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Résuḿe
L’objet de cette th̀ese est l’́etude de quelques propriét́es de l’́equation d’́evolution

de Schr̈odinger. Dans un premier temps, on s’intéressèa un probl̀eme inverse concer-
nant cettéequation pośee en domaine borné, avec potentiel, lequel dépend uniquement
de la variable d’espace, et donnée de Dirichlet sur le bord. On démontre,̀a l’aide d’une
inégalit́e de Carleman, que le problème inverse de la détermination du potentielà partir
de la mesure du flux de la solutionà travers une partie du bord est un problème bien
pośe. Dans un deuxième temps, il est question de l’équation de Schrödinger consid́eŕee
dansR3 avec un potentiel coulombien, localement singulier, et un potentielélectrique
non borńe, tous deux d́ependant des variables d’espace et de temps. On montre succes-
sivement l’existence d’une unique solution régulìere pour l’́equation lińeaire et pour
l’ équation avec non-lińearit́e de Hartree. Ce sont desétapes pŕeliminairesà l’étude
d’un syst̀eme couplant̀a travers le potentiel coulombien, cetteéquation de Hartree-
Fock et unéequation issue de la dynamique newtonienne. Les résultats obtenus ici sont
indispensables̀a l’étude finale des problèmes de contrôle optimal bilińeaire pośes à
partir de ces diff́erenteśequation, le contr̂ole de la solutiońetant effectúe par le poten-
tiel électrique. On d́emontre l’existence d’un contrôle optimal et on donne la condition
d’optimalité correspondante dans les cas appropriés.

Mots-clés :Equation de Schrödinger, probl̀eme inverse, ińegalit́e de Carleman, poten-
tiel singulier, existence, régularit́e,équation de Hartree-Fock, dynamique newtonienne,
contr̂ole optimal bilińeaire, condition d’optimalit́e.

AMS classification codes :35R30, 31B20, 35B65, 35Q40, 35Q55, 34A12,49J20.

Abstract
This thesis deals with some properties of the time dependent Schrödinger equation.

On the one hand, we study an inverse problem about this equation set in a bounded
domain, with time independent potential and Dirichlet boundary data. Using a Carle-
man estimate, we prove the well-posedness of the inverse problem of determining the
potential from measurements of the normal derivative of the solution through a part of
the boundary. On the other hand, we consider a Schrödinger equation set inR3 with
a coulombian potential, locally singular, and an electric unbounded potential, both de-
pending on space and time variables. We prove the existence of a unique solution, as
regular as the initial data, for the linear equation and for an equation with Hartree non-
linearity. This is a first step for the study of a system where this Hartree-Fock equation
is coupled with classical newtonian dynamics. Eventually, we consider bilinear optimal
control problems of the solution of these different equations, the control being perfor-
med by the external electric potential. We prove the existence of optimal controls and
give optimality conditions in the suitable cases.

Keywords : Schr̈odinger equation, inverse problem, Carleman inequality, singular po-
tential, existence, regularity, Hartree-Fock equation, classical dynamics, bilinear opti-
mal control, optimality condition.
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II Existence et Régularité de la solution d’uneéquation de Hartree-
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Introduction

Leséquations aux d́erivées partielles permettent d’aborder d’un point de vue mathé-
matique des ph́enom̀enes observ́es, par exemple dans les domaines de la physique et
de la chimie. Les situations dépendant du temps se traduisent plus particulièrement
par deśequations d’́evolution tenant compte d’éventuelles interactions entre objets et
événements.

Pourêtre math́ematiquement abordables, ceséquations ont souventét́e largement
simplifiées et leurs propriét́es les pluśetudíees sont parfois fort́eloigńees des ŕealit́es
physiques auxquelles elles correspondent. Les recherches actuelles tendentà minimiser
les contraintes mathématiques pour se rapprocher des exigences des sciences directe-
ment concerńees. Notre contributioǹa l’étude deśequations aux d́erivées partielles se
partage entre ces deux courants. Nos premiers travaux (Parties I et II) sontéloigńes
des pŕeoccupations physiques en ce qu’ils restent très th́eoriques et difficilement ap-
plicablesà des situations concrètes. Ceux que nous avons ensuite effectués (Partie III)
nous rapprochent significativement des attentes expérimentales, tant au niveau des pro-
priét́es d́emontŕees qu’au niveau de la pertinence de l’équatiońetudíee.

Les travaux pŕesent́es dans cette thèse concernent l’équation de Schrödinger, issue
de la physique quantique et dont la solution est appelée “fonction d’onde”. Le lecteur
trouvera au chapitre 3 une description des processus permettant d’obtenir l’expression
math́ematique de cettéequatioǹa partir de sa formulation ḿecanique première. Elle se
présente donc dans ce manuscrit sous la forme suivante :

i∂tu(x, t) + ∆u(x, t) = f(x, t, u(x, t)), (x, t) ∈ R3 × (0, T ). (1)

La fonction d’ondeu décrit ici l’ état d’une particule quantique,∂tu est sa d́erivée en
temps,∆ est l’oṕerateur de Laplace. Le termef(u) mod́elise l’ensemble des influences
subies par la particule. La solutionu dépend des variables de tempst appartenant̀a l’in-
tervalle[0, T ] et d’espacex évoluant dansΩ qui sera borńe dansRd (d ∈ N?) ou égal
àR3. Il faut préciser que la notion de particule quantique peut aussi bien correspondre
à un atome,̀a une moĺecule, qu’̀a un ou plusieurśelectrons. Comme préciśe ci-dessus,
on consid̀ere selon les chapitres différents mod̀eles auxquels correspondent différentes
formes def . Le termef(u) contient alors l’action de divers potentiels :électriques
commeq(x) et V1(x, t) pour une action extérieure, ou coulombien commeV0(x, t)
pour l’attraction exerćee par d’autres particules, ainsi que d’éventuelles interactions
internesà la particule quantique modélisée, comme(|u|2 ? 1

|x| )u qui correspond̀a un
terme de champs moyen.

La pŕeoccupation première du math́ematicien confront́eà unéequation aux d́erivées
partielles est de lui donner un sens dans des espaces fonctionnels appropriés et d’y
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démontrer l’existence d’une solution. Cependant, au delà de ce probl̀eme majeur, ces
équations sont l’objet de multipleśetudes approfondies sur leurs diverses propriét́es.
Les questions d’unicité de la solution, de sa régularit́e en fonction des données (ini-
tiales, aux limites...) ou de son comportement asymptotique en sont des exemples,
auxquels s’ajoutent les problèmes de contrôlabilité exacte ou approchée, de contr̂ole
optimal ou l’́etude de problèmes inverses. Nous décrirons plus loin les propriét́es que
nous avonśetudíees au sujet de l’équation de Schrödinger. Il est́evident qu’en ce qui
concerne (1), beaucoup de choses dépendent de la nature du terme sourcef .

Dans un premier temps, nous avons travaillé sur un probl̀eme inverse de d́etermina-
tion de potentiel pośe à partir de l’́equation (1) avecf(u) = −qu et q = q(x), en
domaineΩ borńe dansRd avec donńee de Dirichlet sur le bord. Dans cette situation,
l’existence, l’unicit́e et la ŕegularit́e de la solution sont bien connues. On en présente
les grandes lignes dans le chapitre 1. La résolution de l’́equation i∂tu(x, t) + ∆u(x, t) + q(x)u(x, t) = 0, x ∈ Ω, t ∈ (0, T )

u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T )
u(x, 0) = u0, x ∈ Ω

(2)

de solutionu et en supposant connus la donnée initialeu0 et le potentielq est ce
que l’on nomme leproblème direct. Par contre, la d́etermination du potentielq dans
l’ équation (2)̀a partir des valeurs de la donnée initialeu0 et du flux de la solutionu à
travers une partieΓ0 de∂Ω est ce que l’on appelle leproblème inverse. Sa ŕesolution
fait l’objet du chapitre 2 de la partie I.

Nous nous sommes ensuite intéresśesà la d́emonstration de l’existence et la régula-
rité de la solutionu de l’équation{

i∂tu+ ∆u+
u

|x− a(t)|
+ V1u = (|u|2 ? 1

|x| )u, x ∈ R3, t ∈ (0, T )

u(x, 0) = u0, x ∈ R3
(3)

qui correspond̀a l’équation (1) dans le casf(u) = − u
|x−a| − V1u + (|u|2 ? 1

|x| )u et

Ω = R3 (chapitre 5). Les potentielsV0 et V1 dépendent tous les deux des variables
d’espace et de temps, mais siV0 = 1

|x−a| est localement singulier (c’est un potentiel
coulombien),V1 est non borńe à l’infini. Par la suite, nous nous intéressonśegalement
à un syst̀eme couplant l’́equation (3) avec unéequation diff́erentielle ordinaire d’ordre
deux en temps et d’inconnuea = a(t) et nous donnerons les détails plus loin dans cette
introduction. Etant donńee l’incompatibilit́e apparente des deux potentielsV0 etV1, il
est apparu indispensable de démontrer d’abord, dans le chapitre 4, l’existence et la
régularit́e des solutions de l’équation lińeaire (c’est-̀a-dire sans le terme(|u|2 ? 1

|x| )u).
Nous avons finalement travaillé la question du contrôle optimal bilińeaire de la

solutionu de l’équation (1) par le potentielV1, dans les cas lińeaire, non-lińeaire et
coupĺe. Dans la perspective de l’étude du contr̂ole optimal (Partie III), il áet́e indispen-
sable de d́emontrer d’abord l’existence et la régularit́e des solutions (Partie II).

Nos travaux se présentent donc en trois parties, la premièreétant distincte des deux
suivantes. Nous allons présenter ici les principaux objectifs de chacune d’entre elles.
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Première partie :
Problème inverse de d́etermination de potentiel.

Dans la formulation d’un ph́enom̀eneà l’aide deśequation aux d́erivées partielles,
tous les param̀etres (par opposition aux solutions commeu) qui interviennent ne sont
pas toujours bien connus. Des mesures expérimentales sont alors nécessaires̀a leur
détermination. La notion de problème inverse consiste en la possibilité de retrouver la
valeur d’un param̀etreà partir de mesures sur la solution du système consid́eŕe.

Le probl̀eme inverse auquel nous nous intéressons dans cette thèse concerne l’équa-
tion de Schr̈odinger avec potentiel, posée en domaine borné avec donńee de Dirichlet
sur le bord. Il s’agit pŕeciśement de d́emontrer que la mesure du flux de la solution de
l’ équation,̀a travers une partie suffisamment grande de la frontière du domaine, permet
de retrouver la valeur du potentiel indépendant du temps intervenant dans l’équation.

On d́ecrit la situation de la manière suivante. SoientT > 0 et Ω ⊂ Rd un ouvert
borńe de frontìere∂Ω de classeC2. On consid̀ere l’équation i∂ty(x, t) + ∆y(x, t) + q(x)y(x, t) = 0, x ∈ Ω, t ∈ (0, T )

y(x, t) = h(x, t), x ∈ ∂Ω, t ∈ (0, T )
y(x, 0) = y0, x ∈ Ω

(4)

et on suppose queq est une fonction borńee surΩ.

On peut pŕeciser ici la notion de problèmebien pośe introduite par Hadamard. Si
on se donne deux espaces de BanachE et F et φ une application deE dansF , le
probl̀eme math́ematique consistantà chercher, pour unb donńe dansF , un élémenta
deE tel queφ(a) = b est ditbien pośesi on peut v́erifier que :

(i) la solution du probl̀eme existe toujours,ie

∀ b ∈ F,∃ a ∈ E tel queφ(a) = b,

(ii) la solution du probl̀eme est unique,ie

∀ a1, a2 ∈ E, φ(a1) = φ(a2) ⇒ a1 = a2,

(iii) la solution d́epend contin̂ument des donńees (on ditφ stable) ie

φ−1 est continue deF dansE.

Le chapitre 1 pŕecise dans quels espacesE etF le probl̀eme direct, consistantà cher-
cher la solutionu de l’équation (4)́etant donńesy0, h et q, est bien pośe.

La plupart des problèmes inverses pour leséquations aux d́erivées partielles sont
mal pośes, le plus souvent car l’application considéŕee estinstable. Nous allons tout
d’abord formuler le probl̀eme inverse qui estétudíe dans le chapitre 2. Nous préciserons
ensuite comment nous répondons effectivement aux difficultés fŕequemment líeesà
cette classe de problèmes.

Problème inverse non lińeaire : Peut-on retrouver le potentielq = q(x) pour toutx
deΩ à partir d’une mesure de la dérivée normale

∂y

∂ν

∣∣∣
Γ0×(0,T )

où y vérifie l’équation (4) etΓ0 est une partie de la frontière∂Ω ?
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Le vecteurν est la normale unitaire sortanteà la frontìere deΩ et on rappelle que

la dérivée normale est d́efinie par
∂y

∂ν
= ∇y · ν. Ici et dans toute la suite de l’in-

troduction, la notation∇ vaut pour le gradient par rapport aux variables d’espace :

∇v =
(
∂v

∂x1
, . . . ,

∂v

∂xd

)
.

L’application φ1 : q 7→ ∂y

∂ν
consid́eŕee ici est non-lińeaire et c’est pourquoi

le probl̀eme inverse correspondant l’est aussi. Il est possible de faire deux autres re-
marques. D’une part, il faudra préciser la taille deΓ0 et de fait, une condition ǵeoḿetri-
que sera ńecessaire. D’autre part, la réponse que nous allons apporterà ce probl̀eme est
locale. C’est en effet autour d’un potentiel connuq, c’est-̀a-dire pour des potentielsp
proches deq dans une certaine norme, que nous allons définir les notions d’unicit́e et de
stabilit́e de ce probl̀eme inverse ŕepondant ainsi, d’une certaine manière,à la question
pośee.

Pour clarifier la situation, nous allons, dans un premier temps, travailler sur une
version lińeariśee du probl̀eme inverse. Plus préciśement, on se donne un potentielq,
la solutiony(q) de (4) est alors connue et si l’on pose v = y(p)− y(q)

f = q − p
R = y(q),

alorsv vérifie l’équation suivante : i∂tv + ∆v + (q − f)(x)v = f(x)R(x, t), dans Ω× (0, T )
v = 0, sur ∂Ω× (0, T )
v(0) = 0, dans Ω.

Travailler sur une version lińeariśee du probl̀eme inverse consistèa consid́erer la solu-
tion u de l’équation i∂tu(x, t) + ∆u(x, t) + q(x)u(x, t) = f(x)R(x, t), x ∈ Ω, t ∈ (0, T )

u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T )
u(x, 0) = 0, x ∈ Ω.

(5)

On remarquera que les résultats d’existence et de régularit́e d́ecrits dans le cha-
pitre 1 permettent de donner au moins un sens faible aux solutions deséquations (4) et
(5) età leurs d́erivées normales d̀es lors que l’on se place dans un cadre approprié.

Problème inverse lińeaire : Peut-on d́eterminer le terme sourcef surΩ connaissant
le flux à travers la paroi

∂u

∂ν

∣∣∣
Γ0×(0,T )

de la solution de l’́equation (5) ?

Sans entrer dans les détails, l’application φ2 : f 7→ ∂u

∂ν
correspondant̀a ce

probl̀eme est lińeaire et la question sous-jacente de l’unicitéde la solution du problème
inverse lińeaire peut̂etre math́ematiquement formulée de la façon suivante :(

∂u

∂ν

∣∣∣
Γ0×(0,T )

= 0
)
⇒ (f = 0 surΩ) ?
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C’est-̀a-dire, dans le cas non-linéaire, est-ce que deux mesureségales du flux̀a travers
Γ0 pendant un tempsT donnent deux potentiels egaux surΩ ?

Par ailleurs, la notion cruciale destabilitéd’un probl̀eme inverse doit̂etre abord́ee.
Les principales difficult́es rencontŕees dans la d́emonstration des théor̀emes que nous
allonsénoncer se présentent effectivement lors de l’étude de la stabilité. Dans le cadre
non-linéaire, il s’agit de v́erifier qu’il est possible d’estimer la distance entre deux po-
tentielsp et q par une norme convenable de la différence entre les mesures des deux
flux correspondants :

∂y(p)
∂ν

∣∣∣
Γ0×(0,T )

et
∂y(q)
∂ν

∣∣∣
Γ0×(0,T )

.

En d’autres termes, dans le cadre linéaire, lastabilitédu probl̀eme se traduit par la pos-

sibilité d’estimer la norme def par celle de
∂u

∂ν

∣∣∣
Γ0×(0,T )

dans des espaces appropriés.

Cela correspond̀a la continuit́e de l’applicationφ−1
2

.

Les livres de V. ISAKOV [23, 24] et de A. L. BUKHGEIM [7] permettent d’abor-
der plusieurs techniques liéesà la ŕesolution de problèmes inverses posés pour diverses
équations. Cependant, la plupart des résultats existants pour le type de problème inverse
qui nous int́eresse concernent l’équation des ondes. Par exemple, dans [41] et [53], J.-P.
PUEL et M. YAMAMOTO , étudient la d́etermination du potentielà partir d’une donńee
de Dirichlet et une mesure de Neumann, comme dans la situation qui nous intéresse.
O. Yu. IMANUVILOV et M. YAMAMOTO s’intéressent dans [20, 21]à la situation òu
l’ équation des ondes est avec donnée de Neumann et l’on retrouve le potentielà l’aide
d’une mesure de Dirichlet. Tous ces articles sont basés sur des ińegalit́es de Carleman,
globales ou locales, et fournissent des résultats de stabilité.

Historiquement, c’est d’abord l’unicité dans les problèmes inverses qui est résolue.
A ce sujet, le papier commun de A. L. BUKHGEIM et M.V. KLIBANOV publié en 1981
fait date : on y trouve pour la première fois une ḿethode baśee sur les ińegalit́es de
Carleman. On peut ensuiteévoquer [29] de KLIBANOV et les travaux [27] de A. KHAI -
DAROV.

Plus tard, on trouve dans l’article [41] de J.-P. PUEL et M. YAMAMOTO comment
l’unicit é du probl̀eme inverse pour l’équation des ondes implique la stabilité globale
lipschtizienne pour des normes appropriées. Les auteurs sont cependant obligés de
choisir des donńees tr̀es ŕegulìeres et l’article plus ŕecent de M. YAMAMOTO [53] affine
le résultat, toujours en partant de l’unicité et d’une ińegalit́e d’observabilit́e. Il reste que
les ŕesultats de stabilité, s’ils sont de plus en plus nombreux, sont plus rares que ceux
d’unicité.

On peut enfin signaler la résolution de problèmes inverses posés sur deśequations
stationnaires par l’utilisation de ”Dirichlet to Neuman map”. Nous faisons référencèa
[9] et [45] par A. L. BUKHGEIM, J. SYLVESTER et G. UHLMANN , en signalant que
leur formulation ńecessite des observations pour toutes les données au bord, ce qui
n’est pas notre cas. Par contre, nous avons besoin de mesures durant un temps d’obser-
vationT > 0 et cela constitue une autre forme de réṕetition des observations.

L’objet principal de l’article pŕesent́e dans le chapitre 2 est la démonstration du
théor̀eme suivant, qui ŕepond au problème inverse non lińeaire correspondantà l’équa-
tion (4).
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Résultat 1. SoientΩ un ouvert borńe deRd etΓ0 une partie de sa frontière. SoitU un
sous ensemble borné deL∞(Ω) et soientq ∈ L∞(Ω) et r0 > 0.
On consid̀ere la solutiony(q) de l’équation(4) et on suppose que :

∃ x0 ∈ Rd \ Ω tel que {x ∈ ∂Ω; (x− x0).ν(x) ≥ 0} ⊂ Γ0,

y(q) ∈W 1,2(0, T,W 1,∞(Ω)) ∩W 2,1(0, T, L∞(Ω)),
y0 està valeurs ŕeelles et|y0(x)| ≥ r0 presque partout dansΩ.

Alors il existe une constanteC = C(Ω, T,Γ0, ‖q‖L∞ , y0, h,U) > 0 telle que quelque
soitp appartenant̀a U et v́erifiant q − p ∈ H1

0 (Ω), on a

C−1 ‖q − p‖H1
0 (Ω) ≤

∥∥∥∥∂y(q)∂ν
− ∂y(p)

∂ν

∥∥∥∥
H1(0,T ;L2(Γ0))

≤ C ‖q − p‖H1
0 (Ω).

L’in égalit́e de droite traduit la d́ependance continue de la dérivée normale par rap-
port au potentiel et d́ecoule des ŕesultats classiques de régularit́e d́etaillés dans le cha-
pitre 1. L’inégalit́e de gauche donne la stabilité et bien ŝur l’unicité du probl̀eme in-
verse non lińeaire que nouśetudions. Ce dernier résultat d́ecoule principalement d’une
inégalit́e de Carleman globale pour l’équation de Schrödinger avec potentiel, que nous
allons pŕesenter aussi dans le chapitre 1. L’intér̂et de notre d́emonstration, comme ce
que l’on peut lire dans [21] par O. Yu. IMANUVILOV et M. YAMAMOTO et par rap-
port à de nombreux travaux, comme [53] de YAMAMOTO , (pour ne citer que ceux là),
est la preuve directe de l’inégalit́e de stabilit́e, sans passer au préalable par un résultat
d’unicité.

Nous signalons que ce résultat est encore vrai si l’on remplace l’hypothèse “y0 est
à valeurs ŕeelles” par “y0 prends ses valeurs dansiR”. Par contre, siy0 est plus ǵeńeral
et prends ses valeurs dansC et si on consid̀ere l’équation(4) sur (−T, T ), on saura

estimer‖q − p‖H1
0 (Ω) par

∥∥∥∥∂y(q)∂ν
− ∂y(p)

∂ν

∥∥∥∥
H1(−T,T ;L2(Γ0))

.

Dans un premier temps, nous démontrons en fait un th́eor̀eme ŕepondant au problème
inverse lińeaire de d́etermination d’une partie d’un terme source.

Résultat 2. SoientΩ un ouvert borńe deRd et Γ0 une partie de sa frontière. Soient
q ∈ L∞(Ω) tel que‖q‖L∞(Ω) ≤M et r0 > 0. On suppose que

∃ x0 ∈ Rd \ Ω tel que {x ∈ ∂Ω; (x− x0).ν(x) ≥ 0} ⊂ Γ0,

R ∈W 1,2(0, T,W 1,∞(Ω)), R(0) està valeurs ŕeelles et

|R(x, 0)| ≥ r0 presque partout dansΩ.

Alors il existe une constanteC = C(Ω, T,M, ‖R‖W 1,2(0,T,W 1,∞(Ω))) > 0 telle que
pour toutf ∈ H1

0 (Ω), siu est la solution de l’́equation(5),

C−1 ‖f‖L2(Ω) ≤
∥∥∥∥∂u∂ν

∥∥∥∥
H1(0,T ;L2(Γ0))

≤ C ‖f‖H1
0 (Ω).

Nous travaillons essentiellement sur l’équation v́erifiée par la d́erivée en temps de
u. La d́emonstration de l’ińegalit́e de droite d́ecoule alors des résultats classiques de
régularit́e et celle de gauche utilise l’inégalit́e de Carleman. L’id́ee principale est ins-
pirée de l’article [21] de O. Yu. IMANUVILOV et M. YAMAMOTO . On pourra remar-
quer que contrairementà la double ińegalit́e du Ŕesultat 1, celléenonćee ici n’est pas
symétrique.



15

Dans le ŕesultat concernant le cas linéaire, toutes les constantes qui apparaissent
dépendent uniquement de la normeL∞ du potentiel. C’est la clé de la d́emonstration
du Ŕesultat 1̀a partir du Ŕesultat 2. Ainsi, d̀es queq ∈ U , oùU est un borńe deL∞(Ω),
on se ram̀ene pour l’́equation v́erifiée pary(p) − y(q) à une situation similaire au cas
linéaire. Il reste ensuitèa syḿetriser la double ińegalit́e obtenue. C’est un résultat ob-
tenuà partir d’une ińegalit́e d’observabilit́e, cit́ee dans le chapitre 1 et démontŕee dans
le chapitre 2.

Une autre approche de l’unicité de la d́etermination de potentiel, pour un problème
stationnaire, est considéŕee dans [9] par A. L. BUKHGEIM et G. UHLMANN , où l’on
suppose connue l’application qui,à chaque donńee de Dirichlet, associe la valeur de la
dérivée normale de la solution surΓ0. Dans le cas ou la mesure de la dérivée normale
se fait sur la totalit́e de la frontìere deΩ, il faut citer le ŕesultat d’unicit́e globale [45] de
J. SYLVESTER et G. UHLMANN . Les ŕesultats d’unicit́e obtenus par les auteurs de [9],
outre la condition sur la partieΓ0 de la frontìere consid́eŕee, pŕesentent de grandes ana-
logies avec les n̂otres. Nous faisons une unique mesure mais pendant un intervalle de
temps(0, T ) tandis qu’ils font une infinit́e de mesures correspondantà chaque donńee
au bord. L’utilisation d’une ińegalit́e de Carleman et les conclusions obtenues rap-
prochent significativement nos travaux mais la comparaison des deux résultats reste
une question ouverte intéressante.

Dans un deuxìeme temps, nous avons voulu nous rapprocher des préoccupations
des math́ematiques appliqúeesà la chimie quantique en nous intéressant au problème
de contr̂ole optimal bilińeaire d’unéequation de Schrödinger non-lińeaire mod́elisant
un atome d’H́elium.

Deuxième partie :
Existence et Ŕegularité.

Nous ŕepondrons pŕeciśement dans le chapitre 3̀a la question de la modélisation
d’un atome d’H́elium soumisà un chamṕelectrique non homog̀ene, d́ependant du
temps. Le système d’́equations qui suit en est la conclusion. Nous considérons



i∂tu+ ∆u+
1

|x− a(t)|
u+ V1(x, t)u = (|u|2 ? 1

|x|
)u, (x, t) ∈ R3 × (0, T )

u(x, 0) = u0(x), x ∈ R3

m
d2a

dt2
= −

∫
R3
|u(x)|2∇

(
1

|x− a|

)
dx−∇V1(a), t ∈ (0, T )

a(0) = a0,
da

dt
(0) = v0.

(6)

La variableu est la fonction d’onde des deuxélectrons de l’atome et correspond en
fait préciśementà l’orbitale spatiale ǵeńerant les spin-orbitales de chacune des deux
particules quantiques. La variablea est la position du noyau, considéŕe comme une
particule classique et soumise aux règles de la dynamique newtonienne.

La premìereéquation de ce système, appeléeéquation de Hartree-Fock, modélise
le comportement deśelectrons soumis au potentiel coulombien d’attraction du noyau
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1
|x− a|

et au potentieĺelectrique ext́erieurV1. L’interaction entre les deux́electrons est

traduite par le second membre(|u|2 ? 1
|x|

)u. La deuxìemeéquation mod́elise la posi-

tion du noyau soumis̀a un chamṕelectriquèa travers le terme∇V1(a) et interagissant
avec le nuagéelectronique par le biais d’un potentiel dit de “Hellmann-Feynman” de

la forme
∫

R3
|u(x)|2∇(

1
|x− a|

) dx.

Nous faisons les hypothèses suivantes sur le potentielélectriqueV1 :

(1 + |x|2)−1V1 ∈ L∞((0, T )× R3),
(1 + |x|2)−1∂tV1 ∈ L1(0, T ;L∞(R3)),
(1 + |x|2)−1∇V1 ∈ L1(0, T ;L∞(R3)) et

∇V1 ∈ L2
(
0, T ;W 1,∞

loc (R3)
)
.

(7)

Avant de travailler dans la troisième partie de cette thèse sur un problème de contr̂ole
optimal bilinéaire líe à ceśequations, nous présentons ici les résultats d’existence et de
régularit́e des solutions de (6). Nous introduisons l’espace :

H2 ∩H2(R3) =
{
v ∈ H2(R3),

∫
R3

(1 + |x|2)2|v(x)|2 dx < +∞
}

qui est l’intersection de l’espace de SobolevH2(R3) et de son image par la transformée
de Fourier.

Résultat 3. Soit T > 0 un temps arbitraire. SiV1 vérifie l’hypoth̀ese(7), et si
u0 ∈ H2 ∩ H2(R3) et (a0, v0) ∈ R2, alors le syst̀eme(6) poss̀ede au moins une
solution

(u, a) ∈
(
L∞(0, T ;H2 ∩H2(R3)) ∩W 1,∞(0, T ;L2(R3))

)
×W 2,1(0, T ).

Dans le cas particulier d’un champ laser où le champ∇V1 peut être consid́eŕe
comme homog̀ene en espace (V1(x, t) = E(t) · x), E. CANCÈS et C. LE BRIS démon-
trent l’existence et l’unicit́e d’une solution globale(u, a) au syst̀eme correspondant. Ils
utilisent ainsi dans [10] un changement d’inconnues qui permet d’éliminer le potentiel
électrique et d’utiliser par la suite les résultats de K. YAJIMA , démontŕes dans [51],
sur l’équation de Schrödinger lińeaire avec potentiel coulombien. Cette technique, dite
de changement de jauge, à ét́e pŕećedemment exploitée par R. J. IORIO et D. MAR-
CHESIN [22] dans des circonstances similaires. Les potentielsélectriques que nous
consid́erons sont plus ǵeńeraux et ne permettent pas cette possibilité. Nous avons be-
soin d’un ŕesultat central sur l’équation de Schrödingerlinéaireavec potentiels singu-
liersV0 = 1

|x−a| etV1. Il permettra de lever certaines des difficultés rencontŕees dans
la démonstration de l’existence d’un couple(u, a) solution.

Nous devons par ailleurs signaler que la démonstration de l’unicit́e de la solution
de notre syst̀eme reste un problème ouvert. Nous avons tenté d’utiliser une ḿethode di-
recte (eńecrivant le syst̀eme v́erifié par la diff́erence de deux solutions) et une méthode
par dualit́e. Dans les deux cas, les singularités apparaissant dans le systèmeà consid́erer
ne permettent pas d’écrire les plus simples estimations a priori. Il faut signaler que les
espaces de Lorentz, utilisés dans [10] pour d́emontrer l’unicit́e dans le cas sans po-
tentielélectrique, ne sont pas appropriés au potentielV1 et que c’est le changement de
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jauge qui donnèa la fois existence et unicité pour le probl̀eme avec potentiel homogène
en espace.

On trouvera la d́emonstration du Ŕesultat 3 dans le chapitre 5. C’est l’aboutisse-
ment de plusieurs d́emarches. En premier lieu, comme nous l’avons suggéŕe plus haut,
nous d́emontrons dans le chapitre 4 un résultat ǵeńeral d’existence et de régularit́e pour
l’ équation de Schrödinger lińeaire contenant les potentielsV0 = 1

|x−a| et V1 dont les
singularit́es sont de natures très diff́erentes. Dans un deuxième temps, il s’agit de traiter
la pŕesence d’une non-lińearit́e dans cettéequation pour finalement pouvoir aborder le
couplagèa travers le potentiel coulombien de l’équation de Hartree-Fock pouru avec
uneéquation diff́erentielle ordinaire poura.

On consid̀ere ainsi tout d’abord l’́equation de Schrödinger lińeaire :{
i∂tu+ ∆u+

u

|x− a(t)|
+ V1(x, t)u = 0, (x, t) ∈ R3 × (0, T )

u(x, 0) = u0(x), x ∈ R3
(8)

où le potentielV1 està valeurs ŕeelles et v́erifie aveca les hypoth̀eses :

a ∈ W 2,1(0, T ; R3)
(1 + |x|2)−1V1 ∈ L∞((0, T )× R3),
(1 + |x|2)−1∂tV1 ∈ L1(0, T ;L∞(R3)) et
(1 + |x|2)−1∇V1 ∈ L1(0, T ;L∞(R3)).

(9)

L’article qui est pŕesent́e dans le chapitre 4 donne la démonstration du th́eor̀eme
d’existence et d’unicit́e de la solution de l’́equation (8) que nous citons ici :

Résultat 4. Siu0 ∈ H2 ∩H2(R3), alors l’équation(8) admet une unique solution
u ∈ L∞(0, T ;H2 ∩H2(R3)) telle que∂tu ∈ L∞(0, T ;L2(R3)).
De plus, si on d́efinitα > 0 etρ > 0 tels que∥∥∥∥ V1

1 + |x|2

∥∥∥∥
W 1,1(0,T,L∞)

+
∥∥∥∥ ∇V1

1 + |x|2

∥∥∥∥
L1(0,T,L∞)

≤ ρ et

∥∥∥∥d2a

dt2

∥∥∥∥
L1(0,T )

≤ α,

alors il existe une constante positiveC dépendant deT , α etρ, telle que

‖u‖L∞(0,T ;H2∩H2(R3)) + ‖∂tu‖L∞(0,T ;L2(R3)) ≤ C‖u0‖H2∩H2(R3).

Dans le cas òu V1 = 0, K. YAJIMA démontre que l’́equation (8)étudíee dans
Rd × (0, T ) avecu0 ∈ H2(Rd) admet une unique solutionu ∈ C([0, T ];H2(Rd)) ∩
C1([0, T ];L2(Rd)), en utilisant notamment les résultats de T. KATO (référence [26]).
Mais la v́eritable difficult́e que l’on rencontre lors de l’étude de l’́equation de Schrödin-
ger linéaire (8) est la présence simultańee de deux potentiels (coulombien etélectriques)
aux propríet́es tr̀es diff́erentes.

Dans le chapitre 4, òu se trouve la d́emonstration du Ŕesultat 4, nous travaillons
sur une version régulariśee de l’́equation (8), de solutionuε. Ceci permet de traiter des
situations mettant en jeu des potentiels réguliers et de justifier un grand nombre des
calculs effectúes.

Dans un premier temps, nous démontrons un ŕesultat d’existence et de régularit́e
dans l’espace

H1 ∩H1(R3) =
{
v ∈ H1(R3),

∫
R3

(1 + |x|2)|v(x)|2 dx < +∞
}
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sous des hypoth̀eses moins fortes sura et V1. Nous travaillons effectivement sur une
version ŕegulariśee de l’́equation (8) et d́emontrons l’existence de bornes uniformes en
ε de

‖∇uε‖2L2(R3) +
∥∥∥(1 + |x|2) 1

2uε

∥∥∥2

L2(R3)
.

Un passagèa la limite quandε tend vers0 permet de conclure.
Ensuite, pour d́emontrer le Ŕesultat 4, nous poursuivons l’objectif d’écrire des

bornes de l’́energie

Eε(t) = ‖(1 + |x|2)uε‖2L2(R3) + ‖∂tuε‖2L2(R3)

du syst̀eme ŕegulariśe qui soientégalement uniformes enε. S’il est facile d’estimer
le premier terme, il n’en est pas de même pour la norme de∂tuε. Nous devons donc
travailler sur la d́erivée en temps de l’équation ŕegulariśee. Pour ne paŝetre ameńesà
étudier unéequation ayant dans le second membre un terme de la forme∂tV

ε
0 uε, qui ne

se trouve pas dans un espace pour lequel nous savons démontrer l’existence de solution
et donner des estimations, nous allons avoir recoursà un changement de variable avant
la dérivation de l’́equation.

Nous posonsy = x−a(t) et consid́erons l’́equation v́erifiée par la d́erivée en temps
de vε(t, y) = uε(t, x). Il faut remarquer que dans l’équation v́erifiée parvε(t, y), le
potentiel coulombien est maintenant1

|y| et n’a pas de d́erivée en temps. Nous sommes
alors capable de démontrer une estimation de‖∂tvε(t)‖L2 qui nous permet d’obtenir
l’estimation esṕeŕee de la normeL2 de∂tuε. Nous signalons que nous avons pris soin
de choisir les ŕegularisations des termesu0, V0 et V1 borńees par les normes de ceux
-ci dans les espaces où ils sont d́efinis.

Nous attirons l’attention sur le fait que notre démonstration ne convient pasà une
situation òu un syst̀eme contenant deux noyaux serais modélisé, à cause pŕeciśement
du changement de variable utilisé.

Finalement, nous sommes en mesure d’écrire une estimation de l’énergieEε(t)
puis de passer̀a la limite quandε tend vers0. La limiteu de(uε)ε>0 est la solution de
(8) et v́erifie effectivement

u ∈ L∞(0, T ;H2 ∩H2(R3)) et ∂tu ∈ L∞(0, T ;L2(R3)).

L’unicit é de la solution est d́emontŕee gracèa des estimations surL∞(0, T ;L2(R3)).
Outre tous les d́etails concernant cette démonstration, nous donnonségalement dans
l’article présent́e au chapitre 4, des résultats de continuité faible et forte, pour une
donńee initialeu0 dansH2 ∩ H2(R3) : u ∈ Cw([0, T ];H2 ∩ H2(R3)) et u ∈
C([0, T ];H1 ∩H1(R3)).

Il est commode, pour la suite, de présenter ce résultat sous la forme d’un corollaire
contenant la notion de propagateur.

Corollaire 5. Soienta etV1 vérifiant l’hypoth̀ese(9) et soitρ > 0 tel que

‖(1 + |x|2)−1V1‖W 1,1(0,T,L∞) + ‖(1 + |x|2)−1∇V1‖L1(0,T,L∞) ≤ ρ.

On d́efinit la famille de Hamiltoniens{H(t), t ∈ [0, T ]} par

H(t) = −∆− 1
|x− a|

− V1.
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Alors il existe une unique famille d’opérateurs d’́evolution{U(t, s), (s, t) ∈ [0, T ]2}
(appeĺee propagateur associé à H(t)) sur H2 ∩ H2(R3) telle que pour toutu0 ∈
H2 ∩H2(R3) :

(i) U(t, s)U(s, r)u0 = U(t, r)u0 et

U(t, t)u0 = u0 pour tout(s, t, r) ∈ [0, T ]3;
(ii) (t, s) 7→ U(t, s)u0 est fortement continue de[0, T ]2 dansL2(R3) et

U(t, s) est une isoḿetrie deL2 : ‖U(t, s)u0‖L2 = ‖u0‖L2 ;
(iii) U(t, s) ∈ L(H2 ∩H2(R3)) pour tout(s, t) ∈ [0, T ]2 et (t, s) 7→ U(t, s)u0

est faiblement continu de[0, T ]2 dansH2 ∩H2(R3); de plus, pour tout

α > 0, il existeMT,α,ρ > 0 tel que :∀t, s ∈ [0, T ], ∀f ∈ H2 ∩H2(R3),
‖a‖W 2,1(0,T ) ≤ α ⇒ ‖U(t, s)f‖H2∩H2(R3) ≤MT,α,ρ‖f‖H2∩H2(R3);

(iv) leségalit́es i∂tU(t, s)u0 = H(t)U(t, s)u0

et i∂sU(t, s)u0 = −U(t, s)H(s)u0 sont v́erifiées dansL2(R3).

On consid̀ere maintenant l’́equation dite deHartree-Fock, qui consiste en unéequa-
tion de Schr̈odinger avec les potentielsélectrique et coulombien et une non-linéarit́e de
Hartree : i∂tu+ ∆u+

u

|x− a(t)|
+ V1(x, t)u = (|u|2 ? 1

|x|
)u, (x, t) ∈ R3 × (0, T )

u(x, 0) = u0(x), x ∈ R3.
(10)

On pŕecise le lien de cettéequation avec le système coupĺe (6). Il est assez fréquent
dans la litt́erature concernant leséquations issues de la chimie quantique de simplifier la
situation consid́eŕee en supposant connues les positions des noyaux (par exemple dans
[14] ou [50]). On peut alors remarquer que si la positiona(t) du noyau est d́ejà connue,
alors la mod́elisation de l’́evolution d’un atome d’H́elium dans un chamṕelectrique
non-homog̀ene correspond̀a l’équation (10).

On d́emontre le th́eor̀eme suivant dans le chapitre 5.

Résultat 6. Si u0 ∈ H2 ∩ H2(R3) et si a et V1 vérifient (7), alors l’équation(10)
admet une unique solution

u ∈ L∞(0, T ;H2 ∩H2(R3)) telle que ∂tu ∈ L∞(0, T ;L2(R3)).

De plus, il existe une constante positiveC telle que :

‖u‖L∞(0,T ;H2∩H2(R3)) + ‖∂tu‖L∞(0,T ;L2(R3)) ≤ C‖u0‖H2∩H2(R3).

Ce th́eor̀eme est d́emontŕe à partir du Corollaire 5 et d’un th́eor̀eme de point fixe
de Picard. Un lemme permettant de traiter la non-linéarit́e, qui s’av̀ereêtre localement
lipschitzienne dans les bons espaces, permet de conclure pour unT > 0 suffisamment
petit. Nous nous appuyons ensuite sur des estimationsa priori pourétendre ce ŕesultat
aux tempsT > 0 quelconques.

Pour la d́emonstration du Ŕesultat 3, on montrera tout d’abord deux lemmes concer-
nant les deux́equations en jeu sépaŕement l’une de l’autre, et par un argument de point
fixe de Schauder, la preuve du théor̀eme pour un tempsT > 0 suffisamment petit. Une
estimation a priori, valable pour toute solution de la bonne classe, permet ensuite de
démontrer le Ŕesultat 3 pour un tempsT arbitraire. On d́emontre en effet :
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Proposition 7. Soit(u, a) une solution du système coupĺe (6) dans la classe[
W 1,∞(0, T ;L2(R3)) ∩ L∞(0, T ;H2 ∩H2(R3))

]
×W 2,1(0, T ).

Siρ > 0 vérifie

‖(1 + |x|2)−1V1‖W 1,1(0,T,L∞) + ‖(1 + |x|2)−1∇V1‖L1(0,T,L∞) ≤ ρ

alors il existe une constanteR > 0 qui dépend deρ telle que‖a‖C([0,T ]) ≤ R et si
ρ1 > 0 est tel que∥∥∥∥ V1

1 + |x|2

∥∥∥∥
W 1,1(0,T ;L∞)

+
∥∥∥∥ ∇V1

1 + |x|2

∥∥∥∥
L1(0,T,L∞)

+ ‖∇V1‖L2(0,T ;W 1,∞(B(0,R))) ≤ ρ1

alors il existe une constante positiveK dependant deT , ρ1, ‖u0‖H2∩H2(R3), |a0| et
|v0|, telle que :

‖u‖L∞(0,T ;H2∩H2(R3)) + ‖∂tu‖L∞(0,T ;L2(R3)) +m

∥∥∥∥d2a

dt2

∥∥∥∥
L1(0,T )

+m

∥∥∥∥dadt
∥∥∥∥
C([0,T ])

+ sup
t∈[0,T ]

(∫
R3

(
|u(t, x)|2 ? 1

|x|

)
|u(t, x)|2 dx

) 1
2

≤ K.

Avec les ŕesultats pŕesent́es ici et d́emontŕes dans la deuxième partie de ce manus-
crit, nous avons en partie répondu aux questions fondamentales d’existence, d’unicité
et de ŕegularit́e des solutions de quelqueséquations de Schrödinger. Mais nous avons
également proćed́e à la mise en place des pré-requis̀a l’étude de problèmes de contrôle
optimal liésà ceśequations et présent́es maintenant.

Troisi ème partie :
Contr ôle optimal bilin éaire.

L’optimisation d’un processus consisteà se donner une modélisation de la situation
étudíee sous forme d’équations d’́etat, un contr̂ole qui permet d’agir sur ceśequations
et enfin une fonction de coût correspondant̀a ce que l’on tentera de minimiser. On
parle alors de contrôle optimal, et il s’agit pŕeciśement de minimiser une fonctionnelle
dépendant de la solution d’uneéquation aux d́erivées partielles et de caractériser son
minimum par un système d’́equations appelé syst̀eme d’optimalit́e. On trouvera des
travaux tr̀es exhaustifs̀a ce sujet dans [33] par J.-L. Lions. Les problèmes consid́eŕes
peuvent̂etre tr̀es diff́erents selon que l’applicationcontrôle 7→ étatest lińeaire ou non-
linéaire. Nous allonśetudier ici un cas òu cette application est non-linéaire.

D’un point de vue ǵeńeral, au del̀a d’une d́emonstration de l’existence d’un contrôle
optimal, on retiendra deux idées. La première concerne l’obtention d’une condition
d’optimalité qui ńecessite le calcul du gradient de la fonctionnelle de coût : il faudra
dériver la variable d’́etat du syst̀eme par rapport̀a la variable de contrôle et cela peut
s’avérer d́elicat, voire probĺematique (surtout en cas d’absence d’unicité de la solution
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de l’équation d’́etat). La seconde est l’une des idées majeures de la théorie du contr̂ole.
C’est la notion d’́etat adjoint, les oṕerateurs intervenant dans sa définition étant les ad-
joints des oṕerateurs de l’́equation d’́etat, qui permet de simplifier considérablement
l’expression du gradient de la fonctionnelle de coût et de reformuler par la suite la
condition d’optimalit́e assocíee.

Notre objectif dans cette dernière partie de la th̀ese est l’́etude du probl̀eme de
contr̂ole optimal bilińeaire pośe avec le système d’́equations couplées (6). On d́efinit
l’espace fonctionnel

H =
{
V, (1 + |x|2)− 1

2V ∈ H1(0, T ;W) et∇V ∈ L2
(
0, T ;W 1,∞(R3)

)}
oùW est un espace de Hilbert tel queW ↪→W 1,∞(R3). On pŕesente alors le problème
de contr̂ole optimal bilińeaire suivant : soit(u, a) une solution du problème coupĺe (6)
et soientr > 0 un poids quelconque etJ la fonctionnelle de côut définie par

J(V1, u) =
1
2

∫
R3
|u(T )− u1|2 dx+

r

2
‖V1‖2H.

Le potentielV1 est notre param̀etre de contr̂ole et l’objectif est d’amener la fonc-
tion d’ondeu desélectrons le plus près possible d’uńetat cibleu1 en minimisant la
fonctionnelleJ par rapport̀aV1 dans l’espace de HilbertH.

La particularit́e du contr̂ole optimalétudíe tient au fait que la variable de contrôle
V1 multiplie la variable d’́etatu dans l’́equation (10). La d́enominationbilinéaire est
ainsi expliqúee et la non-lińearit́e de l’applicationV1 7→ u influe particulìerement sur
les d́emonstrations. On démontre dans le dernier chapitre du manuscrit le théor̀eme qui
suit :

Résultat 8. Il existe un contr̂ole optimalV1 dansH tel que

J(V1, u) = inf{J(V, u), V ∈ H}.

Dans la d́emonstration de ce résultat, on fera remarquer que dans l’espaceH choisi
plus haut on peut en fait remplacer l’hypothèse∇V ∈ L2

(
0, T ;W 1,∞(R3)

)
par la

suivante :∇V ∈ L2
(
0, T ;W 1,∞

loc (R3)
)

. Dans la fonctionnelleJ , il faut alors rem-

placer‖V1‖2H par
∥∥∥(1 + |x|2)− 1

2V1

∥∥∥2

H1(0,T ;W)
+ ‖∇V1‖2L2(0,T ;W 1,∞(BR)) où BR est

la bouleB(0, R) deR3. La Proposition 7 permet en effet d’affirmer que sans aucune
hypoth̀ese sur∇V1, que l’on consid̀ere appliqúe au pointa dans leśequations, on peut
borner la solutiona dansC([0, T ]).

C’est ainsi que, pour obtenir une condition d’optimalité, on va pouvoir travailler
dans l’espace de Hilbert :

H̃ =
{
V, (1 + |x|2)− 1

2V ∈ H1(0, T ;H3 ⊕ Sp{ψ1}) ∩ L2
(
0, T ;H4 ⊕ Sp{ψ1}

)}
où ψ1 ∈ W 1,∞(R3) \ H3 et∇ψ1 ∈ W 1,∞

loc (R3). Plus pŕeciśement nous donnerons
une interpŕetation de la condition d’optimalité dans le cas particulierψ1 = 1. On
remarquera par ailleurs que

H̃ ⊂
{

(1 + |x|2)− 1
2V ∈ H1(0, T ;W) et∇V ∈ L2

(
0, T ;W 1,∞

loc

)}
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En effet,H3(R3) ↪→ W 1,∞(R3) et le poids(1 + |x|2)− 1
2 n’est influent qu’̀a l’infini

donc(1 + |x|2)− 1
2V1(t) ∈ H4 impliqueV1(t) ∈W 2,∞

loc (R3).

Ensuite, siV1 est le contr̂ole optimal correspondantà la fonctionnelleJ contenant

le terme‖V1‖ eH alors DJ(V1) = 0 dansL
(
H̃
)

. Ainsi, pour pouvoir calculer la

diff érentielle deJ par rapport̀aV1, puisqueH̃ est un espace de Hilbert, il ne reste qu’à
démontrer la diff́erentiabilit́e de la fonctionnelle

Φ : V1 7−→ (u(V1), a(V1))

à valeur dansC([0, T ];L2(R3))×C1([0, T ]). On peut d́ejà remarquer queΦ n’est pas
bien d́efinie d̀es lors que l’unicit́e de la solution du système (6) n’est pas d́emontŕee.
Ce que l’on peut donc proposer ensuite n’est que formel mais permet de mieux cerner
les difficult́es qu’il faudrait affronter pour faire une démonstration rigoureuse.

