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8 Introduction

Sommaire

Cette these est consacrée a ’estimation par maximum de vraisemblance dans des problemes
inverses. Nous considérons des modeles statistiques a données manquantes, dans un cadre pa-
ramétrique au cours des trois premiers chapitres et dans un cadre non paramétrique dans le
dernier chapitre. L’approche adoptée est basée sur une version stochastique de ’algorithme d’es-
timation EM (Fzpectation Mazimization). Nous abordons a la fois le point de vue théorique de
la convergence de l'algorithme vers I’estimateur du maximum de vraisemblance et les applica-
tions pratiques. Dans le cadre non paramétrique, nous considérons également le comportement
asymptotique de 'estimateur.

Dans le premier chapitre, nous proposons une variante de ’algorithme SAEM (Stochastic
Approzimation EM) en le combinant & une méthode de Monte Carlo par chaines de Markov. Les
données manquantes ne sont plus simulées selon la loi a posteriori, mais selon la probabilité de
transition d’une chaine de Markov adéquate. Nous prouvons la convergence presque sire de la
suite (6y) générée par 'algorithme vers un maximum local de la vraisemblance des observations.
Nous présentons également deux applications, la premiere a un probléeme de déconvolution, la
seconde a un probleme de détection de ruptures.

Dans le second chapitre, nous appliquons cette version de I'algorithme SAEM au cas particu-
lier des modeles non linéaires a effets mixtes. Nous effectuons outre ’estimation des parametres
du modele, des estimations de la vraisemblance du modele et de I'information de Fisher. Nous
illustrons sur des exemples choisis dans la littérature les performances de ’algorithme en effec-
tuant des comparaisons avec d’autres méthodes. Nous nous intéressons plus particulierement au
domaine de la pharmacocinétique et de la pharmacodynamique.

Le troisieme chapitre présente une application de l'algorithme SAEM a un probléme in-
verse issu de la géophysique. Il s’agit d’effectuer deux inversions, la premiére entre les temps
de parcours des ondes sismiques et leurs vitesses, la deuxieme entre des mesures de gravimétrie
effectuées en surface et les densités du sous-sol. Notre démarche est novatrice dans ce domaine
car les parametres du modele sont estimés alors qu’ils étaient en général fixés arbitrairement.
De plus, nous prenons en compte au cours de cette inversion jointe une relation linéaire entre
les densités et les vitesses des ondes. Nous présentons des applications a des données simulées.

Le dernier chapitre propose une version non paramétrique de l'algorithme SAEM couplé
a une méthode MCMC permettant d’estimer la densité 7 des données manquantes de facon
non paramétrique. Nous exhibons un estimateur logspline 7; de cette densité qui maximise
la vraisemblance des observations dans un modele logspline de dimension J. Puis, nous nous
intéressons a la convergence de cet estimateur 7; vers 7 lorsque la dimension J du modele
logspline et le nombre d’observations tendent vers l'infini. Nous présentons des applications a
des données simulées et réelles.

Cadre et objectifs du probleme paramétrique

On considere un probléme statistique a données manquantes dans le cadre général suivant :
les données observées sont notées y, les données non observées (ou manquantes) sont notées z
et on note (y, z) les données compléetes. On suppose que les données observées y et les données
non observées z prennent respectivement leurs valeurs dans ’ensemble ), sous-ensemble de R",
et dans R’ Les dimensions n et [ des vecteurs des observations et des données manquantes sont
fixées au cours de ce travail. On suppose également que la vraisemblance des données completes
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(y, 2) par rapport & la mesure de Lebesgue p sur R! (ou plus généralement une mesure borélienne
o-finie) appartient a une famille paramétrique {f(+;8),6 € ©} ou O est un sous-ensemble de R?.
La vraisemblance des observations y est donc égale a :

o5i) 2 [ v, z0)n(d:). 1)

Pour estimer la valeur exacte du parametre 6., on peut utiliser ’estimateur du maximum de
vraisemblance, qui posséde de bonnes propriétés asymptotiques (lorsque n tend vers linfini)
dans des modeéles suffisamment réguliers. Notre but sera donc de déterminer une valeur 8 dans
O qui maximise la log-vraisemblance des observations (égale a log g) pour un jeu d’observations
y fixé. Cette valeur n’est pas nécessairement unique, la log-vraisemblance pouvant avoir plusieurs
maxima.

Ce type de modele intervient dans de nombreux domaines comme par exemple en traitement
du signal pour la déconvolution, la séparations de sources et la détection de ruptures, en tomo-
graphie, pour la tomographie par émission de positrons (T'E'P) en imagerie médicale ou pour
la tomographie sismique en géophysique, illustrée par le Chapitre 3, ou en pharmacologie dont
quelques applications sont présentées dans le Chapitre 2.

Une premiere approche : ’algorithme EM

Si les données z étaient observées, la valeur de # qui nous intéresserait dans le cadre d’une
estimation par maximum de vraisemblance serait arg maxgee log f(y, z; 8). Lorsque les données z
ne sont pas observables, on peut considérer a la place de log f(y, z; ) son espérance conditionnelle
par rapport aux données observées y. A partir de cette remarque, Dempster, Laird et Rubin
(1977) ont proposé 'algorithme EM ( Ezpectation Mazimization).

Précisons les motivations et le fonctionnement de ’algorithme EM. Comme la valeur du
parametre € est inconnue, on ne peut pas calculer directement ’espérance conditionnelle suivante
Eflog f(y, z;0)|y; 0]. On s’intéresse donc a la quantité :

Q(8'18) = Ellog f(y, z; 0')|y; ],

qui possede la propriété remarquable suivante :

Proposition. Pour tout (6,6') dans ©%, si Q(6'|6) > Q(0]0), alors 1(8') > 1(6), ot | désigne la

log-vraisemblance des observations.

Remarque. La dépendance des fonctions | et () en les observations y n’est pas mentionnée
dans les notations.

La démonstration de cette proposition repose sur l'inégalité de Jensen (voir Lemme 1 et
Théoreme 1 de l'article de Dempster, Laird et Rubin (1977)). Cette propriété implique que
tout accroissement de ) engendre un accroissement de [. Ainsi lorsque la maximisation de
() est plus simple que la maximisation directe de [, on peut procéder a des maximisations
successives de () pour espérer atteindre un maximum de /. Dempster, Laird et Rubin (1977)
proposent donc lalgorithme itératif & deux étapes suivant : lors de la premiere étape notée E, on
calcule I’espérance conditionnelle (sous la valeur courante du parametre) de la log-vraisemblance
complete ; lors de la seconde étape notée M, on maximise cette quantité en #. Ainsi, pour une
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initialisation arbitraire 6y, la k-ieme itération de 'algorithme consiste a évaluer lors de I’étape
E la quantité :

Q(010x) = Ellog f(y, z; 0)|y; 0], (2)

ou #; est la valeur courante du parametre obtenue a la fin de 'itération précédente. Puis, lors
de I’étape M, la valeur courante du parametre est réactualisée de la fagon suivante :

Or+1 = arg fgleaé(Q(HWk)- (3)

La suite (fy) définie par l'algorithme EM induit donc une suite (I(f;)) croissante. Plusieurs
auteurs ont étudié la convergence de la suite (f;). On peut citer de maniére non exhaustive les
travaux de Dempster, Laird et Rubin (1977), améliorés quelques années plus tard par ceux de
Wu (1983). Ainsi, sous des hypotheses générales de régularité du modele, Wu (1983) prouve la
convergence de la suite () vers un point stationnaire de la log-vraisemblance [ des observations.
La convergence de I’algorithme EM vers un maximum local de la log-vraisemblance [ des obser-
vations est assurée par Wu (1983) sous des hypothéses assez contraignantes sur la régularité du
modele et sur ’ensemble des points stationnaires de /.

Nous présentons maintenant un résultat de convergence de 'algorithme EM proposé par
Delyon, Lavielle et Moulines (1999), qui obtiennent pour le cadre particulier des modeles de type
exponentiel des hypothéses plus simples que celles de Wu (1983). Dans la suite, nous noterons
p(z|y; 0) la densité des données manquantes z conditionnellement aux données observées y :

p(zly: 6) é{ é‘(y,Z;H)/g(y;O) zigzg;ig

Delyon, Lavielle et Moulines (1999) supposent que le modele vérifie les hypotheses suivantes :
e (M1) L’espace des parameétres © est un sous-ensemble ouvert de RP. La vraisemblance
compléte du modele est donnée par ’expression suivante :

T(9,20) = exp {~0(0) + (5(4,2),6(0)) } , )

ou (-,-) désigne le produit scalaire dans R™, S est une fonction borélienne en la seconde
variable sur R! & valeurs dans un sous-ensemble ouvert S de R™. On désignera S(y, 2)
comme une statistique exhaustive du modele. De plus, on suppose que ’enveloppe convexe
de S(Rl) est incluse dans S, et que pour tout  dans O,

Sl 1300 ptelys () < .

Remarque. Il n’y a pas unicité de la statistique exhaustive, qui est toujours définie a une
constante pres.

e (M2) Les fonctions % et ¢ sont deux fois continiiment différentiables sur ©.

e (M3) La fonction 5: © — S définie comme suit :

02 [ Sl o)ulds

est contintiment différentiable sur ©. Remarquons que la dépendance en y de la fonction
S n’est pas notée.
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e (M4) La log-vraisemblance des données observées [ est continiment différentiable sur ©
et

0 [ 10,500 = [ sy, z50)ud2)

ol 0y désigne l'opérateur de différentiation par rapport a 6.
e (M5) On définit la fonction L : S X © — R de la maniére suivante :

L(s;0) = —v(0) + (s, 6(0)),
alors il existe une fonction 8 : S — 0, telle que :
Vs€S, VOO, Lis;8(s)) > L(s;h).
De plus, la fonction 8 est continiment différentiable sur S.

On introduit également I’ensemble £ des points stationnaires de la log-vraisemblance [ :
L =16 € 0,0(0) =0},

et on désigne par d(z, A) la distance euclidienne du point z a ’ensemble fermé A. Le résultat
de convergence de la suite () s’énonce alors ainsi :

Théoréme 1 (Delyon, Lavielle et Moulines (1999)). Supposons vérifiées les hypothéses
(M1)-(M5). Alors pour tout point initial 8y dans ©, la suite (I(8y)) obtenue par lalgorithme
EM est croissante et la suite (0y) vérifie limy_,o. d(0;, L) = 0.

L’utilisation pratique de cet algorithme pose plusieurs types de problemes : d’une part, ceux
relatifs aux limites obtenues pour la suite (), d’autre part, ceux relatifs & la mise en oeuvre
méme.

La limite atteinte par la suite peut dépendre de la valeur initiale de la suite 8y. Ce probleme
est habituel dans la mesure ou la plupart des algorithmes itératifs déterministes y sont confrontés.
Supposons que les hypotheses suffisantes a la convergence de la suite () vers un maximum local
soit vérifiées. Dans le cas d’une vraisemblance unimodale, la limite sera bien le maximum global
de la vraisemblance. Par contre, si on considere le cas d’une vraisemblance multimodale, la
convergence aura lieu vers I’'un des maxima locaux, rien n’assurant qu’il s’agisse du maximum
global. Un des moyens de contourner ce probleme consiste a faire varier le point initial 8, dans ©
pour atteindre différentes limites possibles et de comparer ensuite les valeurs de la vraisemblance
obtenues en chacune de ces limites pour choisir finalement la limite en laquelle la vraisemblance
est la plus grande (Wu (1983)).

Concernant les problemes relatifs a la mise en oeuvre de 'algorithme, on en compte trois
principaux dus au calcul de la quantité (Q(#|6;), a la maximisation en 6 de cette valeur et a
la convergence relativement lente de ’algorithme. Lorsque la maximisation directe de () (6|6y)
est délicate, on peut procéder par des accroissements successifs en choisissant la valeur 044
telle que Q(0x4+1]0x) > Q(0x|0k). Un algorithme du type gradient ou Newton-Raphson apporte
donc une solution satisfaisante a ce probleme comme le propose par exemple Lange (1995) qui
utilise une itération d’un algorithme de Newton au cours de I’étape M. Un autre type de solution
fut proposé par Meng et Rubin (1993) : I’étape M est remplacée par une étape CM constituée
d’une suite de maximisations sous contraintes de la log-vraisemblance complete selon certaines
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directions prédéfinies, inspirée de I’échantillonneur de Gibbs (Meng et Rubin (1992)). Cette
modification apportée a 'algorithme EM, notée ECM (Ezpectation Conditional Maximization),
préserve la propriété de croissance de la vraisemblance, ainsi que celle de la convergence de la
suite (f) moyennant des hypotheses sur la régularité du modeéle et sur les contraintes choisies
pour les maximisations (Meng (1994)).

Les probléemes persistants sont donc principalement liés aux difficultés de calcul de I'intégrale
définissant (Q(0|0;) et au temps de calcul nécessaire a la convergence de 'algorithme dans les
applications pratiques. Des solutions a ces deux types de problemes sont apparues par le biais
d’une approche stochastique, alliant la simulation de variables aléatoires a ’algorithme EM.

Quelques variations stochastiques sur EM

Une des premieres variantes stochastiques de I’algorithme EM fut la version SEM (Simulated
EM) proposée par Celeux et Diebolt (1986) pour l'identification de mélanges finis de densités.
A D'étape E s’ajoute une étape S de simulation : on calcule la densité conditionnelle p(-|y;0),
puis on simule une réalisation z; selon cette loi, qui remplace a 'itération k£ de l'algorithme
les données manquantes. La maximisation en # se fait donc sur la log-vraisemblance complete
log f(y, zx; ). Outre le fait de résoudre le probleme lié au calcul de l'intégrale de 'étape E, le
caractere stochastique du nouvel algorithme permet aussi de réduire la dépendance de la limite
de la suite (#) en les conditions initiales : en fait, la simulation de la réalisation z effectuée a
chaque itération laisse a la suite () une certaine souplesse en autorisant une exploration plus
générale des modes de la vraisemblance dans le cas multimodal. Autrement dit, 'algorithme
n’est plus contraint systématiquement dans un voisinage du mode le plus proche des conditions
initiales. Les résultats de convergence obtenus par Celeux et Diebolt (1986) sont relativement
limités dans la mesure ou seul le comportement en moyenne de la suite (f;) est considéré.
Des améliorations ont cependant été apportées par les auteurs un peu plus tard en considérant
une version de type recuit simulé, combinant EM et la version SEM précédemment proposée
(Celeux et Diebolt (1990), (1992)). lls conservent le cadre des mélanges de densités et établissent
la convergence presque sire de la suite () vers un maximum local de la vraisemblance.

Lorsque l'espérance conditionnelle de la log-vraisemblance compléte ne peut étre calculée,
Wei et Tanner (1990) proposent une autre solution, notée MCEM (Monte Carlo EM), qui consiste
lors de I'itération k de I’algorithme EM a approcher I'intégrale Q)(0|6;) par une méthode de Monte
Carlo : il s’agit donc de simuler un grand nombre T de variables aléatoires (Zt)lgth a partir
de la loi a posteriori p de z sachant y et de la valeur courante du parametre 8, pour ensuite
réaliser I’approximation suivante :

T
QO16) = > loa 1y, =561,
t=1

L’inconvénient notable de cette méthode est ’allongement du temps de calcul qu’elle engendre,
vu le nombre important de simulations qu’il faut réaliser a chaque itération de ’algorithme. Dans
larticle de Wei et Tanner (1990), I'algorithme MCEM est testé et illustré sur deux exemples,
mais aucun résultat théorique de convergence ne vient appuyer ces simulations.

Pour éviter des simulations trop nombreuses tout en conservant de bonnes propriétés de
convergence, Delyon, Lavielle et Moulines (1999) ont proposé une version intermédiaire utilisant
la simulation via une approximation stochastique.
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L’algorithme SAEM

Dans cette variante de I’algorithme EM notée SAEM (Stochastic Approzimation EM),’étape
E est divisée en deux parties, d’une part une étape de simulation, notée S et d’autre part une
étape d’approximation stochastique, notée A. Lors de l'itération k, ’étape S consiste a simuler
une réalisation z; des données manquantes z d’apres la loi conditionnelle p(-|y;8;). L’étape
A introduit une suite décroissante de pas positifs (7x) et réalise 'approximation stochastique
suivante

Qr+1(0) = Qr(0) + villog f(y, 2k; 0) — Qr(0)], (5)

a partir d’une initialisation déterministe ()(6p). L’étape M devient :
0 = argmax 9). 6
k1 = arg max Qp1 (6) (6)

En fait, si on suppose que le modele est de type exponentiel (4), il suffit de réaliser I'approxima-
tion stochastique (5) sur une statistique exhaustive du modele S. On construit alors une suite
de points (sy), initialisée par sg, de la fagon suivante :

Sk+1 = Sk + 7k |S(Ys 2k) — Sk (7)
et ’étape M s’écrit avec les notations de I’hypotheése (M5) :
Opi1 = O(si11). (8)

Pour motiver I"approximation stochastique effectuée en (7), on peut I’écrire de la maniere sui-
vante :

star = s+ [(EIS(9, 2)|y50(0)] - 1) + (S0, ) — BIS(y, 2)lys 0(s)]) |
En posant h(sy) = E[S(y, 2)|y; 8(sk)] — sk et ex = S(y, zx) — E[S(y, 2)|y; 8(sk)], on obtient :

Skt1 = Sk + Ve [P(sk) + ex] . 9)

La suite (ey) représente une perturbation aléatoire. Pour une suite de pas (%) bien choisie et
pour des perturbations aléatoires (ej) assez petites, on peut faire une analogie entre I’écriture
(9) et I’équation différentielle ordinaire suivante :

ds(t)/dt = h(s(1)). (10)

L’heuristique des approximations effectuées pour obtenir cette analogie est détaillée par Ben-
veniste, Métivier et Priouret (1990). Ainsi, il existe un lien entre le comportement de la suite
(sk) et les solutions de ’équation différentielle ordinaire (10). Si cette derniére admet un point
attracteur s*, on peut en déduire, sous certaines hypotheses sur ’équation différentielle ordinaire
(10) et sur la suite (%), une convergence presque sire de la suite (si) vers le point s*. Pour
plus de détails sur les approximations stochastiques, on pourra se référer a I'ouvrage de Duflo
(1996). Le résultat de convergence obtenu par Delyon, Lavielle et Moulines (1999) nécessite,
outre les hypotheéses de régularité (M1)-(M5) faites précédemment sur le modele, des hypo-
théses relatives a la méthode de simulation des données manquantes z et a la suite de pas (7).
Ainsi, on suppose que les variables aléatoires zy, z9, - - - , 2z sont définies sur le méme espace de
probabilité (©2, A, P). On note F = {Fj}x>o la famille croissante de tribus engendrées par les
variables aléatoires zy, zo, - - -, zx. De plus, on suppose vérifiées les hypotheses suivantes :
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e (SAEM1) Pour tout k dans N, v € [0,1], Y70, vx = co et > 7o, 77 < oc.
e (SAEM2)[:0 — Ret §:S — O sont m fois continiment différentiables, ou m est
I’entier tel que S est un ouvert de R™.

e (SAEMS3)

« Pour toute fonction ¢ borélienne positive :
Blé(arr)l i = [ Gp(ely: ().

. Pour tout 6 € ©, [||S(y, 2)||*p(2ly; 0)pu(dz) < oo, et la fonction

2

[(8) = Cov[S(y, 2)|y; 6] = Rl(S(yyz))Qp(Zly;H)u(dZ) - [/ng(y,Z)p(Zly;O)u(dZ)

est continue en 6.

On rappelle que d(z, A) est la distance euclidienne du point z a ’ensemble supposé fermé A. On
peut alors énoncer le résultat de convergence de la suite (8y) :

Théoréme 2 (Delyon, Lavielle et Moulines (1999)). Supposons vérifiées les hypothéses
(M1)-(M5) et (SAEM1)-(SAEM3), ainsi que ['hypothése suivante notée (C) : la suite
(sk)k>0 est a valeurs dans un sous-ensemble compact de S. Alors, presque surement, on a
limgs 400 d(0k, L) = 0.

Remarque. La condition de compacité (C) peut étre relachée dans la mesure ou elle peut-étre
assurée par un moyen de construction imposé sur la suite (si) (voir la seconde remarque apres

le Théoréme 1.1 du Chapitre 1).

Cet algorithme est tout a fait satisfaisant en termes de rapidité de convergence dans la mesure
ol il améliore considérablement les performances en temps de ’algorithme MCEM. Cependant,
alors que nous recherchons un maximum global ou de maniére moins restrictive un maximum
local, seule la convergence vers un point stationnaire de la vraisemblance des observations est
assurée. Il se peut donc que la limite de la suite (#;) soit un minimum ou un point selle de la
vraisemblance des observations. Pour éliminer ce type de limites non souhaitées, Delyon, Lavielle
et Moulines (1999) ont proposé des hypothéses assurant la convergence presque sire vers un
maximum local de la vraisemblance observée. En fait, ils ont montré dans un premier temps que
I’ensemble des points stationnaires de [ coincide avec I’ensemble des points fixes de ’application
T:0 — é(g(ﬁ)), puis que les seuls points stationnaires de [ stables pour T sont les maxima
locaux de [, les autres types de points stationnaires étant tous instables ou hyperboliques. Ceci
explique d’une part que la plupart des suites issues de I'algorithme EM ne convergent pas vers
des points selle ou vers des minima de la vraisemblance observée, d’autre part que les suites
issues de l'algorithme SAEM évitent en général ces points du fait du caracteére stochastique de
cet algorithme. Précisons ici quelles sont ces hypotheses suffisantes qui assurent la convergence
vers un maximum de la vraisemblance observée.

e (LOC1) Les points stationnaires de [ sont isolés : tout sous-ensemble compact de X

contient un nombre fini de points stationnaires.
e (LOC2) Pour tout point stationnaire §* de £, les matrices :

Egx |0gL(S(y, Z2);07)'05L(S(y, Z);0%)| et — OFL(Eg«[S(y, Z)]; 67)

sont définies positives.
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e (LOC3) : La plus petite valeur propre de la matrice de covariance :
R(8) = Ey |(S(y. Z) = 5(0))(S(y, Z) - 5(6))"

est strictement positive pour tout # dans un sous-ensemble compact K de ©.
Le résultat de convergence obtenu s’énonce alors comme suit :

Théoréme 3 (Delyon, Lavielle et Moulines (1999)). Supposons vérifiées les hypotheéses
(M1)-(M5), (SAEM1)-(SAEM3) et (LOC1)-(LOCS3), ainsi que ’hypothése suivante no-
tée (C) : la suite (sp)r>o est a valeurs dans un sous-ensemble compact de S. Alors, presque
surement, limg_ 4o, 0 = 0° ou 6% est un maximum local de la vraisemblance observée [.

La démonstration de ce résultat se fait en appliquant les résultats de Brandiere et Duflo
(1995). Les résultats de convergence obtenus pour l’algorithme SAEM sont donc satisfaisants,
d’autant que Delyon, Lavielle et Moulines (1999) ont également démontré la normalité asymp-
totique pour une suite (f) déduite de la suite () par une combinaison convexe.

Néanmoins, d’un point de vue pratique, la mise en oeuvre de 'algorithme SAEM ne peut
pas toujours se faire car elle nécessite la connaissance de la loi a posteriori p. Plus exactement,
elle nécessite de savoir simuler des réalisations de variables aléatoires suivant cette loi. Nous
proposons donc dans le premier chapitre de cette thése une méthode qui permet la mise en
oeuvre de l'algorithme dans un cadre moins restrictif, basée sur les méthodes de Monte Carlo
par chaines de Markov.

Les méthodes de Monte Carlo par chaines de Markov : MCMC

Pour une loi de probabilité donnée, on appelle algorithme de Monte Carlo par chaines de
Markov toute méthode produisant une chaine de Markov ergodique ayant pour loi stationnaire
la dite loi (Robert (1996)). L’existence de probabilités de transition générant des chaines ayant
les bonnes propriétés de convergence vers la loi stationnaire est assurée par exemple par I'algo-
rithme de Hastings-Metropolis (Robert (1996)). Les méthodes MCMC sont apparues au début
des années 1990. Les physiciens les utilisaient déja sur des espaces finis, mais leur extension a
des espaces quelconques n’a pu se faire qu’a partir du moment ou les puissances de calcul consi-
dérables qu’elles requierent furent disponibles. Cette limitation technique explique sans doute le
fait que ’article précurseur de Hastings (1970) n’a pu avoir immédiatement les retombées consé-
quentes que I'on connait actuellement. Les possibilités d’applications des méthodes MCMC pour
I’estimation dans des modeles a données manquantes sont nombreuses : un certain nombre d’al-
gorithmes stochastiques existants supposent la simulation de réalisations de variables aléatoires
selon une distribution donnée. Mais il se peut que cette distribution ne soit pas connue, ou qu’il
soit impossible de simuler facilement des variables aléatoires selon cette loi. Dans ce cas, on
peut envisager de générer une chaine de Markov ergodique dont la loi stationnaire sera cette
loi. Les méthodes MCMC laissent donc entrevoir de possibles généralisations de ces algorithmes,
permettant ainsi des applications moins restrictives, certaines ayant déja été suggérées ou mises
en pratique, sans justification théorique de convergence, comme dans les articles de Lavielle et
Lebarbier (2001) et Cappé, Douc, Moulines et Robert (2002).

Nous présentons maintenant deux applications proches de notre probleme pour illustrer les
possibilités apportées par les méthodes MCMC. Les travaux de Fort et Moulines (2003) sur l’al-
gorithme MCEM présenté ci-dessus sont trés représentatifs des remarques précédentes, dans la
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mesure ou la simulation des données manquantes se fait & chaque itération suivant la probabilité
de transition d’une chaine de Markov ergodique de loi stationnaire la loi conditionnelle p(-|y; ).
Supposant vérifiées des hypothéses d’ergodicité sur la chaine, ainsi qu’un contréle de ’accrois-
sement de la suite (mj) du nombre de simulations effectuées dans la moyenne de Monte Carlo a
I’itération k de ’algorithme, les auteurs obtiennent des résultats de convergence presque siire de
la suite (fy) vers un point stationnaire de la vraisemblance, ainsi qu’une vitesse de convergence
dépendant de la suite (my) choisie.

Par ailleurs, les travaux de Gu et Kong (2001) sont également illustratifs de I’application
des méthodes MCMC. Les auteurs proposent un algorithme d’estimation adapté aux modeles
a données manquantes qui s’inspire de la méthode de Newton-Raphson et associe le principe
de Papproximation stochastique aux méthodes de Monte Carlo par chaines de Markov. Leur
algorithme permet la résolution en # d’équations de la forme H(y,z;0) = 0 (H est égal au
gradient de la vraisemblance dans le cas de I'estimation par maximum de vraisemblance). Comme
z n’est pas observé, on se ramene a la résolution d’équation de la forme h(y;6) = 0 ou h est
égale a ’espérance conditionnelle de H. Partant de la, les auteurs génerent de maniere itérative
une suite de couples (I'y, 8;) comme suit :

1 m
'y =1%_ — T1{(6,_ =T
k k1‘|‘7k(m; (Or—1, 2k,s) kl)

1 m
Ok = 01 + 1l (E > H(bk1,2k4) — 0k—1) :
=1

ot les données manquantes z sont simulées a l'itération & selon une probabilité de transition Ilg,
telle que pour tout 8, la chaine issue de Il ait pour loi stationnaire la loi conditionnelle p(-|y; )
de z en y. La fonction [ est choisie de sorte que son espérance conditionnelle soit proche de
dgh(8) au voisinage de la racine  de I’équation h(#) = 0. Sous certaines conditions de régularité
du modele et d’ergodicité de la chaine, ils obtiennent la convergence du couple (I'x, 8;) vers une
solution stable d’une équation différentielle ordinaire déduite des fonctions H et I.

Utilisation d’une méthode M CMC dans l’algorithme SAEM

Décrivons & présent l'algorithme présenté dans le Chapitre 1 de cette these et appliqué dans
le Chapitre 2. Comme la procédure de Gu et Kong (2001), la nétre est basée sur I’association
d’une approximation stochastique et d’une méthode de Monte Carlo par chaines de Markov.
Nous proposons de combiner judicieusement les itérations de 'algorithme SAEM a la procédure
MCMC pour obtenir une convergence rapide de la suite (8;). Lorsque la simulation de variables
suivant la distribution a posteriori n’est pas réalisable, on considere une chaine de Markov
ergodique de probabilité de transition Iy ayant pour loi stationnaire la distribution a posteriori
p(+ly; 8). Pour éviter un allongement considérable du temps de calcul, on ne simule pas une chaine
a chaque itération pour obtenir une réalisation des données manquantes de loi asymptotiquement
égale a la distribution a posteriori. L’idée principale est de faire évoluer les deux convergences
en méme temps, d’une part celle de la chaine issue de la méthode de Monte Carlo vers la loi
stationnaire p(-|y; 6), d’autre part, celle de la suite (6).

