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Réesunme

L'objet de cette thse est Btude de quelques proptés de lequation dévolution
de Schédinger. Dans un premier temps, on sr@ssex un probéme inverse concer-
nant cetteequation pose en domaine boén avec potentiel, lequeEgpend uniqguement
de la variable d’espace, et ddrende Dirichlet sur le bord. Oredhontrea I'aide d’'une
inégali€ de Carleman, que le prahe inverse de lagdermination du potentiél partir
de la mesure du flux de la solutiéntravers une partie du bord est un pashe bien
pos. Dans un deukime temps, il est question dédjuation de Sckidinger considrée
dansR? avec un potentiel coulombien, localement singulier, et un potegietrique
non borre, tous deux épendant des variables d’espace et de temps. On montre succes-
sivement I'existence d’'une unique solutioeguliere pour lIéquation lirgaire et pour
I’ équation avec non-lgarieé de Hartree. Ce sont désapes @Eliminairesa I'étude
d’'un syséme couplant travers le potentiel coulombien, cetiquation de Hartree-
Fock et uneéequation issue de la dynamique newtonienne. Essltats obtenus ici sont
indispensables I'étude finale des probines de conble optimal bilireaire pogsa
partir de ces diffrentesequation, le confile de la solutioretant effecté par le poten-
tiel électrique. On @montre I'existence d'un coritle optimal et on donne la condition
d’optimalité correspondante dans les cas appéspri

Mots-clés : Equation de Sclidinger, probtme inverse, iegali€ de Carleman, poten-
tiel singulier, existenceggularig, équation de Hartree-Fock, dynamique newtonienne,
contdle optimal bilireaire, condition d’optimald.

AMS classification codes 35R30, 31B20, 35B65, 35Q40, 35Q55, 34A12,49J20.

Abstract

This thesis deals with some properties of the time dependenb@clger equation.
On the one hand, we study an inverse problem about this equation set in a bounded
domain, with time independent potential and Dirichlet boundary data. Using a Carle-
man estimate, we prove the well-posedness of the inverse problem of determining the
potential from measurements of the normal derivative of the solution through a part of
the boundary. On the other hand, we consider a&tihger equation set iR3 with
a coulombian potential, locally singular, and an electric unbounded potential, both de-
pending on space and time variables. We prove the existence of a unique solution, as
regular as the initial data, for the linear equation and for an equation with Hartree non-
linearity. This is a first step for the study of a system where this Hartree-Fock equation
is coupled with classical newtonian dynamics. Eventually, we consider bilinear optimal
control problems of the solution of these different equations, the control being perfor-
med by the external electric potential. We prove the existence of optimal controls and
give optimality conditions in the suitable cases.

Keywords : Schibdinger equation, inverse problem, Carleman inequality, singular po-
tential, existence, regularity, Hartree-Fock equation, classical dynamics, bilinear opti-
mal control, optimality condition.






Table des materes

Introduction 9

| Probleme inverse de étermination de potentiel dans [equation

de Schdinger en domaine borre 27

1 Introduction 29
1.1 Equation de Schdinger endomaineboén . . . . . ... ... ... 29
1.2 Irégalié de Carleman et applications . . . . . ... ... ....... 32

2 Uniqueness and Stability in an Inverse Problem 39
2.1 Introduction . . . . . .. 40
2.2 Adglobal Carlemanestimate. . . . .. ... ... ... ........ 43
2.3 Stabilityinthelinearcase. . . . .. .. ... ... ... ....... 50
2.4 Existence and regularity properties . . . . .. ... ... ... 53
2.5 Proofof Theoremland Corollary2 . .. ... ... ......... 54
2.6 Improvement of the symetry of the two-sided estimates . . . . . . .. 56

Il Existence et Régularité de la solution d’'uneéquation de Hartree-
Fock déependant du temps coupte a une équation de la dyna-

mique classique 61

3 Approximations en Chimie Quantique 63
3.1 Quelques notions deGoanique quantique . . . . . . . . .. ... .. 63
3.2 Objectif . . . .. . 64
3.3 Approximation non adiabatique . . .. .. ... ... ... 65
3.4 Approximation de Hartree-Fock . . . .. ... ... ... ...... 67
3.5 Methode de Hartree-Fock restreinte . . . . . .. ... .. ... ... 70
3.6 Conclusion . .. ... .. ... ... e 71

4 Regularity for a linear Schrodinger equation 75
4.1 Introduction . . . . . . ... 76
4.2 Preliminaryestimates . . . .. ... .. ... .. ... .. ..., 77
4.3 Existence and regularity resultifi* N Hy, . .. .. ... ... ... 79
4.4 Proofof Theorem1 . . . ... . . ... . ... ... .. .. ..... 84



5 Hartree-Fock equation

5.1 Introduction, notations and main results
5.2 Anonlinear Sclidinger equation . . . . .. ... ..
5.3 Proof of Theorem 1 forasmalltime. .. ... ...

5.4 Global existence of solutions . . . ... ... .. ..

[l Contr dle optimal bilin éaire d’'une équation de Hartree-Fock

dépendant du temps

6 Optimal control on a Schrodinger equation

6.1 Introduction . ... ... ... ... ... ... .
6.2 Bilinear Optimal Control . . . . ... ... .....

7 Optimal control on Hartree-Fock equation

7.1 Introduction . . . .. .. .. ... L.
7.2 Non-Linear Sclirdinger Equation . . . . . .. .. ..

7.3 Optimal control of the coupled system

Bibliographie

117

119



Introduction

Leséquations aux@rivées partielles permettent d’aborder d’un point de vue &xath
matique des pdnorenes obsels, par exemple dans les domaines de la physique et
de la chimie. Les situationségendant du temps se traduisent plus pargceinent
par desequations ddvolution tenant compte @ventuelles interactions entre objets et
évenements.

Pourétre matématiquement abordables, d&guations ont souveite largement
simplifiees et leurs prop#tes les plustudiees sont parfois foloigreées deséaalites
physiques auxquelles elles correspondent. Les recherches actuelles éamientiser
les contraintes maématiques pour se rapprocher des exigences des sciences directe-
ment concergées. Notre contributioa I'étude degquations aux &ivees partielles se
partage entre ces deux courants. Nos premiers travaux (Parties | et |Blsignes
des péoccupations physiques en ce qu'ils reste@s tieoriques et difficilement ap-
plicablesa des situations congtes. Ceux que nous avons ensuite effest{iPartie 111)
nous rapprochent significativement des attenteggxentales, tant au niveau des pro-
prietes cemontées gu’au niveau de la pertinence dejliationétudie.

Les travaux pesenés dans cette #se concernentédquation de Sckidinger, issue
de la physique quantique et dont la solution est amp&fonction d’'onde”. Le lecteur
trouvera au chapitre 3 une description des processus permettant d’obtenir I'expression
mattematique de cettequatiora partir de sa formulation étanique prengre. Elle se
présente donc dans ce manuscrit sous la forme suivante :

i0pu(x,t) + Au(z,t) = f(x,t,u(z, b)), (z,t) € R® x (0,T). (1)

La fonction d’ondeu décrit ici I'état d’'une particule quantiqug,u est sa érivée en
temps,A est I'opéerateur de Laplace. Le ternféu) mocElise 'ensemble des influences
subies par la particule. La solutiardépend des variables de teni@ppartenard I'in-
tervalle[0, 7] et d’espace: évoluant dans) qui sera bora dansR?¢ (d € N*) ou égal
aR3. Il faut préciser que la notion de particule quantique peut aussi bien correspondre
a un atomea une makcule, qua un ou plusieurglectrons. Comme pcis ci-dessus,
on consi@ére selon les chapitres dffents modles auxquels correspondent diféntes
formes def. Le termef(u) contient alors I'action de divers potentiel€lectriques
commegq(z) et Vi (z,¢) pour une action egrtrieure, ou coulombien comnig(x,t)
pour I'attraction exeree par d’autres particules, ainsi qué&wEntuelles interactions
internesa la particule quantique métisee, comme |u|? x = )u qui correspond un

[]
terme de champs moyen.

La préoccupation prerdre du matBmaticien confroréa uneéquation aux érivees
partielles est de lui donner un sens dans des espaces fonctionnels d@spebptily
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démontrer I'existence d'une solution. Cependant, aa diel ce proldme majeur, ces
équations sont I'objet de multiplétudes approfondies sur leurs diverses pédpsi

Les questions d'unici de la solution, de s&gularie en fonction des dores (ini-

tiales, aux limites...) ou de son comportement asymptotique en sont des exemples,
auxquels s’ajoutent les prabshes de condabilité exacte ou approéle, de confile
optimal ou I'étude de prol@mes inverses. Nougdrirons plus loin les prop#tés que

nous avongtudiées au sujet dedguation de Sclkdinger. Il estevident qu’en ce qui
concerne (1), beaucoup de chosépehdent de la nature du terme soufce

Dans un premier temps, nous avons tragalir un prol#me inverse de&termina-
tion de potentiel pdsa partir de léquation (1) aved(u) = —qu etq = g(z), en
domainef) borré dansR? avec donie de Dirichlet sur le bord. Dans cette situation,
I'existence, l'unicie et la Eégularie de la solution sont bien connues. On eesgnte
les grandes lignes dans le chapitre 1. &salution de Equation

i0u(z, t) + Au(z, t) + g(z)u(z,t) =0, ze€Q,te(0,T)
u(z ,t): x €0, te(0,T) 2
x,O) x €N

de solutionu et en supposant connus la déeninitialeu, et le potentielg est ce
gue I'on nomme lgorobleme direct Par contre, la gtermination du potentiel dans
I’ équation (2} partir des valeurs de la domminitialeu, et du flux de la solution a
travers une parti€, de 92 est ce que I'on appelle lgrobleme inverseSa ésolution
fait I'objet du chapitre 2 de la partie 1.

Nous nous sommes ensuitedrasgsa la emonstration de I'existence et kagula-
rité de la solution; de I'équation

u
j Au+ ———— + Viu = (Juf? x & R3, ¢ T
{ i0pu + Au + = a(D) + Viu = (Jul]® % m)u, zeR? t€(0,T) 3)

u(z,0) = uo, reR3

qui correspond 'équation (1) dans le caf(u) = — %o — Viu + (Juf* * )u et
Q) = R? (chapitre 5). Les potentieIB’o et V; dépendent tous les deux des variables
d’espace et de temps, maislgi = To=al est localement singulier (c’est un potentiel
coulombien),V; est non boraa l'infini. Par la suite, nous nous iEtessonggalement
a un systme couplant Bquation (3) avec unequation dif€rentielle ordinaire d’ordre
deux en temps et d'inconnue= a(t) et nous donnerons legtils plus loin dans cette
introduction. Etant dorge I'incompatibilie apparente des deux potenti&lset 11, il
est apparu indispensable déendontrer d’abord, dans le chapitre 4, I'existence et la
régularié des solutions dedquation lirgaire (c’esta-dire sans le termgu|? x ﬁ)u).
Nous avons finalement travdillla question du corfite optimal bilireaire de la
solutionu de I'equation (1) par le potentiéf;, dans les cas li@aire, non-ligaire et
coupk. Dans la perspective d&tude du confile optimal (Partie 111), il &t indispen-
sable de @montrer d’abord I'existence et lagularie des solutions (Partie II).

Nos travaux se jsentent donc en trois parties, la premétant distincte des deux
suivantes. Nous allons @senter ici les principaux objectifs de chacune d’entre elles.
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Premiere partie :
Probleme inverse de dtermination de potentiel.

Dans la formulation d’'un pdnonenea l'aide dessquation aux érivées partielles,
tous les paragtres (par opposition aux solutions commjequi interviennent ne sont
pas toujours bien connus. Des mesureséexpentales sont alorsénessaires leur
détermination. La notion de pradrine inverse consiste en la possibilite retrouver la
valeur d’'un pararetrea partir de mesures sur la solution du sysé consiére.

Le probEme inverse auquel nous nousirgssons dans cette&e concerned¢qua-
tion de Schadinger avec potentiel, pés en domaine boénavec donée de Dirichlet
sur le bord. Il s’agit peciment de @montrer que la mesure du flux de la solution de
I’ équationa travers une partie suffisamment grande de la feoetiu domaine, permet
de retrouver la valeur du potentiel isgendant du temps intervenant daiésjliation.

On decrit la situation de la magéie suivante. Soieff > 0 et ¢ R? un ouvert
borré de frontered(2 de class&2. On consiére I'equation

iOy(@,t) + Ay(z,t) + q(a)y(x,t) =0, x€Q,te€(0,T)
y(z,t) = h(z,1), r €0, te(0,T) 4)
y(x70):y03 z e

et on suppose qugest une fonction boge sur.

On peut péciser ici la notion de probmebien pog introduite par Hadamard. Si
on se donne deux espaces de Banacét F' et ¢ une application d&/ dansF, le
probleme matbmatique consistatat chercher, pour ub donré dansF’, un élementa
de E tel que¢(a) = b est ditbien pog si on peut erifier que :

(7) lasolution du prol#me existe toujourge
Vbe F,3a € Etelquep(a) = b,

(#) la solution du prol#me est uniquee
Yai,az € E, ¢(a1) = ¢(az) = a1 = ag,

(#4¢) la solution @&pend contiiment des dores (on ditp stablg ie
¢! est continue dé" danskE.

Le chapitre 1 pecise dans quels espadést F' le probEme direct, consistai cher-
cher la solution; de I'équation (4tant don@ésyq, h etq, est bien pos.

La plupart des prokimes inverses pour l&gjuations aux @rivées partielles sont
mal po£s, le plus souvent car I'application corisige estinstable Nous allons tout
d’abord formuler le prolime inverse qui egtudé dans le chapitre 2. Nousgmiserons
ensuite comment nougpondons effectivement aux diffice#t fequemment éesa
cette classe de prabhes.

Probleme inverse non lirgaire : Peut-on retrouver le potentiel= ¢(z) pour toutz
de(2 a partir d'une mesure de l&dvée normale

9y
OV Ty x(0,T)

ou y vérifie I'équation (4) et’y est une partie de la frotie o) ?
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Le vecteurv est la normale unitaire sortardda frontere de) et on rappelle que

la dérivee normale estéfinie para—y = Vy - v. Ici et dans toute la suite de I'in-

troduction, la notatiorv vaut pourVIe gradient par rapport aux variables d’espace :
ov v
Vo= —,....,— |.
((“)xl (“):ch>

Lapplication ¢, : g — % consicerée ici est non-ligaire et c’est pourquoi
le probEme inverse correspon%ant I'est aussi. Il est possible de faire deux autres re-
marques. D’'une part, il faudrageiser la taille d&y et de fait, une condition@prétri-
que sera @cessaire. D'autre part, laponse que nous allons appodeare probtme est
locale. C’est en effet autour d’un potentiel conpc’esta-dire pour des potentiefs
proches dg dans une certaine norme, que nous alldsfir les notions d’unicé et de

stabilitt de ce proldme inverse@pondant ainsi, d’'une certaine marg,a la question
pose.

Pour clarifier la situation, nous allons, dans un premier temps, travailler sur une
version lireari€e du prol@me inverse. Plus pciment, on se donne un potentigl
la solutiony(q) de (4) est alors connue et si I'on pose

v=y(p) —y(q)
f=q-p
R =y(q),

alorsw vérifie I'équation suivante :

0w+ Av+ (¢ — f)(z)v = f(z)R(z,t), dans x (0,T)
v =0, sur 92 x (0,7)
v(0) =0, dans Q.

Travailler sur une version lgari€e du prol#me inverse consisteconsi@rer la solu-
tion u de I'équation

iOwu(x, t) + Au(z, t) + g(x)u(z,t) = f(z)R(z,t), z€Q,te (0,T)
u(z,t) =0, xed, te(0,T) (5
u(z,0) =0, x €.

On remarquera que legsultats d’existence et dégularie cécrits dans le cha-

pitre 1 permettent de donner au moins un sens faible aux solutioéxjdasons (4) et
(5) eta leurs @rivées normalesés lors que I'on se place dans un cadre appéeopri

Probleme inverse lireaire : Peut-on éterminer le terme sourgésur{) connaissant

le flux a travers la paroi
ou

5 Tox ((),T)
de la solution de Bquation (5) ?

s — 0
Sans entrer dans lestdils, I'application ¢, : f — au correspondana ce

14
probeme est ligaire et la question sous-jacente dmlitité de la solution du prokime
inverse lireaire peuttre matématiquement formék de la facon suivante :

@
ov

=0)=(f=0surQ))?
F(]X(O,T) ) (f )
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C'est-a-dire, dans le cas non-kaire, est-ce que deux mesueggmles du flua travers
I'y pendant un temgs donnent deux potentiels egaux $uP

Par ailleurs, la notion cruciale dgabilite d’'un probEme inverse doitre aborée.
Les principales difficults rencontres dans la&mnonstration des #oemes que nous
allonsénoncer se @sentent effectivement lors détude de la stabit. Dans le cadre
non-linéaire, il s’agit de @rifier qu’il est possible d’estimer la distance entre deux po-
tentielsp et ¢ par une norme convenable de la diffince entre les mesures des deux
flux correspondants :

dy(p) o y(q)
v Iryx(0,T) ov

Tox(0,T)

En d’autres termes, dans le cadrehire, lastabilite du probEme se traduit par la pos-
I . 0
sibilité d’estimer la norme d¢ par celle dea—u

14

dans des espaces appreégri
Tox(0,T)

Cela correspond la continuié de I’applicationcb;l.

Les livres de V. 8AKOV [23, 24] et de A. L. BUKHGEIM [7] permettent d’abor-
der plusieurs technique€ksa la €solution de prol@mes inverses pés pour diverses
équations. Cependant, la plupart desuitats existants pour le type de pkahk inverse
qui nous inéresse concernenéljuation des ondes. Par exemple, dans [41] et [53], J.-P.
PUEL et M. YAMAMOTO, étudient la étermination du potentiél partir d’'une donae
de Dirichlet et une mesure de Neumann, comme dans la situation qui néresse.

O. Yu. IMANUVILOV et M. YAMAMOTO s'intéressent dans [20, 2&]la situation a
I’ équation des ondes est avec deanle Neumann et I'on retrouve le potenéidlaide
d’'une mesure de Dirichlet. Tous ces articles sonébasir des ibgalies de Carleman,
globales ou locales, et fournissent desultats de stabifit

Historiguement, c’est d’abord l'uni@tdans les probimes inverses qui egsolue.
A ce sujet, le papier commun de A. LUBHGEIM et M.V. KLIBANOV publié en 1981
fait date : on y trouve pour la presre fois une rathode base sur les iagaliés de
Carleman. On peut ensuiégeoquer [29] de KIBANOV et les travaux [27] de A. KAI -
DAROV.

Plus tard, on trouve dans l'article [41] de J.-RER et M. YAMAMOTO comment
l'unicité du probéme inverse pour &quation des ondes implique la stakilglobale
lipschtizienne pour des normes apprées. Les auteurs sont cependant dsigle
choisir des don@es tés egulieres et I'article plusacent de M. XMAMOTO [53] affine
le résultat, toujours en partant de l'uniciét d’une iggalie d’observabilig. Il reste que
les esultats de stabibit s’ils sont de plus en plus nombreux, sont plus rares que ceux
d’unicité.

On peut enfin signaler l&solution de prol@imes inverses pés sur degquations
stationnaires par I'utilisation de "Dirichlet to Neuman map”. Nous fais@fsrencea
[9] et [45] par A. L. BUKHGEIM, J. STLVESTER et G. UHLMANN, en signalant que
leur formulation @cessite des observations pour toutes les &esrau bord, ce qui
n'est pas notre cas. Par contre, nous avons besoin de mesures durant un temps d’'obser-
vationT > 0 et cela constitue une autre forme d@gatition des observations.

L'objet principal de l'article pesené dans le chapitre 2 est l&honstration du
theéoeme suivant, quigpond au prol@me inverse non ligaire correspondaatl’équa-
tion (4).
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Résultat 1. Soient un ouvert bori deR¢ etT'y une partie de sa frongire. Soit/ un
sous ensemble bagrde L>°(Q2) et soienty € L>°(Q) etrg > 0.
On consi@re la solutiony(q) de I'équation(4) et on suppose que :

Jzo € R\ Q tel que {z € 9Q; (z — x0).v(x) > 0} C Iy,
y(g) € WH2(0, T, Wh>(Q)) n W1(0, T, L>(9)),
yo estavaleurs Eelles et|yy(z)| > ro presque partout dans.

Alors il existe une constante = C(, T, T, |||z, yo, h,U) > 0 telle que quelque
soitp appartenanf i/ et \erifiant ¢ — p € H}(Q),ona

_ Iylq)  9y(p)
P

H < Cllg = plgo-
H1(0,T5L2(To))

L'in égali€ de droite traduit la&bendance continue de larilée normale par rap-
port au potentiel et&coule desésultats classiques degularie cetailles dans le cha-
pitre 1. L'inégali€ de gauche donne la stal#liet bien ar I'unicité du probéme in-
verse non ligaire que nousétudions. Ce dernieésultat @coule principalement d'une
inégalie de Carleman globale pouéfjuation de Scldinger avec potentiel, que nous
allons pésenter aussi dans le chapitre 1. |&i@&t de notre @monstration, comme ce
que I'on peut lire dans [21] par O. YumMANUVILOV et M. YAMAMOTO et par rap-
porta de nombreux travaux, comme [53] d@MWAMOTO, (pour ne citer que ceusd),
est la preuve directe de l'agali€ de stabilié, sans passer augalable par unasultat
d’unicité.

Nous signalons que césultat est encore vrai si I'on remplace I'hypésle ‘%, est
a valeurs eelles” par %o prends ses valeurs dai®’. Par contre, sy, est plus @réral
et prends ses valeurs dafiset si on considre I'equation(4) sur (=7, T), on saura
9y(q)  Oy(p)

v g ‘Hl(TﬁT;H(Fo)).
Dans un premier temps, nousrdontrons en fait un #oeme Epondant au probme
inverse lireaire de étermination d’'une partie d’un terme source.

estimer||q — p|| g1 o) Par

Résultat 2. Soient2 un ouvert bore deR<? ety une partie de sa fronére. Soient
q € L*>(2) tel que||q| ) < M etry > 0. On suppose que

Jzo € R\ Q tel que {z € 99Q; (x — z0).v(z) > 0} C Ty,
R e Wh2(0,T,Wh>(Q)), R(0) estavaleurs Eelles et
|R(x,0)| > ro presgue partout dans).

Alors il existe une constant€ = C(Q, T, M, || R||w1.20,17,w1.~(q))) > 0 telle que
pour toutf € H}(Q), siu est la solution de Bquation(5),

ou
W < C | fllaz0)-

CH 1 fllL2e) < H
H1(0,T;L%(Ty))

Nous travaillons essentiellement sugduation erifiee par la érivee en temps de
u. La démonstration de l'iegali€ de droite écoule alors destsultats classiques de
régularié et celle de gauche utilise l&galie de Carleman. L'iée principale est ins-
pirée de l'article [21] de O. Yu.MANUVILOV et M. YAMAMOTO. On pourra remar-
quer que contrairemeatla double iggalie du Resultat 1, cell&non&e ici n'est pas
symétrique.



15

Dans le ésultat concernant le cas &aire, toutes les constantes qui apparaissent
dépendent uniqguement de la northe® du potentiel. C’est la é de la @monstration
du Résultat 14 partir du Resultat 2. Ainsi, @s que; € U, oul{ est un bord deL>((2),
on se ramne pour lequation erifiee pary(p) — y(¢) a une situation similaire au cas
linéaire. Il reste ensuita syneétriser la double iagali€ obtenue. C’'est uresultat ob-
tenua partir d'une iegali€ d’observabilié, cite dans le chapitre 1 eéohontée dans
le chapitre 2.

Une autre approche de l'uniéite la @étermination de potentiel, pour un prébie
stationnaire, est congitee dans [9] par A. L. BKHGEIM et G. UHLMANN, ou I'on
suppose connue I'application gaichaque dorée de Dirichlet, associe la valeur de la
dérivee normale de la solution siig. Dans le cas ou la mesure de kxidée normale
se fait sur la totalé de la frontére def?, il faut citer le esultat d’unicié globale [45] de
J. SrLVESTER et G. UHLMANN. Les esultats d’unicié obtenus par les auteurs de [9],
outre la condition sur la partie, de la frontere consiérée, pésentent de grandes ana-
logies avec les@tres. Nous faisons une unique mesure mais pendant un intervalle de
temps(0, T') tandis qu’ils font une infiné de mesures correspondarthaque dorée
au bord. Lutilisation d'une iagalié de Carleman et les conclusions obtenues rap-
prochent significativement nos travaux mais la comparaison des ésultats reste
une question ouverte iatessante.

Dans un deuxime temps, nous avons voulu nous rapprocher dascpupations
des matkmatiques appliceesa la chimie quantique en nous énéssant au probine
de contble optimal bilireaire d’'uneéquation de Sckidinger non-liaire moélisant
un atome d’'Hlium.

Deuxieme partie :
Existence et Regularité.

Nous Epondrons prciment dans le chapitre&8la question de la m@lisation
d'un atome d’Helium soumisa un champélectrique non homame, @pendant du
temps. Le systme déquations qui suit en est la conclusion. Nous casrsids

i0yu + Au + mu + Vi(z, t)u = (Jul? * Ell)u, (z,t) € R x (0,T)
u(z,0) = uo(x), reR3
d*a _ 9 1 (6)
da
a(O) = aop, %(0) = 19.

La variableu est la fonction d’'onde des dewtectrons de I'atome et correspond en
fait preci€menta l'orbitale spatiale grérant les spin-orbitales de chacune des deux
particules quantiques. La variahieest la position du noyau, cong&& comme une
particule classique et soumise aggles de la dynamique newtonienne.

La premereéquation de ce sy&ine, appéeéquation de Hartree-Fock, meldse
le comportement deslectrons soumis au potentiel coulombien d’attraction du noyau
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et au potentieblectrique e>érieurV1. Linteraction entre les deusdectrons est

1
|z —al

traduite par le second membfie:|? x )u La deuxemeéquation modlise la posi-

tion du noyau soumia un Champ'alectrlquea travers le term&V; (a) et interagissant
avec le nuageélectronique par le biais d’un potentiel dit de “Hellmann-Feynman” de

1
dzx.
T ™

Nous faisons les hypo#ises suivantes sur le potengégtctriquel; :

Iaforme/ lu(z)|*V(
RB

(1+[z]*)~'Wy

1+ |z*)~" oW

1+ |z~ tvwy
\A%

L>®((0,T) x R?)
LY(0, T; L (R?)

LY(0, T; L°°( 3)) et (@)
L2 (0.7 W (RY) ).

)
)

M MMM

Avant de travailler dans la troisine partie de cettedise sur un proBme de contile
optimal bilinéaire lé & cestquations, nous psentons ici lesasultats d’existence et de
regularie des solutions de (6). Nous introduisons I'espace :

H? N Hy(R?) = {v € H*(R?), /Rg(l +|2[*)?v(2)|? dr < —l—oo}

qui est l'intersection de I'espace de Sobolé¥(IR?) et de son image par la transfozm
de Fourier.

Résultat 3. Soit7T > 0 un temps arbitraire. Si; vérifie I'hypothese(7), et si
up € H? N Hy(R3) et (ag,vp) € R?, alors le systme(6) posgde au moins une
solution

(u,a) € (L>(0,T; H*> N Hy(R*)) NnWH>(0,T; L*(R?))) x W*1(0,T).

Dans le cas particulier d’'un champ lasar ke champVV; peutétre consiéré
comme homogne en espacé/{(z,t) = E(t) - ), E. CANCESet C. LE BRIS démon-
trent I'existence et I'unic& d’'une solution globaléu, a) au syséme correspondant. Ils
utilisent ainsi dans [10] un changement d’'inconnues qui pernédinther le potentiel
électrique et d'utiliser par la suite legsultats de K. XJIMA, déemontés dans [51],
sur I'equation de Sclidinger lireaire avec potentiel coulombien. Cette technique, dite
de changement de jauge éte peccdemment explo#e par R. J.®dRI10 et D. MAR-
CHESIN [22] dans des circonstances similaires. Les potenéldstriques que nous
consicerons sont plusé&réraux et ne permettent pas cette posséilMous avons be-
soin d’'un ésultat central suré&quation de Sclkidingerlinéaire avec potentiels singu-
liersVy = o—ay etV1. Il permettra de lever certaines des diffi@dtrenconges dans

la demonstration de I'existence d’un cougle a) solution.

Nous devons par ailleurs signaler que &ntbnstration de l'unicét de la solution
de notre systme reste un probime ouvert. Nous avons ténd'utiliser une néthode di-
recte (erecrivant le systme \erifié par la diference de deux solutions) et unétimode
par dualie. Dans les deux cas, les singulesibpparaissant dans le &ysea consi@rer
ne permettent pas &crire les plus simples estimations a priori. Il faut signaler que les
espaces de Lorentz, utiéis dans [10] pour &@mnontrer I'unicié dans le cas sans po-
tentielélectrique, ne sont pas apprd@siau potentieV; et que c’est le changement de
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jauge qui donna la fois existence et uniétpour le prok#me avec potentiel homége
en espace.

On trouvera la @monstration du Bsultat 3 dans le chapitre 5. C’est I'aboutisse-
ment de plusieurs&@mnarches. En premier lieu, comme nous l'avons &igplus haut,
nous @&montrons dans le chapitre 4 w@sultat @néral d’existence et deegularié pour
I'équation de Sclkidinger lireaire contenant les potentidls = T et v, dont les
singularies sont de naturests differentes. Dans un dewme temps, il s’agit de traiter
la presence d’une non-learié dans cettéquation pour finalement pouvoir aborder le
couplagea travers le potentiel coulombien dédjuation de Hartree-Fock pouravec
uneéquation diferentielle ordinaire pour.

On consi@re ainsi tout d'abord &quation de Sclkdinger lireaire :

{ iatu+Au+|$th)‘+Vl(x,t)u=0, (z,t) € R? x (0, T) .
u(z,0) = ug(z), xz € R3

ou le potentiell; esta valeurs eelles et @rifie avea les hypotleses :

a € W?210,T;R?)
1+ |z|>)~'wvy € L>((0,T) x R3), )
1+ |z~ to,Vn € LY(0,T;L*°(R?)) et

1+ [z|)~'VVi € LY0,T; L%(R3)).

L'article qui est pésené dans le chapitre 4 donne l&rdonstration du #oeme
d’existence et d’'unicé de la solution de &quation (8) que nous citons ici :

Reésultat 4. Siug € H? N Hy(R?), alors I'équation(8) admet une unique solution
u € L>®(0,T; H? N Hy(R?)) telle qued,u € L>(0,T; L*(R?)).
De plus, sion éfinita. > 0 etp > 0 tels que

VV1 2

d?a

dr? =

|
L1(0,T)

<p et‘

H1+|33| HWI 1(0,T, L) 1(0,T,L>°)

alors il existe une constante positigedépendant d€", « et p, telle que
|l os (0,1 2 Ho (R3)) + 1|0t Los 0,1, 22 (R3)) < Clluo|| r2nH, (R3) -

Dans le cas @ V; = 0, K. YAJIMA démontre que Bquation (8)etudée dans
R? x (0,T) avecug € H?(R%) admet une unique solutiane C([0, T]; H2(R4)) N
C* ([0, T); L*(R%)), en utilisant notamment legsultats de T. KTo (réference [26]).
Mais la \eritable difficul& que I'on rencontre lors deftude de equation de Sckidin-
ger linéaire (8) est la @sence simultére de deux potentiels (coulombieregctriques)
aux propretés tes differentes.

Dans le chapitre 4,0se trouve la @monstration du Bsultat 4, nous travaillons
sur une versionggularige de lequation (8), de solution.. Ceci permet de traiter des
situations mettant en jeu des potentigguliers et de justifier un grand nombre des
calculs effectés.

Dans un premier temps, nougrdontrons unésultat d'existence et dégularie
dans 'espace

H' N H(R?) = {v € H'(R?), / (1 + |z|*)|o(z)]? dz < +oo}
R3
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sous des hypo#ises moins fortes suret ;. Nous travaillons effectivement sur une
version égulari€e de [equation (8) et @montrons I'existence de bornes uniformes en
e de

1 2
et foges) + |1+l b,

Un passagae la limite quand: tend vers) permet de conclure.
Ensuite, pour @montrer le Rsultat 4, nous poursuivons l'objectifétrire des
bornes de Energie

Be(t) = 11 + [o)uelZo s + 10ue]f2 ms)

du syseme Egulari€ qui soientegalement uniformes en S'il est facile d’estimer
le premier terme, il n'en est pas deéme pour la norme dé;u.. Nous devons donc
travailler sur la érivee en temps deéguation egularig€e. Pour ne pastre ameasa
étudier uneéquation ayant dans le second membre un terme de la f@¥fe:., qui ne

se trouve pas dans un espace pour lequel nous sagorstrer I'existence de solution
et donner des estimations, nous allons avoir recauns changement de variable avant
la dérivation de leéquation.

Nous posong = = —a(t) et consi@rons lequation erifiee par la érivee en temps
deve(t,y) = u®(t,x). Il faut remarquer que danstuation erifiee parve (¢, y), le
potentiel coulombien est maintenafl,b‘{ et n'a pas de @rivée en temps. Nous sommes
alors capable deé&ontrer une estimation d@;v*(t)|| L2 qui nous permet d’obtenir
I'estimation esprée de la normé? ded,u.. Nous signalons que nous avons pris soin
de choisir les &gularisations des termesg, V, et V; borrées par les normes de ceux
-ci dans les espacesids sont @finis.

Nous attirons 'attention sur le fait que notrérdonstration ne convient pasune
situation @l un syséme contenant deux noyaux serais &lmé, a cause pFciment
du changement de variable utéis

Finalement, nous sommes en mesurecdte une estimation de&hergieF.(t)
puis de passéi la limite quand tend verd). La limite v de (u. ).~ €st la solution de
(8) et \erifie effectivement

u € L=(0,T; H> N Hy(R?)) et d,u € L>=(0,T; L*(R?)).

L'unicité de la solution est@montée grace des estimations st (0, T; L2 (R?)).
Outre tous les étails concernant cetteethonstration, nous donnoigalement dans
I'article préesengé au chapitre 4, dessultats de continwétfaible et forte, pour une
donrée initialeug dansH? N Hy(R3) : uw € Cw([0,T); H? N H2(R?)) et u €
C([0,T]; H' N Hy (R3)).

Il est commode, pour la suite, degsenter ceésultat sous la forme d’un corollaire
contenant la notion de propagateur.

Corollaire 5. Soienta et V; vérifiant I'hypothese(9) et soitp > 0 tel que
||(]‘ + |x|2)71V1HW1’1(0,T7L°°) + ||(1 + |1’|2)71v‘/1||L1(07T7Loc) § p.
On cEfinit la famille de Hamiltonien$H (¢),t € [0,T]} par

1

- W
|z —al

H(t) = -
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Alors il existe une unique famille d’épateurs dévolution{U (¢, s), (s,t) € [0,T]?}
(appeke propagateur assaeia H(t)) sur H2 N Hy(R?) telle que pour toutyy €
H2 N Hy(R3) :
(¢) U(t,s)U(s,r)ug = U(t,r)ug et
U(t,t)ug = up pour tout(s, t,r) € [0, T]*;
(i3) (t,s) — Ul(t,s)up est fortement continue de, 7] dansL?(R?) et
U(t,s) est une isotetrie deL? : |U(t, s)uol|z> = |Juol| 2
(i4i) U(t,s) € L(H? N Hy(R?)) pour tout(s, t) € [0, T)? et(t,s) — U(t, s)ug
est faiblement continu de, 7] dansH? N H,(RR?); de plus, pour tout
a >0, il existe My, , > 0tel que :vt,s € [0,T], Vf € H* N Hy(R?),
lallw210,m) < a = [[U® ) fllaznm®s) < Mraplfllm2nm,@s);
(iv) leségalites i0;U(t, s)up = H(t)U(t, s)uo
et i0,U(t,s)ug = —U(t, s)H(s)uo sont \erifiees dand.?(R?).
On consiére maintenanté&quation dite délartree-Fock qui consiste en unequa-

tion de Schadinger avec les potentiei$ectrique et coulombien et une nondarié de
Hartree :

U 1
10+ Au+ ————— + Vi(z, t)u = (|u|* x —)u, (x,t) € R3 x (0,T)
t |z —a(t)] |z

u(z,0) = up(x), r € R3.

(10)

On pecise le lien de cettiequation avec le sy&sine coup (6). Il est assez&quent
dans la literature concernant Ié&gjuations issues de la chimie quantique de simplifier la
situation considérée en supposant connues les positions des noyaux (par exemple dans
[14] ou [50]). On peut alors remarquer que si la positigt) du noyau estéa connue,
alors la moélisation de levolution d’'un atome d’'ldlium dans un champlectrique
non-homogne correspond I'équation (10).

On demontre le thoeme suivant dans le chapitre 5.

Reésultat 6. Siuy € H? N Hy(R3) et sia et V; vérifient (7), alors I'équation(10)
admet une unique solution

u € L°°(0,T; H* N Ho(R?)) telle que 0pu € L°°(0,T; L*(R?)).
De plus, il existe une constante positiVeelle que :

|w]l Loo 0,75 20 2 (R3)) + 10| oo (0,7: 22 (R3Y) < Clluo || 20, (R3)-

Ce treoeme est @monté & partir du Corollaire 5 et d'un #oeme de point fixe
de Picard. Un lemme permettant de traiter la nogdiié, qui s’aereétre localement
lipschitzienne dans les bons espaces, permet de conclure p@ur-unsuffisamment
petit. Nous nous appuyons ensuite sur des estimasigmeri pourétendre ceésultat
aux tempsl” > 0 quelcongues.

Pour la @monstration du Bsultat 3, on montrera tout d’abord deux lemmes concer-
nant les deuwkquations en jeuepaément I'une de l'autre, et par un argument de point
fixe de Schauder, la preuve detheme pour un temgs > 0 suffisamment petit. Une
estimation a priori, valable pour toute solution de la bonne classe, permet ensuite de
démontrer le Rsultat 3 pour un temgs arbitraire. On émontre en effet :
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Proposition 7. Soit(u, a) une solution du sy8me coug# (6) dans la classe
[(Whe2(0,T; L*(R?)) N L™(0,T; H* N Hy(R?))] x W>(0,T).
Sip > 0 véerifie
11+ )" Vallwrao,rzeey + 11+ 12) T VWil orpe) < p

alors il existe une constantg > 0 qui depend dep telle que|lal/c(jo,7)) < R et si
p1 > 0 esttel que

+IVVillL20,m5w . (B0, R))) < P1

H \% vVi
L1(0,T,L°°)

1+ |z[? HWM(O,T;LOO) H 1+ |zf?

alors il existe une constante positivé dependant d€’, p1, |
|vol, telle que :

uo || 520, (3), aol €t

d2a

ar?

da

lull Lo (0, 7; 120 Ho (R3)) + [0kl oo (0,752 (RS)) + M at

+m’

L1(0,T)

1 3
+ sup (/ (|U(t,l‘)|2 * > u(t,x)|2dac> <K.
t[0,7] \JR3 ||

c((o,11)

Avec les Esultats pesengs ici et @montés dans la deu&me partie de ce manus-
crit, nous avons en parti@€pondu aux questions fondamentales d’existence, d’énicit
et de Egularié des solutions de quelquéquations de Schdinger. Mais nous avons
également prdecé a la mise en place des@requisa I'étude de prol@imes de confie
optimal liesa cesequations et @asenés maintenant.

Troisieme patrtie :
Controle optimal bilin éaire.

