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KML-dfPe^RP0g]Ltc'JSHIg�LBx�K>`$EM\*\hJSE7g]EM\hg]d¨�M^egrA��*�kg�\hGq^�Çf�=L���PeE�GQg�Hh 6Peg�EMEMg]E�Gq^eg�\}GQg�N�º_EMPe�=LMg�\qK���ºMJr�
d�JS¡$Z]EMZ�Pe\I`rGQPRJSEêL_GIPe^eP0\IZ]g�\�EMJrGa`$dfd�g�E=G¨K>`$E_\t×k�BÖ·@$vBÖ���vbØ9A�DF^à\]�k`$¡SP0G�KMgÛN�JSEM\hPeKMZ�HIg�H¹�=LMgÛ^�`
\hGQHhLMN�GILMHIg*dfPeN�HIJS\hN]JScMPR�=LMg}\Ig�HIZ]c'pOGQg*KMg}Ù:`$Ú]J$E~c'Z]HIPRJ6KMPe�=LMg}N�g*�=LMP�g�E=GIHQ`rëeEMg*`$L_\I\IP'^�`Uc'Z�HIPRJr�
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ºMg]LMHhPe\zGQPe�=LMg¨`�Z�GQZug]E7Ù:`$PRG½ÞhLM\zGQPRÈMZ]gsÁ¨Â>Å�ìOíFîOÃ�ÄÆÅrÃ�Ä�c>`$H�^�`�N�JSEMN�JSHIKM`$EMN]g¨KMg�\qHIZ]\hLM^RGQ`rGQ\q`n Sg]N
^eg]\�d�ZOGQºMJ6K_g]\qK��kºMJ$d�JS¡$Z]EMZ�Pe\I`rGQPRJSE�KMZ� Sg�^eJSc_c'Z]g�\mc_^eLM\�GQ`$HIK�A á g¨N�g�GhGQguÙ:`$Ú�JSE�Ö�Ü�A�ÝuA���PRJ$G
`sdfJSE=GIHIZ¨�=L���LMEMg�GQºMZ�JSHIPRg¨KMg�^�`~N]JSEM\hJS^ePRK>`rGIPeJ$E-c'g�L_GU\��kZOGa`$�_^ePeH*g�EßN]J$d¨�MPeE>`rE=Gq^�`�GQºMZ�JSHIPRg
KMgf^Æ��Z]^�`r\hGQPRN]P0GIZ¹`n Sg]N�^e`Û^RJSP�KMg á `$HhN�ï£K��kZ�N]JSL_^eg]dfg�E=GVK���LME�âMLMPeK_g�ÇÛGIHQ`n Sg]HI\ULME�d~`bGQZ]HhP�`$L
c'JSHIg�LBx�A
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n
gOx6GQZ�HIPRg]LMHhg�Ç

Ω
A_|}Eäc�J$PeE�G�KMg Rn g�\hG�E_J$GQZ x

Ga`rEMKMPe\��=LMg
t ∈ [0, T ] KMZ�\IPe¡$EMgq^e`U b`$HIPe`$�M^egGQg]dfc'JSHhg]^e^Rgq`� Sg�N

T
\zGQHIPRN�GIg]dfg]E�G[c'JS\IP0GQP0Ù,È_xBZ$A ÿ EÛcMHIZ�N]PR\Igm�=LMgm^eg�\àGQg]Hhd�g�\[g�E�� �b<M¥ HIg�cMHIZ��

\Ig]E�GQg�E=G�KMg]\� Sg]NOGQg]L_HI\}Ga`$E_KMPe\��=LMgUN�g]LBxÛg]E�Ä¤íÆÁ�� Ä	��
>îàKMZ�\IPe¡$EMg]E�G�K_g]\}\hNn`$^e`$PeHhg]\]A
l,g¨c_HIJ6KMLMP0Gq\IN]`$^�`rPeHIgVK>`rEM\ Rn g]\hG�KMZ�ÈMEMP�c>`rH x · y =

∑

1≤j≤n

xjyj
gOG�\IP

σ
g]\zGmLME-GQg�EM\Ig�LMH

g�G
v
LMEß Sg�N�GIg]LMH�Ö!^eg�cMHIJ6KMLMP0G

σv
KMZ�\IPR¡SEMgf^Rg¹cMHhJ6KMLMP0GUKMgfd�`rGIHIPRN]g]\�LM\hLMg]^9Ö!ÇÛ\Q`n SJSPRH o σvg]\hG[LMEs Sg]NOGQg�LMH}K_g Rn KMJSE�G[^eg�\�N�JSdfc'JS\Q`$E�GQg�\[\hJSE=G (σv)j =

∑

1≤l≤n

σjlvl, 1 ≤ j ≤ n
A>l�g]\

Z]�=L>`rGIPeJSEM\�ZOGQLMK_PeZ]g�\�Ù&JSE�G[PRE=GIg]Hh Sg�EMPeHàKMg�\[JSc'Z�HQ`rGIg]LMHh\[KMP���Z]Hhg]E�GQPeg�^e\�GQg�^e\��=LMg�^egq¡SHQ`rKMPeg�E=G ∇JSL-^e`�KMP0 Sg]Hh¡Sg]EMN�g
div

A���JSdfdfgV^RgVKMZ]cM^e`$N�g]dfg]E�G
u
g�\hGqLME7 Sg]NOGQg]L_H]Ö�\IJSE-¡SHI`$KMPeg�E=G�g]\hGqLME

GQg]E_\Ig]L_H¨KMJ$E=Gu^Rg]\UGIg]HIdfg]\
(∇u)ij

\IJ$E=GuKMJSEME_Z]\uc>`$H
∂jui

`n Sg]N
∂j =

∂
∂xj

Ö
1 ≤ i, j ≤ n

A
l·��JSc'Z�HQ`rGIg]LMH�KMP0 Sg]Hh¡Sg]EMN�guKMZ�ÈMEMP#c>`rH

divu =
∑

1≤j≤n

∂juj
g�\hGq�=L>`rE=GqÇ�^RLMP,LME7\IN]`$^e`$PeHhg$A ÿ E

KMZ�È>E_PRGV`$L_\I\IP·^e`sKMPR Sg�HI¡Sg�EMN�g�K���LMEßGIg]EM\hg]LMH
σ
N]J$d�dfg�Z�GQ`$E=GU^Rg� Sg�N�GQg�LMHVKMg¹N]JSdfc'JS\Q`rE=GQg�\

(divσij)i
A�#J$LMHuÈMEMPeH�Ö#J$EçPRE=GQHhJ6KMLMP0GV^�`�EMJrGa`rGQPRJSE ⊗ c'JSLMHuKMZ�\IPR¡SEMg�H¨^eg�cMHhJ6KMLMPRGuKMg~KMg]LBx

GQg]E_\Ig]L_HI\
σ
g�G

ε
KMJ$E=G}^e`�HhZ]\hLM^RGQ`$E=GIgmg]\zG�^egq\INn`r^�`$PRHIg

σ⊗ ε
KMZOÈ>EMP�c>`$H o ∑

1≤i≤n

∑

1≤j≤n

σijεji
A

� JrGQJSEM\
ρ
^�`uKMg�EM\IP0GQZ�KMLÛdfPe^0PRg]L~c'JSHIg�LBx

Ω
A ÿ EÛ\hLMcMc'JS\hgU�=LMg�^�`ud�`rGQHhPeN�g*c'JSHIg�LM\Igfè:JSL

\I�=LMg]^Rg�GhGQg�c'J$HIg]L6x>é�g�\hG�\Q`rGILMHIZ�g�cM`$H�LMEäâ>LMPRKMg� 6Pe\I�=LMg�LBxsc'g]LsN]J$d�c_HIg]\h\IPR�M^eg*\hgqKMP���LM\Q`rE=G�Ç
GQHQ`n Sg]Hh\�g�^e^Rg$A ÿ Et b`fd�`$PeE�GQg]EM`$E=G�Z]EMJSE_N]g]H}^eg�\}º�ï6c'J$GQºMp�\Ig�\qE_Z]N�g]\I\Q`rPeHIg�\*Çf^e`��'JSEMEMgV`$c_cM^ePª�
Nn`rGIPeJSEsKMgU^e`¨GIºMZ]J$HIPeg�K_gV��PRJ$G]A� J$L_G}K��k`$�'JSHhK�ÖMJSEÛ\ILMcMc'J$\IgU�=LMgm^Æ��º=ï6c'J$GQº_p]\IgmKMg�\}c'gOGQPRGI\�KMZ]cM^e`$N�g]dfg]E=GI\[g]\zG[ SZ]HIP0È>Z�g$ÖMGa`rE=G
c'JSLMH�^e`äcMº>`$\hg¹\IJS^RPeKMgu�=LMg¹c'JSLMH�^e`äcMº>`r\Ig¹^ePR�=LMPeK_g$A��*��g]\hGULMEMg�º=ï6c'J$GQº_p]\Igf^e`$HI¡$g]dfg]E�Gq SZ��
HIPRÈMZ]g-KM`$EM\s^e`3d�`�ÞhJSHIP0GQZtKMg]\Û`$c_cM^ePRNn`rGIPRJSEM\�N�JSEM\IPRKMZ]HhZ]g�\]A[l�g7GQg�EM\Ig�LMHsKMg]\sKMZOÙ&JSHId�`rGIPeJSE_\
d~`$N�HIJS\hN]J$cMPe�=LMg�\

ε
g]\zG*`$^RJSHI\àKMJSE_EMZUcM`$H[^e`�Hhg]^e`rGQPRJSE o

ε(u) =
1

2
(∇u+∇uT )

èµCSA0C�é
J��

u(t,x)
g]\hG�^eg� Sg]NOGQg]L_H[KMZ]c_^�`$N�g]dfg]E�G�KMg�^e`ud~`bGQHIPRN]g�\IJS^RPeKMg�c'JSLMH�GIJSL_G�c'JSPRE=G

x
KMg
Ω
g�G

GQJSL_G�GQg�dfcM\
t > 0

g�G
T
K_Z]\IPR¡SEMgm^e`¨GIHQ`$EM\hc'JS\IZ�g$A

ÿ Eä\hLMcMc'JS\hg�KMg*cM^RLM\��=LMgq^e`VcMº>`r\Igq^RPe�=LMPeK_g}g]\hGàN]JSE�GQPRE6LMgrÖBN$��g]\zGh�FÇb�FKMPRHIg��=LMgq^9�kJSE~N�JSEM\hPeKMp�HIg
�6L_g�^eg]\!c'JSHIg�\yJ6N]N�^eLM\àè:c'J$HIg]\#\Q`rGILMHIZ�\yd~`$PR\,EMg�N�JSdfd�L_EMPe�=L>`$E�G#cM`$\�`n Sg]N�^Rg/HIg]\zGQg�KMLVâ>LMPRKMg�é
Ù&JSE=G�c>`$HzGQPRg�KMg*^�`Ud~`bGQHIPRN]g}\IJ$^ePeK_g$A=Ý*PREM\IP9Ö6^e`Vc'JSHhJS\IP0GQZ

φ
�6L_gq^Æ��JSE~N�JSEM\IPRKMp�HIgqKM`$EM\�^�`V\hLMPRGIg$Ö

N$��g]\hGz�µÇb��KMPeHhgV^RgU SJ$^eLMdfgUKMgu^e`fd~`bGQHIPRN]gm�=LMP#c'g]LBGqã�GQHhguJ6N�N]LMc'Zuc>`$H�^RgUâ>LMPRKMgrÖ'g]\hGqN�g]^R^egUKMg]\
Nn`$E>`rLBxÛJ��Û\]��g���g]NOGQLMgV^9�kZ�N]J$LM^eg�d�g�E=G]A�y`$H�HQ`rcMc'JSHhG}Ç�N�g�GIGIgUc'J$HIJS\hPRGQZ

φ
\ILMcMc'J$\IZ]gUPe\hJ$GQHIJ$c'g

g�G}LMEMP0Ù&JSHhd�grÖ_^eg�dfPe^RP0g]Lsg]\zG�\hLMcMc'JS\hZV\I`rGQLMHhZ$A



j

l!`ßKMg�HIEMPRp]Hhg�º=ï6c'J$GIºMp]\hg-N�JSEMN]g�HIEMg7^e`ßd�`rGIHIPRN]gÛ\hJS^ePRKMgÛ�6L_g7^9�kJSE \ILMc_c'JS\Ig�HQ`3Z]^e`$\hGIPe�=LMgtgOG
Pe\IJrGQHIJ$c'g}N�g��=LMP'\hJSLM\z��g]E�GQg]E_Kä�6L_g*^9�kJ$E�E_Z]¡S^RPe¡SgàGQJ$LM\�^Rg]\/cMº_Z]EMJ$d�p�EMg]\�K��kJ$HIPe¡$PeEMgà 6Pe\h�6L_g]LM\hg
^ePeZ�\[Ç�^�`¨d~`bGQHIPRN]grA

� Ga`$�_^ePe\h\IJSE_\àd�`$PeE�GQg�E>`$E�Gà^Rg]\àZ��=L>`rGIPeJSEM\àHhZ]¡SPR\I\I`$E=G�^Rg]\�cMºMZ]E_JSdfp]EMg�\[PRE=GQg�Hh Sg�E>`$E�G[KM`$EM\
LMEtd�PR^RPRg�LÛc'J$HIg]L6xt\I`rGQL_HIZ$A
ÿ E�EMJ$GIg

ρs
^�`¹K_g]EM\hPRGQZUKML7\IJS^RPeKMgrÖ

ρf
^e`¹KMg]E_\IPRGIZVKML�â>L_PeKMgUg�G

U
^egmKMZ]cM^e`$N�g]dfg]E=G�dfJ�ïSg�E

KMg¨^e`�c_º>`$\Igu^ePe�=LMPRKMgUN�JSE=GIg]E6L_g�KM`$EM\*^Æ��Z]^eZ�dfg]E=G�d�`$N]HhJS\IN�JScMPR�6L_g$A�l,`f BP0GQg�\I\Ig¨K_guÈM^RGQHI`rGQPRJSE
g]\hG�`$^RJSHI\àKMZ�ÈMEMPegmc>`rH

∂tw
J��tJSEt`¹c'JS\hZ

w = φ(U− u)
A#JSLMH[Naº>`$�=LMgU\IJ$LM\z��KMJSd�`$PeE_g K K_g

Ω
KMg�Ù&HIJSE�GQPRp]HIg

S
Ö>^e`��=L>`$E�GQP0GQZ

∫

K

((1− φ)ρs∂tu+ φρf∂tU)dx

HIg]c_HIZ]\hg]E�GQgV^egqd�JSdfg]E�G�KMgm^Æ��g]EM\hg]d¨�M^Rgqâ>LMPeK_gO�F\hJS^ePRKMgq\hLMH K A��JSd�dfg
ρ = φρf + (1− φ)ρs

Ö>PR^� 6PRg]E=G
∫

K

((1− φ)ρs∂tu+ φρf∂tU)dx =

∫

K

(ρ∂tu+ ρf∂tw)dx.

á gucM^eLM\�Ö'c>`$H�^Æ��PeE�GQg�HIdfZ]KMPe`rPRHhgUKMgu\I`�Ù&HIJ$E=GIPep]Hhg
S
Ö K \ILM�_PRG*^eg�\�Ù&J$HIN�g]\*KMgVGQHI`$N�GIPeJSE�KML_g]\�Ç

\IJSEtN]J$d�cM^RZ]dfg]E�Ga`$PRHhgqg�G}�=LMP�\IJ$E=G}KMJ$EMEMZ]g�\�cM`$H[^9�kg�xBcMHIg�\I\IPRJSE o
∫

S

σndS.

DFN]PÆÖ
σ
KMZ�\IPR¡SEMg�^Rg£GIg]EM\hg]LMH�KMg]\�N]J$E=GIHQ`$PRE=GQg�\td~`rN]HIJ$\IN]J$cMPe�=LMg�\�g�G�HIg�cMHIZ�\Ig�E=GQg3^eg�\ÛÙ&JSHIN�g]\

PeE=GIg]HhEMg]\}`$¡$Pe\I\I`$E=G[\hLMH[^�`¨\ILMHzÙ:`$N]g
S
KMg K Aÿ EÛJS�_GQPRg]E�G}`$^eJ$HI\�^9�kZ��=L>`rGIPeJSEsKMgmN]JSEM\hg]Hz r`rGQPRJSEtKMg�\}d�J$d�g�E=GQ\à\ILMP0 r`$E�GQg o

∫

K

(ρ∂2t u+ ρf∂
2
t w)dx =

∫

S

σndS +

∫

K

fdx

J��
f
HIg�cMHIZ�\Ig]E�GQgV^Rg]\àÙ&JSHIN�g]\}g�x6GQZ�HIPeg�LMHIg�\*`r¡SPe\h\Q`$E�G[\ILMH[^Æ��Z]^RZ]dfg]E�G�d~`rN]HIJ$\IN]J$cMPe�=LMgrA

w·EtHIg�d~`rHI�=L>`$E�G}�=LMg ∫
S

σndS =

∫

K

divσdx
Ö>PR^� 6PRg]E=G o

ρ∂2t u+ ρf∂
2
t w − divσ = f .

èzCSAX@Sé
� JSP0G

ξ(t,x)
^�`¹�=L>`$E=GIPRGIZVKMgUâ>L_PeKMgUK>`$EM\�^RgUd�PR^RPRg�Ltc'JSHIg�LBx�A�l,`fd~`r\I\IgVK_gVâMLMPeKMgUK>`$E_\

N�º>`r�=LMgU\IJSLM\µ�FKMJ$d~`$PREMg K g]\zG�KMJ$EMEMZ]gUcM`$H o
∫

K

ξ(t,x)dx.



� ðyñ?ò]ó�ôÆõ9ö�÷uøSùÛ³Fú�õ:öOû6ü'ý=þ�õ9ô&û�ú

l,g�GQ`$LBxsKMgmc'Z]EMZOGQHQ`bGQPeJ$EtKMLÛâ>L_PeKMg�\Q`rGILMHQ`$E�G}g]\zGnÖ>�=L>`$E=G�Ç�^eLMP9ÖBÙ&JSL_HIEMP�c>`$H�^�`¨HIg]^e`rGIPeJSE o
∫

S

q(t,x) · ndS

J��
q
g�\hGm^RgV Sg]N�GIg]LMHqâ>LBx�Ö�N$��g]\zGh�FÇb�FKMPRHIgu^�`~�=L>`rE=GQP0GQZ¨K_g�d�`$\I\hg�KMguâ>LMPRKMg¨g]E�GQHQ`rE=G�K>`$EM\q^�`

d~`rGIHIPRN]gqc'JSHhg]LM\hg$A
l!`�N]J$EM\Ig�Hh r`bGQPeJ$E�K_gU^e`�d�`$\h\Igm\]��gOxBcMHhPedfgmKMJSEMNmKMgm^e`¨Ù:`$Ú�JSEt\hLMPR b`$E=GIg o

∫

K

∂tξ(t,x)dx+

∫

S

q(t,x) · ndS =
∫

K

ρfh(t,x)dx

J��
h
HIg�cMHIZ�\Ig]E�GQgVLMEÛGIg]HIdfg�\IJSLMHhN]gU�=LMg�^eN�JSEM�=LMgrA

ÿ EÛJS�_GQPRg]E�G�È>E>`$^Rg]dfg]E�G[�=LMg o
∂tξ + divq = ρfh.

èµCSAkj�é
á �k`$cMHhp]\�^eg�\/º=ï6c'J$GIºMp]\hg]\�Ù&J$HId¨LM^eZ�g]\·c_HIZ]N�Z]KMg�dfd�g�E=GnÖ=JSE�c'g]LBG�dfJSE=GIHIg]H·�=L���Pe^>gOxBPR\hGQg}LME

c'J$GQg�E=GQPRg]^àKMgÛKMZOÙ&JSHId�`rGQPRJSEêg�GfN]J$E=GQHI`$PRE=GQg�\ V EMgÛKMZ�c'g]EMK>`rE=G��=LMgtKMg�\fN]JSdfc'JS\I`$E=GIg]\¹KML
GQg]E_\Ig]L_H�KMguKMZ�Ù&JSHhd~`bGQPeJ$E

ε
gOG�KMgu^Æ�k`$LM¡$d�g�E=Ga`bGQPRJ$E�KMguGIg]EMg�LMHqg]E-â>L_PeKMg

ζ = −divw A ÿ Ec'g]L_Gà`$PeE_\IP?KMZOÈ>EMPeH/^eg[GIg]EM\hg]LMH�KMg�N]J$E=GQHI`$PeE�GQg�\�d�`$N]HhJS\IN�JScMPR�6L_g]\
σ
g�G�^e`UcMHhg]\I\hPeJSE~dfJ�ïSg�EMEMg

K>`$EM\[^egqâMLMPeKMg
p
c>`rH[^eg�\[Hhg]^e`rGQPRJSEM\à\IL_PR r`rE=GQg�\ o

σ =
∂V
∂ε

g�G
p =

∂V
∂ζ

.

á `$EM\}^eg�Nn`r\}K���LME�d�PR^RPRg�LÛc'JSHhg]LBxt\I`rGQL_HIZ$Ö>JSEtd�JSE�GQHhgU`$^RJSHI\��=L���g]E�L_GQPR^ePR\I`$E=G�^�`�^RJSP�K��kZ�^�`$\µ�
GQPeN�PRGIZäKMg���J6J��$grÖ½^RgäGIg]EM\hg]LMH¹KMg]\¹N]J$E=GQHI`$PeE�GQg�\�g�G¹^�`-�=L>`rE=GQP0GQZsK_gsâ>LMPRKMgsK>`$EM\�^egäd�PR^RPRg�L
c'JSHIg�LBxÛ\IJSE�G}KMJSEMEMZ�\}c>`$H�^eg�\[gOxBcMHhg]\h\IPeJSE_\�\hLMPR r`rE=GIg]\ o

{
σij = λ(x)

GIH
(ε(u))δij + 2µ(x)εij(u) + λ∗(x)

GIH
(ε(∂tu))− αpδij

ξ = ρf (c0(x)p+ αdivu)

J��
δij

HIg]c_HIZ]\hg]E�GQg�^RgV\hï6d¨�'JS^egVK_g���HhJSEMg]N��$g�H¹è
δij = 0

\IP
i 6= j

g�G¨Cu\IP
i = j

éOA'DFN�PÆÖ
λ
g]\zG

^egUd�J6KML_^egUKMguK_Pe^e`rGa`bGQP0JSEtg�G
µ
^egUd�J6KML_^egUKMgVN]Pe\I`$Pe^R^Rg�dfg]E�GnA'��g]\*N]J6g��fN�Peg�E=GQ\*\hGIHIPeNOGQg�d�g�E=G

c'JS\IP0GQPRÙ&\�\IJSE�Gä`$LM\h\IP�`$c_c�g�^eZ�\�c>`$HI`$dfp�GQHhg]\fKMg7l,`$dfZÛg�G~PRE=GIg]Hh 6PRg]EME_g]E=G�K>`$EM\f^Æ��JSc'Z]HI`rGQg�LMH
K��kZ�^�`$\zGQPRN]P0GQZ3×��_C]Ø9Aàl�g-HIZ]g�^q\zGQHIPRN�GIg]dfg]E�Gsc'JS\hPRGQP0Ù

α
g�\hGs^�`3N�JSEM\zGa`$E�GQgæKMgæ��PRJ$Gh���©Pe^0^0PR\��=LMP

cMHIg�EMKtg]EÛN]J$d�cBGQg�^Rg]\àg���g�GI\[KMg�N]JSL_cM^�`$¡$gqKMZ�Ù&JSHhd~`bGQPRJSE! rc_HIg]\h\IPRJSE o PR^�\��X`$¡$PRGàg]EsÙ:`$PRGàK���LMEMgd�g�\ILMHhgtKMgÛ^e`æ�=L>`$E�GQP0GQZÛKMgsâ>L_PeKMgs�6L_gt^Æ��JSE c'g]LBG�PeE�GQHhJ6KMLMPeHhgäK>`$EM\¹^�`-d�`rGQHIPRN]gäc'JSHhg]LM\hg
g]E£`$LM¡Sdfg]E�Ga`rE=Gq^e`�cMHIg�\I\IPRJSE£Ç� SJS^eLMdfgVN]JSE_\hGa`$E�GnA#"qL>`rE=G�Ç

c0
Ö�PR^!\]�k`$¡SP0GqK���LMEæN]J6g$��N�Peg�E=G

c'JS\IP0GQPRÙ�J$L-E6LM^!�6L_PyN�JSd¨�MPeE_gV^�`fc'JSHIJ$\IPRGIZVKML-d�PR^RPRg�L�g�Gq^e`�N�JSdfcMHIg�\I\IPR�MPe^RP0GQZmKMgu^Æ��g]EM\hg]d¨�M^Rg
â>LMPeK_gO�F\hJS^ePRKMgrA$w½E_È>E�Ö

λ∗
g�\hG·LME¹N�J6g��fN�Peg]E�G·c'JS\IP0GQP0Ù?^ePRZà`rLBx¨g���g�GQ\½KMg�N�JSEM\hJS^ePRK>`rGIPeJ$EM\y\hg]N�JSEB�

K>`$PeHhg]\�gOG�c'JSLB r`$E�G�\]�k`$EME=LM^eg�H]AM��g]\�g$��gOGQ\àJSE=GàZOGQZqEMZ�¡S^RPe¡SZ�\�KM`$EM\àN]g�HhGQ`$PeEMg�\àZOGQLMKMg�\m×kjBÖM�$jbØÆA



�

#JSLMHhGQ`$E=G]Ö�^egucMHhJ6N]g�\I\ILM\mK_g�N�JSEM\hJS^ePRK>`rGIPeJ$E7N�JSd�c_HIg]E_KæEMJSHId�`$^Rg]dfg�E=G*K_g]LBx-Z�Ga`rc'g]\]A á `$EM\
^�`¨cMHhg]dfPep]Hhg$Ö_^eg�\[K_Z�Ù&JSHhd~`bGQPeJ$EM\àKMLÛ\IJS^�\IJSE�G}^RPeZ�g]\[`rLBxsg���g�GQ\[KMgm^e`¨cMHIg�\I\IPRJSEtKMLsâ>LMPeK_gm\I`b�
GQLMHI`$E=G�è&HIg]c_HIZ]\hg]E�GQZ]\�cM`$H½^�`qN�JSEM\hGQ`$E=GIg[KMg[N]J$LMcM^e`$¡Sg

α
K>`$EM\·^Rg]\½Z��6LM`rGQPRJSEM\aé#Ga`rEMKMPe\��=LMg}^Rg]\

g���g�GQ\VKMPRGI\V\hg]N�JSEMK>`$PRHIg�\ucMHIJ� 6Peg�EMEMg]E�G¨K��kLME_g~KMZ�Ù&J$HId�`rGQPRJSEß\hLMcMcM^RZ]dfg]E�Ga`$PRHIgfKML3\h�6L_g]^egOGIGIg
KMLMguÇ�K_g]\*c'g�HhGILMHI�>`bGQPeJ$EM\}º=ï6KMHIJ$d�Z�Nn`$EMPR�=LMg]\�cMHIJ� Sg]E>`rE=G*KMg]\�cMHIg�d�PRg]HI\[g���g�GQ\�KMgVN]J$EM\IJS^RP0�
K>`rGQPRJSE�A>�*��g]\hG�c'JSL_HI�=LMJSP�EMJ$LM\�`n SJSEM\[NaºMJSPe\hP�K_gUN�JSEM\hPeKMZ�HIg]H[^Rg�Nn`$\

λ∗ ≥ 0 Aÿ E�Ù:`$P0GV^9�kº�ï6c'J$GQºMp�\Ig~\ILMc_cM^eZ�d�g�E=GQ`$PeHhg��=LMg~^eg¹â>LBx
q
g�\hG¨KMJ$EMEMZ~c>`rHV^�`t^RJSP·KMg á `$HINOïSÖyÇ

\Q`� SJ$PeH o
q = −ρfk(x)∇pJ��

k(x)
g�\hGuLME3N]J6g$�fN]Peg�E=Gu\hGIHIPRN�GQg�d�g�E=GVc'JS\hPRGIPRÙ��=LMP/cMHhg]EMK3g]E3N�JSd�cBGQgf^�`Ûc'g]Hhd�Z]`$�MPR^eP0GIZ

KMLædfPe^0PRg]L�gOGq^�`f 6PR\IN]J$\IPRGIZuKML7â>LMPRKMgucMLMPR\I�=L���Pe^!\]�k`$¡SP0G*K���LMEMg¨dfg]\hLMHIguKML7â>LBx7JS�'Z]PR\I\I`$E=G�Ç
^�`¨^eJSP�KMg á `$HhN�ïsc'JSLMH[L_E�¡$HQ`$KMPRg]E�G[KMgmcMHhg]\I\hPeJSEtKMJSE_EMZ$A

l�g]\[Z]�=L>`rGIPeJSE_\VèzCSAX@Sé�gOGuèzCSAkj�é�\]��Z]N�HIP0 Sg]E�Gq`r^eJSHh\ o




ρ(x)∂2t u+ ρf (x)∂
2
t w −5(λ∗(x)

∂

∂t
div u)−5((λ(x) + µ(x))div u)

−div(µ(x)5u) + α5p = f(t,x)

c0(x)∂tp+ αdiv∂tu− div(k(x)∇p) = h(t,x).

èµCSAk��é

ÿ E�\ILMc_c'JS\Ig~g�E_È>E3�6L_g~^e`Û 6P0GQg]\h\Ig�KMgfÈ>^0GQHQ`bGQPRJSE£g]\zGuEMZ]¡S^RPe¡Sg]`$�M^Rg$Ö�N�g��6L_P/EMJSLM\VK_JSEMEMg�^Rg
\hï6\hGIp]dfgVN�JSLMcM^RZmK_gmGFï6c'gUº=ï6c'g�HI�'JS^RPe�=LMgO��c>`$HI`$�'JS^ePR�=LMgq\ILMP0 r`$E�G o





ρ(x)
∂2u

∂t2
−5(λ∗(x) ∂

∂t
div u)−5((λ(x) + µ(x))div u)

−div(µ(x)5u) + α5p = f(t,x)

c0(x)
∂p

∂t
+ α div

∂u

∂t
− div(k(x)5p) = h(t,x).

èµCSA �$é

ÿ EÛ\]��PeE=GIZ]Hhg]\I\hg]HI`~`$L_\I\IP,`$LtN]`$\[J��t^Rg]\[g$��gOGQ\}K_gU^9�kPREMg�HhGQPRgq\hJSE=G}E_Z]¡S^RPe¡Sg]`$�M^Rg]\�A>��g�GIGIgUº=ï6c'Jr�
GQºMp�\IgfK���LMEßZ�GQ`rGm�6LM`$\IPª�F\hGQ`rGQPR�=LMg�PeE�GQg�Hh 6Peg�E=GmEM`rGQLMHhg]^R^eg]dfg]E�G�K>`rEM\mN]g�HhGa`rPeEM\m`$\Ic'g�N�GI\VK_g¹^�`
GQºMZ�JSHIPRgUKMgVN�JSEM\IJ$^ePeKM`rGQPRJSEÛKMgu��PeJ$G}EMJrGa`$dfdfg]E=G[^eJSHh\I�=L���JSEt Sg]L_G*KMZ]N�HIPRHIgU^eg]\}^Rg]E=GIg]\�K_Z�Ù&JSHµ�
d~`rGIPeJ$EM\!KML_g]\½Ç�^�`}N�JSEM\hJS^ePRK>`rGQPRJ$EVgOG½`$LBxVPRE_È>^RGIHQ`rGIPRJ$EM\!KMLuâMLMPeKMg�K>`rEM\y^�`}d�`rGQHhPeN�g/c'JSHIg�LM\IgrA
ÿ EÛJS�_GQPRg]E�G}`$^eJ$HI\�^Rg�dfJ6KMp]^Rg o





−5(λ∗(x) ∂
∂t
div u)−5((λ(x) + µ(x))div u)

−div(µ(x)5u) + α5p = f(t,x)

c0(x)
∂p

∂t
+ α div

∂u

∂t
− div(k(x)5p) = h(t,x).

èµCSAXvSé



v ðyñ?ò]ó�ôÆõ9ö�÷uøSùÛ³Fú�õ:öOû6ü'ý=þ�õ9ô&û�ú

w·EBÈ>E�Ö/JSE�c'g]LBGäHhg]d�`$HI�=LMg�H��=LMg7^RJSHI\h�6L_g
λ∗ = 0

Ö·^egt\zïB\zGQp�d�gçèzC$A �Sé¨g]\hG�Ù&JSHhd�g�^e^Rg�dfg]E�G
Z]�=LMPR b`$^eg�E=G�`$LT\zïB\zGQp�d�gßGIºMg]Hhd�J6Z�^�`$\zGQPe�=LMgæN]JSL_cM^eZ ×kjS@bØ9A á `rEM\�N]gßNn`r\]Ö

p
Hhg]cMHhZ]\Ig�E=GIg3^�`

GQg]dfc'Z]HI`rGQL_HIg$Ö
c0
gOG
k
\hJSE�G�\hGQHhPeNOGQg]dfg�E=G�c'JS\IP0GQP0Ù&\·g�G�K_Z]\IPR¡SEMg�E=G�HIg�\Ic'g�N�GQP0 Sg]dfg]E�Gà^�`mNaº>`$^Rg]LMH

KMLsdfPe^RP0g]L�g�Gà\Q`uN]J$EMKMLMNOGQPR 6P0GQZ$ABl,g�GQg�HIdfg
α∇p c_HIJ� 6PRg]E�G�`$^eJ$HI\�KMLä\hGQHhg]\h\àGQºMg�HIdfPe�=LMg�K>`$EM\^�`�\hGQHhLMN�GILMHIgUg�G

αdiv∂tu
N]JSHhHIg]\hc'JSEMK-Ç¹^�`�Naº>`$^Rg]LMH[PeE�GQg�HIEMgmKMLMgVÇf^e`�KMPe^e`rGa`bGQP0JSE�A_DF^,\��X`r¡SPRG

KMLtd�J6KMp�^eg o 



ρ(x)
∂2u

∂t2
−5((λ(x) + µ(x))div u)

−div(µ(x)5u) + α5p = f(t,x)

c0(x)
∂p

∂t
+ α div

∂u

∂t
− div(k(x)5p) = h(t,x).

èµCSA {$é

#JSLMHuÈMEMPeH�Ö#JSEê\]��PeE=GIZ]Hhg]\I\hg]HI`ßÇ7LME `$LBGQHIg~d�J6K_p]^eg�KMZ�HIP0 SZäKMLç\hï6\hGIp]dfgsKMgäN]J$EM\IJS^RPeK>`bGQPRJSE
cMHIZ�N]Z]K_g]E�G}N]J$d�c'JSHzGa`$E�GàN�g�GhGQg*Ù&JSPe\µ�FN]P'L_EsGIg]Hhd�g*EMJ$Es^ePREMZn`$PRHhg�K>`rEM\à^�`VcMHhg]dfPep]Hhg*Z��6LM`rGQPRJSE�A
w·E�g���g�GnÖ/\ILMP0GQg7`$LBx GIHQ`� b`$LBx�KMg%��A'&/`$E�KMg�H(��E>`$cMc ×�vS¸rØ9Ö�Ü�A/ÝuA���PRJ$G~`�Z]¡S`$^eg�d�g�E=G
d�JSE�GQHhZ¨�=LMg�^Rg¨N�JSdfc'JSHhGIg]dfg]E�G�K_L£dfPe^RP0g]L7c'JSHIg�LBxæc'JSLB r`$P0G�ãOGQHhg�EMJSEæ^ePREMZ]`$PRHIg~×k@r�rØÆA���g�^�`
g]\hGmK*)ßÇsN�g]HzGa`$PREM\�g$��gOGQ\m\IL_Hm^e`ä¡$Z]JSdfZ�GIHIPegu^RJ6Nn`$^RguKML£d�PR^RPRg�L7GQg]^R\��=LMg�KMg]\�N�º>`rEM¡Sg]dfg�E=GQ\
�MHILM\h�=LMg]\�K>`$EM\Û^eg]\���JSEMg�\�K_gßN]J$E=Ga`rN�GtJSLiKMg�\�J6N�N]^RLM\IPRJSEM\ÛK_g£È>\h\ILMHIg�\]A�w½ETg���g�G]Ö[\hPm^Rg
 SJS^eL_d�gqK_Lt\hJS^ePRKMgqN�JSEM\zGQPRGIL>`$E�G[^e`¨d�`rGQHhPeN�gqc'J$HIg]L_\IgmKMZ]c'g�EMK�^RPeEMZ]`$PRHIg�dfg]E�GàKMg�^�`ucMHIg�\I\IPRJSE
KML¨â>LMPeK_gà\Q`rGILMHQ`rE=G½gOG½KMg]\½\zGQHIg�\I\½\ILM�MPR\]Ö$^Rg]\�N�JSE�GQHQ`rPeE=GIg]\yKMLMg]\·`$L¨\hGQHhg]\h\·g���g]NOGQP0Ù'g]E�GQHQ`bë�EMg�E=G
KMg]\~dfJ6KMPRÈMNn`rGIPeJ$EM\¹KMg�¡SZ]J$d�ZOGQHIPRgt^RJ6Nn`$^RgÛ�=LMP�\hJSE=G~g]\h\Ig�E=GQPRg]^R^eg�d�g�E=G�EMJSE�^ePREMZn`rPRHIg]\¹c'JSLMH
KMg]\m r`$^Rg]LMHh\UKMgfN]J$E=GIHQ`$PRE=GQg�c'g�GQP0GQg�\]A á `$EM\VN�gfNn`$\�Ö,^Æ��Z]EMg�HI¡SPRg¹g�\hGu`$^RJSHI\�KMZOÈ>EMPeg¹N]JSdfd�g�^Rg
c'J$GQg�E=GQPRg]^�K���Z]^e`$\hGIPeN�PRGQZ�^RPeEMZ]`$PRHIgtc'g]HzGQLMHh�'Zæc>`$H~LME2c'J$GQg�E=GIPeg�^*E_JSE2^ePREMZn`rPeHhg$A á `$EM\ä^eg7N]`$\
c>`$HhGIPeN�LM^ePRg�HàKMgm^�`¨KMPedfg�EM\IPRJSEsLME�Ö>JSEtJ$�_GQPRg]E�G}`$PeEM\hP�^eg�\zï6\hGQp�d�gU\hLMPR r`rE=G o

{
ρ∂2t u− λ∗∂t∂

2
xu− (λ+ 2µ)∂2xu− µ∗∂x

(
|∂xu|q−2∂xu

)
+ α∂xp = f

c0∂tp+ α∂t∂xu− k∂2xp = h

èµCSAX�Sé

J��
µ∗ ≥ 0

g�GfJ���^RgÛc'JrGQg]E�GQPRg]^�K���Z]^e`$\hGIPeN�PRGQZäKMg� 6PRg]E�G�EMJSE ^ePeE_Zn`$PRHhgscM`$H¹^Æ�k`$KbÞhJSE_N�GQPRJSEçKML
q− ^�`$cM^e`$N�PRg]E�A

+ +613<M�b¿� ,+6¥æ¥] !��5&<259%¤�]��;=��<_�� ,��+-, l,`�cMHIg�d�PRp]HhgfGQº_Z]JSHhPeg�\hLMHu^Rg]\VdfPe^RP0g]LBx£c'JSHIg�LBx
g�G}EMJrGa`$dfd�g�E=G�\hLMH[^eg�c_ºMZ]EMJ$d�p�EMgUKMgmN�JSEM\hJS^ePRK>`rGIPeJ$EÛ`�Z�GIZUZOGa`$�_^ePegqc>`rH.�m`$Hh^/&·JSE � g�H0�n`��
¡SºMP�èµC��S�Sj��aC��Sv$j�é�A�DF^/`tK_Z�È>EMP·^�`ÛN�JSEM\IJ$^ePRK>`rGQPRJ$E£N]JSdfdfg¹Z�Ga`rE=GVKMLMg�ÇtLME21�cMHIJ6N�g]\h\ILM\u�=LMP
cMHIJ� SJ6�6L_gULMEMgm�>`$PR\I\hgmKMLÛ SJS^eL_d�gqKMg�â>LMPRKMgmN�JSE=GIg]E=L�K>`$EM\[^Rg]\�c�J$HIg�\}KMLtdfPe^RP0g]Ls\I`$EM\}�=LMg
N]g�â>LMPRKMg~E_g~\IJSP0Gug�EM\ILMP0GQg~Hhg]dfcM^�`$N�Z�c>`rHuK_g~^Æ�k`$PeH31rA!�*��g]\zG�g]E3Ù:`$P0GVg]Eê\��kPRE=GQZ�HIg�\I\Q`rE=G¨GIJSL_G
K��X`r�'JSHIKsÇuLMEMgqZ�c'JSEM¡SgqHhg]dfcM^ePRg}K���gn`$LscML_Pe\àÇuLMEMgqN�JS^RJSEMEMg*K��X`$Hh¡SPR^eg}JSLäKMgq\I`$�M^eg�\IJSLMdfPe\hg
ÇULME_g�Naº>`$Hh¡Sg}N]J$EM\hGQ`$E=GIg�\Q`rEM\�c'JS\h\IPR�MPe^RP0GQZàK��kZ�Naº>`$cMc'Z�g*^�`rGIZ]HQ`r^egà�6L��kPR^'`mKMZO Sg]^RJScMc'Z$Ö=c>`$HhÙ&J$Pe\
KMg�Ù:`$Ú]J$Efg]dfcMPRHIPR�6L_g$Ö$^eg�\·�>`r\Ig]\/K_g}^e`*GQºMZ�JSHIPRg�KMg[^�`qN]JSE_\IJS^RPeK>`bGQPRJSE�ArDF^?`m`$PREM\IPMc_L�N�JSEM\zGa`rGIg]H



{

^eg]\u\IPedfPR^RPªGQLMK_g]\]Ö!K>`$EM\¨KMgsE_JSd¨�MHIg�LBxêNn`r\]Ö�g�E=GIHIgs^Rg~N]JSdfc'JSHzGQg]dfg]E�G¨KMgsN�gsd�`rGQZ�HIPe`$L3\ILB�
�MPe\h\Q`$E�G�L_EMgUN]JSE�GQHQ`rPeE�GQgmgOG�^9�kZO r`$N�L>`rGQPRJSEÛK��kL_E�âMLMPeKMgmºMJ$HI\}K��kLME�dfPe^RP0g]LÛc'J$HIg]L6xtZ]^e`$\hGIPe�=LMg
×X�$�BÖ?�$�bØÆA
Ü7`$LMHhPeN]gqÝuAM��PRJ$GmèzC��$¸����aCn�S���$é/`¨g]EM\hLMPRGIgmK_Z� Sg�^eJScMc'Z�KMgqÙ:`$Ú�JSEÛN�JSEM\hPeKMZ�HQ`$�_^egq^eg�\��M`$\Ig�\[KMg
^�`UGQºMZ�JSHIPRg*KMg�\�dfPe^RP0g]LBx�c'J$HIg]L6xs�=L��k`n r`$PRGàZ�^�`$�'J$HIZ]g4��A � g]H0�]`$¡Sº_PÆABDF^�`uEMJ$GQ`$dfd�g�E=G�ZOGQg]E_KML
^eg]\VHIZ�\ILM^0Ga`rGI\uKMg(��A � g]H5�n`$¡$ºMPà`$LêN]`$\uKMg~^�`�K_Pedfg]EM\hPeJSEßGQHhJSPe\Ug]EêZ�Ga`r�M^ePR\I\Q`rE=GuKMg�\¨Z]�=L>`��
GQPeJ$EM\/ r`r^�`$�_^eg]\/c'JSLMH�LMEMg*Naº>`$Hh¡Sg�GIHQ`$EM\hPRGIJSPeHhgV×ªC��6Ö�Cnv_Ö'C�{6Ö'C��bØ�g]EäL_GIPe^eP0\Q`$E�G�K_g]\�GIg]NaºMEMPR�=LMg]\
K��kº_JSd�J$¡SZ]E_Z]Pe\I`rGQPRJSE�A�DF^�`VZ]¡S`$^eg�d�g�E=G�KMZO Sg]^eJ$cMc'Zq^Rg]\�Z��=L>`rGQPRJSEM\�KMg*^e`mGQºMZ�JSHIPRg�KMg*^e`UN]J$EM\IJr�
^ePeKM`rGQP0JSEuK_ï6E>`$dfPe�=LMgmè:Nr��g]\hGz�µÇb��KMPeHhgàN�g]^e^Rg]\��=LMg�EMJSLM\½N�JSEM\hPeKMZ�HIJSE_\·PRN]P�é#`n r`$E�G·KMg�\��kPRE=GIZ]HIg�\I\hg]H
ÇÛ^�`äKMg�\IN]HhPec_GIPeJSE£KMg¹^�`äcMHhJSc>`$¡�`bGQPeJ$EæK���LMEMgfJSE_KMg¹Z]^�`r\hGQPR�=LMg¹KM`$EM\mLMEßd�PR^RPRg�L£c'J$HIg]L6xß\I`b�
GQLMHhZ~×0Cn�_Ö�@$¸bØ9A'Ý�c>`$HhGIPeH[KMgfC����$v_Ö>PR^!`fcMHhPeEMN�Pec>`r^eg�dfg]E�G}NaºMg]HhN�ºMZ¨ÇfN]JSdfcM^RZ�GIg]H}^Rg]\[GQºMZ�JSHhPeg]\
cMHIZ�N]Z]K_g]E�GQg]\�g�G¨`�GIHQ`n r`$Pe^R^RZ¹\ILMHV�6L_g]^e�=LMg�\¨cMHIJS�_^ep]dfg]\Vg�EMN�JSHIg~JSL_ Sg]HzGQ\�A á `$E_\s×k@BC$Ö�@$@bØ9Ö!Pe^
\]��g]\hGäc'g�EMN�º_Z-\IL_H~^e`ßcMHhJSc>`$¡S`rGQPRJSE K���LMEMg7JSE_KMg7`$N]JSL_\hGQPR�=LMg7KM`$EM\�LME�d�PR^RPRg�L�c'J$HIg]L6x�gOG
EMJ$Ga`rd�dfg]E�Gq\hLMH�^9�kPRE_â>LMg�EMN]g¨KMg¨^Æ�k`$EMPR\IJ$GIHIJSc_PRg$Ö'KMg¨^�`f BPR\IN�J6Z]^�`r\hGQPRN]P0GQZVJSLæKMg]\�KMPR\I\hPec>`bGQPeJ$EM\
PeE=GIg]Hz Sg]E>`rE=G�K>`$EM\¨^�`�d~`bGQHIPRN]g�\IJ$^ePRKMg$A76yPeE>`r^eg�dfg]E�GuK>`$EM\¨^eg�\�`$EME_Z]g]\f{$¸BÖyPR^�`7KMZ� Sg�^eJSc_c�Z
LMEMg�GQºMZ�JSHIPRgmK_g]\}KMZOÙ&JSHhd~`rGIPeJSE_\�È>EMPeg�\[K>`$E_\}^Rg]\[dfPR^RPRg�LBxäc'JSHIg�LBxß×X@$jbØ9A
��g]\½GQHI`� r`$L6x�ÖSZ�^�`$�'J$HIZ]\�K��kL_Efc'JSPRE=G½KMgà 6LMg[cM^RL_G�8rG½dfZ]Nn`rEMPe�=LMgàJSE=G½KMJSEMEMZ�\ILMP0GQg�Ç�KMg�EMJSd��
�MHIg�LM\Ig�\�gOx6GIg]EM\hPeJSE_\qd~`rGIºMZ]d�`rGIPR�6L_g]\]A á `$EM\*^egUNn`$\*K_L-\hï6\hGIp]dfguGQºMg�HIdfJ6Z]^e`$\hGIPe�=LMgUN]JSL_cM^eZ
èzCSAX{SéOÖ���JSEM\zGa`$E�GQPeE_g�Ü�A á `rÙ&g]Hhd�J$\/×kj�@�Ø6`[Z�Ga`r�M^ePS^Æ��gOxBPe\zGQg�EMN]g/g�G!^Æ��LMEMPRN]P0GQZ�KMg/\IJS^RL_GQPRJSEM\�Ù&JSHzGQg�\
`$\I\hJ6N]PeZ�g]\�Ç~KMg�\qN]JSE_KMPRGIPeJSE_\*`$LBx7^RPedfPªGQg�\�dfP0x6GIg]\�N]JSdfd�gUN]g�^e^eg�\*�=LMg¨^9�kJSE7N�JSEM\hPeKMp�HIg¨KM`$EM\
^Æ��Z�GQL_KMgmKMLtNn`r\}^RPeEMZ]`$PRHIgq`$LtNaº>`$c_PRGQHhgm�_A'��g�\}HIZ]\hLM^RGQ`rGQ\�JSE=G[Z�GIZUZ�¡�`$^Rg]dfg]E�G[N]J$d�c_^eZ�GIZ]\�c>`$H
LMEMg¹Z�GILMKMgfKMLßN�JSdfc'JSHhGIg]dfg]E=G�g]E£GQg�d�cM\�^eJSEM¡sKMLßcMHhJS�M^Rp]dfg�K>`rEM\m^�`$�=LMg�^e^Rg¨Pe^�`sd�JSE�GQHhZ
�6L_g�^egu¡$HQ`$K_Peg]E�GqKMguGIg]dfc'Z]HI`rGQLMHhg¨g�Gq^Æ��g]E�GQHIJSc_Pegu`$\I\hJ6N]PRZ]g¨N]JSE� Sg]Hh¡Sg]E�G�GQJSL�ÞhJSLMHI\� Sg]Hh\9�]Z�HIJ
�6LM`$EMK�^Rg]\àGQg]Hhd�g�\[\IJSL_HIN]g�\�\hJSE=G}E=LM^e\�A
��JSd�dfg�J$Eä^Æ�k`VZ� SJ6�=LMZqcMHIZ�N]Z�KMg]dfdfg]E=G]Ö_^Rg]\�HhZ]\hLM^RGQ`rGQ\�KMgq��PRJ$GnÖ=c>`$HzÙ&JSPe\/JS�_GIg]E=LM\àKMg*Ù:`rÚ]JSE
ºMg]LMHhPe\zGQPe�=LMgrÖ�JSE=GqZOGQZu SZ�HIPRGQ`$�M^Rg]dfg]E�G·ÞhLM\hGIPRÈ>Z�\¹Á¨Â>Å�ìOíFîOÃOÄÆÅbÃ�Ä�cM`$H*KMg]\*GQg�NaºMEMPe�=LMg�\�K���ºMJSdfJr�
¡SZ]EMZ�Pe\I`rGQPRJSE�A!:�H�;$N�gUÇfN�g�GhGQgUd�ZOGQºMJ6KMgrÖ>�>`$\IZ�gV\IL_H}^Æ��Z�GILMKMgUK_g]\}\IJS^RL_GQPRJSEM\�c'Z]HhPeJ6KMPR�=LMg]\[c>`$H
HQ`$cMc'J$HhG�`rLBxç r`$HhP�`$�_^eg]\¨K��kg�\Ic>`rN]grÖ=<$gn`$EB�Fl�JSLMPe\�Ý�LMHIPe`$LM^0G�g�G�w� r`$HhPe\hGIg � `$EMNaºMg����>y`r^eg]E_N]P�`
JSE=GVdfg]E_Z�K>`rEM\~×k�bØ/LMEMg�cMHhg]dfPep�HIg¹Z�GQL_KMg~c'J$LMHU^egfdfJ6KMp�^eg¹�=L>`$\hP0��\hGa`bGQPe�=LMg�èzCSAkv�éOA�DF^e\UJ$E=G
KMZ]HhPR SZ�LMEMg�Ù&JSHhd�gàE_JSEfPR\IJrGQHIJSc_Pe�=LMgàKML¹\hï6\hGIp]dfg}KMg[��PeJ$G�c>`$H½º_JSd�J$¡SZ]EMZ�Pe\I`rGQPRJSE�ÖbJS�_GQg�E>`$E�G
`$PeEM\hPyLMEMg¹\hJS^eLBGQPeJ$E-LMEMPe�=LMg�KML£cMHIJ$�M^ep�d�grÖ�`� b`$E=GmK��kZOGQLMKMPRg]H�^eg¨N�JSdfc'JSHhGIg]dfg]E=G�^RPed¹P0GIguKML
\hï6\hGIp]dfg�^eJSHh\I�=L���LMEMgqN�º>`rHI¡Sgq\hJSLMK>`rPeEMg*g]\hG[`$cMc_^ePR�6L_Z]g$A_l�g]\àdfZ�GQº_J6KMg]\àK���ºMJSdfJS¡SZ�EMZ]PR\Q`rGIPeJSE
JSE=G�Z�GIZ*Z�¡�`$^Rg]dfg]E�G�`rcMcM^ePR�=LMZ]g�\�K>`$EM\�^Rg}Nn`$\�K_Lä\zï6\hGQp�d�g�GIºMg]Hhd�J6Z�^�`$\zGQPR�6L_guèµCSA {$é½c>`$H � `rÈ?`
��HQ`$º_Ped�� ÿ GI\Id�`rEMg$Ö?:mPR^R^Rg]\mÝVA@6?HI`$EMNOÙ&JSHhGUg�GA6>HQ`$EMÚ�JSPe\VÜ�LMHI`rGVK>`$EM\~×k@$vbØ�`rLBx�KMZ��ML_GI\uKMg]\
`$EMEMZ�g]\7C��S�S¸BAB½^eLM\�HhZ]N�g]dfd�g�E=G~KM`$EM\-×å�={6Ö/�S�rØ9Ö�Ü7`$HhN]PRJêÜ�LMHQ`rK8gOGä\hg]\~N]Jb�µ`$L_GIg]LMHh\~J$E=G
cMHIPR\/g]EäN�JSdfc_GQg}^eg�\�g$��gOGQ\�K_g*N�JSEM\hJS^ePRK>`rGIPeJ$Ef\hg]N]J$EMK>`$PRHIg¨è:cMHhZ]\hg]EMN�gqKML�GQg�HIdfg

λ∗
é·\hJSL_ Sg]E�G

EMZ]¡S^RPe¡$Z]\fg�E8L_GIPe^RPR\Q`$E�GnÖ½^eÇßg�EMN]J$HIg$Ö/KMg]\~Naº>`$E_¡Sg]dfg]E�GQ\~K��kZ�N�ºMg�^e^Rg$A/DF^R\�JSE�G~Z�¡�`$^Rg]dfg]E�G�dfPe\
g]E�J6g]L_ 6HIg�K_g]\VdfZ�GQº_J6KMg]\UK��k`$cMcMHhJ�xBPed�`rGIPeJ$E£KMg¹GFïBc'gfZ]^eZ�d�g�E=GI\mÈ>EMPR\V`rÈME�K��kJ$�_GQg�EMPeHmKMg]\
g]\hGIPed�`rGQPRJSE_\*K���g]HIHhg]LMH�c'JSLMHq^eg¨dfJ6KMp�^eguKMg�N]J$EM\IJS^RPeK>`bGQPRJSE-`� Sg�N

ρ = c0 = 0
×å��vbØ½N�JSdfcM^eZ��



� ðyñ?ò]ó�ôÆõ9ö�÷uøSùÛ³Fú�õ:öOû6ü'ý=þ�õ9ô&û�ú

Ga`$E�Gm`$PeE_\IP#^eg]\qHhZ]\hLM^RGQ`rGQ\qKMZFÞIÇsZOGa`$�M^RPe\*cM`$HqÝ*^RgOx_`$EMK_g]HDC�g�E*EGFhg���K>`$EM\�×kv�@�Ø�J���Ö�g�E£cM^RLM\qKMg
HIZ]\hLM^RGQ`rGQ\}K���gOxBPe\zGQg]E_N]g¨gOG*K��kL_EMPeN�PRGQZU�M`$\IZ�\*\ILMH�LMEMgVd�ZOGQºMJ6K_gVKMgVN]J$d�c>`rN]P0GQZ$Ö>Z�GQ`$Peg�E=G�KMZFÞIÇ
cMHIZ�\Ig]E�GQZ�g]\*K_g]\}g�\hGQPRd~`bGQPRJSEM\àK���g]HhHIg�LMH}g�E�KMPRd�g�EM\IPRJSEsKMg]L6x�A� J$GIJSEM\/g]EBÈ>E~^eg]\½GQHQ`n r`$L6x�c_^eLM\·HIZ]N�g]E�GQ\�KMg�Y}`$^ecMºfw[A � º_JIHà`$^0GQg�H/gOG�K_g�\Ig�\�N]Jr�F`$L_GQg�LMHI\/�=LMP
JSE=G}Z�GILMKMPRZUcM^RLM\IPRg]LMHh\}c_HIJS�M^Rp]dfg]\[^RPeZ�\}Ç¹^�`�c'JSHhJ6Z]^�`r\hGQPRN]P0GQZrA á `rEM\u×k�$jbØÆÖ?YmA?w[A � ºMJIH�`$^RGIg]H}`
KMZ� Sg�^eJSc_c'ZqK_g]\�HIZ�\ILM^0Ga`rGI\�K��kg�xBPe\hGIg]EMN�g$Ö_K���LMEMPRN]P0GQZ}g�G�KMg�HIZ]¡$LM^�`$HhPRGIZ[c'JSLMH�^eg}\hï6\zGQp]dfg*�6LM`$\IPª�
\hGa`bGQPe�=LMg�K_Z]¡SZ�EMZ]HhZ~è

ρ = λ∗ = 0
é�g�EtLBGQPe^RPR\Q`rE=GàKMg�\�GQg]NaºME_Pe�=LMg]\[KMgm\hg]dfP0��¡SHIJ$LMc'g]\àc'JSLMH�^Rg]\

Z]�=L>`rGIPeJSEM\àK���Z� SJ$^eL_GIPeJSEäKMZ�¡SZ]E_Z]HIZ�g]\}KM`$EM\�LMEsg]\hc>`$N]g�KMgJ�}Pe^e�'g�HhG]ABDF^�`¨Z]¡S`$^eg�d�g�E=G�GIHQ`$P0GQZ*^Rg
Nn`$\uK���LMEêd�PR^RPRg�L�c'JSHIg�LBx3N]J$d�c'JS\hPRGIg��=LMP�g]\zG�HhZ]¡SP/c>`rHuLMEê\zï6\hGQp�d�gäK_Lçdfã�d�g¹Gµï6c'gä�=LMg
èzCSAX�Sé�Ù:`$PR\Q`rE=G[PeE�GQg]Hz Sg]EMPRH[EMZ]`$EMdfJSPeE_\[KMg�LBx�c_HIg]\h\IPRJSEM\}\IJS^RL_GQPRJSEM\�K���Z]�=L>`rGIPeJSE_\}KMgUKMP���LM\IPRJSE
N]JSLMc_^eZ�g]\uc>`$HVLME3GQg�HIdfg�K��kZ�N�ºM`$EM¡SgrÖy^egfd�PR^RPRg]Lßc'JSL_ r`$E�G¨ã�GIHIg~g]E�GQPRp]Hhg]dfg]E=GuJSL3c>`$HzGQPeg�^e^Rg��
d�g�E=G}\I`rGQLMHhZ�×k�S�6Ö'�$vbØÆA á gUdfã]dfg�^eg�Nn`r\}K���LME�d�PR^RPRg�LÛc'JSHhg]LBxÛc>`$HhGIPeg�^e^Rg�dfg]E�G[\I`rGQLMHhZV`¹ZOGQZ
g]E= 6PR\Q`$¡$Z�K>`$EM\7×k�r�rØ�`$PeE_\IP[�=LMg�^egÛNn`$\�K��kLME�dfPe^RP0g]L  6PR\IN]Jb�FcM^e`$\hGIPe�=LMgÛK>`$EM\7×k�S{�Ø[GQJSLbÞhJ$LMHI\
g]EtL_GIPe^eP0\Q`$E�G�K_g]\�GQg]NaºME_Pe�=LMg]\}KMg�\Ig]dfPª�F¡SHhJSLMc'g]\à�>`$\hZ]g]\}\hLMH[^Rg]\�cMHIJ$cMHIPRZ�GQZ�\[K_g]\[JSc'Z]HI`rGQg�LMHI\
PeE=GIg]Hz Sg]E>`rE=G}K>`$E_\}^Rg]\�Z]�=L>`rGIPeJSEM\�A

K 5:<>�T�! T����<��_<>%95L, á `$E_\�N]g�d�`$E=LM\IN�HIP0GnÖ�EMJ$LM\�E_JSLM\�PRE=GIZ]HIg�\I\hJSEM\mÇä^9�kg�x_PR\hGIg]EMN�g�g�GmÇ
^Æ��LMEMPeN�PRGIZ½KMg�\#\IJ$^eL_GIPeJSEM\�KMg�\#dfJ6KMp]^Rg]\�èzC$A �$é�ÇuèµCSAX�SéOAI#JSL_H!KMg]\!HQ`$PR\IJSE_\!c'Z�K>`$¡SJ$¡SPe�=LMg�\!g�Gy`rÈME
K��kZO 6PRGQg�H/K_g]\/HIg�KMJSEMKM`$EMN�g]\�K>`$E_\/^eg�KMZOGa`$PR^MKMg]\·GIg]NaºMEMPR�6L_g]\�K_g}KMZ�d�J$EM\hGQHI`rGQPRJSEM\½g�d�c_^eJ�ïSZ�g]\�Ö
EMJSLM\à`� SJ$EM\àNaºMJSPR\IP'KMg*KMZ� Sg�^eJ$cMc'g]Hà^Rg�Nn`$\*C á J��~^eg]\�dfJ6KMp]^Rg]\�^ePREMZn`rPeHhg}gOGàEMJSEä^ePREMZ]`$PRHIg}J$E=G
cML3ã�GIHIgfGQHI`$PRGIZ]\V`n r`$E�GuK��X`$�'J$HIKMg�HV^egfN]`$\V^ePREMZn`rPeHhg¹d¨L_^RGQPRKMP0dfg�EM\IPRJSEMEMg�^ÆA � JSLM\Vg�d�cM^RJ�ïSJ$EM\
K>`$EM\·^eg�\·KMg�LBxfNn`r\/KMg�\/d�ZOGQºMJ6K_g]\½ r`$HhP�`rGIPeJSE_EMg]^R^Rg�\½N�g}�=LMP>\IPe¡$EMPRÈMg��=LMg}EMJSL_\/N]J$EM\IPRKMZ]HhJSEM\*Á
Â'ÃOÄÆÅbÃ�ÄSKMg�\�\hJS^eLBGQPeJ$EM\,Ù:`$Pe�_^eg�\!KMg]\ycMHIJ$�M^ep�d�g�\#Z�GILMKMPRZ]\]Arl,g�N�ºM`$cMPRGIHIgà@}g�\hG�N]JSE_\Q`$N�HIZ�Ç�^9�kZOGQLMKMg
KMLsd�J6KMp�^eg�KMg���PRJ$G�EMJSEs^RPeEMZ]`$PRHIg}g�G[`$LäNn`$\à�=L>`$\hP0�F\zGa`rGIPe�=LMg*EMJ$Es^ePREMZn`$PRHhg*`n Sg]N�N�JSEMK_PRGQPRJSEM\
`$LBx�^ePRdfP0GIg]\·KMg á PeHIPRN�º_^eg�G/ºMJ$d�JS¡$p]EMg�\]A ÿ EäZOGa`r�M^eP0G�K��X`$�'J$HIK~^Æ��gOxBPe\zGQg�EMN]g*gOGà^9�kLME_PeN�PRGQZ[K���LMEMg
\IJS^RL_GQPRJSE�cM`$H�LME_g*d�ZOGQºMJ6K_g�KMg9:m`$^eg�H0�=PeE�`n r`$E�G�K��kJ$�_GQg�EMPeH/^eg}d�ã�d�g}HhZ]\IL_^RGa`bG�c'JSL_H�^eg}cMHIJb�
�M^ep�d�gm�=L>`r\IP0��\hGQ`rGQPR�6L_gU\hJSLM\�K_g]\�º�ïBc'J$GIºMp]\hg]\*cM^eL_\[Ù:`$PR�M^eg�\]A ÿ E7`$E>`$^0ïB\hgUg]E_\ILMP0GQgUg]E7�=LMg�^e^Rg
d�g�\ILMHhgq^eg�cMHIJ$�M^ep�d�g�N�JSdfcM^egOGà`$cMcMHhJ6N�ºMg*^eg�d�J6KMp�^eg��=L>`$\hP0��\hGa`bGQPe�=LMgrA_l�g]\àJ$L_GQPR^e\/K��k`$E>`$^0ïB\hg
Ù&JSEMN�GIPeJSE_EMg]^R^egVg]dfcM^RJ�ïSZ]\qKMg�d�`$EMPRp]HIgug�\I\Ig�E=GIPeg]^R^eg¨K>`rEM\�^eg¨dfZ]dfJSPRHIgV\IJSE�GmL_GIPe^eP0\IZ]g�\qKMp]\�N]g
N�º>`rcMPRGIHIg[gOG/\IJSE�G/HQ`$cMc'g�^eZ�\/g�E�\IJ$E�KMZ��ML_GnA=l�g}Naº>`$c_PRGQHhg}j�GIHQ`$P0GQgrÖS^eL_P>`$LM\h\IPÆÖSKML�dfJ6KMp�^eg�EMJ$E
^ePeE_Zn`$PRHhg�gOG�N]J$EMN]g�HIEMg�cM^RLM\·c>`$HhGIPeN�LM^ePRp�HIg]dfg]E�G·^Rg[Nn`r\/GIºMg]Hhd�J6Z�^�`r\hGQPR�6L_g

λ∗ = 0
A � JSLM\�`n SJSEM\

N�ºMJ$Pe\hP!KMgV^RLMP,N�JSEM\Q`rN]HIg�H*LME7N�ºM`$cMP0GQHIgVÇ�cM`$HhG�g]E�GQPRp]HIgUNn`$H}Pe^�g]\hG*\IPREM¡SLM^RPeg�H[c>`$H}HQ`rcMc'JSHhG*`$L
Nn`$\

λ∗ > 0
A=l�JSHh\I�=LMg

λ∗ = 0
Ö�J$Efc'g]HhK�K_g]\/PRE_Ù&JSHhd~`bGQP0JSEM\y\ILMH·^�`qHhZ]¡SLM^e`$HIP0GQZ�KMg[^�`q\IJ$^eL_GIPeJSE�A

ÿ EtN]J$E=GQJ$LMHIEMgUN�g�GIGIgUKMP��fN]L_^RGQZ�g]EtÙ&JSHhÚn`$E�G}^�`�HIZ�¡SLM^e`$HIP0GQZqc'g]HIK_LMg o JSEÛGQHQ`rEM\hÙ&JSHhd�g�^eg�d�Jb�KMp]^Rg�g]E�^eL_P_`�ÞhJSLBGa`$E�G�L_EMgàN]JSE�GQHI`$PeE�GQg$Arl½�kg�xBPe\hGIg]EMN�g�K���LMEMgà\IJS^RL_GQPRJSEuc'g�L_G·`$PREM\IP6\]��Z�GQ`$�M^RPeHNM�Ä:Á
KMg]\�dfZ�GIºMJ6KMg]\/KMg}HIZ�¡SLM^�`rHIPe\I`rGQP0JSE¹gOG�K_g�c'Z�E>`$^ePR\Q`rGIPeJ$E�A�l�g}Nn`r\�^RPeEMZ]`$PRHIg�d¨LM^0GQPRKMP0dfg�EM\IPRJSEMEMg�^
g]\hG¨cMHhZ]\Ig�E=GIZsK>`rEM\u^eg�Naº>`$c_PRGQHhg��æ`n Sg]N~KMg]\uN]JSEMK_PRGQPRJSEM\V`$LBx�^ePRdfP0GIg]\UcM^RLM\V¡SZ]EMZ�HQ`$^Rg]\u�=LMg
N]g]^R^eg�\½g�E= 6Pe\I`$¡SZ�g]\·K>`$EM\½^egàN]`$\·E_JSE¹^ePREMZn`$PRHhg$Arl,g�\·HIZ�\ILM^0Ga`rGI\½K���gOxBPR\hGQg�EMN]g}gOG·K���LMEMPeN�PRGIZàïu\IJSE�G
Z�Ga`r�M^ePR\àc'JSLMH�^Rgqd�J6K_p]^eg*N]JSdfcM^Rg�GnÖB^egq\hï6\hGIp]dfgU�=L>`r\IP0��\hGQ`rGQPR�6L_g�gOG}^Rg�N]`$\àGQºMg�HIdfJ6Z]^�`r\hGQPR�=LMg$A



�

l,g�\¨KMZ]dfJSEM\zGQHQ`bGQPeJ$EM\uK��kg�x_PR\hGIg]EMN�gÛHhg]c'JS\hg]E=G�\ILMH¨L_EMgäd�ZOGQºMJ6KMg~KMg�:m`$^eg�H0�=PRE�Ga`rEMKMPe\u�=LMg
KMg]\[Ù&JSEMN�GIPeJSE_\z��GIg]\zG}KMgVl,`$K_ïO�]g�EM\0�b`�ÞI`�\IJSE�G�L_GIPe^eP0\IZ]g�\[K>`$EM\}^Rg]\[KMZ]dfJSEM\zGQHQ`bGQPeJ$EM\[K��kLME_PeN]P0GQZrA
ÿ E7N]JSdfc>`$HhgVg]EM\hLMPRGIgu^eg�\*dfJ6KMp]^Rg]\}GIºMg]Hhd�J6Z�^�`$\zGQPe�=LMgUg�G*�6LM`$\IPª�F\hGQ`rGQPR�=LMgu`$L-dfJ6KMp�^egUN]JSd��
cM^egOG�g]E7g�\hGQPRd~`rE=G}K>`$E_\�N�ºM`$�=LMguNn`r\�^eg]\[GQ`$LBxtKMgVN�JSE= Sg�HI¡Sg�EMN]guKMg]\�\IJS^RL_GQPRJSEM\[g�E7Ù&J$EMN�GIPeJSE
KMg]\*c>`rHQ`$dfp�GIHIg]\

λ∗
JSL

ρ
\ILMP0 r`$E=G�^egUNn`$\�A�w½E_ÈME�Ö�^egUNaº>`$c_PRGQHhg¨�¹GIHQ`$P0GQgmKML-N�JSdfc'JSHhGIg]dfg]E=G

g]EçGQg]dfcM\�^RJSEM¡-KMg�\¹d�J6K_p]^eg�\¨^ePREMZn`rPeHhg~gOG¹EMJSE ^RPeEMZ]`$PRHIg�K>`$EM\�^RgäNn`$\
λ∗ > 0

\hJSLM\�KMP���ZO�
HIg]E�GQg�\fº=ï6c'J$GIºMp]\hg]\�\IL_H¹^eg�\�GIg]Hhd�g�\¹\IJSL_HIN]g�\]A�Ü�g�E=GIPeJSEME_JSEM\¹Z�¡�`$^Rg]dfg]E=G��=LMgÛN]g�HhGa`rPeEM\�KMg
N]g]\qGQHI`� b`$LBx-JSE�GqÙ:`$P0Gq^9�kJ$�BÞhgOGqKMg�cMHhZ]cML_�M^ePRNn`rGIPeJSE_\¨×k{BÖ��BÖyC�¸bØ9Ö�KMg�c_LM�M^ePRNn`bGQPeJ$EM\�c>`$HhLMg]\�JSL
`$N]N�g]c_GIZ]g�\�×k�BÖ·�6CSÖ½�S@�ØàJSLç\IJSE�G¹g]E N�JSLMHI\�KMgs\hJSLMdfPe\h\IPeJ$E2×0C$CSÖ�C�@�ØÆA � PR¡SE>`$^RJSEM\u`$LM\I\hP��=LMg
^eg]\�cMLM�M^RPeNn`bGQPRJSEM\qcMHIZ�N]Z�KMg]dfdfg]E�GVN]PRGIZ]g�\UN]J$E=GQPRg]E_EMg]E�GVKMg�\VHhZ]\hLM^RGQ`rGQ\m�=LMP½EMg¹È>¡SL_HIg]E�GVcM`$\
K>`$EM\/N]g}KMJ6N�LMd�g�E=G]A6w½E~g$��gOGnÖ=K>`$E_\�^Rg]\½GQHQ`n r`$L6xfcMHIZ�\Ig�E=GQZ�\�K>`$EM\/N]g}dfZ]dfJSPeHhg$Ö$EMJSLM\�`n SJSEM\
\hï6\hGIZ]d�`rGQPR�6L_g]dfg]E�G���;rGIP�^Rg]\udfZ�GIºMJ6KMg]\uKMg~N]JSEM\zGQHhLMN�GIPeJSEêK���LMEMgä\IJ$^eL_GIPeJSE�\IL_H¨^�`ÛGQºMZ�JSHIPRg
K��X`rcMcMHIJnxBPed�`rGQPRJ$E�KMgP:m`$^Rg]H0�=PRE�A ÿ H~JSE8c'g]LBGsc'g]EM\hg]HÛÇ3K��X`rL_GQHhg]\äd�J�ïSg]E_\äN]JSdfd�grÖ/c>`$H
gOxBg]dfcM^Rg$Ö�^Rg]\½d�ZOGQºMJ6K_g]\·KMg[c'JSPeE�G½ÈBx_g[JSLf^Rg]\�GQg]NaºMEMPR�=LMg]\/KMg�GQHI`$EM\hÙ&J$HId�`rGQPRJSE¨KMg]\·d�J6KMp�^eg�\
g]E \hï6\hGIp]dfg]\fK��kZ��6LM`rGQPRJSEM\�KML cMHIg�d�PRg]HuJSHIK_HIgsg�E GIg]dfcM\]A½l,`-cMLM�M^RPeN]`rGQPRJSE8×X{�Ø�KMJ$EMEMgsLME
HIZ]\hLM^RGQ`rG�K���gOxBPe\zGQg]E_N]g��>`r\IZ*\ILMH�LME~GQºMZ�JSHIp�d�g�KMg*c'JSPeE�G�È_xBgqKMg � Naº>`$L_KMg]Hµ� � P��6º_JSEMJ� �g�Gà^Rg]\
HIZ]\hLM^RGQ`rGQ\�KMg�<_A�l½A�l�PRJSEM\u×kj$jrØ#\ILMH*^eg�\*c_HIJS�M^Rp]dfg]\�K���Z� SJS^RL_GQPRJSE7KML-cMHhg]dfPeg�H�gOG�K_Læ\hg]N�JSEMK
JSHIKMHhgug�E7GQg�d�cM\�A á `$EM\*^�`fcML_�M^ePRNn`rGIPeJ$E3×ªC�¸bØ9Ö�J$E7GIHQ`$P0GQgU^egUdfJ6KMp]^Rg~èzCSAX�SéJM�Ä:ÁV^9�kZOGQLMK_guK���LME
\hï6\hGIp]dfgVKMLtcMHIg�d�PRg]H�JSHhKMHIgmg�EtGQg�d�cM\�A'��g]c'g]E_K>`$E�GnÖ'\IP�N]g�\�K_g]LBxÛGFï6c'g]\�KMgmd�ZOGQºMJ6K_g]\}J$E=G
c'g]HIdfPe\¹KMg�N]JSE_N]^eL_HIg�K>`rEM\�^egtN]`$\�^ePeE_Zn`$PRHhg£C á Ö·^eg�LMHfL_GQPR^ePR\I`rGQP0JSE K>`$EM\�^eg�\~`rL_GQHhg]\�Nn`$\~`
\IJSLM^Rg� SZ�KMg�\�K_P��fN]LM^0GQZ�\��=LMg�EMJSL_\�E��X`n SJSEM\�c>`$\/HIZ]L_\I\IP�ÇU\hLMHIdfJSE=GIg]H�ÇU^Æ��ºMg�LMHIg�`$N�GILMg]^R^egrA6l,`
d�ZOGQºMJ6KMg[K_gQ:m`$^eg�H0�=PeE¹`mK_JSEMN[Z�GQZ[cM^eLM\½c'g]HhÙ&J$HId�`$E=GIg$ÖSHQ`rPe\IJ$Efc'J$LMH·^�`r�6L_g]^e^RgàEMJSLM\·E��X`n SJSEM\
c>`$\qPREMN]^RLM\�K>`$EM\qN�g¨dfZ]dfJSPeHhgU^eg�\*GIHQ`n r`$LBx7KMgä×X{6ÖyCn¸rØyHhZn`$^RPe\hZ]\�c>`$H*^eg�\q`$L_GIHIg]\*GIg]NaºMEMPR�=LMg]\
d�g�E=GQPRJSEME_Z]g]\�N]P0��KMg]\h\ILM\�A

R �,�'�#"S;�%:�?S��?�r1�+B5��!+6¥ ��;6¥n !5&��<_��¥ �!T,��+6�� #¥U, á `$E_\sLME©\hJSLMN]P*KMgæN�^�`$HzGQZrÖ�E_JSLM\
GQg]Hhd�PREMJSEM\�N�g�GIGIg�PRE=GIHIJ6KMLMNOGQPRJSE7g]EæPeE_KMPe�=L>`$E�G*KMg¨d~`rEMPep�HIgVPeEBÙ&JSHIdfg]^R^0gV^Rg]\*cMHIPREMN]PRc>`$L6x7HhZO�
\ILM^0Ga`rGI\*K���gOxBPR\hGQg�EMN]g�gOGqKMguN]JSdfc'JSHhGIg]dfg]E�G*g]E7GQg]dfcM\*^RJSEM¡~ZOGa`$�_^ePR\�K>`rEM\qN�g¨dfZ]dfJSPRHIgU\hLMH
^eg]\sdfJ6KMp]^Rg]\ßèzC$A �$é~g�G3èµCSAX�SéOA � JSLM\Û^eg�\ÛcMHhZ]\hg]E=GIJSEM\t\ILMP0 r`$E�Gt^eg�\s b`$^eg�LMHI\scMHIPR\Ig]\ÛcM`$HÛ^Rg]\
c>`$HQ`rd�pOGQHIg�\Uc_º=ï6\IPR�6L_g]\

ρ
g�G
λ∗
N]gf�=LMP·KMJSEMEMgf^eg�\UPRE_Ù&JSHhd~`bGQP0JSEM\�J$�_GQg�E6LMg�\¨`rLM\I\IP·\IL_HV^Rg]\

d�J6KMp�^eg�\�èzC$AXv�é,g�G[èzCSAX{SéOA$��JSdfd�g�PeE_KMPe�=LMZ�N]P0��KMg]\h\ILM\�ÖSN�g]\�HIZ]\hLM^RGQ`rGQ\y\IJ$E=G½g�E�HIZn`r^eP0GQZ�c_HIJSL_ SZ�\
c'JSLMH[KMg]\}cMHIJS�_^ep]dfg�\� r`$HIPe`rGIPeJSE_EMg]^R\[`$\h\IJ6N�PeZ�\*`$Ltd�J6K_p]^Rg�èµCSA �$éàJSL3èzCSAk��éà�=LMP,c_HIg]E_EMg]E�G*g]E
N]JSdfc_GQg*KMg]\�N]J$EMKMPRGIPeJSE_\à`$LBxä^ePRdfPªGQg]\�g�G�PeEMP0GQPe`r^Rg�\]ABl,gqNn`rKMHIgq b`$HIPe`rGQPRJSEME_g]^'N]JSEM\hPeKMZ�HIZ�gOG[^Rg]\
g]\IcM`$N]g�\}Ù&J$EMN�GIPeJSEME_g]^e\àLBGQPe^RPR\IZ�\à\IJSE�G}PRE=GQHhJ6KMLMP0GQ\�`rLÛN�º>`rcMPRGIHIgU@6A � JSL_\[EMJSL_\[N]J$E=GQg�E=GIJSEM\[PeN�P
KMgqcMHIZ�N]Pe\hg]Hà^eg�GFï6c'g�KMgqHIZ�\ILM^0Ga`rGàJS�BGQg]E=LÛg�EÛHhg]¡�`rHIKsK_g�^e`u\hPRGQLM`rGQPRJSE~cMº�ïB\hPe�=LMg�N]J$EM\IPRKMZ]HhZ]g$A

Ü�J6KMp]^Rgm^ePREMZ]`$PRHIgqd¨LM^0GQPRKMP0dfg�EM\IPRJSEMEMg�^½èzCSAX�Sé o
DF^�g]\zG�cMHhJSL_ SZm^Æ��gOxBPe\zGQg]E_N]gmK��kL_EMgULMEMPR�=LMgm\IJS^RL_GQPRJSE

(u, p)
^RJSHI\h�6L_g o



C�¸ ðyñ?ò]ó�ôÆõ9ö�÷uøSùÛ³Fú�õ:öOû6ü'ý=þ�õ9ô&û�ú

`�é
ρ(x) ≥ ρ̂ > 0

Ö
λ∗(x) ≥ 0 \hLMH Ω è:N�gU�=LMP�\IPR¡SEMP0È>g��=LMg

λ∗
c'g]LBG�\]�k`$E_E6LM^Rg]H[\IL_H[GIJSL_G

JSLtcM`$HhGIPeg�K_g
Ω
éOÖ

�?é
ρ(x) = 0

Ö
λ∗(x) ≥ λ̂∗ > 0

gOG~^RgtKMZ�cM^�`$N�g]dfg]E�G
u
Çß^Æ��Z�GQ`rGfPeE_PRGQPe`r^� SZ�HIPRÈMg�LMEMg

N]J$EMKMP0GQPeJ$EÛK_gUN�JSdfc>`rGQPR�MPR^RPªGQZrA
á g[cM^eLM\�ÖSK>`$EM\·^Rg�N]`$\·�?éOÖSJSE¹d�J$E=GQHhg��=LMg[^egàN]JSL_cM^eg

(u(t, ·), p(t, ·)) N]JSE� Sg]Hh¡Sg[ Sg�HI\/L_EfZ�GQ`rG\hGa`bGQPeJ$EME>`$PRHIgq^RJSHI\h�6L_g
t→ +∞ K>`rEM\[LMEt\Ig]E_\�cMHhZ]N�Pe\IZU`$LtNaº>`$c_PRGQHhgU�BA

Ü�J6KMp]^RgmEMJSEt^RPeE_Zn`$PRHhgqdfJSEMJ6KMPRdfg]EM\hPeJSE_EMg]^½èµCSAX�Sé o
DF^�g]\zG�cMHhJSL_ SZm^Æ��gOxBPe\zGQg]E_N]gmK��kL_EMgU\IJ$^eL_GIPeJSE

(u, p)
^eJSHh\I�=LMg o

`�é
q > 1

Ö
ρ > 0

gOG
λ∗ > 0

A
��g�GIGIgU\IJ$^eL_GIPeJSEsg�\hG}KMgmcM^eLM\�LMEMPR�6L_gUKM`$EM\[^eg�\[Nn`r\}\hLMPR b`$E=GI\ o

�?é
q > 1

Ö
ρ = 0

gOG
λ∗ > 0

Ö
N�é

q ≥ 2 Ö ρ ≥ 0 gOG λ∗ > 0 Ö
K?é

q > 3
Ö
ρ > 0

Ö
λ∗ = 0

g�GU^�`sKMP0 Sg]HI¡$g]EMN�g�KMg
∂tu

 SZ�HIPRÈMg�ÇÛN�º>`r�6L_g�PeEM\zGa`$E�G
t
LMEMg

N]J$E=GQHI`$PRE=GQg�PRd�c'J$\IZ]grA
á gUcM^RLM\]ÖMK>`$EM\[^eg]\�Nn`$\[�?éàg�G}NnéOÖ>JSEtdfJSE=GIHIg��=LMgU^eg�N�JSLMcM^Rg

(u(t, ·), p(t, ·)) N�JSE= $g]HI¡$gU Sg�HI\LMEtZ�Ga`bG}\hGQ`rGQPRJSEME>`rPeHIg*^eJSHh\I�=LMg
t→ +∞ K>`$EM\[LMEt\Ig�EM\}cMHIZ�N]Pe\hZV`rLtN�ºM`$cMPRGIHIgU�BA

Ü�g]E�GQPeJ$EMEMJSE_\�g]E_È>E��=LMg�KMg�\½HhZ]\IL_^RGa`bGQ\�K_gàN]JSdfc>`$HI`$Pe\hJSEug]E�GQHhg�^Rg]\yKMP���Z�HIg]E�GQ\�dfJ6KMp�^eg�\y\IJSE�G
Z�Ga`r�M^ePR\]A>l�g]LMH}cMHIZ�\Ig�E=Ga`bGQPeJ$E�EMZ]N�g]\I\hPRGa`rE=G*^9�kPRE=GIHIJ6KMLMNOGQPRJSEÛK_gVEMJ$d��_HIg]L_\Ig�\*EMJrGa`rGIPeJSE_\]Ö>E_JSLM\
EMg�KMZ�GQ`$Pe^R^RJSEM\·c>`r\�N�g]\�HhZ]\IL_^RGa`bGQ\�PRN]P?gOG�HIg]E� SJ�ïSJ$EM\à^Rg}^eg]NOGQg�LMH�ÇV^e`mÈ>E~KMg�\�Naº>`$cMP0GQHIg�\à@UgOG��MA
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[]\�^ _a`�b#c7dfe�g�hNb?i�dj`
��JSdfdfgUJSE7^9�X`� 6L-K>`rEM\*^9�kPRE=GIHIJ6KMLMNOGQPRJSE�Ö>EMJ$LM\*E_JSLM\�PeE�GQZ]Hhg]\h\IJSEM\*K��X`$�'J$HIK-`$L�d�J6KMp�^eg

EMJSEt^RPeEMZ]`$PRHIgqK_Z]HIP0 SZmKMLt\hï6\hGIp]dfg~èzCSAX�Sé�g]EtKMPRd�g�EM\IPRJSEsLMEtK��kg�\Ic>`rN]g o
{
ρ∂2t u− λ∗∂t∂

2
xu− (λ+ 2µ)∂2xu− µ∗∂x

(
|∂xu|q−2∂xu

)
+ α∂xp = f

c0∂tp+ α∂t∂xu− k∂2xp = h.

è9@BARC�é

DFN]P
q
g�\hGqLME-HIZ�g]^#\zGQHIPRN�GIg]dfg]E=G*\hLMc'Z]HhPeg�LMHqÇ

1
gOG
µ∗
g�\hGqLMEMguN]J$EM\hGQ`$E=GIg¨c'JS\hPRGIPR SgU\IP

q 6= 2g�G�E6LM^R^eg�\IP
q = 2

A=Ý*PREM\IP>^eg[dfJ6KMp]^RgVèÆ@BA0C�é�N]J$E=GQPRg]E�G�^eg[dfJ6KMp�^eg[^RPeEMZ]`$PRHIgUèµCSA �$é½g�E~KMPRd�g�EM\IPRJSE
LME3K���g]\IcM`$N]grAky`rHu`$PR^e^0g]L_HI\]Ö�^Rg]\Uc>`$HI`$dfp�GQHhg]\UcMº�ïB\hPe�=LMg�\¨KML3\zïB\zGQp�d�g~\hJSE=GV\ILMc_c'JS\IZ�\¨ã�GQHhg
N]JSEM\zGa`$E�GQ\}gOG}EMgUK_Z]c'g]E_KMg]E�G*c>`$\[KMgm^�`¨ b`$HIPe`$�M^Rg�K��kg�\Ic>`$N�g$A���gm\hï6\hGIp]dfgu`rcMc>`$HI`rëeG�^RJSHI\h�6L_g
^Æ��JSEuN]JSE_\IPeK_p]HIg�^eg�Nn`$\yc>`$HzGQPeN�LM^ePRg�H!K���LMEMgàJSEMK_gà\Ig�cMHIJScM`$¡Sgn`rE=G�\hLMPR b`$E=G�LME_gà\Ig�LM^eg�KMPeHhg]NOGQPeJ$E�A
á `$EM\½N]g�Nn`r\]ÖS^RgàKMZ]c_^�`$N�g]dfg]E�G·KMZ�c'g]EMKfK���LMEMg�\Ig�LM^egà b`$HIPe`$�M^eg�EMJ$GIZ]g

x
g�G·PR^Bg]E¹g]\zG·KMg�d�ã�d�g

c'JSLMHU^�`Ûc_HIg]\h\IPeJ$E�A#l�gf\IN]`$^�`rPeHIg
u
HIg]c_HIZ]\hg]E�GQgs`r^eJSHh\m^�`ÛN�JSdfc�J$\Q`$E�GQgf\IL_PR r`rE=GV^�`ÛK_PeHIg�N�GIPeJSE

Ox
Ö
ux
ÖyKMg

u
A ÿ Eçc'JS\Ig

Ω = [a, b]
Öy`� Sg�N

a, b ∈ R Ö a < b
Ö
Ω
HIg]c_HIZ]\hg]E�Ga`$E�Gf^Rg~d�PR^RPRg�L

c'JSHIg�LBx�\Q`rGILMHIZfJ��ê`t^RPeg�Lß^�`ÛcMHIJ$c>`$¡�`bGQPeJ$EßKMg�^9�kJ$EMKMg¹GQ`$EMKMPR\U�=LMg
Q
KMZ�\IPR¡SEMg�^RgfN�ï6^RPeEMK_HIg

[0, T ]× Ω Al,J$HI\I�=LMg
ρ = 0

ÖB^Rg�\hï6\hGQp�dfg�cMHhZ]N�Z]KMg�E=G[\Ig�GQHQ`rEM\hÙ&JSHhd�g�g�EsLMEä\hï6\hGIp]dfg��=L>`r\IP0��\hGQ`rGQPR�6L_g*�=LMP
g]\hG}^eg�\hLMPR b`$E=G o

{ −λ∗∂t∂2xu− (λ+ 2µ)∂2xu− µ∗∂x
(
|∂xu|q−2∂xu

)
+ α∂xp = f

c0∂tp+ α∂t∂xu− k∂2xp = h.