Pour générer en pratique une telle chaine, on se donne une probabilité de transition ¢ appelée
loi instrumentale (proposal kernel). A partir de la valeur z;_; de la chaine obtenue a l'itération



Introduction 17

k — 1, on géneére un candidat 2z’ selon ¢(zx_1,-). On choisit ensuite z; = z’ avec une probabilité

p = min(pf;:ﬂf")y) Zgz;’j’l“_;,g, 1) et z; = z,_1 avec une probabilité 1 — p. Cette procédure accepte
le candidat proposé chaque fois que le quotient % est supérieur au précédent. Pour notre

algorithme, on choisira une transition Iy construite comme ci-dessus (voir Chapitre 1 Section
1.2 pour le détail de la procédure et Chapitre 2 Section 2.2.2 pour des applications pratiques).
Ainsi notre version de ’algorithme differe de la version de SAEM de Delyon et al. uniquement
au niveau de I’étape S : lors de I'itération k, la réalisation z; est simulée d’apres la probabilité
de transition Ils, (au lieu de la loi conditionnelle p(-|y;fx)). Moyennant certaines hypotheses
sur la chaine de Markov de transition Ily, nous obtenons la convergence presque sire de la
suite (#;) vers un maximum local de la log-vraisemblance observée [. Comme pour la version
de SAEM initiale, la démonstration est basée sur le théoreme de Delyon (1996) concernant les
approximations stochastiques. Cependant, la théorie des martingales utilisée par Delyon et al. ne
s’applique plus dans notre cas, ’hypothése (SAEM3) n’étant plus vérifiée. Nous utilisons donc
a la place un résultat de Benveniste, Métivier et Priouret (1990) sur les perturbations aléatoires
markoviennes.

A la fin du Chapitre 1, nous présentons deux applications pratiques, la premiere a un pro-
bleme de déconvolution, la seconde & un probleme de détection de ruptures. Ce second probleme
avait déja été abordé par Lavielle et Lebarbier (2001), mais sans justification théorique de la
convergence de 'algorithme qui utilise une méthode MCMC a la place de simulations indépen-
dantes.

Applications aux modeles non linéaires a effets mixtes

Le deuxieme chapitre de cette these présente un domaine d’application privilégié : les mo-
deles a effets mixtes. Ce type de modélisation permet de prendre en compte, pour une série
d’observations issues d’une expérience donnée, deux types de comportements : d’une part, un
comportement global, d’autre part, un comportement individuel. Ces comportements sont maté-
rialisés par deux types d’effets : les effets fixes et les effets aléatoires. Les premiers sont identiques
pour l'ensemble des individus observés et sont donc des parameétres du modele (dits aussi para-
metres de population), alors que les seconds varient avec I'individu observé et sont donc aléatoires
(désignés également comme parametres individuels).

Bien qu’il y ait eu une recrudescence de l'intérét porté a ce type de modele ces dernieres
années, leur apparition n’est pas toute récente. Par exemple, ces modeles sont déja mentionnés
par Dempster, Laird et Rubin (1977). Les domaines d’application de ces modéles sont nombreux
et variés, expliquant sans doute la multitude de travaux effectués sur le sujet. On peut citer a titre
d’exemple 1’économétrie, ainsi que la pharmacocinétique et la pharmacodynamique auxquelles
on s’intéressera tout particulierement dans les Sections 2.4 et 2.5, avec 1’étude des courbes de
croissance et de ’analyse de I’évolution de la concentration d’une substance dans un milieu au
cours du temps. Détaillons le modele probabiliste considéré :

yi; = Ctij, @i, B) + D(lij, ¢i,B)ei; pour 1<i<n , 1<j5<my, (11)

ou y;; est la j-ieme observation du i-ieme individu, au temps ¢;;. Le nombre d’individus est ici
égal & n et le nombre d’observations de 'individu ¢ & m;. Les fonctions C' et D sont a valeurs
réelles. On dira que le modeéle est non linéaire lorsque C' ou D est non linéaire en ’effet aléatoire
¢;. Les erreurs (g;;) sont supposées indépendantes gaussiennes de moyenne nulle et de variance
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o?. De plus, on suppose les erreurs (¢;;) indépendantes des effets aléatoires (¢;). Ces derniers
sont modélisés de la fagon suivante :

ﬁbi = A;pu+m; avec m; ~i;id. ZV(O7 F)7

ou p est un vecteur inconnu de parametres. La matrice A; est supposée connue alors que la
matrice I' est supposée inconnue. Le vecteur 3 désigne les autres parametres du modele qui
interviennent en dehors des moyennes des effets aléatoires (on suppose parfois que les effets
aléatoires sont de moyenne nulle, prenant en compte comme effets fixes leurs moyennes).

Notre but est d’estimer par maximum de vraisemblance les parametres 6 = (3, u, I, 0?) du
modele.

Dans le cas d’un modeéle linéaire, I’estimation par maximum de vraisemblance peut se faire
soit par l'algorithme EM (Dempster et al. (1977)), soit par un algorithme de Newton-Raphson
(Lindstrom et Bates (1988)). Dés lors que le modele n’est plus linéaire, ces méthodes ne peuvent
plus étre appliquées. Par exemple, ’espérance conditionnelle intervenant dans I’étape E de I'algo-
rithme EM n’admet plus d’expression analytique simple. Pourtant une modélisation non linéaire
s’avere bien souvent plus adéquate d’un point de vue pratique. Cette limitation est donc trés res-
trictive et des solutions trés variées ont émergé pour permettre une estimation dans des modeles
non linéaires. Des approches bayésiennes ont été proposées par Racine-Poon (1985), Wakefield
et al. (1994) et Wakefield (1996). Parallelement, d’autres approches basées sur une linéarisation
de la vraisemblance se sont développées : Lindstrom et Bates (1990) propose une linéarisation
basée sur un développement de Taylor, aboutissant & un estimateur sans propriété asymptotique
connue. Vonesh (1996) propose lui une approximation de Laplace. L’estimateur fourni est consis-
tant entre autres sous I’hypothése contraignante et peu réaliste que les nombres d’observations
par individu (m;) tendent vers Iinfini. Par ailleurs, des méthodes basées sur la simulation ont
également fait leur apparition dans ce domaine : Walker (1996) applique 'algorithme MCEM
aux modeles non linéaires a effets mixtes, alors que Concordet et Nunez (2002) proposent un
estimateur du maximum de pseudo-vraisemblance consistant.

Nous proposons d’appliquer l'algorithme SAEM couplé & une méthode MCMC aux modeles
non linéaires a effets mixtes dans le but d’approcher l'estimateur du maximum de vraisem-
blance. Les résultats de convergence présentés dans le premier chapitre de cette these assurent
la convergence presque siire de la suite produite par 'algorithme vers un maximum local de la
vraisemblance sous des hypothéses réalistes, pour des nombres d’observations par individus (m;)
finis. Nous rappelons tout d’abord brievement les étapes de l'algorithme SAEM couplé & une
méthode MCMC et détaillons quelques points pratiques concernant la simulation des données
manquantes et le choix des constantes de 'algorithme qui influent sur la qualité des résultats.
Nous présentons également des méthodes d’estimation de la vraisemblance, par approximation
stochastique et par intégration de Monte Carlo, ainsi qu’une méthode d’estimation de la matrice
d’information de Fisher (Delyon et al. (1999)).

Nous étudions ensuite a travers quelques exemples les performances de notre algorithme
SAEM couplé a une méthode MCMC en le comparant aux méthodes existantes. Nous avons donc
sélectionné des données simulées et réelles dans la littérature. Le premier exemple est présenté de
maniere didactique et vise & comparer les algorithmes EM et SAEM : il s’agit en fait de données
réelles issues de l’observation d’orangers, le modeéle homoscédastique considéré comporte un
effet aléatoire et deux effets fixes et est linéaire en 'effet aléatoire, permettant ’application
de l'algorithme EM. Outre les parametres, la vraisemblance et 'information de Fisher sont
également estimées. Une extension a un modele hétéroscédastique est traitée, moyennant une
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estimation bayésienne des deux effets fixes. Les autres exemples sélectionnés sont issus soit de
la pharmacocinétique, soit de la pharmacodynamique (PK/PD).

Le premier modeéle pharmacocinétique considéré a été étudié par Concordet et Nunez (2002).
Dans un premier temps, 'algorithme SAEM est mis en oeuvre pour obtenir une estimation des
parametres. Nous présentons a cette occasion diverses variantes sur le choix des constantes de
I’algorithme, des noyaux de transition intervenant dans la méthode de Hastings-Metropolis, ainsi
qu’une suite de pas (7y;) adaptative. Les résultats obtenus sont comparés avec ceux de Concor-
det et Nunez, ainsi qu’avec ceux obtenus par la méthode FOCE, décrite dans la Section 2.5, et
par la quadrature de Gauss. L’algorithme SAEM produit des estimations ayant un écart qua-
dratique moyen globalement bien plus faible que les autres méthodes. Le deuxieme exemple de
cette section présente un modeéle homoscédastique issu de la pharcodynamique, traité par Walker
(1996). Les résultats obtenus par l'algorithme MCEM de Walker et par notre algorithme sont
du méme ordre, un peu meilleurs que ceux fournis par les méthodes FOCE et LAPLACIAN du
logiciel NONMEM, habituellement utilisé par les praticiens dans ce domaine. Cependant nous
mettons ici en évidence la rapidité avec laquelle notre algorithme converge, par opposition a la
convergence plus coiiteuse en temps de I'algorithme MCEM (pour lequel un échantillonnage est
réalisé a chaque itération). Le deuxiéme exemple issu de la pharmacocinétique est un modele
hétéroscédastique présenté par Mentré et Gomeni (1995). Il modélise I’évolution de la concen-
tration du plasma au cours du temps apres l'injection d’une dose de médicament. Ce modele
comporte également une covariable : ’age du patient, qui intervient au sein de la moyenne d’un
des trois effets aléatoires. Mentré et Gomeni appliquent l'algorithme P-Pharm décrit dans la
Section 2.4.3. L’algorithme FOCE est également mis en oeuvre et les trois résultats obtenus sont
comparés. Les biais relatifs moyens obtenus par notre algorithme sont sensiblement du méme
ordre, excepté pour 'une des variances des effets aléatoires ou nous obtenons un biais relatif
moyen cinq fois plus faible. Par contre, les écarts quadratiques moyens que nous obtenons sont
trois fois plus petits que ceux obtenus par P-Pharm et cinq fois plus petits que ceux obtenus

par FOCE.

Le dernier exemple présente une application a un test du rapport de vraisemblance, mis en
place pour évaluer la pertinence de différentes trithérapies. Ce travail a été réalisé en collabora-
tion avec France Mentré et Adeline Leclercq (INSERM, Hopital Bichat, Paris).

Ding et Wu (1999) ont établi un lien entre l'effet des trithérapies et le taux de décroissance
de la charge virale. Ainsi en choisissant une modélisation statistique bien adapté dans laquelle ce
taux intervient comme parametre, Ding et Wu (2001) proposent de tester I'efficacité du traite-
ment par un test du rapport de vraisemblance. On considére donc deux traitements administrés
chacun a un groupe différent. L’hypotheése nulle (HO) suppose que les deux groupes réagissent
de maniere identique aux traitements. L’alternative (H1) considére que tous les parametres
du modele sont les mémes, excepté le taux de décroissance de la charge virale qui est supposé
différent. Dans un premier temps , les parametres sont estimés par SAEM et par 'algorithme
FOCE via la procédure NLME de S-Plus, puis les log-vraisemblances sous les hypotheses (HO)
et (H1) sont estimées par une moyenne de Monte Carlo utilisant un échantillonage pondéré
(Robert (1996)). L’erreur de premiere espéce du test est approximée par la moyenne empirique
effectuée sur 100 échantillons, pour effectuer la comparaison avec les résultats de Ding et Wu
(2001) pour l'alternative (H1). Nos estimations des parametres donnent lieu & des biais moyens
relatifs plus faibles que ceux obtenus par NLME et des écarts quadratiques moyens relatifs du
meéme ordre, excepté pour une des variances d’effets aléatoires qui est nettement améliorée.
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Application a un probleme pratique en géophysique

Le travail présenté dans le troisieme chapitre a été réalisé en collaboration avec Hermann
Zeyen (Département des Sciences de la Terre, Université Paris Sud, Orsay).

Dans ce chapitre, nous proposons une application de ’algorithme SAEM en géophysique.
Nous disposons de deux types d’observations, d’une part, des observations de temps de parcours
d’ondes sismiques, notées dt, d’autre part, des observations gravimétriques de surface notées
dg. Ces données sont reliées par des relations physiques respectivement a la vitesse des ondes
(velocity), plus précisément a son inverse (slowness) notée ds, et a la densité du sous-sol notée dp.
Ces relations sont linéaires ou supposées linéarisées et donnent lieu a deux problémes inverses :

dt = Ayds + &4
dg = Aydp + <4,

ou A; et A, sont des matrices connues et g4 et £, des termes d’erreur aléatoires. D'un point de
vue statistique, la nouveauté apportée par cette approche réside dans le fait que les parametres
du modeles sont estimés au lieu d’étre fixés arbitrairement. Par ailleurs, nous prenons en compte
une relation linéaire entre 'inverse de la vitesse des ondes et la densité du sous-sol :

ds = bdp+ 7,

ol b est un parametre inconnu pouvant dépendre de la profondeur et 7 un terme d’erreur aléa-
toire. Nous présentons dans un premier temps ’aspect géophysique du probléeme, les données et
les relations physiques utilisées. Puis nous choisissons un modele gaussien pour les différentes
variables mises en oeuvre, dont nous estimons les parametres. Nous reconstruisons ensuite les
données non observées par le maximum a posteriori (M AP). Nous comparons nos résultats a
ceux obtenus par 'algorithme de type bayésien de Zeyen et Achauer (1997). Nous présentons
des applications sur des données simulées, inspirées d’un site réel : le rift kenyan. Nous réalisons
d’abord l'inversion simple des temps de parcours téléséismiques, puis nous traitons l'inversion
simultanée des deux problemes (téléséismiques et gravimétriques), pour un modele physique
stratifié en trois couches et un modele physique stratifié en six couches. Enfin, nous réalisons
une inversion simultanée sur un modeéle comportant une irrégularité des densités au niveau de
la premiere couche. Outre I'estimation des parameétres du modele, 'application de I'algorithme
SAEM permet une nette amélioration des résultats obtenus par Zeyen et Achauer pour la re-
construction des données non observées, tout particulierement pour les inverses des vitesses ds.

Bien que les résultats obtenus par ce couplage de l'algorithme SAEM avec une méthode
MCMC soient encourageants aussi bien en théorie que dans les applications, il serait néanmoins
souhaitable de s’affranchir d’un choix arbitraire d’un a priori paramétrique (en général gaussien)
sur la loi des données manquantes. Dans ce sens, nous présentons dans le quatrieme chapitre
une version non paramétrique de 'algorithme SAEM couplé avec une méthode MCMC.

Cadre et objectifs du probleme non paramétrique

On considere dans le quatrieme chapitre un probléme statistique a données manquantes dans
le cadre non paramétrique suivant : les données observées sont notées (y1,-- -, y,) et les données



Introduction 21

non observées (ou manquantes) sont notées (z1,---,z,). On suppose que chaque observation
y; et chaque donnée non observée z; pour 2 compris entre 1 et n est a valeurs respectivement
dans un intervalle ) de R et dans un intervalle compact Z = [a,b] de R. On suppose que les
observations (y1,- -, y,) sont indépendantes et on note, pour tout 7 compris entre 1 et n, h; la
densité de y; conditionnellement & z;. Les données non observées (zy, -, z,,) sont indépendantes
et identiquement distribuées selon une loi non paramétrique de densité w par rapport a la
mesure de Lebesgue sur Z. Notre but dans ce dernier chapitre est de proposer un estimateur
du maximum de vraisemblance pour la densité non paramétrique = et un outil algorithmique
pour approcher, puis d’étudier les propriétes asymptotiques de ’estimateur lorsque le nombre
d’observations n tend vers I'infini. Pour cela, nous nous placons dans un premier temps dans un
modele logspline de dimension fixée, dans lequel nous considérons ’estimateur du maximum de
vraisemblance paramétrique pour ce modele. Nous approchons cet estimateur par 'algorithme
SAEM couplé a la méthode MCMC. Puis nous faisons tendre la dimension du modele logspline
ainsi que le nombre d’observations vers 'infini pour obtenir des propriétés de convergence de
notre estimateur vers la densité .

Estimation de la densité des données manquantes par maximum
de vraisemblance dans un modele logspline

Précisons le modele logspline considéré. Soit Z = [a, b] un intervalle compact de R. Pour tout
entier ¢ supérieur ou égal a 1, pour tout entier K supérieur ou égal a 1 et pour toute subdivision
T = (t1)1<i<k+1 de [a,b] telle que a = ¢ et b = tx 1y, 'espace des fonctions polynomiales par
morceaux sur Z, appelées spline, d’ordre ¢ est de dimension J = ¢+ K — 1 et admet une base
de B-splines notée (By,---, By). On renvoie a la lecture de de Boor (1978) pour plus de détails
sur la construction des B-splines. On définit alors pour tout vecteur § = (6y,---,68;) de R et
pour toute valeur z de Z les quantités suivantes :

s(2:0) = i:Hij(z) et c(6) =log [ /z exp[s(=: 0)](12] ,

de sorte que la fonction 7y définie par
mo(2) = exp[s(z;0) — c(0)]

est une densité pour tout # de R’. On définit pour tout entier ¢ supérieur ou égal & 1, pour
tout entier K supérieur ou égal a 1 et pour toute subdivision 7 = ()1<i<x+1 de [a, b] telle que
a =1y et b = {41, ensemble des fonctions logspline associé noté M, . = {my,0 € RJ}. Ainsi
définies, les fonctions logspline sont systématiquement positives et ont une masse totale égale a
1. Elles sont donc particulierement adaptées a ’estimation de densité. De plus, elles possedent
de bonnes propriétés d’approximations fonctionnelles. Ainsi, pour une fonction f telle que log f
est supposé de classe C™, on a :

inf || log f —logmy |lco= O(J™™).
9eR’

Ces propriétés suggerent qu’un modele logspline de dimension J suffisamment grande sera assez
riche pour fournir un bon estimateur de la densité non paramétrique 7. Dans la suite, on considere
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uniquement des subdivisions équiréparties de l'intervalle 7 = [a,b]. Ainsi pour tout entier ¢
supérieur ou égal & 1 et pour tout entier K supérieur ou égal & 1, on définit le modele logspline
paramétrique M, i pour la densité des données manquantes. On note (hi)lgign les densités
conditionnelles de y; par rapport a z; pour 1 < ¢ < n. La log-vraisemblance [,, des observations
(Y1, ,yn) dans le modele logspline M, x s’écrit alors pour 6 dans R :

1 n
1.(0) = Ezlog/zhi(yi|2’i)770(2’i)d2’i-
=1

L’estimateur m B du maximum de vraisemblance dans ce modele logspline est défini par :
n,

6,7 = arg max [,,(8).
scRY

Pour simplifier les notations, on résume la dépendance en ¢ et en K en notant uniquement la
dimension J en indice.

Pour approcher cet estimateur, nous proposons d’appliquer ’algorithme SAEM couplé avec
une méthode MCMC au modeéle M, k. La log-vraisemblance compléte dans ce modéle logspline
s’écrit alors pour 8 dans R :

1 o 1N
L(0) = — D Jlog hi(yilz) + — ) log my (=)
=1 =1

n J n
% > “log hilyilzi) + > 05 [% > Bj(z)
=1 7=1 =1

Pour J fixé, ce modéle est exponentiel et permet donc une mise en oeuvre aisée de 'algorithme
SAEM. Dans notre cas, 'itération k s’effectue de la maniere suivante : lors de I’étape S, on utilise
comme loi instrumentale pour la méthode MCMC la densité 7y, . On effectue "approximation
stochastique sur la statistique exhaustive (%Z;nzl Bj(z),1 < j <.J), puis on réactualise le pa-
rametre selon (8). D’apres les résultats du Chapitre 1, I'algorithme SAEM couplé a la méthode
MCMC génere sous des hypotheses de régularité du modele et de convergence de la méthode
MCMC une suite (f;) qui converge presque strement vers un maximum local de la vraisem-
blance des observations /,, et permet donc d’approcher notre estimateur TG, du maximum de

—c(6).

vraisemblance.

Parmi les travaux proposant une estimation de la densité des données manquantes dans le
cadre des problémes inverses via les logspline, on peut citer I'article de Koo et Park (1996) qui
présente une estimation par logspline dans le cas du probléme inverse linéaire de la déconvo-
lution, basée sur 'application de P'algorithme EM, sans fournir de propriétés asymptotiques de
I’estimateur du maximum de vraisemblance obtenu dans le modele logspline. Par ailleurs, Koo
et Chung (1998) adoptent une approche du type standard value decomposition (SV D), alors que
Koo (1999) propose un estimateur de la densité m maximisant la vraisemblance dite indirecte
dans le cadre de la déconvolution. Dans les deux cas, les estimateurs fournis possedent des pro-
priétés de convergence vers la densité m, en norme Ly et en divergence de Kullbak-Leiber, sous
certaines hypotheses de régularité de la densité 7 et de 'opérateur intégral considéré. D’autres
approches du type SV D existent pour ce type de problemes & opérateur intégral, on peut citer
par exemple de maniére non exhaustive les travaux de Cavalier et Tsybakov (2002) et de Donoho
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(1995). D’autres auteurs ont proposé des estimateurs issus de méthodes itératives calquées sur
l’algorithme EM. On peut citer les travaux de Silverman, Jones, Nychka et Wilson (1990), qui
s’appuient sur ceux de Vardi, Sheep et Kaufman (1985) dans le cadre particulier de la tomo-
graphie par émission de positrons. On peut également citer les travaux de Schumitzky (1991)
qui propose une version non paramétrique ou l’estimateur de la densité m est obtenu comme
moyenne des densités a posteriori (p(-|y;; 6)) pour les observations (y1,-- -, y,). Cette procédure
préserve la propriété remarquable de 'algorithme EM d’accroissement de la vraisemblance des
observations. Mais aucun autre résultat de convergence n’est fourni. Par ailleurs, Eggermont et
Lariccia (1995) et Eggermont (1999) proposent un lissage par noyau et obtiennent la convergence
presque sire de leur estimateur du maximum de vraisemblance vers la densité 7 en norme Ly
lorsque n tend vers l'infini.

Nous nous intéressons a la convergence de l'estimateur T vers la densité 7 lorsque la
dimension n des observations et la dimension J du modele logsphne COIlSldeI‘e tendent vers
I'infini. Dans ce but, on définit A,(f) = izizl Ellogg;s(Y;)] ou gie(y fI o(z)dz
pour tout y de Y. Puis on définit :

0, 5 = arg max A, (0). (12)
9cR7

Si la densité 7 appartient a un ensemble M pour un certain J, alors Tox , = T Ainsi pour
une densité m quelconque, on s’intéresse a la convergence de 74, , VEIS Tgx  pour n assez grand
et celle de mpx , vers ™ pour J assez grand. Nous avons démontré, sous certaines hypotheses de
régularité du "modéle et d’existence de On 7, I'existence de T Surun ensemble de probabilité
tendant vers 1 lorsque n tend vers l'infini et lorsque J ne tend pas trop vite vers l'infini par
rapport a n, ainsi que la convergence en probabilité vers 0 de [| logw; —logmgx  ||2. Pour
la démonstration, nous nous sommes appuyés sur les travaux de Stone (1986) et Stone (1990)
effectués dans le cadre du probleme d’estimation directe, ainsi que sur l’article de Barron et
Sheu (1991) pour certaines inégalités reliant la divergence de Kullback-Leiber a la norme L,.

Il reste a établir la convergence de mgx , vers , en utilisant les bonnes qualités d’approxi-
mation des modeles logspline. Nous la démontrons dans le cas particulier suivant :

Y = ®(Z) +¢,

ol ® est une fonction injective de R dans R et £ un terme d’erreur aléatoire de loi ayant une
fonction caractéristique ne s’annulant pas (ce qui est par exemple vérifié pour une loi gaussienne).
On suppose que toutes les densités conditionnelles h; sont égales et on note h cette densité
conditionnelle. On considére une suite de variables aléatoires (Z;) de densités (mgs) (6 ; ne
dépend plus de n sous nos hypotheses). Alors la suite (Z;) converge en loi vers la variable
aléatoire Z de densité m sous une hypothese de régularité de la densité conditionnelle h de Y
sachant Z.

Nous présentons maintenant quatre applications. Considérons tout d’abord le modéle sui-
vant :

y; = a;exp(—zit) + ¢ pour 1<i<n. (13)

Les observations (y;)1<i<n sont obtenues de la maniére suivante : les coefficients («;) sont in-
dépendants et identiquement distribués de loi gaussienne de moyenne m, et de variance 2.
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Les données manquantes sont indépendantes et identiquement distribuées de loi gaussienne de
moyenne p et de variance 2. Les erreurs (g;) sont indépendantes et identiquement distribuées
suivant une loi gaussienne centrée de variance o%. De plus, les coefficients («;), les données
manquantes (z;) et les erreurs (g;) sont mutuellement indépendants.

Dans un premier temps, on suppose que les coefficients (o) et la variance o
On estime alors la densité des données manquantes dans le modele logspline par I’algorithme
SAEM. Nous mettons en évidence les effets du choix de 'ordre ¢ des splines et de la dimension
J du modele logspline sur la convergence de la suite (6x). L’algorithme SAEM couplé a une
méthode MCMC fournit une suite mg, qui approche bien la densité .

On considére ensuite que seuls les coefficients (o;) sont connus. On estime alors la densité des
données manquantes dans le modele logspline et le parametre 2. L’algorithme SAEM couplé &
une méthode MCMC fournit, outre une bonne approximation de la densité 7, une estimation
correcte de la variance 0. Puis, on consideére que les coeflicients («;) sont également inconnus.
On suppose qu’ils suivent une loi gaussienne de moyenne m et de variance 7. On estime alors la
densité des données manquantes dans le modele logspline, ainsi que les parametres m, 7 et o2.
L’algorithme SAEM couplé a une méthode MCMC fournit toujours une bonne approximation
de la densité 7, ainsi qu’une bonne estimation de la variance 2. Les estimations de m et 7 sont
plus éloignées des vraies valeurs des parametres.

On considére toujours le modele (13), mais les données manquantes ne sont plus simulées
selon une loi gaussienne, mais selon une distribution bimodale, en 'occurence un mélange de
deux gaussiennes. L’algorithme SAEM couplé a une méthode MCMC donne une estimateur g,
qui est proche de la densité m, dans la mesure ou il se situe correctement par rapport aux deux
modes.

2 gont connus.

Enfin, pour finir, nous reconsidérons ’exemple des orangers présenté au Chapitre 2 dans
la Section 2.3. Dans le cadre paramétrique, nous avions choisi un a priori gaussien pour 'effet
aléatoire et nous effectuons désormais une estimation non paramétrique de sa densité, tout en
estimant les autres parametres du modele. Les résultats obtenus fournissent des estimations du
meéme ordre pour les autres parametres et une estimation de la densité m de l'effet aléatoire
proche de celle obtenue dans le cas paramétrique.

L’algorithme SAEM associé a une méthode MCMC permet donc d’obtenir une approximation
pratique de ’estimateur TG, du maximum de vraisemblance en fournissant une suite (6;) qui
converge presque stirement vers un maximum local de la log-vraisemblance [,,. Les résultats
obtenus lors des applications nous font espérer 'obtention de propriétés plus générales pour
la convergence de T Vers m. En particulier, nous espérons exhiber des hypotheses assurant
I'existence de 67 ; (a{l moins pour une valeur assez grande de J), obtenir la convergence en
probabilité de ﬂ';;n] vers mgx | lorsque n tend vers l'infini et prouver, dans un cadre moins

restrictif, la convergence de mgx vers 7 lorsque .J tend vers l'infini.



Chapitre 1

Coupling a stochastic approximation
version of EM with an MCMC

procedure

Summary

The stochastic approximation version of EM (SAEM) proposed by Delyon, Lavielle, and
Moulines (1999) is a powerful alternative to EM when the E-step is intractable. Convergence
of SAEM toward a maximum of the observed likelihood is established when the non observed
data are simulated at each iteration under the conditional distribution. We show that this
very restrictive assumption can be weakened. Indeed, the results of Benveniste et al. for
stochastic approximation with Markovian perturbations are used to establish the convergence
of SAEM when it is coupled with a Markov chain Monte-Carlo procedure. This result is
very useful for many practical applications. Applications to the convolution model and the
change-points model are presented to illustrate the proposed method.