Si on supposeΦ bien d́efinie et diff́erentiable et si l’on note, pourδV1 ∈ H̃

DΦ(δV1) = (z, b)

alors(z(x, t), b(t)) doit vérifier le syst̀eme coupĺe :

i∂tz + ∆z + V0z + V1z = ∇V0 · b u− δV1u+ (|u|2 ? 1
|x|

)z + 2(Re(uz) ?
1
|x|

)u,

z(0) = 0,

m
d2b

dt2
=
∫

R3

(
−|u|2∇(∇V0) · b+ 2Re(uz)∇V0

)
dx−∇δV1(a)−∇(∇V1).b(a),

b(0) = 0,
db

dt
(0) = 0

dans[0, T ]×R3 et avecV0(x, t) =
1

|x− a(t)|
. Le syst̀eme adjoint, que l’on peut alors

obtenir formellement, s’écrit

i∂tp+ ∆p+ V0p+ V1p = (|u|2 ? 1
|x|

)p+ 2i (Im(up) ?
1
|x|

)u+ 2i u∇V0 · %,

p(T ) = u(T )− u1,

m
d2%

dt2
=
∫

R3
(∇V0 Im(up) + 2u ∇V0 % · ∇u) dx−∇(∇V1) · %(a),

%(T ) = 0,
d%

dt
(T ) = 0

et (p, %) = (p(x, t), %(t)). L’espaceH̃ étant un espace de Hilbert, la condition d’opti-
malité qui d́ecoule de

DJ(V1) = 0, dansL
(
H̃
)

s’écrit alors :

r〈V1, δV 〉 eH = Im

∫ T

0

∫
R3
δV up dxdt−

∫ T

0

∇δV (a)% dt, ∀δV ∈ H̃. (11)

On donne enfin un système d’optimalit́e, qui est une interprétation de (11) en terme
d’équations aux d́erivées partielles :

V1(x, t) =
(
1 + |x|2

) 1
2
(
(I −∆)−1Y1(x, t) + E1(t)

)
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où Y1 ∈ H1(0, T ;H1) ∩ L2(0, T ;H2) etE1 ∈ H1(0, T ) vérifient le syst̀eme

r
[
(I − ∂2

t ) + (I −∆)
]
(I −∆)Y1 = (I −∆)−1G dansR3 × (0, T )

∂t(Y1 −∆Y1)(T ) = ∂t(Y1 −∆Y1)(0) = 0 dansR3

r

(
E1 −

d2E1

dt2

)
=
∫

R3
G(x) dx sur(0, T )

dE1

dt
(T ) =

dE1

dt
(0) = 0

(12)

où G(x, t) = Im
(
u(x, t)p(x, t)

)√
1 + |x|2

+ %(t) · ∇δa(t)(x)
√

1 + |a(t)|2 − a(t) · %(t)√
1 + |a(t)|2

δa(t)(x)

et òu δa est la masse de Dirac au pointa ∈ R3. On peut remarquer que la résolution
de l’équation obtenue par transformée de Fourier (par rapport aux variables d’espace)
du syst̀eme (12) correspond, pour chaqueξ, à la ŕesolution d’un syst̀eme elliptique en
dimension 1 (variable de temps).

La démonstration rigoureuse de la différentiabilit́e de la fonctionnelleJ est un
probl̀eme ouvert, ainsi que la justification desécritures formelles obtenues ci-dessus.
On trouvera cependant des détails sur ces calculs formelsà la fin du dernier chapitre de
la thèse.

Dans le souci d’̂etre le plus complet possible sur l’étude du contr̂ole optimal bi-
linéaire concernant ce système d’́equations, nous avonśetudíe en d́etail la situation
où la position du noyau est connue. Nous considérons ainsi dans un premier article,
au chapitre 6, un problème de contr̂ole optimal bilińeaireà propos de l’́equation de
Schr̈odinger lińeaire. On y d́emontre l’existence d’un contrôle optimal. L’́etude se pour-
suit jusqu’̀a la d́emonstration d’une condition d’optimalité dont la d́emarche ne sera pas
décrite ici. Nous pŕeférons d́etailler le probl̀eme de contr̂ole optimal bilińeaire trait́e au
début du chapitre 7 concernant l’équation de Schrödinger non-lińeaire (10) en posant

V0 =
1

|x− a(t)|
, a ∈W 2,1(0, T ; R3) donńe,

et V1 ∈ H =
{
V,
(
1 + |x|2

)− 1
2 V ∈ H1(0, T ;W )

}
avecW espace de Hilbert tel queW ↪→W 1,∞(R3). Le potentielV1 est notre contr̂ole
et l’objectif est d’amener l’́etatu, solution de (10), le plus près possible de l’état cible
u1 en minimisant la fonctionnelle de coût J :

J(V1) =
1
2

∫
R3
|u(T )− u1|2 dx+

r

2
‖V1‖2H .

E. CANCÈS, C. LE BRIS et M. PILOT démontrent dans [11],̀a l’aide d’un chan-
gement de jauge, l’existence d’un tel contrôle optimal bilińeaire dans le cas particulier
d’un champ laser homogène en espace :V1(x, t) = E(t) · x. Nous d́emontrons un
résultat plus ǵeńeral, en terme d’hypoth̀eses sur le potentielV1 et plus complet, puis-
qu’il r épond aux questions traditionnelles des problèmes de contrôle optimal que sont la
définition d’unétat adjoint et le calcul d’une condition d’optimalité. Plus pŕeciśement,
on peut consid́erer

W = H3 ⊕ Span{ψ1, ψ2, ..., ψm}
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avecm ∈ N, et pour touti ∈ [[1,m]], ψi ∈ W 1,∞(R3) \ H3(R3). Cela nous per-
met à la fois de traiter le caśevoqúe dans la ŕeférence [11] et le cas avec potentiel
électrique ǵeńeral(1 + |x|2)− 1

2V1(t) ∈ H2(R3) non-homog̀ene en espace. Nous pou-
vonségalement signaler que nous répondons avec le Ŕesultat 8 (d́emonstration au cha-
pitre 7) à une remarque faite dans la note [11] sur l’existence d’un contrôle optimal
pour un syst̀eme couplant unéequation de type (10)̀a la dynamique newtonienne.

Nous donnons maintenant le résultat complet ŕepondant au problème du contr̂ole
optimal bilinéaire de l’́equation (10).

Résultat 9. Il existe un contr̂ole optimal bilińeaireV1 dansH,

J(V1) = inf{J(V ), V ∈ H}

et le triplet(u, p, V1) vérifie l’équation d’́etat (10) : i∂tu+ ∆u+ V0u+ V1u = (|u|2 ? 1
|x|

)u, dansR3 × (0, T )

u(0) = u0, dansR3,

le probl̀eme adjoint i∂tp+ ∆p+ V0p+ V1p = (|u|2 ? 1
|x|

)p+ 2i(Im(up) ?
1
|x|

)u, dansR3 × (0, T )

p(T ) = u(T )− u1 dansR3

et la condition d’optimalit́e :

r〈V1, δV 〉H = Im

∫ T

0

∫
R3
δV (x, t)u(x, t)p(x, t) dxdt, ∀ δV ∈ H.

Nous pouvons donner une interprétation de la condition d’optimalité dans le cas
particulier òuW = H3(R3)⊕ Span{1} par le syst̀eme d’optimalit́e suivant :

r(I − ∂2
t )(I −∆)Y1 = (I −∆)−1

(
Im(up)

√
1 + |x|2

)
dansR3 × (0, T )

∂t(Y1 −∆Y1)(T ) = ∂t(Y1 −∆Y1)(0) = 0 dansR3

2 r
(
E1 −

d2E1

dt2

)
= Im

∫
R3
up
√

1 + |x|2 dx sur(0, T )

dE1

dt
(T ) =

dE1

dt
(0) = 0

où
V1(x, t) =

(
1 + |x|2

) 1
2
[
(I −∆)−1 Y1(x, t) + E1(t)1(x)

]
avec

Y1 ∈ H1(0, T,H1) et E1 ∈ H1(0, T ).

La démonstration de l’existence d’un contrôle optimal se fait de manière classique,
en consid́erant une suite minimisante(V n1 )n≥0 dansH pour la fonctionnelleJ et l’une
des difficult́es rencontŕees est l’́etude du terme‖un(T )−u1‖2L2(R3). Elle ńecessite les
résultats de ŕegularit́e obtenus dans la partie préćedente. Nous pouvons signaler qu’il



25

n’est pas envisageable ici d’éliminer le terme‖V1‖2H dans la fonctionnelle de coût, au
risque de ne d́ejà pas pouvoir d́emontrer l’existence d’un contrôle optimal.

L’ écriture d’une condition d’optimalité ńecessite la d́emonstration de la différentia-
bilit é deJ . Pour montrer la proposition suivante, on utilise fortement la régularit́e de
la solutionu de l’équation d’́etat (10).

Proposition 10. Si u est la solution de(10), la fonctionnelle

φ : H → L2(R3)
V1 7→ u(T )

est diff́erentiable. De plus, siz est solution de l’́equation : i∂tz + ∆z + V0z + V1z = −δV1u+ (|u|2 ? 1
|x|

)z + 2Re(uz ?
1
|x|

)u,

z(0) = 0,

pośee dansR3 × (0, T ) alorsz ∈ C([0, T ];L2(R3)) et Dφ(V1)[δV1] = z(T ).

C’est un point d́elicat et on remarquera que l’on ne démontre la diff́erentiabilit́e de
φ qu’à valeurs dansL2(R3). Il faudrait pouvoir d́emontrer des ŕesultats de ŕegularit́e
bien plus forts pour pouvoiŕetendre ces résultats̀aH1(R3) et nous pensons que cela
n’est pas possible sous nos hypothèses. Cela signifie préciśement que l’on ne peut pas
mettre dans la fonctionnelle de coût J de norme plus forte deu(T )− u1 que la norme
L2(R3).

Par suite, la fonctionnelleJ est diff́erentiable par rapportàV1 et comme

J(V1) =
1
2
‖u(T )− u1‖2L2(R3) +

r

2
‖V1‖2H

la conditionDJ(V1) = 0 dansL (H) peutêtre traduitèa l’aide du probl̀eme adjoint.

Pour d́emontrer cette Proposition 10, on prendra soin de vérifier en premier lieu la
continuit́e deφ. Le travail pour la diff́erentiabilit́e est beaucoup plus complexe que pour
le probl̀eme de contr̂ole optimal pour l’́equation de Schrödinger lińeaire et est d́etaillé
dans le chapitre 7.

Nous avons donńe dans cette introduction les grandes lignes des travaux de cette
thèse et les motivations nécessaires̀a la lecture des d́emonstrations qui sont données
dans les diff́erents chapitres de ce manuscrit. Nous avons choisi de présenter nos tra-
vaux sous la forme d’articles tels qu’ils ontét́e publíes ou soumis̀a la publication.
Le lecteur rencontrera dans la partie I un premier chapitre contenant les pré-requis
à l’étude du probl̀eme inverse qui occupe l’article présent́e au chapitre 2. La par-
tie II commence avec une introduction aux approximations en chimie quantique. Ce
chapitre 3 d́ecrit le processus qui rend mathématiquement abordable l’étude du com-
portement d’un atome d’H́elium soumis̀a un chamṕelectrique et propose le système
coupĺe (6). Les ŕesultats d’existence et de régularit́e sont successivement démontŕes
dans les chapitres 4 et 5. Notre manuscrit se termine avec les problèmes de contrôle
optimal bilinéaires ŕesolus dans les deux derniers chapitres.



26



Première partie

Problème inverse de
détermination de potentiel dans

l’ équation de Schr̈odinger en
domaine borné
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Chapitre 1

Introduction

1.1 Introduction à l’ équation de Schr̈odinger en domaine
borné

En vue de pŕesenter par la suite notreétude d’un probl̀eme inverse de d́etermination
de potentiel dans l’équation de Schrödinger pośee en domaine borné, nous voulons
tout d’abord pŕeciser ici les ŕesultats de ŕegularit́e les plus basiques connus pour cette
équation.

D’un point de vue math́ematique, l’́equation de Schrödinger a ceci de particu-
lier qu’elle semble se situer̀a mi-chemin entre leśequations paraboliques et hyper-
boliques. Elle est en effet réversible en temps comme l’équation des ondes, mais sa
vitesse de propagation est infinie ce qui est le cas de l’équation de la chaleur. Dans
nos travaux sur un problème inverse, présent́es dans le chapitre suivant, les similitudes
de d́emonstrations avec le m̂eme probl̀eme pośe pour l’́equation des ondes sont assez
marqúees,à ceci pr̀es que le temps d’observationT pourraêtre choisi arbitrairement
petit.

On trouvera dans les références [12], [13] et [15] l’́etude de l’́equation de Schrödin-
ger linéaire, le plus souvent sans potentiel ou posée en domaine non borné. Dans [15],
R. DAUTRAY et J.-L. LIONS utilisent la ḿethode de Galerkin et des raisonnements liés
au lemme de Gronwall pour démontrer l’existence et la régularit́e de la solution de cette
équation. D’autre part, les techniques de semi-groupe qui sont présent́ees par T. CA-
ZENAVE et A. HARAUX dans [12] et [13] sont plus appropriées aux travaux présent́es
dans la deuxìeme partie de cette thèse en ce qu’ils sont applicables en domaine non
borńe, mais ḿeritent ńeanmoins d’̂etreévoqúes ici.

Nous allons donner dans la suite les résultats pŕecis concernant la situation qui
nous int́eresse, ainsi que quelques commentaires sur les démonstrations qui ne seront
pas d́etaillées.
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1.1.1 Existence et ŕegularité pour l’ équation avec donńee au bord
homog̀ene

SoientN ∈ N, Ω ⊂ RN un ouvert borńe de frontìere∂Ω de classeC2 et T > 0.
On suppose queq ∈ L∞(Ω) et on consid̀ere l’équation

 iy′(x, t) + ∆y(x, t) + q(x)y(x, t) = g(x, t), x ∈ Ω, t ∈ (0, T )
y(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T )
y(x, 0) = y0(x), x ∈ Ω.

(1.1)

Notations : La dérivée premìere temporelle deu est not́eeu′. Imz est la partie imagi-
naire d’un nombre complexez et z son conjugúe. Sur∂Ω, le vecteur normal unitaire
ext́erieuràΩ est not́eν.

Lemme 1. Si y0 ∈ L2(Ω) et g ∈ L1(0, T, L2(Ω)) alors l’équation (1.1) admet une
unique solutiony ∈ C([0, T ], L2(Ω)) et il existe une constanteC > 0 dépendant de
Ω, T et‖q‖L∞(Ω) telle que pour toutt dans[0, T ],

‖y(t)‖L2(Ω) ≤ C
(
‖y0‖L2(Ω) + ‖g‖L1(0,T,L2(Ω))

)
.

La démonstration est très simple et repose sur le calcul formel de “Im
∫
Ω
(1.1)y dx”

et un lemme de Gronwall. Plus rigoureusement, une méthode de Galerkin basée sur les
décomposition de Fourier permet de démontrer ce lemme (et le suivant). On peut aussi
consulter [15], penser̀a la ḿethode variationnelle introduite par LIONS et MAGENES

[35] ou encore appliquer la théorie de Hille-Yosida (pŕesentation particulièrement adap-
tée aux applications dans [6]).

Lemme 2. On suppose quey0 ∈ H1
0 (Ω) et g ∈ X où l’espace fonctionnelX est

L1(0, T,H1
0 (Ω)),W 1,1(0, T, L2(Ω)) ou bienL1(0, T, L2(Ω))∩W 1,1(0, T,H−1(Ω)).

Alors l’équation (1.1) admet une unique solutiony ∈ C([0, T ],H1
0 (Ω)) et il existe une

constanteC = C(Ω, T, ‖q‖L∞(Ω)) > 0 telle que pour toutt dans[0, T ],

‖y(t)‖H1
0 (Ω) ≤ C

(
‖y0‖H1

0 (Ω) + ‖g‖X
)
.

De nouveau, l’utilisation du lemme de Gronwall sur des estimations formelles
de la solution est une première approche. Une démonstration rigoureuse se fait par
décomposition de Fourier, permettant de considérer des espaces de dimension finie et
d’utiliser la méthode de Galerkin.

1.1.2 Identité des Multiplicateurs et application

Lemme 3. Soitγ = γ(x, t) ∈ C2(Ω× (0, T ),Rn). L’identité suivante, dite des “mul-
tiplicateurs”, est v́erifiée pour toute solution de(1.1) avec donńee initialey0 ∈ H1

0 (Ω)
et terme sourceg ∈ X (comme dans le lemme préćedent) :
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∫ T

0

∫
Ω

(γ · ν)
∣∣∣∣∂y∂ν

∣∣∣∣2 dσdt = Im

∫
Ω

y(γ · ∇y) dx
∣∣∣T
0

+Re
∫ T

0

∫
Ω

y(∇(divγ) · ∇y) dxdt+ 2Re
∫ T

0

∫
Ω

n∑
i,j=1

∂γj
∂xi

∂y

∂xi

∂y

∂xj
dxdt

−2Re
∫ T

0

∫
Ω

qy(γ · ∇y) dxdt−Re

∫ T

0

∫
Ω

q|y|2divγ dxdt

+2Re
∫ T

0

∫
Ω

g(γ · ∇y) dxdt+Re

∫ T

0

∫
Ω

gy divγ dxdt.

Ce type d’identit́e a ét́e introduit par RELLICH et ce lemme se d́emontre en cal-

culant ′′Re
∫ T

0

∫
Ω

(1.1)(γ.∇y +
1
2
ydivγ) dxdt′′. Dans la ŕeférence [36], E. MACH-

TYNGIER donne un ŕesultat similaire pour l’́equation de Schrödinger sans potentiel.
On peut aussi faire référence au livre [34] de J.-L. LIONS pour une identit́e simi-
laire concernant l’́equation des ondes. On trouveraégalement dans cet ouvrage la
démonstration rigoureuse de l’existence d’un prolongementà RN d’un champ de vec-
teurs normaux̀a la frontìere d’un ouvert borńe de classeC2. On peut alors choisir
γ = γ(x) ∈ C2

(
Ω× [0, T ],Rn

)
tel queγ = ν sur la frontìere deΩ, qui est effecti-

vement de classeC2. Par suite,γ.ν = 1 sur (0, T ) × ∂Ω et cette identit́e permet de
démontrer le ŕesultat de ŕegularit́e suivant.

Lemme 4. Si y0 ∈ L2(Ω) et g ∈ X alors l’unique solutiony de l’équation (1.1)
vérifie qu’il existe une constanteC = C(Ω, T, ‖q‖L∞(Ω)) > 0 telle que pour toutt
dans(0, T ), ∥∥∥∥∂y∂ν (t)

∥∥∥∥
L2(Γ×(0,T ))

≤ C
(
‖y0‖H1

0 (Ω) + ‖g‖X
)

1.1.3 Equation avec donńees au bord non homog̀ene

On consid̀ere maintenant l’́equation plus ǵeńerale iy′(x, t) + ∆y(x, t) + q(x)y(x, t) = g(x, t), x ∈ Ω, t ∈ (0, T )
y(x, t) = h(x, t), x ∈ ∂Ω, t ∈ (0, T )
y(x, 0) = y0(x), x ∈ Ω

(1.2)
avec toujoursq ∈ L∞(Ω). On peut d́emontrer le ŕesultat d’existence d’une solution
très faible suivant.

Lemme 5. On suppose quey0 ∈ L2(Ω), g ∈ L2((0, T )×Ω) eth ∈ L2((0, T )×∂Ω)).
L’ équation(1.2) admet alors une unique solution au sens très faible

y ∈ C([0, T ],H−1Ω)) ∩H−1(0, T, L2(Ω)).

La démonstration se fait par transposition et on trouvera des détails dans [36]
pour l’équation de Schrödinger sans potentiel et dans [34] pour l’équation des ondes.
L’id ée essentielle consisteà d́efinir l’ état adjoint̀a y comme la solutionϕ du syst̀eme
rétrograde iϕ′(x, t) + ∆ϕ(x, t) + q(x)ϕ(x, t) = f(x, t), x ∈ Ω, t ∈ (0, T )

ϕ(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T )
ϕ(x, T ) = 0, x ∈ Ω.
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Puisque l’́equation de Schrödinger est ŕeversible en temps, on connaı̂t la régularit́e de

ϕ et de
∂ϕ

∂ν
d’apr̀es ce qui áet́e d́emontŕe pŕećedemment. On dit alors quey est une

solution d́efinie par transposition de l’équation (1.2) si et seulement si on peut donner
un sens, quelque soitf , à

〈f, y〉 =
∫ T

0

∫
Ω

gϕ dxdt+ i

∫
Ω

y0ϕ(0) dx+
∫ T

0

∫
∂Ω

h
∂ϕ

∂ν
dσdt

où 〈·, ·〉 est un crochet de dualité à d́efinir.
On d́efinit ensuite l’applicationL(f) = 〈f, y〉 comme une forme lińeaire continue sur
un certain espaceE et cela permet de choisir la solutiony de (1.2) comme représentant
deL dans le dualE′ deE, d’apr̀es le th́eor̀eme de Riesz.

On va maintenant donner un sensà la d́erivée normale de la solutiony de l’équation
(1.2), qui joue un r̂ole important dans le problème inverse que nous détaillerons ensuite.

On consid̀erey0 ∈ L2(Ω), g ∈ L2((0, T ) × Ω) et h ∈ L2((0, T ) × ∂Ω)), qui
donnenty ∈ H−1(0, T, L2(Ω)). Il en d́ecoule directementy′ ∈ H−2(0, T, L2(Ω)),
puisqueq = q(x) ∈ L∞(Ω) on trouveqy ∈ H−1(0, T, L2(Ω)) et d’apr̀es l’équation
(1.2),∆y ∈ H−2(0, T, L2(Ω)). On va utiliser un th́eor̀eme de trace [35]. L’ouvertΩ
étant suffisamment régulier, l’application d́efinie par

H2(Ω) −→ H
3
2 (∂Ω)×H

1
2 (∂Ω)

w 7−→
(
w ,

∂w

∂ν

)
est lińeaire surjective et admet un relèvement, c’est̀a dire

∀(h, k) ∈ H 3
2 (∂Ω)×H

1
2 (∂Ω), ∃u ∈ H2(Ω) tel que u|∂Ω = h et

∂u

∂ν
= k.

Par suite, commeH2(Ω) est dense dans l’espace{z ∈ L2(Ω) /∆z ∈ L2(Ω)} auquel
l’ étaty appartient, on peut démontrer par dualité quey|∂Ω ∈ H− 1

2 (∂Ω) et surtout, que
∂y

∂ν

∣∣∣∣
∂Ω

∈ H− 3
2 (∂Ω).

1.2 Inégalité de Carleman et applications

1.2.1 Proposition

L’outil principal permettant de d́emontrer l’ińegalit́e de stabilit́e qui nous int́eresse
est une estimation avec poids de la solution de l’équation en fonction du terme source,
appeĺeeinégalit́e de Carleman. La particularit́e de l’inégalit́e de Carleman pour l’équa-
tion de Schr̈odinger, que nous démontrons dans l’article formant le chapitre suivant, est
d’être globale, c’est̀a dire concernant des intégrales d́efinies surΩ × (−T, T ). Cela a
une grande importance dans l’utilisation qui en est ensuite faite. En effet, dès lors que
nous travaillons̀a partir d’une ińegalit́e de Carleman globale, nous avons les moyens
d’aboutir à un ŕesultat pour notre problème inverse de manière tr̀es directe, similairèa
ce que font O. Yu. IMANUVILOV et M. YAMAMOTO dans [21]. Ce n’est par exemple
pas le cas dans [53] où M. YAMAMOTO fait un raisonnement par unicité compacit́e,
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rendu ńecessairèa cause de l’ińegalit́e de Carleman locale utilisée.

On pose

Lv = iv′ + ∆v + qv, x0 ∈ RN \ Ω et ψ(x) = |x− x0|2, ∀x ∈ Rn.

Pours > 0 etλ > 0 on d́efinit surΩ× (−T, T ) les fonctionsθ et ϕ par

θ(x, t) =
eλψ(x)

(T − t)(T + t)
et ϕ(x, t) =

α− eλψ(x)

(T − t)(T + t)

oùα est une constante strictement positive telle queϕ > 0 surΩ× (−T, T ). Enfin, on
consid̀ere la partieΓ0 de∂Ω comme contenant{x ∈ ∂Ω;∇ψ(x) · ν(x) ≥ 0}

Proposition 1 (Inégalité de Carleman Globale).Soitq ∈ L∞(Ω), ||q||L∞(Ω) ≤ m
et soientψ, θ etϕ définis comme ci-dessus. Il existeΛ0 > 0 tel que pour toutλ > Λ0,
il existes0 > 0 et une constanteM = M(Ω, T,Γ0,m,Λ0, s0) > 0 tels que :

sλ

∫ T

−T

∫
Ω

|∇v|2e−2sϕ dxdt+ s3λ4

∫ T

−T

∫
Ω

|v|2e−2sϕ dxdt

+
∫ T

−T

∫
Ω

(
|P̃1v|2 + |P̃2v|2

)
e−2sϕ dxdt

≤ M

∫ T

−T

∫
Ω

|Lv|2e−2sϕ dxdt+Msλ

∫ T

−T

∫
Γ0

θ

∣∣∣∣∂v∂ν
∣∣∣∣2 e−2sϕ∇ψ · ν dσdt

pour touts > s0 etv vérifiant∣∣∣∣∣∣∣
v ∈ L2(−T, T ;H1

0 (Ω)),
Lv ∈ L2(Ω× (−T, T )),
∂v

∂ν
∈ L2(−T, T ;L2(Γ0)),

et òu

{
P̃1v = esϕ

(
i∂t + ∆ + s2|∇ϕ|2

)
(e−sϕv)

P̃2v = esϕ
(
isϕ′ + 2s∇ϕ.∇+ s∆ϕ

)
(e−sϕv)

.

On peut se ŕeférerà [7] en ce qui concerne la ḿethode ǵeńerale de d́emonstration
d’une telle ińegalit́e. Elle consistèa utiliser une technique de conjuguaison en posant
v = esϕw et en calculant

Pw = e−sϕL(esϕw) = iw′+ isϕ′w+∆w+2s∇ϕ.∇w+ sw∆ϕ+ s2|∇ϕ|2w+ qw.

Remarquons que siv est ŕegulier ent, alorsw(−T ) = w(T ) = 0. On śepare alors les
parties syḿetriques et antisyḿetriques de l’oṕerateurP :

P1w = iw′ + ∆w + s2|∇ϕ|2w = e−sϕP̃1v et

P2w = isϕ′w + 2s∇ϕ.∇w + s∆ϕw = e−sϕP̃2v.

Par suite∫ T

−T

∫
Ω

|Pw − qw|2 dxdt =
∫ T

−T

∫
Ω

(
|P1w|2 + |P2w|2

)
dxdt

+ 2Re
∫ T

−T

∫
Ω

P1wP2w dxdt
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et on travaille essentiellement sur la minoration du dernier terme. On démontre,̀a l’aide
des propríet́es dew et d’intégrations par parties, une inégalit́e, similaireà celle de la
proposition, en termes dew et ne contenant donc pas explicitement le poidse−2sϕ. Il
faut pŕeciser que les propriét́es deψ, qui sont líeesà la ǵeoḿetrie deΓ0 sont primor-
diales dans les calculs effectués. Il suffit alors de traduire cette inégalit́e en fonction de
la variablev et la Proposition 1 sera donc démontŕee.

Il faut remarquer que la restriction géoḿetrique surΓ0 prend sa source dans la
démonstration de cette proposition. La définition deΓ0 que nous avons donnée est tr̀es
usuelle et on la retrouve dans les travaux de E. MACHTYNGIER [36], R. TRIGGIANI,
P.F. YAO et I. LASIECKA [31, 48, 49] pour l’́equation de Schrödinger, mais aussi dans
beaucoup de travaux sur l’équation des ondes comme [34], de J.-L. LIONS. On peut par
contre remarquer que contrairement aux situations similaires concernant deséquations
hyperboliques, le tempsT > 0 d’observation peut̂etre choisi aussi petit que l’on veut.

Concernant les ińegalit́es de Carleman, on peut penser au livre [7] de A.L. BUKH-
GEIM pour la ḿethode ǵeńerale, et par exemple aux travaux de O. Yu. IMANUVILOV

dans [19] pour l’́equation des ondes avec donnée de Neumann.

Les applications de ce type d’inégalit́es sont multiples. Avant 1981, seuls des résul-
tats d’unicit́e localeétaient d́emontŕes pour le type de problème inverse que nous avons
évoqúe. La premìere utilisation d’une ińegalit́e de Carleman pour démontrer l’unicit́e
globale dans un problème inverse est due sépaŕementà A.L. BUKHGEIM et M.V. KLI -
BANOV dans [8]. Dans la ŕeférence [29], elles sont appliquées par M.V. KLIBANOV

à plusieurs types d’équations pour l’unicit́e de probl̀emes inverses. Pour l’équation de
Schr̈odinger, l’unicit́e de la d́etermination du potentiel peutêtre lue dans [7] (encore
faut-il pouvoir se procurer le livre !). Par ailleurs, V. ISAKOV utilise des ińegalit́es de
Carleman pour d́emontrer l’unicit́e de la solution de certains problèmes de Cauchy dans
[23]. L’utilisation majeure de ces inégalit́es se fait dans la démonstration d’ińegalit́es de
stabilit́e dans les problèmes inverses comme ici, et il faut rappeler les travaux plus an-
ciens de A. KHAIDAROV [27], ou plus ŕecents de M. YAMAMOTO avec V. ISAKOV [25]
ou avec O. Yu. IMANUVILOV [21] (où ils utilisent les travaux [19] de ce dernier). On
les utilise aussi dans la résolution de problèmes de continuation unique, par exemple
D.TATARU dans [47], A. RUIZ [42] et Y.M. KIM [28] (pour Schr̈odinger stationnaire).

L’application de cette ińegalit́e de Carleman, d́evelopṕee dans le chapitre suivant,
concerne la d́emonstration de la stabilité du probl̀eme inverse d́ecrit dans l’introduction.
On d́emontre dans un premier temps le Résultat 2́enonće dans l’introduction et concer-
nant le probl̀eme inverse lińeaire. On peut alors remarquer que toutes les constantes qui
apparaissent dans l’inégalit́e de Carleman, qui est le principal outil, dépendent unique-
ment de la normeL∞ du potentiel consid́eŕe dans l’́equation. On verra dans le chapitre
2 que d̀es que l’on consid̀ere des potentiels bornés surΩ, la différence entre deux solu-
tions de l’́equation, avec deux potentiels distincts, correspondant au problème inverse
non-linéaire v́erifie uneéquation similairèa celle correspondant au problème inverse
linéaire. L’int́er̂et de la lińearisation du problème inverse considéŕe au d́epart est donc
principalement de simplifier les notations.

Nous allons donner maintenant une autre application de cette inégalit́e de Carle-
man, essentiellement pour montrer le lienétroit qu’il peut y avoir entre problèmes
inverses et contrôlabilité.
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1.2.2 Application à la contrôlabilit é exacte

Dans le cadre deśequations aux d́erivées partielles d́ependant du temps, la notion de
contr̂olabilité correspond̀a la possibilit́e pour la solution d’unéequation d’atteindre un
état cible en un certain tempsT sous le contr̂ole d’un param̀etre du probl̀eme. L’́elément
de contr̂ole peut̂etre un terme source (second membre de l’équation), une condition aux
limites (terme de bord), un potentiel (terme multipliant l’inconnue dans l’équation)...

On parlera de contrôlabilité exacte si l’on peut trouver un contrôle v tel que la so-
lution yv de l’équation atteint au tempsT l’ état cible de manière pŕecise.

L’in égalit́e de Carleman que nous avons obtenue permet de démontrer de manière
très directe une ińegalit́e d’observabilit́e. Cette ińegalit́e, encore appelée ińegalit́e in-
verse, est traditionnellement unélément clef de la d́emonstration de la contrôlabilité
exacte d’unéequation aux d́erivées partielles par la ḿethode d’unicit́e Hilbertienne
(HUM) introduite par J.L. LIONS dans [34]. On trouveràa la fin du chapitre suivant
une autre utilisation de l’ińegalit́e d’observabilit́e, mentionńee ci-dessus. On peut aussi
signaler l’utilisation pour l’́equation des ondes de la contrôlabilité exacte pour l’́etude
d’un probl̀eme inverse dans [40] par J.-P. PUEL et M. YAMAMOTO .

On peut́evoquer plusieurs références autour de la contrôlabilité exacte de l’́equation
de Schr̈odinger,à commencer par les travaux de E. MACHTYNGIER [36], C. FABRE

[16] et de I. LASIECKA et R. TRIGGIANI [31] pour le contr̂ole interne et frontìere
utilisant HUM et des techniques de multiplicateurs. Nous signalons le livre [30] de V.
KOMORNIK qui décrit entre autre la ḿethode des multiplicateurs pour la démonstration
d’inégalit́e inverse.

Dans un probl̀eme concernant l’équation des plaques, X. ZHANG [54] utilise une
inégalit́e de Carleman et des estimations d’énergie usuelles pour démontrer la contr̂ola-
bilit é exacte, ḿethode similairèa celle que nous utilisons ici pour traiter la situation qui
nous int́eresse. Il faut́egalement signaler la référence [18] òu M.A. HORN et W. LITT-
MAN étudient le contr̂ole frontìere d’unéequation de Schrödinger avec coefficients non
constants, sans utiliser HUM.

Dans [32], G. LEBEAU géńeralise les ŕesultat de C. BARDOS, G. LEBEAU et J.
RAUCH [1, 2] sur la contr̂olabilité exacte des problèmes hyperboliques au cadre d’équa-
tion d’évolution de type Schrödinger. On noteráegalement que la partieΓ0 ⊂ ∂Ω
vérifie la ”condition ǵeoḿetrique sur les rayons” formulée dans [2]. Un article de K.-
D. PHUNG rappelle par ailleurs la positiońetrange de l’́equation de Schrödinger entre
leséquations d’ondes et de la chaleur en travaillant sur la contrôlabilité et l’inégalit́e in-
verse. On fera finalement référencèa [55] òu E. ZUAZUA rassemble des considérations
géńerales sur la contrôlabilité de l’́equation de Schrödinger.

Nous allons brìevement donner ici le problème de contr̂olabilité que notre ińegalit́e
de Carleman permet de résoudre indirectement. Il faut préciser que la situation que
nous consid́erons ci-apr̀es est exactement celle résolue par E. MACHTYNGIER dans
[36] (quoique pour unéequation de Schrödinger sans potentiel) par une méthode des
multiplicateurs pour la d́emonstration de l’ińegalit́e inverse.
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On consid̀ere l’équation suivante
iy′ + ∆y + qy = 0, dans Ω× (0, T ),
y = v, sur Γ0 × (0, T ),
y = 0, sur ∂Ω \ Γ0 × (0, T ),
y(0) = y0, dans Ω.

(1.3)

La variablev est notre contr̂ole frontìere et la partieΓ0 ⊂ ∂Ω sur laquelle il agit
vérifie toujours la m̂eme condition ǵeoḿetrique :∃ x0 ∈ RN \ Ω tel que

Γ0 ⊃ {x ∈ ∂Ω; (x− x0) · ν(x) ≥ 0}.

On rappelle quev ∈ L2(Γ0 × (0, T )) et y0 ∈ L2(Ω) impliquent l’existence d’une
unique solutiony ∈ C([0, T ],H−1Ω)) ∩ H−1(0, T, L2(Ω)). On peut formuler deux
probl̀emes de contrôlabilité exacte pour la solution de l’équation (1.3) :

Problème de contr̂olabilit é à zéro : Etant donńe un tempsT > 0, peut on trouver un
contr̂olev ∈ L2(Γ0×(0, T )) tel que la solutiony de l’équation (1.3) v́erifiey(T ) = 0 ?

Problème de contr̂olabilit é exacte :Etant donńes un tempsT > 0 et une cible
y1 ∈ L2(Ω), peut on trouver un contrôlev ∈ L2(Γ0 × (0, T )) tel quey(T ) = y1 ?

Il est connu que l’́equation de Schrödinger est ŕeversible en temps, au sens où les
opérateursi∂t + ∆ et i∂t −∆ définissent tous deux deséquations de Schrödinger.
On peut alors d́emontrer que ces deux problèmes sont en fait́equivalents puisque l’ap-
plicationv 7→ y(T ) est lińeaire. Il s’agit alors uniquement de résoudre le problème de
contr̂olabilité à źero.

La méthode introduite dans [34] montre que l’on peut ramener notreétudeà la
démonstration d’une ińegalit́e d’observabilit́e concernant le problème adjoint. En effet,
dans un premier temps, la réversibilit́e de l’́equation fait correspondre le problème
adjointà l’équation d’́etat elle-m̂eme, mais sans le terme de contrôle : iϕ′ + ∆ϕ+ qϕ = 0, dans Ω× (0, T ),

ϕ = 0, sur ∂Ω× (0, T ),
ϕ(0) = ϕ0, dans Ω.

(1.4)

On d́efinit ensuite l’application lińeaire et continue

Λ : H1
0 (Ω) 7−→ H−1(Ω)
ϕ0 −→ −iy(0)

où y = y(x, t) est solution du problème ŕetrograde
iy′ + ∆y + qy = 0, dans Ω× (0, T )

y =
∂ϕ

∂ν
, sur Γ0 × (0, T )

y = 0, sur ∂Ω \ Γ0 × (0, T )
y(T ) = 0, dans Ω.

Si on d́emontre queΛ est un isomorphisme alors le problème de contr̂olabilité à źero

est ŕesolu avecv =
∂ϕ

∂ν

∣∣∣∣
Γ0

oùϕ est solution de (1.4) avecϕ0 = Λ−1(−iy0).
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Soientϕ0 et ϕ̃0 ∈ H1
0 (Ω). On noteϕ et ϕ̃ les solutions de (1.4) correspondantes et

on pose :
a(ϕ0, ϕ̃0) = 〈Λ(ϕ0), ϕ̃0〉H−1×H1

0
.

Il est aiśe de d́emontrer quea(ϕ0, ϕ̃0) =
∫ T

0

∫
Γ0

∂ϕ

∂ν
· ∂ϕ̃
∂ν

dσdt et il suffit d’appliquer

le théor̀eme de Lax-Milgram̀a la forme bilińeairea(·, ·) pour obtenir queΛ est un
isomorphisme. La continuité d́ecoule des ŕesultats de ŕegularit́e connus et la coercivité
correspond pŕeciśement au ŕesultat suivant.

Proposition 2 (Inégalité d’observabilité). On suppose queq ∈ L∞(Ω), ϕ0 ∈ H1
0 (Ω)

etΓ0 ⊃ {x ∈ ∂Ω, (x− x0) · ν(x) ≥ 0}. Siϕ est la solution faible du système iϕ′ + ∆ϕ+ qϕ = 0, Ω× (0, T )
ϕ = 0, ∂Ω× (0, T )
ϕ(0) = ϕ0, Ω

alors il existe une constanteC = C(Ω, T,Γ0, ||q||L∞(Ω)) > 0 telle que

||ϕ0||H1
0 (Ω) ≤ C

∣∣∣∣∣∣∣∣∂ϕ∂ν
∣∣∣∣∣∣∣∣
L2(0,T ;L2(Γ0))

.

La démonstration utilisant l’ińegalit́e de Carleman d́ecrite pŕećedemment se trouve
dans la dernìere partie de l’article reproduit dans le chapitre suivant.

Pour terminer, nous tenonsà signaler les ŕesultats obtenus par A. OSSESdans [37]
et initiés dans [38] autour d’une ḿethode de multiplicateurs tournants permettant de
morceler la partie de frontière observ́ee dans l’ińegalit́e inverse pour l’́equation des
ondes. Nous avions conjointement travaillé en juin 2002 sur cette m̂eme id́ee pour
l’adapter au niveau de l’ińegalit́e de Carleman pour l’équation de Schrödinger, sans
succ̀esà ce jour.
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Chapitre 2

Uniqueness and Stability in an
Inverse Problem for the
Schrödinger Equation.

L’article qui suit est paru fin 2002 dans la revueInverse Problem,
Volume 18, pages 1537̀a 1554. Avec J.-P. Puel.

ABSTRACT : We study the Schrödinger equationiy′ + ∆y + qy = 0 in Ω × (0, T )
with Dirichlet boundary datay|∂Ω×(0,T ) and real valued initial conditiony|Ω×{0} and
we consider the inverse problem of determining the potentialq(x), x ∈ Ω when
∂y
∂ν |Γ0×(0,T ) is given. HereΩ is an open bounded domain ofRN , Γ0 is an open sub-
set of ∂Ω satisfying a suitable geometrical condition andT > 0. More precisely,
from a global Carleman estimate we prove a stability inequality between‖p − q‖ and∥∥∥∂y(q)∂ν − ∂y(p)

∂ν

∥∥∥ with appropriate norms.

Keywords : Inverse problem, Schrödinger equation, Dirichlet boundary conditions.
AMS Classification :35R30, 31B20

Une note auxComptes Rendus̀a l’Académie des Sciences de Paris
est pŕećedemment parue en mars 2002, Série I, 334 pages 967̀a 972.

RÉSUMÉ : On étudie l’́equation de Schrödingeriy′ + ∆y + qy = 0 sur Ω × (0, T )
avec donńee de Dirichlety|∂Ω×(0,T ) et condition initialèa valeurs ŕeellesy|Ω×{0}. On
s’intéresse au problème inverse qui consistèa d́eterminer le potentielq(x), x ∈ Ω à
partir de la donńee du flux de la solution∂y∂ν |Γ0×(0,T ), où Γ0 est une partie ouverte
de la frontìere∂Ω du domaine borńe Ω ⊂ RN et vérifie une condition ǵeoḿetrique
appropríee. Plus pŕeciśement,à partir d’une ińegalit́e de Carleman, nous démontrons

une ińegalit́e de stabilit́e entre‖p−q‖ et
∥∥∥∂y(q)∂ν − ∂y(p)

∂ν

∥∥∥ pour des normes appropriées.
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2.1 Introduction

LetN ∈ N, T > 0 and letΩ ⊂ RN be a bounded domain withC2-boundary∂Ω.
Let Γ0 be an open subset of∂Ω.

Throughout this paper, we use the following notations :

∇v =
(
∂v

∂x1
, . . . ,

∂v

∂xN

)
, D2v =

(
∂2v

∂xi∂xj

)
1≤i,j≤N

,

∆v =
N∑
i=1

∂2v

∂x2
i

, v′ =
∂v

∂t
and v′′ =

∂2v

∂t2
,

ν ∈ RN denotes the unit outward normal vector to∂Ω,
∂v

∂ν
= ∇v.ν is the normal derivative.

We consider the Schrödinger equation : iy′(x, t) + ∆y(x, t) + q(x)y(x, t) = 0, x ∈ Ω, t ∈ (0, T )
y(x, t) = h(x, t), x ∈ ∂Ω, t ∈ (0, T )
y(x, 0) = y0(x), x ∈ Ω.

(2.1)

This paper treats two kinds of inverse problems which can be stated as follows.

Non linear inverse Problem :Is it possible to retrieve the potentialq = q(x), x ∈
Ω from measurement of the normal derivative

∂y

∂ν

∣∣∣∣
Γ0×(0,T )

wherey is the solution to (2.1) ?

In this direction, we will answer to two more precise problems.

Uniqueness: Under geometrical conditions onΓ0, does the equality
∂y(q)
∂ν

=
∂y(p)
∂ν

onΓ0 × (0, T ) imply q = p onΩ ?

Stability : Under geometrical conditions onΓ0, is it possible to estimate‖q−p‖L2(Ω) or

better, a stronger norm of(p−q), by a suitable norm of

(
∂y(q)
∂ν

− ∂y(p)
∂ν

) ∣∣
Γ0×(0,T )

?

Indeed, we will only give a local answer about the determination ofq. We will first
work on a linearized version of the problem and consider the following Schrödinger
equation : iu′(x, t) + ∆u(x, t) + q(x)u(x, t) = f(x)R(x, t), x ∈ Ω, t ∈ (0, T )

u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T )
u(x, 0) = 0, x ∈ Ω

(2.2)

Linear inverse problem : Is it possible to determinef(x), x ∈ Ω from the know-
ledge of the normal derivative

∂u

∂ν

∣∣∣∣
Γ0×(0,T )
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whereR andq are given andu is the solution to (2.2) ?

In the case of the wave equation, the uniqueness result for the linear inverse problem
has been proved by M.V. KLIBANOV in [29] and a stability result of M. YAMAMOTO ,
deriving from it, can be read in [53].

Here we sety = y(q) the weak solution to (2.1) andu = u(f) the one to (2.2). If
we formally linearize equation (2.1) around a non stationary solution, we obtain equa-
tion (2.2). In fact, we notice here that if we setf = q − p, u = y(p) − y(q) and
R = y(q) on Ω × (0, T ), we obtain (2.2) after substraction of (2.1) with potentialq
from (2.1) with potentialp and linearization.

In our inverse problem, we have to determine a coefficient of a lower order term in a
Schr̈odinger equation from a single time dependent observation of Neumann data on a
partΓ0 of the boundary. On the other hand, there is another formulation for stationnary
inverse problems knowing the Dirichlet to Neumann map and the relation between the
two problems is not really clear. In this latter direction, results are given in [9] for the
stationnary Schr̈odinger equation which appear to be similar to ours.

Assuming thatq ∈ L∞ is a given function, we are concerned with the stability
aroundq. That is to sayq andy(q) are known whilep is unknown. Later in section 5,
we will give a meaning to equation (2.1) wheny0 ∈ L2(Ω) andh ∈ L2(∂Ω× (0, T )).
Of course, additional assumptions will be required ony0 andh in order to obtain our
main result which states as follows.

Theorem 1. LetU be a bounded subset ofL∞(Ω), q ∈ L∞(Ω) andy be a solution of
equation(2.1).
We assume

∃ x0 ∈ RN \ Ω such thatΓ0 ⊃ {x ∈ ∂Ω; (x− x0).ν(x) ≥ 0},

y(q) ∈W 1,2(0, T, L∞(Ω)),

y0 is real valued and |y0| ≥ r0 > 0, ae in Ω.

There exists a constantC = C(Ω, T,Γ0, ‖q‖L∞(Ω), y0, h,U) > 0 such that if

∂y(q)
∂ν

− ∂y(p)
∂ν

∈ H1(0, T ;L2(Γ0))

then∀ p ∈ U ,

‖q − p‖L2(Ω) ≤ C

∥∥∥∥∂y(q)∂ν
− ∂y(p)

∂ν

∥∥∥∥
H1(0,T ;L2(Γ0))

. (2.3)

Remarks : 1)We have the same result ify0 takes its values iniR.
2) If we consider equation(2.1) on (−T, T ) and withy0 taking its values inC, then,
under the formalism of Theorem 1, we can prove the estimate

‖q − p‖L2(Ω) ≤ C

∥∥∥∥∂y(q)∂ν
− ∂y(p)

∂ν

∥∥∥∥
H1(−T,T ;L2(Γ0))

.

A regularity result in the linear case, obtained in section 4, implies that the right
hand side of inequality (2.3) is finite under some additional regularity ony(q).
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Corollary 2. LetU be a bounded subset ofL∞(Ω) andq ∈ L∞(Ω).
We assume :

∃ x0 ∈ RN \ Ω such thatΓ0 ⊃ {x ∈ ∂Ω; (x− x0).ν(x) ≥ 0},

y(q) ∈W 1,2(0, T,W 1,∞(Ω)),

y0 is real valued and |y0| ≥ r0 > 0, ae in Ω.

Then there exists a constantC = C(Ω, T,Γ0, ‖q‖L∞ , y0, h,U) > 0 such that
∀ p ∈ U verifyingq − p ∈ H1

0 (Ω),

C−1‖q − p‖L2(Ω) ≤
∥∥∥∥∂y(q)∂ν

− ∂y(p)
∂ν

∥∥∥∥
H1(0,T ;L2(Γ0))

≤ C‖q − p‖H1
0 (Ω). (2.4)

The condition ony(q) requires sufficient smoothness onq, y0 andh and compati-
bility conditions fory0 andh on∂Ω× {0}. In particular,|h(x, 0)| ≥ r0 > 0, x ∈ ∂Ω
must be satisfied since|y0(x)| ≥ r0 > 0, ae in Ω andh(0) has to be real valued.

The first inequality of Corollary 2 in (2.4) shows the stability of the nonlinear in-
verse problem and gives uniqueness while the second inequality gives the continuous
dependance of the normal derivative of the solution with respect to the potential.

Many of the results we can refer to concern the wave equation. They are related to
the same kind of inverse problems of determining a potential, some of them ([41], [53])
with a Dirichlet boundary data and a Neumann measurement and others with a Neu-
mann boundary data and a Dirichlet measurement ([20], [21]). These references are all
based upon local or global Carleman estimates. Nevertheless, in our approach, as in
[21] for example, in order to prove Theorem 1, we do not use any of the compactness-
uniqueness arguments which are required in [53] for the same kind of situation. Indeed,
our present proof is based upon a global Carleman estimate (Proposition 3) which leads
to the result in a direct way.

Up to our knowledge, the result of determination of a time independent potential in
Schr̈odinger equation from a single time dependent measurement on a suitable part of
the boundary is new. Let us notice that in the different context of Cauchy problem, V.
ISAKOV in [23] uses local Carleman estimates for the Schrödinger equation to prove
uniqueness of the solution.

This paper is organized as follows :
We first establish a global Carleman estimate for a Schrödinger equation with a

potential (Section 2). This estimate leads us to show a theorem describing uniqueness
and stability of the linear inverse problem (Section 3). The idea is inspired by O. Yu.
IMANUVILOV and M. YAMAMOTO [21].

Then, after recalling some classical properties of regularity concerning our equa-
tions we prove a two sided inequality in the linear case (Section 4).

In section 5, we complete the proof of Theorem 1 and Corollary 2 from the results
obtained for the linear problem. In section 6, under additional hypotheses, we finally
improve the result of Theorem 1 by showing stability for a stonger norm of(p − q),
using there an observability estimate proved from the same Carleman estimate.
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2.2 A global Carleman estimate

In this step, we will show a global Carleman estimate concerning a functionv =
v(x, t) equals to zero on∂Ω× (−T, T ) and solution of a Schrödinger equation with a
bounded potential.

First, we assume that it is possible to find a regular and positive weight function
ψ = ψ(x) defined onRN and pseudo- convex with respect to the Schrödinger operator.
Indeed, we will suppose thatψ verifies the following properties.

• ψ ∈ C4(RN ),
• ψ(x) ≥ 0, ∀x ∈ Ω,
• |∇ψ(x)| ≥ β > 0, ∀x ∈ Ω,
• ∃ Λ1 > 0, ∃ ε > 0 such that ∀ ξ ∈ RN , ∀ λ > Λ1,

λ|∇ψ. ξ|2 +D2ψ
(
ξ, ξ
)
≥ ε |ξ|2 (2.5)

• ∇ψ.ν < 0, ∀x ∈ ∂Ω \ Γ0.

A classical answer to the problem of choosing a weightψ and a geometrical condi-
tion uponΓ0 is the following :

x0 ∈ RN \ Ω
ψ = |x− x0|2 (2.6)

Γ0 ⊃ {x ∈ ∂Ω, (x− x0).ν(x) ≥ 0}

In this case all the required conditions are satisfied.