L'optimisation d'un processus consistese donner une métisation de la situation
étudiee sous forme &quations tat, un confile qui permet d’agir sur cesjuations
et enfin une fonction de € correspondand ce que I'on tentera de minimiser. On
parle alors de conbite optimal, et il s’agit pecissment de minimiser une fonctionnelle
dépendant de la solution d'urgguation aux @rivees partielles et de caradser son
minimum par un sy&me déquations appélsyseme d’optimalieé. On trouvera des
travaux tes exhaustifa ce sujet dans [33] par J.-L. Lions. Les prables consigés
peuventgtre tes differents selon que I'applicatiarontdle — étatest lintaire ou non-
linéaire. Nous allongtudier ici un cas o cette application est non-Baire.

D’un point de vue @réral, au ded d’'une é&monstration de I'existence d’un coble
optimal, on retiendra deux &bs. La prengire concerne I'obtention d’'une condition
d’optimalité qui récessite le calcul du gradient de la fonctionnelle dét cal faudra
dériver la variable cBtat du systme par rappor la variable de conbie et cela peut
s’avérer cklicat, voire proktmatique (surtout en cas d’absence d’ugidi¢ la solution
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de I'equation détat). La seconde est I'une de&@b majeures de laébrie du confile.
C’est la notion détat adjoint, les ograteurs intervenant dans <Hidition étant les ad-
joints des oprateurs de &quation détat, qui permet de simplifier congichblement
I'expression du gradient de la fonctionnelle dditet de reformuler par la suite la
condition d’optimalié asso@e.

Notre objectif dans cette depre partie de la #se est Btude du proldme de
contile optimal bilireaire poé avec le systme déquations couples (6). On dfinit
I'espace fonctionnel

H = {v, (1+[z*)"2V € H'(0,T; W) etVV e L* (0, T; WLOO(RB))}

ou W est un espace de Hilbert tel qug — W°(R3). On pésente alors le probie
de contble optimal bilirtaire suivant : soifu, a) une solution du prokime coup# (6)
et soientr > 0 un poids quelconque et la fonctionnelle de cat définie par

1 r
I =5 [ () =l de+ GVl

Le potentiell; est notre paragtre de confile et I'objectif est d’amener la fonc-
tion d’ondew desélectrons le plus @s possible d'urétat cibleu; en minimisant la
fonctionnelleJ par rappor&a V; dans I'espace de HilbeH.

La particularie du contble optimalétudg tient au fait que la variable de cobli
V1 multiplie la variable détatu dans lequation (10). La @énominatiorbilinéaire est
ainsi expliqee et la non-ligari€e de I'applicationV; +— w influe particulerement sur
les cemonstrations. Oné@inontre dans le dernier chapitre du manuscrité®@&me qui
suit :

Résultat 8. Il existe un contble optimall; dansH tel que
J(Vi,u) = inf{J(V,u),V € H}.

Dans la @monstration de césultat, on fera remarquer que dans I'esgdaghoisi
plus haut on peut en fait remplacer 'hypégeVV < L2 (0,7; W!>°(R?)) par la

suivante :VV € L? (O,T; Wlé’cw(R?’)). Dans la fonctionnelle/, il faut alors rem-
2

placer|Vi 3 par (1 + =) =3 Vi | IVl 0 w1 1)) O B est

H(0,T;W)
la boule B(0, R) deR3. La Proposition 7 permet en effet d’affirmer que sans aucune
hypottese suiVVi, que I'on consiére appligé au pointz dans lequations, on peut
borner la solutior: dansC'([0, T7).

C’est ainsi que, pour obtenir une condition d’optimglibn va pouvoir travailler
dans 'espace de Hilbert :

H={V,(1+ [22)"3V € H'(0.T: H* & Sp{vn}) N L2 (0,73 H* @ Sp{un}) |
ol € Whe(R3) \ H? et Vo, € W (R?). Plus pecigment nous donnerons
une interpétation de la condition d'optimaétdans le cas particuliep; = 1. On

remarquera par ailleurs que

HC {(1 + \x|2)_%V € H1(07T;W) etvVV e L2 <O,T; Wﬂég’o)}
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En effet, H3(R3) — W1>°(R3) et le poids(1 + |z|2)~ = n'est influent qua linfini
donc(1 + [z[2)~ = Vi(t) € H* implique Vi (t) € W2 (R3).

Ensuite, siV; est le contdle optimal correspondastla fonctionnelle/ contenant

le terme||Vi |z alors DJ(V1) = 0 dansl (ﬁ) Ainsi, pour pouvoir calculer la

differentielle de/ par rappor& V1, puisqueH est un espace de Hilbert, il ne resteaju’
demontrer la diférentiabilie de la fonctionnelle

D V1 — (U(‘/l);a(vl))

avaleur dang’([0, 7; L2(R3)) x C1([0,T7]). On peut &ja remarquer qué n’est pas

bien cefinie ks lors que I'unicié de la solution du sysine (6) n'est pasé&montée.

Ce que I'on peut donc proposer ensuite n’est que formel mais permet de mieux cerner
les difficultes qu'il faudrait affronter pour faire unethonstration rigoureuse.

Si on suppos@ bien ckfinie et diferentiable et si 'on note, podit; € H
D®(0Vy) = (2,b)

alors(z(z,t), b(t)) doit vérifier le systme coupd :

1 1
iz + Az +Voz +Viz=VVy-bu—6Viu+ (Jul? x m)z + 2(Re(uz) * m)u,
z(0) =0,
d2b
mos = / (—|ulPV(VVp) - b+ 2Re(uz)VVy) dz — V§Vi(a) — V(VV7).b(a),
R3
db
b(0) =0, a(()) =0

dans[0, 7] x R? et avecVy(z,t) = . Le syseme adjoint, que I'on peut alors

1
, o |z —a(?)]
obtenir formellement, &crit

) 1 . 1 )

i0ip + Ap + Vop + Vip = ([u]?> x —)p + 2i (Im(up) x — )1 + 2i uV'Vj - o,

|| ||
p(T) = u(T) — ua,

d2
G = / (VVo Im(up) + 2u VVj o - Vu) dx — V(VVA) - oa),
RS
do
TY =0, “°(T) =
o(1) =0, —(T)=0

et(p,0) = (p(z,t),0(t)). LespaceH étant un espace de Hilbert, la condition d’opti-
malité qui cecoule de

DJ(V1) =0, dans L (7—7)
s'écrit alors :
T T ~
r(V1,0V) 5 = Im/ OVup dxdt — / VoV (a)odt, YoV € H. (11)
0 R3 0

On donne enfin un sy&ne d’optimalié, qui est une interptation de (11) en terme
d’'équations auxé&tivées partielles :

Vi, t) = (14 ]22)? (I — A)"Ya(a, 1) + B (1)
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ouY; € HY(0,T; H') N L?(0,T; H?) et E; € H'(0,T) vérifient le systme

[( 82) + (1 A)] (I-A)Y,=(-A)"'G dansk?® x (0,T)
O (

Yl AYl 3t (Y1 AYl)(O) = 0 danSR3
2
B - dE1 — [ ¢@)dz sur(0,7) (12)
dt2 s
1 —7
=G0 =0
ol Gz,t) = Im( (z,8)p )\/1+\x|2
a(t) - o(t)

o(t) - Vg (@) v/ 1+ la(t)|* — Sa(t) ()

1+ a(t)[?
et au J, est la masse de Dirac au pointc R2. On peut remarquer que lasolution

de I'équation obtenue par transfaemde Fourier (par rapport aux variables d’espace)
du syséme (12) correspond, pour chaqyex la iesolution d’'un systme elliptique en
dimension 1 (variable de temps).

La démonstration rigoureuse de la @iféntiabilieé de la fonctionnelle/ est un
probleme ouvert, ainsi que la justification desritures formelles obtenues ci-dessus.
On trouvera cependant destdils sur ces calculs formeida fin du dernier chapitre de
la these.

Dans le souci d&tre le plus complet possible suéiude du contile optimal bi-
linéaire concernant ce sgshe déquations, nous avorigtudié en ctail la situation
ou la position du noyau est connue. Nous coésiis ainsi dans un premier article,
au chapitre 6, un probime de confile optimal bilireairea propos de Bquation de
Schibdinger lirtaire. On'y @montre I'existence d’un coritie optimal. Létude se pour-
suit jusqua la cemonstration d’une condition d’optimaitiont la @marche ne sera pas
décrite ici. Nous peferons @tailler le probkme de confile optimal bilireaire traié au
début du chapitre 7 concernangédjuation de Scldinger non-ligaire (10) en posant

= ——— ac W>Y(0,T;R?) donrg,
|z —a(?)]

etien={v, (1+ 22) "2V e HY(0,T; w)}

avecW espace de Hilbert tel qu& — W1°°(R3). Le potentiell; est notre confile
et I'objectif est d'amener &tatu, solution de (10), le plus ps possible de &tat cible
u1 en minimisant la fonctionnelle de @b.J :

JWV) =

,
5 [, 1) — e+ SVl

E. CANCES, C. LE BRIs et M. PILOT demontrent dans [11] l'aide d’'un chan-
gement de jauge, I'existence d’un tel cdidr optimal bilireaire dans le cas particulier
d’'un champ laser homeége en espaceVi(x,t) = E(t) - z. Nous émontrons un
resultat plus gréral, en terme d’hypo#ses sur le potentiéf; et plus complet, puis-
gu’ilrépond aux questions traditionnelles des peaies de condde optimal que sont la
définition d’'unétat adjoint et le calcul d’'une condition d’optim&litPlus pecisment,
on peut considrer

W = H3 ©® Spar{¢17¢27 7¢m}
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avecn € N, et pour touti € [1,m], ¢ € Wh>(R?) \ H*(R?). Cela nous per-
met a la fois de traiter le caévoqie dans la &ference [11] et le cas avec potentiel
électrique @réral (1 + |z|2)~2 V4 (t) € H2(R?®) non-homogne en espace. Nous pou-
vonségalement signaler que no@ppndons avec le@ultat 8 (@monstration au cha-
pitre 7) a une remarque faite dans la note [11] sur I'existence d’un gntptimal
pour un systme couplant unequation de type (1@ la dynamique newtonienne.

Nous donnons maintenant lésultat completé@pondant au probme du confile
optimal bilinéaire de léquation (10).

Résultat 9. Il existe un contdle optimal bilireaire V; dansH,
J(V1) =inf{J(V), V € H}

et le triplet(u, p, V1) vérifie I'équation détat (10) :

1
i0u + Au+ Vou + Viu = (Jul? * m)u7 dansR? x (0,7)

u(0) = wo, dansR?,

le probleme adjoint

1 1 .
i0p + Ap + Vop + Vip = (|ul? * m)p + 2i(Im(up) x m)ﬂ, dansR?® x (0,T)
p(T) = u(T) —wy dansR3

et la condition d’optimalié :
T
r{(V1,0V) g = Im/ oV (z, t)u(z,t)p(x,t) dedt, ¥V € H.
0o JR3

Nous pouvons donner une integpation de la condition d’optimaétdans le cas
particulier &t W = H3(R3) @ Spar{1} par le systme d’optimalié suivant :

r(I— ) —A)Y; = (I —A)~! (zm(q@)m ¥ |a:|2) dansR? x (0,T)

8 (Yy — AY})(T) = 8,(Y; — AY;)(0) =0 dansk?
27’<E1d;§1> :Im/R:}uﬁ\/de sur(0,7)
iy = gy =g
dt dt
ou )
Vi(z,t) = (1 + |m|2)5 [(I —A)7 Y (a,t) + El(t)]l(x)]
avec

Y, € HY(0,T,H") et By € H'(0,T).

La demonstration de I'existence d'un codiie optimal se fait de maére classique,
en consi@rant une suite minimisan{®;*),,>o dansH pour la fonctionnelleJ et 'une
des difficulés rencongées est Btude du terme|u,,(T") — u; H%Q(W). Elle récessite les
résultats de&gularie obtenus dans la partiegedente. Nous pouvons signaler qu'il
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n'est pas envisageable iciiminer le termd|V; |2, dans la fonctionnelle de &b, au
risque de ne &a pas pouvoir @montrer I'existence d'un coritle optimal.

L’ écriture d’'une condition d'optimabtrécessite la@monstration de la direntia-
bilité deJ. Pour montrer la proposition suivante, on utilise fortemenglutarié de
la solutionu de I'équation détat (10).

Proposition 10.  Si u est la solution déL0), la fonctionnelle

¢:H — L*R3)
V1 = U(T)

est diferentiable. De plus, si est solution de Bquation :

1
10z + Az + Voz + Viz = —0Viu+ ([ul* x —)z + 2Re(uz x — )u,

1
| ||
z(0) =0,

|z

pose danR? x (0,7) alorsz € C([0,T]; L*(R?)) et Dp(V1)[6V4] = 2(T).

C’est un point élicat et on remarquera que I'on nérdontre la diferentiabilieé de
¢ qu'a valeurs dang.?(R3). Il faudrait pouvoir @montrer desésultats de&gularié
bien plus forts pour pouvoigtendre cesasultatsa H*(R?) et nous pensons que cela
n'est pas possible sous nos hypsths. Cela signifie pci€ment que I'on ne peut pas
mettre dans la fonctionnelle deildo/ de norme plus forte de(T") — u, que la norme
L2(R?).

Par suite, la fonctionnelld est differentiable par rappoéV; et comme
1 2 r 2
JV1) = Su(T) — wllze@s) + S IVillm
la conditionDJ(V;) = 0 dansL (H) peutétre traduitex I'aide du probéme adjoint.

Pour cemontrer cette Proposition 10, on prendra soin &egfier en premier lieu la
continui€ deg. Le travail pour la diferentiabili€ est beaucoup plus complexe que pour
le probEme de confile optimal pour léquation de Sclkdinger lirgaire et est taillé
dans le chapitre 7.

Nous avons dorndans cette introduction les grandes lignes des travaux de cette
thése et les motivationseeessairea la lecture des@&monstrations qui sont doaes
dans les diferents chapitres de ce manuscrit. Nous avons choisi&septer nos tra-
vaux sous la forme d'articles tels qu'ils oate publés ou soumis la publication.
Le lecteur rencontrera dans la partie | un premier chapitre contenantdesquiis
a I'étude du proldime inverse qui occupe l'article ggené au chapitre 2. La par-
tie Il commence avec une introduction aux approximations en chimie quantique. Ce
chapitre 3 écrit le processus qui rend mathatiquement abordableetude du com-
portement d’un atome d'&lium soumisa un chamgelectrique et propose le sgshe
coupk (6). Les esultats d'existence et dégularieé sont successivemenémiontés
dans les chapitres 4 et 5. Notre manuscrit se termine avec leepreblde condle
optimal bilinéaires &solus dans les deux derniers chapitres.
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Premiere partie

Probleme inverse de
determination de potentiel dans
I’ equation de Schibdinger en
domaine borne

27






Chapitre 1

Introduction

1.1 Introduction al’équation de Schbdinger en domaine
borné

En vue de pesenter par la suite notetude d’un prol#me inverse de&termination
de potentiel dans &quation de Sckidinger poée en domaine boén nous voulons
tout d’abord péciser ici les gsultats deé&gularie les plus basiques connus pour cette
équation.

D’un point de vue matbmatique, léquation de Sckidinger a ceci de particu-
lier qu’elle semble se situex mi-chemin entre legquations paraboliques et hyper-
boliques. Elle est en effetversible en temps commeefuation des ondes, mais sa
vitesse de propagation est infinie ce qui est le cas&bubtion de la chaleur. Dans
nos travaux sur un probine inverse, [@senés dans le chapitre suivant, les similitudes
de emonstrations avec le@me probkme poé pour I'equation des ondes sont assez
marglees,a ceci peés que le temps d’observatidhpourraétre choisi arbitrairement
petit.

On trouvera dans legferences [12], [13] et [15] 8tude de Equation de Sckdin-
ger linéaire, le plus souvent sans potentiel ougmsn domaine non barnDans [15],
R. DAUTRAY et J.-L. LoNs utilisent la méthode de Galerkin et des raisonneme@s li
au lemme de Gronwall pougdhontrer I'existence et l&gularié de la solution de cette
équation. D’autre part, les techniques de semi-groupe qui sésepkes par T. G-
ZENAVE et A. HARAUX dans [12] et [13] sont plus appropas aux travaux psenés
dans la deuxime partie de cette ése en ce gu'ils sont applicables en domaine non
borrg, mais néritent reanmoins dtreévoqLlés ici.

Nous allons donner dans la suite I&sultats pgcis concernant la situation qui

nous inéresse, ainsi que quelgues commentaires sur@e®dstrations qui ne seront
pas ctaillees.
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30 Chapitre 1 — Introduction —

1.1.1 Existence etéegularité pour I'équation avec done au bord
homogene

SoientN € N, © ¢ RY un ouvert boré de frontered$) de classeC? et T > 0.
On suppose que € L>°(Q) et on considre I'équation

iy (z,t) + Ay(z,t) + ¢(2)y(z,t) = g(z,t), 2€Q,te(0,T)
,t) =0, z €I te(0,T) (1.1)
,O):yo(l‘), z € Q.

Notations : La dérivée premére temporelle de est notew’. Imz est la partie imagi-
naire d’'un nombre complexe etz son conjug@é. Surdf?, le vecteur normal unitaire
exterieura () est noé v.

Lemme 1. Siyy € L?(Q) etg € LY(0,T,L?(Q2)) alors I'équation (1.1) admet une
unique solutiory € C([0,T], L*(Q)) et il existe une constanté > 0 dépendant de
0, T et||q| = () telle que pour tout dans[0, 77,

ly®)ll2) < C (lvollz2) + lgllLro.7,2))) -

La démonstration estés simple et repose sur le calcul formel de:* [,(1.1)7 dz”
et un lemme de Gronwall. Plus rigoureusement, udthode de Galerkin bée sur les
decomposition de Fourier permet demdontrer ce lemme (et le suivant). On peut aussi
consulter [15], penseax la méthode variationnelle introduite pandNs et MAGENES
[35] ou encore appliquer laéorie de Hille-Yosida (@sentation particidrement adap-
tée aux applications dans [6]).

Lemme 2. On suppose qug, € H(2) etg € X ou I'espace fonctionneX est
LY(0,T, H (), WL1(0, T, L3(Q)) ou bienL* (0, T, L*(Q)) N WY1 (0, T, H~1()).
Alors I'equation (1.1) admet une unique solutipe C([0, T, Hg(92)) et il existe une
constante”’ = C(, T, ||q| = (o)) > 0 telle que pour tout dans|0, 77,

()l 0) < € (lwolyn + lgllx ) -

De nouveau, l'utilisation du lemme de Gronwall sur des estimations formelles
de la solution est une preare approche. Uneédnonstration rigoureuse se fait par
decomposition de Fourier, permettant de coasid des espaces de dimension finie et
d'utiliser la méthode de Galerkin.

1.1.2 Identité des Multiplicateurs et application

Lemme 3. Soity = v(z,t) € C?(Q x (0,T),R™). L'identité suivante, dite des “mul-
tiplicateurs”, est \erifiée pour toute solution dd.1) avec donge initialey, € H} (2)
et terme source € X (comme dans le lemmeguédent) :
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y

[ ool

+Re / / V(divy) - V) dadt + 2Re / / 87] 0 % vat
— Ox; Ox; dr;

T
—2Re/ / qy(y - Vy) dxdt — Re/ / qly|?divy dxdt
0o Ja 0o Jo
T T
—|—2Re/ / g(v - Vy) dzdt + Re/ / gy divy dxdt.
0o Ja 0o Ja

Ce type d’identié aéte introduit par RLLICH et ce lemme seé&montre en cal-
T

culant”Re/ /(1 1)(v.Vy + ydw’y) dzdt”. Dans la éféerence [36], E. McH-

dodt = Im/ -V7Y) dz

TYNGIER donne un gsultat S|m|Ia|re pour quation de Schkidinger sans potentiel.
On peut aussi faireéference au livre [34] de J.-L.1bNS pour une identé simi-
laire concernant &quation des ondes. On trouvergalement dans cet ouvrage la
demonstration rigoureuse de I'existence d’un prolongerad@? d’'un champ de vec-
teurs normauwad la frontére d’'un ouvert bor@ de classe&>?. On peut alors choisir
v =(z) € C*(Q x [0,T],R") tel quey = v sur la frontere def, qui est effecti-
vement de class€?. Par suite;y.v = 1 sur(0,T) x 92 et cette identé permet de
demontrer le esultat de &gularigé suivant.

Lemme 4. Siy, € L?(Q2) etg € X alors 'unique solutiony de I'équation (1.1)
verifie qu'il existe une constant€ = C(, T, ||q| = ()) > 0 telle que pour tout
dans(0,7),

1.1.3 Equation avec donies au bord non homogne

< € (Jlsollzye + lgllx)
LZ(Fx (0,T))

On consi@re maintenant&quation plus grérale

iy (z,t) + Ay(z,t) + ¢(z)y(z,t) = g(z,t), 2 €Q, t€(0,T)
y(x,t) = h(z, 1), x e, te(0,T)
y(z,0) = yo(z), re
(1.2)
avec toujours; € L*°(2). On peut @montrer le esultat d’existence d’une solution
trés faible suivant.

Lemme 5. On suppose qug € L2(2),g € L?((0,T) x Q) eth € L*((0,T) x 09Q)).
L’'équation(1.2) admet alors une unique solution au serestfaible

y e C([0,T),H'Q)nH0,T, L*(Q)).

La démonstration se fait par transposition et on trouvera ddaild dans [36]
pour I'equation de Sclidinger sans potentiel et dans [34] powduation des ondes.
L'id ée essentielle consistecEfinir I état adjointa y comme la solutionp du syséme
rétrograde

i (x,t) + Ap(x,t) + q(x)p(x,t) = f(z,t), x€Q, te(0,T)
, 1) =0, xed, te (0,T)
=0, x € Q.
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Puisque Iéquation de Sckidinger est&versible en temps, on corih&a réegularie de

v et deZ? d’'apres ce qui &te cemonté pieccdemment. On dit alors qugest une
14

solution cfinie par transposition deduation (1.2) si et seulement si on peut donner
un sens, quelque soft a

T T _
(f,y) :// g@dxdt—i—i/ yop(0) dx—l—/ / ha—(p dodt
0/Q Q o Joa Ov

ou (-, -) est un crochet de duait cefinir.

On cefinit ensuite I'applicationC(f) = (f,y) comme une forme ligaire continue sur
un certain espack et cela permet de choisir la solutigrde (1.2) comme repsentant
de £ dans le duaF’ de E, d’apes le tleoeme de Riesz.

On va maintenant donner un senk cerivee normale de la solutignde I'équation
(1.2), qui joue undle important dans le probine inverse que nougtaillerons ensuite.

On consigrey, € L?(2), g € L?((0,T) x Q) eth € L2((0,T) x 99)), qui
donnenty € H~1(0,T, L?(2)). Il en découle directemeny’ € H~2(0,T, L*(Q)),
puisqueq = g(z) € L>(Q) on trouveqy € H~1(0,T, L?(Q2)) et d'apes I'équation
(1.2),Ay € H=2(0,T, L?(£2)). On va utiliser un teoeme de trace [35]. L'ouvet®
étant suffisammengégulier, I'application éfinie par

H2(Q) — H3(0Q) x H?(0Q)

— a—w
v Y By

est lirkaire surjective et admet un éeement, c’esh dire

V(h, k) € H?(0Q) x H?(0Q), Ju € H?(Q) tel que uon = h et % =k
Par suite, comméf?(Q)) est dense dans 'espage € L3(Q2) /Az € L?(Q)} auquel
I' étaty appartient, on peutanontrer par duaktquey|sq € H~2(99) et surtout, que
Jy

% o € HﬁE((?Q)

1.2 Inégalite de Carleman et applications

1.2.1 Proposition

L'outil principal permettant de @mnontrer I'iregali€ de stabilié qui nous intresse
est une estimation avec poids de la solution @gdiation en fonction du terme source,
appeteinégalitt de CarlemanLa particularié de I'inegalie de Carleman pourdgua-
tion de Schiadinger, que nousamontrons dans l'article formant le chapitre suivant, est
d’étre globale, c’esh dire concernant des ggrales éfinies su? x (—T,T). Cela a
une grande importance dans l'utilisation qui en est ensuite faite. En efetos que
nous travaillonsa partir d'une iegali€ de Carleman globale, nous avons les moyens
d’aboutira un ésultat pour notre probine inverse de magre tes directe, similairé
ce que font O. Yu. MANUVILOV et M. YAMAMOTO dans [21]. Ce n’est par exemple
pas le cas dans [53]JuoM. YAMAMOTO fait un raisonnement par uniéittompaci,
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rendu recessair@ cause de l'iagalie de Carleman locale utigg.

On pose
Lo =iv' + Av+qu, 29 € RV \Q et (x) = |z —x0|?, V2 € R,
Pours > 0 etA > 0 on cefinit surQ2 x (—7,T) les fonctionsf et ¢ par
() o — (@)
T—na+y YOS T oyTTn

ol « est une constante strictement positive telle que 0 surQ2 x (=7, 7). Enfin, on
consickre la partid’y ded2 comme contenartr € 9; Vi (z) - v(z) > 0}

O(x,t) =

Proposition 1 (Inégalite de Carleman Globale). Soitq € L>(Q2), |[q||z~@) < m
et soienty, 0 ety définis comme ci-dessus. Il exigtg > 0 tel que pour touth > Ay,
il existesy > 0 et une constantd/ = M (Q, T, Ty, m, Ay, sg) > 0 tels que:

T T
5)\/ / |Vo|2e™ 25 dxdt + 53)\4/ / lv|2e25¢ dxdt
—_TJQ -TJQ

T
+/ /(|P1v|2+|P2v|2)6725“”d93dt
-TJQ

T T
< M/ /|Lu\2e—2wdxdt+MsA/ / 0| —
—-TJQ —T JTy

2
e~ 2V - v dodt

ov
ov

pour touts > s etwv verifiant

v € L*(—T,T; H} (),
Lo e L2(Q x (-T,T)),

v 2 .72
% €L (_TaT7L (FO))7

ot al Piv = 5% (10 + A + %[ V|?) (e75%v)
Pyv = e*¢(isg’ + 2sVp.V + sAp) (e *?v)

On peut seé&férera [7] en ce qui concerne lagthode @rérale de @monstration
d’'une telle iregalié. Elle consisté utiliser une technique de conjuguaison en posant
v = e*?w et en calculant

Pw = e ¥ L(e*?w) = iw' +is@'w+ Aw +25Vp.Vw + swAp + 52|V 2w + qu.

Remarquons que siest égulier ert, alorsw(—T) = w(T) = 0. On $£pare alors les
parties syratriques et antisyétriques de I'oprateurP :

Piw = iw' + Aw + s*|Vy|*w = e ¥ Py et
Pow = is@'w + 2sVp.Vw + sApw = e 5% Pyu.

Par suite

T T
/ / |Pw — qul|? dedt = / / (|P1w|2 + |P2w|2) dxdt
—TJQ T JQ

T
+ 2Re/ /lePgw dxdt
-TrJa
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et on travaille essentiellement sur la minoration du dernier termeé&@wdtrea l'aide
des propiétes dew et d’intégrations par parties, uneégali€, similairea celle de la
proposition, en termes de et ne contenant donc pas explicitement le peid&®. Il
faut preciser que les progirées dey, qui sont leesa la geonetrie del’y sont primor-
diales dans les calculs effeéw Il suffit alors de traduire cetteégali€ en fonction de
la variablev et la Proposition 1 sera donéghontée.

Il faut remarquer que la restrictioregmetrique surl’y prend sa source dans la
demonstration de cette proposition. Lefidition del’y que nous avons do@e est t&s
usuelle et on la retrouve dans les travaux de BCMTYNGIER [36], R. TRIGGIANI,
P.F. Yao et I. LASIECKA [31, 48, 49] pour [equation de Sckidinger, mais aussi dans
beaucoup de travaux suétjuation des ondes comme [34], de J.-loiks. On peut par
contre remarquer que contrairement aux situations similaires concernatjudga®ns
hyperboliques, le temgg > 0 d’observation peugtre choisi aussi petit que I'on veut.

Concernant les iegaliges de Carleman, on peut penser au livre [7] de A.UKB-
GEIM pour la néthode @¢nrérale, et par exemple aux travaux de O. YuaNuUvILOV
dans [19] pour quation des ondes avec déerde Neumann.

Les applications de ce type dégali€s sont multiples. Avant 1981, seuls desul-
tats d'unicie localeétaient @montés pour le type de probine inverse que nous avons
évogle. La premere utilisation d'une iagalie de Carleman pouréinontrer I'unicié
globale dans un probine inverse est du@gaémenta A.L. BUKHGEIM et M.V. KLI-
BANOV dans [8]. Dans la&férence [29], elles sont appliges par M.V. KIBANOV
a plusieurs types éguations pour l'unicé de prok®mes inverses. Poug€ljuation de
Schiddinger, I'unicie de la @termination du potentiel peétre lue dans [7] (encore
faut-il pouvoir se procurer le livre!). Par ailleurs, \6Akov utilise des iggalies de
Carleman pour@&montrer 'unicié de la solution de certains prélhes de Cauchy dans
[23]. L'utilisation majeure de ces @ygaliés se fait dans laénonstration d’ibgali€s de
stabilitt dans les probimes inverses comme ici, et il faut rappeler les travaux plus an-
ciens de A. KHAIDAROV [27], ou plus Ecents de M. XMAMOTO avec V. ISAKOV [25]
ou avec O. Yu. MANUvVILOV [21] (ou ils utilisent les travaux [19] de ce dernier). On
les utilise aussi dans l&solution de prol@mes de continuation unique, par exemple
D.TATARU dans [47], A. Riiz [42] et Y.M. Kim [28] (pour Schddinger stationnaire).

L'application de cette iagalie de Carleman,&elopge dans le chapitre suivant,
concerne la@monstration de la stabiitdu probéme inverse &crit dans I'introduction.
On cemontre dans un premier temps lesRltat 22non@ dans I'introduction et concer-
nant le probdme inverse ligaire. On peut alors remarquer que toutes les constantes qui
apparaissent dans l&galie de Carleman, qui est le principal outiggendent unique-
ment de la normé.> du potentiel consigré dans lequation. On verra dans le chapitre
2 que s que I'on consiére des potentiels bogs sui?, la difference entre deux solu-
tions de léquation, avec deux potentiels distincts, correspondant avgonelihverse
non-linéaire \erifie uneéquation similairea celle correspondant au prebie inverse
linéaire. Linrét de la lirearisation du prokime inverse conséié au dpart est donc
principalement de simplifier les notations.

Nous allons donner maintenant une autre application de céitglige de Carle-
man, essentiellement pour montrer le liemoit qu’il peut y avoir entre proBmes
inverses et condlabilité.
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1.2.2 Applicationa la contrdlabilité exacte

Dans le cadre desjuations auxé&rivées partielles@&pendant du temps, la notion de
contllabilité correspona la possibilié pour la solution d’'unéquation d’atteindre un
état cible en un certain temfissous le confile d’'un parargtre du prokl#me. Lelement
de contble peuttre un terme source (second membre éguation), une condition aux
limites (terme de bord), un potentiel (terme multipliant I'inconnue dagguation)...

On parlera de conbtabilité exacte si I'on peut trouver un coalke v tel que la so-
lution y,, de I'équation atteint au temfs|’ état cible de magire pécise.

L'in égalie de Carleman que nous avons obtenue permeédmdtrer de maere
tres directe une iegalié d’'observabilié. Cette iegali&, encore appet irégaligé in-
verse, est traditionnellement @iement clef de la @monstration de la cordttabilité
exacte d'unetquation aux @rivées partielles par la @hode d’'unicié Hilbertienne
(HUM) introduite par J.L. LONS dans [34]. On trouvera la fin du chapitre suivant
une autre utilisation de I'iagalie d’observabilié, mentionie ci-dessus. On peut aussi
signaler I'utilisation pour equation des ondes de la cdnabilité exacte pour étude
d’'un probEme inverse dans [40] par J.-RJEL et M. YAMAMOTO.

On peutevoquer plusieursférences autour de la codlabilité exacte de Equation
de Schodinger,a commencer par les travaux de EABHTYNGIER [36], C. FABRE
[16] et de I. LaSIECKA et R. TRIGGIANI [31] pour le contdle interne et fronére
utilisant HUM et des techniques de multiplicateurs. Nous signalons le livre [30] de V.
KOMORNIK qui décrit entre autre la @thode des multiplicateurs pour lardonstration
d’'inégali€ inverse.

Dans un prol#me concernant&quation des plaques, X HANG [54] utilise une
inégalie de Carleman et des estimationgrrgie usuelles pouédhontrer la confia-
bilité exacte, rathode similairé celle que nous utilisons ici pour traiter la situation qui
nous inéresse. |l fauégalement signaler |&ference [18] a M.A. HORN et W. LITT-
MAN étudient le confile frontiere d’'uneequation de Sclkidinger avec coefficients non
constants, sans utiliser HUM.

Dans [32], G. [EBEAU géreralise les &sultat de C. BRDOS, G. LEBEAU et J.
RAUCH [1, 2] sur la contblabilité exacte des probines hyperboliques au cadrégua-
tion d’évolution de type Scldinger. On noter&galement que la partiE;, C 09
vérifie la "condition gonétrique sur les rayons” formeé dans [2]. Un article de K.-
D. PHUNG rappelle par ailleurs la positicgtrange de Bquation de Sclidinger entre
leséquations d’'ondes et de la chaleur en travaillant sur la ofatdilité et I'inegali€ in-
verse. On fera finalemenriferencex [55] al E. ZUAZUA rassemble des congidations
gérérales sur la conbtabilité de I'equation de Sckdinger.

Nous allons b&vement donner ici le probme de confilabilité que notre iagali€
de Carleman permet dé&soudre indirectement. Il faut griser que la situation que
nous considrons ci-apes est exactement cellésolue par E. MCHTYNGIER dans
[36] (quoique pour unéquation de Sclkidinger sans potentiel) par unetthode des
multiplicateurs pour la@monstration de I'iagali€ inverse.
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On consi@re I'équation suivante

w4+ Ay+qy =0, dans Q x (0,7),
Yy =0, sur Ty x (0,7),

y =0, sur 9\ Ty x (0,7,
y(0) = yo, dans .

(1.3)

La variablev est notre confile frontiere et la partid’y C 9 sur laquelle il agit
vérifie toujours la @me condition gonetrique :3 xo € RV \ Q tel que

Ty D {z € 0Q; (x — x) - v(z) > 0}.

On rappelle que» € L%(Ty x (0,T)) ety, € L?(2) impliquent I'existence d’une
unique solutiony € C([0, 7], H~1Q)) N H=1(0,T, L*(2)). On peut formuler deux
problemes de confilabilité exacte pour la solution deeljuation (1.3) :

Probléme de contblabilit & a zéro : Etant don@ un temps” > 0, peut on trouver un
contdlev € L?(Ty x (0, T)) tel que la solutiory de I'equation (1.3) &rifiey(7) = 0?

Probleme de contblabilité exacte :Etant donis un tempsl’ > 0 et une cible
y1 € L?(), peut on trouver un cordtev € L?(Ty x (0,7)) tel quey(T) = y; ?

Il est connu que Bquation de Sclidinger est&versible en temps, au sens les
opérateurs:d; + A et i9; — A définissent tous deux dégjuations de Schdinger.
On peut alors @montrer que ces deux prébhes sont en fagquivalents puisque I'ap-
plicationv — y(T) est lirgaire. Il s’agit alors uniguement désoudre le proBime de
contidlabilité a zro.

La méthode introduite dans [34] montre que I'on peut ramener rigidea la
demonstration d’une iegali€ d’observabilié concernant le probime adjoint. En effet,
dans un premier temps, l@versibilié de I'equation fait correspondre le prebhe
adjointa I'équation détat elle-néme, mais sans le terme de caidr:

i+ Ap+qp=0, dans Qx (0,7),
p =0, sur 90 x (0,7), (1.4)
©(0) = o, dans Q.

On cefinit ensuite I'application liaire et continue
A H&(Q) — H_I(Q)
o — —iy(0)
ouy = y(x,t) est solution du prokime Etrograde

iy + Ay+qy =0, dans Q x (0,7T)

Yy = g—f, sur Ty x (0,7)
y =0, sur 9\ Ty x (0,7)
y(T) =0, dans Q.

Si on cemontre que\ est un isomorphisme alors le prébte de confilabilité a z&ro
9¢
14 o

est esolu aveaw = ou ¢ est solution de (1.4) avegy = A~ (—iyo).
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Soientyp, ety € HE(Q). On notey et p les solutions de (1.4) correspondantes et
on pose :

a(@oa Po) = <A(<P0)7 @0)1{—1 xH*

Il est ai® de @@montrer que(po, ©o) / / gﬁ a—w dodt et il suffit d’appliquer
14 14

le theoeme de Lax-Milgrana la forme blllrealrea( -) pour obtenir queA est un
isomorphisme. La continw@tdecoule desésultats de&gularie connus et la coerciat
correspond @ciment au&sultat suivant.

Proposition 2 (Inégalité d’observabilité). On suppose quee L>°(Q), vo € Hi(Q)
etly D {z € 99, (z — x0) - v(z) > 0}. Siy est la solution faible du sysme

i+ Ap+qp=0, Qx(0,T)
¢ =0, o0 x (0,T)
©(0) = ¢o, Q

alors il existe une constanté = C(2, T, T, ||q|| L= (q)) > 0 telle que

ol < || 52
ol = v L2( 0TL2(F0))

La demonstration utilisant I'iagali& de Carlemanétrite pec@demment se trouve
dans la derrire partie de I'article reproduit dans le chapitre suivant.

Pour terminer, nous tenom@ssignaler lesé@sultats obtenus par A.S3esdans [37]
et initiés dans [38] autour d’'une &thode de multiplicateurs tournants permettant de
morceler la partie de frorétre obser@e dans l'igali€ inverse pour Bquation des
ondes. Nous avions conjointement trav@ai#in juin 2002 sur cette @me icce pour
I'adapter au niveau de I'iegali€ de Carleman pouréquation de Sckdinger, sans
suc@sa ce jour.
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Chapitre 2

Unigueness and Stabillity in an
Inverse Problem for the
Schrodinger Equation.

L'article qui suit est paru fin 2002 dans la revingerse Problem
Volume 18, pages 1537 1554. Avec J.-P. Puel.

ABSTRACT : We study the Sclidinger equationiy’ + Ay + gy = 0in Q x (0,7
with Dirichlet boundary datg|so « o,y and real valued initial conditiop|q (o} and
we consider the inverse problem of determining the potentia), = € Q when
%|FOX(O,T) is given. Heref) is an open bounded domain Bf¥, I'y is an open sub-
set of 02 satisfying a suitable geometrical condition aid> 0. More precisely,
from a global Carleman estimate we prove a stability inequality betWeengq|| and

Hag—gf) — a?é—(ym with appropriate norms.

Keywords : Inverse problem, Scbidinger equation, Dirichlet boundary conditions.
AMS Classification 35R30, 31B20

Une note auxComptes Rendusa I'’Académie des Sciences de Paris
est pecdemment parue en mars 2002ri8 |, 334 pages 96d 972.

RESUME : On étudie I'equation de Sclkdingeriy’ + Ay + qy = 0 surQ) x (0,7)
avec donge de Dirichlet|sq . o, €t condition initialea valeurs éellesy|q (o} On
s'intéresse au probine inverse qui consisteceterminer le potentiej(z), =z € Q a
partir de la donée du flux de la solutio@%\pgx(oj), ou I'y est une partie ouverte
de la frontére 92 du domaine bor@} C R¥ et \érifie une condition gométrique
appropree. Plus pgciment,a partir d'une iegali€ de Carleman, nouschontrons

une iregalié de stabilié entrd|p—q|| et‘ a‘g—fj’) — ag—(y’” pour des normes appropss.
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2.1 Introduction

Let N € N, T > 0 and letQ ¢ R be a bounded domain wit2-boundaryos?.
LetT'y be an open subset 6f2.