è9@BA @$é

ÿ Et`$KbÞhJSPRE=G[Ç¹N�g]\}\zïB\zGQp�d�g�\�^eg�\[N�JSEMKMP0GQPeJ$EM\�PREMPRGIPe`$^0g]\à\IL_PR r`rE=GQg�\ o
(u(0, x), p(0, x)) = (u0(x), p0(x)),

èÆ@BAkj�é
CSC



C�@ ðyñ?ò�ó�ô�õ:öO÷4lBù�¯[õhý6üM÷Uükm ý$ú�nÛû6ü*o�p:÷[ú�û�ú�pRôeúaq�òrôRöO÷
g�G}�=L>`$E_K

ρ > 0
∂tu(0, x) = u1(x),

èÆ@BA��=é
g�G}KMg�\}N]J$EMKMPRGIPeJSE_\[`$LBxs^ePRdfP0GIg]\àKMg á PRHIPeNaºM^Rg�G�ºMJ$d�J$¡Sp]EMg�\}`$Lt�'J$HIKtKMg

Ω o
u(t, a) = u(t, b) = p(t, a) = p(t, b) = 0.

èÆ@BAX�Sé
ÿ EäHQ`$cMc'g�^e^Rg*�=LMgq^eg]\�N]J$EM\hGQ`$E=GIg]\

λ
Ö
µ
Ö
α
Ö
c0
g�G
k
\IJSE�G�\ILMc_c�J$\IZ]g�\}\zGQHhPeN�GIg]dfg]E�G�c'J$\IPRGIPR Sg�\]A

á `$EM\#N]g�N�ºM`$cMPRGIHIgrÖbJ$Eu\]��PeE�GQZ�HIg]\h\IgàÇ�^e`}\hPRGQLM`rGQPRJSEUJ��V^eg�\#g���g�GI\yKMg�N�JSEM\IJ$^ePeKM`rGQPRJ$EU\Ig�N]JSE_K>`$PeHhg
\IJSE�G}cMHIPR\[g�E�N]J$d�c_GIg$A ÿ EtN�JSEM\hPeKMp�HIgUK_JSEMNm�6L_g

λ∗ > 0
PRN]P9Ö_^eg�Nn`r\

λ∗ = 0
Z�Ga`rE=G}g�xM`rd�PREMZ

`$LtNaº>`$cMP0GQHhgUj_A� JSLM\Û`r^e^RJSEM\~ZOGa`r�M^ePRH~K>`rEM\sN]gOGIGQgæc>`$HzGQPRg-^Æ��g�x_PR\hGQg�EMN�g£gOGÛ^Æ��LMEMPRN]P0GQZ�KMgæ\IJ$^eL_GIPeJSEM\~c'JSL_Hs^Rg
cMHIJS�_^ep]dfg½KMg/��PeJrG,N�JSd�c_^eg�G�g�G!c'JSLMH,^Rg·dfJ6KMp�^eg½�=L>`$\hP0��\hGa`bGQPe�=LMg·`� b`$E=G!K���Z�GQ`$�M^RPeH�LMEVHhZ]\hLM^RGQ`rG
KMgmN]JSdfc>`$HI`$Pe\hJSEsg]E�GQHIgmN]g�\}KMg]L6xtd�J6K_p]^Rg]\�g]EÛÙ&JSEMNOGQPeJ$EÛKMLtc>`$HI`$dfp�GQHhg�KMgmKMg]E_\IPRGIZ

ρ
A

[]\0[ rtsvu@gxwyb@zJb@u|{xc7s}w�i�~ i�`�zJi�c��vu
��JSdfdfg]EMÚ�JSEM\#GIJSL_GyK��X`r�'JSHIK¨c>`rHyZ�EMJSEMN�g]H��=LMg]^R�=LMg]\�HIZ]\hLM^RGQ`rGQ\#K��X`rE>`$^0ïB\hg�Ù&JSEMN�GIPeJSE_EMg]^R^eg

�6L_P/ SJSE�Guã�GQHhg~L_GIPe^Rg]\UKM`$EM\u^Rg]\VK_Z]dfJSEM\zGQHQ`bGQPeJ$EM\UKMZ� Sg�^eJSc_c'Z]g]\¨KM`$EM\uN�g~Naº>`$c_PRGQHhg�gOG¨KM`$EM\
^eg*HIg]\zGQg�KMLÛdfZ]dfJSPRHIgrA_l�gqHQ`$c_c�g�^�KMgqN]g�\[HIZ�\ILM^0Ga`rGI\[`rcMc>`$HzGQg]EM`$E=G[`$LsHIg�¡SPe\zGQHIg*\hGa`rEMK>`$HhKÛKMg
^Æ�k`$E>`$^0ï6\Ig*KMg]\�Z��6LM`rGQPRJSEM\�`$LBxäK_Z]HIP0 SZ]g�\[c>`rHhGQPRg]^R^Rg]\�`$LMHQ`rPRG�cMLÛãOGQHhg�JSdfPe\�A_��g]c'g]E_K>`$E=G]Ö>JSEÛ`
Ù:`$PRGq^eg¨N�º_JSP0x-KMg¹^eg�\�PeEMK_Pe�=LMg]HqK>`$EM\�^eg��_L_GUK_g�Ù:`$N]PR^ePªGQg]H*^e`ä^eg�N�GQL_HIg�KMg¹N]g¹d�`$E=LM\IN�HIPRG]A ÿ E
\ILMcMc'J$\Ig�GQJSLBGQg�Ù&J$Pe\�N]JSE_E6LMg�\[^eg�\�E_J$GQPRJSEM\�K��kg�\Ic>`rN]g]\[KMgm�à`$EM`$Naº�ÖMKMg9��Pe^R�'g]HzGnÖBK_gml�g]�'g]\h¡SLMg
Lp Ö 1 ≤ p ≤ +∞ ïçN�JSdfcMHIPR\¨^eg�\�cMHhJScMHIPRZ�GIZ]\�KMgsN]JSE� Sg]Hh¡Sg]E_N]gÛÙ:`$Pe�M^Rg~g�G�Ù:`$PR�M^Rg���K>`$EM\
N]g]\�g]\hc>`$N]g�\]A ÿ E�HIg�E= SJSPRg�^Rgt^Rg]NOGQg]L_H~`$LBx JSLB BHI`$¡Sg�\-×k@S{6Ö/j_C$Ö/jSjBÖ/�Sj_Ö·�S�_Ö·�=��Ø}c'JSLMHfKMg]\
KMZ]dfJSEM\zGQHQ`bGQPeJ$EM\�KMgmN]g�\}HIZ�\ILM^0Ga`rGI\]A

½HIZ�N]Pe\hJSEM\[GIJSL_G[K��X`r�'JSHIKt^Rg]\[g�\Ic>`rN]g]\}Ù&J$EMN�GIPeJSEME_g]^e\à�6L_gUEMJSLM\}`$^e^RJSE_\�N�JSEM\hPeKMZ�HIg�H}g�G}^Rg]\
EMJ$Ga`bGQPeJ$EM\��6L_g�EMJSLM\UL_GIPe^RPR\Ig�HIJSEM\�K>`$E_\V^Rg¹Nn`r\V¡$Z]EMZ�HQ`$^·J���^eg�KMJSd�`$PeE_g�K��kZOGQLMK_g

Ω
g�\hGVKMg

KMPedfg]EM\hPeJ$EÛ�=LMg�^eN�JSEM�=LMgUg�G}KMg�Ù&HIJ$E=GQPRp]Hhg
Γ
HIZ�¡SLM^RPep]Hhg$A

� ;��y�#%¤��%&��� @BA0CSAB�·ìFÂ_ÁO�aîaìj�6î9��Å��OÅ��eî$M
Wm,p(Ω)��ÅbÄÆî$�>í

m ≥ 1
îOí
p

��©Ã��aî$�[íFî$�Q��
>î

1 ≤ p ≤ +∞ �Q� Å�
6Ã�íµÅ�
6í α ∈ Nn Ä � î � α =

(α1, . . . , αn)
Å��

αi � 1 ≤ i ≤ n � îaìOí}
O� î$�>í:ÄÆîOÃ�Â>Å�ìOÄ¤í:Ä �fÅ�
���
O� � Å��ÛÂ>Å�ì�î |α| =
n∑

i=1

αi
îOí

Dα =
∂|α|

∂xα1
1 . . . ∂xαn

n

�� ���O���'�>Ä¤í�Á��eÅbÃQìj�
Wm,p(Ω) = {u ∈ Lp(Ω)

íµî$�Xìj��
?î ∀α ∈ Nn, |α| ≤ m,Dαu ∈ Lp(Ω)},



l_ù�lBùt¶9q��ný�pÆõ�ò_õ	�/ó�öyq�peô�nfôRú?òbôRöO÷�� C�j

Å��
Lp(Ω)

�O�aìOÄ�����îJ�5� îaìFÂMÁO�aîD�6î4�,î��Oîaì0��
?îmÃ��aî$�#
�ì$
>î$� �� 
O�>Ä]�6îP�ªÁ���ÅbÃ$�~î ||u||Wm,p(Ω) =
∑

0≤|α|≤m

||Dαu||Lp(Ω) � Wm,p(Ω)
îaìOí]
O� îaìFÂ_ÁO�aî��6î

  Á��'ÁO��¡ �á `$EM\[^eg�Nn`r\}c>`rHhGQPRN]L_^ePRg]H�J��
p = 2

Ö
Wm,2(Ω)

g]\zG�^9�kg�\Ic>`$N�gUK_g � JS�'JS^egO 
Hm(Ω)

A
� J$LM\}L_GQPR^ePR\hg]HhJSEM\�Z]¡�`$^Rg]dfg]E�G[^eg]\[g]\hc>`$N�g]\*N�^�`$\h\IPR�6L_g]\}KMgmÙ&JSEMNOGQPRJSEM\}Ç� r`$^Rg]L_HI\}K>`rEM\}LME

g]\IcM`$N]gUKMgU�à`$E>`rN�ºtKMJ$E=G}EMJ$LM\[HQ`$cMc'g�^eJSE_\[^eg�\[KMZOÈ>EMP0GQPRJSEM\�g�G}�=LMg�^e�=LMg�\�cMHhJScMHhPeZ�GIZ]\�A

� ;��y�#%¤��%&��� @BAX@BA��ÅbÄÆî$�>í
X


O�8îaìFÂ_ÁO�aîf�6î   Á��'ÁO��¡ � ]a, b[ 
O�8Å�
�M$îOÃ�í4�6î R îOí
dt

�0Á¢�~îaì$
6Ãaî£�6î��,î��Oîaì0��
>î
ì$
BÃ

]a, b[ �
• � �P�O�aìOÄ�����î�Â_Á$Ã Lp(a, b,X) � Â>Å�
BÃ 1 ≤ p < +∞ � �0� îaìFÂ_ÁO�aîD�6îaì¤�nÅ��/�Oí9ÄÆÅ��_ì f �6î

]a, b[ ¥MbÁ��eî$
BÃQìj��Á��_ì
X
íFî$�¦�eîaìj��
?îA�




f
îaìOíN�~îaì$
6ÃhÁ����eîàÂ>Å�
6Ã

dt,

||f ||Lp(a,b;X) =

(∫ b

a

||f(t)||pXdt
)1/p

< +∞.

• � �P�O�aìOÄ�����îàÂ_Á$Ã L∞(a, b;X) �0� îaìFÂ_ÁO�aîD�6îaì¤�nÅ��/�Oí9ÄÆÅ��_ì f �6î
]a, b[

��Á��_ì
X
íµî$�§�eîaìA��
>îA�

{
f
îaì�íN�~îaì$
6ÃhÁ����eîàÂ>Å�
BÃ

dt,

||f ||L∞(a,b;X) =
îaìaì
sup ||f(·)||X < +∞.K ���?¼½��¥]%&��%¤����(©¨R�#¨

� Å�
6Ã 1 ≤ p ≤ +∞ � Lp(a, b;X)
îaìOíB
��3îaìFÂ_ÁO�aîD�6î   Á��'ÁO��¡x��
��>Ä'�6îD�0Áf��ÅbÃy�~î

|| · ||Lp(a,b;X) �
� ;��y�#%¤��%&��� @BA��MA��ÅbÄÆî$�>í

X
îOí
Y

�6î$
«ª8îaìFÂ_ÁO�aîaì¢�6î�¬*Ä¦���OîOÃ�íVì�FÂ_Á$ÃhÁ����eîaìtíµî$�Xì���
>î
X

îaìOí¨Ä¦�/�$�®
�ì¯��Á��Bì
Y ��0� Ä¦�3°nî��Oí9ÄÆÅ��±�6î

X
�=Á��_ì

Y
�Oí�Á��>íf��Å��>í:Ä¦��
>î�îOí

X
�OíÆÁ��>í]�6î$�_ì�î���Á��_ì

Y � ��ÅbÄ¤í ]a, b[ 
��Å�
�M$îOÃ�í=�Bî R �#² �eÅbÃQìD�0� îaìFÂ_ÁO�aîj�
W (a, b;X,Y ) = {u ∈ L2(a, b;X) íµî$�Xìj��
?î ∂tu ∈ L2(a, b;Y )}��
��>Ä��6îQ�0Á���ÅbÃy�~î ||u||W = (||u||2L2(a,b;X)+ ||∂tu||2L2(a,b;Y ))

1/2 îaìOík
��æîaìFÂ_ÁO�aî4�6î.¬qÄ¦���OîOÃ�í �³ îàÂ´�®
=ì � Å��£Á£�eîUÃ��aì$
O� í�Á$í½ì$
BÄ¦MbÁ��>í=�
W (a, b;X,Y ) ⊂> C

0([a, b];Y ).³ Á��_ìµ�eîj�IÁbì/Â_Á$Ã�í:Ä��$
�� ÄÆîOÃmÅ��
V
îaìOík
O�£îaìFÂ_ÁO�aî4�6î.¬*Ä¦���OîOÃOí#ì�FÂ_Á$ÃhÁ����eî�íFî$�©��
>î

V ⊂ L2(Ω) ⊂
V ′

Á��eÅbÃaìj�
W (a, b;V, V ′) ⊂> C

0([a, b];L2(Ω)).
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¶ +61ê13+-(©¨R§©¨��ÅbÄÆî$�>í

B0 � B îOí
B1

í:ÃaÅbÄeìqîaìFÂ_ÁO�aîaì.�6î   Á��'ÁO��¡¨íµî$�Xìµ��
>î
B0 ⊂ B ⊂ B1 � B0 îOí B1 Ã���·[î5ªSÄ �QìîOíN�0� Ä¦�3°nî��Oí:ÄÆÅ��P�6î

B0
��Á��_ì

B
îaìOí}�aÅ��*Â_ÁO�Oíµî �� ���O���'�>Ä¤í'�0� îaìFÂ_ÁO�aîD�

W = {v ∈ Lp0(0, T ;B0)
íµî$�XìA��
>î

∂tv ∈ Lp1(0, T ;B1)}
Å��
T
îaìOí´�'�>Ä�îOí

1 < p0, p1 < +∞ �� 
O�>Ä4�6î(�0Á���ÅbÃy�~î || · ||Lp0 (0,T ;B0) + || · ||Lp1 (0,T ;B1) � W îaìOí9
O�©îaìFÂ_ÁO�aî(�6î   Á��'ÁO��¡ îOí�0� Ä¦�3°nî��Oí9ÄÆÅ����6î
W

��Á��_ì
Lp0(0, T ;B)

îaìOív�aÅ��*Â_ÁO�OíFî �
��JSdfdfgV`$E_EMJSEMN�ZuKM`$EM\�^Æ��PeE�GQHhJ6KMLMN�GIPeJ$E�ÖMEMJSL_\*`$^e^RJSEM\�L_GQPR^ePR\hg]H[K>`rEM\�^�`¹KMZ�d�J$EM\hGQHI`rGQPRJSE

K��kg�xBPe\hGIg]EMN�gqLMEMg*dfZ�GIºMJ6KMg�K��k`$cMc_HIJ�xBPRd~`bGQPRJSEfKMg4:U`r^eg�H0�=PeE�A6��g�^�`VHhg� 6Peg�E=G�g]E�Ù:`$PRG�Çu`$c_cMHIJr�
N�ºMg�H/L_E�g�\Ic>`$N�g}KMgµ�}Pe^R�'g]HzG

V
KMg[KMPRd�g�EM\IPRJSE�PeEBÈ>EMPegàc>`$H½LMEMg�Ù:`$dfPe^0^RgàK��kg�\Ic>`rN]g]\/ Sg]NOGQJ$HIPeg�^e\

(Vm)m∈N∗

K_gUKMPRdfg]EM\hPeJSEäÈ>EMPRg� SZ�HIP0È?`$E�G}^Rg]\}`�x_PRJSdfg]\ o
• Vm ⊂ V

• Vm → V
�=L>`$EMK

m → +∞ `$Lß\Ig�EM\V\hLMPR b`$E=G o Pe^�g�xBPe\hGIg V \IJSL_\z�Fg�\Ic>`rN]g�KMg�EM\Ig�K_g
V
Ö

GQg]^��6L_g$ÖMc'J$LMH�GQJ$L_G
v ∈ V Ö_J$Esc'g]LBG�GIHIJSL_ Sg�HàLMEMgq\ILMP0GQg (vm)m∈N∗

 SZ]HIP0È?`$E�G�c'J$LMH�GQJ$L_G
m
Ö

vm ∈ Vm
g�G
vm → v

K>`rEM\
V
^RJSHI\h�6L_g

m→ +∞ A
��g]\fg�\Ic>`$N�g]\�K��X`$c_cMHIJnx_PRd�`rGQPRJSEê\IJSE�Gf¡SZ�EMZ]HhZ]\�Çæ^Æ�k`$PeK_gäK���LMEMgsÙ:`$d�PR^R^0gä^RPe�MHhg

(wj)j∈N∗

KMg
V
g�E£c'J$\Q`$E�GnÖ�c'JSLMH

m ∈ N∗ Ö Vm = V ect{w1, w2, · · · , wm}
A � LMPR b`$E=Gq^egVN�ºMJ$P0x7KMg¨N]gOGIGQg

Ù:`$d�PR^R^0g$Ö_JSEtc'g]LBG�N]JSEM\zGQHhLMPeHhgUKMg�\�\hJS^eLBGQPeJ$EM\�KMg�\�cMHhJS�M^Rp]dfg]\Vè9@BARC�éàgOG¨èÆ@6A @Sé�cM^eL_\[JSL�dfJSPREM\
HIZ]¡$LM^ePRp]HIg�\]A��*��g]\hG/c'JSLMHh�=LMJSP9Ö�`rÈMEfK��X`n SJSPeH�\hL¸�f\Q`$dfdfg]E�G/K_g[HhZ]¡SLM^e`$HIP0GQZ�c'J$LMH½^eg�GQHI`$PRGIg]dfg]E�G
KML£GQg�HIdfg�EMJSEß^RPeE_Zn`$PRHhg$Ö�EMJSLM\U`r^e^eJ$EM\*L_GQPR^ePR\Ig�Hq^e`s�M`$\Ig¹\Ic'Z�N]Pe`$^eg�K_g�Ù&JSEMNOGQPeJ$EM\�cMHhJScMHIg�\mKMg
^Æ��JSc'Z]HI`rGQg�LMH�KMgUl!`rcM^�`rN]g�K>`$E_\

L2(Ω)
�=LMP�g]\hG}KMZ�ÈMEMPegmK>`rEM\[^�`�c_HIJSc'JS\hPRGIPeJSEsN�P0��KMg]\h\IJSLM\ o

K ���?¼½��¥]%&��%¤����(©¨RÊ#¨¹ �#î5ªSÄeìOíµîJ
O��î�ì$
6Ä¤íµî
(wj)j∈N∗

íµî$�¦�RîA��
?î
{
∀j ∈ N∗, wj ∈ H1

0 (Ω) ∩H2(Ω),
−∆wj = λjwj

è9@BAXvSé

Á�M$î��
λj 6= 0 ��D� î$�_ì�î$�]���eîº�O�$��Å��]�]ÃhÁ����eî

(wj)j∈N∗

�nÅbÃy�~î3Á��eÅbÃQìº
O��î»�aÁbì�î�¡6Ä¦���OîOÃ�í:ÄÆî$����î-�6î
L2(Ω)

îOí�0� îaìFÂ_ÁO��î-�6îaì¼�aÅ��]�]Ä¦�'Á$Äeì�Å��Bì�� Ä¦�/�IÁ$Ä¤ÃQîaì]�'�>ÄÆîaì»�6îaì
wj

îaìOí��6î$�_ì�î»��Á��_ì
H1
0 (Ω)

îOí���Á��_ì
H1
0 (Ω) ∩H2(Ω) �
l�g]\uHIZ�\ILM^0Ga`rGI\u\hLMPR b`$E=GI\u\Ig�HIJSE�G¨�6LM`$E=G�Ç�g�LBx3L_GQPR^eg�\Vc'JSL_HuZOGa`$�M^RPeHmKMg�\¨g�\hGQPRd~`bGQPRJSEM\~Á

Â'ÃOÄÆÅbÃ�Ä¤ÖMKMg�\}HIZ�\ILM^0Ga`rGI\[KMgmN]J$E= Sg�HI¡Sg�EMN]gVJSLÛK��kL_EMPeN�PRGQZrA
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¶ +61ê13+-(©¨�¦a¨ ¹ �/����Á�� Ä¤í>�D�6î � ÅbÄ¦�/�IÁ$Ã����ÅbÄ¤í
Γ̃

���îàÂ_ÁSÃ�í:ÄÆîA�6î

Γ
�@� Ä¦�>í½�OÃ�ÄÆî$
BÃ9��Å��¯M�Ä	�Bî �� �æÄ¦�>í:ÃQÅ���
BÄ¤íB�0� îaìFÂ_ÁO�aî

V = {v ∈ H1(Ω)
íFî$�XìA��
>î

v = 0
ì$
6Ã

Γ̃} �² �eÅbÃQì � Ä¦�#î5ªSÄeìOíµîJ
O��î��aÅ��_ìOí�Á��>íFî κ > 0 íFî$�¦�eîA��
>î ∀v ∈ V � ||v||L2(Ω) ≤ κ||∇v||L2(Ω).

¶ +61ê13+-(©¨�¾©¨ �,î$���~îj�6î]¿àÃQÅ���À/Á��¦���ÅbÄÆî$�>í
T

O�iÃ��aî$��ìOí9Ã�Ä��OíFî$�~î$�>í}Â>Å�ìOÄ¤í:Ä � � φ 
O��îD�nÅ��/�Oí:ÄÆÅ��Á�6î

L∞(0, T ) � φ(t) ≥ 0
Â>Å�
6Ã

Â'Ãaîaì���
>î}íFÅ�
Bí
t
�6î
]0, T [ � µ 
O��î?�nÅ��/�Oí9ÄÆÅ����6î

L1(0, T ) � µ ≥ 0 Â'ÃQîaì���
>î½Â_Á$ÃOíFÅ�
6í!ì$
6Ã ]0, T [ �
• � ��ì$
�Â�Â>Å�ì�îj��
¤� Ä¦�#î5ªSÄeìOíµîJ
���îÂ�aÅ��_ìOí�Á��>íFî κ > 0 íµî$�¦�eîj��
?îj�

Â>Å�
BÃàÂ'ÃQîaì���
>îUíFÅ�
6í/ìj��Á��_ì
]0, T [, φ(s) ≤ κ+

∫ s

0

µ(t)φ(t)dt.
è9@BA {$é

² �eÅbÃQì � Â>Å�
6ÃàÂ'ÃQîaì���
?îmíFÅ�
Bí s �6î ]0, T [ � φ(s) ≤ κ exp

(∫ s

0

µ(t)dt

)
�

• �?Äk�0Á~ÃQî$�0Á$í9ÄÆÅ��UÃÅÄ �ÅÆ5Ç îaì�íNM��OÃ�Ä �L�aîVÁ�M$î�� κ = 0 � Á��RÅrÃQì φ = 0 Â'ÃQîaì���
>î�Â_Á$Ã�íFÅ�
Bí½ì$
BÃ ]0, T [ �
K ���?¼½��¥]%&��%¤����(©¨�È#¨��ÅbÄ¤í

Vm = V ect{w1, w2, · · · , wm}
Å��
(wj)j∈N∗

îaì�íL�O���'�>ÄÆî�Â_Á$Ã]ÃÅÄ �	É�Ç����ÅbÄ¤í
Pm

�0ÁmÂ'ÃQÅ>°nî��Oí9ÄÆÅ��tì$
BÃ
Vm

�O���'�>ÄÆîqì$
6Ã
(H1

0 (Ω) ∩H2(Ω))′
Â_Á$Ã

Pm(v) =
m∑

i=1

< v,wi > wi,

Å��
< , >

�O�aìOÄ�����îÂ�eîqÂ'ÃQÅ���
BÄ¤íµ�6î]��
_Á�� Ä¤í½�äî$�>í:Ãaî
H1
0 (Ω) ∩ H2(Ω)

îOí�ì�Å��U��
_Á�� �k² �eÅbÃaìÊ�ªÁÃaîaìOí:Ã�Ä��Oí9ÄÆÅ��±�6î
Pm ¥ L2(Ω) îaìOíA�0Á�Â'ÃaÅ>°nî��Oí:ÄÆÅ��Á�6î

L2(Ω)
ìy
BÃ

Vm
îOí
Pm ∈ L(L2(Ω))Á�M$î�� ||Pm||L(L2(Ω)) = 1 � ³ îtÂ´�®
�ì � �eîaìtÂ'ÃaÅaÂ'Ã�Ä��Oí½�aìßì$
6Ä¦MbÁ��>íFîaìßì�Å��>í(M��OÃ�Ä �L�aîaì»� Pm ∈

L(H1
0 (Ω) ∩H2(Ω)) � Pm ∈ L((H1

0 (Ω) ∩H2(Ω))′)
îOíN�eîaìD��ÅbÃy�~îaì ||Pm||L((H1

0 (Ω)∩H
2(Ω))′)îOí ||Pm||L(H1

0 (Ω)∩H
2(Ω))

ì�Å��>í/Ä¦�´�O�FÂ>î$�´��Á��>íFîaìD�6î
m �

¶ +61ê13+-(©¨:�ÌË?¨��ÅbÄÆî$�>í O 
O�çÅ�
�M$îOÃ�í}�OÅbÃ$�a�Â�6î Rn � gm � m ∈ N îOí
g
�6îaìB�nÅ��/�Oí9ÄÆÅ��_ìA�6î

Lq(O) � 1 < q <

+∞ � íµî$�¦�eîaìj��
?îj�
• ∃C > 0 � ∀m ∈ N � ||gm||Lq(O) ≤ C �
• gm → g

Â'ÃQîaì���
?îàÂ_Á$Ã�íFÅ�
BíL��Á��_ì O �² �eÅbÃQì gm → g
��Á��_ì

Lq(O) ��Á$Ä	���eî �
w½E_È>E�Ö�JSE7GIg]HIdfPREMgVN�g¨c>`rHQ`$¡SHI`$cMºMgVc>`rH*LMEMgucMHhJScMHIPRZ�GIZuK_g¨^9�X`rcMcM^ePRN]`rGQP0JSE

v 7→ |v|q−2vK>`$EM\
Lq(Ω)

`n Sg]N
q ≥ 2 �=LMP'PeE�GQg]Hz 6Peg]E_KMHQ`V^RJSHI\/KMg�^�`UN�JSd�cM`$HQ`rPe\IJ$E�KMg]\�dfJ6KMp]^Rg]\/KMZ� Sg�^eJSc6�c'Z]gV`rLtc>`$HI`$¡SHQ`rcMºMgU@BA � o



C�v ðyñ?ò�ó�ô�õ:öO÷4lBù�¯[õhý6üM÷Uükm ý$ú�nÛû6ü*o�p:÷[ú�û�ú�pRôeúaq�òrôRöO÷
K ���?¼½��¥]%&��%¤����(©¨:�'��¨� ��ì$
�Â�Â>Å�ì�î]��
>î

q ≥ 2 � ¹ �/î5ªSÄeìOíµî�
O��î(�aÅ��_ìOí�Á��>íFî γ > 0
íFî$�¦�eîf��
>îqÂ>Å�
6Ã�íµÅ�
6í

(v1, v2) ∈
(Lq(Ω))2 �

∫

Ω

(|v1|q−2v1 − |v2|q−2v2)(v1 − v2)dx ≥ γ

∫

Ω

|v1 − v2|qdx.

[]\ÎÍ Ïº� h=zju
q ≥ 2 Ð g�` ~ d]exÑ}w�� ex� hNdA`�u#djw$i�e�zJb?i�dA` `xdj`

w�i�`�svzDi$c��
á `$EM\¹N]gOGIGIgtcMHhg]dfPep�HIgäc>`$HhGIPegrÖ�J$E \��kPRE=GIZ]HIg�\I\hg7`rL N]`$\¹J��

ρ ≥ 0
g�G
q ≥ 2

A�Ý�L d�J6K_p]^Rg
KMgßN]JSEM\hJS^ePRK>`rGIPeJ$E©KMZ�N]HhPRGtc>`$H�Ò6èÆ@BA0C�é�ÖUèÆ@6AXj�é�ÖUèÆ@BA��=é�ÖUèÆ@BAX�Sé�Ó�Ö�JSET`$\I\IJ6N�Pegß^e`çÙ&J$HId¨LM^�`bGQP0JSE
 r`$HIPe`rGIPeJSE_EMg]^R^Rg*\ILMP0 r`$E�GQg o




� HIJSL_ Sg�H
(u, p) ∈ L∞(0, T ;W 1,q

0 (Ω))× L∞(0, T ;H1
0 (Ω))

GQg�^��=LMg
u ∈ L2(0, T ;H2(Ω)), ∂tu ∈ L2(0, T ;H1

0 (Ω)),
∂tp ∈ L2(0, T ;L2(Ω)), ρ∂2t u ∈ L2(0, T ;W−1,q∗(Ω)), SZ]HhPRÈ?`rE=G}c'J$LMH[cMHhg]\h�6L_gUGQJSL_G

t
K>`$EM\

]0, T [, ∀(v, r) ∈ W 1,q
0 (Ω)×H1

0 (Ω)

ρ < ∂2t u, v >W−1,q∗ (Ω),W 1,q
0 (Ω) +λ

∗

∫

Ω

∂t∂xu∂xvdx− α

∫

Ω

p∂xvdx

+(λ+ 2µ)

∫

Ω

∂xu∂xvdx+ µ∗
∫

Ω

|∂xu|q−2∂xu∂xvdx =
∫

Ω

fvdx,

c0

∫

Ω

∂tprdx+ α

∫

Ω

∂t∂xurdx+ k

∫

Ω

∂xp∂xrdx =

∫

Ω

hrdx,

(u(0, x), p(0, x)) = (u0(x), p0(x)), ρ∂tu(0, x) = ρu1(x)

è9@BAX�Sé

J��
q∗

g�\hG�^eg£HhZ]g]^mKMZOÈ>EMPUcM`$Ht^e` Hhg]^e`rGQPRJSE 1

q
+
1

q∗
= 1

A ÿ ET\ILMcMc'J$\Ig3�=LMgß^eg]\ÛN]J$EMKMP0�
GQPeJ$EM\~PeE_PRGQPR`$^0g]\

(u0, p0)
gOG
u1

è:^RJSHI\h�=LMg
ρ > 0

é�\hJSE=GsHhg]\hc'g]N�GIPR Sg�d�g�E=GÛK>`rEM\
(H1

0 (Ω) ∩
H2(Ω)) ×H1

0 (Ω)
g�G
L2(Ω)

A�l,g�\�GQg]Hhd�g�\*\hJSLMHIN�g]\q\hJSE=G*g]LBx7\IL_cMc'JS\IZ�\m`$c_c>`$HhGIg]EMPRH*Ç�^9�kg�\z�
c>`$N]g

L2(0, T ;L2(Ω))
A ÿ E-`$cMc'g�^e^RgmKMJSEMNV\hJS^eLBGQPeJ$EtKML7dfJ6KMp]^RgmKMgVN]J$EM\IJ$^ePeKM`rGQPRJSEÛKMgu��PeJ$G

EMJSEä^RPeEMZ]`$PRHIg�GIJSL_GQg�\IJ$^eL_GIPeJSEfKMg*^�`mÙ&J$HId¨LM^�`bGQP0JSE¹ r`$HhP�`bGQPeJ$EMEMg�^e^0guè9@BAk��éOA ÿ E~ r`VZ�Ga`r�M^ePRH/KM`$EM\
^eg]\�\IJ$LM\z��\Ig]NOGQPRJSEM\*@BAkj_A0Cmg�G*@BAkj_AX@�^Rg oÔAÕ ;6�?��4613+æ(©¨:�6(#¨��ÅbÄÆî$�>í

q

��£Ã��aî$�,íµî$�7��
?î

q ≥ 2 � u0 ∈ H1
0 (Ω) ∩H2(Ω) � p0 ∈ H1

0 (Ω) � u1 ∈ L2(Ω) � f îOí
h ∈ L2(0, T ;L2(Ω)) ��² �eÅbÃQì��eî*Â'ÃQÅ����GÖ$�~î(ÃÅÄ �§×�Ç Á����~îOíL
���îuì�Å��®
6í:ÄÆÅ�� (u, p) 
O�>Ä	��
?î�íFî$�¦�eî��
?î

u ∈ L∞(0, T ;W 1,∞(Ω)).



l_ù®Ø=ùt®�÷mþ�ò«�
q ≥ 2 Ù ý$ú�nsû6ü*o�p&÷�üM÷mþ�û�ú*�Oûpeô&üBò_õ9ô&û�úsú�û�ú�pRôeúaq�òrôRöO÷ C�{

Ú}Û	ÜvÛ5Ý Þxß}àÎá�â�ã#äQåaã
��JSd�dfgÛJ$E�^Æ�k`£ZO SJ6�6L_Z-Çß^e`£\hg]N�GIPeJ$E2@6A @BÖ·`rÈME�KMg�c_HIJSL_ $g]H�^9�kg�x_PR\hGIg]EMN�g�K���LMEMg�\hJS^eLBGQPeJ$E
KMLäcMHIJ$�M^ep�d�guèÆ@6AX��é�Ö6JSE~L_GQPR^ePR\hg}LMEMg*dfZ�GQº_J6KMg*K��X`$c_cMHIJnx_PRd~`bGQPRJSEfKMg46?`$g�KMJr�>:U`$^Rg�H0�=PeEfc'JSLMH
^Æ��g]\IcM`$N]g

H1
0 (Ω) ∩H2(Ω)

A ÿ E� r`�K_JSEMNVN]JSEM\zGQHhLMPeHhgVLMEMgV\IJS^RL_GQPRJSEtKMgäèÆ@BAk��é�N]J$d�dfgUZOGa`$E�G
^�`¨^ePed¹P0GIgqK���LMEMgU\hLMPRGIgmKMgm\hJS^eL_GIPeJSE_\[`$c_cMHIJ6NaºMZ]g�\��=LMgm^Æ��JSEÛEMJ$GIg

(um, pm)m∈N∗

A
��g�GIGIgU\IL_PRGQg

(um, pm)m∈N∗

g]\zG�K_Z�È>EMPRgmKMg
]0, T [

K>`rEM\
Vm × Vm

c>`$H o

um(t) =
m∑

j=1

ujm(t)wj
g�G
pm(t) =

m∑

j=1

pjm(t)wj,
è9@BAk��é

J��
(wj)j∈N∗

g]\zGt^e`3\ILMP0GQgæPRE=GIHIJ6KMLMP0GQg-Çê^e`êc_HIJSc'JS\hPRGQPRJSE©@6AXv_A ÿ E8Ù:`$PRGäK_JSEMNæPRE=GQg�Hh Sg�EMPeH�Ö
c'JSLMH}N�º>`r�6L_gug]E�GQPeg�H

m
KMg N∗ Ö?LME_guE_JSL_ Sg�^e^egmPeEMN�JSEME=LMgVKMPR\IN]Hhp�GIgVc>`$H}^egm�MP�`rPe\[KMgU^�`¹\ILMP0GQg

(ujm(t), pjm(t))1≤j≤m
�=LMgU^Æ��JSEÛK_Z�È>EMP0G}g�E�HhZ]\hJS^R r`rE=G[^eg�\hï6\zGQp]dfgUKMP���Z�HIg]E�GQPRg]^ o





ρ

∫

Ω

∂2t umwjdx+ λ∗
∫

Ω

∂t∂xum∂xwjdx+ (λ+ 2µ)

∫

Ω

∂xum∂xwjdx

+µ∗
∫

Ω

|∂xum|q−2∂xum∂xwjdx− α

∫

Ω

pm∂xwjdx =

∫

Ω

fwjdx,

c0

∫

Ω

∂tpmwjdx+ α

∫

Ω

∂t∂xumwjdx+ k

∫

Ω

∂xpm∂xwjdx =

∫

Ω

hwjdx

èÆ@BA0C�¸�é

c'JSLMH�GIJSL_G
1 ≤ j ≤ m

Ö>`� Sg�NUc'JSLMH[N�JSEMK_PRGQPRJSEM\àPeEMP0GQPe`r^Rg�\ o




(um(0), pm(0)) = (u0m, p0m) ∈ Vm × Vm
GQg�^��=LMg

u0m → u0K>`$E_\
H1
0 (Ω) ∩H2(Ω)

gOG
p0m → p0

KM`$EM\
H1
0 (Ω);

ρ∂tum(0) = ρu1m ∈ Vm
GQg�^��=LMg

u1m → u1
K>`$EM\

L2(Ω).

èÆ@BA0CSC�é

l·��gOxBPR\hGQg�EMN]g£KMg]\Û\hLMPRGIg]\
(u0m)m∈N∗

Ö
(u1m)m∈N∗

g�G
(p0m)m∈N∗

 SZ]HhPRÈ?`rE=GÛ^Rg]\sc_HIJScMHhPeZOGQZ]\
èÆ@BA0CSC�é�g]\hG}LMEMgmN]JSE_\IZ]�=LMg�EMN]guKMgm^e`�cMHhJSc'JS\IP0GQPRJSEt@BAkv_A
l,g[c_HIJS�M^Rp]dfg4Ò6è9@BA0C�¸�éOÖ>èÆ@6ARCSC�éyÓ}\I`rGQPR\hÙ:`$PR\Q`$E�G½^eg�\·N]J$EMKMPRGIPeJSE_\½KMg��à`$LMNaº�ï=�Fl�PecM\hN�ºMP0G��rÖ=K��X`$c_HIp]\
^�`�GQºMZ�JSHIPRg¨\IL_H�^eg]\qZ��6LM`rGQPRJSEM\�K_P���Z]HIg�E=GIPeg�^e^Rg]\*E_JSE£^RPeEMZ]`$PRHIg�\]Ö@Ò6è9@BA0C�¸�éOÖ�è9@BA0CSC�éyÓ¹`$KMdfg�GqLMEMg
LMEMPe�=LMgu\hJS^eLBGQPeJ$E�d~`bxBPRd~`r^Rg

(um, pm)m∈N∗

K>`rEM\q^9��g]\IcM`$N]g
H1(0, Tm;H

1
0 (Ω) ∩H2(Ω)) ×

H1(0, Tm;H
1
0 (Ω))

Ö
Tm > 0

Ö_GQg]^R^egq�=LMg
ρum ∈ H2(0, Tm;H

1
0 (Ω) ∩H2(Ω))

A
ÿ E \Igtc_HIJSc'JS\hgtd�`$PRE=GIg]E>`$E�G�KMgÛd�J$E=GQHhg]H��=LMg

(um, pm)m∈N∗

N]J$E= Sg]Hh¡SgÛ Sg]Hh\fLME N]JSL_cM^eg
(u, p)

KM`$EM\uLMEê\Ig�EM\�Ç�KMZ�ÈMEMPeHVg�Gu�6L_gäN�gäN�JSLMcM^Rg
(u, p)

g�\hG¨\IJS^RL_GQPRJSE�K_gæèÆ@BAk��éOA!w·E3Ù:`rPRGnÖ
Pe^/\hL¸�¹G�KMgädfJSE=GIHIg]HV�=LMgä^9�kJSE3c'g]LBG�gOx6GQHI`$PeHhg~LMEMg~\ILMP0GQg~KMg

(um, pm)m∈N∗

N�JSE= $g]HI¡$g]E=GIg$A
�*�kg�\hGmc'JSLMHI�=LMJ$P�EMJ$LM\m`$^R^eJ$EM\�EMJSLM\�`rGIGQ`$N�º_g]H�ÇäZ�GQ`$�M^RPeH�KMg�\�g]\hGIPed�`rGQPRJSE_\�Á¨Â'Ã�ÄÆÅrÃ�Ä,`rÈ>EæKMg
cMHIJSLB Sg]H��=LMgà^�`�\ILMP0GQg

(um, pm)m∈N∗

g]\zG·�'J$HIEMZ�g�KM`$EM\�KMg�\½g�\Ic>`rN]g]\�Ù&JSEMNOGQPeJ$EMEMg�^e\y`$KMZ��6LM`rGQ\]A
á g¹cM^RLM\]Ö�N�g]\mg]\zGQPRd~`rGIPeJ$EM\� SJSE=GmEMJ$LM\mc'g�HIdfg�GIGIHIg�KMg¨ SZ]HIP0È>g�Hm�=LMg¹^e`ä\ILMP0GQg

(um, pm)m∈N∗gOxBPe\zGQgfg�EßÙ:`$P0G�c'JSLMH�GIJSL_GmGIg]dfcM\
t
K��X`rcMHIp�\U^eg�cMHhPeEMN�Pec'g�KMg¹cMHIJ$^eJSEM¡$g]dfg]E�GmKMg�\U\IJS^RL_GQPRJSEM\



C�� ðyñ?ò�ó�ô�õ:öO÷4lBù�¯[õhý6üM÷Uükm ý$ú�nÛû6ü*o�p:÷[ú�û�ú�pRôeúaq�òrôRöO÷
K��kZ��=L>`rGQPRJSEM\�K_P���Z]HIg�E=GIPeg�^e^Rg]\¹�'J$HIEMZ�g]\]A ÿ E�c'g]L_Gä`rPeEM\hP[N]J$EMN]^RLMHIgt�6L_g7^RgÛGQg�d�c_\

Tm
c'JSLMH

^eg]�=LMg�^�^eg�\[\IJ$^eL_GIPeJSE_\�g�x_PR\hGIg]E=G}g]\zG�Z�¡�`$^�`$LÛGQg�d�c_\
T
KMJSE_EMZUPREMP0GQPe`r^Rg]dfg�E=G]A

¶ +61ê13+-(©¨:�6�#¨��ÁÛì$
BÄ¤íFî
(um, pm)m∈N∗

�6îaì¨ì�Å��®
6í9ÄÆÅ��_ìf�6îaìqÂ'ÃaÅ����GÖ$�~îaì�æ�ÃÅÄ �¦çOè�Ç � ÃÅÄ �¦ç�ç$Çyé M��OÃ�Ä �àîÊ�eîaì�Â'ÃQÅ�êÂ'ÃOÄ��Oí½�aìqì$
BÄ¦MbÁ��>íFîaìj�
• (ρ∂2t um)m∈N∗

îaìOí=�OÅbÃ$�/�aîD��Á��_ì
L2(0, T ; (H1

0 (Ω) ∩H2(Ω))′),
• (∂tum)m∈N∗

îaìOí=�OÅbÃ$�/�aîD��Á��_ì
L2(0, T ;H1

0 (Ω)),
• (

√
ρ∂tum)m∈N∗

îaìOí=�OÅbÃ$�/�aîD��Á��_ì
L∞(0, T ;L2(Ω)),

• (um)m∈N∗

îaìOí=�OÅbÃ$�/�aîD��Á��_ì
L∞(0, T ;W 1,q

0 (Ω)),
• (∂tpm)m∈N∗

îaìOí=�OÅbÃ$�/�aîD��Á��_ì
L2(0, T ;L2(Ω)),

• (pm)m∈N∗

îaìOí=�OÅbÃ$�/�aîD��Á��_ì
L∞(0, T ;H1

0 (Ω)).ë ¡_Á���
?î�îaìOí9Ä¦�fÁ$í:ÄÆÅ����OÄ¦êÎ�6îaìaì$
=ì�îaìOí7�6î#Âa�ì
=ì�Ä¦�´�O�FÂ>î$�´��Á��>íFîv��
*ÂMÁ$ÃhÁ��£ÖOí:Ãaî#Â�¡Oí�ìOÄ	��
?î
ρ
îOí7�O�$ê

Â>î$�´�A�6î
(u0, p0)

îOí
u1


O�>Ä	��
?î$�~î$�>í_ÂMÁ$ÃL�eîµ�]Ä:Á$Äeìv�6î ||u0||W 1,q(Ω) � ||p0||H1(Ω)
îOí ||u1||L2(Ω) �

³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �
• ÿ E3N�JSdfd�g�EMN]gfcM`$HUd¨LM^RGIPRcM^RP0g]H�^e`ÛcMHIg�d�PRp]HhgfZ��6LM`rGQPRJSE�KMg7èÆ@BA0C�¸�éqc>`rH u′jm(t) g�GV^�`\Ig]N�JSEMKMg*c>`$H

pjm(t)
A=DF^? BPRg]E�G�g]E~\IJ$d�d�`$E=G/Naº>`$�=LMg�GQg�HIdfg�\hLMH

j
c'J$LMH

j
`$^e^e`$E�G/K_g

1
Ç
m o





ρ

∫

Ω

∂2t um∂tumdx+ λ∗
∫

Ω

|∂t∂xum|2dx+ (λ+ 2µ)
∫

Ω

∂xum∂t∂xumdx

+µ∗
∫

Ω

|∂xum|q−2∂xum∂t∂xumdx− α

∫

Ω

pm∂t∂xumdx =

∫

Ω

f∂tumdx,

c0

∫

Ω

∂tpmpmdx+ α

∫

Ω

∂t∂xumpmdx+ k

∫

Ω

|∂xpm|2dx =
∫

Ω

hpmdx.

� JSPRG[`$LM\h\IP o




ρ

2

d

dt

[∫

Ω

|∂tum|2dx
]
+ λ∗

∫

Ω

|∂t∂xum|2dx+
λ+ 2µ

2

d

dt

[∫

Ω

|∂xum|2dx
]

+
µ∗

q

d

dt

[∫

Ω

|∂xum|qdx
]
− α

∫

Ω

pm∂t∂xumdx =

∫

Ω

f∂tumdx,

c0

2

d

dt

[∫

Ω

|pm|2dx
]
+ α

∫

Ω

∂t∂xumpmdx+ k

∫

Ω

|∂xpm|2dx =
∫

Ω

hpmdx.

w·EV`$KMKMP0GQPeJ$EME>`$E�G�^eg�\,KMg]L6xUZ]¡�`$^RPRGIZ]\�c_HIZ]N�Z]K_g]E=GIg]\]ÖrJ$Em SJSPRG,�=LMg/^eg½NaºMJSPªxmKMg½GQg�^e^eg�\�Ù&JSEMNOGQPeJ$EM\z�
GQg]\zGfc'g�HIdfg�G¹K��kZ�^ePedfPRE_g]Hu^Rg]\¨GIg]Hhd�g�\¹K_gÛN�JSLMcM^e`$¡Sgäg�E=GQHhgÛ^Rg]\�K_g]LBx Z��=L>`rGIPeJSEM\�K_g�è9@BARCn¸�éOA
ÿ E3PeE�GQp�¡SHIg�g�EM\IL_PRGQg~cM`$HVHQ`$c_c'JSHhG¨`$L�GQg�d�c_\u\hLMHu^Æ��PeE�GQg]Hz r`$^R^Rg

[0, s]
c'JSLMHUGQJSL_G

s
GQg]^/�=LMg



l_ù®Ø=ùt®�÷mþ�ò«�
q ≥ 2 Ù ý$ú�nsû6ü*o�p&÷�üM÷mþ�û�ú*�Oûpeô&üBò_õ9ô&û�úsú�û�ú�pRôeúaq�òrôRöO÷ C��

0 ≤ s ≤ T
A ÿ EtJS�_GIPeg�E=G}`$PREM\IP�^9��Z]¡�`$^RP0GIZqK���Z]EMg�HI¡SPRgm\ILMP0 r`$E�GQg o





ρ

2

∫

Ω

|∂tum|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂xum|2(s)dx+
µ∗

q

∫

Ω

|∂xum|q(s)dx

+
c0

2

∫

Ω

|pm|2(s)dx+ λ∗
∫ s

0

∫

Ω

|∂t∂xum|2dxdt+ k

∫ s

0

∫

Ω

|∂xpm|2dxdt

=

∫ s

0

∫

Ω

(f∂tum + hpm)dxdt+
ρ

2
||u1m||2L2(Ω) +

λ+ 2µ

2
||∂xu0m||2L2(Ω)

+
µ∗

q
||∂xu0m||qLq(Ω) +

c0

2
||p0m||2L2(Ω).

èÆ@BA0C�@Sé

á gmc_^eLM\�ÖMcM`$HàN]JSEM\zGQHIL_N�GQPRJSE�Ö_Naº>`$�=LMgm\ILMP0GQg
(u0m)m∈N∗

Ö
(u1m)m∈N∗

g�G
(p0m)m∈N∗

g�\hG[�'JSHµ�
EMZ]gfN]`$HmN�JSE= Sg�HI¡Sg�E=GIg�K>`$EM\

H1
0 (Ω) ∩ H2(Ω)

Ö
L2(Ω)

gOG
H1
0 (Ω)

HIg�\Ic'g�N�GQP0 Sg]dfg]E�GVK��X`rcMHIp�\
èÆ@BA0CSC�é�Aà��g]\scMHIJ$cMHIPRZ�GQZ�\äg�Gs^e`3N]J$E=GQPRE6LMP0GQZ�KMgæ^9�kPREbÞhg]NOGQPRJSE�KMg

H2(Ω)
K>`$E_\

W 1,q(Ω)
g]E6�

GQHQ`bë�EMg�E=G[^9�kg�xBPe\hGIg]EMN�gUK���LMEMgmN]JSE_\hGa`$E�GQg
κ > 0

GIg]^R^egq�=LMg o

λ+ 2µ

2
||∂xu0m||2L2(Ω) +

µ∗

q
||∂xu0m||qLq(Ω) +

ρ

2
||u1m||2L2(Ω) +

c0

2
||p0m||2L2(Ω) ≤ κ.

l,gm\hg]N�JSEMK�d�g�d¨�MHIg�K_g~è9@BA0C�@Sé�c'g�L_G*`rPeEM\hP�\IgUd�`�ÞhJSHIg�Hàc>`$H o

κ+

∫ s

0

∫

Ω

(f∂tum + hpm)dxdt.

ÿ H�g�E�L_GIPe^eP0\Q`$E�G�^Æ��PREMZ]¡�`r^RP0GIZqKMgV�à`$LMNaº=ï�� � N�º�Hà`$H5�VK>`$EM\
L2(Ω)

ÖMPe^� 6Peg�E=G o
∫

Ω

(f∂tum + hpm)dxdt ≤
(∫

Ω

|f |2dx
)1/2(∫

Ω

|∂tum|2dx
)1/2

+

(∫

Ω

|h|2dx
)1/2(∫

Ω

|pm|2dx
)1/2

.

l·��PeE_Z]¡�`r^eP0GIZ�KMg.#JSPREMN]`$HIZ�KM`$EM\
H1
0 (Ω)

Ö$HQ`$cMc'g�^eZ�g}`rL¹^eg]dfdfg�@BA {6ÖSEMJ$LM\·c'g�HIdfg�G·KMg�d~`�ÞhJSHhg]H
∫

Ω

|pm|2dx
cM`$H

κ

∫

Ω

|∂xpm|2dx
gOG ∫

Ω

|∂tum|2dx
c>`rH

κ

∫

Ω

|∂t∂xum|2dx
J��

κ > 0
g]\zG�LME_g

N]JSEM\zGa`$E�GQgmPeEMKMZ�c'g]EMKM`$E=GIgUKMg
m
A

w·E8`rcMcM^ePR�=L>`$E�Gfg]E_ÈME8^Æ��PeE_Z]¡�`r^RP0GIZÛK_g�î/JSLME_¡êÇß^9�kg�x_c_HIg]\h\IPRJSE8`$PeE_\IP�JS�_GQg�E6LMgrÖ/JSE�JS�_GQPRg]E�G



@$¸ ðyñ?ò�ó�ô�õ:öO÷4lBù�¯[õhý6üM÷Uükm ý$ú�nÛû6ü*o�p:÷[ú�û�ú�pRôeúaq�òrôRöO÷
^Æ��PeEMZ�¡�`$^RPªGQZ o




ρ

2

∫

Ω

|∂tum|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂xum|2(s)dx+
µ∗

q

∫

Ω

|∂xum|q(s)dx

+
c0

2

∫

Ω

|pm|2(s)dx+ λ∗
∫ s

0

∫

Ω

|∂t∂xum|2dxdt+ k

∫ s

0

∫

Ω

|∂xpm|2dxdt

≤ κ+
κ2

2λ∗

∫ s

0

∫

Ω

|f |2dxdt+ λ∗

2

∫ s

0

∫

Ω

|∂t∂xum|2dxdt+
κ2

2k

∫ s

0

∫

Ω

|h|2dxdt

+
k

2

∫ s

0

∫

Ω

|∂xpm|2dxdt

�6L_P�KMJ$EMEMg½¡SH�;rN]g·`$L6x�cMHIJ$cMHIPRZ�GQZ�\�KMg�\�GQg�HIdfg]\�\IJ$LMHIN�g]\,^Æ��gOxBPe\zGQg�EMN]g½K��kL_EMg·EMJSLB Sg]^R^eg�N]J$EM\hGa`rE=GIg
κ
GIg]^R^egq�=LMg o





ρ

2

∫

Ω

|∂tum|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂xum|2(s)dx

+
µ∗

q

∫

Ω

|∂xum|q(s)dx+
c0

2

∫

Ω

|pm|2(s)dx

+
λ∗

2

∫ s

0

∫

Ω

|∂t∂xum|2dxdt+
k

2

∫ s

0

∫

Ω

|∂xpm|2dxdt ≤ κ.

èÆ@BA0C�j�é

• ÿ E `rd�Z�^ePRJSHhgfd�`$PeE�GQg]EM`$E=GV^eg�\ug]\zGQPed�`rGIPeJ$EM\V\hLMH¨^e`�\ILMP0GQg (pm)m∈N∗

g�EçL_GQPR^ePR\I`$E=G
\Ig]L_^eg]dfg�E=G*^�`¹\Ig�N]JSEMK_g¨Z]�=L>`bGQPeJ$E7KMgäèÆ@BA0C�¸�é�A ÿ E7^�`¹d�L_^RGQPRc_^RPRg�c>`$H

p′jm(t)
Ö'JSE�\IJSdfd�gm\ILMH

j
gOG}JSEtPRE=GIp]¡SHhgmcM`$H[HI`$cMc'JSHzG}`$LÛGQg�dfcM\[\ILMH

[0, s]
AMDF^� 6Peg�E=G o

c0

∫ s

0

∫

Ω

|∂tpm|2dxdt+
k

2

∫

Ω

|∂xpm|2(s)dx =
∫ s

0

∫

Ω

h∂tpmdxdt+
k

2

∫

Ω

|∂xp0m|2dx

−α
∫ s

0

∫

Ω

∂tpm∂t∂xumdxdt.

w·EtL_GIPe^eP0\Q`$E�G�^eg�\[PREMZ]¡S`$^eP0GIZ]\àKMgV�à`$LMNaº�ï=� � NaºÌHà`$H5�Vg�G}KMg4î/JSL_EM¡MÖMJSE�` o
∫ s

0

∫

Ω

h∂tpmdxdt ≤
1

c0

∫ s

0

∫

Ω

|h|2dxdt+ c0

4

∫ s

0

∫

Ω

|∂tpm|2dxdt

α

∫ s

0

∫

Ω

∂tpm∂t∂xumdxdt ≤
c0

4

∫ s

0

∫

Ω

|∂tpm|2dxdt

+
α2

c0

∫ s

0

∫

Ω

|∂t∂xum|2dxdt.

èÆ@BA0Cn�=é



l_ù®Ø=ùt®�÷mþ�ò«�
q ≥ 2 Ù ý$ú�nsû6ü*o�p&÷�üM÷mþ�û�ú*�Oûpeô&üBò_õ9ô&û�úsú�û�ú�pRôeúaq�òrôRöO÷ @BC

ÿ H¨K��X`$c_HIp]\�^Æ��g]\zGQPed�`rGIPRJ$E©è9@BA0C�j�éOÖ#JSEç\Q`$P0G��=LMgs^�`7\IL_PRGQg
(∂t∂xum)m∈N∗

g]\zGf�'J$HIEMZ�gÛKM`$EM\
^Æ��g]\IcM`$N]g

L2(0, T ;L2(Ω))
A á �k`$cMHhp]\�^eg�\qcMHhJScMHIPRZ�GIZ]\qKMg¨^�`~\hLMPRGIg

(p0m)m∈N∗

Ö�JSEæg]EæKMZ]K_LMPRG
`$^eJSHh\��=L���Pe^�g�x_PR\hGQgmLMEMgmN]J$EM\hGQ`$E=GIg

κ > 0
GQg�^e^egq�=LMg o

c0

2

∫ s

0

∫

Ω

|∂tpm|2dxdt+
k

2

∫

Ω

|∂xpm|2(s)dx ≤ κ.
è9@BA0C��Sé

• #JSLMHuGQg�HIdfPeEMg�Hu^�`7c_HIg]LB SgÛKML ^Rg]dfdfgs@6ARC�jBÖyPR^�HIg�\hGIgtÇ-J$�_GQg�EMPeHuLMEMgsg�\hGIPed�`rGQPRJSEKML�GQg�HIdfg
ρ∂2t um

K>`$E_\
L2(0, T ; (H1

0 (Ω) ∩ H2(Ω))′)
A@#JSLMHUN]g]^e`_Ö,JSE�PeE�GQHIJ6K_LMPRGm^�`Û\IL_PRGQg

(χm)m∈N∗

KMZOÈ>EMPRgmc>`$H o

χm = λ∗∂t∂
2
xum + (λ+ 2µ)∂

2
xum + µ∗∂x(|∂xum|q−2∂xum)− α∂xpm + f.

l!`�cMHIg�dfPep]Hhg�Z]�=L>`rGIPeJSE KMg2èÆ@BA0C�¸�éÛdfJSE�GQHIgß�6L_g
ρ∂2t um = Pm(χm)

J�� ^eg�cMHhJbÞhg]N�GIg]LMH
Pm

`êZOGQZæK_Z�È>EMP�Ç3^�`3cMHhJSc'JS\hPRGQPRJSE2@BAk�_A���J$d�dfg7^�`�EMJSHIdfg7KMg
Pm

K>`$EM\ L((H1
0 (Ω) ∩

H2(Ω))′)
g]\zG¹PeEMK_Z]c'g]E_K>`$E�GQgÛK_g

m
Ö
(ρ∂2t um)m∈N∗

g]\zG¹�'JSHIEMZ�gsK>`$EM\
L2(0, T ; (H1

0 (Ω) ∩
H2(Ω))′)

K��k`$cMHhp]\u^Æ��g]\hGIPed�`rGQP0JSE�Á�Â�Ã�ÄÆÅbÃ�Ä[èÆ@6ARC�jSém�=LMP�dfJSE�GQHIgf�=LMg
(χm)m∈N∗

g�\hG¨�'JSHhEMZ]g
K>`$EM\

L2(0, T ; (H1
0 (Ω) ∩H2(Ω))′)

A?l,`¹c_HIg]LB SgVK_L�^Rg]dfd�g�@BARCnj�g]\hG�`$PREM\IP�`$NaºMgO SZ]grA
¥

ï î$�fÁ$Ã5��
>î�@BA0Cn� ��=�f��Á$Ä¤í � �eîÊ�eî$���~îÂÄ �¦ç�ð îaìOívM�ÃhÁSÄL�OÖaì]��
>î q > 1
îOí�Â?Å�
6Ã�íFÅ�
6í9��¡>ÅbÄñª¯�@� ÁOÂ�Â'ÃQÅ�ªSÄ¦�fÁ��>ív�6î¿[Á��eîOÃ�òbÄ¦� �

� JrGQHIgà�ML_G·g�\hG·KMg�N]J$EM\hGIHILMPRHIg�LME_g[\hJS^eL_GIPeJ$E¨KMgUèÆ@BAk��é#KMZOÈ>EMPRg�N]JSdfdfgàZOGa`$E�G·^�`*^RPedfPªGQg�KMg
^�`V\ILMP0GQg

(um, pm)m∈N∗

A_l�gq^eg�d�dfgq@6ARC�ju\hg]HI`�c'J$LMHàN�g]^e`uGIHIp�\�LBGQPe^Rg�d�`$Pe\�Hhg]\zGQg�PREM\IL���\I`$E=G]A
w·Etg$��gOGnÖ>^9�kZOGQLMK_gmKMLsGQg]Hhd�g�E_JSEt^RPeEMZ]`$PRHIg

µ∗∂x(|∂xum|q−2∂xum)
g�EM¡Sg�EMKMHIgmLMEMgmKMP���N�LM^RGIZ

�6L_g3E_JSLM\7`$^R^eJ$EM\ÛN�JSE=GIJSLMHhEMg]H�PRN]P�g]E `nï�`$E�G7Hhg]N�JSLMHI\7Ç KMg�\-`rHI¡SLMdfg]E�GQ\tK_g�N]JSdfc>`$N�PRGIZ$A#JSLMHuN]g]^e`_Ö#E_JSLM\�`$^R^eJ$EM\Vd�`$PRE=GQg�E>`$E�GuJS�_GIg]EMPRHuLME_gäKMg]HhEMPep�HIgäg�\hGQPRd�`rGQPRJSE8ÁäÂ'Ã�ÄÆÅbÃ�Ä½\IL_H¨^�`
\ILMP0GQg

(um)m∈N∗

g�EsGIPeHQ`rE=G�c>`$HzGQP�KMLsN�ºMJ$P0x~KMgq^�`V�>`$\Ig
(wj)j∈N∗

KMg�\àÙ&JSEMNOGQPeJ$EM\�cMHIJSc_HIg]\àKMg
^Æ��JSc'Z]HI`rGQg�LMH

(−∆) K>`$EM\ L2(Ω) g�G}K_gU^e`�N�JSEMK_PRGQPRJSE q ≥ 2 A
¶ +61ê13+-(©¨:�6§#¨��ÅbÄ¤í

(um, pm)m∈N∗

�0Á¹ì$
BÄ¤íFîA�6îaìqì�Å��®
Bí:ÄÆÅ��_ìA�6î]æ�ÃÅÄ �¦çOè�Ç � ÃÅÄ �¦ç�ç$Çyéa�/² �eÅbÃQì �
• (∂2xum)m∈N∗

îaìOí=�OÅbÃy�/�aîj��Á��_ì
L∞(0, T ;L2(Ω)),

• (um)m∈N∗

îaìOí=�OÅbÃ$�/�aîD��Á��_ì
L∞(0, T ;W 1,∞(Ω)) �

³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �



@S@ ðyñ?ò�ó�ô�õ:öO÷4lBù�¯[õhý6üM÷Uükm ý$ú�nÛû6ü*o�p:÷[ú�û�ú�pRôeúaq�òrôRöO÷
ÿ EÛd�L_^RGQPRc_^RPRg*^�`¨cMHIg�d�PRp]Hhg�Z]�=L>`rGIPeJSEÛKMg�èÆ@BA0C�¸�é�c>`$H

ujm(t)
A ÿ EtJ$�_GQPRg]E�G o

ρ

∫

Ω

∂2t umujmwjdx+ λ∗
∫

Ω

∂t∂xumujm∂xwjdx

+(λ+ 2µ)

∫

Ω

∂xumujm∂xwjdx+ µ∗
∫

Ω

|∂xum|q−2∂xumujm∂xwjdx

−α
∫

Ω

pmujm∂xwjdx =

∫

Ω

fujm∂xwjdx.

èÆ@BA0C�v�é

á �X`rcMHIp�\q^Rg]\�cMHhJScMHhPeZ�GIZ]\�KMgV^�`f\hLMPRGIg
(wj)j∈N∗

KMZ�ÈMEMPeguÇ�^�`¹cMHIJSc'J$\IPRGIPeJSE7@BAkv_Ö?JSE7HIg�d�cM^e`$N]g
K>`$EM\�èÆ@BA0C�v�é

wj
cM`$H

(− 1
λj
∂2xwj)

A_w½Es\IJ$d�d�`$E=G�`$^RJSHI\/\ILMH
j
c'JSLMH

j
`$^R^�`rE=G�K_g

1
Ç
m
g�Gàg]E

L_GQPR^ePR\I`$E=Gà^�`uÙ&JSHId¨LM^RgqKMgj:mHhg]g�Et\ILMP0 r`$E=GIg
∀u, v ∈ H1

0 (Ω),

∫

Ω

u∂xvdx = −
∫

Ω

∂xuvdx,

JSEÛJS�_GIPeg�E=GnÖ_c_LMPe\h�6L_gm^�`¨N�JSEMK_PRGQPRJSE
q ≥ 2 `rL_GQJSHhPe\hgq^Æ�k`$cMcM^RPRNn`rGIPRJ$EäKMgm^e`uÙ&JSHhd¨LM^eg*K_gj:�HIg�g]E`$LÛGQg�HIdfg�EMJSEt^ePREMZn`rPeHhg o




−ρ
∫

Ω

∂2t um∂
2
xumdx+ λ∗

∫

Ω

∂t∂
2
xum∂

2
xumdx

+(λ+ 2µ)

∫

Ω

|∂2xum|2dx+ µ∗(q − 1)
∫

Ω

|∂xum|q−2(∂2xum)
2dx

−α
∫

Ω

∂xpm∂
2
xumdx = −

∫

Ω

f∂2xumdx.

èÆ@BA0C�{Sé

� JSPRG
s ∈]0, T [ A�w½E£PRE=GIZ]¡SHI`$E=Gq^e`~HIg�^�`bGQPeJ$EçèÆ@BA0C�{Sé}c>`rHqHQ`$c_c'JSHhG�`$L-GQg�d�c_\�\hLMH�^9�kPRE=GIg]Hh b`$^e^0g

[0, s]
Ö>J$E�`$HIHhPR SgmÇ o




−ρ
∫ s

0

∫

Ω

∂2t um∂
2
xumdxdt+

λ∗

2

∫ s

0

d

dt

(∫

Ω

|∂2xum|2dx
)
dt

+(λ+ 2µ)

∫ s

0

∫

Ω

|∂2xum|2dxdt− α

∫ s

0

∫

Ω

∂xpm∂
2
xumdxdt

+µ∗(q − 1)
∫ s

0

∫

Ω

|∂xum|q−2(∂2xum)
2dxdt = −

∫ s

0

∫

Ω

f∂2xumdxdt.

èÆ@BA0C���é

á g�cM^RLM\]Ö_g�EÛL_GIPe^eP0\Q`$E�G�LMEMg�PRE=GIZ]¡SHI`rGQPRJSE~c>`rHàc>`$HzGQPeg�\àc>`rHàHQ`rcMc'JSHhG�`$LäGQg�d�c_\�gOG�^�`VÙ&JSHhd¨LM^eg
KMgj:mHIg�g]EtcMHhZ]N�Z]KMg�E=GIg$Ö'^eg�cMHhg]dfPeg�HàGQg�HIdfg�KMg� 6Peg�E=G o

−ρ
∫ s

0

∫

Ω

∂2t um∂
2
xumdxdt = −ρ

∫ s

0

∫

Ω

|∂t∂xum|2dxdt

− ρ

∫

Ω

∂tum(s)∂
2
xum(s)dx+ ρ

∫

Ω

u1m∂
2
xu0mdx



l_ù®Ø=ùt®�÷mþ�ò«�
q ≥ 2 Ù ý$ú�nsû6ü*o�p&÷�üM÷mþ�û�ú*�Oûpeô&üBò_õ9ô&û�úsú�û�ú�pRôeúaq�òrôRöO÷ @$j

Ga`$EMK_Pe\��=LMgU^Rg�\Ig]N�JSEMKtGQg�HIdfgmEMJ$LM\}K_JSEMEMg o
λ∗

2

∫ s

0

d

dt

(∫

Ω

|∂2xum|2dx
)
dt =

λ∗

2

∫

Ω

|∂2xum(s)|2dxdt−
λ∗

2

∫

Ω

|∂2xu0m|2dx.

w·EtPeE�Þhg]N�GQ`$E�G}^Rg]\�KMg]LBxÛZ]¡�`r^eP0GQZ]\�`$PREM\IP�J$�_GQg�E6LMg�\�K>`rEM\VèÆ@BA0C���é�ÖMJSEtJ$�_GQPRg]E�G o
λ∗

2

∫

Ω

|∂2xum(s)|2dx+ (λ+ 2µ)
∫ s

0

∫

Ω

|∂2xum|2dxdt

+µ∗(q − 1)
∫ s

0

∫

Ω

|∂xum|q−2(∂2xum)
2dxdt = ρ

∫ s

0

∫

Ω

|∂t∂xum|2dxdt

+ρ

∫

Ω

∂tum(s)∂
2
xum(s)dx− ρ

∫

Ω

u1m∂
2
xu0mdx+

λ∗

2

∫

Ω

|∂2xu0m|2dx

+α

∫ s

0

∫

Ω

∂xpm∂
2
xumdxdt−

∫ s

0

∫

Ω

f∂2xumdxdt.

ÿ EßcMHhJ6N]p]K_g�g]E_\ILMP0GQgfN�JSd�dfg�K>`$E_\U^�`scMHhg]L_ Sg�K_L�^eg�d�dfg¹@BARCnjÛc'JSLMHmd�`bÞhJ$HIg]Hq^eg¹\hg]N�JSEMK
d�g�d¨�MHIgmK_gU^�`�HIg�^�`rGIPeJ$EÛcMHhZ]N]Z�KMg]E�GQgu�=LMgU^Æ��JSEtE_J$GQg

A
A?w½E7g$��gOGnÖ?¡$H�;$N�gV`$LBxÛPeEMZ�¡�`$^RP0GQZ�\�KMg

�à`$LMNaº=ï�� � N�º�Hà`$H0�VgOG}KMg4î/JSLME_¡fJSEtJS�BGQPeg�E=G[�=LMg o
A ≤ λ∗

4

∫

Ω

|∂2xum(s)|2dx+ ρ

∫ s

0

∫

Ω

|∂t∂xum|2dxdt+
ρ

λ∗

∫

Ω

ρ|∂tum(s)|2dx

+ρ||u1m||L2(Ω)||∂2xu0m||L2(Ω) +
λ∗

2

∫

Ω

|∂2xu0m|2dx+
α2

λ+ 2µ

∫ s

0

∫

Ω

|∂xpm|2dxdt

+
1

λ+ 2µ

∫ s

0

∫

Ω

|f |2dxdt+ λ+ 2µ

2

∫ s

0

∫

Ω

(∂2xum)
2dxdt.

ÿ H�K��X`rcMHIp�\/^Rg�^Rg]dfd�g�@BA0C�j_Ö$JSE¹\Q`rPRG½�=LMg[^eg]\½\hLMPRGIg]\
(∂tum)m∈N∗

g�G
(pm)m∈N∗

\IJSE�G/�'JSHhEMZ]g�\
K>`$EM\

L2(0, T ;H1
0 (Ω))

gOG·�=LMg[^e`*\ILMP0GQg
(
√
ρ∂tum)m∈N∗

g�\hG·�'JSHIE_Z]g�K>`$E_\
L∞(0, T ;L2(Ω))

A
w·EfGIg]E>`$E�G�N�JSd�cBGQg[KMguèÆ@6ARCSC�é�gOG�KMg]\/º=ï6c'J$GIºMp]\hg]\�\IL_H�^Rg�GIg]HIdfg[\IJSL_HIN]g

f
Ö�JSE�`�È>E>`$^Rg]dfg]E�G

^Æ��g]\hGIPed�`rGQP0JSE o ∀s ∈]0, T [ Ö




λ∗

4

∫

Ω

|∂2xum(s)|2dx+
λ+ 2µ

2

∫ s

0

∫

Ω

|∂2xum|2dxdt

+µ∗(q − 1)
∫ s

0

∫

Ω

|∂xum|q−2(∂2xum)
2dxdt ≤ κ

èÆ@BA0C���é

�6L_P!`rN�ºMpO SgV^e`�c_HIg]LB SgVK_L�^Rg]dfd�g�@BA0C��BA
¥ï î$�fÁ$Ã5��
>î�@BA0C�v ��?Ä�Å��äì$
�Â�Â?Å�ì�îQ��
>î

u1 ∈ H1
0 (Ω) � î$�ÛÃQîFÂ'ÃQî$�'Á��>í7�0Á�Â'ÃQî$
OM$î4��
£�eî$���~î.Ä �¦ç�ó î$����
�� í:ÄXÂ´� Ä:Á��>í



@r� ðyñ?ò�ó�ô�õ:öO÷4lBù�¯[õhý6üM÷Uükm ý$ú�nÛû6ü*o�p:÷[ú�û�ú�pRôeúaq�òrôRöO÷
�aîOí9íFî/�nÅbÄeìN�0�ô�0��
MÁ$í:ÄÆÅ��%ÃÅÄ �¦çOè�Ç Â_Á$Ã u′jm(t) � Å��sÅ��]í9ÄÆî$�Mí,ÁOÂ'Ã�Öaì�Ä¦�>í½���$ÃhÁ$í9ÄÆÅ��f�6î 0 ¥ s � s ∈]0, T [ ��0� Ä¦�/����Á�� Ä¤í>�D�

ρ

2

∫

Ω

(∂t∂xum(s))
2dx+ λ∗

∫ s

0

∫

Ω

(∂t∂
2
xum)

2dxdt+
λ+ 2µ

2

∫

Ω

(∂2xum(s))
2dx

=
ρ

2

∫

Ω

(∂xu1m)
2dx+

λ+ 2µ

2

∫

Ω

(∂2xu0m)
2dx− α

∫ s

0

∫

Ω

∂xpm∂t∂
2
xumdxdt

−µ∗(q − 1)
∫ s

0

∫

Ω

|∂xum|q−2(∂2xum)(∂t∂
2
xum)dxdt−

∫ s

0

∫

Ω

f∂t∂
2
xumdxdt.

�=�»
6í:Ä¦� Äeì]Á��>í.�eîaìäîaì�í9Ä¦�fÁ$í:ÄÆÅ��_ì]��
��eî$���~î�Ä �¦ç�ó Â>Å�
BÃ��fÁ5°nÅbÃQîOÃ ¥ �0� Á$Ä	�6î]�6îaì¹Ä¦�a�Å��Á�� Ä¤í½�aì]�6îë Á�
!��¡Oí�êÅ�©��¡OÀ/Á$Ã0õ�îOív�6î�ö'Å«
O�O���eî¨íFîOÃ$�~îA��Å��º� Ä¦�/�IÁ$Ä¤ÃQî � Ä¦�7M�ÄÆî$�>í�î$�æì$
BÄ¦MbÁ��>íL�eîaì¨Ä	�O�aîaì��6î�0ÁUÂ'ÃQî$
�M$îj��
��eî$���~îJÄ �¦ç�ó ��
>î (∂tum)m∈N∗

îaìOí=�OÅbÃy�/�aîj��Á��_ì
L2(0, T ;H2(Ω)) �ÿ Etc'g]LBG�KMZ�KMLMPRHIgmKMg�\}^eg�d�dfg]\àcMHhZ]N�Z]KMg�E=GQ\�^�` oK ���?¼½��¥]%&��%¤����(©¨:�M¦a¨��ÅbÄ¤í

(um, pm)m∈N∗

�0Á¨ì$
BÄ¤íFîD�6îaì*ì�Å��®
6í9ÄÆÅ��_ìJ�6îÊæ�ÃÅÄ �¦çOè�Ç � ÃÅÄ �¦ç�ç$Çyéa� ¹ �,î5ªSÄeìOíFî9
O��î*ì�Å�
=ì$êÆì$
6Ä¤íFî�6î
(um, pm)m∈N∗

��
BÄ#�aÅ���M$îOÃ÷�6îL��Á��_ì
L∞(0, T ;W 1,q

0 (Ω))×L∞(0, T ;H1
0 (Ω))

��Á$Ä	���eîAø'M$îOÃaì
��»�aÅ�
�Â´�eî
(u, p) � ³ î�Âa�ì
=ì � �eîÊ�aÅ�
�Â´�eî (u, p) îaìOíN
O��îmì�Å��®
Bí:ÄÆÅ��º��
¹Â'ÃQÅ����GÖ$�~îDMbÁ$Ã�Ä:Á$í:ÄÆÅ�����î$�ÃÅÄ �§×�Ç îOí u ÁOÂ�Â_Á$ÃOí:ÄÆî$�>í ¥ L∞(0, T,W 1,∞(Ω)) �³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �á �X`rcMHIp�\U^eg�\m^Rg]dfdfg]\m@BA0C�jsgOGu@BA0C��BÖ�Pe^yg�x_PR\hGIgfL_EMg¹\ILMP0GQg�gOx6GQHI`$PRGIg�KMg

(um, pm)m∈N∗

EMJ$GIZ]g
g]EMN�JSHIg

(um, pm)m∈N∗

N]JSE� Sg]Hh¡Sg]E�GQgUKMgm^�`uÙ:`$Ú]JSEÛ\ILMP0 r`$E�GQg o




um → u
KM`$EM\

L∞(0, T ;W 1,q
0 (Ω))

Ù:`rPe�M^Rg ∗gOG}K>`$E_\
L∞(0, T ;H2(Ω))

Ù:`$Pe�_^egj�Bù
pm → p

K>`$EM\
L∞(0, T ;H1

0 (Ω))
Ù:`$PR�M^Rg ∗ ;

|∂xum|q−2∂xum → η
K>`$EM\

L∞(0, T ;Lq∗(Ω))
Ù:`rPe�M^Rg ∗ ;

∂tum → ∂tu
KM`$EM\

L2(0, T ;H1
0 (Ω))

Ù:`$Pe�M^Rg
;√

ρ∂tum → √
ρ∂tu

KM`$EM\
L∞(0, T ;L2(Ω))

Ù:`$Pe�_^eg ∗ ;
∂tpm → ∂tp

KM`$EM\
L2(0, T ;L2(Ω))

Ù:`$PR�M^eg
;

ρ∂2t um → ρ∂2t u
KM`$EM\

L2(0, T ; (H1
0 (Ω) ∩H2(Ω))′)

Ù:`rPe�M^Rg
.

èÆ@BAX@$¸�é

á �X`rcMHIp�\�èÆ@BAX@$¸�é�Ö
(∂xum)m∈N∗

N�JSE� Sg]HI¡$g� Sg]Hh\
∂xu

K>`$E_\
H1(Q)

Ù:`$Pe�M^Rg$A ÿ Hq^Æ��PeEbÞhg�N�GIPeJSE7KMg
H1(Q)

K>`$EM\
L2(Q)

ZOGa`$E�G�N�JSd�cM`$N�GIg$Ö
(∂xum)m∈N∗

N�JSE= $g]HI¡$gä Sg]HI\
∂xu

KM`$EM\
L2(Q)

gOG
KMJSEMNmcMHhg]\I�=LMgUc>`$HhGIJSL_G[K>`$E_\

Q
Ö>�=LMPRGhGQgmÇ¹g�xBGIHQ`$PRHIg�KMgmEMJSL_ Sg]`$L�LMEMgm\IJ$LM\z��\ILMP0GQg$Ay`$Hu`$PR^e^0g]LMHh\]Ö�^�`ÛN]J$E=GIPeE6L_PRGQZ¹KMg�^�`sÙ&JSEMNOGQPRJSE

τ 7→ |τ |q−2τ PRdfcM^RPR�=LMg¹�6L_g |∂xum|q−2∂xumN]JSE� Sg]Hh¡Sgm Sg]Hh\ |∂xu|q−2∂xu cMHhg]\I�=LMgUc>`$HhGIJSL_G[K>`$E_\ Q Aá �X`rcMHIp�\7^eg£^Rg]dfd�gß@BA0C�¸ HQ`$cMc'g�^eZ�`$LTc>`rHQ`$¡SHI`$cMºMg�@BA @6Ö[^e` \ILMP0GQg
(|∂xum|q−2∂xum)m∈N∗N]JSE� Sg]Hh¡SgàKMJSE_N� Sg]HI\ |∂xu|q−2∂xu KM`$EM\ L∞(0, T ;Lq∗(Ω))

Ù:`$Pe�M^Rg}��ÖbN]g��=LMPBcMHIJSLB Sg$ÖrK��k`$cMHIp�\



l_ù®Ø=ùt®�÷mþ�ò«�
q ≥ 2 Ù ý$ú�nsû6ü*o�p&÷�üM÷mþ�û�ú*�Oûpeô&üBò_õ9ô&û�úsú�û�ú�pRôeúaq�òrôRöO÷ @S�

èÆ@BAX@$¸�é�ÖM�=LMg
η = |∂xu|q−2∂xu

A
ÿ Eßc'g�L_GV`$^RJSHI\*Ù:`$PRHIguGIg]EMKMHhg

m
 Sg]HI\m^Æ��PeE_ÈMEMPyK>`$E_\�èÆ@BA0C�¸�é�gOGUJSE£JS�_GIPeg�E=G o c'JSL_H�GIJSL_G

j ∈ N∗ Ö




ρ < ∂2t u,wj >(H1
0 (Ω)∩H

2(Ω))′,H1
0 (Ω)∩H

2(Ω) +λ
∗

∫

Ω

∂t∂xu∂xwjdx− α

∫

Ω

p∂xwjdx

+(λ+ 2µ)

∫

Ω

∂xu∂xwjdx+ µ∗
∫

Ω

|∂xu|q−2∂xu∂xwjdx =

∫

Ω

fwjdx,

c0

∫

Ω

∂tpwjdx+ α

∫

Ω

∂t∂xuwjdx+ k

∫

Ω

∂xp∂xwjdx =

∫

Ω

hwjdx.

w·EtGQg�E>`$E�G�N]J$d�c_GIgUK_g]\�c_HIJScMHhPeZOGQZ]\[KMgU^�`�\IL_PRGQg
(wj)j∈N∗

Z�EMJSE_N]Z]g�\qÇ¹^�`�cMHIJSc'J$\IPRGIPeJSEt@BAkv_Ö
^�`¨HIg]^e`rGQPRJSEsc_HIZ]N�Z]KMg�E=GIgV\]��Z�GQg�EMK7N�JSdfd�gq\ILMP0G o ∀(v, r) ∈ (H1

0 (Ω) ∩H2(Ω))×H1
0 (Ω)





ρ < ∂2t u, v >(H1
0 (Ω)∩H

2(Ω))′,H1
0 (Ω)∩H

2(Ω) +λ
∗

∫

Ω

∂t∂xu∂xvdx

+(λ+ 2µ)

∫

Ω

∂xu∂xvdx+ µ∗
∫

Ω

|∂xu|q−2∂xu∂xvdx− α

∫

Ω

p∂xvdx =

∫

Ω

fvdx,

c0

∫

Ω

∂tprdx+ α

∫

Ω

∂t∂xurdx+ k

∫

Ω

∂xp∂xrdx =

∫

Ω

hrdx.

w·EBÈ>E�Ö�^�`�cMHhg]dfPep�HIguZ��=L>`rGQPRJSE-KMg¨N]g¨\zï6\hGQp�d�g�gOG�^Rg]\*cMHIJ$cMHIPRZ�GIZ]\qK_g¨HIZ�¡SLM^�`rHIPRGIZVK_LæN]JSL_cM^eg
(u, p)

KMZ]N�JSLM^e`$E=GmKMgtèÆ@BAX@$¸�é�dfJSE=GIHIg�E=Gm�=LMg
ρ∂2t u

g]\hGU�'J$HIEMZ�g¹K>`$EM\
L2(0, T ;W−1,q∗(Ω))

A
l,g�\[Hhg]^e`rGQPRJSEM\�cMHhZ]N�Z]KMg�E=GIg]\�\hgm¡SZ�EMZ]HI`$^ePR\Ig�E=G[`$PREM\IP�`rLBxäÙ&JSE_N�GQPRJSEM\µ��GQg�\hG�K>`rEM\

W
1,q
0 (Ω)

g�G[^Rg
N]JSLMc_^eg

(u, p)
 SZ�HIPRÈMgmÈME>`$^Rg]dfg]E=G o ∀(v, r) ∈W 1,q

0 (Ω)×H1
0 (Ω)

Ö




ρ < ∂2t u, v >W−1,q∗ (Ω),W 1,q
0 (Ω) +λ

∗

∫

Ω

∂t∂xu∂xvdx− α

∫

Ω

p∂xvdx

+(λ+ 2µ)

∫

Ω

∂xu∂xvdx+ µ∗
∫

Ω

|∂xu|q−2∂xu∂xvdx =
∫

Ω

fvdx,

c0

∫

Ω

∂tprdx+ α

∫

Ω

∂t∂xurdx+ k

∫

Ω

∂xp∂xrdx =

∫

Ω

hrdx,

èÆ@BAX@BC�é

N]g��=LMPBdfJSE�GQHIg/�=LMg�^eg/N]JSLMc_^eg
(u, p)

\Q`bGQPe\zÙ:`$PRG!^Rg]\#cMHhJScMHhPeZ�GIZ]\#KMg�HhZ]¡SL_^�`$HhPRGQZ·gOG�^Rg]\#Z]�=L>`bGQPRJSEM\
 r`$HIPe`rGIPeJSE_EMg]^R^Rg�\�KMg�è9@BAk��éOA á g½cM^RLM\]Ö

u ∈ L∞(0, T ;H2(Ω))
gOG,KMJSE_N

u ∈ L∞(0, T ;W 1,∞(Ω))
A

l,`£cMHhg]L_ SgtKMgt^e`æcMHIJ$c'JS\IP0GQPeJ$E�@6ARC�{æg�\hG~`$NaºMgO SZ]g�\IP�JSE  SZ]HhPRÈ>gÛ�=LMgt^egsN]J$LMcM^eg
(u, p)\Q`rGIPe\hÙ:`rPRG�^Rg]\�N]JSE_KMPRGIPeJSEM\àPeE_PRGQPR`$^0g]\àPedfc'JS\IZ�g]\]A

á �X`rcMHIp�\#^Rg½^eg�d�dfg·@BA0C�j_Ö
(um)m∈N∗

g]\zG#�'JSHhEMZ]g·K>`$EM\
W (0, T ;H1

0 (Ω), H
1
0 (Ω))

gOG
(pm)m∈N∗g]\hG��'JSHIEMZ�gVK>`$EM\

W (0, T ;H1
0 (Ω), L

2(Ω))
A á gVcM^RLM\]Ö>N]gVdfã]dfgm^eg�d�dfg�d�J$E=GQHhgU`$LM\I\hP!�=LMg



@$v ðyñ?ò�ó�ô�õ:öO÷4lBù�¯[õhý6üM÷Uükm ý$ú�nÛû6ü*o�p:÷[ú�û�ú�pRôeúaq�òrôRöO÷
^�`¨\ILMP0GQg

ρ(∂tum)m∈N∗

g]\zG��'JSHhEMZ]gmK>`$E_\
W (0, T ;H1

0 (Ω), (H
1
0 (Ω) ∩H2(Ω))′)

A
ÿ H�Ö

W (0, T ;H1
0 (Ω), H

1
0 (Ω)) ↪→ C0([0, T ];H1

0 (Ω)),

W (0, T ;H1
0 (Ω), L

2(Ω)) ↪→ C0([0, T ];L2(Ω)),

g�G

W (0, T ;H1
0 (Ω) ∩H2(Ω), (H1

0 (Ω) ∩H2(Ω))′) ↪→ C0([0, T ]; (H1
0 (Ω) ∩H2(Ω))′)

N]JSdfdfg�JSEt^9�X`u 6L7`$LÛc>`$HQ`r¡SHQ`$c_ºMgV@6A @BA
ÿ Et`f`$^RJSHI\àc'JSLMH�GIJSL_G

t
K>`$EM\

[0, T ]
Ö>�=L>`$EMK

m
GIg]EMKÛ Sg]Hh\}^Æ��PeE_È>E_P o

• um(t, .)
N�JSE� Sg]HI¡$gm Sg]Hh\

u(t, .)
K>`$E_\

H1
0 (Ω)

Ù:`rPe�M^Rgkù
• pm(t, .)

N�JSE� Sg]HI¡$gm Sg]HI\
p(t, .)

