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Introduction

Cette these est consacrée a l'estimation dans des modeéles a variables cachées. Les obser-
vations sont des variables aléatoires issues d’une suite de variables aléatoires non observée (le
signal) et d’une autre suite de variables aléatoires, de loi connue ou non (le bruit). Le cadre
de ces estimations pourra étre aussi bien paramétrique que semi-paramétrique ou encore non-
paramétrique.

Le premier chapitre de cette these concerne ’étude d’une chaine de Markov cachée. Le si-
gnal est une chaine de Markov et la forme du bruit, indépendant du signal, n’est pas spécifiée
(ce bruit peut étre additif ou encore multiplicatif). La transition de la chaine de Markov ainsi
que la fonctionnelle qui définit les observations sont connues au parametre 6 pres et nous nous
intéressons a l'estimation de ce parametre 6. Nous prouvons que ’estimateur du maximum de
vraisemblance pour ce parameétre 6 est consistant, asymptotiquement normal et efficace.

Le second chapitre concerne le modele de convolution ou le signal est de loi inconnue et le
bruit de loi gaussienne centrée et de variance inconnue o2. Nous nous intéressons & l’estimation
semi-paramétrique de la variance o2 du bruit et de la densité g de la loi du signal. Nous exhibons
différents estimateurs de la variance et calculons leurs vitesses de convergence. Nous donnons
également une borne inférieure du risque minimax pour l'estimation de cette variance o2 ainsi
que pour la densité g du signal.

Le troisieme et dernier chapitre concerne ’estimation non-paramétrique de certaines fonc-
tionnelles dans le modele de convolution ou le signal est de loi inconnue et le bruit est supposé
de loi entierement connue gaussienne centrée réduite. Nous nous intéressons a la vitesse d’esti-
mation de ces fonctionnelles. Nous donnons des bornes inférieures et des bornes supérieures pour
ces vitesses d’estimation pour la norme de L,(R), ainsi que pour le risque quadratique ponctuel.

Nous allons maintenant décrire plus précisément les modeles mentionnés ci-dessus, énoncer
les résultats obtenus dans chacun de ces modeéles, expliquer les liens qui les unissent, et évoquer
les divers prolongements possibles a ce travail.

Estimation paramétrique dans le modele de Markov caché

Etat de D’art

Les modeles de Markov cachés ont fait I’objet d’un tres grand développement ces dernieres
années, ceci étant du a de nombreuses applications pratiques dans des domaines aussi variés que
la reconnaissance de la parole (Juang and Rabiner 1991), la neurophysiologie (Fredkin and Rice
1987), la biologie (Churchill 1989), I’économétrie (Kim, Shephard, and Chib 1998), ou encore
Panalyse des séries temporelles (DeJong and Shephard 1995; Chan and Ledolter 1995). On trou-
vera également dans MacDonald et Zucchini (1997) des références plus complétes.

Le premier chapitre de cette these présente un travail réalisé en collaboration avec Randal
Douc et portant sur l'estimation des parametres d’'un modele de Markov caché. Commencons
tout d’abord par décrire le modele étudié. Nous considérons une chaine de Markov homogene
{ Xy }n>0 sur un espace métrique X muni de la tribu borélienne Bor(X) et d’une mesure positive
~. La transition gyd~y de la chaine est connue au parametre 6 pres, dont la vraie valeur est notée
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0* et sa loi initiale est notée m*dy. Cette chaine n’est pas observée et sera donc dite cachée. Les
observations sont constituées par une suite de variables aléatoires {Y}, },>0 définies sur un espace
métrique séparable et complet ) muni de la tribu borélienne Bor()) et d’'une mesure positive
v. Ces observations vérifient ’hypothése suivante : la loi du n-uplet (Yp,...,Y},), conditionnelle
a la donnée des variables cachées (Xy, ..., X)) est égale au produit tensoriel des lois de chaque
Y;, conditionnelles a la seule donnée de X;, pour ¢ variant de 0 a n :

V>0, L(Yy,...YalXo,.. . Xn) =) LYiX,).
=0

La densité de cette loi conditionnelle de Y; sachant X; (par hypothese, indépendante du numéro
i de l'observation) est notée ggdv et supposée connue au parametre 6 prés dont la vraie valeur
est 0*. Nous pouvons schématiser ce modele de la fagon suivante :

g0 ("| Xg—1)dv
N\
Xo o Xpoq X5 D (R —
lge('le)dV
\ \ Yy ) A —

Le but de I’étude réside dans I'estimation basée sur I'observation de la suite {Y},},>0, du vrai
parametre 6%, appartenant a 'intérieur d’un compact © de RP.

Ce travail s’inscrit dans le prolongement des travaux antérieurs portant sur ’estimation des
parametres d’un modele de Markov caché. Les premiers résultats datent de 1966 avec les travaux
de Baum et Petrie dans le cadre tres particulier ou les variables aléatoires cachées ainsi que les
variables observées ne prennent qu’un nombre fini de valeurs (i.e. les espaces d’états X et )
sont finis). Les auteurs établissent la consistance et la normalité asymptotique de Iestimateur
du maximum de vraisemblance pour le parametre 6, sous ’hypothese d’un régime stationnaire
pour la chaine de Markov {X,,},>0 (autrement dit, la loi initiale 7*dvy de la chaine est connue
et égale a sa loi stationnaire). Le travail de Bakry et al. (1997) propose d’étendre les résultats
précédents au cas non stationnaire par une technique de couplage.

Récemment, ces résultats ont été étendus au cas d’un espace d’états plus général pour les
observations {Y}, },,>0, comprenant le cas de R?. Cependant, la chaine de Markov est encore sup-
posée stationnaire & espace d’états X fini. Les travaux de Leroux (1992) établissent la consistance
de lestimateur du maximum de vraisemblance des parametres. Bickel et Ritov (1996) étudient
la normalité asymptotique locale (LAN) de cet estimateur. Par la suite, Bickel, Ritov et Ryden
(1998) prouvent la normalité asymptotique de 'estimateur du maximum de vraisemblance pour
le parametre 6, sous 'hypothese de sa consistance.

Parallélement & ces travaux, Legland et Mevel (2000b, 2000a) ont développé une technique
différente pour établir la consistance et la normalité asymptotique de I’estimateur du maximum
de vraisemblance dans le cadre d’un espace d’états ) séparable complet pour la suite des ob-
servations et d’un espace d’états X fini pour la chaine de Markov. Un des avantages de cette
technique est qu’elle ne nécessite aucune hypothese de stationnarité sur la chaine de Markov
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(ce qui était le cas dans les travaux précédemment cités, sauf pour Bakry et al.). C’est sur ces
techniques que s’appuie notre étude des modeles de Markov cachés, généralisant les travaux de
Mevel (1997) au cadre d’un espace d’états pour la chaine de Markov non plus fini mais métrique
compact. Dans ce cadre, nous établissons la consistance, la normalité asymptotique et I'efficacité
de l'estimateur du maximum de vraisemblance des parametres.

L’article de Jensen et Petersen (1999) est un travail parallele au notre. Par des techniques
analogues & celles initiées par Baum et Petrie (1966) et par Bickel, Ritov et Ryden (1998), les
auteurs prouvent la normalité asymptotique de I’estimateur du maximum de vraisemblance dans
le cas d’un espace d’états ) topologique général pour les observations, et d’'un espace d’états
X compact pour la chaine cachée. Ce résultat ne s’applique que dans le cadre d’une chaine
stationnaire. Les auteurs établissent la normalité asymptotique de I’estimateur du maximum de
vraisemblance sous I’hypothese de sa consistance.

Une des différences essentielles entre ce travail et notre étude réside dans le fait que nous
établissons un résultat de consistance (qui est une extension du résultat obtenu par Leroux
(1992)) sous I'hypothese usuelle d’identifiabilité du modele, point qui n’est abordé ni dans le
travail de Mevel (1997), ni dans celui de Jensen et Petersen (1999). Les techniques utilisées ici
sont bien adaptées pour ’étude des estimateurs récursifs (ot 'estimateur est réévalué a chaque
nouvelle observation) mais elles nécessitent cependant des hypotheses plus fortes que celles uti-
lisées par Bickel et al. (1998) et par Jensen et Petersen (1999).

Enfin, dans un travail postérieur au notre, Douc, Moulines et Ryden (2001) établissent la
consistance et la normalité asymptotique de I'estimateur du maximum de vraisemblance dans
un modele auto-régressif a régime markovien (la variable observée Y;, ne dépend plus seulement
de la variable cachée X,, mais également de Y;,_1,...Y,_4 ol d est un entier fixé). L’approche
s’inspire des travaux de Bickel et al. (1998) et de ceux de Jensen et Petersen (1999), ce qui permet
d’affaiblir certaines hypotheses. Une technique de couplage permet d’étendre ces résultats au
cas non-stationnaire.

Techniques utilisées

Précisons en quelques mots les principales étapes de nos preuves ainsi que les techniques
utilisées. Nous supposerons a présent que la chaine de Markov {X,,},>0 est & valeurs dans un
sous-ensemble compact K de X. En effet, nous utilisons I’hypothése suivante sur la transition
de la chaine de Markov :

V0 €O, infqgy(x,2’) > 0. (1)

Or, gy étant le noyau de transition d’une loi de probabilité, il vérifie 'égalité [ go(x,y)dy = 1, ce
qui oblige, avec I'hypothese (1), I'espace d’intégration a étre de mesure finie. Aucune hypothese
n’est faite sur la loi initiale 7*dy de cette chaine et les parametres du modele sont donc (; ()
ou @ appartient & © et ¢ est une densité sur (X, Bor(X),~).

La méthode classique de Wald (1949) pour prouver la consistance de I'estimateur du maxi-
mum de vraisemblance comporte trois points : prouver la convergence de la log-vraisemblance
renormalisée vers une fonction de contraste limite, montrer que ce contraste limite est maximum
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uniquement pour la valeur du vrai parametre et enfin établir un critére d’uniformité par rapport
au parametre dans la convergence de ce contraste limite.

Le premier point (& savoir la convergence de la log-vraisemblance renormalisée vers un
contraste limite) se base le plus souvent sur le théoreme ergodique (voir par exemple le livre
de Billingsley (1965)). Dans notre cas, ce théoreme n’est pas directement applicable car la log-
vraisemblance fait intervenir une somme de quantités aléatoires dont le comportement n’est pas
stationnaire (voir ci-dessous ’expression de cette log-vraisemblance).

En utilisant des conditionnements successifs, cette log-vraisemblance s’écrit sous la forme de
la somme pour k£ variant de 0 a n — 1 de la loi de Y} conditionnelle au passé Yi_1,...Yy. Or
en introduisant la variable X} et en conditionnant par rapport a cette variable, nous sommes
amenés a considérer la loi de X} conditionnelle au passé des observations Yi_1,...Yp. Cette
quantité est appelée le filtre de prédiction du modele et c’est sur son étude que se base notre
approche.

Formalisons cette écriture de la log-vraisemblance. Le filtre de prédiction fg ,, du modele est
défini de la facon suivante :

fio) = <)
Vv € K, o Juao(uw)go(Yalu)fs, (w)dy(u)

¢ 2 P.(Y, ¢ . L
f@,n—l—l(v) 1( 7'L7f0,n79) fuge(Yn\u)fg,n(u)dW(u)

Lorsque 0 est égal a la vraie valeur 8* du parametre et lorsque ¢ vaut la densité initiale 7* de la
loi de la chaine { X, },>0, le filtre fgr: ,, représente la densité par rapport a la mesure dominante

v, de la loi de la variable cachée X,,, conditionnelle au passé des observations Y,,_1,..., Y. La
log-vraisemblance des parametres (6, () pour les observations Yy, ..., Y, s’écrit alors de la fagon
suivante :

n—1
00.0 =3 log ( /| ge(Yk’x)fg,k(x)d’Y(ﬂf)> |

Il est & noter que fg ne1 €st une fonction déterministe de (Yy, fg ,)» ce qui permet d’obtenir,

en définissant Z,, = (X, Yy, fg ,,) pour tout entier n positif, une nouvelle chaine de Markov. Il se
trouve que cette nouvelle chaine (dite chaine étendue) est d’un intérét tout particulier puisque
la log-vraisemblance renormalisée n 14, (0, ¢) des parametres s’écrit comme moyenne empirique
d’une certaine fonction de cette chaine {Z,}n>0.

L’étude de cette chaine étendue (et en particulier la preuve de son ergodicité, voir Sec-
tion 1.2.2) nous permet alors d’établir la convergence presque sure de la log-vraisemblance
renormalisée n 14, (6, () vers un contraste limite £(6) qui ne dépend pas de la loi initiale ¢ de la
chaine de Markov (Proposition 1.2.6). L’étape suivante consiste & établir que ce contraste limite
est maximum uniquement pour la vraie valeur du parametre, a savoir 6*.

Pour cela, I'existence de ce contraste en tant que limite et sans caractérisation supplémentaire

pose probleme. Il se trouve que dans le cas d’un espace d’états fini pour la chaine de Markov,
I’espace d’états de la chaine étendue est localement compact, et le Théoreme de représentation

10
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de Riesz s’applique et permet d’écrire le contraste limite comme l'intégrale d’une certaine fonc-
tion sous la mesure de probabilité invariante de la chaine étendue. Lorsque ’espace d’états de la
chaine de Markov n’est plus compact, ’espace dans lequel varie le filtre n’est plus de dimension
finie (auparavant il s’agissait de RM ott M est le nombre fini de valeurs prises par la chaine de
Markov) et le Théoreme de Riesz n’est plus valable.

Pour contourner ce probléme, nous utilisons une suite de mesures appropriée qui est asymp-
totiquement tendue, donc admet une sous-suite convergente en loi, d’apres le Théoreme de
Prohorov (1956) (voir par exemple le livre de van der Vaart and Wellner (1996)). Ceci nous per-
met d’établir 'existence d’une mesure invariante pour la chaine étendue (Sunyach 1975) et de
représenter le contraste limite £(f) comme 'intégrale d’une certaine fonction sous cette mesure
Ao (Proposition 1.2.6).

D’autre part, nous utilisons le fait que la chaine étendue {Z, },>0 qui est réellement utilisée
n’est pas exactement celle que nous avons décrite ci-dessus, mais plutot une variante de celle-ci
qui prend en compte le vrai filtre de prédiction du modele : f;r:n, ou 0% et 7* sont les vraies
valeurs des parametres 6 et ¢ (voir les définitions (1.3) et (1.45 de la transition et de la loi
initiale de cette chaine). Cette astuce nous permet alors de représenter les contrastes limites
0(0) et £(6*) sous la méme mesure de probabilité Ag, et donc de pouvoir ainsi les comparer (voir
Théoreme 1.2.7). Nous pouvons alors en déduire la consistance de l'estimateur du maximum
de vraisemblance (Théoreme 1.2.9), via la méthode initiée par Wald (1949), en assurant 1’équi-
continuité de la log-vraisemblance.

Enfin nous montrons la normalité asymptotique et D'efficacité de cet estimateur avec les
mémes outils que ceux utilisés dans la preuve de sa consistance. Nous introduisons de nouvelles
chaines étendues dont les premieres coordonnées sont celles de la chaine étendue {Z, },>0 et qui
integrent les dérivées premieres et secondes par rapport a 6 du filtre de prédiction (Section 1.3).
La preuve est classiquement basée sur trois points : prouver la convergence en loi du gradient de
la log-vraisemblance renormalisée par n~ /2 vers une loi normale centrée de variance l'inverse
de l'information de Fisher (Proposition 1.3.1), établir la convergence presque sure de la matrice
hessienne des dérivées secondes de la log-vraisemblance renormalisée par n~! vers I'opposé de
cette information de Fisher (Proposition 1.3.2), et enfin prouver l'uniformité par rapport au
parametre 0 de la convergence en probabilité de cette matrice hessienne (Proposition 1.3.3).

Passage a un cadre semi-paramétrique : motivations

La question qui se pose assez naturellement est la suivante : que deviennent ces résultats si la
transition de la chalne est maintenant supposée entierement inconnue, la fonctionnelle qui définit
les observations étant encore connue a parametre pres? Autrement dit, si nous observons une
chaine de Markov homogene de transition inconnue a travers un bruit (additif ou multiplicatif) :
que pouvons nous dire de I'estimation semi-paramétrique des lois et des parametres qui entrent
en jeu?

Précisons tout d’abord notre modele. Nous observons les variables aléatoires Y,, = X, + ep,
pour n > 0, ou la loi de la chaine de Markov {X,},>0 est entierement inconnue, la loi du

11
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bruit blanc {&, }n>0 est connue au parametre de variance o2 pres, et les deux suites {X,, }n>0 et

{en}n>0 sont indépendantes. Nous nous intéressons alors a I’estimation de la variance o2

Le probleme de I’estimation de la variance du bruit dans un modele ou le signal est observé a
un bruit additif pres semble assez naturel. Les travaux portant sur ’estimation de la loi du signal
supposent généralement la loi du bruit totalement connue. Dans de nombreuses applications, il
semble réaliste de supposer que cette variance est inconnue et de chercher a ’estimer.

La premiere question qui se pose est celle de l'identifiabilité de ce parametre. Lorsque le
signal est composé de variables aléatoires indépendantes et identiquement distribuées, Kiefer et
Wolfowitz (1956) ont établi que I'identifiabilité du modele est équivalente a ’hypothese que la
loi du signal ne possede pas de composante gaussienne. Plus précisément, notons &, la densité
de la loi gaussienne centrée de variance 2. La densité g de la loi du signal ne possede pas de
composante gaussienne si 1’écriture g = ®, * ¢’ ot ¢’ est une densité et * désigne le produit de
convolution, implique que o = 0 et g = ¢’ presque strement.

Nous avons établi un critére permettant d’assurer l'identifiabilité de la variance du bruit
lorsque le signal n’est plus une suite de variables aléatoires indépendantes et identiquement
distribuées mais une chaine de Markov. Dans la suite, toutes les chaines de Markov considérées
sont supposées homogenes. Nous noterons X 'espace d’états (inclus dans R) de la chaine de
Markov { X, }n>0.

Hypotheése 1.1. Le noyau de transition q n’est pas trivial :

3wy # 20 € X tels que q(z1,-) # q(z2,-) .

Sous I'Hypothese 1.1, nous dirons que la chaine de Markov {X,, },>0 de transition ¢ est une
“yraie” chaine de Markov i.e. n’est pas une suite de variables aléatoires indépendantes.

Hypotheése 1.2. Soit ¢ un noyau de transition sur (X, Bor(X),v) vérifiant : pour toute fonction
h intégrable sur (X, Bor(X),v),

/ h(z)q(x;-)dv(z) =0 si et seulement si h = 0.
X

Cette hypotheése assure que si les chaines {X,, },,>0 et {X, }n>0 ont pour transition g et pour

lois initiales respectives pj et g avec py # pe, alors { Xy, }n>o0 et {X), }n>0 n'ont pas la méme
loi.
Proposition I.1. Soient {X,,},>0 une chaine de Markov homogéne dont le noyau de transition
q est inconnu et vérifie les Hypothéses 1.1 et 1.2, et {en}n>0 un bruit blanc indépendant de
{Xn}n>0, de loi normale centrée et de variance o inconnue, alors dans le modéle ot l'on
observe la suite de variables aléatoires {Yy,}n>0 données par

Vn >0, Y, =X, +eén,

le paramétre o2 est identifiable.

Ce résultat n’est pas repris dans le corps de la these. Sa preuve est différée en Annexe A de
I’Introduction.
L’estimation de o2 devient alors théoriquement possible, mais reste un probleme difficile &
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résoudre. Nous avons donc commencé par étudier le cas ou les variables aléatoires {X,,}n>0
sont indépendantes et identiquement distribuées (et non plus de transition markovienne). Ceci
fait ’objet du second chapitre de cette these.

Estimation semi-paramétrique dans le modele de convolution

Etat de D’art

Nous considérons donc dans ce second chapitre le modele de convolution a variance du bruit
inconnue, et nous cherchons & estimer cette variance o3 ainsi que la densité go de la loi du signal
non observé. Plus précisément, nous considérons la suite Y,, = X, + &, pour n > 0, ou les suites
{Xn}n>0 et {en}n>0 sont indépendantes et constituées de variables aléatoires indépendantes et
identiquement distribuées. Les variables X, ont une loi de densité gy inconnue et les variable ¢,

sont gaussiennes centrées de variance 0% inconnue.

