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Introdu
tionCe m�emoire de do
torat est 
onsa
r�e �a l'�etude de la th�eorie des surfa
es mi-nimales. Notre obje
tif est de 
onstruire une grande 
lasse d'exemples de surfa
esminimales 
ompl�etes �a 
ourbure totale �nie. Ce travail passe par une �etude pr�e
isede la 
onvergen
e des suites de solutions de l'�equation des surfa
es minimales.Les surfa
es minimales sont les surfa
es �a 
ourbure moyenne nulle, 
ette 
onditionsigni�e que 
elles-
i sont des points 
ritiques de la fon
tionnelle d'aire pour lesvariations �a support 
ompa
t. Les surfa
es minimales que nous souhaitons 
onstruiresont 
ompl�etes et �a 
ourbure totale �nie (i.e. l'int�egrale de la valeur absolue de la
ourbure de Gauss le long de la surfa
e est �nie). On sait grâ
e �a un r�esultat deR. Ossermann qu'une telle surfa
e est 
onform�ement �equivalente �a une surfa
e deRiemann 
ompa
te priv�ee d'un nombre �ni de points et est proprement immerg�ee ;ainsi 
es surfa
es ont un 
omportement asymptotique donn�e par un nombre �nid'anneaux appel�es bouts de la surfa
e. Si un bout est plong�e, R. S
hoen nous apprendque son 
omportement asymptotique est 
ara
t�eris�e par un ve
teur appel�e 
ux dubout qui est 
olin�eaire �a la normale limite du bout ; si 
e 
ux est nul le bout estasymptotique �a un plan, si le 
ux est non-nul le bout est asymptotique �a un boutde 
at�eno��de ayant le même 
ux. Nous nous int�eressons don
 aux surfa
es ayantleurs bouts plong�es, nous appellerons, dans la suite, r-no��de, une surfa
e minimale
ompl�ete de 
ourbure totale �nie �a bouts plong�es (r d�esigne le nombre de bouts).Une 
ondition n�e
essaire d'existen
e de r-no��de est alors que la somme des 
ux desbouts soit nulle, 
e que l'on peut interpr�eter 
omme une 
ondition d'�equilibre surles bouts.Dans un arti
le de 2001, C. Cos��n et A. Ros s'int�eressent �a l'espa
e des r-no��desAlexandrov-plong�es et sym�etriques par rapport au plan horizontal d'�equation z = 0.La se
onde hypoth�ese impose que le 
ux de 
haque bout soit un ve
teur horizontal,la premi�ere dit que 
elui-
i ne peut pas être nul. Dans 
et arti
le, les deux auteurss'int�eressent plus parti
uli�erement aux r-no��des de genre 0, o�u le genre d'un r-noided�esigne le genre de la surfa
e de Riemann 
ompa
te sous-ja
ente. C. Cos��n et A. Rosasso
ient �a 
haque r-no��de Alexandrov-plong�e sym�etrique de genre 0 un polygoneappel�e polygone de 
ux : il s'agit des 
ux des bouts rang�es dans un ordre natureldonn�e par l'immersion. vii



Leur travail 
onsiste alors �a 
ara
t�eriser les r-no��des Alexandrov-plong�es sym�etriquesde genre 0 en terme de leur polygone de 
ux. On dira qu'un polygone (v1; : : : ; vr)de R2 borde un disque immerg�e si il existe une immersion du disque unit�e ferm�edans R2 envoyant le 
er
le unit�e sur le polygone. Enon�
ons maintenant le r�esultatd'existen
e 
ontenu dans le travail de C. Cos��n et A. Ros.Th�eor�eme. Soient v1; : : : ; vr, r ve
teurs non-nuls de R2 , tels que (v1; : : : ; vr) soitun polygone de R2 bordant un disque immerg�e. Il existe alors un r-no��de Alexandrov-plong�e sym�etrique de genre 0 dont le polygone de 
ux est le polygone (v1; : : : ; vr).En fait, les deux auteurs montrent qu'�a l'ex
eption du 
as r = 2 qui 
orrespondaux 
at�eno��des, la 
ondition de border un disque immerg�e pour le polygone de 
uxest une 
ondition qui, en plus d'être suÆsante, est n�e
essaire pour l'existen
e d'unr-no��de Alexandrov-plong�e sym�etrique de genre 0. Dans une premi�ere partie, notretravail 
onsistera �a donner une nouvelle d�emonstration de leur r�esultat d'existen
e,notre appro
he pouvant être quali��ee de plus 
onstru
tive.Dans un deuxi�eme temps, nous poursuiverons notre travail en �etudiant le 
as desr-no��des Alexandrov-plong�es sym�etriques de genre 1. Nous montrerons que, dans 
e
as, on peut aussi d�e�nir un polygone de 
ux. En d�eveloppant plus profond�ementles id�ees mise en �uvre dans notre d�emonstration du r�esultat 
i-dessus, nous ob-tiendrons un se
ond r�esultat d'existen
e.Th�eor�eme. Soient v1; : : : ; vr, r ve
teurs non-nuls de R2 , tels que (v1; : : : ; vr) soitun polygone de R2 bordant un disque immerg�e. Il existe alors un r-no��de Alexandrov-plong�e sym�etrique de genre 1 dont le polygone de 
ux est le polygone (v1; : : : ; vr).Les deux th�eor�emes que nous venons d'�enon
er sont les prin
ipaux r�esultatsd'existen
e 
ontenus dans notre travail. Nous d�emonterons toutefois que des r-no��desAlexandrov-plong�es sym�etriques de genre 1 existent aussi pour des polygones plusg�en�eraux que 
eux 
onsid�er�es dans le th�eor�eme 
i-dessus.L'id�ee prin
ipale que nous utiliserons pour 
onstruire 
es r-no��des est qu'en fai-sant usage de la sym�etrie plane, 
eux-
i peuvent se voir 
omme la surfa
e minimale
onjugu�ee d'un graphe. Le graphe d'une fon
tion est une surfa
e minimale si la fon
-tion satisfait une �equation aux d�eriv�ees partielles du se
ond ordre appel�ee �equationdes surfa
es minimales. Le probl�eme de la 
onstru
tion des r-no��des se r�esume don
�a la r�esolution du probl�eme de Diri
hlet asso
i�e �a 
ette �equation.Dans le 
as du genre 0, le domaine et les donn�ees au bord nous seront donn�es parle polygone. Par 
ontre, pour le genre 1, le domaine sera 
onnu, �a l'ex
eption d'unesingularit�e. Le probl�eme qui 
onsiste �a pla
er 
ette singularit�e de telle sorte que lasurfa
e obtenue apr�es 
onjugaison soit un r-no��de est appel�e probl�eme de p�eriode.La 
onstru
tion des solutions du probl�eme de Diri
hlet est donn�ee par un passage�a la limite de solutions de l'�equation des surfa
es minimales que l'on sait 
onstruireviii



sur des domaines �el�ementaires grâ
e �a un r�esultat de H. Jenkins et J. Serrin. Nous
onsa
rerons don
 une partie importante de 
e m�emoire �a l'�etude de la 
onvergen
edes suites de solutions de l'�equation des surfa
es minimales. Cette �etude 
onsiste�a 
omprendre les possibles divergen
es de telles suites ; �a 
et e�et, nous avons ler�esultat fondamental suivant.Th�eor�eme. Soient 
 un domaine de R2 et (un) une suite de solutions de l'�equationdes surfa
es minimales sur 
. On d�esigne par Nn(Q) la normale au graphe de unau point (Q; un(Q)). Soient P 2 
 et N un ve
teur unitaire horizontal, on note Lla g�eod�esique de 
 passant par P et normale �a N . Si la suite des normales (Nn(P ))
onverge vers N , alors (Nn(Q)) 
onverge vers N en tout point Q de L.Ce th�eor�eme est le prin
ipal outil que nous utiliserons dans notre �etude de la
onvergen
e des suites 
ar il permet, en 
onnaissant les suites le long du bord dudomaine, de 
ontrôler leur 
onvergen
e ou leur divergen
e. Outre la r�esolution duprobl�eme de Diri
hlet, nous utiliserons aussi 
e r�esultat dans l'�etude du probl�emede p�eriode asso
i�e �a la 
onstru
tion de r-no��des de genre 1.
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Chapitre 1Les surfa
es minimalesDans 
e 
hapitre, nous pr�esentons di��erents aspe
ts de la th�eorie des surfa
esminimales. Les trois premi�eres parties sont 
onsa
r�ees �a des r�esultats 
lassiques donton pourra trouver les preuves dans la litt�erature. Pour la se
tion 1.1, on se ref�ereraaux livres de R. Osserman [Os2℄ et de U. Dierkes, S. Hildebrandt, A. K�uster etO. Wohlrab [DHKW℄. Une bonne r�ef�eren
e pour la deuxi�eme partie est l'arti
lede D. Ho�man et H. Kar
her [HK℄. Quant aux graphes minimaux, on lira le livrede R. Osserman et 
elui de J.C.C. Nits
he [Ni2℄. La derni�ere partie pr�esente desr�esultats nouveaux 
on
ernant l'�etude des graphes minimaux, les preuves se trouventsoit dire
tement dans 
ette partie soit dans les 
hapitres suivants.1.1 Un peu de th�eorie g�en�eraleDans 
e travail, nous 
onsid�erons des surfa
es � qui sont immerg�ees dans R3 .Nous adopterons don
 le point de vue suivant : X : � ! R3 o�u � est une vari�et�eorient�ee de dimension 2 et X est une immersion ; X(�) est alors une surfa
e im-merg�ee dans R3 . Toutefois, par abus de langage, nous dirons parfois que � est unesurfa
e de R3 .Nous avons alors la d�e�nition d'une surfa
e minimale.D�e�nition 1.1.1. Consid�erons une surfa
e immerg�ee X : � ! R3 . X est uneimmersion minimale si sa 
ourbure moyenne H est nulle en tout point. On diraalors que X(�) est une surfa
e minimale de R3 .Rappelons que la 
ourbure moyenne est la somme des 
ourbures prin
ipales ;autrement dit, il s'agit de la tra
e de la se
onde forme fondamentale.1



2 1.1. Un peu de th�eorie g�en�erale1.1.1 Fon
tions harmoniques et points de bran
hementSoit X : � ! R3 une surfa
e immerg�ee, on pose X = (x1; x2; x3). Notons ds2 lam�etrique induite par X sur �, alorsH = �ds2(x1; x2; x3) (1.1)Ainsi les fon
tions 
oordonn�ees xi d'une surfa
e minimale sont des fon
tionsharmoniques pour la m�etrique induite.Par ailleurs, la m�etrique ds2 induit une stru
ture de surfa
e de Riemann sur�. L'harmoni
it�e �etant un invariant 
onforme, les fon
tions 
oordonn�ees xi sontharmoniques en tant que fon
tions sur 
ette surfa
e de Riemann. La m�etrique induitepar X d�e�nissant la stru
ture de surfa
e de Riemann de �, l'appli
ation X est
onforme.Maintenant, si � est une surfa
e de Riemann, X : � ! R3 est une surfa
eminimale si et seulement si X est une immersion harmonique et 
onforme. De plus,ave
 
e point de vue, on peut g�en�eraliser la d�e�nition des surfa
es minimales. SiX : �! R3 est juste suppos�ee harmonique, non-
onstante et 
onforme, X est alorsune immersion sauf en des points isol�es.D�e�nition 1.1.2. Soit � une surfa
e de Riemann. X : � ! R3 est une surfa
eminimale g�en�eralis�ee si X est harmonique, non-
onstante et 
onforme. Les pointso�u X n'est pas une immersion sont appel�es points de bran
hements de la surfa
e.Dans la suite, on dira seulement que � est une surfa
e minimale en pr�e
isantjuste si elle poss�ede ou non des points de bran
hement.Les fon
tions 
oordonn�ees �etant harmoniques, elles ne peuvent pr�esenter de maxi-mum en un point int�erieur �a moins d'être 
onstantes ainsi il n'existe pas d'immer-sion minimale d'une surfa
e de Riemann � 
ompa
te sans bord. A titre d'exemple,il n'existe pas, dans R3 , de surfa
e minimale ayant la topologie de la sph�ere.1.1.2 Repr�esentation de Weierstrass et appli
ation de GaussOn va maintenant voir 
omment on peut 
onstruire des surfa
es minimales.Soit � une surfa
e de Riemann et X = (x1; x2; x3) : � ! R3 une immersion mi-nimale.X est alors 
onforme et les xi sont harmoniques. Soit alors z une 
oordonn�eelo
ale sur �, on note �i = �xi�z . On a alors les propri�et�es suivantes :1. les fon
tions �i sont holomorphes 
e qui traduit l'harmoni
it�e des xi,2. �21 + �22 + �23 = 0 
e qui est �equivalent �a X est 
onforme,3. j�1j2 + j�2j2 + j�3j2 6= 0 
e qui traduit le 
ara
t�ere immerg�e.



Chapitre 1. Les surfa
es minimales 3R�e
iproquement, si on a trois fon
tions holomorphes �i v�eri�ant les deux derni�erespropri�et�es et d�e�nies sur un ouvert simplement 
onnexe de C , l'expression suivanted�e�nit une surfa
e minimale : < Z (�1;�2;�3) dz (1.2)Si la propri�et�e 3 n'est pas v�eri��ee, il s'agit d'une surfa
e minimale ave
 des pointsde bran
hement.Construire des surfa
es minimales revient don
 �a r�esoudre l'�equation �21 +�22 +�23 = 0 pour des fon
tions holomorphes sous la 
ontrainte j�1j2 + j�2j2 + j�3j2 6= 0.On montre alors que les solutions sont de la forme :�1 = 12f(1� g2); �2 = i2f(1 + g2); �3 = fgave
 f une fon
tion holomorphe et g une fon
tion m�eromorphe telles que g ait unpôle d'ordre m en z si et seulement si z est un z�ero d'ordre 2m pour f . Si f a unz�ero d'ordre sup�erieur en un point, la propri�et�e 3 n'est pas satisfaite et il s'agit d'unpoint de bran
hement.On a don
 un r�esultat important :Th�eor�eme 1.1.3 (Repr�esentation de Weierstrass). Toute surfa
e minimalesimplement 
onnexe peut être param�etr�ee de la fa�
on suivante :X = <�Z 12f(1� g2)dz; Z i2f(1 + g2)dz; Z fgdz� (1.3)o�u f est une fon
tion holomorphe et g une fon
tion m�eromorphe d�e�nies sur un ou-vert simplement 
onnexe de C telles que g ait un pôle d'ordre m en z si et seulementsi z est un z�ero d'ordre 2m pour f .Quitte �a passer au revêtement universel e� de �, 
e th�eor�eme permet de repr�esentertoutes les surfa
es minimales (on rappelle que le revêtement universel ne peut être
ompa
t et est don
 un ouvert de C ). Cette formule de repr�esentation permet de
onstruire de nombreux exemples de surfa
es minimales.Par ailleurs, on peut retrouver toutes les donn�ees g�eom�etriques �a partir des fon
-tions f et g. Par exemple, la m�etrique induite est donn�ee par :ds2 = � jf j(1 + jgj2)2 �2 dzdz (1.4)On 
onstate que 
ette m�etrique est bien 
onforme �a la m�etrique eu
lidienne sur C .Par ailleurs, on montre que la normale �a la surfa
e est donn�ee par :N = � 2<(g)jgj2 + 1 ; 2=(g)jgj2 + 1 ; jgj2 � 1jgj2 + 1� (1.5)



4 1.1. Un peu de th�eorie g�en�eraleCe
i nous dit que la fon
tion m�eromorphe g est le projet�e st�er�eographique de l'appli-
ationN : �! S2. Ainsi on peut identi�er la fon
tion m�eromorphe g et l'appli
ationN , 
e qui nous donne :Proposition 1.1.4. Sur une surfa
e minimale �, l'appli
ation qui, �a un point,asso
ie la normale �a la surfa
e en 
e point est une appli
ation 
onforme de � dansS2. Cette appli
ation est appel�ee appli
ation de Gauss.1.1.3 Surfa
e minimale 
onjugu�eeDans 
ette partie, nous allons voir 
omment �a toute surfa
e minimale on peutasso
ier une autre surfa
e minimale qui lui est lo
alement isom�etrique. Cette se
ondesurfa
e est un outil tr�es important dans l'�etude des surfa
es minimales.Soit X : �! R3 une surfa
e minimale, nous supposons tout d'abord � simple-ment 
onnexe pour plus de simpli
it�e. Pour i = 1; 2; 3, la fon
tion 
oordonn�ee xis'�e
rit xi = < R �idz et est don
 la partie r�eelle d'une fon
tion holomorphe, notonsalors x�i la partie imaginaire de 
ette fon
tion holomorphe, x�i est appel�ee fon
tionharmonique 
onjugu�ee de xi (remarquons que x�i n'est d�e�nie qu'�a une 
onstanteadditive pr�es). La fon
tion x�i est harmonique sur �. On note alors X� : � ! R3l'appli
ation d�e�nie par les x�i .X� : �! R3 est alors une surfa
e minimale 
ar�x�k�z = �i�xk�z = �i�k (1.6)la fon
tion �x�k�z satisfait don
 les propri�et�es 1, 2 et 3 de la se
tion pr�e
�edente. Deplus, 
e 
al
ul prouve que les deux surfa
es sont lo
alement isom�etriques.Pour le 
as g�en�eral, on doit 
onsid�erer le revêtement universel de � pour d�e�nirX�, 
e
i nous donne :D�e�nition 1.1.5. Soit X : � ! R3 une surfa
e minimale, alors X� : e� ! R3 estappel�ee surfa
e minimale 
onjug�ee �a X(�) (e� d�esigne le revêtement universel de�). La surfa
e minimale 
onjugu�ee n'est d�e�nie qu'�a une translation pr�es.Si f et g sont les donn�ees de Weierstrass pour la surfa
e X(�), les donn�ees pourX�(�) sont �if et g. On 
onstate ainsi que la surfa
e originale et sa 
onjugu�ee ontla même appli
ation de Gauss.Si X : �! R3 , alors X s'�e
rit :Z (dx1; dx2; dx3) (1.7)



Chapitre 1. Les surfa
es minimales 5Aux di��erentielles dxk, on asso
ie des di��erentielles dx�k mais pour d�e�nir la primi-tive X� de 
elles-
i, nous devons passer, a priori, au revêtement universel e�. Main-tenant, on peut se demander si l'appli
ation X� n'est pas d�e�nie sur un revêtementinterm�ediaire, entre � et e�, voir même sur �. Pour 
ela on doit �etudier, pour lesla
ets 
 non triviaux de �, la valeur deZ
 (dx�1; dx�2; dx�3) (1.8)Si 
ette int�egrale est nulle, la d�e�nition deX� des
end �a un revêtement interm�ediaire.Si l'int�egrale est non-nulle, la surfa
e minimale 
onjugu�ee pr�esente alors une inva-rian
e par translation. Tout 
e probl�eme s'appelle le probl�eme de p�eriode et lesve
teurs donn�es par l'expression (1.8) sont appel�es les p�eriodes de X�(e�):1.1.4 Prin
ipes de r�e
exion de S
hwarzInt�eressons nous maintenant aux sym�etries apparaissant dans les surfa
es mini-males. Nous allons noter D le disque unit�e de C , D+ = fz 2 C j jzj < 1; =z > 0g,D� = fz 2 C j jzj < 1; =z < 0g et I = fz 2 C j jzj < 1; z 2 Rg. On a alors les deuxr�esultats suivants, appel�es prin
ipes de r�e
exion.Proposition 1.1.6. Soit X : D+ [ I ! R3 
ontinue telle que la restri
tion de X �aD+ soit une surfa
e minimale (i.e. X est harmonique, non 
onstante et 
onforme).On suppose que l'image de I par X est in
luse dans une droite L0 de R3 . Alors Xpeut être �etendue �a D par r�e
exion par rapport �a L0 ; X(D) est alors une surfa
eminimale. Pr�e
is�ement sur D�, X est d�e�nie par :X(z) := R(X(z)) (1.9)o�u R est la sym�etrie par rapport �a la droite L0.Proposition 1.1.7. Soit X : D+ [ I ! R3 C1 telle que la restri
tion de X �a D+soit une surfa
e minimale (i.e. X est harmonique, non 
onstante et 
onforme). Onsuppose que l'image de I par X est in
luse dans un plan P0 de R3 tel que X soitnormale �a P0 le long de I (la normale �a X en un point de I est in
luse dans P0).Alors X peut être �etendue �a D par r�e
exion par rapport �a P0 ; X(D) est alors unesurfa
e minimale. Pr�e
is�ement sur D�, X est d�e�nie par :X(z) := R(X(z)) (1.10)o�u R est la sym�etrie par rapport au plan P0.



6 1.1. Un peu de th�eorie g�en�eraleCes deux r�esultats nous disent sous quelles 
onditions on peut �etendre une surfa
eminimale au dela de son bord.La Proposition 1.1.6 permet, si on a une partie de droite dans le bord d'unesurfa
e minimale, d'�etendre 
ette surfa
e par r�e
exion par rapport �a 
ette droite.De même, la Proposition 1.1.7 permet, si le bord d'une surfa
e minimale est in
lusdans un plan et que la surfa
e arrive perpendi
ulairement au plan, d'�etendre lasurfa
e par r�e
exion par rapport au plan.Maintenant, si une surfa
e minimale poss�ede une telle sym�etrie, que se passe-t'il pour la surfa
e minimale 
onjugu�ee ? En fait, on montre que si une droite ouune partie de droite est in
luse dans une surfa
e minimale alors, dans la surfa
e
onjugu�ee, 
ette partie de droite 
orrespond �a une 
ourbe in
luse dans un plan P0le long de laquelle la surfa
e est normale �a P0. De même, si une surfa
e minimale� 
ontient une 
ourbe in
luse dans un plan le long de laquelle � est normale auplan alors �a 
ette 
ourbe 
orrespond, dans la surfa
e minimale 
onjugu�ee, �a unepartie de droite. Essentiellement, une surfa
e minimale est invariante par sym�etriepar rapport �a une droite si et seulement si la surfa
e minimale 
onjugu�ee est in-variante par une sym�etrie plane. De plus, l'appli
ation de Gauss �etant 
onserv�eepar passage �a la 
onjugu�ee, si une surfa
e minimale 
ontient une droite L0 alors la
ourbe 
orrespondante dans la surfa
e 
onjugu�ee est in
luse dans un plan qui estnormal �a L0.1.1.5 FluxOn va maintenant introduire une notion qui est utile dans la th�eorie des surfa
esminimales.Soit X : �! R3 une surfa
e minimale et 
 un la
et orient�e de �. On note � le
hoix d'une normale �a 
 dans X(�) (en g�en�eral on prend � la 
onormale, i.e. � esttelle que (N; 
0; �) est un tri�edre dire
t), on note alors :F lux(
) = Z
 �(s)ds (1.11)o�u s d�esigne l'abs
isse 
urviligne le long de 
. X(�) �etant minimale, F lux(
) ned�epend que de la 
lasse d'homologie du 
y
le 
. Par ailleurs, si dx�i d�esigne ladi��erentielle de la 
onjugu�ee de la fon
tion 
oordonn�ee xi, on a :F lux(
) = � Z
(dx�1; dx�2; dx�3) (1.12)On 
onstate don
 que le 
ux est li�e au probl�eme de p�eriode. On reviendra sur lanotion de 
ux dans la suite.



Chapitre 1. Les surfa
es minimales 71.1.6 ExemplesEn utilisant la repr�esentation de Weierstrass, on va pr�esenter quelques exemples
lassiques de surfa
es minimales.Le premier exemple 
onsiste �a prendre pour donn�ees de Weierstrass g(z) = 1et f(z) = 1 sur C , la surfa
e minimale que l'on obtient est le plan. Il s'agit del'exemple le plus simple que l'on puisse imaginer.Le deuxi�eme exemple que l'on 
onsid�ere est 
elui 
orrespondant aux donn�eesde Weierstrass g(z) = z et f(z) = �z sur C � ave
 � 2 R�+ . A priori, C � n'�etantpas simplement 
onnexe, il y a un probl�eme de p�eriode, on montre toutefois que lasurfa
e se referme bien. La surfa
e que l'on obtient s'appelle un 
at�eno��de (Figure1.1). En passant au revêtement universel de C � , on voit que 
e 
at�eno��de a pourdonn�ee de Weierstrass sur C , g(!) = exp(!) et f(!) = �. Ainsi on a le param�etragesuivant du 
at�enoide dans des 
oordonn�ees 
onformes :X(u; v) = 8><>:� 
osh(u) 
os(v)� 
osh(u) sin(v)�u (1.13)Les 
at�eno��des sont don
 les surfa
es de r�evolution d'�equation r = � 
osh( z�) (o�ur; �; z sont les 
oordonn�ees 
ylindriques). Il s'agit en fait des seules surfa
es minimalesde r�evolution.

Fig. 1.1 { Le 
at�eno��deLe dernier exemple que l'on va regarder est 
elui des h�eli
o��des (Figure 1.2), ils'agit des surfa
es 
onjugu�ees aux 
at�eno��des. Un param�etrage de 
es surfa
es dans



8 1.2. Surfa
es minimales �a 
ourbure totale �nie et probl�eme de Plateau �a l'in�nides 
oordonn�ees 
onformes est donn�e par :X(u; v) = 8><>:� sinh(u) 
os(v)� sinh(u) sin(v)�v (1.14)G�eom�etriquement, on peut d�e
rire 
es surfa
es par une droite horizontale passantpar l'axe verti
al d'�equation x = 0 = y que l'on fait monter en la tournant �a vitesse
onstante autour de 
et axe.

Fig. 1.2 { L'h�eli
o��deAve
 
ette des
ription, on 
onstate qu'un h�eli
o��de est une surfa
e r�egl�ee. Cettesurfa
e poss�ede don
 de nombreuses sym�etries d'apr�es les prin
ipes de r�e
exion deS
hwarz. Sur les 
at�eno��des, 
es sym�etries se traduisent par l'invarian
e par rotation.1.2 Surfa
es minimales �a 
ourbure totale �nie etprobl�eme de Plateau �a l'in�niDans 
ette se
tion, nous allons nous int�eresser aux surfa
es minimales X : �!R3 o�u X est une immersion propre et X(�) est 
ompl�ete.



Chapitre 1. Les surfa
es minimales 91.2.1 Stru
ture 
onformeD�e�nition 1.2.1. Soit X : �! R3 une surfa
e minimale. On dira que 
ette surfa
eest �a 
ourbure totale �nie si : � Z�KdA < +1 (1.15)o�u K d�esigne la 
ourbure se
tionnelle de X(�).On rappelle que pour une surfa
e minimale, la 
ourbure se
tionnelle K estn�egative en tout point.On a alors le r�esultat suivant qui pr�e
ise la stru
ture 
onforme de � sous l'hy-poth�ese de 
ourbure totale �nie.Th�eor�eme 1.2.2 (R. Osserman [Os2℄). Soit X : �! R3 une surfa
e minimalepropre et 
ompl�ete ave
 une 
ourbure totale �nie. Alors :1. il existe � une surfa
e de Riemann 
ompa
te et p1; : : : ; pr 2 � r points telsque � soit 
onforme �a �nfp1; : : : ; prg et2. l'appli
ation de Gauss N : � ! S2 s'�etend en une appli
ation m�eromorphe �a�.A titre d'exemple, le 
at�eno��de qui est de 
ourbure totale �4� satisfait les hy-poth�eses de 
e th�eor�eme. On sait que sa stru
ture 
onforme est 
elle de C � , 
'est-�a-dire la sph�ere de Riemann priv�ee de deux points.1.2.2 Comportement asymptotiqueSoit X : �! R3 une surfa
e minimale satisfaisant les hypoth�eses du Th�eor�eme1.2.2. L'immersion X �etant propre, le 
omportement asymptotique de la surfa
eest donn�e par les voisinages des points pi. On appelle alors bouts de la surfa
e lesimages par X des voisinages des points pi. Le 
omportement asymptotique de X(�)se d�e
ompose alors en r parties, 
haque partie est l'un des bouts. On va maintenantfaire une hypoth�ese suppl�ementaire sur la surfa
e pour assurer que le 
omportementdes bouts est simple : on suppose que les bouts sont plong�es.Par ailleurs, l'appli
ation de Gauss �etant m�eromorphe sur �, la normale ad-met une limite en 
haque point pi. On peut maintenant pr�e
iser le 
omportementasymptotique de X(�), on note D� le disque unit�e point�e.Th�eor�eme 1.2.3 (R. S
hoen [S
℄). Soit X : D� ! R3 un bout plong�e d'unesurfa
e minimale propre 
ompl�ete �a 
ourbure totale �nie. On suppose que la valeurde N en l'origine est (0; 0; 1). Alors, hors d'un 
ompa
t, X(D�) est un graphe (surun domaine ext�erieur du plan (x1; x2)) ave
 le 
omportement suivant :x3(x1; x2) = � ln(�) + � + ��2(
1x1 + 
2x2) +O(��2) (1.16)
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es minimales �a 
ourbure totale �nie et probl�eme de Plateau �a l'in�niave
 � =px21 + x22.Ce que dit 
e th�eor�eme, 
'est que 
haque bout de X(�) est asymptotique �a unbout de 
at�eno��de si � 6= 0 ou �a un plan si � = 0. On appelle � la 
roissan
e dubout.Sous les hypoth�eses du Th�eor�eme 1.2.2 et l'hypoth�ese de bouts plong�es, onpeut donner une expression de la 
ourbure totale (le 
al
ul est dû �a L.P. Jorgeet W.H. Meeks [JM℄), on a :Z�KdA = �4�(g + r � 1) (1.17)o�u g d�esigne le genre de la surfa
e de Riemann 
ompa
te �.Repla�
ons nous dans le 
adre du Th�eor�eme 1.2.3 . Si 
 est un g�en�erateur du�1(D�) et � d�esigne la normale dansX(D�) pointant vers la singularit�e, le d�eveloppementasymptotique (1.16) permet de 
al
uler le 
ux de 
 et on obtient (0; 0; 2��). Ainsipour un point pi et 
 un g�en�erateur du groupe fondamental du bout, le 
ux de 
que l'on appelle le 
ux du bout asso
i�e �a pi 
ontient presque toute l'informationsur le 
omportement asymptotique du bout lorsque 
e 
ux est non nul ; en e�et, on
onnâ�t la normale limite et la 
roissan
e du bout.Par ailleurs, si Vi d�esigne le 
ux du bout asso
i�e �a pi, on a la formule suivantequi traduit un 
ertain �equilibre sur l'ensemble du 
omportement asymptotique dela surfa
e : V1 + � � �+ Vr = 0 (1.18)1.2.3 Le probl�eme de Plateau �a l'in�niNous allons maintenant poser un probl�eme appel�e probl�eme de Plateau �a l'in�niqui est �etudi�e dans les 
hapitres 2 et 3.Le probl�eme de Plateau 
lassique 
onsiste �a d�eterminer une surfa
e d'aire mini-male pour un bord �x�e. La question que nous allons nous poser est de trouver unesurfa
e minimale ayant un 
omportement asymptotique pres
rit.Soit r et g deux entiers positifs, on 
onsid�ere v1; : : : ; vr, r ve
teurs unitaires de R3 ,et �1; : : : ; �r, r r�eels, tels que �1v1+ � � �+�rvr = 0. Le probl�eme de Plateau �a l'in�nipour 
es donn�ees est alors de trouver une surfa
e minimaleX : �gnfp1; :::; prg ! R3(�g est une surfa
e de Riemann 
ompa
te de genre g) qui soit propre, 
ompl�ete, �a
ourbure totale �nie et �a bouts plong�es et telle que vi soit la normale limite en piet �ivi soit le 
ux du bout asso
i�e �a pi. Une solution de 
e probl�eme est appel�ee unr-no��de.On peut trouver une �etude de 
e probl�eme pour le genre 0 dans l'arti
le deS. Kato, M. Umehara et K. Yamada [KUY℄.Notre �etude va porter sur le 
as o�u le r-no��de X(�) est Alexandrov-plong�e.
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es minimales 11D�e�nition 1.2.4. Soit X : � ! R3 une immersion propre, X(�) est Alexandrov-plong�ee si il existe W une vari�et�e de dimension 3 telle que � = �W et X s'�etendeen une immersion propre de W dans R3 .Sous 
ette hypoth�ese, les 
roissan
es �i des bouts sont n�e
essairement non-nulles.De plus, nous nous int�eresserons �a un 
as tr�es sym�etrique puisque nous supposeronsque les normales limites vi sont horizontales.Dans leur arti
le [CR℄, C. Cos��n et A. Ros �etudient le probl�eme de Plateau�a l'in�ni sous 
es hypoth�eses dans le 
as du genre 0. Leurs prin
ipaux r�esultatssont rappel�es dans les se
tions 2.5 et 3.2. Notre �etude vise tout d'abord �a donnerune nouvelle preuve du r�esultat de C. Cos��n et A. Ros que l'on peut quali�er de
onstru
tive. Par la suite, nous utiliserons nos id�ees pour �etudier le 
as du genre 1.Le point de d�epart est que, sous les hypoth�eses pr�e
is�ees 
i-dessus, une solutiondu probl�eme de Plateau �a l'in�ni est sym�etrique par rapport �a un plan horizontal.Ainsi, il suÆt de 
onstruire une moiti�e de la surfa
e. Le deuxi�eme point importantest que la surfa
e 
onjugu�ee �a 
ette moiti�e peut se voir alors 
omme le graphe d'unefon
tion au dessus d'un domaine relativement simple ; on 
onnâ�t de plus la valeursur le bord de 
ette fon
tion. La 
onstru
tion d'une solution du probl�eme de Plateau�a l'in�ni passe don
 par la r�esolution d'un probl�eme de Diri
hlet (voir se
tion 1.3.3) ;une partie de notre travail 
onsiste don
 en la 
onstru
tion de 
es graphes. Ces id�eesseront pr�e
is�ees dans les 
hapitres suivants.1.3 Les graphes minimauxComme nous venons de le dire les surfa
es minimales qui sont des graphes vontêtre, dans la suite, les surfa
es qui vont nous int�eresser. En fait, toute surfa
e im-merg�ee dans R3 est lo
alement le graphe d'une fon
tion au dessus d'un domainedu plan tangent, 
e point de vue est don
 tr�es g�en�eral. Nous allons don
 donner
ertains des prin
ipaux r�esultats sur les graphes de fon
tions qui sont des surfa
esminimales.1.3.1 L'�equation des surfa
es minimalesConsid�erons 
 � R2 un domaine du plan et u une fon
tion que l'on suppose deuxfois 
ontinûment d�erivable. Le graphe de u est une surfa
e immerg�ee de R3 et 
ettesurfa
e est une surfa
e minimale si la fon
tion u satisfait l'�equation des surfa
esminimales : div rup1 + jruj2! = 0 (ESM)
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 les notations 
lassiques ux = �u�x , uxx = �2u�x2 et autres, 
ette �equation ser�e�e
rit : (1 + u2y)uxx � 2uxuyuxy + (1 + u2x)uyy = 0Pr�e
isons d�es �a pr�esent que, dans la suite, nous noterons W =p1 + jruj2.L'�equation des surfa
es minimales (ESM) est une �equation aux d�eriv�ees par-tielles du se
ond ordre ; elle est non-lin�eaire et elliptique 
ar s'�e
rivant sous formedivergen
e (voir [GT℄). Ainsi les solutions de 
ette �equation h�eritent de toutes lespropri�et�es issues de la th�eorie des �equations aux d�eriv�ees partielles elliptiques.Par ailleurs, on sait que les fon
tions 
oordonn�ees sont harmoniques don
 ana-lytiques, on en d�eduit qu'une solution de (ESM) est une fon
tion analytique en(x; y).1.3.2 Estim�es et 
onvergen
e des suitesComme pour de nombreuses �equations aux d�eriv�ees partielles elliptiques, on peutestimer les d�eriv�ees des solutions de (ESM). Par exemple, on a :Proposition 1.3.1. Il existe une 
onstante positive C telle que, si u est une solutionpositive de (ESM) d�e�nie sur le disque x2 + y2 < R2, on ait :W (0) � C exp��u(0)2R � (1.19)Proposition 1.3.2. Il existe une 
onstante positive C telle que, si u est une solutionde (ESM) d�e�nie sur le disque x2 + y2 < R2, on ait :u2xx(0) + 2u2xy(0) + u2yy(0) � CR2W 4(0) (1.20)Il existe de nombreux autres estim�es pour les solutions de (ESM), on pourra ser�ef�erer �a l'arti
le de J.C.C. Nits
he [Ni1℄.Un des int�erêts de 
es r�esultats sont les di��erents th�eor�emes de 
ompa
it�e sur lessolutions de l'�equation des surfa
es minimales. Le prin
ipal r�esultat sur la 
onver-gen
e des suites de solutions de (ESM) est le suivant :Th�eor�eme 1.3.3. Soit (un) une suite de solutions de l'�equation des surfa
es mi-nimales d�e�nies sur un domaine 
 � R2 . On suppose que la suite (un) est uni-form�ement born�ee sur tout 
ompa
t K in
lus dans 
. Alors, il existe une sous-suitede (un) qui 
onverge vers u une solution de (ESM) pour la 
onvergen
e Ck uniformesur tout 
ompa
t et pour tout k 2 N.Ce th�eor�eme est un r�esultat important 
ar il est li�e �a la r�esolution du probl�emede Diri
hlet que nous allons �evoquer dans la partie suivante. Nous reviendrons par lasuite sur la 
onvergen
e des suites de solutions de l'�equation des surfa
es minimales.
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es minimales 131.3.3 Le probl�eme de Diri
hletLe probl�eme de Diri
hlet est le probl�eme naturel asso
i�e �a une �equation auxd�eriv�ees partielles, il s'agit de d�eterminer une solution u de l'�equation des surfa
esminimales sur un domaine 
 en se �xant la valeur de u le long du bord de 
. Ceprobl�eme pose deux questions importantes : 
elle de l'existen
e de la solution et 
ellede l'uni
it�e de 
elle-
i.Pour des domaines born�es, la r�eponse la plus g�en�erale fut apport�ee par H. Jenkinset J. Serrin [JS℄. Elle porte sur les domaines 
onvexes et des donn�ees au bord tr�esdiverses puisque les valeurs +1 et �1 sont autoris�ees.Tout d'abord nous allons donner un lemme qui pr�e
ise le type de donn�ees
onsid�er�ees dans le r�esultat de H. Jenkins et J. Serrin.Lemme 1.3.4 (Lemme de la ligne droite). On 
onsid�ere un domaine born�e 
in
lus dans un demi-plan d�elimit�e par une droite L. On note T = L \ �
 et Cla partie 
ompl�ementaire du bord. Alors pour tout 
ompa
t K � 
 [ C il existeune 
onstante N positive telle que, pour toute solution u de (ESM) sur 
 telle quem � u �M sur C, on ait :m�N � u �M +N sur K (1.21)Ce r�esultat, ave
 le Th�eor�eme 10:3 de [Os2℄, prouve qu'une solution u de l'�equationdes surfa
es minimales peut tendre vers +1 ou �1 le long d'un ar
 in
lus dans lebord d'un domaine 
 uniquement si 
et ar
 est re
tiligne.Fixons maintenant les notations pour donner le r�esultat de H. Jenkins et J. Serrin.Soit 
 un domaine 
onvexe born�e de R2 , on note alors A1; : : : ; Ak une famille desegments in
lus dans le bord de 
, B1 : : : ; Bl une deuxi�eme famille de segments in
lusdans le bord de 
. Les Aj (resp. Bj) 
orrespondent aux segments le long desquelsla donn�ee au bord sera +1 (resp. �1). On note C1; : : : ; Cn les ar
s 
omposant lereste du bord de 
. Par ailleurs, si P est un polygone in
lus dans 
 dont les sommetssont parmi les extr�emit�es des segments Aj et Bj, on note � la longueur totale dessegments Aj in
lus dans P , � la longueur totale des segments Bj in
lus dans P et 
le p�erim�etre de P . On peut maintenant donner le r�esultat de H. Jenkins et J. Serrin[JS℄ :Th�eor�eme 1.3.5. Soit 
 un domaine 
onvexe born�e de R2 muni des familles fAjg,fBjg et fCjg.Si la famille fCjg est non vide, il existe une solution de (ESM) sur 
 qui prendles valeurs +1 le long des Aj, �1 le long des Bj et toutes donn�ees 
ontinues lelong des Cj, si et seulement si :2� < 
 et 2� < 
 (�)
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lus dans 
 dont les sommets sont parmi les extr�emit�es desAj et Bj. De plus, si la solution existe, elle est unique.Si la famille fCjg est vide, une solution existe, si et seulement si :� = � (��)pour le polygone P = �
 et (�) est satisfaite pour tout autre polygone P in
lus dans
 dont les sommets sont parmi les extr�emit�es des Aj et Bj. De plus, si la solutionexiste, elle est unique �a l'ajout d'une 
onstante pr�es.Une premi�ere remarque que l'on peut faire est qu'au
une valeur n'est impos�eeaux extr�emit�es des ar
s. Toutefois, 
e r�esultat apporte une r�eponse 
ompl�ete auprobl�eme de Diri
hlet puisqu'il traite de l'existen
e et de l'uni
it�e de la solution.L'arti
le de H. Jenkins et J. Serrin 
ontient une g�en�eralisation de 
e r�esultat au
as non-
onvexe, en fait ils supposent juste que les ar
s Cj sont 
onvexes. Dansle 
hapitre 2, nous donnerons une nouvelle g�en�eralisation de 
e r�esultat. Tous 
esr�esultats traitent du 
as des domaines born�es, le 
as des domaines non-born�es estun probl�eme qui reste totalement ouvert ; on a tout de même des r�esultats partielset on sait entre autre que l'on perd, en g�en�eral, l'uni
it�e de la solution (voir [Co℄).Le probl�eme de l'uni
it�e est reli�e �a l'existen
e d'un prin
ipe de maximum. Pourles surfa
es minimales il existe di��erents prin
ipes du maximum ; pour les graphes,
elui-
i s'�e
rit de la fa�
on suivante :Proposition 1.3.6 (prin
ipe du maximum). Soient 
 un domaine born�e deR2 , u et v deux solutions sur 
 de l'�equation des surfa
es minimales. On supposeque lim(u� v) � 0 pour toute suite 
onvergeant vers un point du bord de 
. Alorsu� v � 0 sur tout 
.On trouvera une d�emonstration dans [Ni1℄.Il existe d'autres versions du prin
ipe du maximum, on peut, entre autre, adapterles hypoth�eses au 
adre d�e
rit dans le Th�eor�eme 1.3.5.1.3.4 Prin
ipe de r�e
exion de S
hwarzNous avons vu dans la se
tion 1.1.4, des r�esultats permettant d'�etendre des sur-fa
es minimales au travers de leur bord. Ces r�esultats se traduisent pour les graphesminimaux.Proposition 1.3.7. Soit 
 un domaine de R3 que l'on suppose in
lus dans fy � 0g.On suppose de plus qu'il existe T , un intervalle ouvert de fy = 0g, qui soit une partiedu bord de 
. Soit u une solution de l'�equation des surfa
es minimales sur 
 prenantune valeur 
 2 R le long de T , u s'�etend alors au domaine 
0 = f(x; y) 2 R2 j (x; y) 2
; (x; y) 2 T ou (x;�y) 2 
g en une solution v de (ESM) par v(x; y) = u(x; y) siy � 0 et v(x; y) = 2
� u(x;�y) si y � 0.
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es minimales 15Cette proposition peut aussi s'interpr�eter 
omme un r�esultat de r�egularit�e aubord du domaine de la solution u.1.3.5 La fon
tion 
onjugu�eeNous allons maintenant introduire un outil essentiel dans l'�etude des solutionsde (ESM). Consid�erons 
 un domaine de R2 et une solution u de l'�equation dessurfa
es minimales. Notons alors d	 la di��erentielle suivante :d	 = uxW dy � uyW dx (1.22)La fon
tion u �etant une solution de (ESM), la di��erentielle d	 est ferm�ee et d�e�nit,au moins lo
alement, une fon
tion 	.D�e�nition 1.3.8. La fon
tion 	 ainsi d�e�nie est appel�ee fon
tion 
onjugu�ee �a u.Tout d'abord, expliquons 
ette terminologie ; en fait, la di��erentielle d	 est ladi��erentielle de la 
onjugu�ee de la troisi�eme fon
tion 
oordonn�ee sur le graphe de uexprim�ee dans les variables x et y, don
 	 
orrespond �a la 
onjugu�ee de x3 exprim�eedans les variables x et y. Pr�e
isons juste que l'orientation sur le graphe qui estn�e
essaire pour d�e�nir la 
onjugu�ee est �x�ee en imposant que la normale �a la surfa
epointe vers le bas. Ce 
hoix d'orientation sera d'ailleurs 
elui que l'on fera toujourspour un graphe.Regardons maintenant les propri�et�es de la fon
tion 
onjugu�ee �a u. Tout d'abord,la fon
tion 	 n'est d�e�nie que lo
alement et �a une 
onstante pr�es, on parlera toutde même de la fon
tion 	 lorsqu'il n'y aura pas trop d'ambigu��t�e. On a :jr	j = pu2x + u2yW < 1 (1.23)Ainsi 	 est une fon
tion 1-Lips
hitzienne, don
 elle s'�etend de fa�
on 
ontinue au borddu domaine. Cal
uler 	 le long du bord est justement une question int�eressante eton a les deux r�esultats suivants :Lemme 1.3.9. Soit u une solution de (ESM) sur un domaine 
. On suppose queu est 
ontinue le long d'un ar
 
onvexe C appartenant au bord de 
. Alors :����ZC d	���� < jCj (1.24)o�u jCj d�esigne la longueur de l'ar
 C.