K>`$EM\
L2(Ω)

Ù:`$Pe�M^Rgkù
• ρ∂tum(t, .)

N]JSE� Sg]Hh¡Sgm Sg]Hh\
ρ∂tu(t, .)

K>`$E_\
(H1

0 (Ω) ∩H2(Ω))′
Ù:`$Pe�_^eg$A

��gæHIZ�\ILM^0Ga`rGäg]\hGsg]E©cM`$HhGIPeN]L_^ePRg]Hf b`$^�`r�M^eg�c'JSLMH
t = 0

gOGÛdfJSE�GQHhg-�=LMg
um(0) → u(0)

Ö
pm(0)→ p0

g�G
ρ∂tum(0)→ ρ∂tu(0)

Hhg]\Ic'g�N�GIPR Sg]dfg�E=G*K>`rEM\
H1
0 (Ω)

Ö
L2(Ω)

gOG
(H1

0 (Ω) ∩
H2(Ω))′

Ù:`$Pe�M^Rg$A á �kLME-`$L_GIHIgUN�8rGQZ$Ö?JSE7`fc>`rH}KMZ�È>E_PRGQPRJSE
um(0) = u0m

Ö
ρ∂tum(0) = ρu1mg�G

pm(0) = p0m
Ö'^eg]\�\hLMPRGIg]\

(u0m)m∈N∗

Ö
(p0m)m∈N∗

gOG
ρ(u1m)m∈N∗

N]J$E= Sg�HI¡Sg]`$E=GqHIg]\hc'g]N��
GQPR Sg�dfg]E=G} Sg�HI\

u0
Ö
p0
gOG
ρu1

KM`$EM\
H1
0 (Ω)

Ö
L2(Ω)

g�G
(H1

0 (Ω) ∩H2(Ω))′
Ù:`$Pe�_^egrA>DF^, 6Peg�E=G

KMJSEMNä�=LMg
u(0) = u0

Ö
p(0) = p0

g�G
ρ∂tu(0) = ρu1 o ^eg~N�JSLMcM^Rg (u, p) `rPeEM\hP�N]JSE_\hGQHhLMPRG SZ]HIP0È>gm^eg�\[N�JSEMKMP0GQPRJSEM\àPeEMP0GQPe`r^Rg�\�KMg�è9@BAX�Sé�g�G}g�\hG�K_JSEMNmLMEMgm\IJS^RL_GQPRJSEsKMg�èÆ@6AX��é�A

¥

Ú}Û	ÜvÛÅÚ úÁäµà>å/àÅâ�û
l�g¨cMHhJS�M^ep�d�gU r`$HhP�`rGIPeJ$EMEMg]^�è9@BAk��é�`$KMdfg�GqK_JSEMN�`$LædfJSPREM\�LMEMg¨\IJS^RL_GQPRJSE

(u, p)
KMZ�È>E_Peg

c>`$H,^�`�c_HIJSc'JS\hPRGIPeJSEU@BA0C�{BÖ]GQg]^R^eg��6L_g
u
`$c_c>`$HhGIPeg�E=G!Ç

L∞(0, T ;W 1,∞(Ω))
A�DF^�g]\zG#d~`rPeE=GIg]E>`rE=G

E>`rGQL_HIg]^½KMg¹\Ig¹c'JS\Ig�HU^�`ä�=LMg]\zGQPeJ$E�KMg¹^Æ��LMEMPRN]PRGIZ¨K���LMEMg¹GQg�^e^Rg�\hJS^eLBGQPeJ$E�Ö�N]g¹�6L_P·g�\hGV\hJSL_ Sg]E�G
LMEtcMHIJS�_^ep]dfg�K_Z]^ePRNn`bG[KM`$EM\[^Æ��Z�GQL_KMgmK���Z]�=L>`rGIPeJSE_\}E_JSEt^ePREMZn`rPeHhg]\�A
ÿ E¨N�JSEM\IPRKMp�HIgàKMg�LBx¨N]J$LMcM^eg�\

(u, p)
g�G
(ũ, p̃)

\IJ$^eL_GIPeJSEM\!KML�c_HIJS�M^Rp]dfgqèÆ@BAk��é!`� Sg�Nà^eg�\yd�ã�d�g�\
N]JSEMK_PRGQPRJSEM\,PREMPRGIPe`r^Rg]\

u0
Ö
u1
Ö
p0
g�G#^eg�\!d�ã�d�g�\!KMJSE_EMZ]g�\

f
g�G
h
A ÿ Eu\hLMcMc'JS\hg��=LMg

u
g�G
ũ
\IJSE�G

K>`$EM\
L∞(0, T ;W 1,∞(Ω))

A � J$GQJ$EM\
ν
g�G
ψ
^e`�K_P���Z]Hhg]EMN�gUg�E=GIHIgm^eg]\�\IJ$^eL_GIPeJSEM\ o ν = u− ũg�G

ψ = p− p̃
A



l_ù®Ø=ùt®�÷mþ�ò«�
q ≥ 2 Ù ý$ú�nsû6ü*o�p&÷�üM÷mþ�û�ú*�Oûpeô&üBò_õ9ô&û�úsú�û�ú�pRôeúaq�òrôRöO÷ @S{

l,gmN�JSLMc_^eg
(ν, ψ)

 SZ�HIPRÈMgU`$^eJSHh\�^Rg]\�cMHIJSc_HIPeZOGQZ�\[\ILMP0 r`$E�GQg�\ o





(ν, ψ) ∈ L∞(0, T ;W 1,q
0 (Ω))× L∞(0, T ;H1

0 (Ω)),
ν ∈ L2(0, T ;H2(Ω)), ∂tν ∈ L2(0, T ;H1

0 (Ω)),
∂tψ ∈ L2(0, T ;L2(Ω)), ρ∂2t ν ∈ L2(0, T ;W−1,q∗(Ω)),c'JSLMH�cMHIg�\I�=LMgUGIJSL_G

t
KM`$EM\

]0, T [ ,∀(v, r) ∈W 1,q
0 (Ω)×H1

0 (Ω)

ρ < ∂2t ν, v >W−1,q∗ (Ω),W 1,q
0 (Ω) +λ

∗

∫

Ω

∂t∂xν∂xvdx− α

∫

Ω

ψ∂xvdx

+µ∗
∫

Ω

[
|∂xu|q−2∂xu− |∂xũ|q−2∂xũ

]
∂xvdx+ (λ+ 2µ)

∫

Ω

∂xν∂xvdx = 0

c0

∫

Ω

∂tψrdx+ α

∫

Ω

∂t∂xνrdx+ k

∫

Ω

∂xψ∂xrdx = 0,

(ν(0, x), ψ(0, x)) = (0, 0), ρ∂tν(0, x) = 0.

èÆ@BAX@S@Sé

Ü7`$EMP0Ù&g]\hGIg]dfg]E�GnÖ?^e`¹cMHhPeEMN�Pec>`r^eg�K_P��fN]LM^0GQZmc'JSL_H}JS�_GQg�EMPRH}L_EMgVZ�¡�`$^RPRGQZ�K��kZ�EMg]Hh¡SPegUEMJ$LM\�KMJ$EB�
E>`$E=G¨^Rg~HhZ]\IL_^RGa`bG¨K���LMEMPRN]PRGIZ~HhZ]\IPRKMg~PeN]P/K>`$E_\¨^�`�N�J6gOxBPe\zGQg]E_N]gsKMLêGIg]HIdfg~º�ïBc'g�HI�'JS^RPe�=LMg~KML
\Ig]N�JSEMK JSHhKMHIgä^eJSHh\I�=LMg

ρ 6= 0
g�G¹KMLçGIg]Hhd�gäEMJ$E ^ePREMZn`$PRHhg�GIHQ`$KML_PRG¨c>`$H¨LME

q− l,`$cM^e`$N�Peg]E`$cMcM^RPe�=LMZmÇ
u
A

Ý�È>E�KMg[c'JSL_ SJSPRH½GIHQ`$P0GQg]H½N�g[GQg�HIdfg[º=ï6c'g]Hh�'JS^ePR�=LMg}KMLf\Ig]N�JSEMK~JSHhKMHIg[g�G/Z]^RPedfP0EMg]H�^eg�\·GIg]Hhd�g�\
KMg£N�JSLMc_^�`$¡Sg-^RP�`$E�Gä^Rg]\sK_g]LBx©Z��=L>`rGIPeJSEM\�ÖàJSE©g�\hGtN�JSEMKML_PRGÛÇçcMHhg]EMKMHhg

v = ∂tν
N�JSdfd�g

Ù&JSEMN�GIPeJSE6��GQg�\hGmK>`rEM\U^�`scMHhg]dfPep�HIg�Z]�=L>`rGIPeJSEßKMg�èÆ@BAX@S@$éqgOG
r = ψ

K>`$E_\U^�`s\hg]N]J$EMKMgrA���gOGIGIg
N]JSE�GQHQ`rPeE�GQg¹^ePeZ�gfÇt^e`ÛcMHhZ]\Ig�EMN]g~KML�GIg]Hhd�g¹KMZ]HhPR SZ]gfK��kJ$HIKMHhg�KMg�LBx�g]EßGQg]dfcM\UK>`rEM\V^Æ��Z]�=L>`��
GQPeJ$Eßg]E

u
EMgfc'g]Hhd�gOGVc>`$\UK���L_GQPR^ePR\Ig�Hm^e`Ûc_HIJScMHhPeZOGQZ¹KMg�dfJSEMJrGQJSEMPRg�KML

q
�F^e`$cM^e`$N�PRg]E�A,�*��g]\zG

^�`�HQ`rPe\IJ$Eêc'JSLMHu^e`$�=LMg]^R^egfEMJSLM\�`n SJSEM\¨NaºMg]HhN�º_ZÛ^9�kg�xBPe\hGIg]EMN�gäKMgä\IJ$^eL_GIPeJSEM\
(u, p)

`n Sg]N
u
Ç

 r`$^Rg]LMHh\�K>`$EM\
W 1,∞(Ω)

A ÿ E~ $g]L_G�K_JSEMN*N�º_JSPe\hPeH
v = ∂tν

K>`$EM\�èÆ@BAX@S@Sé�A_��g�c�g�EMK>`rE=GnÖ
∂tν(t)E��kg�\hG��6L_gVK>`rEM\

H1
0 (Ω)

g�G}EMJSE�KM`$EM\
W

1,q
0 (Ω)

N�gU�6L_P!g�\hG�LME�J$�M\hGQ`$N]^RgV`rLtGQHI`$PRGIg]dfg]E�G[KML
GQg]Hhd�gä^RPeZäÇ

∂2t ν
A½�*��g]\zGfc'JSLMHI�=LMJ$PàJSEç b`æN]J$EM\IPRKMZ]Hhg]H�N]J$d�dfg�Ù&JSEMN�GIPeJSE6��GQg�\hG¨^egä�=LMJrGQPeg�E=G

KMP���Z]Hhg]E�GQPeg�^#K_g
ν
A ÿ EæcMHhg]EMKæKMJSE_N

v = ντ =
1
τ
(ν(t + τ) − ν(t))

`n Sg]N
τ > 0

gOG
r = ψ

A
ÿ Et`¹g]Et\IJ$d�d�`$E=G�^Rg]\�KMg]L6xtHIg�^�`rGIPeJSE_\�`$PeEM\hP�JS�_GIg]E=LMg]\ o

ρ < ∂2t ν, ντ >W−1,q∗(Ω),W 1,q
0 (Ω) +(λ+ 2µ)

∫

Ω

∂xν∂xντdx− α

∫

Ω

ψ∂xντdx

+µ∗
∫

Ω

[
|∂xu|q−2∂xu− |∂xũ|q−2∂xũ

]
∂xντdx+ λ∗

∫

Ω

∂t∂xν∂xντdx

+c0

∫

Ω

∂tψψdx+ α

∫

Ω

∂t∂xνψdx+ k

∫

Ω

|∂xψ|2dx = 0.

èÆ@BAX@$j�é
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� JSPRG

s ∈]0, T [ A?w½EtPeE=GIZ]¡SHI`$E=GUèÆ@BAX@$jSé�KMg 0 Ç s Ö>PR^� 6Peg�E=G o

ρ

∫ s

0

< ∂2t ν, ντ >W−1,q∗ (Ω),W 1,q
0 (Ω) dt+ (λ+ 2µ)

∫ s

0

∫

Ω

∂xν∂xντdxdt

−α
∫ s

0

∫

Ω

ψ∂xντdxdt+ µ∗
∫ s

0

∫

Ω

[
|∂xu|q−2∂xu− |∂xũ|q−2∂xũ

]
∂xντdxdt

+λ∗
∫ s

0

∫

Ω

∂t∂xν∂xντdxdt+
c0

2

∫

Ω

|ψ|2(s)dx

+α

∫ s

0

∫

Ω

∂t∂xνψdxdt+ k

∫ s

0

∫

Ω

|∂xψ|2dxdt = 0.

èÆ@BAX@r�=é

��JSd�dfg
lim
τ→0

ντ = ∂tν(t)
K>`$EM\

L2(0, T ;H1
0 (Ω))

c_LMPe\h�6L_g
∂tν ∈ L2(0, T ;H1

0 (Ω))
ÖM^egq\Ig�LM^

GQg]Hhd�gu�=LMPyc'J$\Ig¨cMHIJ$�M^ep�d�gV^RJSHI\I�=L���JSE-c>`$\h\Ig¹Ç~^e`�^ePed¹P0GIgV^RJSHI\h�6L_g
τ
GIg]EMK- Sg�HI\9��Z]HIJäg]\hG�^Rg

GQg]Hhd�gäº�ï6c'g]HI�'J$^ePe�=LMgäKML \hg]N�JSEMK JSHhKMHIgrA½w½E L_GQPR^eP0\Q`$E�G¨L_EMgsPeE�GQZ]¡$HQ`rGIPeJSE3c>`rH¨c>`$HhGIPeg�\¨c>`$H
HQ`$cMc'J$HhG}`$LÛGIg]dfcM\[\IL_H}N�gmGIg]HIdfg$ÖMJSEÛJS�_GQPRg]E�G[�=LMg o

ρ

∫ s

0

< ∂2t ν, ντ >W−1,q∗ (Ω),W 1,q
0 (Ω) dt =−

ρ

τ

∫ s

0

∫

Ω

∂tν(∂tν(t+ τ)− ∂tν(t))dxdt

+
ρ

τ

∫

Ω

∂tν(s)(ν(s+ t)− ν(s))dx
èÆ@BAX@S�Sé

cMLMPe\h�=LMg
ρ∂tν(0) = 0

c>`$H�KMZOÈ>EMPRGIPeJSE�A
ÿ H�JSEs`u^Æ��Z]¡�`$^RP0GIZ ∀x Ö y ∈ R Ö x(y− x) = 1

2
(y2− x2− (x− y)2) ABÝ*cMcM^RPe�=LMZ�g�`$LäcMHIg�dfPeg]HGQg]Hhd�g�K>`$E_\}^Rg�d�g�d¨�MHIg�K_gUK_HIJSP0GQg�KMg�è9@BA @$�SéOÖ_N]g�GhGQgmHIg]^e`rGQPRJSEsE_JSLM\[KMJSEME_gU�=LMg o

ρ

∫ s

0

< ∂2t ν, ντ >W−1,q∗ (Ω),W 1,q
0 (Ω) dt =−

ρ

2τ

∫ s

0

∫

Ω

|∂tν(t+ τ)|2dxdt

+
ρ

2τ

∫ s

0

∫

Ω

|∂tν(t)|2dxdt

+
ρ

2τ

∫ s

0

∫

Ω

|∂tν(t)− ∂tν(t+ τ)|2dxdt

+
ρ

τ

∫

Ω

∂tν(s)(ν(s+ t)− ν(s))dx.
èÆ@BAX@$v�é



l_ù®Ø=ùt®�÷mþ�ò«�
q ≥ 2 Ù ý$ú�nsû6ü*o�p&÷�üM÷mþ�û�ú*�Oûpeô&üBò_õ9ô&û�úsú�û�ú�pRôeúaq�òrôRöO÷ @$�

y`$H}`$PR^e^0g]LMHh\]Ö_g]Etg���g]NOGQL>`rE=G�LMEtNaº>`$E_¡Sg]dfg]E�G}KMgm b`$HIPe`$�M^Rg]\]Ö_JSE�` o
− ρ

2τ

∫ s

0

∫

Ω

|∂tν(t+ τ)|2dxdt+ ρ

2τ

∫ s

0

∫

Ω

|∂tν(t)|2dxdt =

− ρ

2τ

∫ s+τ

τ

∫

Ω

|∂tν(t)|2dxdt+
ρ

2τ

∫ s

0

∫

Ω

|∂tν(t)|2dxdt =

− ρ

2τ

∫ s+τ

s

∫

Ω

|∂tν(t)|2dxdt+
ρ

2τ

∫ τ

0

∫

Ω

|∂tν(t)|2dxdt.

èÆ@BAX@S{Sé

Ü7`$Pe\*g]EæL_GQPR^ePR\I`$E=G*^e`~cMHhg]dfPep]HhgVÙ&JSHId¨LM^RgVKMg�^e`~dfJ�ïSg�EMEMg o ∃c1 ∈]s, s + τ [
g�G ∃c2 ∈]0, τ [GQg]^R\[�=LMg

− ρ

2τ

∫ s+τ

s

∫

Ω

|∂tν(t)|2dxdt+
ρ

2τ

∫ τ

0

∫

Ω

|∂tν(t)|2dxdt =

−ρ
2

∫

Ω

|∂tν(c1)|2dx+
ρ

2

∫

Ω

|∂tν(c2)|2dx.

èÆ@BAX@$��é

��JSd�dfgàKMg[cM^eL_\·^Rg�HIZ�g]^ ρ
2τ

∫ s

0

∫

Ω

|∂tν(t)−∂tν(t+τ)|2dxdt
g�\hG/c�J$\IP0GQPRÙµÖMèÆ@6A @$vSéyKMgO BPRg]E�G o

ρ

∫ s

0

< ∂2t ν, ντ >W−1,q∗(Ω),W 1,q
0 (Ω) dt ≥−

ρ

2

∫

Ω

|∂tν(c1)|2dx+
ρ

2

∫

Ω

|∂tν(c2)|2dx

+
ρ

τ

∫

Ω

∂tν(s)(ν(s+ t)− ν(s))dx

g�G�g�E�cM`$\I\I`$E=G½Ç*^e`}^ePed¹P0GIg/K>`rEM\�èÆ@BAX@r�=é�^eJSHh\I�=LMg
τ → 0

ÖrJ$E¨JS�_GIPeg�E=G�`$^RJSHh\#�=LMgàc'J$LMHyc_HIg]\h�=LMg
GQJSL_G

s
K>`$E_\

]0, T [ o




ρ

2

∫

Ω

|∂tν|2(s)dx+ λ∗
∫ s

0

∫

Ω

|∂t∂xν|2dxdt+
λ+ 2µ

2

∫

Ω

|∂xν|2(s)dx

+
c0

2

∫

Ω

|ψ|2(s)dx+ k

∫ s

0

∫

Ω

|∂xψ|2dxdt

≤ µ∗
∫ s

0

∫

Ω

[|∂xũ|q−2∂xũ− |∂xu|q−2∂xu]∂t∂xνdxdt.

èÆ@BAX@$��é

��JSd�dfg
u
g�G
ũ
\IJSE�G}K>`$EM\

L∞(0, T ;W 1,∞(Ω))
Ö>J$Etc'g]L_G}d�`$PeE�GQg]EM`$E=G�KMZOÈ>EMPRH[^Rg�HIZ]g�^ o

m = (q − 1)max
{
sup
x∈Q

|∂xu|q−2, sup
x∈Q

|∂xũ|q−2
}
.



jS¸ ðyñ?ò�ó�ô�õ:öO÷4lBù�¯[õhý6üM÷Uükm ý$ú�nÛû6ü*o�p:÷[ú�û�ú�pRôeúaq�òrôRöO÷
Ý*^eJ$HI\]Ö_^eg�\Ig�N]J$EMK7dfg]d¨�_HIg�KMg�èÆ@6A @$�Sé�c'g]L_G}\Igmd~`�ÞhJSHhg]Hàc>`$H o
∣∣∣∣µ
∗

∫ s

0

∫

Ω

[|∂xu|q−2∂xu− |∂xũ|q−2∂xũ]∂t∂xνdxdt
∣∣∣∣ ≤ µ∗

∫ s

0

∫

Ω

m|∂xν||∂t∂xν|dxdt

≤ C

∫ s

0

∫

Ω

m2|∂xν|2dxdt

+
λ∗

2

∫ s

0

∫

Ω

|∂t∂xν|2dxdt
g�G}^9�kJSEsJS�_GQPRg]E�G�È>E>`$^Rg]dfg]E�G[�=LMgUc'JSLMH�cMHIg�\I�=LMgUGQJ$L_G

s ∈]0, T [ Ö
ρ

2

∫

Ω

|∂tν|2(s)dx+
λ∗

2

∫ s

0

∫

Ω

|∂t∂xν|2dxdt+
λ+ 2µ

2

∫

Ω

|∂xν|2(s)dx

+
c0

2

∫

Ω

|ψ|2(s)dx+ k

∫ s

0

∫

Ω

|∂xψ|2dxdt ≤ C

∫ s

0

∫

Ω

m2|∂xν|2dxdt.
w·Etc>`$HzGQPRN]LM^RPRg]H]ÖBJSE�`�c'JSLMH[c_HIg]\h�=LMgUGQJSLBG

s ∈]0, T [ Ö
λ+ 2µ

2

∫

Ω

|∂xν|2(s)dx ≤ C

∫ s

0

∫

Ω

m2|∂xν|2dxdt

g�G½^eg�^eg]dfdfg�KMg.:�HIJSE�Hà`$^R^BHI`$cMc'g]^RZ�`$L�c>`$HI`$¡SHI`$cMºMg[@BAX@*gOG/`rcMcM^ePR�=LMZ�ÇqN�g�GhGQg�PeE_Z]¡�`r^eP0GIZ�E_JSLM\
c'g]HIdfg�G[K��k`«�fHIdfg]H��6L_g$Ö?c'JSL_H[cMHhg]\I�=LMgUGIJSL_G

s
K>`$EM\

]0, T [
Ö ∫

Ω

|∂xν|2(s)dx = 0
A

Ý*PeE_\IPÆÖ_c'JSL_H[cMHIg�\I�=LMgUGIJSL_G
s
K>`$EM\

]0, T [
Ö
∂xν = 0

K>`$E_\
Ω
g�G}JSEÛJS�_GQPRg]E�G o

ρ

2

∫

Ω

|∂tν|2(s)dx+
λ∗

2

∫ s

0

∫

Ω

|∂t∂xν|2dxdt+
c0

2

∫

Ω

|ψ|2(s)dx+ k
∫ s

0

∫

Ω

|∂xψ|2dxdt ≤ 0

N]gV�=LMP!PRd�c_^eP0�=LMgm�=LMg
ν = ψ = 0

K>`$E_\
Ω× (0, T ) gOG�GIg]HIdfPeE_gm^�`¹cMHIg�L_ SguKMgU^Æ��LMEMPRN]P0GQZ�KMg^�`¨\IJS^RL_GQPRJSE

(u, p)
K_L�cMHhJS�M^Rp]dfgfè9@BAX�SéOA

� J$LM\f`n SJSEM\¹KM`$EM\¹N�gÛc>`rHQ`$¡SHI`$cMºMgÛ@BAkjæKMJSEME_ZÛLME HhZ]\hLM^RGQ`rG¹K��kg�xBPe\hGIg]EMN�gt¡SH�;$N�gÛÇæKMg]\
GQg]NaºMEMPR�=LMg]\�KMg�N]J$d�cM`$N]P0GQZ$ÖS r`r^�`$�M^Rg[^eJ$HI\I�=LMg

q ≥ 2 g�G u0 ∈ H1
0 (Ω)∩H2(Ω)

A á `$EM\�N]g�Nn`r\]Ö
^eg]\q\IJS^RL_GQPRJSEM\*JS�_GQg�E6LMg�\U\hJSE=G�GIHIp]\�HIZ�¡SLM^ePRp]Hhg]\qcMLMPR\I�=LMg¹^Æ��JSE£`äcMHIJSLB SZ¹�=LMg

∂xu ∈ L∞(Q)N]gq�6L_P�E_JSLM\�`¨c'g�HIdfPe\�K_g�dfJSE�GQHIg�H�^Æ��LMEMPRN]P0GQZ�K_gq^�`V\IJS^RL_GQPRJSE�ABw½EäÙ:`$PRG]Ö6JSEäc�g�L_G�KMJSEME_g]HàLME
HIZ]\hLM^RGQ`rGmK��kg�xBPe\hGIg]EMN�g�KMp]\U�=LMg

q > 1
g�G
u0 ∈ H1

0 (Ω) ∩W 1,q
0 (Ω)

g]E�LBGQPe^RPR\I`$E=G�^Rg¹^Rg]dfdfg
@BARCnj¨g�G�LMEMg�dfZ�GQº_J6KMg�K_g�d�J$EMJ$GQJ$EMPegrA_l,`¨\IJ$^eL_GIPeJSE~JS�_GQg�E6L_gmg�\hG}`$^eJ$HI\�d�J$PeEM\�HhZ]¡SL_^ePRp]HIg*gOG
N]gVd�`$EM�=LMgUK_gVHIZ�¡SLM^e`$HIP0GQZ�EMgUEMJSL_\*`fcM`$\�c'g�HIdfPe\[K_gVHIZ�\IJSL_KMHIgV^RgUc_HIJS�M^Rp]dfgmKMgU^Æ��LMEMPRN]P0GQZ$A
l!`àÞhLM\zGQP0È>Nn`rGIPeJSEfK_g�N]g�HIZ]\hLM^RGQ`rG�K���gOxBPR\hGQg�EMN]g*c'JSLMH

q > 1
Ù:`$P0G/^Æ��JS�6Þhg�G/KML~\IJSL_\z�FcM`$HQ`$¡$HQ`$cMº_g

@BAk�_A @~KMg�^�`ä\hg]NOGQPeJ$Eß\hLMPR b`$E=GIg¹N]`$H�PR^ycMHhg]EMK�`rcMcMLMP�\IL_Hm^Rg]\qGIg]NaºMEMPR�6L_g]\UKMZO Sg]^RJScMc'Z�g]\Uc'JSLMH
^Æ��Z�GQL_KMgmKMLtdfJ6KMp]^Rg��=L>`$\hP0��\hGa`bGQPe�=LMg

ρ = 0
A



l_ù®ü=ùt®�÷mþ�ò«�
q > 1

j_C

[]\Åý Ïº�þhLzDu
q > 1

Ú}Û�ÿ.Û5Ý �Âã��������
	>ã�����'á�à���á�â��¤â�à���µã
á `$E_\qN]g¨c>`rHQ`$¡SHI`$cMºMgVJSE-\]��PeE=GIZ]Hhg]\I\hg¹`$L-Nn`r\qJ��

ρ = 0
A��*��g]\zGmN]g¨�=LMg¨^9�kJ$E-E_JSd�dfgV^Rg

d�J6KMp�^eg��=L>`$\hP0��\hGa`bGQPe�=LMg~�=LMP�K_Z]N]HhPRG¨^Rg]\ud�J$L_ Sg]dfg]E�GQ\¨KM`$EM\¨^Rg~dfPe^RP0g]L3c'JSHhg]LBxê�=L>`rEMK ^Rg]\
g���g�GQ\}KMgV^9�kPREMg�HhGQPRg�\hJSE=G�EMZ�¡S^RPe¡Sg]`$�M^Rg]\�A'��gUd�J6K_p]^eg�cMHIg�EMK7g�E7N]J$d�cBGQgU^Rg]\[^eg]E�GQg�\}KMZ�Ù&JSHhd~`��
GQPeJ$EM\�KML_g]\�Ç�^e`�N�JSEM\hJS^ePRK>`rGQPRJ$E�gOG�`$L6x7PRE_È>^RGIHQ`rGIPRJ$EM\}KML7âMLMPeKMgVK>`$E_\*^�`fd�`rGQHhPeN]gmc'JSHIg�LM\IgrA
l·��Z�GILMKMgàd�`rGQºMZ�d~`bGQPR�=LMg�KMZO Sg]^RJScMc'Z]g�`$L¨c>`$HI`$¡SHQ`rcMºMg�@BAkjq`*c'g�HIdfPe\#K���Z�Ga`r�M^ePRH#KMg�\�HIZ]\hLM^RGQ`rGQ\
K��kg�xBPe\hGIg]EMN�gäg�GuK��kLME_PeN]P0GQZf^RJSHI\h�6L_g

q ≥ 2
gOG
u0 ∈ H1

0 (Ω) ∩ H2(Ω)
A!DFN]P9Ö,JSE� r`�dfJSE�GQHIg�H

�6L��kLME_gfZ�GQL_KMgfK_PeHIg�N�GIg¹KMg¹N�g¹Nn`$\mc'g�HIdfg�GmK��k`$d�Z�^ePRJSHhg]H*^eg�\�HIZ]\hLM^RGQ`rGQ\�KMZFÞIÇÛJS�_GIg]E=LM\U¡SH0;$N]g
Çf^Æ��L_GQPR^RPR\I`rGQP0JSEÛK���LMEMgVd�ZOGQºMJ6K_gVK_gVdfJSEMJ$GIJSEMPRg$A>w½E7g���g�G]Ö'JSEt r`fcMHIJSLB Sg]H��=LMgV^egm\hï6\hGIp]dfg
�6LM`$\IPª�F\hGQ`rGQPR�=LMg~g�\hG¨�MPeg�Eêc'JS\IZ~KMp]\¨�=LMg

q > 1
g�G
u0 ∈ W = H1

0 (Ω) ∩W 1,q
0 (Ω)

\Ig]L_^egO�
d�g�E=GnA/Y[g]d�`$Hh�6L_JSEM\��=LMg

W = H1
0 (Ω)

Ö
W ′ = H−1(Ω)

\IP
q ≤ 2

g�G
W = W

1,q
0 (Ω)

Ö
W ′ = W−1,q∗(Ω)

\IP
q > 2

A
l!`¨Ù&JSHhd�L_^�`rGIP0JSEä b`$HIPe`rGQPRJSEMEMg�^R^Rg�`r\I\IJ6N�PeZ�gV`$LÛcMHIJS�_^ep�d�gqg]\hG}PeN�P�^�`¨\ILMP0 r`$E�GQg o




� HhJSL_ Sg�H
(u, p) ∈ L∞(0, T ;W )× L∞(0, T ;H1

0 (Ω))
GQg�^��=LMg

∂tu ∈ L2(0, T ;H1
0 (Ω)), ∂tp ∈ L2(0, T ;L2(Ω)) SZ]HhPRÈ?`$E�G}c'JSL_H[cMHhg]\I�=LMgUGIJSL_G

t
K>`$EM\

]0, T [,∀(v, r) ∈ W ×H1
0 (Ω) :

λ∗
∫

Ω

∂t∂xu∂xvdx+ (λ+ 2µ)

∫

Ω

∂xu∂xvdx+ µ∗
∫

Ω

|∂xu|q−2∂xu∂xvdx

−α
∫

Ω

p∂xvdx =

∫

Ω

fvdx,

c0

∫

Ω

∂tprdx+ α

∫

Ω

∂t∂xurdx+ k

∫

Ω

∂xp∂xrdx =

∫

Ω

hrdx,

(u(0, x), p(0, x)) = (u0(x), p0(x))

èÆ@BAkjS¸�é

`� Sg�N
u0 ∈ W

gOG
p0 ∈ H1

0 (Ω)
A ÿ EÛ r`¹dfJSE=GIHIg]Hà^eg oÔAÕ ;6�?��4613+æ(©¨:�O¾#¨��ÅbÄ¤í

q > 1 � u0 ∈ W � p0 ∈ H1
0 (Ω) �L² �eÅbÃQì � Â>Å�
BÃsíµÅ�
6í f îOí

h ∈ L2(0, T ;L2(Ω)) � �eîì$í�ìOí½Ö$�~îDMbÁ$Ã�Ä:Á$í:ÄÆÅ�����î$�¤Ã�Ä �§ð�è�Ç Á����~îOíB
O��îD
O�>Ä	��
?îqì�Å��®
Bí:ÄÆÅ�� (u, p) �Ý�ÈME£K_g¨d�JSE�GQHhg]H*�=LMgÛèÆ@BAkjS¸�é[KMZ�ÈMEMPRGqLMEæLME_Pe�=LMg¨N]J$LMcM^eg
(u, p)

Ö�JSE-cMHIJ6N�p]K_g�g]EæKMg]L6x
Z�Ga`rc'g]\]A$l,`�cMHIg�d�PRp]HIg/N]JSE_N]g�HIEMgà^Æ��gOxBPR\hGQg�EMN�gàK���LMEMg�\IJ$^eL_GIPeJSEUKMg�èÆ@BAkjS¸SéOA � `*N�JSEM\zGQHIL_N�GQPRJSE¨g�\hG
PeN]P�g�EMN]J$HIg��>`r\IZ]g�\hLMH#L_EMg�dfZ�GIºMJ6KMg/K��k`$cMc_HIJ�xBPRd~`bGQPRJSEmK_gL:m`$^eg�H0�=PeEmN�JSdfd�g·`$LVc>`$HI`$¡SHQ`rcMºMg
@BAXj¹d~`$PR\[g�E7L_GQPR^ePR\Q`rE=G[N]gOGIGIgVÙ&J$Pe\z��N]P�LME_gVd�ZOGQºMJ6KMgUKMgVdfJSE_J$GQJSE_Peg�c'JSLMH}^eg�GQHQ`rPRGQg�dfg]E=G[KML
GQg]Hhd�g�EMJSE¨^ePREMZn`rPeHhg$A ÿ E¨\hgàc'JS\Igàg�EM\IL_PRGQg�^�`}�6L_g]\hGIPeJSE¨KMgà^9�kL_EMPeN�PRGIZ/K��kL_EMg�GQg�^e^eg/\IJS^RL_GQPRJSE�Abl,`
KMZ]dfJSEM\zGQHQ`bGQPeJ$EsÙ:`$P0G[`$cMc'g�^,Ç¹LMEMgmN]g�HhGQ`$PeEMg�N]^e`$\I\hgUK_gmÙ&J$EMN�GIPeJSEM\µ��GIg]\hG]ÖMKMPRGIg]\[K_gVl,`$KBï���g]EM\µ��b`�ÞI`-×���¸BÖ���jbØ9Ö��6L_Pyc'g]Hhd�gOG�K_guGQPRHIg�H*cM`$HhGIP#KMg¨^e`�d�J$EMJ$GQJ$EMPegUKMgu^Æ��JSc'Z]HI`rGQg�LMH*E_JSEæ^RPeEMZ]`$PRHIg



j�@ ðyñ?ò�ó�ô�õ:öO÷4lBù�¯[õhý6üM÷Uükm ý$ú�nÛû6ü*o�p:÷[ú�û�ú�pRôeúaq�òrôRöO÷
c'JSLMH[J$�_GQg�EMPeH�LME_gUPREMZ]¡�`r^eP0GIZqK���Z]EMg�HI¡SPRg$A

(#¨ª�?¨:��¨9� )���%9¥���+6�!"S+
ÿ EtN]J$EM\IPRKMp]HhgUKMJ$EMNm^eg�\hï6\zGQp]dfgUKMP���Z�HIg]E�GQPRg]^·è9@BARCn¸�é�K>`rEM\}^Rg�Nn`r\}J��

ρ = 0 o




λ∗
∫

Ω

∂t∂xum∂xwjdx+ (λ+ 2µ)

∫

Ω

∂xum∂xwjdx

+µ∗
∫

Ω

|∂xum|q−2∂xum∂xwjdx− α

∫

Ω

pm∂xwjdx =

∫

Ω

fwjdx,

c0

∫

Ω

∂tpmwjdx+ α

∫

Ω

∂t∂xumwjdx+ k

∫

Ω

∂xpm∂xwjdx =

∫

Ω

hwjdx

èÆ@BAkj_C�é

c'JSLMH�GIJSL_G
1 ≤ j ≤ m

Ö>`� Sg�NUc'JSLMH[N�JSEMK_PRGQPRJSEM\àPeEMP0GQPe`r^Rg�\ o
{
(um(0), pm(0)) = (u0m, p0m) ∈ Vm × Vm

GIg]^R^egq�=LMg
u0m → u0

K>`$EM\
W

gOG
p0m → p0

K>`$EM\
H1
0 (Ω).

èÆ@BAkj�@Sé

á �X`rcMHIp�\m^eguc>`$HI`$¡SHQ`rcMºMg¹@BAkj_Ö
(um, pm)m∈N∗

gOxBPR\hGQg�gOGmg�\hGmLMEMPR�6L_g$Ö�c'JSL_HqGIJSL_GQgu r`r^eg�LMHqKMg
m
A á g¨c_^eLM\�Ö�K��k`$c_HIp]\*^egV^eg�dfd�gu@6ARC�j�gOGq^�`fHIg�d~`rHI�=LMg�@BA0Cn�MÖ

(um)m∈N∗

g�G
(pm)m∈N∗

\IJSE�G
HIg]\hc'g]NOGQPR Sg�d�g�E=G��'JSHhEMZ]g�\fK>`$EM\¹^eg�\¹g]\hc>`$N�g]\

L∞(0, T ;W ) ∩ W (0, T ;H1
0 (Ω), H

1
0 (Ω))

g�G
L∞(0, T ;H1

0 (Ω))∩W (0, T ;L2(Ω), L2(Ω))
A ÿ Eäg�EsKMZ�KMLMP0GàKMJSE_Nq^9�kg�x_PR\hGIg]EMN�gqK���LMEMgq\hLMPRGIg

gOx6GQHI`$PRGIg�KMg
(um, pm)m∈N∗

�=LMg~^Æ��JSE�EMJ$GQg�Z]¡S`$^eg�d�g�E=G
(um, pm)m∈N∗

g�Gu�=LMP�\Q`bGQPe\zÙ:`$PRGU^Rg]\
cMHIJSc_HIPeZOGQZ�\[\ILMP0 r`$E�GQg�\ o





um → u
K>`rEM\

L∞(0, T ;W )
Ù:`$Pe�M^Rg ∗ ;

|∂xum|q−2∂xum → η
K>`rEM\

L∞(0, T ;Lq∗(Ω))
Ù:`$PR�M^egD�Nù

∂tum → ∂tu
K>`rEM\

L2(0, T ;H1
0 (Ω))

Ù:`$PR�M^Rg¤ù
pm → p

K>`rEM\
L∞(0, T ;H1

0 (Ω))
Ù:`$PR�M^egj�Bù

∂tpm → ∂tp
K>`rEM\

L2(0, T ;L2(Ω))
Ù:`$Pe�_^egrA

èÆ@BAkjSj�é

ÿ E�g�E KMZ�KMLMP0G�`$^RJSHI\-�=LMg ^egçN�JSLMcM^Rg
(u, p)

K_Z�È>EMP�K>`$EM\�èÆ@BAkjSjSé7N]JSdfdfgç^�`8^ePRdfP0GIgêKMg
(um, pm)m∈N∗

g]\zG�\hJS^eL_GIPeJSEsK_L�c_HIJS�M^Rp]dfgq b`$HIPe`rGQPRJSEMEMg�^ o ∀(v, r) ∈W ×H1
0 (Ω)





λ∗
∫

Ω

∂t∂xu∂xvdx+ (λ+ 2µ)

∫

Ω

∂xu∂xvdx+ µ∗
∫

Ω

η∂xvdx

−α
∫

Ω

p∂xvdx =

∫

Ω

fvdx,

c0

∫

Ω

∂tprdx+ α

∫

Ω

∂t∂xurdx+ k

∫

Ω

∂xp∂xrdx =

∫

Ω

hrdx

èÆ@BAkj$�=é



l_ù®ü=ùt®�÷mþ�ò«�
q > 1

jSj

�6L_P�KMP���p�HIgsK_gÛ^�`�Ù&JSHId¨LM^e`rGIPRJ$EêPeEMP0GQPe`r^Rgæè9@BAXj$¸�éVLMEMPR�=LMg]dfg]E�GfcM`$H�^eg~GIHIJSPR\IPep�dfg�GQg]Hhd�gäKMg
^�`Ûc_HIg]dfPep�HIg¹Z]�=L>`bGQPeJ$E�Ö,\hP/^9�kJ$Eßd�gOGVK_g�N�8rGQZfc'JSLMHU^9�kPREM\hGQ`$E=Gm^�`s�6L_g]\hGIPeJ$E3KMg�\uN�JSEMK_PRGQPRJSEM\
PeEMP0GQPe`r^Rg�\]A
ÿ EU\]��PeE=GIZ]Hhg]\I\hg�d�`$PeE�GQg�E>`$E�G#`rLUGQg�HIdfg

η
gOG#JSEV\Ig/cMHIJ$c'JS\Ig/KMg· SZ]HIP0È>g]H!�=LMg

η = |∂xu|q−2∂xug]E-L_GIPe^RPR\Q`$E�G}LMEMgudfZ�GIºMJ6KMgVKMgudfJSEMJrGQJSEMPRgmc'JSLMH�^�`$�=LMg�^e^Rgm^eg]\�c_HIJScMHhPeZOGQZ]\�KMgVN]JSE� Sg]Hh¡Sg]EMN�g
èÆ@BAkjSj�é·\IJSE�G�\IL¸�f\I`$E=GIg]\}Çu^�`VKMP���Z]Hhg]EMN�gqKMLsc>`$HQ`r¡SHQ`rcMºMg�@BAXjuJ��s^Æ��L_GIPe^RP0\Q`rGQP0JSE�K��k`$HI¡SL_d�g�E=GQ\
KMgmN]JSdfc>`$N�PRGQZqEMZ�N]g]\h\IPRGQ`$PRG[cM^RLM\[KMgmHhZ]¡SLM^e`$HIP0GQZrA� JSPRG

(ηm(v))m∈N∗

^e`�\hLMPRGIgmKMZOÈ>EMPRgUc'J$LMH�GIJSL_G
v ∈ L2(0, T ;W )

c>`$H o

ηm(v) = µ∗
∫ s

0

∫

Ω

[
|∂xv|q−2∂xv − |∂xum|q−2∂xum

]
[∂xv − ∂xum]dxdt.

è9@BAXjS�Sé

á �X`rcMHIp�\q^�`fdfJSEMJrGQJSEMPRgmKMgu^�`¹Ù&J$EMN�GIPeJSE
τ 7→ |τ |q−2τ Ö'^e`f\ILMP0GQg (ηm(v))m∈N∗

g�\hGqc'JS\hPRGIPR Sg$A
l!`�cMHhg]dfPep]Hhg�Z]�=L>`rGIPeJ$EtKMg�èÆ@BAkj_C�é�EMJSLM\[KMJSE_EMgU`$^eJSHh\ o




µ∗
∫

Ω

|∂xum|q−2∂xum∂xumdx =

∫

Ω

fumdx− λ∗
∫

Ω

∂t∂xum∂xumdx

− (λ+ 2µ)
∫

Ω

|∂xum|2dx+ α

∫

Ω

pm∂xumdx.

èÆ@BAkjSv�é

w·EtPeE�Þhg]N�GQ`$E�G}^9�kZ�¡�`$^RP0GQZ�èÆ@BAkjSv�é�K>`$EM\[^Æ��gOxBcMHhg]\h\IPeJ$Eêè9@BAXjS�Sé�KMg
ηm(v)

Ö>PR^� 6Peg�E=G o




ηm(v) = µ∗
∫ s

0

∫

Ω

|∂xv|q−2∂xv[∂xv − ∂xum]dxdt

︸ ︷︷ ︸
(a)

− µ∗
∫ s

0

∫

Ω

|∂xum|q−2∂xum∂xvdxdt

︸ ︷︷ ︸
(b)

+

∫ s

0

∫

Ω

fumdxdt

︸ ︷︷ ︸
(c)

+ α

∫ s

0

∫

Ω

pm∂xumdxdt

︸ ︷︷ ︸
(d)

− (λ+ 2µ)
∫ s

0

∫

Ω

|∂xum|2dxdt
︸ ︷︷ ︸

(e)

− λ∗
∫ s

0

∫

Ω

∂t∂xum∂xumdxdt

︸ ︷︷ ︸
(f)

.

èÆ@BAkj�{Sé

ÿ E� r`3d�`$PRE=GQg�E>`$E�G�L_GQPR^ePR\hg]Hf^Rg]\�HIZ�\ILM^0Ga`rGI\~KMg7N�JSE= Sg�HI¡Sg�EMN]g è9@BAkjSj�é�A�l�g]\�GQHhJSPe\fcMHhg]dfPeg]Hh\
GQg]Hhd�g�\�KMg¨èÆ@BAkj�{Sé½\Ig�GIHQ`$P0GQg]E�G/GQHIp�\�Ù:`$N�Pe^eg�dfg]E�G�c>`rH�KMZ�È>E_PRGQPRJSE�KMg*^e`UN]JSE� Sg]Hh¡Sg]EMN�gqÙ:`$PR�M^eg[gOG
Ù:`$PeHhg�GQg]E_KMHIg

m
 Sg�HI\·^9�kPRE_È>EMPBHhg� 6Peg�E=G·ÇqHIg]dfcM^e`$N]g�H

um
c>`rH

u
K>`rEM\½^eg�\�PeE=GIZ]¡SHI`$^eg�\

(a)
g�G
(c)
Ö

g�G |∂xum|q−2∂xum
c>`$H

η
K>`$EM\u^9�kPRE=GQZ�¡SHI`$^Rg

(b)
A#l�g~�=L>`bGQHIPRp]dfgfGIg]Hhd�g

(d)
c'g�L_G¨\Ig�d��_^eg�H

cM^eLM\mKMP��fN]PR^eg¹ÇsGIHQ`$P0GQg]H�N]`$HmPe^yÙ:`$P0GmPRE=GQg�Hh Sg�EMPeH�\IPed¨LM^0Ga`rEMZ]dfg�E=G
pm

gOG
∂xum

A!��g]c'g�EMK>`$E�GnÖ



j$� ðyñ?ò�ó�ô�õ:öO÷4lBù�¯[õhý6üM÷Uükm ý$ú�nÛû6ü*o�p:÷[ú�û�ú�pRôeúaq�òrôRöO÷
N]gfE���g]\hGVc>`$\ULME_g�HhZ]g]^R^eg�KMP��fN�LM^RGIZ¹cMLMPR\I�=LMg

pm
N]J$E= Sg�HI¡Sgf Sg�HI\

p
K>`$EM\

H1(Q)
Ù:`$PR�M^egrÖ�gOG

KMJSEMN}K>`rEM\
L2(Q)

Ù&JSHzG/K��k`$cMHIp�\�^9�kPREbÞhg]NOGQPRJSE¹N�JSdfc>`$NOGQg}K_g
H1(Q)

K>`rEM\
L2(Q)

Ö�GQ`$EMKMPR\·�=LMg
∂xum

N]JSE� Sg]Hh¡Sg¹ Sg]Hh\
∂xu

K>`$EM\
L2(Q)

Ù:`rPe�M^Rg$A�Ý*PeE_\IPÆÖ�^Rg��6LM`rGQHhPep]dfg¨GIg]HIdfg
(d)

N�JSE= Sg�HI¡Sg
�6LM`$EMK

m
GQg�EMKt Sg�HI\}^9�kPRE_È>EMP� Sg�HI\ ∫

Ω
p∂xudx

A#JSLMH~^eg�N�PeEM�=LMPRp]dfg�GIg]Hhd�g
(e)
Ö�cMLMPR\I�=LMg

(∂xum)m∈N∗

N�JSE= $g]HI¡$g- Sg�HI\
∂xu

KM`$EM\
L2(Q)Ù:`$Pe�M^Rg$ÖBJSE�`_ÖMc>`rH[cMHhJScMHhPeZ�GIZ�KMgU^e`�N�JSE= $g]HI¡$g]EMN�gVÙ:`rPe�M^Rg o

lim

∫ s

0

∫

Ω

|∂xum|2dxdt ≥
∫ s

0

∫

Ω

|∂xu|2dxdt.
è9@BAXj$��é

w·EBÈ>E�Ö?J$E�`¹c'J$LMH�GQJ$L_G
s ∈]0, T [ Ö

∫ s

0

∫

Ω

∂t∂xum∂xumdxdt =
1

2

∫

Ω

|∂xum|2(s)dx−
1

2

∫

Ω

|∂xu0m|2dx.

ÿ H�Ö_�=L>`rEMK
m
GQg�EMKs Sg�HI\�^Æ��PeE_ÈMEMPÆÖ

(u0m)m∈N∗

N]JSE� Sg]Hh¡Sg� Sg�HI\
u0
K>`$EM\

H1
0 (Ω)

Ù&JSHhGàg�G�c'JSL_H
GQJSL_G

s
Ö
(∂xum(s))m∈N∗

N]JSE� Sg]Hh¡Sg� Sg�HI\
∂xu(s)

Ù:`$PR�M^RguKM`$EM\
L2(Ω)

K��k`$cMHhp]\fèÆ@6AXjSjSéOA ÿ Eß`
`$^eJSHh\ o

lim

∫ s

0

∫

Ω

∂t∂xum∂xumdxdt ≥
1

2

∫

Ω

|∂xu|2(s)dx−
1

2

∫

Ω

|∂xu0|2dx.

Ü7`$Pe\�N�JSd�dfgqLMEMgmPeE=GIZ]¡SHI`rGQPRJSEäc>`$H�c>`$HhGIPeg�\[\hLMH
[0, s]

EMJSLM\[KMJ$EMEMgU^e`�Hhg]^e`rGQPRJSE o
1

2

∫

Ω

|∂xu|2(s)ds−
1

2

∫

Ω

|∂xu0|2dx =
∫ s

0

∫

Ω

∂t∂xu∂xudxdt,

JSE�`�g]EÛÙ:`$PRG�^9�kPREMZ]¡S`$^RP0GIZ o

lim

∫ s

0

∫

Ω

∂t∂xum∂xumdxdt ≥
∫ s

0

∫

Ω

∂t∂xu∂xudxdt.
è9@BAXj$��é

l,g�\fK_g]LBx PeE_Z]¡�`$^RP0GQZ�\ÛèÆ@BAkjS��éVg�G�èÆ@BAkjS��éVEMJSLM\¹c'g�HIdfg�GIGIg]E�G�`$PeEM\hPàKMgÛN�JSE=GIH08S^Rg]H
lim ηm(v)¡SH�;$N�gUÇ�è9@BAkj�{Sé�gOG}K���g]E�K_Z]KMLMPRHIgm�=LMg o

lim ηm(v) ≤ µ∗
∫ s

0

∫

Ω

|∂xv|q−2∂xv[∂xv − ∂xu]dxdt− µ∗
∫ s

0

∫

Ω

η∂xvdxdt

+

∫ s

0

[∫

Ω

fudx− λ∗
∫

Ω

∂t∂xu∂xudx− (λ+ 2µ)
∫

Ω

|∂xu|2dx

+α

∫

Ω

p∂xudx

]
dt.



l_ù®ü=ùt®�÷mþ�ò«�
q > 1

j��

w·E_\ILMP0GQg$Ö,g�E3cMHhg]E>`rE=G
v = u

KM`$EM\U^�`scMHIg�d�PRp]Hhg¹Z]�=L>`rGIPeJSEßKMg7èÆ@BAkj$�=é�Ö�JSE�`t^9�kZ�¡�`$^ePªGQZ¨\ILMPª�
 r`$E�GQg o
∫

Ω

fudx− λ∗
∫

Ω

∂t∂xu∂xudx− (λ+ 2µ)
∫

Ω

|∂xu|2dx+ α

∫

Ω

p∂xudx = µ∗
∫

Ω

η∂xudx

�6L_P,E_JSLM\[c'g]HIdfg�G[K��X`rHIHIP0 Sg]H[Ç�^Æ��PeEMZ�¡�`$^RPªGQZrÖ ∀v ∈ L2(0, T ;W ) o

lim ηm(v) ≤ µ∗
∫ s

0

∫

Ω

[
|∂xv|q−2∂xv − η

]
[∂xv − ∂xu]dxdt.

è9@BAk�S¸�é

� JSPRG}d�`$PeE�GQg�E>`$E=G
w
K_JSEMEMZVK>`$EM\

L2(0, T ;W )
Aa#JSLMH[GQJSL_G

γ > 0
Ö
v = u + γw

g]\zG�`rLM\I\IP
K>`$EM\

L2(0, T ;W )
A á g¨cM^eL_\]Ö�N�JSdfd�g

ηm(v) ≥ 0
Ö�K��k`$cMHhp]\¹èÆ@6AXj��$é[g�Gq^�`fd�J$EMJ$GQJ$EMPegUK_g¨^�`

Ù&JSEMN�GIPeJSE
τ 7→ |τ |q−2τ Ö>J$E�`f`rLM\I\hP lim ηm ≥ 0

g�Guè9@BA���¸�é�K_g� 6Peg�E=G o ∀w ∈ L2(0, T ;W ),

∫ s

0

∫

Ω

[
|∂xu+ γ∂xw|q−2(∂xu+ γ∂xw)− η

]
∂xwdxdt ≥ 0

N]gm�6L_P,PRd�cM^RP0�=LMg�^RJSHI\h�=LMg
γ
GQg�EMKt Sg�HI\.�]Z�HIJ

∀w ∈ L2(0, T ;W ),

∫ s

0

∫

Ω

[|∂xu|q−2∂xu− η]∂xwdxdt ≥ 0.
è9@BAk�_C�é

w·EtN]J$EM\IPRKMZ]HI`$E=G}\hLMN]N�g]\I\IP0 Sg]dfg]E�G�èÆ@6Ak�MC�é�c'JSLMH
w
g�G −w ÖMJSEtJ$�_GQPRg]E=G[�=LMg o

∀w ∈ L2(0, T ;W ),

∫ s

0

∫

Ω

[|∂xu|q−2∂xu− η]∂xwdxdt = 0.

á JSEMNrÖ?c'JSL_H�GQJSLBG
w ∈ W g�G}c'JSL_H[cMHIg�\I�=LMgUGIJSL_G

t ∈]0, T [ o
∫

Ω

|∂xu|q−2∂xu∂xwdx =
∫

Ω

η∂xwdx.

l!`ÛÙ&JSHId¨LM^e`rGIPRJ$Eß b`$HIPe`rGQPRJSEME_g]^R^Rg�èÆ@6AXj$��é�KMg� 6Peg�E=G�`r^eJSHh\U^�`t\hLMPR b`$E=GIg o ^Rg�N�JSLMcM^Rg (u, p) g]\zG\IJS^RL_GQPRJSEsKMLtcMHIJ$�M^ep�d�g oc'JSLMH�GIJSL_G
(v, r) ∈W ×H1

0 (Ω)
Ö





λ∗
∫

Ω

∂t∂xu∂xvdx+ (λ+ 2µ)

∫

Ω

∂xu∂xvdx+ µ∗
∫

Ω

|∂xu|q−2∂xu∂xvdx

−α
∫

Ω

p∂xvdx =

∫

Ω

fvdx,

c0

∫

Ω

∂tprdx+ α

∫

Ω

∂t∂xurdx+ k

∫

Ω

∂xp∂xrdx =

∫

Ω

hrdx.



jSv ðyñ?ò�ó�ô�õ:öO÷4lBù�¯[õhý6üM÷Uükm ý$ú�nÛû6ü*o�p:÷[ú�û�ú�pRôeúaq�òrôRöO÷
#JSLMH�cMHhJSL_ Sg�H½^eg�HhZ]\hLM^RGQ`rG�K��kg�xBPe\hGIg]EMN�g[KML¨GQºMZ�JSHIp�d�g�@BARCn�_ÖrPe^6\IL¸�¹G·K_gà SZ�HIP0È>g]H��=LMg�^e`�GIHQ`$N�g
KML7N]JSLMc_^eg

(u, p)
Ç
t = 0

g]\hG*KMJSE_EMZ]gucM`$H�^RgUN]JSL_cM^eg
(u0, p0)

A á �k`$cMHhp]\�èÆ@6AXjSjSéOÖ
(um)m∈N∗g]\hG}�'JSHIE_Z]gmK>`$EM\

W (0, T ;H1
0 (Ω), H

1
0 (Ω))

gOG
(pm)m∈N∗

K>`$EM\
W (0, T ;L2(Ω), L2(Ω))

A
w·EuLBGQPe^RPR\Q`rE=G,^Æ��PeE�Þhg]N�GIPeJ$EUN�JSE�GQPeE=LMg/KMg�N�g]\yg�\Ic>`rN]g�\�K>`$E_\#^Æ��g]\hc>`$N]g

C0([0, T ];L2(Ω))
N]JSdfd�g

HQ`$cMc'g�^eZ�`$L�c>`rHQ`$¡SHI`$cMºMg7@BAX@BÖ·JSE�c'g�L_G~GIHIJSLB Sg]H�Ö�c'JSL_HfGQJ$L_G
t ∈ [0, T ]

Ö/L_EMg7\hJSLM\µ�F\ILMP0GQg
(um, pm)m∈N∗

GQg�^e^RgU�=LMg
(um(t), pm(t))

N]JSE� Sg]Hh¡SgV Sg]Hh\
(u(t), p(t))

K>`rEM\
(L2(Ω))2

Ù:`$PR�M^eg
�6LM`$EMK

m
GIg]EMK¨ Sg�HI\½^Æ��PeEBÈ>EMP9Abw·E�c>`rHhGQPRN]LM^RPRg]H!JSE¹`*KMJ$EMNà�=LMg

(um(0, x), pm(0, x))
N]J$E= Sg�HI¡Sg

 Sg]HI\
(u(0, x), p(0, x))

K>`$EM\
(L2(Ω))2

Ù:`$Pe�_^egrA
ÿ H�c>`rH�º�ïBc'JrGQºMp�\Ig$Ö

um(0, x) = u0m(x)
N]J$E= Sg�HI¡Sg* Sg�HI\

u0(x)
KM`$EM\

W
Ù&JSHzG�g�G

pm(0, x) =
p0m(x)

N]J$E= Sg�HI¡Sg� Sg]Hh\
p0(x)

K>`$EM\
H1
0 (Ω)

Ù&JSHzGy�=L>`$EMK
m
GQg]E_K¨ Sg]Hh\½^9�kPRE_È>EMP9A�Ý�PeEM\hPÆÖ�K��k`$cMHIp�\

^Æ��LMEMPeN�PRGIZÛKMgt^�`£^ePRdfPªGQgäÙ:`$Pe�M^Rg$Ö�JSE�`
(u(0, x), p(0, x)) = (u0(x), p0(x))

K>`$EM\
Ω
N]g��=LMP

`$NaºMp� SgU^�`¨cMHIg�L_ SgUKMgm^Æ��gOxBPe\zGQg]E_N]gUK��kLME_gU\IJS^RL_GQPRJSEsKMg�èÆ@6AXj$¸�éOA

(#¨ª�?¨:��¨e( �Û�!%9"�%¤��;
á `$E_\·N]gOGIGQg[cM`$HhGIPeg$ÖrJSE� r`�d�J$E=GQHhg]H�^Rg�HhZ]\hLM^RGQ`rG·K��kLME_PeN]P0GQZà\IJ$LM\·^eg�\½º=ï6c'J$GIºMp]\hg]\

u0 ∈Wg�G
q > 1

A� JSPeg�E=G
(u, p)

g�G
(ũ, p̃)

KMg�LBxæ\IJS^RL_GQPRJSEM\*KML£cMHIJ$�M^ep�d�gsèÆ@BAkjS¸Sé*`$\I\hJ6N]PRZ]g�\U`$L£dfã]dfg}Þhg�L£KMg
N]JSEMK_PRGQPRJSEM\�PeEMP0GQPe`r^Rg�\]A ÿ E�EMJrGQgtg]EMN�JSHIg

(ν, ψ)
^�`æKMP���Z]Hhg]EMN�g�g]E�GQHhg�^eg�\fKMg�LBx�\IJS^RL_GQPRJSEM\ o

ν = u− ũ
g�G
ψ = p− p̃

A>l�gmN]JSLMc_^eg
(ν, ψ)

 SZ�HIPRÈMgm^eg]\�cMHhJScMHIPRZ�GIZ]\ o




(ν, ψ) ∈ L∞(0, T ;W )× L∞(0, T ;H1
0 (Ω)),

∂tν ∈ L2(0, T ;H1
0 (Ω)), ∂tψ ∈ L2(0, T ;L2(Ω)),c'JSLMH[c_HIg]\h�6L_gUGQJSLBG
t
K>`$E_\

]0, T [, ∀(v, r) ∈ W ×H1
0 (Ω)

λ∗
∫

Ω

∂t∂xν∂xvdx+ (λ+ 2µ)

∫

Ω

∂xν∂xvdx

+µ∗
∫

Ω

[
|∂xu|q−2∂xu− |∂xũ|q−2∂xũ

]
∂xvdx− α

∫

Ω

ψ∂xvdx = 0

c0

∫

Ω

∂tψrdx+ α

∫

Ω

∂t∂xνrdx+ k

∫

Ω

∂xψ∂xrdx = 0

èÆ@BA��=@Sé

`� Sg�NU^eg�\[N�JSEMKMP0GQPeJ$EM\�PREMPRGIPe`$^0g]\àºMJSdfJS¡$p]EMg�\
(ν(0, x), ψ(0, x)) = (0, 0)

A
l,g½GQHI`$PRGIg]dfg]E�G,KMLmGQg]Hhd�g½EMJSEU^ePeE_Zn`$PRHhg�N]JSEM\zGQP0GQLMg·PeN�P=`rLM\I\IP=L_EVc'JSPRE=G,KMZ�^ePeN]`rGnA]Ý�È>EVK��kg�xBcM^eJSPª�
GQg]H�^�`fd�JSE_J$GQJSE_PegUK_L-GIg]HIdfgVEMJSE-^RPeEMZ]`$PRHIgrÖ?JSE7 Sg�L_G�NaºMJSPR\IPRH

v = ν
N]JSdfdfgUÙ&JSEMNOGQPRJSEB�ÆGQg]\zG

K>`$EM\u^�`�c_HIg]dfPep�HIg�Z]�=L>`bGQPeJ$E�A#Ý�^eJSHh\]Ö#`rÈMEçKMg~c'JSL_ SJ$PeHVZ]^RPedfP0EMg]HU^eg�\VGQg�HIdfg]\uKMg~N]JSL_cM^�`r¡Sg
g]E=GIHIgV^Rg]\}KMg]L6x7Z��=L>`rGQPRJSEM\�Ö'JSE�L_GQPR^ePR\hgmc'JSLMH}^�`¹KMg�LBxBPep�d�gUZ]�=L>`rGIPeJSE�LME_gVÙ&J$EMN�GIPeJSEB�ÆGQg�\hG}KMg
l!`rK_ïO�]g�EM\0�b`�ï�`_A



l_ù®ü=ùt®�÷mþ�ò«�
q > 1

j�{

� JSPRG
ϕ
K_Z�È>EMPRgmc>`$H o

ϕ(t, x) =





∫ s

t

ψ(σ, x)dσ
\IP

t ≤ s,

0
\hP

t ≥ s.

Ý*^eJ$HI\]Ö_\IP�JSEtc'J$\Ig
ϕ̃(t, x) =

∫ t

0

ψ(σ, x)dσ
ÖM^eg�\[cMHhJScMHIPRZ�GIZ]\[\hLMPR r`rE=GIg]\}\hJSE=G[ SZ�HIP0È>Z]g�\ o

{
ϕ(t, x)= ϕ̃(s, x)− ϕ̃(t, x) ϕ(0, x)= ϕ̃(s, x) ϕ(s, x)= 0

∂tϕ(t, x)=−ψ(t, x) ∂tϕ(0, x)= 0 ∂tϕ(s, x)=−ψ(s, x).
èÆ@BA���j�é

ÿ E�N]JSEM\hPeKMp�HIg�^egàN�JSLMcM^Rg
(ν, ϕ)

N]JSdfdfg�Ù&JSEMNOGQPRJSEB��GIg]\zG½K>`$E_\�è9@BAk��@SéOArÝ*cMHhp]\·PRE=GQZ�¡SHQ`bGQPeJ$E¨c>`rH
HQ`$cMc'J$HhG}`$LÛGIg]dfcM\[\IL_H}^9�kPRE=GIg]Hh b`$^e^0g

[0, s]
ÖMPe^� 6Peg]E�G o





λ∗

2

∫

Ω

|∂xν|2(s)dx+ (λ+ 2µ)
∫ s

0

∫

Ω

|∂xν|2dxdt+ c0

∫ s

0

∫

Ω

∂tψϕdxdt

+α

∫ s

0

∫

Ω

[ϕ∂t∂xν − ψ∂xν]dxdt+ k

∫ s

0

∫

Ω

∂xψ∂xϕdxdt

+µ∗
∫ s

0

∫

Ω

[
|∂xu|q−2∂xu− |∂xũ|q−2∂xũ

]
∂xνdxdt = 0.

èÆ@BA��S�=é

ÿ H�ÖMg]EtL_GQPR^ePR\I`$E=G�L_EMgUPRE=GIZ]¡SHI`rGQPRJSEäc>`$H[cM`$HhGIPeg]\�gOG}^eg�\[cMHhJScMHIPRZ�GIZ]\VèÆ@6Ak�Sj�éOÖ_JSE�` o
∫ s

0

∫

Ω

∂tψϕdxdt = −
∫ s

0

∫

Ω

ψ∂tϕdxdt =

∫ s

0

∫

Ω

|ψ|2dxdt ;
∫ s

0

∫

Ω

[ϕ∂t∂xν − ψ∂xν]dxdt = −
∫ s

0

∫

Ω

[∂tϕ∂xν + ψ∂xν]dxdt = 0 ;

∫ s

0

∫

Ω

∂xψ∂xϕdxdt = −
∫ s

0

∫

Ω

∂t∂xϕ∂xϕdxdt

= −1
2

∫

Ω

|∂xϕ|2(s)dx+
1

2

∫

Ω

|∂xϕ|2(0)dx

=
1

2

∫

Ω

|∂xϕ̃|2(s)dx
g�Gàè9@BAk�$�=é�g�E=GQHI`rë�E_g�`r^eJSHh\,g�EuL_GIPe^RPR\Q`$E�G,KMg/cM^RLM\,^�`�d�J$EMJ$GQJ$EMPeg�KMg/^Æ�k`$cMcM^RPRNn`rGIPRJ$E

τ → |τ |q−2τ Ö

λ∗

2

∫

Ω

|∂xν|2(s)dx+ (λ+ 2µ)
∫ s

0

∫

Ω

|∂xν|2dxdt+ c0

∫ s

0

∫

Ω

|ψ|2dxdt

+
k

2

∫

Ω

|∂xϕ̃|2(s)dx ≤ 0.
ÿ E c'g�L_GfKMJSE_NÛg]E KMZ]KML_PeHIgs�=LMg

ν(t, x) = ψ(t, x) = 0
Ö�N]gÛ�=LMPàZ�Ga`r�M^eP0G�^9��LMEMPeN�PRGIZ~KMgÛ^�`

\IJS^RL_GQPRJSEsKMLtcMHIJ$�M^ep�d�g¹èÆ@BAkjS¸�é�g�G}dfg�G�È>E�Ç¹^e`�c_HIg]LB SgVKMLÛGIºMZ]JSHhp]dfgV@BA0C��_A



jS� ðyñ?ò�ó�ô�õ:öO÷4lBù�¯[õhý6üM÷Uükm ý$ú�nÛû6ü*o�p:÷[ú�û�ú�pRôeúaq�òrôRöO÷
Ú}Û�ÿ.ÛÅÚ úÁä��*û#á��	½â��kâ�����ã/ßvà>áÌâ�ã#äQåaã��������	Îã �������
	>ã��µã»å!�'äQá��"	>à����kâ�à��'ä

å#�"�$�%	>ã/â
l,`�dfZ�GIºMJ6KMg�KMg�d�J$EMJ$GIJSEMPeg½KMZ� Sg�^eJScMc'Z�gàKM`$EM\y^Rg/c>`$HI`$¡SHQ`rcMºMgà@6Ak�MA0CSA0C�\]�k`$K>`$c_GIg�^RJSHI\h�6L_g

^�`3cMHhg]dfPep�HIg7Z]�=L>`rGIPeJSE8g]\hGÛº�ï6c'g]HI�'J$^ePR�6L_gæKML2\Ig�N]JSE_KiJSHIK_HIg-g]E2GIg]dfcM\]A���g�c'g]EMK>`rE=GnÖà^�`
KMZ]dfJSEM\zGQHQ`bGQPeJ$E�KMg�^9�kL_EMPeN�PRGQZ�KMZ� Sg�^eJSc_c'Z]g*\IJSL_\�N]g�\�º=ï6c'J$GIºMp]\hg]\àE��kg�\hGàc_^eLM\· r`$^e`$�M^Rg[c�J$LMH�^Rg
d�J6KMp�^eg*KMgm��PeJrG�N�JSdfcM^egOGnÖBN]g��=LMP�E_JSLM\[`¹`rd�g�EMZmÇuÙ:`$PeHhgq^9��Z�GQL_KMg�KMLÛc>`$HI`$¡SHI`$cMºMgm@BAkj_A ÿ E
c'g]L_G[GQJSLBG}KMgmdfã]dfg�Z]E_JSEMN�g]H}^eg�HhZ]\hLM^RGQ`rG[K��kg�xBPe\hGIg]EMN�gVKML oÔAÕ ;6�?��4613+æ(©¨:�OÈ#¨��ÅbÄ¤í

ρ > 0 � u0 ∈ W � u1 ∈ L2(Ω) � p0 ∈ H1
0 (Ω)

îOí
q > 1 �A� Å�
BÃ3íFÅ�
=ì f, h ∈

L2(0, T ;L2(Ω)) � �eîàÂ'ÃQÅ����GÖ$�~î]ÃÅÄ �§×�Ç Á����äîOí�Á�
��~ÅbÄ¦�_ìJ
O��î�ì�Å��®
6í9ÄÆÅ�� �³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �ÿ EßKMPe\hc'JS\IgfN]JSdfdfg¹K>`rEM\V^Rg¹Nn`r\V�=L>`$\hP0��\hGa`bGQPe�=LMg¹KMg�\VHIZ�\ILM^0Ga`rGI\UKML�^eg�d�dfgf@BA0C�jÛ�=LMP·g]EB�
GQHQ`bë�EMgrÖMJSL_GIHIgm^Rg]\�cMHIJSc_HIPeZOGQZ�\[KMgmN]J$E= Sg]Hh¡Sg]E_N]gVL_GIPe^eP0\IZ]g�\[`$Ltc>`$HI`$¡SHI`$cMºMgU@BA��MARC$ARC$ÖM�=LMg o





∂2t um → ∂2t u
K>`$EM\

L2(0, T ; (H1
0 (Ω) ∩H2(Ω))′)

Ù:`$Pe�M^Rgkù
∂tum → ∂tu

K>`rEM\
L2(Q)

Ù&JSHhG�K��X`rcMHIp�\}^eg�^Rg]dfd�g�@BA �=ù
g�G}c'J$LMH[cMHhg]\I�=LMgmGQJSL_G

s ∈]0, T [
∂tum(s)→ ∂tu(s)

K>`$E_\
L2(Ω

Ù&JSHzG?ù
um(s)→ u(s)

K>`rEM\
H1(Ω)

Ù:`$Pe�_^egqgOG
L2(Ω)

Ù&J$HhGnA
èÆ@BA��=�Sé

l,g�\�N]J$d�cM^RZ]dfg]E�GQ\/ÇV`$c_c�J$HhGQg�H�`$L�c>`$HI`$¡SHI`$cMºMg*@6Ak�MA0C�\hJSE�G�KML_\�`$LfGQg]Hhd�g[KML~\hg]N�JSEMKäJSHhKMHIg
ρ∂2t u

è:HIg�\Ic'g�N�GQP0 Sg]dfg]E�G
ρ∂2t um

é#cMHhZ]\hg]E=G·K>`$E_\½^�`�cMHIg�d�PRp]HIg�Z]�=L>`bGQPRJSE�KMgmèÆ@BAk��é�è:HIg�\Ic'g�N�GQP0 SgO�
d�g�E=G�KMg�è9@BA0C�¸�éIé�A]DF^$Ù:`$LBG!`�ÞhJSL_GIg]H�`$Lm\Ig�N]JSE_KVdfg]d¨�MHIg�K_g�è9@BAXjS�Sé�^egyGIg]HIdfg −ρ ∫

Ω
∂2t umumdxg�G�`$L3\Ig�N]JSE_K dfg]d¨�MHhg�KMgæè9@BAXj$v�ém^9�kPRE=GIZ]¡SHI`$^Rg −ρ ∫ s

0

∫
Ω
∂2t umumdxdt

A7#JSLMHVc>`$\I\hg]H�Ç�^�`
^ePed¹P0GIgqg]E

m
K>`$EM\[N]g�GQg�HIdfg$ÖMJSEtZ�N]HIP0G[^Æ��Z]¡�`r^eP0GIZ o

−ρ
∫ s

0

∫

Ω

∂2t umumdxdt = ρ

∫ s

0

∫

Ω

|∂tum|2dxdt− ρ

∫

Ω

∂tum(s)um(s)dx

+ ρ

∫

Ω

u1mu0mdx

èÆ@BA���v�é

g�G}JSEÛL_GQPR^ePR\Igq^Rg]\�HIZ]\hLM^RGQ`rGQ\�KMgmN]JSE� Sg]Hh¡Sg]EMN�gäèÆ@BA0CSC�é�g�GuèÆ@6Ak���SéOA ÿ Etg�E�K_Z]KMLMP0G o

lim
m→+∞

(
−ρ
∫ s

0

∫

Ω

∂2t umumdxdt

)
= −ρ

∫ s

0

< ∂2t u, u >W ′,W dt.

��g¨c>`r\I\Q`r¡Sg�Ç�^�`f^ePRdfP0GIgUZOGa`$E�Gqg$��g�N�GQL_Z$Ö�^�`fKMZ]dfJSE_\hGQHI`rGQPRJSE7\hguÙ:`rPRG�g�Eæ\hLMPR r`rE=GqcM`$\qÇ~cM`$\
^�`¨\ILMP0GQgmK_gU^e`�cMHhg]L_ $gVKMgm^9�kg�x_PR\hGIg]EMN�gUKMLtc>`$HI`$¡SHI`$cMºMgU@BA��MA0CSA

¥



l_ù'&�ù�ð/ûInuó�òröaòrô��Oû�ú7üM÷��.nsû6ü*o�p&÷��*üM÷*�ô&û6õ�ó�û=ý$ö
ρ > 0

÷�õ
ρ = 0

jS�

[]\)( * dj~ {�zJc�zDi�u#dA` e��vu ~ dfexÑ}w��vu ex�,+ i$dDb {�dAg(c
ρ > 0

�Lb
ρ = 0

á `$E_\�N]gOGIGQg¨c>`$HhGIPegrÖ�JSEæcMHhZ]N�Pe\Ig¨N]JSdfdfg]E=G*^egudfJ6KMp]^RguKMg¨N]JSE_\IJS^RPeK>`rGIPRJSE7KMg���PRJ$G�`n Sg]N
ρ > 0

`$cMc_HIJ6NaºMg/^eg½d�J6K_p]^eg½�=L>`r\IP0��\hGQ`rGQPR�6L_g·c'JSLMH,^eg��=LMg]^
ρ = 0

A�Ý}È>EVK���JS�_GIg]EMPRH,KMg�\#g�\hGQPRd~`��
GQPeJ$EM\�c'J$LMH�N]JSdfc>`$Hhg]H�N�g]\àd�J6K_p]^eg�\]Ö6JSEäL_GQPR^ePR\hg�^eg�\�GQg]NaºME_Pe�=LMg]\�g�dfcM^eJ�ïSZ]g�\�`$Läc>`$HI`$¡SHQ`rcMºMg
@BAk�_ARCSAX@�c'J$LMH}c_HIJSL_ Sg�H}^Æ��LMEMPRN]PRGIZ��=L>`rEMK

ρ = 0
Ö>N]gU�=LMP,E_JSLM\�`$LBGQJSHIPR\IgmÇ¹N]JSEM\hPeKMZ�HIg�H

q > 1
A

w·E g$��g�GnÖyN]JSdfdfg~JSEç^Æ�k`� BL KM`$EM\�^Rgä\hJSLM\z��c>`$HI`$¡SHQ`rcMºMgÛ@BA��MA @6Ö#GIºMZ]JSHhp]dfgÛ@BARCn�_ÖyJ$Eçc�g�L_G
N]JSEM\hPeKMZ�HIg�H

(uρ, pρ)
LMEMgf\IJS^RL_GQPRJSE£KML�dfJ6KMp]^Rg¹KMg���PRJ$Gmc'JSLMH

ρ > 0
`n Sg]N�^Rg]\mN]JSE_KMPRGIPeJSEM\

PeEMP0GQPe`r^Rg�\
(u0,ρ, u1,ρ, p0,ρ) ∈ (H1

0 (Ω) ∩ H2(Ω)) × L2(Ω) × H1
0 (Ω)

g�G
(u, p)

^e`�\IJ$^eL_GIPeJSE
c'JSLMH

ρ = 0
`n Sg]NU^Rg]\�N]JSEMK_PRGQPRJSEM\àPeEMP0GQPe`r^Rg�\

(u0, p0) ∈W ×H1
0 (Ω)

A
l,J$HI\I�=LMg

q > 1
Ö
(uρ, pρ)

 SZ�HIP0È>gm^�`uÙ&JSHId¨LM^e`rGIPRJ$E o




(uρ, pρ) ∈ L∞(0, T ;W )× L∞(0, T ;H1
0 (Ω))

∂tuρ ∈ L2(0, T ;H1
0 (Ω)), ∂tpρ ∈ L2(0, T ;L2(Ω)), ρ∂2t uρ ∈ L2(0, T ;W ′),c'J$LMH[cMHhg]\I�=LMgmGQJSL_G
t
K>`$EM\

]0, T [, ∀(v, r) ∈W ×H1
0 (Ω)

ρ < ∂2t uρ, v >W ′,W +λ∗
∫

Ω

∂t∂xuρ∂xvdx− α

∫

Ω

pρ∂xvdx

+(λ+ 2µ)

∫

Ω

∂xuρ∂xvdx+ µ∗
∫

Ω

|∂xuρ|q−2∂xuρ∂xvdx =

∫

Ω

fvdx,

c0

∫

Ω

∂tpρrdx+ α

∫

Ω

∂t∂xuρrdx+ k

∫

Ω

∂xpρ∂xrdx =

∫

Ω

hrdx,

(uρ(0, x), pρ(0, x)) = (u0,ρ(x), p0,ρ(x)), ρ∂tuρ(0, x) = ρu1,ρ(x)

èÆ@BA��={Sé

Ga`$EMK_Pe\t�=LMg
(u, p)

 SZ�HIPRÈMg8èÆ@6AXjS¸SéOA ÿ E KMZ�\IPR¡SEMg�cM`$H
ν = uρ − u

g�G
ψ = pρ − p

^Rg]\
Ù&JSEMN�GIPeJSE_\VÇÛg]\zGQPedfg]H�A á �k`$cMHIp�\äèÆ@BAkjS¸�éqgOGäèÆ@BA��={Sé�Ö�JSE�\Q`rPRGU�=LMg

ν ∈ L∞(0, T ;W )
gOG
ψ ∈

L∞(0, T ;H1
0 (Ω))

A
ÿ Es r`¹d�J$E=GQHhg]H�^Rg�HIZ�\ILM^0Ga`rG[\IL_PR r`rE=G oÔAÕ ;6�?��4613+æ(©¨R(�Ë?¨� �7ì$
�Â�Â>Å�ì�îj��
>î

(u0,ρ, u1,ρ, p0,ρ)ρ>0
îaìOí=�OÅbÃ$�/�aîD��Á��_ì

W × L2(Ω)× L2(Ω) �² �eÅbÃQì � (ν, ψ) M��OÃ�Ä �àîJ�eîaì¨îaìOí9Ä¦�fÁ$í:ÄÆÅ��_ìqì$
6Ä¦MbÁ��>íFîaìA�
•||ν||L∞(0,T ;H1

0 (Ω))
≤ C(ρ1/4 + ||∂xu0,ρ − ∂xu0||L2(Ω) + ||p0,ρ − p0||L2(Ω)),

•||ψ||L2(0,T ;L2(Ω)) ≤ C(ρ1/4 + ||∂xu0,ρ − ∂xu0||L2(Ω) + ||p0,ρ − p0||L2(Ω));îOí·ìOÄ
q > 2,

•||ν||Lq(0,T ;W 1,q
0 (Ω)) ≤ C(ρ1/2q + ||∂xu0,ρ − ∂xu0||2/qL2(Ω) + ||p0,ρ − p0||2/qL2(Ω)).�?Ä � �eÅbÃQì���
?î ρ íFî$�´��M$îOÃaì 0 � (u0,ρ, p0,ρ)ρ>0 �aÅ���M$îOÃ÷�6îÂM$îOÃQì (u0, p0) ��Á��_ì H1(Ω) × L2(Ω)�aÅ��Ê�~î

ρ1/4 � Á��eÅbÃQìÊ�0ÁÛì$
6Ä¤íµî (uρ, pρ)ρ>0
�aÅ���M$îOÃ÷�6î�M$îOÃQì

(u, p)
��Á��_ì

L∞(0, T ;H1
0 (Ω)) ×



��¸ ðyñ?ò�ó�ô�õ:öO÷4lBù�¯[õhý6üM÷Uükm ý$ú�nÛû6ü*o�p:÷[ú�û�ú�pRôeúaq�òrôRöO÷

L2(0, T ;L2(Ω))
îOík�eîqíÆÁ�
«ª(�6îD�aÅ���M$îOÃ÷�6î$�/�aîmîaìOí�î$� O(ρ1/4) � ³ î/Â´�®
�ì � ��Á��_ìQ�eîD�IÁbì q > 2 �

(uρ)ρ>0
�aÅ���M$îOÃ÷�6î9M$îOÃaì

u
��Á��_ì

Lq(0, T ;W 1,q
0 (Ω))

�aÅ����~î
ρ1/2q �³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �� JSPRG

s ∈]0, T [ Aÿ EfN]J$EM\IPRKMp]Hhg}^eg�N]JSL_cM^eg[KMg�Ù&JSEMN�GIPeJSE6��GQg�\hGI\·L_GQPR^ePR\hZ�K>`$E_\/^�`�KMZ�dfJSEM\hGIHQ`rGIPeJSE¹K_g}^Æ��LMEMPRN]P0GQZàKMg
^�`�\IJ$^eL_GIPeJSEsKML�cMHhJS�M^ep�d�g��=L>`$\hP0��\hGa`bGQPe�=LMgm`$L�cM`$HQ`$¡$HQ`$cMº_gV@BAk�_ARCSAX@¹Ç¹\I`� SJSPRH

(ν, ϕ)
J��t^Æ��JSE

HQ`$cMc'g�^e^Rg��=LMg
ϕ
g]\zG�KMJ$EMEMZ]gUcM`$H o

ϕ(t, x) =





∫ s

t

ψ(σ, x)dσ
\IP

t ≤ s,

0
\hP

t ≥ s.

w·E©L_GQPR^ePR\I`$E=GäZ�¡�`$^Rg]dfg]E�Gs^�`êEMJrGa`rGIPeJSE
ϕ̃ =

∫ t

0

ψ(σ, x)dσ
N]JSdfdfg-cMHIZ�N]Z]K_g]dfd�g�E=G]Ö�JSE

 SZ]HIP0È>g�Ù:`$N�Pe^Rg]dfg]E�G��=LMg
ϕ
\I`rGQPR\hÙ:`$P0G�^Rg]\�cMHIJSc_HIPeZOGQZ�\[\ILMP0 r`$E�GQg]\ o

{
ϕ(t, x)= ϕ̃(s, x)− ϕ̃(t, x) ϕ(0, x)= ϕ̃(s, x) ϕ(s, x)= 0

∂tϕ(t, x)=−ψ(t, x) ∂tϕ(0, x)=−ψ(0, x) ∂tϕ(s, x)=−ψ(s, x).
èÆ@BA�����é

á �X`rcMHIp�\/^Rg]\yÙ&JSHId¨LM^e`rGIPRJ$EM\�èÆ@BAkjS¸�é!g�G�èÆ@6Ak�={$é#g�G·c'JSL_H½^egàNaºMJSPªx�K_g�Ù&J$EMN�GIPeJSEM\µ��GIg]\hG½cMHhZ]N�Z]KMg�E=GnÖ
^eg�N�JSLMcM^Rg

(ν, ψ)
 SZ]HhPRÈ>gm^Rg]\[Hhg]^e`rGQPRJSEM\ o





λ∗
∫

Ω

∂t∂xν∂xνdx+ (λ+ 2µ)

∫

Ω

|∂xν|2dx− α

∫

Ω

ψ∂xνdx

+µ∗
∫

Ω

(|∂xuρ|q−2∂xuρ − |∂xu|q−2∂xu)∂xνdx = −ρ < ∂2t uρ, ν >W ′,W

èÆ@BA�����é

g�G
c0

∫

Ω

∂tψϕdx+ α

∫

Ω

∂t∂xνϕdx+ k

∫

Ω

∂xψ∂xϕdx = 0,
è9@BA �r¸�é

J��ß^9�kJSEæHQ`$cMc'g�^e^Rg��=LMg
W = H1

0 (Ω)
Ö
W ′ = H−1(Ω)

\IP
q ≤ 2

g�G
W = W

1,q
0 (Ω)

Ö
W ′ =

W−1,q∗(Ω)
\IP
q ≥ 2 Aw·EäPeE=GIZ]¡$HQ`$E�G�^eg]\�Z]�=L>`rGIPeJSEM\�èÆ@6Ak���Sé·g�GmèÆ@BAX�$¸�é·\hLMHà^Æ��PRE=GQg�Hh r`r^e^0g}KMg*GQg�dfcM\

[0, s]
ÖBJSEäJS�_GIPeg�E=G

LMEMg¹Z]¡�`r^ePRGIZu r`rHIP�`bGQPeJ$EMEMg�^e^0g¨g�E3`�ÞhJSL_GQ`$E=Gm^Rg]\�KMg�LBxßHIg�^�`bGQPeJ$EM\qJS�_GIg]E=LMg]\�A#|}EMg¹PeE=GIZ]¡SHI`rGQPRJSE
c>`$H�cM`$HhGIPeg]\�\IL_H

[0, s]
EMJ$LM\àN�JSEMKMLMP0GnÖ6c>`$H�^eg�dfã]dfg}Gµï6c'gqKMg*Nn`r^eN�LM^e\��=LMgqN]g�LBxäKMZO Sg]^RJScMc'Z]\

K>`$EM\[^eg�cM`$HQ`$¡$HQ`$cMº_gV@BA��MA0CSAX@BÖ>Ç o




λ∗

2

∫

Ω

(∂xν)
2(s)dx+ (λ+ 2µ)

∫ s

0

∫

Ω

(∂xν)
2dxdt

+µ∗
∫ s

0

∫

Ω

(|∂xuρ|q−2∂xuρ − |∂xu|q−2∂xu)∂xνdxdt

+c0

∫ s

0

∫

Ω

|ψ|2dxdt+ k

2

∫

Ω

(∂xϕ̃)
2(s)dx = A

èÆ@BAX�BC�é



l_ù'&�ù�ð/ûInuó�òröaòrô��Oû�ú7üM÷��.nsû6ü*o�p&÷��*üM÷*�ô&û6õ�ó�û=ý$ö
ρ > 0

÷�õ
ρ = 0

�MC

J��

A =
λ∗

2

∫

Ω

(∂xν)
2(0)dx− α

∫

Ω

∂xν(0)ϕ̃(s)dx− ρ

∫ s

0

< ∂2t uρ, ν >W ′,W dt

− c0

∫

Ω

ψ(0)ϕ̃(s)dx.

� J$LM\�^Rg]\�GQg]Hhd�g�\fK>`$E_\�^RgÛdfg]d¨�MHIgsKMgt¡�`$LMNaºMgtKMg3èÆ@6A �BC�é¨ZOGa`$E�G�c'JS\IP0GQP0Ù&\]Öyï N�JSdfcMHIPR\¹^Rg
GQg]Hhd�g¹EMJSE�^ePeE_Zn`$PRHhg�KML�Ù:`$P0GUK_g�^�`ÛdfJSEMJrGQJSEMPRg�KMg�^9�kJ$c�Z�HQ`rGIg]LMH

τ 7→ |τ |q−2τ Ö,Pe^½E_g�HIg�\hGQgcM^eLM\��=L��kÇfN]J$E=GIH08S^Rg]H�^Rg]\[�=L>`bGQHIg�\[GQg�HIdfg]\[KMZOÈ>EMPR\I\Q`rE=G
A
A

|�EMg�PeE�GQZ�¡SHQ`rGIPeJ$E c>`rH�c>`rHhGQPRg]\fc>`$HfHQ`rcMc'JSHhG~`$L GQg�d�cM\fKMJSEMEMg��=LMgrÖ�c'JSLMHfcMHIg�\I�=LMg7GIJSL_G
s ∈]0, T [ o

ρ

∫ s

0

< ∂2t uρ, ν >W ′,W dt = ρ

∫

Ω

∂tuρ(s)ν(s)dx− ρ

∫

Ω

∂tuρ(0)ν(0)dx

− ρ

∫ s

0

∫

Ω

∂tuρ∂tνdxdt.