L’hypothese classiquement utilisée dans ce modele est celle de la loi du bruit entierement
connue et il s’agit alors d’inférer la densité gg de la loi du signal, qui est supposée dans une
certaine classe de régularité. Ceci fait I'objet de trés nombreux travaux (voir par exemple les
articles de Carroll et Hall (1988), Devroye (1989), Fan (1991c, 1991a, 1991b), Liu et Taylor
(1989), Stefanski et Carroll (1990), Stefanski (1990), Zhang (1990)).

En particulier, Fan (1991c) a prouvé que 'estimation de gg est d’autant plus lente que la
densité de la loi du bruit est réguliere, un bruit Gaussien étant en ce sens tres régulier. Il a
considéré les espaces de régularité suivants pour la densité go de la loi du signal :

Conio = {g € Li(R).g > 0. [ gla)ds = 1% € RS > 0,lg(o +0) — g(a)| < ﬂéa}.

Lorsque le bruit est de loi gaussienne (entierement connue), la vitesse d’estimation minimax de
la densité go pour le risque quadratique ponctuel et pour le risque pour la norme de L, (R), dans
ces espaces de régularité C,, o g, est égale a (log n)~(M+a) et est donc tres lente.

Pensky et Vidakovic ont sensiblement amélioré cette vitesse d’estimation sous ’hypothese
supplémentaire que la densité g de la loi du signal est “super réguliere”. En notant ¢g* la trans-
formée de Fourier de g, nous dirons que la densité g est super-réguliere lorsqu’elle appartient a
I’espace suivant :

SSavp(A) = {g € Li(R); / lg* ()2 (£ + 1)“ exp(2p|t]")dt < Aa} ,
ou a,v,p et A sont des constantes positives. Lorsque la densité g du signal appartient a cet
espace de régularité SS,,,,(A), les auteurs construisent un estimateur qui converge, pour v < 2,

A une vitesse qui est du type n~"(logn)¢ o les constantes 7 et £ sont strictement positives. Plus
précisément, en définissant le risque quadratique intégré (MISE) de 'estimateur g, par :

MISE(G,) = E [ (3u(2) - g(a)?do.

13
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Pensky et Vidakovic (1999) établissent que

. O(n~"(logn)%), si v <2,
su MISE(g,,) = o v :
sy R G) { Ollogmyrom(cogm™) & v

ou 7,& et ¢ ont des formes explicites (nous renvoyons au Théoreme 4 de article de Pensky et
Vidakovic (1999) pour davantage de détails).

Il est naturel de s’interroger alors sur la persistance de ces résultats lorsque la variance du
bruit n’est plus connue. Nous prouvons que lorsque la variance du bruit est inconnue, la vitesse
d’estimation de gg est alors fortement dégradée. C’est le résultat principal du Chapitre 2.

Résultats et techniques utilisées

Trois types d’hypotheéses sont imposées a la densité inconnue gg. Sous chacune de ces hy-
potheses, nous établissons des bornes inférieures ou des bornes supérieures pour le risque qua-
dratique d’estimation ponctuelle de la densité gg ou le risque quadratique d’estimation de la
variance 0'(2]. Enfin, sans aucune hypothese sur go (autre que celle assurant I'identifiabilité du
modele) nous construisons un estimateur de la variance of et établissons sa consistance.

Nous nous sommes tout d’abord placés dans un cadre ou la densité gy appartient a une
classe de fonctions suffisamment régulieres (qui englobe les deux exemples susmentionnés C,, 3
et SSa,p(A)) et ne contient pas de fonctions ayant une composante gaussienne (afin d’assu-
rer 'identifiabilité du modele). Notons G I'ensemble des densités sans composante gaussienne
et considérons des espaces de fonctions R qui contiennent une fonction gg satisfaisant les hy-
potheéses suivantes :

Hypothése Pour tous o > 0, 7 > 0 suffisamment petit, et tout nombre réel 0 <t < 7, le
produit de convolution gg * ((I)\/Za]lr|~|<ﬁa) n’a pas de composante gaussienne et appartient a
l’espace R. -

Cette condition est assez faible si on garde a I’esprit le fait que la convolution régularise les
fonctions. Si ’espace R est un espace de fonctions réguliéres, il semble raisonnable d’imposer sa
stabilité sous le produit de convolution.

Hypothése La fonction o est de classe C3, avec sup,ep+ |35(2)/z| < +o00, G§(0) # 0 et

~(3
132|00 < +00.

Sous ces hypotheses, le risque quadratique minimax pour ’estimation ponctuelle de gg est
minoré par une constante que divise v/logn. Autrement dit, si I’ensemble de densités R contient
une fonction gg qui satisfait les hypotheses précédentes, nous prouvons la minoration suivante,
valable pour tout voisinage V(o) de o :

liminf inf sup sup +/logn EY2(T, — g(z0))* > 0,
N0 T 0€V(o0) gEGNR

ou l'infimum est pris sur tous les estimateurs 7}, basés sur les observations Y7, ...Y,. Ceci signi-
fie en d’autres termes que la déconvolution (c’est a dire l'inférence du signal) ne peut se faire
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a vitesse plus rapide que (log n)*l/ 2 autrement dit une vitesse beaucoup plus lente que celles

obtenues a variance du bruit connue.

Notons que ce résultat est en fait une conséquence d’un résultat analogue sur la variance du bruit
(Proposition 2.2.1). Plus précisément, sous ces hypotheses imposées sur la densité inconnue g,
le risque minimax pour l'estimation de la variance 08 est également minoré par une constante

que divise /logn.

Nos minorations du risque minimax sont prouvées a ’aide de I'inégalité de van Trees (Gill et
Levit 1995). La preuve se fait en deux étapes que nous allons décrire de fagon assez informelle.
La premiere étape consiste a exhiber une sous-famille paramétrique unidimensionnelle de lois
{P;} )<+, pour laquelle I'estimation du parametre ¢)(F;) basée sur les observations Yi,...Y,, de
loi Py, se fait le plus difficilement possible. La suite {¢,},>0 est une suite de nombres réels qui
décroit vers 0 et qui sera choisie ultérieurement. La famille { P}, <, est construite de sorte que
I'information de Fisher

() = &, [EH%I?(Y)F - / <‘9P§iy)>zpt(dy)

dans le modele P, est treés petite pour des valeurs de ¢ non nulles (P; et Py sont des modeles tres
proches mais les parametres t # 0 et 0 sont distincts).
Nous pouvons alors minorer le risque sur toute la classe par le risque sur la sous-famille :

inf sup Ep[T,, — ¢(P)}? > inf sup Ep, [T, — 9 (t)]%,

T, P T |t|<tn
ou l'infimum est pris sur tous les estimateurs T, basés sur les observations Y7,...Y,,.

Nous appliquons alors 'inégalité de van Trees qui est une forme bayésienne de la borne de
Cramer-Rao. En notant A\g une densité de probabilité sur U'intervalle [—1; 1] vérifiant certaines
hypothéses de régularité, nous construisons A, = t,,*\o(-/t,) densité de probabilité sur I'inter-
valle [—t,;t,]. L’information de Fisher J, pour cette mesure est définie par :

dlog A (8)]? OMn(t)\? Jo
Jp=Ey, | ——=| = An(t)dt = —-.
An [ ot / ot ®) 2
L’inégalité de van Trees donne alors la minoration suivante :

_ ~ [/ (0¢(P1))/(0t) An(t)dt]?
l%lnf <0, Er[Tn =9 (R 2 n [ I(t)An(t)dt + Joty*

Le choix de la suite {t,}n>0 qui se fait de facon a réaliser un compromis entre les deux termes
apparaissant au dénominateur fournit alors une borne inférieure pour le risque minimax.

Nous proposons alors trois estimateurs la variance 0(2) suivant les hypotheses faites sur la
classe de densités gg.
Le premier de ces estimateurs est construit pour des densités qui appartiennent a un ensemble
de fonctions dont la transformée de Laplace ne croit pas trop vite a 'infini. Plus précisément,

définissons :
Loy = {g clLi(R)/g>0, /g(x)dx =1, |log </ etmg(x)dx>‘ < Mt%(t)} .
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Lorsque la densité du signal appartient a cet espace, le comportement de sa transformée de
Laplace a I'infini permet d’identifier le parametre de variance 0(2] . En effet, 0(2] vérifie :

2
2 _ 1 ty
o = th_{n " logE(e" ),
ce qui conduit a définir notre estimateur de la fagon suivante :

n

. 2 1 it Y
U%7n(tn) = _t_2 IOgE E Z €ltnYJ s

pour une suite croissante vers l'infini de points (¢,,),>0 bien choisie. Nous établissons la consis-
tance de cet estimateur et calculons sa vitesse de convergence (Lemme 2.3.1), qui dépend expli-
citement du type de croissance imposé sur la transformée de Laplace de go (autrement dit du
choix de la fonction v). Pour tout ¥ > 0, choisissons t, = /alogn/(2X) ou 0 < a < 1, alors
nous prouvons la majoration :

. 1/2 8%2
sup  sup [Eqq(67,(tn) —0?)] /" <
o€[0;x] geﬁv,]\l[ 9OLnltn) ) a(logn)n(t—)/2

A

+ 2Mo(ty,).

Dans le cas particulier ou go est & support inclus dans [—M; M| (avec M fixé), le résultat
précédent s’applique avec v : t — 1/t et nous obtenons un estimateur convergeant a la vitesse
(log n)*l/2 (Proposition 2.3.2). Cette vitesse n’est pourtant pas minimax, car les hypotheses de
régularité sous le produit de convolution qui avaient été faites ci-dessus ne sont pas valables
dans ce cadre. Pourtant, nous montrons que cet estimateur est presque minimax. En effet, nous
prouvons que le risque quadratique minimax est minoré par une constante que divise log(n)
(autrement dit I’estimation ne peut se faire & vitesse plus rapide que (logn)~!). Notons Gy
I'espace des densités a support inclus dans le compact [—M; M], alors pour tout voisinage V(o)
de oy, il existe des constantes positives C et Cy telles que :

Ch oo 1/2 52 Co
<liminfinf sup sup EY (9(w0) — gn)” < ’
logn = n—=%0 gn 5cy(oy) gelus " viogn

ou l'infimum est pris sur tous les estimateurs g, basés sur les observations Y7, ...Y,.

En utilisant une méthode analogue, nous proposons un second estimateur de la variance
ag convergeant lorsque la transformée de Fourier est & décroissance controlée a l'infini (voir la
définition (2.12) de I’ensemble F,, /), dont nous établissons la consistance. Cependant, bien que
sa construction soit assez similaire a celle du précédent estimateur, le calcul de sa vitesse de
convergence ne peut pas s’obtenir par les mémes méthodes.

Enfin, sans aucune hypothese sur gy autre que celle permettant d’assurer I'identifiabilité du
modele, nous proposons un estimateur convergent de oy (Section 2.4). L’idée de cette construc-
tion repose sur le fait que l'identifiabilité méme du modele impose a la densité gg du signal de
ne pas avoir de composante gaussienne. Considérons alors la fonction a qui est le produit de la
transformée de Fourier de hg (la densité de la loi des observations) avec la fonction (®%)~! :

V(¢ eR, Vo >0, O‘(C; a‘) = gg(g)e—@(ag—az)/Q — hS(C)e<2“2/2.
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Lorsque o est égal a la vraie valeur du parametre og, la fonction a(-;09) est la fonction ca-
ractéristique de la loi des variables cachées gj. Remarquons alors les propriétés suivantes de a :

- lorsque o < og, la fonction a(-;0) est la transformée de Fourier de la mesure positive
go * (I)W.

- lorsque o > 0y, la fonction «(-;0) n’est plus une transformée de Fourier car gyg ne contient
pas de composante gaussienne. Donc d’apres le Théoreme de Bochner (voir par exemple le livre
de Feller (1971)), la fonction a(+; o) n’est plus définie positive (i.e. il existe un entier n > 1 et une
famille de réels {t;}1<r<n tels que la matrice symétrique (ot — t1;0))1<k,i<n n’est pas définie
positive).

Il s’ensuit que le vrai parametre oo est la plus grande valeur de o pour laquelle la fonction
a(+; o) reste définie positive. En d’autres termes, o est la plus grande valeur de o telle que pour
tout entier n, et toute famille de nombres réels {tx;1 < k < n}, la plus petite valeur propre
de la matrice (a(ty, —t;;0))1<k,i<n est positive. Nous estimons la fonction a par son estimateur
empirique &, et nous utilisons une famille de points {t; ,}n>0 dense dans R, telle que pour un
entier n assez grand, les matrices (&, (tg ., —t1n; o))k, possedent également une plus petite valeur
propre positive (& une constante €, pres) tant que o reste inférieur a oy.

Plus précisément, la fonction « est donc estimée par son estimateur empirique :

n

1 .
an (o) = EZGKYP e$*"/2,

p=1

Considérons alors deux suites (kp)n>0 €t (€n)n>0 de réels croissantes vers l'infini, de sorte que
le rapport ¢, /k, tende aussi vers l'infini (afin d’obtenir une famille dense dans R). Les points
tkn = k/ky, forment une partition de I'intervalle [—¢,, /kp; €, /ky] pour k variant entre —£,, et £y,.
Considérons de plus une suite {€,},>0 de réels décroissante vers zéro. Nous définissons notre
estimateur de og de la facon suivante :

Op=supqs>0:Vo<s, inf Z UG (L — tin; )0 > —€p
u; Jlull=1 0, <ki<tn
Nous prouvons alors la convergence en probabilité de cet estimateur vers la vraie valeur oy,

ceci pour un choix adéquat des parametres ,,, ky,, €, et v, (voir Hypothese 2.4 et Théoréme 2.4.1).
Cette preuve est basée sur I’étude du processus empirique

Gn(f) = n*mzn: (f(Yj) - /f(y)ho(y)d?J) :
j=1

lorsque f prend ses valeurs dans l'ensemble de fonctions {z +— €% ; |t| < £, /ky}.
Décrivons la procédure qui permet d’obtenir un calcul effectif de cet estimateur. Considérons

les matrices T, (0) = {én(tkn —tin; 0)}—e,<ki<e, - Le graphe de la fonction o — Apin (T5,(0)), ot
Amin(T') désigne la plus petite valeur propre de la matrice T, nous permet d’obtenir la valeur de
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Gy, en considérant la premiere valeur de o pour laquelle Ay, (T, (0)) < —€,. Les conditions que
doivent satisfaire les parametres £, k,, €, et v, ne fournissent qu’un ordre de grandeur asymp-
totique de ces quantités. Le calibrage des constantes peut se faire par exemple par une étude de
simulations, mais ceci est en dehors du cadre de cette these.

En conclusion, nous avons vu que ’hypothése de connaissance de la variance du bruit, bien
que peu réaliste, n’est pas facile a lever. En effet, dans les cas que nous avons considérés, 1’es-
timation de cette variance se fait a des vitesses de convergence tres lentes. De plus, la non
connaissance de cette variance influe fortement sur la vitesse d’estimation de gg. Notamment, la
vitesse d’estimation de la densité go est fortement dégradée lorsque la variance du bruit o est
inconnue.

Une question qui se pose est de savoir si cette vitesse pourrait étre améliorée si 1'on se
place dans le cadre d’un signal {X,,},>0 markovien et non plus de variables indépendantes.
Avec des hypotheses idoines sur le noyau de transition de la chaine {X,},>0, il se peut que
la suite d’observations {Y,},>0 comporte davantage d’information sur le modele, et donc que
I’estimation de la variance du bruit 0(2) se fasse & une meilleure vitesse. Cette étude fera I'objet
d’un travail ultérieur.

Estimation minimax non-paramétrique de fonctionnelles dans le
modele de convolution

Motivations

Le troisieme chapitre de cette these présente un travail réalisé en collaboration avec Marie-
Luce Taupin et qui porte sur 'estimation de fonctionnelles linéaires particulieres de la densité
du signal, dans le modele de convolution. Ce travail complete un certain nombre de résultats
obtenus dans la thése de Taupin (1998). En particulier, nous montrons que pour certaines de
ces fonctionnelles (fonctionnelles issues d’un polynéme ou bien d’une fonction trigonométrique),
'estimateur proposé par Taupin (2001) atteint la vitesse de convergence du risque minimax pour
la norme de L,(R).

Précisons tout d’abord le modele, les hypotheses et les notations, ainsi que la forme de ces
fonctionnelles. Dans le modele de convolution, nous disposons de n observations indépendantes
satisfaisant :

Yi=Xp+ep, VO<k<n.

La suite { X, },>0 est une suite de variables aléatoires indépendantes et identiquement distribuées
de loi de densité g inconnue par rapport a la mesure de Lebesgue sur R. La suite {€,}n>0 est
un bruit blanc de loi normale centrée réduite dont la densité est notée ®1. Les suites { X}, }r>0
et {en}n>0 sont indépendantes. La densité de la loi de 'observation Y;, par rapport a la mesure
de Lebesgue sur R est le produit de convolution g * ®1 et est notée h. On notera

Hz{g*<1>1;9207/9(x)d96=1},

I’ensemble dans lequel varie cette densité.
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Nous nous intéressons alors a ’estimation de fonctionnelles linéaires de la densité inconnue
g de la forme suivante :

/f )P (zx —y)dx ; Yy eR,

en concentrant notre étude au cadre d’'une fonction f polynomiale ou bien d’une fonction f
trigonométrique.

La motivation pour I’étude de ces fonctionnelles découle du probleme de ’estimation semi-
paramétrique dans le modele de régression avec erreurs sur les variables suivant. Considérons le
modele ou les observations sont des variables aléatoires {(Y}, Z,)}n>0 satisfaisant les relations
suivantes :

Zn = fﬁ(Xn)+77n
>
{Yn = Xotew 0 =0

ot la fonction f3 est connue au parametre fini-dimensionnel 3 pres, les erreurs {1, }n>0 €t {en }n>0
sont des suites de variables aléatoires indépendantes, identiquement distribuées, centrées et de
variances respectives a% et 02 = 1 (pour simplifier les notations), la suite {e,}n,>0 étant de
plus de loi gaussienne, et la suite {X,},>0 non observée est une suite de variables aléatoires
indépendantes de méme loi de densité g inconnue. Enfin, les suites { Xy, }n>0, {7n}n>0 €t {en}tn>0
sont supposées indépendantes.

Dans ce modele de régression avec erreurs sur les variables, I'objectif est d’estimer le pa-
rameétre 3 en présence d’une nuisance, a savoir la densité g inconnue des variables cachées. Une
méthode proposée par Taupin (2001) consiste a utiliser le critére suivant :

Z (Zi —E(f(X1)Y2)?,

dans lequel 'espérance conditionnelle E( f3(X;)|Y;) est remplacée par un estimateur basé sur les
observations Y7, ...Y,,. La structure de convolution permet d’écrire cette espérance conditionnelle

sous la forme :
J fa(x)g(x)®i(x —y)dz  Ty,(y)

E(f3(Xn)[Yn =y) = Tg(x) <1>1$— ydr  h(y)

L’estimation de cette espérance conditionnelle se fait alors en estimant séparément le numérateur
I’y et le dénominateur h, correspondant au cas particulier f = 1 pour I'y.

Il se trouve que les vitesses de convergence obtenues pour ’estimation de 3 dépendent souvent
des vitesses de convergence ponctuelle et uniforme de I'estimateur de I'z,. Il est donc naturel de
s’intéresser au probleme de I'estimation ponctuelle et de I’estimation pour la norme de L, (R), ol
1 < p < 0, de ces fonctionnelles. Taupin (2001) fournit un estimateur r #n de ces fonctionnelles
et calcule des majorations du risque quadratique ponctuel et du risque en norme uniforme de
cet estimateur, pour certaines classes de fonctions f (espaces de Sobolev, fonctions analytiques,
polynomiales, ...).

Dans le Chapitre 3, nous étendons les résultats obtenus par Taupin (2001) dans le cas de
fonctionnelles issues d’'un polynéme ou d’une fonction trigonométrique. Le choix particulier de
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ces fonctionnelles repose sur les remarques suivantes (Lemmes 3.2.1 et 3.2.2). Lorsque f est une
fonction polynomiale f : x — Z?:o Bjx?, ol £ est un entier positif fixé et les points {5} }o<;j<¢
sont des réels, il existe une famille de polynoémes {f;j}1<j<¢—1 de degré deg(f;) = j telle que

{—1

Iy= BehO + fo—jh(j)7

J=0

ot h9) est la dérivée j-eme de la densité h. De plus, lorsque f est une fonction trigonométrique
du type Cpg : ¢ — Zgzo Bj cos(jx) ol £ est un entier positif fixé et les points {3} }o<;<¢ sont des
réels, alors

Zﬁ (e"Yh(y + ij) + e Wh(y — if))

(une formule analogue existe pour Sy : z — Z?:o Bjsin(jx)). L'estimation de la fonctionnelle
I'; est donc, dans ces deux cas, liée au probleme d’estimation de la densité h et de ses dérivées.