Then, fors > 0 andλ > 0 we define onΩ× (−T, T ) the functionsθ andϕ by

θ(x, t) =
eλψ(x)

(T − t)(T + t)
and ϕ(x, t) =

α− eλψ(x)

(T − t)(T + t)

whereα > ‖eλψ‖L∞(Ω). We also setLv = iv′ + ∆v + qv.

Proposition 3 (Carleman Estimate). Let q ∈ L∞(Ω), ‖q‖L∞ ≤ m and letψ, θ
and ϕ satisfy the above conditions. There existsΛ0 > 0, s0 > 0 and a constant
M = M(Ω, T,Γ0, β, ε,m,Λ0, s0) > 0 such that
for all λ > Λ0 and for alls > s0,

sλ

∫ T

−T

∫
Ω

|∇v|2e−2sϕ dxdt+ s3λ4

∫ T

−T

∫
Ω

|v|2e−2sϕ dxdt

+
∫ T

−T

∫
Ω

(
|P̃1v|2 + |P̃2v|2

)
e−2sϕ dxdt (2.7)

≤ M

∫ T

−T

∫
Ω

|Lv|2e−2sϕ dxdt+Msλ

∫ T

−T

∫
Γ0

θ

∣∣∣∣∂v∂ν
∣∣∣∣2 e−2sϕ∇ψ.ν dσdt.

for all v satisfying ∣∣∣∣∣∣∣
Lv ∈ L2(Ω× (−T, T )),
v ∈ L2(−T, T ;H1

0 (Ω)),
∂v

∂ν
∈ L2(−T, T ;L2(Γ0)),
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whereP̃1 andP̃2 will be defined later by(2.8)and (2.9).

Proof :
We can refer to [7] for the general method. The main idea consists in settingv = esϕw
and calculating

Pw = e−sϕL(esϕw).

Thus we have

Pw = iw′ + isϕ′w + ∆w + 2s∇ϕ.∇w + sw∆ϕ+ s2|∇ϕ|2w + qw,

and we set

P1w + P2w = Pw − qw

where

P1w = iw′ + ∆w + s2|∇ϕ|2w,
P2w = isϕ′w + 2s∇ϕ.∇w + s∆ϕw.

We just have representedPw − qw as the sum of adjoint(P1) and skew-adjoint(P2)
operators. Then,∫ T

−T

∫
Ω

|Pw − qw|2 dxdt =
∫ T

−T

∫
Ω

|P1w|2 dxdt+
∫ T

−T

∫
Ω

|P2w|2 dxdt

+2Re
∫ T

−T

∫
Ω

P1wP2w dxdt,

wherez is the conjugate ofz andRe(z) its real part.
As v ∈ L2(−T, T ;H1

0 (Ω)) andv′ ∈ L2(−T, T ;H−1(Ω)) (becauseLv ∈ L2(Ω ×
(−T, T ))), we havev ∈ C([−T, T ];L2(Ω)) andw ∈ C([−T, T ];L2(Ω)) withw(x,±T ) =
0.

We will first look for lower bounds for

Re

∫ T

−T

∫
Ω

P1wP2w dxdt,

reminding that

P1w = iw′ + ∆w + s2|∇ϕ|2w,
P2w = −isϕ′w + 2s∇ϕ.∇w + s∆ϕw.

We multiply each term ofP1w by each term ofP2w. The properties ofw and some
integrations by parts allow to write the following equalities.

I11 = Re

∫ T

−T

∫
Ω

iw′(−isϕ′w) dxdt = −s
2

∫ T

−T

∫
Ω

ϕ′′|w|2 dxdt.

Writing Im(z) for the imaginary part ofz ∈ C, we haveIm(z) − Im(z) = 2Im(z)
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and takingz = 2sλ Im
∫ T

−T

∫
Ω

θ∇ψ∇ww′ dxdt, we show that :

I12 = Re

∫ T

−T

∫
Ω

iw′(2s∇ϕ.∇w) dxdt

= sλ Im

∫ T

−T

∫
Ω

θ(∆ψ + λ|∇ψ|2)ww′ dxdt

− sλ Im

∫ T

−T

∫
Ω

θ′w∇ψ.∇w dxdt.

Moreover, sinceIm z = −Im z, then :

I13 = Re

∫ T

−T

∫
Ω

iw′(s∆ϕw) dxdt = −sλ Im
∫ T

−T

∫
Ω

θ(∆ψ + λ|∇ψ|2)ww′dxdt

and sinceIm
∫ T

−T

∫
Ω

ϕ′∇w.∇w dxdt = 0,

I21 = Re

∫ T

−T

∫
Ω

∆w(−isϕ′w) dxdt = sλ Im

∫ T

−T

∫
Ω

θ′w∇ψ.∇w dxdt.

The next inequality uses the fact that∇w =
∂w

∂ν
. ν on∂Ω× (0, T ) becausew = 0 on

∂Ω× (0, T ) :

I22 = Re

∫ T

−T

∫
Ω

∆w(2s∇ϕ.∇w) dxdt

= − sλ

∫ T

−T

∫
Ω

θ(∆ψ + λ|∇ψ|2)|∇w|2 dxdt

− sλ

∫ T

−T

∫
∂Ω

θ

∣∣∣∣∂w∂ν
∣∣∣∣2∇ψ.ν dσdt

+ 2sλ2

∫ T

−T

∫
Ω

θ|∇ψ.∇w|2 dxdt

+ 2sλ Re
∫ T

−T

∫
Ω

θ
n∑

i,j=1

∂ψ

∂xi∂xj

∂w

∂xi

∂w

∂xj
dxdt.
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Using integrations by parts we obtain :

I23 = Re

∫ T

−T

∫
Ω

∆w(s∆ϕw) dxdt

= sλ

∫ T

−T

∫
Ω

θ(∆ψ + λ|∇ψ|2)|∇w|2 dxdt

− sλ

2

∫ T

−T

∫
Ω

θ∆2ψ|w|2 dxdt

− sλ2

2

∫ T

−T

∫
Ω

θ(|∆ψ|2 + 2∇ψ.∇(∆ψ) + ∆(|∇ψ|2))|w|2 dxdt

− sλ3

∫ T

−T

∫
Ω

θ(|∇ψ|2∆ψ +∇ψ.∇(|∇ψ|2))|w|2 dxdt

− sλ4

2

∫ T

−T

∫
Ω

θ|∇ψ|4|w|2 dxdt,

and we obviously have

I31 = Re

∫ T

−T

∫
Ω

s2|∇ϕ|2w(isϕ′w) dxdt = 0,

I32 = Re

∫ T

−T

∫
Ω

s2|∇ϕ|2w(2s∇ϕ.∇w) dxdt

= s3λ3

∫ T

−T

∫
Ω

θ3(|∇ψ|2∆ψ +∇ψ.∇(|∇ψ|2))|w|2 dxdt

+ 3s3λ4

∫ T

−T

∫
Ω

θ3|∇ψ|4|w|2 dxdt,

and

I33 = Re

∫ T

−T

∫
Ω

s2|∇ϕ|2w(s∆ϕw) dxdt

= −s3λ3

∫ T

−T

∫
Ω

θ3|∇ψ|2∆ψ|w|2 dxdt− s3λ4

∫ T

−T

∫
Ω

θ3|∇ψ|4|w|2 dxdt.

These four last equalities explain why we requiredψ ∈ C4(Rn).
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Thereafter, we obtain :

Re

∫ T

−T

∫
Ω

P1wP2w dxdt =

− s

2

∫ T

−T

∫
Ω

ϕ′′|w|2 dxdt− 2sλ Im
∫ T

−T

∫
Ω

θ′w∇ψ.∇w dxdt

− sλ

∫ T

−T

∫
∂Ω

θ

∣∣∣∣∂w∂ν
∣∣∣∣2∇ψ.ν dσdt+ 2sλ2

∫ T

−T

∫
Ω

θ|∇ψ.∇w|2 dxdt

+ 2sλ Re
∫ T

−T

∫
Ω

θD2ψ(∇w,∇w) dxdt− sλ

2

∫ T

−T

∫
Ω

θ∆2ψ|w|2 dxdt

− sλ2

2

∫ T

−T

∫
Ω

θ(|∆ψ|2 + 2∇ψ.∇(∆ψ) + ∆(|∇ψ|2))|w|2 dxdt

− sλ3

∫ T

−T

∫
Ω

θ(|∇ψ|2∆ψ +∇ψ.∇(|∇ψ|2))|w|2 dxdt

− sλ4

2

∫ T

−T

∫
Ω

θ|∇ψ|4|w|2 dxdt+ s3λ3

∫ T

−T

∫
Ω

θ3∇ψ.∇(|∇ψ|2)|w|2 dxdt

+ 2s3λ4

∫ T

−T

∫
Ω

θ3|∇ψ|4|w|2 dxdt.

We callX1 the terms which are neglectible within respect to

sλ2

∫ T

−T

∫
Ω

θ|∇ψ.∇w|2 dxdt or s3λ4

∫ T

−T

∫
Ω

θ3|∇ψ|4|w|2 dxdt.

Then :

X1 = −s
2

∫ T

−T

∫
Ω

ϕ′′|w|2 dxdt− 2sλ Im
∫ T

−T

∫
Ω

θ′w∇ψ.∇w dxdt

− sλ

2

∫ T

−T

∫
Ω

θ∆2ψ|w|2 dxdt

− sλ2

2

∫ T

−T

∫
Ω

θ(|∆ψ|2 + 2∇ψ.∇(∆ψ) + ∆(|∇ψ|2))|w|2 dxdt

− sλ3

∫ T

−T

∫
Ω

θ(|∇ψ|2∆ψ +∇ψ.∇(|∇ψ|2))|w|2 dxdt

− sλ4

2

∫ T

−T

∫
Ω

θ|∇ψ|4|w|2 dxdt+ s3λ3

∫ T

−T

∫
Ω

θ3∇ψ.∇(|∇ψ|2)|w|2 dxdt.

Now, we can notice that :

1) sλ Im

∫ T

−T

∫
Ω

θ′w∇ψ.∇w dxdt ≤ sλ

∫ T

−T

∫
Ω

(θ′)
1
2 |∇ψ.∇w|2 dxdt

+ sλ

∫ T

−T

∫
Ω

(θ′)
3
2 |w|2 dxdt,

2) α is such that ϕ > 0 on Ω× (−T, T ),
3) |θ| ≤ Cθ3, |θ′| ≤ Cθ2 and |ϕ′′| ≤ Cθ3 on (−T, T )× Ω, C = C(T ) > 0.
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Then,

|X1| ≤ Csλ

∫ T

−T

∫
Ω

θ|∇ψ.∇w|2 dxdt+ Csλ4

∫ T

−T

∫
Ω

θ|w|2 dxdt

+ Cs3λ3

∫ T

−T

∫
Ω

θ3|w|2 dxdt.

We can also write :

Re

∫ T

−T

∫
Ω

P1wP2w dxdt ≥ X1 + 2sλ2

∫ T

−T

∫
Ω

θ|∇ψ.∇w|2 dxdt

+ 2sλ Re
∫ T

−T

∫
Ω

θD2ψ(∇w,∇w) dxdt

+ 2s3λ4

∫ T

−T

∫
Ω

θ3|∇ψ|4|w|2 dxdt

− sλ

∫ T

−T

∫
∂Ω

θ

∣∣∣∣∂w∂ν
∣∣∣∣2∇ψ.ν dσdt.

Moreover,∫ T

−T

∫
Ω

|Pw − qw|2 dxdt ≤ 2
∫ T

−T

∫
Ω

|Pw|2 dxdt+ 2
∫ T

−T

∫
Ω

q2|w|2 dxdt.

Therefore, from these two last inequalities and if we impose

|∇ψ(x)| ≥ β > 0, ∀x ∈ Ω,

we obtain :

4sλ2

∫ T

−T

∫
Ω

θ|∇ψ.∇w|2 dxdt+ 4sλ Re
∫ T

−T

∫
Ω

θD2ψ(∇w,∇w) dxdt

+ 4s3λ4β4

∫ T

−T

∫
Ω

θ3|w|2 dxdt+
∫ T

−T

∫
Ω

|P1w|2 + |P2w|2 dxdt

≤ 2 |X1|+ 2
∫ T

−T

∫
Ω

|Pw|2 dxdt+ 2
∫ T

−T

∫
Ω

q2|w|2 dxdt

+ 2sλ
∫ T

−T

∫
∂Ω

θ

∣∣∣∣∂w∂ν
∣∣∣∣2∇ψ.ν dσdt.

Hence, it is clear that if we takeλ > Λ2 ands > s0 large enough, then∫ T

−T

∫
Ω

q2|w|2 dxdt and all the terms ofX1 will be absorbed by the two domina-

ting terms of the left hand side. Then, we see there existsM1 > 0 depending on
Ω, T,m, β,Λ2, s0 and independant ofs andλ such that

sλ2

∫ T

−T

∫
Ω

θ|∇ψ.∇w|2 dxdt+ sλ Re

∫ T

−T

∫
Ω

θD2ψ(∇w,∇w) dxdt

+ s3λ4

∫ T

−T

∫
Ω

θ3|w|2 dxdt+
∫ T

−T

∫
Ω

(|P1w|2 + |P2w|2) dxdt

≤ M1

∫ T

−T

∫
Ω

|Pw|2 dxdt+M1 sλ

∫ T

−T

∫
∂Ω

θ

∣∣∣∣∂w∂ν
∣∣∣∣2∇ψ.ν dσdt.
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At this step, applying condition (2.5) onψ, we obtain that∀ λ > Λ0, whereΛ0 =
max(Λ2,Λ1),

ε sλ

∫ T

−T

∫
Ω

θ|∇w|2 dxdt+ s3λ4β4

∫ T

−T

∫
Ω

θ3|w|2 dxdt

+
∫ T

−T

∫
Ω

|P1w|2 dxdt+
∫ T

−T

∫
Ω

|P2w|2 dxdt

≤ M1

∫ T

−T

∫
Ω

|Pw|2 dxdt+M1 sλ

∫ T

−T

∫
∂Ω

θ

∣∣∣∣∂w∂ν
∣∣∣∣2∇ψ.ν dσdt.

Let us remark thatθ > 0 on (−T, T ) × Ω and∇ψ.ν < 0 on ∂Ω \ Γ0. Then, by
modifying the constantM1 intoM2 = M2(Ω, T,m, β, ε,Λ0, s0) > 0 we obtain :

sλ

∫ T

−T

∫
Ω

|∇w|2 dxdt+ s3λ4

∫ T

−T

∫
Ω

|w|2 dxdt

+
∫ T

−T

∫
Ω

(|P1w|2 + |P2w|2) dxdt

≤M2

∫ T

−T

∫
Ω

|Pw|2 dxdt+M2 sλ

∫ T

−T

∫
Γ0

θ

∣∣∣∣∂w∂ν
∣∣∣∣2∇ψ.ν dσdt.

We can now rewrite our inequality withv instead ofw. We have

|v|2e−2sϕ = |w|2,
e−2sϕ|∇v|2 = |∇w + s∇ϕw|2 ≤ 2|∇w|2 + 2s2|∇ϕ|2|w|2,∣∣∣∣∂v∂ν

∣∣∣∣2 e−2sϕ =
∣∣∣∣∂w∂ν

∣∣∣∣2 on∂Ω,

Pw = e−sϕL(v),

and defining

P̃1v = esϕP1w, (2.8)

P̃2v = esϕP2w, (2.9)

we finally show (2.7) :∃M = M(Ω, T,Γ0, β, ε,m,Λ0, s0) such that∀ s > s0, ∀ λ >
Λ0,

sλ

∫ T

−T

∫
Ω

|∇v|2e−2sϕ dxdt+ s3λ4

∫ T

−T

∫
Ω

|v|2e−2sϕ dxdt

+
∫ T

−T

∫
Ω

(
|P̃1v|2 + |P̃2v|2

)
e−2sϕ dxdt

≤ M

∫ T

−T

∫
Ω

|Lv|2e−2sϕ dxdt+Msλ

∫ T

−T

∫
Γ0

θ

∣∣∣∣∂v∂ν
∣∣∣∣2 e−2sϕ∇ψ.ν dσdt.

Hence the end of the proof of Proposition 3. �

Remark : Under the conditions uponψ, we can notice thatθe−2sϕ and∇ψ.ν are
bounded on(−T, T )× Γ0 and replace∫ T

−T

∫
Γ0

θ

∣∣∣∣∂v∂ν
∣∣∣∣2 e−2sϕ∇ψ.ν dσdt by C

∫ T

−T

∫
Γ0

∣∣∣∣∂v∂ν
∣∣∣∣2 dσdt
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We knew, from counter-examples that a geometrical condition was necessary and
the choice ofΓ0 given in (2.6) is very usual. Indeed, E. MACHTYNGIER [36], R. TRIG-
GIANI , P.- F. YAO and I. LASIECKA in references [31], [48] and [49] used that kind of
open set of the boundary. In [36], E. MACHTYNGIER shows an observability inequality
which estimates initial data by boundary Neumann data for a Schrödinger equation wi-
thout a potential onΓ0 = {x ∈ ∂Ω; (x−x0).ν(x) ≥ 0} using a multiplier identity and
Holmgren’s uniqueness theorem. Moreover, observability inequalities are technically
related to our inverse problem (see [53] and section 2.6). The reference [48] is based
on Carleman estimates, that R. TRIGGIANI proved for a more general kind of coupled
Schr̈odinger equation and applied it to exact controllability. However, both of them are
not directly applicable to obtain the result we are expecting.

2.3 Stability in the linear case

We first consider the linear inverse problem and give the following result.

Theorem 4. Let q ∈ L∞(Ω) andu be a solution of equation(2.2).
We assume that

Γ0 satisfies(2.6),

R ∈W 1,2(0, T, L∞(Ω)),

R(0) is real valued and|R(x, 0)| ≥ r0 > 0, ae in Ω.

There exists a constantC = C(Ω, T, ‖q‖L∞(Ω), R) > 0 such that if

∂u

∂ν
∈ H1(0, T ;L2(Γ0)),

then,

‖f‖L2(Ω) ≤ C

∥∥∥∥∂u∂ν
∥∥∥∥
H1(0,T ;L2(Γ0))

. (2.10)

Proof :

As we need to estimate
∂u

∂ν
in H1(0, T ;L2(Γ0)) norm, we work on the equation satis-

fied byv = u′ : iv′(x, t) + ∆v(x, t) + q(x)v(x, t) = f(x)R′(x, t), x ∈ Ω, t ∈ (0, T )
v(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T )
v(x, 0) = −if(x)R(x, 0), x ∈ Ω

(2.11)

The Carleman inequality we just obtained is the key of the proof. We extend the
function v on Ω × (−T, T ) by the formulav(x, t) = −v(x,−t) for every (x, t) ∈

Ω × (−T, 0). SinceR(0) andf are real valued,v ∈ C([−T, T ];H1
0 (Ω)) and

∂v

∂ν
∈

L2((−T, T ) × Γ). We also extendR on Ω × (−T, T ) by the formulaR(x, t) =
R(x,−t) for every(x, t) ∈ Ω × (−T, 0) and if we denote the extention ofR′ by the
same notation, thenR′ ∈ L2(−T, T ;W 1,∞(Ω)). Thus,v satisfies the same equation
(2.11), set in(−T, T ).
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We setw = e−sϕv, P1w = iw′ + ∆w + s2|∇ϕ|2w ande−sϕP̃1v = P1w as in
section 2.2 and we define :

I = Im

∫ 0

−T

∫
Ω

P̃1v e
−2sϕv dxdt.

On the one hand,

I = Im

∫ 0

−T

∫
Ω

P1ww dxdt

= Im

∫ 0

−T

∫
Ω

(
iw′ + ∆w + s2|∇ϕ|2w

)
w dxdt

= Re

∫ 0

−T

∫
Ω

w′w dxdt− Im

∫ 0

−T

∫
Ω

(
|∇w|2 − s2|∇ϕ|2|w|2

)
dxdt

=
1
2

∫ 0

−T

∫
Ω

(
|w|2

)′
dxdt

=
1
2

∫
Ω

|w(x, 0)|2 dx

=
1
2

∫
Ω

|f(x)|2|R(x, 0)|2e−2sϕ(x,0) dx

On the other hand, Cauchy-Schwarz inequality and Carleman estimate stated as in
Proposition 3 in section 2.2, give :

I ≤

(∫ T

−T

∫
Ω

|P̃1v|2e−2sϕ dxdt

) 1
2
(∫ T

−T

∫
Ω

|v|2e−2sϕ dxdt

) 1
2

≤ s−
3
2

(
M

∫ T

−T

∫
Ω

|fR′|2e−2sϕ dxdt+Ms

∫ T

−T

∫
Γ0

θ

∣∣∣∣∂v∂ν
∣∣∣∣2 e−2sϕ∇ψ.ν dσdt

)

Then,ϕ(x, t) =
α− eλψ(x)

(T − t)(T + t)
is such thate−2sϕ(x,t) ≤ e−2sϕ(x,0) for all x ∈ Ω

andt ∈ (−T, T ) and it is easy to see that under the conditions satisfied byψ, θe−2sϕ

and∇ψ.ν are bounded on(−T, T )× Γ0. Therefore

I ≤ s−
3
2

(
M

∫ T

−T

∫
Ω

|fR′|2e−2sϕ(x,0) dxdt+Ms

∫ T

−T

∫
Γ0

∣∣∣∣∂v∂ν
∣∣∣∣2 dσdt

)
.

Moreover, using the definition of the extensions ofv andR′, we easily get

I ≤ s−
3
2

(
M

∫ T

0

∫
Ω

|fR′|2e−2sϕ(x,0) dxdt+Ms

∫ T

0

∫
Γ0

∣∣∣∣∂v∂ν
∣∣∣∣2 dσdt

)
.

FromR ∈W 1,2(0, T, L∞(Ω)) and|R(x, 0)| ≥ r0 > 0 ae in Ω, we deduce that :

∃ g0 ∈ L2(0, T ), |R′(x, t)| ≤ g0(t)|R(x, 0)|, ∀x ∈ Ω, t ∈ (0, T ).
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Hence we have :∫
Ω

|f |2|R(0)|2e−2sϕ(0) dx ≤ Ms−
3
2

∫ T

0

∫
Ω

|f |2|g0|2|R(0)|2e−2sϕ(0) dxdt

+ Ms−
1
2

∫ T

0

∫
Γ0

∣∣∣∣∂v∂ν
∣∣∣∣2 dσdt.

But g0 ∈ L2(0, T ) ⇒
∫ T
0
|g0(t)|2 dt ≤ K < +∞ and so we write[∫

Ω

|f(x)|2|R(x, 0)|2e−2sϕ(x,0) dx

](
1− MK

s
3
2

)
≤Ms−

1
2

∫ T

0

∫
Γ0

∣∣∣∣∂v∂ν
∣∣∣∣2 dσdt.

Then, if s is large enough, (s > (MK)
2
3 ), we see that there exist a constantC =

C(M, s) > 0 such that :∫
Ω

|f(x)|2|R(x, 0)|2e−2sϕ(x,0) dx ≤ C

∫ T

0

∫
Γ0

∣∣∣∣∂v∂ν
∣∣∣∣2 dσdt.

Since|R(x, 0)| ≥ r0 > 0, ae in Ω ande−2sϕ(x,0) ≥ e−2sα−1
T2 > 0, ∀x ∈ Ω, we

obtain ∫
Ω

|f(x)|2 dx ≤ C

∫ T

0

∫
Γ0

∣∣∣∣∂v∂ν
∣∣∣∣2 dσdt,

and it is (2.10) :

‖f‖L2(Ω) ≤ C

∥∥∥∥∂u∂ν
∥∥∥∥
H1(0,T ;L2(Γ0))

.

Therefore, Theorem 4 has been proved. �

Remark : if we replace the assumption “R(0) is real valued” by the following
“R(0) takes its values iniR” , using the same idea, but with a different extension ofv
andR, we will be able to prove the same result.

Corollary 5. Letu be the solution of equation(2) andΓ0 given by (2.6).
We assume :

q ∈ L∞(Ω), R ∈W 1,2(0, T,W 1,∞(Ω)),

R(0) is real valued and|R(x, 0)| ≥ r0 > 0 ae in Ω.

Then, there exists a constantC = C(Ω, T, ‖q‖L∞(Ω), R) > 0 such that for allf ∈
H1

0 (Ω) :

C−1‖f‖L2(Ω) ≤
∥∥∥∥∂u∂ν

∥∥∥∥
H1(0,T ;L2(Γ0))

≤ C‖f‖H1
0 (Ω). (2.12)

The proof will be given in the following section.

Remark : It follows from Theorem 4 that(
∂u

∂ν
= 0 on (0, T )× Γ0

)
⇒ (f = 0 on Ω)

and it corresponds to the uniqueness result, for the linear case, proposed in section
2.1. In the non linear situation, we easily show uniqueness by choosingf = q − p,
u = y(p)− y(q) andR = y(p) onΩ× (0, T ).
This result can be writen in the following way :
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Theorem 6. Let p ∈ L∞(Ω) andq ∈ L∞(Ω). We assume thaty(p) or y(q) belongs
to W 1,2(0, T,W 1,∞(Ω)), y0 is real valued and|y0(x)| ≥ r0 > 0 almost everywhere
in Ω.

If
∂y(q)
∂ν

=
∂y(p)
∂ν

on (0, T )× Γ0, then q = p on Ω.

2.4 Existence and regularity properties

The estimates we will need to prove Corollary 5 can be summed up by the following
lemmas.

Lemma 7. Let us consider iy′(x, t) + ∆y(x, t) + q(x)y(x, t) = g(x, t), x ∈ Ω, t ∈ (0, T )
y(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T )
y(x, 0) = y0(x), x ∈ Ω

(2.13)

whereq ∈ L∞(Ω), y0 ∈ H1
0 (Ω) and g ∈ X, with X = L1(0, T,H1

0 (Ω)) or X =
W 1,1(0, T, L2(Ω)). This equation admits a unique weak solution
y ∈ C([0, T ],H1

0 (Ω)) such that the mapping(g, y0) → ∂y
∂ν is linear and continuous

fromX ×H1
0 (Ω) toL2(Γ× (0, T )) and∃ C = C(Ω, T, ‖q‖L∞(Ω)) > 0 such that :

∀ t ∈ (0, T ), ‖y(t)‖H1
0 (Ω) ≤ C

(
‖y0‖H1

0 (Ω) + ‖g‖X
)

(2.14)∥∥∥∥∂y∂ν
∥∥∥∥
L2(Γ×(0,T ))

≤ C
(
‖y0‖H1

0 (Ω) + ‖g‖X
)

(2.15)

Proof :
Concerning estimate (2.14), we can refer to [15]. It is a classical result which can be for-
mally obtained by two manipulations using Gronwall inequality. In a first time we have

to work on “Im
∫

Ω

(2.13).y dx” and show that ify0 ∈ L2(Ω) andg ∈ L1(0, T, L2(Ω))

then(2.13) admits a unique solutiony ∈ C([0, T ], L2(Ω)) such that∀ t ∈ (0, T ),

‖y(t)‖L2(Ω) ≤ C
(
‖y0‖L2(Ω) + ‖g‖L1(0,T,L2(Ω))

)
.

Then, in a second time, working on “Re
∫

Ω

(2.13).y′ dx”, we manage to obtain (2.14)

in both of the two cases for spaceX.

Estimate (2.15) can be deduced from this other result :

Lemma 8. Let γ = γ(x, t) ∈ C2(Ω× (0, T ),Rn). Under the same hypothesis as in
the preceding lemma, the following multipliers identity holds for every weak solution
of (2.13) with initial datay0 ∈ H1

0 (Ω) andg ∈ X :∫ T

0

∫
Γ

γ.ν|∂y
∂ν
|2 dσdt = Im

∫
Ω

yγ.∇y dx
∣∣∣T
0

+Re
∫ T

0

∫
Ω

y∇(divγ).∇y dxdt+ 2Re
∫ T

0

∫
Ω

n∑
i,j=1

∂γj
∂xi

∂y

∂xi

∂y

∂xj
dxdt

−2Re
∫ T

0

∫
Ω

qyγ.∇y dxdt−Re

∫ T

0

∫
Ω

q|y|2 divγ dxdt

+2Re
∫ T

0

∫
Ω

gγ.∇y dxdt+Re

∫ T

0

∫
Ω

gy divγ dxdt.
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We first obtain this identity for very regular datag ∈ W 1,1(0, T,D(Ω)) andy0 ∈
D(Ω) by calculating

′′ Re

∫ T

0

∫
Ω

(2.13).(γ.∇y +
1
2
y divγ) dxdt ′′.

and the result holds by integration by parts. At this step, reference [36] gives a similar
result for the Schr̈odinger equation without potential. Then, by density, the estimate
holds true for every solution of (2.13) with initial datay0 ∈ H1

0 (Ω) andg ∈ X.

We finally chooseγ = γ(x) ∈ C2(Ω× (0, T ),Rn) such thatγ = ν on theC2-
boundary∂Ω. Thenγ.ν = 1 on (0, T )×∂Ω and applying estimate (2.14) with Lemma
8, we manage to obtain estimate (2.15). �

Proof of Corollary 5 :
Sincef ∈ H1

0 (Ω) andR ∈ W 1,2(0, T,W 1,∞(Ω)), we havefR′ ∈ L1(0, T,H1
0 (Ω))

andfR(0) ∈ H1
0 (Ω). Thereafter, we know that equation (2.11) has a solutionv ∈

C([0, T ];H1
0 (Ω)) and it also implies

∂v

∂ν
∈ L2((0, T )×Γ). Of course, the left inequa-

lity in (2.12) derives from Theorem 4. Besides, from Lemma 7 :∥∥∥∥∂v∂ν
∥∥∥∥
L2((0,T )×Γ0)

≤
∥∥∥∥∂v∂ν

∥∥∥∥
L2((0,T )×∂Ω)

≤ C
(
‖fR(0)‖H1

0 (Ω) + ‖fR′‖L1(0,T,H1
0 (Ω))

)
≤ C‖f‖H1

0 (Ω)

This proves the right hand side of inequality (2.12) and the proof of Corollary 5 is
complete. �

2.5 Proof of Theorem 1 and Corollary 2

We would like first to give a meaning to equation (1) we are studying.

Lemma 9. Let q ∈ L∞(Ω), y0 ∈ L2(Ω) andh ∈ L2(∂Ω× (0, T )). Then, there exists
a unique solution

y ∈ C([0, T ],H−1(Ω)) ∩H−1(0, T, L2(Ω)),

defined by transposition, of the problem(2.1) : iy′(x, t) + ∆y(x, t) + q(x)y(x, t) = 0, x ∈ Ω, t ∈ (0, T )
y(x, t) = h(x, t), x ∈ ∂Ω, t ∈ (0, T )
y(x, 0) = y0(x), x ∈ Ω.

Proof :
We define the adjoint system iϕ′ + ∆ϕ+ qϕ = g, in Ω× (0, T )

ϕ = 0, on ∂Ω× (0, T )
ϕ(T ) = 0, in Ω
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It is well-known that we have the following regularity properties about this Schrödin-
ger equation :

a) If g ∈ L1(0, T,H1
0 (Ω)) thenϕ ∈ C([0, T ],H1

0 (Ω)) and
∂ϕ

∂ν
∈ L2(Γ × (0, T ))

(Lemma 7).

b) If g ∈ H1
0 (0, T, L2(Ω)) ↪→ W 1,1(0, T, L2(Ω)) thenϕ ∈ C([0, T ],H2(Ω)) and

∂ϕ

∂ν
∈ C([0, T ],H

1
2 (∂Ω)).

Indeed, we first haveϕ ∈ C([0, T ], L2(Ω)). The study of the equation satisfied byϕ′

givesϕ ∈ C1([0, T ], L2(Ω)) and that leads to∆ϕ = g−qϕ−iϕ′ ∈ C([0, T ], L2(Ω)).
Thenϕ ∈ C([0, T ],H2(Ω)) and its normal derivative is inC([0, T ],H

1
2 (∂Ω)).

We say thaty is a solution of (1) in the transposition sense if and only if it is
possible, for everyg, to give a meaning to∫ T

0

∫
Ω

gy dxdt = i

∫
Ω

y0ϕ(0) dx+
∫ T

0

∫
∂Ω

h
∂ϕ

∂ν
dσdt.

We takeg ∈ D(0, T,D(Ω)). By density inL1(0, T,H1
0 (Ω)) andH1

0 (0, T, L2(Ω)) we
are able to definey ∈ L∞(0, T,H−1(Ω)) ∩ H−1(0, T, L2(Ω)) with q ∈ L∞(Ω),
y0 ∈ L2(Ω) andh ∈ L2(∂Ω× (0, T )).

We refer to [36] for the transposition method concerning the Schrödinger equation
and the way to prove that we finally obtainy ∈ C([0, T ],H−1(Ω))∩H−1(0, T, L2(Ω)).
Nevertheless, we would like to underline that the important point here is that we have
a potentialq ∈ L∞(Ω) and we have to give a meaning toqy (indeed, we proved that
qy ∈ H−1(0, T ;L2(Ω)), sincey ∈ H−1(0, T ;L2(Ω))). Let us also notice that the

regularity we obtain iny implies
∂y

∂ν
∈ H−2(0, T ;H− 3

2 (Γ)). �

Thereafter, we defineu = y(p)− y(q), which verifies : iu′ + ∆u+ pu = (q − p)y(q), in Ω× (0, T )
u = 0, on ∂Ω× (0, T )
u(0) = 0, in Ω.

(2.16)

The key of our proof is that in the linear case, all the constants depend on theL∞ norm
of the potential. Then, sincep ∈ U , whereU is bounded inL∞, we are in fact, with
(2.16) in a situation similar to the linear case(2.2).

Proof of Theorem 1 :
We havey(q) ∈W 1,2(0, T, L∞(Ω)) and we know that

W 1,2(0, T, L∞(Ω)) ⊂ C([0, T ],W 1,∞(Ω))

then we havey(x, 0) = y0 ∈ L∞(Ω). Thus, hypothesis|y0(x)| ≥ r0 > 0, ae in Ω
makes sense and we can apply the result of Theorem 4, which leads to :

‖q − p‖L2(Ω) ≤ C

∥∥∥∥∂u∂ν
∥∥∥∥
H1(0,T ;L2(Γ0))

.
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And the proof of Theorem 1 is complete. �

Proof of Corollary 2 :
We assume thaty(q) ∈W 1,2(0, T,W 1,∞(Ω)) andq−p ∈ H1

0 (Ω). Then, it comes(q−
p)y(q) ∈W 1,2(0, T,H1

0 (Ω)) and there exists a unique solutionu ∈ C([0, T ],H1
0 (Ω))

to (2.16).

We are in the same situation as in the linear case (2.2) and we can apply the result
of Corollary 5 which leads to :

C−1‖q − p‖L2(Ω) ≤
∥∥∥∥∂u∂ν

∥∥∥∥
H1(0,T ;L2(Γ0))

≤ C‖q − p‖H1
0 (Ω).

It means that there exists a constantC = C(Ω, T,Γ0, ‖q‖L∞ , y0, h,U) > 0 such
that for allp ∈ U satisfyingq − p ∈ H1

0 (Ω),

C−1‖q − p‖L2(Ω) ≤
∥∥∥∥∂y(q)∂ν

− ∂y(p)
∂ν

∥∥∥∥
H1(0,T ;L2(Γ0))

≤ C‖q − p‖H1
0 (Ω),

and the proof is complete. �

Remark : The importance of Carleman estimate being global has to be underlined. It is
also well shown, in reference [21], how a global Carleman estimate leads really faster
to a conclusion in a non linear situation for the wave equation. We can refer to [53] for
a situation using only a local estimate with a weaker result. Indeed, to prove a stability
inequality in a non linear situation from the knowledge of the linear case, an obser-
vability inequality and a compactness-uniqueness argument are required. However, to
improve our results, we will precisely use an observability estimate.

2.6 Improvement of the symetry of the two-sided esti-
mates

It is known that for the wave equation, a symetric two sided estimate can be shown,
for instance in [53]. The result obtained for the Schrödinger equation in Corollary 2
is not symetric in terms of the norms of(p − q). We will here improve the result of
Theorem 1 under slightly stronger regularity hypothesis ony(q).

Proposition 10 (Observability Estimate). We assumeq ∈ L∞, z0 ∈ H1
0 (Ω) andΓ0

is given by(2.6). If z is the weak solution of iz′(x, t) + ∆z(x, t) + q(x)z(x, t) = 0, x ∈ Ω, t ∈ (0, T )
z(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T )
z(x, 0) = z0(x), x ∈ Ω

(2.17)

then, there exists a constantC = C(Ω, T,Γ0, ‖q‖L∞) > 0 such that

‖z0‖H1
0 (Ω) ≤ C

∥∥∥∥∂z∂ν
∥∥∥∥
L2(0,T ;L2(Γ0))

. (2.18)
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Proof :
It is a well-known consequence of the Carleman estimate (Proposition 3).
Let 0 < T0 < T1 < T . First of all, since all the needed conditions are satisfied (from
Lemma 7), we can apply Proposition 3 to the weak solutionz of (2.17).

Remark : Some changes are made. We work on[0, T ] and with

θ(x, t) =
eλψ(x)

T (T − t)
, ϕ(x, t) =

α− eλψ(x)

T (T − t)
.

Then we have :∫ T

0

∫
Ω

|∇z|2e−2sϕ dxdt+ s2λ3

∫ T

0

∫
Ω

|z|2e−2sϕ dxdt ≤M

∫ T

0

∫
Γ0

∣∣∣∣∂z∂ν
∣∣∣∣2 dσdt

and sincee−2sϕ ≥ c > 0 on [T0, T1]× Ω, it means that :

‖z‖L2(T0,T1;H1
0 (Ω)) ≤ C

∥∥∥∥∂z∂ν
∥∥∥∥
L2((0,T )×Γ0)

Let χ ∈ C∞(0, T ) be a function such that0 ≤ χ(t) ≤ 1, ∀t ∈ [0, T ], χ = 1 on
[0, T0] andχ = 0 on [T1, T ]. Then,χ′ = 0 on [0, T0] ∪ [T1, T ] and we obtain

‖χ′z‖L2(0,T ;H1
0 (Ω)) ≤ C

∥∥∥∥∂z∂ν
∥∥∥∥
L2((0,T )×Γ0)

with C = C(χ). Moreover,w = χz satisfies : iw′ + ∆w + qw = iχ′z, in Ω× (0, T )
w = 0, on ∂Ω× (0, T )
w(T ) = 0, in Ω.

Then, applying again Lemma 7 and sinceχ′z ∈ L2(0, T ;H1
0 (Ω)), we have

‖w(t)‖H1
0 (Ω) ≤ C ‖χ′z‖L2(0,T ;H1

0 (Ω)), ∀ t ∈ [0, T ].

Therefore, witht = 0 and recalling thatw(0) = z0, we obtain :

‖z0‖H1
0 (Ω) ≤ C ‖χ′z‖L2(0,T ;H1

0 (Ω)) ≤ C

∥∥∥∥∂z∂ν
∥∥∥∥
L2((0,T )×Γ0)

,

what proves the inverse inequality (2.18). �

Thereafter, we manage to obtain better stability results about our inverse problem.
The main idea is to use this observability estimate and the price to pay is to as-
sume more regularity on the given functionR and to obtain a result with non explicit
constants that we had till now.

Theorem 11. Let q ∈ L∞(Ω) andu be a solution of equation(2.2).
Assume that

Γ0 satisfies(2.6),

R ∈W 1,2(0, T,W 1,∞(Ω)) ∩W 2,1(0, T ;L∞(Ω)),
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R(0) is real valued and|R(x, 0)| ≥ r0 > 0, ae in Ω.

Then, there exists a constantC = C(Ω, T,Γ0, ‖q‖L∞(Ω), R) > 0 such that for all
f ∈ H1

0 (Ω),

C−1 ‖f‖H1
0 (Ω) ≤

∥∥∥∥∂u∂ν
∥∥∥∥
H1(0,T ;L2(Γ0))

≤ C ‖f‖H1
0 (Ω). (2.19)

Proof :
We work on equation (2.11), satisfied byv = u′ : iv′(x, t) + ∆v(x, t) + q(x)v(x, t) = f(x)R′(x, t), x ∈ Ω, t ∈ (0, T )

v(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T )
v(x, 0) = −if(x)R(x, 0), x ∈ Ω

We introduce :  iz′ + ∆z + qz = 0, in Ω× (0, T )
z = 0, on ∂Ω× (0, T )
z(0) = −ifR(0), in Ω

and  iϕ′ + ∆ϕ+ qϕ = fR′, in Ω× (0, T )
ϕ = 0, on ∂Ω× (0, T )
ϕ(0) = 0, in Ω.

Then,
v(x, t) = z(x, t) + ϕ(x, t), x ∈ Ω, t ∈ (0, T ).

On the one hand, as we haveR ∈ W 2,1(0, T, L∞(Ω)) and because of Lemma 7, we
can write : ∥∥∥∥∂ϕ∂ν

∥∥∥∥
L2((0,T )×Γ0)

≤ C ‖fR′‖W 1,1(0,T ;L2(Ω)) ≤ C ‖f‖L2(Ω).

On the other hand, sinceR ∈W 1,2(0, T,W 1,∞(Ω)) the observability inequality gives

‖fR(0)‖H1
0 (Ω) ≤ C

∥∥∥∥∂z∂ν
∥∥∥∥
L2((0,T )×Γ0)

.

Moreover, we have to notice that ifR(0) ∈ W 1,∞(Ω) and|R(x, 0)| ≥ r0 > 0, then
1

R(0)
∈W 1,∞(Ω) and it yields

‖f‖H1
0 (Ω) ≤ C‖fR(0)‖H1

0 (Ω).

We finally obtain :

‖f‖H1
0 (Ω) ≤ C

∥∥∥∥∂v∂ν
∥∥∥∥
L2((0,T )×Γ0)

+ C ‖f‖L2(Ω).

Then, writting this estimate withu and applying Theorem 4 to take away the term
‖f‖L2(Ω), we obtain the left hand side of (2.19).
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To conclude, we can directly apply Lemma 7 to (2.11) sincef ∈ H1
0 (Ω) andR ∈

W 1,2(0, T,W 1,∞(Ω)). We then obtain :∥∥∥∥∂v∂ν
∥∥∥∥
L2(0,T ;L2(Γ0))

≤ C‖fR(0)‖H1
0 (Ω) + C‖fR′‖L1(0,T ;H1

0 (Ω))

≤ C ‖f‖H1
0 (Ω).

Sincev = u′, we actually know there exists a strictly positive constantC depending
onΩ, T,Γ0, ‖q‖L∞(Ω) andR such that

C−1‖f‖H1
0 (Ω) ≤

∥∥∥∥∂u∂ν
∥∥∥∥
H1(0,T ;L2(Γ0))

≤ C‖f‖H1
0 (Ω)

and the proof of Theorem 11 is complete. �

As for the proof of Theorem 1 and Corollary 2 in Section 2.5, we can derive from
Theorem 11 the following one.

Theorem 12. LetU be a bounded subset ofL∞(Ω) andq ∈ L∞(Ω). Assume that

Γ0 satisfies(2.6),

y(q) ∈W 1,2(0, T,W 1,∞(Ω)) ∩W 2,1(0, T, L∞(Ω)),

y0 is real valued and|y0| ≥ r0 > 0, ae in Ω.

Then, there exists a constantC = C(Ω, T,Γ0, ‖q‖L∞ , y0, h,U) > 0 such that∀ p ∈
U verifying q − p ∈ H1

0 (Ω),

C−1 ‖p− q‖H1
0 (Ω) ≤

∥∥∥∥∂y(q)∂ν
− ∂y(p)

∂ν

∥∥∥∥
H1(0,T ;L2(Γ0))

≤ C ‖p− q‖H1
0 (Ω).



60 Chapitre 2 – Uniqueness and Stability in an Inverse Problem –



Deuxième partie

Existence et Ŕegularité de la
solution d’une équation de

Hartree-Fock dépendant du
temps coupĺeeà uneéquation de

la dynamique classique
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Chapitre 3

Introduction aux
approximations en Chimie
Quantique

3.1 Quelques notions de ḿecanique quantique

Par oppositioǹa la ḿecanique classique qui concerne les corps macroscopiques,
la mécanique quantique est la description du comportement de la matière et de la
lumièreà l’échelle atomique. C’est le début du XX̀eme sìecle qui marque les boulever-
sements profonds de la physique classique. Les “révolutions” relativistes et quantiques
remettent en question la mécanique classique sur les corps matériels aniḿes de tr̀es
grandes vitesses pour l’une, sur les objetsà l’échelle atomique pour l’autre. On pourra
se ŕeférerà l’introduction de [3] (bibliographièa la fin du chapitre). Nous resterons dans
le champ de la ḿecanique quantique non relativiste et seules quelques idées ǵeńerales
et un peu de vocabulaire quantique seront donnés ici.

Dans le cadre de cette mécanique de l’infiniment petit, les notions de trajectoire
ou de vitesse n’existent pas. On rappelle le principe tiré des relations d’incertitude
d’Heisenberg (1927) :

On ne peut pas d́efinir à un instant donńe et avec une précision arbitraire
à la fois la position et la vitesse d’unélectron.

Il permet d’introduire l’id́ee que les entités élémentaires constitutives de la matière
(molécules, atomes,électrons...) et de la lumière (photons) ne peuvent plusêtre d́ecrites
par les grandeurs de la mécanique classique. On peut alors leur associer la notion plus
abstraite de probabilité de pŕesence.

Mathématiquement, une particule quantique se voit associer une fonction d’onde
Ψ qui décrit sonétat. Cette fonction d́epend du temps ainsi que de la position dans
l’espace et du spin (moment magnétique intrins̀eque) de la particule.Ψ elle-même n’a
pas de signification imḿediate et n’est pas observable, mais|Ψ|2 dx donne la proba-
bilit é de pŕesence de la particule dans l’élément de volumedx. Il découle de cela une
condition de normalisation ∫

R3
|Ψ(x, t)|2 dx = 1. (3.1)

63
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En 1926, W. Heisenberg et E. Schrödinger d́evelopp̀erent deux th́eories diff́erentes
de la ḿecanique quantique, dont les résultats concordent cependant. Nous n’abordons
pas ici le formalisme matriciel d’Heisenberg, mais la mécanique ondulatoire avec la
formulation de l’́equation de Schrödinger :

i∂tΨ(x, t) = H(t)Ψ(x, t), (3.2)

où H est le Hamiltonien (que nous préciserons par la suite) du système quantique
consid́eŕe, etΨ sa fonction d’onde. Les notions présent́ees ici ontét́e rassemblées et
synth́etiśeesà partir des ouvrages de références ḿecaniques [3], [7], [11] et [12] et
chimiques [14] ainsi que les introductions de [6] et [13] (livres consacrésà la th́eorie
de la fonctionnelle de densité).

La mise en place de cette branche de la physique estévidemment le fruit du travail
et de l’inǵeniosit́e de beaucoup d’hommes, et l’évocation des noms des plus grands
d’entre eux (Borh, Born, de Broglie, Dirac, Heisenberg, Pauli, Planck, Schrödinger...)
ne suffit pasà rendre compte de l’incroyable fertilité des anńees 1920 autour de la
mécanique quantique.

Nous nous permettons de renvoyerà la lecture des passages appropriés des ou-
vrages non sṕecialiśes en ḿecanique quantique [1](p 357− 359) et [10] (dernier cha-
pitre, p198). Ces livres proposent une vue d’ensemble respectivement scientifique et
historique qui donne corps̀a la naissance de cette théorie quantique. Les deux premiers
chapitres de la référence [11] pŕesentent́egalement les origines de la théorie quantique
et la formation de l’́equation de Schrödinger dans un formalisme spécialiśe. Il nous
parait cependant important de signaler le manque de références d’ordre ǵeńeral, mais
néanmoins approfondies, sur l’équation de Schrödingerdépendant du temps. La plu-
part des livres consultés se focalisent en effet très rapidement sur le cas stationnaire ou
sur une approche de type scattering.

3.2 Objectif

La situation qui nous intéresse pŕeciśement dans cette partie de la thèse est celle
d’un atome d’h́elium (1 noyau et 2́electrons) soumis̀a un chamṕelectrique non ho-
mog̀ene et d́ependant du temps. L’objectif que nous avons en vue est de préciserétape
parétape la d́emarche conduisant de l’équation de Schrödinger ǵeńerale

i∂tΨ(t, x) = H(t)Ψ(t, x)− V1(t, x)Ψ(t, x) (3.3)

où Ψest la fonction d’onde de l’atome d’hélium,H son hamiltonien

(opérateur lińeaire autoadjoint agissant sur l’espace de Hilbert desétats physiquesH)

etV1 le potentieĺelectrique ext́erieur,

au syst̀eme que nouśetudions effectivement par la suite

i∂tu+ ∆u+
1

|x− a(t)|
u+ V1(x, t)u = (|u|2 ? 1

|x|
)u, (x, t) ∈ R3 × (0, T )

u(0) = u0, x ∈ R3

m
d2a

dt2
= −

∫
R3
|u(x)|2∇

(
1

|x− a|

)
dx−∇V1(a, t), t ∈ (0, T )

a(0) = a0,
da

dt
(0) = v0

(3.4)

où u est la fonction d’onde deśelectrons eta la position du noyau.
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Une premìere analyse rapide de ce système coupĺe permet de remarquer en premier
lieu que seuls leśelectrons sont considéŕes comme des particules quantiques. En raison
de son poids beaucoup plus grand que celui desélectrons, le noyau est soumisà une
dynamique newtonienne. Cela signifie qu’à chaque instant il est repéŕe, comme toute
particule classique, par le couple position/vitesse

(
a(t), dadt (t)

)
.

La premìereéquation du système mod́elise le comportement de la fonction d’onde
des deux́electrons, soumis̀a l’attraction coulombienne du noyau (1|x−a| ) et au champ
électrique ext́erieur (potentielV1). La non-lińearit́e de Hartree, que l’on trouve au se-
cond membre est une approximation du terme de champs moyen qui entre en jeu dès
lors que l’on consid̀ere un syst̀eme contenant au moins deuxélectrons. La deuxième
équation correspond̀a la relation fondamentale de la dynamique, appliquée au noyau
soumis au champ crée par la distributiońelectronique moyenne environnante et au
champélectrique ext́erieur.