á �X`rcMHIp�\ä^�`ßKMZOÈ>EMP0GQPeJ$E�K_g
ν
Ö/JSE8`

ν(0) = u0,ρ − u0
g�G
∂tν = ∂t(uρ − u)

A�l½�kZ�¡�`$^RPRGIZ
cMHIZ�N]Z]K_g]E�GQgVKMg� 6PRg]E=G}KMJ$EMN o

ρ

∫ s

0

< ∂2t uρ, ν >W ′,W dt = ρ

∫

Ω

∂tuρ(s)ν(s)dx

− ρ

∫

Ω

u1,ρ(u0,ρ − u0)dx− ρ

∫ s

0

∫

Ω

∂tuρ∂t(uρ − u)dxdt.

á gVcM^eLM\}g�E-LBGQPe^RPR\Q`rE=G[^eg�\�PREMZ]¡S`$^eP0GIZ]\[K_g¨�à`$LMNaº=ï�� � N�º�Hà`$H5�¨g�G�KMgJî/JSLME_¡MÖ?JSE�d�JSE�GQHhgU�=L���Pe^
gOxBPe\zGQgmLMEMgmN]JSEM\zGa`$E�GQg

κ > 0
GIg]^R^egq�=LMg o





α

∫

Ω

∂xν(0)ϕ̃(s)dx ≤ κ

∫

Ω

|∂xν|2(0)dx+
k

6

∫

Ω

|∂xϕ̃|2(s)dx,

c0

∫

Ω

ψ(0)ϕ̃(s)dx ≤ κ

∫

Ω

|ψ|2(0)dx+ k

6

∫

Ω

|∂xϕ̃|2(s)dx,

ρ

∫

Ω

∂tuρ(s)ν(s)dx ≤
λ∗

4

∫

Ω

|∂xν|2(s)dx+ ρκ

∫

Ω

ρ|∂tuρ|2(s)dx

J���^9�kJ$E�`¹Z]¡�`$^Rg]dfg]E�G}L_GIPe^RPR\IZ�LME_gVPREMZ]¡S`$^eP0GIZ�K_gj#JSPeE_Nn`$HhZV`bÈ>E�K���JS�_GIg]EMPRH}^e`�KMg]HhEMPep�HIgUHhg]^�`��
GQPeJ$E�A
w·EBÈ>E�Ö�L_EMg·K_g]HIE_Pep]Hhg½d~`�ÞhJSHI`rGQPRJ$Eq\��kJ$�_GQPRg]E=G�g]EmL_GQPR^ePR\I`$E=G�LMEMPR�6L_g]dfg]E=G�^Æ��PeEMZ�¡�`$^RPªGQZyK_g��à`rLMN�º�ï��



�=@ ðyñ?ò�ó�ô�õ:öO÷4lBù�¯[õhý6üM÷Uükm ý$ú�nÛû6ü*o�p:÷[ú�û�ú�pRôeúaq�òrôRöO÷
� N�º�Hà`$H5� o

ρ

∫ s

0

∫

Ω

∂tuρ∂t(uρ − u)dxdt = ρ

∫ s

0

∫

Ω

|∂tuρ|2dxdt− ρ

∫ s

0

∫

Ω

∂tuρ∂tudxdt

≤ ρ

∫ s

0

∫

Ω

|∂tuρ|2dxdt

+
√
ρ||√ρ∂tuρ||L2(Q)||∂tu||L2(Q).

Ü7`$Pe\y^eg�^eg�d�dfgà@BA0C�j�`r\I\ILMHhg[�=LMg�^e`*\ILMP0GQg
(∂tuρ)ρ>0

g]\zG·�'JSHIEMZ�g�K>`$E_\
L2(Q)

PeE_KMZ]c'g�EMK>`$d��
d�g�E=G�KMg

ρ
gOGà�=LMg

(
√
ρ∂tuρ)ρ>0

g�\hGà�'JSHIEMZ�gqKM`$EM\
L∞(0, T ;L2(Ω))

PeEMK_Z]c'g]E_K>`$dfd�g�E=G�KMg
ρ
Z�¡�`$^Rg]dfg]E�GnA?��g�\}cMHIJSc_HIPeZOGQZ�\[EMJSLM\[c'g�HIdfg�GIGIg]E�G�K_JSEMNmKMg�GQHhJSL_ Sg]H

κ > 0
GQg�^e^Rg��=LMg o

A ≤ k

3

∫

Ω

|∂xϕ̃|2(s)dx+
λ∗

4

∫

Ω

|∂xν|2(s)dx+ κρ+ κ
√
ρ+ κ||∂xu0,ρ − ∂xu0||2L2(Ω)

+ κ||p0,ρ − p0||2L2(Ω).

l·��Z]¡S`$^eP0GQZ¹è9@BAX�BC�é�N�JSEMKML_PRG}`$^eJ$HI\[`rLBxÛg�\hGQPRd~`bGQPRJSEs\hLMPR b`$E=GIg]\ o
||ν||L∞(0,T ;H1

0 (Ω))
≤ C(ρ1/4 + ||∂xu0,ρ − ∂xu0||L2(Ω) + ||p0,ρ − p0||L2(Ω))

||ψ||L2(0,T ;L2(Ω)) ≤ C(ρ1/4 + ||∂xu0,ρ − ∂xu0||L2(Ω) + ||p0,ρ − p0||L2(Ω))

g�G}^e`�cMHhJSc'JS\IP0GQPRJSEt@BA0CSCSÖ_ b`$^�`r�M^egq�=L>`$EMK
q > 2

Ö>c'g�HIdfg�G}K��kZOGa`$�M^RPeHà^9�kPREMZ]¡S`$^RP0GIZ

||ν||Lq(0,T ;W ) ≤ C(ρ1/2q + ||∂xu0,ρ − ∂xu0||2/qL2(Ω) + ||p0,ρ − p0||2/qL2(Ω))

N]gm�6L_P!`$NaºMpO SgV^e`�K_Z]dfJSEM\hGIHQ`rGIPeJSEsKMLÛGQº_Z]JSHhp]dfgV@BAX@$¸_A
¥

��JSEMN]^RLM\IPRJSE o
l½�kZOGQLMK_g~KMg�N]g�N�ºM`$cMPRGIHIgfN]J$EMN]g�HIEMg~^egfdfJ6KMp]^RgfK_gä��PRJ$GV`� Sg�N~g���g�GI\uKMg�N]J$EM\IJS^RPeK>`bGQPRJSE

\Ig]N�JSEMK>`rPeHIg�c'JSLMH�^eg��6L_g]^�^Rg�N�J6g��fN]PRg]E�G
λ∗
g�\hG}\hGIHIPeNOGQg�d�g�E=G[c'JS\hPRGIPRÙµA á `$EM\[N�g�GIGIgU\hPRGIL>`rGQPRJSE�Ö

JSEt`u BLÛ�=LMgmc'JSLMH
q > 1

Ö
∂tu ∈ L∞(0, T ;H1

0 (Ω))
g�GnÖM\hP

q ≥ 2 Ö u ∈ L∞(0, T ;W 1,∞(Ω))N]g~�=LMP�`�g�E=GQHI`rë�E_Z�^egfHIZ]\hLM^RGQ`rGuK��kLME_PeN]P0GQZfg�Gu^�`tcMHhJScMHIPRZ�GIZ
∂tu ∈ L2(0, T ;W 1,∞(Ω))

KMp�\
�6L_g

u1 ∈ H1
0 (Ω)

A � P
λ∗ = 0

Ö�N]gOGIGQg}PRE_Ù&JSHId�`bGQPRJ$E�\ILMH
∂tu

g�\hG�c'g]HhKMLMg}g�G�^e`�\Ig]L_^eg}cMHhJScMHhPeZ�GIZ
KMZ]N�JSLM^e`$E=G~KML8cMHhJS�M^ep�dfg�g�\hG

∂tu ∈ L∞(0, T ;L2(Ω))
N�g7�6L_P*g�xBN]^eLBGäKMg�GQHI`$PRGIg]Hf^egtNn`$\

λ∗ = 0
c>`rH,^Rg]\,dfZ�GIºMJ6KMg�\!g�xBc�J$\IZ�g]\yN�P0��KMg]\h\ILM\�A ÿ H,^e`�N�JSEMKMP0GQPeJ$E

∂tu ∈ L∞(0, T ;W 1,∞(Ω))\Ig]d¨�M^RgàcMº=ï6\hPe�=LMg]dfg]E�G�`$N�N]g�c_Ga`$�_^eg$A��*�kg�\hG/c'JSLMHh�=LMJSPMEMJ$LM\/`n SJSEM\½cMHhPe\�^Rgàc>`$HzGQPM`$L¹Naº>`rcMPRGIHIg
\ILMP0 r`$E�G#KMg½GQHQ`rPRGQg�H�^eg½Nn`$\

λ∗ = 0
g�Eu`$KbÞhJSPR¡SE>`$E�G!`rLVcMHhJS�M^Rp]dfg·^e`�N]JSE�GQHI`$PeE�GQg |∂x(∂tu)| ≤ CJ��

C > 0
g�\hG}LMEMgUN�JSEM\zGa`$E�GQgmÈ_xBZ�g$A ÿ EÛGQHQ`rEM\hÙ&JSHhd�g�K_JSEMNm^�`uÙ&JSHId¨LM^e`rGIPRJ$Eä r`$HhP�`rGIPeJ$EMEMg]^R^0g

g]EtLMEMgmPeEMZ��6LM`rGQPRJSEs r`rHIP�`bGQPeJ$EMEMg�^e^0g$A



Ë Ì ��Í��'t�t� -
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��gæN�ºM`$cMPRGIHIg-N�JSEMN]g�HIEMg£^9�kZOGQLMKMg-KML©dfJ6KMp]^Rg-E_JSE©^RPeEMZ]`$PRHIg�C á ^RJSHI\h�6L_gæ^eg�\sg$��gOGQ\sKMg
N]JSEM\hJS^ePRK>`rGIPRJSEß\Ig]N�JSEMKM`$PeHhg~EMg~\IJ$E=G¨cM`$\ucMHhPe\Vg�EêN]JSdfc_GQgrA!DF^�\��X`r¡SPRGVKMLêN]`$\

λ∗ = 0
KMJSE�G

^Æ�k`$E>`$^0ï6\Ig�dfZ]HhPRGIg�K��kãOGQHIg7HIZ�KMPe¡$Z]g�K>`$EM\~LME8Naº>`$c_PRGQHhg7Ç3c>`rHhG~g]E�GQPRp]HIgrA�l�g7\zïB\zGQp�d�g èµCSAX�Sé
d�J6KMZ�^ePR\Igt`$^eJ$HI\f^egÛâ>LBx�KMg7Naº>`r^eg]L_H�\Ig7cMHhJSc>`$¡Sg]`$E�G~K>`$EM\~L_EMg7\hGIHILMNOGQLMHhg-Z�^�`$\zGQPR�6L_g$A�w½E
N]JSEM\hPeKMZ�HQ`$E�G*^eg�\�HIZ]\hLM^RGQ`rGQ\�J$�_GQg�E6LM\q`$L7Naº>`$cMP0GQHIgu@BÖ'J$E-N�JSEM\zGa`rGIgu�=LMgu^egUd�J6K_p]^egUg�E=GIHQ`rëeEMg
�6L_gÛ^Rg~GIg]HIdfgäKMgäN]JSE_\IJS^RPeK>`rGIPRJSE3\Ig�N]JSE_K>`$PeHhgßè

λ∗ > 0
éu`-L_E g���g�G�HIZ]¡$LM^�`$HhPe\I`$E=Gu\IL_H

∂tuÇä\Q`� SJ$PeH
∂tu ∈ L∞(0, T,W 1,∞(Ω))

A�l�g]\�dfZ�GQº_J6KMg]\�L_GIPe^RPR\IZ�g]\qK>`rEM\�N]g�N]`$\�HIg�c'JS\Ig�E=Gm\ILMH
N]g�GhGQg¹cMHIJ$cMHIPRZ�GQZrA�DFN]P9Ö�c'JSLMH

λ∗ = 0
Ö�\hJSLM\mN]gOGIGQg¹d�ã�d�g¨cMHhJScMHIPRZ�GIZ�KMg¹HIZ�¡SLM^�`rHIPRGIZ$Ö�JSEß\I`$LB�

HQ`$P0G�Z]¡�`r^eg�d�g�E=G�N]JSE_\hGQHhLMPeHhgmLME_gU\hJS^eLBGQPeJ$E�A>Ü�`$Pe\�g�EÛÙ:`$PRG]Ö_g]EtHhg]cMHhg]E>`$E�G}^eg�\�GIg]NaºMEMPe�=LMg�\}KML
N�º>`rcMPRGIHIgU@6ÖMJSEÛJS�BGQPeg�E=G�\Ig�LM^eg�dfg]E=G[�=LMg

∂tu ∈ L∞(0, T ;L2(Ω))
A á `rEM\[N]gmNaº>`rcMPRGIHIg$Ö_EMJSLM\

KMZ� Sg�^eJSc_c'JSEM\½^Æ��PeK_Z]g�KMgàN]J$EM\hGIHILMPRHIgàLME_g�\IJ$^eL_GIPeJSE¨ÇqcM`$HhGIPeH#K��kL_E¹cMHhJS�M^ep�dfgà`� Sg�N�N]JSE�GQHI`$PeE�GQgrA
��g]^�`m r`VHIgO Sg]E_PeH�ÇVdfJ6KMPRÈMg]H·^eg}dfJ6KMp]^Rg}g]E�ïfPeE_N]^eLM`$E=G/^�`mcMHIJ$cMHIPRZ�GQZ}�=LMg*^�`� r`$HhP�`rGIPeJ$EfKMg�^�`
�6LM`$E=GIPRGQZ�KMg�â>LMPRKMgmN�JSE=GIg]E=LMgUK>`$EM\[^�`¨d�`rGQHhPeN]gqc'J$HIg]L_\IgV`$LtN�JSLMHh\}KMLÛGQg�d�c_\[g]\zG��'JSHhEMZ]grA
Ý©N�g�GhGQg�È>E�Ö�J$E¹ b`mN]J$EM\IPRKMZ]Hhg]H·LMEMg[PREMZ]�=L>`bGQPeJ$E� b`$HIPe`rGQPRJSEME_g]^R^Rgà`$\I\hJ6N]PRZ]g}Ç�^Æ��JSc'Z�HQ`rGIg]LMH½�=LMP9Ö
`$LtN]J$LMcM^Rg

(u, p)
Ö?`$\h\IJ6N]PRgm^eg�N�JSLMcM^Rg

(A1(u, p), A2(u, p))
`� Sg�N o

{
A1(u, p) = ρ∂2t u− (λ+ 2µ)∂2xu− µ∗∂x

(
|∂xu|q−2∂xu

)
+ α∂xp− f

A2(u, p) = c0∂tp+ α∂t∂xu− k∂2xp− h

è:j_ARC�é

J�� ^eg]\�N�J6g��fN]PRg]E�GQ\¹N]JSEM\zGa`$E�GQ\
ρ
Ö
λ
Ö
µ
Ö
c0
Ö
α
Ö
k
\hJSE�G¹GQJ$LM\¹\zGQHIPRN�GIg]dfg]E�G¹c'JS\IP0GQP0Ù&\]A � JSLM\

HIg]E� SJ�ïSJ$EM\*ÇÛ×��SjrØ�c'JSLMH[c_^eLM\�KMgmKMZ�GQ`$Pe^R\
ÿ Et`$KbÞhJSPRE=G[Ç¹^9�kJ$c'Z]HQ`bGQg]L_HVè:j_A0C�é�^eg�\[N�JSEMKMP0GQPeJ$EM\�PREMPRGIPe`$^0g]\ o

(u(0, x), p(0, x)) = (u0(x), p0(x)), ∂tu(0, x) = u1(x),
è9j_AX@Sé

^eg]\�N]J$EMKMPRGIPeJSE_\[`$L6xÛ^ePRdfP0GIg]\àKMg á PRHIPeNaºM^Rg�G�ºMJ$d�J$¡Sp]EMg�\ o
u(t, a) = u(t, b) = p(t, a) = p(t, b) = 0,

è9j_Akj�é
��j



�S� ðyñ>ò]ó�ôÆõ9öO÷9Ø6ùt¯[õIý6üM÷mükm ýrú%nsû6ü*o�p&÷*ò10�÷]þUþ�û�ú�õ:öaòrôRú�õF÷
g�G}^e`�N]J$E=GQHI`$PRE=GQg�\hLMH[^eg�Naº>`$dfc

∂tu o
∂tu ∈ K

J��
K = {v ∈ H1

0 (Ω)
GQg�^e\��=LMg |∂xv| ≤ C}. è9j_A��=é

ÿ Et\IgUKMJSEME_gu`r^eJSHh\
u0 ∈ W 1,∞

0 (Ω)
Ö
u1 ∈ K

Ö
p0 ∈ H1

0 (Ω)
Ö
f
g�G
h
KM`$EM\

L2(0, T ;L2(Ω))g�G
C
LMEMg¨N�JSEM\zGa`$E�GQg¨HhZ]g�^e^egUc'JS\IP0GQPR SgUg�GqJSE7 b`äN�JSEM\zGQHIL_PeHIgVKMg]\q\hJS^eL_GIPeJSE_\�KMguN]gucMHhJS�M^ep�d�g

`� Sg�NUN]JSE�GQHI`$PeE�GQg�c>`rH[KMg�\}dfZ�GQº_J6KMg]\� r`$HhP�`rGIPeJ$EMEMg]^R^0g]\]A
ÿ E�`$\h\IJ6N�Pegf`$LßcMHIJS�_^ep�d�g�KMZ�N]HhPRGUc>`rH�Ò6è9jBARC�é�Ö·è9j_AX@Sé�Ö/è:j_Akj�éOÖ·è9j_A��=é�Ó�^e`äÙ&JSHhd�L_^�`bGQP0JSE- r`rHIP�`��
GQPeJ$EMEMg]^R^Rgq\IL_PR r`$E�GQg o





� HIJ$L_ Sg]H
(u, p) ∈ L∞(0, T ;W 1,q

0 (Ω))× L∞(0, T ;H1
0 (Ω))

GIg]^��=LMg
∂tu ∈ L∞(0, T ;H1

0 (Ω))
g�G}c'JSL_H[cMHIg�\I�=LMgUGIJSL_G

t ∈]0, T [, ∂tu(t) ∈ K,
∂2t u ∈ L2(0, T ;L2(Ω)), ∂tp ∈ L2(0, T ;L2(Ω)) SZ�HIP0È?`$E=G[c'JSLMH[c_HIg]\h�=LMgUGQJ$L_G

t ∈]0, T [,∀(v, r) ∈ K ×H1
0 (Ω) :

ρ

∫

Ω

∂2t u(v − ∂tu)dx+ (λ+ 2µ)

∫

Ω

∂xu∂x(v − ∂tu)dx

+µ∗
∫

Ω

|∂xu|q−2∂xu∂x(v − ∂tu)dx− α

∫

Ω

p∂x(v − ∂tu)dx

≥
∫

Ω

f(v − ∂tu)dx,

c0

∫

Ω

∂tprdx+ α

∫

Ω

∂t∂xurdx+ k

∫

Ω

∂xp∂xrdx =

∫

Ω

hrdx,

(u(0, x), p(0, x)) = (u0(x), p0(x)), ∂tu(0, x) = u1(x)

è:j_A �$é

g�G[JSEs b`¹ZOGa`$�_^ePRH�^Æ��gOxBPe\zGQg�EMN]g�g�G[^Æ��LMEMPRN]P0GQZ*KMg�^�`u\IJ$^eL_GIPeJSEäKMLÛcMHhJS�M^ep�d�g�è9j_AX�Sé�\IJ$LM\[^Æ��º=ï6c'Jr�
GQºMp�\Ig

q > 3
A ÿ E£HQ`$c_c'g]^e^Rg¨�=LMg�K>`$EM\�N]g�Nn`$\�Ö�^e`~Ù&J$EMN�GIPeJSE

r 7→ |r|q−2r g]\hGmKMg�N]^e`$\I\hg C2\ILMH R Aw·EtPeE�GQHhJ6KMLMPe\I`$E=G�^Rg]\�EMJ$Ga`bGQPeJ$EM\

Ω− = {x ∈ Ω ; |∂t∂xu(x)| < C} gOG ΩC = {x ∈ Ω ; |∂t∂xu(x)| = C},
LMEMg�PRE=GQg�HIcMHhZ�GQ`rGQPRJSE�1�Ù&JSHIdfg]^R^Rg�1/K_gUè9jBA �Sé!N]J$EMKMLMPRHQ`$P0G½ÇqZ�N]HhPeHIgà�=LMg�^e`*\IJS^RL_GQPRJSE

(u, p)
 SZ]HIP0È>g

^eg�\hï6\zGQp]dfg
{
A1(u, p) = 0
A2(u, p) = 0

\ILMH
Ω−

g�G�KMg�\�N]JSEMK_PRGQPRJSEM\·KMg}HQ`rN]N]J$HIK�\ILMH
u
Ö
∂tu

g�G
∂t∂xu

ÇU^9�kPRE=GIg]HhÙ:`rN]g[KMg
Ω−

gOG
ΩC

è&N�ÙµA
×���jbØ�éOA
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Í£\�^ 4Z`�i�h=iyb?s e�� w�z u#djw�g(b?i�dA`
ÔAÕ ;6�?��4613+æ�©¨:��¨��Å�
=ìJ�eîaìQ¡Oí�Â>Åbí¦¡�Öaì�îaì

q > 3 � u0 ∈ W 1,∞
0 (Ω) � u1 ∈ K � p0 ∈ H1

0 (Ω) � f îOí
h
�6Å����/�aìD��Á��_ì

L2(0, T ;L2(Ω)) � �eîàÂ'ÃQÅ����GÖ$�~î]Ã ðÌ�¦ó$Ç Á����äîOí�Á�
�Â´�®
=ìJ
���î�ìnÅ«�ì
Bí:ÄÆÅ�� �
³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �� LMcMc'JS\hJSEM\��=LMgV^egmcMHIJ$�M^ep�d�gfè9j_AX�Sé�`$KMdfg�GhGQg]E�G�KMg�LBx�\IJ$^eL_GIPeJSE_\

(u, p)
gOG
(ũ, p̃)

`$\I\hJ6N]PRZ]g]\
`$LBxsdfã]dfg]\�N�JSEMKMP0GQPRJSEM\àPREMPRGIPe`$^0g]\�g�G}`$LBxsdfã]dfg]\àGIg]HIdfg�\[\hJSLMHIN�g]\�A ÿ Etc'J$\Ig

ν = u− ũ g�G
ψ = p− p̃

A
w·E3cMHhg]E>`rE=Guc'JSL_HUÙ&J$EMN�GIPeJSEB�ÆGQg�\hG

(∂tũ, ψ)
è&HIg�\Ic'g]NOGQP0 Sg]dfg]E=G

(∂tu, ψ)
é�K>`$EM\V^RgfcMHhJS�M^Rp]dfg

HIg]^e`rGQP0Ù·Ç
(u, p)

è:HIg�\Ic'g�N�GQP0 Sg]dfg]E�G
(ũ, p̃)

éOÖ�J$E£JS�BGQPeg�E=Gqg]E£\hJSLM\hGIHQ`nï�`$E=Gm^Rg]\qHIg�^�`rGIPeJ$EM\q`$PREM\IP
JS�_GQg�E6LMg�\ o





ρ

∫

Ω

∂2t ν∂tνdx+ (λ+ 2µ)

∫

Ω

∂xν∂t∂xνdx− α

∫

Ω

ψ∂t∂xνdx

+µ∗
∫

Ω

[
|∂xu|q−2∂xu− |∂xũ|q−2∂xũ

]
∂t∂xνdx ≤ 0,

c0

∫

Ω

∂tψψdx+ α

∫

Ω

∂t∂xνψdx+ k

∫

Ω

|∂xψ|2dx = 0.

è:j_AXvSé

ÿ H�\IP�J$Etc'JS\Ig
g(s) = |s|q−2s ÖMJSE�`BÖ>N�JSdfd�g g g�\hG}KMgmN]^�`r\I\Ig C1 \hLMH R KMp]\}�=LMg

q ≥ 2 o

|∂xu|q−2∂xu− |∂xũ|q−2∂xũ = g(∂xu)− g(∂xũ) =

∫ ∂xu

∂xũ

g′(τ)dτ

= (∂xu− ∂xũ)

∫ 1

0

g′(∂xũ+ τ(∂xu− ∂xũ))dτ

= ∂xν

∫ 1

0

(q − 1)|∂xũ+ τ∂xν|q−2dτ.

w·E¨\hJSd�d�`$E�G#^eg�\#KMg]LBxuHIg�^�`rGIPeJ$EM\!KMg�è9jBAXvSéOÖbJ$E¨Z]^RPedfP0EMg/^Rg]\!GQg]Hhd�g�\yKMg�N�JSLMc_^�`$¡Sg/g�G�PR^= 6PRg]E�G o
d

dt

[
ρ

2

∫

Ω

|∂tν|2dx+
λ+ 2µ

2

∫

Ω

|∂xν|2dx+
c0

2

∫

Ω

|ψ|2dx
]
+ k

∫

Ω

|∂xψ|2dx

+µ∗
∫

Ω

[
(q − 1)

∫ 1

0

|∂xũ+ τ∂xν|q−2dτ
]
∂xν∂t∂xνdx ≤ 0.

� JSPRG
s ∈]0, T [ Ay��gOGIGQg~PREMZ]�=L>`bGQPeJ$E�KMg� 6Peg�E=Guc>`$HVPRE=GQZ�¡SHQ`bGQPRJSEßc>`$HUHQ`$cMc'J$HhG¨`rL�GQg]dfcM\V\ILMH
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^Æ��PeE�GQg]Hz r`$^R^Rg

[0, s] o
ρ

2

∫

Ω

|∂tν|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂xν|2(s)dx

+
c0

2

∫

Ω

|ψ|2(s)dx+ k

∫ s

0

∫

Ω

|∂xψ|2dxdt

+µ∗(q − 1)
∫ s

0

∫

Ω

[∫ 1

0

|∂xũ+ τ∂xν|q−2dτ
]
d

dt

[ |∂xν|2
2

]
dxdt ≤ 0.

è:j_A {$é

ÿ H�g�E�L_GIPe^eP0\Q`$E�G�LMEMgmPeE�GQZ�¡SHQ`rGIPeJ$Esc>`$H�c>`$HzGQPRg]\]ÖMJSEt` o

µ∗(q − 1)
∫ s

0

∫

Ω

[∫ 1

0

|∂xũ+ τ∂xν|q−2dτ
]
d

dt

[ |∂xν|2
2

]
dxdt

= −µ
∗(q − 1)
2

∫ s

0

∫

Ω

d

dt

[∫ 1

0

|∂xũ+ τ∂xν|q−2dτ
]
|∂xν|2dxdt

+
µ∗(q − 1)

2

∫

Ω

[∫ 1

0

|∂xũ+ τ∂xν|q−2(s)dτ
]
|∂xν|2(s)dx

g�G}N�JSd�dfg µ∗(q − 1)
2

∫

Ω

[∫ 1

0

|∂xũ+ τ∂xν|q−2(s)dτ
]
|∂xν|2(s)dx ≥ 0

ÖMJSE�`¹`$PeE_\IP o

µ∗(q − 1)
∫ s

0

∫

Ω

[∫ 1

0

|∂xũ+ τ∂xν|q−2dτ
]
d

dt

[ |∂xν|2
2

]
dxdt

≥ −µ
∗(q − 1)(q − 2)

2

∫ s

0

∫

Ω

[∫ 1

0

(∂t∂xũ+ τ∂t∂xν)|∂xũ+ τ∂xν|q−4

(∂xũ+ τ∂xν)dτ ] |∂xν|2dxdt.
á �kJ���Ö>g]EtPeEbÞhg�N�GQ`$E=G[N]gOGIGIgUPeE_Z]¡�`$^RP0GQZ*K>`$EM\Vè9jBA {Sé�ÖMJSEtJ$�_GQPRg]E=G o ∀s ∈]0, T [

ρ

2

∫

Ω

|∂tν|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂xν|2(s)dx

+
c0

2

∫

Ω

|ψ|2(s)dx+ k

∫ s

0

∫

Ω

|∂xψ|2dxdt

≤ µ∗(q − 1)(q − 2)
2

∫ s

0

∫

Ω

[∫ 1

0

(∂t∂xũ+ τ∂t∂xν)|∂xũ+ τ∂xν|q−4

(∂xũ+ τ∂xν)dτ ] |∂xν|2dxdt.

è:j_AX�Sé

ÿ H
∂tũ

g�G
∂tν

\IJSE�G�\IL_cMc'JS\IZ�\¹KMg�d�g�LMHIg�H¨K>`$EM\
K
KMJ$EMN |∂t∂xũ| ≤ C

gOG |∂t∂xν| ≤ C
A

DF^� 6Peg�E=G�`$^RJSHI\�Ö!g]EçPeE�GQZ�¡SHQ`rE=GuKMg
0
Ç
t
Öy�=LMgäc'JSLMHVGQJ$L_G

t
K>`rEM\

]0, T [
Ö |∂xũ(t)| ≤ Ct +
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||∂xu0||L∞(Ω) ≤ CT + ||u0||W 1,∞(Ω)
g�G |∂xν(t)| ≤ Ct ≤ CT

A?��JSdfd�g
u0 ∈ W 1,∞

0 (Ω)
ÖMPe^

gOxBPe\zGQg�K_JSEMN�L_EMg�N�JSEM\hGQ`$E=GIg�c'JS\IP0GQP0 Sg
M = CT + ||u0||W 1,∞(Ω)

GQg]^R^egV�=LMg |∂xũ| ≤ M
gOG

|∂xν| ≤M
A!è9jBAX��é�g�E=GIHQ`rëeEMgm`$^eJSHh\��=LMg o

ρ

2

∫

Ω

|∂tν|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂xν|2(s)dx+
c0

2

∫

Ω

|ψ|2(s)dx+ k

∫ s

0

∫

Ω

|∂xψ|2dxdt

≤ µ∗(q − 1)(q − 2)CM q−3

2

∫ s

0

∫

Ω

[∫ 1

0

(1 + τ)q−2dτ

]
|∂xν|2dxdt

≤ µ∗(q − 2)CM q−32q−1
∫ s

0

∫

Ω

|∂xν|2dxdt.

l,gm^Rg]dfdfgqKMgj:mHhJSEÌH�`$^e^�E_JSLM\[c'g]HIdfgOG}K���g]E�KMZ�KMLMPRHIgm�=LMg ∫
Ω

|∂xν|2dx = 0
gOG}KMJSEMNm�=LMg o

ρ

2

∫

Ω

|∂tν|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂xν|2(s)dx+
c0

2

∫

Ω

|ψ|2(s)dx+ k
∫ s

0

∫

Ω

|∂xψ|2dxdt ≤ 0

N]gu�=LMP#EMJSLM\*c'g�HIdfg�G*KMguN�JSEMN]^RLMHIgV�=LMg
ν = ψ = 0

gOGqK��k`$NaºMgO Sg]H�`$PeE_\IP!^e`fKMZ]dfJSEM\zGQHQ`bGQPeJ$E
KMLÛGQºMZ�JSHIp�d�gUjBARCSA

¥

Í£\0[ 798£i�u©b?�v`�h=�

ÿ E¨ r`qd�`$PeE�GQg�E>`$E�Gy\]�kPRE=GIZ]Hhg]\I\hg]H·Çq^9�kg�x_PR\hGIg]EMN�g�K���LMEMg�\hJS^RL_GQPRJSEuc'JSLMH�^Rg�cMHIJ$�M^ep�d�gqè9j_AX�Sé�A
ÿ E© r` dfJSE=GIHIg�HÛ�=L���LMEMgß\IJS^RL_GQPRJSE2KMgßN�gßcMHIJ$�M^ep�d�gæc'g�L_G�\hgßN]JSE_\hGQHhLMPeHhg�Çç^Æ�k`$PeK_gæK���LME
cMHIJS�_^ep]dfg�HhZ]¡SLM^e`$HIPR\IZtc>`$H~^9�X`�ÞhJSL_G�K���LME8GIg]HIdfg7K_g-N]J$EM\IJS^RPeKM`rGQPRJSE�\hg]N�JSEMK>`rPeHIg7^eLMPª�Fd¹ã]dfg
^ePed¹P0GIg*K���LMEtc_HIJS�M^Rp]dfgqc'Z�E>`$^RPe\IZrA ÿ EÛHIg�E= SJSPRgmÇÛ×å��jbØ�c'JSL_H�KMg�cM^eL_\[`$dfcM^Rg]\àK_Z�Ga`rPe^e\�\IL_H[^Rg]\
d�ZOGQºMJ6KMg�\àKMg�HhZ]¡SL_^�`$HhPe\Q`bGQPRJ$E~gOG�KMg�c'Z�E>`$^RPe\I`rGQPRJSE�A ÿ EsN]JSdfdfg]EMN�gqKMJSE_N�cM`$H�`rcMcMHIJ6NaºMg�H�^Rg



��� ðyñ>ò]ó�ôÆõ9öO÷9Ø6ùt¯[õIý6üM÷mükm ýrú%nsû6ü*o�p&÷*ò10�÷]þUþ�û�ú�õ:öaòrôRú�õF÷
\hï6\hGIp]dfgäè:j_AX�Sé�c>`$H�^eg�\zïB\zGQp�d�gUHIZ�¡SLM^e`$HIPR\IZq\ILMP0 r`$E�G o





� HIJSL_ Sg�H
(uε, pε) ∈ L∞(0, T ;W 1,q

0 (Ω))× L∞(0, T ;H1
0 (Ω))

GQg�^��=LMg
∂tuε ∈ L2(0, T ;H1

0 (Ω) ∩H2(Ω))
g�G}c�AMc�A

t ∈]0, T [, ∂tuε(t) ∈ K,
∂2t uε ∈ L2(0, T ;L2(Ω)), ∂tpε ∈ L2(0, T ;L2(Ω)) SZ]HhPRÈ?`rE=G[c�J$LMH[cMHhg]\h�6L_gUGQJSLBG

t ∈]0, T [, ∀(v, r) ∈ K ×H1
0 (Ω) :

ρ

∫

Ω

∂2t uε(v − ∂tuε)dx+ (λ+ 2µ)

∫

Ω

∂xuε∂x(v − ∂tuε)dx

+µ∗
∫

Ω

|∂xuε|q−2∂xuε∂x(v − ∂tuε)dx+ ε

∫

Ω

∂t∂xuε∂x(v − ∂tuε)dx

−α
∫

Ω

pε∂x(v − ∂tuε)dx ≥
∫

Ω

f(v − ∂tuε)dx,

c0

∫

Ω

∂tpεrdx+ α

∫

Ω

∂t∂xuεrdx+ k

∫

Ω

∂xpε∂xrdx =

∫

Ω

hrdx,

(uε(0, x), pε(0, x)) = (u0,ε(x), p0(x)), ∂tuε(0, x) = u1,ε(x).

è:j_AX�Sé

l!`~Ù&JSHId¨LM^e`rGIPRJ$E è9j_Ak��é�g]\zGULMEMg�HIZ]¡$LM^�`$HhPe\I`rGQPRJ$E-KMgtè9j_AX�Sé�c>`$H�K_g]LBxß`$\hc'g]NOGQ\]A,w½Eßg���g�G]Ö�JSE
`sPRE=GIHIJ6KMLMP0G*K>`$EM\�^9��PeEMZ��6LM`rGQPRJSE-^RguGIg]HIdfg

ε
∫
Ω
∂t∂xuε∂x(v − ∂tuε)dx

N]g�N]P½`rÈ>EæK��kJ$�_GQg�EMPeH
\ILMH�^egqcMHhJS�M^Rp]dfgqc'Z]E>`r^ePe\hZqN]JSHhHIg]\hc'JSEMK>`rE=G}cM^RLM\�KMg�HIZ�¡SLM^e`$HIP0GQZ*\IL_H[^RgqN�º>`rd�c

∂tuε
N�JSdfd�g

N$��Z�Ga`rPRG�^eg~Nn`$\�K>`$EM\�^egäNaº>`rcMPRGIHIgÛ@BA¤!JSLMH�N]g�^�`BÖ�J$E `æg$��g�N�GILMZ�`rLM\I\hP�LMEMgsHIZ�¡SLM^e`$HIPR\Q`rGIPRJSE
KMg]\qN]JSE_KMPRGIPeJSEM\�PREMPRGIPe`$^0g]\�g�EæÙ&J$EMN�GIPeJSE7KMLæc>`rHQ`$dfp�GIHIg

ε
A ÿ E-N]JSEM\hPeKMp�HIg�`$PREM\IP!KMg]LBx-\IL_PRGQg�\

(u0,ε)ε>0
K>`rEM\

H1
0 (Ω) ∩ H2(Ω)

g�G
(u1,ε)ε>0

K>`rEM\
H1
0 (Ω)

GQg]^R^eg�\¹�=LMg
u0,ε → u0

KM`$EM\
W

1,∞
0 (Ω)

`� Sg�N ||u0,ε||W 1,∞(Ω) ≤ ||u0||W 1,∞(Ω)
gOG
u1,ε → u1

KM`$EM\
H1
0 (Ω)

A
ÿ E~ r`ud�JSE�GQHhg]H�c'JSLMH�GQJSLBG

ε > 0
^Æ��gOxBPe\zGQg]E_N]gqK���LMEMgq\IJS^RL_GQPRJSE~K_LscMHIJ$�M^ep�d�g¨è:j_AX�Sé�Çu^Æ�k`$PRKMg

KMgq^�`Ud�ZOGQºMJ6KMg*KMg*c'Z]E>`$^RPe\I`rGQPRJSE��=LMP�c'g�HIdfg�GàK��k`$cMcMHhJ6N�º_g]Hà^Æ��PeEMZ��=L>`rGQPRJSE�KMg¹è:j_Ak��é/c>`rH�LMEMg
Z]�=L>`rGIPeJSE�A ÿ EtN�JSEM\IPRKMp]HhgU^Rg�\hï6\hGIp]dfgUc'Z]E>`$^RPe\hZ�\ILMP0 r`$E�G o





� HIJSLB Sg]H
(uη, pη) ∈ L∞(0, T ;H1

0 (Ω) ∩H2(Ω))× L∞(0, T ;H1
0 (Ω))GIg]^��=LMg

∂tuη ∈ L∞(0, T ;H1
0 (Ω)) ∩ L2(0, T ;H2(Ω)),

∂2t uη ∈ L2(0, T ;L2(Ω)), ∂tpη ∈ L2(0, T ;L2(Ω)), SZ�HIPRÈ>`$E=G[c'JSLMH[c_HIg]\h�=LMgUGQJSLBG
t ∈]0, T [,∀(v, r) ∈ H1

0 (Ω)×H1
0 (Ω) :

ρ

∫

Ω

∂2t uηvdx+ (λ+ 2µ)

∫

Ω

∂xuη∂xvdx+ µ∗
∫

Ω

g(∂xuη)∂xvdx

+ε

∫

Ω

∂t∂xuη∂xvdx− α

∫

Ω

pη∂xvdx

+
1

η

∫

Ω

(
C2 − |∂t∂xuη|2

)−
∂t∂xuη∂xvdx =

∫

Ω

fvdx,

c0

∫

Ω

∂tpηrdx+ α

∫

Ω

∂t∂xuηrdx+ k

∫

Ω

∂xpη∂xrdx =

∫

Ω

hrdx,

(uη(0, x), pη(0, x)) = (u0,ε(x), p0(x)), ∂tuη(0, x) = u1,ε(x)

è9j_A0C�¸�é
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J��
η > 0

g�\hG*^RgUcM`$HQ`$dfpOGQHIgmKMgUc'Z]E>`$^RPe\I`rGQPRJSEÛgOG*J��
g
g]\zG*LMEMgmÙ&JSEMNOGQPeJ$EtKMgVN�^�`$\h\Ig

C2
\hLMH

R ÖMN]J$EM\hGa`rE=GQgm\ILMH ]−∞,−M − 1[ gOG ]M + 1,+∞[ GQg�^e^egq�=LMg o
g(s) = |s|q−2s \IP |s| ≤M

J��
M

g]\zG�^e`çN]J$EM\hGa`rE=GIgß\hGQHhPeNOGQg�d�g�E=Gtc'J$\IPRGIPR SgæK_Z�È>EMPRgß`$Lic>`$HI`$¡SHQ`rcMºMg£j_ARC£c>`$H
M =

CT + ||u0||W 1,∞(Ω)
A ÿ Eç`çÁ~Â'Ã�ÄÆÅbÃ�Ä�GIHIJSE_�6L_Zä^egfGIg]HIdfg~E_JSEê^ePREMZn`$PRHhg |∂xuη|q−2∂xuη

c>`$H
LMEMgäÙ&J$EMN�GIPeJSE3��J$HIEMZ�gscMLMPR\I�=LMg

g(∂xuη) = |∂xuη|q−2∂xuη
LMEMPe�=LMg�d�g�E=G�\hP |∂xuη| ≤ M

A
Ü7`$Pe\qJSE£ Sg�HIHI`ÛK>`$EM\m^e`ä\ILMP0GQg��=LMgfN�g�GhGQg¹N]JSE_KMPRGIPeJSEæg�\hGUg�EßÙ:`rPRGqGIJSLbÞhJ$LMHI\q SZ]HhPRÈ>Z�g¹g�GU�=LMg
^Æ��JSEÛEMgmdfJ6KMPRÈ>gqc>`r\�`rPeEM\hP�^egqGIg]HIdfg�EMJSEt^ePREMZ]`$PRHIgrA
ÿ E-PeE�GQHhJ6KMLMPRG�KMg�LBx-EMJ$GQ`rGQPRJSEM\�\IL_cMcM^eZ�d�g�E=GQ`$PeHhg]\*g�EæKMZ]\hPe¡SE>`rE=Gqc>`$H

G
^e`�cMHIPRd�P0GIP0 SgUKMg

g\]�k`$EME6L_^�`$E�G}g�E
τ = 0

KMJ$EMEMZ]gmc>`$H�^Æ��gOxBcMHIg�\I\hPeJSE

∀τ ∈ R, G(τ) =
∫ τ

0

g(s)ds.

g�G}c>`rH
H
N]g�^e^Rg�KMg

(C2 − s)−s
\]�k`$EME=LM^�`$E�G�`rLM\I\hP,g�E

τ = 0
KMJSE_EMZ]gUcM`$H o

∀τ ∈ R, H(τ) =
∫ τ

0

(C2 − s)−sds.

l,g�\[GIHIJSPR\àÙ&JSEMNOGQPRJSEM\�cMHhZ]N]Z�KMg]E�GQg]\} SZ]HhPRÈ>g�E=G}^Rg]\[c_HIJScMHhPeZOGQZ]\ o




∃κ > 0 GQg�^e^egq�=LMg ∀s ∈ R, |g′(s)| ≤ κ,

∃κ > 0 GQg�^e^egq�=LMg ∀τ ∈ R, |G(τ)| ≤ κ|τ |,
∀τ ∈ R, G(τ) ≥ 0,
∀τ ∈ R, H(τ) ≥ 0.

Ü.Û�ÚLÛ5Ý Þxß}àÎá�â�ã#äQåaã����":�/	>ã����;�=<%	��>� ã?�jû#ä���	>àÎáOû
� JSPeg�E=G

ε
g�G
η
È_xBZ]\�A ÿ E~N]JSE� BPRg]E�GàK>`$E_\à^e`U\ILMP0GQg�KMg*EMJ$GQg�H

κ
GIJSL_G�HIZ�g]^�\hGIHIPRN�GQg�d�g�E=G�c'JS\hPRGQP0Ù

PeEMKMZ�c'g]EMKM`$E=GàKMg]\àKMg�LBxäc>`$HI`$dfp�GQHhg]\
ε
Ö
η
A á gqdfã]dfg$Ö

κ(ε)
KMZ�\IPR¡SEMg*GIJSL_G�HIZ]g�^�\zGQHIPRN�GIg]dfg]E=G

c'JS\IP0GQPRÙ�PeE_KMZ]c'g�EMK>`$E�G¨KMg
η
c'JSL_ b`$E=GuKMZ]c'g�EMKMHIgäK_g

ε
g�G
κ(ε, η)

g�\hG¨LME3HIZ�g]^�\zGQHIPRN�GIg]dfg]E�G
c'JS\IP0GQPRÙ!K_Z]c'g]E_K>`$E=G¨ÁmÂ'ÃOÄÆÅbÃ�Ä'KMg]\[KMg]LBxÛc>`$HI`$d�pOGQHhg]\

ε
g�G
η
A

ÔAÕ ;6�?��4613+æ�©¨R(©¨
� Å�
6ÃmíµÅ�
6ív�aÅ�
�Â´�eî (ε, η) ∈ R∗+ × R∗+ � �eîàÂ'ÃQÅ����GÖ$�~î]Ã ðÌ�¦çOè�Ç Á����~îOíB
O��î�ì�Å��®
6í9ÄÆÅ�� (uη, pη) �³ îàÂ´�®
=ì � Ä¦�yî5ªSÄeìOíFîJ
���î��aÅ��_ìOíÆÁ��>íFî κ > 0 íµî$�¦�eîj��
?îA�?Â>Å�
BÃmíFÅ�
6í ε > 0 îOí�íFÅ�
6í η > 0
√
ε||∂tuη||L2(0,T ;H1

0 (Ω))
+ ||∂tuη||L∞(0,T ;L2(Ω)) + ||uη||L∞(0,T ;H1

0 (Ω))
+ ||pη||L∞(0,T ;L2(Ω))

+||pη||L2(0,T ;H1
0 (Ω))

+
1√
η
||
√
(C2 − |∂t∂xuη|2)−∂t∂xuη||L2(0,T ;L2(Ω)) ≤ κ,
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���îÂ��Å��_ìOíÆÁ��>íFî

κ(ε)
íµî$�§�eîA��
>îA�'Â>Å�
6ÃmíµÅ�
6í

η > 0

||∂2t uη||L2(0,T ;L2(Ω)) + ||∂tuη||L∞(0,T ;H1
0 (Ω))

+ ||∂tuη||L2(0,T ;H2(Ω)) + ||∂tpη||L2(0,T ;L2(Ω))

+||uη||L∞(0,T ;H2(Ω))+ ||pη||L∞(0,T ;H1
0 (Ω))

+
1√
η
||
√
(C2 − |∂t∂xuη|2)−∂t∂2xuη||L2(0,T ;L2(Ω))

≤ κ(ε)

îOíN
O��î��aÅ��_ìOíÆÁ��>íµî
κ(ε, η)

íFî$�¦�eîA��
>îA�
||∂t∂xuη||L4(Q) ≤ κ(ε, η) �

³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �ÿ E~L_GQPR^ePR\hg}KMg*EMJ$L_ Sgn`rLs^�`UdfZ�GIºMJ6KMg�K��X`rcMcMHIJnxBPed�`rGQPRJ$E�KMgQ6'`rg]KMJb�Î:m`$^Rg]H0�=PRE�c'J$LMH�^9�kg�\Ic>`rN]g
H1
0 (Ω) ∩H2(Ω)

g�E�NaºMJSPR\IPR\I\Q`rE=G[^�`¨�>`$\hg
(wj)j∈N∗

K_Z�È>EMPRgUÇ�^�`¨cMHIJSc'J$\IPRGIPeJSEÛ@BAXv�KMLtc>`rHQ`b�
¡SHQ`$c_ºMgf@6A @~KMLæN�ºM`$cMPRGIHIg¹@BA ÿ EæEMJ$GIg

Vm = V ect{w1, . . . , wm}
Ö
m ∈ N∗ g�G�JSEæN�º_g]HINaºMg

um
gOG
pm

KMZOÈ>EMPeg�\}KMg
]0, T [

K>`$EM\
Vm

gOG}\]��Z]N�HIPR b`$E=G}\IJ$LM\}^e`¨Ù&JSHhd�gq\ILMP0 r`$E�GQg o

um(t) =
m∑

j=1

ujm(t)wj
g�G
pm(t) =

m∑

j=1

pjm(t)wj,
è9j_A0CSC�é

^eg]\�N]J6g$�fN]Peg�E=GI\
ujm

gOG
pjm

ZOGa`$E�G}KMJSE_EMZ]\}c>`rH[^eg�\[\hJS^eLBGQPeJ$EM\�K_L�\zï6\hGQp�d�gUK���Z]�=L>`bGQPeJ$EM\ o




ρ

∫

Ω

∂2t umwjdx+ ε

∫

Ω

∂t∂xum∂xwjdx+ (λ+ 2µ)

∫

Ω

∂xum∂xwjdx

+µ∗
∫

Ω

g(∂xum)∂xwjdx− α

∫

Ω

pm∂xwjdx

+
1

η

∫

Ω

(
C2 − |∂t∂xum|2

)−
∂t∂xum∂xwjdx =

∫

Ω

fwjdx,

c0

∫

Ω

∂tpmwjdx+ α

∫

Ω

∂t∂xumwjdx+ k

∫

Ω

∂xpm∂xwjdx =

∫

Ω

hwjdx

è9j_A0C�@Sé

c'JSLMH�GIJSL_G
1 ≤ j ≤ m

Ö>`� Sg�NUc'JSLMH[N�JSEMK_PRGQPRJSEM\àPeEMP0GQPe`r^Rg�\ o




(um(0), pm(0)) = (u0m, p0m) ∈ Vm × Vm
GIg]^��=LMg

(u0m, p0m)→ (u0,ε, p0)
K>`rEM\

(H1
0 (Ω) ∩H2(Ω))×H1

0 (Ω) ;
∂tum(0) = u1m ∈ Vm

GQg]^��=LMg
u1m → u1,ε

K>`rEM\
H1
0 (Ω).

è9j_A0C�j�é

á �X`rcMHIp�\m^Rg]\*HIZ]\hLM^RGQ`rGQ\*\ILMHq^eg�\qZ��6LM`rGQPRJSEM\qKMP���Z�HIg]E�GQPRg]^R^eg�\�EMJSEæ^ePREMZn`rPeHhg]\�Ö'JSEæg]\zGU`$\h\ILMHhZ�KMg
^Æ��gOxBPe\zGQg]E_N]g�g�G�K_g�^Æ��LMEMPeN�PRGIZ[KML~N�JSLMcM^Rg

(ujm, pjm)
\hJS^eLBGQPeJ$Efd~`�x_PRd�`$^0g[KMgDÒ=è9j_A0C�@Sé�Ö�è:j_A0C�j�éyÓ
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K>`$EM\
H2(0, TM ;H

1
0 (Ω) ∩ H2(Ω)) × H1(0, TM ;H

1
0 (Ω))

Ö/^Rg]\fg]\zGQPed�`rGIPeJ$EM\�ÁtÂ'Ã�ÄÆÅbÃOÄ��=LMP
\ILMP0 Sg]E�G�c'g]Hhd�gOGIGQ`$E=G[KMg�ÞhLM\hGIPRÈ>g�HVÁmÂ>Å�ìOíµîOÃ�ÄÆÅbÃ�Ä'�=LMg

TM = T
A

ï î$�fÁ$Ã5��
>î¨j_Akj �³ Á��_ìÛíµÅ�
6íµî%�0Áßì$
6Ä¤íFî¯�6î��0ÁU�O�$�~Å��_ìOí:ÃIÁ$í:ÄÆÅ�� � �eîaì¯�aÅ«�BìOí�Á��>íFîaì���Åbí½�aîaì κ � κ(ε) Å�
 κ(ε, η)ì�î$�eÅ�� �0Áº�aÅ���M$î$�>í:ÄÆÅ��çÄ¦�´�$Ä	��
!�aîsî$���O����
6í9�6îmÂ_Á$ÃIÁ�$ÃhÁOÂ�¡>î¨ì�Å��>í*íFÅ�
BíFîaì~Ä¦�´�O�FÂ>î$�´��Á��>íµîaìf��

Â_ÁSÃhÁ��£ÖOí:Ãaî

m ∈ N∗ �
• ÿ E2N�JSdfd�g�EMN]gtGQJSL_G~K��X`r�'JSHIK�Ö�N�JSdfd�g�KM`$EM\ä^Rg7^Rg]dfdfg7@BARCnj3KML8N�ºM`$cMP0GQHIg-@�c>`$Hd�L_^RGQPRc_^RPRg�HU^e`tcMHIg�d�PRp]HIgfg�G¨^e`�\hg]N�JSEMKMgäZ]�=L>`bGQPeJ$EêKMgæè:j_A0C�@SémHhg]\hc'g]N�GIPR Sg�d�g�E=G�c>`rH

u′jm
gOG

pjm
ÖMJSEt\IJ$d�dfg�\hLMH

j
gOG}JSE�`�ÞhJSLBGQgm^Rg]\�HIg�^�`rGIPeJSE_\àJS�_GQg�E6LMg�\]A ÿ E�` o

ρ

∫

Ω

∂2t um∂tumdx+ ε

∫

Ω

|∂t∂xum|2dx+ (λ+ 2µ)
∫

Ω

∂xum∂t∂xumdx

+µ∗
∫

Ω

g(∂xum)∂t∂xumdx− α

∫

Ω

pm∂t∂xumdx+
1

η

∫

Ω

(
C2 − |∂t∂xum|2

)− |∂t∂xum|2dx

+c0

∫

Ω

∂tpmpmdx+ α

∫

Ω

pm∂t∂xumdx+ k

∫

Ω

|∂xpm|2dx =
∫

Ω

f∂tumdx+

∫

Ω

hpmdx.

Ý*cMHhp]\}\hPedfcM^ePªÈ>Nn`rGIPRJ$E�Ö_PR^� 6PRg]E=G o
d

dt

[
ρ

2

∫

Ω

|∂tum|2dx+
λ+ 2µ

2

∫

Ω

|∂xum|2dx+ µ∗
∫

Ω

G(∂xum)dx+
c0

2

∫

Ω

|pm|2dx
]

+ε

∫

Ω

|∂t∂xum|2dx+ k

∫

Ω

|∂xpm|2dx+
1

η

∫

Ω

(
C2 − |∂t∂xum|2

)− |∂t∂xum|2dx

=

∫

Ω

(f∂tum + hpm)dx

g�G}g�E�PeE�GQZ�¡SHQ`rE=G[K_g
0
Ç
s
^9�kZ�¡�`$^RP0GQZ*cMHIZ�N]Z]K_g]E�GQg$Ö'JSEÛJS�_GQPRg]E�G[^Æ��Z]¡�`r^eP0GIZ o

ρ

2

∫

Ω

|∂tum|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂xum|2(s)dx+ µ∗
∫

Ω

G(∂xum(s))dx

+
c0

2

∫

Ω

|pm|2(s)dx+ ε

∫ s

0

∫

Ω

|∂t∂xum|2dxdt+ k

∫ s

0

∫

Ω

|∂xpm|2dxdt

+
1

η

∫ s

0

∫

Ω

(
C2 − |∂t∂xum|2

)− |∂t∂xum|2dxdt =
∫ s

0

∫

Ω

(f∂tum + hpm)dxdt

+
ρ

2
||u1m||2L2(Ω) +

λ+ 2µ

2
||∂xu0m||2L2(Ω) + µ∗||G(∂xu0m)||L1(Ω) +

c0

2
||p0m||2L2(Ω).

ÿ H�Ö*J$E�`� 6L��=L���Pe^VgOxBPR\hGQgêLMEMgêN]JSE_\hGa`rE=GQg
κ
GIg]^e^Rg��6L_g |G(∂xu0m)| ≤ κ|∂xu0m|

A á g
cM^eLM\�ÖMK��k`$cMHhp]\Vè9jBARC�jSé�^eg]\à\ILMP0GQg]\

(u0m)m∈N∗

Ö
(p0m)m∈N∗

g�G
(u1m)m∈N∗

\hJSE=G[�'JSHhEMZ]g�\}KM`$EM\
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H1
0 (Ω) ∩ H2(Ω)

c'JSLMHV^�`tcMHIg�d�PRp]HIgfg�G
H1
0 (Ω)

c'JSL_Hu^eg�\uK_g]LBxê`$L_GIHIg]\uN]`$HuN�JSE= Sg�HI¡Sg�E=GIg]\
K>`$EM\[N]g�\}g]\hc>`$N]g�\]A ÿ EtJS�BGQPeg�E=G}`rPeEM\hP o

ρ

2

∫

Ω

|∂tum|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂xum|2(s)dx+ µ∗
∫

Ω

G(∂xum(s))dx

+
c0

2

∫

Ω

|pm|2(s)dx+ ε

∫ s

0

∫

Ω

|∂t∂xum|2dxdt

+
1

η

∫ s

0

∫

Ω

(
C2 − |∂t∂xum|2

)− |∂t∂xum|2dxdt+ k

∫ s

0

∫

Ω

|∂xpm|2dxdt

≤ κ+

∫ s

0

∫

Ω

(f∂tum + hpm)dxdt.

è9j_A0Cn�=é

á g�cM^RLM\]Ö�cML_Pe\I�=LMg
f
gOG
h ∈ L2(0, T ;L2(Ω))

Ö�^eg]\mPeE_Z]¡�`$^RP0GQZ�\�KMg~�à`$LMNaº=ï�� � N�º�Hà`$H0��g�GVKMgî/JSLMEM¡¹EMJSLM\�Ù&JSLMHhEMPe\h\Ig]E�G}^�`¨d~`�ÞhJSHI`rGQP0JSE o
∫ s

0

∫

Ω

(f∂tum + hpm)dxdt ≤
1

2ρ
||f ||2L2(0,T ;L2(Ω)) +

1

2c0
||h||2L2(0,T ;L2(Ω))

+
ρ

2

∫ s

0

∫

Ω

|∂tum|2dxdt+
c0

2

∫ s

0

∫

Ω

|pm|2dxdt.
è9j_A0C��Sé

w·EäHIg]c'J$HhGa`rE=Gmè9jBARC��Sé·K>`$EM\�è9j_A0Cn�=é·gOG�g�EsHIg�¡SHIJSL_c>`$E�Gà^eg]\�E_JSHIdfg]\�KMg
f
gOG
h
\IJSLM\à^Rg�GIg]Hhd�g

¡SZ]EMZ�HIPR�6L_g
κ
Ö>J$E�` o

ρ

2

∫

Ω

|∂tum|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂xum|2(s)dx+ µ∗
∫

Ω

G(∂xum(s))dx

+
c0

2

∫

Ω

|pm|2(s)dx+ ε

∫ s

0

∫

Ω

|∂t∂xum|2dxdt+ k

∫ s

0

∫

Ω

|∂xpm|2dxdt

+
1

η

∫ s

0

∫

Ω

(
C2 − |∂t∂xum|2

)− |∂t∂xum|2dxdt ≤ κ+
ρ

2

∫ s

0

∫

Ω

|∂tum|2dxdt

+
c0

2

∫ s

0

∫

Ω

|pm|2dxdt.

è9j_A0C�v�é

6yPeE>`r^eg�dfg]E�GnÖM`rLtd�J�ïSg]EtK_L�^Rg]dfd�g*KMgj:mHhJSEÌH�`$^e^9ÖBJSEtJS�BGQPeg�E=G[^9�kg�\hGIPed�`rGQP0JSE o




ρ

2

∫

Ω

|∂tum|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂xum|2(s)dx+ µ∗
∫

Ω

G(∂xum(s))dx

+
c0

2

∫

Ω

|pm|2(s)dx+ ε

∫ s

0

∫

Ω

|∂t∂xum|2dxdt+ k

∫ s

0

∫

Ω

|∂xpm|2dxdt

+
1

η

∫ s

0

∫

Ω

(
C2 − |∂t∂xum|2

)− |∂t∂xum|2dxdt ≤ κ.

è9j_A0C�{Sé
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• Ý�È>EêK_g~N]J$d�cM^RZ�GIg]HU^eg�\ug�\hGIPed�`rGQPRJSE_\U\ILMH um
Ö!JSE3L_GIPe^RPR\Igfd�`$PRE=GQg�E>`$E�GV^Rg]\VPeK_Z]g]\VKML

^eg]dfdfg¨@BA0C��~K_L£Naº>`$c_PRGQHhg¹@BA ÿ Eæd�L_^RGQPRc_^RPRgV^e`~cMHhg]dfPep�HIguZ]�=L>`rGIPeJ$EæKMgtè:j_A0C�@Sé}c>`rH
u′jm(t)

A
DF^� 6Peg�E=G o





ρ

∫

Ω

∂2t umu
′
jmwjdx+ ε

∫

Ω

∂t∂xumu
′
jm∂xwjdx

+(λ+ 2µ)

∫

Ω

∂xumu
′
jm∂xwjdx+ µ∗

∫

Ω

g(∂xum)u
′
jm∂xwjdx

−α
∫

Ω

pmu
′
jm∂xwjdx+

1

η

∫

Ω

(
C2 − |∂t∂xum|2

)−
∂t∂xumu

′
jm∂xwjdx

=

∫

Ω

fu′jmwjdx.

è9j_A0C���é

w·E�L_GIPe^RPR\Q`$E�Gy^Rg]\ycMHhJScMHIPRZ�GIZ]\yKMgà^�`�\IL_PRGQg
(wj)j∈N∗

g�G�EMJ$Ga`rd�dfg]E�Gy^Æ��Z]¡S`$^eP0GIZ
wj = − 1

λj
∂2xwj

Ö
JSEtJ$�_GQPRg]E=G�g]Etd¨LM^RGIPRcM^RPR`$E�Gmè9j_A0C���é�c>`$H

λj
ÖMg]EtL_GQPR^ePR\I`$E=Gà^�`uÙ&JSHhd¨LM^eg*KMgj:�HIg]g�Etg�G[g]Et\IJSd��

d~`$E�G[\hLMH
j o

ρ

∫

Ω

∂2t ∂xum∂t∂xumdx+ ε

∫

Ω

|∂t∂2xum|2dx+ (λ+ 2µ)
∫

Ω

∂t∂
2
xum∂

2
xumdx

+µ∗
∫

Ω

∂x(g(∂xum))∂t∂
2
xumdx− α

∫

Ω

∂t∂
2
xum∂xpmdx

+
1

η

∫

Ω

∂x
[
(C2 − |∂t∂xum|2)−∂t∂xum

]
∂t∂

2
xumdx = −

∫

Ω

f∂t∂
2
xumdx.

Ý*cMHhp]\�HIg]¡$HIJSLMc'g�d�g�E=G�KMg]\àGQg�HIdfg]\�K_g�d�ã�dfgqE>`rGILMHIgqg�G�g]EÛgOxBcM^RPeN�PRGQ`$E=G�^Æ��gOxBcMHhg]\I\hPeJSEÛK_g�^�`
KMZ]HhPR SZ�gUKMLÛGQg�HIdfgmK_gUc'Z�E>`$^RPe\Q`bGQPeJ$E�ÖB^Æ��Z]¡�`r^eP0GIZq\Ig�GQHI`$EM\zÙ&JSHIdfg�g]E o

d

dt

[
ρ

2

∫

Ω

|∂t∂xum|2dx+
λ+ 2µ

2

∫

Ω

|∂2xum|2dx
]
+ ε

∫

Ω

|∂t∂2xum|2dx

+µ∗
∫

Ω

g′(∂xum)∂
2
xum∂t∂

2
xumdx− α

∫

Ω

∂xpm∂t∂
2
xumdx

+
1

η

∫

Ω

(C2 − |∂t∂xum|2)−(∂t∂2xum)
2dx+

2

η

∫

Ω−(t)

(∂t∂xum)
2(∂t∂

2
xum)

2dx

= −
∫

Ω

f∂t∂
2
xumdx

J��t^Æ��JSEÛ`¹c'JS\hZ
Ω−(t) = {x ∈ Ω GQg]^R\[�=LMg |∂t∂xum(t, x)| > C} A



�r� ðyñ>ò]ó�ôÆõ9öO÷9Ø6ùt¯[õIý6üM÷mükm ýrú%nsû6ü*o�p&÷*ò10�÷]þUþ�û�ú�õ:öaòrôRú�õF÷
w·EtPeE�GQZ�¡SHQ`rE=G[\hLMH[^Æ��PeE=GIg]Hz r`$^R^RgqK_gmGIg]dfcM\

[0, s]
ÖMPe^� 6Peg]E�G o

ρ

2

∫

Ω

|∂t∂xum|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂2xum|2(s)dx

+ε

∫ s

0

∫

Ω

|∂t∂2xum|2dxdt+
2

η

∫ s

0

∫

Ω−(t)

(∂t∂xum)
2(∂t∂

2
xum)

2dxdt

+
1

η

∫ s

0

∫

Ω

(C2 − |∂t∂xum|2)−(∂t∂2xum)
2dxdt = −

∫ s

0

∫

Ω

f∂t∂
2
xumdxdt

+α

∫ s

0

∫

Ω

∂xpm∂t∂
2
xumdxdt+

ρ

2
||∂xu1m||2L2(Ω) +

λ+ 2µ

2
||∂2xu0m||2L2(Ω)

−µ∗
∫ s

0

∫

Ω

g′(∂xum)∂
2
xum∂t∂

2
xumdxdt.

è9j_A0C���é

w·Et\hgU\hg]Hz r`$E�G�d�`$PeE�GQg�E>`$E=GàKMLÛÙ:`$P0G��=LMgm^�`¨KMZ�HIPR SZ�gmKMgm^�`uÙ&J$EMN�GIPeJSE
g
g]\zG��'J$HIEMZ�gUcM`$H�LMEMg

N]JSEM\zGa`$E�GQg
κ > 0

gOG¹g]E L_GQPR^ePR\I`$E=Gu^eg�\�PeE_Z]¡�`$^RP0GQZ�\uKMgt�à`$LMNaº=ï�� � N�º�Hà`$H0�tgOG¹KMg£î/JSL_EM¡MÖ�^Rg
\Ig]N�JSEMK�dfg]d¨�MHIg�K_g~è:j_A0C���é�c'g�L_G}\IgUd�`�ÞhJSHIg�H�cM`$H o

ρ

2
||∂xu1m||2L2(Ω) +

λ+ 2µ

2
||∂2xu0m||2L2(Ω) +

1

ε
||f ||2L2(0,T ;L2(Ω))

+
ε

4

∫ s

0

∫

Ω

|∂t∂2xum|2dxdt+
µ∗2κ2

ε

∫ s

0

∫

Ω

|∂2xum|2dxdt+
ε

4

∫ s

0

∫

Ω

|∂t∂2xum|2dxdt

+
α2

ε

∫ s

0

∫

Ω

|∂xpm|2dxdt+
ε

4

∫ s

0

∫

Ω

|∂t∂2xum|2dxdt.
DF^�HhZ]\IL_^RGQg~`$^RJSHI\UKMg-è9j_A0C���é�Ö!K��X`$c_HIp]\u^9�kg�\hGQPRd~`bGQP0JSEß\ILMH

(∂xpm)m∈N∗

KMJSEME_Z]g~K>`$EM\sè:j_ARC�{SéOÖ
^eg]\�cMHIJ$cMHIPRZ�GQZ�\[KMgmN]J$E= Sg�HI¡Sg�EMN]gVKMg�\}\ILMP0GQg�\

(u0m)m∈N∗

Ö
(u1m)m∈N∗

g�G}^Rg]\�º=ï6c'J$GQº_p]\Ig�\*\hLMH
f
ÖM�=L��kPR^�g�xBPe\hGIgUL_EMgUN�JSEM\zGa`$E�GQg

κ(ε) > 0
GQg]^R^egq�=LMg o

ρ

2

∫

Ω

|∂t∂xum|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂2xum|2(s)dx

+
ε

4

∫ s

0

∫

Ω

|∂t∂2xum|2dxdt+
2

η

∫ s

0

∫

Ω−(t)

(∂t∂xum)
2(∂t∂

2
xum)

2dxdt

+
1

η

∫ s

0

∫

Ω

(C2 − |∂t∂xum|2)−(∂t∂2xum)
2dxdt

≤ κ(ε) +
µ∗2κ2

ε

∫ s

0

∫

Ω

|∂2xum|2dxdt.

è9j_AX@$¸�é

w·EßL_GQPR^ePR\I`$E=G�^Rg�^eg�d�dfg¨KMgf:mHIJ$EÌHà`r^e^9Ö�J$Eßd�JSE�GQHhg��6L��kPR^½gOxBPR\hGQg¹LMEMgfN�JSEM\zGa`$E�GQg
κ(ε) > 0GQg]^R^egq�=LMg o

µ∗2κ2

ε

∫ s

0

∫

Ω

|∂2xum|2dxdt ≤ κ(ε)



Ø6ù�lBùt¯65Bô��nõµ÷Qú�þ]÷ �S�

g�G}JSEÛJS�_GQPRg]E�G}`$PeE_\IP�^Æ��g]\zGQPRd~`rGIPRJ$E o




ρ

2

∫

Ω

|∂t∂xum|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂2xum|2(s)dx

+
ε

4

∫ s

0

∫

Ω

|∂t∂2xum|2dxdt+
2

η

∫ s

0

∫

Ω−(t)

(∂t∂xum)
2(∂t∂

2
xum)

2dxdt

+
1

η

∫ s

0

∫

Ω

(C2 − |∂t∂xum|2)−(∂t∂2xum)
2dxdt ≤ κ(ε).

è9j_AX@BC�é

• ÿ Ef`$dfZ]^RPeJ$HIg�d�`$PRE=GIg]E>`$E�G�^eg]\�g]\zGQPed�`rGIPeJ$EM\y\ILMH (pm)m∈N∗

g]E¹d�L_^RGQPRc_^RPe`rE=Gy^�`q\hg]N�JSEMKMg
Z]�=L>`rGIPeJSEÛKMg�è9j_A0C�@Sé�c>`$H

p′jm
gOG}g]E�\hJSdfd~`rE=G�\IL_H

j
A ÿ Et` o

c0

∫

Ω

|∂tpm|2dx+ α

∫

Ω

∂tpm∂t∂xumdx+ k

∫

Ω

∂xpm∂t∂xpm =

∫

Ω

h∂tpmdx.

w·EtPeE�GQZ�¡SHQ`rE=G[\hLMH[^Æ��PeE=GIg]Hz r`$^R^RgqK_gmGIg]dfcM\
[0, s]

ÖMN]gOGIGQgmHIg�^�`rGIPeJSEäKMg� 6PRg]E=G o

c0

∫ s

0

∫

Ω

|∂tpm|2dxdt+
k

2

∫

Ω

|∂xpm|2(s)dx =
∫ s

0

∫

Ω

h∂tpmdxdt

−α
∫ s

0

∫

Ω

∂tpm∂t∂xumdxdt+
k

2

∫

Ω

|∂xp0m|2dx.

á gßdfã]dfgæ�6L_gßc�J$LMHÛ^�`êcMHIg�d�PRp]HIgæg�\hGQPRd~`bGQPRJSE�ÁæÂ'ÃOÄÆÅbÃ�Äuè9j_A0C�v�é�ÖàJSEid~`�ÞhJSHhgæ^Rg£\hg]N�JSEMK
d�g�d¨�MHIg�c>`rH o
1

c0
||h||2L2(0,T ;L2(Ω))+

c0

2
||∂tpm||2L2(0,T ;L2(Ω))+

α2

c0
||∂t∂xum||2L2(0,T ;L2(Ω))+

k

2

∫

Ω

|∂xp0m|2dx.

:mH0;$N]g�`$L6xæc_HIJScMHhPeZOGQZ�\�KMg¨N]JSE� Sg]Hh¡Sg]EMN�gfK_g�^�`~\hLMPRGIg
(p0m)m∈N∗

g�GmÇä^Æ��g�\hGQPRd~`bGQPRJ$Eçè9j_A0C�v�é
�6L_P>EMJSLM\/`r\I\IL_HIg}�=LMg ||∂t∂xum||2L2(0,T ;L2(Ω))

g�\hG/�'JSHhEMZ]grÖ�Pe^_gOxBPR\hGQg[LME_g[N]JSEM\zGa`$E�GQg
κ(ε) > 0GQg]^R^egq�=LMg

c0

∫ s

0

∫

Ω

|∂tpm|2dxdt+
k

2

∫

Ω

|∂xpm|2(s)dx ≤ κ(ε) +
c0

2

∫ s

0

∫

Ω

|∂tpm|2dxdt

N]gm�6L_P,EMJ$LM\[N]JSEMK_LMPRG}Ç¹^9�kg�\hGIPed�`rGQP0JSE o
c0

2

∫ s

0

∫

Ω

|∂tpm|2dxdt+
k

2

∫

Ω

|∂xpm|2(s)dx ≤ κ(ε).
è9j_AX@S@Sé

• #JSLMHmÈMEMPeH�Ö�JSEßd¨LM^RGIPRcM^RP0g�^e`scMHIg�d�PRp]HIg�Z]�=L>`rGIPeJSEßKMg7è:j_A0C�@Sé*c>`$H u′′jm g�GUJSE�\hJSdfd�g
\ILMH

j
c'JSLMH

j
`r^e^�`rE=GàKMg

1
Ç
m
c�J$LMH[JS�BGQg]E_PeH o
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ρ

∫

Ω

|∂2t um|2dx+ ε

∫

Ω

∂t∂xum∂
2
t ∂xumdx+ (λ+ 2µ)

∫

Ω

∂xum∂
2
t ∂xumdx

+µ∗
∫

Ω

g(∂xum)∂
2
t ∂xumdx− α

∫

Ω

pm∂
2
t ∂xumdx

+
1

η

∫

Ω

(C2 − |∂t∂xum|2)−∂t∂xum∂
2
t ∂xumdx =

∫

Ω

f∂2t umdx.

è9j_AX@$j�é

w·E3L_GQPR^ePR\I`$E=GU^e`tEMJ$GQ`rGQPRJSE
H
PRE=GQHhJ6KMLMP0GQg¹g]EêK_Z]�ML_GuKMg~c>`rHQ`$¡$HQ`$cMº_g$Ö�è:j_AX@$j�é�c'g]L_Gug]EMN�JSHIg

\]��Z]N]HhPeHhg o

ρ

∫

Ω

|∂2t um|2dx+
ε

2

d

dt

(∫

Ω

|∂t∂xum|2dx
)
+
1

η

d

dt

(∫

Ω

H(∂t∂xum)dx

)

= −(λ+ 2µ)
∫

Ω

∂xum∂
2
t ∂xumdx− µ∗

∫

Ω

g(∂xum)∂
2
t ∂xumdx

+α

∫

Ω

pm∂
2
t ∂xumdx+

∫

Ω

f∂2t umdx.

è9j_AX@r�=é

w·E©PRE=GIZ]¡SHI`$E=Gä\ILMHs^9�kPRE=GIg]Hz r`$^e^0g
[0, s]

g�Gsg]E©L_GIPe^eP0\Q`$E�GäLME_g£PRE=GIZ]¡SHI`rGQPRJSE�c>`$Häc>`rHhGQPRg]\äc>`$H
HQ`$cMc'J$HhG}`$LÛGIg]dfcM\[\IL_H}^Rg]\àGQHIJ$Pe\�c_HIg]dfPeg�HI\àGQg�HIdfg]\[K_L�\hg]N�JSEMK7dfg�d��_HIg$Ö�è9j_AX@r�=é�KMg� 6Peg�E=G o

ρ

∫ s

0

∫

Ω

|∂2t um|2dxdt+
ε

2

∫

Ω

|∂t∂xum|2(s)dx+
1

η

∫

Ω

H(∂t∂xum(s))dx

=
ε

2

∫

Ω

|∂xu1m|2dx+
1

η

∫

Ω

H(∂xu1m)dx+ (λ+ 2µ)

∫ s

0

∫

Ω

|∂t∂xum|2dxdt

−(λ+ 2µ)
∫

Ω

∂xum(s)∂t∂xum(s)dx+ (λ+ 2µ)

∫

Ω

∂xu0m∂xu1mdx

+µ∗
∫ s

0

∫

Ω

g′(∂xum)|∂t∂xum|2dxdt− µ∗
∫

Ω

g(∂xum)(s)∂t∂xum(s)dx

+µ∗
∫

Ω

g(∂xu0m)∂xu1mdx− α

∫ s

0

∫

Ω

∂tpm∂t∂xumdxdt

+α

∫

Ω

pm(s)∂t∂xum(s)dx− α

∫

Ω

p0m∂xu1mdx+

∫ s

0

∫

Ω

f∂2t umdxdt.

è9j_AX@S�Sé

ÿ E2L_GQPR^ePR\hg-g�EM\IL_PRGQgæ^eg�\sPREMZ]¡S`$^eP0GIZ]\~KMgß�à`$LMNaº�ï=� � NaºÌHà`$H5�$Ö[KMg¢î/J$LMEM¡ gOGÛ^eg]\äº=ï6c'J$GIºMp]\hg]\
KMg�N�JSE= Sg�HI¡Sg�EMN�gqKMg�\�\ILMP0GQg�\

(u0m)m∈N∗

Ö
(u1m)m∈N∗

Ö
(p0m)m∈N∗

A á g�cM^RLM\]Ö�^eg]\·g]\hGIPed�`rGQPRJSE_\
Á[Â'Ã�ÄÆÅbÃ�Ä�è9jBARC�{SéOÖMè:j_A @6C�éOÖMè:j_AX@S@Sé!EMJSL_\·`$\h\ILMHhg]E=G·�=LMg�^eg�\�\IL_PRGQg�\

(∂xum)m∈N∗

Ö
(∂t∂xum)m∈N∗

Ö
(pm)m∈N∗

g�G
(∂tpm)m∈N∗

\hJSE=G,Hhg]\Ic'g�N�GIPR Sg]dfg�E=G!�'JSHIE_Z]g]\,KM`$EM\�^eg]\�g]\hc>`$N�g]\
L∞(0, T ;L2(Ω))

Ö
L2(0, T ;L2(Ω))∩L∞(0, T ;L2(Ω)) Ö L∞(0, T ;L2(Ω)) gOG L2(0, T ;L2(Ω)) A=DF^'g�x_PR\hGIg�KMJSEMN



Ø6ù�lBùt¯65Bô��nõµ÷Qú�þ]÷ �S{

LMEMgmN]JSEM\zGa`$E�GQg
κ(ε) > 0

GQg�^e^egq�=LMg o

ρ

∫ s

0

∫

Ω

|∂2t um|2dxdt+
ε

2

∫

Ω

|∂t∂xum|2(s)dx+
1

η

∫

Ω

H(∂t∂xum(s))dx

≤ κ(ε) +
1

2ρ

∫ s

0

∫

Ω

|f |2dxdt+ ρ

2

∫ s

0

∫

Ω

|∂2t um|2dxdt+
1

η

∫

Ω

H(∂xu1m)dx

N]gm�6L_P,EMJ$LM\[KMJSEMEMgrÖ?g�E�PRE=GIZ]¡SHI`$E=G�^�`¨EMJSHhd�g�KMg
f
K>`$EM\[^�`¨N]J$EM\hGQ`$E=GIg$Ö?^9�kg�\hGIPed�`rGQP0JSE o





ρ

2

∫ s

0

∫

Ω

|∂2t um|2dxdt+
ε

2

∫

Ω

|∂t∂xum|2(s)dx+
1

η

∫

Ω

H(∂t∂xum(s))dx

≤ κ(ε) +
1

η

∫

Ω

H(∂xu1m)dx.

è9j_AX@$v�é

Ü7`$PRE=GIg]E>`rE=GnÖM¡$H�;$N�gUÇ�N]g�\}g�\hGQPRd~`bGQPRJSEM\�ÁUÂ'Ã�ÄÆÅbÃ�Ä¤ÖMJ$EÛ r`�N�º_g]HINaºMg�H*Ç�c>`r\I\Ig�H�Ç�^�`¨^RPedfPªGQg
K>`$EM\�è:j_A0C�@SéV^eJSHh\I�=LMg

m
GQg]E_K  Sg�HI\¹^Æ��PeE_È>E_P�g�G¹KMZ�È>E_PeH¹`$PREM\IP�LMEMgÛ\IJ$^eL_GIPeJSEêKML cMHIJ$�M^ep�d�g

è9j_A0C�¸�é�A á �k`$cMHhp]\/^Rg]\½g]\zGQPed�`rGIPeJ$EM\[Á}Â'Ã�ÄÆÅbÃ�Ä�è9j_A0C�{Sé�Ö?è9jBA @6C�éOÖ>è9j_AX@S@Sé�Ö?è:j_AX@$v�éOÖ$JSE¹c'g]L_G/gOx6GIHQ`$PRHIg
KMg·^e`à\ILMP0GQg

(um, pm)m∈N∗

LMEMg·\hJSLM\µ�F\IL_PRGQg½g]EMN�JSHhg/E_J$GQZ�g
(um, pm)m∈N∗

g�G,KMZ�ÈMEMPeH�LMEmN]JSL_cM^eg
(uη, pη)

GIg]^e\��=LMg$Ö>^eJSHh\I�=LMg
m
GQg�EMKt Sg�HI\}^Æ��PRE_È>EMP o





um → uη
K>`$EM\

L∞(0, T ;H1
0 (Ω))

gOG
L∞(0, T ;H2(Ω))

Ù:`$PR�M^egD�Nù
∂tum → ∂tuη

K>`$EM\
L∞(0, T ;H1

0 (Ω))
Ù:`$Pe�M^Rgj�Vg�G

L2(0, T ;H2(Ω))
Ù:`$Pe�_^egkù

∂2t um → ∂2t uη
K>`rEM\

L2(0, T ;L2(Ω))
Ù:`$PR�M^egkù

g(∂xum)→ ψ
K>`$EM\

L∞(Q)
Ù:`$Pe�_^egj�Bù

(C2 − |∂t∂xum|2)−∂t∂xum → ϕ
KM`$EM\

L4/3(Q)
Ù:`rPe�M^Rgkù

pm → pη
K>`rEM\

L∞(0, T ;H1
0 (Ω))

Ù:`$PR�M^egD�Nù
∂tpm → ∂tpη

K>`$EM\
L2(0, T ;L2(Ω))

Ù:`rPe�M^Rg$A

è9j_AX@S{Sé

l,gUN�JSLMcM^Rg
(uη, pη)

`f�MPRg]E�^Rg]\}cMHhJScMHhPeZ�GIZ]\}KMgUHIZ�¡SLM^�`rHIPRGIZ�Z]EMJ$EMN]Z�g]\*K>`$EM\uè9j_A0C�¸�é�A á gVcM^RLM\]Ö
JSEçKMZ�KMLMP0G�KMg£è9j_AX@S{$éOÖ#c>`rH¨c>`r\I\Q`r¡SgÛÇ7^�`�^ePRdfP0GIg�^eJ$HI\I�=LMg

m → +∞ K>`$EM\Ûè9jBARC�@$éOÖ#�=LMg oc'JSLMH�GIJSL_G
j ∈ N∗ Ö>c'JSL_H[cMHhg]\I�=LMgUGIJSL_G t K>`$EM\ ]0, T [ Ö





ρ

∫

Ω

∂2t uηwjdx+ ε

∫

Ω

∂t∂xuη∂xwjdx+ (λ+ 2µ)

∫

Ω

∂xuη∂xwjdx

+µ∗
∫

Ω

ψ∂xwjdx− α

∫

Ω

pη∂xwjdx+
1

η

∫

Ω

ϕ∂xwjdx =

∫

Ω

fwjdx,

c0

∫

Ω

∂tpηwjdx+ α

∫

Ω

∂t∂xuηwjdx+ k

∫

Ω

∂xpη∂xwjdx =

∫

Ω

hwjdx.

è9j_AX@$��é

Ý�N]gm\hGQ`$KMg$Ö>JSEs r`�GQHQ`n r`$PR^e^0g]H�d~`rPeE=GIg]E>`rE=G�\IL_H}^Rg]\�PeE=GIZ]¡SHI`$^Rg]\�Ù:`$Pe\I`$E=G�PeE�GQg]Hz Sg]E_PeH
ψ
g�G
ϕ
A

��JSEM\IPRKMZ]HhJSEM\�GQJSL_G¹K��k`$�'JSHhK ^Æ��PeE�GQZ]¡$HQ`$^Rg~g]E
ψ
`r\I\IJ6N�PeZ�g�Ç

g(∂xum)
A � P�^9�kJSEçHIg]c_HIg]E_K�^Rg]\
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HIZ]\hLM^RGQ`rGQ\,KMg/N]JSE� Sg]Hh¡Sg]E_N]g�HIZ�LMEMPR\!g]Eäè9j_AX@S{Sé�Ö�JSEUJS�M\hg]Hh Sg��=LMg�^e`[\hLMPRGIg

(um)m∈N∗

g]\hG#�'JSHhEMZ]g
K>`$EM\

W1 = {v ∈ L∞(0, T ;H1
0 (Ω) ∩H2(Ω))

GIg]^R\f�=LMg
∂tv ∈ L∞(0, T ;L2(Ω))}

A/Ü7`$Pe\
N]JSdfdfgà^Æ��PeEbÞhg�N�GQPRJSE¨KMg

H1
0 (Ω)∩H2(Ω)

K>`$E_\
H1
0 (Ω)

g�\hG/N]J$d�c>`rN�GQgrÖSK��k`$cMHIp�\/^Rg�^Rg]dfdfg[@6A �
N]g]^R^eg}KMg

W1
K>`$E_\

Lp(0, T ;H1
0 (Ω)

^Æ��g]\hGà`$LM\h\IP�c'JSLMH/GQJSL_G
p ∈]1,+∞[ ABÝ�PeEM\hPÆÖ=c'JSLMH p = 2 ÖJSE�`�g]Etc>`$HhGIPeN�LM^ePRg�H o

∂xum → ∂xuη
K>`$EM\

L2(Q)
Ù&J$HhGnA è9jBA @$�Sé

á gsè:j_AX@$��éOÖ>JSE�KMZ]K_LMPRG]Ö?�6L_PRGIGIguÇfg�xBGIHQ`$PRHIgVÇfEMJSL_ $gn`$L7LMEMgV\IJSL_\z�F\hLMPRGIg$Ö'�=LMg
∂xum → ∂xuηcMHIg�\I�=LMgVc>`rHhGQJSLBG}KM`$EM\

Q
ÖMN]gm�6L_P,g�E=GQHI`rë�E_g$ÖMc>`$H�N]JSE�GQPRE6LMP0GQZqKMgm^Æ�k`$cMcM^RPRNn`rGIPRJ$E

g
Ö>�=LMg

g(∂xum)→ g(∂xuη)
cMHIg�\I�=LMgVc>`rHhGQJ$L_G[K>`$EM\

Q.
á gßcM^RLM\]Ö

(g(∂xum))m∈N∗

g]\hGtLMEMgß\hLMPRGIg£�'JSHIE_Z]gßK>`rEM\
]0, T [×Ω c>`$HsKMZ�ÈMEMPRGIPeJSE©K_g

g
A

á �X`rcMHIp�\�^RgqGQº_Z]JSHhp]dfgmKMgmN]JSE� Sg]Hh¡Sg]E_N]gVKMJSdfPeE_Z]g$Ö_JSEtJS�BGQPeg�E=G}`$^RJSHh\��=LMg
g(∂xum)→ g(∂xuη)

K>`rEM\
Lp(Q)

c'J$LMH�GIJSL_G
p ≥ 1. è:j_AXj$¸�é

á �X`rcMHIp�\¨è:j_AX@S{Sé�gOGuè9jBAXjS¸Sé�g�G}^9�kLME_PeN�PRGQZ*KMgm^�`¨^ePed¹P0GIgqK>`$E_\ D′(Q) ÖMJSEtg�E�KMZ�KMLMP0G}�=LMg
ψ = g(∂xuη).

è9jBAXj_C�é
��JSEM\IPRKMZ]HhJSEM\�d�`$PeE�GQg�E>`$E�Gà^eg�GQg�HIdfgqg]E

ϕ
A � JSL�ÞhJSLMHI\àK��X`rcMHIp�\Vè:j_A @${SéOÖBJSEs\Q`rPRGà�=LMg�^�`u\ILMP0GQg

(∂tum)m∈N∗

g]\hGs�'JSHhEMZ]g-K>`$EM\
W2 = {v ∈ L2(0, T ;H1

0 (Ω) ∩ H2(Ω))
GIg]^R\[�=LMg

∂tv ∈
L2(0, T ;L2(Ω))} g�G[g�EtLBGQPe^RPR\Q`rE=Gàg�EMN]J$HIg�^Æ��PeEbÞhg�N�GQPRJSE~N]JSdfc>`rN�GQgqKMg H1

0 (Ω) ∩H2(Ω)
K>`$EM\

H1
0 (Ω)

Ö>JSEt` o
∂t∂xum → ∂t∂xuη

K>`$E_\
L2(Q)

Ù&JSHhG�g�G}cMHhg]\I�=LMgVcM`$HhGIJSL_G[K>`$E_\
Q

è9jBAXj�@$é
�6L_PRGIGIgUÇ�gOx6GQHI`$PeHhgmL_EMgU\hJSLM\z��\ILMP0GQgrA ÿ Etc'g]L_G}KMJSEMNU`$c_cM^ePR�=LMg]H�^Rg�^eg�d�dfgm@BA0C�¸�gOG}JSE�`

(C2 − |∂t∂xum|2)−∂t∂xum → (C2 − |∂t∂xuη|2)−∂t∂xuη
K>`$EM\

L4/3(Q)
Ù:`$PR�M^eg

N]gm�6L_P,g�E=GQHI`rëeEMgmK��X`$c_HIp]\Vè9j_AX@S{Sé�g�G}c>`$H�LMEMPRN]P0GQZ�K_gU^e`�^RPedfPªGQg*K>`$EM\
L4/3(Q)

Ù:`$Pe�_^egq�=LMg o
ϕ = (C2 − |∂t∂xuη|2)−∂t∂xuη.