Throughout this paper, we use the following notations :

2
oo (20 9 pr, (2 :
Oz Oz n 0205 ) 1< j<n

N
0%v v 0%v
Av = — r_ 27 d o' == ,
VT2 U T MY T e
=1
v € RN denotes the unit outward normal vectoiaQ,
0 . s
a—v = Vw.v is the normal derivative.
14

We consider the Schdinger equation :

iy (x,t) + Ay(z,t) + ¢(x)y(z,t) =0, 2 € Q, t € (0,T)
y(x,t) = h(z,t), x € 092, t € (0,T) (2.1)
y(z,0) = yo(x), z € Q.

This paper treats two kinds of inverse problems which can be stated as follows.

Non linear inverse Problem :Is it possible to retrieve the potentiak= ¢(x), = €
Q from measurement of the normal derivative

9y
ov Do x(0,T)

wherey is the solution to (2.1) ?
In this direction, we will answer to two more precise problems.

Uniqueness: Under geometrical conditions dny, does the equality

ola) _ o(n)
ov v

Stability : Under geometrical conditions dh, is it possible to estimate; —p|| 1.2 ) or
9yla) 3y(p)) | 5
Tox(0,T) °

onTy x (0,T) imply g =ponQ?

ov ov

Indeed, we will only give a local answer about the determinatian @¥e will first
work on a linearized version of the problem and consider the followingdsiahger
equation :

better, a stronger norm @b — ¢), by a suitable norm o<

i/ (z,t) + Au(z, t) + g(z)u(z, t) = f(z)R(z,t), v € Q, t € (0,T)
u(z,t) =0, x € 09, t € (0,T) (2.2)
u(z,0) =0, z €

Linear inverse problem : Is it possible to determing(x), = € Q from the know-
ledge of the normal derivative
ou

ov Tox(0,T)
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whereR andq are given and: is the solution to (2.2) ?

In the case of the wave equation, the uniqueness result for the linear inverse problem
has been proved by M.V. KBANOV in [29] and a stability result of M. XMAMOTO,
deriving from it, can be read in [53].

Here we sey = y(q) the weak solution to (2.1) and = u(f) the one to (2.2). If
we formally linearize equation (2.1) around a non stationary solution, we obtain equa-
tion (2.2). In fact, we notice here that if we sgt= ¢ — p, v = y(p) — y(¢) and
R = y(q) onQ x (0,T), we obtain (2.2) after substraction of (2.1) with potengal
from (2.1) with potentiap and linearization.

In our inverse problem, we have to determine a coefficient of a lower order term in a
Schiddinger equation from a single time dependent observation of Neumann data on a
partT'y of the boundary. On the other hand, there is another formulation for stationnary
inverse problems knowing the Dirichlet to Neumann map and the relation between the
two problems is not really clear. In this latter direction, results are given in [9] for the
stationnary Sclirdinger equation which appear to be similar to ours.

Assuming thaty € L°° is a given function, we are concerned with the stability
aroundg. That is to say; andy(q) are known whilep is unknown. Later in section 5,
we will give a meaning to equation (2.1) whep e L?(Q2) andh € L2(0Q x (0,T)).

Of course, additional assumptions will be requiredygrand/ in order to obtain our
main result which states as follows.

Theorem 1. Letl/ be a bounded subset 6f°(Q2), ¢ € L*°(2) andy be a solution of
equation(2.1).
We assume

J o € RV \ Qsuch thatly D {x € 99 (x — x0).v(x) > 0},
y(q) € WH(0,T, L=(Q)),
yo is real valued and |yo| > ro > 0, ae in Q.
There exists a constaat = C(Q, T, o, ||| L (), Yo, h,U) > 0 such that if

dy(q)  9y(p)
ov ov

€ H'(0,T; L*(Ty))

thenV p € U,

ov ov

dy(q)  Oy(p) ‘ (2.3)

lg = pllzsey < C H
H'(0,T;L2(Ty))

Remarks : 1) We have the same resultijf takes its values iiR.
2) If we consider equatiof2.1) on (—7,T) and withy, taking its values irC, then,
under the formalism of Theorem 1, we can prove the estimate

@) ) H
ov v HY(=T,T;L2(T))

lg —pllre@) <C H

A regularity result in the linear case, obtained in section 4, implies that the right
hand side of inequality (2.3) is finite under some additional regularity(gh
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Corollary 2. Letl{ be a bounded subset 6f°(Q2) andq € L>(Q).
We assume :

Jxg € RN\ Qsuch thaly O {z € 9 (z — x0).v(z) > 0},

y(q) € WH2(0,T, Wh>(Q)),
yo is real valued and |yo| > ro > 0, ae in Q.

Then there exists a constant = C'(2, T, To, ||¢|| =, Yo, b, U) > 0 such that
V p € U verifyingg — p € HL(Q),

_ dy(q)  Oy(p)
C 1||q—p||L2(Q) < Hay T o

H <Ol Pl (24)
Hl((LT;L2 (Fo))

The condition ory(gq) requires sufficient smoothness @ny, andh and compati-
bility conditions fory, andh on 9Q x {0}. In particular,|h(z,0)| > ro > 0, z € 9Q
must be satisfied sindgy(z)| > ro > 0, ae in Q andh(0) has to be real valued.

The first inequality of Corollary 2 in (2.4) shows the stability of the nonlinear in-
verse problem and gives uniqueness while the second inequality gives the continuous
dependance of the normal derivative of the solution with respect to the potential.

Many of the results we can refer to concern the wave equation. They are related to
the same kind of inverse problems of determining a potential, some of them ([41], [53])
with a Dirichlet boundary data and a Neumann measurement and others with a Neu-
mann boundary data and a Dirichlet measurement ([20], [21]). These references are all
based upon local or global Carleman estimates. Nevertheless, in our approach, as in
[21] for example, in order to prove Theorem 1, we do not use any of the compactness-
uniqueness arguments which are required in [53] for the same kind of situation. Indeed,
our present proof is based upon a global Carleman estimate (Proposition 3) which leads
to the result in a direct way.

Up to our knowledge, the result of determination of a time independent potential in
Schibdinger equation from a single time dependent measurement on a suitable part of
the boundary is new. Let us notice that in the different context of Cauchy problem, V.
ISAKOV in [23] uses local Carleman estimates for the $dimger equation to prove
unigueness of the solution.

This paper is organized as follows :

We first establish a global Carleman estimate for a &tinger equation with a
potential (Section 2). This estimate leads us to show a theorem describing uniqueness
and stability of the linear inverse problem (Section 3). The idea is inspired by O. Yu.
IMANUVILOV and M. YAMAMOTO [21].

Then, after recalling some classical properties of regularity concerning our equa-
tions we prove a two sided inequality in the linear case (Section 4).

In section 5, we complete the proof of Theorem 1 and Corollary 2 from the results
obtained for the linear problem. In section 6, under additional hypotheses, we finally
improve the result of Theorem 1 by showing stability for a stonger noritp of ¢),
using there an observability estimate proved from the same Carleman estimate.



2.2 — A global Carleman estimate — 43

2.2 A global Carleman estimate

In this step, we will show a global Carleman estimate concerning a functien
v(x,t) equals to zero oA x (—T,T) and solution of a Sckdinger equation with a
bounded potential.

First, we assume that it is possible to find a regular and positive weight function
1 = 9(x) defined orR" and pseudo- convex with respect to the Sclimger operator.
Indeed, we will suppose that verifies the following properties.

o i € CYRY),
o Y(z) >0, Vo € Q,
o [Vip(z)| 28>0, Vo eQ,
e 3A; >0, 3e>0 suchthatVE € RN, VA > Ay,
NV €7 + D% (€,€) > e [¢]? (2.5)
o Vihv <0, Vo € 00\ Ty.
A classical answer to the problem of choosing a weiglnd a geometrical condi-
tion uponI'y is the following :
o € RN \ﬁ
Y = |z —zo|? (2.6)
Iy D {x €09, (x —xp).v(z) >0}

In this case all the required conditions are satisfied.

Then, fors > 0 andX > 0 we define oM} x (=T, T') the function® andy by
(@) a — e (@)

0(x,t) = ————-——— and =

(%) (T —t)(T+1t) and p(z. 1) (T —t)(T+1)
wherea > [|e*]| s (q). We also seLv = iv’ + Av + qu.

Proposition 3 (Carleman Estimate). Letq € L*(Q), |lgllr~ < m and lety, 0
and ¢ satisfy the above conditions. There exigts > 0, sg > 0 and a constant
M=M(Q,T,Ty,B,e,m, Ao, so) > 0such that

forall A > Ag and for all s > s,

T T
s)\/ / |Vo|?e™25% dadt + s3\* / / |v]2e™25% dxdt
-TJQ -TJQ

T ~ ~
+ / / (\P1v|2 + |P21)|2) e 5% dxdt 2.7)
—-TJQ

T T 2
< M/ /\Lv|2e—2dedt+MsA/ / 0| —
—-TJQ —T JTy

001" =250 1 dordt.
ov

for all v satisfying
Lv € L2(Q x (=T, T)),
ov

- 2(_ .72
BN € L*(-T,T; L*(T)),
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whereP; and P, will be defined later by2.8) and (2.9).

Proof :
We can refer to [7] for the general method. The main idea consists in setting*“w
and calculating

Pw = e *?L(e**w).
Thus we have
Pw = iw +is¢'w + Aw + 2sV.Vw + swAp + s%|Vo|*w + qu,

and we set
Piw+ Pow = Pw — quw

where

Piw = iw' + Aw + s*|Vo|?w,
Pyw = is¢'w + 25V .Vw + sApw.

We just have representdthv — qw as the sum of adjointP; ) and skew-adjointP,)
operators. Then,

T T T
/ / |Pw — qw|? dzdt = / / |Pywl|? dadt + / / | Pyw|? dadt
—TJQ -TJQ -TJQ

T
+2R6/ /lePQw dxdt,
T JQ

wherez is the conjugate of and Re(z) its real part.
Asv € L*(-T,T;H}(Q)) andv’ € L?(-T,T; H1(Q)) (becauselv € L*(Q x
(~T,T))),we havev € C([-T,T]; L*(Q)) andw € C([-T,T]; L*(Q)) with w(z, £T) =
0.

We will first look for lower bounds for

T
Re/ /lePgw dxdt,
-TJo
reminding that
Piw = iw + Aw+ s} Vo|rw,
Pw = —is¢'w+ 2sVp.Vw + sApw.

We multiply each term of?w by each term of,w. The properties ofv and some
integrations by parts allow to write the following equalities.

T T
I :Re/ /iw'(—iscp'@) drdt = —f/ /<,0"|w|2 dxdt.
_rJa 2 J_rJa

Writing Im(z) for the imaginary part of € C, we havelm(z) — Im(z) = 2Im(z)
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T
and takingz = 2s\ Im/ / OVyYVww' dzdt, we show that :
T JQ

T
Iy, = Re/ /iw’(QSVgo.Vﬁ)dxdt
—rJo

T
SA Im/ / O(Ax 4+ N VY|P ww dadt
-t Ja

T
— 5\ Im/ / 0'wVy.Vw dxdt.
-rJa

Moreover, sincdm z = —Im z, then :

T T
Lz = Re/ / iw' (sApw) dedt = —s\ Im/ / O(AY + N\ Vo[> )ww' dadt
—TJQ T JQ
T
and since[m/ / @' Vw.Vw dzdt = 0,
-rJo

T T
Iy = Re/ Aw(—iso'W) dzdt = s\ Im/ OwVy.Vw dxdt.
) _tJa

The next inequality uses the fact théty = g—w vondQ x (0,T) becausev = 0 on
1%
o x (0,T):

T
Iy = Re/ Aw(2sVp.Vw) dxdt
-t Jo

T
= —s/\/ /9(Aw+/\|V¢|2)|Vw|2dxdt
T JQ

T ow |?
— 5)\/ / 0| —
T Jon (91/

Vip.v dodt
T
+2s)\2/ /a\w.Vdexdt
T JQ

" oY Ow Jw
1,7=1

T
+ 2sA Re/ 0
-rJa
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Using integrations by parts we obtain :

T
Iy = Re/ /Aw(sAapE)d:vdt
-1Jo

T
SA/ /9(A¢+A|V¢|2)|Vw|2dxdt
T JQ

T
—ﬂ/ /9A2w\w|2dxdt
2 JorJa

2 T
- i/ /9(\Aw|2+2V¢.V(Aw)+A(|V¢\2))|w\2dxdt
2 JorJa

T
—sx”/ /9(\V¢|2Aw+V¢.V(|V¢|2))|w|2dxdt
T JQ

4 T
- ﬂ/ /9|Vz/1|4|w\2da:dt,
2 JorJa

and we obviously have

T
I3 = Re/ /52|V<p|2w(is<p’w)dmdt:0,
—rJo
T
Iy, = Re/ /52|V<p|2w(25V<p.VE)dxdt
—rJo
T
= o8 [ [ PTuPae+ VOV (TP deds
—rJo

T
+333A4/ /93\v¢|4|w|2dxdt,
T JQ

and

T
I3z = Re/ /52\V<p|2w(5A<pﬁ)dxdt
-TJQ

T T
= 753>\3/ /93|V¢|2Aw|w|2dxdt—53/\4/ /03|Vw|4|w\2d;z:dt.
—_TJQ -TJQ

These four last equalities explain why we required C*(R").
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Thereafter, we obtain :

T
Re/ /le%dxdt:
T JQ
s [T T
- */ /90"|w|2dxdt725/\lm/ /QIWVz/}.VEdzdt
T JQ
ow |2
— 8)\/ / —
o0 aV

+ 28\ Re/ /91)2 (Vw, V) dmdt——/ /9A2 |w|? dxdt

T
v¢.udadt+23A2/ /9|V¢.Vw|2dxdt

= X 008U 4290980 + AGTUP ol doat

s / [ BV 0R 80 + 905 (90 dai

- SA4/ /9|w| lw|? dzdt + s\ /_:;/993V1/).V(|Vw|2)|w2dazdt
+ 253\1 /_T/Qe3|v¢|4|w|2dxdt.

We call X; the terms which are neglectible within respect to

T T

s)\2/ /9|w.Vw|2dxdt or 33)\4/ /93|w|4\w|2dxdt.
T JQ —-TJQ

Then:

T T
X, = —f/ /gp”|w|2dxdt—2s/\fm/ 0'wV. Vw dzdt
2 J)_rJa —-TJQ

T
- ﬂ/ /HAQw\dea:dt

/\2
_8 / O(| A2 + 2V, V (A) + A(VE2))w]? dadt
Q
_ SA3/ /o(\w|2A¢+w.V(\w|2))|w|2dxdt
% T
- / /o|w| |w\2da:dt+53/\3/ /93V¢.V(|V¢|2)|w|2dazdt.
—T JQ
Now, we can notice that :

T T
1) sA Im/ /e’ww.vmmdt < SA/ /(9’)%|V¢.Vw|2dxdt
T JQ T JQ

T
+3A/ /(9')%\w|2dxdt,
-1 Jo
2) «is suchthat o > 00n Q x (=T,T),

3) 10| <CO3, 10| < CO? and || < CO> on (=T, T) x Q, C =C(T) >0
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Then,

T T
1X;| < CS)\/ /9\V¢.Vw|2dxdt+03)\4/ /e|w\2da:dt
-T JQ T JQ

T
+Cs3)\3/ /93|w|2d:cdt.
T JQ

We can also write :
T T
Re/ / PrwPywdzdt > Xy + 25)\2/ / 0|Vy.Vuw|® dzdt
-TJQ —-TJQ

T
+ 25\ Re / / 0D?*(Vw, Vo) drdt
T JQ

T
+253/\4/ /93|Vw|4\w|2dxdt
T JQ

T
~ A / / o 2w
—rJoa |0V
Moreover,

T T T
/ / |Pw — qu|* dzdt < 2/ / |Pw\2dmdt+2/ / ¢?|w|? dadt.
-rJQ ~7Jo ~rJo

Therefore, from these two last inequalities and if we impose

2
Vip.v dodt.

[Vip(z)] > 6 >0, Yz eQ,

we obtain :

T T
45\? / / 0|V1p.Vw|* drdt + 45\ Re / / 0D*(Vw, Vo) drdt
—TJQ T JQ

T T
+453/\4ﬁ4/ /93|w|2dxdt—|—/ /|P1w\2+|P2w|2dxdt
—TJQ T JQ

T T
< 2|X1\—|—2/ /|Pw|2dﬂcdt+2/ /q2|w|2da:dt
—TJQ T JQ

T 2
128\ / / g2
—T7 JoQ 81/

Vip.vdodt.
Hence, it is clear that if we takke > A, ands > sq large enough, then
T
/ / ¢*|w|? dzdt and all the terms ofY; will be absorbed by the two domina-
-TJa

ting terms of the left hand side. Then, we see there exists> 0 depending on
Q,T,m, 3, A, so and independant afand\ such that

T T
s)\2/ /0|V1/J.Vw|2dxdt+s)\ Re/ /9D2¢(Vw,Vw) dxdt
—-TJQ T JQ

T T
+ 53)\4/ /03|w|2d:cdt+/ /(|P1w|2+|P2w|2)da;dt
—-TJQ T JQ

r T ow |
< Ml/ /|Pw\2dzdt+M1 5)\/ / 0|—| Vi.vdodt.
-TJQ —rJaq | OV
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At this step, applying condition (2.5) ap, we obtain that/ A > Ay, whereAy =
maX(Ag, Al),

T T
5.9/\/ /9|Vw|2dxdt+s3)\464/ /93|w\2dazdt
-TJo -7JQ
T T
+ / /|P1w\2dmdt+/ /|P2w|2dxdt
—TJQ T JQ
T T
< M1/ /|Pw|2dxdt+M1 3)\/ / 0| —
-TJa —rJoa |0V

Let us remark that > 0 on (—7.,7) x Q andV¢.r < 0 on o2\ I'y. Then, by
modifying the constant/; into My = My (2, T, m, 8,¢, Ag, so) > 0 we obtain :

T T
s)\/ /|Vw|2 dxdt+s3>\4/ /|w|2 dxdt
-7.JQ -7.JQ

T
+/ /(|P1w|2+|P2w|2)dxdt
T JQ

T T 8?1}
< Mg/ / |Pw|* dzdt + My s)\/ / 0=
-TJQ -7 JT, ov

We can now rewrite our inequality withinstead ofw. We have
2 —2¢ 2
[o7e™™ = [w|%,

eIVl = [V + sVeuw|* < 2|Vw|? + 25°|Ve|*|w|?,
2 2

2
O\ G dodt.

2
V.vdodt.

9 250 = ow onon,
v
Pw = e *?L(v),
and defining
Piv= e’? Pyw, (2.8)
Pyv = e*? Pyuw, (2.9)

we finally show (2.7) M = M(Q,T, Ty, 8,e,m, Ao, sg) such that s > sg, V A >

Ao,
T ) T
s)\/ /|VU|2672S<’0diL’dt+SS>\4/ /|v|2ef2‘wdzdt
—_TJQ -TJQ

T
+ / / (\P1v|2 + |P21)|2) e 2% dadt
-TJQ

T T
< M/ /\Lv|26_2s“’d:cdt+Ms/\/ / 0| —
—-TJQ -7 JTy

2

001" =250 1 dordt.
ov

Hence the end of the proof of Proposition 3. O

Remark : Under the conditions upor, we can notice thafe=2%¥ and Vi.v are
bounded on(—T',T) x I'y and replace

L4

2 T 2
9 e~ 25°Vep.vdodt by C/ / 9 dodt
8V -7 JTyo 51/




50 Chapitre 2 — Uniqueness and Stability in an Inverse Problem —

We knew, from counter-examples that a geometrical condition was necessary and
the choice of’ given in (2.6) is very usual. Indeed, E.AdHTYNGIER [36], R. TRIG-
GIANI, P.- F. Yao and I. LASIECKA in references [31], [48] and [49] used that kind of
open set of the boundary. In [36], E.A@HTYNGIER shows an observability inequality
which estimates initial data by boundary Neumann data for af8atnger equation wi-
thout a potential oty = {x € 0; (x — x).v(z) > 0} using a multiplier identity and
Holmgren’s uniqueness theorem. Moreover, observability inequalities are technically
related to our inverse problem (see [53] and section 2.6). The reference [48] is based
on Carleman estimates, that RRIGGIANI proved for a more general kind of coupled
Schibdinger equation and applied it to exact controllability. However, both of them are
not directly applicable to obtain the result we are expecting.

2.3 Stability in the linear case

We first consider the linear inverse problem and give the following result.

Theorem 4. Letq € L*°(Q2) andu be a solution of equatio(®.2).
We assume that

I'y satisfies(2.6),
R e Wh2(0,T, L>(Q)),
R(0) is real valued and|R(z,0)| > ro > 0, aein Q.

There exists a constant = C (2, T, ||q|| .= (q), R) > 0 such that if

du 1 .72
o € H (0, T; L*(Ty)),
then,
ou
I fll2@) <C E . (2.10)
VIl HY(0,1;L2(T0))
Proof :

As we need to estimat%% in H1(0,T; L*(T'g)) norm, we work on the equation satis-
fied byv = v’ :
{ i (z,t) + Av(x, t) + g(z)v(x,t) = f(x)R (z,t), c € Q, t € (0,T)

v(z,t) =0, z € 0Q, t € (0,T) (2.11)
(2,0) = —if(z)R(z,0), z € Q

<

The Carleman inequality we just obtained is the key of the proof. We extend the
functionv on Q x (=T, T) by the formulav(z,t) = —v(x,—t) for every (x,t) €
Q x (=T,0). SinceR(0) and f are real valuedy € C([-T,T]; H}(Q)) and? €
1%
L*((=T,T) x ). We also extendR on Q x (=T, T) by the formulaR(z,t) =
R(z,—t) for every(z,t) € Q x (—T,0) and if we denote the extention & by the

same notation, theR’ € L2(—T,T; W>((Q2)). Thus,v satisfies the same equation
(2.11), setin(—T,T).
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We setw = e~ *%v, Piw = iw’ + Aw + s%|Vp|?w ande=**Pyv = Pyw as in
section 2.2 and we define :

0
I= Im/ / Pyv e 297 dadt.
—rJo

On the one hand,

0
I = Im/ /lewda:dt
-TrJa

0
= Im/ /(iw’—kAw—i—sﬂVgpr)@dwdt
-rJa

0 0
= Re/ /w’@d:cdt—]m/ / ([Vw]* — $*|V|*|w|?) dadt
-7 Jo -rJo

1 /

_ 5/T/Q(\wﬁ) dudt
1 2

= — [ |w(z,0)|" dx
2 Ja

1
- 5/ |f ()| R(z,0)|2e~25¢@:0) g
Q

On the other hand, Cauchy-Schwarz inequality and Carleman estimate stated as in
Proposition 3 in section 2.2, give :

T N 3 T 3
/ / |Pyv|?e 2% dxdt / / |v|2e=25¢ dadt
—_TJQ -TJQ

I <
3 T T (3"[) 2
< s72 M/ / |fR/|2e~25% dazdt+Ms/ / 9‘ e 2%°Vp.v dodt
T JQ -7 JT, ov
Then,p(z,t) = o) is such that—25¢(@:t) < ¢=25¢(x.0) for all z € Q
P T T ST+t =

andt € (-7, T) and it is easy to see that under the conditions satisfied, iy ~25¢
andV.v are bounded of+7,T) x I'y. Therefore
2
dadt) .

T T
I<s3 M/ |fR/‘2€725¢(m’0) dxdt + Ms/ /
—TJQ =T JTo

Moreover, using the definition of the extensions@nd ', we easily get

. T T 2
I<s% M/ / |fR!|2e=25¢(@0) d:cdt—i—Ms/ / dodt | .
0 JO 0 o

FromR € W12(0,T, L>(Q)) and|R(z,0)| > 79 > 0 ae in Q, we deduce that :

v
ov

v
ov

Jgo € L*(0,T), |R (z,t)| < go(t)|R(x,0)|, Yz € Q, t € (0,T).
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Hence we have :

3

T
/glfPLR(OHQe‘23””>dx < AIS_ELK; /Q|fWﬂgoPLR<on2e-28@”>dxdt

LT
+ Ms_f/ /
o Jro

Butgo € L?(0,T) = fOT l90(t)]? dt < K < +o0 and so we write

MK (T
2 . 2 —2s¢(x,0) . -1
Uﬂlf(xn |R(x,0)[2e"25% dx] (1 3 > < Ms /0 /FO

Then, if s is large enough,s( > (MK)§), we see that there exist a constaht=
C(M,s) > 0such that:

2
dodt.

v
ov

2
dodt.

@
ov

2
dodt.

T
|ﬂmmm@m%*wwmm§c/‘/ v
Q 0 To aV

Since|R(z,0)| > 1o > 0, ae in O ande=25¢(=0) > ¢ 2% > 0, vz € Q, we

obtain .
Af@F“<CA(L

ou

OV | 10,7 2(r0))
Therefore, Theorem 4 has been proved. O

v |?
—| dodt
ov a4t

and itis (2.10):
I fllz2) <C

Remark : if we replace the assumption R(0) is real valued’ by the following
“R(0) takes its values inR” , using the same idea, but with a different extensiom of
andR, we will be able to prove the same result.

Corollary 5. Letw be the solution of equatiof2) andT'y given by (2.6).
We assume :
q € L=(Q), Re WH(0,T,Wh>(Q)),
R(0) is real valued andR(z,0)| > ro > 0 ae in Q.
Then, there exists a constafit = C'(Q2, T, [|q|| L), ) > 0 such that for allf €
HLQ):

Ou
-1 2 < || =
P

< Cllflla o) (2.12)
H'(0,T;L2(Ty))

The proof will be given in the following section.

Remark : It follows from Theorem 4 that

(g:j:o on (O,T)xl“0>:>(f:0 on )

and it corresponds to the uniqueness result, for the linear case, proposed in section
2.1. In the non linear situation, we easily show uniqueness by chogsiagg — p,

u=y(p) —y(g) andR = y(p) onQ x (0,T").
This result can be writen in the following way :
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Theorem 6. Letp € L>(2) andq € L>°(Q2). We assume thaf(p) or y(q) belongs
to W2(0, T, Wh>(Q)), yo is real valued andyo(x)| > ro > 0 almost everywhere

in Q.
9y(a) _ Oy(p)
ov ov

If on (0,T) x Ty, then q=pon .

2.4 Existence and regularity properties

The estimates we will need to prove Corollary 5 can be summed up by the following
lemmas.

Lemma 7. Let us consider
iy’ (z,t) + Ay(z, t) + q(2)y(z,t) = g(x,1), v € Q, t € (0,T)
y(x,t) =0, z € 0Q, t € (0,T) (2.13)

y(:c,O) =yo(z), z €N
whereq € L>®(Q), yo € HL(Q) andg € X, with X = L1(0,T, H} () or X =

Wh(0,T, L?(Q2)). This equation admits a unique Weak solution
y € C([0,T], H}(£2)) such that the mappinfy, yo) — % is linear and continuous
from X x H}(Q)to L*(T x (0,7)) and3 C = C(Q, T, ||q||Loc y) > 0 such that :
vie0.1), ly®)lme < C (lwlue +lolx)  (214)
Ay
= < C (llyollrz o) + llgllx (2.15)
’81/ L2(I'x(0,T)) ( o( )
Proof :

Concerning estimate (2.14), we can refer to [15]. Itis a classical result which can be for-
mally obtained by two manipulations using Gronwall inequality. In a first time we have

to work on ”Im/ (2.13).y dz” and show that ify, € L?(Q2) andg € L' (0,7, L?(f2))
Q

then(2.13) admits a unique solutiop € C([0, T, L*(Q2)) such that/ t € (0,T),
(@)l z2) < C (lvoll L2y + 9l o7,220)) -

Then, in a second time, working o [ (2.13).y’ d=”, we manage to obtain (2.14)
Q
in both of the two cases for spagé

Estimate (2.15) can be deduced from this other result :

Lemma 8. Lety = ~v(z,t) € C*(Q x (0,T),R™). Under the same hypothesis as in
the preceding lemma, the following multipliers identity holds for every weak solution
of (2.13) with initial datay, € H}(Q) andg € X :

// V\—\Qdadt Im/ynydm

+R€/ /yV divy) Vydxdt+2Re/ / 3% dy 0y ddt
ﬁxl ox; 6':1:]

72Re/ / quy-Vydxdt — Re/ / qly|? divy dzdt
0 Q 0 Q
T T
+2Re/ / gv.-Vydzdt + Re/ / gy divy dzdt.
) 0o Ja
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We first obtain this identity for very regular dagac W*1(0, T, D(£2)) andy, €
D(Q) by calculating

T
" Re/ /(2.13).(7.V§+ %y divy) dzdt .
o Jo

and the result holds by integration by parts. At this step, reference [36] gives a similar
result for the Schirdinger equation without potential. Then, by density, the estimate
holds true for every solution of (2.13) with initial daga € H}(Q2) andg € X.

We finally choosey = ~(z) € C?(Q x (0,T),R"™) such thaty = v on theC?-
boundaryoQ). Theny.r = 1 on(0,T) x 99 and applying estimate (2.14) with Lemma
8, we manage to obtain estimate (2.15). O

Proof of Corollary 5 :

Sincef € H}(Q) andR € WhH2(0, T, W1 (Q)), we havefR' € L'(0,T, H}())
and fR(0) € H}(Q). Thereafter, we know that equation (2.11) has a solution
C([0,T); H}(Q)) and it also impliesa—z € L%((0,T) x I). Of course, the left inequa-
lity in (2.12) derives from Theorem 4. Besides, from Lemma 7 :

L2((0,T)xTo) Hal’

H@V

L2((0,T)x89)
< C(IFRONy + IFR N0, m30)
< COllfllaae
This proves the right hand side of inequality (2.12) and the proof of Corollary 5 is
complete. O

2.5 Proof of Theorem 1 and Corollary 2

We would like first to give a meaning to equation (1) we are studying.

Lemma 9. Letq € L>(), yo € L*(Q) andh € L?(9Q x (0,T)). Then, there exists
a unique solution

y € C([0,T), H ()N H(0,T,L*()),
defined by transposition, of the problém1) :

{ i (z,t) + Ay(z,t) + ¢(x)y(z,t) =0, 2 € Q, t € (0,T)
y(x,t) = h(z,t), x € 09, t € (0,T)
y(x,0) = yo(z), © € Q.

Proof :
We define the adjoint system

i+ Ap+qp=g, in Q2x(0,T)
p=0, on 9Q x (0,T)
o(T) =0, in Q
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Itis well-known that we have the following regularity properties about this &tihr
ger equation ;

a)lfg e L1(0,T,H}(2)) thenyp € C([0,T], H}()) andg—@ € L?2(T x (0,7))
(Lemma 7). v

b) If g € HE(0,T, L2(Q)) — WhH1(0,T, L2(2)) theny € C([0, T, H2(%)) and

g—f e C([0,T], Hz (0%)).
Indeed, we first have € C([0,T], L*(Q2)). The study of the equation satisfied by

givesp € C1([0,T], L*(Q)) and that leads thy = g—qp—i¢’ € C([0,T], L*(Q)).
Theny e C([0,T], H2(€2)) and its normal derivative is i6i([0, 7], H 2 (9Q)).

We say thaty is a solution of (1) in the transposition sense if and only if it is
possible, for every, to give a meaning to

T T 8@
/ / gy dxdt = z/ yop(0) dx + / / h— dodt.
o Ja Q o Joo OV

We takeg € D(0,T,D()). By density inL (0, T, H}(2)) and H{ (0, T, L*(2)) we
are able to defing € L>(0,T, H-*(Q)) N H~1(0,T, L*()) with ¢ € L>(Q),
yo € L2(2) andh € L2(0Q x (0,T)).

We refer to [36] for the transposition method concerning the &tihger equation
and the way to prove that we finally obtajre C([0, 7], H(Q))NH~1(0,T, L*(Q)).
Nevertheless, we would like to underline that the important point here is that we have
a potentialy € L*°(2) and we have to give a meaningdg (indeed, we proved that
qy € H=1(0,T;L?(%)), sincey € H~(0,T; L?(€2))). Let us also notice that the

regularity we obtain iny implies% € H2(0,T; H—%(I)). O
14

Thereafter, we define = y(p) — y(g), which verifies :

iu' + Au+pu= (¢ —-p)y(g), In Qx(0,T)
u=0, on 9N x (0,T) (2.16)
u(0) =0, in Q.

The key of our proof is that in the linear case, all the constants depend é@itimerm

of the potential. Then, singe € U, wherel/ is bounded inL>°, we are in fact, with

(2.16) in a situation similar to the linear cas2.2).

Proof of Theorem 1 :
We havey(q) € W2(0,T, L>(Q2)) and we know that

Wh2(0,T, L>(Q)) c C([0,T], WH>=())

then we havey(z,0) = yo € L>(Q). Thus, hypothesig(z)| > 7o > 0, ae in Q
makes sense and we can apply the result of Theorem 4, which leads to :

ou

ov

Im—phmDSC’ .
H'(0,T;L?(Tyg))
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And the proof of Theorem 1 is complete. O

Proof of Corollary 2 :

We assume that(q) € W12(0, T, Wh>(Q)) andg—p € H (). Then, it comesgq—
p)y(q) € WH2(0,T, H}(Q2)) and there exists a unique solutiare C ([0, 7], H}(£2))
to (2.16).

We are in the same situation as in the linear case (2.2) and we can apply the result
of Corollary 5 which leads to :

- Ou
C™ g = pllra < HaV <Cllg—pluio)-

H'(0,T;L2(Ty))

It means that there exists a constatit= C(Q2, T, T, ||q|| L, ¥o, h,U) > 0 such
that for allp € U satisfyingg — p € H}(Q),

dy(q)  9y(p) H
Ov v g 0,220

O g - pllsey < H < Clla - pllayca.

and the proof is complete. O

Remark : The importance of Carleman estimate being global has to be underlined. It is
also well shown, in reference [21], how a global Carleman estimate leads really faster
to a conclusion in a non linear situation for the wave equation. We can refer to [53] for
a situation using only a local estimate with a weaker result. Indeed, to prove a stability
inequality in a non linear situation from the knowledge of the linear case, an obser-
vability inequality and a compactness-uniqueness argument are required. However, to
improve our results, we will precisely use an observability estimate.

2.6 Improvement of the symetry of the two-sided esti-
mates

It is known that for the wave equation, a symetric two sided estimate can be shown,
for instance in [53]. The result obtained for the Satinger equation in Corollary 2
is not symetric in terms of the norms @5 — ¢). We will here improve the result of
Theorem 1 under slightly stronger regularity hypothesig @).

Proposition 10 (Observability Estimate). We assume € L™, z, € H}(Q) andT,
is given by(2.6). If z is the weak solution of

i2'(x,t) + Az(x,t) + q(z)z(x,t) =0, x € Q, t € (0,T)
z(z,t) =0, z €0, t € (0,T) (2.17)
z(z,0) = zo(x), v € Q

then, there exists a constafit= C(Q, T, T, ||q||=) > 0 such that

0z

. (2.18)

leoll ey < C \ .
L2(0,T;L2%(T0))
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Proof :

It is a well-known consequence of the Carleman estimate (Proposition 3).

Let0 < Ty < Ty < T. First of all, since all the needed conditions are satisfied (from
Lemma 7), we can apply Proposition 3 to the weak solutiof (2.17).

Remark : Some changes are made. We work@ri'] and with

() o — e (z)
O0(x,t) = T 1) p(z,t) = NEDE
Then we have :

dodt

T T T 9212
/ / |V22e™ 2% dadt + s\ / / |z2e 2% dadt < M / /
0 JQ 0 Ja 0 Jr, OV

and sincee=25¢ > ¢ > 0 on [Ty, T1] x €, it means that :

2|l 2 THLHQ) S H
(T, T1:H5 () v L2((0,T)xTo)

Let x € C*°(0,T) be a function such thét < x(¢) < 1, Vt € [0,T], x = 1 on
[0,Tp] andx = 0 on [Ty, T]. Then,x’ = 0on |0, Tp] U [T1,T] and we obtain

0z
v

X2l L2 (0,753 (2)) < C ‘
L2((0,T)xTo)

with C' = C(x). Moreoverw = xz satisfies :
iw' + Aw + qw = ix'z, in Qx(0,7)
w=0, ondQx(0,T)
w(T)=0, in Q.
Then, applying again Lemma 7 and singe € L?(0,T; H; (£2)), we have
lw(®) |l < ClIX 2l 20,1132, Yt €[0,T].

Therefore, witht = 0 and recalling thatv(0) = z(, we obtain :

L2((0,T)xT) 7

20l 2 ) < C X 2l L2 0,113 () < C HaV

what proves the inverse inequality (2.18). d

Thereafter, we manage to obtain better stability results about our inverse problem.
The main idea is to use this observability estimate and the price to pay is to as-
sume more regularity on the given functiéhand to obtain a result with non explicit
constants that we had till now.

Theorem 11. Letq € L>°(2) andu be a solution of equatiof2.2).
Assume that
I'y satisfies(2.6),

R e Wh2(0, T, Wh>(Q)) n W0, T; L>(Q)),
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R(0) is real valued and|R(z,0)| > ro > 0, ae in Q.

Then, there exists a constafit = C(,T,To, |||l (), R) > 0 such that for all
fe Hg (),

Ou
£ < C [ fla - (2.19)

H'(0,T;L2(To))

C 1l e) < ‘

Proof :
We work on equation (2.11), satisfied by= v’ :

{ ' (x,t) + Av(z, t) + q(z)v(z, t) = f(x)R (z,t), 2 € Q, t € (0,T)
v(z,t) =0, € 09Q, t € (0,T)
(2,0) = —if(x)R(x,0), z € Q

We introduce :

<

z =0, on 90 x (0,7)

iz’ + Az+qz=0, in Qx(0,7T)
2(0) = —ifR(0), in Q

and
i+ Ap+gp=fR, inQx(0,T)
¢ =0, on 90 x (0,7)
©(0) =0, in Q.

Then,

v(z,t) = z(x,t) + p(x,t), x€Q, te(0,T).

On the one hand, as we hatee W2(0,T, L>(Q2)) and because of Lemma 7, we
can write :

S CfRlwraomz2) < C IfllL2@)-
L2((0,T)xT)

H ov

On the other hand, sindé € W1:2(0, T, W>°((Q2)) the observability inequality gives

0z

1 <
ROy < € | 5

L2((0, T)><F0)
Moreover, we have to notice that#(0) € W'>°(Q) and|R(x,0)| > ro > 0, then
ﬁ € Whe°(Q) and it yields
[ £l ) < CIFRO) -
We finally obtain :

ov

1 <
g < € |5

+C || fllz2(0)-
L2((0,T)xTo)

Then, writting this estimate withk and applying Theorem 4 to take away the term
£l 2 (0), we obtain the left hand side of (2.19).
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To conclude, we can directly apply Lemma 7 to (2.11) sifice Hi(Q) andR €
W20, T, W1 (£)). We then obtain :
CIFRON a2 ) + CIFR 220,113 )

C ||f||H3(Q)-

Sincev = «’/, we actually know there exists a strictly positive const@@ndepending
onQ, T, Ty, ||lq|| (@) and R such that

v
ov

IN

L2(0,T;L3(T0))

IN

_ ou
O fllyen < Ha < Ol flscan

H'(0,T5L2(To))

and the proof of Theorem 11 is complete. O

As for the proof of Theorem 1 and Corollary 2 in Section 2.5, we can derive from
Theorem 11 the following one.

