(m) ≥ ω(m′) ≥
−

∑
i∈I

ui(m)ωn+1−i, and so−ω(m′m−1) ≤
∑
i∈I

ui(m)(ωi+ωn+1−i). So vn(m′m−1) ≤
∑
i∈I

ui(m) =

u(m).

Lemma 4.3. For j ∈ I, if m ∈ Bj ∩D(Yi,0) then uj(m) ≤ 1.

Proof : Suppose there is j ∈ I and m1 ∈ Bj∩D(Yi,0) such that uj(m1) ≥ 2. Let J1 = {k ∈
I/k < j}, J2 = {k ∈ I/k > j} and J = J1 ∪ J2. Let m2 →J m1 and v = vj−1(m1m

−1
2 ) +

vj+1(m1m
−1
2 ). It follows from lemma 4.2 (for gJ1 and gJ2) that uJ1(m2) + uJ2(m2) ≥ v.

Moreover we have uj(m2) = uj(m1)−v ≥ 2−v. So u(m2) = uJ1(m2)+uj(m2)+uJ2(m2) ≥
2, contradiction because m2 ≤ Yi,0.

The proposition 4.1 for type An follows from proposition 3.16 and lemma 4.3.

4.2 Type A
(1)
l

Let l ≥ 2 and g of type A
(1)
l . For i ∈ I, l ∈ Z (where Y−1,L = Yn,L, Yn+1,L = Y0,L) :

Ai,l = Yi,l+1Yi,l−1Y
−1
i+1,lY

−1
i−1,l

In particular for all i ∈ I, l ∈ Z, u(A−1
i,l ) ≤ 0. So m ≤ m′ ⇒ u(m) ≤ u(m′).

We have an analog of lemma 4.3 by putting in the proof J = I − {j} instead of J1 ∪ J2.
In particular we get proposition 4.1 for type A

(1)
l .

4.3 Consequences

In this section g is general and consider J ⊂ I such that gJ is of type Am (m ≤ n).
We prove technical results which will be useful in the following. Let i ∈ I, a ∈ C∗.

Lemma 4.4. Let m ∈ BJ , j ∈ J and m′ ∈ Bj such that m′ ∈ DJ(m). We have uJ(m) ≥
uj(m

′).
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Proof : It follows from lemma 3.13 that we can write :

m′ = m(I−J)
∏

k∈J,l∈Z

m′k,l,1...m
′
k,l,uk,l(m)

where m′k,l,1 ∈ DJ(Yk,l). For α ∈ J × Z × N, it follows from lemma 4.3 that u+
j,L(m′α) ≥

1 ⇒ (m′α)(j) = Yj,L. So there are α1, ..., αuj(m′) such that the (m′αp
)(j) = Yj,lp and

m′α1
...m′αuj (m′)

= (m′)(j). So uj(m
′) ≤

∑
k∈J,l∈Z

uk,l(m) = uJ(m).

Lemma 4.5. Let M ∈ BJ such that uJ(M) ≥ 2. The following properties are equivalent :

(i) there are j ∈ J , l ∈ Z, M1 ∈ DJ(M) ∩Bj such that uj,l(M1) ≥ 2

(ii) there are i1, i2 ∈ J , l1, l2 ∈ Z such that i2− i1 ≥ |l1− l2| and (i2− i1)− (l2− l1) is
even and ui1,l1(M) ≥ 1, ui2,l2(M) ≥ 1.

Proof : We can suppose that g = gJ is of type An. For K ⊂ I, in this proof the notation
→K, ⇀K is defined as in definition 3.8 by putting D(M) instead of D(Yi,a).

Let us show that (ii)⇒ (i) : if i2 = i1 we have ui1,l1(M) ≥ 2. If i2 − i1 > 0, suppose that
(i) is not true. In this situation we can use the lemma 3.15. Consider the integers :

K =
(i2 − i1) + (l2 − l1)

2
, K ′ =

(i2 − i1) + (l1 − l2)

2

We have K, K ′ ≥ 0. Denote i = i1 + K = i2 −K ′, l = l1 + K = l2 + K ′ and consider :

V = A−1
i1,l1+1A

−1
i1+1,l1+2...A

−1
i1+(K−1),l1+KA−1

i2,l2+1A
−1
i2−1,l2+2...A

−1
i2−(K′−1),l2+K′

There is M1 ∈ D(M) such that M1 ≤MV and vi(M1M
−1) = 0 (lemma 3.15). In particular

M1 ∈ Bi and ui,l(M1) ≥ 2, contradiction.

Let us show that (i)⇒ (ii) : it follows from lemma 3.13 and proposition 4.1 that we can
suppose that u(M) = 2. Denote M = Yi1,l1Yi2,l2, and let us show the result by induction
on n. For n = 1 we have M1 = M and (ii) is clear. In general let M1 ∈ D(M) ∩ Bj such
that M

(j)
1 = Y 2

j,l. We can suppose that v(M1M
−1) is minimal. If M1 is dominant, we have

M1 = M or u(m1) ≤ 1 (same argument as in lemma 4.4) and so (ii). Otherwise consider
J ′ = {1, ..., n− 1} if j ≤ n − 1, and J ′ = {2, ..., n} if j = n (we suppose that j ≤ n− 1,
the case j = n can be treated in the same way). Let M2 →J ′ M1. The induction with gJ ′

of type An−1 gives that M
(J ′)
2 = Yi1,l1Yi2,l2 where i2 − i1 ≥ |l1− l2| and (i2− i1)− (l2− l1)

is even. We have u(M2) ≤ 2 and so un(M2) = u(M2) − uJ ′(M2) ≤ 0. If M
(n)
2 = 1, we

have M2 = M and so (ii). Otherwise it follows from the lemma 4.4 that we are in one the
following cases α, β, γ :

α) if M
(n)
2 = Y −1

n,K1
Y −1

n,K2
, we have :

M2 ←n M3 = Yi1,l1Yi2,l2Y
−1
n−1,K1−1Y

−1
n−1,K2−1Yn,K1−2Yn,K2−2

If Yi2,l2 6= Yn−1,K1−1 and Yi2,l2 6= Yn−1,K2−1, there is M4 = M3(M1M
−1
2 ) ∈ D(M3) (lemma

3.15) such that M
(j)
4 = Y 2

j,l and v(M4M
−1) < v(M1M

−1), contradiction. So for example



MONOMIALS OF Q AND Q, T -CHARACTERS 183

we have M3 = Yi1,l1Y
−1
n−1,K2−1Yn,K1−2Yn,K2−2 and i2 = n− 1, l2 = K1 − 1. We have :

M3 ←{i1+1,...,n−1} M4 = Yi1,l1Y
−1
i1,K2−1−(n−i1−1)Yi1+1,K2−2−(n−i1−1)Yn,K1−2

If Yi1,l1Y
−1
i1,K2−1−(n−i1−1) 6= 1, there is :

M4 ←{1,...,i1} M5 = Y1,K3Yi1,l1Y
−1
i1+1,K2−2−(n−i1−1)Yi1+1,K2−2−(n−i1−1)Yn,K1−2

and u(M5) = 3, impossible. So l1 = K2 − 1 − (n − i1 − 1) and M4 = Yi′1,l′1
Yi′2,l′2

where
i′1 = i1 + 1, i′2 = n, l′1 = K2 − 2 − (n − i1 − 1), l′2 = K1 − 2. Moreover M4 = M and we
have i′2 − i′1 = i2 − i1 ≥ |l2 − l1| = |l′2 − l′1| and (i′2 − i′1)− (l′2 − l′1) = (i2 − i1)− (l2 − l1) is
even, so we get (ii).

β) if M
(n)
2 = Yn,K1Y

−1
n,K2

, we have :

M2 ←n M3 = Yi1,l1Yi2,l2Y
−1
n−1,K2−1Yn,K1−2Yn,K2−2

and u(M3) = 3, impossible.

γ) if M
(n)
2 = Y −1

n,K1
, we have :

M2 ←n M3 = Yi1,l1Yi2,l2Y
−1
n−1,K1−1Yn,K1−2

If Yn−1,K1−1 6= Yi1,l1 and Yn−1,K1−1 6= Yi2,l2, there is M4 = M3(M1M
−1
2 ) ∈ D(M3) (lemma

3.15) such that M
(j)
4 = Y 2

j,l and v(M4M
−1) < v(M1M

−1), contradiction. So for example
we have M3 = Yi1,l1Yn,K1−2 and i2 = n − 1, l2 = K1 − 1. In particular M = M3 and :
n − i1 = i2 − i1 + 1 ≥ |l2 − l1| + 1 ≥ |(K1 − 2) − l1 + 1| + 1 ≥ |(K1 − 2) − l1| and
n− i1 − ((K1 − 2)− l1) = (i2 − i1)− (l2 − l1) is even, so we get the property (ii).