Contrairement au probleme de déconvolution a variance du bruit inconnue abordé dans le
Chapitre 2, il n’est pas nécessaire de faire des hypotheses de régularité sur la densité g inconnue
dans le probleme d’estimation de ces fonctionnelles. Plus précisément, la construction de 1’esti-
mateur #n et les calculs de vitesse ne nécessitent aucune hypothese sur la densité g. En effet,
la régularité des fonctionnelles découle de 'hypothése d’un bruit de loi normale centrée réduite.
Ainsi, le calcul des vitesses de convergence (bornes inférieures et bornes supérieures) repose sur
la connaissance de la fonction f qui définit la fonctionnelle I'y et de la densité de la loi du bruit.
L’estimateur proposé pour ces fonctionnelles est automatiquement adaptatif. De plus, tous les
problemes classiques de la déconvolution inhérents au choix de la fenétre et a celui du noyau ne
se posent pas dans notre cadre.

Résultats antérieurs

Citons plus précisément les résultats obtenus par Taupin (2001). Nous noterons G ¢ I’ensemble
des fonctions, vues comme fonctionnelles linéaires de la densité g au point f, autrement dit :

Gr= {Ff(') = /g(w)f(x)@l(x — -)dx ; g densité de probabilité} .

Résultats de Taupin (2001)
Rappelons tout d’abord les résultats de convergence du risque quadratique ponctuel. Lorsque f
est une fonction polynomiale de degré inférieur ou égal a l'entier ¢ positif, Taupin établit

i v 1/2 T 2
L e EY2(Ty(yo) — s < o0,
lgisoliprilégf (logn)26+1)/4 (T (v0) f£.n(%0)) o

ouTl #n est Iestimateur qu’elle propose.
Dans le cas o1 f est une fonction de la forme C; g ou bien Sy g (définies plus haut) pour un entier
¢ > 1 et des réels {8} }1<j<¢ fixés,

n —~
limsup sup \/_ 1/2(Pf(yo) - Pf,n(yO))2 < 0.

n—oo Tseg; exp(fy/logn)
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Dans le cas particulier de la densité (f=1), Taupin (1998) prouve la minoration suivante :

lim inf inf sup L

1/2 _ 2
iminfintsup o At (o) =T >0,

ou l'infimum est pris sur tous les estimateurs T,, basés sur les observations Y7,...,Y,.
Dans le cas de 'estimation de la densité, la vitesse de convergence en norme uniforme obtenue
par Taupin est la suivante :

. Vn ~
lim sup su E||h(y) —h < 00.
n—>ooph€71?¢ (logn)1/4y/loglogn 1h(y) = Pa()llee
Les vitesses de convergence en norme uniforme pour les fonctionnelles polynomiales ou trigo-
nométriques sont obtenues pour tout compact Zo de R. Lorsque f est une fonction polynomiale
de degré inférieur ou égal a l'entier ¢ > 1,

- Y A
limsup sup ————~— FE sup [T _7 < o,
nﬁooprfegf (log n)(26+3)/4 yezly 1Y) =Tyl

Dans le cas ou f est une fonction de la forme C; g ou bien &y g pour un entier £ > 1 et des réels
{Bj}1<j<e fixés, la majoration suivante est valide pour tout compact Z¢ de R :

| /i :
limsup sup E sup |T'y(y) — Tyn(y)] < oo.
n—oo T;eGy eXp(EV log n)(v logn) yeZo d Jon

Nouveaux résultats

Nous étendons tout d’abord les résultats concernant le risque quadratique ponctuel. Nous
établissons que l'estimateur r #n est minimax dans le cas polynomial et presque minimax (la
perte est en (log n)l/ 1) dans le cas trigonométrique. Plus précisément, nous établissons que
lorsque f est une fonction polynomiale de degré inférieur ou égal a l'entier ¢ positif,

Vn

liminfinf sup ————EY2(Dt(yo) — Th)? > 0,
n—0c Tn D,eg, (logn)Lrl d "

et lorsque f est une fonction de la forme Cy 3 ou de la forme Sy g pour un entier £ > 1 et des
réels {ﬂ]}lﬁ]ﬁf fixés :

1/4
liminfinf sup MEUQ

Lr(yo) = Tn)* > 0,
n—oo Tn 1,eg, exp(fy/logn) (Ls(50) )

(les infima sont pris sur tous les estimateurs T}, basés sur les observations Y7,...,Y},).

Ces résultats sont obtenus en appliquant l'inégalité de van Trees (Gill and Levit 1995), via une
adaptation de la preuve de Taupin (1998) dans le cas de la densité. Ils sont présentés dans la
Section 3.3.

Notre apport le plus conséquent concerne 'étude du risque minimax pour la norme de L, (R)

lorsque 1 < p < oo. Dans le cas de la densité ainsi que des fonctionnelles polynomiales, nous
calculons la vitesse de convergence pour la norme de LL,(R) de l'estimateur I'y,, (Section 3.4)
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et nous établissons que ces vitesses sont en fait optimales au sens du risque minimax (Section 3.5).

Considérons tout d’abord le cadre de la norme uniforme. Les vitesses de convergence que
nous obtenons sont améliorées. Taupin obtenait des résultats en norme uniforme sur un com-
pact fixé grace & une méthode chainage qui se traduisait par une perte de vitesse en +/logn
entre le risque quadratique ponctuel et le risque en norme uniforme. Notre approche (basée sur
I'inégalité de Rosenthal (1970)) réduit cette perte a un facteur v/loglogn qui est en fait la vraie
perte puisque nous prouvons également que cette vitesse est minimax dans le cas polynomial.
Notons également que cette approche permet de s’affranchir du cadre de la norme uniforme sur
un compact fixé Zo de R.

Plus précisément, lorsque f est une fonction polynomiale de degré ¢ > 0, nous prouvons les
inégalités suivantes :

NG

lim inf inf sup SiTi E|l'y — Talloo >0

n—ee Tnrregr (logn) ™2 /loglogn

et

NG

limsup sup E[Tf — ff,nHoo < 00.
n—oo TreGr (logn) = Vloglogn
(Corollaire 3.5.7 pour la borne inférieure et Théorémes 3.4.1 et 3.4.5 pour la borne supérieure).
Lorsque £ = 0, on retrouve la borne supérieure déja connue.
Lorsque f est une fonction du type Cy 3 ou Sy g pour un entier £ > 1 et des réels {3;}1<;<¢ fixés,

I'estimateur I'y,, est de vitesse sensiblement égale a la vitesse minimax puisque nous avons :

1 3/4
lim inf inf sup MEHFJf —Thlle >0

n—o0 T, 1,eg; exp(fy/logn)

et

limsup sup v E|Ts - Tnlloo < 0.

n—oo T;eg; exp(fy/logn)y/loglogn

(Théoreme 3.5.9 pour la borne inférieure et Théoréme 3.4.8 pour la borne supérieure).

En ce qui concerne le risque pour la norme de L,(R), aucun résultat n’avait été obtenu jus-
qu’ici. Nous calculons les vitesses de convergence de notre estimateur pour les fonctionnelles de
type polynomial. Nous utilisons pour cela deux méthodes différentes. La premiere est basée sur
les travaux de Ibragimov et Hasminskii (1983) portant sur l'estimation de densité. La seconde
repose sur 'inégalité de Rosenthal (1970) avec les constantes exactes données par Pinelis (1995).
Ces calculs de la vitesse sont valables pour la norme de LL,(R) ot p > 2. Nous prouvons ensuite
que ces vitesses sont minimax en utilisant le lemme de Fano (1952).

Plus précisément, lorsque f est une fonction polynomiale de degré £ > 0 et pour p > 2
(Théoremes 3.4.1 et 3.4.5)

. n i
limsup sup LQ&EHFf =Lyl < oo,

n—oo T';eGy (]ogn) 1
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et lorsque p > 1 dans le cas £ = 0 et p > 1 dans le cas £ > 1, nous prouvons (Théoremes 3.5.1

et 3.5.7)
N

liminfinf sup oTES]

E|T's — T3, > 0.
n—o0 Ta Tregy (logm)™a

Outils utilisés

Les vitesses de convergence de l'estimateur proposé pour les fonctionnelles de la densité
I'¢, pour la norme de L, (R), sont calculées par deux méthodes différentes. Plus précisément, le
controle de la différence pour la norme de L), (R) entre I'estimateur r #,n et la valeur du parametre
I’y se décompose, via 'inégalité triangulaire, en un contréle d’'un terme dit de biais et d'un terme
correspondant au terme de variance pour ’estimation ponctuelle.

E[lLyn = Tslly < [Ty = ELpnlly + E[Lyn = EL ]l

Le controle du biais est traité de facon directe. Le controle de ’analogue du terme de variance
pour la norme de L,(R) (i.e le second terme dans I'inégalité précédente) est quant & lui traité
par deux méthodes différentes.

La premiere utilise les résultats de Ibragimov et Hasminskii (1983) concernant ’estimation
de densité dans certaines classes de régularité. Nous utilisons en particulier une généralisation
du Lemme 4 de Ibragimov et Hasminskii (1983) qui permet de majorer 'analogue du terme de
variance pour la norme de L,(R) (plus précisément le terme E|T fn— ET #nllp) d'un estimateur
a noyau de la densité. La seconde se base sur I'inégalité de Rosenthal (1970) avec des constantes
exactes données par Pinelis (1995).

Les constantes exactes sont trés importantes pour traiter le cas de la norme uniforme. En
effet, le controle du terme analogue au terme de variance se fait, pour p = oo, via une inégalité
énoncée dans Nikol’skii (1969) pour des fonctions entieres, et qui permet de controler le terme
E||ffn - Eff7n||oo en fonction de la norme dans L,(R) de ce méme terme. La majoration de
ce terme pour les valeurs de p finies fait apparaitre un facteur ,/p qui, lorsque I'on s’autorise a

prendre p = log log n, permet d’obtenir le controle souhaité sur E||f fn — EL #nlloo-

Le lemme de Fano (1952) (voir par exemple Cover et Thomas (1991)) dans sa version ap-
pliquée & la statistique par Ibragimov and Has'minskii (1981) —voir aussi les articles de Birgé
(1983, 2001)- permet de donner une borne inférieure du risque minimax pour la norme de L, (R).
L’application de ce lemme passe par la construction d’une famille finie de lois de probabilité dans
le modele qui sont proches (au sens de la distance de Kullback) alors que les parametres a esti-
mer correspondants sont a distance strictement positive.

Rappelons en quelques lignes 'utilisation de ce lemme. Nous considérons un espace métrique
(©,d) et un ensemble de mesures de probabilité P indexé par © : P = {Py; 0 € ©}. A partir de
I'observation de la variable aléatoire X de loi Py, nous cherchons & obtenir une borne inférieure
pour le risque d’estimation du parametre 6 :

R(©) = inf supEq(d(6;0(X)))
6(X) 06
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ou l'infimum est pris sur tous les estimateurs é(X ) a valeurs dans ©. Considérons un sous-
ensemble fini O’ de © de cardinal |©'| > 3 et tel que pour tous parametres (6,6") distincts dans
©', la distance d(6,6") est minorée par § > 0. Des calculs classiques permettent alors d’établir
la minoration suivante :

0 .

R(O) > 2 inf (1 — inf Py (T(X) - 9))

2 7(x) 0coe’
ou l'infimum concerne a présent les estimateurs T(X ) prenant des valeurs uniquement dans le
sous-ensemble ©’. Fixons un point §y dans ©'. Nous notons K(Py; Py, ) la distance de Kullback-
Leibler entre Py et Py, et nous définissons

1
K= & > K(Py; Py,).
0O’

L’inégalité de Fano (1952) permet d’obtenir 'existence d’une constante universelle « telle que :

6 K
%025 (1= )

L’application de ce lemme passe donc par la construction d’une famille finie ©’ de parametres qui
sont & distance minorée par un certain § > 0. Si les modeles induits { Py }pce’ sont suffisamment
proches au sens de la distance de Kullback, le terme IC/(log(|©’| 4+ 1)) dans I'inégalité précédente
peut étre controlé, et le risque minimax d’estimation sur © est alors minoré par une constante
que multiplie 4.

L’inégalité de van Trees (Gill et Levit 1995) permet d’établir une borne inférieure du risque
minimax quadratique ponctuel. Nous avons déja abordé lors de la présentation du second cha-
pitre de cette these le principe de fonctionnement de cette inégalité.

Dans notre probleme d’estimation, les bornes inférieures pour le risque minimax sont établies
via le choix d’une famille finie de points (pour le lemme de Fano) ou bien via celui d’un che-
min (pour l'inégalité de van Trees) qui appartiennent & l’ensemble de parametres a estimer et
qui réalisent le pire cas pour 'estimation de ces parametres. Il faut ensuite pouvoir relier cette
famille ou ce chemin aux points correspondants dans I’espace des densités. La construction des
sous-familles finies ou des chemins est plus aisée dans le cas des fonctionnelles polynomiales
ou trigonométriques du fait de I'écriture explicite de I'y en fonction de la densité h et de ses
dérivées. Nous avons donc commencé par traiter ces cas. Dans un cas plus général, la relation
entre I'y et la densité h est implicite. La construction des sous-familles finies ou des chemins
pour lesquels I'estimation de I'; est la plus difficile est donc plus compliquée.

L’étape suivante sera de construire une borne inférieure pour I'estimation de I'y lorsque la
fonction f appartient a une classe de régularité plus générale que celles que nous avons abordées.

Cas d’une variance de bruit inconnue pour ’estimation des fonc-
tionnelles

Terminons enfin par quelques mots sur le devenir de ces résultats lorsque la variance du
bruit o2 n’est plus connue égale & 1 mais inconnue. Le premier résultat notable est que la va-
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riance du bruit n’entre pas en jeu dans l’estimation de la densité h des observations. En effet,
si nous observons Y, = X,, + €, pour tout n positif, ou {X;,}n>0 et {en}n>0 sont deux suites
indépendantes de variables aléatoires indépendantes et identiquement distribuées, la premiere
de loi de densité g inconnue, la seconde de loi normale centrée de variance o inconnue, alors la
densité h est estimée par un estimateur a noyau qui ne dépend pas de la variance o
convergeant & la vitesse minimax n~"/2(logn)"/4.

inconnue,

Cependant, I'estimation des fonctionnelles polynomiales de degré supérieur ou égal a 1 fait
a présent entrer en jeu non seulement les dérivées de la densité h, mais également la variance
o2 du bruit. En effet nous avons, par exemple pour f : x — x, I’égalité suivante :

Yy eR, Ty(y) =yhly) + o’k (y).

Puisque Pestimation de cette variance o2 se fait & vitesse treés lente (inférieure a (logn)~1/2

dans les cas réguliers d’apres les résultats obtenus dans le Chapitre 2), Pestimation de ces
fonctionnelles est donc sensiblement dégradée. Nous allons énoncer un résultat précis permettant
de quantifier cette dégradation. Notons Gp(R) 'ensemble des fonctionnelles issues du polynome
P de degré inférieur ou égal a ¢, lorsque la densité g varie dans un espace “régulier” noté R :

Gr(R) = {F = /P(a:)@g(- —z)g(x)dx ; g€ R, o> ()} .

L’inégalité de van Trees couplée au chemin utilisé dans la preuve de la Proposition 2.2.1 permet
de montrer le résultat suivant (extrait du Chapitre 2) :

Soit R un sous-ensemble de L1(R) inclus dans ’ensemble des densités sans composantes
gaussiennes, contenant une fonction bornée go dérivable £ fois qui vérifie les Hypothéses 2.1 et

2.8 avec de plus Hg(()é)Hoo < oo. Alors, pour tout yo firé dans R pour tout entier £ > 1 et pour
toute fonction polynomiale P de degré supérieur ou égal a £, nous avons :

liminf inf sup +/log nEl/Z(fn —T(y0))* > 0,
n—00 Fn FegP(R)

Uinfimum étant pris sur tous les estimateurs I, basés sur les observations Y1,...Y,.
Nous retrouvons ici le fait que I'hypothese de connaissance de la variance du bruit est une

hypothese difficile a lever et que sans cette hypothese, la qualité d’estimation des fonctionnelles
polynomiales est nettement dégradée.
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Chapitre 1

Asymptotics of the maximum

likelihood estimator for general
hidden Markov models *

Résumé

Nous étudions la consistance, la normalité asymptotique et l'efficacité de I'estimateur du
maximum de vraisemblance dans un modele de Markov caché, éventuellement non sta-
tionnaire, pour lequel l’espace d’états de la chaine cachée est séparable et compact (non
nécessairement fini) et olt nous supposons que le noyau de transition de la chaine de Markov
ainsi que la loi conditionnelle a la chaine cachée des observations sont connues a un parametre
6 pres appartenant a l'intérieur d’un compact © de R*. Sous I'hypothese d’identifiabilité du
modele, nous établissons la consistance et la normalité asymptotique de I’estimateur du maxi-
mum de vraisemblance en utilisant 1’oubli exponentiel du filtre de prédiction et I'ergodicité
géométrique de nouvelles chaines bien choisies.
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Chapitre 1. Asymptotics of the MLE in HMM

1.1 Introduction

Hidden Markov Models (HMMs) form a wide class of discrete-time stochastic processes, used in
different areas such as speech recognition (Juang and Rabiner 1991), neurophysiology (Fredkin
and Rice 1987), biology (Churchill 1989), econometrics (Kim, Shephard, and Chib 1998) and
time series analysis (DeJong and Shephard (1995), Chan and Ledolter (1995), and see also
MacDonald and Zucchini (1997) and the references therein).

Most works on maximum likelihood estimation in such models have focused on iterative
numerical methods, suitable for approximating the maximum likelihood estimator. For finite
hidden state space models, the pioneering contribution is due to Baum et al. (1970), who pre-
sented an early and non trivial application of the expectation-maximization principle (Dempster
et al. 1977), known as the “forward-backward” procedure. The more challenging issue of hidden
Markov models with continuous state space has been much studied throughout the 1990s, mostly
using simulation-based approaches allowed by the recent advances of Markov chain Monte Carlo
methods (Kim et al. (1998), Durbin and Koopman (1997), DeJong and Shephard (1995), Chan
and Ledolter (1995)).

By contrast, the statistical issues regarding the asymptotic properties of the maximum like-
lihood estimator for hidden Markov models have been largely ignored until recently. Baum and
Petrie (1966) have shown the consistency and asymptotic normality of the maximum likelihood
estimator in the particular case where both the observed and the latent variables take only
finitely many values. These results have been extended recently in series of papers by Leroux
(1992), Bickel and Ritov (1996), Bickel et al. (1998)(referred to as BRR), and Bakry et al.
(1997). BRR generalize the method followed by Baum and Petrie (1966) to the case where
the hidden Markov process X, takes a finite number of values, the observations belonging to
a general topological space. Around the same time, LeGland and Mevel (2000b, 2000a), inde-
pendently developed a different technique to prove the consistency and asymptotic normality of
the maximum likelihood estimator (Mevel 1997) for hidden Markov models with finite hidden
state space. The work of LeGland and Mevel (2000b, 2000a), is based on the remark that the
likelihood can be expressed as an additive function of an extended Markov chain. The key of
the proof by LeGland and Mevel (2000b) consists in showing that under appropriate conditions,
this extended chain is geometrically ergodic, in a sense given below. This proof by LeGland and
Mevel (2000b), applies even when the Hidden Markov Chain is non stationary, i.e the initial
distribution of the chain does not correspond to its invariant distribution while Baum and Petrie
(1966), Leroux (1992) and BRR (1998) assume stationarity (see however Bakry et al. (1997),
for an extension to the non-stationary case, based on a coupling technique).

