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IntrodutionDans ette thèse, nous étudions la dynamique du �ot géodésique de Teihmüller. L'originede ette question provient de l'étude d'une lasse très importante de systèmes dynamiques :elle des éhanges d'intervalles. Dans des travaux lassiques, Masur et Veeh en 1982 relientla dynamique de es éhanges d'intervalles ave elle du �ot géodésique de Teihmüller surl'espae des modules des ourbes omplexes. L'espae des phases de e �ot peut être vuomme l'espae des modules des di�érentielles quadratiques sur une surfae. Ces espaessont naturellement strati�és par le type des singularitées des formes et ette strati�ationest préservée par l'ation de e �ot. Des résultats lassiques a�rment que es strates sontdes orbifolds omplexes et sont non-vides et non-onnexes en �général�.La motivation du travail développé dans ette thèse est donnée par le résultat fon-damental, démontré indépendamment par Masur et par Veeh (1982), qui a�rme que le�ot géodésique de Teihmüller agit de façon ergodique sur haque omposante onnexe dehaque strate, par rapport à la mesure orbifoldique, qui est de masse �nie.Cette question de lassi�ation peut-être vue omme une question de dynamique ou detopologie. En aord ave les travaux de Rauzy (1979), e problème peut aussi être abordéd'un point de vue purement ombinatoire à travers les lasses de Rauzy.Kontsevih et Zorih ont déris les omposantes onnexes d'une partie de es strates ; lesstrates de l'espae des modules des di�érentielles Abéliennes Hg. Nous donnons dans ettethèse la desription omplète des omposantes onnexes des strates de l'espae �omplé-mentaire� Qg. En partiulier, nous utilisont alternativement les trois points de vue.Par ailleurs, la struture spin est un des invariants dont se servent Kontsevih et Zorihpour lassi�er les omposantes. Ii nous donnons une formule expliite pour le alulde ette struture spin (d'une di�érentielle quadratique dans notre ontexte) en termeuniquement des singularités de la strate. Cei ontredit une onjeture de Kontsevih�Zorih sur la lassi�ation des omposantes onnexes non-hyperelliptiques de Qg par ettestruture spin. En utilisant ette formule, nous donnons une appliation dans le ontextedes billards dans un polyg�ne rationnel.PréliminairesUne di�érentielle quadratique sur une surfae de Riemann S est le arré d'une setiondu faiseau des germes de 1�formes holomorphes. Si U est un ouvert de S et z uneoordonnée loale sur U , alors toute 1�forme ! 2 
S(U) peut s'érire omme ! = f(z)dzpour f une fontion analytique sur U ; similairement, toute di�érentielle quadratique peuts'érire omme f(z)dz2 = f(z)(dz)2. Pour eux qui ne veulent pas utiliser la struture5



6de faiseau, e qui sera le as ii, nous pouvons voir une di�érentielle quadratique  surS omme n'importe quel atlas f(Ui; zi)g ave une olletion d'expressions fi(zi)dz2i , où leterme �di�érentielle� signi�e omment les fontions de transitions fi et fj sont reliées surUi \ Uj : fj(zj) dzjdzi!2 =  (zi)Nous aurons besoin de onsidérer des di�érentielles quadratiques méromorphes à p�les sim-ples. Si S est une surfae de Riemann et P � S est un ensemble disret, nous onsidèreronsdes di�érentielles quadratiques, holomorphes sur SnP , et ayant des p�les simples en toutpoint de P . Si S est ompate alors P est �ni et on peut voir que RS j j <1, arZD 1jzj dxdy = 2� <1 où D est le disque unité jzj = 1(ii la métrique RS j j <1 est loalement dé�nie par jfi(z)jdxdy).Le quotient de deux di�érentielles quadratiques est une fontion méromorphe sur Squi doit avoir autant de zéros et de p�les, omptés ave multipliité. Il s'ensuit que toutedi�érentielle quadratique non nulle doit avoir le même nombre de zéros et de p�les, quidoit être le double du nombre de zéros d'une 1�forme holomorphe. Comme une 1�formes'annule exatement 2g � 2 fois sur une surfae de genre g, une di�érentielle quadratiquepossède exatement 4g � 4 zéros et p�les, omptés ave multipliité.Dans la suite, on utilisera souvent la géométrie de telles di�érentielles quadratiques.En partiulier la donnée d'une telle di�érentielle induit un feuilletage partiulier sur lasurfae : un feuilletage mesuré. Nous pouvons dérire ela de la manière suivante.Pour tout point p 2 SnP tel que  (p) 6= 0 i.e. pour tout point régulier de  , il existeune oordonnée loale z sur un voisinage Ude p dans lequel  = dz2. On peut voir elaomme suit : soit U une oordonnée loale telle que  = f(w)dw2 ; quitte à réduire U ,on peut supposer qu'il existe une raine arrée analytique de f(w) dans U (ar f(0) 6= 0).Maintenant posons z(y) = Z yp (f(w))1=2dwCette appliation satisfait lairement aux onditions.Nous appellerons de telles oordonnées des oordonnées naturelles pour  . Il est lairque es oordonnées sont uniques (à translation et au signe près). Ainsi, en dehors dessingularités de  , S a loalement la struture d'une pièe de papier, en fait un papierlinéaire, puisque la diretion horizontale ne dépend pas du hoix des oordonnées naturelles.Remarquons qu'il n'y a pas de diretion donnée sur les droites horizontales. On peutfailement voir qu'il est possible d'orienter le feuilletage horizontal si et seulement si ladi�érentielle quadratique  est globalement le arré d'une 1�forme holomorphe !. Nousemploierons aussi le terme di�érentielle abélienne pour désigner !.Ainsi la surfae de Riemann hérite d'une métrique Eulidienne. Le Théorème deGauss�Bonnet a�rme que la seule surfae ompate Eulidienne orientable est le tore.Don il doit y avoir de la ourbure onentrée aux singularités de  , 'est-à-dire aux p�les



7et aux zéros. Comme i-dessus, pour une singularité p de  , il existe une oordonnée loalez sur un ouvert U de p pour laquelle  = zkdz2Don la surfae S a loalement la struture d'un �ne Eulidien au voisinage des singularitésde  . L'angle du �ne est (k+2)� où k > 0 est le degré du zéro de  (k = �1 si le zéro estun p�le). Dans un voisinage d'un point singulier, on peut trouver des oordonnées polaires(r; �) telle que la métrique s'érive ds2 = dr2 + (rd�)2où  est un demi-entier (2 2 N). Nous dirons que la métrique a des singularités de typeonique ave un angle de 2� (ii 2 = k+2). La ourbure � au point singulier est dé�niepar la formule � = 2� � 2�* * *Ces surfaes arrivent naturellement dans l'étude des Systèmes Dynamiques. Nous don-nons ii deux exemples fondamentaux.Pour le premier exemple, notons par P un polygone dans R2 . Le �ot du billard est donnépar le mouvement d'un point ave les règles usuelles de ré�exion de l'optique géométriquesur le bord �P de P . L'orbite d'un élément pour e �ot (�ot géodésique) est donné par unpoint x 2 P et une diretion � 2 R=2�Z sur le �bré unitaire tangent de P . Les orbites dee �ot ne sont pas ontinues quand elles renontrent le bord de P . Nous voulons ré�éhirles trajetoires par rapport aux bords. Si ei est un �té de P et �i : S1 ! S1 représentela ré�exion par rapport au �té ei (partie linéaire seulement) alors nous identi�ons (p; v)ave (p; �i(v)) pour haque p 2 ei.Soit � � O(2) le groupe engendré par les parties linéraires des ré�exions par rapportaux �tés. Nous sommes intéressés seulement par le as où � est �ni ; dans e as lepolygone est dit rationnel. Une dé�nition équivalente est de demander, lorsque P estsimplement onnexe, que tous les angles de P soient des multiples rationnels de �. Le asdes billards irrationnels est pour le moment presque omplètement ouvert. Par exemple,pour un billard polygonal quelonque (même dans un triangle), on ne sait toujours pas s'ilexiste une trajetoire périodique.Pour un billard rationnel, il existe une onstrution lassique (voir [MaTa℄ pour un�survey� agréable sur les billards rationnels) qui donne lieu à une surfae plate ~S2g de genreg i.e. une surfae de Riemann munie d'une di�érentielle abélienne. Nous rappellons etteonstrution.Soit P � C et � omme i-dessus. Prenons j�j opies disjointes de P , haune étantl'image de P par un élément de �. Pour haque opie P de P et haque ré�exion r 2 �,ollons haque �té E de P au �té r(E) de r(P). Quand le groupe � est �ni, le résultatest une surfae de Riemann ~S ~S = 0�G2� (P )1A , �



8où � est la relation d'équivalene dérite i-dessus. La forme dz sur haque opie (P ), 2 �, induit une 1�forme holomorphe ~! sur ~S. Il est faile de véri�er que les singularitésde ~! sont situées aux sommets des opies de P . Ainsi un billard rationnel dé�nit unesurfae plate ~S ave une di�érentielle quadratique holomorphe ~ = ~!2. On peut failementaluler le genre de la surfae en fontion des angles de la table de billard. Ainsi, nouspouvons don voir l'ensemble des billards rationnels omme une sous-famille de l'ensembledes di�érentielles quadratiques. Bien sûr, ette inlusion est strite.
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Une trajetoire dans le billard dans un pentagone qui se développe sur la surfae invariante.Ii on obtient une surfae de Veeh de genre 2.Pour le deuxième exemple fondamental, onsidérons un intervalle I sur une surfae detranslation S, transverse au feuilletage vertial. Supposons de plus que e feuilletage soitminimal. Alors l'appliation de premier retour de Poinaré T : I ! I est un éhanged'intervalles i.e. une appliation bijetive ave un nombre �ni de points de disontinuités,telle que la dérivée de T est égale à +1 presque partout. De telles appliations sont om-plètement déterminées par le nombre d'intervalles de ontinuités de T et par la permutationqui dérit omment es intervals sont éhangés sur I.Réiproquement, pour tout éhange d'intervalles T , on peut onstruire une di�éren-tielle abélienne ! sur une surfae S et un intervalle horizontal I sur ette surfae S telque l'appliation de premier retour du �ot vertial induit par ! sur I donne préisémentl'appliation initiale T . Remarquons que la minimalité du �ot implique ii que la permu-tation sous-jaente soit irrédutible. Nous présentons en Appendie une onstrution dueà Masur (voir [Ma1℄) pour obtenir une telle surfae à partir d'un éhange d'intervalles.Il existe aussi une onstrution lassique due à Veeh (voir [V1℄) onnue sous le nom de�Zippered Retangles�. * * *Nous avons vu que les surfaes ave une struture de droites parallèles et les surfaesmunies d'une di�érentielle quadratique (ave au plus des p�les simples) dé�nissent lesmêmes objets. Nous allons donner une desription supplémentaire de es strutures via la



9théorie des feuilletages mesurés, introduite par Thurston (voir [FaLaPo℄ et [Th℄).Un feuilletage mesuré (F ; �) est un feuilletage F ave une mesure de probabilité �invariante et transverse. C'est à dire une mesure dé�nie sur l'ensemble des ars transversesau feuilletage F et qui est invariante. Une telle mesure est dite invariante si pour deuxars  et �, qui sont homotopes ave extrémités �xes dans deux feuilles de F , nous avons�() = �(�)Il est lair qu'une di�érentielle quadratique induit une paire de feuilletages mesuréstransverses : le feuilletage vertial et le feuilletage horizontal. En fait, nous avons laréiproque : étant donné deux feuilletages mesurés transverses, disons F1 et F2, on peuttoujours onstruire une di�érentielle quadratique  qui les réalise : le feuilletage horizontalde  (respetivement vertial) est F1 (respetivement F2).Si nous avons seulement un unique feuilletage mesuré, nous devons avoir quelquespropriétés supplémentaires pour l'existene d'une di�érentielle quadratique qui le réaliseomme feuilletage horizontal. En partiulier il existe des ontres exemples à l'existened'une di�érentielle quadratique qui réalise un feuilletage mesuré omme feuilletage hori-zontal (voir [HuMa℄, voir aussi en Appendie).Nous avons le ritère suivant qui est le �dual� d'un Théorème de Hubbard et Masur(voir [HuMa℄, voir aussi [Cala℄ et [KoZo℄)Théorème. Un feuilletage mesuré orientable sur une surfae de Riemann est le feuilletagehorizontal d'une di�érentielle abélienne dans une struture omplexe si et seulement si toutyle obtenu omme une union de lien de selles et de séparatries dans la diretion positiven'est pas homologue à zéro. * * *Notons par (k1; : : : ; kn) l'ordre des singularités de  . Nous avons vu queP ki = 4g�4.Loalement, dans un ouvert simplement onnexe d'un point non singulier, en prenant laraine arré , nous pouvons présenter une di�érentielle quadratique omme le arré d'unedi�érentielle abélienne. Mais globalement, e n'est pas le as en général. C'est préisémentle as quand le feuilletage horizontal orrespondant est orienté. S'il existe au moins unzéro de  d'ordre impair (ou au moins un p�le) alors  n'est lairement pas le arré d'une1�forme holomorphe. Mais si toutes les singularités de  sont de degré pair, il existedes obstrutions (holonomie de la métrique) pour que  soit globalement le arré d'une1-forme.Notons par HQg l'espae des modules des paires (S2g ;  ), où S2g est une surfae deRiemann de genre g et  une di�érentielle sur S. Nous délarons que deux di�érentielles 1 et  2 sur S1 et S2 sont équivalentes s'il existe un homéomorphisme f de S1 sur S2 quienvoie des points singuliers sur les points singuliers ave le même ordre et qui a la mêmeforme que les fontions de transitions au voisinage des autres points. Remarquons que elaimplique que f est un di�éomorphisme sur le omplémentaire des singularités de  1.On peut voir que ela est équivalant à la ondition suivante :f� 1 =  2



10Dans une formulation analogue, nous demandons qu'il existe un homéomorphisme f de S1sur S2, qui est un di�éomorphisme dans le omplémentaire des singularités et tel que f esta�ne dans les artes anoniques dé�nies par  1 et  2.L'espae des modules HQg est naturellement strati�é par le type des singularités desformes. En utilisant les notations de Veeh, nous notons par Q(k1; : : : ; kn; ") � Qg la stratedes di�érentielles quadratiques [S2g ;  ℄ 2 Qg ave les singularités du type (k1; : : : ; kn), oùki 2 f�1; 0; 1; 2; : : : g et où " = +1 si la di�érentielle  est globalement le arré d'unedi�érentielle abélienne et " = �1 sinon. Remarquons que " = +1 implique que tous les kisont néessairement pairs.Nous onsidèrerons aussi l'espae des modules des di�érentielles abéliennes (ou demanière équivalente, l'espae des modules des di�érentielles quadratiques qui sont le arréde di�érentielles abéliennes). Nous notons es espaes par Hg, et si �!k est un veteur dansNn ave P ki = 2g � 2, nous notons par H(k1; : : : ; kn) la strate orrespondante. Il y a unisomorphisme naturel de la strate H(k1; : : : ; kn) dans la strate Q(2k1; : : : ; 2kn; +1). Ceimotive la onvention suivante :Convention.� Nous notons par Qg l'espae des modules des paires (S2g ;  ), où S2g est une surfaede Riemann de genre g et  une di�érentielle quadratique qui n'est pas globalementle arré d'une 1�forme holomorphe.� En aord ave les notations i-dessus, nous posons :Q(k1; : : : ; kn) := Q(k1; : : : ; kn;�1)pour dénoter les strates de l'espae modulaire Qg.Dans toute ette thèse, nous onsidèrerons uniquement les di�érentielles quadratiquesqui ne sont pas globalement le arré d'une 1�forme holomorphe ; sauf mention expliitedu ontraire.Pour g �xé, l'union des es strates est l'espae modulaire tout entier HQg = Qg [Hgau dessus de l'espae de Teihmüller Tg.C'est une partie lassique de la théorie de Teihmüller que l'espae de Teihmüller Tgest une variété omplexe et queHQg s'identi�e naturellement au �bré otangent de l'espaemodulaire Mg = Tg=Mod(g), où Mod(g) désigne le groupe modulaire en genre g.Les strates ne sont pas fermées en général dans l'espaeQg[Hg (seule la strate minimaleQ(4g � 4) l'est). Cei pare que l'on peut obtenir une suite de surfaes dans une stratequi dégénèrent en une surfae pinée (on peut ontrater plusieurs zéros ou �liens de selles�ensembles).On peut obtenir une exhaustion de ompats dans haque strate en onsidérant lessurfaes qui ont des longueurs de géodésiques bornées inférieurement :QD(") = f[S;  ℄; longueur de haque feuille fermée sur S � "gIl est bien onnu que les strates ont une struture d'orbifold modelées par le premiergroupe de ohomologie. Nous dérirons ette struture plus tard en détail. Comme legroupe modulaire Mod(g) n'agit pas librement, es strates n'ont évidemment pas unestruture lisse. Masur et Veeh ont alulé préisémment la dimension de telles strates :



11Théorème (H. Masur; W. Veeh).Chaque strate H(k1; : : : ; kn) est une orbifold omplexe de dimensiondimCH(k1; : : : ; kn) = 2g + n� 1Chaque strate Q(k1; : : : ; kn) est une orbifold omplexe de dimensiondimCQ(k1; : : : ; kn) = 2g + n� 2Une remarque très importante qui joue un role ruial dans ette théorie est que legroupe SL(2;R) agit sur es espaes Qg et Hg par transformation linéaire dans les oor-données anoniques, en préservant haque strate. Si un point [S;  ℄ est présenté par un atlasde oordonnées anoniques f(Ui; zi)g, et A 2 SL(2;R) est une matrie, alors f(Ui; Azi)gdé�nie une nouvelle famille de oordonnées anoniques pour la di�érentielle quadratique(S;A ). Nous délarons que : A � [S;  ℄ := [S;A ℄Nous requérons que A envoie les singularités de  aux singularités de A en préservantl'ordre.On onsidère en partiulier les trois sous-groupes (à un paramètre) de SL(2;R) qui ontun intérêt spéialgt = � et=2 00 e�t=2 � ; r� = � os � sin �� sin � os � � ; hs = � 1 s0 1 �en référene respetivement au �ot géodésique, irulaire et horoylique.Le �ot géodésique gt sur une di�érentielle quadratique (S;  ) a pour e�et d'étirer le longdes trajetoires horizontales de  par un fateur et et de ontrater le long des trajetoiresvertiales par et.Le �ot irulaire r� sur une di�érentielle quadratique (S;  ) a pour e�et de hanger ladiretion anonique dé�nie par  par un fateur d'angle �. Remarquons que e �ot laissela métrique invariante.Il est lair que la dé�nition implique que ette ation préserve haque strate. Parailleurs, il est possible de dé�nir une mesure �0 qui est SL(2;R)-invariante et absolumentontinue par rapport à la struture obifoldique dé�nie sur haque strate.Un résultat lassique, obtenu indépendamment par Masur et par Veeh, a�rme quee �ot agit ergodiquement sur haque omposante onnexe de haque strate (voir [Ma1℄et [V1℄) :Théorème (Masur; Veeh). [1982℄Le volume d'une strate normalisée (surfaes plates d'aire 1) est �nie par rapport à lamesure �0.Le �ot géodésique de Teihmüller gt agit ergodiquement sur haque omposante onnexede haque strate par rapport à la mesure �0.Motivés par e résultat, nous sommes intéressés par la lassi�ation de l'ensemble desomposantes onnexes des strates, 'est-à-dire l'ensemble des omposantes ergodiques du�ot géodésique. Il est bien onnu que es strates sont non vides, exepté 4 as exeptionnels



12en petit genre (voir [MaSm℄), et non onnexes en général. Néamoins, Veeh a montré qu'iln'y a qu'un nombre �ni de omposantes onnexes pour haque strate. En partiulier,en utilisant la théorie des Zippered Retangles (voir [V1℄), Veeh montre que l'ensembledes omposantes onnexes des strates des di�érentielles abéliennes est en bijetion avel'ensemble des lasses de Rauzy étendues. Ave ette desription, Veeh prouve que lastrate H(4) possède 2 omposantes onnexes et P. Arnoux prouve que la strate H(6)possède trois omposantes onnexes.Cette lassi�ation est très importante dans l'étude de ertaines lasses de SystèmesDynamiques. L'étude de e �ot géodésique a beauoup d'appliations. En genre 1,l'espae de Teihmüller Tg, munit de sa métrique de Teihmüller, est isométrique au demiplan supérieur H 2 munit de sa métrique hyperbolique standard. L'étude de l'ation degt sur Hg=1 oïnide ave l'étude standard du �ot géodésique sur la surfae modulairePSL(2;Z)nH 2 .
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PSfrag replaements PSL(2;Z)nH 2 'Mg=1
Ainsi, dans le as partiulier du genre 1, le Théorème de Masur et de Veeh peut êtrereformulé omme le résultat lassique, attribué à Hedlund (1935), qui a�rme que le �otgéodésique agit de manière ergodique sur la surfae modulaire par rapport à la mesurede Liouville. En partiulier, ette théorie bien onnue est reliée à la théorie lassique desfrations ontinues.En genre plus grand, le �ot géodésique est relié aux appliations linéaires par moreaux :les éhanges d'intervalles, et à l'indution de Rauzy. Pour une liste (inomplète) d'auteursqui ont étudié ela, nous référons à Arnoux, Keane, Rauzy, Veeh, Zorih...Dans les papiers [EsMa℄, [EsMaZo℄, A. Eskin, H. Masur et A. Zorih dérivent lespropriétés asymptotiques sur les surfaes plates génériques dans une omposante onnexedonnée d'une strate de l'espae des modules des di�érentielles abéliennes. Ils omptent lesgéodésiques fermées de longueurs bornées. A. Eskin and A. Okounkov (voir [EsOk℄) ontalulé le volume (par rapport à �0) de toutes es strates (normalisées).Dans e ontexte, un travail est en ours : Eskin et Okounkov (voir [EsOk2℄) utilisentnos résultats pour obtenir des résultats similaires dans le adre des di�érentielles quadra-tiques.En�n, en aord ave la orrespondane entre l'ensemble des omposantes onnexes etdes lasses de Rauzy étendues, ette lassi�ation donne une desription omplète pourl'ensemble des lasses de Rauzy étendues. Ces lasses ont été alulées en petit genre parA. Zorih (voir [Zo1℄ et [Zo2℄).



13Résultats onnusKontsevih et Zorih (voir [KoZo℄) ont obtenu une lassi�ation omplète des omposantesonnexes pour toutes les strates des di�érentielles abéliennes. En partiulier, ils ont montréqu'il y a au plus trois omposantes onnexes et que ette borne supérieure est atteinte pourla strate minimale H(2g� 2) et pour la strate H(2k; 2k). Ils utilisent deux invariants pourobtenir une telle lassi�ation : l'invariant d'hyperelliptiité et l'invariant de struture spin.La struture spin est l'invariant qui permet de lassi�er toutes les omposantes onnexesnon hyperelliptiques de toutes les strates (voir plus tard pour les dé�nitions). Ii nousprésentons les deux résultats prinipaux pour ette lassi�ation :Théorème (Kontsevih, Zorih). Toutes les omposantes onnexes d'une strate desdi�érentielles abéliennes sur une ourbe de genre g � 4 sont dérites par la liste suivante :La strate H(2g � 2) a trois omposantes onnexes : une hyperelliptique, Hhyp(2g � 2),et deux autres omposantes : Heven(2g � 2) et Hodd(2g � 2) orrespondant aux struturesspin paire et impaire.La strate H(2l; 2l), pour l � 2, a trois omposantes onnexes : une hyperelliptique,Hhyp(2l; 2l), et deux autres omposantes : Heven(2l; 2l) et Hodd(2l; 2l).Toutes les autres strates de la forme H(2l1; : : : ; 2ln), où tout li � 1, ont deux om-posantes onnexes : Heven(2l1; : : : ; 2ln) et Hodd(2l1; : : : ; 2ln), orrespondant aux struturesspin paire et impaire.La strate H(2l�1; 2l�1), l � 2, a deux omposantes onnexes une des deux, Hhyp(2l�1; 2l � 1), est hyperelliptique, l'autre Hnonhyp(2l � 1; 2l � 1) pas.Toutes les autres strates des di�érentielles abéliennes sur une ourbe de genre g � 4sont non vides et onnexes.Il faut aussi onsidérer la liste des omposantes onnexes dans les as de petits genres1 � g � 3, où il y a des omposantes qui manquent en omparaison au as général.Théorème (Kontsevih, Zorih). L'unique strate en genre 1, H(0) est onnexe.L'espae des modules des di�érentielles abéliennes sur une ourbe de genre g = 2 on-tient deux strates : H(1; 1) et H(2). Chaune d'entre elles est onnexe et oïnide ave saomposante onnexe hyperelliptique.Chaque strate H(2; 2), H(4) de l'espae des modules des di�érentielles abéliennes surune ourbe de genre 3 a deux omposantes onnexes : une hyperelliptique, et l'autre possé-dant la struture spin impaire.Les autres strates en genre 3 sont onnexes.Plan de la thèseDans ette thèse, nous donnons la desription omplète des omposantes onnexes de toutesles strates de l'espae des modules Qg des di�érentielles quadratiques. En partiulier nousmontrons qu'il y a au plus 2 omposantes onnexes et que e nombre est atteint pourles strates hyperelliptiques et pour quelques strates exeptionnelles. Les onstrutions desomposantes onnexes hyperelliptiques et le fait que ela produit des familles de stratesnon onnexes donne lieu à un artile (voir [La1℄ et l'Appendie).En outre, nous montrons que pour l'espae des modules des di�érentielles quadratiques(qui ne sont pas globalement le arré d'une 1�forme holomorphe), la struture spin est



14onstante sur haque strate. De plus, nous donnons une formule expliite pour déterminerla parité de ette struture spin, onnaissant le type des singularités (k1; : : : ; kn) de lastrate. Cei ontredit une onjeture de Kontsevih�Zorih qui a�rme que la struturespin distingue les omposantes non hyperelliptiques d'une strate Q(k1; : : : ; kn). Cela donnelieu à un artile (voir [La2℄ et l'Appendie).* * *Tout au long de ette thèse, nous notons par (S;  ) une surfae de demie translationave une holonomie non triviale dans une strate Q(k1; : : : ; kn) en genre g à n singularités.Nous supposons que l'aire de la surfae S, par rapport à la métrique plate dé�nie par  , est�nie. De manière équivalente, la forme  a au plus des p�les simples, 'est à dire ki � �1pour tout i. Nous ne onsidérons pas les points marqués, don ki 6= 0. La lassi�ationdans le as partiulier où ki = 0 pour ertains i oïnide ave notre lassi�ation. LeThéorème de Gauss�Bonnet implique :nXi=1 ki = 4g � 4Dans le Chapitre 6 de ette thèse, nous prouvons le résultat de lassi�ation suivant :Théorème Prinipal 1. Fixons le genre g � 5. Considérons les familles de stratessuivantes :F2 = f Q(4(g � k)� 6 ; 4k + 2) j 0 � k � g � 2gF3 = f Q(4(g � k)� 6 ; 2k + 1 ; 2k + 1) j 0 � k � g � 1gF4 = f Q((2(g � k)� 3 ; 2(g � k)� 3 ; 2k + 1 ; 2k + 1) j �1 � k � g � 2gdans l'espae des modules des di�érentielles quadratiques Qg. Alors nous avons :� Toutes les strates listées dans la famille i-dessus ont exatement 2 omposantesonnexes ; une hyperelliptique � l'autre non.� Toutes les autres strates de l'espae modulaire Qg sont onnexes.En petit genre, il y a quelques exeptions pour la lassi�ation : il y a quelques om-posantes qui manquent par rapport au as général. Il y a aussi quelques omposantesadditionnelles exeptionnelles. Tout d'abord, ertaines strates peuvent être vides :Théorème (Masur et Smillie). Considérons un veteur (k1; : : : ; kn) tel que tous leski 2 N[f�1g. Supposons queP ki = 0mod4 etP ki � �4. Alors la strate orrespondanteQ(k1; : : : ; kn) est non-vide, exepté dans les 4 as partiuliers suivants :Q(;);Q(1;�1) (en genre g = 1) et Q(4);Q(1; 3) (en genre g = 2)Le Théorème suivant donne la lassi�ation des omposantes onnexes pour les stratesde l'espae des modules en genre g = 0; : : : ; 4 :



15Théorème Prinipal 2. Fixons le genre 0 � g � 4. Alors :� En genre 0 et 1 toutes les strates de Qg sont onnexes.� En genre 2 toutes les strates sont onnexes exeptées les deux stratesQ(�1;�1; 6) et Q(�1;�1; 3; 3)pour lesquelles nous avons exatement 2 omposantes onnexes ; une hyperelliptique� l'autre non.� En genre 3, les strates qui ontiennent une omposante hyperelliptique ont exatement2 omposantes onnexes ; une hyperelliptique � l'autre non.Il existe 3 strates partiulièresQ(�1; 9) Q(�1; 3; 6) Q(�1; 3; 3; 3)qui ont 2 omposantes onnexes ; une adjaente à la strate minimale Q(8) � l'autrenon.Toutes les autres strates en genre 3 sont onnexes.� En genre 4, les strates qui ontiennent une omposante hyperelliptique ont exatement2 omposantes onnexes ; une hyperelliptique � l'autre non.La strate minimale Q(12) possède exatement 2 omposantes onnexes.Toutes les autres strates en genre 4 sont onnexes.Stratégie de la preuveLa preuve de es résultats utilise une ombinaison d'idées venant de la dynamique, dela géométrie algébrique et de la ombinatoire des lasses de Rauzy et des permutationsgénéralisées. Nous déomposons la démonstration générale en trois étapes omme suit.Tout d'abord, il y a trois séries à un paramètre de strates orrespondantes aux ourbesomplexes hyperelliptiques. Ces strates sont non-onnexes : elles possèdent une om-posante onnexe hyperelliptique et une omposante onnexe non-hyperelliptique.Ensuite nous montrons la dihotomie suivante : exepté trois as partiulier en genre 3,toute omposante onnexe est soit hyperelliptique soit attahée à la strate minimale ; 'està dire la strate Q(4g�4). A�n de prouver ei, nous montrons que toutes omposante non-hyperelliptique, exepté 3 as partiuliers en genre 3, possède une surfae ave un lien deselle de multipliité 1 que l'on peut �éraser�. Ainsi toute omposante non-hyperelliptiqueest adjaente à une strate de dimension plus petite, et don par réurrene à la strateminimale. Cette preuve est basée sur la ombinatoire et la dynamique des feuilletagesmesurés.La dernière étape est onsarée à la strate minimale. Nous montrons qu'elle est onnexepour le genre g � 5 et, en utilisant un résutat de Kontsevih�Zorih sur la onnexitéloale, que toute strate attahée à ette strate minimale l'est aussi. Nous proédons parréurrene sur le genre des surfaes. On montre diretement que la strate Q(16) en genre5 est onnexe, et de manière réursive pour g � 5, que la strate minimale de genre g estonnexe en utilisant l'argument de hirurgie �bubbling a handle�.