5 Type Bn,p

5.1 Statement

In this section g is of type Bn,p (n ≥ 2, p ≥ 2) (see the definition in section 1). For
i ∈ {2, ..., n− 2}, l ∈ Z :

Ai,l = Yi,l+pYi,l−pY
−1
i+1,lY

−1
i−1,l , A1,l = Y1,l+pY1,l−pY

−1
2,l , An,l = Yn,l+1Yn,l−1Y

−1
n−1,l

An−1,l = Yn−1,l+pYn−1,l−pY
−1
n−2,lY

−1
n,l−p+1Y

−1
n,l−p+3...Y

−1
n,l+p−1

In this section we prove :

Proposition 5.1. The property of theorem 3.5 is true for g of type Bn,p (n ≥ 2, p ≥ 2).

Denote J = {1, ..., n− 1}. We can suppose Yi,L = Yi,0 (proposition 3.12).

As u(A−1
n−1,l) > 0, the m′ ≤ m does not imply u(m′) ≤ u(m).
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5.2 Proof of the proposition 5.1

Suppose that there is m ∈ D(Yi,0) such that there is j ∈ J, l ∈ Z, uj,l(m) ≥ 2, and let
m such that v(mY −1

i,0 ) is minimal with this property.

Lemma 5.2. There is M ∈ D(Yi,0) such that v(MY −1
i,0 ) < v(mY −1

i,0 ) and ∃l′ ∈ Z,
un,l′(M) ≥ 2.

Proof : Suppose that M does not exists. Let m1 →J m. It follows from lemma 4.5
that m1 = m′1Yi1,l1Yi2,l2 where m′1 ∈ BJ , p(i2 − i1) ≥ |l1 − l2|, (i2 − i1) − (l2 − l1)/p is
even. Let m2 ⇀n m1 such that v(m1m

−1
2 ) = 1 (m2 exists because it follows from the

hypothesis and lemma 3.15 that M2 →n m2 implies Dn(M2) ⊂ D(Yi,0)). We have m2 =
m′2Yi1,l1Yi2,l2Y

−1
n−1,LYn,L−1 where m′2 ∈ BJ and un,L−1(m

′
2) ≥ 0. If Yi1,l1Yi2,l2Y

−1
n−1,L /∈ B,

there is m2 ⇀J M2 = m2(mm−1
1 ) (lemma 3.15) such that uj,l(M2) ≥ 2 and v(M2Y

−1
i,0 ) <

v(mY −1
i,0 ), contradiction. So for example Yi2,l2 = Yn−1,L, and m2 ∈ BJ . m2 is not dominant

(because we would have u(m2) ≥ 2), so there is m3 ⇀n m2 such that v(m2m
−1
3 ) = 1 (same

argument as above for the existence of m3). We have m3 = m′3Yi1,l1Y
−1
n−1,L′Yn,L−1Yn,L′−1

where m′3 ∈ BJ and un,L−1(m
′
3) ≥ 0, un,L′−1(m

′
3) ≥ 0.

if Yi1,l1 6= Yn−1,L′ and m′3Y
−1
n−1,L′ ∈ B, there is m3 ⇀ M3 = m3(mm−1

2 ) (lemma 3.15)
such that uj,l(M3) ≥ 2 and v(M3Y

−1
i,0 ) < v(mY −1

i,0 ), contradiction.

if m′3Yi1,l1Y
−1
n−1,L′ ∈ B and L′ 6= L, contradiction as above.

if Yi1,l1 = Yn−1,L′, we have i1 = i2 = n− 1, so l1 = l2 and L′ = L.

So in all cases L′ = L, and un,L(m3) ≥ 2.

Lemma 5.3. Let j ∈ I and m ∈ D(Yi,0) ∩ Bj such that uj(m) = 2. For L, L′ ∈ Z such
that m(j) = Yj,LYj,L′, we have L 6= L′.

Proof : It follows from lemma 5.2 that we can suppose that j = n and that for v(m′Y −1
i,0 ) ≤

v(mY −1
i,0 ), for all j ∈ J, l ∈ Z, uj,l(m

′) ≤ 1. Let M such that ∃l ∈ Z, un,l(M) ≥ 2

and suppose that v(MY −1
i,0 ) is minimal with this property. Let L be maximal such that

un,L−1(M) ≥ 2. First it follows from lemma 4.5 that M ∈ Bn. We have M →n M ′ =
MA−1

n,L and the coefficient of M ′ in Ln(M) is at least 2. Suppose that there is j ∈ J such
that M ′ /∈ Bj. Let M ′′ →j M ′. It follows from lemma 3.14 that M ′′ is uniquely determined
by M ′, and that the coefficient of M ′ in Fj(M

′) is 1. But the coefficient of M ′′ in L(Yi,0)
is 1, so it follows from the proposition 3.9 that the coefficient of M ′ is 1, contradiction. So
M ′ ∈ BJ . So M = Y −1

n−1,LM̃ where M̃ ∈ B and un,L−1(M̃) ≥ 2. As un(M) ≥ 2, M /∈ B.
So there is M0 →J M . We have :

M0 = M̃0Yn,L−1Y
−1
n,L−3Y

−1
n,L−5...Y

−1
n,L+1−2p

where M̃0 ∈ B and uJ(M̃0) ≥ 1. But M0 is not right negative, so M0 is dominant (corollary
3.10). But u(M0) ≥ uJ(M̃0) + un,L−1(M0) ≥ 2, contradiction.

So the proposition 5.1 follows from proposition 3.16 and lemma 5.3.
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5.3 Complement for type Bn : degree of monomials

In this section we suppose that C is of type Bn,2 = Bn (n ≥ 2). The aim of this
section is to prove the degrees are bounded (it is a complement independent of the proof
of theorem 3.5) :

Proposition 5.4. For j ∈ I and m ∈ Bj ∩D(Yi,0), then uj(m) ≤ 2.

Note that it follows from proposition 5.1 that we can use the lemma 3.15.

For m ∈ A denote w(m) = (u+
J (m), u−J (m), u+

n (m), u−n (m)).

Suppose that there is j ∈ J and m0 ∈ D(Yi,0) ∩ Bj such that uj(m0) ≥ 3. It follows
from lemma 4.4 that there is m →J m0 such that uJ(m) ≥ 3. Suppose that v(mY −1

i,0 ) is
minimal for this property.

Lemma 5.5. There is M ∈ D(Yi,0) ∩ Bn such that M > m and un(M) ≥ 3.

Proof : We have m ∈ BJ and uJ(m) = 3 : m = Yi1,l1Yi2,l2Yi3,l3m
′ where (m′)(J) = 1. There

is m ↼n m1 = Yi1,l1Yi2,l2Yi3,l3Y
−1
n−1,Lm′1Yn,L−1 where (m′1)

(J) = 1 and un,L−1(m
′
1) ≥ 0. If

Yi1,l1Yi2,l2Yi3,l3Y
−1
n−1,L /∈ B, there is M1 →J m1 such that uJ(M1) ≥ 3, contradiction. So for

example m1 = Yi1,l1Yi2,l2m
′
1Yn,l3−1. There is m1 ↼n m2 = Yi1,l1Yi2,l2Y

−1
n−1,L′m′2Yn,l3−1Yn,L′−1

where (m′2)
(J) = 1 and un,l3−1(m

′
2) ≥ 0, un,L′−1(m

′
2) ≥ 0. It follows from lemma 5.3

that l3 6= L′, so we see as above that for example m2 = Yi1,l1m
′
2Yn,l3−1Yn,l2−1. In the

same way m2 ↼n m3 = m′3Yn,l3−1Yn,l2−1Yn,l1−1 where (m′3)
(J) = 1 and un,l3−1(m

′
3) ≥ 0,

un,l2−1(m
′
3) ≥ 0, un,l1−1(m

′
3) ≥ 0. We can conclude with lemma 4.4.

For m ∈ A, denote w(m) = (u+
J (m), u−J (m), u+

n (m), u−n (m)).

End of the proof of proposition 5.4 :

Suppose that there is M ∈ D(Yi,0) ∩Bn such that un(M) ≥ 3. Suppose that v(MY −1
i,0 ) is

minimal for this property. It follows from lemma 5.5 that for M ′ ∈ D(Yi,0), M ′ ≥ M for
j ∈ J, l ∈ Z, uj,l(M

′) ≤ 2.

We have M ∈ B{1,...,n−2} (if not we would have M ′ →{1,...,n−2} M with M ′ > M and
un(M

′) ≥ 3).