Ce travail a donné lieu a la rédaction d’un article co-signé par Estelle Kuhn et Marc Lavielle,
accepté par ESAIM PS, actuellement en révision finale.
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1.1 Introduction

A wide class of statistical problems involves observed and unobserved data. We can consider,
for example, inverse problems such that deconvolution, source separation, change-points detec-
tion, etc. Linear and nonlinear mixed effects models can also be considered as incomplete-data
models. The purpose is to get the best information about the unknown parameters of the model
and about the unobserved data (also called missing data) from the observed data. In particular,
the estimation of the parameters of these models, for example by maximum likelihood estimate,
is a difficult challenge, mainly because the likelihood of the observations cannot usually be maxi-
mized in closed form. Concerning the missing data, they can for example be approached using
these parameters estimations by some characteristic of their a posteriori distributions like its
maximum or its mean (usually denoted M AP for maximum a posteriori or ¥ PM for expected
posterior mean).

We define here the standard incomplete-data scheme as follow: we consider that the obser-
vable incomplete data y having the parametric distribution g(y;#) results from partial obser-
vation of complete data (y, z) having the parametric distribution f(y,z;6), where g and f are
some known density functions, z referring to the missing data. Maximum likelihood estimation
of 8 consists then in computing the value of  that maximizes the observed likelihood ¢, consi-
dering the observation y are given. If the likelihood of the observation g can not be maximized
directly, it is possible to do iterative maximization steps in order to approach the maximum.
For example, the expectation-maximization (EM) algorithm, proposed by Dempster, Laird, and
Rubin in year 1977, is a broadly applicable approach for the iterative computation of maximum
likelihood estimates, useful in a variety of incomplete-data (or partially-observed-data) statisti-
cal problems. We recall here briefly the principle of the EM algorithm, which is detailed in the
introduction. The EM algorithm is a two-step iterative procedure. One iteration is composed
by the E-step and the M-step. The E-step computes Q(0|6;x) = E[log f(y, z;8)|y; 0] and the
M-step determines 641 as maximizing ()(6|6x). Then, as presented in the proposition in the
introduction, the observed-data likelihood sequence (g(y;#0x)) is nondecreasing along any EM
sequence (see Dempster et al. (1977) and Wu (1983) for more details). The convergence to a
stationary point of the observed likelihood occurs under some regularity assumptions and to a
saddle point or a local maximum provided that checking some additional assumptions. Stochas-
tic versions of EM have been introduced from different perspectives to deal with situations where
the E-step is infeasible in closed form. This is often the case, because of the expectation which
has no analytical expression. So Monte Carlo EM (MCEM) replaces the E-step by a Monte
Carlo approximation of the expectation based on a large number of independent simulations of
the missing data, see Meng and Rubin (1993). An other way to get round the difficulty of the
computation of the expectation is also to use simulation, not for approximating some integral
deriving from an expectation, but for getting some numerical plausible value standing for the
missing data. One proposition was to simulate the missing data from the a posteriori distribution
with the current values of the parameters (see Diebolt and Celeux (1993)). To be more efficient,
the SAEM algorithm, proposed by Delyon, Lavielle, and Moulines (1999), replaces the E-step
not only by the simulation of the missing data, but by stochastic approximation involving these
simulated data. At iteration k, SAEM generates m(k) realizations zx(j) (1 < j < m(k)) from
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the a posteriori distribution denoted p(z|y; 8;) and updates QQx_1(#) according to

m(k)
Qu(6) = Qi 0)+ (g D om0 20):0) = Qe 9)).

where () is a sequence of positive step-sizes decreasing to 0. It is possible to select m(k) = 1 for
all £ when simulation of z; is heavy. The M-step consists in determining ;41 which maximizes
Qr(0). Precise results of convergence of SAEM are presented in Delyon et al. (1999) in the
case where f(y, z;8) belongs to a regular curved exponential family. In this case, SAEM can be
written in terms of the complete-data sufficient statistics. This leads to a general Robbins-Monro
type scheme and the almost sure convergence of the sequence () to a local maximum of the
likelihood is proved under very general assumptions by Delyon et al. (1999) like it is recalled
in the introduction of this thesis. At the same time as the estimation of the parameters, the
likelihood and the Fisher Information matrix of the model can also be estimated by stochastic
approximation.

Unfortunately, for most nonlinear models or non-Gaussian models, the unobserved data can-
not be simulated exactly under the conditional distribution. A well-known alternative consists
in using a Monte Carlo Markov Chain (MCMC) method: that means to introduce an ergodic
Markov chain which transition probability has as unique invariant distribution the conditional
distribution p we want to simulate (see for example Robert (1996)). In this situation, the as-
sumptions of Delyon et al. (1999) that ensure the convergence of SAEM are no longer satisfied.
The aim of this chapter is to show that these assumptions can be weakened such that the algo-
rithm SAEM still converges when it is coupled with a Markov chain Monte Carlo procedure. The
results of Benveniste et al. (1990) for stochastic approximation with little Markovian perturba-
tions are used to establish the convergence of this algorithm instead of results of the martingale
theory which were used by Delyon, Lavielle, and Moulines (1999) to prove their convergence
theorem.

Anyway, the use of simulated data for estimating parameters in missing data statistical pro-
blems is a powerful approach that tends to become popular since the 90’s. In his paper published
in 2000, Yao defines and studies an online stochastic approximation scheme. In this situation, the
number of observations goes to infinity and the sequence of estimate converges to the true value
of the parameter. In their paper published in 1998, Gu and Kong propose a stochastic version
of a Newton-Raphson algorithm for incomplete data estimation. The algorithm proposed by Gu
and Zhu (2001) combines an MCMC procedure with stochastic approximation for spatial models
estimation. In these two papers, the Fisher information matrix is also estimated by stochastic
approximation. In 2002, Concordet and Nunez propose a pseudo simulated maximum likelihood
method for estimating the parameters of a nonlinear mixed effects model. By the way, Fort and
Moulines (2003) realize an extension of the MCEM algorithm of Wei and Tanner (1990), drawing
the unobserved data from a transition probability of an MCMC procedure.

Applications of SAEM to the change-points model was proposed in Lavielle and Lebarbier
(2001) and to the convolution model in Lavielle and Moulines (1997), but no results of conver-
gence of the algorithm were given. We show that the convergence results obtained for SAEM
coupled with an MCMC procedure are very general and apply it to these both examples. A
Monte Carlo experiment illustrates the performances of the proposed procedure with these both
models.
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1.2 Coupling the SAEM algorithm with MCMC

Assuming we are not able to simulate the missing data zp at iteration k from the posterior
distribution p(-|y; ), we propose to introduce an MCMC procedure to get the simulated value
zk. S0 in practice only the simulation step of the SAEM algorithm is changed. Given some ob-
jective distribution to reach, a MCMC procedure consists in generating an ergodic Markov chain
having it as limiting distribution. Assume for the time being that the conditional distribution
p(+ly; 0) is the unique limiting distribution of some transition probability Ilg, for any 8 € ©. We
will see later that there exists some method to ensure the existence of such probability transi-
tion. We could use this tool for generating a Markov chain at each iteration k of the algorithm
from the transition probability Ils, in order to get some realization zj of the missing data ha-
ving asymptotically the density function p(-;6;). But this will be very expensive in time cost.
So we propose to combine both convergences, on one hand this of the chain generating by the
MCMC procedure, on the other hand this of the sequence (). To that purpose, we consider
one inhomogeneous Markov chain generating as follow: at iteration k, we draw the realization
z, from the previous value z;_; from the transition probability Ily, . So the k-th iteration of the
proposed algorithm can be summarized in three steps as follows:

e S-step: using z;_;, generate a realization zj from the transition probability Ilg, (2x—1,-).

e A-step: update s;_; according to (7).

e M-step: update 6 according to (8).

Usually, [T will be defined as the succession of M iterations of a MCMC procedure, such
as the Metropolis-Hastings algorithm (see Chapter 2 of this thesis for some applications and for
example Robert (1996) for more details). Then, the simulation step of iteration & consists in
simulating z; with the transition probability Iy, (2x_1,d2x) = Pé\f(zk_l, dzy), where

- p(2'|y; 0k) g6, (2, 2) /
Py (2,d2") = qg, (2,7 mln{ k , 1% dz 1.1
(5142) = 40, (2, 7) P(2ly; k) gs,. (2, 2') (-0

for 2/ # z and Py, (z,{z}) =1— fz,;éz Py, (z,dz"), where gg(z, 2') is any aperiodic recurrent tran-
sition density, called instrumental distribution or proposal distribution. This procedure always

accepts the new value 2’ if the likelihood ratio M is upper than the previous ratio.
90, (2,2")

For example, we can use the marginal distribution 7 of z; as a proposal distribution. Then,
writing f(y, z;6) = 7(z;60)h(y|z; 8), the acceptance probability defined in (1.1) only depends on
the conditional distribution A of the observation y which is often easy to evaluate:

. h(y|z"0k)
P, dz") = 7(2':0;) m —2 7 B 1sd. 1.2
by, (z, z) (z, k) in { h(y|z;0k) , z ( )

1.3 Convergence result

To prove the convergence of the proposed method which combines the SAEM algorithm
with a MCMC procedure, we will use some results that work for general Robbins-Monro type

stochastic approximation procedures. So if we write the recursion (7) into the general form of
such algorithms, it becomes:

sk = Sp—1 + Yeh(sk—1) + Trer (1.3)
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where h stands for the mean field of the algorithm and e is a random perturbation. In our case,
we obtain the following expressions for the function h and the sequence (eg):

hls) = Ez, (S(3,2) — s = s(0(s)) -
= S(z2r) — E[S(24)|Fr-1] = 5( k) — 8(0(sk-1))
where Eg[®(z)] £ [ ®(2)p(zly; 0)p(dz).
The first pomt of assumptlon (SAEMS3) detailed in the introduction means that, given g, - - - , 0,
the random variables zg, - - - , 2, are independent. Coupled with the second point of assumption

(SAEMS3), it is sufficient to prove that the series > ver converges thanks to the martingale
theory. This property plays a key role in the proof of the convergence of the SAEM algorithm
in Delyon et al. (1999). In this new version of the algorithm, we allow Markovian dependence
between z; and zp41: we suppose that z;4; is obtained from z; due to a Markovian transition
depending on 641, so that we will need some technical tools presented in Benveniste et al.
(1990) to show that the series ) ey still converges.

As announced above, the assumption (SAEMS3) can be weakened. It is assumed that the
random variables sg, z1, 23, - - , 2, - - - are defined on the same probability space (2, A, P). We
denote F = {Fi}r>0 the increasing family of o-algebras generated by the random variables
So, 21, 22, , 2k. Since we introduce the transition probability Ily in order to approach the
conditional distribution, we have to make some assumptions on it:

e (SAEM3’)

« The chain (Zk)kzo takes its values in a compact subset £ of R
. For any compact subset V of ©, there exists a real constant L such that for any (6,6')

in V2

sup |H6’($7y) - H91($,y)| < L|0 - 0/|
(z,y)€€?

. The transition probability Il generates a uniformly ergodic chain whose invariant
probability is the conditional distribution p(-|y;#):

Iy € RY Fpp 0,1 | Vze& VkeN |[(z,-) - p(ly Ollrv < Koph,

where || - ||7v denotes the total variation norm. We suppose also that:

KZ2supKg< +oo and pZ=suppg < 1.
4 4

. The function S is bounded on &.

We also weaken the assumption (SAEM1) and replace it by assumption (SAEM1’):

e (SAEMY’) For all kin N, v; € [0,1], 372, 7% = o0 and there exists A in ], 1] such that

Ek ) ,_)/1-}—/\

With these modlﬁed assumptions, we obtain the following convergence result:
Theorem 1.1. Assume that assumptions (M1)-(M5), (SAEM1’),(SAEM2) and (SAEM3’)
hold. Assume in addition the assumption (C): the sequence (sg)r>o0 takes ils values in a compact
subset of S. Then, w.p. 1, limy_y 4o d(0g, L) = 0 where d(z, A) denotes the distance of © to the
closed subset A and L = {0 € ©,04l(y;60) = 0} is the set of stationary points of .
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Remark. For checking the third point of assumption (SAEMS3’), it is possible to verify some
minorization condition or Doeblin’s condition for the transition probability 11y (see Chapter 16
of Meyn and Tweedie (1993)). Otherwise, we have to consider each case individually. Consider
for example an independent Metropolis-Hastings algorithm: the transition density qg mentioned
in equation (1.1) defines an independence sampler:

V(z,2') € &? q9(z,2") = qo(2").

Then the uniform ergodicity is ensured if the transition gy satisfies the following inequality (see
Theorem 2.1 in Mengersen and Tweedie (1996)):

IBeRT | Vel qlz) > Bp(zly; 0).

Remark. In cases where the compactness condition (C) is not satisfied or is difficult to check,
it is possible to stabilize the algorithm by using the method of dynamic bounds proposed by Chen,
Lei, and Gao (1988) and already used in this context in Delyon et al. (1999). Consider a sequence
of compact subsets (Ky) such that K C int(Kry1) and recovering all the set S. If s is outside
the given compact set K of S, il is reinitialized in a specific compact set Ky.

Proof of Theorem 1.1:

Theorem 1.1 is an application of Theorem 2 presented in Delyon et al. (1999), which gives a
general result about convergence of Robbins-Monro type stochastic approximation procedures
of the form (1.3):

Theorem ( Delyon et al. (1999)). Assume that:

e (SAOQ) wp.1,VE> 0, s €S.

e (SA1) (vk)k>0 is a decreasing sequence of posilive number such that Y .2 | vy = .

e (SA2) The vector field h is continuous on S and there exists a continuously differentiable

SJunction V : § — R such that:
VseS  F(s)=(0:V(s),h(s))<0.
< int(V(Lo)) =0, where Lo = {s € S, F(s) =0}.
o (SA3) w.p.1, the closure of ({sx}r>0) is a compact subset of S.
o (SA4) w.p.1, limy 00 Y p_o Y€k €Tists and is finite.
Then, w.p.1, limsup d(sg, £) = 0.

The assumptions (SA0)-(SA3) don’t use the dependence structure of the sequence (zx) and
are satisfied under (M 1-M5),(SAEM1’) and (SAEM?2) like in the case where the missing data
are exactly simulated under the a posteriori distribution (see Delyon et al. (1999)). Under the
assumption (SAEMS3), the condition (SA4) is satisfied because the sequence of the partial sum
of > yrer is a convergent martingale. For checking (SA4) under (SAEMS3’), we use a result
presented in Proposition 7 of Chapter 1 of Benveniste et al. (1990). The general model of the
algorithm considered by Benveniste el al. is of the form:

sk = Sp—1 + YeH (sp—1, 2),

where the sequence (s;)r>0 evolves in R™ and the sequence (zj)x>0 in R In our algorithm, the
function H is equal to:

H(s,z)=5(y,z) — s,

where the dependence of H in y is not written since the observation y are considered as constant.
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Proposition (Benveniste et al. (1990)). Assume the following assumptions:
o (Al) (v&)r>0 is a decreasing sequence of positive real numbers such that ) vy, = 400.
e (A2) There exists a family {H§(s)7 s € R™} of transition probabilities on R' such that for

any Borel subset A of R!, we have
P(Zk € A|.7:k_1) = Hé\(sk—l)(zk_17 A)

e (A3) For any compact subset () of S, there exists a constant C'y depending on ) such that
Jor all s in @ and all z in & we have

|H(s,2)| < Ch.

o (A4) There exisls a function h on S and for each s in S a function vy on R' such that

« h is locally Lipschitz on S: for all s in' S, there exist a neighborhood V of s and a real
constant C' such that

V(s',s") € V?  |h(s) — h(s")| < C|s" — "]
. (I—Hé\(s))us = H;—h(s) for all s in S, where for all z in &, HQA(S)I/S(Z) £ I/S(Z/)Hg,\(s)(z, dz").

« For any compact subsel Q) of S , there exist real constants Cy,Cs and X in ]%, 1], such
that for all s and s’ in Q) and for all z in &

lvs(2)] < C2
U5y (2) = Hg e (2)] < Csls — 5’|

e (A5) For any compact subset ) of S and any positive real ¢, there exists a real number
1, (Q) such that, for all n, for all zo in R! and all sy in R™

By (141261 Uk 1 € @k < 1)) < 1y Q)

where F, s, denotes the erpectation under the distribution of (Zk,Sk)kzo for the initial
conditions (zg, So).
Then, for any compact subset QQ of S, denoting 7(Q)) = inf{k,s, & Q}, if the constant X from
(A4) verifies E’y;""\ < 400, then, on {T(Q) = oo}, the series Y, yrer converges a.s. and in

L2
Remark. The proposition of Benveniste et al. requires » 'yi'M < 1, but we only need > 'yi-M < 400

to obtain the convergence of the series Y, Yrek.

In order to apply this proposition in our case, we have to check the assumptions (A1)-(A5):
e (A1) is implied by (SAEM1’).
e (A2) is verified with the transition probability H?(s)'
o (A3) is verified since S is bounded on &.
e (A5) is verified since the sequence (2;)r>0 takes its values in a compact subset £ of R'.
Consider now the mean field of the algorithm defined by:

~

h(s) £ 5(6(s)) — s.
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We will show that this function h satisfies (A4). The assumptions (M3) and (M5) imply that
the function h is continuously differentiable on §. So h is locally Lipschitz on & and assumption
(A4)1 is satisfied.

We define now:

2 &3 (H(s,2) - h(s))

k>0

=" (1, 5(,2) = 50(s)))
k>0

= ; (15,35 2) = pay3)

where pé\(s)g £ fg(y,z)p@\(s)(dy)dz.
Since H@(s) is uniformly ergodic, there exist Ké(s) € Rt and Pi(s) €]0,1[, such that, for any
k € N, for any z in &

k _ p~
S |y (=) = Pagay u| < Kok

Since S is bounded on &, the series defining v, is convergent. Moreover, we have for all z in &:

_ — (] — kg —p~ S
(I Hé\(s))ys(z) - (I Hé\(s)) ]; (Hé\(s)S(y7Z) p0(3)5>

-3 (5000 350.9)

k>0
= S(yv Z) - p@\(s)gv

which proves (A4)2.

Under the third point of assumption (SAEMS3’) and since S is bounded on &, we obtain the first
inequality of (A4)3. We will now prove the second inequality of (A4)3. Consider the following
decomposition:

Hﬁ(s)l/s(z) - Hé\(sl)l/s'(z) = ; <H§(S)§(y, z) — pg,(s)g) — ; (Hg\(s,)g(y, z) — pé\(s,)S)

=vs(2) — vy (2) —}—pé\(s,)S - pé\(s)S,
S0 we have

Mg vs(2) = Mg

We use the following technical lemma proved in the appendix to prove the second inequality of
(A4)3:

Lemma 1.2. If we assume (SAEMZ2), (SAEMS3’) and (C), then for any compact subset Q
of S, there exist Ky and Ky in R such that, for any « €]0, 1], for any (s,s',z) € Q% x &,

Vs’(2)|§|1/5(2)_y8( )|+|pg S pg S|

|p6 S — Py | < Kils=$'1" and |vs(z) —ve(2)] < Kals — §'|°.
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This result implies that for any compact subset Q of S, there exist K in RT and X in ]%, 1] such
that for any (s,s’,2) € Q? x &:

- o
|H§ VS(Z) - Hé\(S,)I/SI(Z)l < I(|S - Sl )

concluding the proof of (A4)3.

All the assumptions of the proposition 7 of Benveniste et al. (1990) are satisfied so it can
be applied to prove (SA4). Then Theorem 2 of Delyon et al. (1999) allows us to prove the a.s.
convergence of the sequence (si)x>0 to a point of the set £y . To conclude, we use the Lemma 2
of Delyon et al. (1999) to prove that the sequence (0k) k>0 converges a.s. to a point of the set £
since the function 6 is continuous. This closes the proof of Theorem 1.1 which is equivalent to
Theorem 2 of Delyon, Lavielle, and Moulines (1999). O

We also obtain in the case where the missing data are not simulated under the posterior
distribution, but from an MCMC procedure, a convergence result to a proper maximizer for
some additional assumptions (LOC1)-(LOC3) presented in the introduction:

Theorem 1.3. Assume the following assumptions (M1)-(M5), (SAEM1’), (SAEM2),
(SAEM3’) and (LOC1)-(LOCS3) are satisfied, as well as (C) : the sequence (s)r>o takes its
values in a compact subset of S. Then, w.p. 1 limg_ 4o, 0 = 0° where 6* is a proper maximizer

of the observed log-likelthood .

It means that the algorithm SAEM a.s. avoids traps, i.e., it can only converge to a proper
local maximizer of the likelihood. The proof is the same as this done by Delyon, Lavielle, and
Moulines (1999). It is based on the result of Brandiere and Duflo (1995) presented in paragraph
I1.3. about little Markovian perturbations which gives some sufficient conditions for avoiding
the local minima or saddle points of [.

1.4 Applications

1.4.1 The deconvolution problem

In a convolution model, the observation y = (yr41,...,¥s) is the linear convolution of an
unobserved input sequence z = (z1, ..., 2,) with additive noise €, e.g.,

L
yi=)Y @zitoe, L+1<t<n (1.4)
(=0

where ¢ = (o, ..., ) is the convolution filter and o a positive parameter corresponding to
the standard deviation of the additive noise.

This kind of model is commonly used in seismic deconvolution, fMRI data analysis and
statistical signal analysis.

We shall make the following assumptions, concerning the random sequences z and e : (i)
(2t, 1 <t < m) is a sequence of independent and identically distributed random variables,
distributed according to some distribution function 7, and taking their values in some compact
subset of R. (ii) (g4, L+1 <t < n) is a sequence of independent standardized Gaussian variables,
(iii) z; and 4 are independent for all pairs of time indexes 1 <t <nand L+ 1<t <n.
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These assumptions together with equation (1.4) specify completely the log-likelihood of the
observed data samples. Let M(z) be the (n— L) X (L + 1) matrix such that M;;(z) = zp4+14i—;.
So the distribution of y conditionally to z, denoted h, is a Gaussian distribution with mean
M(z) and variance o?I,,_j,, where I,,, denotes the identity matrix of size m. Then, the complete
log-likelihood is, up to a constant,

log f(y,2;0) = log h(y|z;0) + log 7 (z)

:C_n—L (1.5)

1
log o — 5 [ly — M(2) #||* +log 7(2),

where (' is a constant.

Deconvolution consists in recovering the input sequence z from the observation y. Of course,
deconvolution requires an accurate estimation of the convolution filter ¢ and of the noise variance
o?. SAEM will be very useful for estimating these parameters. Furthermore, the marginal distri-
bution 7 of the input sequence z can also be estimated, whenever it belongs to the exponential
family and depends on an unknown parameter % :

w(z:¥) = C(e) exp{ ~ (Sx(z). 0} (16)

Here, the vector of parameters of the model is 6 = (¢, ¢, 0?). For estimating them by the SAEM
algorithm, we define the minimal sufficient statistics of the model according to (4). Since the
log-likelihood of the complete data is expressed by:

. 1 ~
log /(y,2:6) = C' = == log o” = —lly = M(@) ¢|]* = (5x(2), )., (1.7)

we choose as minimal sufficient statistics S(y,z) = (M(z)'M(z), M(2)ty, S:(z)). At step k, we
used the following procedure for generating zj from z;_y, using 0y = (Vr, Py, 07) :

i) a permutation py of {1,2,...,n} is randomly chosen,

i) fore=1,2,...,n:

1. Let j = pg(7). Set 2, = 241 for any ¢ # j and generate Z; ~ m(-; ).
2. Compute

0= 307 (Iy = M@l = Iy - Mialinl). s

3. Generate u ~ Fzp(l). Set z = z if @ < v and z; = z;_1 otherwise.

We can easily show that 1y, (z5x_1, ) is the transition probability of an ergodic Markov chain,
that converges uniformly to the conditional distribution p(-|y;#;). We define then a sequence
(8k,1, Sk,2, Sk,3) according to (7) :

Sk1 = Sk—1,1 + 7k(M (Zk)t-M (zk) — Sk—1,1)
Sk2 = Sk—12+7k(M (Zk)ty — Skp—1,2)
sk3 = Sk—1,3 + Tk (9x(2k) — Sk—1,3)-

Then, the maximization step yields directly

Pry1 = (Sk,l)_lsk,z
1
‘713+1 = n_ L (yty - (Sk,2)t‘Pk+1>

Yr41 = Argmax C(¢)e—<5k,37¢>_
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All the assumptions of Theorem 1.1 are satisfied whenever 7 has bounded support, and the
SAEM algorithm converges to a (local) maximum of the observed likelihood. To assume that
the input variables z are bounded is not a restrictive assumption from a practical point of view.
Indeed, any nonbounded distribution is truncated in practice.

We will now proceed to a numerical implementation and used the convolution model descri-
bed in (1.4) for simulating an observed series y of length n = 500. In this example, the input
sequence z are independent Beta(a,b) random variables on [0, 1] with @ = b = 3. So the statis-
tic Sy (z) is (S1(z), S2(z)) = (X log(z;), > log(1 — 2;)) since the density function of a random
variable Beta(a,b) is 2°71(1 — z)b_lﬂ][071]7(z)](/)B(a,b) where B(a,b) = ['(a)I'(b)/I'(a + b) and
['(a) = f0+oo e~2%"1dz. The convolution filter is ¢ = (1,-3,2,6,2,—3,1). We choose 0? =
0.2286 in order to ensure a Signal to Noise ratio equal to 10dB, i.e. Var(M(z)¢) = 10Var(oe).

Table 1.1 gives the estimation of 6 = (a, b, p,0%). A Monte-Carlo experiment based on 100
replications was used for estimating the mean and the standard deviation of two estimators.
First, the maximum likelihood estimator éf, which maximizes the complete likelihood f(y,z;6)
assuming that the input series z is known, was computed as follows by direct maximization of

(1.7):
¢r = (M(2)'M(z))" " M(2)'y

- 1
2 to ot 5
o n—L(yy yM(Z)'f)
- 1
p — . —(a—1)S1(z)—(b—1)S2(z)
(ag,bf) = Arg ma%x B(a,b)e

= Jo
On the other hand, the estimator §;, maximizes the incomplete likelihood ¢(y; ), considering

where B(a,b) = I'(a)I'(b)/T'(a + b) anAd ['(a) = [ e 7z 1z,

that the input series z is unknown.

We computed ég with 100 iterations of SAEM, using v, = 1 for 1 < k < 30 and v =
1/(k —29) for k > 31.

The initialization chosen arbitrarily is the uniform distribution for z (ag = by = 0). The initial
guess for the filter is a spike located at j = 4. That ensures that the algorithm recovers the good
phase of the convolution filter. For a different initialization, the algorithm can converge to a local
maximum of the likelihood that cannot be compared with the true filter ¢o*. For example, using as
initial guess a spike at j = 2, a simulation gives ¢ = (0.73,6.65,1.42, —3.51, —0.58,2.54, —1.32).
We remark that the phase of the true filter is not recovered, but the estimated filter and the true
filter have both almost the same transfer function. The problem of convergence to the global
maximum of the likelihood is beyond the scope of this paper (see Lavielle and Moulines (1997)
for a simulated annealing version of this algorithm).

The results presented in Table 1.1 confirm that éf is a more accurate estimate of 6 than ég.
Nevertheless, we can remark that, when z is not observed, SAEM provides a good estimation of

0.
1.4.2 The change-points problem

We use the model considered in the paper of Lavielle and Lebarbier (2001). We observe a
real sequence y = (y;, 1 <14 < n), such that, for any 1 <7 < n,

yi = f(t;) + oy, (1.9)
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TaB. 1.1: Estimation of 8 = (a, b, ¢, ?): 6* is the true value of 6, 6y is the initialization, éf is the
estimation obtained by maximizing f(y,z;#) and 6, is the estimation obtained by maximizing

g(y;0).

o (6| Eb6; |stdé; | EB, |std,
a | 3 || 0| 3.0075 | 0.1846 || 2.8615 | 0.4014
b | 3 | 0] 3.0220 | 0.1838 || 2.6396 | 0.3712
o1 | 1 || 0 [ 1.0002 | 0.1020 || 1.0277 | 0.5820
@2 | -3 | 0 [ -3.0058 | 0.0997 || -2.6564 | 0.4612
@s| 2 || 0| 20100 | 0.1046 || 1.8809 | 0.8416
e | 6 1 || 5.9810 | 0.0963 | 5.5637 | 0.4024
es| 2 | 0| 20034 | 01128 | 1.8963 | 0.7713
we | -3 || 0| -2.9985 | 0.0955 || -2.7920 | 0.5766
@z | 1 || 0| 1.0009 |0.1047 || 0.8361 | 0.5523
o2 | 0.2286 || 1 || 0.2266 | 0.0157 || 0.2615 | 0.0593

where (¢;, 1 < ¢ < n) is a sequence of known observation times, o is an unknown positive
parameter and (g;, 1 <7 < n) is a sequence of independent zero-mean Gaussian variables with
unit variance. The function f to recover is piecewise constant. Thus, there exists a sequence of
instants (7;, j > 0) among the sequence (¢;, 1 <7 < n) and a sequence (m;, j > 1) such that,
for any 57 > 1,

f{t) =m; forall ;4 <t <7y, (1.10)

with the convention 75 = 0.