16Plan de la preuveLes Chapitres 1 et 2 sont prinipalement onsarés à l'étude et à la géométrie des dif-férentielles quadratiques : nous donnons le bakground néessaire en terme de feuilletagesmesurés induits par une di�érentielle quadratique. Les surfaes sont onsidérées ommedes surfaes Eulidiennes ave des singularités oniques ou omme des sufaes munie d'unepaire de feuilletages mesurés transverses. Dans e langage, nous avons la notion de feuilles.Nous appelons une séparatrie (separatrix) une feuille qui ontient un point singulier.Un lien de selle (saddle onnetion) est une séparatrie ompate homéomorphe à unsegment : un lien de selle entre deux selles di�érentes.Une boule de séparatrie (separatrix loop) est une séparatrie ompate homéomorphe àun erle : un lien de selle qui part d'une selle et revient à la même selle.Dans la dernière setion du Chapitre 1, nous obtenons une onstrution (basée surune onstrution de Hubbard et Masur (voir [HuMa℄) et sur une idée de Kontsevih) quiproduit un invariant topologique : les omposantes onnexes hyperelliptiques.Le nombre maximal de omposantes onnexes des strates est 2. Ce nombre est atteintpour les familles de strates pour lesquelles nous possédons un invariant : une omposantepeut être hyperelliptique ou non. Ce nombre est aussi atteint pour quelques strates exep-tionnelles en genre 3 et 4. En utilisant es invariants et des propriétées géométriques desfeuilletages mesurés, nous montrons que les strates listées dans le Théorème 1 ont au moinsdeux omposantes onnexes. Cei donne lieu à un artile (voir [La1℄). Nous distinguons lesomposantes exeptionnelles plus tard en utilisant des propriétées ombinatoires, à savoirles lasses de Rauzy. Pour notre programme de lassi�ation, nous montrons dans la suiteque toutes les autres strates sont onnexes et que les strates i-dessus ont au plus deuxomposantes onnexes.Dans le Chapitre 1 nous donnons deux onstrutions �lassiques� de surfaes de demietranslation. La première (�breaking up a singularity�) donne une méthode de onstrutionde di�érentielles quadratiques ave beauoup de singularités en �élatant� un zéro de ladi�érentielle initiale. La seonde (�bubbling a handle�) nous permet de onstruire unedi�érentielle quadratique en genre g + 1 en partant d'une di�érentielle quadratique surune surfae de genre g. Nous terminons e Chapitre en introduisant une onstrutionde revêtement double rami�é. Cette onstrution nous permet d'obtenir les omposantesonnexes hyperelliptiques.Dans le seond Chapitre, nous présentons tous les outils que nous allons utiliser dansla preuve. En partiulier, nous prouvons un résultat de densité (dans toute strate) del'ensemble de di�érentielles de type Jenkins�Strebel à un ylindre. De plus, nous pro-posons un moyen de oder es formes en utilisant la notion de �permutations généralisées�.Le odage de telles formes n'est pas unique mais une permutation détermine uniquementle type des singularités et aussi le type topologique de la strate sous-jaente. En parti-ulier, on montre plusieurs résultats en utilisant les propriétés de es objets ombinatoires.En e sens, les �permutations généralisées� sont l'outil prinipal pour notre programme delassi�ation. Dans le Chapitre 3, en utilisant ette notion de permutations, nous donnonsdes représentants expliites pour haque omposante onnexe.



17Dans le Chapitre 4, nous présentons le premier résultat prinipale pour la preuvede la lassi�ation. Nous y étudions l'adjaene des strates. Nous montrons que touteomposante onnexe non-hyperelliptique d'une strate possède une surfae plate qui peutse dégénérée en ontratant un lien de selle pour donner une surfae de Riemann non-singulière dans une strate de dimension plus petite. En e sens, on obtient une desriptionpréise de l'adjaene des strates. En utilisant ette desription, nous onluons que touteomposante onnexe d'une strate en genre g � 5 est soit hyperelliptique, soit adjaente àla strate minimale Q(4g � 4).Dans la dernière setion du Chapitre 4, nous donnons quelques résultats sur la onnexitéloale des strates au voisinage de la strate minimale. Nous en déduisons que pour une strate�xée, le nombre de omposantes onnexes non-hyperelliptiques est borné par le nombre deomposante onnexe de la strate minimale orrespondante. Cei nous donne une bornesupérieure sur le nombre de omposantes onnexes : il y a au plus #�0(Q(4g � 4)) + 1omposantes onnexes dans haque strate.Le Chapitre 5 est onsaré à l'étude de la strate minimale Q(4g� 4). Nous y montronsqu'elle est onnexe à partir du genre g � 5. Nous proédons par indution sur le genre gdes surfaes. L'étape d'indution est la hirurgie �bubbling a handle� dérite au Chapitre 1.Nous montrons que l'on peut toujours trouver, dans haque omposante onnexe de Q(4g�4), une surfae de demie-translation qui est obtenue par la hirurgie �bubbling a handle�sur une surfae de la strate Q(4(g � 1) � 4) en genre g � 1. En d'autres termes, nouspouvons �oublier� une anse pour abaisser le genre des surfaes. La preuve est basée sur laombinatoire des permutations généralisées.Dans le Chapitre 6 nous montrons les deux prinipaux résultats de ette thèse ; 'est-à-dire les Théorème 1 et Théorème 2. Nous montrons que toute omposante onnexe quin'est ni hyperelliptique, ni un des 3 as partiuliers donnés dans le Chapitre 3, est adjaenteà la strate minimale Q(4g � 4). Cei nous donne une borne supérieure sur le nombre deomposantes onnexes non-hyperelliptique: il y a au plus #�0(Q(4g � 4)) omposantesnon-hyperelliptiques. Le Théorème 1 est alors une onséquene direte du résultat duChapitre 5 (onnexité de la strate minimale en genre plus grand que 5) et de la desriptiondes omposantes onnexes hyperelliptiques (voir [La1℄). La suite de la preuve en petitgenre est omplètement similaire : nous distinguons plusieurs as suivant le nombre et laparité des singularités de la strate.Struture spinEn Appendie, nous donnons la dé�nition de la struture spin sur une ourbe omplexe.Dans l'espae des modules des di�érentielles abéliennes, la struture spin est l'invariantbasique qui permet de lassi�er les omposantes onnexes non-hyperelliptiques.En utilisant le point de vue géométrique de ette struture spin, nous montrons leThéorème 3 qui ontredit une onjeture de Kontsevih�Zorih qui a�rme que la struturespin distingue les omposantes onnexes hyperelliptiques des strates de l'espae des modulesQg. En outre, nous donnons une formule expliite pour aluler la parité de ette struturespin, onnaissant seulement le type des singularités de la forme. Nous montrons les deuxThéorèmes suivants orrespondants aux résultats énonés (voir aussi [La2℄) :



18Théorème Prinipal 3. La parité de la struture spin d'une di�érentielle quadratique  ,qui n'est pas le arré d'une 1�forme holomorphe, est indépendante du hoix de  dans unestrate Q(k1; : : : ; kl) donnée.Utilsant la onstrution expliite du revêtement des orientations, nous laulons ex-pliitement la parité de ette struture spin en terme uniquement du type des singularitésdes formes :Théorème Prinipal 4. Soit  une di�érentielle quadratique méromorphe sur une surfaede Riemann S ave le type de singularités Q(k1; : : : ; kl). Soit n+1 le nombre de zéros de de degré ki = 1 mod4, et soit n�1 le nombre de zéros de  de degré kj = 3 mod 4. Enoutre, nous supposons que tous les degrés des zéros restants satisfont kr = 0 mod 4. Avees onditions, la struture spin de !̂ sur Ŝ le revêtement double assoié, a un sens. Alorsla parité de la struture spin déterminée par  est donné par :�( ) = " jn+1 � n�1j4 # mod2où les rohets dénotent la partie entière.En utilisant ette formule, nous donnons une appliation dans le ontexte des billardsrationnels.
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Chapter 1Surgeries and branhed overingsIn this Chapter, we desribe some �lassial� onstrutions of half translation surfaes(see also [EsMaZo℄, [MaZo℄ and [KoZo℄). We also use an analogous onstrution of the�orientating� double rami�ed overing assoiated to a quadrati di�erential (see [HuMa℄).Construtions are geometri and use only the point of view of measured foliations on S. Inthe last setion of this Chapter, we give a onstrution of a double rami�ed overing anddedue an invariant to distinguish the onneted omponents: hyperelliptiity.1.1 Breaking up a singularityIn this setion, we want to �break up a singularity� of order k1 into two singularities oforders l and r with r + l = k1. Aording to the parity of l and r, the surgery that wepropose is loal or global.1.1.1 Loal onstrutionBreaking up a singularity into two singularitiesIn this setion, we onsider the two ases where l and r are even or k1 is odd. The surgerywe will desribe is loal (see Figure 1.1). We haveLemma 1. Consider a surfae in Q(k1; : : : ; kn). Choose l; r 2 f�1; 1; 2; 3; 4; : : : g, asfollows� if k1 is odd, l + r = k1; and l; r any.� if k1 is even, l + r = k1; and l; r even.For any  0 2 Q(k1; k2; : : : ; kn) and for any su�iently small " > 0 (depending on  0) it ispossible to onstrut a deformation  2 Q(l; r; k2; : : : ; kn) of  0 suh that the orresponding�at metri would have a horizontal saddle onnetion of length " joining the singularitiesP1 and P2 of orders l and r.The deformation an be hosen to be loal: the �at metri does not hange outside of asmall neighborhood of the zero of multipliity k1.Proof of Lemma 1. See referenes in Annexes (see also [La1℄).23



24 CHAPTER 1. SURGERIES AND BRANCHED COVERINGSBreaking up a singularity into three singularitiesNext, we will see that for breaking up an even zero into two odd zeroes, the onstrutionis global. Nevertheless we an extend the last onstrution to obtain another loal one: we�break up a zero� into three zeroes (see Figure 1.2)Lemma 2. Consider a surfae in Q(k1; : : : ; kn). Choose l; r; s 2 f�1; 1; 2; 3; 4; : : : g withl+ r+ s = k1 and l; r; s any. For any  0 2 Q(k1; k2; : : : ; kn) and for any su�iently small" > 0 (depending on  0) it is possible to onstrut a deformation  2 Q(l; r; s; k2; : : : ; kn)of  0 suh that the orresponding �at metri would have two horizontal saddle onnetionof length " joining the singularities P1, P2 and P2; P3 of orders l; r; s orrespondingly.The deformation an be hosen to be loal: the �at metri does not hange outside of asmall neighborhood of the zero of multipliity k1.Proof of Lemma 2. See referenes in Annexes (see also [La1℄).
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1.2. BUBBLING A HANDLE 251.1.2 Global onstrutionIn this setion, we onsider �breaking up a singularity� in two ases where l and r are odd(then k1 is even).The surgery is global. We use setion 1.2.3 to obtain a �at surfae S0 with an additionalhandle. We required that the angle between the two new setors is n1 = l+ 2 (n2 = r + 2if we onsider the omplementary angle). Now let us �erase� this handle to obtain a �atsurfae, also denoted by S0, with a boundary omponent. The boundary of the new surfaeS0 is exatly union of two separatrix loops 1 and 2 of length ". We ut this surfae alongthe point P1 to obtain a �at surfae with a boundary homeomorphi to a irle. Thenwe identify the two geodesis segments i by an isometry. We obtain a ompat Riemannsurfae, also denoted by S0. We an expliitly desribe this surgery in terms of the �atmetri so S0 is also a �at surfae. The types of singularities of S and S0 oinide exeptthat instead of P1 we obtain two singularities Q1 and Q2. Conial angle around thesepoints are n1 and n2. So the resulting �at surfae satisfy the desired onditions: two �new�zeroes of order l = n1 � 2 and r = n2 � 2. Note that we havek1 = n1 + n2 � 4 = (n1 � 2) + (n2 � 2) = l + r1.2 Bubbling a handleLet S be a half translation surfae with non-trivial holonomy. Let P1 2 S be a point ofmultipliity k1 with respet to the �at metri (k1 = 0 if P1 is a regular point, k1 = �1 ifP1 is a pole and k1 > 0 if P1 is a zero). We want to onstrut a half translation surfaeS0 in genus g + 1 starting with S in genus g. We �rst give a onstrution in a speial aseand then we desribe this surgery in full generality.1.2.1 A partiular onstrutionConstrutionLet � 2 S1 denote a diretion on S. In this diretion, we hoose a separatrix  whihontains the point P1. Let Q 2  be a point at distane at most " from P1 with " < "0.Here we suppose that [S;  ℄ 2 QD("0) (see Introdution for de�nition of these sets). Sothere are no singular points in the geodesi segment ℄P1;Q[. Then we ut the �at surfaeS along this segment [P1;Q℄. The resulting surfae, denoted by S0, is a �at surfae with aboundary omponent. By onstrution, the boundary is homeomorphi to a irle S1: theunion of two saddle onnetions between the two singularities P1 and Q on S0. We identifythese two points. The quotient surfae, still denoted by S0, is also a half translation surfaewith a boundary omponent homeomorphi to a bouquet of two irles: 1 and 2. Thelengths of eah of these two separatrix loops is ". Then we onsider a straight metriylinder C of perimeter ". We glue the top boundary omponent of this ylinder to 1 andthe bottom omponent to 2. The resulting surfae is a non-singular losed �at surfae.We obtain on S0 a measured foliation F 0. By onstrution, holonomy of the two foliationsF of S in the diretion � and F 0 on S0 oinide; that is F is oriented if and only if F 0 also.Moreover, the surfae S0 possesses the same type of singularities as S for all singular pointsdi�erent from P1 = Q. In this partiular point the onial angle in terms of the �at metri



26 CHAPTER 1. SURGERIES AND BRANCHED COVERINGSis (k1 + 2 + 4)� so the orresponding di�erential  0 has a zero of order k1 + 4. With ournotation in terms of strata, if [S;  ℄ 2 Q(k1; k2; : : : ; kn) then [S0;  0℄ 2 Q(k1+4; k2; : : : ; kn).Parameter spaeWe an alulate the parameters for the above surgery; that is the parameters spae. Theparameters responsible for the ylinder are the height h and the twist �. The parametersresponsible for the diretion and the utting on S are � and the length " of the geodesisegment [P1; Q℄. In other words, we have�f� 2 S1g � f0 < " < "0g�� �f0 < h < h0g � f� 2 S1g� = _D 2 � _D 2We would like to extend this onstrution whih will give us an additional disrete param-eter: the angle between the two �new� setors. In the previous onstrution, angle betweenthe two separatrix loops 1 and 2 are 2� (or (k1 + 2)� if we onsider the omplementaryangle).Let n1 and n2 satisfy n1 + n2 = k1 + 4. In setion 1.2.2 and 1.2.3 we are going toonstrut a �at surfae S0 with a simple ylinder by �bubbling� a handle suh that theangle of this handle is n1� (or n2� if we onsider the omplementary angle) in the �atmetri.
PSfrag replaements n1�

P1P1 QQ
P1 = QF

Figure 1.3: Here the onstrution of �bubbling a handle� at a zero of order 8. The anglebetween the two new setors is n1� with n1 = 2.1.2.2 Loal onstrutionIn this setion, we onsider �bubbling a handle� in two ases where n1; n2 are even or k1is odd. In these two ases, it is easy to generalize the previous onstrution. We an breakthe zero of order k1 into two zeroes of orders n1�2 and n2�2 (see previous setion 1.1.1).We an do it by a loal onstrution: the �at metri does not hange outside of a smallneighborhood of the zero of multipliity k1 (see Lemma 1). Then we ut the resultingsurfae along the saddle onnetion between these two zeroes. We identify the zeroes toobtain a �at surfae S0 with a boundary omponent whih is exatly the union of twoseparatrix loops of angle n1. Note that the surgery is loal.



1.3. BRANCHED COVERINGS 271.2.3 Global onstrutionIn this setion, we onsider �bubbling a handle� in the ase where the angles between thetwo new setors are n1� and n2� with n1 and n2 odd.In this ase, the onstrution is global. We refer to [MaZo℄ for details of this onstru-tion.Remark 1. The two above surgeries are related. In the loal onstrution, we an thinkof the parameters spae as one puntured omplex dis times a disrete parameter forthe surgery �breaking up a singularity�. For the surgery �bubbling a handle�, there is anadditional parameter: a puntured omplex dis for the additional metri ylinder.Remark 2. Using these surgeries, we obtain the following fat: there are some ompo-nents of the stratum Q(k1; k2; k3; : : : ; kn) whih are �aessible� by a surgery �breakingup a singularities� on a surfae inside the stratum Q(k1 + k2; k3; : : : ; kn). For the ase�bubbling a handle�, we have an analogous fat: there are some omponents of the stra-tum Q(k1; : : : ; ki +4; : : : ; kn) whih are �aessible� by a surgery �bubbling a handle� on asurfae inside the stratum Q(k1; : : : ; ki; : : : ; kn).In Chapter 4 and Chapter 3, we lassify all omponents in all strata whih ontain ahalf-translation surfae onstruts by one of these two surgeries. This lassi�ation allowsus to desribe in details the adjaeny of the strata.1.3 Branhed overingsThe main result of this setion is the onstrution of four one-parameters family of stratawhih are not onneted. This invariant whih is used is the notion of hyperellipti on-neted omponent. First we desribe a lassial onstrution of the �orientating doubleovering� (see [HuMa℄). Then we onstrut the hyperellipti omponents and prove theannouned statement. We refer to [La1℄ for details and proofs.1.3.1 Orientating double overingProposition. Let S2g be a Riemann surfae and let  be a quadrati di�erential on it.Then there exists a anonial (rami�ed) double overing � : Ŝ2~g ! S2g suh that �� =!̂2, where !̂ is an Abelian di�erential on Ŝ2̂g .Moreover, the images P 2 S2g of rami�ation points of the overing � are exatly thesingularities of odd degrees of  . The overing � : Ŝ2̂g ! S2g is the minimal (rami�ed) ov-ering suh that the quadrati di�erential �� beomes the square of an Abelian di�erentialon Ŝ2̂g .Note that the surfae Ŝ is onneted if and only if  is not the global square of anAbelian di�erential.Proof of the Proposition. Consider an atlas (Ui; zi)i on Ŝ2g = S2gnfsingularities of  g wherewe puntured all zeros and poles of  . We assume that all the harts Ui are onnetedand simply-onneted. The quadrati di�erential  an be represented in this atlas by a



28 CHAPTER 1. SURGERIES AND BRANCHED COVERINGSolletion of holomorphi funtions fi(zi), where zi 2 Ui, satisfying the relations:fi (zi(zj)) � dzidzj!2 = fj(zj) on Ui \ UjSine we have puntured all singularities of  any funtion fi(zi) is nonzero at Ui. Considertwo opies U�i of every hart Ui: one opy for every of two branhes g�i (zi) of g�(zi) :=pfi(zi) (of ourse, the assignment of �+� or ��� is not anonial). Now for every i identifythe part of U+i orresponding to Ui\Uj with the part of one of U�j orresponding to Uj\Uiin suh way that on the overlap the branhes would mathg+i (zi(zj)) � dzidzj = g�j (zj) on U+i \ U�jApply the analogous identi�ation to every U�i . We get a Riemann surfae with pun-tures provided with a holomorphi 1-form !̂ on it, where !̂ is presented by the olletionof holomorphi funtions g�i in the loal harts. It is an easy exerise to hek that �llingthe puntures we get a losed Riemann surfae Ŝ2̂g , and that !̂ extends to an Abeliandi�erential on it. We get a anonial (possibly rami�ed) double overing � : Ŝ2̂g ! S2g suhthat �� = !̂2.By onstrution the only points of the base S2g where the overing might be rami�edare the singularities of  . In a small neighborhood of zero of even degree 2k of  we anhose oordinates in whih  is presented as z2k(dz)2. In this hart we get two distintbranhes �zkdz of the square root. Thus the zeros of even degrees of  and the markedpoints are the regular points of the overing �. However, it easy to see that the overing� has a rami�ation point over any zero of odd degree and over any simple pole of  .1.3.2 Orientating double overing and homologial groupLet [S;  ℄ 2 Q(k1; : : : ; kn) be a point. Consider the orientating (or anonial) doubleovering � : Ŝ ! S desribed in the above onstrution suh that the pull-bak �� = !̂2beomes the global square of an Abelian di�erential !̂ on Ŝ. Let � be the natural involutionof ~S interhanging the points in the �bers of �. Let P̂1; : : : ; P̂r 2 Ŝ be the true zeros of !̂.Sine by onstrution ��!̂ = �!̂, the set fP̂1; : : : ; P̂rg is sent to itself by the involution � .Consider the indued involution�� : H1(Ŝ; fP̂1; : : : ; P̂rg; C ) ! H1(Ŝ; fP̂1; : : : ; P̂rg; C )of the relative ohomology group. The vetor spaeH1(Ŝ; fP̂1; : : : ; P̂rg; C ) splits into diretsum H1(Ŝ; fP̂1; : : : ; P̂rg; C ) = V1 � V�1of invariant and anti-invariant subspaes of the involution ��. We have already seen that[!̂℄ 2 V�1.In Chapter 2, we will use these groups to desribe loally the struture of the strata.In partiular, a small neighborhood of [!̂℄ in the anti-invariant subspae V�1 gives loaloordinates harts of a regular point [S;  ℄ (not a �xed point for a ellipti element of themodular group �g) inside the stratum Q(k1; : : : ; kn).



