N
N

N

HAL

open science

Etude théorique et numérique d’équations aux dérivées
partielles elliptiques, paraboliques et non-locales

Jérome Droniou

» To cite this version:

Jérome Droniou. Etude théorique et numérique d’équations aux dérivées partielles elliptiques,
paraboliques et non-locales. Mathematics [math]. Université Montpellier II - Sciences et Techniques

du Languedoc, 2004. tel-00008007v3

HAL Id: tel-00008007
https://theses.hal.science/tel-00008007v3
Submitted on 3 Mar 2005

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-00008007v3
https://hal.archives-ouvertes.fr

HABILITATION A DIRIGER LES
RECHERCHES EN SCIENCES

présentée a

L’UNIVERSITE DE MONTPELLIER II

Spécialité

MATHEMATIQUES

par

Jérome DRONIOU

Sujet du mémoire:

Etude théorique et numeérique
d’équations aux dérivées partielles
elliptiques, paraboliques et
non-locales

présentée et soutenue publiquement le 26 novembre 2004 devant le jury composé de :

M. Hédy ATTOUCH Président du jury
M. Pierre FABRIE Rapporteur

M. Thierry GALLOUET Examinateur

M. Benoit PERTHAME  Rapporteur

M. Lionel THIBAULT Examinateur

M. Juan-Luis VAZQUEZ Rapporteur



Table des Matieres

I Présentation de P’activité scientifique 6

1 Synthése des travaux 7

1.1 Activités scientifiques avant et pendant la these de doctorat . . . . . . . . .. .. ... .. 8

1.1.1 Equations elliptiques non-coercitives . . . . . . . . .. ... L L oL 8

1.1.2 Equations paraboliques a données mesures . . . . . . . . .. .. ... ... ... 8

1.1.3 FEtude des espaces de Sobolev . . . . . . . ... oo 9

1.2 Equations elliptiques & données mesures . . . . . . . . . . ... 10

1.2.1  Problématique . . . . . . . . .. 10

1.2.2  Apports . . . . . e 11

1.3 Schémas volumes finis pour équations elliptiques . . . . . . . . ... .. ... ... ... 13

1.3.1 Problématique . . . . . . .. e 13

1.3.2  Apports . . . . .. e 14

1.4 Approximation parabolique en domaine borné . . . . . . . ... ... 18

1.4.1 Problématique . . . . . . . . L e 18

1.4.2 Apports . . . . .. 19

1.5 Régularisation non-locale de lois de conservation scalaires . . . . . ... .. .. ... ... 20

1.5.1 Problématique . . . . . . . .. 20

1.5.2 Apports . . . . .o e 21

2 Liste des Travaux 26

2.1 Publications dans des revues internationales avec comité de lecture . . . . . . .. ... .. 26

2.2 Publications dans des actes de congres . . . . . ... oL Lo 27

2.3 Autres publications . . . . . ... 27

IT Reégularité locale de solutions d’équations elliptiques avec mesures 28
3 Global and local estimates for nonlinear noncoercive elliptic equations with measure

data 29

3.1 Imntroduction and main results . . . . . . . . ... 29

3.1.1 Theproblem . . . . . . . . e 29

3.1.2 Hypotheses and notations . . . . . . . . .. . L L Lo 30

3.1.3 Mainresults. . . . . . oL 31

3.2 Global Estimates . . . . . . . . . . L 32

321 EstimateonIn(l+|ul). . . . . . o 32

3.2.2 Proof of the global estimates . . . . . . . . ... ... .. L. 33

3.3 Local Estimates . . . . . . . . . . e 35

3.3.1 Preliminary results . . . . . . . ..o 35

3.3.2 Proof of the local estimates . . . . . . . . . ... ... o 39

3.4 Existence and regularity result for an equation with measure data . . . . . ... ... .. 44



3.5 Appendix ... 45

IIT Schémas volumes finis pour équations elliptiques 47

4 Finite volume methods for convection-diffusion equations with right-hand side in H~! 48

4.1 Introduction . . . . . . . . . L 48
4.2 Definition of the scheme and main result . . . . . . . . . ... . ... ... ... ..... 49
4.2.1 Technical results . . . . . . . . . . e 51

4.3 A Priori Estimates . . . . . . . . . . e e 52
43.1 EstimateonIn(l4|uz|) . . . . . . .. 52
4.3.2 Estimate on ||uz||im - - - o o o o 57

4.4 Proof of the existence, uniqueness and convergence result . . . . . . ... ... ... ... 60
4.5 Another scheme . . . . . . . . . .. e 66

5 Error estimates for the convergence of a finite volume discretization of convection-

diffusion equations 67
5.1 Introduction . . . . . . . . . . . e e 67
5.1.1 Theproblem . . . . . . .. . 67
5.1.2 Definition of the scheme . . . . . . . . . . .. .. .. ... 68

5.2 Statement of the main result . . . . . . . . . ... ... ... 70
5.3 The H! framework . . . . . . . . . . . . 71
5.4 The H? framework . . . . . . . . . 73
5.5 Proof of the mainresult . . . . . . . . . . . . . ... 80
5.6 Numerical results . . . . . . . . . . e e e e 81
5.7 Appendix . . ... 82
5.7.1 Technical lemmas . . . . . . . . . . . ... 82
5.7.2 Imterpolation . . . . . . .. .. 87

6 A finite volume scheme for a noncoercive elliptic equation with measure data 89
6.1 Introduction . . . . . . . . . . L 89
6.2 Conservative finite volume discretization and convergence result . . . . . . .. .. ... .. 90
6.3 A Priori Estimates . . . . . . . . . . e 95
6.3.1 EstimateonIn(l4|uz|) . . . . . . . . . 96
6.3.2 Estimate on [[ur||1,q M - - - - o oo e 99
6.3.3 Proof of Theorem 6.2.2 . . . . . . . . . . . ... 106

6.4 Proof of Theorem 6.2.1 . . . . . . . . . . . . 106
6.5 A scheme with jump of the fluxes . . . . . . . .. .. ... o 111
6.6 Numerical results . . . . . . . . . e 112
6.6.1 Comparison of the two finite volume schemes . . . . . ... ... ... ... .... 112
6.6.2 Two and three-dimensional tests on a Cartesianmesh . . . ... .. ... ..... 113
6.6.3 Two-dimensional tests on an unstructured mesh . . . .. ... ... ... ..... 115
6.6.4 Spherical domain and mesh . . . . ... .. oL oL Lo o 115

6.7 Appendix . . ... 117

IV  Approximation parabolique d’une équation hyperbolique en domaine

borné 120

7 An error estimate for the parabolic approximation of multidimensional scalar conser-
vation laws with boundary conditions 121
7.1 Introduction . . . . . . . .. e 121
7.2 Preliminaries . . . . . . .. L e 123



7.2.1 Known estimatesonwuand v . . . . . . . ... 123

7.2.2 Notations . . . . . . . . e 123
7.2.3 Kinetic formulations of (7.1.1) and (7.1.2) . . . . . .. .. .. ... .. .. 124
7.2.4 Main ideas of the proof . . . . . . . .. 125
7.3 Estimate in the interior of the domain . . . . . . . . ... ... oL 125
7.4 Transport and regularization of the kinetic equations . . . . . .. .. ... ... .. ... 127
7.4.1 Transport of the kinetic equations . . . . .. ... ... .. L oL 127
7.4.2 Transport of the BLN condition . . . . ... ... ... . ... ... ...... 128
7.4.3 Regularization of the transported equations . . . . . . .. .. ... ... ... ... 129
7.5 Combination of the equations and new estimates . . . . . .. ... ... ... ....... 130
7.5.1 Passing to the limitin Sandv . . . ... ... ... o o 130
7.5.2  Choice of ¢ and continuation of the estimates . . . . . . . .. .. ... ... ..., 132
7.6 Estimate for the boundary term . . . . . . . . ... oL 136
7.6.1 Introduction of ff’r .................................... 136
7.6.2 Apparition of Ha . . . . . . . . . 136
7.6.3 Regularization of f_l; ................................... 136
7.6.4 Estimate of S*¢ and conclusion concerning the boundary term . . . . . .. .. .. 138
7.7 Conclusion . . . . .. . 139
7.8 Appendix . . ... e 140
7.8.1 Estimate of T3 using boundary layers . . . . ... ... ... ........... 140
7.8.2 Technical results . . . . . . . . . .. 141
V Diffusion non-locale 144
8 Global solution and smoothing effect for a non-local regularization of an hyperbolic
equation 145
8.1 Imtroduction . . . . . . . . . . . L 145
8.2 Properties of the kernel of g . . . . . . . . ..o 146
8.3 Definition and first properties of the solutions . . . . . . .. ... ... oL oL 148
8.4 Uniqueness of the solution . . . . . . . . .. . . L 150
8.5 Regularizing effect . . . . . . . .. 150
8.5.1 Spatial regularity . . . . . . . .. 150
8.5.2 Temporal regularity . . . . . .. ... Lo 153
8.6 L™ estimate and global existence . . . . . . .. . ... L 156
8.6.1 Construction of an approximate solution by a splitting method . . . . . . ... .. 156
8.6.2 Compactness result on the sequence (U®)s>0 - « « « « « v oo v 157
8.6.3 Passingtothelimitd —0 . . .. .. .. .. ... . 158
8.6.4 Conclusion . . . . . . . . . e 160
9 Généralisations du chapitre 8 162
9.1 En dimension supérieure & 1 . . . . . . . .. Lo 162
9.1.1 Positivité dunoyau. . . . . . ... 162
9.1.2 Intégrabilité de transformées de Fourier . . . . . . . ... .. .. ... ... 164
9.1.3 Modifications a apporter aux preuves . . . . . . . ... 166
9.2 Equations hyperboliques plus générales . . . . . . . . .. ... . L L. 167
9.2.1 Introduction, hypotheses . . . . . . . . . . ... L 167
9.2.2 Premieres constatations . . . . . . ... Lo 168
9.2.3 Partie hyperbolique . . . . . . ... 169
9.2.4 Partienon-locale . . . . . . .. L 176
9.25 Conclusion . . . . . . . 176



10 Vanishing non-local regularization of a scalar conservation law 182

10.1
10.2

10.3
10.4
10.5

Introduction . . . . . . . . oL e 182
Approximate entropy inequalities for (10.1.1) . . . . .. . .. ... oo L. 184
10.2.1 Construction of w® . . . . . . . . .. 184
10.2.2 The approximate entropy inequalities . . . . . . . . . . . ... ... ... 184
Proof of the convergence . . . . . . . . . .. 189
Proof of the error estimate . . . . . . . . . .. L 193
Appendix . . . . e 196
10.5.1 An expression and an estimate of g[] . . . . . . ... .. L oL 196
10.5.2 Technical lemmas on the kernelof g . . . . . ... .. .. ... 0oL 197



Partie 1

Présentation de I’activité scientifique



Chapitre 1

Synthese des travaux

Je présente ici mes travaux de recherche, qui peuvent essentiellement se classer en 5 themes:

1. Etude d’équations elliptiques et paraboliques, tout particulierement les équations de convec-
tion-diffusion générales, ainsi que le cas des données mesures.

2. Analyse fonctionnelle dans les espaces de Sobolev, qui donne des outils utiles au theme 1.

3. Etude numérique des équations de convection-diffusion avec seconds membres peu
réguliers (dans des espaces de type H ~° ou mesures), extension naturelle du théme 1.

4. Obtention de vitesse de convergence pour la régularisation parabolique d’une équation hy-
perbolique en domaine borné.

5. Etude de régularisations non-locales de lois de conservation scalaires, en particulier le
cas ou 'on remplace le laplacien d’'une équation parabolique par une puissance fractionnaire de ce
laplacien; ce sujet a quelques liens avec le theme 4 (il en est une généralisation, du moins — pour
Pinstant — lorsque I’on consideére le sujet 4 posé dans l’espace entier et non dans un ouvert borné).

Dans une premiere section, je vais brievement rappeler les travaux effectués avant et pendant ma these
de doctorat, sans entrer dans les détails des sujets ou des preuves.

Dans les sections suivantes, je présenterai les travaux réalisés depuis la fin de ma these (principalement
dans les themes 1, 3, 4 et 5, bien que le théme 2 soit omniprésent dans le theme 1 et, sous une forme
discrete, dans le theme 3), en m’attachant a chaque fois a situer dans un premier temps, le plus simple-
ment possible, la problématique et les résultats existants, avant d’indiquer de maniere plus précise les
résultats que j’ai obtenus dans le sujet. Toutefois, pour éviter des énoncés trop complexes, qui cacheraient
le coeur des résultats ou demanderaient d’introduire beaucoup de notations (en particulier dans les par-
ties numériques), certains des théorémes ci-apres sont écrits dans une forme affaiblie par rapport aux
articles dont ils sont tirés, ou de maniere un peu imprécise. Je renvoie le lecteur intéressé aux articles
correspondants, reproduits dans les chapitres suivants.

Dans ce chapitre, les références numériques (comme [18]) renvoient & la bibliographie en fin de mémoire,
et les références comprenant une lettre D (comme [D10]) renvoient & la liste de publications de l'auteur
située au chapitre 2.



1.1 Activités scientifiques avant et pendant la these de doctorat

1.1.1 Equations elliptiques non-coercitives

Le principal apport de ma these est probablement le résultat d’existence et d’unicité concernant les
équations elliptiques non-coercitives. On sait depuis longtemps résoudre le probleme

{ —Au +div(vu) = f dans €,

u=0 sur 02 (1.1.1)

ot  est un ouvert borné de RY, f € H=1(Q) = (HZ(Q))" et v est un champ de vecteurs & divergence
positive; le théoreme de Lax-Milgram donne l'existence et I'unicité d’une solution dans H}(Q). Cepen-
dant, en général, ce théoréeme ne s’applique plus si on ne suppose rien sur la divergence de v: la forme
bilinéaire associée a (1.1.1) peut ne plus étre coercitive.

[D4] prouve que, sans aucune autre hypothese sur v que des propriétés d’intégrabilité minimales, on peut
obtenir des estimations a priori sur les solutions de (1.1.1) et donc montrer I'existence (puis 1'unicité par
une technique de dualité) d’une solution & ce probleme. Outre le fait qu'il exprime que, contrairement &
ce que 'on semblait penser, les termes d’ordre 1 ne perturbent pas sensiblement la théorie des équations
elliptiques, ce résultat a aussi une application directe: grace a la résolution de (1.1.1) sans hypothese
sur div(v), [D3] (article co-écrit avec T. Gallouét) étend au cas de certains opérateurs elliptiques non-
linéaires non-monotones le résultat de [10] sur l'unicité pour des problemes elliptiques avec seconds
membres mesures (voir la section 1.2 pour plus de détails sur ces problématiques).

La méthode utilisée pour obtenir des estimations sur les solutions de (1.1.1) s’est révélée tres générale et
a été adaptée au cas d’opérateurs non-linéaires, ainsi qu’aux discrétisations numériques d’équations de
convection-diffusion (voir les sections 1.2 et 1.3 ci-dessous).

1.1.2 Equations paraboliques a données mesures

La capacité est un outil essentiel dans 1’étude des espaces fonctionnels associés aux équations elliptiques
ou paraboliques; elle permet de voir que les fonctions dans des espaces de Sobolev sont définies mieux
que “presque partout”. De maniére précise: dans le cas elliptique, la W P-capacité d'un compact K C Q
est définie par

cap(K) :inf{/ [VolP; v e C(Q), v> 1K}
Q

(1x est la fonction caractéristique de K'); on définit ensuite la capacité d'un ouvert U C {2 par cap(U) =
supgp cap(K), puis celle d'un ensemble quelconque A C € par cap(A) = infy5a4cap(U). Une des
propriétés importantes et bien connues de la capacité elliptique est la suivante: si v € VVD1 P(Q), alors il
existe un représentant cap-quasi-continu de v, c’est & dire une fonction v qui coincide presque partout
(au sens de la mesure de Lebesgue) avec v et telle que pour tout € > 0, il existe un ouvert U C € tel que
cap(U) < € et Ujg\p est continue. On peut aussi prouver que si (u,v) € Wol’p(Q) et u = v presque partout,
alors leurs représentants cap-quasi-continus coincident en dehors d’un ensemble de capacité nulle: c’est en
ce sens que 'on peut dire “les fonctions de Wol P sont définies mieux que presque partout” (des ensembles
peuvent étre de mesure de Lebesgue nulle, mais de capacité non-nulle).

La capacité permet aussi de caractériser certaines mesures pour lesquelles on sait prouver ’existence et
P'unicité de la solution a des problemes elliptiques ou paraboliques ayant ces mesures comme seconds
membres. La capacité associée & I'équation de la chaleur a été étudiée dans [75]; dans [D6] (co-écrit
avec A. Prignet et A. Porretta), nous avons introduit et étudié la capacité associée a des opérateurs
paraboliques non-linéaires plus généraux, dont le p-laplacien instationnaire donne un exemple:

O — div(|VulP~2Vu) = dans )0, T[xQ,
u(0,-) = ug sur €2, (1.1.2)
u=0 sur 0, T[x 00



(la page 11 montre une forme plus générale pour la partie spatiale des opérateurs paraboliques que ’on
peut considérer ici).

Cette capacité est un peu plus délicate a manipuler que celle correspondant a 1’équation de la chaleur
(p = 2), a cause de problémes de dualité entre les espaces considérés et de 'analyse fonctionnelle nécessai-
re concernant ces espaces. Néanmoins, nous prouvons dans ce cadre les résultats usuels de la théorie des
capacités, et surtout nous étendons au cas parabolique le résultat de décomposition de mesure de [13]; il
est alors possible de donner une structure pour les mesures ne chargeant pas les ensembles de capacité
parabolique nulle, structure qui permet de résoudre (1.1.2) a I’aide des solutions renormalisées (’existence
et 'unicité d’une solution renormalisée sont prouvées).

Dans la continuité de ce sujet, A. Prignet et moi-méme collaborons en ce moment & un travail dans lequel
nous étendons la notion de solution “entropique” pour (1.1.2), notion connue lorsque p € L', au cas de
mesures ne chargeant pas les ensembles de capacité nulle, et nous prouvons que cette notion coincide avec
celle de solution renormalisée.

Dans le cadre des équations paraboliques & données mesures, je peux aussi mentionner [D1] (réalisé en
collaboration avec J.-P. Raymond); ce travail, effectué avant ma these, s’intéresse au controle optimal
d’une équation parabolique semi-linéaire de la forme

Opu(t, ) — Au(t,z) + |u|""tu(t, ) = f(t)da, t€]0,T[, x € Q,
Ju =0 sur |0, T[x 09, (1.1.3)
u(0,-) = ug sur )

ot 0, est la masse de Dirac en zg € Q C RY et v € [1, N/(N —2)[. Le controle optimal de cette équation
consiste a se donner une fonction ug sur € et a ajuster f pour que, en un temps 7 final, la solution de
(1.1.3) soit le plus proche possible de ug; généralement, on demande aussi que ce contréle f ne soit pas
trop grand (dans une norme choisie). Plus précisément, on étudie le probleme

T
inf {/Q lup(T) — ual® —|—/O |f19; f € K, uy vérifie (1.1.3)} (1.1.4)

ot K est un sous-ensemble de L4(0,T) et ug est une fonction fixée.

En utilisant une technique d’équations duales (différente de celle qu’utilise P. Baras dans sa thése), nous
avons obtenu des estimations nouvelles sur les solutions de (1.1.3), et nous avons prouvé qu'il existe des
minima a (1.1.4), minima pour lesquels nous donnons une condition nécessaire au travers d’une équation
duale a (1.1.3).

1.1.3 Etude des espaces de Sobolev

Les espaces de Sobolev sont un outil omniprésent dans I’étude des EDP elliptiques et paraboliques. Leur
compréhension est donc une étape nécessaire avant d’aborder les équations en question.

Si les espaces de Sobolev sur un ouvert {2 ayant la “propriété du segment” (une maniere de dire que
est localement situé d’un seul c6té de son bord) sont généralement bien connus (voir par exemple [1]),
le cas d’ouverts dont le bord est une variété lipschitzienne générale ne semble pas tres étudié ([72] traite
surtout le cas d’ouverts que ’on peut localement, avec un bon choix de coordonnées, écrire comme des
épigraphes de fonctions lipschitziennes, ce qui est plus fort). Dans le polycopié [Dp2], dont la rédaction a
débuté avant ma these, j’analyse les propriétés des espaces de Sobolev sur des ouverts qui sont localement
transportables, par des homéomorphismes bilipschitziens, sur des demi-espaces; ces ouverts ne vérifient
pas forcément la propriété du segment, mais les résultats classiques des espaces de Sobolev (prolongement,
densité, trace, intégration par parties...) sont quand méme établis; les preuves font parfois appel & des
techniques de géométrie différentielle, mais qui doivent étre adaptées a des variétés lipschitziennes et non

Cc*.



Ce polycopié a directement servi dans [D7] (co-écrit avec R. Eymard, D. Hilhorst et X.D. Zhou); en effet,
des propriétés fines sur les transports des espaces de Sobolev par homéomorphismes bilipschitziens se
sont révélées nécessaires pour étudier le maillage tres général utilisé dans cet article.

Un autre résultat concernant I’analyse des espaces de Sobolev est donné dans [D5]: il s’agit de la densité
dans WP(Q), lorsque  est régulier ou polygonal (1), de

{p e C®(Q) | Ve -n=0sur 9N}

(i.e. des fonctions régulieres satisfaisant une condition de Neumann). La technique de preuve est relative-
ment classique dans le cas ot 'ouvert est régulier, et nettement moins dans le cas ou il est polygonal: dans
cette derniere situation, I'idée est d’approcher (grace & une récurrence sur la dimension des singularités
du bord de Q) une fonction réguliere fixée par des fonctions régulieres qui ne dépendent, au voisinage
d’une partie linéaire de 99 (face, aréte, sommet...), que de la coordonnée le long de cette partie.

Dans le cas des équations paraboliques, ce sont surtout les espaces de Lebesgue ou de Sobolev a valeurs
dans des Banach qui sont utiles. J’ai essayé, dans [Dpl], de présenter tous les outils (parfois pas forcément
bien connus) nécessaires a 1’étude des équations paraboliques & I'aide de ces espaces. En particulier, ce
polycopié a été grandement enrichi lors de la rédaction de [D6] (par exemple, le résultat de densité en
annexe de ce dernier article découle de théorémes énoncés de maniére ad hoc dans [Dpl]).

Je vais maintenant aborder les sujets que j’ai étudiés depuis la fin de ma these; certains sont bien siirs en
continuité des travaux que je viens de mentionner.

1.2 Equations elliptiques a données mesures

1.2.1 Problématique

L’étude des équations elliptiques avec seconds membres mesures est un théeme tres actif depuis une quin-
zaine d’années. Le premier résultat a ce sujet est probablement celui de G. Stampacchia [77], qui concerne
les équations linéaires de la forme:

u=20 sur 0f2 (12.1)

{ —div(AVu) =v dans €2,
ot  est un ouvert borné de RY et A : Q — My (R) est une application matricielle bornée qui vérifie
le critere d’ellipticité usuel (A(z)¢ - € > alé|? pour presque tout @ € Q et tout ¢ € RN, avec X - Y
désignant le produit scalaire de deux vecteurs de R et | - | la norme associée). Stampacchia établit, par
une méthode de dualité qui utilise fortement le caractere linéaire de 1’équation (1.2.1), une formulation
qui permet d’avoir I'existence et 'unicité d’une solution lorsque v est une mesure bornée sur 2.

Le cas linéaire est donc entierement résolu depuis 1965 (le résultat complet dans [77] concerne des
équations linéaires plus générales).

Le cas des équations semi-linéaires, de la forme
—Au+g(u)=f avec f € L'(Q)

a été abordé peu apres, dans [19] et [5] par exemple. Si 'on consideére des équations elliptiques non-
linéaires plus générales, comme

(1.2.2)

—div(a(z, Vu))) =v dans (2,
u=0 sur 0%

1Ce dernier cas ayant un intérét dans 1’étude des discrétisations numériques d’équations elliptiques.
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dont un exemple modele est le p-laplacien: a(z, Vu) = |[Vu[P~2Vu (avec 1 < p < 00), le premier résultat
d’existence général d’une solution lorsque v est une mesure est di & T. Gallouét et L. Boccardo [11], et
date de 1989; la formulation pour laquelle une solution de (1.2.2) était obtenue est classique: on multiplie
I’équation par une fonction-test assez réguliere et on integre par parties; la solution est alors dans les
espaces de Sobolev WOLq(Q) pour tout g < % (ceci pour p > 2 — %, afin que les espaces en question
soient bien définis).

Cependant, on sait que, méme dans le cas linéaire, cette formulation ne permet pas d’avoir 'unicité de
la solution (voir [76]), et ce probléme d’unicité reste encore majoritairement ouvert aujourd’hui.

Des formulations plus fortes ont alors vu le jour, avec ’espoir d’arriver & une définition de solution qui
permettrait d’obtenir I'unicité. On peut par exemple citer la formulation entropique, introduite dans
[13], qui donne I'unicité mais n’est adaptée qu'aux seconds membres dans L'(Q) + W12 (Q) (c’est
a dire, si on considere des mesures, les seconds membres qui ne chargent pas les ensembles de WO1 P
capacité nulle); la “formulation” SOLA venue de [29], qui consiste & considérer uniquement des solutions
de (1.2.2) approchables par les solutions de problémes avec seconds membres plus réguliers (2), permet
de prouver 'unicité pour des mesures générales, mais avec de fortes restrictions sur I'opérateur considéré
(en particulier, p doit étre égal & 2): voir [10] ou [D3].

Il est fort probable que 1999 ait vu un grand pas s’accomplir dans la recherche d’une formulation qui
donne Dexistence et 1'unicité de la solution & (1.2.2), avec l'introduction dans [28] d’une notion de solu-
tion renormalisée qui accepte toute mesure au second membre et tout opérateur elliptique non-linéaire;
Pexistence d’une solution renormalisée est prouvé dans cet article, et quelques résultats d’unicité par-
tiels (lorsque deux solutions sont “comparables”) sont aussi donnés. Mais un résultat d’unicité vraiment
satisfaisant se fait toujours attendre, méme s’il parait clair a beaucoup de spécialistes du domaine que la
formulation de [28] a éliminé toutes les causes de non-unicité.

1.2.2 Apports

Malgre les avancées mentionnées ci-dessus dans la recherche d’une bonne formulation, il semblerait que
nous manquions encore de connaissances précises sur la solution du probléeme avec donnée mesure; il
faut probablement chercher a établir des propriétés supplémentaires que cette solution vérifie et qui
permettraient de la cerner davantage pour en prouver 'unicité.

Le travail [D8], reproduit dans le chapitre 3 de ce mémoire, donne une telle propriété; cette derniére est
aisée & énoncer et tout a fait naturelle, mais sa démonstration demande une bonne dose de technique et
des astuces d’estimation.

Considérons un probléme non-linéaire simple, de la forme de (1.2.2) ot ’on suppose que a vérifie

la(w,€)| < C(b(x) + [¢[P7!)  avecbe L (),
a(z,§)- &> al¢lP  avec a >0,
(a(x,€) —a(z,m)-(§—n) >0 desque #n

(ce sont les hypotheses usuelles sur les opérateurs de Leray-Lions de la forme (1.2.2)). Lorsque le second
membre est dans le dual W57 (Q) de W, (), on sait qu’il existe une (unique) solution & (1.2.2) dans
WO1 P(Q); cet espace apparait comme un espace d’énergie naturel associé & 'opérateur —div(a(z, Vu)).
Lorsque le second membre est une mesure, on sait que la solution ne vit pas en général dans cet espace,

mais dans WO1 () avec q < % lorsque p > 2 — % (la solution a un “gradient” dans des espaces de

Marcinkiewitz lorsque p < 2 — %), c’est bien stiir le peu de régularité du second membre qui provoque
cette perte de régularité sur la solution. Cependant, on obtient le résultat suivant:

2(st & dire une formulation qui s’attache & préserver en premier lieu la stabilité de la solution par rapport & de petites
perturbations du second membre v.
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Théoréme 1.2.1 Supposons que v = p+ f ou p est une mesure bornée dont le support est contenu dans
un compact K de RN et f € W=1P (Q). Alors il existe une solution u a (1.2.2) qui soit dans W1P(U)
pour tout ouvert U de Q) qui ne rencontre pas K.

Autrement dit, des que ’on s’éloigne de la zone ol la mesure n’est effectivement pas dans le dual de 'espace
d’énergie associé a l'opérateur, on retrouve toute la régularité permise par I'opérateur. La motivation
premiere de ce résultat n’était pas d’aborder directement le probleme de l'unicité pour (1.2.2) (et si le
théoréme 1.2.1 peut aider & prouver cette unicité, il n’est pas évident qu’il en soit la clef cependant), mais
de résoudre une difficulté qui se posait lors de la rédaction de [D12] (difficulté qui a depuis été résolue
d’une autre manieére); dans le cadre linéaire de [D12], le théoreme 1.2.1 est de toutes fagons tres facile &
montrer: si § est une fonction qui s’annule sur le support de p, alors on peut écrire grace a la linéarité
une équation sur fu qui montre rapidement, par une technique de bootstrap, que cette fonction est dans
I’espace d’énergie H' associé & l'opérateur.

Dans le cas non-linéaire, il faut aussi employer des fonctions de troncature et une technique de bootstrap,
mais il est hors de question d’écrire une équation sur fu qui montre directement que cette fonction a la
régularité recherchée. L’idée de la preuve est la suivante:

i) En multipliant 'équation sur u par P~ 1T} (6u), ot1 6 est une fonction bien choisie qui s’annule au
voisinage de K et Tj(s) = min(k, max(s, —k)) est la troncature usuelle (voir la figure 6.2 page 96),
on obtient une estimation

/Q V(T (0u))” < Clu, a)ke, (1.2.3)

ot C(u,a) ne dépend que de la norme de u dans W1P~%(supp(#)) (on peut prendre o €]0,1]
quelconque). On sait de plus que, pour « assez proche de 1, u est dans W1P~%(Q) (ce sont des
estimations globales connues pour les équations elliptiques & seconds membres mesures).

ii) Une estimation de la forme (1.2.3) donne, par des méthodes classiques, une estimation sur V(0u)
N(p—a)

dans I'espace de Marcinkiewitz d’exposant ———, i.e.

(p—a)

meas({z € Q| |[V(Ou)(x)| > k}) < M(u, )k~ N

ot M (u,a) ne dépend que de C(u, ). Ainsi, pour « assez proche de 1, ’étape i) montre que fu
est estimée dans W14(Q) (3) des que ¢ < % (l’espace de Marcinkiewitz d’exposant r s’injecte
dans tous les espaces de Lebesgue d’exposants < r). Cela améliore, quitte a rester a 'intérieur du

support de 0, les estimations que I'on connaissait sur u.

iii) En utilisant une technique de bootstrap basée sur la répétition des deux étapes précédentes (1’estima-
tion meilleure de la deuxieme étape permet de baisser le o de la premiere étape, donc d’améliorer
encore les estimations de la deuxiéme étape, etc...), on obtient une borne sur u dans tous les W14
pour ¢ < p, pourvu que l'on reste loin de K.

iv) On utilise alors une fonction test de la forme Pu avec 6 bien choisie qui s’annule au voisinage de
K, et les estimations de iii) avec ¢ assez proche de p permettent directement de borner fu dans
wir(Q).

Ceci prouve des estimations a priori sur la solution de (1.2.2) dans WP loin du support de p; une
technique d’approximation aisée donne alors I’existence d’une solution dans ces espaces.

Le théoreme 1.2.1 n’est pas limité aux équations de la forme (1.2.2); il est aussi valable lorsque I'opérateur
a une dépendance (sous une forme usuelle) par rapport & u. Mais surtout, il s’applique également dans
le cadre des équations non-coercitives, de la forme

{ —div(a(z, Vu)) + div(®(z,u)) = p dans €,

u=0 sur 0N (1.2.4)

30n suppose pour simplifier que N > 2 et que p > 2 — %
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avec |®(z,u)| < g(2)(1 + [ulP~1) et g € LV/P=1(Q).

Comme signalé précédemment, la difficulté de ces équations est que 1’on ne peut obtenir, par les méthodes
usuelles, des estimations a priori sur les solutions (méme lorsque le second membre est régulier). Une
deuxieéme caractéristique notable de [D8] est de montrer que la technique d’estimation développée dans
[D4] pour le probleme linéaire non-coercitif avec données régulieres s’adapte (et semble donc véritable-
ment robuste et générale, puisqu’elle a aussi été appliquée avec succes aux schémas numériques) au cas
des équations non-linéaires et des seconds membres mesures. On obtient alors la forme générale suivante
du théoreme 1.2.1:

Théoréme 1.2.2 Soitp > 2 — % Supposons que v = p+ f ot p est une mesure bornée dont le support
est contenu dans un compact K de RN et f € W‘lvp,(Q). Alors il existe une solution uw a (1.2.4) qui est
dans WOLq(Q) pour tout q < % et dans WHP(U) pour tout ouvert U qui ne rencontre pas K.

Dans I’énoncé des théoremes 1.2.1 et 1.2.2, je n’ai pas précisé en quel sens les solutions doivent étre prises;
c’était en fait volontaire: le sens importe peu. En effet, les solutions a ces problémes non-linéaires avec
données mesures sont toujours construites par des méthodes d’approximation (que ce soit les solutions
au sens faible de [11], les solutions entropiques de [13], les SOLA, ou les solutions renormalisées de [28]);
or la preuve des régularités locales dans les théoremes 1.2.1 et 1.2.2 consiste justement a prouver que des
solutions correspondant a des problemes approchés sont bornées dans les bons espaces. On en déduit
qu’essentiellement toute solution construite par une méthode d’approximation est dans WP lorsque 1’on
est loin de la partie “délicate” de la mesure.

1.3 Schémas volumes finis pour équations elliptiques

1.3.1 Problématique

L’approximation numérique d’équations aux dérivées partielles est un probléeme extréemement important
en pratique. En effet, les équations aux dérivées partielles que le mathématicien étudie, méme si elles
correspondent parfois a des modeles tres simplifiés de la physique ou de la mécanique, apparaissent
naturellement dans des problemes concrets; dans ces cas-la, pouvoir calculer de maniere approchée la
solution (si une résolution analytique est inconnue) est crucial: bien souvent, le physicien ou le mécanicien
n’est pas tant intéressé par le fait de savoir qu’une solution existe que par la calculer explicitement.
Dans la famille des méthodes numériques, les Volumes Finis ont émergé depuis peu mais semblent se
tailler une part de plus en plus importante des applications concretes, car ils ont des propriétés tres
intéressantes vis-a-vis des problemes physiques sous-jacents: en particulier, la conservation des flux. Une
équation venant d’une loi de conservation a donc de bonnes chances de se trouver correctement discrétisée
par une méthode de Volumes Finis.

Considérons le cas simple d’une équation de la forme
div(q) = f dans Q (1.3.1)

olt  est un ouvert borné de RV (dans la pratique, N = 2 ou 3 en stationnaire, et N = 2, 3 ou
4 en instationnaire — une des coordonnées est alors le temps), ¢ : @ — RN et f : Q — R; cette
équation correspond a un bilan effectué sur une quantité dont q-ndS est le flux au travers d’une surface
infinitésimale dS de normale n; f est la source volumique de la quantité en question. Le principe de la
discrétisation par Volumes Finis consiste a faire le travail inverse du physicien qui a obtenu (1.3.1) par
un bilan: on prend cette équation et on 'intégre sur un petit volume non-infinitésimal.

Plus précisément, si on a pavé I'ouvert  par des polygénes K; (par exemple), on integre (1.3.1) sur
chaque polygone, et on trouve, par Stokes:

Z q-ni:‘/aqu-ni: va (1.3.2)

oe&; V7
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ou l'on a noté &; 'ensemble des arétes du polygone K; et n; est la normale extérieure a K;. Il faut
ensuite trouver une valeur approchée ad hoc, en fonction de la quantité qu’on souhaite calculer, de ¢ - n;
sur chaque aréte o € &;; dans le cas elliptique, si on note u la quantité dont ¢ est le flux, on a ¢ = —Vu
(loi de Fourier adimensionnée, par exemple): en partant de I'idée qu’on cherche une approximation de u
constante sur chaque maille K;, un choix simple pour ¢ - n; consiste a poser ¢-n; = —Vu-n; = % sur
laréte o située entre les polygones K; et K;, ou d; ; représente une longueur bien choisie (typiquément,
si on imagine que les u; sont des valeurs approchées de la quantité cherchée “aux centres des K", d; ;
sera la distance entre ces “centres”).

L’intérét est bien sir que l’on s’est ramené & une famille d’équations (une équation (1.3.2) par maille
K;; les équations sont de plus linéaires dans 1’exemple considéré) portant sur un nombre fini de valeurs
(u;)i; si le systeme est sympathique, il va exister une solution que I'on peut espérer calculer de maniére
informatique, et si I'on peut prouver que ces valeurs (u;); approchent effectivement les valeurs de la
solution exacte sur les mailles (K;);, on a obtenu une méthode de calcul approchée effective de la quantité
qu’on cherche a estimer.

Ceci donne l'idée de base du principe des Volumes Finis; comme leur définition précise est délicate et
dépend de I’équation étudiée (la maniere dont on partitionne € en petits volumes dépend de la nature de
Péquation: elliptique, parabolique, hyperbolique...), nous n’irons pas plus en détail dans cette définition.
Une référence générale sur les Volumes Finis est le livre [38] de R. Eymard, T. Gallouét et R. Herbin.

1.3.2 Apports

Dans le cadre des équations elliptiques, les études de Volumes Finis existantes se limitaient souvent a des
seconds membres f € L2(£2), ou au moins des fonctions avec une intégrabilité suffisante (voir par exemple
[38], [63], [71]...). Or les probléemes réels font parfois intervenir des seconds membres qui n’ont pas cette
régularité.

Dans tout ce qui suit, la dimension N de I’espace est 2 ou 3.

Second membre dans le dual de 1’espace d’énergie naturel
Considérons le probleme modéele:
—Au=f dans 2,
{ u=20 sur 0f). (1.3.3)

11 est bien connu (voir par exemple la résolution de ce probleme par le théoréeme de Lax-Milgram) qu’un
espace naturel pour f est le dual H () de I'espace d’énergie H}(2) associé au laplacien avec conditions
au bord de Dirichlet. Qui plus est, de tels seconds membres peuvent naturellement apparaitre dans des
problémes concrets: dans [44] est présentée une équation venant d’un probléme électrochimique avec, en
particulier, un second membre pouvant se mettre sous la forme f = div(G) (). 1l est donc naturel de
chercher & discrétiser (1.3.3) lorsque f € H ().

Ce fut le but de larticle [D9], reproduit dans le chapitre 4 et écrit en collaboration avec T. Gallouét.
Contrairement & [44] qui utilise la forme particuliere du G dans f = div(G), nous présentons dans ce
travail une méthode totalement générale pour discrétiser ces équations avec un G' € L?(Q)V quelconque.
L’idée est la suivante: dans le cas f = div(G) (f n’est donc pas une fonction a priori), pour donner un
sens au membre de droite de (1.3.2), on P’écrit comme

/Kfz G-ni=>» [G-n.

i OK; oc& 'O

Ceci a un sens si G est suffisamment réguliere pour que son intégrale sur o (pour la mesure (N — 1)-
dimensionnelle) soit définie. Dans le cas contraire, il faut remplacer G-n; par une approximation adaptée;

4Q) étant borné, on sait que f € H~1(Q) si et seulement si f = div(G) avec G € L2(Q)VV.
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Papproximation proposée dans [D9] consiste & prendre

1
GwmAUG sur o,

ou A\, est un “épaississement” de o bien choisi et de mesure de Lebesgue non-nulle (il s’agit d'un polygone
en forme de diamant autour de o). Le terme fo G - n; est alors remplacé par

(e .. )

(ol |o| est la mesure (N — 1)-dimensionnelle de o), ce dernier terme étant bien défini dés que G est une
fonction intégrable. Si on considére des maillages et une discrétisation du laplacien comme dans [38], on
obtient alors le résultat suivant:

Théoréme 1.3.1 Si f = div(G) avec G € L*(Q)N, le probleme discrétisé a une unique solution et cette
derniére converge dans L*(Q) vers la solution de (1.5.3), lorsque le pas de discrétisation (=le mazimum
des diamétres des polygones qui pavent Q) tend vers 0.

Ce résultat permet de combler un vide qu’avait la théorie des Volumes Finis par rapport a celle des
Eléments Finis: dans cette derniere, le traitement de seconds membres dans H ~1(2) est connu depuis
toujours (ils ne se traitent pas différemment des seconds membres dans L?(€2)).

J’ail annoncé dans la section précédente que la méthode de [D4] pour obtenir des estimations a priori
sur les solutions d’équations elliptiques non-coercitives s’adapte aussi aux volumes finis; outre traiter
des seconds membres plus généraux que d’habitude, c’est ce que montre [D9]. En effet, le résultat du
théoréme 1.3.1 est aussi valable pour des discrétisations d’équations de la forme

{ —Au + div(vu) = div(Q) dans €2, (1.3.4)

u=20 sur 0N

ot v € LP(Q)N pour p > N (le caractere non-coercitif de (1.3.4) vient bien siir du fait que 'on ne suppose
pas div(v) > 0). Lors de la construction du schéma Volumes Finis sur ce probleme général, on se retrouve
a devoir définir une valeur de v sur chaque aréte o du maillage: ceci se fait comme pour G' en moyennant
v sur un “diamant” autour de cette aréte.

Pour discrétiser un terme convectif comme div(vu) ci-dessus, il est bien connu qu’un “décentrement” doit
étre effectué (il faut utiliser une valeur approchée pour u qui correspond a des mailles en amont du flux
v), sil'on veut s’assurer d’estimations valables pour un maillage de n’importe quelle taille; I’équation non-
coercitive (1.3.4) n’échappe pas & cette régle et c’est grace a ce décentrement ainsi qu’a une adaptation
astucieuse des méthodes d’estimation de [D4] qu’on arrive & prouver des estimations a priori sur la
solution du probleéme discrétisé (ces estimations permettent de voir que cette solution existe, et sont la
clef pour montrer qu’elle converge vers la solution du probléme continu).

Second membre avec une régularité intermédiaire

Comme indiqué plus haut, la discrétisation par Volumes Finis d’équations elliptiques avec seconds mem-
bres dans L?(Q) est bien connue. En particulier, comme en Eléments Finis, il est possible de montrer
un ordre de convergence de la solution du probléme discrétisé vers la solution du probléme continu: [48]
montre que cette convergence se fait dans L? (©) (et méme pour une norme un peu plus forte: une version
discrete de la norme H') en O(h), ot h est le pas du maillage (le diametre de la plus grande maille).

Puisque [D9] construit un schéma Volumes Finis pour des seconds membres plus généraux, il peut paraitre
naturel de vouloir établir des vitesses de convergence pour ces seconds membres; si ’on se place dans le
cadre uniquement H !, il est & peu pres certain que 1’on ne pourra pas établir un ordre de convergence
particulier: tout comme en Eléments Finis, la vitesse de convergence est directement liée a la régularité
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de la solution du probléme continu, et si on considere un second membre qui n’est que dans H (),
la solution n’est que dans H{(£2), ce qui est insuffisant pour établir des erreurs de consistance ayant un
ordre par rapport a h. Cependant, si I'on augmente la régularité du second membre, la solution peut voir
sa régularité augmenter en parallele, ce qui peut devenir suffisant pour établir des vitesses de convergence
précises.

C’est le propos de [D11], reproduit dans le chapitre 5. Précisément, dans ce travail, on considere des
équations de la forme

{ —Au +div(vu) + bu = f + div(G) dans (2, (1.3.5)

u=0 sur 02,

ot v : Q — RY est continue, b € L>(f) est positive, f € L2(Q) et G € H*(Q)N avec s € [0,1] (s =0
correspond & G € L?(Q2)" et second membre dans H (), et s = 1 correspond & un second membre
dans L?(12)), que l'on discrétise par la méthode présentée dans [D9] (°). Le résultat obtenu est le suivant:

Théoréme 1.3.2 On suppose que N = 2 ou que §) est conveze, et que div(v) € L23(2). Sous des
hypothéses de non-dégénérescence du maillage, si G € H*(Q)N et la solution de (1.3.5) est dans H'**(€2),
alors Uerreur en norme L*(Q) entre la solution du probléme discrétisé et la solution de (1.3.5) est en

oO(h®).

L’idée de la preuve est simple: on prouve I'estimation correspondante quand s = 0 (i.e. une estimation en
O(1)... bref, il faut montrer que la solution du probleme discrétisé reste bornée dans la norme considérée)
et quand s = 1 (i.e. une estimation en O(h)); le cas des s entre 0 et 1 s’obtient par application de
méthodes d’interpolation.

En fait, la vitesse de convergence est prouvée dans une norme plus forte que L2?(Q): une forme discrétisée
de la norme de Hg(2); cette norme est couramment employée dans les Volumes Finis pour équations
elliptiques, car c’est celle qui est naturellement adaptée a la formulation discrétisée de I’équation (tout
comme la norme de H{(f2) est adaptée a la formulation variationnelle de ces mémes équations). Afin
d’utiliser cette norme “HJ-discréte”, on est obligé d’introduire une discrétisation de la solution de (1.3.5)
sur le maillage considéré; contrairement a [48], puisque ’on ne suppose pas que cette solution est dans
H? et donc continue, on ne peut prendre sa valeur en un point de chaque maille comme discrétisation:
on doit introduire une moyenne de la solution sur un ensemble de mesure non-nulle dans la maille. T1 est
facile de voir que, sauf cas géométrique particulier, prendre la moyenne sur toute la maille n’est pas un
bon choix, car les erreurs de consistance ne seront pas contrélables; il faut donc prendre une moyenne sur
une boule contenue dans la maille, et centrée en un point adapté au maillage considéré. De plus, méme
lorsque G € HY(Q)V, le schéma que I’on utilise n’est pas le méme que dans [48] (on utilise le fait qu’une
partie du second membre s’écrit div(G), tandis que [48] profite directement du fait que le second membre
est dans L2(f), ce qui donne un schéma différent). Cela signifie que, méme dans le cas s = 1, on doit
re-montrer que le schéma qu’on a choisi donne aussi une vitesse de convergence en O(h); les méthodes
employées sont classiques: il faut estimer les erreurs de consistance sur la solution de (1.3.5) lorsqu’elle
est injectée dans 1’équation discrétisée; 'obtention de ces erreurs demande cependant quelques astuces
techniques, car la discrétisation forcée par moyennes sur des boules n’est pas standard et rajoute quelques
termes supplémentaires. Les hypothéses de “non-dégénérescence” () interviennent lorsque 1’'on somme
les erreurs de consistance sur chaque maille.

L’estimation dans le cas s = 0 utilise sensiblement les mémes techniques, mais est plus simple. Les outils
d’interpolation sont ensuite usuels: en notant

E, = {(f,G,u) € L*(Q) x H*(Q)N x H'**(Q) | (f,G,u) vérifie (1.3.5)}

5A noter que, v étant continue, on n’utilise en fait pas sa moyenne sur un diamant autour de chaque aréte, mais
simplement sa moyenne sur chaque aréte, qui est bien définie.

6Elles demandent essentiellement & ce que le nombre d’arétes de chaque maille soit borné par une constante, et & ce que
les mailles ne s’écrasent pas trop.
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et T Papplication qui & (f, G, u) (o u est solution de (1.3.5)) associe la différence entre la discrétisation
de u et la solution du probleme discrétisé, le cas s = 1 affirme que T' a une norme de 'ordre O(h) lorsque
Pespace de départ est F1, et de 'ordre de O(1) lorsque l'espace de départ est Ey (I’espace d’arrivée étant
toujours le méme, celui des fonctions constantes sur chaque maille muni de la norme H}-discrete); les
théorémes d’interpolation disent alors que T a une norme d’ordre O(h®) lorsque 'espace de départ est
I'interpolé d’ordre s entre E7 et Ey, et les hypotheses sur N ou la convexité de €2 et la divergence de v
ne servent qu’a s’assurer que cet espace interpolé est bien Fj.

Des résultats numériques sont aussi présentés, qui illustrent et confirment les estimations théoriques
prouvées. J'avais en fait déja effectué ces tests numériques (ils ont été présentés lors du congres interna-
tional “Finite Volumes for Complex Applications III” qui s’est tenu a Porquerolles en 2002), et c’est en
constatant qu’on voyait apparaitre un ordre de convergence naturel qu’il m’a paru important d’arriver a
prouver cet ordre.

Second membre mesure

Une des motivations de I’étude des équations elliptiques avec seconds membres mesures est que ces
dernieres interviennent naturellement dans certains modeles physiques: par exemple dans les modeles de
Thomas-Fermi en physique atomique [5], ou dans des modélisations d’écoulements poreux en réservoir [42]
(dans ce deuxiéme cas, la mesure représente des puits qui, vu les échelles en jeu, peuvent étre considérés
comme des sources ponctuelles en dimension 2 et linéaires en dimension 3). Il parait donc important de
pouvoir calculer des approximations des solutions & ces équations.

L’étude d’une discrétisation par Volumes Finis pour le probleme modele (1.3.3) lorsque f est une mesure
bornée sur Q a été effectuée dans [46]; le principe est d’adapter les techniques de [14] afin de montrer
des estimations sur les solutions de la discrétisation de (1.3.3). Il est & noter que ces estimations ne
semblent pas étre directement faisables dans le cadre des Eléments Finis et que ce n’est qu’en comparant
les schémas Eléments Finis aux schémas Volumes Finis qu’on parvient, lorsque f est une mesure, a étudier
(1.3.3) par la méthode des Eléments Finis (voir [47]).

Dans [D12], reproduit en chapitre 6 et co-écrit avec T. Gallouét et R. Herbin, nous présentons un schéma
Volumes Finis pour une équation de convection-diffusion plus générale:

u=0 sur 082, (1.3.6)

{ —Au + div(vu) + bu = v dans Q,

ot b € L?() est positive, v € C(Q)Y et v est une mesure bornée sur . Cette équation mélange donc
deux difficultés: elle est non-coercitive (on n’a rien supposé sur div(v)), et son second membre est une
mesure.
Comme dans les autres résultats numériques mentionnés ici, le principal travail pour prouver la con-
vergence vers la solution du probléme continu réside dans l’obtention de bornes () sur les solutions
du probleme approché. Afin d’obtenir ces bornes dans le cas présent, nous mélangeons les techniques
d’estimation des équations non-coercitives avec les techniques d’estimation lorsque le second membre est
une mesure, en adaptant tout ceci au cadre discret du schéma numérique; nous obtenons alors le

Théoréme 1.3.3 Sous les hypothéses usuelles concernant le maillage de €1, la solution de la discrétisa-
tion de (1.3.6) converge, lorsque le pas du maillage tend vers 0 et dans LI(2) pour tout q < %, vers
Punique solution faible de (1.3.6).

A noter que nous ne considérons pas une solution par dualité & (1.3.6) comme dans [77], mais uniquement
une solution faible; son unicité est cependant prouvée, en utilisant les résultats de [52] concernant la
régularité, en domaine polygonal, de la solution du probleme dual.

"Pour des normes W14 discrétes qui donnent de la compacité dans des espaces de Lebesgue.
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On peut aussi remarquer que, comme c’est souvent le cas dans la discrétisation par Volumes Finis, on ne
suppose pas que le probléme continu (1.3.6) a une solution: la preuve de la convergence des solutions des
problemes approchés donne ’existence d’une solution au probleme continu.

Nous exposons aussi quelques tests numériques, lorsque le second membre est une masse de Dirac en un
point de 2. Plusieurs phénomenes émergent a la lecture des ordres de convergence observés lors de ces
tests:

e La vitesse de convergence dépend fortement du respect ou non de la symétrie du maillage par rapport
a la masse de Dirac considérée; si le maillage est symétrique, on obtient un ordre de convergence
(en norme L') en O(hY77) tandis que, si cette symétrie est brisée, on descent & O(h).

e Si on calcule l'erreur loin de ’endroit ou la mesure est concentrée, on retrouve ’ordre de convergence
connu en O(h?) lorsque le maillage est symétrique par rapport & la mesure, mais uniquement une
convergence en O(h) dans le cas d’'une dissymétrie du maillage. Les liens entre le maillage et la
mesure du second membre jouent donc un grand réle y compris sur les zones ou la solution est
réguliere (en dehors du support de la mesure).

Ces résultats semblent suggérer qu’on pourrait établir des ordres de convergence pour la discrétisation par
Volumes Finis de (1.3.6). Dans le cas d’une mesure v totalement générale (tres dispersée dans 'ouvert),
cela n’est probablement pas réalisable: la solution manque clairement de régularité pour qu’on puisse
estimer les erreurs de consistance du schéma. Mais si, comme ci-dessus, on considere le cas d’une mesure
concentrée sur une petite zone, alors il devrait étre possible d’établir un ordre de convergence loin de
cette zone et, si le support de la mesure est effectivement tres restreint, de controler également les erreurs
autour de ce support.

1.4 Approximation parabolique en domaine borné

1.4.1 Problématique

Les équations hyperboliques sont omniprésentes en mécanique des fluides: dés qu’une quantité (comme
la masse, la quantité de mouvement, etc...) est conservée, un bilan donne souvent une équation (ou un
systeme d’équations) aux dérivées partielles hyperbolique vérifée par cette quantité. La forme de base en
mathématiques, dans ce domaine, est la loi de conservation scalaire suivante:

(1.4.1)

{ Opu(t, z) + div(f(u))(t,z) =0 t>0, zeRY,
u(0,2) = uo(x) zeRYN,

ot f € CHR;RY) et ug € L>=(RY) sont données.

Le résultat essentiel d’existence et d’unicité pour (1.4.1) est dit & S.N. Kruzkov [60], qui résoud en
particulier le probleme de 'unicité en introduisant une notion de “solution entropique” (on se rend vite
compte sur des exemples qu’une simple notion de solution faible, consistant & multiplier (1.4.1) par une
fonction réguliere et & intégrer par parties, ne donne pas I'unicité). L’idée pour prouver 'existence d’une
solution, et trouver une formulation suffisamment forte afin de récupérer 'unicité de la solution, est
d’approcher la loi de conservation scalaire par une équation comportant un peu de diffusion, & savoir

{ Ous(t, ) + div(f(u®))(t, z) — eAus(t,z) =0 t>0, zeRY, (1.4.2)

u®(0,2) = up(x) r € RN,
C’est une idée qui s’inspire de phénomenes physiques réels: dans de nombreuses situations (pas la conser-

vation de la masse, bien siir, mais par exemple des lois sur la saturation d’une phase dans un écoulement
diphasique), une quantité vérifie une équation de la forme (1.4.2) et ce n’est que parce que € est jugé
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assez petit que la diffusion est négligée et (1.4.1) est considérée. Il parait donc naturel de considérer ce
dernier probléme comme une limite de (1.4.2) lorsque € — 0.

Kruzkov montre que la solution de (1.4.2) (que ’on sait exister et étre unique) converge vers une solution
de (1.4.1) au sens suivant: pour tout x € R, en notant ¢, (s) = sgn(s — k)(f(s) — f(k)),

Or|u(t, ) — k| + div(¢x(u(t,z))) <0 au sens des distributions dans |0, co[ xRN (1.4.3)

(& ceci doit aussi étre ajoutée la condition initiale, mais nous ne rentrerons pas dans ces questions). La
fonction s — |s — k| est appelée entropie, et ¢, est le flux entropique associé.

Une question qui se pose alors naturellement (tant d’un point de vue mathématique que d’un point de
vue physique, afin de comprendre dans quelle mesure le modele (1.4.1) est effectivement une bonne ap-
proximation de (1.4.2) lorsque la diffusion est négligée) est de savoir s’il existe une vitesse de convergence,
par rapport a ¢, de u® vers u. La réponse est donnée par N.N. Kuznecov dans [61]: si la condition initiale
est de plus intégrable et a une variation bornée, alors la différence entre u® et u dans C([0,7]; L*(R™))
est en O(y/¢) (pour tout T > 0).

Ceci concerne des lois de conservation posées sur tout espace RY: cependant, de nombreux problémes
surgissent dans des domaines bornés Q@ C RY. Une des difficultés essentielles des lois de conservations
en domaine borné est la maniere dont les conditions au bord doivent étre comprises; on ne peut, con-
trairement aux équations paraboliques, imposer une condition sur tout le bord pour la solution: le cas
d’école

Opu(t, ) + Ozu(t,z) =0 t>0,0<z<1,

(1.4.4)
u(0,2) = up(x) 0<z<l1,

dont la solution dans la zone {0 <t <z < 1} est u(t,z) = uo(z — t), montre que l'on ne peut imposer la
valeur de v en x = 1.

Le premier résultat général concernant les conditions au bord pour les équations hyperboliques vient de
[3]; lorsque les données sont régulieres, la condition au bord doit étre formulée de la maniére suivante:

Vt >0, Vo € 0Q, Yk € [u(t,z), up(t, )], sgn(u(t,z) —ub(t, 2))(f(u(t,z)) — f(k))-n(z) >0

ou n est la normale extérieure a §2 et up est la condition au bord “voulue”. La méthode pour obtenir cette
formulation et prouver ’existence et I'unicité d’une solution est similaire a celle de Kruzkov: le probleme
est approché par une équation parabolique.

Le résultat de [3] a ensuite été amélioré dans [73], ou les termes de bord sont inclus dans une formulation
purement intégrale qui donne existence et unicité de la solution avec des données uniquement bornées.
L’idée essentielle est de ne prendre que des “demi-entropies” de la forme s — (s — k)T et s — (s — k)™
dans la formulation entropique de Kruzkov, et non les entropies s — |s — k|.

1.4.2 Apports

Etant donné qu'une bonne formulation au probleme de Cauchy-Dirichlet

Opu(t, z) + div(f(u))(t,z) =0 t>0,ze,
u(0,z) = up(x) x €, (1.4.5)
u(t, ) = up(t, x) t>0, ze€0Q

a été obtenue, comme pour le probleme de Cauchy (1.4.1), par approximation parabolique

Ot (t, z) + div(f(u®))(t, x) — eAus(t,z) =0 t>0,ze,
u®(0,x) = up(x) e, (1.4.6)
ut(t, ) = up(t, v) t>0, ze€0Q,

on peut légitimement se poser la question de la vitesse de convergence de u® vers u: le résultat de
Kuznecov est-il encore vrai en domaine borné? Le probleme vient bien sir des couches limites au bord
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du domaine: (1.4.6) impose la valeur de u® sur tout 92 (car le probleme est parabolique) alors que I'on
a vu que la solution de (1.4.5) peut étre loin de cette valeur dans certaines zones de 0f2...

Dans le cas ou la solution de (1.4.5) est réguliere (ce qui demande en particulier de ne regarder la solution
qu’en temps petit), des techniques d’étude asymptotique de couches limites permettent de prouver des
vitesses de convergence en O(y/2) ou O(e) selon que le bord de louvert est caractéristique ou non,
i.e. selon qu'il existe effectivement une couche limite ou non (ces résultats sont aussi valables pour les
systeémes): voir par exemple [53], [50], [20]... . Mais dans le cas ou l'on suppose que des chocs peuvent
apparaitre dans la solution de (1.4.5) (i.e. si on regarde en temps plus long), aucun ordre de convergence
ne semblait avoir été prouvé jusqu’a [D14], qui établit le résultat suivant.

Théoréme 1.4.1 On suppose que Q, f, ug et up sont de classe C2. Siu® est la solution de (1.4.6) et u
est la solution entropique de (1.4.5), alors pour tout T >0 on a

lJu® — u||C([O,T];L1(Q)) = 0(51/3)~

La convergence est donc moins forte que dans le cas du probleme de Cauchy, et cela reste une question
ouverte que de savoir si cet ordre 1/3 est optimal (la couche limite du bord provoquant donc un véritable
ralentissement de la convergence lorsqu’on regarde en temps long) ou non.

Pour prouver ce résultat, nous utilisons une formulation “cinétique” de (1.4.5), qui est équivalente a la
formulation entropique; cette formulation a été introduite pour le probleme de Cauchy par P.-L. Lions,
B. Perthame et E. Tadmor dans [67] et adaptée au probleme de Cauchy-Dirichlet dans [58]. L’obtention
de ces formulations cinétiques est aisé & comprendre: il suffit d’écrire I’équivalent de (1.4.3) avec la demi-
entropie s — (s — k)T et de dériver cette inéquation par rapport & x; on obtient alors une équation sur la
fonction (sgn(u(t,z) — k)T dont le second membre est la dérivée d’une mesure. La difficulté réside dans
la maniere dont les conditions initiales et au bord doivent étre considérées.

L’idée de la preuve du théoréme 1.4.1 est alors de mettre sgn(u — x)™ dans la formulation cinétique
vérifiée par sgn(u® — k)7, de mettre sgn(u® — k)~ dans la formulation cinétique vérifée par sgn(u — k)™
et de sommer. Tout serait trés simple si 'on pouvait effectivement faire cela, mais sgn(u — k) et
sgn(u® — k)~ sont loin d’avoir assez de régularité pour étre utilisées comme fonctions tests dans les
formulations cinétiques; il faut donc régulariser ces fonctions avant de les injecter dans les équations. Le
choix des régularisations est crucial et permet de se débarasser des termes de bord génants (probleme des
couches limites) par un bon décentrement lorsqu’on se rapproche de 9€2; il faut ensuite estimer les erreurs
commises lors de ces régularisations (qui étalent les fonctions), et une optimisation des parametres de
convolution donne l'ordre 1/3 du théoréme.

1.5 Régularisation non-locale de lois de conservation scalaires

1.5.1 Problématique

Le dernier sujet que j’aborde dans ce mémoire vient d’'une question directe de P. Clavin, mécanicien a
I'IRPHE de Marseille. Lors de I'étude de certaines détonations de gaz (voir [24], [25]), et apres simplifi-
cations, si on écrit le front du choc comme le graphe y = v(¢,z) d’une fonction, on se rend compte que
u = J,v(t, z) vérifie une équation de Biirgers modifiée:

Opu+ 95 (u?)2) + glu] = 0 (1.5.1)
ou g est définie en variables de Fourier spatiales par

glu](§) = r©u(€) avec r(§) ~ |&| au voisinage de 'infini.
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Les tests effectués montrent que, pour ce modele, (1.5.1) se comporte & peu prés comme Biirgers: des
chocs peuvent apparaitre dans la solution.
La question de Clavin était la suivante: si on suppose que

glu)(€) = €2 a(e) avee 1<A<2  (ie. glu] = (~A)M2u), (1.5.2)

autrement dit si on met “un peu plus de dérivées” dans g, est-ce que (1.5.1) a un effet régularisant sur
la solution? La question est naturelle quand on se rend compte que, lorsque A = 2, on a g[u] = —Au (¥),
auquel cas (1.5.1) n’est autre que la régularisation parabolique d’une loi de conservation (cas dans lequel
on sait dire que la solution est effectivement réguliere).

L’équation sous sa forme générale est la suivante:

{ dru(t,x) + div(f(w))(t, =) + glul(t,z) =0 t>0, z €RV, (1.5.3)

u(0,2) = uo(x) reRN

avec g définie par (1.5.2). Ces équations n’interviennent pas que dans les détonations de gaz; le terme
g[u] correspond & ce qu’on appelle parfois une “diffusion anormale” (ce terme diffuse beaucoup plus que le
laplacien) et il apparait dans des problémes de construction de semi-conducteur par déposition de vapeur
chimique, ainsi que dans d’autres phénomenes physiques (voir [81]).

Les quelques résultats connus sur cette équation sont principalement dis a P. Biler, T. Funaki et W.A.
Woyczinsky [7], et sont les suivants:

e Si N=1,uy € H(R), f(u) = u? et A\ > 3/2, une unique solution existe dans L°>°(0,T; H(R)) N
L?(0,T; H*+*2(R)) pour tout 7 > 0.

e SiN=1,u € HR) n W (R), f(u) = u® et 1/2 < X\ < 2, une unique solution existe dans
L>(]0, 00[xR) N L*(0, 00; BV (R)).

e SiN >1, f(u) =u", alors il existe une unique solution locale en temps dans des espaces de Morrey
et, si ug est assez petit dans certains espaces, cette solution est globale.

Les techniques employées sont des estimations d’énergie par des méthodes usuelles: multiplication de
I’équation par u ou ses dérivées et intégrations par parties; les limites sur la puissance apparaissant dans
f ou la dimension de ’espace viennent des injections de Sobolev employées pour controler le terme donné
par f dans ces estimations.

Pour palier le probleme de I’existence uniquement locale en temps, [8] et [9] rajoutent un terme —Awu &
I’équation et considerent donc
Owu + div(f(u)) + glu] — Au =0,

ce qui permet d’avoir des estimations suffisantes pour montrer que la solution est globale en temps; ces
travaux étudient en effet surtout le comportement asymptotique de la solution.

1.5.2 Apports
Existence, unicité et régularité

Les résultats d’existence et de régularité pour (1.5.3) n’etaient donc pas trés concluants; mais lorsque
T. Gallouét, J. Vovelle et moi-méme avons abordé cette équation suite a la question de P. Clavin, nous
ne connaissions pas ces références et nous avons développé dans [D10] (voir chapitre 8) une méthode
totalement différente de celles décrites ci-dessus.

8 A une constante positive multiplicative prés, dépendant de la définition choisie pour la transformée de Fourier.
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La premiére idée que nous avons eue pour aborder ce probléme (et qui figure en fait aussi dans [7]) est
de considérer div(f(u)) comme une perturbation de d,u + glu] = 0. On sait en effet bien décrire le
semi-groupe d’évolution correspondant a ’opérateur g: en passant en Fourier, on voit immédiatement
que la solution de ;v + g[v] = 0 avec condition initiale vy est donnée par

o(t,z) = K(t,-) xvo(z) avec K(t,x)=F L& — et

(F~1 est la transformée de Fourier inverse). On applique alors une formule de Duhamel sur d;u + g[u] =
—div(f(u)) et on obtient formellement

u(t,z) = K(t,-)*uo(x)—/o K(t—s,-)xdiv(f(u(s,-)))(z)ds

_ K(t,-)*uo(a:)—/o VKt —s,) % (f(uls,)(x) ds. (1.5.4)

Le noyau K n’est pas explicitement calculable, mais on sait donner assez d’estimations sur lui et sa
dérivée pour s’assurer que (1.5.4) a un sens quand wu est bornée.

On peut donc prendre comme définition de solution & (1.5.3) toute fonction bornée qui vérifie (1.5.4).
Cela permet, par un point fixe contractant, de prouver I’unicité de la solution sur n’importe quel intervalle
de temps, son existence en temps petit et sa régularité, pour tout uy bornée, dés que t > 0. Cependant,
cela ne donne aucun moyen de s’assurer que la solution est globale en temps: cette formulation ne permet
pas de voir que la norme infinie de u reste bornée et n’explose pas en un certain 7" > 0.