Theorem 12. Let!/ be a bounded subset 6f° () andq € L>°(2). Assume that
I'y satisfies(2.6),
y(‘]) € WLQ(Oa T, Wl’oo(Q)) N W2,1(07 T, LOO(Q))a
Yo is real valued and|yo| > 7o > 0, ae in Q.
Then, there exists a constafit= C(Q2, T, T, ||q|| =, Yo, h,U) > 0 such thatv p €
U verifying g —p € HE (),
dy(q)  Oy(p)

ov ov HHl(O,T;LQ(Fo))

c! 1P —allmi) < H <Clp—qllz @)
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Deuxieme partie

Existence et Regularité de la
solution d’'une equation de
Hartree-Fock dependant du
temps coupEea uneéquation de
la dynamique classique
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Chapitre 3

Introduction aux
approximations en Chimie
Quantique

3.1 Quelques notions de rcanique quantique

Par oppositiora la mécanique classique qui concerne les corps macroscopiques,
la mécanique quantique est la description du comportement de l&nmat de la
lumierea I'echelle atomique. C'est leebut du XXeme sécle qui marque les boulever-
sements profonds de la physique classique. Liegdlutions” relativistes et quantiques
remettent en question ladoanique classique sur les corps engls aningés de tes
grandes vitesses pour I'une, sur les obgt€chelle atomique pour I'autre. On pourra
se Eéférera l'introduction de [3] (bibliographia la fin du chapitre). Nous resterons dans
le champ de la mcanique quantique non relativiste et seules quelqéesig¢rérales
et un peu de vocabulaire quantique seront ésriai.

Dans le cadre de cette@oanique de I'infiniment petit, les notions de trajectoire
ou de vitesse n’existent pas. On rappelle le principe dies relations d’incertitude
d'Heisenberg (1927) :

On ne peut paséfinir a un instant don|met avec une pcision arbitraire
a la fois la position et la vitesse d’utectron.

Il permet d'introduire I'icke que les entis élémentaires constitutives de la neag
(molécules, atomeglectrons...) et de la lurie (photons) ne peuvent plétse decrites

par les grandeurs de lagoanique classique. On peut alors leur associer la notion plus
abstraite de probabiétde pésence.

Mathématiqguement, une particule quantique se voit associer une fonction d’'onde
¥ qui décrit sonétat. Cette fonction @end du temps ainsi que de la position dans
I'espace et du spin (moment magigue intringque) de la particulel elle-méme n'a
pas de signification imédiate et n’est pas observable, myls$? dx donne la proba-
bilité de pésence de la particule danglément de voluméz. Il découle de cela une
condition de normalisation

. |U(x,t)|> do = 1. (3.1)

63
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En 1926, W. Heisenberg et E. Sédinger &velopgrent deux thories diferentes
de la nmecanique quantique, dont lessultats concordent cependant. Nous n’abordons
pas ici le formalisme matriciel d’Heisenberg, mais l@ganique ondulatoire avec la
formulation de lequation de Scldinger :

10,0 (x,t) = H(t)U(z, 1), (3.2)

ou H est le Hamiltonien (que nous @iserons par la suite) du sgeie quantique
consickré, et sa fonction d’onde. Les notionsgsenges ici ontete rassemlaes et
synthetistesa partir des ouvrages déferences racaniques [3], [7], [11] et [12] et
chimiques [14] ainsi que les introductions de [6] et [13] (livres cortssaia theorie

de la fonctionnelle de denéit

La mise en place de cette branche de la physiquevedg¢mment le fruit du travail
et de l'inggniosié de beaucoup d’hommes, ekVocation des noms des plus grands
d’entre eux (Borh, Born, de Broglie, Dirac, Heisenberg, Pauli, Planck d8atger...)
ne suffit pasa rendre compte de l'incroyable fertditdes anees 1920 autour de la
mécanique quantique.

Nous nous permettons de renvoyeta lecture des passages apprepries ou-
vrages non ggciali€s en necanique quantique [1b 357 — 359) et [10] (dernier cha-
pitre, p198). Ces livres proposent une vue d’ensemble respectivement scientifique et
historique qui donne corsla naissance de cetteétirie quantique. Les deux premiers
chapitres de lagférence [11] pesentenégalement les origines de la&tbrie quantique
et la formation de Bquation de Sclidinger dans un formalisme &giali€. 1l nous
parait cependant important de signaler le manqueetizances d'ordre&réral, mais
néanmoins approfondies, suétjuation de Sckidingerdépendant du temp&a plu-
part des livres consus se focalisent en effetss rapidement sur le cas stationnaire ou
sur une approche de type scattering.

3.2 Objectif

La situation qui nous igresse grciement dans cette partie de la&sie est celle
d’'un atome d'elium (1 noyau et Zlectrons) soumia un chamgelectrique non ho-
mogene et @pendant du temps. L'objectif que nous avons en vue estabspréetape
parétape la @marche conduisant defjuation de Sclkdinger grérale

100 (t,x) = Ht)¥(t,z) — Vi(t,z)P(t, x) (3.3)
ou West la fonction d’'onde de I'atome dBlium, H son hamiltonien
(opérateur liréaire autoadjoint agissant sur I'espace de Hilbert étsts physiques()
etV; le potentielelectrique exérieur,

au syséme que noustudions effectivement par la suite

1 1 )

' A I thu = 2y — t) € R? T
10yu + Au + P a(t)|u+ Vi(z, t)u = (Jul® |m|)u, (z,t) € x (0,7)
’LL(O) = Uo, €T E R?’

d’a > 1 (3.4)

aa N _ T
m—s /W u(z)["V (|xa|> dz — VVi(a,t), te(0,7)

da

a(0) = ao, E(O) = Vo

ou u est la fonction d’'onde deslectrons et: la position du noyau
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Une premére analyse rapide de ce syste coup permet de remarquer en premier
lieu que seuls leélectrons sont consites comme des particules quantiques. En raison
de son poids beaucoup plus grand que celuiéestrons, le noyau est soungsune
dynamique newtonienne. Cela signifie g«haque instant il est re@, comme toute
particule classique, par le couple posﬂmn/wte@s(e o t))

La premereéquation du sysime moélise le comportement de la fonction d’onde
des deuwelectrons, soumia I'attraction coulombienne du noyagg{ﬂ) et au champ
électrique exérieur (potentiel;). La non-liréarié de Hartree, que I'on trouve au se-
cond membre est une approximation du terme de champs moyen qui entre s jeu d
lors que 'on considre un systme contenant au moins deébectrons. La deurime
équation correspond la relation fondamentale de la dynamique, ap@&au noyau
soumis au champ ée par la distributiorélectronique moyenne environnante et au
champélectrique exérieur.

3.3 Approximation non adiabatique

Dans le but d’expliquer les défentes approximations permettant de passer de (3.3)
a (3.4), nous allons tout d’abord conaidr un systme moéculaireisole compog de
N électrons et dé/ noyaux. Au cours de cet exercice, il faudra garder émmire
gue le systme moéculaire sera ensuite sounaisin chamglectrique exérieur, ce qui
orientera le choix de certaines approximations. Ceesgstquantique esgdrit par la
fonction d’onde

U = \I/(t,fl, ...,fN,al, ...,a]u)

ou 7; = (z;,s;) avecz; la position duiemeélectron dan®? et s; son spin (valant
i%) et al a; est la position du-ieme noyau dont onaglige volontairement le spin
car les noyaux voritre consiérés comme des particules classiques par la suite.

L’ évolution au cours du temps du siiste est alorsagie par [equation de Schidin-
ger (3.2) @l le Hamiltonien est dorgpar

1 < 1 & Aa
I} Z:Ai_§ — Zz|zl—ak|
=1 1=1 k=1
M M

ZE2]
+ = Zz‘x S ZZM (3.5)

i=1 j#i k=11>k

les notationsA\; et A,, correspondant au Laplacien par rapport aux coordeardu
iemeélectron et duk-ieme noyau respectivement. La masseet la charge;, du k-
ieme noyau sont doies dans le syne des unés atomiques que nousagiserons
plus tard. Les deux premiers termes corresponddtinergie citiquedesélectrons
et des noyaux. Le troisme terme maglise I'attractionélectrostatiquentre noyaux et
électrons, tandis que les deux derniers, qui correspogdfémend I'énergie poten-
tielle d’interactionélectrostatique, mddisent respectivement le potentiel dpulsion
entreélectrons et entre noyaux.

Cetteéquation, comme toutes léquations que nous allons mentionner par la suite,
apparét dans une forme simpl#éi, c’est dire péci€£ment sans aucune constante fon-
damentale de la physique. C’est dans ce but que nous utilisons &rgysies unis
atomiques, obtenu en exprimant les quastiphysiques comme multiples ou combi-
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naisons des constantes fondamentales et en imposant

h
me=1,le|]=1, — =1, dneg =1
27
ou m, est la masse dedlectron,e| sa charg&lémentaire}, la constante de Planck et
g la permittivite du vide.

L’ équation consigree peut encorétre simplifee en tiranegalement avantage des
difféerences significatives de masse entre un noyau éleaatron. En effet, @me le
plus keger des noyaux, celugduita un unique proton (atome d’hydrege), @se envi-
ron 1800 fois plus lourd qu’urélectron. Par suite, un noyau septace beaucoup plus
lentement qu’urélectron. D’un point de vue pratique, nous pouvons alors cénesid
les noyaux comme des particules classiques ponctuelles doagbtgenla nature quan-
tique et leslectrons comme des particules quantiques se mouvant dans le champ cou-
lombien cée par les noyaux. A l'instant I' état du systme est ainsi&krit par

({w(t)fﬂjj(t)}k . ,wt)) 7

ou | ax(t), %(t) est le couple position/vitesse duieme noyau etw ¥, est la
fonction d’ondeélectronique. Le mouvement dékectrons &pond alorsa I'équation
de Schodinger

10: U (t, Ty, .y Tn) = He(t) P (t, T, .., TN, (3.6)

ou le Hamiltonierélectronique crit

N M

:_,ZA S T X ol

1=1 k=1 1<i<j<N

De plus, nous sommes @resgsa terme par Btude du contile optimal déquations
pouvant modliser des particules prenant parles eactions chimiques. Nous ne pou-
vons donc pas congider les noyaux comme fs et leurs @placements sont alors
décrits par lequation diférentielle d’ordre deux :

d
m =k = v, Z/ A+ > ) (3.7)
dt R3 |a: — ak| <iTien lax — ai
ol p(t,z) = N Z /M § |U,(t, 2, 51, T, ..., Zn)|> doy ... dzy est la densé

électronique. Chaque noyau septhce donc selon leggles de la dynamique Newto-
nienne, dans le potentielée par les autres noyaux et par I'ensembleéestrons. Ce
terme d’origineélectronique est appepotentiel d’Hellman-Feynman.

L'approximation que nous venons d’effectuer est ditm-adiabatiqueNous te-
nonsa peciser que I'on pourra trouver dans le premier chapitre deksetde E. Caris
[2] une vue plus large des diffentes approximations envisageables pour uresyest
quantique déV/ noyaux etN électrons, dans le cadre non-stationnaire comme dans le
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cadre stationnaire. Nous avoreoite de pésenter ici uniquement le melke applicable

a la situation qui nous iBtessea savoir un atome soumisun chamgelectrique non-
homogene et @pendant du temps. Il faut tout de€me signaler que dans un cadre sta-
tionnaire, le fait d’utiliser le plus grand poids des noyaux comme argument pour simpli-
fier la formulation du proldme rappelle Bpproximation de Born-Oppenheimdille

se ¢ereralise aux situationsgpendant du temps en une approximatliabatique

qui consiste d’'un point du vue pratigaeconsi@&rer que le€lectrons s'adaptent ins-
tantarment aux positions des noyaux. Cependant, cetteaterapproximation n’est
valable que sous certaines hypadbs physiques, @ciement invali@es dans le cas de

la presence d’'un chamiectrique exrieur du type de ceux que nous allons coassd

3.4 Approximation de Hartree-Fock

Nous allons maintenant @ciser les propétés que la fonction d’'onde désectrons
se doit de wrifier pour dcrire unétat physiguement admissible du syse. Nous
décrirons ensuite comment, en accord avec ces @éprinous pouvons approcher le
probleme (3.6) en restreignant I'ensemblew, doit évoluer.

Nous avons éja évoqte la premére propréte, qui se éduit directement de I'in-
terpiétation probabiliste de la fonction d’onde (cf (3.1)) :

0.2 = Z/ o (t & B2 day . oy = 1.
an RV

La deuxeme propiéte cecoule d’'un postulat de sy&trisation (pour plus deédails,
voir [12]) qui permet de faire face au pr@ohe d’indiscernabilé des particules iden-
tiques :

"Si un syséme contient N particules identiques, &&sts dynamiques sont

nécessairement ou tous s§triques ou tous antisyétriques par rapport

aux permutations de ces N particules.”

Les électrons, ou encore les noyaux ayant lenme nombre de protons et leéme
nombre de neutrons, sont appesdparticules identiquesPlus gréralement, deux par-
ticules sont identiques si leur progtés physiques sont rigoureusement lésma, au-
cune observation ne permettant de les distinguer les unes des autres.

C’est la nature de ces particules quatermine I'une ou l'autre prescription de
synétrisation. Les bosons sont les particules dontélieds sont sygtriques et cor-
respondent par exemple aux photons ou aux noyaux d'atomes cesgios nombre
pair de nuckons (le spin d'un boson est entier). A I'oppokesélectronsgtant des par-
ticules de spin demi-entier, leur fonction d’'onde ditite antisyrétrique par rappor
I'échange des coordoees d'espace et de spin de dé&lectrons :

U (t,&1,...,%,%,...,Zn) = —Ye(t, 1, ..., %5, T, ..., TN). (3.8)
L'analyse d’'un systme deN fermions corrobore le principe d’exclusion de Pauli
(1925) :

"Deux fermions ne peuvent occuper l&€meétat quantique individuel.”

En d’autres termes, dans notre situation, on ne peut pas trouvegrme mstant et au
méme endroit de I'espace deélectrons de @me spin. En effet (3.8) implique que
s'il existe deux indices # j tels que(x;, s;) = (x;, s;), alors recessairement,

U.(t,7,..., %) =0.
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Nous allons maintenant @ciser I'espace de Hilbet. desétats physiques sur lequel
I’hamiltonienélectroniquef . agit :

N
Mo = [\ L*(R® x {£1},0),
=1

et la fonction d’onde érifie a chaque instant, ¥.(t) € {¥ € H, |¥| = 1}. Nous
sommes cependant encore confémdt un choix trop grand de fonctions d’ondéeVv
électrons admissibles. La&thode de Hartree-Fock va nous permettre @gnd un
sous-espace correspondantine approximation physiquement raisonnable des fonc-
tions d’onde tout e@tant utilisable en pratique.

Il s’agit, dans un premier temps, d’approcher par un produit antisy@&trique de
N fonctions monélectroniques néesy,;. L'approximation de Hartree-Fock consiste
a choisir les fonctions d’onde&rivant comme un&erminant de Slater :

1
VNI

Les fonctionsy); sont des spin-orbitales et on peut &sire sous la forme
¥i(@5) = ¢i(x;)oi(s;),

ou ¢; est une orbitale moleculaire €t est une fonction de spin valant’spin up” ous
"spin down” au la famille {«, 3} est orthonormale. Desgeisions substantielles sur la
notion de spin et sur et 3 sont donies dans laéference [9]. On rappelle que toutes
les fonctions utili€es sont, a prioria valeurs complexes. Pour simplifier les calculs,
les spin-orbitales sont elleséme choisies orthonormales, de neriquey;; étant le
symbole de Kronecker, on ait

/ Y (D)5 (T)dE = b;5.
Rix (£3)

On peut péciser que les orbitales atomiques sont telles|guer)|?dz est la probabi-
lité de trouver leemeélectron de spin dornpars; dans [élement de volumdz.

Dans un dewdéme temps, nous utilisons la formulation variationnelle éguation
aux cerivees partielles (3.6) pour simplifier la formulation du Hamiltorééettronique.
Nous obtenons ainsV équations d’'inconnues |€8 spin-orbitales en faisa@voluer
la fonction d’onde¥, sur la varete des éterminants de Slater

U.(%1,...,%ZN)

det{v(7)), (4,4) € [1, N]*}.

Sy = {\1; — L det {44(7), (i) € [1, NI?}

Vv N!
R3x{£5}
Nous utilisons le fait que
T
YU, € Sy, / (10, Ve + Ho (H)U,, V) dt =0
JO

et ne donnons que I&sultat final. C’est le fruit d'une part de calculs usuels similaires
au cas stationnaire bien connus des chimistegrédpur de Fock), et d’autre part de
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la transformation d’'une formulation variationnelle en plusigéageations aux &rivees
partielles (@rérant une matrice\;;) hermitienne). Legquations @rifiees par les spin-
orbitales sécrivent alors de la magie suivante :

N
i0pp; = F(t)i + Y Nijthj, i € [1, N]

Jj=1

ou F est le Hamiltonien de Hartree-Fock (ouévpteur de Fock) et vaut

2k N 5 1 N o/
- N;w )X () e

j=1

M

f:—%A+Z|
k=1

Nous attirons I'attention sur le fait que cette approximation donne un Hamiltonien qui
dépend des spin-orbitales eéerdonc une non lgari€. On peut simplifier la formula-
tion deséquations @rifiees par les spin-orbitales@iminer les);; en diagonalisant la
matrice hermitienné);;) et en effectuant un changemenégdat des inconnues, pour
finalement pouvoiécrire (les notationétant conse®es) :

0 = F(t)ihi. (3.9)

Pour donner une intergtation des deux derniers termes de &cgteur de Fock (cf [6]
et [15]), on regarde leur action sti, que I'on multiplie par), et que I'on ingégre (en
spin-espace, donc si&® x {i%}). Le premier calcul donne :

) ! o (Z2) Pl (F0)
2 )2 7 o
S (e ) 5 A,

C’est un terme dja present dans I'approximation de Hartree (qui consisterire ¥,
comme un produit simple de spin-orbitales) et il correspihalction d’'un potentiel lo-
cal derépulsion de Coulomappet ainsi car il moélise la Epulsion classique de type
coulombien entre les nuagékectroniques chaés |v;(71)|? et [¢;(72)|*. Le second
calcul donne :

—i/(u}jw;)( Y5 (F)B,(3) d

_Z// 1/J ;312_1&;23'72 V(71 (21) A diy

et mocklise I'action d’un ograteur non local &changequi n'a pas d'interpgtation
classique. C'est un terme géimergea cause de la nature antisgtrique de la fonc-
tion d’onde. Il faut par ailleurs noter que le ter% ne cepend pas des variables
de spin. Puisque les fonctions de spiret 8 sont orthonorraes, l'inégration sur les
variables de spin dans la formule ci-dessus gt faite inépendamment. La contri-
bution de ce terme échange n’existe ainsi que pour ddsctrons de @me spin.

On peut enfin signaler que fort heureusement, dans la formule derdigur de
Fock, le casj = i, ou i est l'indice de la spin-orbitala laquelle I'ograteur vaétre
appliqe, n'est pas absurde. En effet, ¢n= i la somme des deux derniers termes
mocklise l'interaction de Blectroni avec lui néme ce qui est un non-ser&yjite par
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'adéquation des termes @hange et de Coulomb qui s’annulent alorecement
I'un l'autre.

Nous pouvons maintenant formuler le gyse déquations moélisant un systme
guantique constit de N électrons et dé\/ noyaux. Le systime coup® finalement
obtenu estle suivantavéc< i < Netl <k < M :

N

iat1/)i:_Awl+Z| ok ¢Z+Z<%2 | |>7/12 Z(d] "/]z | >/(/)j7
M N =t -
=22 (/ Y |d”c) Ve X e

k=1 i=1 1<l <la<N

da
i(0) = 9, ax(0) = af, —=(0) =},
ou 1); est donc une spin-orbitaléedendant du temps, de la position spatiale et du spin
de I'électron assoéiet al a;, est la position danR? du k-ieme noyau et negpend que
du temps.

3.5 Methode de Hartree-Fock restreinte

La dernereétape avant d’'atteindre notre objectif repose essentiellement sur la pa-
rité du nombre dlectrons consigtés dans le magle chimique qui nous iBtesse. Plus
préci€ment, nous allons faire apgela méthode de Hartree-Fock dite “restreinte” pour
donner un sygime déquations plus simpla traiter que celui dorénci-dessus, adapt
a I'atome d’'Helium avecM = 1, z; = 2 et N = 2. A notre connaissance, [9] et [13]
sont les éférences grérales donnant le plus degmisions sur cette athode.

L'id ée gerérale est qu'un nombrd pair d’électrons peut voir sa fonction d’onde
globaleV, formulee comme le eterminant de Slater d¥ spin-orbitales); dont une
moitié est choisie de la formé(z)a(s) et I'autre moité de la formep(z)5(s). Cela
se justifie par le fait que les couch@gctroniques d’'un atome se remplissent par paire
d’électrons et ont ainsi chacune de leurs orbitales spatiales doublementesctipst
a dire permettant de construire deux spin-orbital€aide de 'une et I'autre des fonc-
tions de spiny et 3.

Des que I'on se trouve dans un cas appi@ple parié du nombre dlectrons a
I'on peut imposer cette double occupation des orbitales atomiques, il faut le &sire d
le début des calculs prédant de la formulation de la fonction d’onde estetminant
de Slater. Il s'agit pgeci€ment de la rathode de Hartree-Fock Restreinte (RHF). Bien
entendu, I'atome d’Elium entre dans ce formalisme et si on nete position de son
noyau etu I'orbitale spatiale @rérant les spin-orbitales distinctes des délectrons,
on obtient finalement le sy&mne :

1 2 1

. — _ZAu— 2, - R3 T
10su 5 Au T a@] a(t)|u+ (|u]? % ‘$|)U7 (z,t) € R® x (0,T)
u(0) = ug, zeR?

d*a 9 2

— = d t T

dtQ y 5 | (SL’)‘ v| _ Cl| Z, € (07 )

a

a(0) = ay, E(O) = vp.

Il reste enfina preciser que toutes les approximations efféeturestent valables
si le syseme chimique cons@é est soumis un champgelectrique non homame et
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non stationnaire. Par soucis de simpégiles constantes nuriques sont raméesa
l'unité et le systme déquationsa étudier est donc bien de la forme (3.4) :

1 1
i@tu+Au+mu+Vlu: (\u|2*m)u, (x,t) € R3 x (0,7)
u(0) = uo, reR3
m d27a = / —|u(z)|*V ! dx —VVi(a), t€(0,T)

dt2  Jgs |z — al R ’
da
a(O) = aop, E(O) Vo

3.6 Conclusion

Nous avons ce stade justéi au mieux le choix du sy&ine déquations cougles
dont nous allon&tudier certaines projies matiematiques dans cette deemie par-
tie du manuscrit. |l faut tout d’abord @ciser que dans les articles [4] et [5], MED
FRANCESCHIet C. LE BRis soulignent I'inerét tres actuel détudier le comportement
d’'une mokcule dans son environnement et par exemple de travailler sur l'influence
d’'un champ magetique owelectrique.

Dans la eference [4], ce sont les melks stationnaires qui soavoqies. Les au-
teurs mentionnent la difficldtmajeure rencoréie en pesence d’'un cham@ectrique,
c'esta dire le fait que le potentiel estieur qui intervient alors dans Iéguations ne
s’annule pas l'infini, contrairement au potentiel d’'attraction coulombien. Effective-
ment, c’est la psence simulta@e de deux potentiels aux caagstiques si diftrentes
qui soukve le plus de probmes. Le chapitre 4 permettr&anmoins de donner un
sens auxequations conceées pour des potentieddectriques s ¢gréeraux. Au sujet
deséquations de Hartree-Fock stationnaires, nous teasignaler les travaux de P. L.
LioNs (par exemple [8]) qui sous-tendent le cours qu'il a doan Colege de France
a I'automne 2003.

Par ailleurs, lequation de Scldinger &pendant du temps et ses approximations
font I'objet d’un paragraphe dans léference [5], article puld dans une revue de
chimie quantique. Les auteurs donneréqgement I'approximation non-adiabatique
d’'une mokcule obtenu& la fin de la section 3.4. lls formulent aussi le souhait de
stimuler la recherche en é&brie du confble applige a la chimie quantique. Nous
nous inéressons dans cette perspective au &milineaire optimal de Bquation de
Schibdinger dans les deux derniers chapitres. Noasgmterons en effet dans un pre-
mier temps les@sultats d’existence et dégularie des solutionséctessairea I'étude
du contble optimal du systme par le potentidlectrique exérieur.
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Chapitre 4

Reqularity for a Schrodinger
equation with a potential
singular at finite distance and at
Infinity

L'article qui suit est actuellement soumis. Avec O. Kavian et J.-P. Puel.

ABSTRACT : We study the Sclidinger equatiorid,u + Au + Vou + Viu = 0 on

R3 x (0,T), whereVy(x,t) = m a € W2(0,T;R?), is a coulombian poten-

tial, singular at finite distance, ang is an electric potential, possibly unbounded. The
initial conditionu € H*(R?) is such thatf,, (1 4 |2]*)?|ug () |* dz < co. As Vp, the
potentialV; is real valued and may depend on space and time variables. We prove that
if V1 is regular enough and at most quadratic at infinity, this problem is well-posed and
the regularity of the initial data is conserved for the solution.

Keywords : Schidbdinger equation, singular potential, alternate direction, regularity,
existence.
AMS Classification 35B65

Une note auxComptes Rendusa I'’Académie des Sciences de Paris
est parue en 2003£8e |, 337 pages 708 710.

REsSUME : Nousétudions lequation de Sclidingerid;u + Au + Vou + Viu = 0 sur

R3 x (0,T) avec pour condition initialeg € {v € H*(R3), [os(1 + [z[?)?|v]? dz <
+oo} ol Vo(z,t) = =y @ € W>1(0,T;R?), est un potentiel coulombien, sin-
gulier a distance finie, etoV;, potentiel dont drive un chamglectrique, peuétre
non borre. Commel}, le potentiell; est €el et épend des variables d’espace et de
temps. Nous @montrons que g, est assezagulier et presque quadratigad’infini,
cetteéquation dévolution est bien p@&e et que laggularie de la condition initiale est

consenree par la solution du prodime.
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4.1 Introduction

We work inR3 and throughout this paper, we use the following notations :
dv Ov Ov 9% ov
= —_— A — —_ —_ —
Vo (3x1’8x2’8x3>’ v Z 22 O
Re andIm are the real and the imaginary parts of a complex number,
W20,T) = W20, T;R®) and for p > 1, LP = LP(R?),
the usual Sobolev spaces dié = H'(R?) and H* = H*(R?).

We also define
H = {v € L*(R?), / (1 + |z*)|o(x)]? dz < +oo}
R3
H, = {v € L*(R?), / (1 + |z[*)?*v(x)]? do < —l—oo} .
R3

One can notice thall; and H, are respectively the images &f' and H2 under the
Fourier transform.

We consider the following linear Sabdinger equation

u
X0) A — + Vi(z,t)u =0 e, t) € R3 x (0,T
{ 10w + u+|x—a(t)|+ 1(737 )'U/ 5 (T, )6 X( ) ) (41)

u(z,0) = ug(z), =€R3

where the potentidl; takes its values iiR.

Actually, this equation could correspond to the linear modelling of a hydradeno
atom subjected to an external electric field, wheigthe wave function of the electron.
Indeed,m is a coulombian potential, whergt) is the position of the nucleus at
instantt andV; is the electric potential (which may be unbounded at infinity) such that
E(t,z) = VVi(x,t) whereFE is the electric field created by a laser beam.

Our main result is the following :

Theorem 1. LetT > 0 be an arbitrary time and let and the potential’; satisfy
a€ W0,T),
(1+ |z|*)~'Vy € L*((0,T) x R?),
1+ |z*)~to,Vh € LY(0,T; L) and
(1+ |z*)~'VVy € L1(0,T; L)

(4.2)

and for somex > 0 andp > 0,

||CLHW2,1(0’T) <« and
11+ 12[?) " Vallwraor, ey + (1 +[2[*) 7 VWAl 210,700 < p-

Then there exists a non negative constant, , depending orf’, « and p such that
for anyuy € H? N H,, equation(4.1) has a unique solution with

u € L=(0,T; H* N Hy) and dyu € L>(0,T; L?)
which satisfies the estimate

llull oo (0,752 ) + [|00ul| oo (0,1:22) < O pllw0l| B2 H, -
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This type of result has already been obtained in the particular case when the atom is
subjected to an external uniform time-dependent electric figldsuch that in equation
(4.1), one had/ = —I(t) - z as in reference [10] and [22]. They both use a change of
unknown function and variables (gauge transformation) to remove the electric potential
from the equation such that they only have to deal with the usuab8ttger equation
with a time dependent potential likg. Of course, we cannot use this technique here
because of the generality of the potentialwe are considering. In the cake = 0, K.
YAJIMA [51] proved thef72(R?) regularity of the solution of equation (4.1) considered
inR? x (0,T), using strongly T. KKTO’s results in reference [26]. We can also mention
that K. YAJIMA and G. ZHANG prove in [52] a smoothing property for one dimensional
time dependent Scdinger equation with potentials superquadratic at infinity, like

In order to prove Theorem 1, we will first prove an existence and regularity result
for the solution of equation (4.1) in the spalé N H;, actually under weaker hypo-
thesis onV; anda. In both proofs of the two theorems, we will regulariZgandV; by
Vs andVy® and obtain accurate estimates, independeat ©he key point in the proof
of Theorem 1 is to find ai?-estimate for the time derivative of the solutief Thus,
we will use a change of variable= = — a(t) to get rid of the time derivative of the
coulombian potential which appears in the time derivative of equation (4.1). We finally
obtain the awaited estimate which is independent of

We also prove in this paper continuity results for the solutioindeed, under the
same hypothesis, we prove the weak continuity of the solutioHim H, and the
strong continuity in; N H* :

Theorem 2.  Under assumptiori4.2), the solutionu to equation(4.1) with initial
conditionu, € H? N H, satisfies

uwe C([0,T); HyN HY) and u € Cy([0,T]; Hy N H?).

4.2 Preliminary estimates

As we just explained, we are going to regularize the potential of theb8uotger
equation we consider. Therefore, we need a first classical proposition to ensure the
existence of smooth solution when the potential is more regular. A first step is to show
that the free Sclidinger semi-group acts continuously in the spaen H, (resp.

H' N H;). To be more precise, consider the equation :

w(@,0) = up(z), @ € B3 4.3)

{ iOyu(z,t) + Au(z,t) =0, xe€R3 te€[0,T)
Lemma 3. Let us denote byS(t)).cr the free Schisdinger semi-group’*2. Then
for any T > 0 there exists a positive consta@tr such that ifug € H2 N H,, then
u(t) = S(t)uo is the unique solution of equatign.3)and satisfies: € C([0, T]; H2N
Hy) N CY([0,T7]; L?) and for allt € [0, T\we have

lu@)||z20m, < Crlluollg2am, -

Proof. This is a well-known result as far as the continuity if¥ is concerned (see
[12]), but obtaining the continuity i/, is not more difficult. Indeed denoting lythe
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Fourier transform ofy, it is clear thatu(t) satisfies equation (4.3) if and only if

at, &) = e g (¢).
From this relation, Parseval’s identity and the fact that

IAu)lZ> = lEPa)lze = Il ol

we infer thatt — S(t)ug is continuous orf{?, that isu € C(R, H?) N CY(R, L?) (in
fact for anys € R the groupS(¢) is an isometry orff®). On the other hand it is clear
that

llzPu(®)12: = [AG)]Z.-

Sinceuy € H?> N H, and
AT(E, 1) = [(6it — 46%(€[?)To(€) + 4ité - Vg (€) + Alig(€)] "IEI",

one sees that — |z|?u(t) is continuous as a mapping froR into L2. Therefore
u € C(R, H? N Hy) and the lemma is proved. O

Remark : The same result can be proved in the same way wiém H- is replaced
by H! N Hi.

Next we prove that when the potentidle L>°(0, T, CZ(R?)) the following result
holds (hereC? (IR?) denotes the space of bound@d functions with bounded first and
second derivatives) :

Proposition 4.  If V € L*(0,T; C#(R?)) is real valued and ifio € H? N H, then
there exists a unique solutione C([0,T]; H? N Hy) of

{ i0pu(x,t) + Au(z, t) + V(z, )u(z,t) =0, z € R3, t € (0,T) (4.4)

u(x,0) = ug(), € R3.

If p > 0is such thal| V| L~ o, 7,c2(rs)) < p there exists a positive constafif, , such
that

[ulleo,r,m2nm) < O plluoll m2nm,-

Proof. Denote byY = C([0, T], H?> N Hy) endowed with the norm

lully = sup e |lu(t)llz2nm,

)

foru € Y'; herel > 0 is a given positive number which will be fixed hereafter. The
solution of equation (4.4) is obtained as a mild solution, that is a solution to the integral
equation

u(t) = S(t)ug + i/o S(t—s)V(s)u(s) ds.

We are going to show that this equation has a unique solutidn, iwhat means the
operatord defined as being

D (u)(t) = S(t)uo +i/0 S(t—s)V(s)u(s)ds
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has a unique fixed point in a closed b&k = {u €Y ; |ju|y < R} for R suitably
chosen.

Note that ifV € L>°(0, T; C} (R?)) with V|| Lo 0, 7:c2(rs)) < pande € H? N
H,, there exists a positive constagtp) such that

V) ollaznm, < colp)ldll rznm,-

Next we choose\ > 2¢q(p)Cr whereCr is given by Lemma 3. Then far € Bp,
since we have
()| m2nm, < e |ully < Re?,

by using twice Lemma 3 we obtain
t
1®(w) O r2am, < CT/ IV (s)u(s)l| 2nmzds + Crlluoll m2nm,
0

t
< CTCO(p)R/ eMds + CT||UO||H2QH2-
0

. . R
It follows that if R > 0 is large enough so th&ly || uol| gznm, < X then

co(p)CrR
o)y < =
This means thab mapsBp, into itself. Also foruy,us € By itis clear that

+ Crllwoll r2nm, < R.

1(®(ur) — @(u2)) ()l a20m, < CT/O [V (s)(u1 = u2)(s)ll g2, ds

¢

< CTCO(P)/ edsluy — uslly
0

< A leo(p)Crelur — ualy,

and since\ has been appropriately chosen, this shows&tiata strict contraction from
Bgp, into itself as

co(p)C 1
(@) ~ @)l < Oy gl < L — sy,

and thereforeb has a unique fixed point, yielding the solution of equation (4.4). One
can notice that uniqueness is not only true3ip but also easily proved using the norm
in C([0,T7], L?). O

Remarks : 1) Following the same kind of arguments and the results in reference [51] of
K. YAJIMA, we could also consider this proposition for potential§'#{[0, 77]; L>°(R3)).

2) Again, the same result can be proved in the same way \#ten H, is replaced by
H'nH,.

4.3 Existence and regularity result inH! N H,

In this section, we will prove the following theorem, which first allowed us to consi-
der an electric potential with a singularity at infinity (b + |z|?).
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Theorem 5. LetT > 0 be an arbitrary time and let and the potential; satisfy

aecWhH0,T),
(14 [=|>)7'V;, € L>=((0,T) x R?) and (4.5)
(1+ |zt Vi € L*(0,T; L™).

and for someyg > 0andpg > 0:

lallw1.1 0,7y < o and
(1 + |x|2)_1V1HW1’1(0,T;L°O) < po.

Then there exists a non negative constant,,, ,, depending orl’, ap and pg such
that for anyu, € H' N H, equation(4.1) has a unique solution

u€ L>®(0,T; H N Hy)
which satisfies the estimate

llull Lo 0, 7;m1 0 Hy) < CT00,00 [U0| 1A H, -

. . 1
Proof. First of all, we approach the potentidls andV, = W by the real
r—a
valuedVi andVy € C([0,T]; CZ(R?)). More precisely :
- on the one hand, we sét; = - and we have
(€ + |z —a(t))?)2
1 da 1
Vi(z,t)| < ——— d ()] < | =) ————3
| 0($’ )|— |J3—Cl(t)‘ an |atVO (l’, )|— dt() |J3—Cl(t)‘2

- on the other hand, we choosg € C°(R3) andy € C2°(R) such that for allz in

R3, go(z) > 0, forall tin R, x(t) > 0 and/ oo(x)dr = /x(t) dt =1 and we
R3 R

define the truncation function

T.: R — R
|s|

1
s Tg(s):?min(|s|,g).

1 t
Then, we set(. (z,t) := X (E

the convolution is meant iR? x R. We have actually

> 00 (g) and we defineV’F := T.(V;) (. , where

Vi) = [TVt et + es) x(s)ealy) dsdy

and we point out that the norm &F° is bounded by the norm df; in the space where
it is defined.

Then fore > 0, we consider the solution. of

{ i0ue + Aue + Viue + VEue =0, inR3 x (0,7T) (4.6)

u(0) = uo, in R3
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Thanks to Proposition 4 and the remark at the end of its proof, we know that there
exists a unique solution. € C([0,7]; H! N Hy). In the sequelC > 0 denotes va-
rious constants which may depend’Brbut are independent ef

In order to get arf{, -estimate of.., we calculate the imaginary part of the product
of equation (4.1) by1 + |z|?)u.(x), integrated orR3. This gives

] |
d / (14 2)uel?) < / V|2 + / 2.
dﬁ RS Rfi ]RS

Then, we have to obtain aif'-estimate of... On the one hand, we multiply equa-
tion (4.1) byd;u., integrate orR? and take the real part. After an integration by parts
we obtain :

1d
—gdf/ [Vuel? + Re/ Vi ue Oy + Re/ Viue Oi: =0
t R3 R3 R3

which is equivalent to
d 2 € € 2
2 | VP = |5 V) au(fue) = 0.
R3 R3
Then,
d 2 € € 2
2LVl = [ (V5 + V) Jul
R3 R3
= —/ 0V + O V) |uel?. (4.7)
R3

On the other hand, sindg satisfies assumptiof.5), we have

O Vi (1)

_ 3 2< t 2
o <c| P85 o,
and from Hardy’s inequality,
da| |uc|? da
— | O VEu)? < —| == 4= ()] ||uec(t) |3
[ ovster < [ G2 <4 0| Il

We defineE; at timet of [0, T by
E5(t) = / |Vu5(t,x)\2 dxr + )\/ 1+ |z|2)|u5(t,x)|2 dx
R3 R3

where) is a non-negative constant to be precised later. From no& denotes various
positive constants, independent of anything bandT". We obviously have :

dEdit(t) < jt(/Rs (Vof(t)+Vf(t))|ue(t)|2)
+C <1+ ‘jlf(t)‘+Hffl|§)z LOO)EW)



82 Chapitre 4 — Regularity for a linear Schrodinger equation —

and if we integrate o0, ¢), we obtain
B < [ (GO VEOD ol + [ (50 + Vi) o)
R3 R3
i 9V (s)
+ C/o <1+

14+ |22
Using Cauchy-Schwarz, Hardy and Young's inequalities, and since it is easy to show
the conservation of thé2-norm ofu., we prove that for al > 0,

violor < [ O8 <o ([ wwor) ([ o)
« o Jo—a(f) 8 [

da
cht(t)’+‘

)ﬁ@@+ﬁ@
L(x)

A

1
< l|Vu ()72 + EHUOH%z
and we also have
c Vi
[vionor<c| s Jue (01,
R3 + 122 || oo ((0,7) xR

Moreover,(1 + |z|?)~1V, € WH(0,T, L>°) andW1(0,T) — C([0,T)), then we
have(1 + |z|?)~1V4(0) € L* and we have for the same reasons as above,

Lvsoremzon? < [ (oo || )k

CpoHUOH%IMHl-

IN

We also notice that
E5(0) < Clluoll3m, -

. 1 1
Then, if we set) = = and\ = = HV12 we get
2 2 11 2 | o 0,1y xR
1
ES() < Cullwolfnnm, + 5llue@llf + (A - ) Jus (1)1,
t da V1 (s)
C 1+ (¢t E5(s) ds.
w o (1+|F0]+ [Tl ) e

We defineF© at timet of [0, T'] by

PO = [ Vucttn)de+ [ (0 laP o) de = Ol

and it is easy to see that we have, fortah [0, 77,

da

E( )‘ ‘ 0 Vi(s)

1+ |z|?

t
FE(t) < Cpy luoll i, +C/ (1 + >F5(s)ds.
0

]

We obtain from Gronwall’s lemma :

t
F¥(t) < Cr.po exp ( / ﬂ(S)d8> letol2 .
0
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da 8t‘/1
— LY(0,7T).
a| " 1+ |22 Lme ©.T)

Therefore, there exists a non-negative constant,, ., independent of and depen-

ding on the timél’, onay and onpy such that for alk in [0, T7,

where =1+

e (O nm, < Crogoo lltollZr o,

Then we can make tend to0 and pass to the limit in the distribution sense in
equation (4.6). Indeed, this last estimate implies the convergence of a subsequence
(ue+) in the following way :

uer —u in L0, T; H' 0 Hy) w*.

