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Résumé
L∞-déformationsRappelons quelques faits et dé�nitions onernant les L∞-algèbres avant de donnerune introdution à la théorie des déformations qu'on va développer dans le Chapitre 1.
L∞-algèbres Une L∞-algèbre sur un anneau k de aratéristique 0 est par dé�nitionun module Z-gradué L muni d'une suite µ∗ = (µn)n≥0 de morphismes µn : L⊗n −→ Lgradués antisymétriques de degré 2−n telle que, pour haque n ≥ 0 et a1, . . . , an ∈ L,on a la ondition suivante:

∑

k+l=n+1

∑

σ∈Sh(k,n)

(−1)k(l−1)χ(σ)µl(µk(aσ(1), . . . , aσ(k)), aσ(k+1), . . . , aσ(n)) = 0 (∗n)Ii, Sh(k, n) dénote l'ensemble des (k, n)-shu�es, 'est-à-dire l'ensemble des toutes lespermutations σ ∈ Σn telles que σ(1) < . . . < σ(k) et σ(k + 1) < . . . σ(n). Le terme
χ(σ) = χ(σ, a1, . . . , an) est le signe qui est dé�ni par la ondition

aσ(1) ∧ . . . ∧ aσ(n) = χ(σ)a1 ∧ . . . ∧ an.Souvent on ne onsidère que les L∞-algèbres (L, µ∗) telles que µ0 = 0. Dans eas, la ondition (∗1) signi�e juste que (L, µ1) est un DG module, la ondition (∗2)signi�e que µ1 est une di�érentielle vis-à-vis du produit µ2. La ondition (∗3) signi�eque (L, µ2) satisfait la ondition de Jaobi pour les algèbres de Lie graduées à ho-motopie (donnée par µ3) près. Don les L∞-algèbres généralisent les algèbres de Liedi�érentielles graduées (qu'on va appeler DGL algèbres).Grâe au fait général suivant, les DGL algèbres et les L∞-algèbres jouent un r�leimportant dans la théorie des déformations: à un objet donné, on peut assoier uneDGL algèbre qui gouverne sa théorie des déformations. Deux objets ont une théoriedes déformations équivalente dès que leurs DGL algèbres assoiées respetives sontéquivalentes omme L∞-algèbres.Constrution bar et morphismes La onstrution bar assoie à une L∞-algèbre
(L, µ∗) une DG oalgèbre libre dont le module sous-jaent est l'algèbre graduée symé-trique S(L[1]) sur le shifting L[1] de L. Posons M := L[1]. Les morphismes µn1



2dé�nissent des morphismes gradués symétriques
QMn :↓ µn ↑

n: M⊗n −→Mde degré 1. Une telle suite (QMn )n≥0 dé�nit de manière unique une odérivation
QM sur S(M) et la suite de onditions (∗n)n≥1 est équivalente à la seule ondition
(QM )2 = 0. La onstrution bar nous donne ainsi une orrespondane bijetive entreles L∞-algèbres et les DG oalgèbres libres. On dé�nit les morphismes de L∞-algèbresde telle manière que ette orrespondane devient fontorielle. C'est-à-dire qu'unmorphisme f : L −→ L′ de L∞-algèbres est une suite fn : L⊗n −→ L′ de morphismes
(n ≥ 1) gradués symétriques de degré (1 − n) telle que la suite (↓ fn ↑

n)n≥1 dé�nitun morphisme S(L[1]) −→ S(L′[1]) de DG oalgèbres (voir Setion 1.1).DGL algèbres à homotopie près Une lasse importante de L∞-algèbres est don-née par les DG modules, homotopiquement équivalents à une DGL algèbre. On peutmontrer que, si (M,dM ) est un DG module, si (L, d, [·, ·]) est une DGL algèbre etsi f : M −→ L est une équivalene d'homotopie, alors il existe une struture µ∗ de
L∞-algèbre sur M telle que µ1 = dM et il existe un morphisme f∗ : M −→ L de L∞-algèbres tel que f1 = f . Comme as partiulier, on obtient l'existene de la struturede L∞-algèbre sur la ohomologie H d'une DGL algèbre (L, d, [·, ·]) dont le omplexe
(L, d) est sindé. Ce résultat a été obtenu par des méthodes non-onstrutives. Envue des appliations à la théorie des déformations, on voudrait avoir une desriptionexpliite d'une telle struture µ∗ sur H. Dans ette thèse on démontre le résultatsuivant:Théorème 0.0.1. Soit η un sindage du omplexe (L, d) satisfaisant les onditions
η2 = 0, ηdη = η et dηd = d. Les morphismes gradués antisymétriques µn : H⊗n −→
H de degré (2− n) qui suivent dé�nissent une struture de L∞-algèbre sur H:

µ1 : = 0

µ2 : = (1− dη)[·, ·]

...

µn : = (
−1

2
)n−1

∑

φ∈Otn

e(φ)φ((1 − [d, η])[·, ·], η[·, ·], . . . , η[·, ·]) ◦ αnIi la somme porte sur tous les arbres binaires φ de n feuilles et
φ((1 − [d, η])[·, ·], η[·, ·], . . . , η[·, ·]) désigne la forme n-linéaire qui est donnée en asso-iant la forme bilinéaire (1 − [d, η])[·, ·] à la raine de l'arbre φ et la forme η[·, ·] àtoute autre rami�ation de φ. Le symbole αn désigne l'antisymétrisation et e(φ) estun signe qui dépend de la géométrie de φ.On obtient aussi une desription du morphisme f : H −→ L:



Résumé 3Théorème 0.0.2. Les morphismes gradués antisymétriques fn : H⊗n −→ L de degré
(1− n) qui suivent dé�nissent une L∞-équivalene H −→ L:

f1 : = inlusion
f2 : = −η[·, ·]

...

fn : = −(
−1

2
)n−1

∑

φ∈Ot(n)

e(φ)φ(η[·, ·], . . . , η[·, ·]) ◦ αn.Un Théorème de déomposition Un fait qui est extrêmement utile pour ettethéorie est que la atégorie de L∞-algèbres satisfait l'axiome M1 de Quillen pourles atégories des modèles. Le fait analogue pour les A∞-algèbres a été prouvé parK.Lefèvre [28℄ et dans ette thèse on le prouve pour les L∞-algèbres:Proposition 0.0.3. Soit
A

c //

f
��

C

e

��
B

d // Dun diagramme ommutatif de L∞-algèbres. Supposons que (a) le morphisme f estinjetif et sindé, (b) le morphisme e est surjetif et sindé, () soit f soit e est un
L∞-quasi-isomorphisme. Alors il existe un morphisme g : B −→ C de L∞-algèbrestel que tout le diagramme

A //

��

C

��
B //

g
>>~

~~
~~

~~

Dommute.En posant, dans e diagramme A := C := H et B := L, où L et H sont hoisisomme en Théorème 0.0.2 on obtient l'existene d'un morphisme g : L −→ H telque g ◦ f = IdH . Don, H est un fateur diret de L. En utilisant de nouveau laProposition 0.0.3, on montre le résultat plus préis:Théorème 0.0.4. Soit F := Kern(1− [d, η]) le omplément de H = Kern([d, η]) dans
(L, d). Il y a alors un isomorphisme

(L, d, [·, ·]) ∼= (H,µ∗)⊕ (L, d, 0)dans la atégorie des L∞-algèbres.Une onséquene direte est que si on travaille sur un orps, alors l'existene d'un
L∞-quasi-isomorphisme entre deux DGL-algèbres dé�nit une relation d'équivalenesur la lasse des DGL algèbres qu'on appelle L∞-équivalene.



4DG variétés formelles et singularités On motive l'interprétation géométriquedes L∞-algèbres en utilisant une onstrution du Chapitre 2:Dans e paragraphe on suppose que K est un orps de aratéristique zéro. On vamontrer que, pour toute singularité X qui est plongée dans le germe lisse (Kn, 0), ilexiste un K-espae vetoriel gradué M = ⊕i≥0M
i ave M0 = Kn et une odi�éren-tielle QM sur la oalgèbre graduée libre S(M) telle que X est l'espae des zéros del'appliation analytique M0 −→ M1. C'est-à-dire: pour k ≥ 0, soit fk : M0 −→ M1l'appliation x 7→ QMk (x, . . . , x). Alors X est l'espae des zéros de

f :=
∑

k≥1

1

k!
fk.On obtient (M,QM ) en �prédualisant� une résolution de Tyurina de l'algèbre an-alytique assoiée à X. En plus, le ouple (M,QM ) est uniquement dé�ni à L∞-équivalene près. Autrement dit:Proposition 0.0.5. Il existe un fonteur de la atégorie des singularités dans laloalisation de la atégorie des L∞-algèbres par les L∞-quasi-isomorphismes.Suivant une suggestion de Kontsevih, pour une DG oalgèbre libre (S(M), QM ),on appelle le ouple (M,QM ) uneDG variété formelle. On appelle les odérivationssur S(M) des (super) hamps vetoriels.Déformations Soient (M,QM ) et (B,QB) deux DG variétés formelles. Une défor-mation de (M,QM ) à base (B,QB) est un super hamps vetoriel Q sur B ×M telque(i) Q|{0}×M = 0.(ii) Le super hamps vetoriel Q̃ := QM +QB+Q est une DG struture sur B×M ,'est-à-dire Q̃2 = 0.(iii) La projetion B ×M −→ B est un morphisme de DG variétés formelles.On dénote une déformation de (M,QM ) omme triplet (B,QB, Q). Une déforma-tion est dite triviale, si la projetion B×M −→M respete les strutures Q̃ and QM .Pour un élément b de S(B) �xé, la ��bre� QM + Q(b,_) peut être interprétéeomme perturbation du super hamps vetoriel QM sur M , mais 'est seulement uneDG struture, si QB(b) = 0.Un morphisme entre les déformations (B,QB , Q) et (B′, QB

′
, Q′) est une paire

(F, f) où F est un morphisme entre les DG variétés formelles (B ×M, Q̃ := QB +



Résumé 5
QM + Q) et (B′ ×M, Q̃′ := QB + QM + Q′) et f est un morphisme entre les DGvariétés formelles (B,QB) et (B′, QB

′
) tel que le diagramme

B ×M //

��

B′ ×M

��
B // B′est artésien et le diagramme
M

�� &&LLLLLLLLLLL

B ×M // B′ ×Mommute.Deux déformations sont dites équivalentes, s'il existe des morphismes dans lesdeux sens.La déformation universelle Une déformation (U,QU , Q) de (M,QM ) est diteuniverselle si, pour haque autre déformation (B,QB , Q′), il y a un morphisme
(F, f) : (B,QB, Q′) −→ (U,QU , Q) où f est dé�ni de manière unique.La onstrution de la déformation universelle est très naturelle dans e ontexte.Sa base est donnée par le shift (U,QU ) de la DGL algèbre L = Coder(S(M)) quis'appelle omplexe tangent. Dé�nissons le super hamps vetoriel Q sur U ×M(qui est linéaire dans U) de la manière suivante:

Qn+1(u,m1, . . . ,mn) := (↑ u)(m1, . . . ,mn)pour u ∈ U et mi ∈ M . On va montrer que (QU + QM + Q)2 = 0, don le triplet
(U,QU , Q) est bien une déformation de (M,QM ). Pour une déformation arbitraire
(B,QB , Q′) de (M,QM ), on dé�nit un morphisme f : B −→ U en posant

(↑ fr(b))s(m) := Q′
r+s(b,m)pour b ∈ B⊙r et m ∈ M⊙s. Ensuite, on prouve que la paire (f × Id, f) dé�nit unmorphisme de déformations. On obtient le théorème:Théorème 0.0.6. Le triplet (U,QU , Q) est une déformation universelle de (M,QM ).Une déformation semi-universelle Une déformation (V,QV , Q) de (M,QM ) estdite semi-universelle si, pour toute déformation (B,QB , Q′), il existe un morphisme

(B,QB, Q′) −→ (V,QV , Q)de déformations et si (V,QV ) est minimale, 'est-à-dire que QV1 = 0.



6 On va onstruire une déformation semi-universelle de la manière suivante : sup-posons que le omplexe tangent L = Coder(S(M)) est sindé. Alors il existe une
L∞-struture µ∗ sur la ohomologie H de L = Coder(S(M)). Le shift (V,QV ) de
(H,µ∗) donne la base d'une déformation semi-universelle. Un �hangement de base�par le morphisme V −→ U dé�nit une déformation (V,QV , Q′) à partir de la défor-mation universelle (U,QU , Q). Comme (V,QV ) est minimale, pour que (V,QV , Q′)soit semi-universelle, il su�t qu'il y ait un morphisme (U,QU , Q) −→ (V,QV , Q′) dedéformations. Cei peut être réalisé en utilisant la déomposition du Théorème 0.0.4et de nouveau la Proposition 0.0.3. Don on obtient:Théorème 0.0.7. La déformation (V,QV , Q′) de (M,QM ) est semi-universelle.Appliation aux déformations de singularités Dans le Chapitre 2, on appli-quera le Théorème 0.0.7 à la théorie formelle des déformations de singularités. Pourune singularité isolée (formelle ou onvergente) donnée X on va obtenir d'une manièreexpliite une singularité formelle S qui est la base d'une déformation semi-universellede X.Comme expliqué i-dessus, pour une singularité X, il existe une DG variété for-melle (M,QM ) qui ontient X omme sous-espae. Inversement, il existe un fonteur
V qui assoie un germe d'espae formel à haque DG-variété qui est de dimension �nisen haque degré. On va prouver qu'une déformation semi-universelle formelle de Xest donnée par le fonteur V appliqué à une déformation semi-universelle de (M,QM ).Cohomologie de HohshildLe théorème HKR Rappelons le théorème lassique de Hohshild, Kostant etRosenberg et sa preuve dans le as partiulier où l'on ne onsidère que des algèbreslibres, avant d'expliquer les généralisations de e théorème qu'on va démontrer auChapitre 3.Le omplexe naïf de Hohshild Cnaive

• (A) d'une k-algèbre A est le omplexesimpliiale de A-algèbres, dé�ni par Cnaive
n (A) := A⊗n+1, n ≥ 0, dont la omposante

bn : A⊗n+1 −→ A⊗n de la di�érentielle b est la somme alternée ∑n
i=0(−1)idi desmorphismes

di : a0 ⊗ . . .⊗ an 7→ a0 ⊗ . . .⊗ ai · ai+1 ⊗ . . .⊗ an,pour 0 ≤ i < n et
dn : a0 ⊗ . . .⊗ an 7→ an · ao ⊗ . . . ⊗ an−1.L'homologie naïve de Hohshild HHnaive

• (A/k) de A sur k est l'homologie du om-plexe naïf de Hohshild.



Résumé 7Posons R := A⊗kA. Le bar omplexe Cbar
• (A) de A sur k est le omplexe de R-algèbres, dé�ni par Cbar

n (A) := A⊗n+2, dont la n-ième omposante de la di�érentielle
b′ est dé�nie par b′n :=

∑n−1
i=0 (−1)idi. Le bar omplexe est une résolution simpliialede A sur R, mais on verra que le omplexe Cbar(A)• := Cbar

−• (A) porte aussi unestruture d'une DG algèbre1 sur R. La orrélation bien onnue entre le omplexe deHohshild et le bar omplexe est l'isomorphisme
Cnaive(A) ∼= Cbar(A)⊗R A,où A est onsidéré omme R-module par la multipliation µ : R −→ A. Si A estplat omme k-module, alors le bar omplexe est une résolution plate de A sur R, d'oùl'isomorphisme
HHnaive

n (A) ∼= TorRn (A,A).Si A est la k-algèbre libre k[x1, . . . , xn], à part la �résolution standard� Cbar(A), il ya une deuxième DG résolution naturelle de A surR, notamment, le omplexe de Koszul
K(X) sur R, donné par la séquene régulière X = {1

2 (xi ⊗ 1− 1⊗ xi)| i = 1, . . . , n}.On onstruit un morphisme de omplexes
K(X) −→ Cbar(A)de R-module plats. On applique le fonteur _⊗RA et obtient un quasi-isomorphisme

K(X)⊗RA −→ Cnaive(A). L'observation que K(X)⊗RA est égale au omplexe ∧•ΩAdonne diretement le théorème HKR pour les algèbres libres:Théorème 0.0.8. Pour A = k[x1, . . . , xn], on a un quasi-isomorphisme
∧•ΩA −→ Cnaive

• (A),où ∧•ΩA est muni de la di�érentielle triviale.En vue des appliations géométriques, on généralise e théorème dans trois dire-tions:(1) Il faut admettre que A est une DG algèbre libre. Dans e as, ∧ΩA et Cnaive(A)sont bigradués et seulement la di�érentielle vertiale de ∧ΩA est triviale.(2) Il faut généraliser la DG version pour des �omplexes simpliiaux� d'algèbres,.à.d. pour des fonteurs N −→ Alg, où N est une petite atégorie (un �om-plexe simpliial�). Dans les appliations géométriques, N apparaîtra omme le�nerf� d'un reouvrement d'un espae (voir i-dessous).(3) Il faut admettre que A appartient à une lasse d'algèbres topologiques, par exem-ple la lasse des algèbres analytiques. Dans et exemple, les produits tensorielsdoivent être remplaés par des produits tensoriels analytiques, et les modulesde di�érentielles de Kähler doivent être remplaés par leur ontreparties analy-tiques.1.à.d. d'une algèbre graduée B =
‘

i≤0 B
i, muni d'une di�érentielle dB de degré 1, telle que

ab = (−1)g(a)g(b)ba et dB(ab) = dB(a)b+ (−1)g(a)adB(b), pour des éléments homogènes a, b ∈ B.



8 Pour réaliser (1), on généralise la onstrution de Koszul pour les algèbres graduéesommutatives: si R est une algèbre graduée ommutative et si X ⊆ R est un sous-ensemble g-�ni2, on dé�nit le omplexe de Koszul de X sur R omme l'algèbredouble graduée ommutative3 libre R[E], où E est un ensemble de générateurs libresqui ontient, pour haque x ∈ X, un élément e(x) de bidegré (g(x),−1), et dont ladi�érentielle vertiale4 est dé�nie par e(x) 7→ x.On donne la dé�nition et aratérisation suivante des séquenes régulières dansune algèbre graduée ommutative:Dé�nition et Théorème 0.0.9. Supposons que l'anneau de base K ontient Q.Soit X ⊆ R un sous-ensemble et soit I l'idéal dans R engendré par X. Supposonsque, pour haque sous-ensemble Y ⊆ X, on a ∩n≥1I
nR/(Y ) = 0. Alors X est appeléune séquene régulière, si au moins une des onditions équivalentes équivalentessuivantes est satisfaite:(i) Soit T un ensemble de générateurs d'algèbre libres qui ontient pour haque

x ∈ X un élément t(x) du même degré que x. Le morphisme R/I[T ] −→
grI(R) = R/I ⊕ I/I2 ⊕ . . . de R/I-algèbres, qui applique t(x) sur la lasse de xdans I/I2 est un isomorphisme d'algèbres di�érentielles graduées sur R/I.(ii) Pour haque élément x ∈ X et haque idéal J ⊆ R généré par un sous-ensemble
Y ⊆ X tel que x 6∈ Y , on a la ondition suivante: si g(x) est pair, alors x n'estpas un diviseur de zéro dans R/J . Si g(x) est impair, alors l'annulateur de xdans R/J est l'idéal généré par la lasse de x.(iii) Le omplexe de Koszul K(X) est une DG résolution de R/(X) sur R.(iv) H−1(K(X)) = 0.En utilisant l'impliation (ii)⇒(iii) de e théorème, on démontrera une DG versiondu Théorème 0.0.8 omme suit : Si A = k[xi]i∈I est une DG algèbre libre, alors

R := A⊗kA est une DG algèbre libre dont les éléments de la forme 1
2(xi⊗ 1− 1⊗xi)forment une séquene régulière X ⊆ R dans le sens de Dé�nition et Théorème 0.0.9.Don le omplexe de Koszul K(X) de X sur R est une DG résolution libre de A sur

R. On a un morphisme K(X) −→ Cbar(A) de omplexes de R-modules gradués,qui par ontre ne respete pas les di�érentielles horizontales. Mais on observe l'e�etremarquable suivant : après tensorisation par A sur R, on obtient un morphisme
∧ΩA

∼= K(X)⊗R A −→ Cbar(A)⊗R A = Cnaive(A)2La lettre g dénote toujours la graduation.3.à.d. une algèbre ave une double graduation négative qui est une algèbre graduée ommutativepar la graduation totale4.à.d. de bidegré (0,+1)



Résumé 9qui respete aussi les di�érentielles horizontales. Cei prouve la DG généralisation duThéorème 0.0.8.En e qui onerne les généralisations (2) et (3) : On dé�nit un omplexe sim-pliial N omme une lasse de sous-ensembles d'un ensemble I telle que {i} ∈ Npour haque i ∈ I, telle que ∅ 6∈ N et telle que α ∈ N et β ⊆ α implique β ∈ N . Leséléments de N engendrent une atégorie dont les seuls morphismes sont les inlusions.Pour une atégorie C d'algèbres (où de modules), on dénote la atégorie des fonteursovariants N −→ C par CN . On dénote la atégorie des algèbres graduées ommu-tatives dont la omposante de degré zéro appartient à C par gr(C) (pour les énonésplus préis, voir Setion 3.1.2).En Setion 3.1, nous allons introduire des �bonnes paires de atégories� (C,M)qui onsistent en une atégorie C d'algèbres et une atégorie de modules M sur lesalgèbres dans C qui satisfont une liste d'axiomes, disant par exemple queM est uneatégorie additive dans laquelle il existe des produits tensoriels. Les exemples les plusimportants sont:(1) La paire (C,M) où C est la atégorie des K-algèbres (Noethériennes) et M laatégorie des modules sur les algèbres dans C.(2) La paire (C,M), où C est la atégorie des algèbres analytiques, .à.d les algèbresdes setions sur un ompat de Stein. Dans e as les algèbres dans C sont munid'une topologie DNF (duale nuléaire de Fréhet). Et M est par dé�nition laatégorie des DNF modules sur les algèbres dans C.Une algèbre libre de n générateurs dans e ontexte est une algèbre qui représenteun sous-fonteur du fonteur IdnC : C −→ (ensembles) qui est dé�ni par un �marquage�(voir Setion 3.1.1). Pour obtenir les généralisations (2) et (3), on va réduire la preuveesquissée i-dessus sur les axiomes qui dé�nissent les bonnes paires de atégories. Enplus, on va faire toutes les onstrutions dans la preuve d'une manière N -ompatible.On obtient ainsi le Théorème 0.0.8 pour le as où A est une DG algèbre dans gr(C)N .L'invariane d'homotopie du omplexe de Hohshild Si (C,M) est unebonne paire de atégories dont les produits tensoriels sont des produits tensorielstopologiques, pour les algèbres A dans C, le omplexe naïf de Hohshild Cnaive(A)n'a pas toutes les propriétés qu'on voudrait. Par exemple, si C est la atégorie desalgèbres analytiques sur C, le omplexe Cnaive(A) n'est pas un omplexe de A-modulesprojetifs. On dé�nit don un omplexe de Hohshild modi�é:Dé�nition et Théorème 0.0.10. Soit a une k-algèbre. Choisissons une DG réso-lution A de a sur k et posons R := A ⊗k A. Choisissons en plus une DG résolution
S de A sur R. On dé�nit le omplexe de Hohshild H(a/k) de a sur k ommel'objet S ⊗R a dans la atégorie d'homotopie K(M(a)). Le omplexe H(a/k) est biendé�ni à un isomorphisme (non anonique) dans K(M(a)) près.



10 La preuve de l'invariane d'homotopie est basée sur le fait que deux DG résolutionslibres g-�ni d'un morphisme de DG algèbres sont homotopiquement équivalentes. Cefait est bien onnu en algèbre homologique et on le généralisera pour les bonnes pairesde atégories.Comparons ette dé�nition ave la dé�nition du omplexe otangent La/k ommel'objet ΩA ⊗A a dans K(M(a)). Par un théorème de Bingener et Kosarew [2℄, leomplexe otangent est également bien dé�ni à un isomorphisme dans K(M(a)) près.Nous allons prouver le théorème suivant :Théorème 0.0.11. Il y a un isomorphisme ∧La/k −→ H(a/k) dans la atégorie
K(M(a)).Pour prouver e théorème, il faut onstruire, pour haque hoix des résolutions Aet S, un morphisme

S ⊗R a −→ ∧ΩA ⊗A adans gr(C) qui est une équivalene d'homotopie. Par le théorème de omparaison deDG résolutions (voir Théorème I.8.4 de [2℄), il existe un quasi-isomorphisme S −→
totCbar(A) sur R. On obtient des quasi-isomorphismes

S ⊗R A ≈ totCnaive(A) ≈ ∧ΩAde DG algèbres libres. Pour le deuxième quasi-isomorphisme, on utilise la DG versiondu Théorème 0.0.8. L'appliation du fonteur _⊗A a terminera la preuve.On généralise les Dé�nition et Théorème 0.0.10 et le Théorème 0.0.11 pour lesmorphismes k −→ a dans gr(C)N , où C appartient à une bonne paire de atégories etoù N est un omplexe simpliial.Shémas et espaes omplexes La onstrution du omplexe de Hohshild pourles (morphismes de) shémas Noethériens et les espaes omplexes ressemble à laonstrution du omplexe tangent. Pour un espaeX et un reouvrement X = ∪i∈IXi,le nerf du reouvrement est dé�ni omme
N := {α ⊆ I| Xα := ∩i∈αXi 6= ∅}.Le nerf est une atégorie dont les seules morphismes sont les inlusions. La famille

X∗ := (Xα)α∈N ave les inlusions pβα : Xα −→ Xβ , pour β ⊆ α, peut être vueomme fonteur ontravariant N −→ (espaes). Si X est un shéma et ∪Xi un reou-vrement ouvert par des shémas a�nes, on va étudier la atégorie des OX∗ -modules,'est-à-dire la atégorie des familles F∗ = (Fα)α∈N où haque Fα est un OXα-moduleave de morphismes p∗αβFα −→ Fβ , pour α ⊆ β, qui sont ompatibles. La atégoriedes OX∗ -modules quasi-oherentes est isomorphe à la atégorie de A∗-modules dans
(K−Mod)N , où A∗ est dé�ni par Aα := Γ(Xα,OXα).



Résumé 11Dans toutes les onstrutions de e paragraphe, on peut remplaer un shémaNoethérien par un espae omplexe et un ouvert a�ne par un ompat de Stein pourobtenir la théorie analytique.On peut plonger la atégorie des OX-modules par le fonteur j∗ : F 7→ (F|Xα)α∈Nomme sous-atégorie dans la atégorie des OX∗ -modules. Soit jα l'inlusion Xα −→
X, pour α ∈ N . Pour onstruire l'adjoint j∗, on a besoin d'une onstrution de Čehqui à un OX∗-module G∗ assoie un omplexe Č•(G∗) de OX -modules où

Čn(G∗) =
∏

|α|=n

jα∗Fαdont la di�érentielle est dé�nie de la manière usuelle. Le fonteur j∗ donne les setionsglobales
j∗G∗ = H0(C•(G∗)).Avant de donner la dé�nition du omplexe de Hohshild pour un morphisme f :

X −→ Y de type �ni de shémas Noethériens (ou un morphisme d'espaes omplexes),il faut la dé�nition suivante:De�nition 0.0.12. Si f : X −→ Y est un morphisme de type �ni de shémasNoethérien, on dé�nit une résolvante de X sur Y omme quadruple (X∗, Y∗, P∗,A∗)qui onsiste en (1) le omplexe simpliial Y∗ assoié à un reouvrement a�ne, lo-alement �ni (Yj)j∈J de Y ; (2) le omplexe simpliial X∗ = (Xα)α∈N assoié à unreouvrement a�ne, loalement �ni (Xji)j∈J,i∈Ij de X. Ce reouvrement est hoisi detelle façon que, pour j ∈ J �xé, la famille (Xji)i∈Ij est un reouvrement de f−1(Yj);(3) un omplexe simpliial P∗ = (Pα)α∈N sur la même atégorie d'indie; (4) undiagramme ommutatif de la forme:
X∗

ι //

f̄
��

P∗

g
~~||

||
||

||

Y∗Ii, f̄ = (f̄ , τ) est le morphisme induit de omplexes simpliiales; ι est une immersionfermé et g est un morphisme lisse5; (5) une résolution libre, g-�ni A∗ de OX∗ telle que
A0

∗ = OP∗ .Il n'est pas di�ile de démontrer l'existene d'une résolvante pour haque mor-phisme f : X −→ Y de type �ni. Il est plus di�ile de démontrer l'invarianed'homotopie dans la dé�nition suivante:5Cei signi�e que, pour haque α ∈ N et haque p ∈ Pα le germe OPα,p est une algèbre libre sur
OYτ(α),y.



12Dé�nition et Théorème 0.0.13. Pour un morphisme f : X −→ Y de type �ni, ondé�nit le omplexe de Hohshild de X sur Y omme suit: Soit (X∗, Y∗, P∗,A∗)une résolvante de X sur Y et S∗ une DG résolution de A∗ sur R∗ := A∗⊗OY∗
A∗. Leomplexe simpliial de Hohshild de X sur Y est l'objet

H∗(X/Y ) := S∗ ⊗A∗ OX∗dans la atégorie d'homotopie K(X∗). À isomorphisme dans K(X∗) près, le omplexesimpliiale de Hohshild ne dépend pas du hoix de A et S.Le omplexe de Hohshild de X sur Y est l'objet
H(X/Y ) := Č•(H∗(X/Y ))dans la atégorie dérivée D(X). À isomorphisme dans D(X) près, le omplexe deHohshild ne dépend pas du hoix de la résolvante (X∗, Y∗, P∗,A∗).On dé�nit la n-ième homologie de Hohshild HHn(X/Y ) de X sur Y ommela (-n)-ième hyper-ohomologie du omplexe H(X/Y ) et la n-ième ohomologie deHohshild de X sur Y ave des valeurs dans un OX-module F omme

HHn(X/Y,F) := ExtnX(H(X/Y ),F).La version simpliiale du Théorème 0.0.11 donne diretement un quasi-isomorphime
∧L(X/Y )∗ −→ H(X/Y )∗. L'appliation du fonteur de Čeh qui est exat, donne lethéorème suivant:Théorème 0.0.14. Pour un morphisme X −→ Y d'espae omplexes ou un mor-phisme de type �ni de shémas Noethériens, il y a un isomorphisme

∧L(X/Y ) −→ H(X/Y )dans la atégorie D(X).Pour les morphismes d'espaes omplexes, e théorème a été prouvé d'une manièreomplètement di�érente par Buhweitz et Flenner [7℄. Comme onséquenes diretes,on obtient la déomposition suivante pour l'homologie de Hohshild
HHn(X/Y ) ∼=

∏

p−q=n

Hq(X,∧pL(X/Y )),et la déomposition suivante pour la ohomologie de Hohshild
HHn(X/Y,F) ∼=

∐

p+q=n

ExtpX(∧qL(X/Y ),F).On observe que la (n− 1)-ième ohomologie tangente
T n−1(X/Y ) = Extn−1

X (L(X/Y ),F)



Résumé 13est un fateur direte de la n-ième ohomologie de Hohshild.Pour les variétés (algébriques ou analytiques) lisses, le omplexe L(X) est unerésolution du faiseau otangent ΩX . Don on obtient un isomorphisme H(X) ∼= ∧ΩXdans la atégorie D(X). On peut on déduire les �déompositions de Hodge� :Corollaire 0.0.15. Si X est un shéma Noethérien lisse ou une variété analytique,on a
HHn(X) ∼=

∏

i+j=n

H i(X,∧jTX), (0.1)
HHn(X) ∼=

∐

i−j=n

Hj(X,∧iΩX). (0.2)Ii, TX dénote le faiseau tangent.Pour les shémas lisses, l'isomorphisme (0.1) a été prouvé d'une manière di�érentepar Yekutieli [49℄. Pour les shémas lisses, l'isomorphisme (0.2) a été prouvé avant(en utilisant la λ-déomposition du omplexe naïf de Hohshild) par Weibel [46℄.
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IntrodutionThe ontext of this thesisThe lassi questions of the analyti deformation theory (for example the question ofthe existene of semi-universal deformations for isolated singularities, ompat om-plex spaes or omplex strutures on ompat omplex manifolds) are ompletelyunderstood and resolved. However, there still remain reasons for onsidering exten-sions of the lassi deformation theories. The two prinipal motivations are disussedbelow:I. Within the lassi deformation theory, the following undesired phenomena ap-pear: (a) moduli spaes (i.e. bases of semi-universal deformations) are almost alwayssingular. This results in obstruting the extension of small deformations to largerones. (b) Deformation funtors are almost never representable. This means that in-�nitely lose to the base point of a loal moduli spae, there are di�erent points withisomorphi �bers. Several attempts have been made to avoid this phenomena. Thetwo main attempts are: (1) To hange from lassial spaes to graded spaes (likesupermanifolds) or to DG spaes6. This an be done either by extending just theategory of the to-be-deformed objets alone or extending the ategory of the to-be-deformed objets and the base ategory. (2) To give up some of the properties of theto-be-deformed objet, for example, the ommutativity of the struture sheaf of thespae. This attempt is related to motivation II.There is hope to get moduli spaes with better behavior in suh a generalizedontext. The lassi moduli spae should be an analyti subspae of the generalizedmoduli spae, de�ned by some natural onditions. This ideas is sometimes referred toas derived moduli program.The derived moduli program has not yet produed a general method for extendingdeformation problems to ahieve smooth moduli spaes or representable deformationfuntors. There are only a few examples7 where smooth moduli spaes are found inthis way.In this thesis, we develop two approahes whih are inspired by the derived moduliprogram.6DG spaes are spaes whose struture sheaf arry a di�erential graded struture.7One example is the deformation of �generalized� omplex strutures on a omplex manifold withtrivial �rst Chern lass [1℄. 17



18 II. The seond motivation for the extension of the lassi (analyti) deforma-tion theory is to onsider deformations of ommutative spaes in the framework ofnonommutative geometry. As the example of deformation quantization shows, itis interesting to onsider nonommutative strutures that are lose to ommutativestrutures. Therefore, a nonommutative deformation theory of ommutative initialspaes should be developed. This an serve as tool for the onstrution of nonom-mutative shemes, whih are not yet well understood.Classi deformation theory of shemes and omplex spaes requires elaborate ho-mologi tools. The �rst step to ahieving a nonommutative extension is to developadequate homologial tools for the nonommutative theory. A geometri version ofthe Hohshild Complex would prove useful for this purpose.The ontent of this thesisHere, only a brief insight into the ontents of this thesis is given, sine eah hapterhas a detailed introdution.The �rst part (Chapter 1 and 2), fouses on the reation of a deformation theoryfor L∞-algebras or their geometri ounterpart, the formal DG manifolds. The baseof a deformation of a formal DG manifolds is also, in this theory, a DG manifold. Onone hand, this is interesting beause of the fundamental role played by L∞-algebrasin deformation theory. On the other hand, formal DG manifolds are DG general-izations of (formal) singularities. This means that the deformation theory of formalDG manifolds is an extended deformation theory of singularities. It is demonstratedthat the di�erential graded Lie algebra (DGL) L of super vetor�elds on a formal DGmanifold M gives rise to a universal deformation and that a �minimal model� for Lgives rise to a �generalized moduli spae� ofM , ontaining the lassi (formal) modulispae as (formal) analyti subspae. This generalized moduli spae is still obstruted.However, it holds all of the information ontained in the DGL struture on L. Thus,the generalized moduli spae ontains more invariants of the initial objet M thanthe lassi moduli spae.The methods applied in the �rst part belong to abstrat deformation theory,deformations of singularities, ombinatoris of trees and to the theory of model ate-gories8.The seond part (Chapter 3) of this thesis will fous on developing simultaneouslythe theory of the Hohshild (ohain) omplex for omplex spaes and algebraivarieties. Espeially, the relation between the Hohshild ohain omplex and thetangent omplex is onsidered losely. It is shown that Hohshild ohomology on-tains tangent ohomology plus additional information. This result leads to interesting8in the sense of Quillen [40℄



Introdution 19interpretations and speulations about the deformation of omplex spaes and vari-eties in terms of nonommutative geometry. For manifolds and smooth varieties, thisleads to a �Hodge-deomposition� of Hohshild (o-) homology.Themethods applied in the seond part of this thesis mainly belong to homologiand homotopi algebra: DG resolvents, simpliial omplexes (whih are assoiated tooverings of spaes), algebrai Hohshild theory, a generalized Koszul onstrution, ageneralization of the Hohshild-Kostant-Rosenberg theorem and Čeh onstrutions.Arguments are redued, in this part, to a system of axioms, de�ning �good pairs ofategories�. This axiomati approah makes the theory aessible for the algebraiand the analyti situation. The fat that the axioms for good pairs of ategories holdin the analyti situation is based on the theory of Stein spaes, for example, the fatthat the setions over a Stein ompat form a Noetherian algebra is applied impliitlyin this part.Whih results are new?The following list ontains the new results of this thesis. More preise expliationsonerning this statements are given in the introdutions to the hapters.In homologial algebra: Regular sequenes in graded ommutative algebras arede�ned and haraterized (Theorem 3.1.28). In algebrai geometry: For a mor-phism X −→ Y of shemes of �nite type, the homotopy invariane of the Hohshildohain omplex is proved (Proposition 3.2.6). The existene of a quasi-isomorphismbetween the relative Hohshild omplex and the exterior algebra of the relative tan-gent omplex is proved (Theorem 3.3.13). A deomposition theorem, saying thatrelative tangent ohomology is a diret fator of relative Hohshild ohomology is de-dued (Corollary 3.3.14). In analyti geometry: For analyti manifolds, a �Hodge-deomposition� of Hohshild homology and a �Hodge-deomposition� of Hohshildohomology is demonstrated (Corollary 3.3.17). For L∞-algebras: An L∞-strutureon the ohomology H(L) of a di�erential graded Lie algebra L is onstruted in suha way that H(L) and L are L∞-equivalent9(Theorem 1.4.4). Deformations of L∞-algebras with L∞-bases are de�ned and a (semi-) universal deformation is onstrutedexpliitly (Theorem 1.2.9 and Theorem 1.5.13).For whih statements are new proofs provided?The following list ontains familiar statements for whih a new proof is provided.Referenes to the original proofs are given in the introdutions to the hapters and inthe text.9At this point, we must preise that Huebshmann/ Stashe� [19℄ stated (without proof) a reursionformula for the struture on H(L) and for the morphism H(L) −→ L and that the A∞-analogue wasshown by various authors.