3.3 Approximation non adiabatique

Dans le but d’expliquer les différentes approximations permettant de passer de (3.3)
à (3.4), nous allons tout d’abord considérer un syst̀eme moĺeculaireisolé compośe de
N électrons et deM noyaux. Au cours de cet exercice, il faudra garder en mémoire
que le syst̀eme moĺeculaire sera ensuite soumisà un chamṕelectrique ext́erieur, ce qui
orientera le choix de certaines approximations. Ce système quantique est décrit par la
fonction d’onde

Ψ = Ψ(t, ~x1, ..., ~xN , a1, ..., aM )

où ~xi = (xi, si) avecxi la position duièmeélectron dansR3 et si son spin (valant
± 1

2 ) et òu ak est la position duk-ième noyau dont on néglige volontairement le spin
car les noyaux vont̂etre consid́eŕes comme des particules classiques par la suite.

L’ évolution au cours du temps du système est alors régie par l’́equation de Schrödin-
ger (3.2) òu le Hamiltonien est donńe par

H = −1
2

N∑
i=1

∆i −
1
2

M∑
k=1

∆ak

mk
−

N∑
i=1

M∑
k=1

zk
|xi − ak|

+
1
2

N∑
i=1

N∑
j 6=i

1
|xi − xj |

+
M∑
k=1

M∑
l>k

zkzl
|ak − al|

(3.5)

les notations∆i et ∆ak
correspondant au Laplacien par rapport aux coordonnées du

ièmeélectron et duk-ième noyau respectivement. La massemk et la chargezk du k-
ième noyau sont données dans le système des unit́es atomiques que nous préciserons
plus tard. Les deux premiers termes correspondentà l’énergie cińetiquedesélectrons
et des noyaux. Le troisième terme mod́elise l’attractionélectrostatiqueentre noyaux et
électrons, tandis que les deux derniers, qui correspondentégalement̀a l’énergie poten-
tielle d’interactionélectrostatique, modélisent respectivement le potentiel de répulsion
entreélectrons et entre noyaux.

Cetteéquation, comme toutes leséquations que nous allons mentionner par la suite,
apparâıt dans une forme simplifíee, c’est̀a dire pŕeciśement sans aucune constante fon-
damentale de la physique. C’est dans ce but que nous utilisons le système des unit́es
atomiques, obtenu en exprimant les quantités physiques comme multiples ou combi-
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naisons des constantes fondamentales et en imposant

me = 1, |e| = 1,
h

2π
= 1, 4πε0 = 1

oùme est la masse de l’électron,|e| sa chargéelémentaire,h la constante de Planck et
ε0 la permittivit́e du vide.

L’ équation consid́eŕee peut encorêetre simplifíee en tirant́egalement avantage des
diff érences significatives de masse entre un noyau et unélectron. En effet, m̂eme le
plus ĺeger des noyaux, celui réduità un unique proton (atome d’hydrogène), p̀ese envi-
ron 1800 fois plus lourd qu’uńelectron. Par suite, un noyau se déplace beaucoup plus
lentement qu’uńelectron. D’un point de vue pratique, nous pouvons alors considérer
les noyaux comme des particules classiques ponctuelles dont on néglige la nature quan-
tique et leśelectrons comme des particules quantiques se mouvant dans le champ cou-
lombien cŕee par les noyaux. A l’instantt, l’ état du syst̀eme est ainsi d́ecrit par({

ak(t),
dak
dt

(t)
}
k∈[[1,M ]]

,Ψe(t)

)
,

où

(
ak(t),

dak
dt

(t)
)

est le couple position/vitesse duk-ième noyau et òu Ψe est la

fonction d’ondeélectronique. Le mouvement desélectrons ŕepond alors̀a l’équation
de Schr̈odinger

i∂tΨe(t, ~x1, ..., ~xN ) = He(t)Ψe(t, ~x1, ..., ~xN ), (3.6)

où le Hamiltonieńelectronique s’́ecrit

He(t) = −1
2

N∑
i=1

∆i −
N∑
i=1

M∑
k=1

zk
|xi − ak|

+
∑

1≤i<j≤N

1
|xi − xj |

.

De plus, nous sommes intéresśesà terme par l’́etude du contr̂ole optimal d’́equations
pouvant mod́eliser des particules prenant partà des ŕeactions chimiques. Nous ne pou-
vons donc pas considérer les noyaux comme fixés et leurs d́eplacements sont alors
décrits par l’́equation diff́erentielle d’ordre deux :

mk
dak
dt

= −∇ak

− M∑
k=1

∫
R3

zkρ(x)
|x− ak|

dx+
∑

1≤k<l≤N

zkzl
|ak − al|

 , (3.7)

où ρ(t, x) = N
∑
s1...sN

∫
R3(N−1)

|Ψe(t, x, s1, ~x2, . . . , ~xN )|2 dx2 . . . dxN est la densit́e

électronique. Chaque noyau se déplace donc selon les règles de la dynamique Newto-
nienne, dans le potentiel crée par les autres noyaux et par l’ensemble desélectrons. Ce
terme d’originéelectronique est appelé potentiel d’Hellman-Feynman.

L’approximation que nous venons d’effectuer est ditenon-adiabatique. Nous te-
nonsà pŕeciser que l’on pourra trouver dans le premier chapitre de la thèse de E. Cancès
[2] une vue plus large des différentes approximations envisageables pour un système
quantique deM noyaux etN électrons, dans le cadre non-stationnaire comme dans le
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cadre stationnaire. Nous avons décid́e de pŕesenter ici uniquement le modèle applicable
à la situation qui nous intéresse,̀a savoir un atome soumisà un chamṕelectrique non-
homog̀ene et d́ependant du temps. Il faut tout de même signaler que dans un cadre sta-
tionnaire, le fait d’utiliser le plus grand poids des noyaux comme argument pour simpli-
fier la formulation du probl̀eme rappelle l’approximation de Born-Oppenheimer. Elle
se ǵeńeralise aux situations dépendant du temps en une approximationadiabatique,
qui consiste d’un point du vue pratiqueà consid́erer que leśelectrons s’adaptent ins-
tantańement aux positions des noyaux. Cependant, cette dernière approximation n’est
valable que sous certaines hypothèses physiques, préciśement invalid́ees dans le cas de
la pŕesence d’un chamṕelectrique ext́erieur du type de ceux que nous allons considérer.

3.4 Approximation de Hartree-Fock

Nous allons maintenant préciser les propriét́es que la fonction d’onde desélectrons
se doit de v́erifier pour d́ecrire unétat physiquement admissible du système. Nous
décrirons ensuite comment, en accord avec ces propriét́es, nous pouvons approcher le
probl̀eme (3.6) en restreignant l’ensemble où Ψe doit évoluer.

Nous avons d́ejà évoqúe la premìere propríet́e, qui se d́eduit directement de l’in-
terpŕetation probabiliste de la fonction d’onde (cf (3.1)) :

‖Ψe(t)‖2 =
∑
s1...sN

∫
R3N

|Ψe(t, ~x1, . . . , ~xN )|2 dx1 . . . dxN = 1.

La deuxìeme propríet́e d́ecoule d’un postulat de syḿetrisation (pour plus de détails,
voir [12]) qui permet de faire face au problème d’indiscernabilit́e des particules iden-
tiques :

”Si un syst̀eme contient N particules identiques, sesétats dynamiques sont
nécessairement ou tous symétriques ou tous antisyḿetriques par rapport
aux permutations de ces N particules.”

Les électrons, ou encore les noyaux ayant le même nombre de protons et le même
nombre de neutrons, sont appeléesparticules identiques. Plus ǵeńeralement, deux par-
ticules sont identiques si leur propriét́es physiques sont rigoureusement les même, au-
cune observation ne permettant de les distinguer les unes des autres.

C’est la nature de ces particules qui détermine l’une ou l’autre prescription de
symétrisation. Les bosons sont les particules dont lesétats sont syḿetriques et cor-
respondent par exemple aux photons ou aux noyaux d’atomes composés d’un nombre
pair de nucĺeons (le spin d’un boson est entier). A l’opposé, lesélectronśetant des par-
ticules de spin demi-entier, leur fonction d’onde doitêtre antisyḿetrique par rapport̀a
l’ échange des coordonnées d’espace et de spin de deuxélectrons :

Ψe(t, ~x1, . . . , ~xi, ~xj , . . . , ~xN ) = −Ψe(t, ~x1, . . . , ~xj , ~xi, . . . , ~xN ). (3.8)

L’analyse d’un syst̀eme deN fermions corrobore le principe d’exclusion de Pauli
(1925) :

”Deux fermions ne peuvent occuper le mêmeétat quantique individuel.”

En d’autres termes, dans notre situation, on ne peut pas trouver au même instant et au
même endroit de l’espace deuxélectrons de m̂eme spin. En effet (3.8) implique que
s’il existe deux indicesi 6= j tels que(xi, si) = (xj , sj), alors ńecessairement,

Ψe(t, ~x1, . . . , ~xN ) = 0.
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Nous allons maintenant préciser l’espace de HilbertHe desétats physiques sur lequel
l’hamiltonienélectroniqueHe agit :

He =
N∧
i=1

L2(R3 × {± 1
2},C),

et la fonction d’onde v́erifie à chaque instantt, Ψe(t) ∈ {Ψ ∈ He, ‖Ψ‖ = 1}. Nous
sommes cependant encore confrontésà un choix trop grand de fonctions d’ondeàN
électrons admissibles. La méthode de Hartree-Fock va nous permettre de définir un
sous-espace correspondantà une approximation physiquement raisonnable des fonc-
tions d’onde tout eńetant utilisable en pratique.

Il s’agit, dans un premier temps, d’approcherΨe par un produit antisyḿetrique de
N fonctions monóelectroniques notéesψi. L’approximation de Hartree-Fock consiste
à choisir les fonctions d’onde s’écrivant comme un d́eterminant de Slater :

Ψe(~x1, . . . , ~xN ) =
1√
N !

det{ψi(~xj), (i, j) ∈ [[1, N ]]2}.

Les fonctionsψi sont des spin-orbitales et on peut lesécrire sous la forme

ψi(~xj) = φi(xj)σi(sj),

oùφi est une orbitale moleculaire etσi est une fonction de spin valantα ”spin up” ouβ
”spin down” òu la famille{α, β} est orthonormale. Des précisions substantielles sur la
notion de spin et surα etβ sont donńees dans la référence [9]. On rappelle que toutes
les fonctions utiliśees sont, a priori,̀a valeurs complexes. Pour simplifier les calculs,
les spin-orbitales sont elles-même choisies orthonormales, de manière que,δij étant le
symbole de Kronecker, on ait∫

R3×{± 1
2}
ψi(~x)ψj(~x)d~x = δij .

On peut pŕeciser que les orbitales atomiques sont telles que|ψi(~x)|2d~x est la probabi-
lit é de trouver leièmeélectron de spin donné parσi dans l’́elément de volumedx.

Dans un deuxìeme temps, nous utilisons la formulation variationnelle de l’équation
aux d́erivées partielles (3.6) pour simplifier la formulation du Hamiltonienélectronique.
Nous obtenons ainsiN équations d’inconnues lesN spin-orbitales en faisantévoluer
la fonction d’ondeΨe sur la varíet́e des d́eterminants de Slater

SN =

{
Ψ =

1√
N !

det
{
ψi(~xj), (i, j) ∈ [[1, N ]]2

}
,

ψi ∈ H1(R3,C),
∫

R3×{± 1
2}
ψiψj = δij

}
.

Nous utilisons le fait que

∀Ψe ∈ SN ,
∫ T

0

〈i∂tΨe +He(t)Ψe,Ψe〉 dt = 0

et ne donnons que le résultat final. C’est le fruit d’une part de calculs usuels similaires
au cas stationnaire bien connus des chimistes (opérateur de Fock), et d’autre part de
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la transformation d’une formulation variationnelle en plusieurséquations aux d́erivées
partielles (ǵeńerant une matrice(λij) hermitienne). Leśequations v́erifiées par les spin-
orbitales s’́ecrivent alors de la manière suivante :

i∂tψi = F(t)ψi +
N∑
j=1

λijψj , i ∈ [[1, N ]]

oùF est le Hamiltonien de Hartree-Fock (ou opérateur de Fock) et vaut

F = −1
2
∆ +

M∑
k=1

zk
| · −ak|

+
N∑
j=1

(
|ψj |2 ?

1
|x|

)
−

N∑
j=1

(
ψj · ?

1
|x|

)
ψj .

Nous attirons l’attention sur le fait que cette approximation donne un Hamiltonien qui
dépend des spin-orbitales et crée donc une non lińearit́e. On peut simplifier la formula-
tion deséquations v́erifiées par les spin-orbitales etéliminer lesλij en diagonalisant la
matrice hermitienne(λij) et en effectuant un changement adéquat des inconnues, pour
finalement pouvoiŕecrire (les notationśetant conserv́ees) :

i∂tψi = F(t)ψi. (3.9)

Pour donner une interprétation des deux derniers termes de l’opérateur de Fock (cf [6]
et [15]), on regarde leur action surψi, que l’on multiplie parψi et que l’on int̀egre (en
spin-espace, donc surR3 × {± 1

2}). Le premier calcul donne :

N∑
j=1

∫ (
|ψj |2 ?

1
|x|

)
(~x1)|ψi(~x1)|2 d~x1 =

N∑
j=1

∫∫
|ψj(~x2)|2|ψi(~x1)|2

|x1 − x2|
d~x1d~x2.

C’est un terme d́ejà pŕesent dans l’approximation de Hartree (qui consisteà écrireΨe

comme un produit simple de spin-orbitales) et il correspondà l’action d’un potentiel lo-
cal derépulsion de Coulombappeĺe ainsi car il mod́elise la ŕepulsion classique de type
coulombien entre les nuagesélectroniques chargés|ψi(~x1)|2 et |ψj(~x2)|2. Le second
calcul donne :

−
N∑
j=1

∫ (
ψjψi ?

1
|x|

)
(~x1)ψj(~x1)ψi(~x1) d~x1

= −
N∑
j=1

∫∫
ψj(~x2)ψi(~x2)
|x1 − x2|

ψj(~x1)ψi(~x1) d~x1d~x2

et mod́elise l’action d’un oṕerateur non local d’échange, qui n’a pas d’interpŕetation
classique. C’est un terme quiémergeà cause de la nature antisymétrique de la fonc-
tion d’onde. Il faut par ailleurs noter que le terme1

|x1−x2| ne d́epend pas des variables
de spin. Puisque les fonctions de spinα et β sont orthonorḿees, l’int́egration sur les
variables de spin dans la formule ci-dessus peutêtre faite ind́ependamment. La contri-
bution de ce terme d’échange n’existe ainsi que pour desélectrons de m̂eme spin.

On peut enfin signaler que fort heureusement, dans la formule de l’opérateur de
Fock, le casj = i, où i est l’indice de la spin-orbitalèa laquelle l’oṕerateur vâetre
appliqúe, n’est pas absurde. En effet, enj = i la somme des deux derniers termes
mod́elise l’interaction de l’́electroni avec lui m̂eme ce qui est un non-sens,évité par
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l’adéquation des termes d’échange et de Coulomb qui s’annulent alors préciśement
l’un l’autre.

Nous pouvons maintenant formuler le système d’́equations mod́elisant un syst̀eme
quantique constitúe deN électrons et deM noyaux. Le syst̀eme coupĺe finalement
obtenu est le suivant avec1 ≤ i ≤ N et1 ≤ k ≤M :

i∂tψi = −∆ψi
2

+
M∑
k=1

zk
| · −ak|

ψi +
N∑
j=1

(
|ψj |2 ?

1
|x|

)
ψi −

N∑
j=1

(
ψjψi ?

1
|x|

)
ψj ,

mk
d2ak
dt2

=
M∑
k=1

N∑
i=1

(∫
R3
−|ψi(x)|2∇

zk
|x− ak|

dx

)
−∇ak

∑
1≤l1<l2≤N

zl1zl2
|al1 − al2 |

,

ψi(0) = ψ0
i , ak(0) = a0

k,
dak
dt

(0) = v0
k,

où ψi est donc une spin-orbitale dépendant du temps, de la position spatiale et du spin
de l’électron associé et òu ak est la position dansR3 duk-ième noyau et ne dépend que
du temps.

3.5 Méthode de Hartree-Fock restreinte

La dernìereétape avant d’atteindre notre objectif repose essentiellement sur la pa-
rité du nombre d’́electrons consid́eŕes dans le mod̀ele chimique qui nous intéresse. Plus
préciśement, nous allons faire appelà la ḿethode de Hartree-Fock dite “restreinte” pour
donner un système d’́equations plus simplèa traiter que celui donńe ci-dessus, adapté
à l’atome d’H́elium avecM = 1, z1 = 2 etN = 2. A notre connaissance, [9] et [13]
sont les ŕeférences ǵeńerales donnant le plus de précisions sur cette ḿethode.

L’id ée ǵeńerale est qu’un nombreN pair d’électrons peut voir sa fonction d’onde
globaleΨe formulée comme le d́eterminant de Slater deN spin-orbitalesψi dont une
moitié est choisie de la formeφ(x)α(s) et l’autre moitíe de la formeφ(x)β(s). Cela
se justifie par le fait que les couchesélectroniques d’un atome se remplissent par paire
d’électrons et ont ainsi chacune de leurs orbitales spatiales doublement occupées, c’est
à dire permettant de construire deux spin-orbitalesà l’aide de l’une et l’autre des fonc-
tions de spinα etβ.

Dès que l’on se trouve dans un cas approprié de parit́e du nombre d’́electrons òu
l’on peut imposer cette double occupation des orbitales atomiques, il faut le faire dès
le début des calculs procédant de la formulation de la fonction d’onde en déterminant
de Slater. Il s’agit pŕeciśement de la ḿethode de Hartree-Fock Restreinte (RHF). Bien
entendu, l’atome d’H́elium entre dans ce formalisme et si on notea la position de son
noyau etu l’orbitale spatiale ǵeńerant les spin-orbitales distinctes des deuxélectrons,
on obtient finalement le système :

i∂tu = −1
2
∆u− 2

|x− a(t)|
u+ (|u|2 ? 1

|x|
)u, (x, t) ∈ R3 × (0, T )

u(0) = u0, x ∈ R3

m
d2a

dt2
= −

∫
R3
|u(x)|2∇ 2

|x− a|
dx, t ∈ (0, T )

a(0) = a0,
da

dt
(0) = v0.

Il reste enfinà pŕeciser que toutes les approximations effectuées restent valables
si le syst̀eme chimique consid́eŕe est soumis̀a un chamṕelectrique non homog̀ene et
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non stationnaire. Par soucis de simplicité, les constantes numériques sont ramenéesà
l’unit é et le syst̀eme d’́equations̀a étudier est donc bien de la forme (3.4) :

i∂tu+ ∆u+
1

|x− a|
u+ V1u = (|u|2 ? 1

|x|
)u, (x, t) ∈ R3 × (0, T )

u(0) = u0, x ∈ R3

m
d2a

dt2
=
∫

R3
−|u(x)|2∇

(
1

|x− a|

)
dx−∇V1(a), t ∈ (0, T )

a(0) = a0,
da

dt
(0) = v0.

3.6 Conclusion

Nous avons̀a ce stade justifíe au mieux le choix du système d’́equations couplées
dont nous allonśetudier certaines propriét́es math́ematiques dans cette deuxième par-
tie du manuscrit. Il faut tout d’abord préciser que dans les articles [4] et [5], M. DE-
FRANCESCHIet C. LE BRIS soulignent l’int́er̂et tr̀es actuel d’́etudier le comportement
d’une moĺecule dans son environnement et par exemple de travailler sur l’influence
d’un champ magńetique oúelectrique.

Dans la ŕeférence [4], ce sont les modèles stationnaires qui sontévoqúes. Les au-
teurs mentionnent la difficulté majeure rencontrée en pŕesence d’un chamṕelectrique,
c’est à dire le fait que le potentiel extérieur qui intervient alors dans leséquations ne
s’annule pas̀a l’infini, contrairement au potentiel d’attraction coulombien. Effective-
ment, c’est la pŕesence simultańee de deux potentiels aux caractéristiques si diff́erentes
qui soul̀eve le plus de problèmes. Le chapitre 4 permettra néanmoins de donner un
sens aux́equations concernées pour des potentielsélectriques tr̀es ǵeńeraux. Au sujet
deséquations de Hartree-Fock stationnaires, nous tenonsà signaler les travaux de P. L.
L IONS (par exemple [8]) qui sous-tendent le cours qu’il a donné au Coll̀ege de France
à l’automne 2003.

Par ailleurs, l’́equation de Schrödinger d́ependant du temps et ses approximations
font l’objet d’un paragraphe dans la référence [5], article publié dans une revue de
chimie quantique. Les auteurs donnent préciśement l’approximation non-adiabatique
d’une moĺecule obtenuèa la fin de la section 3.4. Ils formulent aussi le souhait de
stimuler la recherche en théorie du contr̂ole appliqúe à la chimie quantique. Nous
nous int́eressons dans cette perspective au contrôle bilinéaire optimal de l’́equation de
Schr̈odinger dans les deux derniers chapitres. Nous présenterons en effet dans un pre-
mier temps les ŕesultats d’existence et de régularit́e des solutions ńecessaires̀a l’étude
du contr̂ole optimal du syst̀eme par le potentieĺelectrique ext́erieur.
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Chapitre 4

Regularity for a Schrödinger
equation with a potential
singular at finite distance and at
infinity

L’article qui suit est actuellement soumis. Avec O. Kavian et J.-P. Puel.

ABSTRACT : We study the Schrödinger equationi∂tu + ∆u + V0u + V1u = 0 on
R3 × (0, T ), whereV0(x, t) = 1

|x−a(t)| , a ∈ W 2,1(0, T ; R3), is a coulombian poten-
tial, singular at finite distance, andV1 is an electric potential, possibly unbounded. The
initial conditionu0 ∈ H2(R3) is such that

∫
R3(1 + |x|2)2|u0(x)|2 dx <∞. AsV0, the

potentialV1 is real valued and may depend on space and time variables. We prove that
if V1 is regular enough and at most quadratic at infinity, this problem is well-posed and
the regularity of the initial data is conserved for the solution.

Keywords : Schr̈odinger equation, singular potential, alternate direction, regularity,
existence.
AMS Classification :35B65

Une note auxComptes Rendus̀a l’Académie des Sciences de Paris
est parue en 2003, Série I, 337 pages 705̀a 710.

RÉSUMÉ : Nousétudions l’́equation de Schrödingeri∂tu+ ∆u+ V0u+ V1u = 0 sur
R3 × (0, T ) avec pour condition initialeu0 ∈ {v ∈ H2(R3),

∫
R3(1 + |x|2)2|v|2 dx <

+∞} où V0(x, t) = 1
|x−a(t)| , a ∈ W 2,1(0, T ; R3), est un potentiel coulombien, sin-

gulier à distance finie, et òu V1, potentiel dont d́erive un chamṕelectrique, peut̂etre
non borńe. CommeV0, le potentielV1 est ŕeel et d́epend des variables d’espace et de
temps. Nous d́emontrons que siV1 est assez régulier et presque quadratiqueà l’infini,
cetteéquation d’́evolution est bien posée et que la ŕegularit́e de la condition initiale est
conserv́ee par la solution du problème.
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4.1 Introduction

We work inR3 and throughout this paper, we use the following notations :

∇v =
(
∂v

∂x1
,
∂v

∂x2
,
∂v

∂x3

)
, ∆v =

3∑
i=1

∂2v

∂x2
i

, ∂tv =
∂v

∂t
,

Re andIm are the real and the imaginary parts of a complex number,

W 2,1(0, T ) = W 2,1(0, T ; R3) and for p ≥ 1, Lp = Lp(R3),
the usual Sobolev spaces areH1 = H1(R3) and H2 = H2(R3).

We also define

H1 =
{
v ∈ L2(R3),

∫
R3

(1 + |x|2)|v(x)|2 dx < +∞
}

H2 =
{
v ∈ L2(R3),

∫
R3

(1 + |x|2)2|v(x)|2 dx < +∞
}
.

One can notice thatH1 andH2 are respectively the images ofH1 andH2 under the
Fourier transform.

We consider the following linear Schrödinger equation{
i∂tu+ ∆u+

u

|x− a(t)|
+ V1(x, t)u = 0, (x, t) ∈ R3 × (0, T )

u(x, 0) = u0(x), x ∈ R3
(4.1)

where the potentialV1 takes its values inR.
Actually, this equation could correspond to the linear modelling of a hydrogenoı̈d

atom subjected to an external electric field, whereu is the wave function of the electron.
Indeed, 1

|x−a(t)| is a coulombian potential, wherea(t) is the position of the nucleus at
instantt andV1 is the electric potential (which may be unbounded at infinity) such that
E(t, x) = ∇V1(x, t) whereE is the electric field created by a laser beam.

Our main result is the following :

Theorem 1. LetT > 0 be an arbitrary time and leta and the potentialV1 satisfy

a ∈W 2,1(0, T ),
(1 + |x|2)−1V1 ∈ L∞((0, T )× R3),
(1 + |x|2)−1∂tV1 ∈ L1(0, T ;L∞) and
(1 + |x|2)−1∇V1 ∈ L1(0, T ;L∞)

(4.2)

and for someα > 0 andρ > 0,

‖a‖W 2,1(0,T ) ≤ α and

‖(1 + |x|2)−1V1‖W 1,1(0,T,L∞) + ‖(1 + |x|2)−1∇V1‖L1(0,T,L∞) ≤ ρ.

Then there exists a non negative constantCT,α,ρ depending onT , α andρ such that
for anyu0 ∈ H2 ∩H2, equation(4.1)has a unique solutionu with

u ∈ L∞(0, T ;H2 ∩H2) and ∂tu ∈ L∞(0, T ;L2)

which satisfies the estimate

‖u‖L∞(0,T ;H2∩H2) + ‖∂tu‖L∞(0,T ;L2) ≤ CT,α,ρ‖u0‖H2∩H2 .
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This type of result has already been obtained in the particular case when the atom is
subjected to an external uniform time-dependent electric fieldI(t) such that in equation
(4.1), one hasV1 = −I(t) · x as in reference [10] and [22]. They both use a change of
unknown function and variables (gauge transformation) to remove the electric potential
from the equation such that they only have to deal with the usual Schrödinger equation
with a time dependent potential likeV0. Of course, we cannot use this technique here
because of the generality of the potentialV1 we are considering. In the caseV1 = 0, K.
YAJIMA [51] proved theH2(Rd) regularity of the solution of equation (4.1) considered
in Rd×(0, T ), using strongly T. KATO’s results in reference [26]. We can also mention
that K. YAJIMA and G. ZHANG prove in [52] a smoothing property for one dimensional
time dependent Schrödinger equation with potentials superquadratic at infinity, likeV1.

In order to prove Theorem 1, we will first prove an existence and regularity result
for the solution of equation (4.1) in the spaceH1 ∩ H1, actually under weaker hypo-
thesis onV1 anda. In both proofs of the two theorems, we will regularizeV0 andV1 by
V ε0 andV ε1 and obtain accurate estimates, independent ofε. The key point in the proof
of Theorem 1 is to find anL2-estimate for the time derivative of the solutionuε. Thus,
we will use a change of variabley = x − a(t) to get rid of the time derivative of the
coulombian potential which appears in the time derivative of equation (4.1). We finally
obtain the awaited estimate which is independent ofε.

We also prove in this paper continuity results for the solutionu. Indeed, under the
same hypothesis, we prove the weak continuity of the solution inH2 ∩ H2 and the
strong continuity inH1 ∩H1 :

Theorem 2. Under assumption(4.2), the solutionu to equation(4.1) with initial
conditionu0 ∈ H2 ∩H2 satisfies

u ∈ C([0, T ];H1 ∩H1) and u ∈ Cw([0, T ];H2 ∩H2).

4.2 Preliminary estimates

As we just explained, we are going to regularize the potential of the Schrödinger
equation we consider. Therefore, we need a first classical proposition to ensure the
existence of smooth solution when the potential is more regular. A first step is to show
that the free Schrödinger semi-group acts continuously in the spaceH2 ∩ H2 (resp.
H1 ∩H1). To be more precise, consider the equation :{

i∂tu(x, t) + ∆u(x, t) = 0, x ∈ R3, t ∈ [0, T ]
u(x, 0) = u0(x), x ∈ R3 (4.3)

Lemma 3. Let us denote by(S(t))t∈R the free Schr̈odinger semi-groupeit∆. Then
for anyT > 0 there exists a positive constantCT such that ifu0 ∈ H2 ∩ H2, then
u(t) = S(t)u0 is the unique solution of equation(4.3)and satisfiesu ∈ C([0, T ];H2∩
H2) ∩ C1([0, T ];L2) and for all t ∈ [0, T ]we have

‖u(t)‖H2∩H2 ≤ CT ‖u0‖H2∩H2 .

Proof. This is a well-known result as far as the continuity inH2 is concerned (see
[12]), but obtaining the continuity inH2 is not more difficult. Indeed denoting bŷu the
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Fourier transform ofu, it is clear thatu(t) satisfies equation (4.3) if and only if

û(t, ξ) = eit|ξ|
2
û0(ξ).

From this relation, Parseval’s identity and the fact that

‖∆u(t)‖2L2 = ‖|ξ|2û(t)‖2L2 = ‖|ξ|2û0‖2L2 ,

we infer thatt 7→ S(t)u0 is continuous onH2, that isu ∈ C(R,H2) ∩ C1(R, L2) (in
fact for anys ∈ R the groupS(t) is an isometry onHs). On the other hand it is clear
that

‖|x|2u(t)‖2L2 = ‖∆û(t)‖2L2 .

Sinceu0 ∈ H2 ∩H2 and

∆û(ξ, t) =
[
(6it− 4t2|ξ|2)û0(ξ) + 4itξ · ∇û0(ξ) + ∆û0(ξ)

]
eit|ξ|

2
,

one sees thatt 7→ |x|2u(t) is continuous as a mapping fromR into L2. Therefore
u ∈ C(R,H2 ∩H2) and the lemma is proved. �

Remark : The same result can be proved in the same way whenH2 ∩H2 is replaced
byH1 ∩H1.

Next we prove that when the potentialV ∈ L∞(0, T, C2
b (R3)) the following result

holds (hereC2
b (R3) denotes the space of boundedC2 functions with bounded first and

second derivatives) :

Proposition 4. If V ∈ L∞(0, T ;C2
b (R3)) is real valued and ifu0 ∈ H2 ∩H2 then

there exists a unique solutionu ∈ C([0, T ];H2 ∩H2) of{
i∂tu(x, t) + ∆u(x, t) + V (x, t)u(x, t) = 0, x ∈ R3, t ∈ (0, T )
u(x, 0) = u0(x), x ∈ R3.

(4.4)

If ρ > 0 is such that‖V ‖L∞(0,T,C2
b (R3)) ≤ ρ there exists a positive constantCT,ρ such

that
‖u‖C([0,T ],H2∩H2) ≤ CT,ρ‖u0‖H2∩H2 .

Proof. Denote byY = C([0, T ],H2 ∩H2) endowed with the norm

‖u‖Y = sup
t∈[0,T ]

e−λt‖u(t)‖H2∩H2

for u ∈ Y ; hereλ > 0 is a given positive number which will be fixed hereafter. The
solution of equation (4.4) is obtained as a mild solution, that is a solution to the integral
equation

u(t) = S(t)u0 + i

∫ t

0

S(t− s)V (s)u(s) ds.

We are going to show that this equation has a unique solution inY , what means the
operatorΦ defined as being

Φ(u)(t) = S(t)u0 + i

∫ t

0

S(t− s)V (s)u(s) ds
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has a unique fixed point in a closed ballBR = {u ∈ Y ; ‖u‖Y ≤ R} for R suitably
chosen.

Note that ifV ∈ L∞(0, T ;C2
b (R3)) with ‖V ‖L∞(0,T ;C2

b (R3)) ≤ ρ andφ ∈ H2 ∩
H2, there exists a positive constantc0(ρ) such that

‖V (t)φ‖H2∩H2 ≤ c0(ρ)‖φ‖H2∩H2 .

Next we chooseλ > 2c0(ρ)CT whereCT is given by Lemma 3. Then foru ∈ BR,
since we have

‖u(s)‖H2∩H2 ≤ eλs‖u‖Y ≤ Reλs,

by using twice Lemma 3 we obtain

‖Φ(u)(t)‖H2∩H2 ≤ CT

∫ t

0

‖V (s)u(s)‖H2∩H2ds+ CT ‖u0‖H2∩H2

≤ CT c0(ρ)R
∫ t

0

eλsds+ CT ‖u0‖H2∩H2 .

It follows that ifR > 0 is large enough so thatCT ‖u0‖H2∩H2 ≤
R

2
, then

‖Φ(u)‖Y ≤
c0(ρ)CTR

λ
+ CT ‖u0‖H2∩H2 ≤ R.

This means thatΦ mapsBR into itself. Also foru1, u2 ∈ BR it is clear that

‖(Φ(u1)− Φ(u2))(t)‖H2∩H2 ≤ CT

∫ t

0

‖V (s)(u1 − u2)(s)‖H2∩H2ds

≤ CT c0(ρ)
∫ t

0

eλsds‖u1 − u2‖Y

≤ λ−1c0(ρ)CT eλt‖u1 − u2‖Y ,

and sinceλ has been appropriately chosen, this shows thatΦ is a strict contraction from
BR into itself as

‖(Φ(u1)− Φ(u2))‖Y ≤
c0(ρ)CT

λ
‖u1 − u2‖Y ≤

1
2
‖u1 − u2‖Y ,

and thereforeΦ has a unique fixed point, yielding the solution of equation (4.4). One
can notice that uniqueness is not only true inBR but also easily proved using the norm
in C([0, T ], L2). �

Remarks : 1)Following the same kind of arguments and the results in reference [51] of
K. YAJIMA , we could also consider this proposition for potentials inC1([0, T ];L∞(R3)).
2) Again, the same result can be proved in the same way whenH2 ∩H2 is replaced by
H1 ∩H1.

4.3 Existence and regularity result inH1 ∩H1

In this section, we will prove the following theorem, which first allowed us to consi-
der an electric potential with a singularity at infinity in(1 + |x|2).
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Theorem 5. LetT > 0 be an arbitrary time and leta and the potentialV1 satisfy

a ∈W 1,1(0, T ),
(1 + |x|2)−1V1 ∈ L∞((0, T )× R3) and (4.5)

(1 + |x|2)−1∂tV1 ∈ L1(0, T ;L∞).

and for someα0 > 0 andρ0 > 0 :

‖a‖W 1,1(0,T ) ≤ α0 and

‖(1 + |x|2)−1V1‖W 1,1(0,T ;L∞) ≤ ρ0.

Then there exists a non negative constantCT,α0,ρ0 depending onT , α0 and ρ0 such
that for anyu0 ∈ H1 ∩H1 equation(4.1)has a unique solution

u ∈ L∞(0, T ;H1 ∩H1)

which satisfies the estimate

‖u‖L∞(0,T ;H1∩H1) ≤ CT,α0,ρ0‖u0‖H1∩H1 .

Proof. First of all, we approach the potentialsV1 andV0 =
1

|x− a(t)|
by the real

valuedV ε0 andV ε1 ∈ C([0, T ];C2
b (R3)). More precisely :

- on the one hand, we setV ε0 =
1

(ε2 + |x− a(t)|2) 1
2

and we have

|V ε0 (x, t)| ≤ 1
|x− a(t)|

and |∂tV ε0 (x, t)| ≤
∣∣∣∣dadt (t)

∣∣∣∣ 1
|x− a(t)|2

- on the other hand, we choose%0 ∈ C∞c (R3) andχ ∈ C∞c (R) such that for allx in

R3, %0(x) ≥ 0, for all t in R, χ(t) ≥ 0 and
∫

R3
%0(x) dx =

∫
R
χ(t) dt = 1 and we

define the truncation function

Tε : R −→ R

s 7−→ Tε(s) =
|s|
s

min(|s|, 1
ε
).

Then, we setζε(x, t) :=
1
ε4
χ

(
t

ε

)
%0

(x
ε

)
and we defineV ε1 := Tε(V1)?ζε , where

the convolution is meant inR3 × R. We have actually

V ε1 (x, t) =
∫

R3×R
Tε (V1(x+ εy, t+ εs))χ(s)%0(y) dsdy

and we point out that the norm ofV ε1 is bounded by the norm ofV1 in the space where
it is defined.

Then forε > 0, we consider the solutionuε of{
i∂tuε + ∆uε + V ε0 uε + V ε1 uε = 0, in R3 × (0, T )
uε(0) = u0, in R3 (4.6)
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Thanks to Proposition 4 and the remark at the end of its proof, we know that there
exists a unique solutionuε ∈ C([0, T ];H1 ∩ H1). In the sequel,C > 0 denotes va-
rious constants which may depend onT but are independent ofε.

In order to get anH1-estimate ofuε, we calculate the imaginary part of the product
of equation (4.1) by(1 + |x|2)uε(x), integrated onR3. This gives

d

dt

(∫
R3

(1 + |x|2)|uε|2
)
≤
∫

R3
|∇uε|2 +

∫
R3
|x|2|uε|2.

Then, we have to obtain anH1-estimate ofuε. On the one hand, we multiply equa-
tion (4.1) by∂tuε, integrate onR3 and take the real part. After an integration by parts
we obtain :

−1
2
d

dt

∫
R3
|∇uε|2 +Re

∫
R3
V ε0 uε ∂tuε +Re

∫
R3
V ε1 uε ∂tuε = 0

which is equivalent to

d

dt

∫
R3
|∇uε|2 −

∫
R3

(V ε0 + V ε1 ) ∂t(|uε|2) = 0.

Then,

d

dt

(∫
R3
|∇uε|2 −

∫
R3

(V ε0 + V ε1 ) |uε|2
)

= −
∫

R3
(∂tV ε0 + ∂tV

ε
1 ) |uε|2. (4.7)

On the other hand, sinceV1 satisfies assumption(4.5), we have

−
∫

R3
∂tV

ε
1 |uε|2 ≤ C

∥∥∥∥ ∂tV1(t)
1 + |x|2

∥∥∥∥
L∞

‖uε(t)‖2H1

and from Hardy’s inequality,

−
∫

R3
∂tV

ε
0 |uε|2 ≤

∫
R3

∣∣∣∣dadt
∣∣∣∣ |uε|2

|x− a|2
≤ 4

∣∣∣∣dadt (t)
∣∣∣∣ ‖uε(t)‖2H1

We defineEελ at timet of [0, T ] by

Eελ(t) =
∫

R3
|∇uε(t, x)|2 dx+ λ

∫
R3

(1 + |x|2)|uε(t, x)|2 dx

whereλ is a non-negative constant to be precised later. From now on,C denotes various
positive constants, independent of anything butλ andT . We obviously have :

dEελ(t)
dt

≤ d

dt

(∫
R3

(V ε0 (t) + V ε1 (t)) |uε(t)|2
)

+ C

(
1 +

∣∣∣∣dadt (t)
∣∣∣∣+ ∥∥∥∥ ∂tV1(t)

1 + |x|2

∥∥∥∥
L∞

)
Eελ(t)
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and if we integrate on(0, t), we obtain

Eελ(t) ≤
∫

R3
(|V ε0 (0)|+ |V ε1 (0)|) |u0|2 +

∫
R3

(V ε0 (t) + V ε1 (t)) |uε(t)|2

+ C

∫ t

0

(
1 +

∣∣∣∣dadt (t)
∣∣∣∣+ ∥∥∥∥ ∂tV1(s)

1 + |x|2

∥∥∥∥
L∞

)
Eελ(s) ds+ Eελ(0)

Using Cauchy-Schwarz, Hardy and Young’s inequalities, and since it is easy to show
the conservation of theL2-norm ofuε, we prove that for allη > 0,∫

R3
|V ε0 (t)||uε(t)|2 ≤

∫
R3

|uε(t)|2

|x− a(t)|
≤ 2

(∫
R3
|∇uε(t)|2

) 1
2
(∫

R3
|uε(t)|2

) 1
2

≤ η‖∇uε(t)‖2L2 +
1
η
‖u0‖2L2

and we also have∫
R3
V ε1 (t)|uε(t)|2 ≤ C

∥∥∥∥ V1

1 + |x|2

∥∥∥∥
L∞((0,T )×R3)

‖uε(t)‖2H1
.

Moreover,(1 + |x|2)−1V1 ∈ W 1,1(0, T, L∞) andW 1,1(0, T ) ↪→ C([0, T ]), then we
have(1 + |x|2)−1V1(0) ∈ L∞ and we have for the same reasons as above,∫

R3
(|V ε0 (0)|+ |V ε1 (0)|) |u0|2 ≤

∫
R3

(
1

|x− a(0)|
+
∥∥∥∥ V1(0)

1 + |x|2

∥∥∥∥
L∞

)
|u0|2

≤ Cρ0‖u0‖2H1∩H1
.

We also notice that
Eελ(0) ≤ C‖u0‖2H1∩H1

.

Then, if we setη =
1
2

andλ =
1
2

+
∥∥∥∥ V1

1 + |x|2

∥∥∥∥
L∞((0,T )×R3)

we get

Eελ(t) ≤ Cρ0‖u0‖2H1∩H1
+

1
2
‖uε(t)‖2H1 +

(
λ− 1

2

)
‖uε(t)‖2H1

+ C

∫ t

0

(
1 +

∣∣∣∣dadt (t)
∣∣∣∣+ ∥∥∥∥ ∂tV1(s)

1 + |x|2

∥∥∥∥
L∞

)
Eελ(s) ds.

We defineF ε at timet of [0, T ] by

F ε(t) =
∫

R3
|∇uε(t, x)|2 dx+

∫
R3

(1 + |x|2)|uε(t, x)|2 dx = ‖uε(t)‖2H1∩H1

and it is easy to see that we have, for allt in [0, T ],

F ε(t) ≤ Cρ0‖u0‖2H1∩H1
+ C

∫ t

0

(
1 +

∣∣∣∣dadt (t)
∣∣∣∣+ ∥∥∥∥ ∂tV1(s)

1 + |x|2

∥∥∥∥
L∞

)
F ε(s) ds.

We obtain from Gronwall’s lemma :

F ε(t) ≤ CT,ρ0 exp
(∫ t

0

β(s)ds
)
‖u0‖2H1∩H1

.



4.3 – Existence and regularity result in H1 ∩H1 – 83

whereβ = 1 +
∣∣∣∣dadt

∣∣∣∣+ ∥∥∥∥ ∂tV1

1 + |x|2

∥∥∥∥
L∞

∈ L1(0, T ).

Therefore, there exists a non-negative constantCT,α0,ρ0 , independent ofε and depen-
ding on the timeT , onα0 and onρ0 such that for allt in [0, T ],

‖uε(t)‖2H1∩H1
≤ CT,α0,ρ0‖u0‖2H1∩H1

.

Then we can makeε tend to0 and pass to the limit in the distribution sense in
equation (4.6). Indeed, this last estimate implies the convergence of a subsequence
(uε′) in the following way :

uε′ ⇀ u in L∞(0, T ;H1 ∩H1) w ? .

We also have these other convergences :

V ε0 → 1
|x− a(t)|

in L∞(0, T ;Lp + L∞), p ∈ [2, 3[

V ε1 → V1 in L∞(0, T ;Lrloc), r > 1

Thus,u is the solution of equation (4.1) in the sense of distribution and satisfiesu ∈
L∞(0, T ;H1 ∩H1) and we obtain

‖u(t)‖2H1∩H1
≤ CT,α0,ρ0‖u0‖2H1∩H1

.

We will end the proof of Theorem 5 by the study of the uniqueness of the solution
of equation (4.1).

Letu1 andu2 be two solutions of equation (4.1). We setv = u2−u1 and it satisfies
the following :{

i∂tv + ∆v +
v

|x− a(t)|
+ V1(x, t)v = 0, (x, t) ∈ R3 × (0, T )

v(x, 0) = 0, x ∈ R3.
(4.8)

We then consider the functionθ ∈ C∞c (R), 0 ≤ θ ≤ 1, such that :

θ(x) =
{

1 ∀x ∈ R, |x| ≤ 1
0 ∀x ∈ R, |x| ≥ 2

and we set
θR(x) = θ

( x
R

)
which is such that for allx in R3, |∇θR(x)| ≤ C

R
whereC is a constant independent

of R > 1.

On the one hand, we calculateIm
∫

R3 (4.8).θ2R(x)v(x, t) dx and we obtain, using
Cauchy-Schwarz inequality :

d

dt

(∫
R3
θ2R(x)|v(x, t)|2 dx

)
= −2 Im

∫
R3
∇v(x, t)∇(θ2R)(x)v(x, t) dx

≤ C

∫
R3
|∇v(x, t)||θR(x)||∇θR(x)||v(x, t)| dx

≤ C

R
‖∇v‖L∞(0,T ;L2)

(∫
R3
θ2R(x)|v(x, t)|2 dx

) 1
2
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On the other hand, as we know thatv ∈ L∞(0, T ;H1 ∩H1) we get, for allR > 0
and for allt in (0, T ),

∫
R3
θ2R(x)|v(x, t)|2 dx ≤ C

R

∫ t

0

(∫
R3
θ2R(x)|v(x, s)|2 dx

) 1
2

ds

Thus, from Gronwall’s inequality, sincev(0) = 0 we finally obtain∫
R3
θ2R(x)|v(x, t)|2 dx = 0, ∀t ∈ (0, T ), ∀R > 0.

Then, v = 0 and the proof of Theorem 5 is complete. �

4.4 Proof of Theorem 1

We use the same regularization as in the preceding section. Then forε > 0 we
consider the solutionuε of (4.6) :{

i∂tuε + ∆uε + V ε0 uε + V ε1 uε = 0, in R3 × (0, T )
uε(0) = u0, in R3

Thanks to Proposition 4, we know thatuε is unique inC([0, T ];H2 ∩H2).
We also remind that we setα > 0 andρ > 0 such that :

‖a‖W 2,1(0,T ) ≤ α and

‖(1 + |x|2)−1V1‖W 1,1(0,T,L∞) + ‖(1 + |x|2)−1∇V1‖L1(0,T,L∞) ≤ ρ.

4.4.1 First Step : Energy estimates

Again here,C denotes various constants independent ofε. We first show the follo-
wing estimate :

Lemma 6. LetV0 andV1 satisfy assumption(4.2)and letV ε0 , V ε1 andu0 be defined
as above. There existsC > 0 depending only onρ such that the solutionuε of (4.6)
satisfies for allt ∈ [0, T ] :

‖uε(t)‖H2 ≤ C‖∂tuε(t)‖L2 + C‖uε(t)‖H2 .

Proof. Sinceuε is the solution of (4.6), we have for allt ∈ [0, T ],

‖uε(t)‖H2 ≤ ‖∆uε(t)‖L2 + ‖uε(t)‖L2

≤ ‖∂tuε(t)‖L2 + ‖V ε0 (t)uε(t)‖L2

+ ‖V ε1 (t)uε(t)‖L2 + ‖uε(t)‖L2 .

It is clear that

‖V ε1 (t)uε(t)‖L2 ≤ C

∥∥∥∥ V1(t)
1 + |x|2

∥∥∥∥
L∞

‖uε(t)‖H2 . (4.9)
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Next, from Hardy’s and then Young’s inequalities, we can prove that for allη > 0,
there existsCη > 0 such that

‖V ε0 (t)uε(t)‖L2 ≤
∥∥∥∥ uε(t)
|x− a(t)|

∥∥∥∥
L2

≤ 2‖∇uε(t)‖L2

≤ η‖uε(t)‖H2 + Cη‖uε(t)‖L2 . (4.10)

Then, combining these results, we have

‖uε(t)‖H2 ≤ η‖uε(t)‖H2 + (Cη + 1)‖uε(t)‖L2

+ ‖∂tuε(t)‖L2 + C

∥∥∥∥ V1(t)
1 + |x|2

∥∥∥∥
L∞

‖uε(t)‖H2

and if we chooseη small enough, we finally obtain that for allt ∈ [0, T ],

‖uε(t)‖H2 ≤ C‖∂tuε(t)‖L2 + Cρ ‖uε(t)‖H2 .

whereC andCρ are independent ofε. �

Lemma 7. With the above notations letEε(t) be defined as being

Eε(t) = ‖uε(t)‖2H2
+ ‖∂tuε(t)‖2L2 .

Then there existsC > 0 depending only onT , α andρ such that for allt ∈ [0, T ] we
have :

d

dt
‖uε(t)‖2H2

≤ C Eε(t). (4.11)

Proof. Note that all the integrations by parts and all the calculations we are going to
do are justified because of the regularity of the data we are manipulating.

Multiplying (4.6) by |x|4uε(x), integrating by parts onR3 and taking imaginary
parts, we obtain

Im

∫
R3
i|x|4uε∂tuε ≤

∫
R3
|∇uε.x||x|2|uε|

and we deduce that

d

dt

(∫
R3
|x|4|uε|2

)
≤ C

∫
R3
|x|2|∇uε|2 + C

∫
R3
|x|4|uε|2. (4.12)

Besides, if we calculate the real part of equation (4.6) multiplied by|x|2uε and inte-
grated onR3, we get∫

R3
|x|2|∇uε|2 ≤

∫
R3
|x||∇uε||uε|+

∫
R3
|V ε1 ||x|2|uε|2

+
∫

R3
|V ε0 ||x|2|uε|2 +

∫
R3
|∂tuε||x|2|uε|

≤ C

∫
R3
|∇uε|2 + C

∫
R3

(1 + |x|4)|uε|2 + C

∫
R3
|∂tuε|2

+ C

∫
R3
|V ε1 |2|uε|2 + C

∫
R3
|V ε0 |2|uε|2
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From (4.9) and Hardy’s inequalities, we obtain∫
R3
|V ε0 |2|uε|2 +

∫
R3
|V ε1 |2|uε|2 ≤ C

∫
R3
|∇uε|2 + Cρ

∫
R3

(1 + |x|4)|uε|2

and therefore, we get∫
R3
|x|2|∇uε|2 ≤ C

∫
R3
|∇uε|2 + C

∫
R3
|∂tuε|2 + Cρ

∫
R3

(1 + |x|4)|uε|2. (4.13)

If we also calculate the real part of equation (4.6) multiplied byuε and integrated on
R3, from the same kind of arguments we used to prove (4.9) and (4.10) , we have∫

R3
|∇uε|2 ≤ C

∫
R3
|∂tuε||uε|+ C

∫
R3

(|V ε0 |+ |V ε1 |)|uε|2

≤ C

∫
R3
|∂tuε|2 + C

∫
R3
|uε|2 + C

∫
R3

(
|uε|2

|x− a(t)|
+ |V ε1 ||uε|2

)
≤ C

∫
R3
|∂tuε|2 + η

∫
R3
|∇uε|2 + Cη,ρ

∫
R3

(1 + |x|2)|uε|2.