We also have these other convergences :

Vi in L°(0,T; L + L), p € [2,3]

|z — a(t)]
Ve — Vioin L™(0,T; L), r > 1

Thus,u is the solution of equation (4.1) in the sense of distribution and satisfies

L>(0,T; H' N Hy) and we obtain

lu)am, < Cr.ao.pluolia, -

We will end the proof of Theorem 5 by the study of the uniqueness of the solution
of equation (4.1).

Letwu; anduy be two solutions of equation (4.1). We set us —uyq and it satisfies
the following :

|z — a(t)| (4.8)

i0sv + Av + S A Vi(z,t)v =0, (z,t) €R3x(0,T)
v(z,0) =0, =z ¢€R3.

We then consider the functighe C°(R), 0 < 6 < 1, such that :

0(z) = 1 VzeR, |z <1
TV 0 VzeR, |z >2

and we set

x
Op(z) =0 (R)
o s C
which is such that for alk in R°, [VOg(z)| < R
of R > 1.

whereC' is a constant independent

On the one hand, we calculafe: [, (4.8).6%(x)v(x,t) dz and we obtain, using
Cauchy-Schwarz inequality :

% </]R3 0% (z)|v(z, t)]? dgc) = —2Im Vo(z, t)V(0%) (2)o(x, t) dx

R3

IN

C/ [Vo(z, )[|0r(2)[[VOr(2)[|v(z, )| dz
RC’)

C 2
E HVUHLOO(O’T;L2) (/ 9%($)|U(z’t)‘2 d:C)
R3

IN
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On the other hand, as we know that L>°(0,T; H' N H,) we get, for allR > 0
and for allt in (0,7),

t 3
0% (z)|v(z,t)|* de < g/ (/ 912%(:1:)|v($,s)|2dx) ds
R3 R 0 R3
Thus, from Gronwall’s inequality, sinag0) = 0 we finally obtain
/ 0% (x)|v(x,t)|*dz =0, Vt € (0,T), VR > 0.
R3

Then, v = 0 and the proof of Theorem 5 is complete. O

4.4 Proof of Theorem 1

We use the same regularization as in the preceding section. Thenfof) we
consider the solution, of (4.6) :

i0uue + Aue + VEue + Viue =0, inR3 x (0,7)
UE(O) = UO, |n RS

Thanks to Proposition 4, we know that is unique inC([0, T; H? N Hy).
We also remind that we set> 0 andp > 0 such that :

||a’||W2*1(O,T) <« and

11+ |2[2) " Vallwra ooy + 11+ 2 TV VA L1000y < -

4.4.1 First Step : Energy estimates

Again hereC' denotes various constants independent de first show the follo-
wing estimate :

Lemma6. LetV; andV; satisfy assumptio®.2)and letV;, Vi andu, be defined
as above. There exiss > 0 depending only op such that the solution. of (4.6)
satisfies for alk € [0,77] :

[ue(®)]l 12 < CllOpuc ()] L2 + Clluc(t)]| -
Proof. Sinceu, is the solution of (4.6), we have for dlle [0, T,

[Aue ()]l z2 + [lue ()]l 2
10rue (B)ll L2 + (V5 (H)ue(B)]| 2
H Vi ue )]z + [ue (@)l 2

Jue (@)l 2 <
<

Itis clear that

€ Vl(t)
Ve @0l < €| 20

l[ue () 2 - (4.9)
Lo
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Next, from Hardy’s and then Young's inequalities, we can prove that fon all 0,
there existg”,, > 0 such that

7,“6(15) u 2
|£177(1(t)| 1 S 2”v E(t)HL

< nlluc(®)llm2 + Cyllue (@) 2 (4.10)

VG (B)ue(t)]] L2

N

Then, combining these results, we have

lue@) ez < nlluc(®)lm2 + (Cp + 1)lluc(t)]| 2
Vi(t)

Opug(t C
+  [Okuc(t)]| 2 + 1+ |22

Lo
and if we choose small enough, we finally obtain that for alk [0, 77,
[ue(@®)]l 12 < CllOpuc )]z + Cp [lue ()] -

whereC andC,, are independent af. O

Lemma 7. With the above notations Iéi. (¢) be defined as being

Ee(t) = llue ()7, + [10rue(t)l[72-
Then there exist§’ > 0 depending only of’, « and p such that for allt € [0, T] we
have :

s, < O BL(0). (@.11)

Proof. Note that all the integrations by parts and all the calculations we are going to
do are justified because of the regularity of the data we are manipulating.

Multiplying (4.6) by |=|*u. (), integrating by parts of®® and taking imaginary
parts, we obtain

Im i|x\4ﬂgﬁtu5§/ |Vu€.r|\x|2|u5|
R3 R3

and we deduce that

i ([eltl) <o [ upvak e [ i @)
dt R3 R3 R3

Besides, if we calculate the real part of equation (4.6) multipliedati¥z. and inte-
grated oriR3, we get

/“kMHVuAQ < l/ MMVu4m4+;/ IV e
R3 R3 R3

+L/n@mm%ﬁ+/|@%mm%|
R3 R3

< c/’w%ﬁ+c/<rﬂﬂmwﬁ+c/|@%ﬁ
R3 R3 R3

b [ PP o [ ViRl
R3 R3
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From (4.9) and Hardy’s inequalities, we obtain

/|vof|2|ue|2+/ IVfIQIUEIQSC/ \Vue|2+c,;/ (14 o)) e ?
R3 R3 R3 R3
and therefore, we get

/ |x\2\Vu5|2§C’/ \Vu5|2+0/ |atu5\2+cp/ (14 |2[Ducl?. (4.13)
R3 R3 R3 R3

If we also calculate the real part of equation (4.6) multipliedubyand integrated on
R3, from the same kind of arguments we used to prove (4.9) and (4.10) , we have

/ |Vu.|?
R?)

IN

¢ [ 1ocllud +C [ (Vi 1+ 1V Dl

2
C/ 8u52+0/ u52+0/( eel” | e us2>
]R3‘ t | ]R3| | - |x—a(t)| ‘ 1|| |

c / Bruel? + 7 / V2 +Cy / (14 o)l
R3 R3 R3

IN

IN

Then, if we choose small enough, we finally obtain that for ale [0, T,

/ IV |? gc/ \atu€|2+cp/ (1+ |22)ue 2. (4.14)
R3 R3 R3

Plugging estimates (4.13)—(4.14) into (4.12) we can finally conclude that there exists
C > 0, independent of but depending op andT’, such that

d
G ([ alte?) <o [ P o [ sl
R3 R3 R3

and since

we have completed the proof of (4.11). O

4.4.2 Second Step L?-estimate of the time derivative
Here we obtain appropriate estimatesapn, :

Lemma8. LetE.(t) be defined as being.(t) = [luc(t)[|%, + [10:uc(t)]|7-.
There exists a constardt > 0 depending only off’, @ and p and a functiorny €
L'(0,T) such that for allt € [0, 7] we have :

t
e 6)> < C ol + [ A(6)EL(s)ds (4.15)
0
Proof. We make the change of variablgs= = — a(t) and we set

ue(7,t) = ve(y, t).
Then, we have

Opve(y,t) = Ogue(z,t) + %(t) - Vue(z,1) (4.16)
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and foralli = 1,2 or 3,
Ov, Ou,

—(y,t t
ayi (y7 ) 8.’1}1 (':C )
Therefore, the equation solved by can be written in the following way :

{ 10:0, + Av, + % + Vily + a(t), t)ve —zd—a( t) - Vo, (y,t) €R3x(0,7)

Uf(yao) :uo(y+a(0)), y€R3.

Remark : One can notice that as we use this change of variables to prove the regula-
rity result, our method cannot be easily generalized to the situation where we consider
more than one single nucleus.

Now, we setw.(y, t) = d:v.(y,t) and since

da

h[Vi(y + a(t),t)] = 0 Vi(y + a(t),t) + dt( ) -

thenw satisfies the equation :

VVi(y + a(t),t),

i0iwe + A + =+ Vi(y +a(t),t) f‘—dza(t) v +'@(t) v
10t We We vl 1y +a We =1 e Ve Zdt We
d
—OVi(y + alt), t)v. — d—?(t) VVily + a(t), t)v., (4.17)
. P d
wel0) = (8 + 1 Vil +a(0).0) + 507 ) ualy + a(0)).

If we multiply equation (4.17) byw., integrate oriR® and take the imaginary part we
have :

2
(y, )" d
th/“”y )= dy

[ d?a da _
it [ i (dtQa)-wa(y,) W) vuety, >> .y, 1) dy

—Im <8tV1(y+a(t), t) + Z

(1) - VVily + a(t), t>> 0o (9, ) (. 1) dy
RS

t

and since
]. da 2
Im | i E -Vw W, dy = — Re(wsvws) dy = 5 —  V(|we[") dy =0
R3 '

we obtain

dt2

s L ot oPay < [T20)| [ 1900wl dy

Ad0 :
H1+x|2 L a1y

VVA(t)
L+ [zl

da
dt

+ ‘
Moreover one can notice that

[t a@P2 oty O dy = [ (4 PPluc(e, 0 do = (o),
R3 R3

[+ aOP ) 0.6 .

L>=(0,T)
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and after using Cauchy-Schwarz inequality and integrating in time variable on (0,t) we
obtain

' d%a
st(t)niz < C”“O”%}?mm +2/0 ﬁ(s) |Vve(s)] p2||we(s)] 22 ds
o Vi(s da VVi(s)
- A d
<H1+xl2 ‘ dt || oo 0.1 ‘1+1:|2 Lo lrae ()l e () 2 s

whereC' > 0 is a constant independentafFurthermore, using (4.16) and reminding
Theorem 5 and the definition gf, and«, we have

da
oo < 2o 2|2 i
Le=(0,T)
< 2000l + Crpullvo i,

Sinced;v. = w, and since for alt € (0,7), ||Vv:(t)||r2 = ||Vue(t)] L2, we get

t d2a

D1 < Cr o lolBrscn, + 4 |G (9] 17e(0) 2000 (9]
AAE VVi(s
[ (2] v ZEG| ) romboc s as
2 d2 2 2
< Oreupulollnn, +2 [ |5006)| (V0 + 100)13:) as
O:Vi(s VVi(s
2 [ (|75, e TRl ) et om0
LOO

t
< Cr.a,p0lluollEr2na, + 2/ v(8) (Ilue($)1Z, + 10¢ve(s)lI72) ds.
0

d2a 6tV1 V‘/l 1
_|%a v LY0,7).
v= [ |2l ol el e e
Eventually, using (4.16) we also have
2 da 2
10c0=($)]1 22 < 2(10pue ()22 + 2 yn IVue ()]|72
L>(0,T)

and for the same kind of reasons, we obtain

t
10sue (W)[I72 < Croacpllwollrznm, + C/O ¥(s) (lue(9)l3, + 10vus(s)][72) ds.

whereC, Cr..,, andy are independent af Hence the end of the proof of Lemma3.
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4.4.3 Third Step : Convergence and conclusion

Combining all the estimates of Lemma 7 and 8, we have finally shown that there
exists a positive constari independent ot and depending off’, p and« and a
functiony € L(0,T), also independent af such that fort € [0, 77,

Ee(t) = lue(®)lFr, + |0ue ()72

t
ClluollFrznm, +/ v(s)E=(s) ds.
0

IA

We apply the Gronwall lemma and obtain that forzh [0, T,
Ee(t) < CeH’YHLl(o,T) ”uO”%I?ﬁHz'
Eventually, we proved that there exigts . , > 0 independent of such that
lue ()7, + 10cue (D122 < Crap w0l F2ng,, VE € [0,T].
Then, from Lemma 6, we derive that for alE [0, 77,
[ue (D13, n 2 + 100w ()22 < Cra,p luollzrznm, (4.18)
and for alle > 0, as we already knew, the unique solutionsatisfies
u. € C([0,T], H* N Hy) N C([0,T], L?).

Then we let= tend to0 and pass to the limit in the distribution sense in equation
(4.6). Indeed, estimate (4.18), implies the convergence of a subsequence the
following way :

ue —u in L(0,T; H> N Hy) w
Oper — Oy In L>®(0,T; L) w*.
We also have these other convergences :
1
Vs ———  in L*™(0,T;L? + L*° 2,3
0 - “I*a(t” (7 ’ + )’p€[7 [
Vi — Vi in L(0,T; Liy.), r > 1.
Thus,u is the solution of equation (4.1) in the sense of distribution and satisfies
L>(0,T; H?> N Hy) andd;u € L>(0,T; L*(R?)) and we obtain

w12, + 102 < Crap lluollfrznm,, vt € 10,7,

Uniqueness can easily be provediff (0, T; H? N Hs).
Thus, the proof of Theorem 1 is complete. O

4.4.4 Continuity results

The first observation to point out is that actually, under the hypothesis of Theo-
rem 1, we also have € C,, ([0, T]; H>NH). Indeed, we have proved thats bounded
in L>(0,T; H> N Hy) and sinca: € W1°°(0, T; L?) we also have: € C ([0, T]; L?).
Hence the weak continuity result.

Another way to formulate the result of Theorem 1 is then the following.
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Corollary 9.  Leta andV; satisfy assumptio@.2)andw, € H?N H,. We define the
family of Hamiltonians{ H (¢),t € [0,T]} by H(t) = —A — —— — V1. Then, there

1
exists a unique family of evolution operato& (¢, s), s,t e‘z[OJT}} (the so called
propagator associated witF/ (¢)) on H2 N H, such that forug € H?> N H, :
(@) U, s)U(s,m)ug = U(t,r)ug andU (¢, t)ug = uo, forall s,t,r € [0,T];
(i3) (t,s) — Ul(t, s)ug is strongly continuous i.? on [0, T]? and
U(t, s) is an isometry or.2, thatis||U (t, s)uo||z> = ||uo||z2;
(4ii) Ul(t,s) € L(H?* N Hy) forall (s,t) € [0,T]* and
(t,s) — U(t, s)uo is weakly continuous frori, 7]% into H? N Ho;
(iv) the equalities 0 U(t, s)uo = H(t)U(t, s)ug
and i0,U(t,s)ug = —U(t,s)H(s)ug holdin L.

We will end this paper by the proof of Theorem 2.

Let s andt € [0, 7] be such that — ¢. We will prove thatu(s) — u(t) strongly
in H' N H;. On the one hand, for ar > 0, we have :

uls) —u 2 IZ’Z uls) —u 2 X
lu(s) — w3, /RS<1+| 1) us) — u(t)*d

/ (1+ 2 P)lu(s) — u()]? da
|z|<R

IN

IN

‘ 1 2| u(s) — u(t))? dz
+ /I|>R( T L) u(s) - u(t)]
< (14 B)luls) — u()|2s
+ 1—&—% /Rs(l + |$|4)\u(s) — u(t)|2d$.

On the other hand, as in the proof of Lemma 6, foratt 0, there exists a constant
C,, > 0 such that

lu(s) = w3 < nlluls) = ul®)F2 + Cylluls) — u(®)]Z--

. ) 2
Therefore, if we fixy > 0 then we choos& > 0 so thatﬁ < n, and we may

. + R
write
nllu(s) = u(®)l|3r2np, + Colluls) = u(®)]l7

u(s) = u()Fnnm, <
< 277||”||%°°(0,T;H2ﬂH2) + Cyllu(s) — u(t)||7- (4.19)

Since we have already proved that C([0,T]; L?), we have|ju(s) — u(t)||2. — 0

s—t

whens — ¢ and we deduce from (4.19) thi(s) — u(t)||3:,5, — 0 and obtain
u € C([0,T]; H' N Hy).

Remark : Actually, we can prove that ifiy € H? N H,, the solutionu of equation
(4.1) belongs to the spac&([0,T]; H®* N H,) for all s < 2 since one can prove :
Vi >0, 3C, > 0 st ||lullgs < nljull gz + Cpllul| 2.

The proof of Theorem 2 is complete. d



Chapitre 5

Existence and regularity of the
solution of a time dependent
Hartree-Fock equation coupled
with a classical nuclear
dynamics

L'article qui suit est actuellement soumis.

ABSTRACT : We study an Helium atom (two electrons) submitted to a general time
dependent electric field, modeled by the Hartree-Fock equation (whose solution is the
wave function of the electrons) coupled with the classical Newtonian dynamics (for
the position of the nucleus). We prove a result of existence and regularity for the Cau-
chy problem, where the main ingredients are a preliminary study of the regularity in a
nonlinear Schisdinger equation with semi-group techniques and a Schauder fixed point
theorem.

Keywords : Hartree-Fock equation, classical dynamics, regularity, existence.
AMS Classification 35Q40, 35Q55, 34A12.

RESUME : Nous étudions un atome d'&lium (deuxélectrons) soumis un champ
électrique @nréral cependant du temps, melise par uneéquation de Hartree-Fock
(dont la solution est la fonction d’onde dékectrons), coudle a uneéquation de la
dynamique Newtonienne (pour la position du noyau). Noas@htrons un@sultat
d’existence et deégularie pour le prol#me de Cauchy. Etude peliminaire de la
régularie de la solution d'unéquation de Sckdinger non-liaire avec des tech-
nigues de semi-groupe, ainsi qu’uretieme de point fixe de Schauder, sont les prin-
cipaux ingédients de la@monstration.

91



92 Chapitre 5 — Hartree-Fock equation —

5.1 Introduction, notations and main results

We are interested in the mathematical study of a simplified chemical system, in
fact an atom consisting in a nucleus and two electrons, submitted to an external electric
field. We need very classical approximations used in quantum chemistry to describe the
chemical system in terms of partial differential equations. We choose a non-adiabatic
approximation of the general time dependent 8dirger equation

100 (x,t) = H(t)¥(z,t) — Vi(z,t)P(x,t)
whereH is the Hamiltonian of the molecular system
WU its wave function, and; the external electric potential

which allows, even under the effect of an electric field (see [10]), to neglect the quantum
nature of the nucleus since it is much heavier than the electrons. On the one hand, we
consider the nucleus as a point particle which moves according to the Newton dynamics
in the external electric field and in the electric potential created by the electronic density
(nucleus-electron attraction of Hellman-Feynman type). On the other hand, we obtain
under the Restricted Hartree-Fock formalism, a time dependent Hartree-Fock equation
whose solution is the wave function of the electrons.
Indeed, we consider the following coupled system :

i@tu+Au+%+V1u: (|u|2*ﬁ)u7 inR3 x (0,7)
T —a x
’LL(O) = U, in R3
d2a 2 1 H (5'1)
oo — - _ T
m—s /R3 lu(z)|*V (|xa|> dx — VVi(a), in(0,T)
a
a(0) = ao, E(O) = Yo

whereV; is the external electric potential which takes it valueRimnd satisfy the
following assumptions :

1+ |z)~tvi € L*((0,T) x R?),

(L+|z[*)7'aVi € LY(0,T;L®(R?)),

(1+z>)~'VvVvi € LY0,T;L>*(R?)) and (5.2)
S

VA e L2 (0,T; Wit (RY)) .

Here, the time dependent Hartree-Fock equation is ad8atger equation (in the ma-
thematical meaning) with a coulombian potential due to the nucleus, singular at finite
distance, an electric potential corresponding to the external electric field, singular at
infinity, and a nonlinearity of Hartree type in the right hand side. Next, the classical
nuclear dynamics is the second order in time ordinary differential equation solved by
the positiona(t) of the nucleus (of mass: and charge equal tb) responsible of the
coulombian potential.

This kind of situation has already been studied in the particular case when the
atom is subjected to a uniform external time-dependent electric figldsuch that
in equation (5.1), one hag, = —I(¢) - « as in reference [10]. The authors remove
the electric potential from the equation, using a change of unknown function and va-
riables (gauge transformation given in [22]). From then on, they have to deal with the
nonlinear Schidinger equation with only a time dependent coulombian potential. Of
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course, we cannot use this technique here because of the generality of the pbiential
we are considering.

We work inIR? and throughout this paper, we use the following notations :
ov Ov v . 0% v
vv_(axl’am’m)7Av_Zx. 615'[)—7
Re andIm are the real and the imaginary parts of a complex nhumber,
W20,T) = W2(0,T;R3), for p> 1, LP = LP(R?) and
the usual Sobolev spaces dfé¢ = H'(R?) and H? = H*(R?).

We also define

H, {v € L*(R?), /Rg(l + |z} |v(z)|? de < +oo}

H, = {1} € L*(R?), /Rs(l + |z*)?|v(z) |? de < +oo} .

One can notice thall; and H, are respectively the images &f' and H? under the
Fourier transform.

The main purpose of this paper is to prove the following result.

Theorem 1. LetT be a positive arbitrary time. Under assumptifi2), and if we
also assume, € H? N Hy andag, vg € R, systen(5.1)admits a solution

(u,a) € (L>(0,T; H*> N Hy) N WH*°(0,T; L?)) x W1(0,T).

The reader may notice at first sight that we do not give any uniqueness result for this
coupled system. Actually, there is a proof of existence and uniqueness of solutions for
the analogous system without electric potential in [10] (and also with a uniform electric
potential, via the gauge transformation). Of course, their way of proving uniqueness
cannot be applied here because the Marcinkiewicz spaces they used do not suit the
electric potentiall’; we have. Even if one can be convinced that the solution in this
class is unique, we do not have any proof of uniqueness yet. Nevertheless, for any
solution of system (5.1) in the class given in Theorem 1, the following estimate holds :

Proposition 2. Let(u, a) be a solution of the coupled systébnl)under assumption
(5.2) in the class

Whee(0,T; L*) N L°°(0,T; H* N Hy) x W0, T).
If p > 0 satisfies

e I oy
1+ ]xf? W11(0,T,L) 1+ |z

<p

L1(0,T,L>°)

then there exists a constafit > 0 depending o such that]|al|¢(jo,7;) < R and if
p1 > 0is such that

|1l =
1+|x‘2 WL.1(0,T,L) 1+|CC‘2

+ IVVillL2(0,05w 100 (Br)) < P1
L1(0,T,L>)
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then there exists a non-negative con:st:ﬁﬁ?c’p1 depending on the tim&', on p;, on
llwoll 2, ONao| and onlug|, such that :

da

d?a da
dt dt

lull oo (0,75 20 Ho) + (|06t oo (0,7512) + M ‘ —5

1
1 3
+ sup (/ (|u(t,x)2*> |u(t,x)|2> SK%FI.
t€[0,7] \JR3 |z|

The proof of Theorem 1 will be given in a first step in the case when the Time
is small enough (section 5.3). Proposition 2 will then be useful to reach any arbitrary
time T and prove Theorem 1 (section 5.4).

+m’

L1(0,T) c((o,1)

Finally, we would like to point out that the result given in Theorem 1 is a necessary
step towards the study of the optimal control linked with system (5.1), the control being
performed by the external electric field. This mathematical point of view participates
to the understanding of the optimal control of simple chemical reactions by means of
a laser beam action. One can notice that Theorem 1 ensures the existence of solution
to the coupled equations for a large class of control parametersigjrgaisfies (5.2).

The optimal control problem will be described and studied in chapter 6 and 7.

Before working on the situation described above, we will consider the position
of the nucleus as known at any time [0, 7']. Of course, this is too restrictive for the
study of chemical reactions but the next section is only a first step which leads to the
proof of Theorem 1. We can refer to [14] for the study of the well-posedness of the
Cauchy problem for fixed nuclei, in the Hartree-Fock approximation for the electrons.
This reference precisely describes the N-electrons situation where the position of the
nucleus is known. We consider here the 2-electrons 1-nucleus system.

5.2 Anonlinear Schiddinger equation

In this section, we will consider the positianof the nucleus as known at any
moment and we will prove existence, uniqueness and regularity for the solution of the
nonlinear Schidinger equation of Hartree type which we are led to study. Indeed, we
consider the following equation :

1 1 L
i0u + Au+ ———u+ Viu = (Ju]?> x —)u, inR3x (0,T)

|z — al El (5.3)
u(0) = uyg, inR3
wherea andV; are given and satisfy the following assumption :
a € W2Y0,7),
(L+[2)" 12 € L((0,T) x R?), (5.4)

1+ |z~ to, vy € LY(0,T;L>),
(14 z[?)~'VVy € LY0,T;L>).

The study of this equation is submitted to the results known for the corresponding
linear equation. We will use the main result given in the preceding chapter, about exis-
tence and regularity of the solution of the linear Sxfinger equation :

U
|z —al

i0u+ Au+ —— +Viu=0, inR3x(0,T)
u(0) = uo, in R3.
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We setp > 0 such that

\a%

¥l —L <p.
H1+|x HWllOTLoc) “1‘F|3«"|2

L1(0,T,Lo)

Theorem 3.  Letug belong toH? N H,, a andV; satisfy assumptiot.4). We define
the family of Hamiltonian§ H (¢), ¢t € [0, 7]} by

1
a0

Then, there exists a unique family of evolution opera{érét, s), s, ¢ € [0,T]} (the so
called propagator associated witH (¢)) on H2 N Ho such that for alkig € H*N H> :

H(t) = -

(1) Ut s)U(s,m)up = U(t,r)up andU (¢, t)ug = ug for all s, ¢,r € [0, T7;
(i3)  (t,s) — U(t,s)uo is strongly continuous i? on [0, 7] and

U(t,s) is an isometry o2 : |U(t, s)ug||z> = ||uol|12;
(iii) U(t,s) € L(H? N Hy)forall (s,t) € [0,T)? and(t,s) — U(t, s)ug

is weakly continuous frori, 7] to H? N Hy; moreover, for all

a > 0, there existsV/1,,, > 0 such that V¢, s € [0,T7], Vf € H?N H,,

lallwz10,r) <o = [[UE s)flla2nm, < Mraplfllazam,.
(tv) The equalitieso,U (¢, s)ug = H(t)U(t, s)ug
andid,U(t, s)up = —U(t, s)H(s)ug hold in L?.

One shall notice that of course, (), the constanfi/r , , depends on the norm
of V1 in the space where it is defined, yia

We would like to underline that the main difficulty to prove this theorem is to deal at
the same time with the two potentials which have very different properties. The main
reference is a paper by K.A¥IMA [51] which treats the case whefg = 0, using
strongly T. KATO’s results in reference [26]. In our situation, we first regulafigend
Vi by V5 and Vi and obtain accurate estimates, independent dhe key point is
to find an L?-estimate of the time derivative of the solutiefi. We use a change of
variabley = x — a(t) and considering then the equation solved by the time derivative
of ve(t,y) = u®(t,x) we prove an estimate §,u®(¢)| 2. Makinge tend to0 ends
the proof of Theorem 3.

We finally give the existence result on the nonlinear 8dimger equation (5.3) :

Theorem 4. LetT be a positive arbitrary time. Under assumpti¢f4), and if
we also assume, € H? N H,, then equation(5.3) has a unique solution: €
L°°(0,T; H? N Hy) which satisfied,u € L>(0,T; L?) and there exists a constant
Cr,,p > 0 depending o', o andp where

d%a

dt?

Vi

<
1+ [z =«

L1(0,T)

i

4

<p and ‘

H1+|$| Hw11<0TLoo) L (0,T,L>)

such that :

lull Lo (0,732 Hy) + [|0ctt]| Loe (0,7,22) < CT,a,p || w0 B2 -
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An analogous result has already been obtained in the particular case when the atom
is subjected to an external uniform time-dependent electric figldsuch that in equa-
tion (5.3), one ha¥; = —I(¢t) - x as in reference [10] (but for a tini€ small enough)
and in reference [22] (for the linear case). They both use a gauge transformation to
remove the electric potential from the two equations such that they only have to deal
with the usual difficulty corresponding to a time dependent coulombian potential. The
generality of potential¥; we are considering does not allow us to use this technique.

5.2.1 Local existence

We will begin with a local-in-time existence result for equation (5.3). We first need
the following lemma to deal with the Hartree nonlinearity.

' 1 .
Lemma5. Foru e H', we defing(u) = (Jul*x m)u and one has the following

estimates :
3C > 0 such thatvu,v € H',
1F(u) = F(v)l[z2 < C(llullzp + l[ollz)llu = vl| 2 (5.5)
3CF > 0 such thatvu, v € H2 N H,,
1F(uw) = F)llzam, < Cr(lulli + [vlfznm)llu = vllazam, — (5.6)
IF)laznm, < Crllulfllullmzam, (5.7)
We notice that everywhere in this papéf,denotes a real non-negative generic
constant. We may put in index a precise dependence of the constantfliseCr ).

Proof. From Cauchy-Schwarz and Hardy inequalities, we have :

(Juf> % Y — <|v|2*ﬁ>v

P - FOlz < |duf o}

L2

< |<u|2*|1><u—v> +H(<|u2—|v2>*1)v
x\ 2 |x| 2
< 2|2 || Vul[ g2 l|u — v]| L2
T 2oz (Va2 + [ V]22) flu — vl
< Ol + o) — ol

which proves (5.5). Now, we have to establish (5.6) and (5.7). First of all we have
IF(u) = F)lienm, = [F@) = F@)72 + |z F(u) - |2[*F(v)|7
+ |AF (u) — AF(v)]|3:. (5.8)

The first term of the right hand side is conveniently bounded in (5.5). We also use the
same proof as for (5.5) to bound the second term :

1 1
Pl Ly = el e
x\ |a:| L2
1 1
< \<|u2*>|x|2<u—v> +H<<|u|2—|v|2>*>x|2v (5.9)
|x| 2 ‘$| 2
< CllullzsIVallzsllu = vl + Cllvl (IVullz: + [Vollz2) llu = o]L22
< Ol + o1 2mom,) e — ol
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Moreover
[AF(u) — AF(v)| L2

< [l [ - o)

]|+ [ e )|
|8 |« - o)

- [ i =i ) o]

However, for any arbitrary function, b andc € H?, we have

L2

A {(ab* 1)0] = 4mabc 4 2(bVa x i)Vc +2(aVb* i)Vc + (ab* i)Ac
|| || || ||

and we thus obtain :

ofon

\ < Clallar bl a1 el
L2

Using that result, it is easy to conclude :
IAF(u) = AF@)|r2 < Cr (lullfp + [olF2) lu = vllg=. (5.10)

Then, using (5.8), (5.9) et (5.10), we finally prove (5.6) dnds locally lipschitz in
H? N H,. Therefore, taking = 0, we also get (5.7). O

The proof of a local-in-time result is based on a Picard fixed point theorem and
Theorem 3 and Lemma 5 are the main ingredients. We begin by fixing an arbitrary
time T > 0 and considering €]0,T"]. We also consider the functional

QD:U}—>U(.,O)u072'/O. U(.,s)F(u(s))ds,

whereU is the propagator given in Theorem 3, and the set

B = {U S IJOO(O,T;IJ2 OH2)’HU||L°°(O,T;H2QH2) < QMT’OMP

|U0||H20H2}-

If > 0is small enough, the functional mapsB into itself and is a strict contraction
in the Banach spack™> (0, 7; H? N Hy). Indeed, on the one hand, from estimate (5.7)
of Lemma 5, ifu € B, we have for alk € [0, 7] :

lo(w)®)|g2nm, < HU(t,o)uo—z' /0 Ut 8)F(u(s)) ds

H2NH>

< MT,a,pHu0||H2ﬁH2 JrTJMT,Oc,pHF(U)||L°°(0,-r;H2ﬂH2)
< Mra, uol| 2w, +TCFMT,a,pHUH%oo(o,T;Hl)HUHLM(OJ;H?HHz)
< Mro, u0||H2ﬂH2 + 8TCFM%,(X,/)HU'O||§'120H2'

Then, if we choose > 0 such tha'BTCFM%’a7p||UQH§{2ﬁH2 < 1 we obtain
()l Loe (0,rs 20 Hy) < 2M7 0, p 00| 2 H, @Ndp(u) belongs tob.
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On the other hand, i, € B andv € B, then for all¢ in [0, 7] we have,

lo) () — () (Dl sz, = H [ vt (s - Fluts)) ds

H2NH,

IN

MT,a,p/O 1 (u(s)) — F(v(s)) | z2nm, ds

IN

t
CFMT,OC’P (HU’H%”(O,T;Hl) + HU”%OO(O,T;HzﬁHQ)) /O ||u(s) - U(S)HHzﬂHg ds

IN

87Cr M3, ,luollirznm, 1w — vl (0.r 20 ),
with 8TCFM%(X7P||1LO||%IQOH2 <1.
Therefore, we can deduce existence and uniqueness of the solution to the equation
t
u(t) = U(t, 0)ug — i / U(t, s)F(u(s)) ds (5.11)
0
in B, then inL>°(0,7; H?> N Hy) for 7 > 0 small enough. Moreovef};u belongs to
L>(0, 7; L?) since from equation (5.3), we can write
Opu = iAu + i 4 iViu —iF(u).
|z —al
Indeed,u € L*(0,7; H* N Hy) brings F(u) € L*(0,7;H? N Hy) and Au €
L°°(0,7; L?) and we can prove thafu € L°°(0,7; L?) and € L>(0,7; L?)

|z —a
in the following way : it is clear that for aflin [0, 7],

Vi(t)
2 <
Wiouele < | 7205
and from Hardy'’s inequality,
u(t)
O ().
7= o] = 2Ol

It is finally easy to prove that there exists a constant 0 depending ony, p, F' and
T such that for alt in [0, 7],

[0vu®) L2 < Clluoll r2nm, -

The last point to prove is the uniqueness of the solutiaaf (5.11) in the space
L>(0,7; H> N Hy) N W>(0, ; L?). Letu andv be two solutions of (5.11) and
equal tou — v. Thenw(0) = 0 and

idyw + Aw + ‘xwfa‘ 4 Viw = F(u) — F(o). (5.12)

CalculatingIm / (5.12).w(x) dz and using Lemma 5 we obtain
R
d 2 < 2
2 wliz) < Cllwllz
and uniqueness follows by Gronwall lemma.

Hence the proof of uniqueness, existence and regularity of the solution of equa-
tion (5.3) inR? x [0, 7] for any timer such thaB7CrM3. , lluollF2qp, < 1.
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5.2.2 A priori Energy estimate

We will prove here an a priori energy estimate of the solution of equation (5.3) for
any arbitrary timel". We seto > 0 andpg > 0 such that

’da

dt
Proposition 6.  If  is a solution of equatior5.3) in the spaceV 1> (0, 7T’; L?) N
L*(0,T; H? N H,), under assumptios.4) for a and V;, then there exists a non-
negative constam}'% ».0 depending on the tim&, on po, ap and on||uol| g2nr,
such that for allt in [0, T]

< oo and H < po-

L1(0,T) 14 |zf? HW1~1(O,T,L°°)

1
@B, + [ (1) 2 ) (e 2)F < G

Proof. On the one hand, we multiply equation (5.3)®¥, integrate oveR? and take
the real part. After an integration by parts we obtain :

oyu 1
- QR/“ R/V(?*:R/Q—c’)*
th/ |[Vu|* 4+ Re 7l + Re . 1u Oyt = +Re RS(M *m)u AT

which is equivalent to

d 2y 1 2 _li/ 2 1y o
Lol [ () ) = 5 [ G ol

Then,

i 2 1 2 i 2 / # 2
G ([owur g [ ol = [ (g4 vi)

1
= —/ <5t| al +8t‘/1> lul?. (5.13)
R3

On the other hand, sindg satisfies assumptiof$.4), we have

V1 (t)
_ 2 < V1 2
[ o < | 258 juio,
and from Hardy's inequality,

- [ WPa—— <4 |G| Tl

In order to get arf{; -estimate of:, we then calculate the imaginary part of the product
of equation (5.3) by1 + |z|?)u(z), integrated oveR?. This gives

d
(/ <1+|x2>|u|2)s0 [avu+c [ Jefiup
dt RS ]RS RS

We defineF at timet of [0, T by

B) = /RS\Vu(t,x)|2dx+)\/RS(1—|—|x|2)\u(t,x)|2dx
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where) is a non-negative constant to be precised later. From no& denotes various
positive constants, independent of anything huiVe obviously have :

dE(t) _ d (/}Rs <|x_1a(t)| +v1(t)) Iu(t)2)

At~ dt
da O VA (L)
+C (1+ dt(t)’+“1+x|2 . E(t)

and if we integrate ove(0, ¢), we obtain

) < [ (poamt MO el + [ (G +150) 0P

+ C/Ot <1+ z‘t’(s)‘ +’ fﬂg )E(s) ds + E(0)

Using Cauchy-Schwarz, Hardy and Young's inequalities, we prove that fgr-al,

[ < 2(/R3|W<t>|2)%(/]R3|u<t>2)é

Lo

s Jo —a(®)]
1
AIVu(D)E: + 3 lwol

IN

since it is easy to prove the conservation of fifenorm ofu, and we also have

\%
2 < 1

Moreover,(1 + |x]?)~*V; € WHL(0, T, L>) andW1(0,T) — C([0, T]), then(1 +
|z|2)~1V;(0) € L* and we have for the same reasons as above,

1
T +[V1(0 l<C 2.
[ (=g MO ol < Colulpan,

[u(t)||F, -
Lo ((0,T) xR3)

We also notice that
E(0) < Clluollirnm, + Clluolla lluoll7=-

. 1 1
Then, if we set) = = and\ = = W we get
2 2 L+ [ [ Loo (0,7 xR

1
E®t) < Cplluollinn, + Cllwolla lluollzz + 5 ()
1 ’ d A%
+ ()\—2> ||u(t)||§,l+c/ <1+ - o)
0

o+ |75
We defineF at timet of [0, T] by

a
F(t) = /]R |Vu(t,x)|2dx+/RS(1+\x|2)|u(t,x)|2dm

[ () =) futt, )2
L (e« )

) E(s) ds.

Lo
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and it is easy to see that we have, fortat [0, 77,

F(t) < C(luollinnm, + luollm [luollz2)

-+ C/ (1+ ‘atvl() Lm) F(s)ds.

1+ |z?
We obtain from Gronwall’s lemma :
t
Fo) < Crowp ([ 80)ds) (luollacs, + ol fuol::)

da
dt

Therefore, there exists a non-negative consrt&mgo », depending on the timé,
on the initial datd|ug || z1~z, and onag, po > 0, such that for alt in [0, 77,

A%

wheres = H +

e, + [ (1OF * 17 ) O < o

Hence the proof of Proposition 6. O

5.2.3 Global existence

Now, we can use Proposition 6 and equation (5.3) to obtain an a priori estimate of
the solution inW1:°°(0, T'; L?) N L>°(0, T; H? N Hy) for any arbitrary timel". Indeed,
since equation (5.3) is equivalent to the integral equation

u(t) = U(t,0)ug — i/o Ult, s)F(u(s))ds,

we have, from Theorem 3 and from Lemma 5,

A

t
la@lmnm < Mrop oo, + Mrop / V()] g, ds

IN

t
2
Mr.0.p lluoll g2, +MT,oc,p/ [l 1wl 2, ds
0

t
Cio“,a,p (1 +A ”u(S)HHzﬁHz dS)

whereC% > ( is a generic constant depending on the tiiheon p, o and on
\|uo||HzmH2 We obtain from Gronwall lemma and from equation (5.3), that

IN

vt € (0,1, llu®)llmznm, + [0l < CFa,,

Now, in view of EEGAL's theorem [43], the local solution we obtained previously
exists globally because we have a uniform bound on the norm

[u) a2, +[10pu(t)]| 2

Hence the proof of Theorem 4. O
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5.3 Proof of Theorem 1 for a small timer

The position of the nucleus is now unknown but solution of classical dynamics. We
recall the system we are concerned with,fa¢ (0,7) :

i@tu+Au+%u+Vlu: (\u|2*ﬁ)u, inR3 x (0,7)
T —a x
u(0) = wo, in R3
m &a _ / —|u(z)|*V ! dz —VVi(a), in(0,7)
dt2  Jgs |z — al nes ’
da
a(0) = ao, E(O) = Vo

We are going to choosesmall enough in this section in order to prove first existence
of solutions for this system. In the sequel we make assumption (5.2) :

(1+ |z2) 71V € L((0,T) x R?),

(1+ |z[*)~ o, Vi € L0, T; L°°(R?)),
(1+ |z[*)~'VvVi € LY(0,T; L*=(R?)) and
VV; € L2 (o,T; W1’°°(R3)).

loc

5.3.1 Structure of the proof of local existence

Leta > 0 andp > 0 be such that

« = max(|vl, 1) and

<p.