1.3. BRANCHED COVERINGS 291.3.3 ConstrutionHere we present a onstrution of a natural mapping of the strata indued by a rami�edovering of the �xed ombinatorial type.Let S2g be a Riemann surfae and let  0 be a quadrati di�erential on it whih is not asquare of an Abelian di�erential. Let (k1; : : : ; kn) be its singularity pattern. We do notexlude the ase when some of ki are equal to zero: by onvention this means that we havesome marked points.Let � : ~S2~g ! S2g be a (rami�ed) overing suh that the image of any rami�ationpoint of � is a marked point, or a zero, or a pole of the quadrati di�erential  0. Fix theombinatorial type of the overing �: the degree of the overing, the number of ritial�bers and the rami�ation index of the points in every ritial �ber. Consider the induedquadrati di�erential �� 0 on ~S2~g ; let (~k1; : : : ; ~km) be its singularity pattern.Deforming slightly the initial point [M2g ;  0℄ 2 Q(k1; : : : ; kn) we an onsider a rami�edovering over the deformed Riemann surfae of the same ombinatorial type as the overing�. This new overing would have exatly the same relation between the position and typesof the rami�ation points and the degrees and position of singularities of the deformedquadrati di�erential. This means that the indued quadrati di�erential �� would havethe same singularity pattern (~k1; : : : ; ~km) as �� 0. Thus we get a loal mappingQ(k1; : : : ; kn)! Q(~k1; : : : ; ~km)[S2g ;  ℄ 7! ( ~S2g ; �� )Note that in general the orresponding global mapping is multi-valued. See [La1℄ for detailsand proofs for this onstrution.Using this onstrution, we proveProposition 1. The mappingQ(k1; : : : ; kn)! Q(~k1; : : : ; ~km) (1.1)is loally an embedding.Note that the image of above mapping belongs to the set of quadrati di�erential whihis not the global square of an Abelian di�erential.Proof of the Proposition 1. We use the ohomologial oordinates (see setion 2.1.2) in theneighborhood of [S;  ℄ 2 Q(k1; : : : ; kn) and in the neighborhood of its image [ ~S; ~ ℄ 2Q(~k1; : : : ; ~km), where ~ = �� . These oordinates linearize the mapping, and the proofbeomes an exerise in algebrai topology. See the Annexes for details of the proof (seealso [La1℄).1.3.4 Hyperellipti onneted omponentsIn [La1℄, we lassify all ombinatorial types of strata suh that the dimension of the twoorbifolds Q(k1; : : : ; kn) and Q(~k1; : : : ; ~km) in the above Proposition oinide. For the strataQ(~k1; : : : ; ~km) we get exatly the list F2 t F3 t F4 given by Main Theorem 1.Moreover, the genus of surfaes in the orresponding strata Q(k1; : : : ; kn) is alwayszero. Next, we present an expliitly onstrution of the list F4. We will use the following



30 CHAPTER 1. SURGERIES AND BRANCHED COVERINGSProposition 2 (Kontsevih). Any stratum Q(k1; : : : ; kn) with P ki = �4 is onneted.Proof of the Proposition. Sine there is only one omplex struture on CP1 we an workin the standard atlas on CP1 = C [ (C � [1). In this atlas, we an easily �nd quadratidi�erentials f(z)(dz)2 with any presribed singularities at any presribed points (withthe evident ondition on the zeros, P ki = �4) just by hoosing an appropriate rationalfuntion f(z). The spae of on�gurations of points on a sphere is onneted; this impliesthe statement of the Proposition.Here, we present an expliitly onstrution of the list F4. Let us onsider the followingexample. Let us apply Constrution 1.3.3 in the following partiular ase. Consider ameromorphi quadrati di�erential  on CP1 having the singularity pattern (2(g � k) �3; 2k + 1;�12g+2), where k � �1, g � 1 and g � k � 2. Consider a rami�ed doubleovering � over CP1 having rami�ation points over 2g + 2 poles of  , and no otherrami�ation points. We obtain a hyperellipti Riemann surfae ~M of genus g with aquadrati di�erential �� on it. Obviously, the indued quadrati di�erential �� has thesingularity pattern (2(g�k)� 3; 2(g�k)� 3; 2k+1; 2k+1). Thus we get a loal mappingQ(2(g � k)� 3; 2k + 1;�12g+2)! Q(2(g � k)� 3; 2(g � k)� 3; 2k + 1; 2k + 1);where k � �1; g � 1 and g � k � 2. Using formula on the dimension of the strata (seeIntrodution) we getdimC Q(2(g � k)� 3; 2k + 1;�12g+2) = 2 � 0 + (2g + 4)� 2 = 2g + 2dimC Q(2(g � k)� 3; 2(g � k)� 3; 2k + 1; 2k + 1) = 2g + 4� 2 = 2g + 2The dimensions of the strata oinide. Above Proposition imply that the mapping is non-degenerate. Sine the stratum Q(2(g � k) � 3; 2k + 1;�12g+2) is onneted, as any otherstratum on CP1 by Proposition 2 the image of the mapping in the stratum Q(2(g � k) �3; 2(g � k)� 3; 2k + 1; 2k + 1) is also onneted.We obtain an open set on the stratum Q(2(g�k)�3; 2(g�k)�3; 2k+1; 2k+1) whihis invariant by the SL(2;R)�ation. By ergodiity of the geodesi �ow the image of themappingQ(2(g � k)� 3; 2k + 1;�12g+2)! Q(2(g � k)� 3; 2(g � k)� 3; 2k + 1; 2k + 1)gives us a full measure set in the orresponding onneted omponent of the stratumQ(2(g � k)� 3; 2(g � k)� 3; 2k + 1; 2k + 1):Thus we obtain a whole onneted omponent of these stratum. We all it the hyperelliptionneted omponent and denote it byQhyp(2(g � k)� 3; 2(g � k)� 3; 2k + 1; 2k + 1):Note that the singularities data of this stratum belongs to the list F4.Similarly to the previous ase we an easily hek oinidene of the dimensions of thestrata Q(2(g � k)� 3; 2k;�12g+1)! Q(2(g � k)� 3; 2(g � k)� 3; 4k + 2);



1.3. BRANCHED COVERINGS 31with k � 0, g � 1 and g � k � 1 andQ(2g � 2k � 4; 2k;�12g)! Q(4(g � k)� 6; 4k + 2)with k � 0, g � 2 and g � k � 2.The images of these mappings give us onneted omponents in the strataQ(2(g � k)� 3; 2(g � k)� 3; 4k + 2):and Q(4(g � k)� 6; 4k + 2):De�nition 1. The onneted omponents onstruted above are alled the hyperelliptiomponents and denoted by:1. Q(2(g � k)� 3; 2k + 1;�12g+2)! Qhyp(2(g � k)� 3; 2(g � k)� 3; 2k + 1; 2k + 1);where k � �1; g � 1; g�k � 2. The orresponding double overing has rami�ationpoints over 2g + 2 poles of meromorphi quadrati di�erential on CP1.2. Q(2(g � k)� 3; 2k;�12g+1)! Qhyp(2(g � k)� 3; 2(g � k)� 3; 4k + 2),where k � 0, g � 1 and g�k � 1. The orresponding double overing has rami�ationpoints over 2g + 1 poles and over the zero of degree 2k of meromorphi quadratidi�erential on CP1.3. Q(2g � 2k � 4; 2k;�12g)! Qhyp(4(g � k)� 6; 4k + 2),where k � 0, g � 2 and g�k � 2. The orresponding double overing has rami�ationpoints over all singularities of the quadrati di�erential on CP1.In Main Theorem 1, we have denoted above families of strata by F2 t F3 t F4.The Theorem below proves that there are no other onneted omponents whih anbe obtained using a similar onstrution.Theorem 1. Let Q(k1; : : : ; kn) be a stratum in the moduli spae of meromorphi quadratidi�erentials and let � : Ŝ ! S be a overing of �nite degree d > 1. Consider the mappingQ(k1; : : : ; kn)! Q(~k1; : : : ; ~km)indued by the overing � (see Constrution 1.3.3). Suppose that the image stratum is nota stratum of squares of Abelian di�erentials, and suppose that the mapping is neither ofone of the three types orresponding to hyperellipti omponents. ThendimC Q(k1; : : : ; kn) < dimC Q(~k1; : : : ; ~km)Proof. See [La1℄.Remark 3. Hyperellipti onneted omponents of the type F4 was �rst disovered byM. Kontsevih.In [La1℄, we proved that all of those strata (whih ontain an hyperellipti omponent)are not onneted in genera higher than 3. We show, using the geometry of measuredfoliation that it neessarily exists a non-hyperellipti omponent. Namely, we have thefollowing



32 CHAPTER 1. SURGERIES AND BRANCHED COVERINGSCorollary 1. Let us �x g � 3. Let us onsider the following families of strataF2 = f Q(4(g � k)� 6 ; 4k + 2) j 0 � k � g � 2gF3 = f Q(4(g � k)� 6 ; 2k + 1 ; 2k + 1) j 0 � k � g � 1gF4 = f Q((2(g � k)� 3 ; 2(g � k)� 3 ; 2k + 1 ; 2k + 1) j �1 � k � g � 2gThen all strata listed in the above families are not onneted: there is one hyperelliptionneted omponent and at least one non-hyperellipti onneted omponent.In the next of this thesis, we are going to prove that, in genera higher that 5, anyonneted omponent is either hyperellipti or attahed to the minimal stratum. This willprove Main Theorem 1.



Chapter 2ToolsIn this Chapter, we remind key results on the moduli spae and on the geometry of halftranslation surfaes. We propose a way to enode partiular �at surfaes: the Jenkins�Strebel forms with one ylinder. We refer to [DoHu℄, [HuMa℄ and [KoZo℄.2.1 Jenkins�Strebel surfaesAn important lass of quadrati di�erentials is given by Jenkins�Strebel di�erentials. Inthis setion, we explain these partiulars forms and we present some results about thedensity in the moduli spae. In addition, we propose a natural way to enode suh forms.2.1.1 Completely periodi foliationsLet � be the ritial graph of (S;  ) for the horizontal foliation, that is the union of allseparatries in the horizontal diretion. We want to study a partiular lass of �at surfaes:the one where � is ompat.Proposition 3. � is ompat if and only if the horizontal measured foliation of  isompletely periodi; that is in the horizontal diretion, any leaf is ompat.Proof of the Proposition. If � is ompat, one an de�ned an "�neighborhood of �:�(") = fP 2 S ; d(P;�) < "gfor all " > 0 (d is de�ned by the �at metri). Now let us onsider P 2 Sn�. We hoose "small enough suh that P 62 �("). Let us onsider the (horizontal) leaf  through P . Thedistane of P from �(") is positive thusd(Q;�(")) > 0 for all points Q 2 If the leaf  is non ompat then it is dense in a minimal omponent and so d(;�(")) =0 whih leads to a ontradition.Thus any regular leaf is ompat and so the foliation is ompletely periodi.In this ase, we say that the form  is of type Jenkins�Strebel.33



34 CHAPTER 2. TOOLSExample 1. A very large lass of these forms is given by Veeh surfaes in a periodidiretion, and, in partiular, by arithmetis surfaes.Reall that an arithmeti translation surfae (endow with an Abelian di�erential) is arami�ed overing over the two torus with only one ritial value. In an equivalent way,the group generated by absolutes and relatives periods is a lattie in C . A Theorem ofGutkin and Judge (see [GuJu℄) asserts that this ondition is also equivalent to the fat thatthe Veeh group is ommensurable to PSL(2;Z) (and so as onsequene it is a lattie).An arithmeti translation surfae (endowed with a quadrati di�erential) is a surfaesuh that the orientating double overing is an arithmeti surfae.2.1.2 Cohomologial oordinatesIt is a well-known part of the Teihmüller theory that Tg is a omplex manifold and HQgis the otangent bundle over the modular spae Mg = Tg=Mod(g). Here we desribe thisstruture in the ase of the prinipal stratum: the stratum Q(1; : : : ; 1) = Q(14g�4). Wereall that the dimension of this stratum isdimCQ(1; : : : ; 1) = 2 � dimC Tg = 6g � 6 (2.1)We refer to [DoHu℄ for details. For a Riemann surfae S endowed with a quadrati dif-ferential  whih is not the global square of an Abelian di�erential, reall that we noteby Ŝ the onneted Riemann surfae whih is the double over of S and � : Ŝ �! Sthe projetion. Let !̂ = p�� be one of the two square roots (see setion 1.3.1 for thenotations).Let [S;  ℄ 2 Qg be a point in the total spae with only simple zeroes. The Riemannsurfae Ŝ has a natural involution and so the various homology and ohomology spaesattahed to it. The vetor spae H0(S; 

2) an be identi�ed with H0(Ŝ; 
)� with theidenti�ation u 7! û = p��uThis allows us to de�ne the following map� : H0(S; 

2)! Hom(H1(Ŝ)�;R)u 7! � (u)(̂) = ReẐ ûThis map � is an R�isomorphism. Now we want to parametrized loally the prinipalstratum. Let [S0;  0℄ 2 Q(1; : : : ; 1) be a quadrati di�erential with only simples zeroes andlet U be a simply-onneted open neighborhood of  0 inside the prinipal stratum. Withthese onsiderations, we an identifyH1(Ŝ )� and H1(Ŝ 0)� for all  2 U (2.2)We de�ne the map � : U ! Hom(H1(Ŝ 0)�;R) by �( ) = � ( ), thus �( )() =Re R ! , where  is the yle on Ŝ orresponding to  with equation (2.2).Proposition (Douady, Hubbard). The map � is R�analyti and its derivative at  0is 12� 0 .



2.1. JENKINS�STREBEL SURFACES 35Proof of the Proposition. To ompute the value of the derivative on u 2 T 0 = H0(S; 

2)evaluated at ̂ 2 H1(Ŝ 0)�, one must �nd the derivative at 0 of the funtiont 7! <eẐ(t) ! 0+tu (2.3)where ̂(t) is the yle in H1(Ŝ 0+tu) orresponding to ̂ (see equation (2.2)). One maysuppose that ̂ is a loop on Ŝ 0 whih is the double over of a saddle onnetion  on Sbetween the two zeroes P1 and P2 (see [La2℄). The funtion (2.3) an be rewrittent 7! 2<eZ P2(t)P1(t) p 0 + tuwhere P1(t) and P2(t) are the zeroes of  0 + tu near P1 and P2. The derivative of thisintegral gives the result.Using the impliit funtion Theorem we have the followingCorollary. The map � is open in a neighborhood of  0. In addition, the moduli spaeQ(1; : : : ; 1) inherit of the struture of a omplex orbifold of dimension 6g � 6. �Using the ohomology group with relative periods, we have the following lassial resultTheorem (H. Masur; W. Veeh).Any stratum H(k1; : : : ; kn) is a omplex orbifold of dimensiondimCH(k1; : : : ; kn) = 2g + n� 1Any stratum Q(k1; : : : ; kn) is a omplex orbifold of dimensiondimCQ(k1; : : : ; kn) = 2g + n� 2In the ase of the prinipal stratum, above formula orresponds to the formula (2.1)with n = 4g � 4. The general formula is obtained by subtrating a dimension any time azero is ollapsed to higher order.2.1.3 Density resultsJenkins�Strebel formsLoals oordinates, whih were introdued independently by Masur and by Veeh, showthat arithmetis surfaes play the role of rational points inside the moduli spae. Morepreisely, a stratum is loally modeled by the ohomology group H1(S; singularities; C ).Taking points given by H1(S; singularities;Q � iQ);we obtain immediately the followingLemma 3. Jenkins�Strebel di�erentials are dense in eah stratum of the moduli spae.



36 CHAPTER 2. TOOLSProof. Obviously, a form whose absolutes and relatives periods are rational is a Jenkins�Strebel form.Douady and Hubbard proved something stronger: the Jenkins�Strebel di�erentialsare dense on eah Riemann surfae (see [DoHu℄) not just in a stratum.The omplement of �( ) in S is a disjoint union ofmaximal periodi omponents for thehorizontal foliation. These omponents are isometri to vertial metri straight ylinders,foliated by regular horizontal leaves. A simple omputation on the Euler harateristi,using these ylinders, shows that the maximal numbers of suh ylinders is 3g � 3, andit is obtain only by quadrati di�erentials having simple zeroes. By onsidering a thinertriangulation we obtainProposition 4. Let S be a half translation surfae and  the assoiated quadrati di�er-ential (here we do not suppose that the holonomy is non-trivial). We denote by Ev thenumber of zeroes of  of even multipliity and by 2Od the number of zeroes (or poles) of of odd multipliity. Let g be the genus of the surfae. Let us assume that the horizontalfoliation is ompletely periodi. Then the maximal number of ylinders isg � 1 +Ev +Odand this upper bound is sharp.Lemma 3 gives us a density result for the Jenkins�Strebel di�erential in eah stratum.We an also ask if the set of Jenkins�Strebel di�erentials with exatly r ylinders is densein the moduli spaes (where r is any integer in f1; : : : ; g�1+Ev +Odg). H. Masur proveda result of this type for the prinipal stratum (see [Ma3℄)Theorem 2 (Masur). Let r be an integer with 1 � r � 3g � 3. The set of Jenkins�Strebel di�erential with exatly r ylinders is dense inside the prinipal stratum Q(1; : : : ; 1)of genus g.Jenkins Strebel forms with one ylinderWe would like to extend this result (in the ase of r = 1) for all strata. The proof isgeometri and use an idea of M. Kontsevih and A. Zorih in the partiular ase where theform  is the global square of an Abelian di�erential ! on S.Theorem 3. Let Q(k1; : : : ; kn) be a stratum. Then the set of quadrati di�erentials suhthat the horizontal foliation is ompletely periodi, and deompose the surfae into a uniquestraight metri ylinder, is dense in eah onneted omponent of this stratum.We stress that we formulate this statement for eah onneted omponent. There isnow suh additional di�ulty sine for the prinipal stratum it is obviously onneted.Proof of Theorem 3. We follow the main idea given by the proof of the equivalent resultin the ase of Abelian di�erentials. First of all, let us prove that there exists an halftranslation surfae, in eah onneted omponent, suh that the horizontal foliation isompletely periodi and deomposes the surfae into a unique ylinder.



2.1. JENKINS�STREBEL SURFACES 37Let [S;  ℄ be a point in a given onneted omponent. Without loss of generality, wemay suppose that the surfae (Ŝ; !̂) over (S;  ) is an arithmeti surfae; that is a rami�edovering over the standard torus. The vertial foliation on S is ompletely periodi anddeompose the surfae into many (horizontal) ylinders Ci. Let us onsider  a losedregular urve, transversal to this foliation, of the following type. The surfae S is a rami�edovering � : S ! T2. Obviously, the measured foliation in a given diretion � on S is givenby the lift under the map � of the standard linear foliation on the two-torus T2 in thediretion �. We onsider a foliation on T2 in the diretion � = 1q with q arbitrary large.The lift of this foliation allows us to obtain a losed regular geodesi  on S, transversal tothe vertial foliation of  , suh that  does not ontains any singularity of  . In addition,we an hoose  suh that it length is arbitrary large with respet to the �at metri de�nedby  .The losed loop  uts vertial sides of ylinders Ci (that is the set of vertial saddleonnetions and separatrix loops) many times. By onstrution, �Cin is a disjoint unionof vertial intervals. We an always hoose  long enough to obtain there is at most onesingularity of  in eah vertial interval. Now we want to modify slightly the transversestruture to obtain a periodi horizontal foliation with only one ylinder. We do this asfollow.We ut the surfae along the vertial ritial graph �( ) of  and also along . Weobtain a �nite union of parallelogram Ri. The set of horizontal sides is a part of  andthe set of vertial sides is a part of the set of separatrix loops and saddle onnetions (forthe vertial foliation indued by  ). By onstrution, in eah vertial side of Ri, there isat most one singularity of  .Let us onstrut a new foliation as follow. We onserve all horizontal parameters andwe hange vertial parameters in the following way: we delare that the length of anyvertial side of Ri is 1 for all i. In addition, if there is a singularity loated on a vertialside, we delare that it is loated on the middle of this side. With our above onsideration,there is no ontradition. Finally we obtain a new set of parallelogram R0i endowed withthe natural metri dz2.Let (S0;  0) be the �at surfae onstrut from the new retangles R0i with the orre-sponding identi�ations of vertial and horizontal sides given by gluing desribed above.We obtain a �at surfae with the same singularities data of  .The surfae S and S0 are topologially the same. One an see that by onstrution thevertial ritial graph �( ) and �( 0) on S oinide. We just have hange absolute andrelative periods of the form  . The subvariety of quadrati di�erentials sharing the samevertial foliation is onneted and depends ontinuously on the suitable of deformationsof the vertial foliation (see [HuMa℄ and [V1℄). Thus it implies the two points [S;  ℄ and[S0;  0℄ belongs to the same onneted omponent. One an see that, by onstrution, thehorizontal foliation on S0 indued by  0 is ompletely periodi and deomposes the surfaeinto one ylinder, whih prove the �rst assertion.Now let us prove the seond assertion: the set of suh forms is dense in eah onnetedomponent. We denote by � : Ŝ ! S the orientating double overing and !2 = �� .By diret orollary of the main result of Veeh and Masur (see [Ma1℄ and [V1℄), withoutloss of generality, we may assume that the vertial foliation of ! on Ŝ is periodi andthe horizontal foliation of ! is uniquely ergodi. By onstrution the orresponding loop



38 CHAPTER 2. TOOLŜ on Ŝ is transverse to the vertial foliation. Always by onstrution, the orrespondingform !0 = �� 0 is obtained as the orresponding element of ̂ 2 H1(S;R) by the Poinaréduality. Thus: Z� <e(!) � 1ĵj#(� \ ̂) � 1ĵjZ� <e(!0)for any path � transverse to the vertial foliation indued by !0. Aording to the oho-mologial oordinates, hoosing  su�iently long, we an make  0=jj arbitrary lose tothe initial form  .This ahieves the proof of the Theorem.Remarks on the diretional �owThere are several results onerning dynamis of ei� with �xed  and variable � 2 S1. Inpartiular we have the following well-known result, whih should be attributed to Katokand KeaneProposition. Let  be a quadrati di�erential on S. Then we have� �f� 2 S1j suh that F� is minimal g� = 1where � denotes the normalized Lebesgue measure on the irle.Proof of the Proposition. The set of diretion suh that there exists a ompat separatrixis ountable. See Masur�Tabahnikov [MaTa℄.Proposition above shows that ompletely periodi diretions are �rare�. Moreover, fora generi translation surfae there is no � suh that the diretional �ow F� is periodi(see [Ma2℄).Surfaes having ompletely periodi diretion produing a single ylinder are even morerare (for the measure). Say, an arithmeti surfae whih has many ompletely periodidiretions may have no one-ylinder deompositions. We present an example in the Ap-pendix of an arithmeti surfae for whih any periodi deomposition produes at leasttwo ylinders.2.2 Generalized permutationsIn the previous setion, we have shown that the set of Jenkins�Strebel di�erentials withone ylinder is dense in eah onneted omponent. We want now to study the geometry ofsuh surfaes. In all of this setion, let (S;  ) denote a �at surfae suh that the horizontalfoliation is periodi and deompose the surfae into only one ylinder.We ut S along the ritial graph �( ) of  (note that this graph is ompat so itmakes sense). We obtain a vertial straight metri ylinder Cyl(S), suh that the boundaryomponents are represented by a union of saddle onnetions; by onstrution eah saddleonnetion is presented twie on the boundary of Cyl(S). To reonstrut our surfaeS, we identify these pairs of intervals in the following way: let 1; 2 denote intervalsorresponding to the saddle onnetion . If intervals 1; 2 are present in the sameside of Cyl(S), we identify them by a entral symmetry, otherwise we identify them by atranslation. The quotient surfae Cyl(S)=� is a half translation surfae, a�nely equivalent



2.2. GENERALIZED PERMUTATIONS 39to S. The form  is the image of the form dz2 on Cyl(S) whih is ompatible with theequivalene relation (note that in the ase of Abelian di�erential, identi�ations are onlytranslations so, the form dz is ompatible with the equivalene relation and we obtain aglobal 1�form on Cyl(S)=�). Endpoints of intervals produe singular points on S for  .The ation of the horoyli �owht = � 1 t0 1 � ; t 2 Ron S preserves the ylinder and twists the boundary. Ation of PSL(2;R) is ontinuous onthe strata, so we an assume that in eah onneted omponent there exists a surfae asabove with a vertial saddle onnetion . Now we ut S along � and  to obtain a metriretangle Re(S) = [0; l℄ � [0;h℄; where l is the length of a horizontal regular leaf and his the length of the vertial saddle onnetion  with respet to the transverse measure.Reall that the two horizontal sides of this retangle, that is [0; l℄ � 0 and [0; l℄ � h, are adisjoint union of intervals. We an enode identi�ations of gluing of theses intervals by a�permutation� as follows: we attribute to eah interval a number between 1 to r with theproperty that we put the same number on two intervals if and only if they are equivalentby �. We obtain a (generalized) permutation �. We will give a formal de�nition later.Note that, as above, if  = !2 for ! a global 1�form on S then � is a �true� permutationfrom the group Sr and the oding of intervals is given by the �rst return map of the vertial�ow on a regular horizontal leaf.Thus to eah onneted omponent, we an assoiated a �generalized� permutation. Ofourse, this onstrution is not anonial and we obtain a family of permutations, depend-ing the hoie of surfae, diretion and twist. Conversely, given a permutation �, we ansuspend a ontinuous family of �at surfaes over � as follows.Let � be an arbitrary (generalized) permutation. Let Re = [0; l℄� [0; 1℄ be a Eulidianretangle endowed with the form dz2. Choose a partition of the top and of the bottomboundary of R into a �nite number of intervals (given by the number of elements of �). Let�i denote the length of these intervals. We suppose that the vetor � is admissible for �(see below for a formal de�nition). We onstrut the surfae S := S(�; �) by the same wayas above: we identify horizontal intervals between them with respet to the ombinatorisof � (see Fig 2.1). Parameters of this onstrution are the length of the intervals. Usingthis remark, we an prove the followingLemma 4. The family of surfaes S(�; �) belongs to the same onneted omponent forall admissible vetors �.Proof of the Lemma. Note that the length �i of the intervals orrespond to the absoluteand to the relative periods of the orresponding form  on S. Thus the Lemma is a diretonsequene of the loal desription using the ohomologial oordinates.This onstrution implies a simple fat: we an enode the set of onneted omponentby using generalized permutations. In partiular, suh permutation determines ompletelythe type of singularities and so a stratum. In addition, above Lemma proves that it alsodetermines the onneted omponent of the stratum. The set of generalized permutations,for a �x stratum is obviously �nite. This gives an independent proof of the followingTheorem (Veeh). The set of onneted omponents of a stratum Q(k1; : : : ; kn) in themoduli spae Qg of meromorphi quadrati di�erentials is �nite.



40 CHAPTER 2. TOOLSIn the next, we will use this remark to show the onnetedness for some strata in lowgenera; surfaes where the ombinatoris is very simple. More preisely, we prove that thestrata Q(�1; 5), Q(2; 2) and Q(8) are onneted (see setion 3.1.2).Now we give the formal de�nition of a generalized permutation. In setion 2.2.5 wedesribe a orrespondene between dynamial properties of the vertial foliation on thesurfae S(�; lambda) and ombinatoris properties of the permutation �, namely the notionof irreduibility.2.2.1 A de�nitionWe �rst give a pratial de�nition and then we give a formal de�nition whih is obviouslyequivalent.Consider the multi-set X = f1; 1; 2; 2; : : : ; k; kg where eah element 1; 2; : : : ; k; k istaken with a multipliity two. A generalized permutation is an ordered partition of X intotwo ordered multi-sets, X = Y1 t Y2. In the present thesis we shall always onsider onlythose generalized permutations, for whih eah of Y1; Y2 ontains at least one entry ofmultipliity two. Y1 and Y2 are not neessarily of the same ardinality. Usually we presenta generalized permutation by a tabular:Example 2. � = � 1 2 3 4 3 5 46 6 1 5 2 �This tabular represents a permutation of type r = 7 and l = 5 where r = ard(Y1),l = ard(Y2) and k = (r + l)=2.One an hek that suspension over this generalized permutation gives surfaes in thestratum Q(�1; 9) (see Figure 2.1).Now, let us give a formal de�nition equivalent to the above de�nition.Let r; l be non negative integers. A generalized permutation � is an involution without�x points of the set f1; : : : ; r; r + 1; : : : ; r + lg.This notion is justi�ed by the fat that a �true� permutation �1 of the group Sr is ageneralized permutation with r = l and�(i) = r + ��11 (i); i � r�(i) = �1(i� r); i > rIn the present thesis, we required the following tehnial ondition whih is the dual ofthe ondition in the �rst given de�nitionthere exists i � r and j � r + 1 suh that �(i) � r and �(j) � r + 1This ondition omes from the geometry of the surfae: there is at least two pairs of intervalon eah horizontal side of the ylinder whih are identify by a entral symmetry. Note thatthis orrespond to measured foliations whih are non-orientable.



2.2. GENERALIZED PERMUTATIONS 412.2.2 Admissible vetorsLet � denote a generalized permutation of type (r; l). We say that � 2 Rr+l+ is an admissiblevetor (for �) if 8><>:�i = ��(i) for all i = 1; : : : ; r + lPri=1 �i =Plj=1 �r+jSome times, we normalize the last expression to 1. Geometrially Pri=1 �i is the perimeterof the ylinder, so when the height of the ylinder is hosen to be 1, the area of the �atsurfae S(�; �) in terms of the metri de�ned by  is 1.Note that for the �true� permutations � of the group Sr, the vetor(�1; : : : ; �r; ��(1); : : : ; ��(r))is admissible for any �i > 0. Thus the set of admissible vetors in this ase is the simplex� of Rr+ .In the general ase, the set of admissible vetors is a simpliial one of dimension(r + l)=2 � 1: we have an additional equation given by the length of intervals whih arepresented twie on the same boundaryXi�r�(i)�r �i = Xj�r+1�(j)�r+1�j (2.4)There is no anellations of terms in the last equation.2.2.3 Suspension over a generalized permutationLet � be a generalized permutation and � an admissible vetor for �. We denote by p(perimeter) the quantity p := rXi=1 �i = lXj=1 �r+jLet Re = [0; p℄� [0; 1℄ be a Eulidian retangle endowed with the form dz2. Considerthe partition of the two horizontal sides of Re in intervals of length �i. Now identifythese horizontal intervals with respet the ombinatoris of � in the following way. If twointervals are presented twie on a side, we identify them by a entrally symmetry and elsewe identify them by a translation. Identify also the two vertial sides between them by atranslation.The resulting spae is a Riemann surfae, denoted by S := S(�; �) endowed with anatural quadrati di�erential  = dz2. We all the �at surfae S := S(�; �) the suspensionover the element (�; �).Notation. The surfae S = S(�; �) deomposes into a single ylinder in the horizontaldiretion. By onstrution we always have, in the vertial diretion, a separatrix on thissurfae. We denote it by (�) � S.In our main program of lassi�ation, we want to show that in eah onneted om-ponent, one an �nd a saddle onnetion whih we an ollapse it to a point. In thenext setions, we will give su�ient onditions for the vertial saddle onnetion (�) is�ontratible�, namely the notion of irreduibility.