Then, if we chooseη small enough, we finally obtain that for allt ∈ [0, T ],∫
R3
|∇uε|2 ≤ C

∫
R3
|∂tuε|2 + Cρ

∫
R3

(1 + |x|2)|uε|2. (4.14)

Plugging estimates (4.13)–(4.14) into (4.12) we can finally conclude that there exists
C > 0, independent ofε but depending onρ andT , such that

d

dt

(∫
R3
|x|4|uε|2

)
≤ C

∫
R3
|∂tuε|2 + C

∫
R3

(1 + |x|4)|uε|2

and since
d

dt

(∫
R3
|uε|2

)
= 0,

we have completed the proof of (4.11). �

4.4.2 Second Step :L2-estimate of the time derivative

Here we obtain appropriate estimates on∂tuε :

Lemma 8. LetEε(t) be defined as beingEε(t) = ‖uε(t)‖2H2
+ ‖∂tuε(t)‖2L2 .

There exists a constantC > 0 depending only onT , α and ρ and a functionγ ∈
L1(0, T ) such that for allt ∈ [0, T ] we have :

‖∂tuε(t)‖2L2 ≤ C ‖u0‖2H2∩H2
+
∫ t

0

γ(s)Eε(s) ds (4.15)

Proof. We make the change of variablesy = x− a(t) and we set

uε(x, t) = vε(y, t).

Then, we have

∂tvε(y, t) = ∂tuε(x, t) +
da

dt
(t) · ∇uε(x, t) (4.16)
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and for alli = 1, 2 or 3,
∂vε
∂yi

(y, t) =
∂uε
∂xi

(x, t).

Therefore, the equation solved byvε can be written in the following way : i∂tvε + ∆vε +
vε
|y|

+ V1(y + a(t), t)vε = i
da

dt
(t) · ∇vε, (y, t) ∈ R3 × (0, T )

vε(y, 0) = u0(y + a(0)), y ∈ R3.

Remark : One can notice that as we use this change of variables to prove the regula-
rity result, our method cannot be easily generalized to the situation where we consider
more than one single nucleus.

Now, we setwε(y, t) = ∂tvε(y, t) and since

∂t[V1(y + a(t), t)] = ∂tV1(y + a(t), t) +
da

dt
(t) · ∇V1(y + a(t), t),

thenw satisfies the equation :
i∂twε + ∆wε +

wε
|y|

+ V1(y + a(t), t)wε = i
d2a

dt2
(t) · ∇vε + i

da

dt
(t) · ∇wε

− ∂tV1(y + a(t), t)vε −
da

dt
(t) · ∇V1(y + a(t), t)vε,

wε(y, 0) =
(
i∆ +

i

|y|
+ iV1(y + a(0), 0) +

da

dt
(0) · ∇

)
u0(y + a(0)).

(4.17)

If we multiply equation (4.17) bywε, integrate onR3 and take the imaginary part we
have :

1
2
d

dt

∫
R3
|wε(y, t)|2 dy

= Im

∫
R3
i

(
d2a

dt2
(t) · ∇vε(y, t) +

da

dt
(t) · ∇wε(y, t)

)
wε(y, t) dy

− Im

∫
R3

(
∂tV1(y + a(t), t) +

da

dt
(t) · ∇V1(y + a(t), t)

)
vε(y, t)wε(y, t) dy

and since

Im

∫
R3
i
da

dt
· ∇wεwε dy =

∫
R3

da

dt
·Re(wε∇wε) dy =

1
2

∫
R3

da

dt
· ∇(|wε|2) dy = 0

we obtain

1
2
d

dt

∫
R3
|wε(y, t)|2 dy ≤

∣∣∣∣d2a

dt2
(t)
∣∣∣∣ ∫

R3
|∇vε(y, t)||wε(y, t)| dy

+
∥∥∥∥ ∂tV1(t)

1 + |x|2

∥∥∥∥
L∞

∫
R3

(1 + |y + a(t)|2)|vε(y, t)||wε(y, t)| dy

+
∥∥∥∥dadt

∥∥∥∥
L∞(0,T )

∥∥∥∥ ∇V1(t)
1 + |x|2

∥∥∥∥
L∞

∫
R3

(1 + |y + a(t)|2)|vε(y, t)||wε(y, t)| dy.

Moreover one can notice that∫
R3

(1 + |y + a(t)|2)2|vε(y, t)|2 dy =
∫

R3
(1 + |x|2)2|uε(x, t)|2 dx = ‖uε(t)‖2H2
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and after using Cauchy-Schwarz inequality and integrating in time variable on (0,t) we
obtain

‖wε(t)‖2L2 ≤ C‖u0‖2H2∩H2
+ 2

∫ t

0

∣∣∣∣d2a

dt2
(s)
∣∣∣∣ ‖∇vε(s)‖L2‖wε(s)‖L2 ds

+ 2
∫ t

0

(∥∥∥∥ ∂tV1(s)
1 + |x|2

∥∥∥∥
L∞

+
∥∥∥∥dadt

∥∥∥∥
L∞(0,T )

∥∥∥∥∇V1(s)
1 + |x|2

∥∥∥∥
L∞

)
‖uε(s)‖H2‖wε(s)‖L2 ds

whereC > 0 is a constant independent ofε. Furthermore, using (4.16) and reminding
Theorem 5 and the definition ofρ0 andα, we have

‖∂tuε(t)‖2L2 ≤ 2‖∂tvε(t)‖2L2 + 2
∥∥∥∥dadt

∥∥∥∥2

L∞(0,T )

‖∇uε(t)‖2L2

≤ 2‖∂tvε(t)‖2L2 + CT,α,ρ0‖u0‖2H1∩H1
.

Since∂tvε = wε and since for allt ∈ (0, T ), ‖∇vε(t)‖L2 = ‖∇uε(t)‖L2 , we get

‖∂tuε(t)‖2L2 ≤ CT,α,ρ0‖u0‖2H2∩H2
+ 4

∫ t

0

∣∣∣∣d2a

dt2
(s)
∣∣∣∣ ‖∇uε(s)‖L2‖∂tvε(s)‖L2 ds

+ 4
∫ t

0

(∥∥∥∥ ∂tV1(s)
1 + |x|2

∥∥∥∥
L∞

+ α

∥∥∥∥∇V1(s)
1 + |x|2

∥∥∥∥
L∞

)
‖uε(s)‖H2‖∂tvε(s)‖L2 ds

≤ CT,α,ρ0‖u0‖2H2∩H2
+ 2

∫ t

0

∣∣∣∣d2a

dt2
(s)
∣∣∣∣ (‖∇uε(s)‖2L2 + ‖∂tvε(s)‖2L2

)
ds

+ 2
∫ t

0

(∥∥∥∥ ∂tV1(s)
1 + |x|2

∥∥∥∥
L∞

+ α

∥∥∥∥∇V1(s)
1 + |x|2

∥∥∥∥
L∞

)(
‖uε(s)‖2H2

+ ‖∂tvε(s)‖2L2

)
ds

≤ CT,α,ρ0‖u0‖2H2∩H2
+ 2

∫ t

0

γ(s)
(
‖uε(s)‖2H2

+ ‖∂tvε(s)‖2L2

)
ds.

with

γ =
∣∣∣∣d2a

dt2

∣∣∣∣+ ∥∥∥∥ ∂tV1

1 + |x|2

∥∥∥∥
L∞

+ α

∥∥∥∥ ∇V1

1 + |x|2

∥∥∥∥
L∞

∈ L1(0, T ).

Eventually, using (4.16) we also have

‖∂tvε(t)‖2L2 ≤ 2‖∂tuε(t)‖2L2 + 2
∥∥∥∥dadt

∥∥∥∥2

L∞(0,T )

‖∇uε(t)‖2L2

and for the same kind of reasons, we obtain

‖∂tuε(t)‖2L2 ≤ CT,α,ρ‖u0‖2H2∩H2
+ C

∫ t

0

γ(s)
(
‖uε(s)‖2H2

+ ‖∂tuε(s)‖2L2

)
ds.

whereC,CT,α,ρ andγ are independent ofε. Hence the end of the proof of Lemma 8.�
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4.4.3 Third Step : Convergence and conclusion

Combining all the estimates of Lemma 7 and 8, we have finally shown that there
exists a positive constantC independent ofε and depending onT , ρ andα and a
functionγ ∈ L1(0, T ), also independent ofε, such that fort ∈ [0, T ],

Eε(t) = ‖uε(t)‖2H2
+ ‖∂tuε(t)‖2L2

≤ C‖u0‖2H2∩H2
+
∫ t

0

γ(s)Eε(s) ds.

We apply the Gronwall lemma and obtain that for allt in [0, T ],

Eε(t) ≤ C e‖γ‖L1(0,T ) ‖u0‖2H2∩H2
.

Eventually, we proved that there existsCT,α,ρ > 0 independent ofε such that

‖uε(t)‖2H2
+ ‖∂tuε(t)‖2L2 ≤ CT,α,ρ ‖u0‖2H2∩H2

, ∀t ∈ [0, T ].

Then, from Lemma 6, we derive that for allt ∈ [0, T ],

‖uε(t)‖2H2∩H2 + ‖∂tuε(t)‖2L2 ≤ CT,α,ρ ‖u0‖2H2∩H2
(4.18)

and for allε > 0, as we already knew, the unique solutionuε satisfies

uε ∈ C([0, T ],H2 ∩H2) ∩ C1([0, T ], L2).

Then we letε tend to0 and pass to the limit in the distribution sense in equation
(4.6). Indeed, estimate (4.18), implies the convergence of a subsequence(uε′) in the
following way :

uε′ ⇀ u in L∞(0, T ;H2 ∩H2) w ?

∂tuε′ ⇀ ∂tu in L∞(0, T ;L2) w ? .

We also have these other convergences :

V ε0 → 1
|x− a(t)|

in L∞(0, T ;Lp + L∞), p ∈ [2, 3[

V ε1 → V1 in L∞(0, T ;Lrloc), r > 1.

Thus,u is the solution of equation (4.1) in the sense of distribution and satisfiesu ∈
L∞(0, T ;H2 ∩H2) and∂tu ∈ L∞(0, T ;L2(R3)) and we obtain

‖u(t)‖2H2∩H2
+ ‖∂tu(t)‖2L2 ≤ CT,α,ρ ‖u0‖2H2∩H2

, ∀t ∈ [0, T ].

Uniqueness can easily be proved inL∞(0, T ;H2 ∩H2).
Thus, the proof of Theorem 1 is complete. �

4.4.4 Continuity results

The first observation to point out is that actually, under the hypothesis of Theo-
rem 1, we also haveu ∈ Cw([0, T ];H2∩H2). Indeed, we have proved thatu is bounded
in L∞(0, T ;H2∩H2) and sinceu ∈W 1,∞(0, T ;L2) we also haveu ∈ C([0, T ];L2).
Hence the weak continuity result.

Another way to formulate the result of Theorem 1 is then the following.
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Corollary 9. Leta andV1 satisfy assumption(4.2)andu0 ∈ H2∩H2. We define the
family of Hamiltonians{H(t), t ∈ [0, T ]} byH(t) = −∆ − 1

|x−a| − V1. Then, there
exists a unique family of evolution operators{U(t, s), s, t ∈ [0, T ]} (the so called
propagator associated withH(t)) onH2 ∩H2 such that foru0 ∈ H2 ∩H2 :

(i) U(t, s)U(s, r)u0 = U(t, r)u0 andU(t, t)u0 = u0, for all s, t, r ∈ [0, T ];
(ii) (t, s) 7→ U(t, s)u0 is strongly continuous inL2 on [0, T ]2 and

U(t, s) is an isometry onL2, that is‖U(t, s)u0‖L2 = ‖u0‖L2 ;
(iii) U(t, s) ∈ L(H2 ∩H2) for all (s, t) ∈ [0, T ]2 and

(t, s) 7→ U(t, s)u0 is weakly continuous from[0, T ]2 intoH2 ∩H2;
(iv) the equalities i∂tU(t, s)u0 = H(t)U(t, s)u0

and i∂sU(t, s)u0 = −U(t, s)H(s)u0 hold inL2.

We will end this paper by the proof of Theorem 2.

Let s andt ∈ [0, T ] be such thats → t. We will prove thatu(s) → u(t) strongly
in H1 ∩H1. On the one hand, for anyR > 0, we have :

‖u(s)− u(t)‖2H1
≤

∫
R3

(1 + |x|2)|u(s)− u(t)|2 dx

≤
∫
|x|<R

(1 + |x|2)|u(s)− u(t)|2 dx

+
∫
|x|>R

(1 + |x|2)|u(s)− u(t)|2 dx

≤ (1 +R2)‖u(s)− u(t)‖2L2

+
2

1 +R2

∫
R3

(1 + |x|4)|u(s)− u(t)|2 dx.

On the other hand, as in the proof of Lemma 6, for allη > 0, there exists a constant
Cη > 0 such that

‖u(s)− u(t)‖2H1 ≤ η‖u(s)− u(t)‖2H2 + Cη‖u(s)− u(t)‖2L2 .

Therefore, if we fixη > 0 then we chooseR > 0 so that
2

1 +R2
< η, and we may

write

‖u(s)− u(t)‖2H1∩H1
≤ η‖u(s)− u(t)‖2H2∩H2

+ Cη‖u(s)− u(t)‖2L2

≤ 2η‖u‖2L∞(0,T ;H2∩H2)
+ Cη‖u(s)− u(t)‖2L2 . (4.19)

Since we have already proved thatu ∈ C([0, T ];L2), we have‖u(s) − u(t)‖2L2 → 0
whens → t and we deduce from (4.19) that‖u(s) − u(t)‖2H1∩H1

s→t−→ 0 and obtain
u ∈ C([0, T ];H1 ∩H1).

Remark : Actually, we can prove that ifu0 ∈ H2 ∩ H2, the solutionu of equation
(4.1) belongs to the spaceC([0, T ];Hs ∩Hs) for all s < 2 since one can prove :

∀η > 0, ∃Cη > 0 st ‖u‖Hs ≤ η‖u‖H2 + Cη‖u‖L2 .

The proof of Theorem 2 is complete. �



Chapitre 5

Existence and regularity of the
solution of a time dependent
Hartree-Fock equation coupled
with a classical nuclear
dynamics

L’article qui suit est actuellement soumis.

ABSTRACT : We study an Helium atom (two electrons) submitted to a general time
dependent electric field, modeled by the Hartree-Fock equation (whose solution is the
wave function of the electrons) coupled with the classical Newtonian dynamics (for
the position of the nucleus). We prove a result of existence and regularity for the Cau-
chy problem, where the main ingredients are a preliminary study of the regularity in a
nonlinear Schr̈odinger equation with semi-group techniques and a Schauder fixed point
theorem.

Keywords : Hartree-Fock equation, classical dynamics, regularity, existence.
AMS Classification :35Q40, 35Q55, 34A12.

RÉSUMÉ : Nous étudions un atome d’H́elium (deuxélectrons) soumis̀a un champ
électrique ǵeńeral d́ependant du temps, modélisé par uneéquation de Hartree-Fock
(dont la solution est la fonction d’onde desélectrons), couplée à uneéquation de la
dynamique Newtonienne (pour la position du noyau). Nous démontrons un ŕesultat
d’existence et de régularit́e pour le probl̀eme de Cauchy. L’étude pŕeliminaire de la
régularit́e de la solution d’unéequation de Schrödinger non-lińeaire avec des tech-
niques de semi-groupe, ainsi qu’un théor̀eme de point fixe de Schauder, sont les prin-
cipaux ingŕedients de la d́emonstration.
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5.1 Introduction, notations and main results

We are interested in the mathematical study of a simplified chemical system, in
fact an atom consisting in a nucleus and two electrons, submitted to an external electric
field. We need very classical approximations used in quantum chemistry to describe the
chemical system in terms of partial differential equations. We choose a non-adiabatic
approximation of the general time dependent Schrödinger equation

i∂tΨ(x, t) = H(t)Ψ(x, t)− V1(x, t)Ψ(x, t)
whereH is the Hamiltonian of the molecular system

Ψ its wave function, andV1 the external electric potential

which allows, even under the effect of an electric field (see [10]), to neglect the quantum
nature of the nucleus since it is much heavier than the electrons. On the one hand, we
consider the nucleus as a point particle which moves according to the Newton dynamics
in the external electric field and in the electric potential created by the electronic density
(nucleus-electron attraction of Hellman-Feynman type). On the other hand, we obtain
under the Restricted Hartree-Fock formalism, a time dependent Hartree-Fock equation
whose solution is the wave function of the electrons.

Indeed, we consider the following coupled system :

i∂tu+ ∆u+
u

|x− a|
+ V1u = (|u|2 ? 1

|x|
)u, in R3 × (0, T )

u(0) = u0, in R3

m
d2a

dt2
=
∫

R3
−|u(x)|2∇

(
1

|x− a|

)
dx−∇V1(a), in (0, T )

a(0) = a0,
da

dt
(0) = v0

(5.1)

whereV1 is the external electric potential which takes it values inR and satisfy the
following assumptions :

(1 + |x|2)−1V1 ∈ L∞((0, T )× R3),
(1 + |x|2)−1∂tV1 ∈ L1(0, T ;L∞(R3)),
(1 + |x|2)−1∇V1 ∈ L1(0, T ;L∞(R3)) and

∇V1 ∈ L2
(
0, T ;W 1,∞

loc (R3)
)
.

(5.2)

Here, the time dependent Hartree-Fock equation is a Schrödinger equation (in the ma-
thematical meaning) with a coulombian potential due to the nucleus, singular at finite
distance, an electric potential corresponding to the external electric field, singular at
infinity, and a nonlinearity of Hartree type in the right hand side. Next, the classical
nuclear dynamics is the second order in time ordinary differential equation solved by
the positiona(t) of the nucleus (of massm and charge equal to1) responsible of the
coulombian potential.

This kind of situation has already been studied in the particular case when the
atom is subjected to a uniform external time-dependent electric fieldI(t) such that
in equation (5.1), one hasV1 = −I(t) · x as in reference [10]. The authors remove
the electric potential from the equation, using a change of unknown function and va-
riables (gauge transformation given in [22]). From then on, they have to deal with the
nonlinear Schr̈odinger equation with only a time dependent coulombian potential. Of
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course, we cannot use this technique here because of the generality of the potentialV1

we are considering.

We work inR3 and throughout this paper, we use the following notations :

∇v =
(
∂v

∂x1
,
∂v

∂x2
,
∂v

∂x3

)
, ∆v =

3∑
i=1

∂2v

∂x2
i

, ∂tv =
∂v

∂t
,

Re andIm are the real and the imaginary parts of a complex number,

W 2,1(0, T ) = W 2,1(0, T ; R3), for p ≥ 1, Lp = Lp(R3) and

the usual Sobolev spaces areH1 = H1(R3) and H2 = H2(R3).

We also define

H1 =
{
v ∈ L2(R3),

∫
R3

(1 + |x|2)|v(x)|2 dx < +∞
}

H2 =
{
v ∈ L2(R3),

∫
R3

(1 + |x|2)2|v(x)|2 dx < +∞
}
.

One can notice thatH1 andH2 are respectively the images ofH1 andH2 under the
Fourier transform.

The main purpose of this paper is to prove the following result.

Theorem 1. Let T be a positive arbitrary time. Under assumption(5.2), and if we
also assumeu0 ∈ H2 ∩H2 anda0, v0 ∈ R, system(5.1)admits a solution

(u, a) ∈
(
L∞(0, T ;H2 ∩H2) ∩W 1,∞(0, T ;L2)

)
×W 2,1(0, T ).

The reader may notice at first sight that we do not give any uniqueness result for this
coupled system. Actually, there is a proof of existence and uniqueness of solutions for
the analogous system without electric potential in [10] (and also with a uniform electric
potential, via the gauge transformation). Of course, their way of proving uniqueness
cannot be applied here because the Marcinkiewicz spaces they used do not suit the
electric potentialV1 we have. Even if one can be convinced that the solution in this
class is unique, we do not have any proof of uniqueness yet. Nevertheless, for any
solution of system (5.1) in the class given in Theorem 1, the following estimate holds :

Proposition 2. Let(u, a) be a solution of the coupled system(5.1)under assumption
(5.2) in the class

W 1,∞(0, T ;L2) ∩ L∞(0, T ;H2 ∩H2)×W 2,1(0, T ).

If ρ > 0 satisfies∥∥∥∥ V1

1 + |x|2

∥∥∥∥
W 1,1(0,T,L∞)

+
∥∥∥∥ ∇V1

1 + |x|2

∥∥∥∥
L1(0,T,L∞)

≤ ρ,

then there exists a constantR > 0 depending onρ such that‖a‖C([0,T ]) ≤ R and if
ρ1 > 0 is such that∥∥∥∥ V1

1 + |x|2

∥∥∥∥
W 1,1(0,T,L∞)

+
∥∥∥∥ ∇V1

1 + |x|2

∥∥∥∥
L1(0,T,L∞)

+ ‖∇V1‖L2(0,T ;W 1,∞(BR)) ≤ ρ1
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then there exists a non-negative constantK0
T,ρ1

depending on the timeT , on ρ1, on
‖u0‖H2∩H2 , on |a0| and on|v0|, such that :

‖u‖L∞(0,T ;H2∩H2) + ‖∂tu‖L∞(0,T ;L2) +m

∥∥∥∥d2a

dt2

∥∥∥∥
L1(0,T )

+m

∥∥∥∥dadt
∥∥∥∥
C([0,T ])

+ sup
t∈[0,T ]

(∫
R3

(
|u(t, x)|2 ? 1

|x|

)
|u(t, x)|2

) 1
2

≤ K0
T,ρ1 .

The proof of Theorem 1 will be given in a first step in the case when the timeT
is small enough (section 5.3). Proposition 2 will then be useful to reach any arbitrary
timeT and prove Theorem 1 (section 5.4).

Finally, we would like to point out that the result given in Theorem 1 is a necessary
step towards the study of the optimal control linked with system (5.1), the control being
performed by the external electric field. This mathematical point of view participates
to the understanding of the optimal control of simple chemical reactions by means of
a laser beam action. One can notice that Theorem 1 ensures the existence of solution
to the coupled equations for a large class of control parameters sinceV1 satisfies (5.2).
The optimal control problem will be described and studied in chapter 6 and 7.

Before working on the situation described above, we will consider the positiona(t)
of the nucleus as known at any timet ∈ [0, T ]. Of course, this is too restrictive for the
study of chemical reactions but the next section is only a first step which leads to the
proof of Theorem 1. We can refer to [14] for the study of the well-posedness of the
Cauchy problem for fixed nuclei, in the Hartree-Fock approximation for the electrons.
This reference precisely describes the N-electrons situation where the position of the
nucleus is known. We consider here the 2-electrons 1-nucleus system.

5.2 A nonlinear Schr̈odinger equation

In this section, we will consider the positiona of the nucleus as known at any
moment and we will prove existence, uniqueness and regularity for the solution of the
nonlinear Schr̈odinger equation of Hartree type which we are led to study. Indeed, we
consider the following equation : i∂tu+ ∆u+

1
|x− a|

u+ V1u = (|u|2 ? 1
|x|

)u, in R3 × (0, T )

u(0) = u0, in R3
(5.3)

wherea andV1 are given and satisfy the following assumption :

a ∈ W 2,1(0, T ),
(1 + |x|2)−1V1 ∈ L∞((0, T )× R3),
(1 + |x|2)−1∂tV1 ∈ L1(0, T ;L∞),
(1 + |x|2)−1∇V1 ∈ L1(0, T ;L∞).

(5.4)

The study of this equation is submitted to the results known for the corresponding
linear equation. We will use the main result given in the preceding chapter, about exis-
tence and regularity of the solution of the linear Schrödinger equation :{

i∂tu+ ∆u+
u

|x− a|
+ V1u = 0, in R3 × (0, T )

u(0) = u0, in R3.
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We setρ > 0 such that∥∥∥∥ V1

1 + |x|2

∥∥∥∥
W 1,1(0,T,L∞)

+
∥∥∥∥ ∇V1

1 + |x|2

∥∥∥∥
L1(0,T,L∞)

≤ ρ.

Theorem 3. Letu0 belong toH2∩H2, a andV1 satisfy assumption(5.4). We define
the family of Hamiltonians{H(t), t ∈ [0, T ]} by

H(t) = −∆− 1
|x− a(t)|

− V1(t).

Then, there exists a unique family of evolution operators{U(t, s), s, t ∈ [0, T ]} (the so
called propagator associated withH(t)) onH2 ∩H2 such that for allu0 ∈ H2 ∩H2 :

(i) U(t, s)U(s, r)u0 = U(t, r)u0 andU(t, t)u0 = u0 for all s, t, r ∈ [0, T ];
(ii) (t, s) 7→ U(t, s)u0 is strongly continuous inL2 on [0, T ]2 and

U(t, s) is an isometry onL2 : ‖U(t, s)u0‖L2 = ‖u0‖L2 ;
(iii) U(t, s) ∈ L(H2 ∩H2) for all (s, t) ∈ [0, T ]2 and(t, s) 7→ U(t, s)u0

is weakly continuous from[0, T ]2 toH2 ∩H2; moreover, for all

α > 0, there existsMT,α,ρ > 0 such that :∀t, s ∈ [0, T ], ∀f ∈ H2 ∩H2,

‖a‖W 2,1(0,T ) ≤ α ⇒ ‖U(t, s)f‖H2∩H2 ≤MT,α,ρ‖f‖H2∩H2 .

(iv) The equalitiesi∂tU(t, s)u0 = H(t)U(t, s)u0

andi∂sU(t, s)u0 = −U(t, s)H(s)u0 hold inL2.

One shall notice that of course, in(iii), the constantMT,α,ρ depends on the norm
of V1 in the space where it is defined, viaρ.

We would like to underline that the main difficulty to prove this theorem is to deal at
the same time with the two potentials which have very different properties. The main
reference is a paper by K. YAJIMA [51] which treats the case whereV1 = 0, using
strongly T. KATO’s results in reference [26]. In our situation, we first regularizeV0 and
V1 by V ε0 andV ε1 and obtain accurate estimates, independent ofε. The key point is
to find anL2-estimate of the time derivative of the solutionuε. We use a change of
variabley = x− a(t) and considering then the equation solved by the time derivative
of vε(t, y) = uε(t, x) we prove an estimate of‖∂tuε(t)‖L2 . Making ε tend to0 ends
the proof of Theorem 3.

We finally give the existence result on the nonlinear Schrödinger equation (5.3) :

Theorem 4. Let T be a positive arbitrary time. Under assumption(5.4), and if
we also assumeu0 ∈ H2 ∩ H2, then equation(5.3) has a unique solutionu ∈
L∞(0, T ;H2 ∩ H2) which satisfies∂tu ∈ L∞(0, T ;L2) and there exists a constant
CT,α,ρ > 0 depending onT , α andρ where∥∥∥∥ V1

1 + |x|2

∥∥∥∥
W 1,1(0,T,L∞)

+
∥∥∥∥ ∇V1

1 + |x|2

∥∥∥∥
L1(0,T,L∞)

≤ ρ and

∥∥∥∥d2a

dt2

∥∥∥∥
L1(0,T )

≤ α,

such that :

‖u‖L∞(0,T ;H2∩H2) + ‖∂tu‖L∞(0,T ;L2) ≤ CT,α,ρ‖u0‖H2∩H2 .
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An analogous result has already been obtained in the particular case when the atom
is subjected to an external uniform time-dependent electric fieldI(t) such that in equa-
tion (5.3), one hasV1 = −I(t) · x as in reference [10] (but for a timeT small enough)
and in reference [22] (for the linear case). They both use a gauge transformation to
remove the electric potential from the two equations such that they only have to deal
with the usual difficulty corresponding to a time dependent coulombian potential. The
generality of potentialsV1 we are considering does not allow us to use this technique.

5.2.1 Local existence

We will begin with a local-in-time existence result for equation (5.3). We first need
the following lemma to deal with the Hartree nonlinearity.

Lemma 5. For u ∈ H1, we defineF (u) = (|u|2 ? 1
|x|

)u and one has the following

estimates :
∃C > 0 such that∀u, v ∈ H1,

‖F (u)− F (v)‖L2 ≤ C(‖u‖2H1 + ‖v‖2H1)‖u− v‖L2 (5.5)

∃CF > 0 such that∀u, v ∈ H2 ∩H2,

‖F (u)− F (v)‖H2∩H2 ≤ CF (‖u‖2H1 + ‖v‖2H2∩H2
)‖u− v‖H2∩H2 (5.6)

‖F (u)‖H2∩H2 ≤ CF ‖u‖2H1‖u‖H2∩H2 (5.7)

We notice that everywhere in this paper,C denotes a real non-negative generic
constant. We may put in index a precise dependence of the constant (likeCF orCT,α,ρ).

Proof. From Cauchy-Schwarz and Hardy inequalities, we have :

‖F (u)− F (v)‖L2 ≤
∥∥∥∥(|u|2 ? 1

|x|
)u− (|v|2 ? 1

|x|
)v
∥∥∥∥
L2

≤
∥∥∥∥(|u|2 ? 1

|x|
)(u− v)

∥∥∥∥
L2

+
∥∥∥∥((|u|2 − |v|2) ? 1

|x|

)
v

∥∥∥∥
L2

≤ 2‖u‖L2‖∇u‖L2‖u− v‖L2

+ 2‖v‖L2 (‖∇u‖L2 + ‖∇v‖L2) ‖u− v‖L2

≤ C(‖u‖2H1 + ‖v‖2H1)‖u− v‖L2

which proves (5.5). Now, we have to establish (5.6) and (5.7). First of all we have

‖F (u)− F (v)‖2H2∩H2
= ‖F (u)− F (v)‖2L2 + ‖|x|2F (u)− |x|2F (v)‖2L2

+ ‖∆F (u)−∆F (v)‖2L2 . (5.8)

The first term of the right hand side is conveniently bounded in (5.5). We also use the
same proof as for (5.5) to bound the second term :∥∥∥∥|x|2(|u|2 ? 1

|x|
)u− |x|2(|v|2 ? 1

|x|
)v
∥∥∥∥
L2

≤
∥∥∥∥(|u|2 ? 1

|x|
)|x|2(u− v)

∥∥∥∥
L2

+
∥∥∥∥((|u|2 − |v|2) ? 1

|x|
)|x|2v

∥∥∥∥
L2

(5.9)

≤ C‖u‖L2‖∇u‖L2‖u− v‖H2 + C‖v‖H2 (‖∇u‖L2 + ‖∇v‖L2) ‖u− v‖L2

≤ C(‖u‖2H1 + ‖v‖2H1∩H2
)‖u− v‖H2
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Moreover

‖∆F (u)−∆F (v)‖L2

≤
∥∥∥∥∆ [(|u|2 ? 1

|x|
)(u− v)

]∥∥∥∥
L2

+
∥∥∥∥∆ [((|u|2 − |v|2) ? 1

|x|

)
v

]∥∥∥∥
L2

≤
∥∥∥∥∆ [(|u|2 ? 1

|x|
)(u− v)

]∥∥∥∥
L2

+
∥∥∥∥∆ [((|u|+ |v|)||u| − |v|| ? 1

|x|

)
v

]∥∥∥∥
L2

However, for any arbitrary functiona, b andc ∈ H2, we have

∆
[
(ab ?

1
|x|

)c
]

= 4πabc+ 2(b∇a ? 1
|x|

)∇c+ 2(a∇b ? 1
|x|

)∇c+ (ab ?
1
|x|

)∆c

and we thus obtain :∥∥∥∥∆ [(ab ? 1
|x|

)c
]∥∥∥∥

L2

≤ C‖a‖H1‖b‖H1‖c‖H2 .

Using that result, it is easy to conclude :

‖∆F (u)−∆F (v)‖L2 ≤ CF
(
‖u‖2H1 + ‖v‖2H2

)
‖u− v‖H2 . (5.10)

Then, using (5.8), (5.9) et (5.10), we finally prove (5.6) andF is locally lipschitz in
H2 ∩H2. Therefore, takingv = 0, we also get (5.7). �

The proof of a local-in-time result is based on a Picard fixed point theorem and
Theorem 3 and Lemma 5 are the main ingredients. We begin by fixing an arbitrary
timeT > 0 and consideringτ ∈]0, T ]. We also consider the functional

ϕ : u 7−→ U( . , 0)u0 − i

∫ .

0

U( . , s)F (u(s)) ds,

whereU is the propagator given in Theorem 3, and the set

B = {v ∈ L∞(0, τ ;H2 ∩ H2), ‖v‖L∞(0,τ ;H2∩H2) ≤ 2MT,α,ρ‖u0‖H2∩H2}.

If τ > 0 is small enough, the functionalϕ mapsB into itself and is a strict contraction
in the Banach spaceL∞(0, τ ;H2 ∩H2). Indeed, on the one hand, from estimate (5.7)
of Lemma 5, ifu ∈ B, we have for allt ∈ [0, τ ] :

‖ϕ(u)(t)‖H2∩H2 ≤
∥∥∥∥U(t, 0)u0 − i

∫ t

0

U(t, s)F (u(s)) ds
∥∥∥∥
H2∩H2

≤ MT,α,ρ‖u0‖H2∩H2 + τMT,α,ρ‖F (u)‖L∞(0,τ ;H2∩H2)

≤ MT,α,ρ‖u0‖H2∩H2 + τCFMT,α,ρ‖u‖2L∞(0,τ ;H1)‖u‖L∞(0,τ ;H2∩H2)

≤ MT,α,ρ‖u0‖H2∩H2 + 8τCFM4
T,α,ρ‖u0‖3H2∩H2

.

Then, if we chooseτ > 0 such that8τCFM3
T,α,ρ‖u0‖2H2∩H2

< 1 we obtain
‖ϕ(u)‖L∞(0,τ ;H2∩H2) ≤ 2MT,α,ρ‖u0‖H2∩H2 andϕ(u) belongs toB.
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On the other hand, ifu ∈ B andv ∈ B, then for allt in [0, τ ] we have,

‖ϕ(u)(t)− ϕ(v)(t)‖H2∩H2 =
∥∥∥∥∫ t

0

U(t, s) (F (u(s))− F (v(s))) ds
∥∥∥∥
H2∩H2

≤ MT,α,ρ

∫ t

0

‖F (u(s))− F (v(s))‖H2∩H2 ds

≤ CFMT,α,ρ

(
‖u‖2L∞(0,τ ;H1) + ‖v‖2L∞(0,τ ;H2∩H2)

)∫ t

0

‖u(s)− v(s)‖H2∩H2 ds

≤ 8τCFM3
T,α,ρ‖u0‖2H2∩H2

‖u− v‖L∞(0,τ ;H2∩H2),

with 8τCFM3
T,α,ρ‖u0‖2H2∩H2

< 1.

Therefore, we can deduce existence and uniqueness of the solution to the equation

u(t) = U(t, 0)u0 − i

∫ t

0

U(t, s)F (u(s)) ds (5.11)

in B, then inL∞(0, τ ;H2 ∩ H2) for τ > 0 small enough. Moreover,∂tu belongs to
L∞(0, τ ;L2) since from equation (5.3), we can write

∂tu = i∆u+ i
u

|x− a|
+ iV1u− iF (u).

Indeed,u ∈ L∞(0, τ ;H2 ∩ H2) bringsF (u) ∈ L∞(0, τ ;H2 ∩ H2) and ∆u ∈
L∞(0, τ ;L2) and we can prove thatV1u ∈ L∞(0, τ ;L2) and

u

|x− a|
∈ L∞(0, τ ;L2)

in the following way : it is clear that for allt in [0, τ ],

‖V1(t)u(t)‖L2 ≤
∥∥∥∥ V1(t)

1 + |x|2

∥∥∥∥
L∞

‖u(t)‖H2 ,

and from Hardy’s inequality,∥∥∥∥ u(t)
|x− a(t)|

∥∥∥∥
L2

≤ 2‖u(t)‖H1 .

It is finally easy to prove that there exists a constantC > 0 depending onα, ρ, F and
T such that for allt in [0, τ ],

‖∂tu(t)‖L2 ≤ C‖u0‖H2∩H2 .

The last point to prove is the uniqueness of the solutionu of (5.11) in the space
L∞(0, τ ;H2 ∩ H2) ∩W 1,∞(0, τ ;L2). Let u andv be two solutions of (5.11) andw
equal tou− v. Thenw(0) = 0 and

i∂tw + ∆w +
w

|x− a|
+ V1w = F (u)− F (v). (5.12)

CalculatingIm
∫

R
(5.12).w(x) dx and using Lemma 5 we obtain

d

dt
(‖w‖2L2) ≤ C‖w‖2L2

and uniqueness follows by Gronwall lemma.

Hence the proof of uniqueness, existence and regularity of the solution of equa-
tion (5.3) inR3 × [0, τ ] for any timeτ such that8τCFM3

T,α,ρ‖u0‖2H2∩H2
< 1.
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5.2.2 A priori Energy estimate

We will prove here an a priori energy estimate of the solution of equation (5.3) for
any arbitrary timeT . We setα0 > 0 andρ0 > 0 such that∥∥∥∥dadt

∥∥∥∥
L1(0,T )

≤ α0 and

∥∥∥∥ V1

1 + |x|2

∥∥∥∥
W 1,1(0,T,L∞)

≤ ρ0.

Proposition 6. If u is a solution of equation(5.3) in the spaceW 1,∞(0, T ;L2) ∩
L∞(0, T ;H2 ∩ H2), under assumption(5.4) for a and V1, then there exists a non-
negative constantC0

T,α0,ρ0
depending on the timeT , on ρ0, α0 and on‖u0‖H2∩H2

such that for allt in [0, T ],

‖u(t)‖2H1∩H1
+
∫

R3

(
|u(t, x)|2 ? 1

|x|

)
|u(t, x)|2 ≤ C0

T,α0,ρ0 .

Proof. On the one hand, we multiply equation (5.3) by∂tu, integrate overR3 and take
the real part. After an integration by parts we obtain :

−1
2
d

dt

∫
R3
|∇u|2 +Re

∫
R3

u ∂tu

|x− a|
+Re

∫
R3
V1u ∂tu = +Re

∫
R3

(|u|2 ? 1
|x|

)u ∂tu

which is equivalent to

− d

dt

∫
R3
|∇u|2 +

∫
R3

(
1

|x− a|
+ V1

)
∂t(|u|2) =

1
2
d

dt

∫
R3

(|u|2 ? 1
|x|

)|u|2.

Then,

d

dt

(∫
R3
|∇u|2 +

1
2

∫
R3

(|u|2 ? 1
|x|

)|u|2 −
∫

R3

(
1

|x− a|
+ V1

)
|u|2
)

= −
∫

R3

(
∂t

1
|x− a|

+ ∂tV1

)
|u|2. (5.13)

On the other hand, sinceV1 satisfies assumption(5.4), we have

−
∫

R3
∂tV1|u|2 ≤

∥∥∥∥ ∂tV1(t)
1 + |x|2

∥∥∥∥
L∞

‖u(t)‖2H1

and from Hardy’s inequality,

−
∫

R3
|u|2∂t

1
|x− a|

≤ 4
∣∣∣∣dadt (t)

∣∣∣∣ ‖u(t)‖2H1

In order to get anH1-estimate ofu, we then calculate the imaginary part of the product
of equation (5.3) by(1 + |x|2)u(x), integrated overR3. This gives

d

dt

(∫
R3

(1 + |x|2)|u|2
)
≤ C

∫
R3
|∇u|2 + C

∫
R3
|x|2|u|2.

We defineE at timet of [0, T ] by

E(t) =
∫

R3
|∇u(t, x)|2 dx+ λ

∫
R3

(1 + |x|2)|u(t, x)|2 dx

+
1
2

∫
R3

(
|u(t, x)|2 ? 1

|x|

)
|u(t, x)|2
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whereλ is a non-negative constant to be precised later. From now on,C denotes various
positive constants, independent of anything butλ. We obviously have :

dE(t)
dt

≤ d

dt

(∫
R3

(
1

|x− a(t)|
+ V1(t)

)
|u(t)|2

)
+ C

(
1 +

∣∣∣∣dadt (t)
∣∣∣∣+ ∥∥∥∥ ∂tV1(t)

1 + |x|2

∥∥∥∥
L∞

)
E(t)

and if we integrate over(0, t), we obtain

E(t) ≤
∫

R3

(
1

|x− a(0)|
+ |V1(0)|

)
|u0|2 +

∫
R3

(
1

|x− a(t)|
+ V1(t)

)
|u(t)|2

+ C

∫ t

0

(
1 +

∣∣∣∣dadt (s)
∣∣∣∣+ ∥∥∥∥ ∂tV1(s)

1 + |x|2

∥∥∥∥
L∞

)
E(s) ds+ E(0)

Using Cauchy-Schwarz, Hardy and Young’s inequalities, we prove that for allη > 0,∫
R3

|u(t)|2

|x− a(t)|
≤ 2

(∫
R3
|∇u(t)|2

) 1
2
(∫

R3
|u(t)|2

) 1
2

≤ η‖∇u(t)‖2L2 +
1
4η
‖u0‖2L2

since it is easy to prove the conservation of theL2-norm ofu, and we also have∫
R3
V1(t)|u(t)|2 ≤

∥∥∥∥ V1

1 + |x|2

∥∥∥∥
L∞((0,T )×R3)

‖u(t)‖2H1
.

Moreover,(1 + |x|2)−1V1 ∈W 1,1(0, T, L∞) andW 1,1(0, T ) ↪→ C([0, T ]), then(1 +
|x|2)−1V1(0) ∈ L∞ and we have for the same reasons as above,∫

R3

(
1

|x− a(0)|
+ |V1(0)|

)
|u0|2 ≤ Cρ‖u0‖2H1∩H1

.

We also notice that

E(0) ≤ C‖u0‖2H1∩H1
+ C‖u0‖H1‖u0‖3L2 .

Then, if we setη =
1
2

andλ =
1
2

+
∥∥∥∥ V1

1 + |x|2

∥∥∥∥
L∞((0,T )×R3)

we get

E(t) ≤ Cρ‖u0‖2H1∩H1
+ C‖u0‖H1‖u0‖3L2 +

1
2
‖u(t)‖2H1

+
(
λ− 1

2

)
‖u(t)‖2H1

+ C

∫ t

0

(
1 +

∣∣∣∣dadt (s)
∣∣∣∣+ ∥∥∥∥ ∂tV1(s)

1 + |x|2

∥∥∥∥
L∞

)
E(s) ds.

We defineF at timet of [0, T ] by

F (t) =
∫

R3
|∇u(t, x)|2 dx+

∫
R3

(1 + |x|2)|u(t, x)|2 dx

+
∫

R3

(
|u(t, x)|2 ? 1

|x|

)
|u(t, x)|2
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and it is easy to see that we have, for allt in [0, T ],

F (t) ≤ C(‖u0‖2H1∩H1
+ ‖u0‖H1‖u0‖3L2)

+ C

∫ t

0

(
1 +

∣∣∣∣dadt (s)
∣∣∣∣+ ∥∥∥∥ ∂tV1(s)

1 + |x|2

∥∥∥∥
L∞

)
F (s) ds.

We obtain from Gronwall’s lemma :

F (t) ≤ CT exp
(∫ t

0

β(s)ds
)(

‖u0‖2H1∩H1
+ ‖u0‖H1‖u0‖3L2

)
.

whereβ =
∥∥∥∥ ∂tV1

1 + |x|2

∥∥∥∥
L∞

+
∣∣∣∣dadt

∣∣∣∣ ∈ L1(0, T ).

Therefore, there exists a non-negative constantC0
T,α0,ρ0

depending on the timeT ,
on the initial data‖u0‖H1∩H1 and onα0, ρ0 > 0, such that for allt in [0, T ],

‖u(t)‖2H1∩H1
+
∫

R3

(
|u(t)|2 ? 1

|x|

)
|u(t)|2 ≤ C0

T,α0,ρ0 .

Hence the proof of Proposition 6. �

5.2.3 Global existence

Now, we can use Proposition 6 and equation (5.3) to obtain an a priori estimate of
the solution inW 1,∞(0, T ;L2)∩L∞(0, T ;H2∩H2) for any arbitrary timeT . Indeed,
since equation (5.3) is equivalent to the integral equation

u(t) = U(t, 0)u0 − i

∫ t

0

U(t, s)F (u(s)) ds,

we have, from Theorem 3 and from Lemma 5,

‖u(t)‖H2∩H2 ≤ MT,α,ρ ‖u0‖H2∩H2
+MT,α,ρ

∫ t

0

‖F (u(s))‖H2∩H2
ds

≤ MT,α,ρ ‖u0‖H2∩H2
+MT,α,ρ

∫ t

0

‖u(s)‖2H1 ‖u(s)‖H2∩H2
ds

≤ C0
T,α,ρ

(
1 +

∫ t

0

‖u(s)‖H2∩H2
ds

)
whereC0

T,α,ρ > 0 is a generic constant depending on the timeT , on ρ, α and on
‖u0‖H2∩H2 . We obtain from Gronwall lemma and from equation (5.3), that

∀t ∈ [0, T ], ‖u(t)‖H2∩H2 + ‖∂tu(t)‖L2 ≤ C0
T,α,ρ

Now, in view of SEGAL’s theorem [43], the local solution we obtained previously
exists globally because we have a uniform bound on the norm

‖u(t)‖H2∩H2 + ‖∂tu(t)‖L2 .

Hence the proof of Theorem 4. �
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5.3 Proof of Theorem 1 for a small timeτ

The position of the nucleus is now unknown but solution of classical dynamics. We
recall the system we are concerned with, forτ ∈ (0, T ) :

i∂tu+ ∆u+
1

|x− a|
u+ V1u = (|u|2 ? 1

|x|
)u, in R3 × (0, τ)

u(0) = u0, in R3

m
d2a

dt2
=
∫

R3
−|u(x)|2∇ 1

|x− a|
dx−∇V1(a), in (0, τ)

a(0) = a0,
da

dt
(0) = v0.

We are going to chooseτ small enough in this section in order to prove first existence
of solutions for this system. In the sequel we make assumption (5.2) :

(1 + |x|2)−1V1 ∈ L∞((0, T )× R3),
(1 + |x|2)−1∂tV1 ∈ L1(0, T ;L∞(R3)),
(1 + |x|2)−1∇V1 ∈ L1(0, T ;L∞(R3)) and

∇V1 ∈ L2
(
0, T ;W 1,∞

loc (R3)
)
.

5.3.1 Structure of the proof of local existence

Let α > 0 andρ > 0 be such that

α = max(|v0|, 1) and∥∥∥∥ V1

1 + |x|2

∥∥∥∥
W 1,1(0,T,L∞)

+
∥∥∥∥ ∇V1

1 + |x|2

∥∥∥∥
L1(0,T,L∞)

≤ ρ.

We define the following subsets

Be =
{
u ∈ L∞(0, τ ;H2 ∩H2) ∩W 1,∞(0, τ ;L2)/

‖u‖L∞(0,τ ;H2∩H2) ≤ 2MT,α,ρ‖u0‖H2∩H2

}
and

Bn =

{
a ∈W 2,1(0, τ)/

∥∥∥∥d2a

dt2

∥∥∥∥
L1(0,τ)

≤ α

}
The indexese andn stand for “electrons” and “nucleus”, whileu(x, t) correspond

to the wave function of the electrons anda(t) to the position of the nucleus.
We will prove here a local-in-time existence result for system (5.1), using a Schau-

der fixed point theorem. One can find a similar result in reference [10], where in a first
time,V1 = 0. We shall need the following lemmas, whose proofs are postponed until
the next subsections.

On the one hand, we consider the wave function of the electrons as known and the
second order differential equation which modelize the movement of the nucleus is to
be solved :
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Lemma 7. Let u0 ∈ H2 ∩H2, a0, v0 ∈ R and letτ > 0 be small enough. We set
u ∈ Be and we consider the equation

m
d2z

dt2
=
∫

R3
|u(x)|2 x− z

|x− z|3
dx−∇V1(z) in (0, τ) (5.14)

with initial data z(0) = a0 and
dz

dt
(0) = v0. Then equation(5.14) has a unique

solutionz ∈ C([0, τ ]) such thatz ∈ Bn.

On the other hand, we know the position of the nucleus at any moment and we use
the previous section to prove :

Lemma 8. Leta0, v0 ∈ R andu0 ∈ H2 ∩H2, and letτ > 0 be small enough. We
sety ∈ Bn and we consider the equation

i∂tu+ ∆u+
u

|x− y|
+ V1u = (|u|2 ? 1

|x|
)u in R3 × (0, τ) (5.15)

with initial datau(0) = u0. Then equation(5.15)has a unique solutionu ∈ L∞(0, τ ;H2∩
H2) ∩W 1,∞(0, τ ;L2) such thatu belongs toBe.

From Lemma 7 and 8, the following mappings are well defined :

φ : Be −→ Bn ψ : Bn −→ Be

u 7−→ z, y 7−→ u

and we finally consider the applicationG = φ ◦ψ which mapsBn into itself, whereBn

is convex and bounded. We will also prove the following lemma later on.

Lemma 9. The applicationG : Bn → Bn is continuous andG(Bn) is compact inBn.

Therefore, we will be allowed to apply the Schauder fixed point theorem and if
y ∈ Bn then, withu = ψ(y) andz = G(y), it satisfies

i∂tu+ ∆u+
1

|x− y|
u+ V1u = (|u|2 ? 1

|x|
)u, in R3 × (0, τ)

u(0) = u0, in R3

m
d2z

dt2
=
∫

R3
−|u(x)|2∇ 1

|x− z|
dx−∇V1(z), in (0, τ)

z(0) = a0,
dz

dt
(0) = v0.