H %] A%
LY(0,T,L>)

+
1+ [z Hlel(O,T,LW) H 1+ [zf?

We define the following subsets

B. = {u € L>(0,7; H* N Hy) N WH>(0,7; L?)/

el 0,202y < 2Mr plloll sz, }

<«
L'(0,7)

The indexes andn stand for “electrons” and “nucleus”, while(z, t) correspond
to the wave function of the electrons am@) to the position of the nucleus.

We will prove here a local-in-time existence result for system (5.1), using a Schau-
der fixed point theorem. One can find a similar result in reference [10], where in a first
time, V; = 0. We shall need the following lemmas, whose proofs are postponed until
the next subsections.

and
d2a

Bn = {a S W2’1(0,7_)/‘ W

On the one hand, we consider the wave function of the electrons as known and the
second order differential equation which modelize the movement of the nucleus is to
be solved :
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Lemma 7. Letug € H?N Hoy, ag, vo € R and letr > 0 be small enough. We set
u € B and we consider the equation

d*z T —=z )
" T /R Wx)ﬁm dx —VVi(z) in(0,7) (5.14)

with initial data z(0) = a¢ and %(0) = wvp. Then equatior(5.14) has a unique
solutionz € C([0, 7]) such thatz € B,,.

On the other hand, we know the position of the nucleus at any moment and we use
the previous section to prove :

Lemma8. Letag, vo € Randuy € H? N Hy, and letr > 0 be small enough. We
sety € B, and we consider the equation

1 .
i0u+ Au + m%' V= (s e in B (0,7)(515)

with initial datawu(0) = uo. Then equatiol.15)has a unique solution € L>°(0, 7; H?*N
Hy) N W1>(0, 7; L?) such thatu belongs td3..

From Lemma 7 and 8, the following mappings are well defined :

¢: Be — B, Y. B, — B

U 2, Yy o u

and we finally consider the applicatigh= ¢ o ¢ which maps, into itself, wherel3,
is convex and bounded. We will also prove the following lemma later on.

Lemma 9. The applicatiorG : B, — B, is continuous an@ (3,) is compact in3,.

Therefore, we will be allowed to apply the Schauder fixed point theorem and if
y € B, then, withu = ¢ (y) andz = G(y), it satisfies

i@tu—&-Au—&—;u—i—Vlu: (\u|2*i)u, inR3 x (0,7)
[z -yl || .
u(0) = up, in R3
bz _ / (@) PV —— dz — VA (2), in (0,7)
dt?2  Jgs |z — 2| e ’
dz
2(0) = ayp, E(O) = vg.

Then, there exists € B, such thatw = G(a). Therefore(y)(a), a) is solution of (5.1)
with ¢(a) € B. anda € B,. The proof of Theorem 1 for a small timewill then be
completed with the proofs of Lemma 7, Lemma 8 and Lemma 9. O

5.3.2 Second order differential equation, proof of Lemma 7
We are considering an ordinary differential equation of type

d?z

e G(t,z)
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with two initial conditions. In order to construct the proof of Lemma 7, we need to
prove a general lemma about existence and regularity of solution for this type of equa-
tion and to study the right hand side

Gt 2) = /R Ju(t, 2) 2V (@) dx — VVi(t, 2)

to make sure we can apply this general lemma to our situation. Although it is a rather
classical result, we give a short proof of the following result

Lemma 10. Letr > 0. We consider the differential equation

d?¢ _ .
e G(t, ) in (0,7) (5.16)

2(0) = 90, 22(0) = .

1,00

If 7 is small enough and iff € L* (0, 73 Wiow

tion ¢ € C([0, 7]) to equation(5.16).

(R3)) then there exists a unique solu-

Proof : We consider the applicatioh on C([0, 7]) defined by

() (t) = o + ot + /0 (t —s)G(s,p(s))ds, Vte[0,7]. (5.17)

We will use a Picard fixed point theorem in the spatg0, 7]) in order to prove exis-
tence and uniqueness of a solution to equation (5.17).

R :
Let R > 4 be such thapg| < 7 We also assume that> 0 is small enough such
that we have

{ 7max(|1ol,1) < 1 (5.18)
TGl L 0,mwr(Br)) <1

whereBg = {r € R?, |z| < R}.

- Letp € C([0, 7]) be such thalio||c(j0,7) = supiepo,- [#()] < R. Then, for all
tin [0, 7] we can write

t
RO < Igol +lot] + [ (¢ 9)IGls,0(5))] ds
0
R T
< §+T|¢o|+7/ 1G(s) w1 () ds
0
R
< Bt ool + TGl 0w = com
< Tyit1<n

and we obtain|®(¢)||lc(jo,-) < R.
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- We ensure here that is a strict contraction ir([0, 7]). Let |1l (o,-) < R
and||oz|lc(po,-) < R. We have for alk in [0, 7],

[(@(p1) — P(w2)) (1)

IN

/O (t - 5)|G(5,1(5)) — G(s, 2(s)| ds

IN

r / NG .=y 91 (5) — ()] dis

T[|Gll10,mwi=(Br) lP1 — P2llc(o,m)

IN

and since from (5.18); > 0 is small enough such that|G|| .1 o, -.w1.(Br)) < 1,
then® is a strict contraction.

- We apply the Picard fixed point theorem to applicatiariThus, ifr > 0 satisfies
(5.18), there exists a unique € C([0,7]) such that®(y) = ¢. Moreover, equa-
tion (5.17) is an integral equation equivalent to (5.16), hence the end of the proof of
Lemma 10. U

Proof of Lemma 7 :

From Lemma 10, it is easy to deduce that if the mapping
2 xr—Zz
(2) = [t = de = VVi(1.2)
belongs toL'(0, 7; Wkl,’c(’o) then equation (5.14) of Lemma 7 has a unique solution in
C([0,7]). Since we assume from the very beginning &a6 c L?(0,T; W), we

only have to work ory (¢, z) = / lu(t, 2)2 2 da.
R3 |z — 2|3
Lemma1ll. We setu;, up € H? andg(z) = / ul(f)fl(;)(x — 2)dx.
Re |T—

Theng € Wh*°(R3) and there exists a real constafit> 4 such that

lgllzee < C|[Vuil[z2||Vuz| L2
IDglle < Cllullgzl|uzllg2

Proof : From Cauchy-Schwarz and Hardy’s inequality, foralt R3 we have,

[ e,
R3

|z — 2

</R :Zlfxz):i daf); ( /R 3 IZQEIZ)E dz>;

A Vua| L2 [|Vuell >

lg(2)]

IN

Therefore)|g||L~ < C||Vuyl||Lz||Vuz| r2- Then we set, for alt in R3,

h(z) = / (@) w(@) 4,
rs |z — 2]
The functionh is well defined sinceh(z)| < C||u1|L2||Vuz|lL2 and one can notice
1
thatg = Vh andh = (ujtus) * ﬂ Then, we only have to prove thatbelongs to
X
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W2 (R3) with || D?h| L < Clluy| gz ||uz] g2 We setd; = % and from Cauchy
Schwarz and Hardy's inequality, for allj = 1,2, 3 we get : '

H8ih||Loo < ’ ai(ulﬂg) * r
x| || oo
< ‘ Oyuy (y)u2(y) dy +‘/ u1 (y)0iuz(y) dy
R3 |3j - y\ Loo R3 |z — yl Loo
< A Vuy||p2||Vuz| L2
and in the same way,
10:0;h|L~ < aiaj(ul%)*r
| Lo
< / 0;05u1 (y)ua(y) o - / u1(y)0;0;a (y) dy
R3 |5C - y| Lo R3 |5C - y| Lo
n / diu1 (y) 92 (y) al o+ / Oju1 (y) itz (y) dy
R3 |x - y| Lo R3 |x - y| Lo
< 2lurl|m=l|Vuz| pz + 2(|Vur ||z uzl| g2 + 8|Vurll g [[Vuz || g1
< 12fua || gz lluz| g2

Thereforeph € W22 (R?) andg € W1>°(R3) with
1DgllL>~ < Clluall g2 [luzll 2,

hence the proof of Lemma 11. O

Thereafter, setting(t) = u1 = us, we getf(t,z) = g(z) and we proved that
f(t) € WEh(R?) with || £(£)lwr. < Cllu(t)|[.. Then,

LIl os 0,710y < CHUH%OO(O,T;H?) <ACM7 , lluoll 2 nm,

andf € L*(0,T; Wh>). Thus, ifr > 0 is small enough, we have proved the exis-
tence of a unique solution € C([0, 7]) for equation (5.14). More precisely, in this
particular situation of equation (5.16) where the initial conditions@® = a, and

Ccll—f(o) = o and the right hand side i§ : (¢, ¢) — e (f(t, o) — VVi(t,0)), we
m

obtain that actually, if > 0 is small enough such that we have

T < 1

e, JT

(5.19)
HTM%,a,pHUOHEMHQ + ey

IVVillz2 01w (BR)) < @,

where we recall thatr = max(|vgl, 1), R > max(2|ag|,4) andC > 4, then assump-
tion (5.18) is satisfied.

Eventually, in order to end the proof of Lemma 7, we only have to check that
z = ¢(u) belongs ta3,. We takeu € B, and we will prove here that

&

dt? s @

z = ¢(u) € W*0,7) with ‘ <
L'(0,7)
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We already have < C([0,7]) and R is such thaf|z||c(,-) < R. We recall equa-
tion (5.14) :

2 J—
" % B /Rg |“(”3)|2ﬁ dz — VVi(2) = f(2) — VVi(2)

. s . d?
and sincef € L>(0,T; W) andVV; € L2(0,T;Wp:>°), we obtainZ> ¢

dt?
L?(0,7), thusz € W22(0,7) C W21(0, 7). Moreover,

1
ﬁ(t) m o Tr— 2 ()2 dx + %\Vvl(t,z(t))\

d*z ‘ o 1 lu(x,t)]?

IN

4 1
—Vulio oz + IV W (p)-

Using Cauchy-Schwarz inequality and the fact that B., we get

d?z 4 1 (7
— < —7|VulZe g0 — vV oo (B d
\ sy S mIVlEmn o | 19V g s
4 NG
< ETHVUHQLOQ(O,T;L?) + FHV‘GHL?(O,T;WLOO(BR))
16 VT
< ETM%,Q,/JHUO”?H%HQ + WHV‘G”LQ(O,T;WLOO(BR))
. d?z
and if we choose- > 0 small enough to have (5.19), we obt %—2 <a
L'(0,7)

which means € B, and the proof of Lemma 7 is complete.

5.3.3 Nonlinear Schodinger equation, proof of Lemma 8
We already proved in section 5.2 that under assumption (5.4} fand ifa belongs
to W21(0,T), then equation (5.3) :

. U 1, .
ZatU+AU+ m + Vlu = (|U|2 * E)'I.L n RB X (O,T)

has a unique solution
u€ L0, T; H* N Hy) NWH(0,T; L?)

such that(0) = ug € H? N Ho, for any arbitrary timel” > 0. The proof is based upon

an existence and regularity result for the linear equation and on a fixed point argument.
Fortunately, ify € B, theny € W%(0,7) and we obtain that equation (5.15) with
initial conditionu(0) = ug € H? N Ho

1 .
10 + Au + . +Viu = (Jul* x =)u in R® x (0,7)
|z =yl x

has a unique solution € L>(0,7; H*> N Hy) N W1°°(0, 75 L?).
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Following the proof of the local existence of a solution to equation (5.3) in para-
graph 5.2.1, sincg € B, implies
dy
dt

then, as soon & Cr M3, lluol|72ny, < 1, we get

< a,
L>(0,7)

[wll oo 0,720 H,) < 2MT 0 pluol| 205, -

This means: € B, if 7 is small enough. Hence the proof of Lemma 8. a

5.3.4 Continuity and compactness, proof of Lemma 9
First step - Continuity ofgG.

We considely € B, and a sequendgy,,)»en Of elements of3, such that
yn "y in W20, 7).
We aim at proving that
Gyn) "= Gly) In W0, 7).
We recall thalf = ¢ o 1) where
¢: Be — B, v: By — B

u oz, T e I T}

and we set

u = P(
z = g(
Up = P(Yn

Then,z andz, satisfy on(0, 7) the equations

2
m T2 :/ —Ju(z)PV (1> dx —VVi(z), and
R3

dt? |z — 2|

d?z,, 9 1
= —|Un dx — n)y
m—s /]RS [un (2)]°V <|$—2n|) x — VVi(zn)

and we will prove that,, "= z in W21(0, 7).

Sincey andy, belong tos, for all n € N, thenu andu,, belong toB. for all
n € N. It implies that(u, ),en is bounded inL>° (0, 7; H2 N Hy) N W1°(0,7; L?)
and thus, up to a subsequence, we get the strong convergence

up "5 w0 in L0, 7; H,). (5.20)

We use here the following result of JIMON [44] (Theorem 5) :
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Lemma12. LetX, BandY be Banach spaces ande [1, oc].

We assume that — B — Y with compact embeddiny — B.

If {fn,n € N} is bounded inL?(0,T; X) and if {0:f,,n € N} is bounded in
L?(0,T;Y) then{ f,,,n € N} is relatively compactid?(0,T; B) (and inC ([0, T]; B)
if p=00).

In the same way, we haveand z,, belonging toB, for all n € N (since¢(B.) =
B,) and(z,)nen bounded in¥21(0, 7) implies, up to a subsequence, that

20 "2 2 in WY 0, 7). (5.21)

We notice that,, — z satisfies

7612(%72) - u(z)|? ! — Jtup ()2 L x
Y NGy un@PY ) d

dt? m |z — z| |z — zp]

+ % (VWVi(2) = VVi(zn)) -

We first remark that sinc&V; € L2(0,T; W), then for almost every in
[0, 7], VVi(t) is locally Lipschitz. And since there exisf® > 0 such that we have
HZHC_([O,T]) < Rand for alln € N, |[zx][¢(j0,-)) < R (asz andz, belong tos,), we
obtain
[VVi(2) = VVi(zn)| < [VVI(O)lwroe (Br) 12 () = 2(D)]-

We also have

1 1
/ uua V dx — / Up Uy V dx
R3 |z — 2] R3 |z — 2n|
_ 1 _ 1
(v — up)ty, V——dx — utly, V—— dx
RS |z — 2] RS |z — 2]

—_— 1 1
+/ (u—up)u Vi——r dx—i—/ Upt V——dx
R3 R3 ‘I - Z‘

|z = 2|
/}Rs(u—un)unV|x72n|dgc—l—/Rg (u—up)uV

1 1
+/ ut, |V -V dx.
RS |z — 2| |z — 2

On the one hand, we can prove that there exists a constant such that

[ w0 (Y=g~ V)

Indeed, using Lemma 11, singeis lipschitz (hereu; = u(t) andus = u,(t)), we
have for allt in [0, 7],

u(z, t)u, (x,t) I . Ty, (x, t)u(z,t) R .
I O LE B e GTRCRECIL,
= lg(en () — g(=(0)] < Cllut) L2 e (8)122] (20 — 2) (D),

and since; andu,, belong toB., ||u(t)|| gz and||u, (t)| g2 are bounded independently
of n.

dx

|z = 2|

< Clzn(t) — 2(2)].
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On the other hand, we can deal with both of the two other terms in the same way.
For instance, we have in fact for afy/> 0, from Hardy’s inequality,

. 1
/RS (u — up)(x, ), (x, t) Vm dx
0 ) ) 0] 0= ) ) a0
. /B(O,R) FEFNG +/B<0,R>c FEENO R
< Ol = ) () 0,2 et Dl i Ol 2 02 + (0] 22)

and since: andu,, belong tos. for all n € N, then

< Cllu = unllze=o.r#(B0.R)) + 12

1
/ (uw— up)ty Vi—— dx
R3 |z — zp]

Thus, for alle > 0, there exists? > 0 such that% < g and from (5.20) there exists
Ny € N such that

€
Cllu = unl|Loe (0,511 (B(0,R)) < > Vn > No.

We get :

Ve >0, 3N, €N, Vo > N,,

1
/ (v — up)t, V————dz| <e.
R3 |z — 2]

Eventually, we obtain that for allin (0, 7) and for alle > 0,

A2z, d*z
e ae ()| S CA+[[VVi(t)lwr.oo(Br))|2n(t) — 2(2)| + 2,
then
d?z, d%z
% -] <o Il nmn @l - s + 2
L1(0,7)

Therefore, since we have the strong convergence (5.21)1@nht(0, 7) < L>(0,7),

we obtain ) )
d°2n notoo d°z .
dt2 e ﬁ N Ll(O,T)

n—-+o0o

what meansG(y,,) — G(y) in W21(0,7) andg is continuous.
Second step Compactness dj(5,) in B,.

We consider a sequence,,),cn Of elements of3, and we aim at proving that
zn = G(yn) is precompact irB,. If we set

Falt,2) = /Rs |un(t,x)|2|;—_,:((tt))3 de,

then we have
d?z,,

(1) = falt, za(t) = VVa(t 2n(1)).
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We will first prove thatf,, : t — f,(t, zn(t)) =
soon as, € B,. Lett, hin [0, 7] be such that +
we can write :

Fat+h) = Ja@®| = LFE+ Rzt + 1) = F(t2(®)]

fn(t) is bounded irC%2 ([0, 7]) as
h € [0, 7]. Using again Lemma 11,

< /Ra(un(t—i—h)—un(t))ﬂn(t+h)vmdx
| [l ) = 0 (0) V o o
_ 1 1
+ /Rs Up ()T, (t + h) <Vx 0] - V‘x oy h)|> dx
[t + h) = ()] [ (£ + 1)
e
(1) (Dl n ()]
R IR,
- Cllun(®) 72 () 72 G+ ) = 2]
< C”un”L""(O,‘F;Hl)”un(t"*‘h)_un(t)HH1

+ Cllunl|Foe (0,52 | (2 (8 4+ h) = 2 (2)]-
Moreover, on the one hand, sings, ), cn belongsi,,, we have

dzy,
dt

|

< Croh?

K%@+h%—%@Héh‘
L~ (0,7)

and on the other hand, using the Fourier transform, we can prove that

{ [un(t 4+ h) = un(t)||r2 < hl|OunllL<(0,7;22)
[un(t + 1) = un (@)l 2 < 2fJun|| Lo 0,712

imply
[un(t +h) = un(t)llz2 < CF 4 o1

whereC? , | > 0 only depends om, ||uo|| zr2,, p @nda. Therefore,

T,0,p
Fat+h) = fa(t)| < C2,, ,h% and f, € C*3([0, 7))

and we obtair{ f,,)en bounded inC?2 ([0, 7]). In addition, sincéz,, ),<n is bounded
in W21(0,7) and sincgu, ),cn is bounded inB., we have, up to a subsequence,

20 "2 2 in W0, 7) N ([0, T))

and
up "= in L0, 7 H,).

Thereafter, the fact that we have the compact injection
C%3(0,7) — C([0,7])

(from Ascoli’s theorem), implies, up to a subsequence, the strong convergence

fu "5 Fin O([0,7)) where (1) /'” ‘Zx (())'de
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Finally, sinceVV;, € L2(0,T;W,.>°) andz, "=5° 2 in L>(0,7), we also
obtain, from

IVVi(zn) = VVi(2)| 2200,y < [IVVA(E) | 20,1515 (B(0,0))) |20 — 2 Loe (0,7)

that
VVi(zn) "=5° WV (2) in L2(0, 7).
d?z, I ~
Eventually, converges ir.*(0, 7) as the sum o(fn) and(VVi(zn))pen-
dt? neN neN "

Then,(z, = G(yn))nen is precompact ird22(0, 7) thus in,.

Hence the end of the proof of Lemma 9. O

5.4 Global existence of solutions

We recall the coupled system (5.1) for an arbitrary tifhe

1 .
——u+Viu= (Juf** —)u, inR?*x(0,T) (5.22)

10yu + Au + 2]
T

1
|z —al

u(0) = ug, OnNR3

d*a 9 1 .
m e = /R @)Y e - VVia), n(0.7)  (5.29)
a(0) = ag, 9:a(0) = vy

and we consider a solutidm, a) in W°°(0, T; L*)NL> (0, T; H>NH3)xW21(0,T).
We will prove here Proposition 2.

The global approach is the same as for the a priori estimate of the energy for the non-

linear Schodinger equation withu(¢) known. Indeed, on the one hand, using equa-
tion (5.22) we have :

d 1 1 1
4 Vul? + = 2 2—/ Vi) |uf?
i (Lowep g [upeDowe = [ (24w

1
- —/ (at +6t‘/1) Juf? (5.24)
re \ |z —a
and on the other hand, sin@% ‘a;‘g, when we multiply (5.23) bw
r—a xr —
we get :
md (|da|’ od r—a da
2dt<dt > | (2 >| |$ia|5 - VVi(a) - T (5.25)
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1 —
Now 0 (H) = da w—a and the sum of (5.24) and (5.25) gives :

dt |z —al?
d 5 m|da
dt</R3'V“' "2 |

2
1 2 1 2 / 1 2
- _ Vi

=-VVi(a / A
v )
= 9:Vi(a A%
@+ oni@ - [ o
Moreover, from assumptio(b.2), V3 satisfies1 +t P € LY(0,T; L>=(R3)) and we

have

o Vi(t
o= [ ot <[P

(L +la(®) + [u(®)]F,)
Loe

and in order to get ait/,-estimate ofu, we then calculate the imaginary part of the
product of equation (5.22) byl + |=|?)u(z), integrated oveR3. This gives

d
i ([asepie) < [ v [ e
R3 R3 R3

We defineE at timet of [0, T] by

B = [ [Vutta)Pae+n [ @+ faPlutn)P s+ | 0
R3 RS 2 | dt

+ % /R (|u(t, )2 |31:> fu(t, 2)[? da

where is a non-negative constant to be precised later. We obviously have a constant
C > 0 depending on such that :

B0 i( Vit alt ))+/RS (|x_1a(t)+vl<t)> lu(t>l2>

- o] Jro- 2] aswor

oV
1+ |z]?

€ L'(0,T) and integrate ove(0, t), we obtain
LOO

and if we sefs = H

B0 < B0+ + [ (L o))
+ Watta®)+ [ (G + 10 0P

e / (1+ B(s)) B(s) + B(s) (1 + la(s)[?) ds
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Then, as shown in subsection 5.2.2, we have
|U(t7$)|2 2 1 2
— 17 dx < qg||Vu(t — , V>0,
[ B de < al Vs + gl va
Wi
14+ |z?

[u(t)||7,, and
Lo ((0,T) xR3)

/ Vit ) u(t, 2)[2 dz < H
RS

1
[ (e + 110,00 laa(o) s < ol

|z — ao|
Moreover, for allt in [0, T7,

Vi

T+ 2P (1+a(®)]?)

L>(0,T;L>)

Vit ()] < H

and we also notice that

m
E(0) < Clluoll3pinm, + §|UO|2 + Clluoll g [[uoll?--

we get

1 H %]
Loo((0,T) xR3)

. 1
Then, if we set) = 3 and\ = 3 + [EaeE

m P
E(t) < Clhuollin, + 2ol + Cluoll ol +C(1 + Jaof?)
1 1
b gl (A=) WOl +C0 a0 629

+ 0/0 (1+ B(s)) E(s) + B(s)(1 + |a(s)|?) ds.

We defineF at timet of [0, T by

P = [ Futades [ 0t om0

R3 R?
n /]R <|u(t,x)2*|x1|> lu(t, z)[?

and it is easy to deduce from (5.26) that we have, fot il[0, T,
F(t) < CQ+lluolfnm, +laol® + [vol* + lluoll i [luoll2)

+ O+ la®P) +c/0 (14 B(s)) F(s) + B(s)(1+ la(s)[?) ds.
Then, we set

u(t) = (1+\a(t)|2)+/0 (1+5() F(s) + B(s)(L + |a(s)[*) ds

+ 1+ |[uollFri g, + laol® + [vol? + lluol| 1 [[uol| 22
and we have(t) < CW(t), ¥(0) = 1+ [[uol[F1 gy, +laol® +[vol* + [luoll rr1 [[uoll7.-
and since” > 0 denotes a generic constant,

av

S0 = 2ao)

O]+ (01450 PO+ 500 + la))

CY()F(@)+C(1+6(t)T(t) + B(t)T(t)
C (14 5(t)) U(t).

IAIA
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From Gronwall’s lemma, we then get :

U(t) < Crexp (/Ot ﬂ(s)ds) 0(0).

Therefore, there exists a non-negative cons.)fét%[l;)0 depending on the timé&, on the
initial data||uo || g1nm, , |ao| and|vg| and onpy > 0, where

< po;
H1+|f| HW11 (0,T,L>)

such that for alt in [0, T7,

ilij(t>‘ * (/M (|“< I |) Ju(t )|2>é <KY,. (5.27)

Notice that this estimate does not use any assumptiovilgn Of course, we also ob-
tain thata is bounded o0, 7') which means that there exisi&> 0, depending ofT’,
Po; [0, 7], |a(t)| < R.

[l 1, +m

uOHHlﬂHli

Moreover, from equation (5.23) and sineés bounded, we have

d’a Ju(t, z)|?

AJut) |7+ IVVA () lwro (Br)

IN

and if we definep; > 0 such that

WA

1L 12 + ”VVl”L2 0,T;W1.> (B < P1,
H1+ |z[? HWI 1(0.T,L%) H1+ ||2 ( (Br))

L1(0,T,L)

we obtain from (5.27) that there exists a consfafit, > 0 depending off’, |[uol| 1,
|aol, |vo| @andp; such that

m ’

Now, we can use estimate (5.27) and equation (5.22) to obtain the estimate of Pro-
position 2. Indeed, since equations (5.22) is equivalent to the integral equation

&
dt?

IN

2
AT |[ull Lo o spry + VTV VAl 20,70 (B

L1(0,T)
< AT(KY )+ VT VVA | 20, mwree (Br)) < K5,

w(t) = U(t,0)uo — z/o U, s)F(u(s)) ds,

we have, from Theorem 3 and from Lemma 5,

A

t
lu®llz2nm, < Mra, IIUOHHan2+MT,a,p/O 1E ()| 2, ds

IN

t
2
Mfmwme%Hf+Mmm¢A\mwwmemeWHzﬁ
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KO
wherea = —2£1_ Therefore, we can deduce from estimate (5.27) that there exists a

m
constanC}. , such that

t
lu)ll 20, < Crp, uollg2n, +C%p1/0 [w() | g2, ds-
Eventually, from Gronwall lemma, we get
0
vt € [0, T], [lu(®) | m2nm, < P07 (luol gan, -

It is then easy to estimatg),u(t)| 2 using equation (5.22). Hence the end of the
proof of Proposition 2. O

We will conclude here the proof of Theorem 1. We begin by setting an arbitrary time
T > 0. We already obtained the local-in-time existence of solutions for the coupled
problem. Indeed, by now, we have a solutiena) for the system (5.1) in the class

L>=(0,7; H* N Hy) N WE(0, 75 L?) x nW21(0, 1)
where||a| ¢ (jo,-)) < R andr satisfies

Ta <1
8TCFM%,O¢HUOH%—IZF]H2 <1

4C T
ETM%,QHUOH%pmHQ + - IVVAllz20mw By < @

(5.28)

wherea = max(|vl, 1) andC > 4.

Let us consider the maximal tin¥g such that (5.1) has a maximal solution defined
on [0, Ty [ in the class mentioned above. From Proposition 2, we have a local uniform
estimate on the following norm @, a) :

a
dit?

da
di

lat) Lz, + ()] 2 + H

o)

which means that this quantity remains bounded fless or equal t@". Therefore, as
one can read in [43], and in [10] and [14], global existence follows. Inde€d,, if)

is a maximal solution o0, Ty[ with Ty < T, then its norm in the ad’hoc class has
to blow up whent reaches the maximal tinig,. However, if we consides € [0, Tp]
close enough tdy and if we takel™ as the largest satisfying

L1(0,T)

Tmax(|vs|, 1) <1
8TCFMT31,|’US‘||US||§{2QH2 <1
4C

— T M?
m

Ta‘”ﬁl

=
’U/SH%_I2QH2 + W”V%HLQ(O,T;WL“’(BR)) < max(|vs\, 1),

d :
whered—(;(s) = vy andu(s) = us, then we can bound the norm @f, «) for all ¢ in
[s, s + T*] which brings a contradiction sin@ < [s, s + T*]. The important point is
thatT™ only depends on the tii€ since||us|| g2, and|v,| are bounded by the local
uniform estimate of Proposition 2. Thus, for any arbitrary tifh@e have a solution
(u, a) to the system (5.1) such that

(u,a) € L>=(0,T; H* N Hy) N WH*(0,T; L?) x W2(0,7T)

and the proof of Theorem 1 in then complete. O



Troisieme partie

Controle optimal bilineaire
d’'une equation de Hartree-Fock
dependant du temps
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Chapitre 6

Bilinear optimal control
problem on a Schiodinger
equation with singular
potentials

L'article qui suit est actuellement soumis.

ABSTRACT : We study the Sclidinger equatiorid,u + Au + Vou + Viu = 0 on

R3 x (0,T), whereVj is a coulombian potential, singular at finite distance, &nd

is an electric potential, possibly unbounded, with initial conditigne H?2(R?) such
that [5; (1 +|z|*)?u(z)]?* dz < cc. Both potentiald/, andV; are real valued and may
depend on space and time variables. We are interested by the optimal control of the so-
lution u by the external electric potenti&l . We proved in chapter 4 that this equation

is well-posed and that the regularity of the initial data is conserved for the solution.
This is a keypoint result to show here that there exists a bilinear optimal céfitesid

to give an optimality condition.

Keywords : Bilinear optimal control, Sclirdinger equation, optimality condition.
AMS Classification 49320

RESUME : Nous étudions Iequation de Sclkdingerid,u + Au + Vou + Viu = 0
surR? x (0,7), ou V; est un potentiel coulombien, singuliardistance finie};

est un potentieklectrique,éventuellement non-bogn et avec comme condition ini-
tiale ug € H?(R?) telle que [ (1 + |z|*)?|u(z)|? dz < oc. Les deux potentiel¥)

et V1 sonta valeurs eelles et dpendent des variables d’espace et de temps. Nous
nous inéressons ici au probe du confile optimal de la solutiom par le potentiel
électrique exérieurV;. Nous avons éja cemonté dans le chapitre 4 quetfjuation
consiceree est bien pd@set que la&gularie de la condition initiale est consé&w par

la solution. C’est un@sultat clef pour montrer ici qu’il existe un codlte optimal bi-
linéaireV; et donner une condition d’optimadit
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6.1 Introduction

We work inR? and throughout this paper, we use the following notations :

dv Ov Ov 2. 9% v
Vv = ((%’39:2’6:%)’ Av:;a—ﬁ, O = TE
Re andIm stand for the real and the imaginary part of a complex number;
(., .)n stands for the scalar product in the sp#te
Vp > 1, LP = LP(R?) and for the usual Sobolev spaces
H' = HY(R®), H?> = H*(R?).

We also define
H, = {v € L*(R?), / (1 + |z*)|v(x)]? dz < Jroo}
R3

H, = {v € L*(R?), /R?’(l + 2[*)?v(2)|)? de < —|—oo} i

Remark :One can notice thall; and H, are respectively the images &' and H?
under the Fourier transform.

We consider the following linear Sabainger equation

u
10 + Au + +Viu=0, inR3x(0,T
! z—a ! 0.7) (6.1)
u(0) = ug, inR3
whereV; depends on space and time variables and take its valugsWe make the
assumption :

a € W2N0,T;R3),
(1+z®)2Vy e L®((0,T) x R?), 6.2)
(1+|z2)~20,Vi e LY0,T;L>) and '
(1+|z>)"2VVi e LY0,T;L™).

On the one hand, we are concerned with the problem of proving the existence of
a bilinear optimal control governed by equation (6.1). The electric potéltiad the
control, and ifu; € L? is a given target, the problem reads :

Find a minimizer; € H for
inf {J(V), Ve H}

where
Hi={V, (14 [22) 2 V e H'(0,T:W)} (6.3)

with W an Hilbert space such th&t — W,

JV) =5 [ 1) =P de+ 3V withr >0
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and whereu is the solution of

iatu+Au+|u7|+Vu:0, in R x (0,7)
r—a
u(0) = ug in R3,

with ug € H? N Hs.

On the other hand, we want to give an optimality condition for this bilinear optimal
control problem. It means that if the optimal control problem described above is solved,
then there exist; € H such that/(Vy) = inf{J(V), V € H} and we will prove that
V; satisfies a first order optimality condition.

Remark :Since we have to prove the differentiability of the cost functionhalve
chose the Hilbert spacH that makes it possible to differentiate the nofm|| gy that
appears inJ and of coursey; € H satisfieq6.2).

Let us now formulate the expected theorem.

Theorem 1. There exists an optimal contrd satisfying(6.2) such that
J(V1) = inf J(V)
whereH is defined by(6.3) and the cost functional is given by

,
V) =5 [ )~ dr SV

and it satisfies the optimality condition :
T
WOV € H, r(Vi,6V)y = Im / SV (2, tyu(, )p(a, £) dadt
0 R3

with « solution of the state equatide.1) andp solution of the adjoint problem

. D .
Op+Ap+ ——+Vip=0 inR3x(0,T
10tp p ‘.’If—a‘ 1P K ( ) (64)
p(T) =u(T) —uy in R3.
Remark :We want to underline that a regularity result upon equation (6.1) is strongly
needed in the proof of this theorem.

From a physical point of view, the problem linked with this situation is the laser
control of chemical reactions. We are considering a single atom ; the coulombian po-
tentialV corresponds to the attraction of the nucleus placedipat instant, w is the
wave function of the electron arid is the electric potential induced by a laser beam.
Actually, the atom is subjected to an external electric field, where the corresponding
potential may be unbounded at infinity, and is such i@t =) = VV; (z,t) whereE
is the field created by the laser beam.

Of course, this is a very simplified model and the lack here may be the absence of
the more realistic Hartree nonlinearify(u) = (Ju|? x ﬁ)u. Nevertheless, the proof
of the analogous theorem for the nonlinear ®dimger equation is similar to this one
and can be read in the next chapter. Moreover, these results are a first step to study this
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kind of optimal control problem on a coupled system of equations : we consider now
a(t) as unknown but solution of classical nuclear dynamics and couple this with the
nonlinear Schidinger equation wherg, L ol and with source ternt(u).

= Je—a®]

A result of existence for a bilinear optimal control, governed by a &tihger
equation with Hartree non-linearify (), has been given in [11]. It deals with an elec-
tric potentialVy; = —I(t) - =, whose field is homogeneous in space, while we take into
account here more general electric potentials.

The end of this section contains the regularity result (proved in chapter 4) needed
to consider these bilinear optimal control problems. The next section is devoted to the
proof of Theorem 1 and one will also find at its end, for a particular case, an interpre-
tation of the optimal condition in terms of partial differential equations.

The regularity result for equation (6.1) is the following.

Theorem 2. For T' > 0 given, leta and the potential/; satisfy

a € W0,T),

V1 take its values iR,

(1+ ]2~V € L=((0,T) x R3), (6.5)
(1+|z[*)~to,Vy € LY(0,T; L>) and

(1+|z*)~'VVi € LY0,T; L™)

and be such that for some> 0 andp > 0:

lallwz10,1) < a,
11+ |2[?) " Villwra o,z + 111+ [22) 7'V VA L1 o,7,00) < p.

Then there exists a non negative constéft, , such that for anyu, € H? N H,,
equation(6.1) has a unique solution such that

u € L*(0,T; H* N Hy) and dyu € L>(0,T; L?)

which satisfies the estimate

lull oo (0,732 Ho) + 1|0¢tl| oo (0,7,22) < O, pll10] F20H, -

Moreover, we also have € Cy([0,T]; H> N Hy) andu € C([0,T); Hy N HY).

This type of result has already been obtained in the particular case when the atom is
subjected to an external uniform time-dependent electric figldsuch that in equation
(6.1),Vi(x,t) = —I(t)-z as in reference [10]. In the cabg = 0, K. YAJIMA [51] pro-
ved theH?(R?) regularity of the solution of equation (6.1) considere@®ix (0, 7).

Another way to formulate the result of Theorem 2 is the following.

Corollary 3. Leta andV; satisfy assumptio(6.5) anduy € H? N H,. We define

. . . 1
the family of Hamiltonian§ H (¢),¢ € [0, T)} by H = —A — Toa V1. Then, there
xr—a
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exists a unique family of evolution operatof (¢, s), s,t € [0,7]} (the so called
propagator associated with (¢)) on H? N H, such that forug € H?> N Hy :

(i) U, s)U(s,r)ug = U(t,r)ug andU (¢, t)ug = up for all s, ¢,r € [0, T7;
(i3) (t,s) — Ul(t, s)ug is strongly continuous i.? on [0, T]? and
U(t,s) is an isometry orl.?, thatis||U(t, s)uol| 2 = ||uol|2;
(4ii) Ul(t,s) € L(H?* N Hy) forall (s,t) € [0,T]* and
(t,s) — U(t, s)ug is weakly continuous fror, 7% into H? N Hy;
(iv) the equalitieso,U (t, s)ug = H(t)U(t, s)uo
andid,U(t, s)ug = —U(t, s)H(s)ug hold in L2.

This formulation of our regularity result on equation (6.1) is more adapted to give
a meaning to the equations encountered in the continuation of this paper.

6.2 Bilinear Optimal Control

We consideruy € H? N Hy, andV, and V; satisfying assumption (6.2). Since
it implies (6.5) (notice the poweF% in assumption (6.2)) we know there exists a
unique solution:, such thatu € Cy ([0, T); H2 N Ha), dyu € L>=(0,T; L?) andu €
C([0,T); H N H'Y), to equation (6.1) :

‘ _ul@,t)
iOpu(z, t) + Au(z,t) + |z — a(t)]

u(x,0) = up(z), x € R3.

+ Vi(z, tu(x,t) =0, (x,t) € R3 x (0,T)

We recall that we consider the space
H={v, (1+ 2[2) "2V e HY(0,T; M},
whereW is an Hilbert space such thet — W, and the functional defined by
1 2 T 2
JV) = S lulT) = wlf + 5 VG

with « solution of (6.1) with potential; = V.

6.2.1 Existence of an optimal control

We will prove here the first part of Theorem 1. It means that we have to prove the
existence of an optimal contrdl, € H such that

J(Vi) = inf{J(V), V € H}.