If un(M) = 3 : there is M ←J M1. If vn−1(M1M
−1) = 1, we have w(M1) = (a, 0, 3, 2)

or (a, 0, 2, 1) or (a, 0, 1, 0) where a = 1 or 2. For the first two cases we have u+
n (M1) +

u−n (M1) ≥ 3, so there is M ′
1 →n M1 such that un(M1) ≥ 3, contradiction. For the last

case M1 is dominant with u(M1) ≥ 2, contradiction. So vn−1(M1M
−1) = 2 and w(m1) =

(2, 0, 3, 4) or (2, 0, 2, 3) or (2, 0, 1, 2) or (2, 0, 0, 1). As above we have w(M1) = (2, 0, 0, 1).
Let M2 →n M1. If w(M2) = (1, 0, 1, 0), M2 is dominant with u(M2) ≥ 2, contradiction.
So w(M2) = (2, 1, 1, 0). Let M3 →J M2. If w(M3) = (2, 0, 1, 2), there is M ′

3 > M3

such that un(M
′
3) ≥ 3, contradiction. So w(M3) = (2, 0, 0, 1). We continue and we get an

infinite sequence such that w(M2k) = (2, 1, 1, 0) and w(M2k+1) = (2, 0, 0, 1). Contradiction
because the sequence v(MkY

−1
i,0 ) ≥ 0 decreases strictly.

If un(M) = 4 : there is M ←J M1. If vn−1(M1M
−1) = 1, we have w(M1) = (a, 0, 4, 2)

or (a, 0, 3, 1) or (a, 0, 2, 0) where a = 1 or 2. We see as above that it is impossible.
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So vn−1(M1M
−1) = 2 and w(m1) = (2, 0, 4, 4) or (2, 0, 3, 3) or (2, 0, 2, 2) or (2, 0, 1, 1).

As above we have w(M1) = (2, 0, 1, 1). Let M2 →n M1. If w(M2) = (1, 0, 2, 0), M2 is
dominant with u(M2) ≥ 2, contradiction. So w(M2) = (2, 1, 2, 0). Let M3 →J M2. If
w(M3) = (2, 0, 2, 2), there is M ′

3 > M3 such that un(M ′
3) ≥ 3, contradiction. So w(M3) =

(2, 0, 1, 1). We continue and we get an infinite sequence such that w(M2k) = (2, 1, 2, 0)
and w(M2k+1) = (2, 0, 1, 1). Contradiction because the sequence v(MkY

−1
i,0 ) ≥ 0 decreases

strictly.

6 Type Cn

6.1 Statement

Let g be of type Cn (n ≥ 2). For i ∈ {2, ..., n− 1}, l ∈ Z :

Ai,l = Yi,l+1Yi,l−1Y
−1
i−1,lY

−1
i+1,l

A1,l = Y1,l+1Y1,l−1Y
−1
2,l , An,l = Yn,l+2Yn,l−2Y

−1
n−1,l+1Y

−1
n−1,l−1

In particular for all i ∈ I, l ∈ Z, u(A−1
i,l ) ≤ 0. So m ≤ m′ ⇒ u(m) ≤ u(m′).

In this section we prove :

Proposition 6.1. The property of theorem 3.5 is true for g of type Cn (n ≥ 2).

Denote J = {1, ..., n− 1} ⊂ I.

Note that as in the previous section we could consider a type Cn,p (transposition of type
Bn,p). But it seems more difficult to deal with. Moreover the type Cn, Bn,p suffice for the
applications on q, t-characters (section 7).

6.2 Proof of proposition 6.1

We can suppose Yi,L = Yi,0 (proposition 3.12).

Lemma 6.2. (i) For m ∈ Bn ∩D(Yi,0), we have un(m) ≤ 1.

(ii) For j ≤ n− 1 and m ∈ Bj ∩D(Yi,0), we have uj(m) ≤ 2.

(iii) Let j ≤ n− 1 and m ∈ D(Yi,0)∩Bj such that uj(m) = 2. For L, L′ ∈ Z such that
m(j) = Yj,LYj,L′, we have L 6= L′.

Proof : (i) suppose that there is m1 ∈ Bn∩D(Yi,0) such that un(m1) ≥ 2. Let m2 →J m1.
We have un(m2) ≥ 2 − vn−1(m2m

−1
1 ). But uJ(m2) ≥ vn−1(m2m

−1
1 ) (lemma 4.2) and so

u(m2) = uJ(m2) + un(m2) ≥ 2. As Yi,0 ≥ m2 it is impossible.

(ii) suppose that there is j ≤ n − 1 and m1 ∈ Bj ∩ D(Yi,0) such that uj(m1) ≥ 3. Let
m2 →J m1. Then we have uJ(m2) ≥ 3 (lemma 4.4) and so u(m2) ≥ 3 + un(m1) ≥ 2 (it
follows from (i) that un(m1) ≥ −1). Contradiction.
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(iii) let j 6= n and m1 ∈ D(Yi,0) ∩ Bj such that m
(j)
1 = Y 2

j,L. We can suppose that
v(m1m

−1) is minimal. Let m2 →J m1. It follows from lemma 4.5 for gJ of type An−1

that m
(J)
2 = Yi1,L1Yi2,L2 with i2 − i1 ≥ |L1 − L2| and (i2 − i1) − (L2 − L1) is even. As

u(m2) ≤ 1 and un(m2) ≥ −1, we have un(m2) = −1 and uJ(m2) = 2. In particular
m2 = Yi1,L1Yi2,L2Y

−1
n,K. There is m2 ←n m3 = Yi1,L1Yi2,L2Y

−1
n−1,K−1Y

−1
n−1,K−3Yn,K−4. We are

in one the following cases α, β, γ, δ :

α) Yi1,L1Yi2,L2Y
−1
n−1,K−1Y

−1
n−1,K−3 = 1 : impossible because i1 = i2 ⇒ L1 = L2.

β) Yi1,L1Yi2,L2Y
−1
n−1,K−1Y

−1
n−1,K−3 = Yi1,L1Y

−1
n−1,K−1 6= 1 (or in the same way

Yi1,L1Y
−1
n−1,K−1 6= 1). There is m3 ←n−1 m4 = m3An−1,K−2. In particular

m
(n)
4 = Yn,K−4Y

−1
n,K−2, contradiction with (i).

γ) Yi1,L1Yi2,L2Y
−1
n−1,K−1Y

−1
n−1,K−3 = Yi1,L1Y

−1
n−1,K−3 6= 1 (or in the same way

Yi2,L2Y
−1
n−1,K−3 6= 1). In particular i2 = n− 1, l2 = K − 1 and m3 = Yi1,L1Y

−1
n−1,K−3Yn,K−4.

Let J ′ = {i1 + 1, ..., n− 1} (J ′ can be empty) and :

m3 ←J ′ m4 = Yi1,L1Y
−1
i1,K−2−n+i1

Yi1+1,K−3−n+i1

If Yi1,L1Y
−1
i1,K−2−n+i1

6= 1, let m5 →i1 m4. If i1 = 1, we have u(m5) = 2, impossible.
If i1 ≥ 2, we have m5 = Y −1

i1−1,K−3−n+i1
Yi1,L1Yi1,K−4−n+i1. Let J ′′ = {1, ..., i1 − 1} and

m5 ←J ′′ m6 = Y1,K′Yi1,L1 . We have u(m6) = 2, impossible. So Yi1,L1 = Yi1,K−2−n+i1, that
is to say L1 = K−2−n+ i1. So L2−L1 = n− i1 +1 = i2− i1 +2 > i2− i1, contradiction.

δ) {(i1, L1), (i2, L2)} ∩ {(n − 1, K − 1), (n − 1, K − 3)} is empty : there is m3 →J

m4 = m3(m1m
−1
2 ) such that m

(j)
4 = Y 2

j,l (lemma 3.15) and v(m4m
−1) < v(m1m

−1),
contradiction.

The proposition 6.1 follows from proposition 3.16 and lemma 6.2.

7 Application to q, t-characters

In this section we state and prove the two main results of this paper on q, t-characters :
theorems 7.4 and 7.6.

7.1 Reminder on q, t-characters [N2, N3, He1, He2, He3]

We define the product ∗t on A × (A⊗ Z[t±]) such that : for (m, v), (m′, v′) ∈ A× A
(m, m′, v, v′ monomials) :

(m, v) ∗t (m′, v′) = tD((m,v),(m′ ,v′))(mm′, vv′)

where D((m, v), (m′, v′)) is :

∑

i∈I,l∈Z

2ui,l+ri
(m)vi,l(v

′) + 2vi,l+ri
(v)ui,l(m

′) + vi,l+ri
(v)ui,l(v

′) + ui,l+ri
(v)vi,l(v

′)
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(see [N3] for the ADE-case and [He2, He3] for other cases ; if B(z) is not symmetric, the
definition is slightly different as explained in [He3], section 7.3.3).