In this paper, we study the maximum likelihood estimation when the Hidden Markov Chain
takes value in a topological space, assumed to be compact. The main result is the consistency
of the Maximum Likelihood Estimator (MLE), under the usual condition of identifiability of the
parameters. We also identify the limit of the likelihood process as the Kullback-Leibler diver-
gence. In addition, we prove the asymptotic normality of the MLE under both the stationary
and the non stationary case. Up to our best knowledge, the only contribution dealing with the
maximum likelihood for Hidden Markov Models taking values in a general topological space (see
Meyn and Tweedie (1993) for the definition of Markov chains in such spaces) is Jensen and
Petersen (1999). The authors show the asymptotic normality (but not the consistency) of the
maximum likelihood estimator when the hidden Markov chain is stationary, the technique being
based on an extension of BRR (1998). The technique used in our contribution to prove the
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consistency and the asymptotic normality of the maximum likelihood estimator for general hid-
den Markov models is completely different and is essentially based on the technique developed
by LeGland and Mevel (2000b, 2000a) in a finite state space. A distinctive advantage of this
technique is that it makes it possible to study in a common framework the stationary and the
non-stationary case. The main difficulty encountered when trying to use the “extended chain
method” for hidden Markov models with a continuous state space is that some components of
the extended chain lie in an infinite dimensional functional space. This is in sharp contrast with
the case of a finite hidden state space in which the predictive density can always be identified
with an element of RM | where M is the number of different possible values for X,,. Instead of
the Riesz representation theorem (Mevel 1997), we investigate another approach based on the
asymptotic tightness of a sequence of measures to prove the existence of an invariant measure
for the extended chain (Sunyach 1975). It is then possible to extend the result of Leroux (1992)
under the basic assumption that the model is identifiable (in the sense that different parameter
values lead to different distributions for the stationarized version of the observed process; see the
definition below), a point which was not covered in the work of LeGland and Mevel (1997) nor
by Jensen and Petersen (1999). We stress that the technique developped in Leroux (1992) to
prove consistency, which is based on the Kingman sub-additive theorem cannot be immediately
adapted to continuous state space. For technical reasons detailed in the sequel, we restrain our
attention to cases where the hidden state space can be assumed to be compact.

The rest of the paper is organized as follows: in Section 2, we first prove the geometric
ergodicity of the extended chain. As a corollary, pointwise convergence of the normalized log-
likelihood is obtained and its limit is identified with the generalized Kullback-Leibler divergence.
The final item of Section 2 deals with the consistency of the maximum likelihood estimator.
Section 3 is devoted to the asymptotic normality of the maximum likelihood estimator, using
the technique of Section 2 applied to a further extended Markov chain, encompassing the gradient
and the Hessian of the prediction filter.

1.2 Consistency of the maximum likelihood estimator

Let {X,}2°, be a Markov Chain on a compact set K C X, where X is a separable state space,
equipped with a metrizable topology, and B(K) is the associated Borel o-field. We denote
{Qp(x, A),z € K, A € B(K)}, the Markov transition kernel (see Meyn and Tweedie 1993) of
the chain. We also let {Y;,}7°, be a sequence of random variables in a topological, separable
and complete set ), such that, conditional on {X;,}7%, {Y,,}°2, is a sequence of conditionally
independent random variables, Y,, with conditional density gg(y|X,) with respect to some o-finite
measure v on the Borel o-field B()). Usually, X and ) are subsets of R® and R’ respectively, but
they may also be higher dimensional spaces. Moreover, both Yy and gy depend on a parameter
0 in ©, where © is a compact subset of RP. © is equipped with a norm denoted by ||.||. The
true parameter value will be denoted #*and is assumed to be in the interior of ©.

Assume that each transition kernel (Qy has a density gy with respect to the same o-finite
dominating measure v on X. For notational simplicity, it is assumed that the initial distribution
of {Xj} under 6* has a density with respect to v denoted by 7*. We stress that 7* is not
necessarily the invariant distribution of the chain. Denote P* the probability distribution of
{Y;, }n>0 induced by the parameter (6%, 7*) and E* the associated expectation. The convergence
results that will be proved throughout the paper hold under P*. In the following, for m < n,
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denote Y," the family of random variables (Yj,...,Y,,). The L,(K,B(K),~)-norm will be
denoted ||.||,, and C, C’,... will denote unspecified finite constants which may take different
values upon each appearance. Moreover, for any measurable function f on (K, B(K),~), denote
ess sup(f) = inf{M > 0,7({M < |f|}) = 0} and if f is non-negative, ess inf(f) = sup{M >
0,v({M > f}) = 0} (with obvious conventions if those sets are empty).

As outlined in the introduction, the central idea consists in writing the log-likelihood of the
observations as an additive function of a Markov Chain, comprising the observations {Y,,}, the
current state X, of the initial Markov chain and the predictive density of the state, often referred
to as the filter in the HMM literature.

We define a family of probability density functions (pdf) { fg >0 over (K, B(K),~), by the
following recurrence equations ’

fiow) = ()

Yo € K,
fg,n+1(v) £ CI)I(meg,n;G)

& S 90(u)g0 (Valw)£5 (W) (u) (1.1)
S 90 (Yulu) f5 , (w)dy(w)

where ( is an initial pdf. Note that f0<n+1 is a deterministic function of (Y, fgn). If { =7, it is
easily checked that fg:n is the predictive density distribution, i.e. the density of the conditional

distribution of X,, given Y0 ;. Otherwise, fg ,, is usually named the prediction filter.
We consider the following family of contrast functions

n—1
00.0 =Y log ( I g9<Ym\x>fg,m<m>d~y<x>) (1.2)
m=0

When ( is fixed and equal to 7, then £, (0, 7*) is the log-likelihood function for the parameter
0. We show below that the choice of the initial predictive density function ¢ does not affect
the limiting value of %En(ﬁ, ¢). This parameter can thus be chosen by the user. Moreover, the
parameter 6* is the only one that can be consistently estimated. As usual, for ergodic non
stationary chains, the initial distribution can not be consistently estimated.

We define the state space E 2 K x Y x ST2 where St 2 {f € LilK,B(K),y) ; f >
0, || fll1 = 1}. In the sequel, ST is equipped with the topology induced by the Lj-norm, B(S™)
denotes the corresponding Borel o-field. We denote B(E) the Borel o-field on the space E itself,
induced by the product topology. On the state space E, define the extended Markov chain
Zn = (X, Yn, By, F¥) by an initial law A, and the following transition kernel: For all (x,y, f, f*)
in E and Ax x Ay x As x As* in B(K) x B(Y) x B(ST) x B(S™),

Mo ((2,y, f, [7); Ak x Ay x As x As™)
= P[(Xn—&-layn—&-laFn-&-laF;—&-l) € AIC X “437 X AS X -AS* | (XmYmFmF;:) = (:c,y,f, f*)]

= /A’CXA)} qe*(l‘,x/) gg*(y/|x/) d’)/(x/)dl/(y/)]]AS((I)l(y7f,g))ﬂAS*((I)l(y’f*70*)) (13)

(where ®4(y, f;0) is defined in (1.1)).
In the sequel, we will often consider the particular initial distribution A(¢) defined for each pdf
¢ on (K, B(K),7) by

AQ) (A x Ay x As x As") = /Am 4" P9 BB Ogge () (1)
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This initial distribution generates a Markov chain {Z,,} where the first coordinate corresponds
to the Markov chain { X}, the second to the observations {Y},}, the third to the prediction filter
{ fg .} and the fourth coordinate to the predictive density of X,, given Y,0_,, that is {f5 }.

,Finally, we denote Py ) the probability distribution of the chain {Z,} induced by the initial
distribution A and the transition kernel Iy (Pp  is classically defined on \/,-; B(E;), where
(En)n>0 is a sequence of copies of E).

Using this definition, and assuming that {Z,,} has the initial distribution A(¢), the normalized
log-likelihood may be expressed as

n—1

1 1

Efn(G,C) = . Z ho(Zm) Porc) — a-s. (1.5)
m=0

where ho(z,y, £, f*) 2 log < / ge(ylu)f(U)dv(U)> (1.6)

Equation (1.5) shows that the normalized log-likelihood of the observations for the parameter
f can be written as an additive functional of Z,,. Thus, following ideas of LeGland and Mevel
(2000b, 2000a), geometric ergodicity of the extended Markov chain will be the key ingredient to
prove the consistency of the maximum likelihood estimator.

It is clear from (1.2) that the log-likelihood is indeed a function of the first three components
of Z,, which themselves form a Markovian process. Extending the chain Z, so as to include the
prediction density corresponding to the actual value 6* of the parameter is however needed to
obtain the consistency result of Section 1.2.4 (see Leroux 1992, for a closely related idea).

The following definitions and assumptions are stated for future reference. For y in ), define

esssup,, go(y|)
5y) 2 supdaly) ésup{ . 7)
00 pco | essinfy go(y|x)
b ,
e & infepL inf Zolaw q"(x’x,) (1.8)
9€0 6€6 esssup,, ,s qo(, ')

Assumption 1.1. 0 <e < 1.
For s > 0, define Ay = esssup,, [ supy[do(y)]*go- (y|z)dv(y).
Assumption 1.2. A; is finite.

For s > 0, define I's £ esssup,, [ supy [ko(v)]° go~ (y|z)dv(y) ,
where ky(y) = esssup, | log go(y|z)|.

Assumption 1.3. There exists some s > 1 such that I's is finite.

If assumption 1.1 holds, then infgessinf, ./ go(z,2") > 0 (note that esssup, . qo(z,2") >
v(K)~1). Doeblin’s condition is then satisfied for the Markov chain associated with Qg (see
Meyn and Tweedie 1993, p.391). Moreover, the kernel Qg is strongly aperiodic (see Meyn and
Tweedie 1993, p.118). Thus, by Theorems 16.0.2 and 16.2.4 from Meyn and Tweedie (p.384),
there exists some real number 0 < pg < 1 (uniform in #), such that, for all  in O, there exists
a probability measure on B(K), having density ay with respect to v, such that, for all z in K,

1Q6 (2, .) — as()dy()llrv < pf, (1.9)
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where |||y is the total variation norm, and Qf is the kernel @y iterated n times. Then
ap(.)dy(.) is the unique invariant probability measure of the chain. Thus, for all § in ©, the
Markov chain associated with the kernel (Qy is uniformly ergodic.

Remark 1.1. Note that in assumption 1.1, we may relax € €]0, 1] and derive the same results
under the assumption

Assumption 1.1(bis) There exists m in N* such that for all 0 in ©, Qg is aperiodic and

0 < inf essinf, v g5 (z,2")

<1
6 esssup, . g5 (T, 7')

where qp* denotes the density of the the kernel Qg iterated m times.
In that case, all the properties concerning the Markov Chain associated with @y are derived
from properties concerning the m-skeleton (see definition in Meyn and Tweedie 1993, p.68).

1.2.1 Exponential forgetting of the prediction filter

Ergodic properties for {Y,,} are inherited from those of {X,,} (see for instance Leroux 1992,
Celeux et al. (1993)). The point of this section is to obtain those of the extended chain
Zn = (Xn, Yy, By, FY) from the exponential forgetting for the prediction filter. Iterating the
recurrence relation (1.1) n—m-+1 times backwards (m < n) yields fg,nJrl =P (Y, fg’m; 0),
where

i1 (Y7, f30)(v) £
o, @0(unsv)go(Yalun) - [, qo(tm, wmt1)go(Ym |tm) f(wm)dry(un) . . . dy(tum)
U ge(Yn|Un) o Jum QB(Umy um+l)90(Ym’um)f(um)d’)/(un) cee d’Y(um)

Using this expression, we may show the following exponential forgetting inequality (which is a
non-trivial adaptation from Mevel (1997, Proposition 2.2, part A)).

Proposition 1.2.1. Under assumption 1.1, for all f, f' in ST,
1 @nrt1 (V7 £30) = Pt (Y f50) 1 < 26971 0p(Yin) (1 — €)™ ™ f = f'lln (1.10)

The proof is given in Appendix B.1. The upper-bound of the right hand side only depends
on the initial conditions (Y;,, f, f'). Note that assumption 1.1 implies that €4 is lower bounded
by a strictly positive e. Hence, (1 — ¢g) is upper-bounded by (1 — €) and the geometrical rate of
the right-hand side of equation (1.10) can be bounded uniformly for # in O, as soon as §(Y,,) is
finite.

1.2.2 Geometric ergodicity of the extended Markov Chain

In this section, it is shown that the exponential forgetting of the prediction filter implies the
geometric ergodicity (in a sense to be defined) of the extended chain {Z,,}.

Definition 1.2.1. Lip(E) is the set of real valued measurable functions h on (E,B(E)) such
that, for all (z,y) in K x Y, there exists lip(h, z,y) and k(h,z,y) such that for all f1, f;, f2, f5
in ST,
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(. y, f1, ) = bz, y, fo, £3)] < lip(hya,y) (I = folh + 11— 1)
\h(z,y, f1, f1)| < k(h,z,y)

and
lip(h) £ esssup,, [ lip(h, z,y) go+ (y|z)dv(y) < oo
k(h) = esssup,, [ k(h,z,y) go- (y|z)dv(y) < oo

These functions are of Lipschitz type with respect to the two last components and are
bounded independently from the two last components by a function which satisfies an integra-
bility condition. We will prove in the sequel that, for all A in Lip(E) verifying some moment
condition (see (1.15)), a law of large numbers holds for {h(Z,)}n>0.

Proposition 1.2.2. Under assumptions 1.1,1.2, define
1
p 2 max(pg, (1—€)?) (1.11)

(where € and po are defined in (1.8) and (1.9)).
There exists a constant C > 0 such that, for all 6 in ©, for all h in Lip(E), for all z,2" in E,
and for alln > 1

g (z) — gh(z")| < Cllip(h) +k(h)] p"

where 11} denotes the nth iterate of Iy and I} h(z) = [ 11} (z, dw)h(w).

The proof of this proposition stands in Appendix B.2. As a consequence, the extended
Markov chain satisfies a geometric ergodicity property, stated in the following corollaries.

Corollary 1.2.3. Under assumptions 1.1 and 1.2, there exists a constant C' > 0 such that, for
all 0 in © and for all h in Lip(E), there exists Ag(h) < oo such that for all z in E and for all
n>1,

[Th(2) = Ao(h)] < C llip(h) + k() 7,
This inequality may be used in the following way : for any initial probability measure X\ on
(E,B(E)), and for any function h in Lip(E)

(1.12)

Ag(h) = lim EEg(h(Zy)). (1.13)

n—oo

In addition, for all h in Lip(E), there exists a unique solution V of the Poisson equation
[I —Tg] V(2) = h(z) — Ag(h).

Corollary 1.2.4. Under assumptions 1.1 and 1.2, the kernel 11y admits an unique invariant
probability measure N\g on (E,B(E)) and for any function h in Lip(E)

Ag(h) = / h(2) Mg (d2). (1.14)
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The type of convergence in Corollary 1.2.3 does not coincide with the usual definition of
uniform geometric ergodicity (see Meyn and Tweedie 1993, Theorem 16.0.2 p.384) since our
result applies here only to some kind of Lipschitz functions on E, whereas in the standard
literature about Markov chains, the ergodicity is expressed in terms of exponential decrease to
zero of the total variation norm, i.e implying that (1.12) applies to all measurable bounded
functions.

The proofs are given in Appendix B.2. Note that it is easy to show that Ay(h) is a linear form.
Nevertheless, it is not straightforward to prove that there exists a measure Ay on E representing
Ag(h). This is because the Riesz representation theorem does not apply. To prove the existence
of an invariant probability measure, we use a technique based on asymptotic tightness of an
appropriately defined sequence of probability measures, exploiting the basic ideas of Sunyach
(1975).

Remark 1.2. We will often use in the paper the following property : Let E,, be a sequence of
copies of the space E, Ain \/, ., B(E,) and T a real valued function on [[, -, E;,, measurable
with respect to \/, -y B(Ep). Note that, due to the initial distribution \(¢), (Fy,, F}¥) is Ppa)-a-s

equal to ( fg’n, fér:n) for all n in N. It implies that

Y {Zn}nzol = T [{(Xm Yo fi fé‘f,n)}n>0] Py —as
Thus,
Poae)(Y{Zn}nso) € A) = P* [T({(Xn, Yo, f§ o 30 nz0) € «4}

since the marginal distribution of Py 5 on events only depending on {(Xp, Yy,)}n>0 is equal to
P*.

Proposition 1.2.5. Under assumptions 1.1 and 1.2, for any 0 in O, for any pdf ¢ on (K, B(K),~),
and for any function h in Lip(E) such that there exists s > 1 satisfying

esssup/ks(h,:c,y)gg* (y|z)dv(y) < oo (1.15)

xT

the following convergence results hold
i) iy soe L S W(Zim) = Ag(R)  Pye) — a.
i) limp oo 2 Y00 (X, Yin, £5,0 £ ) = Aa(R)  P* — a.s

The proof of this proposition (see Appendix B.3) is based on the ergodicity of {Z,,} and more
precisely, on the existence of a solution to the Poisson equation stated in Corollary 1.2.3 using a
classical martingale decomposition method (the proof is analogous to Meyn and Tweedie 1993,
Theorem 17.4.3). Note that the statement ii) is a direct consequence of i) using the remark 2.

1.2.3 Pointwise convergence

The following proposition ensures that, under some regularity conditions, the normalized log-
likelihood of the observations converges almost everywhere to a finite function of 6, and identifies
the limit function. It is a straightforward application of Proposition 1.2.5.

35



Chapitre 1. Asymptotics of the MLE in HMM

Proposition 1.2.6. Under assumptions 1.1 to 1.3, for any 0 in ©, there exists a finite value
0(0) such that for any initial pdf ¢ on (K, B(K),7),

lim 20,(0,C) = £(6) P* — a.s

n—oo N

Moreover,

) = [ 10 [ [ sotwlas s ()| Aol dy, . ) (1.16)

Note that the limiting value £(#) does not depend on the initial distribution A(¢). This means
that the limiting value of ¢,,(, ¢) /n does not depend on the initial distribution of the chain {X,, }
(which does not necessarily coincide with the stationary distribution of the chain, in contrast
with BRR and Jensen and Petersen (1999)) nor on the initial value of the prediction filter ¢,
which may be chosen arbitrarily. The limiting value £(6) is the integral of hy with respect to
the invariant measure of {Z,}.

1.2.4 Consistency of the maximum likelihood estimator

In order to prove the consistency of the maximum likelihood estimator, we need to check that the
limit of the normalized log-likelihood is maximized only at 8%, the true value of the parameter,
i.e £(0) < £(0*) with equality if and only if § = 6*. Define

9o.n+1(yn] Xo) £ ga(yo\Xo)/QG(Xo,m)ge(yﬂm)-.-
oo Qo (Un—1,Un)go(Yn|un)dy(ur) ... dy(uy) (1.17)
the density under the parameter 6 of {Y,'} conditionally to X, with respect to the measure
p®(nt1)

We assume that

Assumption 1.4.

/ G091 (40, - ypluo)dag (o) (o) .. () =
KxApx...xAp
/ 90" p+1(Y0, - - -, Ypluo)dogr (uo)dv(yo) . . . dv(yp) (1.18)
KxApx...xAp

holds for all non negative p and all Borel sets A; in B()), 0 < i < p if and only if 6 = 6'.

(Recall that o is the invariant measure for the kernel gg).
This condition is equivalent to :
Assumption 1.4(bis)

/qg(u,ul)---%(up—laup)ga(yo!u)---99(yp!Up)dae(U)dV(Ul)---d’Y(Up) =

/ qor (w, 1) qor (Up—1, up)gor (Yo |w)---gor (Yplup)davgr (w)dry (ur)...dy (up)
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almost everywhere with respect to the measure vt | for all non negative p, if and only if
0=20.

Note that when the state space K is finite, assumption 1.4 is implied by condition 2 in
Leroux (1992). In fact, assumption 1.4 is the minimal assumption guaranteeing identifiability
for the model.

Remark 1.3. In many models of interest, the parameter itself is identifiable, only up to a
permutation of states. It is most often possible to reparametrize the model to avoid this type of
degeneracy. When it is not possible, one should define a slightly extended notion of identifiability,
based on an equivalence relation e.g. 6 = 0’ iff 6 is equal to # up to a permutation of its
components. The results presented below can be straightforwardly adapted in such situation.

Theorem 1.2.7. Under assumptions 1.1 to 1.4, £(0) < £(6*) and £(6) = £(0*) iff 0 = 6*.

The key point in the proof is that the difference ¢(6*) — ¢(0) can be written as the expected
difference between two functions under the same measure. This is possible, since the fourth
coordinate of Z,, is the prediction filter associated with the true value of the parameter 8*. This
is the main motivation for extending (X, Yy, F),) to (X, Yy, Fn, F)Y).

Proof. (Theorem 1.2.7) The first part of the proof follows an idea from Leroux (1992, Lemma
6), but the conclusion has to be adapted to cope with general state space. We first express ¢(6)
in a more tractable way.