è9j_AkjSj�é
á �X`rcMHIp�\�è:j_AXjBC�éfg�Gßè:j_AXj$j�éOÖ�^Rg]\~Z]¡�`$^RPRGIZ]\-è9j_AX@$��éfg�E=GQHI`rë�E_g]E�G o c'JSLMH�GQJSL_G j ∈ N∗ Ö�c'JSLMHcMHIg�\I�=LMgUGQJ$L_G

t
KM`$EM\

]0, T [
Ö

ρ

∫

Ω

∂2t uηwjdx+ ε

∫

Ω

∂t∂xuη∂xwjdx+ (λ+ 2µ)

∫

Ω

∂xuη∂xwjdx

+µ∗
∫

Ω

g(∂xuη)∂xwjdx− α

∫

Ω

pη∂xwjdx

+
1

η

∫

Ω

(C2 − |∂t∂xuη|2)−∂t∂xuη∂xwjdx =

∫

Ω

fwjdx,

c0

∫

Ω

∂tpηwjdx+ α

∫

Ω

∂t∂xuηwjdx+ k

∫

Ω

∂xpη∂xwjdx =

∫

Ω

hwjdx.
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w·EÛHhg� Sg]EM`$E=G}Ç�^e`uKMZ�È>E_PRGQPRJSEäKMg�^�`u\IL_PRGQg
(wj)j∈N∗

è:NOÙµAMcMHhJSc'JS\hPRGQPRJSEÛ@6AXv_ÖBc>`$HQ`r¡SHQ`rcMºMgm@BAX@BÖ
N�º>`rcMPRGIHIg}@SéyJSE¹g]EfKMZ]K_LMPRG·�=LMg}^Rg�N]JSL_cM^eg

(uη, pη)
 SZ]HIP0È>g[^Rg]\½Z]�=L>`rGIPeJSE_\·KMLf\hï6\hGIp]dfguè9j_A0C�¸�é

∀(v, r) ∈ H1
0 (Ω)×H1

0 (Ω)
Ö





ρ

∫

Ω

∂2t uηvdx+ ε

∫

Ω

∂t∂xuη∂xvdx+ (λ+ 2µ)

∫

Ω

∂xuη∂xvdx+ µ∗
∫

Ω

g(∂xuη)∂xvdx

−α
∫

Ω

pη∂xvdx+
1

η

∫

Ω

(C2 − |∂t∂xuη|2)−∂t∂xuη∂xvdx =

∫

Ω

fvdx

c0

∫

Ω

∂tpηrdx+ α

∫

Ω

∂t∂xuηrdx+ k

∫

Ω

∂xpη∂xrdx =

∫

Ω

hrdx.

á gfcM^RLM\]Ö�^eg�\mg]\zGQPRd~`bGQPRJSEM\¹è9jBARC�{SéqÇ�è:j_AX@$v�é*gOGU^eg]\�cMHIJ$cMHIPRZ�GQZ�\mKMg¹N]JSE� Sg]Hh¡Sg]E_N]g-è9j_AX@S{$é*g]EB�
GQHQ`bë�EMg�E=G·�=LMg

uη
gOG
pη
 SZ�HIP0È>g]E�G�^Rg]\½g]\hGIPed�`rGQPRJSE_\�Z]EMJSE_N]Z]g�\�`$L¹GQºMZ�JSHhp]dfg}j_AX@�g�E�JS�M\hg]Hh b`$E=G

K>`$EM\Vè9jBA @$vSé��=LMg
lim

m→+∞

1

η

∫

Ω

H(∂xu1m)dx = 0
cMLMPR\I�=LMg

u1 ∈ K
A

w·EBÈ>E�ÖSJSE�GIg]HIdfPeE_gà^e`qKMZ�dfJSEM\hGIHQ`rGIPeJSE¨KMg�^9�kg�x_PR\hGIg]EMN�g[K���LMEMg�\IJS^RL_GQPRJSE¨KML¹cMHhJS�M^Rp]dfgmè:j_ARCn¸�éOÖ
g]EÛ SZ]HIP0È?`$E�G}�=LMgU^Rg�N]J$LMcM^eg

(uη, pη)
 SZ�HIP0È>gm^eg�\[N]J$EMKMPRGIPeJ$EM\�PREMPRGIPe`$^0g]\�Ç¹\I`� SJ$PeH

(uη(0, x), pη(0, x)) = (u0,ε(x), p0(x))
g�G
∂tuη(0, x) = u1,ε(x).

w·Emg���g�G]ÖnK��X`rcMHIp�\,^eg�\�g�\hGQPRd~`bGQPRJSEM\½Á·Â'ÃOÄÆÅbÃ�Ä�HIZ]\hLMdfZ]g�\#`rL�GQºMZ�JSHIp�d�g½j_A @6Ö]^eg]\�\ILMP0GQg�\
(um)m∈N∗

Ö
(pm)m∈N∗

g�G
(∂tum)m∈N∗

\hJSE=G,Hhg]\hc�g�N�GIPR Sg�d�g�E=G!�'JSHhEMZ]g�\!KM`$EM\�^eg�\�g�\Ic>`$N�g]\
W (0, T ;H1

0 (Ω)∩
H2(Ω), H1

0 (Ω))
Ö
W (0, T ;H1

0 (Ω), L
2(Ω))

g�G
W (0, T ;H2(Ω), L2(Ω))

A
á �X`rcMHIp�\m^9�kPREbÞhg]NOGQPRJSE7K_g]\�g]\hc>`$N�g]\

W (0, T ;X,Y )
K>`$E_\�^9�kg�\Ic>`$N�g�KMg�\qÙ&JSEMNOGQPRJSEM\*N]JSE�GQPRE6LMg�\

KMg
[0, T ]

ÇÛ r`$^Rg]LMHh\VKM`$EM\
Y
Ö,JSE3`�`$^RJSHI\ ∀t ∈ [0, T ] Ö um(t, x) → uη(t, x)

KM`$EM\
H1
0 (Ω)Ù:`$Pe�M^Rg£gOG

pm(t, x) → pη(t, x)
Ö
∂tum(t, x) → ∂tuη(t, x)

K>`$EM\
L2(Ω)

Ù:`$PR�M^Rg$A ÿ Htc>`$H
è9j_A0C�j�é�Ö

um(0, x) = u0m(x) → u0,ε(x)
K>`$EM\

H1
0 (Ω)

gOG
pm(0, x) = p0m(x) → p0(x)

Ö
∂tum(0, x) = u1m(x)→ u1,ε(x)

K>`$EM\
L2(Ω)

Ay`$HqL_EMPeN�PRGQZVKMg¨^�`�^ePRdfPªGQg$Ö?Pe^, 6Peg�E=G
uη(0, x) = u0,ε(x)

Ö
pη(0, x) = p0(x)

gOG
∂tuη(0, x) =

u1,ε(x)
Ö>N�gU�=LMP,`$NaºMp� SgU^�`¨KMZ�d�JSE_\hGQHI`rGQPRJSEsKMLÛGQºMZ�JSHIp�d�gUjBA @BA

¥

Ü.Û�ÚLÛÅÚ Þxß}àÎá�â�ã#äQåaã����":�/	>ã����;�=<%	��>� ã��A@Bã#åÁå#�'äNâ��;�'à>ä=â�ã��¸û
B��	��=�*à>á�û
� JSPRG

ε > 0
È_xBZ$A ÿ E� b`�d~`$PRE=GIg]E>`rE=G}dfJSE=GIHIg]H[�6L��kLME_g¨\hJS^eL_GIPeJSEtK_L-c_HIJS�M^Rp]dfg~è:j_AX�Sé�c'g]L_G

ã�GQHhgæN]J$EM\hGIHILMP0GQg-g]E©Z�GILMKMP�`rE=Gs^e`3^ePRdfP0GIg��6LM`$EMK©^eg-cM`$HQ`$dfpOGQHIg
η
GQg�EMK2 Sg]Hh\��]Z�HIJ K���LMEMg

\ILMP0GQg
(uη, pη)η>0

KMgu\IJ$^eL_GIPeJSE_\�K_L-cMHIJS�_^ep]dfg~è9j_A0C�¸�é�KMJSE�Gq^9�kg�xBPe\hGIg]EMN�gug]\hG�`$\h\ILMHhZ]g¨c>`$H�^Rg
GQºMZ�JSHIp�d�gUjBA @6A ÿ EÛ b`f`$PeEM\hP�Z�GQ`$�M^RPeHà^Rg oÔAÕ ;6�?��4613+æ�©¨ª�?¨
� Å�
6Ã�íFÅ�
6í ε > 0 � �eî,Â'ÃQÅ�����Ö$�äî.Ã ðÌ�DC$Ç Á����~îOía
O��î·ì�Å��®
Bí:ÄÆÅ��¹íFî$�¦�eîL��
?î uε ∈ L∞(0, T ;H2(Ω))îOí
∂tuε ∈ L∞(0, T ;H1

0 (Ω)) � ³ î*Â´�®
=ì � Ä¦��î5ªSÄeìOíFîÊ
���î(�aÅ��_ìOí�Á��>íFî κ > 0
íFî$�¦�eî£��
>î£�,Â>Å�
BÃ
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íµÅ�
6í

ε > 0√
ε||∂tuε||L2(0,T ;H1

0 (Ω))
+ ||∂tuε||L∞(0,T ;L2(Ω)) + ||uε||L∞(0,T ;H1

0 (Ω))
+ ||pε||L∞(0,T ;L2(Ω))

+ ||pε||L2(0,T ;H1
0 (Ω))

≤ κîOíN
O��î��aÅ��_ìOíÆÁ��>íµî
κ(ε)

íFî$�¦�eîA��
>îA�
||∂2t uε||L2(0,T ;L2(Ω)) + ||∂tuε||L∞(0,T ;H1

0 (Ω))
+ ||∂tuε||L2(0,T ;H2(Ω)) + ||uε||L∞(0,T ;H2(Ω))

+ ||∂tpε||L2(0,T ;L2(Ω)) + ||pε||L∞(0,T ;H1
0 (Ω))

≤ κ(ε) �³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �ÿ EsN]J$EM\IPRKMp]Hhg�LMEMg�\ILMP0GQgqKMg�\hJS^eLBGQPeJ$EM\�KMLÛc_HIJS�M^Rp]dfg�è9j_A0C�¸�é
(uη, pη)η>0

A á �X`rcMHIp�\[^eg�\àcMHIJb�
cMHIPRZ�GQZ�\tZ]E_JSEMN�Z]g]\7`$LiGIºMZ]J$HIp]dfg�jBA @çgOG�^�`çKMZOÈ>EMPRGIPeJSE©KMgß^e`êÙ&JSEMN�GIPeJSE

g
Ö[PR^�g�xBPe\zGQgßLMEMg

\IJSLM\µ�F\hLMPRGIgmKMg
(uη, pη)η>0

E_J$GQZ�gUg�EMN]J$HIg
(uη, pη)η>0

GIg]^e^Rgq�6L_g o




uη → uε
KM`$EM\

L∞(0, T ;H1
0 (Ω))

gOG
L∞(0, T ;H2(Ω))

Ù:`$PR�M^egD�Nù
∂tuη → ∂tuε

K>`$EM\
L∞(0, T ;H1

0 (Ω))
Ù:`$Pe�M^Rgj�Vg�G

L2(0, T ;H2(Ω))
Ù:`$Pe�_^egkù

∂2t uη → ∂2t uε
K>`rEM\

L2(0, T ;L2(Ω))
Ù:`$PR�M^egkù

g(∂xuη)→ g(∂xuε)
K>`$EM\

L∞(0, T ;L4/3(Ω))
Ù:`rPe�M^Rgj�Bù

pη → pε
K>`rEM\

L∞(0, T ;H1
0 (Ω))

Ù:`$PR�M^egD�Nù
∂tpη → ∂tpε

KM`$EM\
L2(0, T ;L2(Ω))

Ù:`$PR�M^egrA

è9j_Akj$�=é

y`$H}`$PR^e^0g]LMHh\�K_gU^e`�c_HIg]dfPep�HIg�Z��6LM`rGQPRJSEtK_L�\zïB\zGQp�d�g~è9jBARCn¸�é�JSEÛKMZ]KML_PRG}�=LMg o ∀v ∈ H1
0 (Ω)∫

Ω

(
C2 − |∂t∂xuη|2

)−
∂t∂xuη∂xvdx = η

[∫

Ω

fvdx− ρ

∫

Ω

∂2t uηvdx

−(λ+ 2µ)
∫

Ω

∂xuη∂xvdx− µ∗
∫

Ω

g(∂xuη)∂xvdx− ε

∫

Ω

∂t∂xuη∂xvdx

+α

∫

Ω

pη∂xvdx

]
è9j_Akj��Sé

g�G}PR^� 6Peg�E=G}K��X`$c_HIp]\Vè9j_Akj$�=é��6L_g$Ö?^RJSHI\h�6L_g
η → 0

Ö
∂x
[
(C2 − |∂t∂xuη|2)−∂t∂xuη

]
→ 0

K>`$EM\
L2(0, T ;H−1(Ω))

Ù:`$Pe�_^eg
.

è9jBAXj$v�é
#JS\IJSE_\

β(u) = ∂x [(C
2 − |∂t∂xu|2)−∂t∂xu]

A
á �X`rcMHIp�\�^�`æd�J$EMJ$GQJ$EMPegäKMgt^Æ��JSc'Z]HI`rGQg�LMH¹KMgtc'Z]EM`$^ePR\Q`rGIPeJ$E

β
Ö·JSE�` o c'JSLMH¹cMHIg�\I�=LMg�GIJSL_G

s ∈]0, T [ gOG}c'JSLMH[c_HIg]\h�=LMgUGQJSLBG τ ∈]0, T [ Ö

∀v ∈ H1
0 (Ω),

∫ τ

s

(β(uη(t))− β(v), uη(t)− v)dt ≥ 0. è9j_Akj�{Sé
ÿ H�K��X`$c_HIp]\�è9jBAXjr�=éOÖ

uη → uε
K>`$EM\

L2(0, T ;H1
0 (Ω))

Ù&JSHhG]A�w½Eßc>`$\h\Q`$E�GVÇs^�`ä^ePRdfP0GIguK>`$EM\
è9j_Akj�{SéàgOG*g�E7L_GQPR^ePR\I`$E=GVè:j_AkjSv�éOÖ>PR^� 6Peg]E�G�c'JSLMH}cMHhg]\I�=LMgVGIJSL_G

s ∈]0, T [ Ö?c'J$LMH}cMHIg�\I�=LMgVGQJSLBG
τ ∈]0, T [ Ö

∀v ∈ H1
0 (Ω),

∫ τ

s

(0− β(v), uε(t)− v)dt ≥ 0.
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á �kJ���Ö>c'JSLMH[c_HIg]\h�6L_gUGQJSLBG
s ∈]0, T [ Ö>J$E�` o

∀v ∈ H1
0 (Ω), (0− β(v), uε(s)− v) ≥ 0. è:j_AkjS��é

#JSLMH/GQJSLBG
λ > 0

gOG�GQJSL_G
w ∈ H1

0 (Ω)
Ö=JSE~N�º_JSPe\hPRG

v = uε(s)−λw
K>`$EM\qè9j_AkjS��é�A=DF^? BPRg]E�G o

c'JSLMH�cMHIg�\I�=LMgUGIJSL_G
s ∈]0, T [, ∀w ∈ H1

0 (Ω), (β(uε(s)− λw), w) ≤ 0. è9j_AkjS��é
ÿ Eæc>`$\I\hgf`$^eJSHh\�Çä^�`~^ePed¹P0GIguK>`$EM\fè9jBAXj$��é�^eJ$HI\I�=LMg

λ → 0
gOGmJSE£JS�BGQPeg�E=G�¡SH0;$N]g�Çs^Æ��ºMZ�d�Pª�

N]JSE�GQPRE6LMP0GQZ�K_g
β o

c'JSL_H[cMHhg]\I�=LMgUGIJSL_G
s ∈]0, T [, ∀w ∈ H1

0 (Ω), (β(uε(s)), w) ≤ 0.
è9j_A���¸�é

w·E�cMHhg]E>`$E�G�g]EM\hLMPRGIg −w K>`$EM\7è9jBAk�S¸�éOÖ�JSE�JS�_GIPeg�E=Gf�=LMg�c'J$LMHfcMHhg]\h�6L_g�GQJSLBG
s ∈]0, T [ Ö

∀w ∈ H1
0 (Ω), (β(uε(s)), w) = 0

gOGqKMJ$EMN
β(uε(s)) = 0

Ä � î � c'JSLMH�c_HIg]\h�=LMg¨GIJSL_G s K>`$E_\
]0, T [

Ö
∂tuε(s) ∈ K

A
� JSPRGqd~`rPeE=GIg]E>`rE=G

v ∈ L2(0, T ;H1
0 (Ω))

GIg]^��=LMg
v(t) ∈ K

A�Ý*^RJSHI\�Ö�JSEß`_Ö�c>`$H�KMZOÈ>EMP0GQPeJ$E�Ö
(C2 − |∂xv|2)− = 0

A� P�JSE£cMHIg�EMK
v − ∂tuη

N]J$d�dfguÙ&JSEMNOGQPRJSEB�ÆGQg]\zG�K>`$EM\�^�`äcMHhg]dfPep�HIg¨Z]�=L>`rGIPeJSEæKMg�è:j_ARCn¸�éOÖ�JSE
` o

ρ

∫

Ω

∂2t uη(v − ∂tuη)dx+ (λ+ 2µ)

∫

Ω

∂xuη∂x(v − ∂tuη)dx

+µ∗
∫

Ω

g(∂xuη)∂x(v − ∂tuη)dx+ ε

∫

Ω

∂t∂xuη∂x(v − ∂tuη)dx

−α
∫

Ω

pη∂x(v − ∂tuη)dx−
∫

Ω

f(v − ∂tuη)dx

=
1

η

∫

Ω

[
(C2 − |∂xv|2)−∂xv − (C2 − |∂t∂xuη|2)−∂t∂xuη

]
∂x(v − ∂tuη)dx.

è9j_A��MC�é

ÿ H·N�JSdfd�g�^9�kJSc'Z�HQ`rGIg]LMH½KMg}c'Z]EM`$^ePR\Q`rGIPeJ$E¹g�\hG�dfJSEMJ$GIJSEMgrÖ�^Rg[\Ig�N]J$EMK~d�g�d¨�MHIg�KMguè9jBAk�MC�é�g�\hG
c'JS\IP0GQPRÙ!gOGuè9j_A��MC�é�g]E�GQHQ`bë�EMg o

ρ

∫

Ω

∂2t uη(v − ∂tuη)dx+ (λ+ 2µ)

∫

Ω

∂xuη∂x(v − ∂tuη)dx

+µ∗
∫

Ω

g(∂xuη)∂x(v − ∂tuη)dx+ ε

∫

Ω

∂t∂xuη∂xvdx

−α
∫

Ω

pη∂x(v − ∂tuη)dx−
∫

Ω

f(v − ∂tuη)dx ≥ ε

∫

Ω

|∂t∂xuη|2dx.

è9j_A��=@Sé
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� JSPRG

(s, τ) ∈]0, T [ ÖMGQg]^��=LMg s ≤ τ
A?w½E�PeE�GQZ]¡$HQ`$E�GVè9j_A��=@$éà\hLMH}^9�kPRE=GIg]Hz r`$^e^0gqKMg�GQg]dfcM\

[s, τ ]
Ö

Pe^� BPRg]E�G o
ρ

∫ τ

s

∫

Ω

∂2t uη(v − ∂tuη)dxdt+ (λ+ 2µ)

∫ τ

s

∫

Ω

∂xuη∂x(v − ∂tuη)dxdt

+µ∗
∫ τ

s

∫

Ω

g(∂xuη)∂x(v − ∂tuη)dxdt+ ε

∫ τ

s

∫

Ω

∂t∂xuη∂xvdxdt

−α
∫ τ

s

∫

Ω

pη∂x(v − ∂tuη)dxdt−
∫ τ

s

∫

Ω

f(v − ∂tuη)dxdt

≥ ε

∫ τ

s

∫

Ω

|∂t∂xuη|2dxdt.

è9j_A���j�é

á �X`rcMHIp�\àè9j_Akj$�=é�^eg�\!\hLMPRGIg]\
(∂tuη)η>0

Ö
(∂xuη)η>0

Ö
(g(∂xuη))η>0

Ö
(pη)η>0

\hJSE�G#�'JSHIEMZ�g]\#KM`$EM\
H1(Q)

A á �X`$c_HIp]\�^�`uN]J$d�c>`rN]PRGIZ*KMg�^Æ��PeEbÞhg�N�GIPeJ$EäKMg
H1(Q)

KM`$EM\
L2(Q)

Pe^�gOxBPR\hGQg�KMJ$EMN�LMEMg
\ILMP0GQgäg�x6GQHQ`rPRGQg~KMg

(uη, pη)η>0
g�EMN]J$HIgsEMJrGQZ]g

(uη, pη)η>0
GIg]^e^Rg��=LMgs^eg�\¨\hLMPRGIg]\

(∂tuη)η>0
Ö

(∂xuη)η>0
Ö
(g(∂xuη))η>0

Ö
(pη)η>0

N]JSE� Sg]Hh¡Sg]E�G�Ù&J$HhGQg�d�g�E=G�K>`$EM\
L2(Q)

A á gqcM^RLM\]ÖBc_LMPe\h�6L_g
(∂t∂xuη)η>0

N�JSE= Sg�HI¡Sgm Sg�HI\
∂t∂xuε

K>`$EM\
L2(Q)

Ù:`rPe�M^Rg$ÖBPe^� BPRg]E�G o

lim

∫ τ

s

∫

Ω

|∂t∂xuη|2dxdt ≥
∫ τ

s

∫

Ω

|∂t∂xuε|2dxdt.
è:j_Ak�$�=é

w·EæcM`$\I\Q`rE=GmÇ~^�`�^RPedfPªGQgUPeEBÙ&Z]HIPRg]LMHhgu^RJSHI\h�=LMg
η → 0

K>`$E_\q^Æ��PeEMZ�¡�`$^RPªGQZ~è9j_A���j�é[g�Gqg]E-GIg]E>`$E�G
N]JSdfc_GQg�KMg�è9jBAk�S��éOÖMPR^� 6PRg]E=G o
ρ

∫ τ

s

∫

Ω

∂2t uε(v − ∂tuε)dxdt+ (λ+ 2µ)

∫ τ

s

∫

Ω

∂xuε∂x(v − ∂tuε)dxdt

+µ∗
∫ τ

s

∫

Ω

g(∂xuε)∂x(v − ∂tuε)dxdt+ ε

∫ τ

s

∫

Ω

∂t∂xuε∂xvdxdt

−α
∫ τ

s

∫

Ω

p∂x(v − ∂tuε)dxdt−
∫ τ

s

∫

Ω

f(v − ∂tuε)dxdt ≥ ε

∫ τ

s

∫

Ω

|∂t∂xuε|2dxdt

N]gm�6L_P,g�E=GQHI`rëeEMg o
ρ

∫

Ω

∂2t uε(v − ∂tuε)dx+ (λ+ 2µ)

∫

Ω

∂xuε∂x(v − ∂tuε)dx

+µ∗
∫

Ω

g(∂xuε)∂x(v − ∂tuε)dx+ ε

∫

Ω

∂t∂xuε∂x(v − ∂tuε)dx

−α
∫

Ω

pε∂x(v − ∂tuε)dx ≥
∫

Ω

f(v − ∂tuε)dx.

á gUcM^RLM\]ÖMcMLMPR\I�=LMg
∂tuε ∈ K

ÖMJSE�` |∂t∂xuε| ≤ C
\IJ$PRG −C ≤ ∂t∂xuε ≤ C

A
w·E�PRE=GIZ]¡SHI`$E=G[N]gOG�g]EMN]`$KMHhg]dfg]E�G*\IL_H}^Æ��PeE�GQg]Hz r`$^R^RgqKMgmGQg�dfcM\

[0, t]
Ö>JSEtJS�_GIPeg]E�G}�=LMg −Ct+
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∂xu0,ε ≤ ∂xuε(t) ≤ Ct+ ∂xu0,ε
A>DF^� 6PRg]E=G}`$PeE_\IP |∂xuε| ≤ CT + ||u0,ε||W 1,∞(Ω)

A
ÿ Hqc>`$Hqº=ï6c'J$GQº_p]\IgrÖ,JSEß` ||u0,ε||W 1,∞(Ω) ≤ ||u0||W 1,∞(Ω)

Ö�N]g��6L_P½KMJ$EMEMg |∂xuε| ≤ CT +
||u0||W 1,∞(Ω)

A ÿ H
CT + ||u0||W 1,∞(Ω) =M

J��
M

g]\zG�^e`�N�JSEM\hGQ`$E=GIgUPRE=GQg�Hh Sg�E>`$E=G}KM`$EM\[^�`
KMZ�È>E_PRGQPRJSE�K_g*^e`mÙ&JSE_N�GQPRJSE

g
A6Ý�PeEM\hPÆÖ�JSEä` |∂xuε(t)| ≤M

gOGnÖ6c>`$H/N]J$EM\hGIHILMNOGQPeJ$EäK_g
g
Ö6c'J$LMH

GQJSL_G |s| ≤ M
Ö�Pe^! 6Peg�E=G

g(s) = |s|q−2s A ÿ Eß`äKMJSEMN��=LMg g(∂xuε) = |∂xuε|q−2∂xuε
g�Gm^Rg

N]JSLMc_^eg
(uε, pε)

 SZ]HIP0È>gm^�`¨cMHIg�dfPep]Hhg�Z]�=L>`rGIPeJSEÛKMg�è9jBAX��é�A
á gÛ^e`7d�ã�d�g�Ù:`$Ú]JSE�Ö�g�E LBGQPe^RPR\Q`rE=Gu^eg]\¨HIZ�\ILM^0Ga`rGI\�K_JSEMEMZ�\¹c>`$HÛè9j_Akj$�=éUg�G¹g�E c>`$\I\I`$E=GfÇ-^�`
^ePed¹P0GIgq^eJ$HI\I�=LMg

η → 0
K>`rEM\}^e`�\hg]N�JSEMKMgUZ]�=L>`rGIPeJSEÛKMg�è9j_A0C�¸�é�ÖMPe^� 6Peg�E=G o

c0

∫

Ω

∂tpεrdx+ α

∫

Ω

∂t∂xuεrdx+ k

∫

Ω

∂xpε∂xrdx =

∫

Ω

hrdx

N]gm�6L_P,cMHhJSL_ Sgm�6L_g
(uε, pε)

 SZ]HhPRÈ>gm^e`�\hg]N�JSEMKMgUZ]�=L>`rGIPeJSEÛKMg�è9j_Ak��éOA
ÿ E£GIg]Hhd�PREMg�^e`sKMZ�d�J$EM\hGIHQ`rGIPeJSEæKML£GQºMZ�JSHIp�d�gfj_A��Ûg]Eß SZ�HIP0È?`$E�GnÖ�N�JSdfd�g¨K>`$EM\m^�`äcMHIg�L_ Sg
KML GQº_Z]JSHhp]dfgtjBA @BÖy�=LMgÛ^egsN�JSLMcM^Rg

(uε, pε)
Ö�^ePRdfP0GIg~KMgÛ^e`-\ILMP0GQg

(uη, pη)η>0
\hJS^eL_GIPeJSEêKMg]\

Z]�=L>`rGIPeJSEM\#KMgmè:j_Ak��éOÖ� SZ�HIP0È>g
(uε(0, x), pε(0, x)) = (u0,ε(x), p0(x))

gOG
∂tuε(0, x) = u1,ε(x)

A
w·EBÈ>E�Öà^eg�\sg�\hGIPed�`rGQPRJSEM\-Á-Â'ÃOÄÆÅbÃ�Ä[KML2GIºMZ]J$HIp]dfgæj_Ak�çK_Z]N]J$LM^eg�E=GÛKMg-N]g]^R^eg�\äKML2GQºMZ�JSHIp�d�g
j_A @6A

¥

Ü.Û�ÚLÛ÷Ü Þxß}àÎá�â�ã#äQåaã����":�/	>ã����;�=<%	��>� ã��A@Bã#åÁå#�'äNâ��;�'à>ä=â�ã à>äµà½â�à���	
ÿ EÛZ�Ga`r�M^eP0G�d�`$PeE�GQg]EM`$E=G�^Rg�HIZ�\ILM^0Ga`rG[cMHhPeEMN�Pec>`$^�K_gUN�gUNaº>`$c_PRGQHhg oÔAÕ ;6�?��4613+æ�©¨R§©¨��Å�
=ì-�eîaìP¡Oí�Â>Åbí¦¡�Öaì�îaì

q > 3 � u0 ∈ W
1,∞
0 (Ω) � u1 ∈ K � p0 ∈ H1

0 (Ω) � f � h ��Á��_ì
L2(0, T ;L2(Ω)) � �eîàÂ'ÃQÅ����GÖ$�~î]Ã ðÌ�¦ó$Ç Á����äîOí�Á�
��~ÅbÄ¦�_ìJ
O��î�ì�Å��®
6í9ÄÆÅ�� �#JSLMH*N�g]^�`BÖ'JSE-\]��PeE�GQZ�HIg]\h\Ig�`$L-N]J$d�c'JSHzGQg�d�g�E=G*^RJSHI\h�6L_g

ε
GQg�EMKM\* Sg�HI\4�]Z�HIJäK��kL_EMg¨\IL_PRGQgVKMg

\IJS^RL_GQPRJSEM\yKMLf\zïB\zGQp�d�g[HIZ�¡SLM^e`$HIPR\IZ�è9j_Ak��éOA ÿ E¹N]J$EM\IPRKMp]Hhg[KMJSE_N[L_EMg[\hLMPRGIg
(uε, pε)ε>0

KMJ$EMEMZ]g
c>`$Hu^RgfGQºMZ�JSHIp�d�gäj_A��-gOG¨JSE3 r`7d�J$E=GIHIg]HV�=L���g]Eçc>`$\I\I`$E=G�Ç7^�`t^ePRdfP0GIgf^eJ$HI\I�=LMg

ε → 0
J$E

JS�_GQPRg]E�G[LMEMgm\IJS^RL_GQPRJSEsKMg�è9jBA �Sé�A
ÿ EæZOGa`$�M^RPRG*g�E£cMHIg�d�PRg]H*^RPeg]L-`$Læ^eg�d�dfguj_AkväKMg]\�g�\hGQPRd~`bGQPeJ$EM\¨Á�Â'Ã�ÄÆÅbÃ�Ä,\ILMH

(uε, pε)
PREMKMZ��

c'g]EMK>`rE=GQg�\�KMg
ε
�=LMP� SJSE�G}ã�GIHIgmL_GQPR^eg�\�^RJSHI\�K_L�cM`$\I\I`$¡SgVÇ�^�`¨^ePRdfP0GIgqg�E

ε
A

¶ +61ê13+-�©¨RÊ©¨¹ �#î5ªSÄeìOíµîJ
O��î��aÅ��_ìOíÆÁ��>íµî
κ > 0

íFî$�¦�eîA��
>î � Â>Å�
6ÃmíµÅ�
6í ε > 0 �
||∂2t uε||L2(0,T ;L2(Ω)) + ||∂tuε||L∞(0,T ;L2(Ω))+

√
ε||∂tuε||L∞(0,T ;H1

0 (Ω))
+ ||uε||L∞(0,T ;W 1,q

0 (Ω))

+ ||pε||L∞(0,T ;L2(Ω)) + ||pε||L∞(0,T ;H1
0 (Ω))

+ ||∂tpε||L2(0,T ;L2(Ω)) ≤ κ.³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �
• ½HIg�EMJSEM\[GIJSL_G[K��k`$�'JSHIKt^Rg�N]J$LMcM^eg (0, pε) N]J$d�dfgqÙ&J$EMN�GIPeJSE6��GQg�\hG[KM`$EM\Vè9j_Ak��éOADF^� 6Peg�E=G}g�E�\hJSdfd~`$E�G�^eg�\[KMg�LBxtHhg]^�`bGQPeJ$EM\ o
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ρ

∫

Ω

∂2t uε∂tuεdx+ (λ+ 2µ)

∫

Ω

∂xuε∂t∂xuεdx− α

∫

Ω

pε∂t∂xuεdx

+µ∗
∫

Ω

|∂xuε|q−2∂xuε∂t∂xuεdx+ ε

∫

Ω

|∂t∂xuε|2dx+ c0

∫

Ω

∂tpεpεdx

+α

∫

Ω

∂t∂xuεpεdx+ k

∫

Ω

|∂xpε|2dx ≤
∫

Ω

f∂tuεdx+

∫

Ω

hpεdx.

è9j_A��=�Sé

Ý*cMHhp]\}HhZn`$HhHQ`$EM¡$g]dfg]E�GnÖ,è9j_A��=�Sé�\]��Z]N]HhPRG o
d

dt

[
ρ

2

∫

Ω

|∂tuε|2dx+
λ+ 2µ

2

∫

Ω

|∂xuε|2dx+
µ∗

q

∫

Ω

|∂xuε|qdx

+
c0

2

∫

Ω

|pε|2dx
]
+ ε

∫

Ω

|∂t∂xuε|2dx+ k

∫

Ω

|∂xpε|2dx

≤
∫

Ω

f∂tuεdx+

∫

Ω

hpεdx.

è9j_A���v�é

w·EtPeE�GQZ�¡SHQ`rE=GVè:j_A���v�é�\hLMH[^Æ��PeE=GIg]Hz r`$^R^RgqK_gmGIg]dfcM\
[0, s]

ÖMJSEtJ$�_GQPRg]E=G o
ρ

2

∫

Ω

|∂tuε|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂xuε|2(s)dx+
µ∗

q

∫

Ω

|∂xuε|q(s)dx

+
c0

2

∫

Ω

|pε|2(s)dx+ ε

∫ s

0

∫

Ω

|∂t∂xuε|2dxdt+ k

∫ s

0

∫

Ω

|∂xpε|2dxdt

≤
∫ s

0

∫

Ω

(f∂tuε + hpε)dxdt+
ρ

2
||u1,ε||2L2(Ω) +

λ+ 2µ

2
||∂xu0,ε||2L2(Ω)

+
µ∗

q
||∂xu0,ε||qLq(Ω) +

c0

2
||p0||2L2(Ω).

è9j_A��={Sé

w·EfL_GIPe^eP0\Q`$E�G½^eg�\·c_HIJScMHhPeZOGQZ]\½KMg[N]JSE� Sg]Hh¡Sg]EMN�g�KMg]\·\ILMP0GQg]\
(u0,ε)ε>0

Ö
(u1,ε)ε>0

ÖS^eg]\½PeE_Z]¡�`$^RP0GQZ�\
KMg��à`$LMNaº�ï=� � NaºÌHà`$H5��gOG/KMgLî/J$LMEM¡U`$PeE_\IPM�=LMg[^egà^eg�d�dfg�KMgµ:mHhJSEÌH�`$^e^9ÖrJ$EfKMZ�KMLMP0G/K_gVè9j_A��={Sé
^Æ��g]\hGIPed�`rGQP0JSEä\ILMP0 r`$E�GQg

ρ

2

∫

Ω

|∂tuε|2(s)dx+
λ+ 2µ

2

∫

Ω

|∂xuε|2(s)dx+
µ∗

q

∫

Ω

|∂xuε|q(s)dx

+
c0

2

∫

Ω

|pε|2(s)dx+ ε

∫ s

0

∫

Ω

|∂t∂xuε|2dxdt+ k

∫ s

0

∫

Ω

|∂xpε|2dxdt ≤ κ.

è9j_A�����é

• ·Hhg]EMJ$EM\�d�`$PeE�GQg�E>`$E=G ∂tpε c'JSLMH�Ù&JSEMNOGQPRJSEB�ÆGQg]\zGqKM`$EM\q^�`�\hg]N�JSEMKMg�Z]�=L>`bGQPeJ$EæK_Læ\hï6\z�GQp]dfg�è:j_Ak��éOA
ÿ Et` o

c0

∫

Ω

|∂tpε|2dx+
k

2

d

dt

∫

Ω

|∂xpε|2dx =
∫

Ω

h∂tpεdx− α

∫

Ω

∂t∂xuε∂tpεdx.
è9j_A�����é
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w·EtPeE�GQZ�¡SHQ`rE=GVè:j_A�����é�KMg
0
Ç
s
ÖMPe^� BPRg]E�G o

c0

∫ s

0

∫

Ω

|∂tpε|2dxdt+
k

2

∫

Ω

|∂xpε|2(s)dx =
∫ s

0

∫

Ω

h∂tpεdxdt

−α
∫ s

0

∫

Ω

∂t∂xuε∂tpεdxdt+
k

2
||∂xp0||2L2(Ω).

è9j_AX�$¸�é

w·E L_GQPR^ePR\I`$E=G¨^eg�\¹PeE_Z]¡�`r^eP0GQZ�\¨KMg7�à`rLMNaº=ï�� � Naº�Hà`$H0��gOG�K_gxî/J$LMEM¡MÖ�^egs\Ig�N]JSE_K�dfg]d¨�MHhgsKMg
è9j_AX�$¸�é�\IgUd�`�ÞhJSHIgqc>`$H o

κ+
1

c0

∫ s

0

∫

Ω

h2dxdt+
c0

4

∫ s

0

∫

Ω

|∂tpε|2dxdt+
α2

c0

∫ s

0

∫

Ω

|∂t∂xuε|2dxdt

+
c0

4

∫ s

0

∫

Ω

|∂tpε|2dxdt,

è9j_AX�BC�é

N]gV�=LMP!EMJSLM\�N�JSEMKMLMP0GnÖ?g�E7PeE=GIZ]¡SHI`$E=G}^e`fE_JSHIdfgUKMg
h
K>`rEM\�^�`¹N]J$EM\hGa`rE=GQg

κ
g�G�g]E7L_GQPR^ePR\I`$E�G

^egqÙ:`$P0G��=LMg
∂tuε ∈ K

Ö?Ç�^�`¨HIg]^e`rGIPeJSE o

c0

∫ s

0

∫

Ω

|∂tpε|2dxdt+
k

2

∫

Ω

|∂xpε|2(s)dx ≤ κ+
α2C2T

c0
+
c0

2

∫ s

0

∫

Ω

|∂tpε|2dxdt.

ÿ EÛJS�_GQPRg]E�G�È>E>`$^Rg]dfg]E�G[^Æ��g]\zGQPed�`rGIPRJ$E o
c0

2

∫ s

0

∫

Ω

|∂tpε|2dxdt+
k

2

∫

Ω

|∂xpε|2(s)dx ≤ κ.
è9j_AX�S@Sé

• � JSPRg]E�G δ > 0 gOG t > δ
A

#JSLMH�GIJSL_GQgqÙ&JSEMN�GIPeJSE
r
Ö>JSEÛc'JS\Ig

rδ(t, x) =
r(t, x)− r(t− δ, x)

δ

A
ÿ Et`

rδ → ∂tr
^RJSHh\I�=LMg

δ → 0+
A·Hhg]EMJ$EM\

v = ∂tuε(t− δ)
N�JSdfd�g�Ù&JSEMNOGQPRJSEB�ÆGQg]\zG�K>`rEM\�^�`¹cMHIg�d�PRp]HhgUZ]�=L>`rGIPeJSE�KMgäè9jBAX�Sé�g�G

KMPR 6Pe\hJSEM\�c>`$H −δ A?l,`�HIg]^e`rGQPRJSEsJ$�_GQg�E6LMgmKMg� 6Peg�E=G]Ö?g�E�PRE=GIZ]¡SHI`$E=G�KMg δ Ç s o

ρ

∫ s

δ

∫

Ω

∂2t uε(∂tuε)δdxdt+ (λ+ 2µ)

∫ s

δ

∫

Ω

∂xuε(∂t∂xuε)δdxdt

+µ∗
∫ s

δ

∫

Ω

|∂xuε|q−2∂xuε(∂t∂xuε)δdxdt+ ε

∫ s

δ

∫

Ω

∂t∂xuε(∂t∂xuε)δdxdt

−α
∫ s

δ

∫

Ω

pε(∂t∂xuε)δdxdt ≤
∫ s

0

∫

Ω

f(∂tuε)δdxdt
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N]gm�6L_P,g�E=GQHI`rëeEMg o

ρ

∫ s

δ

∫

Ω

∂2t uε(∂tuε)δdxdt+ ε

∫ s

δ

∫

Ω

∂t∂xuε(∂t∂xuε)δdxdt

≤
∫ s

δ

∫

Ω

f(∂tuε)δdxdt− (λ+ 2µ)
∫ s

δ

∫

Ω

∂xuε(∂t∂xuε)δdxdt

−µ∗
∫ s

δ

∫

Ω

|∂xuε|q−2∂xuε(∂t∂xuε)δdxdt+ α

∫ s

δ

∫

Ω

pε(∂t∂xuε)δdxdt.

è9j_AX�$j�é

w·E7L_GIPe^RPR\Q`$E�G}L_EMgVPeE=GIZ]¡SHI`rGQPRJSEÛc>`$H}c>`rHhGQPRg]\}c>`$H}HI`$cMc'JSHzG*`$L�GIg]dfcM\�\hLMH�^eg�\}GIHIJSPR\}K_g]HIE_Peg]Hh\
GQg]Hhd�g�\[KMLt\Ig�N]JSE_K7dfg]d¨�MHhg�KMg�è9j_AX�$j�é�ÖMN]gm�=LMP�g]\hG}^eJ$Pe\hPe�_^RgqKMp�\}�=LMg

q ≥ 2 ÖMPe^� BPRg]E�G o

ρ

∫ s

δ

∫

Ω

∂2t uε(∂tuε)δdxdt+ ε

∫ s

δ

∫

Ω

∂t∂xuε(∂t∂xuε)δdxdt ≤
∫ s

δ

∫

Ω

f(∂tuε)δdxdt

+(λ+ 2µ)

∫ s

δ

∫

Ω

∂t∂xuε(∂xuε)δdxdt− (λ+ 2µ)
∫

Ω

∂xuε(s)(∂xuε)δ(s)dx

+(λ+ 2µ)

∫

Ω

∂xuε(δ)(∂xuε)δ(δ)dx+ µ∗
∫ s

δ

∫

Ω

∂t
[
|∂xuε|q−2∂xuε

]
(∂xuε)δdxdt

−µ∗
∫

Ω

|∂xuε|q−2(s)∂xuε(s)(∂xuε)δ(s)dx+ µ∗
∫

Ω

|∂xuε(δ)|q−2∂xuε(δ)(∂xuε)δ(δ)dx

−α
∫ s

δ

∫

Ω

∂tpε(∂xuε)δdxdt+ α

∫

Ω

pε(s)(∂xuε)δ(s)dx− α

∫

Ω

pε(δ)(∂xuε)δ(δ)dx.è9j_AX�r�=éy`$H}`$PR^e^0g]LMHh\]Ö_JSE�`�c>`$H�KMZ�ÈMEMPRGIPeJSEsKMg
(∂t∂xuε)δ o

∫ s

δ

∫

Ω

∂t∂xuε(∂t∂xuε)δdxdt =
1

δ

∫ s

δ

∫

Ω

∂t∂xuε(t) [∂t∂xuε(t)

−∂t∂xuε(t− δ)] dxdt.

è9j_AX�S�Sé

Ü7`$Pe\�ÖMg]EtL_GQPR^ePR\I`$E=Gà^Æ��Z]¡�`r^eP0GIZ
x(x− y) = 1

2
(x2 − y2 + (y − x)2)

Ö,è9jBA �S�$é�\]��Z]N�HIP0G�`$LM\I\hP o

ε

∫ s

δ

∫

Ω

∂t∂xuε(∂t∂xuε)δdxdt =
ε

2δ

∫ s

δ

∫

Ω

|∂t∂xuε|2(t)dxdt

− ε

2δ

∫ s

δ

∫

Ω

|∂t∂xuε|2(t− δ)dxdt

+
ε

2δ

∫ s

δ

∫

Ω

|∂t∂xuε(t− δ)− ∂t∂xuε(t)|2dxdt.
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|�EtN�ºM`$EM¡Sg�d�g�E=G}KMg� r`rHIP�`r�M^eg�\�EMJSL_\}K_JSEMEMgm^�`¨HIg�^�`rGIPeJSE o

ε

∫ s

δ

∫

Ω

∂t∂xuε∂t∂xuδdxdt =
ε

2δ

∫ s

δ

∫

Ω

|∂t∂xuε|2(t)dxdt

− ε

2δ

∫ s−δ

0

∫

Ω

|∂t∂xuε|2(t)dxdt

+
ε

2δ

∫ s

δ

∫

Ω

|∂t∂xuε(t)− ∂t∂xuε(t− δ)|2dxdt

N]gm�6L_P,g�E=GQHI`rëeEMgm^9�kPREMZ�¡�`$^RP0GIZ o

ε

∫ s

δ

∫

Ω

∂t∂xuε∂t∂xuδdxdt ≥
ε

2δ

∫ s

s−δ

∫

Ω

|∂t∂xuε|2dxdt−
ε

2δ

∫ δ

0

∫

Ω

|∂t∂xuε|2dxdt.

á �X`rcMHIp�\½^�`�cMHhg]dfPep]Hhg�Ù&JSHhd¨LM^eg/KMgà^�`�dfJ�ïSg�EMEMgrÖ$Pe^6gOxBPe\zGQg�`$^RJSHI\#KMg�\½N�JSEM\hGQ`$E=GIg]\
c1 ∈]s−δ, s[g�G

c2 ∈]0, δ[
GQg]^R^eg�\��=LMg o

ε

∫ s

δ

∫

Ω

∂t∂xuε∂t∂xuδdxdt ≥
ε

2

∫

Ω

|∂t∂xuε|2(c1)dx−
ε

2

∫

Ω

|∂t∂xuε|2(c2)dx.
è9jBA �$vSé

w·EtL_GIPe^eP0\Q`$E�G[`$^RJSHI\à^�`¨d�PREMJSHI`rGQP0JSEßè:j_AX�$v�é�KM`$EM\Vè9j_AX�r�=é�ÖMJSEÛJS�_GQPRg]E�G o

ρ

∫ s

δ

∫

Ω

∂2t uε(∂tuε)δdxdt+
ε

2

∫

Ω

|∂t∂xuε|2(c1)dx ≤
∫ s

δ

∫

Ω

f(∂tuε)δdxdt

+(λ+ 2µ)

∫ s

δ

∫

Ω

∂t∂xuε(∂xuε)δdxdt− (λ+ 2µ)
∫

Ω

∂xuε(s)(∂xuε)δ(s)dx

+(λ+ 2µ)

∫

Ω

∂xuε(δ)(∂xuε)δ(δ)dx+ µ∗
∫ s

δ

∫

Ω

∂t
[
|∂xuε|q−2∂xuε

]
(∂xuε)δdxdt

−µ∗
∫

Ω

|∂xuε|q−2(s)∂xuε(s)(∂xuε)δ(s)dx+ µ∗
∫

Ω

|∂xuε(δ)|q−2∂xuε(δ)(∂xuε)δ(δ)dx

−α
∫ s

δ

∫

Ω

∂tpε(∂xuε)δdxdt+ α

∫

Ω

pε(s)(∂xuε)δ(s)dx− α

∫

Ω

pε(δ)(∂xuε)δ(δ)dx

+
ε

2

∫

Ω

|∂t∂xuε|2(c2)dx. è9j_AX�S{Sé
ÿ E�c'g�L_Gäd�`$PRE=GQg�E>`$E�G�c>`r\I\Ig�HäÇ�^�`£^ePed¹P0GIgÛ^eJSHh\I�=LMg

δ
GIg]EMK� Sg]HI\

0+
KM`$EM\æè:j_AX�S{Sé�g�G~JSE
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JS�_GQPRg]E�GnÖM¡SH0;$N�gUÇ¹^e`�N�JSE=GIPeE6L_PRGQZqKMg

∂xuε
g�G}KMg

∂t∂xuε
KMg
[0, T ]

K>`rEM\
L2(Ω) o

ρ

∫ s

0

∫

Ω

|∂2t uε|2dxdt+
ε

2

∫

Ω

|∂t∂xuε|2(s)dx ≤
∫ s

0

∫

Ω

f∂2t uεdxdt

+(λ+ 2µ)

∫ s

0

∫

Ω

|∂t∂xuε|2dxdt− (λ+ 2µ)
∫

Ω

∂xuε(s)∂t∂xuε(s)dx

+(λ+ 2µ)

∫

Ω

∂xu0,ε∂xu1,εdx+ µ∗
∫ s

0

∫

Ω

∂t(|∂xuε|q−2∂xuε)∂t∂xuεdxdt

−µ∗
∫

Ω

|∂xuε|q−2(s)∂xuε(s)∂t∂xuε(s)dx+ µ∗
∫

Ω

|∂xu0,ε|q−2∂xu0,ε∂xu1,εdx

−α
∫ s

0

∫

Ω

∂tpε∂t∂xuεdxdt+ α

∫

Ω

pε(s)∂t∂xuε(s)dx− α

∫

Ω

p0∂xu1,εdx

+
ε

2

∫

Ω

|∂xu1,ε|2dx.

è9j_AX�$��é

ÿ E�L_GQPR^ePR\IgtN�JSdfd�g�`$LMc>`$HI`� b`$E=G~^eg�\~PeE_Z]¡�`$^RP0GIZ]\fKMgæ�à`$LMNaº=ï�� � N�º�Hà`$H0�ægOGäKMg�î/JSLMEM¡_A á g
cM^eLM\�Ö[K��X`rcMHIp�\7^Rg]\tg]\hGIPed�`rGQPRJSE_\�ÁßÂ'Ã�ÄÆÅbÃ�Ä¹è:j_A�����éäg�Gçè:j_A �$@SéOÖ�^eg�\�\hLMPRGIg]\

(uε)ε>0
Ö
(pε)ε>0g�G

(∂tpε)ε>0
\hJSE�G��'J$HIEMZ�g]\qHIg�\Ic'g]NOGQP0 Sg]dfg]E�GmKM`$EM\

L∞(0, T ;H1
0 (Ω))

Ö
L∞(0, T ;L2(Ω))

g�G
L2(0, T ;L2(Ω))

A�w½E_È>E�Ö�N�JSdfd�g�^�`7\IL_PRGQg
(∂tuε)ε>0

K_g]dfg]LMHhgsK>`$EM\
K
Öyg]^e^Rg~g�\hG¹�'JSHhEMZ]g

K>`$EM\
L∞(0, T ;H1

0 (Ω))
AMDF^�g�x_PR\hGIgUKMJ$EMNmLMEMgmN]JSEM\zGa`$E�GQg

κ > 0
GIg]^R^egq�=LMg o

ρ

∫ s

0

∫

Ω

|∂2t uε|2dxdt+
ε

2

∫

Ω

|∂t∂xuε|2(s)dx ≤ κ+
ρ

2

∫ s

0

∫

Ω

|∂2t uε|2dxdt

N]gm�6L_P,N�JSEMKMLMP0G}Ç¹^9�kg�\hGQPRd~`bGQPRJ$E o
ρ

2

∫ s

0

∫

Ω

|∂2t uε|2dxdt+
ε

2

∫

Ω

|∂t∂xuε|2(s)dx ≤ κ
è9j_AX�$��é

g�G}N�^G8$G�^�`¨KMZ]dfJSEM\zGQHQ`bGQPeJ$EÛKMLt^eg�dfd�gqj_AXvBA
¥

Ü�JSE�GQHhJSEM\[d~`rPeE�GQg]EM`$E=G�^Rg o¶ +61ê13+-�©¨�¦a¨��Á¹ì$
BÄ¤íFî
(∂xuε)ε>0

îaì�íL�6î ë Á�
!��¡Oí£��Á��_ì
C0([0, T ];L2(Ω)) �

³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �DF^�\hL¸�¹GUg�EæÙ:`$PRG*K��kLBGQPe^RPR\Ig]H�^eg]\qN]`$^eN�LM^e\*KMZ� Sg�^eJ$cMc'Z]\mK>`$E_\�^�`~d�ZOGQºMJ6K_g�K���LMEMPRN]P0GQZ�`rL£c>`rHQ`b�
¡SHQ`$c_ºMg~j_ARC$A ÿ EêN�JSEM\hPeKMp�HIg~N�g�GIGIg�Ù&JSPe\µ�FN]P½KMg]LBx3\hJS^eLBGQPeJ$EM\UKMLêc_HIJS�M^Rp]dfg7è9j_Ak��é

(uε, pε)
gOG

(uε̃, pε̃)
A ÿ E7\hLMPRG�^Rg]\}N]`$^eN�LM^e\[KML7cM`$HQ`$¡$HQ`$cMº_gVj_A0CVg]E-`nï�`$E=G�c'JS\hZ

νε,ε̃ = uε − uε̃
A ÿ E7JS�6�

GQPeg�E=G/`r^eJSHh\½KMg�\/d�`�ÞhJSHQ`rGIPRJSE_\½`� Sg�N}KMg�\/N]J$EM\hGQ`$E=GIg]\/PeE_KMZ]c'g�EMK>`$E�GQg]\/KMg
ε
g�G
ε̃
Nn`$H

∂t∂xuε
gOG
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∂t∂xuε̃
\IJSE�G/K>`$E_\·^egàN]JSE� SgOxBg

K
N]g[�=LMP>g�E=GQHI`rë�E_g��6L_g}^Rg]\½\IL_PRGQg�\

(∂t∂xuε)ε>0
Ö
(∂t∂xuε̃)ε̃>0

Ö
(∂xuε)ε>0

g�G
(∂xuε̃)ε̃>0

\hJSE=G��'JSHhEMZ]g�\[PREMKMZ�c'g]EMK>`rd�dfg]E�G�K_g
ε
gOG
ε̃
A ÿ EÛ`$�'JSL_GIPRGà`$^eJSHh\àÇ o

∫

Ω

|∂xνε,ε̃|2(s)dx ≤ κ(ε+ ε̃) + κ

∫ s

0

∫

Ω

|∂xνε,ε̃|2dxdt

N]gm�6L_P,EMJ$LM\[KMJSEMEMgrÖ?¡$H�;$N�gU`$Lt^Rg]dfd�g*KMgj:mHhJSEÌH�`$^e^ o
∫

Ω

|∂xνε,ε̃|2(s)dx ≤ κ(ε+ ε̃)eκs

K��kJ��t^�`¨cMHIJSc_HIPeZOGQZ�KMgV�à`$LMNaº=ï$A
l,gq^eg]dfdfgqj_AX{¨g�\hG[Pedfc'JSHhGQ`$E=G�Nn`rH�Pe^�c'g]Hhd�gOG[K��k`«�fHIdfg]Hà�=LMgm^e`¨\hLMPRGIg

(∂xuε)ε>0
N�JSE� Sg]HI¡$g

Ù&JSHhGIg]dfg]E�G�K>`$E_\
C0([0, T ];L2(Ω))

A�l�g�c>`r\I\Q`r¡Sg¹Çä^�`�^ePed¹P0GIgVK>`$EM\�^RguGIg]Hhd�guEMJSEæ^ePeE_Zn`$PRHhg
EMgmc'JS\IgmKMJSEMNU`$LMN�LMEMgUK_P��fN]LM^0GQZrA

¥:mH0;$N]gmÇ¹N�g]\}KMg�LBxt^Rg]dfd�g�\]Ö_JSEtdfJSE�GQHIg�^e` oK ���?¼½��¥]%&��%¤�����©¨�¾#¨¹ �Bî5ªSÄeìOíµî'
O��î½ì$
6Ä¤íµî�î5ªSí:ÃIÁ$Ä¤íFî=�6î'�0Á}ì$
6Ä¤íµî
(uε, pε)ε>0

�aÅ���M$îOÃ÷�6îIÁ��>ía��Á��_ì
L∞(0, T ;W 1,q

0 (Ω))×
L∞(0, T ;H1

0 (Ω))
��Á$Ä	���eî�ø4M$îOÃQìD
O�-�aÅ�
�Â´�eî

(u, p)
ì�Å��®
6í9ÄÆÅ��P�6î]Ã ðÌ�¦ó$Ç��³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �á �X`rcMHIp�\à^Rg]\/^eg�d�dfg]\/j_AkvVgOGàj_AX{UgOG�^eg[Ù:`$P0G/�=LMg*c'JSLMH/cMHIg�\I�=LMg*GQJ$L_G

t
K>`rEM\

]0, T [
Ö
∂tuε(t) ∈

K
ÖMPe^�gOxBPR\hGQgmLMEMgm\IJSL_\z�F\hLMPRGIgmKMg

(uε, pε)ε>0
g�EMN]J$HIgUEMJrGQZ]g

(uε, pε)ε>0
GQg�^e^egq�=LMg o





uε → u
K>`$EM\

L∞(0, T ;W 1,q
0 (Ω))

Ù:`$Pe�_^egj�Bù
|∂xuε|q−2∂xuε → |∂xu|q−2∂xu

K>`$E_\
L2(Q)

Ù&JSHhG#ù
∂tuε → ∂tu

K>`$E_\
L∞(0, T ;H1

0 (Ω))
Ù:`$Pe�_^egj�Vg�G

L2(Q)
Ù&JSHhG#ù

∂2t uε → ∂2t u
KM`$EM\

L2(0, T ;L2(Ω))
Ù:`$PR�M^egD�Bù

pε → p
K>`$EM\

L∞(0, T ;H1
0 (Ω))

Ù:`$PR�M^Rgj�ugOG
L2(Q)

Ù&JSHzG#ù
∂tpε → ∂tp

K>`$EM\
L2(0, T ;L2(Ω))

Ù:`rPe�M^Rg$A

è9j_AkvS¸�é

ÿ E-PeEM\hPe\zGQgug]E_N]JSHhg�LMEMguÙ&JSPR\*\hLMHq^egVÙ:`rPRG*�=LMg¨^�`�cMHIJSc_HIPeZOGQZuKMg¹�à`rLMN�º�ï-KMLæ^Rg]dfd�gVj_AX{~\hLMH
^�`ä\ILMP0GQg

(∂xuε)ε>0
c'g]Hhd�gOGUKMg¹c>`$\h\Ig�HVÇÛ^e`s^RPedfPªGQguK>`$EM\m^eg¨GIg]HIdfg�EMJSEß^RPeEMZ]`$PRHIgu\Q`$EM\mg]EB�

N]JSd¨�MHhg$A
��JSd�dfg�EMÚ]JSE_\fc>`rH¹Z�Ga`r�M^ePRH¨�6L_g�^RgÛN]J$LMcM^Rg

(u, p)
 SZ�HIP0È>gt^Rg]\¹N]J$EMKMP0GQPeJ$EM\�PeEMP0GQPe`r^Rg�\�Pedfc'Jr�

\IZ]g�\æK>`$EM\çè9j_AX�SéOA á ��LMEMgçcM`$HhG]Ö�K��k`$cMHIp�\ è9j_AkvS¸�é�Ö�^Rg]\7\hLMPRGIg]\
(uε)ε>0

Ö
(pε)ε>0

Ö
(∂tuε)ε>0\IJSE�GàHIg�\Ic'g]NOGQP0 Sg]dfg]E�G[�'J$HIEMZ�g]\àK>`$E_\

W (0, T ;W 1,q
0 (Ω), H1

0 (Ω))
Ö
W (0, T ;H1

0 (Ω), L
2(Ω))

Ö
W (0, T ;H1

0 (Ω), L
2(Ω))

gOGuJSE�c'g]LBG¨`«�fHIdfg]HU�=LMg ∀t ∈ [0, T ] Ö uε(t, x) → u(t, x)
KM`$EM\

H1
0 (Ω)

Ù:`$PR�M^egrÖ
pε(t, x) → p(t, x)

gOG
∂tuε(t, x) ⇀ ∂tu(t, x)

K>`$EM\
L2(Ω)

Ù:`$Pe�M^Rg$A���JSdfdfg
K��X`rL_GQHhgêc>`$HhG-JSE�`�c>`$H7N]J$EM\hGIHILMNOGQPeJ$E

uε(0, x) = u0,ε(x) → u0(x)
K>`$E_\

W
1,∞
0 (Ω)

Ö
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pε(0, x) = p0(x)
g�G
∂tuε(0, x) = u1,ε(x) → u1(x)

K>`rEM\
H1
0 (Ω)

c>`$H~º�ï6c�JrGQºMp�\IgrÖ�J$E
JS�_GQPRg]E�G[�=LMg

u(0, x) = u0(x)
Ö
p(0, x) = p0(x)

gOG
∂tu(0, x) = u1(x)

A

��JSEM\IPRKMZ]HhJSEM\yd~`rPeE�GQg]EM`$E=G#^9�kPREMZ]�=L>`bGQPeJ$EVKMg�è9jBAX�Sé� SZ]HIP0È>Z�gàc>`rHyNaº>`$�=LMg�GIg]HIdfg�KMg
(uε, pε)ε>0\Q`rGIPe\hÙ:`rPe\Q`rE=G�è:j_AXv$¸�éOA�w½E~^9�kPRE=GQZ�¡SHQ`rE=G½\ILMH/^9�kPRE=GQg�Hh r`r^e^0g�KMg[GIg]dfcM\

[0, s]
Ö=JSEfJS�_GQPRg]E�G ∀v ∈ K o

ρ

∫ s

0

∫

Ω

∂2t uε(v − ∂tuε)dxdt+ (λ+ 2µ)

∫ s

0

∫

Ω

∂xuε∂xvdxdt

+µ∗
∫ s

0

∫

Ω

|∂xuε|q−2∂xuε∂xvdxdt+ ε

∫ s

0

∫

Ω

∂t∂xuε∂xvdxdt−

α

∫ s

0

∫

Ω

pε∂x(v − ∂tuε)dxdt ≥
∫ s

0

∫

Ω

f(v − ∂tuε)dxdt

+
λ+ 2µ

2

∫

Ω

|∂xuε|2(s)dx−
λ+ 2µ

2
||∂xu0,ε||2L2(Ω) +

µ∗

q

∫

Ω

|∂xuε|q(s)dx

−µ
∗

q
||∂xu0,ε||qLq(Ω) + ε

∫ s

0

∫

Ω

|∂t∂xuε|2dxdt.

è9j_Akv_C�é

��JSd�dfg*^Rg*KMg]HhEMPeg�H�GQg�HIdfgqKMg¹è9j_Akv_C�é/g]\hG�c'JS\IP0GQPRÙµÖ=^eg*\Ig�N]J$EMKtdfg]d¨�MHhg*KMgfè:j_Akv_C�é/\Igqd�PREMJSHhg
c>`$H o

∫ s

0

∫

Ω

f(v − ∂tuε)dxdt+
λ+ 2µ

2

∫

Ω

|∂xuε|2(s)dx−
λ+ 2µ

2
||∂xu0,ε||2L2(Ω)

+
µ∗

q

∫

Ω

|∂xuε|q(s)dx−
µ∗

q
||∂xu0,ε||qLq(Ω).

ÿ H�Ö_K��X`$c_HIp]\�^Rg]\�cMHIJSc_HIPeZOGQZ�\àZ]EMJSE_N]Z�g]\[K>`$EM\mè9j_AkvS¸�é�ÖBJSEsc'g�L_G}`«�fHhd�g�Hà�=LMg o c'JSLMHàcMHhg]\h�6L_gGQJSL_G
s ∈]0, T [ Ö

lim

(∫ s

0

∫

Ω

f(v − ∂tuε)dxdt+
λ+ 2µ

2

∫

Ω

|∂xuε|2(s)dx

−λ+ 2µ
2

||∂xu0,ε||2L2(Ω) +
µ∗

q

∫

Ω

|∂xuε|q(s)dx−
µ∗

q
||∂xu0,ε||qLq(Ω)

)

≥
∫ s

0

∫

Ω

f(v − ∂tu)dxdt+
λ+ 2µ

2

∫

Ω

|∂xu|2(s)dx−
λ+ 2µ

2
||∂xu0||2L2(Ω)

+
µ∗

q

∫

Ω

|∂xu|q(s)dx−
µ∗

q
||∂xu0||qLq(Ω).

è9j_Akv�@Sé
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á gUcM^RLM\]Ö_GQJ$LbÞhJSLMHh\[K��k`$cMHhp]\uè:j_AXv$¸�éOÖ_JSE�` o
lim
ε→0

(
ρ

∫ s

0

∫

Ω

∂2t uε(v − ∂tuε)dxdt+ (λ+ 2µ)

∫ s

0

∫

Ω

∂xuε∂xvdxdt

+µ∗
∫ s

0

∫

Ω

|∂xuε|q−2∂xuε∂xvdxdt+ ε

∫ s

0

∫

Ω

∂t∂xuε∂xvdxdt

−α
∫ s

0

∫

Ω

pε∂x(v − ∂tuε)dxdt

)
= ρ

∫ s

0

∫

Ω

∂2t u(v − ∂tu)dxdt

+(λ+ 2µ)

∫ s

0

∫

Ω

∂xu∂xvdxdt+ µ∗
∫ s

0

∫

Ω

|∂xu|q−2∂xu∂xvdxdt

−α
∫ s

0

∫

Ω

p∂x(v − ∂tu)dxdt.

è9j_AkvSj�é

ÿ EÛJS�_GQPRg]E�G[KMJSEMNUÇ�c>`$HhGIPeHàKMg�è9jBAXv�@$é�g�Guè:j_AkvSj�é��=LMgUc'J$LMH[cMHhg]\I�=LMgmGQJSL_G
s ∈]0, T [ o

ρ

∫ s

0

∫

Ω

∂2t u(v − ∂tu)dxdt+ (λ+ 2µ)

∫ s

0

∫

Ω

∂xu∂xvdxdt

+µ∗
∫ s

0

∫

Ω

|∂xu|q−2∂xu∂xvdxdt− α

∫ s

0

∫

Ω

p∂x(v − ∂tu)dxdt

≥
∫ s

0

∫

Ω

f(v − ∂tu)dxdt+
λ+ 2µ

2

∫

Ω

|∂xu|2(s)dx

−λ+ 2µ
2

||∂xu0||2L2(Ω) +
µ∗

q

∫

Ω

|∂xu|q(s)dx−
µ∗

q
||∂xu0||qLq(Ω).

ÿ Et`f`$^RJSHI\ o
ρ

∫ s

0

∫

Ω

∂2t u(v − ∂tu)dxdt+ (λ+ 2µ)

∫ s

0

∫

Ω

∂xu∂xvdxdt

+µ∗
∫ s

0

∫

Ω

|∂xu|q−2∂xu∂xvdxdt− α

∫ s

0

∫

Ω

p∂x(v − ∂tu)dxdt

≥
∫ s

0

∫

Ω

f(v − ∂tu)dxdt+ (λ+ 2µ)

∫ s

0

∫

Ω

∂xu∂t∂xudxdt

+µ∗
∫ s

0

∫

Ω

|∂xu|q−2∂xu∂t∂xudxdt,
\IJSP0G[g]E_N]JSHhg o

ρ

∫ s

0

∫

Ω

∂2t u(v − ∂tu)dxdt+ (λ+ 2µ)

∫ s

0

∫

Ω

∂xu∂x(v − ∂tu)dxdt

+µ∗
∫ s

0

∫

Ω

|∂xu|q−2∂xu∂x(v − ∂tu)dxdt− α

∫ s

0

∫

Ω

p∂x(v − ∂tu)dxdt

≥
∫ s

0

∫

Ω

f(v − ∂tu)dxdt.
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w·EBÈ>E�Ö=GIJSLbÞhJSLMHh\/¡SH�;rN]g�`$LBxfcMHhJScMHhPeZ�GIZ]\/Z�EMJSEMN�Z]g]\�K>`$E_\qè9jBAXvS¸SéOÖ�JSE�c'g�L_G�c>`r\I\Ig�HàÇm^�`m^RPedfPªGQg
K>`$EM\�^e`U\Ig�N]JSE_KMgqZ]�=L>`rGIPeJSE~K_g�è9j_Ak��é½^eJSHh\I�=LMg

ε→ 0
gOGàJS�BGQg]E_PeH�`$PeEM\hP'^e`U\Ig�N]JSE_KMgqZ]�=L>`rGIPeJSE

KMg�è9j_AX�Sé o

c0

∫

Ω

∂tprdx+ α

∫

Ω

∂t∂xurdx+ k

∫

Ω

∂xp∂xrdx =

∫

Ω

hrdx.

l·��gOxBPR\hGQg�EMN]gUK���LMEMgU\hJS^eLBGQPeJ$EsKMLtcMHIJS�_^ep]dfgfè:j_AX�Sé�g]\zG�KMJ$EMNmZ�Ga`r�M^ePRg
¥

l½�kZOGQLMK_gUcMHIZ�N]Z�KMg]E�GQgV\IgmHIZ�\ILMdfgUK_gU^e`¨Ù:`rÚ]JSEt\hLMPR b`$E=GIg oÔAÕ ;6�?��4613+æ�©¨�È©¨��Å�
=ìJ�eîaìQ¡Oí�Â>Åbí¦¡�Öaì�îaì
q > 3 � u0 ∈ W 1,∞

0 (Ω) � u1 ∈ K � p0 ∈ H1
0 (Ω) � f îOí

h
�6Å����/�aìD��Á��_ì

L2(0, T ;L2(Ω)) � �eîàÂ'ÃQÅ����GÖ$�~î]Ã ðÌ�¦ó$Ç Á����äîOí'
O��îD
��>Ä	��
>î�ì�Å��®
6í:ÄÆÅ�� �ï î$�fÁ$Ã5��
>î¨j_A0C�¸ ��=�(
Bí:Ä¦� Äeì]Á��>í@�eîaì}íFî���¡O�>Ä	��
?îaìµ�O�$M$î$�eÅaÂ�Â��aîaìv��Á��_ìv�0Á[Â�ÃQî$
OM$îQ�6îv�0� 
O�>Ä��OÄ¤í>��Á�
�ÂMÁ$ÃhÁ�$ÃhÁOÂ�¡>î ðÌ�¦ç �Å��uÂ>î$
Bí'����Á��eî$�~î$�>í¤�OíÆÁ���� Ä¤Ãv
���î�îaìOí9Ä¦�fÁ$í:ÄÆÅ����6î
uε−u

��Á��_ì
C0([0, T ];L2(Ω)) � ∂t(uε−u)��Á��_ì

C0([0, T ], L2(Ω)) � pε − p
��Á��_ì

C0([0, T ], L2(Ω))
îOíL��Á��_ì

L2(0, T ;H1(Ω)) �AE Å�
=ì��îf�O�$M$î$�eÅaÂ�Â>Å��_ì}Â_Ábì��eîaì£�IÁ��G�$
O�Xì£�IÁ$Ã�Ä¦�kì¨ì�Å��>í � ¥ Â>î$
º�6î£��¡>Å�ì�îaì�Â'Ã�Öaì � Ä	�6î$�>í9Ä	��
>îaì ¥ �aî$
�ªÂ'Ã��aì�î$�>í½�aìj��Á��_ìJ�0Á(�O�$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ«���6îJ�0� 
O�>Ä��OÄ¤í>� �
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��JSEMN]^RLM\IPRJSE o� JSLM\ä`n SJSEM\~KMJSEMN7J$�_GQg�E6L8LME8HIZ]\hLM^RGQ`rG~K���gOxBPe\zGQg�EMN]gægOGäK���LMEMPRN]PRGIZ�K>`$EM\~^Rg�Nn`$\
λ∗ = 0g]EêPeE�GQHIJ6KML_Pe\Q`rE=GVK>`$E_\¨^Rg�d�J6K_p]^Rg�cMº�ïB\hPe�=LMgäPeE_PRGQPR`$^½LMEMg~N]J$E=GQHI`$PeE�GQg�\hLMHu^�`Û r`$HIPe`rGQPRJSEßKMg

^�`7�=L>`$E=GIPRGIZsK_gäâ>LMPeK_gsN�JSE=GIg]E=LMgÛK>`$EM\�^e`-d�`rGIHIPRN]g~c'JSHhg]LM\hgt`$L N�JSLMHh\¹K_LçGQg]dfcM\�A � JrGQHIg
d�J$GIPR b`rGQPRJ$E7Z�GQ`$PRG*^�`~\hLMPR b`$E=GIg$A�l�g]\qGIg]NaºMEMPR�6L_g]\mL_GIPe^RPR\IZ�g]\*K>`$EM\q^eguNn`$\

λ∗ > 0
HIg]c'J$\Q`$PRg]E�G

\ILMH¹N]gOGIGQgtc_HIJScMHhPeZOGQZs�6L_P[KMZ�N]JSL_^egÛKMPeHhg]N�GIg]dfg]E�GfKML d�J6K_p]^egäPeEMP0GQPe`r^�d�`$PR\��=LMP�E���g]\hG�c_^eLM\
N]JSE�GQg�E6LMg�K>`$EM\�^RgtdfJ6KMp�^egÛ\IP

λ∗ = 0
A ÿ E�c'g�L_Gä`$^RJSHI\¹KMPR\hGIPeEM¡$LMg]H¹KMg�LBx�\IP0GQL>`rGIPeJSE_\]A � P

^egsdfJ6KMp�^egäPeEMP0GQPe`r^�`� Sg�N
λ∗ = 0

`æg���g]NOGQP0 Sg]dfg]E�GfLMEMgÛLMEMPR�6L_gÛ\IJS^RL_GQPRJSE
(v, q)

GIg]^R^egä�=LMg
∂tv ∈ L∞(0, T ;W 1,∞(Ω))

Ö�`$^eJSHh\�g]E2NaºMJSPe\hPe\h\Q`$E�Gä^�`�N]J$EM\hGQ`$E=GIg
C
K_g7GQg]^R^egtÙ:`rÚ]JSE8�=LMg

C >
g�\I\
sup |∂t∂xu|

Ö?^�`¹\hJS^eLBGQPeJ$E
(u, p)

KMgäè:j_A �$é�E���g]\zG�`$LBGQHIgU�=LMgu^e`¹\IJS^RL_GQPRJSE
(v, q)

g]^R^egO�
d�ã�d�grA á `rEM\*^RgUN]`$\�N]JSE�GQHI`$PeHhg$Ö>^Æ��PeE�GQZ]Hhã�G}KMgVN�g�GhGQgVZ�GQL_KMgug�\hG*KMgVKMZ�N]HhPeHIgU^Æ��Z� SJ$^eL_GIPeJSEÛKMg

uGa`$E�G!�=LMg
∂t∂xu

HIg]\zGQg/�'JSHIE_Z$Ö�N�g/�=LMP=EMJ$LM\!\Ig�d¨�M^eg·ãOGQHhg/LMEMg/N�JSE=GIHQ`$PRE=GIg·HQ`rPe\IJ$EME>`$�_^eg½N]`$H,g]^R^eg
\IPe¡$EMPRÈ>g[�=LMg�^e`� r`$HhP�`rGIPeJSE¹K_g�^�`m�=L>`rE=GQP0GQZ}K_g}â>LMPRKMg}N]J$E=GQg�E6LMg�K>`$EM\/^�`md�`rGQHhPeN�g[c'JSHhg]LM\hgq`$L
N]JSLMHh\[KMLÛGQg]dfcM\�HIg]\zGQgm��J$HIEMZ�g$A?l�JSHI\h�6L_gU^eg�dfJ6KMp�^egqKMZ]N�HIP0G}^Rg�cMHhJS�M^ep�dfgqGQº_g]HIdfJ6Z]^e`$\zGQPe�=LMg
J��

p
KMZ]\hPe¡$EMgV`$^eJ$HI\�LMEMgmGQg�d�c'Z�HQ`rGILMHIgrÖ?N�g]^e`¹HIg� 6PRg]E=G�ÇfN�JSEM\hPeKMZ�HIg]H}�=LMgU^eg�âMLBxtKMgUNaº>`$^Rg]LMH

PeE=GIg]HhEMgVK*)æÇ�^�`fK_Pe^�`bGa`rGIPRJ$EtHIg�\hGQgu�'JSHhEMZ$Aa#JSLMH�N]JSdfcM^eZOGQg�H�^9�kZOGQLMK_g$Ö'Pe^�Ù:`$LMK_HQ`$P0G�c'g�L_Gqã�GQHhg
`$^eJSHh\�g]E= 6PR\Q`$¡Sg�HfKMgtHIg�N]JSE_\IPeK_Z]HIg�H�^Rg]\¹^eJSPR\�KMgtN�JSd�c'J$HhGQg�d�g�E=G¹L_GQPR^ePR\hZ]g�\fc'J$LMHfJS�BGQg]E_PeH¹^Rg
\hï6\hGIp]dfgVK��kZ��6LM`rGQPRJSE

{
A1(u, p) = 0
A2(u, p) = 0^eJSHh\I�=LMg |∂t∂xu| K_Z]c>`$\h\IgVL_E�N�g]HzGa`$PREt\hg]LMPR^ÆA

Ý! Sg�N-N�g7Naº>`$c_PRGQHhg�\hg�GQg]Hhd�PREMgtK_JSEMN�^�`ßc_HIZ]\hg]E�Ga`rGIPeJSE�KMg�\~HIZ]\hLM^RGQ`rGQ\�J$�_GQg�E6LM\~\hLMH~^Rg
d�J6KMp�^eg*EMJSEÛ^RPeEMZ]`$PRHIgrA_|}EMg�EMJSL_ Sg�^e^RgqZ�GQL_KMgmg�\hG�Ç¨g]E� 6Pe\Q`r¡Sg]H�\hP�^Æ��JSEä Sg�L_G[GIHQ`$P0GQg]H�^Rgqd�ã�d�g
Gµï6c'gàKMg�cMHIJS�_^ep�d�g�K>`rEM\�LME¨KMJSd�`$PREMg/KMgàKMPRd�g�EM\IPRJSEV�6L_g]^eN�JSEM�=LMgrA�w½E�g$��gOGnÖ$dfã�d�g�^RJSHI\h�6L_g
λ∗ > 0

Ö�^Æ��Z��6LM`rGQPRJSE7g]E
u
EMguc'g]LBG�cM^RLM\q`rcMc'JSHhGIg]H*^Rg]\�cMHIJSc_HIPeZOGQZ�\*KMguHIZ]¡$LM^�`$HhPRGIZUJS�_GIg]E=LMg]\

\ILMH
∂tu

g�E~KMPedfg]E_\IPeJ$EfLME�cMLMPR\I�=LMg�N]gOGIGIg*Z��=L>`rGIPeJSE�N�JSE=GIPeg]E�G�\hg]LM^Rg]dfg]E�G�KMg�\�PeE_Ù&J$HId�`rGIPRJSE_\
\ILMH

div∂tu
è:gOGmEMJSEß\hLMH ∇∂tu éOA,�*�kg�\hGUc'JSLMHI�=LMJ$PÆÖ�E_JSLM\mEMJSL_\m^ePRdfP0GIJSE_\qK>`$E_\m^eg�Naº>`rcMPRGIHIg\ILMP0 r`$E�GV`rL£Nn`$\mK_LßdfJ6KMp]^Rg¨^ePREMZn`$PRHhgud¨LM^RGIPRKMPRd¹g]EM\hPeJSEME_g]^#Nn`$H�\hJSEßZ�GILMKMg¹gOxBPR¡Sg�d�J$PeEM\*KMg

HIZ]¡$LM^�`$HhPRGIZ$A � JSLM\qHIg�E= SJ�ïSJSEM\UÇ~^�`�N]JSE_N]^eL_\IPeJ$Eæ¡SZ�EMZ�HQ`$^Rg¨KMg¨N]g¨d�Z�d�J$PeHhgVc'JSLMH*LME£g�xBc'JS\IZ
KMg]\½JSHhPeg]E�Ga`bGQPeJ$EM\#EMJSL_ Sg�^e^eg�\��=LMg�^Æ��JSE¨g]E� BPR\Q`$¡$g�c'JSLMHyGIHQ`$P0GQg]H#^eg�Nn`r\½KML¹N�JSdfc'JSHhGIg]dfg]E=G�EMJ$E
^ePeE_Zn`$PRHhgqK>`$E_\}L_E�KMJ$d~`rPeEMgqd¨LM^0GQPRKMPRd¹g]EM\hPeJ$EMEMg�^ÆA
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s��Ñ ÐÔÐ ���

ý�\�^ _a`�b#c7dfe�g�hNb?i�dj`

á `$E_\�N]gOGIGQgäc>`$HhGIPeg�JSEçZ�GILMKMPRgä^eg~dfJ6KMp]^Rg~^RPeEMZ]`$PRHIg�d¨L_^RGQPRK_PRdfg�EM\IPRJSEMEMg�^ÆA ÿ EçHQ`rcMc'g]^R^eg
�6L��kPR^6\��X`r¡SPRG!K���LME¨\zï6\hGQp�d�g�K��kZ��6LM`rGQPRJSEM\#K���Z� SJS^RL_GQPRJSEUN]JSLMc_^eZ]g�\y�=LMP9Ö�K>`$EM\#^Rg/Nn`$\#K���LMEud�PR^RPRg�L
Pe\IJrGQHIJ$c'g�g�G}KMgmc>`$HI`$dfp�GQHhg]\�cMº=ï6\hPe�=LMg]\} b`$HIPe`$�M^Rg]\]Ö_g]\zG�KMJ$EMEMZmc>`$H o





ρ(x)
∂2u

∂t2
−5(λ∗(x) ∂

∂t
div u)−5((λ(x) + µ(x))div u)

−div(µ(x)5u) + α5p = f(t,x)

c0(x)
∂p

∂t
+ α div

∂u

∂t
− div(k(x)5p) = h(t,x).

è&�MARC�é

��gudfJ6KMp]^RgU^RPeEMZ]`$PRHIgqGQHQ`rKMLMPRG}^Æ��Z� $JS^eL_GIPeJ$EtKML� Sg]NOGQg�LMH
u
HIg]c_HIZ]\hg]E�Ga`$E�G�^RgUKMZ]c_^�`$N�g]dfg]E�G*KMg

^�`u\hGIHILMNOGQLMHIg�\IJS^RPeKMg*gOG[KMLÛNaº>`$dfcs\INn`r^�`$PRHIg
p
Ö_cMHhg]\I\hPeJSEÛK_Lsâ>LMPeK_g$Ö_g]EsÙ&JSEMNOGQPRJSEsKMLsGIg]dfcM\]A

DF^MPeE�GQg�Hh 6Peg�E=G½EMJ$GQ`$dfd�g�E=G�^RJSHI\h�6L_g�^Æ��JSE�dfJ6KMZ�^ePR\Ig�^�`*cMHIJ$c>`$¡�`rGIPeJSEuK��kJ$EMKMg]\·KM`$EM\½LME¹d�PR^RPRg�L
c'JSHIg�LBx¨\Q`bGQLMHhZàKMg�âMLMPeKMgrA ÿ E�HI`$cMc'g�^e^eg/Z]¡�`$^Rg]dfg]E�Gy�=LMg�^e`�E>`rGILMHIg�KMg�^�`�cMHhg]dfPep�HIg�Z��=L>`rGIPeJSE
è:º=ï6c'g�HI�'JS^RPe�=LMgfJSL�c>`$HI`$�'JS^ePR�=LMg�é*KMZ]c'g�EMKêKMg]\VKMg�LBx�c>`$HI`$d�pOGQHhg]\UcMº�ïB\hPe�=LMg�\¨�=LMg�\IJ$E=GV^�`
KMg]EM\hPRGIZUK_L�dfPe^RP0g]Lsc'JSHhg]LBx

ρ
g�G}^Rg�c>`$HQ`rd�pOGQHIg�K_gmN]JSEM\hJS^ePRK>`rGIPeJ$Es\Ig�N]J$EMK>`$PRHIg

λ∗
A

l,J$HI\I�=LMg
λ∗ = 0

\hLMH
Ω
GQJ$L_GVg]E�GQPRg]H]Ö�^eg¹d�J6KMp�^eg¹KMg���PeJ$GmN]JSHhHIg�\Ic'JSEMKê`$L�\hï6\hGQp�dfg�GQºMg�Hz�

{S�



{$v ðyñ?ò]ó�ôÆõ9ö�÷Jü6ùt¯[õIý6ü_÷Uü'ýÊnÛû6ü¸o�p:÷vpeôRúaqOòbôeö�÷vnsý�pÆõ9ô&ü=ô�ns÷Qú*�Iô&û�úMú�÷�p
d�J6Z�^�`$\zGQPR�=LMg�^RPeEMZ]`$PRHIg*�=LMP,K_Z]N]HhPRG}`$LM\h\IP,^Rgqâ>LBxÛKMgmNaº>`$^Rg]LMH�K>`$EM\[LMEtdfPe^RP0g]LsZ]^e`$\hGIPe�=LMg o





ρ(x)
∂2u

∂t2
−5((λ(x) + µ(x))div u)− div(µ(x)5u)

+α5p = f(t,x)

c0(x)
∂p

∂t
+ α div

∂u

∂t
− div(k(x)5p) = h(t,x).

è&�MA @$é

ÿ EæN]JSEM\hPeKMp�HIg�Z]¡�`r^eg�d�g�E=G��=LMg�^eg¨c>`$HI`$dfp�GIHIg¨KMg�KMg]E_\IPRGIZ�c�g�L_Gm\]�k`$EME=LM^eg�H�K>`$EM\�N]g�HhGQ`$PeEMg�\
HIZ]¡$PeJSEM\�KMg

Ω
ÖBN�g��=LMP�g�E=GIHQ`rëeEMg*LMEMgqKMZ�¡SZ]E_Z]HIg�\IN]g]EMN]gmKMLs\zïB\zGQp�d�g�KM`$EM\à^Rg*\Ig�EM\�J��äPe^'E���g]\hG

cM^eLM\!º�ï6c'g]HI�'J$^ePR�6L_g$A á `$EM\#^Rg/N]`$\#J��
ρ
\��X`$E_E6LM^Rg�\hLMH!GIJSL_G

Ω
Ö�^eg·d�J6K_p]^eg½KMg���PRJ$G!N�JSHIHhg]\Ic'J$EMK

`$Lt\hï6\zGQp]dfgU�=L>`$\IPª�F\zGa`rGIPe�=LMg o




−5(λ∗(x) ∂
∂t
div u)−5((λ(x) + µ(x))div u)− div(µ(x)5u)

+α5p = f(t,x)

c0(x)
∂p

∂t
+ α div

∂u

∂t
− div(k(x)5p) = h(t,x).