16 1.3. Les graphes minimauxLemme 1.3.10. Soit 
 un domaine de R2 bord�e en partie par un segment T orient�epar la normale sortante. Soit u une solution de (ESM) sur 
 tendant vers +1 entout point int�erieur au segment T . Alors :ZT d	 = jT j (1.25)On trouve la preuve de 
es deux r�esultats dans [JS℄.Nous reviendrons sur l'utilisation de la fon
tion 
onjugu�ee dans la partie 
onsa
r�ee�a la 
onvergen
e des suites de solutions de l'�equation des surfa
es minimales.1.3.6 ExemplesNous allons pr�esenter quelques exemples de solutions de l'�equation des surfa
esminimales.Tout d'abord illustrons le Th�eor�eme 1.3.5 grâ
e �a la surfa
e de S
herk (Figure1.3). On se pla
e sur le 
arr�e ℄� �2 ; �2 [2 et on 
onsid�ere la fon
tion d�e�nie par :u(x; y) = � ln(
os x) + ln(
os y) (1.26)On montre que u satisfait l'�equation des surfa
es minimales, en fait, 
ette solutionapparâ�t lorsque l'on 
her
he une solution �a variables s�epar�ees (i.e. qui s'�e
rit u1(x)+u2(y)). Pour ses valeurs au bord, on 
onstate que u prend la valeur +1 le long def��2g�℄ � �2 ; �2 [ et f�2g�℄ � �2 ; �2 [ et la valeur �1 le long de ℄ � �2 ; �2 [�f��2g et℄� �2 ; �2 [�f�2g. Sur le 
arr�e, les 
onditions du Th�eor�eme 1.3.5 sont don
 v�eri��ees.Par ailleurs, on 
onstate que le graphe de la fon
tion u, qui est appel�e surfa
ede S
herk, est bord�e par quatre droites verti
ales passant par les sommets du 
arr�e.Ainsi on peut �etendre la surfa
e de S
herk par des r�e
exions le long de 
es droites. Onobtient ainsi une surfa
e minimale doublement p�eriodique. Le fait qu'�a l'extr�emit�e
ommune d'un segment de type Aj et d'un segment de type Bj le graphe soit bord�epar une droite verti
ale est un fait g�en�eral, on d�emontrera 
e r�esultat dans le 
hapitre2. Nous allons maintenant donner un exemple de solution de (ESM) sur un domainenon born�e. Consid�erons 
 = R�+�℄� �2 ; �2 [ et u d�e�nie sur 
 par :u(x; y) = x tan y (1.27)Alors u est une solution de l'�equation des surfa
es minimales ; en fait, le graphe deu est un mor
eau d'h�eli
o��de (Figure 1.4) d'axe la droite d'�equation x = 0 = z. Lafon
tion u peut se voir 
omme la solution du probl�eme de Diri
hlet pour les donn�eesau bord : 0 sur f0g�℄� �2 ; �2 [, +1 sur R�+ � f�2g et �1 sur R�+ � f��2g.Dans la suite, les domaines que nous �etudieront seront de la forme suivante : unepartie 
ompa
te �a laquelle on 
olle des demi-bandes. Les donn�ees au bord qui nous



Chapitre 1. Les surfa
es minimales 17

+1+1
�1

�1
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Fig. 1.3 { La surfa
e de S
herkint�eresseront seront +1 le long d'un bord des demi-bandes et �1 le long de l'autre.Ainsi le dessin 
orrespondant �a 
e mor
eau d'h�eli
o��de repr�esente la situation quel'on ren
ontrera par la suite.1.4 Convergen
es des suites de solutions de (ESM)Nous allons 
onsa
rer 
ette derni�ere partie �a l'�etude de la 
onvergen
e des suites(un) de solutions de l'�equation des surfa
es minimales sur un domaine 
. Nous re-groupons en fait des r�esultats que nous d�emontrons dans la se
tion 2.4 et l'appendi
e3.8.1.4.1 Le domaine de 
onvergen
eNous 
onsid�erons (un) une suite de solutions de (ESM) d�e�nies sur un domaine
 � R2 . La question que l'on se pose est 
elle d'une �eventuelle 
onvergen
e d'unesous-suite de (un).Tout d'abord, remarquons que, si u est une solution de (ESM) alors pour (
n)une suite de r�eels, la suite d�e�nie par un = u + 
n est une suite de solutions de
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Fig. 1.4 { L'h�eli
o��de(ESM) qui ne 
onverge que si (
n) 
onverge. Nous allons don
 nous int�eresser auxsuites (un) �a translation verti
ale pr�es.Maintenant, si une suite (un) 
onverge, nous savons que la suite (Wn) qui 
ontrôlela norme du gradient doit rester born�ee. On a alors un premier r�esultat :Lemme 1.4.1. Soient 
 un domaine et (un) une suite de solutions de (ESM) sur
. Soit P 2 
 ; on suppose que la suite (Wn(P )) est born�ee par une 
onstante M .Alors il existe R > 0 qui d�epend seulement de M et de la distan
e de P �a �
 telque (Wn) soit born�ee par 2M sur le disque de 
entre P et de rayon R.Ce r�esultat est en fait le Lemme 2.4.1, on en trouve don
 la preuve dans la se
tion2.4. La preuve est essentiellement bas�ee sur l'estim�e donn�e par la Proposition 1.3.2.Nous posons alors la d�e�nition suivante :D�e�nition 1.4.2. Soit (un) une suite de solutions de (ESM) d�e�nie sur 
. On posealors : B(un) = fQ 2 
j (Wn(Q)) est born�eeg (1.28)B(un) est appel�e domaine de 
onvergen
e de la suite (un).Le Lemme 1.4.1 a deux 
ons�equen
es importantes sur le domaine de 
onvergen
ede (un). Tout d'abord, il implique que B(un) est un ouvert de 
. Par ailleurs, il
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es minimales 19implique que la suite (Wn) est uniform�ement born�ee sur tout 
ompa
t du domainede 
onvergen
e. Ainsi si P est un point de B(un) et C est la 
omposante 
onnexede B(un) 
ontenant P , il existe une sous-suite (un0 � un0(P )) qui 
onverge versune solution de l'�equation des surfa
es minimales sur C (la 
onvergen
e est 
elledu Th�eor�eme 1.3.3). Ce
i justi�e le nom donn�e �a B(un). Tout le probl�eme de la
onvergen
e se porte don
 sur la 
ompr�ehension de B(un) ou, plus pr�e
is�ement, deson 
ompl�ementaire.1.4.2 Les lignes de divergen
eConsid�erons P un point dans le 
ompl�ementaire du domaine de 
onvergen
e. Ilexiste alors une sous-suite (un0) telle que Wn0(P ) ! +1. Par ailleurs, la normaleau graphe de un au point (P; un(P )) nous est donn�ee par :Nn(P ) = �unx(P )Wn(P ) ; uny(P )Wn(P ) ;� 1Wn(P )� (1.29)unx est la d�eriv�ee de un par rapport �a x, on rappelle aussi le 
hoix de la normalepointant vers le bas. Nous pouvons don
 supposer que la normale Nn0(P ) 
onvergevers un ve
teur unitaire horizontal N . On a alors le r�esultat suivant :Th�eor�eme 1.4.3. Soient 
 un domaine de R2 et (un) une suite de solutions de(ESM) sur 
. Soit P 2 
 et N un ve
teur unitaire horizontal, on note L lag�eod�esique de 
 passant par P et normale �a N . Si la suite des normales (Nn(P ))
onverge vers N , alors (Nn(Q)) 
onverge vers N pour tout point Q de L.Pr�e
isons tout d'abord que la g�eod�esique L est juste la 
omposante 
onnexe
ontenant P de l'interse
tion de 
 ave
 la droite de R2 passant par P et normale�a N . Ce r�esultat est en fait le Th�eor�eme 2.4.3, la preuve est bas�ee sur le Th�eor�eme2.4.2 qui est un r�esultat lo
al.D�e�nition 1.4.4. Ave
 les notations 
i-dessus, si L est une g�eod�esique de 
 telleque (Nn0(Q)) 
onverge vers N pour tout point Q de L ave
 N un ve
teur unitairehorizontal et normal �a L, L est appel�ee une ligne de divergen
e de la suite (un). Ondira, de plus, que la sous-suite d'indi
e (n0) fait apparâ�tre la ligne de divergen
e L.On 
omprend maintenant le 
ompl�ementaire du domaine de 
onvergen
e, en e�et,si une sous-suite Nn0(Q) 
onverge vers un ve
teur horizontal, alors (Wn(Q)) est non-born�ee. Ainsi le 
ompl�ementaire de B(un) est l'union des lignes de divergen
e de(un).La 
onvergen
e de la normale le long d'une ligne de divergen
e se traduit surla suite (	n) des 
onjugu�ees des fon
tions un. Ainsi, 
onsid�erons L une ligne dedivergen
e ave
, par exemple, Nn0(Q)! N pour tout point Q de L et T un intervalle



20 1.4. Convergen
es des suites de solutions de (ESM)born�e de L orient�e par v un ve
teur dire
teur de la droite 
hoisi de telle fa�
on que(N; v) soit une base dire
te. On a alors :limn0!+1ZT d	n0 = jT j (1.30)D'une mani�ere g�en�erale, 
'est 
ette 
ara
t�erisation des lignes de divergen
e que l'onutilisera par la suite.1.4.3 Quelles lignes de divergen
e existent ?On vient de voir que l'�etude de la 
onvergen
e d'une suite (un) de solutions del'�equation des surfa
es minimales passe par la 
ompr�ehension des lignes de diver-gen
e qui lui sont asso
i�ees. La question qui se pose est, en fait, de 
omprendrequelles hypoth�eses sur la suite (un) permettent d'interdire �a telle ou telle ligne dedivergen
e d'apparâ�tre. Les lignes de divergen
e �etant des g�eod�esiques, elles ren-
ontrent le bord du domaine ou partent �eventuellement �a l'in�ni si le domaine estnon-born�e. Ce sont don
 des 
onditions sur les valeurs de un au bord que l'on vaimposer ; 
e type de 
ondition est naturel puisque l'�etude de la 
onvergen
e d'unesuite est un outil pour la r�esolution du probl�eme de Diri
hlet.Le premier r�esultat que l'on peut donner 
on
erne le 
as o�u les fon
tions unprennent toutes une valeur in�nie le long d'un segment du bord du domaine.Proposition 1.4.5. Soit (un) une suite de solutions de (ESM) sur ℄0; 1[2 telle que,pour tout n, la fon
tion un tende vers +1 le long de f1g�℄0; 1[. Alors, au
une lignede divergen
e de la suite (un) n'a le point (1; 12) pour extr�emit�e.Cette proposition nous dit qu'une ligne de divergen
e ne peut pas avoir pourextr�emit�e un point o�u la suite prend une valeur in�nie. Ce r�esultat est prouv�e dansl'appendi
e 3.8, il s'agit du Lemme 3.8.3. Int�eressons nous maintenant au 
as o�u lavaleur au bord est une 
onstante.Lemme 1.4.6. Consid�erons 
 un domaine dont une partie du bord C est re
tiligneet (un) une suite de solutions de (ESM) telle que un prenne la valeur 
n 2 R le longde C. Alors au
une ligne de divergen
e de la suite (un) n'a un point int�erieur �a Cpour extr�emit�e.D�emonstration. Supposons que L soit une ligne de divergen
e de la suite un ayantle point P 2 C pour extr�emit�e et, de plus, que Nn(Q)! N pour tout point Q 2 L(N est normal �a L). Quitte �a 
onsid�erer un voisinage de P et �a faire une homoth�etie,on peut supposer que le domaine 
 est D+ = f(x; y) 2 R2 j x2 + y2 < 1; y > 0g,C =℄� 1; 1[�f0g et P = (0; 0).
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es minimales 21La fon
tion un 
onverge vers 
n le long de C, don
, par r�e
exion de S
hwarz, onpeut �etendre un en une solution de (ESM) d�e�nie sur D = f(x; y) 2 R2 j x2 + y2 <1g. Maintenant pour un point Q de L, on a toujours Nn(Q) ! N don
 la lignede divergen
e L s'�etend �a tout le disque et Nn(0; 0) ! N . Par ailleurs, un �etant
onstante le long de l'axe des r�eels, la normale en l'origine a une premi�ere 
oordonn�eenulle. Ainsi le ve
teur limite N est (0;�1; 0) 
e qui est impossible puisque L estin
luse dans le demi-disque sup�erieur.On va g�en�eraliser 
e r�esultat �a d'autres donn�ees �nies sur le bord ; mais avant
ela nous devons pr�e
iser le 
omportement de la suite des graphes au dessus d'uneligne de divergen
e.Proposition 1.4.7. Consid�erons 
 un domaine, P un point de 
 et (un) une suitede solutions de (ESM). Supposons que Nn(P ) ! N ave
 N un ve
teur unitairehorizontal, on note 2R la distan
e de P au bord du domaine �
. Alors, si Dn(R)d�esigne le disque g�eod�esique du graphe de un de 
entre (P; un(P )) et de rayon R, lasuite (Dn(R)) 
onverge vers un disque plat de rayon R et normal �a N (la 
onvergen
ese fait �a translation verti
ale pr�es).D�emonstration. Tout d'abord, quitte �a restreindre le domaine et �a faire une ho-moth�etie, on peut supposer que 
 est le disque unitaire, que P en est le 
entre etque N = (1; 0; 0). On se trouve don
 dans la situation du Th�eor�eme 2.4.2, on vautiliser les mêmes outils que dans la preuve de 
elui-
i.Fixons 
ertaines notations, on pose pn = �un�x et qn = �un�y ; on peut alors d�e�nir�n : (x; y) 7! (�; �) ave
 �n(0; 0) = (0; 0) et :d� = �1 + 1 + p2nWn � dx + pnqnWn dy (1.31)d� = pnqnWn dx + �1 + 1 + q2nWn � dy (1.32)On sait que �n est un di��eomorphisme sur son image 
ar �n augmente les distan
eset que (�; �) sont des param�etres 
onformes pour le graphe de un. Finalement, on notegn(�+ i�) l'appli
ation de Gauss. Comme �n augmente les distan
es, l'image de �n
ontient le disque unitaire du plan des param�etres (�; �). Notre �etude va maintenantse restreindre �a 
e disque D. De plus, on sait, par hypoth�ese sur la normale, quela suite (gn) 
onverge vers 1 sur D (voir la d�emonstration du Th�eor�eme 2.4.2), la
onvergen
e est uniforme sur tout 
ompa
t du disque. Ce
i prouve que pour tout" > 0 et tout � < 1, si n est assez grand on a :pnWn > 1� " ; jqnjWn < " et 1Wn < " (1.33)
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es des suites de solutions de (ESM)sur ��1n (D(0; �)).On note (xn; yn) = ��1n sur le disque unit�e alors, si zn = un(xn; yn), (xn; yn; zn)sont les fon
tions 
oordonn�ees pour le graphe de un dans les param�etres 
onformes(�; �). On a alors : rxn = �Wn + 1 + q2nJnWn ;� pnqnJnWn� Æ (xn; yn) (1.34)ryn = �� pnqnJnWn ; Wn + 1 + p2nJnWn � Æ (xn; yn) (1.35)rzn = �Wnpn + pnJnWn ; Wnqn + qnJnWn � Æ (xn; yn) (1.36)ave
 Jn = det(d�n) = Wn + 2 + 1Wn . On en d�eduit que le fa
teur 
onforme dela m�etrique vaut JnWn . D'apr�es les �equations (1.33), le fa
teur 
onforme tend vers1 uniform�ement sur tout 
ompa
t du disque, don
 pour n assez grand le disqueg�eod�esique Dn(1=2) est in
lus dans la partie param�etr�ee par le disque de 
entrel'origine et de rayon 3=4 du plan ��. Les majorations (1.33) et les �equations (1.34),(1.35) et (1.36) montrent que rxn ! (0; 0), ryn ! (0; 1) et rzn ! (1; 0), les
onvergen
es sont uniformes sur le disque de rayon 3=4. Ce
i prouve que la suitedes disques g�eod�esiques Dn(1=2) 
onverge bien vers un disque plat normal �a N =(1; 0; 0).En utilisant 
e r�esultat, nous allons pouvoir d�emontrer le r�esultat suivant qui estune g�en�eralisation du Lemme 1.4.6 :Proposition 1.4.8. Soient 
 un domaine de R2 , C un ar
 
onvexe appartenant aubord de 
 et (fn) une suite de fon
tions 
ontinues d�e�nies sur C, on suppose que(fn) 
onverge uniform�ement vers f , une fon
tion 
ontinue sur C. Consid�erons (un)une suite de solutions de l'�equation des surfa
es minimales sur 
 telle un = fn lelong de C ; alors au
une ligne de divergen
e de la suite (un) n'a un point int�erieur�a C pour extr�emit�e.D�emonstration. Tout d'abord, d'apr�es le Lemme de la ligne droite 1.3.4 et l'estim�e(1.19), le r�esultat est vrai si C est stri
tement 
onvexe (i.e. ne 
ontient pas desegment).On supposera don
 maintenant que C est un segment. Supposons que L soit uneligne de divergen
e de la suite (un) ayant un point P int�erieur �a C pour extr�emit�e.Pour simpli�er, on supposera que Nn(Q)! N pour tout point de L. De même quedans le Lemme 1.4.6, quitte �a 
onsid�erer un voisinage de P et �a faire une homoth�etie,on peut supposer que 
 = D+, C =℄� 1; 1[�f0g et P = (0; 0).Consid�erons " > 0, il existe alors 0 < � < 1 tel que sur ℄��; �[�f0g, jf�f(P )j <". On pose alors, pour tout n 2 N , gn la fon
tion d�e�nie sur C par : sur ℄��; �[�f0g,
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es minimales 23gn = f(P ) et sur Cn℄ � �; �[�f0g, gn = fn. Alors en utilisant le Th�eor�eme 1.3.5,on d�e�nit sur D+ la solution vn de l'�equation des surfa
es minimales satisfaisantvn = gn le long de C et vn = un le long du reste du bord du domaine. La preuve
onsiste �a montrer que la suite vn admet L 
omme ligne de divergen
e 
e qui estimpossible d'apr�es le Lemme 1.4.6.Tout d'abord, 
onstatons que, pour n assez grand, on a fn � 2" < gn < fn + 2"ainsi, d'apr�es le prin
ipe du maximum, pour n assez grand :un � 2" < vn < un + 2" (1.37)Pour simpli�er, dans 
e qui suit, on supposera que 
es in�egalit�es sont satisfaitespour tout n. Le graphe de vn est ainsi 
ompris entre le translat�e de 2" vers le basdu graphe de un et son translat�e de 2" vers le haut.Fixons un pointQ appartenant �a la ligne de divergen
e L et notons 2R la distan
ede Q au bord de D+. Alors, grâ
e �a la Proposition 1.4.7, on 
onnait le 
omportementdu graphe de un au voisinage du point (Q; un(Q)). On �xe maintenant " de sorteque R > 4". Nous nous int�eressons au 
omportement des d�eriv�ees de vn au pointQ, tout se passe don
 �a une translation verti
ale pr�es ; nous supposons don
 queun(Q) = 0.Supposons tout d'abord que la suite (Wvn(Q)) soit born�ee, on a �2" < vn(Q) <2", don
 il existe une sous-suite vn0 qui 
onverge vers v sur un disque 
entr�e en Qet de rayon r. On a �2" � v(Q) � 2". Par ailleurs, le disque g�eod�esique du graphede un � 2" de rayon R et de 
entre (Q;�2") 
onverge vers le disque plat de 
entre(Q;�2") et de rayon R normal �a N . Comme R > 4", 
e disque et le graphe de vs'interse
tent transversalement et don
 pour n0 assez grand, les graphes de vn0 et deun0 � 2" s'interse
tent 
e qui est impossible d'apr�es (1.37).Si (Wvn(Q)) n'est pas born�ee, on peut supposer que la suite des normales auxgraphes de vn, (Nvn), v�eri�e Nvn0 ! N 0 ave
 N 0 un ve
teur unitaire horizontal. SiN 0 = �N alors L est une ligne de divergen
e pour la suite vn, la preuve est alors�nie. Montrons queN 0 6= �N est impossible. D'apr�es la Proposition 1.4.7, les disquesg�eod�esiques des graphes de vn0 de 
entre (Q; vn0(Q)) et de rayon R 
onvergent versun disque plat de rayon R, de 
entre (Q; t) (ave
 �2" � t � 2") et normal �a N 0.Ce disque plat interse
te transversalement le disque limite des disques g�eod�esiquesdes graphes de un � 2" de 
entre (Q;�2") et rayon R puisque N 0 6= �N et R > 4".Don
 pour n0 assez grand, les graphes de vn0 et un0 � 2" s'interse
tent, 
e qui estimpossible d'apr�es (1.37).Les propositions 1.4.5 et 1.4.8 permettent d'interdire dire
tement l'existen
e de
ertaines lignes de divergen
e. L'�etude du domaine de 
onvergen
e n�e
essite aussiparfois de 
omprendre le 
omportement d'une �eventuelle limite de la suite (un). Dans
ette dire
tion, on a le r�esultat suivant :
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es des suites de solutions de (ESM)Proposition 1.4.9. Soit (un) une suite de solutions de (ESM) sur ℄0; 1[2 telle que(un) 
onverge vers une solution u et telle que l'on soit dans l'un des deux 
as sui-vants :� pour tout n 2 N, la fon
tion un tend vers +1 sur f1g�℄0; 1[, ou,� pour tout n 2 N, la fon
tion un est la restri
tion �a ℄0; 1[2 d'une solution vn de(ESM) d�e�nie sur ℄0; 2[�℄0; 1[ et, pour tout y 2℄0; 1[, on a Nn(1; y)! (1; 0; 0).Alors, la fon
tion limite u tend vers +1 sur f1g�℄0; 1[.Il s'agit du Lemme 3.8.4.1.4.4 RemarquesNous avons �enon
�e les r�esultats 
i-dessus dans un 
ertain 
adre pour avoir une
ertaine unit�e dans les �enon
�es, nous allons maintenant donner quelques expli
ationssur 
ertains 
adres plus g�en�eraux o�u on peut les appliquer.Tout d'abord, il se peut que le domaine 
 de d�e�nition de la suite ne soit pas�xe. Don
 
onsid�erons la situation d'une suite de domaine (
n) et des solutions (un)de (ESM) d�e�nies sur 
n, on souhaite parler de la 
onvergen
e de la suite (un). Toutd'abord, si la suite de domaine est 
roissante, on peut appliquer les r�esultats desse
tions pr�e
�edentes sur le domaine limite qu'est la r�eunion des 
n. Lorsque la suiten'est pas 
roissante, il faut pouvoir donner un sens au domaine limite. Le domaineque l'on 
onsid�ere dans 
e 
as est l'int�erieur de la limite inf�erieure des 
n, 
'est-�a-dire qu'un point est dans 
et ensemble si il existe un voisinage de 
e point dansR2 qui est in
lus dans tous les 
n pour n assez grand. Pour 
e domaine limite onpeut alors appliquer les r�esultats sur les lignes de divergen
e. On peut, entre autre,adapter les propositions 1.4.5, 1.4.8 et 1.4.9 pour les appliquer dans 
e 
adre.La deuxieme remarque que l'on peut faire 
on
erne la g�en�eralisation de la notionde domaine. On verra dans les 
hapitres suivants que, pour traiter un nombre plusgrand de surfa
es minimales 
omme des graphes, on introduit la notion de multi-domaine : il s'agit essentiellement d'un espa
e qui est lo
alement un domaine de R2 .On �etudiera, sur 
es multi-domaines, les suites de solutions de l'�equation des surfa
esminimales. Pour faire 
ette �etude, on pourra alors utiliser les lignes de divergen
es(le Th�eor�eme 1.4.3 est d'ailleurs prouv�e dans le 
adre des multi-domaines).La derni�ere remarque que l'on va faire explique que les lignes de divergen
e�etudient plus la suite des d�eriv�ees de un que la suite (un) elle-même. Consid�eronssur un domaine 
 deux suites de fon
tions (pn) et (qn) satisfaisant :1. �pn�y = �qn�x et2. div (pn; qn)p1 + p2n + q2n .



Chapitre 1. Les surfa
es minimales 25La premi�ere �equation nous dit que, lo
alement, il existe une fon
tion un dont pnet qn sont les d�eriv�ees et la se
onde �equation nous dit que un satisfait (ESM). Onpeut alors mener l'�etude de la 
onvergen
e de la suite (pn; qn) 
omme 
elle dessolutions de (ESM) : on a un domaine de 
onvergen
e qui 
orrespond au point o�u(pn; qn) reste born�ee et, sur le domaine de 
onvergen
e, des sous-suites (pn0; qn0)
onvergeant vers (p; q) un 
ouple de fon
tions satisfaisant les deux �equations 
i-dessus. Le 
ompl�ementaire du domaine de 
onvergen
e 
orrespond �a des lignes dedivergen
e. Ce point de vue est int�eressant si le domaine 
 n'est pas simplement
onnexe, on peut ainsi �etudier la suite des d�eriv�ees même si 
elles-
i d�e�nissent unefon
tion multi-valu�ee sur le domaine.



26 1.4. Convergen
es des suites de solutions de (ESM)



Chapitre 2De nouveaux outils pour leprobl�eme de Diri
hlet et leprobl�eme de Plateau �a l'in�ni engenre 0Ce 
hapitre reprend un arti
le dont le titre original est <The Diri
hlet problemfor the minimal surfa
es equation and Plateau problem at in�nity> ; il apparâ�t dansla bibliographie �a la r�ef�eren
e [Ma1℄.Le but de 
e papier est de donner une nouvelle preuve d'un r�esultat donn�e parC. Cos��n et A. Ros [CR℄ qui aÆrme que si un polygone borde un disque immerg�ealors 
e polygone est le polygone de 
ux d'un r-no��de de genre 0 Alexandrov plong�e(Th�eor�eme 2.5.3). Un exemple d'un tel r-no��de est donn�e par la �gure 2.1, il s'agitd'un exemple 
onstruit par L.P. Jorge et W.H. Meeks [JM℄ (l'image est fournie parla bilioth�eque de surfa
es minimales de GRAPE [MSL℄). Pour r�esoudre 
e probl�eme,nous introduisons la notion de multi-domaine qui permet de traiter un plus grandnombre de surfa
es minimales en tant que graphes. Les deux r�esultats importantsde 
e papier sont le Th�eor�eme 2.3.2 qui pr�e
ise le 
omportement du graphe d'unesolution de (ESM) lorsque l'on passe de la donn�ee au bord +1 �a la donn�ee �1 etle Th�eor�eme 2.4.3 qui permet d'introduire la notion de ligne de divergen
e pour unesuite de solutions de l'�equation des surfa
es minimales.2.1 Introdu
tionOne 
lassi
al way to 
onstru
t minimal surfa
es in R3 is to see them as the graphof a fun
tion u over a domain 
 � R2 (see for example the paper of H. Kar
her[Ka℄). The graph of a fun
tion u is a minimal surfa
e if u satis�es the ellipti
 partial27



28 2.1. Introdu
tion

Fig. 2.1 { Un exemple de 3-no��dedi�erential equation 
alled the minimal surfa
es equation:div rup1 + jruj2! = 0 (MSE)The problem whi
h is asso
iated to this point of view is the Diri
hlet problem forthe equation (MSE): for a domain 
 and a fun
tion f on �
, this problem 
onsitsin �nding a 
ontinuous fun
tion u on 
 whi
h is a solution of the minimal surfa
esequation in 
 and su
h that u = f on the boundary of 
. One of the most generalanswers to the Diri
hlet problem for bounded domain has been given by H. Jenkinsand J. Serrin in [JS℄. They give a ni
e 
ondition on the domain to solve for anyfun
tion f ; moreover, their result allows us to give in�nite value for the boundarydata f . For unbounded domain, the Diri
hlet problem is still an open problem. Weknow that, in the general 
ase, we lose the uniqueness of solution. In this paper,using a new approa
h, we develop some tools for the study of this problem.An other interesting and still open problem 
on
erning minimal surfa
es is thePlateau problem at in�nity whi
h is the following: �nding a minimal surfa
e for agiven asymptoti
 behaviour. More pre
isely, we know that, if a 
omplete minimal
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hlet et le probl�eme de Plateau �al'in�ni en genre 0 29surfa
e has �nite total 
urvature and embedded ends, ea
h end of this minimalsurfa
e is asymptoti
 to a plane or to a half-
atenoid; besides, we 
an asso
iate toea
h end a ve
tor in R3 , this ve
tor is 
alled the 
ux ve
tor of the end. These ve
torssatisfy the following 
ondition: the sum of the 
ux ve
tors over all ends is zero. Sothe problem is: given a �nite number of ve
tors su
h that their sum is zero, 
an we�nd a minimal surfa
e whi
h has these ve
tors as 
ux ve
tors? Our answer 
omesfrom the following idea: seeing a solution of the Plateau problem at in�nity as the
onjugate surfa
e of a solution of the Diri
hlet problem on an unbounded domain.In [CR℄, C. Cos��n and A. Ros give a des
ription of the spa
e of solutions ofthe Plateau problem at in�nity with an asymptoti
 behaviour whi
h is symmetri
with respe
t to an horizontal plane (i.e. all the 
ux ve
tors are horizontal). Theyalso restri
t themselves to the 
ase of Alexandrov embedded minimal surfa
es; this
ondition implies that no 
ux ve
tor is zero and that there is a natural order on theends of the surfa
e. Sin
e the 
ux ve
tors are horizontal and their sum is zero, theseve
tors draw a polygon in R2 . C. Cos��n and A. Ros give a ne
essary and suÆ
ient
ondition on this polygon to have a solution. See se
tion 2.5, for more explanationsabout their work.In this paper, we give a more 
onstru
tive proof of the result of C. Cos��n andA. Ros. Our method is based on the Diri
hlet problem on an unbounded \domain"
. When the polygon given by the 
ux ve
tors is 
onvex, 
 
an be de�ned as thepolygonal domain bounded by the 
ux polygon to whi
h we glue a half-strip on ea
hedge. We note L+i and L�i+1 the two sides of ea
h half-strip Si, alternating the sign +and � su
h that ea
h vertex of the polygon is 
ommon to some L�i and L+i . Whenthe 
ux polygon is non-
onvex and satis�es the 
ondition of C. Cos��n and A. Ros,we need to use the 
on
ept of mutli-domain for de�ning 
 (see De�nition 2.2.1 forthis 
on
ept).Our main result for the Diri
hlet problem for this kind of domain 
 is then (seeTheorem 2.6.1):There exists a solution u of the minimal surfa
es equation on 
 su
h that u tendsto +1 on L+i and �1 on L�i . Besides, the solution is unique up to an additive
onstantThis statement is a new result for the Diri
hlet problem on unbounded domains thatare similar to the ones studied by H. Rosenberg and R. Sa-Earp in [RSE℄.The fun
tion u in this result is build as the limit of solutions of the Diri
hletproblem on bounded domain. We des
ribe the possible divergen
es that 
an o