Then, there existsa ∈ Bn such thata = G(a). Therefore(ψ(a), a) is solution of (5.1)
with ψ(a) ∈ Be anda ∈ Bn. The proof of Theorem 1 for a small timeτ will then be
completed with the proofs of Lemma 7, Lemma 8 and Lemma 9. �

5.3.2 Second order differential equation, proof of Lemma 7

We are considering an ordinary differential equation of type

d2z

dt2
= G(t, z)
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with two initial conditions. In order to construct the proof of Lemma 7, we need to
prove a general lemma about existence and regularity of solution for this type of equa-
tion and to study the right hand side

G(t, z) =
∫

R3
−|u(t, x)|2∇

(
1

|x− z|

)
dx−∇V1(t, z)

to make sure we can apply this general lemma to our situation. Although it is a rather
classical result, we give a short proof of the following result

Lemma 10. Let τ > 0. We consider the differential equation
d2ϕ

dt2
= G(t, ϕ) in (0, τ)

ϕ(0) = ϕ0,
dϕ

dt
(0) = ψ0.

(5.16)

If τ is small enough and ifG ∈ L1
(
0, τ ;W 1,∞

loc (R3)
)

then there exists a unique solu-

tionϕ ∈ C([0, τ ]) to equation(5.16).

Proof : We consider the applicationΦ onC([0, τ ]) defined by

Φ(ϕ)(t) = ϕ0 + ψ0t+
∫ t

0

(t− s)G(s, ϕ(s)) ds, ∀t ∈ [0, τ ]. (5.17)

We will use a Picard fixed point theorem in the spaceC([0, τ ]) in order to prove exis-
tence and uniqueness of a solution to equation (5.17).

LetR > 4 be such that|ϕ0| ≤
R

2
. We also assume thatτ > 0 is small enough such

that we have {
τ max(|ψ0|, 1) < 1
τ‖G‖L1(0,τ ;W 1,∞(BR)) < 1 (5.18)

whereBR = {x ∈ R3, |x| ≤ R}.

- Let ϕ ∈ C([0, τ ]) be such that‖ϕ‖C([0,τ ]) = supt∈[0,τ ] |ϕ(t)| ≤ R. Then, for all
t in [0, τ ] we can write

|Φ(ϕ)(t)| ≤ |ϕ0|+ |ψ0t|+
∫ t

0

(t− s)|G(s, ϕ(s))| ds

≤ R

2
+ τ |ψ0|+ τ

∫ τ

0

‖G(s)‖W 1,∞(BR) ds

≤ R

2
+ τ |ψ0|+ τ‖G‖L1(0,τ ;W 1,∞(BR))

≤ R

2
+ 1 + 1 ≤ R

and we obtain‖Φ(ϕ)‖C([0,τ ]) ≤ R.
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- We ensure here thatΦ is a strict contraction inC([0, τ ]). Let ‖ϕ1‖C([0,τ ]) ≤ R
and‖ϕ2‖C([0,τ ]) ≤ R. We have for allt in [0, τ ],

|(Φ(ϕ1)− Φ(ϕ2)) (t)| ≤
∫ t

0

(t− s) |G(s, ϕ1(s))−G(s, ϕ2(s))| ds

≤ τ

∫ τ

0

‖G(s)‖W 1,∞(BR) |ϕ1(s)− ϕ2(s)| ds

≤ τ‖G‖L1(0,τ ;W 1,∞(BR))‖ϕ1 − ϕ2‖C([0,τ ])

and since from (5.18),τ > 0 is small enough such thatτ‖G‖L1(0,τ ;W 1,∞(BR)) < 1,
thenΦ is a strict contraction.

- We apply the Picard fixed point theorem to applicationΦ. Thus, ifτ > 0 satisfies
(5.18), there exists a uniqueϕ ∈ C([0, τ ]) such thatΦ(ϕ) = ϕ. Moreover, equa-
tion (5.17) is an integral equation equivalent to (5.16), hence the end of the proof of
Lemma 10. �

Proof of Lemma 7 :

From Lemma 10, it is easy to deduce that if the mapping

(t, z) 7→
∫

R3
|u(t, x)|2 x− z

|x− z|3
dx−∇V1(t, z)

belongs toL1(0, τ ;W 1,∞
loc ) then equation (5.14) of Lemma 7 has a unique solution in

C([0, τ ]). Since we assume from the very beginning that∇V1 ∈ L2(0, T ;W 1,∞
loc ), we

only have to work onf(t, z) =
∫

R3
|u(t, x)|2 x− z

|x− z|3
dx.

Lemma 11. We setu1, u2 ∈ H2 andg(z) =
∫

R3

u1(x)u2(x)
|x− z|3

(x− z) dx.

Theng ∈W 1,∞(R3) and there exists a real constantC > 4 such that

‖g‖L∞ ≤ C‖∇u1‖L2‖∇u2‖L2

‖Dg‖L∞ ≤ C‖u1‖H2‖u2‖H2

Proof : From Cauchy-Schwarz and Hardy’s inequality, for allz ∈ R3 we have,

|g(z)| ≤
∫

R3

|u1(x)||u2(x)|
|x− z|2

dx

≤
(∫

R3

|u1(x)|2

|x− z|2
dx

) 1
2
(∫

R3

|u2(x)|2

|x− z|2
dx

) 1
2

≤ 4‖∇u1‖L2‖∇u2‖L2

Therefore,‖g‖L∞ ≤ C‖∇u1‖L2‖∇u2‖L2 . Then we set, for allz in R3,

h(z) =
∫

R3

u1(x) u2(x)
|x− z|

dx.

The functionh is well defined since|h(z)| ≤ C‖u1‖L2‖∇u2‖L2 and one can notice

that g = ∇h andh = (u1u2) ?
1
|x|

. Then, we only have to prove thath belongs to
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W 2,∞(R3) with ‖D2h‖L∞ ≤ C‖u1‖H2‖u2‖H2 . We set∂i =
∂

∂xi
and from Cauchy

Schwarz and Hardy’s inequality, for alli, j = 1, 2, 3 we get :

‖∂ih‖L∞ ≤
∥∥∥∥∂i(u1u2) ?

1
|x|

∥∥∥∥
L∞

≤
∥∥∥∥∫

R3

∂iu1(y)u2(y)
|x− y|

dy

∥∥∥∥
L∞

+
∥∥∥∥∫

R3

u1(y)∂iu2(y)
|x− y|

dy

∥∥∥∥
L∞

≤ 4‖∇u1‖L2‖∇u2‖L2

and in the same way,

‖∂i∂jh‖L∞ ≤
∥∥∥∥∂i∂j(u1u2) ?

1
|x|

∥∥∥∥
L∞

≤
∥∥∥∥∫

R3

∂i∂ju1(y)u2(y)
|x− y|

dy

∥∥∥∥
L∞

+
∥∥∥∥∫

R3

u1(y)∂i∂ju2(y)
|x− y|

dy

∥∥∥∥
L∞

+
∥∥∥∥∫

R3

∂iu1(y)∂ju2(y)
|x− y|

dy

∥∥∥∥
L∞

+
∥∥∥∥∫

R3

∂ju1(y)∂iu2(y)
|x− y|

dy

∥∥∥∥
L∞

≤ 2‖u1‖H2‖∇u2‖L2 + 2‖∇u1‖L2‖u2‖H2 + 8‖∇u1‖H1‖∇u2‖H1

≤ 12‖u1‖H2‖u2‖H2 .

Therefore,h ∈W 2,∞(R3) andg ∈W 1,∞(R3) with

‖Dg‖L∞ ≤ C‖u1‖H2‖u2‖H2 ,

hence the proof of Lemma 11. �

Thereafter, settingu(t) = u1 = u2, we getf(t, z) = g(z) and we proved that
f(t) ∈W 1,∞(R3) with ‖f(t)‖W 1,∞ ≤ C‖u(t)‖2H2 . Then,

‖f‖L∞(0,T ;W 1,∞) ≤ C‖u‖2L∞(0,T ;H2) ≤ 4CM2
T,α,ρ‖u0‖2H2∩H2

andf ∈ L∞(0, T ;W 1,∞). Thus, ifτ > 0 is small enough, we have proved the exis-
tence of a unique solutionz ∈ C([0, τ ]) for equation (5.14). More precisely, in this
particular situation of equation (5.16) where the initial conditions areϕ(0) = a0 and
dϕ

dt
(0) = v0 and the right hand side isG : (t, ϕ) 7→ 1

m
(f(t, ϕ)−∇V1(t, ϕ)) , we

obtain that actually, ifτ > 0 is small enough such that we have τα < 1
4C
m
τM2

T,α,ρ‖u0‖2H2∩H2
+
√
τ

m
‖∇V1‖L2(0,T ;W 1,∞(BR)) < α,

(5.19)

where we recall thatα = max(|v0|, 1), R ≥ max(2|a0|, 4) andC > 4, then assump-
tion (5.18) is satisfied.

Eventually, in order to end the proof of Lemma 7, we only have to check that
z = φ(u) belongs toBn. We takeu ∈ Be and we will prove here that

z = φ(u) ∈W 2,1(0, τ) with

∥∥∥∥d2z

dt2

∥∥∥∥
L1(0,τ)

≤ α.
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We already havez ∈ C([0, τ ]) andR is such that‖z‖C([0,τ ]) ≤ R. We recall equa-
tion (5.14) :

m
d2z

dt2
=
∫

R3
|u(x)|2 x− z

|x− z|3
dx−∇V1(z) = f(z)−∇V1(z)

and sincef ∈ L∞(0, T ;W 1,∞) and∇V1 ∈ L2(0, T ;W 1,∞
loc ), we obtain

d2z

dt2
∈

L2(0, τ), thusz ∈W 2,2(0, τ) ⊂W 2,1(0, τ). Moreover,∣∣∣∣d2z

dt2
(t)
∣∣∣∣ ≤ 1

m

∫
R3

|u(x, t)|2

|x− z(t)|2
dx+

1
m
|∇V1(t, z(t))|

≤ 4
m
‖∇u‖2L∞(0,τ ;L2) +

1
m
‖∇V1(t)‖W 1,∞(BR).

Using Cauchy-Schwarz inequality and the fact thatu ∈ Be, we get∥∥∥∥d2z

dt2

∥∥∥∥
L1(0,τ)

≤ 4
m
τ‖∇u‖2L∞(0,τ ;L2) +

1
m

∫ τ

0

‖∇V1(s)‖W 1,∞(BR) ds

≤ 4
m
τ‖∇u‖2L∞(0,τ ;L2) +

√
τ

m
‖∇V1‖L2(0,T ;W 1,∞(BR))

≤ 16
m
τM2

T,α,ρ‖u0‖2H2∩H2
+
√
τ

m
‖∇V1‖L2(0,T ;W 1,∞(BR))

and if we chooseτ > 0 small enough to have (5.19), we obtain

∥∥∥∥d2z

dt2

∥∥∥∥
L1(0,τ)

≤ α

which meansz ∈ Bn and the proof of Lemma 7 is complete. �

5.3.3 Nonlinear Schr̈odinger equation, proof of Lemma 8

We already proved in section 5.2 that under assumption (5.4) forV1 and ifa belongs
toW 2,1(0, T ), then equation (5.3) :

i∂tu+ ∆u+
u

|x− a(t)|
+ V1u = (|u|2 ? 1

x
)u in R3 × (0, T )

has a unique solution

u ∈ L∞(0, T ;H2 ∩H2) ∩W 1,∞(0, T ;L2)

such thatu(0) = u0 ∈ H2 ∩H2 for any arbitrary timeT > 0. The proof is based upon
an existence and regularity result for the linear equation and on a fixed point argument.
Fortunately, ify ∈ Bn theny ∈ W 2,1(0, τ) and we obtain that equation (5.15) with
initial conditionu(0) = u0 ∈ H2 ∩H2

i∂tu+ ∆u+
u

|x− y|
+ V1u = (|u|2 ? 1

x
)u in R3 × (0, τ)

has a unique solutionu ∈ L∞(0, τ ;H2 ∩H2) ∩W 1,∞(0, τ ;L2).
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Following the proof of the local existence of a solution to equation (5.3) in para-
graph 5.2.1, sincey ∈ Bn implies∥∥∥∥dydt

∥∥∥∥
L∞(0,τ)

≤ α,

then, as soon as8τCFM3
T,α,ρ‖u0‖2H2∩H2

≤ 1, we get

‖u‖L∞(0,τ ;H2∩H2) ≤ 2MT,α,ρ‖u0‖H2∩H2 .

This meansu ∈ Be if τ is small enough. Hence the proof of Lemma 8. �

5.3.4 Continuity and compactness, proof of Lemma 9

First step - Continuity ofG.

We considery ∈ Bn and a sequence(yn)n∈N of elements ofBn such that

yn
n→+∞−→ y in W 2,1(0, τ).

We aim at proving that

G(yn)
n→+∞−→ G(y) in W 2,1(0, τ).

We recall thatG = φ ◦ ψ where

φ : Be −→ Bn ψ : Bn −→ Be

u 7−→ z, y 7−→ u

and we set

u = ψ(y),
z = G(y) = φ(u),
un = ψ(yn), ∀n ∈ N,
zn = G(yn) = φ(un), ∀n ∈ N.

Then,z andzn satisfy on(0, τ) the equations

m
d2z

dt2
=
∫

R3
−|u(x)|2∇

(
1

|x− z|

)
dx−∇V1(z), and

m
d2zn
dt2

=
∫

R3
−|un(x)|2∇

(
1

|x− zn|

)
dx−∇V1(zn),

and we will prove thatzn
n→+∞−→ z in W 2,1(0, τ).

Sincey andyn belong toBn for all n ∈ N, thenu andun belong toBe for all
n ∈ N. It implies that(un)n∈N is bounded inL∞(0, τ ;H2 ∩ H2) ∩W 1,∞(0, τ ;L2)
and thus, up to a subsequence, we get the strong convergence

un
n→+∞−→ u in L∞(0, τ ;H1

loc). (5.20)

We use here the following result of J. SIMON [44] (Theorem 5) :
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Lemma 12. LetX, B andY be Banach spaces andp ∈ [1,∞].
We assume thatX ↪→ B ↪→ Y with compact embeddingX ↪→ B.
If {fn, n ∈ N} is bounded inLp(0, T ;X) and if {∂tfn, n ∈ N} is bounded in
Lp(0, T ;Y ) then{fn, n ∈ N} is relatively compact inLp(0, T ;B) (and inC([0, T ];B)
if p = ∞).

In the same way, we havez andzn belonging toBn for all n ∈ N (sinceφ(Be) =
Bn) and(zn)n∈N bounded inW 2,1(0, τ) implies, up to a subsequence, that

zn
n→+∞−→ z in W 1,1(0, τ). (5.21)

We notice thatzn − z satisfies

d2(zn − z)
dt2

=
1
m

∫
R3

(
|u(x)|2∇ 1

|x− z|
− |un(x)|2∇

1
|x− zn|

)
dx

+
1
m

(∇V1(z)−∇V1(zn)) .

We first remark that since∇V1 ∈ L2(0, T ;W 1,∞
loc ), then for almost everyt in

[0, τ ], ∇V1(t) is locally Lipschitz. And since there existsR > 0 such that we have
‖z‖C([0,τ ]) ≤ R and for alln ∈ N, ‖zn‖C([0,τ ]) ≤ R (asz andzn belong toBn), we
obtain

|∇V1(z)−∇V1(zn)| ≤ ‖∇V1(t)‖W 1,∞(BR)|zn(t)− z(t)|.
We also have ∫

R3
uu ∇ 1

|x− z|
dx−

∫
R3
unun ∇

1
|x− zn|

dx

=
∫

R3
(u− un)un ∇

1
|x− zn|

dx−
∫

R3
uun ∇

1
|x− zn|

dx

+
∫

R3
(u− un)u ∇

1
|x− z|

dx+
∫

R3
unu ∇

1
|x− z|

dx

=
∫

R3
(u− un)un ∇

1
|x− zn|

dx+
∫

R3
(u− un)u ∇

1
|x− z|

dx

+
∫

R3
uun

(
∇ 1
|x− z|

− ∇ 1
|x− zn|

)
dx.

On the one hand, we can prove that there exists a constantC > 0 such that∣∣∣∣∫
R3
u(x, t)un(x, t)

(
∇ 1
|x− z(t)|

− ∇ 1
|x− zn(t)|

)
dx

∣∣∣∣ ≤ C|zn(t)− z(t)|.

Indeed, using Lemma 11, sinceg is lipschitz (here,u1 = u(t) andu2 = un(t)), we
have for allt in [0, τ ],∣∣∣∣∫

R3

u(x, t)un(x, t)
|x− zn(t)|3

(x− zn(t)) dx−
∫

R3

un(x, t)u(x, t)
|x− z(t)|3

(x− z(t)) dx
∣∣∣∣

= |g(zn(t))− g(z(t))| ≤ C‖u(t)‖H2‖un(t)‖H2 |(zn − z)(t)|,

and sinceu andun belong toBe, ‖u(t)‖H2 and‖un(t)‖H2 are bounded independently
of n.
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On the other hand, we can deal with both of the two other terms in the same way.
For instance, we have in fact for anyR > 0, from Hardy’s inequality,∣∣∣∣∫

R3
(u− un)(x, t)un(x, t)∇

1
|x− zn(t)|

dx

∣∣∣∣
≤

∫
B(0,R)

|(u− un)(x, t)||un(x, t)|
|x− zn(t)|2

dx+
∫
B(0,R)C

|(u− un)(x, t)||un(x, t)|
|x− zn(t)|2

dx

≤ C‖(u− un)(t)‖H1(B(0,R))‖un(t)‖H1 +
C

R2
‖un(t)‖L2(‖un(t)‖L2 + ‖u(t)‖L2)

and sinceu andun belong toBe for all n ∈ N, then∣∣∣∣∫
R3

(u− un)un ∇
1

|x− zn|
dx

∣∣∣∣ ≤ C‖u− un‖L∞(0,τ ;H1(B(0,R))) +
C

R2
.

Thus, for allε > 0, there existsR > 0 such that
C

R2
≤ ε

2
and from (5.20) there exists

N0 ∈ N such that

C‖u− un‖L∞(0,τ ;H1(B(0,R)) ≤
ε

2
, ∀n ≥ N0.

We get :

∀ε > 0, ∃N0 ∈ N, ∀n ≥ N0,

∣∣∣∣∫
R3

(u− un)un ∇
1

|x− zn|
dx

∣∣∣∣ ≤ ε.

Eventually, we obtain that for allt in (0, τ) and for allε > 0,∣∣∣∣(d2zn
dt2

− d2z

dt2

)
(t)
∣∣∣∣ ≤ C(1 + ‖∇V1(t)‖W 1,∞(BR))|zn(t)− z(t)|+ 2ε,

then∥∥∥∥d2zn
dt2

− d2z

dt2

∥∥∥∥
L1(0,τ)

≤ Cτ (1 + ‖∇V1‖L2(0,T ;W 1,∞(BR)))‖zn − z‖L∞(0,τ) + 2ε.

Therefore, since we have the strong convergence (5.21) andW 1,1(0, τ) ↪→ L∞(0, τ),
we obtain

d2zn
dt2

n→+∞−→ d2z

dt2
in L1(0, τ)

what meansG(yn)
n→+∞−→ G(y) in W 2,1(0, τ) andG is continuous.

Second step -Compactness ofG(Bn) in Bn.

We consider a sequence(yn)n∈N of elements ofBn and we aim at proving that
zn = G(yn) is precompact inBn. If we set

fn(t, z) =
∫

R3
|un(t, x)|2

x− z(t)
|x− z(t)|3

dx,

then we have
d2zn
dt2

(t) = fn(t, zn(t))−∇V1(t, zn(t)).
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We will first prove thatf̃n : t 7→ fn(t, zn(t)) = f̃n(t) is bounded inC0, 12 ([0, τ ]) as
soon aszn ∈ Bn. Let t, h in [0, τ ] be such thatt+ h ∈ [0, τ ]. Using again Lemma 11,
we can write :∣∣∣f̃n(t+ h) − f̃n(t)

∣∣∣ = |f(t+ h, zn(t+ h))− f(t, zn(t))|

≤
∣∣∣∣∫

R3
(un(t+ h)− un(t))un(t+ h)∇ 1

|x− zn(t+ h)|
dx

∣∣∣∣
+
∣∣∣∣∫

R3
(un(t+ h)− un(t))un(t)∇

1
|x− zn(t)|

dx

∣∣∣∣
+
∣∣∣∣∫

R3
un(t)un(t+ h)

(
∇ 1
|x− zn(t)|

− ∇ 1
|x− zn(t+ h)|

)
dx

∣∣∣∣
≤

∫
R3

|un(t+ h)− un(t)||un(t+ h)|
|x− zn(t+ h)|2

dx

+
∫

R3

|un(t+ h)− un(t)||un(t)|
|x− zn(t)|2

dx

+ C‖un(t)‖H2‖un(t+ h)‖H2 |(zn(t+ h)− zn(t)|
≤ C‖un‖L∞(0,τ ;H1)‖un(t+ h)− un(t)‖H1

+ C‖un‖2L∞(0,τ ;H2)|(zn(t+ h)− zn(t)|.

Moreover, on the one hand, since(zn)n∈N belongsBn, we have

|(zn(t+ h)− zn(t)| ≤ h

∥∥∥∥dzndt
∥∥∥∥
L∞(0,τ)

≤ Cτ,αh
1
2

and on the other hand, using the Fourier transform, we can prove that{
‖un(t+ h)− un(t)‖L2 ≤ h‖∂tun‖L∞(0,τ ;L2)

‖un(t+ h)− un(t)‖H2 ≤ 2‖un‖L∞(0,τ ;H2)

imply
‖un(t+ h)− un(t)‖L2 ≤ C0

τ,α,ρh
1
2

whereC0
τ,α,ρ > 0 only depends onτ , ‖u0‖H2∩H2 , ρ andα. Therefore,∣∣∣f̃n(t+ h)− f̃n(t)

∣∣∣ ≤ C0
τ,α,ρh

1
2 and f̃n ∈ C0, 12 ([0, τ ])

and we obtain(f̃n)n∈N bounded inC0, 12 ([0, τ ]). In addition, since(zn)n∈N is bounded
in W 2,1(0, τ) and since(un)n∈N is bounded inBe, we have, up to a subsequence,

zn
n→+∞−→ z in W 1,1(0, τ) ∩ C([0, T ])

and
un

n→+∞−→ u in L∞(0, τ ;H1
loc).

Thereafter, the fact that we have the compact injection

C0, 12 (0, τ) ↪→ C([0, τ ])

(from Ascoli’s theorem), implies, up to a subsequence, the strong convergence

f̃n
n→+∞−→ f̃ in C([0, τ ]) where f̃(t) =

∫
R3
|u(t, x)|2 x− z(t)

|x− z(t)|3
dx.
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Finally, since∇V1 ∈ L2(0, T ;W 1,∞
loc ) and zn

n→+∞−→ z in L∞(0, τ), we also
obtain, from

‖∇V1(zn)−∇V1(z)‖L2(0,T ) ≤ ‖∇V1(t)‖L2(0,T ;W 1,∞(B(0,α)))‖zn − z‖L∞(0,τ)

that

∇V1(zn)
n→+∞−→ ∇V1(z) in L2(0, τ).

Eventually,

(
d2zn
dt2

)
n∈N

converges inL2(0, τ) as the sum of
(
f̃n

)
n∈N

and(∇V1(zn))n∈N.

Then,(zn = G(yn))n∈N is precompact inW 2,2(0, τ) thus inBn.

Hence the end of the proof of Lemma 9. �

5.4 Global existence of solutions

We recall the coupled system (5.1) for an arbitrary timeT :

i∂tu+ ∆u+
1

|x− a|
u+ V1u = (|u|2 ? 1

|x|
)u, in R3 × (0, T ) (5.22)

u(0) = u0, onR3

m
d2a

dt2
=
∫

R3
−|u(x)|2∇ 1

|x− a|
dx−∇V1(a), in (0, T ) (5.23)

a(0) = a0, ∂ta(0) = v0

and we consider a solution(u, a) inW 1,∞(0, T ;L2)∩L∞(0, T ;H2∩H2)×W 2,1(0, T ).
We will prove here Proposition 2.

The global approach is the same as for the a priori estimate of the energy for the non-
linear Schr̈odinger equation witha(t) known. Indeed, on the one hand, using equa-
tion (5.22) we have :

d

dt

(∫
R3
|∇u|2 +

1
2

∫
R3

(|u|2 ? 1
|x|

)|u|2 −
∫

R3

(
1

|x− a|
+ V1

)
|u|2
)

= −
∫

R3

(
∂t

1
|x− a|

+ ∂tV1

)
|u|2 (5.24)

and on the other hand, since∇ 1
|x− a|

=
a− x

|x− a|3
, when we multiply (5.23) by

da

dt
we get :

m

2
d

dt

(∣∣∣∣dadt
∣∣∣∣2
)

=
∫

R3
|u(x)|2 da

dt
· x− a

|x− a|3
dx−∇V1(a) ·

da

dt
. (5.25)
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Now ∂t

(
1

|x− a|

)
=
da

dt
· x− a

|x− a|3
and the sum of (5.24) and (5.25) gives :

d

dt

(∫
R3
|∇u|2 +

m

2

∣∣∣∣dadt
∣∣∣∣2 +

1
2

∫
R3

(|u|2 ? 1
|x|

)|u|2 −
∫

R3

(
1

|x− a|
+ V1

)
|u|2
)

= −∇V1(a) ·
da

dt
−
∫

R3
∂tV1|u|2

= −dV1

dt
(a) + ∂tV1(a)−

∫
R3
∂tV1|u|2.

Moreover, from assumption(5.2), V1 satisfies
∂tV1

1 + |x|2
∈ L1(0, T ;L∞(R3)) and we

have

∂tV1(a)−
∫

R3
∂tV1|u|2 ≤

∥∥∥∥ ∂tV1(t)
1 + |x|2

∥∥∥∥
L∞

(1 + |a(t)|2 + ‖u(t)‖2H1
)

and in order to get anH1-estimate ofu, we then calculate the imaginary part of the
product of equation (5.22) by(1 + |x|2)u(x), integrated overR3. This gives

d

dt

(∫
R3

(1 + |x|2)|u|2
)
≤
∫

R3
|∇u|2 +

∫
R3
|x|2|u|2.

We defineE at timet of [0, T ] by

E(t) =
∫

R3
|∇u(t, x)|2 dx+ λ

∫
R3

(1 + |x|2)|u(t, x)|2 dx+
m

2

∣∣∣∣da(t)dt

∣∣∣∣2
+

1
2

∫
R3

(
|u(t, x)|2 ? 1

|x|

)
|u(t, x)|2 dx

whereλ is a non-negative constant to be precised later. We obviously have a constant
C > 0 depending onλ such that :

dE(t)
dt

≤ d

dt

(
−V1(t, a(t)) +

∫
R3

(
1

|x− a(t)|
+ V1(t)

)
|u(t)|2

)
+ C

(
1 +

∥∥∥∥ ∂tV1(t)
1 + |x|2

∥∥∥∥
L∞

)
E(t) +

∥∥∥∥ ∂tV1(t)
1 + |x|2

∥∥∥∥
L∞

(1 + |a(t)|2)

and if we setβ =
∥∥∥∥ ∂tV1

1 + |x|2

∥∥∥∥
L∞

∈ L1(0, T ) and integrate over(0, t), we obtain

E(t) ≤ E(0) + V1(0, a0) +
∫

R3

(
1

|x− a0|
+ |V1(0)|

)
|u0|2

+ |V1(t, a(t))|+
∫

R3

(
1

|x− a(t)|
+ V1(t)

)
|u(t)|2

+ C

∫ t

0

(1 + β(s))E(s) + β(s)(1 + |a(s)|2) ds
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Then, as shown in subsection 5.2.2, we have∫
R3

|u(t, x)|2

|x− a(t)|
dx ≤ η‖∇u(t)‖2L2 +

1
4η
‖u0‖2L2 , ∀η > 0,∫

R3
V1(t, x)|u(t, x)|2 dx ≤

∥∥∥∥ V1

1 + |x|2

∥∥∥∥
L∞((0,T )×R3)

‖u(t)‖2H1
, and∫

R3

(
1

|x− a0|
+ |V1(0, x)|

)
|u0(x)|2 dx ≤ ‖u0‖2H1∩H1

.

Moreover, for allt in [0, T ],

|V1(t, a(t))| ≤
∥∥∥∥ V1

1 + |x|2

∥∥∥∥
L∞(0,T ;L∞)

(1 + |a(t)|2)

and we also notice that

E(0) ≤ C‖u0‖2H1∩H1
+
m

2
|v0|2 + C‖u0‖H1‖u0‖3L2 .

Then, if we setη =
1
2

andλ =
1
2

+
∥∥∥∥ V1

1 + |x|2

∥∥∥∥
L∞((0,T )×R3)

we get

E(t) ≤ C‖u0‖2H1∩H1
+
m

2
|v0|2 + C‖u0‖H1‖u0‖3L2 + C(1 + |a0|2)

+
1
2
‖u(t)‖2H1 +

(
λ− 1

2

)
‖u(t)‖2H1

+ C(1 + |a(t)|2) (5.26)

+ C

∫ t

0

(1 + β(s))E(s) + β(s)(1 + |a(s)|2) ds.

We defineF at timet of [0, T ] by

F (t) =
∫

R3
|∇u(t, x)|2 dx+

∫
R3

(1 + |x|2)|u(t, x)|2 dx+m

∣∣∣∣dadt (t)
∣∣∣∣2

+
∫

R3

(
|u(t, x)|2 ? 1

|x|

)
|u(t, x)|2

and it is easy to deduce from (5.26) that we have, for allt in [0, T ],

F (t) ≤ C (1 + ‖u0‖2H1∩H1
+ |a0|2 + |v0|2 + ‖u0‖H1‖u0‖3L2)

+ C(1 + |a(t)|2) + C

∫ t

0

(1 + β(s))F (s) + β(s)(1 + |a(s)|2) ds.

Then, we set

Ψ(t) = (1 + |a(t)|2) +
∫ t

0

(1 + β(s))F (s) + β(s)(1 + |a(s)|2) ds

+ 1 + ‖u0‖2H1∩H1
+ |a0|2 + |v0|2 + ‖u0‖H1‖u0‖3L2

and we haveF (t) ≤ CΨ(t), Ψ(0) = 1+‖u0‖2H1∩H1
+ |a0|2 + |v0|2 +‖u0‖H1‖u0‖3L2

and sinceC > 0 denotes a generic constant,

dΨ
dt

(t) = 2|a(t)|
∣∣∣∣dadt (t)

∣∣∣∣+ (1 + β(t))F (t) + β(t)(1 + |a(t)|2)

≤ C
√

Ψ(t)
√
F (t) + C (1 + β(t))Ψ(t) + β(t)Ψ(t)

≤ C (1 + β(t))Ψ(t).
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From Gronwall’s lemma, we then get :

Ψ(t) ≤ CT exp
(∫ t

0

β(s)ds
)

Ψ(0).

Therefore, there exists a non-negative constantK0
T,ρ0

depending on the timeT , on the
initial data‖u0‖H1∩H1 , |a0| and|v0| and onρ0 > 0, where∥∥∥∥ V1

1 + |x|2

∥∥∥∥
W 1,1(0,T,L∞)

≤ ρ0,

such that for allt in [0, T ],

‖u(t)‖H1∩H1 +m

∣∣∣∣dadt (t)
∣∣∣∣+ (∫

R3

(
|u(t)|2 ? 1

|x|

)
|u(t)|2

) 1
2

≤ K0
T,ρ0 . (5.27)

Notice that this estimate does not use any assumption on∇V1. Of course, we also ob-
tain thata is bounded on[0, T ] which means that there existsR > 0, depending onT ,
ρ0, ‖u0‖H1∩H1 , |a0| and|v0|, such that for allt in [0, T ], |a(t)| ≤ R.

Moreover, from equation (5.23) and sincea is bounded, we have

m

∣∣∣∣d2a

dt2
(t)
∣∣∣∣ ≤

∫
R3

|u(t, x)|2

|x− a(t)|2
dx+ |∇V1(t, a(t))|

≤ 4 ‖u(t)‖2H1 + ‖∇V1(t)‖W 1,∞(BR)

and if we defineρ1 > 0 such that∥∥∥∥ V1

1 + |x|2

∥∥∥∥
W 1,1(0,T,L∞)

+
∥∥∥∥ ∇V1

1 + |x|2

∥∥∥∥
L1(0,T,L∞)

+ ‖∇V1‖L2(0,T ;W 1,∞(BR)) ≤ ρ1,

we obtain from (5.27) that there exists a constantK0
T,ρ1

> 0 depending onT , ‖u0‖H1∩H1 ,
|a0|, |v0| andρ1 such that

m

∥∥∥∥d2a

dt2

∥∥∥∥
L1(0,T )

≤ 4T ‖u‖2L∞(0,T ;H1) +
√
T‖∇V1‖L2(0,T ;W 1,∞(BR))

≤ 4T (K0
T,ρ0)

2 +
√
T‖∇V1‖L2(0,T ;W 1,∞(BR)) ≤ K0

T,ρ1 .

Now, we can use estimate (5.27) and equation (5.22) to obtain the estimate of Pro-
position 2. Indeed, since equations (5.22) is equivalent to the integral equation

u(t) = U(t, 0)u0 − i

∫ t

0

U(t, s)F (u(s)) ds,

we have, from Theorem 3 and from Lemma 5,

‖u(t)‖H2∩H2 ≤ MT,α,ρ ‖u0‖H2∩H2
+MT,α,ρ

∫ t

0

‖F (u(s))‖H2∩H2
ds

≤ MT,α,ρ ‖u0‖H2∩H2
+MT,α,ρ

∫ t

0

‖u(s)‖2H1 ‖u(s)‖H2∩H2
ds
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whereα =
K0
T,ρ1

m
. Therefore, we can deduce from estimate (5.27) that there exists a

constantC0
T,ρ1

such that

‖u(t)‖H2∩H2 ≤ C0
T,ρ1 ‖u0‖H2∩H2

+ C0
T,ρ1

∫ t

0

‖u(s)‖H2∩H2
ds.

Eventually, from Gronwall lemma, we get

∀t ∈ [0, T ], ‖u(t)‖H2∩H2 ≤ eC
0
T,ρ1

T ‖u0‖H2∩H2
.

It is then easy to estimate‖∂tu(t)‖L2 using equation (5.22). Hence the end of the
proof of Proposition 2. �

We will conclude here the proof of Theorem 1. We begin by setting an arbitrary time
T > 0. We already obtained the local-in-time existence of solutions for the coupled
problem. Indeed, by now, we have a solution(u, a) for the system (5.1) in the class

L∞(0, τ ;H2 ∩H2) ∩W 1,∞(0, τ ;L2)× ∩W 2,1(0, τ)

where‖a‖C([0,τ ]) ≤ R andτ satisfies
τα < 1
8τCFM3

T,α‖u0‖2H2∩H2
< 1

4C
m
τM2

T,α‖u0‖2H2∩H2
+
√
τ

m
‖∇V1‖L2(0,T ;W 1,∞(BR)) < α

(5.28)

whereα = max(|v0|, 1) andC > 4.

Let us consider the maximal timeT0 such that (5.1) has a maximal solution defined
on [0, T0[ in the class mentioned above. From Proposition 2, we have a local uniform
estimate on the following norm of(u, a) :

‖u(t)‖H2∩H2 + ‖∂tu(t)‖L2 +
∥∥∥∥d2a

dt2

∥∥∥∥
L1(0,T )

+
∣∣∣∣dadt (t)

∣∣∣∣
which means that this quantity remains bounded fort less or equal toT . Therefore, as
one can read in [43], and in [10] and [14], global existence follows. Indeed, if(u, a)
is a maximal solution on[0, T0[ with T0 < T , then its norm in the ad’hoc class has
to blow up whent reaches the maximal timeT0. However, if we considers ∈ [0, T0[
close enough toT0 and if we takeT ? as the largestτ satisfying

τ max(|vs|, 1) < 1
8τCFM3

T,|vs|‖us‖
2
H2∩H2

< 1
4C
m
τM2

T,|vs|‖us‖
2
H2∩H2

+
√
τ

m
‖∇V1‖L2(0,T ;W 1,∞(BR)) < max(|vs|, 1),

where
da

dt
(s) = vs andu(s) = us, then we can bound the norm of(u, a) for all t in

[s, s+ T ?] which brings a contradiction sinceT0 ∈ [s, s+ T ?]. The important point is
thatT ? only depends on the timeT since‖us‖H2∩H2 and|vs| are bounded by the local
uniform estimate of Proposition 2. Thus, for any arbitrary timeT we have a solution
(u, a) to the system (5.1) such that

(u, a) ∈ L∞(0, T ;H2 ∩H2) ∩W 1,∞(0, T ;L2)×W 2,1(0, T )

and the proof of Theorem 1 in then complete. �
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Chapitre 6

Bilinear optimal control
problem on a Schr̈odinger
equation with singular
potentials

L’article qui suit est actuellement soumis.

ABSTRACT : We study the Schrödinger equationi∂tu + ∆u + V0u + V1u = 0 on
R3 × (0, T ), whereV0 is a coulombian potential, singular at finite distance, andV1

is an electric potential, possibly unbounded, with initial conditionu0 ∈ H2(R3) such
that

∫
R3(1+ |x|2)2|u(x)|2 dx <∞. Both potentialsV0 andV1 are real valued and may

depend on space and time variables. We are interested by the optimal control of the so-
lution u by the external electric potentialV1. We proved in chapter 4 that this equation
is well-posed and that the regularity of the initial data is conserved for the solution.
This is a keypoint result to show here that there exists a bilinear optimal controlV1 and
to give an optimality condition.

Keywords : Bilinear optimal control, Schrödinger equation, optimality condition.
AMS Classification :49J20

RÉSUMÉ : Nous étudions l’́equation de Schrödingeri∂tu + ∆u + V0u + V1u = 0
sur R3 × (0, T ), où V0 est un potentiel coulombien, singulierà distance finie,V1

est un potentieĺelectrique,éventuellement non-borné, et avec comme condition ini-
tiale u0 ∈ H2(R3) telle que

∫
R3(1 + |x|2)2|u(x)|2 dx < ∞. Les deux potentielsV0

et V1 sont à valeurs ŕeelles et d́ependent des variables d’espace et de temps. Nous
nous int́eressons ici au problème du contr̂ole optimal de la solutionu par le potentiel
électrique ext́erieurV1. Nous avons d́ejà d́emontŕe dans le chapitre 4 que l’équation
consid́eŕee est bien posé et que la ŕegularit́e de la condition initiale est conservée par
la solution. C’est un ŕesultat clef pour montrer ici qu’il existe un contrôle optimal bi-
linéaireV1 et donner une condition d’optimalité.

119



120 Chapitre 6 – Optimal control on a Schrödinger equation –

6.1 Introduction

We work inR3 and throughout this paper, we use the following notations :

∇v =
(
∂v

∂x1
,
∂v

∂x2
,
∂v

∂x3

)
, ∆v =

3∑
i=1

∂2v

∂x2
i

, ∂tv =
∂v

∂t
;

Re andIm stand for the real and the imaginary part of a complex number ;

〈 . , . 〉H stands for the scalar product in the spaceH;
∀p ≥ 1, Lp = Lp(R3) and for the usual Sobolev spaces

H1 = H1(R3), H2 = H2(R3).

We also define

H1 =
{
v ∈ L2(R3),

∫
R3

(1 + |x|2)|v(x)|2 dx < +∞
}

H2 =
{
v ∈ L2(R3),

∫
R3

(1 + |x|2)2|v(x)|2 dx < +∞
}
.

Remark :One can notice thatH1 andH2 are respectively the images ofH1 andH2

under the Fourier transform.

We consider the following linear Schrödinger equation{
i∂tu+ ∆u+

u

|x− a|
+ V1u = 0, in R3 × (0, T )

u(0) = u0, in R3
(6.1)

whereV1 depends on space and time variables and take its values inR. We make the
assumption :

a ∈ W 2,1(0, T ; R3),
(1 + |x|2)− 1

2V1 ∈ L∞((0, T )× R3),
(1 + |x|2)− 1

2 ∂tV1 ∈ L1(0, T ;L∞) and
(1 + |x|2)− 1

2∇V1 ∈ L1(0, T ;L∞).

(6.2)

On the one hand, we are concerned with the problem of proving the existence of
a bilinear optimal control governed by equation (6.1). The electric potentialV1 is the
control, and ifu1 ∈ L2 is a given target, the problem reads :

Find a minimizerV1 ∈ H for

inf {J(V ), V ∈ H}

where

H :=
{
V,
(
1 + |x|2

)− 1
2 V ∈ H1(0, T ;W )

}
(6.3)

with W an Hilbert space such thatW ↪→W 1,∞,

J(V ) =
1
2

∫
R3
|u(T )− u1|2 dx+

r

2
‖V ‖2H with r > 0,
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and whereu is the solution of{
i∂tu+ ∆u+

u

|x− a|
+ V u = 0, in R3 × (0, T )

u(0) = u0 in R3,

with u0 ∈ H2 ∩H2.

On the other hand, we want to give an optimality condition for this bilinear optimal
control problem. It means that if the optimal control problem described above is solved,
then there existV1 ∈ H such thatJ(V1) = inf{J(V ), V ∈ H} and we will prove that
V1 satisfies a first order optimality condition.

Remark :Since we have to prove the differentiability of the cost functionnalJ , we
chose the Hilbert spaceH that makes it possible to differentiate the norm‖ · ‖H that
appears inJ and of course,V1 ∈ H satisfies(6.2).

Let us now formulate the expected theorem.

Theorem 1. There exists an optimal controlV1 satisfying(6.2)such that

J(V1) = inf
V ∈H

J(V )

whereH is defined by(6.3) and the cost functionalJ is given by

J(V ) =
1
2

∫
R3
|u(T )− u1|2 dx+

r

2
‖V ‖2H

and it satisfies the optimality condition :

∀δV ∈ H, r〈V1, δV 〉H = Im

∫ T

0

∫
R3
δV (x, t)u(x, t)p̄(x, t) dxdt

with u solution of the state equation(6.1)andp solution of the adjoint problem{
i∂tp+ ∆p+

p

|x− a|
+ V1p = 0 in R3 × (0, T )

p(T ) = u(T )− u1 in R3.
(6.4)

Remark :We want to underline that a regularity result upon equation (6.1) is strongly
needed in the proof of this theorem.

From a physical point of view, the problem linked with this situation is the laser
control of chemical reactions. We are considering a single atom ; the coulombian po-
tentialV0 corresponds to the attraction of the nucleus placed ina(t) at instantt, u is the
wave function of the electron andV1 is the electric potential induced by a laser beam.
Actually, the atom is subjected to an external electric field, where the corresponding
potential may be unbounded at infinity, and is such thatE(t, x) = ∇V1(x, t) whereE
is the field created by the laser beam.

Of course, this is a very simplified model and the lack here may be the absence of
the more realistic Hartree nonlinearityF (u) = (|u|2 ? 1

|x| )u. Nevertheless, the proof
of the analogous theorem for the nonlinear Schrödinger equation is similar to this one
and can be read in the next chapter. Moreover, these results are a first step to study this
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kind of optimal control problem on a coupled system of equations : we consider now
a(t) as unknown but solution of classical nuclear dynamics and couple this with the
nonlinear Schr̈odinger equation whereV0 = 1

|x−a(t)| and with source termF (u).

A result of existence for a bilinear optimal control, governed by a Schrödinger
equation with Hartree non-linearityF (u), has been given in [11]. It deals with an elec-
tric potentialV1 = −I(t) · x, whose field is homogeneous in space, while we take into
account here more general electric potentials.

The end of this section contains the regularity result (proved in chapter 4) needed
to consider these bilinear optimal control problems. The next section is devoted to the
proof of Theorem 1 and one will also find at its end, for a particular case, an interpre-
tation of the optimal condition in terms of partial differential equations.

The regularity result for equation (6.1) is the following.

Theorem 2. For T > 0 given, leta and the potentialV1 satisfy

a ∈W 2,1(0, T ),
V1 take its values inR,
(1 + |x|2)−1V1 ∈ L∞((0, T )× R3), (6.5)

(1 + |x|2)−1∂tV1 ∈ L1(0, T ;L∞) and

(1 + |x|2)−1∇V1 ∈ L1(0, T ;L∞)

and be such that for someα > 0 andρ > 0 :

‖a‖W 2,1(0,T ) ≤ α,

‖(1 + |x|2)−1V1‖W 1,1(0,T ;L∞) + ‖(1 + |x|2)−1∇V1‖L1(0,T ;L∞) ≤ ρ.

Then there exists a non negative constantCT,α,ρ such that for anyu0 ∈ H2 ∩ H2,
equation(6.1)has a unique solutionu such that

u ∈ L∞(0, T ;H2 ∩H2) and ∂tu ∈ L∞(0, T ;L2)

which satisfies the estimate

‖u‖L∞(0,T ;H2∩H2) + ‖∂tu‖L∞(0,T,L2) ≤ CT,α,ρ‖u0‖H2∩H2 .

Moreover, we also haveu ∈ Cw([0, T ];H2 ∩H2) andu ∈ C([0, T ];H1 ∩H1).

This type of result has already been obtained in the particular case when the atom is
subjected to an external uniform time-dependent electric fieldI(t) such that in equation
(6.1),V1(x, t) = −I(t)·x as in reference [10]. In the caseV1 = 0, K. YAJIMA [51] pro-
ved theH2(Rd) regularity of the solution of equation (6.1) considered inRd × (0, T ).

Another way to formulate the result of Theorem 2 is the following.

Corollary 3. Let a andV1 satisfy assumption(6.5) andu0 ∈ H2 ∩ H2. We define

the family of Hamiltonians{H(t), t ∈ [0, T ]} byH = −∆− 1
|x− a|

−V1. Then, there
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exists a unique family of evolution operators{U(t, s), s, t ∈ [0, T ]} (the so called
propagator associated withH(t)) onH2 ∩H2 such that foru0 ∈ H2 ∩H2 :

(i) U(t, s)U(s, r)u0 = U(t, r)u0 andU(t, t)u0 = u0 for all s, t, r ∈ [0, T ];
(ii) (t, s) 7→ U(t, s)u0 is strongly continuous inL2 on [0, T ]2 and

U(t, s) is an isometry onL2, that is‖U(t, s)u0‖L2 = ‖u0‖L2 ;
(iii) U(t, s) ∈ L(H2 ∩H2) for all (s, t) ∈ [0, T ]2 and

(t, s) 7→ U(t, s)u0 is weakly continuous from[0, T ]2 intoH2 ∩H2;
(iv) the equalitiesi∂tU(t, s)u0 = H(t)U(t, s)u0

andi∂sU(t, s)u0 = −U(t, s)H(s)u0 hold inL2.

This formulation of our regularity result on equation (6.1) is more adapted to give
a meaning to the equations encountered in the continuation of this paper.

6.2 Bilinear Optimal Control

We consideru0 ∈ H2 ∩ H2 andV0 andV1 satisfying assumption (6.2). Since
it implies (6.5) (notice the power− 1

2 in assumption (6.2)) we know there exists a
unique solutionu, such thatu ∈ Cw([0, T ];H2 ∩ H2), ∂tu ∈ L∞(0, T ;L2) andu ∈
C([0, T ];H1 ∩H1), to equation (6.1) : i∂tu(x, t) + ∆u(x, t) +

u(x, t)
|x− a(t)|

+ V1(x, t)u(x, t) = 0, (x, t) ∈ R3 × (0, T )

u(x, 0) = u0(x), x ∈ R3.

We recall that we consider the space

H =
{
V,
(
1 + |x|2

)− 1
2 V ∈ H1(0, T ;W )

}
,

whereW is an Hilbert space such thatW ↪→W 1,∞, and the functionalJ defined by

J(V ) =
1
2
‖u(T )− u1‖2L2 +

r

2
‖V ‖2H

with u solution of (6.1) with potentialV1 = V .

6.2.1 Existence of an optimal control

We will prove here the first part of Theorem 1. It means that we have to prove the
existence of an optimal controlV1 ∈ H such that

J(V1) = inf{J(V ), V ∈ H}.

We consider a minimizing sequence(V n1 )n≥0 in H for the functionalJ . It means
that

inf
H
J(V ) = lim

n→∞
J(V n1 )

and then,(V n1 )n≥+∞ is bounded inH, independently ofn. Up to a subsequence, we
haveV n1 ⇀ V1 weakly inH and

‖V1‖H ≤ lim‖V n1 ‖H .
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The difficulty comes from the term‖u(T ) − u1‖2L2 . We have to consider the solution
un of equation{

i∂tun + ∆un +
un

|x− a|
+ V n1 un = 0, in R3 × (0, T )

un(0) = u0, in R3
(6.6)

If we can prove that
un(T ) −→ u(T ) in L2,

then we obviously obtain

lim
n→+∞

‖un(T )− u1‖2L2 = ‖u(T )− u1‖2L2 . (6.7)

From Theorem 2, we have :

‖un‖L∞(H2∩H2) + ‖∂tun‖L∞(L2) ≤ C‖u0‖H2∩H2

whereC is independent ofn since(V n1 )n≥0 is bounded inH. Then(un)n≥0 is bounded
in L∞(0, T ;H2 ∩ H2) ∩W 1,∞(0, T ;L2) and using the following compacity lemma
(whose proof can be found in Theorem 5 of reference [44]), up to a subsequence we
also have the strong convergenceun → u in C([0, T ];H1

loc).

Lemma 4. LetX, B andY be Banach spaces.
We assume thatX ↪→ B ↪→ Y with compact embeddingX ↪→ B.
If {fn, n ∈ N} is bounded inL∞(0, T ;X) and if {∂tfn, n ∈ N} is bounded in
L∞(0, T ;Y ) then{fn, n ∈ N} is relatively compact inC([0, T ];B).