Comme ’équation (1.5.3) ne permet pas non plus d’obtenir des estimations a priori sur la norme infinie
de u (& cause du caractere non-local de g, les techniques usuelles — basées sur des intégrations par parties
— qui donnent ces estimations dans le cas parabolique ne peuvent s’adapter ici), il a fallu trouver une
autre méthode pour obtenir une solution globale en temps. La méthode en question est celle du splitting;
c’est une technique couramment employée en analyse numérique, mais qui, & notre connaissance, n’avait
jamais été utilisée pour construire directement des solutions & un probleme continu. Pour construire une
solution globale, on procede comme suit.

e Pendant un petit intervalle de temps [0, d], on laisse évoluer u selon 'opérateur d,u + 2g[u] = 0 (la
solution est bien connue et donnée par la convolution par K).

e Puis sur l'intervalle de temps [§, 28], on part de la valeur trouvée en d par I’étape précédente et on
laisse évoluer u selon la loi de conservation dyu+2div(f(u)) = 0 (1 aussi, on connait de nombreuses
propriétés pour cette équation).

e On recommence ensuite sur [24, 3d] en résolvant d;u + 2g[u] = 0.
e Puis on résoud dyu + 2div(f(u)) = 0 sur [34, 44], etc...

On a ainsi construit une fonction u’ qui consiste & laisser chaque opérateur d; + 2g et 9; + 2div(f(-))
évoluer séparément sur des intervalles de temps distincts. L’intérét majeur est le suivant: comme le noyau
K est positif (voir [65]) et d’intégrale spatiale 1, opérateur d; + 2g ne fait pas croitre les normes L,
L' et BV; la loi de conservation scalaire a la méme propriété de non-croissance de ces normes. Ainsi,
des estimations sur u%, indépendantes de &, sont obtenues dans L>, L' et BV. On peut alors espérer,
comme pour le splitting en analyse numérique, que u’ se rapproche, lorsque § — 0, d’une solution u de
(1.5.3) (%); c’est ce qui est prouvé, et on peut résumer les résultats obtenus dans le théoréme suivant.

Théoréme 1.5.1 Siug € L= (RY), il existe une unique solution u € L>(]0,00[xRY) & (1.5.3) au sens
(1.5.4). De plus, cette solution vérifie

9Le facteur “2” qui a été mis devant g s’explique de la maniére suivante: au total, 9; + 2g n’aura évolué que sur la moitié
du temps quand on construit u%, et il est donc nécessaire de lui donner un poids double pour retrouver effectivement g et
non %g a la fin; idem pour 2div(f(-)).
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i) u € C(]0,00[xRYN) et a toutes ses dérivées bornées sur |ty, 00| xRN (pour tout ty > 0),

it) pour toutt >0, Hu(t)HLoo(RN) < ||u0||Lm(RN).

Outre la borne L* donnée dans le point ii) du théoreéme, la construction d’une solution approchée
par splitting permet d’obtenir de nombreuses autres propriétés: toute propriété qui est commune aux
opérateurs 0, + g et 0y + div(f(-)) est vérifiée par (1.5.3); par exemple, on peut montrer un principe de
contraction L' des solutions, ou un principe du maximum.

Les résultats d’existence et de régularité de [7] se trouvent donc nettement améliorés par ce théoreme. Qui
plus est, les méthodes employées ne sont pas limitées aux opérateurs décrits ci-dessus: essentiellement,
elles s’appliquent deés que le noyau de I'opérateur est positif et suffisamment intégrable; par exemple, on
peut sans probleéme considérer des sommes d’opérateurs g pour des A différents (pourvu qu'’ils restent
entre 0 et 2 — ceci afin que leurs noyaux soient positifs — et que I'un d’eux au moins soit strictement
supérieur a 1 — pour que le noyau de I’ensemble ait de bonnes propriétés d’intégrabilité, i.e. qu’au moins
un des opérateurs régularise effectivement I’équation). En fait, le principe de la méthode de splitting
est trés général: il consiste & étudier chaque opérateur d’évolution (ici, la loi de conservation scalaire et
O + g) séparément et & vérifier qu’ils ont suffisamment de propriétés communes (ici, qu’ils donnent des
estimations de compacité dans les mémes espaces) pour étre cumulés.

Le chapitre 9 n’est pas tiré d’un article; il s’agit d’une part de I’adaptation du chapitre 8 au cas d’une
dimension d’espace quelconque ([D10] a en effet été écrit, pour des raisons de facilité de lecture, dans le
cas N = 1), et d’autre part d’une généralisation relativement immédiate (mais assez technique) de ce qui
précede au cas

{ Opu(t, x) + div(f(t, =, u(t,x))) + glu](t,z) = h(t, z, u(t, x)) t>0, zeRY,

u(0, ) = uo(x) r RN (1.5.5)

Il m’a semblé intéressant de l'inclure dans ce mémoire.

Diffusion evanescente

Si 'on considere effectivement, au vu du théoreme 1.5.1, 'opérateur g comme régularisant la loi de
conservation scalaire, une question naturelle est alors de savoir si cette régularisation donne une solution
qui est proche ou non de celle la loi de conservation originelle. Autrement dit, si on considere

dpu (t, x) + div(f(u))(t, ) +eglu’](t,z) =0 t>0, € RV,
{ us(0, ) = up(x) = z€RN, (1.5.6)

est-ce que u® se rapproche de la solution entropique de (1.4.1) lorsque € — 07

La réponse n’est pas forcément évidente si on pense au cas de la limite dispersive décrite dans [30]: lorsque
Pon regarde ’équation de KdV (Biirgers régularisée par un opérateur d’ordre 3)

Opv® + 895((1)6)2/2) = €0pza¥°,

alors v oscille beaucoup trop lorsque € — 0 et ne converge effectivement pas vers la solution entropique
de I’équation de Biirgers.

Quand on cherche & montrer la convergence de ’approximation parabolique
O +div(f(v°)) —eAv® =0 (1.5.7)

vers le probleme hyperbolique, un point clef est d’établir une inégalité d’entropie pour le probleme
parabolique, i.e. en prenant n une fonction convexe et ¢’ = n/f’, & montrer que

I (v°) +div(p(v7)) — eA(n(v7)) < 0.
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Cela s’établit trés simplement dans ce cas précis: il suffit de multiplier (1.5.7) par 7' (v®) et d’utiliser la
convexité de n pour voir que

An(v)) = " (%) Vo] + 17 (vF) Av® > 77 (v°) Av®. (1.5.8)

Dans le cas de (1.5.3), cette méthode échoue car (1.5.8) est basé sur la dérivation de fonctions composées
et aucune formule ne semble exister a priori qui nous dise comment g[n(u®)] se comporte par rapport a

' (u®)glut].

Cependant, en replongeant dans la méthode de splitting, on est capable d’établir effectivement une
inégalité d’entropie pour (1.5.3), comme le montre [D13], reproduit en chapitre 10. L’idée est de re-
garder les pertes d’entropie sur chaque intervalle [kd, (k + 1)d] apparaissant dans la construction de
Papproximation; sur les intervalles olt on laisse évoluer 9; +2div(f(+)), on sait comment ces pertes se font
(19); sur les intervalles ott c’est 9; + 2g qui évolue, on a une représentation par convolution de la solution:
on utilise sur cette expression la formule de Jensen (la convolution se faisant contre un noyau d’intégrale
1) qui nous permet de voir que 'entropie a bien plutét tendance a diminuer, modulo un terme qui est
petit quand § est petit.

On peut alors, en laissant § — 0, établir 'inégalité d’entropie suivante pour la solution de (1.5.6)

Om(u®) + div(e(u®)) +egn(u”)] < 0.

Il est alors possible d’appliquer la méthode de dédoublement des variables entre cette inégalité entropique
et celle vérifiée par la solution de (1.4.1) pour prouver le

Théoréme 1.5.2 Siug € L®(RY), u® est la solution de (1.5.6) et u est la solution entropique de (1.4.1),
alors, lorsque ¢ — 0, u® — u dans C([0,T]; LL,.(RY)) pour tout T > 0.

loc

Ensuite, comme dans la section précédente, il parait normal de s’interroger sur une éventuelle vitesse de
convergence.

Théoréme 1.5.3 Siug € L°RM)NLYRY)NBV(RY), uf est la solution de (1.5.6) et u est la solution
entropique de (1.4.1), alors pour tout T >0 on a

1w — ullogo L @yy) = O(Y?).

La méthode employée est la méme que dans [61] et dans le théoréme 1.5.2: on utilise la technique de
dédoublement des variables de Kruzkov et on estime la taille de chaque terme venant de 1’étalement
provoqué par cette méthode. Pour obtenir I'ordre en 1/, on établit que gle] = C| - ["N=(A=2) x Ay
(lorsque ¢ est dans la classe de Schwartz) et on découpe, selon un parametre & optimiser, les intégrales
qui apparaissent pour profiter des comportements de |- |~V ~(A=2) prés de 0 et & Pinfini.

Le théoreme 1.5.3 indique donc que g diffuse moins que le laplacien (la convergence vers 1’équation
hyperbolique est plus rapide avec g pour A < 2 qu’avec une régularisation parabolique); cela semble
en contradiction avec ce que j’ai dit plus haut, a savoir que g diffuse plus que le laplacien. En fait, il
n’y a pas de contradiction une fois qu’on précise les choses: en temps long, g diffuse effectivement plus
que le laplacien, mais en temps court, g diffuse moins; cela se comprend aisément quand on regarde les
propriétés d’homogénéité du noyau K associé a g et du noyau K» (la gaussienne) associé au laplacien.
On a en effet

K(t,z) =tV K1, 7 ).

10En fait, quand & est petit, la solution reste réguliere lors de I’évolution de 'opérateur hyperbolique et il n’y a donc pas
de perte d’entropie.
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Si Iy est 'étalement de Kx(1,-) (i.e. sa largeur caractéristique: par exemple, K(1,2) > $K,(1,0) des
que |z| < 1), alors la formule précédente montre que t'/*y est 'étalement de Ky (t,-); pour A < 2 fixé,
on voit donc que K (t,-) s’étale moins que Ks(t,-) pour ¢ petit, et plus pour ¢ grand.

Une continuation naturelle dans ’étude de ces problemes non-locaux est de considérer le cas ou I’équation
est posée sur un ouvert borné de RY. La bonne définition pour g sera alors certainement par une puissance
fractionnaire du laplacien avec conditions au bord de Dirichlet (par exemple), et il faudra comprendre
précisément les propriétés du semi-groupe associé a cet opérateur pour pouvoir adapter la méthode qui
précede.
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Partie 11

Régularité locale de solutions
d’équations elliptiques avec mesures

28



Chapitre 3

Global and local estimates for
nonlinear noncoercive elliptic
equations with measure data

Reference: J. Droniou. Comm. Partial Differential Equations 28 (2003), no. 1-2,
129-153.

Abstract We study nonlinear noncoercive elliptic problems with measure data, proving first that the
global estimates already known when the problem is coercive are still true for noncoercive problems. We
then prove new estimates, on sets far from the support of the singular part of the right-hand side, in the
energy space associated to the operator, which entails additional regularity results on the solutions.

3.1 Introduction and main results

3.1.1 The problem

Let © be a bounded open subset of RY. The purpose of this work is to obtain global and local estimates
on the weak solutions to:
{ —div(a(z,u, Vu)) — div(®(z,u)) = p+ f in €,

u=20 on 0f2 (3.1.1)

where —div(a(z, u, Vu)) is a Leray-Lions operator acting on W, ?(Q) (1 < p < N), ®(z,u) is a convection
term with growth properties, f € W12 (Q) and u € M(Q) (see the precise hypotheses on these data in
Subsection 3.1.2).

Nonlinear elliptic problems with measure data have been studied in a number of papers. A quite efficient
way to prove the existence of a solution to such problems is, as first shown in [11], to use an approximation
method: taking a sequence of regular data which converges to the measure of the right-hand side, one
can prove that the solutions corresponding to these regular data converge, in a sense, to a solution of the
equation with measure data.

This method has been widely used to obtain different kinds of solutions to elliptic problems with measure
data: see for example [12], [13], [4] or [28]. In each of these works, the first step to prove the convergence
of the solutions corresponding to regular right-hand sides is, of course, to obtain estimates on these
solutions in adequate spaces.

We intend here to obtain new estimates on elliptic problems with measure data.
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One of the novelty of this paper is the presence of the convective term defined by ®; because of this term,
the elliptic equation (3.1.1) is not coercive, and obtaining estimates on the solutions to this problem (with
regular or singular right-hand side) is thus quite difficult. [54] give estimates for a noncoercive problem
with right-hand side in L'(Q), using the tools of renormalized solutions. Here, we will rather use the
method developed in [31] for linear noncoercive elliptic problems; this method was then adapted in [32]
to nonlinear variational noncoercive elliptic problems and to finite volume schemes for linear noncoercive
elliptic equations. We will see that, mixing the methods of [31] (to handle the noncoercive feature of the
equation) and of [14] (to handle the singularity of the right-hand side), estimates on solutions to (3.1.1),
similar to the ones already known when the problem is coercive, are easy to prove.

But the main originality of the work we present here is certainly the local estimate outside the support
of the singular part of the right-hand side.

It is well-known that the solutions to elliptic problems with right-hand side measures do not belong,
in general, to the energy space WO1 "P(Q) associated to the equation (the global estimates we obtain on
solutions to (3.1.1) are, roughly speaking, in W,¢(Q) spaces, with ¢ < %) This is quite obvious,
since the right-hand side does not belong to the dual space of WO1 P(Q). But if the singular part of the
right-hand side is concentrated on some subset of §2, one can hope that, outside this subset, the solution
is as regular as the operator allows.

We will indeed prove estimates (and thus regularity results), far from the support of u, on solutions to
(3.1.1) in WP, These estimates are not straightforward because, to study the solutions far from the
support of 4, we must introduce cut-off functions that not only have to satisfy some special properties but
also entail the apparition of terms which are not easily bounded; we thus first use a bootstrap technique
to reach estimates in W4 for all ¢ < p, and then, thanks to these estimates, we prove the desired bound
in Whe,

In the rest of this section, we state the precise hypotheses on the data and the main results of this paper
(global and local estimates, as well as their consequences on the regularity of solutions corresponding to
right-hand side measures). In Section 2, we prove the global estimates on solutions to (3.1.1). Section 3,
the biggest part of this paper, is devoted to the proof of the local estimates, far from the support of u. We
then quickly show, in Section 4, how these estimates allow to obtain solutions with regularity properties
when the right-hand side is a measure. Section 5 is an appendix with two easy technical results useful in
the rest of the paper.

3.1.2 Hypotheses and notations

) is a bounded open subset of RY (N > 2). || is the Euclidean norm in RY; B(e,r) and B(e,r) denote
the open and closed ball in RY of center e and radius 7. meas(A) is the Lebesgue measure of a measurable
set A C RV,

We take p €]1, NJ; if p < N, we denote N. = N and, if p = N, we take N, > N. We let p* = N*pp. D is

N,.—
N.p (N*—l):v[ (1)
N.—p+1’ Ni—p :

a real number in |

W' (€2) denotes the usual Sobolev space, endowed with the norm ||u||W01,T(Q) =1 1Vul[lr@); w1 (Q)

is the dual space of VVO1 "(Q). M(Q) is the space of bounded measures on €2, identified, through the Riesz
theorem, to the dual space of C.(€2) (this last space is endowed with the supremum norm).

IThe choice p > N 1\1*;_1 is only made to avoid the introduction of a new notation in the following proofs; this restriction
(N —

on P is not a problem: if a satisfies (3.1.4) for 0 < p < 771131’, then it also satisfies this hypotheses for some p €

N
N Ny—1)p : . N, N.—1)p
N*_pp+1 , ﬁ[ (notice that, indeed, &~ _pp+1 < (N*—p) ).

30



The hypotheses on the data of (3.1.1) are:
a: QxR xRY — RN is a Caratheodory function, (3.1.2)

there exists v > 0 and © € L(Q) such that a(z,s, ) - &€ > v|¢|P — O(x)

for a.e. z € Q, for all (5,£) € R x RV, (3.1.3)
there exists 3 > 0 and h € LP () such that (3.1.4)

la(z,s,&)] < h(z) + B|s|P~! + Bl¢[P~! for a.e. z € Q, for all (5,£) € R x RV, o
(a(xa 3,5) - a('rasan)) ' (f - T]) >0 (315)

for a.e. z € Q, for all (5,£,17) € R x RY x RY such that ¢ # 7.

®:Q xR — RY is a Caratheodory function such that there exists g € L (Q) satisfying (3.1.6)
|®(z,8)| < g(x)(1+ |s[P71) for ae. z € Q, for all s € R, o

peMQ), feW Q) |lullm) + I1fllw-10 (g < A and

3.1.7
K is a compact subset of RY such that supp(u) C K. ( )

We know (see [32]) that, under Hypotheses (3.1.2)—(3.1.7), if 1 belongs to W~1#'(Q), there exists at
least a solution to (3.1.1) in the sense

uwe WyP(Q),
a(z,u, Vu) - Vo + /Q Pz, u) - Vo = (1, 0) -1 @.wrr@) T (f: <P>W71,p’(g),wolvp(g) ’

@ 1
Vo € W, P (Q).

(3.1.8)

3.1.3 Main results

Our main results are the following.

Theorem 3.1.1 (Global Estimates) Under Hypotheses (3.1.2)—(3.1.7), if u € W12 (Q) then, for
all0 <r < N]’;]L:;) and all 0 < s < N]’;](*p:ll), there exists C > 0 only depending on (A,r,s) such that, for

any solution u*of (3.1.8), we have

/ lu]"<C  and / [Vul®* < C.
Q Q

Remark 3.1.1 Of course, this C and all the constants in the sequel also depend on the other numerous
data involved in the hypotheses, i.e. on (2, p, Ny, v,0,g,h,3,D), but we have chosen to emphasize the
dependance only on the important data, that is to say the space in which we obtain the estimates (through
the exponents (r,s) in the global estimates), the norm of u in M(Q) (through A) and, in the local
estimates, the support of u (through K). In fact, a close examination of the proofs also shows that the
constants appearing in the global estimates do not depend on (h, 3,D).

Remark 3.1.2 Notice that we can have N]*VL:;) <1 and % <1, in which case Theorem 3.1.1 does
not give estimates in Lebesque or Sobolev sp*aces.

One can also notice that, once we have the result of Theorem 3.1.1, it is possible to obtain estimates on
u in the Marcinkiewicz space of erponent % and on Vu in the Marcinkiewicz space of exponent

% (but this does not improve the integrability properties of u or Vu).
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Theorem 3.1.2 (Local Estimates) Under Hypotheses (3.1.2)—(3.1.7), if u € W=7 (Q) then, for all
€ > 0, there exists C > 0 only depending on (A, K, ) such that, for any solution u of (5.1.8), denoting
F =K+ B(0,¢), we have

[ull o py < C and  |Jullwre@\r) < C.

As a consequence of these estimates, we obtain the following existence and regularity result on a nonlinear
noncoercive elliptic equation with measure data.

Theorem 3.1.3 (Existence result for a right-hand side measure) Suppose that p > 2 — NL* Un-
der Hypotheses (3.1.2)—(8.1.7), there exists a solution to (3.1.1) in the sense
u € ﬂ Nu(p=1) Wol’q(Q),
I<—N.—1
Ve > 0, denoting F. = supp(p) + B(0,¢), u € LP" (Q\F.) N WLP(Q\F.),
/Qa(a:,ww) Vo + /Q D(z,u)- Vo = /Qsadu + (L@ wrr @uwir @)

o € Upw, Wa ™ ().

(3.1.9)

Remark 3.1.3 We have defined F. as the closure of supp(u) + B(0, ) to make sure that W1P(Q\Fy) is
a Sobolev space on an open set.

3.2 Global Estimates

3.2.1 Estimate on In(1 + |u|)

The following proposition is a nonlinear form of a proposition in [31].

Proposition 3.2.1 Under Hypotheses (3.1.2)—(3.1.7), if n € W19 (Q) then there exists C' only de-
pending on A such that, for any solution u of (3.1.8), we have || In(1 + \u|)\|WO1,p(Q) <C.

Proof of Proposition 3.2.1
Let o(s) = [, (14;1%' Using ¢(u) as a test function in (3.1.8), we find

Vu
/Qa(x,u,vu) : 7(1 Y

—1 |VU/|
< ol G oy + 0oy (32
o v VuP 6
u u x
: > - > |V (In(1 P : 2.2
a(z,u, Vu) A 2 A O ) > v|V(In(1 + [u]))|” — ©(z) (32.2)
Since 1+ |u[P~t < 2(1 + |u|)P~!, we can write
_ Vu| [Vul
1 P1|7<2/ — <2 / In(1 2.
/Qg( + |ul )(1Jr e =2 ) 9T ) S gl Lo (@ 11V (L + [u)[ e (0 (3.2.3)
(notice that g € L¥ (), since p’ < pj\il).
Since |/ (u)| < qary» we have [V(p(w)] = ¢/ ()] [Vu] < qXis = [V(In(1 + u]))|. Thus,

lle()llyr gy = V@) ey < 1V 4 [ul))| [0
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and, ¢ being bounded by ﬁ, we obtain

A
(ks (W) vy =17 (), 2w () T (W) w10 () e (| < o1 + AV + [u) e (3.2.4)
Injecting (3.2.2), (3.2.3) and (3.2.4) in (3.2.1), we obtain
V[V (In(L+ [ul)[ 700 < €+ CIHVIn + [ul)] e @),

with C' only depending on A, which concludes the proof (“X?P < C 4+ CX” implies that X has to be
bounded, since p > 1). B

3.2.2 Proof of the global estimates

In the proof of the next proposition, we mix the ideas of [31] (or [32]) — to handle the noncoercive
characteristic of the equation — with the ideas of [14] — to handle the measure on the right-hand side
of the equation.

Proposition 3.2.2 Let a > 1. Under Hypotheses (3.1.2)—(3.1.7), if u € W22 (Q) then there exists
C > 0 only depending on (A, «) such that, for any solution u of (3.1.8),

/ [Vul?

g S

o (14 [uf)*

Proof of Pr0p051t10n 3 2.2

We define ¢(s fo (1+|t\ , Tr(s) = max(—k, min(s, k)) and Si(s) = s — Tx(s).

Step 1: estlmate on Si(u).

Let k > 0. Using ¢(Sk(u)) as a test function in (3.1.8), we get, since ¢ is bounded by —1,

V(Sk(w))
/Qa(a:,u,Vu) . W
p—1y_ |V (Sk(w))] A
= ~/Qg(1 Tl 1)(1 e T a—1 T ANVESH@DI @) (3.2.5)

Since V(Sk(u)) = 1g, Vu, where E, = {|u] > k} and 1g, is the characteristic function of Ej, we have

V(Sk(w) VS e VS
R I A R RS A ] R S Ea EA O i e O
Since |¢'(s)P = (H‘SI)QP < (1+\ 7w for all s € R (because ap > «), we can write
V(Sk(u)P \*?
11V Sk @) 200 < ( / m) | (3.27)

We have |u| < k + |Sk(u)|, which implies

oty V(S )
/Qg(”" ST+ S

< [oarr et e s 1>(1'+(|§’;((?))|')
1/p -1
p—1p.p— , op— | Sk (w)[? |V (Sk ()]
< 0 el ([ arsane) T LT s A s
|V (S ()P Sk (u e IV(Sk(w)? \'*
< Gtk )</ L+ ISk ()" ) o </ T+ 15k >|>> (/Q <1+|Sk<u>|>a>
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(we have used (1 + |Si(w)])*? > (1 + |Sk(u)|)®).

Denoting
[V (Sk(u))[? s
Ap = / = and  Y(s) = ———p,
o (1+1Sk(u)) (1+]s))>
we have just proved that

u , 1/p
Lot Tl < cia s harconl ([ dusiaor) . e2s)

Let § > 0 (fixed later on) and write ¢ = g1 + g2 with g1 € L>®(Q) and g2 € Lo (©) such that
[lg2] |L e o) < ¢ (the choice of (g1, g2) only depend on ¢). Thanks to Holder’s inequality with exponents

p=1(Q
(]\;* , N]*Vip) and to the Sobolev injections, since 9 (Sk(u)) = 0 outside Ej, we have

[ oy < ol @I .,
Q Lr=1(Ey) LN«=P(Q)
< lall g el ) ITEED
=T () L7 (B
< G (||g1||€m(ﬂ)meaS(Ek)NL* + (51)’) [ 1V (¥(Sk(u)))| ||§p(9)'

142 o (w)|P
Moreover, [¢/(s)| < S forall s € R, so that V(@ Sk())]? < (14 2)r S and

/ gp/¢(5k(u))P < C4 (||g1||’£,oo(mmeas(Ek)15* + 517/) Ag
Q

with C3 only depending on «. Used in (3.2.8), this inequality allows us to write

V S / P ’ 1/10/
/Qg(l + |u|P—1)% < i1+ A+ Ca (lanl e ymens(B) ¥ +67) T A (329)

where Cy only depends on a.
(3.2.5), (3.2.6), (3.2.7) and (3.2.9) give

p

p—1\ 41/p ' P’ %4
Cs + Cs(1+ kP~ AL +C’5(||gl|| m(Q)meas(Ek)N*—k(S) Ay

Ay,

IN

A

Cs + Cs(1+ kP AVP 4 ¢y (||gl||Lm(Q)meas(Ek)% + 5) Ar (3.2.10)

where Cs only depends on (A, ) (we have used the fact that, for (s,t) € R, (s+¢)1/2" < /7" 4 1/9"),
Set § = 1/(4C5), which only depends on (A, «). By Proposition 3.2.1, Tchebychev’s inequality and

In(1+ v
Poincaré’s inequality, we have meas(E}y) < L ngln(mil)'fpp(m < (ln(lcfk))p with Cg only depending on A.

There exists thus ko only depending on (A, «), such that C'5||g1||Loo(Q)meaus(Eko)pf\’;*1 <1
With these choices of ¢ and kg, (3.2.10) becomes Ay, < Cs 4+ C5(1 + kgil)A,%p + 1 Ak,, which leads to

Ay <205 +2C5(1 + kgil)A,lcép. By Young’s inequality, we obtain thus C7 only depending on (A, a),

such that A, < C7, that is to say
|V (Sko (w) [P
YWk 3.2.11
R @21)

Step 2: conclusion.
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By Proposition 3.2.1, we have || In(1 + |u])||?

Wi (o) < Cs with Cg only depending on A, thus

p_ wl? [Vul? P
/QIV(Tko(u))I —/{mgko}w P < (1+ ko)? /{lu%} TERPIE < (1 + ko)PCs. (3.2.12)

Since u = Tk, (u) + Sk, (u) and 1 + | Sk, (v)] < 1+ |uf, (3.2.11) and (3.2.12) show that
/ VulP / IV (T (w) P |p / 1V (Sko ()
o (L+up)> — (1+ IUI (U ful)

’ o |v<sk0< Dl
2 /'V (T (W) +2 /<1+|Sko<u>|>a

IN

A

2;0 14+ ko)ngg + 2PCx,

which concludes the proof. B

We can now prove the global estimates theorem.
Proof of Theorem 3.1.1

Since r < %ﬂ}) and s < M , there exists a €]1, p[ only depending on (r, s) such that r <
and s < %.

Let C; only depending on (A, @) (i.e. on (A,r,s)) given by Proposition 3.2.2. We have, for all k£ > 1,

N.(p—c)
N.—p

P _— up |Vu|p [e% @
/Q|V(Tk(u))| _/{ul<k}|v P < (1+ k) /7( T < Ol +)" < 200k (3.2.13)

N(p a)

Since 0 < r < and 0 < s < M , the proof is then an easy consequence of Lemmas 3.5.2 and

351 m

3.3 Local Estimates

3.3.1 Preliminary results

Proposition 3.3.1 Suppose Hypotheses (5.1.2)—(3.1.7) and p € W= (Q). Let 6 € C(RN;RT) be
such that
Vm >0, ™ € C°(RN;Rt),
Vm €]0,1[, 3Qm, such that |VO| < Q0™ , (3.3.1)
0 =0 on a neighborhood of K.

Then there exists C' only depending on (A,0) such that, if u is a solution to (3.1.8), we have, for all
a €]0,1) and all k > 0,

/ V(TP < CO + k%) + cka/ ([ufP~ + [VulP~).
Q

QNsupp(0)

Remark 3.3.1 Functions satisfying (3.3.1) exist and will be constructed in the proof of Proposition 3.3.2.

Proof of Proposition 3.3.1
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6 and P~! being regular functions, we can take 0P ~1T(6u) as a test function in (3.1.8); this gives, since
6 = 0 on a neighborhood of supp(u),

(f 0" T (0u)) gy, (). Wy " ()

- / o, 1, V) - V(07 T(0u)) + /Q B(w,u) - V(0P LT (0u))

Q
6P a(z,u, Vu) - V(T (0u)) —|—/ Ty (0u)a(z, u, Vu) - V(0P™1)
Q Q

+/Qap—1c1>(a;,u)-V(Tk(eu))+/ﬂTk(0u)<p(I,u)-V(ap—l)
= /Qﬂpl{wu‘gk}a(a:,u,Vu) . Vu—|—/Qﬁpflul{‘gmgk}a(a:,u,Vu) -V
+/QTk(t9u)a(x,u,Vu) V(0P + /Q 14 igu|<r} 07 @ (2, u) - Vu
—|—/Q 1{‘9u|§k}9p*1u<1>(x7u) - Vo + /Q Ty (u)® (2, u) - V(6PH). (3.3.2)
We have 9P~1|V0| < 10 on Q, with C; only depending on 6 (indeed, if p > 2, we just use the fact

that 9?2 and V@ are bounded on € and, if p €]1,2[, we use (3.3.1) to get V| < Q2_,0>"P); moreover,
V(6P~1) is bounded on € (say by Cs). Thus, thanks to Hypotheses (3.1.3) and (3.1.4), we have

/ 071 ¢ 6u)<kya(r,u, Vu) - Vu + / 0p_1u1{|9u‘§k}a(x,u, Vu) -Vl
Q Q

+ /Q Ty, (Ou)a(z, u, Vu) - V(0P~1)

> V/Q1{|9u‘§k}0p|vu|f’—/901’@—/91“%@} (4 BluP~t + BIVup~) 01 |V6| Jul
= [ et B+ BVl ) 190 T (00)

> V/Q1{|9u‘§k}0p|vu|1)—/9917@—01/91“%@} (h+ BlulP~! + BIVulP~") [Bul
~Co [ (b + Blul?™! + BI7u ) Tiow)

>

u/ 1{|9u‘§k}9p|vu|1)—/9?@—(01+02)/ (h+ Bl + BIVuP™Y) [Th(0w)].  (3.3.3)
Q Q Q
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By Hypothesis (3.1.6), we also have, with the same (C1, Cy) as before and using the fact that st < s” 4"
if 1 <7< ooand (s,t) € RT (simplified Young’s inequality),

/Ql{‘gugk}ﬂp(b(a:,u)-Vu—#/ﬂl{‘gugk}ﬂp_lu(b(m,u)-V0+/§2Tk(0u)<b(x,u)-V(Gp_l)

> —/Ql{wu\gk}@pg(l—F|U|p_1)|vu|—/Ql{\emgk}@p_lwm|u|9(1+|u\p_1)
e / o(1+ [uP~Y)| Ti(0u)|
Q
> —/Ql{wu\gk}I@Vulﬁp’lg(lJrIUI”’l)—01/91{|9u\9c}|9“|9(1+WH)
e / g(1+ [uP~Y)| Ti(6u)|
Q
> Y [3 ovalr — (2 o 1 0P g¥ (1 p=1yp/
= 73 (l6ul<k} OV ulP — > (lou<ky0Pg? (14 [uP™7)
Q Q
~(C1+ o) [ 1T 0lg+ ul )
Q
y , /9\P'/P ,
> —5/1{|eu\gk}9”|VUI”—2p (;) /1{|9u\sk}9”9” (14 [ul”)
Q Q

—(C1 + Cg)/ Ty (0u)|g(1 + |ulP~1). (3.3.4)
Q
Gathering (3.3.2), (3.3.3) and (3.3.4), we obtain C5 only depending on 6 such that

(£, 07 T (O 1.0 @, w0

v / 0 |Vul? — O / (ht [ufP™ 4 [V 4 g+ gluP ™) [T (8u)|
2 J{lou|<k} Q

_03/ (07" + [0ulPg"") — Cs.
{loul <k}

This inequality allows us to write

/Q V(T () /{ o IV EY

2?/ V6P ul? + 2P/ 07| Vu?
{10u|<k} {160u|<k}

04/ |V0|p|u|p + C4<f7 Gp_lTk(Gu»W_l,p/ (Q), WP ()
{l0ul<k} 0

IN

IN

+c4/ (h+g+gluff™ + [uf~t + | VulP 1) [T (6w)|
Q

e / ¢ |Tu(6u)P + Cu, (3.3.5)
Q

where C; only depends on 6 (notice that 87¢?" € L(£) since p/ < pj\i < and 6 is bounded on Q).

Take § > 0 (to be fixed later on); there exists g; € L*(€2) and g2 € Lo (€2), only depending on §, such

= <o0.
that g = g1 + g2 and ||gg||LpN_*1 @ = 5
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We have |[VO|P < C560 on  (this is (3.3.1) with m = 1/p), where Cs only depends on 6. Thus, (3.3.5)
gives Cg only depending on 6 such that

[rva@enr < | P+ Gl TG e i
{|0u|<k}
+Ch / (h+g+ glulP~" + [P~ + [ulP~1) [T (6u)|
QNsupp(0)

HCallgllfwey [ 1T00]16ul” " +Co [ of TG0 + Co
Q Q

IN

Co(f, 0" T (1)) 1. (). Wy " ()

+CG/ (h+g+ 1+ gul ™ + [uf~! +[VulP~) |T)(0u))|
QNsupp(0)
+Calln 1 1011 ) [ T+ Cs [ o Toul” + Co 3:30)

But, #7~! being regular, by the Hélder inequality, the Sobolev injection and the Poincaré inequality, we
have

Colf 6 IO s g +Co | (e 9)Tulbw)] + Co [ o ITulbwl
Q

QNsupp(6)

IN

_P_
CoAl|0P~ T (0u)llyy20 () + Collh + gll Lo (o) 1 Tk (Bu) 120 +06||g2||"‘1$1( ||Tk(HU)I|p 2 0

IN

(07/\ + Colh+ gll Lo o) V(T ()] || (@) + Co6? || [V (T () 1121

pl
— (et s Cellit o) + (2—9 +c75p) 9T 0] 11,0

IN

where C7 only depends on 6.
Fix now § > 0 such that % + C707" < 1 (such a choice of § only depends on 6). Returning to (3.3.6), we

find Cs only depending on (A, €) such that

/Q|V(Tk(9u))|p < cg+cg/ (L4 g)ulP~" + [P~ + |VulP ) |Te(0u)].  (3.3.7)

QNsupp(0)
Let a €]0,1]. We have, if a < 1,
IT(0w)] = |T(0) 2 Tu(0u) 12 < K20V uf'™® < (1+ |6l pm @bl ™, (3.3.8)

so that _ _
(JulP~" + [Vul[P~") [Te(0w)]| < (1+ [6]| Lo 2B (JulP~* + [VulP " Hul' 7).

Using the simplified Young’s inequality with ’;T‘i‘ > 1, we find
[Vl a7 < [ValPm + fufP7e
which gives
(I[P 4+ [VaP=1) [T (Bu)| < (1 +[10]] oo () )k (JulP~ + [ufP~* + [ValP7).

Notice that > 1 (because p > 1), so that p > p. In particular, [u[P~* < 14 |u|P~* and

N, p+1

(Ju[P~ + | VulP™) [T (0u)| < (1+[|0]] 1o () k> (1 + 2[ulP~* + |[VuP~?). (3.3.9)
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This inequality is still valid if &« = 1 (we simply bound T} (6u) by k).
Thanks again to (3.3.8) if aw < 1, or bounding T%(6u) by k if &« = 1, we can also write

(L +g)lulP T3 (Ou)] < (1 +[10]] Lo ) ) B~ (1 + g)|ufP~

which gives, by the simplified Young’s inequality with I=2 > 1,

(L + QI T(Ow)] < (141161 o)k ((1+9)FF + [ufP~e). (3.3.10)
We have p > 5722, which implies 25 < 2o = 0 < e = 757 and (1 +g)rr <

1+ g)% € L'(Q). Using this last inequality in (3.3.10) and injecting the result in (3.3.7) along with
(3.3.9), we obtain

/ V(T4 (0u))|P < Cs + Cok® + cgka/ (ufP~2 + [V~ ,
Q

QNsupp(6)
with Cy only depending on (A, #), which concludes the proof. B

Corollary 3.3.1 Let M > 0 and o €]0,1]. Under Hypotheses (3.1.2)—(8.1.7), if p € W1 (Q), 0
satisfies (3.3.1) and u is a solution to (3.1.8) which satisfies

/ (a2 + [Vupr=2) < M,
QNsupp(6)

N.(p—a)
N.—p

N.(p—c)

N there exists C' only depending on (A0, M, «,r,s)

then, for all 0 <r < and all 0 < s <

such that
/ ([6ul” + |V (8u)[*) < C.
Q

Proof of Corollary 3.3.1.
By Proposition 3.3.1, we have C; only depending on (A, #) such that, for all k£ > 1,

/ IV (T(0u)|P < C1 + C1E® + CLME® < (2 + Cy M)k,
Q
The corollary is then an easy consequence of Lemmas 3.5.2 and 3.5.1. &

3.3.2 Proof of the local estimates

We first prove, thanks to a bootstrap technique based on Corollary 3.3.1, local estimates in W4 for all
q < p and then, using these estimates for ¢ close enough to p, we deduce Theorem 3.1.2.

Proposition 3.3.2 Suppose Hypotheses (3.1.2)—(8.1.7). Ife >0, F = K+ B(0,¢) and 1 < q < p, then
there exists C only depending on (A, K, e,q) such that, if u is a solution to (3.1.8),

a <C.
||U||L%*;15(Q\F) +|ullwr.a\r) < C

Proof of Proposition 3.3.2
The proof is based on an induction reasoning, which uses the following sequence: «; = 1 and, for n > 2,

Ni(p—om—1) (Ns —p)an—1> .

3.3.11
N, —p " N, — Qp—1 ( )

oy, = mnax <§ —
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Step 1: study of (an)n>1-
Let us prove by induction that (a,)n>1 is a decreasing sequence of numbers in ]0,1]. Indeed, suppose
that, for n > 2, a,—1 €]0, 1]; then ]\r*j\fiojf,l €]0,1[ (because p > 1 > a,,—1), so that % €10, ap—1];

—Qn—1
moreover, by definition of p,

N* - G&n— N*_l N* - Gn— N* n—1 "
(p—on-1) _ ( o Nelp—ona)  Neowa—p_ -~ (1= ap )2
N, —p Ni—p N.—p N.—p N.—p

. (3.3.12)

and this last quantity belongs to | — 0o, ap,—1] (because 1 — a1 > 0); thus, «,, belongs to |0, ap—1].
Denote oo € [0, 1] the limit of the decreasing sequence (cw,)n>1. By passing to the limit n — oo in
(3.3.11) (the right-hand side of this equality is a continuous function of a,,—; on [0, 1]), we obtain

Ni(p — o) (Nu —p)aioo
N.—p > Ny—as /

s = INax <ﬁ -

%ﬁ;ﬁ), because this would lead (thanks to the computations of (3.3.12)
applied to aeo instead of a,—1) 10 Qo < oo — (1 — aoo)%ﬂ), which is impossible since ay < a1 = 1.
Thus, we have ay = N]f*_;’; Qs and, since NJY*_;’; €]0, 1], this shows that s = 0. Thus, the sequence
(0tn)n>1 tends to 0 as n — oo.

This maximum cannot be p —

We conclude this step by proving that, for all n > 2,

N.(p — _ N.(p — _
7oy < Nelpmann) g, < NPT

3.3.13
N,—p - Ni—oan1 ( )
The first inequality of (3.3.13) is an immediate consequence of the definition of a,,. To obtain the second

. . . (Nx—p)on_1 . . . Nip—an_1p—Nian—_14+pon—1 _ Ni(p—on—_1)
inequality, we write a,, > Nea o which implies p — a,, < S — = =N e

Step 2: a set of functions satisfying (3.3.1).

Let ¢ : R — RT be defined by ¢(s) = exp(—1) if s < 1 and ¢(s) = 0 if s > 1; for all m > 0,
©™ € C*(R;R™) and, for all m €]0, 1], there exists @Q,, such that |¢’| < Q™ on RT (indeed, this
inequality is satisfied on [1, 00[ where ¢’ = 0 and, on [0, 1], we have |¢'[p™™ = ﬁ exp(—1=2), which
is bounded since 1 —m > 0).

If e € RY and > 0, we define 0, ,(z) = ¢ (|r;25\2). For all m >0, 0", = o™ (";5‘2) is in C°(RV; R*)

by composition. Moreover, if m €]0, 1], we have, on B(e,n),

2| - —¢] |- —ef? 2 |- —e]? 2Qm
V0, = |¢w( < 2Q.0m _ Wy
" 7?2 7?2 n n? n o

Since this inequality is also satisfied outside B(e,n) (because V., = 0 outside this ball), we deduce that
[VOe,n| < 277_1Qm9;’fn on RV,
0., being null outside B(e,n), we conclude that, if B(e,n) N K = (), then 6, ,, satisfies (3.3.1).

Step 3: the bootstrap.
Let e € Q\K and 0 < 7 < dist(e, K). Define n,, = 7 + 5%.

In this step, we want to prove by induction that, for all n > 1, for all 0 < r < M:‘;‘)“ and all

N
0<s< %ﬁ, there exists C, , s only depending on (A, e, n,n,r,s) such that

t/ (lul” + [Val*) < Core.
QNB(e,nn)
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The case n = 1 is an immediate consequence of Theorem 3.1.1, since a7 =1
Take now n > 2 and suppose that, for all 0 < rg < N*(pio‘;l) and all 0 < sg < M there exists

—Qpn

Chn—1,ro,s, only depending on (A, e,n,n — 1,70, So) such that

/ ("™ + 1V41") < Co g
QN B(ein-1)

Let 0 < r < ]S,piz") and 0 < 5 < M;:‘), we can find v €]ay, 1], only depending on (n,r,s), such
that r < Mﬂj) and s < w Let 1o =p — v and sgp = p — v; by (3.3.13), since v > «,,, we have
0<rg< Nelbman-1) 5n40 < 59 < M thus, for Cp,_1 1.5, as above,

Ny,—p Qp—1

/ ([P~ + [Vul~) = / (JufP~ + [VuP™) < Coiro.mo
QNB(e,Nn—1) QNB(e,nn-1)

notice that meas(Q2 N (B(e, Np_1 . Since r < M and s < & p V) , Corollary 3.3.1 applied
P

toa=+vand § =6,.,, , (the support of which is included in B(e, nn_l)) glveb then C; only depending
on (A, 0cp, 1,Cn1,rg,50:7:7,8), 1.e. only depending on (A, e,n,n,r,s), such that

/Q (10em,ul” + [V(Oen, u)l") < C1,

Since ey, _, > C2 > 0 on B(e, 1), where Cy only depends on (n,n), we deduce that

C
/ ul” < = (3.3.14)
QNB(emn) &
and that
1
[oowi < g [ eVl
QNB(e,nn) Cs QNB(e,nn)
1
< = 2S|v(98,nnf1u)|s+2S|uvae,nn71|s
CQ QNB(e,nn)
<

28 2°[[IVOe,n, 1150
G wUED [y,
02 02 QNB(e,nn)

N*(;D an) > N*(p an)

Since , we can always suppose that r > s, and we obtain thus

—p Ny—an
250, 2°|[IV0e,y | |70
[ v s B e [ g
QNB(e,nn) 3 3 QNB(e,nn)
25C;  2°([ Ve, | ||SLoo(]RN) Cl
Q) + . 3.3.15
= G + 3 meas(Q) + CT ( )

(3.3.14) and (3.3.15) conclude the induction.

Step 4: conclusion.
Let g € [1,p[; we have then ]\],\i*q < N*p

that N*q < N*](\Z,) ap"O) and ¢ < 7]\7(*’) ;:DO)'
Take e 6 Q\F; we notice that ¢ < dist(e, K). By Step 3, there exists thus C(e) only depending on

(A, e, e, no, ]\J,\;—*_qq,q)7 i.e. on (A, e, e, q), such that

[N C
QNB(e,5)

. Since a,, — 0, there exists ng > 1 only depending on ¢ such

ﬁ—zqqﬂvmq) S/Q s )(|u|zéi—‘f‘q+|vu|q) < C(e). (3.3.16)
NB(e,5 =

270
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Since Q\F is a compact subset of RY which is covered by (B(e, £/2))eeca\r (the points of I(Q\F) are in
the union of these balls because the radius is fixed), we can find (eq,...,e;) € Q\F — only depending
on (F,¢), i.e. on (K,&) — such that Q\F C U!_, B(e;,&/2). Writing (3.3.16) for e, ...,e; and summing
these inequalities, we find
G
Q\F

We can now prove the local estimates theorem.

Proof of Theorem 3.1.2.

Let 1) € C2°(RY) be such that ¢ = 1 on a neighborhood of K + B(0, £) and ¢ = 0 outside K + B(0, §)
(the choice of ¢ only depends on (K, ¢)). We take 6 = [1 — 9|, with ( = max(2, ;27), and notice that 0,
9P~—! and 6P are C* on R (they all can be written as |1 —¢|" with [ > 1, and, if I > 1, s — |s|' is C! on
R). Moreover, # = 0 on a neighborhood of K. Thus, using 8Pu as a test function in (3.1.8), we obtain

l
T Vul) <30 Cfe),
i=1

which is the desired estimate. B

A0Pullyrry = (070w @) wir @
= /a(x,u,Vu)-V(Hpu)—i-/@(x,u)-V(@pu)
Q Q
= /Gpa(x,u,Vu)-Vu+/ua(a:,u,Vu)V(Gp)
Q Q
—|—/ GpiI’(x,u)-Vu—|—/u¢’(x,u)-V(0p)
Q Q
>

y/ |0vu|p—/ 9?@—/ 67(1 + [uP~)|Vu|
Q Q Q\(K+B(0,%))

_ / lul (b + BlufP~ + BIVulP~ + g + gluP~1) [V(67)] (3.3.17)
AKAB(©.5))

(notice that V(67) and 6 are null on K + B(0, £)).
Since 4771 is C', we have

||9p1,(,||W01,p(Q) = ||0P—10U||W01,p(9) S 01||0u||W01p(Q)

where C only depends on 0771, i.e. on (K,¢).
Take ¢ > 0 and write g = g1 + g2 with g1 € L*°(f2) and ¢2 € L%(Q) such that Hgg||LNT*1(Q) < § (the

choice of such a decomposition only depends on §). Since 6, g; and V(6P) are bounded on €2, we deduce
from (3.3.17), by Young’s inequality (and using the fact that p > p, which implies |u|P < 1+ |u|P),

ClA| |0u||W01,p(Q)

V/ |0V ulP — Co —/ g2|0ulP~ oV
Q O\(K+B(0,%))

~Ca [ (glVul el Va4 gl [l (Tl ]+ glul?)
O\(K+B(0,3

%/ |9vu|P—03—03/g§'|0u|P
Q Q

—03/ B (g1 Vul + [P~ [Vl + [ul? + [V~ u] + glul?) (3.3.18)
Q\(K+B(0,4))

Y

v

where Cy, C3 only depend on (K, e,d) — recall that g; only depends on § and that 6 only depends on
(K, e).
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. . . e : : N
Since, by the simplified Young’s inequality with P

> 1, we have

g|Vu| < g% + |V’LL N*JX—;-H and g|u|p < g% + |’LL MN+;il ,

we obtain, from (3.3.18), Cy only depending on (A, K, ¢,6) such that
[ vear
Q
2?/ OV ul? + 2P/ B
Q Q

CallBullyy ey + Ci-+ Ca | o up
Q

+O4/ . (|Vu
OQ\(K+B(0,%))

(we have used the fact that V6 is bounded on © and null on K + B(0, £), and we have bounded |u|? by
1+ JufP).
Let ¢ €] max(p — 1,1),p[. By the simplified Young’s inequality (w1th ; > 1 and ¢), we have

IN

IN

N 4 Ju| Mot o [uf? 4 [VulP )+ |u|p_1|Vu|) (3.3.19)

IVulP~Yu| < |Vul? + o757 and  |ulP" V| < o T 4 [Vl (3.3.20)

N,

Moreover, by Holder’s inequality (with p*) and the Sobolev injections,

/gé’ 0ul” < lgal” v, 10ull” oy < G| V(O[]0 0 (3.3.21)
Q Lr-1(Q) LN«=? (Q)

Setting § > 0 such that 1 — & — C56” > 0 and writing CallOullyyrr gy < - Ch cr + SV (0u))| 170 ()
(3.3.21) and (3.3.20) injected in (3.3.19) give us Cs only depending on (A, K, ) Such that, for all ¢ €
] max(p - ]-7 1)7p[7

[V (Ou)|”
Q
= Nuxp q a(p—1) N
< Cs+ C’G/ (|u|p + u| M= HT 4 |u et A |u| T 4 [V Mot 4 |Vu|q)3.3.22)
Q\(K+B(0,3%))
We notice that p < M < that + < XL and that == < p (this last inequality
N p’ +1 N.—p +1

comes down to (p — N )(p -1) <0, Wthh s true since p €]1, N,|). Moreover, as ¢ — p, we have

_qa N Nop  alp=1) N. p N*q N.p
o r< 35 Y o< 75 and gL — 5. We can t?usl)ﬁnd g €]max(p — 1,1),p]
N N.p N.q N, N*q a(p
such that p < - q, e e s S p+1 < 3L and i S . Applying then

Proposition 3.3.2 to this ¢ (and with £/3 instead of 5) we find C7 only depending on (A K, ¢) such that

o (P e ) < a (1)
Q\(K+B(0,5)) \(K+T0.5)

4dmeas(Q) + 4Cx,

IN

and

/ (Ivul e ) < / (14 2/Vul?) < meas(Q) + 2C.
O\(K+B(0,£)) Q\(K+B(0,5))
Returning to (3.3.22), we obtain

/ [V (0u)|P < Cs 4+ Cg(bmeas(Q) 4+ 6C7) := Cy
)
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with Cs only depending on (A, K, ¢), that is to say ||9u||W01,p(Q) < Cé/p. By the Sobolev injection, we

get [|0ul] o+ (o) < C’gCé/p. Since § = 1 on the open set Q\(K + B(0,¢)), these last two estimates give the
result of the theorem. W

3.4 Existence and regularity result for an equation with measure
data

We can now prove Theorem 3.1.3. In fact, thanks to the previous estimates and to the technique of [12],
the proof is very simple.

Proof of Theorem 3.1.3

We can find (1, )n>1 € W12 () N M(Q) converging to p in M(£2) weak-+ and such that, for all € > 0,
supp(un) C supp(u) + B(0,¢) for n large enough (in fact, most of the classical ways to approximate p by
regular data — for example through a convolution method, or by discretizing p on a grid — satisfy this
property on the supports of the approximations). Take u,, a solution to (3.1.8) with u,, instead of u.
Since (n)n>1 converges in M(€2) weak-x, it is bounded in this space; thus, by Theorem 3.1.1,

(tn)n>1 is bounded in W, 4(Q) for all ¢ < N]*V(*p:ll) (3.4.1)
(notice that, by choice of p > 2 — N%, we have % > 1). Moreover, for all ¢ > 0, denoting

K = supp(u) + B(0,£/2), we have supp(u,) C K for n large enough; by Theorem 3.1.2, (un)n>1 is
thus bounded in LP" (Q\(K + B(0,£/2)) and in WP(Q\(K + B(0,¢/2)); since K 4+ B(0,¢/2) C F. :=
supp(u) + B(0,¢), this implies that

(tn)n>1 is bounded in LP"(Q\F.) and in WP(Q\F.) for all & > 0. (3.4.2)

By (3.4.1), (3.4.2), a diagonal process and Rellich’s theorem, we can extract a sequence of (uy)n>1, still

Nele=D) and, for all € > 0,

denoted (un)n>1, such that u, — u a.e. on , weakly in Wol’q(ﬂ) for all ¢ <
weakly in LP" (Q\F;) and in WHP(Q\F.).

Using then the technique of [12], we can prove that Vu, — Vu a.e. on Q (there is no ® in [12], but the
technique to prove the a.e. convergence of the gradients works fine even with this additional term). This

allows to pass to the limit in the equation satisfied by wu,, and to see that u is a solution to (3.1.9). W

Ifp<2- Ni (in this case, N, = N), it is well-known that a solution to (3.1.1) with p measure is not to
be sought in a Sobolev space (one can notice that, in this case, Theorem 3.1.1 does not give an estimate
in a Sobolev space). To solve this problem, two main notions of solutions have been introduced: entropy
solutions (see [4]) or renormalized solutions (see [28]).

For each of these notions, the existence of a solution is proved thanks to an approximation method;
thus, Theorem 3.1.2 also allows to obtain entropy or renormalized solutions with better local regularity
results than usual. For example, under Hypotheses (3.1.2)—(3.1.6), if u € L'(Q) and f € W17 (Q),
the technique of [4], associated to Estimate (3.2.13) and to Theorem 3.1.2, allows to prove the existence
of a solution to (3.1.1) in the sense:

u : £ — R is a measurable function,
Yk >0, Ti(u) € Wy P(Q),
Ve > 0, denoting F. = supp(p) + B(0,¢), u € LP (Q\F.) "W P(Q\F.),
[ a0 V(@@= ) + [ @) V- 0) = [ i)
Q Q Q
+<f7 Tk(u - ‘P)>W—1,p/(Q),W01vP(Q) , Vo € Wol’p(Q) N LOO(Q)-

(3.4.3)
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3.5 Appendix

The first lemma is a well-known result concerning the integrability properties of functions in Marcinkiewicz
spaces.

Lemma 3.5.1 Let v : Q — R be a measurable function and r > 0. Suppose that there exists M such
that, for all k > 1, meas({|v| > k}) < Mk™"; then, for all s €]0,r[, there exists C' only depending on

(Q, M,r,s) such that
/ [v]® < C.
Q

Proof of Lemma 3.5.1
We know (this is a simple application of the Fubini-Tonelli theorem) that

/QW - /OOO meas({[v]* > t}) dt.

Bounding meas({|v|* > t}) by meas(Q) ift < 1 and by Mt~"/*ift > 1 (because {|v|* > t} = {|v| > t'/°}),
and using the fact that -~ > 1, we find

/ |v]* < meas(£2) + M/ t7"/% dt = meas() +
Q 1

1
which concludes the proof. B

The following result is a very simple generalization of a lemma in [4].

Lemma 3.5.2 Let o €]0,p[ and v € Wol’p(Q). If there exists M such that, for all k > 1,

/ V(TP < Mi®,
Q

then there exists C only depending on (0, p, Ni, M) such that, for all k > 0,

N @) Ny (p—o)

M52 and meas({|Vo] > k)) < Ok~ TR

meas({|v] > k}) < Ck~

Proof of Lemma 3.5.2.
Let k£ > 1. Thanks to the Sobolev injection, we can find C; only depending on (£2, p, N.) such that

1Z5(0)ll Lo (0 < CLIlIV (Te(0))] [|Lr0) < CLM7 k7.

Since meas({|v| > k}) = meas({|Tx(v)| > k}) < k7 we deduce that

Tk (U)| |ip* (Q)’

meas({|v| > k}) < Cf*M§k*p*kp*Ta,

N.(p—c)

N If £ < 1, we simply write

which concludes the first estimate for k& > 1, since p*(1 — £) =
Ni«(p—o)

meas({|v] > k}) < meas(2) < meas(Q)k~ N—p .
Let k£ > 1 and take A > 1. We have

{IVol = B} C{[Vo[ =k, o] 2 AL U{[Vo] 2k, o] <A} C{|o] 2 A} U{IV(TA(v)] = Kk} U A,
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where meas(A) = 0 (because V(T\(v)) = 1{jyj<a} Vv a.e. on Q). Thus, using the first estimate and the
hypothesis of the lemma,

(p—o) Nx(p—c)

meas({|Vv| > k}) < CoA™ Eee —|—k’p/ [V(TA(v))|P < CoA™ "N=p + MAYK™P (3.5.1)
Q

where C5 only depends on (2, p, N, M).
Choose now A = kﬁ, where p; = %__po‘) (this choice comes down to taking A = k” for some 3 such
that the powers of k in the right-hand side of (3.5.1) are the same; this also comes down — up to a
multiplicative constant — to minimizing the right-hand side of (3.5.1) on \). We have A > 1 and

Ni(p—a) _ _PP1_ (p— P __pp1
AN =k PmiFte  and AN*kTP =k (p Pl*‘*) =k pite,

Since p’l”j:a =N (p’i]\;*)gf;(‘;‘\;*ip) = va(*p:s)’ (3.5.1) concludei t(he s;econd inequality if £ > 1; for k < 1, we
*(P—

simply bound meas({|Vv| > k}) by meas(2) < meas(Q)k™ N-= . &
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Partie 111

Schémas volumes finis pour
équations elliptiques
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Chapitre 4

Finite volume methods for
convection-diffusion equations with

right-hand side in H !

Reference: J. Droniou and T. Gallouét. M2AN Math. Model. Numer. Anal. 36 (2002),
no. 4, 705-724.

Abstract We prove the convergence of a finite volume method for a noncoercive linear elliptic problem,
with right-hand side in the dual space of the natural energy space of the problem.

4.1 Introduction

We take €2 a polygonal open subset of R? (d = 2 or 3), and we study the problem

—Au+div(vu) + bu=L in Q,

{ u=20 on 0f2 (4.1.1)
with the following hypotheses on the datas:
Jp > d such that v € (LP(Q2))?,
be L"(Q) withr >1ifd=2andr=2ifd=3, b>0a.e. onQ, (4.1.2)
L e H Q).
Of course, solutions to (4.1.1) are taken in a weak sense, that is to say
u € HE(Q

(4.1.3)

/Vu W) /uv'v@+4bu@:<La§0>H*1(Q),H§(Q)7 Vi € Hg(S).

Existence and uniqueness of a solution to (4.1.3) have already been proved in [31] (see also [32] for
nonlinear problems).

Our purpose is to prove the convergence of a finite volume discretization of (4.1.1). Finite volume methods
have been widely used to approximate solutions to convection-diffusion equations, either using structured
or unstructured grids (see for example [27], [48], [38], [39], [45]). The grids we consider here are the same
as in [38], that is to say grids made of convex polygonal control volumes with some geometrical properties
(see the next section).
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There are two main originalities in the work we present here. First, we consider elliptic problems which
are not necessarily coercive, because it is not supposed that %div(v) + b is nonnegative. Moreover, the
regularity we have taken on the velocity v is minimal (that is, just enough for (4.1.3) to make sense —
in previous papers on the finite volume discretization of convection-diffusion equations, the convection
velocity is in general C'-continuous, see e.g. [38] or [48]); considering a non-regular convection velocity
is a first step toward the treatment of coupled systems, in which v comes from the resolution of another
partial differential equation.

The second originality concerns the right-hand side: here too, we consider a datum with minimal reg-
ularity (that is, in the dual space of the energy space associated to the equation — previous papers
take in general a right-hand side in L?(Q)); in fact, H~1(2) is a natural space for right-hand sides of
convection-diffusion equations.

In the next section, we define the finite volume scheme used to discretize (4.1.1), and we state the main
convergence result of this paper; since we consider data v and L which lack of regularity (with respect to
previous works), we present a new way to discretize them, using what we call “half-diamonds”. We also
give, in this section, technical results useful to the rest of the paper. In Section 4.3, we prove a priori
estimates on the solutions to our finite volume discretization of (4.1.1); the problem being noncoercive,
obtaining estimates on these solutions is not straightforward: we must adapt the techniques of [31] to the
discrete setting. Along with the compactness results of [38], these a priori estimates allow us, in Section
4.4, to prove our main result, that is to say existence and uniqueness of the approximate solutions and
their convergence toward the solution of (4.1.3); to prove the convergence result with our irregular data,
we approximate them by regular data and adapt then known techniques (see [38], for example). In the
last section, we present a modified scheme which consists in discretizing the data v and L using another
method (based on the “full-diamonds”); comparing this scheme to the one of Section 4.2, we easily obtain
the convergence of the associated approximate solutions.

4.2 Definition of the scheme and main result

Definition 4.2.1 An admissible mesh T of Q is a finite family of polygonal open convex subsets of §2 (the
“control volumes”), together with a finite family £ of disjoint subsets of ) contained in affine hyperplanes
(the “edges”) and a family P = (xx)ke1 of points in Q such that

Z) ﬁ = UKeT F;
it) each o € £ is a non-empty open subset of K for some K € T,
iii) by denoting Ex = {oc € E |0 COK}, OK = Uyeg, 0 for all K € T,

i) for all K # L in T, either the (d — 1)-dimensional measure of KN L is null, or KNL =& for some
o € &, that we denote then o = K|L,

v) forall KeT, zx € K,
vi) for all o = K|L € &, the line (xk,xr) intersects and is orthogonal to o,

vii) for allo € £, o C INNOK, the line which is orthogonal to o and going through x i intersects o.

The size of the mesh is then defined by size(7) = sup g7 diam(K) (where diam(K) is the diameter of
K). We denote by meas(K) the Lebesgue measure of K € 7. The unit normal to o € Ex outward to K
is denoted by ng .

We define &y = {0 € €| 0 ¢ IN} and Eext = E\Eint. If 0 € €, m(0) is the (d — 1)-dimensional measure
of 0; if 0 = K|L € &g, dy is the Euclidean distance between the points (xx,zr) and dg,, denotes
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the distance between zx and o; if 0 € et N €k, dy = dk» is the distance between zx and o. The

transmissivity through an edge o is 7, = %:). We denote by v the (d — 1)-dimensional measure on the
edges of the mesh.

If K € T and 0 € &k, the “half-diamond” Ak, is defined by Ak » = {tex +(1—t)z, t € [0,1], z € o}.
It will be useful to notice that meas(Ak ) = m@)dr.o

The following quantity measures the “regularity” of the mesh:

reg(7) = inf ( inf dK’U>.

KeT \o€e€ék o

If 7 is an admissible mesh, and under Hypothesis (4.1.2), we can define the finite volume discretization
of (4.1.1).
We first write

L= f+div(G), with fec L?(Q) and G € (L?(22))%.
It is well-known that any element of H~1(£2) can be written this way; in fact, in models of physical
problems, the right-hand side naturally appears in this form, see e.g. [44], and there is thus no trouble
to define the following scheme (this is also why we have kept f, which can be taken, from a theoretical
point of view, null).
The finite volume discretization consists in integrating the equation —Awu + div(vu) + bu = f + div(G)
on a control volume K: with some integrates by parts, we formally obtain

Z—/Vu-nK7gd7—|—Z/uv-nK)gdw—&—/bu:/f—l—Z G -ng . dy.
oE€EK 4 o€l V7 " K T

By letting ux be an approximate value of u on the control volume K, we must then discretize each term
of this relation. To this aim, we denote, for K € 7 and ¢ € &k,

1 1
o= — nge, bx=— [ b,
UK, (meaS(AK,U) /AK,U V) K, K meas(K) /K

) 1
TK = eas(R) /Kf and - Greo = <W /Am G> o

(these are, respectively, approximate values of v-ng , on o, of bon K, of f on K and of G-ng , on o),
and the finite volume scheme is written

VK € T, Z Fr o+ Z m(0)Vk, o UK o+ + meas(K)bgxux = meas(K) fx + Z m(0)Gk,, (4.2.2)

oc€lK c€lK ocelk

(4.2.1)

VK € T Yo € &k, Fro=—T"(u, — ug), (4.2.3)

Yo = KlL € &t , FK,U + m(a)vK,guKﬁ,Jr - m(O')GK)U
= —(Fr,o + m(0)vr,0Ur,o+ —m(0)GL0) (4.2.4)

Vo € Eoxt us =0,
Vo =K|L € &nt, uko+ =ur if vgo >0, ukoeq =ur otherwise,

4.2.5
Vo € Ext NEK UKo+ = Uk if VKo >0, uUgs4+ =0 otherwise. ( )

Equations (4.2.2)—(4.2.5) are a linear system in (ug)rxer and (us)sce, but thanks to (4.2.4) (which
describes the conservativity of the fluxes), we can eliminate the unknowns (u,)secg, so that (4.2.2)—
(4.2.5) can be considered as a linear system of size Card(7), with unknowns (ux)xe7-

We naturally identify the set R°4(7) to the set X (7)) of functions defined a.e. on € and constant on
each control volume K € 7.

Our main result is the following.
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Theorem 4.2.1 If T is an admissible mesh, then there exists a unique solution to (4.2.2)—(4.2.5).
Moreover, let a > 0; denoting by ur € X(7T) the solution to (4.2.2)—(4.2.5), ur converges in L1(2),
for all ¢ < 75, to the unique solution of (4.1.3), as size(T) — 0 with reg(7) > a.

Remark 4.2.1 We will not use, to prove this theorem, the existence of a solution to (4.1.3). The finite
volume method allows, as usual, to prove the existence of a solution to the continuous problem.

Remark 4.2.2 In dimension d = 2, the regularity we suppose on v is minimal in order for all the terms
in (4.1.3) to make sense (see the Sobolev imbeddings in [1]). But, if d = 3, the minimal regqularity on the
convection velocity would be: v € (L3(Q))3; in fact, cutting v in two parts (one small in (L3(Q))3, the
other in (L*°(Q))3 — see [31] for the reasoning in the continuous case), we could also prove Theorem
4.2.1 under this minimal hypothesis on v. However, for the legibility of the following proofs, we prefer to
suppose Hypothesis (4.1.2).

4.2.1 Technical results

To prove this existence, uniqueness and convergence result, we first search for a priori estimates on the
solutions to (4.2.2)—(4.2.5). These estimates are obtained via the following discrete H} norm.

Definition 4.2.2 If T is an admissible mesh and vr = (vi)xer € X(T), we define

1/2
llor|lhr = (Z TU(DUUT)2> ,

c€el
where Dyvr = |vg —op| if 0 = K|L € &y and Dyvy = |vk| if 0 € Eext N Ek

Notice that this norm takes into account a boundary condition “vzr = 0 on 02”7, since we have defined
D,vr = |vk| if o C 99 (this comes down to consider that functions of X (7) are defined on RY and are
null outside ).

The following proposition sums up a few useful properties of the norm || - ||1,7.

Proposition 4.2.1 i) (Discrete Poincaré inequality) If T is an admissible mesh and vy € X(T),
then |[vr||L2() < diam(Q)|jvr|[1,7 (where diam(S2) is the diameter of 2).

it) (Discrete Sobolev inequality) If T is an admissible mesh and 0 < ¢ < reg(T), then there exists C
only depending on (2, ¢) such that, for all g € [1, 2% [, for allvy € X(T), ||vr||ra) < Cqllvr||i7.

iii) (Discrete Rellich Theorem) If (T,)n>1 s a sequence of admissible meshes such that size(7,) — 0
and if vy, € X (Ty) is such that (||vnl|1,7, )n>1 s bounded, then (vy)n>1 is relatively compact in
L3(Q) and any adherence value in L*(Q) of (vn)n>1 belongs to HL(S2).

For a proof of these properties, see [38].

The following discrete integrate by parts formula will be quite useful in the sequel.