urfor a sequen
e of solutions of (MSE). In fa
t, we prove that if the sequen
e divergesat a point, it must diverge along a line passing by this point. This result is ageneralization of the results that H. Jenkins and J. Serrin use in [JS℄. Our resultallows us to do the same dis
ussion that H. Jenkins and J. Serrin made in the
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tionparti
ular 
ase of monotone sequen
es of solutions of (MSE); this is our main toolsto prove the existen
e part of Theorem 2.6.1.The solution to the Plateau problem at in�nity is then the 
onjugate surfa
e tothe graph of u. In order to know the geometry of the 
onjugate surfa
e along itsboundary, we need to understand the behaviour of the graph in the neighborhoodof the verti
es of 
 whi
h are the verti
es of the polygon. Some results are knownfor su
h problem 
on
erning the Diri
hlet problem in the 
onvex 
ase. For example,
onsider f a data on the boundary of a domain 
, we suppose that f has a �nitedis
ontinuity at a point P where the boundary is 
onvex (i.e. we suppose that f(Q)has a limit if we tend to P by the right hand side or by the left hand side and thatthe di�eren
e of these two limits is �nite), then we know that the graph of a solutionu over 
 of the Diri
hlet problem with f as boundary value, has a verti
al segmentover P in its boundary, it was proved in [Ni2℄. In our 
ase, we 
an prove that theboundary of the graph is the verti
al straight line passing by the vertex ; althoughthe domain is lo
ally an angular se
tor that not need to be 
onvex and the boundarydata takes the values +1 on one side of the se
tor and �1 on the other side.The paper is organized as follows; in the �rst se
tion, we de�ne multi-domainsand extend the result of H. Jenkins and J. Serrin to bounded multi-domains. Themulti-domains are ne
essary to express the 
ondition of C. Cos��n and A. Ros. Thisresult will be our �rst tool in the proof of our main theorem.The se
ond se
tion is devoted to the proof of our result 
on
erning the boundarybehaviour of solutions of the Diri
hlet problem.In se
tion 2.4, we study the sequen
es of solutions of (MSE) and de�ne the linesof divergen
e.In se
tion 2.5, we explain the result of C. Cos��n and A. Ros, and re
all someelements of their proof. In the last se
tion, we give the proof of our main result. Wethen use it to give a new proof of the result of C. Cos��n and A. Ros.Let us �x some notations. In the following, when u is a fun
tion on a domainof R2 we shall note W = p1 + jruj2. We shall also use the 
lassi
al followingnotations for partial derivatives: p = �u�x , q = �u�y , r = �2u�x2 , s = �2u�x�y and t = �2u�y2 .Besides, for the graph of u, we shall always 
hose the downward pointing normal togive an orientation to the graph.In this paper, we shall 
all an extra
tion a stri
tly in
reasing fun
tion from N toN . If an is a sequen
e and � is an extra
tion, the sequen
e a�(n) is a subsequen
e ofan and every subsequen
e of an 
an be written in this way. If �1 is an extra
tion, weshall say that �2 is a sub-extra
tion of �1 if there exists an extra
tion � su
h that�2 = �1 Æ �.
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hlet et le probl�eme de Plateau �al'in�ni en genre 0 312.2 The Diri
hlet problem on multi-domainsIn this se
tion, we shall give a generalization of the results of H. Jenkins and J. Serrin[JS℄ for the Diri
hlet problem on bounded domain. First we have to generalizethe notion of domain of R2 . Let us 
onsider a pair (
; ') where 
 is a simply-
onne
ted 2-dimensional 
omplete 
at manifold with pie
ewise smooth boundaryand ' : 
 �! R2 is a lo
al isometry. The map ' is 
alled the developing map andthe points where the boundary �
 are not smooth are 
alled verti
es.De�nition 2.2.1. A pair (
; '), where 
 is a simply-
onne
ted 2-dimensional 
om-plete 
at manifold with pie
ewise smooth boundary and ' : 
 �! R2 is a lo
alisometry, is a multi-domain if ea
h 
onne
ted 
omponent of the smooth part of �
is a 
onvex ar
.If (
; ') is as above and a part of �
 is linear then we add two verti
es at theend points of this linear part and we 
all this new part an edge.Let (
; ') be a multi-domain, if u is a smooth fun
tion on 
 we shall 
all graphof u the surfa
e in R3 given by f('(x); u(x))gx2
. If u is a solution of the minimalsurfa
es equation (MSE), the graph of u is a minimal surfa
e of R3 . The Diri
hletproblem on multi-domain 
onsists in the determination of a fun
tion u satisfyingthe equation (MSE) on 
 and taking on assignated values on the boundary of 
.As in the 
ase of a domain in R2 , if u is a solution of (MSE) on 
, we 
ande�ne a di�erential form d	u on 
 whi
h 
orresponds to the di�erential of the third
oordinate of the 
onjugate surfa
e of the graph of u. In using the 
harts givenby the developing map ', we have d	u = pW dy � qW dx. d	u is a 
losed form by(MSE) and, sin
e 
 is simply 
onne
ted, we 
an de�ne a fun
tion 	u on 
 whi
his 1-Lips
hitz 
ontinuous, we 
all this fun
tion the 
onjugate fun
tion to u. Oneimportant result 
on
erning d	u is the following lemma.Lemma 2.2.2. Let 
 be a domain bounded in part by a straight segment T , orientedsu
h that the right hand normal to T is the outer normal to 
. Let u be a solutionof (MSE) in 
 whi
h assumes the boundary value +1 on T . ThenZT d	u = jT jThis is Lemma 4 in [JS℄. For other properties of 	u and d	u, we refer to thispaper.When 
 is 
ompa
t there is a �nite number of 
onne
ted 
omponents of thesmooth part of �
; let us 
all them C1; : : : ; Cn. When the data on the boundary isbounded, we have this result:
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hlet problem on multi-domainsTheorem 2.2.3. Let (
; ') be a 
ompa
t multi-domain with boundary ar
s C1; : : : ; Cnand let u1; : : : ; un be bounded 
ontinuous fun
tions respe
tively on C1; : : : ; Cn. Thenthere exists a unique solution u of the minimal surfa
es equation on 
 su
h thatujCi = ui.Proof. The proof of the uniqueness is a parti
ular 
ase of the proof of Theorem 2.2.5,so we make it later.The existen
e of the solution on multi-domain is due to a Perron pro
ess, let usre
all some elements of this method. If v is a 
ontinuous fun
tion on 
 and D is adisk in 
, we note by uv;D the solution of (MSE) in D whi
h takes the value v on�D. We also note MD[v℄ the 
ontinuous fun
tion whi
h 
oin
ides with v on 
nDand uv;D on D. Let u1; : : : ; un be the data on the boundary of 
; we say that v isa sub-solution of the Diri
hlet problem if v � ui on Ci and v � MD[v℄ for all disksD in 
. Sin
e the ui are bounded by a 
onstant M , the 
lass F of all sub-solutionsis non-empty: the 
onstant fun
tion �M is in; besides, ea
h sub-solution v veri�esv �M . So we 
an de�ne a fun
tion u by:8P 2 
 u(P ) = supv2F v(P ) (2.1)By standard argument, we 
an show that u is a solution of (MSE). Sin
e in ourde�nition of multi-domain we suppose that the boundary is lo
ally 
onvex, thereexist barrier fun
tions on the boundary (they are 
onstru
ted in using the S
herksurfa
e). So we 
an insure that u takes the value ui on Ci. For more details onPerron pro
ess, we 
an refer to the book of D. Gilbarg and N.S. Trudinger [GT℄or the one of R. Courant and D. Hilbert [CH℄ whi
h illustrate this method for the
lassi
al Lapla
ian Diri
hlet problem, there is also the book of J. C. C. Nits
he [Ni2℄whi
h studies the 
ase of the minimal surfa
es equation.The work of H. Jenkins and J. Serrin is to allow in�nite data on the boundary.By the Straight Line Lemma [JS℄, we know that in�nite data 
an only be allowedon linear parts of the boundary.De�nition 2.2.4. Let (
; ') be a multi-domain, a polygonal domain P of 
 is a
onne
ted 
ompa
t subset of 
 su
h that (P; ') is a multi-domain, the boundary ofP is only 
omposed of edges and the verti
es of P are drawn from the verti
es of 
.We want to solve the Diri
hlet problem with in�nite data so let us 
all A1; : : : ; Akand B1; : : : ; Bl the edges of 
 su
h that we assign the value +1 on Aj and �1 onBj. We 
all C1; : : : ; Cn the remaining ar
s on whi
h we assign 
ontinuous data.Let P be a polygonal domain of 
. We note, respe
tively, � and � the totallength of the edges Aj and the one of the edges Bj whi
h belong to the boundaryof P and we note 
 the perimeter of P. We then have the following generalizationof the result of H. Jenkins and J. Serrin.
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; ') be a 
ompa
t multi-domain with the families fAjg, fBjgand fCjg as above.If the familly fCjg is non-empty, then there exists a solution of the minimalsurfa
e equation in 
 whi
h assumes the value +1 on ea
h Aj, the value �1 onea
h Bj and arbitrarily assignated 
ontinuous data on ea
h Cj, if and only if2� < 
 and 2� < 
 (�)for ea
h polygonal domain P of 
. If a solution exists, it is unique.If the familly fCjg is empty, then a solution exists, if and only if� = �when P 
oin
ides with 
 and (�) holds for all other polygonal domains of 
. In this
ase, if a solution exists, it is unique up to an additive 
onstant.Proof. To prove the existen
e of a solution, we 
an use the same arguments than H.Jenkins and J. Serrin, so we refer to [JS℄.The proof of the uniqueness in [JS℄ works also but we give another proof whi
hwe 
an apply in other situations. Let u1 and u2 be di�erent solutions of (MSE)with the same data on the boundary. In the 
ase where the familly (Cj) is empty,we suppose that u1 � u2 is not 
onstant; besides, in 
onsidering ui � ui(P ) (whereP 2 
), we 
an assume that fu1 < u2g and fu1 > u2g are non-empty. In 
hoosingsuÆ
iently small " > 0, we have 
" = fu1 � u2 > "g 6= ;, besides the 
hoise of " issu
h that �
" is regular. We note d~	 = d	u1 � d	u2 , sin
e d~	 is 
losed, we haveZ�
" d~	 = 0. Be
ause u1 and u2 have the same data on the boundary, �
" does notinterse
t [jCj so �
" is 
omposed of three parts: one is in
luded in [jAj[[jBjon whi
h d~	 = 0 (this is a 
onsequen
e of Lemma 2.2.2), one is in
luded in 
 and alast part whi
h is 
omposed of some verti
es of 
 but its 
ontribution to the integralis zero. On the se
ond part, let us 
all it g�
", ru1 �ru2 points in 
", this part isthen oriented by the non-dire
t normal to ru1 �ru2 so, by Lemma 2 of P. Collinand R. Krust in [CK℄, Zg�
" d~	 < 0; this gives us a 
ontradi
tion.2.3 A result of regularity at the verti
esThe aim of this se
tion is to understand what geometri
ally happens at a vertex ofa multi-domain where two edges Aj and Bj 
onverge.For �1 < �2 and R > 0, we 
onsider:
�2�1(R) = f(r; �)j 0 � r � R; �1 � � � �2g
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eswith the metri
 ds2 = dr2 + r2d�2 (we identify all the points (0; �) and this pointwill be 
alled the vertex of 
�2�1(R)). We de�ne also on 
�2�1(R) the map ' : (r; �) 7!(r 
os �; r sin �). Then (
�2�1(R); ') is a multi-domain, it is a des
ription of a neigh-borhood of a vertex where two edges 
onverge. We 
all L(�) the set of points in
�2�1(R) su
h that � = �. We are interested in the geometri
al \
on�guration" ofthe graph of a solution u of (MSE) su
h that u tends to �1 on L(�2) and +1 onL(�1); su
h a solution u will be 
alled a solution of the problem P.The �rst thing we have to do to understand a solution u of the problem P isbeing able to bound the fun
tion u on ea
h radius L(�). Our arguments are basedon the 
omparison with the S
herk surfa
e.Let us 
onsider ABC an isos
eles triangle (jABj = jACj = R), we 
onsider thesolution w of the Diri
hlet problem on ABC su
h that w = 0 on [A;B℄ and [A;C℄and tends to +1 on [B;C℄; this fun
tion exists by Theorem 2.2.5. When ABC isright-angled w is the S
herk surfa
e, after dilatation, w is given by:w(x; y) = h(x; y) = � ln 
os x+ ln 
os y (2.2)In the general 
ase, the solution w will be 
alled a pseudo S
herk surfa
e.We shall use the S
herk surfa
e to 
ontrol solutions of the problem P. We �rst
onsider the 
ase where ABC is right-angled. In fa
t, a neighborhood of B inABC 
an be isometri
ally parametrized by 
0��4 (R) and h is a solution of (MSE)on 
0��4 (R) su
h that h = 0 on L(0), +1 on L(��4 ) and some positive fun
tion onthe third part of the boundary. Sin
e we have an expression for h we 
an see thath is uniformly bounded on 
0�(R) � 
0��4 (R) for every ��4 < � < 0.We do not suppose now that ABC is right-angled; but we suppose that the angleat the vertex A is greater than �2 . In this 
ase we 
an 
hoose a point A0 su
h thatA0BC is isos
eles and right-angled and A0BC 
ontains ABC. We 
onsider in ABCthe pseudo S
herk surfa
e w and h the S
herk surfa
e on A0BC; sin
e h is positive inA0BC, we have h > w. As above, a neighborhood of B in ABC 
an be isometri
allyparametrized by 
0�(R) with � < 0 and w 
an be seen as the solution of (MSE) on
0�(R) su
h that w = 0 on L(0), +1 on L(�) and some positive fun
tion on thethird part of the boundary. Sin
e w < h, w is uniformly bounded on 
0�(R) forevery � < � < 0.By our expression for h, there exists m 2 R su
h that h � m on [A;B℄ and[A;C℄. This proves that h � m � w in ABC. Then in our parametrization of aneighborhood of B, for every M 2 R there exist � su
h that w � M in 
��(R).Lemma 2.3.1. Let �1 < �2 and R > 0. We 
onsider a solution u of the problemP on 
�2�1(R). Then for every �1 < � < �2, there exist M and M 0 in R su
h thatu � M in 
�2� (R4 ) and u � M 0 on 
��1(R4 ). For every M 2 R, there exist � and �0in ℄�1; �2[ su
h that u � M in 
��1(R4 ) and u �M in 
�2�0 (R4 ).
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onsider �1 < �2 and R0 > 0. We 
onsider v the solution of theproblem P on 
�2�1(R0) su
h that v = 0 on the third part of the boundary; v existsbe
ause the hypotheses of Theorem 2.2.5 are ful�lled. The isometry of 
�2�1(R0)� Rde�ned by (r; �; z) 7! (r; �1+�2� �;�z) does not 
hange the boundary data so v isinvariant by this isometry be
ause of the uniqueness of su
h a solution. This provesthat v = 0 on L(�1+�22 ). Then, by maximum prin
iple, we have v > 0 between L(�1)and L(�1+�22 ) and v < 0 between L(�1+�22 ) and L(�2).Let us 
onsider �1 < � < �2. Let us prove that there exists a 
onstant Msu
h that v � M in 
�2� (R02 ). If � � �1+�22 , M = 0 works. We note e� = �1+�22 . Wesuppose � � e� then we take a suÆ
iently big n su
h that e���n � �4 and e���n � ���1.We note B the vertex of 
�2�1(R0). For k � 2n+ 1 we note �(k) = e� � k e�� �2n andfor k � 2n � 1 we note Ak the points of 
oordinates (R02 ; �(k)) and Ck the pointof se
ond 
oordinate �(k + 2) su
h that AkBCk is an isos
eles triangle at Ak (seeFigure 2.2). We have v = 0 on [B;A0℄ and v is bounded on [A0; C0℄, then, byadding a 
onstant, we 
an put a pseudo S
herk surfa
e above v over A0BC0. Thisproves that v is upper-bounded in 
�2�(1)(R02 ). Sin
e v is upper-bounded on [B;A1℄and [A1; C1℄, we 
an put a pseudo S
herk surfa
e above v over A1BC1 then v isbounded on 
�2�(2)(R02 ). We 
an do this for every k then we obtain that v is uniformlyupper-bounded on 
�2� (R02 ).With the same method, we 
an prove that there exists M 0 su
h that v �M 0 on
��1(R02 ).Let us now 
onsider our original problem. We have u and � and we want toprove the existen
e of M . We 
onsider �1 < �0 < �, sin
e u tends to �1 alongL(�2), there exists m su
h that u � m at all the points of 
oordinates (R2 ; �) with�0 � � < �2. We 
onsider on 
�2�0 (R2 ) the solution v that we have studied above, bymaximum prin
iple, we have u � v +m on 
�2�0 (R2 ). We then have the existen
e ofM be
ause of the result on v. We 
onstru
t M 0 in the same way.Let us now 
onsider u a solution of P and M 2 R. We 
onsider �1 < � < �2su
h that ���1 � �4 , we 
onsider the point A of 
oordinates (R2 ; �) and C the pointon L(�1) su
h that ABC is a isos
eles triangle (where B is the vertex of 
�2�1). Bywhat we have just proved, u is lower-bounded on [B;A℄ and [A;C℄ then we 
an puta pseudo S
herk surfa
e under u. The existen
e of � is due to the last remark thatwe made about pseudo S
herk surfa
esUsing this result, we 
an prove the following geometri
al result.Theorem 2.3.2. Let (
; ') be a multi-domain and P a vertex of 
 su
h that twoedges L1 and L2 have P as end point (L1 and L2 are enumerated with respe
t to theorientation). Let u be a solution of (MSE) on 
 su
h that u tends to �1 on L1and +1 on L2. We 
onsider 	u the 
onjugate fun
tion to u normalized su
h that
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A2n�1L(�1) L(�)C2n�1

L(�2)
A0A1A2 C0

C2

B

C1
Figure 2.2:	u(P ) = 0. Then, if 	u is non-negative in a neighborhood of P , the verti
al straightline passing through '(P ) is the boundary of the graph of u above a neighborhood ofP . First, we remark that, if Q is a point on L1 or L2, then 	u(Q) = jPQj � 0by Lemma 2.2.2. This proves that, if the angle at P is stri
tly less than �, thehypothesis on 	u is always veri�ed; so we have the result for a 
onvex 
orner.Proof. By a translation and a rotation, we 
an isometri
ally parametrized a neigh-borhood of P by 
0�(R) for � < 0 and R small enough. Then u 
an be seen as asolution of the problem P. We suppose that 	u � 0 in 
0�(R).First partFirst, we prove that there exists M1 2 R su
h that '(P )�℄ �1;M1[ is a partof the boundary of the graph. We take ��2 < � < 0, we suppose that � > �2 . Then
0�(R) � 
0�(R) 
an be parametrized by eu
lidean parameters (x; y), in fa
t 
0�(R)is embedded in R2 . The idea is to see the part of the graph whi
h is over 
0�(R) asa graph over the verti
al plane given by the equation y = 0. Let R0 < R2 , then for
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0�(R0) the nearest point from Q on �
 is on L1. If we take R0 small enoughand � su
h that tan� > �18 , then every point of 
0�(R0) veri�es the hypothesis ofLemma 1 in [JS℄. This lemma implies that, at every point of 
0�(R0), q = �u�y < 0.Using our eu
lidean parameters, we note, for (x; y) 2 
0�(R0), �(x; y) = (x; u(x; y)).We have: d� = 0� 1 0�u�x �u�y1ASin
e q < 0, this proves that � is a lo
al di�eomorphism. Sin
e u stri
tly de
reaseswhen y in
reases, � is inje
tive. By Lemma 2.3.1, we know that there exists K 2 Rsu
h that u � K on L(�), we put x1 = R0 
os�. We then have ℄0; x1[�℄ �1; K[��(
0�(R0)). We note � = ��1 on ℄0; x1[�℄ �1; K[; we then have y = �(2)(x; z) onthe graph of u (we note �(2) the se
ond 
oordinate fun
tion of �) then �(2) veri�es(MSE). When x �! 0, we have y = �(2)(x; z) �! 0, it is due to the shape of 
0�(R0).From Lemma 2.3.1, there exist � < �0 < 0 and r su
h that 
0�0(r) � im�. By resultsof boundary regularity, �(2) is regular at the boundary, a
tually we 
an extend �(2)by making a re
e
tion with respe
t to the axis fx = 0; y = 0g. We now show that apart of this axis is a part of the boundary of the whole graph. By Lemma 2.3.1, thereexistsM 0 su
h that u � M 0 in 
�0� (r). We noteM1 =M 0�1 < K; then if a sequen
eof points of the graph of u over 
0�(r) tends to a point of '(P )�℄�1;M1[, we have(x; y) in im� after a 
ertain rank. Then the graph of u over im� is a neighborhoodof '(P )�℄�1;M1[; as �(2) is regular through the boundary, '(P )�℄�1;M1[ is apart of the boundary.With the same arguments, we 
an show that there existsM2 su
h that '(P )�℄M2;+1[is a part of the boundary. Se
ond partThe �rst part proves that outside a 
ompa
t the graph of u has a good behaviourabove the point '(P ). Now, we prove that we 
an extend, by re
e
tion, this 
ompa
tpart through the veri
al straight line passing by '(P ).From what we have just done, there exist � < �2 < �1 < 0 su
h that the graphabove 
�2� (R) and 
0�1(R) is regular above P . We 
hoose M1 and M2 as in the �rstpart su
h that ('(P );M1) 2 �Graph(uj
0�1(R)) and ('(P );M2) 2 �Graph(uj
�2� (R)).We shall 
onstru
t a 
urve � as follow: we start from the point A1 = (0; 0;M1)((0; 0) = '(P )), we go down verti
ally to the point A2 = (0; 0;M1 � 1), then we goto some point A3 = (" 
os �; " sin �;M1�1) in following the level 
urve fu = M1�1g(we suppose " small and � > �1), we then follow the 
urvet 7! (" 
os t; " sin t; u(" 
os t; " sin t));
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eswe let t de
reases to some �0 < �2 su
h that u(" 
os �0; " sin �0) = M2 + 1 (we noteA4 the end point), following the level 
urve fu = M2 + 1g we go to the pointA5 = (0; 0;M2 + 1) and �nally we go down to the point A6 = (0; 0;M2). We 
ansmooth � at the points A2; A3; A4 and A5 su
h that A2 and A5 are always in thesmooth � and the new � is embedded in the graph of u. The verti
al proje
tion of� on 
0�(R) bounds a domain e
. We note � the graph of u above e
. Be
ause ofour 
hoi
e of �, � extends in a minimal surfa
e �0 through � (The only problem isthrough [A1; A2℄ and [A5; A6℄, but the �rst part says us that we 
an extend � throughthese two segments by symmetry). Be
ause � is a graph, � is simply 
onne
ted andits boundary is not empty; the same is true for �0. This remark says us that we have
onformal parametrization h1 : D �! �0 and h2 : D �! � (D is the unit disk). Weput eD = h�11 (�) and eh : eD �! D de�ned by eh = h�12 Æh1; eh is a biholomorphi
 map.As h�11 (�) is embedded in D, the property of S
h�on
ies is veri�ed at every point; by the Carath�eodory's Theorem, eh extends to an homeomorphism of eD [ h�11 (�)into D [ V where V is part of the boundary of D (for all this argument we refer toappendix 2.7). This proves that we 
an extend h2 in an homeomorphism ofD[V into� [ �. Let us 
onsider f : D �! D� (D� = f(x; y) 2 Dj y < 0g) a biholomorphi
map, then f extends to the boundary. Let us 
onsider the following points on �:A1:5 = (0; 0;M1� 0:5) and A5:5 = (0; 0;M2 +0:5). We note X = h2 ÆH Æ f�1 whereH is a Moebius transformation of the unit disk. We note Bi = X�1(Ai) for every i.Then, for a suitable 
hoi
e of H, we 
an have the situation des
ribed by Figure 2.3.B1:5B2
B4

B5B5:5

Figure 2.3:Let us show that X extends to the whole disk. We shall note x1; x2 and x3 the
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oordinates of X, this three fun
tions are harmoni
 sin
e � is minimal. Firstwe observe that x1 and x2 tend to 0 when z 2 D� tends to D0 = fz 2 Dj z 2 Rg,this is due to the shape of e
. Then, by S
hwarz re
e
tion prin
iple, x1 and x2extend to D in harmoni
 fun
tions. Let us 
onsider x�3 the harmoni
 
onjugate to x3on D�, we normalized x�3 by x�3(B2) = 0. By our 
hoi
e of normalization, for everyz 2 D�, we have 	u(X(z)) = x�3(z); this proves that x�3 tends to 0 when z tends toD0, we 
an extend x�3 by re
e
tion to D. By taking the 
onjugate fun
tion, we haveproved that x3 extends to D. We then have 
onstru
ted a minimal immersion X onD, then � extends through [A1; A6℄. This extention is given by the re
e
tion withrespe
t to [A1; A6℄. Third partThe last thing we have to show is that the minimal immersion X has no bran
hpoint. If it has a bran
h point then it must be on D0, sin
e, on the other part, thesurfa
e is a graph and then there is no bran
h point. Let z0 be a bran
h point, thenrx�3(z0) = 0. Sin
e x�3 is harmoni
, its lo
al behaviour is quite similar to the one of<(z�z0)p with p � 2 (in fa
t, in some holomorphi
 
hart we have x�3(z) = <(z�z0)p).This implies that there exists z in D� su
h that x�3(z) < 0, but this 
ontradi
ts ourhypothesis 	u � 0.We then have proved that there is no bran
h point so the verti
al straight linepassing by '(P ) is the boundary of the graph.Remark 2.3.3. We 
an remark that in the �rst two parts we do not use thehypothesis on 	u. So in su
h a situation we 
an always extend the graph by makinga re
e
tion with respe
t to the verti
al axis. But what we obtain is a minimalsurfa
e with, may be, a �nite number of bran
h points on the verti
al axis.Remark 2.3.4. We 
an make an other remark. If we 
onsider a vertex P , twoedges L1 and L2 having P as end point, and u su
h that u assumes the data +1(or �1) on L1 and L2, the hypothesis on 	u did not have any more sense and theangle at the vertex P must be greater than �. But we 
an always apply the two�rst parts of the proof. The only problem is that we need a result similar to Lemma2.3.1; this is given by Theorem 10.3 in [Os2℄. So we 
an aÆrm that on the boundaryof the graph of u we have a half straight line with a �nite number of bran
h points.Obviously, we must have a bran
h point at the end point of the half straight line.2.4 Convergen
e and divergen
e of sequen
e ofsolutions of (MSE)In this se
tion we shall explain what we 
an say when we have a sequen
e (un) ofsolutions of (MSE) about its 
onvergen
e: 
an we make 
onverge a subsequen
e by
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e and divergen
e of sequen
e of solutions of (MSE)some 
ompa
tness result? What are the di�erent ways of divergen
e? In [JS℄, itis shown that for a monotone sequen
e, it appears lines whi
h separate domains of
onvergen
e and domains of divergen
e (this works only for subsequen
e). We shallshow that su
h lines always appear (Theorem 2.4.3).First, we have to determine the domain on whi
h we 
an make 
onverge a se-quen
e, sin
e ea
h surfa
e is a graph, if we want the limit to be a graph, the normalto the surfa
e needs to stay 
lose by the verti
al unit ve
tor and then Wn have tobe bounded. We have then the following lemma.Lemma 2.4.1 (Lemma 1.4.1). Let 
 be a domain and (un) a sequen
e of solutionsof (MSE) on 
. Let P 2 
; we suppose that Wn(P ) is bounded by a 
onstant M ;then there exists R > 0 whi
h depends only of M and the distan
e of P to �
 su
hthat Wn is bounded by 2M on the disk of 
enter P and radius R.Proof. We �x an index n. We know (see [Ni1℄) that there exists a 
onstant 
 su
hthat if u is a solution of (MSE) on the disk f(x; y)j x2 + y2 < R2g we have:r2(0) + 2s2(0) + t2(0) � 
R2W 4(0) (2.3)Let R be su
h that 2R = d(P; �
) then, for all Q in D(P;R), the above equationgives r2(Q) + 2s2(Q) + t2(Q) � 
R2W 4(Q). We have rW = (rp+ sqW ; sp+ tqW ), so,in D(P;R), we have jjrW jj � eCW 2 with eC whi
h depends only of R. Let z be thefun
tion su
h that z(0) = M and z0 = eCz2, z is de�ned on [0; 1M eC [ by:1M � 1z = eCr (2.4)Be
ause of our estimate on jjrW jj, we have, in polar 
oordinates, W (r; �) � z(r).Then W is bounded by 2M on D(P;min(R; 12M eC )).Let (un) be a sequen
e of solutions of (MSE) on a domain 
. We then de�neB(un) as the set of the point Q 2 
 su
h that (Wn(Q)) is bounded. Lemma 2.4.1says us that B(un) is an open set and thatWn is uniformly bounded on ea
h 
ompa
tin
lued in B(un). Then if D is a 
onne
ted 
omponent of B(un) and P 2 D thereexists an extra
tion � su
h that u�(n)�u�(n)(P ) 
onverges uniformly on ea
h 
ompa
tof D to a solution u of (MSE); here, we use some 
lassi
al 
ompa
tness results (see[Ni1℄). This proves that the divergen
e of the sequen
e is due to the behaviour ofthe sequen
e over 
nB(un).If P 2 
nB(un), there exists a subsequen
e un0 su
h that Wn0(P ) �! +1. Asthe normal Nn to the graph at (P; un(P )) is given by:Nn(P ) = � pnWn (P ); qnWn (P );� 1Wn (P )� (2.5)



Chapitre 2. De nouveaux outils pour le probl�eme de Diri
hlet et le probl�eme de Plateau �al'in�ni en genre 0 41we 
an suppose that Nn0(P ) 
onverges to an horizontal unit ve
tor. The followingtheorem des
ribes what lo
ally happens.Theorem 2.4.2. Let r be positive. Let (un) be a sequen
e of solutions of (MSE) onthe disk D(0; r). We suppose that Nn(0) 
onverges to (1; 0; 0). Let � 2℄0; 1[, thenthere exists an extra
tion � su
h that N�(n) 
onverges to (1; 0; 0) at almost everypoint of f0g � [��r; �r℄.Proof. Let n 2 N , we know (see [Os2℄ and [JS℄) that there exists �n : (x; y) 7! (�; �)with �n(0; 0) = (0; 0) and:d� = �1 + 1 + p2nWn � dx + pnqnWn dy (2.6)d� = pnqnWn dx + �1 + 1 + q2nWm � dy (2.7)We know that �n in
reases distan
e so it is bije
tive on its image. This image
ontains the disk of 
enter (0; 0) and radius r. Besides, we know that (�; �) are
onformal parameters for the graph of un. On the �� disk D(0; r) we then have theGauss map gn(� + i�) whi
h 
orresponds to the stereographi
 proje
tion of Nn; gnis holomorphi
. We note zn = gn(0), by hypothesis we have zn �! 1. We notez = � + i�; by our 
hoi
e of normal gn : D(0; r) �! D(0; 1), then there existshn : D(0; r) �! D(0; 1) holomorphi
 with hn(0) = 0 su
h that:gn(z) = hn(z) + zn1 + znhn(z) (2.8)Sin
e zn �! 1, the sequen
e of holomorphi
 fun
tions z 7�! z + zn1 + znz 
onvergessimply to 1 on D(0; 1) and uniformly on the disk D(0; �) for all � < 1. Butby S
hwarz Lemma, we have, for all n 2 N , hn�D(0; �r)� � D(0; �), we then haveuniform 
onvergen
e of gn to 1 on D(0; �r). In using (2.5), this proves that for every", if n is big enough, we 
an say that: pnWn � 1� " and jqnjWn � " in ��1n (D(0; �r)).So to 
on
lude, we need to understand the shape of ��1n (D(0; �r)); we shall see thatthese sets are 
on
entrating along the segment f0g � [��r; �r℄.For all n 2 N , we 
onsider, in the �� disk, the path 
n :℄�r; r[�! D(0; r) de�nedby 
n(0) = 0 and 
0n = rynjjrynjj where yn is the se
ond 
oordinate of ��1n . We have(see [Os2℄): ryn = �� pnqnJnWn ; Wn + 1 + p2nJnWn � (2.9)where Jn = det(d�n) = Wn + 2 + 1Wn .Be
ause (2.5), ryn 
onverges uniformly to(0; 1) on the disk D(0; �r) for all � < 1.



42 2.4. Convergen
e and divergen
e of sequen
e of solutions of (MSE)Let � 2℄0; 1[, we note A� and B� the points in the xy-disk D(0; r) of respe
tive
oordinates (0;��r) and (0; �r). In the following, we prove that Z[A�;B�℄ d	un �!2�r.Let e� > �, then for n big enough, we have jjrynjj > �e� in D(0; e�r). Be
ause,for t 2 [�e�r; e�r℄, 
n(t) 2 D(0; e�r), there exists e�r � tn0 < tn1 � e�r su
h thatyn(
n(tn0 )) = ��r and yn(
n(tn1 )) = �r. Along [tn0 ; tn1 ℄, yn Æ 
n in
reases stri
tlyfrom ��r to �r, then the path �n = ��1n Æ 
n on [tn0 ; tn1 ℄ 
an be parametrizedby y 2 [��r; �r℄: we have a fun
tion fn on [��r; �r℄ su
h that for t 2 [tn0 ; tn1 ℄xn(
n(t)) = fn�yn(
n(t))�. We have:jxn Æ 
n(t)j � ����Z t0 j(xn Æ 
n)0(u)jdu����� ����Z t0 jjrxnjj(
n(u))du���� = �����Z t0 � 1 + q2n(1 +Wn)2� 12 (�n(u))du����� (2.10)
(for the last equality see [Os2℄), then for n big enough jxn Æ 
nj on [tn0 ; tn1 ℄ 
an bebounded by a 
onstant uniformly small; this is due to the fa
t that jqnjWn � " for bign. We then have proved that the path �n is 
lose by the segment [A�; B�℄ for big n.Let us now 
al
ulate Z�n d	un. We have:Z�n pnWndy � qnWndx = Z �r��r � pnWn (fn(y); y)� qnWn (fn(y); y)f 0n(y)�dy (2.11)
We have jf 0n�yn(
n(t))�j � jjrxnjjjjrynjj (
n(t)) �! 0, the 
onvergen
e is uniform so f 0ntends uniformly to 0 on [��r; �r℄. This proves that Z�n d	un �! 2�rLet us 
onsider the path f�n whi
h 
onsists on the segment [A�; B�℄, then thesegment [B�;�(tn1 )℄, then ��n, then, �nally, the segment [�n(tn0 ); A�℄. Let " > 0,for n big enough, we 
an suppose that Z�n d	un � 2�r � " and � 1 + q2n(1 +Wn)2� 12 � "
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losed Zf�n d	un = 0; we then have:2�r � Z[A�;B�℄ d	un = � Z[B�;�(tn1 )℄ d	un � Z��n d	un � Z[�n(tn0 );A�℄ d	un� Z�n d	un � jxn�
(tn1 )�j � jxn�
(tn0 )�j� 2�r � "� "jtn1 j � "jtn0 j� 2�r � "(1 + 2e�r) (2.12)
This proves that Z[A�;B�℄ d	un �! 2�r. We have Z[A�;B�℄ d	un = Z[A�;B�℄ pnWndy.Be
ause pnWn � 1, the pre
eding equalities prove that pnWn 
onverges to 1 in L1([A�; B�℄).Then there exists an extra
tion � su
h that p�(n)W�(n) 
onverges simply to 1 at almostevery point in [A�; B�℄; thus the proposition is proved.This theorem gives us a lo
al result and we have the following global resultTheorem 2.4.3 (Theorem 1.4.3). Let (
; ') be a multi-domain. Let (un) be asequen
e of solutions of (MSE) on 
. Let P 2 
 and N a unit horizontal ve
torand D the geodesi
 of 
 passing at P and normal to N . If the sequen
e (Nn(P ))
onverges to N , then Nn(Q) 
onverges to N at every point of D.As 
 is lo
ally isometri
 to R2 , we have allowed us to 
allN the parallel transportof N along D.Proof. We �rst get a parametrization of D by ar
-length with P as origin-point;then D is parametrized by ℄a; b[, ℄�1; b[; ℄a;+1[ or ℄�1;+1[, we shall supposethat we are in the 
ase ℄a;+1[ (the other 
ases are similar). We then 
onsider theset F of t 2 R�+ su
h, if �1 is an extra
tion, there exists a sub-extra
tion �2 su
hthat N�2(n)(Q) 
onverge to N at almost every Q of the part of D parametrized by℄a + jajt + 1 ; t[ (a < 0). Let us prove that F = R�+ . First, we observe that, if t1 2 Fand t2 < t1, t2 2 F . From Theorem 2.4.2, there exists t > 0 su
h that t 2 F . Lett0 = supF and suppose that t0 < +1. We 
onsider P1 and P2 the points on Dparametrized by a + jaj1 + t0 and t0. We 
hoose R > 0 su
h that D(Pi; R) � 
 fori = 1; 2. Let �1 be an extra
tion. Sin
e t0 = supF , there exist Q1 2 D(P1; R3 ) \D,Q2 2 D(P2; R3 ) \D and a sub-extra
tion �2 su
h that N�2(n) 
onverges to N at Q1and Q2. We have D(Qi; 2R3 ) � 
, we then apply Theorem 2.4.2 to points Q1 andQ2 with � = 34 . We then have a sub-extra
tion �3 su
h that N�3 
onverges to N at
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e and divergen
e of sequen
e of solutions of (MSE)almost every point of D(Qi; R2 ) \ D for i = 1; 2; this proves that t0 is not supF ,be
ause N�3 
onverges to N at almost every point of the part of D parametrized byan open interval that 
ontains the segment [a+ jajt0 + 1 ; t0℄.By a standard diagonal pro
ess, we 
an then 
onstru
t an extra
tion � su
h thatN�(n) 
onverges to N at almost every point ofD. Let Q be inD and we 
onsider N 0 a
luster point of the sequen
e N�(n)(Q), if the third 
oordinate of N 0 is negative thenthere exists a sub-extra
tion �0 su
h thatW�0(n)(Q) is bounded but this is impossiblesin
e, by Lemma 2.4.1, W�0(n) would be bounded in a neighborhood of Q and W�(n)diverges at almost every point of D. Thus the third 
oordinate of N 0 is 0; if N 0 6= N ,applying what we have already proved, it appears a se
ond geodesi
 D0 passing byQ normal to N 0 and an extra
tion �0 su
h that N�0(n) 
onverges to N 0 at almostevery point of D0. We parametrized D and D0 by ar
-length in using the orientationgiven by the dire
t normal to N and N 0, we 
hoose Q as origin point. Let " > 0;we note A the point on D of 
oordinate �" and B the point on D0 of 
oordinate ".For " small enough, the triangle AQB is in 
 and then ZAQB d	u�0(n) = 0. We let ntends to +1 and then obtain jACj + jBCj � jABj whi
h 
ontradi
ts the triangleinequality. We then have proved that N�(n) 
onverges to N at every point of D. Wethen have proved that for every extra
tion � we 
an 
onstru
t a sub-extra
tion �0su
h that N�0(n) 
onverges to N at every point of DTo �nish the proof, we take a point Q in D and suppose that N�(n)(Q) 
onvergeto N 0 with � an extra
tion. Sin
e N�(n)(P ) �! N , there exists a sub-extra
tion�0 su
h that N�0(n) 
onverges to N at every point of D, in parti
ular at Q, thenN = N 0.
Remark 2.4.4. We then understand the stru
ture of the 
omplementary of B(un),it is a set of geodesi
s of 
; one of these geodesi
s will be 
alled a line of divergen
e.Then when we have a sequen
e of solutions of (MSE), the problem of the 
onvergen
eof the sequen
e is linked to the understanding of: whi
h lines of divergen
e arepossible? The answer is, in general, given by the behaviour at the boundary. Theexisten
e of su
h lines will permit us to use arguments that are similar to the onesused by H. Jenkins and J. Serrin in [JS℄.The behaviour of the normal along a line of divergen
e says us that the limit ofZT d	un, where T is a segment of a line of divergen
e with the orientation given bythe limit normal, is jT j. In the following, we shall draw this limit normal on the�gures to explain our arguments.



Chapitre 2. De nouveaux outils pour le probl�eme de Diri
hlet et le probl�eme de Plateau �al'in�ni en genre 0 452.5 The Plateau problem at in�nityIn this se
tion, we explain the problem studied by C. Cos��n and A. Ros in [CR℄ andgive the main results of their paper with some elements of proofs.Let M be a 
omplete minimal surfa
e with �nite total 
urvature in R3 ; we knowthat M is isometri
 to a 
ompa
t Riemann surfa
e minus a �nite number of points(we 
an refer to [Os2℄). M then has a �nite number of annular ends; when these endsare embedded they are asymptoti
 either to a half-
atenoid or to a plane. A properlyimmersed minimal surfa
e with r embedded ends will be 
alled a r-noid. We 
anasso
iate to ea
h end a ve
tor whi
h 
ara
terizes the dire
tion and the growth ofthe asymptoti
 half-
atenoid (when the end is asymptoti
 to a plane this ve
tor iszero); this ve
tor is 
alled the 
ux of the end (for a pre
ise de�nition of the 
uxsee [HK℄). If v1; : : : ; vr are the 
uxes at ea
h end, we have the following balan
ing
ondition: v1 + � � �+ vr = 0 (2.13)This 
ondition tells us that the total 
ux of the system vanishes. If v1; : : : ; vr areve
tors in R3 su
h that (2.13) is veri�ed and g is a non-negative integer, the Plateauproblem at in�nity for these data is to �nd an r-noid of genus g whi
h has v1; : : : ; vras 
uxes at its ends.Let  :M �! R3 be an r-noid. M is 
onformally equivalent to a 
ompa
t surfa
eM minus a �nite number of points p1; : : : ; pr. We will say that M is Alexandrov-embedded if M bounds a 
ompa
t 3-manifold 
 and the immersion  extends to aproper lo
al di�eomorphism f : 
nfp1; : : : ; prg �! R3 . An Alexandrov-embeddedsurfa
e has a 
anoni
al orientation; we 
hoose the Gauss map to be the outwardpointing normal. An Alexandrov-embedded r-noid 
an not have a planar end (see[CR℄). We 
all Mr the spa
e of Alexandrov-embedded r-noids of genus 0 andr horizontal 
atenoidal ends. We identify two elements in Mr whi
h di�er by atranslation. In [CR℄, C. Cos��n and A. Ros give a ni
e des
ription of the spa
e Mr.Let  : M �! R3 be a non
at immersion of a 
onne
ted orientable surfa
e Mand � be a plane in R3 , normalized to be fx3 = 0g. We note by S the Eu
lidieansymmetry with respe
t to � and 
onsider the subsets:M+ = fp 2M jx3(p) > 0gM� = fp 2M jx3(p) < 0gM0 = fp 2M jx3(p) = 0gWith these notation we have:De�nition 2.5.1. We shall say that M is strongly symmetri
 with respe
t to � if� There exists an isometri
 involution s :M �!M su
h that  Æ s = S Æ  .