We introduce a latent sequence of independent identically distributed Bernoulli random
variables (z;, 1 < ¢ < n — 1) that take the value 1 at the change instants and 0 between two
changes :

b= { 1 if there exists j such that ¢; = 7; (L.11)

0 otherwise

Let A be the unknown parameter of the Bernoulli and for any z = (z;, 1 < i< n—1)in
Q ={0,1}""1 let K, = 377 2; + 1 be the number of segments (i.e. K, — 1 is the number of
change-points) defined by z. Then,

m(z; \) = A=t (1 — )R (1.12)

Conditionally to the change-points sequence, the vector m = (m;, 1 < j < K,) is assumed
to be Gaussian with the following density function:

K. _
> 27V
m(m|z; p, V) = H( — )

j=1 I

[N

exp{—QnTj/(mj—,u)Q} (1.13)

where n; = > " | ]1]7]_1,7]](2) is the length of segment j for 1 < 5 < K,. The parameters g and
V' are unknown and such that each element of the mean of the vector m conditionally to z is
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equal to g and the variance of the vector m conditionally to z is equal to V multiply by the
identity matrix of size K,.

Moreover, (g;, 1 <7 < n) is assumed to be a sequence of independent zero-mean and unit
variance Gaussian random variables. Thus, the conditional distribution of the observations is

defined by:
1 K, N;
L2y AT
h(ylz. mio?) = (2r0?)F exp —2—;_2 (=) (114

where N; = Ele ny for 1 < j < K, and Ny = 0.
Now let 8 = (u, A, V,0?) be the set of parameters of the model and for any configuration of

N; Ky
changes z, let y; = nj_l Z y = _1Zy1 and C, = Z Z (yi — y] . Then,
l:NJ_l-I—l ] 1= NJ 1-|—1

after some calculation, it can be shown (see LaV1eHe and Lebarbier (2001)) that the complete

log-likelihood of the model is defined by

log f(y,z;0) = C— glog(a ) — K—Zl (02; V) + (K, — 1) logA+ (n — K;)log(1 — A)
1 - Vv
- {m (;(% - 1)’ + p@) } : (1.15)

So according to (4), the minimal sufficient statistics to be approximated is S(y,z) = (K, Cy)
and we define then according to (7) the following sequence:

Sk1 = Sk—1,1 +Vk(Kz — Sk—11)
Sk = Sk—1,2+7k(Cy — Sk—1,2)-

Then, the maximization step yields directly

He = Y
Skl—l
A = 2
n—1
Sk,2
O']% = —
TL—SkJ
n N2
. P — — S
v, = Zi=(i—9) b2 2

Sk,1

wherey = 1377 ;.

Here, z takes a finite number of values. Then, any irreducible proposal kernel ¢ can be used
to generate a geometrically ergodic kernel. In this application, we used alternatively the three
following kernels: i) a new vector z is drawn independently of the current value z;_y with the
marginal distribution 7(+;%%_1), i7) a new change-point is created, or an existing change-point
is removed, ii7) an existing change-point is shifted (see Lavielle and Lebarbier (2001) for more
details concerning the MCMC procedure).
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TaB. 1.2: Estimation of 8 = (X, V, ¢?%): 6 is the true value of 8, f; is the initialization, éf is the
estimation obtained by maximizing f(y,z;#) and 6, is the estimation obtained by maximizing

g(y;0).

6 6, E6; |stdf; | Ef, |stdé,
A | 0.02 || 0.05 || 0.0201 | 0.0051 || 0.0235 | 0.0105
V| 40 10 38.1 15.8 32.5 19.0
o? | 1 5 1.01 0.07 1.01 0.08

The maximum likelihood estimate of p is y. For estimating the others parameters, the SAEM
algorithm can be used since it is easy to check that the assumptions of Theorem 1.1 are still
satisfied.

We now propose some numerical application and used the change-point model described
above for simulating an observed series y of length n = 500. We set the values of the parameters
to A* = 0.02, V* =40 and ¢ = 1.

As in the previous example, we compute two estimators: on one hand, éf, which maximizes
the complete likelihood f(y,z;#) assuming y and z are observed, on the other hand, ég that
maximizes the incomplete likelihood g(y;#). Table 1.2 gives the estimation of § = (A, V,d?%). A
Monte-Carlo experiment based on 100 replications was used for estimating the mean and the
standard deviation of éf and of ég. We computed ég with 100 iterations of SAEM, using v = 1
for 1 <k <30and v, =1/(k —29) for k > 31.

In this example, SAEM still produces a good estimation of #. In particular, the noise variance

o? is estimated with almost the same accuracy, when the change-points are known and when

they are unknown.

1.5 Appendix

Proof of theorem 1.1:

We first prove a technical lemma which will be necessary to prove Lemma 1.2.

Lemma 1.4. If we assume (SAEMZ2), (SAEMS3’) and (C), then for any compact subset Q
of 8, there exists a real constant M such that:

V(s,s',y,2) € @*xYxE VkeN |H§(S)5(y,z) - Héi(sl)g(y,zﬂ < Mkl|s — §'|.

Proof of lemma 1.4: V(s,s') € Q* V(y,2) € Y x& VkeN,
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k—1
< k=i g _ k-l §
= L He(s)He(s,)S(%Z) H@(s) HQ( )S(y, )‘
k—1
= Hli_ 11~ —TII. I
22:; (s ( (s) ( /)) ( /)S( Z)‘
k—1 ~
= 2 ///HL(SI) (27 u) < (5)( ) H’*( ,)(u, U)) I ) ( )S( )dUdvdw

The assumption (SAEM2) ensures that the set é(Q) is compact, so that the second point of
assumption (SAEM3’) ensures the existence of real constants L and L such that:

k—1
E Sy, 2) = TE §(y,2)] < (151l LI6(s) — 6(s P k-1,
5 5(002) = 05, 8000201 < I1e1806) =013 [ [ f 105 o=t

k—1
< HSHOOEIS—S’lZ///H%(S,)(z,u)ﬂg(;;_i(v,w)dudvdw,
1=0

since 6 is continously differentiable. Moreover £ is compact, so we obtain:

E G 1k &
|H§(S)S(y7z) H@(S/)S(y7

where M(A) denotes the Lebesgue measure of the set A. O

2)| < ISl LM(E) ks = 5],

Proof of lemma 1.2:
The first and third points of assumption (SAEM3’) imply the existence of constants K € R*
and p €]0, 1] such that for all (s,s’) in Q2, for all (y,z) in Y x € and for all k¥ in N, we have

k Q _ Tk Q. k Q o q
( ) (y7 Z)l + |H§(S)S(y7 Z) H@\(s,)s(y,zﬂ + |H§(S,)S(y7 Z) pg(sl)sl
< 2|15l K p* 4+ ME|s — s'|.

P30S — Pa(an S| < pgieyS — 115

We choose k = log(|s — s'|)/ log(p) so that the two terms have approximatively the same weight.
Then, there exists a constant K; in Rt such that

K,y
V(s,s) € QP st [s—s| <1, Ipg, S — Pis 5|_1 ()log(| '))|s — ).

Since we have

Va €]0, 1] hn|r1 log(|s — s'|)|s — &'|'7* =0,

|s—s'|—
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we can deduce that Yo €]0,1[, 3n > 0 s.t.
V(s,s') € Q% st. |s—s| <, |p§(5)5 — pé\(s,)§| < Kqls - §'|°, (1.16)
which proves the first inequality of Lemma 1.2 for all pair (s,s’) in a compact Q such that

s — /| <71
Concerning the second inequality of Lemma 1.2, let us define
A s,s' (y, Z) = ‘ (Hg(s)g(y, Z) - p@\(s)5> - <Hg\(5/)‘§(y7 Z) B pg(s’)‘g) ‘ ’

On one hand, since S is bounded and H?(s) is uniformly ergodic, there exist K € Rt and p €]0, 1]
such that, for any k¥ € N and any (s, s',y,2) € @* x Y x &,

ak,s,s’(yv Z) < |H§‘(S)S(y7 Z) - p§(5)5| + |H§(51)S(y7 Z) - p@\(s/)gl (1 1H)

A A7

< 2|31 K",

On the other hand, for any § €]0, 1], there exists > 0 such that, for any & € N and any
(s,8',y,2) € Q? x Y x € such that |s — s'| <7,

k _ 11k 7 PO Y S
ak75751(y, Z) < |H§(S)S(y7 Z) Hé\(sl)S(y7 Z)| + |p6’(5)5 pé’(s‘)sl
< Mk|s — §'| + Kq|s — §'|° (1.18)
< max(M, Ky)(k+1)|s — §'|°.
Then we use the following convexity inequality to combine both upper bounds obtained in (1.17)
and (1.18):
V(zy1,29) € R** Va €]0,1[ min(zy,z2) < 2fay "
So there exist L; € R*, Ly € RT and L € R* such that, for any a €]0, 1], for any 3 €]0, 1[, there
exists 7 > 0 such that, for any k¥ € N and any (s,s’,y,2) € @ x Y x & such that |s — s'| <,

hs,s0(9: 2) < min(Lyp¥, La(k + 1)]s = ¢'|°)
< Lpt s — |7 (k1)

Thus, for any g €]0, 1], for any a €]0, 1[, there exists n > 0 such that, for any £ € N and any
(s,8',y,2) € Q? x Y x € such that |s — s'| <7,

s (2) = vo ()] < D ans(y, 2)

k>0
<L Zp(l—a)k (k+1)a ‘S—Sl‘aﬁ.
k>0
So we obtain the following conclusion: for any a €]0, 1[, for any a €]0, a[, there exist real constants
K, and 7 such that for all z in &
V(s,s') € Q7 st [s—s| <, |vs(2) —ve(2)] < Kols — 8|7, (1.19)

Since @ is compact, we can recover it with a finite number N of balls of diameter 1 and thus
obtain the inequalities (1.16) and (1.19) with the same constants multiplied by N for any pair
(s,s") in Q% O
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Maximum likelihood estimation in
nonlinear mixed effects models

Summary

A stochastic approximation version of EM for maximum likelihood estimation of a wide class
of nonlinear mixed effects models is proposed. The main advantage of this algorithm is its
ability to provide an estimator close to the MLE in very few iterations. The likelihood of the
observations as well as the Fisher Information matrix can also be estimated by stochastic
approximations. Numerical experiments realized in the field of pharmacokinetic and pharma-
codynamic allow to highlight the very good performances of the proposed method. The last
application to pharmacodynamic consists in the implementation of a likelihood ratio test.

Le travail présenté dans ce chapitre, excepté la derniere section, a donné lieu a la rédaction d’un
article co-signé par Estelle Kuhn et Marc Lavielle, actuellement soumis.
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2.1 Introduction

Although the interest for mixed effects models was increasing since few years, there were
appeared long time ago. For example, Dempster, Laird, and Rubin (1977) already mentioned
mixed effects models in their paper dealing with the EM algorithm, but in a different form,
reminding some Bayesian point of view, without any interpretation as fixed and random effects:
there were two levels of parameters, namely these called parameters, which were supposed to
follow some given distribution, depending on some hyperparameters, supposed to be constant.
This fact highlights that the notion of mixed effects models is linked with the notion of missing
data problems. More recently, the mixed effects models were introduced mainly for modeling
responses of individuals that have the same global behavior with individual variations (see the
book of Pinheiro and Bates (2000) and the many references therein, for example), implying
in particular lots of applications in the study of population behavior like in pharmacokinetic
and pharmacodynamic. In fact, we consider that all the responses follow a common known
functional form that depends on unknown effects. Some of them are fixed (i.e. the same for
all the individuals), the others are random, so they depend on the individuals (or on sub-
groups of the population). Then, the model has two types of parameters: global parameters
that correspond to the fixed effects, which are also designed as population parameters, and
parameters which vary among the population that correspond to the random effects, which are
also designed as individual parameters. We can here come back on missing data problems and
draw the parallel between its and mixed effects models: the random effects correspond to the
missing data (or non observed data) whereas the fixed effects are some parameters of the model.
Anyway this kind of observations are usually the result of repeated measurements: for example
some individuals are repeatedly observed under different experimental conditions or at different
times. Note that it is not necessary that all the individuals have the same number of observations.
This approach seems also to be adapted to some other situations besides pharmacokinetic and
pharmacodynamic fields, for example in econometry. We will know present more precisely the
general framework of mixed effects models.

Let us consider here the following general nonlinear mixed effects model:

yi; = C(ti, @i, B) + D(lij, @i, B)ei; for 1<i<n |, 1<j5<my, (2.1)

where y;; is the jth observation of the ith individual, at some known instant ¢;;. Here, n is the
number of individuals and m; is the number of observations of the individual ¢. The functions C
and D take real values and we say that the model is nonlinear if C' or D are nonlinear functions
of the random vector ¢;, modeled by:

¢i = Aip+mn; with n; ~;;q4 N(0,T),

where p is an unknown vector of population parameters. The individual matrix A; is supposed
to be known whereas the covariance matrix I' is supposed to be unknown. The vector 3 denotes
also unknown population parameters, which do not appear in the random effects (¢;). The
within-group errors (g;;) are supposed to be i.i.d. Gaussian random variables with mean zero
and unknown variance o, We suppose that the (g;;) and the (n;) are mutually independent. We
highlight here the fact that in pharmacology, the considered random effects are always centered,
namely the mean of there distributions are equal to zero. So may be a rewriting of the model
including the possible non zero means in the fixed effects and taking account only of centered
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random effects shall be done. Note that the parameterization proposed above for the mixed
effects models allows more parameters model as just the means and the variances of the random
effects and of the errors.

Our purpose is to compute the maximum likelihood estimator of the unknown parameter
vector of the model 8 = (B, u,T,0?) from the observations. In the case of a linear model,
the estimation of the unknown parameters can be treated with the usual EM algorithm (see
Dempster, Laird, and Rubin (1977)), or with a Newton-Raphson algorithm (see Lindstrom and
Bates (1988)). But a nonlinear function is often more suitable for modeling faithfully the physi-
cal beginning problem. However this requires a specific approach for estimating the parameters
because the methods mentioned above failed, involving usually the computation of some inte-
gral which becomes intractable in nonlinear models. So different methods were suggested for
dealing with nonlinear models. Bayesian approaches were proposed by Racine-Poon (1985), Wa-
kefield et al. (1994) and Wakefield (1996). The most usual were based on linearization of the
model. The common methods used by the professional in pharmacology, implemented in the
soft-ware NONMEM, are first-order method (FO) and first-order conditional estimates (FOCE)
(see Lindstrom and Bates (1990) and section 2.5 for more details), based on a first order Taylor
expansion of the response about the fixed effects. Vonesh (1996) propose a Laplace approxima-
tion, but its estimator is consistant under restrictive assumptions: he supposes that the numbers
of observations per indivual tend to infinity. There exist also other two-step iterative algorithms
like the algorithm P-Pharm of Mentré and Gomeni (1995) (see section 2.4.3 for more details).
Using simulation, Walker (1996) uses a Monte-Carlo EM algorithm, whereas a simulated pseudo
maximum likelihood estimator for these specific models is developed by Concordet and Nunez
(2002). Their estimator is consistant when the number of observations tends to infinity.

In this chapter, we show that the SAEM algorithm (Stochastic Approximation version of
EM) is very efficient for computing the Maximum Likelihood Estimate of @ in mixed effects
models in general, but particularly in nonlinear models. This iterative procedure consists at
each iteration, in successively simulating the random effects with the conditional distribution,
and updating the unknown parameters of the model. This algorithm was shown to converge
under very general conditions by Delyon, Lavielle, and Moulines (1999). If it is not possible to
simulate the random effects from the conditional distribution, this algorithm can be coupled
with a MCMC procedure for the simulation step, allowing to treat more generally models. In
this case, the convergence of the algorithm toward the Maximum Likelihood Estimate is also
established in the first chapter of this thesis. Furthermore, the observed likelihood and the Fisher
Information matrix can also be estimated, by using also a stochastic approximation procedure.
This method has the very nice advantage to converge very quickly to a neighborhood of the
Maximum Likelihood Estimate. Then, only a few seconds are required for computing a MLE
confidence interval, in any of the usual models used in the practice. The SAEM algorithm can
be used for estimating homoscedastic models as well as heteroscedastic models. For the latter,
the parameters related to the fixed effects may be estimated in a Bayesian context in term of
their expectations.

The second section presents succinctly the EM and the SAEM algorithms. We briefly recall
the main convergence results, which are detailed in the introduction of this thesis. We illustrate
the proposed method in Section 2.3 with the very simple example of orange data, reported in
Pinheiro and Bates (2000). The model used for this data is linear with respect to the random
effects ¢;, so that the exact MLE can be computed with EM, and compared to the results
provided by the SAEM algorithm. Section 2.4 is dedicated to the comparison of the SAEM
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algorithm performances with these of some other popular methods of estimation through three
numerical examples from the pharmacological field. Section 2.5 presents an application to a
likelihood ratio test on a pharmacodynamic model.

2.2 Algorithms proposed for maximum likelihood estimation

Since the EM algorithm is devoted to missing data problems, we begin by specifying the
remark mentioned above,namely that any mixed effects model can be seen as an usual missing
data problem. Indeed, the observed data are the (y;;), for 1 <7 < n and 1 < j < m;, whereas
the random effects (¢;), for 1 < ¢ < n, are the non observed data. Then, the complete data
of the model are (yij,(ﬁi)lgign,lgjgmi- In the sequel, we will make the following assumption
concerning the model:

e (MO) Forany 1 <i<nandany 1<j<m;,

where C' and D can be decomposed as:
C(tijvﬁbivﬁ) - Cl( z]7¢ )CQ( 2]7ﬁ) (23)
D(tijv¢ivﬂ) = D1(2]7¢)D2(2]7ﬂ)' 2.4

Assumption (MO) is equivalent to suppose that the complete data likelihood f(y, ¢; @) belongs
to the curved exponential family and can be written:

J(y::0) = exp {-¥(8) + (S(y, ). 2(6)) | . (2.5)

where (-, -) denotes the scalar product on R”, ¥ and ¢ two functions of # taking values respec-
tively in R and R™ and S(y, ¢) a vector of R™ known as the minimal sufficient statistics of the
complete model.

Remark. Ifthe model admits no parameter (3, then the condition (MO) is always satisfied. This
s for example the case in the most common models used in pharmacology, where the parameters
of the model consist only in the means and in the variances of the Gaussian random effects.

2.2.1 The EM algorithm

We recall here briefly the iterative procedure of the EM algorithm. Assuming the exponential
form (2.5) of the complete likelihood, the kth iteration reduces to the following two steps:

e E-step: evaluate the quantity sg+1 = F [S(y, ?D)|y; Gk} .

e M-step: compute Oxyq1 = argmax {—V(0) + (sk+1,P(0))}.
If the function D does not depend on the random effects ¢, the complete likelihood f has
the form

f(y,9;0) =C|T| "2 [](0?D*(B,tij))" =

]

1 7 _C 1)
Xexpy~5 Z (i — Aip)' T (¢i — Aips) 292 Z (y] ﬁﬂtf) ])) , (2.6)

7
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where C is a normalizing constant. If the function C' depends linearly on ¢, this joint distribution
is Gaussian, and the E-step can be performed in a close form. Following Dempster et al. (1977),
Wu (1983) and Delyon, Lavielle, and Moulines (1999), convergence of the EM algorithm requires
the following regularity assumptions on the model corresponding to the assumptions (M1)-
(M5) presented in the introduction:

e (H1) The parameter vector 8 belongs to a parameter space ©, which is an open subset of

RP.
e (H2) The functions C' and D are twice continuously differentiable with respect to 3.
e (H3) There exists a unique minimum for the function A defined by:

1 i — C(B, dis tij) \*

We denote this minimum ﬁ(S‘(y, ¢)) and suppose also that the function B is continuously
differentiable on &, which is the space where the function S takes its values.
So we obtain the following theorem in the particular case of mixed effects models:

Theorem 2.1. Assume that assumptions (H1)-(H3) hold. Then, the sequence (8y) obtained
from the EM algorithm converges with probability 1 to a stationary point of the log-likelihood |
of the observations y (i.e a point where the derivative of | is 0).

In cases where the function D depends on the random effects or where the function C' does
not depend linearly on the random effects, we propose an alternative which is a stochastic version
of the EM algorithm.

2.2.2 A stochastic version of the EM algorithm
Description and general convergence result of the algorithm

The stochastic approximation version of the standard EM algorithm, proposed by Delyon
et al. (1999) consists in replacing the usual E-step of EM by a stochastic procedure composed of
two steps: first a simulation step of the missing data under the conditional distribution, second
a stochastic approximation step:

e S-step: draw ¢**t1 from the conditional distribution p(-y; Ok).

e A-step: update s according to

Sk+1 = Sk + Vk (5(.% ¢(k+1)) - 5k> . (2.7)
e M-step: update 8y according to
Or1 = argmax {—V(0) + (sk+1,P(0))}.

The assumptions they need and their convergence result are presented in the paper cited above
and are also recalled in the introduction. When the simulation step cannot be directly performed,
we propose to combine this algorithm with a MCMC procedure: the sequence (¢(k)) becomes
a Markov Chain with transition kernels (Ilg,). So the simulation step involves a transition
probability Ilg, (-, -) from which the missing data ¢ F+1) were simulated using the previous value
¢®) (see chapter 1). We have shown that SAEM converges to a maximum (local or global) of
the log-likelihood of the observations [, under very general conditions. We recall here briefly the
theorem presented in the first chapter of this thesis.
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e (SAEMY’) For all kin N, y4 € [0,1], 372, 7% = oo and there exists A in |3, 1] such that

Ek ) ,_)/1-}—/\ R
e (SAEM?2) The functions [:0 = Rand 6:8 — O are m times differentiable, where m
is the integer such that S is an open subset of R™.

e (SAEMS3?’)

1
21

« The chain (Zk)kzo takes its values in a compact subset £ of R

. For any compact subset V' of ©, there exists a real constant L such that for any (6, ¢')
in V2

sup |H9($,y) - H@’(‘rvy” < Lle - Oll
(z,y)€E?

. The transition probability Ily generates a uniformly ergodic chain which invariant
probability is the conditional distribution p(-|y;8):

IKg € RY 3pp €]0,1] | V2 €& Yk e N [|T5(z,-) — p(-ly; 0)|lrv < Kopj,
where || - ||7v denotes the total variation norm. We suppose also that:

K 2sup Ky < +oo and p Zsuppy < 1.
4 4

. The function S is bounded on &.

Theorem 2.2. Assume that assumptions (MO0), (H1)-(H3), (SAEM1’), (SAEM2), (SAEM3’)
and (LOC1)-(LOCS3) hold. Then, the sequence () obtained from the SAEM algorithm converges
with probability 1 to a mazimum (local or global) of the log-likelihood | of the observations.

Remark. One of the lechnical conditions required to prove the convergence of SAEM is the
compactness of the support of p(-|y; 0). In the case of the nonlinear mized effects models we have
chosen to consider here, the non observed data ¢ follow a Gaussian distribution and theoretically
take their values over an infinite set which is not compact. From a practical point of view, this
assumplion is not a restriction, since in the practice, any Gaussian random variable takes values
in a (very large) compact.

Remark. Consider the homoscedastic model where the function D defined in (2.2) is constant
and equal to 1. In this particular case, the assumptions are quite simpler. Indeed, convergence
of SAEM is ensured if the function Ay(B) = ||y — C(B, @, )||* possesses a unique minimum.

In the case of an heleroscedastic model such that C' = D, convergence of SAEM requires that
the following function possesses a unique minimum:

2

Remark. The SAEM is useful for filting models that belong to the exponential family. If this
assumption is not satisfied, it is always possible to consider the vector of fired parameters 3
as a random vector. Then, 3 is estimated in a Bayesian context in term of its expectation. An
example of such extension is proposed seclion 2.3.3.
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Simulation of the missing data

When ¢*+1) cannot be exactly drawn from the conditional distribution p(-ly; O), we have
to choose judiciously a transition Ilg that converges to the target distribution p(-|y;@). The
Metropolis-Hastings algorithm provides a solution in general cases. Usually, Ilg will be defi-
ned as the succession of M iterations of a MCMC procedure and the simulation-step of ite-
ration k consists in simulating ¢F+1) with the transition probability Hgk(qb(k),dgb(k"'l)) =
Pé\g(qb(k), dp®*+1)) where

p(¢'y; Ok)re, (¢, @) } /
p(Ply; Ok)ro, (¢, @) Ly de, (28)

for ¢’ # ¢ and Py, (¢, {0}) =1— fd)'#(b Po, (¢,d¢"), where rg(¢p, ¢') is any aperiodic recurrent
transition density.

We set M = 1 in the sequel, in order to avoid intricate notations. Extension to any value of
M is straightforward. We can use the population distribution 7 as an instrumental distribution.
Then, writing f(y, ¢;0) = h(y|¢;0)7(¢p;0), the acceptance probability only depends on the
conditional distribution A of the observation y:

Pa, (¢, d¢") = ro, (¢, ') min {

"o /. . h(yl(:b,;ek) /
Py, (¢,d¢") = 7(¢"; 6x) min {m : 1} d¢'.

In the case of the nonlinear mixed effects models, the kth step of this MCMC procedure
consists in:

1. Draw ¢’ = (¢}, -+, @!,) i.i.d. with the prior distribution N (pg, Tx) and w = (uq,-- -, uy,)
i.i.d. with the unlform distribution ([0, 1]).

2. For:=1---n, compute

. 2
@ Dy (¢}, 1) 1 (y - < Lol >) 1 (yi; — C(Br, o™ 1))
A; = log [ ——A0 | 4 — S
| (Dz(qbik)atm‘)) 207 D(Br, ) 20° ( D(Br, ¢\, 1)

J=1

3. Fori=1---n, set

¢Z(.k+1) = ¢, if A;<log(u)
(ﬁl(.k—H) = (ﬁfk) elsewhere.

Another way to simulate the Markov chain (¢(k)) is to generate the new possible value of pkt+1)
by adding to the previous value ¢*) a random perturbation . The acceptance probability shall
then be evaluated from the formula (2.8). Other methods are detailed in practice in section 2.4.1.

Some improvements of the algorithm

Some parameters of the algorithm may be well chosen to improve the results, like the general
number of iterations, the number of iterations in the MCMC procedure for generating each
element of the Markov chain (¢(®)), the step size (Y&) k>0, possibly the number of Markov chain
generated at the same time. More these choices are adapted at each case, better the results
are. For example, we have to choose the sequence of step size (7z)x>0 such that the assumption
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(SAEMY’) is satisfied: each 7, must belong to [0, 1], the series ) v, must diverge, and the
series 7,1‘“ must converge for some A in ]%, 1]. We must also take into account the influence of
the step size on the convergence speed of the algorithm. In the practice, it is useful to choose the
first step size equal to 1, in order to allow more flexibility during the first iterations: in fact, the
initial guess @g may be far from the maximum likelihood value we are looking for and the first
iterations will require big variations of the sequence (8y). After converging to a neighborhood of
the MLE, it is interesting to choose smaller step size in order to refine the estimation near the
objective value and ensure the almost sure convergence of the algorithm. Finally, we recommend
toset vy =1for 1 <k < K and v, = (k— K)_l for k > K + 1. In the practice K can be chosen
between 50 and 100.

It is possible to reduce the variations of the sequence (6)) around the MLE, by averaging
the sequence (sg) after iteration K as follows: i) run SAEM with v, = (k— K)~® for k > K +1,
where 0.5 < a < 1 ii) compute 5 as an average of the sequence (s), k¥ > K + 1 and compute
6(5). Some theoretical results concerning averaging of SAEM are given by Delyon et al. (1999).
From a practical point of view, the improvement is slight. We think that it is not really useful
for computing an estimate that possesses a variance much bigger than the improvement we can
expect.

Concerning the MCMC procedure, we have remarked that it improves considerably the
results if we choose a big value for M during the first iterations of the algorithm, in order to
adjust rapidly the chain of good values for the missing data. We usually use M = 100 or M = 200
for the iterations 1 to 20 or 50, and M between 10 and 100 after.