20 In analyti geometry: For a morphism X −→ Y of omplex spaes, the in-variane of the relative Hohshild (o-) homology is shown (Proposition 3.3.8); theexistene of a quasi-isomorphism between the relative Hohshild omplex and theexterior algebra of the relative tangent omplex is demonstrated (Theorem 3.3.13); adeomposition theorem, saying that relative tangent ohomology is a diret fator ofrelative Hohshild ohomology is shown (Corollary 3.3.14). In algebrai geome-try: For smooth varieties M , a �Hodge-deomposition� of Hohshild homology and a�Hodge-deomposition� of Hohshild ohomology is demonstrated (Corollary 3.3.17).In singularity theory: A formal semi-universal deformation for isolated singularitiesis onstruted with L∞-methods (Chapter 2).



Chapter 1Deformation of L∞-algebrasIntrodution
L∞-algebras (see Setion 1.1) play a ruial role in deformation theory. They are nat-ural generalizations of di�erential graded Lie algebras (DGL's). Deformation prob-lems an always be desribed by DGL's (see [22℄, for instane). The importane of
L∞-algebras in deformation theory is due to the fat that two di�erent deformationproblems are equivalent, if the orresponding DGL's are equivalent as L∞-algebras.This was one ingredient of Kontsevih's [22℄ proof that any Poisson manifold has adeformation quantization. L∞-algebras also build a bridge between algebra and ge-ometry. A simple shift in degrees makes a formal DG-manifold out of an L∞-algebra(see Setion 1.1). This observation is also due to Kontsevih. If a deformation prob-lem is governed by a DGL L, then the (formal) loal moduli spae, if it exists, is an�analyti subspae� of the formal DG-manifold orresponding to L.In the other diretion, to eah DGL L, an abstrat deformation funtor DefL anbe de�ned. In the lassial theory DefL is a set-valued funtor on the ategory of(Artinian, loal) algebras. Reent studies in mirror symmetry ([23℄, [34℄) have led toan extension of this funtor �rst to graded and then to di�erential graded Artinianalgebras. The aim of this extension is to produe smooth (in a sense) formal modulispaes with tangent spae isomorphi to the whole ohomology of L. But sometimes,it is not evident (or even possible) to give an algebrai or geometri meaning to theobjets obtained as deformations of an initial objet by the extended deformationfuntor. (However, at other times, this is possible. For the lassi deformations ofassoiative algebras, the extended deformation funtor produes A∞-algebras.)The deformation theory of L∞-algebras (or, in geometri terms, of formal DG-manifolds) presented in this thesis is in fat an extended deformation theory of (formal)singularities. Instead of working with deformation funtors, we present a ompletelygeometri (extended) deformation theory of formal DG manifolds. The bases of de-formations are also formal DG manifolds. We will observe in Setion 1.2 that this21



22extended deformation theory is still obstruted.The deformations of a given formal DG-manifold M = (M,QM ) are governed bythe DGL L of formal vetor�elds on M (see Setion 1.2). The degree 1 shift of Lis again a formal DG manifold denoted by U . Two nie observations are made here:The �rst is that the transition from M to U doesn't hange the ategory. (This one istrivial.) The seond (Theorem 1.2.9) is that U is the base of a universal deformationofM . For the onstrution of a semiuniversal deformation ofM , we have to onstrutan L∞-struture on the ohomology H of (L, d) suh that H and L are equivalent as
L∞-algebras. H with suh an L∞-struture is alled a minimal model for L.Hene, the essene of this hapter is the following general method for the on-strution of (formal) analyti moduli spaes: Take a minimal representative in thelass of L∞-algebras modulo L∞-equivalene of the DGL ontrolling the deformationproblem. In Chapter 2, we will apply this method to onstrut a formal moduli spaefor isolated singularities.The ontent of this hapter: In Setion 1.1, we remind the de�nitions of L∞-algebras and of their orrespondene with di�erential graded oalgebras. We state theonditions for a sequene of maps, to de�ne an L∞-morphism. We will prove thoseonditions in the Appendix sine they are hard to �nd in the literature. Then, weremind Kontsevih's geometri point of view (=formal DG manifolds) of L∞-algebras.In Setion 1.2, we de�ne deformations of formal DG manifolds with formal DG basesand morphisms of those. Our de�nition generalizes the one of Fialowski and Penkava[38℄. We show that for an arbitrary formal DG manifoldM , the di�erential graded Liealgebra Coder(S(M), S(M)) (whih we all tangent omplex ofM) is a base of a uni-versal deformation ofM . In Setion 1.3, we give an ad-ho ombinatorial introdutionto binary trees. In a sense, binary trees ontain the algebrai struture of L∞-algebras(see [45℄). In Setion 1.4, they are used to de�ne an L∞-struture µ∗ on the oho-mology H of a di�erential graded Lie algebra L = (L, d, [·, ·]) (admitting a splitting).Furthermore, again with the help of binary trees, in Setion 1.4, we onstrut expliitlyan L∞-quasi-isomorphism between (H,µ∗) and (L, d, [·, ·]). In Setion 1.5, we provethat (L, d, [·, ·]) is as L∞-algebra isomorphi to the diret sum of the L∞-algebras
(H,µ∗) and (F, d), where F is the omplement of H in L. As a onsequene, we anshow that for eah formal DG manifold M suh that L = Coder(S(M), S(M)) splits,the shift V of (H,µ∗) is the base of a semi-universal deformation of M .



Deformation of L∞-algebras 231.1 L∞-algebras and oalgebrasIn this hapter, we shall always work over a ommutative ground ring K with unit ofharateristi zero.1.1.1 Graded symmetri and exterior algebrasFor a graded module W , the graded symmetri algebra S(W ) is de�ned as the tensoralgebra T (W ) = ⊕n≥0W
⊗n modulo the relations w1 ⊗ w2 − (−1)w1w2w2 ⊗ w1 = 0.We denote the graded symmetrial produt by ⊙. The algebra T (W ) (resp. S(W ))is bigraded. The graduation on T (W ) (resp. S(W )) de�ned by g(w1 ⊗ . . . ⊗ wn) =

g(w1) + . . . + g(wn) (resp. g(w1 ⊙ . . . ⊙ wn) = g(w1) + . . . g(wn)), where g is thegraduation of W , will be alled linear graduation. The one de�ned by g(w1 ⊗
. . . ⊗ wn) = n (resp. g(w1 ⊙ . . . ⊙ wn) = n) will be alled polynomial graduation.Set S+(W ) := ⊕n≥1W

⊙n. On S+(W ), there is a natural K-linear omultipliation
∆+ : S+(W ) −→ S+(W )⊗ S+(W ), given by
w1⊙ . . .⊙wn 7→

n−1∑

j=1

∑

σ∈Sh(j,n)

ǫ(σ,w1, . . . , wn)wσ(1)⊙ . . .⊙wσ(j)⊗wσ(j+1)⊙ . . .⊙wσ(n).Here, ǫ(σ) := ǫ(σ,w1, . . . , wn) is de�ned suh that wσ(1)⊙ . . .⊙wσ(n) = ǫ(σ)w1⊙ . . .⊙
wn. Note that we have Kern ∆+ = W . On S(W ), there is a K-linear omultipliation
∆, de�ned by ∆(1) := 1 ⊗ 1 and ∆(w) := w ⊗ 1 + ∆′(w) + 1 ⊗ w, for w ∈ S+(W ).Note that ∆ is injetive.For a graded module L, the graded exterior algebra ∧+ L without unit is de�ned asthe tensor algebra T+(L) = ⊕n≥1L

⊗n modulo the relations a1⊗a2+(−1)a1a2a2⊗a1 =
0. We denote the graded exterior produt by ∧. By L[1], we denote the graded modulewith L[1]i = Li+1 and by ↓ the anonial map L −→ L[1] of degree −1. Set ↑:=↓−1.Remark that for eah n ≥ 1, there is an isomorphism

↓n:
∧n

L −→ L[1]⊙n

a1 ∧ . . . ∧ an 7→ (−1)(n−1)·a1+...+1·an−1 ↓ a1 ⊙ . . .⊙ ↓ an.Its inverse map is given by (−1)
n(n−1)

2 ↑n. In this formula, we dedue the sign from theKoszul onvention. More generally, for homogeneous graded morphisms f, g of gradedmodules, we set (f ⊗ g)(a⊗ b) := (−1)gaf(a)⊗ g(b). In the exponent, a always meansthe degree of an homogeneous element (or morphism) a and ab means the produt ofdegrees and not the degree of the produt.For σ ∈ Σn and a1, . . . , an ∈ L, we de�ne the sign χ(σ) := χ(σ, an, . . . , an) in suha way that
aσ(1) ∧ . . . ∧ aσ(n) = χ(σ)a1 ∧ . . . ∧ an.The following statement about the orrelation between χ and ǫ is an easy exerise:



24 L∞-algebras and oalgebrasLemma 1.1.1. For a1, . . . , an ∈ L, we have
χ(σ, a1, . . . , an) = (−1)(n−1)(a1+aσ(1))+...+1·(an−1+aσ(n−1))ǫ(σ, ↓ a1, . . . , ↓ an).For a graded module V , we de�ne two di�erent ations of the symmetri group

Σn on V ⊗n: The �rst one is given by
Σn × V

⊗n −→ V ⊗n

(σ, v1 ⊗ . . .⊗ vn) 7→ ǫ(σ, v1, . . . , vn)vσ(1) ⊗ . . .⊗ vσ(n).Here, the appliation of a σ ommutes with the anonial projetion V ⊗n −→ V ⊙n.The seond one is given by
Σn × V

⊗n −→ V ⊗n

(σ, v1 ⊗ . . .⊗ vn) 7→ χ(σ, v1, . . . , vn)vσ(1) ⊗ . . .⊗ vσ(n).Here, the appliation of a σ ommutes with the anonial projetion V ⊗n −→ ∧nV .When we work with symmetri powers, we use the �rst ation; when we work with ex-terior powers, we use the seond one. Sine the ontext shall always be lear, we don'tdistinguish both ations by di�erent notation. We will use the anti-symmetrisationmaps:
αn :=

∑

σ∈Σn

σ. : V ⊗n −→ V ⊗n.When σ. denotes the �rst ation, αn an be seen as map V ⊙n −→ V ⊗n; when σ.denotes the seond ation, αn an be seen as map ∧nV −→ V ⊗n. Furthermore, forboth ases, we will use the maps
αk,n :=

∑

σ∈Sh(k,n)

σ. : V ⊗n −→ V ⊗n.For the natural projetion π : W⊗n −→ W⊙n (resp. V ⊗n −→
∧n V ), we have

π ◦ α = n! Id .1.1.2 Free di�erential graded oalgebrasLet (C1,∆1) and (C2,∆2) be oalgebras. Remember that a module homomorphism
F : C1 −→ C2 is a oalgebra morphism, if and only if the diagram

C1
F //

∆1

��

C2

∆2

��
C1 ⊗ C1

F⊗F // C2 ⊗ C2

(1.1)
ommutes. Eah oalgebra morphism F : (S(W ),∆) −→ (S(W ′),∆) satis�es F (1) =
1. The restrition F 7→ F |S+(W ) is a one-to-one orrespondene between oalgebra



Deformation of L∞-algebras 25morphisms (S(W ),∆) −→ (S(W ′),∆) and oalgebra morphisms F : (S+(W ),∆+)−→
(S+(W ′),∆+).The next proposition gives a one-to-one orrespondene between oalgebra maps
F : S(W ) −→ S(W ′) and sequenes of linear maps Fn : Sn(W ) −→ W ′, n ≥ 1. We�x the following notations:̂

Fn :=F |W⊙n : W⊙n −→ S(W ′)

Fk,l := prW ′⊙l ◦F̂k : W⊙k −→ W ′⊙l

Fn :=Fn,1 : W⊙n −→W ′Sometimes, we shall onsider the maps Fn as antisymmetri maps W⊗n −→ W ′instead of maps W⊙n −→ W ′. For eah multi-index I = (i1, . . . , ik) ∈ Nk, we set
I! := i1! · . . . · ik! and |I| := i1 + . . .+ ik and

FI :=
1

I!k!
(Fi1 ⊙ . . .⊙ Fik) ◦ αn.Here, by Fi1 ⊙ . . .⊙ Fik , we mean the omposition of Fi1 ⊗ . . .⊗ Fik and the naturalprojetion W ′⊗k −→W ′⊙k.Proposition 1.1.2. For n ≥ 1, we have that

F̂n =

n∑

k=1

|I|=n
∑

I∈Nk

FI . (1.2)The proof an be found in the appendix.A oalgebra homomorphism F : S(W ) −→ S(W ′) is alled strit, if Fn = 0 foreah n ≥ 2.For a oalgebra (C,∆), remember that a module homomorphism Q : C −→ C isa oderivation, if and only if the diagram
C

Q //

∆
��

C

∆
��

C ⊗ C
Q⊗1+1⊗Q // C ⊗ C

(1.3)ommutes. By the next proposition, there is a one-to-one orrespondene betweenoderivations Q : S(W ) −→ S(W ) of degree +1 and sequenes of linear maps Qn :
Sn(W ) −→W of degree +1. We �x the following notations:

Q̂n :=Q|W⊙n : W⊙n −→ S(W )

Qk,l := prW⊙l ◦Q̂k : W⊙k −→W⊙l

Qn :=Qn,1 : W⊙n −→W



26 L∞-algebras and oalgebrasProposition 1.1.3. Let Q be a oderivation of degree +1 on the graded oalgebra
(S(W ),∆). Then, Q(1) = Q0(1) ∈W and for n ≥ 1 and w1, . . . , wn ∈W , we have
Q̂n(w1, . . . , wn) =

n∑

l=0

∑

σ∈Sh(l,n)

ǫ(σ)Ql(wσ(1), . . . , wσ(l))⊙ wσ(l+1) ⊙ . . .⊙ wσ(n), (1.4)where the l = 0 term must be interpreted as Q0(1) ⊙ w1 ⊙ . . . ⊙wn.The proof an be found in the appendix. Remark that there is a 1:1 - orrespondenebetween oderivations of degree +1 on (S+(W ),∆+) and oderivations of Q degree
+1 on (S(W ),∆) with Q(1) = 0.Corollary 1.1.4. Let Q be a oderivation of degree +1 on the oalgebra S(W ), Q′a oderivation of degree +1 on the oalgebra S(W ) and F := S(W ) −→ S(W ′) amorphism of oalgebras. Then, for n ≥ 1 and 1 ≤ l ≤ n+ 1, 1 ≤ k ≤ n, we have

Qn,l = (Qn−l+1 ⊗ 1⊗ . . .⊗ 1) ◦ αn−l+1,nand
Fn,k =

∑

i1+...+ik=n

FI .The map F respets the oderivations Q and Q′ if and only if F (Q(1)) = Q′(1) andfor eah n ≥ 1, we have
n∑

k=1

∑

I∈Nk

|I|=n

Q′
k ◦ FI =

∑

k+l=n+1

Fl ◦ (Qk ⊗ 1⊗ . . .⊗ 1) ◦ αk,n. (1.5)On the right hand - side, the sum is over all l ≥ 1 and k ≥ 0. The term
(Q0 ⊗ 1⊗ . . .⊗ 1)(w1 ⊗ . . .⊗ wn) must be interpreted as Q0(1)⊗ w1 ⊗ . . .⊗ wn.1.1.3 L∞-algebrasRemember that a module L with a sequene of maps µn :

∧n L −→ L of degree 2−n,for n ≥ 0, is alled an L∞-algebra if the oderivation Q (of degree +1) on S(W ),de�ned by the maps
Qn := (−1)n(n−1)/2 ↓ ◦µn◦ ↑

n: W⊙n −→ Wis a odi�erential, i.e. Q2 = 0.Proposition 1.1.5. The ondition Q2 = 0 just means that for eah n > 0 andelements w1, . . . , wn ∈W , the term
(Q2)n(w1, . . . , wn) =

∑

k+l=n+1

∑

σ∈Sh(k,n)

ǫ(σ)Ql(Qk(wσ(1), . . . , wσ(k)), wσ(k+1), . . . , wσ(n))



Deformation of L∞-algebras 27disappears. This ondition is equivanlent to the equations
∑

k+l=n+1

∑

σ∈Sh(k,n)

(−1)k(l−1)χ(σ)µl(µk(aσ(1), . . . , aσ(k)), aσ(k+1), . . . , aσ(n)) = 0 (1.6)for eah n ≥ 0 and a1, . . . , an ∈ L.In the literature, µ0 is mostly assumed to be trivial. If this is the ase, (L, µ1) isa DG module.De�nition 1.1.6. An L∞-algebra (L, µn)n≥1 is alled minimal, if µ1 = 0. It isalled linear, if µi = 0 for i ≥ 2.Now let (L, µ∗) and (L′, µ′∗) be L∞-algebras. Set W := L[1], W ′ := L′[1] anddenote the indued odi�erentials on S(W ) and S(W ′) by Q and Q′. A sequene ofmaps fn :
∧n L −→ L′; n ≥ 1 of degree 1 − n is alled L∞-morphism, if the maps

Fn := W⊙n −→ W ′ indued by fn (expliitly: Fn = (−1)n(n−1)/2 ↓ ◦fn◦ ↑
n) de�ne amorphism F : S(W ) −→ S(W ′) of di�erential graded oalgebras. Rewrite ondition(1.5) in terms of fn and µn:

µ′1 ◦ fn −
∑

i+j=n
(−1)i

2 µ′2(fi, fj) ◦ αi,j

+
∑n

k=3

∑

I∈Nk

|I|=n

(−1)k(k−1)/2+i1(k−1)+...+ik−1·1µ′k ◦ fI

=
∑

k+l=n+1(−1)k(l−1)fl ◦ (µk ⊗ 1⊗ . . .⊗ 1) ◦ αk,n

(1.7)For the ase where L′ is a di�erential graded Lie-algebra, i.e. µ′k = 0 for k = 0 and
k ≥ 3, set d := µ′1 and [ , ] := µ′2. We get the following onditions for the maps fn tode�ne an L∞-morphism (see De�nition 5.2 of [27℄):
dfn(a1, . . . , an)−

∑

i+j=n

∑

σ χ(σ)(−1)i+(j−1)(aσ(1)+...+aσ(i))[fi(aσ(1), . . . , aσ(i)), fj(aσ(i+1), . . . , aσ(n))]

=
∑

k+l=n+1

∑

σ∈Sh(k,n)(−1)k(l−1)χ(σ)fl(µk(aσ(1), . . . , aσ(k)), aσ(k+1), . . . , aσ(n)),where a1, . . . , an ∈ L and the seond sum goes over all σ in Sh(i, n) suh that σ(1) <
σ(i+ 1).De�nition 1.1.7. A morphism f : (L, µn)n≥1 −→ (L′, µ′n)n≥1 of L∞-algebras isalled an L∞-quasi-isomorphism, if f1 is a quasi-isomorphism of di�erential gradedmodules.



28 L∞-algebras and oalgebras1.1.4 L∞-algebras and formal DG manifoldsIn this setion, we explain brie�y the geometri point of view of L∞-algebras, as pro-posed by Kontsevih [22℄. First, reall the de�nition of pointed modules (see SetionII.6 of [2℄): A pointed module is a pair (M, ∗) of a module M and an element ∗ ∈M .We restrit ourselves to the ase where ∗ is just the zero element. For modules M and
N , a homogeneous polynomial of degree p on M with values in N is a mapping
f̃ : M −→ N of the form f ◦∆(p), where f is a p-multilinear formM × . . .×M −→ Nand ∆(p) is the diagonal m 7→ (m, . . . ,m). The polarization formula (Lemma II.6.2 of[2℄) says that f 7→ f̃ is a 1:1-orrespondene between symmetrial p-multilinear forms
M × . . . ×M −→ N and homogeneous polynomials of degree p on M with values in
N . For pointed modules M = (M, 0) and N = (N, 0), a formal map f : M −→ N is aformal sum f =

∑

p≥1 f̃p, where f̃p is a homogeneous polynomial of degree p. Pointedmodules together with formals maps form a ategory. By the polarization formula andProposition 1.1.2, there is a 1:1-orrespondene between formal maps f : M −→ Nand morphisms S(M) −→ S(N) of (non-graded free) oalgebras.For the de�nition of formal supermanifolds, modules are replaes by Z-gradedmodules and symmetri multilinear forms by graded symmetri multilinear forms.De�nition 1.1.8. A formal supermanifold is a pair M = (M, 0) of a Z-gradedmodule M and its zero element. A formal map f : M −→ N of degree j of formalsupermanifolds is a sequene (fp)p≥1, where fp is a graded symmetri multilinearform M × . . .×M −→ N of linear degree j. The omposition f ◦ g of formal maps
g : L −→M and f : M −→ N is de�ned as the sequene (gp)p≥1 with

gp =

p
∑

k=1

∑

I∈Nk

|I|=p

fk ◦ gI .A morphism of formal supermanifolds is a formal map of degree zero.It is lear by this de�nition that the ategory of formal supermanifolds is equivalentto the ategory of free, graded oalgebras with oalgebra maps of degree zero.De�nition 1.1.9. A vetor�eld of degree j on a formal supermanifold M is aoderivation of degree j on S(M).By Proposition 1.1.3, a vetor�eld on M an be interpreted as formal map M −→
M . The M on the right hand-side of the arrow should be onsidered as tangentspae of M . The graded ommutator de�nes the struture of a graded Lie algebra on
Coder(S(M), S(M)). Therefore, there is a braket [·, ·] of vetor�elds.Let (M,QM ) and (N,QN ) be formal supermanifolds with vetor�elds. A formalmap f : M −→ N is alled Q-equivariant, if the indued map S(M) −→ S(N) ofoalgebras ommutes with QM and QN . Remark that in the ase where M and N



Deformation of L∞-algebras 29are non-graded free K-modules of �nite dimension, this de�nition oinides with thelassi de�nition and the Q-equivariane just means that
QN ◦ f = Df ◦QM .De�nition 1.1.10. A formal DG manifold is a pair (M,QM ) of a formal super-manifold M and a vetor�eld QM of degree 1 suh that [QM , QM ] = 0. Morphisms offormal DG manifolds are Q-equivariant maps of formal supermanifolds (sometimes weall them L∞-morphisms). Denote the ategory of formal DG manifolds by DG-Manf.By the previous subsetion, the lifting L 7→ L[1] gives an isomorphism between theategory of L∞-algebras and the ategory of formal DG manifolds, and the funtor

M 7→ S(M) gives an isomorphism between the ategory of formal DG manifolds andthe ategory of free di�erential graded oalgebras.We use the following supersripts to denote full subategories of DG-Manf:L (�loal�): the subategory of all (M,QM ) in DG-Manf suh that QM0 = 0;M (�minimal�): the subategory of all (M,QM ) in DG-ManfL suh that QM1 = 0;G (�g-�nite�): the subategory of all (M,QM ) in DG-ManfL suh that H(M,QM1 ) isg-�nite;C (�onvergent�): the subategory of all (M,QM ) in DG-ManfGM suh that the map-ping M0 −→M1 indued by QM onverges.1.2 Deformation of L∞-AlgebrasFialowski and Penkava [38℄ have de�ned a deformation theory of L∞-algebras suhthat the base of a deformation is an algebra with augmentation. The new approahhere is to take L∞-algebras also as bases of deformations. Sine the geometri lan-guage is more elegant, we will talk about formal DG manifolds instead of L∞-algebras.Thus, the objets that we deform are DG strutures, i.e. degree 1 vetor�elds Q with
Q2 = 0 on formal supermanifolds.In our setting, the ��ber� of a deformation of a DG struture on M does not givea DG struture on M in general, but only a degree 1 vetor�eld. But it is easy to�nd those points of the basis B of a deformation of M for whih the assoiated defor-mation of QM is again a DG struture. They just orrespond to the zero lous of thevetor�eld QB .A very nie fat for this deformation theory is that we get a universal deformationfor free: The deformations of a DG manifold M are governed by the di�erentialgraded Lie algebra of vetor�elds on M , i.e. the DGL L of oderivations on S(M)with graded ommutator as braket [·, ·] and di�erential d = [·, QM ]. In ontrast toFialowski/ Penkava, we use the linear grading on L (see Setion 1.1). Set U := L[1]and denote the vetor�eld orresponding to the DGL struture of L by QU . We willsee that (U,QU ) is the base of a universal deformation of M .



30 Deformation of L∞-Algebras1.2.1 De�nitionsDe�nition 1.2.1. Let (M,QM ) in DG-Manf and (B,QB) in DG-ManfL be formal DGmanifolds. A deformation of M with base B, or more exatly a deformation of theDG struture QM , is a degree 1 vetor�eld Q on B ×M with Q0 = 0 suh that(i) Q|{0}×M = 0.(ii) The vetor�eld Q̃ := QM +QB +Q is a DG struture on B ×M .(iii) The projetion B ×M −→ B is a homomorphism of formal DG manifolds.We denote deformations of (M,QM ) as triples (B,QB, Q). Remark that ondition(i) is equivalent to the ondition that the inlusion M −→ B ×M is a morphism offormal DG manifolds. Condition (iii) is equivalent to the ondition
im(Q) ⊆ {0} ×M.A deformation is trivial, if the projetion B ×M −→ M respets the DG strutures

Q̃ and QM .De�nition 1.2.2. A morphism of deformations (B,QB , Q) and (B′, QB
′
, Q′) of

(M,QM ) is a pair (F, f), where F is a morphism of formal DG manifolds (B×M, Q̃ :=
QB + QM + Q) and (B′ ×M, Q̃′ := QB +QM +Q′) and f is a morphism of formalDG manifolds (B,QB) and (B′, QB

′
) suh that the diagram

B ×M //

��

B′ ×M

��
B // B′is artesian and the diagram
M

�� &&LLLLLLLLLLL

B ×M // B′ ×Mommutes.De�nition 1.2.3. Two deformations are alled equivalent, if there exist homomor-phisms in both senses.Convention: For elements m1, . . . ,mn in a module M and for shu�es σ ∈ Sh(k, n),we will sometimes write m′
σ for mσ(1) ⊙ . . .⊙mσ(k) and m′′

σ for mσ(k+1) ⊙ . . .⊙mσ(n)and sometimes just m instead of m1 ⊙ . . .⊙mn.



Deformation of L∞-algebras 31Proposition 1.2.4. (Base hange) Suppose that (B′, QB
′
, Q′) is a deformation of

(M,QM ) and f : B −→ B′ a homomorphism of formal DG manifolds with B =
(B,QB) in DG-ManfL. Via

Qn(b1, . . . , br,m1, . . . ,ms) :=
r∑

t=1

∑

I∈Nt

|I|=r

Q′
s+t(fI(b1, . . . , br),m1, . . . ,ms),for r ≥ 1 with r+s = n and bi ∈ B′, mj ∈M , we an de�ne a deformation (B,QB , Q)of (M,QM ) and (f × Id, f) is a morphism of deformations.Proof. We have to show that (Q2)n(b1, . . . , br,m1, . . . ,ms) = 0, for b1, . . . , br ∈ B and

m1, . . . ,ms ∈M . First, let s ≥ 1. Then
(Q2)n(b,m) =

n∑

k=r

∑

σ∈Sh(k−r,s)

ǫ(σ)QMn−k+1(Qk(b,m
′
σ),m

′′
σ)

+
r∑

k=1

∑

σ∈Sh(k,r)

ǫ(σ)Qn+1−k(Q
B
k (b′σ), b

′′
σ ,m)

+
s∑

k=0

∑

σ∈Sh(k,s)

ǫ(σ)Qn+1−k(b,Q
M
k (m′

σ),m
′′
σ)

+
∑

k+l=n+1

r−1∑

p=1

∑

σ∈Sh(p,r)

∑

τ∈Sh(k+p−r,s)

ǫ(σ)ǫ(τ)Ql(b
′
σ, Qk(b

′′
σ,m

′
τ ),m

′′
τ ).Using the de�nition of Q and the assumption that f is a DG morphism, after hangingthe order of summation, this sum takes the following form:

r∑

t=1

∑

I∈Nt

|I|=r

s∑

p=0

∑

σ∈Sh(p,s)

ǫ(σ)QMs−p+1(Q
′
p+t(fI(b),m

′
σ),m

′′
σ)

+

r∑

p=1

p
∑

t=1

∑

I′,I′′,u

∑

σ∈Sh(p,r)

ǫ(σ)Q′
s+u+1(Q

B
t (fI′(b

′
σ)), fI′′(b

′′
σ),m)

+

r∑

t=1

∑

I∈Nt

|I|=r

s∑

p=0

∑

σ∈Sh(p,s)

ǫ(σ)Q′
s−p+t+1(fI(b), Q

M
p (m′

σ),m
′′
σ)

+

r−1∑

p=1

s∑

q=0

p
∑

t=1

∑

I′,I′′,u

∑

σ∈Sh(p,r)

∑

τ∈Sh(q,s)

ǫ(σ)ǫ(τ)Q′
t+s−q+1(fI′(b

′
σ), Q

′
u(fI′′(b

′′
σ),m

′
τ ),m

′′
τ ),where in the seond and forth term, the sum is taken over all I ′ ∈ Nt suh that |I ′| = p,over all u = 1, . . . , r − p and all I ′′ ∈ Nu suh that |I ′′| = r − p. But this sum equals

r∑

t=1

∑

I∈Nt

|I|=r

(Q̃)2s+t(fI(b1, . . . , br),m1, . . . ,ms),



32 Deformation of L∞-Algebraswhih is zero. The ase s = 0 goes in the same manner.Now, f × Id is a map of formal DG manifolds and for a diagram
A

g

��

h

''##
B ×M

f×Id //

��

B′ ×M

��
B

f // B′one an see that j := g × (prM ◦h) is a DG morphism ompleting the diagram om-mutatively. Hene, the quadrati diagram is artesian and the pair (f × Id, f) is amorphism of deformations. �Corollary 1.2.5. If (F, f) is a morphism (B,QB , Q) −→ (B′, QB
′
, Q′) of deforma-tions and f an isomorphism, then (F, f) is also an isomorphism.Proof. The deformation (B,QB , Q) is natural isomorphi to the deformation obtainedby base hange. For the latter one, the statement is lear. �1.2.2 A Universal deformationDe�nition 1.2.6. A deformation (U,QU , Q) of (M,QM ) is alled universal, if foreah deformation (B,QB , Q′), there exists a morphism (F, f) : (B,QB , Q′) −→

(U,QU , Q), where f is uniquely de�ned. A deformation (V,QV , Q) is alled semi-universal, if for eah deformation (B,QB , Q′), there exists a homomorphism
(B,QB , Q′) −→ (V,QV , Q)of deformations and if (V,QV ) is minimal (in the sense of De�nition 1.1.6).Let L be the di�erential graded Lie algebra Coder(S(M), S(M)) with braket
[s, t] = s ◦ t− (−1)stt ◦ s,for homogeneous s, t and di�erential d(s) := (−1)s[s,QM ].De�nition 1.2.7. The omplex (L, d) is alled the tangent omplex of M .Set U := L[1] and denote the vetor�eld orresponding to the DGL struture on

L by QU . There is a anonial onstrution of a deformation Q of M with base U :De�ne multilinear maps qn : U ⊗M⊗n−1 −→M of degree +1 by
u⊗m1 ⊗ . . .⊗mn−1 7→ (↑ u)(m1 ⊙ . . . ⊙mn−1)and denote the symmetrisation of the map (U ×M)⊗n −→ U ×M indued by 1

n!qnby Qn. Hene, we get a vetor�eld Q of degree +1 on U ×M suh that Q|{0}×M = 0.