We consider a minimizing sequenteg"),,>o in H for the functionalJ. It means
that
irl}f J(V) = lim J(V}")

and then{(V}"),>+ is bounded ind, independently ofi. Up to a subsequence, we
haveV” — V; weakly in H and

IVilla < Lm|Vi"(|m.
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The difficulty comes from the terru.(7') — 1|3 .. We have to consider the solution
u,, of equation

u
[0ty + Aty + —— + V?u,, =0, inR3x (0,7
10suy, + u+|x—a\+ Tu [ x (0,T) 6.6)
un(0) = up, INR3
If we can prove that
un, (T) — u(T) in L2,
then we obviously obtain
lim g (7) = w72 = Ju(T) = w3 6.7)

From Theorem 2, we have :
[un | Lo (rr2nm,) + 10kt || Lo (22) < Clluolla2nm,

whereC'is independent of since(V}"),,>¢ is bounded irH. Then(u,, ), >0 is bounded

in L°°(0,T; H? N Hy) N WH*°(0,T; L?) and using the following compacity lemma
(whose proof can be found in Theorem 5 of reference [44]), up to a subsequence we
also have the strong convergence— w in C ([0, T]; Hy.)-

Lemma4. LetX, BandY be Banach spaces.

We assume that — B — Y with compact embeddiny — B.

If {fn,n € N} is bounded inL>(0,7; X) and if {0;f,,n € N} is bounded in
L>(0,T;Y) then{f,,n € N} is relatively compact ifC([0, T]; B).

Therefore, we can conclude that in the sense of distribution, the dinot the
sequencéu,, ) is the solution of equation (6.1). Then, we divife, (7") — u(T)||2. in

|un(T) — U(T)||2L2(B(0,R)) + [[un(T) = U(T)||2L2(Bc(o,R))

and we have :

e a constant” > 0 such that for alh ¢ N,

/ fun(@, T) — u(a, T)Pde < —2 / (14 |2 un(T) — u(T)]? da
lz|>R L+ R% Jjz>r
1
< - _
< (@) — u()l
< O R—o0
- 1+ R?

e sincew is the solution of (6.1) with potentidl; = lim, . V{* in H weak,
then for allR > 0,

/ (2, T) — u(z, T)|2 da "= 0,
|z|<R

Eventually, we get
un (T) " =25 w(T) in L
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and we deduce (6.7) which leads finally to

J(Vi) < lmJ (V") = inf J(V).

ThenJ(V1) = infyey J(V) sinceV; € H and the existence of an optimal control has
been proved. O

Remark :One can notice that we have actually prove the existence of an optimal control
in the space{V, (1+ |x|2)71 Ve White(o,T; Wl"’o)}, e > 0. Indeed, the only

important points are to ensure the existence of a solutitmrequation (6.1) and to take
V1 in a reflexive space.

6.2.2 Optimality condition

In the definition of the spacH, we can consider for instance

W = o3 D Spar{¢17'(/)27 ---7w7n}

with m € N, and for alli € [1,m], ¢ € W\ H3. This example enables us to
deal both with the particular case of [10] whéfg(x,t) = I(t) - =, I € H'(0,T) and
with general electric potentiald + |z|2)~2 V4 (t) € H? which are non-homogeneous
in space.

We have already proved the existence of a bilinear optimal colitrel H and the
usual way to obtain an optimality condition in this kind of situation is to prove fhat
is differentiable and to write the necessary condition

DJ(W)[6V1] =0, Y6V, € H (6.8)
in terms of the adjoint state.
. 1
We postpone the proof of the following lemma and wel4gtr, ¢) = W
r—a

Lemmab5. Ifuis the solution of(6.1), the functional
¢:H — L*R3)
Vi~ u(T)
is differentiable. Then, if z is the solution of

{ 10sz + Az + Voz + Viz = —dVqu, inR3 x (0,7)

2(0) =0, in R3 (6.9)

we have: € ([0, T); L?) and D¢ (V1) [6V1] = 2(T).
Therefore,J is differentiable inV; and sinced is an Hilbert space, condition (6.8)

now reads
Re / (W(T) — ) Z(T) dz + r(V4,6Vi) i = 0. (6.10)
R3

Remark :We can prove the differentiability af; — «(7) with values inL? but we
don’t know whether this remains true if we consider the same mapping with values in
H' for example. We suspect that the differentiability is not true anymore. Therefore,
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in the functional/, the first term cannot be replaced by a stronger norm(®f) — u;.

We consider the adjoint state equation (6.4) :

i0p+ Ap+Vop+Vip=0 inR3x (0,7)
p(T) =uw(T) —uy in R3

which has a unique solutigne C([0, T; L?) sinceu(T) — u; € L?.

We multiply equation (6.9) by (the complex conjugate of), integrate orR3 x
[0, T] and take the imaginary part. We obtain :

T T
Im/ / (i@tz—i-Az—l—VOz—i-Vlz)p:Im/ / —0Viup.
o Jms o Jrs

After an integration by parts and sinef)) = 0, we get

Im/ / 210 — Im/ ) ip(T +Im/ / 2z Ap
R3 R3
+Im/ / V0+V1 = fIm/ / oViup.
R3 R3

Sincep satisfies equation (6.4), we then have

Imi/RSz(T).(u(T)m)Im/:/RSmup
Re/Rs Z(T)(U(T)ul)fm/OT/Rgévlup.

We also have (6.10) and we finally obtain that for@l in H,

what implies

T
r{(V1,0Vi)g = Im/ oV (z, t)u(x, t)p(x, t) dadt.
Hence the proof of the optimality condition of Theorem 1. O

We now give the proof of Lemma 5. Actually, we have to prove #{&t) is well
defined inL? whenz is solution of (6.9) and that i& satisfies

{ i0w + Aw + Vow + (Vi +6V))w = —6Viz  inR3 x (0,7T) (6.11)

w(0)=0 in R3
then
[w(T)[|z2 = o(l|6VAllm).- (6.12)
One can notice that is actually the difference betweeranddéu wheredu + u is the
solution of equation (6.1) with electric potentil; + V.

From Theorem 2, we know thate L>°([0, T]; H? N H,) and since we also have
(1+ |z|2)~26V; € HY0,T; W) and H*(0,T; W) — C(0,T; W), we obtain
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SViu € L>=(0,T;L?). It is then easy to prove, using Corollary 3 to formulate the
integral equation equivalent to equation (6.9), and using a Picard fixed point theorem,
that there exists a unique solutiene C([0, T]; L?) to equation (6.9). We can also
specify that

12(®)llz> < ClloVillallull Lo (m2nm), VE € [0, T].

There and until the end of this prodf, denotes various constants dependingon

Now we work on the equation solved hy. Indeed, we multiply equation (6.11)
by w, integrate in space variable and take the imaginary part (what means we calculate

Im/ (6.11).w(zx) dx), and we obtain :
R3

Ge®IE) < 18Vl [ 0+ 2P0l ds

16Vl e[|z ()| e, [l (@) 2

A

IN

and applying Gronwall lemma, sineg(0) = 0, we get,vt € [0, 7],

w2 < ClléVillg max ||z(¢)]|m, - (6.13)
t€[0,T]

This implies that we have to work more on equation (6.9) in order to obtain an estimate
of ||2(t)||7;, forall ¢in [0, T]. Actually, the formulation of equation (6.9) as an integral
equation allows to prove thate C([0,T]; H! N H;) and the same kind of fixed point
arguments then leads to prove that there exists a unique solutio ([0, T; L?) of
equation (6.11). Usual calculations bring the following estimates :

%(||Z(t)||2m) < CloVillallu@®llm, 12(#)] 22 (6.14)

d

Z(M2lz®172) < ClIVzO)llll2]=@)] 2 (6.15)
+ Clovilallw®) | m, l|l2|2()| L2

Let us now have a look a‘Ee/ (6.9).0:z(z) dz. We obtain, after some calculation
R3
and integrations by parts,

d
< (/ Vol + [ vl - [ |vZ|> — [ avila + [ oilsP
t R3 R3 R3 R3 R3

d

—2— (Re/ 6V1uz> + 2Re 0¢(6V1)uzZ + 2Re oVidwuz
dt R3 R3 R3
We recall here that}(z, t)
|0ra(t)]
|z —a()]?

= ———— with a € W21(0,T;R3). Thus we have
|z —a(t)]

|0:Vo(x,t)| = . We also remind the reader of Hardy’s inequality :

2
/ |u(xl\ <4 | |Vu(x)]
R |7 R3
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Therefore, we obtain

S ([ 1wel- [ v varap)

IA

c/ V22 +2 — (Re/ 5V1uz>
3

ClIVillal=(2 )HHI
ClIoVa [l e lw(@) | [|2(E)]| 2
ClloVa [l 10su (@) 2[12(8)]

+ + +

We integrate this betwedhandt € [0, 7] and remember that(0) = 0 :

Va(t)| < / (Vo(t) + VA (1)]=(t) 2 + / 16VA (6)| () |(2)| (6.16)

R3

+ c/ 9l \|H1ds+c/f (1) 12, + IV2(5)]122) ds

whereg(s) = [[0Vila (llu(s)l| ., + 10:u(s)l[r2) and f(s) = 1 + [[Vi]z with ob-
viously f € L*(0,T), g € L*(0,T) andg — 0 uniformly in s whendV;, — 0in H.

We set

B(t) = / (1+ [2?)]=(0) [ da + / V(t)? do.
R3 R3
Moreover, we recall that from (6.14) we have
t
l=()2. < C / o(3)]12(5)]| 2 ds (6.17)

what implies, with the properties @f that||z(¢)||zz — 0 uniformly with respect to
t € [0,T], when||6V; ||z — 0, and from (6.15),

]2 ()]I72 <C/ (IV2(s)lIZ2 + llzl2(s)l1Z2) d8+0/ s)l||z2(s)| L2 ds.

(6.18)
Thereafter, using (6.16), (6.17) and (6.18) we can write that farial[0, 77,

t t
E() < C’/ g(s)\/E(s)dS—i—C/ f(s)E(s)ds
0 0
+ / (Vo(t) + Va(£)[2(®)]* + ClloVilmll2(t)]] 2.
Then, we can prove that for ajl > 0 there exits a constanit,, > 0 such that

/W(Vo(t) +Vi(t)[2(O) < Cyllz®)I[7z + nllzOl i, -

Indeed, from Cauchy-Schwarz and Hardy’s inequalities, we have

oo [ EOP s
[ var < [ 22 < Clln 1=l

[ @OP <1Villn [ @4+ )P < Wl 260,
R3 R3
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and we obtain the expected result from Young's inequality.

Consequently, if we sét(t) = ||6Vi|lu||z(t)|z2 + [|2(t)]|3- and if we choose
small enough, we obtain

Blt) < c/o J()VEE) ds+C/0 F($)E(s)ds+Ch(t)  (6.19)

whereg — 0in L1(0,7) andh — 0in L>(0,T) whendV; — 0in H.1
We setF(t) = </tg(s)\/mds + /t f(s)E(s)ds + ||h||Loo) ’ and we have
E(t) < C F(t)%. We L(J)SG a Gronwall ineqﬁality ah.
FOE() +9(H)VE®)
2F (1)

<o + Lot

< Cy fOF(t)+ Cyg(t).

IA

t
Then, setting=(t) :/ C4 f(s)ds, we haveG bounded inZ>°(0,T") and
0

B} (e*G“)F(t)) < Oy g(t)e=CW.

We obtain .
F() < Clhll o +C [ als)ds

and we finally can write that
2)

and when|6Vy ||z — 0, we have (uniformly with respect toe [0, 7))

E@<C(hmw+ug@Ms

2

— 0.

t
Mumﬂﬁg@@

Actually, we proved the following uniform convergence :

[16Villr—0
— 0.

[z e, + 1V2(8)] 12
Moreover, we also have (6.13) :
[w(®)]| L2 < Cl\é‘/lllﬂtg%% l[2() |z,
and therefore, we obtain (6.12) and the proof of lemma 5 is complete. O

We can finally give an interpretation of the optimality condition in terms of partial
differential equation’s in the particular case whHéh= H3(R?) :

H={V, (1+1a?) v e HYO,T; %)}
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Indeed, by now, we have the following optimality condition :
_ T
YoV e H, r(V1,0V)z = Im/ OVup dxdt
0 R3

with u solution of the state equation (6.})solution of the adjoint state equation (6.4)
andV; € H the optimal control such that

J(Vi) = inf{J(V), V € H}.

In this particular case, i¥ ¢ H, there existsX € H'(0,T; H?) such that/’ =
(1+ |z[*)% X. Moreover,X = (I — A)~'Y with Y € H'(0,T; H'). Therefore,

<‘/1, 6V>H == <X1, 6X>H1(O7T;H2) - <}/’17 5Y>H1(O,T;H1)

and on the one hand,
T
(Y1,0Y) 1 (0,7;12) :/ / (.T—(9t2)Y15Y+/3 (O Y1(T)Y (T) — 0,Y1(0)5Y (0)) .
0 RS R¢
while on the other hand,
T
(YY1, VY)Y gi(orin2y = / / —(I — 03)AY16Y
0 R3
+/ (0;AY1(0)0Y (0) — O, AY1(T)6Y (T)) .
]RS
We obtain
T
(Y1,8Y) i ozart) = / / (I = 2)(I — A)Y16Y
0 R3
+ [ (00— AR () - Y~ AV)(0)5Y (0).
RS
The optimality condition becomes :
oY € H'(0,T; L?),
T
r/ / (I =02)(I—A)Y18Y dadt +r | 0,(Yy — AY1)(T)6Y (T) dx
0 R3 R3
- r/ (Y1 — AY7)(0)6Y (0) dz
R3
T
= Im/ / upy/1+ |22 (I — A)~! §Y dxdt
0 R3

and since an integration by parts gives
T
Im/ / upy/1+ |z|2 (I — A)~! §Y dxdt
0 R3

T
_ Im/ SY (1~ &) (up/TF [o]?) dad
0 R3
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we obtain for albY in H'(0,T7; L?),

T
r/ / (I —02)(I — A)Y16Y dadt
0 R3

+ 7’/ (0,(Y1 — AY1)(T)6Y (T) — 8,(Y1 — AY7)(0)6Y(0)) das
R3
=Im /T SY(I—A)t (uﬁ 1+ \x|2) dxdt.
o Jrs

It can be notice that if the target; is in L? thenp € L°(0,T; L?) and sinceu €
L*(0,T; H? N Hy), we haveup+/1 + |z|2 € L>(0,T; L'). Then, as we have

LY (R3) — H~2(R?), we get(l — A)~! (uﬁ\/l + |z|2) € L°°(0,T; L?) and finally,
the right hand side has a meaning.

Thus, the optimality condition corresponds to the system :
(I —02)(I — A)Y; = (I — A)~! (zm(uﬁ)m ¥ |ac|2) in R? x (0,7)
0:(Y1 — AY1)(T) = 0:(Y1 — AY7)(0) =0 in R3.

where )
Vi=(1+z)*I-A)""Y.
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Chapitre 7

A bilinear optimal control
problem applied to a time
dependent Hartree-Fock
equation coupled with classical
nuclear dynamics

L'article qui suit est actuellement soumis.

ABSTRACT : We study a problem of bilinear optimal control for the electronic wave
function of an Helium atom (one nucleus and two electrons) by an external time de-
pendent electric field. The behavior of the atom is modeled by the Hartree-Fock equa-
tion (whose solution is the wave function of the electrons) coupled with the classical
Newtonian dynamics (for the position of the nucleus). We prove the existence of a bi-
linear optimal control in the case when the position of the nucleus is known and also
prove the corresponding optimality condition. Then, we detail the proof of the exis-
tence of an optimal control for the coupled system and complete the study giving a
formal optimality condition to define the electric control.

Keywords : Hartree-Fock equation, optimal control, optimality condition.
AMS Classification 49J20, 35Q55.

RESUME : Nous étudions le proime du confile optimal bilireaire de la fonction
d’ondeélectronique d'un atome d’Helium (un noyau et délectrons) par un champ
électrique exé@rieur cependant du temps. Le comportement de I'atome eséiisacar
uneéquation de Hartree-Fock (de solution la fonction d’'ondeélestrons) cou@ea
uneéquation de la dynamique newtonienne (pour la position du noyau). Noasrd
trons I'existence d’'un conbte optimal bilireaire dans le cas ou la position du noyau
est consiédree comme connue. Nous donnons aussiélamahnstration de la condition
d’optimalite asso@e. Nous étaillons ensuite la preuve de I'existence d’'un coletr
optimal pour le sysime déquations cougles avant de comitler I'étude en donnant
une condition d’optimalé formelle pour éfinir le contdle Electrique.
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7.1 Introduction

We are interested in a bilinear optimal control problem applied to the mathematical
model of the behavior of a simplified chemical system, in fact an Helium atom, control-
led by an external electric field. We describe the chemical system in terms of ordinary
and partial differential equations using very classical approximations of quantum che-
mistry.

Onthe one hand, since the nucleus is much heavier than the electrons, we consider it
as a point particle which moves according to the Newton dynamics in the external elec-
tric field and in the electric potential created by the electronic density (nucleus-electron
attraction of Hellman-Feynman type). We obtain a second order in time ordinary dif-
ferential equation solved by the positiat) of the nucleus (of mass). On the other
hand, under the restricted Hartree-Fock formalism, we describe the behavior of the
electrons by a wave function, solution of a time dependent Hartree-Fock equation. We
can define it as a Sabdinger equation with a coulombian potential due to the nucleus,
singular at finite distance, an electric potential corresponding to the external electric
field, possibly unbounded, and a nonlinearity of Hartree type in the right hand side. We
want precisely to study the optimal control of the wave function of the electrons only,
the control being performed by the electric potential.

We are in fact considering the following coupled system :

0 + Au + z ! |u—|—V1U*(|u|2a<ﬁ)u7 inR3 x (0,7)
-a x
u(0) = uo, in R?
d2a 2 1 . (71)
mﬁ—/]Rs —|u(x)| v|x—a| dx — VVi(a), in(0,T)
a
a(0) = ay, E(O) =y

whereV; is the external electric potential which takes its valueRiand satisfy the
assumptions :

(1+z2)"2Vi € L=((0,T) x R3),

(1+|2)"20Vi € LY0,T5L%(R%)),

(1+|2)2VV e LY0,T;L%(R?)) an (7.2)
NAZES L2<0TW| (Rd>

We will define later on the optimal control problem related to this system and recall the
precise results of existence and regularity of the solution we need in the sequel.

The Cauchy problem for this kind of non-adiabatic approximation of the general
chemical Schidinger equation has also been studied in the particular case when the
atom is subjected to a uniform external time-dependent electricffig)dsuch that in
equation (7.1), one hdg = —I(¢) - « as in reference [10]. The authors remove the
electric potential from the equation using a change of unknown function and variables
(gauge transformation given in [22]). From then on, they have to deal with the nonli-
near Schivdinger equation with only a time dependent coulombian potential.
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We work inR3 and throughout this paper, we use the following notations :

3

dv Ov Ov 0%v v
vv_(%’%’%)’ Av—izzlaixlz, atv—g,

Re andIm are the real and the imaginary parts of a complex nhumber,
(., .) stands for the scalar product in an Hilbert space

w20, T) = W>1(0,T;R?), for p > 1, LP = LP(R?) and

the usual Sobolev spaces dié = H*(R?) and H? = H*(R?).

We also define

H, {v € L*(R?), /Rs(l + |z} |v(z)|? de < +oo}

Hy

{v € [2(RY), /%3(1 + 1222 [o(@)[? dx < +oo} .

One can notice thatl, and H, are respectively the images &f' and H? under the
Fourier transform.

On a mathematical point of view, the optimal control problem consists in minimi-
zing a cost functional depending on the solution of a state equation (here, a coupled
system of partial differential equations) and to characterize the minimum of the func-
tional by an optimality condition. One will see in the sequel that even if we can prove
existence of an optimal control for system (7.1), we cannot justify the optimality condi-
tion we formally obtain. However, the process will be described and fully proved in the
following section in the simpler situation where the position of the nucleus is known at
every moment.

Let (u,a) be a solution of system (7.1) where the external electric figlis the
control, andu; € L? be a given target. We define the cost functionhaly

1 T
J(Vi,u) =3 . u(T) = i |* dz + §||V1H$1

wherer > 0 is a weight affecting the control cost and
H— {V, (1+[2?) 2V € H'(0,T; W) andVV € L2 (0,T; WLOO)}
where)V is an Hilbert space which satisfig® — W1 (R3).
Can one find a minimizev, € H for inf{J(V,u), V € H}?

Remarks 1) For example, in the spadé, we can choose the Hilbert space

W=H>® Spar{%ﬂﬁm ~-~7wm}

wherem € N, and for alli € [1,m], v; € WH(R3) \ H3(R3).
2) In ‘H, we can replace the hypothesis OV by VV € L? (O,T; Wlé’coo) as in as-
sumption (7.2). Indeed, since we do not use any hypothesiglanto prove that the
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solutiona is bounded inC'([0, T']) (see chapter 5, section 5.4), then we don't need any
information onVV; at infinity in R2. We will give details later on.

We can actually prove the following theorem :

Theorem 1. There exists an optimal contrdl, € H such that
J(Vi,u) = inf{J(V,u), V € H}.

One can notice that in order to be able to formulate the bilinear optimal control
problem we first need an existence result for a solution of the coupled system (7.1). We
have already proved one, actually with a more general hypothesi§.dndeed, we
have

Theorem 2.  We assume th&f is a positive arbitrary time and

(1+ =)~

(1+[z[*)~ oW1

(1+[z[*)~'VIa
\YAT

L*((0,T) x R3),
LY0,T; L= (R?)),
LY(0,T; L>°(R3?)) and
L2(0, T: W™ (R2)).

(7.3)

M M MM

If ug € H2 N Ha, ag, vy € R, then systen(i7.1) has at least a solution
(u,a) € (WH>2(0,T; L*) N L>°(0,T; H> N Hy)) x W>1(0,T).
Moreover, for any solution of (7.1) in this classpif > 0 is such that
H(l + |$|2>_1V1HW1,1(0,T,L°¢) < o,

then there existd > 0 depending om, such that||a| c(o,r) < Rand ifp; > 0is
such that
T Y e
L+ [zf? W1.1(0,T,L>) 1+ [zf?

+ [IVVillL20,mwre(BR)) < P1
L1(0,T,L°°)

then there exists a non-negative constﬁ‘f&m depending on the tim&, on p{, on
llwo | 2, @and onlagl, |vel, such that :

&
dt

+m‘

da
llull oe 0,75 520 Ho) + 108l 0w (0,7502) + M Hdt
L= (0,T)

1
1 2
T+ oswp < / (|u<t,x>2*) |u<t,x>|2) <KY,. (74
te[o,7] \Jr3 || '

One can notice that i¥; € H then it satisfies assumptions (7.2) and (7.3), and we
have at least a solution to equation (7.1) with Theorem 2. The optimal control problem
is then well defined.

The reader may also notice that we do not give any uniqueness result for the coupled
system (7.1) in Theorem 2. Indeed, even if we are convinced that the solution in this
class is unique, we do not have a proof of this result up to now. ActuallyAROES
and C. L BRIs give a proof of existence and uniqueness of solutions for the analogous
system without electric potential in [10]. Of course, the method for proving uniqueness

L'(0,T)
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used in this article cannot be applied here because the Marcinkiewicz spaces which are
used do not suit the general electric potentiakatisfying (7.3).

We underline that the lack of proof for uniqueness of the solution has no effects
on the proof of existence of an optimal control (Theorem 1) but of course it is a main
obstruction to the obtention of an optimality condition.

The next section presents the study of the situation where the position of the nucleus
is known, instead of being the solution of an ordinary differential equation coupled
to the Hartree-Fock equation. Without any coupling, the problem comes down to the
difficulty of dealing with a nonlinear Schdinger equation. In section 7.3, we give the
proof of Theorem 1 and a formal optimality condition.

7.2 Non-Linear Schrodinger Equation

Before studying the optimal control problem linked with the coupled situation des-
cribed in the introduction, we will consider the positieft) of the nucleus as known at
any timet € [0, T] and forget the second equation in (7.1). Of course, this is too restric-
tive for the study of the control of chemical reactions by an external electric potential,
but this section is only a first step in the study of the more realistic coupled situation.
Moreover, in this present case, we will give a full result for the optimal control problem
described further, from the existence of an optimal control to the proof of a necessary
optimality condition.

7.2.1 Existence, uniqueness and regularity of solution

We consider the following non-linear Sédinger equation :

1 1
' Au+ —— = (Ju]®* —)u, R® T
i0yu + Au + oo a|u+ Viu = (Jul? x |x|)u, | x (0,T) (7.5)
u(0) = uyg, R3
whereV/; takes its values iR and we make the following assumptions :
a € W?2L0,T)is known
1+ z»)~t'vi € L*=((0,T) x R3), 7.6)
1+ |z*)~ o,V € LY(0,T;L*>) and '
1+ |z>)~tVVy € LY0,T;L>(R?)).

We have to underline that one can find in reference [14] the proof of existence, unique-
ness and regularity for the analogous equation without the electric poténti&his

paper also deals with the more general case of an atom with more than two electrons.
We draw the reader’s attention on the fact that one of the main difficulty we encounter

in the situation we are interested in is the coexistence of two potentials whose singula-
rities are non-comparable.

Before describing the optimal control problem we will consider here, we first give
two regularity results, very useful in the sequel. The first one is a theorem about the
linear Schdinger equation, proved in chapter 4. The next one gives existence and re-
gularity of the unique solution to equation (7.5) and its proof is given in chapter 5.
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We first consider the linear Sdhdtinger equation

i0yu + Au + Ti(ﬂu +Viu=0, R3x(0,7T)
u(0) = uy, R3,
we setp > 0 anda > 0 such that
% Vi
[ W e

and we have the following result ;

2

< p and
<p a2

<a (7.7)
L1(0,T)

L1(0,T,L°°)

Theorem 3. Let the initial datau, belongs toH? N H, and the electric potential
V1 and the positioru of the nucleus satisfy assumptith6). We define the family of

Hamiltonians{ H (t),t € [0,T)} by H(t) = —A—m
unique family of evolution operatofd/ (¢, s), s,t € [0,T]} (the so called propagator
associated withf (¢)) on H? N H; such that foruy € H? N H, we have
(i) U(t,s)U(s,m)ug = U(t,r)up andU (t, t)ug = ug for all s, ¢,r € [0, T];
(ii)  (t,s) — U(t,s)ug is strongly continuous i* on [0, 7]? and
U(t, s) is an isometry o2, that is || U (, s)uo|| > = ||luol| 2
(i4i) U(t,s) € L(H? N Hy)forall (s,t) € [0,T)? and(t,s) — U(t, s)uo
is weakly continuous frof), 7% to H? N H,; moreover,
there existsV/7 ., > 0 such that V¢, s € [0,T], Vf € H?N H,,
WUt 8) fll ety < Mraplfllm2om,.
(iv) The equalitiesd, U (t, s)ug = H(t)U (t, s)uo
andid,U(t, s)ug = —U(t, s)H(s)ug hold in L.

—Vj. Then, there exists a

Now, Theorem 3 is the main ingredient to prove the following result of existence
along with a Picard fixed point theorem.

Theorem 4. LetT be a positive arbitrary time and: and p satisfy(7.7). Under
assumption(7.6), and if we also assume, € H? N H,, then equatior(7.5) has a
unique solution

u € L°°(0,T; H* N Hy) with 9,u € L>(0,T; L?)
and there exists a real constafit> 0 depending o', ug, o andp such that :
HU||L°°(O,T;H2DH2) + ||3tu||Loo(o,T;L2) < Clluol| mr2nm, -

We draw the reader’s attention to the uniqueness of the solution of (7.5) in this re-
sult. Thus, we can correctly define an optimal control problem on equation (7.5), the
control being the external electric potentigland the solution.

1
From now on, we may denotﬁ— by Vo and we meam € W21(0,7).
x —al

Theorem 3 is also useful to give a meaning to the equations we will encounter in the
sequel. More precisely, we consider the general equation

i0v + Av+ Vou + Viv = f(v), R3x(0,T)
v(0) = vy, R3

and we give the following result :

(7.8)
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Proposition 5.  Let T be a positive arbitrary time. Under assumpti¢no), if we
assumeyy € L? and if we also assume that there exi§tC;; > 0 such that for all
u,v € C([0,T]; L?),
If ()l Lro,r,02) < CT(||ulleqo,r;c2y + 1)
and whenj|u||¢(o,77:2) < M and|[v||¢(o,17,L2) < M,
Ilf(u) = f()llzr0,7,02) < CuTllu—vllcqo,);L2),

then equatior(7.8) has a unique solutiony € C([0, T; L?).

The proof uses a Picard fixed point theorem on the functidndkfined on the
spaceC ([0, T]; L?) by @ : v — vy —i/. U(-,s)f(v(s))dswhereU is the propagator

0

of Theorem 3.

7.2.2 Optimal control problem

On the evolution system (7.5), we define an optimal control problem which reads
as follows : ifu; € L? is a given target, find a minimizéf, € H for

inf{J(V), Ve H} (7.9)
where the cost functionnal is defined by
1 9 r 9
J(W) = 3 |u(T) — uq|* dx + §||V1||H, r > 0. (7.10)
R3

There,
1
H= {V, (1+[22) 2V e HY(0,T; W)}
wherelV is an Hilbert space such thdf — W1>°(R?) and in (7.10) is the solution
of equation (7.5).

Remarks 1) One can notice that if; belongs taH, then it satisfies (7.6) and we can
apply Theorem 4 that gives a unique solutian

2) This spaced has been chosen here as an Hilbert space in order to have a differen-
tiable norm.

3) This optimal control problem is a so-called “bilinear optimal control problem” and
the mappingontrol — state(V; — w) is strongly nonlinear.

Let us now formulate the result on the bilinear optimal control problem.
Theorem 6. There exists an optimal contrd} € H such that

J(V1) =mnf{J(V), V € H}
and for all 6V in H, V; satisfies
T
P (Vi,6V) s = Im / SV (2, tyu, )p(a, £) dadt (7.11)
0 R3
whereu is solution of(7.5)andp is solution of the following adjoint problem

1 1 . .
i0ip + Ap + Vop + Vip = ([ul? x m)p + 2i(Im(up) * m)u inR3 x (0,7)

p(T) =u(T) —uy in R3.

(7.12)
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Remark :If we substitute the Hilbert spadd by the space corresponding to assump-
tion (7.6) in the definition off and in (7.9), the existence of an optimal control can also
be proved. Nevertheless, the proof of an optimality condition needs an Hilbert space.

A result of existence for a bilinear optimal control problem, governed by a8
ger equation with the same Hartree non-linea(dity%ﬁ)u, has also been given by E.
CANCES, C. LE BRIsand M. RLOT in [11]. The authors deal with an electric potential
homogeneous in spaéé = —E(t) - x with E € L?(0,T'), while we take into account
here a more general electric potential optimal control. For instance, in the definition of
H, we can consider the Hilbert spadé = H? & Spar{1, s, ..., ¥m } With m € N,
and foralli € [1,m],y; € WH*°(R3)\ H3(R3). ThenWW — W1 and this example
enables us to deal both with the particular case of [11] wh&fe, t) = E(t) - « but
for E € H'(0,T) and with general electric potentials + |z|2) 2 V4 (t) € H2(R?)
which are non-homogeneous in space.

We can also specify the optimality condition in the particular case whére-
H?(R3) @ Spar{+, } by an optimality system. We choose for instange= 1 where
Y1 (x) = 1, for all z € R3. Therefore, from the optimality condition (7.11), we can get
an optimality system that reads :

r(I—92)(I — A)Y; = (I — A)~! (zm(uﬁ)m n |x|2) in R? x (0,7)
8:(Yr — AY1)(T) = 8,(Ys — AY1)(0) = 0 in R?

2
7(E(ihf) m/ upy/1+ |z|? dz in (0,7)
R3
dE dE

(T) = —(0) = 0.

At At

where Vi (z,t) = (1+ \m|2)% (I = A)~'Yi(x,t) + E(t)] andp is the solution of
the adjoint equation (7.12). The proof whin = H? can be read for the problem of
optimal control for the linear Schidinger equation in the previous chapter, the only
changes being the adjoint equation solvegtand the absence df.

The proof of Theorem 6 is divided in two steps. Existence of an optimal control
can be treated first while the optimality condition requires the proof of the continuity
and the differentiability of/. The regularity result of Theorem 4 is strongly needed for
proving this differentiability result.

Existence of an optimal control

We will prove here the existence of an electric optimal control minimizing the cost
functional. Indeed, we are going to prove :

IV, € H suchthatJ(Vy) = inf{J(V), V € H}.

Remark :The structure of the proof given in the preceding chapter, for a bilinear op-
timal control problem defined on the linear Sgtinger equation, is analogous to the
one we will follow here.

We consider a minimizing sequengé™),,>o in H for the functional/ :

inf J(V) = lim J(V{").
H n— 00
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Since

) =5 [l =l o+ FIVPT

whereuw,, is solution of (7.5) with potential; = V7, we then obtain thatV;"),,>¢ is
bounded inH, independently ofi. Up to a subsequence, we ha¥g — V; weakly in
H and

Vil < Lim|[Vy" | (7.13)

The difficulty comes from the terrw,,(T") — u1||3.. If we can prove that for alt in
[0,T], u,(t) — u(t) in L?, whereu is the solution associated witfj, then

i un(T) = wn e = (T — w32, (7.14)

and from (7.13) and (7.14) we obtain

J(V1) < limJ(V{") = inf J(V).
AsV; € H,we getJ(V}) = i%f J and the existence of an optimal control is proved.

We setF'(u) = (|u|2*‘%|)u and we considew,, = u,, —u solution of the following
equation :

(7.15)

i0pwy, + Aw, + Vow, + Vi'w, = F(uy,) — F(u) +u(Vy — V), R3x (0,T)
wp(0) =0, R3.

We are going to prove that for allin [0, T'], ||wy,(¢)|| L2 — O.

In order to deal with the nonlinearity, we observe that we have, from Cauchy-
Schwarz and Hardy’s inequality,

1F ) — Flun)e < \ (0P o = (5
x| |x| L2
< \ (uf? 5 ) —u)|| H (<|u|2 = Jun?) % 1) wn
|.T| L2 |«T‘ L2
< ull e Vel el — w22
+ 2\|lun ||z ([Vul|r2 + [[Vun| £2) o — || 22
< OBy + fanllZ) o — ] (7.16)

Therefore, if we multiply equation (7.15) hy,, integrate orR? and take the imaginary

part, which means we calculafm/ (7.15) 1w, (x) dz, we obtain :
R3

d
([ oaPar) < c1re - Pl +€ [ V7= Villu o
R3 R3
< (s + i) o
b OV Vil [ a1+ ) de
R3

From Theorem 4, we have :

ltn || oo (0,75 520 Ho) + 10ctn || oo 0,752y < Clluo||a2nmH,
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whereC is independent of, since(V"),>¢ is bounded in. Then,
vt € (0,71, [lun(®)lFp + u@®)]F < C
and we actually obtain{ denoting a generic constant depending/9n
& Ua @) < C lua @l + € [ I+ laP)2wn0lds (7.07)
Moreover, we will need the following compactness lemma (see reference [44] for

the proof).

Lemma?7. LetX, BandY be Banach spaces ande [1, oc].

We assume that — B — Y with compact embedding — B.

If {fn,n € N} is bounded inL?(0,7; X) and if {0;f,,n € N} is bounded in
Lr(0,T;Y) then{ f,,,n € N} is relatively compactid?(0,T; B) (and inC([0,T]; B)
if p = 00).

Then, it has to be noticed that up to a subsequence we alsouhave— wu in
C([0,T7; HL,). Indeed, we can use Lemma 7 sires, ), >0 is bounded inL>(H? N
Hs) and(dyuy,)n>0 is bounded inL>°(L?). Then for allR > 0,

lwnllco.r522(B0,R)) — O (7.18)

and on the other hand, for alin [0, 77,

2 % 1
|wn (t)] ( 1 >2
dv ) < |77 t)|| 2
</B((),R)c 1+ |xf? T = \1xR2 l[wn (8)]] 2

Thus, using Cauchy-Schwarz inequality, we can write

/ ()] (1 + [2[2)} | (1) de
]Rfi

n(t
< [ ol [ iU o
B(0,R) B(0,R)¢ (1+|x‘2)§
<l lwn@llz2 0,8 + WH OIPA RGP
1
< Ol llwnlleqorye: e wa(t)|| 2 ) - 7.19
(H loqomizswom + = | <>|Lz) (7.19)
We setE,(t) = |lwn(t)|22 + |wallc(o,r):2(5(0,r)), Where one can notice that

lwn |l (jo,7):2(B(0,r)) dO€s not depend anFrom (7.17) and (7.19), it satisfies

dFE, C
t) < CEL(t) + ——
ae =BT

SinceE,(0) = ||wnllc(o,1);22(B(0,r)) @nd since we have actually

En(h).

dvE
) < CVEL(t) + —,
& \/14-R2



7.2 — Non-Linear Schrédinger Equation — 143

then, from Gronwall lemma, we obtain that for aih [0, 77,

eCT

cT 3
A e lwnlleqomizamson)

It means that sinc® is fixed and since we have (7.18), then for arny 0, there exists
R > 0 andng large enough ifN such that

E.(t) < CT

7" € and vi s ng, Tl |k <
A S5 and Wz e lwnllégo,m;2(B0,m)) = 5
We finally obtain that for alk in [0,7], |w,(t)|z: "—> 0 and thereforey is the
solution of (7.5) in the sense of distributions and we have proved the existence of an
optimal controlV; associated with the functionndl We then have to write an optima-
lity condition for V.

Optimality condition

The usual way to obtain an optimality condition is to prove that the cost functional
J is differentiable and to translate the necessary condition

DJ(V1)[§Vi] =0, VoV, € H

in terms of the adjoint state. SindéV:) = 3 ||lu(T") —u1||2. + 5[|V1[/%, as announced

in the introduction, the main difficulty comes from the necessity to differentiate the
state variable: with respect to the contrdfy, in order to calculate the gradiebt/ (V7).

We postpone the proof of the following lemma.

Lemma8. Letu be the solution df7.5). The functionalp defined by

¢:H — L*R?)
Vi — u(T)

is differentiable and if z is the solution of the following equation, s@dinx (0,7) :

1 1
10z + Az + Voz + Viz = =0Viu + (|u|* x — )z + 2Re(uz x — )u,

K @l (720
z(t=0)=0
we haver € C([0,T]; L?) and Dg(V1)[6V1] = 2(T).

We deduce from Lemma 8 thdtis differentiable with respect t¥;. Thereafter,
sinceD¢(V1)[0V1] = =(T), the condition

DJ(V1)[6V4] =0, VoVi € H

reads

Re/ (u(T,z) —uy(z)) 2(T,x) dx + r{V1,6V1)g = 0. (7.21)
R3

Remarks :1) As for the study of the same bilinear optimal control problem for the
linear Schodinger equation one has read in the preceding chapter, we can prove the
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differentiability of V; — w«(T) with values inL? but we don’t know whether this re-
mains true if we consider the same mapping with valued irfor example. We think
that the differentiability is not true anymore. Therefore, in the functiohahe first
term cannot be replaced by a stronger norm (@) — u;.

2) We can also underline the choice Bf we made on purpose. As it is an Hilbert
space, we can easily take the derivative of the npprrit in the functionals.

Now, we consider the adjoint system (7.12) :

||

1 1 .
i0ip + Ap + Vop + Vip = ([ul? x —)p + 2i(Im(up) » m)ﬂ inR3 x (0,7)
p(T) =u(T) —u in R3.