42 CHAPTER 2. TOOLSPSfrag replaements
� = � 1 1 23 2 3 � 11 2 233S(�; �) (�)�

Figure 2.1: A suspension over a permutation � with an appropriate admissible vetor �.The resulting point [S(�; �); dz2℄ belongs in the stratum Q(�1;�1; 2). The white bulletsorrespond to the poles and the blak bullets to the unique zero of the di�erential.2.2.4 IrreduibilityWe want to have a notion of irreduibility analogous to that for �true� permutations. Herewe �rst give the notion of weak reduibility and then the de�nition of the irreduibility fora generalized permutation.These notions are related to the dynamis of the vertial foliation of the orrespondingquadrati di�erential obtained by suspension.The weak irreduibilityWe say that � is weakly reduible if there exists 1 � i0 < r and r + 1 � j0 < r + l suhthat we have one of the three following deomposition ases� �(f1; : : : ; i0g) = fr + 1; : : : ; j0g� �(fi0 + 1; : : : ; r + 1g) = fj0 + 1; : : : ; r + lg� For all i � i0, if �(i) � r + 1 then �(i) � j0 else �(i) > i0.For all r + 1 � j � j0, if �(j) � r then �(j) � i0 else �(j) > j0.We say that � is weakly irreduible if there does not exist suh i0 < r, j0 < r + l. Wean hek that this ondition is equivalent to the lassial ondition of irreduibility for�true� permutations in the group Sr: �f1; : : : ; kg 6= f1; : : : ; kg for all 1 � k < r.For instane, the permutation in Example 2 is weakly irreduible.The above permutation � 1 2 3 4 3 56 1 2 6 5 4 �is weakly reduible with orresponding i0 = 3 and j0 = 9. We note by a vertial line theorresponding �invariant� multi-set.Remark 4. Let us onsider the surfae S(�; �). We normalize the length of the separatrix(�) to 1. Obviously, the ondition of weak irreduibility of � is equivalent to the followingfat: there exists a full Lesbesgue measure set of admissible vetors � suh that all vertialseparatries � (di�erent from (�)) on the �at surfae S(�; �), if any, veri�esj�j � 2



2.2. GENERALIZED PERMUTATIONS 43In other words, if � is weakly reduible then for all �, there exist a vertial separatrix �,di�erent from (�), of length 1.Proof of Remark 4. It is obvious.Our main goal is to obtain a ombinatorial ondition whih implies a stronger statementof above Remark 4. We want to obtainj�j � 3 for any vertial separatrix �This leads to the disussion of the ondition Irred2 and the notion of irreduibility.The ondition Irred2This notion is a little bit tehnial to present. We give in the next setion a geometriinterpretation. It is related to the length of the vertial separatries.We say that � does not satisfy the ondition Irred2 if there exist a deomposition of �into the following way (up to a permutation of lines of �):We an deompose the ordered multi-set Y1 (respetively Y2) into three ordered multi-sets Y 01 ; Y 001 ; Y 0001 ( respetively Y 02 ; Y 002 ; Y 0002 )suh that the permutation is as follow (in terms of tabular)� = � Y 01 Y 001 Y 0001Y 02 1 Y 002 1 Y 0002 �with 8>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>:

8i 2 Y 01 (�(i) 2 Y2 ) �(i) 2 Y 02�(i) 2 Y1 ) �(i) 2 Y 00018i 2 Y 001 (�(i) 2 Y2 ) �(i) 2 Y 002�(i) 2 Y1 ) �(i) 2 Y 0018j 2 Y 02 (�(j) 2 Y1 ) �(j) 2 Y 01�(j) 2 Y2 ) �(j) 2 Y 00028j 2 Y 002 (�(j) 2 Y1 ) �(j) 2 Y 001�(j) 2 Y2 ) �(j) 2 Y 002Example 3. The following permutation does not satisfy the ondition Irred2� 1 2 2 3 3 10 0 �We have a deomposition as above given by Y 01 = f1g, Y 001 = f2; 2; 3; 3g, Y 0001 = f1g andY 02 = f0g, Y 002 = ;, Y 0002 = f0g.The permutation in Example 2 satisfy the ondition Irred2.



44 CHAPTER 2. TOOLSUsing this notion, we have a statement analogous to Remark 4 on the length of thevertial separatries:Proposition 5. Let us onsider the surfae S(�; �). We normalize the length of the sepa-ratrix (�) to 1. Then the following onditions are equivalents:� � satisfy the ondition Irred2.� there exists a full Lesbesgue measure set of admissible vetors � suh that all vertialseparatries � (di�erent from (�)) on the �at surfae S(�; �), if any, veri�esj�j 6= 2Proof of Proposition 5. Obviously, if � does not satisfy the ondition Irred2 then for all�, there exists a vertial separatrix of length 2. Now let us prove that this ondition issu�ient.Let � be a generalized permutation. We are going to prove that for an admissiblevetor �, if �i�j 62 Q , for any i 6= j and if there exists a vertial separatrix of length 2, thenthe permutation will not satisfy the ondition Irred2.So let us assume that there exists a losed vertial separatrix � of length 2. We obtain(up to a permutation of sides of the ylinder) one of the following two ases Figure 2.2 andFigure 2.3.PSfrag replaements i0 i1
j0 j1" "S(�; �) (�)

Figure 2.2: A separatrix of length 2 (here the anonial separatrix (�) has length 1). Thetwo orresponding intervals of length �0j0 and �i1 numbered by j0 and i1 are glued by atranslation.PSfrag replaements i0 i1
j0 j1""S(�; �) (�)

Figure 2.3: A separatrix of length 2 (here the anonial separatrix (�) has length 1). Thetwo orresponding intervals of length �0j0 and �0j1 numbered by j0 and j1 are glued by aentrally symmetry.To �x the notations, we denote by �i the length of the intervals on the upper horizontalpart of the ylinder and by �0j the length of the intervals on the lower horizontal part of



2.2. GENERALIZED PERMUTATIONS 45the ylinder. In addition, we have a linear relation on the �i and �0i given by the perimeterof the ylinder (see Equation 2.4). With these notations, we have for the �rst ase:�i1 = �0j0and for the seond ase �0j0 = �0j1Now, for eah ase, we get two equations given by the fat that there exists a vertialseparatrix of length 2 (see Figures 2.2 and 2.3 for details). For the �rst ase, we get:i0Xi=1 �i = j0Xj=1 �0j � " and i1Xi=1 �i � " = j1Xj=1 �0jwhih gives by adding these two formulas2 i0Xi=1 �i + i1Xi=i0+1�i = 2 j0Xj=1 �0j + j1Xj=j0+1�0j (2.5)And for the seond ase, we get:i0�1Xi=1 �i = j0�1Xj=1 �0j + " and i1Xi=1 �i = j1Xj=1 �0j � "whih gives by adding these two formulas2 i0�1Xi=1 �i + i1Xi=i0 �i = 2 j0�1Xj=1 �0j + j1�1Xj=j0+1�0j + 2�0j0 (2.6)In order to prove the Proposition, reall that the �i and �0j are independents over Q .First we remark that Equation (2.5) is not satisfy: the oe�ient of �i1 and �0j0 is di�erent.Seondly, Equation (2.6) must be trivial (that is we must obtain 0 = 0). Comparingthe oe�ients on the length of the intervals and using relation (2.4) we get that � doesnot satisfy the ondition Irred2.Proposition 5 is proved.IrreduibilityDe�nition 2. We say that � is irreduible if � is weakly irreduible and satis�es theondition Irred2.There is obviously many generalized permutations whih are weakly irreduible butdoes not satisfy the ondition Irred2; for instane the permutation of Example 3.In Chapter 3 we onsider a partiular lass of generalized permutations for whih theondition Irred2 is a onsequene of the weak irreduibility.



46 CHAPTER 2. TOOLS2.2.5 A geometri propertyWe want to use the notion of irreduibility of a generalized permutation � to obtain someproperties on the vertial foliation on the surfae S(�; �) for spei� �. By onstrution,we always have a vertial separatrix (�) on the surfae S. We normalize its length to 1.The next Proposition is obviously the onsequene of Remark 4 and Proposition 5.Proposition 6. Let � be an irreduible permutation. Let us normalize the length of theanonial vertial separatrix (�) to 1 on the orresponding surfae S = S(�; �) obtainedby suspension over �. Then there exists a full Lesbesgue measure set of admissible vetors� suh that all vertial separatries �, di�erent from (�), on the �at surfae S(�; �), ifany, veri�es j�j � 3Proof of Proposition 6. The proof is obvious using Remark 4 and Proposition 5: the lengthof any separatrix is an integer di�erent from 1 and 2 for a full Lesbesgue measure set.This ondition is related to the notion of multipliity of a separatrix (see setion 2.3.3below). We will prove that, under this ondition, the vertial saddle onnetion (�) anbe ollapsed to a point.For �true� permutations, irreduibility oinides with the lassial de�nition. Moreoverthe Keane ondition implies the i.d.o.. property for the orresponding interval exhangemap as soon as all �i are independents over Q (see [Ke℄). Thus for �true� permutations,we obtain that vertial ritial leaves satisfy j�j = 1, exept for the anonial vertialseparatrix (�).2.2.6 Irreduibility and weakly irreduibilityHere we present a lass of permutations for whih the irreduibility is a onsequene of theweakly irreduibility.Condition (�). Let � be a generalized permutation. We suppose that there exist only oneindex i0 � n (respetively j0 � n+ 1) suh that �(i0) � n (respetively �(j0) � n+ 1).We an translate this ombinatoris ondition in terms of �at surfaes. Let S denotethe �at surfae obtained by suspension over � with an arbitrary admissible vetor. Thenone an see that the above ondition is equivalent to the following one:there exists exatly two separatrix loops 1 and 2 suh that for all other separatrix loop�, the two orresponding intervals �1 and �2 are not in the same horizontal side of thestraight ylinder Sn�( ).Obviously, if � satisfy the ondition (�) then the weak irreduibility imply the irre-duibility.2.2.7 Cyli orderWe always assume that the elements of the submultisets Y1 and Y2 of a generalized per-mutation (for the �rst De�nition) are organized in the natural yli order. Say, for thepermutation of Example 2 we have 1 7! 2 7! : : : 7! 4 7! and 6 7! 6 7! 1 7! 5 7! 2 7!. Wede�ned a natural equivalene relation on the set of generalized permutation by rotating



2.3. �HOMOLOGOUS SADDLES CONNECTIONS 47elements of the multi-set Y1 and Y2. For example, permutation of Example 2 is equivalentto the following one� � � 5 4 1 2 3 4 35 2 6 6 1 � = � 1 2 3 4 5 2 41 5 6 6 3 �Note that this relation does not preserve the ondition of irreduibility but by onstru-tion, it preserves the stratum and also the onneted omponent. This ombinatorialtransformation orresponds to the ation of the horoyli �ow on the suspension S(�; �):it preserves the ylinder and twist the boundary.2.3 �Homologous saddles onnetions2.3.1 Canonial double overing and homologial groupLet S be a half translation surfae with non-trivial holonomy. We denote by �̂ : Ŝ ! Sthe standard orientating double overing (see setion 1.3.1). Let  be a ompat separatrixon S. We onsider + and � the two lifts of  by �̂. We hoose an orientation of . So,aording to this hoie, we an de�nê = [+℄� [�℄(̂ is well de�ned up to a sign). If Pi denote singularities of  on S and P̂i singularitiesof �̂� = (!̂)2 on Ŝ, we note by H+1 (Ŝ; fP̂ig; C ) the �rst homologial group invariant withrespet to the involution and H�1 (Ŝ; fP̂ig; C ) the �rst homologial group anti-invariantwith respet to the involution (see setion 1.3.2). By de�nition:̂ 2 H�1 =�2.3.2 �Homologous saddles onnetionsWe say that two losed loops  and � are �homologous if orresponding loops ̂ and �̂ on Ŝare proportional in the group H�1 . Note that this de�nition does not depend of hoie oforientation of yles neither hoie of diretion on S. Moreover,  and � do not need to belosed. For instane, we an have a saddle onnetion (homeomorphi to a segment) whihis �homologous to a separatrix loop (homeomorphi to a irle). The following Propositiongives a neessary ondition for two separatries to be �homologous (see [MaZo℄ for details)Example 4. In Figure 2.1, one an see that the vertial saddle onnetion (�) and thevertial separatrix loop � are �homologous. More preisely, we have[d(�)℄ = [�̂℄Proposition 7. If  and � are two �homologous separatrix (saddle onnetion or separatrixloop), then they are parallel and their length satisfy (with respet to the transverse measure)jjj�j 2 (1; 2; 12)Proof of Proposition 7. See [MaZo℄.



48 CHAPTER 2. TOOLS2.3.3 MultipliityMultipliity of a separatrixLet  be a separatrix. We say that  has multipliity n if there exists exatly n di�erentseparatries �homologous to . In the next, we are interested to obtain separatries ofmultipliity 1.Multipliity of a simple ylinderHere we give the De�nition of a simple ylinder.De�nition 3. Let S be a �at surfae. Let us assume that S possesses a ylinder (in thehorizontal diretion). We say that this ylinder is simple if eah boundary omponent ofit is a single ompat separatrixA lassial way to obtain simple ylinders on a surfae is the onstrution �bubbling ahandle� at a singularities (see Figure 1.2).We say that the simple ylinder has multipliity n if the the multipliity of the orre-sponding separatrix is n.2.4 Properties of surgeries of Chapter 1In this setion, we give some properties onerning onstrutions desribed in Chapter 1.We denote by (S;  ) a �at surfae in the stratum Q(k1; : : : ; kn). We will onsider the twosurgeries �break up a singularity� and �bubbling a handle� on a point Pi on S of order ki forthe quadrati di�erential  . We want to give neessary and su�ient onditions, in termsof homology, to obtain surfaes by the surgery �break up a singularity� and �bubbling ahandle�.2.4.1 Properties of �breaking up a singularity�Multipliity 1 and surgery �breaking up a singularity�Let S0 be onstruted from S by �breaking up� the zero P 2 S into two zeroes P1 2 S0and P2 2 S0. The saddle onnetion , between P1 and P2 on S0, an be hosen arbitrarysmall with respet to the other. In partiular, Proposition 7 imply thatmult() = 1Reiproally, it is possible to show that if a surfae S0, with two zeroes P 01 and P 02, possessesa saddle onnetion , between these two points, of multipliity 1 then it is possible to�ollapse� this saddle to a point to obtain a non-degenerated Riemann surfae. In otherword this surfae is obtained from a surfae in a lower dimentionnal stratum, by �breakingup� a zero P into the two zeroes P 01 and P 02.We �rst present an informal argument how to ollapse a saddle onnetion of multi-pliity one. Then we give the general statement.



2.4. PROPERTIES OF SURGERIES OF CHAPTER 1 49How to ollapse a saddle onnetion ?Let us assume that we have obtained a surfae S(�; �) suh that the vertial saddle on-netion (�) has multipliity 1. Reall that it is the ase for a full Lebesgue measure setof � when the generalized permutation is irreduible. For simpliity, we assume that thissurfae is in the stratum Q(k; 4g � 4� k); the general ase is similar.The surfae has two onial singularities of angle (k+2)� and (4g � 2� k)�. So thereare preisely 4g intervals on the horizontal sides of the orresponding retangle. Let usdeform slightly these horizontal intervals of the retangle to obtain a polygon in C (seeFigure 2.4). The ontinuous deformation family belongs to a �x onneted omponent. Wean ompute omplex parameters responsible for this deformation: there are 4g intervalswhih are identifying one-to-one, so it produes 2g omplex parameters. There is also thevertial parameter. In addition, we have a restrition given by the equation on the lengthof the perimeter of the ylinder. So we obtain2g + 1� 1 = 2g omplex parametersAording to Masur and Veeh, the omplex dimension of the orbifold Q(k; 4g � 4� k) isdimC Q(k; 4g � 4� k) = 2g + 2� 2 = 2gSo we obtain a small open set inside this stratum.For eah surfaes in this open set, there exists a saddle onnetion of multipliityone. Thus we an present, by deformation of theses surfaes in this partiular onnetedomponent, a polygon with a �small� vertial saddle onnetion (see Figure 2.4).
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4PSfrag replaements (S;  1) (S;  2)Figure 2.4: Let us onsider the following two polygons in R2 . We make identi�ations onthe boundary aording to the number of intervals by the following way: we identify theorresponding intervals 5 and 6 by a entrally symmetry. We identify the orrespondingintervals 0; 1; 2; 3; 4 by a translation. The resulting spaes are Riemann surfaes S of genus3. The form dz2 is ompatible with identi�ations so it indues two quadrati di�erentials 1 and  2 on S. For the polygon on the left, one an hek that the white bullet give azero with onial angle of 6� and the blak bullet give a zero with onial angle of 6�. Inother word, we obtain a point [S;  1℄ inside the stratum Q(4; 4). With the same type ofarguments, [S;  2℄ 2 Q(8). One an see that we an ollapse the vertial saddle onnetionnumbered 0 on S to a single point. The resulting surfae is the non-degenerated �at surfae(S;  2).One an easily see that we an ollapse the vertial saddle onnetion (�) to a pointto obtain a regular Riemann surfae endowed with a �at metri with a single onial



50 CHAPTER 2. TOOLSsingularity of angle (4g � 2)�; that is a zero, for the orresponding quadrati di�erential,of degree 4g � 4.Now, we give a preise announed and proof of the above result.Proposition 8. Let [S0;  0℄ 2 Q(k1; : : : ; kn) be a �at surfae with multipliity 1 saddleonnetion between the two di�erent singularities Pi and Pj. Then there exists a �atsurfae [S;  ℄ 2 Q(k1; : : : ; k̂i; : : : ; k̂j ; : : : ; kn; ki + kj) suh that we an �break up� the zeroof order Pi + Pj on S into two zeroes of order Pi and Pj to obtain the surfae (S0;  0).Here, the notation (k1; : : : ; k̂i; : : : ; kn) stands for the list where we forgot the index ki.Proof of Proposition 8. We present a proof of this result in the ase where the surgery isloal that is ki and kj are not both odd. For instane, we onsider the ase where ki andkj are even. For the general ase we refer to [MaZo℄.Let us assume that (S;  ) has a multipliity 1 saddle onnetion. This property isde�ned in terms of the homology of S thus, the ohomologial oordinates imply thatthis property is true in a small open set of [S;  ℄ inside the orresponding stratum. Thisproperty is also stable by the geodesi �ow, so ergodiity of this �ow give us a full measureset of surfaes with a saddle onnetion of multipliity 1, inside the onneted omponent.In other words, we an assume that the saddle onnetion whih has multipliity 1 haslength " and all other separatries (in the same diretion) have length at least "+ 1. Nowlet us onsider a metri neighborhood U of the two points Pi and Pj on S. That is thereunion of ki + kj + 2 half Eulidian diss. This is possible with assumption on the parityof ki and kj (we present suh neighborhood in Figure 1.1).The length of this saddle onnetion an be hosen arbitrary small with respet to theother thus we an assume that there is no other separatrix in U . Now we an take thisopen set U and onstrut loally a single zero of order ki+kj (see Lemma 1). The resultingsurfae (S0;  0) satisfy to the Proposition.Proposition 8 is proved.Lift of pathsWe onsider the surgery �breaking up a singularity� at the point Pi. Let us denote theresulting surfae (S0;  0) in the orresponding stratum Q(k1; : : : ; l; r; : : : ; kn) with ki = l+r.We suppose in addition that l and r are not odd at the same time. There are many waysto break up the singularity into two singularity of order l and r. One an see that thesurgery is loal: the �at metri does not hange outside of a small neighborhood of thesingularity Pi. Hene all surfaes (S0;  0) obtained by breaking up the zero Pi of order kiinto two zeroes of order l and r belong to the same onneted omponent. Moreover, thisonstrution allows us to obtain a �ber bundleQ(k1; : : : ; l; r; : : : ; kn)! Q(k1; : : : ; kn)with �bers homeomorphi to a produt of two omplex diss. Thus we haveProposition 9. Let [S0;  0℄ 2 Q(k1; : : : ; l; r; : : : ; kn) be as above.Let � : [0; 1℄ �! Q(k1; : : : ; kn) be any ontinuous path with �(0) = [S;  ℄. Then we anonstrut a ontinuous path �0 : [0; 1℄ �! Q(k1; : : : ; l; r; : : : ; kn) with �0(0) = [S0;  0℄ bybreaking up the singularity Pi of the �at surfae �(t).



2.4. PROPERTIES OF SURGERIES OF CHAPTER 1 51We will reformulate these results in terms of adjaeny and loal onnetedness inChapter 4.2.4.2 Properties of �bubbling a handle�Multipliity 1 and simple ylinderWe onsider the surgery �bubbling a handle� at the point Pi. Let us denote the resultingsurfae (S0;  0) in the orresponding stratum Q(k1; : : : ; ki + 4; : : : ; kn). We suppose inaddition that the angle between the two new setors is not odd if ki is even (see Chapter 1for details). One an prove easily the following two Propositions. Essentially, it is a diretorollary of the previous Proposition in terms of the surgery �breaking up a singularity�.Let [S;  ℄ 2 Q(4g � 4) be a point with g � 3. Let S0 be onstrut from S by �bubblinga handle� to the unique zero of S. By onstrution, the separatrix loop , whih is theboundary omponent of the additional ylinder, an be hosen arbitrary small with respetto the other (see setion 1.2). Thus Proposition 7 imply thatmult() = 1Reiproally, it is possible to show that if a surfae S0 in the minimal stratum of genusg, possesses a simple ylinder of multipliity 1, then it is possible to �shrink� this ylinder.In other word this surfae is obtain from a surfae in the minimal stratum of genus g � 1,by �bubbling a handle� at the unique zero of the di�erential.How to shrink a simple ylinder ?It is easy to see that the two onstrutions �bubbling a handle� and �breaking up a singu-larity� are related. Using this relation and Proposition 8, we easily proveProposition 10. Let [S0;  0℄ 2 Q(4g � 4) be a �at surfae with a simple ylinder ofmultipliity 1. Then there exists a �at surfae [S;  ℄ 2 Q(4(g � 1) � 4) suh that we an�bubbling a handle� at the unique zero of  on S to obtain the surfae (S0;  0).Proof of Proposition 10. In Figure 2.5 we give the relation between the two above on-strutions. Then Proposition 10 is a diret orollary of Proposition 8.Lift of pathsProposition 11. Let [S01;  01℄, [S02;  02℄ be two points in the stratum Q(k1; : : : ; ki+4; : : : ; kn).Suppose that these surfaes are obtained by �bubbling a handle� at the same zero Pi of asurfae [S;  ℄ in Q(k1; : : : ; kn). In addition let us assume the angle between the new setorsis the same in the two onstrutions.Then [S01;  01℄ and [S02;  02℄ belong to the same onneted omponent of the stratumQ(k1; : : : ; ki + 4; : : : ; kn).The following Proposition is a diret orollary of the Proposition 9Proposition 12. Let � : [0; 1℄ �! Q(k1; : : : ; kn) be any ontinuous path with �(0) = [S;  ℄.Then we an onstrut a ontinuous path �0 : [0; 1℄ �! Q(k1; : : : ; ki + 4; : : : ; kn) with�0(0) = [S0;  0℄ by �bubbling a handle� at the singularity Pi along the path �.
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Figure 2.5: On the left, the diagram represent a simple ylinder �attahed� to a zero oforder 8. We ut the surfae along this ylinder to obtain two �homologous separatrix loops1; 2. We an deform the �at metri to obtain a �at surfae with two singularities. Thedegree of these saddles depends of the degree of the initial zero and the angle between1 and 2. Here we have a zero of order 8 and the angle between the setor is 4�. Thuswe obtain two zeroes of order 2. If the initial simple ylinder has multipliity 1, then themultipliity of the saddle onnetion  is 1. Applying Proposition 8, we an ollapse thissaddle onnetion to a point. The resulting surfae is a non-singular Riemann surfae. Atthe point P , the di�erential has a zero of order 4.The map �We want to desribe preisely properties of the surgery �bubbling a handle�. In this setionwe formalize this notion. For our main lassi�ation program, we need to onsider onlytwo strata but all results an easily be generalized when onstrutions are loal.Let Q(�1; 4g � 3) be a stratum in genus g � 2. Let C be a onneted omponent ofthis stratum and [S;  ℄ 2 C be a point. We onstrut the �at surfae (S0;  0) from (S;  )by the surgery �bubbling a handle� at the unique zero of  with orresponding parameters:arbitrary ontinuous parameters and disrete parameter s (angles between the two newsetors). By Proposition 12, the onneted omponent C0 � Q(�1; 4g + 1) whih ontainsthe point [S0;  0℄ does not depends of [S;  ℄ inside C. Moreover, Proposition 11 asserts thatfor s �x, the omponent C0 does not depends of hoie of ontinuous parameters. In otherword, we have as an immediately orollaryLemma 5. With above notations, the following map� : �0(Q(�1; 4g � 3))� N ! �0(Q(�1; 4g + 1))(C; s) 7! C � s := C0is well de�ned for all g � 2.Here �0(E) denote the set of onneted omponent of the topologial spae E.



2.5. TWO FUNDAMENTALS OBSERVATIONS 53Remark 5. In Appendix, we give an example of a �at surfae in the stratum Q(2; 6)and we present two ways to obtain surfaes from our initial surfae using the surgery�bubbling a handle� on the zero of order 6. The angle between the two additional setorsin the two onstrutions is 3�. Thus we obtain two points inside the stratum Q(2; 10).The surgery is not loal. We desribe one way to obtain a point inside the hyperelliptionneted omponent of the stratum Q(2; 10) and one way to obtain a point inside thenon-hyperellipti onneted omponent.In this sense, the map � does not extend when the surgery is not loalNevertheless, a onsequene of Theorem 6 is that this map is also well de�ned for theminimal stratum. Namely, the following Lemma holdsLemma 6. With the above notation, the following map� : �0(Q(4g � 4)) � N ! �0(Q(4g))(C; s) 7! C � s := C0is well de�ned for all g � 3.Note that in the two above Lemma the orresponding angle between the two new setorsis hosen modulo 2g hene we an �x s 2 f1; : : : ; 2gg.We an easily prove the following properties for the map �Property. Let us �x C a onneted omponent of a stratum in genus g � 5. The map �satisfy the three following properties� � is ommutative �on the right�: C � s1 � s2 = C � s2 � s1 for all s1; s2.� C � s1 � s2 = C � (s2 � 2)� (s1 + 2) if s2 � 3� C � s1 � s2 = C � (s2 � 4)� s1 if s2 � s1 � 4Proof. The proof is obvious using the desription in terms of diagrams.2.5 Two fundamentals observationsHere we present two fundamentals observations. We give some onditions on a generalizedpermutation � suh that the suspended �at surfae S(�; �) is obtain by one of the twosurgeries �breaking up a singularity� or �bubbling a handle�) on a zero on a surfae.2.5.1 �Breaking up a singularity�Here we translate the surgery �breaking up a singularity� in terms of the ombinatoris ofthe generalized permutation.Let � be a generalized permutation. Reall that for an admissible vetor �, there isa anonial separatrix (�) on the �at surfae S = S(�; �) (see above onstrution insetion 2.2). By Proposition 6 and property of �homologous separatrix of Proposition 7,one an easily dedued the following



54 CHAPTER 2. TOOLSCorollary 2. Let � be a generalized permutation. We onsider the half-translation surfaeS = S(�; �). If � is irreduible then there exists a full Lesbesgue measure set of � suh thatthe orresponding separatrix (�) on S satis�esmult((�)) = 1Proposition 13. Let us assume that the vertial separatrix (�) on S(�; �) is a saddleonnetion. Let also assume that � is irreduible.Then the surfae S is obtained by the surgery �breaking up a singularity� on a surfaein a lower dimensional stratum.In Chapter 4, we alulate all omponents whih ontain above surfae. That is, we willshow any onneted omponent (in genus greater than 4) is either hyperellipti or attahedto the minimal stratum. Surprisingly, the answer is quite di�ult and we �nd that someomponent, in small genera, is not hyperellipti neither adjaent to the minimal stratum.2.5.2 �Bubbling a handle�In the following, we will use the pratial notation:Notation. Let � be a generalized permutation of the set f1; : : : ; n+mg. Let also assumethat it satis�es �(1) = n+1. Then we denote by �̂ the restrited generalized permutationof the set fb1; 2 : : : ; n;[n+ 1; n + 2; n +mg; where î says that we forgot the orrespondingelement i. In notation of tabular, this gives� = � 0 A0 B � and �̂ = � AB �Clearly, the surfae S(�; �), with � as above, possesses a simple ylinder in the vertialdiretion (see also Figure 2.6).Thus, using Corollary 2 one an dedued easily the followingProposition 14. Let us onsider a �at surfae S(�; �) � Qg(4g � 4). Let also assumethat �̂ is irreduible.Then the surfae S is obtained by the surgery �bubbling a handle� on a surfae in a thestratum Qg�1(4g � 8).In terms of Lemma 6, this Proposition asserts that the map� : �0(Qg�1(4g � 8))� N ! �0(Qg(4g � 4))is surjetive for all g � 4.