Lemma 4.2.1 Let T be an admissible mesh and ur = (uk)kxeT Ssatisfy (4.2.2)—(4.2.5). Then, for all
o1 = (pK)keT € X(T), we have

ZTO' UK _UL) YK — QDL Z meas bKqupK

o€e€ KeT d d
K,o
= > meas(K)fxox + Y m( ( 0. TUL UL, — 0. 'UK,UUKJ,Jr) (px — L) (4.2.6)
KeT d oedg
+) m( ( 52 Gy — LUGLU)(@K oL,
ocef

where we have denoted 0 = K|L if 0 € &y and up, = Ur,o4 = V00 = dro = GrLo = ¢, = 0 if
o€ gext n SK
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Proof of Lemma 4.2.1

We notice that, thanks to (4.2.4), the quantity ax - = Fx o +m(0)vk o UKk, 0.+ —m(0)G K o+ is conservative,
that is to say, if 0 = K|L € &int, then ax o = —ar 0.

Multiplying (4.2.2) by ¢k and summing on the control volumes K € T, we have

Z Z OK,cPK + Z meas(K)bgugpx = Z meas(K) frxpk.
KeT ocfxk KeT KeT
Using the conservativity of ax , and gathering by edges, we deduce
Z ax,-(px — L)+ Z meas(K)bgugpx = Z meas(K) frpx (4.2.7)
oeE KeT KeT

where 0 = K|L if 0 € &g and ¢, = 0if 0 € ey N Ek -
Let us now compute the (ax,o)keT, ceex- If 0 = K|L € Ein, then (4.2.3) and (4.2.4) give u,; indeed,
dividing (4.2.4) by m(o), we have

Uy UK Us ur
- + + VK, cUK, 0,4+ — GK,O’ = - —VUL,cUL,0,+ + GL,O’7
dK,O’ dK7O' dL70' dL70'
that is, noticing that d, = di» + dp 0,
de UK ur
Uy = + T UK UK 0+ +VLoULo+ = GKo = GLo,
dK,O'dL,O' dK,O’ dL70'

which gives

Uy = d:, UK + d;(: ur, + dK’;jL’o
With this value of u,, we obtain
_m(o) <dK’UuL B dK’UuK> B m(o)dr -
dr,o \ do dy ds
+m(0)vK UK o+ — M(0)GK o

(UK,UUK,U,+ + VL,cUL,oc,4+ — GK,U - GL,U) .

aK. o (’UK,O'UK7O',+ + UL,cUL,0c,+ — GK7O' - GL7O')

dx & dr.o
= TO’(U’K - UL) + m(U) < Cli(’ VK, c UK, 0,4+ — 5, UL,UUL,U7+>
dKO’ dL o
_ C Go — 227G ).
m(o)( g, e =G >

Note that this equality is also valid if ¢ € Eqx¢ N Ex, providing that we define uy, = ur o+ = V0,0 =
Gr.o = ¢r = 0 in this case.
Using this expression in (4.2.7), we obtain the desired formula. B

4.3 A Priori Estimates

We prove here some a priori estimates on the solution to (4.2.2)—(4.2.5). As already said, we adapt the
methods of [31] to the discrete setting; however, the estimation of the convection term (the noncoercive
part of the equation) requires new ideas, to take advantage of the upwind choice in (4.2.5).

4.3.1 Estimate on In(1 + |ur|)
Proposition 4.3.1 Let T be an admissible mesh. If (ux)xeT is a solution to (4.2.2)—(4.2.5), then

2
(1 + fur IR 7 < 201l + 2 (1G] 22 + v [122(9)

where | X| denotes the Euclidean norm of a vector X € R%,
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Proof of Proposition 4.3.1

Step 1 A preliminary estimate.

Let ¢(s fo (1+|t\ . Applying Formula (4.2.6) to (¢ )rxer = (p(uk))KeT, and since ¢ is bounded by
1 and bKquo(uK) > 0 for all K € T, we have

Y Tolur —ur)(p(ur) = plur))

oe&
_dio
< X mens(B)lfil + 3 mio) (B ~ B uacns ) (plur) = olun)
KeT ock
dK (7 dL,o
+>_m( Gro— " GLo (plur) —p(ur)) (4.3.1)
o€€ g

(with the notation ¢ = K|L if 0 € &y and up, = Up o+ = V06 = dro = Gro = @(ur) = 0 if
S gext n gK)

We have

> meas(K)lfxl < Y [ 111= 1o (43.2)

KeT KeT

Using the Cauchy-Schwarz inequality, we can write

S (o) (d” o — d—G) (olur) — olur)

gel dg dg

o\ 1/ 1/2
<Zm <dKUGKa _ dg G o_) ) (Z To (@ (UL))2> ) (4.3.3)

ce€ ce€

2
. dK,o dr o dr.o ~2 dr .o 2 ! dr, o dr o
Since (462G — %26, ) <226 29263 (we have used the fact that 25 and %2 are

bounded by 1), gathering by control volumes, we have

> m(o) <dKUGK,g—d£—U L,o) <23 ) m(0)dk,oGi o

oce€ KeT o€k

But, for all K € 7 and all 0 € £k, by Jensen’s inequality and since meas(Ak ) = m@)dis e have
m(0)dk,-G% ,, < d [, |G|*. Using the fact that {Ax,, K € T, 0 € Ex} is (up to a set of null

Lebesgue measure) a partition of 2, we deduce

dic.o dr.»
> m(o) (K G o — —2 GLU) <2d ) Z/ |G|2_2d|||G|||L2 (4.3.4)

oe€ do KeT o€k

¢ being nondecreasing and Lipschitz-continuous with Lipschitz constant 1, we have (o(ux) — @(ur))? <
(ug —ur)(p(ur) —p(ur)); (4.3.3) and (4.3.4) give then

S o <d}<o K — di’:’ GL,U) (p(uk) — w(UL))‘

e

1/2
< V24| |G |lz2(0) (Z To(ug —ur)(p(ug) — QD(UL))> : (4.3.5)

oce&
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Now, we need to estimate the terms of (4.3.1) coming from the discretization of the convection part of
(4.1.1). We first notice that, if o € Eext N €k,

dr» dr o dr,o
( ; VL,oUL,0,+ — ; UK7O'U’K,O'7+) (p(ur) —p(ur)) = — g VK, oUK,o+P(ur) < 0.

Indeed, if vk, > 0, this last term is —dg—"’vK,gqua(uK), which is nonpositive since sp(s) > 0 for all
s € R; if vk » < 0, this last term is null (because ux 5+ = 0 in this case). Thus,

dr, & dr.o
5000 (ot~ B s ) (plur) = olus)

dr o dr o
< 3 o) (Ut ongunn — B vk s ) (plur) ~ ) (13.6)
g€Eint o “

Let 0 = K|L € &, and denote

A dL,o'U u dK,o
= L,o%L,o,+ —
dg o o,+ do

dK,U

dLo
: d B=
an ‘ d

VL,o
o

VK,o| -

vK,guK,a7+) (olux) — pluz)), A=

g
We separate the cases.

e If vi , and vy , are nonnegative, then A = (Auy — Bug)(¢(uk) — ¢(ur)) is, by item i) of Lemma
4.3.1 below, bounded from above by 0 if uguy, < 0 and by |A — Blinf(|ur|, |luk])|e(uk) — @(ur)]|
otherwise.

o If vk, and vy , are negative, then A = (—Aux + Bur)(p(ur) —¢(ur)) = (Bur — Auk ) (p(uk) —
p(ur)) is once again bounded from above by 0 if ugur <0 and by |A — Blinf(Jur|, juk]|)|p(uk) —
o(ur)| otherwise.

o If vk > 0 and vp, < 0, then A = —(A + Blug(p(ux) — ¢(ur)) is, by item ii) of Lemma
4.3.1 below, bounded from above by 0 if ugur <0 and by (A + B)inf(Jur|, |uk|)|e(uk) — e(ur)]
otherwise.

o If vg, < 0and vy, > 0, then A = (A+ Bur(p(ux) — e(ur)) = —(A + B)ur(e(ur) — o(uk))
is, as before, bounded from above by 0 if ugur, <0 and by (A+ B)inf(Juk/|, |[ur])|p(ur) — @(uk)|
otherwise.

In either case, we notice that A < 0 if uguyr < 0 and that A < (A + B)inf(|luk|, |ur])|e(uk) — @(ur)|
otherwise; thus, by denoting A = {0 = K|L € &ing | uxuy > 0}, (4.3.6) gives

dr, » di .o
me)( Ly gy — vK,ouK,g,+) (oluxe) — plur))

ocefl do do
dL,o' dK7O' .
< > mfo) lvr,o| + [v,o| | inf(|lukl, lur])|e(ux) — (uL)|.
dy, d,
occA
Since d;‘—;“ and dga‘“ are bounded by 1, we obtain

dr & di &
me)( Ly gy — vK,ouK,g,+) (oluxe) — plus))

oce€ do dg
J J 1/2 1/2
< (2> mlo)ds ( L2yd v?w) > 1o inf(lukl, fur])?(p(ur) — p(ur))? | (4.3.7)
ceA do do ’ oeA
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Gathering by control volumes, and using Jensen’s inequality, we can write

dL,g ) d dKo 2
Zm(U)d0< 4, et T ) >3 e meas AKa) /AK,U v

ocA KeT o€€xk

. m(o)dk, o
Since meas(A k) =

of Q, we deduce

=dand {Ak,, K €T, o€k} is (up to a set of null Lebesgue measure) a partition

dL,o dK,U
> o)y (%2t + Uk ) < dll M o (135
occA 7 7

For all 0 = K|L € A, since uguy > 0, item iii) of Lemma 4.3.1 gives

inf(Jug|, [ur])®(e(ux) — e(ur))?® < (ug —ur)(p(ur) — p(ur)).

Using this and (4.3.8) in (4.3.7), we finally obtain

dr,o di,o
S (0 (e ongur s — vt ) (olur) = )

ocef

1/2
< V24| vl 2 @) (Z To(ur —ur)(p(ux) — sD(M))) . (4.3.9)

el

Gathering (4.3.2), (4.3.5) and (4.3.9) in (4.3.1), we get

Y Tolux —ur)(w(uk) — o(ur))

oce€
1/2
<l + V24 (1G] 2oy + V] lz2() <Z To(urx —ur)(p(uk) — @(UL))> ;
o€l

which gives, thanks to Young’s inequality,

2
S (s — un)(plure) — (ur)) < 20| fllrce + 2 (1G] oz + 11 1¥] lezy)®. (4:3.10)
o€l

Step 2: Estimate on In(1 4+ |ur]).
We notice that, for all s € R, In(1 + |s[) = [ ngfliflt. Thus, for all (z,y) € R2, by the Cauchy-Schwarz
inequality and since ¢ is nondecreasing,

(In(1 + [z]) = In(1+ [y])* = (/ %ftcllt)

/”” dt
y (L+t)?

Using this bound in (4.3.10), we deduce the desired estimate on In(1 + |ur|). W

IN

lz -yl = |z —yllp(x) — o) = (z — y)(p(z) — p(y)).

It remains to state and prove the following technical result, which has been used in the course of the
preceding proof. This lemma shows the usefulness of the upwind choice in (4.2.5): thanks to the first two
items of the lemma, the upwind choice allows to reduce the estimate on the discrete convection term to
the cases uguy, > 0; these cases are then, thanks to item iii), bounded by the discrete diffusion term.

Lemma 4.3.1 Let ¢(s fo H_‘t')g
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i) Let A and B be nonnegative real numbers and (x,y) € R%. If zy <0, then

(Az — By)(¢(y) — ¢(z)) <0

and, if xzy > 0, then
(Az — By)(p(y) — ¢(z)) < |A— Blinf([z], [y])|e(y) — ()]

ii) Let (z,y) € R%. If 2y <0, then
—y(p(y) —p(2)) <0

and, if zy > 0, then
—y(p(y) — o(z)) < inf(lz], ly)]e(y) — e(@)].

iii) Let (x,y) € R2. If vy > 0, then

inf(|zl, [y)*((y) — (@) < (y = 2)(e(y) — @(@)).

Proof of Lemma 4.3.1

The first two items are only consequences of the nondecreasingness of ¢ and of the fact that sp(s) > 0
for all s € R.

Consider i). Suppose first that zy < 0. Up to a permutation of z and y, there is no loss of generality if
we assume that z <0. If z =0, then (Az — By)(p(y) —¢(z)) = —Byp(y) <0. If £ <0, theny > 0>z
and, A and B being nonnegative, we have By > 0 > Az, thus Az — By < 0; ¢ being nondecreasing, we
deduce that (Az — By)(p(y) — ¢(x)) < 0.

Suppose now that zy > 0. Up to a permutation of 2 and y, we can suppose that |z| < |y|. We have then

(Az — By)(¢(y) — p(z)) = (A = B)a(p(y) — ¢(z)) + B(x — y)(v(y) — p(2)).

¢ being nondecreasing, the second term of the right-hand side of this equality is nonpositive, and we
obtain thus (Az — By)(e(y) — ¢(x)) < (A = B)z(e(y) — ¢(x)) < [A— Bl |z|[e(y) — ¢(z)] as desired.

Let us now study the second item. If xy <0, then either z =0,ory=0,orz <0<yory <0<z In
the first case, —y(¢(y) — p(x)) = —yp(y) < 0; in the second case, —y(p(y) — ¢(z)) = 0; in the third case,
—y < 0 and ¢(y) — ¢(z) > 0 so that the result holds; in the fourth case, —y > 0 but ¢(y) — ¢(z) < 0 and
the result still holds. Assume now that xzy > 0; the result is obvious if |y| = inf(|z], |y|), so that we can
take |y| > |z|; then either 0 < z < y or y < x < 0. In both cases, the nondecreasingness of ¢ easily gives
—y(p(y) — p(x)) <0, and the desired inequality is thus satisfied.

To prove the third item, we notice that, since ¢ is C'-continuous on R, there exists 6 € [z,y] such that
o(y) — o(x) = ¢'(0)(y — x). Using the fact that ¢ is nondecreasing, we obtain

(ol [o)2(e) — @)? < Sl = al o) - ola)

inf (||, ly|)®

But, since z and y have the same sign and 6 € [z,y], we have inf(|z], |y|) < |f], and the result is thus a
consequence of the previous inequality. B
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4.3.2 Estimate on ||ur||1m

Theorem 4.3.1 Let T be an admissible mesh, 0 < { < reg(7) and M be an upper bound of || |v|||»(q)-
There exists C > 0 only depending on (Q,p, M, () such that, if ur is a solution to (4.2.2)—(4.2.5), then

lurllz < CUIfllL2@) + 1G] 2 0)-

Proof of Theorem 4.3.1
(4.2.2)—(4.2.5) being a linear system, proving a bound on uy whenever

[ fllz2) + 1G] |20y < 1 (4.3.11)
is enough to prove the theorem in the general case.

We denote, for k > 0, Tx(s) = max(—k, min(s, k)) and Sk(s) = s — Tk(s).

Step 1: estimate on Sy (ur).

Let k > 0. We use (4.2.6) with ¢ = Sk (uk); since (Sk(ur) — Sk(ur))? < (ux —ur)(Sk(ux) — Sk(ur))
(Sk is nondecreasing and Lipschitz-continuous with 1 as Lipschitz constant) and bxug Si(uk) > 0 (Sk(s)
has the same sign as s), we get

> 7o (Sk(uk) = Si(ur))?

ocel
dr, dy.o
< Z meab fKSk uK + Z ( UL,UUL,07+ _ % UK,UU/K)U,J,_) (Sk(uK) — Sk(uL))

dg dy

KeT e

dKO’ dL o

+ m( Gt =~ 7 GLo ) (S(ur) = Sel(us)). (4.3.12)
oe€ 7

By means of the Cauchy-Schwarz inequality, the discrete Poincaré inequality and (4.3.11), we have

1/2 1/2
Z meas(K) fxSk(ur)| < (Z meas(K)f%) <Z meas(K)(Sk(uK))2>
KeT KeT KeT
< ez @lISk(ur)l|L2(q)
< diam(Q)|[Sk(ur)||1,7- (4.3.13)

The Cauchy-Schwarz inequality, associated to (4.3.4) and (4.3.11), gives

> m(o (dK"GK,g ~log, ) (Sk(uk) = Sk(ur))

o€ d
d d 2\ 1/2 1/2
< <Z m(o (ﬁGK,U 5 2 Gr o> ) <Z 7(0)(Sk(ur) — Sk(ULW)
oe& do 4 oe€&
< V2d||Sk(uz)||1,7 (4.3.14)

We bound now the convection term, beginning with

dr o di &
> m(o) (%UL,UUL,U7+ - vK,guK7g,+> (Sk(ur) — Sk(ur))

1/2
dr.» drc o 2
< <Zm(o)dg< L Ly — — vK,guK7g,+> ) 1Sk (wr)1,7- (4.3.15)

o€ da dg
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Since dk o /d, <1 and dp »/d, < 1, gathering by control volumes and using Holder’s inequality (with
p/2>1 and p/(p — 2)), we find

dL,o dK,o 2
Zm(a)dg — VL,oUL,0+ — VK,o UK, o+
do d,
oel
d di
< ZZ (Lo %0U2L<7++ ] v%(gu%((ﬂ_)
g
oce&
<2 Y Y koot
KeT oe€ék
p—2
p
< (Z S dmmp) (z S (o) e ) s
KeT o€k KeT o€€k

But, by Jensen’s inequality,

m(0)dx.qvi.olP < M/ V[P = d/ lv|P
AK,g AK,U

meas(Ak,o)

so that, since {Ak,,, K € T, 0 € Ex} is (up to a set of null Lebesgue measure) a partition of 2,

oY mlo)drelvrel” < d|[[VI [}, < dMP. (4.3.17)
KeT oe€k

On the other hand,

Z Z 0)dK 0| UK, o + Pr = Z |uK|P 2 Z m(o)d(K, o)

KeT oefx KeT o€k
where
o d(K,0) =dg, if 0 = K|L € &y satisfies vig » > 0 and vg » > 0,
o d(K,0) =dk,o+dre =d, if 0 = K|L € &y satisfies vk > 0 and vy, , < 0,
o d(K,0) =dp, if 0 = K|L € &y satisfies vg,, <0 and vy, <0,
o d(K,0) =0if 0 = K|L € &y satisfies vg » < 0 and vy o >0,
o d(K,0) =dg,, if 0 € Eext N E satisfies vk, > 0,
o d(K,0) =0if 0 € Eext N Ex satisfies vg » < 0.

In either case, we have d(K,0) < d, < dlg", so that

d 2p_
N m o) o|uK.ot|7? < = Z lug |72 > m(o)dk,, < Z||uT||p;22& (4.3.18)
KeT o€t Cier oeEx Lr=2(2)

(we have used ) o m(0)dk , = dmeas(K)).
(4.3.16), (4.3.17) and (4.3.18) together give

dr.o dk.o \/—d
<Zm(o)dg <%UL,(,uL7U)+_ K, vK,guK7g,+> ) A M||uT|| o (4.3.19)

ce€ dg CW
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Since |ur| < k+ |Sk(u7)]|, (4.3.15) entails

dr & dK .o
Z m(o) <%’UL,G'U’L,G',+ — g UK,UUK,U,+) (Sk(uk) — Sk(ur))

< Cikl[Sk(ur)lhr + ClIISk(UT)IIL%(Q)IISk(UT)Ill,T (4.3.20)

where C; only depends on (2, p, M, () (a dependence on € takes into account a dependence on d).
But p > d, so that % < d272. Let ¢ e]%, %[ (the choice of such a ¢ only depends on (d, p)). Since
Sk(ur) = 0 outside Ey, = {x € Q| |ur(z)| > k}, the Holder inequality and the discrete Sobolev inequality

give

p—2 p—

2
||Sk(u7)||L%(Q) < meas(E}) 2 *%||Sk(u7)||Lq(Q) < C’zmeas(Ek)W*%||Sk(u7)||1,7

where Cs only depends on (€, ¢, () (i.e. on (2,p,()). (4.3.20) leads then to

dp.o dK,o
Z m(o) (%UL,UuLJ,Jr - g UK,UUK7U,+> (Sk(ur) — Sk(ur))

p—2_ 1
< C3k||Sk(ur)||1,7 + Cameas(Ey) "= ~7||Sy(ur)||? 1 (4.3.21)
where C3 only depends on (2, p, M, ().

Gathering (4.3.13), (4.3.14) and (4.3.21) in (4.3.12), we obtain

p—2_ 1

1Sk (ur)|3 7 < (diam(Q) + V2d + C3k)||Sk(ur)||1,7 + Csmeas(Ex) 2 ¢ ||Sk(ur)|,.  (4.3.22)
But, by Tchebycheff’s inequality, the discrete Poincaré inequality and Proposition 4.3.1, we have

(L fur ey _ Cy

meas(Ey) = meas({z € Q| In(1 + |ur(z)]) > In(1+k)}) < T S i+ )

where C4 only depends on (2, p, M). Thus, since % — % > 0, we can find k¢ only depending on

(Q,p, M, ) such that C’gmeas(EkO)prfé < 1 and (4.3.22) allows to write

[1Sko (ur)||1,7 < 2(diam(02) + vV2d + Csko) = Cs (4.3.23)
with C5 only depending on (2, p, M, ().
Step 2: estimate on T}, (u7) and conclusion.
With the ko obtained in the previous step, using ¢ = Tk, (ux) in (4.2.6), the fact that (Tk,(ux) —
TkO(uL))z < (uK — uL)(TkO (UK) — T}, (uL)), that bKuKTkO(uK) > 0 and that |Tk0 (UK)| < ko, we find

T (ur)I13

dr,.» dK.o
< k0||f||L1(Q)+Zm(U)< UL — —° UK,UUK,U,+> (Tho (urc) = Tieo (ur))

dy dy
o€l
dK o dL,o
—I—Zm(c;’) d’ GK,U — d—GL,U (TkO(uK) _Tkg(uL))' (4.3.24)

ocef

The Cauchy-Schwarz inequality, (4.3.4) and (4.3.11) lead to

d. dp.
> " m(o) ( L{l‘ Gxo— %Gw) (Tho (wic) — T (ur)) < V2| T, (wr)]|1.7- (4.3.25)
oe& 4 4
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Thanks to the Cauchy-Schwarz inequality and to (4.3.19), we also have

dr.o dK .o
Zm(0)< ; VL, oUL o+ — 5 UK,UUK,U,+) (Thy (urc) — Ty (ur))

IN

Collurll 2, o 1 Tko (ur)ll 7

IN

(Cr+ Callsiunll, e, g ) i)l

52,
(
where Cs and C7 only depend on (£, p, M, () (we have used |ur| < ko + | Sk, (ur)]). Thanks to the
discrete Sobolev inequality (recall that pQ_pQ < dz—_dQ) and to (4.3.23), we deduce that there exists Cg only
depending on (Q,p, M, () such that

dr » dy.o
> mio) (%UL,guL,U,+ - 5 UK,UU/K,G',-F) (Do (urc) — T (ur)) < Cs||Tiy (ur)|l1,7-
ogel i 7

This inequality, injected in (4.3.24) together with (4.3.25), gives ||Tk, (u7)||1,7 < Cy with Cy only de-
pending on (2, p, M, ().

Since ur = Ty, (ur) + Sk (ur), we deduce that ||ur|l1,7 < Cs + Cg, which concludes this proof. m

4.4 Proof of the existence, uniqueness and convergence result

Proof of Theorem 4.2.1

The existence of a unique solution to (4.2.2)—(4.2.5) is an immediate consequence of the estimate of
Theorem 4.3.1: indeed, if f = G = 0, then this theorem shows that any solution to (4.2.2)—(4.2.5) is
null, that is to say that the square matrix defining this linear system is invertible.

Let us now prove the convergence result.

Since the solution to (4.1.3) is unique (see [31]), it is sufficient to prove that, for any sequence of admissible
meshes (7,)n>1 such that size(7,) — 0 and reg(7,) > «, we can extract a subsequence (still denoted
(7n)n>1) such that the solution uz, to (4.2.2)—(4.2.5) (with 7,, instead of 7) converges to the solution
of (4.1.3).

Take such a sequence (7,)p>1. Thanks to Theorem 4.3.1 and to item iii) of Proposition 4.2.1, we see
that, up to a subsequence, we can suppose that uz, — u in L?(), for some u € H}(Q); by the discrete

Sobolev inequality, (u7;, ),>1 is also bounded in L9(Q2) for all ¢ < 2%, so that Vitali’s Theorem gives the

convergence of (uz,)p>1 to u in L4(Q) for all ¢ < d2—_dg-

We are now going to prove that u is a solution to (4.1.3), which is enough, as noticed above, to conclude
the proof of the theorem.

To simplify the notation, we forget the index n.
Of course, it is sufficient to prove that u satisfies the equation of (4.1.3) for all ¢ € C2°(Q2). Take such a
p. Using (4.2.6) with o = ¢(zx), we have

> ro(u —up)(elek) —p(zr)) + Y meas(K)bgxuxp(rk)

ce€ KeT
dr, » dK.o
= 3 meas(R)p(on) + 0 m(o) (0w s~ ok ) (olok) = o)
KeT cEeE 7 7
dK,O’ dL70'
+ 3 m0) (B2 Gro — 2G| (plox) - plan) (4.4.26)
ocef i i
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(with ¢(x1) = 0 whenever o € Eext N Ek).

Step 1: convergence of the diffusion and the lower order terms.
The convergence proof in [38] immediately gives

ZTU(UK—uL)(go(;vK)—go(xL —>/Vu Vo, Zmeas (K)bgugp(xk) — /Qbugo

ocefl KeT (4427)
and Zmeas Vrp(rk —>/f<p

KeT

as size(T) — 0 (in fact, to prove the convergence of ) ., meas(K)bxux@(rx ), we must slightly adapt
the method of [38], since b is constant in this reference).

Step 2: convergence of the term involving G.

Let us study the convergence of »__.m(o) (dgg"’ Gg,o — d;;” GL,U) (p(zr) — p(xr)). We first notice
that, for size(7") small enough, since ¢ has a compact support in €, this sum is reduced to Eiy; we take,
from now on, size(7) satisfying this property.

Fix e > 0 and take H € (C'(Q))* such that |||G — H|||p1) < & let, for K € T and 0 € &k,
HK,U = (* fAK,o H) . I’IK)U.

meas(A ko)
By regularity of ¢ and gathering by control volumes, we write

5 mlo) (%o - 26 ) (plon) - eton)

0€Eint

- m (dK”Hm - dH) (k) —som»‘

o€&int d d
dx o dr.o
< oY dg< us G = Hicol + =27 L |G HL,U|>
G'Gglnt
< G Z Z m(o)dk,o|Gr,oc — Hi ol
KeT o€€x
< Cid) Z/ |G H| < Cyde (4.4.28)
KeT oe€k

where C only depends on .
By regularity of H and ¢, we have

> o) (% i, - L, ) (plax) — (an)

0E€Eint do ) d
dK o
- > H ng, dy — o dy ) (p(zx) —p(zL))
0€Eint
< Gy Z m(o)ds <d§’osize(’f) + d;—’gsize(T)> < Cadmeas(Q)size(T) (4.4.29)
0E€Eint 7 7

where C5 only depends on (H, ¢).
Gathering by control volumes and noticing that nx , = —ny, , whenever o = K|L € &y, we can moreover
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write

di - dr.o
Z < cil( /H.nKlgdW — ; /H-DL,ad7> (p(zx) —(zL))

o0&y
Z o(rK) Z /H-nK,Udv

KeT 0EERNEm: ¥ 9
= Z gp(;vK)/ H - ng o dy.
Ker IK\OQ

Since ¢ = 0 on the control volumes K € 7 such that 0K N 9Q # (), we have in fact

di o dio
> <;< JEETE /H-nmdv) (plare) = pler))

o€Eint
> elex) [ Hencady
OK

KeT
. size(7)—0 .
= Z gp(;vK)/ div(H)  — /gpdlv(H) = —/ H -V, (4.4.30)
KeT K Q@ o

the convergence being a consequence of the regularity of ¢ and H.
We also remark that

/ H -V —/ G- V(p‘ < Cse, (4.4.31)
Q Q

where C'5 only depends on .
Gathering (4.4.28), (4.4.29), (4.4.30) and (4.4.31), we deduce that

5 nlo) (%26 - 26, ) (oliaw) — oo~ (- [ G- V)

oc€E&int

lim sup
size(7)—0

< (Cld + 03)8

for all € > 0 and, since C; and C5 only depend on ¢, this gives

> mo) (d;i” Gro— d;: GL,U) (p(zr) — p(xr)) — — /Q G-V (4.4.32)

oc€E&int
as size(7) — 0.
Step 3: convergence of the convective term.
It remains to study the convergence of the term in (4.4.26) coming from the convection, that is to say
Zoe&m m(o) (dlli‘—(;g/UL7O—UL7o—)+ — d(;{—;"UK7guK,g7+) (p(zk) — p(zr)) (the sum is reduced to &y because

size(7) has been chosen small enough).
Take ¢ > 0 and w € (C*(€))? such that |||[v — w|||z2@) < e. Let, if K € T and 0 € €k, Wk, =
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(m fAK W) - ng .. We have, by regularity of ¢,

dr, & dr.o
5 (o) (2 vn s~ e g ) (9lo) = plon)

o€&int
L,o K,o
- Z m(o) WL,oUL,0+ — W, oUK,o+ | (P(Tr) — p(zL))
ds ds
o€E&int
dL7o' de
< C1 Y m(o)ds VLo —wrel [uL,eq4| + VKo — W0 [UKo+]|
dy dy
0€Eint
< G YY) m0)drolvke — Wil [uK .o+ ]
KeT océk
1/2 1/2
< (z S (o) (v wKJ)Z) (z S (o) uKH))
KeT océx KeT océx

(C1, which only depends on ¢, is the same constant as before). The same way we have obtained (4.3.18),

we can prove that
Z Z 0)dr o (Ug o 1) < C||UT||L2 < (4
KeT oeék

where Cy only depends on (2, p, |[[v||[zr(0),¢) (We use here Theorem 4.3.1 and the discrete Poincaré
. . . . 2 Pl . .
inequality to obtain a bound on uz in L#(£2)). Moreover, by Jensen’s inequality,

3 mlodio v — o < S0 30 I [y = = g <
K,o

KeT o€k KeT o€k

Thus, we have

Uegint
dK,o
— Z p WK,cUK,o,+ (p(zr) — ¢(xL))
Ueglnt 7
< eCy\/Cud (4.4.33)

By regularity of w and ¢, and gathering by control volumes, we find C5 only depending on w and ¢ such
that

dr.o dK o
5 lo) (e wn s - % wK7guK7g,+) (olex) - olar))

o€Eint
dL o
- E W-np o d7 Ur,o,+ —

iy uK,M) (plex) — plar))

o€Eint
dL,U . dK,U .
< G5 Y ml0)dy |~ Zsize(T)|ur,o 4| + = Fsize(T)|uk o,
Uegint 7 7
< Cssize(T Z Z 0)dK o |UK o+
KeT oe€k

Once again we can prove, the same way we have obtained (4.3.18), that

Z Z dKo—|UKU+|<_||UT||L1(Q)7

KeT o€€k
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which is bounded by Cg only depending on (2, p, || [V|||zr(q),¢). Thus we get

dr o dK o
5 (o) (L unsun s - U s ) (plow) - o)

0€Eint

dr.o dK o
-2 (% [weniedvunns - %2 [ v ) w(m—w(m>|

Uegint 7 i
S C5CGSiZ6(T). (4434)
. — _ — _ droUrL,o,+1dK,0UK, 0, + e — =
Denoting by wg,, = fg Wk, dy, Us = 7 and noticing that Wx,, = —Wr,, whenever
o= K|L € &y, we can write

dr,o dK,o
2 (5’ R w-nK,gdvuK,a,+) (plox) = plaw))

o€E&int

= = Y Tl (plax) — plon)).

o€&int

Gathering by control volumes (and since Wk » = —Wr,o if 0 = K|L € &y ), this gives

di,o dK,o
S (% [wonedrunn 4 [ wen o ) (olor) - plon)

0€E&int
= —Z Z WK o lUop(TK)

KeT oce€xgNEint

=30 Y Wi Usp(rk) (4.4.35)

KeT o€€k

(recall that size(7) is small enough so that p(zx) = 0 whenever Eexy N Ex # 0).
The technique is then the same as in [38]: we decompose

Z Z EK,gﬂggo(xK) = Z Z EK)U(EU —uK)go(xK) + Z Z EK,oquO(xK). (4.4.36)

KeT o€k KeT ek KeT ek
Since Y-, ce, Wk,o = [5 div(w), by convergence of uz to u in L?(Q) and by regularity of ¢, we have
Z Z Wi Uk P(TK) = Z chp(a:K)/ div(w) —>/u<pdiv(w) (4.4.37)
KeT o€€k KeT K Q
as size(7) — 0. We also have

SN Tro(to —uk)plak) = > Y (U _UK)/W'HKJSDd'Y

KeT o€k KeT o€k

< Cusize(D)|[[Wlllo@ >, D, m(o)|tis — uxkl.

KeT o€€x

But @, is a convex combinaison of (ug,ur) if 0 = K|L € Eipt, and T, € {0, ur} if 0 € Eext N Ek, s0 that,
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in either case, |G, — ux| < Dyur and

Z Z Uk,o(Ue —ur)p(Tr) — Z Z (Uy —UK)/W-I’IK’UQOd’V

KeT oe€k

KeT o€€x

< Cusize(T)|| Wl llo@y Y. D, m(o)Dour
KeT o€€k

< 2Cisize(T)|| W |l Y m(o) Dour
ogel

1/2
< 2Cusize(T)|| W] o) (Z m(a)do> lur|lh7.
oc€eE

|lur|l1,7 being bounded as size(7) — 0 and ) . m(0)d, being constant (it is dmeas(2)), we deduce

that
) =0.  (4.4.38)

li WK, o(Us — — Uy — . - d
size(l’;r)l—w) <Z Z WK, (u uK)SO(iEK) Z Z (u UK)‘/UW Nk oY ay
KeT oe€k KeT o€k

We have, gathering by edges and since ¢ = 0 on o whenever o € Eext,

Z Z ﬂg/w-nK,(,gpdvz Z Uy </w-nK7ggod7+/W-nL,gg0d7> =0
g g€Eint i 7

KeT oeék
since ng o = —np o if 0 = K|L € Ep. Moreover,
Z Z uK/w-nK7gg0d7: Z uK/ div(pw) —>/udiv(cpw)
o KeT K Q

KeT oe€k
as size(7) — 0. Thus, (4.4.38) implies

>3 ol —wiplan) — - |

udiv(pw)
KeT oeék
as size(7) — 0. Together with (4.4.34), (4.4.35), (4.4.36) and (4.4.37), this gives

dK’”wK,ouK,g,+) (olaxe) — pler))

dL,o
§ m(a) d WL,6UL,0,4 — d
o o
Uegint

— —/ucpdiv(w)+/udiv(4pw) Z/UW-V(p
Q Q Q

(4.4.39)

as size(7T) — 0.
By noticing that

[ v /qu-w] < fullgz@ | v = Wl 2@l [Vl [l < Cre

where C7 only depends on u and ¢, (4.4.33) and (4.4.39) allow to write
dL)g' dK,o
> m(o) 7 VLolLo+ — ~ VKoUK~ | (Plak) —elrn)) = | uv- Ve
o o Q
< (Cl vV Cad + 07)6

0€Eint

lim sup
size(7T)—0
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for all ¢ > 0 and with C7, Cy and C7 not depending on €, that is to say

dr, di &
5 (o) (B vr i s~ B g ) (olow) — plen)) — [uveTo (a0)
o Q

d
0€Eint 7

as size(7T) — 0.

Gathering (4.4.27), (4.4.32) and (4.4.40) in (4.4.26), we see that u satisfies the equation of (4.1.3).

4.5 Another scheme

The scheme of Section 4.2 is based on a discretization of (4.1.1) that brings in approximate values of
J,v-ngsdyand [ G-ng,dybased on the values of v and G on a subset of K (the “half-diamond”).
The choice of such approximate values seems to be quite adapted when there is a link between the mesh
and v or G: for example, if v or G is constant on each side of an hyperplane and if we take meshes such
that each control volume is on one side of this hyperplane.

But when there is no relation between v or G and the mesh, the reasons for using the values of v or G
only on K to approximate fo V- ng s dy or fo G - ng ., dy are not so clear: we could approximate v or
G on ¢ by some quantity v, or G, and then consider m(o)v, - ng,, or m(o)G, - Dk, as a coherent
approximate value of fg V- ng,. dy or fg G -ng , dy. This is what the following scheme does.

Let 7 be an admissible mesh. If 0 = K|L € &, we define the “full-diamond” around o by A, =
Ago UALg; if 0 € Eoxt N Ek, the “full-diamond” around o is simply A, = Ak .. We let then, for
KeT ando €€,

v —;/ v, b —#/b
7 meas(Ag) Jo T T meas(K) Ji

o

szé/f and GU:;/AUG.

meas(K) Jx meas(A,)

The new scheme for (4.1.1) is

VK € T, Z Fr o+ Z m(0)Ve - N sUe 4+ + meas(K)brug
cEEK cefk 4.5.1
= meas(K) i+ Y m(o)Cy ngc (451)

cEEK

VKET,VU=K|LESKQ&M, FK)UZ m;J(UK—uL),

- (4.5.2)
VKET,VJEgngexta FK7‘7_ do UK

Vo =K|L € &nt, Uot =ur if Vo -ngs >0, usy =uy otherwise, (45.3)
Vo € Eext NEK Us+ =ug if Vo -ng,>0, usq =0 otherwise. e

In fact, we can remark that (4.5.1)—(4.5.3) is exactly (4.2.2)—(4.2.5), provided that we define vg , =
Vo - Ngo, Gro = Go - Nk, and let ug o4 = ue 4+ (for all K € 7 and all 0 € £x). Indeed, in this
case, if 0 = K|L € &y, we have vg » = —vr o, so that (4.5.3) is equivalent to (4.2.5) (with the notation
UKo+ = Ug+), a0d Gg o = —GL o, so that (4.2.4) comes down to Fx o = —F1 » (or us = 01if 0 € Eexy)
which, associated to (4.2.3), is equivalent to (4.5.2).

Thus, we easily see that the preceding techniques to obtain a priori estimates on the solutions to (4.2.2)—
(4.2.5) give us estimates on the solutions to (4.5.1)—(4.5.3), which proves the existence and uniqueness
of the solution to this problem. The convergence proof also works as before, and we deduce that, if « > 0
is fixed and u7 denotes the solution to (4.5.1)—(4.5.3), then uyr converges in L4(R), for all ¢ < 227‘2, to
the unique solution of (4.1.3), as size(7) — 0 with reg(7) > a.
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Chapitre 5

Error estimates for the convergence
of a finite volume discretization of
convection-diffusion equations

Reference: J. Droniou. J. Numer. Math. 11 (2003), no. 1, 1-32.

Abstract: we study error estimates for a finite volume discretization of an elliptic equation. We prove
that, for s € [0,1], if the exact solution belongs to H'** and the right-hand side is f + div(G) with
f € L?and G € (H*)V, then the solution of the finite volume scheme converges in discrete H!-norm to
the exact solution, with a rate of convergence of order h® (where h is the size of the mesh).

5.1 Introduction

5.1.1 The problem
Let 2 be a polygonal open subset of RY (N = 2 or 3). We study a finite volume discretization of

{ — AT+ div(va) + bu = f + div(G) in Q, (5.1.1)
u=0 on 02 o
where v € (C(Q))V, b € L*(Q) is nonnegative, f € L3(Q) and G € (H*(Q))N with s € [0,1] (if s = 0,
H°(Q) is to be understood as L?(Q2)).

The solution to (5.1.1) is taken in a weak sense as in [31], that is to say w € Hg () and the partial
differential equation is satisfied in the distributional sense.

Finite volume methods have been widely used to approximate the solutions of convection-diffusion equa-
tions (see e.g. [38], [48], [33]...). The convergence of the approximations is well-known (see e.g. [38]
(Theorem 9.1)) and some error estimates in the H? framework have been obtained in [48] (Theorem 3.2).
These schemes have mainly been considered when the right-hand side of the elliptic equation belongs to
L?*(Q) (i.e. G =01in (5.1.1)); but, recently, [33] has presented a finite volume scheme capable of handling
(5.1.1) with any G € (L*(Q))". The case G € (H'(Q))" being (roughly speaking) the H? framework
studied in [48], it seems natural to hope, via interpolation techniques, for error estimates when G belongs
to intermediate spaces between L?()) and H*(f2) (these estimates are well-known for the finite element
methods, see for example [17] (Theorem 5.1)). We prove here such error estimates, thus filling a gap
between finite volume methods and finite element methods.
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It can be interesting to notice that, in the case N = 2 and for “finite volume element” schemes (which are
somewhat a mixing between the finite element methods and the finite volume methods, and are different
from the ones we present here), some error estimates in the H!** framework have been obtained in [21]
(Theorem 4.1, p. 176), when s €]1/2,1].

We also emphasize on a noticeable feature of (5.1.1): its non-coercivity. It is not supposed that +div(v)+
b > 0, so that the bilinear form associated to (5.1.1) may be non-coercive. However, under the sole
hypotheses stated after (5.1.1), existence and uniqueness of a solution to this equation is known (see [31]
(Theorem 2.1)). The a priori estimates on this equation and its discretization are harder to obtain than
in the coercive case, but the techniques that give such estimates are now well-known (see [31], [33]).

In the following subsection, we present the finite volume scheme used to discretize (5.1.1); this scheme
is in fact a simplified version of the one presented in [33] (simplified because we take into account the
additional regularity we have on v with respect to [33]). In Section 2, we state the main result concerning
estimates on the difference between the approximate solution and the exact solution; notice that we have
to use a different discretization of the exact solution than in [48], because we do not only intend to study
the case when this solution belongs to H2(£2), but also when it belongs to H**(2) for s € [0, 1]; hence we
cannot, in contrary to [48], discretize the solution by taking its values on points. In Section 3, we study
the case when the solution belongs to H!; in this case, the “error estimate” reduces to a bound in O(1).
In Section 4, we prove a O(h) convergence when the exact solution belongs to H?(2) and G belongs to
(H(2))"; note that, since our discretization of the solution is not the same as in [48], we cannot directly
refer to this paper and we must re-make the whole work (moreover, our scheme is different to the one
presented in [48], because of the presence of G); in particular, it appears through this study that the
way we discretize the solution is crucial to obtain good error estimates. In Section 5, we use the results
of Sections 3 and Sections 4 to prove, via interpolation results, the theorem stated in Section 2. Section
6 presents some numerical results, and Section 7 is an appendix which gathers some technical lemmas
useful throughout the paper.

5.1.2 Definition of the scheme

We use meshes of ) similar to the ones presented in [38].

Definition 5.1.1 An admissible mesh T of 2 is a finite family of polygonal open conver subsets of
(the “control volumes”), together with a finite family € of disjoint subsets of 0 consisting in non-empty
open convex subsets of affine hyperplanes (the “edges”) and a family P = (xx)xer of points in Q such
that

i) Q= UKeT K,
it) each o € € is contained in OK for some K € T,
iii) by denoting Ex ={oc €& |0 COK}, OK = Uyegy0 for all K € T,

i) for all K # L in T, either the (N — 1)-dimensional measure of K N L is null, or K N L = & for
some o € &, that we denote then o = K|L,

v) foral K €T, zx € K,
vi) for all o = K|L € &, the line (xx,xr) intersects and is orthogonal to o,
vii) for allo € £, 0 C INNOK, the line which is orthogonal to o and going through x i intersects o.
If K € T, hk denotes the diameter of K; the size of T is hy = supi <7 hx. The unit normal to o € €k
outward to K is denoted by ng ..

We define &y = {0 € £ | o ¢ 9Q} (interior edges) and Eexy = E\Eint. We denote by m the (N — 1)-
dimensional measure on the edges of the mesh so that, if ¢ € £, m(o) is the (N — 1)-dimensional measure
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of 0. If 0 = K|L € &int, do is the Euclidean distance between the points (xx,xr) and di » denotes the
distance between xx and o; if 0 € Eext N €k, dy = di,» is the distance between xx and o.

If K € T and o € &k, the “half-diamond” Ak, is defined by Ak » = {tzx + (1 —¢)x, t €]0,1[, z € o}
(the convex hull of {zx} U o). We notice that | Ax,, | = m(o)dk,o/N (where | - | denotes the Lebesgue
measure in RY).

We also make the following hypotheses on the meshes:

3¢ > 0 such that VK € 7, di,» > (ds , (5.1.2)
Ja > 0 such that VK € T, B(zg,ahg) C K, (5.1.3)
IM > 0 such that VK € T, card(Eg) < M (5.1.4)

(B(z,n) denotes the ball of center z and radius 7).

Hypothesis (5.1.2) is classical when discrete Sobolev inequalities are needed. These inequalities are useful
in a priori estimates on the scheme (to control the convective term of the equation), which appear in
[33] or [32]. Here, we will directly use the results of [32], hence the need for (5.1.2) will not be glaring.
Notice that if v =0 (or v is regular and div(v) > 0), then Hypothesis (5.1.2) can be dropped.

(5.1.3) and (5.1.4) appear in [38] for the same kind of results that we present here (see Remarks 5.3.1
and 5.4.3).

Remark 5.1.1 As an example of admissible meshes, we can take reqular uniform meshes as in Section
5.6, but also triangular meshes (provided that all angles of the triangles are less than w/2 — this can be
relazed, see Example 9.1 in [38]) and most of Voronoi meshes (see Example 9.2 in [38]).

The finite volume discretization is obtained by an integration of —A%w + div(va) + bu = f + div(G) on a
control volume K: with some integrates by parts, we formally obtain

Z /Vu ng ., dm+ Z /uv andm—i—/ bu—/ f+ Z /G ng . dm.
oc€lK c€lK ocelk

To discretize this equation, we define, for K € 7 and o € &k,

vk = (i [ dm(&)) M b= /K b(x) da
1

m(o) Jo

1
fz—/fa:dx and Ggo=|——— G(z)dz | -nk,o,
k=R e () K Brn] Jas. (x) K

which are approximate values of v-ng, and G -ng, on o, and of b and f on K.
Then, letting ux and u, be approximate values of @ on K and o, the finite volume discretization of
(5.1.1) is written

VK € T, Z Frg o+ Z UKUUU++|K|bKuK—|K|fK—|— Z GKG‘) (5.1.5)
c€lK ocelk ocelk
VK € T,VO’ S SK, FK,U = ZLISU) (ug — uK) (5.1.6)
Vo = K|L c gint s FK7[,— — m(O')GK7(,— = _(FL,O' — m(o)GL,g) R (5 1 7)
VUESeXt, Uy =0, o
Vo=KI|L € &n, Uotr =ug if vgo >0, uss =uy otherwise,
o | ¢ + = UK K, 4 =uL w (5.1.8)

Vo € Ext NEK Us+ = Uk if Vke >0, us,4+ =0 otherwise

(Fk,o is of course a discretization of — fg Vu - ng, s dm).
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Remark 5.1.2 (5.1.8) is a classical upwind choice of the discretization of the convection term div(va)
(see [38], p. 766). This choice brings stability to the scheme and allows unconditional a priori estimates
(see [32] (Proposition 8.2, p. 72)); notice however that, since our problem is non-coercive (i.e. div(v) is
not supposed nonnegative), the mazimum principle on the scheme (5.1.5)—(5.1.8) is not known.

The scheme (5.1.5)—(5.1.8) is not exactly the same as in [33], because v has not been discretized the
same way. In fact, in [33], v is less regular, so it must be discretized using mean values on Ak ,, not on
o; to obtain error estimates, we must assume here that v is more regular than in [33], so it seems more
natural (and easier!), since the regularity of v allows it, to consider mean values of v on ¢ rather than
VAV Y

In fact, the unknowns (us)see in (5.1.5)—(5.1.8) can be immediately eliminated thanks to (5.1.7), and
(5.1.5)—(5.1.8) reduces thus to a system with unknowns (ux)xe7, which reads

VK €T, Z md(o) (ug —ur) + Z m(0)vK sUo, 4 + | K|bxug

0€EK cefk

dK,o dr,o 1.
= |K|fx+ m(a)( K o — LGLU) (5.1.9)

dy dy
cEEK
(where c = K|Lifo € Ex N&iny and up, =dp,o = Gro =0if 0 € Ex N Eext) ,

Vo =K|L € &nt, Uot =ur if vke >0, us,4 =ur otherwise, (5.1.10)
Vo € Eext NEK Uo+ =ug if vge >0, us4 =0 otherwise. o

A priori estimates on (5.1.9)—(5.1.10) are then direct consequences of Proposition 3.2, p.72, in [32] (see

(5.3.6) in the proof of Corollary 5.3.1 below). These estimates show that the linear system (5.1.9)—

(5.1.10) is invertible and thus that there exists a unique solution (ux)xe7 to this system.

Remark 5.1.3 In [70], some non-coercive problems are also handled from a numerical point of view.
However, the scheme used (namely a Finite Volume Element scheme) is not a Finite Volume scheme as
the one we present here, and the regularity on the datas (v and the mesh) are quite stronger. Moreover,
in this reference, the existence of a solution to the Finite Volume Element scheme is obtained only for
hr small enough.

5.2 Statement of the main result

The discretization Ty = (Ux ) ke of the exact solution T on an admissible mesh 7 is defined by

VK eT, ug = u(x) de. (5.2.1)

ot ),
|13($Bg(lhkﬂ| B(zk,ahk)

A more natural way to discretize the exact solution would perhaps be to take the mean value of @ on each
cell K. This is not a problem when handling the H! case (see Remark 5.3.1), but such a discretization
would lead to bad constitency errors in the H? case (see Remark 5.4.1).

If 7 is an admissible mesh, we identify the elements (vik)keT € RCard(7) to functions vy defined a.e. on
) and constant on each cell K € 7. We denote by X (7') this space of functions, and it is endowed with
the discrete H!-norm (which is a natural norm when considering Finite Volume discretizations of elliptic
equations):

m(o) v
||v7||1,7=<z y (DaUT)2>

el 7

where D,vr = |vg —vyp| if 0 = K|L € &y and Dyvr = |vk| if 0 € Ex N Eext.
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In the sequel, all the estimates will be made through this norm. Notice that || -||12(q) < diam(Q)|] - [|1,7
on X (7) (see [38] (Lemma 9.1) for a proof of this), so that an estimate in X (7") gives a similar estimate
in L?(Q).

The main result of this paper is the following theorem.

Theorem 5.2.1 We suppose that N = 2 or that ) is convex; we also assume that div(v) € L?(Q). Let
s €0,1] and T be an admissible mesh which satisfies Hypotheses (5.1.2), (5.1.3) and (5.1.4). Then there
exists C only depending on (2, ||V|| (L))~ bl L), ¢ a, M) such that, if G € (H*(Q))N and if the
solution U to (5.1.1) belongs to H1*3(Q), we have

a7 —urlli7 < C ([allm+s ) + 1Glms @) + 1fllz2@) hr®
where Ur = (Ux)xer is defined by (5.2.1) and ur = (uk)kxeT s the solution to (5.1.9)—(5.1.10).

Remark 5.2.1 The hypotheses “N =2 or Q is convez” and “div(v) € L*(Q)” are technical hypotheses
useful to identify interpolation spaces (see the proof of Theorem 5.2.1 and Subsection 5.7.2). In fact,
we believe that these hypotheses are not necessary to compute the interpolation spaces that appear in our
work, but we have found no result in interpolation literature that allows to get rid of them (for example,
to be able to handle non-convex polygonal open sets in dimension 2, we use [2] whose generalization to
N =3 does not seem easy at all).

1t is also to be noticed that these hypotheses are useless if s =1 (see Theorem 5.4.1).

Remark 5.2.2 Notice that, with our hypotheses, ) can be a non-convex polygonal open set of R2, so
that assuming G € (H*(Q))V does not necessarily implies w € H'**(£2).

5.3 The H' framework

Proposition 5.3.1 If7 is an admissible mesh which satisfies Hypotheses (5.1.3) and (5.1.4), there exists
C only depending on (N, o, M) such that |[ur||1,7 < C|[ul| gy (o)

Remark 5.3.1 In [38] (Lemma 9.4), a similar result is proved (also using Hypotheses (5.1.3) and (5.1.4))
with Wy replaced by the mean value of w on K.

Proof of Proposition 5.3.1
Let K € T and o € £x. We have

1 B 1 ~
Bl o] Jperons " ) / u(é) dm(f)’

1 a(z) d 1
e ey u\r)ar — ——
[B(zre; ahi)| B ic.ah) | Ao | Jak.,

u(y) dy

1

+ R
|AK>U| AK,O‘

_ 1 _
) dy = s / a(€) dm(€) (5.3.2)

Since B(zk,ahk) and Ak, are both contained in K which is convex and has diameter hg, Lemma
5.7.1 in the Appendix allows to write

2

1 / _ 1 _
TS Yl u(z) de — —— u(y) dy
|B(xr; ahic)| JB (@i, ahic) RAV 8 VN

Olh%+2 )
|Vu(z)|* dz
|B(3§‘K,O[h[()| | AK,U | co(B(zk,ahk)UAK )

Coh2 B
ﬁ/I(Wu(z)sz
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with C7 and Cs only depending on (N, a). Using this inequality and Lemma 5.7.2 (from the Appendix)
n (5.3.2), we obtain

1 _ 1 C3h2 )
Bm ] oy ™ m<a>/g”(f)dm<5‘ <t [EareE 639)

where C3 only depends on (V, ).

Let 0 € Eext- Since u € H (), (5.3.3) shows that, denoting by K the cell such that o € g, (Dyur)? <

IZ3:,KI [ |Vu(z)? dz. We have | Ak | = m(o)de/N (recall that dg , = do since o € Ecxt); moreover,
by Hypothesis (5.1.3), ahg < dg.» = dy; thus,
NC3h? N
md(") (D,ur)* < CB — K / |VT(x)|? do < CB / | V() |? da. (5.3.4)

Let 0 = K|L € &Einy. We have

D,ur u(x) dxr —

|B(mK7 OZhK)| ~/B(1K,o¢hx)

1 _ 1 _
‘W/g“@ ) ~ (B ] oty "

m(o)

&G dm@‘

and (5.3.3) gives thus

2C3h 2Csh
(D,ur)? < |Ai< |/ \Va(z)|? do +|A3 |/|Vu )% da.

We have | Ak, | = m(o)dk /N and d, > dg ., > ahg (and the same properties with K replaced by
L), so that

™) (D) < 2N ( / V) de + / V(@) da:) (5.3.5)
dy (o7 K L
(5.3.4) and (5.3.5) show that, for all o € &,
md(;’) (Dour)?<Ci Y. ; \Va(z)[? da

KeT | o€k

with Cy only depending on (N, «). Summing these inequalities on o € £, we find

||UT||1T<C4Z Z /|Vu |2dx<C4Z/ |Va(x)|? do card(Exc)

0€E KET | 0€€K KeT
and (5.1.4) concludes the proof of the proposition. B
Corollary 5.3.1 Assume that T is an admissible mesh which satisfies (5.1.2), (5.1.3) and (5.1.4). There
exists C' only depending on (2, ||V|| (L))~ ,(, a, M) such that, if @ is the variational solution to (5.1.1),

ur is defined by (5.2.1) and ur = (ug)ker 1 the solution to (5.1.9)—(5.1.10), then

Ifar —urlli,r < C([ullmi) + 1 fllz@ + G| L20)-
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Remark 5.3.2 In fact, by [31] (Theorem 2.1), |[l| gy (o) is controlled by ||f||r2(q) + || |G| |[r2() and we
could thus drop it in the preceding inequality.

Proof of Corollary 5.3.1

The right-hand side of (5.1.9) is written |K|fK+de£K m(0)Qk,o with (Qk,s)keT, ccex Which satisfies,
forall o = K|L € &, Q.0 = —QL,» (conservativity); thus, by Proposition 3.2, p.72, in [32], there exists
C1 only depending on (2, |[v||(Le(qy)~, () such that

1/2 1/2
llurll,r < Cy <Z |K|f12<> +Ch <Z m(a)dUQ3> (5.3.6)

KeT oce€

where Q, = |Qk,»| for some K € 7 such that o € Ex (by conservativity, this definition of @, does not
depend on the choice of such a K).

Since | Ak, | = m(o)dk s /N for all K € T and o € Ek, we have, by convexity of X — X2 and for all
g = K|L S ginta

IN

|G (@) |? da

di 1 dr, 1
2 A 2dr +
@ 4o Brn] Ja,, 1€ 4. Bealla, .

N 2 2
< oo (/AK G(@)| da:—l—/AL’a G(@)| dx)

(notice that, suppressing the term involving L, this estimate is still true if o € Ex N Eext). Thus,

> m(o)de Q2 NY Y /AKU ()|? da:

oce€ 0 KET | o€l

N> Z/ (2)|? dz

KeT oe€k AK“

NZ/ |G(x |2d;v—N/|G ))? d.

KeT

IN

IN

Moreover, f% < 15 [i |f (@) dz and (5.3.6) gives then [[ur|li,7 < Cil|fl|r2@) + C1VN|| |Gl |20
Combined with Proposition 5.3.1, this concludes the proof. B

5.4 The H? framework

Proposition 5.4.1 Assume that T is an admissible mesh which satisfies Hypothesis (5.1.3) and that
u e H?(Q) N HE(Q). Define, for o = K|L € Eing,

_ Ug —uL 1 _
Rip = BTl s [ () (),
and, for 0 € Eext N €k,
u
Rk = d—K §) - nk o dm(§).

Then there exists C only depending on (N, a) such that

m(0)d, Ry, <C Y h2/|D2 )|? de.

LeT | o€
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Remark 5.4.1 Notice that this result is false in general if we replace Ui by the mean value of w on K
and if x is not the gravity center of K (consider K =]0,h[?, L =] — h,0[x]0,h[, zx = (2h/3,h/2),
xr, = (=2h/3,h/2) and u(x,y) = x; we have then Rk , = —1/4 but D*u=0).

Remark 5.4.2 It would be tempting to try to use the Bramble-Hilbert result (see [18] (Theorem 2)) to
obtain the estimate of Proposition 5.4.1 (and also in Proposition 5.3.1 and Lemmas 5.7.1, 5.7.2). This
theorem can be used in Finite Element methods thanks to a “reference finite element”: for example, in
triangular meshes, each finite element can be transformed, by some simple linear application, into some
reference triangle; this allows to easily obtain estimates only depending on the size of the element, not its
geometry (because they all have the same geometry: that of a triangle).

We do not have such reference control volume in our meshes (our control volumes can have very different
geometries); so, in order to prove that the estimates on Rk . only depend on the size of K and not on
its geometry, Bramble-Hilbert’s result is useless and we have to make the whole proof.

Proof of Proposition 5.4.1

Due to technical reasons, we must first replace the mean value of w on B(xk, ahk) by the mean value on
B(xk, O‘h—K) step 1 is the study of the consistency error for o € &,y with these new mean values (and if
u is regular). In step 2, we prove that the error introduced by the use of the mean values on B(zk, O‘hK )
can be controlled, and we conclude the proof for interior edges. In step 3, the case of boundary edges is
handled thanks to a symmetry trick which brings us back to the case of interior edges.

Step 1: we suppose that 7 is regular and we take o = K|L € Eiy.

We define
x)dx — / y) dy
wLa | (zL, hL)

/ _ 1 /
Ko — 3
’ |B xKv | (zr,=

&) -ng , dm(§).

Let £ € 0. By Taylor’s expansions, we have, for all € B(x gk, ahk/2) and all y € B(xp, ahy/2),
1
u(x) =u(§) + Vu(§) - (z — &) + /O (1= t)D*u(& +t(z — &)z — &) - (x — &) dt

a(y) = U(E) + V() - (y - €) + / (1= D€+ tly — )y —€) - (y — &) de

Subtracting these equations and taking the mean value on £ € o, we find

() —aly) = [ Vi) am(e) - =)

U)

még // (1 —t)D*a(¢ +t(z — &) (z — &) - (x — &) dtdm(€)
mga // L=t)D*a(é +t(y — )y — &) - (y — &) dtdm(€).

We now take the mean values on © € B(zg,ahk/2) and y € B(xy,ahy/2); since the mean values of
x — x and y — y on these sets are respectively zx and z; and since z;, — xx = dyng o, dividing by do,
we obtain

/ _ 1 — 2a xr — xr — xTr — m
R, = )// (1 - )D*u(E + tx — &)z — €) - (z — &) dedm(€)d

dgm(a)|B(xK, 55 JB(ar, 2

_ ! / / 1~ ) D%T(E +t(y — )y — €) - (y — £) dtdm(€)dy.

dem(0)|B(zr, “A2)| /ey, 2he
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By Jensen’s inequality, and since |x — £| < hi if # € K and £ € o, we obtain

Y 2hi B 2 z— N2 didm
(R < s ot B(mahK)// (1= PD*T(E + (o — ) ddm(€)ds
2h% 5 9
e / e / / 02ID2(E + t(y — ) dtdm(€)dy.  (5.4.7)

By translation, we can suppose that o = {0} x & C {0} x RVN=1. Let 2 € B(xk,ahk/2); we use the
change of variable (t,¢’) €]0,1[x5 — z = (0,¢') + t(z — (0,¢’)) € V, C K (K is convex), whose jacobian
determinant is |z1](1 — #)V~! (where x; is the first component of x — we will see below that z; # 0).
Since N < 3, we have, if t €]0,1[, (1 — )2 < (1 — t)¥~! and we can thus write

/ / (1 — )2 Du(é + t(x — £)) dedm(e) < / / HNUD2a(E + t(x — ) dedm(€)
oJO
! /K \D2(2)|2 d=. (5.4.8)

IN

Write 2 = (a,b) with @ € R and b € RV~1. The straight line going through xx and orthogonal to
o C {0} x RV=1 (ie. the line R x {b}) intersects o (i.e. (0,b) € o). Thus, |a| = |(a,b) — (0,b)] >
dist(zg,0) > dist(x g, 0K) > ahk (recall that B(zk,ahk) € K). Thus, if x € B(zk,ahk /2), we have
21| > |a] — |21 — a| > ahg — |z — zx| > “2< and (5.4.8) gives then

! 2 2— 2 2 2— 2
/U / (1= OP|DP(E + t(a — ) dedm() < —— /K D%a(z) P dz.

Therefore,

_ / // P2(D2T(¢ + t(x — €))[2 dtdm(€) dm<—/ |D2(2)[2 do.
mK’ K | ahK)

Coming back to (5.4.7) (and using the preceding inequality also with L instead of K), we obtain

(R )% < %/ |D2ﬂ(z)|2dz+i/ |D*7(2)|? dz.
77 T adgm(o) Ji adzm(o) /i,

Since dy > di,» > ahk, we deduce that

;e Ak 2/ N2 4hL 20 \|2
m(o)dy (R ,)° < w2 |D*u(z)|” dz + |D*u(z)|” dz (5.4.9)
K L

Step 2: we now estimate the difference between the mean values of won B(zk,ahk) and on Bz, ahK ),
and we conclude for o € &ye.

Let v(z) =u(x) — (WM fB(wK!ahK) Va(y) dy) - (x —xk). We have, for z € B(0, ahk),

1
1+t
v(:cK—Hv)—v(xK—i—f):/ Vv xK—i—Lx 2.
2 ) 2 2

Integrating on 2 € B(0, ahk ), dividing by |B(zk, ahk )| and thanks to the change of variable y = xx + 5
in the second integral, we find

_ dsr:— / y) dy
|B($K7ahK |/ B(zk,ahk) ( ) iCK, | wa

= / / Vo <xK + —x) - — dtdx.
|B(zk ., ohi)| iUKaahK )N JB0,ahx) 2
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Since the mean values on B(zk,ahx) and on B(zg, O‘hTK) of © — x — xk are null, the mean values of v
on these sets are equal to the mean values of @ on the same sets. Thus, denoting

1 1 1
Iko = — 7/ u(zx) dr — 7/ u(y)dy |,
dy <|B($K70‘h1{)| B(zxk,ahk) |B($KaahTK)| B(zx, 21K

2

we have just proved that

1
Iio| < 20K / /
2d,|B(zk, ahk)| B(0,ahx) J0O

Using the change of variable z — z = 2+ £z (which sends B(0, ah ) into (but not onto) B(z, ahr)),
we deduce

1
Vo (a:K + +ta:>‘ dtdz.

2
2p2 1 ! 2 \V
Ixo)? < ZLZK /sz (—) dtdz
el = g <|B<a:K,ahK>| Y S S

2
22N—20[2h%< 1
Vo) dz ) (5.4.10)
a2 |B(k, ahi)| J B2y ahi)

IN

We have Vou(z) = Vu(z) — WM fB(rK,oth) Va(y) dy. Thus, thanks to Lemma 5.7.1,

2
1
s Vou(z)| dz
<|B($K,ahK)| B(IK,OlhK)| = )

2
1 J
< Vu(z) — Vu(y)| dzdy
<|B<xK,ahK>||B<xK,ahK>| Y SR )

C1hy T2
|B(zk, ahi )| |B(zr, abi)| B an)
Cyh?
__Calic / |D2a(2)[2 da
|B($K,O¢h[()| B(zk,ahk)

where € and Cy only depend on (N, «).
Coming back to (5.4.10), we obtain C3 only depending on (N, «) such that

|D%5(z)|? da

Cshi
(Ixq)? < 3K

< UK DQE x Qdfv.
dg|B(xK,OéhK)| B(IK,OlhK)| ( )l

o is of diameter less than hg, so that m(o) < C4h%_1 with Cy only depending on N. Moreover,
ds > di,s > ahi; hence,

C5h%+3

m(0)dy(Ixc,s)? <
ahg|B(xk, ahg)] B(zk,ahk)

|\D2(2) |2 da < cﬁhi(/ D) 2de (5.4.11)
K

with C5 and Cg only depending on (N, ).

We have Rk » = Ix.o + R'K’U — Ir, ». Thanks to (5.4.9) and (5.4.11), we deduce

m(o)d, R, < Crli, / \D2(2) 2 da + Coh2 / \D2(x) 2 do (5.4.12)
K L
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with C7 only depending on (N, «). This estimate has been obtained for @ regular, but, by the density
result of Lemma 5.7.3 (found in the Appendix), it is also satisfied by functions in H2(K Uo U L) (thus
by functions in H%(Q2)). This concludes the proof if o € Eiys.

Step 3: suppose now that o € ot N Ek.

Since w € H2(Q) N HE(Q), we have @ = 0 on o. Denoting by S the orthogonal symmetry with respect to
the hyperplane generated by o, it is then well known that the function ¢/ : K Uo U S(K) — R which is
equal to 7 on K and to —u o S on S(K) belongs to H?(K U o U S(K)).

We notice that all the hypotheses on (K, xk, 0, L,x1) used in Steps 1 and 2 (and in the proof of Lemma
5.7.3) are satisfied here by (K,zk,0,S(K),S(rk)) (and with dist(zxg,S(xk)) = 2dist(zk,0) = 2d,
instead of d,).