46 2.5. The Plateau problem at in�nity� fp 2M js(p) = pg = M0.� The third 
oordinate N3 of the Gauss map ofM takes positive (resp. negative)values on M+ (resp. M�).In [CR℄, C. Cos��n and A. Ros proveProposition 2.5.2. Let M be an r-noid with horizontal ends. Then M is stronglysymmetri
 with respe
t to an horizontal plane if and only if M is Alexandrov-embedded.We then use the notion of strong symmetry to study Mr; in the following,we always suppose that the plane of strong symmetry is the plane fx3 = 0g. IfM 2 Mr, s extends to M = C , the involution s is z 7! 1z and the points p1; : : : ; prare in fz 2 C j jzj = 1g. We then have an order on fp1; : : : ; prg, let us suppose thatp1; : : : ; pr are put in this order. Let v1; : : : ; vr be ve
tors in R3 su
h that 2vi is the
ux at the end pi. We have v1+ � � �+vr = 0, so if we draw the ve
tors 
onse
utivelyin the plane, we get a pie
e-wise linear 
losed 
urve: a polygon. We note F (M) thispolygon.We say that a polygon V bounds an immersed polygonal disk if there exists a
ompa
t multi-domain (P; ') su
h that �P is only 
omposed of edges and '(�P) =V . Then the most important result in [CR℄ isTheorem 2.5.3. Let v1; : : : ; vr be horizontal ve
tors su
h that v1+ � � �+ vr = 0 andV the asso
iated polygon, then there exists M 2 Mr su
h that F (M) = V if, andonly if, V bounds an immersed polygonal diskBesides, we have as mu
h M 2 Mr su
h that F (M) = V as immersed polygonaldisks bounded by V . Let V be a polygon and (P; ') a 
ompa
t multi-domain su
hthat '(P) is an immersed polygonal disk bounded by V . Let P1; : : : ; Pr be theverti
es of P whi
h are identi�ed with the ones of V ; we put P1 = Pr+1. Let i 2f1; : : : ; rg, we 
an glue to P along [Pi; Pi+1℄ a half-strip Si isometri
 to [Pi; Pi+1℄�R+ .We get a multi-domain whi
h we 
all 
(P); the boundary of 
(P) is 
omposed of2r half straight-lines, we 
all L�i (resp. L+i ) the half line in the boundary whi
h hasPi as end point and is in Si�1 (resp. Si).LetM be inMr, we 
onsider (M+)� the 
onjugate surfa
e toM+ for the outwardpointing normal. In [CR℄, the authors prove that it exists (P; ') a multi-domainbounded by F (M) su
h that (M+)� is a graph over the multi-domain 
(P); thenormal to the graph is the upward pointing normal by De�nition 2.5.1. If u isthe fun
tion on 
(P) that gives (M+)�, they prove that u tends to +1 (resp.�1) on L+i (resp. L�i ). C. Cos��n and A. Ros use these arguments to prove that
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ux polygon F (M) boundsan immersed polygonal disk. For the other impli
ation, they prove that the mapF : M 7! F (M) is a 
overing map to 
on
lude, they use a 
ompa
tness argumentand prove that the spa
e Mr has a smooth stru
ture.In the next se
tion, we shall solve on 
(P) the Diri
hlet problem for the boundarydata +1 on L+i and �1 on L�i . We shall then take the 
onjugate of the graphof the solution for the downward pointing normal and so build the solution to thePlateau problem at in�nity. The 
hange of orientation makes that we get the surfa
ewe want.2.6 The 
onstru
tion of a solution to the Plateauproblem at in�nityThe �rst part of this se
tion will be devoted to the proof of our main result.Theorem 2.6.1. Let V be a polygon whi
h bounds an immersed polygonal disk(P; '), we de�ne 
(P) as in the pre
eding se
tion. Then there exists a solution uof (MSE) on 
(P) su
h that u tends to +1 on L+i and �1 on L�i . Besides, thesolution is unique up to an additive 
onstant.Let us �rst 
onsider u a solution of (MSE) on the half-strip [0; a℄�R+ su
h thatu tends to �1 on fag � R�+ and +1 on f0g � R�+ . This situation des
ribes thebehaviour in the r half-strips Si. Then by Lemma 1 in [JS℄ we have:jqjW (x; y) � 1� a2x2 (2.14)jpjW (x; y) � p2ax (2.15)when x � 4a. We 
onsider now the general problem.We begin in proving the uniqueness part of Theorem 2.6.1. Let u1 and u2 be twodi�erent solutions of the problem (i.e. u1 � u2 is non-
onstant). As in the proof ofTheorem 2.2.5, we 
an suppose that fu1 > u2g and fu1 < u2g are non-empty. Letus 
all 
l the subset of 
(P) whi
h is the union of P and the set of points in ea
hSi that are at a distan
e less than l from [Pi; Pi+1℄; we de�ne 
+l = 
l \ fu1 > u2g.Let us 
onsider: I = Z�
+l d~	 (2.16)where d~	 = d	u1 � d	u2. Sin
e d~	 is 
losed, we have I = 0. �
+l is 
omposed ofa part whi
h is in
luded on �[iL+i �S �[iL�i � where d~	 = 0, a part in
luded in the
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onstru
tion of a solution to the Plateau problem at in�nityinterior of 
(P), noted �l, and a part in Ii;l whi
h is the part in Si parametrized by[Pi; Pi+1℄ � flg. On the part in
luded in Ii;l if l is big enough the integral of d~	 isless than 2p2 jPiPi+1j2l by (2.15). We then have:0 = I � Z�l d~	 + rXi=1 2p2 jPiPi+1j2l (2.17)By Lemma 2 in [CK℄, Z�l d~	 is negative and de
reases as l in
reases. Be
auserXi=1 p2 jPiPi+1j2l ����!l!+1 0, we get a 
ontradi
tion. This proves that, if u1 and u2 aretwo solutions of our Diri
hlet problem, there exists 
 2 R su
h that u1 = u2 + 
.We now prove the existen
e of the solution. We �x a point P0 in P. Let us
onsider in Si the point Qki whi
h is the middle point of Ii;k, we then de�ne 
k to bethe 
ompa
t subdomain of 
(P) bounded by the segments [Pi; Qki ℄ and [Qki ; Pi+1℄.Let Gki be the set of the points Q in 
k su
h that d(Q;Qki ) < d(Pi; Qki ); if k is bigenough the sets Gki are disjoint, this proves that the 
onditions of Theorem 2.2.5 areful�lled for big k. Then by Theorem 2.2.5, we 
an build a fun
tion uk on 
k su
hthat uk tends to �1 (resp. +1) on [Qki ; Pi+1℄ (resp. on [Pi; Qki ℄) and uk(P0) = 0.Following Remark 2.4.4 in se
tion 2.4, we shall prove that this sequen
e (uk) ofsolutions of (MSE) has no line of divergen
e, then the limit u of (uk) will be oursolution. We shall make dis
ussions that are similar to the ones made by H. Jenkinsand J. Serrin. We note d	uk = d	k. We re
all that, if T is a segment in
luded in aline of divergen
e, ����ZT d	k���� 
onverge to the length of T for a subsequen
e.Suppose there exists a line of divergen
e L. We �rst prove that L 
an not havean end point in the interior of a L+i or a L�i . Suppose that L has an end point D inL�i (the same argument works for L+i ). Let A be a point in L \ Si�1, we orient Lby ��!AD, we suppose that the limit normal along L points on the right-hand side ofL. We 
hose a point B of L�i on the right-hand side of D. Be
ause of the triangleinequality, there exists a point C on [A;D℄ su
h that jACj+ jDBj > jCDj+ jBAj.for k big enough we have A and C in 
k we then put Dk = [A;D℄ \ [Pi; Qki�1℄ andBk = [A;B℄ \ [Pi; Qki�1℄ (see Figure 2.4).Let Tk be the triangle ADkBk with this orientation. We then have:0 = ZTk d	k � Z[A;C℄ d	k � jCDkj+ jDkBkj � jBkAj� Z[A;C℄ d	k � jCDj+ jDkBkj � jBAj (2.18)
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Figure 2.4:But jDkBkj �! jDBj and Z[A;C℄ d	k �! jACj for the subsequen
e that makesL appear; this gives us a 
ontradi
tion.We have now only a �nite number of possibilities for a line of divergen
e. If ithas an end point, it must be one Pi. By 
onstru
tion, we have Z[Pi;Pi+1℄ d	k = 0(be
ause the integral of d	k along the triangle PiQki Pi+1 is zero and we know d	kalong [PiQki ℄ and [Qki Pi+1℄ by Lemma 2.2.2) so if � is a 
urve joining Pi to Pj wehave Z� d	k = 0. Then, by passing to the limit, if � is a line of divergen
e, weobtain jPiPjj = 0 whi
h is not possible. This proves that a line of divergen
e has atmost one end point. Suppose that a line of divergen
e L has no end point, we arein the situation of Figure 2.5. Let A and B be point on L as in Figure 2.5 su
h thatjABj > jPiPi+1j. We note D (resp. C) the proje
tion of A (resp. B) on L�i+1. For kbig enough we note Ck = [B;C℄ \ [Pi+1; Qki ℄ and Dk = [A;D℄ \ [Pi+1; Qki ℄. We thenhave: 0 = ZABCkDk d	k � Z[A;B℄ d	k � jBCkj+ Z[Ck;Dk℄ d	k � jDkAj� Z[A;B℄ d	k � 2jPi; Pi+1j+ jCkDkj (2.19)We have jCkDkj �! jCDj = jABj and Z[A;B℄ d	k �! jABj for a subsequen
e,so we get a 
ontradi
tion and a line of divergen
e must have one end point.
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Pi
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Pj L A

C
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Figure 2.5:Let L be a line of divergen
e, we know that we are in the 
ase where L has Pias end point and goes to in�nity in one Sj. By what we have done just above, wehave only one possiblity for the limit normal: we are in the same situation as inthe semi-strip Sj in Figure 2.5. Then, by 
hanging L if ne
essary, we 
an supposethat the part of L in Sj is parametrized by fAg � R+ with A 2℄Pj; Pj+1[ and thedomain e
 parametrized by [A; Pj+1℄� R+ is in B(uk). Let � be an extra
tion thatmakes L appear, sin
e e
 � B(uk), there exists an extra
tion �0 su
h that u�0(k) is asubsequen
e of u�(k) and u�0(k) � u�0(k)(K) (where K 2 e
) 
onverges to v a solutionof (MSE) on e
.We shall now prove that v tends to �1 on L�j+1 and +1 on L. Let B 2 [A; Pj+1℄and C and D be the points whi
h are respe
tively parametrized by (B; 
) and (B; d)(
 < d). We note:
E the proje
tion of D on L�j+1F the proje
tion of C on L�j+1G the proje
tion of D on LH the proje
tion of C on LWe note also, when k is big enough, Ek = [D;E℄ \ [Pj+1; Qkj ℄ and Fk = [C; F ℄ \
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ause d	k is 
losed we have:����Z[C;D℄ d	�0(k) � jF�0(k)E�0(k)j���� � 2jBPj+1j (2.20)����Z[C;D℄ d	�0(k) � Z[H;G℄ d	�0(k)���� � 2jBAj (2.21)Thus, in letting k tends to in�nity, we obtain:����Z[C;D℄ d	v � jCDj���� � 2jBPj+1j (2.22)����Z[C;D℄ d	v � jCDj���� � 2jBAj (2.23)So we 
an 
al
ulate d	v on L and L�j+1, we remark that d	v has the samebehaviour as if v assumes the boundary values +1 on L and �1 on L�j+1. Weprove that this is, in fa
t, the 
ase. We 
onsider now two points A1 and A2 onL \ e
 and two points A3 and A4 on L�j+1. There exists a solution v0 of (MSE) onthe domain bounded by the polygon A1A2A3A4 su
h that v0 = v on [A1; A4℄ and[A2; A3℄, v0 tends to +1 on [A1; A2℄ and tends to �1 on [A3; A4℄. Sin
e we know thevalue of d	v on [A1; A2℄ and [A3; A4℄, the uniqueness part of the proof of Theorem2.2.5 proves that v = v0. We then have proved that v tends to +1 on L and �1on L�j+1.We shall now get a 
ontradi
tion to the existen
e of the line of divergen
e L. Wehave Z[A;Pj+1℄ d	v = Ze
\Ij;l d	v, then, by (2.15) and letting l tends to in�nity, weget Z[A;Pj+1℄ d	v = 0. If we follow L between Pi and A and the segment [A; Pj+1℄,we get a path joining Pi to Pj+1. Then we have:0 = Z[Pi;A℄ d	�0(k) + Z[A;Pj+1℄ d	�0(k) (2.24)Let k tend to in�nity, we get 0 = jPiAj+Z[A;Pj+1℄ d	v = jPiAj; but Pi =2 [Pj; Pj+1℄,this is our 
ontradi
tion.We then have prove that B(uk) = 
(P), as uk(P0) = 0 for all k there exists asubsequen
e uk0 whi
h 
onverges to a solution u of (MSE). The same argumentsthat we used just above for v prove that u tends to +1 (resp. �1) on L�i (resp.L+i ); we have then established Theorem 2.6.1.



52 2.6. The 
onstru
tion of a solution to the Plateau problem at in�nityWe are then able to build the solution to the Plateau problem at in�nity. Let Vbe a polygon and (P; ') a polygonal disk bounded by V . We 
onsider the solutionu of the Diri
hlet problen given by Theorem 2.6.1. We note P1; : : : ; Pr the verti
esof V , we 
onsider 	u normalized by 	u(P1) = 0, from the proof above, we have	u(Pi) = 0 for all i. Then on L+i and L�i we have 	u(Q) = jQPij; sin
e 	u is1-Lips
hitz 
ontinuous, we have 	u(Q) � 0 for all Q 2 Si. Suppose that fQ 2
(P)j 	u(Q) � 0g is not redu
ed to fP1; : : : ; Prg then there exists a point in theinterior of P su
h that 	u is minimal at this point. But 	u 
orresponds to x�3, thethird 
oordinate onM� the 
onjugate surfa
e to the graph of u; sin
e x�3 is harmoni
on M�, it 
an not have a minimum in the interior of M�. We then have proved that	u > 0 in the interior of 
(P).By Theorem 2.3.2, the boundary of the graph of u is 
omposed of the r verti
allines over the points '(Pi). Let M be the graph of u with these r verti
al lines. We
onsider M� the 
onjugate surfa
e to M . The boundary of M� is 
omposed of rhorizontal planar geodesi
 
urves, sin
e 	u(Pi) = 0 for all i the r 
urves are all inthe plane fx3 = 0g. Finally, we 
onsider � the union of M� and of its symmetryby fx3 = 0g. The surfa
e � is a regular minimal surfa
e, it is 
omplete and its 
uxpolygon is V by 
onstru
tion. By 
onstru
tion, we know also that � is stronglysymmetri
 with respe
t to fx3 = 0g.The last thing we have to prove about � for being sure that it is the solution ofthe Plateau problem at in�nity is that it has �nite total 
urvature.We know (see [Os2℄) that there exists a 
onstant 
 su
h that if u is a solution of(MSE) on a domain D and A 2 D, M is the graph of u and d is the distan
e alongM of the point in M over A to the boundary of S then the 
urvature K of M atthe point over A is bounded by 
d2W 2(A) .Let us 
onsider a half-strip S = [0; a℄ � R+ and u a solution of (MSE) on Ssu
h that u takes the value +1 (resp. �1) on f0g � R�+ (resp. fag � R�+). Theboundary of the graph of u is over [0; a℄�f0g. We then have K(x; y) � 
x2W 2(x; y).We 
onsider the part S 0 � S su
h that x � x0 > 0. For a domain D we note K(D)the total 
urvature of the graph over D. We then have:K(S 0) = ZS0 K(x; y)W (x; y)dxdy� ZS0 
x2W (x; y)dxdy� Z +1x0 
ax2dx = 
ax0 < +1We now use arguments that are similar to the �rst part of the proof of Theorem
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onsider, for � 2℄0; �2 [,S(�) = f(x; y) 2 Sj a � y � x tan�g. Let us take � su
h that tan� < 18 , thenLemma 1 of [JS℄ proves that for every (x; y) 2 S(�) q(x; y) < 0. We note L(�) thesegment in S(�) su
h that a� y = x tan�. By Lemma 2.3.1, u is lower-bounded bym1 on L(�) and upper bounded by m2 on the part of L su
h that x < x0 < a. Wethen de�ne � : (x; y) 7! (x; u(x; y)). � is a di�eomorphism of S(�) into its imageim�. We de�ne � = ��1 then �(2) is a solution of (MSE) on im�. We observe that� extends smoothly to �(L). We have �(2)(x; z) tends to a as x tends to 0 so we 
anextend �(2) by symmetry to im� [ f(x; z) 2 R2 j(�x; z) 2 im�g. To 
ompute thetotal 
urvature of the graph of u over D(�) \ fx < x0g, we use its parametrizationas a graph over im� \ f0 � x � x0g:K(D(�) \ fx < x0g) = K(im� \ f0 � x � x0g)= Zim�\f0�x�x0g\fz�m1�1gK(x; z)W (x; z)dxdz+ Zim�\f0�x�x0g\fz�m1�1gK(x; z)W (x; z)dxdz� Zim�\f0�x�x0g\fz�m1�1g 
(z �m1)2W (x; z)dxdz+ Zim�\f0�x�x0g\fz�m1�1gK(x; z)W (x; z)dxdz� Z +11 
x0z2 dz + C < +1The last line is true be
ause im� \ f0 � x � x0g \ fz � m1 � 1g is 
ompa
t.We 
an do the same work for f(x; y) 2 Sj y � x tan�g.We then 
ontrol the 
urvature on ea
h semi-strip Si. There is a last part in
(P). This part is 
ompa
t and by Lemma 2.3.1, u is bounded on this part; besidesthe graph is regular at the boundary. So the graph above this last part is a 
ompa
tpart of the whole graph then it has �nite total 
urvature. We then have proved thatthe graph M has �nite total 
urvature. Sin
e M� is isometri
 to M , it has �nitetotal 
urvature and then � has �nite total 
urvature be
ause it is twi
e as many asthe one of M�.2.7 Appendix : The Carath�eodory's TheoremIn this se
tion, we give some explanations on an argument of the proof of Theorem2.3.2. The problem is: when we have a biholomorphi
 map between two open setsof C , 
an we extend it to the boundary?



54 2.7. Appendix : The Carath�eodory's TheoremWe 
onsider U an open set in
luded in C and P a point of �U . We say that Phas the property of S
h�on
ies if, for all radii R, there exists a radius r = r(R) su
hthat for all two points in U \ D(P; r) there exists a path in U \ D(P;R) joiningthese two points.We then have the following theorem that we use in our proof.Theorem 2.7.1 (Carath�eodory). Let U be a simply 
onne
ted open set in C andV an open set of the boundary of U . We 
onsider f : U �! D = fz 2 C j jzj < 1g abiholomorphi
 map. We suppose that every point of V has the property of S
h�on
ies, then f extends to an homeomorphism from U [ V into D [ C where C � �D.A proof of this theorem 
an be found in [He℄. In our proof, we have to verifythe property of S
h�on
ies at the points of a part of the boundary. We know thatthis part of the boundary is embedded in C so we 
an build neighborhoods of everypoint of the boundary in using "-tubular neighborhood of the boundary. Theseneighborhoods prove that we have the property of S
h�on
ies.



Chapitre 3Le probl�eme de Plateau �a l'in�nien genre 1Ce 
hapitre reprend un arti
le dont le titre original est <The Plateau problemat in�nity for horizontal ends and genus 1> ; il apparâ�t dans la bibliographie �a lar�ef�eren
e [Ma2℄.Dans le 
hapitre pr�e
�edent, nous avons �etudi�e le probl�eme de Plateau �a l'in�ni engenre 0, le but de 
elui-
i est de faire une �etude similaire pour le genre 1. Le r�esultatprin
ipal est le Th�eor�eme 3.2.11 qui aÆrme que sous la même hypoth�ese qu'en genre0 (border un disque immerg�e) un polygone est le polygone de 
ux d'un r-no��de degenre 1. Le Th�eor�eme 3.7.1 donne lui une autre hypoth�ese sur les polygones souslaquelle un polygone est le polygone de 
ux d'un r-noide de genre 1. La �gure 3.1montre un exemple de 3-no��de de genre 1, le polygone de 
ux 
orrespondant est untriangle �equilat�eral (l'image est fournie par la biblioth�eque de surfa
es minimales deGRAPE [MSL℄).Comme au 
hapitre pr�e
�edent, la premi�ere partie du travail 
onsiste en la r�esolutiond'un probl�eme de Diri
hlet pour l'�equation (ESM) puis en l'�etude de la r�egularit�edu graphe de la solution. La nouvelle diÆ
ult�e est que, pour 
onstruire des r-noidesde genre 1, on doit r�esoudre un probl�eme de p�eriode, 
'est le travail qui est fait dansla se
tion 3.6.3.1 Introdu
tionThe 
lassi
al Plateau problem 
onsists in �nding a surfa
e of least area bounded bya given 
losed 
urve in R3 , su
h a surfa
e satis�es that its mean 
urvature vanishes.A surfa
e in R3 with zero mean 
urvature will be 
alled a minimal surfa
e. ThePlateau problem has been solved by T. Rad�o in 1930. A generalization of thisproblem is: �nding a minimal surfa
e for a given asymptoti
 behaviour. We �rst55
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tion

Fig. 3.1 { Un exemple de 3-no��de de genre 1give sense to this question.We know that, if a 
omplete minimal surfa
e M has �nite total 
urvature and rembedded ends (su
h a surfa
e is 
alled an r-noid), ea
h end of this minimal surfa
eis asymptoti
 to a plane or to a half-
atenoid; besides, we 
an asso
iate to ea
hend a ve
tor in R3 , this ve
tor is 
alled the 
ux ve
tor of the end. These ve
torssatisfy the following 
ondition: the sum of the 
ux ve
tors over all ends is zero.So the generalization of the Plateau problem is: given a �nite number of ve
torssu
h that their sum is zero, 
an we �nd an r-noid whi
h has these ve
tors as 
uxve
tors? This problem is 
alled the Plateau problem at in�nity. Besides, we knowthat M is 
onformally equivalent to a 
ompa
t Riemann surfa
e M minus r points,the pun
tures of M , and what we 
all the genus of M is in fa
t the genus of M .In this paper, we shall study a parti
ular 
ase of this problem. In [CR℄, C.Cos��n and A. Ros give a des
ription of the spa
e of solutions of the Plateau problemat in�nity with an asymptoti
 behaviour whi
h is symmetri
 with respe
t to an
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ux ve
tors are horizontal) for genus 0 (the Riemannsurfa
e M is the Riemann sphere S2). In the genus 0 
ase, there is a natural orderon the ends. Then, sin
e the 
ux ve
tors are horizontal and their sum is zero, the
ux ve
tors draw a polygon in R2 ; this polygon is 
alled the 
ux polygon of M .C. Cos��n and A. Ros give a ne
essary and suÆ
ient 
ondition on this polygon forhaving a solution to the Plateau problem at in�nity. In our work, we study the 
asewhere M is of genus 1 (i.e. M is a torus).For the 
ase of genus 1, we need to distinguish two types of r-noid with horizontalends; this 
lassi�
ation depends on the pla
e of the pun
tures on the torus: whenM is of the �rst type, there is a natural order on the pun
tures and for the se
ondtype, there is not. If M is an r-noid of genus 1 and horizontal ends of the �rst type,sin
e there is a natural order on the pun
tures, we 
an de�ne as in the genus 0 
asethe 
ux polygon asso
iated to M . Then our main result 
an be state as follow (seeTheorem 3.2.11).Let M be an r-noid with genus 0 and horizontal ends, then there exists � anr-noid with genus 1 and horizontal ends of the �rst type whi
h have the same 
uxpolygon as M .In Corollary 3.7.2, we give examples of polygons whi
h are the 
ux polygons ofr-noid with genus 1 but not the 
ux polygons of r-noid with genus 0.The r-noids M , we 
onsider, are symmetri
 with respe
t to a horizontal planethat we 
an normalized to be fz = 0g. Then to build them, it is suÆ
ient to buildthe partM+ ofM in
luded in R2 �R+ . The proof of our result is then based on thefa
t that M+ is the 
onjugate of a minimal surfa
e that 
an be seen as the graph ofa fun
tion u over a planar "domain" whi
h depends on the 
ux polygon of M . This"domain" is in fa
t a multi-domain (see de�nitions in Se
tion 3.2).If 
 is a domain in R2 and u is a fun
tion on 
, the graph of u is a minimalsurfa
e in R3 i� u satis�es the ellipti
 partial equation 
alled the minimal surfa
eequation: div rup1 + jruj2! = 0 (MSE)Like every partial di�erential equation, we 
an asso
iate to (MSE) the Diri
hletproblem that 
onsists in �nding a fun
tion u on 
 whi
h is a solution of the minimalsurfa
e equation and takes on assignated values on the boundary of 
.The �rst step to build a r-noid with genus 1 having a polygon V as 
ux polygonis then to 
onsider a multi-domain 
 asso
iated to this polygon and solve a Diri
hletproblem on 
. The boundary data is su
h that the graph of the solution 
an be the
onjugate ofM+. As an example if V is a triangle ABC, we 
an glue along the three
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tionedges of V three half-strips ([A;B℄� R+ along [A;B℄, [B;C℄� R+ along [B;C℄...),we get an unbounded domain D. Then the multi-domain 
 is the universal 
over ofDnfQg where Q is a point in the triangle ABC. The boundary value we take on 
is �1 alternating the sign su
h that for every half-strip in 
 one side has +1 andthe other has �1.If 
 is a multi-domain asso
iated to the polygon V , the 
onjugate surfa
e to thegraph of the solution of the Diri
hlet problem is a minimal surfa
e whi
h is invariantunder a translation by a horizontal ve
tor. If this ve
tor is non zero, this minimalsurfa
e is not the pie
e M+ of an r-noid M , then we must 
hoose a multi-domainasso
iated to V su
h that the 
orresponding ve
tor is zero. In our example of thetriangle, the only 
hoi
e we have is the position of the point Q in ABC, then we needto prove that there exists Q 2 ABC su
h that the 
orresponding ve
tor vanishes.This problem is 
alled the period problem.In the 
ase of the triangle, the idea to solve the period problem is the following.To ea
h point Q in the interior of the triangle ABC, we 
an asso
iate an horizontalve
tor, in fa
t, this de�nes a 
ontinuous map from the triangle to R2 and we want toshow that this map vanishes; this map is the period map. Then we whall 
omputethe degree of the period map along the boundary of the triangle and �nd a non-zeronumber, then the period map must vanishes at one point. The proof of our mainresult is based on a generalization of this arguement.The paper is organized as follows; in the �rst se
tion, we de�ne all the notionsof multi-domain we use in the following and the obje
ts asso
iated to a fun
tion onsu
h domains. We also pre
ise what kind of r-noid we study in this paper and givethe �rst results 
on
erning them.Se
tion 3.3 is devoted to the resolution of the Diri
hlet problem on a multi-domain 
 asso
iated to a polygon V . In this se
tion, we make use of tools developpedin se
tion 1.4 and re
alled in Appendix 3.8.In the third se
tion, we study the regularity of the graph of the solution of theDiri
hlet problem of the pre
eding se
tion near the singularity point of the multi-domain 
.In Se
tion 3.5, we explain what is the period problem for the 
onstru
tion of ar-noid. We also generalize the notion of the period map and give the proof of ourmain result (Theorem 3.2.11) in using Theorem 3.6.11 whi
h is proved in Se
tion3.6.Se
tion 3.6 is devoted to an extension of the period map and the 
omputationof its degree.In se
tion 3.7, we give examples of r-noids with genus 1 that are not given byTheorem 3.2.11. In parti
ular, we 
onsider the 
ase where the polygon V is a regularpolygon.Let us �x some notations. In the following, when u is a fun
tion on a domain



Chapitre 3. Le probl�eme de Plateau �a l'in�ni en genre 1 59of R2 we shall note W = p1 + jruj2. We shall also use the 
lassi
al followingnotations for partial derivatives: p = �u�x and q = �u�y . Besides, for the graph of u,we shall always 
hose the downward pointing normal to give an orientation to thegraph.3.2 Preliminaries3.2.1 Graph on multi-domainsIn this se
tion,we give several generalizations of the notion of domain in R2 , sin
eour aim is to des
ribe some minimal surfa
es as the graph of a fun
tion whi
h is asolution of (MSE) (see the example of the half heli
oid). We use notions introdu
edin [CR℄ and 
hapter 2.Let us 
onsider a pair (D; ) where D is 2-dimensionnal 
at manifold with pie
e-wise smooth boundary and  : D ! R2 is a lo
al isometry. The map  is 
alledthe developing map and the points where the boundary �D is not smooth are 
alledverti
es. If a part of the boundary of D is linear then this part will be 
alled anedge of the boundary.De�nition 3.2.1. A pair (D; ), where D is a simply-
onne
ted 2-dimensionnal
omplete 
at manifold with pie
ewise smooth boundary and  : D ! R2 is a lo
alisometry, is a multi-domain if ea
h 
onne
ted 
omponent of the smooth part of �Dis a 
onvex ar
.Let D be a 
omplete metri
 spa
e and Q a point of D we say that D admits a
one singularity at Q of angle � if DnfQg is a 2-dimensional 
at manifold and ifthere exist �0 > 0 su
h that fM 2 Dj d(M;Q) < �0g is isometri
 to f(�; �)j 0 � � <�0; 0 � � � �g with the polar metri
 ds2 = d�2 + �2d�2 where all the points (0; �)are identi�ed and where for every � we identi�ed (�; 0) with (�; �) (the isometrysends Q to (0; 0)).De�nition 3.2.2. A triplet (D;Q;  ) is a multi-domain with a 
one singularity atQ if1. D is a simply-
onne
ted 
omplete metri
 spa
e,2. there exists q 2 N su
h that D admits a 
one singularity at Q of angle 2q�,3. D has pie
ewise smooth 
onvex boundary and4.  : D! R2 is a lo
al isometry outside Q.



60 3.2. PreliminariesWe 
an remark that a multi-domain (D; ) 
an be seen as a multi-domain witha 
one singularity at Q if Q is some point of D. The angle at the singularity is 2�.Let (D; ) be a 
ompa
t multi-domain su
h that its boundary is only 
omposedof edges. The developing map allows us to see �D in
luded in R2 sin
e there areonly edges  (�D) is a polygon in R2 . The same thing 
an be done for (D;Q;  ) amulti-domain with 
one singularity. We then say that a polygon V bounds a multi-domain (with perhaps a 
one singularity) if there exists (D; ) or (D;Q;  ) su
hthat V =  (�D). When V bounds a multi-domain (D; ) we shall also say that vbounds an immersed polygonal disk as in [CR℄.The last generalization we need is to give a sense to a 
one singularity within�nite angle.Let us 
onsider D = f(�; �)j � 2 R+ ; � 2 Rg with the polar metri
 and whereall the points (0; �) are identi�ed, this point will be 
alled the vertex of D andnoted O. The spa
e D is a simply-
onne
ted 
omplete metri
 spa
e and DnO is a2-dimensional 
at manifold.De�nition 3.2.3. A triplet (
;Q; ') is a multi-domain with a logarithmi
 singu-larity at Q if1. 
 is a simply-
onne
ted 
omplete metri
 spa
e,2. Q 2 
,3. 
nQ is a 2-dimensional 
at manifold with pie
ewise smooth 
onvex boundary,4. ' : 
! D is a lo
al isometry su
h that '(Q) = O and5. there exist a neighborhoodN ofQ in 
 and � > 0 su
h that 'jN is an isometryinto fM 2 D j d(O;M) < �g.Let us de�ne R� : D ! D by R�(r; �) = (r; � + �), R� is an isometry of D.De�nition 3.2.4. A multi-domain with a logarithmi
 singularity (
;Q; ') is peri-odi
 if there exists f : 
! 
 an isometry and n 2 N� su
h that' Æ f = R2n� Æ ' (�)The period of 
 is then 2�q where q is the smallest n su
h that there exists f making(�) true.The �rst example of a multi-domain with a logarithmi
 singularity, we 
an give,is (D;O; id). This multi-domain is periodi
 of period 2�.Constru
tion 1. Let us 
onsider (D; ) a multidomain and Q a point in D. Wethen note 
 ��! DnQ a universal 
over of DnQ. We 
an pull ba
k to 
 the 
at
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 of D. The metri
 
ompletion of 
 is just 
 [ fQg = 
 where Q is a point\above" Q (i.e. if An !Q, we have �(An)! Q). If (�; �) are the polar 
oordinateson R2 of 
enter  (Q) then, on 
 the 1-forms (� Æ  )�d� and (� Æ  )�d� are exa
tand by integration we 
an de�ne a map ' : 
 [ fQg ! D su
h that (
;Q; ') is amulti-domain with a logarithmi
 singularity. The multi-domain, we have just build,is a periodi
 one of period 2�.In fa
t, we 
an do the same work for (D;Q;  ) a multi-domain with a 
onesingularity at Q of angle 2q�. We get (
;Q; ') a periodi
 multi-domain with alogarithmi
 singularity (the period is less than 2q�) and a 
overing map � : 
! Dwith �(Q) = Q.Constru
tion 2. The inverse 
onstru
tion is also possible. Let (
;Q; ') be aperiodi
 multi-domain with a logarithmi
 singularity of period 2q� and isometry f .Then by taking the quotient of 
 by the group ffngn2Z, we build a multi-domainwith a 
one singularity at Q, the image of Q in the quotient, and angle 2q�.Remark 3.2.5. We make a remark about these two 
onstru
tions. Let (
;Q; ') bea periodi
 multi-domain with a logarithmi
 singularity of period 2q� and isometryf . If we 
onsidere the quotient of 
 by the group ffangn2Z for a 2 N� , we get amulti-domain with a 
one singularity (D;Q;  ). The 
one singularity at Q of D has2qa� as angle. But if we apply Constru
tion 1 to D we get 
 whi
h have a periodless than 2qa� if a > 1.Let V = (v1; : : : ; vr) be a polygon whi
h, for example, bounds an immersedpolygonal disk (D; ). If Q 2 D, we make Constru
tion 1 and we get a multi-domainwith logarithmi
 singularity (
;Q; '). The quotient (D0; Q0; '0) of 
 by ff 2ngn2Z isa multi-domain with 
one singularity of angle 4�; besides this multi-domain boundsthe polygon (v1; : : : ; vr; v1; � � � ; vr). But sin
e Constru
tion 1 gives 
 for D andD0, the two polygons V and (v1; : : : ; vr; v1; � � � ; vr) will not be distinguished in thefollowing.Let (
;Q; ') be a multi-domain with logarithmi
 singularity and A be a pointin R2 . We then 
an de�ne the map 'A : 
 ! R2 by 'A = G Æ ' with G(�; �) =A + (� 
os �; � sin �). If 
 is given by Constru
tion 1 we always 
hoose A =  (Q).Let 
 su
h that (
; ') or (
; Q; ') 
orresponds to one of the three de�nitionsof multi-domain given above. Let u be a fun
tion de�ned on 
 or 
 minus itssingularity. The graph of u is then the surfa
e in R3 de�ned by f'(x); u(x)gx2
 orf'A(x); u(x)gx2
nfQg with A 2 R2 . In the following the fun
tion u will often bea solution of the minimal surfa
e equation, in this 
ase the graph of u be
omes aminimal surfa
e of R3 . The fa
t that u is a solution of (MSE) allows us to de�ne a
losed 1-form d	u on 
, d	u is the inner produ
t ruW ydV where dV is the volumeform on 
. Sin
e d	u is 
losed we 
an de�ne lo
ally a fun
tion 	u (obviously 	uis well de�ned only if we �x its value at one point). 	u is lo
ally de�ned in theinterior of 
 minus the possible singularity, but 	u is 1-Lips
hitz 
ountinuous then
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an be 
ountinuously extended to the singularity and the boundary, then sin
e
 is simply 
onne
ted 	u is then globally de�ned on 
. In fa
t 	u 
orreponds tothe third 
oordinates of the 
onjugate surfa
e to the graph of u; 	u is 
alled the
onjugate fun
tion to u. For other properties on 	u we refer to [JS℄ and Appendix3.8.In [JS℄ and 
hapter 2, we 
an �nd the most general answer to the Diri
hletproblem on 
ompa
t multi-domain (D; ): the Diri
hlet problem 
onsists in �ndinga solution u on D of (MSE) knowing its value on the boundary.On multi-domain with 
one or logarithmi
 singularity there is no general answer.To give an exemple of solution of (MSE) on a multi-domain with logarithmi
 singu-larity, let us 
onsider the fun
tion u de�ned on (D;O; id) by u(�; �) = �, it is obviousthat the graph of u is the half of an heli
oid; more pre
isely it is the surfa
e givenin isothermal 
oordinate by (a; b) 7! (sinh a 
os b; sinh a sin b; b) for (a; b) 2 R�+ � R.The fun
tion u is then a solution of the minimal surfa
e equation.3.2.2 The r-noids of genus 1In this se
tion we give pre
ise de�nitions of r-noids, 
ux at one end and other obje
tslinked to the Plateau problem at in�nity. We also give some results 
on
erning thisproblem and explain how we 
an build solutions in the genus 1 
ase.Let M be a 
omplete minimal surfa
e with �nite total 
urvature in R3 ; we knowthat M is isometri
 to a 
ompa
t Riemann surfa
e M minus a �nite number ofpoints (we 
an refer to [Os2℄). Then M has a �nite number of annular ends; whenthese ends are embedded they are asymptoti
 either to a half-
atenoid or to a plane.A properly immersed minimal surfa
e with r embedded ends will be 
alled a r-noid. We 
an asso
iate to ea
h end a ve
tor whi
h 
ara
terizes the dire
tion andthe growth of the asymptoti
 half-
atenoid (when the end is asymptoti
 to a planethis ve
tor is zero); this ve
tor is 
alled the 
ux of the end (for a pre
ise de�nitionof the 
ux see [HK℄). If v1; : : : ; vr are the 
uxes at ea
h end, we have the followingbalan
ing 
ondition: v1 + � � �+ vr = 0 (3.1)This 
ondition tells us that the total 
ux of the system vanishes. If v1; : : : ; vr areve
tors in R3 su
h that (3.1) is veri�ed and g is a non-negative integer, the Plateauproblem at in�nity for these data is to �nd an r-noid of genus g whi
h has v1; : : : ; vras 
uxes at its ends (the genus g is the genus of M).Let X : M �! R3 be an r-noid. M is 
onformally equivalent to a 
ompa
tsurfa
e M minus r points p1; : : : ; pr. We will say that M is Alexandrov-embedded ifM bounds a 
ompa
t 3-manifold 
 and the immersion X extends to a proper lo
aldi�eomorphism f : 
nfp1; : : : ; prg �! R3 . An Alexandrov-embedded surfa
e has a
anoni
al orientation; we 
hoose the Gauss map to be the outward pointing normal.
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an not have a planar end (see [CR℄).We are interested in the 
ase where X : M �! R3 is an Alexandrov-embeddedr-noid of genus g and r horizontal ends (i.e. the 
ux at ea
h end is an horizontalve
tor).Let X : M �! R3 be a non
at immersion of a 
onne
ted orientable surfa
e Mand � be a plane in R3 , normalized to be fx3 = 0g. We note by S the Eu
lidieansymmetry with respe
t to � and 
onsider the subsets:M+ = fp 2M jx3(p) > 0gM� = fp 2M jx3(p) < 0gM0 = fp 2M jx3(p) = 0gWith these notation we have:De�nition 3.2.6. We shall say that M is strongly symmetri
 with respe
t to � if� There exists an isometri
 involution s :M �!M su
h that  Æ s = S Æ  .� fp 2M js(p) = pg =M0.� The third 
oordinate N3 of the Gauss map ofM takes positive (resp. negative)values on M+ (resp. M�).In [CR℄, C. Cos��n and A. Ros proveProposition 3.2.7. Let M be an r-noid with horizontal ends. Then M is stronglysymmetri
 with respe
t to an horizontal plane if and only if M is Alexandrov-embedded.The notion of strong symmetry is then important for the study of the Alexandrov-embedded r-noid.The 
ase of genus 0 was studied by C. Cos��n and A. Ros in [CR℄; they show thatin this 
ase there is a natural order on the ends. LetM be an Alexandrov-embeddedr-noid of genus 0 if 2v1; : : : ; 2vr are the 
uxes ofM ordered as the ends, the polygon(v1; � � � ; vr) is 
alled the 
ux polygon of M and is noted F (M). We then haveTheorem 3.2.8. Let v1; : : : ; vr be horizontal ve
tors su
h that v1 + � � � + vr = 0and V the asso
iated polygon, then there exists M an Alexandrov-embedded r-noidof genus 0 su
h that F (M) = V if, and only if, V bounds an immersed polygonaldisk. Besides there is a bije
tion from the set of M su
h that F (M) = V and theset of the immersed polygonal bounded by V .