Deformation of L∞-algebras 33Proposition 1.2.8. The vetor�eld Q̃ := QM +QU +Q is a DG vetor�eld on U×Mand the projetion U ×M −→ U respets the DG strutures Q̃ and QU .Proof. Remember that we have
(Q̃2)n =

∑

k+l=n+1

Q̃l ◦ (Q̃k ⊗ 1⊗ . . . ⊗ 1) ◦ αk,n.Sine QM and QU are L∞-strutures, we have (Q̃2)n(a1, . . . , an) = 0 if all ai belongto M or if all ai belong to U . Hene, it is enough to show that Q̃2 is zero on produtsof the form
w1 ⊙ . . .⊙ wi ⊙m1 ⊙ . . .⊙mn,for i = 1, 2 and n ≥ 1. In the ase i = 1, write w instead of w1. We have

(Q̃2)n+1(w,m2, . . . ,mn) =
∑

k+l=n+1

∑

σ∈Sh(k,n)

ǫ(σ,m)QMl (Qk+1(w,m
′
σ),m

′′
σ)

+
∑

k+l=n+1

∑

σ∈Sh(k,l)

ǫ(σ,m) · (−1)wQl(w,Q
M
k (m′

σ),m
′′
σ)

+Qn(Q
U
1 (w),m) =

∑

k+l=n+1

∑

σ∈Sh(k,n)

ǫ(σ,m)QMl ((↑ w)(m′
σ),m

′′
σ)

+
∑

k+l=n+1

∑

σ∈Sh(k,l)

ǫ(σ,m) · (−1)w(↑ w)(QMk (m′
σ),m

′′
σ)

+(−1)w+1((↑ w) ◦QM −QM ◦ (↑ w))(m),whih is zero sine the �rst two fators are minus the last fator. For i = 2, we have
Qn+2(w1, w2,m1, . . . ,mn) = Qn+1(Q

U
2 (w1, w2),m)

+
∑

k+l=n+1

∑

σ∈Sh(k,n)

ǫ(σ,m)(−1)w1Ql+1(w1, Qk+1(w2,m
′
σ),m

′′
σ)

+
∑

k+l=n+1

∑

σ∈Sh(k,n)

ǫ(σ,m)(−1)1+w1w2+w2Ql+1(w2, Qk+1(w1,m
′
σ),m

′′
σ),whih is equal to the sum
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(−1)w1+1[↑ w1, ↑ w2](m)+

∑

k+l=n+1

∑

σ∈Sh(k,n)

ǫ(σ,m)(−1)w1(↑ w1)((↑ w2)(m
′
σ),m

′′
σ)

+
∑

k+l=n+1

∑

σ∈Sh(k,n)

ǫ(σ,m)(−1)1+w1w2+w2(↑ w2)((↑ w1)(m
′
σ),m

′′
σ),whih is zero, sine the �rst fator is the negative of the last two fators. �Hene, (U,QU , Q) is a deformation of (M,QM ).Theorem 1.2.9. The triple (U,QU , Q) is a universal deformation of QM . Morepreisely, the mapping Q′ 7→ f , where

(↑ fn(b1 ⊙ . . .⊙ bn))k(m1, . . . ,mk) := Q′
n+k(b1, . . . , bn,m1, . . . ,mk)de�nes a one-to-one orrespondene between deformations of M with base (B,QB)and morphisms B −→ U of formal DG manifolds. In other words, U represents thefuntor

B 7→ {deformations of M with base B}.Proof. We have to show that (QM + QB + Q′)2 = 0, if and only if the family (fn)nde�nes a map f : S(B) −→ S(U) of di�erential graded oalgebras, i.e. if and only iffor eah n and b1, . . . , bn ∈ B, the equation
QU1 (fn(b)) +

1

2

∑

i+j=n

∑

σ∈Sh(i,n)

ǫ(σ, b)QU2 (fi(b
′
σ), fj(b

′′
σ)) =

∑

k+l=n+1

∑

σ∈Sh(k,n)

ǫ(σ, b)fl(Q
B
k (b′σ), b

′′
σ) (2.8)holds. In equation (2.8), we apply both sides on terms m1 ⊙ . . .⊙mr ∈M

⊙r and usethe de�nition of f . Then, the ondition on f is equivalent to the ondition that thefollowing term is zero:
∑

k+l=r+1

∑

τ∈Sh(k,r)

ǫ(τ,m)QMl (Q′
n+k(b,m

′
τ ),m

′′
τ )

+(−1)b1+...+bn
∑

k+l=r+1

∑

τ∈Sh(k,r)

ǫ(τ,m)Q′
n+l(b,Q

M
k (m′

τ ),m
′′
τ )

+
∑

i+j=n
i,j≥1

∑

σ∈Sh(i,n)

ǫ(σ, b)(−1)bσ(1)+...+bσ(i)

n∑

k=0

∑

τ∈Sh(k,r)

ǫ(τ,m)Q′
i+l(b

′
σ, Q

′
j+k(b

′′
σ,m

′
τ ),m

′′
τ )

+
∑

k+l=r+1

∑

σ∈Sh(k,n)

ǫ(σ, b)Q′
n+r(Q

B
k (b′σ), b

′′
σ ,m)



Deformation of L∞-algebras 35But this term just equals
(QM +QB +Q′)2(b1, . . . , bn,m1, . . . ,mr).This proves the seond part of the theorem.To prove the �rst part, we show that the map F := (f × Id) : B ×M −→ U ×Mrespets the DG strutures, i.e. that for n ≥ 0, the following equality holds:

Q̃1Fn +
1

2

∑

i+j=n

Q̃2 ◦ Fi ⊗ Fj ◦ αi,n

+

n∑

k=3

∑

I∈Nk

|I|=n

1

I!k!
Q̃k ◦ (Fi1 ⊗ . . .⊗ Fik) ◦ αn (2.9)

=
∑

k+l=n+1

Fl ◦ (Q̃′
k ⊗ 1⊗ . . .⊗ 1) ◦ αk,nRemark that Fn takes the following values on produts b1⊙ . . .⊙br⊙m1⊙ . . .⊙mn−r,with r < n, bi ∈ B and mj ∈M :

Fn(b1, . . . , br,m1, . . . ,mn−r) = 0 for 0 < r < n

Fn(b1, . . . , bn) = fn(b1, . . . , bn)

Fn(m1, . . . ,mn) = 0 for m > 1

F1(m1) = m1Applying the left hand-side of equation (2.9) on b1 ⊙ . . . ⊙ br ⊙m1 ⊙ . . . ⊙mn−r, weonly get the term
Q1+n−r(fr(b1, . . . , br),m1, . . . ,mr).Applying the right hand-side of equation (2.9) on b1⊙ . . .⊙ br ⊙m1⊙ . . .⊙mn−r, weonly get the term

Q′
n(b1, . . . , br,m1, . . . ,mr).By our onstrution, both terms oinide. �At the end of Setion 1.5, we will be able to onstrut a semiuniversal deformationof an L∞-algebra with split tangent omplex (see Theorem 1.5.13).1.2.3 In�nitesimal deformations and obstrutionsIn deformation theory, an in�nitesimal deformation is always a deformation over thedouble point. What do we mean by double point in our ontext ?



36 Deformation of L∞-AlgebrasDe�nition 1.2.10. The n-fold point is the formal DG manifold (B,QB) with B =
Ce0 ⊕Ce1, deg(ei) = i and

QBj (e0, . . . , e0) :=

{

e1 for j = n,

0 for j 6= n.Fix an arbitrary formal DG manifold (M,QM ) with tangent omplex (L, d, [·, ·])and orresponding (U,QU ), whih is the base of a universal deformation of M . Reallthat for given B = (B,QB), deformations ofM with base B orrespond to morphisms
B −→ U of formal DG manifolds.Proposition 1.2.11. Let D = (D,QD) be the double point. There is a 1:1- orre-spondene between morphisms D −→ U and formal maps q : D0 −→ U0 suh that
q1(e0) ∈ Kern(QU1 ). The morphism D −→ U is linear if and only if q is linear.Proof. We an extend a given q : D0 −→ U0 in the following way to a morphism
D −→ U :

q1(e1) :=QU1 (q2(e0, e0)) +QU2 (q1(e0), q1(e0))

q2(e1, e0) :=QU1 (q3(e0, e0, e0)) +QU2 (q2(e0, e0), q1(e0))

q3(e1, e0, e0) :=QU1 (q4(e0, e0, e0, e0)) +QU2 (q2(e0, e0), q2(e0, e0))

+ QU2 (q3(e0, e0, e0), q1(e0))

...

�Thus, a deformation over the double point is just a formal map Ce0 −→ U . Wewant to all only the minimal �in�nitesimal deformations�.De�nition 1.2.12. Let ei be a vetor of degree i ∈ Z. A deformation of (M,QM )with base Cei is alled in�nitesimal deformation in degree i, if the orrespondingmorphism q : Cei −→ U is linear.We see that we an interpret Kern(QU1 )∩U i as spae of in�nitesimal deformationsin degree i. It will be lear after Setion 1.5.3 that elements of Im(QU1 ) ∩ U i de�netrivial in�nitesimal deformations (they are in the kernel of the map g : U −→ V , seeSetion 1.5.3). Hene, the homology H i+1(L) an be interpreted as set of equivalenelasses of in�nitesimal deformations in degree i of (M,QM ).Proposition 1.2.13. Let T = (T,QT ) be the triple point and q : T 0 −→ U0 a formalmap suh that q(e0) ∈ Kern(QU1 ). We an extend q to a morphism T −→ U if andonly if
QU1 (q2(e0, e0)) +QU2 (q1(e0), q1(e0)) = 0.



Deformation of L∞-algebras 37Proof. In the same manner as Proposition 1.2.11. �In partiular, an �in�nitesimal deformation� q : Ce0 −→ U an be extended to adeformation over the triple point, if and only if
QU2 (q1(e0), q1(e0)) ∈ Im(QU1 ).Sine QU2 (q1(e0), q1(e0)) ∈ Kern(QU1 ), obstrutions belong to H1(U) = H2(L). Moregenerally, for eah even i, the obstrutions for extending an in�nitesimal deformationin degree i belong to H i+1(U).1.3 TreesTrees were �rst used by Kontsevih/ Soibelman [23℄ to desribe the A∞-struturethat a DG module, homotopy equivalent to a di�erential graded algebra inherits. Wehave a similar objetive, but for L − ∞-algebras instead of A∞-algebras. Trees inour de�nition are always binary trees. We give a de�nition of binary trees and assignseveral invariants to them, whih are important in order to get good signs later on.1.3.1 De�nitionsDe�nition 1.3.1. A (binary) tree with n leaves onsists of a pair φ = (φ, V )where V = {K0, . . . ,Kn−2} denotes a set of rami�ations and φ denotes a map

φ : {K1, . . . ,Kn−1} −→ {K0, . . . ,Kn−1} suh that for eah i = 0, . . . , n− 2, we have:(1) The inverse image φ−1(Ki) ontains at most 2 elements.(2) There is an n ≥ 0 suh that φn(Ki) = K0.
K0 is alled root of φ.There is a tree with one leaf and no rami�ation whih will always be denoted by τ .De�nition 1.3.2. An orientation of a tree (φ, V ) is a family π = (πK)K∈V ofinlusions πK : φ−1(K) −→ {1, 2}. The triple φ = (φ, V, π) is alled an orientedtree.De�nition and Proposition 1.3.3. For eah oriented tree (φ, V, π), there is a nat-ural ordering on the set V : For K ∈ V \K0, suppose that φm(K) = K0. We set

v(K) :=
πφ(K)(K)

3m
+
πφ2(K)(φ(K))

3m−1
+ . . .+

πφm(K)(φ
m−1(K))

3
.Set v(K0) := 0. Then v : V −→ R is injetive, hene it indues an ordering on V .



38 TreesWhen we write down the value v(K) of a rami�ationK in its 3-ary deomposition,we just get an algorithm, how to get from the rootK0 toK. For example 0.1121 means�go (in the driving diretion) right-right-left-right�. When (φ, V, π) is an oriented treewith n leaves, we an extend the map φ to a map φ̃ : V \K0 ∪ {1, . . . , n} −→ V suhthat
• For 1 ≤ i < j ≤ n, we have φ̃(i) ≤ φ̃(j).
• For eah K ∈ V , φ̃−1(K) has exatly 2 elements.The numbers 1, . . . , n stand for the leaves of φ. Furthermore, we an extend the map

v : K −→ [0, 1) on Ṽ := V ∪{1, . . . , n} in suh a way that the 3-ary deomposition of
v(i) desribes the way from the root to the i-th leaf of φ, for i = 1, . . . , n. Then wehave v(i) < v(j), for 1 ≤ i < j ≤ n. In onsequene, we have an ordering on Ṽ .De�nition 1.3.4. Two trees (φ, V ) and (φ′, V ′) are alled equivalent, if there is abijetion f : V −→ V ′ of the rami�ation sets suh that f ◦ φ = φ′ ◦ f . Two orientedtrees (φ, V, π) and (φ′, V ′, π′) are alled oriented equivalent, if there is a bijetion
f : V −→ V ′ of the rami�ation sets suh that f ◦ φ = φ′ ◦ f and π′ ◦ f = π.When we draw oriented trees, we shall put elements K ′ of φ−1(K) down left of Kif πK(K ′) = 1 and down right of K if πK(K ′) = 2.Example 1.3.5. The following trees with three leaves are equivalent but not orientedequivalent:

�
��
❅❅

❅
❅❅ �

��❅
❅❅��

0.11 0.12

0.1

0

0.10.2

0

0.21

0.2

0.22For eah rami�ation and eah leaf, we have indiated its value.Set Ot(n) to be the set of equivalene lasses of oriented trees with n leaves.Example 1.3.6. (1) The set Ot(2) ontains just one element. We denote it by β.(2) The set Ot(4) ontains just the following elements:
�

�
��

�
��

��

❅
❅

❅❅ �
�

��

�
��
❅❅

❅
❅

❅❅ �
�

��

��❅❅

❅
❅

❅❅ �
�

��

❅❅
❅

❅❅

❅
❅

❅❅ �
�

��

��
❅

❅❅

❅
❅

❅❅De�nition 1.3.7. For a tree (φ, V ) and K ∈ V , there is a tree φ|K with root K andrami�ations {K ′ ∈ V : φn(K ′) = K for an n ≥ 0}.We have to introdue several invariants:For a tree φ with n > 1 leaves and 1 ≤ i ≤ n, set wφ(i) to be the di�erene of thenumber sφ(i) of rami�ations of φ whih are smaller than i and i − 1. (i − 1 is the



Deformation of L∞-algebras 39number of leaves of φ, smaller than i.) For K ∈ V , set wφ(K) := wφ−φ|K (K), whereon the right hand-side, K is onsidered as leaf of φ− φ|K .Remark 1.3.8. For K ∈ V , the integer wφ(K) is just the number of 1's arising inthe 3-ary deomposition of v(K).Now, for eah tree φ with at least 2 leaves, set e(φ) := (−1)wφ(1)+...+wφ(n).Set e(τ) := 1Example 1.3.9. (1) e(β) = −1(2) For the �rst tree in Example 1.3.5, we have e(φ) = −1; For the seond tree inExample 1.3.5, we have e(φ) = +1;Now, let L be a graded module, φ an oriented tree with n leaves and B = (bK)K∈Va family of bilinear maps L⊗ L −→ L. Reursively, we want to de�ne a multilinearmap
φ(B) : L⊗n −→ L.

• If φ has one leaf, i.e. B is empty, we set φ(B) := Id.
• If φ has only two leaves, i.e. V = {K0}, for a bilinear map b0 : L⊗L −→ L, weset φ(b0) := b0.
• If φ−1(K0) ontains exatly one element, say K1, and πK0(K1) = 1, we set

φ(B) := b0 ◦ (φ|K1((bK)K∈V \K0
)⊗ 1).

• If φ−1(K0) ontains exatly one element, say K1, and πK0(K1) = 2, we set
φ(B) := b0 ◦ (1⊗ φ|K1((bK)K∈V \K0

)).

• If φ−1(K0) = {K1,K2} with φK0(K1) = 1 and φK0(K2) = 2, we set
φ(B) := b0 ◦ (φ|K1((bK)K∈V1)⊗ φ|K2((bK)K∈V2)).Here, V1 denotes the rami�ation set of φ|K1 and V2 the rami�ation set of φ|K2 .1.3.2 Operations on treesAddition Let (φ, V, π) and (φ′, V ′, π′) be oriented trees with disjoint rami�ationsets. Let R be a point in neither one of them. Set V ′′ := V ∪ V ′ ∪ {R}. We de�ne amap ψ : V ′′ \R −→ V ′′ by ψ|V \K0

:= φ, ψ|V ′\K ′
0

:= φ′ and ψ(K0) := ψ(K ′
0) := R.There is a family (π′′K)K∈W of inlusions π′′K : ψ−1(K) −→ {0, 1} with π′′K = πK ,for K ∈ V , π′′K = π′K for K ∈ V ′ and π′′R(K0) = 0 and π′′R(K ′

0) = 1. Now, we set
(φ, V, π) + (φ′, V ′, π′) := (ψ, V ′′, π′′).It is obvious how to de�ne the addition of non-oriented trees. The addition of orientedtrees is not ommutative. The addition of non-oriented trees is ommutative.



40 TreesExample 1.3.10. We have τ + τ = β. Furthermore, eah tree an be reonstrutedby addition out of opies of τ .Subtration Let (φ, V ) be a tree with n leaves and K ∈ V . Let l be the number ofleaves of φ|K . The de�nition of a tree φ− φ|K with n− l + 1 leaves is quite obvious.Composition Let (φ, V, π) be an oriented tree with n leaves and let
(ψ(1), V (1), π(1)), . . . , (ψ(n), V (n), π(n)) be oriented trees. Let W be the disjoint unionof V and all V (i). For K ∈ V set n(K) := 2 − |φ−1(K)|. (This is the number ofleaves belonging to K.) Let K1 < . . . < Kl all elements K of V with n(K) > 0. Wede�ne a map Φ : W \K0 −→W as follows: For K ∈ V \K0, set Φ(K) := φ(K). For
K ∈ V (i) \K

(i)
0 , set Φ(K) := ψ(i)(K). And de�ne the values of Φ on the K(i), setting

(Φ(K
(1)
0 ), . . . ,Φ(K

(n)
0 )) := (K1, . . . ,K1

︸ ︷︷ ︸

n1 times , . . . ,Kl, . . . ,Kl
︸ ︷︷ ︸

nl times ).Then, (Φ,W ) is a tree with a anonial orientation π′, given as follows: For eah
i, K ∈ V (i) and K ′ ∈ Φ−1(K), we set π′(K ′) := π(i)(K ′). For K ∈ V and
K ′ ∈ Φ−1(K) ∩ V , we set π′(K ′) := π(K ′). It remains to de�ne π′Ki

on elementsof Φ−1(Ki) \ V , for i = 1, . . . , l. So, if n(Ki) equals 2, then Φ−1(Ki) \ V has twoelements, say K(j)
0 and K(k)

0 with j < k. Set ΦKi
(K

(j)
0 ) := 1 and ΦKi

(K
(k)
0 ) := 2. If

n(Ki) equals 1, then Φ−1(Ki) has one element in V , say K and one element whih isnot in V , say K ′. Set ΦKi
(K ′) := 1 if φKi

(K) = 2 and ΦKi
(K ′) := 2 if φKi

(K) = 1.We will denote this deomposition by Φ = φ ◦ (ψ(1), . . . , ψ(n)).The next lemma follows diretly from the de�nitions:Lemma 1.3.11. In this situation, suppose that there is a family B = (bK)K∈W ofof bilinear maps L ⊗ L −→ L. Set B(0) := (bK)K∈V and B(i) := (bK)K∈V (i), for
i = 1, . . . , n. We have

φ ◦ (ψ(1), . . . , ψ(n))(B) = (−1)exponentφ(B(0)) ◦ (ψ(1)(B(1))⊗ . . . ⊗ ψ(n)(B(i))),where the exponent is the sum
(

∑

K∈V (1)

bK)(

V >1∑

K∈V

bK) + . . .+ (
∑

K∈V (n−1)

bK)(

V >n−1∑

K∈V

bK).We remind that V > i means that the value v(V ) is greater than the value v(i) of the
i-th leaf of φ.



Deformation of L∞-algebras 411.4 L∞-equivalene of L and H(L)Let L = (L, d, [·, ·]) be a di�erential graded Lie algebra, where the di�erential d is ofdegree +1. Suppose that there is a splitting η, i.e. a map of degree −1 suh that
dηd = d. Furthermore, suppose that η2 = 0 and ηdη = η. When we use a Lie braketon Hom(L,L), we mean the graded ommutator.In this setion, we want to onstrut an L∞-algebra struture µ∗ on H := H(L, d)with µ1 = 0 suh that (L, d, [·, ·]) and (H,µ∗) are L∞-equivalent. The multilinearforms µn will be onstruted using trees as in the last setion. In the A∞-ontext,the existene of an A∞-struture on the ohomology of a DG algebra A had alreadybe shown (for A onneted) by Kadeishvili [21℄, Gugenheim/ Stashe� [15℄ and (in thegeneral ase) by Merkulov [35℄. Merkulov gives a reursion formula for onstrution ofthe higher produts. A similar reursion formula for the L∞-ase an be found in theartile [19℄ of Huebshmann and Stashe�. Kontsevih and Soibelman [23℄ rewrote thehigher terms obtained by Merkulov's onstrution (A∞-ase) in terms of deoratedtrees. Their formulas are still reursion formulas.In ontrast to Kontsevih/ Soibelman, we only work with binary trees and giveexpliit (non-reursion) formulas for the terms µn. Using the invariants e(φ) de�nedin the last setion, we are able to ontrol signs terms.We have to make some preparations. First of all, there is the following simple butimportant lemma:Lemma 1.4.1. Let n ≥ 3 be a natural number. There is a 1:1-orrespondene be-tween triples (Φ,K, σ), where Φ = (Φ, V, π) is an oriented tree with n leaves, K is arami�ation in V , σ a permutation in Σn and 6-tuples (k, φ, ψ, ρ, γ, δ), where k is anatural number with 2 ≤ k ≤ n − 1, φ is a tree in Ot(k), ψ is a tree in Ot(l) where
l := n+ 1− k, ρ is a shu�e in Sh(k, n) and γ ∈ Σl, δ ∈ Σk are permutations.

K

| {z }

r=3 leavessmaller K | {z }

k=3 leaves of φ
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❅❅

�
�

�

❅❅
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Example:The �ne lines represent the tree ψ and the fat lines thetree φ.In the sequel, the �rst r leaves of Φ will be assoiated tothe indexes σ(1) = ρ(γ(1) + k − 1), ..., σ(r) = ρ(γ(r) +
k − 1), the following k leaves to the indexes σ(r + 1) =
ρ(δ(1)), ..., σ(r+k) = ρ(δ(k)) and the remaining leaves tothe indexes σ(r+ k+ 1) = ρ(γ(r+ 2) + k− 1), ..., σ(n) =
ρ(γ(l) + k − 1).To the triple (Φ,K, σ), we assoiate the following data: Set k to be the number ofleaves of Φ|K , φ := Φ|K , ψ := Φ−φ. Let r be the number of leaves F of Φ with F < K.The shu�e ρ is hosen in suh a way that {ρ(1), ..., ρ(k)} = {σ(r + 1), ..., σ(r + k)}.The permutation δ is de�ned by δ(i) := ρ−1(σ(r + i)), for i = 1, ..., k and γ is de�nedin the following way:
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γ(i) :=







ρ−1(σ(i)) − k + 1 for i = 1, ..., r

1 for i = r + 1

ρ−1(σ(i + k − 1))− k + 1 for i = r + 2, ..., lIn the other diretion, to the 6-tuple (k, φ, ψ, ρ, γ, δ), we assoiate the followingdata: Set r := γ−1(1) − 1. Then Φ is the omposition
Φ = ψ ◦ (τ, ..., τ

︸ ︷︷ ︸

r times , φ, τ, ..., τ),where τ again stands for the tree with one leaf. The rami�ation K is the root of φ,onsidered as rami�ation of Φ and σ is given by
σ(i) :=







ρ(γ(i) + k − 1) for i = 1, ..., r

ρ(δ(i − r)) for i = r + 1, ..., r + k

ρ(γ(i− (k − 1)) + k − 1) for i = r + k + 1, ..., n.Now suppose that suh orresponding tuples (Φ, K̂, σ) and (k, φ, ψ, ρ, γ, δ) aregiven. Let V ′ be the rami�ation set of ψ and V ′′ the rami�ation set of φ. Then
V := V ′ ∪ V ′′ is the rami�ation set of Φ. Again, set r := γ−1(1) − 1. Remark thatthe ordering on V depends on γ. We de�ne a permutation γ̃ ∈ Σl−1 by

γ̃(i) :=

{

γ(i) − 1 for i = 1, ..., r

γ(i+ 1)− 1 for i = r + 1, ..., l − 1.Lemma 1.4.2. We keep all notation from above. Let B = (bK)K∈V be a familyof homogeneous bilinear forms L ⊗ L −→ L. Denote the subfamilies (bK)K∈V ′ and
(bK)K∈V ′′ by B′ and B′′. Set W to be the set of all rami�ations K ∈ V suh that
K > K̂. Then we have
ψ(B′) ◦ γ ◦ (φ(B′′) ◦ δ ⊗ 1⊗ ...⊗ 1) ◦ ρ

= (−1)r+rkψ(B′) ◦ (1⊗ ...⊗ 1
︸ ︷︷ ︸

r times ⊗φ(B′′)⊗ 1⊗ ...⊗ 1) ◦ σ

= (−1)r+rk+
P

K∈W bk·B
′′
Φ(B) ◦ σ.Proof. Let a1, ..., an be homogeneous elements of L. We get

(ψ(B′) ◦ γ ◦ (φ(B′′) ◦ δ ⊗ 1⊗ ...⊗ 1) ◦ ρ)(a1 ⊗ ...⊗ an) =

= χ(ρ, a1, ..., an)χ(δ, aρ(1), ..., aρ(k))

· (ψ(B′) ◦ γ)(φ(B′′)(aρ(δ(1)) , ..., aρ(δ(k)))
︸ ︷︷ ︸

=:u1

⊗ aρ(k+1)
︸ ︷︷ ︸

u2

⊗...⊗ aρ(n)
︸︷︷︸

ul

)

= χ(ρ, a1, ..., an)χ(δ, aρ(1), ..., aρ(k))χ(γ, u1, ..., ul)ψ(B′)(uγ(1), ..., uγ(l)).



Deformation of L∞-algebras 43Using the following three formulas
χ(σ, a1, ..., an) = (−1)kr+(aσ(1)+...+aσ(r))(aρ(1)+...+aρ(k))χ(ρ, a1, ..., an)·

χ(δ, aρ(1), ..., aρ(k))χ(γ̃, aρ(k+1), ..., aρ(n)),

uγ(1) ⊗ ...⊗ uγ(l) = (−1)B
′′(aσ(1)+...+aσ(r))·

(1⊗ ...⊗ 1⊗ φ(B′′)⊗ 1...⊗ 1)(aσ(1) ⊗ ...⊗ aσ(n)),

χ(γ, u1, ..., ul) = (−1)r+u1(uγ(1)+...+uγ(r))χ(γ̃, u2, ..., ul),this expression is just
(−1)kr+rχ(σ, a1, ..., an)ψ(B′)((1 ⊗ ...⊗ 1⊗ φ(B′′)⊗ 1⊗ ...⊗ 1)(aσ(1) ⊗ ...⊗ aσ(n))).The seond equality of this Lemma is just a speial ase of Lemma 1.3.11. �We turn to the onstrution of an L∞-struture on H(L).Proposition 1.4.3. The map [d, η] = dη+ηd is a projetion, i.e. [d, η]2 = [d, η]. And
H := Kern[d, η] is as module, isomorphi to H(L). Remark that under the assumptionof the beginning of this setion, we have

H = Kern d ∩Kern η.The braket on L indues a Lie-braket on H(L) and the indued braket on H (viathe isomorphism H −→ H(L)) is just given by (1− dη)[·, ·] = (1 − [d, η])[·, ·].For simpliity, we set g := η[·, ·].Theorem 1.4.4. The following graded anti-symmetri maps µn : H⊗n −→ H ofdegree 2− n de�ne the struture of an L∞-algebra on H:
µ1 : = 0

µ2 : = (1− dη)[·, ·]

...

µn : = (
−1

2
)n−1

∑

φ∈Otn

e(φ)φ((1 − [d, η])[·, ·], g, . . . , g) ◦ αnHere, the sum is taken over all trees φ with n leaves and φ((1− [d, η])[·, ·], g, . . . , g) isthe n-linear form obtained by assigning the bilinear form (1− [d, η])[·, ·] to the root ofthe tree φ and the bilinear form g to eah other rami�ation. The sign e(φ) is de�nedin Setion 1.3. and αn is the anti-symmetrisation map.



44 L∞-equivalene of L and H(L)Proof. We must show that
∑

k+l=n+1

(−1)k(l−1)µl ◦ (µk ⊗ 1⊗ ...⊗ 1) ◦ αk,n = 0. (4.10)Up to the fator (−1)n−1 this sum has the form
∑

k

∑

φ,ψ

∑

ρ,γ,δ

(−1)k(l−1)e(φ)e(ψ)ψ((1 − [d, η])[·, ·], g, ..., g) ◦ γ◦

◦ (φ((1 − [d, η])[·, ·], g, ..., g) ◦ δ ⊗ 1⊗ ...⊗ 1) ◦ ρ, (4.11)where k ranges from from 2 to n− 1, l = n+ 1− k, φ and ψ vary in Ot(k) and Ot(l),
ρ in Sh(k, n), γ and δ in Σl and Σk. For orresponding tuples (k, φ, ψ, ρ, γ, δ) and
(Φ, K̂, σ) as in Lemma 1.4.1, we denote as usual r := γ−1(1)− 1 and by t the numberof rami�ations of ψ, greater than r + 1. Using

e(Φ) = (−1)wΦ(K̂)(k−1)e(φ)e(ψ)

wΦ(K̂) = l − 1− r − tand Lemma 1.4.2, the expression (4.11) an be expressed as
∑

Φ∈Ot(n)

∑

K̂∈V \K0

e(Φ)(−1)r+wΦ(K̂)Φ(B) ◦ αn,where B = (BK)K∈V is the family with bK0 = bK̂ = (1− [d, η])[·, ·] and bk = η[·, ·] for
K 6= K0, K̂. To show that the last term is zero, it is enough to show the followingtwo onditions:

∑

Φ∈Ot(n)

∑

K∈V \K0

∑

σ∈Σn

(−1)r+wΦ(K)e(Φ)Φ((1 − [d, η])[·, ·], g, ..., g, [·, ·]
︸︷︷︸pos. K, g, ..., g) ◦ σ = 0.(4.12)For eah tree Φ, we have

∑

K∈V \K0

(−1)r+wΦ(K)e(Φ)Φ((1 − [d, η])[·, ·], g, ..., g, [d, η][·, ·]
︸ ︷︷ ︸position K

, g, ..., g) ◦ σ = 0. (4.13)The �rst ondition follows by the Jaobi-identity and an easy ombinatorial argu-ment. In equation (4.13) the term annihilate eah other sine the di�erential d triklesdown the branhes of Φ:Initiation of the trikling: Suppose that Φ−1(K0) ontains an element K ′ with
πK0(K

′) = 1. We have the following piture:
0 = ��❅❅

(1 − [d, η])d[·, ·]

η[·, ·] η[·, ·]

= ��❅❅

(1 − [d, η])[·, ·]

dη[·, ·] η[·, ·]

+(−1)♯rami�. of Φ|
K′ ��❅❅

(1 − [d, η])[·, ·]

η[·, ·] dη[·, ·]



Deformation of L∞-algebras 45Here, we only have drawn the top of the tree Φ for the ase where Φ−1(K0) onsistsof two elements K ′,K ′′ and the orresponding bilinear forms. It is quite obvious howthis goes when Φ−1(K0) has only one element, sine d|H = 0.Going-on of the trikling at a rami�ation K ∈ V : We illustrate the ase,where Φ−1(K) has two elements K ′,K ′′ with πK(K ′) = 1.
��❅❅

ηd[·, ·]

η[·, ·] η[·, ·]

− ��❅❅

η[·, ·]

dη[·, ·] η[·, ·]

−(−1)♯rami�. of Φ|
K′ ��❅❅

η[·, ·]

η[·, ·] dη[·, ·]

= 0Iterating the trikling down to the leaves and using d|H = 0, we see that all terms inthe sum are annihilated. �Remark 1.4.5. The restrition of µ de�nes a formal map H1 −→ H2. One an showthat this is just the Kuranishi map as de�ned in [26℄.Theorem 1.4.6. The following anti-symmetri maps fn : H⊗n −→ L of degree 1−nde�ne an L∞-equivalene H −→ L (i.e. an L∞-quasi-isomorphism).
f1 : = inlusion
f2 : = −g

...

fn : = −(
−1

2
)n−1

∑

φ∈Ot(n)

e(φ)φ(g, . . . , g) ◦ αn.Proof. For n ≥ 0, we have to prove the equation
dfn −

∑

i+j=n

(−1)i

2
[fi, fj]αi,n =

∑

k+l=n+1

(−1)k(l−1)fl ◦ (µk ⊗ 1⊗ ...⊗ 1) ◦ αk,nFor l = 1, the right hand-side is just µn. Sine
dfn = (

−1

2
)n−1

∑

φ∈Ot(n)

e(φ)φ(−dη[·, ·], g, . . . , g) ◦ αn,it is su�ient to show the following three identities:
−

∑

i+j=n

(−1)i

2
[fi, fj ]αi,n = (

−1

2
)n−1

∑

φ∈ Ot(n)

e(φ)φ([·, ·], g, . . . , g) ◦ αn (4.14)
fl ◦ (φ([·, ·], g, . . . , g) ◦ αk ⊗ 1⊗ ...⊗ 1) ◦ αk,n = 0 for l > 1, k + l = n+ 1. (4.15)
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(
−1

2
)n−1

∑

φ∈ Ot(n)

e(φ)φ(ηd[·, ·], g, . . . , g) ◦ αn =

−
∑

k+l=n+1
l≥2

(−1)k(l−1)
∑

φ∈Ot(k)

(
−1

2
)k−1e(φ) · (4.16)

fl ◦ (φ(dη + ηd)[·, ·], g, . . . , g) ◦ αk ⊗ 1⊗ ...⊗ 1) ◦ αk,n.Proof of equation (4.16): The right hand-side of equation (4.16) is
(
−1

2
)n−1

k,l≥2
∑

k+l=n+1

∑

φ,ψ

∑

γ,δ,ρ

(−1)k(l−1)e(φ)e(ψ)ψ(g, ..., g) ◦ γ◦

(φ([d, η][·, ·], g, ..., g) ◦ δ ⊗ 1⊗ ...⊗ 1) ◦ ρ.As in the proof of Theorem 1.4.4, this expression takes the form
(
−1

2
)n−1

∑

Φ∈Ot(n)

∑

K̂∈V

∑

σ∈Σn

(−1)r+wΦ(K̂)e(Φ)Φ(B)σ,where B = (bK)K∈V is the family with bK̂ = [d, η][·, ·] and bK = η[·, ·] for K 6= K̂.Hene to show equation (4.16), it is enough to show that for eah tree φ, we have
Φ(ηd[·, ·], g, ..., g) =

∑

K∈V \K0

(−1)r+wΦ(K)Φ(B).This is true by the same trikling argument as in Theorem 1.4.4.Proof of equation (4.15): This is again the Jaobi-identity and some ombinatoris.Proof of equation (4.14):
∑

i+j=n

(−1)i

2
[·, ·] ◦ (fi ⊗ fj) ◦ αi,n =

=
∑

i+j=n

(−
1

2
)i−1+j−1

∑

φ∈Ot(i),ψ∈Ot(j)

(−1)i

2
e(φ)e(ψ)(φ + ψ)([·, ·], g, ..., g) ◦ αn

= −(−
1

2
)n−1

∑

Φ∈Ot(n)

e(Φ)Φ([·, ·], g, ..., g) ◦ αn.