The result (5.4.12) of Step 2 hence applies with U/ instead of @ and we can write, defining Ux and Us k)
as the mean values of U on B(zf,ahk) and B(zg(x), @hsk)) respectively,

Uk —Us (k) 1 2
2m(o)d, < 2. + (o) /UVZ/{(f) ‘DK, dm(§))

< Cuh2 / ID2U(w)|? d + Crh2, / \D2U ()2 da
K 5(K)
Since Y = w on K, we have Uy = Tux and, in the sense of the traces, VU = Vu on o. Moreover,
U= —ToS on S(K), so that Ug(x) = —ux (notice that hg(x) = hrx, which implies B(S(zx), ahs(x)) =
S(B(z,ahk))) and |D?U(z)| = |D*u(S(z))| for x € S(K). Thus, the preceding estimate yields

2m(o)d (Z—K + s [ VE©) i dm<s>)2 <20 [ |Da(a)f? do.

which is exactly the desired result for o € Eoxt. B

Theorem 5.4.1 Assume that G € (H'(Q))N and that the variational solution u to (5.1.1) belongs to
H2(Q) N H(Q). If T is an admissible mesh which satisfies (5.1.2), (5.1.3) and (5.1.4), there exists
C only depending on (2, [[V]| (L))~ |6l Lo (), ¢, @, M) such that, Uz being defined by (5.2.1) and
ur = (ur) ket being the solution to (5.1.9)—(5.1.10),

iz — ur|hz < C([allm2) + [ IVG] |2 @) hr-

Remark 5.4.3 A similar result, with g replaced by U(xg) and G = 0, is proved (using (5.1.3)) in
[38] and [48] (Theorem 3.2). Here, we also need (5.1.4) because, Tx taking into account all the values
of W on a ball around xx, we cannot control Rk , in Proposition 5.4.1 (for example) only by means of
Jae., |D%u|?, as it is done in [{8].

Proof of Theorem 5.4.1

By (5.1.1), div(va) € L?(Q) ¢ LY(Q) and, v and 7@ being continuous on  (because @ € H2(Q) and
N < 3), we can apply Lemma 5.7.4 (see the Appendix) to compute the integral of div(vu) on a convex
open subset of Q. Thus, integrating (5.1.1) on a control volume K € 7, we obtain

- Z /Vu ‘ng  dm(§ Z/ ‘N U )dm(§)+/ b(z)u(z) dx

c€EEK c€EEK K

= |K|fx+ ) /G ) - ng .o dm(E). (5.4.13)

oelk
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Denote, as in Proposition 5.4.1,

Ricq = 0 (s [ 9O i dn©)

WithU:K|LifJEgngim and uy, = 01if 0 € Eg N Eext-

Let
1

TK,oc = 'UK,oﬂo,+ - W

/ v(€) - ni o T(E) dm(€)

where Uy =Ux f Vx>0, U+ =g f vre <0and 0 = K|L € Eg N&int, and Uy + =0 if v s <0
and o € Ex N Eext-
Finally, define

_ 1 _
K = by — I /Kb(a:)u(x) dx

di o d o
/G Nk, dm(€) — (K Gro — 5’ GL,U)

(with the convention that o = K|L if o € Ex N&iny and that dp o = Gr o =01if 0 € Ex N Eext).

and

(5.4.13) shows that (ux)ker satisfies (5.1.9)—(5.1.10), provided that we add
|K|PK+Z RKU+TKU+MKU)
oK

to the right-hand side of (5.1.9). Therefore, subtracting the equations satisfied by (ux)xe7 to the
equations satisfied by (EK)KGT, we see that (ex)ker = (Ux — UK )KeT Satisfies

VK € T, Z eK - GL) + Z m(J)UK7geg7+ + |K|bK6K
o€EK 0651(
|K|pK+Z RKU+TKU+MKU)
oK

(where c = K|Lifo € Exk N&inp and e, =dp,o = Gro =0if 0 € Ex NEext)
Vo =K|L € &n, €o+=cex if vgs>0, e,4 =ep otherwise,
Vo € Ext N Ex eo+ =€x if vgo >0, esy =0 otherwise.

By definition, (R ¢ )keT, ocex, (Tk,o)keT, ccex ad (MK o)keT, scex are conservative: for all o =
K|L € &, we have Rx o = —Rp 5, TKo = —TL,o and Mg, = —Mp , (notice that ng , = —nr 5).
Hence, by Proposition 3.2 in [32], we deduce that there exists C only depending on (Q, ||v||(Le(ay)~, ()

such that
1/2 1/2
ller||1,7 < Co (Z |K|p%(> + C (Z m(o)dgA3> , (5.4.14)

KeT oce€

where we have denoted A, = |Rk,o +7k,0 + Mk »| for some K € T such that o € £ (by conservativity
of these quantities, this definition does not depend on the choice of such a K).

We have

1/ _ 16]| o< (02) _
prl =7 | blx)(Wx —T(z dsc}< // —u(z)| dydx.
ol = | [ po o — )] < B [ ) o)

Therefore, by Lemma 5.7.1, there exists C; only depending on (N, [[b|| = (), @) such that

|K|p% < clhi(/K |Va(z)|* de. (5.4.15)
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By definition,

1 _ | IVI ||L°° o [ -
el =iy [ VO ot~ amie)| < U [, wglante)  (54.10)
and either W, + = @y for some L € 7 such that 0 € £, or Uy + = 0 and 0 € & In the second case,

since u € Hg (), we obtain |rg | <0 (i.e. 7k, = 0). In the first case, we define v = |[uy, —u| € H ()
and, using Lemma 5.7.2, we see that

(o5 [ —a(s>|dm<s>)2
- (55 [ dm<s>)2

2 2
1 1 1
< 2 <W/UU(§) dm(§) — 221 L v(z) dz) +2 (m s v(z) dI)

2
Cgth 9 1

[Vo(z)|*de +2 | ——— v(x)dx
| AL#T | AL,U | AL,‘T | AL,U

with Cs only depending on (N, «). But Vv = sgn(u;, — u)VE and

1
v u(y) dy —u(z
|B(xr,ahr)| B(zr,ahr) ) o

so that, by Lemma 5.7.1,

(355 e~ w0 dm<s>)2
1

2
Vi(x)|? de + 2 / / u(y) —u(x)| dydr
’ | ( )| <| C L)g- | |B($L, hL)| L (IL’ahL) | (y) ( )‘ y

2
< Gl /|va(x)|2da;

where C5 only depends on (N, ). Using this in (5.4.16), and since | Ar , | = m(o)dr,o /N > am(o)hy /N
(because dr, , = dist(xr,0) 2 dist(zr,0L) and B(xr,ahr) C L), we deduce that there exists C4 only
depending on (N, [[V]|(Le ()~ @) such that

m(o)
m(o)d,r% , < C3||V||?L°°(Q))Nm

for some L € 7 such that o € £ (we have used the fact that d, < 2h7). Notice that this estimate is
also true (for any L € 7...) in the case where uy + = 0 with ¢ € Eext, since ri , is then null.
We have, for 0 = K|L € &y, since di,o +dr,o = do,

1

v(z) = = [Blas.aho)] /Bmam [aly) ~le)l dy,

/|vu ) x<C4hThL/ |Vu(z)|? da (5.4.17)

Mg, = dK 7 / G(§) -ng.dm(§) — G(z) -ng , dz
| AK g | AK. o
dL - /G g dm(€) + G(z) -np., do
| AL g | AL,O‘
dKo /
= G d G(z)dzx | - -
( m(o) m(é [ Ake| AK ol Jak., (@) x) e
dL o
&)d G(x)dz | - o
do <m (o) mi& Ao AL ol Jas., (@) x) e
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Hence, X — X? being convex, Lemma 5.7.2 gives C5 only depending on (N, «) such that

Mz _ < Cs Ao hic VG (2)|? dz + Cs dro_ Mg |VG(2)|? dz
Ko = dd | AK,U | AK,o da | AL,U | ALs
But | Ax,s | =m(o)dk,o/N and | Ar | = m(o)dr /N, so that
m(o)de M. , < C5N <h§(/ VG (2)|? dz + hi/ VG (2)|? d;v) . (5.4.18)
AK,O’ AL,U

Notice that, suppressing the term involving L, this estimate is still true if o € Ex N Eext-

We now gather (5.4.15), (5.4.17), (5.4.18) and the estimates of Proposition 5.4.1 in (5.4.14); using Hy-
pothesis (5.1.4), we find thus Cs only depending on (£, |[v||(£= )~ |[0]| L~ (q), ¢, @) such that

1/2
Csh |Vﬂ(x)|2d;v>

llerllir <
1/2
+Cehr [ > > /|D26(x)|2da:+/ |W(x)|2da:+/|vc:(x)|2dx
o€E LET | 0€EL L L L
< GCshrl||VHl |2

1/2
+Cshr (MZ/L|D2ﬂ(x)|2d;v+/L|Vﬂ(x)|2dx+/L|VG(x)|2dx>

LeT

1/2
< Cshrl||VH| ||L2(Q) +VMCght </ |D2ﬂ(x)|2 + |Vﬂ($)|2 + |VG(I)|2 dx) ,
Q

which concludes the proof. B

5.5 Proof of the main result

We can now prove, using interpolation techniques, Theorem 5.2.1.

Proof of Theorem 5.2.1
Let
B ={(@,G,f)c H:Q) x (L*(Q))N x L*(Q) | AT — div(va) — b7 + div(G) + f = 0}

(endowed with the norm of Hg(Q) x (L2(2))N x L%(Q)) and define T : B — X(7) by T(u,G, f) =
(U —uk)Ker, where (ug)kxer is the solution to (5.1.9)—(5.1.10).

Corollary 5.3.1 shows that, if X(7) is endowed with the discrete H!'-norm, 7T is linear and continuous
with a norm bounded by Cp only depending on (2, [|v|| (Lo (ay~,a, M).

If we define

A={(@G, f) e (H(Q) N HL Q) x (H' Q)N x L*(Q) | AT — div(va) — b7 + div(G) + f = 0}

(endowed with the norm of (H?(Q) N HE(Q)) x (H(Q))N x L?()), Theorem 5.4.1 shows that, X(7)
still being endowed with the discrete H'-norm, T': A — X (7) is continuous with a norm bounded by
Cyhr, where Cy only depends on (S, [|V||(Le ()~ [|bl| (), ¢, @, M).

Thus, by classical interpolation results (see e.g. [6], Theorem 4.1.2, p.88), T is linear continuous
[A, B]1_s — X(7) with a norm bounded by Cj~*(C1h7)* < max(Cy, 1) max(Cy, 1)hs.
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Subsection 5.7.2 in the Appendix shows that
[A,Blios = {@G.[)e[H*(Q)NHy(Q), Hy ())1—s x (H* ()Y x L*(Q) |
Au — div(va) — bu + div(G) + f = 0}

(with equivalent norms). To conclude the proof of the theorem, it remains therefore to see that [H?(Q2) N
HG(Q), Hy(Q))1-s = H'™(Q) N Hy(Q).

In the case N = 2, i.e. if Q is a polygonal open subset of R?, this result is proved in [2] (Theorem 3.1).
If © is convex, we propose the following simple proof (which do not uses the fact that € is polygonal).
First of all, notice that we have, by definition, [H2(2) N H}(Q), HE(Q)]1—s — H () and, since the
inclusions

H*(Q)NH}(Q) — H*(Q) and HE(Q) — HY(Q)

are continuous, by interpolation, there is a continuous inclusion
[H?() 0 Hy(Q), Hy()]1—s — [H*(Q), H (Q)1—s = HT(Q).

This shows that [H2(Q) N HE(Q), HY(Q)]1-s — HT(Q) N HI(Q).
To prove the reverse inclusion, denote S = A~! with Dirichlet boundary conditions. Since €2 is convex,
S is linear continuous

H™YQ)— Hy(Q) and L*(Q) — H*(Q) N Hg(Q).
A being linear continuous
HY Q) - HY(Q) and H?*Q)— L*Q),
we deduce that S o A is linear continuous
HY Q) - H}(Q) and H?*(Q) — H*(Q) N HLQ).
By interpolation, S o A is thus linear continuous
[H?(Q), H (Q)]1-s = H'™(Q) — [H*(Q) N Hy (), Hy (D15

But So A = Id on H(Q), and this shows therefore that H'*(Q) N H} () is continuously imbedded in
[H2(Q) N HE(Q), HE (2)]1—s, which concludes the proof of the theorem. m

5.6 Numerical results

We present here a few numerical results which illustrate the convergence results we have just proved.

In all these tests, the open set is Q =] — 1,1[* and we have taken no lower order term, i.e. v = 0 and
b=0in (5.1.1); as a right-hand side, we have let f =0 and G = —Vu (some tests have also been made
with G = —Vu + w where w is divergence free, and the results are similar, provided that w has the
required regularity). The meshes used are regular cartesian grids, and we analyse the rate of convergence
by showing, in each case, the discrete H' norm of the error versus the size of the mesh, in log-log scale.

Our first test function is a pyramid, based on the function (z,y) — (1 — |z|)(1 — |y|) that we have
twisted in order that the peak be at (1/v/2,1/v/2) instead of (0,0) (this has been done to avoid too
good convergence results due to symetries between the function and the mesh). The results are shown in
Figure 5.1. The dots on this figure indicates a reference slope; as we can see, the rate of convergence is
roughly 0.5, which is the expected result since the function is here in H3/27¢ for all € > 0.

Then, we have taken (z,y) — (1 —22)(1 —y?)|(z,y)|*, which belongs (if s €]0,1[) to H'**~¢ for all € > 0.
Figure 5.2 shows different cases for s which confirm the result of Theorem 5.2.1.
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Figure 5.1: Reference slope: 0.55
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Figure 5.2: Cases s = 0.2 (reference slope: 0.2), s = 0.5 (reference slope: 0.5), s = 0.7 (reference slope:
0.7)

If we add a convection term, with negative divergence, which provokes the loss of coercivity in (5.1.1),
the results are similar to the preceding ones, the only difference being that the constant “C” appearing
in Theorem 5.2.1 is much bigger. For example, coming back to the first test function, the constant in the
reference slope of figure 5.1 is 2 whereas, if we add a convection term with v = —10(z,y), it becomes 80
(and the slope does not change).

5.7 Appendix

5.7.1 Technical lemmas

Lemma 5.7.1 There exists C > 0 only depending on N such that, if U and V are non-empty open
subsets of RN contained in a same ball of radius R, we have, for all v € H'(co(U UV)),

\Hlj—|/Uv<x>dx— o [ o

1 2 ORN+2 )
< v(z) —v(y dxdy) < Vo (z)]* dz.
<IU||V|/U/V| (=) =)l \UIV] cowux/)l 2

2

Proof of Lemma 5.7.1

co(U U V) is a convex open subset of R™. Thus, its boundary is Lipschitz-continuous and the regular
functions are dense in H!(co(U U V). We therefore just have to prove the lemma for regular functions.
The first inequality is obvious. Let us prove the second. If v is regular, we have, for all x € U and all
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yeV,v(z)—v(y) = fol Vo(tx + (1 — t)y) - (x — y) dt. This implies

v(x dedy < /// Vo(te + (1 —t x — y| dtdydx
71, o) = vttt < Vot = 0nlle =y

and, since |z —y| < 2R for all z € U and all y € V' (U and V are contained in a same ball of radius R),
Jensen’s inequality gives

<IU||V| / / e |dxdy)2 = |I;L|B|)§/| /U/V/Ol|W(m+(1—t)y)lzdtdydm. (5.7.1)

Let y € V. Using the change of variable v €e U — z =tz + (1 —t)y € tU + (1 —t)y C co(U U V) and
Fubini’s theorem, we find

1
/ / / Volta + (1 — )y) 2 dtdady < / |Vv(z)|2/ / = dtdydz (5.7.2)
UuJvJo co(UUV) V JI(z,y)
where I(z,y) ={t € [0,1] | Iz € U, te+ (1 —t)y = z}. If t € I(2,y), then t(x — y) = z — y for some
x € U; since U and V are contained in a same ball of radius R, we have then 2Rt > t|lz — y| = |z — y|

and thus I(z,y) C [E=2,1]. We deduce that

2R
1 N-1
1 2
/ t*thg/ t~Ndt < 28 N-T-
I(z,y) \zz—Rv\ N -1 |Z y|

Thus, there exists Cy only depending on N such that, for all z € co(U U V),

1 1
t=Ndtdy < CoRN ! / ——dy=CyRN! / ———— dE.
~/V~/I(z7y) \% |Z - y|N_1 z—=V |£|N_1

U and V are included in a same ball of radius R; thus, co(U U V) is also included in this ball and, for all
z€co(UUV), z—V is therefore contained in B(0,2R), which allows to write, using polar coordinates,

1 |
/ / t=N dtdy < CORN—l/ —~— dé = CoRN'Cy / 0" "dp=2C,C1 RN
Z,Y) 0,2R) |§| 0 1%

where C is the (N — 1)-dimensional measure of 0B(0,1) (C; only depends on N).
Gathering this last inequality, (5.7.2) and (5.7.1), we conclude the proof of the lemma. ®

Lemma 5.7.2 If 7T is an admissible mesh which satisfies Hypothesis (5.1.3), there exists C' only depend-
ing on (N,a) such that, if v € H*(2), then, for all K € T and all o € E,

2
1 1 od3,
‘| N /AK,U v(z)dz — m(o) /o”(ﬁ) dm(ﬁ)‘ < Dol Ja, V()| de.

Proof of Lemma 5.7.2

The regular functions being dense in H*(Q), it is sufficient to prove the lemma for v € C1(RY).
By translation and rotation, we can suppose that o = {0} x & with & € R¥~! and that zx = (dk ., 0).
For a € [0,dk ], we denote 5, = {y € RV~ | (a,y) € Ak} By definition, (a,y) € Ak, if and only if
there exists ¢ € [0,1] and z € ¢ such that ¢(dx ¢, 0) + (1 —t)(0, 2) = (a,y); this is equivalent to ¢ = 5

andy:(l—t)z:( d;a)z' Thus,&a:(l—d;{la)ﬁ.
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For all y € ¢ and all a € [0,dk |, we have

a ! a a
v(0,y) — v <a, (1 - d}{ﬁ) y) _/0 Vv (ta7 (1 - tdK,a) y) . (—a, T y) dt.

d;(l,a) y, we find

/Uv(ﬁ)dm(é“)—ﬁ/ga v(a,z)dz:/?r/ol w( <1—tdKo)y> : (—a,%oy) dtdy.

Multiplying by (1 —

fromo ()" a [ e
<1 dKU> // Vo (ta ( ng>y) : (—a, iy) dtdyda.  (5.7.3)

Integrating on y € ¢ and using the change of variable z = (

N1
d;g) and integrating on a € [0,dk,,], we obtain

But de 7 (1 - 0) da = dKT‘“ and | Ak s | = m(g)dK 2 therefore, (5.7.3) gives, thanks to Fubini’s
theorem,
1 1

e / () dm() - Amvu) dx

- /d’”(l_dm) / / Vo (m( >y)(—a%y> dtdyda(5.7.4)

By definition of an admissible mesh, the straight line going through zx = (dk,s,0) and orthogonal
to o C {0} x RN~! intersects o; this means that 0 € &. Moreover, o is contained in K which has
diameter hg; thus, & has diameter less than or equal to hx. By Hypothesis (5.1.3), dx,, = dist(zx,0) >
dist(z g, 0K) > ahk.

We deduce that, for all y € 7, |y| = |y — 0| < diam(d) < hx < Ldk,. Thus,

dK,rr a
1-— Vo [t ,—y | dtdyd
I O B A G (e I R G R
dKk,o a N—-1 a
" () Lo (e (o))
*Jo dK,o o\ Ko /

where Cy only depends on «.
Let a €]0,dk . By the change of variable ¢, : (t,y) €]0,1[xd — z = (ta, (1 - td;{‘a) y) € ¢,(]0,1[x7)

adtdyda (5.7.5)

N-1 N-1
(whose Jacobian determinant is a ( d;:o) ( dK ) since z1 = ta), we have
1 2 —N+1
Vo (ta7 (1 —t ) y)‘ dtdy = / |Vu(z)|a™? (1 S—.— ) dz.
Ko a(10,1[x3) dro
But ¢4(]0,1[x0) C Ak ,» (because (ta, (1 - td;:lg) y) = d;‘lo (dK.0,0) + (1 - —) (0,9)) and Fubini’s
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theorem allows thus to write

dK,o
1-— Vv ta,
[70-am) L ( )v)
dK,o —N+1 a \ V!
= Vo( (1 — > (1 — ) dzda
/ /a (10,1[x &) | )| dKo dK,o

N-—1
L= dK,rr
|Vu(z)] — dadz.
Aro a€l0,dr.0] | 2€0a(10,1[x3) \ 1 ~ Ty

If z € ¢,(]0,1[x7), we have z; = ta for some ¢t €]0,1[, i.e. 0 < z3 <

and
N-1
1-— dK
/ 7” da < dg,s.
a€l0,dx,o] | 2€4a(]0,1[x7) dK,a
We deduce that

[0eam) Ll (o))

We now use this inequality in (5.7.5) and introduce the resulting estimate in (5.7.4) to obtain

a dtdyda

IN

<1--A

K,o — dK,o

adtdyda < dK,g/ |Vo(2)|dz.
AK,o

‘ ! V()| da.

1 OOdK,U
Tl G L / o(€) dm(€)| <

R RAY R N

Jensen’s inequality concludes then the proof of the lemma. H

Lemma 5.7.3 Let T b_e an admissible mesh, 0 = K|L € &y, and U = K Uo UL. Then U is an open
subset of RN and C=(U) is dense in H*(U).

Proof of Lemma 5.7.3

Step 1: we prove that U is open.

By translation and rotation, we can suppose that o = {0} x & with & C R¥~! and, since the line going
through (zk, 1) is orthogonal to o, that 0 € o, xx = (b,0) €]0,00[x{0} and z1, = (a,0) €] — 00, 0[x{0}.
Define then ¢ : (t,y) €] — 1, 1[xRN=! — (t7a + t*h, (1 — |t|)y) €]a,b[xRN~! (where t+ = max(0,1)

and ¢~ = max(0, —t)); ¢ is an homeomorphism (the inverse mapping is 1(z1,2) = (3 + 2, (1 — % -
ZL)7127)). Tt is easy to see that ¢(]—1,1[x0) = Ak, UoUAL »; indeed, ¢(0,5) = o, ¢(]0,1[x5) = Ak o
(recall that zx = (b,0)) and ¢(] — 1,0[,0) = AL, (recall that x;, = (a,0)); by hypothesis on the egdes,
o is open in RV=1 and (] — 1,1[x5) = Ak, Uo UA L, is thus open in ]a, b)[ xRV 71 ie. in RV,

We have U = KUoUL=KUAg,UoUAL UL (because Ag » C K and Ap » C L by convexity of
K and L), and this proves that U is open in RY (K and L are open in RY).

Step 2: we prove that, for all A > 1, U C AU (recall that 0 € o C U).

To see this, it is sufficient to show that, for all z € U, 10, z[C U; indeed, once we have obtained this
result, we write, for = € U\{0} (the case z = 0 is obvious) and A > 1, z = A(3z) and, since 1z =
2+ (1—=3) x0€)0,z[C U (because 5 €]0,1[), we deduce that z € AU.

Let us take z €e U = LUT UK.

Assume first that z € @. Then, since o is an open convex subset of {0} x RN~ and 0 € o, a classical
convexity lemma tells us that ]0, z[C o C U, which concludes this case.
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Assume now that z € K\7 (the case z € L\7 being treated the same way).
If z € K, then by the same convexity lemma as before, since 0 € K and K is convex and open, we have
10, 2[c K C U. We can thus suppose that z € K\o.

Let us stop a moment to prove the following geometrical fact: 0K N ({0} x RN~1) =7.

We first notice that KN ({0} x R¥~1) = (): indeed, if it is not the case, then, taking a € KN ({0} x RN 1),
since 0 € K, we have ]0,a] C K; but 0 € o which is open in {0} x RN~! and, since ]0,a] C {0} x RN~!
with a # 0 (because 0 € K, which does not intersects K), we can find b €]0,a] N o; this means that
b € 0K N K, which is not possible.

Thus, A := 0K N ({0} x RY71) is equal to K N ({0} x RV~=1) and is therefore convex (because K and
{0} x RV~ are convex).

We have o C A (and thus @ C A, A being closed); take ¢ € A C {0} x RN¥~1. Since A is convex, the set
O = Up<i<1(te+ (1 — t)o) is contained in A; we want to show that O\z = 0.

o being open in {0} x RV~ O and thus O\7 are also open in {0} x RN~1. We have O\& C 0K, which
implies O\T C Uorcgy , o'20}0"- Suppose that O\7 is not empty; then, since it is an open subset of
{0} x R¥=! and {0’ € Ex, o' # o} is finite, there exists o/ € Ex\{o} whose adherence contains N
points of O\7 C {0} x R¥~1 in general position. Thus, the hyperplane containing ¢’ is the affine space
generated by these points, that is to say {0} x R¥~1. By hypothesis on the edges, the intersection of
{0} x RV~ and of the line going through zx and orthogonal to {0} x RV~ belongs to both ¢ and ¢’
(since o and ¢’ both generate {0} x R¥~1) which is a contradiction with the fact that o and o’ are
disjoint.

Thus, O\7 is empty, and O C 7. Since ¢ € O, we deduce that ¢ € &, and this concludes the proof that
A Co,ie. that 0K N ({0} x RN71) =7,

We also notice that, since K N ({0} x RVY=1) = ) (see above) and xx €]0, co[ xRN 1 by connexity of K,
we have K C]0, 0o[xRN~1. We prove the same way that L C] — oo, 0[xRN 1L,

Let us now return to the proof that, if z € 9K\7, then |0, z[C U.

As we have seen before, Ag o, Uo UAL, is an open set and, since 0 belongs to this open set (and
z #0), 10,2[N(Aks Uo UAL,) is not empty. We have z € K C [0,00[xRN~1; since z € OK\&
and 0K N ({0} x R¥=1) = &, this implies z ¢ {0} x R¥~! and thus z €]0,00[xRN~1. Hence, ]0, z[C
10, co[ xRN 1L,

But Ap , C L C]—00,0[xR¥"1L and o C {0} x RNV ~L; therefore, |0, 2[N(Ako UocUAL,) =0, 2[NAK 0.
This set being non-empty, we can take ¢ €]0, 2[NAk,, C K. Since 0 and z belong to K, ]0,c] and [c, 2|
are contained in K, which implies that ]0, z[=]0, ¢] U [¢, 2[C K and concludes this step.

Step 3: we prove the density result.

Take v € H2(U) and define, for A > 1, vx(x) = v(z/\); vy belongs to H2(AU) and the restriction of vy
to U C AU converges, as A — 1, to v in H?(U).

Indeed, to see the convergence in L*(U), we take ¢ > 0 and w € C.(U) such that |[v — w|[ 2 < & we
then write, with wy(x) = w(x/A), |Jvx —v|[L2@w) < [loa —wal[L2@) + [|wr — w||L2@) + [|w — V|| L2y By
a change of variable, we have [|vx — wx||r2@) < [|lva — wallLzo0) = AY/2|v — w|| L2y < AYV/2¢, so that
loa = vl[r2@ry < (A2 4+ 1)e + ||wx — wl|z2(r)- Since w € Ce(U), the dominated convergence theorem
(for example) gives ||wx — w||p2(yy — 0 as A — 1 and this concludes the proof of the L? convergence.
The first and second derivatives of vy being (with evident notations) A=!(Vv), and A=2(D?v),, the H?
convergence is an immediate consequence of the L? convergence showed above.

To approximate v in H2(U) by regular function, we thus just need to approximate vy in this space.
We extend vy to RY by 0 outside AU and take (p,)n>1 a smoothing kernel; vy * p, € C°(RY) and,
since U is relatively compact in AU and vy € H?(AU), we have vy * p, — vy in H*(U) as n — o0
(because, for n large enough — such that U + supp(p,) C AU —, we have V(v * p,) = (Vvy) * p,, and
D?(vy * pp) = (D?vy) * p,, on U). This concludes the proof of the lemma. m

Lemma 5.7.4 If U is a convex open bounded set in RY and w € (C(U))V is such that div(w) € L*(U),
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then

/U div(w)(z) dz = / w(&) -n(§) dm(§)

ou

(m denotes here the (N —1)-dimensional measure on OU and n is the unit normal to OU outward to U —
notice that, since U is convez, it has a Lipschitz-continuous boundary).

Proof of Lemma 5.7.4

By translation, we can suppose that 0 € U. Then, for all z € U, since U is convex, [0, z[€ U; as we have
seen in step 2 of the proof of Lemma 5.7.3, this implies that, for all A > 1, U C \U.

Let wy(z) = w(z/\); we have wy € (C(AU))N and wy — w uniformly on U (and thus on 0U) as A — 1
(this is due to the uniform continuity of w on this set). Moreover, div(Wy) = A~!(div(w))x € L1(\U)
and, as in step 3 of the proof of Lemma 5.7.3, we deduce that div(w,) — div(w) in L' (U) as A — 1. Tt
is thus sufficient to prove that, for all A > 1, w) satisfies the result of the Lemma.

Let (pn)n>1 be a smoothing kernel. Extend w) to RY by 0 outside AU and define Wpa = W) % pp €
C>(RY). By regularity of W, x, we have

/ div(wn ) (@) dz = | war(€) - n(e) dm(&). (5.7.6)
U oU

But w, is uniformly continuous on the open set AU, which contains the compact set OU; thus, w, x — Wy
uniformly on OU.

We have, in the sense of the distributions on RY, div(wy,, ) = div(wy) * p,. Since div(wy) € LY(\U)
and U is relatively compact in AU, we deduce that div(w,, ) — div(w,) in L*(U) as n — oc.

These convergences allow to pass to the limit in (5.7.6) to see that w), satisfies the result of the lemma,
which concludes the proof. B

5.7.2 Interpolation

We prove in this subsection that, if 2 is a bounded open subset of RY (N = 2 or 3) with a Lipschitz-
continous boundary and v € (C(2))V satisfies div(v) € L?(2), then, for all § €]0, 1], the interpolate
space of order 6 between

A={(T@ G, f) e (H*(Q)NH; Q) x (H(Q)N x L*(Q) | AT — div(va) — bu + div(G) + f = 0}

and
B ={(@,G,f)c H:Q) x (L*(Q)N x L*(Q) | AT — div(va) — bu + div(G) + f = 0}

is (with equivalent norms)

C = {@G,f)eH* Q)N H§(Q), Hy(Q)]o x (H ()N x L*(Q) |
AT — div(va) — bu + div(G) + f = 0},

each of these spaces being endowed by its natural norm (notice that [H(Q), L2(Q)]y = H'~%(Q2)).
This result is quite natural, but not so easy to prove.

To simplify the notations, we let V = Hg(Q2) and W = H2(2) N H}(). The proof relies on a result in
[66]. Define the linear application

T e LV x (L2(Q)N x L2(Q); H1(Q) n LW x (HY(Q))N x L*(Q); L*(Q))
by T'(u, G, f) = Au—div(v) — bu+ div(G) + f; this application is continuous W x (H(Q))¥ x L?(Q2) —
L?(Q) because, since div(v) € L?*(Q2) — this is the only place where we need this hypothesis — and
W C C(Q2) — recall that N < 3 —, we have div(va) = div(v)u + v - Vu € L*(Q) when @ € W. Then

A={zeW x (H* Q)N x L*(Q) | T(z) =0}, B={xecV x(L*Q))N xL*Q)|T(x)=0}
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and Theorem 14.3 in [66] (1) allows to see that
[A,Blg = {z € [W x (H*(Q)N x L*(Q),V x (L2(Q))N x L*(Q)]e | T(x) =0} = C

with equivalent norms (notice that this last space is equal to C because the interpolate space of a
product of spaces is the product of the corresponding interpolate spaces), provided that we can construct
an application

R LOH Q) V x (L2(Q)N x L) N LELAQ): W x (H Q)Y x LX)

such that T o R = Id on H=1(Q).
The rest of this subsection is devoted to the construction of such a R.

The main difficulty in constructing this application is the lack of regularity of 9Q. If Q is a regular (or
convex) open set and v € (C1(Q))V (for example), then R is quite easy to build: take, for L € H~1(€),
R(L) = (u,0,0) where @ is the variational solution of Auw — div(vz) — bu = L with Dirichlet boundary
conditions; the regularity of 9Q ensures then that R is continuous L?(Q) — W x (H1(Q))N x L2().

If Q is a polygonal non-convex open set, we must find another way to construct R. The main idea is to
get rid of © and to bring ourselves back to RY.

Following an idea of [17], we first build r € L(L2(RY); L?(Q)) N L(H*(RY); H}(2)) such that r(p) = ¢
for all p € D(Q).

To do so, we notice that, since Q has a bounded Lipschitz boundary, so does RV\Q; there exists thus
an extension operator E which is continuous H'(RV\Q) — HL(RY) and L2(RM\Q) — L2(RY) (the
classical extension operators constructed via symetries satisfy these continuities). We define r by r(p) =
(¢ — E(prrv\0))jo- Since ¢ — E(pry\a) = 0 on RN\, we clearly have r(p) € Hg () if ¢ € H'(RY);
moreover, if ¢ € D(2), prnv\o = 0 so that r(p) = ¢, and 7 has thus the desired properties.

r allows us to extend elements of H~'(Q) into elements of H~*(RY), in such a way that elements of
L?() ¢ H1(Q) are extented into elements of L?(RY).

Indeed, r* : H=Y(Q) — H~}(RY) is linear continuous and, since r : L2(RY) — L2(Q2) is continuous,
r* is also continuous L2(2) — L?(R¥) (we have identified, as usual, the dual space of L? to L? itself).
Moreover, if L € H=(Q), one has L = 7*(L) in D’(Q): indeed, for all ¢ € D(Q), r*(L)(p) = L(r(p)) =
L(p).

Let L € H~1(Q); since 7*(L) € H Y(RY), we can define w® € H(RY) as the variational solution of
—Awl+wht =r*(L) on RY, and, since r* : H=1(Q) — H~1(R") is linear continuous, the application L €
H71(Q) — wt € HY(RY) is linear continuous. Moreover, 7* is also linear continuous L?(Q2) — L*(RY)
so that, by the regularity properties of —A + Id on RY | L — w? is linear continuous L?(Q) — H2(RY).
Define now R(L) = (0, ~V(wjg),w§). Since the restriction to { is linear continuous L*(RY) — L*(9),
HY(RN) — HY(Q) and H2(RY) — H?%(Q), R is linear continuous H~(Q) — V x (L2(Q))Y x L?(Q) and
L3(Q) — W x (HY(Q))N x L%(Q).

Moreover, for all L € H=1(Q), ToR(L) = diV(—V(wlLQ))—i—wa = —A(wfﬂ)—i—wfﬂ =r*(L)jo = LinD'(Q)
(by properties of r*), thus also in H (). This concludes the construction of R and this appendix.

1In fact, this theorem concerns the interpolation of complex banach spaces, and we consider here spaces of real-valued
functions; but it is not very difficult to see, since we handle spaces of functions, that the result of this theorem is also valid
in our case of real interpolation.
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Chapitre 6

A finite volume scheme for a
noncoercive elliptic equation with
measure data

Reference: J. Droniou, T. Gallouét and R. Herbin. STAM J. Numer. Anal. 41 (2003),
no. 6, 1997-2031.

Abstract We show here the convergence of the finite volume approximate solutions of a convection-
diffusion equation to a weak solution, without the usual coercitivity assumption on the elliptic operator
and with weak regularity assumptions on the data. Numerical experiments are performed to obtain some
rates of convergence in two and three space dimensions.

6.1 Introduction

The scope of this work is the discretization by the cell-centered finite volume method of convection-
diffusion problems on general structured or non structured grids. Let £ be a polygonal (or polyhedral)
open subset of R? (d = 2 or 3); the problem under study writes:

—Au +div(vu) + bu = in €,
{ u=20 on 0f) (6.1.1)
with the following hypotheses on the data:
v e (C@Q)),
be L?(Q), b> 0 a.e. on (2, (6.1.2)
pe M),

where M(Q2) = (C(Q))’ is the dual space of C(Q), which may also be identified to the set of bounded
measures on §2. In the sequel, we shall consider the usual infinity norm on C(f2)), and we shall denote
by [ [ asg) its dual norm on M (9).

Our purpose is to prove the convergence of the cell-centered finite volume scheme for the discretization of
Problem (6.1.1). Cell-centered schemes for convection-diffusion equations using rectangular, triangular
or Voronoi grids were analysed in a number of papers including [68],[45], [55], [63], [71], [27]. The analysis
which we develop here uses some of the tools which were developped in [38], [48], [39] and [46]. In [39],
a convergence result without any assumption of regularity of the solution is proved. An approximate
gradient was constructed in [40]. Noncoercive elliptic equations with a regular H ~! right-hand-side were
also recently studied [33]. Finally, a thorough study of finite volume schemes for linear or nonlinear
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elliptic, parabolic and hyperbolic equations may be found in [38], which we refer to for further details.
The discretization grids which are considered here and in these latter works consist of polygonal (or
polyhedral) control volumes satisfying adequate geometrical conditions (which are stated in the sequel)
and not necessarily ordered in a cartesian grid.

Let us remark that the analysis which is developed here still holds for equations of the type
—div(k(x)Vu(x)) + div (v(x) u(a:))+b(a:)u(x) = f(x), x€q, (6.1.3)
with the following hypotheses on k:

k is a piecewise C! function from Q to R;

there exists kg € R* such that k(z) > ko for a.e. z € Q. (6.1.4)

For the sake of the simplicity of notations we prefer to deal with the Laplace operator here but we shall
point out the modifications which take place if the operator div(kV.) is considered instead: see remarks
6.2.2, 6.2.4 and 6.2.6. If now k is a tensor satisfying the following hypotheses:

k is a piecewise C! function from Q to R¥*?,
for all € Q, k() is a symmetric matrix, (6.1.5)
there exists ko € R? such that k(z) - € > kg for a.e. 2 € Q and for all £ € R?,

then one may still write the finite volume scheme and obtain some error estimates in the regular case, but
the assumptions on the mesh have to be modified see [48], [56] and [27]. However if the mesh is Cartesian
and if for all x € Q the matrix k(z) is diagonal then it is “aligned” with the grid and the analysis is
similar to the (non constant) scalar case of Equation (6.1.3).

The originality of the present work with respect to the above cited works is threefold: first, the elliptic
operator associated to the convection-diffusion equation is not assumed to be coercive; second, the con-
vection velocity v is only assumed to be continuous (it was assumed C* in previous works); third, the
right hand side p is only supposed to be a Radon measure.

In the next section, the finite volume scheme for the discretization of (6.1.1) is presented, along with the
admissible meshes. We then state the main convergence theorem of this paper (Theorem 6.2.1), along
with some preliminary technical results similar to those used in [38], [48], [39], and the proof of which is
given in an appendix. Section 3 is devoted to a priori estimates on the approximate solutions (existence
is not proven at this stage), which will be needed in order to obtain compactness results, and which also
yield the existence and uniqueness of the approximate solution. The proof of Theorem 6.2.1, that is the
proof of the convergence of the approximate solutions to the weak solution of (6.1.1), is then given in
Section 4. Section 5 presents a modified finite volume scheme where the measure data whose support
is on the edges of the mesh are taken into account through a jump of the flux between two neighboring
cells; comparing this scheme to the scheme of Section 2, the convergence result is easy to obtain. Finally,
we present in Section 6 some numerical results in two and three space dimensions, using Cartesian or
unstructured triangular meshes (in 2D), as well as for a spherical geometry. These results allow to derive
some rates of convergence of the method, even though no error estimate is known theoretically.

6.2 Conservative finite volume discretization and convergence
result

Definition 6.2.1 An admissible mesh of Q, denoted by M, is given by a finite partition T of Q in
polygonal (or polyhedral) convex sets (the “control volumes”), by a finite family £ of disjoint subsets of
Q contained in affine hyperplanes (the “edges”) and by a family P = (xx)xer of points in Q such that

i) each o € & is a non-empty open subset of OK for some K € T,
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i) by denoting Ex = {oc € E| o0 C 0K}, one has OK = Uyeg, 0 for all K € T,

iii) for all K # L in T, either the (d — 1)-dimensional measure of K N L is null, or KNL =& for some
o € &, that we denote then 0 = K|L,

w) for all K € T, xk is in the interior of K,
v) for all o = K|L € &, the line (xx,xr) intersects and is orthogonal to o,

vi) for alloc € £, 0 C INNOK, the line which is orthogonal to o and going through x i intersects .

Remark 6.2.1 (Other admissible meshes) Note that Property v) in the above definition is required so
as to obtain a consistent discretization of the normal fluzes over the boundary of the control domains when
using the two points finite difference scheme to discretize the normal flux. In fact, the above definition
of an admissible mesh may be extended to other geometries of Q0 than a polygone or a polyhedron. For
instance, if @ = {x € R |z| < r} is a spherical ball of radius v, then a natural mesh is defined by the
control volumes Ko = {zr € R%|z| < r12} and, fori = 1,N, K; = {z € Rd;ri,l/g <zl < rigayal)
where (ri11/2)i=1,8 C (0,7] is a given increasing sequence such that ryi1/2 = r. Let xg = 0 and, for
i=1,...,N, r; € (ri—1/2,Ti+1/2), then a discretization of the normal diffusive flur Vu -n (where n is
is clearly consistent if the solution u to (6.1.1) only depends on r. Moreover, if riy1/2 = 5(rig1 —rg), it
is consistent of order 2. Hence this class of spherical discretizations is clearly admissible for the analysis
which will be derived in the sequel.

the outward normal unit vector) over the sphere {x € R%; |z| = Tiv1/2} by the two points scheme

""""" A

K .

m(o):

g X === -1 :

< emeeemeeas >

dK,cr *du N

K|L € Epny o = K| € Eext V

oQ

Figure 6.1: Notations for an admissible mesh

The size of the mesh is then defined by size(M) = sup g diam(K). We denote by meas(K) the Lebesgue
measure of K € 7. The unit normal to o € £g outward to K is denoted by ng ..
We define &y = {0 € £ | 0 ¢ 0N} and Ext = E\Eing- If 0 € &€, meas(o) is the (d—1)-dimensional measure
of o; if 0 = K|L € &y, dy is the distance between the points (zx,zy) and dk , denotes the distance
between zx and o; if 0 € Eext N Ex, dy = dk o is the distance between xx and o. The transmissivity
through an edge o is
meas(o)

do
Within the integrals, the letter A (resp. ) stands for the d (resp.(d — 1))-dimensional measure on the
domain Q (resp. on the edges of the mesh). Note that moth measures are denoted by ”meas” when
applied to a control volume or an edge.

Toe =
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We shall naturally identify the set RC4(7) to the set X (7') of functions defined a.e. on Q and constant
on each control volume K € 7.

Remark 6.2.2 In the case of the operator div(kV.) which is considered in Equation (6.1.3) where k is
a function from Q to R or R*? which satisfies (6.1.4) or (6.1.5), admissible meshes must satisfy the
following additional condition:

(vi) For any K € T, the restriction klk of the function k to any given control volume K belongs to
CY(K).

Furthermore if k is a piecewise C* function from Q to R4*?, the orthogonality conditions (iv) and (v)

have to be modified into:

(iv)” For any K € T, let ki denote the mean value of k on K, that is

1
kg = ——— kdA. 2.1
K meas(K) /K (6:2.1)

The set T is such that there exists a family of points
P = (xK)KeT such that xxg = Nocex DKok € F,

where Dk o1 15 a straight line perpendicular to o with respect to the scalar product induced by k[_(l
such that D o N0 =DrorNo # 0 if o = K|L. Furthermore, if o = K|L, let yo = Dk o No(=
Dr.okxNo) and assume that xx # xr,.

(v)’ For any 0 € Eexs, let K be the control volume such that o € Ex and let Dk o be the straight line
going through rx and orthogonal to o with respect to the scalar product induced by k}l ; then, there
exists Yo € 0 N Dk o k-

If M is an admissible mesh, and under Hypothesis (6.1.2), we can define the finite volume discretization
of (6.1.1).
By denoting, for K € 7 and o € &k,

1
_ = vong, 22
b meas(K)/Kbd/\ and vk, /UV ng . dy (6.2.2)
the scheme is defined by
VK €T, Z Fro+ Z VK oUs 4+ + meas(K )bgug = p(K), (6.2.3)
o€l o€lk

VU:K|L€gint, FK7o':_7—o'(uL_uK)7

Vo € Eext N EK R FK,G‘ = ToUK , (624)

Vo =K|L € &nt, Uot =ur if vke >0, us,4 =ur otherwise,

Vo €€ext NEK,  Ugt =uk if vk >0, Uyt =0 otherwise. (6.2.5)

Equations (6.2.3)—(6.2.5) form a linear system in (ug)xe7 of size Card(7). Notice that this scheme is
conservative in the sense that if 0 = K|L, then Fx , = —Fp , and vk, = —UL 0.

Remark 6.2.3 The approximation (6.2.5) of the convective flux is the classical upwind scheme, which
we choose here because it ensures both the existence of a solution to the scheme (and the mazimum
principle) without any condition on the size of the mesh. If instead of the upwind scheme, we used
the central difference scheme, then we would need a condition on the size of the mesh in order to have
existence of a solution to the scheme, and in order for the mazimum principle to hold. However, when
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the size of the mesh tends to 0, the centered scheme may also be shown to converge. The upwind scheme
is often preferred in applications because of its robustness on coarse meshes.

Also note that if vg - = 0, for some 0 = K|L for ezample, then (6.2.5) does not determine uq 4 uniquely
since one may take either u, + = uk (since vk, > 0) or Uy 4+ = up (since v, = VK, =0 > 0).
However, this is no real problem since uy 4 always appears multiplied by vi o or vy o and thus, if vk . = 0,
the value of us 4 does not matter (one can, for example, reduce the second sum of (6.2.3) to the o € £k
such that vig,s #0).

Remark 6.2.4 In the case of a non constant diffusion coefficient as in Equation (6.1.3) where k is a
function from Q to R satisfying (6.1.4) or from Q to R¥ satisfying (6.1.5), one considers admissible
meshes satisfying (vi) of Remark 6.2.2 and in the tensor case also (iv)" and (v)' instead of (iv) and (v).
For Ke€T and o € Ek, let

kK kd)\IlK7g, (626)

1
7 ‘meas(K) /K
(where | - | denotes the Euclidean norm). Note that in the scalar case, this yields in fact ki, =
m fK kdX\. The exact diffusion fluzes k(x)Vu - ng , on an edge o of the mesh may then be ap-
prozimated in a consistent way (see [38] and [56]) by replacing the formulae in (6.2.4) by:

e internal edges:
Fro=—To(ur —uk), if 0 € &g, 0 = K|L, (6.2.7)

where
kK7O' kL70'

kK,O'dL,O' + kL,O'dK7O' '

To = meas(o)
e boundary edges:

Fro=—Ts(te —uK), if 0 € Eext and v & 0, (6.2.8)

where

kK7O'
T, = meas(0) ——-
K,o

Let us now state our main result, which we shall prove in the following sections.

Theorem 6.2.1 If M is an admissible mesh, then there erxists a unique solution to (6.2.3)—(6.2.5).
Moreover, if (My)n>1 is a sequence of admissible meshes such that there exists ¢ > 0 satisfying

for alln > 1, for all K € T, for all o € £k, dx,o > (do,

and such that size(My,) — 0, then, by denoting u, € X(7,) the solution of (6.2.8)—(6.2.5) with M =
My, (un)n>1 converges to w in LP(Q) for all p € [1, 7%5), where u is the unique solution to (6.1.1) in
the sense

wue N We(9),

a<ziy

/Vu-Vgod/\—/uv-VgpdA—!—/bucpd)\:/godu, Yo € L_JV[fol’S(Q)7
Q Q Q Q

s>d

(6.2.9)

where [ odp =< p, @ > (@)@ (We recall that W14(Q) is the set of functions which belong to

1,9
L9(Q) and such that their derivatives are also in LI(SY), and Wy 9(Q) = C’g"(Q)W “@. We also recall

that Wy *(Q) € Co(Q) for s > d.)
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Remark 6.2.5 Notice that we do not suppose the existence and uniqueness of a solution to (6.2.9); we
will prove both.

Remark 6.2.6 A convergence result still holds if a non constant piecewise C' diffusion scalar coef-
ficient is considered i.e. if k satisfies (6.1.4) and if Equation (6.1.3) is discretized by the scheme
(6.2.2),(6.2.3),(6.2.6)—(6.2.8). In fact, in the two-dimensional case, the proof follows the one given
below in the case k = Id. In the three-dimensional case however, the reqularity of the solution to the dual
problem (6.4.1), which is used in the proof of the uniqueness of a solution to (6.2.9) (see section 6.4) is
not so clear. Hence in the 3D case, uniqueness of a solution to (6.2.9) is not known, and the convergence
result of Theorem (6.2.1) still holds, but only up to a subsequence.

If one now considers the general tensor case, then some more restrictive assumptions are needed on the
mesh in order to obtain consistency of the fluzes, see [38] and [56].

The proof of existence and uniqueness of a solution to (6.2.3)—(6.2.5) is based on a priori estimates
on the solutions to this problem, which are obtained with the following discrete WO1 ! norm, defined as
follows.

Definition 6.2.2 (Discrete W4 norm) If M is an admissible mesh, vr = (vi)xer € R4 and

1 < g < o0, we define
Do\ 4 1/q
ocUT
lorllgm = (Z meas(a)dy (257 ) ) ,

oce&

where Dyvr = |vg —op| if 0 = K|L € &g and Dyvy = |vk| if 0 € Eext N Ek -

Let us now state the main a priori estimate, which will be proven in Section 6.3. This estimate is crucial
to prove the existence of a solution to (6.2.3)—(6.2.5), and also to obtain the compactness properties on
approximate solutions which will eventually yield the convergence result.

Theorem 6.2.2 Let M be an admissible mesh and ¢ > 0 satisfying
forall K € T and all 0 € £, di o > (do. (6.2.10)

Then, for all g € [1, d%‘ll), there exists C' > 0 only depending on (Q,v,q, () such that, if ur € X(T) is a
solution to (6.2.5)—(6.2.5), then |lur|[1,qm < Cllully@)-

In the sequel, we shall use the following properties of the discrete WO1 Y norm:

Proposition 6.2.1 (Discrete Poincaré inequality) If 1 < ¢ < 2, M is an admissible mesh and
vy € X(T), then
[v7]lLage) < diam(Q)[[vr|1,q,nm- (6.2.11)

Proposition 6.2.2 (Discrete Sobolev Inequality) Let 1 < ¢ < 2, M be an admissible mesh and
¢ > 0 satisfying (6.2.10). Then, with ¢* = dd—fq ifqg<dandq < oo ifq=d=2, there exists C > 0 only
depending on (Q,q,q*, () such that, for all vy € X(T),

l[vr ||z (@) < Cllvr|[1,q.Mm-

In fact, it is easily seen that the above inequality also holds for any r < ¢*, that is:

llor ||z ) < Cllvr|1,q.m, for any 7 < ¢*.
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Proposition 6.2.3 (Discrete Rellich Theorem) Let 1 < g <2 and M be an admissible mesh. Then
there exists C > 0 only depending on (2, q) such that, for all h € R? and all vy € X(T), denoting wr
the extension of vz to R? by 0 outside Q, we have

/Rd wr (2 + h) — wr(@)|7 dA(z) < |h|(|h] + Csize(M))* ||oz ||, pr- (6.2.12)

In particular, if (My,)n>1 is a sequence of admissible meshes and v, € X (7,) is such that (||vn||1,q,M, Jn>1
is bounded, then (vy)n>1 is relatively compact in L1(2).

Proposition 6.2.4 (Regularity of the limit) Let g € (1,2] and (M,,)n>1 be a sequence of admissible

meshes such that size(My) — 0. If v, € X(7,,), (||vnll1,q,M, )n>1 is bounded and v, — v in LI(2), then
1.q

v e WhQ).

These propositions are easy adaptations of similar results in [38] for the case ¢ = 2 (see also [26] for
Proposition 6.2.2 and [46] for Proposition 6.2.3). We sketch the proofs of these propositions in the
appendix for the sake of completeness.

6.3 A Priori Estimates

The aim of this section is to prove the discrete W4 a priori estimate of Theorem 6.2.2, which is crucial
in the proof of existence of the scheme, and also in the obtention of a compactness result which will allow
to prove the convergence of a sequence of approximate solutions (Theorem 6.2.1 and its proof in Section
4).

Such a priori estimates were already used for the study of the finite volume approximation of nonlinear
elliptic or parabolic equations, see e.g. [39], [41]. But in these previous works, the estimates were obtained
in a discrete H! norm, accordingly with the regularity of the solution of the continuous problem.

We prove here some a priori estimates on the solution to (6.2.3)—(6.2.5) in a discrete W19 norm,
since the solution to the continuous problem is in W12, As in the continuous case, it is difficult to
obtain an estimate on uz itself (note that in the continuous case, u is not allowed as a test function
in (6.2.9)). Hence, as in [46], we shall obtain estimates on truncations of the approximate solutions,
that is the functions Ty (uz), where T} is defined in Figure 6.2. However, in [46], we only dealt with
the Laplace operator, whereas here we allow non-coercive convection-diffusion operators. Because of this
non-coercivity, we shall need to start with some weaker estimates, namely an estimate on In(1+ |uz|), as
was done in [31] in the continuous case. In order to obtain this estimate, we shall obtain some estimate
on Sg(ur), where Sy, = Id — Ty, is also defined in Figure 6.2 and section 6.3.2. Note that in the diffusion
dominated case, the operator is becomes coercive and the discrete W1 estimate may be directly obtained
from the estimates on Ty (ur) as in [46].

Since the function T} is bounded, the estimate on T (ur) is easy to obtain. The estimate on Si(uz) is
more tricky. The convective term is controlled through a bound of meas(Ey) where Ey, = {|Jur| > k} (see
Corollary 6.3.1), which is a consequence of an estimate on In(1 + |uz|) (see Proposition 6.3.1).

Each of the estimates we present here has a continuous counterpart; see for example [11], [14] for estimates
on nonlinear elliptic equations with measure data and [31], [32] for estimates on linear and nonlinear
noncoercive variational elliptic problems. Mixing the techniques of [14] and [31] (or [32]), we can prove
estimates (and an existence result) on solutions to linear or nonlinear noncoercive elliptic equations with
measure data.

To obtain the estimates on the solutions to (6.2.3)—(6.2.5), we adapt to the discrete setting this mix of
techniques of [14] and [31]. Thus, to make the following proofs easier to understand, we sketch, for each
of the discrete estimate, the proof of the corresponding continuous estimate.
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Tk(S) S’k(s)

Figure 6.2: The functions T} and Sk

6.3.1 Estimate on In(1 + |uz|)

Proposition 6.3.1 Let M be an admissible mesh. If ur = (ux)ker is a solution to (6.2.3)—(6.2.5),
then
(L + uz DI 5,7 < 2llellprm) + dmeas(Q) || V] [IZ o) (6.3.1)

(where |v| denotes the euclidean norm of v in R?).

Before we prove Proposition 6.3.1, let us state an easy corollary, which is used in the proof of the estimate
of Proposition 6.3.2.

Corollary 6.3.1 Let M be an admissible mesh. If ur = (ux)xer is a solution to (6.2.3)—(6.2.5) and,
for k>0, By, = {|lur| > k}, then there exists C € R only depending on (2,v) such that

CA A+ lpllyr)

meas(Ey) < W

Proof of Corollary 6.3.1
By Proposition 6.3.1, we get that

(1 + [ur DI[F 2,7 < (2 + dmeas(Q) [ V][0 ) (1 + [l s e)-

Therefore, using the discrete Poincaré inequality (Proposition 6.2.1), we get that there exists C' € R
only depending on (€, v) such that:

(1 + Juz D[720) < CQ+ el @)

Finally, since meas(Ex) = meas({In(1 + |ur|) > In(1 + k)}), the Chebyshev inequality yields that

c(+ 5
meas(Ey) < 7((111("12_'151)(29)). ]
Proof of Proposition 6.3.1
Step 0 sketch of the proof in the continuous case.

Let ¢(s fo 1+‘t|)2 Suppose that g € H=1(Q) N L(Q) and let u € H}(Q) be a variational solution
of (6.1. 1) Using ¢(u) as a test function in the equation satisfied by w, and since ¢ is bounded by 1, we
find:

[Vl

Vu
/Vu I d/\+/ bugp(u) dA < ||z Q)+|||v|||Lm(Q)/ chﬂgcw/ IVl

g,
o (1+ [u])
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where C' only depends on ||u[|z1() and v. Since V(In(1 + [u])) = sgn(u) and bup(u) > 0 (b is

YVu
(T+Tul)
nonnegative and ¢(s) has the same sign as s), we deduce that

11V + [u))[ |22y < € + Cmeas(@)Y?[| [V(In(1 + [u))] || 2.

which gives an estimate on || |V (In(1+ |u|))| |[z2(q) (and thus, by the Poincaré inequality, also on || In(1+
[uDl[z2@))-

Step 1 proof of a first discrete estimate.

Let ¢ fo (1+|t\ . Multiplying each equality of (6.2.3) by ¢(uk) and summing on K € 7, we have
Z Z Frop(uk) Z Z VK, o U, + (UK )+ Z meas(K)bxurp(uk)
KeT oefx KeT oelx KeT
= uK)p(ux). (6.3.2)
KeT

Gathering by edges and using (6.2.4), we can write

Z Z Frop(uk) ZTo ug —ur)(p(ur) — p(ur)) (6.3.3)

KeT oelk oge€

where we let 0 = K|L if 0 € &y and up, = 0if 0 € Eex N Ek.
By the conservativity of the fluxes, still gathering by edges, we find

Z Z VK, oUo,+9(UK) ZungUKo ur) —p(ur))

KeT oc€€k ce€

(recall that ur, = 0 — so that p(ur) =0 —if 0 € et NEk). If 0 € &, we denote v, = |vk | for a
K € T such that o € £k (the definition of v, does not depend on the choice of such a K) and u,,— the
downstream choice of u, i.e. uy _ is such that {us +,us—} = {uk,ur} (where 0 = K|L if 0 € &y and
ur, = 0if 0 € Eoxt O£K).

Let 0 € &; if vk, > 0, then uy,+ = ug and uy - = ugr so that vk - (p(ur) — (ur)) = ve(P(Ue4+) —
o(ug,—)); if v o <0, then ue 4 = ur, and vy, — = ug, which gives vi o (@(ur) —@(ur)) = —vo (P(Ue,—) —
1o ) = 0 ((t10,4) — Pltter))- Thus,
Z Z VK oUo +@(UK) Z Voo, +(P(Ue 1) — (s, —)). (6.3.4)
KeT oe€k oe€

b being nonnegative and ¢(s) having the same sign as s,

Z meas(K)bgurp(ug) > 0. (6.3.5)

Since ¢ is bounded by 1 and 7 is a partition of €2,

> wK)

KeT

Using (6.3.3), (6.3.4), (6.3.5) and (6.3.6) in (6.3.2), we get

< 3 1) < i) = [lullpr)- (6.3.6)
KeT

D molur —ur)(@lur) = (ur)) < lullyy + Y votio+ (@(to,—) = @(u+))- (6.3.7)
ek ek

We now study each term of the last sum a little more precisely. We use the fact that ¢ is nondecreasing.
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o If uy+ > ug,— and uy 4 > 0, then p(ue —) — @(te,+) <0 and ue 4 (P(Ue,—) — @(ue,+)) <O0.

o If uy 4 > uy,— and uy 4+ < 0, then 0 > uy 4+ > Uy —, so that (4 4+, us —) have the same sign and
|u0,+| < |u0,—|-

o If uy 4 < uy— and uy 4 > 0, then 0 < uy 4 < Ug,—, 50 that (ue,4,Us,—) have the same sign and
o+ | < |uo,—|-
o If up 4 < tup— and uy 4 < 0, then p(us,—) — @(ty4) > 0 and us 4 (P(Ue,—) — @(tg,+)) < 0.
By denoting A = {0 € £ | o+ > Up—, Ust <0} U{0 € E | Up 4 < Us—, Us+ > 0}, we notice thus
that, for all 0 € E\A, vots +(¢(Uo,—) — (e, +)) < 0. This gives
Z Voo, + (P (Ug,—) — P(Uo,+) Z Vo, 4+ (P(Ug,—) — P(Ug,+)).
o€& occA

As v, < meas(o)||[v] ||z~ (q), we deduce, using the Cauchy-Schwarz inequality, that

Z Uouo,—&-(‘?(uo,—) - ‘P(ud,—&-))

ocefl
< [Vl [[pe@) Y meas(o)|ug,+|[¢(us,—) — @(uq,+ )]
ceA
1
2
< lvHlze=(o) <Z meas(o ) (Z Tty (p(to,-) —w(ua7+))2>
ccA ceA

But ) . 4meas(o)d, < > o meas(0)d, = dmeas(2) and, if 0 € A, (us 4, us,—) have the same sign
and |ue 4| < |tg,—|, thus, by Lemma 6.3.1 below and Young’s inequality,

Z UU“U,+(‘P(“U,—) - ‘P(uo,+))

e

< (dmeas()"2|| V||| = (o) <Z 7o (U, — g1 )(P(to, ) — @(Uo,+))>

ceA
1 1
< idmeaS(Q) [|v] H%m(m + 3 Z To(Ug,— — U4+ ) (P(Uo,—) — P(Uo,+)).
oe€

For all o € &, we have {uy +,us—} =
ur)(e(uk) — ¢(ur)). Coming back to (6
K) =

> 7o (ur — up)(p(u

oceé

xeoun}, 50 that (g, — tip ) (Plus) — @(tin 1)) = (urc —
7), we obtain
o(

{u
3.
ur)) < 2|l g ey + dmeas(€) || V] |2 ) - (6.3.8)

which concludes this step.

Step 2: Estimate on In(1 4+ |ur]).

We notice that, for all s € R, In(1+ [s|) = [ ngﬁ)t\dt- Thus, for all (z,y) € R2, by the Cauchy-Schwarz

inequality and since ¢ is nondecreasing,

(In(1 + [z]) — In(1+ [y])* = (/ %ftcllt)

|, wel-

Using this upper bound and (6.3.8), we deduce the result of the proposition. B

IN

lz -yl |z —yllp(z) — o) = (z — y)(p(z) — p(y))-

Let us now state and prove the technical result which was used in Step 1 of the above proof.
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Lemma 6.3.1 Let (s fo 1+\t|)2 If (z,y) € R? have the same sign and |z| < |y|, then

2 (ply) — p(2))* < (y — 2)(e(y) — ¢(z)). (6.3.9)

Proof of Lemma 6.3.1
Since ¢ is C''-continuous on R, there exists 6 € [z, y] such that ¢(y) — p(z) = ¢’'(0)(y — x), so that, since
 is nondecreasing,
2 a?
_ < T |y = _
w2 (ply) — (@) < ESTE ly — 2l le(y) — p(@)|

332

= @

But |z| < |y| and z and y have the same sign, so that, since 6 € [x,y], we have |0 > |z|, and (6.3.9) is
thus a consequence of the previous inequality. B

(y — 2)(p(y) — p(z)).

6.3.2 Estimate on ||ur||i4.m
We denote, for k > 0, Tx(s) = max(—k, min(s, k)) and Sk(s) = s — Tk(s) (see Figure 6.2).

Proposition 6.3.2 Let M be an admissible mesh and ¢ > 0 satisfying (6.2.10). We suppose that p
satisfies ||pl[ @) < 1. Then there exists ko > 0 only depending on (2, v, () and, for allm € (1 2), C >0

only depending on (2, v,m, () such that, if ur is a solution to (6.2.3)—(6.2.5) and pm (s fo W’
we have
> 7o (Sko (tr) = Sko (uL))(@m (Sko (k) = ©m (Sk, (ur))) < C (6.3.10)
oc€E
and
> 7o Ty (ur) = Tio (ur)) (0 (T (urc)) = o (T (ur))) < C, (6.3.11)
=

where we let 0 = K|L if 0 € Eipt and up, =0 if 0 € Ext N Ek -

Remark 6.3.1 Problem (6.2.3)—(6.2.5) being linear, there is no loss of generality in the estimate if we
consider measures of norm less than 1, as we will see in Theorem 6.2.2

Proof of Proposition 6.3.2

Step 0: sketch of the estimate in the continuous case.

Suppose that u € Hg () is a variational solution of (6.1.1) with p € H~1(Q)NL* () satisfying ||u|[1 o) <
1, and take ¢, (Sk(u)) as a test function in (6.2.9). Using the fact that bup,, (Sk(u)) > 0 (b is nonnegative
and ¢, (s) and Si(s) have the same sign as s), that V(Si(u)) = Vu where V(Sk(u)) # 0 and that ¢, is
bounded by 1/(m — 1), we have

IV (S ()2 V(i ()]
léu+mwm - *”Mm“m/'H+wkw dx

But |u| <k + |Sk(u)| and (1 + |[Sk(u)])®™ > (1 + |Sk(u)|)™, so that, by the Cauchy-Schwarz inequality,

V(S (w))?
Au+wwmm“

Lo [ [T

m d)\

My+a/(|&U|m|W&%i

|

“m-—1 1+ |Sk(w)])?m 14 [Sk(w)])z (14 |Sk(u)]) 2 )
1 [V (Sk(u))]? ) ( V(S )

< —— +Cik / — 7 dA +C S’ > d\ ,
o 1<Qu+wmwm 9@kl | | AT Ts,mm
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ls]

where C; only depends on (Q,v) and ¥(s) = T E

Now, by the Hélder inequality and the Sobolev injection, and since 9 (Sk(u)) = 0 outside Ej, = {|u| > k},
there exists r > 2 only depending on d, and Cs only depending on (£2,7) (notice that a dependence on {2
takes into account a dependence on d), such that

[19(Sk ()| 220 < meas(Ex)2 ™7 |3 (Sk(w))||1r(0) < Comeas(Ey)2 7 || V(¥ (Sk(u))| [|z2(). (6.3.13)

: )| < T _
Since |¢'(s)] < T F = (1+| % one has

W) 3
|||V<¢<sk<u>>>|||m<m<2( /Q %ax) . (6.3.14)

Gathering (6.3.12), (6.3.13) and (6.3.14), we find C5 only depending on (2, v) such that
[ AT,
o (

L+ [Se(u))™
L (6.3.15)
& [V (Sk(u)[? ’ 11 [V (Sk(u))[?
< +Clk</—d)\ + Csmeas(Ey,) 2 r/—d)\.
m1 o (L ISk B S
Thanks to a continuous equivalent of Corollary 6.3.1, there exists C4 only depending on (£2,v) such that

,V
meas(Ey) < (ln(lc#))z Thus, there exists ko > 0 only depending on (Cy4, Cs,r) (i.e. on (£2,v)) such that
Cymeas(Ey, )2+ < 1. Applying (6.3.15) to this ko gives
2
o (14 Sk, (u)])
where C5 only depends on (€2, v, m), which is the continuous equivalent of (6.3.10).
The estimate on Ty, (u) is quite simple and well known (see [11]). Take @y, (T, (

u
the equation satisfied by u; since V (T, (u)) = 0 outside {|u| < ko} and (14 |Tk, ()
we find

V (T, (u))|? 1 V(T (u
( m—1 {lul<ko}

)) as a test function in
)™ = (14| Ty (w)))™,

o (14 [Ty (w)))™ B (1 + [Ty (w))™

1 V(T )]\ ?
< - ook 0)1/2 /+d)\ .
R + || |V| ||L Q) omeas( ) < o (1 + |Tk0(u)|)m

This gives an estimate on T, (u) which is the continuous equivalent of (6.3.11).