è&�MAXjSé

á `$EM\#^�`[\IL_PRGQgrÖ�JSEV b`��=L>`$^RPRÈ>g�H!^Rg/\hï6\zGQp]dfg�è&�MARC�é�KMg�dfJ6KMp�^eg·N]JSdfcM^Rg�G!KMZ]¡$Z]EMZ�HIZ�J��VN]JSdfcM^Rg�G
\IPe¡$EMPRÈ>g��=LMg}^Æ��JSEfcMHhg]EMK�g]E�N�JSd�cBGQg[^eg�\/g$��gOGQ\/KMg}^Æ��PeE_g]HhGIPRg�gOG�KMg}N]J$EM\IJS^RPeKM`rGQPRJSE�\Ig�N]JSE_K>`$PeHhg
Ga`$EMK_Pe\u�=LMgsKMZ�¡SZ]E_Z]HIZsPeE_KMPe�=LMg~�=LMgs^9�kJSEêc'J$LMHIHI`-N�JSEM\IPRKMZ]Hhg]H¨^eg�\¨g���g�GI\�KMgäN]J$EM\IJS^RPeK>`bGQPRJSE
\Ig]N�JSEMK>`rPeHIgmPREMgOxBPR\hGa`rE=GQ\�K>`$E_\}N�g]HhGQ`$PeE_g]\[HIZ�¡SPeJ$EM\�KMLtd�PR^RPRg�LÛc'J$HIg]L6x�A
ÿ E£\hLMcMc'JS\hgf�=LMg¹Naº>`$�=LMg¹c>`$HI`$dfp�GQHhg¨cMº=ï6\hPe�=LMgfK_Lß\zïB\zGQp�d�g�è:�_ARC�é�g�\hGmK>`$EM\

L∞(Ω)
A á g

cM^eLM\�ÖrJ$E¨\ILMc_c'JS\Igà�=LMgà^eg�\#Ù&JSE_N�GQPRJSEM\
λ
Ö
µ
Ö
c0
g�G
k
\hJSE=G�c'J$\IPRGIPR Sg�\ygOG�HIg�\Ic'g]NOGQP0 Sg]dfg]E=G½dfPeE_Jr�

HIZ]g�\�cM`$H#LMEMg�N]J$EM\hGQ`$E=GIgà\zGQHhPeN�GIg]dfg]E�Gyc'JS\IP0GQP0 Sg
λ̂
Ö
µ̂
Ö
ĉ0
g�G
k̂
Arw½E_È>E�ÖrJSEuPedfc'JS\hg�`rLBxUGQg]Hhd�g�\

\IJSLMHhN]g�\
f
g�G
h
K���ã�GIHIgUHhg]\hc'g]N�GIPR Sg�d�g�E=G�K>`rEM\

L2(0, T ;L2(Ω))
gOG}K>`$E_\

L2(0, T ;L2(Ω))
A

ý�\0[ Ïº�þ~ dfexÑ}w$� ex�G+ i�dJb h=dj~ {�w��Lb|exsIHjsv`xsLc7s
á `$E_\mN�g¹c>`rHQ`$¡$HQ`$cMº_g$Ö�JSE£N�JSEM\hPeKMp�HIg�^eg¨dfJ6KMp�^eguKMg�N]J$EM\IJS^RPeK>`bGQPRJSE7N]JSdfcM^Rg�GqKMZ]¡$Z]EMZ�HIZ

K>`$EM\�^eg¨K_JSd�`$PeEMgu�'J$HIEMZ
Ω
Ö�N]g��=LMP�N]JSHhHIg�\Ic'JSEMK�`$LæNn`$\�J��

ρ(x) ≥ ρ̂ > 0
gOG
λ∗(x) ≥ 0\ILMH

Ω
A á `rEM\àN�gqN]`$\]ÖB^e`UcMHIg�d�PRp]Hhg�Z]�=L>`rGIPeJSE~KMg�è&�MARC�é·c'g]L_GàKMZ�¡SZ�EMZ]Hhg]HàK>`$EM\�^Rg]\�HIZ�¡SPeJSE_\�KMg

Ω
J��

λ∗
\��X`$E_E6LM^RgUN]gU�=LMP!Hhg� 6PRg]E=G*Ç¹\]��PeE�GQZ�HIg]\h\Ig�Hq`$L6xtZ]�=L>`bGQPeJ$EM\uè:�_A @Sé�A ÿ E�N]J$EM\IPRKMp]HhgV\hLMH
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^�`uÙ&HIJSE�GQPep�HIg�K_g
Ω
^eg�\[N�JSEMKMP0GQPeJ$EM\[`rLBxÛ^ePRdfPªGQg�\�\hLMPR b`$E=GIg]\ o




u = 0
\hLMH

Γ1 × [0, T ]
λ∗∂tdivu ni + (λ+ µ)divu ni + µ∇ui · n

−αpni +
n∑

j=1

Aijuj = 0
\ILMH

Γc
1 × [0, T ]

p = 0
\hLMH

Γ2 × [0, T ]
k∇p · n+Bp = 0

\ILMH
Γc
2 × [0, T ].

è&�MAk��é

#JSLMH
j = 1, 2

Ö {Γj,Γ
c
j}
g]\zG�LME_g�c>`$HzGQPRGIPeJ$E¹KMg

Γ
`� Sg�N

Γj 6= ∅
gOG
Γc
j = ∅

ZO Sg]E=GILMg]^R^eg�d�g�E=G]A
á �kL_ETc'JSPRE=GsK_gæ 6LMg£cMº=ï6\hPe�=LMg$ÖUè:�MA��=éfGQHI`$KMLMP0Gs^eg7Ù:`$P0Gs�=LMg£^e`êd~`bGQHIPRN]g7\IJS^RPeKMg7g]\hGsÈ_xBZ]g
HIPe¡$PeKMg�dfg]E�Gq\ILMH

Γ1 × [0, T ]
Ö��=L���Pe^yE��åïæ`äc>`$\�KMg�cMHhg]\h\IPeJ$EßK_LMg¹`$Læâ>L_PeKMg¨\ILMH

Γ2 × [0, T ]Ga`$EMK_Pe\,�=LMg�^�`�d~`bGQHIPRN]g½\Ig/KMZ]c_^�`$N�g/KMg/Ù:`rÚ]JSEUZ]^�`r\hGQPR�=LMg/\hLMH
Γc
1×[0, T ]

gOG#\ILM�MP0G#LME_g�cMHhg]\I\hPeJSE
\ILMH

Γc
2 × [0, T ]

A�l!`�d~`rGIHIPRN]g
A = (Aij)1≤i,j≤n

HIg�cMHIZ�\Ig]E�GQg�^egVdfJ6KMLM^RgVK���Z]^e`$\hGIPeN�PRGQZUgOG�g�\hG
\hï6d�ZOGQHhPe�=LMgu\Ig�d�Pª�FK_Z�È>EMPRgUc�J$\IP0GQPR SgrA�l,`�N]J$EM\hGQ`$E=GIg

B
HIg]c_HIZ]\hg]E�GQg��=L>`$E�G�Ç�g]^R^egU^egUd�J6KML_^eg

KMgmcMHIg�\I\IPRJSEtg�G}Nr�kg�\hG�KMJSE_NUL_E�\hNn`$^e`$PeHhgqc'JS\IP0GQPRÙµA
l,g�d�J6K_p]^egàN�JSd�c_^egOG·g�\hG�`$PREM\IPMN�JSEM\zGQPRGILMZ[K_g]\/Z��=L>`rGIPeJSEM\}è:�MA0C�é�ÖSKMg�\/N]J$EMKMPRGIPeJ$EM\·`rLBx¹^RPed¹P0GIg]\
è:�MA��=é�g�G[KMg]\}N�JSEMKMP0GQPRJSEM\àPeEMP0GQPe`r^Rg�\�\hLMPR r`rE=GIg]\ o

u(0,x) = u0(x) ∈ V, ∂tu(0,x) = u1(x) ∈ L2(Ω)
gOG
p(0,x) = p0(x) ∈ L2(Ω)

J��
V
g]\hG}^eg�\hJSLM\µ�Fg]\hc>`$N�gVKMg

H1(Ω)
KMZOÈ>EMP,c>`rH o

V = {v ∈ H1(Ω)
GIg]^��=LMg

v = 0
\hLMH

Γ1}.
l·��g]\hc>`$N�g

V
N�JLK�E_N]PeK_gf`� Sg]N

H1
0(Ω)

�=L>`rEMK
Γc
1 = ∅

g�G]Ö,K>`rEM\U^eg�\UKMg�LBxßNn`$\�Ö,JSE�^Rg¹d¨LMEMP0G
KMgm^�`¨EMJSHhd�gqLM\ILMg�^e^Rg�KMg

H1
0(Ω)

A?��g]c'g]E_K>`$E�GnÖ?\IP
Γc
1 6= ∅

Ö>J$Etc'g]LBG�d¨LME_PeH
V
KMgm^e`�E_JSHIdfg

Z]�=LMPR b`$^eg�E=GIg o ∀v ∈ V
Ö

||v||V =
(∫

Ω

µ(x)|∇v|2dx+
∫

Γc
1

Av · vdx
)1/2

.

á `$EM\[^�`�\hLMPRGIg$ÖMJSEtEMJrGQg]HI`
(· , ·)V

^Rg�cMHIJ6K_LMPRG[\hNn`$^e`$PRHIg�`$\I\hJ6N]PeZUÇ�N]gOGIGIgUEMJSHhd�grA
ÿ EÛKMZ�È>E_PRG}Z�¡�`$^Rg]dfg]E�G[^9�kg�\Ic>`$N�g o

V = {q ∈ H1(Ω)
GQg�^��=LMg

q = 0
\IL_H

Γ2}
�6L_gU^Æ��JSEÛd¨LME_PRG�Z]¡S`$^eg�d�g�E=G[K_gU^e`�E_JSHIdfg�LM\IL_g]^e^Rg�\ILMH

H1
0 (Ω)

A
ÿ E�\hg�cMHhJSc'JS\Igfd�`$PeE�GQg]EM`$E=GmK���Z�GILMKMPRg]HU^eg¹\zïB\zGQp�d�g�N]J$d�cM^Rg�GmKMZ]¡$Z]EMZ�HIZä`rL�d�J�ïSg]E�K���LMEMg
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d�ZOGQºMJ6KMg� r`$HhP�`bGQPeJ$EMEMg�^e^0g$A@6>JSHIdfg]^R^Rg�dfg]E=G]Ö!J$E `$\h\IJ6N]PRgs`$Lêd�J6K_p]^eg�^e`�Ù&J$HId¨LM^e`rGIPRJSEß r`rHIP�`��
GQPeJ$EMEMg]^R^Rgq\IL_PR r`$E�GQg o




� HhJSL_ Sg�H
(u, p) ∈ L∞(0, T ;V)× L2(0, T ;V )

GQg]^��=LMg
∂tu ∈ L2(0, T ;L2(Ω)),

√
λ∗div∂tu ∈ L2(0, T ;L2(Ω)),

∂2t u ∈ L2(0, T ;V
′

), ∂t(c0(x)p+ αdivu) ∈ L2(0, T ;V ′

), SZ]HhPRÈ?`$E�G}c'JSL_H[cMHhg]\I�=LMgUGIJSL_G
t ∈]0, T [, ∀(v, q) ∈ V × V :

< ρ(x)∂2t u,v >V
′ ,V +

∫

Ω

λ∗(x)div∂tu divvdx+

∫

Ω

µ(x)∇u⊗∇vdx

+

∫

Ω

(λ(x) + µ(x))divu divv dx− α

∫

Ω

p divvdx

+

∫

Γc
1

Au · vdσ =
∫

Ω

f · vdx,

< ∂t(c0(x)p+ αdivu), q >V ′ ,V +

∫

Ω

k(x)∇p · ∇qdx

+B

∫

Γc
2

pqdσ =

∫

Ω

hqdx,

(u(0,x), p(0,x)) = (u0(x), p0(x)), ∂tu(0,x) = u1(x).

è&�MA �$é

ÿµÛ�ÚLÛ5Ý Þxß}àÎá�â�ã#äQåaãM�N�OQäQã á���	�.â�à��Bä
Ý�ÈME�K_gmcMHIJSLB Sg]H[�6L_g~è:�_A �$éà`$KMdfg�G[L_EMgU\hJS^eLBGQPeJ$E�Ö_J$EtL_GIPe^eP0\IgqN]J$d�dfgqK>`$EM\[^Rg�Nn`$\[EMJ$E

^ePeE_Zn`$PRHhg�dfJSEMJ6KMPRdfg]EM\hPeJSE_EMg]^MLME_g�dfZ�GIºMJ6KMg}K��k`$cMc_HIJ�xBPRd~`bGQPRJSE¹K_g4:m`$^Rg]H0�=PRE o JSE�N�JSEM\zGQHIL_PRGLMEMgV\hJS^eLBGQPeJ$EtK_gäè:�_A �SéàN�JSdfd�gm^e`¹^RPedfPªGQg�K���LMEMgV\hLMPRGIgUKMgmÙ&JSEMNOGQPeJ$EM\}HhZ]¡SL_^ePRp]HIg�\]A'��g]\}Ù&JSEMN��
GQPeJ$EM\]ÖME_J$GQZ�g]\

(um, pm)m∈N∗

Ö_ SZ]HhPRÈ>g�E=G}LMEMg�Ù&JSHId¨L_^�`rGIPRJ$EsKMPR\IN�HIp�GIgUPR\I\hLMgmKMg�è:�MAX�SéOA
ÿ Eç`$cMcMHhJ6N�ºMgäN]J$d�dfgä`rLçNaº>`$cMP0GQHIgs@�^eg]\ug]\hc>`$N�g]\

V
g�G
V
HIg�\Ic'g�N�GQP0 Sg]dfg]E�G¹c>`$Hu^eg]\ug]\µ�

c>`$N]g�\àKMg*KMPRd�g�EM\IPRJSEfÈ>EMPRg
Vm

g�G
Vm
ABl½�kg�\Ic>`rN]g

Vm
è&HIg]\hc'g]NOGQPR Sg�d�g�E=G

Vm
é·g]\zG�KMZOÈ>EMP�c>`$H

Vm = V ect{w1,w2, . . . ,wm}
Ö
m ∈ N∗ è&HIg]\hc'g]NOGQPR $g]dfg]E=G Vm = V ect{χ1, χ2, . . . , χm})

Ö
^�`¨\ILMP0GQg

(wj)j∈N∗

è:HIg�\Ic'g]NOGQP0 Sg]dfg]E�G
(χj)j∈N∗

é�Ù&JSHhd~`$E�G�LMEMgm�>`$\hgUºMPR^e�'g�HhGQPRg�EMEMg�K_g
L2(Ω)è:HIg�\Ic'g�N�GQP0 Sg]dfg]E�G

L2(Ω)
étGQg]^R^eg3�=LMg$Ö�c'J$LMH-GQJ$L_G

j ∈ N∗ Ö wj ∈ V
è:HIg�\Ic'g�N�GQP0 Sg]dfg]E�G

χj ∈ V
éOA ÿ E8\IL_cMc'JS\Ig-�=LMg7^Æ��g]\IcM`$N]g7KMg�\äN]J$d¨�MPeE>`rPe\hJSEM\f^ePREMZn`rPRHIg]\¹ÈMEMPeg�\~KMg]\

wj
è:Hhg]\z�

c'g]N�GIPR Sg�d�g�E=G
χj
éàg�\hG}KMg]EM\hgVKM`$EM\

V
è&HIg]\hc'g]NOGQPR Sg�d�g�E=G

V
é�A

ÿ EÛKMZ�È>E_PRG�`r^eJSHh\�^Rg�N]JSL_cM^eg
(um, pm)m∈N∗

KMg
[0, T ]

K>`rEM\
Vm × Vm

cM`$H o ∀m ∈ N∗

um(t) =
m∑

j=1

ujm(t)wj
g�G
pm(t) =

m∑

j=1

pjm(t)χj,
è&�MAkv�é
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 SZ]HIP0È?`$E�G}c'JSL_H[cMHhg]\I�=LMgUGIJSL_G
t ∈]0, T [ Ö>c'JSLMH�GIJSL_G 1 ≤ j ≤ m





∫

Ω

ρ(x)∂2t um ·wjdx+

∫

Ω

λ∗(x)div∂tumdivwjdx

+

∫

Ω

(λ(x) + µ(x))divumdivwjdx+

∫

Ω

µ(x)∇um ⊗∇wjdx

−α
∫

Ω

pmdivwjdx+

∫

Γc
1

Aum ·wjdσ =

∫

Ω

f ·wjdx,

∫

Ω

c0(x)∂tpmχjdx+ α

∫

Ω

χjdiv∂tumdx+

∫

Ω

k(x)∇pm · ∇χjdx

+B

∫

Γc
2

pmχjdσ =

∫

Ω

hχjdx,

è&�MA {$é

g�G}g�E
t = 0 o




(um(0), pm(0)) = (u0m, p0m) ∈ Vm × Vm
GQg�^��=LMg

u0m → u0
K>`rEM\

Vg�G
p0m → p0

K>`$E_\
L2(Ω);

∂tum(0) = u1m ∈ Vm
GQg�^��=LMg

u1m → u1
K>`rEM\

L2(Ω).

è&�MAX�Sé

á �X`rcMHIp�\U^�`~GIºMZ]J$HIPeg¨\ILMHm^Rg]\�Z��6LM`rGQPRJSEM\�KMP���Z]Hhg]E�GQPeg�^e^Rg�\q^ePREMZn`rPeHhg]\�Ö�JSE£g]\zGV`$\I\hLMHIZ¹KMg¹^9�kg�x_PR\z�
GQg]E_N]gVgOG�KMgU^9��LMEMPeN�PRGIZ�KMgU^e`�\IJS^RL_GQPRJSE

(um, pm)m∈N∗

KML�cMHhJS�M^ep�dfgm^RPeEMZ]`$PRHIgAÒ6è&�MA {$éOÖ,è:�MAk��é�Ó
K>`$EM\

H2(0, T ;V)×H1(0, T ;V )
A

ÿ E� b`ud�`$PRE=GQg�E>`$E�G�c_HIJSL_ Sg�H��=LMg
(um, pm)m∈N∗

N]J$E= Sg�HI¡Sg� Sg]Hh\àL_EäN�JSLMcM^Rg
(u, p)

K>`rEM\�LME
\Ig]E_\fÇ-KMZ�ÈMEMPeH¨gOG¹�=LMgsN]gsN�JSLMcM^Rg

(u, p)
g]\zG¹\IJS^RL_GQPRJSEêKMgä^�`�Ù&J$HId¨LM^�`bGQP0JSE� r`rHIP�`bGQPeJ$EMEMg�^e^0g

è:�MAX�SéOA á `$EM\fN]gt�ML_GnÖ½JSE  r`ßZOGa`r�M^ePRH�KMg�\�g]\zGQPRd~`rGIPeJ$EM\tÁÛÂ'ÃOÄÆÅbÃ�Ä�`rÈ>E�K_g�c_HIJSL_ Sg�H��=LMgt^�`
\ILMP0GQg

(um, pm)m∈N∗

g]\hG��'J$HIEMZ�gqK>`$EM\àL_EsNn`rKMHIg*Ù&J$EMN�GIPeJSEME_g]^�ÇVcMHIZ�N]Pe\hg]H�A ÿ Esc'JSL_HIHQ`¨`rPeEM\hP
gOx6GQHI`$PeHhgmLME_gU\hJSLM\z��\ILMP0GQgmKMg

(um, pm)m∈N∗

N�JSE= Sg�HI¡Sg]`$E=G[ Sg]HI\
(u, p)

A
¶ +61ê13+��?¨:��¨��Á�ì$
6Ä¤íµî

(um, pm)m∈N∗

�6îaìsì�Å��®
Bí:ÄÆÅ��_ì¯�6î-æ�ÃQP �ÅÆ5Ç � ÃQP �§×�Çyé ì]Á$í:Äeì���Á$Ä¤íA�eîaì¹Â'ÃQÅaÂ'Ã�Ä��Oí>�aìsì$
6Ä¦êMbÁ��>íµîaìj�
• (∂tum)m∈N∗

îaìOí=�OÅbÃ$�/�aîD��Á��_ì
L∞(0, T ;L2(Ω)) ;

• (
√
λ∗div∂tum)m∈N∗

îaìOí=�OÅbÃ$�/�aîD��Á��_ì
L2(0, T ;L2(Ω)) ;

• (um)m∈N∗

îaìOí=�OÅbÃ$�/�aîD��Á��_ì
L∞(0, T ;V) ;

• (pm)m∈N∗

îaìOí=�OÅbÃ$�/�aîD��Á��_ì
L∞(0, T ;L2(Ω)) ∩ L2(0, T ;V ).

³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �ÿ E7d¨LM^0GQPRcM^0PRgm^�`¹cMHIg�d�PRp]HhgVZ��6LM`rGQPRJSE7KMgäè:�MAX{Sé�c>`$H
u
′

jm(t)
gOG*^�`f\hg]N]J$EMKMg¨c>`rH

pjm(t)
A ÿ E

`bÞhJ$L_GQgU`$^eJ$HI\�^eg]\[KMg]L6x�Z]¡S`$^eP0GQZ�\[JS�BGQg]E=LMg]\�gOG�g]E�\IJSdfd~`rE=G[\IL_H
j
c'JSLMH

j
`$^e^e`$E�G[KMgfCVÇ

m



�S¸ ðyñ?ò]ó�ôÆõ9ö�÷Jü6ùt¯[õIý6ü_÷Uü'ýÊnÛû6ü¸o�p:÷vpeôRúaqOòbôeö�÷vnsý�pÆõ9ô&ü=ô�ns÷Qú*�Iô&û�úMú�÷�p
JSEtJS�_GIPeg�E=G o

∫

Ω

ρ(x)∂2t um · ∂tumdx+

∫

Ω

λ∗(x)|div∂tum|2dx+
∫

Ω

µ(x)∇um ⊗∇∂tumdx

+

∫

Ω

(λ(x) + µ(x))divumdiv∂tumdx− α

∫

Ω

pmdiv∂tumdx

+

∫

Γc
1

Aum · ∂tumdσ +

∫

Ω

c0(x)∂tpmpmdx+ α

∫

Ω

pmdiv∂tumdx

+

∫

Ω

k(x)|∇pm|2dx+B

∫

Γc
2

|pm|2dσ =
∫

Ω

f · ∂tumdx+

∫

Ω

hpmdx

N]gm�6L_P,c'g�L_G�Z�¡�`$^Rg]dfg]E�G[\]��Z]N�HIPRHIg o
1

2

d

dt

[∫

Ω

ρ(x)|∂tum|2dx+
∫

Ω

(λ(x) + µ(x))|divum|2dx

+

∫

Ω

µ(x)|∇um|2dx+
∫

Γc
1

Aum · umdσ +

∫

Ω

c0(x)|pm|2dx
]

+

∫

Ω

λ∗(x)|div∂tum|2dx+
∫

Ω

k(x)|∇pm|2dx+B

∫

Γc
2

|pm|2dσ

=

∫

Ω

f · ∂tumdx+

∫

Ω

hpmdx.

è&�MAX�Sé

ÿ EÛc'g�L_G}E_J$GQg�H��6L��kLMEÛGQg�^�N�º_JSP0xäKMgqÙ&JSEMNOGQPeJ$EM\z�ÆGQg]\zG[E_JSLM\}`¨c'g]Hhd�PR\àK��kZ�^ePRd�P0EMg]H�^Rg]\àGIg]Hhd�g�\
KMgmN]JSLMc_^�`$¡Sg�K_JSE=G[^�`¨cMHIZ�\Ig]E_N]gVc'JSL_ r`rPRG[g�EM¡Sg]E_KMHIg�H}LMEMgUK_P��fN]L_^RGQZ�\hLMcMcM^RZ]dfg]E�Ga`$PRHIgrA
w·EtPeE�GQZ�¡SHQ`rE=G}`r^eJSHh\�^9�kZ��6LM`rGQPRJSE�è&�MAX�Sé�\ILMH

[0, s]
c'JSLMHàGQJSLBG

s
K>`rEM\

]0, T [
Ö>J$EtJS�_GIPeg�E=G o

1

2

[∫

Ω

ρ(x)|∂tum|2(s)dx+
∫

Ω

(λ(x) + µ(x))|divum|2(s)dx+
∫

Ω

µ(x)|∇um|2(s)dx

+

∫

Γc
1

Aum(s) · um(s)dσ +

∫

Ω

c0(x)|pm|2(s)dx
]
+

∫ s

0

∫

Ω

λ∗(x)|div∂tum|2dxdt

+

∫ s

0

∫

Ω

k(x)|∇pm|2dxdt+B

∫ s

0

∫

Γc
2

|pm|2dσdt =
∫ s

0

∫

Ω

(f · ∂tum + hpm) dxdt

+
1

2

∫

Ω

ρ(x)|u1m|2dx+
1

2

∫

Ω

(λ(x) + µ(x))|divu0m|2dx+
1

2

∫

Ω

µ(x)|∇u0m|2dx

+
1

2

∫

Γc
1

Au0m · u0mdσ +
1

2

∫

Ω

c0(x)|p0m|2dx.
è:�MA0C�¸�é� J$GIJSEM\ � Ü ^Rg~\Ig�N]JSEMK d�g�d¨�MHIg~KMg£è:�_ARC�¸SéOA � JSL_G�K��k`$�'JSHhK�ÖyN]J$d�dfg~Naº>`$�=LMgsc>`$HI`$d�pOGQHhg

cMº=ï6\IPR�=LMg�PeE�GQg]Hz Sg]E>`rE=G�K>`rEM\q^egu\zïB\zGQp�d�g�g�\hG�\ILMcMc'J$\IZ�K>`$EM\
L∞(Ω)

Ö�JSEæ`ä^e`~d�`�ÞhJSHQ`rGIPRJSE



ü6ù�lBùt®�÷µnsû6ü*o�p:÷qüM÷*�ô:û6õ/þ]ûnuóap:÷�õ/ü*q)J¸qaúaqQö$q �_C

\ILMP0 r`$E�GQg o
1

2

∫

Ω

ρ(x)|u1m|2dx+
1

2

∫

Ω

(λ(x) + µ(x))|divu0m|2dx

+
1

2

∫

Ω

µ(x)|∇u0m|2dx+
1

2

∫

Γc
1

Au0m · u0mdσ

+
1

2

∫

Ω

c0(x)|p0m|2dx ≤
||ρ||L∞(Ω)

2
||u1m||2L2(Ω)

+
||λ||L∞(Ω) + ||µ||L∞(Ω)

2
||divu0m||2L2(Ω) +

||µ||L∞(Ω)

2
||∇u0m||2L2(Ω)

+
||c0||L∞(Ω)

2
||p0m||2L2(Ω) +

1

2

∫

Γc
1

Au0m · u0mdσ.

è:�MA0CSC�é

á g¨cM^RLM\]Ö'^eg�\*\ILMP0GQg�\
(u0m)m∈N∗

Ö
(u1m)m∈N∗

gOG
(p0m)m∈N∗

Z�Ga`rE=GqN�JSE= Sg�HI¡Sg�E=GIg]\�HIg]\hc'g]NOGQP0�
 Sg]dfg]E�G*K>`rEM\

V
Ö
L2(Ω)

g�G
L2(Ω)

Ö?g�^e^Rg]\[\IJ$E=G*`$LM\h\IP,�'JSHIEMZ�g]\�K>`$E_\�N�g]\�g�\Ic>`$N�g]\]A'DF^,gOxBPe\zGQg
KMJSEMNmLMEMgmN]J$EM\hGQ`$E=GIg

κ
\hGQHhPeNOGQg]dfg�E=G[c�J$\IP0GQPR Sg*GQg]^R^egq�=LMg~è&�MARC$C�é�g�E=GQHI`rë�E_g o

1

2

∫

Ω

ρ(x)|u1m|2dx+
1

2

∫

Ω

(λ(x) + µ(x))|divu0m|2dx

+
1

2

∫

Ω

µ(x)|∇u0m|2dx+
1

2

∫

Γc
1

Au0m · u0mdσ

+
1

2

∫

Ω

c0(x)|p0m|2dx ≤ κ.

è:�MA0C�@Sé

w·E�N�gf�6L_P·N]JSE_N]g]HhEMg�^Æ��PeE�GQZ�¡SHQ`$^0g ∫
Ω

(f · ∂tum + hpm) dx
Ö�J$E�L_GIPe^RPR\Ig�K��k`$�'JSHhK�^9�kPREMZ]¡�`r^RP0GIZ

KMgV�à`$LMNaº=ï�� � N�º�Hà`$H0� o
∫

Ω

(f · ∂tum + hpm) dx ≤
(∫

Ω

1

ρ(x)
|f |2dx

)1/2(∫

Ω

ρ(x)|∂tum|2dx
)1/2

+

(∫

Ω

1

c0(x)
|h|2dx

)1/2(∫

Ω

c0(x)|pm|2dx
)1/2

cMLMPe\�N]g�^e^Rg�KMg4î/JSLME_¡ o
∫

Ω

(f · ∂tum + hpm) dx ≤
1

2

∫

Ω

1

ρ(x)
|f |2dx+ 1

2

∫

Ω

ρ(x)|∂tum|2dx

+
1

2

∫

Ω

1

c0(x)
|h|2dx+ 1

2

∫

Ω

c0(x)|pm|2dx.
ÿ EÛJS�_GQPRg]E�G}`$PeE_\IP�^�`¨d�`bÞhJ$HQ`rGIPRJSEsK_L�\hg]N�JSEMK�d�g�d¨�MHIg�K_g~è&�MARCn¸�é o
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SM ≤ κ+
1

2

∫ s

0

∫

Ω

1

ρ(x)
|f |2dxdt+ 1

2

∫ s

0

∫

Ω

ρ(x)|∂tum|2dxdt+
1

2

∫ s

0

∫

Ω

1

c0(x)
|h|2dxdt

+
1

2

∫ s

0

∫

Ω

c0(x)|pm|2dxdt.
��JSd�dfg

ρ
g�G
c0
\IJSE�GUHIg�\Ic'g�N�GQP0 Sg]dfg]E�GVd�PREMJSHhZ]\qc>`$H

ρ̂
g�G
ĉ0
Ö�^�`äd~`�ÞhJSHI`rGQPRJ$E-cMHIZ�N]Z]K_g]E=GIg

KMg� 6Peg�E=G o

SM ≤ κ+
1

2ρ̂

∫ s

0

∫

Ω

|f |2dxdt+ 1

2

∫ s

0

∫

Ω

ρ(x)|∂tum|2dxdt+
1

2ĉ0

∫ s

0

∫

Ω

|h|2dxdt

+
1

2

∫ s

0

∫

Ω

c0(x)|pm|2dxdt
�6L_P,c'g�L_G}\IgU\hPedfcM^ePªÈ>g]Hàg�E o

SM ≤ κ+
1

2

∫ s

0

∫

Ω

ρ(x)|∂tum|2dxdt+
1

2

∫ s

0

∫

Ω

c0(x)|pm|2dxdt
è&�MARCnj�é

g]EtPeE=GIZ]¡SHI`$E=G�^eg�\[EMJ$HIdfg]\[K_g]\[GIg]HIdfg]\�\IJSLMHhN]g�\�K>`$E_\}^e`�N�JSEM\zGa`$E�GQg
κ
A

ÿ Et`f`$PREM\IP o
1

2

[∫

Ω

ρ(x)|∂tum|2(s)dx+
∫

Ω

(λ(x) + µ(x))|div um|2(s)dx

+

∫

Ω

µ(x)|∇um|2(s)dx+
∫

Γc
1

Aum(s) · um(s)dσ +

∫

Ω

c0(x)|pm|2(s)dx
]

+

∫ s

0

∫

Ω

λ∗(x)|div∂tum|2dxdt+
1

2

∫ s

0

∫

Ω

k(x)|∇pm|2dxdt

+B

∫ s

0

∫

Γc
2

|pm|2dσdt ≤ κ+
1

2

∫ s

0

∫

Ω

ρ(x)|∂tum|2dxdt

+
1

2

∫ s

0

∫

Ω

c0(x)|pm|2dxdt,

è:�MA0Cn�=é

\IJSP0G[g]Etc>`$HzGQPeN�LM^RPeg�H o

1

2

∫

Ω

ρ(x)|∂tum|2(s)dx+
1

2

∫

Ω

c0(x)|pm|2(s)dx ≤ κ+
1

2

∫ s

0

∫

Ω

ρ(x)|∂tum|2dxdt

+
1

2

∫ s

0

∫

Ω

c0(x)|pm|2dxdt.
á �X`rcMHIp�\�^Rg�^eg�d�dfgqK_gA:�HIJSE�Hà`$^R^9Ö_J$EtJS�_GIPeg]E�G o

1

2

∫

Ω

ρ(x)|∂tum|2(s)dx+
1

2

∫

Ω

c0(x)|pm|2(s)dx ≤ κ exp(
s

2
).



ü6ù�lBùt®�÷µnsû6ü*o�p:÷qüM÷*�ô:û6õ/þ]ûnuóap:÷�õ/ü*q)J¸qaúaqQö$q �Sj

w·EtPREbÞhg]NOGa`$E�G}N�g�GhGQgmPeEMZ�¡�`$^ePªGQZqKM`$EM\Vè:�MA0Cn��éOÖMJ$EtJS�_GIPeg�E=G[�=L���Pe^�gOxBPR\hGQgmLMEMgmN]J$EM\hGQ`$E=GIg
κ > 0GQg]^R^egq�=LMg o

1

2

[∫

Ω

ρ(x)|∂tum|2(s)dx+
∫

Ω

(λ(x) + µ(x))|div um|2(s)dx+
∫

Ω

µ(x)|∇um|2(s)dx

+

∫

Γc
1

Aum(s) · um(s)dσ +

∫

Ω

c0(x)|pm|2(s)dx
]
+

∫ s

0

∫

Ω

λ∗(x)|div∂tum|2dxdt

+
1

2

∫ s

0

∫

Ω

k(x)|∇pm|2dxdt+B

∫ s

0

∫

Γc
2

|pm|2dσdt ≤ κ,

N]g��=LMP?N]J$EMKMLMP0GnÖ�g]E�L_GQPR^ePR\I`$E=G·^Rg�Ù:`$PRG·�=LMg�^Rg]\·c>`$HQ`rd�pOGQHIg�\/cMº�ïB\hPe�=LMg�\�\IJSE�G��'JSHIEMZ�\�PeEBÙ&Z]HIPRg]L6�
HIg]dfg]E�GnÖ>Ç¹^9�kg�\hGQPRd�`rGQP0JSEßÁmÂ'Ã�ÄÆÅbÃOÄ o

1

2

[
ρ̂

∫

Ω

|∂tum|2(s)dx+ (λ̂+ µ̂)

∫

Ω

|div um|2(s)dx

+µ̂

∫

Ω

|∇um|2(s)dx+
∫

Γc
1

Aum(s) · um(s)dσ + ĉ0

∫

Ω

|pm|2(s)dx
]

+

∫ s

0

∫

Ω

λ∗(x)|div∂tum|2dxdt+
k̂

2

∫ s

0

∫

Ω

|∇pm|2dxdt

+B

∫ s

0

∫

Γc
2

|pm|2dσdt ≤ κ,

è:�MA0C��Sé

g�G�`$NaºMpO SgV^e`�KMZ�d�J$EM\hGIHQ`rGIPeJSEsKMLt^eg�d�dfgq�MA0CSA
¥l�g¹^Rg]dfdfg¨�_ARC¹c_HIZ]N�Z]KMg�E=GUÙ&JSL_HIEMP0G�^eg�\�PeE_Ù&JSHhd~`bGQP0JSE_\qEMZ�N]g�\I\Q`$PRHIg�\Uc�J$LMH�JS�_GIg]EMPRH�^Rg�HhZO�

\ILM^0Ga`rG[c_HIPeE_N]PecM`$^�KMgmN]gmc>`$HQ`r¡SHQ`$c_ºMg��6L_P,g�\hG�HhZ]\hLMd�ZmK>`rEM\[^egqGQº_Z]JSHhp]dfgm\ILMP0 r`$E�G o
ÔAÕ ;6�?��4613+7�?¨R(©¨�!îJ�~Å��OÖ$�eîD�6î   ÄÆÅbíL�aÅ��*Â´�eîOíN�O���O�$�/�OÃ��UÁ����~îOí�Á�
��~ÅbÄ¦�_ìJ
O��îqì�Å��®
Bí:ÄÆÅ��A��Á$Ä	���eî

(u, p)
M��OÃOÄ¦ê��Á��>íµÃQP �¦ó$Ç��

³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �� JSPRG
(um, pm)m∈N∗

^e`ç\hLMPRGIg£KMg�\t\IJS^RL_GQPRJSEM\äKMgUÒ6è&�MA {$éOÖmè&�MAk��éyÓ�Aàl�g£^eg]dfdfg-�MA0C£c'g]HIdfg�G
K��X`r\I\IL_HIg]H/^9�kg�xBPe\zGQg]E_N]g[K���LMEMg}\hLMPRGIg[g�x6GQHQ`rPRGQg�K_g

(um, pm)m∈N∗

EMJ$GIZ]g[g�EMN]J$HIg
(um, pm)m∈N∗GQg]^R^egq�=LMg o

um → u
K>`rEM\

L∞(0, T ;V)
Ù:`$Pe�_^eg ∗ ;

pm → p
K>`rEM\

L2(0, T ;V )
Ù:`rPe�M^Rgqg�G

L∞(0, T ;L2(Ω))
Ù:`$PR�M^eg ∗ ;

∂tum → ∂tu
K>`$E_\

L∞(0, T ;L2(Ω))
Ù:`$PR�M^Rg ∗ ;√

λ∗div∂tum →
√
λ∗div∂tu

K>`$E_\
L2(0, T ;L2(Ω))

Ù:`$Pe�_^eg
.



�$� ðyñ?ò]ó�ôÆõ9ö�÷Jü6ùt¯[õIý6ü_÷Uü'ýÊnÛû6ü¸o�p:÷vpeôRúaqOòbôeö�÷vnsý�pÆõ9ô&ü=ô�ns÷Qú*�Iô&û�úMú�÷�p
w·EÛÙ:`$PR\Q`$E�G�GIg]EMKMHhg

m
 Sg]Hh\

+∞ K>`rEM\uè&�MAX{SéOÖMJ$EtJS�_GIPeg]E�G o c'J$LMH�GQJ$L_G j ∈ N∗ Ö
d

dt

∫

Ω

ρ(x)∂tu ·wjdx+

∫

Ω

λ∗(x)div∂tu divwjdx

+

∫

Ω

(λ(x) + µ(x))divu divwj dx+

∫

Ω

µ(x)∇u⊗∇wjdx

−α
∫

Ω

p divwjdx+

∫

Γc
1

Au ·wjdσ =

∫

Ω

f ·wjdx,

d

dt

∫

Ω

(c0(x)p+ αdivu)χjdx+

∫

Ω

k(x)∇p · ∇χjdx+B

∫

Γc
2

pχjdσ =

∫

Ω

hχjdx,

�6L_Py\]��Z�GQg�EMKßÇ�GQJSL_GqN�JSLMcM^Rg
(v, q) ∈ V × V

K��X`rcMHIp�\�^Rg]\*cMHIJ$cMHIPRZ�GQZ�\qK_g]\q\ILMP0GQg]\
(wj)j∈N∗g�G

(χj)j∈N∗

A ÿ E�`�KMJSEMNmc'JSL_H[cMHIg�\I�=LMgUGIJSL_G
t
K>`$EM\

]0, T [
Ö ∀(v, q) ∈ V × V

d

dt

∫

Ω

ρ(x)∂tu · vdx+
∫

Ω

λ∗(x)div∂tu divvdx

+

∫

Ω

(λ(x) + µ(x))divu divv dx+

∫

Ω

µ(x)∇u⊗∇vdx

−α
∫

Ω

p divvdx+

∫

Γc
1

Au · vdσ =
∫

Ω

f · vdx,

d

dt

∫

Ω

(c0(x)p+ αdivu)qdx+

∫

Ω

k(x)∇p · ∇qdx+B

∫

Γc
2

pqdσ =

∫

Ω

hqdx.

è:�MA0C�v�é

ÿ E� b`©d�`$PRE=GQg�E>`$E�GæcMHhJSL_ Sg�H£�=LMg$Ö�c'JSL_HæcMHIg�\I�=LMg GQJSLBG
t
KM`$EM\

]0, T [
Ö
∂2t u ∈ V′ gOG

∂t(c0(x)p+ αdivu) ∈ V ′ Aw·E7g$��gOGnÖ'E_J$GQJSE_\
g
^9�kZ�^eZ�d�g�E=G}KMg

L2(0, T ;V′)
KMZOÈ>EMP!c>`$H o ∀v ∈ V

Ö?c'JSLMH}cMHIg�\I�=LMgVGQJSL_G
t ∈]0, T [ Ö

< g(t),v >V′,V =

∫

Ω

f · vdx−
∫

Ω

λ∗(x)div∂tu divvdx

−
∫

Ω

(λ(x) + µ(x))divu divv dx−
∫

Ω

µ(x)∇u⊗∇vdx

+ α

∫

Ω

p divvdx−
∫

Γc
1

Au · vdσ.
� JSPRG

ϕ ∈ D(]0, T [) A�w½E-d�L_^RGQPRc_^RPe`rE=G}^�`fcMHIg�d�PRp]HhguZ��=L>`rGQPRJSE-K_gÛè&�MARCnv�é[c>`rH ϕ gOGqg]EæPRE=GIZO�¡SHQ`$E�G[KMg
0
Ç
T
Ö>J$EtJS�_GIPeg�E=G o

∫ T

0

d

dt
< ρ(x)∂tu,v >V′,V ϕ(t)dt =

∫ T

0

< g(t),v >V′,V ϕ(t)dt



ü6ù�lBùt®�÷µnsû6ü*o�p:÷qüM÷*�ô:û6õ/þ]ûnuóap:÷�õ/ü*q)J¸qaúaqQö$q ���

\IJSP0G}`$LM\h\IP o

−
∫ T

0

< ρ(x)∂tu,v >V′,V ϕ′(t)dt =

∫ T

0

< g(t),v >V′,V ϕ(t)dt.
è&�MA0C�{Sé

Ü�JSE=GIHIJSE_\}d�`$PRE=GQg�E>`$E�G��=LMg o ∀ϕ ∈ D(]0, T [) Ö

−
∫ T

0

ρ(x)∂tuϕ
′(t)dt =

∫ T

0

g(t)ϕ(t)dt
KM`$EM\

V′ è:�MA0C���é

N]gm�6L_P,Hhg� 6Peg�E=G�Ç�cMHIJSLB Sg]H}�=LMg o ∀ϕ ∈ D(]0, T [), ∀v ∈ V
Ö

< −
∫ T

0

ρ(x)∂tuϕ
′(t)dt,v >V′,V=<

∫ T

0

g(t)ϕ(t)dt,v >V′,V .

ÿ EÛ\Q`$P0G[�=LMg
ρ(x)∂tuϕ

′ ∈ L1(0, T,V′)
A ÿ H]ÖMK��k`$cMHhp]\}^Rg oÔAÕ ;6�?��4613+7�?¨R�©¨�?Ä

u ∈ L1(]a, b[, X) îOí f ∈ X ′ � Å��ßÁ(�
∫ b

a

< f, u(t) > dt =< f,

∫ b

a

u(t)dt >,

KMJSE=G[JSEÛGIHIJSL_ Sg�HQ`¹LME_gUKMZ�d�J$EM\hGQHI`rGQPRJSEsK>`$EM\U×�jSjrØ9Ö>J$E�` o

< −
∫ T

0

ρ(x)∂tuϕ
′(t)dt,v >V′,V = −

∫ T

0

< ρ(x)∂tuϕ
′(t),v >V′,V dt

= −
∫ T

0

< ρ(x)∂tu,v >V′,V ϕ′(t)dt.

è:�MA0C���é

á gUdfã]dfg$Ö_cMLMPe\h�=LMg
gϕ ∈ L1(0, T ;V′)

Ö>JSEt`_Ö_GQJSLbÞhJ$LMHI\�K��X`rcMHIp�\}^egqGIºMZ]JSHhp]dfgm�MAkj o

<

∫ T

0

g(t)ϕ(t)dt,v >V′,V =

∫ T

0

< g(t)ϕ(t),v >V′,V dt

=

∫ T

0

< g(t),v >V′,V ϕ(t)dt.

è:�MAX@$¸�é

á �X`rcMHIp�\¨è&�MA0C�{Sé�Ö,è:�MA0C��Sé�g�Guè&�MA @r¸�éOÖ_JSE�`�KMJSEMN o ∀ϕ ∈ D(]0, T [), ∀v ∈ V

< −
∫ T

0

ρ(x)∂tuϕ
′(t)dt,v >V′,V=<

∫ T

0

g(t)ϕ(t)dt,v >V′,V



�Sv ðyñ?ò]ó�ôÆõ9ö�÷Jü6ùt¯[õIý6ü_÷Uü'ýÊnÛû6ü¸o�p:÷vpeôRúaqOòbôeö�÷vnsý�pÆõ9ô&ü=ô�ns÷Qú*�Iô&û�úMú�÷�p
N$��g]\hGz�µÇb��KMPeHhg-è:�_ARC��SéOAy��g]N]P�cMHIJSLB Sgä�MPRg]E3�=LMg

∂2t u ∈ L2(0, T ;V′)
A ÿ Eêg���g]NOGQLMgä^Rg�d�ã�dfg

Gµï6c'gUKMgmHI`$Pe\hJSEMEMg�d�g�E=G[c'JSL_H[d�J$E=GQHhg]H��=LMg
∂t(c0(x)p+ αdivu) ∈ V ′ g�G}JSEt`f`$^RJSHI\ o





d

dt

∫

Ω

ρ(x)∂tu · vdx =< ρ(x)∂2t u,v >V′,V

d

dt

∫

Ω

(c0(x)p+ αdivu)qdx =< ∂t(c0(x)p+ αdivu), q >V ′,V .

è:�MAX@BC�é

ÿ E~JS�BGQPeg�E=G��=LMg*^eg}N]JSL_cM^eg
(u, p)

 $Z]HIP0È>g o c'JSLMH/GQJSLBG (v, q) ∈ V×V Ö6c'JSLMH�c_HIg]\h�=LMgqGIJSL_G
t
KM`$EM\

]0, T [
Ö




< ρ(x)∂2t u,v >V′,V +

∫

Ω

λ∗(x)div∂tu divvdx

+

∫

Ω

(λ(x) + µ(x))divu divv dx+

∫

Ω

µ(x)∇u⊗∇vdx

−α
∫

Ω

p divvdx+

∫

Γc
1

Au · vdσ =
∫

Ω

f · vdx,

< ∂t(c0(x)p+ αdivu), q >V ′,V +

∫

Ω

k(x)∇p · ∇qdx

+B

∫

Γc
2

pqdσ =

∫

Ω

hqdx,

è:�MAX@S@Sé

N]gm�6L_P,cMHhJSL_ Sgm�6L_gU^eg�N�JSLMcM^Rgm^RPedfPªGQg
(u, p)

 SZ�HIPRÈMgm^eg]\�Z]�=L>`rGIPeJ$EM\[K>`$EM\Vè:�_A �Sé�A
ÿ E~`$NaºMpO Sg*^e`mcMHhg]L_ $g*K_L�GIºMZ]J$HIp]dfg}�MAX@�g]Ef SZ]HhPRÈ?`$E�G/�6L_g�^eg[N�JSLMcM^Rg

(u, p)
\Q`rGIPe\zÙ:`$PRG½^eg�\

N]JSEMK_PRGQPRJSEM\àPeEMP0GQPe`r^Rg�\àZ]N]HhPRGIg]\[K>`$EM\[^�`uÙ&JSHhd¨LM^�`bGQP0JSEä b`$HIPe`rGQPRJSEME_g]^R^Rg¹è&�MAX�SéOA
á �X`rcMHIp�\u^�`ÛKMZ�d�JSE_\hGQHI`rGQPRJSEßKML3^Rg]dfd�g��MA0CSÖ,JSE�\Q`$P0GV�=LMg�^�`Û\ILMP0GQg

(um)m∈N∗

g�\hGu�'JSHhEMZ]g
K>`$EM\

W (0, T ;V;L2(Ω))
A'Ü7`$PR\[K��k`$cMHhp]\}^eg�\[cMHIJSc_HIPeZOGQZ�\}KMg�\�g�\Ic>`rN]g�\

W (0, T ;X,Y )
HQ`$c6�

c'g]^eZ�g]\}`$Ltc>`$HI`$¡SHI`$cMºMgU@BAX@BÖMJSE�` o W (0, T ;V;L2(Ω)) ↪→ C0([0, T ];L2(Ω))
A

ÿ EU\Q`rPRG!`$^eJ$HI\��=LMg�c'J$LMH,GIJSL_G
t
KM`$EM\

[0, T ]
Ö
um(t, .)→ u(t, .)

K>`$EM\
L2(Ω)

Ù:`$PR�M^eg��=L>`$E_K
mGQg]E_K¨ Sg]Hh\�^Æ��PeE_ÈMEMPÆAb��g�N]P_g�\hG½g�E�cM`$HhGIPeN]L_^ePRg]H� BHI`$PBc'J$LMH

t = 0
A ÿ E�`�KMJSEMN

um(0, .)→ u(0, .)K>`$EM\
L2(Ω)

Ù:`rPe�M^Rg$A ÿ H]Ö�c>`$HmN�JSEM\hGIHILMNOGQPRJSE�Ö
um(0, .) = u0m(.)

gOG
u0m(.)

N�JSE� Sg]HI¡$gf Sg�HI\
u0(.)

KM`$EM\
V
AMDF^� 6Peg�E=G[ÈME>`$^eg�d�g�E=G[�=LMg

u(0, .) = u0(.)
A

� GQ`$�M^RPe\I\hJSEM\�d�`$PeE�GQg]EM`$E=G�^9�kZ�¡�`$^RP0GQZ
∂tu(0, .) = u1(.)� JSPeg�E=G

v ∈ V
gOG
φ
L_EMgmÙ&J$EMN�GIPeJSEsGIg]^R^egq�=LMg o





φ ∈ C1([0, T ]),
φ(0) 6= 0
φ(T ) = 0.

è:�MAX@$j�é



ü6ù�lBùt®�÷µnsû6ü*o�p:÷qüM÷*�ô:û6õ/þ]ûnuóap:÷�õ/ü*q)J¸qaúaqQö$q ��{

ÿ EÛKMZ�È>E_PRG�`r^eJSHh\
ϕm

gOG
ϕ
c>`$H�^eg]\�HIg�^�`rGIPeJSE_\à\ILMP0 r`$E�GQg]\ o

ϕm = φvm
gOG

ϕ = φv

J��¹^eg]\�Ù&J$EMN�GIPeJSEM\
vm ∈ Vm

\IJSE�G·GIg]^e^Rg]\��=LMg
vm → v

KM`$EM\
V
�=L>`$E_K

m
GIg]EMK¹ Sg�HI\·^Æ��PeE_È>E_PÆA

��JSd�dfgrÖ6c'JSLMH�N�ºM`$�=LMg
t ∈ [0, T ] Ö ϕm(t, ·) ∈ Vm

Ö6^�`UcMHIg�d�PRp]HIg�Z��=L>`rGQPRJSEäK_g¹è&�MAX{Sé·KMJSEME_g$Ö
`$cMHIp�\�PeE=GIZ]¡$HQ`rGQPRJSEVKMg

0
Ç
T
K��kL_EMg�cM`$HhG�g�G�PeE=GIZ]¡SHI`rGQPRJSEVc>`$Hyc>`$HzGQPRg]\yc>`$HyHQ`rcMc'JSHhG½`rL¨GQg�d�c_\

KMLtcMHIg�d�PRg]HàGIg]Hhd�g�K��k`$L_GIHIgmc>`$HzG o

−
∫ T

0

∫

Ω

ρ(x)∂tum · ∂tϕmdxdt+

∫ T

0

∫

Ω

λ∗(x)div∂tum divϕmdxdt

+

∫ T

0

∫

Ω

(λ(x) + µ(x))divum divϕmdxdt+

∫ T

0

∫

Ω

µ(x)∇um ⊗∇ϕmdxdt

−α
∫ T

0

∫

Ω

pm divϕmdxdt+

∫ T

0

∫

Γc
1

Aum · ϕmdσdt =

∫ T

0

∫

Ω

f · ϕmdxdt

+

∫

Ω

ρ(x)u1m · ϕm(0)dx.

è:�MAX@r�=é

w·E7L_GIPe^eP0\Q`$E�G}^RgU^eg�d�dfgm�MA0CVg�G*^e`fKMZOÈ>EMP0GQPeJ$E�KMg
(ϕm)m∈N∗

Ö?JSE7c'g�L_G*Ù:`rPeHIg�GIg]EMKMHhg
m
 Sg]Hh\

^Æ��PeE_È>E_P�K>`$EM\Vè:�MAX@r�=é�ÖMN�gU�=LMP�KMJSE_EMgU^9�kZ�¡�`$^RP0GQZ o

−
∫ T

0

∫

Ω

ρ(x)∂tu · ∂tϕdxdt+
∫ T

0

∫

Ω

λ∗(x)div∂tu divϕdxdt

+

∫ T

0

∫

Ω

(λ(x) + µ(x))divu divϕdxdt+
∫ T

0

∫

Ω

µ(x)∇u⊗∇ϕdxdt

−α
∫ T

0

∫

Ω

p divϕdxdt+
∫ T

0

∫

Γc
1

Au · ϕdσdt =
∫ T

0

∫

Ω

f · ϕdxdt

+

∫

Ω

ρ(x)u1 · ϕ(0)dx.

è:�MAX@S�Sé

á �X`rcMHIp�\[^egq^Rg]dfd�g��MA0CSÖ_JSEt`
ρ(x)∂tu ∈ L∞(0, T ;L2(Ω))

g�GnÖ_K��k`$cMHIp�\Vè:�_A @$@SéOÖ
ρ(x)∂2t u ∈

L2(0, T ;V′)
A ÿ Eßg]EßKMZ�KMLMP0GUK_JSEMN¹�=LMg

ρ(x)∂tu ∈ C0([0, T ];V′) ∩ L∞(0, T ;L2(Ω)) N]g�6L_P_g]E=GIHQ`rëeEMg��=LMg
ρ(x)∂tu

g�\hG�Ù:`$Pe�M^Rg]dfg�E=G#N]JSE�GQPRE6LMg�KMg
[0, T ]

K>`$EM\
L2(Ω)

g�G½EMJ$LM\�c'g]Hhd�gOG
KMg�ÞhLM\hGIPRÈ>g�H�^9�kg�xBPe\hGIg]EMN�guK_gu^e`�GQHQ`$N�gVKMg

ρ(x)∂tu
g]E
0
A'w½E-c_HIJ6N]Z�K>`$E�GqK_gu^e`¹d�ã�d�g�Ù:`$Ú]JSE

�6L_gäc_HIZ]N�Z]KMg�dfd�g�E=G¨c'JSLMHV^e`tcMHhg]dfPep]Hhg�Z��=L>`rGIPeJSE3K_gæè:�MAX@S@$éOÖ,N$��g]\zGh�µÇ��FKMPRHIgfg]Eê^9�kPRE=GIZ]¡SHI`$E=G



�S� ðyñ?ò]ó�ôÆõ9ö�÷Jü6ùt¯[õIý6ü_÷Uü'ýÊnÛû6ü¸o�p:÷vpeôRúaqOòbôeö�÷vnsý�pÆõ9ô&ü=ô�ns÷Qú*�Iô&û�úMú�÷�p
KMg
0
Ç
T
g�G}g�E�L_GIPe^RPR\Q`$E�G�LME_gUPRE=GQZ�¡SHQ`bGQPeJ$Esc>`rH[c>`rHhGQPRg]\]ÖMPR^� 6PRg]E=G o

−
∫ T

0

∫

Ω

ρ(x)∂tu · ∂tϕdxdt+
∫ T

0

∫

Ω

λ∗(x)div∂tu divϕdxdt

+

∫ T

0

∫

Ω

(λ(x) + µ(x))divu divϕdxdt+
∫ T

0

∫

Ω

µ(x)∇u⊗∇ϕdxdt

−α
∫ T

0

∫

Ω

p divϕdxdt+
∫ T

0

∫

Γc
1

Au · ϕdσdt =
∫ T

0

∫

Ω

f · ϕdxdt

+

∫

Ω

ρ(x)∂tu(0) · ϕ(0)dx.

è:�MAX@$v�é

ÿ E3c'g]LBG�`$PeE_\IP/N�JSEMN�^eLMHhg~g�EêN]JSdfc>`$HI`$E=Gäè&�MA @$�Sé�g�Gsè:�MAX@$v�é��=LMg
∂tu(0,x) = u1(x)

K>`$EM\
L2(Ω)

A
á g�^�`~dfã]dfgVÙ:`$Ú]J$E�Ö�c'JSL_H�c_HIJSL_ Sg�H�^Æ��Z]¡S`$^eP0GIZ

p(0, ·) = p0(·)
Ö�J$EæN]JSEM\hPeKMp�HIg�L_EMg¨Ù&JSEMNOGQPeJ$E

q ∈ Vm
g�G¨LMEMg�Ù&JSEMNOGQPRJSE

φ
KMZOÈ>EMPeg~N�JSdfd�gfg]E©è:�MAX@$j�é�A ÿ EêKMZOÈ>EMP0G

ϕm
gOG
ϕ
GIg]^e^Rg]\U�6L_g

ϕm = φqm
Ö
ϕ = φq

`n Sg]N
qm ∈ Vm

GIg]^e^Rgä�=LMg
qm → q

K>`$EM\
V
�=L>`$E_K

m
GQg�EMK  Sg�HI\

^Æ��PeE_È>E_PÆA
ÿ E~cMHhg]EMKäc'JSLMH�Naº>`$�=LMg

t ∈ [0, T ] Ö qm(t, ·) N�JSdfd�g[Ù&JSE_N�GQPRJSEB�ÆGQg]\zG�K>`$EM\�^e`U\Ig�N]JSEMK_g�Z��=L>`b�GQPeJ$EtK_g~è:�MAX{Sé��=LMgV^9�kJ$EtPRE=GQp�¡SHhgm\ILMH
[0, T ]

A?w½E�L_GQPR^ePR\I`$E=G�LME_gUPeE=GIZ]¡$HQ`rGIPeJSEsc>`rH[c>`$HhGIPeg�\[\ILMH
^eg�cMHhg]dfPeg�HàGQg�HIdfgmgOG}g]Etc>`$\h\Q`$E�G*Ç�^�`¨^ePed¹P0GIgq^eJ$HI\I�=LMg

m
GIg]EMKÛ Sg]HI\}^9�kPRE_È>EMP9ÖBJSEtJS�BGQPeg�E=G o

−
∫ T

0

∫

Ω

c0(x)p∂tϕdxdt+ α

∫ T

0

∫

Ω

ϕdiv∂tudxdt

+

∫ T

0

∫

Ω

k(x)∇p · ∇ϕdxdt+B

∫ T

0

∫

Γc
2

pϕdxdt

=

∫ T

0

∫

Ω

hϕdxdt+

∫

Ω

c0(x)p0ϕ(0)dx

è:�MAX@S{Sé

K��X`rcMHIp�\}^�`¨KMZ�ÈMEMPRGIPeJSEsKMg
(qm)m∈N∗

g�G}^Rg�^eg�d�dfgq�MA0CSA
w·EêcMHIJ6N�Z]K>`$E�G�KMg~d�ã�d�g�c'J$LMHu^�`�\hg]N�JSEMKMgsZ��6LM`rGQPRJSEêKMg£è&�MAX@S@Sé�Ö!JSEêJS�_GIPeg]E�G¨¡$H�;$N�gäÇ7^�`
Ù:`$Pe�M^RgqN�JSE=GIPeE=LMPRGIZ�KMg

c0p
KMg
[0, T ]

K>`rEM\
L2(Ω)

�6L_g o

−
∫ T

0

∫

Ω

c0(x)p∂tϕdxdt+ α

∫ T

0

∫

Ω

ϕdiv∂tudxdt

+

∫ T

0

∫

Ω

k(x)∇p · ∇ϕdxdt+B

∫ T

0

∫

Γc
2

pϕdxdt

=

∫ T

0

∫

Ω

hϕdxdt+

∫

Ω

c0(x)p(0)ϕ(0)dx

è:�MAX@$��é



ü6ù�lBùt®�÷µnsû6ü*o�p:÷qüM÷*�ô:û6õ/þ]ûnuóap:÷�õ/ü*q)J¸qaúaqQö$q �S�

N]gà�=LMP_EMJ$LM\�d�J$E=GIHIg��=LMg
p(0,x) = p0(x)

KM`$EM\
L2(Ω)

g�G�N]gà�=LMPM`$NaºMpO Sg�^�`�KMZ�dfJSEM\hGIHQ`rGIPeJSE
KMLÛGQºMZ�JSHIp�d�gm�_A @BA

¥

ï î$�fÁ$Ã5��
>îu�MA�� ���Áj�nÅ��/�Oí:ÄÆÅ��
λ∗

Â>î$
6í[ì�� Á�����
��eîOÃ]��Á��_ì
Ω � ³ Á��_ìÊ�eîx�IÁbìsÅ�� λ∗ ì�� Á�����
O�eî�ì$
6Ã]�eî£�6Å��fÁ$Ä¦��î

Ω
íµÅ�
6í�î$�Mí9ÄÆîOÃ � Å��tÂ>îOÃ5���5� îaìOí9Ä¦�fÁ$í:ÄÆÅ��£ì$
BÃ div∂tu ��
?î��0� Å��êÁ7Á�
P�eî$���~î%P �¦ç�� �,î(��¡_Á��*Â

∂tu
îaìOí/Á��eÅbÃQì4�~ÅbÄ¦�_ì�Ã�����
O� ÄÆîOÃQ�fÁ$ÄeìD�aî$�0Á���îj�aÅ��_ìOí:Ä¤í÷
>î�Â_Ábì4
O��îJ�$Ä R �$
�� í½��ì$
�Â�Â´�G�$�~î$�>í�Á$Ä¤ÃQî�eÅbÃaì���
¤� Å��tÂ_Ábìaì�î ¥ �0Á%� Ä¦��Ä¤íFîuì$
BÃ��eîaìuì�Å��®
Bí:ÄÆÅ��_ìfÁOÂ�Â'ÃaÅ��¡��aîaìÊ��
_Á��´� m íµî$�´��M$îOÃaì��0� Ä¦�3�'�>Ä �² Ä¦�_ìOÄ � �eîx�aÅ��qÂ>ÅbÃ�íFî$�~î$�>íQ�6î]�0Átì�Å��®
Bí:ÄÆÅ���î$�çí�Á��>í4��
?îv�nÅ��/�Oí9ÄÆÅ�� ��
ÛÂMÁ$ÃhÁ��£ÖOí:ÃaîqÂ�¡Oí�ìOÄ	��
>î�6îf�aÅ��_ì�Å�� Ä	��Á$í:ÄÆÅ«�

λ∗
îaìOíàí9Ã�ÖaìVìOí�Á����eî �SE �IÁ����~ÅbÄ¦�_ì � �0Á~ìOÄ¤í÷
_Á$í9ÄÆÅ�� îaìOív�$Ä T4�OÃQî$�>íµîA�eÅbÃQì���
¤� Å���aÅ��_ìOÄ	�OÖOÃaî��eî¹Â_Á$ÃhÁ��£ÖOí:ÃQî¹Â�¡Oí�ìOÄ	��
?î¯�6î¯�6î$�_ìOÄ¤í½�¯��
 ��Ä¦� ÄÆî$
ßÂ>ÅbÃQî$
«ª

ρ � �N� îOTqîOí � ��Á��_ì%�eî�eî$���~îUP �¦ç � �eîD�aÅ��*Â>ÅbÃOíFî$�~î$�>í¤�6î ∂tum
îaìOík� Ä�� ¥ �aî/Â_ÁSÃhÁ��£ÖOí:ÃaîmîOí¤�eîaì�Â'ÃQÅaÂ'Ã�Ä��Oí>�aìD�OíÆÁ���� ÄÆîaì�aÅ��/��îOÃy��î$�>ív�0Áj�nÅ��/�Oí:ÄÆÅ�� √

ρ(x)∂tum � ��Á��O�FÂ>î$�´��Á��/�aî~î$� ρ(x) ��
>îf�5� Å«��î5ª�Â'Ã�Ä¦�~îf��Á��_ì�aîj�IÁbì$ê½� ¥ Á(�Oí½�A�$� Ä¦�¹Ä¦�a��îmî$�Ûì$
�Â�Â?Å�ì]Á��>í'��
>î ρ(x) ≥ ρ̂ > 0 �a² 
=ìaìOÄ � �0�ô�Oí÷
¸�6î�Â'Ã������0�6î$�>íFîQ��îì�� ÁOÂ�Â´� Ä	��
?î$êFí	êIî$�¦�eî}Â_ÁbìÊ�$Ä¤ÃQîy�OíFî$�~î$�>í[Á�
-�QÁbìÊ��
_ÁbìOÄ¦êÆìOíÆÁSí:Ä	��
>î£�aÅ����~îfÅ��êÁ�Â´
��eîL��Á$Ä¤ÃQî¹Á�M$î���eîD�~Å��OÖ$�eî�í�¡>îOÃy�~Å�$�0ÁbìOí9Ä	��
>î �
ÿµÛ�ÚLÛÅÚ úÁäµà>å/àÅâ�û��µã�	�� á��"	�vâ¸à��'ä

ÿ EêN�JSEM\IPRKMp]Hhg~KMg]LBx3\IJS^RL_GQPRJSEM\
(u, p)

g�G
(ũ, p̃)

KMLêcMHIJ$�M^ep�d�g7è:�MAX�SéU`n Sg]N~^eg�\udfã]dfg]\
N]JSEMK_PRGQPRJSEM\·PREMPRGIPe`$^0g]\

(u0,u1, p0)
gOG�^Rg]\/dfã]dfg]\·GIg]Hhd�g�\�\hJSLMHIN�g]\

f
g�G
h
A ÿ E�EMJ$GIg

ν
g�G
ψ
^e`

KMP���Z]Hhg]EMN�gUg�E=GQHhgU^Rg]\�\IJS^RL_GQPRJSEM\ o ν = u− ũ
gOG
ψ = p− p̃

A?l�gmN�JSLMcM^Rg
(ν, ψ)

 SZ]HIP0È>gU`$^RJSHI\
^eg]\�cMHhJScMHIPRZ�GIZ]\[N�P0�FK_g]\I\hJSLM\ o




(ν, ψ) ∈ L∞(0, T ;V)× L2(0, T ;V ), ∂tν ∈ L2(0, T ;L2(Ω)),√
λ∗div∂tν ∈ L2(0, T ;L2(Ω)), ∂2t ν ∈ L2(0, T ;V′

),
∂t(c0(x)ψ + αdivν) ∈ L2(0, T ;V ′

),gOG}c'JSLMH[c_HIg]\h�=LMgUGQJ$L_G
t
K>`rEM\

]0, T [, ∀(v, q) ∈ V × V :

< ρ(x)∂2t ν,v >V
′
,V +

∫

Ω

λ∗(x)div∂tν divvdx

+

∫

Ω

(λ(x) + µ(x))divν divvdx+
∫

Ω

µ(x)∇ν⊗∇vdx

−α
∫

Ω

ψ divvdx+

∫

Γc
1

Aν · vdσ = 0,

< ∂t(c0(x)ψ + αdivν), q >V
′
,V +

∫

Ω

k(x)∇ψ · ∇qdx+B

∫

Γc
2

ψqdσ = 0,

(ν(0,x), ψ(0,x)) = (0, 0), ∂tν(0,x) = 0.

è:�MAX@$��é



�S¸ ðyñ?ò]ó�ôÆõ9ö�÷Jü6ùt¯[õIý6ü_÷Uü'ýÊnÛû6ü¸o�p:÷vpeôRúaqOòbôeö�÷vnsý�pÆõ9ô&ü=ô�ns÷Qú*�Iô&û�úMú�÷�p
l!`tc_HIg]dfPep�HIg¹Z]�=L>`rGIPeJSE�N�JSdfcMHIg�E>`$E=GVL_E3JSc'Z]HI`rGQg�LMHVº�ï6c�g�HI�'JS^RPe�=LMgfKML3\hg]N]J$EMKêJSHIK_HIg$Ö,JSE
g]E= 6PR\Q`$¡$gÛE>`bGQLMHhg]^e^Rg]dfg]E�G¨KMgscMHIg�EMKMHIgÛ^e`7Ù&JSE_N�GQPRJSE

v = ∂tν
N�JSdfd�g�Ù&JSEMNOGQPeJ$EB��GIg]\hG�KM`$EM\

^�`�cMHIg�dfPep]Hhg~Z��6LM`rGQPRJSE�A���g�c'g]EMK>`rE=G¹PeN�PÆÖ,KMLêÙ:`$P0GuKMLçd�`$EM�=LMg~KMgäHhZ]¡SLM^e`$HIP0GQZrÖ!PR^/EMJSLM\¨g�\hG
Pedfc'JS\I\hPe�M^Rg}K��kL_GIPe^RPR\Ig]H/^Rg�N]JSLMc_^eg�KMg*Ù&J$EMN�GIPeJSE_\z��GIg]\hG91�EM`rGQLMHhg]^Å1}�=L���g]\hG

(∂tν, ψ)
A ÿ Eäg�E=GIg]EMK

c>`$HÂ1�E>`rGILMHIg�^½1m^egUÙ:`$P0G��=LMg¨^RgVN�º_JSP0x�KMguN�g¨N�JSLMcM^Rguc'g�HIdfg�GhGQHQ`$P0G�K���Z]^RPedfPREMg�H}^eg�\�GIg]Hhd�g�\*KMg
N]JSLMc_^�`$¡$g/J��VPeE=GIg]Hz BPRg]E�G#^�`[N�JSEM\hGQ`$E�GQg�KMg���PeJrGh�Å�©PR^0^RP0\

α
gOGyK���JS�_GIg]EMPRH!LMEMg�Z�¡�`$^eP0GQZ½K���Z]EMg�HI¡SPRg

N]^�`r\I\IPR�=LMg/c'JSLMH,cMHIJ$L_ Sg]H!^Æ��LMEMPRN]PRGIZ½KMg/^e`[\hJS^eLBGQPeJ$EmK>`$EM\!N]g/¡Sg�EMHIg/KMg/cMHhJS�M^Rp]dfg$A#JSLMH!c>`r^e^RPRg]H
N]g�GhGQg*KMP��fN]LM^0GQZrÖ6J$E~N]JSE_\IPeK_p]HIg�cM^eL_G08$G�K_g]\�Ù&JSEMNOGQPRJSEM\z�ÆGQg�\hG�K_PRGQg�\�KMg*l!`rK_ïO�]g�EM\0�b`�ÞI`s×å��¸bØ��=LMP
EMJSLM\sc'g]Hhd�gOGIGQg�E=GÛKMgæN�JSd�c'g�EM\Ig�HÛN�g£d�`$EM�=LMgæKMgæHhZ]¡SLM^e`$HIP0GQZ7gOGÛK���JS�_GIg]EMPRHsL_EMg£Z�¡�`$^RPRGQZ
K��kZ�EMg]Hh¡SPeg�gOxBcM^eJ$PRGa`r�M^egrA
l,g�\[Ù&J$EMN�GIPeJSE_\z��GIg]\hG[�=LMgm^Æ��JSEÛN�JSEM\hPeKMp�HIgm\IJSE�G}KMZ�ÈMEMPeg�\}KMgm^e`¨Ù:`rÚ]JSEÛ\ILMP0 r`$E�GQgrA!#JSLMH

s
KM`$EM\

]0, T [
Ö
(ϕ1, ϕ2)

\hJSE=G}K_JSEMEMZ�g]\}c>`$H�^eg]\�HIg�^�`rGIPeJ$EM\ o

ϕ1(t,x) =




−
∫ s

t

ν(σ,x)dσ

0
, ϕ2(t,x) =




−
∫ s

t

(∫ τ

0

ψ(σ,x)dσ

)
dτ

\hP
t ≤ s,

0
\IP

t ≥ s.

ÿ EÛc'JS\Ig
ϕ̃1(t,x) =

∫ t

0

ν(σ,x)dσ
g�G
ϕ̃2(t,x) =

∫ t

0

(∫ τ

0

ψ(σ,x)dσ

)
dτ
A

l,g�\[Ù&J$EMN�GIPeJSEM\
ϕ1
g�G
ϕ̃2

 SZ�HIP0È>g]E�G�^Rg]\�cMHIJ$cMHIPRZ�GQZ�\[\ILMP0 r`$E�GQg�\ o
ϕ1(t,x)=ϕ̃1(t,x)− ϕ̃1(s,x) ϕ1(0,x)=−ϕ̃1(s,x) ϕ1(s,x)=0

∂tϕ1(t,x)=ν(t,x) ∂tϕ1(0,x)=0 ∂tϕ1(s,x)=ν(s,x)
è:�MAkjS¸�é

g�G o
ϕ2(t,x)=ϕ̃2(t,x)− ϕ̃2(s,x) ϕ2(0,x)=−ϕ̃2(s,x) ϕ2(s,x)=0

∂tϕ2(t,x)=

∫ t

0

ψ(σ,x)dσ ∂tϕ2(0,x)=0 ∂tϕ2(s,x)=

∫ s

0

ψ(σ,x)dσ

∂2t ϕ2(t,x)=ψ(t,x) ∂2t ϕ2(0,x)=0 ∂2t ϕ2(s,x)=ψ(s,x). è:�MAkj_C�é
ÿ EÛN]JSEM\hPeKMp�HIgU`$^eJ$HI\

(ϕ1, ϕ2)
N]JSdfdfg�N�JSLMcM^RgmKMg�Ù&JSEMNOGQPRJSEM\z�ÆGQg�\hG[K>`$EM\Vè:�_A @$�SéOA� JSPRG

s ∈]0, T [ A>Ý�cMHIp�\}PeE�GQZ]¡$HQ`rGIPeJSEäc>`$H�HQ`$c_c'JSHhG}`$LÛGIg]dfcM\[\hLMH [0, s] Ö>JSEÛJS�_GQPRg]E�G o
∫ s

0

< ρ(x)∂2t ν, ϕ1 >V′,V dt+

∫ s

0

∫

Ω

λ∗(x)div∂tν divϕ1dxdt

+

∫ s

0

∫

Ω

(λ(x) + µ(x))divν divϕ1dxdt+
∫ s

0

∫

Ω

µ(x)∇ν⊗∇ϕ1dxdt

−α
∫ s

0

∫

Ω

ψ divϕ1dxdt+
∫ s

0

∫

Γc
1

Aν · ϕ1dσdt+
∫ s

0

∫

Ω

k(x)∇ψ · ∇ϕ2dxdt

+

∫ s

0

< ∂t(c0(x)ψ + αdivν), ϕ2 >V ′,V dt+B

∫ s

0

∫

Γc
2

ψ ϕ2dσdt = 0.

è:�MAkj�@Sé



ü6ù�lBùt®�÷µnsû6ü*o�p:÷qüM÷*�ô:û6õ/þ]ûnuóap:÷�õ/ü*q)J¸qaúaqQö$q �_C

w·E3L_GQPR^ePR\Q`rE=GUKMg�\¨PRE=GIZ]¡SHI`rGQPRJSEM\mc>`$HUc>`$HhGIPeg�\Vc>`$HVHI`$cMc'JSHzG¨`$L�GIg]dfcM\]Ö!^eg�\VN]J$EMKMPRGIPeJSE_\UPeEMPª�
GQP�`r^eg�\½ SZ]HIP0È>Z]g�\�c>`$H

ν
Ö
ψ
gOG�^eg�\�c_HIJScMHhPeZOGQZ]\*è:�MAkjS¸�é�g�G�è&�MAkj_C�éOÖ�JSE�Z�Ga`r�M^eP0G/^e`U\hZ]HIPRg�K���Z]¡S`$^eP0GQZ�\

\ILMP0 r`$E�GQg]\ o

•
∫ s

0

< ρ(x)∂2t ν, ϕ1 >V′,V dt = −
∫ s

0

< ρ(x)∂tν, ∂tϕ1 >V′,V dt

= −
∫ s

0

∫

Ω

ρ(x)∂tννdxdt

= −1
2

∫

Ω

ρ(x)|ν|2(s)dx ;

•
∫ s

0

∫

Ω

λ∗(x)div∂tνdivϕ1dxdt = −
∫ s

0

∫

Ω

λ∗(x)divνdiv∂tϕ1dxdt

= −
∫ s

0

∫

Ω

λ∗(x)|divν|2dxdt ;

•
∫ s

0

∫

Ω

(λ(x) + µ(x))divνdivϕ1dxdt =
∫ s

0

∫

Ω

(λ(x) + µ(x))div∂tϕ1divϕ1dxdt

= −1
2

∫

Ω

(λ(x) + µ(x))|divϕ̃1|2(s)dx ;

•
∫ s

0

∫

Ω

µ(x)∇ν⊗∇ϕ1dxdt =
∫ s

0

∫

Ω

µ(x)∇∂tϕ1 ⊗∇ϕ1dxdt

= −1
2

∫

Ω

µ(x)|∇ϕ̃1|2(s)dx ;

•
∫ s

0

∫

Γc
1

Aν · ϕ1dσdt =
∫ s

0

∫

Γc
1

A∂tϕ1 · ϕ1dσdt

= −1
2

∫

Γc
1

Aϕ̃1(s) · ϕ̃1(s)dσ ;

•
∫ s

0

< ∂t(c0(x)ψ + αdivν), ϕ2 >V ′,V dt− α

∫ s

0

∫

Ω

ψdivϕ1dxdt =

−
∫ s

0

∫

Ω

c0(x)ψ∂tϕ2dxdt− α

∫ s

0

∫

Ω

divν∂tϕ2dxdt− α

∫ s

0

∫

Ω

ψdivϕ1dxdt =

−
∫ s

0

∫

Ω

c0(x)∂
2
t ϕ2∂tϕ2dxdt− α

∫ s

0

∫

Ω

div∂tϕ1∂tϕ2dxdt− α

∫ s

0

∫

Ω

∂2t ϕ2divϕ1dxdt =

− 1

2

∫

Ω

c0(x)|∂tϕ2|2(s)dx+
1

2

∫

Ω

c0(x)|∂tϕ2|2(0)dx− α

∫

Ω

divϕ1(s)∂tϕ2(s)dx

+ α

∫

Ω

divϕ1(0)∂tϕ2(0)dx = −
1

2

∫

Ω

c0(x)|∂tϕ2|2(s)dx ;



��@ ðyñ?ò]ó�ôÆõ9ö�÷Jü6ùt¯[õIý6ü_÷Uü'ýÊnÛû6ü¸o�p:÷vpeôRúaqOòbôeö�÷vnsý�pÆõ9ô&ü=ô�ns÷Qú*�Iô&û�úMú�÷�p

•
∫ s

0

∫

Ω

k(x)∇ψ · ∇ϕ2dxdt =
∫ s

0

∫

Ω

k(x)∇∂2t ϕ2 · ∇ϕ2dxdt

= −
∫ s

0

∫

Ω

k(x)|∇∂tϕ2|2dxdt ;

•B
∫ s

0

∫

Γc
2

ψϕ2dσdt = B

∫ s

0

∫

Γc
2

∂2t ϕ2ϕ2dσdt

= −B
∫ s

0

∫

Γc
2

|∂tϕ2|2dσdt.
w·EtPeE�Þhg]N�GQ`$E�G}Naº>`$N�LME�KMg�\}HIZ�\ILM^0Ga`rGI\[JS�_GIg]E=LM\}K>`$EM\Vè:�_AXjS@SéOÖMJ$EtJS�_GIPeg�E=G[^Æ��Z�¡�`$^ePªGQZ o





1

2

∫

Ω

ρ(x)|ν|2(s)dx+
∫ s

0

∫

Ω

λ∗(x)|divν|2dxdt

+
1

2

∫

Ω

(λ(x) + µ(x))|divϕ̃1|2(s)dx+
1

2

∫

Ω

µ(x)|∇ϕ̃1|2(s)dx

+
1

2

∫

Γc
1

Aϕ̃1(s) · ϕ̃1(s)dσ +
1

2

∫

Ω

c0(x)|∂tϕ2|2(s)dx

+

∫ s

0

∫

Ω

k(x)|∇∂tϕ2|2dxdt+B

∫ s

0

∫

Γc
2

|∂tϕ2|2dσdt = 0

è:�MAkjSj�é

g�G}g�EtL_GQPR^ePR\I`$E=Gà^eg*Ù:`$PRGà�=LMgU^Rg]\�c>`$HI`$dfp�GQHhg]\�cMº�ïB\hPe�=LMg�\
ρ
Ö
λ
Ö
µ
Ö
c0
g�G
k
\hJSE=G[d�PREMJSHhZ]\àc>`$H

LMEMgmN]JSEM\zGa`$E�GQgU\zGQHhPeN�GIg]dfg]E�G}c'J$\IPRGIPR SgrÖ,è:�_AXjSjSé�\Ig�GQHQ`rEM\hÙ&JSHhd�gqg]Et^Æ��PeEMZ�¡�`$^RPªGQZ o




ρ̂

2
||ν(s)||2L2(Ω) +

∫ s

0

∫

Ω

λ∗(x)|divν|2dxdt+ λ̂+ µ̂

2
||divϕ̃1(s)||2L2(Ω)

+
µ̂

2
||∇ϕ̃1(s)||2L2(Ω) +

ĉ0

2
||∂tϕ2(s)||2L2(Ω) +

1

2

∫

Γc
1

Aϕ̃1(s) · ϕ̃1(s)dσ

+k̂

∫ s

0

∫

Ω

|∇∂tϕ2|2dxdt+B

∫ s

0

∫

Γc
2

|∂tϕ2|2dσdt ≤ 0

è:�MAkj$�=é

�6L_P,E_JSLM\[c'g]HIdfg�G[KMgmN]JSE_N]^eL_HIgm�=LMg
ν(t,x) = ψ(t,x) = 0

gOG}K��kZ�EMJSEMN�g]H}^eg o
ÔAÕ ;6�?��4613+7�?¨R§©¨��Å�
=ìP�eîaì¯¡�íaÂ>Åbí¦¡!Öaìnîaì

u0 ∈ V � p0 ∈ L2(Ω) � u1 ∈ L2(Ω) � f ∈ L2(0, T ;L2(Ω))
îOí

h ∈ L2(0, T ;L2(Ω)) � �eî�Â'ÃQÅ����GÖ$�~îÊÃQP �¦ó$Ç Á����~îOíB
O��î�ì�Å��®
6í:ÄÆÅ�� (u, p) 
��>Ä	��
>î �
��JSdfdfg[Pe^?`UZOGQZ�c_HIZ]N�Pe\hZ*ÇU^�`qÈ>E~KML�c>`$HI`$¡SHQ`rcMºMg}�MAX@BA0C�KM`$EM\�^e`mHIg�d~`rHI�=LMg}�MAk�_Ö=^9�kZOGQLMKMg

�6L_g/EMJ$LM\!`� SJ$EM\,KMZO Sg]^eJ$cMc'Z]g/PRN]P$\]�k`$cMcM^RPe�=LMg·`$LmdfJ6KMp]^Rg�KMg/��PRJ$G�N]J$d�c_^eg�G�dfã]dfg�K>`$EM\,^Rg½N]`$\
J���^egmc>`rHQ`$dfp�GIHIgmKMgUN]J$EM\IJS^RPeK>`bGQPRJSEÛ\hg]N�JSEMK>`$PRHIgUc'g]L_G�Z� Sg�E=GILMg]^R^eg�d�g�E=G�\]�k`$EME=LM^Rg]H]Ö?Nr�kg�\hGz�µÇb�
KMPeHhg�`$LuN]`$\yKMLud�J6KMp�^eg·GIºMg]Hhd�J6Z�^�`$\zGQPR�6L_g$Abw½E¨g���g�G]Ör^Rg/GIg]HIdfg�KMg�N]JSE_\IJS^RPeK>`rGIPRJSEU\Ig�N]JSE_K>`$PeHhg



ü6ù®Ø=ùt®�÷µnsû6ü*o�p:÷%VMýSò«�IôXW÷�nõÆò_õ9ôOV_ý6÷ �Sj

EMg�ÞhJSLMg·c>`$\,KMg/H08$^eg�Ù&JSEMK>`rd�g�E=Ga`r^�KM`$EM\!EMJ$GIHIg½GQHI`� r`rPe^ o ^�`àÙ&J$EMN�GIPeJSE λ∗ c'g�L_G#\]�k`$EME=LM^eg�H!KM`$EM\N]g]HzGa`$PREMg]\·HIZ�¡SPeJ$EM\·K_g
Ω
\I`$EM\/�=LMg}N]g�^�`�EMg}c'g�HhGQL_HI�'g}^Æ��Z�GILMKMg[d�`rGQºMZ�d~`bGQPR�=LMg$A á `$EM\/N�g}Nn`$\�Ö

^egqNaº>`$dfc
∂tu

g�\hG}dfJSPREM\�HIZ]¡$LM^ePRg]H��=LMgmK>`$EM\�^egqNn`$\
λ∗ > 0

è:J��
∂tu ∈ H(div,Ω) = {u ∈

(L2(Ω))n
GQg]^R\[�=LMg

divu ∈ L2(Ω)} é�d�`$PR\,^9�kg�\hG#\hL¸�f\Q`$dfdfg]E�Gyc'J$LMH#`� SJ$PeH,K_g]\#g]\zGQPRd~`rGIPeJ$EM\ÁVÂ'Ã�ÄÆÅbÃ�Ä�gOxBcM^RJSPRGQ`$�M^Rg]\�c'JSL_H}^Rg]\[HIZ�\ILM^0Ga`rGI\}K��kg�x_PR\hGIg]EMN�gugOG�K���LMEMPRN]PRGIZmKMZO Sg]^RJScMc'Z�\]A���gUE���g]\hG
c>`$\f^egÛN]`$\�c'J$LMHf^egÛdfJ6KMp�^egÛ�=L>`r\IP0��\hGQ`rGQPR�6L_g3è

ρ = 0
é��=LMg�^9�kJ$E  r`ßZ�GILMKMPeg�HfKMgtd�`$EMPep�HIg

PeEMKMZ�c'g]EMKM`$E=GIgUK>`$E_\}^e`�\hg]N�GIPeJSEtN�P0��KMg]\h\IJSLM\�A

ý�\ÎÍ Ïº�þ~ dfexÑ}w$�ZY]g�zDu#i\[*u©b@zJb?i]Y]gx�

ÿ E7N]JSE_\IPeK_p]HIgVK>`$EM\*N�g�GhGQgu\Ig�N�GIPeJSE7^egUNn`r\
ρ(x) = 0

g�G
λ∗(x) ≥ λ̂∗ > 0

A�l,`fÙ&JSHhd�L_^�`��
GQPeJ$E-N]JSHhHIg]\hc'JSEMK>`rE=GQgrÖ�K_JSEMEMZ�g¹cM`$H¹è:�MAkj�é�Ö�PRE=GIg]Hh 6PRg]E=Gq^eJ$HI\I�=LMg¨^Rg]\qg���gOGQ\�KMg�^9�kPREMg]HzGQPRgV\IJSE�G
EMZ]¡S^RPe¡$gn`$�M^Rg�\*gOG�KMZ�N]HhPRGq^eg�\q^Rg]E=GIg]\qK_Z�Ù&JSHhd~`rGIPeJ$EM\�KMLædfPe^RP0g]L7c'JSHhg]LBx-^RPeZ�g]\q`$L-cMºMZ�EMJSdfp]EMg
KMgmN]JSEM\hJS^ePRK>`rGIPeJ$EsgOG�`$LBxÛPRE_È>^0GQHQ`bGQPRJ$EM\àKMLÛâ>LMPRKMg$A
ÿ E�\]��PeE�GQZ]Hhg]\h\Igä`$LBxß\IJS^RL_GQPRJSEM\�Ù:`$PR�M^eg�\mKML3cMHIJ$�M^ep�d�g¹KMZ�ÈMEMPeg�\uN�JSdfd�g¹N]g�^e^Rg]\m SZ]HhPRÈ?`rE=GV^�`
Ù&JSHId¨LM^e`rGIPRJ$Eä r`$HhP�`bGQPeJ$EMEMg�^e^0gq\IL_PR r`rE=GQg o



� HIJ$L_ Sg]H}^Rg�N]J$LMcM^eg
(u, p) ∈ L∞(0, T ;V)× L2(0, T ;V )

GQg]^��=LMg
div∂tu ∈ L2(0, T ;L2(Ω)), ∂tp ∈ L2(0, T ;V ′

), SZ�HIP0È?`$E=G[c'JSLMH�cMHIg�\I�=LMgUGQJ$L_G
t
K>`rEM\

]0, T [, ∀(v, q) ∈ V × V :∫

Ω

λ∗(x)div∂tu divvdx+

∫

Ω

(λ(x) + µ(x))divu divvdx

+

∫

Ω

µ(x)∇u⊗∇vdx− α

∫

Ω

p divvdx+

∫

Γc
1

Au · vdσ =
∫

Ω

f · vdx,

< c0(x)∂tp, q >V
′
,V +α

∫

Ω

q div∂tudx+

∫

Ω

k(x)∇p · ∇qdx

+B

∫

Γc
2

pqdσ =

∫

Ω

hqdx,

(u(0,x), p(0,x)) = (u0(x), p0(x)).

è:�MAkj��Sé

ÿ E- b`sdfJSE�GQHIg�H*�6L_g¹^Rgu\hï6\hGIp]dfg¹�=L>`$\hP0��\hGa`bGQPe�=LMgug]\zGmLMEæZ�Ga`bG�^ePRdfP0GIgVKMLæd�J6KMp�^eguK_g¹��PRJ$G
N]JSdfcM^Rg�G�EMJSE¹KMZ�¡SZ]E_Z]HIZrA6�*�kg�\hG/c'JSLMHh�6L_JSPM^�`*KMZ�d�JSE_\hGQHI`rGQPRJSE¨KMg�^Æ��gOxBPe\zGQg�EMN]g�K���LMEMg[\hJS^eLBGQPeJ$E
KML�\zïB\zGQp�d�gf�=L>`$\IPª�F\zGa`rGIPe�=LMg�g]\hGU�>`$\IZ�gf\ILMHm^Æ�k`$E>`$^0ï6\Ig�KMgf^e`sN�JSE= Sg�HI¡Sg�EMN]g�K���LMEMgf\hLMPRGIg¹KMg
\IJS^RL_GQPRJSEM\àKMLtd�J6KMp�^egqKMgU��PeJrG[N�JSdfcM^egOGnA
á `$EM\�^e`~\hLMPRGIg$Ö�J$EæPeE=GIHIJ6KML_PRG*^9�kg�\Ic>`rN]g

H
KMZOÈ>EMP�N�JSdfd�gVZ�Ga`rE=G�^Rg¨\hJSLM\µ�Fg]\hc>`$N�g¹KMg

V
KMg�\

Z]^eZ�dfg]E=GI\[KMg
V
Ç¹KMP0 Sg]Hh¡Sg]EMN�gUE6L_^e^egrÖ

H = {v ∈ V
GQg�^e\��=LMg

divv = 0}.