�



Deformation of L∞-algebras 47Almost in the same manner, one an realize the following: If L = (L, d, [·, ·]) isa DGL and f1 : (M,dM ) −→ (L, d) a homotopy equivalene between DG modules,then there is an L∞-algebra struture µ∗ on M with µ1 = dM and an L∞-quasi-isomorphism f : (M,µ∗) −→ (L, d, [·, ·]), extending f1. In other words: An up tohomotopy di�erential graded Lie algebra is an L∞-algebra. In the A∞-ontext, thiswas already shown by Markl [31℄.1.5 Deomposition theorem for di�erential graded Lie al-gebrasIn this setion, we want to ahieve two things: (a) the onstrution of an inversemap of the quasi-isomorphism f : (H,µ∗) −→ (L, d, [·, ·]) onstruted in Setion 1.4;(b) the onstrution of a semi-universal deformation (V,QV , Q′), for a given formalDG manifold. As onsequene of (a), we get the following deomposition theorem
(L, d, [·, ·]) ∼= (H,µ∗)⊕ (F, d, 0) for DGLs, where F is the omplement of H in L andthe sum is taken in the ategory of L∞-algebras. The existene of suh a deomposi-tion was already stated by Kontsevih (see [22℄) and an A∞-analogue was proved byKadeishvili (see [21℄). In fat, eah L∞- (resp. A∞-algebra) over a �eld is isomorphito the diret sum of a minimal and a linear ontratible one. Our Proposition 1.5.6is analogue to the orresponding statement for A∞-algebras, whih was proved byLefevre (see [28℄). The proof here is almost a transription of Lefevre's proof.1.5.1 ObstrutionsConsider the formal DG manifolds (W,Q) and (W ′, Q′). For any n ≥ 0, there is adi�erential δ of degree +1 on the graded module Hom(W⊗n,W ′), given by δ(g) =
Q′

1◦g−(−1)gg◦Qn,n. Now, let f : W −→ W ′ be a morphism of formal supermanifolds.Set
r(f1, . . . , fn−1) :=

n−1∑

l=1

fl ◦Qn,l −
n∑

k=2

∑

i1+...+ik=n

Q′
k ◦ fI .Reall that f is an L∞-homomorphism, if for eah n ≥ 1, we have δ(fn) =

r(f1, . . . , fn−1). If this ondition is satis�ed only for n ≤ m, we all f (or the family
(f1, . . . , fm)) an Lm-homomorphism.Lemma 1.5.1. Suppose that f is an Ln−1-homomorphism.Then δ(r(f1, . . . , fn−1)) = 0.The proof of Lemma 1.5.1 is done in the appendix. The proof of the next lemmais an easy exerise:Lemma 1.5.2. Let e : W −→ W ′ and f : V ′ −→ V be strit L∞-morphisms and let
g : V −→W be any L∞-morphism. Then(1) r((gf)1, . . . , (gf)n−1) = r(g1, . . . , gn−1) ◦ f

⊗n
1 ,(2) r((eg)1, . . . , (eg)n−1) = e1 ◦ r(g1, . . . , gn−1).



48 Deomposition theorem for di�erential graded Lie algebras1.5.2 ConstrutionsProposition 1.5.3. Let f : M −→ M ′ be a morphism of formal supermanifolds.Suppose, there is a module homomorphism g′ : M ′ −→ M suh that g′ ◦ f1 = IdM .Then, there is a morphism g : M ′ −→ M of formal supermanifolds suh that g1 = g′and gf = IdM . If f1 is an isomorphism with inverse g and if f is Q-equivariant andif g′ respets QM ′

1 and QM1 , then g an be hosen Q-equivariant as well.Proof. One an hek diretly that the sequene of maps de�ned by
gn := −

n∑

k=2

∑

I∈Nk

|I|=n

g1 ◦ fk ◦ (gI),for n ≥ 2, de�ne a morphism of formal supermanifolds with the desired property. �Lemma 1.5.4. Let f : V −→W be a morphism of formal DG manifolds.(i) If f1 is split injetive, then there is a formal DG manifold W ′ and an L∞-isomorphism κ : W −→W ′ suh that κ ◦ f is strit.(ii) If f1 is split surjetive, then there is a formal DG manifold V ′ and an L∞-isomorphism κ : V ′ −→ V suh that f ◦ κ is strit.Proof. (i) As module, set W ′ := W . We have to onstrut an isomorphism κ :
S(W ) −→ S(W ′) of graded oalgebras and then, we an de�ne the DG struture onW ′via QW ′

:= κ◦QW ◦κ−1. Set κ1 := Id. Indutively, we de�ne maps κn : W⊙n −→W ′suh that for 2 ≤ m ≤ n, we have
(κ ◦ f)m =

m∑

k=1

∑

I∈Nk

|I|=n

κk ◦ fI = 0.Let g : W −→ V be a module homomorphism with g ◦ f1 = IdV . When κ1, . . . , κn isalready onstruted, set
κn+1 := −

n∑

k=1

∑

I∈Nk

|I|=n+1

κk ◦ fI ◦ g
⊙n+1.Obviously, (κ ◦ f)m = 0, for 2 ≤ m ≤ n+ 1. (ii) goes in a similar way. �For our situation, we have the following more expliit statement:Lemma 1.5.5. Let f : H −→ L be the L∞-quasi-isomorphism onstruted in Se-tion 1.4. Consider the morphisms κn : L⊗n −→ L, de�ned by κ1 := Id and κn :=

−fn ◦ pr⊗nH , for n ≥ 2. Then, κ is an L∞-morphism and κ ◦ f is strit. Furthermore,
(κ−1)1 = Id and (κ−1)n = fn ◦ pr⊗nH , for n ≥ 2.



Deformation of L∞-algebras 49Proof. For n ≥ 2, we have
(κ ◦ f)n =

n∑

k=1

∑

I∈NK

|I|=n

κk ◦ fI = fn − fn = 0.The seond statement is as easy to prove. �The following important proposition says that the quadruple (ategory of L∞-algebras; lass of L∞-quasi-isomorphisms; lass of those L∞-morphisms f suh that
f1 is split injetive; lass of those L∞-morphism f suh that f1 is split surjetive)satis�es Quillen's Axiom M1 (see [40℄) for model ategories.Proposition 1.5.6. Let

A
c //

f
��

C

e

��
B

d // Da ommutative diagram of L∞-algebras. Suppose that f is split injetive and that e issplit surjetive and that either f or e is an L∞-quasi-isomorphism. Then, there is an
L∞-morphism g : B −→ C suh that the omplete diagram