Step 1: estimate on Sy (ur).
Let M be an admissible mesh and take uz a solution of (6.2.3)—(6.2.5). Multiplying each equation of
(6.2.3) by ¢©m (Sk(ux)), summing on K € 7 and gathering by edges, we find

ZTU(UK —ur)(om(Sk(uk)) — om(Sk(ur)) Z meas(K)bguk pm(Sk(uk))
occE KeT

= > uE)em(Sk(ur)) = Y vk otie s (m(Sk(ux)) — @m(Sk(uL))) (6.3.16)

KeT oce€

(recall that, if o € &g, we use the notation o = K|L and, if 0 € Eext N Ex, we set uy, = 0).
The function ¢, is bounded by ﬁ and 7 is a partition of €2, so that

— > K ”M”Af <1 (6.3.17)

Z (K ) m (Sk(uk)) S 1 m—1

KeT KGT
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We again denote u,,— the downstream choice of u, (i.e. uy— = ur, if vg,» > 0 and uy, - = ug otherwise)
and v, = |vk,»| (for a K € T such that o € Ex); we have then:

- Z VK o Uo,+(Pm (Sk(uk)) — om(Sk(ur))) = Z Volg,+(Pm (Sk(Ue,—)) — Pm(Sk(Uo,+))).
ocef e

But, as in the proof of Proposition 6.3.1 (because ¢, oSy, is nondecreasing), we have uq  (@m (Sk(tq,—)) —
©m(Sk(us+))) <0if o & A, where A={0 €E |Upt+ > Up—, Upt <O}U{0 EE | Upt < Uy —, Ust+ >
0}. Thus,

— Z VK, oUo,+(Pm (Sk(ur)) — om(Sk(ur)))

oc€E
< Z Volg,+(Pm (Sk(Ue,—)) — Pm(Sk(to,+)))
occA
< W ey 3 meas(0)tis | [om (S to) — om (St )] (6:3.18)
occA

Let ako = [ @ (Sk(tos) + t(Sk(uo—) — Sk(uq))) dt > 0, so that

©m(Sk(Uo,—-)) = Pm(Sk(to,+)) = ak,o(Sk(te,~) — Sk(to,+))- (6.3.19)

We can write

> meas(0)|uo+| |@m (Sk(ta,-)) = @ (Sk(uo,+))]

oc€A
= Y meas(0)ay 2 |uo ]2 |Sk (s —) — Sk(uqs)|
occA
1 1
2 2
< (Z meas(a)dgak7gu37+> (Z Tok,o (Sk(Ug,—) — Sk(ug7+))2> .
occA occA

Bhun by (6.3.19), ag,o (Sk(uo,—) = Sk(te+))? = (Sk(ue,—) = Sk(te+)) (Pm (Sk(uo,—)) = @m(Sk(to,+))), SO
that

> meas(0)[to,+| [@m (S (o)) = om(Sk (u,+)]
occA

1
2
< <E meas(a)doak,gu§)+>

ccA

X <Z To (Sk(to,—) = Sk(to,+))(@m (Sk(to,—)) — gom(Sk(ug,+)))> . (6.3.20)

occA

Moreover, for all ¢ € A, uy 4 and u, — have the same sign and |ug 4| < |ug,—|. Thus, for such o,
(Sk(to,4), Sk(us,—)) have the same sign and |Sk(ue,+)| < [Sk(uo,—)| and, by Lemma 6.3.2 stated after
this proof, we deduce that

1
ak.o S S 1.
(1 + |Sk(uo,+)))™

Since |ug +| < k + |Sk(ue,+)|, we deduce that

2 2 |Sk(uo,+)|2
oty < 2k° 42 )
fio ot (1 + Sk (uo,+))™
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which gives, in (6.3.20), using > . ,meas(o)d, < > _omeas(c)d, = dmeas(Q) and (a + B)Y/2 <
a'/? + /2 for all nonnegative (a, (),

Z meas(0)|te,+ | [¢m (Sk(to,~)) = @m(Sk(uo,+))|
cEA

[N

v/ 2dmeas(Q) kA + V2A, <Z meas(0)dy(Sk (U, +)) ) , (6.3.21)

ceA

where (s) =

Ap = <Z To (Sk(Uo,—) — Sk (U, +)) (Pm (Sk(uo,—)) — @m(Sk(uo,+)))>

oce&

= (Z 7o (Sk(urc) = Sk (ur))(m (Sk(uK)) — som(Sk(UL)))>

e

(recall that 0 = K|L if 0 € &, that up = 0if 0 € ey N Ex and that {ue 4, ue —} = {ux,ur} for all
ogef).
We have, since di,, > (d, for all K € 7 and all o € &g,

Z meas(0)de(Sk(ug 4 ))? < Z Y(Sk(uk))? ( Z meas(a)do>
geA KeT ceEANEK | VK, >0
< Z¢Sk (uk)) <Z meas(o ng>
C KeT oelk

= 1Y Ul x dmeas(K) = 2116 (Sulur )| g0

KeT

By Proposition 6.2.2, and since ¥(Sk(ur)) = 0 outside By, = {|ur| > k}, we can thus find r > 2 and
Cy > 0 only depending on (£2,¢) such that

2

<Z meas(0)do ) (Sk (to,4)) ) < Cymeas(Ey) > 7 [[1h(Sk (ur))||1.2.:m-

ccA

But, by Lemma 6.3.3 below and the definition of Ay,

[ (Sk(ur ) 21 = D 7o (W(Su(ux)) — ¥(Su(ur))® < 4AF,

e

so that

[V
-

<Z meas(0)do ) (Sk (U, +))2> < 2C’1Akmeas(Ek)%_?.

ocA
Returning to (6.3.21), we thus find

Z meas(0)|tue,+ | |@m (Sk(te,—)) — ©m (Sk(ue+))| < +/2dmeas(Q)kAy + 2\/§Clmeas(Ek)%*%Ai.
cEA
(6.3.22)
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(6.3.16), (6.3.17), (6.3.18), (6.3.22) and the fact that bxuxpm(Sk(ur)) > 0 then give

> Tolur —ur)(om(Se(ux)) = om(Su(ur)))

o€l
1
S g TVllze @) v/ 2dmeas(Q)k Ay + 2v/2|| V||| o () C1meas( By ) 2~ 7 A2
1
S Lo tek A + Comeas(Ey)* 7 A7, (6.3.23)

where Cy only depends on (Q,v, (). But ¢,, and Si are nondecreasing and Sy is Lipschitz-continuous
with Lipschitz constant 1 so that

(Sk(ur) = Sk(ur))(@m(Sk(ur)) = em(Sk(ur))) < (ux —ur)(Pm(Sk(uk)) — Pm(Sk(ur)))

and (6.3.23) gives

> o (Sk(ur) =Sk (ur)) (om(Sk(ux)) = em(Su(ur))) < m2_

1 + 202k2
oce€

+2Cymeas(Ey) e Z’Tg Sk(ug) — Sk(ur))(@m(Sk(ur)) — ©m(Sk(ur))B.3.24)
oe€

By Corollary 6.3.1, there ex1stb ko > 0 only depending on (£2,v,Cs,7) (i.e. only depending on (2, v,())
such that 2Comeas(FEy)2 7+ < . We deduce from (6.3.24) that

> 7o (Sko (i) = Sko (ur)) (m (Sky (k) = o (Sko(ur))) < m4_

1 + 402k(2)7
oc€eE

which gives (6.3.10).
Step 2: Estimate on Tk, (ur).

Multiplying each equation of (6.2.3) by @m (Tk, (¢x)), summing on K € 7 and re-ordering the sums on
the edges, we find

> ro(uk = ur)(@m(Tho (ur)) = om(Tro(ur))) + > meas(K)brtux om (T (uk))

ock KeT
= Y uE)em(Try(u)) = Y vK.otiot (9m(Try (tx)) = om(Try (ur)))- (6.3.25)
KeT ce€
As before, we have
1
> #E)pm (T (urc))| < —— (6.3.26)
KeT
and, with the previous notations,
- Z UK,GUG,+(<Pm(Tko (ur)) = em(Tho (ur))) = Z UUUG,+(‘Pm (Tho (o, —)) — Pm(Tkq (u0,+)))
oce€ oc&
<Y otto s (0 (Tho (Uo,-)) = Pon(Thy (t,1))-
occA

If o € A then 0 < 4y < Up— OF Us— < Up 4 < 0. In either case, if |uy 4| > ko, then Ty, (us4) =
T, (Ue,— ), s0 that o (Thy (te,—)) — @m (Tky (Ue,+)) = 0. Thus, in the previous sum, we can suppress the
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terms o € A such that |uy 4| > ko and we have

- Z VK o Uo,+ (Pm(Tho (UK ) — om(The (ur)))

ocel
< ko ) olom(Tro (o)) = om(Tho (to,4)))|
occA
< kol [v] Lo (Z meas(O’Wo) <Z To (om(Tho (Uo,-)) —wm(Tko(uo,H))Q) :
ocef oc€ef

¢m and Ty, are nondecreasing and ¢, is Lipschitz-continuous with Lipschitz constant 1, thus, for all
oceé,

(L (Thy (tig,—)) = Em(Tho (U0, 1)) < (Tiy (o, —) — Ty (ter,4)) (P (Tho (ter,—)) — Lo (T (g, 1)))
= (Tho(ux) — Tho(ur))(@m Ty (ur)) — om(Tho (ur)))-

Using this inequality and the fact that ) .. meas(o)d, = dmeas(Q2), we find

- Z VK o Uo,+ (Pm (Tho (UK ) — @m(Tho (ur)))
ocel

1
2

< kol [v[ [z (0)\/ dmeas(£2 (ZTo T (urc) Tko(uL))((pm(Tko(uK))_<pm(Tk0(uL)))>6'3'27)
c€el

Since ¢, and T}, are nondecreasing and T}, is Lipschitz-continuous with Lipschitz constant 1, we have
(Tro (wrc) — Tioo (wr)) (@ (Tho (k) — i (Tho (ur))) < (ur — wr)(Pm(Tho (uk)) — Pm(Tho (ur)))-
Combined with (6.3.25), (6.3.26), (6.3.27) and the fact that bxugom Tk, (ux)) > 0, this inequality gives

D 7o (Tg (i) = Ty (wr)) (9 (Thg (urc)) = om (Tio (L))
oe€

S =g T holl [Vl ||z~ (@) v dmeas(€2 <Z To (Lo (i) = T (ur)) (O (Tho (uk ) — wm(Tko(uL)))>

e

from which we deduce (6.3.11). ®

There remains to state and prove the two technical lemmas which were used in Step 1 of the above proof.

Lemma 6.3.2 Let m € (1,2) and @ (s) = [ (1+|t‘)m. If (x,y) have the same sign and |z| < |y|, then

1

1
/0 o+l = )t <

Proof of Lemma 6.3.2

Suppose that 0 < « < y. Then, for all t € [0,1], 0 < z < = + t(y — ), so that ¢/, (z +t(y — z)) =
(1+(m+t%y—w)))m < (H‘lx‘)m. Integrating this relation on [0,1] gives the desired inequality. If y < z <0,
we use the fact that ¢! is even and apply the previous result to (—z, —y). R

Lemma 6.3.3 Let m € (1,2), = Iy (1+|t\)m and ¥(s) = —LL . Then for all (z,y) € R, one

has

(¥(@) = ¥())? < 4@ = y)(Pm(@) = em(y))-
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Proof of Lemma 6.3.3
The function % is Lipschitz-continuous and, for all s € R,
1+ % 2
m S
A+[shz = (1 +]s)

<

o | sms) sl
0 = | EE - e

SH

so that, for all (z,y) € R?, by the Cauchy-Schwarz inequality,

< /w 4ds
y (L [shm

1/2

[(x) = (y)| = "(s)ds & = yI'"? < 2o (@) — o () 2lz —y['/2.

Taking the power 2 of this inequality and using the fact that ¢,, is nondecreasing, we deduce the desired
inequality. W

We shall now deduce the key estimate on uy (Theorem 6.2.2) from Proposition 6.3.2 and the following
lemma.

Lemma 6.3.4 Let M be an admissible mesh and ¢ > 0 satisfying (6.2.10). Let F : (1,2) — R* be a
function. For m € (1,2), we denote @, (s fo (1+|t\)m' If v = (vk)ker € X(T) satisfies, for all
€ (1,2),

Y Tolvr = vn)(pm (V) = pm(vr)) < F(m)
o€eé

(where we have denoted, as usual, 0 = K|L if 0 € &y and ur, = 0 if 0 € Eoxt N Ex ), then, for all
q € [1,5%), there exists C > 0 only depending on (Q,(, F,q) such that |[|[vr||1,qm < C.

Proof of Lemma 6.3.4

Let g € [1, %).

Take m € (1,2) (fixed later on as a function of d and ¢) and denote @, » = fol o (v + (v — vi)) dt.
We have ¢, (vk) — om(vr) = (VK — vL)@m,e, SO that

> Totmo(Dovr)? < F(m).
oe&

By Holder’s inequality, we have, since 1 < ¢ < 2,

Dyvr\? Dsvr 2\ ¢ L =
Zmeas(a)do< i ) < (Z meas(0)dym,o (T) ) (Z meas(0)dy am> )
oe€ oce€ oce€

2%(1
q
< F(m)? <Z meas(o)d, amgq> . (6.3.28)
oe&
For all (z,y) € R? and all ¢ € [0, 1], one has |z + t(y — z)| < sup(|z|, |y|), so that
) 1 1 1 1
Oz +tly—2x)) = > mflnf —, — .
=) = T vy — a7 = 4+ swp(al D) T o)™ T+ 1)

Taking = vk, y = vy, and integrating the previous inequality on ¢ € [0, 1], we find

. 1 1
Qm,s > inf , ;
(L + fok )™ (1 +[vL))™

which implies

—L m m m m m
aie® < sup (1 o) 35, (14 oo )35 ) < 275 (1 + o |95 + o [9).
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We deduce from (6.3.28), using the fact that ) . meas(o)d, = dmeas({2) and re-ordering the sum on
the control volumes,

2—gq

=t
llor I g < Ca (1 + Z vk |24 < Z meas(a)dg>> ,

KeT oelk

where C; only depends on (F,m,q,). But since dx,, > (d, for all K € 7 and all 0 € £k, we have
Yoes, meas(0)dy < ¢ 30, g, meas(0)dk,, = %meas(K) and we obtain thus

oz ||] y < Co <1 + ||vT||L7ﬁ (Q)> , (6.3.29)

where C only depends on (F,m,q,2) (notice that, since m > 1, we always have 7% > 1).
By Proposition 6.2.2, there exists C3 only depending on (€2, ¢, () such that, if ¢* = dd—fq (note that
¢<gz<d),

Wt llLes @) < Callor|ligm:

Using this in (6.3.29), we obtain

mgq

q < (1 =
If ¢ < 5%, one has 7. < ¢", so that we can choose m € (1,2) (only depending on (g,d)) such that
% < ¢*. We obtain thus, with such a choice of m and Hélder’s inequality,

M
o714 < Co (1 ozl gy ) -

mq

where Cy only depends on (€2, (, ¢, F'). Since 5% < ¢ (recall that m < 2), this inequality gives us Cs only
depending on (€2, (, g, F) such that [[vr||L e (o) < C5 and, returning to (6.3.29), we deduce the desired
estimate on ||vr||1,gm. W

6.3.3 Proof of Theorem 6.2.2

We give here the proof of the key estimate on ||ur||1,q,m Which was stated in Theorem 6.2.2, and which
is crucial to show existence and convergence of the solution to the finite volume scheme.

Proof of Theorem 6.2.2

Let A > [|u[ /() (to avoid dividing by 0). (6.2.3)—(6.2.5) being a linear problem, we see that uz /A is
a solution to (6.2.3)—(6.2.5) with p/A instead of p.

Since ||/Allps@) < 1, we can apply Proposition 6.3.2 to uz/A; let ko > 0 only depending on (£2, v, ()
given by this proposition. Sk, (ur/A) and Tk, (ur/A) satisfy then the hypotheses of Lemma 6.3.4 with
a function F' only depending on (Q,v,({). We deduce from this lemma that, for all ¢ € [1, %), there
exists C' > 0 only depending on (€, v, (, ¢q) such that

|[Sko (ur /M1, m <C and || T, (ur /A)]|1,4,1 < C.

Since uz /A = S, (ur /A) + Tiy (ur /A) and || - ||1,4,m is & norm, this gives ||uz/All1,4m < C, that is to
say |[ur||1,qm < CA. Letting then A tend to ||u|[ /), we obtain the desired estimate on uz. ®

6.4 Proof of Theorem 6.2.1

We first prove the uniqueness of the solution to (6.2.9), which does not involve numerical analysis methods,
and then the existence and convergence of the approximate solutions (which yields the existence of a
solution to (6.2.9)).
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Proof of the uniqueness of the solution to (6.2.9)

This proof uses the regularity results of [52] on the variational solution to —Av = f € L?(Q), vjaq = 0,
for © polygonal (or polyhedral) open set in R?, d = 2 or 3.

Problem (6.2.9) being linear, it is sufficient to prove that, if u is a solution to (6.2.9) with pu = 0, then
u = 0.

Let € L°°(2) and take p € H}(Q) N L>(Q) the solution to

/V@-deA—/wv-VgodA—k/bapwdA:/GwdA, Vi € Hy (). (6.4.1)
Q Q Q Q

The existence of such a ¢ is ensured by the results of [31]. Letting © = 6 + v - Vo — bp € L?(Q), we see
that ¢ € H}(Q) satisfies —Ap = © on .

Since ) is a polygonal (or polyhedral) open set in R? or R3, the results of [52] give us n > 0 such that
¢ € H3t1(Q). Thus, by the Sobolev injections (see [1]), there exists s > d such that ¢ € Wy*(€) (in
the case d = 2, to obtain such a s > 2, we could also have used the result of [69] — which is stated for
regular open sets but is also true for open sets with Lipschitz-continuous boundary, see [49]).

Thanks to this additional regularity, a density argument allows to see that (6.4.1) is also true for ¢ €
WOI’S/ (Q), where s’ is the conjugate exponent to s, that is, such that % + ﬁ =1.

We can thus use ¢ in the equation satisfied by u and u in the equation satisfied by ¢ to obtain

OZ/VU-Vgod)\—/uv-VngA—i—/buapd)\:/Gud)\.
Q Q Q Q

We deduce from this equality, satisfied for all § € L>°(Q), that u = 0, i.e. the uniqueness of the solution
to (6.2.9). m

Proof of the existence and convergence results

The existence of a unique solution to (6.2.3)—(6.2.5) is an immediate consequence of the estimate of
Theorem 6.2.2: indeed, if 4 = 0, then this theorem shows that any solution to (6.2.3)—(6.2.5) is null,
that is to say that the square matrix defining this linear system is invertible.

Let us now prove the convergence result. The techniques used here are easy adaptations of the convergence
proof of [38].

Let (un)nen be a sequence of functions of L2(2) such that u,, is solution to (6.2.3)—(6.2.5) for M = M,,,
where (M, )nen is a family of admissible meshes M satisfying (6.2.10) (for some fixed ¢ > 0), and such
that size(M,,) tends to 0 as n tends to +oo.

We first prove (steps 0 to 5), that if (u,)nen tends to u in LP() for all p < -4, as n tends to +oo (and
size(My) — 0), with u € ﬂq<ﬁWol7q(Q), then w is a solution to (6.2.9).

We then prove (step 6), thanks to the a priori estimates of Section 3, the compactness of the sequence
(un)nen and conclude, thanks to the uniqueness result which was proved above, to the convergence of
(un)nen to the solution u to (6.2.9).

Step 0: Density argument

By density of C2°(2) in WOI’S(Q) for all s € (d, 00) and by the regularity results on u, it is clearly sufficient
to prove that u satisfies the equation of (6.2.9) for all ¢ € C°(2). Take such a . Multiplying (6.2.3) by
¢(zx) and summing over K € T we have, by conservativity of the fluxes and by dropping the index n:

D ro(ux —ur)(p(ax) — e@L)+ > vkoter(Plzk) — o(zL))

oe€ ce€

+ ) meas(K)bguxp(rx) = > plax)u(K). (6.4.2)
KeT KeT
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We shall now pass to the limit as size(M) tends to 0 in (6.4.2), and prove the convergence of each of
the terms to the corresponding term in (6.2.9). In fact, the proof of convergence of the first and third
terms of the left hand side can be found in [38] or [39] and so can the proof of the second term under a
stronger regularity condition. The proof of convergence of the right hand side may be found in [46], so
that the only new part in this proof is Step 4 which shows the convergence of the convective term with
a continuous convection velocity (rather than C! in previous works). However, we give a quick proof for
all terms for the sake of completeness.

Step 1: convergence of the lower order terms.
Denote @7 € X(7T) the function defined by px = p(xk) for all K € 7. By regularity of ¢, we have
o1 — ¢ uniformly on Q as size(M) — 0, thus

I;Tso(xx)u(K):/ﬂwduﬂ/deu (6.4.3)

as size(M) — 0 (notice that o7 = 0 near 99 for size(M) small enough).
By regularity of b, by = (bx)xer tends to b in L2(Q) as size(M) — 0; thus, since o7 — ¢ in L>(Q)
and ur — u in L?(Q) (because 2 < d/(d — 2)) as size(M) — 0, we have

Z meas(K)bKqup(xK):/bTUT@TdA—»/buapd)\ (6.4.4)
KeT @ @

as size(M) — 0.

Step 2: convergence of the diffusion term.
Gathering by control volumes, we have

D roluk —un)(p(rr) —en) = Y ux Y To(elex) — o(wL)).

e KeT cE€EK

But, by regularity of ¢,
To(p(rr) —o(zL)) = — / V¢ ng,dy+ meas(oc)Rk o,

where |Rg | < Cisize(M) (Ci does not depend on the mesh) and R, = —Rr,, whenever 0 = K|L €
Ent- Thus, gathering by edges,

D ro(uk —ur)(p(ex) —(z))+ Y ux [ Ve-ngdy = > ug »  meas(o)Ri,o

ocE KeT oK KeT o€y
= Z meas(0)Rk o (ux —ur).
oe&
But

DU’LLT

Z meas(0) Ry o (ux —ur)

o€l

< Cysize(M) Z meas(o)dy

e

= Cisize(M)|lur]|1,1,Mm,

o

and this last quantity tends to 0 as size(M) — 0 (because, by Theorem 6.2.2, ||ur||1,1,m stays bounded).

By noticing that
ZUK/ Vo -ngdy= ZUK/ Atpd)\z/uTAtpd)\,
KeT oK KeT K Q
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and since ur — u in L*(Q) as size(M) — 0, we deduce that

ZTU(UK —ur)(p(zr) —e(xr)) — —/QuA@d/\ = /QVU -VpdA (6.4.5)

=
as size(M) — 0.

Step 3: Preliminary to the convergence of the convection term (in fact, we prove here the convergence
of the convection term if v is regular).
Let w € (C'(Q))? and define, for K € T and 0 € £k, wk,o = [, W - ng o dy (notice that, if o = K|L €

Eint, then wi , = —wr ;). We want to study the limit, as size(M) — 0, of Y - wk sUq 1 (P(2K) —
w(xr)) (that is to say the convection term of (6.4.2) with w instead of v).
We have

Y wk oo (P(ex) — ¢(aL))

ocel

= Z Z wK,ouo,—&-‘P(mK)

KeT oe€ék
= Z Z WK,o (Ue,+ — Ur)P(TK) + Z olxg)uk Z WK,o- (6.4.6)
KeT oeli KeT c€EK

Since Y ce, W0 = [y WDk dy = [, div(w) d), we have

Z o(rr)uk Z WK & :/UTQOTdiV(W) d\ — / updiv(w) dA (6.4.7)
KeT o€fK Q 2
as size(M) — 0.
Moreover,
> 3 witalo —ue(e)= 3 3 (e ) [ owomcads
KeT o€k KeT oeéx
+30Y (n— ) [ (el = phw - mic d
KeT oe€k

Since, for size(M) small enough, the support of ¢ does not intersect the cells K such that 9K NN # O,
we have

Z Z Ua,+/<PW'nK,ad7= Z Ug,+ </<PW'HK7ad7+/

YW - Nf o dv) =0,
KeT o=K|LeEk 0€E&int 7

because ng , = —nr , if 0 = K|L € &ne. On the other hand,

— Z Z uK/gpw Ngqdy=— Z uK/ div(ew) d /quiV(gow)d)\—>—/udiv(gow)d)\
Q

KET 0€€x KeT Q

as size(M) — 0. By regularity of ¢, we have C5 only depending on ¢ such that

3 3 (o =) [ (plar) = o)w -

KeT oe€éi
< CsllIwlllem)size(M Z Z meas(o)|uy + — Uk
KeT oeéi
< CsllIwllle g size(M) Z meas(o)Dyur
ocef

Csll 1wl llo@size(M)l[ur1,1,m-
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The last quantity tending to 0 as size(M) — 0, we deduce from what preceeds that
Z Z WK .o (Uo + — uR)p(Tr) — —/ udiv(ew) dA (6.4.8)
KeT o€€x Q

as size(M) — 0.

Using (6.4.7) and (6.4.8) in (6.4.6), we obtain

Z WK oo +(P(xr) — @(zL)) — / updiv(w) dA — / udiv(ew) dA = —/ uw - Vo dA (6.4.9)

e Q Q Q

as size(M) — 0.

Step 4: convergence of the convection term.
Let ¢ > 0 and take w € (C'(Q))? such that || |v — w][|¢q, < e. By regularity of ¢,

Z’UK oUo.+(p Zw;{ oo +(p(rr) —p(zr))| < CQEZmeas(o)dg|ug,+|
occ& occ& ock
where Cs only depends on ¢. Gathering by control volumes, we deduce that
ZvKguo+ ZwKauo+ rr) —¢(rL))
oeé oce&
< Che Z |uk] Z meas(o)d,.
KeT cEfK "UK,UZO

But, by hypothesis on the mesh, >omeas(o)dy < 'Y ce, meas(o)dk o = ¢~ dmeas(K),

0€EK | VK o

so that
ZUKUUU+ Zngung zr) —lzn))| < Cse Z meas(K)|ug|
oee oee KeT
< Cue, (6.4.10)
where C3 and Cy do not depend on the mesh M nor on e (3° 7 meas(K)|uk| = |[ur]||L1(q) is bounded).
We also notice that
/ uv-Vgod)\—/ uw-V@d)\} < Cge (6.4.11)
Q Q
where Cg does not depend on e.
Using then (6.4.9) and (6.4.11) in (6.4.10), we obtain
lim sup ZUK oo +(p(rr) —p(zr)) +/ uv - Vo dA| < Cre,
size(M)—0 ey Q

where C7 does not depend on . This being true for any € > 0, we deduce that

Z VK, oUo+(p(Tr) — p(rL)) — — /Q uv - Ve dA (6.4.12)

oe€
as size(M) — 0.

Step 5: Passage to the limit in the scheme.
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Using (6.4.3), (6.4.4), (6.4.5) and (6.4.12), we may pass to the limit in (6.4.2) to obtain:

/Vu Vpd\— /uv V<pd/\—|—/butpd>\ /gpdu,

which proves that u is a solution to (6.2.9).

Step 6: proof of the convergence of (uy)nen-

Thanks to Theorem 6.2.2 and to Propositions 6.2.3 and 6.2.4, we see that (u,)n>1 is relatively compact
in L(Q) for all ¢ € [1, ;%) and that the adherence values (in L?(f2)) of this sequence are in Wy(Q)
(for g € (1, ﬁ)) Up to a subsequence, we can thus suppose that u, — u in LI(Q) for all ¢ € [1, %),
with v € ﬂq<d;11W01’q(Q); by Proposition 6.2.2 and Theorem 6.2.2, (u,)n>1 is also bounded in LP(Q) for
all p < d;f2 so that, by an easy consequence of the Vitali convergence theorem, u, — w in LP({2) for all
P< g5

By what we have just proved, we see that u is then a solution to (6.2.9); since this solution is unique,
this proves that the whole sequence (u,)n>1 converges to .

As a by-product, this convergence entails the existence of a solution to (6.2.9) (which can be deduced
from previous works, [11] and [31] for instance). B

6.5 A scheme with jump of the fluxes

Until now, we considered, in the definition of “admissible mesh”, a partition of 2 into convex polygonal
(or polyhedral) sets. We then defined a finite volume scheme where the conservativity of the numerical
fluxes writes : Fx o = —F, for all 0 = K|L € Eps.

There is, however, another manner to deal with the discretization of a right-hand side measure, which
was implemented, for instance, in [44] for the numerical simulation of fuel cells. In this formulation, we
write that if the support of the measure intersects a given edge, then there is a jump of the flux on this
edge. This leads to the following scheme.

The mesh M we consider now is defined by a finite family 7" of polygonal (or polyhedral) open disjoint
subsets of €2, by a finite family £ of subsets of {2 contained in affine hyperplanes and by a finite family
P = (zx)ker of points of Q such that

a) T UE is a partition of €,
b) for each o € £, there exists K € 7 and a non-empty open subset O of K such that O C o C O,
¢) items iii)—vi) of Definition 6.2.1 hold.

The notations concerning the mesh are the same as before, and the reader can easily verify that Propo-
sitions 6.2.1 — 6.2.4 are still true for such meshes.
Still defining (bx)kxer and (VK o )KkeT, seex by (6.2.2), the new scheme is

VK €T, Z Fro+ Z VK oUs 4+ + meas(K )bgug = p(K), (6.5.1)

c€lK ocelk

Vo =K|L € &, Fro=—"2200(y, —uy),

dx,o (652)
Vo egextmgKa FK,G‘ =ToUK ,
Vo = K|L € &nt, FK,U + FL7O' = —/L(J) s (6.5.3)
Vo =K|L € &n, Uot =ur fvikes >0, st =ur otherwise, (6.5.4)

Vo €€xt NEK, Ust =ur fvge >0, usq =0 otherwise.
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Notice that the unknowns of this scheme are (ux)xer and (uy)reg (which represent approximate values
on the edges), but that Relation (6.5.3) allows to eliminate the (us)seg; this scheme can thus be considered
as a linear system on (ux)ke7.

In fact, the elimination of u, thanks to (6.5.3) gives, for 0 = K|L € &int,

meas(o)
dy

(uke —ug) — 27 (o).

FK,G‘ = do’

Thus, this new scheme is in fact the scheme (6.2.3)—(6.2.5) where we have changed, for all K € T, u(K)
by px = uw(K) + ZUGSK dé;u(a) (with 0 = K|Lif 0 € &ng and dp o = 0 if 0 € Eext N Ex), which is
just another way to discretize the measure p (forgetting the values of i on the boundary of the domain,
which does not modify the problem since we consider Dirichlet boundary conditions).

The matrix of (6.5.1)—(6.5.4) is thus the same as the matrix of (6.2.3)—(6.2.5) and, since (ix)rkeT

satisfies

S lil = X 0+ 30 (2 4 %Y o) = Y 0+ 3 o) < Dl

KeT KeT ock KeT ek

(because 7 UE is a partition of ), the a priori estimates on the solutions to (6.5.1)—(6.5.4) are obtained
exactly the same way as the estimates on the solutions to (6.2.3)—(6.2.5).
We also have, for p € C.(Q), for 0 = K|L € i,

dL,o'

L p(onlo) + S ganto) - [

sodu‘ < (. size(M) (o),

where w(ip, h) is the modulus of continuity of ; thus,

> vlex)ix —>/Qsodu

KeT

as size(M) — 0 and the convergence of the solution of (6.5.1)—(6.5.4) as size(M) — 0 is obtained by
the same technique as in the proof of Theorem 6.2.1.

6.6 Numerical results

We performed a few simple numerical experiments on problems to which the exact solution is known, in
order to try and obtain some rates of convergence of the finite volume scheme in presence of a non regular
right hand side. Numerical results were also shown in [34] in the non coercive case with right hand side
in H~!, so we shall concentrate here on tests in the irregular data case.

6.6.1 Comparison of the two finite volume schemes

The first numerical experiment is concerned with the comparison of the treatment of the singularity in
the one-dimensional case. In this case, the Dirac is not a very “mean” measure, in the sense that the
solution of the problem is continous, the jump is only on the derivative. In the first version of the FV
scheme (scheme (6.2.3)-(6.2.5), which we shall call Scheme 1 in the sequel), the Dirac measure is taken
in its integral form in the right hand side while in the second version (scheme (6.5.1)-(6.5.4), which we
shall call Scheme 2), the mesh is adapted so as to be able to write the numerical jump of the flux on
a cell interface. We solve —u" = 41/, u(0) = 0, u(1) = 0, on the interval (0,1); the exact solution is

u(r) = § for x < .5, u(x) = % for x > .5. We use a uniform mesh, and ensure that the number of

cells is even, so that in the second scheme, the flux jump is located on a cell interface. The error function
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e is defined by e(r) = u(zx) — ux for any x € K, where u(xx) denotes the value of the exact solution
of the continuous problem at point zx and (ux)xe7 the solution to the finite volume scheme.

We analyse the rate of convergence by showing the L', L? and L° norms of the error e versus the number
of cells with a log-log scale in Figure 6.3.

f the error vs. number of discretization points for schemes 1and 2, one

Figure 6.3: Convergence rate in the one-dimensional case.

The results show straight lines for all three norms, so that it is natural to try and evaluate the norms
of the error as ||e|]| = Ch®*. The computation of the coefficients C' and « from the numerical results are
given in Table 6.1. These coefficients are computed using the two finest meshes.

o LY norm | L? norm | L™ norm C LY norm | L? norm | L* norm
Scheme 1 1.0000 1.0000 0.9961 Scheme 1 0.1250 0.1443 0.2431
Scheme 2 0.9923 0.9941 0.9961 Scheme 2 0.2365 0.2768 0.4861

Table 6.1: Values of (C, «) for schemes 1 and 2, one dimensional case.

These results show that the two schemes have a rate of convergence which is roughly the same (close to
one) and that the constant C is about twice as large for Scheme 2 (jump of flux) than for Scheme 1 (Dirac
in one cell). This is quite in accordance with what can be seen from the implementation the scheme,
because Scheme 2 amounts to spreading the Dirac measure over two cells, instead of one in Scheme 1.

6.6.2 Two and three-dimensional tests on a Cartesian mesh

We also implemented the finite volume scheme on the square (resp. cubic) domain Q = (—1,1)? (resp.
Q0 = (—1,1)3). The domain is discretized with a uniform mesh, and the L? norm of the error is computed
for an increasing number of cells, so as to evaluate the rate of convergence.

We first tested the two-dimensional code for a regular data, yielding the exact solution u(z,y) = sinz sin y.
In this case, since the mesh is rectangular and the exact solution regular, the consistency error on the
flux is of order 2 and the rate of convergence in the L? norm can be theoretically shown to be of order 2
([38], [48], see also [22] for a related co-volume scheme). The rate of convergence was computed for the
piecewise constant error function defined by ex = u(zx) — ux for K € 7, where u is the exact solution
and (ug) ke is the solution to the finite volume scheme.

We then performed some tests with a right hand side given by a Dirac measure at 0. The boundary
conditions were taken such that the exact solution be the restriction of the solution of —Au = g in the
whole set R? (resp. R?). It is well-known that this function lies in LP(R?) for p € [1,+00) (resp. LP(R3)
for p € [1,3)).

We obtain the results (in log-log scale) given in Figure 6.5. The coefficients C' and « such that |le|]| = Ch®
are again evaluated for the norms L'(Q2) and L?(Q), and are also given in Figure 6.5.

In these tests, the mesh is such that the point (0,0) is located at the corner of the cell [0, k] x [0, ],
where h is the discretization step of the mesh. Hence the radial symmetry of the solution is broken by the
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or, logarithm scale

L' norm | 2.0000 | .1031
L? norm | 2.0000 | .0428
L norm | 1.7931 | .0690

norm of the err

discretization step, ogarithm scale

Figure 6.4: Convergence rate, two dimensional case, regular right hand side.

e
Q

. L norm | .9047 | .2421
L? norm | .9965 | .3181

norm of the error, logarit

discretization step, logarithm scale

Figure 6.5: Convergence rate, two dimensional case, right hand side Dirac at zero, non symmetric discrete
problem.

mesh. If we restore it by allocating one fourth of the Dirac measure to each of the four cells [0, h] x [0, h],
[0,h] x [0,—h], [-h,0] x [0,h] and [—h,0] x [—h, 0], we gain in the order of convergence, as can be seen
in Figure 6.6. Hence the order of convergence depends on the singularity of the data, but also on the
preservation of the symmetry of the solution.

A question of interest is to know whether the singular data influences the rate of convergence outside of
the region of singularity. In order to check this point, we compute the norm of the error between the
exact and approximate solutions on the region {x < —.5} x {y < —.5}. We find that in this case, we
recover an order of convergence close to one in all norms if the Dirac is located at the corner of a cell,
in which case the symmetry of the solution is not preserved by the discretization (see Figure 6.7). In
this case, the rate of convergence in the regular zone is perturbed by the singularity outside this zone
(recall that the theoretical rate of convergence for regular solutions on rectangular meshes is 2 [48], [38]).
However, if we restore the symmetry of the problem as described above, then the rate of convergence is
close to two (see Figure 6.8).

We then implemented a three dimensional cartesian mesh and found, for the non-symmetric discrete
problem (Dirac located at a corner of the cell [0, h]3) a rate of convergence close to 1 in norm L! and .5
in norm L2, as shown in Figure 6.9. Recall that in this case the exact solution is in L? for 1 < p < 3.

If the Dirac is distributed on the eight cells neighbouring the origin, in order to symmetrize the discrete
problem, as was done in the two-dimensional case, then one obtains a rate of convergence of 1.631 in the
L' norm and .504 in the L? norm. This seems to indicate a super-convergence in the L! norm, although
not to the second order (see also Remark 6.6.1).
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Figure 6.6: Convergence rate, two dimensional case, right hand side Dirac at zero, symmetric discrete

problem.

discretization step, ogarithm scale

: o . L' norm | 1.7740 | .0073
L L? norm [ 1.0010 | .0837

o c

LT norm [ 0.9131 [ .0035
RS L? norm | 0.9350 | .0086
e L> norm | 0.9360 | .0586

Figure 6.7: Convergence rate, two dimensional case, right hand side Dirac at zero, non symmetric discrete
problem, norm computed on a “regular zone”.

6.6.3 Two-dimensional tests on an unstructured mesh

We also tested our algorithm on an unstructured triangular mesh. Numerical experiments for the cell
centered scheme on triangular meshes were performed in [15] and in [40] in the case of coercive convection
diffusion equations and regular data. These experiments show a convergence rate of order two, as in the
finite element case, although this superconvergence is still, to our knowledge, an open problem in the
finite volume case. We show in figure 6.10 the rate of convergence which we obtain for the Poisson
equation where the right hand side is a Dirac at 0 and the boundary conditions are such that the exact
solution is u(z1,x2) = In(z? + 23). The refined meshes are not imbedded, so that the convergence lines
are not straight, but one can figure out that the L' and L? norms of the error between the exact and
approximate solutions are bounded by 0.1 size (M)%7.

6.6.4 Spherical domain and mesh

We also made some experiments for a three dimensional spherical problem : we search for the solution
of —Au = §p on the Euclidean unit ball B(0,1) of R3, with boundary conditions such that the exact
solution be the restriction of the solution of —Au = &y in the whole set R3. The control volumes are
defined by K; = {x € B(0,1);ih < |z| < (i + 1)h}, for i = 0,..., N, where h = ﬁm As we noted in
Remark 6.2.1, such domain and mesh are not strictly contained in Definition 6.2.1 of an admissible mesh,
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o c

LY norm | 1.9486 | .0247
e LZ norm | 1.9571 | .0042
0 *** ] L norm | 1.9305 | .0025

discretization step, ogarithm scale

Figure 6.8: Convergence rate, two dimensional case, right hand side Dirac at zero, located at the center
of the center cell, norm computed on a “regular zone”.

Norm of the error vs. discretization step.three dimensi

E o c
> LT norm | 0.9670 | .3314
L? norm | 0.4809 | .2062

10?
discretization step, logarithm scale

Figure 6.9: Convergence rate, three dimensional case, right hand side Dirac at zero, nonsymmetric discrete
problem.

since a sphere is hardly a polyhedral domain, but in fact, the discretization of the normal flux on the
boundaries of such a spherical mesh is clearly consistent when looking at spherical solutions of Problem
6.1.1. Indeed, the numerical flux at interface i +-1/2 is taken as F /o = 4”;}12 (ui+1 — u;), where the
(t;)i=o,....n denote the discrete unknowns. In this case, the rate of convergence of the method was found
to be 2 in norm L' and .5 in norm L? : see Figure 6.11.

Hence the symmetry of the problem seems to improve the performance of the method, at least on the L'

norm.

Remark 6.6.1  We recall that in the three-dimensional case, the exact solution —Au = 8y is in L3~¢
for any € > 0, hence we can expect a convergence in LP for 1 < p < 3. From a convergence in L3~¢
for any € > 0, and a convergence with a rate h® in L', one may deduce (from Hélder’s inequality) a
convergence in the L? norm with a rate of at least hT~% for any € > 0. The above numerical results are
in accordance with this estimate, both in the spherical case and in the Cartesian case of section 6.6.2.

We also give in Table 6.2 below the rate of convergence obtained when computing the norm of the error
on a zone where the solution is regular, i.e. on the set {x € R3, || > 1/2}. Again, we find in this case a
rate of convergence of 2 (even a little more than 2) for all norms.

If we now search for the solution of —Au = p on the three-dimensional unit ball, with p the two
dimensional Lebesgue measure supported on the sphere of radius .5, then the obtained convergence rate
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Norm of the error vs. discretization step, unstructured mesh
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Figure 6.10: Convergence rate, two dimensional case, right hand side Dirac at zero, triangular mesh.

- «a C
e ° L' norm | 1.9288 | .4993
e L? norm | 0.5000 | .1879

Figure 6.11: Convergence rate, three dimensional case, right hand side Dirac at zero, spherical case.

is again 1, even though the exact solution is more regular than the solution to the Dirac problem, see
Figure 8. Note that in this case, the exact solution is in L> (and even in H?!).

6.7 Appendix

Throughout this section, for any g € (1, +00), we denote by ¢’ its conjugate exponent, that is, ¢’ € (1, +00)
such that % + i =1.
Proof of Proposition 6.2.1
The case ¢ = 2 is done in [38]. We use the same method for ¢ € [1, 2).
Define, for o € € and (z,9) € RY, x,(z,y) = 1if o N [z,y] # 0 and x,(z,y) = 0 otherwise. Let d be a
unit vector and define, for z € €, y(z) as the point on the semi-line, with origin « and direction d, such
that y(z) € 90 and [z,y(x)] C Q. If o € &, we let ¢, = |n, - d|, where n, is a unit normal to o.
For all x € © such that x does not belong to an affine hyperplane generated by some o € &, i.e. for a.e.
z € (), we have

o7 (2)| <Y Xo(2,y(x)) Dyvr

e
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Q@ C Q C

L' norm | 2.0506 | .3411 L' norm | 1.0506 | .1874
L? norm | 2.1164 | .1720 L? norm | 0.9993 | .1787
L norm | 2.1295 | .2331 L°° norm | 0.9983 | .2006

Table 6.2: Convergence rate, three dimensional case. left: the right hand side is a Dirac measure at
zero, spherical case, norm computed on a “regular zone”, right: the right hand side is a two dimensional
Lebesgue measure supported on the sphere of radius 1/2. The norm is computed on the whole set 2.

(recall that vy (z) = vk for the K € T such that x € K). Take such an = and suppose that, for some
o €&, co =0; we have then x,(z,y(x)) = 0 (indeed, otherwise x would belong to the affine hyperplane
generated by o). Thus, the preceding sum can be reduced to the o € £ such that ¢, # 0 and we can
write, thanks to Holder’s inequality, for a.e. x € €,

g9
T

lor (z)]? < > Xel@y())docs <Dd:T) > Xelmy@)docs | (6.7.1)

c€€ | ce#0 c€€ | ce#0

Q

Since
Z Xo(z,y(x))dyco < diam(Q) forall x€Q
ocel

(see [38]) and [, xo(z,y(z)) dA(z) < diam(Q2)meas(o)co, we obtain, integrating (6.7.1) on €,

a -2 (D, q
/ |vr|?Td)\ < diam(Q) < Z diam(Q)meaS(a)doc}, ‘ ( UT)
Q

d
o€ |ce#0 7

But ¢ < 2, so that 1 — % =2—¢>0and ¢2~? < 1, which concludes this proof. m

Proof of Proposition 6.2.2

The case d = 2 has already been done in the course of the proof of the discrete Sobolev inequalities in
[38] (inequality (9.73), page 791).

For d = 3, the case ¢ = 2 may be found in [27]. The case of a general ¢ is similar; we use the following
inequality (inequality (9.75) page 793 of [38]) : for any wr € X (T),

3/2
/ |w7|2 d\ < <Zmeas )D w7> .

ocel

3(q—1 3(q—1)
Applying this to wg = |vK|32qusgn(vK), and since D,wr < 32—_‘1€I(|UK| S0+ g 5= )D,vr (with
0=K|L € &y or v, =01if 0 € Eext N EK), we deduce, by the Holder inequality,

(/ jor|+5 «dA) :

3(qg—1) 3( 1) Dg’l}
< g D meas(o)dy (fux [T+ fur ) o
065 -
D,v g 1/ 1/q/
/ 3 , 3
: <gzegmeas < ZZUT) ) <(§gmea5(0)d0(2q —1|UK|ﬁ + 24 _1|UL|ﬁ)> .
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But, by hypothesis on (,

3 meas(o)doloxc | = Y okl Y meas(o)d,

oce& KeT cE€EK

1
c Z |UK|33qu Z meas(0)dg &

KeT c€EEK

IN

3
= 2% meas(K)|vx|* 7
CKET
3 %
= =lvrll’3,
L3=

¢ @)
Thus, we finally have

5q 2/3 3a—1)
([leran) " < Clorlhamliorll 5

34 (Q)

where C only depends on (g, (), and this gives the desired estimate. B

Proof of Proposition 6.2.3
Define x,(z,y) as at the beginning of the proof of Proposition 6.2.1.
Suppose first that ¢ > 1 and take h € R\{0}. Denote, for o € £, ¢, = |n, - ﬁ| (where n, is a unit
normal to o).
We have, for a.e. = € Q (in fact for all  which does not belong to an affine hyperplane generated by
some o € E),

|wr(z+ h) —wr(x)] < Z Xo (T + h,z)Dyvr. (6.7.2)

ocef

As in the proof of Proposition 6.2.1, this sum can be limited to those o € £ such that ¢, # 0, and we
have then, by Holder, for a.e. x € Q,

1/q

q 1/q
|wT($ + h) o wT(x)l S Z XO'((K + h7 -T)do' <DUUT) (Z Xo.(x + h,’ ;U)do.cg_//q> .

c d
c€€ | ce#0 7 7 gel

Since ¢ < 2 (and hence ¢'/q¢ > 1) and ¢, € [0,1], we have 2/ < c: but (see [38]) > ce Xolz +
h,x)dycy < |h| + Csize(M), where C only depends on . Thus,

g o DG' e
wr (@ + h) —wr(@)|? < (|| + Csize(M)* 3" X (“”th’“”)d ( d”) .
oc€€ | ceF#0 7 7

Since [pa Xo (@ + h, ) d\(z) < meas(c)co|h|, we deduce, after integrating, the desired estimate (6.2.12).
If ¢ = 1, we simply integrate (6.7.2) and this directly gives (bounding [;. Xo (2+h, ) d\(x) by meas(o)|h|)
the estimate.

The compactness result is then an immediate application of Kolmogorov’s Theorem, with the use of
Proposition 6.2.1 to obtain a bound in L(2). m

Proof of Proposition 6.2.4
Applying (6.2.12) to v, and passing to the limit n — oo, we get, for h € R?\{0},

lw(z +h) — w(z)|?
/R d 2 Nz) < C,

where C does not depend on h and w is the extension of v to R? by 0 outside .
Since ¢ > 1, this estimate classically gives w € W4(R?) and, by the regularity of (2, since w is the
extension of v by 0 outside Q, v € Wy9(€). m

119



Partie IV

Approximation parabolique d’une
équation hyperbolique en domaine
borné
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Chapitre 7

An error estimate for the parabolic
approximation of multidimensional
scalar conservation laws with
boundary conditions

Reference: J. Droniou, C. Imbert and J. Vovelle, Ann. Inst. H. Poincaré Anal. Non
Linéaire 21 (2004), no. 5, 689-714.

Abstract We study the parabolic approximation of a multidimensional scalar conservation law with
initial and boundary conditions. We prove that the rate of convergence of the viscous approximation to
the weak entropy solution is of order n'/3, where 7 is the size of the artificial viscosity. We use a kinetic
formulation and kinetic techniques for initial-boundary value problems developed by the last two authors
in a previous work.

keywords: conservation law, initial-boundary value problem, error estimates, parabolic approximation,
kinetic techniques.
AMS classification: 35L65, 35D99, 35F25, 35F30, 35A35

7.1 Introduction

Let Q be a bounded open subset of R¢ with Lipschitz continuous boundary. Let n(Z) be the outward
unit normal to Q at a point T € 9Q, @ = (0, +00) x Q and ¥ = (0, +00) x 9. We consider the following
multidimensional scalar conservation law

Ou + divA(u) =0 in @, (7.1.1a)
with the initial condition
u(0, z) = up(x),Va € Q, (7.1.1b)
and the boundary condition
u(s,y) = up(s,y), ¥(s,y) € 2. (7.1.1c)

It is known that entropy solutions must be considered if one wants to solve scalar conservation laws
(Equation (7.1.1a) is replaced by a family of inequalities — see [60] for the Cauchy problem) and that
the Dirichlet boundary conditions are to be understood in a generalized sense (see [3] for regular initial
and boundary conditions and [73] for merely bounded data).
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In this paper, we estimate the difference between the weak entropy solution of (7.1.1) and the smooth
solution of the regularized parabolic equation

0w + divA(v) = nAv in Q, (7.1.2)

satisfying the same initial and boundary conditions. Throughout the paper, we make the following
hypotheses on the data: the flux function A belongs to C2(R), the initial condition ug is in C3(Q), the
boundary 99 of the domain  is C?, the boundary condition u; belongs to C3(X). In that case, there
exists a unique solution v" (regular outside {0} x 9Q) to the problem (7.1.2)-(7.1.1b)-(7.1.1c).

The aim of this paper is to prove the following error estimate.

Theorem 7.1.1 Suppose that Q is C?, A € C?(R), up € C?(Q) and u, € C3(X). Let u be the weak entropy
solution of (7.1.1) and let v" be the solution of the approximate parabolic problem (7.1.2)-(7.1.1b)-(7.1.1c).
Let Ty > 0; there exists a constant C only depending on (£, up, ug, A, To) such that, for all t € [0, Tp],

[Ju(t) = v (t)]|1 ) < Cn'/?. (7.1.3)

We now recall what is known about error estimates for approximations of conservation laws.
In the case where the function w is smooth (a feature which, we recall, requires the data to be smooth,
compatible and the time Tj to be small enough), error estimates of order

r . .
{ 7 if the boundary is characteristic (7.1.4)

n if the boundary is not characteristic

in L°°(0,7;L(2)) have been given (see Gues [53], Gisclon and Serre [50], Grenier and Gues [51], Joseph
and LeFloch [59], Chainais-Hillairet and Grenier [20] and references therein). The technique of boundary
layer analysis developed in those articles is devoted to the investigation of the initial-boundary value
problem for systems of conservation laws (and not only for a single equation). Roughly speaking, the
viscous approximation v" is decomposed as v"7 = u+c"+ (remainder) where ¢” characterizes the boundary
layer which appear in the vicinity of 92. Estimates on v — u are then consequences of estimates on
¢ + (remainder) (see Appendix 7.8.1).

To our knowledge, there does not exist other techniques of analysis which would confirm the error estimate
(7.1.4). On the contrary, many techniques have been set and improved to analyse the error of approxima-
tion for the Cauchy Problem (€ = R?) for conservation laws (and results of sharpness of error estimates
have also been delivered). The first error estimate for the Cauchy problem is given by Kuznetcov in 1976
[61]: an adaptation of the proof of the result of comparison between two weak entropy solutions given
by Kruzkov [60] yields an error estimate of order 1/2 in the L-norm. The reader interested in more
precise, more general and more recent results is invited to consult the compilation made by Tang [79],
the introduction of [78], and references therein.

We establish here Estimate (7.1.3) for arbitrary times Tj; in particular, the possible occurence of shocks
is taken into account: u is the weak entropy solution to Problem (7.1.1) and has no more regularity, in
general, than the ones stated in Proposition 7.2.1. As a consequence, u may be irregular in the vicinity
of 0§ and this constitutes an obstacle to the analysis of the rate of convergence of v". To circumvent
this obstacle, we use the kinetic formulation of [58] (an adaptation to boundary problems of the kinetic
formulation introduced in [67]) and adapt the technique of error estimate developed by Perthame for the
analysis of the Cauchy Problem [74]. We then obtain a rate of convergence of 1/3. The accuracy or
non-sharpeness of this order (compare to (7.1.4)) remains an open problem for us.

The paper is dedicated to the proof of Theorem 7.1.1. It is organized as follows. We begin with some pre-
liminaries, mainly to state (or recall) the kinetic formulations of both hyperbolic and parabolic equations.
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In order to enlight the key ideas of this rather technical proof, we present its skeleton in Subsection 7.2.4.
In Section 7.3, we obtain a first estimate in the interior of the domain; then, in Sections 7.4 and 7.5,
we transport the equations so that 2 becomes a half space and we regularize them in order to use the
solution of one of them as a test function in the other. Eventually, in Section 7.6, we conclude the proof
of Theorem 7.1.1 by getting an estimate of the boundary term which appears at the end of Section 7.5.

7.2 Preliminaries

In order to clarify computations, we drop the superscript 7 in v”7 and simply write v for the approximate
solution. We prove Theorem 7.1.1 in several steps.

7.2.1 Known estimates on u and v

We gather in the following proposition the estimates we will need to prove Theorem 7.1.1. We refer to
[3] for a proof of these results.

Proposition 7.2.1 Assume that Q) is C?, A € C3(R), ug € C3(Q) and u, € C3(X). There exists C > 0
only depending on (2, uy, ug, A, Ty) such that

1. the functions u,v : [0,Ty] — L1(Q) are C-Lipschitz continuous
2. for allt € (0,Tp), [o]0w(t,-)| < C
3. forallt e [O,To], (e, ')|B\/(Q) < C and |v(t, ')‘BV(Q) <C.

7.2.2 Notations

Let us introduce some local charts of Q. Since §2 is C? and bounded, we can find a finite cover {Oi}icqo,...n}
of Q by open sets of R? such that Oy C Q and that, for alli € {1,...,n}, there exists a C2-diffeomorphism
h; : O; — B? (the unit ball in R?) satisfying

e 00 C U ,0;

(] hi(Oi N 8(2) = Be1.=B%n (Rd_l X {0}),

e 1;i(0; NQ) =B := BN (R4 x (0,400)).

Let (A\i)ieqo,...,n} be a partition of the unity on Q, subordinate to the cover {Oi}iE{O,...,n}'

.....

In the following, when a quantity appears with a bar above, it denotes something related to the boundary
of Q (possibly transported on B¢~! by a chart): either a variable on 9§ or the value of a function on
this boundary. The values of a function ¢ at t = 0 are denoted by ¢(*=9).

Here are other general notations, related to the regularization of the equations. Let § € C(]1/2,1[;R™)
be such that [, § = 1 and define, for 7 > 0, 6,(-) = 16(<) (right-decentred regularizing kernel). When
necessary, we define regularizing kernels p, in space (either the whole space or on the (transported)
boundary of ) or space-time variables; when such a kernel on RY (N =d -1, N=dor N =d+ 1) is
given and f is a function defined and locally integrable on a set S C R, we denote, for z € RV,

() = /5 F)pulz — ) dr

i.e. f* is the convolution of p, by the extension of f by 0 outside S. We have then, for all ¢ € L*(RY
f Pu by ¥y ;

with compact support,
[ sowmy=[ s
s RN

(where g,(2) = p(~2)).
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7.2.3 Kinetic formulations of (7.1.1) and (7.1.2)

The function sgn, is defined by sgn, (s) = 0 if s <0 and sgn, (s) = 1 if s > 0; similarly, sgn_(s) = —1
if s<0andsgn_(s)=0if s > 0. Let D = sup(||us]||oo, ||to]|oo)-

Let us recall the kinetic formulation of (7.1.1) obtained in [58]: there exists a bounded nonnegative
measure m € M7T(Q x R¢), which has a compact support with respect to ¢, and two nonnegative
measurable functions mi,mb_ € L. (2 x Re¢) such that the function mi vanishes for £ > 1 (resp. the

function m® vanishes for ¢ < —1) and such that the functions fi(t,x,¢) = sgn (u(t, z) — &) associated
with u satisfy, for any ¢ € C°(R4+2)

/ f:t(at+a-V)¢+/ fi¢(t:°)+/ (—a-n)fip= Depdm (7.2.1)
QXRe QxR

Y xRe QxRe
where a = A', f2(x,€) = sgny (uo(z) — &) and fL(t,7.€) = sgny (a(t,T) — &) satisfies
(—a-n)fl = MfS + demb (7.2.2)

with f2(t,7,€) = sgny (up(t,Z) — &) and M the Lipschitz constant of the flux function A on [-D, D].
This formula is the kinetic formulation of the BLN condition (see [3]).

We next give a kinetic formulation for the approximate solution. Consider two test functions ¢ €
C (R, x RY), § € C¥(Re) and define B(a) = [ ¢(€)sgns(a—€)d and H(a) = [ a(€)h(€)sen (a— &)de.
Note that E' = ¢ and H' = F’a. Now multiply the equation d;v + divA(v) = nAv by o(t, ) (v(t, z)) =
o(t,2)E'(v(t, r)), integrate over @ and integrate by part (using the fact that v is C2 outside {0} x 9Q)

/QE(U)atap—l—H(v)~Vgo+/QE(uo)g0(t_0) —/ZH(ub)-r@

z/ nE’(v)Vv-Vga—/nE’(ub)W-T@—F/ nE" (v)|Vo|? .
Q z Q

Using the definition of E and H, we obtain, denoting g+ (¢, z,&) = sgny (v(t,x) — ),
/ g+ (O +a- V) — fLpt=0 +/ Gy 5:/ Oepdg  (7.2.3)
QxRe QxRe xRe QxR

6, Vv -V
77 v (b + /
where ¢(t, z,€) = ¢(t,x)¥(§) and

QxRe

Gy = (—a~n)fi +n6ubﬁ-n
q=n6,|Vv|?> >0

(notice that the support of ¢ is compact with respect to £). Using a classical argument relying on
convolution techniques, we claim that (7.2.3) holds true for any test function ¢ € C°(R9+2).

Remark 7.2.1 i) Since fy, 0, f1 and m vanish for & > 1, Equation (7.2.1) with fy holds true
when the support of the test function ¢ is merely lower bounded (and not necesseraly compact) with
respect to €. Similarly, we can apply (7.2.3) with g_ to test functions the support of which is only
upper bounded with respect to £&. Notice also that, in all the following, though we write integrals in
& on the whole of R, the integrands we consider are null outside a fized compact (namely [—D, D])
of Re; we use this in some estimates, without recalling it.

it) Equations (7.2.1) and (7.2.3) can be applied to certain test functions which are not fully regular but
have some monotony properties with respect to £, provided we replace the equality by an inequality
(the sign of which is given by the monotony of the test function). More precisely, we consider,
in the following, test functions of the kind ¢(t,z,§) = fooo fQ o(t,x,s,y)sgny (W(s,y) — &) dyds,
where W is bounded and ¢ is reqular and has a fived sign; we can approximate sgn,. by some
non-decreasing and regular functions sgny s; then, applying (7.2.1) or (7.2.3) to ¢s(t,x,§) =
fooo Jo otz s,y)sgny s(W(s,y) — &) dyds, which is regular and has the same monotony proper-
ties as ¢ (with respect to £ ), we notice that the right-hand side has a fized sign; then, passing to the
limit § — 0, we see that these inequalities are satisfied with ¢.
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7.2.4 Main ideas of the proof

We present here formal manipulations which enable to understand the key steps of the proof. Let
(t,z) — p(t,x) be a non-negative regular function. Plugging ¢ = ¢g_ in (7.2.1) and ¢ = ¢ f in (7.2.3),
we obtain

/ (@ +a-V)(pg-) +/ (a-m) {717 <0
QxRe

Y xRe
and
[ a@raer+ [ anteon [ Ve Vit [ 6,Tonfe<o
QXRg¢ IXRe QXRe IXRe

(since f_?_ f% =0). Summing these inequalities and integrating by parts, it comes

/ feg-(Or+a-V)p < / (—a-m)fLfo7—n / 6,50 1T+ / 5,0V (f10).
QXRg ZXRE EXRg QXRg

Taking (¢, ¥) = w¢(t) with (we)¢>o Which converges to the characteristic function of [0, 7] and wi — —dr,
this gives

/Q(u — o) (T @) do = / (—frg-)=")

QXR§

</ (ca-n g1t = [ s ¥0 5 [ 5.V Vi (T2.4)
[0,T]x 022 xR¢ [0,T]x 02 xR¢ [0, T]xQxR¢

The functions f; and g_ are not regular enough to justify such manipulations, which are therefore
performed with f¢ and g”, regularized versions of these applications. The smoothing of g_ is purely
technical and we immediately let v — 0; at the contrary, the way we define f$ is crucial for the proof. A
decentralizing regularization allows to get rid of the second term of the right-hand side of (7.2.4); the size
of the regularization being ¢, ||V ||« is bounded by C/e and the last term of (7.2.4) is of order n/e.
There remains to estimate the first term of the right-hand side of (7.2.4), which is the aim of a whole
section (Section 7.6); the idea is to re-use the kinetic equation satisfied by wv.

7.3 Estimate in the interior of the domain

In this section, we let A = Ao (we drop the subscript 0) and K := supp()\p). In order to obtain an
estimate on the interior of the domain, we need to localize using A, regularize both kinetic equations in
order to combine them, proceeding as we did when proving the Comparison Theorem in [58]. This step
is more or less classical.

Let @ > 0 and 0 < e < dist(K, 99); denote v.(x) = Hle 0. (z;). Taking ¢ € C°(R¥*2) with support in
R x K x R¢ and using ¢ (V. ® 6,) (*) — notice that this function is null on the boundary of Q — as a
test function in (7.2.1) with fi, we find

/ PO +a-V)p+ / @000 = / Dep dm™* (7.3.1)
Rd+2 Rd+2 Rd+2
(where m™* is the convolution in (¢,z) of 7. ® 8, by the extention of m by 0 outside @ x R¢). We

next regularize the equation satisfied by g_, using the same method but different parameters § > 0 and
0 < v < dist(K, 082): we obtain for the same ¢’s

/ gﬁ’”(at+a-V)¢+/ f9”®05¢—n/ 5m-(v¢)*(%®a;a):/ Deth dg™. (7.3.2)
Rd+2 Rd+2 QxR Rd+2

LHere and after, the tensorial product is used to recall that ¥- and 6, use different variables (for example, Ve ®0q (t,x) =
e (2)0a(t)) and the convolution product x never involves the kinetic variable &.
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Suppose that ¢ € C°(R*!) is non-negative with support in R x K and apply (7.3.1) to the test function
—gf’”(t,x,f)dﬁtw) and (7.3.2) to —f°(t,z,£)¢(t, ), and sum the two equations; using the fact that

— i"a and —gf’” are non-decreasing with respect to £, we find, after some integrate by parts,

[ IO ey [ ST (VSO * (9 6))

Re+2 QxR
- / (192 @ 0ag” + 12" @055 2 0. (7.33)
Rd+2

Thanks to the decentred regularization, f{*°(¢, z, £) is null if ¢ < a/2; hence, for 8 < a/2, f2 @057 = 0.
Moreover, the function which associates ¢ with

/ 0% (2, )g_ (t,2, )t x) du dE. = / / (5. )9—(t, 2, € (z — y)b(t, ) dE dy e
QxR aJa Jre

- —/Q/Q(UO(Z/)—v(t,x))J“/a(x—y)¢(t7m)d§dydx(7.3.4)

is continuous (because v € C([0,Tp]; L()) and we have g_(0,-,-) = f°. Therefore, letting 3, v and «
successively tend to zero in (7.3.3), we have

/Q SRR /

QXRe

5.0 V() - [ 00 s

QxRe

Choose T € [0,Tp] and let ¢(¢,z) = A(x)wg(t) where wg(t) = ftto; 0s(r)dr; we obtain

5, Vv - V(fENwg — / 0T x>0
QXR§

|80t = TN+ wpa TN+ [
QXRe QxRe¢

The function ¢t — fQX]R{ (=f59-)(t,z,&)A(x) dz is continuous (it is similar to (7.3.4)); thus, letting 3 — 0,
[ erea [ ek [ e v - [ a0
QxR QT xRg QT xR¢ QxR

where QT = (0,T) x Q. We therefore obtain

Th<Ty+Tic+Tp (7.3.5)
where
o= [ (-fig) =D,
QXRE
o= [ (-figewa,
QTXR{
Tp = / N0, Vv - V(fTA),
QT xR¢
Tre = —/ 07O
QXRg

We now estimate these terms. We have
no- [/ [/R E(—f+(T,y,§)9(T,x,£))d£1 A&y (@ — y) dy do
= [ () = o)A@ o =) dy

> [ [ @) o) Ao =) dy e~ [

[ T.0) ~ T ) N@)e(e - ) dy
K JQ
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But, if z € K, we have, by choice of €, x — Q D supp(~.), hence fQ Ye(x —y)dy = 1. Moreover, since
u(T,-) € BV(2), by Lemma 7.8.1 (see the appendix),

/ / (u(T, 2) — u(T,y)) A)e(x — ) dy de < / / (T, 2) — (T, y)le(z — y) dy de < Ce.
K JQ QJQ

Hence,
7> /Q(u(T, z) —v(T,z)) T A\(z) dx — Ce.

Next, reasoning as for 17,

T
L= /0 /K/QAE(—f+(t,y7§)g—(t,w,f))%(ﬂs—y)a(E)-VA(m)dydxdt
T
u —v(t,x))* e\ X — x

s C/O /Q/Q( (t,y) —v(t, ) e (o — y) dy da dt
T

< e [ [ ttr) ot dede
0 Q

Let us estimate the diffusion term 7. First, we write: Tp = T}, + 17 with

T :/ N6,V - fSVA :/ nVu - (/ &,fi) VA< n/ |Vo||[VA] < On
QTXR{ QTXRE Rg QT

and
13— [ wb,Vo AV <O [ Vel(ta)sup (V65 (t2.€) dedo.
QT xRe QT 3
But Vf5(t,2,8) = [ f+(ty,§)Vre(z — y) dy, so that [V fL[(t,2,§) < [|V7el|p1ma) < C/e. Hence,

C C
72 < 2 [ vl < 2L
19 QT 13

Using Lemma 7.8.1, a straightforward computation gives Tjc < Ce. We finally gather the different
estimates in (7.3.5) and get, for all ¢,

/Q(U(T, 7) ~o(T,2) A@)dr < C (e+ 1) + O/OT /Q(u(t,x) —o(t,2))* dwdt.