Using Proposition 5, one can prove that the equivalent integral equation has a unique
solutionp € C([0,T]; L?) since we have
‘ ((uf? x ) + 2i(Im(up) %~ )7
|| ||

We then multiply equation (7.20) by integrate orj0, 7] x R?® and take the imaginary
part. We obtain :

T T
Im/ / (i@tz—&—Az—FVoz—FVlz)ﬁ:Im/ / —oViup
0 R3 0 R3

r 1 T 1
+Im/ / (|u\2*—)zﬁ+21m/ Re(uz * — )up.
0 JR3 || 0o JRs |z

Thenz(0) = 0 implies

< CTplleqo,r);L2)-
L1(0,T;L?)

o [* [ = (T S+ ow W) + mi [0 0

T T 1
:—Im/ / M/'luﬁ—&—lm/ / z2(Jul2x —)p
o Jrs o JRr3 ||
T 1
+2 / / (Im(up) x — )Re(uz)
0 Jr3 |z
and sincep satisfies equation (7.12), we get
- T
Im z/ (7). () = up) = —Im/ SViup
R3 0 R3
which gives

T ,
Re /RB 2(T) (w(T) —uy) = flm/o . oViup. (7.22)

Using (7.22), the optimality condition (7.21) can be written :

T
r(V1,0Vi)m = Im/ SViup dxdt, V6V, € H.
0o Jr3

The proof of Theorem 6 will be complete with the proof of Lemma 8. O
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Proof of Lemma 8. Actually, we will first study the continuity of) and then the
differentiability. We recall the definition of the functional: if u is the solution of
(7.5) with electric potential; in H, then

¢:H — L*R?
i — ().

According to Proposition 5 and to the propertiesfofwe consider the solutiobw €
C([0,T}); L?) of the following equation set iR x (0,7) :

{ 10:0u + Adu + Vodu + (Vi 4+ 6V1)du = —dViu + F(u + du) — F(u) (7.23)

du(0) = 0.
In order to prove the continuity af, we will prove that

6wl oo 0,122y = O([|0Vi ]| &)-

Let us calculatdm [ (7.23).0u(x) dz. Using the property (7.16) df, we obtain

R3

d 2

@ \ o, 10l dz | o< Clovillalullen oull e + ClE(u+ 6u) = F(u)2|oul]z2
< Cllovallaulls, |9ull 2 + C(l6u + ullZ: + 6ul72)]loul72
< Cllovallaldullzz + Clloulza-

Indeed, the solutiom of equation (7.5) and the solutian+ ju of the same equation
but with potentialV; + 64, are bounded irL?. As ju(0) = 0 and using Gronwall’'s
lemma, it follows

6u(t)|| 2 < CTeCt||6V1 ||k , Yt € [0,T].

Eventually, we getf|du| ¢ (o,r;22) = O(||0Vi]|z), the continuity of¢ is proved and
we will now prove the differentiability.

We first have to prove that(T') is well defined inL? wherez is solution of (7.20)
and then, if we setv = du — z, we will prove that

[w(T)|[L2 = o([|6VAllz)

which means thab¢(V;)[6V1] = 2(T) and completes the proof of Lemma 8.

then Proposition 5 gives a unique solutiere C([0, T]; L?) to equation (7.20). Mo-

Since we can prove the right hand side of equation (7.20) satisfies

1 1
(|ul* x —)z + 2Re(uz x —)u — §Viu

< CT(||zlle(o,my,L2) + 1),
B B e

L1(0,T;L2)
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reover, if we calculatém [ (7.20).Z(z) dz, we obtain from Hardy’s inequality :
R3

4
dt

C 16V lllaln, 2] 2 + C / / [l@l2@ 12(y) dedy
R3 JR3 |$_y|

ClloVillmllzllzz + C [Vl 2 2] 2 /RS |u(2)]]z(2)] dz

( |2|? d:r) =-2Im | Viuzdz + 2/ (Re(uz) * i)Im(uz) dx
R3 R3 R3 |]"|

IN

IN

< Clovillalizlc: + C 21z

It implies

t t
[2(t)]Z- < CH(WlIIH/ lI2(s)]l 2 ds+0/ I2(s)11Z> ds (7.24)
0 0

and a Gronwall argument leads us easily to deduce that there exists a cofigtants

such that
[z()llz2 < Crl|6Villa, Yt € [0,T]. (7.25)

In order to simplify the right hand side of the equation solvedby: du — z, we
consider the source terms of equation (7.23) solveduby

F(u+ o0u) — F(u) — 6Viu

= (Ju+oul®* %)(u + 6u) — (|ul?® * %)u —oViu

= (|luf** %)51; + 2Re(udu * ﬁ)(u + 6u) + (|0ul* % %)(u +du) — Viu

and since: satisfies (7.20), we have finally the following right hand side

1 1
F(u+ éu) — F(u) — 6Viu — (—5V1u + (|Jul? * —)z + 2Re(uZ * |x|)u>

|z
= (|u|2*ﬁ)5u+2Re(u6u*| |)(u+(5u)
2 1 2 1 _ 1
+ (Joul” * W)(u + du) — (Jul® W>Z — 2Re(uz x W)u
x x
= (|u|2*—)w+2Re(uw* 1)u+2Re(uE*i)5u

]

|z ||
1
+ (|du]? x )t w2

Therefore, the equation satisfied toyin R3 x (0,7') is

1
iyw + Aw + Vow + (Vi 4+ 6Vi)w = —6Viz + (Jul® * m)w
)3
u
] ] (7.26)

+ (|6ul® % ﬁ)(u +w+z)

+ 2Re(vw * — )u + 2Re(udu * —
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Using Proposition 5, since the right hand side of equation (7.26) belorgdgtoT; L.?)
and has the good properties, we can prove that there exists a unique salution

C([0,T]; L?). We can also formally calculatbn/ (7.26).w(x) dz in the same way
R3
we did to prove (7.25). Since we haéu|| 2y = O(||6V1 | ), we obtain :

A

d 1
%(Hwﬂiz) < C’/ \5V1||z|\w|dx+0/ ‘(Re(uw)*)]m(uw)‘ dx
R3 R3 ‘xl

+C Re(u@*

|i| Y Im(du w)‘ dx

+c/ ‘|(5u|2*lm((u+z) )| de

IN

CliaVillullzlm llwllze + ClIVul e llul g2 |lw]|72
+C (IVullze + [V2lz2) [l0ullZs |[wl 22
< CléVillmllzllm llwlize + Cllwllis + ClloVa | [[w]| 22
+ Cllzll VAl llwll 2
which means that for atlin [0, T,
d
dt

Since we want to prove thi|| .« (o,;2) < C||6V1||%;, we have to work more on
equation (7.20) in order to obtain &h' N H; estimate onx. Actually, we could have di-
rectly proved with Theorem 3 and a Picard fixed point theoremzt®@t” ([0, 7]; H' N

Hy).Ifwe calculate[m/ (7.20).|x|*2(2) dz, we obtain the following estimate in the
R3

—(lw®)lz2) < CloVilla Izl mram+ [0Villa) + Cllw®)l| 2. (7.27)

usual way :
d
S l2lz®)1Z2) < CUVOlalll2l2®)]l 22 + ClaVllallu®) L, llzl=(0)]] 2
+ ClIVut)| g2 llul) | mll2() 13,
< CIVeILe + Cle®)i, + ClaVillmlllz]=()] 2

Therefore, an integration df, ¢} andz(0) = 0 give
t t
ezl < € [ 1V)ds+0 [ l0lhas 728
t
+C [ 18Vl fel=(0)] 2 ds
0

Now, as we need to estima¥éz, we will calculateRe/ (7.20).0:zZ(x) dzx. Be-
R3
fore, we can notice that :

e [ sz =3 ([ s ole ) = [ (retudim) « ol

and

2Re/Rd(Re(uz)*i)u8tz _ d(

]

/ (Re(uz) % 1)Re(uz))

R3 ||

—Q/R (Re(uz) * z |)Re(z8tu)
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After some calculations and integrations by parts, we obtain

(/ le + [ Vil - [ |Vz|2)= [omilsp+ [ avilsp
dat s

_Qa < dViRe(uz) ) + 2/ 0¢(6V1)Re(uz) +2 | 0ViRe(Oru %)
R3

i ([P e D) 2 [ (Rewom |1‘>|z|2

+2% (/Rs(Re(uz) * |916|)Re(uz)) - 4/]RB (Re(uz) % m)Re(éatu).

1 .
We recall here thaty(z, t) = a0 with a € W21(0, T;R?) thus we have
xr—a
|0:Vo(z,t)| = ||ata((tt))||2. We also remind Hardy’s inequality far € H'(R?) :
r—a

/ (@)l de <4 [ |Vu(z) dz.
R3 R3

|2

Therefore we obtain

R3

(2 / (Re(utt)2(0) = o) Relult)=(0)

n % (/ (lu(t)? % é)lz(t)IQ)

+C[V2@)lIL: + ClVallalll2]=(®)]17
+ C |0 2 [ Vu@)| 2] 2(1)]] 2
+ ClloValla (Ju®)llze + [[0cw(®)]| =) [llelz(8)]] L2

% ( - |Vz(t)|) < di ( £) + Va()|2(1)]* + 2Re 5V1(t)u(t)z(t))
L d
T

We integrate this, betwednhandt € [0, T], usingz(0) = 0,
u € L>®(0,T; H? N Hy) andd,u € L>(0,T; L?). We obtain :

IV < [ 060+ i@IP +2 [ @l
R3 R3
*i u zZ u 2*i z 2
+2/Rs<|u<t>uz<t>| Sl “”*/Rs(‘ OF < O 729
e / (IV2()[25 + () %,) ds + C Vil / 12(5) 1, ds.
We set
E(t) = |2 + =03, = / (U P)let )P da + / Vet )P da

Moreover, we remind that we have (7.24) and (7.28) and adding this to (7.29), we get,
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forall ¢t in [0, 77,

t t
E(t) < C \|5V1||H/ VE(s)ds + C/ E(s)ds
0 0
+ /Rg(VO(t) + VIO + C lloValla [u(®)l] s, 12(2) | 2
+ C lu®)llze[u@) [ [12(8) 172
Then, we can prove that for ajl > 0 there exists a constatt, > 0 such that
|00+ VRO < Gyl +lelnm,. (730

Indeed, from Cauchy-Schwarz and Hardy’s inequalities, we have

[ v < [ L2 < e el eoe

R

/, Vi()]=(t)]* < ||V1||H/, (L+ [2*)212(0)* < IVallul2(8) | 2| 2() ] 1,
Rd RJ

an we obtain (7.30) from Young'’s inequality. Consequently, if we chopseall en-
ough, we obtain

t t
E() < cnavluH/ \/E(s)ds+0/ E(s) ds
0 0
+ Cyllz®)72 + C 116Vl llz(8)]| 2

and using (7.25), we get

t ¢
E(t)<C H5V1||H/ VE(s)ds+ C’/ E(s)ds + C ||6V4]3.
0 0

We recall that here again; denotes various positive constants, depending only on the
timeT. We set

P = Vil | B ds + / B(s) ds + 1oVl
We have both
E(t) < CF(t) and
L) = B +10vilnV/ED
< CF@)+C|6Vi|a/F(t).

d . . S
Then,% (e*Ct F(t)) < e~ “tC ||6V1 ||z and we obtain after an integration in time :

vt € (0,T), F(t) <C|oVi||%.
This implies that there exists a constéht > 0 such that

vt e (0,7), E(t) = [z(t)l3qn, < Crlévali
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Eventually, we have proved that,

16Vi]ler—0
—

sup ([[(1+ [z])z(®)l| 2 + [[Vz(8)]|L2) 0.

t€[0,T]
Now, using this in (7.27), we obtain

d
Z(lw®llz2) < CllaVillE + C llw ()]
and applying Gronwall lemma we geVt € [0, T],

fore, we have

|w(t)|| 2 < Cr|6Va||%. There-

[w(T)2 = o(ll6V1|&)
and the proof of Lemma 8 is complete. O

7.3 Optimal control of the coupled system

We recall the coupled system (7.1) we are considering :

1 .
i0yu + Au + vy Viu = (Jul? x —)u, inR3 x (0,7)
|z — al || .
u(0) = ug, in R3
d2“—/ lu(2) 2V —— dz — VVi(a), on(0,T)
mdtQ_Rg e |gc—a|x 1), ’
a
a(0) = ag, E(O) = 1p.

The electric potential; takes its values iR and satisfy assumption (7.2) :

1+ 221

(1+ |z]?)~20,1

(1+ |z]2)"2VW4
vV

L=((0,T) x R?),

LY0,T; L),

L'(0,T; L) and (7.31)
L2 (0.7 W)

mM M MM

On this evolution system we define the following optimal control problem :

if (u,a) is a solution of system (7.1) andiiff € L? is a given target, find a mini-
mizerV; € H for
inf{J(V,u), V € H}

where the cost functionnal is defined by
1 2 r 2
JVi,u) =5 | |u(T,2) —wi(z)" de + 5[[Vally
R3
and
H = {v, (1+[22) 2V € H'(0,T;W) andVV € L2 (0,T; Wl’oo)}
where)V is an Hilbert space which satisfig® — W1 (R?3).

We are going to prove Theorem 1 in the next subsection and the following one will
be devoted to the formal obtention of an optimality condition.
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7.3.1 Existence of an optimal control

We consider a minimizing sequengg),>¢ in H for the functional/. It means
that
inf{J(V,u),V € H} = lim J(V{", up)

n—oo

where(u,, a,) € Wh(0,T; L*) N L>(0,T; H?> N Hy) x W21(0,T) is solution of

n 1 _
iOtun + Auy + |“7| VU = ([un)? % e i R? x (0,T)
T — ap x
U, (0) = ug, in R3
ay, be 1 . (7.32)
m o /R e (@) PV [ de = VY (), on(0,T)
day,
an(0) = ag, 7 (0) = vg.
Since
.
SV un) =5 | fun(T, ) — uy ()] do + §HV1”H%7
R3

we then obtain thatV*),>o is bounded in*, independently of.. Up to a subse-
quence, we have;* — V; weakly inH and

Vil < Bm[V* [l

The difficulty comes again from the terjw,, (') — u ||3 .. We will prove that the limit

(u, a) of (un, an)nen is a solution of system (7.1) associated with

If we consider a solutiofju,,, a,,) of system (7.32), since the sequence of the electric
potentialg V") is bounded ir{, we can apply Theorem 2 and obtain that the sequence
(tun,an) is bounded in

Whee(0,T; L*) N L>=(0,T; H? N Hy) x W21(0,T)

independently of.. We geta, — a in L°°(0,T) strongly andu,, — u weak in
C([0,T], L?).

Therefore, since the applicatian+— ||u(T) — u;||2, is lower semi-continuous,
thenu,, (T) — u(T) weak inL?(R3) implies

[u(T) = urlZ < lim|lun(T) = usl7-
and we finally obtain
J(Vi,u) <limJ (V" u,) = \}ré% J(V,u).

SinceV; € H, that leads toJ (V1,u) = ‘/I_Ielg_t J(V,u) and the existence of an optimal
control is proved.

Remark :As mentioned in the introduction, we can repl&c¥ € L? (0,T; W) by
VV e L? <O,T; Wkl);fo) in the definition ofH. Then, in the cost functional, ||V; |«
has to be replaced Bi1+ |z|2) 2V} &1 0,7:m) + IV Vi 20,751 2 (B(0,p))) WheTE

B(0, p) C R? and the pointis to chooge> 0 conveniently. From chapter 5, and as one
can read in Theorem 2, we know that without any hypothesi¥ bn, we can bound
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in C([0,T)). In fact, we only need1+|z|2)~2V; € H'(0,T;W). Moreover, when we
consider a minimizing sequen€®"),,>¢ in H, as soon ad (", u,,) is then bounded,
for instance byJ (0, u,, ), we obtain an a priori bound faj(1 + |x‘2)7%V1HH1(O,T;W)
and then fot|a, || ¢(j0,7)- Thus, ifp is chosen large enough to satigiy,, || (o, 7)) < »
for all n € N, we will be able to proceed to the same proof as follows.

For clarity, we denote by (7.33) and (7.34) the two equations solveddnda :

1 .
10w+ Au+ —— =l +Viu = (Jul* % ﬂ)u, inR3 x (0,7) (7.33)
x
1 .
—f/hmmv dx + VVi(a), in(0,7) (7.34)
RS [z —al

and we want to prove that the limt, a) of (u,,, a,)nen iS @ solution of (7.1).

Up to a subsequence, we ha¥e:,, — d;u andAuw,, — Auin D'((0,T) x R?).
. . . |4
Moreover, on the one hand, sin&g is bounded irH, we have <1l>
L+ |z?)2 /50
bounded inH'(0,7;W). Since the embedding/ !> (R?) — L2 .(R?) is compact
and since’V — W>°(R3), then from Lemma 7, we get the local strong convergence
Vln n—-4o0o Vl

T oI T o1

(1+ [a[?)2 (L+[z[?)z
On the other hand,, ), >0 is bounded inL>° (0, T'; Hz) and sinc€u,, ) ,>o is bounded
in L>°(0,T; H?) N W°°(0,T; L?), we have the local strong convergence

in L2(0,T;L3.).

u, "5 in L>(0,T; L)

T T
/ / Vi"up — Viul +/ / |V u, — Viu|
0o JBg 0 e
< /T/ Vln -V
B Br | (14 |z[?)2

1+RQ%// e ( u)‘
Br 1+|I‘

|V Un| + |V1U|
// L L (1 a?).
(1+R?)2 e (14 ]z]?)

Then, using Cauchy-Schwarz inequality, we can prove :

[

We have, for allR > 0,

T
/ ‘ Vlnun — V1u|
0 R3

IN

1
;un(l + |$|2)2

Un (1 + |2[?)*

1+\ |2

‘V V|2 2
= / (/ TRy Jun[*(1 + [2[?)
0 Br (1+[z?) Br
n 2\ —1
< V|| vl L e
< Cr|vr vzt e,

L2(0,T;L?(Br))
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and

( n_u)

(1+ R?) %/ /
Br

1+\x|2%

< C HV (1 = o — | o017

< Cr|[Vi(1+[af?) L2(0,T5L%) |tn — ullLo 0,7502(BR))
n—-+4+oo

< Crllun —ullp=1:22(Br)) — O

and for alle > 0, there exists? > 0 such that

Vi'uy| + |Viu
21/ / |1 | ‘1 |( —|—|IC|2)
1+ R2) o (1+]z?)

2\/T
(1+ R2)3
_Or .
(14 R?)2

n _1
V(L + |z[*) 2 lun |l Lo (0,75 2)

L2(0,T;L2)

Eventually, we obtaifV;*u,, — Viu in L((0,T) x R3).

Then, we have to work on the termfi and <|un| * — | u, of sys-
||

tem (7.32). One can notice that, ),,>o is bounded if¥%1(0, T). We then have, up to

a subsequence, the strong convergenpe—> a in L*(0,T). We will check later
thata, together withy, is a solution of coupled system (7.1). We get D((0,T) xR?)
which means in particular thatupp ¢ is a compact set did, T') x R3.

We have

= —_ u —_—
|z — an| |t —a,| |z—al) " |z—ad

and we will prove that irD’((0,T) x R?), we have the following convergences

7/“” n—>_+}oo v and 1 — ! Un, n—’_+>00 0.
T—a T—a T — ap T —a
| | | | | . |

On the one hand, sincgupp ¢ is compact, from Hardy's inequality we have

/ (un(t, ) — ult, z))p(t ) dtdx
[0,T] xRS

< C n oo CH1
|z — a(t)] < Cllun = ull Lo o,r3m1 (Br))

whereSupp ¢ C [0,T] x Bg and(u,),>0 being bounded in the spade™ (0, T"; H?)
NW1>°(0,T; L?) gives the local strong convergence

up " win C([0, TT; Hige)-

notpo inD'.
Ifl7 —a

Un
Then|lu, — ul| g0, 1;m1(BR)) — 0 @and we gem
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On the other hand, for the same reasons, we have

1 1
/[O,T]X]R?’ <|='I/' - an(t)\ B |{E — a(t)|> UTL(t,x)<p(t7x) dtdx

. / (1,2l (1, 2o (1) —a(®)]
o 17— an(Dlz — ad)]
1
o(t, )2 :
< Munllz(o.sm1 (51 [an — alzo o ( / Lot ol 4
(0 ( R)) (0 ) Supptp|x_a(t)‘2

< Clan —alp=(,m) fmasaly

. 1 1 N .
which mean — u, "= 0in D,
|z —an| |z —al

Finally, we are going to prove thdtu,, |> x ﬁ)un — (|u|? * ﬁ)u "ZE 0in
D'((0,T) x R3). We have

o Eﬂ)(un — )+ (([un]? - \uF)*ﬁ)u.

First of all, using Cauchy-Schwarz inequality and omitting the tinfized in [0, 77,
we can write

/ o]
R3

1
(Jun* % —n = (Juf * —)u = (Jun|* *

1 1
(Jun* x —)tun — (Ju)® * ?)u dz

||

1 1
< /|so||un—u\<|un|2*—>dx+/ (Il (tm] + [ulean — ul % ) de
R3 \x| R3 |33‘
1 1
2 2 2 1 2 2
< ([ tellun —uPde) " ([ lolun < 2 da
RS RS |z
1 1
2 2 2 1 2 2
" (/ [ dm) (/ ol (] + [t e — ] % ) dx)
R3 R3 ‘33|
which gives
1 1
2 2
ol [(un|® * —)up — (Jul|* * —)u| dx
L (P o = G« )
o, Lo :
< i = wlazqa ([ el(uaP» )2 ) (739
R3 |$\

1
1 2
e ([ 1ol + Dl —ul« )

]

Next, from Hardy’s inequality, we have

1
(15 )0 < 22V, Ve € B
and sincep € D((0,T) x R?),
1 3
( [ e@ i+ %) dx) < Cllunll. (7.36)
R3 |$|

We will also need the following :
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Lemma9. Letr>0,ve H'andv, € L2. If we assume that, "—=5° 0 in L2

loc?
then
Viz| <, / vW)only) dy "= 0.
rs T — Y

Proof of Lemma 9. We setR > r andBr = {y € R3,|y| < R}. From Cauchy-
Schwarz and Hardy’s inequalities, we obtain foraauch thafz| < r,

[ U, o[ by, [ RO,
S ] Br lz—l B, |y—zl
1
< ||UHH1||U7LHL2(BR)+R_7‘x|”v||L2”UnHL2
<

1
¢ (Inlloaion + 7= )

Moreover, if we set > 0, then there existga; € N andRy > 0 such that

C €
R0 v < 3 and ¥n > ny, C||Un||L2(BR0) <

Thus, for alle > 0 there exists:y € N such that for all > ny,

/ v(y)vn(y) dy‘ <e
RS |7 — Y|

and the lemma has been proved. O

3
5

. . 1
We use this result to deal with the ter]@ O*((Jun) + |u])|un — u| * W)?
R3 x

Lett € (0,T) be fixed. SinceSupp ¢ is compact, we apply Lebesgue’s theorem on a
bounded domain to the sequerngg(t)),,. defined by

fult) = (<un<t> ) () — ()] * |1|) (@).

Indeed, since,, —u "==° 0 in C([0, T); L2,), u € L>(0, T; H') andu,, is bounded

in L>(0,T; H') independently of,, using Lemma 9 we obtain that for alin [0, 7]
and for allz in Supp ¢, fn(z,t) — 0. Then, from usual estimates we prove that
|fn(t)] < C € LL (R3) and we finally get V¢ € [0, 77,

/ P2 (t,2) fu (@, t) da = I, (t) "= 0. (7.37)
RS

Now, plugging (7.36) and (7.37) in (7.35) we obtain, forta [0, T,

[, e

||

(un () % = Yun(t) — (Ju(®)]? % nll)ua)’

< CHUTLH%oo(O,T;Hl)Hun - u||L°°(O,T;L2(BR)) + ||U||Lx(O,T;L2)\/m
< C <||Un - UHL”(O»T;L2(BR)) + In(t)) nim 0.

Thus we have proved

1 1 n— o0 .
“up — (Ju> x =)u"=5°0 in D'((0,T) x R?).

(Jun]? %
" ||
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Therefore, we have all the elements to insure thab is converging in a weak sense
towardsu which is a solution of (7.33) in the sense of distributions. We finally have
to prove that the limit: of the sequencéu,,) is a solution of (7.34). We already know
that(a,,)n>0 is bounded id¥21(0, T') and thata,, — a in L°°(0,7") and we have in
[0.T1,

m d;f; _ /]R @)V fan‘ dz + VYV (an).
On the one hand, omitting again the fixed tima [0, T'], we have
VV"(an) — VVi(a) = (VV]"(an) = V7" (a)) + (VV]"(a) — VV1(a))
and of course, sincE;” is bounded ir{ andV;* — V; weakly in’H, we get
VV{"(a) — VVi(a) "=5°0 in D'(0,T) and
IV (@n) = DV @llz20.r) < IVVYla20 i ) lan = alzo,1) "= 0.

Therefore we obtain
VVi*(an) — VVi(a) in D'(0,T).

On the other hand, using the idea of the proof of Lemma 9 we will prove

1 n—-+o0o
[ @Pv == [ @y

1
an| | — al

Actually for all ¢ in [0, T, we can prove that an integration by parts gives

’/untx|v /|utx|V ()|

dz in D'(0,T).

| 1 |
< / un|2V< _ )dx + / (Jun|? = [u2)V do
T al Td 7
1 n n -
< C/ ][Vt - o unl £ JuDlun = uly - (7.38)
R3 |z —an| |z —a |z — al?

Sinceu,, is bounded inL.>°(0, T'; H?), using Cauchy-Schwarz and Hardy’s inequality
we are able to deal with the first right hand side term. Indeed,

[ @190 ’ @ T 1a(t)|‘

|un| |V
T ——lan — 4
r3 |2 — anllz — al

< ||Un||L2(0,T;H1)Hvun”L?(o,T;Hl)Wn - a‘L“(O,T)
< ||un||%oo(o,T;H2)|an —alp=(0,1)
< Clag —alp=r "—5° 0. (7.39)

n—-+oo

Now, sincea is bounded or{0, '), u, —u — 0 in C([0,7]; H..), u belongs to
L°°(0,T; H') andu,, is bounded inL>° (0, T'; H') independently ofi, then we obtain
in an analogous way as in the proof of Lemma 9 that fot al[0, 7],

[ OO0 w0, g v, a
]RS

|z —a(t)[?




7.3 — Optimal control of the coupled system — 157

In fact, omitting the time, we have from Hardy'’s inequality

_ 2
< / <|un|+\u|>\zn “|dx+/ <|un|+|zé\> i
Br |z — al BY, |z — al
2
< ’ _ L e 2 . 2
< lllzn + Neanllz ) =l 3y + =gy (el + llunll72)
1
< C(nun—unm +>
Er) TR Nall o)

and we can prove (see Lemma 9) that fortalt [0, 7] and for alle > 0, there exists
ng € N such that for alh > ng, J,,(t) < e.

Thus, using (7.39) and (7.40) together with (7.38), we get, fariall0, 77,

1 1
/ |t (t, 2) |2V s das—/ lu(t, )|V ———— dx
R3 R3

[z — an(t)] |z — a(t)|
S C |an — a‘L“’(O,T) + Jn(t) n_>—+>00 0

and we finally obtain the awaited result. One can notice that we had already proved this
result in the preceding chapter, in a slightly different way (see the first step of subsec-
tion 5.3.4).

We then have proved thats a solution of (7.34). As a consequence, the limita)
of (un, a,) is a solution in the sense of distribution of system (7.1). Moreover, since
(u,a) belongs to the clas§W':>°(0,T; L?) N L>(0,T; H*> N Hz)) x W*1(0,T),
then it satisfies the estimate (7.4) of Theorem 2 and is in fact a strong solution of
system (7.1). Hence the proof of Theorem 1. O

7.3.2 Formal Optimality condition

As we did in the case when the positierof the nucleus is known, except the fact
that everything here will be done formally, we are going to give an optimality condition
for the electric potential optimal contrdf,.

A first step is to consider the functional

®:H — L®0,T;L*(R%) x L>=(0,T)
Vi — (u(V1),a(V1)))

and to study its differentiability. In this section, we will chodieas an Hilbert space
included in

{V, (1 + |x|2)—% Ve H! (0,7; W) andVV € 12 (0’ T VVI%;E;OO)}

where)V is an Hilbert space which satisfig® — W1°°(R?). Thus, we can take the

derivative ofV; — V1| 5. More precisely, we set here

H={V, (L+ o)V € H'(0,T; H* © Sp{u1}) N L(0,T; H* © Sp{u})}
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with ¢ € WHo(R3) \ H? andVe; € Wor°.

Indeed, sincgf3(R3) — W1>°(R3) and since the weightl + |=|2)~2 has only

_1
an influence at infinity, we can prove thét + |z|?) % Vi € L2(0,T; H*) implies
VVi € L? (0, T; W,})g’o). Moreover, we could actually consider the direct suntsf

with Spar{«y,--- , ¥, } for m € N but we will give here the particular case where
m = 1andy; =

Of course,® is well-defined if the solutiorju, a) of the coupled equation (7.1) is
unique. Henceforth, our work is formal and one can notice that the lack of proof for the
unigueness of the solution of system (7.1) is a first and main obstacle to prove next the
differentiability with respect td/; of the cost functional J :

1 r
J(Vi,u) = Sfu(T) - urll7e + §HV1||§;-

Assuming that we have uniqueness of the solution of system (7.1) and assuming
that @ is differentiable, if we seD®(6V;) = (z,b), then(z(¢, z), b(t)) has to satisfy
the following coupled system set®® x (0, T)

oV 1
i@tz + Az +Voz+Viz = —a—ao cbu—Viu+ (Jul?® * W)Z + 2(Re(uz) * |Z|)u,

/ |2 |2v% b—2/ Re(uz)VVy — VéVi(a) — V(VVL) - bla)

db

with initial conditionsz(0) = 0, b(0) = 0, E(

0) = 0 and withV = (here

1
|z —al

and subsequently).

Indeed, if we consider the electric potential+ §V; (wherejV; € ﬁ) which gives
the solution(u + du, a + da) to equation (7.1), we have :

10¢(u + ou) + A(u + du) + (u+ou)+ (Vi + 5V1)(u +du) =

1
|x —a — dal

(Ju + dul? * )(u+(5u)

Ed
2
;tz a+da) = / |(u + ou)|*V P |d x—V(Vi+6V1)(a+ da),

and using (7.1) and denotir{y|? « i)u by F'(u) as we previously did, we obtain

]

10y0u + Adu + ———du + (Vi + 6V1)du =

1
|z — al
( L ! )(u+5u)—6Vlu+F(u+5u)—F(U)v

|t —a| |z —a—dal

d25a , 1 1 1
doa_ - de — | |6ulPV ——— g
" are /Ra|u|v(|x—a—6a| |x—a|> “ /Rs|ulv|w—a—5a| v

— 1
- 2Re/ uduV—— —dx — VVi(a + da) + VVi(a) — VoVi(a + da).
R3 | —a — dal

9 <1) 5a+ o(da),

lz—a|l |z —a—dd " da |z — al

We also have :
1 1
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F(utdu)— F(u) = (\5u|2*é)(u+5u)+2Re(uﬁ*|?1|)(u+5u)+(|u|2*ﬁ)5u,

1 0 1 1
. V7|£U p—— = "% (V|x — a|) -oa + VT ] + o(da),
o VVi(a + da) — VVi(a) = V(VVi(a)) - da + o(da),
o VéVi(a+ da) = V(ViVi(a)) - da+ ViVi(a) + o(da).

From these calculations and from the last system, we can deduce by linearization
the one satisfied bz, b) as a candidate for a derivative &f Thereafter, if/ is diffe-

rentiable inV7, sinceH is an Hilbert space we get that for al; in H
DJ(Vi,u)[6V] = Re/ (u(T,x) —uy(x)) 2(T, z) dx 4+ r{V, W)z
R3

Thus, the condition
DJ(Vi,u)[6Vi] =0, VoV; € H

reads

Re/ (u(T,x) — uy () Z2(T, z) dv + r(V1,0V1) 5z = 0. (7.41)
R3

Remark The main difficulty we encounter when we try to give a meaning to the system
of equations satisfied by the cougle b) is of same nature than the one we had when
we studied the equations solved by the difference of two solutions of system (7.1). In-
deed, as for the proof of uniqueness which misses in Theorem 2, even in a formal study
of the solutions, we have to deal with singularities of tyffg that we cannot bound

with Hardy'’s inequality. Moreover, the use of Marcinkiewicz (or Lorentz) spaces as in
reference [10] is not directly appropriate here because of the propertigs of

We are now looking for the adjoint system in order to translate (7.41) in terms of the
adjoint state. We will give here the approach to get the awaited system, whose solution
is denoted by(p, ¢). We recall the equations solved byandb :

i)u, (7.42)

oV 1
1Oz Az +Voz+Viz = ——2-bu—dViu+ (|ul>«—)z+2(Re(uz)* 2]

Oa |z

m% = —/ ( ul? V% b+2Re(uz)VV0> —VVi(a)—V(VVi)-b(a). (7.43)

We assume that(T") = u(T) — uy, o(T) =0 and%(T) =0.

On the one hand, we multiply equation (7.42)7yintegrate orR® x (0,T) and we
take the imaginary part. After some calculations, we obtain :

Im// (102 + Az + Voz + V12)p :—Im// -bup — Im/ oViup
R3 R3 R3
1
+Im// (|u|2*—)zﬁ+2// (Im(up) x — )Re(uz).
0JR3 || 0JR3 ||
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Sincez(0) = 0, we get after some integrations by parts

T e —
Im// (i0ip + Ap+ Vop+ Vip)z+1Im | i 2(T) (uw(T) — u1)
0JR3 R3

g Vo g _
=— Im(up)—=—-b—Im oViup (7.44)
0JR3 da 0JR3
r | r 1
+Im// (|u|2*—)pz+2lm// i(Im(up) x — )uz
0JR3 || 0JR3 ||

On the other hand, we multiply equation (7.43) ognd we integrate ofD, T'). After

b
22(0) =0, t
7 (0) =0, we ge

/ m—b = —2// Re(uVu)o — -b—2 Im// wVVy - 0z
dt2 R3 R3
—/ oVéVi(a / V(VVi)( (7.45)

and the sum of (7.44) and (7.45) then gives

two integrations by parts and since we ha@) =

Im// (i0ip + Ap + Vop + Vip) z+/ mﬁb—i—Re/ 2(T)(w(T) — u1)
R3 R3

:Im// (\u|2*—)ﬁz+2Im// i(Im(uﬁ)*i)ﬂz
0JR3 || 0JR3 |z
T T T
-2 Im// iﬂVV(sz—Im/ 6V1uﬁ—/ oVoVi(a)
R3 R3
-2 / / Re(uVu)o avo b— / (VV1)(a)ob — / / Im(u avo b
R3 0 R3

From this equality, we can easily deduce the candidate adjoint system :

1 1
i0p + Ap + Vop + Vip = (|ul? x m)p + 24 (Im(up) * m)ﬂ —2iu V'V - o,
p(T) = u(T) — u,

g _ Vo avu) W0
TaE T e Ba Im(up) =2 | Re(@Vu)Zm- 0= V(VW)(@) -e.

Therefore, we obtain :

T T
Re /]R3 @ (w(T) —uy) = —Im/O . oV up —/O 0-V§Vi(a) (7.46)

and from (7.41) and (7.46), we finally obtain that the optimal coritichas to satisfy
the optimality condition, for albV;, € H,

T T
r(Vi,6Vi) 5 = Im/O/]R3 oVi(t, x)u(t, x)p(t, ) dedt Jr/o o(t) - VoVi(t,a(t)) dt.

Eventually, if6, denotes the Dirac mass at point R?, we observe that

o(t) - VoVi(t, z) = div(p(t)oVi(t, z))
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and we get

T T
/ olt) - VOVi(t,a(t) it = / (Suiey» 0lt) - VOVA(2)) dt
0 0
T T
:/0 (Ba(r), div(o(t)dVA(E))) dt = —/0 (Via@r), 0(1)8VA(t)) dt
T
- /0 (0(t) - Vagey, VA (1)) dt

Therefore, the bilinear optimal contrdf, is the solution of a partial differential
equation defined by variational formulation in the following way :

T
r(Vi,0V1) g //RS Im (u(t,z)p(t, z)) 6V (t, z) dedt— /O<g(t) - Vi), 6Va(t)) dt

We can finally give an interpretation of the optimality condition in terms of partial
differential equation’s. We recall that for the sake of simplicity, we consider

H={V, (1+ 1) "* v e B'(0,T: H* & Sp{1}) N L*(0,T; H' & Sp(11}) } .
For all V € H, there existsX € H'(0,T; H®) N L2(0,T; H*) andE € H'(0,T)
such that

Vi(t,z) = (14 |z[*)® (X(t,z) + E(t)).
Moreover,X = (I — A)~'Y withY € HY(0,T; H') N L*(0,T; H?). By now, we

have an optimality condition expressifig;, V1) 5 in terms of the statéu, a) and the
adjoint statgp, o). Nevertheless, we can write :

Vi %
Wasyg = (o Y

I+ z[?)z (1 + |z[?)2 H1(0,T;H3)NL2(0,T;H4)
= (X1,0X1) mro0,m;m%) + (X1,0X1) 20,7514 + (E1, 0E1) g (0,1)
= (Y1,0Y1) g o,m;m0) + (Y1, 0Y1) 220, 15m2) + (E1, 0E1) (0, 1)

T T
- / /(1+at)yl(1+at)5yl+/ /(1+at)vyl.(1+at)v5yl
0 R3 0 R3

+/OT/R3(I_A)YI(I_A)5Y1+/OT (_r+jt> N (I+d>5El

= /T/ (I - 0T — A)Y16Y1 + 0y (Y1 — AY1)(T)oY1(T)
R3 R3

— [ 8, - Av)()svi(0 //I A)?Yi6Y;
R3 R3

T d2 dE,
i / <1 < )E16E1+chf( EL(T) — 2L (0)64 (0):
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The optimality condition becomes/dY; € H(0,T; H'),VSE, € H'(0,T)

T T d2
7“/0 /RS[(I—(?E)—i—(I—A)](I—A)YléYldxdt—kr/O (I d2)E16E1dt

. / 0,(Ys — AVI)(T)SYA(T)dz — 1 | 9,(Ys — AY1)(0)5Y:(0) dz
R3 R3

—r%( 0)0FE1(0 )—i—r%( Yo E:(T)

T
= Im/ / upy/1+|z2 (I — A)~" 6Yy +6E,) dudt
0o Jrs

_/OT <Q'V5a7m ((I—A)*15Y1+5E1)> dt.

Moreover, since for alt € R3, f(x)Vd, = f(a)d, — V f(a)d,, we also obtain :
T
/ <g Vg, /14 |22 (I-A)"'oYs + 5E1)> dt
0
T
/ (VIF1aP 0- Vou, (1= &)™ 6V +0E) ) dt

0
/ <\/1+a|2g Vi, ﬁéa,((I—A)_l oY, +6E1)> dt

and we deduce that for afly; in H'(0,7; H') N L?(0,T; H?) and for all§E; in
HY(0,T),

r/T/ (I —82) + (I — A)(I — A)Y;6Y; dudt
0 R3

+r [ 01— AV )(T)oVA(T)dz —r | 9,(Y1 — AY1)(0)0Y1(0) dz
R3 R3

dE1

T d2 dE,

T
= / / 5Y1(I7A)*1Im<ufo 1+|:c|2) dxdt
0 R3
T JITTP
- 1+ a0 Vé, 7&1 L0y ) dt
[ {u-or (v ) m)
T
+/ SE, (/ Im(u;T) 1+|x\2) d:c)dt
0 R3

— | 6B {\/1+[a]?0- V6, 6a,]1>dt.
/0 < WV IP

Thus, the optimality condition corresponds to the system :

[(1 92) + ( ](1 AY:=(—A)"'G  inR®x(0,7)
AYl AYl)( ) =0 in R3

A)
(Y1 — = 0,(Y
g dth; ) / in (0,7) (7.47)
dtl (T) =

r
d dE1

dt
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where
Glz,t) = Im (u(x,t)p(a:,t)) VIt 2]

a(t) - o(t)
= o(t) - Vo ()14 |a(t) > + W da(ty ()

and )
Vl(CE,t) = (1 + ‘SClQ)E ((I — A)_l Yl(.%',t) + E1 (t)) .

Remark :The Fourier transform (in space variables) of the optimality system (7.47)
gives a one dimensional (time variable) elliptic system which can be solved.
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