Let Yt = Y ⊗Z Z[t±]. One can define Ki,t, Kt ⊂ Yt with deformed screening operators (see
[He1, He3]).

Definition 7.1. We say that a Z-linear map χq,t : Rep → Yt is a morphism of q, t-
characters if :

1) For M a Rep-monomial define m =
∏

i∈I,l∈Z

(Yi,l)
xi,l(M) ∈ B. We have :

χq,t(M) = m +
∑

m′<m

am′(t)m′ (where am′(t) ∈ Z[t±])

2) The image of χq,t is contained in Kt.

3) Let M1, M2 be Rep-monomials. If max{l/
∑
i∈I

xi,l(M1) > 0} ≤ min{l/
∑
i∈I

xi,l(M2) > 0}

then :

(M1M2, (M1M2)
−1χq,t(M1M2)) = (M1, M

−1
1 χq,t(M1)) ∗t (M2, M

−1
2 χq,t(M2))

Those properties are generalizations of the axioms that Nakajima [N3] defined for the
ADE-case.

Theorem 7.2. ([N3, He2, He3]) For C such that i 6= j ⇒ Ci,jCj,i ≤ 3, there is a unique
morphism of q, t-characters.

This result (among others) was proved by Nakajima [N3] for C of type ADE. For C finite
it is proved in [He2], and for C such that i 6= j ⇒ Ci,jCj,i ≤ 3 in [He3]. The existence of
χq,t for symmetric toroidal type is also mentioned in [N5] (it includes quantum affine and
toroidal algebras except A

(1)
1 , A

(2)
2 ). A generalization of this result if given in section 7.3.

In [He2] we defined a t-deformed algorithm : for m ∈ B, if it is well-defined it gives an
element Ft(m) ∈ Kt such that m is the unique dominant monomial of Ft(m) (an algorithm
was also used by Nakajima in the ADE-case in [N2]). If we set t = 1 we get the classical
algorithm. It follows from theorem 7.2 that the t-deformed algorithm is well defined if
i 6= j ⇒ Ci,jCj,i ≤ 3. We proved in [He2] that if the t-deformed algorithm is well-defined,
for i ∈ I, j ∈ I, l ∈ Z : Ft(Yi,l)Ft(Yj,l) = Ft(Yj,l)Ft(Yi,l).

Note that χq,t is injective and we have (see [He2]) :

χq,t(
∏

i∈I,l∈Z

X
xi,l

i,l ) =
→∏

l∈Z

∏

i∈I

Ft(Yi,l)
xi,l

= ...(
∏

i∈I

Ft(Yi,l−1)
xi,l−1)(

∏

i∈I

Ft(Yi,l)
xi,l)(

∏

i∈I

Ft(Yi,l+1)
xi,l+1)... (33)
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7.2 Technical complement

Proposition 7.3. (i) Let m ∈ Bj such that for all l ∈ Z, uj,l(m) ≤ 1. Then Fi,t(m) =
Fi(m) = Li(m) and all coefficients are equal to 1.

(ii) Let i ∈ I such that all m ∈ D(Yi,L) verifies : for j ∈ I, if m ∈ Bj then ∀l ∈
Z, uj,l(m) ≤ 1. Then Ft(Yi,L) = F (Yi,L) = L(Yi,L) ∈ Yt is in Kt and all coefficients are
equal to 1.

Proof : (i) Direct consequence of the lemma 4.13 of [He2].

(ii) Let j be in I and consider the decomposition of proposition 3.9 :

L(Yi,L) =
∑

m′∈Bj∩D(Yi,L))

λj(m
′)Lj(m

′)

But it follows from (i) that m′ ∈ Bj ∩D(Yi,L) implies that Lj(m
′) = Fj,t(m

′). And so :

L(Yi,l) =
∑

m′∈Bj∩D(Yi,L)

λj(m
′)Fj,t(m

′) ∈ Kj,t

So L(Yi,L) ∈ Kt and Ft(Yi,L) = L(Yi,L) = F (Yi,l).

7.3 New results for q, t-characters

First the theorem 3.5 allows to generalize the theorem 7.2 :

Theorem 7.4. For C such that i 6= j ⇒ min{−Ci,j,−Cj,i} ≤ 1, there is a unique
morphism of q, t-characters and the t-deformed algorithm is well-defined.

Proof : We follow the proof of [He3] with the help of theorem 3.5 and proposition 7.3 : the
t-deformed algorithm is well-defined for C of rank 2 such that C1,1 = C2,2 = 2, C2,1 = −p,
C1,2 = −1 (case B2,p). Consider the duality τ : Yt → Yt, τ(Y1,l) = Y2,l, τ(Y2,l) = Y1,l. By
considering the τ(L(Yi,a)) for C of type B2,p, we see that the t-deformed algorithm is also
well-defined for C of rank 2 such that C1,1 = C2,2 = 2, C1,2 = −p, C2,1 = −1. We can
conclude as in [He3].

Note that it includes the case of a quantum toroidal algebra of type A
(2)
2 which was not

treated in [He3].

If follows also from theorem 3.5 and proposition 7.3 :

Proposition 7.5. Let g be of type An (n ≥ 1), A
(1)
l (l ≥ 2), Bn,p (n ≥ 2, p ≥ 2) or Cn

(n ≥ 2). For i ∈ I, a ∈ C∗, we have χq,t(Vi(a)) = χq(Vi(a)) and all coefficients are equal
to 1.

We prove a conjecture of [He2] :
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Theorem 7.6. Let Uq(ĝ) be a quantum affine algebra (C finite) and M be a standard
module of Uq(ĝ). The coefficients of χq,t(M) are in N[t±] and the monomials of χq,t(M)
are the monomials of χq(M).

In particular the q, t-characters for quantum affine algebras have a finite number of mo-
nomials and this result shows that the q, t-characters of [He2] can be considered as a
t-deformation of q-characters for all quantum affine algebras. In particular it is an argu-
ment for the existence of a geometric model behind the q, t-characters in non simply-laced
cases.

Proof : If follows from formula (33) in section 7.1 that it suffices to look at the Ft(Yi,l).
We do it with a case by case investigation :

the case ADE follows from the work of Nakajima [N3]

the case BC follows from theorem 3.5 and proposition 7.5 (ii)

the case G2 follows from an explicit computation in [He2]

the case F4 follows from an explicit computation on computer (see section 8).

8 Appendix : explicit computations on computer for

type F4

The proof of theorem theorem 7.6 for type F4 is based on an explicit computations on
computer (program written in C with Travis Schedler).

For type F4 there are 4 fundamental representations (see [Bo] for the numbers on the
Dynkin diagram) : dim(V1(a)) = 26 (26 monomials), dim(V1(a)) = 299 (283 monomials),
dim(V1(a)) = 1703 (1532 monomials), dim(V1(a)) = 53 (53 monomials). We checked that
the coefficients are in N[t±]. We give an explicit list of terms of fundamental representations
of type F4 whose coefficient is not 1 (the complete list of monomials can be found on
http ://www.dma.ens.fr/∼dhernand/f4monomials.pdf). We can see that the coefficient
are all (t + t−1) ∈ N[t±]. They appear only in fundamental representations 2 and 3 :

Fundamental Representation 2 :

Monomial 70 : (t−1 + t) Y1,10Y2,7Y
−1
2,9 Y −1

2,11Y4,6

Monomial 87 : (t−1 + t) Y −1
1,12Y2,7Y

−1
2,9 Y4,6

Monomial 89 : (t−1 + t) Y1,10Y2,7Y
−1
2,9 Y −1

2,11Y3,8Y
−1
4,10

Monomial 105 : (t−1 + t) Y −1
1,12Y2,7Y

−1
2,9 Y3,8Y

−1
4,10

Monomial 109 : (t−1 + t) Y1,10Y2,7Y
−1
3,12

Monomial 120 : (t−1 + t) Y1,8Y1,10Y
−1
2,9 Y3,8Y

−1
3,12

Monomial 124 : (t−1 + t) Y −1
1,12Y2,7Y2,11Y

−1
3,12

Monomial 142 : (t−1 + t) Y2,7Y
−1
2,13

Monomial 143 : (t−1 + t) Y1,8Y
−1
1,12Y

−1
2,9 Y2,11Y3,8Y

−1
3,12

Monomial 151 : (t−1 + t) Y −1
1,10Y

−1
1,12Y2,11Y3,8Y

−1
3,12

Monomial 155 : (t−1 + t) Y1,8Y
−1
2,9 Y −1

2,13Y3,8
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Monomial 168 : (t−1 + t) Y −1
1,10Y