2.5. TWO FUNDAMENTALS OBSERVATIONS 55PSfrag replaements
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Figure 2.6: Here on the left, the �gure represents a �at surfae of the form S(�; �). Inthe vertial diretion, one an easily see that there is a simple ylinder. The boundaryomponent of this ylinder is (�). On the �gure on the right, we have represented thediagram of the vertial foliation on S. In this example, the angle of this ylinder is 4� (or 6�is we onsider the omplementary angle). If the generalized permutation �̂ is irreduible,one an hoose lengths of horizontal parameters in the way that (pi) has multipliity 1.In this ase this surfae is obtained from a surfae in genus g � 1, where g =genus(S), by�bubbling a handle� (see Figure 1.3).In Chapter 3, we alulate all omponents of the minimal stratum whih ontain abovesurfae. That is, we will show that any onneted omponent (in genus greater than 4)is aessible by onsidering the surgery �bubbling a handle� on a surfae in a lower genusstratum.
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Chapter 3Representative elementsIn this Chapter, we give a �bestiary� of half-translations surfaes. We present the surfaes(S;  ) in terms of generalized permutations. Reall that, in order to proof our lassi�ationresult, the seond step is that any onneted omponent, exept 3 partiulars ases, is eitherhyperellipti or attahed to the minimal stratum.Here we give a family of representative elements of any hyperellipti onneted ompo-nent. We also give a representative element of the three partiular ase disussed above:we all it the irreduible onneted omponent.On the last setion, we use these elements to obtain some properties on the adjaenyinside the moduli spae Qg.3.1 Hyperellipti onneted omponentsWe want to onstrut representatives elements for hyperellipti onneted omponents. Letus �x r and l arbitrary non-negative integers. We onsider the generalized permutation�1(r; l) given by Figure 3.1.�1(n;m) = � 01 1 : : : r 01 l + 1 : : : r + lr + l : : : r + 1 02 r : : : 1 02 �Figure 3.1: A permutation of type (r; l). For instane, when r = 4 and l = 0, it orrespondsto the stratum Q(�1;�1; 3; 3).3.1.1 Representative elementsWe would like to identify the stratum whih ontains surfaes onstrut by suspensionover the permutation �1(n;m). It depends of the parity of the two integers r and l. Morepreisely, we haveLemma 7. Let (S;  ) be the surfae given by S(�1(r; l); �) for an admissible vetor �. Ifr and l are odd then S has two singularities. If r and l have di�erent parities then S hasthree singularities. If r and l are even then S has four singularities. The following tabular57



58 CHAPTER 3. REPRESENTATIVE ELEMENTSgive the type of singularities in terms of r and lr l stratum whih ontain [S;  ℄2k + 1 2(g � k)� 3 Q( 4k + 2 ; 4(g � k)� 6 )2k + 2 2(g � k)� 3 Q( 2k + 1 ; 2k + 1 ; 4(g � k)� 6 )2k + 2 2(g � k)� 2 Q( 2k + 1 ; 2k + 1 ; 2(g � k)� 3 ; 2(g � k)� 3 )Proof of the Lemma. It is obvious by diret omputation of the type of singularities.Aording to Chapter 1, the above strata ontain an hyperellipti onneted ompo-nent. We an ask if these points, de�ned by [S(�1(r; l));  ℄, belong in this hyperelliptiomponent. This is done by the followingLemma 8. For any �, surfaes S(�1(r; l); �) belong to the hyperellipti onneted ompo-nents of the orresponding stratum.Proof of Lemma 8. Here we present the proof in the �rst ase; that is r and l are odd. Theother are similar. Take r = 2k + 1 and l = 2(g � k)� 3. We onsider the retangleR = #�r + l2 � 1; r + l2 + 1" � ℄� 1; 1[We denote by � : R ! R the involution of R given by �(x; y) = (�x;�y). Obviously, �indues a global involution on the surfae S0 = S(�1(r; l); �). We denote still it by � . ByLemma 7, [S0;  0℄ belongs to the stratum Q(4k + 2; 4(g � k)� 6).Reall that the hyperellipti omponent of this stratum is, by de�nition, the image ofthe map Q(2k; 2(g � k)� 4;�12g)! Q(4k + 2; 4(g � k)� 6)[P1; dz2℄ 7! [S; ��dz2℄In order to prove that [S0;  0℄ belongs to the hyperellipti omponent, we have toonstrut a double rami�ed overing � : P1 ! S0 suh that ��dz2 =  0.Let us ount the number of �xed point of the map � :� There are r + l �xed points of � on the horizontal sides of R loated at the middleof the intervals (preisely at the middle of separatrix loops).� There is a �xed point loated at the middle of the vertial side.� There is a �xed point loated at the point (0; 0).� There are 2 �xed points whih orresponds to the two zeroes of  0.Thus the total number of �xed points of � on S0:n+m+ 1 + 1 + 2 = 2k + 1 + 2(g � k)� 3 + 4 = 2g + 2



3.1. HYPERELLIPTIC CONNECTED COMPONENTS 59The Riemann�Hurwitz formula imply that the genus of S /(x � �(x)) is zero. Let usonsider the projetion map � : S0 ! P1It is easy to hek that above overing gives the announed statement.Lemma 8 is proved.Remark 6. We an also onstrut other representative elements for hyperellipti onnetedomponents. For instane we an prove, using the same way, that surfaes S(�2(r; l); �),with �2(r; l) given by the permutation of Figure 3.2, belong to the hyperellipti onnetedomponent of the orresponding stratum (whih depends also of the values of r and l).�2(n;m) = � 1 : : : r 1 : : : rr + 1 : : : r + l r + 1 : : : r + l �Figure 3.2: A permutation of type (r; l). For instane, when r = 4 and l = 1, it orrespondsto the stratum Q(�1;�1; 6).Here we present a result whih is a orollary of a general result proved in Chapter 4.Corollary 3. Let [S;  ℄ be a point in an hyperellipti onneted omponent. Suppose thatin the horizontal diretion, the surfae deompose into one ylinder. Let � denote theorresponding generalized permutation (well de�ned up to the yli order). Then thereexists non-negatives integers r; l and i 2 f1; 2g suh that� = �i(r; l)3.1.2 Hyperellipti strata in low generaHere we present, as a onsequene of these ombinatoris objets, an independent ombi-natoris proof of the following Theorem of Masur and Smillie (see [MaSm℄):Theorem. The following strata are emptyQ(;);Q(1;�1) (in genus g = 1) and Q(4);Q(1; 3) (in genus g = 2)Proof of the Theorem. Let us assume that the stratum Q(4) is non-empty. By �breakingup a singularity� at the unique zero of a point in this stratum, we obtain a point ina non-hyperellipti omponent of the stratum Q(2; 2) (see Chapter 4). Now we provethat this stratum is onneted and equals to its hyperellipti omponent whih leads to aontradition.We an alulate all generalized permutations (up to a yli order) whih produedby suspension �at surfaes in the stratum Q(2; 2). We obtain only two permutations (upto a yli order) whih are�1 = � 1 2 1 34 3 4 2 � �2 = � 1 2 1 23 4 3 4 �Aording to Lemma 8, these two permutations give rise to surfaes in the omponentQhyp(2; 2). So it proves Q(2; 2) is onneted and hene the stratum Q(4) = ;.We an proeed with the by the same way for the strata Q(1;�1) and Q(1; 3) byonsidering respetively the onneted hyperellipti strata Q(�1;�1; 2) and Q(1; 1; 2).



60 CHAPTER 3. REPRESENTATIVE ELEMENTS3.2 Irreduible onneted omponents3.2.1 The stratum Q(�1; 9)Let [S0;  0℄ 2 Q(�1; 9) be the partiular �at surfae de�ned by Figure 3.3. See alsoFigure 3.4 whih present a suspension over the orresponding permutation. We all theirreduible onneted omponent Qirr(�1; 9), the omponent of Q(�1; 9) whih ontainsthis point. � 0 1 2 3 4 04 3 2 5 1 5 �Figure 3.3: This permutation gives rise by suspension �at surfaes with two singularitiesfor the metri, of angle � and 11�. In other words, it produes a ontinuous family ofpoints inside the stratum Q(�1; 9).PSfrag replaements 00 1 133 22 44 55Figure 3.4: Let us onsider the following polygon in R2 . We make identi�ations on theboundary aording to the number of intervals. If two intervals are in the same boundaryomponent, we identify them by a entrally symmetry and else we identify them by atranslation. We also identify the two vertial by a translation. The resulting surfae is aRiemann surfae S of genus 3. The form dz2 is ompatible with identi�ations so it induea quadrati di�erential  on S. One an hek that the white bullet give a pole for thedi�erential and blak bullets give a single zero with onial angle of 11�. So in other word,we obtain a point [S;  ℄ inside the stratum Q(�1; 9). Here [S;  ℄ belongs to the omponentQirr(�1; 9).3.2.2 The stratum Q(�1; 3; 6)Let [S1;  1℄ 2 Q(�1; 3; 6) be the partiular �at surfae de�ned by Figure 3.5. We allthe irreduible onneted omponent Qirr(�1; 3; 6), the omponent of Q(�1; 3; 6) whihontains this point. � 0 1 2 3 4 5 05 4 3 2 6 1 6 �Figure 3.5: This permutation gives rise by suspension �at surfaes with three singularitiesfor the metri, of angle �, 3� and 8�. In other words, it gives points inside the stratumQ(�1; 3; 6).



3.2. IRREDUCIBLE CONNECTED COMPONENTS 613.2.3 The stratum Q(�1; 3; 3; 3)Let [S2;  2℄ 2 Q(�1; 3; 3; 3) be the partiular �at surfae de�ned by Figure 3.6. We allthe irreduible onneted omponentQirr(�1; 3; 3; 3), the omponent ofQ(�1; 3; 3; 3) whihontains this point. � 0 1 2 3 4 5 6 06 5 3 2 7 4 1 7 �Figure 3.6: This permutation gives rise by suspension �at surfaes with three singularitiesfor the metri of angles 5� and one singularity of angle �. In other words, it gives pointsinside the stratum Q(�1; 3; 3; 3).3.2.4 The minimal stratum Q(12)We denote by QI(12) the onneted omponent of the stratum Q(12) whih ontain thesurfae [S3;  3℄ given in Figure 3.7. We all QII(12) the onneted omponent of Q(12)whih ontain the surfae [S4;  4℄ given in Figure 3.8.We an hek that the vertial foliation gives a diagram of separatries with a handleof angle 2� for the �rst surfae and a handle of 6� for the seond surfae. Using notationsof Chapter 2, we have QI(12) := Q(8) � 2and QII(12) := Q(8) � 6� 1 2 3 4 2 5 61 4 5 7 6 7 3 �Figure 3.7: This permutation gives rise by suspension �at surfaes with only one singularityfor the metri. The onial singularity has angle 14�. In other words, it gives point insidethe stratum Q(12). We all QI(12) the onneted omponent whih ontain this point.� 1 2 3 4 3 5 61 5 7 4 2 6 7 �Figure 3.8: This permutation gives rise by suspension �at surfaes with only one singularityfor the metri. The onial singularity has angle 14�. In other words, it gives point insidethe stratum Q(12). We all QII(12) the onneted omponent whih ontain this point.In Chapter 4, we present a proof for the desription of onneted omponent whihontains a multipliity one saddle onnetion. The statement of our result is that anynon-hyperellipti and any non-irreduible omponent is attahed to the minimal stratum.
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Chapter 4AdjaenyIn Chapter 1, we have desribe some onneted omponents insidea partiular stratumQ(k1; k2; k3; : : : ; kn) whih are �aessible� by the surgery �breakingup a singularity� on a surfae in the stratum Q(k1 + k2; k3; : : : ; kn). In general, it is nottrue for all onneted omponents. In this Chapter, we want to lassify all omponent ofsuh type: those whih possess a surfae with a saddle onnetion between two singularitieswhih we an �ollapse� it to a point. The problem is not trivial: given a generi surfae witha saddle onnetion, if we ollapse this saddle, the resulting surfae ould be a degeneratedRiemann surfae and we do not onsider this type of surfaes for our problem. In otherwords, we do not onsider the ompati�ation of the Modular spaes. In Figure 4.1 wepresent an example of a ollapse of a saddle onnetion whih leads to a degeneratedsurfae.PSfrag replaements SS011 22
Figure 4.1: Let us onsider the following polygon in R2 given by the �gure on the left.We make identi�ations on the boundary, aording to the number of the intervals, bytranslation. The form dz indues a holomorphi 1�form on the quotient surfae. Obviously,we obtain a point [S; !℄ inside the stratumH(1; 1). The saddle onnetion 1 is homologousto 2. Thus if we deform the �at metri to ollapse 1 to a point, the resulting surfae S0would be a degenerated surfae.First, we give some examples of onneted omponents whih are not aessible by�breaking up a zero� on a surfae in a lower strata. That is, omponent C for whih forany �at surfae [S;  ℄ in C, and for any saddle onnetion on S, if we ollapse this saddleonnetion to a point, the resulting surfae would be a degenerated Riemann surfae. Thenlassify all omponents whih ontain a surfae with a �ontratible� saddle onnetion.63



64 CHAPTER 4. ADJACENCY4.1 Flat surfaes and �Breaking up a singularity�4.1.1 Multipliity one and �Breaking up a singularity�Here we reall the neessary and su�ient onditions in terms of homology to obtainsurfaes by the surgery �break up a singularity� (see setion 2.4.1).Let S0 be onstruted from S by �breaking up� the zero P 2 S into two zeroes P1 2 S0and P2 2 S0. The saddle onnetion , between P1 and P2 on S0, an be hosen arbitrarysmall with respet to the other. In partiular, Proposition 7 imply thatmult() = 1Reiproally, if a surfae S0, with two zeroes P1 and P2, possesses a saddle onnetion ,between these two points, of multipliity 1 then it is possible to �ollapse� this saddle to apoint to obtain a non-degenerated Riemann surfae. In other word this surfae is obtainedfrom a surfae in a lower dimentionnal stratum, by �breaking up� a zero P into the twozeroes P1 and P2.4.1.2 Exeptionnal asesHere we desribe some onneted omponents whih does not ontain any �at surfae witha saddle onnetion of multipliity 1 (between two di�erent zeroes).Hyperellipti onneted omponentsProposition 15. Let [S;  ℄ 2 Qhyp(4(g � k) � 6; 4k + 2) be a point in the hyperelliptionneted omponent of the stratum Q(4(g � k) � 6; 4k + 2). Then any saddle onnetionon S has multipliity at least 2.Proof. Let [S;  ℄ 2 Qhyp(4(g � k)� 6; 4k + 2) be a �at surfae.By onstrution, there is a anonial element in the a�ne group of S: the hyperelliptiinvolution � 2 A�(S;  )Suppose that  is a saddle onnetion on S between the two di�erent zeroes of  . Then�() is also a saddle onnetion. It is lear that �() 6= : by onstrution (see 1.3.3), ��xes the two distint zeroes and � is di�erent from the identity map. One an see that[̂℄ = [ ^�()℄ on the orientating anonial double overing Ŝ. In other word,  and �() aretwo di�erent �homologous saddle onnetion. Thus we havemult() � 2 for any saddle onnetion  on SProposition 15 is proved.In this terms, there is no surfae in this hyperellipti onneted omponent whih isonstruted from a surfae in the minimal stratum Q(4g� 4) by breaking up the zero intotwo zeroes.Obviously, we an prove a similar statement for the hyperellipti onneted omponentQhyp(�1;�1; 4g � 2)Proposition 16. Let [S;  ℄ 2 Qhyp(�1;�1; 4g�2) be a point in the hyperellipti onnetedomponent of the stratum Q(�1;�1; 4g � 2). Then any saddle onnetion on S, betweenthe zero and a pole, has multipliity at least 2.



4.2. MAIN RESULT OF THIS CHAPTER 65The genus 2Aording to [MaSm℄, the stratum Q(4) is empty. Thus we have obviously a similar resultfor the strata Q(�1; 5) and Q(2; 2). Note that the last stratum is ontained in the list ofProposition 15: Q(2; 2) = Qhyp(4(g � k)� 6; 4k + 2) with g = 2 and k = 0.Proposition 17. Let [S;  ℄ 2 Q(�1; 5) be a point. Then any saddle onnetion on S hasmultipliity at least 2.NotationLet us denote by [S0;  0℄ 2 Q(�1; 9) the partiular �at surfae (see Fig 3.3). We allirreduible onneted omponent Qirr(�1; 9) the onneted omponent of Q(�1; 9) whihontains this point.In Appendix, using Rauzy lasses, we prove a similar statement on the multipliity ofsaddle onnetions on surfaes in the irreduible omponent Qirr(�1; 9). In this Chapter,we will not use this result. The proof that we will present in the next fails for this partiularomponent. That explains why we onsider this hoie.4.2 Main result of this ChapterIn this setion, we want to prove that, exept the above desribed partiular onnetedomponents, all other possess a surfae with a multipliity 1 saddle onnetion; that is asaddle onnetion whih we an �ollapse� to a point.For the hyperellipti onneted omponent Qhyp(4(g�k)� 6; 4k+2), the hyperelliptionneted omponent Qhyp(�1;�1; 4g � 2) and the stratum Q(�1; 5) it is a neessarilyondition (see Propositions 15, 16 and 17).For the irreduible onneted omponent Qirr(�1; 9) the proof whih we are going todesribe fails in this speial ase. In Appendix, we will see that in fat, this omponentsatisfy a property as above: any saddle onnetion (between the zero and the pole) of anyhalf-translation surfae in this partiular omponent has multipliity at least 2.Theorem 4. Let C be a onneted omponent of a stratum Q(k1; : : : ; kn) in genus g � 1with n � 2. We assume that C is not one of the following list of omponent� hyperellipti onneted omponents Qhyp(4(g�k)�6; 4k+2) and Qhyp(�1;�1; 4g�2).� C 62 �0(Q(�1; 5)).� irreduible omponent Qirr(�1; 9).Then there exists a �at surfae M in a lower dimentionnal stratum that Q(k1; : : : ; kn) anda surgery �breaking up a singularity� at a singular point P 2 M suh that the resultingsurfae [S;  ℄ belongs inside the given omponent CThe proof of this result is based on the ombinatoris of the unique ylinder given in aompletely periodi diretion. The main remark is that two �homologous separatries arealways parallel and their lengths are equal or di�er by a fator 2 (see Proposition 7). Weare going to show that we an always found a saddle onnetion of length arbitrary smallwith respet to the length of other parallel separatrix, if any.



66 CHAPTER 4. ADJACENCY4.2.1 Sketh of the proofRemark on the multipliityIn order to proof the Theorem, aording to Proposition 8, we have to onstrut a surfae[S;  ℄ 2 C with a multipliity 1 saddle onnetion between two di�erent singularities (nottwo poles).In setion 2.3, we have shown that two �homologous saddle onnetions  and � arealways parallel and satisfy jjj�j = 1; 2 or 1=2.We are going to onstrut a surfae, in eah onneted omponent given by the Theorem,with a saddle onnetion  of length 1 and suh thatjij � 3 for all vertial separatries i parallel to whih will imply mult() = 1.Combinatoris of one ylinder deompositionWe onsider a Jenkins�Strebel di�erential (S;  ) with one ylinder for the horizontalfoliation; that is horizontal foliation is ompletely periodi and the omplement of theritial graph of  in S is onneted.By density, (see Theorem 3), we an onsider suh forms without loss of generality. SoLet S(�; �) be a surfae in C with an arbitrary generalized permutation �. In the horizontaldiretion, we denote by R(S) the orresponding retangle. Reall that the vertial side ofthis retangle is a separatrix denoted by (�) of  .For a horizontal separatrix , we denote by 1 and 2 the two orresponding intervalson the horizontal side of R(S). Reall that if these two intervals are presented twie in thesame horizontal side of the retangle then we glue them by a entrally symmetry and elsewe glue them by a translation. The quotient surfae, R(S)=�, is a�nely equivalent to ourinitial �at surfae (S;  ).We will use the two fundamental obvious remarks. We suppose that  is a horizon-tal saddle onnetion, between two distint zeroes, and � is a horizontal separatrix (notneessarily a saddle onnetion).Fundamental Remark 1. If 1; 2 are in two di�erent horizontal sides of the retangleR(S) then we have no onditions on the horizontal parameter j1j = j2j = jj (see equa-tion (2.4)). So we an hoose the length of  in the �at metri, arbitrary small with respetto the other length of horizontal separatries. Thus we havemult() = 1Fundamental Remark 2. If all intervals 1; 2 and �1; �2 are in a same horizontal sidethen we have only one linear relation on the length of : the retangle is a metri retangleso the length of the two horizontal sides must oinide. Thus we obtain (see equation (2.4))j1j+ j2j+ j�1j+ j�2j+ � � � = : : :There is no anellation of terms in the left part given by the length of the saddle onnetion and the separatrix �. In partiular, we an hoose j1j+ j2j+ j�1j+ j�2j arbitrary small



4.2. MAIN RESULT OF THIS CHAPTER 67and hene j1j = j2j = jj arbitrary small with respet to the other length of horizontalseparatries. Thus we have mult() = 1Note that in the ase of Abelian di�erentials, all gluing are translations so FundamentalRemark 1 holds every time and hene the orresponding statement for Abelian di�erentialsis trivial.Now, if one of the two Fundamental Remarks holds, the Theorem is proved. Thus Let usassume that it is not not the ase. Hene we obtain some restritions on the ombinatorisof the permutation �. We will study these restritions.Next we onsider the vertial foliation on the surfae S(�0; �) with �0 � � for the yliorder (see setion 2.2.7). Or in an equivalent way, we study the ation of the horoyli�ow on the point [S(�; �);  ℄. Our result is that there always exist a nie twist parametersuh that the anonial vertial saddle onnetion (�0) has multiplity 1.This proof fails for some kinds of ombinatoris of permutations: suh permutations arethen ompletely determined. By diret omputation (see Chapter 3) we hek that theyorrespond to hyperellipti urves in a hyperellipti onneted omponent or to exeptionalase listed in genera 2 and 3. These ases orrespond to surfaes of setion 4.1.2.4.2.2 Proof of the main result of this ChapterWe deompose the proof into severals ases. Reall that n denote the number of thesingularities. First we onsider the general ase n � 4. Then we prove the ase n = 3.Finally we onlude by the holomorphi ase n = 2 and the meromorphi ase; that is thestratum Q(�1; 4g � 3); whih is more tehnial.Proof in the partiular ase where n � 4Let (S;  ) be a Jenkins�Strebel di�erential with only one (vertial) ylinder for the hor-izontal foliation. Let Cyl(S) be this ylinder. We denote the boundary omponent ofCyl(S) by I and J . We have a deomposition of this boundary into a disjoint union ofintervals given by the utting of the ritial graph of  on S.First of all, it neessarily exists a zero, say P1, of the di�erential  and a saddleonnetion  between this zero P1 and another singularity Pi for i � 2, say P2. One ansee this in the following way. Assumption of the genus g � 1 imply that there exists azero P , say loated in I. If there is no saddle onnetion starting of this zero then theendpoints of intervals loated in I give preisely the zero P . Now n � 4, thus it existsanother singularities, neessarily loated in J . It is easy to see that there exists at last onezero P1 on J and hene one saddle onnetion  attahed to this zero.Up to a permutation, we assume that 1 � I. If 2 � J then we have done byFundamental Remarks 1. Thus let us assume that1; 2 � IThen let P3 be a singularity di�erent from P1 and P2. If P3 2 I then it neessarily existsa saddle onnetion � between P3 and a singularity Pi suh that �1 � I. In this ase, we



68 CHAPTER 4. ADJACENCYhave also done by one of the two Fundamental Remarks 1 or 2 orresponding respetivelyto the ase where �2 � J or I. So we an assume that for all singularities Pi di�erent fromP1 and P2 we have Pi 2 J (see Figure 4.2).
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Figure 4.2: An example of a deomposition of a Jenkins�Strebel di�erential with one(vertial) ylinder (for the horizontal diretion).The point P1 is a zero so there must exist a separatrix � whih ontains P1 and with�1 � I. If �2 � I the Theorem holds by Fundamental Remark 2. Thus we an assumethat �2 � J . We refer to Figure 4.2 for details.Reall that n � 4 so there exists a saddle onnetion � between P3 and P1 suh that�1 � J . If �2 � I then P3 2 I whih ontradits assumptions so �2 � J .We onlude by the fat that n � 4. Thus there exists P4 di�erent from Pi for i = 1; 2; 3with P4 2 J . It neessarily exists a saddle onnetion � between P4 and another singularity.Now by a diret heking, one an see that � has multipliity one.The proof for the ase n = 3 is similar to the previous one with a re�nement.Proof in the partiular ase where n = 3As above, let us assume that (S;  ) is a Jenkins�Strebel di�erential with only one vertialylinder Cyl(S).We an apply the above argument to obtain the following dihotomy: either there ex-ists a zero P1 of  and a saddle onnetion  between P1 and a singularity P2 of  (preiselyas above) or the quadrati di�erential possesses exatly two poles and one zero. Moreoverin this last situation we have for the ombinatoris of the orresponding permutation, thefollowing desription � : : : : : :0 0 �Now we will disuss these two ases.Our goal is to prove that if [S(�; �);  ℄ 62 Q(�1;�1; 4g�2) then one an �nd a multipliity1 vertial saddle onnetion on (S;  ). For the partiular stratum Q(�1;�1; 4g � 2), wewill show that we also have this result exept in only two ases. In these two partiularsases, the orresponding generalized permutation � is ompletely determined and equal to(up to a yli order) �1(r; l) or �2(r; l) for adequate values of r and l (see Setion 3.1). InChapter 3 we have proved that all surfaes onstrut by suspension over these partiular



4.2. MAIN RESULT OF THIS CHAPTER 69permutations belong to the hyperellipti onneted omponent Qhyp(�1;�1; 4g�2) whihwill give the proof. Now let us disuss details.Let us assume that the �rst ase disussed above arise, that is  is a saddle onnetionbetween the zero P1 and a singularity P2 of  . By the same type of argument disussedin the ase n � 4, one an see that either we obtain a multipliity one saddle onnetionor the permutation � possesses a presribed ombinatorial type. Namely, the followingLemma holdsLemma. Let C be a onneted omponent of a stratum Q(k1; k2; k3) in genus g � 1.Then either there exists in C a �at surfae [S;  ℄ with a multipliity 1 saddle onnetion between two di�erent singularities (not two poles) or the singularity pattern is exatly(k1; k2; k3) = (�1;�1; 4g � 2) and there exists a surfae [S(�; �);  ℄ 2 C suh that � isgiven by one of the two following type� = � 1 : : : r 01 0102 02 �(1) : : : �(r) � or � = � : : : : : :0 0 � �It remains to prove the Theorem for n = 3 to onsider the two permutations given bythe above Lemma. Now we will onsider the vertial on the surfae.We will prove that if � is di�erent (up to a yli order) from the two partiular permu-tations �i(r; l), for i = 1 and 2, then we always have a yli order on � suh that theorresponding saddle onnetion (�) on S has multipliity 1. The way to obtain this isCorollary 2; that is, if � is irreduible then the vertial separatrix (�) has multipliity 1.We will show that there exists in the lass of � an irreduible permutation suh that theorresponding vertial separatrix is a saddle onnetion exept when � is equivalent to �ifor i = 1; 2.Case 1. Let us onsider the �rst permutation� � � 2 : : : r 01 01 102 �(1) �(2) : : : �(r) 02 �Note that � satisfy the ondition (�) thus it is su�ient to obtain a weakly irreduiblegeneralized permutation in the lass of � (see Chapter 2).The above generalized permutation is weakly reduible if and only if �(r) = 1. We anrepeat this proess to prove that either there exists an weakly irreduible permutation inthe lass of � or we have �(i) = r � i+ 1Obviously, the last ondition orrespond to � � �1(r; 0)Case 2. It remain to �nish the proof for n = 3 to onsider the seond permutationof the Lemma. Reall that the orresponding suspension S = S(�; �) is in the stratumQ(�1;�1; 4g � 2) so for any permutations in the lass of � for the yli order on the �rstline, the orresponding separatrix (�) on S is a saddle onnetion between the zero andone of the two poles. We will prove that there always exists an irreduible permutationequivalent to �, unless � is the partiular permutation given by � = �2(r; 1). In this last