64 3.2. PreliminariesIn the following, when (P;  ) is an immersed polygonal disk we shall 
all �(P)the r-noid of genus 0 asso
iated to P by this bije
tion; we refer to [CR℄ and 
hapter2 for more explanations on this theorem.In this paper we are interested in the 
ase of genus 1. Let M be an Alexandrov-embedded r-noif of genus 1 with horizontal ends. M is 
onformally a torusM minusr points p1; : : : ; pr. By Proposition 3.2.7, M is strongly symmetri
 with respe
t tothe plane fz = 0g (in fa
t M is strongly symmetri
 with respe
t to an horizontalplane that we 
an normalize to be fz = 0g). As in [CR℄, the pun
tures pi are �xedby the antiholomorphi
 involution s given by De�nition 3.2.6; we have the followinglemma.Lemma 3.2.9. Let M be a 
onformal torus and s an antiholomorphi
 involutionon M . We suppose that s has a �xed point then the set of the �xed points of s istwo separated 
ir
les.We 
an then give the following de�nition.De�nition 3.2.10. Let M be an Alexandrov-embedded r-noid with genus one andhorizontal ends and pi the pun
tures ofM . We note s the antiholomorphi
 involutionasso
iated to M , we then have C1 and C2 the two 
ir
les of �xed points of s. Withthis notations, we shall say that:� M is of type I if all the pi are in one of the two 
ir
les C1 and C2,� M is of type II if not.We suppose now that M is of type I, the 
ir
les of �xed points are the boundaryof M+ [M0, this minimal surfa
e is oriented by the outward pointing normal andthen its boundary has a natural orientation. Then the 
ir
le that 
ontains the pointspi has a natural orientation and we suppose that the points pi are numbered withrespe
t to this orientation. We note 2vi the 
ux ve
tor asso
iated to pi. We knowthat we have rXi=1 vi = 0, so, as in the 
ase g = 0, the list (v1; : : : ; vr) de�nes apolygon whi
h we 
all the 
ux polygon of M and we note it F (M). We 
an remarkthat if M is of type II we do not have su
h an easy de�nition.In the following, we use some arguements developped by C. Cos��n and A. Rosin [CR℄ to the study of the genus 0 
ase. Let X : Mnfp1; : : : ; prg ! M be anAlexandrov-embedded r-noid with genus one and horizontal ends of type I. Thesurfa
e M+ [M0 is topologi
ally an annulus, so by passing to the universal 
over,we 
an de�ne its 
onjugate surfa
e M�0;+. The surfa
e M�0;+ is a periodi
 minimalsurfa
e and its period ve
tor is Z
 dX� where 
 is a path inM+[M0 that generates�1(M+ [M0). Sin
e M is of type I all the pi are in one 
ir
le of �xed points, then
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ir
le of �xed points generates �1(M+ [M0) and sin
e the normal alongthis 
ir
le is horizontal the �rst two 
oordinates of the period ve
tor are zero. Thisproves that the period ve
tor is a verti
al ve
tor.The symmetry 
urves M0 
onsists of r 
omplete stri
tly 
onvex 
urves in theplane fz = 0g (they are the images by X of the ar
s pipi+1) and the image by X ofthe 
ir
le of �xed points that 
ontains no pi. In the 
onjugate surfa
e, these 
urvesare transformed in verti
al lines; the image of the ar
 pipi+1 in the 
onjugate surfa
eare verti
al straight-lines over the verti
es of the polygon F (M)Sin
e on M+ the third 
oordinate of the normal is positive, the proje
tion map� from M�+, the 
onjugate of M+, into the plane fz = 0g is a lo
al di�eomorphism.So we 
an pull ba
k to M�+ the 
at metri
 of this plane. Besides M�+ is stable bythe translation t of ve
tor Z
 dX�. Sin
e this ve
tor is verti
al, � Æ t = �; t is thenan isometry of M�+ with the 
at metri
 ��(ds2R2).Using arguements of C. Cos��n and A. Ros, we 
an prove that there exists (
;Q; ')a multi-domain with logarithmi
 singularity su
h that M�+ with the 
at metri
 
anbe seen as the interior of 
 minus the singularity point Q. Besides 
 is periodi
be
ause of the existen
e of the isometry t. The boundary of 
 is 
omposed of half-lines. M�+ is then a graph over 
 su
h that the line whi
h is the 
onjugate of the
ir
le of �xed points that 
ontains no pi is the part of the boundary of the graphwhi
h is above Q and the 
onjugates of the ar
s pipi+1 are lines over the verti
es of
. The quotient of 
 by the group (tn)n2Z is then a multi-domain with 
one sin-gularity (D0; Q;  ). D0 has r verti
es P1; : : : ; Pr and is bounded by 2r half-lines;more pre
isely, D0 is a multi-domain with 
one singularity D whi
h is bounded bythe 
ux polygon F (M) = (v1; : : : ; vr) (we have vi = ���������! (Pi) (Pi+1)) to whi
h wehave glued r half-strips (along the edge [Pi; Pi+1℄, we glue a half-strip isometri
 to[Pi; Pi+1℄ � R+). This proves that the 
ux polygon F (M) bounds a multi-domainwith 
one singularity.In Se
tion 3.3 and Se
tion 3.4, we shall prove many results that explains, whena polygon V bounds a multi-domain with 
one singularity, how we 
an build a
andidate for a surfa
e M�+ su
h that F (M) = V .The main result we prove 
on
erning the Plateau problem at in�nity for genusone is the following.Theorem 3.2.11. Let v1; : : : ; vr be r non zero ve
tors of R2 su
h that (v1; : : : ; vr)is a polygon that bounds an immersed polygonal disk. Then there exists M anAlexandrov-embedded r-noid with genus one and horizontal ends of type I su
h thatF (M) = (v1; : : : ; vr).This implies that every polygon that 
an be realized as the 
ux polygon of an
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hlet problemr-noid of genus 0 is also the 
ux polygon of an r-noid of genus 1.3.3 A Diri
hlet problemLet v1; : : : ; vr be r non zero ve
tors of R2 su
h that V = (v1; : : : ; vr) bounds a multi-domain with 
one singularity (D;Q;  ). Let us note P1; : : : ; Pr the verti
es of thepolygon, we put Pr+1 = P1; in the following, we suppose that the orientation on thepolygon V is the one given as boundary of D (We remark that, in the following,the verti
es of V will be identi�ed with the verti
es of D). Following Constru
tion1, we get a multi-domain with logarithmi
 singularity (W;Q; ') with a proje
tionmap � : W ! D. Be
ause of Remark 3.2.5, we suppose that the period 2q� of Wis equal to the angle of the 
one singularity of D, in fa
t we suppose that D is thequotient of W by the isometry f ; In the following we shall say that D satis�es thehypothesis H.Constru
tion 3. Let i 2 f1; : : : ; rg and 
onsider E an edge of W whi
h is send by� to the edge [Pi; Pi+1℄ of D; we 
an glue to W along E a half strip Si isometri
 to[Pi; Pi+1℄ � R�+ (if A 2 E the point A is identi�ed with (�(A); 0)). Making this forevery i and every edges E, we get a new multi-domain with a logarithmi
 singularityat Q that we note (
;Q; ') (we keep the same notation for the developping mapsin
e it is an extension of the original developping map). Sin
e W is periodi
, 
 isperiodi
 and have the same period, we note f the 
orresponding isometry.Let us note, for i 2 f1; : : : ; rg, L+i (resp. L�i ) the union of the straight-lines
orresponding to fPig � R�+ in the half-strips glued along the edges E su
h that�(E) = [Pi; Pi+1℄ (resp. �(E) = [Pi�1; Pi℄). L+i and L�i are a 
ountable union of halfstraight-lines. We note V the set of the verti
es of 
 this set is ��1fP1; : : : ; Prg.We then have the following existen
e and uniqueness result.Theorem 3.3.1. Let (D;Q;  ) be a multi-domain with 
one singularity that boundsa polygon V , Constru
tions 1 and 3 give us a periodi
 multi-domain with logarithmi
singularity (
;Q; '); we suppose that the period of 
 is the 
one angle of D at Q.Then there exists a solution u of the minimal surfa
e equation on 
 su
h that1. u tends to +1 along L+i and �1 along L�i and2. 	u(Q) = 0 = 	u(V),where L+i , L�i and V are the notations given in Constru
tion 3. Besides, the solutionis unique up to an additive 
onstant.The 
onditions imposed to a fun
tion u solution of this Plateau problem makethat the graph of u is a good 
andidate for giving a solution to the Plateau problemat in�nity with V as 
ux polygon.



Chapitre 3. Le probl�eme de Plateau �a l'in�ni en genre 1 67Corollary 3.3.2. If u is a solution on 
 of the Diri
hlet problem asked in Theorem3.3.1, there exists a 
onstant 
 2 R su
h that u Æ f = u+ 
.Proof. Let u be a solution of the Diri
hlet problem asked in Theorem 3.3.1, thenu Æ f is also a solution of this Diri
hlet problem. This proves that u Æ f � u is
onstant.The following of this se
tion is devoted to the proof of Theorem 3.3.13.3.1 NotationsFirst, the period of 
 is 2q�. We 
an suppose that P1 is su
h that d(Q;P1) =mini d(Q;Pi). Let us 
onsider a vertex in V whi
h is a lift of P1 and denote it P1(0).Sin
e d(M;P1) is minimal, the geodesi
 joining Q to P1(0) is embedded, this impliesthat the �rst 
oordinate of '(P1(0)) is d(Q;P1(0)) = d(Q;P1). By 
onsidering R�Æ'instead of ', we 
an suppose that '(P1(0)) = (d(Q;P1(0); 0). Let us note P1(k) =fk(P1(0)) for k 2 Z; we then have '(P1(k)) = (d(M;P0); 2kq�). Then fP1(i); i 2 Zgis the set of the vertex of 
 
orresponding to P1 (i.e. fP1(i); i 2 Zg = ��1(P1)).If we remove the geodesi
s [Q;P1(k)℄ and [Q;P1(l)℄ (k < l) from 
, we get a spa
ewhi
h have three 
onne
ted 
omponents; one of them is su
h that its interse
tionwith N , the neighborhood of Q introdu
ed in De�nition 3.2.3, is isometri
 with℄0; r[�℄2kq�; 2lq�[ by '; we shall note this part 
lk. For n 2 Z we have fn(
lk) =
l+nk+n. In 
10, there is exa
tly one lift of every Pi (2 � i � r), we note Pi(0) the liftof Pi that is in 
10. We then note for k 2 Z Pi(k) = fk(Pi(0)); we then have thatPi(k) is the only lift of Pi in 
k+1k . A part 
k+1k of 
 is 
alled a period of 
.For i 2 f1; : : : ; rg and k 2 Z, let us note L+i (k) (resp. L�i (k)) the half straight-line in
luded in L+i (resp. L�i ) and having Pi(k) as end-point.Let us 
onsider k and l in Z su
h that k < l, then 
lk is a multi-domain. Itsverti
es are Q, the P1(m) for k � m � l and the Pi(m) for 2 � i � r and k � m < l.Its boundary is 
omposed of two segments [Q;P1(k)℄ and [Q;P1(l)℄ and 2r(l � k)half straight-lines whi
h are the L+1 (m) for k � m < l, the L�1 (m) for k < m � land the L�i (m) for 2 � i � r and k � m < l. From 
lk, we now de�ne a new multi-domain: we 
an glue to 
lk two half-strips, one is isometri
 to [Q;P1(k)℄�R+ and isglued along [Q;P1(k)℄, the se
ond is isometri
 to [P1(l);Q℄� R+ and is glued along[P1(l);Q℄. We note e
lk this new multi-domain. We note eL�k (resp. eL+l ) the new halfstraight-line in the boundary of e
lk with P1(k) (resp. P1(l)) as end-point. We alsonote eL+ and eL� the two half straight-lines in the boundary with Q as end-pointsu
h that eL+ is in the same half-strip than eL�k .
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hlet problem3.3.2 Proof of the existen
eWe shall now prove the existen
e part of Theorem 3.3.1. First, for n in N� , we provethat there exists a fun
tion un on e
n�n whi
h:1. is a solution of (MSE),2. tends to +1 on eL+, eL+n and all the L+i (k) that are in the boundary of e
n�nand3. tends to �1 on eL�, eL��n and all the L�i (k) that are in the boundary of e
n�n.Let us 
onsider the following polygon:(��!QP1; v1; : : : ; vr; : : : : : : ; v1; : : : ; vr| {z }2n times ;��!P1Q)If we remove to e
n�n all the half-strips, we get a multi-domain whi
h is bounded bythe above polygon. Then, the existen
e of the solution un is ensured by Theorem2.6.1.Let us now only 
onsider the restri
tion of un to 
n�n. We then have a sequen
e ofsolutions of (MSE) de�ned in an in
reasing sequen
e of domains 
n�n and [n2N� 
n�n =
. We 
an then 
onsider that (un) is a sequen
e of fun
tions on 
. We want (un)to 
onverge, so we shall prove that there is no line of divergen
e (see Appendix 3.8and Se
tion 1.4).First we give some preliminary results on un.Lemma 3.3.3. Let u be a solution of (MSE) on the half-strip [0; a℄�R+ su
h thatu tends to �1 on f0g � R+ and +1 on fag � R+ . Then, for y � 4a, we have:jpjW (x; y) � 1� a2y2jqjW (x; y) � p2ayProof. We note A the point of 
oordinates (x; y) and B a point in the boundary ofthe half-strip whi
h realizes the distan
e from A to this boundary. Sin
e y � 4athe 
oordinates of B are (0; y) or (a; y); besides the distan
e jABj is less than a=2.Be
ause of the value of u on the boundary, the distan
e along the graph from thepoint above A to the boundary of the graph is bigger than 4a. The ratio of thistwo distan
es is less than 1=8, then we 
an apply Lemma 1 in [JS℄; this gives thelemma.



Chapitre 3. Le probl�eme de Plateau �a l'in�ni en genre 1 69Corollary 3.3.4. Let u be a solution of (MSE) on the half-strip [0; a℄ � R+ su
hthat u tends to �1 on f0g�R+ and +1 on fag�R+ . We have 	u(0; y) = 	u(a; y)and if 	u(0; 0) = 0 then 	u � 0 in the half-strip.Proof. Be
ause of the value of u on the boundary we have 	u(0; y) = 	u(0; 0) + yand 	u(a; y) = 	u(a; 0) + y. This implies that for y � 4a we havej	u(0; 0)� 	u(a; 0)j = j	u(0; y)� 	u(a; y)j= j Z a0 � qw (x; y)dxj� Z a0 p2aydx � p2a2yThen by letting y goes to +1 we have 	u(0; 0) = 	u(a; 0) and then 	u(0; y) =	u(a; y).If 	u(0; 0) = 0 then 	u(0; y) = y. If A is in the interior of the half-strip, thereexists y su
h that A is at a distan
e less than y from the point (0; y); then, sin
e 	uis 1-Lips
hitz 
ontinuous 	u(A) � 0.This 
orollary implies that, if we 
hoose 	un su
h that 	un(Q) = 0, we have	un(Pi(k)) = 0 for all Pi(k) 2 
n�n and 	un � 0 in the half-trips 
ontained in e
n�n.Sin
e 	un satis�es a maximum prin
iple, we have 	un � 0 in 
n�n.Assume that there exists a line of divergen
e L. By Proposition 1.4.5, L 
an nothave an end point in the interior of one of the half straight-lines that 
ompose theboundary of 
; this prove that if it has end-points it must be Q or one Pi(k).If L has no end point, letA be a point of L and let us note d the distan
e betweenA and Q, sin
e 	un(Q) = 0 and 	un is 1-Lips
hitz, we have 0 � 	un(A) � d. Letus �x an orientation to L su
h that the limit normal along this line of divergen
e isthe right-hand unit normal. We then note s the ar
-length along L with A as origin.Let us 
onsider A0 the point on L of ar
-length s = �2d. Then we know that, forthe subsequen
e that makes L appear, we have 	un0 (A)�	un0 (A0)! 2d but, sin
e	un(Q) � d this implies that 	un0 (A0) < 0 for big n0; this is a 
ontradi
tion.If L is a segment (L has two end-points noted A1 and A2), we know that for ea
hn we have 	un(A1) = 0 = 	un(A2), but for the subsequen
e that make L appearwe have j	un0 (A1)� 	un0 (A2)j ! d(A1;A2) > 0; this gives us a 
ontradi
tion.We then 
an suppose that L has only one end-point that we note F and goes toin�nity in one half-strip that we 
an parametrized isometri
aly by [0; a℄ � R+ . Weremark that for one half-strip in 
 the number of su
h lines L is �nite. We have, forea
h n, 	un(F) = 0. There exists b 2℄0; a[ su
h that the part of L in the half-stripis fbg � R+ . By 
hanging L if ne
essary we 
an suppose that the part ℄b; a[�R+ isin
luded in B(un). Let A = (b; 0), B = (b; 2(a� b)), C = (a; 2(a� b)) and D = (a; 0)be four points in the half-strip. Sin
e d	un is 
losed we have:
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hlet problemZ[A;B℄ d	un = � Z[B;C℄ d	un � Z[C;D℄ d	un � Z[D;A℄ d	un= 2(a� b)� Z[B;C℄ d	un � Z[D;A℄ d	un� 2(a� b)� (a� b)� (a� b) = 0This implies that we have only one possibility for the limit normal . Sin
e℄b; a[�R+ � B(un) we 
an suppose that a subsequen
e (un0) 
onverges to a fun
tionv on ℄b; a[�R+ (n0 is 
hosen su
h that the line of divergen
e L appears). v is a solutionof (MSE) and by Proposition 1.4.9, we know that v tends to +1 along fbg � R�+and �1 along fag�R�+ . Then by Lemma 3.3.4, 	v(A) = 	v(D) = lim	un(D) = 0.But, for the subsequen
e, 	un0 (A) � 	un0 (F) ! d(F ;A) > 0, this 
ontradi
ts thefa
t that 	un(F) = 0 and lim	un0 (A) = 0.We then have prove that B(un) = 
, and, by taking a subsequen
e, we 
ansuppose that un 
onverges to a solution u of (MSE) on 
. By Proposition 1.4.9,u is su
h that u tends to +1 along the L+i (k) and �1 along the L�i (k). By
onstru
tion, we have also that 	u(Q) = 0 = 	u(Pi(k)) and 	u � 0.3.3.3 Property of the solution 1Before proving the uniqueness, we need to give some properties of a solution ofthe Diri
hlet problem asked in Theorem 3.3.1. We re
all that there exist �0 and aneighborhood N of Q su
h that ' is an isometry from N into fM 2 Djd(O;M) ��0g. We then 
an use the polar 
oordinates for v a fun
tion de�ned on N .Proposition 3.3.5. Let " be a positive number. There exists d > 0 su
h that forevery � 2 R and every v solution of (MSE) on N \ f�� � < � < � + �g:sup0<���0 v(�; �) < sup[d;�0℄�[��3�=4;�+3�=4℄ v(�; �) + "inf0<���0 v(�; �) > inf[d;�0℄�[��3�=4;�+3�=4℄ v(�; �)� "The proof is based on the idea used by R. Osserman to prove Theorem 10.3 in[Os2℄.Proof. First let us assume that � = �=2. Then N \f��� < � < �+�g is isometri
to the disk of 
enter the origin and radius �0 minus the segment joining the origin to(0;��0). Then we only prove the �rst inequality sin
e the se
ond is a 
onsequen
eof the �rst by substituting v for �v.



Chapitre 3. Le probl�eme de Plateau �a l'in�ni en genre 1 71Let " > 0 and d be a positive number, we note A the point of 
oordinates (0;�d)and D the domain in D(0; �0) delimited by the segment joining (�p�20 � d2;�d) to(�d;�d), the half 
ir
le of 
enter A and radius d: � 7! (d 
os �; d(sin � � 1)) for � 2[0; �℄ and the segment joining (d;�d) to (p�20 � d2;�d) and 
ontaining (0; �0=2). Onthe domain D we 
onsider the fun
tion 
 : M 7! d�� arg
h( jAM jd ) + arg
h(�0+dd )�.The graph of 
 is a pie
e of a 
atenoid and 
 is a positive fun
tion upper boundedby d arg
h(�0+dd ). Let d be small enough su
h that this upper-bound is less than ".

A
Figure 3.2: the graph of the fun
tion 
On the part of the boundary ofD whi
h is a half 
ir
le of 
enter A, the derivativesr
�n, where n is the outward pointing normal, takes the value +1. This implies, byLemma 10:2 in [Os2℄, that 
+K � v where K is the supremum of v on the boundaryof D minus the half 
ir
le of 
enter A. Sin
e this part of the boundary is in
ludedin the set of points of polar 
oordinates in
luded in [d; �0℄ � [��=4; 5�=4℄ and D
ontains the segment joining the origin to (0; 1) the proposition is established.This proposition is an important fa
t sin
e it implies that if u is a solution ofthe diri
hlet problem asked in Theorem 3.3.1, u is bounded on N \ 
lk for every kand l.3.3.4 Proof of the uniquenessLet us now prove the uniqueness part of Theorem 3.3.1. We 
onsider u and v twosolutions of the Diri
hlet problem asked in Theorem 3.3.1 and we assume that these
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hlet problemtwo solutions are di�erent: u � v is not 
onstant. By 
hanging v by v + 
 where 
is a real 
onstant we 
an suppose:1. fu � v > 0g \ 
+10 and fu � v < 0g \ 
+10 are non-empty (
+10 is [n>0
n0 )and2. the segment [Q;P1(0)℄ is in
luded in fu� v > 0g.The �rst assertion is due to the fa
t that u � v is non-
onstant and that we 
anex
hange u and v, the se
ond assertion is a 
onsequen
e of the fa
t that u and v arebounded on the segment [Q;P1(0)℄ by Proposition 3.3.5 and Lemma 2.3.1.We note � = fu � v < 0g \ 
+10 We then note �n the interse
tion of � and
n0 . The boundary ��n is 
omposed of a part in
luded in the boundary of 
, a partin
luded in the interior of 
n0 and a part in
luded in the segment [Q;P1(n)℄. Alongthe �rst part de	 = d	u � d	v = 0 and along the se
ond part de	 is positive byLemma 2 in [CK℄; the union of this �rst two parts will be noted �n�.We note �ln the interse
tion of �n with the part of 
n0 su
h that a point A is inthis part if either A is not in one half-strip in
luded in 
n0 or A = (x; y) is in one ofthese half-strips whi
h is isometri
aly parametrized by [0; a℄ � R+ and y � l. Theboundary of �ln is 
omposed of three parts: the �rst is ��n \ [Q;P1(n)℄, the se
ondis �n�\�ln and the third is in
luded in the union of the segments parametrized by[0; a℄�flg in ea
h half-strip; we note �l this third part. Sin
e de	 is 
losed we have:Z��n\[Q;P1(n)℄ de	+ Z�n�\�ln de	+ Z�l de	 = 0 (3.2)We then have Z�n�\�ln de	 � jQP1(n)j+ ����Z�l de	����Sin
e de	 � 0 along �n�, R�n�\�ln de	 in
reases as l in
reases. By Lemma 3.3.3,R�l de	! 0 as l goes to +1. Then the above equation implies that de	 is integrableon �n� and by passing to the limit in (3.2), we obtainZ��n\[Q;P1(n)℄ de	+ Z�n� de	 = 0 (3.3)This equation implies thatZ�n� de	 � jQP1(n)j = jQP1(0)j
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e the part of �� in
luded in theinterior of 
 is non empty. We haveZ�� de	 = +1Xn=0 Z��\
n+1n de	Then Z��\
n+1n de	 �! 0. We then want to understand what happens on 
n+1n forbig n.Let us 
onsider, for n 2 N , un = u Æ f�n and vn = v Æ f�n; the restri
tion ofun to 
10 is equal to the restri
tion of u to 
n+1n and the same is true for v. Withthe same arguements as in the proof of existen
e, we 
an prove that there exist tworeal sequen
es (an) and (bn) su
h that un0 � an0 ! ~u and vn0 � bn0 ! ~v on 
 (infa
t an = un(P ) and bn = vn(P ) for a point P in 
). The fun
tions ~u and ~v aretwo solutions of the Diri
hlet problem asked in Theorem 3.3.1 and the 
onvergen
eis uniform for every derivative on 
ompa
t parts. By 
hanging our subsequen
e ifne
essary, we 
an assume that bn0 � an0 ! �1 or bn0 � an0 ! 
 2 R. We areinterested in fun � vn < 0g \ 
10 and, in a 
ertain sense, these sets \
onverge" tof~u� ~v < lim bn0 � an0g \ 
10.Let 
 : [0; jQP1(1)j℄ ! [Q;P1(1)℄ the parametrization by ar
-length of the seg-ment [Q;P1(1)℄, with 
(0) = Q.First we assume that bn0 � an0 ! �1. Let " > 0 su
h that " is less than13 Z�n� de	 and 12 jQ;P1(1)j. Sin
e ~u and ~v are bounded on [Q;P1(1)℄ and thatwe have uniform 
onvergen
e on 
(["; jQP1(1)j � "℄), we 
an ensure that, for n0big enough, 
(["; jQP1(1)j � "℄) is in
luded in fun0 � vn0 < 0g or does not interse
tfun0�vn0 < 0g following the sign of the limit of bn0�an0. For every n, Z[Q;P1(n)℄ de	 = 0be
ause of our hypotheses on 	u and 	v, we then have for big n0�����Z��n0+1\[Q;P1(n0+1)℄ de	����� � 2" (3.4)This equality implies that Z�n0+1� de	 � 2" for big n0. Then by passing to the limitwe obtain a 
ontradi
tion be
ause of our hypothesis on ".We assume now that bn0�an0 ! 
. Let " be as above. If the segment 
(["; jQP1(1)j�"℄) is in
luded in f~u� ~v < 
g or does not interse
t f~u� ~v < 
g then the same prop-erty is true for fun0 � vn0 < 0g for big n. Then same arguements as above give usa 
ontradi
tion. We then 
an ensure that there is a point in 
(["; jQP1(1)j � "℄)where ~u � ~v = 
. If ~u = ~v + 
 on 
, we have d	un0 � d	vn0 ! 0 uniformly on
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(["; jQP1(1)j � "℄). Then for n0 big enough, the inequality (3.4) is true, this givesus a 
ountradi
tion. Then ~u 6= ~v + 
 on 
 and there is a 
ompa
t part of theboundary of f~u � ~v < 
g that 
rosses the segment 
(["; jQP1(1)j � "℄), let us note� this part of the boundary (� is oriented as the boundary of this set). We haveZ� d	~u � d	~v > 0 by Lemma 2 in [CK℄. The 
urve � is in
luded in a 
ompa
t partof 
20 and sin
e (un0 � vn0) 
onverges to ~u � ~v � 
 (the 
onvergen
e is uniform forea
h derivative on every 
ompa
t part) we 
an ensure that for n0 big enoughZ�fun0�vn0<0g\
20 d	un0 � d	vn0 � 12 Z� d	~u � d	~vThis implies that Z��\
n0+2n0 de	 � 12 Z� d	~u � d	~v > 0We have then a 
ontradi
tion with Z��\
n+1n de	 �! 0. We have then proved thatour two solutions u and v di�er only by a real additive 
onstant.3.3.5 Property of the solution 2From Corollary 3.3.2, if u is a solution of the Diri
hlet problem asked in Theorem3.3.1, there exists a 
onstant 
 2 R su
h that u Æ f = u+ 
. We have the followingresult for su
h a situation.Proposition 3.3.6. Let (
;Q; ') be a periodi
 multi-domain with logarithmi
 sin-gularity, we note f the isometry asso
iated to the periodi
ity. Let v be a solution ofthe minimal surfa
e equation on 
 su
h that:1. there exists a 
onstant 
 2 R su
h that v Æ f = v + 
 and2. if 	v is the 
onjugate fun
tion to v with 	v(Q) = 0, 	v is non-negative.Under these hypotheses, the 
onstant 
 is non zero.Proof. Let us suppose that the 
onstant 
 is zero and 
onsider v only on the neigh-borhood N of the singularity point Q. Sin
e v Æ f = v, by taking the quotientwith respe
t to f , the fun
tion v 
an be seen as a fun
tion ev de�ned on C a 
atdisk of radius �0 with a 
one singularity at its 
enter of angle 2q� minus the sin-gularity point (i.e. C is f(�; �); � 2 (0; �0); � 2 [0; 2q�℄g where (�; 0) and (�; 2q�)are identi�ed, the metri
 on C is the polar metri
). The graph of ev is a minimalsurfa
e of C � R. This surfa
e is topologi
aly an annulus then it is 
onformally



Chapitre 3. Le probl�eme de Plateau �a l'in�ni en genre 1 75parametrized by a Riemann surfa
e R whi
h is an annulus: there are two harmoni
maps X : R! C and x3 : R! R su
h that x3 = ev ÆX. We 
an suppose that R iseither f� 2 C j1 < j�j < ag for 1 < a � +1 or f� 2 C j0 < j�j < ag for 0 < a � +1.On C, the fun
tion 	ev is well de�ned and satis�es 	ev � 0 and 	ev = 0 at the 
onesingularity by hypothesis. Sin
e x3 is harmoni
, on R we 
an de�ne its harmoni

onjugate x�3; a priori x�3 is multi-valuated but, for a good 
hoi
e of x�3, we havex�3 = 	ev ÆX then x�3 is well de�ned on R. As 	ev = 0 at the 
one singularity, x�3(�)
onverges to zero as either j�j tends to 1 when R = f� 2 C j1 < j�j < ag or j�j tendsto zero when R = f� 2 C j0 < j�j < ag.In the se
ond 
ase (R = f� 2 C j0 < j�j < ag), x�3 is a harmoni
 fun
tionon a pointed disk, whi
h has a 
ontinuous extension to the whole disk. But, anharmoni
 fun
tion 
an not have an isolated singularity, then the 
ontinuous extensionis harmoni
 and have an extremum at the origin, sin
e x�3 � 0 on R; this gives a
ontradi
tion.In the other 
ase (R = f� 2 C j1 < j�j < ag), sin
e x�3 = 0 on the unit 
ir
le, thefun
tion x�3 extends to an harmoni
 fun
tion on f� 2 C j 1a < j�j < ag by S
hwartzre
e
tion prin
iple (the extension is de�ned by x�3(�) = �x�3(1� ); see [ABR℄). Bytaking the harmoni
 
onjugate, x3 also extends to f� 2 C j 1a < j�j < ag. Along theunit 
ir
le S1, rx�3 � n = 0, with n the unit tangent ve
tor to S1, sin
e x�3 = 0 alongthis 
ir
le. Besides by Rolle's Theorem there is a point on S1 where rx3 � n = 0.At this point, rx�3 = 0 and the lo
al stru
ture of a 
riti
al point of a non 
onstantharmoni
 fun
tion implies that x�3 must be negative on R in the neighborhood ofthis point, this 
ontradi
ts x�3 � 0 on R.Remark 3.3.7. This proposition proves that, for a solution u of the Diri
hletproblem asked in Theorem 3.3.1, the 
onstant 
 su
h that u Æ f = u+ 
 is non-zero,then u 
an not pass to the quotient by f . But sin
e u Æ f = u + 
 the derivativesof u are invariant by f then the derivatives of u are well de�ned on the quotient.Besides, this implies that the fun
tion 	u is also invariant by f .An other property of su
h a solution u is that u 
an be build by the way usedin the proof of the existen
e. As a 
onsequen
e, the 
onjugate fun
tion 	u is non-negative on 
.3.4 The regularity over the singularity pointAs in the pre
eding se
tion we 
onsider V a polygon that bounds a multi-domainwith 
one singularity (D;Q;  ); using Constru
tion 1 and 3, we get a multi-domainwith logarithmi
 singularity (
;Q; '); we suppose that D satis�es the hypothesisH. Theorem 3.3.1 allows us to 
onstru
t a minimal surfa
e in R3 whi
h is a graphover 
; we want to use this surfa
e to build a r-noid with genus 1 and horizontal



76 3.4. The regularity over the singularity pointends of type I with V as 
ux polygon therefore the graph needs to be regular up toits boundary. In this se
tion, we understand the behaviour of this minimal surfa
eover the singularity point Q: we shall prove the following result.Theorem 3.4.1. Let u be a solution of the Diri
hlet problem asked in Theorem3.3.1. Then the surfa
e f' (Q)(x); u(x)g for x 2 N is a minimal surfa
e withboundary and its boundary is f' (Q)(x); u(x)g for x 2 �N and the verti
al straightline passing through  (Q).In fa
t, this surfa
e 
an also be seen as a minimal surfa
e in D � R; with thispoint of view, Theorem 3.4.1 
an be stated as follows.Theorem 3.4.2. Let u be a solution of the Diri
hlet problem asked in Theorem 3.3.1.Then the surfa
e f'(x); u(x)gx2N � D� R is a minimal surfa
e with boundary andits boundary is f'(x); u(x)g for x 2 �N and the verti
al straight line fOg � R.It is easy to see that Theorem 3.4.2 implies Theorem 3.4.1, then we shall proveTheorem 3.4.2. The problem in this theorem is the behaviour near the singularitypoint not along �N .3.4.1 A 
ompa
tness resultIn the proof of Theorem 3.4.2, we shall need to make 
onverge a sequen
e of minimalsurfa
es. The following theorem will be an important tool.Theorem 3.4.3. Let �1, �2 and �3 be three di�erent points in S1. Let 
n : S1 !D�Rk1 be a sequen
e of Jordan 
urves in D�Rk1 and fn : S1! Rk2 be a sequen
eof 
ontinuous maps; we note gn = (
n; fn). We note �n = 
n(S1) and put, for1 � i � 3, pni = 
n(�i). We suppose that:1. I = infn2Nfd(pn1 ; pn2 ); d(pn1 ; pn3); d(pn2 ; pn3)g > 0,2. for every m > 0 there exists " > 0 su
h that, for every n 2 N, if �; � 0 2 S1 andd(gn(�); gn(� 0)) < ", one 
omponent of �nnf
n(�); 
n(� 0)g is of diameter lessthan m and3. there exist M > 0 and a sequen
e Xn : � ! D � Rk1+k2 (� is the unit disk)su
h that gn = XnjS1 andZ�(jXnxj2 + jXnyj2)dxdy < MThe family f
ngn2N is then equi
ontinuous.
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e (pn1 ) 
onvergesthere exists a subsequen
e 
n0 that 
onverges for uniform 
onvergen
e. Theorem3.4.3 is in fa
t very similar to a 
lassi
al result used in the resolution of the 
lassi
alPlateau problem (see for example, Lemma 3.2 in [Cou℄ or [Hi℄).Proof. The proof is based on the following lemma.Lemma 3.4.4 (Courant-Lebesgue). Let X be of 
lass C0(�;D�Rk )\C1( Æ�;D�Rk ) ( Æ� is the interior of �) and satisfyZ�(jXxj2 + jXyj2)dxdy < Mfor some M 2 R+ . Then, for every �0 2 S1 and for ea
h Æ 2 (0; 1), there exists anumber � 2 (Æ;pÆ) su
h that the distan
e between the images X(�), X(� 0) of thetwo interse
tion points � and � 0 of S1 with the 
ir
le �D�(�0) 
an be estimated byd(X(�); X(� 0)) � � 4M�ln(1=Æ)�1=2The proof of this lemma 
an be found in [Hi℄.Let e be a positive number, we suppose that e < I. By the se
ond hypothesis,there exists " su
h that, for every n 2 N , if �; � 0 2 S1 and d(gn(�); gn(� 0)) < ", one
omponent of �nnf
n(�); 
n(� 0)g is of diameter less than e. Let Æ > 0 be su
h that� 4M�ln(1=Æ)�1=2 � "and for every � 2 S1 we have j� � �ij > Æ for at least two of the points �1; �2; �3.Let n 2 N and �0 2 S1, by the third hypothesis and the Courant-LebesgueLemma, there exists Æ < � < pÆ su
h that, if � and � 0 are the two interse
tionspoints of S1 with the 
ir
le �D�(�0), d(Xn(�); Xn(� 0)) � ". S1nf�; � 0g is 
omposedof two ar
s: one, A0, 
ontains �0 and all the points that are at a distan
e less thanÆ from �0, the se
ond ar
, A00, 
ontains two of the three points �1; �2; �3. Sin
ed(Xn(�); Xn(� 0)) � ", one of the two ar
s 
n(A0), 
n(A00) is of diameter less than e;but 
n(A00) 
ontains two of the points pn1 , pn2 , pn3 and e < I, then it is 
n(A0) that is ofdiameter less than e. We then have proved that if j� � �0j < Æ, d(
n(�); 
n(�0)) � e;this proves that the family f
ng is equi
ontinuous.



78 3.4. The regularity over the singularity point3.4.2 Proof of Theorem 3.4.2PreliminariesLet u be a solution of the Diri
hlet problem asked in Theorem 3.3.1. We use thenotations introdu
ed in Se
tion 3.3. The fun
tion u is 
ontru
ted as the limit of asequen
e (un) where un is a solution of a Diri
hlet problem on e
n�n. Sin
e we areonly interested in the behaviour on N we shall use the polar 
oordinates given by ';u is then de�ned on [0; �0℄� R and un is de�ned on [0; �0℄� [�2nq�� �2 ; 2nq�+ �2 ℄.Be
ause of the periodi
ity of u, to prove Theorem 3.4.2, it is enough to make theproof on a period [0; �0℄� [0; 2q�℄.By 
onstru
tion, un takes the value +1 on (0; �0)�f�2nq�� �2g and the value�1 on (0; �0)�f2nq�+ �2g, besides, by taking 	un(Q) = 0, we have 	un � 0 on e
n�n,this proves, by Theorem 2.3.2, that the minimal surfa
e f'(x); un(x)gx2N\e
n�n �D � R has the verti
al straight-line passing by O as boundary. The idea of theproof of Theorem 3.4.2 is to follow the behaviour of the graph near this verti
alstraight-line when n goes to +1.We now need a result on the behaviour of graph bounded by verti
al line.Lemma 3.4.5. Let v be a solution of (MSE) on a se
tor of D f(r; �) 2 Dj r �r0; �1 � � � �2g (�1 < 0 < �2). Suppose that the graph of v in R3 is a 
ompleteminimal surfa
e with boundary and the part of the boundary over the origin is aninterval of the verti
al straight-line passing by the origin. Then if v is boundedon f� = 0g, limr!0 v(r; 0) exists. Besides the normal to the graph v at the points(0; 0; limr!0 v(r; 0)) is �(0; 1; 0).Proof. We note � the graph of v. All the 
luster points of (r; 0; v(r; 0)) as r goes to0 are in the boundary of the graph and more pre
isely in the part of the boundary
onsisting in the interval of the verti
al straight-line passing by the origin. Besides,the 
urve r 7! (r; 0; v(r; 0)) is in the interse
tion of the verti
al plane fy = 0g andthe graph of v, this 
urve is then in the interse
tion of two minimal surfa
es. Let(0; 0; a) be a 
luster point of (r; 0; v(r; 0)) as r goes to 0, sin
e the boundary of �is a verti
al straight-line near (0; 0; a) the normal to � at this point is horizontaland is (
os�; sin�; 0) for some �� � � < �. Near (0; 0; a), � is then a graph overthe verti
al plane fx 
os� + y sin� = 0g and is tangent to this plane at (0; 0; a).Then, if j�j 6= �=2, the interse
tion of � and fy = 0g is only the verti
al straight-line near (0; 0; a) then no (rn; 0; v(rn; 0)) 
an 
onverge to (0; 0; a). This implies thatthe normal at (0; 0; a) is �(0; 1; 0) and then sin
e � is a graph over fy = 0g theinterse
tion of � with this plane near (0; 0; a) is the verti
al straight-line and somesmooth 
urves passing by (0; 0; a) su
h that x 6= 0 along them. One of this 
urve isthen (r; 0; v(r; 0)), by 
ontinuity; this prove that limr!0 v(r; 0) = a.
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onvergen
e of the graph of un near the singularitypoint O. let � 2 R, to simplify our notation in the following we suppose that� 2 [0; 2q�℄, let k 2 N and note �1 = � � 2kq� and �2 = � + 2kq�. We knowthat un(r; �1) and un(r; �2) are bounded by Lemma 2.3.1. Then sin
e the graphof un has a verti
al straight-line as boundary, un(r; �1) ! an, un(r; �2) ! bn andun(r; �) ! 
n as r goes to 0, for some 
n 2 (bn; an). The graph �n � D � R of unover U = [0; �0℄ � [�1; �2℄ is a minimal surfa
e bounded by � 7! (�; �1; un(�; �1))for 0 � � � �0, � 7! (�0; �; un(�0; �)) for �1 � � � �2, � 7! (�; �2; un(�; �2)) for�0 � � � 0 and the segment fOg� [bn; an℄. �n is a minimal surfa
e of D� R whi
his of the type of the disk then we 
an parametrize 
onformally it by the upper half-disk �+ = f� 2 �j=(�) � 0g: there exist an harmoni
 map Xn : �+ ! D and anharmoni
 fun
tion zn : �+ ! R su
h that the surfa
e �n is f(Xn(�); zn(�)); � 2 �+g.We 
hoose Xn and zn su
h that (Xn(�1); zn(�1)) = (0; 0; an), (Xn(0); zn(0)) =(0; 0; 
n) and (Xn(1); zn(1)) = (0; 0; bn). We want to apply Theorem 3.4.3 to thesequen
e (Xn; zn)j��+, but we 
an not do this dire
tly.Proposition 3.4.6. Let (Xn; zn) be as above then , if k is big enough, a subsequen
e(Xn0) 
onverges uniformly to an harmoni
 map X : �+ ! D and (zn0) 
onvergesuniformly on ea
h 
ompa
t subset to an harmoni
 fun
tion z : Æ�+ ! R (where Æ�+is the interior of �+). On Æ�+, X and z satisfy z = u ÆX.Proof. In fa
t the fun
tion zn is not the good fun
tion to 
onsider. On U = [0; �0℄�[�1; �2℄, the fun
tion 	un is de�ned with 	un(0; 0) = 0. 	un 
orresponds to theharmoni
 
onjugate of zn. More pre
isely, if �0 2 Æ�+ and z�n is the 
onjugatefun
tion to zn su
h that z�n(�0) = 	un(Xn(�0)), we have z�n = 	un Æ Xn. A priori,the pre
eding equality is true only in the interior of �+, but, sin
e 	un is Lips
hitz
ontinuous, z�n 
an be extended to the boundary su
h that the equality is trueeverywhere.By a result of J.C.C. Nits
he [Ni1℄, the area of �n is bounded by Area(U) +R�U junj. Sin
e un 
onverges to u uniformly on ea
h 
ompa
t subset of 
nfQg, theun are uniformly bounded fun
tions on U by Proposition 3.3.5. This proves that theareas of �n are uniformly bounded by a 
onstant M . Sin
e (Xn; zn) are 
onformal:Z�+ jXnxj2 + jXnyj2 + jrznj2dxdy = Area(�n)2 < M2Let Fn : �+ ! D � R3 be the map de�ned by Fn(�) = (Xn(�); z�n(�); x; y)with � = x + iy. We shall apply Theorem 3.4.3 with 
n the restri
tion of Fn tothe boundary of �+, fn = zn and with �1 = �1, �2 = 0 and �3 = 1. We noteGn = (Fn; zn). Sin
e z�n is 
onjugate to zn, jrz�nj = jrznj; thenZ�+ �jGnxj2 + jGnyj2�dxdy � 2M2 + 2Area(�+)