−1
2,13Y3,8

Monomial 173 : (t−1 + t) Y1,8Y2,11Y
−1
2,13Y

−1
3,12Y4,10

Monomial 188 : (t−1 + t) Y −1
1,10Y2,9Y2,11Y

−1
2,13Y

−1
3,12Y4,10

Monomial 193 : (t−1 + t) Y1,8Y2,11Y
−1
2,13Y

−1
4,14

Monomial 206 : (t−1 + t) Y −1
1,10Y2,9Y2,11Y

−1
2,13Y

−1
4,14

Fundamental Representation 3 :

Monomial 64 : (t−1 + t) Y1,3Y1,9Y2,6Y
−1
2,8 Y −1

2,10Y4,5

Monomial 90 : (t−1 + t) Y −1
1,5 Y1,9Y2,4Y2,6Y

−1
2,8 Y −1

2,10Y4,5

Monomial 91 : (t−1 + t) Y3,5Y
−1
3,9 Y4,5

Monomial 93 : (t−1 + t) Y1,3Y
−1
1,11Y2,6Y

−1
2,8 Y4,5

Monomial 96 : (t−1 + t) Y1,3Y1,9Y2,6Y
−1
2,8 Y −1

2,10Y3,7Y
−1
4,9

Monomial 117 : (t−1 + t) Y −1
1,5 Y −1

1,11Y2,4Y2,6Y
−1
2,8 Y4,5

Monomial 125 : (t−1 + t) Y −1
1,5 Y1,9Y2,4Y2,6Y

−1
2,8 Y −1

2,10Y3,7Y
−1
4,9

Monomial 126 : (t−1 + t) Y3,5Y3,7Y
−1
3,9 Y −1

4,9

Monomial 128 : (t−1 + t) Y1,3Y
−1
1,11Y2,6Y

−1
2,8 Y3,7Y

−1
4,9

Monomial 138 : (t−1 + t) Y1,3Y1,9Y2,6Y
−1
3,11

Monomial 152 : (t−1 + t) Y −1
1,5 Y −1

1,11Y2,4Y2,6Y
−1
2,8 Y3,7Y

−1
4,9

Monomial 159 : (t−1 + t) Y2,8Y2,10Y3,5Y
−1
3,9 Y −1

3,11

Monomial 162 : (t−1 + t) Y1,3Y1,7Y1,9Y
−1
2,8 Y3,7Y

−1
3,11

Monomial 165 : (t−1 + t) Y1,3Y
−1
1,11Y2,6Y2,10Y

−1
3,11

Monomial 166 : (t−1 + t) Y −1
1,5 Y1,9Y2,4Y2,6Y

−1
3,11

Monomial 194 : (t−1 + t) Y −1
1,5 Y −1

1,11Y2,4Y2,6Y2,10Y
−1
3,11

Monomial 208 : (t−1 + t) Y −1
1,5 Y1,7Y1,9Y2,4Y

−1
2,8 Y3,7Y

−1
3,11

Monomial 209 : (t−1 + t) Y1,11Y2,8Y
−1
2,12Y3,5Y

−1
3,9

Monomial 220 : (t−1 + t) Y1,3Y2,6Y
−1
2,12

Monomial 221 : (t−1 + t) Y1,3Y1,7Y
−1
1,11Y

−1
2,8 Y2,10Y3,7Y

−1
3,11

Monomial 237 : (t−1 + t) Y1,9Y1,11Y
−1
2,10Y

−1
2,12Y3,5

Monomial 238 : (t−1 + t) Y1,7Y1,9Y
−1
2,6 Y −1

2,8 Y3,5Y3,7Y
−1
3,11

Monomial 251 : (t−1 + t) Y −1
1,5 Y2,4Y2,6Y

−1
2,12

Monomial 252 : (t−1 + t) Y1,3Y
−1
1,9 Y −1

1,11Y2,10Y3,7Y
−1
3,11

Monomial 253 : (t−1 + t) Y −1
1,5 Y1,7Y

−1
1,11Y2,4Y

−1
2,8 Y2,10Y3,7Y

−1
3,11

Monomial 257 : (t−1 + t) Y1,3Y1,7Y
−1
2,8 Y −1

2,12Y3,7

Monomial 281 : (t−1 + t) Y −1
1,13Y2,8Y3,5Y

−1
3,9

Monomial 289 : (t−1 + t) Y −1
1,5 Y −1

1,9 Y −1
1,11Y2,4Y2,10Y3,7Y

−1
3,11

Monomial 294 : (t−1 + t) Y1,7Y1,9Y3,7Y
−1
3,9 Y −1

3,11Y4,7

Monomial 296 : (t−1 + t) Y1,9Y1,11Y2,6Y2,8Y
−1
2,10Y

−1
2,12Y

−1
3,9 Y4,7

Monomial 298 : (t−1 + t) Y1,3Y
−1
1,9 Y −1

2,12Y3,7

Monomial 300 : (t−1 + t) Y −1
1,5 Y1,7Y2,4Y

−1
2,8 Y −1

2,12Y3,7

Monomial 303 : (t−1 + t) Y1,7Y
−1
1,11Y

−1
2,6 Y −1

2,8 Y2,10Y3,5Y3,7Y
−1
3,11

Monomial 320 : (t−1 + t) Y1,9Y
−1
1,13Y

−1
2,10Y3,5

Monomial 332 : (t−1 + t) Y1,3Y1,7Y2,10Y
−1
2,12Y

−1
3,11Y4,9
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Monomial 351 : (t−1 + t) Y −1
1,5 Y −1