70 CHAPTER 4. ADJACENCYase, the surfae is hyperellipti and belongs to the hyperellipti onneted omponent ofthe stratum Q(�1;�1; 4g � 2) (see Chapter 3).First of all, we prove that there always exist a permutation equivalent to � whih isweakly irreduible, unless � is the partiular permutation given by � = �2(r; 1).If � is weakly reduible then we have the following deomposition� A B0 0 �We rewrite A = (1 A2) and B = (B1 1 B2). Then � is equivalent to the followinggeneralized permutation � � � 1 B2 1 A2 B10 0 �This last permutation is weakly reduible if and only if B1 = ;. In this ase, we an repeatthis proess with the new set A for A2 and the new set B for B2. Thus either we obtaina weakly irreduible generalized permutation or A = B = (1 2 : : : r). In the last ase wehave � = �2(r; 1).To ahieve the proof, it remain to show that if � is weakly reduible then we an obtainan irreduible permutation in the lass of � for the yli order. This is done with thesame type of argument as above. This gives the Theorem for n = 3.Remark 7. We have shown that there always exists a surfae, in a non-hyperellipti on-neted omponent of the stratum Q(k1; k2; k3), whih possesses a multipliity one saddleonnetion. But we have no ontrol on the multipliity of the saddles attahed to thissaddle onnetion. It is easy to have a re�nement of the preedent proof to obtain a morepreise result. We announed suh statement in the next setion.Proof in the holomorphi ase n = 2Let P1; P2 be the two di�erent zeroes of  on the Jenkins�Strebel surfae S = S(�; �).Obviously, we have the following dihotomy: either there is no saddle onnetion betweenP1 and P2 or there is at least one saddle onnetion on the surfae (for the horizontalfoliation).We an apply the same type of argument in the disussion of the ase n = 3 to seethat in the seond ase, we obtain a multipliity one horizontal saddle onnetion or thepermutation � must obey to some ombinatoris restritions. We an summarize this intothe followingLemma. Let C be a onneted omponent of a stratum Q(k1; k2) in genus g � 1 with anyk1; k2 > 0 and k1 + k2 = 4g � 4.Then either there exists a �at surfae [S;  ℄ 2 C with a multipliity 1 saddle onnetionbetween the two di�erent zeroes or there exists a surfae [S(�; �);  ℄ 2 C suh that theombinatoris of � is given by one of the two following type (orresponding of the twoabove ase of the dihotomy)� = � 01 1 : : : r 01 r + 1 : : : r + l02 �1(1) : : : �1(r) 02 �2(r + 1) : : : �2(r + l) �or � = � AB � and �(A) = A; �(B) = B



4.2. MAIN RESULT OF THIS CHAPTER 71where �1 is a �true� permutation of the set f1; : : : ; rg and �2 is a �true� permutation of theset fr + 1; : : : ; r + lg. �Thus the proof of the Theorem in the holomorphi ase n = 2 is redued to onsideringthese two permutations. As in the ase n = 3, one an prove, using the notion of yliorder and irreduibility, that there exists a surfae S(�0; �), with �0 � �, and having amultipliity one saddle onnetion. The proof fails in two ases: it orresponds to the ase(up to a yli order) where � = �i(r; l) for i = 1 or 2In Chapter 3, we prove hove seen that these surfaes are hyperellipti and belong to thehyperellipti onneted omponent Qhyp(k1; k2). Thus it ahieves the proof of the Theoremin the ase n = 2 and where all singularities are non-negatives.Here we adresse the proof of the �rst ase. The idea is essentially the same to the onegiven previously in the ase n = 3 (for the stratum Q(�1;�1; 4g � 2)). The generalizedpermutation � is equivalent to the following one:� 01 1 : : : r 01 r + 1 : : : r + l�1(r) 02 �2(r + 1) : : : �2(r + l) 02 �1(1) : : : �1(r � 1) �First the orresponding separatrix loop (�) on the surfae S(�; �) obtained by suspensionover this permutation is a saddle onnetion. Then one an easily see that this permutationis weakly irreduible, and so irreduible, if and only if we have�1(r) = 1Repeating this proess, we obtain that either there exists a yli order suh that thevertial saddle onnetion (�) has multipliity 1 or we have�1(i) = r � i+ 1 for i = 1; : : : ; rand �2(j) = 2r + l � j + 1 for j = r + 1; : : : ; r + lnamely, these last onditions are equivalents to� = �2(r; l)Proof in the meromorphi ase n = 2Let us onsider the stratum Q(k1; : : : ; kn) = Q(�1; 4g�3) in genera higher than 3. In thisase, the situation is more ompliated. In partiular we found a onneted omponentin the stratum of genus 3 for whih there are no surfaes with a saddle onnetion ofmultipliity 1.First we will prove a result less general than the Theorem: one an �nd a saddle onnetionor a simple ylinder of multipliity one. Then we prove the



72 CHAPTER 4. ADJACENCYTheorem. Let C � Q(4g � 3;�1) be a onneted omponent. Suppose that g � 4. Thenthere exists a �at surfae [S;  ℄ 2 C and a saddle onnetion  on S, between the pole andthe zero of  , suh that mult() = 1In the partiular ase of the genus g = 3, we also have the result with an additionalassumption that is C 6= Qirr(�1; 9).In order to prove this result, we will onsider the two following Propositions. Reallthat a simple ylinder is a maximal straight ylinder suh that eah boundary omponent ofthis ylinder is a single separatrix. A simple ylinder has multipliity 1 if the orrespondingseparatrix on the boundary has multipliity 1 (see Chapter 3 and Figure 2.5).Proposition 18. Let C � Q(4g�3;�1) be a onneted omponent with g � 3. Then thereexists a �at surfae [S;  ℄ 2 C with one of the two following properties� There exists a saddle onnetion  on S of multipliity one.� There exists a multipliity one simple ylinder on S (using notations of setion 2.4.2,we have C = C0 � s with s 2 f1; : : : ; 2gg and C0 � Q(�1; 4(g � 1)� 3)).The �rst assertion of this Proposition is the result of the Theorem. So it remains toobtain the Theorem in full generalities to onsider the seond assertion. It is given by thefollowingProposition 19.� Any onneted omponent of Q(�1; 13) possesses a �at surfae [S;  ℄ with a saddleonnetion of multipliity one.� Let C0 = Q(�1; 5) be the unique onneted omponent of the stratum Q(�1; 5). Lets 2 f1; 2; 4g be an integer. Then there exists a �at surfae [S;  ℄ 2 C0 � s with asaddle onnetion  on S of multipliity one.Note that we have by onstrutionC0 � 3 = Qirr(�1; 9)whih explain why we do not onsider the ase n = 3.Proof of the Theorem. If there exists a �at surfae [S;  ℄ 2 C � Q(�1; 4g�3) (g � 4) witha saddle onnetion of multipliity 1 then there also exist a �at surfae [S0;  0℄ 2 C�s witha saddle onnetion of multipliity 1 by �bubbling a handle� on S.Thus the Theorem follows immediately from Propositions 18 and 19.Proof of Proposition 18. The proof of the Proposition is based on the ombinatoris ofgeneralized permutations. Let us suppose that [S;  ℄ is a Jenkins-Strebel di�erential insidethe onneted omponent C � Q(�1; 4g � 3). We an suppose, without loss of generality,that the surfae S deomposes into only one ylinder for the horizontal foliation given by=m( ). Let � denote the orresponding generalized permutation whih enodes the gluing



4.2. MAIN RESULT OF THIS CHAPTER 73of the horizontal intervals of the horizontal sides of the ylinder Sn�( ). Suppose that wehave a horizontal saddle onnetion  and a separatrix loop � suh that the orrespondingintervals i and �i for i = 1; 2 are in a same boundary omponent. Then we an hoose anadmissible vetor � with the orresponding length of  arbitrary small. Thus the surfaeS = S(�; �) satis�es to the �rst property. In other word, if � is not desribed by thefollowing permutation (up to a yli order)� = � 0 1 : : : n 0A � with �(f1; : : : ; ng) � AProposition 18 holds. So we an assume that � is equal to the upper permutation. We aregoing to onsider the yli order on � to obtain a suspension S = (�0; �) with a saddleonnetion of multipliity one or a simple ylinder of multipliity one. One an remarkthat the separatrix  onstruted on S(�; �) is a saddle onnetion for all yli order onthe elements of the set A. In addition, if � is irreduible, there exists a dense set of � suhthat  has multipliity 1.First we onsider some permutations �0 in the lass of � suh that the surfae S(�0; �)has a simple ylinder. To �x the notations, we denote by� � � = � 1 2 : : : n 0 01 : : : : : : : : : : : : �The vertial measured foliation on S(�; �) has a vertial simple ylinder. The boundaryof this ylinder is the separatrix loop . By Corollary 2, there exists a dense set of � suhthat the multipliity of  is 1 if and only if the restrited permutation �̂ is irreduible. Inaddition, in this partiular ase, it is easy to see that if �̂ is weakly irreduible but notirreduible then there exists �1 � � suh that �̂1 is irreduible.Let us assume that �̂ is weakly reduible. We have one of the two possibilities for theombinatoris of � � = � 1 2 : : : k k + 1 : : : n 0 01 A1 k A2 B �or � = � 1 2 : : : n 0 01 A B �One an see that the �rst permutation is equivalent (with respet to the element k) toa permutation as in Proposition 23. So in this ase, we have the result: there exists asimple ylinder of multipliity one. It remain to onsider the seond permutation. Wehave �(B) � A. Let us denote A = (A1 r A2) with �(A2) � B and r � n. With thesenotations, the permutation � is equivalent to the following one� � � r r + 1 : : : n 0 0 1 2 : : : r � 1r A2 B 1 A1 �Fat. If r 6= n then the above permutation satisfy assumptions of Proposition 23. So weobtain a simple ylinder of multipliity one.



74 CHAPTER 4. ADJACENCYThus let us onsider the partiular ase where r = n.� = � 0 1 : : : n 0n A2 B 1 A1 � with �(A2) � BOne an see that the vertial separatrix  is a saddle onnetion. Thus Corollary 2 implythat if �0 � � (for the yli order on the seond line) is irreduible then the Propositionholds:  has multipliity one.Fat. The permutation � is weakly reduible if and only if we have A2 = ; and A1 = (C B0)with B0 = �(B) and C = (�(2) : : : �(n� 1)).In other words we have proved the following LemmaLemma. Let C � Q(4g � 3;�1) be a onneted omponent with g � 3. Let [S;  ℄ 2 C be aJenkins-Strebel form with one ylinder for the horizontal foliation. Then the surfae (S;  )satis�es one of the two properties given by Proposition 18 or the orresponding permutationfor the ombinatoris of the boundary omponent of the ylinder Sn�( ) is given by thefollowing one (up to a yli order)� = � 0 1 : : : n 0n B 1 C B0 �with �(B) = B0 and C = (�(2) : : : �(n� 1)). �So we have redued the proof of Proposition 18 to the partiular type of permutationsof above Lemma. We onsider the two ases following the values of n: n � 2 and n = 1.In the �rst ase, we show that there exists �0 � � (for the yli order on the seond line)suh that �0 is irreduible. So it implies the Proposition. The ase n = 1 is more tehnial.This orrespond to the two following Lemma.Lemma. Let n � 2 be an integer. Let � be the following generalized permutation� = � 0 1 : : : n 0n B 1 C B0 �with �(B) = B0 and C = (�(2) : : : �(n� 1)). We assume the tehnial ondition that thegenus g of the surfae satisfy genus (S(�; �)) � 3Then there exists a permutation �0 � � (for the yli order on the seond line) suh that�0 is irreduible.Proof of the Lemma. Suppose that n � 3. Then we have n � 1 6= 1. Let us denoteC = (C1 n� 1 C2). With these notations, � is equivalent to� � �0 = � 0 1 : : : : : : n� 1 n 0n� 1 C2 B0 n B 1 C1 �It is easy to see that this permutation is weakly irreduible.



4.2. MAIN RESULT OF THIS CHAPTER 75Suppose that n = 2. Let us denote B0 = (B00 3) with �(3) 2 B. With these notationswe obtain � � �0 = � 0 1 2 03 B00 2 B 1 �This permutation is weakly reduible if and only if B00 = ;. This last ondition is alwayssatisfy else we obtain a partiular �at surfae with a simple pole and a zero of order 5.The surfae has genus 2 whih is a ontradition.To �nish the proof, it is easy to see that if � is weakly irreduible and not reduible,we an always �nd a permutation in the lass of � whih is irreduible.The Lemma is proved.To �nish the proof of the Proposition, it remain to onsider the ase n = 1.Lemma. Let � be a generalized permutation given by� = � 0 1 0B 1 B0 �with �(B) = B0. Then one of the two following a�rmations holds� There exists a permutation �0 � � (for the yli order on the seond line) suh that�0 is irreduible.� Combinatoris of the permutation � is given by B = B0 = (2 3 : : : n).Moreover, in the last ase, there exists �0 � � and an admissible vetor � suh that thevertial foliation on S(�0; �) is ompletely periodi. In addition the surfae deompose (inthis diretion) into exatly g� 1 ylinders. One of this ylinder is a simple ylinder and ithas multipliity 1.This ahieve the proof of Proposition 18.Proof of the Lemma. Let us denote B and B0 by B = (2 B2) and B0 = (B01 2 B02). Thus� � � 0 1 02 B02 2 B2 1 B01 �One an see that this permutation is weakly reduible if and only if B01 = ;. The Lemmafollow by indution with B = B2 and B0 = B02.To �nish the proof it remain to show for the seond a�rmation that we have a ver-tial periodi deomposition into exatly g � 1 ylinders. Let us onsider the followinggeneralized permutation �0, whih is equivalent to �� � �0 = � 0 1 03 4 : : : n 2 3 4 : : : n 1 2 �We onsider the Jenkins�Strebel surfae S = S(�0; �) with the admissible vetor � givenby �0 = 0� (n� 1)� ; � ; (n� 1)� ; � ; : : : ; �| {z }2n�1 times 1A for any � 2 R+ (4.1)



76 CHAPTER 4. ADJACENCYThe vertial foliation on S deompose the surfae into g� 1 ylinders. One an hek thatthe vertial ylinder given by the interval numbered n is a simple ylinder of multipliity1. Here we present a omplete desription for a surfae of genus g = 3 whih orrespondto the ase n = 5 (see Figure 4.3).PSfrag replaements 0h0h
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Figure 4.3: Here we present a surfae �suspended� over the permutation �0 and the admis-sible vetor given by Equation (4.1). The vertial foliation on S produes a deompositioninto two ylinders C1 and C2. One an observe that the ylinder C2 is a simple ylin-der. The onial angle is �. The orresponding vertial separatrix loop � an be hoosearbitrary small with respet to other vertial parameters. Thus C2 has multipliity 1.This ahieve the proof of the Lemma and so of Proposition 18.Remark 8. Let us remark that the ylinder C2 in Figure 4.3 has an angle of (n+ 1)� (orn� 2 if we onsider the omplementary angle). Thus, in terms of setion 2.4.2, the surfaeof genus g presented above is in a omponent of the form C�(n+1) where C is a omponentof the stratum Q(�1; 4(g � 1)� 3).In the example of n = 5, we obtain a surfae in the omponent Qirr(�1; 9).



4.2. MAIN RESULT OF THIS CHAPTER 77Now let us prove Proposition 19 to establish the Theorem in the meromorphi asen = 2.First we prove the followingLemma 9. The stratum Q(�1; 5) is onneted.Proof. The proof is ompletely analogous to the proof of the onnetedness of the stratumQ(8) (see Lemma 16).Proof of Proposition 19. Let us prove the seond point of the Proposition; that is theresult for the stratum Q(�1; 9). We want to prove that all onneted omponent of thisstratum of the form Q(�1; 5)� s with s = 1; 2; 4 has a surfae with a saddle onnetion ofmultipliity one. Let us onsider the two following permutations�1 = � 0 1 2 3 4 04 5 3 5 2 1 � �2 = � 0 1 2 3 4 03 5 2 4 5 1 �We onsider � = (1; : : : ; 1) an admissible vetor for �i. We onsider the yli order for �1with respet to the elements 3 and 1. It is easy to see that the two orresponding surfaesS(�; �) are respetively in Q(�1; 5)� 1 and Q(�1; 5)� 4. In addition, the seond permu-tation with the yli order with respet to the element 2 give an element in Q(�1; 5)� 2.We �nish the proof by the following remark. The ation of the horoyli �ow on thesetwo points h1([S(�1; �);  1℄) and h1([S(�2; �);  2℄)give surfaes with a saddle onnetion of multipliity 1.Seond, we prove the result for the stratum Q(�1; 13). We want to prove that allonneted omponent of this stratum has a surfae with a saddle onnetion of multipliityone.By Proposition 18 it remain to onsider all onneted omponent of this stratum whihontain a surfae with a simple ylinder of multipliity one; that is all omponent of theform C�s with C � Q(�1; 9). We have proved that all omponent of the stratum Q(�1; 9),exept the irreduible omponent, has the a surfae with a saddle onnetion of multipliityone. So it is su�ient to prove the Proposition for all omponent of the formQirr(�1; 9) � s for all s = 1; : : : ; 6Reall that Qirr(�1; 9) = Q(�1; 5) � 3. Moreover all omponents Q(�1; 5) � s withs = 1; 2; 4; 5 possess a �at surfae with a saddle onnetion of multipliity one. Usingproperty of the map �, one an see thatQ(�1; 9)irr � s = Q(�1; 5) � s� 3Thus the Proposition holds for s = 1; 2; 4; 5. We an redue the ase s = 6 to the ases = 3 Q(�1; 9)irr � 6 = Q(�1; 5) � 6� 3 = Q(�1; 9)irr � 3We �nish the proof for the ase s = 3 by using the seond property of the map �Q(�1; 5) � 3� 3 = Q(�1; 5) � 1� 5This ahieve the proof of Proposition 19.



78 CHAPTER 4. ADJACENCY4.3 Re�nement of the main resultIn the previous setion, we have shown that there always exists a surfae, in a onnetedomponent given in the assumptions of Theorem 4, whih possesses a multipliity onesaddle onnetion of multipliity one. But we have no ontrol of the multipliity of thesingularities attahed to this saddle onnetion. Here we an prove a stronger result inthe speial ases of n = 3 and n = 4. The proof is just a re�nement of the proof of theTheorem 4.Corollary 4. Let C be a onneted omponent of the stratum Q(k1; k2; k3). We suppose thatC is not hyperellipti when it makes a sense. We hoose a partiular degree of singularity,say k1 for instane ((k1; k2; k3) is onsider as an unordered set). Then there exists a �atsurfae [S;  ℄ 2 C and an index io 2 f2; 3g suh that S possesses a multipliity one saddleonnetion between the two distint singularities P1 2 S of order k1 and Pi0 2 S of orderki0 .For strata with four singularities, we haveCorollary 5. Let C be a onneted omponent of the stratum Q(k1; k2; k3; k4). We sup-pose that C is not hyperellipti when it make sense. We hoose two partiulars degree ofsingularities, say k1 and k2 for instane ((k1; k2; k3; k4) is onsider as an unordered set).Then there exists a surfae [S;  ℄ 2 C and index i0 2 f1; 2g and j0 2 f3; 4g suh that Spossesses a multipliity one saddle onnetion between the two distint singularities Pi0 2 Sof order ki0 and Pj0 2 S of order kj0.4.4 Adjaeny of strataIn this setion we study the adjaeny of the strata. We translate Theorem 4 in terms ofthe desription of the adjaeny. We also give some desription on the loal onnetednessin a neighboorhod of the minimal stratum and of some partiular strata.4.4.1 AdjaenyLet C0 � Q(l1; : : : ; lr) be a onneted omponent andki = ri+1Xj=ri+1 lj for i = 1; : : : ; n (4.2)with 0 = r1 < r2 < � � � < rn < rn+1 = r. By de�nition, we say that C0 is adjaent to C ifC � C0where C0 denote the losure inside the moduli spae Qg.We have the following riterionProposition 20. Let [S;  ℄ 2 C. Suppose that we �break up a singularity� of  into twosingularities on S. We obtain a �at surfae S0. Let C0 be the onneted omponent whihontains this point [S0;  0℄. Then C � C0



4.4. ADJACENCY OF STRATA 79It follows by indutionCorollary 6. Let Q(l1; : : : ; lr) be a stratum and C be a onneted omponent of the stratumQ(k1; : : : ; kr). Suppose that vetors (l1; : : : ; lr) and (k1; : : : ; kr) are related by formula (4.2).Then there exists a onneted omponent C0 � Q(l1; : : : ; lr) whih is adjaent to C.We an dedued from Theorem 4 and loal desription of loal oordinates (see Chap-ter 2) that we have a preise desription of adjaeny. More preisely, we haveProposition 21. Let C � Q(k1 + k2; k3; : : : ; kn) be a onneted omponent. Suppose thatwe have a omponent C0 � Q(k1; k2; k3 : : : ; kn) adjaent to C. Then there exists a �atsurfae [S;  ℄ 2 C suh that we an �break up the singularity� P on S of order k1 + k2 intotwo singularities of order k1 and k2 to obtain a surfae [S0;  0℄ 2 C0.Now we an translate Corollaries 4 and 5 and Theorem 4 in terms of adjaeny:Theorem 5. Any omponent omponent in a stratum in genus g � 4 is either hyperelliptior adjaent to a lower dimensional stratum.We use this desription in Chapter 6 in order to prove Main Theorem 1. In Chapter 6we will prove a stronger result; that is the following dihotomy holds: any omponentomponent in a stratum in genus g � 4 is either hyperellipti or adjaent to the minimalstratum.4.4.2 Loal onnetednessIn general, we an �break up a singularity� P into di�erent ways (see Chapter 1). When thesurgery is loal and when there is many zero of order k = order(P ), we an break the zerointo many ways to obtain di�erent surfaes and so di�erent onneted omponents. Forexample, in Appendix we onstrut two onneted omponents C01 and C02 inside the stratumQ(2; 3; 3) and a onneted omponent C inside the stratum Q(2; 6) suh that C � C01 t C02.Here we �rst give some trivial onditions to obtain the loal onnetedness in a neigh-boorhod of some speial strata. Then, we ite a diret orrolary of a result of Kontsevih�Zorih onerning the loal onnetedness in a neighboorhod of the minimal stratum.Loal surgeriesWe present the following result obtained as a diret orollary of the loal onstrutions ofLemma 1 and Lemma 2:Proposition 22. Let [S;  ℄ 2 C � Q(k1; : : : ; kn) be an arbitrary point. We onsider thestratum Q(l; r; k2; : : : ; kn) with l + r = k1. Suppose that l + r = k1 6= ki for all i � 2 andl; r are not both odd. Then there exists an arbitrary small neighborhood U of [S;  ℄ in thewhole spae Qg suh that U \Q(l; r; k2; : : : ; kn)is non-empty and onneted.We have the same type of result for the stratum Q(l; r; s; k2; : : : ; kn) with l + r + s =k1 6= ki for all i � 2 and l; r; s any.



80 CHAPTER 4. ADJACENCYLoal onnetedness in the neighborhood of the minimal stratumFollowing Kontsevih�Zorih (see [KoZo℄), we have:Theorem 6 (Kontsevih, Zorih). Let p 2 Q(4g�4) be a point in the minimal stratum.Then there exist an arbitrary small neighborhood U(p) of p in the whole spae Qg suh thatU(p) \Q(k1; : : : ; kn)is non-empty and onneted for any ki with the ondition P ki = 4g � 4.We an reformulate the above result in terms of adjaeny:Theorem. Let Q(k1; : : : ; kn) be an arbitrary stratum in genus g. Then there are at most sonneted omponents of this stratum whih are adjaent to the minimal stratum Q(4g�4),where s denote the number of omponent of the minimal stratum.Chapter 5 is devoted the show the onnetedness of the minimal stratum in generahigher than 5. Thus, aording to above result, Main Theorem 1 is redue to prove thedihotomy: any omponent omponent in a stratum in genus g � 5 is either hyperelliptior adjaent to the minimal stratum. This is done in Chapter 6.