A //

��

C

��
B //

g
>>~

~~~
~~

~

Dommutes.Proof. By Lemma 1.5.4, we may suppose that e and f are strit. Indutively, we willonstrut morphisms gn : B⊙n −→ C suh that(i) δ(gm) + r(g1, . . . , gm−1) = 0,(ii) gm ◦ f⊗m1 = cm,(iii) e1 ◦ gm = dm,for eah m ≤ n. Choose maps u : (D,QD1 ) −→ (C,QC1 ) and v : (B,QB1 ) −→ (A,QA1 )of DG-modules suh that v ◦ f1 = IdA and e1 ◦u = IdD. A andidate for g1 an easilybe found. Suppose that g1, .., gn−1 are already onstruted. Then
β := cnv

⊙n + udn − ue1cnv
⊙nsatis�es onditions (i) and (ii). By Lemma 1.5.2, we get

(δ(β) + r(g1, . . . , gn−1)) ◦ f
⊙n
1 =

δ(β ◦ f⊙n1 ) + r((gf)1, . . . , (gf)n−1) =

δ(cn) + r(c1, . . . , cn−1) = 0.



50 Deomposition theorem for di�erential graded Lie algebrasOn the other side, again by Lemma 1.5.2, we have
e1 ◦ (δ(β) + r(g1, . . . , gn−1)) =

δ(e1β) + r((eg)1, . . . , (eg)n−1) =

δ(dn) + r(d1, . . . , dn−1) = 0.Hene, δ(β) + r(g1, . . . , gn−1) has a fatorization
B⊗n

p// Cokern(f⊙n1 )
q // Kern(e1)

i // C,where i is the natural inlusion and p the natural epimorphism. By Lemma 1.5.1,
δ(β) + r(g1, . . . , gn−1) is a yle, so δ(q) = 0, i.e. q is a map of omplexes. Now,either Cokern(f⊙n1 ) or Kern(e1) is ontratible. Hene q = δ(h), for a morphism
h : Cokern(f⊙n1 ) −→ Kern(e1) of graded modules. Then gn := β − i ◦ h ◦ p satis�esthe onditions (i)-(iii). �Corollary 1.5.7. There is a map g : (L, d, [·, ·]) −→ (H,µ∗) of L∞-algebras suh that
g ◦ f = IdH .Corollary 1.5.8. Let M be an L∞-manifold and (B,QB, Q) a deformation ofM suhthat (B,QB1 ) is ontratible and Q1 = 0. Then (B,QB, Q) is a trivial deformation.Proof. There is a ommutative diagram

M //

��

(B ×M,QB +QM +Q)

��
(B ×M,QB +QM ) // Bwhere the vertial left arrow indues an injetive quasi-isomorphism of DG-modulesand the vertial right arrow indues a surjetive map of DG modules. By Proposi-tion 1.5.6, there is a map q : (B ×M,QB + QM ) −→ (B ×M,QB + QM +Q) with

q1 = Id, ompleting the diagram ommutatively. In partiular, q establishes an iso-morphism of the given deformation and of the trivial deformation ofM with base B. �Proposition 1.5.9. There exists(a) a homomorphism ι : (F, d, 0) −→ (L, d, [·, ·]) of L∞-algebras suh that ι1 is thenatural inlusion,(b) a homomorphism p : (L, d, [·, ·]) −→ (F, d, 0) of L∞-algebras suh that p◦ι = IdF .



Deformation of L∞-algebras 51Proof. (a) Suppose that there are already homomorphisms ιm : F⊗m −→ L, for
m ≤ n − 1, whih form an Ln−1-homomorphism. We have to �nd an ιn suh that
δ(ιn) = r(ι1, . . . , ιn−1). Sine (F, d) is ontratible, Hom(F⊗n, L) is ayli, so theexistene of ιn follows by Lemma 1.5.1.(b) By Lemma 1.5.4, we an assume that ι is strit. Set p1 := prF = [d, η]. Nowassume that p1, . . . , pn−1 are already onstruted suh that they de�ne an Ln−1-homomorphism p′ : L −→ F suh that (p′ ◦ ι)m = 0, for m ≤ n− 1. We have to�nd pn : L⊗n −→ F suh that

δ(pn) + r(p1, . . . , pn−1) = 0,

pn ◦ ι
⊗n = 0.We may hose pn := ηr(p1, . . . , pn−1). Then, sine r(p1, . . . , pn−1) ∈ Kern δ, we have

δ(pn) = [η, d] ◦ r(p1, . . . , pn−1) = r, and again by Lemma 1.5.2, we get
pn ◦ ι

⊗n = η ◦ r(p1, . . . , pn−1) ◦ ι
⊗n = 0.So indutively, the map p an be onstruted. �As a onsequene, we get the expeted deomposition theorem for di�erentialgraded Lie algebras admitting a splitting:Theorem 1.5.10. We have an isomorphism of L∞-algebras

f × ι : H × F −→ L.Corollary 1.5.11. If (L, d, [·, ·]) and (L′, d′, [·, ·]) are di�erential graded Lie algebrassuh that (L, d) and (L′, d′) are split, then, for eah L∞-quasi-isomorphism f : L −→
L′, there exists an L∞-morphism g : L′ −→ L suh that f1 and g1 are inverse mapson the homology. In partiular, if K is a �eld, then �L∞-quasi-isomorphi� is anequivalene relation.1.5.3 A semiuniversal deformationProposition 1.5.12. (i) Let M = (M,QM ) be a formal DG manifold and N a

QM -losed submodule of M , i.e. QMj (n1, . . . , nj) ∈ N , for all j ≥ 1 and
n1, . . . , nj ∈ N . Then, (N,QM |N ) is a formal DG manifold and the inlusion
N −→M is a morphism in DG-Manf.(ii) Let (B,QB , Q) be a deformation of (M,QM ). Suppose that (B,QB) is a di-ret sum of formal DG manifolds (B′, QB

′
) and (B′′, QB

′′
). Then, the triple

(B′′, QB
′′
, Q|B′′×M ) is also a deformation of M and the anonial map

(B′′ ×M,QB
′′

+QM +Q|B′′×M) −→ (B ×M,QB +QM +Q) (5.17)de�nes a morphism of deformations.



52 Deomposition theorem for di�erential graded Lie algebras(iii) If in the situation of (ii), (B′, QB
′

1 ) is ontratible, then the map (5.17) is anequivalene of deformations.Proof. The statements (i) and (ii) are easy to see. To show (iii), we apply Proposi-tion 1.5.6 to the ommutative diagram
(B′′ ×M,QB

′′
+QM +Q|B′′×M )

��

// (B ×M,QB +QM +Q)

��
(B′ × (B′′ ×M), QB

′
+QB

′′
+QM +Q|B′′×M ) // (B,QB)of formal DG manifolds. We get an isomorphism

(B,QB , Q|B′′×M ) −→ (B,QB, Q)of deformations with base B. Obviously, the left one is equivalent to the deformation
(B′′, QB

′′
, Q|B′′×M ). �For the rest of this subsetion, we work in the setting of Setion 1.2. Thus L isthe DGL Coder(S(M), S(M)), for some formal DG manifold (M,QM ). Again, wemust assume that the omplex (L, d) has a splitting η. Equip the ohomology H of

(L, d) with the L∞-struture µ∗ onstruted in Setion 1.4. Set U := L[1], V := H[1]and denote the morphism V −→ U indued by the quasi-isomorphism H −→ L on-struted in Setion 1.4 again by f .Let (U,QU , Q) be the universal deformation of M (see Setion 1.2). Again, set
Q̃ := QU +QM +Q. By base hange f : V −→ U , we get a deformation (V,QV , Q′)of (M,QM ). Expliitly, on produts v1 ⊙ . . . ⊙ vr ⊙m1 ⊙ . . . ⊙ms with r, s ≥ 1 and
n = r + s, the perturbation Q′ is given by

Q′
n(v1, . . . , vr,m1, . . . ,ms) = (↑ fr(v1, . . . , vr))s(m1, . . . ,ms).Set Q̃′ := QV +QM +Q′.Theorem 1.5.13. The deformation (V,QV , Q′) is semi-universal.Proof. Sine (H,µ∗) is minimal and (U,QU , Q) is universal, we only have to showthat there exists a morphism of deformations from (U,QU , Q) to (V,QV , Q′). This isa onsequene of Theorem 1.5.10 and Proposition 1.5.12. �Corollary 1.5.14. If the tangent omplexes of two formal DG manifolds M , M ′are split and L∞-quasi-isomorphi, then M and M ′ have a ommon base of a semi-universal deformation.



Deformation of L∞-algebras 531.6 Appendix1.6.1 Some alulationsProof of Proposition 1.1.2: Indution on nThe ase n = 1 follows by the ommutativity of diagram 1.1 and Kern(∆+) = W ′.Now suppose that the formula is proved for all m ≤ n− 1. Then we have
(F ⊗ F ◦∆+)(w1, . . . , wn) =

n−1∑

j=1

∑

τ∈Sh(j,n)

ǫ(τ, w1, . . . , wn)F̂j(wτ(1), . . . , wτ(j))⊗ F̂n−j(wτ(j+1), . . . , wτ(n)) =

n−1∑

j=1

∑

k,k′

∑

I,I′

1

k!k′!I!I ′!
[(Fi1⊙. . .⊙Fik)◦αj⊗(Fi′1⊙. . .⊙Fi′k′

)◦αn−j ]◦αj,n(w1⊙. . .⊙wn),where k ranges over 1, ..., j; k′ over 1, ..., n − j, I takes all values in Nk suh that
|I| = j and I ′ takes all values in Nk′ suh that |I ′| = n− j. The last expression equals
n∑

k=2

k−1∑

l=1

|I|=n
∑

I∈Nk

1

I!l!(k − l)!
[(Fi1 ⊙ . . .⊙Fil)⊗ (Fil+1

⊙ . . .⊙Fik)] ◦αn(w1, ..., wn). (6.18)On the other hand we have
∆+(

n∑

k=2

∑

I∈Nk

|I|=n

∑

σ∈Σn

1

I!k!
ǫ(σ)Fi1(wσ(1), . . . , wσ(i1))⊙. . .⊙Fik(wσ(n−ik+1), . . . , wσ(n))) =

n∑

k=2

∑

I∈Nk

|I|=n

∑

σ∈Σn

1

I!k!
ǫ(σ)

k−1∑

l=1

∑

τ∈Sh(l,k)

ǫ(σ, Fi1(♦), . . . , Fik (♦))Fiτ(1)
(♦)⊙ . . .⊙ Fiτ(l)

(♦)⊗

Fiτ(l+1)
(♦)⊙ . . . ⊙ Fiτ (k)(♦) =

n∑

k=2

∑

I∈Nk

|I|=n

k−1∑

l=1

(
k

l

)
∑

σ∈Σn

1

I!k!
ǫ(σ,w1, . . . , wn)Fi1(♦)⊙ . . .⊙ Fil(♦)⊗

Fil+1
(♦)⊙ . . . ⊙ Fik(♦).Here, we have set Fim(♦) := Fim(wσ(i1+...+im−1+1), . . . , wσ(i1+...+im)). Sine (

k
l

)
· 1
k! =

1
l!(k−l)! , we see that both sides oinide. Hene, by the ommutativity of diagram(1.1), the di�erene
Fn(w1, ..., wn) −
n∑

k=2

∑

i1+...+ik=n

∑

σ∈Σn

1

I!k!
ǫ(σ)Fi1(wσ(1), . . . , wσ(i1))⊙ . . .⊙ Fik(wσ(n−ik+1), . . . , wσ(n))



54 Appendixbelongs to Kern(∆+) = W ′. Thus it is just the term Fn(w1, ..., wn), and the indutionstep is done. �Proof of Proposition 1.1.3: Indution on n. Set q0 := Q0,1(1). (1) By theommutativity of diagram (1.3), omparing terms of polynomial degree zero, we havethat Qi,0 = 0, for eah i ≥ 0. (2) By the ommutativity of diagram (1.3), omparingterms of polynomial degree i and linear degree +1, we have that Q0,i = 0, for i 6= 1.(3) By similar arguments, we see that for w ∈ W , we have Q1,2(w) = q0 ⊙ w and
Q1,i = 0, for i ≥ 3. Thus the ases n = 0, 1 are done.Now suppose that the statement is proved for all m ≤ n − 1. Then (Q ⊗ 1 + 1 ⊗
Q)(∆(w1, . . . , wn)) an be written in the form

n−1∑

l=0

n−l∑

k=1

∑

σ∈Sh(k+l−1,n)

∑

τ∈Sh(l,k+l−1)

ǫ(σ)ǫ(τ, wσ(1) , . . . , wσ(k+l−1)) ·

Ql(wσ(τ(1)) , . . . , wσ(τ(l)))⊙⊙wσ(τ(l+1)) ⊙ . . .⊙ wσ(τ(k+l−1)) ⊗ wσ(k+l) ⊙ . . .⊙ wσ(n)

+

n−1∑

l=0

n−l∑

k=1

∑

σ∈Sh(k,n)

∑

τ∈Sh(l,n−k)

ǫ(σ)ǫ(τ, wσ(k+1), . . . , wσ(n))wσ(1) ⊙ . . . ⊙wσ(k)⊗

⊗Ql(wσ(k+τ(1)), . . . , wσ(k+τ(l)))⊙ wσ(k+l+1) ⊙ . . .⊙ wσ(n).This is just the sum over k and l of the following expression:
∑

σ∈Sh(l,k+l−1,n)

ǫ(σ)Ql(wσ(1), . . . , wσ(l))⊙wσ(l+1)⊙. . .⊙wσ(k+l−1)⊗wσ(k+l)⊙. . .⊙wσ(n)

+
∑

σ∈Sh(k,k+l,n)

ǫ(σ)(−1)wσ(1)+...+wσ(k)ǫ(τ, wσ(1), . . . , wσ(k+l−1))wσ(1) ⊙ . . .⊙ wσ(k)⊗

⊗Ql(wσ(k+1), . . . , wσ(k+l))⊙ wσ(k+l+1) ⊙ . . .⊙ wσ(n).Here, by Sh(l,m, n) we mean the set of all permutations σ ∈ Σn, suh that σ(1) <
... < σ(l) and σ(l + 1) < ... < σ(m) and σ(m+ 1) < ... < σ(n). On the other side,

∆(
n−1∑

l=0

∑

σ∈Sh(l,n)

ǫ(σ)Ql(wσ(1), . . . , wσ(l))⊙ wσ(l+1) ⊙ . . . ⊙ wσ(n))an be written as sum over k and l of expressions of the form
∑

σ∈Sh(l,n)

∑

τ∈Sh(k,l−n+1)

ǫ(σ)ǫ(τ, u)uτ(1) ⊙ . . .⊙ uτ(k) ⊗ uτ(k+1) ⊙ . . . ⊙ uτ(n−l+1),where we have set
(u1, . . . , un−l+1) := (Ql(wσ(1), . . . , wσ(l)), wσ(l+1), . . . , wσ(n)).



Deformation of L∞-algebras 55We see easily that on both sides we have the same sums. This ompletes the indutionstep. �Proof of Lemma 1.5.1: From our hypothesis, for eah m ≤ n− 1, we have
Q1 ◦ fm − fm ◦Qm,m =

∑

k+l=m+1
k≥2

fl ◦Qm,l −
m∑

k=2

∑

I∈Nk

|I|=m

Qk ◦ fI . (6.19)Furthermore, we an generalize the fat that Q is an L∞-struture to the the followingequations: Let m,k, l be natural numbers suh that m ≥ 1 and k + l = m+ 1. Then
Ql,l ◦Qm,l +Qm,l ◦Qm,m +

∑

r+s=k+1
r,s≥2

Qm+1−s,l ◦Qm,m+1−s = 0. (6.20)Of ourse, they are also orret for Q′. Now, we apply δ on the �rst summand of
r(f1, ..., fn−1). Using equations (6.20) and (6.19), it takes the following form:

n∑

k=2

∑

I∈Nk

|I|=n

(Q′
k ◦ fI ◦Qn,n −Q

′
1 ◦Q

′
k ◦ fI) =

∑

k

∑

I

Q′
k ◦Q

′
k,k ◦ fI +

∑

k

∑

I

∑

r+s=k+1
r,s≥2

Q′
r ◦Q

′
k,r ◦ fI +

∑

K

∑

I

Q′
k ◦ fI ◦Qn,n =

−
n−1∑

k=2

∑

I

k∑

ν=1

iν∑

r=2

∑

j1+...+jr=iν

Q′
k ◦ (1⊗ν−1 ⊗Q′

r ⊗ 1⊗k−ν) ◦ f(i1,...,iν−1,j1,...,jr,iν+1,...,ik)

+
n∑

k̄=2

∑

|Ī|∈Nk̄

|Ī|=n

∑

r̄+s̄=k̄+1
r̄,s̄≥2

∑

ū+v̄=r̄−1

Q′
r̄ ◦ (1⊗ū ⊗Q′

s̄ ⊗ 1v̄) ◦ fĪ

+

n∑

k=2

∑

I

k∑

ν=1

∑

s+t=iν+1
t≥2

Q′
k ◦f(i1,...,iν−1,s,iν+1,...,ik)◦(1

⊗i1+...+iν−1⊗Qiν ,s⊗1⊗iν+1+...+ik).The �rst and seond summand annihilate eah other, sine we have the following 1:1- orrespondene of index sets:
(k, I, ν, r, J) 7→ (k̄ = k+ r− 1, Ī = (i1, ..., iν−1, j1, ..., jr , iν+1, ..., ik), r̄ = k, ū = ν − 1),

(k = r̄, I = (̄i1, ..., īū, īū+s̄+1, ..., īk̄), ν+ ū+1, r = s̄, J = (̄iū+1, ..., īū+s̄))← (k̄, Ī , r̄, ū).



56 AppendixWe apply δ on the seond summand of r(f1, ..., fn−1):
δ(

n∑

k=2

∑

I∈Nk

|I|=n

Q′
k ◦ fI) =

∑

k

∑

I

(Q′
k ◦ fI ◦Qn,n −Q

′
1 ◦Q

′
k ◦ fI) =

∑

k

∑

I

Q′
k ◦ fI ◦Qn,n −

∑

k

∑

I

Q′
k ◦Q

′
k,k ◦ fI −

∑

k

∑

I

∑

u+v=k+1
u,v≥2

Q′
u ◦Q

′
k,u ◦ fI =

n−1∑

k=2

∑

I

k∑

ν=1

iν∑

r=2

∑

j1+...+jr=iν

Q′
k ◦ (1⊗ν−1 ⊗Q′

r ⊗ 1⊗k−ν) ◦ f(i1,...,iν−1,j1,...,jr,iν+1,...,ik)

−
∑

k

∑

I

∑

s+t=iν+1
t≥2

Q′
k ◦ f(i1,...,iν−1,s,iν+1,...,ik) ◦ (1⊗i1+...+iν−1 ⊗Qiν ,s ⊗ 1⊗iν+1+...+ik)

−
∑

k̄

∑

Ī

∑

u+v=k̄+1
u,v≥2

∑

c+d=u−1

Q′
u ◦ (1⊗c ⊗Q′

v ⊗ 1⊗d) ◦ fI .The �rst and third summand annihilate eah other, sine we have the following 1:1 -orrespondene of index sets:
(k, I, ν, r, J) 7→ (k̄ = k − 1 + r, Ī = (i1, ..., iν−1, j1, ..., jr , iν+1, ..., ik), u = k, c = ν − 1)and

(k = u, I = (̄i1, ..., īc, īc+v , ..., īk̄), ν = c+ 1, r = v, J = (̄ic+1, ..., īc+v−1)).The seond term is just the remaining term above. So the statement is proved. �



Chapter 2Deformation of singularities via
L∞-algebrasIntrodutionIn this hapter, we apply the following general idea for the onstrution of modulispaes to isolated singularities: Take the di�erential graded Lie algebra L desribinga deformation problem (for isolated singularities, this is the tangent omplex) and�nd a minimal representative M of L in the lass of L∞-algebras (see Chapter 1). Ingeometri terms, M is a formal DG-manifold, ontaining the moduli spae as analytisubstruture.We show the existene of a funtor F from the ategory of analyti spae germsto the loalization of the ategory of L∞-algebras by L∞-equivalene. For a singu-larity X, we take the semi-universal L∞-deformation (V,QV ) of F (X) onstruted inChapter 1. If X is an isolated singularities, then the omponents V i are of �nite di-mension. The restrition of the vetor�eld QV de�nes a formal map (Kuranishi-map)
V 0 −→ V 1 whose zero lous gives the formal moduli spae.2.1 De�nitions and remindersIn the whole hapter, we work over a ground �eld K of harateristi zero.Denote the ategory of formal (resp. onvergent) omplex analyti spae germs by
Anf (resp. An). Denote the ategory of isomorphism lasses of formal DG manifoldsby DG-Manf. We use the same supersripts to denote full subategories of DG-Manf asin Setion 1.1.4.We all a morphism f = (fn)n≥1 in DG-ManfL weak equivalene, if the morphism
f1 of DG vetorspaes is a quasi-isomorphism, i.e. if the orresponding morphism of
L∞-algebras is an L∞-equivalene. Reall that by Theorem 4.4 and Lemma 4.5 of57



58 The funtors F and V[22℄, weak equivalenes de�ne an equivalene relation in DG-ManfL and that in eahequivalene lass, there is a minimal model, i.e. an objet belonging to DG-ManfM .2.2 The funtors F and VIn this setion we explain how to represent (formal) singularities by formal DG man-ifolds.Let C be the ategory of formal analyti algebras, A ∈ Ob(C) and R = (R, dR) aresolvent of A over K, i.e. a g-�nite free DG-algebra in gr(C) suh that H0(R, dR) ∼=
A and Hj(R, dR) = 0, for j < 0. For l ≥ 0, let Il be an index set ontaining one indexfor eah free algebra generator of R of degree −l. Consider the disjoint union I of all
Il as graded set suh that g(i) = l, for i ∈ Il. Fix an ordering on I, subjet to theondition i < j, if g(i) < g(j).Thus, as graded algebra, R = k[[X0]][X−], where X0 = {xi| i ∈ I, g(i) = 0} and
X− = {xi| i ∈ I, g(i) ≥ 1} are sets of free algebra generators with g(xi) = −g(i).Set M :=

∐

i∈I kei to be the free, graded K-vetorspae with base {ei : i ∈
I}, where g(ei) = g(i). Consider S(M) =

∐

n≥0M
⊙n as graded oalgebra as inSetion 1.1. Set

S(M)∗ := HomK−Mod(S(M), k) =
∏

j≥0

HomK−Mod(M
⊙j , k).We identify produts xi1 · . . . · xil in R with the maps M⊙l −→ k, de�ned by

ei1 · . . . · eil 7→ 1 and ej1 · . . . · ejl 7→ 0, for {j1, . . . , jl} 6= {i1, . . . , il}. Espeially, weidentify eah onstant λ ∈ k with the map k −→ k, sending 1 to λ. We have
Rj =

∏

n≥0

Homj(M⊙n, k)and R =
∐

j≤0R
j. The di�erential dR of R extends naturally to R̄ :=

∏

j≤0R
j . Asomplexes, R and R̄ are idential, but not as graded modules. We identify R̄ = S(M)∗.Set

Der(R) :=
∐

i∈Z

Deri(R,R) and Coder(S(M)) :=
∐

i∈Z

Coderi(S(M), S(M)).Denote Diff(R) (resp. Codiff(S(M))) the submodule of di�erentials (resp. odi�er-entials). The following proposition explains why, for a formal DG manifold W , theomplex Coder(S(W ), S(W )) is alled tangent omplex of W .Proposition 2.2.1. Take R and M as above. The natural map
Coder(S(M)) −→ Der(R̄),

Q 7→ sQ



Deformation of singularities via L∞-algebras 59where sQ(g) = g ◦Q, is bijetive and the restrition gives rise to an isomorphism
Codiff(S(M)) −→ Diff(R̄).Proof. The injetivity is lear. Surjetivity: We have to �nd a oderivation Q of de-gree j on S(M) suh that, for u ∈ S(M)∗, we have s(u) = u ◦Q.For eah i ∈ I, set fi := s(xi). Then, fi is a produt ((fi)n)n≥1 with (fi)n ∈

Hom−g(i)+1(M⊙n, k). We de�ne the oderivation Q by
Qn(m1, . . . ,mn) :=

∑

i∈I

(fi)n(m1, . . . ,mn) · ei,for homogeneous m1, . . . ,mn ∈M . In fat, the non-vanishing terms in the sum satisfythe ondition g(m1) + . . . + g(mn) = g(i), hene the sum is �nite. To show that for
u ∈ S(M)∗, we have s(u) = u◦Q, it is enough to show that for all i ∈ I, s(xi) = xi◦Q.But by de�nition, for m1, . . . ,mn ∈M , we have

(xi ◦Q)n(m1, . . . ,mn) = (fi)n(m1, . . . ,mn) = (s(xi))(m1, . . . ,mn).The seond statement is a diret onsequene of the �rst. �As onsequene, the di�erential dR on R indues a odi�erential QM on S(M). Weonsider the pair (M,QM ) as formal DG manifold in DG-ManfLG. It has the followingproperty: The restrition of QM to M0 de�nes a formal map M0 −→ M1. Its zerolous is isomorphi to X.Summarizing the above onstrution, to eah formal spae germ X with assoi-ated formal analyti algebra A, we an onstrut a formal DG manifold (M,QM ),ontaining X as �subspae�. Of ourse, (M,QM ) depends on the hoie of the resol-vent (R, dR). But we will show that (M,QM ) is well de�ned up to weak equivalene,i.e. there exists a funtor
F : Anf −→ DG-ManfLG/ ≈into the loalisation of the ategory of loal, g-�nite formal DG manifolds by weakequivalenes. Remark that suh a funtor F an't be de�ned expliitely. We makeuse of the existene of a funtional lass, mapping eah formal analyti algebra to aDG resolvent, whih follows by set-theory.Lemma 2.2.2. If W = (W,d) is a DG K-vetorspae and if the dual omplex

Hom(W,k) is ayli, then W is ayli. Consequently, if f : V −→ W is a mor-phism of DG K-vetorspaes suh that the dual omplex f∗ : W ∗ −→ V ∗ is a quasi-isomorphism, then f is a quasi-isomorphism.



60 The funtors F and VProof. Assume that M is yli, i.e. there is an n and an element a ∈Mn suh that
dn(a) = 0 and a 6∈ Im dn−1. Let B′ be a base of im dn−1. We extend B′ ∪ {a} to abase B of Mn. Let p : Mn −→ k be the projetion on the oordinate a of B. Then,
d∗(p) = p ◦ dn−1 = 0 and p(a) = 1, hene p 6∈ Im d∗. Contradition ! �Lemma 2.2.3. Let f : M −→ M ′ be a morphism in DG-ManfL suh that the orre-sponding map S(M) −→ S(M ′) is a quasi-isomorphism of omplexes. Then, f is aweak equivalene.Proof. By the Deomposition Theorem for L∞-algebras (see Lemma 4.5 of [22℄) andLemma 1.5.4, we may assume that M is minimal and that f is strit. In this ase,the homomorphism f : S(M) −→ S(M ′) of DG oalgebras is a diret sum of maps ofomplexes f1 : M −→M ′ and

∑

j≥2

f⊙j1 :
∐

j≥2

M⊙j −→
∐

j≥2

M ′⊙j .Sine the sum is a quasi-isomorphism, both fators are quasi-isomorphisms. �Corollary 2.2.4. Let g : (M,QM ) −→ (M ′, QM
′
) be a morphism of formal DGmanifolds in DG-ManfLG and suppose that the dual map If S(M ′)∗ −→ S(M)∗ is aquasi-isomorphism of free DG oalgebras, then g is a weak equivalene.Proof. This follows by Lemma 2.2.2 and 2.2.3. �Thus, we have proved the funtoriality of F . Next, we de�ne a funtor

V : DG-ManfLG −→ Anfas already mentioned above: For a DG manifold (M,QM ) in DG-ManfLG, set
V(M,QM ) to be the zero lous of the formal map M0 −→M1, indued by QM .More preisely, if we de�ne �homogeneous polynomials� fn : M0 −→ M1 by
fn(x) := QMn (x, . . . , x), then X is the zero lous of the analyti map f :=

∑

n≥1
1
n!fn.The ategory Anf/ ∼= of isomorphism lasses of formal analyti spae germs, is theategory of formal spae germs without �xed oordinates. In fat, V de�nes a funtor

V : DG-ManfLG/ ≈−→ Anf/ ∼= .Sine the funtor F fators through Anf/ ∼= and V ◦ F is naturally isomorphi to theidentity funtor on Anf/ ∼=, we see that Anf/ ∼= is equivalent to a full subategory ofDG-ManfLG/ ≈.



Deformation of singularities via L∞-algebras 612.3 Deformations and embedded deformationsIn this setion we reall the lassial result that eah deformation of a singularity isequivalent to an embedded deformation.Consider a omplex spae germ X with orresponding analyti algebra OX . Sup-pose that X is embedded in the smooth spae germ P with orresponding analytialgebra R0. Let R = (R, dR) be a g-�nite, free algebra resolution of OX suh that
R0 = OP .For any spae germ (S,OS), set RS := R⊗̂COS and

C(S) := {δ ∈ Der1(RS , RS)| δ(0) = 0 and (dR + δ)2 = 0}Furthermore, let D(S) be the equivalene lass of deformations of X with base S, i.e.the equivalene lass of all �at morphisms X −→ S suh that there is a artesiandiagram
X //

��

X

��
∗ // S

(3.1)where ∗ denotes the single point. Then, C and D are �bered grouppoids over An andwe de�ne a morphism G : C −→ D as follows: For δ ∈ C(S), let X be the spae germwith OX = H0(RS , d
R + δ) and X −→ S the omposition of the losed embedding

X −→ S×P and the anonial projetion S×P −→ S. Obviously, there is a artesiandiagram (3.1). I. e. G(δ) := X −→ S is a deformation of X. We want to remind theproof of the well-known fat that G is surjetive.Let (A,m) be a loal analyti algebra, B a graded, g-�nite free A-algebra and Ca �at DG-algebra over A. For A-modules M , we set M ′ := M⊗̂AA/m. The followingstatement is a speial ase of Proposition 8.20 in Chapter I of [2℄:Proposition 2.3.1. Let v′ ∈ Der1B′
0
(B′, B′) be a di�erential and φ′ : B′ −→ C ′ asurjetive quasi-isomorphism of DG-algebras over A′. Then, there is a di�erential

v ∈ Der1B0
(B,B), lifting v′ and a surjetive quasi-isomorphism φ : B −→ C of DG-algebras over A, lifting φ′.Corollary 2.3.2. For all S in An, G(S) : C(S) −→ D(S) is surjetive.Proof. For X −→ S in D(S), we have to �nd a OS-derivation δ : RS −→ RS of degree1 with δ(0) = 0 suh that dR + δ is a di�erential and a surjetive quasi-isomorphism

(RS , d
R+ δ) −→ OX . Sine RS⊗̂OS

C = R and OX ⊗̂OS
C = OX , the existene followsby Proposition 2.3.1, if we set A := OS , B := RS and C := OX . �



62 A semi-universal formal deformationIn the literature (see [2℄, for instane), the deformation funtor is de�ned suhthat a spae germ S maps to the quotient of C(S) by the Lie group, assoiated to theLie algebra Der0(RS , RS). In fat, G fators through this quotient and the �rst fatoris even �minimal smooth�. For the onstrution here, we don't need to onsider thisgroup ation to get semi-universal deformations. One an say that the group ationis replaed by the going - over to a minimal model.2.4 A semi-universal formal deformationIn this setion, we apply the new method for the onstrution of a semi-universalformal deformation to isolated singularities X. We need a tehnial lemma. Thesymbol ⊗ always denotes the (formal) analyti tensor produt over the ground �eld
K.Lemma 2.4.1. Let (R, dR) and (S, dS) be g-�nite resolvents of the (formal) ana-lyti algebras OX and OY , respetively. Set RY := R ⊗ OY . Suppose that δ ∈
Der1OY

(RY , RY ) is a derivation suh that dR + δ is a di�erential on RY . Then, on
R ⊗ S, there exists a derivation γ ∈ Der1

S(R ⊗ S,R ⊗ S) suh that the following twoonditions hold:(a) The projetion 1⊗ π : R⊗ S −→ R⊗OY ommutes with γ and δ.(b) The derivation dR + dS + γ on R⊗ S is a di�erential.Proof. Sine DerS(R ⊗ S,R ⊗ S) ∼= DerK(R,R ⊗ S), for the de�nition of γ, we onlyneed to hoose its values on the free generators of the graded algebra R. We proeedindutively. For free algebra generators x ∈ R of degree zero, set γ0(x) := 0. For freealgebra generators x ∈ R of degree −1, we de�ne γ−1(x) ∈ R
0⊗S0 in suh a way that

(1 ⊗ π)(γ−1(x)) = δ(x). For free algebra generators x ∈ R of degree −2, we de�ne
γ′(x) ∈ R−1 ⊗ S0 in suh a way that (1⊗ π)(γ′(x)) = δ(x). Then we have

(dR + γ)(dR + γ′)(x) ∈ Kern(1⊗ π) = Im(1⊗ dS).Thus we an hoose γ′′(x) ∈ R0 ⊗ S−1 suh that
dS(γ′′(x)) + (dR + γ−1)(d

R + γ′−2)(x) = 0.We set γ−2(x) := γ′(x) + γ′′(x). We an varify diretly that (dR + dS + γ)2(x) = 0.We have the following sheme:
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//

&&MMMMMMMMMMMMM R0 ⊗ S−3

''OOOOOOOOOOO

//

88

&&MMMMMMMMMMMMM R−1 ⊗ S−2 //

''OOOOOOOOOOO
R0 ⊗ S−2

''OOOOOOOOOOO

//

88

AA

&&MMMMMMMMMMMMM R−2 ⊗ S−1 //

77

''OOOOOOOOOOO
R−1 ⊗ S−1 //

''OOOOOOOOOOO
R0 ⊗ S−1

&&MMMMMMMMMM

//

88

AA

EE

R−3 ⊗ S0 //

77

??

R−2 ⊗ S0 //

77

R−1 ⊗ S0 // R0 ⊗ S0The horizontal arrows denote the derivation dR + γ′. The dotted arrows denote (infuntion of their slope) the derivations γ′′, γ′′′, . . . and the down-right arrows denotethe di�erential dS .If γ1, . . . , γk are already onstruted, then on free algebra generators x ∈ R ofdegree k − 1, hoose γ′(x) ∈ Rk ⊗ S0 in suh a way that (1 ⊗ π)(γ′(x)) = δ(x). Asabove, we an hoose γ′′(x) ∈ Rk+1 ⊗ S−1 suh that
dS(γ′′(x)) + (dR + γ′)(γ′(x)) = 0.We an hoose γ′′′(x) ∈ Rk+2 ⊗ S−2 suh that

dS(γ′′′(x)) + (dR + γ′)(γ′′(x)) + γ′′(γ′(x)) = 0.Going on like this, we an �nally hoose γ(−k+1)(x) ∈ R0 ⊗ Sk suh that
dS(γ(−k+1)(x)) + (dR + γ′)(γ(−k)(x)) + γ′′(γ(−k−1)(x)) + . . . + γ(−k+1)(γ′(x)) = 0.Then, we set γk−1(x) := γ′(x)+ . . .+γ(−k+1)(x). We get immediately by onstrutionthat (dR + dS + γ)2(x) = 0. �Now, suppose that the spae germ X is an isolated singularity. (If X is only aformal spae germ, then suppose that the tangent ohomology of X is g-�nite, in-stead.) Let (M,QM ) be a formal DG-manifold in DG-ManfLG that represents F (X).As in Setion 2.2, denote the resolvent of the analyti algebra OX , having S(M)∗ asompletion, by (R, dR).Theorem 1.5.13 desribes a semiuniversal deformation (V,QV , Q) of (M,QM ). Re-all that as graded module, we have V = H[1], where H denotes the ohomology ofthe tangent omplex Coder(S(M), S(M)) ∼= Der(R,R), i.e. the tangent ohomologyof X. It is well-known that for isolated singularities, the tangent ohomology H isg-�nite.



64 A semi-universal formal deformationWe apply the funtor V to the morphism (V ×M,QV +QM +Q) −→ (V,QV ) andget a morphism Z −→ Z in Anf.Theorem 2.4.2. The morphism Z −→ Z is a semi-universal formal deformation ofthe spae germ X.Proof. Let
Y

��

Xoo

��
Y ∗oobe any formal deformation of X. By Corollary 2.3.2, we may assume that this defor-mation is embedded, i.e. that Y is a subgerm of M0 × Y and OY = H0(RY , d

R + δ),for a ertain δ ∈ C(Y ) (see Setion 2.3) and that the morphism Y −→ Y is the om-position of the inlusion Y −→M0 × Y and the projetion M0 × Y −→ Y .Let (N,QN ) be the formal DG manifold F (Y ). Let (S, dS) be a DG resolvent of OY ,dual to (N,QN ), i.e. the ompletion of (S, dS) is S(N)∗. By Lemma 2.4.1, there existsa derivation γ ∈ Der1(R⊗ S,R⊗ S) suh that dR + dS + γ is a di�erential on R⊗ Sand suh that H0(R⊗ S, dR + dS + γ) = OY .Using Proposition 2.2.1, we an translate the situation from the language of DGalgebras to the geometri language of formal DG manifolds. Like dR is dual to QMand dS is dual to QN , the derivation γ is dual to a ertain super-vetor�eld Qγ on
N × M . Furthermore, the triple (N,QN , Qγ) is a deformation of the formal DGmanifold (M,QM ). Sine (V,QV ) is semi-universal, we get a morphism

(N ×M,QN +QM +Qγ) //

��

(V ×M,QV +QM +Q)

��
(N,QN ) // (V,QV )of deformations. Appliation of the funtor V gives a artesian diagram

Y //

��

Z

��
Y // Zwhih obviously respets the distinguished �ber X −→ ∗. Hene, the diagram is amorphism of deformations. This shows that Z −→ Z is versal. Sine Z is a formal an-alyti subgerm of V 0 = H1, we have dim(TZ) ≤ dimH1. Thus, neessarily Z −→ Zis semi-universal (see Chapter 2.6 of [37℄). �



Chapter 3Hohshild ohomology foromplex spaes and NoetherianshemesIntrodutionOne motivation for onsidering Hohshild ohomology in geometry is its possibleappliation in nonommutative deformation theory. Even if the geometrial objets(omplex spaes, shemes) onsidered in this hapter belong to lassial ommutativegeometry, it is interesting to �nd out how they an be deformed into nonommutativespaes, and in whih way lassial deformation theory is ontained in nonommuta-tive deformation theory1. Classial deformations of shemes and omplex spaes aregoverned by tangent ohomology (see for example [37℄), and sine deformations of(nonommutative) assoiative algebras are governed by Hohshild ohomology (see[11℄), we may assume that Hohshild ohomology of shemes and omplex spaesgoverns their nonommutative deformation theories. This leads to the question ofhow their Hohshild and tangent ohomologies are related, whih is the subjet ofthis hapter.Hohshild omplexes and Hohshild homology for shemes were �rst de�nedby Weibel/ Geller [47℄. They de�ned the Hohshild omplex as shea��ation of theyli bar omplex. An alternative de�nition is due to Yekutieli [49℄. Hohshild o-homology for shemes was de�ned by Gerstenhaber/ Shak [11℄. Kontsevih [22℄ sug-gested to de�ne Hohshild ohomology of a omplex manifold X as ExtX2(OX ,OX).Swan [44℄ showed that for shemes, the Gerstenhaber/ Shak- de�nition is equiva-lent to Kontsevih's de�nition. The de�nition of Hohshild omplexes and Hohshild(o)homology for omplex spaes is due to Buhweitz/ Flenner [7℄. Weibel and Geller'sde�nition of Hohshild omplexes is not reommendable for omplex spaes. This is1So far, deformation theory for nonommutative shemes has not been developed and nonom-mutative omplex spaes with singularities are not jet de�ned.65



66due to the fat that the (yli) bar omplex of an analyti algebra A (in whih tensorproduts are replaed by analyti tensor produts) is not a omplex of projetive A-modules. Thus, if we de�ned the Hohshild ohomology as ohomology of the dualof the yli bar omplex of A, we would not arrive at the desired Ext-interpretation.Instead, we must de�ne the Hohshild omplex pieewise (on Stein ompats) viafree algebra resolutions, and globally via a Čeh onstrution (see [7℄ or Setion 3.3).In order to avoid having to prove eah statement for eah situation, we unify thealgebrai and analyti theories. To do so, we follow an approah due to Bingener/Kosarew [2℄ who extrated the ommon features of both situations and listed them asaxioms for �admissible pairs of ategories� . These are pairs (C,M) where C is asuitable ategory of algebras andM a ategory of modules over C. Admissible pairs ofategories enable the desription of �a�ne� spaes. For example C may be the ategoryof setions on Stein ompats or the ategory of setions on a�ne shemes (i.e. theategory of algebras). In the this hapter we will mainly talk about admissible pairs ofategories. These are interesting by themselves, as they are useful in many more situa-tions (see Examples 3.1.1) than a�ne shemes and Stein ompats. We will show howto apply results for admissible pairs to shemes and omplex spaes only in Setion 3.3.The main results for admissible pairs (C,M) of ategories are the following: (1)In Setion 3.1.8 we haraterize regular sequenes in graded ommutative algebras in
C. (2) We de�ne the Hohshild omplex for simpliial algebras in C (i.e. funtors froma small ategory N to C) and show that the Hohshild omplex is homotopy invariant(Proposition 3.2.2). (3) We prove a HKR theorem for free ommutative graded DGalgebras in C, if the ground ring k ontains Q. Loday's textbook [29℄ ontains a skethof proof of the speial ase of this theorem where C is just the ategory of k-algebras.A orollary of this HKR theorem is the following Quillen-type theorem for a k-algebrain C: There is a quasi-isomorphism

H(a/k) ≈ ∧L(a/k)from the Hohshild omplex to the exterior algebra of the tangent omplex. (Quillen[41℄ stated this result in the ase where C is the ategory of k-algebras.) We generalizethis theorem for objets in CN , and, in Setion 3.3, we dedue the main result ofthis hapter by means of a Čeh onstrution. (4) If X −→ Y is a morphism ofomplex spaes (paraompat and separated) or a separated morphism of �nite typeof Noetherian shemes in harateristi zero, then there exists a quasi-isomorphism
H(X/Y ) ≈ ∧L(X/Y ) (0.1)over OX , where H(X/Y ) is the relative Hohshild omplex of X over Y (see Se-tion 3.3) and L(X/Y ) is the relative otangent omplex. From the main result wededue several deomposition theorems for Hohshild (o)homology. (5) Hohshildohomology ontains tangent ohomology:

HHn(X/Y,M) ∼=
∐

i+j=n

Exti(∧jL(X/Y ),M). (0.2)



Hohshild ohomology for omplex spaes and shemes 67The left side is the n-th Hohshild ohomology of X over Y with values inM. Theright side ontains the (i − 1)-th relative tangent ohomology Exti−1(L(X/Y ),M)as a diret fator. For omplex spaes, this deomposition as well as equation (0.1)has already been proved in a ompletely di�erent way by Buhweitz/Flenner [7℄. (6)The seond orollary is a deomposition theorem for the Hohshild ohomology ofomplex analyti manifolds and smooth shemes in harateristi zero:
HHn(X) ∼=

∐

i+j=n

H i(X,∧jTX). (0.3)On the right, we have the sheaf ohomology of the exterior powers of the tangentomplex. A proof of this result for omplex analyti manifolds has been announed(but not yet published) by Kontsevih. For smooth shemes, deomposition (0.3) wasproved in a di�erent way by Yekutieli [49℄. A similar statement for quasi-projetivesmooth shemes is due to Gerstenhaber/Shak [11℄ and Swan [44℄. (7) If X is asmooth sheme in harateristi zero, or a manifold, then we an dedue the �Hodgedeomposition� of the Hohshild homology:
HHn(X) ∼=

∏

i−j=n

Hj(X,∧iΩX) (0.4)Remark that the di�erene with the Hodge omposition of the De Rham ohomologyis that we sum over the olumns of the �Hodge diamond� instead of over the lines.For shemes, this result was shown in a di�erent way (using the λ-deomposition ofthe Hohshild omplex) by Weibel [48℄.Conventions: For a ring k, we denote the ategory of k-modules by k-Mod. Aring A together with a ring homomorphism k −→ A is alled an algebra over k ora k-algebra. For a morphism f : A −→ B in any ategory, we denote the kernel of
f in the ategorial sense (see [46℄) by kern f , i.e. kern f is a morphism K −→ A,where K is an objet, determined up to a anonial isomorphism. By Kern f , wemean the objet K. We use the notions cokern, Cokern, im and Im in the same way.For example, we have Im f ∼= Kern(cokern f). We write ≈ for quasi-isomorphismsand ≃ for homotopy equivalenes. We use the letter D to denote derived ategoriesand K to denote homotopy ategories, i.e. the loalization of ategories by homotopyequivalenes.The di�erential of a DG objet is always of degree +1. If the degree g(a) of ahomogeneous element a of a graded ring or module arises in an exponent, we justwrite a instead of g(a). By onvention, (−1)ab means (−1)g(a)·g(b) and not (−1)g(ab).