Using Corollary 1.2.3,

20(0) = Tim g x¢) (ho(Zn) + ho(Zn41))

By direct application of the recurrence relation between fg ,, and fg ni1s We have

ho(Zn) + ho(Znt1) = log [/ 99,2(YnaYn+1|u)f9<,n(u)d'>’(u)} P9,>\(C) —as
£ HQ(YTL’ Yn+17 f047n)

(where gp o is defined by (1.17)).
Then, using the remark 2,

20(6) = lim E* (E* (Hg(Yn,Yn+1, £ Yf,l)) (1.19)

Denote GQ([E, Y, f7 f*) = f H@(y()a Y1, f)ge*,Q(y()a yl‘u)f*(u)dy(y())dy(yl)dﬂy(u) It is casy to check
that Gy is in Lip(E). Thus, by Corollary 1.2.3,

Ag(Gp) = lim By 5 ¢) (Go(Zn)) (1.20)
Using the equality

YO

")

Xnv Yn(,)fl}

E* [HQ(YTIA Yn-i—l’ f9<7n) ’Yé)fl] = E° (]E* [HG(YH) Yn+l7 fe{n)
= Go(Xn, Yo, f§ 0 [50)
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combined with (1.19) and (1.20), it yields that
20(0) = Ag(Go)
= [ log [/992 Yo, y1luo) f (Uo)dV(uo)}
X o+ 2(Yo, Y1) f* (w)dv (yo)dv (yr)dy(u) Ao (K, V), df , df¥)
Define the function h*(z,y, f, f*) = log([ go+(y|u) f*(u)dvy(u)). Replacing the function hg
by h*, it is easily checked in the same way that
260°) = [ 106 [ o o) (o) (o)
X go- 2(yo, y1|u) f* (uw)dv (yo)dv (y1)dy(u) Ao (K, Y, 8T, df*)

)

which is the integral of a Kullback-Leibler divergence and is thus non-negative. We now show
that the equality £(0) = £(6*) implies that @ = 6* under the assumption of identifiability 1.4. If
0(0) = £(6*), the Kullback-Leibler divergence is null and thus,

200~ 0) = [ | [zt s @art] xog (L2 L
dv(yo)dv(y1)e(K, Y, df, df*)

/ge*g(yo,yllU)f*(U)dV(U) = /96,2(yo7y1|u)f(u)d7(u) (1.21)
almost everywhere with respect to the measure dv(yo)dv(y1)Ag(K, Y, df,df*). This technique

can be easily generalized computing the quantities (m + 1)¢,(6, () for each integer m, such that
£(0) = £(6*) implies almost everywhere with respect to the measure \g(K, Y, df, df*),

Vm > 1, /99*,m+1(y07~--vym|u)f*(u)d7(u) = /ga,m+1(yo,~--,ym!u>f(U)d7(U)7
v(dyy) ® ... @ v(dym,) —a.e (1.22)

Now, let us prove that the condition of assumption 1.4 holds. Let (fo, fi) be in ST x S such
that the property (1.22) is satisfied. Let p < m and h be any bounded, continuous function on
YPFL Multiplying both sides of the equation by h(Ym—p, - --ym), and then taking the integral
with respect to dv(yg) ... dv(ym), yields

/ Fo(ttm )™ (0, ttmn—p) fo(110)dry (110 (1t p) =
/ Fo () (0, thmp) £ (0) (110 (1t ) (1.23)

where for any 3,
Fs(u) & /h(ym_p, s Ym) 98, p41 Um—p» s Y| W) AV (Yr—p) - . . AV (Yym) (1.24)
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which is continuous and bounded by esssup,cyp+1 [h(u)| on K. Now, using Equation (1.9), we
have, for any u in K,

‘/Fg ay" P (u,u)dy(u /Fg Ydag(u

This implies, by dominated convergence

< pp' P x esssup |h(u)]
ueyp“rl

i [ Ry ) fo(w)dr (w)dr () = [ Faudydao(al

This result also holds with the parameter 8* instead of §. Now, combining with (1.23) yields

[ Fatu)dan(u') = [ Foe(u)da ()

Replacing Fy and Fp« by their definition in (1.24) and knowing that & is any bounded continuous
function in YPt1

/ge,pﬂ(ym---yyp|UO)da9(UO) =/96’,p+1(y0,---,yp|uo)da9'(UO)

almost everywhere with respect to the measure dv(yo)...dv(yp), for any p in N. Thus 6 = 6* by
the identifiability assumption 1.4. This completes the proof. (I

Let 0,(¢) £ argmaxy £, (6, ¢) be the maximum likelihood estimator for a fixed initial pdf ¢
(following assumptions will assure its existence). It has been proved in Proposition 1.2.6 and
Theorem 1.2.7 that the normalized log-likelihood for a fixed 6 converges almost surely under P*
to £(0) which is maximum at the point #*. Under additional assumptions on the regularity of
some functions with respect to 6, uniformity (in a sense to be defined) in the convergence of the
normalized log-likelihood may be shown, and thus, consistency can be stated, using the basic
strategy invented by Wald (1949).

For all y in ) and > 0, denote w9 (y, n) = SUD|jg—gr|| <y €55SUDPg |90 (y]2) — gor (y|x)[. Let n >0
and 6, ' in © such that ||§ — 0'|| < n. Then, for all pdf ¢ on (K, B(K),~),

0.0 0 = S | S L0 5 0) = Vi) 500 )
’ ’ o J 960 (Yonl0) £ 1, () ()
g “1<frgay ) = gor (Yin W) £, () v (1)
= J 9o (Yonla) £ () (u)
S 90 Fnl)1 () = fg,m(u)ldv(U)>
J 960 (Yinlu0) £ 1 () ()
6a(0.0) — 1(8.0)] < Z(mfeessmfgg s A~ £ 02
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Define for all y in ), for all s,¢ in N and for all > 0,

ym) = [infge:)szg;z)g(y|x)] (1.26)
By 2 esssup [ (8. 0 (sl () (1.27)
(AA)ei(n) = esssup / [0(w)1°[0" (5, )] 9o (yl2)dv (y) (1.28)
) & sup [ essoup ao(u,0) — g (1 0)li(0) (1.29)

Assumption 1.5. For all y in Y,

limwi(n) = 0
n—0

lim wf(y,n) = 0
n—0

Assumption 1.6. Ay is finite and for some positive ng, Aj(no) and (AA")11(no) are finite.
We prove in Appendix B.3 the following lemma

Lemma 1.2.8. Under assumption 1.1,

m—1

mp £ = Sl < 267037 8(¥iia )™ Fw? (1) + 20" (Vi )] + [0 (1) + 20" (Yn, )] (1.30)
€ k=0

Combining (1.25) with this lemma, we prove under assumption 1.5 that 6 — £,,(0, ¢) is contin-
uous. The continuity of 6 — £(f) is then straightforward : the family of functions (IIjhg(2))n>0
converges uniformly in 6 to ¢(0) as we have

Y2

p
1—p

G ho(2) — Ag(hg)| < C[A1 +T1]

Moreover :

15m0(2) = [ 102 ( [ an(omlu 15,0020 ) - (5,00) - (5 1,)
X go= (y1lx1) - - - 9o+ (Yn|zn)dy(21) - - - dy(2n)dv(y1) - - - dv(yn)

The functions 6 — log( [ gg(yn|u)fg7n(u)d*y(u)) are continuous (same argument as for £,,(6,())
and uniformly integrable as Iy is finite for some s > 1. Then we obtain that 6 — IIjhgy(2) is
continuous, and so is 0 — £(6).

Now, denote w’ (1) £ sup{2(£,(0,¢) — £,(¢', ), ]|0 —¢'|| < n}. Combining (1.25), (1.30) and
assumptions 1.5 and 1.6, we obtain that, P*-a.s,

1
lim 1i )| = 1.31
im limsup [wn <k‘>} 0 (1.31)

n
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Theorem 1.2.9. Under assumptions 1.1 to 1.6, for all initial pdf C,
0,(C) — 0 in P* — probability.
n—oo

Proof. Let C a compact set not including 6*. Since 6 — ¢(0) is a continuous function, there

exists € > 0 such that, for all § € C, £(0) < £(0*) — 2e. By (1.31), there exists P*-a.s finite

random integers k1 and N7 such that for all n > Ny, wfl (k—ll) < 5. Let {0i}1<i<m an kil—net,

covering C. Then, there exists a P*-a.s finite random integer Ny such that for all n > N, and
all 1 <i< Ny, 10(6;,¢) < (6;) + 5.
Now, let 6 € C, there exists a point 0; such that |0 — ;| < k_11 Then, for all n > max(Ny, Na),

1
kq

1 1 ,
- < = ,
nfn(Q,C) > nen(‘gmo +wy,

N

€

€
< U0;)+ -+
< U6+ 5+ 3
< 4(0) —¢
Thus, there exists a P*-a.s finite integer N such that for all n > N, supgee n(6,¢) < £,(6%, Q).
The proof is completed. (I

1.2.5 Examples

Let us give some illustrations.

Example 1 : Markov chain in additive noise.

Define: Y; = h(X;) + B; where {B;} is a sequence of independent and identically distributed
centered Gaussian random variables, with variance o2, {X;} is a Markov chain on a compact
set of RY, independent of {B;}, and with transition Q.. The parameter here is 6 = (o, 0'2).
Let ¢; be the Log-Laplace function of the marginal distributions of {Y;}.

¢i(u) = log (E(e"**)) = log E(e"" X)) 4 log <eL202>

2 2
so that F@(u) =0’ + 2 log (E(eu}l(xt))) — o2

U—00

o2 is thus identifiable. If different parameters « lead to different stationary distributions for the
process {h(X;)}, then assumption 1.4 holds.
Such models are used in the following applications:

e Underwater acoustics (Quinn 1996), where h(z) = Acos(2mz), and A is a constant.

e Speech processing, count data analysis... (Pagano 1974), where h(z) = = and {X;} is
an autoregressive process of first order, with bounded innovations, or more generally an
ARMA process. In this last case, just notice that Theorems 1 and 2 may be generalized
when assumption 1.1 holds only for a power of the transition ), that is when assump-
tion 1.1(bis) holds.

Example 2 : Markov chain in multiplicative noise.
Define Y; = B;.h(X;) where { B, } is a process of independent and identically distributed, centered
Gaussian random variables, with variance o2, {X;} is a Markov chain on a compact subset of
R, independent of {B;}, and h is any measurable function. Those models are used in different
areas (see Kim et al. (1998), about econometrics).

41



Chapitre 1. Asymptotics of the MLE in HMM

1.3 Asymptotic normality of the maximum likelihood estimator

The asymptotic normality of the maximum likelihood estimator involves a second order Taylor
expansion of the log-likelihood. We shall use similar arguments to what was done with the
extended chain Z,, but we will now consider Markov chains involving both the gradient and
the Hessian of the prediction filter. Those chains have an exponential forgetting of the initial
condition and then we prove that they are uniformly ergodic. Denote Jk() the first order partial
derivative with respect to the component 6; of 6, and V, V? the Jacobian and the Hessian
operator with respect to the parameter 6.

Assumption 1.7. (a) For any (z,2',y) in K x K x Y, the functions 6 — gg(ylx) and 6 —
qo(z,2’) are differentiable.

Define for all y in Y,

Ikgo(y|z)|
5 () & esssup,, | 139
() %Pg;?gp[ essinf, gor (y|x) (1.82)
and, for all s, in N,
8y 2 essup [150) g0 ol)av(y) (1.33)

(A8 & esssup [ 5018 () 9o o) (o) (139

Assumption 1.7. (b) Moreover,
sup esssup gp(u,v) < oo, max sup esssup |Oxqg(u,v)| < oo.
0 u,v 1<k<p ¢ u,v

For some s > 1, Al , Ay, (AA" )41 and (AA")32 are finite.
The first step consists in differentiating the recurrence relation between fg ,, and fg ne1 (Which

is possible under assumption 1.7). Then, {V fg .} appears as a functional auto-regressive chain.
For all 1 <k <p,

OS5 i1 (V) Z/ae(Yn,fg,n)(uvv) O (W) (1) + Up (Yo, f5,,) () (1.35)

_fqe(s,v)ge(yIS)f(S)dv(S)) go(ylu)
Tyl (3)dr(s) ) Taoluls)f(s)dr(s)
o ] o, 0) o (vl) F(w)dy ()
Vorlr )00) = 52 ) flu)do (u)
Tl el ) | D)
+f (q"<’> T 950yl 1 (3)a(5) > Taslyls) F(sydr () ™)

Denote Uy the vector function (Up)i<k<p-
We consider the space E> = K x Y x ST x X, where

where ag(y, f)(u,v) = (qg(u,v)

% 2 {0 = (04)12rspi o € Lo (K, BK),7); / o (u)dry(u) = 0},

u
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Chapitre 1. Asymptotics of the MLE in HMM

The space X is equipped with the topology induced by the L;-norm, and denote B(E’) the Borel
o-field induced by the product topology on E’. Denote for all (y, f,o) in ) x ST x X, 6 in O,
and v in K

Ui (y, f,050)(v) = /ae(y,f)(u, v)o(u)dy(u) + Us(y, f)(v)

(Note that ¥y = (¥});<x<, is a vector in R?).
We define an extended Markov chain Z, = (X, Yy, Fy, Gn) on (E’, B(E’)) by its initial law
A and the transition kernel IIy given by, for all (z,y, f,0) in E’ and Ax x Ay x As x Ay in
B(K) x B(Y) x B(ST) x B(X%),
o((x,y, f,0); Ax x Ay x As x Ax)
= P(Xn41 € Ak, Yny1 € Ay, Fi € As, Gy € Ax
|Xn:$7Yn =y, Fn=[,Gn :U)

= / Go+ (, 2") go= (y'|2") dry(2")dw (y ) g o (1 (y, f50)) U 4, (V1 (y, f, 05 0))
.A/CX.Ay

In the sequel, we will often consider the particular initial distribution S\(C ) defined for each pdf
¢ on (K, B(K),7) by

AQ (A x Ay x As x As) = / 7 (2)go- (yl)d(2)dv ()14 (Ol 4, (0) (136

A;(;x.Ay

We denote ]507;(0 the law of {Z,} induced by ;\(g‘ ) and ITy and Ee, (0) the corresponding expec-

tation. The exponential ergodicity of the extended chain {Z,} (similar to the result obtained
in Proposition 1.2.1) and convergence of normalized sums of some functions of {Z,}, are stated
in Appendix D.

These properties, combined with the results of Propositions 1.3.2 and 1.3.3, ensure the conver-
gence of the gradient of the normalized log-likelihood.

Assumption 1.8. For any (z,2',y) in Kx K x Y, the functions 0 — gg(y|z) and 6 — qg(x,2)
are twice differentiable. We also assume that:
SUPp MAX] <} 1<p CSSSUD,, ,, |8,%7lqo(u, v)| < o0.

Define for all y in ), and for all s,¢,r in N,

§"(y) = sup max ©555UPs lag’lgg(y\x)]
Y 0,91') 1<k,I<p essinf, ggr (y|x)
AV esssup/[é"(y)]sgg* (y|x)dv(y)
(AA")s; & esssup / B8 ()] g0+ (ylx)dv (y)

(AA'A") gy, £ esssup / ()16 ()] 16" (9)]" go~ (y|)dw (y)

xT

Assumption 1.9. There exists some s > 1 such that A” is finite. Moreover, the following quan-
tities AH, (AA/)11,17 (AA/)l()’Q, (AA,)973, (AA,)gA, (AA”)ZI; (AA’A”)77171 and (AA,A”)G,QJ
are supposed to be finite.
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Proposition 1.3.1. Under assumptions 1.1, 1.7 to 1.9 and the hypothesis that the maximum
likelihood estimator is consistent (see Theorem 1.2.9), there exists a matriz Jg- such that

Tf%VEn(@*, ¢) — N(0, Jp=) weakly under P*.
Moreover, Jg- = limy, o (1/n)E*(V,(0*, (). VE,(0%,C)).

This result extends Theorem 3.1 in Jensen and Petersen (1999) to the non-stationary case,
and its proof stands in Appendix D.1. The second order Taylor expansion of the log-likelihood
involves also its Hessian matrix. Differentiating equation (1.35), we obtain {V? fgn} as a func-
tional autoregressive chain. ’

V2 fnir 2 01 (Yo, £,V f5,0 V2 f5 030)

As we have done with Z,, and Z,, we consider now Z, = (X0, Yy, F,Gp, Hy,) an extended
Markov chain on a space E”defined by E” = K x ) x ST x 3 x X5 , where

3o ={7 = (Th1); Tk, € Li(K,B(K),~) and Vv € K, 7(v) symetric and positive definite}.

(The matrix M = (M; ;)1<ij<n is said to be positive definite if for all (a;)1<i<n in R, we have
lemgn a;M; ja; > 0, with equality if and only if a; = 0 for all 1 <4 < n).

The space X is equipped with the topology induced by the L;-norm and B(E”) will denote the
Borel o-field on E” induced by the product topology. The Markov chain Z, is defined by its
initial law A and its transition kernel Iy : for all (z,y, f,o,7) in E” and Ax x Ay x As X Ay x Ay
in B(K) x B(Y) x B(ST) x B(X) x B(X2),

ﬂ9[($7y7f7077);d4]€ X Ay X AS X A:t X A:I:’}
= P[(Xn+1, Yni1, Frnt1, Gn1, Hnt1) € A X Ay x As X Ay x Ay
’ (Xn,Yn7Fn7Gn7Hn) = («T,y, f, o, 7')]

= qo+ (x, 2") go+ (Y |2") dy(2")dv ('
/A,CXA),“ ) g0 o/ 2/) (@) )

X g (1(y, [:0)1 4 (Vi(y, f,030))1 4, (aa(y, f,0,7:0)).

We will consider the particular initial distribution A(¢) defined for each pdf ¢ on the space
(K, B(K),~) by

MO (i x Ay x As x A x Ae) = [ w* @)gu (ool @) dv(y)
Aicx Ay
We denote ]5075\@ the law of {Z,}, induced by A(¢) and IIy, and E&MC) the corresponding
expectation. In Appendix B.4.3, we prove the exponential forgetting of the initial condition for

this chain, its ergodicity, and the convergence of normalized sums of some functions of this chain.
Then we are able to prove the convergence of the Hessian of the normalized log-likelihood.
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Proposition 1.3.2. Under assumptions 1.1 and 1.7 to 1.9, there exists a matriz Iy such that
1 2 *
—Vl,(0,0) — —Iy P*—a.s
n

Moreover, Ig« is the Fisher information matriz, that is

Ipe = — lim %E*(v%(e*, ¢)) = lim %E*(wn(e*, OV (6%,0)) = Jo-
Denote for all n > 0 and y in Y,

W) 2 sup rmx/£$mmmmau»—m%4mwwww
lo—0~ll<n 1SF<P S u

) 2 s [ esssup [0 o) = O g ()1 (0)
l0—6+|}<n1skisp ]

W' (y,m) =  sup  max esssup |07 ,go(ylu) — 92,90+ (y|u)]
16—6%||<n 1Ski<p  w

9" (y,m)
A" A / w s .
() R ———y P L (y|x)dv(y)

Assumption 1.10. Assume that

lim w? () = lim w? (1) =0
n—0 n—0

Moreover, there exists some ng > 0 such that A" (no) is finite.
We finally prove
Proposition 1.3.3. Under assumptions 1.1, 1.5, 1.6, 1.9 and 1.10, we have for any k,l in

{1---p},

n—0 [0—6*[|<n ™

IMW<SW ﬁ%%&@—%%@xozo

Remark 1.4. This proposition ensures that V [limnﬁoo %wn(ejg)]a:@*
V [Ag(hg)]g—g« = 0.
These properties are sufficient to get the asymptotic normality of the maximum likelihood
estimator, using the following assumption.

= —Ie* and that

Assumption 1.11. Iy« is an invertible matriz.

Theorem 1.3.4. Under assumptions 1.7 to 1.11, and the hypothesis that én(C) s consistent,
n? (B, — 6%) — N(0,1,.)) weakly under P*.