Minimizing on €, we obtain (recall that A = Ao here)
T
/ (u(T, 2) — o(T, 2)) Ao (2)dz < C/fi +C / / (u(t, ) — vt 2))* da dt. (7.3.6)
Q 0 Q

7.4 Transport and regularization of the kinetic equations

In order to estimate (u(T,-) — v(T,-))* near the boundary of €2, we choose a chart (O;, h;, \;) and we
transport the equations to Bf‘f_. In the following, we drop the subscript i.

7.4.1 Transport of the kinetic equations

We now write the kinetic equations satisfied by u and v once they have been transported on Bj‘f_. Consider
a test function ¥ € C2(R x B? x R¢) and set ¢(t,z,€) = U(t, h(z),£) € C3(Ry x O x R¢). Next, extend
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# by 0 to get a function ¢ € C2(R%*2) and plug it into (7.2.1), (¢ is not C* but is regular enough to be
taken as a test function in this equation). This gives

[ nlewentan " ven] [ puevony [ (—a-n)f1Toh
RxOxRg OXRe Rx(02NO)xRe

= / (0: ) o hdm.
RXxOXRg

Through the change of variables y = h(z), and by definition of the measure on X, we obtain

/ / 'Jh‘1|f+Oh‘1<8t\11+h’oh‘1a-V\P>+/ TR 1Y o hmtwt=0)
0 JB{ JRe B JRe

Oh~1 8h‘1
h1w :
/ /Bd 1/1135 —a-nfi)e ‘83:1 8xd 1

dxl...dxd,l

:/Om /B [ @cv)dchm)

oh~t Aen oh~t
8x1 5xd,1

In the following, we adopt the notations

jx)=|Jh ' (z)] and H(z)=hoh '(z) and I(z)= ‘

Moreover, for any function r(t, x,£), we write 7(¢, z, £) for r(t, h~1(x), £). Therefore, the previous equality
reads

/ / /]f+8t\I/+Ha V) / / f0\11t0>+/ / / ) 10
B¢ JRe Re Bi-1 JR,
:/ / 0: W d(hym). (7.4.1)
0o JB4 JRe
Similar computations are achieved on the kinetic equation satisfied by v. We obtain
/ / /jg:(atq/+Ha.v\1/)+/ / 5 fOw=0
0 JB4 JRg B4 JRe
+/ / l(—a-ﬁ)fﬁmr/ / 1D6,;, ¥
o Jpi-1 JR, 0 Jpi-1 JR,
+n/ / /Zaﬁ-qu:/ / eV d(h.q) (7.4.2)
0 Bt JR¢ 0 Bt JR¢

where D(t,T) = nVo(t,T) - n(x) and Z(t,z) = —h'(x)Vu(t,x). Notice that
Z is bounded in L((0,T) x Q) for all T > 0. (7.4.3)

This property, as well as the Lipschitz continuity [0,00) — L' of v and v (with a Lipschitz constant for
v independent of ) and the bounds on |u(t,-)|gv and |v(t,-)|sv, are conserved by the transport by h.

7.4.2 Transport of the BLN condition

We state here the only consequence of (7.2.2) that we use in the following.
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Let ¥ € C®(R x B! x R¢) be non-negative and non-decreasing with respect to {. The function
ot 7, &) = U(t,h(T),&)(1 — fo(t,7,€)) is non-decreasing with respect to ¢ (since ¥ and 1 — f° are
non-negative and non-decreasing with respect to ). Hence, (7.2.2) implies

But ff’r(l — fJbr) = 0 so that, transporting this equation with h~! on B9~! we deduce that, for all
U € C(R x B x R¢) which is non-negative and non-decreasing with respect to &,

/ /B 1/& —a-n)f / /B 1/]R£ i) 12w, (7.4.4)

We also need to understand how the unit normal is transported by the chart (O, h).

Lemma 7.4.1 For all § € B! and all X € R?, we have [(§)X - 2(y) = —j(@)(H @) X)a, where
(H(y)X)q is the d-th coordinate of H(g)X .

Proof of Lemma 7.4.1
Let ¢ € C°(B?) and ¢ = 1) o h € C3(O) (extented by 0 outside O). Integrating by parts, we have

/ X Vo) de = | ¢@)X - (@) do(@).
Q o0

Since Vo(x) = b’ (x)TVip(h(x)), transporting these integrals by h (all the integrands are null outside O),
we find

/Bd J@)H @)X V() de = | X (0 (W (@) V()| Jh ™ (z)] dw = V(@)X (™ (7))I(T) dz.

d d—1
B B

Another integrate by parts then yields

Y(@)X - n(h™(@)I(T) dT = (=@ (H@)X)a)p(@)dz — [ div(jHX) (@)Y (z) de.

Bd—1 Bd—1 Bi
(the unit normal to B4 on B! is (0,...,0,—1)). Taking first ¢» € C2°(B%), we see that div(jHX) =0

on Bf‘f_; thus, for all ¥ € CZ(B9), de—l @)X - n(h1(@)I(T)dT = de—l(—j(f)(H(T)X)d)@/’(f) dz,
which concludes the proof. B

7.4.3 Regularization of the transported equations

From now on, we work on B? and we thus simply write r for 7. Let K := supp(\) (compact subset of
B%). We now regularize equations (7.4.1) and (7.4.2).

For € > 0, we denote 7(T) = Hf_ll 0=(z;); we take e > 0 and we denote € = (§,£q), Ve (z) = 7=(T)0e, (xq)-
We choose E+¢4 < dist(K,9B%). Let ¥ € C3(Rx B% x R¢) with support in R x K x Re; then \II*('7€ )
is compactly supported in R x B? x R¢. Using ¥ * (7. ® 6,) in (7.4.1), we get

/ GF0) 00 + (jf+H)™ a - VU + / GF2) © 6,
Rd+2 Rd+2

+/ (z(—a-n)f;)af@egdqf:/ 0e¥ d(hym)™<.  (T.A5)
Rd+2 Rd+2
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The same test function with parameters § and v in (7.4.2) gives

[ o+ ot v [ (70 w00

Rd+2

+/ (1(—a-n)fﬁ)ﬁf®9yd\1/+/ / 1D,V % (v, ® 05)
Rd+2 0 Bdfl Rg
+n/ / /Z(Sv-V\I!*(%@GVB):/ OcV d(h.q)™". (7.4.6)
0 Bj_ R Rd+2

7.5 Combination of the equations and new estimates

The next step consists in combining the two preceding kinetic equations. Choose a non-negative regular
function ¢(t, ), with support in | — oo, Tp] x K, and apply (—jf4+)*°(t,x,&)é(t, ) as a test function
in (7.4.6) and (—jg_ )PV (t,z,€)p(t,x) as a test function in (7.4.5). These two test functions are non-
decreasing with respect to £ so that, summing the results, we get Uy +UY "+ Uy "+ U +US " +US" >
0, where

s /Rm(jf+>a’5<6t<—jgf>ﬁ’”¢+(—jg%”am)+(—quﬁ’”(at(jfmww(m)wam)
Upr = [ G (Va6 + (=ja-) Vo)
Hdg-H)a- (V)"0 + (1) V)
U = [ G @ 0l o (i) @ 0l
e O NIRRT
U8 = [ A DT 96, (g o+ (Clma )T @ 0, (i£1)

vt = o[ ] 6290 G e da)
o /B¢ JRe
7.5.1 Passing to the limit in 7 and v

We study the limits of U, ..., US" as 3 and v tend to 0.

The first term U}
Integrating by parts, we have

vpe = [ s =ig) o

and thus, as § — 0 and v — 0,

oy~ [ N /| i / G (g0 (7.5.1)

The second term Uj"”
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The first step, here, is to get H out of the regularizations (jf. H)*¢ and (jg_H)?". To do this, we
notice that, for all (¢,z,¢) € R x B? x R, since H is C?,

I(jf+H)a’5(t,waé)—H(I)(ijr)”(t z,§)|

Y)J+(s,9, ) H(y)a(t — s)1e(z — y) dsdy

// 9) F1 (5,9, )0a(t — 5)7e(@ — y) ds dy

< / / DI+ (5,5, () = H@)l0alt = 5)1ex — y) dsdy
< CE+ea) / 0u(t — s)ve(z — y) ds dy < C(E +ca)
B
(here, “| - |” is a matrice norm). Hence,

[ Grmra (Vg e+ (g )9e)
RxB?xR¢

_/ (if+)* Ha- (V(=jg-)"" 6+ (—jg)ﬁ>”v¢>‘
Rx B4 xR,

< CE+ea) (IV(=19-)7 [l —o0,m0)x & x [0, 0] | 8lo0 + [[(=59-)7||Low a2 [Vl ) (7.5.2)
(recall that supp(¢) C] — 00, Tp] x K). But, by Lemma 7.8.2 (see the appendix), for all s € RT,

/. / V(jsgn_(v(s,7) = )] < CL+ Jo(s, ewgsey) < C.

Therefore,

To
[ N / / / / V(jsen_(v(s, ) — €))"105(t — 5) ds dt

To
< c/ / 03t — s) ds dt < C. (7.5.3)
0 0

Noticing that, thanks to ¢, the integrals in U, are in fact on R x B¢ x R¢, we deduce from (7.5.2),
(7.5.3) and similar estimates for the second part of Uy"" that U5 is equal to

/Rxgwg (G0 Ha (V(—jg )6+ (~ig- )" V6) + (~ja-)*" Ha- (V(if, )6 + (i )**V6)
+ O+ ea+ 7+ wa) (160 + 11Vl |oe))
B /RXMRE oHa-V((jf+)" (=ig-)"") +2(if4)(—jg-)""Ha - V¢
+O((E+ea+7 +va)(lllloo + [[Vél[o0))

:/R o G (ig-)"" (2Ha - V6 — div(9H®) + O((E + 2a+ 7+ va)(||¢lloe + [1V41))

(we used the fact that ¢ has a compact support in R x B¢). Letting 3 and v tend to 0, this gives

B,v—0

imsup U5 < O e loll +IVoll [ [ [ G707 (o) 2HaVodiv(oHa). (5.0
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The third, fourth and fifth terms
By the choice of a decentred convolution kernel, we have for § and vy small enough

05() () (e, &) =0, ((f)9) % (7 ®05) =0, 6, ()i f+)" (1.7, €) = 0.

Therefore, as 8 and v go to 0,

B,v s > - r0\e s 5.
U /0 /Bi /Rg(ﬂf” ® (79 )b (75.5)
Uy’ — 0 (7.5.6)
v / /| 1 / am) ) 02, )o (7.5.7)

The sixth term U}
Since (j f+)*<¢ is regular, we have

pv _, - . i L) 2C ). 5.
U 77/0 /Bi RERCBED (75.8)

as 0 and v tend to 0.

Using (7.5.1), (7.5.4), (7.5.5), (7.5.6), (7.5.7) and (7.5.8) in U + U 4+ UP" + US4+ UPY + UL > 0,
we obtain as § and v go to 0

-/ I G (o)

< el + 101 + [ [ [ G100 (g )eHa - Vo - div(oHa)

) i / G @ba(=io)o + I 1 / (e m 1) 0, (o )0

+n /0 /B R (7.5.9)

7.5.2 Choice of ¢ and continuation of the estimates

We now take T € [0,Tp] and ¢(t, z) = A(z)wg(t), where wg(t) = [, 05(s)ds (notice that ws has its
support in | — oo, Tp]). The function wg converges, as 3 — 0, to the characteristic function of | — oo, T
and wj(t) = —0s(t — T) converges to —dr. Since t — IBi ng (Gf4)>c(t, 2, &) (—jg-)(t, x, N (x) dx dE is
continuous (it is similar to (7.3.4)), we deduce from (7.5.9) that

T < T3 + T35 + T 4+ 157 + C(E + 2a) (7.5.10)
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where

e - [ 1 [ (G ia

e~ ' /| i / G i)Y

e = /OT/Bi/RE(jﬁf@ea(—jg)A

e = /OT /| RIS

T = /OT /B 1 /R (l=amD° @02y (o=

and Y = 2Ha - VA — div(AHa) € L°°((0,7p) x B{ x R¢). Our aim is to obtain an inequality of the kind
of (7.3.6); we now estimate each term T"°

The first term 77°
We have

+ +

Lemma 7.8.1 and Proposition 7.2.1 give

/ / / |u(T, ) — u(s, Y)|0a(T — s)ve(x — y)dydsde < C(E+eq + ). (7.5.12)
B B
Since j is bounded from below by j > 0, we have

/Bd / /B w(T, ) = v(T,2)) 0a(T — s)7=(x — y)A\(z) dy ds da

> 2 [, MO(T.2) - o(T.0) ([ e )(/B

+

g 12 /Kde N{za>eaq} Ny = el </ ol l =) ) </Bd

+

Vel —y) dy) dx

Vel —y) dy) dx

(recall that K is the support of \).

If T > o, then fo (T—s)ds = fipoo 6, = 1. Moreover, if z € K and x4 > &4, we have |0,Z[?"1x]0, g4[C

z—B? (indeed, if 2 6]0,5[d_1x]0,6d[then since z € K, we have x—z € B¢ and, since xq > €4 > zq, T—2 €

Bf‘f_); hence7 for those z’s, de vYe(z — y) dy = 1 since the support of 7. is contained in ]0, €[d 1><]0,5d[.
+
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Thus, for T > a

2 x)(u x) —v )T dx
j /B o AT ) () d

/ / / w(T,z) —v(T,2)) T 0,(T — 5)v-(x — y)\(z) dy ds dz.
B B
Since u and v are bounded,
/ Mz)(u(T, ) —v(T,x))" dx < / Cdz < Ceq.
B{n{za<ea} B{n{za<ea}

Hence, if T' > «
7 [ A@(0)  oT )" da
h i(y)7 () (u(T, z) —v(T,2)) 0. (T — 8)ve (2 — x sdx ) 5.
</Bi/0 /BiJ(ZI)J( )(u(T,z) = v(T, ) 0a(T — s)ye(x — y)A(z) dy ds da + Ceq.  (7.5.13)

Equations (7.5.11), (7.5.12) and (7.5.13) give, if T > «

Ty 2 —CE+ea+ ) + 57 Az)(u(T, x) — (T, z))" dx.
By

But u and v are Lipschitz continuous [0,7p] — L'(B%) (with a Lipschitz constant not depending on 7)
and equal to ug at ¢ = 0; hence, for T' < «a,

M) (u(T,x) —v(T,z))" de < C |w(T, x) — up(z)| dx + C’/ [v(T, ) — uo(x)] dz < Ca
B B B

Therefore, 7" being non-negative, we have, for all T' € [0, Ty,

Ty 2 —CE+ea+a) + 57 Az)(uw(T, x) —v(T,x))" dr. (7.5.14)
By

The second term 73"°
We have

et - / /B e /B d / D)4 (5,9, €) (g (2, )Y (t,2)0a ¢ — 5)7 (& — ) d€ dy ds du dt

< c / /. / [ (o) = 0.2 0t = 1.l =) dy o
< C/OT/Bd |7 [ s = o) ute = 9ate -y ds e
+0/0T /B /OOO /B (ult, ) — vt 2)) " Ou(t — $)7. (z — ) dy ds da dt
¢ ‘
< C’(E—&-Ed-i-a)—&-C’/o /Bd(u(t,x)—v(t,x)ﬁdxdt

(we used (7.5.12) with T'=t).
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Therefore,

T
IO < CE+2a+0a) +C / / (u(t, z) — v(t, 2))* dadt. (7.5.15)
Bd

The third term 75°°
We write

/ /B /B /R£ ) [ (4, ) (=g (t, 2, €))0a ()7 (z — y)A(z) d€ dy dz dt

S C/ / / (uo(y) — v(t,2))*a(t)7e(x — ) dy dar db.
0 Bi Bi

But v(0,z) = ug(z) so that, v being Lipschitz continuous [0,7p] — L'(B%) (with a Lipschitz constant
not depending on 7) and ug being in BV(B%), by Lemma 7.8.1,

T
ToF < C / /B d /B ao(y) = uo(@)l6a (e (e — y) dy do dt

+C/ / / v(0,2) — v(t,2)|00(t)ve (x — y) dy dx dt
Bt JBd
< CE+eq+a). (7.5.16)

The fourth term 7,"°
We have, for all (¢, z, ),

V(G ) M(E 2, )] Y +(5,4,8)0a(t = 5)(Vye(z —y)Mz) + 7 (@ — y) VA(z)) dy ds

c C c C
< COlV7ellps Rd)+0||V/\||L°° m) < =+ —+O< -+ —
€4 £ &g
(recall that €4 < 1). Hence, by (7.4.3),
ae ’ e \ae Cn  Cn
T, <n . |Z|(t, z) SlglPW((Jer) I 2, 8) | dide < —+6—d (7.5.17)
o Jng

To sum up, gathering (7.5.10), (7.5.14), (7.5.15), (7.5.16) and (7.5.17), we have proved so far that

/ M) (u(T,x) — (T, )" do
Bd

+

C<8—|—6d+a+ + )+C// (u(t,z) —v(t,x))" dedt + Tg"°. (7.5.18)
Bd

The aim of the following section is to estimate T . Using boundary layers arguments (see the introduc-
tion), we give in subsection 7.8.1 of the appendix an insight of the reason why this term can be bounded.
However, this is only an insight: since we also want to consider irregular solutions to (7.1.1), we cannot
in general estimate T;"° using boundary layers analysis.
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7.6 Estimate for the boundary term

This estimate is made in several steps. First, using the BLN condition, we introduce f_lf_ and give an
upper bound 5" to T:"°. Then, we want to see (Ha)y in T5"°, in order to express 75" as a part of
the interior term in (7.4.2); to this end, we use Lemma 7.4.1. Finally, we must regularize the function
f% introduced above in order that 75"~ appears in (7.4.2) for some regular W. The resulting term S*
is then estimated.

7.6.1 Introduction of f?

We have -
T = / / 1@)(=a(€) - (@) F (5.7, €)U(s,7,€) dé dy ds
o Jpi-1Jg,

where

T
7.6) = / But — $)72(F — )0, (2a) (—3 (@)g— (t, 2, ©))A(x) da dt.
o JB?

As (—g_), ¥ is non-negative and non-decreasing with respect to £&. Thus, (7.4.4) implies

" / /B | 1@)(a() n @71 (5.7 ¥(s.7.) dedyds (7.6.1)

_ / /B /& (2, ) (£, €) dE dt du
with

bolt.2.€) =Ouy(oa) [ [ AU 1)L 7 755 b0lt — 9Telo ) .

a,e
T5

N

7.6.2 Apparition of Ha

By Lemma 7.4.1, we have [(g)(a(§) - n(9)) = —j(¥)(H (@)a())q. Thus, if we define
O(t,,€) = 0z, (xa) (~( / /B A5, T.95(5,7.)0a(t = 9)7:7 ~ 7 dy ds,
we have
Bo(t,,€) — D(t,,€)|
/ / . a())aM(z) — (H (@)a(£))aM)|ba(t — )7=(T — 7) dyds bz, (4)

C(E+eq)bz,(xq)

(we used the fact that H and A are Lipschitz continuous) and

/ / / _(t,2,)P(t,x,&) dl dxdt + C(E+ £q). (7.6.2)
Bd JRe

7.6.3 Regularization of f%

We now want to replace f%(s,7,£) in ® by a regular approximation. Let sgn +.6 be a regular non-
decreasing function, equal to 0 on R™, to 1 on [0, oo, such that |(sgn, ;)| < C/6 and sgn, 5 — sgn,
everywhere as § — 0. We have, for all (a,b, &) € R3,

/R lsgn, 5(a— &) — sgn, (b— &)|dé < a—b] +6. (7.6.3)
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Thus, defining

Bs(t,2,6) = 6o, (ra)(—(H(2)a(6))a)
x / / N@)J )7 (5,7, ©)sn, o (un(t,T) — E)6alt — 5)72(T —7) dy ds,
0o Jpi-1

[D(t,x, &) — Ps(t, z, )|
< Coten [ [ e (o)~ ) = s s(unlt. ) - e~ 5)7e(7 ) dids

we have

and therefore, by (7.6.3),

_(t,z, &) tmﬁdﬁdmdt—/ / / _(t,z, &)Ps(t, x, &) d€ dx dt
Bt JRe

Bl ]RE

¢ / /B d / { L[ sentnsm) = s unte7) - €)

XBa(t — 8VT2(T — )6z, (xq) dy ds dé da dt

T o0
C/O /Bi/O Ld71(|ub(57y)_ub(t,fﬂ+5)9a(t—S)Wg(f—y)dﬂdsesd(xd) dzx dt

T [eS)
C(€+a+5)/ / / / Oa(t — 5)7=(T —)0e,(xq) dy ds dz dt
o JB}Jo JBd-?

< CE+a+d)

N

N

N

(we used the fact that u is Lipschitz continuous). We deduce from this last inequality and (7.6.2) that

/ ~/B/]R ~(t,2,8)®5(t, 2, ) dE dzdt + O +ea+ a+9)
/ /Bd /Rg —(t,2,§)(H(x)a(§))a
<[ @67 980l — 97 D ds] s sun(t.7) = (-0 ) d

+CE+eqa+a+9)

Let O, (zq) = [;* 0-,(r)dr (we have 0 < O, <1 and ©., =1 on [e4, +00[),

M) = | [T ] IG5 7w 7 dyds| swn, s(un(t.) - 1 - 02, 2)

and
/ /Bd /R5 —(t, 2, §)(H(z)a(§))a0z,L'(t, x,§) d§ dx dt.

The last estimate on T5 ° can be re-written

T5"° < 8% 4 C(E+ea+ a+0). (7.6.4)
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7.6.4 Estimate of S“° and conclusion concerning the boundary term

The functions f](s,7,&) and sgn 5(up(t,7) — £) are non-negative and non-increasing with respect to &.

Since 1 — ©., > 0, I" is non-increasing with respect to &; it is also regular in (¢,x). Moreover, we can

see that t — [, fRs (Gg_)(t, 2, E)T (¢, z, &) d€ dx is continuous (this is slightly more difficult to write than
+

the continuity of (7.3.4), but similar). Hence, using I'(¢, z,{)wg(t) as a test function in (7.4.2), where
wp(t) = [ 05(s)ds, and letting 3 — 0 (then ws converges to the characteristic function of | — oo, T
and wj; converges to —dr), we find

T
/ / / jg—(atr+(Ha)1...d—1'V5F+(Ha)dazdF)+/ / jrore=o
0 Bi R¢ Bi Re
T B T _
_/ /(jg,)(t:T)F(t:T)—k/ / / l(—a~n)fﬁI‘—|—/ / / D6, T
Bd JRe 0 JBa-1JR, 0 JBa-1JR,

T
+n/ / /Zav-vrgo, (7.6.5)
0o /B JRe

where we have denoted (Ha)1.. 4q—1 the vector of R4~1 made of the d — 1 first coordinates of Ha. But,
since 0,(—s) = 0 for s > 0, we have T(*=9 = 0. Moreover, f°(t,7, §)sgny s(up(t, ™) — &) = 0, so that
f°T = 0. We also have

5ub(t’f)f(t, T,£) =T'(¢t,T,0,up(t,T)) = 0.
Re

Hence, in (7.6.5), the second, fourth and fifth terms are null and we deduce

T
EEEIN _/ / / jg—(atr+(Ha)1...d—1'VEF)+/ / (jg_)=Dp=1)
o JBt Jr, Bt Jre

T
o[ [ ] zawr (7.6.6)
0 JBY JRe

We have I' > 0 and g_ < 0, so that

J

/R (jg_)F=DTeE=T) < 0. (7.6.7)
3

d
+

We have
Ol 0 < C ( 1= 9ls+ s, ) e 7) - s>|atub<t,f>|) (1 6., (xa))
< (S ctm ) em) -9) (1~ 0.,

Since fRs (sgny 5)'(a — &) d§ =1 for all @ € R, this implies

_/OT /Bi /R£ Jg-0T < /OT /Bi <g +C'/R§(sgn+,5)’(ub(t,f) —$) df) (1 —0.,(zq))dxdt

< <% + Csd) (7.6.8)

(indeed, fooo(l —0O.,(xq))drg < gq since (1 — O, (zq)) =0forzg 2 eqand 0< 1 -0, <1).
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In the same way,

Varn ) < C( [ 9@ ml ) (e7) - V)] ) (- Ouyfe)
< (4 Ctm e -9) (- 6u ), (7:69)
and -
—/ L /]R 79— (Ha)lmd_l -VzI' < <% + Cé‘d) (7610)
o Jpe Jr,

Inequality (7.6.9) and the definition of sgn, s show that, for all (¢,z,¢),

wartesor< (S45).

Moreover,

|8$d].—‘(t,$,f)| < Ca&"d(xd) g Eg
d

Hence, for all (¢,z,€), [VI'(t,z,8)| < £+ & + % and, Z being bounded in L!((0,T) x B%),

—n/ / /25 vr< &1 C(;” (:7. (7.6.11)
Bt JR, d

Gathering (7.6.7), (7.6.8), (7.6.10) and (7.6.11) in (7.6.6), we obtain

Sa’E<C(Ed+_+—+n+n+ n)
1) Ed

which gives, thanks to (7.6.1) and (7.6.4),

T5°"5§C<s+6d+oz+5+—+ + = +Z+:> (7.6.12)
d

7.7 Conclusion

We now sum up and conclude.

Combining (7.5.18) and (7.6.12) (recall that the estimates in Sections 7.5 and 7.6 concern, in fact, @ and
¥ — i.e. u and v transported), we find

/ M2)(@(T, z) - 5(T, )" de < C<g+5d+a+5+€—d+€fd+2+i+ﬁ>
B « z Z €4 O

—|—C’/ / a(t,x) — o(t, )" dx dt.
Bd

Minimizing on 6, a, € and e4, we notice that an optimal choice of these parameters is § = n'/2, ¢4 = n?/3,
o =& = n'/3; we then re-transport this estimate on Q N O:

/ M) (u(T, z) — o(T,z)) " de < Cn'/3 + C/ u(t,x) — v(t,x))" dedt.
QNO QﬁO
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Summing on the local charts (recall that in the preceding inequality A = A, and O = O; for any
i€ {l,...,n}) and using (7.3.6), we deduce

T
u ) — v X X / u ) —v a X .
/Q< (T,2) — o(T, 2))* d <0n13+0/0 /Q< (t,2) — o(t, )" dedt

This inequality being true for all T € [0,Tp], Gronwall’s lemma applied to the continuous function
T — [o(u(T,z) — v(T,x))" dr ensures that there exists C' > 0 such that, for all T € [0, Tp),

/(U(T, z) — (T, )" de < Cn'/3. (7.7.1)
Q

Now, since u satisfies (7.2.1)—(7.2.2) for f_, we see that —u satisfies these equations for fi with —uy,
—up, sym and s,m? instead of ug, up, m and mi (where s is the symmetry with respect to £). Similarly,
—v satisfies (7.2.3) for g_ with —up, —up and s.q instead of ug, up and ¢q. Hence, (7.7.1) applied to —u
and —v gives

/(—u(T, z) +o(T,z)) " de = / (u(T,z) — v(T,z))~ de < Cn'/3.
Q Q

which concludes the proof of Theorem 7.1.1.

7.8 Appendix

7.8.1 Estimate of 7:° using boundary layers

If the solution wu is regular, then Ty can be estimated using boundary layer techniques. This is what
we briefly explain here.

To simplify the exposition, we take 2 =]0, oo[ and recall some basic facts concerning boundary layers: if
u is regular, then the parabolic approximation admits the decomposition v(¢,z) = u(t,x) + c¢(t,x/n7) +
r(t,x), where v = 1/2 or 1 depending if the boundary is characteristic or not, and r" is a remainder
(small, with respect to 1, in L> norm). Fix ¢t € (0,7), set w(y) = u(t,0) + c(t,y), wo = up(t) and
Weo = u(t,0). Then, by properties of the layer ¢, w satisfies

w(y) = Alw(y)) — Alweo), (7.8.1)
w(0) = wo, (7.8.2)
w(+00) = Weo. (7.8.3)

Notice that, since (7.8.1) is an autonomous o.d.e., w vanishes on [0, +00) if, and only if, w is constant (and
then wp = weo ). Now, suppose wy # weo- Then, since w does not vanish, it has a constant sign, which is
actually the sign of Wy, —wg since w is an orbit from wg to weo. To sum up, we have sgn(ws, —wo)w(y) > 0
for all y > 0. In view of (7.8.1), this is equivalent to sgn(we — wo)(A(w(y)) — A(weo)) > 0 for all y > 0
or still, since w is a bijection [0, +00) — [wo, Weo),

VK € [wo, Weo] , S8 (Woo — wo)(A(K) — Alwes)) > 0. (7.8.4)

Conversely, one can check that (7.8.4) is a sufficient condition to the existence of a solution to (7.8.1)-
(7.8.2)-(7.8.3). Now, replacing wo and we by their respective values up(t) and u(t,0), (7.8.4) appears to
be nothing but the BLN condition

VE € [up(t), u(t,0)], —sgn(u(t,0) — up(t))(A(u(t,0)) — A(k)) > 0.

In other words, the BLN condition is a necessary and sufficient condition to the existence of the boundary
layer function c.
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Let us now come back to the estimate of T5"“: assuming that & = 0 and A\ = 1, T5"° reduces in this
setting to

- T (oo
Ts = /O /0 /}R£ a(&)sgn, (u(t,0) — &)(—sgn_(v(t, ) — €))0.(x) d€ dz dt

T [eS)
/0 /0 sgn (u(t,0) —v(t,z))(A(u(t,0)) — A(v(t, x)))0: (x) dz dt.

Since ¢ — sgn,, (u(t,0) — ¢)(A(u(t,0)) — A(C)) is Lipschitz continuous, 7§ can be assimilated, up to an
error of order 1 + ¢, to

T oo
/0 /0 sgn (—c(t,z/n7))(A(u(t,0)) — A(u(t,0) + c(t,z/n"))0(x) dx dt .

Since w is monotonous between wg and weo, Weo — w(y) has the same sign than ws, — wp. Reporting this
result in (7.8.4) and replacing w, wy and wee by u(t,0) + ¢(t, y), up(t) and u(t,0) respectively we get

sgn(—c(t,y))(A(u(t,0)) — A(u(t,0) + c(t,y)) <0
for all y > 0, which shows that, up to an error of order n + ¢, T5"° is nonpositive.

The basic idea in Section 7.6 is thus to compare 75" to some nonpositive quantity, which is done as early
as Subsection 7.6.1.

7.8.2 Technical results

The first lemma is classical, we do not prove it.

Lemma 7.8.1 Let U be a bounded open set of R? with Lipschitz continuous boundary and ~. be a
reqularizing kernel with support contained in the ball of radius |e|. Then there exists C' only depending
on U such that, for all w € L*(U)NBV(U),

[ [ 1w@) — w@hete — ) dedy < Cllwlluw + ulsvion)
UJuU

The second lemma is a technical result used in Section 7.5.

Lemma 7.8.2 Let D > 0 and K be a compact subset of BY. We take v € R? such that |v| <
dist(K,RN\B?) and j a regular function on B. If w € BV(B%) then there exists C' not depending
on v or w such that

D
[ [ IVGtasen (i) - ) dgdo < €0+ wlavma)
K J-D

Proof of Lemma 7.8.2

The proof is made in several steps. Let U be an open set relatively compact in B¢, containing K and
such that |v| < dist(U, R4\ B?%). We prove the result of the lemma with U instead of K (the introduction
of this open set is useful because we use classical results concerning BV functions on open sets).
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Step 0: (a preliminary result) Let r € W171(Bf‘f_) and denote by R the extension of r to B? by 0 outside
B¢. Then R € BV(B?) and |R|gy(pe) < C||T||W1,1(Bi). To see this, take ¢ € (C°(B?))?; thanks to an
integrate by parts, we have

Rdiv(¢) = /

B

rdiv(¢) = —/BH réq — /Bi ¢ - Vr.

The right-hand side of this equation is bounded by CHTHWl,l(Bi)”(bHOO, which proves the result (in fact,

d d
B +

the preceding equation computes the gradient of R).

Step 1: let sgn_ 5 : R — R be a regular nondecreasing function, equal to 0 on R*, to —1 on | — oo, —d]
and such that sgn_ s — sgn_ as § — 0. We prove the result when w € W171(Bf‘ﬁ) and sgn_ is replaced
by sgn_ 5, with C' not depending on 4.

We clearly have (since sgn_ s is regular) jsgn_ s(w — &) € Wh(B¢{) and

V(jsgn_ s(w —§)) = Vjisgn_ s(w — &) +j(sgn_ ) (w — ) Vuw.
By Step 0, the extension W of jsgn_ 5(w — §) to B? by 0 outside Bj‘f_ is in BV(B9) and
[Welgy(pe) < C + O||(sgn_,5)’(w - §)Vw||L1(Bi)7

where C' does not depend on § nor w.
Moreover, by choice of v, (j(-)sgn_ s(w(:) — &))" = We x v, and V(jsgn_ 5(w — &))" = VWe %7, on U.
Thus,

IV (jsgn_ s(w —&)"|lLr ) < [Welpv(pay < C + C/d (sgn_ ) (w — &)V
B+

We now integrate with respect to £ and use f?D(sgn775)'(s —&)d¢ < ng (sgn_5)'(s — &) d& = 1 for all

s € R to find 5
/ / IV (jsgn_s(w - €))’| < C+C / V|
vJ-D B¢

which concludes this step.

Step 2: conclusion.

There exists w, € W1!(B%) which converge to w in L*(B%) and such that |wn|Bv(Bi) — |w|BV<Bi).
Since sgn_ 4 is regular, jsgn_ 5(w,—¢) — jsgn_ s(w—¢) in L (BY) asn — oo so that (jsgn_ 5(w,—¢))” —
(jsgn_ 5(w — &))" in L*(R?) as n — oco. Moreover, sgn_ s(w — &) — sgn_(w — &) in L*(B{) as § — 0 so
that (jsgn_ s(w — &))" — (jsgn_(w — &))" in LY(RY) as § — 0.

We deduce that

/U IV (sen_(w— )| = |Gsgn_(w - &) levw

< hgn_}(l)lf |(Fsgn_ s(w —&€))" lgv(v)
< ligni(r)lfliminf |(Fsgn_ s(wn — &))" lav(v)

liminf liminf [ |V(jsgn_ s5(w, — &))"|.
5—0 U ’

n—oo
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Integrating on ¢ € [—D, D] and using Fatou’s Lemma, the result of Step 1 gives

// V(jsgn_(w — &))" < hgnlnfhmlnf/ /|V Jsgn_ s(wn — &))"

< liminfliminf <C—|— C/ |an(x)|dx>
5t

—0 mn—oo

< lign_}(r)lf(C + O|w|Bv(Bi)) =C+ C|w|BV(Bi)

by choice of (wy)p>1. M
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Partie V

Diffusion non-locale
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Chapitre 8

Global solution and smoothing effect
for a non-local regularization of an
hyperbolic equation

Reference: J. Droniou, T. Gallouét and J. Vovelle. J. Evol. Equ. 3 (2003), no. 3,
499-521.

8.1 Introduction

We study the problem

{ drult, ) + 0. (J(w) () + glu(t, @) =0 tel0,00], 2R (5.1.1)

u(0, ) = uo(x) z €R,

where f € C*°(R) is such that f(0) = 0 (there is not loss of generality in assuming this), uo € L>*(R)
and g is the non-local (in general) operator defined through the Fourier transform by

F(Q[“@ﬂ )])(E) = |£‘>\f(u(t7))(£) ) with A 6}172}‘

Remark 8.1.1 We could also very well study a multi-dimensional scalar equation, that is to say on RN
instead of R. All the methods and results presented below would apply; but this would lead to more technical
manipulations so, for the sake of clarity, we have chosen to fully describe only the mono-dimensional case.

The interest of such an equation (namely Equation (8.1.1)) was pointed out to us by Paul Clavin in the
context of pattern formation in detonation waves. The study of detonations leads, in a first approximation,
to nonlinear hyperbolic equations. As it is well known, the solutions of such equations may develop
discontinuities in finite time. A theory of existence and uniqueness of (entropy weak) solutions to Equation
(8.1.1) with g = 0, in the L* framework, is known since the work of Krushkov ([60], see also [80]). The
case of a parabolic regularization (of a nonlinear hyperbolic equation) is often considered and used to
prove the Krushkov result; it corresponds to (8.1.1) with A = 2. In this case, existence and uniqueness
of a solution is also well known along with a regularizing effect. However, it appears that the choice of
A = 2 is not quite natural, at least for the problem of detonation (see [24], [25], [23]) where it seems more
natural to consider a nonlocal term as g[u] with A close to 1 but greater than 1 (although the case A =1
is also of interest but more complicated). This term corresponds to some spatial fractional derivative
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of u of order A\. The main motivation of this paper is therefore to prove existence and uniqueness of
the solution to (8.1.1) in the L framework as well as a regularizing effect (a regularizing effect which
is well-known in the case A = 2, as it is said above). In particular, the solution will be C*° in space
and time for ¢t > 0. We also prove the so called “maximum principle”, namely the fact that the solution
takes values between the maximum and the minimum values of the initial data, and a property of “L!
contraction” on the solutions, which is the fact that, for any time, the L' norm of the difference of two
solutions with different initial data is bounded by the L! norm (if it exists) of the difference of the initial
data.

A major difficulty is due to the nonlocal character of g[u] if A €]1,2[; this prevents the classical way to
prove the maximum principle, which leads to an L* a priori bound on the solution (a crucial estimate
to obtain global solutions). It is interesting to notice that the hypothesis A < 2 is necessary for the
maximum principle. Indeed, the maximum principle is no longer true in general for A > 2. However, the
regularizing effect is still true for A > 2, a property which is probably not verified if A < 1. The case
A =1 is not so clear and needs an additional work. Indeed, for the study of detonation waves, our result
has to be viewed as a preliminary result or, at least, as a study of a very simplified case. Realistic models
are much more complicated. In particular, it seems that A is actually depending on the unknown and,
even if A > 1, X is probably not bounded from below by some Ag > 1. The possibility to generalize our
result to such a case is not manifest.

We first prove (Section 4) the uniqueness of a “weak” solution (solution in the sense of Definition 8.3.1
below). Then, assuming the existence of a “weak” solution, we prove (Section 5) the regularizing effect
(the equation is then satisfied in a classical sense). The results of these two sections are in fact true for
any A > 1. In Section 6, the existence result is given, using a splitting method. The use of splitting
methods is classical, in particular to define numerical schemes, but is not usual to prove an existence
result as it is done here. In this section, the central argument is the proof of the maximum principle
(which is limited to A < 2).

Here is our main result.

Theorem 8.1.1 If ug € L>®(R), then there exists a unique solution u to (8.1.1) on ]0,00[ (in the sense
of Definition 8.3.1, see below). Moreover, this solution satisfies:

i) u € C°(]0,00[xR) and all its derivatives are bounded on |tg, co[xXR for all ty > 0,

i) for all t >0, ||[u(t)|| @) < |[uol|L=m®) and, in fact, u takes its values between the essential lower
and upper bounds of ug,

iii) u satisfies Oyu—+ 0 (f(u))+ glu] = 0 in the classical sense (glu] being properly defined by Proposition
8.5.2).

iv) u(t) — uo, ast — 0, in L=(R) weak-+ and in LY

(R) for all p € [1,00].

Remark 8.1.2 In the course of our study of (8.1.1), we will also see that, if ug € L=(R) N L (R), then
the solution u to (8.1.1) satisfies, for all t > 0: [|u(t)||z1®) < ||uollLr(w)-

We will also see that (8.1.1) has a L' contraction property: if (uo,vo) € L°(R) are such that ug — v €
L'(R), then, denoting by u and v the solutions to (8.1.1) corresponding to initial conditions ug and vy,
we have, for allt > 0: ||u(t) — v(t)||L1 @) < |luo — vol|L1(w)-

8.2 Properties of the kernel of g

Using the Fourier transform, we see that the semi-group generated by g is formally given by the convo-
lution with the kernel (defined for ¢ > 0 and x € R)

K(t,z)=F ! (eftl'lx) (z) :/

p2imz€ o —tl¢|* d¢ = F (e,ﬂ,p) (z).
R
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The function £ € R — e tlEl being real-valued and even, K is real-valued (in the sequel, we consider
only real-valued solutions to (8.1.1)).

The most important property of K is its nonnegativity. For the sake of completeness, we give here a
sketch of the proof of this result, but notice that it is a well-known result since a rather long time now. We
refer to the work of Lévy for example [65]. Also notice that we study the question of the non-negativity
of the kernel K because it is the issue at stake in the analysis of a maximum principle for the equation
u¢~+ g[u] = 0. From this point of view, we shall make reference to the work of Courrége and coworkers (see
[16] and references therein) who give a characterization of a large class of pseudo-differential operators
satisfying the positive maximum principle and also, more recently, to the work of Farkas, Jacob, Schilling
[43] (see also Hoh [57]).

Lemma 8.2.1 If X €]0,2] then, for all (t,z) €]0,00[xR, we have K (t,z) > 0.

Proof of Lemma 8.2.1 ,

If A =2, it is well-known that K(¢,z) = (7r/t)1/2e’ﬂ752, which implies the result. Assume now that
A €]0,2[ and let f(z) = Alz|~'"*1g\j_1,1(z), with A > 0 such that [, f(z)dz = 1. Since f is even with
integral equal to 1, we have

cos(2my) — 1
ly[' A

FE) =1+ /

R

(cos(2mz€) — 1) f(z)dx =1+ A|f|)‘/

lyl>1€]

dy.

Since cos(2my) — 1 = O(]y|?) on the neighborhood of 0 and A < 2, the dominated convergence theorem

gives
cos(2my) — 1 / cos(2my) — 1
— —dy—IT:= | —2——dy<0 as&—0.
/|y|2|£| [y Ryt

Hence, F(f)(€) =1 — c|¢|*(1 + w(€)) with ¢ = —AI > 0 and lim¢_ow(€) = 0.
Define f,(z) = n'/Af* fx---x f(n'/*x), the convolution product being taken n times. By the properties
of the Fourier transform with respect to the convolution product, we have, for all £ € R,

F(f)(&) = (f(f)(nfl”g))" = (1=en NP+ w(nfl/kg)))" el

as n — oo. Since (F(fy))n>1 is bounded by 1 (the Ll-norm of f,, for all n > 1), this convergence is also
true in §’'(R) and, taking the inverse Fourier transform, we see that f, — fﬁl(e*cHA) = K(c,") in S'(R)
as n — 0o. fp being nonnegative for all n, we deduce that K is nonnegative on {c} x R; the homogeneity
property (8.2.1) below concludes then the proof of the lemma. B

Here are some other important properties of K:

1 z

K is C* on ]0,00[xR and, for all m > 0, there exists B, such that

. 1 B, (8.2.2)
V(t,z) €]0,00[xR, |07 K(tz)| < A (11 12 ad)

(K(t,-))t>0 is, as t — 0, an approximate unit

(in particular, [|K(t,-)||r1(r) = 1 for all £ > 0). (8.2.3)
3K, such that, for all t > 0, [0, K (t,-)||p1m) = K1t~/ (8.2.4)
Y(a,b) €]0,00[, K(a,-)* K(b,-) = K(a+b,") (8.2.5)

and K(a,:) * 0;K(b,) = 0,K(a+b,").

Proof of these properties
Equation (8.2.1) is obtained thanks to the change of variable £ = t=1/2n in the integral defining K.
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The regularity of K is an immediate application of the theorem of derivation under the integral sign. To
prove the second part of (8.2.2), we write 9K (1,z) = [(2im¢) me—l€l* e2imeE g¢. gince A > 1, the first

two derivatives of £ — £Me ¢ I are integrable on R and we can make two integrations by parts to obtain
OMK (1,x) = O(1/2%) on R; 9™ K (1,-) being bounded on R, we deduce the estimate of (8.2.2) for t = 1;
the general case ¢ > 0 comes from the case t =1 and (8.2.1).

Since K(1,-) > 0, we have [|[K(1,-)|[pim) = fp K(1,2)dz = F(K(1,-))(0) = e~ 19" =1 and (8.2.3) is
thus a consequence of (8.2.1).

The estimate (8.2.4) comes from the derivation of (8.2.1) and from the change of variable y = ¢~/ in
the computation of |[0, K (1,/tY/2)|| 11 ).

The identity (8.2.5), which translates the fact that the convolution with K (¢) is the semi-group generated
by g, can be directly checked via Fourier transform. B

Let us also give some continuity results related to K.

Lemma 8.2.2 i) If ug € L*(R), then t € [0,00[— K(t,-) * ug is continuous [0,00[— LY(R) (with
value ug at t =0).

ii) Let T > 0 and (to, o) €]0, T[xR. If v € Cp(]0, T[xR), then
a) for all s >0, K(s,)xv(t, )(x) — K(so,") *v(to, )(x0) as s — sg, t — to and x — o,
b) K(s,-)*v(t,-)(z) = v(to,x0) as s — 0, t = to and v — xo.

All these properties are either classical results of approximate units or consequences of the estimate in
(8.2.2) (with m = 0) and of the dominated convergence theorem. We do not give a precise proof of these
results.

8.3 Definition and first properties of the solutions

The idea, to study (8.1.1), is to search for a solution to dyu + gu] = —6 (f( )) using Duhamel’s formula:
a solution to this equation is formally given by u(t,x) = K(t) * ug(x fo (t —s)* 0y (f(u(s,-)))(z)ds.
By putting the derivative of f(u) on K, we are led to the followmg deﬁmtlon

Definition 8.3.1 Let ug € L¥(R) and T > 0 or T = co. A solution to (8.1.1) on |0, T[ is a function
u € L>®(]0, T[xR) which satisfies, for a.e. (t,z) €]0, T[xR,

w(tz) = K(t,) * uo(z / 0K (t — 5.) % f(u(s,))(x) ds. (8.3.1)

The following proposition shows that all the terms in (8.3.1) are well-defined.

Proposition 8.3.1 Let ug € L®°(R) and T > 0. If v € L>(]0, T[xR), then
w: (t,z) €)0, T[xR — K(t,-) * up(z /8[( xv(s, ) ds
defines a function in Cy(]0, T[XR) and we have, for all ty €]0,T], all x € R and all t €]0,T — to],

u(to +t,x) = K(t,-) *u(to, ) / O K (t ) xv(to +s,-)(x)ds. (8.3.2)
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Proof of Proposition 8.3.1

Step 1: first term of u.

Since up € L>°(R) and, for t > 0, K(t,-) € L*(R), K(t,-) * ug is well-defined and, by Young’s inequalities
for the convolution and (8.2.3), we have

V(t,x) €]0,00[xR, |K(t,-) * uo(x)| < [|Juo|| Lo (r)- (8.3.3)
Let to €]0,T[ and zg € R; for all 0 < tg < T < o0, by (8.2.2), we can write
Cy

V(t,z,y) €Elto. TIXR xR, |K(t,z—y)] < —— 8.3.4

(t.2,9) elto,T1 Kt -0 £ g (834

where C; > 0 and Cy > 0 only depend on (to,T). We have |y — zo|? < 2|y — z|? + 2|zo — z|?, so that
ly—x|? > 1|y — xo> — |zo — 2|*. For all z € R such that |z — zo|? < Cy/2, for all t €]tg, T[and all y € R,
(8.3.4) gives

Cl Cl

|K(t7$_y)|§ S
Ca+ 3lzo — yl? — |zo — 2> = (C2/2) + $|zo — y|?

= F(y)

with F' € L*(R). Since ug is bounded and K is continuous, the theorem of continuity under the integral
sign gives the continuity of (¢,x) — K(t,-) * uo(x).

Step 2: the second term of u.
Define G: R xR —- R and H : R xR — R by: for all z € R,

G(t,xz) = 0. K(t,x)lop((t) ift >0, G(t,x)=0 ift <0,
H(t,x) =v(t,z) ift€]0,T[, H(tz)=0 ift € R\]0,T].
We notice that G € L*(R x R); indeed, by Fubini-Tonelli’s theorem and (8.2.4),

T i AL o

|G(t, )| dedt < K4 t dt = —=T"7> < 0. (8.3.5)
RxR 0 A-1

The function H is clearly in L>(R x R), being bounded by |[|v||5e(o,r[xr). Thus, denoting by % the

convolution in R x R, G x H is well-defined, bounded and uniformly continuous on R x R; moreover, by

(8.3.5),
A

s T A ol go.rixr)- (8.3.6)
By Fubini’s theorem, one checks that, for all ¢ €]0,7] and all x € R, G x H(t,z) = fg O K(t —s,-) *

v(s,)(z) ds, and the second term of u is thus continuous and bounded on |0, T[xR.
We notice that, thanks to (8.3.3) and (8.3.6),

|G * H||c,®mxr) < |G| @xr) [ H||Lo@®xr) <

Ay
A—1

_1
l[ulleyqo,rixr) < [|uoll Lo ) + T ||v]| Lo o, 7[xR)- (8.3.7)

Step 3: To prove (8.3.2), we make the change of variable 7 = ¢y + s in the last term of this equation,
we use Fubini’s theorem (thanks to (8.2.4)) to permute the convolution by K (t,-) and the integral sign
in u(to, ) and we apply (8.2.5). W

As an immediate consequence of this proposition, we have:
Corollary 8.3.1 Let ug € L¥(R) and T > 0 or T = oco. If u is a solution to (8.1.1) on ]0,T[, then
u € Cp(]0,T[xR) and u satisfies (8.3.1) for all (t,z) €]0,T[xR. Moreover, for all to €]0,T] and all
(t, {E) E]O, T— to[XR,
¢
u(to +t,x) = K(t,-) *u(to, ) (x) — / 0 K(t—s,-) * f(u(to + s,-))(x)ds, (8.3.8)
0
i.e. u(to +-,-) is a solution to (8.1.1) on 10, T — to| with u(to,-) instead of ug.
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To conclude this study of the first properties of the solutions, we prove item iv) of Theorem 8.1.1.
Proof of item iv) in Theorem 8.1.1

Suppose that u is a solution to (8.1.1) on |0, T'[. Since f(u) is bounded, we have, for all (¢,z) €]0, T[xR,
by (8.2.4),

1

/0 awK(t — S, ) * f(’LL(S7 ))({E) ds S ’C]_Hf(’LL)HOO/O m ds = CtI*X

where C' does not depend on t; hence, the last term of (8.3.1) tends to 0 in L*°(R) as ¢t — 0. By classical
properties of the approximate units, the first term in the right-hand side of (8.3.1) converges as wanted
to ug and the proof is complete. B

8.4 Uniqueness of the solution

Theorem 8.4.1 Let ug € L2°(R) and T > 0 or T = oo. There exists at most one solution to (8.1.1) on
10, T'[ in the sense of Definition 8.5.1.

Proof of Theorem 8.4.1
Step 1: we first prove a local uniqueness result. Denote by Lip z(f) a lipschitz constant of f on [—R, R).
Let Ty > 0. For all u and v solutions to (8.1.1) on |0, 7} bounded by R, by (8.3.1) and (8.2.4), we have

Ay -1

[u(t,2) —v(t,2)] < =Ty *Lipg(H)llu = vlleo = k(T1, Bl[u — vf]o.

There exists Ty > 0 only depending on R such that, if 77 < Ty, we have k(T1, R) < 1; for T1 < Ty, there
exists therefore at most one solution to (8.1.1) on |0, 73| bounded by R.

Step 2: proof of the uniqueness result.

Let u and v be two solutions to (8.1.1) on ]0,T[. Take R = max(||u||ec, ||v]|c0); let Tp be given by Step 1
for R. By Step 1, since u and v are bounded by R, v = v on ]0,inf(T, Tp)[xR.

Let 77 = sup{t €]0,T[ | v = v on ]0,¢[xR} > inf(7T,T}), and suppose that T’ < T. By definition of
T’, and since u and v are continuous on |0, T[xR, we have u(T”,-) = v(1”,-) on R. By Corollary 8.3.1,
w(T' + -,-) and v(T" + -,-) are two solutions to (8.1.1) on |0,7" — T"'[ with the same initial condition
u(T’,-) = v(T’,+). These solutions being bounded by R, Step 1 shows that u(T’ + -,-) = v(T’ +-,-) on
10,inf(To, T — T7)[xR, which is a contradiction with the definition of 77. ®

8.5 Regularizing effect

8.5.1 Spatial regularity

If we formally differentiate (8.3.1) with respect to x, we see that the spatial derivatives of u satisfy integral
equations; the following theorem gives some properties on these integral equations.

Proposition 8.5.1 Let M > 0 and F : (t,z,() €]0,M[xR xR — F(t,z,{) € R be continuous; we
suppose that 0, F, OcF, 0c0.F and 0¢0:F exist and are continuous on |0, M[xR x R; we also suppose
that there exists w :]0,00[— Rt such that, for all L > 0, F and these derivatives are bounded on
10, M[xR x [—-L, L] by w(L).

Let Ry > 0 and R = (2 + K1)Ry. Then there exists Ty > 0 only depending on (Ro,w) such that, if
T = inf(M,Tp) and vo € L>®(R) satisfies ||vo||pem) < Ro, there exists a unique v € Cp(]0, T[xR)
bounded by R and such that

v(t,z) = K(t,-) *vo(x) + /0 0 K(t —s,-) % F(s,-,v(s,-))(x)ds. (8.5.1)
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Moreover, 0,v € C(]0,T[xR) and, for all a €]0,T[, ||0,v]|c,(a,r[xr) < Ra™1/*

Proof of Proposition 8.5.1

The idea is to use a fixed point theorem. Let, for T €]0,M[, Er = {v € Cp(]0,T[xR) | 9yv €
C(]0, T[xR) and t'/2d,v € Cy(]0, T[xR)}, endowed with its natural norm |[v||gy = ||v]|ec 4 [t/ 20| |so-
We define, thanks to Proposition 8.3.1, ¥ : C(]0, T[xR) — C4(]0, T[xR) by

Ur(v)(t7) = K(¢,-)  vole /8Kt—s Yk F(s, - 0(s, ) (@) ds.

Step 1: the first term of ¥ (v) belongs to Er.

The estimate (8.2.2) allows to see, as in Step 1 of the proof of Proposition 8.3.1, that, by derivation and
continuity under the integral sign, K (t,-) * vo is derivable on R and that (¢,z) €]0, T[xR — 0, (K (t,-) *
vo)(x) = 0. K(t,-) x vp(x) is continuous. By Young’s inequalities and (8.2.4),

102 (K (£, ) % v0) o) < Kt ™ MJvol| Lo @), (8.5.2)
which proves that (¢,z) €]0, T[xR — K (t,) * vo(x) belongs to Er.

Step 2: we prove that, if v € Erp, the second term of Uy (v) belongs to Erp.

Define H(t,x) fo 0. K(t—s,)«F(s,-,v(s,-))(x)ds. Let t €]0,T[ and s €]0,t[. The function z € R —
F(s,x, v(s x)) is in C} (R ) We can thus differentiate under the integral sign to see that 9, K (t — s, -) *
F(s,-,v(s,")) is C! with derivative 0, K (t — s,-) * (0, F (s, -, v(s, ")) + O F (s, -, v(s,))dzv(s,")). Moreover,
for all x € R,

|0 K(t—s,-) % (0 F(s,-,v(s,-)) + OcF(s,-,v(s,-))0zv(s,"))(x)]

KillOF'C, 00 Do | KallOFC, - 00 ) ool 0]l
= (t —s)1/ SUN(t — s)1/A :

(8.5.3)
This last function is integrable with respect to s €]0, ¢[, and we can thus apply the theorem of derivation
under the integral sign to see that
0. H(t,x)

/ 0 K (t % (0pF(s,-,v(s,-)) + OcF(s,-,v(s,-))0zv(s,-))(x)ds. (8.5.4)
If 0,v was bounded, the continuity of d,H would be a consequence of Proposition 8.3.1. We thus
approximate 9;v by bounded functions to conclude. Take 0 < § < T and define ws € L>(]0, T[xR) by

ws(t,r) = 0. F(t,x,v(t,x)) + O F(t, z,v(t,x))0zv(t, v) L5 1((t).

Denoting A;5(t, x) fo 0. K (t—s,-)xws(s,-)(x)ds, (8.5.4) allows to see that, for all ty €]0,T[, As — 0. H
uniformly on [to, T[xR as 5 — 0 since, by Proposition 8.3.1, A; is continuous on |0, T[xR, we deduce
that 0, H is continuous on ]0, T[xR. Moreover, by (8.5.4) and (8.5.3) and the change of variable s = ¢t
in the integrals on 0, ¢[, we have, for all (¢,z) €]0, T[XR,

0, H(t,2)|
< Colr (110F (v Dlloot' ™3 + I, v, ) lloo ol 2,473 (8.5.5)

where Cp = max(fol(l — 1)~ dr, fol 77V/A(1 — 7)~Y/X dr), which proves that H € Er.
If v is bounded by R, the properties of F' along with (8.5.2), (8.5.5) and (8.3.7), give

ACL s
17 (v)||5r < ||vo||Loo<R>+A—_11T1 Sw(R)
Koy vl | e gy + CokKaw(R) (T+ Tl—%||v||ET) . (8.5.6)
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Step 3: fixed point.
We take, as in the proposition, R = (2 + K1) Ry and we denote, for T' > 0, Br(R) the closed ball in Er
of center 0 and radius R. Let Tp > 0 be such that

Ro+ ;’_Cll T ™ w(R) + K1 Ro + CoKiw(R) (TO + TOI*%R) <R (8.5.7)
A _1 _1 _1
Kiw(R) <ﬁT01 Y+ 1T0+CORT01 X 4 CoTy ) <1 (8.5.8)

(by definition of R, such a Ty exists and only depends on (Rg,w)).

Let T = inf(M,Ty). Take vo € L*°(R) bounded by Ro. Thanks to (8.5.6) and (8.5.7), ¥ sends Br(R)
into By(R). Let (u,v) € Bp(R). u and v are bounded by R and we have thus, for all (¢,z) €]0, T[xR,
by (8.2.4) and the properties of F,

W (u)(t,z) — Up(v)(t,2)| < K1~ T X w(R)|Ju — v]] oo (8.5.9)

A—1
By (8.5.4) and the properties of F', we also have, for all (¢, x) €]0, T[xR,
0, U (u)(t, ) — 0 Vr (v)(L, )|

A 1 1
< Kiw(R) (HT + CoT > llullgy + CoTl_X) llu —v||gy- (8.5.10)

The properties (8.5.9), (8.5.10) and (8.5.8) ensure that ¥r is contracting on By (R). Therefore, ¥ has a
unique fixed point v in Br(R); v is a continuous and bounded solution to (8.5.1) such that 0yv exists and
is continuous on |0, T[xR. Moreover, since v € Bp(R), we have, for all @ €]0,T[ and all (¢, z) €]a, T[xR,
|0,0(t, )| <t~V |||, < a” AR, which is the estimate on d,v stated in the proposition.

The inequalities (8.5.9) and (8.5.8) ensure that ¥ is contracting on the ball in Cy(]0, T[xR) of center 0
and radius R. Thus, U7 can have only one fixed point in this ball, which is the uniqueness result of the
proposition. |

Theorem 8.5.1 Let ug € L¥R) and T > 0 or T = oo. If u is a solution to (8.1.1) on ]0,T[ in the
sense of Definition 8.3.1, then wu is indefinitely derivable with respect to x. Moreover, for all n > 0 and
all to €]0,T[, we have

Z) 8£U S Cb(]to,T[XR),
ii) for allt €]0,T — to],

onu(to +1t,-) = K(t,-) * 0 u(to, ) — /Ot O K (t—s,-) « 0 (f(u(to+s,-)))ds

ii1) if R > ||ullc,qo,rixr), there exists C only depending on (R, to,n) such that ||07ul|c,te,7[xR) < C-

Proof of Theorem 8.5.1

We prove, by induction on n, that : u has spatial derivatives of order up to n which are continuous and
bounded by C(R, tg,n) on Jtg, T[XR for all ¢ty €]0, T, item ii) is satisfied on ]0, T —to[xR for all ¢, €]0,T[
and

O (f(w) =Up~+ (1= 6n0)f (w)Olu+ pnof(u), (8.5.11)
where 6, ¢ is Kronecker’s symbol, Uy = 0 and, if n > 1, U,, = Gn((aﬁu)kgn,l) with G, regular.
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The validity of the property at the rank n = 0 is a consequence of Corollary 8.3.1. We suppose the
induction hypothesis true up to a rank n > 0, and we prove it for the rank n + 1.

Let by €]0,T[. Take b €]bg, T[ and define F : (t,x,¢) :]0, T —=b[xRXR — —U,(b+t,2) — (1 —dp,0) f (u)(b+
t,2)¢ — dn,0f(¢). The function F' satisfies the hypotheses of Proposition 8.5.1, with (by induction hy-
pothesis) w only depending on (R, bg,n); we also have ||97u||c, jpo, 7[xr) < Ro Where Ry only depends on
(R, bo,n). Let Ty only depending on (Rg,w) (i.e. on (R,bo,n)) be given by Proposition 8.5.1.

By induction hypothesis, 97u(b+ -, -) is continuous and bounded by Ry < (2+ K;)Ry and satisfies (8.5.1)
on |0, — b[xR for the preceding F' and with vg = 92u(b,-) bounded by Ry. Proposition 8.5.1 shows thus
that 97+ exists and is continuous and bounded by (24 K1)Roa~'/* on |b+ a,inf(T, b+ Ty)[xR; this is
true for all b €]bg, T[ and all a €]0,inf(T — b,Tp)[. Since Ty does not depend on a or b, taking tg €]0, T,
by = to/2 and a = inf(ty/2, To/2) < T—bg, we notice that the intervals {|b+a, inf(T, b+T0)[, b €]bo, T—a[}
cover |bg+a, T[D]to, T and we deduce that 97 1u has the regularity and satisfies the estimates we wanted
to obtain.

Let us prove the formula for 97 *1u. By induction hypothesis,

8;‘u(to+t,-):K(t7~)*8£u(to,-)—/0 O K (t — 5,-) % O"(f(ulto + -))) ds. (8.5.12)

But we have just proved that 9%u(to,-) € C}(R); thus, we can write

The function (¢, x) €]0,T —to[xR — 92 (f(u))(to +t,x) and its first spatial derivative are continuous and
bounded on ]0, T—to[xR. The reasoning of Step 2 in the proof of Proposition 8.5.1 (with 97 (f(u))(to+-, )
instead of F'(-,-,v(+,-))) allows to compute the spatial derivative of the last term in (8.5.12) by derivation
under the integral sign, and, thanks to (8.5.13), proves item ii) for 971w,

Property (8.5.11) for the derivative of order n + 1 simply comes from the derivation of this formula at
rank n, and the induction is complete. B

8.5.2 Temporal regularity
Preliminary: about the definition of g

The operator g has been formally defined by F(g[v])(€) = [£|*F(v)(€); it can be shown that this definition
makes sense for bounded functions, but we will not need it and we prefer to give here a simple formula
for g[v] which defines this operator on C§°(R).

Proposition 8.5.2 There exists (g1, 92) € (L*(R))? such that, for all v € S(R), g[v] = g1 * v+ go * 0.
This formula allows thus to define g[v] for v € Cg°(R) (and this definition does not depend on the choice
of g1 and g2 as above).

Proof of Proposition 8.5.2
Let x € C°(R) be even and equal to 1 on a neighborhood of 0. By linearity of F~1, if v € S(R),

glv] = F 1 PxF @) + F 1 [PA = ) F(v)) (8.5.14)

(since F(v) € S(R), all these terms are well-defined as inverse Fourier transforms of integrable functions).
Let hy : € € R — [¢[*x(€). The function hy is C! on R, C? outside 0 and its first two derivatives are
integrable on R. We deduce, as in the proof of (8.2.2), that F~1(h1)(z) = O(1/(1 + |z|?)) on R. Hence,
F~1(h1) € LY(R) and we can write F(F ~1(h1)*v) = h1F(v), that is to say F 1 (h F(v)) = F~1(h1) *v.
Let hy : £ € R — [€]*(1 — x(€)); the function hj : € € R — (2im€) *ha(€) is C°° and all its derivatives
are integrable on R (the p-th derivative of hj behaves, on a neighborhood of the infinity, as |¢|~4=P**
and —4 + X\ < —1 since A < 2); thus, F~1(h3) € L'(R) and

F(FH(R3) +v®)(€) = h3(F (D) (€) = (2im€)*h3 (&) F(v)(€) = ha(§)F (v)(8),
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that is to say F 1 (haF(v)) = F~1(h%) » v,

Identity (8.5.14) gives therefore g[v] = g1 * v + g2 * v, where gy = F~'(hy) and gy = F~(h3) are
integrable on R (notice also that, since x is even, hy and h3 are also even and real-valued, so that g; and
g2 are real-valued).

To prove that, if v € C°(R), the definition of g[v] by this formula does not depend on the choice of g;
and g2, we approximate v and its derivatives by functions in C¢°(R); this will be of no use to us in the
sequel, so we do not detail this step. B

The following proposition is quite natural, since K is the kernel associated to g. But the reasoning
followed to obtain K was formal, so we must prove this result.

Proposition 8.5.3 If v € C°(R) then, for all z € R, t €]0,00[— K(t,-) *v(x) is C'. Moreover, for all
t>0 and all z € R, we have L (K(-,-) *v(2))(t) = —g[K(t,-) * v](z).

Proof of Proposition 8.5.3

We notice that g[K (t,-) * v] makes sense since K(t,-) v € Cp°(R).

Suppose first that v € S(R). The functions K (¢, ) and v are integrable on R, so, by definition of K,
K(t,-)xv= f‘l(e‘t"‘k}'(v)). A derivation under the integral sign shows that ¢ €]0, co[— K(t,-) % v(x)
is C'! and that, for all t > 0 and all z € R,

%(K () = v(@)(t) = —F (|- P F o) (@), (8.5.15)

Taking g1 and g2 as in the proof of Proposition 8.5.2, we can check, since K (¢, -) and all the derivatives of
v are integrable, that F(g[K (t,-)xv]) = |-|[Xe =" F(v), that is to say g[K (¢, ) xv] = F~1(|- Pe~t" F(v))
and (8.5.15) concludes the proof if v € S(R)

Take now v € Cg°(R). We can find a sequence (vy,)n>1 € S(R) whose derivatives are bounded in L*°(R)
and converge to the corresponding derivatives of v.

Let x € R; define F, : t €]0,00[— K(t,-) *x vp(z) and F : ¢t €]0,00[— K(t,-) * v(x). By the convergence
of (vp)n>1 and the dominated convergence theorem, we see that (F,,),>1 converges to F on |0, co[ and is
bounded in L*°(]0, oo[). Therefore, the convergence is also true in the sense of the distributions on 0, co[
and we have F,, — F’ in D'(]0, o0]).