�$� ðyñ?ò]ó�ôÆõ9ö�÷Jü6ùt¯[õIý6ü_÷Uü'ýÊnÛû6ü¸o�p:÷vpeôRúaqOòbôeö�÷vnsý�pÆõ9ô&ü=ô�ns÷Qú*�Iô&û�úMú�÷�p
��JSd�dfg

H ⊂ V
Ö'GIJSL_GIgu\IJS^RL_GQPRJSEtÙ:`$PR�M^egmKML-cMHIJS�_^ep]dfgU SZ�HIP0È>gsè:�MAkj��Sé[c'J$LMH*^RguNaºMJ$P0x�c>`$Hµ�

GQPeN�LM^ePRg�HVKMg�Ù&JSEMN�GIPeJSE_\z��GIg]\zG
(v, q) ∈ H × V

A�l,`7cMHhg]dfPep�HIg~Z��6LM`rGQPRJSEêKMg£è:�MAkj��SémKMgO BPRg]E�G
KMJSEMN o ∀v ∈ H

Ö
∫

Ω

µ(x)∇u⊗∇vdx+

∫

Γc
1

Au · vdσ =
∫

Ω

f · vdx.

��g�GIGIg¹HIg]^e`rGIPeJSE7 b`Û\��X`n SZ]HIg�HUPRE=GQZ�HIg�\I\Q`rE=GQg¹c'J$LMH�JS�_GIg]EMPRH�^9�kg�xBPe\hGIg]EMN�g¹K���LMEMg¹\IJ$^eL_GIPeJSE�A�w½^R^eg
d�Z�HIPRGIg�KMJSE_NäK��k`$cMc>`rHQ`rëRGQHIg�\hJSLM\¨^�`tÙ&JSHhd�g�K��kLME_gscMHhJScMHhPeZ�GIZ~K>`rEM\¨^�`r�6L_g]^e^RgfJSEçLBGQPe^RPR\Igf^�`
EMJ$Ga`bGQPeJ$E

(·, ·)V
PeE�GQHIJ6KML_PRGQgq`$LtKMZ��ML_G�K_L�cM`$HQ`$¡$HQ`$cMº_gm�MAX@ oK ���?¼#�b%&;���;t�?¨eÊ©¨

� Å�
6ÃàÂ'Ãaîaì���
>îmíµÅ�
6í t ��Á��_ì ]0, T ] � �eîA�O�FÂ´�0ÁO�aî$�~î$�>í u �O���'�>Ä'Â_Á$Ã]ÃQP �§ðÌó$Ç M��OÃ�Ä �àîj�

∀v ∈ H, (u(t),v)V =

∫

Ω

f(t) · vdx.

ÿ E7c'g�L_GqHhg]d�`$HI�=LMg�H��6L_g¨\hP
f
g]\zGqK>`$E_\*^Æ��JSHzGQºMJS¡$JSE>`$^�KMg

H
K>`$EM\

L2(Ω)
Ö?GIJSL_GIgV\IJS^RL_GQPRJSE

Ù:`$Pe�M^RgäKML cMHIJS�_^ep]dfgä SZ�HIPRÈMg
(u(t),v)V = 0

Ö ∀v ∈ H
A/��g]^e`£\IPR¡SEMP0È>gsKMJSE_Nt�=L���Pe^�\hL¸�¹G

K��X`n SJSPRH
divu(t) = 0

c'JSLMH��=LMg
u(t) = 0

c'JSLMH[GQJSL_G
t > 0

A � Zn`rEMd�J$PeEM\�Ö?N]gOGIGIgucMHIJ$cMHIPRZ�GQZ
E��kg�\hG~c>`$\f SZ�HIPRÈMZ]g7Çß^Æ��PeEM\zGa`$E�G

t = 0
A��*�kg�\hGäc'JSL_HI�=LMJSP}J$E� r`ßN]JSEM\hPeKMZ�HIg�H�KMg]\�KMJSEMEMZ�g]\

PeEMP0GQPe`r^Rg�\mc'J$LMHU^Rg]\h�6L_g]^e^Rg]\m^eg¹K_Z]cM^e`$N]g�d�g�E=GUPeEMP0GQPe`r^# SZ]HIP0È>gf^e`Ûdfã]dfg¹cMHhJScMHhPeZOGQZ¹�=LMg�^Rg¹KMZO�
cM^�`$N�g]dfg]E�G}Ç

t > 0
A

á `$EM\[N]gm�ML_GnÖ>J$Et\ILMc_c'JS\IgU�=LMg
f ∈ W (0, T ;L2(Ω),L2(Ω))

g�G}JSEÛc'JS\Ig o

K =

{
v ∈ V

GIg]^e\��=LMg ∀w ∈ H, (v, w)V =

∫

Ω

f(0) ·wdx
}
.

l·��g]\hc>`$N�g
K
g�\hG�EMJSE- 6PeKMgrA�w½Eæg���g�GnÖ�N�JSEM\hPeKMZ�HIJSE_\

ϕ
�=LMg�^eN�JSEM�=LMg�K>`$EM\

H1(Ω)
GIg]^e^RgV�6L_g

ϕ = 0
\hLMH

Γc
1

g�G}c'JS\hJSEM\
h = ∇ϕ ∈ L2(Ω)

A?��JSdfd�g
f(0) ∈ L2(Ω)

Ö>^Rg�cMHhJS�M^ep�d�gqd�Pªx6GQg




−div(µ(x)∇v) = f(0) + h
K>`$EM\

Ω
v = 0

\ILMH
Γ1,

µ(x)∇v · n+ Av = 0
\ILMH

Γc
1,

`$KMdfg�G*LMEMguLMEMPR�=LMgu\IJS^RL_GQPRJSE
v ∈ V

c>`$H*`$cMc_^ePeN]`rGQPRJ$E�KML7GIºMZ]JSHhp]dfguKMg¨l,`bx=�zÜtPe^e¡$HQ`rdÒgOG
N]g�GhGQgU\hJS^RL_GQPRJSEÛ`$cMc>`rHhGQPRg]E�G}Ç

K
A

ÿ EÛc'g]L_G�`$^eJ$HI\�ZOGa`r�M^ePRHà^eg oÔAÕ ;6�?��4613+7�?¨�¦a¨��ÅbÄ¤í
(u0, p0)

�6Å����/�Â��Á��_ì
K × L2(Ω) �@² �eÅbÃQì � Â>Å�
6ÃVíFÅ�
Bí f ∈ W (0, T ;L2(Ω),L2(Ω))

îOí
h ∈ L2(0, T ;L2(Ω)) � �eî�Â'ÃQÅ����GÖ$�~îÊÃQP �§ðÌó$Ç Áf
���îJ
��>Ä	��
>î�ì�Å��®
6í9ÄÆÅ�� �



ü6ù®Ø=ùt®�÷µnsû6ü*o�p:÷%VMýSò«�IôXW÷�nõÆò_õ9ôOV_ý6÷ ���

ÿµÛ	ÜvÛ5Ý Þxß}àÎá�â�ã#äQåaãM�N�OQäQã á���	�.â�à��Bä
� JSPRG

ε > 0
L_Eêc>`$HI`$dfp�GQHhgfKMg]\zGQPeE_ZäÇtGQg�EMKMHhg� Sg]HI\A�]Z�HIJ7g�Gu\IJSP0G

(ρε)ε>0
L_EMg~\ILMP0GQg�KM`$EM\

L∞(Ω)
GQg�^e^Rg��=LMg ||ρε||L∞(Ω) ≤ ε

gOG}g]\h\
inf ρε > 0

A
ÿ EÛ\]��PeE=GIZ]Hhg]\I\hgu`$^RJSHI\�Ç¹^e`�\hLMPRGIgmKMg�Ù&JSHhd¨LM^�`bGQP0JSEM\� b`$HIPe`rGQPRJSEMEMg�^R^Rg]\ o




� HhJSL_ Sg]H}L_E�N�JSLMcM^Rg
(uε, pε) ∈ L∞(0, T ;V)× L2(0, T ;V )

GQg�^��=LMg
∂tuε ∈ L2(0, T ;H(div,Ω)), ∂2t uε ∈ L2(0, T ;V′

), ∂tpε ∈ L2(0, T ;V ′

), SZ�HIP0È?`$E�G}c'JSLMH�cMHIg�\I�=LMgUGQJ$L_G
t
KM`$EM\

]0, T [, ∀(v, q) ∈ V × V :

< ρε∂
2
t uε,v >V

′
,V +

∫

Ω

λ∗(x)div∂tuε divvdx

+

∫

Ω

(λ(x) + µ(x))divuε divvdx+

∫

Ω

µ(x)∇uε ⊗∇vdx

−α
∫

Ω

pε divvdx+

∫

Γc
1

Auε · vdσ =
∫

Ω

f · vdx,

< c0(x)∂tpε, q >V
′
,V +α

∫

Ω

q div∂tuεdx+

∫

Ω

k(x)∇pε · ∇qdx

+B

∫

Γc
2

pεqdσ =

∫

Ω

hqdx,

(uε(0,x), pε(0,x)) = (u0(x), p0(x)), ∂tuε(0,x) = u1(x),

è:�MAkjSv�é

J��
u1
g]\hG[L_EMgqÙ&JSEMN�GIPeJ$EsKMg

L2(Ω)
NaºMJSPR\IPegq`$Hh�MPRGIHQ`$PRHhg]dfg]E�GnA á �k`$cMHIp�\[^Rg]\àHIZ�\ILM^0Ga`rGQ\àZOGa`$�M^RPe\

`$Ltc>`$HI`$¡SHI`$cMºMg��MAX@BÖMJSEt\I`$PRG��6L_g$Ö?c'JSL_H�GQJSLBG
ε > 0

Ö>PR^�g�x_PR\hGIgULMEtLMEMPR�=LMgmN]JSL_cM^eg�\IJS^RL_GQPRJSE
(uε, pε)ε>0

KMLfcMHIJS�_^ep]dfgUè&�MAXj$v�éOASÝ}È>E�KMg[cMHhJSL_ Sg]H·�6L_g�^e`�\hLMPRGIg
(uε, pε)

N�JSE= $g]HI¡$g} Sg�HI\/LME
N]JSLMc_^eg

(u, p)
\IJS^RL_GQPRJSEtKML7cMHIJS�_^ep�d�g~è&�MAkj��SéOÖ>JSE7\IL_PRG�^�`¹KMZ]d�`$HINaºMgVKML7c>`$HI`$¡SHI`$cMºMgU�MA @6ARC

g]EtZ�Ga`r�M^ePR\I\Q`rE=G[^Rg]\�g]\hGIPed�`rGIPeJ$EM\mÁUÂ'Ã�ÄÆÅbÃ�Ä�HhZ]\IL_d�Z�g]\}K>`$EM\[^egq^eg]dfdfgq\IL_PR r`$E�GnA
¶ +61ê13+��?¨�¾©¨��ÅbÄ¤í

(uε, pε)ε>0
�0Á¹ì$
6Ä¤íµîA�6îaìqì�Å��®
Bí:ÄÆÅ��_ìj�6îfÃQP �§ð�É�Ç��#� Å�
BÃmíFÅ«
6í ε > 0 �@ª�� � Å��ßÁ(�

• (ρε∂
2
t uε)ε>0

�OÅbÃy�/�aîj��Á��_ì
L2(0, T ;V′) ;

• (
√
ρε∂tuε)ε>0

�OÅbÃy�/�aîj��Á��_ì
L∞(0, T ;L2(Ω)) ;

• (div∂tuε)ε>0
�OÅbÃy�/�aîj��Á��_ì

L2(0, T ;L2(Ω)) ;
• (uε)ε>0

�OÅbÃy�/�aîj��Á��_ì
L∞(0, T ;V) ;

• (pε)ε>0
�OÅbÃy�/�aîj��Á��_ì

L∞(0, T ;L2(Ω)) ∩ L2(0, T ;V ) ;
• (∂tpε)ε>0

�OÅbÃy�/�aîj��Á��_ì
L2(0, T ;V ′).

³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� ���JSd�dfgVK>`$EM\q^RguNn`r\�E_JSEæ^ePREMZ]`$PRHIgUd�J$EMJ6KMPedfg�EM\IPRJSEME_g]^9Ö?^eg�\q\hJS^eLBGQPeJ$EM\�EMg¨\IJSE�G�c>`$\q`$\I\hg��



�Sv ðyñ?ò]ó�ôÆõ9ö�÷Jü6ùt¯[õIý6ü_÷Uü'ýÊnÛû6ü¸o�p:÷vpeôRúaqOòbôeö�÷vnsý�pÆõ9ô&ü=ô�ns÷Qú*�Iô&û�úMú�÷�p
HIZ]¡$LM^ePRp]HIg�\¨c'JSLMH¹`$LBGQJSHhPe\Ig�H¨^egäNaºMJSPªxçK_g

(v, q) = (∂tuε, pε)
N�JSdfd�g�Ù&JSEMNOGQPeJ$EB��GIg]\hG�KM`$EM\

è:�MAkjSv�é}c'JSLMHqJS�_GQg�EMPeH*LMEMg�cMHIg�d�PRp]Hhg¨g]\zGQPRd~`rGIPeJ$E�A�l�g�d~`rEM�=LMg�KMg�HhZ]¡SL_^�`$HhPRGQZVcMHIJ� 6Peg�E=G�KML
GQg]Hhd�g

∂tuε
Ö=g�G�c'JSLMH/N]J$E=GQJ$LMHIEMg�H�N�g�GhGQg�KMP��fN�LM^RGIZ$Ö�JSE~`$cMc_HIJ6NaºMg�N]g[GQg]Hhd�g[c>`$H/^Rg}�=LMJrGQPeg�E=G

KMP���Z]Hhg]E�GQPeg�^
v = 1

τ
(uε(t + τ) − uε(t))

c'JSLMHfGQJSL_G
τ > 0

Aà��g7GIg]HIdfg7`3^�`ßHIZ�¡SLM^e`$HIP0GQZ
\IL¸�f\Q`rE=GQgtc'JSLMH�ã�GIHIgÛN]JSE_\IPeK_Z]HIZÛN]J$d�dfgäÙ&J$EMN�GIPeJSEB�ÆGQg�\hG¹KM`$EM\�è:�MAkjSv�éVg�GfEMJ$LM\¹c'g]HIdfg�GhGQHIg
KMgVGIHQ`$P0GQg]H}Ç�^e`¹Ù&JSPe\[^egmGQg]Hhd�gUK���Z� SJS^RL_GQPRJSE�K���JSHIK_HIguK_g]LBx7K_gu^�`¹cMHIg�d�PRp]HhgVZ��=L>`rGQPRJSE7gOGq^Rg]\
GQg]Hhd�g�\¨KMgäN]JSL_cM^�`$¡$g$A ÿ Eçg���g]NOGQLMgÛ`$^RJSHI\VLMEMgsPRE=GIZ]¡SHI`rGQPRJSE3\hLMH

[0, t]
g�G�LME_gsPeE�GQZ�¡SHQ`rGIPeJ$E

c>`$Hmc>`$HhGIPeg�\UK>`rEM\V^e`Ûc_HIg]dfPep�HIg¹Z��6LM`rGQPRJSE�A,w·EßÙ:`$PR\Q`$E�GUKMg�\VNn`r^eN]L_^e\U`$E>`r^eJS¡$LMg]\UÇÛN]g]L6x�KML
c>`$HQ`r¡SHQ`$c_ºMgq@BAXjBA @UKMLäNaº>`$cMP0GQHhg�@Ug�Gàg�EäÙ:`rPe\Q`rE=G/GQg�EMKMHIg

τ
 Sg]HI\L��Z]HhJMÖBJSE~JS�_GQPRg]E�G�^Æ��Z]¡�`r^eP0GIZ o

∀s ∈]0, T [ Ö
1

2

[∫

Ω

ρε|∂tuε|2(s)dx+
∫

Ω

(λ(x) + µ(x))|divuε|2(s)dx

+

∫

Ω

µ(x)|∇uε|2(s)dx+
∫

Ω

c0(x)|pε|2(s)dx+
∫

Γc
1

Auε(s) · uε(s)dσ

]

+

∫ s

0

∫

Ω

λ∗(x)|div∂tuε|2dxdt+
∫ s

0

∫

Ω

k(x)|∇pε|2dxdt

+B

∫ s

0

∫

Γc
2

|pε|2dσdt =
∫ s

0

∫

Ω

f · ∂tuεdxdt

+

∫ s

0

∫

Ω

hpεdxdt+
1

2

∫

Ω

ρε|u1|2dx+
1

2

∫

Ω

(λ(x) + µ(x))|divu0|2dx

+
1

2

∫

Ω

µ(x)|∇u0|2dx+
1

2

∫

Ω

c0(x)|p0|2dx+
1

2

∫

Γc
1

Au0 · u0dσ.

è:�MAkj�{Sé

á g*cM^RLM\]Ö6N�JSdfd�g
f ∈ W (0, T ;L2(Ω),L2(Ω))

Ö=JSE~c'g]L_G�Z]N�HIPeHhg*ÇV^Æ�k`$PRKMg[K���LMEMg*PeE�GQZ�¡SHQ`rGIPeJ$E
c>`$H�c>`$HhGIPeg�\[�=LMg o
∫ s

0

∫

Ω

f · ∂tuεdxdt = −
∫ s

0

∫

Ω

∂tf · uεdxdt+

∫

Ω

f(s) · uε(s)dx−
∫

Ω

f(0) · u0dx.
ÿ H�ÖMg]EtL_GQPR^ePR\I`$E=G�^9�kPREMZ�¡�`$^RPªGQZqK_gu�à`rLMN�º�ï�� � NaºÌHà`rH0�$Ö?JSE�` o

∫ s

0

∫

Ω

f · ∂tuεdxdt ≤
∫ s

0

(
||∂tf ||L2(Ω)||uε||L2(Ω)

)
dt

+ ||f(s)||L2(Ω)||uε(s)||L2(Ω) + ||f(0)||L2(Ω)||u0||L2(Ω).

è:�MAkjS��é

l·��PeE_Z]¡�`r^eP0GIZ¹è:�MAkjS�Sé�KMg� 6PRg]E=G]Ö>g]EtL_GQPR^ePR\I`$E=GàK��X`r�'JSHIKt^9�kPREMZ]¡S`$^RP0GIZqKMgD#JSPREMNn`rHIZ o
∫ s

0

∫

Ω

f · ∂tuεdxdt ≤ C

∫ s

0

(
||∂tf ||L2(Ω)||∇uε||L2(Ω)

)
dt+ C||f(s)||L2(Ω)||∇uε(s)||L2(Ω)

+ ||f(0)||L2(Ω)||u0||L2(Ω)



ü6ù®Ø=ùt®�÷µnsû6ü*o�p:÷%VMýSò«�IôXW÷�nõÆò_õ9ôOV_ý6÷ ��{

cMLMPe\�N]g�^e^Rg�KMg4î/JSLME_¡ o
∫ s

0

∫

Ω

f · ∂tuεdxdt ≤
C2

µ̂

∫ s

0

∫

Ω

|∂tf |2dxdt+
µ̂

4

∫ s

0

∫

Ω

|∇uε|2dxdt

+
C2

µ̂

∫

Ω

|f(s)|2dx+ µ̂

4

∫

Ω

|∇uε(s)|2dx

+ ||f(0)||L2(Ω)||u0||L2(Ω).

è:�MAkjS��é

Ü7`$Pe\�ÖMcMLMPR\I�=LMg
µ(x) > µ̂

ÖMJSE�`¨È>E>`$^Rg]dfg]E�G o
∫ s

0

∫

Ω

f · ∂tuεdxdt ≤
C2

µ̂

∫ s

0

∫

Ω

|∂tf |2dxdt+
1

4

∫ s

0

∫

Ω

µ(x)|∇uε|2dxdt

+
C2

µ̂

∫

Ω

|f(s)|2dx+ 1

4

∫

Ω

µ(x)|∇uε(s)|2dx

+ ||f(0)||L2(Ω)||u0||L2(Ω).

è:�MA���¸�é

ÿ EÛd�JSE�GQHhg�c>`$H�LMEtHQ`$PR\IJSEME_g]dfg]E�G}`$E>`$^RJS¡SLMgq�=LMg o
∫ s

0

∫

Ω

hpεdxdt ≤
1

2ĉ0

∫ s

0

∫

Ω

|h|2dxdt+ 1

2

∫ s

0

∫

Ω

c0(x)|pε|2dxdt.
è&�MAk�_C�é

w·EBÈ>E�Ö�g]EiL_GQPR^ePR\I`$E=Gä^eg�\Ûº�ï6c�JrGQºMp�\Ig�\7\hLMH
u0
Ö
u1

gOG
p0

gOGt^eg-Ù:`rPRGs�=LMgß^Rg]\sc>`$HI`$dfp�GQHhg]\
cMº=ï6\IPR�=LMg]\�\IJSPRg]E�GàK>`$EM\

L∞(Ω)
ÖBJSEsJ$�_GQPRg]E=G��=L��kPR^�gOxBPR\hGQgqL_EMgqN]JSE_\hGa`rE=GQg

κ > 0
GIg]^e^Rg��=LMg o

1

2

∫

Ω

ρε|u1|2dx+
1

2

∫

Ω

(λ(x) + µ(x))|divu0|2dx+
1

2

∫

Ω

µ(x)|∇u0|2dx

+
1

2

∫

Ω

c0(x)|p0|2dx+
1

2

∫

Γc
1

Au0 · u0dσ ≤ κ.

è:�MA��=@Sé

w·EÛGQg�E>`$E�G}N]JSdfc_GQg�KMg�è:�_Ak��¸SéOÖ,è&�MA��MC�éOÖ�è:�MA��=@Sé�ÖM^9�kZ�¡�`$^ePªGQZ�è:�MAkj�{Sé�g�E=GIHQ`rëeEMg�^Æ��PeEMZ�¡�`$^RPªGQZ o
1

2

[∫

Ω

ρε|∂tuε|2(s)dx+
∫

Ω

(λ(x) + µ(x))|divuε|2(s)dx

+
1

2

∫

Ω

µ(x)|∇uε|2(s)dx+
∫

Ω

c0(x)|pε|2(s)dx+
∫

Γc
1

Auε(s) · uε(s)dσ

]

+

∫ s

0

∫

Ω

λ∗(x)|div∂tuε|2dxdt+
∫ s

0

∫

Ω

k(x)|∇pε|2dxdt

+B

∫ s

0

∫

Γc
2

|pε|2dσdt ≤ κ+
1

4

∫ s

0

∫

Ω

µ(x)|∇uε|2dxdt

+
1

2

∫ s

0

∫

Ω

c0(x)|pε|2dxdt.

è:�MA���j�é



�S� ðyñ?ò]ó�ôÆõ9ö�÷Jü6ùt¯[õIý6ü_÷Uü'ýÊnÛû6ü¸o�p:÷vpeôRúaqOòbôeö�÷vnsý�pÆõ9ô&ü=ô�ns÷Qú*�Iô&û�úMú�÷�p
w·E¨`$cMcM^RPe�=L>`$E�G!ÈME>`$^eg�d�g�E=G#^Rg�^Rg]dfd�g½KMg}:�HIJSE�Hà`$^R^=Ç¨è:�MA���j�é�Ö�JSEuc'g�L_G½`«�fHIdfg�H#�=L���Pe^=gOxBPe\zGQg
LMEMg}N�JSEM\hGQ`$E=GIg}c'JS\IP0GQPR Sg

κ
KMZ]c'g�EMK>`$E�G�LMEMPR�=LMg]dfg]E�G�K_g]\/KMJSEME_Z]g]\/KML�cMHhJS�M^Rp]dfgàGQg]^R^eg��=LMg o

1

2

[∫

Ω

ρε|∂tuε|2(s)dx+
∫

Ω

(λ(x) + µ(x))|divuε|2(s)dx+
1

2

∫

Ω

µ(x)|∇uε|2(s)dx

+

∫

Γc
1

Auε(s) · uε(s)dσ +

∫

Ω

c0(x)|pε|2(s)dx
]
+

∫ s

0

∫

Ω

λ∗(x)|div∂tuε|2dxdt

+

∫ s

0

∫

Ω

k(x)|∇pε|2dxdt+B

∫ s

0

∫

Γc
2

|pε|2dσdt ≤ κ,

g�Gf^eg�\¹c>`$HI`$d�pOGQHhg]\¹cMº�ï6\IPe�=LMg�\�Z�Ga`rE=Gf�'JSHIE_Z]\fPeEBÙ&Z]HIPRg]L_HIg]dfg]E�GnÖ�J$E�`$�'JSL_GIPRG�ÈME>`$^eg�d�g�E=GfÇ
^Æ��g]\hGIPed�`rGQP0JSE£ÁUÂ'Ã�ÄÆÅbÃ�Ä o




1

2

[∫

Ω

ρε|∂tuε|2(s)dx+ (λ̂+ µ̂)

∫

Ω

|divuε|2(s)dx+
µ̂

2

∫

Ω

|∇uε|2(s)dx

+

∫

Γc
1

Auε(s) · uε(s)dσ + ĉ0

∫

Ω

|pε|2(s)dx
]
+ λ̂∗

∫ s

0

∫

Ω

|div∂tuε|2dxdt

+k̂

∫ s

0

∫

Ω

|∇pε|2dxdt+B

∫ s

0

∫

Γc
2

|pε|2dσdt ≤ κ.

è:�MA��S�=é

w·E¨N�JSEM\IPRKMZ]HI`$E=G�è:�MA��S�=é�ÖbJSEV SJSP0Gy�=L��kPR^6EMg�HIg�\hGQg�cM^eL_\y�=L��kÇqc_HIJSL_ Sg�Hy�6L_g
ρε∂

2
t uε

gOG
∂tpε

\IJSE�G
HIg]\hc'g]NOGQPR Sg�d�g�E=G½�'JSHhEMZ]g�\�K>`$EM\

L2(0, T ;V′)
gOG
L2(0, T ;V ′)

A$��g]\�cMHhJScMHhPeZ�GIZ]\y\��kJS�BGQPeg�EMEMg�E=G
\Q`$EM\}K_P��fN]L_^RGQZ�g]EtgOxBcMHIPRd~`rE=G

ρε∂
2
t uε

g�G
∂tpε

Ç¹c>`$HzGQPeHàKMg�\�Z��=L>`rGQPRJSEM\� r`rHIP�`bGQPeJ$EMEMg�^e^0g]\àKMg
è:�MAkjSv�é�g�G}g]EÛGQg�E>`$E�G}N]JSdfc_GQg�KMg�è:�_Ak�S��éOA

¥

l�g]\UcMHIJSc_HIPeZOGQZ�\UKML�^eg]dfdfg��MAk�t\hJSE=GV\IL���\I`$E=GIg]\uc'JSL_HUZ�GILMKMPeg�HU^�`sN]J$E= Sg]Hh¡Sg]E_N]g~KMgf^�`
\ILMP0GQg

(uε, pε)ε>0
^eJ$HI\I�=LMg

ε
GQg�EMK� Sg]HI\

0
ASw½E¹g$��gOGnÖSJ$E¹c'g�L_G/`«�fHIdfg]Hy�=L��kPR^_gOxBPR\hGQgàLMEMg�\IL_PRGQg

gOx6GQHI`$PRGIgmKMg
(uε, pε)ε>0

EMJ$GIZ]gmZ]¡�`r^eg]dfg]E�G
(uε, pε)ε>0

GQg�^e^Rg��=LMg o

uε → u
KM`$EM\

L∞(0, T ;V)
Ù:`$PR�M^eg ∗ ;

div∂tuε → div∂tu
KM`$EM\

L2(0, T ;L2(Ω))
Ù:`$PR�M^eg

;
ρε∂

2
t uε → 0

KM`$EM\
L2(0, T ;V′)

Ù:`$PR�M^eg
;

pε → p
KM`$EM\

L∞(0, T ;L2(Ω))
Ù:`$Pe�_^egj�Vg�G

L2(0, T ;V )
Ù:`$PR�M^eg

;
∂tpε → ∂tp

KM`$EM\
L2(0, T ;V ′)

Ù:`$PR�M^egrA
è:�MA��=�Sé

w·Esc>`r\I\Q`$E�G}Çu^e`u^RPedfPªGQg}K>`$EM\mè:�_AXj$v�é/^RJSHI\h�6L_g
ε
GQg�EMKä Sg]HI\L�]Z]HhJMÖ_JSEäJS�_GQPRg]E�Gà�=LMg�^Rg*N]JSL_cM^eg

(u, p)
g�\hGuLME_g�\IJ$^eL_GIPeJSE£KML�\zïB\zGQp�d�gf r`$HhP�`rGIPeJ$EMEMg�^½\hLMPR b`$E=G o c'JSLMHUc_HIg]\h�=LMg�GQJSLBG t K>`$E_\



ü6ù®Ø=ùt®�÷µnsû6ü*o�p:÷%VMýSò«�IôXW÷�nõÆò_õ9ôOV_ý6÷ �S�

]0, T [
Ö ∀(v, q) ∈ V × V

Ö




∫

Ω

λ∗(x)div∂tu divvdx+

∫

Ω

(λ(x) + µ(x))divu divvdx

+

∫

Ω

µ(x)∇u⊗∇vdx− α

∫

Ω

p divvdx+

∫

Γc
1

Au · vdσ =
∫

Ω

f · vdx,

< c0(x)∂tp, q >V ′,V +α

∫

Ω

q div∂tudx+

∫

Ω

k(x)∇p · ∇qdx

+B

∫

Γc
2

pqdσ =

∫

Ω

hqdx.

è:�MA���v�é

Y}g�\hGQgU`r^eJSHh\]Ö_c'JSL_H[`$N�º_g� Sg�H}^�`¨cMHhg]L_ SgmKMgm^9�kg�xBPe\hGIg]EMN�gmK���LMEMgm\IJS^RL_GQPRJSEäKMg�è&�MAXjS�Sé�Ç¨ SZ]HhPRÈ>g�H
�6L_gU^eg�N�JSLMcM^Rg

(u, p)
\Q`rGIPe\hÙ:`rPRG�^Rg]\�N]JSE_KMPRGIPeJSE_\[Ç

t = 0
A

��JSd�dfg
(pε)ε>0

g�\hG,�'JSHIEMZ�g·K>`rEM\
W (0, T ;V, V ′)

gOG
W (0, T ;V, V ′) ⊂> C

0([0, T ], L2(Ω))
Ö

JSE7`fc'JSLMH[GIJSL_G
t
K>`$EM\

[0, T ]
Ö
pε(t, ·)→ p(t, ·) KM`$EM\ L2(Ω) Ù:`rPe�M^Rg�^eJSHh\I�=LMg ε→ 0

A���g�N]P
g]\hG*g]E7c>`$HzGQPRN]LM^RPRg]H� 6HI`$P!c'JSLMH

t = 0
g�G*N�JSdfd�g

pε(0, ·) = p0(·)
cM`$H�K_Z�È>EMP0GQPRJSE�Ö>JSE-`f�=LMg

p(0, .) = p0(.)
A

á gàdfã]dfg$Öbc_LMPe\h�6L_gà^�`}\ILMP0GQg
(divuε)ε>0

g�\hG���J$HIEMZ�gàK>`$E_\�^9�kg�\Ic>`$N�g
W (0, T ;L2(Ω), L2(Ω))g�Gs�=LMg

W (0, T ;L2(Ω), L2(Ω)) ⊂> C0([0, T ];L2(Ω))
Ö�J$E2JS�BGQPeg�E=G~g]E2c>`rHhGQPRN]LM^RPRg]Hf�=LMg

(divuε)(0, ·)→ (divu)(0, ·) K>`$EM\ L2(Ω) Ù:`rPe�M^Rg$A ÿ H]Ö6N]JSdfdfg (divuε)(0, ·) = divu0(·)
ÖBPe^

 BPRg]E�G}�=LMg
(divu)(0, ·) = divu0

KM`$EM\
Ω
A

Ü7`$Pe\�ÖBN]JSdfd�g
u ∈ L∞(0, T ;V) ÖBPe^�g�xBPe\hGIg�LME_g�\IL_PRGQg (tn)n∈N

g�G
u∗ ∈ V

GIg]^R\à�=LMg
tn → 0g�G

u(tn, .) → u∗
KM`$EM\

V
Ù:`rPe�M^Rg¹g�GuKM`$EM\

L2(Ω)
Ù&JSHzGnA á �k`$cMHhp]\u^e`tcMHhJScMHhPeZ�GIZ��_AXvBÖ,GIJSL_GIg

\IJS^RL_GQPRJSEsKMg�è:�MA���v�é/ SZ]HhPRÈ>g o ∀v ∈ H
Ö ∀n ∈ N Ö

∫

Ω

µ(x)∇u(tn)⊗∇vdx+

∫

Γc
1

Au(tn) · vdσ =
∫

Ω

f(tn) · vdx.
è&�MA��={Sé

á gUcM^RLM\]ÖMN]J$d�dfg
u0 ∈ K

ÖMJSE�`¹`$LM\I\hP o ∀v ∈ H
Ö

∫

Ω

µ(x)∇u0 ⊗∇vdx+

∫

Γc
1

Au0 · vdσ =
∫

Ω

f(0) · vdx.
w·Et\IJ$LM\hGIHQ`�ï�`rE=G}N]g�GhGQgUHhg]^e`rGQPRJSEÛÇtè:�MA��={Sé�ÖMJSEÛJS�_GQPRg]E�G[�=LMg o ∀v ∈ H

Ö ∀n ∈ N Ö
∫

Ω

µ(x)∇(u(tn)−u0)⊗∇vdx+

∫

Γc
1

A(u(tn)−u0)·vdσ =
∫

Ω

(f(tn)−f(0))·vdx. è:�MA�����é
� P�Ç�cMHhZ]\Ig�E=G}JSEsÙ:`$P0GàGIg]EMKMHhg

n
 Sg]Hh\}^9�kPRE_È>EMP�K>`$E_\Vè:�_Ak���SéOÖ_JSEÛJS�BGQPeg�E=G�c>`rH�N]JSE�GQPRE6LMP0GQZqK_g

fKMg
[0, T ]

K>`$E_\
L2(Ω) o
∫

Ω

µ(x)∇(u∗ − u0)⊗∇vdx+

∫

Γc
1

A(u∗ − u0) · vdσ = 0,



C�¸S¸ ðyñ?ò]ó�ôÆõ9ö�÷Jü6ùt¯[õIý6ü_÷Uü'ýÊnÛû6ü¸o�p:÷vpeôRúaqOòbôeö�÷vnsý�pÆõ9ô&ü=ô�ns÷Qú*�Iô&û�úMú�÷�p
\IJSP0G

∀v ∈ H, (u∗ − u0,v)V = 0
è:�MA����Sé

N]gm�6L_P,\hPe¡SEMP0È>gq�6L_g
u∗ − u0

g]\hG}K>`$EM\[^9�kJSHzGQºMJ$¡SJSE>`$^�KMg
H
K>`$EM\

V
A

��JSd�dfg
u(tn, ·) → u∗

K>`$EM\
V
Ù:`$PR�M^egrÖ,JSEç`

divu(tn, ·) → divu∗
KM`$EM\

L2(Ω)
Ù:`$Pe�_^eg$A

ÿ H�Ö�c>`rH*N]JSE�GQPRE6LMP0GQZVK_g
divu

KMg
[0, T ]

KM`$EM\
L2(Ω)

Ö�J$E£`
divu(tn, ·) → divu(0, ·) KM`$EM\

L2(Ω)
Ù&J$HhGnA�DF^· 6Peg�E=GVKMJSEMN

divu∗ = divu0
g�G

u∗ − u0
g]\zG�`rPeEM\hP·Z]^RZ]dfg]E�GVKMg

H
N]g��=LMP

PedfcM^RPR�=LMg
u∗ = u0

N�JSdfc_GQg�GIg]E=LçKMg£è&�MA�����ém�=LMP�g�\hG�KMJSE_N~ SZ�HIPRÈMZ]gäc'JSL_H
v = u∗ − u0

A
Ý*PeE_\IPÆÖ

lim
t→0+

u(t, .)
gOxBPe\zGQgug�G

u0 = lim
t→0+

u(t, .)
K>`rEM\

L2(Ω)
A ÿ Eæ`�KMJSEMNu�MPRg]E

u(0) = u0N]gm�6L_P,dfg�G�È>E�Ç�^�`¨KMZ]dfJSEM\zGQHQ`bGQPeJ$EÛKMgm^9�kg�x_PR\hGIg]EMN�gUK���LMEMgm\IJS^RL_GQPRJSEsKMg�è:�MAkj��Sé�A

ï î$�fÁ$Ã5��
>îu�MAk� ��?Ä�Å�� ��î7ì$
�Â�Â>Å�ì�î~Â_Ábì���
?î
u0 ∈ K � Å�� Å��]í:Ä¦�>í¨ì�î$
��eî$�~î$�>í]��
?î

divu∗(0) = divu0 �ë îOí9íFîÊ�aÅ��´�$Ä¤í:ÄÆÅ��¯��î�ì$
\R�í,Â´�®
�ì[Â>Å�
6ÃÂ��Å��/�$�®
6ÃQîA��
>î
u(0) = u0 � �=�7ì$
�Â�Â>Å�ì]Á��>í=��
?î Ω îaìOí�OÅbÃ$�/�Ê�aÅ�����î5ªBî¹îOí�ìOÄ

Γ
�/� Á���
¤� 
���îUì�î$
��eî]�aÅ��*Â>Å�ì]Á��>íFîÊ�aÅ�����î5ªBî � Å��çÅ��]í:ÄÆî$�>ív��
>î u(0) =

u0 + rotϕ0
Á�M$î��

ϕ0
��
>î$�G�aÅ��´��
>îj��Á��_ì

H1(Ω) ^½ð�ð`_��
ÿµÛ	ÜvÛÅÚ úÁäµà>å/àÅâ�û��µã�	�� á��"	�vâ¸à��'ä

ÿ EæN]J$EM\IPRKMp]Hhg�KMg�LBx-\IJS^RL_GQPRJSEM\
(u, p)

gOG
(ũ, p̃)

KMLæcMHIJ$�M^ep�d�gäè:�MAkj��Sé}`� Sg�N�^eg�\qdfã]dfg]\
N]JSEMK_PRGQPRJSEM\[PREMPRGIPe`$^0g]\

(u0, p0)
g�G�^eg�\�dfã�d�g�\}GIg]Hhd�g�\�\IJ$LMHIN�g]\

f
g�G
h
A � P,JSE�KMZ]\hPe¡$EMgVc>`$H

νg�G
ψ
^eg�\qK_P���Z]Hhg]EMN�g]\�g�E=GIHIg¨^eg�\*\IJS^RL_GQPRJSEM\�N�JSd�dfgu`$L-c>`$HI`$¡SHI`$cMºMgu�_A @BAX@BÖ'^egVN]JSLMc_^eg

(ν, ψ)c'JS\I\hp]KMgV^Rg]\�cMHIJ$cMHIPRZ�GQZ�\[\IL_PR r`$E�GQg�\ o




(ν, ψ) ∈ L∞(0, T ;V)× L2(0, T ;V ),

div∂tν ∈ L2(0, T ;L2(Ω)), ∂tψ ∈ L2(0, T ;V ′),gOG}c'JSLMH�cMHIg�\I�=LMgUGIJSL_G
t
KM`$EM\

]0, T [, ∀(v, q) ∈ V × V :∫

Ω

λ∗(x)div∂tν divvdx+
∫

Ω

(λ(x) + µ(x))divν divvdx

+

∫

Ω

µ(x)∇ν⊗∇vdx− α

∫

Ω

ψ divvdx+

∫

Γc
1

Aν · vdσ = 0,

< c0(x)∂tψ, q >V ′,V +α

∫

Ω

q div∂tνdx+
∫

Ω

k(x)∇ψ · ∇qdx

+B

∫

Γc
2

ψqdσ = 0,

(ν(0,x), ψ(0,x)) = (0, 0).

è:�MAX�$¸�é

#JSLMH�KMZ�dfJSE=GIHIg]Hà�=LMg
(ν, ψ)

g�\hG}^e`u\IJS^RL_GQPRJSEäE6LM^R^egrÖBKMg]LBxsN�º_JSP0xäK_gmN�JSLMcM^Rg]\�KMgqÙ&JSE_N�GQPRJSEM\µ�
GQg]\zG·\Ig�d��_^eg]E�G½PeE�GQZ]Hhg]\h\Q`$E�GQ\ o (ν, ψ) JSL (∂tν, ψ) A���g]c'g�EMK>`$E�GnÖ�^eg�NaºMJSP0xuKML¹cMHhg]dfPeg]HyN�JSLMcM^Rg



ü6ù®Ø=ùt®�÷µnsû6ü*o�p:÷%VMýSò«�IôXW÷�nõÆò_õ9ôOV_ý6÷ C�¸BC

EMg[EMJSLM\·c'g]Hhd�gOG/c>`$\·K��kZ�^ePedfPRE_g]H�^Rg]\�GQg]Hhd�g�\·KMg[N]JSL_cM^�`$¡$g]\½GQ`$EMKMPR\½�6L_g}^eg�\hg]N�JSEMK�E��kg�\hG�cM`$\
�MPeg�E£`$K>`$cBGQZ¨c>`$Hqd�`$EM�=LMg¨KMg�HhZ]¡SL_^�`$HhPRGQZVN�JSdfd�g¨`rL£cM`$HQ`$¡$HQ`$cMº_g¨�MAX@BA @6Aa&·J$Pe^eÇ�c'JSLMHh�6L_JSP
EMJSLM\�`$^e^RJSEM\�N�JSEM\hGIHILMPRHIgtLME�N]JSL_cM^eg

(ν, ϕ)
\IL���\I`$dfd�g�E=G�HIZ�¡SLM^RPeg�H¹gOG~EMJ$LM\�c'g�HIdfg�GIGQ`$E=G

K��kZ�^ePRd�P0EMg]H·^eg�\�GIg]Hhd�g�\�KMg*N�JSLMcM^e`$¡SgrA á `$E_\àN�gq�_L_GnÖ
ϕ
g�\hGàKMZOÈ>EMPeg�c'JSLMH

s
K>`$E_\

]0, T [
cM`$H o

ϕ(t,x) =





∫ s

t

ψ(σ,x)dσ
\hP

t ≤ s,

0
\IP

t ≥ s.

� P�JSEÛc�J$\Ig
ϕ̃(t,x) =

∫ s

0

ψ(σ,x)dσ
Ö>^Rg]\�cMHIJ$cMHIPRZ�GQZ�\[\ILMP0 r`$E�GQg�\}\IJ$E=G}\Q`bGQPe\zÙ:`$PRGIg]\ o

{
ϕ(t,x)= ϕ̃(s,x)− ϕ̃(t,x) ϕ(0,x)= ϕ̃(s,x) ϕ(s,x)= 0

∂tϕ(t,x)=−ψ(t,x) ∂tϕ(0,x)= 0 ∂tϕ(s,x)=−ψ(s,x).
è:�MAX�BC�é

ÿ EÛN]JSEM\hPeKMp�HIgU`$^eJ$HI\à^eg�N]J$LMcM^Rg
(ν, ϕ)

N]J$d�dfgqÙ&J$EMN�GIPeJSEB�ÆGQg�\hG[K>`rEM\uè&�MAX�$¸�é o




∫

Ω

λ∗(x)div∂tν divνdx+
∫

Ω

(λ(x) + µ(x))div|ν|2dx

+

∫

Ω

µ(x)|∇ν|2dx− α

∫

Ω

ψ divνdx+
∫

Γc
1

Aν · νdσ = 0,

< c0(x)∂tψ, ϕ >V ′,V +α

∫

Ω

ϕ div∂tνdx+
∫

Ω

k(x)∇ψ · ∇ϕdx

+B

∫

Γc
2

ψϕdσ = 0.

è:�MAX�S@Sé

ÿ E�\IJSdfd�g¹^eg�\VKMg�LBx3Hhg]^e`rGQPRJSEM\mKMg-è:�_A �S@$é�g�G¨`rcMHIp�\uPRE=GQZ�¡SHQ`bGQPeJ$EßcM`$HVHI`$cMc'JSHzG¨`rL�GQg�d�c_\
\ILMH[^Æ��PeE�GQg�Hh r`r^e^Rg

[0, s]
Ö>PR^� 6PRg]E�G o





1

2

∫

Ω

λ∗(x)|divν|2(s)dx+
∫ s

0

∫

Ω

(λ(x) + µ(x))|divν|2dxdt

+

∫ s

0

∫

Ω

µ(x)|∇ν|2dxdt+
∫ s

0

∫

Γc
1

Aν · νdσdt

+α

∫ s

0

∫

Ω

[ϕdiv∂tν− ψdivν]dxdt+
∫ s

0

< c0(x)∂tψ, ϕ >V ′,V dt

+

∫ s

0

∫

Ω

k(x)∇ψ · ∇ϕdxdt+B

∫ s

0

∫

Γc
2

ψϕdσdt = 0.

è:�MAX�$j�é

w·EÛL_GQPR^ePR\I`$E=GàK_g]\[PeE�GQZ�¡SHQ`rGIPeJ$EM\�c>`$H�cM`$HhGQPRg]\àg�G[^eg�\�cMHhJScMHIPRZ�GIZ]\Uè:�_A �BC�éOÖ_JSEÛdfJSE�GQHIgq^Rg]\�Hhg]^�`��
GQPeJ$EM\�\ILMP0 r`$E�GQg�\ o



C�¸�@ ðyñ?ò]ó�ôÆõ9ö�÷Jü6ùt¯[õIý6ü_÷Uü'ýÊnÛû6ü¸o�p:÷vpeôRúaqOòbôeö�÷vnsý�pÆõ9ô&ü=ô�ns÷Qú*�Iô&û�úMú�÷�p
∫ s

0

∫

Ω

[ϕdiv∂tν− ψdivν]dx =
∫ s

0

∫

Ω

[ϕdiv∂tν+ ∂tϕdivν]dx

=

∫

Ω

ϕ(s)divν(s)dx−
∫

Ω

ϕ(0)divν(0)dx = 0,
∫ s

0

< c0(x)∂tψ, ϕ >V ′,V dt = −
∫ s

0

∫

Ω

c0(x)ψ∂tϕdxdt =

∫ s

0

∫

Ω

c0(x)|ψ|2dxdt,
∫ s

0

∫

Ω

k(x)∇ψ · ∇ϕdxdt = −
∫ s

0

∫

Ω

k(x)∇∂tϕ · ∇ϕdxdt =
1

2

∫

Ω

k(x)|∇ϕ̃|2(s)dx,
∫ s

0

∫

Γc
2

ψϕdσdt = −
∫ s

0

∫

Γc
2

∂tϕϕdσdt =
1

2

∫

Γc
2

|ϕ̃|2(s)dσ.
ÿ EÛKMZ]KML_PRG�`r^eJSHh\�KMg�è&�MA �rj�é�^9�kZ�¡�`$^ePªGQZ o





1

2

∫

Ω

λ∗(x)|divν|2(s)dx+
∫ s

0

∫

Ω

(λ(x) + µ(x))|divν|2dxdt

+

∫ s

0

∫

Ω

µ(x)|∇ν|2dxdt+
∫ s

0

∫

Γc
1

Aν · νdσdt

+

∫ s

0

∫

Ω

c0(x)|ψ|2dxdt+
1

2

∫

Ω

k(x)|∇ϕ̃|2(s)dx+ B

2

∫

Γc
2

|ϕ̃|2(s)dσ = 0

N]gm�6L_P,EMJ$LM\[N]JSEMK_LMPRG}Ç¹^9�kg�\hGIPed�`rGQP0JSE o




λ̂∗

2

∫

Ω

|divν|2(s)dx+ (λ̂+ µ̂)

∫ s

0

∫

Ω

|divν|2dxdt

+µ̂

∫ s

0

∫

Ω

|∇ν|2dxdt+
∫ s

0

∫

Γc
1

Aν · νdσdt

+ĉ0

∫ s

0

∫

Ω

|ψ|2dxdt+ k̂

2

∫

Ω

|∇ϕ̃|2(s)dx+ B

2

∫

Γc
2

|ϕ̃|2(s)dσ ≤ 0

g]E�L_GIPe^eP0\Q`$E�G¹^RgsÙ:`rPRG¹�=LMgt^eg�\¹c>`$HI`$d�pOGQHhg]\¹cMº�ïB\hPe�=LMg�\~\hJSE=Gf�'JSHIEMZ�g]\fPeE_Ù&Z�HIPeg�LMHIg�d�g�E=G]A ÿ E
c'g]L_GV`$^RJSHI\qN]J$EMN]^RLMHIg��6L_g

ν(t,x) = ψ(t,x) = 0
N�g¹�6L_P½Z�Ga`r�M^eP0G�^Æ��LMEMPRN]P0GQZuKMg¹^�`ä\IJ$^eL_GIPeJSE

KMLtcMHIJS�_^ep]dfgfè&�MAkj��Sé�gOG}d�gOG[LMEÛGQg]Hhd�gmÇ�^�`�K_Z]dfJSEM\zGQHQ`bGQPeJ$EÛKMLÛGQº_Z]JSHhp]dfgm�MAX{BA

ý�\Åý * dj~ {�zJc�zDi�u#dA` ex�vu|~ d]exÑ}w��vu
ÿ E�`�cMHIJSLB SZ `$L�cM`$HQ`$¡$HQ`$c_ºMgê�_AXj�^Æ��gOxBPe\zGQg�EMN]gêK���LMEMgç\hJS^eL_GIPeJ$E K_L�d�J6KMp�^eg��6LM`$\IPª�

\hGa`bGQPe�=LMgrA�l,`äN]J$EM\hGIHILMNOGQPeJ$E£K_g�^e`~\IJ$^eL_GIPeJSE7HIg�c'JS\Ig�\hLMH�L_EMg¨GQg�NaºMEMPe�=LMg�KMg¨HIZ�¡SLM^e`$HIPR\Q`rGIPRJSE



ü6ù®ü=ù�ð/ûInuó�òröaòrô��Oû�ú7üM÷��.nsû6ü*o�p&÷�� C�¸$j

\]�k`$cMcML_ï�`rE=G�\hLMH[^eg]\�HIZ�\ILM^0Ga`rGI\[KMZFÞIÇ¹JS�_GIg]E=LM\}\IL_H}^Rg�dfJ6KMp]^Rg�KMgU��PeJ$G�N�JSd�c_^eg�G]AMl,g�d�J6KMp�^eg
�6LM`$\IPª�F\hGQ`rGQPR�=LMg¹g�\hGVK_JSEMNf^RPed¹P0GIg¨KML�dfJ6KMp�^eg�KMgf��PeJrGmN�JSd�c_^egOGm�=L>`$EMK

ρ
GQg]E_Kß Sg]Hh\j��Z]HIJ_A

ÿ Es`$LMHI`$PRG�cMLsK_gq^�`Vd�ã�d�g}Ù:`$Ú]J$EsN�JSEM\hGIHILMPRHIgq^e`V\IJS^RL_GQPRJSE~KMLsdfJ6KMp]^Rg�GIºMg]Hhd�J6Z�^�`r\hGQPR�6L_g*gOG
g]EæK_Z]KMLMPRHIgu�=LMg¨N�g¨dfJ6KMp]^RgVg]\zGm`$LM\h\IPyL_EæZOGa`rG*^ePed¹P0GIgUKML-d�J6KMp�^egVK_g���PRJ$G�N]JSdfcM^Rg�G*d�`$PR\
N]g�GhGQg�Ù&J$Pe\z��N]P�^eJSHh\I�=LMg�^egqc>`rHQ`$dfp�GIHIgqKMg�N]JSEM\hJS^ePRK>`rGIPeJ$Eä\Ig�N]JSE_K>`$PeHhg

λ∗
N]JSE� Sg]Hh¡SgmLMEMPRÙ&J$HIdfZO�

d�g�E=Gm Sg]Hh\j�]Z]HhJMA!l,`tdfZ�GIºMJ6KMg¹�6L_g�EMJSLM\V`n SJSEM\UN�º_JSPe\hPegf`Ûc'g]HIdfPe\�K��kZOGQLMK_Peg�HU^eg¹Nn`r\Vc_^eLM\
¡SZ]EMZ�HQ`$^�J��

λ∗
c'g]L_G�\]�k`$EME=LM^eg�HàK>`$E_\�N�g]HzGa`$PREMg]\àHIZ�¡SPRJSEM\�KMg

Ω
A á `$E_\�N]gqc>`$HI`$¡SHI`$cMºMgrÖ_E_JSLM\

`$^e^RJSEM\ycMHhZ]N�Pe\Ig�H·N]J$d�dfg]E�G½^eg�\½d�J6K_p]^eg�\�GIºMg]Hhd�J6Z�^�`$\zGQPR�6L_gàg�G·�=L>`$\IPª�F\zGa`rGIPe�=LMg[`rcMcMHIJ6NaºMg�E=G/^Rg
d�J6KMp�^egmN]J$d�c_^eg�G}g]E7g�\hGQPRd�`$E=G}K>`$E_\*Naº>`r�6L_guNn`$\�^Rg]\[Ga`$LBxtKMgVN�JSE= Sg�HI¡Sg�EMN]guKMg]\�\IJS^RL_GQPRJSEM\
g]EÛÙ&JSEMN�GIPeJSEsKMg]\[c>`$HQ`rd�pOGQHIg�\

λ∗
JSL

ρ
\ILMP0 r`$E�G}^eg�N]`$\[Z�GQL_KMPeZrA

ÿµÛ�ÿ.Û5Ý ab�c�$���=�;�'à>á��'ä ã#äNâ��*ãd	>ãe�f�I���
	Îãg�µãehºà��kâ¯å#�"�$�%	>ã/âi�Qû
B'û#äQûj�¸û
ã/âe	>ãM�f�I���
	>ãÁâ�kµãj�l�f�}û
	��'á�â¸à���µã

á `$EM\àN�g�GhGQgqcM`$HhGIPeg$Ö=EMJSLM\�N]J$d�c>`rHIJSEM\�^eg�dfJ6KMp�^eg}KMg���PeJ$G�N]J$d�cM^Rg�G�KMZ]¡$Z]EMZ�HIZ¹è:J��
λ∗(x) ≥

0
é7gOGß^Rgêd�J6K_p]^eg�GQºMg�HIdfJ6Z]^�`r\hGQPR�=LMg©è:J��

λ∗(x) = 0
éOÖ*^egêN]J6g$�fN]PRg]E=G

ρ
Z�GQ`$E=GæGIg]^¨�=LMg

ρ(x) ≥ ρ̂ > 0
\IL_H

Ω
A

ÿ EÛEMJ$GQg
ε > 0

^eg�\hLMc�g�\I\Ig�E=GIPeg]^�KMgU^e`¨Ù&J$EMN�GIPeJSE
λ∗(x) o ε = g�\I\

sup
x∈Ω

λ∗(x)
A

ÿ E©EMJ$GQg
(uε, pε)

^e`ç\hJS^eL_GIPeJ$E©K_LTdfJ6KMp�^egæN�JSdfcM^egOGt`n Sg]N£N]JSdfd�g-N]JSE_KMPRGIPeJSE_\sPeE_PRGQPR`$^0g]\
(u0,ε,u1,ε, p0,ε) ∈ V×L2(Ω)×L2(Ω) ABl,g�N�JSLMcM^Rg (u, p) KMZ]\hPe¡SE_g*^e`U\IJS^RL_GQPRJSEfKMLädfJ6KMp]^RgGQºMg�HIdfJ6Z]^�`r\hGQPR�=LMgU`$\h\IJ6N�PeZ]gV`$LBxtN�JSEMKMP0GQPRJSEM\�PeEMP0GQPe`r^Rg�\

(u0,u1, p0) ∈ V × L2(Ω)× L2(Ω)
A

á `$EM\m^e`ä\ILMP0GQgrÖ�JSE£EMJ$GIg
ν
^e`äKMP���Z]Hhg]EMN�g¹g]E�GQHhg¹^eg�\q Sg]NOGQg�LMHI\UKMZ]c_^�`$N�g]dfg]E�G~è

ν = uε − u
é

g�G
ψ
^�`¹K_P���Z]HIg�EMN�gVg]E�GQHIgV^Rg]\}c_HIg]\h\IPeJ$EM\¨è

ψ = pε − p
éOA ÿ E�\IL_cMc'JS\Igug�E_È>E7�=LMgV^eg�\[GQg]Hhd�g�\

\IJSLMHhN]g�\
f
g�G
h
\IJ$E=G}^Rg]\[dfã]dfg]\�c'JSL_H[^eg�\[KMg�LBxtcMHhJS�M^Rp]dfg]\�A� JSLM\�`r^e^eJ$EM\½ZOGQLMKMPRg]H·^eg[N�JSd�c'J$HhGQg�d�g�E=G/K_L�d�J6KMp�^eg�N]JSdfcM^Rg�G·^eJSHh\I�=LMg

λ∗
N]JSE� Sg]Hh¡Sg�LMEMP0Ù&JSHz�

d�Z�d�g�E=G·K>`$EM\
Ω
 Sg]HI\B�]Z�HIJVNr�kg�\hGz�µÇb��KMPeHhg[^eJ$HI\I�=LMg

ε
GQg�EMKf Sg]Hh\N��Z]HIJ_AO#JSL_H/N�g]^�`BÖ�EMJ$LM\�`$^R^eJ$EM\

g]\hGIPedfg]H�^RgqGa`$L6xÛKMgmN]J$E= Sg�HI¡Sg�EMN]gVg�G}^9��gOxBcMHIPRd�g�Hàg]EtGQ`$E�G}�=LMgUc_LMPe\h\Q`$EMN�gUKMg
ε
A

ÔAÕ ;6�?��4613+7�?¨:�ÌË?¨¹ �#î5ªSÄeìOíµîJ
O��î��aÅ��_ìOíÆÁ��>íµî
κ > 0

��
6ÄB�O�FÂ>î$�´�f
O�>Ä	��
>î$�~î$�>í=�6îaìj�6Å����/�aîaì�íµî$�¦�eîj��
?îA�
||ν||L∞(0,T ;L2(Ω)) ≤ κ(ε1/2 + ||u0,ε − u0||H(div,Ω) + ||u1,ε − u1||L2(Ω) + ||p0,ε − p0||L2(Ω)).³ îäÂ´�®
=ìæìOÄ � ��
MÁ��´� ε íFî$�´� M$îOÃQì¢õ��OÃQÅ � (u0,ε,u1,ε, p0,ε)ε>0 îaìOíf
O��î3ÁOÂ�Â'ÃaÅ�ªSÄ¦�fÁ$í:ÄÆÅ�� �6î
(u0,u1, p0)

��Á��_ì¯�0� îaìFÂ_ÁO�aî�Â'ÃQÅ���
BÄ¤í
H(div,Ω) × L2(Ω) × L2(Ω)

î$� O(ε1/2) � �eîæíÆÁ�
«ª�6î��aÅ���M$îOÃ÷�6î$�/�aîD�6î
(uε)ε>0

M$îOÃQì
u
��Á��_ì

L∞(0, T ;L2(Ω))
îaìOí�î$� O(ε1/2) �³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �ÿ E3Hhg]cMHhg]EMKê^eg�\UGQg]NaºMEMPR�=LMg]\¨K_g]\ucMHIg�L_ Sg�\�KMg�\uHIZ]\hLM^RGQ`rGQ\VK��kLME_PeN]P0GQZ�`rÈ>E3K���JS�_GQg�EMPRHV^Æ��g]\zGQPª�

d~`rGIPeJ$Es\IJ$LMº>`$P0GQZ]g�\ILMH[^eg�HhZ]\hPeKML
ν
A



C�¸$� ðyñ?ò]ó�ôÆõ9ö�÷Jü6ùt¯[õIý6ü_÷Uü'ýÊnÛû6ü¸o�p:÷vpeôRúaqOòbôeö�÷vnsý�pÆõ9ô&ü=ô�ns÷Qú*�Iô&û�úMú�÷�p
#JSLMH}N]g�^�`_Ö>\IJ$PRG

s ∈]0, T [ A´½LMPR\I�=LMg (uε, pε)
g�G
(u, p)

\IJ$E=G�^eg�\}\IJS^RL_GQPRJSEM\�HIg]\hc'g]NOGQPR Sg�\qK_g]\
d�J6KMp�^eg�\qKMg¹��PRJ$GqN]JSdfcM^Rg�Gqg�G�GIºMg]Hhd�J6Z�^�`$\zGQPR�6L_g$Ö�JSEß`BÖ ∀(v, q) ∈ V × V

Ö�c'JSLMHqcMHhg]\I�=LMg
GQJSL_G

t
K>`$E_\

]0, s[ o
< ρ(x)∂2t ν,v >V′,V +

∫

Ω

(λ(x) + µ(x))divνdivvdx+
∫

Ω

µ(x)∇ν⊗∇vdx

−α
∫

Ω

ψdivvdx+

∫

Γc
1

Aν · vdσ = −
∫

Ω

λ∗(x)div∂tuεdivvdx,

è:�MAX�r�=é

g�G

< ∂t(c0(x)ψ − αdivu), q >V ′,V +α

∫

Ω

q div∂tuεdx+

∫

Ω

k(x)∇ψ · ∇qdx

+B

∫

Γc
2

ψqdx = 0.

è:�MAX�S�Sé

ÿ E-N]JSEM\hPeKMp�HIg�`$^eJSHh\*^RguN]JSL_cM^eg
(ϕ1, ϕ2)

N]JSE_\hGQHhLMPRG�Çäc>`rHhGQPRH*K_L£N�JSLMcM^Rg
(ν, ψ)

N]JSdfd�gu`$L
c>`$HQ`r¡SHQ`$c_ºMgÛ�_A @BAX@BA ÿ E cMHhg]EMK�N�gtN�JSLMcM^RgÛc'JSL_H�Ù&JSEMNOGQPeJ$EB��GIg]\hG�K>`$EM\�è:�_A �r��éug�G7è:�_A �$�SéOA�DF^
 SZ]HIP0È>gVPeN�P,^eg�\�c_HIJScMHhPeZOGQZ]\uè:^eZ�¡Sp]Hhg]dfg]E�G�KMP���Z]Hhg]E=GIg]\�KMgVN]g�^e^egmKML7c>`$HQ`r¡SHQ`rcMºMgU�MA @6A @¹KML�Ù:`$P0G
�6L_gU^eg�\[N�JSEMKMP0GQPeJ$EM\�PREMPRGIPe`$^0g]\àEMgm\IJ$E=G}cM^RLM\[E=LM^e^Rg]\Qé o

ϕ1(t,x)=ϕ̃1(t,x)− ϕ̃1(s,x) ϕ1(0,x)=−ϕ̃1(s,x) ϕ1(s,x)=0

∂tϕ1(t,x)=ν(t,x) ∂tϕ1(0,x)=ν(0,x) ∂tϕ1(s,x)=ν(s,x)
è:�MAX�$v�é

g�G o
ϕ2(t,x)=ϕ̃2(t,x)− ϕ̃2(s,x) ϕ2(0,x)=−ϕ̃2(s,x) ϕ2(s,x)=0

∂tϕ2(t,x)=

∫ t

0

ψ(σ,x)dσ ∂tϕ2(0,x)=0 ∂tϕ2(s,x)=

∫ s

0

ψ(σ,x)dσ

∂2t ϕ2(t,x)=ψ(t,x) ∂2t ϕ2(0,x)=ψ(0,x) ∂2t ϕ2(s,x)=ψ(s,x). è:�MAX�S{Sé
ÿ EtPRE=GIp]¡SHhgm^Rg]\[Z��=L>`rGQPRJSEM\Vè:�_A �r��é�g�Guè:�_A �S�$é�\ILMH[^Æ��PeE�GQg]Hz r`$^R^RgqKMg�GQg�d�c_\

[0, s]
gOG}JSE�`�ÞhJSL_GQg

^eg]\·KMg]L6x�HIg�^�`rGIPeJSE_\·J$�_GQg�E6LMg�\]ABw½E~L_GQPR^ePR\I`$E�G·LMEMg}PeE=GIZ]¡SHI`rGQPRJSE�c>`$H/cM`$HhGIPeg]\·g�G�^Rg]\/c_HIJScMHhPeZOGQZ]\
è:�MAX�$v�é��Oè:�_A �S{$éOÖBJSEtJ$�_GQPRg]E�G[c>`$H[^Rg�dfã]dfgqGµï6c'gmKMgUN]`$^RN]LM^R\��=L��X`rL�c>`$HI`$¡SHI`$cMºMg��MAX@BA @ o
1

2

∫

Ω

ρ(x)|ν|2(s)dx+ 1

2

∫

Ω

(λ(x) + µ(x))|divϕ̃1|2(s)dx+
1

2

∫

Ω

µ(x)|∇ϕ̃1|2(s)dx

+
1

2

∫

Γc
1

Aϕ̃1(s) · ϕ̃1(s)dσ +
1

2

∫

Ω

c0(x)|∂tϕ2|2(s)dx+
∫ s

0

∫

Ω

k(x)|∇∂tϕ2|2dxdt

+B

∫ s

0

∫

Γc
2

|∂tϕ2|2dσdt =
∫ s

0

∫

Ω

λ∗(x)div∂tuεdivϕ1dxdt+
1

2

∫

Ω

ρ(x)|ν|2(0)dx

+

∫

Ω

ρ(x)∂tν(0)ϕ̃1(s)dx+
∫

Ω

c0(x)ψ(0)ϕ̃2(s)dx+ α

∫

Ω

divν(0)ϕ̃2(s)dx. è:�MAX�$��é



ü6ù®ü=ù�ð/ûInuó�òröaòrô��Oû�ú7üM÷��.nsû6ü*o�p&÷�� C�¸S�

á gUcM^RLM\]ÖMJSE�`�K��k`$cMHIp�\uè&�MA �rv�é o
∫ s

0

∫

Ω

λ∗(x)div∂tuεdivϕ1dxdt =

∫ s

0

∫

Ω

λ∗(x)div∂tuεdivϕ̃1(t)dxdt

−
∫ s

0

∫

Ω

λ∗(x)div∂tuεdivϕ̃1(s)dxdt,

Ý*^eJ$HI\*c>`$HqKMZ�ÈMEMPRGIPeJSE-KMg
ε
è:\hLMc£g]\h\Ig]E�GQPRg]^½K_g�^�`�Ù&JSE_N�GQPRJSE

λ∗
é�g�G�c>`$HqL_GQPR^eP0\Q`rGIPRJSE7KMg�\mPREB�

Z]¡�`$^RPRGIZ]\àKMgV�à`$LMNaº=ï�� � N�º�Hà`$H5�Vg�G}KMg4î/JSL_EM¡MÖ>J$EtJS�_GIPeg�E=G[^�`¨d�`bÞhJ$HQ`rGIPRJSE o
∣∣∣∣
∫ s

0

∫

Ω

λ∗(x)div∂tuεdivϕ1dxdt
∣∣∣∣ ≤

ε(1 + T )

λ̂+ µ̂

∫ s

0

∫

Ω

λ∗(x)|div∂tuε|2dxdt

+
1

4

∫ s

0

∫

Ω

(λ(x) + µ(x))|divϕ̃1|2dxdt

+
1

4

∫

Ω

(λ(x) + µ(x))|divϕ̃1|2(s)dx.

á gUdfã]dfg$Ö_JSEtc'g]LBG�dfJSE�GQHIg�H�¡SH�;rN]gUÇtè:�MAX�S{Sé�g�G�Ç�^Æ��PeEMZ�¡�`$^RPªGQZqK_g9î·JSLMEM¡f�=LMg o
∫

Ω

c0(x)ψ(0)ϕ̃2(s)dx =

∫

Ω

c0(x)ψ(0)

(∫ s

0

∂tϕ2(t)dt

)
dx

≤
∫

Ω

c0(x)|ψ(0)|
√
s

(∫ s

0

|∂tϕ2(t)|2dt
)1/2

dx

≤
∫

Ω

c0(x)s|ψ(0)|2dx+
1

4

∫

Ω

c0(x)

∫ s

0

|∂tϕ2(t)|2dtdx

≤ κ||p0,ε − p0||2L2(Ω) +
1

4

∫ s

0

∫

Ω

c0(x)|∂tϕ2(t)|2dxdt.

w·EBÈ>E�Ö�JSE8d�JSE�GQHhg7c>`rH~^eg]\~dfã]dfg]\�GIg]NaºMEMPR�6L_g]\sg�Gäg]E2L_GIPe^RPR\Q`$E�G~g�E2cM^eL_\ä^9��PeEMZ�¡�`$^RPªGQZtKMg#JSPeE_Nn`$HhZm�=L���Pe^�gOxBPe\zGQgU`$LM\h\IP,L_EMgUN�JSEM\zGa`$E�GQg
κ > 0

GIg]^e^Rgq�6L_g o





∫

Ω

ρ(x)∂tν(0)ϕ̃1(s)dx ≤ κ||u1,ε − u1||2L2(Ω) +
1

4

∫

Ω

µ(x)|∇ϕ̃1|2(s)dx,

α

∫

Ω

divν(0)ϕ̃2(s)dx ≤ κ||divu0,ε − divu0||2L2(Ω) +
1

4

∫ s

0

∫

Ω

c0(x)|∂tϕ2(t)|2dxdt.



C�¸Sv ðyñ?ò]ó�ôÆõ9ö�÷Jü6ùt¯[õIý6ü_÷Uü'ýÊnÛû6ü¸o�p:÷vpeôRúaqOòbôeö�÷vnsý�pÆõ9ô&ü=ô�ns÷Qú*�Iô&û�úMú�÷�p
w·EtHIg�c'JSHhGQ`$E=G[^eg�\[PREMZ]¡�`r^eP0GIZ]\àcMHIZ�N]Z�KMg]E�GQg]\�K>`$EM\Vè:�_A �$�SéOÖMJ$EtJS�_GIPeg�E=G[�=LMg o




1

2

∫

Ω

ρ(x)|ν|2(s)dx+ 1

4

∫

Ω

(λ(x) + µ(x))|divϕ̃1|2(s)dx

+
1

4

∫

Ω

µ(x)|∇ϕ̃1|2(s)dx+
1

2

∫

Γc
1

Aϕ̃1(s) · ϕ̃1(s)dσ

+
1

2

∫

Ω

c0(x)|∂tϕ2|2(s)dx+
∫ s

0

∫

Ω

k(x)|∇∂tϕ2|2dxdt

+B

∫ s

0

∫

Γc
2

|∂tϕ2|2dσdt ≤
ε(1 + T )

λ̂+ µ̂

∫ s

0

∫

Ω

λ∗(x)|div∂tuε|2dxdt

+κ||u0,ε − u0||2L2(Ω) + κ||divu0,ε − divu0||2L2(Ω)

+κ||u1,ε − u1||2L2(Ω) + κ||p0,ε − p0||2L2(Ω)

+
1

4

∫ s

0

∫

Ω

(λ(x) + µ(x))|divϕ̃1|2dxdt+
1

2

∫ s

0

∫

Ω

c0(x)|∂tϕ2|2(t)dxdt.

è:�MAX�$��é

Ü7`$Pe\�K��X`rcMHIp�\�^RgÛ^eg�d�dfgä�MA0CSÖ½JSE \Q`rPRG¹�6L_g�^e`£\hLMPRGIg
(
√
λ∗div∂tuε)ε>0

g]\hG��'JSHhEMZ]gtKM`$EM\
L2(0, T ;L2(Ω))

A,Ý�PeEM\hPÆÖ�g]E3LBGQPe^RPR\Q`rE=GmLME_gfÙ&JSPR\mg]EMN�JSHIg�^Rg¹^eg�d�dfg�KMg£:mHhJSEÌH�`$^e^9Ö�JSE�c'g]L_G
N]JSEMN�^eL_HIgm�=LMgU^9�kg�\hGQPRd~`bGQP0JSEs\hLMPR b`$E=GIgU`¹^ePRg]L o




ρ̂

2

∫

Ω

|ν|2(s)dx+ λ̂+ µ̂

4

∫

Ω

|divϕ̃1|2(s)dx+
µ̂

4

∫

Ω

|∇ϕ̃1|2(s)dx

+
1

2

∫

Γc
1

Aϕ̃1(s) · ϕ̃1(s)dσ +
ĉ0

2

∫

Ω

|∂tϕ2|2(s)dx+ k̂

∫ s

0

∫

Ω

|∇∂tϕ2|2dxdt

+B

∫ s

0

∫

Γc
2

|∂tϕ2|2dσdt ≤ κ
(
ε+ ||u0,ε − u0||2L2(Ω)

+||divu0,ε − divu0||2L2(Ω) + ||u1,ε − u1||2L2(Ω) + ||p0,ε − p0||2L2(Ω)

)
.

è:�MAkvS¸�é

l!`�cMHhg]L_ SgUKMLÛGQºMZ�JSHIp�dfgm�MA0C�¸�g]\hG�`$PREM\IP�`$NaºMgO SZ]grA
¥ï î$�fÁ$Ã5��
>îu�MA0CSC �� �x��ÅbíFîOÃIÁÂ��
?î � ��
v��Á$Ä¤ík�6îaì#�nÅ��/�Oí:ÄÆÅ��_ì$êFíµîaìOík�aÅ��_ìOÄ	�O�OÃ��aîaì � Å��(�/� Á}Â_ÁbìqÅ��]íµî$�*
(�@� îaìOí:Ä¦�fÁ$í9ÄÆÅ��¡6Ä¦���OîOÃOí:ÄÆî$����î*ì$
BÃ

ψ
�fÁ$ÄeìJ
O�>Ä	��
?î$�~î$�>í½ìy
BÃqì�îaìàÂ'ÃOÄ¦��Ä¤í:Ä¦M$îaì �

ÿµÛ�ÿ.ÛÅÚ ab�c�$���=�;�'à>á��'ä ã#äNâ��*ãd	>ãe�f�I���
	Îãg�µãehºà��kâ¯å#�"�$�%	>ã/âi�Qû
B'û#äQûj�¸û
ã/âe	>ãM�f�I���
	>ã��U��'á�à���á�â��kâ¸à���µã

á `$EM\mN�g¹c>`rHQ`$¡SHI`$cMºMgrÖ�JSE£\hLMcMc'JS\hgf�=LMg
λ∗(x) > λ̂∗ > 0

gOG
ε > 0

KMZ�\IPR¡SEMg�d~`rPeE=GIg]E>`rE=G
^eg7\hLMc©g�\I\Ig�E=GIPeg�^qKMg-^�`ßÙ&JSE_N�GQPRJSE

ρ(x) o ε = g�\I\
sup
x∈Ω

ρ(x)
A ÿ E2\IL_cMc'JS\IgæKMg-c_^eLM\~�=LMg



ü6ù®ü=ù�ð/ûInuó�òröaòrô��Oû�ú7üM÷��.nsû6ü*o�p&÷�� C�¸S{

g]\I\
inf ρ(x) > 0

A ÿ E�EMJ$GQgtg]E_N]JSHhg
(uε, pε)

^�`æ\IJS^RL_GQPRJSE KML�d�J6K_p]^egÛK_g7��PeJrGfN]J$d�cM^Rg�G
KMZ]¡SZ�EMZ�HIZ�`� Sg�Nq^Rg]\�N]J$EMKMPRGIPeJSE_\�PREMP0GQPe`r^Rg]\

(u0,ε, p0,ε,u1) ∈ V×L2(Ω)×L2(Ω)
g�G
(u, p)

^e`
\IJS^RL_GQPRJSEuKML�dfJ6KMp�^eg��6LM`$\IPª�F\hGQ`rGQPR�=LMg�è

ρ(x) = 0
é!N�g�GIGIgàÙ&J$Pe\z��N]PB`n Sg]N�^Rg]\yN]J$EMKMP0GQPeJ$EM\yPREMPRGIPe`$^0g]\

(u0, p0) ∈ K × L2(Ω)
A,l,ÇÛg]E_N]JSHhg$Ö,JSEßEMJrGQg

ν = uε − u
g�G
ψ = pε − p

g�GU^eg]\qGQg]Hhd�g�\
\IJSLMHhN]g�\

f
g�G
h
\IJ$E=G}^Rg]\[dfã]dfg]\�c'JSL_H[^eg�\[KMg�LBxtcMHhJS�M^Rp]dfg]\�A ÿ Etc'g�L_G�`$^eJSHh\�dfJSE�GQHIg�H�^eg o

ÔAÕ ;6�?��4613+7�?¨:�6(#¨¹ �#î5ªSÄeìOíµîJ
O��î��aÅ��_ìOíÆÁ��>íµî
κ > 0

��
6ÄB�O�FÂ>î$�´�f
O�>Ä	��
>î$�~î$�>í=�6îaìj�6Å����/�aîaì�íµî$�¦�eîj��
?îA�
||divuε − divu||L∞(0,T ;L2(Ω)) ≤ κ(ε1/4 + ||divu0,ε − divu0||L2(Ω) + ||p0,ε − p0||L2(Ω))îOí
||pε − p||L2(0,T ;L2(Ω)) ≤ κ(ε1/4 + ||divu0,ε − divu0||L2(Ω) + ||p0,ε − p0||L2(Ω)).�?Ä#�6îyÂ´�®
�ì � ��
_Á��´� ε íFî$�´�DM$îOÃQìBõ��OÃQÅ � �0Á�ì$
6Ä¤íµî (divu0,ε, p0,ε)ε>0 îaìOí?
O��î}ÁOÂ�Â'ÃQÅ�ªSÄ¦�fÁ$í:ÄÆÅ��£�6î
(divu0, p0)

��Á��_ì
(L2(Ω))2

î$� O(ε1/4) � Á��eÅbÃaìJ�eîUíÆÁ�
�ª��6îÂ�aÅ«�*M$îOÃ��6î$�/�aîD�6î (divuε, pε)ε>0M$îOÃaì
(divu, p)

��Á��_ì
L∞(0, T ;L2(Ω))× L2(0, T ;L2(Ω))

îaìOí�î$� O(ε1/4) �

³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �
• ½LMPe\h�6L_g (uε, pε)

g�G
(u, p)

\hJSE=GU^Rg]\�\IJS^RL_GQPRJSEM\qHIg�\Ic'g]NOGQPR $g]\VKMLßdfJ6KMp]^Rg�N]J$d�c_^eg�G�g�GUKML
d�J6KMp�^eg}�6LM`$\IPª�F\hGQ`rGQPR�=LMg$Ö6JSEs`_Ö6K��X`rcMHIp�\à^eg]\/Ù&JSHId¨LM^e`rGIPRJ$EM\· r`$HIPe`rGQPRJSE_EMg]^R^Rg�\qè&�MA �$é/gOGUè&�MAkj��Sé o





∫

Ω

λ∗(x)div∂tνdivvdx+
∫

Ω

(λ(x) + µ(x))divνdivvdx

+

∫

Ω

µ(x)∇ν⊗∇vdx− α

∫

Ω

ψdivvdx

+

∫

Γc
1

Aν · vdσ = − < ρ(x)∂2t uε,v >V′,V,

è:�MAkv_C�é

g�G

< c0(x)∂tψ, q >V ′,V +α

∫

Ω

q div∂tνdx+
∫

Ω

k(x)∇ψ ·∇qdx+B
∫

Γc
2

ψqdσ = 0.
è&�MAXvS@Sé

� JSPRG
s ∈]0, T [ A ÿ EÛcMHhg]EMK (v, q) = (ϕ1, ϕ2) J��Û^RgqN]J$LMcM^eg (ϕ1, ϕ2) g]\hG[N�JSEM\hGIHILMP0G[Ç�cM`$HhGIPeHKMg
(ν, ψ)

N�JSdfd�g7`$L2cM`$HQ`$¡$HQ`$c_ºMg-�_Ak�MA0C-g�Gä\Q`rGIPe\hÙ:`rPRG�^eg�\äcMHhJScMHIPRZ�GIZ]\£è&�MAX�$v�é��Oè:�_A �S{$éOA/w½E



C�¸S� ðyñ?ò]ó�ôÆõ9ö�÷Jü6ùt¯[õIý6ü_÷Uü'ýÊnÛû6ü¸o�p:÷vpeôRúaqOòbôeö�÷vnsý�pÆõ9ô&ü=ô�ns÷Qú*�Iô&û�úMú�÷�p
L_GQPR^ePR\I`$E=Gà^eg]\�d�ã�dfg]\àGQg]NaºME_Pe�=LMg]\}�=L��X`rL�c>`$HI`$¡SHI`$cMºMg��MA��MA0CSÖMJSE�`$HhHIP0 SgmÇ¹^e`�HIg�^�`bGQPeJ$E o





∫ s

0

∫

Ω

λ∗(x)|divν|2dxdt+ 1

2

∫

Ω

(λ(x) + µ(x))|divϕ̃1|2(s)dx

+
1

2

∫

Ω

µ(x)|∇ϕ̃1|2(s)dx+
1

2

∫

Γc
1

Aϕ̃1(s) · ϕ̃1(s)dσ

+
1

2

∫

Ω

c0(x)|∂tϕ2|2(s)dx+
∫ s

0

∫

Ω

k(x)|∇∂tϕ2|2dxdt

+B

∫ s

0

∫

Γc
2

|∂tϕ2|2dσdt =
∫ s

0

< ρ(x)∂2t uε,ϕ1 >V′,V dt

+

∫

Ω

λ∗(x)divν(0)divϕ̃1(s)dx+ α

∫

Ω

ϕ̃2(s)divν(0)dx

+

∫

Ω

c0(x)ψ(0)ϕ̃2(s)dx.

è:�MAkvSj�é

y`$H}`$PR^e^0g]LMHh\]Ö_cMLMPR\I�=LMg o
∫ s

0

< ρ(x)∂2t uε,ϕ1 >V′,V dt = −
∫ s

0

∫

Ω

ρ(x)∂tuε∂tϕ1dxdt

+

∫

Ω

ρ(x)∂tuε(s)ϕ1(s)dx

−
∫

Ω

ρ(x)∂tuε(0)ϕ1(0)dx

= −
∫ s

0

∫

Ω

ρ(x)∂tuενdxdt+
∫

Ω

ρ(x)u1ϕ̃1(s)dx,

^Æ��L_GQPR^RPR\I`rGQP0JSEsK_g]\}PREMZ]¡�`r^eP0GIZ]\àKMgV�à`$LMNaº=ï�� � N�º�Hà`$H5�Vg�G}KMg4î/JSL_EM¡fKMJSE_EMg o
∫ s

0

< ρ(x)∂2t uε,ϕ1 >V′,V dt ≤ √ε||
√
ρ(x)∂tuε||L2(0,T ;L2(Ω))||ν||L2(0,T ;L2(Ω))

+
1

4

∫

Ω

µ(x)|∇ϕ̃1|2(s)dx+
C2ε2

µ̂

∫

Ω

|u1|2dx.

w·E2GIg]E>`rE=GsN]JSdfc_GQg-KMg�\scMHIJSc_HIPeZOGQZ�\sKMg-^�`3\IL_PRGQg
(uε)ε>0

Z�EMJSEMN�Z]g�\�`$L2^eg�d�dfg��MAk�_Ö�JSE
d�JSE�GQHhg��=L��kPR^�g�xBPe\hGIgUL_EMgUN�JSEM\zGa`$E�GQg

κ > 0
GIg]^e^Rgq�6L_g o

∫ s

0

< ρ(x)∂2t uε,ϕ1 >V′,V dt ≤ κ(
√
ε+ ε2) +

1

4

∫

Ω

µ(x)|∇ϕ̃1|2(s)dx.
è&�MAkv$�=é

á gUcM^RLM\]Ö>g�E�L_GIPe^eP0\Q`$E�G�g]EMN�JSHIgULME_gmÙ&JSPe\�^Rg]\}`rHI¡SLMdfg�E=GQ\[K_Z� Sg�^eJScMc'Z�\*`$Ltc>`rHQ`$¡$HQ`$cMº_gm�MA��MARC$Ö
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JSEtcMHhJSL_ SgU�=L���PR^�g�x_PR\hGIgULME_gUN]J$EM\hGQ`$E=GIg
κ > 0

GQg�^e^Rg��=LMg o




∫

Ω

λ∗(x)divν(0)divϕ̃1(s)dx ≤ κ||divu0,ε − u0||2L2(Ω)

+
1

4

∫

Ω

(λ(x) + µ(x))|divϕ̃1|2(s)dx,

α

∫

Ω

divν(0)ϕ̃2(s)dx ≤ κ||divu0,ε − divu0||2L2(Ω)

+
1

4

∫ s

0

∫

Ω

c0(x)|∂tϕ2(t)|2dxdt
∫

Ω

c0(x)ψ(0)ϕ̃2(s)dx ≤ κ||p0,ε − p0||2L2(Ω)

+
1

4

∫ s

0

∫

Ω

c0(x)|∂tϕ2(t)|2dxdt,

è:�MAkv��Sé

g�Gug]E3GQg�E>`$E�G¨N�JSd�cBGQg�KMgæè&�MAkv$�=é�g�Gsè:�MAkv��Sé�K>`$E_\sè:�MAkvSj�é�cML_Pe\Vg]EêLBGQPe^RPR\Q`rE=GU^egf^eg�d�dfg¹KMg:mHhJSEÌHà`r^e^9ÖBJSEtJS�BGQPeg�E=G[�=LMg o




∫ s

0

∫

Ω

λ∗(x)|divν|2dxdt+ 1

4

∫

Ω

(λ(x) + µ(x))|divϕ̃1|2(s)dx

+
1

4

∫

Ω

µ(x)|∇ϕ̃1|2(s)dx+
1

2

∫

Γc
1

Aϕ̃1(s) · ϕ̃1(s)dσ

+
1

2

∫

Ω

c0(x)|∂tϕ2|2(s)dx+
∫ s

0

∫

Ω

k(x)|∇∂tϕ2|2dxdt

+B

∫ s

0

∫

Γc
2

|∂tϕ2|2dσdt ≤ κ(
√
ε+ ||divu0,ε − divu0||2L2(Ω)

+||p0,ε − p0||2L2(Ω)).

è:�MAkvSv�é

• #JSLMHmGQg�HIdfPeEMg�Hm^�`sKMZ]dfJSEM\zGQHI`rGQPRJSE�Ö�JSE�cMHIg�EMK q = ϕ
K>`$E_\äè:�_AXv�@$éqJ��

ϕ
`tZOGQZ�K_Z�È>EMPRg

`$L-c>`$HI`$¡SHI`$cMºMgV�MAkj_AX@�gOG* SZ]HIP0È>gu^Rg]\*c_HIJScMHhPeZOGQZ]\¨è:�MAX�BC�é�A ÿ E-PeE�GQp]¡$HIgu`$^RJSHI\}\ILMH
[0, s]

gOGqJSE
JS�_GQPRg]E�G o
∫ s

0

∫

Ω

c0(x)|ψ|2dxdt+
1

2

∫

Ω

k(x)|∇ϕ̃|2(s)dx+B
2

∫

Ω

|ϕ̃|2(s)dσ = −α
∫ s

0

∫

Ω

divνψdxdt.