The MCEM (Monte-Carlo EM) was proposed by Wei and Tanner (1990), and used by Walker
(1996) for nonlinear mixed effects models (see section 2.4.2 for some applied results). This
algorithm approximates the conditional expectation Qr(8) = E(log f(y, ¢;0)|y; Ok) in the E-
step thanks to a Monte Carlo method. It requires to draw a sequence (¢(k+1,£))7 1 << L at
iteration k and to compute skt as an average of (S(y, ¢(k+1’l))1§1§;). A good approximation
requires a large number L of simulations at each iteration. We can combine MCEM with SAEM
by adapting the approximation step (2.7) as follows:

L
1 -
Sk+1 = Sk + V& (z E S(?J’(ﬁ(kﬂ’@) - Sk) . (2.9)
=1

With this new version of the algorithm, a small value of L (smaller than 10 in the practice) is
enough to ensure very satisfactory results.

Estimation of the likelihood

The likelihood of the observations can be approximated via a Monte Carlo integration method
(see Walker (1996) for example), using the following importance sampling identity

T
1wi0) = [ hyl6i0)n(6:6) 4o = 13" h(yl6V:0), (210)

where the ¢®) are drawn independently with the prior distribution 7(;8).

It can be useful if we want to study the behavior of the likelihood at each iteration of the
EM or SAEM algorithm. At iteration k of the algorithm, a sequence ok o(*k2)  H(RT) ig
drawn with the prior 7(-;0%) and ¢(y;0y) is estimated using (2.10).
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If the (qi)(k’t)) are drawn independently at each iteration, the estimated likelihood sequence
(¢(y; Ox)) will be quite perturbed if 7" is not chosen large enough. A smooth curve can be
obtained by using the same random numbers at each iteration: for example, if ¢ ~ N (p,7),
then we set ¢®*t) = pp + 7, Z® for any k, and where the Z(9) are independent N(0,1).

Another estimator of the likelihood is obtained by stochastic approximation, setting

T
0 (Y5 Ok) = @h-1 (Y3 Ok—1) + 7 (% > h(yle®;04)) — g (u; 0k—1)> : (2.11)
t=1

where the ¢*t) are independent. Indeed, when the sequence (6x) converges almost surely to
6*, this sequence (gx(y;0x)) converges almost surely to ¢(y; 6%).

Estimation of the variance of the estimates

Thanks to the maximum likelihood estimator obtained with the proposed algorithm, it is
possible to obtain simultaneously an estimation of the Fisher Information matrix. Delyon et al.
(1999) propose a method to estimate this matrix by using the fact that the gradient (the Fisher
score function) and the Hessian (observed Fisher Information) of [ can be obtained almost
directly from the simulated missing data ¢. Using the so-called Fisher identity, the Jacobian of
the log-likelihood of the observed data [ is equal to the conditional expectation of the complete

data likelihood:
06’1(0) £ E@[aé’ log f(y7 ¢’7 0)|y7 0]7

where 0y denotes the differential with respect to 8. By analogy with the implementation of the
SAEM algorithm, the following approximation scheme is proposed:

Ak =Ak_1+ 7 |Olog f(y, 6™ 0k) — Ap_y|.

Using the Louis’s missing information principle (Louis (1982)), the Hessian of [ at 6, is the
observed Fisher information matrix 93((6) that may be expressed as

051(8) = E4[07 log f(y, $;0)] + Cove[ds log f(y, ¢; 0)].

where Covg(¢(@)) = Ep[(v(d) — Fo(v(9))) (¢ () — Eg(¢(¢)))!]. Using this expression, it is

possible to derive the following stochastic approximation procedure to approximate 331(0):

Gr =Gr1+7 (03 log £ (y, #®: 04)+ 05 log 1 (y, @15 010y log [ (3, 6™ 04)' — G )
Hy, = G, — A AL

Knowing that the algorithm proposed above converges to a limiting value * and that [ is
regular enough, (—Hj) converges to —d31(6*). When [ is an incomplete data log-likelihood
function sufficiently smooth, the maximum likelihood estimator is asymptotically normal and
the inverse of the observed Fisher information matrix —d31(6*) converges to the asymptotic
covariance of the estimators.
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2.3 Example of the orange trees

2.3.1 The model

We choose the example of the orange trees to illustrate our algorithm for two reasons: the
first one is that the model chosen for this study is a mixed effects model with only one random
effect, moreover linear in this random effect, so we are able to implement the EM algorithm at
the same time as the SAEM algorithm, in order to get some reliable estimations of the maximum
likelihood with which we can compare these provided by the SAEM algorithm. Since the model
is relatively simple, the implementation involves only very soft calculation. The second one is
that these data, available for example on S-plus, were studied by Pinheiro and Bates (2000) and
other authors, so allow us some comparisons with results obtained by others methods, in order
to assess the performance of the SAEM algorithm.

The data, shown in Figure 2.1, consist in seven measurements of the trunk circumference of
each of five orange trees. Inspection of Figure 2.1 suggests that a “tree effect” is present. So a
mixed effects model seems to be very adapted to the analyze of these data.

Following Pinheiro and Bates (2000), a logistic curve is used for modeling the trunk circum-
ference y;; of tree ¢ at age ¢;:

Yij = C(t]',qbi;ﬁl,ﬁg) + 55 for 1<1<n , 1 <7 <m, (2.12)
Ctj, di3 81, 02) = o T (2.13)
1+exp (— ]5—1)

2

We suppose here that the (¢;;) are independent Gaussian error terms with variance 0. On the
one hand, the age at which the tree attains half of its asymptotic trunk circumference 3, and
the grow scale 3, are treated as two fixed effects. On the other hand, the asymptotic trunk
circumference ¢; is treated as a random effect and is assumed to be Gaussian with mean p and
variance 72. We suppose also that the random effects (¢;) and the error terms (¢;;) are mutually
independent.

Setting

a; (B, B2) = (2.14)

14 exp <— t—J;fl)
the likelihood of the complete model as the form:

fy,;0) = 270~ % (2n7%)"

m
2

1 1
X exp T5g2 (yi; — 04]'(51752)@)2 T o2 Z (¢i — H)2 , (2.15)
i i

where @ = (31, 32, i, 7%, 0%) are all the parameters of the model which we will estimate from the
observations (y;;).

2.3.2 The EM and SAEM algorithms

The non observed data is the sequence of independent random effects (¢;)i1<i<n. From (2.15),
we deduce by identification that the conditional distribution p(¢;|y; @) is Gaussian:

¢z|y7 0 ~ -’,\r(uh ‘/)7
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Fia. 2.1: Circumference of the five orange trees.
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Thus, the Expectation-step of the EM algorithm as well as the Simulation-step of the SAEM
algorithm can be easily done.

By the way, equation (2.15) implies that we can choose as minimal sufficient statistics the
function S equal to:

5(9.:9) = (Si2: S0 Sge (Sup(Mr<im) (2.17)

where
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TaB. 2.1: Comparison of EM and SAEM estimates after 100 and 1000 iterations.

Parameters 061 B9 I T2 o?
6o 650 250 100 50 10
o 727.89 | 348.06 | 192.05 | 1001.45 | 61.51
oM 727.91 | 348.07 | 192.05 | 1001.49 | 61.51
075N 725.34 | 346.11 | 191.46 | 1020.26 | 60.56
oEM 727.36 | 347.67 | 191.93 | 1003.76 | 61.52

Then the maximum likelihood estimate of 8 can be expressed as a function of S(y, P):

(Br,B2) = Arg min ~2) " j(Br, B2) Sy (i) + Sz > a2 (61, B2) (2.19)
P2 = =

A ~¢
L = - (2.20)
~ . §¢2 ~¢ 2
o= <7) (2.21)
. 1 n
o? = | Ow? —2;0{7 B, B2) Sy 2:: (B1, B2) | - (2.22)

The M-step of both algorithms requires the use of a Newton-Raphson algorithm for computing
(ﬁl, ﬁg) since the direct maximization fails.

The sequence of estimates (6;"™) and (05 4FM) are displayed Figure 2.2 and Figure 2.3,
together with the log-likelihood sequences log ¢(y, 8x”™) and log ¢(y, 8°47M) that can easily
be computed in a close form:

Cam (V)2 mu? V
o(w:0) = () () e (5 St - 2. e

by integration of (2.15) since ¢(y;0) = [ f(y, ¢;0)do.
The estimation of the parameters after 100 and 1000 iterations with EM and SAEM are

displayed Table 2.1.

We can remark that EM has almost converged after 100 iterations. Thus, the value obtained
with this algorithm can be considered as the maximum likelihood estimate of 8. In this example,
the step size sequence (7y;) used for SAEM was: v, = 1 for 1 < k£ < 100 and v, = (k — 99)~!
for k > 100. After some iterations, the SAEM algorithm has converged to a neighborhood
of the MLE of 0. Since +, = 1 during the first iterations, no stochastic approximation are
still performed, and s = S(y,(ﬁ(k)). Thus, the behavior of 854" remains quite perturbed

until iteration 100. After that, the introduction of a decreasing step size allows the almost sure

~MLE
convergence of the sequence 83%4¥M to 6

The estimation of the observed log—hkehhood is displayed Figure 2.4. In this very simple
example, the estimator, proposed in Section 2.2.2 can be compared to the true log-likelihood,
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F1G. 2.2: Estimation of 6 using EM. A logarithmic scale is used for the x-axis. (a) (B1x), (b)

(B2r), () (i), (d) (72), (e) (o), (F) log q(y, B:"™).
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FiG. 2.3: Estimation of @ using SAEM. A logarithmic scale is used for the x-axis. (a) (f1x), (b)
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Fic. 2.4: Estimation of the log-likelihood of the observations. The exact log-likelihood is in
solid line. The estimated log-likelihood, computed by using the same random sequence at each
iteration, is displayed in dotted line. The stochastic approximation of the log-likelihood is in

dashed line.
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since this one can be computed by using (2.23). When the same random Gaussian sequence is
used at each iteration, for drawing gb(k’l) , ¢(k,2)’ e ,¢(k’T), with 7" = 100, we can see that the
estimated log-likelihood tends to increase at each iteration. We also remark that this sequence
converges to an erroneous value. On the other hand, the stochastic approximation proposed in
(2.11) converges to the true log-likelihood. In this example, the step size sequence () is the
same sequence used for estimating the parameters.

The Fisher information of the MLE can also be estimated by using the stochastic approxima-
tion scheme presented in Section 2.2.2. We present in Table 2.2 the estimated standard deviation
of each component of 8% and 854%M  obhtained after 100 and 1000 iterations. We remark again
that SAEM gives a good estimation in few iterations. Furthermore, 100 iterations of SAEM, in-
cluding the estimation of the likelihood and the Fisher information matrix, only require about
1.5s with a Pentium IV.

Of course, we cannot conclude about the performance of SAEM with only one realization
of the algorithms. Indeed, the trajectories of EM and SAEM strongly depend on the value of
6. We ran 50 times the SAEM algorithm, with different random initial guess. Each value of 8q

~MLE
was independently drawn with a Gaussian distribution of mean 6 and standard deviation

~MLE
0.60 . Then, we ran SAEM, and estimated the expected relative deviation between 0y, °45M

I
and 6 . For example, the expected relative deviation for the parameter p, at iteration k, is
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TAB. 2.2: Estimation of the standard deviation of 8%™ and °4EM ghtained after 100 and 1 000
iterations.

Parameters | [ o3 I 72 o?
a(0ra) 13.51 | 13.04 | 14.15 | 633.39 | 14.70

(0L 13.51 | 13.04 | 14.15 | 633.40 | 14.70
6(075FM) [ 12.89 | 12.51 | 13.83 | 604.53 | 13.41
(O7AEMY | 13.51 | 13.04 | 14.15 | 633.40 | 14.70

approximated by

10 M;f) _ MLE
RDEV}(p) = = > GMLE
=1

We also estimated the expected absolute deviation between the log-likelihood log ¢(y; HkSAEM)
and the maximum log-likelihood ¢(y; éMLE) by

50
1 ~MLE
ADEVi(logq) = %E (log q(y; 87) —log q(y; 8" ).
=1

The results are displayed Figure 2.5. We clearly see that a good estimation is expected after
only 100 iterations. Indeed, only 100 iterations are enough if a relative precision of about 5% is
required in the estimation of 8. Also the estimation of the log-likelihood provides good results.

2.3.3 Extension to an heteroscedastic model

Let us consider now the following heteroscedastic model for this same example:
bi
. ti—51
14 exp (——]52 )

We are outside the scope of the exponential model and SAEM cannot be used as before. The
solution consists in regarding the fixed parameters (31, 2) as the realization of a Gaussian
random vector of mean (uy, u2) and diagonal covariance matrix with diagonal terms (73, 72). As
before, ¢ = (¢;) is a sequence of i.i.d. Gaussian random variables of mean u and variance 72.
It is important to notice that we do not change the model by doing that. The fixed effects
remain fixed effects, since we still consider only one vector (31, 82) for the all population.

The complete likelihood of this model is:

Yij = (I1+e) for 1<i<n,1<j<m. (2.24)

n

—Zlog t],ézvﬁlvﬁQ Z

o . 1 ’
- 0) — A H=2exp | — — T A A
[y, 9;0) = 2r7i73(2707) (2777) e)‘p[ 20 Z; ( ]7¢27ﬁ17ﬁ2) 1)

)

51 f1)* _ (B2 — pa)®

27’1 27’22

}. (2.25)
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~MLE
FiG. 2.5: (a-e) The five components of the mean deviation between 8354 and @ , (f) The
and the maximum log-likelihood
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TAB. 2.3: Heteroscedastic model: mean value and standard deviation of the 50 estimations of 8,
after 1000 iterations of SAEM.

Parameters 061 B9 7 T2 o?
7'12 = 7'22 = 10 | Mean value 757.29 | 378.78 | 197.50 | 722.48 [ 8.5 10~°
Standard deviation | 11.80 4.96 2.18 17.61 310°°
7'12 = 7'22 = 1000 | Mean value 756.43 | 379.45 | 195.65 | 724.28 | 8.9 1073
Standard deviation | 13.59 5.18 2.59 19.13 41073

where @ = (p1,p2, 72,72, 1, 7%,0%) is the new vector of parameters and C(t;, ¢;; 31, 082) =
bi
1+exp<— tjﬁ_jl )
rithm for estimating (1, 2, 4, 7%, 0%). Then we can use the estimation of (u1,u2) as estimation
of (b1, Ba2).
We ran 50 times the SAEM algorithm (1000 iterations), with different random initial guess.
The mean value and the standard deviation of the 50 estimations of (g, ua, i, 72, 0%) are dis-

. This model is now clearly exponential and we are able to apply the SAEM algo-

played in Table 2.3. It is interesting to remark that the estimation of the parameters is not in-
fluenced at all by the choice of (72, 72). Indeed, the same results are obtained with 77 = 72 = 10,
or 7§ = 73 = 1000. The results of Table 2.3 clearly also show that convergence of SAEM does
not depend on the initial value. Furthermore, the estimated values of (u, 31, 2) are not very
different from the values obtained with an additive model.

2.4 Comparisons with other methods used in PK/PD.

This section is devoted to some examples coming from pharmacokinetic and pharmacody-
namic modeling. This field motivates lots of works about nonlinear mixed effects models. For
examples, we can cite the growth-curves analysis like this of the orange trees, the analysis of
dose-response curves (see Grizzle and Allen (1979), Mentré and Gomeni (1995)) like the examples
proposed in sections 2.4.1, 2.4.2 and 2.4.3 or the analysis of viral decay after some treatment
(see Ding and Wu (2001)) like in section 2.5.

We consider now the mixed effects models from the point of view of PK/PD field. In fact,
in those kinds of models, the observations are generally some repeated measurements done of
a group of individuals. So in most cases, there are two types of parameters which correspond
respectively to the fixed effects and to the random effects, namely the population parameters
which are the same for all the individuals and the individual parameters which are varying with
the individual. Usually the individual parameters and the with-in group errors are supposed to
be normally distributed with mean zero. Our purpose consists then in estimating the population
parameters and the variances of all the Gaussian distributions involved by the random effects
and the error terms, from the data of a sample of individuals, each individual having one or
more measurements.

The first mixed effects models involved in PK/PD were linear (see for example Grizzle
and Allen (1979)). Since the models are linear, the EM algorithm allows the estimation of
the population parameters and of the unknown variances of the model. Some applications are
presented in Laird and Ware (1982) and in Lindstrom and Bates (1988). Nevertheless, modeling
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practical problems in PK/PD only with linear mixed effects models is very limited. So nonlinear
mixed effects models were introduced, involving practical computing problems, because the
likelihood is expressed due to an integral which has no analytical expression. Some solutions
were proposed, for example, Racine-Poon (1985) uses a Bayesian method assuming some prior
distribution on the parameters. But the most usual way to get round the previous difficulty is to
do some kind of linearization on the model function in order to obtain some linear approached
model. The common methods used by the professional in this field are implemented in the soft-
ware NONMEM, namely first-order method (FO) and first-order conditional estimates (FOCE)
(see Lindstrom and Bates (1990) and section 2.5 for more details). Both are based on a first order
Taylor expansion of the response about the fixed effects. Other two-step iterative algorithms were
proposed more recently, for example the algorithm P-Pharm of Mentré and Gomeni (1995) (see
section 2.4.3 for more details). A common characteristic is that the first step usually provides
an estimation of the individuals parameters and that the second step provides estimations of
the population parameters using the chosen linearization. Some problem appearing with those
method is that the quality of the approximation realized by the linearization is difficult to
quantify, so that it is often impossible to get any theoretical result of the convergence. For all
these reasons, the application of the SAEM algorithm in this field seems to be very promising,
because theoretical result exists and the assumptions done can be easily satisfied in practice for
those kinds of models.

2.4.1 A first pharmacokinetic model

This example was proposed by Concordet and Nunez (2002). It is a kinetic population
homoscedastic model, used for example for analyzing the concentration obtained after a constant
drug diffusion. The data were simulated according to:

Yi; = ¢ir(1 —exp[—iat;]) +ei; for 1<i<n, 1<j5<m,

where y;; denotes the concentration on time ¢; = j for the individual 7 with n =30 and m = 7.
The random effects (¢p;) = ((¢i1, ¢iz)) are independent and identically normally distributed with
mean p = (20,0.5) and covariance matrix I’

. 4 0.0574
with I'= ( 0.0574 0.00328 ) '

The errors (g;;) are independent and follow a Gaussian distribution with mean zero and va-
riance o2 = 16. We suppose also that the random effects (¢;) and the errors (¢;;) are mutually
independent. The parameters of the model are then equal to § = (u, T, 0?).

Following Concordet and Nunez (2002), the starting values of the parameters are chosen equal
to their true value. Indeed, they do not study the optimization method, but the performances
of the different estimates.

We propose to highlight on this example how the different methods presented in section 2.2.2
for improving the performances of the algorithm work in practice. We first run the algorithm
with 150 iterations using one chain simulated at iteration & with the following transition kernel
which is repeated 200 times at each simulation:

1. For i = 1---n, draw ¢ = (¢}, ¢!,) i.i.d. with the prior distribution N (py,T'x) and

k3

u = (uq,---,u,) i.i.d. with the uniform distribution ([0, 1]).
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2. Fori=1---n, compute

h z¢;a z 1 & / /
A= U — ey 377 30|03 = (1~ expl-at) (v — o1 - vl

where h designs the posterior distribution of y; for all 1 <17 < n.

3. Fori=1---n,set

HUHD

2

= ¢, if Aj>uy

2

¢§k+1) = gbfk) elsewhere.

All the results presented in the two next tables are based on 20 simulations. With this method
noted 1, we obtain the results presented in the first column in Table 2.4 for the bias and Table
2.5. The method 2 consists in simulating not just one chain but 10 chains in parallel, without
changing anything else. These results are presented in the second columns of Tables 2.4 and 2.5.
The method 3 introduces another transition kernel for simulating the chains: since the model
function is linear in the random effect ¢;1, we can easily evaluate the density function p of ¢;9
conditionally to y; by integration in ¢;;. Since the acceptance probability associated is also easy
to evaluate, we propose to use as proposal distribution the prior distribution 7 of ¢;3 to draw
a new candidate ¢.,. After evaluating the corresponding acceptance probability which leads to
accept or not this new value ¢},, we finally draw ¢;; from the conditional distribution knowing
y; and the re-actualized value of ¢;5. So we use the following scheme for simulating the chains
LR

1. For i = 1---n, draw ¢, i.i.d. with the prior distribution 7 equal to N (ug2, [ke2) where
Frir Triz

) and w = (uy,---,uy,) 1.i.d. with the uniform
Lriz Do

pre = (pk1, pgz) and Ty = (
distribution ([0, 1]).

2. For:=1---n, compute

(¢§2|yz‘; ok)ﬁ(ﬁbm; ek)

A; = b
P(Bi2lyis Ox) 7 (g5 Ok)
3. Fori=1---n, set
ngﬂ) = ¢ if Aj>uw
qﬁgH) = qﬁg) elsewhere.
4. For = = 1---n, draw qbgf-l_l) from the conditional distribution of ¢;; conditionally to
(¢£§+1)7 y;) which is also Gaussian and can be easily evaluated using Bayes’s formula.

We alternate this simulation method with the previous and repeated both only 100 times to
ensure the same number of iterations in one MCMC procedure. The method 4 adds adaptative
step size, since it was deterministic before. Our purpose is to reduce the step size if the stochastic
perturbation S(y, qb(k‘H)) — s added to the sequence of minimal sufficient statistics has changed
of direction, concerning the optimization problem, so that the sequence will not go further in a
bad direction. Indeed, we evaluate the scalar product between the current stochastic perturbation
S(y, o1 — 51, and the previous one S(y, ¢*)) — sp_;. If it is negative, we reduce the step size
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TaAB. 2.4: First pharmacokinetic model: comparison of the bias obtained by SAEM with the
different methods, based on 20 simulations.

Parameters 1 2 3 4 5

11 0.027 | 0.014 | 0.052 | 0.018 | 0.005
12 -0.002 | -0.001 | -0.002 | 0.001 | 0.001
'y 3.654 | 3.386 | 1.243 | 0.667 | -0.671

19 x 100 4717 | 4.611 | 1.945 | 1.469 | -0.069
[9o x 1000 | 2.977 | 2.576 | 2.163 | 0.686 | 0.120
o? -3.545 | -3.128 | -1.169 | -0.533 | 0.459

TaB. 2.5: First pharmacokinetic model: comparison of the square roots mean squared errors
obtained by SAEM with the different methods, based on 20 simulations.

Parameters 1 2 3 4 5

11 0.604 | 0.569 | 0.569 | 0.518 | 0.525
12 0.025 | 0.025 | 0.024 | 0.011 | 0.013
'y 3.952 | 3.834 | 2.698 | 1.679 | 1.640

19 x 100 6.491 | 6.260 | 5.390 | 3.808 | 3.675
[9o x 1000 | 3.256 | 2.933 | 2.697 | 1.186 | 1.110
o? 4.023 | 3.661 | 2.712 | 1.918 | 1.779

for example by updating it according to yx4+1 = (7’;:1)_1. If it is positive, we set vrr1 = V&.

Finally, the method 5 uses only the second transition kernel defined above with the adaptative

step size.

Concerning the results we obtained, the increase of the number of Markov chains generated
in parallel reduces in the same time the bias and the MSE’s, but the order are roughly the same.
When we change the simulation kernel used in the MCMC procedure, we improve globally the
results, for the bias as much as for the MSE’s. Likewise, the implementation of the adaptative
step size contributes considerably to the improvement of both and we obtain finally the best
results using only the second transition kernel and the adaptative step size. We will now compare
these square roots of the MSE’s with these obtained by Concordet and Nunez (2002).

In their article, Concordet and Nunez (2002) estimate the parameters of the model by maxi-
mizing a simulated pseudo-likelihood. Indeed, they consider a penalised least square criterion
equal to this one which would be issu from a Gaussian model where the means and the va-
riances were estimated by a Monte Carlo method, impliying the denomination simulated pseudo-
likelihood. We reproduce in Table 2.6 their simulation results, comparing FOCE (First-Order
Conditional Estimation), Gaussian quadrature and their SPML (Simulated Pseudo Maximum
Likelihood) method. These results are compared with the SAEM algorithm. Here, the number
of iterations in SAEM was also taken equal to 150.

For each algorithm, the square roots of the MSE’s were estimated, based on 20 simulations.
We clearly see that the maximum likelihood estimate, obtained with SAEM has the smallest
MSE’s, for the mean parameters but also for the variance-covariance matrix. Indeed, Concordet
and Nunez (2002) have shown that the SPML estimator is consistent. Their method provides a
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TaAB. 2.6: First pharmacokinetic model: comparison of parameters estimates. The estimated
square roots of the MSE’s, based on 20 simulations.

Parameters | FOCE | Gauss | SPML | SAEM

[0 172 | 058 | 0.82 | 0.52
1t 0.09 | 0.04 | 0.06 | 0.01
'y 7.03 | 478 | 296 | 1.64

I'12 x 100 42.01 | 12.19 | 15.40 3.67
99 x 1000 | 24.70 6.20 11.84 1.11
o? 1.70 2.05 1.73 1.78

good estimation for large values of n, but not for a small number of individuals.

2.4.2 A pharmacodynamic model

We consider in this section the nonlinear population pharmacodynamic model used by Walker
(1996).

Simulated data are given by

Pial;

iz +t;
with n = 30, m = 6, ¢{; = 0, {3 = 5, t3 = 10, t4 = 20, {5 = 40 and {g = 80. The random
effects (¢;) = ((¢s1, iz, ¢iz)) are supposed to be independent and are simulated with Gaussian
distribution with mean g = (u1, po, u3) and diagonal covariance matrix v2 = (vZ,v2,~v2). The
additive noise (g;;) are also supposed independent and normally distributed with mean zero and
variance equal to o2. Moreover, we suppose that the random effects (¢;) and the noise (g;;) are

mutually independent. The parameters of the model are then equal to 8 = (u,~2,0?) and the
values chosen for the simulation are the following:

Yij = Pi1 — teij for 1<i<n, 1<5<m, (2.26)

€ij ~iid /V-(O7 4) , Dil ~iid /\“105, 64) , Gi2 ~iid ./\”(12, 36) v Giz ~iid ./\”(10, 12.25).

According to Sheiner, Hashimoto, and Beal (1991) and Walker (1996), this model can be used
for the analysis of blood pressure y as a function of the dose of an anti-hypertensive drug from
a longitudinal study.

Walker (1996) compares different popular methods of estimation, such as FOCE (First-Order
Conditional Estimation) and LAPLACIAN methods of NONMEM. He computes the standard
errors (as the square roots of the MSE’s) for these different estimators based on 50 simulations.
Table 2.7 reproduces these values, with also the standard errors obtained with SAEM. The
results concerning the parameter o2 are not given since Walker does not produced them in
his paper. We see that the MCEM algorithm of Walker and SAEM give similar results, but it
is important here to remark that only 300 iterations of SAEM are performed for each single
simulated data set. Then, computing time for SAEM is very much reduced, in comparison of the
Monte-Carlo EM that requires to sample 10,000 random variates at each iteration and converges
very slowly.

Table 2.7 also gives in the last column the estimation of the standard deviation of the MLE,
using the approach proposed in Section 2.2.2. This method seems to be very accurate, since
these values are close to the empirical standard deviation computed from the 50 simulations.
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TAB. 2.7: Pharmacodynamic model: comparison of parameters estimates. The estimated square
roots of the MSE’s, based on 50 simulations.