68 Admissible pairs of ategories3.1 Admissible pairs of ategoriesIn order to desribe geometri objets loally by means of algebrai objets, one has tohandle pairs of ategories (C,M), where C is a ategory of algebras andM a ategoryof modules over algebras in C. If the algebrai alulus should inlude the loaldesription of ommutative shemes, omplex spaes and even in�nite dimensionalspaes, like Banah analyti spaes, then the frame of admissible pairs of ategoriesis a good hoie. Before listing the axioms de�ning an admissible pair of ategories(�gured out by Bingener and Kosarew in [2℄), we give several examples:Examples 3.1.1. The following pairs (C,M) are admissible pairs of ategories:(1) Let C(0) be the ategory of all ommutative K-algebras andM(0) the ategoryof modules over algebras in C(0).(2) Reall that a Stein ompat (see [14℄) is a ompat subset X of a omplexspae, admitting a base of open neighborhoods U suh that eah U ∈ U is a Steinspae. Let C(1) be the ategory of all analyti C-algebras, i.e. the ategory of allsetions of the struture sheaf of a Stein ompat. Then eah algebra in C(1) is aDFN-algebra, i.e. a topologial algebra with respet to the dual Frehet nuleartopology (see [39℄, for instane) and eah homomorphism of suh algebras isontinuous. LetM(1) be the ategory of all DFN-modules over algebras in C(1).(3) In the �rst example, we an replae C(0) by the ategory of all Noetherian,ommutative K-algebras.(4) In the seond example, we an replae C(1) by the ategory of loal analytialgebras.(5) For ǫ ∈ (0, 1], let C(ǫ) be the ategory of ommutative omplete PO-algebrasin the sense of [37℄ and M(ǫ) the ategory of all omplete PO-modules andPOǫ-homomorphisms.The reader, only interested in shemes or algebrai varieties, doesn't have to areabout the following de�nition and may always take (C,M) as in Example (1) instead.We �x a ommutative ground ring K with unit (in our main referene [2℄, K isthe �eld Q, so here we start with a more general setting). Denote by C a ategory ofommutative K-algebras and by C-Mod the ategory of all modules over algebras in C.For objets A,B in C and M in A-Mod, N in B-Mod, a homomorphism M −→ N in
C-Mod is a pair (φ, f), where φ : A −→ B is a homomorphism in C and f : M −→ N[φ]is a homomorphism in A-Mod. Let M be a subategory of C-Mod. For algebras Ain C, we denote the intersetion of M and A-Mod by M(A) and the subategoryof C of all algebras with a morphism A −→ B by CA. The pair (C,M) is alled anadmissible pair of ategories if the following onditions hold:(1) In C there exist �nite �bered sums that we denote as usual by A⊗C

K B.(2) If φ : A −→ B is a homomorphism in C and N a module in M(B), then N isvia φ an objet ofM(A), and for eah module M inM(A), HomM(A)(M,N[φ])



Hohshild ohomology for omplex spaes and shemes 69is the set of all homomorphisms f : M −→ N in M suh that (φ, f) is ahomomorphism in C-Mod.(3) Let A be an algebra in C. ThenM(A) is an additive ategory, in whih kernelsand okernels exist. Further, CA is a subategory of M(A) and the funtor of
M(A) in A-Mod ommutes with kernels and �nite diret sums.(4) Let φ : A −→ B a homomorphism in C and u : M −→ N a homomorphism in
M(B). Let L (resp. L′) be the kernel of u (resp. u[φ]) in M(B) resp. M(A).Then the anonial map L′ −→ L[φ] is an isomorphism inM(A).(5) Let A be an algebra in C and N a module in M(A). For eah �nite family
Mi; i ∈ I of modules inM(A), there is a given K-submodule

MultM(A)(Mi, i ∈ I;N)of the module MultA(Mi, i ∈ I;N) of A-multilinear forms ∏

i∈IMi −→ N ,whih is funtorial in eah Mi and N and has the following properties:(5.1) Let i0 be an element of I and u : M ′
i0
−→Mi0 a homomorphism inM(A).Set M ′′

i0
:= Cokern(u) and M ′

i := M ′′
i := Mi, for i ∈ I \{i0}. The sequene

0→ MultM(A)(M
′′
i , i ∈ I;N)→

→ MultM(A)(Mi, i ∈ I;N)→ MultM(A)(M
′
i , i ∈ I;N)indued by u is exat.(5.2) For modules M,N ∈M(A), there is a anonial isomorphism

MultM(A)(M ;N) −→ HomM(A)(M ;N).(5.3) For M in M(A), the multipliation map µM : A × M −→ M is in
MultM(A)(A×M ;M).(5.4) If σ : I −→ J is a bijetive map, then the restrition of the isomorphism

MultA(Mi, i ∈ I;N) −→ MultA(Mσ−1(j), j ∈ J ;N)de�ned by σ, de�nes an isomorphism
MultM(A)(Mi, i ∈ I;N) −→ MultM(A)(Mσ−1(j), j ∈ J ;N).(5.5) Eah homomorphism φ : A −→ B in C indues a artesian diagram
MultM(B)(Mi, i ∈ I;N)

��

// MultM(A)((Mi)[φ], i ∈ I;N[φ])

��
MultB(Mi, i ∈ I;N) // MultA((Mi)[φ], i ∈ I;N[φ])



70 Admissible pairs of ategories(5.6) For eah i ∈ I, let Lj, j ∈ Ji a nonempty �nite family of modules inM(A).Set J := ∐i∈IJi. The anonial map
(
∏

i∈I

MultM(A)(Lj,j∈Ji;Mi))×MultM(A)(Mi,i∈I;N) −→ MultA(Lj ,j∈J;N)fatorises through MultM(A)(Lj , j ∈ J ;N).(5.7) The funtor N 7→ MultM(A)(Mi, i ∈ I;N) on M(A) is represented by amodule ⊗

i∈I
M
A
Mi inM(A).(5.8) If I is a disjoint union ∪j∈JIj with Ij 6= ∅ for all j, then the anonialhomomorphism

⊗

i∈I

M

A

Mi −→
⊗

j∈J

M

A

(
⊗

i∈Ij

M

A

Mi)is an isomorphism inM(A).(5.9) The anonial map A⊗M
A M −→M is an isomorphism inM(A).(6) Let φ : A −→ B be a homomorphism in C and M a module inM(A) and N amodule inM(B). The module N[φ]⊗

M
A M is via the anonial A-bilinear map2

B ×N[φ] ⊗
M
A M −→ N[φ] ⊗

M
A Ma module inM(B). The analogue statement holds for M ⊗M

A N[φ].(7) Let k −→ A and k −→ B be two homomorphisms in C and φ (resp. ψ) theanonial maps of A (resp. B) in C := A⊗M
k B. Let M be a module inM(k)and ρ : C ×M −→M an element of MultM(k)(C ×M ;M) suh that(a) The map ρ extends the multipliation of k on M .(b) The module M is via ρ a C-module.() The module M[φ] belongs toM(A) and M[ψ] belongs toM(B).Then M is inM(C).(8) For algebras A and B in Ck, the anonial map A ⊗M

k B −→ A ⊗C
k B is anisomorphism inM(k).Axioms (1) - (8) hold in the algebrai, as well as in the analyti ontext. Thedi�erene between these ontexts is manifest in the di�erene between Axiom (S1)and (S1'):Axioms. Let A be an algebra in C.(S1) If u : M −→ N is a homomorphism of �nite A-modules inM(A), then theokernel of u inM(A) oinides with the okernel of u in A-Mod and for N = Athe okernel of u is an algebra in CA with respet to the anonial projetion

A −→ Cokern(u).2The existene of this map is a onsequene of (2), (5.7) and (5.8).



Hohshild ohomology for omplex spaes and shemes 71(S1') For any homomorphism u : M −→ N of A-modules, the okernel of u in
M(A) oinides with the okernel of u in A-Mod and for N = A the okernel of
u is an algebra in CA with respet to the anonial projetion A −→ Cokern(u).(S2) Bijetive homomorphisms inM(A) are isomorphisms.Examples 3.1.2. Again, onsider the Examples 3.1.1.(1) The pair (C(0),M(0)) is an admissible pair of ategories that satis�es Axioms(S1') and (S2).(2) Let MultM(1)( ) be the group of all ontinuous multilinear forms. Then
(C(1),M(1)) is an admissible pair of ategories that satis�es Axioms (S1) and(S2).The following lemma is an easy exerise. The proof an be found in the Appendix.Lemma 3.1.3. Let (C,M) be an admissible pair of ategories. Let k be an algebra in

C and A,B,M and N modules inM(k).(1) For elements a, a′ ∈ A and b, b′ ∈ B, we have (a⊗ b)(a′ ⊗ b′) = aa′ ⊗ bb′.(2) Eah homomorphism h ∈ HomM(k)(A ⊗
M
k B,N) is uniquely determined by itsvalues on the elements of the form a⊗ b.Remark that in the graded ommutative ontext (see below) we will have

(a⊗ b)(a′ ⊗ b′) = (−1)ba
′
aa′ ⊗ bb′, for homogeneous a, b, a′, b′.3.1.1 Free modules and algebrasTo motivate the de�nition of markings on ategories of algebras and modules: Let Xbe a ompat n-dimensional polydisk. This is a Stein ompat. We want to onsiderthe algebra A = colimU⊃X Γ(U,OCn) of global setions on X as a free algebra in C(1),generated by n algebra generators x1, . . . , xn. If B is the algebra of setions on aseond polydisk Q, we an't just hoose n elements of B as images of x1, . . . , xn tode�ne a homomorphism in C(1), sine the orresponding map Q −→ Cn would not,in general, land in X. There are restritions on the values that eah xi may take. Amarking on the ategory C is suh a restrition. A non-restritive marking is alledanonial. Usually, when the modules inM are non-graded, the marking onM willbe the anonial one.Let (C,M) be an admissible pair of ategories.Free algebras: Amarking on C is a family (Fτ )τ∈T of subfuntors Fτ : C −→ (sets)of the identity funtor suh that Fτ (B) ontains 0, for all τ , and all objets B in C.For a given objet k of C and a family (τi)i∈I , we onsider the funtor FI,k : A 7→

∏

i∈I Fτi(A) on the ategory Ck. If FI,k is representable, i.e. there is a k-algebra Aand a anonial bijetion
b : HomC

k(A,B) −→
∏

i∈I

Fτi(B)



72 Admissible pairs of ategoriesfor eah algebra B in Ck, then A together with the family (ei)i∈I = b(IdA) is alled thefree algebra over k with free algebra generators ei, i ∈ I. We will write A = k〈ei〉i∈I .The marking F is alled representable, if FI,k is representable for eah k in C andeah �nite family (τi)i∈I .Free modules: A marking onM is a family (Gu)u∈U of subfuntors Gu :M−→
(sets) of the identity funtor suh that, for eah u ∈ U , the following ondition holds:For eah homomorphism φ : A −→ B in C and eah module W in M(B), we have
Gu(W[φ]) = Gu(W ). For a given algebra A in C and a family (ui)i∈I , we onsider thefuntor GI,A : N 7→

∏

i∈I Gui
(N) on the ategoryM(A). If GI,A is representable, i.e.there is an A-module M and a anonial bijetion

b : HomM(A)(M,N) −→
∏

i∈I

Gui
(N)for eah A-module N , then M together with the family (ei)i∈I = b(IdM ) is alledthe free module over A with free module generators ei, i ∈ I. We will write

M =
∐

i∈I Aei. The marking G is alled representable, if GI,A is representable, foreah A in C and eah �nite family (ui)i∈I .A marking on (C,M) is a pair (F,G) of a marking F = (Fτ )τ∈T on C and amarking G = (Gu)u∈U on M together with a map η : T −→ U suh that Fτ (A) ⊆
Gη(τ)(A), for eah A in C and eah τ in T.Axioms. Let (F,G) be a marking on (C,M).(F1) The funtor F is representable.(F2) Let k be an algebra in C and A = k〈ei〉i∈I be a free k-algebra in C. Theanonial homomorphism k[ei]i∈I −→ k〈ei〉i∈I in k-Mod is �at and the funtor

M 7→ A⊗M
k M is exat on the ategory of �nite modules inM(k).(F3) Let A be like in (F2) and A′ = k〈e′i〉i∈I′ be another free k-algebra in C with

I ⊆ I ′. Then A′ is �at over A via the homomorphism A −→ A′ with ei 7→ e′i.(F4) The funtor G is representable.(F5) For eah u ∈ U and eah A in C, Gu is a right exat funtor onM(A).(F6) Let A be an algebra in C and E =
∐

i∈I Aei be a free A-module with respetto G with �nite basis (ei)i∈I and let M be a module in M(A). The anonialhomomorphism M I −→M ⊗A E in A-Mod is bijetive.(F7) Let k be an algebra in C and A = k〈ei〉i∈I be a free k-algebra in C with�nite I. Then ΩA/k is a free A-module with base dei ∈ Gη(τi)(ΩA/k); i ∈ I.Remark that Axiom (F2) implies that free algebra generators (of degree 0) are notzero divisors.De�nition 3.1.4. The marking (F,G) is alled good, if Axioms (F1), (F4), (F5),(F6) and (F7) hold. An admissible pair of ategories (C,M) equipped with a good



Hohshild ohomology for omplex spaes and shemes 73marking (F,G) is alled a good pair of ategories if it satis�es Axioms (S1) and(S2).Examples 3.1.5. (1) On the admissible pair (C(0),M(0)) of Example 3.1.1, wework with the anonial marking, i.e. F (A) = A, for eah algebra A in C,and G(M) = M , for eah module M inM(A). With this marking, (C(0),M(0))is a good pair of ategories, that satis�es additionally Axioms (F2) and (F3).(2) Consider the admissible pair (C(1),M(1)). For A in C(1) and t ∈ T := (0,∞),let Ft(A) be the set of all elements of A suh that the Gelfand-transformation(see [5℄ for the de�nition) χ(A) −→ C fatorises through {z ∈ C : |z| ≤ t}.Further, let G be the anonial marking on M(1). Then the pair (C(1),M(1)),together with the marking (F,G) is a good pair of ategories, that satis�esAxioms (F2) and (F3).(3) If C is the ategory of loal analyti algebras and M the ategory of DFN-modules over C, then G is set to be the anonial marking and for objets A,we set F (A) to be the maximal ideal mA of A. Then (C,M) is a good pair ofategories that satis�es Axioms (F2) and (F3).3.1.2 Graded objetsLet (C,M) be an admissible pair of ategories. As in [2℄, we an onstrut a newadmissible pair (gr(C), gr(M)) as follows: Let gr(C) be the ategory of graded om-mutative3 rings A =
∐

i≤0A
i with A0 in C, all Ai inM(A0) suh that the multiplia-tion maps Ai ×Aj −→ Ai+j belong to MultM(A0)(A

i × Aj, Ai+j). A homomorphism
φ : A −→ B in gr(C) is a homomorphism of graded ommutative rings suh that φ0is a homomorphism in C and all φi : Ai −→ Bi are φ0- linear homomorphisms inM.Let gr(M) be the ategory over gr(C) whose objets over an algebra A in gr(C)are the graded A-modulesM =

∐

i∈Z
M i, withM i = 0, for almost all i > 0, suh thateah M i is in M(A0) and the maps Ai ×M j −→ M i+j belong to MultM(A0)(A

i ×

M j ,M i+j). If B is another algebra in gr(C) and N is a module in gr(M)(B), then
Homgr(M)(M,N) is the set of all pairs (φ, f), where φ : A −→ B is a homomorphismin gr(M) and f : M −→ N is a φ-linear homomorphism of degree zero, suh that all
f i : M i −→ N i are homomorphisms inM over φ0.For modulesM1, . . . ,Mn and N in gr(M)(A), let Multgr(M)(A)(M1× . . .×Mn, N)be the K-module of all maps f : M1 × . . .×Mn −→ N with the following properties:(1) For k1, . . . , kn in Z, the restrition f |

M
k1
1 ×...×Mkn

n
fatorises through a map in

MultM(A0)(M
k1
1 × . . .×M

kn
n , Nk1+...+kn).3i.e. ab = (−1)g(a)g(b)ba, for homogeneous a, b ∈ A



74 Admissible pairs of ategories(2) For elements a ∈ A and mi ∈Mi, we have
f(m1, . . . ,mra,mr+1 . . . mn) = f(m1, . . . ,mr, amr+1, . . . ,mn), for 1 ≤ r < n,and f(m1, . . . ,mna) = f(m1, . . . ,mn)aWe just have made use of the fat that we an make eahM in gr(M)(A) a gradedsymmetrial A-bimodule by setting m · a := (−1)g(m)g(a)a ·m, for homogeneous ele-ments a ∈ A and m ∈M .To de�ne free algebras in gr(C), we modify the de�nition in Setion 3.1.1 asfollows: There is a map g : T −→ Z≤0 and eah funtor Fτ is a subfuntor of thefuntor A 7→ Ag(τ). In this ontext, if F is representable, then eah funtor FI,A isrepresentable, if for n ≤ 0, the set of all τi with g(τi) = n is �nite. In this ase thefree algebra A〈ei〉i∈I is alled g-�nite free algebra. Of ourse, the degree g(ei) of afree generator ei is just g(τi).To de�ne free modules in gr(M), we modify the de�nition in Setion 3.1.1 as fol-lows: There is a map g : U −→ Z and eah funtor Gu is a subfuntor of the funtor

M 7→Mg(u). In this graded ontext, when G is representable, then eah funtor GI,Ais representable, if for eah n, the set of all ui with g(ui) = n is �nite. In this ase thefree module ∐

i∈I Aei is alled g-�nite free A-module. We have g(ei) = g(ui) for i ∈ I.To de�ne a marking on (gr(C), gr(M)), we have to add in Setion 3.1.1 the ondi-tion that the map η : T −→ U is ompatible with g.Example 3.1.6. IfG is a marking onM, then we get a marking gr(G) = (gr(G))u′∈U ′on gr(M) in the following way: Set U ′ := U × Z. For A in gr(C), M in gr(M) and
u′ = (u, n) ∈ U ′ set gru′(G)(M) := Gu(M

n). Here we have g(u′) = n.If (F,G) is a marking on (C,M), then we get a marking grG(F ) = (grG(F )τ ′)τ ′∈T′in the following way: Let T
′ be the disjoint union of T×{0} and U×Z<0. For A in gr(C)and τ ′ = (τ, n), we set grG(F )τ ′(A) = Fτ (A

0), if n = 0, and grG(F )τ ′(A) = Gτ (A
n),if n < 0.If (F,G) is a marking on (C,M), then (grG(F ), gr(G)) is a marking on

(gr(C), gr(M)) with the map η′ : T
′ −→ U ′ given by (τ, 0) 7→ (η(τ), 0) and (u, n) 7→

(u, n), for n < 0.Remark that by Lemma I.7.6 of [2℄, free algebra generators of negative degreebehave muh like polynomial variables4 and if (C,M) is a good pair of ategories,then (gr(C), gr(M)) is a good pair of ategories as well.If (C,M) is an admissible pair of ategories that satis�es Axiom (S2), then byProposition I.6.9 of [2℄, the admissible pair (gr(C), gr(M)) also satis�es Axiom (S2).In general, this is not true for Axiom (S1). But we have:4For a more preise statement, see Proposition 3.1.19.



Hohshild ohomology for omplex spaes and shemes 75Proposition 3.1.7. Let (C,M) satisfy Axiom (S1) and let A be an objet of gr(C)suh that all Ai are �nite A0-modules. Then, for g-�nite modules M,N in gr(M)(A)eah homomorphism f : M −→ N in gr(M)(A) is strit, i.e. the okernel of f in
gr(M) oinides with the set-theoretial okernel.Proposition 3.1.8. Let (C,M) be an admissible pair of ategories with a marking
(F,G), where G is anonial. Suppose that Axiom (S1) holds. Let k be an algebra in Cand let M1,M2 and N be modules inM(k) suh that M1 and M2 are �nite k-moduleswith Mi ⊆ N and M1 ∩M2 = {0}. Then we have(1) The inlusions Mi →֒ N are homomorphisms inM(k).(2) The sum M1 +M2 is inM(k).(3) The inlusions Mi −→M1 +M2 are homomorphisms inM(k).(4) The projetions pi : M1 +M2 −→Mi are homomorphisms inM(k).(5) M1 +M2 = M1 ⊕M2.In (gr(C), gr(M)) the same statement is true if we suppose that all ki are �nite k0-modules and M1,M2 and N are g-�nite.The proof is very simple. It an be found in the Appendix. In the sequel, we willdenote the full subategory of gr(C) generated by all algebras A suh that eah Ai isa �nite A0-module by gr′(C).Lemma 3.1.9. (1) Suppose that (C,M) is a good pair of ategories and that kis an algebra in gr′(C). Let R = k〈T 〉 be a free g-�nite algebra over k in gr(C).We have the following deomposition

R = k ⊕
∑

t∈T

Rtin the ategory gr(M)(k).(2) Suppose that additionally the marking G onM is trivial and that Axiom (F2)holds. Then, for eah n ≥ 0, R deomposes as
R = k ⊕

∑

t1∈T

t1k ⊕ . . .⊕
∑

t1,...,tn∈T

t1 · . . . · tnk ⊕
∑

t1,...,tn+1∈T

t1 · . . . · tn+1R.Proof. We only prove (1) and leave the proof of (2) as exerise. We an form thefree g-�nite R-module M =
∐

t∈T Re(t), where to eah free algebra generator t ∈
grG(F )τ ′ we have assoiated a free module generator e(t) ∈ gr(G)η(τ ′)(M). Considerthe homomorphism M −→ R in gr(M)(R) with e(t) 7→ t. By Proposition 3.1.7, theokernel map of this homomorphism oinides with the okernel map in R-Mod, whihis just the projetion p : R −→ R/(T ) and R/(T ) is an algebra in gr(C). Now thereis a diagram

R
π //

p

""FFFFFFFF k

��
R/(T )



76 Admissible pairs of ategoriesin gr(C), where π : R −→ k is the homomorphism given by t 7→ 0 for t ∈ T andthe homomorphism k −→ R/(T ) is the anonial inlusion. The diagram ommutes,sine in both diretions an element t ∈ T goes to 0. So we get Kern(π) = (T ). Butobviously, we have R = k ⊕Kern(π). �3.1.3 Balaned and onvex markingsLet k be an algebra in gr(C) and A := k〈T 〉 a free algebra over k in gr(C) with ag-�nite set T of free generators t ∈ Fτ(t)(Rg(t)). Then A⊗k A is a free algebra over kwith two free algebra generators t1 = t⊗ 1 and t2 = 1⊗ t, for eah t ∈ T . For t ∈ T ,set t+ := 1
2(t1 + t2) and t− := 1

2(t1 − t2). Let T+ be the set of all t+ and T− be theset of all t−.We say that the marking F on C is balaned, if for eah τ ∈ T, A in C and
t ∈ Fτ (A), we have −t ∈ Fτ (A). We say that the marking F is onvex if for eah
τ ∈ T, A in C, t1, t2 ∈ Fτ (A) and a, b ∈ K with a+ b = 1, we have at1 + bt2 ∈ Fτ (A).Proposition 3.1.10. If the marking grG(F ) on gr(C) is balaned and onvex, we have
A⊗k A ∼= k〈T+ ∪ T−〉.Example 3.1.11. (1) The trivial marking on C is balaned and onvex.(2) If C is the ategory C(1) of (loal) analyti algebras and M the ategory

M(1) of DFN-modules over C(1), then the marking F on C (see Example 3.1.5)is balaned and onvex.Proof. The �rst example is trivial. For the seond example, we show that if a freegenerator t is in Fτ (R), then t+ and t− are in Fτ (R ⊗B R): Here, τ stands for apositive real number and Fτ (R) is the set of all r ∈ R suh that, for eah harater
ξ ∈ X (R), we have |ξ(r)| ≤ τ . Now, t1 = t⊗ 1 and t2 = 1⊗ t belong to Fτ (R⊗B R),so for eah harater ξ ∈ X (R ⊗B R), we have |ξ(t1)| ≤ τ and |ξ(t2)| ≤ τ . Hene
|ξ(t+)| = |12 (ξ(t1) + ξ(t2))| ≤ τ and |ξ(t−)| = |12(ξ(t1)− ξ(t2))| ≤ τ . The ase of loalanalyti algebras is lear, sine maximal ideals are additively losed. �3.1.4 Simpliial omplexesLet I be an index set. Then a set N of subsets of I is alled simpliial omplexover I, if ∅ 6∈ N ; if for all i ∈ I, we have {i} ∈ N and if every nonempty subset of anelement in N is again in N .For an element α of a simpliial omplex N over I, ontaining n elements, set
|α| := n − 1. Then for n ≥ 0, the set N (n) of all α ∈ N with |α| ≤ n is again asimpliial omplex over I.



Hohshild ohomology for omplex spaes and shemes 77A simpliial omplex N an be seen as ategory, where Hom(α, β) ontains onlythe inlusion α ⊆ β if α ⊆ β and is empty in all other ases.Let A be a ategory. An N -objet in A is a ovariant funtor N −→ A. The
N -objets in A again form a ategory, denoted by AN . If (C,N ) is an admissiblepair of ategories and A = (Aα)α∈N an objet of CN , then we denote the ategory of
N -objets M = (Mα)α∈N inMN with Mα ∈ ob(M(Aα)) byMN (A).Let (C,M) be an admissible pair of ategories and N a simpliial omplex. Let
((Fτ )τ∈T, (Gu)u∈U ) be a marking on (C,M). Then, for eah pair (α, τ) in N × T,there is a funtor Fα,τ : A 7→ Fτ (Aα). For a family (αi, τi), i ∈ I of elements of N ×Tand A in CN , there is a set-valued funtor B 7→∏

i∈I Fαi,τi(B). We denote it by FI,A.De�nition and Proposition 3.1.12. Suppose that for α ∈ N , the free Aα-algebra
A′
α = Aα〈e

(α)
i 〉αi⊆α in the free generators e(α)

i ∈ Fτi(A
′
α) exists. For α ⊆ β, let

ραβ : A′
α −→ A′

β be the homomorphism in C over Aα, given by e(α)
i 7→ e

(β)
i . Then

A′ = (A′
α)α∈N is an algebra in CN , and together with the family (e(αi))i∈I , it representsthe funtor FI,A. We all it the free A-algebra in the free generators ei := e

(αi)
i ∈

Fαi,τi(A
′) and denote it by A〈ei〉i∈I .For eah pair (α, u) ∈ N × U , there is a funtor Gα,u : M 7→ Gu(Mα). For afamily (αi, ui), i ∈ I of elements of N × U and A in CN , there is a set-valued funtor

N 7→
∏

i∈I Gαi,ui
(M). We denote it by GI,A.De�nition and Proposition 3.1.13. Fix a family (αi, ui), i ∈ I of elements of

N × U and an algebra A in CN . Suppose that for eah α ∈ N , the free Aα-module
Mα =

∐

αi⊆α
Aαe

(α)
i in the free generators e(α)

i ∈ Gui
(Mα) exists. For α ⊆ β, let

ραβ : Mα −→ Mβ be the homomorphism in M over Aα, given by e(α)
i 7→ e

(β)
i . Then

M = (Mα)α∈N is a module inMN and together with the family (e(αi))i∈I it representsthe funtor GI,A. We all it the free A-module with free generators ei := e
(αi)
i ∈

Gαi,ui
(A′) and denote it by ∐

i∈I Aei.To distinguish the non-simpliial from the simpliial ontext, we all the �rst onea�ne.3.1.5 ResolventsFix an admissible pair (C,M) of ategories with marking (F,G). For a DG module Kin gr(M)(R) with di�erential d, we de�ne the i-th homology H i
M(K) of K inM(R)as okernel of the natural map Im(di−1) −→ Kern(di) (image and kernel formed in theategory M(R)). If K is separated, i.e. the okernels of the map d : Ki −→ Ki+1and of the indued maps Ki −→ Kern(di+1) and Kern(di) −→ Ki oinide with theirokernels formed in the ategory R-Mod, then H i

M(K) is as R-module isomorphi tothe i− th ohomology of K, onsidered as omplex in R−Mod. We all K ayli,if H i
M(K) = 0 for all i.



78 Admissible pairs of ategoriesLemma 3.1.14. Suppose that (C,M) satis�es Axiom (S1) and all Ki are �nite R-modules. The omplex K is ayli if and only if K is ayli as omplex in R−Mod.A DG resolution of an objet B in M is a DG module M in gr(M) suh that
H i

M(M) = 0, for i < 0, and H0
M(M) = B.We reall De�nition I.8.1 of [2℄.De�nition 3.1.15. Let A −→ B be a homomorphism of DG objets in gr(C)N . Aresolvent of B over A is a free DG algebra R over A in gr(C)N (with respet to themarking grG(F )) together with a morphism R −→ B of DG objets in gr(C)N whihis a surjetive quasi-isomorphism on eah α ∈ N .In this hapter, we will mostly work in a Noetherian ontext, i.e. we will mostlyassume that the following axiom is satis�ed:Axiom (N) Eah algebra A in C is Noetherian and eah �nite module M in

M(A) is a quotient of a �nite free A-module.If the good pair (C,M) satis�es Axioms (N) and (F2) and if A and B belong to
gr′(C) and if A0 is a quotient of a g-�nite B0-module C in CN suh that eah Cα is a�nite free B0

α-algebra, then suh resolvents exist by Proposition I.8.7 and I.8.8 of [2℄or alternatively by Lemma 3.1.23 below.The next proposition is of great importane for this work. In the algebrai on-text, the statement is well-known and was used by Quillen and others. The di�erenein the analyti ontext is that a free DG algebra over a ring k is not, in general, aomplex of free k-modules as long as there are analyti algebra generators, i.e. freealgebra generators of degree zero.Suppose that the marking G onM is trivial and that Axiom (N) is satis�ed.Proposition 3.1.16. Let A −→ B be a homomorphism of DG algebras in gr(C)N .For two g-�nite resolvents R1 and R2 of B over A, there exists a homomorphisms
R1 −→ R2 in gr(C)N , whih is a homotopy equivalene over A.Proof. We �rst prove the a�ne ase and then sketh the generalization to N -objetsin gr(C)N , then. First a�ne ase: Suppose that R0

1 = R0
2.Set A′ := A⊗A0R0

1. Then R1 and R2 are resolvents of B over A′. By Proposition I.8.1of [2℄, there is a quasi-isomorphism R1 −→ R2 in gr(C) over A′. Sine R0
1 = R0

2 = A′0,
R1 and R2 are free A′-modules in gr(M). Hene the quasi-isomorphism is already ahomotopy-equivalene.Seond a�ne ase: Suppose that R0

2 is a �nite free algebra over R0
1 in C.By indution, we an restrit ourselves to the ase where R0

2 = R0
1〈e〉 is just a freealgebra in one generator. Consider the free R0

1-algebra R := R0
1〈e, f〉 in gr(C), gener-ated by a free generator e of degree 0 and a free generator f of degree −1. We de�ne a



Hohshild ohomology for omplex spaes and shemes 79di�erential on R by setting f 7→ e. By Lemma 3.1.9, we have R0
1〈e〉 = R0⊕eR

0
1〈e〉. Soby Axiom (S2), the di�erential gives an isomorphism fR0

1〈e〉 −→ eR0
1〈e〉. With thisin mind, we an easily onstrut a ontrating homotopy on R. Now R′

1 := R1⊗R0
1
Ris homotopi over R1 to R1. More preisely, the inlusion R1 −→ R′

1 and the proje-tion R′
1 −→ R′ are homotopy equivalenes. By the �rst ase, there is a homotopy-equivalene R′

1 −→ R2 in gr(C).General a�ne ase: Let R3 be a free g-�nite resolution of B over R1 ⊗A R2. Now
R3 is free over R1 and R2 and by the seond ase, we get a homotopy-equivalene
R1 −→ R3 −→ R2.In the simpliial ase, a free algebra in gr(C)N over an algebra A in gr(C)N is nota free module in gr(M)N (A), even if all free algebra generators are of stritly negativedegree. The point is that even A itself is not free as A-module. But a free algebra over
A with free algebra generators of negative degree is as A-module in gr(M)N a diretsum A⊕M with a free A-moduleM . To prove the simpliial ase, we must �rst gener-alize the Comparison Theorem (see Theorem 2.2.6 of [46℄) to (free) DG resolutions in
gr(M)N whih is strait forward. Seondly, observe that for a DG algebra A in gr(C)Nand free A-modules M,N , eah quasi-isomorphism Id×f : A⊕M −→ A⊕N is evena homotopy equivalene. With those tools we an generalize the �rst ase above. Toavoid overloading, we have put a detailed proof of the simpliial ase in the Appendix.The seond and third ase go just as in the a�ne situation. �3.1.6 Double graded objetsLet (C,M) be an admissible pair of ategories. We de�ne the pair (gr2(C), gr2(M))as follows: The objets of gr2(C) are the double graded rings A =

∐

i,j≤0A
i,j with

A0,0 in C and all Ai,j inM(A0,0) suh that(1) for a ∈ Ai,j and b ∈ Ak,l we have ab = (−1)(i+j)(l+k)ba,(2) the multipliation maps Ai,j ×Ak,l −→ Ai+j,k+k belong to
MultM(A0,0)(A

i,j ×Ak,l, Ai+j,k+l).Following the ideas of Setion 3.1.2, we an de�ne Homgr2(C)(A,B), for objets A, Bin gr2(C), the ategory gr2(M), Homgr2(M)(M,N) for objets M,N of gr2(M) and
Multgr2(M)(A)(M1, . . . ,Mn, N) for modules M1, . . . ,Mn, N in gr2(M)(A). We don'tmake this de�nitions expliit here.Proposition 3.1.17. Let A be an objet of gr2(C) and M,N objets of gr2(M). For
(p, q) in Z × Z, set T p,q :=

∐

i+j=p,k+l=qM
i,k ⊗M

A0,0 N
j,l. Then T :=

∐

p,q T
p,q isa tensor produt of A and B in gr2(M)(A0,0). T an be seen in two di�erent waysas an objet of gr2(M)(A). Consider the homomorphism u : A ⊗A0,0 T −→ T in

gr2(M)(A0,0), sending a⊗m⊗n to ma⊗n−m⊗ an. u an be seen in two mannersas homomorphism in gr2(M)(A). Both of them indue the same A-module strutureon T̄ := Cokern(u). We see that T̄ is a tensor produt of M and N in gr2(M)(A).



80 Admissible pairs of ategoriesProposition 3.1.18. The pair (gr2(C), gr(M)2) is an admissible pair of ategories.Proof. Analogue to the proof of Proposition 6.9 of [2℄. �Convention: When we onsider an objet K of gr(M) as objet of gr2(M), weset Ki,0 = Ki and Ki,j = 0 for j 6= 0.In the same manner as above, we an de�ne a marking (gr2
G(F ), gr2(G)) on thepair (gr2(C), gr2(M)):De�ne the index set T

′′ as T× {0, 0} ∪ U × (Z≤0 × Z≤0) \ (0, 0). For τ ′′ = (τ, 0, 0) ∈
T
′′ and A ∈ gr2(C) set gr2G(F )τ ′′(A) := Fτ (A

0,0) and for τ ′′ = (u, p, q) in T
′′ with

(p, q) 6= (0, 0) set gr2
G(F )τ ′′(A) := Gu(A

p,q). De�ne the index set U ′′ as U × Z × Z.For u′′ = (u, p, q) ∈ U ′′ and M ∈ gr2(M), set gr(G)u′′(M) := Gu(M
p,q).Proposition 3.1.19. (1) Let A be an algebra in gr2(C) and A′ = A〈ei〉i∈I a freealgebra over A, with respet to the marking gr2G(F ). Suppose that the bidegreeof eah ei is di�erent to 0. Then the anonial homomorphism A[ei]i∈I −→ A′in A-Alg is bijetive.(2) If (F,G) is good, then (gr2

G(F ), gr2(G)) is good as well.Proof. Analogue to the proof of Lemma I.7.6 of [2℄. �De�nition 3.1.20. A DG algebra in gr2(C) is an algebra A in gr2(C) equippedwith a (vertial) A0,0-derivation5 v : A −→ A of bidegree (0, 1) with s2 = 0. A DDGalgebra in gr2(C) is a DG algebra A in gr2(C) equipped with a (horizontal) derivation
h of bidegree (1, 0) that anti-ommutes with v suh that h2 = 0. A homomorphismof (D)DG algebras is a morphism in gr2(C) that ommutes with the vertial (andhorizontal) di�erentials.The de�nition of (D)DG modules over D(DG) algebras is straightforward (payattention to Koszul signs).Lemma 3.1.21. Let K = (K,h, v) be a DG algebra in gr2(C). Consider a free algebra
K〈E〉 over K in gr2(C) with a set E = {ei : i ∈ I} of free algebra generators with
ei ∈ gr2G(F )τ ′′i (K〈E〉), for a ertain τ ′′i ∈ T

′′. For eah i, if g(xi) 6= (0, 0) hoose anelement hi ∈ Gui
(K〈E〉g(xi)+(1,0)) and an element vi ∈ Gui

(K〈E〉g(xi)+(0,1)), where uiis the �rst omponent of τi = (ui, g(xi)). Then, setting h(ei) := hi and v(ei) := vi,we get an extension of the horizontal and the vertial derivation h and v of K. Thisextensions make K〈E〉 a DDG algebra, if and only if, for eah i, we have(1) h(vi) + v(hi) = 0 and(2) h(hi) = v(vi) = 0.5This means that for homogeneous a, b ∈ A we have v(ab) = v(a) + (−1)aav(b). In the exponent,by a, we mean the total degree of a.



Hohshild ohomology for omplex spaes and shemes 81Proof. Indutively, we an redue the proof to the ase where E onsists of a singleelement e of bidegree (p, q). In this ase, it is an easy alulation. �De�nition 3.1.22. A DG resolvent of an algebra B in gr(C) is a free DG algebra
A in gr2(C) suh that, for all i, the i-th row is a surjetive DG module resolution of
Bi. A DDG resolvent of a DG algebra B in gr(M) is a DDG algebra A in gr2(M)whih is a DG resolvent of B suh that the map A∗,0 −→ B is a homomorphism ofDG algebras in gr(C).For a homomorphism A −→ B of DG algebras in gr(C), to get a resolvent R of
B over A it is enough to onstrut a DDG resolvent K of B whih is free over A asobjet of gr2(C). Then we an hoose R as total omplex tot(K). This leads to thequestion of the existene of DDG resolvents. The following remark provides a positiveanswer:Lemma 3.1.23. Suppose that for the pair (C,M) the Axioms (N) and (F2) hold.Let K = (K,h, v) be a DDG algebra in gr2(C) and u : K∗,0 −→ A a homomorphismof DG algebras in gr(C). Suppose that eah A ∈ gr′(C) and that eah Ki,j a �nite
K0,0-module.(1) If A0 is a quotient of a free K0,0-algebra, then there exists a free DDG algebra

L = K〈F 〉 over K, where F is a g-�nite set of generators of bidegree (k, 0); k ≤
0, and a surjetive homomorphism L∗,0 −→ A over K∗,0.(2) Suppose that u is surjetive and that for a �xed p < 0, we have up+1 =
cokern(vp+1,−1). There exists a free DDG algebra L = K〈F ∪ G〉 over Kwith �nite sets F and G of generators of bidegree (p,−1) and (p + 1,−1),respetively suh that we still have up+1 = cokern(vp+1,−1), and additionally
up = cokern(vp,−1) holds.(3) Fix p ≤ 0 and q ≤ −1. Suppose that we have Hq+1(Kp+1,∗) = 0. Thereexists a free DDG algebra L = K〈F ∪G〉 over K spanned by �nite sets F and
G of generators of bidegree (p, q) and (p + 1, q), respetively suh that we stillhave Hq+1(Kp+1,∗) = 0, and additionally Hq+1(Kp,∗) = 0 holds.Proof. The proofs of (1) - (3) are very similar, so we are only arrying the proof of (3).We hoose G suh that there is an epimorphism π : ∐g∈GK

0,0g −→ Kern(vp+1,q+1) ∩
Kern(hp+1,q+1). Set v(g) := π(g) and h(g) := 0. We hoose F suh that there is anepimorphism π′ : ∐f∈FK

0,0f −→ Kern(vp,q+1). Set v(f) = π′(f) and hoose h(f) in
∐K0,0g in suh a way that v(h(f)) = −h(v(f)). �De�nition 3.1.24. For a g-�nite free DG module M =

∐

e∈E Ae in gr(M) withdi�erential d (this onstrution an be done more generally in gr(M)N ), we de�nethe exterior algebra ∧∧A M to be the free DDG algebra A〈Ê〉 in gr2(C), where Êontains for eah e ∈ E a free algebra generator ê of bidegree (g(e),−1). The vertialdi�erential of ∧∧A M is set to be trivial, and the horizontal di�erential h is de�ned



82 Admissible pairs of ategoriesin suh a way that the assignment e 7→ ê identi�es M as DG module with the line
A〈Ê〉∗,−1. The total omplex ∧AM := tot(∧∧AM) has the struture of a DG algebrain gr(C) and orresponds to the ordinary de�nition of the exterior algebra.In this situation, let ∧jAM be the DG module in gr(M) with (∧jAM)n = A〈Ê〉(n,−j),for all j ≥ 0. As usual, for e1, . . . , ej ∈ E, write e1 ∧ . . . ∧ ej for the element in ∧jAM ,orresponding to ê1 · · · ên ∈ A〈Ê〉∗,−j .In partiular, we have ∧0

AM
∼= A and ∧1

AM
∼= M and

∧AM = tot(∧∧AM) =
∐

j≥0