But, since v, € S(R), we have seen that F,, is C! and that F/(t) = —g[K(t,-) *x v,](z) = —g1 * K(t,) *
vp(x) — go * K(t,-) % o (z). Hence, (F!),>1 converges to —gi * K(t,-)  v(x) — g2 * K(t,-) x v (x) =
—g[K(t,-) *v](z) and is bounded in L*°(]0, oo[), which proves that F,, — —g[K (¢, ") * v](z) in D’(]0, oo]).
Identifying the limits of the derivatives of F,, we find F'(¢t) = —g[K(t,-) * v](z) in D'(]0, 00[); since
t €]0,00[— g[K(t,-) * v](x) = g1 * K(t,-) * v(z) + go * K(t,-) * v®) () is continuous (Proposition 8.3.1
with ug = g1 * v or ug = go * v'), we deduce that F : t €]0, 00[— K(t,-) * v(z) is in fact C* on ]0, ool
which concludes the proof. B

Proof of the temporal regularity

Lemma 8.5.1 Let ug € L®(R) and T >0 or T = co. If u is a solution to (8.1.1) on 0,T[ in the sense
of Definition 8.3.1, then u is derivable with respect to t and dyu + 0. (f(w)) + glu] =0 on |0, T[xR.

Proof of Lemma 8.5.1

We can suppose that T is finite. Let to > 0, t €]to, T[ and s €]0,¢[. Using (8.3.4) (and an equivalent
estimate for 9, K, obtained thanks to (8.2.2)), since f(u(to+s,-)) is in C} (R), we see that 9, K (t — s, -)
flulto+s,-)) = K(t —s,) * 0u(f (ulto +5,))).

Defining v : (t,x) €]0,T — to[xR — —0,(f(u))(to +t,2) € R (which is continuous and bounded, and has
all its spatial derivatives continuous and bounded — see Theorem 8.5.1), we write, by (8.3.8),

u(to +t,x) = K(t,-) xu(to,) + /0 K(t—s,-)*v(s,)(z)ds. (8.5.16)
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Since u(to, ) € Cg°(R), Proposition 8.5.3 shows that (¢, z) €]0,T—to[xR — K(t,-)*u(to, -)(x) is derivable
with respect to ¢, and has —g[K (¢, -) * u(to, -)](x) as derivative.

Proving the derivability of the second term of the right-hand side of (8.5.16) is more troublesome (because
K(t —s,-) explodes as s — t). Fix z € R and 4y 6]0 T —to[. Let § €]0,80] and, for ¢ €]do, T — to],
Hs(t) = JﬂSK(t—s ) xv(s, )(x)ds. Also denote H (¢ fo (t—s,-)*xv(s,)(z)ds. We have |Hs(t) —
H(t)| < 6|v||c,qo,r—to[x®) S, so that Hs — H umformly on ]50, - to[ as 0 — 0.

The function ¢ : (¢t,s) € {(¢',s") €]6,T — to[x]0,T —to[ | s < ¢ —/2} — K(t —s,-) *v(s,-)(x) is
continuous (Lemma 8.2.2 ii)-a)) and bounded. By Proposition 8.5.3, ¢ is derivable with respect to ¢ and
8t¢(ta S) = _g[K<t -5 ) * U(‘S? )](Z‘) = —g1%* K(t -5, ) * U(Sv )(x) — g2 * K(t -5 ) * 8;:111(57 )('7;)7 this
formula and Lemma 8.2.2 ii)-a) show that 0;¢ is continuous and bounded (because, by continuity under
the integral sign, (s,z) — g1 * v(s,-)(x) and (s,x) — g2 * Otv(s,-)(z) are continuous and bounded on
10, T — to[xR). These properties allow to prove that Hs is C! on |6y, T — to[ and that

t—9o
HY(E) = K(5,) # o(t — 6, () —/O G[K(t—5,°) = (s, )| (x) ds.

The function (s,z) €]0,{[xR — g[K(t —s,-) *v(s,)](x) = g1 * K(t — s,-) xv(s,")(x) + g2 * K(t — s,-) *
d4v(s,-)(z) is continuous and bounded (Lemma 8.2.2 ii)-a)); thus, by Lemma 8.2.2 ii)-b), we see that H}
converges on |dg, T — to[ to

F:t€]0,T —to]— v(t,z) — /0 glK(t—s,-)xv(s,)|(z)ds

while remaining bounded in L*(]dg, T —to[). Since Hs uniformly converges on ]dg, T —to[ to H, we deduce
that H' = F in D’'(J0g, T —to[). Since g[K (t—s,-)*v(s, )] = g1* K (t—s,-)*v(s, )+ goax K (t—s, ) x0tv(s, ),
the same reasoning as in Step 2 of the proof of Proposition 8.3.1 (Wlth K instead of 0, K and (¢t,z) —
g1*v(t,-)(x) or (t,x) — go2* O2v(t,-)(z) instead of v) shows that F is in fact continuous. Hence, 6y being
arbitrary, H is C* on 0,7 — to[ and H' = F.

Coming back to (8.5.16), we see that u(to + -, ) is derivable with respect to ¢ on ]0,7 — to[xR and that

Opulto + L) = —g[K (L, ) » ulto, )I(w) — O=(f(u))(to + 1, 2)

_/0 g1 * K(t—s,") % v(s,)(x) + g2 % K(t — 5,-) % Opv(s, ) () ds. (8.5.17)

The time ¢y being arbitrary, this gives the temporal derivability of u on ]0,T[xR. We now prove that
the right-hand side of (8.5.17) is —0,(f(w)) — g[u].
Let t €]0,T — to[. By Fubini, we have

t

G xK(t—s,)xv(s,-) +gax K(t—s,-)*dtv(s,-)ds

:°g1 % u)tK(t—s,.) *U((g?.)ds} o * [/OtK(t—s,.) A (8.5.18)

With the same reasoning as in Step 2 of the proof of Proposition 8.5.1 (with K instead of 9, K and v
instead of F(-,-,v(-,-))), we prove by induction that (¢,z) €]0,T — to[xR — fg K(t—s,-)*v(s,")(z)ds
is indefinitely derivable with respect to x, has all its spatial derivatives continuous and bounded on
10, T — to[xR and satisfies, for all m > 0,

am(/Kt—s ) u(s ) /Kt—s )+ O o(s, ) ds
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Thus, by (8.5.18),
/Otgl CK(E— 5, 5 0(s,) 4 g0 % K(t— 5,-) % OMo(s, ) ds
. UotK(t—s,.)w(s,.)ds} S [/OtK(t—s7~)>kv(s,~)ds
—y [/OtK(t—s7~) *v(s,-)ds] .

This equation, combined with (8.5.17) and (8.5.16), shows that u satisfies O;u + 9, (f(u)) + g[u] = 0 on
Jto, T[xR for all ty > 0, which concludes the proof. m

Item i) of Theorem 8.1.1 is a direct consequence of Theorem 8.5.1, Lemma 8.5.1 and Proposition 8.5.2
(as well as the theorem of continuity under the integral sign and Young’s inequalities which show that, if
v € Cy(Jto, T[xR) and w € L' (R), then (¢,z) €]tg, T[xR — w * v(t,-)(x) is continuous and bounded).

8.6 L°° estimate and global existence

We construct here a solution to (8.1.1) on ]0, oo[ which is bounded by [|ugl|z®) and satisfies the maxi-
mum principle, thus concluding the proof of Theorem 8.1.1.

We assume, in the three following subsections, that uy € C°(R) (in fact, we just need ug € L'(R) N
BV (R)).

8.6.1 Construction of an approximate solution by a splitting method

)

Let & > 0. We construct, by induction, a function u° : [0,00[xR — R the following way: we let

u%(0,-) = ug and, for all n > 0, we define

e u° on |2nd, (2n + 1)8] x R as the solution to dyu® + 2g[u°] = 0 (*) with initial condition u’(2nd,-),
that is to say u’(t,2) = K (2(t — 2nd), -) * u®(2nd, -)(x) for (t,x) €]2nd, (2n + 1)8] x R.

e u° on |(2n 4 1),2(n + 1)8] x R as the (entropy) solution to d;u’ + 20, (f(u’)) = 0 with initial
condition u°((2n + 1)4,-).

Since ||K (t,-)||r1 ) = 1 for all ¢ > 0, the regularizing operator does not increase the L> norm (in fact,
K being nonnegative, the maximum principle is satisfied), the L! norm and the BV semi-norm; it is a
well-known result that the hyperbolic operator has the same properties. Moreover, the solutions to both
equations are continuous with values in L(R) (this is what states Lemma 8.2.2-i) for the regularizing
equation). We have therefore defined u° € C([0, co[; L'(R)) such that u°(0, -) = uo,

vt >0, |[u’(t, M@ < [|uollLo(w) » |ud(t, MNerwy < lluollzr(w)

(8.6.1)
and [ud(t, )| pv ) < |[ufllr:(®),

(in fact, u’ takes its values between the minimum and maximum values of ug) and, for all n > 0,

ud(t,-) = K (2(t — 2nd), ) * u®(2nd, -) for all t €]2nd, (2n + 1)d],

8.6.2
u® satisfies Oyu’ 4 20, (f(u®)) = 0 on |(2n + 1)6,2(n + 1)d] x R. ( )

IThe factor 2 comes from the fact that we solve the regularizing equation (and the hyperbolic equation) on half of the
total time, so we must give it twice more weight.
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By (8.2.2) (which also gives, through (8.2.1), estimates on the time derivatives of K) and the fact that
u®(2né, ) € L=(R), we see that, for all n > 0, u® is C™ on |2nd, (2n + 1)d] x R. Moreover,

1026 (2 +1)8, ) oo = (102K (26, ) % u® (208, )| oo < Kot ||uo oo (26) /.
Hence, the time of regularity of u® on |(2n + 1)6,2(n + 1)8] x R is at least

1
T > > O/
= 207w ((2n + 1)0) e (20 + 1)0) [ L) —

where Cy does not depend on & or n (we have used (8.6.1) to bound f”(u’((2n + 1)6))). For & small
enough, this time of regularity is thus greater than J.

The parameter 0 being destined to tend to 0, we can always suppose that it is small enough (let us say
§ < &) in order that u’ is regular on |2nd, (2n + 1)6] x R and on [(2n + 1)§,2(n + 1)§] x R for all n. > 0
(the BV estimate of (8.6.1) turns then into a L! estimate on the first spatial derivative).

Remark 8.6.1 It is also possible to construct u® via a classical splitting method, i.e. to solve the reqular-
izing equation (without the factor 2) on [kd, (k+ 1)d] and then use the value thus obtained att = (k+1)d
to solve the hyperbolic equation (still without the factor 2) on [kd, (k + 1)d] once again (and not on
[(k+1)6, (k4 2)d]). All the following reasoning can be done with such a construction; however, since the
function thus defined is not continuous on [0, 00[, more work is to be done.

8.6.2 Compactness result on the sequence (u%);-

Proposition 8.6.1 For all compact subset Q of R and all T > 0, {u’, § €]0,00]} is relatively compact
in C([0,T]; LY(Q)).

Proof of Proposition 8.6.1

Let Q be a compact subset of R and 7' > 0. For all ¢ € [0,T], we have, by (8.6.1), |[u’(t)|| 1 (r)nBV &) <
||uo||w.1(r) (We omit the space variable in u%); thus, by Helly’s Theorem, {u°(t,-), & €]0, 6o} is relatively
compact in L(Q)

We will prove the equicontinuity of {u°, & €]0,d0]} in C([0, 0o[; L*(R)); this implies the equicontinuity
in C([0,7]; L*(Q)) and, thanks to Ascoli-Arzela’s theorem, concludes the proof of the proposition.

It is classical that the solution to an hyperbolic equation is lipschitz-continuous [0, co[— L!(R). Thanks
to (8.6.1), we see that the lipschitz constant of u® on [(2n + 1)d,2(n + 1)§] does not depend on § or n > 0:
there exists Cy such that, for all § €]0, dg], for all n > 0 and all (¢,s) € [(2n + 1)d,2(n + 1)d],

[ () = u® ()| () < Colt — 5. (8.6.3)

Taking into account that u°(s,-) € W1I(R) and the estimates of (8.6.1), some classical cuttings of
integrals involving approximate units give, for all § €]0, dg], all ¢ > 0, all s >0 and all n > 0,

1K (£) * u®(s) — u®(s)]| Loy < 2l|uollr ) e K(t,y) dy + nllugl| L1 w)- (8.6.4)
yi=zn

Let us now prove the equicontinuity of {u°, § €]0, o]} in C([0,0c[; L*(R)). Let & €]0, 0] and 0 < ¢ < s.
Let p < ¢ be integers such that pd < t < (p+ 1)é and ¢6 < s < (¢ + 1)d; because of the different
behaviours of u° (see (8.6.2)), we must separate the cases depending on the parity of p and ¢; since all
these cases are similar, we study only one, for example p even and g odd.

The idea, to estimate ||[u’(s, ) — u®(t,)||r1(z) is to go from u’(gd) to u®((p + 1)§) by the following
technique: on the intervals where u° satisfies the regularizing equation, we use the formula u°(k§) =
K (20) * u((k — 1)8) (hence for k odd) and, on the intervals where u’® satisfies the hyperbolic problem,
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we write u®(k6) = u®((k — 1)8) + (u(kd) — u®((k — 1)d)) (k even), the second term being estimated by
(8.6.3).

Applying this idea, using the semi-group property of the convolution by K (¢) and recalling that ¢ is odd
in our example, an induction allows to see that, for all I € [0, (¢ — 1)/2],

!
u®(g8) = K (216) » u’((q — 20)8) + Y K(248) * (u’((g — 25 + 1)6) — u’((g — 2/)9))
j=1
(if Il =0, Zézl() is null and K (216) * u®((q — 21)9) is replaced by u®(¢d)). Takingl = (¢ —p —1)/2 €
[0, (¢—1)/2] (recall that ¢ is odd and p is even and inferior to g, thus p+1 < ¢) in this formula, we obtain
u®(s) = u’(s) — u’(gd) + K((g —p— 1)8) x u’((p + 1)0)
(g—p—1)/2
Y K(2§8) % (W’((g - 2) + 1)8) — u’((q — 2)9))-

=1

Since p is even, by definition of u® on |pd, (p + 1)§] and (8.2.5), we have u®((p + 1)d) = K(2((p +1)5 —
1)) * (K (2(t — pd)) * u(pd)) = K(2((p + 1)§ — t)) * u’(t). We can therefore write

w(s) —u’(t) = u’(s) —u’(gd)
+K((g—p—1)04+2((p+1)d —1t)) = u‘s(t) — u‘s(t)
(qg—p—1)/2
+ K(2§6)  (u®((g — 25 + 1)8) — u’((q — 24)9)).

—

[

On [q¢d,s] C [¢6, (g + 1)6] and each [(g — 25)3, (¢ — 2j + 1)8] for j € [1,(¢ — p — 1)/2], u’ satisfies the
hyperbolic problem; thus, by (8.6.3) and (8.6.4), we have, for all > 0,

—p—1
[[u?(s) = u® (1)l 22y < Cols = qd] + T——Ci

+2(|uo|| L1 (r) /I | K((g—p—1)0 +2((p+1)d — t),y) dy + nllug|| L1 w)-
y|=n

But, since t < (p+1)d < gd <s,wehave (—p—1)d=qgd —(p+1)6 <s—1t,2((p+1)d —t) <2(s—1t)
and s — gd < s —t. Using these bounds in the preceding inequality, we obtain, for all § €]0, do], for all
0 <t< sand forall n >0,

3C
¥ (5) = w (0)2 ey < 5205 — 1
(8.6.5)

+2[|uo|[L1(m)y  sup K(7,y) dy + nllug|| 1w
7€]0,3|s—t|] J|y|>n

(the same kind of formula can be obtained in the cases where p and ¢ have other parities than the ones
considered here).

Since, for all > 0, Sup,¢jo 3/s—¢] fl K(r,y)dy — 0 as |s — t| — 0 (property of an approximate unit),

yl=n
(8.6.5) gives the desired equicontinuity and concludes the proof of Proposition 8.6.1. B

8.6.3 Passing to the limit § — 0

By Proposition 8.6.1, we can suppose, up to a subsequence, that, for all 7' > 0 and all () compact
subset of R, u® — w in C([0,T); L*(Q)) as 6 — 0. For all t > 0, u®(t) — wu(t) in LL _(R), hence almost
everywhere on R up to a subsequence. We deduce thus from (8.6.1) and Fatou’s lemma that, for all ¢ > 0,
[lu@)l[2r@®) < lluollLr(w), that

V>0, [u(t)llp~ce < lluol [~ (8.6.6)
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and that, as u°, the function u takes its values between the minimum and maximum values of ug. Still
using Fatou’s lemma on subsequences (depending on s and t), we see that (8.6.5) is satisfied for all
(s,t) € [0,00[ with u instead of u’; hence, u € C([0,00[; L*(R)) and, since u’(0) = uq for all § > 0, we
have u(0) = wo.

We now show that u satisfies (8.1.1) if we use a formulation involving test functions.

Proposition 8.6.2 For all v € C°(]0,00[) and all ¢ € S(R), we have

/RWR (t.2)y' (t)p(x) + f(ult, 2)y(t)¢ () — u(t, 2)y(t)gl¢](v) dudt = 0. (8.6.7)

Proof of Proposition 8.6.2

Let 0 €]0, 6. If p is an odd integer, u° is a regular solution to d;u’ +20,(f(u®)) = 0 on [pd, (p+1)d] x R.
Multiplying this equation by 7(t)¢(x) and integrating by parts (recall that u° is bounded and that
v € S(R)), we find

(p+1)8
/ / (t. )y (Op(a) + 2f (W (t,2))1 (1) () didz
(8.6.8)
W ((p+ D520+ D3)ela) o — [ (pba)r ()l d.
* R

If p is an even integer, then u’(t) = K (2(t — pd)) * u’(pd) on |pd, (p 4+ 1)d] x R. Since u’(t) € L*(R) for
all ¢ > 0, Fubini’s theorem allows to write

FHud () = FH (K (20t —po))F ' (u’ (pd)) = e 200 71w (ps)),

Writing ¢ = F~1(F(p)) and g[e] = F~1(|-|* F(p)), since u’ (t) € L*(R) for all t > 0, by Fubini’s theorem
we can put the inverse Fourier transform on u° and we thus check that

(p+1)0
/ / Wt o) (B)p(e) — 200t 2)y(0)gle) () dude
pd R
- / W ((p+ 18, 2)1((p + D8 (x) — v (08, 2y (08 () d. (8.6.9)

Summing (8.6.8) on all odd integers p and (8.6.9) on all even integers p (notice that, since the support of
v is compact, these sums are finite), the boundary terms disappear (even for p = 0 since v(0) = 0) and

we find
/ / W (b, 7o)y (t) drdt
R+ JR

ﬂL/R+ A2f(u5(t,w))¢’(x)7(t)(l — xs(t)) dz dt (8.6.10)

- / / 28 (1, 2)glip) (& )y (B (t) e dt = O
R+ JR

where xs is the characteristic function of Ueyen p |9, (p + 1)d].
Taking T' > max(supp(7)), we have, for all A > 0, thanks to (8.6.1) and (8.6.6)

/}R+/ (t,z)g )v(t) 2xs(t dmdt—/}R+/ u(t,x)g ()dxdt}

» (2X5(t)u’5(t,x) —u(t, @) gle](z)y(t) dz dt (8.6.11)
+3luoll Lo @ TVl Lo m+) / |9l (x)] da (8.6.12)
R\[—A,A]
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Since g[¢] is bounded on R, u® — w in C([0, T]; L*([— A, A])) and x5 — 1/2 in L°°(]0, oo[) weak-* as § — 0,
we see that (8.6.11) tends to 0 as § — 0. By Proposition 8.5.2, we have g[¢] = g1 * ¢ + g2 * o) € L' (R);
hence, (8.6.12) tends to 0 as A — co. We deduce thus that, as § — 0,

/W/ (t,2)gl0] (2)7(8) 2xs (¢ dxdt—>/R+/ (t, 2)gl0) (@) (t) da di.

The flux function f is lipschitz-continuous on [—||uo||Le(r), ||uo|| = ®)] so that, by (8.6.1) and (8.6.6),
f(@®) — f(u) in C([0,T); L*(Q)) for all T > 0 and all compact subset @ of R. Therefore, with the same
kind of reasoning as before, we can pass to the limit § — 0 in (8.6.10) to conclude that u satisfies (8.6.7).
|

We now prove that v is in fact a solution to (8.1.1) in the sense of Definition 8.3.1.

Recall that u € C([0,0[; L}(R)). By (8.6.6) and the local lipschitz-continuity of f, we have f(u) €
C(]0,00[; LY(R)) (recall that £(0) =0). We deduce, since F~ ! : L(R) — C,(R) is continuous, that ¢ —
F~ (u(t)) and t — F=1(f(u(t))) are in C(]0,00[; Cp(R)) C C([0, 00[xR). Hence, for all v € C°(]0, oo),
the function

w(€) = | FHu®)) (€)Y (1) + 2imF~H(f (w(®))(E)r(t) — F~Hu®)) (€€ (t) dt

R+

is continuous on R. Let ¢ € C2°(R); applying (8.6.7) with ¢ = F~1(¢) € S(R) and using Fubini’s theo-
rem, we have fR w = 0; the function being arbitrary, this implies w = 0. Since this is true for all v €

C2°(]0, 00[), we deduce that, for all € € R, £ (F ! (u()(€)) = —[€*F " (u())(€) + 2imeF (£ (u()))(€)
inD (]0 o0[). The right-hand side of this equation is a continuous function, and the equation is therefore
a classical ODE; thus, for all £ € R and all ¢t > 0,

Fu®)©) = e F(uo)(©) + / 2imte” I F (£ (u(s))(€) ds
= FUK() * o) /f (B K (1 — ) F~1(f (u(s)))(€) ds

— FNK () % uo)( /J-' (0K (t — s) % f(u(5)))(€) ds

By (8.2.4) and since f(u) € C([0,00[; L'(R)), Fubini’s theorem gives then

FHu0)(©) = 7 E O < u)(© - 7 [ Kl — 9 St as )
F~! being injective on L!(R), we deduce that u satisfies (8.3.1) on ]0, oo[xR.

Here is a summary of what we have proved so far in this section.

Proposition 8.6.3 If ug € C°(R), then there exists a solution to (8.1.1) on ]0, 00| which is bounded by
|[wol|Lo(r) and takes its values between the minimum and mazimum values of ug.

8.6.4 Conclusion

We now prove that if ug € L>°(R), then there exists a solution to (8.1.1) on ]0, oo[ which satisfies item
ii) in Theorem 8.1.1, which concludes the proof of this theorem.

Let up € L*°(R) and take (uf)n>0 € C°(R) which converges a.e. on R to ug and such that, for alln > 1,
ug takes its values between the essential lower and upper bounds of ug; in particular, |[ug||pe®) <
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|[uol|Lo () for all n > 0. Denote by u™ a solution, given by Proposition 8.6.3, to (8.1.1) on ]0, o[ with
initial condition g instead of ug; u™ is bounded by ||uf||L®) < [|uol|Le ). This bound and Theorem
8.5.1 show that, for all tx > 0 and all m > 0, (07'u™)p>1 is bounded on ]tg, co[xR; by Lemma 8.5.1
and Proposition 8.5.2, these bounds on the spatial derivatives imply that (0;u™),>1 is also bounded on
]t(), OO[XR.

Hence, by Ascoli-Arzela’s theorem, up to a subsequence, we can suppose that there exists u such that
u™ — u on ]0,00[xR. Since [[u™||5(0,00[xr) < [|to||Lo0(r), We also have |[u]|5s(0,00[xr) < [|Uo||Lo(®)
and, in fact, u takes (as each u™) its values between the essential lower and upper bounds of ug. The
function u™ satisfies (8.3.1) with uf instead of wug; passing to the limit n — oo in this equation, thanks
to the dominated convergence theorem, we see that v is a solution to (8.1.1) on |0, col.

Remark 8.6.2 Since both the hyperbolic and reqularizing equations satisfy the properties given in Remark
8.1.2, it is quite obvious, on our construction of a solution to (8.1.1), that (8.1.1) also satisfies the
properties stated in Remark 8.1.2 (because we can always choose approzimations of the initial conditions
by reqular data which satisfy the hypotheses of this remark).
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Chapitre 9

Généralisations du chapitre 8

9.1 En dimension supérieure a 1

Nous indiquons ici quelles sont les modifications & apporter au chapitre 8 pour traiter le cas d’une équation
posée dans RY avec N > 1, c’est a dire

(9.1.1)

{ Owu(t, ) + div(f(w)) (¢, z) + glul(t,z) =0 t>0,zeRV,
u(0,2) = uo(x) reRN

avec f € C®(R;RY), ug € L>®(RY) et g toujours défini en Fourier spatial par g/[E](é) = [¢]ru(€) avec
I1<Aa<2,

9.1.1 Positivité du noyau

Nous prouvons ici que, en toute dimension N > 1, le noyau associé a g est positif. Le cas A = 2 étant
connu, nous nous limiterons & 1 < A < 2. Rappelons que 'on a

K(t,z) = F~ (e M) (@) :/ (2o —tlel” g
RN

Le lemme suivant est une version allégée du théoreme de Lévy.

Lemme 9.1.1 Soient (fn)n>1 des fonctions positives intégrables sur RN . Soit F : RN — R une fonction.
Si F(fn) — F partout sur RN lorsque n — oo (*), alors F € L®(RN) et F~Y(F) > 0 dans S'(RY). En
particulier, si F est intégrable, alors F~1(F) > 0 sur RY.

Preuve du lemme 9.1.1

Les f, étant positives, F(fn)(0) = [pn fu(x)dz = ||full1@®y). On constate donc que || fp|[1@y) —
F(0), et que (fn)n>1 est bornée dans L*(RY). On en déduit que (F(fn))n>1 est bornée dans L (RY);
comme cette suite converge ponctuellement vers F, on a, d'une part, F' € L>(R") et, d’autre part, la
convergence de (F(f,))n>1 vers F dans &' (RY) (convergence dominée).

On voit donc que f, = FH(F(fn)) — F 1(F) dans S'(RY) et, puisque les f,, sont positives, cela nous
donne bien F~1(F) > 0 dans S'(RY) (i.e. (FYF),¢) > 0 pour tout ¢ € S(RY) positive). Si F
est intégrable, F~1(F) est une fonction (continue bornée) et la positivité dans S’(R™) nous donne la
positivité au sens classique. B

LEn fait, il suffit d’avoir la convergence en 0 et presque partout ailleurs.
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Lemme 9.1.2 S’il existe f € L'(RY) positive telle que, pour tout £ € RV,

FHE) =1—cl¢rA+w(€)), avecec>0 etw(€) — 0 lorsque & — 0, (9.1.2)
alors K est positif.
Preuve du lemme 9.1.2

Considérons, pour n > 1, la fonction positive f,(z) = n™/*f % f % --- % f(n'/*z), ou la convolution a été
prise n fois. Par les résultats de convolution, f, € L*(RY). On a, par changement de variable,

FUNQ = [ Ve (f s ot ) da

= [ e e
= F(fx = N7

Ainsi, par les propriétés de la transformée de Fourier,
Fa)©) = (FHm)
Soit ¢ € RY; pour n assez grand, par (9.1.2), on a F(f)(n~/*¢) > 0 donc F(f,)(€) > 0 et

I (F(f)€) = nin(F(H0)

(i (e ()

/A
= nln(l -X,)

avec X,, — 0 lorsque n — oo. Par développement limité du logarithme au voisinage de 1, on peut
éerire In(F(f,)(€)) = —nX, + nO(X2). Or nX, = c|{M(1 +w(n=Y2E)) — cl¢]* et nX2 = ¢ (1 +
w(n=2))X,, — 0lorsque n — oo. On en déduit que In(F(f,)(€)) — —c|¢|*, ie. que F(fn)(€) — e—clel®
lorsque n — oo.

Puisque les f,, sont positives, le lemme 9.1.1, nous donne F‘l(e‘c"‘k) = K(c,-) > 0. Comme K(c,) =
¢ NV/AK(1,-/c¢'/*) (changement de variable immédiat dans la définition de K), cela implique K (1,-) > 0
soit, pour tout t > 0, K(t,-) = t =N/ K(1,-/t'/*) > 0. m

Il reste donc a trouver f positive intégrable dont la transformée de Fourier a le comportement voulu en
0. On pose f(z) = Alz| "N 1y, >13(z) avec A > 0 de sorte que [pn f(z)dz = 1. Comme f est paire,
on a, pour £ € RY,

F ()

/ cos(2m(x, €))f () dx
RN

Fz)dz + / (cos(2m(, €)) — 1) f(x) da
RN RN

cos(2m(x,&)) — 1

[zp+N dz.

1+A4

|z[>1
Un changement de variable y = |¢|z donne donc, lorsque £ # 0,

cos (27T<y7 %>) -1
Py

F()E) =1+ AP / 9.13)

lyl>1€]
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On peut modifier 'intégrande de cette derniere intégrale de sorte a obtenir une fonction qui ne dépende
pas de &; en effet, en prenant R une rotation de RY qui amene le vecteur £ sur le vecteur |£]e; (ot1 eg est
le premier vecteur de la base canonique de RY), par changement de variable et puisque RT préserve la
norme, on a

z

/ cos (27r<y7 ‘—g‘>) -1 . / cos (27r<RTz, %)) -1 ;
lyl>1€] |RT z[>|€]

[P+ y = |RT N

cos (2m(z, R&)) — 1
[ el
|z|= €]

|Z|A+N

2 -1
_ / cos (2m(z, e1)) .
|z|= €]

|Z|)\+N

(9.1.3) s’écrit alors
cos(2m(z,e1)) — 1

e =1+ Ak [ e =1y, (9.1.4)
iz 2l
Mais cos(27(z,e1)) — 1 = O((2n(z,e1))?) = O(|z|?) au voisinage de 0, et la fonction z — 7005(2;&33))71

est donc intégrable sur R (elle est majorée par 2/|z|**V (avec A + N > N) au voisinage de 'infini et
par C/|z|**N=2 (avec A+ N — 2 < N puisque A < 2) au voisinage de 0). Ainsi,

cos(2m(z,e1)) — 1 / cos(2m(z,e1)) — 1
dz — I := dz lorsque £ — 0.
/zzg |2| AN RN |2 AN

(9.1.4) nous montre donc que, pour & € RV\{0},

FHE) =1+ AN +w(€))

ot w(¢) — 0 lorsque & — 0. I étant strictement négative (c’est l'intégrale d’une fonction négative non
nulle presque partout), on en déduit que f vérifie (9.1.2) avec ¢ = —AI > 0 ((9.1.2) est trivialement
vérifiée en £ = 0), et f est donc bien la fonction que nous cherchions.

9.1.2 Intégrabilité de transformées de Fourier

Les résultats que nous prouvons ici serviront directement & montrer que le noyau associé a g est aussi
intégrable quand N > 2.

Lemme 9.1.3 Soit k € N. On suppose que G : RV — R vérifie: pour tout o € NV de longueur inférieure
ou égale a k, G € LY(RY) (les dérivées étant prises au sens des distributions). Alors il existe C > 0
tel que, pour tout x € RN,

[FHG) (@) <

1+ fxlk
En particulier, si k = N + 1, alors F~1(G) € L*(RY).
Preuve du lemme 9.1.3

On a F~1(0°G)(x) = (—2irx)*F~1(G)(z). Lorsque z € RN¥\{0}, en notant P(x) = z/|z| la projection
sur la sphere unité, on a 2 = |z|l*/ P(x)®, et on déduit de ce qui précede que

sup  |FHO°G) (@) = @ala))*|FTHG) (@) sup  |P(2)7]. (9-1.5)

aeNN | |a|=k a€NN | |a|=k

inf sup ly®| > N=F/2,
yesN—1 aeNN | |al=k
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En effet, pour tout y € S¥~1, il existe j € [1, N] tel que |y;| > 1/v/N (on doit avoir |y|? = Zjvzl y: =1);
on prend alors ay = (0,---,0,k,0,---,0), olt le k est situé en j-ieme position, et on trouve

sup [y > |y = |y >

1
a€eNN | |al=k - \/Nk .
Ainsi, (9.1.5) donne, pour tout = # 0,

sup  [|0°Gllpseyy = N7F2(2r|2)) | FH(G) (@)

aeNN | |a|=k

(on a utilisé le fait que la transformée de Fourier inverse d’une fonction intégrable est majorée par la
norme L' de cette fonction), soit, en notant Co = N*/2(2m) =¥ sup,enn | o=k [0“GI| L1 ®NY,

FO) <

pour tout x # 0.

Mais G est intégrable sur RY, donc F~!(G) est bornée (par ||G||11&~)) sur RY. On a alors, pour tout
z € RN,

_ C
|FHG) (@) < ||Gl2 @y Lp o1 (x) + ﬁlRN\B(OJ)(m)-

Comme 1 < S siz € B(0,1) et Irl’“ < T si z ¢ B(0,1), on en déduit que, pour tout z € RV,

1+\ 1+|

1 < sup(2/|Gl| L1 gy, 2C0)
|FHG)(@)] < T+ [ofF

ce qui conclut la preuve. B

Lemme 9.1.4 Soit A > 1, v € NV et G : € ¢ RV — 5”6"5'). Alors, pour tout o € NV de longueur
inférieure ou égale @ N + 1, on a 0°G € LY(RY) (dérivées au sens des distributions).

Preuve du lemme 9.1.4
Commengcons par traiter le cas |v| = 0, le cas général s’en déduisant facilement. On note donc H(&) =

e~ 1€ H est clairement de classe C™ hors de 0.
Prouvons par récurrence sur k que, pour tout o € NV de longueur k > 1, il existe n > 1 et des fonctions
(Pi)ie[1,n) de classe C* sur RN\ {0} telles que, pour tout ! € [1,n], P; est homogene de rapport y; > A—k

et, pour tout £ € RV\{0}, on a
O°H(E) =" R(e)
=1

Pour k£ =1, on écrit

OH(E) = e " (N [¢- 1|§|

et on constate que & — (—\)[¢A1E |€| est homogene de rapport A — 1.

On suppose I'hypothese de récurrence vérifiée en k > 1 et on va la montrer pour k + 1. Si a € NV est
de longueur k + 1, on écrit & = B+ e; ou [ est de longueur k et e; = (0,---,0,1,0,---,0) (le 1 est en
j-ieme position). On a alors, en dérivant par rapport & §; la formule donnée par hypothese de récurrence
pour 9P H | lorsque £ # 0,

O°H () = e " 3" 0;P(€) — TN g2 D Pie), (9.1.6)

=1
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ou chaque P, est régulier hors de 0 et homogene de rapport p; > A — k. Pour tout I € [1,n], les dérivées
premiéres de P, sont homogenes de rapport p; — 1; £ — |€ |)"2§j est réguliere hors de 0 et homogene de

rapport A—1. Les fonctions intervenant en facteur de e~I"" dans (9.1.6) sont donc des fonctions régulieres
hors de 0 et homogenes avec, pour chacune, un rapport inclus dans {g;— 1,y +A—1; I € [1,n]}. Comme
A>0et yp—1> M= (k+1) pour tout [ € [1,n], cela conclut la récurrence.

Une fonction homogene continue sur RV\{0} ayant une croissance au plus polynémiale & linfini, on
constate donc que toutes les dérivées de H sont intégrables sur RV\ By (1) (elles décroissent en fait plus
vite que tout polynéme a l'infini).

Une fonction continue sur RV\{0} et homogene de rapport p est un O(|¢|*) au voisinage de 0. Ainsi, pour
tout a € NV au voisinage de 0, 0“H (¢) = O(|£]#1 + -+ - + [€|#7) avec, pour tout [ € [1,n], u > X — |al;
on en déduit que, pour tout o € NV, au voisinage de 0,

O*H (&) = O(J¢[* ). (9-1.7)

Comme A > 1, cette propriété nous permet de voir classiquement, que, pour tout o € NV de longueur
inférieure ou égal a N+ 1, 0%H est aussi la dérivée au sens des distributions de H, et qu’elle est intégrable
sur By(1) (car A—|Ja| > A — N —1> —N).

Prenons maintenant v € NV de longueur strictement positive et notons G (&) = €V H(€). G est C* hors
de 0 et, pour tout o € N¥,
9°G(&) = Y 0°7 () H(©).
BLa

Comme les dérivées de H décroissent plus vite que tout polynéome & l'infini, et comme % ?(£¥) a une
croissance polynomiale & I'infini, les dérivées de G sont intégrables sur RV\By(1).

Par (9.1.7) et comme 9%~#(£) est bornée au voisinage de 0, on a aussi 9°G(§) = > <a o(jgP-18ly =
O(|¢|*1ely (2) au voisinage de 0. Ceci nous permet de voir, comme pour H, que si « est de longueur

inférieure a N + 1, alors 0%G est la dérivée au sens des distributions de G, et qu’elle est intégrable sur
RY. m

9.1.3 Modifications a apporter aux preuves
Le principal changement concerne les propriétés du noyau K de g. Sa positivité a déja été établie dans

la partie 9.1.1. Les autres propriétés essentielles sont:

1 T
V(t,2) €0,00[xR,  K(tw) = 5 K (1, m) : (9.1.8)

K est C™ sur |0, 0o[xRY et, pour tout v € NV il existe B, tel que

1 B, (9.1.9)
N v
V(t,z) €]0,00[xRY | |0VK(t,x)] < [/ (1 5 DA

(K (t,-))t>0 est, pour t — 0, une approximation de 'unité

(en particulier, ||K(t,-)|/z1 ) = 1 pour tout t > 0). (9.1.10)
3K tel que, pour tout t >0, ||V K(t,-)|[r1my) = Kt (9.1.11)
V(a,b) €]0,00[, K(a,-)x K(b,-) = K(a+b,) (9.1.12)

et K(a,)* Vo K(b,-) =V,K(a+0b,-).

Preuve de ces propriétés
9.1.8) s’obtient par changement de variable & =t~/ dans l'intégrale qui définit K.
Ui

20n a en fait méme mieux: on peut montrer que d*G(£) est un O(|¢|AH1¥I=lel) au voisinage de 0, et donc prendre des
« plus longs que pour H.
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La régularité de K est une conséquence directe de la dérivation sous I'intégrale. Pour prouver I’estimation,
on écrit
K (1, 1) :/ (2im€) e €m0 g — 71 (im)7e! 1) ().
RN
L’estimation pour ¢t = 1 découle alors des lemmes 9.1.4 et 9.1.3, et le cas général est une conséquence du
cas t =1 et de (9.1.8).

K(1,-) est positif et intégrable sur RY (voir (9.1.9)), et on peut ainsi écrire
[ (L, )| Lr ey = / K(1,z)dx = F(K(1,-))(0) = e " = 1.
]RN

(9.1.10) est donc une consequence de (9.1.8).

Par (9.1.9), V,K(1,-) est intégrable sur RV. (9.1.11) vient alors de la dérivation de (9.1.8) et du
changement de variable y = t~'/*z dans le calcul de ||V, K (1, -/tY/*)|| 11 ®n).

Les identités (9.1.12) peuvent étre directement vérifiées en prenant la transformée de Fourier (toutes les
fonctions sont intégrables). W

On peut alors reprendre les techniques du chapitre 8 en invoquant ces propriétés (pour majorer K par
des fonctions intégrables, estimer ||V, K (t,-)||11(r~), etc...) et en remplacant les 0, par des V. La seule
différence notable est la représentation de g (Proposition 8.5.2), qui doit étre modifiée ainsi:

Proposition 9.1.1 Soit m € N tel que 2m > N + \. 1l existe (g1,g2) € LY(RYN) tels que, pour tout
v e SMRY), glv] = g1 * v+ g2 x A™v. Cette formule permet donc de définir g[v] lorsque v € Cg°(RYN).

Preuve de la proposition 9.1.1
Soit x € C°(RY) paire et égale & 1 au voisinage de 0. On a, pour v € S(RY),

glvl = F7H( - IMNF @) + F 1 P - X)F(v)) (9.1.13)

(puisque F(v) € S(RY), tous ces termes sont bien définis en tant que transformées de Fourier inverses
de fonctions intégrables).

Soit hy : € € RN — [¢] x(€). Les dérivées d’ordre inférieur & N + 1 de hy sont integrables sur RY (les
dérivées d’ordre p se comportent comme |£[*~P pres de 0, et A —p > —N lorsque p < N + 1), ce qui
implique F~!(hy) € LY*(RY). On peut donc écrire F(F~1(hy)*v) = h1F(v), c’est a dire F~1(h1 F(v)) =
F~1(hy) xv.

Soit hg : € € RNV — [€M(1 — x(€)); la fonction h% : € € RN — |270€|72Mha(€) est C° et toutes ses
dérivées sont intégrables sur RY (les dérivées d’ordre p sont, au voisinage de l'infini, des O(|¢|~2m—P+})
et —2m + A\ < —N); ainsi, F~1(h3) € LL(RY) et

F(FH(h3) x A™)(€) = h3(E)F(A™v)(€) = [2m¢ " h3 () F (v)(€) = ha(&)F(v)(€),

cest & dire F 1 (hoF(v)) = F1(h3) * A™.

L’identité (9.1.13) donne donc g[v] = g1 * v+ ga* A™v, ot g1 = F1(hy) et go = F~1(h3) sont integrables
sur RY (remarquons que, puisque y est paire, hy et hj sont paires & valeurs réelles, de sorte que g et go
sont aussi & valeurs réelles). B

9.2 Equations hyperboliques plus générales

9.2.1 Introduction, hypotheses

Nous montrons ici que les techniques du chapitre 8 permettent aussi de trouver une unique solution
réguliere et globale a

{ Opu(t, ) + div(f (¢, z, u(t, x))) + glult, )] (x) = h(t, z, u(t, z)) t>0,zeRY

u(0,2) = uo(z) z€RN. (9.2.1)
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ot ug € L=(RY), f € C([0,00[xRY x R)N et h € C°([0, 00[xRY x R) satisfont

YT >0, VR >0, ¥k €N, 3Crns > 0 tel que, ¥(t,z,¢) € [0,T] x RN x [~R, R],
Va € NV*2 avec |of < k, (9.2.2)
|8af(ta z, C)| + |aah(t7 xz, C)| é CT,R,k )

vT >0, (h — Zil arifi) (*,+,0)j0,7]xr~ est & support compact dans [0,77] x RV, (9.2.3)

VT >0, 3C4 > 0 et 07 € L*(RY;[0,1]), croissante par rapport a T, tels que,
V(t,z,¢) €[0,T] x RN x R,

[1(t.2,0) = S, 0 filt,0)| < C(Br(a) + <) ©24)
et |V (h(t,2,0) = S, 0nfilt2,0)) | < C(Or (@) +I¢)):

On prendra aussi (cela ne cotte rien) les Cr g i et Cf croissants par rapport a T et R.

La solution faible de (9.2.1) est & entendre au sens: pour tout 7' > 0, u € L>(]0, T[xRY) et vérifie, pour
presque tout (¢,z) €]0, T[xRY,

t t
u(t,z) = K(t, -)*uo(m)—/ VK(t—s,)% (5, uls,) (@) ds—i—/ K(t—s,)%h(s, u(s, ))(x) ds (9.2.5)
0 0
(le deuxieme produit de convolution cache un produit scalaire).

L’hypothese (9.2.2) n’est “cheére” que dans le sens ou elle demande des estimations uniformes en espace;
elle est cependant compréhensible puisque l'on cherche des solutions bornées sur RY en entier.
L’hypothese (9.2.3) est forte, mais elle peut étre allégée et est surtout simplificatrice; elle permet de
justifier certaines intégrations par parties que nous allons faire.

L’hypothese (9.2.4) est cruciale et on ne peut totalement s’en débarasser: en effet, h — >, 0; f; représente
une source pour (9.2.1) (ou le probleme hyperbolique associé), et une hypothese de croissance au plus
linéaire par rapport & 'inconnue est donc nécessaire pour avoir des solutions globales en temps. On peut
s’en convaincre en regardant le cas ug = 1, f = 0 et h(u) = u?; on veut alors

u(t,z) =1 +/0 K(t—s,-) xu?(s,-)(x)ds

et on se rend compte que l'on peut trouver une solution indépendante de x a ce probleme, & savoir
u(t) = 15 (solution de u(t) =1+ fg u?(s)ds, c’est & dire de u’ = u?). Par unicité (voir plus bas, cette
solution est bien dans L>(]0, T[xR") pour tout T’ < 1), il s’agit de la solution cherchée, et on voit qu’elle
a un temps d’existence fini.

Des hypotheses de la forme (9.2.2) et (9.2.4) apparaissent aussi dans [60]. Les remarques 9.2.2 et 9.2.3

donnent d’autres jeux d’hypotheses qui permettent de résoudre le probleme.

Remarque 9.2.1 A noter qu’on ne suppose pas de croissance linéaire sur f ou h, voir (9.2.2) (la
croissance linéaire est juste demandée pour une expression entre h et certaines dérivées de [ par rapport
a x); si l'on avait ajouté une hypothése de ce genre, la méthode de splitting serait totalement inutile: on
pourrait directement voir sur (9.2.5) que la solution n’explose pas en temps fini, et qu’elle est donc globale
en temps.

9.2.2 Premieéres constatations

On voit d’abord aisément que tous les résultats des sections 8.3, 8.4 et 8.5 se transposent immédiatement
(le terme ajouté dans (9.2.5) par rapport a (8.3.1), correspondant & la présence de h, est d’ordre inférieur
— il fait intervenir K au lieu de VK — et ne pose donc aucun probléme supplémentaire). On utilise
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simplement I'hypothese (9.2.2) pour s’assurer que, lorsque u est bornée, il en est de méme pour (¢, x) —
flt,z,u(t,x)) et (¢, 2) — h(t, z,u(t,z)) (voir section 8.3), et que f(¢,x,-) et h(t,x,-) sont lipschitziennes,
uniformément par rapport & t € [0,7] et x € RY, sur tout borné (voir section 8.4). Cette hypothese
sert aussi dans la section 8.5, pour appliquer récursivement la proposition 8.5.1 et obtenir une borne sur
toutes les dérivées de wu.

Ainsi, on obtient I'unicité et la régularité de la solution faible & (9.2.1) (avec estimations sur les dérivées
ne dépendant que de la norme L de la solution — ces estimations n’étant cependant valables, en temps,
que sur tout compact de ]0, oo[, et non pas comme dans le chapitre 8 sur ]¢g, co[ dés que ¢y > 0, puisqu’on
cherche des solutions u qui ne sont bornées que localement en temps). Il reste & voir que la méthode de
splitting permet de construire une solution globale; attention cependant: comme on ’a déja indiqué, la
solution ne sera pas (en général) dans L°°(]0, oo[x R ), mais uniquement dans L*>°(]0, T[xR¥) pour tout
T > 0 (ce qui est compréhensible, puisque I'on a mis une source: lorsque ug =1, f =0 et h(t,z,u) = u,
la solution est u(t, ) = e).

9.2.3 Partie hyperbolique

Nous étudions ici la méthode des caractéristiques, pour obtenir des solutions locales régulieres a
Owu(t, ) + div(f(t, z,u(t,z))) = h(t,z,u(t,z)), u(0,-) € CLRN)nWEHRN)nC®RY). (9.2.6)

La principale difficulté de cette partie consiste a obtenir des estimations assez fines sur les normes de la
solution réguliere, afin de voir que ces estimations ne provoquent pas une explosion lorsqu’elles seront
cumulées lors du splitting.

Méthode des caractéristiques

En développant (9.2.6) et en notant ug la condition initiale, cette équation s’écrit

(9.2.7)

{ Opu(t,x) + F(t,x,u(t,x)) - Vu(t,z) = H(t, z,u(t,z)) t>0, 2RV,
u(0, ) = uo(z) reRN

avec F = (0¢f)T (¢ f est un vecteur ligne, F est un vecteur colonne) et H = h — Zi\;l Oy, fi régulieres
et, pour tout 7" > 0,
[H(t,z,¢)| < Cp(0r(x) + [¢]) (9.2.8)

des que (¢,7,¢) € [0,T] x RN x R (voir (9.2.4)).

En suivant la méthode des caractéristiques, on est amené a poser

%(t, 33) = F(t/(/)(t,f),’lﬂ(t,l‘))
%”(t,x) = H(t, ¥(t, 2), w(t, z)) (9.2.9)
1#(0795) =T

w(0, ) = ug(x).
Si on sait prouver que, pour tout t € [0,7], ¥y = 9(¢,-) est un difféomorphisme de RY, alors en posant

u(t,z) = w(t,; *(z)), ie. u(t,¥(t,2)) = w(t,z), on définit sur [0,7] x RN une fonction réguliere (car
(t,z) — (t,7(t,x)) est réguliere, bijective de [0,7] x RY dans lui-méme et son déterminant jacobien est
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Ji(x) # 0, donc l'inverse de cette fonction est aussi réguliere (3)) qui vérifie

Oeu(t,(t,x)) + F(t, ¥t ), u(t, ¥(t, x))) - Vu(t, ¥(t,z))
= Owu(t,Y(t,x)) + F(t,¥(t,z),w(t,x)) - Vu(t, ¥(t, x))
(
t

= OQwu(t,¥(t,z)) + (Ccll—w t,x) | - Vu(t,¥(t, xz))
d
= Lt )

d
S
= H(t,w(t,x),w(t,m))
= H(t,w(t,x),u(t,w(t,x))).

Ceci étant vrai pour tout = € RY et tout ¢t € [0,T], avec v(t,-) bijection de R, on en déduit que
u est solution de (9.2.7) sur [0,7] x RY. Nous allons donc maintenant prouver qu’il existe 7' > 0 (et
estimer sa taille) tel que, pour tout z € RY, la solution de (9.2.9) existe sur [0, 7] et tel que ¢, reste un
difféomorphisme de RY.

On montre tout d’abord que les solutions de (9.2.9) sont globales (existent sur [0, co[). Par (9.2.8), on a,
pour tout ¢ € [0,T7,
d—w(t x)
dt

d’'ou |w(t, z)| < |w(0,z)| + CL-T + C% fot |w(s, z)|ds et, par Gronwall,

< Cr(Or(2) + [w(t, 2)]) < Cp(1+ [w(t, 2)]),

lw(t, z)| < (Juo(x)| + CHT)eCrT. (9.2.10)

En utilisant ceci et (9.2.2), on déduit |%(t,x)| < L avec L indépendant de t € [0,T[, donc |¢(t,z)| <
|x| + LT. Ainsi, (¢, w) ne peut exploser en temps fini et la solution de (9.2.9) est globale.
Au passage, (9.2.10) donne, lorsque T' < 1 (ce que 1’on suppose & partir de maintenant),

V(t,z) € [0,T] x RN, |w(t,z)] < (||uo|lee + CiT)eT < (||uolloe + C1)et =: R(uy). (9.2.11)

Soit T' < 1. En dérivant (9.2.9) par rapport & z, on a

d(%;w) (t,x) = O, F(t, ¢ (t, x), w(t, x))0(t, x) + O F (¢, (t, x), w(t, x))dpw(t, x)
NN 4 ) = 0, H (1,0 ) w(t,2)Ouiit,2) + OH (L 0l 2wt 2)Owltx)  (9.2.12)
0,00, x) = Id

0, w(0, ) = Jyug(x).
Par (9.2.11) et (9.2.2), on en déduit, pour tout t € [0,7T] et z € R,

A(0.0)
o (k)

‘d(aww)

< Cl,R(ug),2|aw¢(ta (E)| + Cl,R(ug),2|aww(tﬂ (E)|

(t,2)| < NC1, R(uo),2|0290(t, )| + NC1 Rug),210zw(t, )]

dt

3Pour étre précis, ce raisonnement ne donne pas vraiment la régularité de (t,x) — w;l(z) jusqu’en t = 0; cependant,
nous résoudrons toujours ’équation hyperbolique & partir d’un temps initial tg > 0 (voir partie 9.2.5) de sorte que 1'on
pourra faire le méme raisonnement pour des temps dans un voisinage de [to,to + T'] et obtenir donc la régularité jusqu’a
cet instant initial ¢¢ inclus.
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soit

< (N 4 1)C1Reuo),2

d (0%
(o) e
Gronwall donne donc

K gzi ) (t’x)‘ = H( BIZO )H N TR T < (14 [|Vug||oo )e N D1 R002 = M.

Ceci montre que v et w sont M;-lipschitziennes par rapport & z € RY, uniformément pour ¢ € [0,7]. On
a

Y(t,x) ==z —&—/0 F(s, (s, x),w(s,z))ds (9.2.13)

et par (9.2.2), (9.2.11) et le caractere lipschitzien uniforme de 1 et w mentionné a l'instant, on voit que
(s,2) — F(s,9(s,x),w(s,x)) est M (ug)-lipschitzien par rapport & z € RY uniformément pour s € [0, 7],
avec

M (ug) = 2C1 R(ug).2 M1 = 2C1 Rug).2(1+ || Vttg|[oo) e N THr R0, (9.2.14)

Ainsi, (t,z) € [0,T] x RN — fot F(s,¢¥(s,x),w(s,x))ds est M (uo)T-lipschitzien par rapport a x, uni-
formément pour t € [0, 7], ce qui donne en particulier

690/0 F(s, (s, x),w(s,z))ds

< M(uo)T. (9.2.15)

Le théoréme d’inversion globale lipschitzienne (un simple point fixe contractant sur ¢ (t,z) = y a partir
de (9.2.13)) permet donc de voir que, si T < 1 et M(up)T < 1, ¢, est, pour tout ¢ € [0,7], un
homéomorphisme de R”; il est bon de se rappeler au passage que ce théoreme dit aussi que 9, Lest
W—lipschitzienne. De plus, (9.2.15) et

Op(x) = Id + 0, /0 F(s,¢(s,z),w(s,z))ds

montrent, sous les mémes conditions, que 9,1 (x) est inversible dans L£(RY) pour tout z € RY, et que
1y est donc un difféomorphisme de RY.

Ces considérations établissent que, sous les hypotheses T' < 1 et M(ug)T < 1 avec M (up) défini par
(9.2.14), on a une solution réguliere & (9.2.6) sur [0,7] x RY, obtenue en posant u(t,z) = w(t,¥; *(x))
avec (1, w) solution de (9.2.9).

Estimations
Nous allons maintenant prouver des estimations L>°, L' et BV sur la solution construite par les carac-

téristiques. On prend ug € CL(RN) N WEHRN) N C>®(RY) et T < 1 tel que M (up)T < 1.

CONDITION INITIALE A SUPPORT COMPACT
On suppose dans un premier temps que la condition initiale ug est & support compact. Par (9.2.13), on a

() — 2] < / |F(s, (s, z), w(s, 2))| ds

et, en utilisant (9.2.11) et (9.2.2), on trouve donc [(t,x) — x| < Cy gu)a T, dout [Y(t,z)] > |z| —
C1,R(up),1 T Prenons A tel que la boule de rayon A contienne le support de H(t,-,0) pour tout ¢ € [0, T]]
(voir (9.2.3)), ainsi que le support de wuo; alors, pour tout |z| > A+ Cj g(uy)1T et tout ¢t € [0,7], on
a [¢(t,x)] > A, donc H(t,9(t,x),0) = 0; cela montre que, lorsque |z| > A + C} g(uy)1 7T, la seconde

171



composante de la solution de (9.2.9) sur [0, T] est w(t,z) = 0. Ainsi, la boule de rayon A 4 C; p(yuo)1T
contient le support de w(t, ) pour tout ¢ € [0, 7).

Comme vy est (1+ M (ug)T)-lipschiztienne sur RY et (¢;1(0))t6[07T] est bornée (t — 1b; *(0) est continue),
’équation u(t, z) = w(t,; *(z)) nous montre que u(t,-) reste & support compact: pour avoir u(t,z) # 0,
il faut |1, H(x)] < A+ C1,R(up),1 T, donc

[ (7 (2) — we(wy ' (0))]
(1 + M (uo)T)(|¢; ()] + [ (0)])

(14 M (uo)T) <A+Cl,R(ug),1T+ sup |¢t1(0)|> :
te[0,T7]

||

IN

IN

Par u(t,z) = w(t,; ' (x)) et (9.2.11), on a, lorsque ¢ € [0, T],
[Ju(t)]| poe @y < ([Jo]]oo + C1T)e“T. (9.2.16)

On procede maintenant comme dans [3]. Soit sgn,, une approximation réguliere, nulle en 0, de la fonction

signe, et (], = f(f sgn, (7) dr 'approximation correspondante de la valeur absolue. En multipliant (9.2.7)
par sgn, (u) et en intégrant sur R (cette intégration et la manipulation qui suit sur la dérivée temporelle
sont valables puisque u est & support compact et toutes les fonctions sont régulieres), on trouve

O / lu(t, )|, dz + / sgn, (u(t, z))F(t,z,u(t,z)) - Vu(t, ) de = H(t,z,u(t,z))sgn, (u(t,z)) dz
RN RN RN

soit, apres intégration en temps,
t
/ lu(t, z)|, de = / luo ()|, d;v—/ / sgn, (u(s, z))F (s, z,u(s,x)) - Vu(s,z) dr ds
RN RN 0 JRN
¢
+/ / H(s,z,u(s,x))sgn, (u(s,z)) dz ds.
o JrN

Mais en posant
<
Gy(s,z,¢) = /0 sgn, (7)F(s,x,7)dr
on a sgn, (u(s,x))F(s,z,u(s,x)) - Vu(s,z) = div(Gy (s, z,u(s, z))) — div,(Gy)(s, z,u(s, x)) et
/RN div(Gy (s, z,u(s,x)))dz =0 (9.2.17)

puisque Gy (s, z,u(s,z)) = 0 pour z assez grand (comme G, (s,z,0) = 0, il suffit de prendre x hors du
support de u(s,)); donc

/RN lu(t, )|, de = /RN luo ()|, dzx + /0 - div,(Gy)(s, 2, u(s,x)) + H(s,z,u(s, r))sgn, (u(s, v)) dz ds.

Par définition de Gy, (9.2.2) et (9.2.8), on a

IN

|dive (Gy)(s, 2, uls, ) + H(s, z, u(s, x))sgn, (u(s, x))| C1jul e 2lu(s, )] + CL(01(2) + |u(s, 2)])

= (Cju|w,2 + CDu(s, z)| + C161(x)

(la norme infinie de u étant prise sur [0,T] x RY) et on obtient finalement, en faisant 7 — 0,
t
/ lu(t,z)| dz < / |uo(z)| dz + C’{||91||L1(RN)T+ (Ch jjufjmr2 + C{)/ / |u(s, z)| dx ds
RN RN 0 JRN
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soit, par Gronwall, pour ¢ € [0, 7],

lu(llza @y < (uoll i) + Ol | i gem) T)elCritviioe 2 DT, (9.2.18)

On prend maintenant le gradient de (9.2.7) par rapport & x, en notant que

N
F(t,z,u(t,z)) - Vu(t,z) = Y Fi(t,z,u(t,z))du(t, ),
i=1
et on trouve
N N
0 (Vu)(t, z) + Z OcFi(t, x,u(t, x))0;u(t, ) Vu(t, z) + Z Fi(t,z,u(t,z))0; Vu(t, )
i=1 i=1
N
= V. H(t,z,u(t,x)) + 0cH(t, z,u(t,x)) Vu(t, z) — Z V. Fi(t, z,u(t, x))0u(t,x). (9.2.19)
i=1
Soit I,(§) = |§| sgn, (7) dT une approximation de la norme euclidienne. Puisque sgn,, est réguliere nulle

en 0 et VI (f) = sgn, (|€]) = 17 hors de 0, on constate que I est de classe C'. On peut donc multiplier
(9.2.19) scalairement par VI,(Vu) = sgnn(|Vu|)‘§—Z‘ pour trouver

N
O (I,(Vu))(t, x) + Z O Fi(t, z,u(t, z))Oiu(t, )sgn, (|Vu(t, z)|)|Vu(t, )|
N
+ > Fit, @ ult, ) VI (Vu(t, ) - 0;Vu(t, z)
i=1

= V. H(t,z,u(t, z)) ~Sgnn(|Vu(t,x)|)% + OcH (t, z,u(t, z))sgn, (|Vu(t, z)]) | Vu(t, z)|

N
— Z Ve Fi(t, z,u(t, z))oiu(t, x) - sgn, (|Vu(t, )|)

=1

Vu(t,x)
[Vu(t, z)|

Mais 9;(I,(Vu)) = VI,(Vu) - 9; Vu donc

Fi(t, z,u(t,x))VI,(Vu(t, z)) - 0; Vu(t, z)
= Bt ult, 2)0i Iy (Vu(t, 1))
= 0;[Fi(t,z,u(t,))I,(Vu(t, z))] — 0;[F;(t, z, u(t, z))|I,(Vu(t,z))
= Oi[Fi(t, z,u(t,x))I,(Vu(t,x))] — O Fi(t, z, u(t, x))I,(Vu(t, x))
—0cFi(t, z, u(t, x))0iu(t, x) L, (Vu(t, z)).

8

)
)
)

Puisque Vu(t,-) et I,(Vu(t,-)) sont & support compact (car I,,(0) = 0), tous les termes considérés sont
nuls hors d’un compact de R™; on peut donc intégrer sur RV et utiliser une intégration par parties pour
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éliminer 0;[F;(t, z, u(t, z))L,(Vu(t, x))]:
O /]RN I,(Vu)(t, x) do

N
+Z;/RN OcFi(t, z, u(t, x))0;ul(t, x) [Sgnn(|Vu(t,x)|)|Vu(t,x)| — In(Vu(t,x))} dr

Vu(t,x)
= VH(t,z,ul(t, -8 Vul(t, —=d
[ VaH () -sem, V(e ) o
+ | OcH(t m,u(t, x))sgn, (|Vu(t, z)|)[Vu(t, )| d
RN
N
Vu(t,x)
- Z - Vo Fi(t,z,u(t, 2))0u(t, r) - sgn, ([Vu(t, z)|) Valt o) dx
N
+> | Otz ult,x) ], (Vu(t, 7)) da. (9.2.20)
1= RN
On intégre ensuite en temps. Lorsque n — 0, on a I, — |- | et sgn, (|- [)| - | — I,;(-) — 0, tout en restant
majorées par |- | et 2| -|. On peut donc passer & la limite par Lebesgue (rappelons que les intégrales

précédentes sont réduites a des compacts fixes, puisque les fonctions intervenant s’annulent toutes pour
x assez grand), et on arrive a

t
/ [Vu(t,z)|dx < / [Vuo(z)| dz —|—/ / |V H(s,z,u(s,x))|dxds (9.2.21)
RN RN 0 JRN

t
—|—/ / |0cH (s, z,u(s, x))| |Vu(s, z)| dx ds
0 JRN
N t
+Z/ / Vo Ei(s,z,u(s,z))||0;u(s, z)| dx ds
i=17/0 JRY
N t
—|—Z/ / |0:F;(s,x,u(s, )| |Vu(s, )| dz ds.
= Jo JrN
On utilise maintenant (9.2.4), (9.2.2) et (9.2.18) pour obtenir
t
/ Vu(t,2) dz < / |vu0(a;)|dx+cg/ / (101 (2)] + [u(s, 2)]) dar ds
RN RN 0 JrN
t N
+N01,Hu||m,2/ / |VU(875€)|d$d8+C1,Hu||w,22/ / |0iu(s, )| dx ds
0 JrN — Jo Jrv

t
+N01,\\u||0072// |[Vu(s,z)| dx ds
o JrRN

< ||Vuol|preyy + CL(1161] 1 vy + Ra(uo)T

t
+3N01,\\u||oo,2// |[Vu(s,z)|dx ds
0o JrN

ou Ri(ug) = ([luo|Lr @~y + C’{||01||L1(RN))eCLHuHoo,2+C{ (rappelons que t < T < 1); on conclut alors
toujours grace a Gronwall, pour ¢ € [0,7] et avec ||ul|oo = ||t oo ([0, 7] xRN),

IVu(®)llzremy < (11Vu0llz1@m) + CLUIG | n + B (uo))T) €NCniienaT, (9.2.22)
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CONDITION INITIALE DANS CLH(RY) N WLYRN) N C(RY)

Nous souhaitons maintenant montrer que (9.2.16), (9.2.18) et (9.2.22) restent valables (en remplagant,
dans ces deux dernieres inégalités, ||u||eo par Pestimation venant de (9.2.16)), toujours lorsque T' < 1
vérifie M (ug)T < 1, quand ug est seulement dans C} (RY) N WHHRY) N C>(RY).

Pour cela, on approche ug localement uniformément par ug , € C° (RM) telle que

||u07n||oo < |uolloo ||u07n||L1(]RN) < ||u0||L1(]RN)7 (9.2.23)
limsup,, o [|Vuonlloo < [[Vuolloo et limsup, . [[Vuon |l @yy < |[Vuol| L @y)-

Une telle suite existe bien: on prend v € C(RY;[0,1]) telle que v(0) = 1 et on pose v, (x) = v(z/n);
alors v,up est dans C2°(RY), y,ug — ug localement uniformément, |vnuol < |uol et ||V (vnuo)ll, <
o] 1]Vl loo + [ Vol [y (p =1 ou 00) avec ||Vynlloc — 0 quand n — oo, puisque Vy, = 1 V7(5).

Vu (9.2.14), (9.2.11) et (9.2.23), on a limsup,,_,.o M(uo,n) < M(up). Ainsi, pour n assez grand,
M(uon)T < 1 et (9.2.16), (9.2.18) et (9.2.22) sont valables sur [0,T] avec u™ et up, & la place de u
et up, ot u” est la solution de (9.2.7) avec ug,, comme condition initiale.

Soit (¢, w™) la solution de (9.2.9) avec ug p, au lieu de ug. Cette solution existe globalement et, puisque
g, — up localement uniformément, le théoreme de dépendance continue des solutions d’EDO par
rapport aux conditions initiales nous dit que (1™, w™) — (1, w) localement uniformément sur [0, 7] x RV,
ou (¢, w) est la solution de (9.2.9) correspondant a ug.

Soit t € [0,T] et a, = (4f)"1(0), c’est & dire, par (9.2.13), an = — [; F(s,¢"(s,an), w" (s, an)) ds.
L'estimation (9.2.11) donne [|w"||Le(0,7)xrV) < R(uon) < R(uo) et, par (9.2.2), montre que (an)n>1
est bornée. On sait de plus que (¥7)~! cela

t

est lipschitzienne de constante inférieure a m;
signifie, puisque limsup,,_,. M(uon) < M(ug) et M(uo)T < 1, que ((¢F)7!),>1 est uniformément
lipschitzienne, et donc localement bornée puisque bornée en z = 0. Le théoréeme d’Ascoli-Arzela nous dit
alors que, & une sous-suite pres, (17)~! converge localement uniformément vers une fonction =. Mais
par convergence locale uniforme de 9} vers 1;, on peut passer a la limite dans ¥} o ()7*)~! = Id pour
voir que, nécessairement, on a = = 1, L

Ainsi, pour tout t € [0, T], w™(t,-) — w(t,-) et (YF)~F — 1, localement uniformément. On en déduit
que u™(t,z) = w"(t, (W)~ (x)) — w(t,; *(z)) = u(t,z), autrement dit que u™ — u ponctuellement (en
fait localement uniformément, mais cela ne nous sera pas utile).