Remark 1.5. Combining Propositions 1.3.2 and 1.3.3 with Theorem 1.3.4, we obtain a confi-
dence interval for 6*. Moreover, we also have the local asymptotic normality (LAN) conditions
for our model, and the maximum likelihood estimator is locally asymptotically minimax (LAM)
(see Bickel et al. (1998)).
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Chapitre 2

Semiparametric deconvolution with
unknown variance

Résumé

Ce travail porte sur 'estimation semi-paramétrique dans un modele de convolution, ou le
bruit suit une loi Gaussienne centrée de variance o2 inconnue. Les modéles non-paramétriques
de convolution, ou la loi du bruit est entierement connue, ont été largement étudiés, et il
s’avere que la vitesse d’estimation de la densité g du signal est d’autant plus lente que la loi du
bruit est “réguliere” (Fan 1991c). Cependant, la régularité imposée sur g permet d’améliorer
ces vitesses d’estimation. Dans cet article, nous montrons que lorsque la loi du bruit (qui
est supposée Gaussienne centrée) posseéde une variance o2 inconnue (ce qui en pratique est
toujours le cas), les vitesses d’estimation de la densité g du signal sont dégradées par rapport
au cas ou la loi du bruit est entierement connue. Plus précisemment, se restreindre a des
densités pour le signal régulieres n’améliore pas la vitesse d’estimation de g qui est toujours
plus lente que (logn)~!. Une conséquence en est la détérioration des vitesses d’estimation
des parametres dans un modele de régression non-linéaire avec erreurs sur les variables. Nous
construisons alors divers estimateurs de la variance, dont un consistant des que le signal a
un moment d’ordre 1 fini.
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Chapitre 2. Semiparametric deconvolution with unknown variance

2.1 Introduction and main result

Consider a deconvolution model Y = X + ¢, where X has an unknown density g with respect to
the Lebesgue measure on R, and the error measurement ¢ is supposed to be Gaussian, centered,
with variance o2, and independent of X. Deconvolution density estimation has been studied in
depth by several authors. Recent related work include Carroll and Hall (1988), Devroye (1989),
Fan (1991a, 1991b, 1991c), Liu and Taylor (1989), Stefanski and Carroll (1990), Stefanski (1990),
Zhang (1990). When o2 is known, Fan (1991c) proved that for all fixed point zg in R, g(zq)
can be approximated at the optimal rate of convergence (log n)_(m+a)/ 2 when ¢ is supposed to
belong to the set

Crap=1{9 €Li(R): g >0; and Vo € R, V5 > 0, |g(™(z) — g™ (z + )| < 35} (2.1)
where m in N, 8> 0 and 0 < o < 1 are known constants. More precisely,

liminfinf sup (log n)(m+a)E[Tn — g(x0)]> > 0,
n=00 T g€Crm.ap

and this rate of convergence is attained. Results about convergence in L,(R)-norm were also
obtained in (Fan 1991b) and (Fan 1993), where it is proved:

liminfinf sup (logn)™ )/2E||T,, — g||, > 0,
n—oo Tn gecm,a,ﬂ

and this rate is attained. This result is consequently improved by Pensky and Vidakovic (1999),
when the density g is super-smooth. Denote by g* the Fourier transform of g, and assume that
the density g belongs to the set

S8y A) = {g SLi®): [ Ig (O + 1) exp(2ple )it < A} , (2.2)

for some positive constants a, v, p and A. Pensky and Vidakovic (1999) constructed an estimator
Jn of g, whose mean-square integrated error

MISE(§,) = E / (6n (@) — g(a))2da (2.3)
satisfies
. O(n~"(logn)), it v<2,
MISE(g,,) = 5 . )
sesop  MISE(G) {omogn) exp(—Clogn)’/2)  if v>2,

where 7, £ and ¢ have explicit forms. So that assuming the density of the signal super-smooth
ensures faster rates of convergence, in the case of an entirely known noise.

The question that naturally arises is what happens when o2 is unknown? This problem
becomes a particular case of a semiparametric model (van der Vaart 1998), and more precisely,
of mixture models (Lindsay 1986), known as the normal mean mixture model. This problem of
measurements being contaminated with errors is used in many different areas such as physics or
biology (practical problems of deconvolution can be found in Medgyessy (1973)).
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Chapitre 2. Semiparametric deconvolution with unknown variance

Semiparametric mixture models are studied by Ishwaran (1999). The author shows a loss of
information for the finite-dimensional parameter when the model is constrained to allow for only
discrete mixtures. In the normal mean mixture model, allowing discrete mixtures to have limit
points leads to a breakdown of the classical y/n inference for the finite-dimensional parameter.
Can we be more precise in quantifying this breakdown? The answer is yes, and we will see that
for regular mixtures, the estimation of the finite-dimensional parameter ¢ happens at a slower

rate than (logn)~1.

Assuming that the error density is perfectly known seems to be unrealistic in many practical
applications. Neumann (1997) gives a scheme to estimate o? when observations of the noise
sequence are available. Our estimator of o2 is based only on the observations of the convolution
model. More precisely, we assume that we observe the random variables:

Y,=X,+en; neN,

where { X, }n>0 is a sequence of independent and identically distributed random variables on R,
and {ey,}n>0 is a centered and normally distributed white noise. The sequences { X, }n>0 and
{en}n>0 are supposed to be independent. We denote by o? the variance of the e-sequence, by g
(resp. h) the density of the distribution of X (resp. Y') with respect to the Lebesgue measure on
R. In this paper, ®, denotes the density of a Gaussian centered random variable, with variance
equal to o2, and the notation g * ®, stands for the convolution product between g and ®,. A
density function g (with respect to the Lebesgue measure on R) is said to have “no Gaussian
component” if the equality g = ¢’ * ®, where ¢’ is a density function on R implies o = 0 (and
then g = ¢’). We consider:

G ={g € Li(R) : g density without Gaussian component },

the set of densities for the signal, with respect to the Lebesgue measure on R. Note that the
restriction on ¢ enables us to identify the parameter 2. Denote also

H={g9g*xP, : g€ Gando >0},

the set of densities for the observed sequence, with respect to the Lebesgue measure on R. In
this paper, the notation E, 4 or the expression under (o, g) stand when the distribution of the
observations is supposed to have density g *x ®,,.

When o2 is unknown, we prove that pointwise estimation of ¢ is deteriorated in many cases.
In fact, the minimax quadratic risk over a set of regular densities, for the estimation of o2 is
lower bounded by a constant divided by logn. Then, the estimation of g(z¢) (for some fixed
point xg in R) will not be possible, in regular cases, at a faster than (logn)~! rate. This main
result is stated in the following theorem. We consider a set of functions R containing a bounded
function gg which satisfies the following assumptions.

Assumption 2.1. For all ¢ > 0, for all 7 > 0 small enough, and all real numbers 0 < t < 72,
the convolution product gg * (‘I’\/Zaﬂr|~|§\/ia) has no Gaussian component and belongs to R .

This condition is rather weak as convolution regularizes the functions so that if R is some
“regular” space it is most likely stable under the convolution product. Moreover, gg can always
be chosen such that this convolution has no Gaussian component.
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Assumption 2.2. The function ao(y) = f 1 90(y + u)du satisfies [[a (y)]*le*yQ/Qdy < 0.

This assumption is satisfied for example with go(y) = 7=1/(1 + 32).
90()

T

Assumption 2.3. The function g is three times continuously differentiable with sup ,cp+

< 400, g4(0) # 0 and ||g(()3)HOo < +o00.

In Section 2.2, we give examples of such sets of functions. This Section also contains our
main theorem:

Theorem 2.2 Assume that R is a subset of L1(R) containing a bounded function gy which
satisfies Assumptions 2.1, 2.2 and 2.3, then for all real number xq, for all o9 > 0, and every
neighborhood V(og) of og, we have

1/2

liminf inf sup sup (logn) |Eq4(Th —g(xo))Q] > 0,
n=00 T geV(og) 9EGNR

where the infimum is taken over all estimators T,, based on the observations Y,....Y,.

A consequence of this result concerns the non-linear errors-in-variables model. Consider the
model where the observations {(Y;,; Z,,) }n>0 satisfy the following relations:

Zn = [3(Xn)+mm
>
{Yn = Xn+eén o Vnz, (2:4)

where the function fg is known up to the finite dimensional parameter 3, the errors {(1,; €n) }n>0
are independent, identically distributed and centered with respective variances O'% and 02 =1,
the variables &, being Gaussian and the sequence {X,, },,>0 is not observed and is a sequence of
independent and identically distributed random variables with distribution admitting a density
g with respect to the Lebesgue measure on R. The purpose is to estimate the parameter 3
in this model where g is considered as a nuisance. Taupin (2001) constructed an estimator of
B based on the estimation of the conditional expectation E(f3(X,)|Yn). The fact is that this
conditional expectation writes in the following form:

E(f(Xa)| Yo = 1) = ffjg T Esrr

Taupin (2001) constructed an estimator based on the observations {Y;, },,>0, of the linear func-
tional I'y of the density g, defined by the formula:

/f )P (x —y)dx ; VyeR.

When f is identically equal to one, the functional I'; equals to the density h of the observa-
tions Y;,. Rates of convergence for this estimator of the functionals when f is either a poly-
nomial function or a trigonometric function of the form z — Zﬁ:o Bjcos(jx) or of the form
T Z?:o Bjsin(jx) for some integer ¢ and real fixed parameters (5;)o<;j<¢ are given in Taupin
(2001) and are shown to be minimax in Matias and Taupin (2001). Typically, the minimax rate
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of convergence in LL,(R)-norm or in pointwise quadratic risk for a functional I'; where f is a
polynomial function of degree less or equal to £ is equal to (logn)Z*+1/4/,/n (Taupin 2001). In
the case of the estimation of h, those rates of convergence are not deteriorated when o2 becomes
unknown. Now consider the case where f is a polynomial function with degree ¢ greater or
equal to one. We prove that the estimation of I'y is seriously deteriorated in this case when o?is
unknown as the minimax quadratic risk becomes lower bounded by a constant divided by logn

(Theorem 2.2.4).

This paper is organized as follows. Section 2.2 gives lower bounds for the estimations of
02 and g(x¢) in the convolution model with unknown variance, using the van Trees inequality
(Gill and Levit 1995). It also gives a result about the degradation of the estimation of linear
functionals coming from polynomial functions in the errors-in-variables model. Section 2.3 gives
some estimators of o2 consistent when the Laplace or the Fourier transform of g has some
decrease at infinity. Moreover, in Section 2.4, we construct an estimator of ¢ that is consistent,
assuming nothing but a first order moment on g. Technical proofs are given in Section 2.5.

2.2 Lower bounds

2.2.1 Results in the convolution model with unknown variance

In this part, we will give lower bounds for the minimax quadratic risks for the estimation of o
and g(xp), when z¢ is a fixed point in R:

. oo 1/2 ,11/2
inf sup sup |E,q(T, —07) } and inf sup sup [Emg(Tn — g(x0)) ] ,
Tn 0€V(o0) gEGNR Tn 0€V(09) 9EGNR

where T}, ranges over all estimators based on the observations Y7,...Y,, R is a set of densities,
and V(op) is any small enough neighborhood of a fixed point o9 > 0. We use the van Trees
inequality (Gill and Levit 1995) on a suited one-dimensional sub-model. In fact, the difficulty of
the model is contained in a “worst-case” sub-model, that is to say a worst one-dimensional sub-
model. Fix the points z¢ in R and o in RT, a real positive parameter 7, a bounded function g
in R satisfying Assumptions 2.1 and 2.2 and consider the following notations: for all 0 < ¢ < 72,
we denote

pt(u) = CTq)\/iO’O(u)]lT‘u‘S\/EO'()’

where the normalizing constant C, is equal to ( / <I>1(z)]lT|z|§1dz)71. Now, let us construct a
path in GNR:

VO<t<7?, ht:go(‘—xo)*pt*§>\/1jao and ho = go(- — z0) * Pgy- (2.5)

The function p; is the truncated density of a centered Gaussian random variable, with variance
equal to ta%. But the convolution of ® 5~ with ® 5=, is equal to @, so that we can expect
that the densities h; (for ¢ > 0) and hg are close to each other (in a sense to be precised). For
all t > 0, we denote by o2 the variance of the noise involved in the definition of hy, that is to
say 07 = (1 — t)od.

Our aim is to give lower bounds for the estimation of the variance of the noise and for the
estimation of g in some classes.
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Proposition 2.2.1. Assume that R is a subset of L1(R) containing a bounded function gy which
satisfies Assumptions 2.1 and 2.2, then for all oo > 0 and every small enough neighborhood V(o)
of 0g, we have

. 1/2
liminf inf sup sup (logn) [Emg(Tn —0?)? > 0, (2.6)
N0 T o€V(og) gEGNR
where the infimum is taken over all estimators Tn based on the observations Y1,...Y,.

The key of the proof is the use of the van Trees inequality (Gill and Levit 1995). As always
in this kind of proof, the purpose is to exhibit densities h; and hy which are close to each other,
in the sense that the Fisher information I(¢) of the model is small for fixed ¢ > 0, whereas the
parameters o7 = (1 — t)of and o3 are well-separated.

A slight adaptation of this path gives the corresponding result on the pointwise estimation of g
at xg.

Theorem 2.2.2. Assume that R is a subset of Li(R) containing a bounded function gy which
satisfies Assumptions 2.1, 2.2 and 2.3, then for all real number xq, for all o9 > 0, and every
small enough neighborhood V(og) of og, we have

. 1/2
liminf inf sup sup (logn) |Esq(Ty —g(ﬂso))z] > 0,
N0 T 0€V(op) g9EGNR

where the infimum is taken over all estimators Tn based on the observations Y1,...,Y,.

Its proof stands in Section 2.5. We now give some examples of sets R containing bounded
functions that satisfy Assumptions 2.1, 2.2 and 2.3, and compare our result with existing ones.

Example 2.2.1. Consider the set of functions Cp, o, defined by (2.1). The regularity assump-
tion on the function g has been used by Fan (1991c) when the distribution of the noise sequence is
known. Fan proved that the minimax rate of convergence when the density of the noise sequence
is known and super smooth, is (log n)*(m“‘). Adding the condition on Gaussian components, in
order to have an identifiable model, we prove that when o is unknown, the rate of convergence

in the pointwise estimation of g is seriously deteriorated, as it becomes slower than (logn)~".

Example 2.2.2. Consider now the set of functions SSn.. ,(A) defined by (2.2). Pensky and
Vidakovic (1999) gave the following improvement on the results of Fan: when the density g of
the distribution of the signal is known to be super-smooth, they constructed an estimator of g,
whose MISE error (2.8) is upper bounded by a constant times some power of logn, divided by
some power of n (see Pensky and Vidakovic (1999) for more details). But when the variance
of the noise sequence is unknown, the fact that g is super-smooth does not improve the rate of

convergence of its pointwise estimation. It seems to be also the case for the MISE error in the
estimation of g.

We now give the proof of Proposition 2.2.1.

Proof. Without loss of generality, we assume that xg = 0 and og = 1. The first thing to check
is that the parametric path belongs to the model. But gg is chosen so that for all 0 < t < 72,
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the density g = go * p; has no Gaussian component and belongs to R (see Assumption 2.1). By
applying definition (2.5) of the density h, we can write, for all 0 < t < 72

hi(y) = Crho(y) — (Crho — he)(y)
= Crho(y) — go * (Cr @1 — pe * @ 7=) (y). (2.7)
Note that we have the following identity: p; = C,® 4(1 — Hr|~\>\/i>v so that

(Cr®1 —pr # B =) (y) = C [@1 . (cbﬂ - <I>\/z]1{7|">\/z}) x %m} (1),
The convolution between the normal densities ® 5 and ® 5= is equal to ®1, and then

(Cr @1 —pe x @ 7=5)(y) = C (@ gl vmy) * = (1)
Combining with (2.7), we get

hi(y) = Crho(y) —Crgo * ((I)\/{g]l{ﬂ.b\/%}) * P =(y)
= Crho(y) —C; // P g (y—u) @z (u—v)l, o z90(v)dvdu. (2.8)
We have :

P hu—v)® = (y—u)=

1 [_ (u— (1 —t) —ty)? B v_2 B y? N [(1—t)v+ty]2]
NI 2t(1— 1) ot 2(1— 1) 2(1— 1)

=0 sy (u— (1=t —ty) ®1(v—y),

and then returning to (2.8),

hi(y) = Crho(y)
u—(1—tv—ty (w=y)?

Cr 1 B
_ﬁ/[/ m(bl( t1—1) )ﬂfluv|>ﬁd“]€ 2 go(v)dv

—(1/7)+Vt(v—y)
+oo V1—t _(yfv)2

c,
= / ﬂl/ﬂjﬂvy) B (2)dx + / By (2)dz | e~ go(v)dv.  (2.9)
—t

—00

= CThO(y) -

This expression of h; is useful in the computation of the corresponding Fisher information. In the
rest of this section, the notation E; stands as an abbreviation for E,, 4,. The Fisher information
associated to our path is defined by:

I(t) =E, (ME L (Y))2 = / <%>2 (h (y)dy,  forall0 <t <72 (2.10)

Lemma 2.2.3. The Fisher information satisfies:

2
VOt 10 = 1001+ o) = 1572 ([ o) ay ) (44 o)

where fy is defined by ,
o) = [t (0= go(w)d.
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Chapitre 2. Semiparametric deconvolution with unknown variance

This Lemma is proved in Section 2.5.
Now, let us consider \y(t)dt a probability measure on [0; 1] satisfying the following conditions
- 20(0) = Xp(1) = 0.
-t +— Ao(t) is continuously differentiable in ]0; 1.
- Ao(t)dt has finite Fisher information:

1 )\/2(15)
Jo = / 0/ dt,
T Jo No(t)

where the prime stands for derivation with respect to the parameter t.
Rescaling this measure on the interval [0; 7%] we define:

1 t
A(t)dt = —5 X <ﬁ> dt

which has the Fisher information Jo/7%. Denote by Ex(I) the quantity [I(t)A(t)dt (t is seen
as a random variable with values in [0;72], distributed according to the probability measure
A(t)dt). The van Trees inequality (Gill and Levit 1995) for the estimation of the variance of the
noise in the convolution model gives us for small enough 7:

2

inf sup sup E, (T, —0%)? > ipf/ B (T, — o2)?A(t)dt
T 0€V(00) 9EGNR 7, Jo

2
> ( %‘f(tﬂ(t)dt) (TLE,\(I)+J0/T4)_1.

And then

inf sup sup ]Emg(Tn —0%)? > (nEA(I) + J0/7'4)_1 )
Tn o€V(op) g€GNR

Using Lemma 2.2.3,

2
BA(D) = 10)(1+ 0(1)) = 73727 ([ fwho(n) a ) (-4 o)

and then, returning to the van Trees inequality

-1

2
inf sup sup E,4(T,—0%)?*> {nC—TQ (/ fo(y)Qho(y)_ldy> 7_26_1/72(1 +o(1)) + Jo/ T
Ty o€V(00) 9EGNR 4m

Choosing 7! = y/logn, we get:

liminf inf sup sup (logn)’Ey (T, — %)% > 0,
N0 T 0eV(op) 9EGNR

which achieves the proof of Proposition 2.2.1. O
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2.2.2 Consequence in the errors-in-variables model

Consider in our model the estimation of the linear functional I'; , defined by:

Ty o(y) = / F(@)g(@) B0 (z - y)dz ; VyER,

motivated by the the errors-in-variables model described in the introduction (formulae (2.4)),
when the parameter ¢? is unknown.

More precisely, we are interested in the functionals given by a polynomial function. Let P
be a polynomial function of degree ¢ greater or equal to one, and define the set

Gp(R) = {r - /P(:U)Q)U(- —)g(a)dz; g€ RNG, o> 0} ,

of those functionals constructed with a density ¢ lying in some “regular” space R and without
Gaussian component. We have the following theorem concerning the estimation of a functional
I'in gp (R)

Theorem 2.2.4. Let R be a subset of L1(R) containing a bounded function gy that is supposed
to be £ times continuously differentiable, satisfying Assumptions 2.1, 2.2 and 2.8 and such that
||g(()£)||oo < 00. Then, for all fived real number yo and every polynomial function P of degree ¢
greater or equal to one, we have:
~ 1/2
liminf inf sup (logn) |E(T,, — F(yo))ﬂ

L >0,
n—oo T, r'egp (R)

where the infimum is taken over all the estimators fn based on the observations Y1,...Y,.

The proof of this result is given in Section 2.5.

2.3 Some upper bounds

In this part, we propose an estimator of o, assuming that the distribution of the signal possesses
a Laplace transform not rapidly increasing at infinity. This framework contains for example
the case of g having a support included in some fixed compact set. We start by the general
construction of this estimator, and then give the result on the fixed compact support case.

The construction of this estimator of ¢ is based on the behaviour of the Laplace transform of g
at infinity: as the distribution of the signal has no Gaussian component, its Laplace transform
should increase lower than eC*” at infinity. Assume that the density of the hidden variable X,

belongs to the following set of functions:
log (/ et’”g(ac)dx>

for some positive function v vanishing at infinity and a real positive number M. Note for
example that when v(t) = 1/|t|, the set of functions £, ps contains the set of functions with
support included in [—M; M]. In the rest of the paper, we will use the abbreviated notation:

log </ etxg(x)da:>‘ < M\t\}.