Parameters | FOCE | LAPLACIAN | EM | SAEM | 6(8" )
[11 1.8 1.6 L7 | 1.5 1.4
142 1.2 1.3 1.3 1.3 1.0
13 2.8 2.4 1.6 | 0.9 0.6
v? 20.9 20.2 20.1 | 16.6 14.5
V2 11.0 11.9 10.7 | 10.8 7.6
v2 7.6 6.1 2.9 3.0 2.8

2.4.3 A second pharmacokinetic model

We consider here the pharmacokinetic model used by Mentré and Gomeni (1995), which is
close to the one used by Hashimoto and Sheiner (1991). The aim is to analyze the evolution in
time of the plasma concentration after an injection of a dose D of some drug at a given time.
The data were simulated following an open one-compartment model with first-order absorption,
which involves three individuals parameters : the absorption rate-constant Ka, the volume of
distribution V' and the total clearance of the drug C'l. The bioavailability was considered fixed
to 1. The predicted plasma concentration noted C), at a time ¢ after a dose D is given by:

Ko (- Kat) —exp [~ EL
Cl—V.Kq |TPUT R =P =7 ]

So let us denote as before the random effect ¢ = (Ka,V,Cl). We consider an heteroscedastic
error, such that the observation y;; is given by:

Cp(Ka,V,Clt)=D

Yij = Cpl@i, ;) (1 +€55), for 1<i<n, 1<5<my,

where (g;;) are independent normally distributed with mean zero and variance 0. We suppose
also that the random (g;;) and the individual parameters (¢;) are mutually independent . By the
way, the three individuals parameters (¢; = (Ka;, Vi, Cl;)) are supposed to be independent and
normally distributed. The age of the individuals, noted z, was considered as a covariate of the
model. For the simulation, we draw the values of the covariable z from a Gaussian distribution
with mean 50 and variance 202. This covariate only affects the individual parameter C1: its mean
is supposed to be equal to mg; — meooz and its variance to w%l. The two others individuals
parameters Ka and V have respectively means and variances equal to mg, and my and w%,
and w}:
Eij ~iid J\/’(O, 02) , Kai ~id J\/’('mKa, w%{a) ,

2 r 2
Vi ~iig N(my,wiy) , Cli ~ig N(mer — meoyzi, we) -

So the parameters 6 of the model are equal to (mgq, my, me, Mooy, Wi, Wi, wé,, o?). For
each individual, three times of measurement were randomly chosen among six times given in
hours after the injection of the dose D, namely {0.05,0.15,0.3,0.6,1.0,1.4}. We only kept the
observations which were upper than 0.05, so that some individuals may have less than three
observations, may be zero observation. This was done to mimic a real situation, namely the
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Fia. 2.6: Simulated concentrations of one data set of 100 individuals. The concentration-time
curve obtained with the exact mean parameters is plotted in solid line.
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fact that very low concentrations can not be measured because of assay detection limit. The
simulation presented below was done with the same values of the parameters as in the paper of
Mentré and Gomeni (1995), namely mg, = 5, my = 2, mc; = 10, meo, = 0.1, 0%, = 1,wd =
0.16, w?, = 1 and 0? = 0.15. For example, Figure 2.6 displays the concentrations obtained after
simulation for one data set of 100 individuals. Here we kept only 298 observations upper than
0.05. For the study, we simulate as Mentré and Gomeni thirty data sets and use the same starting
values for the algorithm, namely mg,0 = 6, myo = 4, mcio = 4, Moo = 0-00017“’%@,0 =
2,wiy=1,w¢; o =2 and 6% = 0.04.

The article of Mentré and Gomeni (1995) compares the results obtained with the algorithm
P-Pharm to these produced with the usual methods used in pharmacokinetic FO and FOCE
proposed in the software NONMEM. The algorithm P-Pharm is an EM like iterative algorithm,
which proceed in two steps : during the first step, the individuals parameters are approached by
the maximum of their posterior distribution given the current population parameters. The second
step consists in the estimation by maximization of the likelihood given the current estimates of
the individuals parameters, obtained after a first order expansion of the model function about
it.

Mentré and Gomeni (1995) propose an evaluation on simulated data to assess the perfor-
mance of their algorithm. We present in Tables 2.8 and 2.9 the results obtained by FOCE and
P-Pharm versus these obtained by the SAEM algorithm (we do 100 iterations each containing
100 MCMC steps generating 5 chains). Figure 2.7 displays a graphic representation of these
results. The mean relative bias obtained by SAEM are globally of the same order than these
obtained by P-Pharm or FOCE, excepted for the parameter w%, for which it is five times lower.
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F1G. 2.7: Mean relative bias and root mean squared relative error in % obtained for each para-
meters from the 30 data sets.
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TaB. 2.8: Second pharmacokinetic model: comparison of the mean relative bias in % of the
parameters estimates, based on 30 simulations.

Parameters | FOCE | P-Pharm | SAEM
MKq 1.7 0.4 3.4
my 1.6 2.6 3.4
mey 3.8 4.2 -0.3
MCoy 5.7 6.1 0.3
w%a 26.3 -30.9 5.4
w} 4.0 6.0 2.2
w, 9.7 4.9 -5.9
o? -4.7 3.8 0.2
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TAB. 2.9: Second pharmacokinetic model: comparison of the root mean squared relative error
of the parameters estimates in %, based on 30 simulations.

Parameters | FOCE | P-Pharm | SAEM
MK 43.5 17.5 7.1
my 35.9 20.5 6.3
mei 22.3 23.4 3.2
Moy 37.9 36.4 6.0
wi, 265.1 172.7 42.8
w} 153.3 97.8 28.7
wi, 86.3 79.3 18.4
o? 75.1 61.9 14.6

By the way, the root mean squared error provided by SAEM are three times lower than these
obtained by P-Pharm and five times lower than these obtained by FOCE.

2.5 Application to likelihood ratio test.!

2.5.1 Framework

The application treated in this section is based on this proposed in the paper of Ding and
Wu (2001). The purpose is to assess anti-viral potency of anti-HIV therapies. In fact, it was
shown in practice by clinical data that this potency can be well evaluated by some virological
marker, the viral load (number of HIV RNA copies). Until recently, evaluation were done only
based on the endpoints, which are in fact good markers for evaluation of long-term treatment
effects. But these endpoints are also affected by drug resistance, pharmacokinetics, toxicity and
other long-term clinical factors. So they may not represent the potency of the therapy faithfully.
A possibility to improve the evaluation was to consider some dynamics study of the viral load.
At the beginning, the viral dynamic models including treatment effects were very complicated,
involving differential equations. Some simplified versions were proposed recently, in particular a
two-phase viral decay model by Ding and Wu (1999), who establishes a relationship between viral
decay rates and treatment effects. Ding and Wu (2001) believe that viral decay rates are good
markers for drug potency, because it can separate evaluation of anti-viral potency from some
others characteristics of new anti-HIV therapies. So we are interested in their two-phase viral
decay rates which seems to reflect well the treatment effects. To analyze the treatment effects,
they use a likelihood ratio test. Nevertheless some problems appear during its implementation,
particularly concerning the type I error when the likelihood estimations were computed using
estimations of the parameters obtained with others methods. Our purpose was to apply the
SAEM algorithm and to assess the results.

!Joint work with France Mentré and Adeline Leclercq, INSERM.
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2.5.2 The model

The study involves a nonlinear biexponential mixed effects model. The observations (y;;)
correspond to the decimal logarithm of the viral load and can be written as follow:

yi; = logg[Priexp(—diit;) + Paexp(—dyit;)]| + i for 1<i<n, 1<j<m,

where (Pyj, Py, dy;, dy;) are individuals parameters which constitute the random effects of the
model, (¢;) are the observation times and (g;;) the with-in group errors. We consider n individuals
and suppose each individual is observed m times. Parameters dy; and dy; are the decay rates of
the two phases of plasma virus. Parameters P;; and P,; are reparameterized positive parameters
depending on some concentrations values. In order to be sure to obtain positive estimations for
these random effects, we choose to express its as an exponential, so the individuals parameters
become ¢; = (log Py, log Py, logdy;,log dy;) and the model:

yi; = logglexp(log Pi;) exp(— exp(log dq;)t;) + exp(log P;) exp(— exp(log da;)t;)] + €i. (2.27)

We consider that the random effects (¢;) are independent and follow a Gaussian distribution
with mean 8 = (log Py, log P3,logd;,log ds) respectively and diagonal covariance matrix equal
to w? = (w?, wl, wi, w?) respectively. The errors (g;;) are also supposed to be independent and
normally distributed with mean zero and variance o%. Moreover the random effects (¢;) and the
errors (g;;) are supposed mutually independent. So all the parameters of the model are equal to

0= (ﬂ7w2702) = (1Og P1710gP2710gd1710gd27 w%7 ’U)%, w§7wi7 02)

2.5.3 The likelihood ratio test

Knowing that the two decay rates of plasma virus are monotone functions of the treatment
potency of anti-viral therapy (see Ding and Wu (1999)), the anti-viral effects can be assessed
by comparing the two decay rates between two treatments or two patient groups using the
relationships between the decay rates and the treatment effects. The natural null hypothesis
(HO) chosen by Ding and Wu (2001) is that all the population parameters are the same for groups
A and B, i.e. a patient has the same virological response to treatments A and B. The alternative
hypothesis (H1) also chosen by Ding and Wu (2001) is that all the population parameters are
the same for groups A and B, excepted for the parameter log d; which is supposed to be different
for the two treatments. So the likelihood ratio test consists in three steps: first, fit the data under
(HO) by maximum likelihood and compute the value of the log-likelihood function /g, second,
fit the data under (H1) by maximum likelihood and compute the value of the log-likelihood
function [y, third, compute the test statistic A = —2(l; — lp) and compare it with the quantile
of the x2 distribution where v is the difference of degrees of freedom between the alternative
hypothesis and the null hypothesis. The alternative model we choose is one of this proposed by
Ding and Wu (2001). We add a parameter § to the first decay rates as follows, so that the mean
of the random effect logdy; is equal to logd; 4+ 3. So we have one degree of freedom for our
likelihood ratio test since the model under (H1) has one parameter more than the model under

(HO).

2.5.4 Estimation of the likelihood

First, the parameters were estimated by the SAEM algorithm. Then we use these estimations
for approximating by a Monte Carlo method the likelihood value under (HO) on the one hand
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and under (H1) on the other hand. To improve this integral approximation, we implement some
importance sample like describe below.

Consider the log-likelihood [ of the model:
16) = logg(yi; 6),
=1

where ¢ denote the density function of y; = (y;1,- -+, ¥im) for 1 <i < n. We introduce now the
distribution A of y; conditionally to ¢; and the prior distribution 7 of ¢; for 1 < ¢ < n, so that
we have

g(yi; 0) I/h(yikbi;e)ﬂ(éi;e)d@a

which allows us to use a Monte Carlo method to approximate the value of this integral. The
basic method consists in sampling (¢})1<i<r for a big value T from the distribution 7 (;) and
to compute % Eszl h(y:|¢t; 8) which approaches as better g(y;; ) as T is great. To improve this
approximation, we propose to use some importance sampling which will favor specifically values
for ¢;, for example the posterior mean of ¢;, by using some well chosen instrumental distribution
7 instead of = to sample the random (¢!)1</<r. So we obtain

m(9i;0)
i:0) = [ h(yildi; 0) = T (¢i; 0)do;
o50) = [ hlulos0) 55 (0 0)d0
and we approach this integral by % Eszl h(y:| ¢t 0);2%’2 We choose for the instrumental dis-

tribution # the Gaussian distribution with mean m and variance w?

respectively equal to the
posterior mean and variance of ¢;. These value are obtained by stochastic approximation by the
SAEM algorithm during the same run which provides the estimation of the parameters of the

model.

2.5.5 Numerical application

The simulation concerning the NLME method were done in S-Plus by Adeline Leclercq
(INSERM).

The simulated data

To estimate empirically the type I error of the likelihood ratio test, we simulate about 100
samples of 40 subjects under (HO), i.e. with the same population parameters for the 20 subjects
of group A that for the 20 subjects of group B. We suppose that six measurements were done
for each subject at days 1,3,7, 14,28 and 56. The values chosen for the parameters for the si-
mulations of the data were the following: log Py o = 12,log P, o = 8,logd; g = log(0.5),logds o =
log(0.05). All the variances of the random effects were chosen equal to 0.3. The variance % of
the error was chosen equal to 0.004 in order to have a variability coefficient of 15%. Figure 2.8
presents the 20 observations simulated which composed one of the two groups.
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Fic. 2.8: Simulated values for 20 subjects.
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Estimation of the parameters of the model

We compare two estimation methods, on the one hand the usual NLME function implemented
for example in R using the first-order conditional estimates (FOCE) method and on the other
hand the SAEM algorithm. As precise above, the FOCE algorithm is an iterative algorithm.
Each iteration of this algorithm proceed in two steps. Knowing the values obtained at the
previous iteration for the population parameters and for the individual parameters, the first step
consists in the reactualization of the individual parameters by a Bayesian estimation, namely
the maximum a posteriori involving the Bayes’s formula. Some calculation show that this is
equivalent to the minimization of some penalized nonlinear least squares (PNLS) like explain
in Pinheiro and Bates (1995). This minimization problem is done with some iterations of a
Newton-Raphson algorithm. The second step consists in a linearization by a first order Taylor
expansion of the decimal logarithmic function in (2.27) about the new current values of the
individual parameters providing an approximation of the likelihood. The population parameters
are updated by maximization of this pseudo likelihood. This maximization problem also involves
some iterations of a Newton-Raphson method. The NLME function implemented in R allows at
the most 50 iterations for the FOCE algorithms with at the most 7 Newton-Raphson iterations
for the PNLS step and 50 Newton-Raphson iterations for the likelihood maximization. If the
algorithm does not converge after all these iterations, i.e. the convergence criterion was not
reached (difference between two consecutive estimations lower than 1076), the run failed and
some error message is given.

The SAEM was implemented with 200 iterations of the algorithm and 5 chains updated at
each iteration using 50 iterations for the MCMC procedure.

Table 2.10 shows that the quality of the estimation is globally the same with SAEM than with
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TaB. 2.10: Relative bias and relative root mean squared error in % obtained under HO.

Parameters | Bias NLME | Bias SAEM | Rmsre NLME | Rmsre SAEM
log P, 0.19 0.16 0.82 0.80
log P 0.53 0.01 1.35 1.20
log Ay -3.48 -2.36 14.65 14.22
log Ag -0.93 -0.02 2.79 3.85
wl -3.25 -3.10 38.56 27.72
w3 9.48 -2.04 66.38 30.96
w3 -1.33 1.45 23.73 23.25
w3 -4.09 3.82 21.73 24.22
o? 2.41 0.47 16.23 15.79

Parameters | Bias NLME | Bias SAEM | Rmsre NLME | Rmsre SAEM
log P, 0.19 0.16 0.82 0.80
log P, 0.45 0.03 1.28 1.22
log Ay -4.19 -3.40 19.53 19.30
log Ag -0.90 -0.02 3.82 3.86
w? -3.50 -3.05 27.78 28.01
w3 1.13 -1.99 49.73 30.37
w3 -2.64 -1.00 23.89 23.45
w3 -4.07 3.87 21.73 24.18
o? 2.42 0.67 16.21 15.61
0 -0.12 -0.01 0.17 0.03

69

TaB. 2.11: Relative bias and relative root mean squared error in % (excepted for the parameter
() obtained under H1.
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F1G. 2.9: Relative bias and relative root mean squared error in % obtained for the parameters

under HO. On the x-axis, from left to right, log P, log Py, log dy,log dy, w?, w3, w2 w3 and o?.
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NLME. Nevertheless, the relative bias obtained with SAEM are far lower than those obtained
with NLME. Concerning the relative root mean squared error, there are globally the same,
excepted for the variances of w# and w2 which are quite improved.

Estimation of the type I error of the likelihood ratio test

For each of the 100 samples, we compute using the estimations of the parameters obtained
on one hand by NLME and on the other hand by SAEM an estimation of the log-likelihood using
the method described in section 2.5.4, one time the log-likelihood [y in the model under (HO)
and one time the log-likelihood [y in the model under (H1). Then we evaluate the empirical
estimator & of the type I error as follow:

100
1

v = — SOI(A; > 3.84),
& 1002»:1( > 3.84)

where 3.84 correspond to the 5% quantile of the y? distribution with one degree of freedom.
We obtain the following results:

anrme = 0.13 and asapm = 0.07,

which seems to be a better estimation since the theoretical value for the type I error is asymp-
totically equal to 0.05 when n goes to infinity.
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Joint inversion of teleseismic delay
times and gravity anomaly data: A
new approach.!

Summary

We present a new method for joint inversion of gravity and teleseismic delay time data. It is
based on the assumption of a linear but unknown relationship between density and velocity
variations which may vary with depth. The main novelty of this method is that it allows to
estimate the model hyperparameters (in particular variances of the different data sets and of
the physical properties) instead of fixing them arbitrarily. We use the stochastic algorithm
SAEM for obtaining an estimation of the variances and of others unknown hyperparameters.
Then we use them for obtaining an estimation of the velocity and density variations. The
algorithm has been applied to different synthetic data sets in order to show its performance.

Ce travail a donné lieu a la rédaction d’un article co-signé par Estelle Kuhn, Marc Lavielle et
Hermann Zeyen, actuellement soumis.

!Joint work with Hermann Zeyen, Département des Sciences de la Terre, U.P.S., Orsay.
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3.1 Introduction

Three-dimensional teleseismic tomography has become in the last decade an established
method for high resolution investigation of the upper mantle. A mobile array of seismic receivers
is generally installed in an area of several 100 km diameter, with the principal interest to record
seismic events from distances larger than some 20°. The measured arrival times for each seismic
event are stripped of the theoretical arrival time for a global mean model in order to obtain
the delay times. For the interpretation of these delay times, different inversion techniques are
being employed, which can be summarized into two groups: exclusive inversion of delay times
and joint inversion of delay times and other data sets, mainly gravity and geoid data.

Initially, most inversion methods of the first group were based on the ACH algorithm (see
Aki, Christofferson, and Husebye (1977)) and later modifications (see Evans and Achauer (1993),
Granet and Cara (1988)). These methods subdivide a three dimensional space into rectangular
prisms of variable size and perform a least squares inversion regularized by smoothing, usually
through singular value decomposition. More recently, Bayesian inversion algorithms were de-
veloped that allow a better, more localized treatment of the uncertainties of data and model
parameters (e.g. use of a priori information). Examples of these inversion methods include Hum-
phreys and Dueker (1994) and Ritter, Jordan, Christensen, and Achauer (2001). One of the
important problems of these inversion schemes concerns ”smearing”, the numerical propagation
of the effects of strong anomalies into regions that are in reality void of velocity anomalies.
Smearing in teleseismic tomography inversion is due to reduced resolution along the ray paths,
paths that are generally near vertical, inside a cone of 40 — 60° opening.

Partly in order to reduce the non-uniqueness of teleseismic tomography, several authors have
proposed to use the empirically observed relationship between density and velocity variations
(see Glaznev, Raevsky, and Skopenko (1996), Ludwig, Nafe, and Drake (1970)) to constrain
the seismic models. Lines, Schultz, and Treitel (1988) introduced the concept of ”cooperative
inversion”, that consists of an iterative procedure, doing delay-time and gravity inversion in
separated steps but using the result of one iteration step as starting model for the next one,
through a linear velocity-density relation. Later in year 1991, Lees and VanDecar used Birch’s
law (see Birch (1961)) for a joint inversion of delay time and Bouguer anomaly data, connected
through a fixed linear velocity-density relationship. Zeyen and Achauer (1997) introduced an
inversion scheme that allows to invert gravity and delay time data assuming a linear but unknown
velocity-density relation. Their aim was not only to reduce the non-uniqueness of the single
inversions but also to investigate variations in the correlation coefficient between velocity and
density variations that may be due to mineralogical or thermal variations.

This article presents a new inversion algorithm. The general ideas and aims of this method
are the same as for the approach by Zeyen and Achauer, i.e. a joint inversion of gravity (Bouguer
or free air anomalies) and teleseismic delay times under the assumption of a linear relationship
between velocity and density variations. The coefficients of this linear relationship are supposed
to be unknown and may change in different areas of the model namely in the vertical. The
algorithm is based on a Bayesian inversion scheme, however, in contrast to the former algorithm,
we use here the maximum likelihood approach for estimating the statistical hyperparameters of
the model; we will first introduce the theoretical background and the model definition before we
show results of the inversion of data produced with synthetic models with different degrees of
complexity. The results will be compared with those of earlier methods in order to demonstrate
the advantages of the new method.
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3.2 Method

The inversion scheme is based on a model consisting of horizontal layers with variable thick-
ness, each of which is composed of rectangular prisms of variable size. In principal, a slowness
(reciprocal of seismic velocity) and a density are attributed to each prism. However, in general,
not all prisms of a layer are crossed by a sufficient number of seismic rays. Therefore, one has to
account for the possibility that for certain prisms only one parameter, the density, is inverted.
In order to minimize boundary effects, we work with relative density and velocity variations.

For each layer, we assume a constant but unknown linear velocity-density relation, simulating
mainly a temperature dependence of this relationship (Sobolev, Zeyen, Granet, Stoll, Achauer,
Bauer, Werling, Altherr, and Fuchs (1997)). Although this is the application in our models, it is
possible, if geological evidence exists, to split each layer into regions with different relationships
or to join several layers into one single region.

3.2.1 Presentation of the probabilistic model

The chosen framework is the one of incomplete data. We denote the observed data y (gravity
and delay time data) and the non observed data z (density and velocity variations). We consider
the following model:

y = h(z) +e,

where h is a known function and € represents the noise due inter alia to the errors of measurement.
Our purpose is to recover the non observed data z from the observed data y. To do this we
will adopt a probabilistic approach and make the following assumptions:
e (H1) The non observed data z is a random vector, drawn from a prior distribution 7 that
depends on some set of unknown hyperparameters ¢.
e (H2) The noise ¢ is a Gaussian white noise with unknown variance o%. Moreover, the non
observed data z and the noise € are mutually independent.
Since the set of hyperparameters § = (¢, 0?) is usually unknown, we propose to estimate them
directly from the data and to use this estimation for recovering z. The proposed method can be
summarized as follows:
1) Compute #ps1,, the maximum likelihood estimate of 6, that is the value of # that maximizes
the likelihood ¢(y, 6) of the observations.
2) Compute the posterior distribution p(z|y;0az) of the non observed data z, with the
maximum likelihood estimate of 6.
Then, different estimates of & can be defined. For example, the so-called MAP (Maximum a
Posteriori) estimate of  maximizes the posterior distribution p(z|y; 0as1.). The EPM (Expected
Posterior Mean) is the mean of p(z|y; farz).

3.2.2 A stochastic algorithm for maximum likelihood estimation

The expectation-maximization (EM) algorithm, proposed by Dempster, Laird, and Rubin
(1977), is a well known iterative algorithm for computation of maximum likelihood estimates,
useful in a variety of partially-observed-data problems.

The E-step of the EM algorithm computes Q(8|0x) = E(log f(z,y;8)|y; 0r) where E(.|y;86)
denotes the conditional expectation and f(z,y;#) is the likelihood of the complete data (z,y).
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So we have:

E(log f(x,y;0)|y; ) = /log [z, y;0)p(zly; Or)da.

The M-step determines ;41 as maximizing Q(#|6;). All the statistical models considered
here belong to the exponential family. That means that there exist a constant C, two functions
¥ and @ of # and a function S of (z,y) such that the joint log-likelihood has the form

log f(z,y;0) = C'+¥(0) - (S(z,y), 2(6)), 3.1)

where (-, -) denotes the scalar product. The vector S(z,y) is called the sufficient statistics of the
model (see paragraph 2.3. for a concrete application).
In this case, the k-th iteration consists in two steps:

e E-step: compute

Sk = E(S(z,y)|y; 0x).

o M-step: determine 4y by maximizing W(6) — (Si, ®(0)).

This procedure is repeated till the convergence, which is ensured under very general assumptions,
becomes apparent.

When the E-step is infeasible in a closed form, the SAEM (stochastic approximation of EM)
algorithm, proposed by Delyon, Lavielle, and Moulines (1999), introduces a simulation step at
iteration k£ to obtain a stochastic approximation of Sg:

e S-step: using the current value 6 of 6, draw a realization 2(*) of the missing data under

the posterior distribution p(z|y;6).

e A-step: update the approximation of S according to

sk = sp_1 4+ 76(S(®), y) — sp_1), (3.2)

where {vi}r>0 is a sequence of positive step-sizes such that Yy = 400 and Y77 < 400
(for example, v, = 1/k).
e M-step: determine 641 by maximizing ¥(6) — (si, ®(8)).
The convergence of this algorithm is proved under very general conditions, see Delyon et al.
(1999) for more details.

3.2.3 Application to the Gaussian linear model

We suppose that the non observed data take their values in R? and that the observed data
take their values in R™. We consider the basic case where the function £ is linear, so there exists
some matrix A such that:

y= Az + e.

We consider that z is a sequence of independent Gaussian random variables with mean p and
variance v2:
x~ N (u]lp7 'yQIp) )

where N indicates "normal distribution”, 1, is the unit vector of R? and I, is the identity matrix
of size p. It corresponds to the prior distribution 7 mentioned in assumption (H1). The set of
hyperparameters to estimate is = (u,v%, %) and the joint likelihood of (z,y) has the form:

e (LRI (o)
V27?2 272 V2ro?" 202

flz,y:0) =
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If we develop this expression, we obtain for the log-likelihood:

n+p

p n
log f(z,y;0) = — log (27) — 5 log(v*) — 5 log(c”)

o _(_52 z 45 lly - Axu?). (3.3)

i=1

So we have an expression like the one presented in (3.1), with:

C:—n+plog(27r)
2
P 2 n 2 wp
U(l) = —=log(v°) — =log(c*) — ==
2 P
y) =0z, ol lly— Az|?)
=1 =1
w1 1
Ql) =(——,—,—=).
() ( 7272727202)

Using the Bayes’s formula and (3.3), we can easily compute the posterior distribution of z:
zly; 0~ N (m(6),%(0)),

where
m(f) = ATA + —1 I, B —1 ATy + I3 1 (3.4)
o? N2 P o2 N2 P
N = Loarayly _1. (3.5)
o2 N2 P

Then, iteration k& of the SAEM algorithm reduces to the three following steps:
e S-step: using O = (u, vk, 07), compute m(f) and () from (3.4,3.5), and draw z(¥)
as a Gaussian random vector with mean m(6x) and variance X (6y).
e A-step: update the sufficient statistics s = (sg.1,Sk,2,Sk,3) of the complete model as
follows:

P
Skl = Sk—1,1 1 Yk (Z $£k) - Sk_1,1) (3.6)

=1

P
Sk2 = Sk—121 7k (Z <$£k)>2 — Sk_LQ) (3.7)

=1

Sk,3 Sp—1,3+ V& <Hy — Az®)2 — 5k—1,3) . (3.8)
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o M-step: compute Opy1 = (ihs1, Vhi1,T5pq):

Sk
Hik+1 = — 3.9
+ p (3.9)
Sk2
7134-1 = 7 - Ni+1 (3-10)
2 Sk,3
= —=. 3.11
Ok+1 n ( )
(3.12)

Initial values for 6y and sg have to be chosen (for example an initial model containing prior
information for #y and zero for sp). This algorithm converges to a value Oy1, = (parr, 7J2\4L7 UJ2\4L)
that will be used for the estimation of the non observed data sequence z. In the Gaussian case,
the posterior mean and the posterior mode coincide. Thus, we estimate z by the posterior mean
m(0nr), computed using (3.4) with Oprp,.

3.3 Application to the gravimetric and teleseismic problems

3.3.1 The gravimetric model

The intensity of the gravity field at the earth’s surface is a function of the density distribution
underneath the surface, which is approximated by horizontal layers, subdivided into rectangular
blocks. There exists then a linear function F such that

g="Fip),

where ¢ is a vector containing gravity values and p is a vector containing the densities of each
block. This equation can be written in matrix form. Since our aim is not the reconstruction
of absolute densities but of density variations, we subtract the average from the gravity data
and denote the residual field by dg;; (theoretical values) and the density variations by dp. This
results in the following equation, where A; is the matrix I’ (p):

dgy, = Agdp. (3.13)

The measurement errors (instrument, reading etc.) in the observed data dg are modeled by
Gaussian white noise ¢,, with zero mean and an unknown variance UQQIng, where n, is the size of
the vector dg (number of measured gravity data). As a first approximation, we obtain therefore

dg = Agdp+¢,. (3.14)

Since the random variables ¢, and dp are independent, we can not consider that this white noise
describes also the modeling errors which are not independent from the random variable dp. We
do, however, not model those errors since this would complicate too much the entire inversion
process and we restrict the errors to the measurement noise ¢,.

We assume that the prior distribution 7 of the vector dp is a Gaussian distribution with an
unknown mean g, and an unknown variance O'g]np, where n, denotes the size of the vector dp
(number of blocks for which the density variations are inverted):

dp~ N (upllnp7 Uﬁ]np) .

The SAEM algorithm presented in section 3.2.3 can be used for estimating 6, = (,up, Og, 0'3)
and for recovering the unknown density sequence dp.
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3.3.2 The teleseismic model

The travel time of a seismic ray is the sum of the travel times in the different blocks crossed.
For simplicity we suppose that the velocity inside a block is constant and therefore the rays are
straight. In this case, a linear relationship exists between the travel time within a block and the
inverse of the velocity, called slowness. The travel time is the product of slowness and length of
the ray within a block. We can therefore write the theoretical travel time calculation as a system
of linear equations:

dtth = AtdS, (315)

where dt;, and ds are respectively the delay times (times with respect to the average arrival
times) and the slowness variations. The matrix A; contains the length of each ray in the crossed
blocks, corresponding to the derivative 9¢;/0s;.