∧jM [j]. (1.5)3.1.7 The bar omplex and the naive Hohshild omplexFor the reader's onveniene and to motivate our de�nitions in Setion 3.2, in this se-tion, we state several statements about the bar omplex and the lassial Hohshildomplex. The lassial Hohshild omplex (or yli bar omplex) is alled �naiveHohshild omplex� in this thesis, sine we will de�ne a more elaborate �Hohshildomplex� whih is better for the treatment of algebras in good pairs of ategories inSetion 3.2. In the algebrai ontext, the statements of this subsetion are well-knownand they apply diretly to admissible pairs of ategories.Let (C,M) be an admissible pair of ategories. Consider a homomorphism k −→ Aof DG algebras in gr(C). The tensor produt R := A ⊗
gr(C)
k A is a DG algebra withdi�erential dR = dA⊗1+1⊗dA, and the natural �multipliation� map µ : A⊗C

kA −→ Arespets the di�erentials.LetM be a DG A-bimodule in gr(M), whih is a symmetrial k-bimodule. We anonsiderM as DG objet of gr(M)(R), where the salar multipliation R×M −→Msatis�es (a⊗a′,m) 7→ (−1)a
′mama′, for homogeneous elements6 a, a′ ∈ A and m ∈M .To see this, we have to apply Axioms (5.3), (5.5) and (5.6). The same axioms mustbe used to de�ne the mappings in the sequel.For n = 0, 1, . . . set Cnaive

n (A,M) := M ⊗A⊗n and Cbar
n (A,M) := M ⊗A⊗n ⊗A.(All tensor produts are formed in the ategory gr(M)(k).) Consider the homomor-phisms

di : M ⊗A⊗n −→M ⊗A⊗n−1

a0 ⊗ . . .⊗ an 7→ a0 ⊗ . . .⊗ ai · ai+1 ⊗ . . . ⊗ anfor i = 0, . . . , n− 1, and the homomorphism dn, de�ned by
a0 ⊗ . . . ⊗ an 7→ (−1)an(a1+...+an−1)a0 · an ⊗ a1 ⊗ . . .⊗ an−1.6In the exponents we write sometimes just a instead of g(a) for homogeneous elements. ab thenmeans g(a) · g(b) and not g(ab), whih is just g(a) + g(b).



Hohshild ohomology for omplex spaes and shemes 83Eah di is a homomorphisms in gr(M)(A), if we regard the tensor produts M ⊗A⊗
. . .⊗A as A-modules by left-multipliation on the �rst fator. Remark that when Mis only a A-right module, we onsider it as an antisymmetrial A-bimodule by setting
m · a := (−1)maa ·m.Set b′n−1 := d0 − . . . + (−1)n−1dn−1 and bn := b+ (−1)ndn. Exatly as in the al-gebrai ase (see paragraph III.2.1 of [2℄), b de�nes a di�erential on Cnaive

• (A,M), i.e.
b2 = 0. The pair (Cnaive

• (A,M), b) is alled naive Hohshild omplex. b′ de�nesa di�erential on Cbar
• (A,M). The pair (Cbar

• (A,M), b′) is alled bar omplex. Forlater use, we set Cbar(A,M)−n := Cbar
n (A,M) and Cnaive(A,M)−n := Cnaive

n (A,M),for n ≥ 0.Observe that Cbar
• (A,M) is even a omplex in gr(M)(R), when we de�ne the

R-module struture on M ⊗A⊗n ⊗A by
(a⊗ a′) · (m⊗ α⊗ an+1) = (−1)a(a

′+m+α)a′m⊗ α⊗ a · an+1for homogeneous elements a, a′, α and m. In the sequel, we write Cnaive
• (A) for

Cnaive
• (A,A) and Cbar

• (A) for Cbar
• (A,A).In gr(M)(k) there exist homomorphisms Cbar

n (A) −→ Cbar
n+1(A), sending elements

a1 ⊗ . . . ⊗ an to 1 ⊗ a1 ⊗ . . . ⊗ an. They de�ne a ontrating homotopy for the baromplex. Hene the bar omplex Cbar(A) is ayli. By Theorem III.2.2 of [2℄, we aneven de�ne a DDG algebra struture on Cbar(A). We explain how to form the produt
∗ on the total omplex tot(Cbar(A)): For elements c1, . . . , ck in A and a permutation
σ ∈ Σk, we introdue the sign ρ(σ) := ρ(σ, c1, . . . , ck) in suh a way that we have thefollowing relation

↑ cσ(1) ⊙ . . .⊙ ↑ cσ(k) = ρ(σ) ↑ c1 ⊙ . . .⊙ ↑ ckin the the symmetri algebra S(A[1]). Here, ↑ is just the shift A 7→ A[1] (see Se-tion 1.1). On bihomogeneous elements a0⊗ . . .⊗an+1 ∈ C
bar
n (A) and b0⊗ . . .⊗bm+1 ∈

Cbar
m (A), the produt ∗ has the form

(a0⊗. . .⊗an+1)∗(b0⊗. . .⊗bm+1) = ±
∑

σ−1∈Sh(n,m+n)

ρ(σ)a0b0⊗cσ(1)⊗. . .⊗cσ(n+m)⊗an+1bm+1,where ± is the sign
(−1)b0(a1+...+an+1+n)+an+1(b1+...+bn+m)and (c1, . . . , cm+n) = (a1, . . . , an, b1, . . . , bm). Hene tot(Cbar(A)) is a DG algebraresolution of A over R. But it an only serve as resolvent in the algebrai ase sine:Attention: In the analyti ase, tot(Cbar(A)) is not a free objet in gr(C).



84 Admissible pairs of ategoriesReall two well-known relations between the bar omplex and the naive Hohshildomplex. We onsider R as A-bimodule via a(a1 ⊗ a2) = aa1 ⊗ a2 and (a1 ⊗ a2)a =
a1 ⊗ a2a.Proposition 3.1.25. We have an isomorphism Cnaive

• (A,R) −→ Cbar
• (A) of om-plexes in gr(M)(A), whih is in the n-th omponent given by

Cnaive
n (A,R) −→ Cbar

n (A)

(a⊗ a′)⊗ α 7→ (−1)a(a
′+α)a′ ⊗ α⊗ awith α ∈ A⊗n. Furthermore, we have an isomorphism Cnaive

• (A,M) −→M⊗RC
bar
• (A)of omplexes in gr(M)(A), where the di�erential of the seond omplex is given by

1⊗ b′. The n-th omponent has the following form:
Cnaive
• (A,M) −→M ⊗R C

bar
• (A)

m⊗ α 7→ m⊗ 1⊗ α⊗ 1.The lassial Hohshild ohain omplex is alled naive Hohshild ohainomplex in this thesis. It is de�ned as the omplex C•(A,M) = (C•(A,M), β) where
C0(A,M) = M and Cn(A,M) = Homk(A

⊗n,M), for n = 1, 2, . . . The di�erential βis given by:
β(f)(a1, . . . , an+1) = a1f(a2, . . . , an+1)− f(a1 · a2, . . . , an+1) + . . .

+(−1)nf(a1, . . . , anan+1) + (−1)n+1f(a1, . . . , an)an+1.We will de�ne a more elaborate Hohshild ohain omplex in Setion 3.2.Proposition 3.1.26. If M is a graded symmetri A-bimodule, then there exists anisomorphism of omplexes
Homk(A

⊗n,M) −→ HomA(Cnaive
n (A),M),where the di�erential on the left omplex is β and the di�erential on the right om-plex is the one indued by the di�erential b on Cnaive

• (A). Furthermore, we have anisomorphism of omplexes
HomR(Cbar

• (A),M) −→ Homk(A
⊗n,M),sending an f : Cbar

n −→M to the mapping a1 ⊗ . . . ⊗ an 7→ f(1⊗ a1 ⊗ . . .⊗ an ⊗ 1).3.1.8 Regular sequenesIn this setion we want to de�ne a regular sequene for the graded ommutative on-text. In our de�nition the question as to weather a sequene is regular won't dependon the order of its elements. We suppose that the ground ring K ontains the rationalnumbers.



Hohshild ohomology for omplex spaes and shemes 85We work with a good pair of ategories (C,M), equipped with a marking
((Ft)t∈T , (Gu)u∈U ), whih indues the marking ((grG(F ))τ ′∈T ′ , (gr(G))u′∈U ′) on
(gr(C), gr(M)) and the marking ((gr2G(F ))τ ′′∈T′′ , (gr2)u′′∈U ′′) on (gr2(C), gr2(M)). As-sume that Axiom (F3) holds.De�nition 3.1.27. Let R be an algebra in gr(C). We all a g-�nite subset X of R ahandy sequene if for eah x, there is an u(x) ∈ U suh that

x ∈ gr(G)(u(x),g(x))(R) = Gu(x)(R
g(x)).When R = (R, s) is a DG algebra, then a handy sequene X ⊆ is alled handys-sequene if we have s(X) ⊆ (X). For a handy sequene X ⊆ R, let E bea set of free algebra generators, ontaining for eah x ∈ X a generator e(x) ∈

gr2G(F )(u(x),g(x),−1)(R〈E〉) of bidegree (g(x),−1). Then we all the free DG alge-bra K(X) := R〈E〉 in gr2(C) over R, whose di�erential (of bidegree (0,−1)) is givenby e(x) 7→ x, the Koszul omplex of X over R.For pratial reasons, when we work with a handy sequene X = {xi : i ∈ J}, wede�ne an ordering on the index set J , subjet to the ondition g(xi) ≤ g(xj), for i ≤ j.Remark that for a handy sequene X ⊆ R and eah subset Y ⊆ X, the quotient7
R/(Y ) exists in gr(C). And if R is a DG algebra (R, s) and X is s-handy, then thequotient R/(X) is also a DG algebra.De�nition and Theorem 3.1.28. Suppose that Q ⊆ K.Let X ⊆ R be a handy sequene and let I be the ideal (X) ⊆ R. Suppose that for eahsubset Y ⊆ X, we have ∩n≥1I

nR/(Y ) = 0. Then X is alled a regular sequene, ifone of the following equivalent onditions holds:(i) Let T be a set of free algebra generators that ontains for eah x ∈ X, an element
t(x) with g(t(x)) = g(x). The map R/I[T ] −→ grI(R) = R/I ⊕ I/I2 ⊕ . . . in
gr(Q − Alg)R/I , sending t(x) to the lass of x in I/I2 is an isomorphism of(di�erential) graded R/I-algebras.(ii) For eah x ∈ X and for eah ideal J ⊆ R, whih is generated by a subset Y ⊆ Xwith x 6∈ Y , we have: If g(x) is even, then x is not a zero divisor in R/J . If
g(x) is odd, then the annulator of x in R/J is just the ideal, generated by thelass of x.(iii) The Koszul omplex K(X) is a DG resolvent of R/(X) over R.(iv) H−1(K(X)) = 0.Proof. The impliation (iii)⇒(iv) is trivial.Proof of (i)⇒(ii) For an element r ∈ R, let n(r) be the greatest n suh that r is7By �quotient�, we mean the okernel in gr(M) of the embedding (X) →֒ R.



86 Admissible pairs of ategoriesontained in In and let in(r) be the lass of r in In(r)/In(r)+1 ⊆ grI(R). For elements
r, r′ ∈ R, we have that:

in(r) · in(r′) = rr′ + In(r)+n(r′)+1. (1.6)Claim: A subset X ⊆ R satis�es ondition (ii), if the subset {in(x) : x ∈ X} ⊆
grI(R) satis�es ondition (ii).Proof of the laim: First step: For x ∈ X, if g(x) is even and in(x) is not a zerodivisor, then x is not a zero divisor. If g(x) is odd and the annulator of in(x) in grI(R)is the ideal, generated by in(x), then the annulator of x in R is the ideal generated by x.The even ase follows immediately by (1.6). In the odd ase, let r be in the annu-lator of x, i.e rx = 0. By (1.6), we get in(x) · in(r) = 0. By the assumption, there isan a1 ∈ R suh that in(r) = in(x) · in(a1). This implies that r1 := r−xa1 is in In(r)+1and n(r1) ≥ n(r) + 1. Sine x2 = 0, we have r1x = rx = 0, and in the same way we�nd a a2 ∈ R with r2 := r1−xa2 ∈ I

n(r−1)+1. Indutively, for eah m > n(r), we �nd
a1, . . . , ak suh that rk := r−x(a1 + . . .+ak) ∈ I

m. Thus r belongs to ∩k≥0((x)+Ik),whih, by the ondition ∩n≥1I
nR/(x) = 0, equals (x).Seond step: For x ∈ X, if weather g(x) is even and in(x) is not a zero divisor, or

g(x) is odd and the annulator of in(x) in grI(R) is (in(x)), then (x) ∩ In(x)+n = xIn,for eah n ≥ 0.One inlusion and the even ase are easy to see. Suppose that g(x) is odd and that
rx is in In(x)+n. We have to �nd r′ ∈ In suh that xr = xr′. If r ∈ In, we are done.Otherwise, we have n(r) < n and in(r) · in(x) = rx+ In(r)+n(x)+1 = 0. So there existsa y ∈ R suh that in(r) = in(x) · in(y). This means that r1 := r−xy is in In(r)+1 andwe have r1x = rx. Indutively, we �nd an r′ := rn−n(r) suh that r′ ∈ In and r′x = rx.As onsequene, taking R̄ := R/(x) and Ī := I/(x), we get an isomorphism

grI(R)/(in(x)) ∼= grĪ(R̄).We dedue indutively that for R̄ := R/(x1, . . . , xs) and Ī := I/(x1, . . . , xs), we getan isomorphism
grI(R)/(in(x1), . . . , in(xs)) ∼= grĪ(R̄).Last step: When g(x) is even, we have to show that x is not a zero divisor in

R/(x1, . . . , xs). We know that in(x) is not a zero divisor in grI(R)/(in(x1), . . . , in(xs))
∼= grĪ(R̄). By the �rst step, the assumption follows. For the odd ase, we use the ana-logue argument. This proves the laim.If (i) is true, it is lear that {in(x) : x ∈ X}, whih orresponds to the set T ,satis�es ondition (ii) and by the laim, X satis�es ondition (ii).



Hohshild ohomology for omplex spaes and shemes 87Proof of (ii)⇒(iii) We have to show that for p ≤ 0, the p-th row of the double om-plex K(X) is a DG resolution inM over R0 of the p-th omponent of R/(X). For thiswe an suppose that X is �nite with g(x) ≥ p, for all x ∈ X. Say X = {x1, . . . , xn}.We have that K(X) = K(x1)⊗ . . . ⊗K(xn).Eah K(X)(p,q) is obviously a �nite R-module, so by Lemma 3.1.14, we only haveto show that K(X)(p,∗) is a resolution of (R/(X))p in the ategory of R-modules. Weshow this by indution on n.For n=1, we write x instead of x1 and e instead of e1. Set m := g(x). Remark that if
m is even, then the total degree m− 1 of e is odd, so in this ase we have e2 = 0. If
m is odd, then the total degree of e is even, so e2 6= 0. In the �rst ase, K(x) is justthe omplex

0 . . . 0 0 . . . 0 0 . . .

↓ ↓ ↓ ↓ ↓

0 . . . 0 R0e . . . Rm−1e Rme . . .

↓ ↓ ↓ ↓ ↓

R0 . . . Rm+1 Rm . . . R2m−1 R2m . . .

↓ ↓ ↓ ↓ ↓

R0 . . . Rm+1 Rm/R0x . . . R2m−1/Rm−1x R2m/Rmx · · ·

s is injetive sine x1 is not a zero divisor in R, hene the rows are exat. In theseond ase, K(x) is the omplex
0 . . . 0 0 . . . 0 R0e2 . . .

↓ ↓ ↓ ↓ ↓

0 . . . 0 R0e . . . Rm−1e Rme . . .

↓ ↓ ↓ ↓ ↓

R0 . . . Rm+1 Rm . . . R2m−1 R2m . . .

↓ ↓ ↓ ↓ ↓

R0 . . . Rm+1 Rm/R0x . . . R2m−1/Rm−1x R2m/Rmx · · ·In Ri, for i < m, there is no element that annulates x, so up to the row m − 1, thesituation is as above. In the m-th row, the kernel of Rme −→ R2m is just R0xe, so itoinides with the image of the map R0e2 −→ Rme. Remark that here, we use that2 is invertible in R. Indutively we see that all rows are exat. Here, we use that allnaturals are invertible.Now suppose that the statement is proved for n. Set L := K(x1, . . . , xn) =
R〈e1, . . . , en〉 and K(X) = K(x1, . . . , xn+1). We write x and e instead of xn+1 and
en+1. K(x) is (as objet of gr2(M)(R)) a diret sum K0 ⊕K−1 ⊕K−2 ⊕ . . ., wherein the ase where x is even, we have K0

∼= R, K−1
∼= R[−m, 1] and Ks = 0 for

s < −1 and in the odd ase, we have Ks = R[sm,−s] for all s ≤ 0. Hene, we have



88 Admissible pairs of ategories
Kp,q
q
∼= Rp+qm, for all p, and in the even ase for −1 ≤ q ≤ 0 and in the odd asefor q ≤ 0. The di�erential on K(x) is given by the maps dq : K∗,q

q −→ K∗,q+1
q+1 , where

dpq : Kp,q
q −→ Kp,q+1

q+1 is just the multipliation by x.We have
K(X)p,q = (K(x)⊗R L)p,q

= (K0 ⊗R L)p,q ⊕ (K−1 ⊗R L)p,q ⊕ . . .

∼= Lp,q ⊕ Lp−m,q+1 ⊕ . . . ,where in the even ase the sum has only two fators. Hene in the even ase, for p ≤ 0,the omplex K(X)p,∗ is the total omplex of the double omplex
�� �� ��

Lp,−2

δ
��

Lp−m,−2

δ
��

x
oo 0

��

oo oo

Lp,−1

δ
��

Lp−m,−1

δ
��

x
oo 0

��

oo oo

Lp,0 Lp−m,0x
oo 0oo ooIn the odd ase, K(X)p,∗ is the total omplex of the double omplex

�� �� ��
Lp,−2

δ
��

Lp−m,−2

δ
��

x
oo Lp−2m,−2

δ
��

x
oo oo

Lp,−1

δ
��

Lp−m,−1

δ
��

x
oo Lp−2m,−1

δ
��

x
oo oo

Lp,0 Lp−m,0x
oo Lp−2m,0

x
oo ooThe �rst double omplex is a DDG resolution in gr2(M)(R0) of the DG module

(R/(x1, . . . , xn))
p ← (R/(x1, . . . , xn))

p ← 0← . . .where the left arrow stands for multipliation by x. But this DG module is a resolutionof (R/(x1, . . . , xn, x))
p over R0, sine g(x) is even. So K(X)p,∗ is a resolution of

(R/(x1, . . . , xn, x))
p. The seond double omplex is a DDG resolution in gr2(M)(R0)of the DG module

(R/(x1, . . . , xn))
p ← (R/(x1, . . . , xn))

p ← (R/(x1, . . . , xn))
p ← . . .



Hohshild ohomology for omplex spaes and shemes 89where the arrows stand for multipliation by x. But this DG module is a resolutionof (R/(x1, . . . , xn, x))
p over R0, sine g(x) is odd. So K(X)p,∗ is a resolution of

(R/(x1, . . . , xn, x))
p. For both ases, the indution step is done.Proof of (iv)⇒(i) Without restrition, we an suppose that C is the ategory ofommutative Q-algebras. For eah j ≥ 0, we have to show that the j-th homogeneousomponent (R/I[T ])j in the T -grading of R/I[T ] maps isomorphially to Ij/Ij+1.We will already make use of the impliation (ii)⇒(iii). Set S := Q[T ]. We onsider

R as S-algebra via the map t(x) 7→ x. Obviously T ⊆ S satis�es ondition (ii), so by(iii), the Koszul omplex KS(T ) is a DG resolution of Q over S.We onsider the exat sequene
0 −→ (T )j/(T )j+1 −→ S/(T )j+1 −→ S/(T )j −→ 0of graded S-modules. The quotient (T )j/(T )j+1 is a free graded g-�nite Q-vetorspae,whih is a S-module via the anonial map S −→ Q. We write ∐

i∈J Qei for it. Now
∐

i∈J KS(T )ei is a free resolution of ∐

i∈J Qei over S. So we get
TorS1 ((T )j/(T )j+1, R) = H−1(

∐

i∈J

(KS(T )ei ⊗S R)) =
∐

i∈J

H−1(K(X)ei) = 0.By the property of left derived funtors, there is an exat sequene
0 −→TorS1 (S/(T )j+1, R) −→ TorS1 (S/(T )j , R) −→

(T )j/(T )j+1 ⊗S R −→ S/(T )j+1 ⊗S R −→ S/(T )j ⊗S R −→ 0.By indution on j and the exatness of the �rst line, we see that TorS1 (S/(T )j , R) = 0for any j ≥ 0. The seond line gives rise to a short exat sequene
0 −→ (R/I[T ])j −→ R/Ij −→ R/Ij+1 −→ 0,whih implies the desired isomorphism. �Remark 3.1.29. The assumption Q ⊆ K is used only to prove the impliations(ii)⇒(iii) and (iv)⇒(i). The assumption that for eah subset Y ⊆ X we have

∩n≥1I
nR/(Y ) = 0 is used only to prove (i)⇒(ii). So if you want to get rid of it,use ondition (ii) for the de�nition of regular sequenes. It an be stated in a slightlymodi�ed manner whih depends on the order of the elements of X.De�nition 3.1.30. Let R be a DG algebra in gr(C)N . Let (αi, ui, gi)i∈J be a familyin N × U ′ and X = {xi : i ∈ J} a family of elements with xi ∈ Gui

(Rgi
αi) suh that,for β, β′ ⊆ α, the sets {ρβα(xi) : αi = β} and {ρβ′α(xi) : αi = β′} are disjoint.Suppose that

Xα := ∪β⊆α{ρβα(xi) : αi = β}is a regular (resp. handy) (sα-)sequene in Rα, for eah α. Then X is alled a regular(s-)sequene (resp. handy (s-)sequene) in R.



90 Admissible pairs of ategoriesCorollary 3.1.31. If R = (R, s) is a DG algebra in gr(C)N and X a handy s-sequenein R, then K(X) is a DG algebra in gr2(C)N and if X is regular, then K(X) is a DGresolution of R/(X) over R.Remark 3.1.32. When R arries the struture of a DG algebra (R, s), one wouldlike the Koszul omplex to arry the struture of a DDG module. In general, this isnot the ase.IfX is an s-handy sequene then, sine I = (X) is s-stable, then the algebra grI(R) hasthe struture of a DG algebra in gr(Alg) suh that eah In/In+1 is a DG submoduleof grI(R). If, for example, R is already a free DG algebra in gr(Q − Alg) with a set
X of free algebra generators, i.e. R = R/I[X], then the di�erential of grI(R) = Rdi�ers in general from the di�erential s. In this way we get a modi�ed di�erential s̃on R. In a similar way we get a modi�ed di�erential, when R is a free DG algebra in
gr(C), for any good pair of ategories (C,M). In geometri language, going over from
s to s̃ is a deformation to the normal one.The interest of this deformation of s omes from the fat that the Koszul onstrutionof R over X is ompatible with the di�erential s̃, i.e. K(X) is a DDG resolvent of R/Xover (R, s̃). This an be of interest for the onstrution of the Hohshild omplex.3.1.9 The universal module of di�erentialsFix an admissible pair of ategories (C,M). Let k −→ A be a morphism of DG alge-bras in gr(C).As in paragraph I.6.12 of [2℄, we de�ne the universal module ΩA/k of k-di�erentials as the �rst homology of the omplex Cnaive

• (A), i.e. the okernel in
gr(M)(A) of the map b2 : A ⊗k A ⊗k A −→ A ⊗k A, sending a ⊗ b ⊗ c to ab ⊗ c −
a ⊗ bc + (−1)bcac ⊗ b, for homogeneous elements a, b, c ∈ A. ΩA/k is a DG mod-ule over A and there is an A-derivation d : A −→ ΩA/k (i.e. a homomorphism ofDG k-modules, whih is a derivation), sending elements a ∈ A to the lass of a ⊗ 1.
ΩA/k is universal in the sense that, for eah A-module M in gr(M), the natural map
Homgr(M)(A)(ΩA/k,M) −→ Derk(A,M) is bijetive.Set R := A⊗C

k A and denote the kernel of the multipliation map µ : R −→ A inthe ategory gr(M)(R) by I. (Attention: In general A is the okernel of the inlusion
I →֒ R only in the ategory R-Mod.) A natural question is if ΩA/k is isomorphito the �quotient� I/I2. But we already need several assumptions for the existene of
I/I2 in the ategory gr(M)(A). An answer whih is su�ient for our purpose is givenby the following proposition. For our examples, the statement is well-known. Theproof for the general ase an be found in the appendix.Proposition 3.1.33. Suppose that (C,M) is a good pair of ategories satisfyingAxiom (S1) and that the marking G on M is anonial. Suppose that A ∈ gr′(C)(i.e. all Ai are �nite A0-modules) and that I is a g-�nite R-module. Then we have
A = R/I := Cokern(I →֒ R) and I/I2 is in a natural way a module in gr(M)(A).



Hohshild ohomology for omplex spaes and shemes 91Furthermore, the map A −→ I/I2, sending a ∈ A to the lass of a ⊗ 1 − 1 ⊗ a is a
k-derivation and the quotient I/I2 is a universal module of derivations. In partiular
I/I2 ∼= ΩA/k.Denote the di�erential of R = A⊗kA by s. The next Proposition is a onsequeneof Proposition 3.1.33 and De�nition and Theorem 3.1.28:Proposition 3.1.34. Take the assumptions of Proposition 3.1.33. Suppose that theideal I ⊆ R is generated by an s-regular sequene X ⊆ R. Then ΩA/k is a free DG A-module in gr(M), generated by a set E = {e(x)| x ∈ X}, ontaining one free modulegenerator, for eah element x ∈ X.The de�nitions and statements of this subsetion arry over diretly to N -objetsin gr(C) and gr(M).3.1.10 A HKR-type theorem for DG algebrasUse a good pair of ategories (C,M), satisfying Axioms (S1) and (F3) suh that themarking F on C is balaned and onvex. Again, suppose that the ground ring Kontains Q. Let k be an algebra in CN . Suppose that the marking G onM is trivial.Reall that this implies that eah free algebra in gr′(C)N with free algebra generatorsonly of stritly negative degree is a diret sum of A and a free A-module.Consider a free g-�nite DG algebra A = k〈xi, i ∈ I〉 in gr(C)N . By Proposi-tion 3.1.34, as graded module, we have ΩA := ΩA/k =

∐

i∈I Aei, where ei is a freemodule generator of degree g(xi). Write d for the anonial derivation A → ΩA anddenote as usual the omposition of d with the projetion ΩA −→ Aei by ∂/∂xi. For
n ∈ N, we an de�ne A-linear maps

ǫn : ∧nΩA −→ Cnaive
n (A)

ei1 ∧ . . . ∧ ein 7→
∑

σ∈Σn

χ(σ) · 1⊗ xiσ(1)
⊗ . . . ⊗ xiσ(n)

.(for the exterior powers, see De�nition 3.1.24). Here, χ(σ) = χ(σ, ei1 , . . . , ein) is asign satisfying
ei1 ∧ . . . ∧ ein = χ(σ) · eiσ(1)

∧ . . . ∧ eiσ(n)
.Verify (or see [29℄) that the image of ǫn is in the kernel of the di�erential of the naiveHohshild omplex, i.e. we have a map of omplexes ǫ : ∧•ΩA −→ Cnaive

• (A) ofdi�erential graded A-modules, where the vertial di�erential on ∧•ΩA is set to betrivial. On the other hand, there is a morphism
α : Cnaive

• (A) −→ ∧•ΩAwhih is, on eah simplex in N , in the n-th omponent given by
αn(a0 ⊗ . . .⊗ an) =

1

n!
a0 · da1 ∧ . . . ∧ dan =

1

n!
a0 ·

∑

i1,...,in

±
∂a1

∂xi1
· · ·

∂an
∂xin

ei1 · · · ein ,



92 Admissible pairs of ategorieswhere the sign is obtained using the Koszul-onvention. Remark that α ◦ ǫ = Id.The following theorem is a DG-generalization of the lassial Hohshild - Kostant -Rosenberg Theorem as stated for example in Loday's textbook [29℄. It is the entralresult of this hapter.Theorem 3.1.35. The map ǫ (and onsequently α) is a quasi-isomorphism of om-plexes of DG-modules in gr(M)N over A. If A is onentrated in degree zero, there isno need to assume that Q ⊆ k.Proof. The proof is Loday's sketh of proof for the DG situation together with Def-inition and Theorem 3.1.28. It works as follows: The maps ǫ and α are morphismsof double omplexes. Sine we are only interested in the vertial di�erential, we anforget about the di�erential on eah ∧jΩA and A⊗j+1. This is neessary, sine wemake use of the Koszul onstrution (see De�nition and Theorem 3.1.28), whih isnot ompatible with horizontal di�erentials.Set M to be the free, graded k-module ∐

i∈I kei. Set R to be the graded algebra
A ⊗k A. We an identify the Koszul omplex K(X) over R of the regular sequene
{1

2 (xi ⊗ 1 − 1 ⊗ xi)| i ∈ I} ⊆ R (sine the marking is balaned and onvex, this isa set of free generators of a free subalgebra of R, hene it is regular) with the DGalgebra A⊗k A⊗∧•M in gr2(C). The (vertial) di�erential of the latter is de�ned by
ei 7→

1
2(1⊗ xi − xi ⊗ 1). We have a map of omplexes

A⊗k A⊗ ∧
•M −→ Cbar

• (A)

a⊗ a′ ⊗ ei1 ∧ . . . ∧ ein 7→ (−1)a
′(ei1

+...+ein )
∑

σ∈Σn

χ(σ)a⊗ xiσ(1)
⊗ . . .⊗ xiσ(n)

⊗ a′of graded R-modules. By De�nition and Theorem 3.1.28 and Axiom (F3), the leftomplex is a �at resolutions of A over R. By Setion 3.1.7, the right omplex is a �atresolution of A over R. Applying the funtor · ⊗R A, we just get the map ǫ:
∧•ΩA

∼= K(X)⊗R A −→ Cnaive
• (A)By �atness, this is still a quasi-isomorphism. �Example 3.1.36. Let A = C{x1, . . . , xn} be a onvergent power series algebra. The

m-fold omplete tensor power A⊗̂m+1 an be identi�ed with the onvergent powerseries algebra
C{x

(0)
1 , . . . , x(0)

n , . . . , x
(m)
1 , . . . , x(m)

n }in (m+ 1) · n variables. The m-th omponent of the quasi-isomorphism
α : Cnaive(A) −→ ∧•ΩA an be written as

αm(f) =
∑

i1<...<im

∂mf

∂x
(1)
i1
. . . ∂x

(m)
im

(x, . . . , x)dxi1 ∧ . . . ∧ dxim .



Hohshild ohomology for omplex spaes and shemes 933.2 Hohshild omplex and Hohshild ohomology3.2.1 Homotopy invariane of the Hohshild omplexIn the (algebrai) literature, for an algebra homomorphism k −→ a, the Hohshildomplex of a over k is de�ned as our naive Hohshild omplex Cnaive(a). However,as observed by Buhweitz and Flenner, there are reasons to de�ne the Hohshildomplex in the ase where a and k are analyti algebras in a di�erent manner. Inthis ase, if a is �at over k, then the bar omplex Cbar(a) is still a omplex of �at
a-modules but even if k is just the �eld C, the bar omplex Cbar(a) is not a omplexof projetive a-modules. Thus, for the de�nition of Hohshild homology, the naiveHohshild omplex would do, but for the de�nition of Hohshild ohomology asohomology of the a-dual of the Hohshild omplex, it is not a good hoie. Thus,for a morphism k −→ a of algebras in good pairs of ategories, we will give a dif-ferent de�nition of the Hohshild omplex H(a/k) of a over k. We will see that inthe �at ase it oinides up to a quasi-isomorphism with the naive Hohshild omplex.The de�nitions of this setion were inspired by the artile [7℄. For simpliity, werestrit ourselves to the Noetherian ontext. Fix a simpliial omplex N and a goodpair of ategories (C,M) with marking (F,G), where G is the anonial marking of
M. Suppose that the Axioms (N) and (F2) are satis�ed.Using a Čeh onstrution (for more details, see paragraph I.10.1 of [2℄), we get afuntor Č• : gr(M)N −→ gr(K −Mod), sending a DG module M ∈ gr(M)N to thetotal omplex tot

Q

(C•(M•)) of the double omplex
�� ��

C0(M−1) //

��

C1(M−1) //

��
C0(M0) // C1(M0) //where Cp(M q) =

∐

|α|=pM
q and the di�erentials as usual. This funtor sends quasi-isomorphisms to quasi-isomorphisms. We will write Ȟn(M) for Hn(Č•(M)).Let k −→ a be a �nite morphism of N -objets in C, i.e. a is a quotient of afree k-algebra b in CN suh that, for eah α ∈ N , the algebra bα is a a free �nite

kα-algebra. (More generally, we may assume that k −→ a is a morphism in gr(C)N ,as long as there exists a g-�nite resolvent of a over k.) By Proposition 8.8 of [2℄, thereexists a g-�nite resolvent of a over k. Fix suh a resolvent A. Set R := A⊗
gr(C)
k A andonsider A as an algebra over R by the multipliation map µ : R −→ A. Let S be afree g-�nite resolvent8 of A over R.8Again by [2℄, suh a resolvent exists. We an even onstrut it in suh a way that S0 = R0.



94 Hohshild omplex and Hohshild ohomologyDe�nition 3.2.1. The simpliial Hohshild omplex H∗(a/k) of a over k is theobjet represented by the omplex S⊗Ra in the homotopy ategoryK−(MN (a)). TheHohshild omplex H(a/k) is the objet represented by the omplex Č•(H∗(a/k))in the derived ategory D(K−Mod).Proposition 3.2.2. The simpliial Hohshild omplex H∗(a/k) is a well de�ned ob-jet in K−(MN (a)). More preisely, for two hoies Ai, Si of resolvents (i = 1, 2),there exists a morphism S1 ⊗R1 a −→ S2 ⊗R2 a in gr(C)N (a), whih is a homotopyequivalene. Consequently, H(a/k) is a well-de�ned objet in D(K −Mod).Proof. For i = 1, 2, let Ai be a g-�nite resolvent of a over k, Ri := Ai ⊗k Ai andlet Si be a g-�nite resolvent of Ai over Ri. We have to �nd a homotopy equivalene
S1⊗R1a ≃ S2⊗R2a over a. By Proposition 3.1.16, there is a homomorphism A1 −→ A2in gr(C)N whih is a homotopy equivalene over k. Hene,

R1 ≈ A1 ⊗k a ≃ A2 ⊗k a ≈ R2.By Proposition 3.1.16, the quasi-isomorphism R1 ≈ R2 is even a homotopy equivaleneover k. Thus we get a quasi-isomorphism
S1
∼= S1 ⊗R1 R1 −→ S1 ⊗R1 R2over R1. Both S2 and S′

1 := S1 ⊗R1 R2 are resolvents of a over R2. Hene, thereis a homomorphism S′
1 −→ S2 in gr(C)N , whih is a homotopy equivalene over

R2. We an tensor both sides over R2 with a and still get a homotopy equivalene
S1 ⊗R1 a −→ S2 ⊗R2 a. �Reall that the notion Cbar(a) = Cbar(a)• stands for the omplex Cbar

−• (a).Proposition 3.2.3. Suppose that a is �at over k. Then there is an isomorphism
H∗(a/k) −→ Cnaive(a) in the derived ategory D(a −Mod). More preisely, for eahrepresentation S ⊗R a of H∗(a), there exists a morphism S ⊗R a −→ Cnaive(a) in
gr(C)N , whih is a quasi-isomorphism over a.Proof. Set r := a⊗k a. Sine a is �at over k, R is a resolvent of r and Cbar(a) a �atresolution of a over r. Another one is s := S ⊗R r. By Theorem I.8.4 of [2℄, there isa morphism s −→ Cbar(a) in gr(C)N over r. By �atness, we get a quasi-isomorphism

Cnaive(a) ∼= Cbar(a)⊗r a ∼= s⊗r a ∼= S ⊗R a.

�De�nition 3.2.4. We de�ne the n-th Hohshild homology of a over kas Ȟ−n(H∗(a/k)).



Hohshild ohomology for omplex spaes and shemes 95De�nition 3.2.5. Let M be an objet of MN over a. We de�ne the Hohshildohain omplex of a over k with values in M to be the omplex
HomN

a (H∗(a/k),M),with the di�erential indued by the di�erential of H∗(a/k). We de�ne theHohshildohomology HH(a/k,M) of a over k with values in M to be the ohomology of theHohshild ohain omplex.Proposition 3.2.6. The Hohshild ohain omplex is well de�ned up to homotopyequivalene.Proof. This is a onsequene of Lemma I.3.7 of [2℄ and Proposition 3.2.2. �3.2.2 A Quillen-type theoremWe work over a good pair of ategories with the same properties as in Setion 3.1.10.Reall that for an algebra a over k in CN with resolvent A in gr′(C)N , the otan-gent omplex L(a/k) of a over k is de�ned as the lass of ΩA⊗A a in the homotopyategory K(MN (a)). By Theorem III.2.4 of [2℄, the homotopy lass does not dependon the resolvent A.Theorem 3.2.7. Consider a homomorphism k −→ a in CN . There exists a homotopyequivalene
∧La/k −→ H(a/k)in gr(C)N over a. More preisely, for any hoie of resolvents A and S as in Se-tion 3.2.1, there is a morphism

S ⊗R a −→ ∧ΩA ⊗A ain gr(C)N whih is a homotopy equivalene over a.Proof. The total omplex of Cbar(A)• = Cbar
−• (A) is a DG algebra and a resolution of

A over R. By Theorem I.8.4 of [2℄, we get a morphism S −→ totCbar(A) in gr(C)Nover R suh that the diagram
S

$$JJJJJJJJJJJJ
// totCbar(A)

��
Aommutes. By �atness of S and Cbar(A), after tensoring over R with A, we get aquasi-isomorphism

S ⊗R A −→ tot(Cnaive(A))



96 Hohshild omplex and Hohshild ohomologyin gr(C)N . Applying Theorem 3.1.35, we get a quasi-isomorphism
S ⊗R A −→ ∧ΩAof free DG-algebras in gr(C)N over A. By Proposition 3.1.16, this quasi-isomorphismis already a homotopy equivalene. Tensoring over A with a gives the desired result. �Remark that Quillen's proof does not work in our situation, sine the ategoryMis not, in general, Abelian.Corollary 3.2.8. If a is already free over k (in this ase there is no need to assumethat Q ⊆ a) and A = a, then Ωa/k is an objet of CNa and we get isomorphisms

∧naΩa/k
∼= Hn(H(a/k)).Dually, with TA/k := HomA(ΩA/k, A) we get

Hn(Homa(H(a/k), a)) ∼= ∧nTa/k.3.2.3 Deomposition of Hohshild (o-) homologyLet M be a module inMN (a).Theorem 3.2.9. We have the following deomposition of Hohshild (o)homology:
HHn(a/k) ∼=

∏

i−j=n

Ȟ i(∧jL(a/k)), (2.7)
HHn(a/k,M) ∼=

∐

i+j=n

H i(Homa(∧
j
aL(a/k),M)). (2.8)Proof. The �rst isomorphism is a diret onsequene of Theorem 3.2.7. We show theseond one:

HHn(a/k,M) = Hn(Homa(H(a/k),M)) ∼= Hn(Homa(∧L(a/k),M))

∼= Hn(HomA(tot(∧∧· ΩA/k),M)) ∼= Hn(HomA(
∐

j≥0

∧jAΩA/k[j],M))

∼= Hn(
∏

j

HomA(∧jAΩA/k[j],M)) ∼=
∏

j≥0

Hn−j(HomA(∧jΩA,M))

∼=
∐

i+j=n

H i(HomA(∧jAΩA/k,M)).The �rst equality holds by de�nition. The seond one follows by Theorem 3.2.7. Theother equalities are elementary. �Remark that tangent ohomology is a diret fator on the right hand-side of iso-morphism (2.8).



Hohshild ohomology for omplex spaes and shemes 973.3 Appliation to omplex spaes and varietiesIn this setion, all shemes and omplex spaes are supposed to be paraompat andseparated. For more details on many of the onstrutions, we refer to [6℄ and [7℄.First, we will sketh the orrelation between the theory of oherent sheaves onshemes or omplex spaes and the theory of N -objets in good pairs of ategories.The main tools that we need here are:(1) Instead of onsidering a spaeX, we onsider the simpliial sheme, assoiated toan a�ne overing ofX. By an a�ne subspae, we mean an open a�ne subshemein the ase of shemes and a Stein ompat9 in the ase of omplex spaes. Thereare funtors that make simpliial modules out of sheaves of modules and funtorsdoing the inverse.(2) Let X be a omplex spae or a Noetherian sheme. For a�ne subsets U ⊆ X,we use the equivalene of ategories of oherent OU -modules and �nite modulesover the ring Γ(U,OX). (Remember that Γ(U,OX) is Noetherian, when X is aomplex spae.) This equivalene is given by Cartan's theorem A in the analytiase and by Exerise II.2.4 of [16℄ in the algebrai ase.More generally, let X be a ringed spae and (Xi)i∈I a loally �nite overing of X.The nerve N of this overing is the set of all subsets α ⊆ I suh that ∩i∈αXi 6= ∅.This set N is a simpliial omplex in the sense of Setion 3.1.4. Further, there is aontravariant funtor from N in the ategory of ringed spaes, mapping an objet α tothe objet Xα := ∩i∈αXi. For α ⊆ β, denote the inlusion Xβ −→ Xα by pαβ . Suh afuntor is alled simpliial omplex of ringed spaes. LetX∗ = (Xα)α∈N be a sim-pliial omplex of ringed spaes. Following [9℄, we de�ne the ategory of OX∗-modulesas follows: Its objets are families F∗ = (Fα)α∈N with Fα inMod(Xα), together withompatible maps p∗αβFα −→ Fβ . For OX∗ -modules F ,G, we set HomX∗(F ,G) to bethe set of ompatible families fα : Fα −→ Gα. We denote this ategory byMod(X∗).The full subategory of those F∗, where eah Fα is oherent is denoted by Coh(X∗).De�nition 3.3.1. Let A and B be simpliial omplexes over the index sets A0 and
B0. Suppose that X∗ = (Xα)α∈A and Y∗ = (Yβ)β∈B are simpliial omplexs of ringedspaes. A morphism f : X∗ −→ Y∗ onsists of a mapping τ : A0 −→ B0 suh thatfor α ∈ A, we get τ(α) ∈ B, and a family of ompatible maps fα : Xα −→ Yτ(α).As in [9℄, we an form the adjoint funtors

f∗ :Mod(Y∗) −→Mod(X∗) and
f∗ :Mod(X∗) −→Mod(Y∗).For F in Mod(Y∗) and α ∈ A, we have (f∗F)α := f∗αFτ(α). The onstrution of f∗is more ompliated. For the general ase, we refer to [9℄. We need only a partiularase whih is explained below.9Remember that a Stein ompat is a ompat subset of a omplex spae, having a base ofneighborhoods, onsisting of Stein spaes. A Stein ompat is only a pseudoomplex spae.



98 Appliation to omplex spaes and varietiesExamples 3.3.2. (1) If X is a Noetherian sheme or a omplex spae and
(Xi)i∈I is a overing by a�ne subspaes, then by the separated ondition, all