80 3.4. The regularity over the singularity pointWe have the third hypothesis of Theorem 3.4.3.Be
ause of the fun
tion x in Fn, d(Fn(�i); Fn(�j)) � 1 for i 6= j, this is the �rsthypothesis of Theorem 3.4.3.To prove that (
n; fn) satis�es the se
ond hypothesis of Theorem 3.4.3, we needa lemma.Lemma 3.4.7. If k is big enough, for big n we have:1 � inf(0;�0℄�[�2kq�;�2(k�1)q�℄un � sup(0;�0℄�[0;2q�℄un (3.5)1 � inf(0;�0℄�[0;2q�℄un � sup(0;�0℄�[2kq�;2(k+1)q�℄un (3.6)Proof. There exists a 
onstant 
 2 R su
h that u Æ f = u+ 
, by Proposition 3.3.6,
 6= 0 and, by 
onstru
tion, 
 < 0, this is due to the value + and �1 on eL+ andeL� for the fun
tion un. This implies thatsup(0;�0℄�[2lq�;2(l+1)q�℄u� sup(0;�0℄�[2mq�;2(m+1)q�℄ u = 
(l �m)inf(0;�0℄�[2lq�;2(l+1)q�℄u� inf(0;�0℄�[2mq�;2(m+1)q�℄ u = 
(l �m)This implies that for a k big enough:2 � inf(0;�0℄�[�2(k+1)q�;�2(k�2)q�℄u� sup(0;�0℄�[�2q�;4q�℄u2 � inf(0;�0℄�[�2q�;4q�℄u� sup(0;�0℄�[2(k�1)q�;2(k+2)q�℄uLet us apply Proposition 3.3.5 with " = 1=4, there exists then d su
h that forevery l 2 Z and every n > l + 2:sup(0;�0℄�[2lq�;2(l+1)q�℄un � sup[d;�0℄�[2(l�1)q�;2(l+2)q�℄ un + 14inf(0;�0℄�[2lq�;2(l+1)q�℄un � inf[d;�0℄�[2(l�1)q�;2(l+2)q�℄ un � 14But sin
e un ! u uniformly on every 
ompa
t subset of 
nfQg we have for bign: sup[d;�0℄�[2(l�1)q�;2(l+2)q�℄ un � sup[d;�0℄�[2(l�1)q�;2(l+2)q�℄ u+ 14inf[d;�0℄�[2(l�1)q�;2(l+2)q�℄ un � inf[d;�0℄�[2(l�1)q�;2(l+2)q�℄ u� 14



Chapitre 3. Le probl�eme de Plateau �a l'in�ni en genre 1 81Then in using these inequalities with l = 0 and l = �k, we have for n big enough:inf(0;�0℄�[�2kq�;�2(k�1)q�℄un � inf[d;�0℄�[�2(k+1)q�;�2(k�2)q�℄un � 14� inf[d;�0℄�[�2(k+1)q�;�2(k�2)q�℄u� 12� sup[d;�0℄�[�2q�;4q�℄u+ 32� sup[d;�0℄�[�2q�;4q�℄un + 54� sup(0;�0℄�[0;2q�℄un + 1This shows (3.5). With l = 0 and l = k, we get (3.6):inf(0;�0℄�[0;2q�℄un � sup(0;�0℄�[2kq�;2(k+1)q�℄un + 1Let k 2 N given by Lemma 3.4.7. In D, the 
urves � 7! Xn(�) for � 2 ��+have the same image � for every n. � is a Jordan 
urve in D so for every m > 0there exists " > 0 su
h that, if p0; p00 2 � and d(p0; p00) < ", one of the 
omponents of�nfp0; p00g is of diameter less than m. Let Æ be minf�0=2; 1=2g if A is the point of
oordinates (�0; �1) then 2Æ is less than the distan
e between O and A and if m < Æ,in the above property, there is only one 
omponent of �nfp0; p00g with diameter lessthan m.Let 0 < m < Æ, there exists " > 0 that satis�es the above property, therealso exists � su
h that if � 0; � 00 2 ��+ and j� 0 � � 00j < �, one of the 
omponentsof ��+nf� 0; � 00g is of diameter less than m. Sin
e m < Æ � 1=2 this 
omponent isunique. Let n 2 N be big enough su
h that (3.5) and (3.6) are satis�ed. Let � 0 and � 00in ��+ su
h that the distan
e between Gn(� 0) and Gn(� 00) is less than minf"; �; 1=2g.Let us note Fn(� 0) = (p0;	un(p0); x0; y0) and Fn(� 00) = (p00;	un(p00); x00; y00). We haved(p0; p00) � ", then there exists one 
omponent of �nfp0; p00g with diameter less thanm. Let I be the part of ��+ that parametrize this 
omponent; the end points ofI are � 0 = x0 + iy0 and � 00 = x00 + iy00. Sin
e j� 0 � � 00j < �, I or its 
omplemantaryin ��+ is of diameter less than m; let us prove that it is I. If O =2 Xn(I) thenf� 2 ��+j� 2 Rg \ I = ;, but f� 2 ��+j� 2 Rg is of diameter 2 then I is ofdiameter less than m. If O 2 Xn(I) then A =2 Xn(I) and the points p0 and p00are at a distan
e less than m from O then the point p0 and p00 
an not be on thepart of � : � 7! (�0; �). There are di�erent possible 
ases. First, I 
an be in
ludedin f� 2 ��+j� 2 Rg then sin
e j� 0 � � 00j < �, I is of diameter less than m. The
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ond 
ase is when f� 2 ��+j� 2 Rg is in
luded in I then we 
an suppose thatp0 2 f(�; �1)g0����0 and p00 2 f(�; �2)g0����0 this implies, by Lemma 3.4.7, thatjzn(� 0) � zn(� 00)j � 2 whi
h is impossible sin
e the distan
e between Gn(� 0) andGn(� 00) is less than minf"; �; 1=2g < 2. For the third 
ase, we 
an suppose that� 0 2 f� 2 ��+j� 2 Rg and p00 2 f(�; �2)g0����0 (all the other 
ases are given bypermutating � 0 and � 00 and �1 and �2). Sin
e A =2 Xn(I), we have 1 2 I. Besideszn is de
reasing along f� 2 ��+j� 2 Rg, then, sin
e 
n � zn(� 00) � 1, by Lemma3.4.7, and jzn(� 0)� zn(� 00)j � 1=2, � 0 2 [0; 1℄. Sin
e j� 0 � � 00j � 1=2, � 00 is in the partof ��+ with <(�) � 0 then the shortest 
omponent of ��+nf� 0; � 00g is the one that
ontains 1 then it is I.So it was proved that I and Xn(I) are of diameter less than m. Sin
e 	un is1-Lips
hitz 
ontinuous and z�n = 	un ÆXn the set z�n(I) is of diameter less than m.Then, if � 0; � 00 2 ��+ are su
h that the distan
e between Gn(� 0) and Gn(� 00) is lessthan minf"; �; 1=2g, one 
omponent of Fn(��+)nfFn(� 0); Fn(� 00)g is of diameter lessthan p3m; this is the se
ond hypothesis.Let us apply the result of Theorem 3.4.3, the family fFnj��+g is equi
ontinuousthen there exists a subsequen
e (Fn0 j��+) that 
onverges uniformly. Sin
e the Fnare harmoni
 maps, the sequen
e (Fn0) 
onverges uniformly on �+. Then Xn0 ! Xuniformly on �+ and z�n0 ! z� with X and z� harmoni
 map. The fa
t that zn andz�n are harmoni
 
onjugates implies that (zn0) 
onverges to the harmoni
 
onjugatez of z� and the 
onvergen
e is uniform on ea
h 
ompa
t subset of Æ�+. The equalityz = u Æ X is just the limit of the equality zn = un Æ Xn. This ends the proof ofProposition 3.4.6.Constru
tion 4. Let us summarize what we have done above. We take � 2 Rand k 2 N� . For every n 2 N , we 
onsider (Xn; zn) a 
onformal parametrizationof the graph of un over [0; �0℄ � [� � 2kq�; � + 2kq�℄ by the upper-half disk �+su
h that the part parametrized by �+ \ R is the verti
al segment in the boundarywhi
h is above O. Then Proposition 3.4.6 says us that if we take k big enough wehave a subsequen
e (Xn0 ; zn0) that 
onverges to (X; z) as des
ribed in Proposition3.4.6. We also have the sequen
e (z�n) and z�n0 ! z� uniformly on �+. X satistiesthe following property.Corollary 3.4.8. Let X be 
onstru
ted as in Constru
tion 4. ThenX(�+) = [0; r0℄� [�1; �2℄Proof. LetA 2 [0; r0℄�[�1; �2℄ then for every n there exists �n su
h thatXn(�n) = A.We have Xn0 ! X uniformly on �+ and, sin
e �+ is 
ompa
t, a subsequen
e n00 ofn0 is su
h that �n00 ! � 2 �+. Then A = Xn00(�n00)! X(�) and A = X(�).



Chapitre 3. Le probl�eme de Plateau �a l'in�ni en genre 1 83The proofBefore proving Theorem 3.4.2, we need a remarkProposition 3.4.9. Let � 2 R then u(�; �) 
onverges as � goes to 0.Proof. Let � 2 R and k 2 N be big enough su
h that Constru
tion 4 
an be done.By 
onstru
tion, we have Xn, X, z�n and z� de�ned on �+. Let U be a 
ompa
tneighborhood of 0 in �+ su
h that X(U) � [0; �0℄� (�� �=2; �+ �=2). Using theproje
tion H : (�; �) 7! (� 
os �; � sin �) we 
an 
onsider X as a harmoni
 map from�+ to R2 . For n big enough, Xn(U) � [0; r0℄� (���=2; �+�=2), the maps Xn, X,z�n and z� 
an be extended to U 0 where U 0 is the union of U and f� 2 C j �� 2 Ug.Xn and z�n are extended by S
hwarz re
e
tion prin
iple to harmoni
 map. Sin
eXn0 ! X and z�n0 ! z� on U we have the same 
onvergen
e for their extensionsto U 0. In the same way, the fun
tions zn and z 
an be extended to U 0 and the
onvergen
e zn0 ! z is uniform on ea
h 
ompa
t of U 0. The map (X; z) on U 0gives a minimal surfa
e of R3 . Sin
e the point (Xn(0); zn(0)) is for every n 2 Nthe limit point of (�; �; un(�; �)) as � goes to 0. The normal to the minimal surfa
e(Xn; zn) at the origin is (sin�;� 
os�; 0). Then, the normal to the minimal surfa
e(X; z) is also (sin�;� 
os�; 0) at the origin. Then the interse
tion of the minimalsurfa
e fX(�); z(�)g�2U with the verti
al plane of equation x sin� � y 
os� = 0 inthe neighborhood of the point (X(0); z(0)) is 
omposed of a pie
e of the verti
alstraight line passing by this point and a 
urve whi
h is above f(�; �)g�>0 with(X(0); z(0)) as end point. Then this 
urve is, in fa
t, f�; �; u(�; �)g�>0, this impliesthat lim�!0u(�; �) = z(0).We 
an then make the proof of Theorem 3.4.2.Proof of Theorem 3.4.2. . Let k 2 N be big enough su
h that we 
an make Constru
-tion 4 with � = 0. We then get a map X : �+ !N and two fun
tions z : Æ�+ ! Rand z� : �+ ! R. Let I be the part of ��+ su
h that � 2 I , X(�) = O.Sin
e X is monotone, I is 
onne
ted and by 
onstru
tion f� 2 ��+j� 2 Rg � I.Let �1 and �2 denote the two end-points of I and 
onsider the biholomorphi
 maph : �+ ! �+ su
h that h(�1) = �1, h(0) = (0) and h(1) = �2. If eX = X Æ h,ez = z Æ h and ez� = z� Æ h (it is obvious that the 
onjugate harmoni
 fun
tion to ez isez�), we make only a reparametrization of the minimal surfa
e (X; z). For � 2 ��+,eX(�) = O , � 2 R. Then let 
onsider �0 2 ��+nR. We have eX(�0) 6= O then sin
eez(�) = u Æ eX(�) we 
an de�ne ez(�0) by making � 
onverging to �0. ez 
an be alsode�ned at �1 and 1: as � 2 ��+nR goes to �1 or 1, X(�) goes to O along f(�; �1)gor f(�; �2)g and then ez(�) goes to lim�!0 u(�; �1) = z(�1) or lim�!0 u(�; �2) = z(1). Sin
eeX = O on R \ �+, ez� = 0 on the same set. then we 
an extend ez� to the whole



84 3.5. The period problemdisk by S
hwartz re
e
tion prin
iple, this prove that ez 
an be also extended to theinterior of the whole disk by re
e
tion. Sin
e we have de�ne ez on the 
ir
ular partof the boundary of �+, ez is then de�ned also on the boundary of the disk and is
ontinuous on the boundary then ez is the harmoni
 extention to the disk of this
ountinuous fun
tion on the 
ir
le. This proves that ez is a 
ontinuous fun
tion on�+. Then we have ( eX; ez)�+ whi
h is a parametrization of the graph of u above[0; �0℄ � [�1; �2℄ (be
ause ez = u Æ eX) and ( eX; ez)�+ has a boundary su
h that thepart of this boundary whi
h is above O is a verti
al segment. This proves Theorem3.4.2 be
ause [0; �0℄� [�1; �2℄ 
ontains several period of the domain N .3.4.3 Property of the solution 3Let u be a solution of the Diri
hlet problem asked in Theorem 3.3.1. We then 
anunderstand the boundary behaviour of the graph of u in R3 .From Theorem 3.4.1, we know that, over the neighborhood N of Q, the graphis bounded by the verti
al straight-line passing by the point  (Q).The other points where there are boundary 
omponents for the graph of u arethe verti
es of 
. This points statisfy the hypotheses of Theorem 2.3.2. Then thegraph of u is bounded by verti
al straight-lines near the verti
es.The last remark we 
an make is the following. We have 	u(Q) = 0 = 	u(V);this implies that the 
onjugate surfa
e of the graph of u, whi
h is bounded by the
onjugate of the boundary of the graph of u, has its boundary in
luded in the planefz = 0g.This remark implies that, if � is the graph of u over 
10, a period of 
, its
onjugate surfa
e 
an be extend by symmetry with respe
t to the plane fz = 0g, wenote �� this symmetri
 surfa
e. We then have the following result.Lemma 3.4.10. �� is of �nite total 
urvature and its total 
urvature is 4�r.Proof. Using arguements given in Se
tion 2.6, we 
an prove that � is of �nite total
urvature, this implies that the same is true for ��. Then, as in Proposition 2.2in [HK℄, ea
h 
atenoidal end gives a 
ontribution of 2� to the total 
urvature (see[JM℄, for the original arguements) and, using Gauss-Bonnet Theorem, we 
omputethe value of the total 
urvature and get 4�r.3.5 The period problem3.5.1 The general 
aseWe now try to build a r-noid with genus 1 and horizontal ends of type I for a givenpolygon of 
ux.



Chapitre 3. Le probl�eme de Plateau �a l'in�ni en genre 1 85Let V = (v1; : : : ; vr) be a polygon that bounds a multi-domain with 
one singu-larity (D;Q;  ). Using Constru
tion 1 and Constru
tion 3 as in Se
tion 3.3, we geta multi-domain with logarithmi
 singularity (
;Q; ') and a solution u on 
 of theDiri
hlet problem asked in Theorem 3.3.1; as in Se
tion 3.3, we assume that the pe-riod 2q� of 
 is the angle at the 
one singularity of D. Let us 
onsider 
10 one periodof the multi-domain 
 and � the graph of u over 
10. We know, be
ause of the resultof the pre
eding se
tions, that � is a minimal surfa
e bounded by r�1 verti
al linespassing by the verti
es Pi (i 6= 1) of the polygon V , two verti
al half-lines over P1,a verti
al segment over  (Q) and two 
urves over the segment [ (Q);  (P1)℄. The
onjugate surfa
e of � is in
luded in fz � 0g and the 
onjugates of the r�1 verti
allines, the two verti
al falf-lines and the verti
al segment are exa
tly the interse
tionof the 
onjugate surfa
e with the plane fz = 0g. We then 
an extend the 
onjugatesurfa
e by symmetry with respe
t to this plane, we get a new surfa
e that we note��. �� is a solution for the Plateau problem at in�nity for the data V if the two
omponents of boundary of ��, 
oming, by 
onjugation, from the two 
urves whi
hare over [ (Q);  (P1)℄, glue together su
h a way that �� has no boundary.In fa
t this two 
omponents of boundary di�er from a translation, how 
an we
ompute the ve
tor of the translation? From the fun
tion u we 
an derive three
losed 1-forms dX�1 , dX�2 and dX�3 on 
 whi
h are the di�erential of the three
oordinate fun
tions of the 
onjugate surfa
e to the graph of u (These 1-formsdepend only on the �rst derivatives of u). For example, we have dX�3 = d	u. In N ,the neighborhood of Q in 
, we 
onsider the path � : � 7! (�; �) for some � < �0and � 2 [0; 2q�℄; � is a lift of a generator of �1(DnfQg). Then the two 
omponentsof boundary of �� di�er from the following ve
tor, 
alled the period ve
tor :�Z� dX�1 ; Z� dX�2 ; Z� dX�3�Sin
e dX�3 = d	u and as 	u is invariant by f , Z� dX�3 = 0. Obviously, the value ofthe integrals is the same for every � whi
h is the lift of a generator of �1(DnfQg);in fa
t, from Remark 3.3.7, sin
e dX�i depends only on the derivatives of u, dX�i iswell de�ned on DnQThen the question of the existen
e of a solution to the Plateau problem at in�nityfor the data V be
omes: knowing if there exists (D;Q;  ) bounded by V su
h thatthe asso
iated period ve
tor is zero; this is the period problem.Remark 3.5.1. We now give some explanations on Remark 3.2.5 and the hypothesison D saying that its angle at the 
one singularity is the period of 
. Let V =(v1; :::; vr), (D;Q;  ), (
;Q; ') and u be as above (D sastis�es the hypothesis H).We also suppose the the period ve
tor asso
iated to D is zero. Then �� whi
h is the
onjugate surfa
e to �, the graph of u over 
10, extended by symmetry is a r-noidwith genus 1 and horizontal ends of type I having V as 
ux polygon. Let f be the



86 3.5. The period problemisometry of 
 asso
iated to its periodi
ity. Let a 2 N� , then the quotient of W bythe group ffangn2Z (W is given by Constru
tion 1 applied to D) is a multi-domainwith 
one singularity that bounds the polygonVa = (v1; : : : ; vr; : : : : : : ; v1; : : : ; vr| {z }a times )Besides, if �a is the graph of u on 
a0, the 
onjugate surfa
e ��a of �a extended bysymmetry is a ar-noid with genus 1 and horizontal ends of type I having Va as 
uxpolygon. In fa
t ��a is just �� that we 
over a times. Then we also 
an �nd solutionto the Plateau problem at in�nity for D that does not satisfy the hypothesis H.3.5.2 The period map and the proof of Theorem 3.2.11In this subse
tion we explain how we shall prove Theorem 3.2.11.Let V = (v1; : : : ; vr) be a polygon bounded by an immersed polygonal disk (P;  ).For ea
h A in the interior of P, Constru
tion 1 gives us (WA;A; 'A) a multidomainwith a logarithmi
 singularity . Then by applying Constru
tion 3 and Theorem3.3.1, we get a periodi
 multi-domain with logarithmi
 singularity (
A;A; 'A) anda fun
tion uA de�ned on 
A. We then have the three 
losed 1-forms dX�i (A). Toprove Theorem 3.2.11, we need to �nd a point A 2 ÆP su
h that the period ve
torasso
iated to the above 
onstu
tion for A is 0.In fa
t, we have a map from the interior P to R2 whi
h asso
iates to every pointA 2 ÆP the ve
tor �Z� dX�1 (A); Z� dX�2 (A)�, this map is the period map and willbe noted Per. Then to prove Theorem 3.2.11, the problem is to prove that this mapvanishes at one point of ÆP. The period map satis�es the following proposition.Proposition 3.5.2. The period map Per is 
ontinuous on the interior of P.Proof. Let us 
onsider a sequen
e (An) of points in ÆP that 
onverges to A 2 ÆP.Let � be a 
losed path in Pn fA;A0; A1; : : : ; An; : : : g su
h that for every n, � is agenerator of �1(PnfAng) and � is a generator of �1(PnfAg). Sin
e for A (or everyAn) we have uA Æ f = uA+ 
 the derivatives of uA are well de�ned on PnfAg. Thenthe two 
losed 1-forms dX�1 (A) and dX�2 (A) are well de�ned on PnfAg. The sameis true for An. We then have:Per(An) = �Z� dX�1 (An); Z� dX�2 (An)�On P, we have the sequen
e of the derivatives of uAn and these derivatives
onverge to the derivatives of uA if there is no line of divergen
e (a line of divergen
e



Chapitre 3. Le probl�eme de Plateau �a l'in�ni en genre 1 87is a phenomenon linked to the behaviour of the �rst derivatives so we 
an use thisarguement in this 
ase). Sin
e the arguements used in the proof of the existen
epart of Theorem 3.3.1 are always true, there is no line of divergen
e and dX�1 (An)!dX�1 (A) and dX�2 (An)! dX�2 (A), the 
onvergen
e is uniform along �. This provesthat Per(An)! Per(A) by integration.The idea to prove that the period map vanishes at one point in the interior of Pis then to extend 
ontinuously Per to the boundary of P and show that the degree ofthe period map along the boundary of P is non zero. In fa
t, we shall use a modi�edboundary of P. Then, using Proposition 3.20 in [Fu℄, this proves that there exists apoint A 2 ÆP where Per(A) = 0. The following se
tion is devoted to the extensionof Per to the boundary and to the proof of Theorem 3.6.11 that establishes thatthe degree of the period map is non-zero along the boundary.To extend the period map on the boundary we make a renormalization of themap Per: let A be a point of ÆP, if jjPer(A)jj � 1 then we do not 
hange the valueof Per(A) but if jjPer(A)jj � 1 the new value of Per(A) is Per(A)jjPer(A)jj. The newperiod map is always 
ontinuous and for every point the norm of the period at thispoint is less than one.3.6 The period map on the boundary of PWe use the notations introdu
ed in Subse
tion 3.5.2.3.6.1 The behaviour on the edgesProposition 3.6.1. Let (An) be a sequen
e in ÆP su
h that An ! A where A is apoint in the interior of one edge of the boundary of P. Then Per(An) 
onverges tod jA(N) where N is the outer unit normal to the edge at A, we re
all that  is thedevelopping map of P.Proof. As in 
hapter 2, we note 
(P) the multi-domain obtained when we glue toevery edge [Pi; Pi+1℄ a half strip isometri
 to [Pi; Pi+1℄�R+ . Then, for every An the
overing map � : WAn ! P extends to a 
overing map � : 
An ! 
(P) and thederivatives of uAn are then well de�ned on 
(P)nfAng, by Remark 3.3.7. Supposethat the point A is in the interior of the edge [P1; P2℄ and that jP1P2j = 2. By
hoosing a good 
hart, we 
an suppose that [�1; 1℄ � R+ is the half-strip glued tothis edge. We note Dr the domain in R2 whi
h is the interse
tion of the domainy � 0 and the disk of 
enter (0; r) and radius pr2 + 1. By 
hoosing a r > 0 bigenough, Dr is a neighborhood of the edge [P1; P2℄ in P.



88 3.6. The period map on the boundary of PWe suppose that A is the point (a; 0) (�1 < a < 1) and the points An lie in Drand have 
oordinates (an; bn) (bn < 0). We have an ! a and bn ! 0. For everyn, we note Ln the half straight-line f(an; bn + t)gt�0 and L the half straight-linef(a; t)gt�0. By using the 
overing map � and uAn, we 
an de�ne on 
(P)nLn afun
tion un whi
h has the same derivatives as uAn; un is solution of the minimalsurfa
e equation and has the value +1 (resp. �1) on �(L+i ) (resp. �(L�i )). Wethen want to understand the 
onvergen
e of un. By the same arguement as in theproof of Theorem 3.3.1, there is no line of divergen
e in 
(P)nL; this proves that, fora subsequen
e, (un) 
onverges to a solution u of (MSE) on 
(P)nL. By Proposition1.4.9, u takes the value +1 (resp. �1) on �(L+i ) (resp. �(L�i )). We then need tounderstand its behaviour near L to know the fun
tion u.Sin
e by 
onvention 	un(An) = 0, we �x 	u(A) = 0Lemma 3.6.2. With this 
onvention, 	u(a; t) = t for t � 0.Proof. Sin
e 	u is 1-Lips
hitz 
ontinuous, 	u(a; t) � t; let us suppose that for somet0 we have 	u(a; t0) = t0 � " with " > 0, then for t > t0 	u(a; t) � t� ". We have	u(1; t) = t for every t � 0 be
ause u takes the value +1 along �(L+0 ). We have:	u(1; t)� 	u(a; t) = limn!+1	un(1; t)�	un(a; t) = limn!+1Z[(a;t);(1;t)℄ d	unBy Lemma 3.3.3, the integral is always less than 2p21�at for big t. So for t bigenough, this upper-bound is less than ": this give us a 
ontradi
tion.The result of Lemma 3.6.2 says us, by Proposition 1.4.9, that u takes the value+1 on one side of L and �1 on the other side; more pri
isely, u(a+ �; t) tends to+1 (resp. �1) if � tends to 0 by negative value (resp. positive value). There isonly one solution for the Diri
hlet problem for su
h boundary 
ondition (we applyTheorem 2.6.1 with the polygon (��!P1A;��!AP2; v2; � � � ; vr)), this proves that the limitfor the subsequen
es of (un) is unique then the sequen
e (un) must 
onverge to thefun
tion u.In [�1; 1℄� R+ [Dr, the 1-form dX�1 (An) and dX�2 (An) are given by:dX�1 (An) = qnpnWn dx + 1 + q2nWn dydX�2 (An) = �1 + p2nWn dx� pnqnWn dywith pn and qn the �rst derivatives of un (see [Os2℄). Using this expressions, we 
analso de�ne the 1-forms dX�1 (A) and dX�2 (A).Let �1 be a small positive number, �2 < �1 and l positive numbers. Let � bethe 
losed path whi
h 
onsists in the segment [(a + �1; l); (a � �1; l)℄, the segment
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ir
le in Dr of 
enter A and radius �1 and the segment[(a+�1; 0); (a+�1; l)℄. Besides we 
all �1 the part of � 
onsisting in the two verti
alsegments and the half 
ir
le, �2 the union of the two segments [(a+ �1; l); (a+ �2; l)℄and [(a��2; l); (a��1; l)℄ and �3 the segment [(a+�2; l); (a��2; l)℄ (see Figure 3.3).There exists n0 2 N su
h that for n � n0 and every �1, �2 and l, the period for thepoint An is 
omputed by �Z� dX�1 (An); Z� dX�2 (An)�
LLn

An A

�(L�i+1)

Pi+1

�(L+i )

Pi

�


(P) Figure 3.3:Let 0 < � < 1. By Lemma 3.3.3, we have jqnjjpnj � p22l 11� 4l2 on �2 [ �3. Thenin 
hoosing l big enough, we 
an ensure that:����Z�2+�3 dX�1 (An)���� < �2 Z�2+�3 dX�2 (An)



90 3.6. The period map on the boundary of PWe have: limn!+1Z�1 dX�1 (An) = Z�1 dX�1 (A)limn!+1Z�1 dX�2 (An) = Z�1 dX�2 (A)the same is true on �2 and as �2 tends to 0, we have Z�2 dX�2 (A) ! +1. Thelast assertion is due to Lemma 1 in [JS℄ whi
h implies that, as � goes to zeropW (a+ �; l) �! 1 and p(a+ �; l) � C� for some 
onstant C. We then 
an 
hoose �2su
h that for big n, we have���R�1 dX�1 (An)���R�2 dX�2 (An) < �2 and ���R�1 dX�2 (An)���R�2 dX�2 (An) < �8This implies �rst that limn!+1Z� dX�2 (An) = +1, sin
e Z�3 dX�2 (An) � 0; thenthe period at An, for big n, is renormalized and must have a non negative se
ond
oordinate. Se
ondly, for big n, we have:��R� dX�1 (An)����R� dX�2 (An)�� � ���R�1 dX�1 (An)���+ ���R�2 dX�1 (An)���+ ���R�3 dX�1 (An)���� ���R�1 dX�2 (An)���+ R�2 dX�2 (An) + R�3 dX�2 (An)� �2 R�2 dX�2 (An) + �2 R�2 dX�2 (An) + � R�3 dX�2 (An)��8 R�2 dX�2 (An) + R�2 dX�2 (An) + (1� �8 ) R�3 dX�2 (An)� � R�2+�3 dX�2 (An)(1� �8 ) R�2+�3 dX�2 (An)� �1� �8This proves that the renormalized period 
onverges to the ve
tor (0; 1); this iswhat we want to prove.3.6.2 The behaviour at the verti
esBe
ause of Proposition 3.6.1, it is 
lear that we 
an not extend the period map tothe verti
es and obtain a 
ontinuous map on the boundary. In fa
t the idea to solvethis problem is to make a blowing-up of P at its verti
es.
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h that a neighborhood of Pi isisometri
 to f(�; �); 0 � � < �; 0 � � � �g with the polar metri
 d�2 + �2d�2. Ablowing-up at Pi 
onsists in rempla
ing the point Pi with the segment of all thepoints (Pi; �)0���� and if (An) is a sequen
e of points of ÆP 
onverging to Pi in theoriginal topology we shall say that (An) 
onverges to (Pi; �) if �n ! � where (�n; �n)are the 
oordinates of An near Pi. If we make this blowing-up at all the verti
es,we get a new topologi
al spa
e that we note eP ; eP is always a topologi
al spa
ehomeomorphi
 to the 
losed unit disk and its interior is equal to the interior of P.Then the question is to understand what is the limit of Per(An) when An tend tosome (Pi; �).Let us 
onsider the 
ase where i = 1; a neighborhood of P1 in P is f(�; �); 0 �� < �; 0 � � � �g. We know that there is a bije
tion between the Alexandrov-embedded r-noid with genus 0 and horizontal ends and the polygonal immerseddisk (see [CR℄). In this bije
tion, the 
orresponding r-noid to P will be noted �(P)and �(P)+ is the 
onjugate of a graph over the multi-domain 
(P) whi
h 
ontainsP and has as verti
es the verti
es of P. Besides this graph is bounded by r verti
alstraight-lines passing by the verti
es of P (see [CR℄ and 
hapter 2). Let us 
onsiderC the 
onjugate of the straight-line passing by P1. C is a stri
tly 
onvex 
urve andthere exists 
 : (��=2; � + �=2) ! fz = 0g a parametrization of C by its normal.We then have the following result.Proposition 3.6.3. Let (An) be a sequen
e of points in the interior of P 
onvergingto the point (P1; �) of � eP . Then Per(An) 
onverges to:� (0;�1) if � = 0,� (� sin�; 
os�) if � = �,� ���������������!
(� � �=2)
(� + �=2) or ���������������!
(� � �=2)
(� + �=2)jj���������������!
(� � �=2)
(� + �=2)jj , following the sign ofjj���������������!
(� � �=2)
(� + �=2)jj � 1; if � 2 (0; �):PreliminariesLet (An) be a sequen
e of points in ÆP 
onverging to (P1; �) and we suppose that aneighborhood of P1 in P is f(�; �); 0 � � < �; 0 � � � �g. In 
(P), a neighborhoodof P1 is then T (��2 ; � + �2 ; �) = f(�; �); 0 � � < �;��2 � � � � + �2g. Let un bethe restri
tion of the solution uAn to the period 
A10; we 
an remark that the period
A10 
an be identi�ed with 
(P)n[An; P1℄ in using the 
overing map �.We note �n the graph in R3 of un and ��n the minimal surfa
e 
onsisting inthe union of the 
onjugate surfa
e of �n with its symetri
 with respe
t to fz = 0g



92 3.6. The period map on the boundary of P(the 
onjugate surfa
e to �n is normalized su
h that the 
onjugates of the verti
allines satisfy z = 0). We also note e��n the periodi
 minimal surfa
e 
onsisting in theunion of the 
onjugate surfa
e of the graph of uAn with its symetri
 with respe
t tofz = 0g. In a 
ertain way, ��n is a period of e��n, and the ve
tor that lets e��n invariantis the non renormalized Per(An).From Lemma 3.4.10, we remark that the total 
urvature of ��n does not dependon n and is 4�r.The 
onvergen
e of the graphsTo understand the behaviour of the surfa
e ��n when n goes to +1 we need to knowthe behaviour of the sequen
e (un). We 
onsider un as a fun
tion on 
(P)n[An; P1℄;then the study of the 
onvergen
e is on the limit multi-domain 
(P). Using thearguements of the proof of Theorem 3.3.1, we see that there is no line of divergen
eso a subsequen
e (un0) 
onverges to a fun
tion u solution of (MSE) on 
(P) andtaking the value +1 on �(L+i ) and �1 on �(L�i ) (more pre
isely, if B is a pointin P we have un0 � un0(B) ! u). By Theorem 2.6.1, su
h a solution u is unique;then, in fa
t, the sequen
e (un) 
onverges to u. The graph of this fun
tion is the
onjugate surfa
e to �(P)+.We also need to study the 
onvergen
e of (un) near the point P1, and to dothis we shall renormalize a neighborhood of P1. un is de�ned on the neighborhoodT (��2 ; �+ �2 ; �)n[An; P1℄ of P1; more pre
isely, the derivatives of un are well de�nedon T (��2 ; �+ �2 ; �)nfAng. We have An = (�n; �n) with �n ! � and �n ! 0. We thenrenormalized by 1�n : we get a fun
tion vn de�ned on T (��2 ; � + �2 ; ��n )nf(�; �n); � 2[0; 1℄g by vn(�; �) = 1�nun(�n�; �). vn is a solution of the minimal surfa
es equation.We want to understand the asymptoti
 behaviour of vn. Sin
e ��n ! +1 the limitmulti-domain is T (��2 ; �+ �2 ;+1)nf(1; �)g for the derivatives of vn. In the followingwe note B(�) the point of polar 
oordinates (1; �) and L(�) the half straight-linef(�; �)g�>0.First we must study the lines of divergen
e. We know that vn takes the value+1 on L(��2 ) and the value �1 on L(�+ �2 ); we have 	vn(P1) = 0, 	vn(B(�n)) = 0and 	vn � 0. Let L be a line of divergen
e, L must have an end-point, otherwisewe 
an apply the arguement of the proof of Theorem 3.3.1 with the point P1. Thisend point 
an not be on L(�+ �2 ) or L(��2 ) be
ause of Proposition 1.4.5. Then theend point must be P1 or B(�). If the line of divergen
e has two end-points, it is thesegment [P0; B(�)℄ then we have0 = j	vn(B(�n))�	vn(P1)j = ����Z[P1;B(�n)℄ d	vn���� �! ����Z[P1;B(�)℄ limd	vn�����! 1



Chapitre 3. Le probl�eme de Plateau �a l'in�ni en genre 1 93This is a 
ontradi
tion.We then 
an ensure that L is a half straight-line with P1 or B(�) as end-point.Suppose that the end-point is P1 then L is some L(�).Lemma 3.6.4. Let L be a line of divergen
e with P1 as end-point, L is some L(�).Then � =2 (� � �2 ; � + �2 )Proof. Let us suppose that � 2 (� � �2 ; � + �2 ). We note C� the point of L(�) with
oordinates (�; �). Sin
e d	vn is 
losed,Z[P1;B(�n)℄ d	vn + Z[B(�n);C(�)℄ d	vn + Z[C(�);P1℄ d	vn = 0The �rst integral is always zero, then����Z[C(�);P1℄ d	vn���� � jB(�n)C(�)jThen by passing to the limit for a subsequen
e making L appears we get, � �jB(�)C(�)j, but jB(�)C(�)j =p�2 + 1� 2� 
os(� � �) then for big � the inequalityis not true.We suppose now that the end-point of L is B(�). We note (�0; 
0) the polar
oordinates on T (��2 ; �+ �2 ;+1) with B(�) as origin point; 
0 is 
hosen su
h thatthe 
oordinates of P0 in this new 
oordinates are (1; �). In this polar 
oordinates,the line of divergen
e L is some L0(�) = f
0 = �; �0 > 0g.Lemma 3.6.5. Let L be a line of divergen
e with B(�) as end point, L is someL0(�). Then � =2 (��;��2 ) [ (�2 ; �℄.Proof. The proof is the same as the one of Lemma 3.6.4 in ex
hanging P1 andB(�).In the following, we shall prove that, in fa
t, all the lines of divergen
e thatwe have not ex
luded by Lemma 3.6.4 and 3.6.5 yet appear. We �rst observe thatthe allowed lines of divergen
e do not interse
t themselves. Sin
e, for every n,	vn(P1) = 0 = 	vn(B(�n)) and 	vn � 0, there is only one possibility for thelimit normal on ea
h line of divergen
e. Besides, we know that B(vn) = fP 2T (��2 ; �+ �2 ;+1)j jrvn(P )j is boundedg 
ontains a strip whi
h is delimited by thetwo half straight-lines with P1 as end-point L(�� �2 ) and L(�+ �2 ) and the two halfstraight-lines with B(�) as end-point L0(��2 ) and L0(�2 ) for the polar 
oordinates
entred on B(�). If all the lines of divergen
e appear, B(vn) is exa
tly this strip (seeFigure 3.4).