1,9 Y2,4Y
−1
2,12Y3,7

Monomial 353 : (t−1 + t) Y1,7Y
−1
2,6 Y −1

2,8 Y −1
2,12Y3,5Y3,7

Monomial 359 : (t−1 + t) Y −1
1,9 Y −1

1,11Y
−1
2,6 Y2,10Y3,5Y3,7Y

−1
3,11

Monomial 361 : (t−1 + t) Y1,7Y
−1
1,11Y2,10Y3,7Y

−1
3,9 Y −1

3,11Y4,7

Monomial 362 : (t−1 + t) Y −1
1,11Y

−1
1,13Y3,5

Monomial 368 : (t−1 + t) Y1,7Y1,9Y3,7Y
−1
3,11Y

−1
4,11

Monomial 370 : (t−1 + t) Y1,9Y1,11Y2,6Y2,8Y
−1
2,10Y

−1
2,12Y

−1
4,11

Monomial 382 : (t−1 + t) Y1,3Y
−1
1,9 Y2,8Y2,10Y

−1
2,12Y

−1
3,11Y4,9

Monomial 384 : (t−1 + t) Y −1
1,5 Y1,7Y2,4Y2,10Y

−1
2,12Y

−1
3,11Y4,9

Monomial 394 : (t−1 + t) Y1,9Y
−1
1,13Y2,6Y2,8Y

−1
2,10Y

−1
3,9 Y4,7

Monomial 399 : (t−1 + t) Y1,3Y1,7Y2,10Y
−1
2,12Y

−1
4,13

Monomial 414 : (t−1 + t) Y −1
1,9 Y −1

2,6 Y −1
2,12Y3,5Y3,7

Monomial 422 : (t−1 + t) Y −1
1,5 Y −1

1,9 Y2,4Y2,8Y2,10Y
−1
2,12Y

−1
3,11Y4,9

Monomial 428 : (t−1 + t) Y −1
1,9 Y −1

1,11Y2,8Y2,10Y3,7Y
−1
3,9 Y −1

3,11Y4,7

Monomial 431 : (t−1 + t) Y1,7Y
−1
1,11Y2,10Y3,7Y

−1
3,11Y

−1
4,11

Monomial 432 : (t−1 + t) Y −1
1,11Y

−1
1,13Y2,6Y2,8Y

−1
3,9 Y4,7

Monomial 436 : (t−1 + t) Y1,7Y
−1
2,6 Y2,10Y

−1
2,12Y3,5Y

−1
3,11Y4,9

Monomial 438 : (t−1 + t) Y1,7Y
−1
2,12Y3,7Y

−1
3,9 Y4,7

Monomial 461 : (t−1 + t) Y1,3Y
−1
1,9 Y2,8Y2,10Y

−1
2,12Y

−1
4,13

Monomial 463 : (t−1 + t) Y −1
1,5 Y1,7Y2,4Y2,10Y

−1
2,12Y

−1
4,13

Monomial 469 : (t−1 + t) Y1,9Y
−1
1,13Y2,6Y2,8Y

−1
2,10Y

−1
4,11

Monomial 495 : (t−1 + t) Y −1
1,5 Y −1

1,9 Y2,4Y2,8Y2,10Y
−1
2,12Y

−1
4,13

Monomial 498 : (t−1 + t) Y1,9Y
−1
1,11Y

−1
1,13Y2,6Y

−1
2,10Y4,7

Monomial 500 : (t−1 + t) Y −1
1,9 Y2,8Y

−1
2,12Y3,7Y

−1
3,9 Y4,7

Monomial 502 : (t−1 + t) Y1,7Y2,8Y2,10Y
−1
2,12Y

−1
3,9 Y −1

3,11Y4,7Y4,9

Monomial 505 : (t−1 + t) Y −1
1,9 Y −1

2,6 Y2,8Y2,10Y
−1
2,12Y3,5Y

−1
3,11Y4,9

Monomial 512 : (t−1 + t) Y −1
1,9 Y −1

1,11Y2,8Y2,10Y3,7Y
−1
3,11Y

−1
4,11

Monomial 514 : (t−1 + t) Y −1
1,11Y

−1
1,13Y2,6Y2,8Y

−1
4,11

Monomial 526 : (t−1 + t) Y1,7Y
−1
2,6 Y2,10Y

−1
2,12Y3,5Y

−1
4,13

Monomial 528 : (t−1 + t) Y1,7Y
−1
2,12Y3,7Y

−1
4,11

Monomial 564 : (t−1 + t) Y −1
2,10Y

−1
2,12Y3,7Y4,7

Monomial 575 : (t−1 + t) Y1,7Y1,9Y
−1
1,11Y

−1
1,13Y

−1
2,8 Y −1

2,10Y3,7Y4,7

Monomial 577 : (t−1 + t) Y −1
1,9 Y 2

2,8Y2,10Y
−1
2,12Y

−1
3,9 Y −1

3,11Y4,7Y4,9

Monomial 581 : (t−1 + t) Y1,9Y
−1
1,11Y

−1
1,13Y2,6Y

−1
2,10Y3,9Y

−1
4,11

Monomial 583 : (t−1 + t) Y −1
1,9 Y2,8Y

−1
2,12Y3,7Y

−1
4,11

Monomial 586 : (t−1 + t) Y1,7Y2,8Y2,10Y
−1
2,12Y

−1
3,9 Y4,7Y

−1
4,13

Monomial 591 : (t−1 + t) Y −1
1,9 Y −1

2,6 Y2,8Y2,10Y
−1
2,12Y3,5Y

−1
4,13

Monomial 622 : (t−1 + t) Y1,7Y2,8Y2,10Y
−1
2,12Y

−1
3,11Y4,9Y

−1
4,11

Monomial 648 : (t−1 + t) Y −1
2,10Y

−1
2,12Y3,7Y3,9Y

−1
4,11

Monomial 656 : (t−1 + t) Y2,8Y
−1
2,12Y

−1
3,11Y4,7Y4,9

Monomial 657 : (t−1 + t) Y1,7Y1,9Y
−1
1,11Y

−1
1,13Y

−1
2,8 Y −1

2,10Y3,7Y3,9Y
−1
4,11

Monomial 666 : (t−1 + t) Y1,7Y1,9Y
−1
1,11Y

−1
1,13Y

−1
3,11Y4,7Y4,9
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Monomial 669 : (t−1 + t) Y1,7Y2,8Y2,10Y
−1
2,12Y