Also in this case, the measurement errors are modeled by a white Gaussian noise g4, with zero
mean and an unknown variance oZl,,, where n; is the size of the vector d¢ (number of measured
arrival time data) so that

dt = AtdS + &4¢. (316)

Assuming again that the vector ds is Gaussian with an unknown mean ps and an unknown
variance 021, , where ny is the size of the vector ds (number of blocks crossed by a sufficient
number of rays). Exactly as above, we can use SAEM for estimating 6; = (us, ol Uf) and for
recovering the unknown sequence ds.

3.3.3 Joint inversion of gravimetric and teleseismic data

We have seen that SAEM can be used for estimating independently the hyperparameters of
both models, and for recovering independently the two non observed sequences dp and ds. If a
prior information concerning the joint distribution of these two sequences is also available, we
can hope to improve the inversion. Indeed, it is often assumed that there is a linear relationship
between velocity and density variations. We assume that such a relationship exists and that it
may vary with depth, e.g. due to temperature variations. We define a matrix b and a random
vector 7 so that

ds = bdp + n, (3.17)

where 7 is a white Gaussian noise with mean zero and an unknown covariance matrix I',,. We
suppose further that the variance of 1 and the linear correlation coeflicient between dp and
ds are both constant within each layer of the model. Then, both the covariance matrix I,
and the matrix b of the linear coefficients are diagonal and constant by blocks, with the same
block structure corresponding to the layers. Note also that usually the relationship is formulated
between the velocity and the density:

dv = Bdp.

There is then a relationship between b and B such that

B = —bv?,



80 Chapitre 3

where v is the mean velocity of a layer.
Let 02(j) be the variance of 1 and b(j) be the linear coefficient in layer j. Let further J
be the number of layers. Then, the parameters of the model we want to estimate are 8 =

(:UJ/N 0-,37 (b(])70-73(]))1§]§J7 0-37 0752)
For a given value of 8, the joint posterior distribution of (dp, ds) is still Gaussian, the mean
m(#) and the variance 3(#) of this joint distribution are computed in the appendix. At iteration
k, the three steps of SAEM become:
e S-step: draw (dp®) ds(*)) with a Gaussian distribution with mean m(6;) and variance
(k).

e A-step: the additional observed data set and the linear relationship (3.17) between the
non-observed data leads to additional components in the sufficient statistics. Therefore,
one has to update (Sg1, Sk.2, Sk,3, Sk, Uk,1, Uk 2, Uk,3) as follows:

P
Sk1 = Sk—1,1 1t 7k (Z dpgk) - 5k—1,1)

=1
(02
Sk2 = Sk—1,2 1t 7k Z(dm ) — Sk—1,2
=1
— _ (k)12 _
Sk3 = Sk—1,3+ 7k <Hd!] Agdp'™|| 5k—1,3)

Sk4 = Sk—14TVk (Hdt — Atds(k)HQ — 5k—1,4> .

For each layer j, let C'; be the set of blocks that belong to the layer j and that are crossed
by a sufficient number of rays. Then, (ug1(J7), uk,2(j), ur3(j)) are defined as follows:

upa(j) = ug-11(J) + 7k Z dpMds™ — u_y11(5)
iec,

2
wa() = weor20) + o | 3 (48) = winia()
0=

2
wns(i) = weoral) + o | 3 () = wiiis()

i€C;
e M-step: compute 01 according to
_ Sk 2 _ Sk2 2
Hoppr = n—p v Opppr = n—p T Hppsa
2 5k,3 2 _ Ska
k11 — Oy = —t
. 2 .
. uk1(7) 9 . 1 . Uy 1(])
b = ? = — — ?
k-l-l(J) Uk,Q(j) ) Uﬁk+1(]) n; uk73(.7) 'Ufk,Q(j) )

where n; is the number of blocks in layer j which are crossed by a sufficient number of
rays.
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Fi1a. 3.1: Schema of the model.
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3.4 Synthetic model examples

For the test calculations, we used a model which is inspired from the results of teleseismic
tomography in active rift, specifically the East-African Rift in Kenya (Achauer and the Krisp
Teleseismic Working Group (1994)). A more or less undisturbed but thinned crust overlies a
mantle lithosphere with a strong negative velocity anomaly due to ascending hot material. The
anomalous structure is simulated by a 50 km wide vertical stripe in the center of the model
running in EW direction (see Figure 3.1). The model has three distinct horizontal layers: a 25
km thick crust without velocity and density anomalies is situated above a 5 km thick layer
with a strong positive velocity and density anomaly in the model center, representing the area
where thinned crust is replaced by fast and dense mantle material. The velocity anomaly in this
layer has an amplitude of 4+0.4 km/s (6% of the background velocity of 6.8 km/s), the density
anomaly 133 kg/m?® (4.6% of the background density of 2900 kg/m?), resulting in a correlation
factor B of 3 m*/(s*kg). The third layer has a thickness of 170 km and simulates a low velocity
- low density channel cutting vertically through the whole lithospheric mantle. This last layer
is treated in different examples as one single layer or subdivided into 4 layers. The velocity
anomaly has been fixed to -0.8 km/s (10% of the background velocity of 8.0 km/s), whereas
the density anomalies vary in the different models between -266 and -133 kg/m?®) so that the
correlation factor B varies between 3 and 6.

This model is the same as the one used in Zeyen and Achauer (1997), called "ZA” in what
follows, so that we can easily compare the results. It is on the one hand a geologically realistic
model in terms of anomaly amplitudes and distributions, on the other hand, it is also a kind of
worst case model for the pure velocity inversion, since it is very prone to be affected by vertical
smearing. Especially the thin high-velocity layer underlying the rifted crust will not be resolved
with existing methods as we will show in the following parts.

The synthetic data (delay times and Bouguer anomaly) were produced with the same software
used for the forward calculation during the inversion. The seismic delay time calculation is based
on the algorithm published by Evans and Achauer (1993) using a simplified ray tracing in which
refraction is controlled only by the background velocity and changes in the angle of incidence
due to velocity variations within a layer are neglected. The data simulation was done with a
realistic event and station distribution on an area of 150*150 km?, i.e. not all receivers ”worked”
for all events and the event distribution was not homogeneous for all azimuths. In this way,
we produced 1081 delay times. The Bouguer anomaly calculation is based on Cady (1980) and
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Fic. 3.2: Velocity variations in % for single inversion of three layers model.
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Zeyen and Pous (1993), simulating data on a regular grid with a 10 km spacing for an area of
300*300 km?, resulting in 961 data points. We added to the synthetic data sets a Gaussian error
with standard deviations of 0.03 s for the delay times (corresponding to 3% of the data standard
deviation of 0.80 s) and of 2 mGal for the gravity anomalies (corresponding to 3% of the data
standard deviation of 71.2 mGal).

We will now present inversion results for the four following situations, which increase in
complexity: a) single inversion of seismic data to compare standard Bayesian inversion (ZA)
with the new method; b) joint inversion with three layers (the thick mantle layer is implemented
as one single layer) with a favorable relation between the number of data and the number of
parameters; ¢) a 6-layers model, subdividing the mantle into 4 layers with different correlation
factors in the different mantle layers; d) a 3-layers model with areas where the assumed linear
relationship between velocity and density variations does not apply in order to investigate the
behavior of the new algorithm in this very unfavorable situation.

a) Single inversion of seismic delay times.

A first simulation was done using only the above described synthetic delay times. We used three
layers with lower limits at 25, 30 and 200 km, each layer consisting of 11*11 blocks with 50*50 km
side length (total area of 550*550 km?). The area is much wider than the actually available data
at the surface for two reasons: on the one hand, we avoid edge effects for the gravity calculation,
on the other hand, the seismic rays form a cone which in the lower most layer is about 550
km wide. Taking into account that not all blocks in this model are crossed by seismic rays, the
problem consists of inverting 151 velocity (or slowness) variations using 1081 delay time data.

Figure 3.2 shows the results for Bayesian (ZA) and SAEM inversion. The Bayesian inversion
algorithm results in smearing. The velocity anomaly in the second layer has disappeared. As
shown in Zeyen and Achauer (1997) the anomalies in the upper two layers even changed sign
for the ACH algorithm. In contrast, the new method reduces smearing considerably.

b) Joint inversion of a three layers model.

In a second example, we took the same three layers model, using delay times and Bouguer
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TaB. 3.1: Estimation provided by the SAEM algorithm after 50 iterations for joint inversion of
three layers model.

Parameters | Estimation | Parameters | Estimation
Iy -17 o; 4.7¢°
Ug2 4.5 o} 7.0e74
B 0.5 021 9.4e7?
By 2.1 o, 1.2¢7¢
Bs 3.6 o 3.6e”"

anomaly data. The B parameters in the synthetic model were fixed to 3 m*/(kg*s) in all layers.
This results in an inversion scheme in which 514 model parameters (363 density variations and
151 velocity variations) are to be determined using 2042 simulated data (961 gravity anomalies
and 1081 delay times). This problem is less well constrained than the first one, but with a ratio
of 4:1 between data and model parameters, it is still reasonable.

The ZA algorithm resolves the high velocity region in the second layer (Figure 3.4, second
column), although the amplitude is too small, but the high density in this layer are not well
resolved (Figure 3.3, second column). The overall variance reduction is better than 95% for both
data sets. Also the B parameters are reasonably well resolved (0.7 for layer 1 (i.e. near zero as
should be expected) 3.3 for layer 2 and 4.4 for layer 3).

The SAEM algorithm (Figures 3.3 and 3.4, right column) gives much better results. Also
the amplitude of the velocity and density anomalies in the second and third layer are well
resolved, the B values become 0.5, 2.1 and 3.6. Figure 3.5 shows the convergence of the maximum
likelihood estimator of the hyperparameters for the SAEM algorithm. Convergence is reached
for all estimators latest after 20 iterations.

¢) Joint inversion of a six layers model.

A subdivision of the thick mantle layer into 4 separate layers is geologically more meaningful, but
it poses additional problems to the inversion algorithm: in comparison to the number of observed
data there is now an elevated number of non observed data to be estimated. This leads for the ZA
algorithm to stability problems. As can be seen in Figures 3.6 and 3.7 (second column), there is
a strong scattering in the resulting density and velocity variations and especially the velocities
are not well resolved in the deeper layers. Consequently, also the B values are not correctly
resolved at depth. The SAEM algorithm, in contrast, recovers both sets of non observed data
quite well (Figures 3.6 and 3.7, right column). The correlation coefficients, however, do not show
the depth variation introduced in the synthetic model (the synthetic B changes linearly from 3
in layer 3 to 6 in layer 6), since the inverted densities stay too high in the deep layers, where
gravity resolution decreases due to the effect of distance. The convergence of the estimator of
the hyperparameters is of the same order as this one obtained in the three layers model.

d) Joint inversion with areas where the linear relationship is disturbed.

In a fourth model, we changed the density distribution in the first layer so that the southern half
has a positive density contrast (increased by 50 kg/m?) without changing the seismic velocities.
Therefore, in this layer, there is no linear relationship between velocity and density contrasts,
which might geologically correspond to the juxtaposition of two different terrains. In this case,
the ZA algorithm behaves well for the mantle layer, but does not recover very well the upper two
layers (see Zeyen and Achauer (1997)). The SAEM algorithm, however, deals much better with
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Fi1c. 3.3: Density for joint inversion of three layers model (in kg/m?).
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Fic. 3.5: Evolution of the hyperparameters for joint inversion of three layers model during the
iteration process. Horizontal axes: iteration number; vertical axes: estimation of the different
hyperparameters.
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TAB. 3.2: Estimation provided by the SAEM algorithm after 50 iterations for joint inversion of
six layers model.

Parameters | Estimation | Parameters | Estimation

o -15 o’ 6.1e’

Ug2 3.4 O'? 6.6e=4
B 0.1 031 2.3e78
By 2.0 o, 6.9e~7
Bs 3.8 or, 2.2¢77
By 3.6 o, 5.7¢7°
Bs 2.9 035 8.9e6
Bg 3.5 036 7.1e
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Fic. 3.6: Density for joint inversion of six layers model.
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Fic. 3.7: Velocity variations in % for joint inversion of six layers model.
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Fic. 3.8: Results for joint inversion of the fourth model.
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TAB. 3.3: Estimation provided by the SAEM algorithm after 50 iterations for joint inversion for
the fourth model.

Parameters | Estimation | Parameters | Estimation
Ko 9.8 o’ 3.7¢3
0! 6.1 of 7.0e™*
By -0.12 ol 1.9e7%
By -1.8 032 3.3e 6
Bz 4.0 al 7.5e”7

this very unfavorable situation and gives correct results for the velocity variations, although the
density variations of the second layer seem to be masked by those of the first layer (Figure 3.8).
Note that in Figure 3.8, we did not show the correct velocity model, which is the same as the
one of the first two models, however we showed the modified density model. The convergence
behavior is not shown for this model, since it is very similar to the one presented Figure 3.5 for
the second model.

3.5 Discussion

The presented algorithm is based on a pseudo 3D ray tracer, i.e. the rays do not bend
when crossing the limits between blocks with different velocities within the same layer. Instead,
the rays are refracted at layer limits with angles corresponding to the average velocities of the
layers. If strong lateral velocity variations are present, a full 3D ray tracing is necessary in order
to recover correctly the velocity variations at depth. Our algorithm can easily be extended to
use such a 3D ray-tracer, however the calculation becomes much more time consuming, since
the problem is then strongly non-linear and is based on an iterative procedure in which the
Jacobian have to be completely updated after every iteration. A possible way of tackling the full
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problem might be to proceed in two steps: first use the presented pseudo-3D algorithm in order
to construct a starting model for the full 3D inversion and second use the modeled statistical
parameters and velocity-density relationships as constraints for a full 3D inversion.

Another problem which we did not tackle at this stage is the way to define layer thicknesses
and block sizes. In the future, some optimization process (see e.g. Kissling, Husen, and Haslinger
(2001)) should be integrated into our algorithm in order to increase block sizes where little
information (gravimetric and seismic) exists and densify it in areas densely covered by rays or
gravity measurements. It could also be considered to use different block sizes for gravity and
delay time data inversion in order to account for the decreasing resolution of density distribution
with depth.

We have however shown with a series of increasingly complex models that the new method is
superior to some similar existent teleseismic delay time inversion methods. Its principal advan-
tage is that the statistical parameters of the model do not have to be chosen by the operator but
are treated as unknown. This ensures an objective and optimal result. It also seems to stabilize
the inversion in case of unfavorable conditions like a small ratio between the number of obser-
ved and non observed data. Especially in the case of joint inversion of gravity and teleseismic
delay time data, the automatic determination of the statistical parameters is important, since
the different data sets and even more the different parameter sets are characterized by different
variances which are generally difficult to estimate a priori.

The method can easily integrate any kind of prior information. For example, if we have some
knowledge on the density inside some blocks, we can set the variance of dp to aag with « fixed
to some arbitrarily small value, and with Ug estimated as above.

3.6 Appendix

Determination of the mean m(#) and the covariance matrix ¥(6) of the joint posterior Gaus-
sian distribution of (dp, ds):

For each layer j, let C; be the set of blocks that belong to the layer ;7 and n; the number of
blocks in layer j. Using Bayes’s formula, we get:

p(dp,ds|dg,dt;0) o f(dg,dt|dp,ds;) [ (dp,ds;0)
o f(dg |dp;0) f(dt]ds;0) f(ds|dp;0) f(dp;0).

Thus,
1 J
log p (dp,ds | dg,dt;8) = C — 3 ng log(ag) + ny log(af) +n, log(ai) + an log(ag(j))
7=1

J

ldg - Aydpl? _|ldt — Auds]? (ds; = b(j)dp)*  |ldp — s,
o= Aol [t Bl 57 5 ot b Lo
g ¢ i=11iecC; g p

We see that this posterior distribution is Gaussian. The mean m(#) and the covariance ¥(6) are
computed by identification. So we only need to analyze the part of the log-likelihood involving
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the vector (dp, ds):

lldg = Agdpll® __|ldt = Acds|”

2 2
g gy

log p (dp, ds | dg, dt: 8) = C/(dg, dt; ) — % [

g

J

ds; — b(j)dp)?  |ldp — |2
L3y Uﬁpn+%£l

j=1i€C; 7

Let Z = (dp, ds), after some straightforward algebra, we find that

logp (7 | dg, di; 0) = C(dg, di;6) — = [(Z — m(®) 57 (6) (Z — m(®))'],

where
m@:(i
P Q\"'
20 =g §)
with
P = ifn +B’F—1B+iA’1A1
o2 ” K o?
Q = -BT;!

_ 1
R = Fnl + —QA’QAQ
03

B _1 1 QR TALdt
S = (P_QR IQI) H_g‘l' 2 - 22
Tp Thrg o5

Abdt
r = R (% —Q’S) :
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Logspline density estimation by
maximum likelihood in nonlinear
inverse problem

Summary

In this chapter, we propose a method for estimating in a non parametric way the density
of the missing data in some general inverse problems. We consider a logspline model of a
fixed size and the maximum likelihood estimator of this density in this model. So we get
a logspline density estimator, which can be approach using the SAEM algorithm coupled
with the MCMC method. We also study the convergence of this logspline estimator when
the size of the logspline model and the number of observations go to infinity. We illustrate
the method on some simulated examples and real data sets.
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4.1 Introduction

Let Z be a random variable with density function 7 having for support a compact interval
7 of R. We consider a random sample zy, - - -, z, drawn from the same distribution than Z. Ins-
tead of observing zy, - -, z,, we observe independent random variables y1, - - - , y,, not necessary
identically distributed, taking value in a interval } of R, which are related to the unobserved
random sample zi,---, 2, through the density functions (h;)i1<i<n of yi,---, ¥y, conditionally
to z1, -+, z,. Our purpose in this chapter is to estimate by maximum likelihood the unknown
density function 7 from the observations (y;)1<i<, in a non parametric way.

Such indirect problems are known as statistical inverse problems. Since the purpose is to
estimate the density function 7 of Z when the density functions of y,---,y, and the density
functions of vy, - ,y, conditionally to z{,---,z, are known, the problem is often difficult to
solve. In fact, the solution may be large disturb by a small change of the density function of
(y1," -+ ,Yn). This denotes the ill-posed feature of such an inverse problem.

Nevertheless, statistical inverse problem have been often study since they have lots of ap-
plications in very different fields, for example gravimetry, teleseismic, pharmacology and signal
processing. Some application of a smooth version of the EM algorithm was proposed for den-
sity estimation by Silverman, Jones, Nychka, and Wilson (1990), based on the article of Vardi,
Shepp, and Kaufman (1985) specific for the positron emission tomography. Schumitzky (1991)
presents another EM-like algorithm considering the mean of the posterior densities. More re-
cently, Eggermont and LaRiccia (1995) et Eggermont (1999) have proposed for inverse problem
with integral operator a smooth version of EM using a nonlinear smoothing operator involving
kernel and obtain an estimator of @ which converges in the Li-sense when n goes to infinity.
Another approach consists in using the standard value decomposition (SV D). We can cite here
for example the recent works of Cavalier and Tsybakov (2002) and Cavalier, Golubev, Picard,
and Tsybakov (2002). Some approaches using logspline were also proposed. Koo and Park (1996)
use logspline model coupled with the EM algorithm for estimating the density in deconvolution,
whereas Koo and Chung (1998) present an SV D type approach. In his article of 1999, Koo pro-
posed in case of deconvolution (i.e. y = z + ¢ where ¢ is independent from z and drawn from a
known distribution) a logspline density estimator of the density function 7 of z. He considers the
vector space § of spline functions of a given positive order ¢ on Z, namely piecewise polynomials
function of degree ¢ — 1. Given a subdivision of Z, the space § has a finite dimension J and ad-
mits a B-spline basis denoted By, ---, By (see de Boor (1978)), having the following properties:
the (B;)1<j<s are nonnegative and their sum is equal to 1 on Z. So for 6 = (6y,---,6;) in R,
he defines the density function 7y for all z in Z by:

J J
7o(z) = exp ZHij(Z)—C(H) , where ¢(8) = log /Iexp ZHjB]'(Z) dz|. (4.1)

J=1

This definition of 7y ensures that it is a nonnegative function which integrates to one. Koo
considers the estimator T of the density function 7, where #;,; maximizes in @ the indirect

log-likelihood defined as follow:

J
ling(8) = Z 0,B; — c(9), (4.2)
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where the sequence (B;)i<j<s is obtained from the sequence (B;)1<j<s, using the Fourier in-
version formula such that the (B;) are appropriated estimators of the (B;). He established
convergence rates of its estimator when the log-density function log 7 of Z is assumed to be in
a Besov space.

Since the parametric logspline model defined in (4.1) ensures a positive estimator which
integrates to one, it is well adapt for the density estimation. So we kept this logspline model
to estimate m, but since the method of Koo (1999) is specifically adapt to the deconvolution
problem, we will propose another estimator, which is valid in some general nonlinear inverse
problems.

The classical parametric maximum likelihood approach would consist in choosing in a fixed
parametric model {mg,0 € O} the value of # in © which maximizes the complete log-likelihood

of the model defined by:
l%om Z log yz |Zz g (Zz)]

In cases where the random sample zy,---,z, is non observed, we consider the value 8 which
maximizes the observed log-likelihood of the model defined by:

1 o3
~n ;bg /I hi(yil 2)mo(2)dz.

So for a fixed dimension J, the logspline model is a parametric one and we obtain a parametric
maximum likelihood estimator of 8 depending on n and on J, involving a parametric maximum
likelihood estimator of 7. From a practical point of view, we approach this estimator énJ of § in
the logspline model of size J using the version of the SAEM algorithm presented in the Chapter 1
of this thesis. Moreover, this algorithm is well adapt to logspline model, since it is an exponential
families. So under some regularity assumptions of the model, the algorithm converges to a local
maximizer of the observed log-likelihood [,,.

We consider the asymptotical properties of the logspline estimator L of the density =
when the number of observations n and the size J of the logspline model tend to infinity.
We introduce, assuming its existence, 8% ; which maximizes E[l,,(6)] on R/ and prove, under
regularity assumptions, the convergence in probability to zero of || log T, log Tox |2 when n
goes to infinity and also J, but not to fast with n. We consider now the approximation property
of mgx for m. We prove the convergence in distribution in some particular case.

To 1Hustrate the method, we present some applications to simulated data. The missing data
are drawn from a Gaussian distribution or a mixture of two Gaussian distributions. We estimate
the density of the missing data from the observations and present also examples where other
parameters of the model, such as the variance of the error, are estimated. To end this chapter,
we consider again the real data set of the orange trees presented in section 2.3. We estimate the
density of the random effect ¢; in a non parametric way using the logspline estimate. In the
same time, the others population parameters are also estimated.

4.2 Logspline model

We define now precisely the logspline model which will be used. We are interested in piecewise
polynomials functions of positive order ¢ > 1 (i.e. degree ¢ — 1) on Z. So let Z be equal to [a, b]
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where —0o < @ < b < 400 and consider a given knots sequence 7 = (tl)lgng-H with ¢ = ¢
and b = tx41. Consider now the vector space S, » of spline functions of positive order ¢ on Z,
namely piecewise polynomials function of degree ¢ — 1 associated to this knots sequence. Then

the dimension of S, ; is equal to J = ¢+ K — 1 and there exists a B-splines basis denoted
By,---,Bjfor S, ; (see de Boor (1978)).
So for a given vector § = (61,---,8;) in R/, we denote for z in 7

s(z;0) = z::eij (z)  and  ¢(f) =log [ /z exp[s(z; 0)]@] ,

so that the function 7y defined as follow
7o(2) = expls(2:6) — c(6)] (4.3)
is a density function for all  in R”. This family is not identifiable since we have for all @ real:
c(0+ a) =c(f) + a implying that mgy, = 7.

So we set systematically ;5 = 0 in order to get an identifiable family of log-density functions
and we denote ©7 the subspace of R” composed of vectors having zero as last coordinate and
M, - the set of densities associated equal to {my,0 € ©O;}. From now on, we will consider
only subdivisions of Z with subintervals of equal length. We denote the dependence in ¢ and K
through J for simplicity. We describe briefly some properties of the B-splines detailed in de Boor
(1978):

Proposition 4.1. For all 1 < j < J, the function B; takes values in the interval [0,1]. Mo-
reover, we have E}]:l B;(z) =1 for all z in I. By the way, there exisls a posilive constant D,

independent of the knots sequence, such that for all 8 in R”, the following upper bound holds:
116 lloo< Dy [| log p [|oo -

We present now the approximation property of the logspline model. For some positive conti-
nuous density function f on Z, we define §; = infyce, || log f —log Ty ||co. Then 6 tends to zero
when J goes to infinity (see Stone (1990) for the application to logspline and de Boor (1978) for
more details on the links between the convergence rate and the regularity of f).

We define now the observed likelihood corresponding to the logspline model:

(0) = > tog [ hatulz)ma(e)iz

and the maximum likelihood estimator 7; B of the density 7 in this logspline model by:

b, = arg ;re%x 1.(6).
J

The particular properties of the logspline model let us think that B will have remarkable

properties when n and J tend to infinity. In a first time, we explain how we compute this
estimator in practice.
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4.3 The SAEM algorithm

For fixed integers n and J, we consider the logspline model M; = {7y, 0 € O;} defined
above. For all 1 <17 < n, we denote h; the density functions of y; conditionally to z;. Then the
complete log-likelihood corresponding to the logspline model has the following expression:

1 < 1<
17 (9) = - Z log hi(yilz:) + - Z log (). (4.4)
=1 =1

So we will apply the SAEM algorithm to this parametric model in order to approach the esti-
mator 6, ; of #, that maximizes the observed log-likelihood [,,. To put out the minimal sufficient
statistics of the model, we write the developed expression of the complete log-likelihood:

n J n
COom 1 1
0 -3 el + 300 (135
=1 7=1 1=1

So we choose as minimal sufficient statistics S(z) = (2 32", B;(%),1 < j < J) and implement
the k-th iteration of the SAEM algorithm as follow:

e S-step: generate a realization 2z’ using as proposal distribution the prior distribution g,
and take zj equal to 2’ or to z,_; according to the value of the acceptance probability
defined in (1.1).

e A-step: update s;_; according to (7).

e M-step: update 6 according to (8).

In this particular case of logspline model, the assumptions needed for the convergence theorem
are quite simplified: assumptions (M1)-(M4) are always satisfied, as well as assumption (C)
since the minimal sufficient statistic belongs to [0, 1]7. Assumption (SAEM2) can be weakened
in (SAEM2’): the function f is m-times differentiable, since the function [ satisfied always this

condition. So we obtain the following result:

Theorem 4.2. Assume the following assumptions (M5), (SAEM1’), (SAEM2’) and (SAEM3’)
are satisfied. Then, w.p. 1, limy_ 4o d(0k, L) = 0 where d(z, A) denotes the distance of x to the
closed subset A and L = {0 € O, 0yl,,(y;6) = 0} is the set of stationary points of l,,.

Remark. Concerning the assumption (M5), if the existence ofé is ensured, we systematically
have the uniqueness of 8, because since the function § — c() is convex (see Stone (1990)), the
function 8 — log mg is concave.

— c(8). (4.5)

The theorem ensuring the convergence to a local maximizer of the log-likelihood of the ob-
servations can also be applied. Moreover, the assumptions are simplified, since the convexity
of & — ¢(#) implies that the second matrix considered in assumption (LOC2) is always po-
sitive definite. By the way, the expression of the minimal sufficient statistic involved by the
logspline model implies that if assumption (LOC3) is satisfied, than the first matrix considered
in assumption (LOCZ2) is also always positive definite. We obtain the following particular result:

Theorem 4.3. Assume the following assumptions (M5), (SAEM1’)-(SAEM3’), (LOC1)
and (LOC3) are satisfied. Then, w.p. 1, the sequence (8)) converges to a local mazimizer of the
observed log-likelihood 1.,.

Remark. We can also admit some parametric dependence for the conditional densities (h;) and
apply the SAEM algorithm to get estimators of these parameters as well as of § (see section 4.5.2
for some application).
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4.4 Convergence result

We suppose that given g1, -- -, ¢, the density functions of yy, - -, y,, the problem
Forall 1<i<mn, ¢l(y) = / hi(y|z)m(z)dz forall y in Y,
Yy

has an unique solution 7 to get an identifiable problem. We define A,(6) = E[(,(8)] as the
expected log-likelihood and consider the following assumptions:

e (H1) For all J in N* and all » in N*, A,, has a local maximum 6} ; in RY.

e (H2) There exist positive constants m and M such that for all 1 <i < n

m < sup  hi(ylz) < M.
(y,z)eyXI
By the way, from now on, we suppose that
1
J =o0(n27) for ¢ in |0, 5L (4.6)

Theorem 4.4. Assume conditions (H1) and (H2) are satisfied. Then on an event whose pro-
bability tends to 1 as n tends to infinity, the function l,, has a local maximum 0, ; and we have

for all £ in )0, 3[:
. [J
|| log T, log mgx | 2= Op (n E) .