94 3.6. The period map on the boundary of PLet us suppose that one allowed line of divergen
e L do not appear, i.e. L �B(vn). Then the 
onne
ted 
omponent B of B(vn) that 
ontains L is then a multi-domain whi
h is su
h that there exists a subset K su
h that BnK is isometri
 to anangular se
tor (let us observe that the angle at the vertex 
an be greater than 2�)minus the set of the points at a distan
e less than d from the vertex of the angularse
tor (d is a positive number). On B we have a subsequen
e vn0 that 
onverges tosome fun
tion v. Sin
e B is bounded by lines of divergen
e or by the boundary ofT (��2 ; � + �2 ;+1) the value of v is +1 on one side of the angular se
tor and �1on the other side, by Proposition 1.4.9. Besides 	v � 0 sin
e 	vn � 0 for every n.Then, the fun
tion v satis�es many 
onditions that 
ontradi
t Theorem 4.4.2; thisproves there is no sub-sequen
e su
h that one of the allowed lines of divergen
e doesnot appear. We then know the limit of the normal to the graph of vn for all thepoints outside the strip.On the strip, there is a sub-sequen
e (vn0) that 
onverges to some fun
tion v (infa
t vn0 is not well de�ned on the strip sin
e it is de�ned only outside [P1; B(�n)℄, butthe derivatives are well de�ned and 
onverge to the derivatives of some fun
tion v).The fun
tion v takes the value �1 on L(� + �2 ) and L0(��2 ) and the value +1 onL(�� �2 ) and L0(�2 ) by Proposition 1.4.9; su
h a solution v is unique and is a pea
e ofheli
oid. More pre
isely, if the strip is isometri
aly parametrized by R� [�1=2; 1=2℄with P1 = (0; 1=2) and B(�) = (0;�1=2) then we have v(x; y) = x tan(�y).Remark 3.6.6. Let P be a point in the strip, the 
urvature of the heli
oid at thispoint is non zero, then the 
urvature of the graph of vn over the point P goes to the
urvature of the heli
oid at this point. This implies that there exists a sequen
e ofpoint pn 2 �n su
h that the 
urvature of �n at pn goes to +1.Remark 3.6.7. Besides, we know that there exists, for ea
h n, a 
onstant 
n su
hthat uAn Æ fn = uAn + 
n, then the result above proves that 
n�n ! +1.We also want to know what o

urs when we homotheti
ally expand the sequen
eun in a general way. Let (Mn) be a sequen
e of point in 
(P) su
h that, for every n,Mn 6= An and (�n) a sequen
e of positive number su
h that �n goes to +1. Let hnbe the homothety of 
enter Mn and ratio �n, by applying the dilatation hn we geta fun
tion vn on hn(
(P))nfAng de�ned by vn(M) = �nun(h�1n (M)). The questionwe ask is: what asymptoti
 behaviours are possible? By taking a subsequen
e, if itis ne
essary, we 
an suppose that we are in one of the following 
ases.Case 1. For every i, d(Mn; hn(Pi))! +1 and d(Mn; hn(An))! +1. In this 
asethe limit multi-domain for the sequen
e vn is R2 then if there is no line of divergen
e asub-sequen
e (vn0) must 
onverge to a linear fun
tion by Bernstein Theorem. If thereis a line of divergen
e L, ea
h 
onne
ted 
omponent of the domain of 
onvergen
eof a subsequen
e (vn0)is a strip or a half-plane and (vn0) 
onverges to a fun
tion vwith the value +1 on one side and �1 on the other side; but su
h solution of(MSE) does not exist by Proposition 4.2.1 so the domain of 
onvergen
e is empty
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P1 B(�)
B(vn)

L(��2)L(�+ �2 )
Figure 3.4: the asymptoti
 behaviour of vnand we have only lines of divergen
e whi
h are all parallel to L and the limit normalis 
onstant on R2 .Case 2. For every i, d(Mn; hn(Pi)) ! +1 and d(Mn; hn(An)) ! d � 0. Inthis 
ase the limit multi-domain is R2 minus the limit point A0 of hn(An). Sin
ed(Mn; hn(P1)) ! +1, we have d(hn(An); hn(P1)) ! +1 then �n�n ! +1; byRemark 3.6.7, this implies that �n
n, whi
h is the verti
al jump over [hn(An); hn(P1)℄for the fun
tion vn, goes to +1. Then the derivatives of vn 
an not 
onverge onR2nfA0g and there are lines of divergen
e. Sin
e 	vn(hn(An)) = 0 and 	vn � 0,using arguements that we have already seen, we 
an ensure that a line of divergen
emust be a half straight-line with A0 as end-point and that there is only one possibilityfor the limit normal along the line of divergen
e. If the domain of 
onvergen
e B(vn)is non empty, ea
h 
onne
ted 
omponent of it is an angular se
tor of R2 ; then on one
omponent, a subsequen
e (vn0) 
onverges to a solution v of (MSE) with the value+1 on one side and �1 on the other side. By Proposition 4.2.3, su
h a solution



96 3.6. The period map on the boundary of Pdoes not exist and we have only the lines of divergen
e as asymptoti
 behaviour.Case 3. There exists j 6= 1 su
h that d(Mn; hn(Pj)) ! 
 � 0. This implies that,for i 6= j, d(Mn; hn(Pi)) ! +1 and d(Mn; hn(An)) ! +1; then the limit multi-domain is an angular se
tor isometri
 to some T (0; �;+1) with P 0j = limhn(Pj)as vertex. As above, the lines of divergen
e must be half straight-lines with P 0j asend-point and the limit normal on a line of divergen
e is given by the 
ondition	vn � 0. As in Case 2, B(vn) is empty and the asymptoti
 behaviour is given bythe lines of divergen
e.Case 4. d(Mn; hn(P1)) ! 
 � 0 and d(hn(P1); hn(An)) ! 0 or +1. In this 
ase,the limit multi-domain is an angular se
tor with P 01 = limhn(P1) as vertex and theasymptoti
 behaviour is the same as in Case 3.Case 5. d(Mn; hn(P1)) ! 
 � 0 and d(hn(P1); hn(An)) ! 
 > 0. The limit-multi-domain is then an angular se
tor, with P 01 as vertex, minus the pointA0 = limhn(An).We are in the situation studied above and we know that the asymptoti
 behaviour isa domain of 
onvergen
e whi
h is a strip where (vn) 
onverges to a pie
e of heli
oidand, outside the strip, lines of divergen
e with A0 or P 01 as end-point (see Figure3.4).The 
onvergen
e of ��nWe �rst �x the notations. Let Q be a point in the interior of P and qn the 
orre-sponding point in �n. For every n, the value 	un(Q) is well de�ned and we normalize��n su
h that q�n, the 
orresponding point to qn, has 
oordinates (0; 0;	un(Q)); ��nis then still symetri
 with respe
t to the plane fz = 0g. We want to determine thelimit of the sequen
e of minimal surfa
es (��n).LetM be a surfa
e in R3 . In the following, when we shall talk about a geodesi
aldisk D(m;�) of 
enter m 2 M and radius �, we shall 
onsider the disk of radius� in the tangent plane to M at m with the exponential map expm : TmM ! R3 .Besides, we shall sometimes identify a point in the tangent plane with its image byexpm.Let m�n be a sequen
e of point of R3 su
h that m�n lies in the part of ��n whi
his the 
onjugate of �n (the third 
oordinate of m�n is non-negative). We makethe following assumption: Ke��n(m�n) ! +1. Be
ause of Remark 3.6.6, we knowthat su
h a sequen
e exists. Let � be a positive number, and, for ea
h n, we
onsider D(m�n; �) the 
losed geodesi
al disk of 
enter m�n and radius � in e��n. OnD(m�n; �), the fun
tion a 7! jKe��n(a)j(� � d(a;m�n))2 admits a maximum in theinterior of the disk (the distan
e d is the distan
e in the tangent spa
e) and letp�n be a point where the maximum is rea
hed. Let us note �n = qjKe��n(p�n)j and�n = (� � d(p�n; m�n)). The geodesi
al disk D(p�n; �n) is in
luded in D(m�n; �) (infa
t the image by the exponential map in e��n of the geodesi
al disk D(p�n; �n) is
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luded in the image of D(m�n; �)); besides sin
e p�n realizes the maximum we have�2n�2n � Ke��n(m�n)�2, then �n�n ! +1 and �n ! +1. By translating p�n tothe origin and homotheti
ally expanding the disk D(p�n; �n) by the fa
tor �n, weobtain a new geodesi
al disk D0n = D(0; �n�n), (D0n) is a sequen
e of minimalsurfa
es. We have jKD0n(0)j = 1. Let R be a positive number and ~a a point in thegeodesi
al disk D(0; R) of D0n; we then note a the point in D(p�n; �n) 
orrespondingto ~a. expp�n(a) is in
luded in the image of the disk D(m�n; �). Then there existsa0 2 D(m�n; �) su
h that expm�n(a0) = expp�n(a) and d(m�n; a0) � d(m�n; p�n) + d(p�n; a);we have Ke��n(a) = Ke��n(a0). With this notation we then have:jKD0n(~a)j(�n�n � R)2 � jKD0n(~a)j(�n�n � d(~a; 0))2 = jKe��n(a)j(�n � d(a; p�n))2� jKe��n(a0)j(�� d(a0; m�n))2� �2n�2nthe equality is due to the fa
t that the fun
tion jKe��n(�)j(�n � d(�; p�n))2 is invariantunder res
aling. Thus the 
urvature on D0n is uniformly bounded on the sequen
e ofgeodesi
al disksD(0; R) ofD0n. Then there exists a subsequen
e (D0n0) that 
onvergesto a 
omplete minimal surfa
e that we denote D01; this surfa
e is 
omplete sin
e�n�n ! +1. Besides D01 is non 
at sin
e at the origin its 
urvature is �1. Sin
eD01 is non 
at there is a point ~a where the normal has a negative third 
oordinate;there exists a neighborhood U of ~a in the tangent plane to D01 at ~a su
h that D01and D0n0, for big n0, are graphs over U and D0n0 ! D01 as graphs. Let ~an0 be thesequen
e of points in D0n0 over ~a as graphs. The normal at ~an0 to D0n0 has a negativethird 
oordinate then before the res
aling ~an0 
orreponds to a point an0 whi
h lies inthe 
onjugate of �n0 . Let bn0 be the point in �n0 
orresponding to an0 and Bn0 theproje
tion on 
(P) of bn0 . The 
onvergen
e of Dn0 to D01 near ~a says us that B(vn0)is non empty where vn0 is the res
aled fun
tion of un0 with the fa
tor �n0 and Bn0 asorigin points. We are then in Case 1 or Case 5 of the pre
eding subse
tion, but ifit is Case 1 the limit graph would be a plane whi
h is impossible sin
e D01 is non
at. Then it is Case 5 and the limit graph is a pie
e of heli
oid then this impliesthat D01 is a 
atenoid. This also implies that �n0 � 
�n0 with 
 some real 
onstant(we re
all that �n = jP1Anj).Remark 3.6.8. If for example, we take m�n su
h that K�n(m�n) = maxK�n(�) theabove arguements show that maxK�n(�) = O(� 1�n�2).The boundary of ��n is 
omposed of two 
losed paths �1n and �2n, we want tounderstand the behaviour of this boundary when n goes to +1. The boundary ofthe graph �n is 
omposed of r�1 straight-lines, they are over the points Pi for i 6= 1,and a 
urve whi
h 
onsists in a half straight-line over P1 that goes down from thein�nity to some point 
alled t1n, a 
urve whi
h is a graph over the segment [P1; An℄
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al segment [t2n; t3n℄ over An, a 
urve whi
h is agraph over the segment [P1; An℄ joining t3n to some point t4n (by a verti
al translation,this 
urve is the same as the 
urve joining t1n to t2n) and a half straight-line over P1with t4n as end-point and going down to the in�nity. Then the path �1n (resp. �2n)
onsists in the 
onjugate of the 
urve joining t1n to t2n (resp. t3n to t4n) with its symetri
with respe
t to the plane fz = 0g.As in Subse
tion 3.6.2, we 
onsider vn the res
aled fun
tion with fa
tor 1�n onT (��2 ; �+ �2 ; r�n )n[P1; B(�n)℄. By Remark 3.6.8, there exists a 
onstant whi
h boundsthe 
urvature on the graph of vn for every n. Let pn be a point in the graph of vnwhi
h is above the middle of the segment [P1; B(�n)℄ and Yn the 
onjugate of thegraph of vn that we extend by symmetry and periodi
ity su
h that the 
onjugatepoint of pn is the origin of R3 . Let R be a positive number and 
onsider the sequen
eof geodesi
al disks D(0; R) in Yn. Sin
e the 
urvature is uniformly bounded onthe disk there exists a subsequen
e su
h that the sequen
e of disks 
onverges, thisimplies that, using a Cantor diagonal pro
ess, there exists a subsequen
e (Yn0) whi
h
onverges to some minimal surfa
e Y. Sin
e the graphs of vn 
onverge near pn toa pie
e of an heli
oid, Y is a 
atenoid whose 
ux is the ve
tor 2����!P1B(�). Thereis only one possible limit for subsequen
es of (Yn) so the sequen
e (Yn) 
onvergesto Y. Let us 
onsider the 
atenoid given in 
ylindri
al 
oordinates by (u; v) 7!( 1�u; v; 1� arg
h(u)). Thus Y is the translated by (0; 0;� 1�) of the image by a rotationof axis fz = 0; x 
os � + y sin � = 0g and angle �2 of this 
atenoid. Suppose that pnis the point in the graph of vn whi
h is the limit of the points (1=2; �; vn(1=2; �))when � ! �n with � < �n. We note Y 0n the 
onjugate of the graph of vn that weextend by symmetry but not by periodi
ity su
h that the 
onjugate of the point pnis the origin. What we have proved just above implies that (Y 0n) 
onverges to thepart of the 
atenoid Y in
luded in fx 
os � + y sin � � 0g; this part is noted Y�. Ifpn is build with � > �n we get the half 
atenoid in
luded in fx 
os � + y sin � � 0g.This proves that the res
aled paths 1�n�1n and 1�n�2n 
onverge to two 
ir
les ofthe same radius. Let us 
all sin the point in ��n whi
h is the 
onjugate of tin for1 � i � 4. The above proof shows that for every " > 0 and for big n the ball of
enter s1n (resp. s4n) and radius " 
ontains �1n (resp. �2n) and even a bigger and biggerpart of a surfa
e near a half 
atenoid. We 
onsider the 
ase where pn is build with� < �n. If B(R) is the ball of 
enter the origin and radius R, we have B(R) \ Y 0n isnear from B(R) \ Y� for big n. Besides for big n, �nR < " then the ball B(s1n; ")
ontains the homotheti
 by �n of a surfa
e near B(R)\Y�. The same is true for pnbuild with � > �n. This implies that the sequen
e of total 
urvatures of the part of��n in
luded in this ball has an lower limit bigger than 2�, sin
e the total 
urvatureof an half 
atenoid is 2�. In fa
t, we have to remember that near the points s1n ands4n the surfa
e ��n behaves like small half-
atenoid for big n.We know that (��n) is a sequen
e of symetri
 minimal surfa
e with �nite total
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urvature 4�r. Ea
h surfa
e ��n has two 
onne
ted 
omponents of boundary �1n and�2n. We know that the diameter of ea
h 
omponent goes to zero and if Bn is asequen
e of balls of diameter " 
entred at s2n then the sequen
e of total 
urvatures of��n\Bn has an lower limit bigger than 2�. By taking a subsequen
e we 
an supposethat (s2n) and (s3n) diverge to the in�nity or 
onverge to s21 and s31. Then byresults explained in [CR℄, there exist a �nite number of distin
t properly and simplyimmersed bran
hed minimal surfa
es M1; : : : ;Mk � R3 with �nite total 
urvature,a �nite subset X 2 R3 
ontained in M = M1 [ � � � [Mk and a subsequen
e of (��n),that we still 
all (��n), su
h that:1. (��n) 
onverges to M (with �nite multipli
ity) on 
ompa
t subsets of R3n(X [fs21; s31g) in the Cm-topology for any positive integer m;2. on ea
h Mi the multipli
ity mi is well de�ned and is su
h thatm1C(M1) + � � �+mkC(Mk) � C(��n);3. X is the singular set of the limit ��n !M . Given a point p 2 X, the amountof total 
urvature of the sequen
e (��n) whi
h disappears through the point pis a positive multiple of 4�.Sin
e at s21 and s31, there is 2� of total 
urvature that disappear, we havem1C(M1) + � � � + mkC(Mk) � C(��n) � 4� = 4�(r � 1) even if s2n or s3n diverges.We know that the sequen
e of fun
tions un on 
(P)n[P1; An℄ 
onverge on 
(P) tothe solution u of the Diri
hlet problem asked in Theorem 2.6.1. Then qn 
onvergesto q1 the point in the graph of u whi
h is above Q. The 
onjugate surfa
e to thegraph of u, after being extended by symetry with respe
t to the plane fz = 0g, isthe solution �(P) to the plateau problem at in�nity with genus 0 for the data P.Let q�1 be the point in �(P) that 
orrespond to q1. We then have q�n ! q�1 and,in a neighborhood of q�1, ��n 
onverges to �(P), then �(P) is one Mi. We then 
ansuppose that M1 = �(P), sin
e C(�(P)) = 4�(r � 1), m1 = 1 and for, i 6= 1, Mi isa plane and besides X is empty. In fa
t, in [CR℄, C. Cos��n and A. Ros proves that,in su
h a 
onvergen
e, no plane 
an appear. Then �nally, ��n ! �(P).Sin
e the problems of 
onvergen
e appear only near the points s21 and s31, the
urves in �(P) whi
h are the 
onjugates of the r � 1 straight-lines that are overthe points Pi, for i 6= 1, are the respe
tive limits of the 
urves in ��n whi
h are the
onjugates of the r � 1 straight-lines in �n that are over the points Pi, for i 6= 1.The 
onvergen
e of Per(An)Per(An) 
orresponds to the ve
tor that de�nes the translation under whi
h e��n isinvariant. Then Per(An) is ��!s2ns3n or ���!s2ns3njj���!s2ns3njj , following the value of jj��!s2ns3njj.
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onsider C the 
urve in �(P) whi
h is the 
onjugate of the verti
alstraight-line whi
h is over P1 in the graph of u. This 
urve is stri
tly 
onvex thenwe 
an parametrized C by its normal. Then there exists a parametrization 
 :(��2 ; � + �2 ) ! fz = 0g of C su
h that the normal to 
(�) is (sin�;� 
os �; 0); we
over C as we 
over the straight-line over P1 when we go down. We know that C,outside s21 and s31, is the limit, in the Hausdor� topology, of a part of the 
onjugateof the boundary of the graph �n of un whi
h is in
luded in fz = 0g. For ea
h nthis set is 
omposed of three stri
tly 
onvex ar
, we note C1n, C2n and C3n: C1n is the
onjugate of the verti
al half straight-line that have t1n as end-point (C1n has s1n as end-point), C2n is the 
onjugate of the verti
al segment [t2n; t3n℄ (C2n is joining s2n to s3n) andC3n is the 
onjugate of the verti
al half straight-line that have t4n as end-point (C3n hass4n as end-point). As C, this three stri
tly 
onvex ar
s 
an be parametrized by theirnormal, then there exist 
1n : (��2 ; �n℄! fz = 0g, 
2n : [�n��; �n+�℄! fz = 0g and
3n : [�n; �+ �2 )! fz = 0g su
h that 
in parametrized Cin and the normal at the point
in(�) is (sin �;� 
os�; 0). We have 
1n(�n) = s1n, 
2n(�n � �) = s2n, 
2n(�n + �) = s3nand 
3n(�n) = s4n. We note I in the de�nition set of 
in. We then have I in ! I i whereI1 = (�2 ; �℄, I2 = [���; �+�℄ and I3 = [�; �+ �2 ). The question is: is 
in 
onvergingon I i?Sin
e there is a half 
atenoid that appears near the points sin for big n, if � 2(� � �2 ; �℄ � I1 the 
urvature at 
1n(�) be
omes in�nite, the same is true for thesequen
e of point (
2n(�)) for � 2 [���; �� �2 )[ (�+ �2 ; �+�℄ � I2 and the sequen
eof points (
3n(�)) for � 2 [�; � + �2 ) � I3.The set Cnfs21; s31g is 
omposed of a �nite number of 
onvex ar
s. Let a be apoint in Cnfs21; s31g, at this point the 
onvergen
e of ��n to �(P) well behaves sothere exists a neighborhood U of a in the tangent plane to �(P) at a (this planeis verti
al) su
h that, over U , �(P) and ��n, for big n, are graphs and, as graphs,��n 
onverge to �(P). Over U , there is a neighborhood of a in Cnfs21; s31g andthis neighborhood is the limit of the part of ��n whi
h is in
luded in fz = 0g.Sin
e ea
h unit ve
tor is rea
hed a �nite number of times on C1n [ C2n [ C3n, bytaking a subsequen
e n0, there exist �, " and i 2 f1; 2; 3g su
h that, for everyn0, the part of ��n0 \ fz = 0g whi
h is over U 
ontains 
in0(� � "; � + "). Thenthe 
onvergen
e as graphs of ��n implies that on (� � "; � + ") the sequen
e (
in0)
onverges to some map e
 that parametrized a neighborhood of a in C su
h thatthe normal to the point e
(!) is (sin!;� 
os!; 0) (the 
onvergen
e is in the Cmtopology for every m). Sin
e 
in0 ! e
, for every ! 2 (� � "; � + ") the 
urvatureat the point 
in0(!) remains bounded. Then, if i = 1, (� � "; � + ") \ [� � �2 ; �℄ =;, if i = 2, (� � "; � + ") \ �[� � �; � � �2 ℄ [ [� + �2 ; � + �℄� = ; and, if i = 3,(� � "; � + ") \ [�; � + �2 ℄ = ;.Then by applying the above arguement to a 
ountable number of points and
onstru
ting a subsequen
e by diagonal Cantor pro
ess, there exist



Chapitre 3. Le probl�eme de Plateau �a l'in�ni en genre 1 1011. k3 open intervals in I = (��2 ; �+�2 ): J1; : : : ; Jk1 � I1n[���2 ; �℄, Jk1+1; : : : ; Jk2 �I2n �[� � �; � � �2 ℄ [ [� + �2 ; � + �℄� and Jk2+1; : : : ; Jk3 � I3n[�; �+ �2 ℄, these in-tervals satisfy Jj \ Jl = ; if j 6= l, and2. a map e
 with value in fz = 0g, de�ned on the union of the k3 intervals, e
parametrizes Cnfs21; s31g by its normal,3. a subsequen
e n0,su
h that, on Jj, the sequen
e (
in0) (for the 
orresponding i) 
onverges to e
; besides,the Jj are maximal in the sense that e
 restri
ted to Jj parametrized one of the 
onvexar
s that 
omposed Cnfs21; s31g. The 
urve C has total 
urvature � + � and sin
ee
 parametrizes by the normal Cnfs21; s31g, whi
h has the same total 
urvature, wehave �+ � = k3Xj=1 l(Jj) � l(I) = �+ � (3.7)where l(Jj) is the length of the interval Jj.� We now assume that � =2 f0; �g. Under this hypothesis,the 
omputation (3.7)implies that there exist points� �2 = �0 < �1 < � � � < �k1 = � � �2 < �k1+1 < � � �� � � < �k2 = � + �2 < �k2+1 < � � � < �k3 = � + �2su
h that, for every j, Jj = (�j�1; �j).Lemma 3.6.9. for j =2 f0; k1; k2; k3g, the sequen
e (
in0) (for the 
orrespondingi) 
onverges in a neighborhood of �j in the C1 topology, then we 
an extend thede�nition of e
 at �j.Proof. We apply Proposition 3.9.4, if there is no C1 
onvergen
e near �j, sin
e��n ! �(P) in the Hausdor� topology, �(P) 
ontains a segment. But this is nottrue then we 
an extend the de�nition of e
 at �j.We then have 
1n0 ! e
 on (��2 ; �� �2 ), 
2n0 ! e
 on (�� �2 ; �+ �2 ) and 
3n0 ! e
 on(� + �2 ; � + �2 ).We shall then study the behaviour near � � �2 = �0.Let � < �4 be a small positive angle and " > 0. We apply Proposition 3.9.2 to 
1n0on (�0��; �0+�), then the set 
1n0(�0��; �0+�) is in
luded in an angular se
tor, wenote S, of vertex 
1n0(�0 � �) and angle 2�. We have 
1n0(�0 + �) 2 S. Then, for bign0, be
ause of the behaviour of the sequen
e (��n0) near the point s2n0 = 
2n0(�), wehave the distan
e between 
1n0(�0 + �) and s2n0 less than " and the distan
e between
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1n0(�0 + �) and 
2n0(�0 � �) less than ". Besides by applying Proposition 3.9.2 to 
2n0on (�0 � �; �0 + �), we have that 
2n0(�0 � �; �0 + �) is in
luded in an angular se
torof vertex 
2n0(�0 � �) and angle 2�. Sin
e at 
1n0(�0 � �) and 
2n0(�0 � �), the twostri
tly 
onvex 
urves C1n0 and C2n0 have the same normal and their 
urvature havethe same sign, the angular se
tor of vertex 
2n0(�0��) is just the translation of S bythe ve
tor ���������������!
1n0(�0 � �)
2n0(�0 � �). This se
ond angular se
tor is then in
luded in theset S" of points of R2 whi
h are at a distan
e less than " from S. Then by passingto the limit n0 ! +1, we get that e
 ((�0 � �; �0 + �)nf�0g) is in
luded in the set ofpoints in R2 whi
h are at a distan
e less than " from an angular se
tor whi
h havee
(�0��) as vertex and 2� as angle. The points s2n0 are also in this set for big n0 (seeFigure 3.5).We 
an do the same work in starting from the point 
2n0(�0+�) and in 
overing the
urves C1n0 and C2n0 in the opposite sense. We then get that e
 ((�0 � �; �0 + �)nf�0g)and s2n0, for big n0, are in
luded in the set of points in R2 whi
h are at distan
e lessthan " from an angular se
tor whi
h have e
(�0+�) as vertex and 2� as angle. Sin
e� is less than �4 , the interse
tion of the two sets we have just build is a 
ompa
tsubset of R2 whi
h 
ontains s2n0, then s21 exists. Then e
(t) admits two limits: onewhen t ! �0, t < �0 and one when t ! �0, t > �0. This two limit points are in Cand e
 parametrized C ex
ept for two points where the normal is di�erent. Sin
e thenormals at this two limit points are the same, the two limit points are, in fa
t, aunique point and then the de�nition of e
 extend at �0. Now, letting � and " goes tozero, we see that the limit 
ompa
t is just e
(�0) then e
(�0) = s21.In the same way we see that s31 exists and e
(�+ �2 ) = s31. In fa
t this prove thate
 parametrizes C by its normal on I and then e
 = 
. Then the sequen
e (Per(An))has only one possible 
luster point then the sequen
e 
onverges to the limit given inProposition 3.6.3.� We now study the 
ase � = 0 (the 
ase � = � 
an be done in the same way).In this 
ase k1 = 0 and using the same arguements as above we 
an prove that: s31exists, 
 = e
 and 
(�2 ) = s31. Be
ause of the asymptoti
 behaviour of the 
urveC, we know that there exists 0 < � < �2 su
h that for every t 2 (��2 ;��2 + �),j
(t)s31j > 2 and ����!
(t)s31j
(t)s31j is at a distan
e less than " from the ve
tor (0;�1). Let0 < � 0 < �, we 
onsider the angular se
tor S of vertex 
(��2 + � 0) and angle 2�whi
h 
ontains 
(��2 ;��2 + � 0) and has, as a part of its boundary, the half straight-line tangent to C at 
(��2 +� 0) and with 
(��2 +� 0) as end-points; S exists be
auseof Proposition 3.9.2. Then, be
ause of the asymptoti
 behaviour of C, there exist0 < � 0 < � and "0 su
h that, for every point s at a distan
e less than "0 from S, wehave jss31j > 2 and ��!ss31jss31j is at a distan
e less than " from (0;�1).We apply now Proposition 3.9.2 to 
2n0 on (��2 ��;��2 +�) that we 
over in theopposite sense. We then obtain that 
2n0(��2 � �;��2 + �) is in
luded in an angular
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2n0(�0 + �)
2n0(�0 � �)
1n0(�0 � �) 
1n0(�0 + �) s2n0s1n0 2�2�

Figure 3.5: the lo
al behaviour near s2n0se
tor with vertex 
2n0(��2 +� 0) and angle 2�. Sin
e 
2n0 ! 
 on (��2 ;��2 +�), theseangular se
tor 
onverges to S, in fa
t, the angular se
tors we have build are just thetranslations of S by the ve
tor �����������������!
(��2 + � 0)
2n0(��2 + � 0) whi
h goes to zero. Besideswe know that the distan
e between 
2n0(��2 � � 0) and s2n0 goes to zero. Then for bign0, s2n0 is at a distan
e less than "0 from S. Then, using that s3n0 goes to s31, thisproves that for big n0, js2n0s3n0j > 2 and ����!s2n0s3n0js2n0s3n0 j ! (0;�1).Sin
e in ea
h 
ase, there is only one possible limit for (Per(An0)) this proves that(Per(An)) 
onverges to this limit. Proposition 3.6.3 is then established.3.6.3 Con
lusionWe use the pre
eding subse
tions to extend Per to eP then we get a 
ontinuous mapon eP. First we have the following remark.Proposition 3.6.10. The period map does not vanish on the boundary of ePProof. The only points where Per 
an vanish are points in the verti
es and ifPer(A) = 0 we have ������������!
(� � �2 )
(� + �2 ) = 0 for some stri
tly 
onvex 
urve 
. But 
on (� � �2 ; � + �2 ) is a graph over a straight-line then the above ve
tor 
an not be0.



104 3.7. An other example of solution to the Plateau problem at in�nityThis proves that we 
an 
ompute the degree of the period map along the bound-ary of eP.Theorem 3.6.11. The degree of the period map along the boundary of eP is �(r�1)Proof. The edges of P does not 
ontribute toward the degree. So only the behaviourat the verti
es is interesting for the degree. Let us 
ompute the 
ontribution of thevertex P1; we use the notation of the pre
eding se
tion. Sin
e the 
urve 
 is stri
tly
onvex, the map � 7! �����������!
(���2 )
(�+�2 )j
(���2 )
(�+�2 )j is a monotone map. Let � be in [0; �℄, the unitve
tor tangent to 
 at 
(�) is (
os �; sin �) whi
h turns in the 
lo
kwise sense, when �in
reases. Besides, for 0 < � < �, 
([���=2; �+�=2℄) is a graph over a straight-linegenerated by (
os �; sin �). This implies that Per(P1; �) � (
os �; sin �) never vanishes((P1; �) is a point of the boundary of eP); by looking at the behaviour for small � wehave Per(P1; �) � (
os �; sin �) � 0. Besides, for � = 0, the basis 
omposed of (1; 0)and Per(P1; 0) is an indire
t one and, for � = �, the basis ((
os�; sin�); P er(P1; �)is a dire
t one. Then, when � in
reases from 0 to �, Per(P1; �) des
ribes an angle� (sin
e the unit tangent des
ribes this angle) plus � (sin
e the basis 
omposed ofthe unit tangent at 
(�) and Per(P1; �) is an orthonormal indire
t one for � = 0and an orthonormal dire
t one for � = �). Sin
e, when we des
ribe � eP in the
lo
kwise sense, � de
reases, the 
ontribution of the vertex P1 towards the degree is� 12� (� + �).The degree is then � 12� (r� + r�1Xi=0 �i) where �i is the inner angle at the vertexPi. Then by applying Gauss-Bonnet Theorem to P, r�1Xi=0 �i = r� � 2� and then thedegree is �(r � 1).Theorem 3.6.11 then proves that the degree of the period map is non zero andthen there exists A 2 ÆP su
h that Per(A) = 0 and then Theorem 3.2.11 is proved.3.7 An other example of solution to the Plateauproblem at in�nityTheorem 3.2.11 gives a wide 
lass of solutions of the Plateau problem at in�nitywith genus 1. But it gives no example of polygon whi
h is the the 
ux polygon ofan r-noid of genus 1 but not the 
ux polygon of an r-noid of genus 0. Corollary3.7.2 gives su
h polygons. In fa
t we study the 
ase where the multi-domain with
one singularity bounded by the polygon is invariant under a "rotation".
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one singu-larity (D;Q;  ). We suppose that D satis�es the hypothesis H and that there existsan isometry h of D su
h that  Æh = RÆ where R is the rotation in R2 with 
enter (Q) and angle � 2 (0; 2�). Then the period ve
tor asso
iated to D vanishes andthere exists an Alexandrov-embedded r-noid with genus 1 and horizontal ends havingV as 
ux polygon.Proof. From Constru
tion 1 and 3, we have a multi-domain with logarithmi
 singu-larity (
;Q; ') and Theorem 3.3.1 gives us a fun
tion u on 
 whi
h is unique upto an additive 
onstant. By 
onstru
tion, the map h 
an be lifted to 
 to a map ~hwhi
h is an isometry of 
 su
h that ' (Q) Æ ~h = R Æ ' (Q). Sin
e ~h is an isometryof 
, u Æ ~h is a solution of the same Diri
hlet problem as u then u Æ ~h = u+ 
 with
 2 R. Then the two equations ' (Q) Æ ~h = R Æ ' (Q) and u Æ ~h = u+ 
 imply that:~h�(dX�1 ; dX�2 ) = R(dX�1 ; dX�2 )with dX�1 and dX�2 the 1-forms asso
iated to u as in Subse
tion 3.5.1. Then, if � isa lift of a generator of �1(DnfQg), we have:Z�(dX�1 ; dX�2 ) = Z~h(�)(dX�1 ; dX�2 )= Z� ~h�(dX�1 ; dX�2 )= Z�R(dX�1 ; dX�2 )= R�Z�(dX�1 ; dX�2 )�The �rst equality is due to the fa
t that � and ~h(�) are lifts of two 
losed pathesthat give the same generator of �1(DnfQg). Besides R has a unique �xed point,sin
e � 2 (0; 2�), whi
h is 0. Then the period ve
tor vanishes.We then 
an give some examples of polygons V that satify this 
ondition; we
onsider the 
ase where V is a regular 
onvex polygon or a regular star polygon (see[Cox℄).Corollary 3.7.2. Let q and r be in N� su
h that g
d(q; r) = 1 and 2q < r. Wenote, for i = 1; : : : ; r + 1, Pi = e2(i�1)p�1 qr� 2 C = R2 (P1 = Pr+1) (see Figure3.6). Then there exists an Alexandrov-embedded r-noid of genus 1 and horizontalends with (��!P1P2;��!P2P3; : : : ;����!PrPr+1) as 
ux polygon.



106 3.8. Appendix : Convergen
e of sequen
es of solution of (MSE) and line of divergen
eProof. The idea of the proof is to build a multi-domainwith 
one singularity boundedby the above polygon and satisfying the hypothesis of Theorem 3.7.1. Let R2 beidenti�ed with C . We note T the set of (�; �) 2 R+ � [0; �℄ su
h that �ei� is in thetriangle P1P2O, where O is the origin. We note D the set of (�; �) in R+ � [0; 2q�℄su
h that (�; �) is in D if (�; �0) is in T where � = n �2 qr�� + �0 is the only writ-ing with n 2 Z and �0 2 [0; 2 qr�) (like an eu
lidean division of � by 2 qr�). Weremark f0g � [0; 2q�℄ � D and (�; 0) 2 D i� (�; 2q�) 2 D i� � 2 [0; 1℄. Be
auseof these remarks, we 
an 
onsider the polar metri
 on D (we identify all the points(0; �) and 
all the new point Q) and indentify the point (�; 0) with (�; 2q�) for0 � � � 1. Then if we 
onsider on D the map  : (�; �) 7! (� 
os �; � sin �), thetriplet (D;Q;  ) is a multi-domain with 
one singularity whi
h is bounded by thepolygon (��!P1P2;��!P2P3; : : : ;����!PrPr+1). The angle of D is 2q�. Besides on D the maph : (�; �) 7�! � (�; � + 2 qr�) if � � 2q� � 2 qr�(�; � � 2 r�1r q�) if � � 2q� � 2 qr�is well de�ned and is an isometry of D. Besides  Æ h = R Æ  with R the rotationof 
enter O and angle 2 qr� < �. Then we 
an apply Theorem 3.7.1.When q = 1, the polygon is a 
onvex regular polygon and the multi-domain Dthat we build is in fa
t an immerssed polygonal disk, then Theorem 3.2.11 givesalso the result but what we now know is that in the proof of Theorem 3.2.11 we 
an
hoose A as the isobary
enter of the polygon.When q > 1, the polygon (��!P1P2;��!P2P3; : : : ;����!PrPr+1) does not bound an immersedpolygonal disk. Then we get new examples of polygons whi
h are 
ux polygons ofan Alexandrov-embedded r-noid with genus 1.Remark 3.7.3. In [JM℄, L. P. Jorge and W. H. Meeks give Weierstrass data forr-noid with genus 0 and horizontal ends having as 
ux polygon the polygon studiedin Corollary 3.7.2 with q = 1. Then Corollary 3.7.2 gives r-noids similar to theJorge-Meeks examples for the genus 1 
ase. In fa
t this examples are known byH. Kar
her whi
h gave in [Ka℄ Weierstrass data for some r-noids whi
h 
orrespondto the ones we have just built. These Weierstrass data are expressed in terms of theWeierstrass p-fun
tion.3.8 Appendix : Convergen
e of sequen
es of so-lution of (MSE) and line of divergen
eThe aim of this appendix is to explain some results on the 
onvergen
e of sequen
esof solutions of the minimal surfa
e equation.Let (un) be a sequen
e of solution of (MSE) on a multi-domainD (D has possiblya 
one or logarithmi
 singularity), the �rst result is then :
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O O

P2 P2
P1

P5

P4

P3
q = 1 et r = 3 q = 2 et r = 5

P1

P3Figure 3.6: Examples of polygons studied in Corollary 3.7.2Proposition 3.8.1. If (un) is an uniformly bounded sequen
e on D, there existsa subsequen
e whi
h 
onverges to a solution of (MSE) on D. The 
onvergen
e isuniform on every 
ompa
t subset of D.This result proves that if the sequen
e (jjrunjj) is uniformly bounded on every
ompa
t subset of D there exists a subsequen
e (un0 � un0(P )), where P is a pointin D, whi
h 
onverges to a solution of (MSE) on D (D is 
onne
ted). We then 
ande�ne the domain of 
onvergen
e of the sequen
e (vn) as the set of the points P 2 Dwhere the sequen
e (jjrun(P )jj) is bounded, we note this set B(un). We know thatB(vn) is an open subset of D su
h that (jjrunjj) is uniformly bounded on every
ompa
t subset of B(un) (see Se
tion 1.4). Then, on every 
onne
ted 
omponentof the domain of 
onvergen
e, we 
an make 
onverge a subsequen
e (un0 � un0(P )).In fa
t, in our paper we often write that a subsequen
e (un0) 
onverges instead of(un0 � un0(P )) but, sin
e the value on the boundary are often in�nite, this does notmatter; when it is ne
essary we use (un0 � un0(P )). The question is to understandthe domain of 
onvergen
e, in fa
t we shall understand DnB(un).Let P be in DnB(un), then for a subsequen
e Wn0 ! +1 and sin
e the normalto the graph at the point over P isNn0(P ) = � pn0Wn0 (P ); qn0Wn0 (P );� 1Wn0 (P )�
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e of sequen
es of solution of (MSE) and line of divergen
e(we use eu
lidean 
oordinates in a neighborhood of P ) we 
an suppose thatNn0(P )!N where N is a unit horizontal ve
tor. We then have the following result.Theorem 3.8.2 (Theorem 1.4.3). Let (D; ) be a multi-domain. Let (un) be asequen
e of solutions of (MSE) on D. Let P 2 D and N be a unit horizontal ve
torand L the geodesi
 of D passing by P and normal to N . If the sequen
e (Nn(P ))
onverges to N , then Nn(A) 
onverges to N at every point A of LSin
e D is lo
ally isometri
 to R2 we 
an see N as a ve
tor in R2 and then theve
tor N is well de�ned at all the points of D in fa
t this de�nition 
oin
ides withthe parallel transport of N . The proof of this theorem is in 
hapter 2.Then in our situation Nn0(P ) is 
onverging to a unit horizontal ve
tor then Nn0
onverges to this ve
tor along a straight-line L. Su
h a line L is 
alled a line ofdivergen
e of the sequen
e sin
e L must be in
luded in DnB(un). Then the setDnB(un) is an union of geodesi
s of D and the question is what are the possiblelines of divergen
e: the following lemmas give some tools to answer to this dis
ussion.First, we observe that the existen
e of a line of divergen
e has a 
onsequen
eon the sequen
e of 1-forms d	un. If Nn ! N along a line of divergen
e and T is asegment in
luded in this line of divergen
e then ZT d	un 
onverges to jT j the lengthof T if the orientation of T is su
h that N is the right-hand normal. Sin
e (	un) is asequen
e of 1-Lips
hitz 
ontinuous fun
tion, we 
an always take a subsequen
e andsuppose that it has a limit 	, then the above remark on d	un allows us to makesome 
al
ulations on 	.As in Figure 3.4, when we make a pi
ture to explain the 
onvergen
e of a sequen
eof solutions of (MSE), we draw the limit normal along the lines of divergen
e toexplain the asymptoti
al behaviour.We then have the two following results 
on
erning the lines of divergen
e andthe 
onvergen
e of sequen
es of solutions of (MSE)Lemma 3.8.3 (Proposition 1.4.5). Let (un) be a sequen
e of solutions of (MSE)on [0; 1℄2 su
h that, for all n, the fun
tion un tends to +1 on f1g�℄0; 1[. Then, noline of divergen
e of the sequen
e (un) has (1; 12) as end-point.Proof. Let us suppose that there exists su
h a line of divergen
e L. We note A =(1; 0), B = (1; 12) and C = (1; 1). Let us 
onsider a point M 2 L. We supposethat the limit normal along L is su
h that the basis 
omposed of ��!MB and the limitnormal is dire
t. Sin
e d	un is 
losed, we then have:Z[A;B℄ d	un + Z[B;M ℄ d	un + Z[M;A℄ d	un = 0Sin
e un takes the value +1 on [A;B℄, this equality proves that:
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hoi
e of limit normal, we have R[B;M ℄ d	un ! jBM j for a subsequen
e,then jABj + jBM j � jMAj whi
h 
ontradi
ts the triangle inequality. If the limitnormal is the opposite of the one we 
onsider, we 
an do the same arguement withthe triangle BCM .Lemma 3.8.4 (Proposition 1.4.9). Let (un) be a sequen
e of solutions of (MSE)on [0; 1℄2 su
h that (un) 
onverges in the interior of the square to a solution u andsu
h that we are in one of the following two 
ases� for all n, the fun
tion un tends to +1 on f1g�℄0; 1[ or,� for all n, un is the restri
tion to [0; 1℄2 of a solution vn of (MSE) de�ned on[0; 2℄� [0; 1℄ and for y 2℄0; 1[ we have Nn(1; y)! (1; 0; 0).Then, the limit fun
tion u tends to +1 on f1g�℄0; 1[.Proof. let 0 < " < 12 , for x 2 [0; 1℄ we note Ax = (x; ") and Bx = (x; 1 � "). Sin
ed	un is 
losed, for x < 1 we have:Z[Ax;Bx℄ d	un � Z[A1;B1℄ d	un = Z[Bx;B1℄ d	un + Z[A1;Ax℄ d	unThen, by passing to the limit and using that R[A1;B1℄ d	un ! 1�2" in the two 
ases,we obtain that: ����Z[Ax;Bx℄ d	u � (1� 2")���� � 2(1� x)This proves that d	u = dy on [A1; B1℄. Let x 2℄0; 1[ and v be the solution of(MSE) on AxBxB1A1 su
h that v tends to +1 on [A1; B1℄ and v = u on the rest ofthe boundary we shall prove that u = v.If u 6= v there exist � 6= 0 su
h that 
 = fu�v > �g is non-empty. The boundaryof 
 is 
omposed of one part in
luded in the interior of AxBxB1A1 and one partin
luded in [A1; B1℄. Sin
e d	u and d	v are 
losed we haveZ�
 d	u � d	v = 0But on the part of the boundary in
luded in [A1; B1℄ the integral is 0 sin
e d	u =dy = d	v and on the part in
luded in the interior of AxBxB1A1 the integral isnegative by Lemma 2 in [CK℄. Then we have a 
ontradi
tion and u = v then u goesto +1 on [A1; B1℄.