Therefore, we can conclude that in the sense of distribution, the limitu of the
sequence(un) is the solution of equation (6.1). Then, we divide‖un(T )− u(T )‖2L2 in

‖un(T )− u(T )‖2L2(B(0,R)) + ‖un(T )− u(T )‖2L2(Bc(0,R))

and we have :

• a constantC > 0 such that for alln ∈ N,∫
|x|≥R

|un(x, T )− u(x, T )|2 dx ≤ 1
1 +R2

∫
|x|≥R

(1 + |x|2)|un(T )− u(T )|2 dx

≤ 1
1 +R2

‖un(T )− u(T )‖H1

≤ C

1 +R2

R→∞−→ 0

• sinceu is the solution of (6.1) with potentialV1 = limn→+∞ V n1 in H weak,
then for allR > 0, ∫

|x|<R
|un(x, T )− u(x, T )|2 dx n→+∞−→ 0.

Eventually, we get

un(T ) n→+∞−→ u(T ) in L2
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and we deduce (6.7) which leads finally to

J(V1) ≤ limJ(V n1 ) = inf
V ∈H

J(V ).

ThenJ(V1) = infV ∈H J(V ) sinceV1 ∈ H and the existence of an optimal control has
been proved. �

Remark :One can notice that we have actually prove the existence of an optimal control

in the space
{
V,
(
1 + |x|2

)−1
V ∈W 1,1+ε(0, T ;W 1,∞)

}
, ε > 0. Indeed, the only

important points are to ensure the existence of a solutionu to equation (6.1) and to take
V1 in a reflexive space.

6.2.2 Optimality condition

In the definition of the spaceH, we can consider for instance

W = H3 ⊕ Span{ψ1, ψ2, ..., ψm}

with m ∈ N, and for alli ∈ [[1,m]], ψi ∈ W 1,∞ \ H3. This example enables us to
deal both with the particular case of [10] whereV1(x, t) = I(t) · x, I ∈ H1(0, T ) and
with general electric potentials(1 + |x|2)− 1

2V1(t) ∈ H3 which are non-homogeneous
in space.

We have already proved the existence of a bilinear optimal controlV1 ∈ H and the
usual way to obtain an optimality condition in this kind of situation is to prove thatJ
is differentiable and to write the necessary condition

DJ(V1)[δV1] = 0, ∀δV1 ∈ H (6.8)

in terms of the adjoint state.

We postpone the proof of the following lemma and we setV0(x, t) =
1

|x− a(t)|
.

Lemma 5. If u is the solution of(6.1), the functional

φ : H → L2(R3)
V1 7→ u(T )

is differentiable. Then, if z is the solution of{
i∂tz + ∆z + V0z + V1z = −δV1u, in R3 × (0, T )
z(0) = 0, in R3 (6.9)

we havez ∈ ([0, T ];L2) andDφ(V1)[δV1] = z(T ).

Therefore,J is differentiable inV1 and sinceH is an Hilbert space, condition (6.8)
now reads

Re

∫
R3

(u(T )− u1) .z(T ) dx+ r〈V1, δV1〉H = 0. (6.10)

Remark :We can prove the differentiability ofV1 7→ u(T ) with values inL2 but we
don’t know whether this remains true if we consider the same mapping with values in
H1 for example. We suspect that the differentiability is not true anymore. Therefore,
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in the functionalJ , the first term cannot be replaced by a stronger norm ofu(T )− u1.

We consider the adjoint state equation (6.4) :{
i∂tp+ ∆p+ V0p+ V1p = 0 in R3 × (0, T )
p(T ) = u(T )− u1 in R3

which has a unique solutionp ∈ C([0, T ];L2) sinceu(T )− u1 ∈ L2.

We multiply equation (6.9) byp (the complex conjugate ofp), integrate onR3 ×
[0, T ] and take the imaginary part. We obtain :

Im

∫ T

0

∫
R3

(i∂tz + ∆z + V0z + V1z)p = Im

∫ T

0

∫
R3
−δV1up.

After an integration by parts and sincez(0) = 0, we get

Im

∫ T

0

∫
R3
z i∂tp− Im

∫
R3
z(T ) ip(T ) + Im

∫ T

0

∫
R3
z ∆p

+ Im

∫ T

0

∫
R3
z (V0 + V1)p = −Im

∫ T

0

∫
R3
δV1up.

Sincep satisfies equation (6.4), we then have

Im i

∫
R3
z(T ). (u(T )− u1) = −Im

∫ T

0

∫
R3
δV1up

what implies

Re

∫
R3
z(T ) (u(T )− u1) = −Im

∫ T

0

∫
R3
δV1up.

We also have (6.10) and we finally obtain that for allδV1 in H,

r〈V1, δV1〉H = Im

∫ T

0

∫
R3
δV1(x, t)u(x, t)p(x, t) dxdt.

Hence the proof of the optimality condition of Theorem 1. �

We now give the proof of Lemma 5. Actually, we have to prove thatz(T ) is well
defined inL2 whenz is solution of (6.9) and that ifw satisfies{

i∂tw + ∆w + V0w + (V1 + δV1)w = −δV1z in R3 × (0, T )
w(0) = 0 in R3 (6.11)

then
‖w(T )‖L2 = o(‖δV1‖H). (6.12)

One can notice thatw is actually the difference betweenz andδu whereδu+ u is the
solution of equation (6.1) with electric potentialδV1 + V1.

From Theorem 2, we know thatu ∈ L∞([0, T ];H2 ∩H2) and since we also have
(1 + |x|2)− 1

2 δV1 ∈ H1(0, T ;W ) andH1(0, T ;W ) ↪→ C(0, T ;W 1,∞), we obtain



6.2 – Bilinear Optimal Control – 127

δV1u ∈ L∞(0, T ;L2). It is then easy to prove, using Corollary 3 to formulate the
integral equation equivalent to equation (6.9), and using a Picard fixed point theorem,
that there exists a unique solutionz ∈ C([0, T ];L2) to equation (6.9). We can also
specify that

‖z(t)‖L2 ≤ C‖δV1‖H‖u‖L∞(H2∩H2), ∀t ∈ [0, T ].

There and until the end of this proof,C denotes various constants depending onT .

Now we work on the equation solved byw. Indeed, we multiply equation (6.11)
byw, integrate in space variable and take the imaginary part (what means we calculate

Im

∫
R3

(6.11).w(x) dx), and we obtain :

d

dt
(‖w(t)‖2L2) ≤ ‖δV1‖H

∫
R3

(1 + |x|2) 1
2 |z(t)||w(t)| dx

≤ ‖δV1‖H‖z(t)‖H1‖w(t)‖L2

and applying Gronwall lemma, sincew(0) = 0, we get,∀t ∈ [0, T ],

‖w(t)‖L2 ≤ C‖δV1‖H max
t∈[0,T ]

‖z(t)‖H1 . (6.13)

This implies that we have to work more on equation (6.9) in order to obtain an estimate
of ‖z(t)‖2H1

for all t in [0, T ]. Actually, the formulation of equation (6.9) as an integral
equation allows to prove thatz ∈ C([0, T ];H1 ∩H1) and the same kind of fixed point
arguments then leads to prove that there exists a unique solutionw ∈ C([0, T ];L2) of
equation (6.11). Usual calculations bring the following estimates :

d

dt
(‖z(t)‖2L2) ≤ C‖δV1‖H‖u(t)‖H1‖z(t)‖L2 (6.14)

d

dt
(‖|x|z(t)‖2L2) ≤ C‖∇z(t)‖L2‖|x|z(t)‖L2 (6.15)

+ C‖δV1‖H‖u(t)‖H2‖|x|z(t)‖L2

Let us now have a look atRe
∫

R3
(6.9).∂tz(x) dx. We obtain, after some calculation

and integrations by parts,

d

dt

(∫
R3
V0|z|2 +

∫
R3
V1|z|2 −

∫
R3
|∇z|

)
=
∫

R3
∂tV0|z|2 +

∫
R3
∂tV1|z|2

− 2
d

dt

(
Re

∫
R3
δV1uz

)
+ 2Re

∫
R3
∂t(δV1)uz + 2Re

∫
R3
δV1∂tu z

We recall here thatV0(x, t) =
1

|x− a(t)|
with a ∈ W 2,1(0, T ; R3). Thus we have

|∂tV0(x, t)| =
|∂ta(t)|

|x− a(t)|2
. We also remind the reader of Hardy’s inequality :

∫
R3

|u(x)|2

|x|2
≤ 4

∫
R3
|∇u(x)|2.
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Therefore, we obtain

d

dt

(∫
R3
|∇z| −

∫
R3

(V0 + V1)|z|2
)

≤ C

∫
R3
|∇z|2 + 2

d

dt

(
Re

∫
R3
δV1uz

)
+ C‖V1‖H‖z(t)‖2H1

+ C‖δV1‖H‖u(t)‖H1‖z(t)‖L2

+ C‖δV1‖H‖∂tu(t)‖L2‖z(t)‖H1

We integrate this between0 andt ∈ [0, T ] and remember thatz(0) = 0 :∫
R3
|∇z(t)| ≤

∫
R3

(V0(t) + V1(t))|z(t)|2 +
∫

R3
|δV1(t)||u(t)||z(t)| (6.16)

+ C

∫ t

0

g(s)‖z(s)‖H1 ds+ C

∫ t

0

f(s)
(
‖z(s)‖2H1

+ ‖∇z(s)‖2L2

)
ds

whereg(s) = ‖δV1‖H(‖u(s)‖H2 + ‖∂tu(s)‖L2) andf(s) = 1 + ‖V1‖H with ob-
viouslyf ∈ L1(0, T ), g ∈ L1(0, T ) andg → 0 uniformly in s whenδV1 → 0 in H.

We set

E(t) =
∫

R3
(1 + |x|2)|z(t)|2 dx+

∫
R3
|∇z(t)|2 dx.

Moreover, we recall that from (6.14) we have

‖z(t)‖2L2 ≤ C

∫ t

0

g(s)‖z(s)‖L2 ds (6.17)

what implies, with the properties ofg, that‖z(t)‖L2 → 0 uniformly with respect to
t ∈ [0, T ], when‖δV1‖H → 0, and from (6.15),

‖|x|z(t)‖2L2 ≤ C

∫ t

0

(‖∇z(s)‖2L2 + ‖|x|z(s)‖2L2) ds+ C

∫ t

0

g(s)‖|x|z(s)‖L2 ds.

(6.18)
Thereafter, using (6.16), (6.17) and (6.18) we can write that for allt in [0, T ],

E(t) ≤ C

∫ t

0

g(s)
√
E(s) ds+ C

∫ t

0

f(s)E(s) ds

+
∫

R3
(V0(t) + V1(t))|z(t)|2 + C‖δV1‖H‖z(t)‖L2 .

Then, we can prove that for allη > 0 there exits a constantCη > 0 such that∫
R3

(V0(t) + V1(t))|z(t)|2 ≤ Cη‖z(t)‖2L2 + η‖z(t)‖2H1∩H1
.

Indeed, from Cauchy-Schwarz and Hardy’s inequalities, we have∫
R3
V0(t)|z(t)|2 ≤

∫
R3

|z(t)|2

|x− a(t)|
≤ C‖z(t)‖H1‖z(t)‖L2

∫
R3
V1(t)|z(t)|2 ≤ ‖V1‖H

∫
R3

(1 + |x|2) 1
2 |z(t)|2 ≤ ‖V1‖H‖z(t)‖L2‖z(t)‖H1
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and we obtain the expected result from Young’s inequality.

Consequently, if we seth(t) = ‖δV1‖H‖z(t)‖L2 + ‖z(t)‖2L2 and if we chooseη
small enough, we obtain

E(t) ≤ C

∫ t

0

g(s)
√
E(s) ds+ C

∫ t

0

f(s)E(s) ds+ Ch(t) (6.19)

whereg → 0 in L1(0, T ) andh→ 0 in L∞(0, T ) whenδV1 → 0 in H.

We setF (t) =
(∫ t

0

g(s)
√
E(s) ds+

∫ t

0

f(s)E(s) ds+ ‖h‖L∞
) 1

2

and we have

E(t) ≤ C F (t)2. We use a Gronwall inequality onF .

∂tF (t) =
f(t)E(t) + g(t)

√
E(t)

2F (t)

≤ C

2
f(t)F (t) +

√
C

2
g(t)

≤ C1 f(t)F (t) + C2 g(t).

Then, settingG(t) =
∫ t

0

C1 f(s) ds, we haveG bounded inL∞(0, T ) and

∂t

(
e−G(t)F (t)

)
≤ C2 g(t)e−G(t).

We obtain

F (t) ≤ C‖h‖
1
2
L∞(0,T ) + C

∫ t

0

g(s) ds

and we finally can write that

E(t) ≤ C

(
‖h‖L∞ +

∣∣∣∣∫ t

0

g(s) ds
∣∣∣∣2
)

and when‖δV1‖H → 0, we have (uniformly with respect tot ∈ [0, T ])

‖h‖L∞ +
∣∣∣∣∫ t

0

g(s) ds
∣∣∣∣2 −→ 0.

Actually, we proved the following uniform convergence :

‖z(t)‖H1 + ‖∇z(t)‖L2
‖δV1‖H→0−→ 0.

Moreover, we also have (6.13) :

‖w(t)‖L2 ≤ C‖δV1‖H max
t∈[0,T ]

‖z(t)‖H1

and therefore, we obtain (6.12) and the proof of lemma 5 is complete. �

We can finally give an interpretation of the optimality condition in terms of partial
differential equation’s in the particular case whenW = H3(R3) :

H̃ =
{
V,
(
1 + |x|2

)− 1
2 V ∈ H1(0, T ;H3)

}
.
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Indeed, by now, we have the following optimality condition :

∀δV ∈ H̃, r〈V1, δV 〉 eH = Im

∫ T

0

∫
R3
δV up dxdt

with u solution of the state equation (6.1),p solution of the adjoint state equation (6.4)
andV1 ∈ H̃ the optimal control such that

J(V1) = inf{J(V ), V ∈ H̃}.

In this particular case, ifV ∈ H̃, there existsX ∈ H1(0, T ;H3) such thatV =(
1 + |x|2

) 1
2 X. Moreover,X = (I −∆)−1Y with Y ∈ H1(0, T ;H1). Therefore,

〈V1, δV 〉H = 〈X1, δX〉H1(0,T ;H2) = 〈Y1, δY 〉H1(0,T ;H1)

and on the one hand,

〈Y1, δY 〉H1(0,T ;L2) =
∫ T

0

∫
R3

(I−∂2
t )Y1δY+

∫
R3

(∂tY1(T )δY (T )− ∂tY1(0)δY (0)) .

while on the other hand,

〈∇Y1,∇δY 〉H1(0,T ;L2) =
∫ T

0

∫
R3
−(I − ∂2

t )∆Y1δY

+
∫

R3
(∂t∆Y1(0)δY (0)− ∂t∆Y1(T )δY (T )) .

We obtain

〈Y1, δY 〉H1(0,T ;H1) =
∫ T

0

∫
R3

(I − ∂2
t )(I −∆)Y1δY

+
∫

R3

(
∂t(Y1 −∆Y1)(T )δY (T )− ∂t(Y1 −∆Y1)(0)δY (0)

)
.

The optimality condition becomes :

∀δY ∈ H1(0, T ;L2),

r

∫ T

0

∫
R3

(I − ∂2
t )(I −∆)Y1δY dxdt+ r

∫
R3
∂t(Y1 −∆Y1)(T )δY (T ) dx

− r

∫
R3
∂t(Y1 −∆Y1)(0)δY (0) dx

= Im

∫ T

0

∫
R3
up
√

1 + |x|2 (I −∆)−1 δY dxdt

and since an integration by parts gives

Im

∫ T

0

∫
R3
up
√

1 + |x|2 (I −∆)−1 δY dxdt

= Im

∫ T

0

∫
R3
δY (I −∆)−1

(
up
√

1 + |x|2
)
dxdt,
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we obtain for allδY in H1(0, T ;L2),

r

∫ T

0

∫
R3

(I − ∂2
t )(I −∆)Y1δY dxdt

+ r

∫
R3

(
∂t(Y1 −∆Y1)(T )δY (T )− ∂t(Y1 −∆Y1)(0)δY (0)

)
dxs

= Im

∫ T

0

∫
R3
δY (I −∆)−1

(
up
√

1 + |x|2
)
dxdt.

It can be notice that if the targetu1 is in L2 thenp ∈ L∞(0, T ;L2) and sinceu ∈
L∞(0, T ;H2 ∩H2), we haveup

√
1 + |x|2 ∈ L∞(0, T ;L1). Then, as we have

L1(R3) ↪→ H−2(R3), we get(I −∆)−1
(
up
√

1 + |x|2
)
∈ L∞(0, T ;L2) and finally,

the right hand side has a meaning.

Thus, the optimality condition corresponds to the system :{
r(I − ∂2

t )(I −∆)Y1 = (I −∆)−1
(
Im(up)

√
1 + |x|2

)
in R3 × (0, T )

∂t(Y1 −∆Y1)(T ) = ∂t(Y1 −∆Y1)(0) = 0 in R3.

where
V1 =

(
1 + |x|2

) 1
2 (I −∆)−1 Y1.
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Chapitre 7

A bilinear optimal control
problem applied to a time
dependent Hartree-Fock
equation coupled with classical
nuclear dynamics

L’article qui suit est actuellement soumis.

ABSTRACT : We study a problem of bilinear optimal control for the electronic wave
function of an Helium atom (one nucleus and two electrons) by an external time de-
pendent electric field. The behavior of the atom is modeled by the Hartree-Fock equa-
tion (whose solution is the wave function of the electrons) coupled with the classical
Newtonian dynamics (for the position of the nucleus). We prove the existence of a bi-
linear optimal control in the case when the position of the nucleus is known and also
prove the corresponding optimality condition. Then, we detail the proof of the exis-
tence of an optimal control for the coupled system and complete the study giving a
formal optimality condition to define the electric control.

Keywords : Hartree-Fock equation, optimal control, optimality condition.
AMS Classification :49J20, 35Q55.

RÉSUMÉ : Nous étudions le probl̀eme du contr̂ole optimal bilińeaire de la fonction
d’ondeélectronique d’un atome d’Helium (un noyau et deuxélectrons) par un champ
électrique ext́erieur d́ependant du temps. Le comportement de l’atome est modélisé par
uneéquation de Hartree-Fock (de solution la fonction d’onde desélectrons) coupléeà
uneéquation de la dynamique newtonienne (pour la position du noyau). Nous démon-
trons l’existence d’un contrôle optimal bilińeaire dans le cas ou la position du noyau
est consid́eŕee comme connue. Nous donnons aussi la démonstration de la condition
d’optimalité assocíee. Nous d́etaillons ensuite la preuve de l’existence d’un contrôle
optimal pour le syst̀eme d’́equations couplées avant de compléter l’étude en donnant
une condition d’optimalit́e formelle pour d́efinir le contr̂ole électrique.
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7.1 Introduction

We are interested in a bilinear optimal control problem applied to the mathematical
model of the behavior of a simplified chemical system, in fact an Helium atom, control-
led by an external electric field. We describe the chemical system in terms of ordinary
and partial differential equations using very classical approximations of quantum che-
mistry.

On the one hand, since the nucleus is much heavier than the electrons, we consider it
as a point particle which moves according to the Newton dynamics in the external elec-
tric field and in the electric potential created by the electronic density (nucleus-electron
attraction of Hellman-Feynman type). We obtain a second order in time ordinary dif-
ferential equation solved by the positiona(t) of the nucleus (of massm). On the other
hand, under the restricted Hartree-Fock formalism, we describe the behavior of the
electrons by a wave function, solution of a time dependent Hartree-Fock equation. We
can define it as a Schrödinger equation with a coulombian potential due to the nucleus,
singular at finite distance, an electric potential corresponding to the external electric
field, possibly unbounded, and a nonlinearity of Hartree type in the right hand side. We
want precisely to study the optimal control of the wave function of the electrons only,
the control being performed by the electric potential.

We are in fact considering the following coupled system :



i∂tu+ ∆u+
1

|x− a|
u+ V1u = (|u|2 ? 1

|x|
)u, in R3 × (0, T )

u(0) = u0, in R3

m
d2a

dt2
=
∫

R3
−|u(x)|2∇ 1

|x− a|
dx−∇V1(a), in (0, T )

a(0) = a0,
da

dt
(0) = v0

(7.1)

whereV1 is the external electric potential which takes its values inR and satisfy the
assumptions :

(1 + |x|2)− 1
2V1 ∈ L∞((0, T )× R3),

(1 + |x|2)− 1
2 ∂tV1 ∈ L1(0, T ;L∞(R3)),

(1 + |x|2)− 1
2∇V1 ∈ L1(0, T ;L∞(R3)) and

∇V1 ∈ L2
(
0, T ;W 1,∞

loc (R3)
)
.

(7.2)

We will define later on the optimal control problem related to this system and recall the
precise results of existence and regularity of the solution we need in the sequel.

The Cauchy problem for this kind of non-adiabatic approximation of the general
chemical Schr̈odinger equation has also been studied in the particular case when the
atom is subjected to a uniform external time-dependent electric fieldI(t) such that in
equation (7.1), one hasV1 = −I(t) · x as in reference [10]. The authors remove the
electric potential from the equation using a change of unknown function and variables
(gauge transformation given in [22]). From then on, they have to deal with the nonli-
near Schr̈odinger equation with only a time dependent coulombian potential.
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We work inR3 and throughout this paper, we use the following notations :

∇v =
(
∂v

∂x1
,
∂v

∂x2
,
∂v

∂x3

)
, ∆v =

3∑
i=1

∂2v

∂x2
i

, ∂tv =
∂v

∂t
,

Re andIm are the real and the imaginary parts of a complex number,

〈 . , . 〉 stands for the scalar product in an Hilbert space

W 2,1(0, T ) = W 2,1(0, T ; R3), for p ≥ 1, Lp = Lp(R3) and

the usual Sobolev spaces areH1 = H1(R3) and H2 = H2(R3).

We also define

H1 =
{
v ∈ L2(R3),

∫
R3

(1 + |x|2)|v(x)|2 dx < +∞
}

H2 =
{
v ∈ L2(R3),

∫
R3

(1 + |x|2)2|v(x)|2 dx < +∞
}
.

One can notice thatH1 andH2 are respectively the images ofH1 andH2 under the
Fourier transform.

On a mathematical point of view, the optimal control problem consists in minimi-
zing a cost functional depending on the solution of a state equation (here, a coupled
system of partial differential equations) and to characterize the minimum of the func-
tional by an optimality condition. One will see in the sequel that even if we can prove
existence of an optimal control for system (7.1), we cannot justify the optimality condi-
tion we formally obtain. However, the process will be described and fully proved in the
following section in the simpler situation where the position of the nucleus is known at
every moment.

Let (u, a) be a solution of system (7.1) where the external electric fieldV1 is the
control, andu1 ∈ L2 be a given target. We define the cost functionnalJ by

J(V1, u) =
1
2

∫
R3
|u(T )− u1|2 dx+

r

2
‖V1‖2H

wherer > 0 is a weight affecting the control cost and

H =
{
V,
(
1 + |x|2

)− 1
2 V ∈ H1(0, T ;W) and∇V ∈ L2

(
0, T ;W 1,∞)}

whereW is an Hilbert space which satisfiesW ↪→W 1,∞(R3).

Can one find a minimizerV1 ∈ H for inf{J(V, u), V ∈ H} ?

Remarks :1) For example, in the spaceH, we can choose the Hilbert space

W = H3 ⊕ Span{ψ1, ψ2, ..., ψm}

wherem ∈ N, and for alli ∈ [[1,m]], ψi ∈W 1,∞(R3) \H3(R3).
2) In H, we can replace the hypothesis on∇V by ∇V ∈ L2

(
0, T ;W 1,∞

loc

)
as in as-

sumption (7.2). Indeed, since we do not use any hypothesis on∇V1 to prove that the
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solutiona is bounded inC([0, T ]) (see chapter 5, section 5.4), then we don’t need any
information on∇V1 at infinity in R3. We will give details later on.

We can actually prove the following theorem :

Theorem 1. There exists an optimal controlV1 ∈ H such that

J(V1, u) = inf{J(V, u), V ∈ H}.

One can notice that in order to be able to formulate the bilinear optimal control
problem we first need an existence result for a solution of the coupled system (7.1). We
have already proved one, actually with a more general hypothesis onV1. Indeed, we
have

Theorem 2. We assume thatT is a positive arbitrary time and

(1 + |x|2)−1V1 ∈ L∞((0, T )× R3),
(1 + |x|2)−1∂tV1 ∈ L1(0, T ;L∞(R3)),
(1 + |x|2)−1∇V1 ∈ L1(0, T ;L∞(R3)) and

∇V1 ∈ L2(0, T ;W 1,∞
loc (R3)).

(7.3)

If u0 ∈ H2 ∩H2, a0, v0 ∈ R, then system(7.1)has at least a solution

(u, a) ∈
(
W 1,∞(0, T ;L2) ∩ L∞(0, T ;H2 ∩H2)

)
×W 2,1(0, T ).

Moreover, for any solution of (7.1) in this class, ifρ0 > 0 is such that∥∥(1 + |x|2)−1V1

∥∥
W 1,1(0,T,L∞)

≤ ρ0,

then there existsR > 0 depending onρ0 such that‖a‖C([0,T ]) ≤ R and if ρ1 > 0 is
such that∥∥∥∥ V1

1 + |x|2

∥∥∥∥
W 1,1(0,T,L∞)

+
∥∥∥∥ ∇V1

1 + |x|2

∥∥∥∥
L1(0,T,L∞)

+ ‖∇V1‖L2(0,T ;W 1,∞(BR)) ≤ ρ1

then there exists a non-negative constantK0
T,ρ1

depending on the timeT , on ρ1, on
‖u0‖H2∩H2 and on|a0|, |v0|, such that :

‖u‖L∞(0,T ;H2∩H2) + ‖∂tu‖L∞(0,T ;L2) +m

∥∥∥∥dadt
∥∥∥∥
L∞(0,T )

+m

∥∥∥∥d2a

dt2

∥∥∥∥
L1(0,T )

+ sup
t∈[0,T ]

(∫
R3

(
|u(t, x)|2 ? 1

|x|

)
|u(t, x)|2

) 1
2

≤ K0
T,ρ1 . (7.4)

One can notice that ifV1 ∈ H then it satisfies assumptions (7.2) and (7.3), and we
have at least a solution to equation (7.1) with Theorem 2. The optimal control problem
is then well defined.

The reader may also notice that we do not give any uniqueness result for the coupled
system (7.1) in Theorem 2. Indeed, even if we are convinced that the solution in this
class is unique, we do not have a proof of this result up to now. Actually, E. CANCÈS

and C. LE BRIS give a proof of existence and uniqueness of solutions for the analogous
system without electric potential in [10]. Of course, the method for proving uniqueness
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used in this article cannot be applied here because the Marcinkiewicz spaces which are
used do not suit the general electric potentialV1 satisfying (7.3).

We underline that the lack of proof for uniqueness of the solution has no effects
on the proof of existence of an optimal control (Theorem 1) but of course it is a main
obstruction to the obtention of an optimality condition.

The next section presents the study of the situation where the position of the nucleus
is known, instead of being the solution of an ordinary differential equation coupled
to the Hartree-Fock equation. Without any coupling, the problem comes down to the
difficulty of dealing with a nonlinear Schrödinger equation. In section 7.3, we give the
proof of Theorem 1 and a formal optimality condition.

7.2 Non-Linear Schr̈odinger Equation

Before studying the optimal control problem linked with the coupled situation des-
cribed in the introduction, we will consider the positiona(t) of the nucleus as known at
any timet ∈ [0, T ] and forget the second equation in (7.1). Of course, this is too restric-
tive for the study of the control of chemical reactions by an external electric potential,
but this section is only a first step in the study of the more realistic coupled situation.
Moreover, in this present case, we will give a full result for the optimal control problem
described further, from the existence of an optimal control to the proof of a necessary
optimality condition.

7.2.1 Existence, uniqueness and regularity of solution

We consider the following non-linear Schrödinger equation : i∂tu+ ∆u+
1

|x− a|
u+ V1u = (|u|2 ? 1

|x|
)u, R3 × (0, T )

u(0) = u0, R3
(7.5)

whereV1 takes its values inR and we make the following assumptions :

a ∈ W 2,1(0, T ) is known
(1 + |x|2)−1V1 ∈ L∞((0, T )× R3),
(1 + |x|2)−1∂tV1 ∈ L1(0, T ;L∞) and
(1 + |x|2)−1∇V1 ∈ L1(0, T ;L∞(R3)).

(7.6)

We have to underline that one can find in reference [14] the proof of existence, unique-
ness and regularity for the analogous equation without the electric potentialV1. This
paper also deals with the more general case of an atom with more than two electrons.
We draw the reader’s attention on the fact that one of the main difficulty we encounter
in the situation we are interested in is the coexistence of two potentials whose singula-
rities are non-comparable.

Before describing the optimal control problem we will consider here, we first give
two regularity results, very useful in the sequel. The first one is a theorem about the
linear Schr̈odinger equation, proved in chapter 4. The next one gives existence and re-
gularity of the unique solution to equation (7.5) and its proof is given in chapter 5.
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We first consider the linear Schrödinger equation i∂tu+ ∆u+
1

|x− a|
u+ V1u = 0, R3 × (0, T )

u(0) = u0, R3,

we setρ > 0 andα > 0 such that∥∥∥∥ V1

1 + |x|2

∥∥∥∥
W 1,1(0,T,L∞)

+
∥∥∥∥ ∇V1

1 + |x|2

∥∥∥∥
L1(0,T,L∞)

≤ ρ and

∥∥∥∥d2a

dt2

∥∥∥∥
L1(0,T )

≤ α (7.7)

and we have the following result :

Theorem 3. Let the initial datau0 belongs toH2 ∩ H2 and the electric potential
V1 and the positiona of the nucleus satisfy assumption(7.6). We define the family of

Hamiltonians{H(t), t ∈ [0, T ]} byH(t) = −∆− 1
|x− a(t)|

−V1. Then, there exists a

unique family of evolution operators{U(t, s), s, t ∈ [0, T ]} (the so called propagator
associated withH(t)) onH2 ∩H2 such that foru0 ∈ H2 ∩H2 we have

(i) U(t, s)U(s, r)u0 = U(t, r)u0 andU(t, t)u0 = u0 for all s, t, r ∈ [0, T ];
(ii) (t, s) 7→ U(t, s)u0 is strongly continuous inL2 on [0, T ]2 and

U(t, s) is an isometry onL2, that is‖U(t, s)u0‖L2 = ‖u0‖L2 ;
(iii) U(t, s) ∈ L(H2 ∩H2) for all (s, t) ∈ [0, T ]2 and(t, s) 7→ U(t, s)u0

is weakly continuous from[0, T ]2 toH2 ∩H2; moreover,

there existsMT,α,ρ > 0 such that :∀t, s ∈ [0, T ], ∀f ∈ H2 ∩H2,

‖U(t, s)f‖H2∩H2 ≤MT,α,ρ‖f‖H2∩H2 .

(iv) The equalitiesi∂tU(t, s)u0 = H(t)U(t, s)u0

andi∂sU(t, s)u0 = −U(t, s)H(s)u0 hold inL2.

Now, Theorem 3 is the main ingredient to prove the following result of existence
along with a Picard fixed point theorem.

Theorem 4. Let T be a positive arbitrary time andα and ρ satisfy(7.7). Under
assumption(7.6), and if we also assumeu0 ∈ H2 ∩ H2, then equation(7.5) has a
unique solution

u ∈ L∞(0, T ;H2 ∩H2) with ∂tu ∈ L∞(0, T ;L2)

and there exists a real constantC > 0 depending onT , u0, α andρ such that :

‖u‖L∞(0,T ;H2∩H2) + ‖∂tu‖L∞(0,T ;L2) ≤ C‖u0‖H2∩H2 .

We draw the reader’s attention to the uniqueness of the solution of (7.5) in this re-
sult. Thus, we can correctly define an optimal control problem on equation (7.5), the
control being the external electric potentialV1 and the solutionu.

From now on, we may denote
1

|x− a|
by V0 and we meana ∈ W 2,1(0, T ).

Theorem 3 is also useful to give a meaning to the equations we will encounter in the
sequel. More precisely, we consider the general equation{

i∂tv + ∆v + V0v + V1v = f(v), R3 × (0, T )
v(0) = v0, R3 (7.8)

and we give the following result :
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Proposition 5. Let T be a positive arbitrary time. Under assumption(7.6), if we
assumev0 ∈ L2 and if we also assume that there existsC,CM > 0 such that for all
u, v ∈ C([0, T ];L2),

‖f(u)‖L1(0,T,L2) ≤ CT (‖u‖C([0,T ];L2) + 1)

and when‖u‖C([0,T ];L2) ≤M and‖v‖C([0,T ];L2) ≤M,

‖f(u)− f(v)‖L1(0,T,L2) ≤ CMT‖u− v‖C([0,T ];L2),

then equation(7.8)has a unique solutionv ∈ C([0, T ];L2).

The proof uses a Picard fixed point theorem on the functionalΦ defined on the

spaceC([0, T ];L2) by Φ : v 7→ v0− i
∫ .

0

U(·, s)f(v(s)) ds whereU is the propagator

of Theorem 3.

7.2.2 Optimal control problem

On the evolution system (7.5), we define an optimal control problem which reads
as follows : ifu1 ∈ L2 is a given target, find a minimizerV1 ∈ H for

inf{J(V ), V ∈ H} (7.9)

where the cost functionnalJ is defined by

J(V1) =
1
2

∫
R3
|u(T )− u1|2 dx+

r

2
‖V1‖2H , r > 0. (7.10)

There,

H =
{
V,
(
1 + |x|2

)− 1
2 V ∈ H1(0, T ;W )

}
whereW is an Hilbert space such thatW ↪→W 1,∞(R3) and in (7.10),u is the solution
of equation (7.5).

Remarks :1) One can notice that ifV1 belongs toH, then it satisfies (7.6) and we can
apply Theorem 4 that gives a unique solutionu.
2) This spaceH has been chosen here as an Hilbert space in order to have a differen-
tiable norm.
3) This optimal control problem is a so-called “bilinear optimal control problem” and
the mappingcontrol→ state(V1 7→ u) is strongly nonlinear.

Let us now formulate the result on the bilinear optimal control problem.

Theorem 6. There exists an optimal controlV1 ∈ H such that

J(V1) = inf{J(V ), V ∈ H}

and for all δV in H, V1 satisfies

r〈V1, δV 〉H = Im

∫ T

0

∫
R3
δV (x, t)u(x, t)p̄(x, t) dxdt (7.11)

whereu is solution of(7.5)andp is solution of the following adjoint problem i∂tp+ ∆p+ V0p+ V1p = (|u|2 ? 1
|x|

)p+ 2i(Im(up) ?
1
|x|

)u in R3 × (0, T )

p(T ) = u(T )− u1 in R3.
(7.12)
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Remark :If we substitute the Hilbert spaceH by the space corresponding to assump-
tion (7.6) in the definition ofJ and in (7.9), the existence of an optimal control can also
be proved. Nevertheless, the proof of an optimality condition needs an Hilbert space.

A result of existence for a bilinear optimal control problem, governed by a Schrödin-
ger equation with the same Hartree non-linearity(|u|2? 1

|x| )u, has also been given by E.
CANCÈS, C. LE BRIS and M. PILOT in [11]. The authors deal with an electric potential
homogeneous in spaceV1 = −E(t) ·x with E ∈ L2(0, T ), while we take into account
here a more general electric potential optimal control. For instance, in the definition of
H, we can consider the Hilbert spaceW = H3 ⊕ Span{ψ1, ψ2, ..., ψm} with m ∈ N,
and for alli ∈ [[1,m]],ψi ∈W 1,∞(R3)\H3(R3). ThenW ↪→W 1,∞ and this example
enables us to deal both with the particular case of [11] whereV1(x, t) = E(t) · x but
for E ∈ H1(0, T ) and with general electric potentials(1 + |x|2)− 1

2V1(t) ∈ H2(R3)
which are non-homogeneous in space.

We can also specify the optimality condition in the particular case whereW =
H3(R3)⊕ Span{ψ1} by an optimality system. We choose for instanceψ1 = 1 where
ψ1(x) = 1, for all x ∈ R3. Therefore, from the optimality condition (7.11), we can get
an optimality system that reads :

r(I − ∂2
t )(I −∆)Y1 = (I −∆)−1

(
Im(up)

√
1 + |x|2

)
in R3 × (0, T )

∂t(Y1 −∆Y1)(T ) = ∂t(Y1 −∆Y1)(0) = 0 in R3

r

(
E − d2E

dt2

)
= Im

∫
R3
up
√

1 + |x|2 dx in (0, T )

dE

dt
(T ) =

dE

dt
(0) = 0.

where V1(x, t) =
(
1 + |x|2

) 1
2
[
(I −∆)−1 Y1(x, t) + E(t)

]
andp is the solution of

the adjoint equation (7.12). The proof whenW = H3 can be read for the problem of
optimal control for the linear Schrödinger equation in the previous chapter, the only
changes being the adjoint equation solved byp and the absence ofE.

The proof of Theorem 6 is divided in two steps. Existence of an optimal control
can be treated first while the optimality condition requires the proof of the continuity
and the differentiability ofJ . The regularity result of Theorem 4 is strongly needed for
proving this differentiability result.

Existence of an optimal control

We will prove here the existence of an electric optimal control minimizing the cost
functional. Indeed, we are going to prove :

∃V1 ∈ H such thatJ(V1) = inf{J(V ), V ∈ H}.

Remark :The structure of the proof given in the preceding chapter, for a bilinear op-
timal control problem defined on the linear Schrödinger equation, is analogous to the
one we will follow here.

We consider a minimizing sequence(V n1 )n≥0 in H for the functionalJ :

inf
H
J(V ) = lim

n→∞
J(V n1 ).
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Since

J(V n1 ) =
1
2

∫
R3
|un(T )− u1|2 dx+

r

2
‖V n1 ‖2H

whereun is solution of (7.5) with potentialV1 = V n1 , we then obtain that(V n1 )n≥0 is
bounded inH, independently ofn. Up to a subsequence, we haveV n1 ⇀ V1 weakly in
H and

‖V1‖H ≤ lim‖V n1 ‖H . (7.13)

The difficulty comes from the term‖un(T ) − u1‖2L2 . If we can prove that for allt in
[0, T ], un(t) −→ u(t) in L2, whereu is the solution associated withV1, then

lim
n→+∞

‖un(T )− u1‖2L2 = ‖u(T )− u1‖2L2 , (7.14)

and from (7.13) and (7.14) we obtain

J(V1) ≤ limJ(V n1 ) = inf
V ∈H

J(V ).

As V1 ∈ H, we getJ(V1) = inf
H
J and the existence of an optimal control is proved.

We setF (u) = (|u|2? 1
|x| )u and we considerwn = un−u solution of the following

equation :{
i∂twn + ∆wn + V0wn + V n1 wn = F (un)− F (u) + u(V1 − V n1 ), R3 × (0, T )
wn(0) = 0, R3.

(7.15)

We are going to prove that for allt in [0, T ], ‖wn(t)‖L2 −→ 0.

In order to deal with the nonlinearity, we observe that we have, from Cauchy-
Schwarz and Hardy’s inequality,

‖F (u)− F (un)‖L2 ≤
∥∥∥∥(|u|2 ? 1

|x|
)u− (|un|2 ?

1
|x|

)un

∥∥∥∥
L2

≤
∥∥∥∥(|u|2 ? 1

|x|
)(u− un)

∥∥∥∥
L2

+
∥∥∥∥((|u|2 − |un|2) ?

1
|x|

)
un

∥∥∥∥
L2

≤ 2‖u‖L2‖∇u‖L2‖u− un‖L2

+ 2‖un‖L2 (‖∇u‖L2 + ‖∇un‖L2) ‖u− un‖L2

≤ C(‖u‖2H1 + ‖un‖2H1)‖u− un‖L2 . (7.16)

Therefore, if we multiply equation (7.15) bywn integrate onR3 and take the imaginary

part, which means we calculateIm
∫

R3
(7.15).wn(x) dx, we obtain :

d

dt

(∫
R3
|wn|2 dx

)
≤ C ‖F (u)− F (un)‖L2‖wn‖L2 + C

∫
R3
|V n1 − V1||u||wn| dx

≤ C
(
‖un‖2H1 + ‖u‖2H1

)
‖wn‖2L2

+ C ‖V n1 − V1‖H
∫

R3
|u|(1 + |x|2) 1

2 |wn| dx

From Theorem 4, we have :

‖un‖L∞(0,T ;H2∩H2) + ‖∂tun‖L∞(0,T ;L2) ≤ C‖u0‖H2∩H2
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whereC is independent ofn since(V n1 )n≥0 is bounded inH. Then,

∀t ∈ [0, T ], ‖un(t)‖2H1 + ‖u(t)‖2H1 ≤ C

and we actually obtain (C denoting a generic constant depending onT ),

d

dt

(
‖wn(t)‖2L2

)
≤ C ‖wn(t)‖2L2 + C

∫
R3
|u(t)|(1 + |x|2) 1

2 |wn(t)| dx (7.17)

Moreover, we will need the following compactness lemma (see reference [44] for
the proof).

Lemma 7. LetX, B andY be Banach spaces andp ∈ [1,∞].
We assume thatX ↪→ B ↪→ Y with compact embeddingX ↪→ B.
If {fn, n ∈ N} is bounded inLp(0, T ;X) and if {∂tfn, n ∈ N} is bounded in
Lp(0, T ;Y ) then{fn, n ∈ N} is relatively compact inLp(0, T ;B) (and inC([0, T ];B)
if p = ∞).

Then, it has to be noticed that up to a subsequence we also haveun −→ u in
C([0, T ];H1

loc). Indeed, we can use Lemma 7 since(un)n≥0 is bounded inL∞(H2 ∩
H2) and(∂tun)n≥0 is bounded inL∞(L2). Then for allR > 0,

‖wn‖C([0,T ];L2(B(0,R))
n→∞−→ 0 (7.18)

and on the other hand, for allt in [0, T ],(∫
B(0,R)c

|wn(t)|2

1 + |x|2
dx

) 1
2

≤
(

1
1 +R2

) 1
2

‖wn(t)‖L2 .

Thus, using Cauchy-Schwarz inequality, we can write∫
R3
|u(t)|(1 + |x|2) 1

2 |wn(t)| dx

≤
∫
B(0,R)

|u(t)|(1 + |x|2) 1
2 |wn(t)| dx+

∫
B(0,R)c

|u(t)|(1 + |x|2) |wn(t)|
(1 + |x|2) 1

2
dx

≤ ‖u(t)‖H1‖wn(t)‖L2(B(0,R)) +
1√

1 +R2
‖u(t)‖H2‖wn(t)‖L2

≤ C

(
‖wn‖C([0,T ];L2(B(0,R)) +

1√
1 +R2

‖wn(t)‖L2

)
. (7.19)

We setEn(t) = ‖wn(t)‖2L2 + ‖wn‖C([0,T ];L2(B(0,R)), where one can notice that
‖wn‖C([0,T ];L2(B(0,R)) does not depend ont. From (7.17) and (7.19), it satisfies

dEn
dt

(t) ≤ CEn(t) +
C√

1 +R2

√
En(t).

SinceEn(0) = ‖wn‖C([0,T ];L2(B(0,R)) and since we have actually

d
√
En
dt

(t) ≤ C
√
En(t) +

C√
1 +R2

,
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then, from Gronwall lemma, we obtain that for allt in [0, T ],

√
En(t) ≤ CT

eCT√
1 +R2

+ eCT ‖wn‖
1
2
C([0,T ];L2(B(0,R)).

It means that sinceT is fixed and since we have (7.18), then for anyε > 0, there exists
R > 0 andn0 large enough inN such that

CT
eCT√
1 +R2

≤ ε

2
and ∀n ≥ n0, e

CT ‖wn‖
1
2
C([0,T ];L2(B(0,R)) ≤

ε

2
.

We finally obtain that for allt in [0, T ], ‖wn(t)‖L2
n→∞−→ 0 and therefore,u is the

solution of (7.5) in the sense of distributions and we have proved the existence of an
optimal controlV1 associated with the functionnalJ . We then have to write an optima-
lity condition forV1.

Optimality condition

The usual way to obtain an optimality condition is to prove that the cost functional
J is differentiable and to translate the necessary condition

DJ(V1)[δV1] = 0, ∀δV1 ∈ H

in terms of the adjoint state. SinceJ(V1) = 1
2‖u(T )−u1‖2L2 + r

2‖V1‖2H , as announced
in the introduction, the main difficulty comes from the necessity to differentiate the
state variableuwith respect to the controlV1, in order to calculate the gradientDJ(V1).
We postpone the proof of the following lemma.

Lemma 8. Let u be the solution of(7.5). The functionalφ defined by

φ : H → L2(R3)
V1 7→ u(T )

is differentiable and if z is the solution of the following equation, set inR3 × (0, T ) : i∂tz + ∆z + V0z + V1z = −δV1u+ (|u|2 ? 1
|x|

)z + 2Re(uz ?
1
|x|

)u,

z(t = 0) = 0
(7.20)

we havez ∈ C([0, T ];L2) andDφ(V1)[δV1] = z(T ).

We deduce from Lemma 8 thatJ is differentiable with respect toV1. Thereafter,
sinceDφ(V1)[δV1] = z(T ), the condition

DJ(V1)[δV1] = 0, ∀δV1 ∈ H

reads

Re

∫
R3

(u(T, x)− u1(x)) z(T, x) dx+ r〈V1, δV1〉H = 0. (7.21)

Remarks :1) As for the study of the same bilinear optimal control problem for the
linear Schr̈odinger equation one has read in the preceding chapter, we can prove the
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differentiability of V1 7→ u(T ) with values inL2 but we don’t know whether this re-
mains true if we consider the same mapping with values inH1 for example. We think
that the differentiability is not true anymore. Therefore, in the functionalJ , the first
term cannot be replaced by a stronger norm ofu(T )− u1.
2) We can also underline the choice ofH we made on purpose. As it is an Hilbert
space, we can easily take the derivative of the norm‖ · ‖H in the functionalJ .

Now, we consider the adjoint system (7.12) : i∂tp+ ∆p+ V0p+ V1p = (|u|2 ? 1
|x|

)p+ 2i(Im(up) ?
1
|x|

)u in R3 × (0, T )

p(T ) = u(T )− u1 in R3.

Using Proposition 5, one can prove that the equivalent integral equation has a unique
solutionp ∈ C([0, T ];L2) since we have∥∥∥∥(|u|2 ? 1

|x|
)p+ 2i(Im(up) ?

1
|x|

)u
∥∥∥∥
L1(0,T ;L2)

≤ CT‖p‖C([0,T ];L2).

We then multiply equation (7.20) byp, integrate on[0, T ]×R3 and take the imaginary
part. We obtain :

Im

∫ T

0

∫
R3

(i∂tz + ∆z + V0z + V1z)p = Im

∫ T

0

∫
R3
−δV1up

+Im
∫ T

0

∫
R3

(|u|2 ? 1
|x|

)zp+ 2 Im
∫ T

0

∫
R3
Re(uz ?

1
|x|

)up.

Thenz(0) = 0 implies

Im

∫ T

0

∫
R3
z
(
i∂tp+ ∆p+ (V0 + V1)p

)
+ Im i

∫
R3
z(T ) p(T )

= −Im
∫ T

0

∫
R3
δV1up+ Im

∫ T

0

∫
R3
z(|u|2 ? 1

|x|
)p

+2
∫ T

0

∫
R3

(Im(up) ?
1
|x|

)Re(uz)

and sincep satisfies equation (7.12), we get

Im i

∫
R3
z(T ). (u(T )− u1) = −Im

∫ T

0

∫
R3
δV1up

which gives

Re

∫
R3
z(T ) (u(T )− u1) = −Im

∫ T

0

∫
R3
δV1up. (7.22)

Using (7.22), the optimality condition (7.21) can be written :

r〈V1, δV1〉H = Im

∫ T

0

∫
R3
δV1up dxdt, ∀δV1 ∈ H.

The proof of Theorem 6 will be complete with the proof of Lemma 8. �
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Proof of Lemma 8. Actually, we will first study the continuity ofφ and then the
differentiability. We recall the definition of the functionalφ : if u is the solution of
(7.5) with electric potentialV1 in H, then

φ : H → L2(R3)
V1 7→ u(T ).

According to Proposition 5 and to the properties ofF , we consider the solutionδu ∈
C([0, T ];L2) of the following equation set inR3 × (0, T ) :{

i∂tδu+ ∆δu+ V0δu+ (V1 + δV1)δu = −δV1u+ F (u+ δu)− F (u)
δu(0) = 0. (7.23)

In order to prove the continuity ofφ, we will prove that

‖δu‖L∞(0,T ;L2) = O(‖δV1‖H).

Let us calculateIm
∫

R3
(7.23).δu(x) dx. Using the property (7.16) ofF , we obtain

d

dt

(∫
R3
|δu|2 dx

)
≤ C‖δV1‖H‖u‖H1‖δu‖L2 + C‖F (u+ δu)− F (u)‖L2‖δu‖L2

≤ C‖δV1‖H‖u‖H1‖δu‖L2 + C(‖δu+ u‖2L2 + ‖δu‖2L2)‖δu‖2L2

≤ C‖δV1‖H‖δu‖L2 + C‖δu‖2L2 .

Indeed, the solutionu of equation (7.5) and the solutionu + δu of the same equation
but with potentialV1 + δV1, are bounded inL2. As δu(0) = 0 and using Gronwall’s
lemma, it follows

‖δu(t)‖L2 ≤ CTeCt‖δV1‖H , ∀t ∈ [0, T ].

Eventually, we get‖δu‖C([0,T ];L2) = O(‖δV1‖H), the continuity ofφ is proved and
we will now prove the differentiability.

We first have to prove thatz(T ) is well defined inL2 wherez is solution of (7.20)
and then, if we setw = δu− z, we will prove that

‖w(T )‖L2 = o(‖δV1‖H)

which means thatDφ(V1)[δV1] = z(T ) and completes the proof of Lemma 8.