L’mM:{ge}Ll(R)/gZO,/g(x)dmzl,

< Mt%(t)} ;o (2.11)

£<M>={geL1<R>/gzm/gmdx:l,
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Chapitre 2. Semiparametric deconvolution with unknown variance

When the density g of the signal sequence belongs to L, ys for some function v and some real
positive number M, the variance of the noise is identifiable, as can be seen by computing the
Laplace transform of the observations. In fact, we have the equality

2

o2 tY;
Vg € Loy, o :tlggoﬁlogEmg (e 1).

It is then natural to define the following empirical estimator of o
2 1 _
P altn) = g [ L3t )

where (ty,)n>0 is some sequence of positive numbers increasing to infinity (the subscript L stands
for Laplace).

Proposition 2.3.1. For any ¥ > 0, define t, = Jalogn/(2X) for some 0 < o < 1. Then the
following estimator converges to o2 in probability:

Vg € Ly m, Yo € [0;X], 6%7n(tn) —s o2 in probability under (o, g).

n—oo

Moreover, for all real positive number M and all positive function v vanishing at infinity:

. 1/2 /N2
sup  sup [Egyg(aj%yn(tn)—oj)]/ <

+2Mo(ty).
o€l0:3] 9€Lu S Alognyn-ayz T 2Multa)

The proof of this proposition stands in Section 2.5.
Now, we consider the special case v(t) = 1/|t|, that is to say the set £(M) containing the
functions with a support included in [—M; M].

Corollary 2.3.2. For all M > 0 and all ¥ > 0 there exists a positive constant C' such that:

inf sup sup [Emg(Tn - 02)} <
Tn o€[0;X] geL(M)

where the infimum is taken over all estimators Tn based on the observations Y1,...Y,.

This inequality is a straightforward application of Proposition 2.3.1.

The same construction can be made using the Fourier transform instead of the Laplace
transform. Consider the following set for the density g of the signal:

. lo et g(x)dx
F = {g ELI(R) /g0, [gla)de=1, limy_, Lo o@e)] +oo} (2.12)

for some positive function v vanishing at infinity. This is the case for example when ¢ has the
form Cp(x)e 11,0, where ) is a positive constant, p a polynomial function and C a normalizing
constant. With this condition on the density of X,,, the parameter o stays identifiable. In fact,
using the Fourier transform of the observations, we get:

o2 = lim _t% logE (eity) .

t——+oo

o7
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It is then natural to consider the following empirical estimator of o:
2 1 ~
A2 ne
Opn(tn) = —— log - Ze’t J

where (t,,)n>0 is some sequence of positive numbers increasing to infinity (the subscript F stands
for Fourier).

Proposition 2.3.3. For any X > 0, define t, = \/alogn/(2X2) for some 0 < a < 1. Then the
following estimator converges to o2 in probability:

Vg € Fy, , Yo € [0; Y], &%m(tn) — o2 in probability under (o, g).

n—oo

The proof of this proposition stands in Section 2.5.

2.4 Universal estimation of the noise variance

The preceding estimator c}% , of o is interesting as its rate of convergence is entirely known,
but it would be nice to have an estimator of o converging whatever the form of ¢ is, without
Gaussian component. This is the purpose of this section, as we only assume here a first order
moment on the signal g.

We denote by g* the Fourier transform of g and for all ¢ in R, for all fixed ¢ > 0 and all 7 > 0,

a(G;7) = g7 (Q)e T = (e, (2.13)

The function « is the product of the Fourier transform of A (the density of the distribution of
the observations) and the function (®*)~!. When 7 is equal to the true value of the parameter
o, the function a(-;0) is equal to the characteristic function of the distribution of the hidden
sequence. We observe the following properties of a:

- when 7 < o, the function «(+; 7) is the Fourier transform of the positive measure g*® VT2

- when 7 > o, the function «(-;7) is no longer a Fourier transform of a probability measure
on the real line (as g is supposed to belong to the set G and then has no Gaussian component).
By Bochner’s theorem (see for example Feller (1971)), the function a(-;7) will not be positive
definite.

We define an empirical estimator of a by:
1 2.2
an(Gr) ==Y ) T/ (2.14)
n
p=1

Now, we use the remarks on the properties of the function «. The idea is that the real parameter
o is the largest value of 7 for which the function «(-;7) stays positive definite. It means that
o is the largest value of 7 satisfying that for all integer n, and all n-tuples of real numbers
{ty;1 < k < n}, the smallest eigenvalue of the matrix (a(tx — t1;7))1<k,i<n is positive. We
approximate the function o by its empirical estimator &, and use a dense family {¢j ,}n>0 of

o8
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points in R, so that for n large enough, the matrices (& (tgn —tin; 7))k will have their smallest
eigenvalue positive (to within about some €, constant) until 7 reaches o. In the rest of the
section, u is used to denote a point in CP, where p may change along the lines, and ||u|| denotes
the norm (32F_, lu;|?)1/2. Let us define

n=sup{s>0: V7 <s, ﬁnﬁ E UG (L — tin; T)U > —€p (2.15)
u; ||ul|=1
: —ln<kI<l,

where k,, and ¢, are two sequences of numbers increasing to infinity, in such a way that ¢,,/k,
also increases to infinity. The points t;, , = k/k, form a partition of the interval [—£,,/ky; €,/ ky]
when the integer k£ ranges from —¢,, to £,,; and €, is a sequence of numbers decreasing to zero.

Assumption 2.4. Fiz Y > 0 and choose the parameters {y; k, and €, in the following way:

o f;—’; = %\/alog” for some 0 < a < 1/2.

o ky=n'?7%"b for some b> 0 and 2a + b < 1/2.

o €, = V20V 1°gnvn where vy, i an increasing sequence of numbers converging to infinity in
such a way that €, converges to zero, and v, ' = o((loglogn)~1/?).

Theorem 2.4.1. For all ¥ > 0, under Assumption 2.4, and for all o €]0;%], all g in G such
that [ |z|g(z)dx < oo, we have:

On 0 in probability under (o, g).

This Theorem is proved in Section 2.5.
Note that the estimator &, can be computed considering the matrices T, (1) = {&n(txn —
tin; T)}—t,<ki<e,- The graph of the function 7 +— Xpin (T, (7)), where Apin(T) denotes the
smallest eigenvalue of the matrix 7', gives the value of &, by considering the first value of 7
such that A\pin(Th(7)) < —€,. Note also that we only give the asymptotic behaviour of the
parameters ¢, k,, €, and v,. The choice of values would be justified by practical applications,
but this is beyond the scope of this paper.

2.5 Proofs

Proof. Proof of Lemma 2.2.3.
We calculate the derivative of h; with respect to the parameter ¢, using equation (2.9):

oh,, . C 1/7) +fv— —y) 1)+ Vi -y

T == [_q>1( )( D )

(1/7) + Vt(v —y) (v—y) /D) +Viv—y)\| —ww’
(S >(2 i |
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But the equalities

¢1<(1/7)+\/l_5(v—y)> _ 1 eXp(_T2+t(v—y)2>exp<_\/i(v_y)>

V1—t Vor 2(1—1) (1-1)
— — —2 — )2 —
o (UMD AVI =y _ L T H =y Vi)
V1—t Vor 2(1—1) T(1—1)
lead to:
%(y) _ =6 /6_772;&(_@5@2 (v—y) n —(1/7) + V(v —y) Ay
ot 2m 2/t(1 — 1) 2(1 — 1)3/2
-y D Viv—y) ] e
(2 D) + 20— 1) e e” 2 go(v)dv.
Simple calculations will give:
Ohy —C, _r24ie—y)? ] Viv —y)\ _w—?
B — — _— — (1—¢) JE— -~ @“7
ot (y) on(1 — )32 /(U y)e 2(1 \/%sh( Y >e 2 go(v)dv
C’T _772-‘1-15(1)—?})2 \/Z(’U — y) _(yfv)2
2(1—t) h( ———Z 2 2.1
o =0 / ‘ ¢ ( V=t > ‘ go(v)dv (2.16)

The second term in the right hand side of the last equality is well-defined when t is equal to
zero. The first one is continuous at ¢t = 0, observing that:

1 Vi(v—y) v
o Jrsh (L) 0

e Using a Taylor formula:

Ut 2vi

we get an upper-bound, valid for all 0 < ¢ < min(1/2;72),

o () B

This leads to the domination, valid for all 0 < ¢ < min(1/2;72),

(2.17)

T ie—y? ] V(v —y) (y=v)?
v — e 2(1-t) —Sh — | e 2 v
2 - (y—v)?
< g(v - y)Ze—T 2/26|v—y|6_ Y 5 QO(U)

and the dominating function, as a function of the variable v, belongs to L;(R).
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Then, dominated convergence combined with the expression (2.16) gives the continuity of

[(8ht)/(01)](y) at t = 0:

oh Ce /27 w-v? Ce /2T
(6—tt> y) = —5— /[1 —(v=y)?le” 2 go(v)dv = —o. o
t=0

(y—v)2

where fofy) = [~ =y "5 gole)do

belongs to L1 (R). Then, we have by definition

10 =5 (2200) = [ (% i

And now, we claim the continuity of ¢t — I(t) at ¢t = 0, using that:

ot (%)2 (y)h; *(y) is continuous at ¢t = 0 for all y € R.

e Consider the expression (2.16), and use the inequality |a + b]?> < 2(a? + b?), combined
with the Cauchy-Schwarz inequality (recall that g is a probability density). We get the
following domination:

Ohy , Ty’ ] VI =\ |* oy
] -9 - vy J) v—y)
5 W) 27T2 / lv—yl%e o= )| € go(v)dv
027*2 2 4tw—y)? \/E(v—y) 2 2
_ i yAY I —(v—y)
BT EE /e Ch< -t ) ‘ go(v)dv.

Now, assume that 0 < ¢t < min(1/2;72), use the upper-bound (2.17) and the inequality
|ch(z)| < el*! to obtain:

2 2 —1/72
C
< /|v |4 2v—y|,—(v—y)? go(v)dv

4C2 —1/72
+ Qe—2/e2lv—yle—(v—y)290(v)dv

w2 T

Ohy

2,-1/72
< 86:25—72 /(1 + o —y[HeH Ve go (v)dv. (2.18)

e Remember equality (2.9)

-1 ;i(v y)
ha(y) = Crholy r / g PN / &1 (2)dz
xe_(”_y) 2 go(v)dv
C Tl Viw—y)
= o ~(v-v)*/2
\/ﬁ/ /Tl\jlétt(”y) Dy(z)dz| e go(v)dv.
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We lower bound this integral by its restriction to the set {|v — y| < 1} so that for small
enough 7, it can also be lower bounded by

1 oz
huly) 2 W/Hvyg@ (=02 o (v)do,

and we obtain

/2 g1
h > + u)du.
t(y) > Wors _190(3/ u)du

Now, by assumption, the function ag(y) = fil go(y + u)du satisfies

/[ao(y)]_le‘y2/2dy < oo.

Combining with (2.18), we obtain a domination on the quantity

2

oh
d he(y) ™!

ot (y)

by an integrable function of the variable y.

This achieves the proof of the continuity of the function ¢ — I(t) at the point ¢ = 0. In
conclusion, we have

2
1) = 10+ 0(1)) = 17572 ([ falwho(w)a ) (14 o(1).

O

Proof. Proof of Theorem 2.2.2.

Without loss of generality, we will assume zg = 0 and g9 = 1. We use the same path as in the
proof of Proposition 2.2.1, assuming moreover that gg satisfies Assumption 2.3. The only thing
to care about is the functional to be estimated. Here we have :

dv
0) = w)pe(u)du = C; Vit e V2
g:(0) /go( )P (u) e go(Vtv) Nors
8gt(0) C—r ’
= vah(Viv)®q (v)dv.
ot 2Vt Jul<i/n) g0Vt le)

Expanding g, in the neighborhood of 0, there exists a point v between 0 and V/tv such that

9(VEv) = g5(0) + Vivgi (0) + to?gl (0)
Then, using the same notations as in the proof of Proposition 2.2.1,

69550) _ gg(())% </U§(1/T) U2<I>1(v)dv> (1+ O(\/%))

dg (O> 2 _ " Cg ’
(/22O oawar) - [go(o)]zz</D§(1/T)U2®1(U)dv) (1+0(r))
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Now, applying the van Trees inequality, we obtain that for small enough 7:

inf sup sup E, 4 (T}, — g(0))? > inf / E(T;, — g¢(0))2\(t)dt
Tn oeV(op) gEGNR Tn JO

2
2( ag(f)io)(t)A(t)dt) (TZE,\(I)+J0/T4)_1

) 2
= [98(0)]2 % </| “u )02<I>1(v)dv> (1+0(1)) (nIE)\(I) + JO/T4)_1

Using Lemma 2.2.3, we have the equality

2 71/7'
A1) = 10)(1-+ 0(1)) = 55— ( [ Ao hato) ) (14 (1),

And then, returning to the van Trees inequality

2 2
) (G5O G (Jy<ym v2@1(0)d0) (1+0(1))
inf sup  sup E,4(T;, — g(0)) > :
Tn 0€V(00) g€GNR 47r2 (f fo(y)?ho(y)~tdy) 72~ Y7 (1 4 o(1)) + Jo/7*

Choosing 7! = \/logn, we get

liminfinf sup sup (log n)2Ea,g(Tn —g(0))* > 0.
n=00 T, o€V(ag) gEGNR

O

Proof. Proof of Theorem 2.2.4.

In order to simplify notations, we only give the proof for £ = 1 and P : z — x, the same
arguments apply for greater values of /. Note first that the density h of the distribution of the
observations Y,, is the convolution product between g and ®,. Differentiating this expression,
we get that

o) £ [ aga)o (@~ go)de = yoh(y0) + 7N (40).
Now use the same path as in the proof of Proposition 2.2.1 (with the conventions 2y = 0 and

oo = 1), assuming moreover that go is continuously differentiable with [|g(||cc < co. The linear
functional of interest writes:

Ti(yo) £ /xgt(ﬂﬁ)‘l)at (z — yo)dz = yohe(yo) + o7 hi(yo) = yohe(yo) + (L — t)hi(yo) , 0 <t <72

The van Trees inequality gives us:

inf sup E(T, —I(y))? > inf / Ei(Ty — T (yo))2A(t)dt
0

Fn FGgP(R) Fn
d 2 A
> | [ g (nen+ %)
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We already computed the denominator of this expression in the proof of Proposition 2.2.1 and
the only thing to do is to compute the numerator. We have:

ST4lu0) = o heln) — Filao) + (1~ 1) i)

ot

By the continuity of t — (0h:)/(0t)(yo) at the point ¢ = 0 (see the proof of Lemma 2.2.3), we
get

B C_I_efl/27'2

Eht(yo) = TfO(?/O)(l +0(1)) = O(7).
The same argument applies to prove that

0 Cre 127

8th/(y0) Tfo(yo)(lJrO(l)) = O(7),

where fo(yo) = [[1 — (v — yo)Q]e*(y*”)Q/Qgé(U)dv. Using the continuity of ¢t — h:(yg) at t = 0,
we have:

hi(yo) = —go * P1(yo) + O(7).

This enables us to write:
0
[ ST Ot = g 1 (a0) + O(r).

Return to the van Trees inequality to get that:

.
inf sup BT, — Do) = (—dh * B1(y0) + O(r))? (nEA<I>+—Z>
T, TeGp(R) T

> (=90 * 1(yo) + O(7 [ (/fo %ho(y ) 2671/72(1+0(1))+—4

Choose 7~ = \/logn to obtain the desired result.

Proof. Proof of Proposition 2.3.1.
We denote by U, the Laplace transform of g: ¥,(t) = [ e g(x)dz. The difference between o
and its estlmator writes

. 2 242/
J%vn—a2 = —log g elnYi=o'tn

tn J

= t%log 14— Z(

2
= 3 log(l +Sn) + t_2 log W, (ty) (2.19)

n n

2
elnei =0 tn/2 _ 1> + 3 log Wy (tn)

n

where .S), is the empirical mean of independent, identically distributed centered random variables:

1 & X _ 2,2 1 &
S, = - Zl (etn W () Letnei o2 1) =~ ZlUj’n' (2.20)
j= J=
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In (2.19), the second term in the right hand side is deterministic and converges to zero as n
tends to infinity (see the definition (2.11) of the set £, s ). Moreover

1 eZtn X1 2,2 1 )\ (Qt ) 2,2
Vi S)Y=2|E 2tpne1—o“ty | _ 1l < = g9 nJ) o tn.
) = [B (e ST AN

Using the definition of £, (see (2.11)), we obtain that for all integer n:

e—Mt%v(tn) < \Ijg(tn) < eMt%v(tn)

and then -
Q22T

Var(S,) < L (o2 r2Mu(tn)+abu(2en))2 <

n
for sufficiently large n (depending on M), and all o < X..

With our choice of the parameters (t,)n>0, we get that S, converges in the La(R)-norm, and
also in probability (uniformly with respect to o € [0;X] and to g in £, pr). Then equality (2.19)
leads to the convergence of &%,n to o in probability under (o, g), uniformly in o in [0; 3] and in
gin Ly, ar.

Now we compute its rate of convergence in the La(R)-norm. We first restrict our attention to
the behaviour of the term log(1 + S,,) appearing in (2.19). Note that

Eflog(1 + Su)]? = E /1 Sn dt2</IIE S Ny
& T o 1+1tS, = Jo (1+1tS,)2

Using the convexity of the function x — 1/2% on R, we get:

-2
n

1 1

1< 1
=S| <=
(1—|—tSn)2 n;( - U]’ ) - n;(l—l-tUj,n)Q

52 52 1 Uk nUln
E(—2n  J<p(—2n )= = E (| —=nzbn_ ),
<(1 + tSn)2> = ((1 + tUl,n)2> n? 2 ((1 + tUl,n)2>

1<k,l<n

so that:

Now, if k differs from [ and is greater or equal to 2, we have:

Uanln Uln
E(—knZtn ) _ B(U, )E | ——2 ) =o.
<<1+tU1,n>2> (Ukn) <<1+tU1,n>2> 0

So that the sum reduces to:

Uk,nUl,n o U127n 1
> (s) - () - 0ROt (i)

1<k, l<n

Returning to the upper bound on E[log(1 + S,,)]?, we get:

Eflog(1 + 8,,))? < /01 [%E <%> + % (1 - %) E(UZ,)E (W)] dt

<i/1E Ul gt L(1-21 E(U2)/1E SR S, (2.21)
~n? ), (1+tUrp)? n n L s (1+tUrp)? ' '
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Remember the definition of the random variable Uy ,, (see (2.20)) to get that:
B(UL,) < Wy(2tn)Wy(tn) 2 < X0, (2.22)

Moreover

1 1 1 2 -1 !
/E(72>dt B[ :E[—]
0 (1 + L‘Ul’n) o 1+ tUl,n Ul,n(l + tUl,n) t=0

1 1 1
<U1,n> <U1,n(1 + Ul,n)) <1 + Ul,n>

) (\pg(tn)e—tn(X1+£1)+02ti/2> = Wy (tn) U y(—tn)e” o2t2 < 62t222, (2.23)

for sufficiently large n (depending on M), and all 0 < ¥. And at least:

1 U? ~U; ! Uy
E .m0 dt =& B —E(U ) — E M
/o <<1+w17n>2> [(1 +tU1,n>Lo (1) (<1+U1,n>>

_ & Uin _E |:‘1}g(tn)e—tn(Xl—l-sl)—l-oQt%/Q (1 B etnX1+tnsl+02ti/2\yg(tn)—1)}
14+ Ul,n

o2

= Wy () Wy (—t,)e” T — 7't < 20 (2.24)

for sufficiently large n (depending on M), and all o < 3. Combining the upper bounds (2.22),
(2.23) and (2.24) with the inequality (2.21), we get that for sufficiently large n (depending on
M), and all o < 3:

2t2 322 4t2 32
2 e n 1 1 4t%22 e n 1
E[log(l + Sn)] < 2 + " (1 — g) e < n < nl-a

Returning to the equality (2.19) and using a Cauchy-Schwarz inequality combined with the
preceding result, we get:

2
sup  sup [E(6p, —o02)?]"? = [E(log(1+ 5.))’] Y2 oMu(t,)

o€[0;X] g€Ly, M

IN

82
a(logn)n(l-e)/2

+ 2Muo(ty),

which achieves the proof.
O

Proof. Proof of Proposition 2.3.3.
The proof is essentially the same as in the proof of Proposition 2.3.1. We denote by ¢g* the

Fourier transform of g: g*(t) = [ e g(z)dz. The difference between o and its estimator writes
) 2 2 1 itnY;+0%t2 /2
Opn—0" = —glog Ze
n
2 1 (et 22 2
= ——=log |14 — ( eltneite tn/Q—l) — — log g*(tn)
2 | 2 e 7o
2 2 N
= log(1+5,) — 2 log g™ (tr) (2.25)
n n
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where S, is the empirical mean of independent, identically distributed centered random variables:

D feitn X e 1<
Z : eltnej+o i /2 _ 1) = = Z Ujn. (2.26)
=1 N (tn) =

In (2.25), the second term in the right hand side is deterministic and converges to zero as n
tends to infinity (see the definition (2.12) of the set F,), and we will focus on the first one. We

have - ,
e’ tr e’ t%
* 2 1 S * 2°
9% (tn)| n|g*(tn)|

we obtain the existence of some constant M depending

Sn

11l
3=

~ 1

Var(S,) = —

ar(Sy,) -

Using the definition of F, (see (2.12)),
on g such that for large enough n:

e—Mtflv(tn) < |g*(tn)| < eMt%v(tn)‘

It leads to an upper-bound on the quantity Var(S,):

e2n5°

Var(S,) <

o +2Mu(tn))ts

el

S|

n
for sufficiently large n depending on M, and all o < ..