Ü7`$Pe\�Ö�g�EVL_GQPR^ePR\Q`rE=G�^eg�\,PeEMZ�¡�`$^RP0GQZ�\�KMg��à`rLMN�º�ï�� � NaºÌHà`rH0��gOG#KMgkî/JSLME_¡*`$PREM\IPS�=LMg/^Æ��g]\hGIPed�`rGQP0JSE
è:�MAkvSv�é�ÖMJSEtc'g�L_G}d~`�ÞhJSHhg]Hà^eg�\hg]N]J$EMK7dfg�d��_HIg�KMgm^9�kZ�¡�`$^ePªGQZqc_HIZ]N�Z]KMg�E=GIgVc>`$H o

κ(
√
ε+ ||divu0,ε − divu0||2L2(Ω) + ||p0,ε − p0||2L2(Ω)) +

1

2

∫ s

0

∫

Ω

c0(x)|ψ|2dxdt,
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1

2

∫ s

0

∫

Ω

c0(x)|ψ|2dxdt+
1

2

∫

Ω

k(x)|∇ϕ̃|2(s)dx+ B

2

∫

Ω

|ϕ̃|2(s)dσ

≤ κ(
√
ε+ ||divu0,ε − divu0||2L2(Ω) + ||p0,ε − p0||2L2(Ω))

è:�MAkv�{Sé

�6L_P,dfg�G�È>E�Ç�^�`¨cMHIg�L_ SgUKMLtGIºMZ]J$HIp�d�gm�_ARC�@6A
¥



Ë Ì ��Í��'t�t� m

Ë Ñ � Í Ñ �sÛ�8� � Ð  � 
on � Í tÑ�t�
pWÓ	� � Ð
t�8� Í�
 ��Ñ �7
qpWÓ	�

λ∗ > 0

á `$E_\UN�gfNaº>`rcMPRGIHIg$Ö�J$EßZ�GQ`$�M^RPRGq�6L_g]^R�6L_g]\UHIZ�\ILM^0Ga`rGQ\�N]J$EMN]g�HIE>`rE=GV^Rg�N�JSd�c'J$HhGQg�d�g�E=G�g]E
GQg]dfcM\�^RJSEM¡äKMg�^�`ä\hJS^RL_GQPRJSE-KMg]\mdfJ6KMp�^eg�\�K_gf��PRJ$GqZ�GILMKMPeZ�\�ÞhL_\I�=L���PeN]P9A � JSLM\�HIg�\hGIHIg]PR¡SEMJ$EM\
EMJ$GQHhgsZOGQLMK_gt`$LçNn`r\�J��

λ∗
g�\hG¹\hGIHIPeNOGQg�d�g�E=G�c'JS\hPRGIPRÙµA á `$EM\�N]gsN]`$\]ÖyEMJSLM\¹`n SJSEM\�KMg�\¹PREB�

Ù&JSHId�`rGQPRJ$EM\ä\IL¸�f\I`$E=GIg]\7\hLMH
∂tu

gOG�J$ETc'g�L_G7`$PREM\IP9Öà`$LicMHIPªx2KMgß�=LMg�^e�=LMg�\�g]\hGIPed�`rGQPRJSE_\
N]JSdfcM^RZ]dfg]E=GQ`$PRHIg�\]Ö6gOxBcM^RJSP0GQg]H�^eg�\�GIg]NaºMEMPe�=LMg�\[K_Z� Sg]^RJScMc'Z�g]\}`rLBxäNaº>`$cMP0GQHhg]\[@Vg�G��¨c'JSLMH�KMZO�
N]HIPRHIgm^egmN]J$d�c'JSHzGQg�d�g�E=G�`$\zïBdfc_GIJ$GQPR�6L_gUKML7K_Z]cM^e`$N]g�d�g�E=G�gOG*K_gV^e`¹cMHIg�\I\hPeJSE�A���gOGIGQgVZOGQLMKMg
g]\hG½Ù:`rPRGQg�g�E¹Pedfc'JS\Q`rE=G½`rLBx¨KMJSEMEMZ�g]\·PREMPRGIPe`$^0g]\ygOG/`$L6x�N�J6g��fN]PRg]E�GQ\·^Rg]\�º�ïBc'JrGQºMp�\Ig]\/K_g�HIZ�¡SLB�
^�`$HhPRGIZqcMHhPe\hg]\}`$LBxsN�ºM`$cMPRGIHIg�\�@�gOG}�MA>w½^e^RgqKMZ]N�HIPRG[^9�kZOGa`rG�^ePRdfP0GIgqg�EtÙ&JSE_N�GQPRJSEsKMg]\}N�JSEMK_PRGQPRJSEM\
\Q`rGIPe\hÙ:`rPRGQg�\[cM`$H}^Rg]\�GQg]Hhd�g�\}\IJSL_HIN]g

f
gOG
h
\hLMH

]0,+∞[×Ω A'�*�kg�\hG*c'JSLMHh�=LMJSPÆÖ>KM`$EM\}N]gU�6L_P\ILMP0GnÖMJSEtc_HIZ]N�Pe\hgULME_Pe�=LMg]dfg]E�G}^eg�\[º�ïBc'JrGQºMp�\Ig]\} SZ]HhPRÈ>Z�g]\}c>`rH
f
g�G
h
A

(]\�^ Ïº�þ~ dfexÑ}w$� `xdA` w�i�`xsvzDi�c��
ÿ EfN]JSE_\IPeK_p]HIg[g]EfcMHIg�d�PRg]H½^RPeg�L¹^Rg�d�J6KMp�^eg�E_JSEf^ePREMZn`rPeHhg$A á `$EM\/N�g}Nn`r\]Ö�JSEfHQ`rcMc'g]^R^eg��=LMg

n = 1
Ö
ρ ≥ 0 Ö q > 1 \IP ρ = 0 Ö q ≥ 2 \hP ρ > 0 gOG}JSEtc'JS\hg W = H1

0 (Ω) ∩H2(Ω)
A

r}ÛÎÝ'Û5Ý Þ�á�â�às�f�¤â�à��'äQáMtvu=wLx)y;wLx4á�:�
]0,+∞[×ΩÔAÕ ;6�?��4613+æ§©¨:��¨

• ��Å�
�ìJ�0Áx��Å��´�$Ä¤í:ÄÆÅ�� f îOí
h
��Á��_ì

L2(0,+∞;L2(Ω)) � �eîÂ�aÅ�
�Âa�Rî (u, p) ì�Å��®
6í9ÄÆÅ����6î]ÃÅÄ �§×�ÇÃhÅ�
-Ã�Ä �§ð�è�Ç �eÅbÃQì���
?î ρ = 0 Ç M��OÃ�Ä �àîj�
u ∈ L∞(0,+∞;W ) ∩ L2(0,+∞;W ), ∂tu ∈ L2(0,+∞;H1

0 (Ω)),

p ∈ L∞(0,+∞;H1
0 (Ω)) ∩ L2(0,+∞;H1

0 (Ω)), ∂tp ∈ L2(0,+∞;L2(Ω)),
C$CSC



CSC�@ ðyñ?ò]ó�ôÆõ9ö�÷z&=ù�ð/ûInVó�û�ö]õµ÷�ns÷aú'õ·ò«�|{*nVó�õFû6õ9ôOVMý=÷m÷Qú3õµ÷�nuóa�vp:û�ö5�}V_ý6÷
λ∗ > 0

• ì�Å�
�ì}�0Á��aÅ��´�$Ä¤í9ÄÆÅ�� f = f1+f2
Á�M$î��

f1 ∈ L2(0,+∞, L2(Ω)) � f2(t, x) ≡ f2(x) ∈ L2(Ω)îOí
h ∈ L∞(0,+∞;L2(Ω)) � �eîQ�aÅ�
�Â´�eî (u, p) ì�Å��®
Bí:ÄÆÅ��x�6îJÃÅÄ �§×�Ç ÃhÅ�
�ÃÅÄ �§ð�è�Ç �eÅbÃQì���
>î ρ = 0 ÇM��OÃOÄ �àîD�

u ∈ L∞(0,+∞;W ), ∂tu ∈ L2(0,+∞;H1
0 (Ω)),

p ∈ L∞(0,+∞;H1
0 (Ω)) ∩ L2(0,+∞;H1

0 (Ω)), ∂tp ∈ L2(0,+∞;L2(Ω)).³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �DF^½\hL¸�¹GVKMg¹Hhg� Sg�EMPeHmÇÛ^e`äcMHIg�L_ SgfKMLß^eg�dfd�g�@BA0C�jÛ`$L£N�ºM`$cMPRGIHIgf@~ r`$^e`$�M^Rg¨c'JSLMH
ρ ≥ 0

gOG
q > 1

`rÈME¹KMg�N�JSE�GQH08$^eg]Hy^RgàH08$^eg�KMg
T
K>`rEM\½^eg�\�Nn`$^RN]LM^R\yHIg]^e`rGQP0Ù&\y`$LBx¨cMHIg�d�PRp]Hhg]\�g]\zGQPed�`rGIPeJ$EM\

ÁUÂ'Ã�ÄÆÅbÃOÄyè9@BARCnj�é�gOGuèÆ@BA0C��Sé�A
C ◦ é � J$LM\}^e`�N�JSEMKMP0GQPRJSE f = f1 ∈ L2(0,+∞;L2(Ω))

gOG
h ∈ L2(0,+∞;L2(Ω)) o

• l,`¨N]JSE_\hGa`rE=GQg κ KMgfèÆ@BA0C�jSé�g]\zG}cM`$H�K_Z�È>E_PRGQPRJSEsL_EÛd~`�ÞhJSHI`$E=G]ÖBPeE_KMZ]c'g�EMK>`$E�G[KMg m ÖKMgm^�`¨�=L>`$E�GQPRGIZ o
λ+ 2µ

2
||∂xu0m||2L2(Ω) +

µ∗

q
||∂xu0m||qLq(Ω) +

ρ

2
||u1m||2L2(Ω) +

c0

2
||p0m||2L2(Ω)

+
κ2

2λ∗

∫ T

0

∫

Ω

|f1|2dxdt+
κ2

2k

∫ T

0

∫

Ω

|h|2dxdt.

��JSdfdfg
f1
g�G
h
\IJ$E=G}K>`$E_\

L2(0,+∞;L2(Ω)) Ö>PR^�HhZ]\hLM^RGIgmKMg�èÆ@BA0C�j�é��=LMg o
K �b�?¼!�b%:;���;7§©¨R(©¨��Áfì$
6Ä¤íµî

(um)m∈N∗

îaìOíL�OÅbÃy�/�aîj��Á��_ì
L∞(0,+∞;W ) ��0Á¹ì$
BÄ¤íFî

(∂tum)m∈N∗

îaìOíL�OÅbÃy�/�aîj��Á��_ì
L∞(0,+∞;L2(Ω)) ∩ L2(0,+∞;H1

0 (Ω)) ��0Á¹ì$
BÄ¤íFî
(pm)m∈N∗

îaìOí=�OÅbÃ$�a��îD��Á��_ì
L∞(0,+∞;L2(Ω)) ∩ L2(0,+∞;H1

0 (Ω)) �

• w·E�LBGQPe^RPR\Q`rE=G#K>`$EM\�èÆ@BA0Cn�=é,�=LMg h ∈ L2(0,+∞;L2(Ω)) gOG½^9�kg�\hGQPRd~`bGQP0JSEVcMHIZ�N]Z�KMg]E�GQgKMg
(∂tum)m∈N∗

K>`$E_\
L2(0,+∞;H1

0 (Ω))
ÖMPe^�HIZ�\ILM^0GQgmKMg�èÆ@6ARC��$é��=LMg o

K �b�?¼!�b%:;���;7§©¨R�©¨��Áfì$
6Ä¤íµî
(pm)m∈N∗

îaìOíL�OÅbÃy�/�aîj��Á��_ì
L∞(0,+∞;H1

0 (Ω)) ��0Á¹ì$
BÄ¤íFî
(∂tpm)m∈N∗

îaìOíL�OÅbÃy�/�aîj��Á��_ì
L2(0,+∞;L2(Ω)) �

• w·Etd¨LM^0GQPRcM^RPR`$E�Gà^�`¨cMHhg]dfPep�HIg�Z��=L>`rGQPRJSEÛKMg�è9@BARCn¸�é�cM`$H ujm(t)
g�G[g]Et\IJSdfd�`$E=Gà^eg�\

m
Z]¡�`r^eP0GQZ]\�JS�BGQg]E=LMg]\�c'JSL_H

j
 r`$HhP�`rE=G}K_g

1
Ç
m
Ö>Pe^� 6Peg�E=G�`$cMHIp�\�PRE=GIZ]¡SHI`rGQPRJSEsKMg

0
Ç
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s
Ö?`n Sg]N

s
ÈBx_ZmK>`$EM\

]0,+∞[ o
λ∗

2

∫

Ω

|∂xum|2(s)dx+ (λ+ 2µ)
∫ s

0

∫

Ω

|∂xum|2dxdt

+µ∗
∫ s

0

∫

Ω

|∂xum|qdxdt =
λ∗

2

∫

Ω

|∂xu0m|2dx+ ρ

∫

Ω

u1mu0mdx+ A(s)

è9�BARC�é

J��
A(s) = ρ

∫

Ω

∂tum(s)um(s)dx+ ρ

∫ s

0

∫

Ω

|∂tum|2dxdt+ α

∫ s

0

∫

Ω

pm∂xumdxdt

+

∫ s

0

∫

Ω

f1umdxdt.

l�g]\�g�\hGIPed�`rGQPRJSE_\/KMZFÞIÇVJS�_GQg�E6LMg�\àgOGà^9�kPREMZ�¡�`$^RP0GIZ[KMgQ#JSPeE_Nn`$HhZ�g]E�GQHI`rë�EMg�E=G��6L_g ∃κ > 0GQg�^e^Rg��=LMg ∀s ∈]0,+∞[ Ö

A(s) ≤ κ+
λ+ 2µ

2

∫ s

0

∫

Ω

|∂xum|2dxdt.
6yPRE>`$^Rg]dfg�E=GnÖBJSEtJS�BGQPeg�E=G}Ç�c>`$HzGQPeHàKMg�èÆ�6ARC�é��6L_g o

^e`�\hLMPRGIg
(um)m∈N∗

g�\hG}�'JSHIEMZ�gUKM`$EM\
L2(0,+∞;W ).

èÆ�6A @Sé
á ��J��t^eg�HIZ�\ILM^0Ga`rG[K>`rEM\[N]gmcMHIg�d�PRg]H�N]`$\]A

@ ◦ é � J$LM\}^e`�N�JSEMKMP0GQPRJSE f(t, x) = f2(x) ∈ L2(Ω)
gOG
h ∈ L2(0,+∞;L2(Ω)) o

• á `$EM\V^Æ��Z�GQL_KMg�KMgæè9@BARC�@SéOÖ,J$E3N]JSdfcM^epOGQgf^egfHI`$Pe\hJSEMEMg�d�g�E=GVc>`$HV^9��Z�GQL_KMg�KML3GIg]HIdfg∫ s

0

∫

Ω

f2∂tumdxdt
g]EtZ]N�HIP0 r`$E=G o

∫ s

0

∫

Ω

f2∂tumdxdt =

∫

Ω

f2(x)um(s, x)dx−
∫

Ω

f2(x)u0m(x)dx.

ÿ E�`f`r^eJSHh\ o
∣∣∣∣
∫ s

0

∫

Ω

f2∂tumdxdt

∣∣∣∣ ≤
κ2

λ+ 2µ
||f2||L2(Ω) +

λ+ 2µ

4

∫

Ω

|∂xum|2(s)dx

+ ||f2||L2(Ω)||u0m||L2(Ω)g�G}J$EtJS�_GIPeg�E=G}Ç�EMJSL_ Sg]`$L�^�`¨cMHIJ$cMHIPRZ�GQZU�BAX@BA

• ��JSdfd�g¹K>`rEM\V^�`Û\hPRGIL>`rGQPRJSE£KML3c'JSPRE=GfCSÖ�cMLMPe\h�=LMg h ∈ L2(0,+∞;L2(Ω)) Ö,J$Eê``$LM\h\IP�^�`¨cMHIJSc_HIPeZOGQZU�BAkj_A á ��J���^Rg�HIZ�\ILM^0Ga`rG[\hLMH
(u, p)

K>`$E_\}N�gU\hg]N]J$EMK7N]`$\]A
¥



CSCn� ðyñ?ò]ó�ôÆõ9ö�÷z&=ù�ð/ûInVó�û�ö]õµ÷�ns÷aú'õ·ò«�|{*nVó�õFû6õ9ôOVMý=÷m÷Qú3õµ÷�nuóa�vp:û�ö5�}V_ý6÷
λ∗ > 0

r}ÛÎÝ'ÛÅÚ ab�c�$���=��â�ã>� ã#äNâg~�	}��à>ä��4äµà]ã#ä��¸û
B'à`� ãÁâ��;�'äµá�àÅâ��'à��¸ã��%:�
á `$E_\½N]g�cM`$HQ`$¡$HQ`$cMº_g$Ö$J$E¹K_Z]�ML_GIg[cM`$H�^9�kZOGQLMKMgàKML�Nn`$\�KMZ]\hPe¡SE_Z�c>`rHv1�HhZ]¡SPRd�g/GQHI`$EM\hPRGQJ$PeHIg

cMLMH1ÛN$��g]\hGsÇb��KMPRHIgÛ�6L_g7^Æ��JSE�\hg7cM^e`$N]gtK>`$EM\�^�`£\IP0GQL>`bGQPeJ$E J���^eg�\fGIg]HIdfg]\�\hJSLMHhN]g
f
g�G
hKMZ]c'g�EMKMg]E�G�KML�GQg]dfcM\�gOGq\hJSE=G*K>`rEM\

L2(0,+∞;L2(Ω)) A ÿ E7cMHhJSL_ SguKM`$EM\*N�guN]`$\*�=L���Pe^�ï`äN�JSE= Sg�HI¡$g]EMN�g� Sg]Hh\9�]Z�HIJsKMg¨^e`�\IJS^RL_GQPRJSE7^eJ$HI\I�=LMg
t
GQg�EMK- Sg]HI\q^Æ��PeE_ÈMEMP!N]g¨�=LMP#Ù:`$P0G*^9�kJS�6Þhg�G

KML oÔAÕ ;6�?��4613+æ§©¨ª�?¨�?Ä
f
îOí
h
ì�Å��>íL��Á��_ì

L2(0,+∞;L2(Ω)) � �eîÊ�aÅ�
�Â´�eî (u(t, ·), p(t, ·)) �aÅ���M$îOÃ÷�6îj��
_Á��´� t→
+∞ M$îOÃQì

(0, 0)
Á�
Ûìnî$�_ìqì$
BÄ¦MbÁ��>í=�

u(t, ·)→ 0
��Á��_ì

W
��Á$Ä	���eî¨îOí

L2(Ω)
�nÅbÃOí �

p(t, ·)→ 0
��Á��_ì

H1
0 (Ω)

��Á$Ä	���eî¨îOí
L2(Ω)

�nÅbÃ�í
.

³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� ���JSd�dfg
u ∈ L∞(0,+∞;W )

g�G
p ∈ L∞(0,+∞;H1

0 (Ω))
Ö'PR^,gOxBPR\hGQgu`$L7d�J$PeEM\[LMEMgu\hLMPRGIg

(tn)n∈N
KMg�HIZ�g]^e\�\hLMc'Z]HhPeg]L_HI\UÇæCSÖ

tn → +∞ Ö�gOGUL_EßN]J$LMcM^Rg
(w, π)

KMg
W × H1

0 (Ω)
GQg�^e\

�6L_g o
u(tn, ·)→ w

K>`$E_\
W

Ù:`$Pe�M^Rg¹è&g�G}KMJ$EMN
L2(Ω)

Ù&JSHhGaéOÖ
p(tn, ·)→ π

K>`$E_\
H1
0 (Ω)

Ù:`$PR�M^eg�è:g�G[KMJSEMN
L2(Ω)

Ù&J$HhG�é
.

è9�BAXjSé
� g]^RJSEä^Rg]\�PRKMZ]g�\àKMg¨×å�=@bØ9ÖB\IJ$PRG

(Un, Pn)n∈N∗

^e`V\ILMP0GQg*K_g*Ù&JSEMNOGQPRJSEM\�KMZ�ÈMEMPeg�\à\ILMH
]− 1, 1[×Ωc>`$H o ∀n ∈ N Ö>c'JSLMH�cMHIg�\I�=LMgUGIJSL_G (s, x) ∈]− 1, 1[×Ω

Un(s, x) = u(tn + s, x), Pn(t, x) = p(tn + s, x).
èÆ�BA��=é

• á �kL_EMgqc>`$HzGnÖ (Un)n∈N
gOG
(Pn)n∈N

N�JSE= Sg�HI¡Sg�E=Gà $g]HI\
0
KM`$EM\

L2(]− 1, 1[;H1
0 (Ω))

ABw·E
g���g�GnÖ ∀n ∈ N Ö

∫ 1

−1

∫

Ω

U2n(s, x)dxds =

∫ 1

−1

∫

Ω

u2(tn + s, x)dxds =

∫ tn+1

tn−1

∫

Ω

u2(τ, x)dxdτ.

ÿ H
u ∈ L2(0,+∞;L2(Ω)) gOG lim

n→+∞
tn = +∞

KMJ$EMN o

lim
n→+∞

∫ tn+1

tn−1

∫

Ω

u2(τ, x)dxdτ = 0
èÆ�6A �Sé

\IJSP0G
(Un)n∈N → 0

K>`rEM\
L2(]− 1, 1[;L2(Ω)) Aá gmdfã]dfg$Ö

(∂xUn)n∈N → 0
K>`rEM\

L2(]− 1, 1[;L2(Ω)) c_LMPe\h�6L_g ∂xu ∈ L2(0,+∞;L2(Ω))g�GnÖ>c>`$H[^Rg]\[dfã]dfg]\}`rHI¡SLMdfg]E�GQ\�Ö>JSEtJS�_GIPeg]E�G}�=LMg
(Pn)n∈N → 0

K>`$E_\
L2(]− 1, 1[;H1

0 (Ω))cMLMPe\h�=LMg
p ∈ L2(0,+∞;H1

0 (Ω))
A
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• á �X`$LBGQHIg�c>`rHhGnÖ (Un)n∈N
è&HIg]\hc'g]NOGQPR $g]dfg]E=G

(Pn)n∈N
é�N]J$E= Sg�HI¡Sg� Sg�HI\

w
è:HIg�\Ic'g�N�GQP0 SgO�

d�g�E=G
π
é·KM`$EM\

L∞(]− 1, 1[;H1
0 (Ω))

Ù:`$PR�M^egQ�fè:Hhg]\Ic'g�N�GIPR Sg�d�g�E=GàK>`$E_\
L∞(]− 1, 1[;L2(Ω))Ù:`$Pe�M^Rgj�ré�A>w½E�g���gOGnÖ ∀n ∈ N Ö

∫

Ω

(Un(s, x)− u(tn, x))
2dx =

∫

Ω

(u(tn + s, x)− u(tn, x))
2dx.

��JSd�dfg
∂tu ∈ L2(0,+∞;L2(Ω))

ÖMPe^� BPRg]E�G o
∫

Ω

(Un(s, x)− u(tn, x))
2dx =

∫

Ω

(∫ tn+s

tn

∂tu(τ, x)dτ

)2
dx

≤
∫

Ω

|s|
∫ tn+1

tn−1

|∂tu(τ, x)|2dτdx

≤
∫ tn+1

tn−1

∫

Ω

|∂tu(τ, x)|2dτdx.

DFN]P�g�EMN�JSHIgrÖyJ$EêLBGQPe^RPR\Ig¹^eg¹Ù:`$PRGU�=LMg
lim

n→+∞
tn = +∞ gOG

∂tu ∈ L2(0,+∞;L2(Ω)) A ÿ Eç``$^eJSHh\ o
lim

n→+∞
sup

s∈]−1,1[

||Un(s, ·)− u(tn, ·)||L2(Ω) = 0.

ÿ EUc'g�L_G#HIg�cMHIg�EMKMHhg�^Rg·dfã]dfg½HQ`$PR\IJSE_EMg]dfg]E�G!c'JSL_H
(∂xUn)n∈N

g�G
(Pn)n∈N

N]`$H,^eg�\�Ù&JSEMNOGQPeJ$EM\
∂t∂xu

gOG
∂tp

\hJSE=G·KM`$EM\
L2(0,+∞;L2(Ω)) A ÿ E¹J$�_GQPRg]E=G½K_JSEMN��=LMg (Un(s, ·)−u(tn, ·))n∈Ng�G

(Pn(s, ·) − p(tn, ·))n∈N
N�JSE� Sg]HI¡$g]E=GmHhg]\Ic'g�N�GIPR Sg�d�g�E=G� Sg]Hh\

0
K>`rEM\

C0([−1, 1];H1
0 (Ω))g�G

C0([−1, 1];L2(Ω)) A�DF^yHIZ�\ILM^0GQg¹`$^RJSHI\*KMgtè9�BAkj�é��=LMg�^�`~\ILMP0GQg (Un)n∈N
è&HIg�\Ic'g]NOGQP0 Sg]dfg]E�G

(Pn)n∈N)
N�JSE� Sg]HI¡$g* Sg]Hh\

w
è:HIg�\Ic'g�N�GQP0 Sg]dfg]E�G

π
é·K>`$EM\

L∞(]− 1, 1[;H1
0 (Ω))

Ù:`$PR�M^Rg9�fè&HIg]\µ�
c'g]N�GIPR Sg�d�g�E=G

L∞(]− 1, 1[;L2(Ω)) Ù:`$PR�M^Rgj�ré�A
• l,`¹N]JSdfc>`$HI`$Pe\hJSEÛKMg�\}KMg]LBxtZOGQLMKMg�\�KMgUN�JSE= $g]HI¡$g]EMN�gVÙ:`$P0GQg]\�\IL_H (Un)n∈N

g�G
(Pn)n∈NcMHIJSLB Sgà�=LMg�^eg�\#Z]^RZ]dfg]E�GQ\

w
gOG
π
KMg�è9�BAkj�é,\hJSE=GyE6LM^R\#N]g��=LMP_`$NaºMpO Sgà^�`}cMHhg]L_ SgàK_LuGQºMZ�JSHhp]dfg

�BAk�_A
¥

r}ÛÎÝ'Û÷Ü ab�c�$���=��â�ã>� ã#äNâg~�	}��à>ä��4äµà]ã#ä��¸û
B'à`� ã áOã>� à��â��;�'äQáOàÅâ��'à|�*ã
• Ý! r`$E�G[K��k`$�'JSHhKMg]Hà^�`u\IP0GQL>`rGIPeJSE~J��s^eg]\�GIg]HIdfg]\à\IJSLMHhN]g f g�G h N]JSE�GQPeg�EMEMg�E=G[LMEsGIg]Hhd�g\hGa`bGQPeJ$EME>`$PRHIgm�6L_g]^RN]JSEM�=LMgrÖ�EMJSL_\*EMJSLM\*cM^e`$Ú]J$EM\�\IJSL_\q^9�kº�ï6c'J$GQºMp�\Ig

f = f1 + f2
`n Sg]N

f1 ∈
L2(0,+∞;L2(Ω)) Ö f2(t, x) = f2(x)

J��
f2 ∈ L2(Ω)

g�G
h ∈ L2(0,+∞;L2(Ω)) A ÿ Ed�JSE�GQHhgm`$^eJ$HI\à^eg o¶ +61ê13+-§©¨R§©¨�!îQ�aÅ�
�Â´�eî

(u, p)
�aÅ���M$îOÃ÷�6îv��
MÁ��´�

t→ +∞ M$îOÃaì}�eîQ�aÅ�
�Â´�eî
(w, 0)

��Á��_ì
W×H1

0 (Ω)
��Á$Ä	���eî



CSC�v ðyñ?ò]ó�ôÆõ9ö�÷z&=ù�ð/ûInVó�û�ö]õµ÷�ns÷aú'õ·ò«�|{*nVó�õFû6õ9ôOVMý=÷m÷Qú3õµ÷�nuóa�vp:û�ö5�}V_ý6÷
λ∗ > 0

ÃhîOí
L2(Ω)× L2(Ω)

�nÅbÃ�í Ç Å�� w îaìOíN�0� 
O�>Ä	��
?î�ì�Å��®
6í9ÄÆÅ�����Á��_ì
W

�6îD�0�ô�0��
_Á$í9ÄÆÅ���MbÁ$Ã�Ä:Á$í:ÄÆÅ���ê��î$�¦�eîj�
∀v ∈W, (λ+ 2µ)

∫

Ω

∂xw∂xvdx+ µ∗
∫

Ω

|∂xw|q−2∂xw∂xvdx =
∫

Ω

f2vdx.
èÆ�BAkv�é

³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �á `$EM\yN]g�Nn`r\]ÖrJSE¨c'g�HIK¨^�`}cMHhJScMHIPRZ�GIZ
u ∈ L2(0,+∞;W )

KMJSE�G�JSEuKMPe\hc'JS\Q`rPRGy`$L¨cM`$HQ`$¡$HQ`$c_ºMg
�BARC$A @[\hJSLM\y^e`}N�JSEMK_PRGQPRJSEUPeE_\hGa`bGQPeJ$EME>`$PRHhg

f ∈ L2(0,+∞;L2(Ω)) Abw½E¨Hhg� r`rEMN�º_g$Ör^�`�Ù&JSEMNOGQPeJ$E
p
`£^eg�\¹dfã]dfg]\¹c_HIJScMHhPeZOGQZ]\�Ö½^eg�\¹N]J$EMKMPRGIPeJ$EM\�\IL_H

h
ZOGa`$E�GfPeE_N�º>`rEM¡SZ�g]\]A ÿ E c'g�L_G�KMJ$EMN�Ç

EMJSL_ Sg]`$L�N]J$EMN]^RLMHIgm�=LMg o
p(t, ·)→ 0

KM`$EM\
H1
0 (Ω)

Ù:`$PR�M^eg*g�G
L2(Ω)

Ù&JSHhG[�=L>`$E_K
t→ +∞.

èÆ�BAX{Sé
#JSLMH

u
Ö'JSE-c'g]LBG�g�EMN]JSHhg�`«�fHIdfg]H�^Rg]\*c_HIJScMHhPeZOGQZ]\*\hLMPR b`$E=GIg]\ o ∃(tn)n∈N ⊂]1,+∞[

Ö
tn →

+∞ �=L>`$EMK
n → +∞ Ö ∃w ∈ W

GIg]^R\f�=LMg
u(tn, ·) → w

K>`rEM\
W

Ù:`$PR�M^egäg�G�^�`£\hLMPRGIg
(Un)n∈N

KMg�Ù&J$EMN�GIPeJSEM\�KMZOÈ>EMPRg]\}\hLMH
]− 1, 1[×Ω c>`$H o

∀n ∈ N, c'JSLMH[c_HIg]\h�=LMgUGQJ$L_G (s, x) ∈]− 1, 1[×Ω, Un(s, x) = u(tn + s, x)
èÆ�BAk��é

N]JSE� Sg]Hh¡Sgm Sg]Hh\
w
K>`$EM\

L∞(]− 1, 1[;H1
0 (Ω))

Ù:`$Pe�M^Rgj��A#JSLMH*N]`$HQ`$NOGQZ�HIPe\hg]H
w
Ö'JSE7 b`~d~`$PRE=GIg]E>`rE=G�Z�GILMKMPRg]H*^e`�N�JSE= Sg�HI¡Sg�EMN]g�K_g

(Un)n∈N
g]E-N]J$EM\IPª�

KMZ]HI`$E=G]Ö�c'JSL_H
n
È_xBZ$Ö�^�`~cMHhg]dfPep]Hhg¨Z�¡�`$^eP0GQZVKMgtè9@BAX�Sé*Çä^Æ��PeE_\hGa`$E�G

t = tn + s
Ö
s ∈] − 1, 1[ Aÿ E7d¨LM^0GQPRcM^RP0gmN]gOGIGQguZ�¡�`$^eP0GQZmc>`rH

ξ(s)
J��

ξ ∈ D(] − 1, 1[) g�G*JSE7^Æ��PeE�GQp]¡$HIgUcM`$H�HQ`$c_c'JSHhGqÇ
s
KMg −1 Ç 1 AMDF^� 6Peg]E�GnÖMg]Etg���g]NOGQL>`$E�G�KMg�\}PeE�GQZ]¡$HQ`rGIPeJ$EM\àc>`$H�c>`$HhGIPeg�\ o ∀v ∈ W Ö
∫ 1

−1

∫

Ω

ρUn(s, x)v(x)ξ”(s)dxds− λ∗
∫ 1

−1

∫

Ω

∂xUn(s, x)∂xv(x)ξ
′(s)dxds

+(λ+ 2µ)

∫ 1

−1

∫

Ω

∂xUn(s, x)∂xv(x)ξ(s)dxds

−α
∫ 1

−1

∫

Ω

p(tn + s, x)∂xv(x)ξ(s)dxds

+µ∗
∫ 1

−1

∫

Ω

|∂xUn(s, x)|q−2∂xUn(s, x)∂xv(x)ξ(s)dxds

=

∫ 1

−1

∫

Ω

f(tn + s, x)v(x)ξ(s)dxds.

è9�BAX�Sé

ÿ EU\Q`$P0G!�=LMg
Un → w

K>`rEM\
L∞(]−1, 1[;H1

0 (Ω))
Ù:`$Pe�_^egN�=A á g/cM^eLM\�Ö�PR^SHIZ]\hLM^RGIg/KMLUGIºMZ]JSHhp]dfg

�BARC*�=LMg
u ∈ L∞(0,+∞;W )

A á �k`$cMHIp�\à^�`UKMZOÈ>EMPRGIPeJSE�KMg
(Un)n∈N

KMJ$EMEMZ]g*c>`$HqèÆ�BAk��éOÖ=N]gOGIGQg
\ILMP0GQgäg]\zGfK_JSEMNäGIg]^e^Rg~�=LMg

(|∂xUn|q−2∂xUn)n∈N
g]\zGf�'J$HIEMZ�gÛKM`$EM\

L∞(] − 1, 1[;Lq∗(Ω))
A



&=ùRø$ùt®�÷µnsû6ü*o�p:÷[ú�û�ú�peôRúaqOòbôRöO÷ CSC�{

á �kJ��ê^Æ��gOxBPR\hGQg�EMN�g~K��kL_EMg~EMJSLB Sg]^e^Rgf\IJSLM\µ�F\hLMPRGIg~gOG¨K_g
χ ∈ L∞(] − 1, 1[;Lq∗(Ω))

GIg]^e\U�=LMg
|∂xUn|q−2∂xUn → χ

K>`$EM\
L∞(]− 1, 1[;Lq∗(Ω))

Ù:`rPe�M^Rgj�=A
ÿ E cM`$\I\IgtÇæ^e`-^ePRdfPªGQg~g�E

n
K>`$EM\tèÆ�BAk��éOA ÿ E L_GIPe^eP0\Igä�=LMg

w
EMgsKMZ�c�g�EMK��=LMgÛKMg

x
Öy�6L_g

ξ ∈ D(] − 1, 1[) Ö��=LMg p(tn + ·, ·) → 0
K>`$EM\

L2(] − 1, 1[×Ω) Ù&J$HhG*¡SH0;$N]g¨Ç-èÆ�BAX{Sé�A�w·EBÈ>E�ÖJSE£JS�M\hg]Hh Sg¹�=LMg
f(tn + ·, ·)

N]JSE� Sg]Hh¡Sg� Sg]HI\
f2
KM`$EM\

L2(] − 1, 1[×Ω) Ù&J$HhG�K��k`$cMHhp]\�èÆ�6A �SéNn`$H
f − f2 = f1 ∈ L2(0,+∞;L2(Ω))

A ÿ EÛg]E�K_Z]KML_PRG o ∀v ∈W Ö ∀ξ ∈ D(]− 1, 1[) Ö

(λ+ 2µ)

∫

Ω

∂xw∂xvdx

∫ 1

−1

ξ(s)ds+ µ∗
∫ 1

−1

∫

Ω

χ(s, x)∂xv(x)ξ(s)dxds

=

∫

Ω

f2(x)v(x)dx

∫ 1

−1

ξ(s)ds.

èÆ�BA0C�¸�é

DF^�HIg�\hGQgUÇ¹cMHhJSL_ Sg�H}�=LMg o ∀v ∈ W Ö ∃ξ ∈ D(]− 1, 1[) Ö
∫ 1

−1

ξ(s)ds = 1
ÖMGIg]^��=LMg

∫ 1

−1

∫

Ω

χ(s, x)∂xv(x)ξ(s)dxds =

(∫

Ω

|∂xw|q−2∂xw∂xvdx
)∫ 1

−1

ξ(s)ds.

#JSLMHäN]g�^�`_Ö�JSE2L_GIPe^RPR\Ig�KMgæE_JSL_ Sgn`rLi^e`3dfZ�GIºMJ6KMg-KMg-d�J$EMJ$GQJ$EMPegrA � JSPRg]E=G
z ∈ W

Ö
ξ ∈

D(]− 1, 1[) Ö ξ ≥ 0 g�G}^e`�\hLMPRGIg (ηn(z))n∈N
KMZOÈ>EMPegmc>`rH o

ηn(z) = µ∗
∫ 1

−1

∫

Ω

[
|∂xz|q−2∂xz − |∂xUn(s)|q−2∂xUn(s)

]
[∂xz − ∂xUn(s)]ξ(s)dxds.



CSC�� ðyñ?ò]ó�ôÆõ9ö�÷z&=ù�ð/ûInVó�û�ö]õµ÷�ns÷aú'õ·ò«�|{*nVó�õFû6õ9ôOVMý=÷m÷Qú3õµ÷�nuóa�vp:û�ö5�}V_ý6÷
λ∗ > 0

ÿ EÛHIg]d�`$Hh�6L_gm�=LMg ∀n ∈ N Ö ηn(z) ≥ 0 gOG}K��X`rcMHIp�\uèÆ�BAk��é�ÖMPe^� 6Peg]E�G o

ηn(z) = µ∗
∫ 1

−1

∫

Ω

|∂xz|q−2∂xz[∂xz − ∂xUn(s)]ξ(s)dxds

− µ∗
∫ 1

−1

∫

Ω

|∂xUn(s)|q−2∂xUn(s)∂xzξ(s)dxds

+

∫ 1

−1

∫

Ω

f2(x)Un(s, x)ξ(s)dxds

+ α

∫ 1

−1

∫

Ω

p(tn + s, x)∂xUn(s, x)dxds

− (λ+ 2µ)
∫ 1

−1

∫

Ω

|∂xUn(s, x)|2ξ(s)dxds

+ λ∗
∫ 1

−1

∫

Ω

|∂xUn(s, x)|2ξ′(s)dxds

+

∫ 1

−1

∫

Ω

f1(tn + s, x)Un(s, x)ξ(s)dxds

−
∫ 1

−1

∫

Ω

ρU2n(s, x)ξ”(s)dxds.

èÆ�BA0CSC�é

ÿ H�ÖMg]EtL_GQPR^ePR\I`$E=G�^9�kZ�¡�`$^RP0GIZ o
∫ 1

−1

∫

Ω

|∂t∂xUn|2(s, x)dxds =
∫ 1

−1

∫

Ω

|∂t∂xu(tn + s, x)|2dxds

=

∫ tn+1

tn−1

∫

Ω

|∂t∂xu|2(τ, x)dxdτ

Pe^� BPRg]E�G
∂t∂xUn → 0

K>`$E_\
L2(]− 1, 1[;L2(Ω)) Ù&JSHhG]Aá �kJ���g�E�Z�N]HIP0 r`$E�G}^eg�\[Hhg]^e`rGQPRJSEM\ o

∣∣∣∣
∫ 1

−1

∫

Ω

|∂xUn(s, x)|2ξ′(s)dxds
∣∣∣∣ =

∣∣∣∣
∫ 1

−1

∫

Ω

2∂xUn∂t∂xUnξ(s)dxds

∣∣∣∣
≤ 2||∂xUn||L2(]−1,1[;L2(Ω))||∂t∂xUn||L2(]−1,1[;L2(Ω))

||ξ||L∞(]−1,1[)

JSEtJS�_GIPeg�E=G o
lim

n→+∞

∫ 1

−1

∫

Ω

|∂xUn(s, x)|2ξ′(s)dxds = 0
è9�BA0C�@Sé
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Nn`$H
(∂xUn)n∈N

g�\hG[�'JSHIE_Z]g�K>`$EM\
L2(]− 1, 1[;L2(Ω)) c_LMPe\h�6L_g ∂xu ∈ L∞(0,+∞;L2(Ω))K��X`rcMHIp�\}^egqGIºMZ]J$HIp]dfgV�BA0CSAy`$H,`$PR^e^0g]LMHh\]ÖOGQJSLbÞhJ$LMHI\�K��X`rcMHIp�\,^egyGQºMZ�JSHhp]dfg/�BARC$Ö

(Un)n∈N
g]\zG!�'JSHhEMZ]g½K>`$EM\

H1(]−1, 1[×Ω)KMJSEMNmg]^e^Rgm`$K_d�gOG}LMEMgU\hLMPRGIgmgOx6GQHI`$PRGIgmN]J$E= Sg�HI¡Sg]`$E=G}Ù&JSHzGQg]dfg]E�G}KM`$EM\
L2(]− 1, 1[×Ω)  Sg]HI\^Æ��Z]^eZ�dfg]E=G

w
A

Ý*^eJ$HI\ o

lim
n→+∞

∫ 1

−1

∫

Ω

ρU2n(s, x)ξ”(s)dxds =

∫

Ω

ρw2(x)dx

∫ 1

−1

ξ”(s)ds = 0
è9�BA0C�j�é

g�G
lim

n→+∞

∫ 1

−1

∫

Ω

f1(tn + s, x)Un(s, x)ξ(s)dxds = 0
èÆ�6ARCn��é

Nn`$H
f1(tn + ·, ·)→ 0

K>`$E_\
L2(]− 1, 1[×Ω) Ù&JSHzGnAw·EBÈ>E

lim
n→+∞

∫ 1

−1

∫

Ω

p(tn + s, x)∂xUn(s, x)ξ(s)dxds = 0
èÆ�6ARC��$é

Nn`$H
∂xUn → ∂xw

K>`$EM\
L2(]− 1, 1[×Ω) Ù:`$PR�M^eg*g�G p(tn + ·, ·)→ 0

K>`$EM\
L2(]− 1, 1[×Ω)Ù&JSHhG]A

DF^�KMZ]N�JSLM^RgUK_g~èÆ�6ARC$C�éOÖM¡SH0;$N]gUÇtèÆ�BA0C�@Sé�Ö,èÆ�BA0C�j�é�Ö,èÆ�6ARCn��éOÖ,è9�BARC��SéOÖ>Ç�^�`�N�JSE= $g]HI¡$g]EMN�gVÙ:`rPe�M^RgqKMg
(∂xUn)n∈N

K>`$E_\
L2(]− 1, 1[×Ω) g�G�`$LsÙ:`$PRG��=LMg ξ ≥ 0 Ö>^e`�cMHhJScMHhPeZ�GIZ o

lim ηn(z) ≤ µ∗
∫ 1

−1

∫

Ω

|∂xz|q−2∂xz[∂xz − ∂xw]ξ(s)dxds

− µ∗
∫ 1

−1

∫

Ω

χ(s, x)∂xzξ(s)dxds

+

∫

Ω

f2(x)w(s, x)dx

∫ 1

−1

ξ(s)ds− (λ+ 2µ)
∫

Ω

|∂xw|2dx
∫ 1

−1

ξ(s)ds.

6yPeE>`r^eg�dfg]E�GnÖ_g�E�LBGQPe^RPR\Q`rE=GUè9�BARCn¸�éà`n Sg]N
v = w

ÖMJSE�` o

lim ηn(z) ≤ µ∗
∫ 1

−1

∫

Ω

[
|∂xz|q−2∂xz − χ(s, x)

]
[∂xz − ∂xw]ξ(s)dxds.

á JSEMNrÖ?N�JSd�dfgqc'JSLMH�GIJSL_G
z ∈ W Ö

ηn(z) ≥ 0
ÖMJSE�` o ∀z ∈W, ∀ξ ∈ D(]− 1, 1[), ξ ≥ 0 Ö

∫ 1

−1

∫

Ω

[
|∂xz|q−2∂xz − χ(s, x)

]
[∂xz − ∂xw]ξ(s)dxds ≥ 0.
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λ∗ > 0

� JSPRG
v ∈ W AMw·EÛNaºMJ$Pe\IPR\I\I`$E=G

z = w+ γv
Ö_cMLMPR\�g�EsÙ:`$Pe\I`$E=G�GIg]EMK_HIg

γ
 Sg]Hh\

0+
Ö_JSEsJS�_GQPRg]E�G

È>E>`$^Rg]dfg]E�GnÖMKMgm^e`�dfã]dfgqÙ:`$Ú�JSEt�=L��k`$L�cM`$HQ`$¡$HQ`$cMº_gV@BA��MA0Cm�6L_g o
∀z ∈ W, ∀ξ ∈ D(]− 1, 1[), ξ ≥ 0 Ö

∫ 1

−1

∫

Ω

[
|∂xz|q−2∂xz − χ(s, x)

]
[∂xz − ∂xw]ξ(s)dxds = 0

�6L_P*cMHIJ$L_ Sg-g]E2Hhg� Sg�E>`$E=GÛÇ2èÆ�6ARC�¸Séf�=LMg
w
g]\zGs\IJS^RL_GQPRJSE�K_g èÆ�6AXv�é�A á g-c_^eLM\�Ö�KMg-c>`rH~^�`

d�JSE_J$GQJSE_Peg�K_g�^9�X`rcMcM^ePRN]`rGQP0JSE
τ → |τ |q−2τ Ö�èÆ�6AXv�é�`ÛLMEMgf\Ig]L_^egf\IJ$^eL_GIPeJSE£N]gf�=LMP·g]E=GIHQ`rëeEMg�6L_g

u(t, ·)→ w
K>`$E_\

W
Ù:`rPe�M^Rg¹è&g�G}KMJ$EMNmK>`$EM\

L2(Ω)
Ù&JSHhGaéOA

¥

• � JSLM\[\IJSdfdfg]\�d~`rPeE�GQg]EM`$E=G�g�E�dfg]\hLMHIgmKMg�GQHI`$PRGIg]Hà^eg�N]`$\[¡SZ]EMZ�HQ`$^9A ÿ Etd�J$E=GQHhg�^eg oÔAÕ ;6�?��4613+æ§©¨RÊ©¨�?Ä
f
îOí
h
ì�Å��>íàíFî$�¦�eîaìÊ��
>î

f = f1 + f2
Á�M$î��

f1 ∈ L2(0,+∞;L2(Ω)) � f2(t, x) ≡ f2(x) �
f2 ∈ L2(Ω)

îOí
h = h1 + h2 � h1 ∈ L2(0,+∞;L2(Ω)) � h2(t, x) ≡ h2(x) � h2 ∈ L2(Ω) � �eî�aÅ�
�Â´�eî

(u, p)
M��OÃOÄ ��îJ�eÅbÃaì���
>î

t→ +∞ �
u(t, ·)→ w

��Á��_ì
W

��Á$Ä	���eîuîOí
L2(Ω)

�nÅbÃ�í �
p(t, ·)→ π

��Á��_ì
H1
0 (Ω)

��Á$Ä	���eîuîOí
L2(Ω)

�nÅbÃ�í �
Å��
π
îaìOí@�0� 
O�>Ä	��
?î�ì�Å��®
Bí:ÄÆÅ�����Á��_ì

H1
0 (Ω)

�6î −k∆π = h2
îOí
w
îaìOí?�0� 
��>Ä	��
>îàì�Å��®
6í9ÄÆÅ��x��Á��_ì

W
�6îJ�0�ô�0��
MÁ$í:ÄÆÅ��¯MbÁ$Ã�Ä:Á$í9ÄÆÅ�����î$�¦�eîD�

∀v ∈W, (λ+ 2µ)
∫

Ω

∂xw∂xvdx+ µ∗
∫

Ω

|∂xw|q−2∂xw∂xvdx =
∫

Ω

χvdx

Å��
χ ∈ L2(Ω) îaìOíL�O���'�>Ä'Â_Á$Ã χ = f2 − α∂xπ �

³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �� JSPRG
p̂(t, x)

KMZ�È>E_P,\IL_H
]0,+∞[×Ω c>`$H o c'JSL_H[cMHIg�\I�=LMgUGIJSL_G (t, x) ∈]0,+∞[×Ω

p̂(t, x) = p(t, x)− π(x).

ÿ E£ SZ�HIP0È>gf\I`$EM\UKMP��fN]LM^0GQZ��=LMgf\IP
(u, p)

g�\hGV\IJ$^eL_GIPeJSEæKMg�èÆ@BAk��éq`� Sg�Nfc'JSLMH�GIg]HIdfg¹\hJSLMHIN�g
(f, h)

Ö
(u, p̂)

g]\zG�`rLM\I\hP�\hJS^eLBGQPeJ$EêKMgßèÆ@6AX��éV`� Sg�NÛc'JSL_H¨GIg]HIdfgä\IJSL_HIN]g
(f − α∇π, h1)

Öy^�`
N]JSEMK_PRGQPRJSE�PeE_PRGQPe`r^Rgm\ILMH

p̂
ZOGa`$E�G

p0 − π
A ÿ E-c'g]L_GqKMJSE_N�`rcMcM^ePR�=LMg]H�^RgV^eg]dfdfgu�BAX�~Ç

(u, p̂)g�G}JSEÛJS�_GQPRg]E�G[^egqGIºMZ]JSHhp]dfgV�BAkv_A
¥



&=ù�lBùt®�÷µnsû6ü*o�p:÷vpeôeú´qOòrôRö�÷ C�@6C

(]\0[ Ïº�þ~ dfexÑ}w$�þw$i�`xsvzDi�c��
á `$E_\VN]gOGIGIg�c>`$HzGQPRg$Ö�J$E�\]��PeE�GQZ]Hhg]\h\Igä`rL�N]J$d�c'J$HhGQg�d�g�E=GV`r\hï6d�cBGQJ$GIPe�=LMg¹KML3dfJ6KMp�^eg�^ePª�

EMZn`$PRHIgUZOGQLMKMPRZu`$L�N�ºM`$cMP0GQHIgU�MA ÿ E7HI`$cMc'g]^R^egm�=LMguK>`rEM\�N]gVNn`$\
n ∈ N∗ gOG*JSE7\hLMcMc'JS\hg¨�=LMg^�`uÙ&JSEMN�GIPeJSE

ρ
g�\hG[GQg]^R^egq�=LMg

ρ ≥ 0 A

r}Û�ÚLÛ5Ý Þxâ���Qã��µã#á ã#áÌâ�às�f�kâ�às�'äµáMtvu=wLx)y;wLx4á�:�
]0,+∞[×Ω

ÔAÕ ;6�?��4613+æ§©¨�¦a¨��Å�
=ìJ�eîaì��aÅ��´�$Ä¤í:ÄÆÅ��_ì
h ∈ L2(0,+∞;L2(Ω)) îOí f = f1 + f2

Á�M$îy�D�
ç ê ∃g ∈ L2(0,+∞;L2(Ω)) íµî$�?��
?î � Â>Å«
6ÃàÂ'ÃQîaì���
?îmíFÅ�
6í t ∈]0,+∞[ � ∀v ∈ V �

∫

Ω

f1(t) · vdx = −
∫

Ω

g(t)divvdx,

Ä�ê
f2(t,x) ≡ f2(x)

Á�M$î��
f2 ∈ L2(Ω) ��eî��aÅ�
�Â´�eî

(u, p)
ì�Å��®
6í9ÄÆÅ��P�6î]ÃQP �¦ó$Ç ÃhÅ�
ºÃQP �§ðÌó$Ç �eÅbÃQì���
?î ρ = 0 Ç M��OÃ�Ä �àîj�

u ∈ L∞(0,+∞,V),
√
ρ∂tu ∈ L∞(0,+∞;L2(Ω)), ∂tdivu ∈ L2(0,+∞;L2(Ω)),

p ∈ L∞(0,+∞;V ) ∩ L2(0,+∞, V ), ∂tp ∈ L2(0,+∞;L2(Ω)).

³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �ÿ ETHhg� 6Peg�E=G7Ç ^Æ��Z�GILMKMgßKMg�^e` \IL_PRGQg�`rcMcMHIJ6NaºMZ�g
(um, pm)m∈N∗

Ù:`$P0GQgß`rLT^eg]dfdfgæ�MARCßg]E
L_GQPR^ePR\I`$E=G¨�=L���PeN�P

ρ ≥ 0
g�G
λ∗ > 0

è:Çæ^Æ��PeE� Sg]HI\hgsKMgÛ^e`-\IP0GQL>`rGIPeJ$EçNaºMJSPR\IPRgÛ`rL ^Rg]dfd�g~�_ARC
J��

ρ > 0
g�G
λ∗ ≥ 0

éOA ÿ E£d�J6KMP0È>g¨KMJ$EMN¹^eguGQHI`$PRGIg]dfg]E�G�KMg�\Ud�`�ÞhJSHQ`rGIPRJSE_\qKMg�\£1�\hg]N�JSEMKM\
d�g�d¨�MHIg�\1qg]EtHIg]c_HIg]EM`$E=G}^eg]\�PeK_Z]g]\[KMgm^e`�cMHhg]L_ SgUKMLÛGQºMZ�JSHhp]dfgV�BA0CSA
• ÝÉc>`$HzGQPRHmK_g�^9�kZ�¡�`$^RP0GQZÛè:�MA0C�¸�é�Ö�^�`sd�J6K_PRÈ>N]`rGQPRJ$EßÇ�`$c_c'JSHhGIg]HU\hLMHU^�`Ûd�`�ÞhJSHQ`bGQPRJ$E£KMg � Ü
è:N�ÙµA�EMJ$GQ`rGQPRJSE£KMgf^�`scMHhg]L_ Sg�KML�^Rg]dfd�g¨�MA0CSÖ�Naº>`$cMP0GQHIg¹�MÖ�c>`rHQ`$¡$HQ`$cMº_gf�MAX@BA0C�éqg�\hGVK>`$EM\U^Rg
GQHQ`rPRGQg�d�g�E=GuK_gs^9�kPRE=GIZ]¡SHI`$^Rg ∫ s

0

∫

Ω

(f · ∂tum + hpm)dxdt
A�#JSLMHuN]g�^�`_Ö#JSEêL_GQPR^ePR\hg�N]JSdfdfg

c'JSLMH[^RgqGQºMZ�JSHIp�d�gU�BARCm^eg�\[PREMZ]¡S`$^eP0GIZ]\àKMgV�à`$L_N�º�ï=� � NaºÌHà`$H5�Vg�Gµ#J$PeEMN]`$HIZrA ÿ E�` o
∫ s

0

∫

Ω

hpmdxdt ≤
κ2

2k̂

∫ +∞

0

∫

Ω

hdxdt+
k̂

2

∫ s

0

∫

Ω

|∇pm|2dxdt.

á g/cM^eL_\]Ö�N�JSdfd�g½PR^SgOxBPR\hGQg
g ∈ L2(0,+∞;L2(Ω)) GQg]^��=LMgrÖ�c'JSLMH,cMHhg]\I�=LMg/GIJSL_G t ∈]0,+∞[ Ö



C�@S@ ðyñ?ò]ó�ôÆõ9ö�÷z&=ù�ð/ûInVó�û�ö]õµ÷�ns÷aú'õ·ò«�|{*nVó�õFû6õ9ôOVMý=÷m÷Qú3õµ÷�nuóa�vp:û�ö5�}V_ý6÷
λ∗ > 0

∀v ∈ V
Ö ∫

Ω

f1(t) · vdx = −
∫

Ω

g(t)divvdx
ÖMPe^� BPRg]E�G o

∫ s

0

∫

Ω

f1(t) · ∂tumdxdt = −
∫ s

0

∫

Ω

g(t)∂tdivumdxdt

≤ 1

2λ̂

∫ +∞

0

∫

Ω

|g|2dxdt+ λ̂

2

∫ s

0

∫

Ω

|∂tdivum|2dxdt.

w·EBÈ>E�Ö'N]JSdfd�g
f2(t,x) = f2(x)

`n Sg]N
f2 ∈ L2(Ω)

Ö?JSE7c'g�L_G*Z]N]HhPeHhg$Ö?N]JSdfdfgV`$L�KMg]L6x_PRp]dfg
c'JSPeE�G[KMgm^�`¨cMHhg]L_ SgUKMLÛGQºMZ�JSHIp�d�gU�BA0CSÖM�6L_g o
∫ s

0

∫

Ω

f2 · ∂tumdxdt =

∫

Ω

f2(x) · um(s,x)dx−
∫

Ω

f2(x) · u0m(x)dx

≤ µ̂

2

∫

Ω

|∇um|2(s)dx+
κ2

2µ̂

∫

Ω

|f2(x)|2dx+ ||f2||L2(Ω)||u0m||L2(Ω).

:mH0;$N]gmÇ¹N�g]\}HIg�^�`rGIPeJ$EM\]Ö_JSEÛKMZ]K_LMPRG[KMgU^e`�d�`�ÞhJSHQ`bGQPRJ$EsKMg � ÜÔ�=LMg o




^�`¨\ILMP0GQg
(um)m∈N∗

g]\hG}�'JSHhEMZ]gmK>`$EM\
L∞(0,+∞;V),^�`¨\ILMP0GQg

(∂tum)m∈N∗

g�\hG}�'JSHIEMZ�gUKM`$EM\
L∞(0,+∞;L2(Ω)),^�`¨\ILMP0GQg

(∂tdivum)m∈N∗

g]\zG��'JSHhEMZ]gmK>`$EM\
L2(0,+∞;L2(Ω)),^�`¨\ILMP0GQg

(pm)m∈N∗

g]\hG}�'JSHhEMZ]gmK>`$EM\
L∞(0,+∞;L2(Ω)) ∩ L2(0,+∞, V ).

èÆ�BA0C�v�é

• #JSLMH�`$dfZ]^RPeJ$HIg�H�^eg�\àcMHhJScMHIPRZ�GIZ]\à\ILMH p Ö_PR^�\hL¸�¹G[KMg�c_HIJ6N]Z�KMg]H�N�JSdfd�g*KM`$EM\�^e`ucMHhg]L_ Sg�KMLGQºMZ�JSHIp�d�gm�6ARCSÖBNr�kg�\hGz�µÇb��KMPeHhg*KMgqd�L_^RGQPRc_^RPRg�H�K>`rEM\Uè&�MAX{Sé/^eg�\àZ]�=L>`bGQPRJSEM\àg]E
pm

c'JSL_H
1 ≤ j ≤

m
ÖMc>`$H

p′jm(t)
ÖMKMgm^eg]\�PeE�GQZ�¡SHIg�H�KMg

0
Ç
s
Ö
s ∈]0,+∞[ g�G}K_gU^Rg]\[`bÞhJ$L_GQg�H]AMDF^� 6Peg�E=G�`rPeEM\hP o

∫ s

0

∫

Ω

c0(x)|∂tpm|2dxdt+
1

2

∫

Ω

k(x)|∇pm|2(s)dx+
B

2

∫

Γc
2

|pm|2(s)dσ =

=
1

2

∫

Ω

k(x)|∇p0m|2dx+
B

2

∫

Γc
2

|p0m|2(s)dσ + α

∫ s

0

∫

Ω

div∂tum∂tpmdxdt

+

∫ s

0

∫

Ω

h∂tpmdxdt.

DF^�g�EäHIZ�\ILM^0GQg$Ö6¡SH�;rN]g*ÇV^�`UcMHhJScMHIPRZ�GIZ�\ILMH�^�`U\ILMP0GQg
(∂tdivum)m∈N∗

KMJSEME_Z]g*c>`$HqèÆ�6ARC�vSé·gOG�`$L
Ù:`$PRG��=LMg

h ∈ L2(0,+∞;L2(Ω)) Ö>�=LMg o
{ ^e`�\IL_PRGQg

(pm)m∈N∗

g�\hG��'J$HIEMZ�gUK>`rEM\
L∞(0,+∞;V ),^e`�\IL_PRGQg

(∂tpm)m∈N∗

g]\zG��'JSHhEMZ]gmK>`$EM\
L2(0,+∞;L2(Ω))

èÆ�BA0C�{Sé

N]gm�6L_P,dfg�G�È>E�Ç�^�`¨KMZ]dfJSEM\zGQHQ`bGQPeJ$EÛKMLÛGIºMZ]JSHhp]dfgV�BAX{BA
¥
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ÔAÕ ;6�?��4613+æ§©¨�¾©¨��Å�
=ìA�eîaìf�aÅ��´�$Ä¤í:ÄÆÅ��_ì
ρ = 0 � h ∈ L2(0, T ;L2(Ω))

îOí ∃g ∈ L2(0,+∞;L2(Ω)) íFî$�¦�eîÊ��
>î �Â>Å«
6ÃàÂ'ÃQîaì���
>îUíFÅ�
6í
t ∈]0,+∞[ � ∀v ∈ V �

∫

Ω

f(t) · vdx = −
∫

Ω

g(t)divvdx � u M��OÃ�Ä �àîj�

u ∈ L2(0,+∞;V).
³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� ���JSd�dfgäK>`$E_\f^e`-cMHIg�d�PRp]Hhgsc>`rHhGQPRgsK_gÛ^�`-cMHhg]L_ SgtKMLçGQºMZ�JSHIp�d�gt�BA0CSÖ�JSE d¨LM^RGIPRcM^RP0gäKM`$EM\
è:�MAkj��Sé�^eg�\ÛZ��6LM`rGQPRJSEM\Ûg�E

um
c'JSLMH

1 ≤ j ≤ m
cM`$H

ujm(t)
A ÿ EiJ$�_GQPRg]E�GÛc'JSLMHäGQJSL_G

s ∈]0,+∞[ Ö

λ̂∗

2

∫

Ω

|divum|2(s)dx+ (λ̂+ µ̂)

∫ s

0

∫

Ω

|divum|2dxdt+ µ̂

∫ s

0

∫

Ω

|∇um|2dxdt

+

∫ s

0

∫

Γc
1

Aum · umdσdt = −
∫ s

0

∫

Ω

g(t)divumdxdt+ α

∫ s

0

∫

Ω

pmdivumdxdt

+
1

2

∫

Ω

λ∗(x)|divu0m|2dx.
ÿ EÛL_GQPR^ePR\hgm`r^eJSHh\�^e`�d�`bÞhJ$HQ`rGIPRJSE o
∣∣∣∣−
∫ s

0

∫

Ω

g(t)divumdxdt+ α

∫ s

0

∫

Ω

pmdivumdxdt

∣∣∣∣ ≤
λ̂+ µ̂

2

∫ s

0

∫

Ω

|divum|2dxdt

+
1

λ̂+ µ̂
||g||2L2(0,+∞;L2(Ω)) +

α2

λ̂+ µ̂

∫ s

0

∫

Ω

|pm|2dxdt

c'JSLMH[J$�_GQg�EMPeH�^Rg�HIZ]\hLM^RGQ`rGnA
¥

r}Û�ÚLÛÅÚ ab�c�$���=��â�ã>� ã#äNâg~�	}��à>ä��4äµà]á���Qág	�� å#�'ä��µà½â�à��'ä
ρ = 0¶ +61ê13+-§©¨�È©¨��Å�
=ì��eîaì��aÅ��´�$Ä¤í9ÄÆÅ��_ì%��
�í¦¡��aÅbÃ�Ö$�~î ó��§× � �eî��aÅ�
�Â´�eî (u(t, ·), p(t, ·)) M��OÃ�Ä �àî��eÅbÃaì���
>î t →

+∞ �
u(t, ·)→ 0

��Á��_ì
V
��Á$Ä	���eî¨îOí

L2(Ω)
�nÅbÃ�í �

p(t, ·)→ 0
��Á��_ì

V
��Á$Ä	���eî¨îOí

L2(Ω)
�nÅbÃ�í �³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �

• l�g]\VcMHIJ$cMHIPRZ�GQZ�\ p ∈ L∞(0,+∞;V ) Ö p ∈ L2(0,+∞;V ) gOG ∂tp ∈ L2(0,+∞;L2(Ω))c'g]HIdfg�GhGQg�E=G#KMg�cMHhJSL_ Sg�H#N]JSdfdfg·K>`$EM\!^�`[K_Z]dfJSEM\hGIHQ`rGIPeJSEmKMLVGIºMZ]J$HIp]dfg��BA����=LMg
p(t, ·)→ 0K>`$EM\

V
Ù:`$Pe�_^eg¹è&g�G}KMJ$EMNmK>`$EM\

L2(Ω)
Ù&JSHhG�é�A

• l,`ÛcMHhJScMHIPRZ�GIZ u ∈ L∞(0,+∞,V)
c'g]HIdfg�GmKMg¹N]JSEM\hPeKMZ�HIg�HULME_gf\IL_PRGQg

(tn)n∈N
GQg�EMK>`$E�G



C�@r� ðyñ?ò]ó�ôÆõ9ö�÷z&=ù�ð/ûInVó�û�ö]õµ÷�ns÷aú'õ·ò«�|{*nVó�õFû6õ9ôOVMý=÷m÷Qú3õµ÷�nuóa�vp:û�ö5�}V_ý6÷
λ∗ > 0

 Sg]HI\
+∞ g�G

w ∈ V
GQg�^e\��=LMg

u(tn, ·)→ w
K>`rEM\

V
Ù:`$PR�M^egrA

l!`qcMHIJ$cMHIPRZ�GQZ
u ∈ L2(0,+∞;V) c'g�HIdfg�G·KMg�d�J$E=GIHIg]H��=LMg[^e`q\IL_PRGQg (Un)n∈N

KMZ�ÈMEMPeg�KMg�^�`
d�ã�d�g�Ù:`$Ú�JSEf�=L���g]E-è9�BA��=éyN�JSE= Sg�HI¡Sg[ $g]HI\

0
K>`$EM\

L2(]−1, 1[;V) è:N�ÙµAScMHhg]L_ Sg}K_L¹GQºMZ�JSHIp�d�g�BAk��éOA
l!`àcMHhJScMHIPRZ�GIZ

∂tdivu ∈ L2(0,+∞;L2(Ω))
c'g�HIdfg�G,K_g·dfJSE�GQHIg�H��=LMg

(divUn)n∈N
N]J$E= Sg�HI¡Sg

 Sg]HI\
divw

K>`$E_\
L∞(]− 1, 1[;L2(Ω)) Ù:`rPe�M^Rgj�sè&N�ÙµAMcMHIg�L_ SgUKMLtGIºMZ]J$HIp]dfgV�6Ak�=é�Aÿ E8g�E2N]JSE_N]^eLBGä�6L_g

divw = 0
A ÿ H�Ö�K��k`$cMHhp]\ä^�`�c_HIJScMHhPeZOGQZ7�_AXv_Ö/N]J$d�dfg�c'JSLMH~Naº>`$�=LMg

n ∈ N Ö!è:�_AXj��$é�g]\zG} SZ�HIP0È>Z]gmc'JSLMH t = tn
Ö>JSEt` o

∀v ∈ H = {v ∈ V
GIg]^e\��=LMg

divv = 0}, ∀n ∈ N, < u(tn),v >V′,V=

∫

Ω

f(t)·vdx = 0.

á JSEMN�^RJSHI\I�=LMg
n → +∞ Ö�J$E£JS�BGQPeg�E=G ∀w ∈ H

Ö
< w,v >V′,V= 0

A,��J$d�dfg
w ∈ H

Ö�Pe^
 BPRg]E�G

w = 0
A�w·EæN�JSEM\IZ��=LMg]EMN]g$Ö��=L>`$E_K

t → +∞ Ö
u(t, ·) → 0

K>`rEM\
V
Ù:`rPe�M^RgVgOG

L2(Ω)Ù&JSHhG]A
¥ÿ E�c'g�L_G�KMZ]K_LMPeHhgUKML�^Rg]dfd�gm�BAk�¹^egmN�JSdfc'JSHhGIg]dfg]E�G�`$\zï6d�c_GIJ$GQPR�=LMgmKMg

(u, p)
^eJSHh\I�=LMg

h
c'g�L_G}\]�kZ�N]HhPeHhgUKMg�Ù:`$Ú�JSEtc_^eLM\�¡SZ]EMZ�HQ`r^eg o
h = h1 + h2, h1 ∈ L2(0,+∞;L2(Ω))

g�G
h2(t,x) ≡ h2(x), h2 ∈ L2(Ω).

èÆ�6ARC��Sé
g�G}^RJSHI\I�=LMg

f
 SZ�HIP0È>gm^Æ��º=ï6c'J$GQº_p]\IgmKMLÛGQºMZ�JSHIp�d�gV�6A {BA

ÔAÕ ;6�?��4613+æ§©¨:�ÌË?¨��Å�
=ìµ�0Á£�aÅ��´�$Ä¤í:ÄÆÅ��
ρ = 0 � �5� ¡�íaÂ>Åbí�¡�Öaì�îQ��
~í�¡��aÅbÃ�Ö$�~î ó��ÅÆ ì$
6Ã f

îOí��0Á£�aÅ��´�$Ä¤í:ÄÆÅ���Ã ó��¦ç�×�Ç ì$
BÃ
h � �eî��aÅ�
�Â´�eî (u, p) M��OÃ�Ä �àîJ�eÅbÃQì���
>î t→ +∞ �

u(t, ·)→ w
��Á��_ì

V
��Á$Ä	���eî¨îOí

L2(Ω)
�nÅbÃ�í �

p(t, ·)→ π
��Á��_ì

V
��Á$Ä	���eî¨îOí

L2(Ω)
�nÅrÃ�í

Å��
π
îaìOíB�0� 
��>Ä	��
>î�ì�Å��®
6í:ÄÆÅ�����
�Â'ÃaÅ����GÖ$�~îD�





π ∈ V
∀q ∈ V,

∫

Ω

k(x)∇π · ∇qdx+B

∫

Γc
2

πqdσ =

∫

Ω

h2qdx
èÆ�BA0C���é

îOí
w
îaìOíB�0� 
O�>Ä	��
?îqì�Å��®
Bí:ÄÆÅ��P�6îD�0�ô�0��
_Á$í9ÄÆÅ��¯MbÁ$Ã�Ä:Á$í:ÄÆÅ�����î$�¦�eîD�




w ∈ V

∀v ∈ V,

∫

Ω

(λ(x) + µ(x))divwdivvdx+

∫

Ω

µ(x)∇w ⊗∇vdx

+

∫

Γc
1

Aw · vdσ =< χ,v >V′,V

èÆ�BAX@$¸�é



&=ù�lBùt®�÷µnsû6ü*o�p:÷vpeôeú´qOòrôRö�÷ C�@$�

Å��
χ ∈ V′ îaìOí=�O���'�>Ä�Â_Á$ÃD� ∀v ∈ V �

< χ,v >V′,V=

∫

Ω

f2 · vdx+ α

∫

Ω

πdivvdx.

Ã÷�=��Â_Á$Ã�í9Ä��$
O� ÄÆîOÃ � ìOÄ h2 ≡ 0 � π = 0 îOí½ìOÄ (f2, h2) ≡ (0, 0) � (w, π) = (0, 0) � Ç

³ �$�~Å��_ìOí9ÃhÁ$í:ÄÆÅ�� �l·��gOxBPR\hGQg�EMN]g�gOG�^9�kLME_PeN�PRGQZàKMg
π
\hJS^eL_GIPeJSE�KMguèÆ�6ARCn��é�J$L�K_g

w
\hJS^eL_GIPeJSE�KMguèÆ�6A @r¸�é�g�\hG�`$\h\ILMHhZ]g

c>`$H�^eg�^eg�dfd�gqK_gVl,`bx=�µÜ�Pe^R¡SHQ`rdtA
ÿ EÛN]JSEM\hPeKMp�HIgm^eg�N�JSLMcM^Rg

(û, p̂)
KMZ�È>E_P,c'JSLMH�cMHIg�\I�=LMgUGIJSL_G

s ∈]0,+∞[×Ω c>`rH o
û(s,x) = u(s,x)−w(x)

gOG
p̂(s,x) = p(s,x)− π(x).

l,gàN�JSLMcM^Rg
(û, p̂)

g�\hG·\hJS^eL_GIPeJSEu\hLMH
]0,+∞[×Ω KML¹\zïB\zGQp�d�gUè:�MAkj��$é#J���^eg�N]J$LMcM^eg�KMgàGIg]Hhd�g�\\IJSLMHhN]g�\/g]\zG

(f1, h1)
g�G·^egàN�JSLMcM^Rg�KMg[N�JSEMKMP0GQPRJSEM\�PREMPRGIPe`$^0g]\�g�\hG

(u0−w, p0−π)
A�l�g�\½GQg]Hhd�g�\

\IJSLMHhN]g�\�g�G�^Rg]\#KMJSE_EMZ]g�\�PeEMP0GQPe`r^Rg�\, SZ]HIP0È>g�E=G�^Rg]\#º=ï6c'J$GIºMp]\hg]\½KML¨^Rg]dfd�g��BAk�_Arl�g�N�JSLMcM^Rg
(û, p̂)N]JSE� Sg]Hh¡Sg~KMJSE_N� Sg�HI\u^RgfN]J$LMcM^eg

(0, 0)
`$L�\Ig�EM\uKMZ�È>E_P�K>`rEM\V^egf^Rg]dfd�grÖ�N�g~�=LMP/cMHhJSL_ Sg�^eg

GQºMZ�JSHIp�d�gV�6ARCn¸_A
¥
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λ∗ > 0
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á `$E_\,N]g·dfZ]dfJSPRHIgrÖ�EMJSLM\,E_JSLM\,\hJSdfd�g�\�PeE�GQZ�HIg�\I\IZ�\#`$LBxm`$\hc'g]N�GI\,GQº_Z]JSHhPe�=LMg]\�N]JSEMN�g]HhE>`$E�G
LMEäd�J6KMp�^eg}KMgq��PeJ$G�K>`rEM\à^Rg]�=LMg�^�^�`U 6P0GQg]\h\IgqKMg�È>^0GQHQ`bGQPRJSE�g�\hGàEMZ]¡$^ePe¡$gn`$�_^egrA6l�g*cMºMZ�EMJSdfp]EMg
g]\hG¹`$^RJSHI\VHIZ�¡SP�c>`rH¨LMEç\zïB\zGQp�d�gsK���Z]�=L>`bGQPeJ$EM\¨º=ï6c'g]Hh�'JS^ePR�6L_gO��c>`$HQ`r�'JS^ePR�=LMg�N]JSLMc_^eZ�g]\�KM`$EM\
^eg]�=LMg�^[^9��Z]�=L>`rGIPeJSE º�ï6c�g�HI�'JS^RPe�=LMgÛc'g]LBG�ã�GIHIgÛEMJSE ^ePREMZn`$PRHhg$A�w½E�L_GIPe^RPR\Q`rE=G�KMg�\fGIg]NaºMEMPR�=LMg]\
 r`$HIPe`rGIPeJSE_EMg]^R^Rg�\]ÖMEMJSLM\*`n SJSEM\�ZOGa`$�_^eP�KMg]\�HhZ]\IL_^RGa`bGQ\}K���gOxBPe\zGQg]E_N]gug�G�K���LMEMPeN�PRGIZU\hJSLM\�KMg]\�º�ï=�
c'J$GQºMp�\Ig�\}�=LMP� r`$HIPRg]E�G[g�EÛÙ&J$EMN�GIPeJSEsK_g]\� r`r^eg�LMHI\�cMHhPe\hg]\�c>`$Hà^eg]\àc>`$HI`$dfp�GQHhg]\àcMº=ï6\IPR�=LMg]\�A'l�g
d�J6KMp�^eg�EMJSE�^ePREMZn`rPRHIg�E��k`tZOGQZfZ�GQL_KMPeZf�=L���g]E3KMPRd�g�EM\IPRJSE£LME3K��kg�\Ic>`$N�g�Ga`rEMKMPR\U�=LMg�^Rg¹d�Jb�
KMp]^Rg¹^ePREMZn`rPRHIg¨g�\hGV`$E>`$^0ïB\hZ¹g]Eßd¨LM^RGIP á A���g�\VHhZ]\hLM^RGQ`rGQ\mJ$E=GUZOGQZ¹N]J$d�cM^RZ�GIZ]\mcM`$HmL_EMgfZOGQLMKMg
KML�N�JSdfc'JSHhGIg]dfg]E�G}g�EtGIg]dfcM\[^eJSE_¡¹KMg�\}\IJS^RL_GQPRJSEM\]A á `$EM\[^eg�Nn`$\[EMJSEt^RPeEMZ]`$PRHIgrÖ_^�`¨cMHIg�\I\IPRJSE
GQg]E_K-GQJ$LbÞhJSLMHh\� Sg�HI\4�]Z�HIJ~Ga`$E_KMPe\��=LMg¨^RgVKMZ]c_^�`$N�g]dfg]E�Gqc'g]L_GqN]J$E= Sg�HI¡Sg�H* Sg]HI\qL_EæZOGa`rG*\hGQ`b�
GQPeJ$EME>`$PRHIg��=LMg�^Æ��JSEägOxBcM^RPeN�PRGQg�g]EsÙ&JSE_N�GQPRJSEäKMg]\�KMJ$EMEMZ]g�\]A á `$EM\�^eg*N]`$\�^ePREMZ]`$PRHIgrÖBJ$EsJS�_GQPRg]E�G
^egmdfã]dfg�GFïBc'gUKMgUHIZ�\ILM^0Ga`rGQ\}ÇfN�g]N�P!cMHIp�\��=L���JSE7EMgUN�JSEM\IPRKMp]HhgVcM`$\}^egm\zïB\zGQp�d�gVN]J$d�cM^Rg�G]A>DF^
\]�k`� Sp�HIgV�=LMgV^Rg]\�GQg]NaºMEMPR�=LMg]\��=LMgVE_JSLM\}L_GQPR^ePR\hJSEM\�EMgUc'g]Hhd�gOGIGIg]E�G�c>`$\}KMgUN�JSEMN]^RLMHIgmK>`$EM\}^Rg
Nn`$\·KMLf\zï6\hGQp�d�g}N�JSdfcM^egOGnA � J$LM\/`� SJSE_\/g�E= 6PR\Q`$¡SZ[K��kL_GIPe^RPe\hg]H�^e`�dfZOGQºMJ6KMg�KMg�\/\Ig�d�Pª�F¡SHhJSLMc'g�\
d~`$PR\UE_JSLM\uEMJ$LM\u\IJSdfdfg]\VN�JSE_Ù&HhJSE=GIZ]\¨Ç�LMEêd�`$EM�=LMg�KMg~HhZ]¡SL_^�`$HhPRGIZf\hLMHu^�`tc_HIg]\h\IPRJSEê�=LMP
N]JSdfcM^RPe�=LMg}N�JSEM\hPeKMZ�HQ`$�M^Rg]dfg]E�G�^9�X`rcMcMHIJ6NaºMgrA ÿ Eäc'J$LMHIHI`$PRG/PeE�GQHIJ6K_LMPeHhg}^e`U^eJ$P?KMgq�à`rGIGQ`$EMg]J¨Ç
^�`fcM^�`rN]gVKMgu^e`�^RJSP,KMg á `$HINOïSÖ�N]JSdfdfgVN�g]^e`�g]\hGq\hLM¡S¡SZ�HIZuK>`$EM\¨×å���bØÆA�Ü7`$PR\�^egUd�J6KMp�^egUE���g]\hG
`$^eJSHh\�cMº�ï6\IPe�=LMg�dfg]E=G[`$K_d�PR\I\IPR�M^Rg}�=LMgqK>`$E_\à^eg�N]`$\àJ��

λ∗ = 0
A_l�g*N]`$\àN�JSd�c_^eg�G�E���g]\hG�K_JSEMN

c>`$\fHIZ�\IJS^RL�A½Ý*cMHhp]\�HhZ�â>g�x_PRJSE�Ö·PR^�EMJ$LM\f\Ig]d¨�_^egÛJScMc'JSHzGQLME�K���Z�GILMKMPRg]Hf^RgÛd�J6KMp�^egsN]JSdfcM^Rg�G
K>`$EM\ULMEMgfÙ&JSHhd¨LM^�`bGQP0JSE£g�E3KMPR $g]HI¡$g]EMN�g~gOGVHIJ$GQ`rGQPRJSEMEMg�^ÆA���g�¡Sg]E_HIg�K_gfÙ&JSHhd�L_^�`rGIP0JSE£c'JSLMHµ�
HQ`$P0G�ã�GIHIgqcM^RLM\�HIPRN�º_gqg�EsPeE_Ù&J$HId�`rGIPRJSE_\]ÖBÇu^9�kPREM\hGQ`$H�K_g]\àHIZ]\hLM^RGQ`rGQ\�N]J$EME6L_\�c'JSLMH�^eg�cMHIJ$�M^ep�d�g
KMg � GQJ��$g]\7×0C]Ø9A���g�GIGIg7PRKMZ]gtg�\hGäÇßHQ`$cMc_HIJ6NaºMg]H�K���LMEMg7`$L_GIHIgtcMPe\zGQgt�=LMP}N]JSE_\IPe\zGQg7ÇßNaº>`$EB�
¡Sg]H�K���PeEMN�JSEME=LMg¹K>`$E_\m^eg�\hJS^RPeKMgrA�Ý�^e`äcM^�`$N�g�KMLßKMZ�cM^e`$N]g�d�g�E=G

u
Ö�JSE£c'g]L_GUN�JSEM\hPeKMZ�HIg]Hm\I`

N]JSdfc'JS\Q`rE=GQg¹^eJSE_¡SPRGILMKMPRE>`r^Rg
φ = divu

g�GU\Q`tN]JSdfc'JS\I`$E=GIg¹GQHI`$EM\z Sg]HI\I`$^eg
ω = rotu

A#��g�\
EMJSL_ Sg�^e^Rg]\�PREMN]J$EME6L_g]\q`rcMc>`$HI`$Pe\h\Ig]E�G*E>`bGQLMHhg]^e^Rg]dfg]E�G}g]E-`$cMc_^ePe�=L>`rE=G}^eg�\�JSc'Z�HQ`rGIg]LMHh\*KMP0 Sg]Hµ�
¡Sg]EMN�g*g�G�HhJ$Ga`bGQPeJ$EMEMg]^?`$L6x�Z]�=L>`rGIPeJSE_\]ABl�g�Naº>`$dfc

ω
g�\hGà\hJS^eLBGQPeJ$EfK��kL_EMg*Z]�=L>`bGQPeJ$E~K���JSEMKMg�\

C�@S{
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Ga`$EMK_Pe\[�=LMgV^egmN�JSLMcM^Rg

(φ, p)
 SZ]HhPRÈ>gUL_E7\zïB\zGQp�d�gVN]J$LMcM^eZmJ���^e`¹cMHhg]dfPep�HIgmZ]�=L>`bGQPeJ$E�g]\zG*KMg

Gµï6c'g � JS�'JS^Rg� ��Î:m`$^Rc'g]HIEi×�jS�bØÆA/��g�¡$g]EMHhgtKMgÛÙ&JSHId¨LM^e`rGIPRJ$E g�\hGnÖ·c'g�L_Gh��ã�GQHhg$Ö·dfPeg]L6x `$KM`$c_GQZ
c'JSLMH}^Æ��Z�GQL_KMgVg�E7GIg]dfcM\�^RJSEM¡MA � J$L_GQgOÙ&JSPe\�Ö?Pe^�HIg]\zGQguÇ�N�JSdfcMHIg�EMKMHIgUN]JSdfd�g�E=G]Ö?N�JSEME>`rPe\I\I`$E=G
divu

gOG
rotu

ÖMJSEtc'g]LBG�Hhg]N]J$EM\hGIHILMPRHIgm^Æ��PeEMN�JSEME=LMg
u
A

|�EMg�\hLMPRGIg�K_g�N]gqGQHI`� b`$Pe^�c'JSL_HIHQ`rPRGàN�JSEMN�g]HIE_g]H[^�`[ÞhLM\zGQP0È>Nn`bGQPeJ$EäKMg]\�N]JSE_KMPRGIPeJSE_\�`rLBxs^RPed¹P0GIg]\
L_GQPR^ePR\hZ]g]\�A/w½E�g$��gOGnÖ·N]g�\~N�JSEMK_PRGQPRJSEM\¹\hJSE=G�^RPeZ]g�\fÇß^Æ��JSc'Z�HQ`rGIg]LMH¹K���Z]^�`r\hGQPRN]P0GQZsN]JSE_\IJS^RPeKMZt`$L
\Ig]E_\¹J��êg]^R^eg]\VN]JSEMK_LMPe\hg]E=G¹Ç-L_EMgäÙ&J$HId¨LM^�`bGQP0JSEß r`$HhP�`rGIPeJ$EMEMg]^R^Rgf\hGa`rEMK>`$HhKiè:\hï6dfZ�GQHhPe�=LMgägOG
N]J6g]HhN]P0GQPR $g�éOAO#JSLMH�^Æ��PeE_\hGa`$E�G�K_g�Ù:`$Ú]J$E�Ù&JSHIdfg]^R^RgVè&GQJ$LbÞhJSLMHh\�c>`$H�d�`$EM�=LMg�KMg*HhZ]¡SL_^�`$HhPRGQZnéOÖ�JSE
c'g]L_Gu`$\I\hJ6N]Peg�HV`$L�\hï6\zGQp]dfg�LMEMgfÙ&J$EMN�GIPeJSEME_g]^R^eg�K���Z]E_g]HI¡$Pegf�=LMP/g�\hGVKMZ]N�HIJSPR\I\Q`rE=GQg�`$L�N]J$LMHI\
KMLfGIg]dfcM\]A ÿ EfHhg�GQHhJSL_ Sg}K_JSEMN[LMEMg}c_HIJScMHhPeZOGQZ��6L_P'`mZOGQZ}`$E>`$^0ï6\IZ]g[c'JSLMH·L_E�\zïB\zGQp�d�g[ SJSPR\IPeE
KMLäd�J6K_p]^eg}KMgq��PRJ$GnÖ=^Rg�\hï6\hGIp]dfgqKMg�Ü7`bxOH�g]^e^y×�vrØ9A_l�g�\àN�JSEMKMP0GQPRJSEM\/L_GQPR^ePR\hZ]g�\�\hg]HI`$Peg�E=Gh��g]^R^eg�\]Ö
g]EÛÙ:`$PRG]Ö_KMLÛGµï6c'gV`r�M\IJSHh�>`$E�G}c'JSLMH[^Rg�dfJ6KMp]^Rg�KMgU��PRJ$G��
|�E�`$LBGQHIg�c'JSPRE=G[Ç�KMZ� Sg�^eJSc_c'g]H[\Ig]HI`$PRG�KMgm¡SZ�EMZ]HI`$^ePR\Ig�H�^9�kZOGQLMKMg�KMLtdfJ6KMp]^RgqEMJSEt^RPeE_Zn`$PRHhg�`$L
Nn`$\�d¨LM^RGIP á A � JSL_\*EMJ$LM\*\hJSdfd�g�\]Ö?c'JSLMH�^9�kPREM\hGQ`$E=G]Ö?º_g]LMHzGQZ]\qÇ�L_E-d�`$EM�=LMgVKMgVHIZ�¡SLM^�`rHIPRGIZ$A
DF^½\hg]HQ`rPRGU`$L_\I\IP�GIHIp]\mPRE=GQZ�HIg�\I\Q`rE=GUK���L_GQPR^ePR\Ig�Hq^�`~GIºMZ]JSHhPeg�K_gf��PeJrG�c�J$LMHm^e`äcMHIJ$c>`$¡�`rGIPeJSE-KMg]\
JSEMKMg�\qK>`rEM\*LME-dfPe^RP0g]L�c'J$HIg]L6x7\Q`rGILMHIZrA���g�GhGQgVGQºMZ�JSHIPRgVcMHIZ�KMPRG�^Æ��gOxBPe\zGQg]E_N]guKMgVGIHIJSPR\�J$EMKMg]\
K>`$EM\�LME7\IJ$^ePeK_gUc'g�HIdfZn`$�_^egUgOG*c'JSHIg�LBx�HIg�d�cM^RP�KMgUâ>LMPRKMg o LMEMgVJSEMK_guK_gVN]JSdfcMHIg�\I\hPeJSE�HQ`b�cMPeKMgqN]JSHhHIg�\Ic'JSEMK>`rE=G�`$LÛdfJSL_ Sg�d�g�E=G�âMLMPeKMg3 r\hJS^ePRKMgqg�EtcMº>`r\Ig$Ö>L_EMgmJSEMK_gmKMg�N]JSdfcMHhg]\I\hPeJSE
^eg]E�GQg�N]JSHhHIg]\hc'JSEMK>`rE=G/`$L�dfJSL_ Sg�d�g�E=G�âMLMPeKMg3 r\hJS^ePRKMg�K_Z]cMº>`r\IZ[gOG½LMEMg�J$EMKMgàKMg�N�Pe\Q`rPe^R^Rg�dfg]E=G
×0C��BÖ?@$¸BÖ'@$�BÖ>jS¸BÖ?j$�_Ö?�$¸bØ9A?l�g]\[JSEMK_g]\}KMgmN�JSdfcMHIg�\I\IPRJSEtZOGa`rE=G}PRHIHIJrGa`rGIPRJSE_EMg]^R^Rg�\àg�G}^9�kJSE_KMg�KMg
N]Pe\I`$Pe^R^0g]dfg]E�G�Z�GQ`$E=G�ÇæKMPR Sg�HI¡Sg�EMN]gtE=LM^e^Rg$ÖyJSE \]��JSHIPRg]E�GQg�HQ`$P0G� Sg�HI\fLMEMgÛÙ&J$HId¨LM^�`bGQP0JSEçg�E�KMPª�
 Sg]HI¡$g]EMN�g rHhJ$Ga`bGQPeJ$EMEMg]^�K>`$EM\�^e`$�=LMg�^e^eg�JSEsEMg�E_Z]¡S^RPe¡Sg�HQ`$P0G�cM^eLM\à^e`V 6PRGQg�\I\hgmKMgqÈM^RGQHI`rGQPRJSE�A ÿ E
JS�_GQPRg]EMK_HQ`$P0G[`$PREM\IP�KMg�LBxtZ��=L>`rGQPRJSEM\[º�ï6c'g]HI�'J$^ePe�=LMg�\}N�JSLMcM^RZ]g�\]A
w·EBÈ>E�Ö!Pe^½E_JSLM\V\hg]d¨�M^RgfEMZ]N�g]\h\Q`$PeHhg~KMgfN]JSdfcM^RZ�GQg�HmN]gfGQHI`� b`$Pe^�c>`$HULMEMg�ZOGQLMK_g~E=LMdfZ]HIPR�=LMg$A
��PRGQJ$EM\y^Rg]\#GIHQ`n r`$LBxVKMg}6�A�:m`$\hc>`$H[îOí#Á�� � �=LMP_N�JSEM\hPeKMp�HIg]E�G½^Rg�\hï6\hGQp�dfg��=L>`r\IP0��\hGa`bGQPR�6L_g�KMZ�¡SZ��EMZ]HhZ�Z�GILMKMPeZ�K>`$EM\�×X�$jbØMg�E¹KMPRd�g�EM\IPRJSEuLMEt×�j���ØMcMLMPR\�K>`rEM\½^RgàN]`$\�HQ`$KMPe`$^�×kj$vrØ9ASw½E¹N�g��=LMPME_JSLM\
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