Since we can prove the right hand side of equation (7.20) satisfies∥∥∥∥(|u|2 ? 1
|x|

)z + 2Re(uz ?
1
|x|

)u− δV1u

∥∥∥∥
L1(0,T ;L2)

≤ CT (‖z‖C([0,T ],L2) + 1),

then Proposition 5 gives a unique solutionz ∈ C([0, T ];L2) to equation (7.20). Mo-
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reover, if we calculateIm
∫

R3
(7.20).z(x) dx, we obtain from Hardy’s inequality :

d

dt

(∫
R3
|z|2 dx

)
= −2Im

∫
R3
δV1uz dx+ 2

∫
R3

(Re(uz) ?
1
|x|

)Im(uz) dx

≤ C ‖δV1‖H‖u‖H1‖z‖L2 + C

∫
R3

∫
R3

|u(x)||z(x)|
|x− y|

|u(y)||z(y)| dxdy

≤ C ‖δV1‖H‖z‖L2 + C ‖∇u‖L2‖z‖L2

∫
R3
|u(x)||z(x)| dx

≤ C ‖δV1‖H‖z‖L2 + C ‖z‖2L2 .

It implies

‖z(t)‖2L2 ≤ C‖δV1‖H
∫ t

0

‖z(s)‖L2 ds+ C

∫ t

0

‖z(s)‖2L2 ds (7.24)

and a Gronwall argument leads us easily to deduce that there exists a constantsCT > 0
such that

‖z(t)‖L2 ≤ CT ‖δV1‖H , ∀t ∈ [0, T ]. (7.25)

In order to simplify the right hand side of the equation solved byw = δu − z, we
consider the source terms of equation (7.23) solved byδu :

F (u+ δu)− F (u)− δV1u

= (|u+ δu|2 ? 1
|x|

)(u+ δu)− (|u|2 ? 1
|x|

)u− δV1u

= (|u|2 ? 1
|x|

)δu+ 2Re(uδu ?
1
|x|

)(u+ δu) + (|δu|2 ? 1
|x|

)(u+ δu)− δV1u

and sincez satisfies (7.20), we have finally the following right hand side

F (u+ δu)− F (u)− δV1u−
(
−δV1u+ (|u|2 ? 1

|x|
)z + 2Re(uz ?

1
|x|

)u
)

= (|u|2 ? 1
|x|

)δu+ 2Re(uδu ?
1
|x|

)(u+ δu)

+ (|δu|2 ? 1
|x|

)(u+ δu)− (|u|2 ? 1
|x|

)z − 2Re(uz ?
1
|x|

)u

= (|u|2 ? 1
|x|

)w + 2Re(uw ?
1
|x|

)u+ 2Re(uδu ?
1
|x|

)δu

+ (|δu|2 ? 1
|x|

)(u+ w + z).

Therefore, the equation satisfied byw in R3 × (0, T ) is :

i∂tw + ∆w + V0w + (V1 + δV1)w = −δV1z + (|u|2 ? 1
|x|

)w

+ 2Re(uw ?
1
|x|

)u+ 2Re(uδu ?
1
|x|

)δu

+ (|δu|2 ? 1
|x|

)(u+ w + z)

w(t = 0) = 0

(7.26)
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Using Proposition 5, since the right hand side of equation (7.26) belongs toL1(0, T ;L2)
and has the good properties, we can prove that there exists a unique solutionw ∈
C([0, T ];L2). We can also formally calculateIm

∫
R3

(7.26).w(x) dx in the same way

we did to prove (7.25). Since we have‖δu‖L∞(L2) = O(‖δV1‖H), we obtain :

d

dt
(‖w‖2L2) ≤ C

∫
R3
|δV1||z||w| dx+ C

∫
R3

∣∣∣∣(Re(uw) ?
1
|x|

)Im(uw)
∣∣∣∣ dx

+ C

∫
R3

∣∣∣∣Re(uδu ? 1
|x|

)Im(δu w)
∣∣∣∣ dx

+ C

∫
R3

∣∣∣∣(|δu|2 ? 1
|x|

)Im((u+ z)w)
∣∣∣∣ dx

≤ C‖δV1‖H‖z‖H1‖w‖L2 + C‖∇u‖L2‖u‖L2‖w‖2L2

+ C (‖∇u‖L2 + ‖∇z‖L2) ‖δu‖2L2‖w‖L2

≤ C‖δV1‖H‖z‖H1‖w‖L2 + C‖w‖2L2 + C‖δV1‖2H‖w‖L2

+ C‖z‖H1‖δV1‖2H‖w‖L2

which means that for allt in [0, T ],

d

dt
(‖w(t)‖L2) ≤ C‖δV1‖H (‖z(t)‖H1∩H1+ ‖δV1‖H) + C‖w(t)‖L2 . (7.27)

Since we want to prove that‖w‖L∞(0,T ;L2) ≤ C‖δV1‖2H , we have to work more on
equation (7.20) in order to obtain anH1∩H1 estimate onz. Actually, we could have di-
rectly proved with Theorem 3 and a Picard fixed point theorem thatz ∈ C([0, T ];H1∩

H1). If we calculateIm
∫

R3
(7.20).|x|2z(x) dx, we obtain the following estimate in the

usual way :

d

dt
(‖|x|z(t)‖2L2) ≤ C‖∇z(t)‖L2‖|x|z(t)‖L2 + C‖δV1‖H‖u(t)‖H1‖|x|z(t)‖L2

+ C‖∇u(t)‖L2‖u(t)‖H2‖z(t)‖2H1

≤ C‖∇z(t)‖2L2 + C‖z(t)‖2H1
+ C‖δV1‖H‖|x|z(t)‖L2

Therefore, an integration on[0, t] andz(0) = 0 give

‖|x|z(t)‖2L2 ≤ C

∫ t

0

‖∇z(s)‖2L2 ds+ C

∫ t

0

‖z(t)‖2H1
ds (7.28)

+ C

∫ t

0

‖δV1‖H‖|x|z(t)‖L2 ds

Now, as we need to estimate∇z, we will calculateRe
∫

R3
(7.20).∂tz(x) dx. Be-

fore, we can notice that :

Re

∫
R3

(|u|2 ? 1
|x|

)z∂tz =
1
2
d

dt

(∫
R3

(|u|2 ? 1
|x|

)|z|2
)
−
∫

R3
(Re(u∂tu) ?

1
|x|

)|z|2

and

2 Re
∫

R3
(Re(uz) ?

1
|x|

)u∂tz =
d

dt

(∫
R3

(Re(uz) ?
1
|x|

)Re(uz)
)

− 2
∫

R3
(Re(uz) ?

1
|x|

)Re(z∂tu).
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After some calculations and integrations by parts, we obtain

d

dt

(∫
R3
V0|z|2 +

∫
R3
V1|z|2 −

∫
R3
|∇z|2

)
=
∫

R3
∂tV0|z|2 +

∫
R3
∂tV1|z|2

−2
d

dt

(∫
R3
δV1Re(uz)

)
+ 2

∫
R3
∂t(δV1)Re(uz) + 2

∫
R3
δV1Re(∂tu z)

+
d

dt

(∫
R3

(|u|2 ? 1
|x|

)|z|2
)
− 2

∫
R3

(Re(u∂tu) ?
1
|x|

)|z|2

+2
d

dt

(∫
R3

(Re(uz) ?
1
|x|

)Re(uz)
)
− 4

∫
R3

(Re(uz) ?
1
|x|

)Re(z∂tu).

We recall here thatV0(x, t) =
1

|x− a(t)|
with a ∈ W 2,1(0, T ; R3) thus we have

|∂tV0(x, t)| =
|∂ta(t)|

|x− a(t)|2
. We also remind Hardy’s inequality foru ∈ H1(R3) :

∫
R3

|u(x)|2

|x|2
dx ≤ 4

∫
R3
|∇u(x)|2 dx.

Therefore we obtain

d

dt

(∫
R3
|∇z(t)|

)
≤ d

dt

(∫
R3

(V0(t) + V1(t))|z(t)|2 + 2Re
∫

R3
δV1(t)u(t)z(t)

)
+

d

dt

(
2
∫

R3
(Re(u(t)z(t)) ?

1
|x|

)Re(u(t)z(t))
)

+
d

dt

(∫
R3

(|u(t)|2 ? 1
|x|

)|z(t)|2
)

+ C ‖∇z(t)‖2L1 + C ‖V1‖H‖|x|z(t)‖2L2

+ C ‖∂tu(t)‖L2‖∇u(t)‖L2‖z(t)‖L2

+ C ‖δV1‖H (‖u(t)‖L2 + ‖∂tu(t)‖L2) ‖|x|z(t)‖L2 .

We integrate this, between0 andt ∈ [0, T ], usingz(0) = 0,
u ∈ L∞(0, T ;H2 ∩H2) and∂tu ∈ L∞(0, T ;L2). We obtain :

‖∇z(t)‖2L2 ≤
∫

R3
(V0(t) + V1(t))|z(t)|2 + 2

∫
R3
|δV1(t)||u(t)||z(t)|

+ 2
∫

R3
(|u(t)||z(t)| ? 1

|x|
)|u(t)||z(t)|+

∫
R3

(|u(t)|2 ? 1
|x|

)|z(t)|2 (7.29)

+ C

∫ t

0

(
‖∇z(s)‖2L2 + ‖z(s)‖2H1

)
ds+ C ‖δV1‖H

∫ t

0

‖z(s)‖H1 ds.

We set

E(t) = ‖z(t)‖2H1 + ‖z(t)‖2H1
=
∫

R3
(1 + |x|2)|z(t, x)|2 dx+

∫
R3
|∇z(t, x)|2 dx.

Moreover, we remind that we have (7.24) and (7.28) and adding this to (7.29), we get,
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for all t in [0, T ],

E(t) ≤ C ‖δV1‖H
∫ t

0

√
E(s) ds+ C

∫ t

0

E(s) ds

+
∫

R3
(V0(t) + V1(t))|z(t)|2 + C ‖δV1‖H‖u(t)‖H1‖z(t)‖L2

+ C ‖u(t)‖L2‖u(t)‖H1‖z(t)‖2L2 .

Then, we can prove that for allη > 0 there exists a constantCη > 0 such that∫
R3

(V0(t) + V1(t))|z(t)|2 ≤ Cη‖z(t)‖2L2 + η‖z(t)‖2H1∩H1
. (7.30)

Indeed, from Cauchy-Schwarz and Hardy’s inequalities, we have∫
R3
V0(t)|z(t)|2 ≤

∫
R3

|z(t)|2

|x− a(t)|
≤ C ‖z(t)‖H1‖z(t)‖L2 ,

∫
R3
V1(t)|z(t)|2 ≤ ‖V1‖H

∫
R3

(1 + |x|2) 1
2 |z(t)|2 ≤ ‖V1‖H‖z(t)‖L2‖z(t)‖H1

an we obtain (7.30) from Young’s inequality. Consequently, if we chooseη small en-
ough, we obtain

E(t) ≤ C ‖δV1‖H
∫ t

0

√
E(s) ds+ C

∫ t

0

E(s) ds

+ Cη‖z(t)‖2L2 + C ‖δV1‖H‖z(t)‖L2

and using (7.25), we get

E(t) ≤ C ‖δV1‖H
∫ t

0

√
E(s) ds+ C

∫ t

0

E(s) ds+ C ‖δV1‖2H .

We recall that here again,C denotes various positive constants, depending only on the
timeT . We set

F (t) = ‖δV1‖H
∫ t

0

√
E(s) ds+

∫ t

0

E(s) ds+ ‖δV1‖2H .

We have both

E(t) ≤ C F (t) and
dF

dt
(t) = E(t) + ‖δV1‖H

√
E(t)

≤ C F (t) + C ‖δV1‖H
√
F (t).

Then,
d

dt

(
e−Ct

√
F (t)

)
≤ e−CtC ‖δV1‖H and we obtain after an integration in time :

∀t ∈ (0, T ), F (t) ≤ C‖δV1‖2H .

This implies that there exists a constantCT > 0 such that

∀t ∈ (0, T ), E(t) = ‖z(t)‖2H1∩H1
≤ CT ‖δV1‖2H .
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Eventually, we have proved that,

sup
t∈[0,T ]

(‖(1 + |x|)z(t)‖L2 + ‖∇z(t)‖L2)
‖δV1‖H→0−→ 0.

Now, using this in (7.27), we obtain

d

dt
(‖w(t)‖L2) ≤ C ‖δV1‖2H + C ‖w(t)‖L2

and applying Gronwall lemma we get :∀t ∈ [0, T ], ‖w(t)‖L2 ≤ CT ‖δV1‖2H . There-
fore, we have

‖w(T )‖L2 = o(‖δV1‖H)

and the proof of Lemma 8 is complete. �

7.3 Optimal control of the coupled system

We recall the coupled system (7.1) we are considering :

i∂tu+ ∆u+
u

|x− a|
+ V1u = (|u|2 ? 1

|x|
)u, in R3 × (0, T )

u(0) = u0, in R3

m
d2a

dt2
=
∫

R3
−|u(x)|2∇ 1

|x− a|
dx−∇V1(a), on (0, T )

a(0) = a0,
da

dt
(0) = v0.

The electric potentialV1 takes its values inR and satisfy assumption (7.2) :

(1 + |x|2)− 1
2V1 ∈ L∞((0, T )× R3),

(1 + |x|2)− 1
2 ∂tV1 ∈ L1(0, T ;L∞),

(1 + |x|2)− 1
2∇V1 ∈ L1(0, T ;L∞) and

∇V1 ∈ L2
(
0, T ;W 1,∞

loc

)
.

(7.31)

On this evolution system we define the following optimal control problem :

if (u, a) is a solution of system (7.1) and ifu1 ∈ L2 is a given target, find a mini-
mizerV1 ∈ H for

inf{J(V, u), V ∈ H}
where the cost functionnalJ is defined by

J(V1, u) =
1
2

∫
R3
|u(T, x)− u1(x)|2 dx+

r

2
‖V1‖2H

and

H =
{
V,
(
1 + |x|2

)− 1
2 V ∈ H1(0, T ;W) and∇V ∈ L2

(
0, T ;W 1,∞)}

whereW is an Hilbert space which satisfiesW ↪→W 1,∞(R3).
We are going to prove Theorem 1 in the next subsection and the following one will

be devoted to the formal obtention of an optimality condition.
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7.3.1 Existence of an optimal control

We consider a minimizing sequence(V n1 )n≥0 in H for the functionalJ . It means
that

inf{J(V, u), V ∈ H} = lim
n→∞

J(V n1 , un)

where(un, an) ∈W 1,∞(0, T ;L2) ∩ L∞(0, T ;H2 ∩H2)×W 2,1(0, T ) is solution of

i∂tun + ∆un +
un

|x− an|
+ V n1 un = (|un|2 ?

1
|x|

)un, in R3 × (0, T )

un(0) = u0, in R3

m
d2an
dt2

=
∫

R3
−|un(x)|2∇

1
|x− an|

dx−∇V n1 (an), on (0, T )

an(0) = a0,
dan
dt

(0) = v0.

(7.32)

Since

J(V n1 , un) =
1
2

∫
R3
|un(T, x)− u1(x)|2 dx+

r

2
‖V n1 ‖2H,

we then obtain that(V n1 )n≥0 is bounded inH, independently ofn. Up to a subse-
quence, we haveV n1 ⇀ V1 weakly inH and

‖V1‖H ≤ lim‖V n1 ‖H.

The difficulty comes again from the term‖un(T )−u1‖2L2 . We will prove that the limit
(u, a) of (un, an)n∈N is a solution of system (7.1) associated withV1.
If we consider a solution(un, an) of system (7.32), since the sequence of the electric
potentials(V n1 ) is bounded inH, we can apply Theorem 2 and obtain that the sequence
(un, an) is bounded in

W 1,∞(0, T ;L2) ∩ L∞(0, T ;H2 ∩H2)×W 2,1(0, T )

independently ofn. We getan → a in L∞(0, T ) strongly andun ⇀ u weak in
C([0, T ], L2).

Therefore, since the applicationu 7→ ‖u(T ) − u1‖2L2 is lower semi-continuous,
thenun(T ) ⇀ u(T ) weak inL2(R3) implies

‖u(T )− u1‖2L2 ≤ lim‖un(T )− u1‖2L2

and we finally obtain

J(V1, u) ≤ limJ(V n1 , un) = inf
V ∈H

J(V, u).

SinceV1 ∈ H, that leads toJ(V1, u) = inf
V ∈H

J(V, u) and the existence of an optimal

control is proved.

Remark :As mentioned in the introduction, we can replace∇V ∈ L2
(
0, T ;W 1,∞) by

∇V ∈ L2
(
0, T ;W 1,∞

loc

)
in the definition ofH. Then, in the cost functionalJ , ‖V1‖H

has to be replaced by‖(1+ |x|2)− 1
2V1‖H1(0,T ;W) +‖∇V1‖L2(0,T ;W 1,∞(B(0,ρ))) where

B(0, ρ) ⊂ R3 and the point is to chooseρ > 0 conveniently. From chapter 5, and as one
can read in Theorem 2, we know that without any hypothesis on∇V1, we can bounda
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inC([0, T ]). In fact, we only need(1+|x|2)− 1
2V1 ∈ H1(0, T ;W). Moreover, when we

consider a minimizing sequence(V n1 )n≥0 inH, as soon asJ(V n1 , un) is then bounded,
for instance byJ(0, un), we obtain an a priori bound for‖(1 + |x|2)− 1

2V1‖H1(0,T ;W)

and then for‖an‖C([0,T ]). Thus, ifρ is chosen large enough to satisfy‖an‖C([0,T ]) ≤ ρ
for all n ∈ N, we will be able to proceed to the same proof as follows.

For clarity, we denote by (7.33) and (7.34) the two equations solved byu anda :

i∂tu+ ∆u+
u

|x− a|
+ V1u = (|u|2 ? 1

|x|
)u, in R3 × (0, T ) (7.33)

m
d2a

dt2
= −

∫
R3
|u(x)|2∇ 1

|x− a|
dx+∇V1(a), in (0, T ) (7.34)

and we want to prove that the limit(u, a) of (un, an)n∈N is a solution of (7.1).

Up to a subsequence, we have∂tun → ∂tu and∆un → ∆u in D′((0, T )× R3).

Moreover, on the one hand, sinceV1 is bounded inH, we have

(
V n1

(1 + |x|2) 1
2

)
n≥0

bounded inH1(0, T ;W). Since the embeddingW 1,∞(R3) ↪→ L2
loc(R3) is compact

and sinceW ↪→W 1,∞(R3), then from Lemma 7, we get the local strong convergence

V n1

(1 + |x|2) 1
2

n→+∞−→ V1

(1 + |x|2) 1
2

in L2(0, T ;L2
loc).

On the other hand,(un)n≥0 is bounded inL∞(0, T ;H2) and since(un)n≥0 is bounded
in L∞(0, T ;H2) ∩W 1,∞(0, T ;L2), we have the local strong convergence

un
n→+∞−→ u in L∞(0, T ;L2

loc).

We have, for allR > 0,∫ T

0

∫
R3
|V n1 un − V1u| ≤

∫ T

0

∫
BR

|V n1 un − V1u|+
∫ T

0

∫
Bc

R

|V n1 un − V1u|

≤
∫ T

0

∫
BR

∣∣∣∣ V n1 − V1

(1 + |x|2) 1
2
un(1 + |x|2) 1

2

∣∣∣∣
+ (1 +R2)

1
2

∫ T

0

∫
BR

∣∣∣∣ V1

(1 + |x|2) 1
2
(un − u)

∣∣∣∣
+

1
(1 +R2)

1
2

∫ T

0

∫
Bc

R

|V n1 un|+ |V1u|
(1 + |x|2) 1

2
(1 + |x|2).

Then, using Cauchy-Schwarz inequality, we can prove :∫ T

0

∫
BR

∣∣∣∣ V n1 − V1

(1 + |x|2) 1
2
un(1 + |x|2) 1

2

∣∣∣∣
≤

∫ T

0

(∫
BR

|V n1 − V1|2

(1 + |x|2)

) 1
2
(∫

BR

|un|2(1 + |x|2)
) 1

2

≤
√
T
∥∥∥(V n1 − V1)(1 + |x|2)− 1

2

∥∥∥
L2(0,T ;L2(BR))

‖un‖L∞(0,T ;H2)

≤ CT

∥∥∥(V n1 − V1)(1 + |x|2)− 1
2

∥∥∥
L2(0,T ;L2(BR))

n→+∞−→ 0,
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and

(1 +R2)
1
2

∫ T

0

∫
BR

∣∣∣∣ V1

(1 + |x|2) 1
2
(un − u)

∣∣∣∣
≤ CT

∥∥∥V1(1 + |x|2)− 1
2

∥∥∥
L2(0,T ;L2)

‖un − u‖L∞(0,T ;L2(BR))

≤ CT ‖un − u‖L∞(0,T ;L2(BR))
n→+∞−→ 0

and for allε > 0, there existsR > 0 such that

1
(1 +R2)

1
2

∫ T

0

∫
Bc

R

|V n1 un|+ |V1u|
(1 + |x|2) 1

2
(1 + |x|2)

≤ 2
√
T

(1 +R2)
1
2

∥∥∥V n1 (1 + |x|2)− 1
2

∥∥∥
L2(0,T ;L2)

‖un‖L∞(0,T ;H2)

≤ CT

(1 +R2)
1
2
≤ ε.

Eventually, we obtainV n1 un → V1u in L1((0, T )× R3).

Then, we have to work on the terms
un

|x− an|
and

(
|un|2 ?

1
|x|

)
un of sys-

tem (7.32). One can notice that(an)n≥0 is bounded inW 2,1(0, T ). We then have, up to

a subsequence, the strong convergencean
n→+∞−→ a in L∞(0, T ). We will check later

thata, together withu, is a solution of coupled system (7.1). We setϕ ∈ D((0, T )×R3)
which means in particular thatSupp ϕ is a compact set of(0, T )× R3.

We have
un

|x− an|
=
(

1
|x− an|

− 1
|x− a|

)
un +

un
|x− a|

and we will prove that inD′((0, T )× R3), we have the following convergences

un
|x− a|

n→+∞−→ u

|x− a|
and

(
1

|x− an|
− 1
|x− a|

)
un

n→+∞−→ 0.

On the one hand, sinceSupp ϕ is compact, from Hardy’s inequality we have∣∣∣∣∣
∫

[0,T ]×R3

(un(t, x)− u(t, x))ϕ(t, x)
|x− a(t)|

dtdx

∣∣∣∣∣ ≤ C‖un − u‖L∞(0,T ;H1(BR))

whereSupp ϕ ⊂ [0, T ]×BR and(un)n≥0 being bounded in the spaceL∞(0, T ;H2)
∩W 1,∞(0, T ;L2) gives the local strong convergence

un
n→+∞−→ u in C([0, T ];H1

loc).

Then‖un − u‖L∞(0,T ;H1(BR)) → 0 and we get
un

|x− a|
n→+∞−→ u

|x− a|
in D′.
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On the other hand, for the same reasons, we have∣∣∣∣∣
∫

[0,T ]×R3

(
1

|x− an(t)|
− 1
|x− a(t)|

)
un(t, x)ϕ(t, x) dtdx

∣∣∣∣∣
≤

∫
[0,T ]×R3

|un(t, x)||ϕ(t, x)||an(t)− a(t)|
|x− an(t)||x− a(t)|

dtdx

≤ ‖un‖L∞(0,T ;H1(BR))|an − a|L∞(0,T )

(∫
Supp ϕ

|ϕ(t, x)|2

|x− a(t)|2
dtdx

) 1
2

≤ C |an − a|L∞(0,T )
n→+∞−→ 0

which means

(
1

|x− an|
− 1
|x− a|

)
un

n→+∞−→ 0 in D′.

Finally, we are going to prove that(|un|2 ? 1
|x| )un − (|u|2 ? 1

|x| )u
n→+∞−→ 0 in

D′((0, T )× R3). We have

(|un|2 ?
1
|x|

)un − (|u|2 ? 1
|x|

)u = (|un|2 ?
1
|x|

)(un − u) + ((|un|2 − |u|2) ?
1
|x|

)u.

First of all, using Cauchy-Schwarz inequality and omitting the timet fixed in [0, T ],
we can write∫

R3
|ϕ|
∣∣∣∣(|un|2 ? 1

|x|
)un − (|u|2 ? 1

|x|
)u
∣∣∣∣ dx

≤
∫

R3
|ϕ||un − u|(|un|2 ?

1
|x|

) dx+
∫

R3
|ϕ||u|((|un|+ |u|)|un − u| ? 1

|x|
) dx

≤
(∫

R3
|ϕ||un − u|2 dx

) 1
2
(∫

R3
|ϕ|(|un|2 ?

1
|x|

)2 dx
) 1

2

+
(∫

R3
|u|2 dx

) 1
2
(∫

R3
|ϕ|2((|un|+ |u|)|un − u| ? 1

|x|
)2 dx

) 1
2

which gives ∫
R3
|ϕ|
∣∣∣∣(|un|2 ? 1

|x|
)un − (|u|2 ? 1

|x|
)u
∣∣∣∣ dx

≤ ‖un − u‖L2(BR)

(∫
R3
|ϕ|(|un|2 ?

1
|x|

)2 dx
) 1

2

(7.35)

+ ‖u‖L2

(∫
R3
|ϕ|2((|un|+ |u|)|un − u| ? 1

|x|
)2 dx

) 1
2

.

Next, from Hardy’s inequality, we have

(|un|2 ?
1
|x|

)(x) ≤ ‖un‖L2‖∇un‖L2 , ∀x ∈ R3

and sinceϕ ∈ D((0, T )× R3),(∫
R3
ϕ(x)(|un|2 ?

1
|x|

)2(x) dx
) 1

2

≤ C‖un‖2H1 . (7.36)

We will also need the following :
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Lemma 9. Let r > 0, v ∈ H1 andvn ∈ L2. If we assume thatvn
n→+∞−→ 0 in L2

loc,
then

∀|x| < r,

∫
R3

v(y)vn(y)
|x− y|

dy
n→+∞−→ 0.

Proof of Lemma 9. We setR > r andBR = {y ∈ R3, |y| < R}. From Cauchy-
Schwarz and Hardy’s inequalities, we obtain for allx such that|x| < r,∣∣∣∣∫

R3

v(y)vn(y)
|x− y|

dy

∣∣∣∣ ≤
∫
BR

|v(y)||vn(y)|
|x− y|

dy +
∫
Bc

R

|v(y)||vn(y)|
|y − x|

dy

≤ ‖v‖H1‖vn‖L2(BR) +
1

R− |x|
‖v‖L2‖vn‖L2

≤ C

(
‖vn‖L2(BR) +

1
R− r

)
.

Moreover, if we setε > 0, then there existsn0 ∈ N andR0 > 0 such that

C

R0 − r
≤ ε

2
and ∀n > n0, C‖vn‖L2(BR0 ) ≤

ε

2
.

Thus, for allε > 0 there existsn0 ∈ N such that for alln > n0,∣∣∣∣∫
R3

v(y)vn(y)
|x− y|

dy

∣∣∣∣ ≤ ε

and the lemma has been proved. �

We use this result to deal with the term
∫

R3
ϕ2((|un|+ |u|)|un − u| ? 1

|x|
)2.

Let t ∈ (0, T ) be fixed. SinceSupp ϕ is compact, we apply Lebesgue’s theorem on a
bounded domain to the sequence(fn(t))n∈N defined by

fn(x, t) =
(

(|un(t)|+ |u(t)|)|un(t)− u(t)| ? 1
|x|

)2

(x).

Indeed, sinceun−u
n→+∞−→ 0 inC([0, T ];L2

loc), u ∈ L∞(0, T ;H1) andun is bounded
in L∞(0, T ;H1) independently ofn, using Lemma 9 we obtain that for allt in [0, T ]
and for allx in Supp ϕ, fn(x, t) → 0. Then, from usual estimates we prove that
|fn(t)| ≤ C ∈ L1

loc(R3) and we finally get :∀t ∈ [0, T ],∫
R3
ϕ2(t, x)fn(x, t) dx = In(t)

n→+∞−→ 0. (7.37)

Now, plugging (7.36) and (7.37) in (7.35) we obtain, for allt in [0, T ],∫
R3
ϕ(t)

∣∣∣∣(|un(t)|2 ? 1
|x|

)un(t)− (|u(t)|2 ? 1
|x|

)u(t)
∣∣∣∣

≤ C‖un‖2L∞(0,T ;H1)‖un − u‖L∞(0,T ;L2(BR)) + ‖u‖L∞(0,T ;L2)

√
In(t)

≤ C
(
‖un − u‖L∞(0,T ;L2(BR)) +

√
In(t)

)
n→+∞−→ 0.

Thus we have proved

(|un|2 ?
1
|x|

)un − (|u|2 ? 1
|x|

)u n→+∞−→ 0 in D′((0, T )× R3).
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Therefore, we have all the elements to insure that(un) is converging in a weak sense
towardsu which is a solution of (7.33) in the sense of distributions. We finally have
to prove that the limita of the sequence(an) is a solution of (7.34). We already know
that(an)n≥0 is bounded inW 2,1(0, T ) and thatan → a in L∞(0, T ) and we have in
[0,T],

m
d2an
dt2

=
∫

R3
−|un(x)|2∇

1
|x− an|

dx+∇V n1 (an).

On the one hand, omitting again the fixed timet in [0, T ], we have

∇V n1 (an)−∇V1(a) = (∇V n1 (an)−∇V n1 (a)) + (∇V n1 (a)−∇V1(a))

and of course, sinceV n1 is bounded inH andV n1 ⇀ V1 weakly inH, we get

∇V n1 (a)−∇V1(a)
n→+∞−→ 0 in D′(0, T ) and

‖∇V n1 (an)−∇V n1 (a)‖L2(0,T ) ≤ ‖∇V n1 ‖L2(0,T ;W 1,∞)|an − a|L∞(0,T )
n→+∞−→ 0.

Therefore we obtain
∇V n1 (an) → ∇V1(a) in D′(0, T ).

On the other hand, using the idea of the proof of Lemma 9 we will prove∫
R3
|un(x)|2∇

1
|x− an|

dx
n→+∞−→

∫
R3
|u(x)|2∇ 1

|x− a|
dx in D′(0, T ).

Actually for all t in [0, T ], we can prove that an integration by parts gives∣∣∣∣∫
R3
|un(t, x)|2∇

1
|x− an(t)|

dx−
∫

R3
|u(t, x)|2∇ 1

|x− a(t)|
dx

∣∣∣∣
≤

∣∣∣∣∫
R3
|un|2∇

(
1

|x− an|
− 1
|x− a|

)
dx

∣∣∣∣+ ∣∣∣∣∫
R3

(|un|2 − |u|2)∇
1

|x− a|
dx

∣∣∣∣
≤ C

∫
R3

(
|un||∇un|

∣∣∣∣ 1
|x− an|

− 1
|x− a|

∣∣∣∣+ (|un|+ |u|)|un − u|
|x− a|2

)
dx. (7.38)

Sinceun is bounded inL∞(0, T ;H2), using Cauchy-Schwarz and Hardy’s inequality
we are able to deal with the first right hand side term. Indeed,∫

R3
|un(t)||∇un(t)|

∣∣∣∣ 1
|x− an(t)|

− 1
|x− a(t)|

∣∣∣∣
≤

∫
R3

|un||∇un|
|x− an||x− a|

|an − a|

≤ ‖un‖L2(0,T ;H1)‖∇un‖L2(0,T ;H1)|an − a|L∞(0,T )

≤ ‖un‖2L∞(0,T ;H2)|an − a|L∞(0,T )

≤ C |an − a|L∞(0,T )
n→+∞−→ 0. (7.39)

Now, sincea is bounded on(0, T ), un − u
n→+∞−→ 0 in C([0, T ];H1

loc), u belongs to
L∞(0, T ;H1) andun is bounded inL∞(0, T ;H1) independently ofn, then we obtain
in an analogous way as in the proof of Lemma 9 that for allt in [0, T ],∫

R3

(|un(t)|+ |u(t)|)|un(t)− u(t)|
|x− a(t)|2

dx = Jn(t)
n→+∞−→ 0. (7.40)
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In fact, omitting the timet, we have from Hardy’s inequality

Jn ≤
∫
BR

(|un|+ |u|)|un − u|
|x− a|2

dx+
∫
Bc

R

(|un|+ |u|)2

|x− a|2
dx

≤ (‖u‖H1 + ‖un‖H1)‖un − u‖H1(BR) +
2

R− |a(t)|
(‖u‖2L2 + ‖un‖2L2)

≤ C

(
‖un − u‖H1(BR) +

1
R− ‖a‖L∞(0,T )

)
and we can prove (see Lemma 9) that for allt in [0, T ] and for allε > 0, there exists
n0 ∈ N such that for alln > n0, Jn(t) ≤ ε.

Thus, using (7.39) and (7.40) together with (7.38), we get, for allt in [0, T ],∣∣∣∣∫
R3
|un(t, x)|2∇

1
|x− an(t)|

dx−
∫

R3
|u(t, x)|2∇ 1

|x− a(t)|
dx

∣∣∣∣
≤ C |an − a|L∞(0,T ) + Jn(t)

n→+∞−→ 0

and we finally obtain the awaited result. One can notice that we had already proved this
result in the preceding chapter, in a slightly different way (see the first step of subsec-
tion 5.3.4).

We then have proved thata is a solution of (7.34). As a consequence, the limit(u, a)
of (un, an) is a solution in the sense of distribution of system (7.1). Moreover, since
(u, a) belongs to the class

(
W 1,∞(0, T ;L2) ∩ L∞(0, T ;H2 ∩H2)

)
× W 2,1(0, T ),

then it satisfies the estimate (7.4) of Theorem 2 and is in fact a strong solution of
system (7.1). Hence the proof of Theorem 1. �

7.3.2 Formal Optimality condition

As we did in the case when the positiona of the nucleus is known, except the fact
that everything here will be done formally, we are going to give an optimality condition
for the electric potential optimal controlV1.

A first step is to consider the functional

Φ : H̃ −→ L∞(0, T ;L2(R3))× L∞(0, T )
V1 7−→ (u(V1), a(V1)))

and to study its differentiability. In this section, we will chooseH̃ as an Hilbert space
included in{

V,
(
1 + |x|2

)− 1
2 V ∈ H1(0, T ;W) and∇V ∈ L2

(
0, T ;W 1,∞

loc

)}
whereW is an Hilbert space which satisfiesW ↪→ W 1,∞(R3). Thus, we can take the
derivative ofV1 7→ ‖V1‖ eH. More precisely, we set here

H̃ =
{
V,
(
1 + |x|2

)− 1
2 V ∈ H1(0, T ;H3 ⊕ Sp{ψ1}) ∩ L2(0, T ;H4 ⊕ Sp{ψ1})

}
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with ψ1 ∈W 1,∞(R3) \H3 and∇ψ1 ∈W 1,∞
loc .

Indeed, sinceH3(R3) ↪→ W 1,∞(R3) and since the weight(1 + |x|2)− 1
2 has only

an influence at infinity, we can prove that
(
1 + |x|2

)− 1
2 V1 ∈ L2(0, T ;H4) implies

∇V1 ∈ L2
(
0, T ;W 1,∞

loc

)
. Moreover, we could actually consider the direct sum ofH3

with Span{ψ1, · · · , ψm} for m ∈ N but we will give here the particular case where
m = 1 andψ1 = 1.

Of course,Φ is well-defined if the solution(u, a) of the coupled equation (7.1) is
unique. Henceforth, our work is formal and one can notice that the lack of proof for the
uniqueness of the solution of system (7.1) is a first and main obstacle to prove next the
differentiability with respect toV1 of the cost functional J :

J(V1, u) =
1
2
‖u(T )− u1‖2L2 +

r

2
‖V1‖2eH.

Assuming that we have uniqueness of the solution of system (7.1) and assuming
thatΦ is differentiable, if we setDΦ(δV1) = (z, b), then(z(t, x), b(t)) has to satisfy
the following coupled system set inR3 × (0, T )

i∂tz + ∆z + V0z + V1z = −∂V0

∂a
· b u− δV1u+ (|u|2 ? 1

|x|
)z + 2(Re(uz) ?

1
|x|

)u,

m
d2b

dt2
= −

∫
R3
|u|2∇∂V0

∂a
· b− 2

∫
R3
Re(uz)∇V0 −∇δV1(a)−∇(∇V1) · b(a)

with initial conditionsz(0) = 0, b(0) = 0,
db

dt
(0) = 0 and withV0 =

1
|x− a|

(here

and subsequently).

Indeed, if we consider the electric potentialV1 +δV1 (whereδV1 ∈ H̃) which gives
the solution(u+ δu, a+ δa) to equation (7.1), we have :

i∂t(u+ δu) + ∆(u+ δu) +
1

|x− a− δa|
(u+ δu) + (V1 + δV1)(u+ δu) =

(|u+ δu|2 ? 1
|x|

)(u+ δu),

m
d2

dt2
(a+ δa) = −

∫
R3
|(u+ δu)|2∇ 1

|x− a− δa|
dx−∇(V1 + δV1)(a+ δa),

and using (7.1) and denoting(|u|2 ? 1
|x|

)u by F (u) as we previously did, we obtain



i∂tδu+ ∆δu+
1

|x− a|
δu+ (V1 + δV1)δu =(

1
|x− a|

− 1
|x− a− δa|

)
(u+ δu)− δV1u+ F (u+ δu)− F (u),

m
d2δa

dt2
= −

∫
R3
|u|2∇

(
1

|x− a− δa|
− 1
|x− a|

)
dx−

∫
R3
|δu|2∇ 1

|x− a− δa|
dx

− 2Re
∫

R3
uδu∇ 1

|x− a− δa|
dx−∇V1(a+ δa) +∇V1(a)−∇δV1(a+ δa).

We also have :

• 1
|x− a|

− 1
|x− a− δa|

=
∂

∂a

(
1

|x− a|

)
· δa+ o(δa),
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• F (u+δu)−F (u) = (|δu|2? 1
|x|

)(u+δu)+2Re(uδu?
1
|x|

)(u+δu)+(|u|2? 1
|x|

)δu,

• ∇ 1
|x− a− δa|

= − ∂

∂a

(
∇ 1
|x− a|

)
· δa+∇ 1

|x− a|
+ o(δa),

• ∇V1(a+ δa)−∇V1(a) = ∇(∇V1(a)) · δa+ o(δa),
• ∇δV1(a+ δa) = ∇(∇δV1(a)) · δa+∇δV1(a) + o(δa).

From these calculations and from the last system, we can deduce by linearization
the one satisfied by(z, b) as a candidate for a derivative ofΦ. Thereafter, ifJ is diffe-
rentiable inV1, sinceH̃ is an Hilbert space we get that for allδV1 in H̃,

DJ(V1, u)[δV1] = Re

∫
R3

(u(T, x)− u1(x)) z(T, x) dx+ r〈V1, δV1〉 eH.
Thus, the condition

DJ(V1, u)[δV1] = 0, ∀δV1 ∈ H̃

reads

Re

∫
R3

(u(T, x)− u1(x)) z(T, x) dx+ r〈V1, δV1〉 eH = 0. (7.41)

Remark :The main difficulty we encounter when we try to give a meaning to the system
of equations satisfied by the couple(z, b) is of same nature than the one we had when
we studied the equations solved by the difference of two solutions of system (7.1). In-
deed, as for the proof of uniqueness which misses in Theorem 2, even in a formal study
of the solutions, we have to deal with singularities of typeu|x|2 that we cannot bound
with Hardy’s inequality. Moreover, the use of Marcinkiewicz (or Lorentz) spaces as in
reference [10] is not directly appropriate here because of the properties ofV1.

We are now looking for the adjoint system in order to translate (7.41) in terms of the
adjoint state. We will give here the approach to get the awaited system, whose solution
is denoted by(p, %). We recall the equations solved byz andb :

i∂tz+∆z+V0z+V1z = −∂V0

∂a
·b u−δV1u+(|u|2? 1

|x|
)z+2(Re(uz)?

1
|x|

)u, (7.42)

m
d2b

dt2
= −

∫
R3

(
|u|2∇∂V0

∂a
· b+ 2Re(uz)∇V0

)
−∇δV1(a)−∇(∇V1)·b(a). (7.43)

We assume thatp(T ) = u(T )− u1, %(T ) = 0 and
d%

dt
(T ) = 0.

On the one hand, we multiply equation (7.42) byp, integrate onR3 × (0, T ) and we
take the imaginary part. After some calculations, we obtain :

Im

∫ T

0

∫
R3

(i∂tz + ∆z + V0z + V1z)p = −Im
∫ T

0

∫
R3

∂V0

∂a
· bup− Im

∫ T

0

∫
R3
δV1up

+Im
∫ T

0

∫
R3

(|u|2 ? 1
|x|

)zp+ 2
∫ T

0

∫
R3

(Im(up) ?
1
|x|

)Re(uz).
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Sincez(0) = 0, we get after some integrations by parts

Im

∫ T

0

∫
R3

(i∂tp+ ∆p+ V0p+ V1p)z + Im

∫
R3
i z(T ) (u(T )− u1)

= −
∫ T

0

∫
R3
Im(up)

∂V0

∂a
· b− Im

∫ T

0

∫
R3
δV1up (7.44)

+Im
∫ T

0

∫
R3

(|u|2 ? 1
|x|

)pz + 2 Im
∫ T

0

∫
R3
i(Im(up) ?

1
|x|

)uz

On the other hand, we multiply equation (7.43) by% and we integrate on(0, T ). After

two integrations by parts and since we haveb(0) =
db

dt
(0) = 0, we get∫ T

0

m
d2%

dt2
b = −2

∫ T

0

∫
R3
Re(u∇u)% ∂V0

∂a
· b− 2 Im

∫ T

0

∫
R3
iu∇V0 · %z

−
∫ T

0

%∇δV1(a)−
∫ T

0

∇(∇V1)(a)%b (7.45)

and the sum of (7.44) and (7.45) then gives

Im

∫ T

0

∫
R3

(i∂tp+ ∆p+ V0p+ V1p)z +
∫ T

0

m
d2%

dt2
b+Re

∫
R3
z(T )(u(T )− u1)

= Im

∫ T

0

∫
R3

(|u|2 ? 1
|x|

)pz + 2 Im
∫ T

0

∫
R3
i(Im(up) ?

1
|x|

)uz

−2 Im
∫ T

0

∫
R3
iu∇V0 · %z − Im

∫ T

0

∫
R3
δV1up−

∫ T

0

%∇δV1(a)

−2
∫ T

0

∫
R3
Re(u∇u)% ∂V0

∂a
· b−

∫ T

0

∇(∇V1)(a)%b−
∫ T

0

∫
R3
Im(up)

∂V0

∂a
· b.

From this equality, we can easily deduce the candidate adjoint system :

i∂tp+ ∆p+ V0p+ V1p = (|u|2 ? 1
|x|

)p+ 2i (Im(up) ?
1
|x|

)u− 2iu ∇V0 · %,

p(T ) = u(T )− u1,

m
d2%

dt2
= −

∫
R3

∂V0

∂a
Im(up)− 2

∫
R3
Re(u∇u)∂V0

∂a
· %−∇(∇V1)(a) · %,

%(T ) = 0,
d%

dt
(T ) = 0.

Therefore, we obtain :

Re

∫
R3
z(T ) (u(T )− u1) = −Im

∫ T

0

∫
R3
δV1up−

∫ T

0

% · ∇δV1(a) (7.46)

and from (7.41) and (7.46), we finally obtain that the optimal controlV1 has to satisfy
the optimality condition, for allδV1 ∈ H,

r〈V1, δV1〉 eH = Im

∫ T

0

∫
R3
δV1(t, x)u(t, x)p(t, x) dxdt+

∫ T

0

%(t) · ∇δV1(t, a(t)) dt.

Eventually, ifδa denotes the Dirac mass at pointa ∈ R3, we observe that

%(t) · ∇δV1(t, x) = div(%(t)δV1(t, x))
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and we get

∫ T

0

%(t) · ∇δV1(t, a(t)) dt =
∫ T

0

〈
δa(t), %(t) · ∇δV1(t)

〉
dt

=
∫ T

0

〈
δa(t),div(%(t)δV1(t))

〉
dt = −

∫ T

0

〈
∇δa(t), %(t)δV1(t)

〉
dt

= −
∫ T

0

〈
%(t) · ∇δa(t), δV1(t)

〉
dt

Therefore, the bilinear optimal controlV1 is the solution of a partial differential
equation defined by variational formulation in the following way :

r〈V1, δV1〉 eH =
∫ T

0

∫
R3
Im (u(t, x)p(t, x)) δV1(t, x) dxdt−

∫ T

0

〈
%(t) · ∇δa(t), δV1(t)

〉
dt.

We can finally give an interpretation of the optimality condition in terms of partial
differential equation’s. We recall that for the sake of simplicity, we consider

H̃ =
{
V,
(
1 + |x|2

)− 1
2 V ∈ H1(0, T ;H3 ⊕ Sp{1}) ∩ L2(0, T ;H4 ⊕ Sp{1})

}
.

For all V ∈ H̃, there existsX ∈ H1(0, T ;H3) ∩ L2(0, T ;H4) andE ∈ H1(0, T )
such that

V (t, x) =
(
1 + |x|2

) 1
2 (X(t, x) + E(t)).

Moreover,X = (I − ∆)−1Y with Y ∈ H1(0, T ;H1) ∩ L2(0, T ;H2). By now, we
have an optimality condition expressing〈V1, δV1〉 eH in terms of the state(u, a) and the
adjoint state(p, %). Nevertheless, we can write :

〈V1, δV1〉 eH =
〈

V1

(1 + |x|2) 1
2
,

δV1

(1 + |x|2) 1
2

〉
H1(0,T ;H3)∩L2(0,T ;H4)

= 〈X1, δX1〉H1(0,T ;H3) + 〈X1, δX1〉L2(0,T ;H4) + 〈E1, δE1〉H1(0,T )

= 〈Y1, δY1〉H1(0,T ;H1) + 〈Y1, δY1〉L2(0,T ;H2) + 〈E1, δE1〉H1(0,T )

=
∫ T

0

∫
R3

(I + ∂t)Y1(I + ∂t)δY1 +
∫ T

0

∫
R3

(I + ∂t)∇Y1 · (I + ∂t)∇δY1

+
∫ T

0

∫
R3

(I −∆)Y1(I −∆)δY1 +
∫ T

0

(
I +

d

dt

)
E1

(
I +

d

dt

)
δE1

=
∫ T

0

∫
R3

(I − ∂2
t )(I −∆)Y1δY1 +

∫
R3
∂t(Y1 −∆Y1)(T )δY1(T )

−
∫

R3
∂t(Y1 −∆Y1)(0)δY1(0) +

∫ T

0

∫
R3

(I −∆)2Y1δY1

+
∫ T

0

(
I − d2

dt2

)
E1δE1 +

dE1

dt
(T )δE1(T )− dE1

dt
(0)δE1(0).
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The optimality condition becomes :∀δY1 ∈ H1(0, T ;H1), ∀δE1 ∈ H1(0, T )

r

∫ T

0

∫
R3

[(I − ∂2
t ) + (I −∆)](I −∆)Y1δY1 dxdt+ r

∫ T

0

(
I − d2

dt2

)
E1δE1 dt

+ r

∫
R3
∂t(Y1 −∆Y1)(T )δY1(T ) dx− r

∫
R3
∂t(Y1 −∆Y1)(0)δY1(0) dx

− r
dE1

dt
(0)δE1(0) + r

dE1

dt
(T )δE1(T )

= Im

∫ T

0

∫
R3
up
√

1 + |x|2
(
(I −∆)−1 δY1 + δE1

)
dxdt

−
∫ T

0

〈
% · ∇δa,

√
1 + |x|2

(
(I −∆)−1 δY1 + δE1

)〉
dt.

Moreover, since for allx ∈ R3, f(x)∇δa = f(a)δa −∇f(a)δa, we also obtain :∫ T

0

〈
% · ∇δa,

√
1 + |x|2

(
(I −∆)−1 δY1 + δE1

)〉
dt

=
∫ T

0

〈√
1 + |x|2 % · ∇δa,

(
(I −∆)−1 δY1 + δE1

)〉
dt

=
∫ T

0

〈√
1 + |a|2 % · ∇δa −

a · %√
1 + |a|2

δa,
(
(I −∆)−1 δY1 + δE1

)〉
dt

and we deduce that for allδY1 in H1(0, T ;H1) ∩ L2(0, T ;H2) and for all δE1 in
H1(0, T ),

r

∫ T

0

∫
R3

[(I − ∂2
t ) + (I −∆)](I −∆)Y1δY1 dxdt

+ r

∫
R3
∂t(Y1 −∆Y1)(T )δY1(T ) dx− r

∫
R3
∂t(Y1 −∆Y1)(0)δY1(0) dx

+ r

∫ T

0

(
I − d2

dt2

)
E1δE1 dt+ r

dE1

dt
(T )δE1(T )− r

dE1

dt
(0)δE1(0)

=
∫ T

0

∫
R3
δY1(I −∆)−1Im

(
up
√

1 + |x|2
)
dxdt

−
∫ T

0

〈
(I −∆)−1

(√
1 + |a|2 % · ∇δa −

a · %√
1 + |a|2

δa

)
, δY1

〉
dt

+
∫ T

0

δE1

(∫
R3
Im
(
up
√

1 + |x|2
)
dx

)
dt

−
∫ T

0

δE1

〈√
1 + |a|2 % · ∇δa −

a · %√
1 + |a|2

δa,1

〉
dt.

Thus, the optimality condition corresponds to the system :

r
[
(I − ∂2

t ) + (I −∆)
]
(I −∆)Y1 = (I −∆)−1G in R3 × (0, T )

∂t(Y1 −∆Y1)(T ) = ∂t(Y1 −∆Y1)(0) = 0 in R3

r

(
E1 −

d2E1

dt2

)
=
∫

R3
G(x) dx in (0, T )

dE1

dt
(T ) =

dE1

dt
(0) = 0

(7.47)
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where

G(x, t) = Im
(
u(x, t)p(x, t)

)√
1 + |x|2

− %(t) · ∇δa(t)(x)
√

1 + |a(t)|2 +
a(t) · %(t)√
1 + |a(t)|2

δa(t)(x)

and
V1(x, t) =

(
1 + |x|2

) 1
2
(
(I −∆)−1 Y1(x, t) + E1(t)

)
.

Remark :The Fourier transform (in space variables) of the optimality system (7.47)
gives a one dimensional (time variable) elliptic system which can be solved.
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vibrantes, Asymptotic Analysis5 (1992), 343-379.
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à la contr̂olabilité exacte de l’́equation de ondes, C.R. Acad. Sci. Paris Śerie 1
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