Chapter 5The Minimal Stratum Q(4g � 4)This Chapter is devoted to a partiular type of strata, the so-alled minimal stratumQ(4g � 4) in genus g. Our goal is to prove that it is onneted for all genera g � 5. Theproof is based on indution on g � 3. The step of indution is given by the followingfat: in eah onneted omponent of the minimal stratum in genus higher than 4, thereexists a �at surfae for whih we an �erase� a handle. The initialization of the indutionis redued to the proof of the onnetedness of the stratum Qg=5(16), whih we establishby a diret argument. The main result of this Chapter is the followingTheorem 7. Any onneted omponents of the stratum Q(4g � 4) is desribe by the fol-lowing list:� The stratum Q(8) in genus 3 is onneted.� The stratum Q(12) in genus 4 possesses two omponents � orresponding to QI(12)and QII(12).� Any other stratum Q(4g � 4), in genera g � 5, is onneted.Here, we prove the above result in a weakly version: for the ase g = 4: we will showthat the stratum possesses at most two onneted omponents.In Appendix, using ombinatoris on Rauzy lasses, we proved that the stratum Q(12) isnot onneted thus it proves the Main lassi�ation Theorem for the minimal strata.In a �rst setion we show the step for the indution. In a seond setion we prove themain statement.5.1 Simple ylinder and the minimal stratumReall that the minimal stratum Q(4g � 4) in genus g is non-empty for all genera g � 3.In Chapter 1, we have desribed a surgery to �bubbling a handle� on a �at surfae. Thisshows that there are some onneted omponents of Q(4g� 4) whih are �aessible� froma surfae in the stratum Q(4(g � 1)� 4) by �bubbling a handle� at the unique zero of thedi�erential. As in Chapter 4, we would like to lassify all onneted omponents of thistype. This will give us the step for our main indution. First we give some restritions toobtain suh property. Then, we prove that all onneted omponents in genera higher than4 are �aessible� by this surgery on a half-translation surfae of lower genus. Namely, wewill show the 81



82 CHAPTER 5. THE MINIMAL STRATUM Q(4G � 4)Theorem 8. Let C be a onneted omponent of the stratum Q(4g � 4) in genus g � 4.Then there exists a �at surfae [S;  ℄ 2 Q(4g � 8) and an angle parameter s suh that thesurgery �bubbling a handle� at the unique singularity of  in S (with disrete parameter s)gives rise to surfaes belonging in the omponent C.In other terms, using notations of setion 2.4.2, above statements says that the map� : �0(Qg�1(4g � 8))� N ! �0(Qg(4g � 4))(C; s) 7! C � s := C0is onto. Reall that up to onsider the omplementary angle, s an be hoose in f1; : : : ; 2g�2g. First we give an independent geometri proof of an analogous result of Kontsevih�Zorih in the partiular ase of Abelian di�erential. Then we give the proof in full gener-ality.5.1.1 Formulation of the statementAording to setion 2.4.2, above Theorem is equivalent to the following one:Theorem. Let C be a onneted omponent of the stratum Q(4g�4) in genus g � 4. Thenthere exists a �at surfae [S;  ℄ 2 C suh that S possesses a multipliity 1 simple ylinder.Aording to [MaSm℄, the stratum Q(4) is empty so that no surfae in the stratumQ(8), in genus 3, is obtained from a surfae in lower genus by �bubbling a handle�. Inother words, for all points [S;  ℄ in the minimal stratum Q(8), if S possesses a simpleylinder, and if [℄ denote the separatrix loop whih is the boundary of this ylinder, thenmult() � 2This explain why the genus in the assumptions of the Theorem is assumed to be greateror equal than 4.As in Chapter 4, the proof of this result is based on the ombinatoris of the ylindersgiven in a ompletely periodi diretion. First we present the idea on the proof. Next wegive an independent proof of an analogous result of Kontsevih�Zorih in the partiularase of Abelian di�erential. Then we give the omplete proof of above result.5.1.2 Sketh of the proofLet (S;  ) be a point suh that the horizontal foliation deompose the surfae into a uniqueylinder. We denote by � the orresponding generalized permutation. We have to showthat (S;  ) has a multipliity one simple ylinder.We reall the main idea disussed in setion 2.5.2. Let us assume that � has thefollowing form � = � 0 A0 B �Then the vertial foliation on S(�; �) produes a simple ylinder.Moreover, if �̂ is irreduible then one an see that this ylinder has multipliity 1.Then we show we an always �nd a twist on the element of � suh that this is donewhih gives the result. For the next, we restrit the proof of the Theorem to the proof ofa ombinatoris Proposition.
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Figure 5.1: Here on the left, the �gure represents a �at surfae of the form S(�; �). Inthe vertial diretion, we an easily see that there is a simple ylinder. The boundaryomponent of this ylinder is �. On the �gure on the right, we have represented thediagram of the vertial foliation on S. In this example, the angle of this ylinder is 4� (or6� is we onsider the omplementary angle). If the generalized permutation �̂ is irreduible,one an hoose lengths of horizontal parameters in the way that � has multipliity 1. Inthis ase this surfae is obtain from a surfae in genus g � 1, if g =genus(S), by �bubblinga handle� (see Figure 1.3).5.1.3 Proof of the main result of this setionProof of the main result versus Abelian di�erentialsIn this setion we give a proof of the existene of surfaes with a simple ylinder in eahonneted omponent of the minimal stratum of Abelian di�erentials H(2g � 2).Theorem 9. Let C be a onneted omponent of the minimal stratum H(2g�2) with g � 2.Then there exists a surfae [S0; !0℄ 2 C with a one simple simple ylinder; that is (S0; !0)is obtained from a surfae (S; !) in the minimal stratum H(2(g � 1) � 2) by �bubbling ahandle� at the unique zero of the di�erential !.This result was �rst proved by Kontsevih and Zorih. Here we give an independentgeometri proof using the ombinatoris of surfaes with one ylinder. In partiular, thisproof does not use the notion of Rauzy lasses.We �rst show a ombinatorial Proposition in order to prove the TheoremProposition 23. Let � be a �true� permutation of the group Sr. We assume that thesuspended surfae has no marked point that is �(i+ 1) 6= �(i) + 1 for all i = 1; : : : ; r withthe �dummy� ondition �(r + 1) := �(1). Let us also assume that the genus of the surfaeis greater than 2. It implies in partiular that r � 4.Then there exists a permutation �1 in the lass of � for the yli order with �1(1) = 1and suh that �̂1 is irreduible.Now assuming above Proposition, one an prove the Theorem:Proof of Theorem 9. Let C be a onneted omponent of the minimal stratum H(2g � 2)with g � 2. Let us take a Jenkins�Strebel surfae (S; !) inside this omponent.



84 CHAPTER 5. THE MINIMAL STRATUM Q(4G � 4)Aording to Proposition 23, we an assume that the permutation � whih enode thegluing of horizontal sides of the ylinder Sn�(!) satisfy�(1) = 1 and �̂ is irreduibleThus Remark 2.5.2 imply that there exists on S a simple ylinder in the vertial diretion.In addition �̂ is irreduible. Applying Corollary 2, we obtain a full Lesbesgue measure setof admissible vetors � suh that S(�; �) 2 C possesses a multipliity one simple ylinder(in the vertial diretion).Theorem 9 is proved.Proof of Proposition 23. Let � be a permutation of the set f1; : : : ; rg with r � 4. We analways assume, up to a yli order, that �(1) = 1. If �̂ is irreduible then the Propositionholds with �1 = �. Thus let us assume that the restrit permutation �̂ is reduible. Thenby de�nition there exist 2 � i0 < r suh that�(f2; : : : ; i0g) = f2; : : : ; i0gLet us onsider the following new set: �(i0 + 1; : : : ; r) = (A1 r A2). With these notations,we have � � �1 = � r 1 2 : : : i0 i0 + 1 : : : r � 1r A2 1 �(2) : : : : : : �(i0) A1 �It is easy to see that A2 6= ;: else the orresponding �at surfae S(�1; �) will possesses amarked point and we do not onsider suh �at surfaes. Thus, with this ondition, if �̂1 isreduible, it is easy to see that the orresponding invariant set �(f1; : : : ; i00g) = f1; : : : ; i00gwill satis�es the ondition i00 � i0+1 > i0. The set f0; : : : ; rg is �nite, thus the Propositionholds by repeating �nitely many times this proess.Proposition 23 is proved.Proof of the main resultWe want to prove an analogous result of Proposition 23 on the ombinatoris of generalizedpermutations. The proof is a little tehnial. First we show a ombinatorial Proposition,analogous to Proposition 23, under the tehnial assumption that permutations � satisfyondition (�) (see setion 2.2.6). Then we prove Theorem 8.Proposition 24. Let � = � AB � suh that � satisfy the ondition (�). In partiular wehave #A = #B. Moreover we assume that the �at surfae S = S(�; �) has no markedpoints. Let us also assume that #A � 7. This imply in partiular that the genus of the �atsurfae S = S(�; �) satis�es genus(S) = g � 4Then � is equivalent (with respet to the yli order) to� � � 0 A00 B0 �where �̂ = � A0B0 � is irreduible.



5.1. SIMPLE CYLINDER AND THE MINIMAL STRATUM 85We forgot for the moment the proof of the Proposition in order the show the Theoremassuming Proposition 24.Proof of Theorem 8. Let C be a onneted omponent of the stratum Q(4g � 4). If thereexists [S(�; �);  ℄ 2 C suh that �̂ is irreduible then, applying the proof of Theorem 9 wehave done. Now the proof of Theorem 8 in full generality is redued to the two followingLemmas.Lemma 10. Let C0 be a onneted omponent of the minimal stratum Q(4g � 4). Thenthere exists a sequene of onneted omponents Ci for i = 1; : : : ; t (t � 0) of this stratumand a sequene of onneted omponents Cj for j = 1; : : : ; t of the stratum Q(kj ; 4g�4�kj)(with kj even) suh thatCi [ Ci+1 � Ci+1 for all i = 0; : : : ; t� 1In addition, there exists a �at surfae S = S(�; �) with [S;  ℄ 2 Ct and � satisfy theondition (�).Lemma 11. Let C0 be a onneted omponent of the minimal stratum Q(4g� 4). Supposethat there exists a omponent C1 of the minimal stratum and a omponent C of the stratumQ(k; 4g � 4� k) (k even) with C0 [ C1 � CLet us also assume that there exists a �at surfae [S;  ℄ 2 C1 with a simple ylinder ofmultipliity 1. Then there also exist a �at surfae [Ŝ;  ̂℄ 2 C0 with a simple ylinder ofmultipliity 1.Proof of Lemma 10. Let [S(�; �);  ℄ 2 C0 be a point. If � satis�es the ondition (�) thenthe Lemma holds. If not, there exists two separatries  and � suh that i and �iare present twie in a same side of the ylinder Sn�( ). Then, using representativeselements (see Chapter 3), we an break up the unique zero into two zeroes by adding asaddle onnetion � suh that �1 and �2 are not in a same side of the ylinder. ApplyingRemark 2, we an ollapse the saddle onnetion  to a point to obtain a new surfae inthe omponent C1 � Q(4g� 4). Now let us remark that the �transition� surfae belongs toa omponent C1 of a stratum with two singularities. We haveC0 [ C1 � C1Repeating indutively this proess, Lemma 10 holds.Proof of Lemma 11. Its follows from Proposition 11.Proof of Proposition 24. First of all note that, under the ondition (�), a permutationwhih is weakly irreduible is irreduible.Reall that a generalized permutation is an ordered partition of X = f1; : : : ; n +mginto two ordered sets, X = Y1tY2. In the present thesis we shall always onsider only thosegeneralized permutations, for whih eah of Y1; Y2 ontains at least one entry of multipliitytwo. The permutation satisfy the ondition (�) that is eah set Y1; Y2 ontains exatlyone entry of multipliity two. Up to re-labeling, we an suppose for the next that the twopartiulars elements are 1 in Y1 and 2 in Y2.



86 CHAPTER 5. THE MINIMAL STRATUM Q(4G � 4)In order to prove this result, we use the representations of � by a tabular. Let � be ageneralized permutation of the set f1; : : : ; n+mg. We an always assume, up to a yliorder, that �(1) = n+1. If �̂ is irreduible then the Proposition holds with �1 = �. Thuslet us assume that the restrit permutation �̂ is reduible. Aording to the de�nition ofweakly reduibility, we have a deomposition of �̂ into the following way� = � 0 A C0 B D �The reduibility of �̂ involves one of the three following deomposition ases:1. �(A) = B2. �(C) = D3. For all i 2 A, if i 6= 1 then �(i) 2 B else �(i) 2 C.For all j 2 B, if j 6= 2 then �(j) 2 A else �(j) 2 D.In addition, we assume that this deomposition is minimal: we do not have a deompositioninto sets A0; B0; C 0;D0 whih are stritly inlude into the set A;B;C;D. This ondition, inthe ase of �true� permutation, is equivalent to say that i0 is minimal.Obviously, in the type (1) and (2) of reduibility we have the result: this is simply theidea disuss in the proof of Proposition 24. The type (1) is a diret onsequene of thisremark. We an redue the type (2) to the type (1) as follow. Let us denote the two setsA = (A1 3) and B = (B1 3 B2). With this onsiderations the generalized permutation �is equivalent to the following one� � � 3 C 0 A13 B2 D 0 B1 �This last one an be reduible but then it is neessarily of type (1).Thus it remain to onsider the type (3) of reduibility of �̂.Reall that �, so all permutations equivalent to �, satisfy the ondition (�). Thegeneralized permutation �̂ is reduible and we have1 2 A and �(1) 2 C 2 2 B and �(2) 2 DLet us onsider the two sets C = (C1 1 C2) and D = (D1 2 D2). With these notations, wehave � = � 0 A C1 1 C20 B D1 2 D2 �There is the following dihotomy: either the two sets C2 and D2 are empty or one of themis non-empty (say C2 up to a permutation of lines). In the last ase, we an onsider thealgorithm given in the proof of Proposition 23 to obtain either the result or a permutationwith a more restrited ombinatoris.Using this proedure, it is easy to prove that either there is a permutation �1 in thelass of � for the yli order suh that �̂1 is irreduible or the ombinatori of � is givenby one of the two following type of permutation (up to a permutation of lines)� 0 A C 10 B D 2 � and � 0 A C 1 30 B D 3 2 �



5.1. SIMPLE CYLINDER AND THE MINIMAL STRATUM 87Obviously, if the two sets C and D are non-empty, we an repeat this algorithm to obtaineither a permutation in the lass of � for whih the Proposition holds or a permutationwith a very restrited ombinatoris. Namely, the following Lemma holdsLemma. Let � be a generalized permutation whih satisfy assumptions of Proposition 24.Then either � is equivalent to �1 and �1 satisfy to Proposition 24 or the ombinatorisof � is given by one of the four following type of permutations� 0 A 10 B 2 � � 0 A 3 10 B 3 2 � � 0 A 3 10 B 2 3 � � 0 A 4 3 10 B 4 2 3 � �In order to prove Proposition 24, it remains to onsider these four type of permutationsabove. We will onsider only the seond ase. The others are similar and it is an easyexerise.The main idea is to desribe the struture of the sets A et B. For the next of theproof, we will use the same notations not to have too many variables. Namely, we use thenotation A;B;C;D to desribe the sets A;B.Let us denote A = (A1 1 A2) and B = (B1 2 B2). Not to have two many notations,we delare that A stands for A1, B stands for B1 and C stands for A2, D stands for B2.Lemma 12. Let � be a generalized permutation of the following form� 0 A 1 C 3 10 B 2 D 3 2 �Let us suppose that #A+#C � 3.Then � � �1 and the generalized permutation �̂1 is irreduible.Proof of Lemma 12. By assumption on the minimality of the deomposition, we have oneof the two sets C and D whih is non-empty; else �(A) = B whih ontradits the fat onthe minimal invariant set.Up to a permutation of the lines, we an assume that C 6= ;. Let us onsider C = (C1 4)with �(4) 2 B [D. For the next of the proof we will forget the index 1; that is C standfor C1 to simplify the notations.We will onsider the two following ases: the ase where �(4) 2 B and the ase where�(4) 2 D.Case 1. For the �rst one, we denote the two sets B1 and B2 by B = (B1 4 B2). Thus thepermutation � is equivalent to the following one� � �1 = � 4 3 1 0 A 1 C4 B2 2 D 3 2 0 B1 �Obviously, the permutation �̂1 is reduible if we have B2 = D = ;. On the other hand,if one of the two sets B2 or D is non-empty, the permutation �̂1 an be reduible but theorresponding deomposition is of type (1) and so the Lemma holds. For the ase whereB2 = D = ;, one an see that � is equal to� = � 0 A 1 C 4 3 10 B 4 2 3 2 �



88 CHAPTER 5. THE MINIMAL STRATUM Q(4G � 4)(B stands for B1).Assumptions on � implies that #B � 2. So we an write B = (B1 5) with �(5) 2 A[C.If �(5) 2 C then we deompose the set C by C = (C1 5 C2). Obviously, C2 6= ;: we donot onsider surfaes with marked points. Thus, using the same remarks as above, byonsidering the yli order with respet to 5, we obtain the result. If 5 2 A, we obtainthe same onlusion using the fat that C 6= ;: it is a onsequene of the assumption onthe minimality of the invariant set.Case 2. For the seond ase, reall that we have �(4) 2 D. We note D = (D1 4 D2) withD2 6= ;. Thus the permutation � is equivalent to the following one� � �2 = � 4 3 1 0 A 1 C4 D2 3 2 0 B 2 D1 � :Obviously, the permutation �̂2 is reduible if we have �2(D2) � A. On the other hand, ifwe does not have this ondition, the permutation �̂2 an be reduible but the orrespondingdeomposition is of type (1) and so the Lemma holds.Thus, to �nish the proof of this ase and so the Lemma it remain to onsider the asewhere �2(D2) � A and � is equal to� = � 0 A 1 C 4 3 10 B 2 D1 4 D2 3 2 � :As above, D2 is non-empty and so we an write D2 = (D2 5) and A = (A1 5 A2). Let �3be the generalized permutation in the lass of � for the yli order with respet to theelement 5. By diret omputation, one an see that if �̂3 is reduible, it is of type (1).This ahieve the proof of Lemma 12.In order to prove Proposition 24, it remain to prove the three following Lemma. Proofare analogous to the above so we left them in exerise.Lemma 13. Let � be a generalized permutation of the form� 0 A 1 C 10 B 2 D 2 �Let us suppose that #A+#C � 4. Then � � �1 with �1 holds for Proposition 24. �Lemma 14. Let � be a generalized permutation of the form� 0 A 1 C 3 10 B 2 D 2 3 �Then � � �1 with �1 holds for Proposition 24. �Lemma 15. Let � be a generalized permutation of the form� 0 A 1 C 4 3 10 B 2 D 4 2 3 �Then � � �1 with �1 holds for Proposition 24.



5.2. CONNECTEDNESS OF THE MINIMAL STRATUM 89�Clearly, Proposition 24 follow from the Lemma whih lassify the type of ombinatorisof � and from Lemma 12, 13, 14 and 15 Thus it ahieve the proof of Proposition 24.5.2 Connetedness of the minimal stratumNow we are ready to prove the main statement announed at the beginning of this Chapter;that is Theorem 7. We �rst prove diretly that the stratum Qg=5(16), and indutively ong, we show that the stratum Q(4g � 4) for g � 5 is also onneted. The step of indutionis given by the previous setion.5.2.1 Initialization of the indution: genera g = 3; 4; 5The genus g = 3First we proveLemma 16. The stratum Q(8) is onneted.Proof of Lemma 16. The proof of this Lemma is just based on a alulus.Let (S;  ) be a Jenkins�Strebel surfae of genus 3, with a unique zero, whih is deomposedinto a unique ylinder for the horizontal foliation. So that, there is a unique onialsingularity on S with a onial angle of 10�. We are going to see that there are fewpossibilities for the ombinatoris of the gluing for the set of horizontal separatrix loops.Let us denote by � the orresponding generalized permutation. Obviously, there is twopossibilities for �: either the number of elements of Y1 and Y2 are the same or it is di�erent.We all the set of generalized permutations whih satisfy the �rst ondition the lass S1and the set of seond type of permutations the lass S2.Moreover using the fat that [S;  ℄ 2 Q(8), one an see by diret omputation forpermutations in S1 we have #Y1 = Y2 = 5 and for permutations in S1 we have #Y1 = 7,#Y2 = 4 (up to a permutation of lines).Now we an identify all permutations in the lass S1 and S2 up to the yli order anda re-labeling of lines. We �nd 4 generalized permutations in the lass S1 and 3 generalizedpermutations in the lass S2 (see the following list whih gives representatives elements)� 5 3 5 2 41 2 1 3 4 � � 5 2 5 3 4 21 3 1 4 �� 5 4 5 2 31 2 1 3 4 � � 3 5 4 2 5 21 3 1 4 �� 5 4 5 3 21 2 1 3 4 � � 5 3 2 5 4 21 3 1 4 �� 5 3 5 3 41 2 1 2 4 �We proeed as in the proof of Proposition 19. At the present time, we have just provedthat there is at most 7 onneted omponents inside the stratum Q(8). Now, we onsidersurfaes S(�; �0) with � 2 S2 and with an appropriate admissible vetor �0 equals to�0 = (1; 1; 1; 1; 1; 1; 2; 1; 2; 1)



90 CHAPTER 5. THE MINIMAL STRATUM Q(4G � 4)We onsider the vertial foliation on all surfaes S = S(�; �0) for � 2 S2.One an that this foliation is ompletely periodi and deomposes the surfae into onlyone (horizontal) ylinder. Moreover the orresponding permutation, whih enodes gluingof the vertial separatrix loop, is ontain (up to a yli order and a hange of lines) in thelass S1. Thus it proves that there is at most 4 onneted omponents inside the stratumQ(8).Now let us onsider all surfaes S(�; �1) with � 2 S1 with the admissible vetor �1equals to �1 = (1; 1; 1; 1; 1; 1; 1; 1; 1; 1)Obviously, these surfaes are arithmetis surfaes: the orresponding orientating doubleovering is a rami�ed overing over the two-torus with only 1 ritial value. We onludeby the fat that all of these arithmetis surfaes belongs in the same PSL(2;Z)�-orbit.Lemma 16 is proved.Now we will onsider the two ases orresponding to the strata in genera g = 4 andg = 5.The genus g = 4Proof of Theorem 7 in the ase g = 4. Here we prove that the stratum Q(12), in genus 4,has at most two omponents. More preisely, using notations of Chapter 3, we showQ(12) = QI(12) [QII(12)In Appendix, we give an argument, namely Rauzy Classes, to show that this union is adisjoint union.Let C0 be the unique onneted omponent of the stratum Q(8) (see Lemma 16). Then,Theorem 8, imply that any omponent C of the stratum Q(12) is of the following formC = C0 � s with s = 1; : : : ; 2g = 6We reall that by de�nition, QI(12) = C0 � 2 and QII(12) = C0 � 6. Let us denote �1the generalized permutation given by Figure 3.7 and �2 the generalized permutation givenby Figure 3.8. We denote by (S1;  1) (respetively (S2;  2)) the suspended �at surfaesover �1 (respetively �2) and the admissible vetor�0 = (1; 1; 1; 1; 1; 1; 1)With our notations, we have[S1;  1℄ 2 QI(12) and [S2;  2℄ 2 QII(12)In the next we onsider the yli order on permutations �1 and �2. Our goal is to presenta nie twist on these permutations to obtain a �at surfae whih possesses (in the vertialdiretion) a simple ylinder of multipliity 1 with an angle k� (k = 1; : : : ; 6).



5.2. CONNECTEDNESS OF THE MINIMAL STRATUM 91First, we onsider the yli order on �1 with respet to the element 5; that is�1 = � 1 2 3 4 2 5 61 4 5 7 6 7 3 � � �10 = � 5 6 1 2 3 4 25 7 6 7 3 1 4 �By diret omputation, we see that S0 = S(�10; �0) possesses (in the vertial diretion) asimple ylinder of multipliity 1. In addition, this ylinder has angle 4�, with respet tothe �at metri. In partiular, S0 and S1 belongs to the same onneted omponents. Inother terms we have proved thatC0 � 4 = C0 � 2 = QI(12)In an equivalent way, using the generalized permutation �2 and the yli order withrespet to the element 5, we showC0 � 3 = C0 � 6 = QII(12)To �nish the prove, of the Theorem (in the ase g = 4) it remains to onsider the value1� and 5� of s. Let us onsider the following generalized permutation� = � 1 2 3 4 5 6 51 4 7 3 7 2 6 �By diret heking, the yli order on � with respet to the element 1 gives rise to a �atsurfae with a simple ylinder of multipliity 1 with an angle of 4�.For the yli order with respet to the element 3 we obtain a ylinder with an angleof �.For the yli order with respet to the element 2 we obtain a ylinder with an angleof 5�.In others terms C0 � 4 = C0 � 1 = C0 � 5whih ahieve the proof of Theorem 7 in the ase g = 4.The genus g = 5Proof of Theorem 7 in the ase g = 5. Let C0 be the unique onneted omponent of thestratum Q(8) (see Lemma 16). Let C1 = C0 � 2� 2 be a omponent of Qg=5(16).Our goal is to prove that the stratum Q(16) is onneted. Reall thatC0 � 2 = QI(12) and C0 � 6 = QII(12)Using Theorem 8 we obtain that for any omponent C0 of the stratum Q(16), there existss0 suh that C0 = C � s0 with C equals to one of the two omponents QI(12);QII (12) ofQ(12).Using the properties of the map � (see Chapter 2), one an easily proved thatC0 � 2� s = C0 � 6� s = C1 for all s = 1; : : : ; 8whih will prove Theorem 7 in the ase g = 5.



92 CHAPTER 5. THE MINIMAL STRATUM Q(4G � 4)5.2.2 Indution on the genus gHere we prove Theorem 7 in the full generality. The proof is based indutively on thegenus g of the surfaes. We use the main result of the previous setion (see setion 5.1) toobtain the step of indution. We have shown that we an always �nd a surfae, in eahonneted omponent of the minimal stratum, with a multipliity one simple ylinder.Then the Theorem follows from properties of the map � (see setion 2.4.2). Now let usdisuss details of the proof.Proof of Theorem 7 in the ase g � 6. Let us �x g � 6. Let us assume that Theorem 7 isproved for all genera 5 � g0 < g and let us prove it for the genus g; that is let us prove thatthe minimal stratum Q(4g�4) is onneted. Reall that the initialization of the indutionis given by setion 5.2.1.Now g� 1 � 5 so that the minimal stratum in genus g� 1 is onneted by assumption.Let C0 = Q(4(g � 1) � 4) be the onneted omponent of this stratum. We denote byC1 � Q(4g � 4) the omponent obtained by �bubbling a handle� on a surfae of C0:C1 = C0 � 1By Theorem 8, the map� : �0(Qg�1(4g � 8))� N ! �0(Qg(4g � 4))(C; s) 7! C � s := C0is onto. But the stratum Q(4(g�1)�4) is onneted and s an be hosen in f1; : : : ; 2g�2g(up to onsider the omplementary angle). Thus we obtain a surjetive map� : f1; : : : ; 2g � 2g ! �0(Qg(4g � 4))Our goal is to show C0 � s = C1 for any s whih will prove the Theorem.Always by Theorem 8, there exists r0 suh thatC0 = C00 � r0with C00 a omponent of the stratum Q(4(g�2)�4) (whih is non-empty beause g�2 � 3).Reall that the stratum Q(4(g � 1)� 4) is onneted so we also haveC00 � r = C0 for any r (5.1)Using above equation (5.1) and properties of the map �, we onlude thatC0 � r = C00 � s� r = C00 � r � s = C0 � s for any r; sTaking r = 1, we obtain the desired relation.Theorem 7 is proved.



Chapter 6General Classi�ationIn this Chapter, we give the omplete desription of the set of onneted omponent ofany stratum inside the moduli spae of quadrati di�erentials. This orresponds to MainTheorem 1 and Main Theorem 2. First of all, we onsider the desription of omponentsin genera higher than 5 whih orresponds to the �general� ase. Then we desribe the listof omponent in small genera; that is 1 � g � 4, where some omponents are missing inomparison to the general ase and some �exeptional� omponents appear.The sheme of the proof is the following. It uses results of Chapter 4 and Chapter 5.In the general ase (g � 5), the minimal stratum Q(4g � 4) is non-empty (see [MaSm℄).We show that any onneted omponent of an arbitrary stratum in genus g is eitherhyperellipti or adjaent to the minimal stratum. Then Theorem 6 gives an upper boundon the number of non-hyperellipti omponent on eah stratum. We onlude using theomplete desription of the set of hyperellipti omponent (see [La1℄).In order to proof Main Theorem 2, we essentially follow the same way as above but it ismore tehnial. We onsider several ase depending the multipliities of the singularities.6.1 Paths inside the moduli spaeIn this setion, we desribe preisely the adjaeny of some strata of the moduli spaes. Weshow that a non-hyperellipti (or non-irreduible) onneted omponent whih is adjaentto a hyperellipti onneted omponent or an irreduible onneted omponent is alsoadjaent to a non-hyperellipti (or non-irreduible) onneted omponent. For provingthis fat, we give some expliit ontinuous path inside the whole moduli spae by usingexpliit permutations.6.1.1 Case of hyperellipti onneted omponentsCase of two singularitiesWe have onstrut a surfae in the hyperellipti onneted omponent of the stratumQ(4k+2; 4(g�k)�6) using the permutation �1(2k+1; 2(g�k)�3) (see Chapter 3). Herewe expliitly present a ontinuous loally deformation of this surfae inside the stratumQ(k1; k2; 4(g � k)� 6) with k1 + k2 = 4k + 2 and k1; k2 any even integers. We �rst provea ombinatorial Lemma and then the main statement.93



94 CHAPTER 6. GENERAL CLASSIFICATIONLemma 17. Let a be an even integer with 2 � a � r + 1. We hoose r = 2k + 1 andl = 2(g � k)� 3. We onsider the half translation surfae (S;  ) given by suspension overthe following generalized permutation�1(r; l; a) = � 01 03 1 : : : r 01 r + 1 : : : r + lr + l : : : r + 1 02 r : : : a 03 a� 1 : : : 1 02 �Then [S;  ℄ 2 Q( a� 2; 4k + 4� a; 4(g � k)� 3 )Proof. It is obvious.Then we have the followingProposition 25. Let [S;  ℄ 2 Qhyp(k; k0) be a point (neessarily k = k0 = 2 modulo 4).Let ki be any even positives integers with k1 + k2 = k. Then there exists a ontinuous path� : [0; 1℄ �! Qg of [0; 1℄ into the whole spae Qg with 4g � 4 = k + k0 suh that� �(0) = [S;  ℄� �(t) 2 Q(k1; k2; k0) for all 0 < t < 1.� �(1) 2 Q(k; k0)nQhyp(k; k0).Proof. Taking a = k1 + 2 and applying Lemma 17, the statement follows.Case of three singularitiesWe an prove similar results for hyperellipti strata with three and four singularities byusing expliit representatives elements with orresponding generalized permutations.6.1.2 Case of irreduible onneted omponentsWe prove similar results for irreduible onneted omponents. More preisely, we provethat if a onneted omponent C, whih is non-hyperellipti and non-irreduible, is adjaentto the irreduible onneted omponent of the stratum Q(�1; 9) then it is also adjaent tothe minimal stratum. Namely, we haveProposition 26. Let [S;  ℄ 2 Qirr(�1; 9) be a point. Let k1; k2 be any integers withk1 2 f�1; 1; 2; 4g and k1 + k2 = 9. Then there exists a ontinuous path � : [0; 1℄ �! Qg=3of [0; 1℄ into the whole spae suh that� �(0) = [S;  ℄� �(t) 2 Q(�1; k1; k2) for all 0 < t < 1.� �(1) 2 Q(�1; 9)nQirr(�1; 9).Proof. We use expliit generalized permutations as Lemma 17.We also have an analogous result for stratum Q(�1; 3; 3; 3).