−1
4,11Y

−1
4,13

Monomial 672 : (t−1 + t) Y −1
1,9 Y 2

2,8Y2,10Y
−1
2,12Y

−1
3,9 Y4,7Y

−1
4,13

Monomial 694 : (t−1 + t) Y1,9Y
−1
1,11Y

−1
1,13Y2,6Y2,12Y

−1
3,13

Monomial 696 : (t−1 + t) Y −1
1,9 Y 2

2,8Y2,10Y
−1
2,12Y

−1
3,11Y4,9Y

−1
4,11

Monomial 729 : (t−1 + t) Y1,11Y2,8Y
−1
2,10Y

−2
2,12Y4,7Y4,9

Monomial 755 : (t−1 + t) Y −1
1,9 Y 2

2,8Y2,10Y
−1
2,12Y

−1
4,11Y

−1
4,13

Monomial 764 : (t−1 + t) Y2,8Y
−1
2,12Y4,7Y

−1
4,13

Monomial 765 : (t−1 + t) Y1,7Y1,9Y
−1
1,11Y

−1
1,13Y4,7Y

−1
4,13

Monomial 767 : (t−1 + t) Y2,8Y
−1
2,12Y3,9Y

−1
3,11Y4,9Y

−1
4,11

Monomial 768 : (t−1 + t) Y1,7Y1,9Y
−1
1,11Y

−1
1,13Y3,9Y

−1
3,11Y4,9Y

−1
4,11Y2,6Y2,8Y

−1
2,12Y

−1
2,14Y

−1
3,9 Y3,11

Monomial 770 : (t−1 + t) Y1,9Y
−1
1,11Y2,6Y

−1
2,14

Monomial 771 : (t−1 + t) Y1,7Y1,9Y
−1
1,11Y

−1
1,13Y

−1
2,8 Y2,12Y3,7Y

−1
3,13

Monomial 772 : (t−1 + t) Y3,7Y
−1
3,13

Monomial 815 : (t−1 + t) Y1,11Y2,8Y
−1
2,10Y

−2
2,12Y3,11Y4,7Y

−1
4,13

Monomial 818 : (t−1 + t) Y1,11Y2,8Y
−1
2,10Y

−2
2,12Y3,9Y4,9Y

−1
4,11

Monomial 822 : (t−1 + t) Y1,7Y1,9Y
−1
1,11Y

−1
2,8 Y −1

2,14Y3,7

Monomial 834 : (t−1 + t) Y −1
1,13Y2,8Y

−1
2,10Y

−1
2,12Y4,7Y4,9

Monomial 840 : (t−1 + t) Y2,8Y2,10Y
−1
3,11Y

−1
3,13Y4,9

Monomial 844 : (t−1 + t) Y2,8Y
−1
2,12Y3,9Y

−1
4,11Y

−1
4,13

Monomial 845 : (t−1 + t) Y1,7Y1,9Y
−1
1,11Y

−1
1,13Y2,10Y2,12Y

−1
3,11Y

−1
3,13Y4,9

Monomial 849 : (t−1 + t) Y1,7Y1,9Y
−1
1,11Y

−1
1,13Y3,9Y

−1
4,11Y

−1
4,13

Monomial 907 : (t−1 + t) Y1,11Y2,8Y
−1
2,10Y

−2
2,12Y3,9Y3,11Y

−1
4,11Y

−1
4,13

Monomial 911 : (t−1 + t) Y1,11Y2,8Y
−1
2,10Y

−1
2,12Y2,14Y

−1
3,15Y4,7

Monomial 916 : (t−1 + t) Y2,8Y2,10Y
−1
3,13Y

−1
4,13

Monomial 920 : (t−1 + t) Y1,11Y2,8Y
−1
2,12Y

−1
3,13Y4,9

Monomial 928 : (t−1 + t) Y −1
1,13Y2,8Y

−1
2,10Y

−1
2,12Y3,11Y4,7Y

−1
4,13

Monomial 930 : (t−1 + t) Y −1
1,13Y2,8Y

−1
2,10Y

−1
2,12Y3,9Y4,9Y

−1
4,11

Monomial 950 : (t−1 + t) Y1,7Y1,9Y
−1
1,11Y

−1
1,13Y2,10Y2,12Y

−1
3,13Y

−1
4,13

Monomial 953 : (t−1 + t) Y1,7Y1,9Y
−1
1,11Y2,10Y

−1
2,14Y

−1
3,11Y4,9

Monomial 979 : (t−1 + t) Y1,11Y1,15Y2,8Y
−1
2,10Y

−1
2,12Y

−1
2,16Y4,7

Monomial 981 : (t−1 + t) Y1,9Y1,11Y
−1
2,10Y

−1
2,12Y3,9Y

−1
3,13Y4,9

Monomial 998 : (t−1 + t) Y −1
1,13Y2,8Y

−1
2,10Y2,14Y

−1
3,15Y4,7

Monomial 1001 : (t−1 + t) Y −1
1,13Y2,8Y

−1
2,10Y

−1
2,12Y3,9Y3,11Y

−1
4,11Y

−1
4,13

Monomial 1005 : (t−1 + t) Y1,11Y2,8Y
−1
2,12Y3,11Y

−1
3,13Y

−1
4,13

Monomial 1016 : (t−1 + t) Y1,11Y2,8Y
−1
2,10Y

−1
2,12Y2,14Y3,9Y

−1
3,15Y

−1
4,11

Monomial 1017 : (t−1 + t) Y1,7Y1,9Y
−1
2,12Y

−1
2,14Y4,9

Monomial 1026 : (t−1 + t) Y −1
1,13Y2,8Y

−1
3,13Y4,9

Monomial 1044 : (t−1 + t) Y1,7Y1,9Y
−1
1,11Y2,10Y

−1
2,14Y

−1
4,13

Monomial 1058 : (t−1 + t) Y1,11Y1,15Y2,8Y
−1
2,10Y

−1
2,12Y

−1
2,16Y3,9Y

−1
4,11

Monomial 1060 : (t−1 + t) Y1,9Y1,11Y
−1
2,10Y

−1
2,12Y3,9Y3,11Y

−1
3,13Y

−1
4,13

Monomial 1074 : (t−1 + t) Y1,11Y
−1
1,17Y2,8Y

−1
2,10Y

−1
2,12Y4,7

Monomial 1075 : (t−1 + t) Y −1
1,13Y1,15Y2,8Y

−1
2,10Y

−1
2,16Y4,7
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Monomial 1076 : (t−1 + t) Y1,7Y
−1
1,11Y2,10Y

−1
2,12Y

−1
2,14Y4,9

Monomial 1078 : (t−1 + t) Y1,9Y
−1
1,13Y

−1
2,10Y3,9Y

−1
3,13Y4,9

Monomial 1079 : (t−1 + t) Y1,11Y2,8Y2,14Y
−1
3,13Y

−1
3,15

Monomial 1085 : (t−1 + t) Y −1
1,13Y2,8Y3,11Y

−1
3,13Y

−1
4,13

Monomial 1096 : (t−1 + t) Y −1
1,13Y2,8Y

−1
2,10Y2,14Y3,9Y

−1
3,15Y

−1
4,11

Monomial 1101 : (t−1 + t) Y1,7Y1,9Y
−1
2,12Y

−1
2,14Y3,11Y

−1
4,13

Monomial 1123 : (t−1 + t) Y −1
1,13Y

−1
1,17Y2,8Y

−1
2,10Y4,7

Monomial 1137 : (t−1 + t) Y −1
1,9 Y −1

1,11Y2,8Y2,10Y
−1
2,12Y

−1
2,14Y4,9

Monomial 1138 : (t−1 + t) Y −1
1,11Y

−1
1,13Y3,9Y

−1
3,13Y4,9

Monomial 1140 : (t−1 + t) Y1,9Y1,11Y
−1
2,10Y2,14Y3,9Y

−1
3,13Y

−1
3,15

Monomial 1146 : (t−1 + t) Y1,11Y1,15Y2,8Y
−1
2,16Y

−1
3,13

Monomial 1154 : (t−1 + t) Y1,11Y
−1
1,17Y2,8Y

−1
2,10Y

−1
2,12Y3,9Y

−1
4,11

Monomial 1155 : (t−1 + t) Y −1
1,13Y1,15Y2,8Y

−1
2,10Y

−1
2,16Y3,9Y

−1
4,11

Monomial 1156 : (t−1 + t) Y1,7Y
−1
1,11Y2,10Y

−1
2,12Y

−1
2,14Y3,11Y

−1
4,13

Monomial 1158 : (t−1 + t) Y1,9Y
−1
1,13Y

−1
2,10Y3,9Y3,11Y

−1
3,13Y

−1
4,13

Monomial 1160 : (t−1 + t) Y −1
1,13Y2,8Y2,12Y2,14Y

−1
3,13Y

−1
3,15

Monomial 1177 : (t−1 + t) Y1,7Y1,9Y
−1
3,15

Monomial 1191 : (t−1 + t) Y1,9Y1,11Y1,15Y
−1
2,10Y

−1
2,16Y3,9Y

−1
3,13

Monomial 1193 : (t−1 + t) Y −1
1,13Y

−1
1,17Y2,8Y

−1
2,10Y3,9Y

−1
4,11

Monomial 1204 : (t−1 + t) Y −1
1,9 Y −1

1,11Y2,8Y2,10Y
−1
2,12Y

−1
2,14Y3,11Y

−1
4,13

Monomial 1205 : (t−1 + t) Y −1
1,11Y

−1
1,13Y3,9Y3,11Y

−1
3,13Y

−1
4,13

Monomial 1209 : (t−1 + t) Y1,9Y
−1
1,13Y

−1
2,10Y2,12Y2,14Y3,9Y

−1
3,13Y

−1
3,15

Monomial 1231 : (t−1 + t) Y1,11Y
−1
1,17Y2,8Y

−1
3,13

Monomial 1232 : (t−1 + t) Y −1
1,13Y1,15Y2,8Y2,12Y

−1
2,16Y

−1
3,13

Monomial 1239 : (t−1 + t) Y1,7Y
−1
1,11Y2,10Y

−1
3,15

Monomial 1256 : (t−1 + t) Y −1
1,13Y

−1
1,17Y2,8Y2,12Y

−1
3,13

Monomial 1263 : (t−1 + t) Y −1
1,11Y

−1
1,13Y2,12Y2,14Y3,9Y

−1
3,13Y

−1
3,15

Monomial 1276 : (t−1 + t) Y1,7Y
−1
2,12Y3,11Y

−1
3,15

Monomial 1277 : (t−1 + t) Y1,15Y2,8Y
−1
2,14Y

−1
2,16

Monomial 1278 : (t−1 + t) Y1,9Y
−1
1,13Y1,15Y

−1
2,10Y2,12Y

−1
2,16Y3,9Y

−1
3,13

Monomial 1284 : (t−1 + t) Y1,9Y1,11Y
−1
1,17Y

−1
2,10Y3,9Y

−1
3,13

Monomial 1288 : (t−1 + t) Y −1
1,9 Y −1

1,11Y2,8Y2,10Y
−1
3,15

Monomial 1305 : (t−1 + t) Y1,9Y1,15Y
−1
2,10Y

−1
2,14Y

−1
2,16Y3,9

Monomial 1310 : (t−1 + t) Y −1
1,17Y2,8Y

−1
2,14

Monomial 1311 : (t−1 + t) Y1,9Y
−1
1,13Y

−1
1,17Y

−1
2,10Y2,12Y3,9Y

−1
3,13

Monomial 1312 : (t−1 + t) Y −1
1,11Y

−1
1,13Y1,15Y2,12Y

−1
2,16Y3,9Y

−1
3,13

Monomial 1317 : (t−1 + t) Y −1
1,9 Y2,8Y

−1
2,12Y3,11Y

−1
3,15

Monomial 1346 : (t−1 + t) Y −1
1,11Y

−1
1,13Y

−1
1,17Y2,12Y3,9Y

−1
3,13

Monomial 1348 : (t−1 + t) Y −1
1,11Y1,15Y

−1
2,14Y

−1
2,16Y3,9

Monomial 1349 : (t−1 + t) Y −11,10Y
−11,12Y

1
2,9Y

1
2,11Y

−12,15

Monomial 1356 : (t−1 + t) Y1,9Y
−1
1,17Y

−1
2,10Y

−1
2,14Y3,9

Monomial 1360 : (t−1 + t) Y1,9Y1,15Y2,12Y
−1
2,14Y

−1
2,16Y

−1
3,13Y4,11
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Monomial 1387 : (t−1 + t) Y −1
1,11Y