110 3.9. Appendix : Convex 
urves in R23.9 Appendix : Convex 
urves in R 2A 
onvex 
urve in R2 is a 
urve su
h that its geodesi
al 
urvature has always thesame sign. A 
urve is stri
tly 
onvex if this geodesi
al 
urvature is positive ornegative.If a 
urve 
 : s 7! 
(s) 2 R2 is 
onvex, the map with value in S2 that asso
iatesto the parameter s the normal to 
 at 
(s) is a monotone map and, if 
 is stri
tly
onvex, the above map is stri
tly monotone. This implies that, if 
 : I ! R2 is astri
tly 
onvex 
urve, there exists h : J ! I a di�eomorphism su
h that for � 2 Jthe normal to 
 at the point 
 Æ h(�) is (sin�;� 
os �). We then say that 
 isparametrized by its normal.Proposition 3.9.1. Let 
 : I ! R2 be a stri
tly 
onvex 
urve parametrized byits normal. If I � (�0 + �2 ; �0 + 3�2 ), the 
urve 
 is a graph over the straight liney 
os �0 � x sin �0 = 0.Proof. We suppose that �0 = 0. If 
(�) = (x(�); y(�)), the map � 7! x(�) is a lo
aldi�eomorphism sin
e the se
ond 
oordinate of the normal is always positive. Besides� 7! x(�) is inje
tive: if x(� 0) = x(� 00) there would exist, by Rolle's Theorem,� 2 (� 0; � 00) su
h that the normal at 
(�) is horizontal, it is impossible. This proofthat � 7! x(�) is a global di�eomorphism then 
 is a graph over y = 0.Proposition 3.9.2. Let 
 be a stri
tly 
onvex 
urve parametrized by its normalon (� � "; � + �℄ with � � �2 . Let v be the unit tangent ve
tor to 
 at 
(�) andn0 the unit ve
tor whi
h is the normal to 
 at 
(�) if the 
urvature is positive orthe opposite of the normal if the 
urvature is negative. Let w be the unit ve
tor
os �v + sin�n0. Then the 
urve 
([�; � + �℄) is in the angular se
tor delimited bythe two half straight-lines with 
(�) as end-point and respe
tively generated by v andw (see Figure 3.7).Proof. We 
an suppose that � = 0, the 
urvature is negative and 
(0) = (0; 0). Inthis 
ase 
([0; �℄) is the graph of a fun
tion f over a segment [0; a℄ by Proposition3.9.1. By hypotheses, f is a 
onvex fun
tion and f 0(0) = 0. This implies �rstthat f � 0. If � = �2 the proposition is proved. If � < �2 and 
([0; �℄) is notin f(x; y)j x � 0; y � 0; y � x tan �g there is a parameter b 2 [0; a℄ su
h thatf(b) = b tan � and then there exists d < b su
h that f 0(d) = tan�. Sin
e the normalmap is inje
tive on [0; �℄, we have (d; f(d)) = 
(�) whi
h is impossible sin
e d < a.The proposition is then provedLemma 3.9.3. Let 
 be a stri
tly 
onvex 
urve parametrized by its normal on [� �"; �). We suppose that the 
urve 
 is in
luded in a 
ompa
t of R2 . Then 
(t)
onverges when t! �.



Chapitre 3. Le probl�eme de Plateau �a l'in�ni en genre 1 111

(� + �)

vn0
(�) Figure 3.7: the situation of Proposition 3.9.2Proof. Sin
e we are in a 
ompa
t part of R2 , it is enough to prove that there is onlyone 
luster point for 
(t). Let us suppose that 
(tn) ! p1 and 
(sn) ! p2 and, forevery n, tn < sn < tn+1. We then apply Proposition 3.9.2 on [tn; �) and [sn; �). Thisproves that p1 is in an angular se
tor with vertex 
(sn) and � � sn as angle and p2is in an angular se
tor with vertex 
(tn) and �� tn as angle. Letting n goes to +1,we obtain that p1 is in the half straight-line with p2 as end-point and generated byv (where v is the limit unit tangent ve
tor) and p2 is in the half straight-line withp1 as end-point and generated by v. This situation is possible only if p1 = p2.Proposition 3.9.4. Let (
n) be a sequen
e of stri
ly 
onvex 
urves parametrized bytheir normal on (� � "; � + "). We suppose that (
n) 
onverges to e
 on (� � "; �) [(�; � + ") in the C1 topology. Then:� we have e
(t)! p1 when t! �, t < � and e
(t)! p2 when t! �, t > �,� as sets, 
n(� � "; � + ") 
onverges to e
(� � "; �) [ e
(�; � + ") [ [p1; p2℄.If p1 = p2, we have moreover that (
n) 
onverges to e
 (that we extend by e
(�) = p1)on (� � "; � + ") in the C1 topology.



112 3.9. Appendix : Convex 
urves in R2Proof. " is supposed to be small and we 
hoose "0 < ". We then apply Proposition3.9.2 to 
n(��"0; �+"0) at the points 
n(��"0) and 
n(�+"0) and we get that, for everyn, 
n(�� "0; �+ "0) is in
luded in an angular se
tor of vertex 
n(�� "0) and angle 2"0and an angular se
tor of vertex 
n(�+ "0) and angle 2"0 (here, we apply Proposition3.9.2 to the 
urve 
 that we 
over in the opposite sense). Letting n goes to +1,we get that e
((� � "0; �) [ (�; � + "0)) is in
luded in the interse
tion of two angularse
tors of angle 2"0, one has e
(�� "0) as vertex the other has e
(�+ "0) as vertex. Theinterse
tion of this two angular se
tor is a 
ompa
t; then, by Lemma 3.9.3, p1 andp2 exists. We then have also proved that the 
luster points of the sequen
e of 
urves(
n) are e
((� � "; �) [ (�; � + ")) and points in
luded in the interse
tion of the twoangular se
tors. If we let "0 goes to 0 the interse
tions of the two se
tors 
onverge tothe segment [p1; p2℄ whi
h have (sin �;� 
os �) as normal. We then must show thatall the points of the segment [p1; p2℄ are the limit of a sequen
e (
n(tn)).We suppose now that � = 0. By Proposition 3.9.1, the 
urves 
n are graphsover fy = 0g. Let a and b be the respe
tive �rst 
oordinates of e
(�"=2) and e
("=2);we suppose a < b. Sin
e 
n ! e
, we then 
an ensure that, over the segment[a; b℄, the 
urves 
n are graphs for big n. We have p1 = (x1; y1) and p2 = (x2; y2);sin
e the segment [p1; p2℄ is horizontal, y1 = y2. Besides by 
onvergen
e of (
n),a < x1 � x2 < b. Let x 2 [x1; x2℄; sin
e 
n is a graph over [a; b℄ for big n, there existone parameter tn su
h that 
n(tn) has x as �rst 
oordinate. Then the only possible
luster point for the sequen
e (
n(tn)) is (x; y1) sin
e every 
luster point must havex as �rst 
oordinate and be in the segment [p1; p2℄ or in the 
urve e
 but all this setis a graph over fy = 0g. This then proves that all the points of the segment [p1; p2℄is in the limit set.If p1 = p2, (
n) 
onverges in the C1 topology sin
e the normal at the pointe
(�) = p1 is (sin �;� 
os �) by 
ontinuity.



Chapitre 4Quelques r�esultats denon-existen
e pour l'�equation dessurfa
es minimalesCe 
hapitre reprend un arti
le ayant le même titre ; il apparâ�t dans la bibliogra-phie �a la r�ef�eren
e [Ma3℄.Dans 
et arti
le, nous d�emontrons un r�esultat (Th�eor�eme 4.4.2) qui est n�e
essairedans la preuve de la Proposition 3.6.3. Il s'agit, en fait, de prouver que 
ertainsprobl�emes de Diri
hlet pour (ESM) n'admettent pas de solutions.4.1 Introdu
tionUne fon
tion u d�e�nie sur un domaine 
 de R2 satisfait l'�equation des surfa
esminimales si : div rup1 + jruj2! = 0 (ESM)Cette �equation aux d�eriv�ees partielles traduit le fait que le graphe de la fon
tion u estune surfa
e minimale de R3 . A 
ette �equation, on asso
ie le probl�eme de Diri
hlet : ils'agit de trouver une solution u de l'�equation des surfa
es minimales sur un domaine
 en imposant la valeur de u sur le bord de 
.Plusieurs solutions de l'�equation (ESM) sont 
onnues ; ainsi sur la demi-bandeR+ � [��2 ; �2 ℄, la fon
tion h(x; y) = x tan y est solution de (ESM). Le graphe de hest un mor
eau d'h�eli
o��de. On 
onstate que si (xn; yn) 
onverge vers un point deR�+ �f�2g la suite (h(xn; yn)) 
onverge vers +1 et si (xn; yn) 
onverge vers un pointde R�+ � f��2g, on a alors limn!+1h(xn; yn) = �1. La fon
tion h se pr�esente don
113



114 4.1. Introdu
tion
omme une solution du probl�eme de Diri
hlet sur la demi-bande ave
 les valeurs 0sur f0g�℄� �2 ; �2 [, +1 sur R�+ � f�2g et �1 sur R�+ � f��2g.Maintenant la question que l'on se pose est de savoir 
e qu'il se passe si les deuxdemi-droites appartenant au bord du domaine ne sont plus parall�eles mais formentun angle 2� > 0. Plus pr�e
is�ement, si 
 est le domaine f(x; y) 2 [1;+1[�Rj �tan� < yx < tan�g, existe-t'il une solution u de (ESM) sur 
 telle que u prenne lavaleur 0 sur 
 \ fx = 1g, tende vers +1 sur 
 \ fx sin� � y 
os� = 0g et tendevers �1 sur 
 \ fx sin� + y 
os� = 0g ?On 
onnait de nombreux r�esultats 
on
ernant le probl�eme de Diri
hlet sur lese
teur ainsi, dans [RSE℄, H. Rosenberg et R. Sa-Earp 
onstruisent des solutionspour des donn�ees 
ontinues sur le bord d'un domaine 
onvexe in
lus dans un se
teurangulaire. Dans [Ni1℄, J.C.C. Nits
he se pose la question d'un prin
ipe du maximumpour le se
teur, un tel prin
ipe est d�emontr�e dans [RSE℄. Ce
i implique, d'apr�esle r�esultat de P. Collin et R. Krust dans [CK℄, l'uni
it�e des solutions ayant desdonn�ees born�ees sur le bord. On a d'autres r�esultats d'uni
it�e, ainsi C.-C. Lee, dans[Le℄, d�emontre l'uni
it�e en imposant des 
onditions sur les d�eriv�ees au bord.La r�eponse �a la question pos�ee plus haut est apport�ee par le Th�eor�eme 4.3.1 et
ette r�eponse est n�egative : une solution de (ESM) prenant la valeur +1 sur un des
ot�es d'un se
teur et �1 sur l'autre ne peut exister.Le Th�eor�eme 4.3.1 est le prin
ipal r�esultat de 
et arti
le. Il 
on
erne les domaines
 tels que, hors d'un disque de R2 , 
 = fr 
os �; r sin �) 2 R2 j r > r0; �� < � < �gave
 0 < � < �. Le Th�eor�eme 4.3.1 aÆrme alors qu'il n'existe pas de solution u de(ESM) sur 
 telle que u tende vers +1 sur l'un des 
ot�es de 
e se
teur angulaireet �1 sur l'autre.Dans une premi�ere partie, nous donnons quelques r�esultats pr�eliminaires. Parmi
eux-
i, le plus important est la Proposition 4.2.4 qui donne le r�esultat du Th�eor�eme4.3.1 dans le 
as de petits angles �.La deuxi�eme partie est 
onsa
r�ee �a la d�emonstration du Th�eor�eme 4.3.1. L'id�eeprin
ipale de la preuve est que l'existen
e de fon
tions u 
ontredisant le r�esultatpour de grands angles implique l'existen
e de fon
tions v 
ontredisant le r�esultatpour de petits angles. On entrerait ainsi en 
ontradi
tion ave
 la Proposition 4.2.4.La troisi�eme partie donne une g�en�eralisation de 
e r�esultat dans le 
as o�u l'angle� est sup�erieur �a �.Dans la suite, si u est une fon
tion d�e�nie sur un domaine 
 on notera W =p1 + jruj2.



Chapitre 4. Quelques r�esultats de non-existen
e pour l'�equation des surfa
es minimales 1154.2 Quelques 
as parti
uliers4.2.1 Pr�eliminairesProposition 4.2.1. Soit 
 un domaine de R2 tel qu'une 
omposante 
onnexe deson bord soit une droite L ; on suppose de plus qu'il existe une partie � de R2 telleque 
n� soit isom�etrique �a la bande ℄� "; 0[�R (" > 0) o�u L est la droite f0g� R.Alors il n'existe pas de solution u de l'�equation des surfa
es minimales qui prend lavaleur +1 sur L (de même pour �1).D�emonstration. Supposons, par l'absurde, que u soit une solution de l'�equation dessurfa
es minimales sur ℄� "; 0[�R valant +1 sur L. Alors le graphe de u 
ontreditle prin
ipe du demi-espa
e, plus pr�e
is�ement, la d�emonstration du Th�eor�eme 1 dans[HM℄ 
ontredit l'existen
e du graphe de u.Par la suite nous allons avoir besoin d'estim�ees sur les d�eriv�ees de solutions del'�equation des surfa
es minimales. On a alors le r�esultat suivant.Lemme 4.2.2. Soient 
 un domaine 
onvexe du plan R2 et u une solution del'�equation des surfa
es minimales sur 
. On 
onsid�ere p un point de 
 et d ladistan
e du point p au bord de 
. On note q 2 �
 un point qui r�ealise 
ette distan
e,n le ve
teur unitaire �!pqd et n0 un ve
teur unitaire normal �a n. On note maintenant� le graphe de u et P le point de � au dessus de p. Soit r la distan
e le long de lasurfa
e � du point P au bord de �. Alors si le rapport dr est inf�erieur �a 18 , on a aupoint p : jn � ru(p)jW � 1� 4d2r2jn0 � ru(p)jW � 2p2drIl s'agit du Lemme 1 dans [JS℄.4.2.2 Le 
as du se
teur angulairePour 0 < � < �, on 
onsid�ere le domaine de R2 :D(�) = f(r 
os �; r sin �)gr2R+;�2[��;�℄Pour tout �, on note L(�) = f(r 
os �; r sin �)gr2R�+ ; on a alors la proposition sui-vante :



116 4.2. Quelques 
as parti
uliersProposition 4.2.3. Soit � 2℄0; �[. Il n'existe pas de solution u de l'�equation dessurfa
es minimales sur D(�) telle que u prenne la valeur +1 sur L(�) et �1 surL(��).D�emonstration. Supposons qu'une telle solution u existe. Alors d'apr�es le Th�eor�eme2.3.2 et la Remarque 2.3.3, on peut prolonger le graphe de la fon
tion u par sym�etriepar rapport �a la droite verti
ale de R3 : L = fx = 0g \ fy = 0g. La surfa
e � ainsiobtenue est une surfa
e minimale 
ompl�ete simplement 
onnexe ayant un nombre�ni de points de bran
hement le long de la droite verti
ale de sym�etrie L. Comme� est un graphe au dessus de D(�), les points de � ayant une normale horizontalesont les points de L.D'apr�es le Lemme 3.4.5, la 
ourbe r 7! (r 
os �; r sin �; u(r 
os �; r sin �)) appar-tenant �a � a pour extr�emit�e, lorsque r tend vers 0, un point de L o�u la normalevaut (sin �;� 
os �; 0) ou (� sin �; 
os �; 0). De plus, tout point de L est l'extr�emit�ed'une telle 
ourbe. Ce
i implique que pour � 2℄� � �; � � �[ l'un des ve
teurssuivant (sin �;� 
os �; 0) ou (� sin �; 
os �; 0) n'est jamais la normale �a �, en ef-fet, 
es deux ve
teurs ne peuvent être la normale �a � qu'en l'extr�emit�e de r 7!(r 
os �; r sin �; u(r 
os �; r sin �)) ; 
e
i ne fait qu'un seul point. On sait ainsi que lanormale �a � omet un nombre in�ni de points de la sph�ere, et même un segment dansla sph�ere par 
ontinuit�e de la normale. Or 
e
i est impossible pour une surfa
e mini-male 
ompl�ete simplement 
onnexe ayant un nombre �ni de points de bran
hement(Th�eor�eme 8:2 dans [Os2℄).4.2.3 Le 
as des petits anglesSoit � 2℄0; �2 [ et a un nombre r�eel positif. On note alors Da(�) = D(�)\fx � ag.Par abus de notation, on 
ontinue �a noter L(�) l'interse
tion de L(�) ave
 Da(�).Proposition 4.2.4. Il existe �0 2℄0; �2 [ tel que, si 0 < � < �0 et a 2 R+ , il n'existepas de solution u de l'�equation des surfa
es minimales sur Da(�) telle que u prennela valeur +1 sur L(�) et �1 sur L(��).D�emonstration. Supposons qu'une telle solution u existe. On 
onsid�ere p un pointde Da(�) de 
oordonn�ees (x; y). Soit x0 > a tel que x0 sin� = x0 � a. Si le point pv�eri�e x � x0, le point q du bord de Da(�) qui r�ealise la distan
e de p au bord deDa(�) n'est pas situ�e sur fx = ag mais sur L(�) ou L(��) et on a jpqj � x sin�.Le long du graphe de u la distan
e de P , le point de 
oordonn�ees (x; y; u(x; y)), aubord du graphe est minor�ee par x� a. Le rapport entre 
es deux longueurs est don
major�e par x sin�x� a = sin� 11� ax



Chapitre 4. Quelques r�esultats de non-existen
e pour l'�equation des surfa
es minimales 117Posons x1 = maxfx0; 10ag, alors, si p v�eri�e x � x1, le rapport entre 
es deuxlongueurs est major�e par 109 sin�. Notons �1 2 [0; �2 ℄ le nombre v�eri�ant 109 sin�1 =18 . Don
 si � < �1 on peut appliquer le Lemme 4.2.2 au point p. Le ve
teur �!pqjpqj est(� sin�; 
os�) ou (� sin�;� 
os�). On en d�eduit alors, par le Lemme 4.2.2, quejuyjW � (1� 4�109 �2 sin2 �) 
os�� 2p2109 sin2 �� 
os�� sin2 � 4�109 �2 
os� + 2p2109 !Il existe don
 �0 < �1 tel que si � � �0 on a juy(p)j 6= 0, pour tout point p = (x; y)ave
 x � x1, et don
 uy > 0 (On remarque que �0 ne d�epend pas de a).On se pla
e maintenant ave
 � � �0 et sur Da(�) \ fx � x1g on pose �(x; y) =(x; u(x; y)). On d�e�nit ainsi une appli
ation �a valeurs dans [x1;+1[�R. La di��erentiellede � est d�(x; y) = �1 ux0 uy�dont le ja
obien est non nul puisque sa valeur est uy 6= 0. � est don
 un di��eomorphismelo
al ; en fait, il s'agit d'un di��eomorphisme global de Da(�) \ fx � x1g sur[x1;+1[�R 
ar u 
roit stri
tement de �1 �a +1 le long des 
ourbes x = 
ste.On voit ainsi que le graphe de u au dessus de Da(�) \ fx � x1g peut êtrevu 
omme le graphe d'une fon
tion v solution de (ESM) au dessus du demi-planverti
al fy = 0; x � x1g. La fon
tion v est alors born�ee sur fx = x1g ; don
, d'apr�esle r�esultat de P. Collin et R. Krust (Th�eor�eme 3:4 dans [CK℄), il existe d1 et d2 telsque l'on ait 
x + d1 � v(x; z) � 
x + d2, 
e qui est impossible de par la forme deDa(�).4.3 Le r�esultat g�en�eralNous avons maintenant un r�esultat similaire �a 
elui de la Proposition 4.2.4 maissans limite sur l'angle �.Th�eor�eme 4.3.1. Soient 
 un domaine de R2 tel qu'il existe un 
ompa
t K de R2et � 2℄0; �[ v�eri�ant 
nK = D(�)nD(0; r) o�u D(0; r) d�esigne le disque de 
entrel'origine et de rayon r. Alors, il n'existe pas de solution u de l'�equation des surfa
esminimales sur 
 telle que u prenne la valeur +1 sur L(�) et �1 sur L(��).D�emonstration. Supposons qu'une telle solution existe, nous avons don
 une fon
-tion u sur D(�)nD(0; 1) (on suppose r = 1) qui prend la valeur +1 (resp. �1) sur



118 4.3. Le r�esultat g�en�eralL(�) (resp. L(��)). L'id�ee de la preuve est de se servir de u pour 
onstruire unefon
tion qui 
ontredirait la Proposition 4.2.4.Soit � > 0 tel que � soit inf�erieur �a � et �a �4 . On note alors Ar, Br, Cr et Dr lespoints de D(�) de 
oordonn�ees polaires respe
tives (r; �), (r; �� �), (r;��+ �) et(r;��). On a alors le r�esultat suivantLemme 4.3.2. Il existe � � minf�; �4 ; 2�0g (�0 est l'angle donn�e par la Proposition4.2.4) et r0 > 1 tels que la fon
tion u soit 
roissante{ le long des deux ar
s de 
er
le de 
entre l'origine joignant Br �a Ar et Dr �a Cret{ le long des deux segments [Br; Ar℄ et [Dr; Cr℄pour r > r0.D�emonstration. Par sym�etrie du probl�eme, on ne 
onsid�erera que le segment [Br; Ar℄et l'ar
 de 
er
le joignant Br �a Ar. Soit p un point de 
oordonn�ees polaires (�; �)ave
 � 2 [���; �℄ et � � 22�p2 ; alors le point q du bord de D(�)nD(0; 1) qui r�ealisela distan
e de p au bord appartient �a L(�). La distan
e jpqj est don
 major�ee par� sin� et la distan
e le long du graphe de u de P , le point du graphe situ�e au dessusde p, au bord est minor�ee par � � 1. Le rapport entre 
es deux longueurs est don
major�e par sin� ���1 . Ainsi, pour � � 10, il est major�e par 109 sin � ; soit �1 tel que109 sin�1 = 18 alors pour � < �1 
e rapport est inf�erieur �a 18 .On suppose � < �1. On d�e�nit r0 tel que r0 
os �8 = 10. Soit r � r0, on supposemaintenant que p appartienne au segment [Br; Ar℄ ; on a alors � � 10 par d�e�nitionde r0. Le ve
teur �!pqjpqj est (� sin�; 
os�) et le ve
teur unitaire dire
teur de [Br; Ar℄est n = (� sin(�� �2 ); 
os(�� �2 )). D'apr�es le Lemme 4.2.2, on a don
jru � njW (p) � (1� 4(109 sin�)2)(� sin�; 
os�) � n� 2p2109 sin �On 
onstate que losque � tend vers 0 le minorant tend vers 1. Il existe don
 �2 2℄0; �1[tel que pour tout � < �2 : jru�njW (p) > 0.Si maintenant p est un point de l'ar
 de 
er
le joignant Br �a Ar, le ve
teurunitaire tangent �a l'ar
 de 
er
le en p est n0(�) = (� sin �; 
os �). D'apr�es le Lemme4.2.2, on a don
jru � n0(�)jW (p) � (1� 4(109 sin�)2)(� sin�; 
os�) � n0(�)� 2p2109 sin �� (1� 4(109 sin�)2)(� sin�; 
os�) � n0(�)� 2p2109 sin�De même que pr�e
�edemment, le minorant tend vers 1 lorsque � tend vers 0. Ilexiste don
 �3 2℄0; �2[ tel que pour tout � < �3 : jru�n0(�)jW (p) > 0. Alors tout� < minf�3; 2�0g r�epond au lemme.



Chapitre 4. Quelques r�esultats de non-existen
e pour l'�equation des surfa
es minimales 119On �xe maintenant � et r0 tels que le Lemme 4.3.2 soit satisfait. On a alors ler�esultat suivant :Lemme 4.3.3. Il existe r1 � r0 tel que, si p 2 D(�) est le point de 
oordonn�eespolaires (r; �) ave
 r � r1, on a �u�� (p) > 0.D�emonstration. Tout d'abord le Lemme 4.3.2 nous dit que la d�eriv�ee est positivesi � 2℄ � �;�� + �℄ [ [� � �; �[. Maintenant si le lemme n'est pas vrai, il existeune suite de points pn, de 
oordonn�ees polaires (rn; �n), telle que rn tend vers +1et �u�� (pn) � 0. On a �n 2 [�� + �; � � �℄ et, quitte �a extraire, on peut supposerque �n tend vers �1 2 [�� + �; � � �℄. On d�e�nit alors 
n le domaine de R2 :
n = f(r 
os �; r sin �)j r � rn�1; � 2℄��+�1��n; �+�1��n[g. Sur 
n on d�e�nit,en 
oordonn�ees polaires, la fon
tion vn : vn(r; �) = rn�1u(rnr; �+�1��n). vn est unesolution de l'�equation des surfa
es minimales qui vaut +1 sur L(�+�1��n) et �1sur L(��+ �1 � �n). L'hypoth�ese sur u au point pn se traduit par �vn�� (1; �1) � 0.On va maintenant �etudier la limite de la suite (vn) ; pour 
ela on va �etudier leslignes de divergen
e de (vn) (voir la se
tion 1.4). Le domaine limite est D(�). Commevn prend des valeurs in�nies sur L(�+ �1� �n) et L(��+ �1� �n), les seules lignesde divergen
e possibles sont les droites in
luses dans D(�) et les demi-droites ayantl'origine pour extr�emit�e ; on utilise i
i le Lemme 1.4.5.Consid�erons L(
) � D(�) et supposons que L(
) soit une ligne de divergen
e.On 
onsid�ere 	n la fon
tion 
onjugu�ee de vn normalis�ee (en 
oordonn�ees polaires)par 	n(rn�1; �1) = 0. Alors en 
hoisissant la bonne sous-suite, on a 	n tend vers 	ave
 	 qui v�eri�e : 	 = 0 en l'origine, 	(�; �) = ��, 	(�;��) = �� et 	(�; 
) = ��suivant la valeur de la normale limite. Mais si 
 � 0, 
omme 	 est 1-lips
hitzienneon a j	(�; �)�	(�; 
)j < 2� ; don
 	(�; 
) = �� et la normale limite le long de L(
)est (� sin 
; 
os 
) ; de même si 
 � 0. Ainsi pour L(
) il n'y a qu'une possibilit�epour la normale limite.Supposons que la droite L � D(�) soit une ligne de divergen
e ; on a alors Nn0qui 
onverge vers une normale �a L le long de L. Soit L0 la parall�ele �a L passant parl'origine. On s'int�eresse maintenant �a la suite (vn0). Si une ligne de divergen
e pour(vn0) existe dans la bande 
omprise entre L et L0 
e doit être une droite parall�ele�a L. Si un point de la bande 
omprise entre L et L0 appartient au domaine de
onvergen
e de (vn0), la 
omposante 
onnexe de B(vn0) qui 
ontient 
e point v�eri�ealors les hypoth�eses de la Proposition 4.2.1 et la limite de la suite vn0 sur 
ette
omposante prend une valeur in�nie sur une droite parall�ele �a L ; 
e
i est impossiblepar la Proposition 4.2.1. Ainsi en tout point de la bande 
omprise entre L et L0passe une ligne de divergen
e ; de plus en tout point de 
ette bande Nn0 
onvergevers le même ve
teur unitaire que le long de L, 
e
i est entre autre vrai le long deL0 sauf pour l'origine. Ainsi il existe 
 tel que L(
) et L(
 � �) soient deux lignes



120 4.4. Une g�en�eralisation au 
as � � �de divergen
e ave
 la même normale limite 
e qui est impossible d'apr�es le r�esultatdu paragraphe pr�e
�edent. Don
 L ne peut être une ligne de divergen
e et les L(
)sont les seules lignes de divergen
e possibles.Si le point de 
oordonn�ees polaires (1; �1) est un point d'une ligne de divergen
e,la normale limite en 
e point est (� sin �1; 
os �1), 
e qui 
ontredit que �vn�� (1; �1) �0. Ce point appartient don
 au domaine de 
onvergen
e, or la 
omposante 
onnexedu domaine de 
onvergen
e le 
ontenant est un se
teur angulaire 
ompris entreL(
1) et L(
2) (ave
 �� � 
1 < 
2 � �) et la limite v de la suite (vn) sur 
ette
omposante vaut +1 sur L(
2) et �1 sur L(
1) d'apr�es les normales limites delong de 
es deux lignes de divergen
e (Lemme 1.4.9). Une telle solution v n'existepas par la Proposition 4.2.3. On vient ainsi d'�etablir une 
ontradi
tion, le lemme estdon
 d�emontr�e.Nous pouvons maintenant �nir la preuve du th�eor�eme. On 
onsid�ere le do-maine Dr1 sin �2 (�2 ) (ave
 � donn�e par le Lemme 4.3.2 et r1 donn�e par le Lemme4.3.3) et on note Er le point de 
oordonn�ees polaires (r; �2 ) et Fr le point de 
oor-donn�ees polaires (r;��2 ). Soit n un entier positif, les polygones Ar1Br1Br1+nAr1+n,Cr1Dr1Dr1+nCr1+n et Er1Fr1Fr1+nEr1+n se d�eduisent alors les uns des autres pardes d�epla
ements et peuvent être ainsi identi��es. En utilisant 
es identi�
ations on
onstruit sur Er1Fr1Fr1+nEr1+n la solution wn de l'�equation des surfa
es minimalesvalant uj[Ar1 ;Br1 ℄ sur [Er1 ; Fr1℄, �1 sur [Fr1 ; Fr1+n℄, uj[Ar1+n;Br1+n℄ sur [Er1+n; Fr1+n℄et +1 sur [Er1 ; Er1+n℄ (wn existe d'apr�es le Th�eor�eme 1.3.5). D'apr�es le prin
ipe dumaximum et le Lemme 4.3.3, on a alors :ujCr1Dr1Dr1+nCr1+n � wn � ujAr1Br1Br1+nAr1+nAinsi (wn) est uniform�ement born�ee sur tout 
ompa
t de Dr1 sin �2 (�2 ). Don
 unesous suite (wn0) 
onverge sur Dr1 sin �2 (�2 ) vers une solution w de (ESM) prenant lavaleur +1 sur L(�2 ) et �1 sur L(��2 ) ; ainsi w 
ontredit la Proposition 4.2.4 et leth�eor�eme est d�emontr�e.4.4 Une g�en�eralisation au 
as � � �On souhaite pouvoir donner un sens au probl�eme d'existen
e lorsque � est plusgrand que �, et voir si le Th�eor�eme 4.3.1 reste vrai dans 
e 
as.Pour 
ela posons D(�1; �2) = f(r; �)j r � 0; �1 � � � �2g muni de la m�etriquepolaire ds2 = dr2 + r2d�2 (tous les points de la forme (0; �) sont identi��es, onappelle 0 
e nouveau point : 
'est le sommet de D(�1; �2)). Soit ' l'appli
ationd�e�nie sur D(�1; �2) par (r; �) 7! (r 
os �; r sin �), ' est alors une isom�etrie lo
ale
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es minimales 121de D(�1; �2) sur R2 . Le 
ouple (D(�1; �2); ') est un multi-domaine (voir 
hapitre2). Pour � > 0, on note D(�) = D(��; �) ; on 
onstate que, pour � < �, 
etted�e�nition est �equivalente �a 
elle de la se
tion 4.2. Comme pr�e
�edemment, on noteL(�) = f(r; �)j r > 0g.Pour pouvoir g�en�eraliser le Th�eor�eme 4.3.1, nous allons devoir rajouter des hy-poth�eses.4.4.1 Le 
as du se
teur angulaireDans 
ette partie, nous g�en�eralisons la Proposition 4.2.3, mais pour 
ela, nousdevons rajouter une hypoth�ese sur 	u.Proposition 4.4.1. Soit � � �. Il n'existe pas de solution u de l'�equation dessurfa
es minimales sur D(�) telle que u prenne la valeur +1 sur L(�), �1 surL(��) et telle que 	u � 0 (	u est normalis�ee par 	u(0) = 0).D�emonstration. Supposons qu'une telle solution u existe. De même que dans lapreuve de la Proposition 4.2.3, on peut prolonger le graphe de u par sym�etrie parrapport �a l'axe verti
al L = fx = 0; y = 0g. La surfa
e � ainsi obtenue est unesurfa
e minimale 
ompl�ete de R3 , elle est simplement 
onnexe et r�eguli�ere 
ar 	u �0. On sait de plus que la normale �a � est horizontale uniquement le long de L. Par leLemme 3.4.5, le ve
teur horizontal (sin �;� 
os �; 0) ne peut être la normale �a � qu'enl'extr�emit�e de la 
ourbe in
luse dans � : r 7! (r 
os(�+k�); r sin(�+k�); u(r; �+k�))ave
 �� < �+k� < �. Ainsi tout ve
teur unitaire horizontal n'est normal �a � qu'enun nombre �ni de point. Ces ve
teurs s'identi�ent �a l'�equateur de la sph�ere unit�e,or l'�equateur est un ensemble de 
apa
it�e logarithmique non nulle, � est don
 de
ourbure totale �nie d'apr�es le Corollaire du Th�eor�eme 2.3 dans [Os1℄. Comme �est de 
ourbure totale �nie, � est 
onform�ement �equivalent au plan 
omplexe C(Th�eor�eme 9:1 dans [Os2℄). De plus, on peut supposer que la sym�etrie par rapport�a L 
orresponde sur C �a l'appli
ation � 7! ��. Sur C , l'appli
ation de Gauss g estd�e�nie ; g est une appli
ation m�eromorphe. Comme la normale le long de L esthorizontale, on a jg(�)j = 1 pour � 2 R. De plus la sym�etrie par rapport �a L nousdit que g(��) = 1g(�). Comme la 
ourbure totale est �nie on sait en�n que g est unefra
tion rationnelle, en regroupant tous 
es arguments on a :g(�) = ei� nYj=1(� � �j)nYj=1(� � ��j)ave
 � 2 [�3�=2; �=2[.
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as � � �Supposons tout d'abord que � = � et � = �3�=2. On 
onsid�ere la suite de pointsdu graphe de u de 
oordonn�ees (0; 0; n). On sait que la normale au graphe en 
espoints 
onverge vers (0;�1; 0) lorsque n tend vers +1 d'apr�es les valeurs de u surle bord du domaine. Or si �n 2 C est le point 
orrespondant �a (0; 0; n), �n divergedans C et don
 g(�n) tend vers ei� = i 
e qui nous donne que la valeur limite de lanormale est (0; 1; 0) ; on a don
 une 
ontradi
tion et on suppose, dans la suite, que� 6= � ou � 6= �3�=2.On d�e�nit maintenant, sur D(�), la suite (un) des dilat�es de u par un(r; �) =1nu(nr; �). On note 	n la fon
tion 
onjugu�ee de un normalis�ee par 	n(0) = 0 ; on aalors 	n � 0. On s'int�eresse �a la limite de la normale au graphe de un au dessus dupoint (1; �+�=2) 2 D(�) (l'appartenan
e �a D(�) est due �a l'hypoth�ese sur � et �).Cette normale est �egale �a la normale au graphe de u en Pn le point situ�e au dessusde pn = (n; �+�=2). Pn diverge dans � don
, si �n est le point de C 
orrespondant,on a g(�n) tend vers ei�. Don
 la normale au graphe de un au dessus de (1; � + �=2)
onverge vers (
os �; sin�; 0). On a don
 une ligne de divergen
e qui est L(� + �=2)et 	n(1; � + �=2) tend vers 1 
e qui est impossible puisque 	n � 0. On vient don
de prouver que u n'existe pas.4.4.2 Le 
as g�en�eralOn a maintenant la g�en�eralisation suivante du Th�eor�eme 4.3.1.Th�eor�eme 4.4.2. Soit 
 un multi-domaine tel qu'il existe une partie K � 
 et� � � tels que 
nK est isom�etrique �a D(�)nD(0; r) o�u D(0; r) est l'ensemble despoints de D(�) �a distan
e inf�erieure �a r de 0. Alors il n'existe pas de solution u del'�equation des surfa
es minimales telle que u prenne la valeur +1 sur la demi-droite
orrespondant �a L(�) et �1 sur la demi-droite 
orrespondant �a L(��) et 	u � 0sur 
nK pour un 
hoix de normalisation pour 	u.D�emonstration. La preuve est identique �a 
elle du Th�eor�eme 4.3.1 ; les seules mo-di�
ations apparaissent dans la preuve de l'�equivalent du Lemme 4.3.3. On va don
r�e�e
rire la preuve du Lemme 4.3.3 dans 
e nouveau 
adre.On suppose �a nouveau que r = 1. Si le lemme n'est pas vrai on a une suitepn = (rn; �n) 2 D(�) ave
 rn ! +1, �n ! �1 2℄� �; �[ et �u�� (pn) < 0. On d�e�nitalors sur D(�� + �1 � �n; � + �1 � �n)nD(0; rn�1) la fon
tion vn par vn(r; �) =rn�1u(rnr; ���n+�1). vn est une solution de (ESM) qui vaut +1 sur L(�+�1��n)et �1 sur L(�� + �1 � �n). On a alors �vn�� (1; �1) < 0. Si on pose 	n = 	vnnormalis�ee par 	n(rn�1; �1) = rn�1	u(1; �n), on a 	n � 0 et 	n(rn�1; �1) tendvers 0.On �etudie alors les lignes de divergen
e de la suite (vn) sur le multi-domainelimite qui est D(�). Comme plus haut, les seules lignes de divergen
e sont les L(
)
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luses dans D(�). Si L(
) est une ligne de divergen
e on sait quepour une sous suite 	n0 ! 	 ave
 	(0) = 0 et 	(�; 
) = ��. Or 	 � 0 don
	(�; 
) = �� et la normale limite le long de L(
) est (� sin 
; 
os 
). Il y a don
 uneseule normale limite possible. Comme dans la preuve originale 
e
i implique que lesL(
) sont les seules lignes de divergen
e possibles.Comme �vn�� (1; �1) � 0, le point (1; �1) appartient �a B(vn) le domaine de 
onver-gen
e de vn. La 
omposante 
onnexe de B(vn) 
ontenant (1; �1) est alors D(
1; 
2)pour 
1 < 
2. Soit alors v une limite d'une sous-suite de (vn) sur D(
1; 
2), on a	v = lim	n0 � 0 et v vaut +1 sur L(
2) et �1 sur L(
1). Ainsi v est une solutionde (ESM) qui 
ontredit la Proposition 4.4.1. L'�equivalent du Lemme 4.3.3 est don
prouv�e.
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R�esum�eLe 
adre de 
ette th�ese est la th�eorie des surfa
es minimales. En 2001, C. Cos��net A. Ros d�emontrent que, si un polygone borde un disque immerg�e, 
e polygoneest le polygone de 
ux d'un r-no��de Alexandrov-plong�e sym�etrique de genre 0. Leurd�emonstration se fonde sur l'�etude de l'espa
e de 
es surfa
es minimales. Notretravail pr�esente une d�emonstration plus 
onstru
tive de leur r�esultat.Notre m�ethode repose sur la r�esolution du probl�eme de Diri
hlet pour l'�equationdes surfa
es minimales. A 
ette �n, nous �etudions la 
onvergen
e de suites de solu-tions de 
ette �equation. Nous d�e�nissons la notion de lignes de divergen
e de la suitequi sont les points o�u la suite des gradients est non-born�ees. L'�etude de 
es lignespermet de 
on
lure sur la 
onvergen
e d'une suite. Les r-no��des sont alors 
onstruits
omme les surfa
es 
onjugu�ees aux graphes de solutions du probl�eme de Diri
hletsur des domaines �x�es par les polygones.Dans une se
onde partie, nous montrons que, sous l'hypoth�ese de border undisque immerg�e, un polygone est aussi le polygone de 
ux d'un r-no��de Alexandrov-plong�e sym�etrique de genre 1. La d�emonstration repose sur une am�elioration desid�ees de 
elle du premier r�esultat, elle n�e
essite entre autre la r�esolution d'un probl�emede p�eriode. Cette r�esolution passe par l'�etude du 
omportement limite de 
ertainessuites de surfa
es minimales. Abstra
tThis Ph.D. thesis deals with the theory of minimal surfa
es. In 2001, C. Cos��nand A. Ros show that, if a polygon bounds an immersed disk, this polygon is the
ux polygon of a symmetri
 Alexandrov-embedded r-noid with genus 0. Their proofis based on the study of the spa
e of these minimal surfa
es. Our work gives a more
onstru
tive proof of their result.Our method is based on the solving of the Diri
hlet problem for the minimalsurfa
e equation. To this end, we study the 
onvergen
e of sequen
es of the equa-tion's solutions. We de�ne the lines of divergen
e whi
h are the points where thegradients' sequen
e is unbounded. The study of these lines allows us to 
on
lude onthe sequen
es' 
onvergen
e. The r-noids are then build as the 
onjugate surfa
es tothe graphs of Diri
hlet problem's solutions on domains �xed by the polygons.In a se
ond part, we show that, under the "immersed disk bounding" hypothesis,a polygon is also the 
ux polygon of a genus 1 symmetri
 Alexandrov-embedded r-noid. The proof is based on the same ideas as the �rst result, however it requiresthe solving of a period problem. This solving uses the study of the limit behaviourof some minimal surfa
es sequen
es.