Remark. If the density function w belongs to M j, for some Jy, the existence of J, s ensured
since we have Tox , =T So let us consider logspline models such that M j C MJ+1 (take for
example dyadic subdwzszons of the compact interval ). Then m belongs to all My for all J > Jy
and we oblain the convergence of log TG, to logm.

Remark. This convergence resull shows that we have to choose J not to large for the appli-
cations, namely J = o(n2~°) for € in |0, %[ We illustrate this remark by some application in
section 4.5.1.

Proof of Theorem 4.4:

The proof is adapted from this proposed by Stone (1990) for the direct estimation problem.
We will show that there exists a local maximum for £, in a neighborhood of a local maximum
of A,. So we need some technical lemma similar to these of Stone, which are proved in the
appendix.

Given ¢ in ]0, 3[ and J satisfying (4.6), we define b, = ns\/g for n in N*.

Consider then the two following compact subsets of ©O:

©1,, ={0 € O, logmy — log mg= ||2< b, }

®2,n = {0 € @, H IOg Ty — log To* ”2: bn}

We denote no more the dependence of % in n and in J. To begin the proof, let us define for
n > 1, for b > 0 and 6 in © the following event:

D po = {(€n () = £a(07)) = (An(6) = An(67))] 2 b || log mg — log o |2} -

Concerning the probability of this event, we have the following result proved in the appendix:
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Lemma 4.5. Given M; > 0, there exists o > 0 such that for all n > 1, for all § in ©,, and
for all 0 < b < My /\/J,

P (meﬁ) < 26_0m62.

By the way, since (4.6), there exists a positive constant M; such that for all n > 1, b, <
Ml/\/j Soforall 0 < b < Ml/\/j, Lemma 4.5 ensures that each of these events has a probability
who tends to zero when n goes to infinity. We will now build an event as uniform as possible in
8, without losing the asymptotical property about its probability.

We recall here the Lemma 8 of Stone (1990), which uses topological property of the space §
of splines functions on Z. It is a consequence of Lemma 7 of Stone (1986) and of (viii) on page
155 of de Boor (1978).

Lemma 4.6. Givene > 0 and § > 0, there exists a positive constant My such thatl the set

{773,0 € O such that || logmg — logmgx ||2< n®y/ %}

can be recovered by O(exp[MzJ log(n)]) subsets of diameter at most equal to ﬁn%%, where the
diameter of such a subset A is defined as sup{|| log 7 — log 72 ||eo, 71, T2 € A}.

So Lemma 4.6 allows us for each § > 0 to recover the set {mg,0 € Oy ,} by a finite number
of balls of diameter less than 3b2. So there exist a finite subset I of N, (8;);es € (@Ln)I such
that

Card(I) = O(exp[MyJ log(n)]) and {mg,0 € ©1,} C UiesBoo (7, 3b2) (4.7)

where Bo, (7, ,7) = {79,080 € O1 5, || log mg, — logmp || < 1}
So if we define the event Q5 = U;c1€,, 5,6,, Wwe obtain by (4.7)

P(Qp) < 2eMat logn—nat?, (4.8)

We will choose b later, as a function of n, such that this probability tends to zero when n
goes to infinity.

Consider now 8 in O ,,. There exists ¢ in I such that 7y € B (ﬂ'gi,ﬁb%). So let us write the
following triangular inequality:

[(€n(6) = €0 (67)) = (An(6) — A (07))] < |(€n(6) — £n(0:)) — (An(6) — An(6:))]

H(Ea(8) = £a(07) — (An0) — Anio)] )

Concerning the first term of the right expression in (4.9), we will use the following lemma
proved in the appendix:

Lemma 4.7. For alln > 1, for all 6 and 8, in ©, we have

|(€n(61) = £n(62)) = (An(61) = An(62))] < 2 || log g, — log 7, [oo



98 Chapitre 4

which ensures that:
|(€n(8) = £,(6:)) — (An(8) — An(8))] < 2602

Concerning the second term of the right expression in (4.9), we have on €f , since # belongs to

62,n:
(0 (8) = £0(67)) = (An(8:) — An(8))] < bby
So we can conclude that
(0 (6) = £(6%)) = (An(6) = An(6%))] < 2882 + bb,

Moreover , we have an upper bound control concerning the comportment of A,, around 6*:

Lemma 4.8. Given My > 0, there exists 6 > 0 such that for all n > 1 and for all § in © such
that || log mg — log g« ||2< %,

An(8) — A, (%) < =6 || logmg — log max || .
which implies that there exists § > 0 such that
0, (0) — £,(0%) < 2062 + bb,, — 5b2. (4.10)

It remains to choose § and b such that the upper bound in (4.10) stays below zero and the upper
bound in (4.8) tends to zero.
Let us take for example § = §/6 and b = 8b,,/3, so we obtain

1
0,(60) — £,(0%) < —§5bi < 0.

We now check that the probability of €2, 5; /3 tends to zero when n goes to infinity. The exponent

in (4.8) is equal to MyJ log n — ‘J%Z)Jn26 which tends to —oo when n goes to infinity. This ensures
that the probability of €, 5, /3 tends to zero with n. So we have shown that excepted of an
event whose probability tends to zero, the function £,, has a local maximum in ©; 5, implying
the expected result. O

We now study the convergence of 7g» to m when the size J of the logspline model goes to
infinity, motivated by the approximation property of the logspline model. We only present here
results in the following particular case: the observed data y, - - - , ¥, are related to the unobserved
data z1,-- -, z, through the same conditional density A for all 1 < ¢ < n, so that the function A
no more depends on n. To ensure more accuracy of our notations, we indicate again from now
on the dependence of § in .J. We define the density function gg« by go= (y) = fy h(y|z)mex (2)d=
for all J in N* and the density function ¢ by ¢(y) = fy h(y|z)m(z)dz for all y in Y. We consider
now the following assumptions on the densities = and h:

e (H3) The density 7 is positive on Z and continuous.

e (H4) The conditional density function h is continuous in y and bounded in z.

Proposition 4.9. Suppose that assumptions (H1)-(H4) hold. Then the density gos converges
untformly to the densily g, when J goes to infinily.
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Proof of Proposition 4.9: Under assumption (H3), the approximation property of the log-
spline model ensures that for all J there exists 85 in R” such that:

|| log mg, —log 7 ||eo< 28y,

where §; tends to zero with J with a rate depending on the regularity of the function log 7 (see
Stone (1990)). For example, if we suppose the function log 7 ¢-times differentiable, we obtain
87 = o(J77) (see de Boor (1978) for more details). Since the functions exp and log are increasing
and the integral linear, we obtain for all J:

0 < A(m) — A(mg,) < 26;.
By definition of 8%, we deduce:
0 < A(r) — A(mgr) < 24y,

which ensures that A(mgs) tends to A(r) when J goes to infinity. Moreover, the set of densities
{96, J € N"} is equicontinuous: for all J and all (y,y') in V?, we have:

905 (y) — 905 (V)] < sup_7|h(ylz) — h(y']2)].

Moreover 7 is a compact interval of R and assumption (H4) holds, so this upper bound is finite
and ensures that the set of functions {gg§, J € N*} is equicontinuous. By the way, each density
of this set is bounded by M under assumption (H2). So Ascoli’s theorem can be apply to this
function set and ensures the existence of some uniformly convergent subsequence of the sequence
(99;). Let us denote g its limit. By the dominated convergence theorem, we obtain that § = g¢.
Since the sequence (gg§) has an unique accumulation point, it implies the convergence of the
sequence toward this unique accumulation point and therefore the expected result. O

We define now the following assumption (H5): the missing data problem is of the form:
Y =¢(2) + ¢, (4.11)

where ¢ is a injective function from R on R, the error term ¢ follows a given distribution A with
a non zero characteristic function and the variables Z and e are mutually independent.

Consider a sequence of random variables (Y, Z;) satisfaying (H5), where the variable Z;
has density mgx. Consider also a couple of variables (Y, Z) satisfaying (H5), where the variable
Z has density 7.

Proposition 4.10. Suppose assumptions (H1)-(H5) are satisfied. Then the variable Zj converges
in distribution to a random variable Z having density 7.

Proof of Proposition 4.10: Consider the characteristic function of Y, for some real t in its

definition field:
@y, (1) = /y explity)gos (3)dy.

By the dominated convergence theorem, ®y,(¢) converges to the characteristic function @y (¢)
of Y. Since Z and e are supposed mutually independent, as well as Z; and ¢ for all integer J,
we have:

Dy (1) = Py(z) (1) @:(1)
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and also

Dy, (1) = Py(z2,) ()P (1)

By application of the result of Proposition 4.9 and of the dominated convergence theorem, we
deduce that for all real ¢ in its definition field, lim y ®y,(t) = ®y (). Since ®.(t) # 0, we obtain
the convergence of @47 () to ®y(z (), implying the convergence in distribution of ¢(Z;) to
¢(Z). Under assumption (H5), ¢ is injective, so we deduce the convergence in distribution of
Zjto Z. O

4.5 Applications

4.5.1 Application with missing data normally distributed

We consider the following simulated example to illustrate our method. The observations (y;)
are obtained from the non observed data (z;) at time ¢ by the equality:

yi = azexp(—zit) 4+ for 1 <7< n. (4.12)

The coefficients («;) are independent and identically drawn from a Gaussian distribution with
mean m, and variance 72, but are consider as a covariable for the time being. The missing
data are also supposed to be independent and identically drawn from a Gaussian distribution
7 with mean p and variance 4% The errors (g;) are independent and identically distributed
from a Gaussian distribution with mean zero and variance o%. Moreover, we suppose that the
missing data (2;) and the errors (g;) are mutually independent. We choose as numerical value
n = 100,m, = 5,72 = 2.25,u = 10,v? = 0.04 and ¢% = 0.0028 to ensure a signal to noise ratio
equal to 10.

We apply the algorithm SAEM in a logspline model like presented in section 4.3 to approach
the maximum likelihood logspline estimator of the density function 7 of the missing data z, the
parameter o2 considered as known.

We choose zero as initial value 8g, such that the logspline density estimate is initialized with
the uniform distribution on Z. We first run the algorithm choosing a large support for 7, namely
T = [-50, 50] to locate more precisely where the missing data take their values. Then we adjust
the choice of the support according to the results taking into account the part of the interval
where the logspline estimate of 7 is upper 1074, so we take Z = [~2.5,12.5] (see Figure 4.1).

For the choice of the size J of the logspline model, we consider the remark after Theorem 4.4.
So we test some values for J lower than 10 since we have 100 observations. The results obtained
are presented on Figure 4.2. We see clearly that the estimation of the parameters have converged
for J equal to 4 and 5, but this is not the case for the values 6 or 7, although the logspline density
estimate is not far from the true density m. The best estimation seems to be given for ¢ = 4
and J = 5, so we will hold these values for the following applications. We draw the attention
of the reader to the fact that some curves of the estimate of § are almost superposed. We also
present results for logspline model of different order ¢, namely we run the SAEM algorithm with
histograms, exponential of linear functions and of polynomial functions of degrees 2 and 3. The
results are presented in Figure 4.3 and show that the degrees 2 and 3 give similar results.
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FiG. 4.1: (a) Estimation of 8, (b) True density 7 in dotted line and logspline density estimate in
plain line for Z = [-50, 50]; (c¢) Estimation of 6, (d) True density 7 in dotted line and logspline
density estimate in plain line for Z = [-2.5,12.5], (¢ = 4,J = 5).
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FiG. 4.2: (a)-(d) Estimation of 8 for ¢ = 4 and J equal respectively to 7, 6, 5 and 4. (e)-(h) True
density 7 in dotted line, corresponding logspline density estimate in plain line.
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F1G. 4.3: (a)-(d) True density 7 in dotted line, logspline density estimate in plain line for J =5
and ¢ equal respectively to 1, 2, 3 and 4.
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F1G. 4.4: True density 7 in dotted line, logspline density estimate in plain line (¢ = 4,.J = 5).
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4.5.2 Application involving estimation of other parameters

We consider again the example presented in (4.12) in the first subsection of this part. We
will now supposed that the variance o2 of the error is unknown and estimate it with the SAEM
algorithm of section (4.3). The logspline density estimate obtained with J = 5 and ¢ = 4 is
presented on Figure 4.4 and is close to the true density w. Like it is shown on Figure 4.5, the
estimator of § is quite stationary after 2000 iterations. We obtain for the estimator of o2 the value
0.0025 which seems to be a good estimation, the true value being equal to 0.0028. We consider
now that the variance o2 of the error and the coefficients (a;) are unknown. We compute with
the SAEM algorithm the logspline density estimate and the estimators of m,, 7, and o2. The
logspline density estimate is also close to the true density 7, the variance o? of the error is well
estimated since we obtain 0.0027. The estimators obtained for the parameters m, and 72 are
not so relevant, since we obtain 7.63 for the mean and 0.0003 for the variance. The results are
presented on Figures 4.6 and 4.7.

4.5.3 Application with missing data drawn from a bimodal distribution

We conserve the model (4.12) and only change the distribution from which the missing data
are drawn. We choose a bimodal distribution equal to a mixture of two Gaussian distributions
with weights 0.5, means equal to 1 and 2 and variances equal to 0.25% We consider that the
variance o? of the error is known. We compute the logspline density estimate for the density of
the missing data. The estimator is not far from the true density, the places of the two maxima
of the density are quite recovered. The results are presented on Figures 4.8 and 4.9.
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Fic. 4.5: (a) Estimation of the parameter 6, (b) Estimation of the parameter o (¢ = 4,J = 5).
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F1G. 4.6: True density = in dotted line, logspline density estimate in plain line (¢ = 4,J = 5).
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Fic. 4.7: (a) Estimation of the parameter 6, (b) Estimation of the parameters m, and 72, (c)
Estimation of the parameter 0%, (¢ = 4,.J = 5).
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F1G. 4.9: Estimation of the parameter 6, (¢ =4,.J = 5).
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4.5.4 Application to the example of the orange trees

We consider again the example of the orange trees presented in section 2.3 of Chapter 2. We
recall the model:

yi; = Ctj,¢i01,02) +ei5 for 1<i<n, 1<j<m, (4.13)

C(t;, é1: 1, Ba) o

1+ exp (JJB_fl) ' (4.14)

We have considered this model as a parametric one, choosing arbitrary a Gaussian prior for the
law of the random effect ¢. We propose now to do a non parametric estimation of the density
function 7 of ¢, due to the SAEM algorithm applied with the logspline model. We estimate at
the same time the others parameters, namely the two fixed effects 3; and 3; and the variance o?
of the Gaussian errors. We do 10000 iterations of the SAEM algorithm because the parameter ¢
of the logspline density converges slowly. Figure 4.11 presents the convergence of the parameters
using a logarithmic scale for the x-axis. Figure 4.10 represents the density estimate obtained
for m and the density function of a Gaussian distribution having mean 192 and variance 1003,
these values corresponding to the estimations obtained by the SAEM algorithm in section 2.3
with the Gaussian prior of the distribution of ¢. The two curves are almost superposed. The
estimation of the parameters 31, 32 and o2 obtained with this model are detailed in Table 4.1.

So we can conclude that, in this example, the Gaussian prior was a well adapt choice.

4.6 Appendix

Proof of Lemma 4.7:
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TaB. 4.1: Comparison of estimates obtained with the Gaussian prior of 7 and with a non
parametric estimation of 7 .

Parameters 061 o)) o?
Initial value 650 250 10
Model with Gaussian prior of 7 727.36 | 347.67 | 61.52
Model with logspline estimation of # | 717.15 | 340.19 | 61.80

Fic. 4.10: Estimators of the density function 7 of the random effect ¢: logspline density estimate
in plain line, estimator obtained with Gaussian prior in dotted line (¢ = 4,J = 4).
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Fic. 4.11: (a) Estimation of the parameters 6, (b) Estimation of the parameters 3, 3; and o2
(g =4,J =4). The x-axis uses a logarithmic scale.
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We will prove that for all 1 < ¢ < n, || loggis, —10g7: s, <] logms, — logms, ||, which
will imply the expected result.
Consider for some 1 < ¢ < mn, #; and 63 in © and for y in Y

gioly) 1 P
gio,(Y)  Gie,(y) /Ihz(yk) o, (2)dz
N / hily|z)ms, (2) o, (2)

A

9i6,(y) 7o, (2)

hi(ylz)me, (2)

By Jensen’s inequality, since is a density function for all ¥ in ), we obtain:

9i,05 (y)
g6, (y) /hi(y|2)7%(2) (7761(2))
lo ! > lo dz.
00w ~ )1 gnl) o \r()

So that

log gio(y) _/Ihi(y|2)%(2)

i 6, (Y)

lo ! dz
Gi .62 (y) N & (71—92 (Z)
> — || log mg, — log g, |[|so -

By symmetry between 6, and 65, we obtain also:

i 0, (Y)
log === > — || log wg, — log 74, ||eo -
8 gio (0) | log 7, — log g, ||

which implies that

|| log g:,6, — log g: 6, ||oo<|| log wg, — log 7g, [|o -
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[l
Proof of Lemma 4.5:

This proof repose of Bernstein’s inequality (see Hoeffding (1963)) applied to the random
variables X; = log ¢; ¢(Y;) —log ¢; 9+(Y;), which are independent, bounded uniformly by || log 75—
log Tgx ||o since Lemma 4.7. By Lemma 7 of Stone (1986), there exists a positive constant M3
such that || logmy — log mgx |leo< M3V'J || logmg — log wg= || which is the uniform bound we
choose for the random variables (X;). So by application of Bernstein’s inequality, we obtain the
following upper bound: there exists a positive constant My such that for all £ > 0 :

n2t?

PO = 0] = Ul = e 02 00 < 2o | e (30 i/ [ o 7 oz )

To conclude to this upper bound, we will show that there exists a positive constant Ms such
that:

var(X;) < Ms || log g — log max ||3 (4.15)

and conclude , choosing ¢ equal to b || log 7y — log mg« [|2, that there exists a positive constant «
such that:

P(1(6(8) = 6,(6%) — (Au(6) — An(87)] > b || log ma — log 7 [12) < 2exp (—anb?),

which implies the result. We finally prove the relation (4.15). We have:

var(X;) < E(Xf) = /y (log (‘Z’t((yy))) ) gi(y)dy,

where g; denotes the density function of ¥; and is equal to [7 hi(y, z)7(x)dx for all y in Y. So
assumption (H2) implies that

var(X;) < % . (log (%) ) 9o+ (y)dy.

By the Lemma 1 of Barron and Sheu (1991), we obtain:

g(w

gi,é‘(y)

_ 2M
var(X;) < FGXP(H log gi ¢ — log gi o= Hoo)/ lo )gi,e*(y)dy-

y

We recall here the definition of the Kullback-Leiber divergence defined between two density
functions defined as:

K(g1,92) = /ygl(y) log [gl(y)] dy (4.16)

92(3/)

for two density functions g; and g, on ) and deduce using Lemma 4.7 that:

2M .
var(X;) < g exp(|| log mg — log mox ||oo) K (gi,0%, gi0)-



Logspline density estimation 111

By Lemma 1.1 of Eggermont (1999), we have:
2M
var(X;) < —exp(|| log 7y — log mgx ||oo) K (7ax, mg)
m

and finally applying once again the inequality of Lemma 1 of Barron and Sheu (1991), we
conclude by assumption (H2):

. M?
var(X;) < ?exp(Q || log g — log mos ||oo) || log ma — log mes |3 -

Since Lemma 7 of Stone (1986) ensures that there exists Mz such that || log 7 — log mgx ||0o<
MsVJ || log 7y — log mgx ||2, since 8 belongs to the subset O , and since b,V/J < My, we obtain:

. M?
var(X;) < o exp(2M; Ms3) || log mg — log mg« H%,

which is the expected upper bound. O
Proof of Lemma 4.8:
For § in ©;, and ¢ in [0, 1], let us define §; = 6* 4+ ¢(0 — 6*) and F,(t) = A, (0:). The

function F), ¢ is differentiable on [0, 1], so we can write:

An(0%) = An(6) = Frp(0) — Frp(1)

1
= —/ 7fhé)(u)du.
0

If we derive explicitly the function F, ¢, we obtain the following expression for its derivate for
all win [0, 1]:

n

ol = 3 | o8 2tz = [ ) [ a2y ton Tty |

n i mg(2) 6(2)

where p;0(y, 2) = %. Thus,

1 o(0) = Wo(u) — 3" ig(u),

where \Ilg(u):/zﬂ'gu(z) log ?g((zz))dz and <I>Z-79(u):/ygi(y)/zlti,é’u(y,z) log ?g((;))dzdy.

We will first consider fol Wy(u)du and apply the following lemma proved at the end of the
appendix:

Lemma 4.11. For all § in ©, [ Wg(u)du = 0.
which implies that

1 177‘ 1
- 7’1 w)duy = — /q)igudu.
) Frotwin= 332 [t
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Consider now for all 1 <7 < n the function ®; ¢ and let us derive it to study its variations. For
all 1 <7< mnandall win [0,1], we have:

Pl g(u) = - /ygi(y) /Im,gu(y,z) (IOg ?;((;))Zdz - (/I Kio, (Y, 2) log 7:?;((,5)) dz) 2] dy,

which is non positive by application of Cauchy-Schwarz’s inequality. So for all 1 < ¢ < n the
function ®; ¢ is non increasing from ®; 4(0) to ®; ¢(1). So we have for all 1 <7 < n

1
®;4(1) < / ®; g(u)du < @;4(0),
0

which implies

1 — 1 e [! 1 —
- P, 0(1) < — P, du < — D, 0(0).
> ﬁ”—n;/o o)t < 320000

Since each function ®; 4 is continuous, by application of the intermediate value theorem, there
exists u(f) in [0, 1] such that

%Z /0 By o(u)du = %Z@M[uw)]. (4.17)

=1

Thus,

—/0 mg(w)du = %Z/ygz‘(y)/zm,eu(e) (y, z) log :9;((;)) dzdy. (4.18)

We will now study how the right term is bounded by below by the square of the Ly norm of
the function log % To that purpose, we adapt the proof of Barron and Sheu (1991) for the
Kullback-Leiber divergence presented in Lemma 1 of their paper. The result is based of the

following inequality derived from the Taylor expansion of e*:

22 _
€ < —1-2z (4.19)

where z is real and z_ = maxz(—2z,0). So we first introduce the following decomposition for all
0< A<

! 11 mox(2)
— ! du = — — ; : z)A1 dzdy.
/0 n,0 (u) u n Zz:; A /;)} g (y) éu 0u(e) (y7 ) og 776’(2) zay

Let us now write this expression as follows in order to apply the inequality (4.19):

! mox (2 mo(z) \*
_/0 FT’Lﬁ(u)du: %%;/ygi(y)/zmﬁu(e) (y,2) [/\ log ;0((2)) 14 (775}(2)) ] dzdy
7o (

+§lz [ o) [ oot [1— (ij))A] dedy.

(4.20)
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By application of (4.19) and assumption (H2), we obtain the following lower bound:

A
o (2) m(2)
i i ,2) | Al -1 dzd
/yg (y)/I'u Oue) (:2) [ 8 o(2) i (779*(2) -
A2 mox(2) ) 2 o« (2)
> i : ) — 1 p|—A |l dzd
> /yg(y)/zu,eu(e)(y z) [2 (Og M(Z)) exp[ (og o(2) )_] y
m A2 mox(2)\° Tox(2)
> — — |1 p |1 — |1 d
M /1_ 9 (Og 7T(4)(Z) ) €xp |:Og 7T6’u(9) (Z) (Og 779(2) ~ Z
Since the function 8 — log my is concave, we can bound by below this expression as follows:
m A2 mox(2)\ 2 o« (2)
— — 1 p |1 — {1 d
i1 Jo |7 (e 555) | e foamncate) - (e 223 [
A2 «(2))?
> %7 min Tgx €Xp [—H log Oo] /I (log 7:56((5))) ] dz
So finally, we obtain the following lower bound for the first term of the right expression in (4.20):
11 o« (2) m(2) \*
- _ ; i , Al -1 dzd
nz_; /\/yg (y)/zu,eu(e) (y,2) [ gy Lt (779*(2’) y
AN 2
] / <log W*(é)) dz
| JT 7o (2)
We will now prove that A can be chosen such that the second term of the right expression in

(4.20) is non negative. To that purpose, we introduce the function 7" defined as follow for 8 in

O and for Ain [0, 1]:

T(0,A) = %Z::/ygi(y) /I:“Mu(e) (y,2) (;i((zz)))Adzdy.

So we obtain the following expression for the second term of the right expression in (4.20):

%i/yﬂi(’y) /I,Ui,eu(e) (v, 2) [1 - ( m4(2) )A] dzdy =T(6,0) —T(6,)).

mox(2)

To*

g

Tox

log

S mA
— — min 7gx exp | —
M2 6 p

g

We first consider T as a function of A and study its variations:

00 =25 [ 00 [ o) (Z45) (o0 240 et

dd—;T(ea A) = %Z_Z:;/ygi(y) /I,ui,é‘u(e) (y,2) (;i&%)A (log ;i((zz))y dzdy.
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Since T is twice differentiable, we do two successive integrations by parts and obtain so:

d A2
T(6,0) —T(6,)\) = —/\ET(G, A)+/O ‘UWT((‘),'U)d'U.

Since the second partial derivate is always non negative, we can bounded by below the previous
right term as follows:

T(6,0)— T(6, ) > /\ddAT(H A)

Moreover the first partial derivate is nondecreasing and its value in zero is non positive since we
have:

d mo(z)
—T 6, ; ; ,2)1 dzd
0) Z/ gi( / Hiduo) (U, 2) log == dzdy
= An(0) = An(07)
by definition of u(#) in (4.17) implying (4.18). So we can introduce the following non empty set:
Ly ={X €[0,1] such that — %T(B, A) > 0}.
and define A(#) = supLy. We will now show that A(6) defined like this is positive for all # in ©4 j,.
Consider first the case of 8*. Since T'(6*,-) = 1, we have %T(G*, -) = 0 implying Lg+ = [0, 1] and

A(#*) = 1. Consider now 6 in @1 n different from 6*. Since the function —-+7'(9, -) is continuous
and decreasing and since —-£7(6,0) = A,(6*) — A,(8) > 0, we can deduce that A(6) > 0

implying
2
] / (log M*(Z)> dz.
] JT o (2)
Moreover the function 6§ — A(#) defined previously is continuous on ©4 ,, because the function

T'(-, M) is continuous on Oy ,, for each A. This implies that Ao defined as mingee, , A(f) is positive
since Oy, is compact. So we obtain for all 8 in O,
AN 2
(log M*(ﬁ)) dz.
mo(2)

m/\o . To*
P atutdu> G minmo-exp |~[ioa ]| /
/ n9 M2 min 7y exp[ og 79 lloo s

By the way, Lemma 7 of Stone (1986) implies that there exists M3 such that H log WQ*H
M; /7| log Ze=

! A mo(2)\°
- ' (w)du > 220 min wge exp [~ My M: / log =2 d
/0 mo(w)du > 27 o min 7o exp [— My M3] . og ey z,

since b,v/J < My, which implies the expected result. O
Proof of Lemma 4.11:

! (8 .
_/0 7’279(u)du > %% min mgx exp [—H log 7;06

IN

, s0 we obtain
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ok (2)

We recall that Wy(u) = [ 79, (2) log oz 4z for all win [0, 1]. So we obtain after derivation
for all w in [0, 1]

W) (u) = ( /1 70, (2) log fj;((j)) dz>2 - /1 70, (2) (log ?9*((;))2@.

We introduce now the function 7 defined as follows for all w in [0, 1]:

Yo(u) = K(mgx, mo,)
where K is the Kullback-Leiber divergence defined in (4.16). We obtain after twice derivations
for all » in [0, 1]:

Py(u) = K (mgx, mg) — /Imu(Z) log mox(2) 4,

6
mo(2)
g(u) = /Ineu(z) (log ?J((;))de - (/I 7, (2) log 7::99*((22)) dz)Q_

So we remark that for all » in [0, 1], we have ¥} (u) = —W} (u), implying by integration for all u
in [0, 1]

Py(u) — ¥g(0) = Wg(0) — Wy(u)

Now 9;(0) = 0 and Wy(0) = K (mg+,7y), so we obtain after a second integration

1/)9(1) - ¢9(0) = I((ﬂ'g*,ﬂ'e) — /01 \Ilg(u)du

implying the result since ¢(1) = K (7g«, mg) and ¢5(0) = 0. O
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