−1
1,17Y

−1
2,14Y3,9

Monomial 1392 : (t−1 + t) Y3,11Y
−1
3,13Y

−1
3,15Y4,11

Monomial 1394 : (t−1 + t) Y −1
1,11Y1,15Y2,10Y2,12Y

−1
2,14Y

−1
2,16Y

−1
3,13Y4,11

Monomial 1397 : (t−1 + t) Y1,9Y
−1
1,17Y2,12Y

−1
2,14Y

−1
3,13Y4,11

Monomial 1398 : (t−1 + t) Y1,9Y1,15Y2,12Y
−1
2,14Y

−1
2,16Y

−1
4,15

Monomial 1424 : (t−1 + t) Y −1
1,11Y

−1
1,17Y2,10Y2,12Y

−1
2,14Y

−1
3,13Y4,11

Monomial 1431 : (t−1 + t) Y3,11Y
−1
3,15Y

−1
4,15

Monomial 1433 : (t−1 + t) Y −1
1,11Y1,15Y2,10Y2,12Y

−1
2,14Y

−1
2,16Y

−1
4,15

Monomial 1436 : (t−1 + t) Y1,9Y
−1
1,17Y2,12Y

−1
2,14Y

−1
4,15

Monomial 1452 : (t−1 + t) Y −1
1,11Y

−1
1,17Y2,10Y2,12Y

−1
2,14Y

−1
4,15
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Index des notations

Partie I

A p 31
Â p 22
Ai,a p 21
Bi p 32
B̂i p 22
d p 24
dN p 26
Ei(m) p 22
E0,i(m) p 32
E ′0,i(m) p 36
Fi p 21
F̂t,i p 25
I p 21
Ki p 21
Kt p 32
Kt,i p 32
K′t p 36
K′t,i p 36
K̂t p 22
K̂t,i p 22
K̂t p 22
K̂t,i p 22
πi p 26
Π̃t p 22
Πt p 31
Πt,i p 34
Π̂ p 31
Π̂d p 31
Π̃t,i p 23
Π̃l

t,i p 23
Π̂t,i p 34
Π̂l

t,i p 33
Si p 21
Sl

i p 21
St,i p 34
Sl

t,i p 33
S ′t,i p 36
Ŝt,i p 25

Ŝl
t,i p 23

ui,a p 22
Vi,a p 21
Wi,a p 21
Y p 21
Yi p 21
Y l

i p 21
Yt p 31
Yt,i p 34
Y l

t,i p 33
Ŷt p 21
Ŷt,i p 25
Ŷ l

t,i p 23
(Ŷt)i p 26
Yi,a p 21
∗d p 24
∗ p 26

Partie II

A p 51
At p 53
Ainv

m , Binv
m p 78

∞

At p 64
α p 50
α(m) p 77
ai[m] p 92
Ãi,l, Ã

−1
i,l p 46

Ai,l, A
−1
i,l p 47

B p 51
Bi, BJ p 51
(Bi,j) p 42
β p 50
(Ci,j) p 42
(C̃i,j) p 42
cr p 45
d p 53
Dm,K, Dm p 65
D̃m p 66
Ei(m) p 55
Ei,t(m) p 59
Em

i,t p 64
E(m) p 63
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Et(m) p 67
Fi(m) p 60
Fi,t(m) p 60
F (m) p 63
Ft(m) p 66
γ p 50
H p 45
H+,H− p 45
Hh p 46
Ht p 49
H+

t ,H−t p 49
Ki, KJ , K p 55
Ki,t, KJ,t, Kt p 59
K∞i,t, K

∞
J,t, K

∞
t p 65

χq p 91
χq,t p 73
Li(m) p 56
Lt(m) p 78
: m : p 48
m̃ p 53
N, Nt,N ,Nt p 52
P (n) p 66
π p 51
πr p 49
π+, π− p 45
q p 42
Q(n) p 68
Rep p 91
Rept p 73
s(mr)J , s(mr) p 70
Si p 55
S̃i,l p 56
Si,t p 57
t p 49
tR p 46
ui,l p 51
ui p 51
U p 42
Uq(ĝ) p 43
Uq(ĥ) p 43
Xi,l p 44
yi[m] p 92
Yi,l, Y

−1
i,l p 95

Ỹi,l, Ỹ
−1
i,l p 92

Y p 47
Yt p 92
Y+

t ,Y−t p 49
Yu p 46
Yi,t p 57
Yi,u p 57
Y∞t ,YA,∞

t p 64
YA

t ,YA,K
t p 64

z p 91
:: p 48
∗ p 75

Partie III

As p 95
A, A

s
p 95

Âs,inv, B̂s,inv p 111
→

A,
←

A p 103
α p 93
α(m) p 111
ai[m] p 45
Ãi,l, Ã

−1
i,l p 92

Ai,l, A
−1
i,l p 95

Bi, B p 95
B

s

i , B
s

p 95
Bs, Bs

i p 95
B = (Bi,j) p 90
B(z) p 90
B′(z) p 123
β p 93
C = (Ci,j) p 90
C(z) p 90
C ′(z) p 123
C(m) p 99
(C̃i,j) p 117
cr p 92
d1, d2 p 94
d′1, d

′
2 p 123

D1, D2 p 105
ε p 88
Ei(m) p 104
←

Ei,t(m) p 98
→

Et(m) p 111
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F (m) p 99
F̂t(m) p 99
γ p 117
Ĥ p 92
Ĥh p 92
Ki, K p 97
K̂i,t, K̂t p 97
K̂∞i,t, K̂

∞
t p 99

Ks
i , K

s p 97
K̂s

i,t, K̂
s
t p 97

K̂
s,∞
i,t , K̂∞t p 102

χε p 91
χε,t p 103
χq p 44
χq,t p 101
[l] p 88
→
m,
←
m p 103

ps p 95
πr p 117
Π̂ p 95
P s

m′,m(t) p 111
q p 91
r∨ p 90
ri p 90
Rep p 44
Reps p 91
Reps

t p 115
s p 91
Si p 97
Ss

i p 97
S̃i,l p 97
Si,t p 97
Ss

i,t p 97
t p 92
tR p 92
τs p 102
τs,t p 103
ui,l p 94
u′i,l p 123
Xi,l p 91
yi[m] p 45
Yi,l, Y

−1
i,l p 91

Ỹi,l, Ỹ
−1
i,l p 92

Y p 88
Ŷs

t , Ŷt p 49
Ŷs

u, Ŷu p 92
Ŷi,t p 97
Ŷs

i,t p 97
Ŷ∞t p 98
Ŷs,∞

t p 102
z p 91
∗ p 116

Partie IV

Ã p 149
Ã(i) p 152
Ai,a p 152
αi, α

∨
i p 130

B p 129
β p 147
C p 129
C p 157
C(z) p 129
c(λ) p 146
C̃(z) p 130
C̃ ′(z) p 151
ch p 147
chq p 147
chq,u p 159
D p 129
d(z) p 151
δ(z) p 132
D(λ) p 144
∆ĥ p 157
∆u p 157
E p 146
El p 147
El,u p 159
f

(k)
±,r p 136

φ±(z) p 132
g

(k)
±,r p 137

h p 130
h⊥i p 152
I p 129
kω p 149
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k
(i)
r p 152

K, Ki p 155
χ p 150
χq p 149
l p 129
L(m) p 150
L(λ, Ψ(u)) p 161
L̃(λ, Ψ(u)) p 161
Λi, Λ

∨
i p 130

L(ω) p 143
L(λ, Ψ) p 144
Mq(u) p 135
ν p 130
O(Uq(g)) p 145
O(Uq(ĝ)) p 145
O(Uq(h)) p 145
O(Ũ ′q(ĝ)) p 158
Oint(Uq(ĝ)) p 148
Oint(Ũ ′q(ĝ)) p 162
OR(Ũ ′q(ĝ)) p 159
ω(m) p 149
P, P+ p 130
p p 163
P± p 134
P

(k)
pm p 136

Pl p 143
P+

l p 144
Pl,u p 158
Π, Π∨ p 130
Q, Q+ p 130
QP+

l p 148
QP+

l,u p 161
res p 145
ri p 129
R0 p 151
Rep(Uq(g)) p 150
Rep(Uq(ĝ)) p 150
Rep+(Uq(ĝ)) p 156
Si p 152
Si p 154
S̃i p 152
T p 151
τ± p 139

τ̃± p 141
τi p 153
Ui p 131
Ûi p 134
ui,a(m)0 p 149
Uq(g) p 130
U±q (g) p 131
Uq(h) p 131
Uq(ĝ) p 131
U±q (ĝ) p 133
Uq(ĥ) p 133
U l

q(ĝ), Ũq(ĝ) p 133
Ũ ′q(ĝ),U ′q(ĝ) p 157
Uu

q (ĝ) p 162
Vω p142
x±i (w) p 132
Y ±i,a p 149
Y int p 152
Yi p 152
Y(i)

i p 154
⊗R p 160
∗ p 156

Partie V

Ai,a p 173
A(J) p 173
AJ,±

j,a p 177
BJ p 173
Bn,p p 170
βc p 179
C(z) p 172
Dm p 174
D(m) p 175
F (m) p 174
Ft(m) p 188
h⊥J p 174
kω, k′ω p 173
K, Ki p 174
Kt, Ki,t p 188
χq p 172
χq,t p 188
L(λ, Ψ) p 171



200 INDEX DES NOTATIONS

L(m) p 175
LJ(m) p 177
µI

J p 177
P+

l p 171
QP+

l p 171
τJ p 174
v p 173
Vm p 172
Yi,a p 172
Yµ,Γ p 172
Yt p 188
Zj,c p 173
∗ p 173
∗t p 187
→J p 178
⇀J p 178
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