6.2. MAIN THEOREM 1 956.2 Main Theorem 1Let us �x g � 5. In this setion, we prove that any non-hyperellipti onneted omponentin any stratum in Qg is adjaent to the minimal stratum. Note that this restrition on theset of non-hyperellipti onneted omponent is neessary (see Proposition 15).Proposition 27. Let us �x n � 2. Let C � Q(k1; : : : ; kn) be a onneted omponent ofa stratum in genus g � 5. We assume that C is not an hyperellipti onneted omponent(when it has a sense). Then there exists C0 � Q(4g � 4) a onneted omponent suh thatC0 � CNow, assuming above Proposition, we are ready to prove our Main result:Proof of Main Theorem 1. Let Q(k1; : : : ; kn) be an arbitrary stratum in genus g � 5. Ifn = 1 then the Main Theorem follows from Theorem 7. So let us assume that n � 2.By Proposition 27, the set of non-hyperellipti omponents of this stratum is adjaent tothe minimal one. Using Theorem 7 and Theorem 6 we onlude that there is at most 1non-hyperellipti omponent.Thus any stratum whih have no hyperellipti omponent is onneted and any stratumwhih have a hyperellipti omponent has at most two omponents.We onlude by the fat that in genera higher than 5, any stratum whih ontains anhyperellipti omponent is non-onneted (see [La1℄).Main Theorem 1 is proved.It remains to obtain the main lassi�ation result in genera higher than 5 to proveProposition 27.Proof of Proposition 27. We onsider several ases, following the di�erent values of n, thenumber of singularities. First we prove the Proposition in the partiulars ases n = 2; 3; 4.Then we prove it in the general ase n � 5.First of all, let us remark that the ase n = 2 is given by Theorem 5.Then let us onsider the stratum Q(k1; k2; k3). We onsider di�erent ases followingthe parity of ki. Note that the ase of the stratum Q(�1;�1; 4g � 2) is also given byTheorem 5. Let C be a onneted omponent of this stratum.First, let us assume that (up to a permutation of ki) k2; k3 are odd and k1 even. If C isnon-hyperellipti, Corollary 4 implies that this omponent is adjaent to a omponent ofthe stratum Q(k1+ki; kj) with fki; kjg = fk2; k3g. Aording to Theorem 1 this stratumhave not a hyperellipti omponent (kj is odd) so Theorem 5 implies that C is adjaent tothe minimal stratum.Seondly, let us assume that all ki are even. We hoose k1 = maxfkig. Corollary 4implies that this omponent is adjaent to a omponent of the stratum Q(k1+ ki; kj) withfki; kjg = fk2; k3g. If this stratum has not a hyperellipti omponent, we have done.If not then we an assume that C is adjaent to a hyperellipti omponent (if not, we havealso done). Proposition 25 and Proposition 22 show that we an joint this hyperellipti



96 CHAPTER 6. GENERAL CLASSIFICATIONomponent to a non-hyperellipti omponent through the omponent C whih onlude theproof in the ase n = 3.The proof of Proposition 27 in the ase n = 4 is similar to the previous one.Now let us prove the Proposition for all n � 5. Aording to [La1℄, a stratumQ(k1; : : : ; kn) whih ontains an hyperellipti onneted omponent must satisfy n � 4.Thus if we prove the Proposition for n = 5, by transitivity of the property adjaeny, wehave done for all arbitrary values of n > 5.The proof for n = 5 follows of the main result of Chapter 4. Reall that we have proved(see Theorem 5) any omponent is either hyperellipti or adjaent to a lower dimensionalstratum.Let C be a onneted omponent of the stratum Q(k1; : : : ; k5). We hoose k1 =maxfkig. So C is adjaent to a onneted omponent of the stratumQ(k1 + ki; k2; : : : ; k̂i; : : : ; k5) (6.1)Now, if this stratum has not an hyperellipti onneted omponent, C is adjaent to anon-hyperellipti onneted omponent and so the result follows from the study of thease n = 4. If the stratum (6.1) ontains a hyperellipti onneted omponent then in thestratum Q(k1; : : : ; k5), there exists a zero of order k1 + ki. Reall that k1 has been de�nedby the max of all ki thus it implies that ki = �1.Now, using Theorem 4, we onlude that C is adjaent to a onneted omponent ofthe stratum Q(k1 � 1 + kj ; k2; : : : ; k̂j ; : : : ; k5)This stratum has no a hyperellipti omponent so C is adjaent to the minimal stratum.Proposition 27 is proved.6.3 Main Theorem 2It remains to prove Main Theorem 2 to establish the omplete lassi�ation of omponentsof the strata. Here we onsider partiular small values of g. The genus g = 0 is given byProposition 2. So we treat ases g = 1; 2; 3; 4. For genera 3 and 4, we prove an analogousProposition of the previous setion on the adjaeny of the strata. There is some additionalondition: some �exeptionnal� omponents omparing to the general ase.Proposition 28. Let n be greater or equals 2. Let C � Q(k1; : : : ; kn) be a onnetedomponent of a stratum in genus g = 3 or 4. We assume that C is not an hyperelliptiomponent neither one of the three omponents given by the listQirr(�1; 9) Qirr(�1; 3; 6) Qirr(�1; 3; 3; 3) in genus g = 3Then there exists C0 � Q(4g � 4) a onneted omponent suh thatC0 � CNote that as above, Main Theorem 2 in genera 3 and 4 follows from above Proposition.There is some additional ases to disuss providing to the fat that Q(12) is not onneted.



6.3. MAIN THEOREM 2 97Proof of Proposition 28. The proof is similar to the proof of Proposition 27. Partiularsases follow from Proposition 26.Proof of Main Theorem 2. The proof in the ase g = 3; 4 is given by Proposition 28. Herewe just onsider the two last ases, that is genus 1 and genus 2.In genus 1, the projetion of a Teihmüller dis of a point in the moduli spae of urvesis the whole spae H 2=PSL(2;Z). Thus it is su�ient to prove that the strati�ationgiven by the type of singularities on the set of meromorphi quadratis di�erentials on apartiular surfae is onneted. For instane, one an onsider the standard torus C =Z2.Obviously, the spae of meromorphi quadratis di�erentials on the two torus is one-to-onewith the spae of doubly periodi meromorphi funtions on the omplex plane (doublyperiodi with respet to the lattie Z2). It is a lassial result that the strati�ation givenby the type of singularities produes onneted strata.The minimal stratum in genus 2 does not exist; that is all quadrati di�erential ona urve of genus 2 with a single zero is automatially the global square of an Abeliandi�erential. Nevertheless, we an prove a result analogous to Proposition 27: any onnetedomponents of any stratum of the moduli spae Qg=2 di�erent fromQhyp(�1;�1; 6) and Qhyp(�1;�1; 3; 3)is adjaent to one of the two following strataQ(�1; 5) or Q(2; 2)There is �nitely many ases to onsider. Using results on loal onnetedness and ex-pliit paths between the strata (see Chapter 4), we an prove that all strata whih areadjaent to one of the two above omponents are onneted. In [La1℄, we prove thatthat Q(�1;�1; 6) and Q(�1;�1; 3; 3) are not onneted thus it follows that they possesspreisely two omponents. Main Theorem 2 is proved.
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Chapter 7Appendix7.1 Spin StrutureThe invariant, that lassi�es non-hyperellipti onneted omponents of the moduli spaesof Abelian di�erentials with presribed singularities, is the parity of the spin struture(see [KoZo℄). We show that in the ase of quadrati di�erentials the spin struture isonstant on every stratum where it is de�ned. This disproves a onjeture of Kontsevih�Zorih that it lassi�es the non-hyperellipti onneted omponents of the moduli spaes ofquadrati di�erentials with presribed singularities. Moreover we give an expliit formulafor the parity of the spin struture.7.1.1 Spin Struture De�ned by an Abelian Di�erentialWe remind �rst the algebrai-geometri de�nition of the spin struture given by an Abeliandi�erential, see M. Atiyah [At℄; see also [KoZo℄; see D. Johnson [Jo℄ for a topologialde�nition.Let ! be a 1-form with only even singularities. There are 22g solutions of the equation2D = K(!) in the divisor group where K(!) is the anonial divisor determined by !. Aspin struture is the hoie ofD in the Piard group Pi(S) of S. For an Abelian di�erentialwith only even zeros, one an writeK(!) = 2k1P1 + � � �+ 2knPnWith these notation, we delare that the spin struture de�ned by the form ! on theomplex urve S is just the divisor D = k1P1 + � � � + knPn. Thus a point [S; !℄ givesanonially a spin struture.7.1.2 Parity of a spin strutureThe dimension of the linear spae jDj may have quite di�erent values for di�erent hoieof D. For example, in genus 1, the dimension of the spae given by the three solutionsdi�erent from 0 have non-zero dimension. We delare that the dimension modulo 2 of thislinear spae is the parity of the spin struture D and we denote it by �(D). On a urveof genus g � 1, M. Atiyah [At℄ proved that there are 2g�1(2g + 1) odd struture spin and22g � 2g�1(2g + 1) even struture spin. 99



100 CHAPTER 7. APPENDIX7.1.3 Spin struture on a deformed urveAording the result of M. Atiyah [At℄ and D. Mumford [Mu℄, the dimension of the linearspae jD(!)j modulo 2 is invariant under ontinuous deformations of the Abelian di�er-ential ! inside the orresponding stratum, and hene, it is onstant for every onnetedomponent of any stratum, where it is de�ned.7.1.4 Spin Struture De�ned by a Quadrati Di�erentialLet �̂ : Ŝ ! S be the orientating overing. We denote by !̂2 = �̂� the pull-bak. Theparity of spin struture of  is the parity of the spin struture determined by !�( ) Def:= �(!̂)One an see that the parity of the spin-struture is well de�ned.Aording to these notations, we haveMain Theorem 4. Let  be a meromorphi quadrati di�erential on a Riemann surfaeS with singularity pattern Q(k1; : : : ; kl). Let n+1 be the number of zeros of  of degreeski = 1 mod4, let n�1 be the number of zeros of  of degrees kj = 3 mod4, and supposethat the degrees of all the remaining zeros satisfy kr = 0 mod4.Then the parity of the spin struture de�ned by  is given by�( ) = " jn+1 � n�1j4 # mod2where square brakets denote the integer part.Proof of 4. See [La2℄.7.2 Suspension over an interval exhange map7.2.1 Zippered retangles (After Veeh)Having an interval exhange transformation T : I ! I one an �suspend� a �at surfae Sendowed with an Abelian di�erential ! over T . Here we present the idea of suh �suspen-sion�; one an �nd all the details in the paper of W.A.Veeh [V1℄. See also a nie Figureof this onstrution in [KoZo℄.Plae the interval I horizontally in the plane C . Plae a retangle Ri over eah subinter-val Ii � I; the retangle Ri has the width �i = jIij and some altitude hi. Later on we shallpose some restritions on the altitudes. Glue the top horizontal side of retangle Ri to theinterval T (Ii) at the base. There are still no identi�ations between the vertial sides of theretangles, so we get a Riemann surfae with several �holes�; eah boundary omponent is aunion of the vertial sides of the retangles. Now start �zipping� the holes. If the altitudeshi of the retangles, and the altitudes ai till whih we �zipper� the retangles obey somelinear equations and inequalities (see [V1℄), then we manage to eliminate all the holes. TheRiemann surfae thus onstruted has natural �at struture with one-type singularities;



7.2. SUSPENSION OVER AN INTERVAL EXCHANGE MAP 101the omplex struture, oming from the initial omplex struture on the plane C , extendsto the onial points. The Abelian di�erential ! is loally represented as dz, where z isthe standard oordinate in C .As we already mentioned the altitudes hi, and ai obey some linear relations; it isproved in [V1℄ that the family of solutions is always nonempty. This family has dimensionm = 2g + k � 1 = dimH1(Sg; fzeroes of !g), whih oinides with the number m ofsubintervals under exhange, � 2 Sm.7.2.2 Seond onstrution (After Masur)Here we present a nie onstrution, due to Masur (see [Ma1℄), analogous to the previousone. Having an interval exhange transformation T : I ! I one an �suspend� �at surfaeS endowed with an Abelian di�erential ! over T .Reall that an irreduible permutation � is a permutation of the set f1; : : : ; ng suhthat �(f1; : : : ; kg) 6= f1; : : : ; kg for all k < nObviously, this ondition is equivalent toLemma. The permutation � is irreduible if and only ifkXi=1(�(i)� i) > 0 for all 1 � k < n (7.1)Let T be an interval exhange transformation on the segment I = (0; 1) with orre-sponding parameters (�; �). Let us assume that � is irreduible andP�i = 1. We onsiderthe 2n�gon in R2 given by its vertex (the segment I is loated on the horizontal axe)(0; 0)  kXi=1 �i ; kXi=1(�(i) � i)! (1; 0)and  kXi=1 �i ; kXi=1(��1(i)� i)!Aording to formula (7.1), the polygon is well de�ned. We denote it by P (�; �). Thus wehave the following obviousLemma. The opposite edges of the polygon P (�; �) are parallel and of equal lengths.We an glue by translation all edges to obtain a Riemann surfae S endowed with anAbelian di�erential ! = dz. The singularities are loated at the verties of the polygon.One an see that the �rst return map of the vertial �ow of ! on the interval (0; 1) on Sgives the initial transformation T .Remark 9. This onstrution has been redisovered by Veeh in the hyperellipti ase.



102 CHAPTER 7. APPENDIX7.3 Rauzy lassesIn this setion, using ombinatoris, namely, Rauzy lasses, we present some partiularsnon-onneted strata (see [Zo1℄ and [Zo2℄ for details). These strata are preisely thoseexeptional strata whih are non-onneted and whih do not possess an hyperellitpiomponent. Permutations given in this setion are di�erent from permutations presentsin Chapter 2. Permutations in Chapter 2 enode the gluing of the horizontal sides of astraight metri ylinder. In this setion, all permutations are onsidered as the oding ofthe ��rst return map� of the minimal vertial foliation on a transversal. In our ases, ourfoliation is not oriented, thus we must pass to the double overing to obtain a notion of�ow. The main result of this setion is to proveProposition. The four following stratain genus 3 : Q(�1; 9) Q(�1; 3; 6) Q(�1; 3; 3; 3)in genus 4 : Q(12)are not onneted.Proof of the Proposition. The proof used ombinatoris on Rauzy lasses. For eah abovestratum, we onsider a �at surfae. The ��rst return map� on an interval inside thispartiular surfae produes an linear involution, parametrized by a olletion of intervalsand a generalized permutation (see [DaNo℄). We denote this permutation by �1. Thenwe ompute the extend Rauzy lass R(�1) orresponding to �1 and we give an expliitelement �2 suh that �2 62 R(�1) and an expliit surfae in the same initial stratum suhthat the ��rst return map� on a transversal gives an linear involution, parametrized by thepermutation �2.For instane, we treat the last ase: the stratum Q(12). The us onsider the twofollowing permutations�1 = � 8 4 1 6 3 7 2 67 5 1 3 5 8 2 4 � �2 = � 8 4 1 6 3 2 6 77 5 1 3 5 2 4 8 �Using an analogous onstrution of Veeh, namely Zippered Retangles, (see setion 7.2),we an hek that �at surfaes (S1;  1) and (S2;  2) given by suspension over these twopermutations are �at surfaes inside the stratum Q(12). Moreover we an hoose thelength of the orresponding horizontal intervals to be 1 to obtain surfaes with a vertialsimple ylinder of multipliity 1. By diret omputation of angle of this ylinder, we obtain(aording to the notation of Chapter 3)[S1;  1℄ 2 QI(12) and [S2;  2℄ 2 QII(12)By diret omputation of the orresponding Rauzy lasses, one an see that�2 62 R(�1)In partiular, this prove that QI(12) and QII(12) are two disjoint onneted omponentsof the stratum Q(12).



7.4. EXAMPLES OF MEASURED FOLIATIONS ON SURFACES 103We an prove the same fat for speials strata in genus 3. For example, for the stratumQ(�1; 9) we onsider the two permutations�3 = � 2 6 5 4 7 7 31 6 3 4 2 5 1 � �4 = � 7 2 4 5 1 5 67 3 3 4 1 2 7 �We an hek that the seond permutation give rise surfaes inside the irreduible onnetedomponent Q(�1; 9)irr of the stratum Q(�1; 9) (the vertial foliation give rise to a simpleylinder with an angle of 6�).Stratum Irreduible omponent Non-irreduible omponentQ(�1; 9) � 7 2 4 5 1 5 66 3 3 4 1 2 7 � � 2 6 5 4 7 7 31 6 3 4 2 5 1 �Q(�1; 3; 6) � 1 1 2 3 2 3 4 54 6 5 6 7 8 7 8 � � 1 2 2 3 4 3 4 56 1 7 8 6 7 5 8 �Q(�1; 3; 3; 3) � 1 1 2 3 4 5 6 7 67 8 5 8 2 4 9 3 9 � � 1 1 2 3 2 3 4 5 64 7 8 9 7 8 6 5 9 �Q(12) � 8 4 1 6 3 7 2 67 5 1 3 5 8 2 4 � � 8 4 1 6 3 2 6 77 5 1 3 5 2 4 8 �Table 7.1: Speial strata.In the tabular 7.1 we have present generalized permutations (in terms of Rauzy) whihprodues surfaes in the �speial� stratum. For eah stratum, one an hek that the Rauzylasses are disjoint, whih prove the Proposition.7.4 Examples of measured foliations on surfaes7.4.1 An Example of arithmeti surfaes[Private ommuniation with M.Shmoll℄For this setion, we refer to [S2℄. Let us onsider the standard 2�torus S = C =Z2.We also onsider the following set P of points inside S(0; 0) (1=2; 1=2) (1=2; 0) (0; 1=2)The Veeh group of S is SL(2;Z). Obviously, the set P is preserved by the Dehn-Twistand by the rotation thus the Veeh group of the �at surfae with marked points (S; P ) isstill SL(2;Z). In the vertial diretion, the surfae deompose into two ylinders, thus alsoin all periodi diretion (there is only 1 usp for the Teihmüller dis). One an onsidera rami�ed overing � : S1 �! Sof arbitrary degree suh that the set onsisting of ritial values is equal to the set P .Then the �at surfae (S1; ! = ��dz) is a translation surfae with no marked points. Byonstrution it is an arithmeti surfae. One an hek that in all periodi diretion, thereis a deomposition into at least two straight ylinders (In any diretion the number ofylinders on S1 is at least the number of ylinders on S in the same diretion).



104 CHAPTER 7. APPENDIX7.4.2 Measured foliations and transverse measured foliationsIn this setion, we present an example of a measured foliation, on a surfae of genus 2,with four simple zeroes whih does not admits a transverse measured foliation. Note thatthis example does not enter in our ontext (see [HuMa℄).PSfrag replaements
P1 P2P3 P4 123
45

6 (S;F)
Figure 7.1: A measured foliation F on a Riemann surfae of genus 2. This foliation hasfour simple zeros: at eah singularities Pi, there are three emanating saddle onnetions.The measured foliation given in Figure 7.1 does not admits a transverse measuredfoliation.Proof. Let us assume that there is a transverse measured foliation F 0 to F . Then thereexist also a transverse measure for F 0; that is a measure de�ne on leaves of F . We denoteby li the length of the saddle onnetions i with respet to this measure. In the diretionof F , the surfae deompose into two metri ylinders. In omparing the perimeter of eahylinders, we obtain l1 + l6 = l1 + l2 + l3 + l4 for the �rst ylinderl4 + l5 = l2 + l3 + l5 + l6 for the seond ylinderWe onlude that l2 = l3 = 0 whih leads to a ontradition (the length of a leaf is stritlypositive).Note that the measured foliation F1 obtained by ollapsing the two saddle onnetions2; 3 to a point possesses two zeroes of order 2. Obviously there exist a transverse foliationto F1. Thus it determines a point inside the stratum H(1; 1).



Bibliography[At℄ M. Atiyah, Riemann surfaes and spin strutures, Ann. Si. Éole Norm. Sup. 4(1971), 47�62.[Cala℄ E. Calabi, An intrinsi haraterization of harmoni 1-forms, Global Analysis,Papers in Honor of K.Kodaira, (D.C.Spener and S.Iyanaga, ed.), (1969), 101�117.[Calt℄ K. Calta, Veeh surfaes and omplete periodiity in genus 2, (2003), to appear.[DaNo℄ C. Danthony, A. Nogueira Measured foliations on nonorientable surfaes. Ann.Si. Éole Norm. Sup. 23, (1990).[DoHu℄ A. Douady, J. Hubbard, On the density of Strebel di�erentials, Inventiones Math-ematiae, 30, (1975), 175�179.[EsMa℄ A. Eskin, H. Masur, Asymptoti formulas on �at surfaes, Ergodi Theory andDynamial Systems, 21:2, (2001), 443�478.[EsMaZo℄ A. Eskin, H. Masur, A. Zorih, Moduli Spaes of Abelian Di�erentials: ThePrinipal Boundary, Counting Problems and the Siegel�Veeh Constants, (2003),to appear.[EsOk℄ A. Eskin, A. Okounkov. Asymptotis of number of branhed overings of a torusand volumes of moduli spaes of holomorphi di�erentials, Inventiones Mathe-matiae, 145:1, (2001), 59�104.[EsOk2℄ A. Eskin, A. Okounkov. Volumes of moduli spaes of quadrati di�erentials, inprogress.[FaLaPo℄ A. Fathi, F. Laudenbah, V. Poenaru. Travaux de Thurston sur les surfaes ,Astérisque, 66�67, (1979).[GuJu℄ E. Gutkin, C. Judge. A�ne mappings of translation surfaes: geometry andarithmeti. Duke Math. J., 103 no. 2, (2000), 191�213.[HuLe℄ P. Hubert, S. Lelièvre, Square tiled surfaes, preprint, (2003).[HuMa℄ J. Hubbard, H. Masur, Quadrati di�erentials and foliations, Ata Math. 142(1979), 221�274.[Jo℄ D. Johnson. Spin strutures and quadrati forms on surfaes, J. London Math.So. (2) 22 (1980), 365�373. 105



106 BIBLIOGRAPHY[Ka℄ A. B. Katok. Invariant measures of �ows on oriented surfaes, Soviet Math. Dokl.,14, (1973), 1104�1108.[KaZe℄ A. Katok, A. Zemlyakov. Topologial transitivity of billiards in polygons. Math.Notes, 18, (1975), 760-764.[Ke℄ M. Keane. Interval exhange transformations, Math. Z. 141 (1975), 25�31.[KeMaSm℄ S. Kerkho�, H. Masur, J. Smillie. Ergodiity of Billiard Flows and QuadratiDi�erentials. Ann. of Math., 124, (1986), 293�311.[Ko℄ M.Kontsevih, Lyapunov exponents and Hodge theory. �The mathematial beautyof physis� (Salay, 1996), (in Honor of C. Itzykson) 318�332, Adv. Ser. Math.Phys., 24, World Si. Publishing, River Edge, NJ, (1997).[KoZo℄ M. Kontsevih, A. Zorih, Conneted omponents of the moduli spaes of Abeliandi�erentials, Inventiones Mathematiae, (2003), to appear.[La1℄ E. Lanneau, Hyperellipti onneted omponents of the moduli spaes of quadratidi�erentials, Comment. Math. Helv., (2003), to appear.[La2℄ E. Lanneau, Spin struture of quadrati di�erentials, (2003), submited.[Ma1℄ H. Masur, Interval exhange transformations and measured foliations, Ann ofMath. 115 (1982) 169�200.[Ma2℄ H. Masur, Closed trajetories for quadrati di�erentials with an appliation tobilliards, Duke Math. J. 53 (1986) 307�314.[Ma3℄ H. Masur, The Jenkins-Strebel di�erentials with one ylinder are dense, Com-ment. Math. Helv. 54 (1979) 179�184.[MaSm℄ H. Masur, J. Smillie, Hausdor� dimension of sets of nonergodi foliations, Ann.of Math. 134, (1991), 455�543.[MaTa℄ H. Masur, S. Tabahnikov, Rational billiards and �at strutures, Handbook ofdynamial systems, Vol. 1A, North-Holland, Amsterdam, (2002), 1015�1089.[MaZo℄ H. Masur, A. Zorih, Moduli Spaes of quadrati di�erentials: The PrinipalBoundary, Counting Problems and the Siegel�Veeh Constants, in progress.[M2℄ C. MMullen, Billiards and Teihmüller urves on Hilbert modular surfaes, 16,(2003), 857�885.[M2℄ C. MMullen, Teihmüller geodesis of in�nite omplexity, Ata. Math., (2003),to appear.[Mi℄ J. Milnor, Remarks onerning spin manifolds, Di�erential and CombinatorialTopology, (in Honor of Marston Morse), Prineton, (1965).[Mu℄ D. Mumford. Theta-harateristis of an algebrai urve, Ann. sient. É. Norm.Sup., 2 (1971), 181�191.



BIBLIOGRAPHY 107[Ra℄ G. Rauzy, Ehanges d'intervalles et transformations induites Ata Arith., 34(1979), 315�328.[Si℄ Ya. G. Sinai, Introdution to ergodi theory. Preliminary Informal Notes of Uni-versity Courses and Seminars in Mathematis., Mathematial Notes, PrinetonUniversity Press, (1976), 1�144.[S1℄ M. Shmoll, On the asymptoti quadrati growth rate of saddle onnetions andperiodi orbits on marked �at tori, Geom. Funt. Anal. 12 (2002), 622�649.[S2℄ M. Shmoll, Private ommuniations, (2002).[St℄ K. Strebel, Quadrati di�erentials. Springer-Verlag, (1984).[Th℄ W.P. Thurston, On the geometry and dynamis of di�eomorphisms of surfaesBull. Amer. Math. So., 19 (1988), 417�431.[V1℄ W. A. Veeh, Gauss measures for transformations on the spae of interval ex-hange maps Ann. of Math., 115 (1982), 201�242.[Ve2℄ W. Veeh, The Teihmuller geodesi �ow, Ann. of Math. 124 (1986), 441�530[Ve3℄ W. Veeh. Moduli spaes of quadrati di�erentials. J. D'Analyse Math., 55,(1990), 117�171.[Ve4℄ W. Veeh. Teihmuller urves in moduli spae. Eisenstein series and an applia-tion to triangular billiards, Invent. Math., 97, (1990), 117�171.[Ve5℄ W. Veeh, Siegel measures, Ann. of Math. 148 (1998), 895�944[Zo℄ A. Zorih, Square tiled surfaes and Teihmüller volumes of the moduli spaesof Abelian di�erentials, in olletion �Rigidity in Dynamis and Geometry�,M. Burger, A. Iozzi (Editors), Springer Verlag, 2002, 459�471.[Zo1℄ A. Zorih, Computer experiments.[Zo2℄ A. Zorih, Extend Rauzy Class, preprint.