On peut alors directement passer & la limite dans (9.2.16) appliqué & u”, en se souvenant que ||ug n||oc <
[|uo]|co, POUr voir que cette estimation est encore valable pour u. De méme, Fatou permet de passer &
la limite dans (9.2.18) appliqué a u™ (quitte a remplacer ||u||sc dans Cy jjy).,2 par la majoration venant
de (9.2.16)). Pour passer & la limite dans (9.2.22), on utilise juste la relation bien connue des spécialistes
des espaces BV

IVu(@)l|r @) = [ut) [ py @) < liminf [u” (@) gy @v) = liminf [[Va"™ ()] 22 @) ,

L (RN) par convergence dominée (convergence ponctuelle et borne
L*°); rappelons que cette relation consiste simplement & dire que

valable puisque u™(t) — u(t) dans L

IVu)|[prmyy = sup{ Vu(t,z) - T(x)dx; T € CRVN 1| < 1}
RN
= sup{—/ u(t,z)divl'(z) dz; T € C(RM)N | 1| < 1}
RN

et & passer & la limite sur chaque inégalité — [o v u™(t,2)divl(z) dz < ||Vu"(t)|| L1 mx)-
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Remarque 9.2.2 Les hypothéses (9.2.2), (9.2.3) et (9.2.4) sont des exemples qui marchent, mais en
étudiant les arguments qui précédent, on peut en trouver d’autres. En particulier, on peut se débarasser
de (9.2.3) en supposant que Or(x)|x|N~1 — 0 lorsque |z| — oo. En effet, en conservant O dans le
raisonnement qui méne a (9.2.10), on voit que w(t,-) décroit plus vite que |z|~N=1 & Vinfini (lorsque
ug est a support compact). Comme wt_l est globalement lipschitzienne, u(t,-) décroit aussi plus vite que
lz|~N=1 4 Uinfini, ce qui permet de justifier (9.2.17) en écrivant Stokes sur une boule de rayon R et en
faisant R — oo (car |G(t,z,u(t,z))| < Cy ). 1lu(t,z)]). De la méme manicre, (9.2.12) et Gronwall
(plus les estimations uniformes que l'on a sur les dérivées spatiales de 1) et w) montrent que Oyw(t, )
décroit aussi plus vite que |x|~N=1 ce qui se répercute encore sur Vu(t,-) (puisque Oyab; est borné
sur RY) et permet de justifier Uintégration par parties qui élimine 0;[F;(t,x, u(t, z))I,(Vu(t,z))] dans
(9.2.20).

9.2.4 Partie non-locale

Il n’y a rien & faire, car tout ce qui concerne
opu(t,z) + glu(t,)](x) =0, wu(0,2) € L2RY)nWHHRN) N C>(RY) (9.2.24)

est déja connu et découle de u(t, ) = K(t,-)*uo(x). Nous rappelons simplement les estimations qui nous
seront utiles:

[[u()]| Lo @yy < [uol[Lo @)
a1 @yy < luollr@y)
[[Vu(

IVl

Ol @yy < |[Vuol| L1 @y
e @yy < IVE @) L1 @mylluoll g @yy = Kalluol| oo vyt ™/

9.2.5 Conclusion

On commence par un lemme, puis on voit que toute la section 8.6 peut étre immédiatement adaptée
grace aux résultats tout juste prouvés.

Lemme 9.2.1 Soit (ax)r>0 une suite (éventuellement finie) de réels positifs qui vérifie, pour un certain
B positif, ar11 < (ax + B)eP. Alors, pour tout k > 1, on a aj, < age®? + eF+1EB,

Preuve du lemme 9.2.1 o is

4 kB k _IB k1B _ ,BefP—1 ettt
On montre par récurrence sur k que ax < ape®” + B e'”. Comme ), e’ =" 5= < S5
et eBBll < 1, cela prouvera le lemme. Le rang k = 1 est évident. Si ’hypotheése est vérifiée au rang k,
alors

k k+1
ak+1 < (ar + B)eB < apefBeP + BeP Z e'B 4+ BeP = aoe(kH)B + B ZelB + BeP
=1 1=2

et le lemme est prouvé. B

Construction via splitting

On reproduit maintenant sur le probleme (9.2.1) la construction par splitting de la section 8.6. On se
donne § > 0 et, partant de ug condition initiale réguliere (dans L°(RN) N WLL(RN) N C**(RY)), on
commence par résoudre (9.2.24) sur [0,d] avec un coeflicient 2 devant g¢; cela donne une fonction u
qui, & chaque instant, est dans C}(RY) N WHHRYN) N C*°(RY). On peut alors, partant de t = § (et
non de t = 0) avec la condition initiale u°(¢), résoudre (9.2.6), avec un coefficient 2 devant f et h (ce
qui n’a pour effet que de multiplier les constantes C' et C’ par 2, pour ce qui nous intéresse), sur un
certain intervalle de temps, et on obtient une fonction (prolongeant u°) qui est, & chaque instant, dans
L®(RY) n WEHRN) N C°°(RY) (voir sous-section 9.2.3); supposons que cet intervalle de temps soit au

176



moins [d,26]. On peut alors partir de ¢ = 26 et de la condition initiale u°(25) pour résoudre & nouveau
(9.2.24). On continue ainsi de proche en proche; la méthode sera bloquée si, a un instant nd avec n
impair, la solution de (9.2.6) partant de ¢t = nd avec u°(nd) comme condition initiale n’est pas définie
sur [nd, (n + 1)d]; nous allons montrer que, si on se fixe Ty > 0, alors, quitte & prendre § assez petit, la
construction se poursuit au moins jusqu’au temps Tp; nous allons simultanément établir des estimations
sur la fonction u® construite.

Soit Tp > 0 et § < 1; on note nd < T le point ou 'on est éventuellement bloqué. En posant

ao = |[uo||pomyy et ax=  sup  |[u(t)||pe @y s
te[(k—1)8,k0)

la construction de u%, (9.2.16) et (9.2.25) donnent, pour tout k € [0,n — 1],
ak+1 < (ax +2C7, 16) ¢*rois?

(on remarque que, pour tout k € [0,n — 1], les C] correspondant & f(k§ +-,-,-) et h(kd +-,-,-) — c’est
a dire, modulo un facteur 2, aux fonctions intervenant effectivement dans nos résolutions successives de
(9.2.6) — sont majorés par le C7, ,, correspondant & f et h). Le lemme 9.2.1 montre alors que, pour
tout k € [1,n],

°CL \To | 2Ch 1 (To+1
ag < [[ug|| poe )€ o1 T® 4 2o (TotD)

(ona(k+1)§ <(n+1)§d <Ty+1) et donc que
Yt € [0,nd], ||u6(t)||Loo(RN) < ||u0||Lm(RN)eQClT0+1TO + 2Croa (To+1) A1 (uo, Tp). (9.2.29)

Injectée dans (9.2.28) traduite dans U'intervalle [(n — 1)§,nd] (olt ug doit donc étre remplacé par u®((n —
1)6)), cette estimation donne As(ug, Tp) indépendant de 0 et n tel que

||VU6(TLCS)||L00(RN) S AQ(U,Q,T())(Sil/A.

Le M (u®(nd)) correspondant & la résolution de (9.2.6) & partir de ¢ = nd est alors majoré (voir (9.2.14))
par As(ug, Tp)d~ Y/, avec Az(ug, Tp) indépendant de 6 et n.

Prenons donc § < 1 tel que As(ug, T0)6 /6 < 1; ce choix ne dépend que de ug et Tp fixés au début. On
constate, par les résultats de la partie 9.2.3, que la solution de (9.2.6) partant de ¢t = nd et de la condition
initiale u°(nd) est définie au moins sur [nd, (n + 1)d] et né n’était donc pas un point de blocage; avec ce
choix de § assez petit, u’ est donc définie au moins sur [0, 7p] x RY.

La relation (9.2.29) donne une estimation L> sur u’ (on peut prendre pour § une fraction entiere de Tp
de sorte que, vu ce qui précede, (9.2.29) est valable pour nd = Tp). Utilisée dans (9.2.18) a chaque étape
du splitting, cette estimation montre, avec (9.2.26), que, pour tout k > 0 tel que kd < T,

sup ||u6(t)||L1(RN) < ( sup ||u6(t)||L1(]RN) + I‘(S) el
te[kd,(k+1)4] te[(k—1)6,kd)

avec SuPye((0—1)s,0] ||u’5(t)||L1(RN) = |[uol|L1(m~y et T ne dépendant que de (ug, Tp) (on utilise le fait que
le |[01]| L1~y correspondant & f(kd+-,-,-) et h(kd+-, -, ) est majoré par le [|01, 11]|L1 @~y correspondant
a f et h); le lemme 9.2.1 donne ainsi

YVt € [0,To], [|u’ (@)l @ny < |luollpryyet™ + e"FoFh), (9.2.30)

De la méme maniere, (9.2.29), (9.2.30), (9.2.22) et (9.2.27) donnent I'’ ne dépendant que de (ug, Tp) tel
que ) )
Vt € [O,TO] s ||Vu5(t)||L1(RN) < ||VUQ||L1(RN)€F To + €F (T0+1). (9231)
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Compacité

(9.2.29), (9.2.30) et (9.2.31) peuvent se résumer en: il existe Ay(uo,To) tel que, pour tout ¢ assez petit
et tout ¢ € [0, o),

[w® ()] e vy + |[W® ()] 1 @y + || VUl ()] vy < Aa(uo, To). (9.2.32)

1 suffit donc d’établir ’équicontinuité de u° : [0, Tp] — L*(RY) pour avoir sa convergence, & une sous-suite
pres, dans C([0, Tp); L, (RY)).

loc
Sur les parties ot u® vérifie I'équation hyperbolique (rappelons que u® est réguliere sur ces parties), on a
ol (t,x) = 2H (t, z,u’(t, ) — 2F (¢, z, u’ (t, x)) - Vul (t, z)
et (9.2.32) associé & (9.2.8) et (9.2.2) donne donc As(ug,Tp) indépendant de ¢ tel que
1000 ()] | 1 vy < As(uo, To)
soit, par Taylor, pour tout (¢,s) € [kd, (k + 1)d] avec k impair,

[|ul (t) — u6(3)||L1(RN) < As(uo, To)|t — s|. (9.2.33)

Sur [k6, (k4 1)d] avec k pair, on a u®(t) = K (2(t — kd)) * u’ (k§). L’équicontinuité s’obtient alors & partir
de (9.2.32) et (9.2.33) comme en page 157.

Conclusion

L (RNY)), pour tout Ty > 0. Vu (9.2.32), u
est en fait & valeurs dans L'(R™) et, puisque u’ est équicontinue [0, Tp] — L*(RY), on déduit finalement
que u € C([0, Tp]; LY (RY)). (9.2.32) montre aussi que u € L>(]0, To[xRY).

La convergence de u® vers u permet de prouver le pendant de la proposition 8.6.2, & savoir: pour tout
v € C(]0,To|) et tout p € S(RY),

On obtient donc une fonction u limite de u® dans C([0, Tpl; L.

/Ooo /RN u(t, z)y (O)p(x) + v f(t, 2, ult, ) - V() — ult, z)7(t)gle)(z) dtds
_/OOO n h(t, z, u(t, ))y(t)p(x) dtdz. (9.2.34)

Etant donné que I’on n’a pas supposé que f(t,-,0) est intégrable sur RY, il faut un peu adapter le raison-

nement du reste de la section 8.6.3. On pose f(t,z,¢) = f(t,z,() — f(t,2,0); comme (K (), VK(t)) €
LYRY) et (f(t,-,0),>", 8; fi(t,~,0)) € L=®(RYN) pour tout ¢ > 0, deux dérivations sous l'intégrale mon-
trent que, pour 0 < s < t et z € RV,

VE(t— s,) % f(5,70)(x) = div(K(t — 5,7) « f(s,.0))(2) = K(t — s, (Zafz 5 ) (@).
Ainsi, u est solution de (9.2.5) si et seulement si u vérifie
~ t ~
u(t,z) = K(t) *up(x / VEK(t—s,-)*f(s,-,u(s,-))(x) ds—l—/ K(t—s,-)xh(s,-,u(s,-))(x)ds (9.2.35)
0

ot h(t,z,¢) = h(t,z,() — Zf\il 9; f;(t,z,0) (cela consiste & changer f en f dans (9.2.1) et & ajuster le
second membre en conséquence).
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Une intégration par parties (utilisant le fait que f(¢,-,0) est bornée) donne, lorsque ¢ € S(RY),

/fmo ) - V() /Z@fltxo (z) da

et (9.2.34) se lit donc
/ [, wt 0y @0(@) +1(0) 2. 0(t.2) - V(o) = ult. o)y (@glele) deda
- /0 h /R . h(t, z, u(t, z))y(t)p(z) didz. (9.2.36)

Par (9.2.2) et puisque u est bornée sur [0, To] x R, on a
|f @tz ult, )| = [f(t z, ult, z) = f(t,2,0)] < Cry jjujj 1 |ult, )]

et donc f( csu(t, ) € LYRN)N pour tout ¢ € [0,Tp]; de plus, pour tout (t,s) € [0,Tp], toujours en
utilisant (9.2.2), on a
|f(85 €T, U(S, .Z‘)) - f(tv €T, u(t,x))| ‘f~(57x7u(57x)) - .f~(57x7u(t’ '7;))| =+ |f(s,x,u(t, '7;)) - fN(tv €T, u(t,x))|

/ 0, f (7, u(t, z))| dr| .

S

IN

IN

Cry ffuf oo 1 |u(s, @) — ult, )| +

Mais _
Ouf(r,z,u(t,x)) = O f (1, z,u(t,x)) — O f (7, 2,0)

donc, par (9.2.2), |0, (7, z, u(t, )| < Oy jju|w 2|ult, z)] et ainsi
|]7(S, z,u(s,x)) — f(t, z,u(t,z))| < CTO,HU||OQ,1|U(53 z) — u(t, x)‘ + CTo,||uHoo,2|tL — s |u(t7:r)|

Puisque u € C([0, Tp); L*(RYN)), on déduit de ceci que t — f(t,-,u(t,-)) est dans C([0, Tp]; L*(RN)N).
On a h(t,z,u(t,z)) = h(t,z,u(t,z)) — h(t,z,0) + h(t,z,0) — Zi\;l 0;fi(t,z,0). De la méme maniere
que précédemment, on voit que ¢ — h(t,-,u(t,-)) — h(t,-,0) est dans C([0, Tp]; L*(RY)). Par (9.2.4), la
fonction h(t,-,0) — vazl 9 fi(t,-,0) est majorée en valeur absolue par Cl, 07, € L*(R™N) et la convergence
dominée montre que t — h(t,-,0) — Zfil 0; fi(t,-,0) est aussi dans C([0, Tp]; L} (RY)).

Pour résumer, les fonctions u, f(-,-,u) et h(-, -, u) sont toutes continues sur [0, Tp] & valeurs dans L' (RY).
On peut alors conclure comme dans le chapitre 8. Soit v € C2°(]0, Tp|); puisque F~1 : LL(RY) — Cy(RY)
est continue, la fonction

To ~
w:EeRY — /0 7 (6)F H(u())(€) + () (2im)FH(F (- u(®))(€) - € = y@)EPNF (ult))(€)

Y (OF (-, u(®))(€) dt
est continue. Par Fubini, en appliquant (9.2.36) & ¢ = F~1(x) pour un v € D(RY), on a

/]RN /OOO N () F () () (€) + v () (2im) FE(F(t, - u(t))(€) - E(€)
—y(OIEPF T (u())(©)w(E) + v () F L (hlt, -, u(t)))(€)e(€) dtdg = 0.

Ceci étant vrai pour tout ¢ € D(RY), cela montre que w(¢) = 0 pour tout & € RY. L’annulation de
w(&), valable pour tout v € C2°(]0, Ty[), nous dit que, au sens des distributions sur 0, Tp|,

d

o7 w®)©) = —[EPF T @®)(€) + 2im)F T (F(E, - ul@))(E) - &+ F (R, - u®)))(©)-
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Toutes les fonctions intervenant ici sont continues sur [0,Tp] x RN (car u, f(-,-,u) et h(-,-,u) sont
continues [0,7p] — LY(RY) et F~1 est continue L} (RY) — C,(RY)), donc cette égalité est une équation
différentielle classique qu’on integre en

Fru®)©) = e I F 1 ug) ) + / (2im)e~ I FL(F(s, -, u(s))(€) - £ ds

0

te_(t_s)‘f‘k “L(h(s. . u(s S
+/0 F (s, u(s)(E) d

= ffl(K(t))(é)Ffl(uO)(f)ﬂL/O(2’&'#)7*1(K(t—5))(§)§'7*1(f(8,~,U(8)))(£)d8
+

/0 FE( - $)(€)F (b5, u(s)))(€) ds.

On a assez d’intégrabilité sur les diverses quantités en jeu pour conclure que

FHu®)(©) = *1(K(t)*uO)(§)—/Of*I(VK(t—S))(E)-f’l(f(sku(S)))(ﬁ)ds

f

+ / FE(E - )€ F (h(s, - u(s))(€) ds
0

]:—1

(K (#) * uo)(§) — /O FUVEK(t = s) % [(s,u(s)))() ds

b [ R ) s ()€ ds
0
]:—1

t
0

(K (t) % uo)(€) — F~* ( VE(t — )% (s u(s)) ds) ©

¢
LF (/ K(t - 5) = h(s,-,u(s))ds) (©)
0
et l'injectivité de ! montre bien que u vérifie (9.2.35), et donc (9.2.5)

La conclusion lorsque ug n’est pas réguliére se fait exactement comme dans le chapitre 8: (9.2.29) implique,
pour une donnée initiale réguliere et lorsqu’on fait § — 0, une estimation L>°(]0, Tp[xRY) sur la solution
précédemment construite, estimation qui ne dépend que de la norme infinie de la donnée initiale; donc, si
on prend ug € L= (RY) et qu'on I'approche presque partout par des ug ,, réguliers bornés dans L>(RY),
on voit que les solutions u™ correspondantes restent bornées dans L>°(]0, To[xRY) pour tout Ty > 0; cette
borne nous donne (via les estimations mentionnées en sous-section 9.2.2) une borne sur les dérivées de u”
et donc, & une sous-suite pres, une convergence ponctuelle vers un u qui est dans L>(]0, To[xRY) pour
tout Tp > 0; on peut alors aisément passer & la limite, par convergence dominée, dans (9.2.5) appliqué a
u™ pour prouver que u est solution de (9.2.1) avec condition initiale wug.

Remarque 9.2.3 Comme signalé précédemment, on peut aussi prouver 'existence, l'unicité et la régula-
rité d’une solution a (9.2.1) avec des hypotheéses différentes sur f et h. Par exemple, si f ne dépend pas
de x, il suffit que h vérifie (9.2.2) (cette hypothése n’impose alors rien sur f) et

|h(t, 2, )| < Kr(1+[¢]) sur [0,T] x RY xR (9.2.37)

pour que le probléme soit soluble. En effet, en prenant v. € C°(RY) majorée par 1 et qui tend vers 1
quand € — 0, on peut considérer he(t,z,() = ve(x)h(t,z,(); cette fonction ne vérifie pas (9.2.4) mais
on peut néanmoins reproduire la méthode précédente (le probléme étant, a e fixé, de borner le terme
VoH = Vu(veh) dans (9.2.21), ce qui se fait en utilisant la borne L que l'on a sur la fonction u
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considérée); on peut donc construire une solution u. d (9.2.1) avec he au lieu de h, et (9.2.837) montre
aisément (en relisant (9.2.11)) que les estimations L™ sur cette solution ne dépendent pas de e; ces
estimations donnant des bornes sur les dérivées de u., on obtient alors suffisamment de compacité pour
passer a la limite dans l’équation (9.2.5) satisfaite par uc et trouver une solution o (9.2.1).

181



Chapitre 10

Vanishing non-local regularization of
a scalar conservation law

Reference: J. Droniou. Electron. J. Differential Equations 2003 (2003), no. 117, 1-20.

Abstract We prove that the solution to the regularization of a scalar conservation law by a fractional
power of the Laplacian converges, as the regularization vanishes, to the entropy solution of the hyperbolic
problem. We also give an error estimate when the initial condition has bounded variation.

Keywords: scalar conservation law, vanishing regularization, fractal operator, error estimate.

Mathematics Subject Classification: 35L65, 35530, 35A35, 35B20

10.1 Introduction

We consider the problem

us(t, x iv(f(u® x us(t,)|(xz) = x o
{at (t, )+d (f( ))(t7 )+5g[ (t, )]() 0, t>0, zeRY, (10.1.1)

u®(0,2) = ug(x), r € RV,

where f = (f1,...,fn) € (C®[R))YN, up € L=®(RY) and g is the non-local operator defined through
Fourier transform by
Flglu®(t,))(€) = [EPF(u(t,))(€),  with A €]1,2]. (10.1.2)

In the case € = 0, this equation reduces to the classical scalar conservation law

ul(t, x iv u Tr) = z N
{at (t,2) + div(f(w)(t,2) =0,  t>0, 2 RN, (10.1.3)

u(0,2) = ug(x), r € RN,

Existence and uniqueness of a solution to this equation, in the L°° framework, has been established
by Krushkov [60]; it relies on so-called “entropy solutions”, which must satisfy particular inequalities.
The case A = 2 and € > 0 in (10.1.1) corresponds to g[u®(t,-)](z) = —(2m)2Au(¢,z) and is called the
parabolic regularization of (10.1.3). In this situation, existence, uniqueness and regularity of solutions
to this equation are well-known (see e.g. [62]), and an entropy solution of (10.1.3) can be obtained by
proving that, as ¢ — 0, the solution to this parabolic regularization converges to a function which satifies
the entropy inequalities of (10.1.3).

For general A €]1,2] and € > 0, in which case g is a fractional power of the Laplacian, the study of
(10.1.1) less classical, though motivated by physical problems of detonation (see [25], [23] for example),
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hydrodynamics, molecular biology, etc... (see the introduction of [7] and references therein). A number
of papers ([7], [8]...) have studied this equation (also called “fractal conservation law”). The existence
results in [7] for (10.1.1) give global solutions in the case N = 1, but which are not very regular, or local
(in time) solutions for general N > 1 and small initial data, but still not regular (in Morrey spaces). In
[8] or [9], the authors consider a parabolic regularization of (10.1.1), that is to say they add a Laplacian
operator to the equation; thanks to this second order operator, a global solution is obtained and regularity
results can be proved. These papers are mainly interested in asymptotic behaviours for this equation.
However, one could consider (10.1.1) as a (possible) regularization of (10.1.3), without having to add
another term. In this case, a natural space for the initial data is L>(R"), and the question is whether
or not (10.1.1) gives rise to a solution which is regular for ¢ > 0 (i.e. whether or not g has the same
effect on the regularity as —A). It has been proved in [36] that this indeed happens: there exists a
unique bounded solution to (10.1.1), in a suitable sense, and this solution belongs to C'*°(]0, co[xRY). Tt
is constructed via a splitting method, and inherits thus all the properties that are common to both the
conservation law and the equation ;v + eg[v] = 0, such as essential bounds, comparison and contraction
principles, etc...; its regularity is proved using the Banach fixed point theorem on Duhamel’s formula for
Opuf + eguf] = —div(f(u®)).

Once it has been established that (10.1.1) has the same regularizing effect, with respect to (10.1.3), as
the parabolic equation, the next question is to know if, as in the parabolic case, the solution to (10.1.1)
remains close to the solution of (10.1.3) for small €. This is the aim of the present work, and our main
results are the following.

Theorem 10.1.1 Let ug € L®(RY). Ase — 0, the solution to (10.1.1) converges to the entropy solution
of (10.1.3), in C([0,T); L .(RN)) for all T > 0.

loc

Remark 10.1.1 This theorem (as well as the results of [36]) is valid for more general g (roughly speaking,
the methods work for operators whose kernels are approximate units — see subsection 10.2.1). For
example, sums of operators of the kind (10.1.2) (or more general Lévy operators) can be considered, with,
as a special case, the equation Owus + div(f(u®)) 4+ eg[u] — eAu® =0 (as in [8], [9]).

As a by-product of the proof of Theorem 10.1.1, we also obtain the following error estimate.

Theorem 10.1.2 Let ug € L¥(RY) N LY(RY) N BV(RY), u® be the solution to (10.1.1) and u be the
entropy solution to (10.1.3). Then, for all T >0, ||u® — ul|c(jo,1);01 (RN)) = O™,

Remark 10.1.2 This result in the case of parabolic regularization (A = 2) has already been proved in
[61]. The special feature of Theorem 10.1.2 is that it establishes an elegant relationship between the rate
of convergence and the order of the operator chosen for the reqularization of (10.1.3); in fact, this error
estimate is optimal (see Remark 10.2.1).

Remark 10.1.3 Note that, since u® and u are bounded (by ||uol|s), a convergence in L'(RN) (respec-
tively in L (RN)) implies, by interpolation, a convergence in LP(R™) (respectively in LY (RN)) for all

finite p. For example, under the hypotheses of Theorem 10.1.2, we have, for all p € [1,00[ and all T > 0,
1

[[u® —ulle(o,1);Lr @YYy = O(€7%).

The paper is organized as follows. In the next section, we prove approximate entropy inequalities for u;
this function has been obtained in [36], using a splitting method, as a limit of explicit functions: we first
prove approximate entropy inequalities on those explicit functions, and then deduce the corresponding
inequalities for u®; it is not clear that these estimates could be inferred from the methods of [7]. In
Section 10.3, we use Krushkov’s classical doubling variable technique to combine the approximate entropy
inequalities on u® and the entropy inequalities on u, which gives an estimate on |u® — u| and proves
Theorem 10.1.1. Section 10.4 is devoted to the proof of Theorem 10.1.2, which is an easy consequence
of the estimates obtained in Section 10.3. We have gathered, in Section 10.5, some results concerning g
and its kernel, which we use in the rest of the work.
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10.2 Approximate entropy inequalities for (10.1.1)

In order to prove approximate entropy inequalities for u®, we need to recall the construction of this
function (see [36]).

10.2.1 Construction of u¢

The solution to d;v + eg[v] = 0 with initial condition v(0,-) = vg is (at least formally) given by v(t,-) =
K (t,-) * vg, where

K.(t,2) = F (e =) ().

The main property of this kernel is that (K.(¢,-)):—o is an approximate unit. This means that K.(¢,-) is

non-negative (see [65]), has integral equal to 1 and that, for all v > 0, fl >v Kc(t,y)dy — 0ast— 0 (}).

We assume here that ug € C°(RY) (though ug € L>®(RY) N LY(RY) N BV(RY) would be enough). Let
§ > 0 and u®° : [0, oo[xRN — R be defined by u(0,-) = uo and

. for all even p, u? is, on |pé, (p+1)8] x RV, the solution to dyus?+2eg[u®°] = 0 with initial condition
©9(pd, -), that is to say u®o(t,x) = K.(2(t — pd),-) * u=°(pd,-)(z) for (t,z) €]pd, (p + 1)6] x RV,

e for all odd p, u®? is, on |pd, (p + 1)d] x R, the entropy solution to d;us° + 2div(f(us°)) = 0 with
initial condition u®°(pd, -).

We have then u® € C([0,00[; L' (RY)) with u?(0,-) = ug and

VE >0, [[usd(t, )| g @ny < luollpeo@yy s (U0t )|z @ay < ol @y

(10.2.1)
and [u°(t, )| gy ey < ||[Vuollr@y).

It has been proved in [36] that u®° converges, as § — 0 and in C([0,T); Li, . (RY)) for all T > 0, to the
solution u® of (10.1.1). Tt has also been noticed that, for § small enough, u*? is in fact, on [pd, (p+1)8] x RN
for all odd p, a regular solution to d;u®? + 2div(f(u®?®)) = 0; moreover, for such ¢ and all t > 0, u°(t, ")
is regular.

The results of [36] are stated in dimension N = 1 and with g instead of g (with K instead of K.) but,
as indicated in this reference, they are valid in any dimension N > 1 and substituting K. for K; (K. has
the same properties, for a fixed € > 0, as K;: in fact, K.(t,z) = K;(et,x)), they also hold with eg.

Remark 10.2.1 If f = 0, the solution to (10.1.1) is u®(t,x) = K.(t,-) * uo(x) and the solution to
(10.1.8) is u(t,z) = uo(z). Taking, for example, ug the characteristic function of [—1,1], some easy
computations and the homogeneity property K.(1,z) = Ky(e,x) = e N/AK (1,6~ z) (see footnote 1
on page 184) show that [[u®(1,-)|| L1 @ry\[—1,1]v) = cel/> for some ¢ > 0. Hence, the estimate of Theorem
10.1.2 is optimal.

10.2.2 The approximate entropy inequalities

We now establish the following approximate entropy inequalities for the solution to (10.1.1).

Proposition 10.2.1 Assume that ug € L=(R"Y) and let u® be the solution to (10.1.1). Let n: R — R
be a regular convex function and ¢ = (¢1,...,0n) such that ¢, = n'fl. Then, for all non-negative

1 This comes from K¢ (¢, z) = t~N/XK.(1,t=1/*z) (change of variable in the definition of K.) and from K.(1,-) € L*(RN)
(because the N + 1 first derivatives of £ — e—<l€1* are integrable on RY).
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0 € C([0,00[xRY), we have
/ [t o)duptt, ) + S (1. 0) Vepltsn) dedo+ [ nluo(a))p(0.2) do
RN RN

6/000 /]RN n(u(t, 2))glp(t, )] (x) dtdz.  (10.2.2)

Remark 10.2.2 If ¢ € O([0,00[xRY), then t € [0,00[— Ve(t,-) € L*RY)N and t € [0, 00[—
Ap(t, ) € LY(RYN) are continuous; hence, by Lemma 10.5.1 and the linearity of g, the functiont € [0, co[—
glp(t, )] € LYRY) is continuous. In particular, since p(t,-) = 0 for t large enough, (t,x) — g[o(t,-)](z)
is integrable on 0, c0[xRY.

Proof of Proposition 10.2.1
Note that (10.2.2) with n or n — n(0) are the same inequalities. Indeed, the entropy fluxes ¢ associated
to n and n — n(0) are identical,

/ Orp(t, x) dtdx —|—/ ©(0,z)dz =0
o JRW RN

and, since g[p(t,-)] € LY(RY) for all ¢t > 0 (see Lemma 10.5.1),

/RN gle(t, (@) dz = F(gle(t, ))(0) = (|- *F(e(t,-))(0) = 0.

Hence, there is no loss in generality if we assume that 7(0) = 0, which we do from now on.

The proof is done in two steps. We first suppose that the initial condition is regular, in which case we
establish approximate entropy inequalities for the functions 1u*? constructed in subsection 10.2.1, and we
deduce the result of the proposition by letting § — 0. We then prove the proposition for general initial
conditions.

Step 1: assume that ug € C°(RY).
We take § small enough so that u®° is, on [pd, (p + 1)d] x RY for all odd p, a regular solution to
Oyus® + 2div(f(us%)) = 0. For odd p, we therefore have

(p+1)8
/ ; [ 0 € )0uptt,0) + 2000t 0) - Viplt ) ded
j2 RN

= /RN n(u((p + 1)8,2))((p + 1)5, z) dz — / n(u= (pd, x))p(pd, x) da.

RN

Summing on odd p’s (note that, since the support of ¢ is compact, this sum is finite), and defining s as
the characteristic function of Ugda p|pd, (p + 1)d], we find

/ /RN w0 (t,2))0pp(t, x) + 2¢(u™’ (t, 7)) - Veo(t, z)) xs(t) dtdx = Z (apr1 — ap)
odd p

where

ay = / 0 (05, ) (@)

Z(apﬂ_ap): Z Z ap = Z p — Gpt1) — a0,

odd p even p, p>2 odd p even p

Since
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we deduce that

| [ 02 0)00(t.0) + 200070,2)) - Tiolt, ) xslt)deds + [ ntun(a)p(0. ) da
= Z (ap — aps1). (10.2.3)

even p

If p is even, we have, by definition, u®°((p + 1)8) = K.(26) * u®°(pd) (it is convenient, because of the
convolution product, to omit the space variable). Since 7 is convex and K.(26) is positive with integral
equal to 1, Jensen’s inequality gives then n(us?((p + 1)d)) < K.(20) * n(u’(pd)). The function ¢ being
non-negative, we deduce that n(u®°((p 4+ 1)8))e((p 4+ 1)8) < K- (26) * n(u?(pd))p((p + 1)§) and thus

IN

o K< (26) * n(u® (p))o((p + 1)8) — n(u™’ (p))p(pd)

F((p+1)0)e((p+1)8) — F(pd)p(pd)
RN
where F(pd) = n(u®?(pd)) and, for t €]ps, (p + 1)8], F(t) = K.(2(t — pd)) = F(pd) (i.e. F satisfies
O F + 2eg[F] = 0 on |pd, (p + 1)d]). We have n(0) = 0, so that, letting Cy be the Lipschitz constant of 7
on [—[[to]|oc, |[6]loc] and using (10.2.1),

Gpt+1 — Ap

[|[F(pd)|| L1 ry < CO||UE76(p5)||L1(RN) < Colluoll L1 @y (10.2.4)
IV F (p8)]| 11 rvy < Col|Vu® (p8)]] 1wy < Col[Vuol| 1 gy (10.2.5)

(recall that & is small enough so that u®9(t,-) is regular for all + > 0). Lemma 10.5.2 in the appendix
enables then to write

IN

Gp+1 — ap

/ F((p+ 1D8)e((p + 1)5) — F(pb)(pd)

(p+1)8
B / /RN (t, 2)0p(t, x) — 26 F'(t, )g[p(t, -)](2) dida. (10.2.6)

We have, by Lemma 10.5.3 in the appendix, for all v > 0 and all ¢ €]pd, (p + 1)4],

IE®) =0 @O)lli@yy = [[K(2(t = pd)) * F(pd) — F(pd)|| 1 @)

2[[F(po)||r my K (2(t = pd),y) dy + v|[VF (pd)][ 1 mw)-

ly|>v

IN

Using (10.2.4) and (10.2.5), we deduce

I|1F(t) — n(u? (pd))|| 2 @~y < 2C0|uol| L1 (ryy Sufms e Kc(s,y)dy + Cov||[Vuo||p1mry.  (10.2.7)
0<s y|Z>v

We have |[n(u®°(t)) — n(u®?(pd))| < Colusd(t) — u=°(pd)| and, for t €]ps, (p + 1)8], u’(t) = K. (2(t —
pd)) * u¥(pd). Hence, Lemma 10.5.3 and (10.2.1) give, for all ¢ €]pd, (p + 1)] and all v > 0,

||77(u5’5(t)) —n(us’é(pts))”Ll(RN) < 200||UO||L1(RN) O<Su£)26 s KE(S,:I/) dy + C()V||VUO||L1(RN). (1028)
s< y|>v

Gathering (10.2.7) and (10.2.8), we find, for all ¢ €]pd, (p + 1)d] and all v > 0,

[|F(t) — n(us NIl Lr @y < 4Co||uo|| L1 @y <suio25 N K (s,y) dy + 2Cov||Vug|| L1 (myy = we (6, V)
S y _l/
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with lim, o (lims_o we (9, 7)) = 0 (because (K.(t,-))t—o is an approximate unit). Using this inequality
n (10.2.6), we obtain, for all v > 0,

p+1
oy < [ [ )it a) 2 1 a)olpth, ) dida

(p+1)6
be60) [ (0t Moo+ 2ellaliolt Mlmge) i (10:29)
p

Note that, by definition of g, we can write

ottt Msmcery < 11 PFGED o
oIy (27r||--||A)2<N+1> F (ot ) + (=2 () LY(RN)
= T (27-1|-.||)\)2(N+1) L) 17 (ot ) + (=AMLt ) || e vy
= |13 (27T||-.||A)2<N+1> . llp(t, ) + (=)Mot ) pr@y)  (10.2.10)

with A —2(N +1) < —2N < —N. Hence, t — ||g[¢(t,-)]|| @) is integrable on [0, 00 (in fact, this
function is continuous and null for ¢ large).

Summing (10.2.9) on even p’s and coming back to (10.2.3), we deduce

Ia / (10" ()00t 2) + 26(u7 (t,2) - Vit 2)) xo®)dtds + | nfuo(a))o(0. ) de
0 RN RN
> = [ 0 )dneta) 2, 2lote, ) (1 - xs(0) dida
—e(6,) / " (100t Ly + 2lglolt. e ey

(note that 1 — x5 is the characteristic function of Ueyen p|pd, (p + 1)4]), that is to say

| [ nw ot n) + 200t 2) - Vott,axs @) dedo+ [ nfuo(a))p(0.2) do
0 RN RN
> 2 [ ] gl @)1 - xat) dida
—%(571/)/0 (l10ep(t, I poo vy + 2¢llglep(t, )| Lo my) dt. (10.2.11)
As § — 0, we have u®° — v in C([0,T]; LL (RY)) for all T > 0; hence, n and ¢ belng Lipschitz-

continuous on [—||to|so, ||t0]|c] and us? taking its values in this interval, we deduce that n(us?) — n(u®)
and ¢(u?) — ¢(uf), as § — 0 and in C([0,T]; Li, .(R™)) for all T > 0. This allows to see that, as § — 0,

/ / uO(t,2)) 0y p(t, x) dtdx —>/ / £(t, x))0p(t, x) dtdx. (10.2.12)
]RN RN
We also deduce that

o o(u™(-,2)) - Ve, ) da — - P(u (-, 2)) - Vool x)de in Lig ([0, 00f),
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and thus in L'(]0, oo[) (these functions are null for ¢ large). Since x5 — 1/2 in L>°(]0, oo[) weak-x, this
implies

/00/ 20(us°(t, x)) - Vop(t, x) x5 (t) dtde — /00 o(us(t,z)) - Vo(t, z) dtdz. (10.2.13)
0 RN 0 RN

For all M > 0, we have

| S eaoglet Nwyds — [t glote, (e de
RN RN
< llglelt Moo |

|| <M

0" (1)) = n(u (1) o+ 20, [ et @ ds (10219
z|>M

with C1 = sup{|n(2)|, |z| < ||uo||eo}- By Remark 10.2.2, the function t € [0, 00[— g[p(t,-)] € LY(RY) is

continuous and null for ¢ large enough; this implies that {g[p(¢,-)], t > 0} is compact in L*(RY), and

thus, by Vitali’s theorem, that

lim lgle(t, )](z)]dz =0 uniformly with respect to t > 0.
For a fixed M, we have fl <M In(u(t, ) — n(us(t,z))| dx — 0 as § — 0, locally uniformly with respect

to t > 0; since sup; ||g[(t, )]l Loemy) < 00 (see (10.2.10)), these considerations and (10.2.14) show
that, as 6 — 0,

/RN n(u= (-, x))gle(, ))(2)dz — o n(ws (- 2)gle(, )l(x) de in Lig, ([0, o0]),
and thus also in L!(]0, co[) (because ¢(t,-) = 0 for ¢ large). We have 1 — x5 — 1/2 in L°°(]0, co[) weak-x,
which implies

2e AOO /RN n(uE,(S(t, (E [(P( )}( )(]— — Xd dtdl‘ — E/ /RN (p(t’ )}(‘T) dtdzr. (10215)

Passing to the limit § — 0 in (10.2.11), thanks to (10.2.12), (10.2.13) and (10.2.15), we deduce

| [ oot + o) Vott.a) dida + [ atun()ol0.0)da

RN

o[ [ttt @) dida
~ (timwel@) [ (0ot Mamany + 2elalote, Mlamam)

Since this is satisfied for all ¥ > 0, we can let ¥ — 0 and use the property of w.(d,v) to see that (10.2.2)
holds.

Step 2: we now only assume that ug € L= (RY).
Let ug,, € C°(RY) which converges a.e. to ug and is bounded by ||ug||o0; We define u, as the solution
to (10.1.1) with ug,,, as initial datum. As in Section 6.4 of [36], we can see that (u )n>1 is bounded (?)
and converges pointwise to u¢ as n — oo (3).

¢ satisfies (10.2.2), with ug, instead of up. Hence, using the dominated convergence theorem, we let
n — oo in this inequality to see that it is also satisfied by u®, and the proof is complete. B

2This can be deduced from (10.2.1) by letting § — 0, and using ||uo,n||ec < Hu0||oo.

3This is a consequence of estimates in [36] which show that all the derivatives of u$ are bounded on ]tg, co[xRY, for all
to > 0, uniformly with respect to n; there is thus a subsequence of (u$),>1 which converges pointwise and, to prove that
the limit is a solution to (10.1.1), we let n — oo in Duhamel’s formula which defines these solutions.
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10.3 Proof of the convergence

Proposition 10.3.1 Let ug € L=(RY), u® be the solution to (10.1.1) and u be the entropy solution to
(10.1.8). Let L be a Lipschitz constant of f on [—||uo||eo, ||u0]|ec] and T > 0. If B is a subset of R, we

define B = {z € RY | dist(x, B) < 1} and, for (u,v) €]0,1[2,

wl(p,v) = sup sup / lu(t,z) —u(t +r,x+ z)| dx (10.3.1)
0<t<T \ O<r<p,|z|<v

wl(p,v) = sup / luo(z) — uo(z + 2)| dx + sup / luo(x) — u(s, z)| dz. (10.3.2)
|z|<v 0<s<p

B(R) denotes the ball in RN of center 0 and radius R. Then, for all M > LT, there exists C1 > 0 such
that, for all to € [0,T], for all e > 0, for all u €]0,1[ and for all v €]0,1],

/B<M oy 17t —ulto, @)l d < Croy M () + w3 M (1, v)

—|—2€||u0||oo/ / / hoai(y,t, )] ()| dydtdz(10.3.3)

for some hy, pr € CX(RY x [0,T] x RY) only depending on v and M.

Remark 10.3.1 As in Remark 10.2.2, the regularity of h, ar enables us to see that (y,t) € RN x [0,T] —
glhu(y,t,-)] € LY(RY) is continuous and that (y,t,z) — glhym(y,t,-)](z) is integrable on RN x [0, T] x
RV,

Proof of Proposition 10.3.1

We use the famous doubling variable technique of Krushkov (see [60]).

(10.2.2) has been obtained for regular convex 1 but it is easy, thanks to an approximation technique, to
see that it also holds with the entropy 7, (z) = |z — k|, associated to the flux ¢.(z) = f(2Tk) — f(2Lk)
(where 2Tk = max(z, k) and zLk = min(z, k)).

Let ¢ € C°([0, 00[xRY x [0, 00[xRY) be non-negative. Applying, for fixed (s,y) €]0,co[xRY, (10.2.2)
t0 u(s,y) and @(-, -, s,y), and integrating on (s,y) €]0, co[xRY, we find

/ /RN/ /]RN [uf(t, ) — u(s, y)|0wpe(t, z,s,y) + F(u®(t,x),u(s,y)) - Ve(t, z, s,y) dsdydtdz

+/ / / |uo(z) — u(s,y)|0(0,z, 5,y) dsdydz
0 RN JRN

> e /O /R ) /O /R Ju(t,2) — (s, )] it 5. 9)] () dsdydida(10.3.4)

where F(z,w) = f(zTw) — f(zLw) is symmetric. We can see, as in Remarks 10.2.2 and 10.3.1, that
(t,x,8,9) — glp(t, -, s,y)](z) is integrable on |0, co[xRY x]0, 0co[xRY, so that all the integral signs in the
right-hand side can be manipulated at wish, using Fubini’s theorem.

Since u is the entropy solution to (10.1.3), we have, for all K € R and all non-negative ¢ € C2°([0, oo[xRY),

/Oo / e (5, 9))Ba0(5,4) + b (u(5,)) - V(5. ) dsdy + / e (0(5)) (0, ) dy > 0.
0 RN RN

Applying this inequality to x = u®(t,z) and ¢ = ¢(t,,,-), and integrating on (t,x) €]0,c0[xRY, we
obtain

L[ o) = e taiouett, s, + Futs.g)n () - Tyt . 5,0) ddydida
0 RN JO RN
+/ / / luo(y) — u®(t, x)|p(t, x,0,y) dtdedy > 0. (10.3.5)
0 RN JRN
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Summing (10.3.4) and (10.3.5), we see that

/ / / / [uf(t, ) — u(s,y)|(Opp(t, x, 8,y) + Osp(t, x, 8,y)) dsdydtdx
o JryJo Jry
+/ / / Fu®(t,z),u(s,y)) - (Vao(t,z,s,y) + Vyp(t, z, s,y)) dsdydtde
o JryJo Jry
+/ / / [uo(x) — u(s, y)lp(0, z, s, y) dsdydz
o JrN JrN
[ [ ) — o)l w,0.) didody
o JrN JrN
e [ [ )~ sl gl s )@ dsdydd. (10:30)
0 RN Jo RN

Let p, € C*(RY) and 6, € C>(R) be smoothing kernels such that supp(p,) C {z € RY | |z < v}
and supp(6,) CJ0, u[. We take ¢ € C2°([0,00[xR") a non-negative function and we let ¢(t,z,s,y) =
P(t, z)py (y—2)0,(s—1); we have Dyp(t, @, 5,y)+0sp(t, 7, 5,y) = O (t, ) pu (y—2)0y(s—t), Vaip(t, z, 5, y)+
Vyo(t,z,s,y) = Vo (t,z)p, (y — )0, (s — t) and ¢(t,x,0,y) =0 (for ¢ > 0). Hence, (10.3.6) gives

/000 /RN /OOO /RN [u®(t, 2) — u(s, y)|0wb(t, ) py (y — )0, (s — t) dsdydtdz
i /0°° ~/]RN /Of"’ /RN F(u(t,2),u(s,9)) - Vorb(t, 2)pu (y — 2)0,(s — t) dsdydtdz
+/O°° /RN /RN luo(2) — u(s, )| (0, 2)pu (y — 2)0,(s) dsdyda

= 8/OOO /RN /OOO /RN Ou(s = t)|us(t,2) — uls, y)| glpw (y — (¢, )] (2) dsdydtdz. (10.3.7)

Let A, As and A3 be the first three lines of this inequality (). We take T'> 0 and B a bounded set in
R¥, and we suppose that supp(¢)) C [0,7T] x B. Then

A — /OOO /RN /OOO /RN 0F (8, ) — u(t, 2)| O (t, 2)po (y — )0, (5 — ¢) dsdydtda

< / / / / lu(t, ) — u(s,y)| [Pt 2) | (y — )6, (s — t) dsdydtda
0 RN Jo B
< 1108l (o ez mry) SUD ( / / / |u(t,x>—u(s,y>|py<y—xm(s—t)dsdydx)
o<t<T 0 RN JB
< |0l L1 0,1 Lo mY YWY (1, V).

Since [ 0,u(s—t)ds=1for all t > 0 and [yn po(y — ) dy = 1 for all z € RY, this gives

s [ ] a) — ult 0l0(t,3) dide + 100011 0 a e (1.0) (10.3.8)
0 N

4We keep the precise expression of the fourth term up to the end, since it will be useful in the proof of Theorem 10.1.2.
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We have |F(u®(t,z),u(s,y))| < Llu®(t,z) — u(s,y)| (because both functions u® and u take their values in
[—|]uol|oos ||o]|oo]) and therefore

LT[ )~ sl [9av o~ 065 — 0 syt

LT e - ol 1920l — )0, — 1) dsdyataa
s [T [ bt — w9000 o 28,5 1) dsdydd

|Aa|

IN

IN

IN

L[ ()~ ut. )l [Vt dide + LIVt o pizm el (171039
0 R

Note that if z € B and p, (y — x) # 0, then dist(y, B) < v < 1. Therefore, for v <1,

Aal < 00wy [ [ [ ale) — uolw)los (o — 26,5 dsd
Oy [ [ [ o) = uls oty - 06, (5) dsdyaa

< (0, )| oo rvyws’ (1, v). (10.3.10)

Gathering (10.3.8), (10.3.9) and (10.3.10) in (10.3.7), we deduce

/)00 /RN |u5(t,a:) — u(t,x)|(at¢(t,aj) —+ L|vx¢(t,aj)|) dtdzx
|5t¢||L1(0TL°°(RN + L[|Vq ¢||L1(0TL°°(RN)) wB(u,v) +|¥(0, )HLOO(RN)WQB(/L,I/)
>8/ /RN/ nZ (s = O)|us(t,2) = uls,y)l glpu(y — )Y (t, )](x) dsdydtdz.  (10.3.11)

Let M > LT and wyr € C°([0, 00[) be non-increasing, with values in [0, 1], such that wy =1 on [0, M]
and supp(wys) C [0, M +1]. Let © € C°([0,T[) with values in [0,1]. Then 9 (¢, z) = was(|z|+ Lt)O(¢) is
non-negative, belongs to C2°([0, co[xRY) (the function © has its support in [0, 7] and (¢, z) — was(|z|+
Lt) is regular on [0, 7] x R¥ since, in the neighborhood of [0, 7] x {0}, we have wys(|z| + Lt) = 1) and
supp(¢)) C [0, T[x B(M + 1). We have

oup(t, ) = Lwh, (2| + Lt)O(t) + war(|z] + Lt)O' (1)

é_| = (—w), (|z| + Lt))O(t)

(recall that wys is non-increasing). Hence, 9y (t, ) + LIV, ¢ (¢, 2)| = wa(|z| + Lt)©'(t). Moreover,

Vath(t, )] = |wiy (|z] + L1)O(1)

10s]| L1010 v )y < LT[ wislloo + 11010,y s [IVallLr 0,000 @)y < Tlwi]loo-

Therefore, (10.3.11) gives

/ /RN [u(t, ) — u(t,x)|wa (Jz| + Lt)O' () dtdx

B(M+1)(

+RLT|[Wirlloo + 110|210y )0t M (1, v) + w %%

< [T et 00 sl gl — e+ 20 st
(10.3.12)
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Let to € [0, and take O(t) = ©4(t) = [~ 05(s — to) ds. Then, for 3 small enough, O3 € C°([0,T7),
has its values in [0,1] and |[©}]|z1(0,7) < 1. Since, for all ¢ € [0, 77, wy(| - |+ Lt) =1 on B(M — LT)
and O5(t) = —0s(t — to), we deduce from (10.3.12) that

T
/ / [uf(t, z) — u(t,z)|0a(t — to) dtdx
0 JB(M-LT)
< @LT|[willso + D™ (1, 0) + wy M (4, v)

e [T a0 ) sl gl — (1| + L)) syt

For all tg € [0,T, 03(- — to) converges, as § — 0 and in the weak-* sense of the measures on [0, 7], to
the Dirac mass at to; as 3 — 0, we also have ©5 — 1y 4, everywhere and |©5| < 1. Since both u and u*

are continuous [0,7] — L (RY) and

b= [T 8l =0l ) — uts )l = a1 |+ 20 ddyd
RN JR
is integrable on [0, 7] (see Remark 10.3.1), we can let 3 — 0 to find

/ uf (to, @) — u(to, )| de < (2LT|[whylleo + VP ™ (1) + wy M (1, v)
B(M—LT)
+eTz puv,m(to) (10.3.13)

where

Te i (to) = / Lo outs =01t () = sl oty = Juna (- | + L)) ddytda

(10.3.14)
satisfies

|suvM(f0|<2||U0||oo/// ot (9, ))(2) dydtda

with hy v (y,t, ) = pu(y — 2)wn (Jz] + Lt) € C2(RY x [0,7] x RY). This concludes the proof of the
proposition for ¢ty < T', and the estimate for to = T is obtained by letting ¢y — 7" in (10.3.3). B

The result in Theorem 10.1.1 is then an easy consequence of the following lemma.

Lemma 10.3.1 Let u € C([0,00[; L (RY)) and T > 0. If B is a bounded subset of RY, we define
wB(u,v) and w(u,v) from u by (10.3.1) and (10.3.2), with ug = u(0,-). Then, as (u,v) — (0,0),
wB(u,v) and wl(p,v) go to 0.

Proof of Theorem 10.1.1
Let T > 0 and M > LT, with L a Lipschitz constant of f on [—||uo||co, [|to]|ec]. Let C1 and h, ar be
given by Proposition 10.3.1.

Take o > 0. Since u is the entropy solution to (10.1.3), it is in C([0, oo[; Li

L (RN)). Hence, applying
Lemma 10.3.1, we fix p €]0,1[ and v €]0, 1] small enough so that

Cyw; MH)(,u, V) —|—wf(M+1)(,u, v) < a.

By Remark 10.3.1, we can choose g9 > 0 (depending on v and M) such that

2so||uo||oo/// lora (9, )] (@) dydtda < o
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Proposition 10.3.1 then shows that, for all € < g,

sup / [uf(t, ) — u(t,z)| dz < 2a.
te[0,T]J B(M—LT)

This reasoning can be made for all 7' > 0 and all M > LT, which proves that u® — u in C([0,T]; L] .(RY))
forall7>0. m

Proof of Lemma 10.3.1
The convergence of w¥ (i1, ) is quite easy. Indeed, since ug = u(0,-) € L (RY) and B is bounded, we
know that

/ luo(z) —uo(z + 2)|de — 0 as z — 0.
B

By continuity of u : [0, 00[— Li

L @®RY) and since B is bounded, we also have |Ju(s,-) — u0||L1(]§) — 0 as

s — 0. Hence, this proves that w (i, v) — 0 as (u,v) — 0.
The convergence of w (1, v) is a bit more tricky. We split it in two parts:

(UB 14 su su u ) —Uu i z i
Bluy) < p< p/But,) (t +>|d>

0<t<T \ |z|<v

+ sup < sup /|u(t,a:+z)—u(t+r,x+z)|dx>
B

0<t<T \O<r<p,|z|<v
< sup ( sup / lu(t, x) — u(t,x + 2)] da:) (10.3.15)
0<t<T \ |z|<v /B
+ sup < sup /~ lu(t,y) —u(t+r, y)|dy) . (10.3.16)
0<t<T \0<r<p.JB

By hypothesis, u € C([0,T + 1]; Ll(é)); hence, u is uniformly continuous [0, 7T + 1] — Ll(é) and

sup ( sup /~ lu(t,y) —u(t +7ry)| dy) < sup [lu(t, ) — u(s, ')HLI(E) — 0 (10.3.17)
0<t<T \0<r<u JB (¢,5)€[0,T+1]2, 0<s—t<p

as u — 0. Moreover, since u € C([0,T]; L'(B)), the set K = {u(t,-), 0 <t < T} is compact in L'(B);
therefore, by Kolmogorov’s compactness theorem, the translations are equicontinuous on K, that is to

say
sup | sup / lv(z) —v(z+2)|de ] — 0
vek \ |z|<vJB

as v — 0. This quantity bounds (10.3.15), which proves, together with (10.3.17), that w¥(u,v) — 0 as
(p,v) —0.m
10.4 Proof of the error estimate

We prove here Theorem 10.1.2, beginning with a stronger version of Lemma 10.3.1 in the case of more
regular functions.

Lemma 10.4.1 Let u € Lip([0, 00[; L' (RN)) such that sup, [u(t,-)|pyv @~y < 0o. We define W (1, v)

and w%w (p,v) fromw by (10.3.1) and (10.3.2), with T = oo, ug = u(0,-) and B = RN, Then w]FN (,v) =
RN

O+ v) and wE" (1,v) = O +v).

193



Proof of Lemma 10.4.1
It is classical (see e.g. [38] or (10.5.7)) that, if v € BV (RY) then,

/RN o + h) — v(@)| dz < [l [v] 5y @), (10.4.1)

Thus,
sup / luo(z) — uo(z + 2)| dz = O(v)
RN

|z|<v
and, since u : [0, 0o[— L*(RY) is Lipschitz continuous, we deduce that w%w (u,v) = O +v).
We split w]FN (11,v) as in the proof of Lemma 10.3.1 (with B = R¥ here). By the Lipschitz continuity of
u, (10.3.16) is a O(u); by (10.4.1) and the bound on |u(t, -)| gy vy, (10.3.15) is a O(v). This concludes
the proof of the lemma. B

Proof of Theorem 10.1.2

Since ug € L®(RN) N L' (RY) N BV(RY), it is classical that |u(t,-)| gy @~y < |uo| gy e~y The function
f being regular, the BV semi-norm of f(u(t,-)) is also bounded and, thanks to d;u + div(f(u)) = 0, we
see that u is Lipschitz continuous [0, 00— L!(RY). Hence, Lemma 10.4.1 and (10.3.13) show that, for
all T > 0, for all M > LT and all ¢y € [0,T], if p €]0,1] and v €]0, 1],

/ i (o, ) — ulte, )] dx < Co(2LT|[whyl|se +2) (it + ) + eTe pw i (to), (10.4.2)
B(M—LT)

where we recall that T ,, ., ar(to) is defined by (10.3.14).

To bound 7%, ., m(to), we use (10.5.1). We handle the case A €]1,2[, the other one being easier (and,
anyway, well-known). We define § = —N — (A — 2). It is not hard to check, differentiating under the
integral sign, that

glhw e (y t.))(@) = Exl - 17+ (Ashy e (y, 8, ) (@) = Exdive (|- |7 * Voo (y,t,)) (@)

(recall that b, ar(y, t, x) = p, (y—x)wp (|z|+Lt) € C°(RY x [0, T] xRY)). Let A be such that the support
of hy m(y,t,-) is contained in the ball of center 0 and radius A. From the definition of the convolution
product, we see that, for |z| > A, ||| * Vihyam(y, t, ) (z)] < A(|z| — A)P; hence, |- |? * Vihy a(y, t, ) (2)
goes to 0, as |x| — oo, quicker than |z|~M*1 (because # = —N — (A —2) < —N + 1). We know that
u®(t,-) is regular for all ¢t > 0 (see [36]), and that ||[Vu(t,-)||L1 &~y < [uolpy@n~) (this can be easily seen
letting 6 — 0 in (10.2.1) — we have noticed that the construction of u° in subsection 10.2.1 is valid for
initial data in L>(RY) N LY(RY)N BV (RY)). We can therefore use Stokes formula on a ball of radius R
and let R — oo to find

[ ) = s, gl et (o) do
= By [ V)~ s )D(a) - (- P Vbl ) (o) da
= By [ sen(a(tn) — s ) V() (1 Vahaa .. ) ) d

which implies

/RN = (t, 2) — (s, y) glhw, (v, £, -)](x) de

< IEA|/RN IV (& 2)] (- 17 % Vahoaa (y,t,)) (@) de.

Therefore, by (10.3.14),
to
T 0,0 (to)| < |EN| /N/ /N |V (t, )] (] - |? * Vahom(y,t,-))(x)| dydtdz. (10.4.3)
rY Jo JR
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We choose wys such that (w),)a>1 is bounded by Cy. Let 6 €]0,1[ and Bs be the ball of center 0 and
radius d; cutting as in the proof of Lemma 10.5.1 and using Stokes formula, we have

(|- |5 * vzhv,M(ya t,-))(x) / |Z|ﬁvzhv,M(ya t,x —z)dz — / |z|ﬁvz(h,,,M(y, t,x —z))dz
Bs

B

/ 20V chont (st — 2)dz — 3% | has(y,toz — 2)n(z) dos(2)
Bs 0B§

+6 | hou(ytx— Z)IZ\ﬁ’lgzl dz (10.4.4)
Bj

(05 is the (N — 1)-dimensional measure on 0B§ and n is the unit normal to 0B§ outward to B§). Since
(o m (y, 8 2) | = |po(y — 2)wnr (o] + L) < pu(y — @)
and

x
IVahya(y,t2)| = ‘—Vpu(y —wwn(|z] + Lt) + pu(y — 2)why (2] + Lt)m

IN

IVou(y — )| + Cipu(y — ),

(10.4.4) shows that
- 1% % Vahar (. )(@)] < /B|z|ﬁ<|wu<y—a:+z>|+01pu(y—a:+z>>dz
5
+<5ﬁ/ pu(y—fc+2)doa(2)+lﬁl/ puly —z+ 2)|2P de.
aBS B¢

By Fubini-Tonelli’s theorem and (10.4.3), we obtain

|Ts,,u,1/,M(tO

)
Bl [ [ ol ([ 09—+ o+ oty —a+2) i

IN

—|—55/ pl,(y—x+z)dc75(z)+|ﬂ|/ pl,(y—x+z)|zﬁ_ldz> dydtdx
aBS B¢

A

< B (IVpullpaay + Co) 11 Plloa s Vel 1o s xrn) + [EAI0705(OB5) V|| L1 0,10 [xm)
+EAB]] ] - |ﬂ_1||L1(B§)||vus||L1(]07to[><RN)-
By change of variable, ||| - |?||11(5;) = C26™ 1P, || |5’1||L1(B§) = O30V A1 and 05(9BS) = Cy0N 1,

where Ca, C3 and Cy do not depend on ¢ (recall that 3 —1 < —N < ). Since ||[Vus(t,)|[11@y) <
|uo| gy mny, we deduce that

T w01 (to)| < CsT([|Vpullprmyy + 1)6NFP 4 TN (10.4.5)

where C5 does not depend on tg, €, p, v, M or §.

Choosing smoothing kernels (p, ), >0 of the kind p, (z) = v=Np(v=1z), we have ||[Vp,||p1@y) = Cor™".
Since (wh;)am>1 is bounded by Cq, (10.4.2) and (10.4.5) give, for all T > 0, for all M > LT and all

to € 0,77,

0506T52_)‘
14

/ [uf (to, ) — u(to, z)|dx < Co(2LTCy + 2)(n+v) + € ( + CsT6* ™ + C5T<51_A>
B(M—LT)
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(we have N + =2 —X). We let M — oo and p — 0; since v < 1, this gives

52—)\
142 (o, ) = ulto, )2 qawy = O (”+e ( +61—A>) |

14

Minimizing on 0 and then on v, we see that the best choices are (up to multiplicative constants) 6 = v
and v = €'/, which proves Theorem 10.1.2. W

10.5 Appendix

10.5.1 An expression and an estimate of g[y]

Lemma 10.5.1 Let A €]1,2]. There ezist Ex € R and Cy > 0 such that, for all ¢ € S(RY),

{ glel =B\ - |TVN"O2DxAp  for X €L, 2

(10.5.1)
gle] = ExAp for X=2

and
lglelllLrwyy < Cx (IIVellLr @y + [1A¢]| L1 @) -

Proof of Lemma 10.5.1
If A = 2, the result is obvious since, up to a multiplicative constant, g[y] is Ap. We thus assume that
A €]1,2[ and we have

glel = F |- 'F(p) = @im) 2F (- P2 F(Ap)

(note that |- |*72 € LL _(RY), as A —2 > —N, and that F(Ap) € S(RY), so that |- |[*72F(Ayp)
is integrable on RY). Since A — 2 €] — N,0[, it is classical that F~1(] - [*72) = Cy| - |7V~ =2) in
S'(RY), for some C; € R. We can then check, using the definition (by duality) of F~! on S'(RY), that
F U -P2F(Ap)) = Ci| - |7N=G=2) &« Ap, which proves (10.5.1).

Let 3 = —N —(A—2) €]—N,0[. We now estimate || |- |7 * Ag|| 1 @), which will conclude the proof (note
that this estimate is not a straightforward consequence of Young’s inequalities for convolution, since |- |”
is not integrable on RY). We have, if 15 is the characteristic function of the ball B of center 0 and radius

1 and 1pe. is the characteristic function of B¢ = RV \ B,
19+ Ap = (15| - 19) * Ap + (1] - [7) = Ag. (105.2)
But 15| |# € LY(RY) (because 3 > —N), and thus
1151 17) * Apllpi@y) < 11B] - 17 |1 @) [1A@] L1 ey). (10.5.3)

By Stokes formula, we write

(1pe| -17) * Ap(x)

/B WP Ap(e — y) dy

- [ et nwasty 16 [ Toto - (L) ay

dB¢ |y

where n is the outward unit normal to B¢ and o is the measure on 0B¢. We deduce that

|(1pe

Pretp@] < [ el —pldow)+18] [ Vet -l " dy
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and, integrating this thanks to Fubini-Tonelli’s theorem,

Ll preag@ia < [ ] Ve -yldsaot) 10 [ ] Vet —u)det ay
(U(@BC) + 14 /BC |y|?~1 dy) /]RN [V(2)| dz. (10.5.4)

Since 3—1=-N—-(A-2)—1=-N—-X+1<—N, [, |yl tdyis finite. Gathering (10.5.3) and
(10.5.4) in (10.5.2), we deduce that ||| - |7 % Ap||p1@yy < C(|A¢|| 11 @y) + ||Vl L1 @y)) for some C not
depending on ¢, and the proof is complete. B

10.5.2 Technical lemmas on the kernel of g

The results in the following two lemmas have already been used in [36], but their proofs were left to the
reader. We include them here for sake of completeness.

Lemma 10.5.2 Let r > 0, wy € L'(RY) and, for t > 0, w(t,-) = K.(t,-) x wo. Then, for all ¢ €
C([0, 0[xRYN) and all ty > 0,

/ /RN (t,2)0r0(t, x) — rw(t, )glp(t, )]|(z) dtde = /RN w(to, x)p(to, x) dx —/ wo (x)(0, z) d.

RN

Proof of Lemma 10.5.2
We ignore, as in the proof of Proposition 10.2.1, the space variable. Since K,.(t) and wg are integrable,
w(t) is integrable and we have

Fw(t)) = FHEK (1) F(wo) = eI F 1 (wy) (10.5.5)
(note that, since K,.(t) is even, F1(K,(t)) = F(K,(t))). By Fubini’s theorem, for all (a,b) € L1(RY),
/ aF )= [ F a)b. (10.5.6)
RN RN

Thus, writing g[p(t)] = F1(|- [P F(p(t))) and dyp(t) = F~LH(F(dre(t))), we have, thanks to (10.5.5) and
(10.5.6), for all ¢t > 0,

|, w006(t) = rutglio(e)
- /R i e~ F Y (o ) () F (Do (1) (€) — rle*e ™" F = (wo) () F(p(2)) (€) de
= [ o (e Fe)(©) 7 )€ de.
RN
(t,€) — et F=1(w)(€) is bounded on ]0, to[xRY and, by regularity of ¢, (£, &) — |€[*F(p(£))(€) and

(t, &) — F(0p(t))(€) are integrable on ]0,to[xRY (see e.g. (10.2.10)); hence, integrating the preceding
equality on ]0,%o[ and using Fubini’s theorem, we find

[ [ waeo) — rogiede = [ (e Flotta))(€) - Flel0)(©)) 7 (wn) € de.
0 RN RN

Using once again (10.5.5) and (10.5.6), we get
/ ° / w(t)oup(t) — rw(t)glo) dt = / F wlto) Flp(to)) — F~ (wo) F((0))
0 RN RN
- / wlto)plto) w0

which concludes the proof. B
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Lemma 10.5.3 Let r > 0 and wg € WHL(RN) N CHRY). We define, for t > 0, w(t, ) = K,(t,-) * wo.
Then, for allv >0 and all t > 0,

[Jw(t, ) — wollLrry < 2[|wollpr ) / ‘ K. (t,y) dy + v||Vwo|| g1 (mn)-
yl=v
Proof of Lemma 10.5.3

The proof relies on classical cuttings of integration domain when approximate units are involved. Since
K,(t,-) is non-negative with integral equal to 1, we can write

lw(t, z) — wo(x)| =

/ Kru,y)(wo(x—y)—um(a:))dy\ < [ Kottt =)~ wole)|
RN RN
Now,

|[w(t, ) — wol|L1®n)

< Koltoy) [ wote =) —wo@)ldody + [ Foltsy) [ ot = 9) = wo(w)] dedy
ly|>v RN lyl<v RN
< 2l|wollprmyy K. (t,y)dy + sup / |wo(x + 2) — wo(x)| dx.
lyl>v j1<v JRN

We then write, using Fubini-Tonelli’s theorem and a change of variable,

1
- d d¢d d b7
[ oo+ —w@ar< [ uge s collzldcar <l [ Fuwldr. 105)

and the proof is complete. B
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