Xα are a�ne. Now let (C,M) be the good pair (C(0),M(0)) or (C(1),M(1)) (seeExample 3.1.1). Then, a∗ := (Γ(Xα,OXα))α∈N is an N -objet in C and thereis a 1:1-orrespondene between the objets of Coh(X∗) and the N -objets M∗inM over a∗ suh that eah Mα is �nite over aα.(2) If X is a omplex spae and the overing (Xi)i∈I is loally �nite and hosenin suh a way that eah Xi admits a losed embedding into a polydis Pα, thenwe get another simpliial omplex of Stein ompats: Set Pα :=

∏

i∈α Pi. For
α ⊆ β, we have the projetion Pβ −→ Pα. This makes P∗ = (Pα)α∈N a simpliialomplex of Stein ompats and there is a losed embedding X∗ −→ P∗.(3) Let X be a sheme of �nite type over a ring K and (Xi)i∈I an open a�neovering ofX. We an onstrut a new simpliial sheme: Set aα := Γ(Xα,OXα),for α ∈ N . For eah α, there is a free, �nitely generated algebra K[T ] that mapssurjetively onto aα. We get a losed embedding Xα −→ Spec(K[X]) =: Pα. Asabove, we get a simpliial omplex P∗ and a losed embedding X∗ −→ P∗.The inlusions jα : Xα −→ X give rise to a map j : X∗ −→ X of simpliialomplexs of ringed spaes. Next, we will study the adjoint funtors j∗ and j∗:

j∗ is just the exat funtor, mapping an OX -module F to the OX∗-module (F|Xα)α∈N .To desribe j∗, we onsider the Čeh -funtor: For an OX∗-module F∗, set
Čp(F∗) :=

∏

|α|=p

jα∗Fαand de�ne a di�erential on Č•(F∗) in the usual sense. Then, j∗F∗ is just H0(Č•(F∗)).
j∗j

∗ is the identity funtor. One an prove the adjointness of j∗ and j∗ diretly bya gluing argument. Sine j∗ is an exat funtor and j∗ is right adjoint to j∗, we seethat j∗ transforms injetive objets inMod(X∗) into injetive objets inMod(X).For eah α ∈ N , we de�ne a funtor pα∗ : Mod(Xα) −→Mod(X∗) via
(pα∗Fα)β :=

{

pβα∗Fα for β ⊆ α

0 for all other asesBy Proposition 2.26 of [6℄, eah OX∗ -module admits an injetive resolution by modulesof the form ∏

α∈N pα∗Iα with injetive OXα-modules Iα. We will use the followingproperties of the funtor Č•:Lemma 3.3.3. (1) For p ≥ 0, the funtor Čp is exat.(2) If Fα is an OXα-module, then Č•(pα∗Fα) is a resolution of j∗(pα∗Fα).(3) If F is an OX -module, then Č•(j∗F) is a resolution of F .We generalize a part of Proposition 2.28 of [6℄ for the ase where X is only assumedto be a ringed spae and X∗ is the simpliial omplex of ringed spaes assoiated toan open or losed overing (Xi)i∈I of X:



Hohshild ohomology for omplex spaes and shemes 99Proposition 3.3.4. The funtor j∗ : D(X) −→ D(X∗) embeds D(X) as a full andexat subategory into D(X∗) and Č• = Rj∗ is an exat right adjoint. In partiular,for F ,G ∈ D(X) andM∗ ∈ D(X∗), there are funtorial isomorphisms
ExtkX(F ,G) ∼= ExtkX∗

(j∗F , j∗G) and
ExtkX∗

(j∗F ,M∗) ∼= ExtkX(F , Č•(M)).If all the maps p∗αβ(Mα) −→Mβ, for α ⊆ β in N , are quasi-isomorphisms, then thenatural map
j∗Č•(M∗) −→M∗is a quasi-isomorphism, and in onsequene, for all n, there are isomorphisms

ExtnX∗
(M∗, j

∗F) ∼= ExtnX(Č•(M∗),F).Proof. For the proof that Č• is the right derived funtor of j∗, we use an injetiveresolution I∗ of an OX∗ -module F∗ of the same form as above. We have
(Rj∗)(F∗) = (j∗I∗)

• =
∏

j∗(pα∗Iα)
• ≈

∏

Č•(pα∗Iα) = Č•(I•∗ ) ≈ Č
•(F∗).We only prove the �rst formula for Ext. Here, I•∗ denotes an injetive resolution of

j∗G.
ExtnX∗

(j∗F , j∗G) =Hn(HomX∗(j
∗F ,I•∗ )) = Hn(HomX(F , j∗I

•
∗ ))

= ExtnX(F , j∗I
•
∗) = ExtnX(F , (Rj∗)(j

∗G))

=ExtnX(F , Č•(j∗G)) = ExtnX(F ,G).

�In the sequel, let X be a omplex spae or a sheme of �nite type over a Noetherianring.The struture sheaf OX de�nes an N -Objet a = a∗ in C. In the algebrai aseeah OX -module F de�nes an N -objet F = F∗ in M over a. In the analyti aseeah oherent OX -module F de�nes an N -objet F = F∗ inM over a. Here, (C,M)stands for (C(0),M(0)) in the algebrai ase and for (C(1),M(1)) in the analyti ase(see Example 3.1.1).We make the following onvention to avoid the distintion between analyti andalgebrai tensor produts:Convention: Let f : X∗ −→ Y∗ be a morphism of simpliial omplexs of Steinompats and let F ,G be graded objets in Mod(X∗), oherent in eah degree. By
F ⊗OY

G, we mean the objet inMod(X∗), whih is given by the shea��ation of theobjet T∗ in gr(C)N , de�ned as follows:



100 Appliation to omplex spaes and varietiesFor α ∈ N , set Bα := Γ(Yτ(α),OYτ(α)
), Fα := Γ(Xα,Fα) and Gα := Γ(Xα,Gα). Then,

Fα and Gα are modules over Bα via the omorphism of fα. Set Tα := Fα ⊗Bα Gα.This de�nes a simpliial DG algebra T∗.In the same manner, we de�ne the tensor produt F ⊗R G, when F and G aremodules over a sheaf of OX∗ -modules R, oherent in eah degree.3.3.1 Hohshild ohomology for omplex spaes and varietiesLet f : X −→ Y be a morphism of omplex spaes or a morphism of �nite type ofNoetherian shemes.A resolvent of X over Y is a olletion of the following things:(1) The simpliial omplex Y∗ assoiated to a loal �nite a�ne overing (Yj)j∈J of Y ;(2) the simpliial omplex X∗ = (Xα)α∈N assoiated to a loal �nite a�ne overing
(Xji)j∈J,i∈Ij of X. This overing is hosen in suh a way that, for a �xed j ∈ J , thefamily (Xji)i∈Ij is a overing of f−1(Yj); (3) a simpliial omplex P∗ = (Pα)α∈N withthe same index ategory; (4) a ommutative diagram of the following form:

X∗
ι //

f̄
��

P∗

g
~~||

||
||

||

Y∗Here, f̄ = (f̄ , τ) is the indued map of simpliial omplexs; ι is a losed embeddingand g is a smooth map10; (5) a free resolution A∗ of OX∗ as sheaf of DG-algebrason P∗ with A0
∗ = OP∗ suh that in eah degree there is only a �nite number of freealgebra generators.IfA∗ −→ B∗ is a morphism of sheaves of DG-algebras, oherent in eah degree, on asimpliial spae X∗, where eah Xα is a�ne, then, going over to global setions, we anonstrut a free resolution S∗ of B∗ := (Γ(Xα,Bα))α∈N over A∗ := (Γ(Xα,Aα))α∈N ,at least when B0

∗ is a quotient of a free algebra over A0
∗ in gr(C)N . This follows byProposition I.8.8 of [2℄. Shea�fying S∗, we get a free resolution S∗ of B over A. Usingthis remark, it is easy to dedue the existene of resolvents in both situations we aregoing to onsider.Example 3.3.5. Suppose that X is smooth and Y is just the single point Spec(C).For i ∈ I, we an hoose Pi = Xi. Then, Xα is a diagonal in Pα and A an be hosento be a Koszul resolution of a = (Γ(Xα,OXα))α∈N over A0 = (Γ(Pα,OPα))α∈N . Inthis ase, one an prove that for eah α, ΩAα is a module resolution of Ωaα . It followsthat for α ⊆ β, the restrition maps Lα(a/C) −→ Lβ(a/C) are quasi-isomorphisms.Consequently, the anonial map L(X) −→ ΩX is a quasi-isomorphism.10This means that for eah α ∈ N and eah p ∈ Pα the stalk OPα,p is free (in the analyti ase asloal analyti algebra) over OYτ(α),y.



Hohshild ohomology for omplex spaes and shemes 101Let (X∗, Y∗, P∗,A∗) be a resolvent of the morphism f : X −→ Y . Set R :=
A⊗OY∗

A and let S be a free resolution of A over R.The following de�nition oinides for omplex spaes with the orresponding def-inition in [7℄:De�nition 3.3.6. The simpliial Hohshild omplex of X over Y is the objetin the derived ategory D(X∗) of OX∗ -modules, represented by
H∗(X/Y ) := S ⊗R OX∗ .The Hohshild omplex of X over Y is de�ned as the objet in D(X), representedby

H(X/Y ) := Č•(H∗(X/Y )).When Y is just the simple point, we will write H(X) instead of H(X/Y ).To show the independene of the Hohshild omplex of the hoie of the resolvent,we have to use the following version of Lemma I.13.7 of [2℄:Lemma 3.3.7. Let f : X −→ X ′ be a �at homomorphism of omplex spaes (resp.shemes) and (Xi)i∈I and (X ′
i)i∈I′ be ompat loally �nite overings of X and X ′ byStein ompats (resp. open a�ne subsets). Let τ : I −→ I ′ be a mapping, suh that

f(Xi) ⊆ Xτ(i) for all i ∈ I. Denote the assoiated simpliial omplexs by X∗ and X ′
∗.Then, f de�nes a homomorphism (f̄ , τ) of simpliial omplexs of ringed spaes. Let

G• be a omplex in Coh(X ′) suh that, for α ⊆ β, the restrition map p∗αβG•α −→ G•βis a quasi-isomorphism. Then, the anonial homomorphism
f∗Č(G•) −→ Č(f̄∗G•)is a quasi-isomorphism.Proposition 3.3.8. The de�nition of H(X/Y ) depends neither on the resolvent

(Y∗,X∗, P∗,A∗) nor on the hoie of the resolvent S.Proof. Let (Y∗,X∗, P∗,A∗) and (Ỹ∗, X̃∗, P̃∗, Ã∗) be two resolvents, S a free resolutionof A over A⊗A and S̃ a resolvent of Ã over Ã ⊗ Ã. We have to show that there is aquasi-isomorphism
Č(S̃ ⊗R̃ OX̃∗

) −→ Č(S ⊗R OX∗).First ase: Suppose that Y∗ = Ỹ∗, X∗ = X̃∗ and P∗ = P̃∗. By Proposition 3.2.2,there is a quasi-isomorphism
S̃ ⊗R̃ OX̃∗

−→ S ⊗R OX∗inMod(X∗). Applying the Čeh funtor, this ase is proved.General ase: Let Y ′
∗ be the simpliial omplex assoiated to the overing {Yj} ∪

{Y ′
j }, and let X ′

∗ be the simpliial omplex assoiated to the overing {Xij} ∪ {X
′
ij}.



102 Appliation to omplex spaes and varietiesWe onstrut P ′
∗ in the anonial way and an �nd a resolvent A′ suh that (Y ′

∗ ,X
′
∗, P

′
∗,

A′
∗) forms another resolvent of f : X −→ Y . There is a ommutative diagram

X∗
h //

f∗
��

X ′
∗

f ′∗
��

Y∗ // Y ′
∗By the �rst ase, there is a quasi-isomorphism

h∗(S ′ ⊗R′ OX′
∗
) ≈ S ⊗R OX∗ .By Lemma 3.3.7, there is a quasi-isomorphism

Č(S ′ ⊗R′ OX′
∗
) ≈ Č(h∗(S ′ ⊗R′ OX′

∗
)).Hene, we get Č(S⊗ROX∗) ≈ Č(S ′⊗R′OX′

∗
). In the same way we get Č(S̃⊗R̃OX̃∗

) ≈

Č(S ′ ⊗R′ OX′
∗
). �As in [7℄, we de�ne the n-th Hohshild ohomology of X over Y with valuesin the sheaf F as ExtnX (H(X/Y),F). We de�ne the n-th Hohshild homology of

X over Y as H−n(X,H(Y/Y )). At least in the ase where F is oherent, we want toshow that this de�nition is equal to the following one, whih seems to be more naturalfrom the viewpoint of good pairs of ategories:De�nition 3.3.9. [alternative℄Suppose that F is oherent. Let a be the algebra (Γ(Xα,OXα))α∈N in CN , let k be thealgebra ((Γ(Yτ(α),OYτ(α)
))α∈N in CN . Then to f , there is assoiated a homomorphism

k −→ a in CN . Let F be the module (Γ(Xα,Fα))α∈N . We de�ne the n-thHohshildohomology of X over Y with values in F as
HHn(X/Y,F) := Hn(Homa(H∗(a/k), F )).We de�ne the n-th Hohshild homology of X over Y as

HHn(X/Y) := Ȟ−n(H∗(a/k)).We see diretly that the Hohshild ohomology is onentrated in non-negativedegrees, whereas Hohshild homology, in general has positive and negative degrees.Lemma 3.3.10. For M∗ := H∗(X/Y), the assumption of the seond part of Propo-sition 3.3.4 is satis�ed, i.e., for α ⊆ β, the maps p∗αβ(Mα) −→ Mβ are quasi-isomorphisms.Proof. See Lemma 1.7 of [7℄. �



Hohshild ohomology for omplex spaes and shemes 103Corollary 3.3.11. For oherent OX -modules F , the two de�nitions of Hohshild(o)homology oinide, i.e.
HHn(X/Y,F) ∼= ExtnX (H(X/Y),F) and

HHn(X/Y ) ∼= Hn(X,H(X/Y )).Proof. Sine H∗(X/Y) is a omplex of free OX∗ -modules, by Proposition 3.3.4 we get
ExtnX (H(X/Y),F) ∼= ExtnX∗

(H∗(X/Y), j∗F)

∼= Hn(Homa(H∗(a/k), F∗)) = HHn(X/Y,F).The seond isomorphism is obtained as follows:
H(X,H(X/Y )) ∼=H(totΠ Γ(X, Č•(j∗H(X/Y ))))

∼=H(totΠ Γ(X, Č•(j∗Č•H∗(X/Y ))))

∼=H(totΠ Γ(X, Č•H∗(X/Y ))) ∼= H(Č•H∗(a/k)) = Ȟ(H∗(a/k)).In the third step, we have made use of Remark 3.3.10. �In the absolute ase, i.e. in the ase where Y = Spec C, De�nition 3.3.6 is up toquasi-isomorphism equivalent to the de�nition proposed by Weibel/ Geller [47℄.Proposition 3.3.12. Let X be a Noetherian sheme of �nite type over a �eld ora omplex spae. Let Cnaive(X) be the omplex of sheaves in Mod(X) assoiated tothe presheaf U 7→ Cnaive(Γ(U,OX )). (In the analyti ase, the naive Hohshild om-plex is formed, using the analyti tensor produt, of ourse.) There exists a quasi-isomorphism of sheaves
H(X) −→ Cnaive(X).Proof. Choose a resolvent (X∗, P∗,A∗) ofX. Let S be a resolvent ofA overR = A⊗A.Let a,A,R and S be the simpliial algebras in gr(C)N orresponding to OX∗ ,A,R and

S. By Lemma 3.3.3, there is a quasi-isomorphism
Č(j∗Cnaive(X)) −→ Cnaive(X).Now, j∗Cnaive(X) orresponds to Cnaive(a). Set r := a ⊗k a. In the absolute ase, Ris a resolvent of r over k, hene S ⊗R r is a resolvent of a over r. Thus, there is aquasi-isomorphism

S −→ Cbar(a).Sine Cbar(a) is a omplex of �at r-modules, after tensoring over r with a, we get aquasi-isomorphism S ⊗r a −→ Cnaive(a), i.e. a quasi-isomorphism
S ⊗R OX∗ −→ j∗Cnaive(X)in Mod(X∗). Applying the Čeh funtor, we get the desired result. �



104 Appliation to omplex spaes and varieties3.3.2 The deomposition theoremThe quasi-isomorphism ∧La/k −→ H(a/k) in gr(M)N over a in Theorem 3.2.7 de�nesa quasi-isomorphism
∧L∗(X/Y ) −→ H∗(X/Y )in Mod(X∗). Sine the Čeh -funtor is exat, we get the following Quillen-typetheorem:Theorem 3.3.13. There is an isomorphism
∧L(X/Y ) −→ H(X/Y )in the derived ategory D(X).Corollary 3.3.14. There are natural deompositions

HHn(X/Y,M) ∼=
∐

p+q=n

ExtpX(∧qL(X/Y ),M)

HHn(X/Y ) ∼=
∏

p−q=n

Hq(X,∧pL(X/Y )).For omplex spaes, this is just Theorem 4.2 of [7℄. There is another nie desrip-tion of Hohshild ohomology of omplex spaes or Noetherian shemes over a �eld
K in any harateristi:Remark 3.3.15. HHn(X) = ExtX2(OX ,OX).Proof. We use the letter K for the �eld K or for the omplex numbers, depending onthe ontext. With the notation as above, we get:

HHn(X ) =Hn(Homa(S ⊗R a, a)) = Hn(HomR(S, a))

=Hn(Homa⊗Ka(S ⊗R (a⊗K a), a)) = Hn(HomO
X2

∗
(S ⊗R OX2

∗
,OX∗))

= ExtnO
X2
∗

(OX∗ ,OX∗) = ExtX2(OX ,OX).Here, we have used that S ⊗R OX2
∗
is a free resolution of OX∗ over OX2

∗
. �3.3.3 Hohshild ohomology for manifolds and smooth varietiesTheorem 3.3.16. Let X be a omplex analyti manifold or a smooth sheme of �nitetype over a �eld K of harateristi zero. There exists an isomorphism

H(X) ∼= ∧ΩXin the derived ategory D(X).



Hohshild ohomology for omplex spaes and shemes 105Proof. This is a diret onsequene of Theorem 3.3.13 and Example 3.3.5For the ase that K is algebraially losed, we have the following alternative proof:De�ne the morphism
α : Cnaive(X) −→ ∧ΩXloally in the n-th omponent as αn : a0 ⊗ . . . ⊗ an 7→

1
n!a0 · a1 ∧ . . . ∧ an. Sinethis maps are natural, they de�ne a map of omplexes of OX-modules. For smoothmanifolds, α is a quasi-isomorphism (on the stalks), by Theorem 3.1.35. For smoothshemes, α is a quasi-isomorphism (on the stalks), by the lassial HKR theorem (theloal rings OX,x are geometrially regular, hene smooth; see the Remark on page 318of [46℄). Thus the theorem is true by Proposition 3.3.12. �Remark that for smooth shemes in positive harateristi, by [44℄ Lemma 2.4,there are natural isomorphisms ∧nOX

ΩX −→ Hn(H(X)), but I don't know if they areindued by a quasi-isomorphism of omplexes.Corollary 3.3.17. Let X be a omplex analyti manifold or a smooth sheme of�nite type over a �eld K of harateristi zero. There is the following deompositionof Hohshild (o)homology:
HHn(X) ∼=

∐

i+j=n

H i(X ,∧jTX ) (3.9)
HHn(X) ∼=

∏

i−j=n

Hj(X,∧iΩX). (3.10)Proof. We onsider ∧OX
ΩX as omplex in negative degrees, so ∧ΩX =

∐

j≥0∧
jΩX [j]and

HHn(X) = ExtnX(H(X),OX ) ∼=
∐

j≥0

Extn−jX (∧jΩX ,OX).By Theorem 7.3.3 of [13℄, there exists a (bounded) spetral sequene with Ep,q2 =
Hp(X, Ext qX(∧jΩX ,OX)), onverging to ExtX(∧jΩX ,OX). But ∧jΩX is a loally free
OX -module, so ExtqX(∧jΩX ,OX) is zero for q > 0 and HomX (∧jΩX ,OX) for q = 0.Hene, the spetral sequene degenerates at one and we get

ExtqX(∧jΩX ,OX) = Hq(X,HomX(∧jΩX ,OX)).There is a natural isomorphism of sheaves
∧jTX = ∧jHomX(ΩX ,OX) −→ HomX(∧jΩX ,OX),whih, by Proposition 7, p. 154 of [3℄, is an isomorphism. As onsequene,

HHn(X) ∼=
∐

j≥0

Hn−j(X,∧jTX) ∼=
∐

i+j=n

H i(X,∧jTX).The seond equality is a diret onsequene of Theorem 3.3.16. �



106 Appliation to omplex spaes and varietiesA proof of this result for omplex analyti manifolds has been announed (but notyet published) by Kontsevih. For smooth shemes, deomposition (3.9) was provedin a di�erent way by Yekutieli [49℄. A similar statement for quasi-projetive smoothshemes is due to Gerstenhaber/Shak [11℄ and Swan [44℄. For smooth shemes,deomposition (3.10) was proved in a di�erent way by Weibel [48℄.



Hohshild ohomology for omplex spaes and shemes 1073.4 L∞-struture of the Hohshild ohain omplexThis setion ontains some open questions and onjetures. Furthermore, we givea very brief idea for an interpretation of Hohshild ohomology of omplex spaesin terms of non-ommutative deformation theory. The exposition of this setion isnot assumed to be exhaustive. We only want to indiate how the subjet ould bedeveloped further. We make use of the notions and onstrutions of Chapters 1 and 2.Let X be omplex spae with �xed loally �nite overing by Stein ompats withnerfN . Denote the assoiated simpliial omplex of Stein ompats byX∗ = (Xα)α∈N(see Setion 3.3). Set a = a∗ := (Γ(Xα,OXα))α∈N and �x a resolvent A = A∗ of aover C. Classial deformation theory of X is desribed by the di�erential graded Liealgebra (Ltan, dtan, [·, ·]), where
Ltan = DerC(A,A) ∼= HomA(ΩA, A)is the tangent omplex of X (for �xed overing, Ltan is independent up to homotopyof the hoie of A; otherwise, Ltan is independent up to quasi-isomorphism of thehoie of the overing and the resolvent A; see Chapter IV of [2℄), [·, ·] is the gradedommutator and dtan = [·, dA]. Roughly speaking, deformations of X are obtained bysimultaneously perturbing the di�erential dAα on Aα, for eah α ∈ N . This e�etssimultaneous perturbations of OXα = H0(Aα, d

Aα). �Simultaneous� means that theperturbed Stein ompats X̃α an be glued together to a omplex spae X̃, whih isa deformation X.To interpret the Hohshild ohomology of X in terms of deformation theory, weneed a DGL struture on the Hohshild ohain omplex
HomA(S ⊗R A,A)(where R := A⊗A and S is a resolvent of A over R) or at least an L∞-struture (itwas notied by Merkulov [32℄ and others that a deformation funtor an be de�nedfor eah L∞-algebra). We suggest the following: By Theorem 3.2.7, there exists ahomotopy equivalene

HomA(S ⊗R A,A) −→ HomA(∧ΩA, A). (4.11)On L := HomA(∧ΩA, A) ∼= ∧HomA(ΩA, A), there is a DGL struture (L, d, [·, ·]),where the di�erential d is indued by dA and the graded Lie braket [·, ·] is theShouten-Nijenhuis-braket (see [22℄). It has the following form:
[ξ1∧ . . .∧ξk, η1∧ . . .∧ηl] =

∑

i,j

±[ξi, ηj ]∧ξ1∧ . . .∧ ξ̂i∧ . . .∧ξk∧η1∧ . . .∧ η̂j∧ . . .∧ηlRemark that the inlusion Ltan −→ L is a DGL morphism. With the method ofSetion 1.4, we an de�ne an L∞-algebra struture on HomA(S ⊗R A,A) suh that



108 L∞-struture of the Hohshild ohain omplexthe linear map (4.11) is the �rst term of an L∞-equivalene.By Proposition 3.1.35 , the natural maps
αn : Cnaive

n (A) −→ ∧nΩa

a0 ⊗ . . .⊗ an 7→ a0 · da1 ∧ . . . ∧ dande�ne a homotopy equivalene of omplexes of simpliial DG A-modules. Dually, wehave a quasi-isomorphism
φ : L = HomA(∧ΩA, A) −→ HomA(Cnaive

−• (A), A).The omplex HomA(Cnaive
−• (A), A) is also a DGL. Its Lie braket is the so-alled Ger-stenhaber braket. Instead of giving an expliit formula for the Gerstenhaberbraket, we reall that the omplex HomA(Ccycl(A), A) is isomorphi to the omplex

Coder(T (A[1]), T (A[1])), where T (A[1]) denotes the (simpliial) graded tensor algebraof the shift of the graded module A. This follows in analogy to the orrespondenebetween formal super-vetor�elds on a formal DG manifold M and oderivations onthe graded symmetri algebra S(M), see Setion 1.1. There is a odi�erential QA[1]on T (A[1]) with �rst order term indued by the di�erential dA and seond order termindued by the multipliation A⊗A −→ A. (One should think of it as odd vetor�eldon the simpliial non-ommutative formal superspae A[1].) The DGL struture on
Coder(T (A[1]), T (A[1])) is given by the graded ommutator as braket and di�erential
[ ·, QA[1]]. The DGL struture on HomA(Cnaive

−• (A), A) is the indued one.Attention: The DG map φ does not respet the brakets! In other words:Shouten-Nijenhuis is not ompatible with Gerstenhaber.But: The restrition to Ltan does respet the brakets, thus we have two di�erentextensions of the DGL Ltan, i.e. two possibilities to extend (on the abstrat level ofdeformation funtors) the lassial deformation theory.It was the main point in Kontsevih's (Fields-prie-winning) proof for the possibil-ity of quantization of eah Poisson struture on manifolds that this lak an be uredin the situation, where A is replaed by the algebra Γ of global setions on a Poissonmanifold. I.e. there exists a morphism
Φ : ∧HomΓ(ΩΓ,Γ) −→ HomΓ(Cnaive(Γ),Γ)in the ategory of L∞-algebras with Φ1 = φ. This is the so-alled Formality Theorem.Question 1. Is there a Formality Theorem for our situation ?A positive answer would imply that the two mentioned extensions of deformationtheory of omplex spaes are in fat equivalent. For one of them, we have the following�geometri� interpretation:



Hohshild ohomology for omplex spaes and shemes 109In the same way as the underlying module M of the free oalgebra S(M) is on-sidered as formal germ of a supermanifold (see Setion 1.1.4), the underlying moduleof the free oalgebra T (M) should probably be onsidered as formal germ of a non-ommutative superspae and oderivations on T (M) should again be onsidered asvetor�elds.It is well-known (see e.g. [33℄, [38℄) that the di�erentials desribed by the di�er-ential graded Lie algebra Coder(T (A[1]), T (A[1])) are the deformations of the A∞-struture of A, or in �geometri� terms deformations of the simpliial omplex A[1] offormal non-ommutative DG manifolds. A deformation theory for non-ommutativeformal DG manifolds an be developed in analogy to the theory in Setion 1.2.Question 2. Is the base of a universal deformation of a formal non-ommutative DGmanifold M given by by the universal enveloping algebra of the DGL
Coder(T (M), T (M)) ?The following question is motivated by Hinih and Shehtman's observation [17℄that the Čeh omplex of a sheaf of DGL has the struture of an L∞-algebra:Question 3. Is any simpliial omplex of A∞-algebras (resp. L∞-algebras) again an
A∞- (resp. L∞) algebra ?In the next question, F is the funtor Anf −→ DG-Manf of Setion 2.2.Question 4. If Question 3 is true, an we reonstrut the omplex spae X by the
L∞-algebra orresponding to (F (Xα))α∈N ?



110 Appendix3.5 AppendixIn this Appendix, we give some details ommited in Setion 3.1.Proof of Lemma 3.1.3Let k be an algebra in C. and A,B,M and N modules inM(k). By Axiom (5.2), thereis a natural isomorphism ∼: MultM(k)(A× B,M) −→ HomM(k)(A ⊗
M
k B,M). Thismeans that eah morphism f : M −→ N inM(k) indues a ommutative diagram:

MultM(k)(A×B,M) ∼ //

f∗

��

HomM(k)(A⊗
M
k B,M)

f∗

��
MultM(k)(A×B,N) ∼ // HomM(k)(A⊗

M
k B,N)We denote the inverse map of ∼ also by ∼ .Lemma 3.5.1. For h ∈ HomM(k)(A⊗

M
k B,N), we have h̃ = h ◦ ĨdA⊗B.Proof. In the diagram above, setM := A⊗M

k B and f := h. We have h = h∗(IdA⊗B).So h̃ is the image of IdA⊗B by going through the diagram starting up right, goingdown left. The result hoosing the other way is h ◦ ĨdA⊗B. �Now suppose that A and B are k-algebras in C. There are two ways to see theelements a⊗ b in A⊗M
k B = A⊗C

k B: By the universal property of �bered produts,there is a natural homomorphism of k-algebras α : A⊗Alg
k B −→ A⊗C

k B.Lemma 3.5.2. For elements a⊗b of A⊗Alg
k B, we have α(a⊗Modb) = ĨdA⊗M

k
B((a, b)).Proof. We see that α is just the image of IdA⊗M

k
B by the omposition of the mappings

HomM(A⊗M
k B,A⊗M

k B) ∼= MultM(A×B,A⊗M
k B) →֒

Multk−Mod(A×B,A⊗
M
k B) ∼= Homk−Mod(A⊗

Mod
k B,A⊗M

k B).

�The �rst point of Lemma 3.1.3 is a diret onsequene of Lemma 3.5.2. The seondpoint of Lemma 3.1.3 is a diret onsequene of Lemma 3.5.1.



Hohshild ohomology for omplex spaes and shemes 111Proof of Proposition 3.1.8(1) There are free �nite k-modules Li in M(k) and homomorphisms φi : Li −→ Nsuh that the inlusions Mi →֒ N is Kern(cokern(φi)). (2) We have M1 +M2 →֒ N =
Kern(cokern(φ1 + φ2)). (3) Mi →֒ N fatorises through Kern(cokern(φ1 + φ2)). (4)The projetion M1 +M2 −→ M1 is the kernel of the inlusion M2 −→ M1 + M2 in
k-Mod, so as well in M(k). (5) Consider homomorphisms fi : Mi −→ P in M(k).We de�ne a homomorphism M +N −→ P as f1 ◦ p1 + f2 ◦ p2. Then the diagram

M1 +M2

%%JJJJJJJJJJ
M1

oo

f1
��

M2

OO

f2 // PinM(k) ommutes. The graded ase follows in the same manner.Proof of simpliial version of Proposition 3.1.16We need two lemmas to prove a simpliial version of Proposition 3.1.16. The �rst oneis a simpliial version of the Comparison Theorem (for the a�ne ase, see Theorem2.2.6 of [46℄).Lemma 3.5.3. Let A be a DG algebra in gr(C)N . Let P =
∐

i∈I Aei be a free DG
A-module in gr(M)N with a homomorphism P 0 −→ M of A0-modules in MN (A0).Let N be an A0-modules in MN and Q in gr(M)N (A) a DG-resolution of N. Let
φ : M −→ N be a A0-homomorphism in MN . Then there exists a homomorphism
f : P −→ Q, lifting φ and it is unique up to a hain homotopy.Proof. The existene of suh an f is not hard to prove. But we only make use ofthe uniqueness. We only prove this part here: Let f and g two DG-homomorphismslifting φ. Indutively, we onstrut families {sα : |α| ≤ m} of ompatible homotopymaps sα : Pα −→ Qα[−1] satisfying

gn − fn = dQ ◦ s
n
α + (−1)nsn+1

α ◦ dP .Suppose that the free generator ei is assoiated to the pair (αi, zi) with αi ∈ N and
zi < 0. For m = 0 and eah β in N with |β| = 0, we see that Pβ is free DG-modulein gr(M)(Aα), and we an onstrut s•β just as in the a�ne ase. Now, suppose that
{sα : |α| ≤ m} is already onstruted. Then, for eah β ∈ N with |β| = m + 1, wehave

Pβ =
∐

αi⊆β

Aβei.For α ⊆ β, denote the restrition map Pα −→ Pβ by ραβ. For free generators ei with
αi ⊆ β but αi 6= β, set sβ(ei) := ραiβ(sαi

(ei)). Then, we get
(gβ − fβ)(ei) = ραiβ((gαi

− fαi
)(ei)) = ραiβ([sαi

, dαi
](ei)) = [sβ, dβ ](ei).



112 AppendixFor free algebra generators ei with αi = β and say n = zi = g(ei), exatly as in thea�ne ase, by indution on n, we an �nd elements mi in P zi−1
β suh that

(gβ − fβ)(ei) = sβ(d(ei)) + (−1)nd(mi).Then we set sβ(ei) := mi.In this manner, we get a family (sα)α∈N of ompatible hain homotopies. �Lemma 3.5.4. Let A be a DG algebra in gr(C)N suh that eah Ai is a �nite A0-module. Let M =
∐

i∈I Aei and N =
∐

j∈J Aej two g-�nite free DG A-modules in
gr(M)N suh that all generators ei and ej are of negative degree. Suppose that thereis a quasi-isomorphism

f = IdA⊕f
′ : A⊕M −→ A⊕N.Then f is already a homotopy equivalene. More preisely, there is a homomorphism

g = IdA⊕g
′ : A⊕N −→ A⊕Nof DG-modules and a map s∗ : M −→M [−1] of graded modules suh that s0∗ = 0 and

g ◦ f − Id = [s, d].Proof. Consider the following diagram, where the �rst line is just the mapping one
cone(f) = N ⊕M [1] of f and the vertial maps are the anonial inlusions:

... // M−1 ⊕N−2 // M0 ⊕N−1 // N0

... // N−2

ι

OO

// N−1

ι

OO

// N0

ι

OOSine f is a quasi-isomorphism, the mapping one of f is ayli, so the �rst line isa resolution of the module {0}. The map ι of DG-modules is a lifting of the trivialmap 0 −→ 0. The zero map N −→ cone(f) is a seond andidate for suh a lifting.So we are almost in the situation of the uniqueness statement in the ComparisonTheorem. The only di�erene is, that N = A⊕N ′ is not a free module in gr(M)N .But to onstrut a hain homotopy σ : N −→ cone(f)[−1] = N [−1] ⊕M for 0 ≃ ι,we an set σ|A to be the omposition of the inlusions A −→ A ⊕ M ′ = M and
M −→ cone(f)[−1]. On the free generators of N ′, the map σ an be de�ned exatlyas in the proof of the omparison theorem. So we an work with a family of maps

σn = (gn, tn) : Nn −→Mn ⊕Nn−1for n ≤ 0, satisfying the ondition
ιn = δn−1σn + (−1)nσn+1dn.



Hohshild ohomology for omplex spaes and shemes 113Here, d denotes the di�erential of N and δ the di�erential of cone(f). The evaluationof this onditions shows that g is a hain map N −→M and that t is a hain homo-topy for IdN ≃ f ◦ g.In an analogous manner, we get a hain map h : M −→ N with IdM ≃ g ◦ h. We seeeasily that then, we have h ≃ f , so we get IdM ≃ g ◦ f . �Of ourse, we an also show that two free module resolutions of a module in
gr(M)N are homotopy equivalent over the base ring. Now the proof of the sim-pliial version of Proposition 3.1.16 is as follows: For the �rst step we have to useLemma 3.5.4. The seond and third step are easy to generalize.Proof of Proposition 3.1.33First of all, we have to ask if we an onsider the R/I-module I/I2 as an objet of
gr(M)(A).Lemma 3.5.5. Let R = (R, s) be a DG-objet in gr(C) suh that all Ri are �nite
R0-modules. Consider an ideal I ⊆ R whih is generated by a handy s-sequene
X = {xj : j ∈ J} in R. Then, I is a DG-objet of gr(M)(R) and I/I2 is isomorphias R/I-module to a DG-objet of gr(M)(R/I).Proof. For eah x ∈ X, we hoose a free module generator e(x) with g(e(x)) = g(x)and we see that I is the image11 of the map from the free module ∐

x∈X Re(x) to Rde�ned by e(x) 7→ x. So I is already an objet of gr(M)(R). But sine I is s-stableby assumption, I is a DG-module.For eah pair i, j in J with i ≤ j, we hoose a free module generator eij with
g(eij) = g(xi) + g(xj). We get a homomorphism ∐

i≤j Reij −→ R of modules in
gr(M)(R) by sending eij to the produt xixj. This homomorphism fatorises through
I, so there is a homomorphism π :

∐

i≤j Reij −→ I and there is an isomorphism of
R-modules Cokern π ∼= I/I2. It it easy to see that the di�erential s indues a di�er-ential on Cokernπ that makes it a DG-module in gr(M)(R).Now, I/I2 is also an R/I-module and in R/I −Mod the objets Cokernπ and
Cokern π ⊗

gr(M)
R R/I are isomorphi. And the latter is an objet of gr(M)(R/I). �In the sequel, by I/I2 in fat we mean Cokernπ ⊗

gr(M)
R R/I.Proposition 3.5.6. Let k −→ A be a homomorphism of DG-objets in gr(C). Supposethat all Ai are �nite A0-modules and that I := Kern(µ : A ⊗C

k A −→ A) is generatedby an s-handy sequene X in R := A ⊗k A −→ A. Here, s denotes the di�erentialof R indued by the di�erential of A. Then, by ā 7→ [a], we get an isomorphism
I/I2 −→ ΩA/k in gr(M)(R) whose inverse is given by [α] 7→ α− ι1µ(α). Here, adenotes the lass in I/I2 represented by a and [α] denotes the lass in ΩA/k representedby α.11We remind that by image we mean the kernel of the okernel map.



114 AppendixProof. First we have to show that the map I/I2 −→ ΩA/k, ā 7→ [a] is well de�ned.There is a homomorphism η : I ⊗R I −→ I in gr(M)(R) with a⊗ b 7→ ab. Considerthe homomorphism ξ : I −→ ΩA/k, a 7→ [a]. For the well-de�nedness, it is enough toprove that ξ ◦ η = 0. Sine the bar omplex Cbar
• (A/k) is ayli, we see that b′ givesrise to an epimorphism A⊗3 −→ I. Hene, it is enough to show that the map

A⊗6 −→ ΩA/k

a⊗ b⊗ c⊗ d⊗ e⊗ f 7→ [(ab⊗ c− a⊗ bc)(de ⊗ f − d⊗ ef)]is zero. But the argument in the brae on the right hand-side is just the image of
(−1)cd+ce+dbadbe(cf ⊗ 1⊗ 1− 1⊗ c⊗ f)−

(−1)bd+cdadb(cef ⊗ 1⊗ 1− 1⊗ c⊗ ef)−

(−1)bd+be+cd+ceade(bcf ⊗ 1⊗ 1− 1⊗ bc⊗ f)+

(−1)bd+cdad(bcef ⊗ 1⊗ 1− 1⊗ bc⊗ ef)by the map b2.Seondly we have to show that the map ΩA/k −→ I/I2, [α] 7→ α− s1µ(α) is wellde�ned. But there is a derivation
δ : A −→ I/I2

a 7→ 1⊗ a− a⊗ 1.So by the universal property of ΩA/k (see the proof of Lemma I.6.13 of [2℄), there is amap ΩA/k −→ I/I2 sending a lass [a⊗ b] to aδ(b) = a · 1⊗ b− b⊗ 1 and we see thatthis map is just the map we want.To see that the both given maps are inverse to eah other, we remark that elementsof the form a⊗ 1 in A⊗A are in the image of b2, so they represent the zero lass. �

I/I2 has the struture of an A-module in gr(M)(A). The multipliation A ×
I/I2 −→ I/I2 is inherited by the multipliation a · α = ι1(a) · α on A ⊗ A. But on
A⊗ A there is also a left multipliation α · a := α · ι2(a). Remark that the left- andright multipliation indued on I/I2 make I/I2 an antisymmetrial A-bimodule.Now, let R = (R, s) be a DG-objet of gr(C) and suppose that all Ri are �nite R0-modules. Let I ⊆ R be an ideal whih is generated by a regular s-sequene X ⊆ R.Say X = {xi : i ∈ J}. s de�nes a di�erential δ on R/I that we denote again by
s. Consider the free module ∐

i∈J R/Iei, where the ei are free module generators ofdegree g(xi).Proposition 3.5.7. We an make ∐

i∈J R/Iei a DG-module, by de�ning a di�erential
t in the following sense: For i ∈ J , there is a �nite family of elements aij ∈ Rsuh that s(xi) =

∑

j aijxj. Now we set δ(a) := s(a), for elements a ∈ R/I and
δ(ei) :=

∑

j aijej.
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i∈J R/Iei, we only have to show,that δ2(ei) = 0, for i ∈ J . But, sine s is a di�erential on R, we have
0 = s2(xi) = s(

∑

j

aijxj) =
∑

j,k

(−1)aijaijajkxk +
∑

j

s(aij)xj .We an reorganize the oe�ients and get a sum ∑m
k=1 bkxk = 0 where the xk arepairwise di�erent. Remark that ∑m

k=1 bkek is just δ2(ei). To show that this sum iszero, we have to show that eah bk belongs to I. But assume that one bk, say bmdoes not belong to I, then bm is a nonzero annulator of xm in R/(x1, . . . , xm−1) andit doesn't belong to Rxm. This ontradits the hypothesis that X is regular. �In the algebrai ase, the following proposition is an immediate onsequene ofondition (i) in De�nition and Theorem 3.1.28.Proposition 3.5.8. In this situation, the assignment
∐

x∈X

R/Ie(x) −→ I/I2, e(x) 7→ x̄gives rise to an isomorphism of DG-objets in gr(M)(R/I).Proof. It is lear that the map ommutes with the di�erentials.Obviously the map is well de�ned and surjetive. By Axiom (S2), we only have toshow that the map is injetive. So let ∑m
i=1 eiāi be an element of the kernel of thismap. Then we have ∑

aixi = 0, i.e. ∑
aixi ∈ I

2. We must show that all ai are ele-ments of I. Let Y be a �nite subset of X suh that ∑
aixi is a sum ∑

y,y′∈Y a(yy
′)yy′with a(yy′) ∈ R. Now as in the well-known nongraded ase, when we assume that one

ai, say am is not in I, we an dedue that am is a zero divisor in R/J , where J ⊆ Ris the ideal generated by Y \ xm. This leads to a ontradition! �The ondition on A in the following orollary is something like a smoothnessondition.Corollary 3.5.9. Suppose that all Ai are �nite A0-modules. If the kernel of themultipliation map R := A ⊗k A −→ A is generated by a regular s-sequene X in Rthen there is a natural isomorphism of DG-modules in gr(M)(A)

ΩA/k −→
∐

x∈X

Ae(x).Here, X denotes the regular s-sequene in R and to x ∈ X we have assoiated a freemodule generator e(x) with g(e(x)) = g(x). The di�erential on the right is given bythe rule e(x) 7→ ∑
āxye(y), where for x ∈ X the family axy is hosen in a way suhthat s(x) =

∑
ayy and ā denotes the residue lass in R/(X) ∼= A of an element a ∈ R.From this statement, we an dedue the orresponding simpliial statement.
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