We choose the sequence (t,)n>0 in the following way
«

=1/ 532

log(n)
for some 0 < a < 1, so that we get, for all g in F,

sup Var(S,) — 0.
o€l0;X] n—oo

In particular, we get that S, converges to zero in Lz(R) and in probability. Combining with

(2.25), we get that for all g in F,, and uniformly with respect to ¢ in [0; X], the estimator &12“’%

converges to o2 in probability under (o, g).
O

Proof. Proof of Theorem 2.4.1.
We have to choose the parameters to ensure that &, will converge (in a sense to be specified) to
the true value of the parameter 0. We will first study the quantity

G (t;7) — a(t; 1)
that represents the difference between the value of o and its estimator. We have:

Gn(t:7) — alt 7) = etQTg/Q%@n( £)

where G, is the empirical process associated to the observations (that is to say G,, = v/n(P, —
P, 4) where Py, is the empirical probability measure for the observations: P, (f) = (1/n) > f(¥3)),
and fi(u) = ™. This leads to the upper-bound:

20322 /K3,

sup sup Z Uk [@n(tk,n - tl,n; T) - a(tk,n - tl,n; T)] | < 2£n( sup ’ant|) Y~
uwillull=17€[0:E] |, THi<e, < Vn
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We impose the following condition on the parameters

ln 1 Jalogn
— == h 1/2 2.2
> 5 where 0 < a < 1/2, (2.27)

so that we get: 22 /kL = pa Tt leads to

A _ V2a +/lognk
sup Z Uk [an(tk,n — tin; 7') - a(tk,n — tin; T)]ul < TTJ( sup |ant|>7
T |~ <k d<ln n jtl< o
(2.28)

and we impose
kn < n'/27970 where b > 0

so that the quantity

v2a +/log nk,
Y pl/2-a
converges to zero. Recall that the parameter €, is chosen as

~ V2a +/lognky,

€ X U
n E n1/2_a n)

where v, is an increasing sequence of numbers converging to infinity such that €, tends to zero:
v, — o0 , €, — 0.

n—oo n—oo

In fact, we choose the sequence (vy,)n>0 increasing to infinity, under the constraint:

n1/2—a
Vp=0| ———].
" v1ognk,
This choice of the parameters is made in order to ensure the convergence to zero of the term:

Ay, =PFPyy| sup sup Z uplatyn = tins 7) — @tk — tins Tl = € | . (2.29)
wllul=1r€[0:X] | _p <pi<e,

Let us prove this convergence. Using the domination (2.28), we have:

vV 2a +/log nk
Ap < Pffﬂg > 1;52_(1”( sup ‘ant|> > €n
" <
So that,
1
Ay <Prg| sup |Gufe] >vn | < —Eoq | sup |Gufil |- (2.30)
lt]< & Un lt]<fn

Now we use a maximal inequality to control the mean of the empirical process. The following
notations can be found in more details in van der Vaart and Wellner (1996). We consider
the class of functions F,, defined by {f;|t| < ¢,/k,} (note that this class has an envelope
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function equal to one). The complexity of this family stands in its entropy defined through the
bracketing numbers for this class. Theorem 2.7.11 in van der Vaart and Wellner (1996) applies
in our context: denote by F'(x) = 2|x| the function such that for all s, ¢ in T}, = [~y /kn; €n/kn)

|fe(@) = fu(@)] = 1" — 7] < |s — t|F(x).

This theorem asserts that the bracketing numbers for the class F, (that means the minimal
number of brackets of size € needed to cover F,,) are controlled by the covering numbers of 7,
(i.e the minimal number of balls of radius € needed to cover Ty,):

€
Np(es Fnsll - e, <N|=——7Ty:
sl e, (QHFHPo,g,z g ‘)

(here, || - ||p,,,2 denotes the La(R)-norm under the measure P, ). But it is easy to bound the
covering numbers for T,

a0, | F
N <76 ;Tn;|'|> < nllFllpg2.
2(|F[lp, .2 kne

So that we obtain the following control on the bracketing numbers for the class F,

AP P, 4,2
Ny (& Fs [+ 1Py 0.2) € ——— == (2.31)
Let us define the entropy of this class by the formula:
1
JNGFu - e, g2) = /0 \/1 +log Nij(& Fus || - || B,y 4,2)de. (2.32)

Now we apply Theorem 2.14.2 in van der Vaart and Wellner (1996): there exist a universal
constant C' such that

Ea,g sup |ant’ < CJ[](lafn; H : ||Pg7g,2)-

4
<

Combining with the definition of the entropy (2.32), with inequality (2.31) and using (2.27), we
obtain that there exist some constant s such that

Esg | sup |G fi S/@(loglogn)lm.

4
)< Lo

Now return to the quantity A,, defined in (2.29) and to its upper-bound (2.30):

1
A, < —Eg | sup |Gufy| | < i(loglogn)l/Z. (2.33)
v

U <z n
Recall that the parameter v, satisfies the constraint

v, ' = o((loglogn)~'/?),
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in order to get the convergence of A,, to zero:

A, — 0. (2.34)

n—oo

We will now prove the consistency of the estimator 6,. We start by studying what happens if
Gy is greater than or equal to o + € for some arbitrary e > 0. Using the definition of &,, (see
(2.15))

Po,g(a'n >0+ 6) < Po’,g ”Hl”f ) § ukdn(tk,n — im0+ €)al > —€p
w:||ul|=
—n <k,l<ln

But this quantity involves the estimator & whereas the real parameter « is more tractable. Using
the definition of A,, (see(2.29)) we write:

P, y(6n>0+¢€) <P,y u-uiiluf—l Y wpaltey — tinio +e)m > 26, | + A, (2.35)

But A,, tends to zero as n tends to infinity. We will show that the first term in the right hand
side is null for n large enough. At the point o + ¢, the function a(-; o+ ¢€) is not positive definite,
and then there exists ng in N, ((1,...¢ny) in R™, and v® = (uf,...u),) in C™ with [[u°]| =1
such that

Z ufa(Ce — Gy o+ 6)@9 < 0.

1<k,j<no

But with the choice (2.27) for the parameters, for n large enough, we obtain that for all &k in
{1;...np}, the point (; satisfies |(;| < i—z, and there exists some ¢, (k) with

1
|Gk = o k)| < o

Moreover,

204(@ T) = ST/ <C72/eiC“h(u)du—i-/iueicuh(u)du>

2 (I¢[82 + By g |V1])

IN

and then for all ¢, ¢’ belonging to the interval [—£, /ky; 0, /ky], we get

n
i) = (¢’ < I¢ = 15 (L2 4 B i

n

and then
2 2@222/]62 gn 2
|a(Cr = G T) = alls, (b — ton(hmi T S e | mET 4 BV

3 n*y/logn
Z up [(Ce = G55 7) =ty (k) — ton(yms T 45| < Cn07k
1<k,j<no "
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where C' is a constant. We choose
1/2—a—b 1 . 1
kn=mn where i—a—b >a;1.e2a—|—b<§

(note that this implies in fact that a < 1/4). Then we get

TEl0E] 1<k <no

So we can conclude that the first term in (2.35) is bounded in the following way, for large
enough n

Pavg inf Z uka(tk,n - tl,n; o+ 6>ﬂl > —2ey,
willll=1 _, Zi<en
< P,, > walten — ;o + T = 26,
—ln <k, <ty
where
u? when k = ¢,,(j) and 1 < j < ny,
v = J .
0 otherwise.
and ||v||? = i’;fén vp = Y50 uf = 1. So we have
PU’Q inf ) Z uk’a(tk,n - tl,n; o+ 6)711 > —2ep
wlll=1_, i<,

< Pog| Y, walG—Gio+e
1<k,I<ng

> 2en+ Y up ol — G5+ €) — alty,gyn — ton@ymio +€)] T

We are interested in what occurs in the probability appearing in the right hand side of this
inequality. All the quantities are deterministic. The first one is negative and the second one
converges to zero: for n large enough, the probability of this event is null. So, for n large enough
(depending on €), we have

Pyg(6n—0>€) <A, — 0.

n—oo

We are studying now the probability that &,, would be less than or equal to ¢ — € for some
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arbitrary € > 0.

Py g(6n — 0 < —¢)

< FPog|3don<o—¢€Jue C%", |lul| =1, Z UOtn (o, — tin; o)l < —€p
—ln <k, 1<ty
< Prg|3on<o—€eIueC u=1, > wpalten —tin;0n)l <0
—Znﬁk‘,lﬁfn
+Ps4 | sup  sup Y ur@nthn = tini ™) — althn — tins 7)) > €

T€[0;3] us||ul|=1 <K<l

The first term in the right hand side is equal to zero as «(-, 0,,) is positive definite for o, less or
equal to o —e. The second one, A,, as we have already seen, tends to zero as n tends to infinity.
In conclusion

Ve>0,3N e N,Vn > N, P, (|6, —0| >¢€) <24, — 0. (2.36)

n—oo
We proved the convergence in probability of our estimator to the true value of the parameter
o. Note that the convergence in the La(R)-norm is a consequence of the fact that 4, is almost

surely bounded.
O
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Chapitre 3

Minimax estimation of some linear
functionals in the convolution
model *

Résumé

Dans le modele de convolution ¥ = X + ¢, ol le signal X est de densité g inconnue et le
bruit € est de loi normale centrée réduite, nous nous intéressons aux propriétés d’estimation,
a partir d’'un échantillon Y7, ...,Y,,, de fonctionnelles linéaires intégrales de g de la forme
Lr(y) = [ f(2)®1(y — z)g(x)dz o P désigne la densité du bruit e et f est une fonction
connue. Nous étendons les résultats de Taupin (2001, 1998), dans le cas ou la fonction f est
soit un polynéme soit une fonction trigonométrique, en établissant des minorations du risque
quadratique ponctuel, du risque par rapport a la norme de L, (R), ainsi que des majorations
et minorations du risque par rapport a la norme de L, (R) lorsque 1 < p < co. Nous montrons
que estimateur proposé par Taupin (2001) atteint les vitesses optimales dans le cas ou f est
un polyndme et est presque minimax dans le cas ou f est une fonction trigonométrique, avec
une perte en (logn)'/* pour le risque quadratique et (logn)3/*/y/loglogn pour le risque en
norme Lo, (R).
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Chapitre 3. Minimax estimation of some linear functionals in the convolution model

3.1 Introduction

This part is devoted to the estimation of some linear integral functionals of a density in the
convolution model. Consider two sequences of independent and identically distributed real
random variables {X}}r>1 and {ej}x>1, the first one with unknown density g with respect
to the Lebesgue measure on R, the second one being Gaussian distributed, with zero mean
and variance equal to one. Assume moreover that these two sequences are independent. Our
statistical model is based on the observation of the sequence {Y}},>1 given by the relation

Y. =Xp+er, k> 1.

Due to the independence between X,, and &,, the density h of the observation Y,, is simply the
convolution product h = g * ®1, where ®; stands for the standard Gaussian density.

In this model we aim at estimating linear integral functionals of the unknown density g of
the following form:

Ty(y) = / F(@)9()®1(x — y)d , Yy € R. (3.1)

We focus here on the cases of f being either polynomial or a trigonometric function with a
particular interest on the special case f = 1 corresponding to the density h of the observations
also denoted by:

Tow) = [ 9(@)i(z ~ y)dz =g+ a(x) = hly) , g € R,

Let us first motivate the interest in those functionals. Consider a nonlinear errors-in-variables
regression model described by the observation of the random variables { (Y, Zx) }1<k<n satisfying

the relations: (X)
Zry = [p(Xk)+ K
Vk>1
{ Y. = Xp+eg ’ =7

where the function f is known up to the finite dimensional parameter 3, the errors {(7n, €n) }n>0
are centered, independent and identically distributed with respective variances O‘% and 052 =1
for sake of simplicity. We assume furthermore that the errors &, are normally distributed.
The sequence {X,, },>0 is not observed and is a sequence of independent identically distributed
random variables, with unknown density g. Moreover, the sequences {Xp,}n>0, {7n}n>0 and
{en}n>0 are independent. In this errors-in-variables regression model, the purpose is to estimate
the parameter 3 in the presence of the unknown density g of the unobserved variables considered
as a nuisance parameter. In this context, Taupin (2001) proposes an estimator of this parameter

(G based on the criterion
n~t Yy W(Y)lZi — E(f5(X0)|Y3)P,
i=1

W being a compactly supported weight function, and where the conditional expectation E( f5(X;)|Y;)
is replaced by a non-parametric estimation based on the sample Y7,..,Y,,. Denoting by X, Y
and ¢ the generic variables, and using the independence between X and e, the conditional
expectation E(fg(X)|Y = y) can be written in the following form:

[ fs@)g@)®i(x —y)de  Tp,(y)
E(f3(X)|Y =y) = fg(:c)qn(:cl—y)dz: = h‘(’y) .
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This conditional expectation is estimated by estimating separately the numerator and the de-
nominator. Taupin (2001) constructed an estimator of this functional for general functions f
and gave the corresponding upper bounds on the pointwise quadratic risk and on the risk with
respect to uniform norm for various classes of functions f such as polynomial functions, expo-
nential functions: f(z) = exp{Bz} or f(x) = exp{Bz%} where 3 is a fixed real number, sums of
cosines: f(z) = Zﬁ:o Bjcos(jx) for fixed parameters (8;)o<j<¢, and more generally functions
f admitting an analytic continuation into the strip B, = {z + iy ; (z,y) € R?, |y| <~} and
functions f belonging to Sobolev classes.

The upper bound for the rate of convergence of the estimator of 3 often depends on the
pointwise asymptotic properties of the estimator of I'y and also on those with respect to the
Loo(R)-norm. Consequently it is interesting to extend the study about linear functionals, and
especially to provide upper and lower bounds for the risk with respect to different loss functions.

Let us be more precise. Consider the following sets: H is the set of possible densities A with
respect to the Lebesgue measure on R in this model:

Hz{g*%;QZO,/g(ﬂ:)dw:l},
R

G is the set of probability densities g with respect to the Lebesgue measure on R:

g:{g;QZO,/Rg(w)dm=1}v

and when f is a fixed function, Gy is the set of linear functionals of the unknown density g:

Gr= {Ff = /f(ac)g(x)q)l(a: —)dz ; g € G such that Vy € R, fg®1(- —y) € ]Ll(R)} . (3.2)

Note that when f is a polynomial function of degree equal to £, the functionals I'y belonging to
Gy are defined for densities g having at least £ finite moments. This condition relies on the fact
that we use the functional I'y to estimate E(f(X)|Y) and then when f is a polynomial function
of degree £, we need that E(|X|*) < co. When f is a trigonometric function, the functional T';
exists whatever the density g is.

Our aim is to obtain upper and lower bounds on the minimax risk for the estimation of I';
belonging to the class of functionals Gy. We consider different minimax risks: the pointwise
minimax quadratic risk for the estimation of I'¢(yo) when yg is fixed and the minimax risk in
Ly(R)-norm (1 < p < oo0) for the global estimation of I'y.

The pointwise minimax quadratic risk over the set G is defined by:

Vyo € R, R,(f)=inf sup E1/2[Ff(yo) —T,)%, (3.3)
Tn Tregy

where the infimum is taken over all the estimators T based on the observations Y7,...Y,. More-
over, the minimax risk in L,(R)-norm is defined by

V1<p<oo, Rn,p(f) = inf sup ]EHFf - Tn||p7 (3.4)
Tn Ffegf
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where the infimum is taken over all the estimators T}, based on the observations Y7,...Y,.

Following Taupin (2001), the functional I'y is estimated by
Trn0) = 5— ZRG/ FO1(y — (e e K (1) dt,

where K,, = C,, K(C,,-) is a kernel to be chosen and {C}, },>0 is a sequence converging to infinity.
In the same way, h is estimated by the kernel estimator

ZK (Yo — Yj)]-

For instance, k could be equal to the analogue of the de La Vallée-Poussin kernel V' (see Nikol’skii

(1969)) with C;, = v/logn.

We start with the problem of estimating the density h = ®; * g. Classical calculations
on kernel estimation provide the following upper bound for the pointwise estimation of the
density h. Applying Ibragimov and Hasminskii’s result (see Ibragimov and Hasminskii (1983)
and Taupin (2001)) the following result holds

~

lim sup =7 sup B2 [ (yo) — A(yo)]* < [V ]|a- (3.5)
n—oo  (logn)l/4 jepy
Moreover,

lim sup vn sup E || /l{n(yo) — R [Joo< H00. (3.6)
n—oo  (logn)l/4\/loglogn ner

Note that, due to the structure of convolution model, the regularity of the density h is
strongly related to the ¢’s density, which is known and equals the standard Gaussian density.
Therefore some drawbacks arising from the use of such a kernel estimator do not appear here.
More precisely the structure of the optimal bandwidth (ie : minimizing the maximal risk over
the class H) is very simple, we just take C,, = y/logn. This means that we have an entirely
explicit estimator that achieves the optimal rate of convergence (logn)/*/\/n either for the
pointwise quadratic risk or for the risk with respect to the L,(R)-norm.

The density ®; % g has obviously strong smoothness properties. We immediately see for
instance that ®; * ¢ is infinitely differentiable with for every integer k& > 0,

(@1 % 9)® (o< @) || (3.7)

One can go further in the analysis of the problem by considering that H is embedded in the
totally bounded (with respect to the La(R)-norm) set of densities h satisfying:

%/(Ch%t)]h*(t”?dt_ /(Ref(x—i—z‘fy))de <0,

Golubev and Levit (1996) prove that the optimal rate of convergence of the quadratic risk over
this class is of order /logn/y/n which implies that the minimax quadratic risk on H is not
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greater than \/logn/y/n. The class A, has been first introduced by Ibragimov and Hasminskii
(1983) who derived the optimal minimax rates of convergence for density estimation in LL,(R)-
norm.

Moreover by the fact that |(®1 % g)*| < @7 the class H is included into the even smaller class
Bi1/2(2) C A, where the class B4 ,(r) is more generally defined as

Ba,(r) ={¢; |¢*(t)] < Ae "},

These smoothness classes have been considered by Davis (1975) and Davis (1977), and lately
Levit! announced that the minimax quadratic risk for estimating a density over the class B A,p(T)
is of order (logn)Y ") /\/n. Levit’s result implies that the minimax quadratic risk on H is not
greater than (logn)'/*/,/n and using the van Trees inequality as in Golubev and Levit (1996)
for analytic densities, Taupin (1998) established a lower bound for the minimax quadratic risk
over the class H which shows that the (logn)'/*/\/n rate cannot be further improved.

The results obtained for the estimation of h lead us to make some remarks about the con-
volution model.

First it is noteworthy that the class of densities H comes from the convolution model Y =
X + ¢, assuming that ¢ is normally distributed. The results we obtain are available whatever g,
the density of X, is. Moreover, since h = ®1 * g belongs to H the minimax approach is naturally
well adapted and we don’t need to consider adaptive estimation.

The second remark is about the difference between Taupin’s results with those obtained in
deconvolution problems. In the last case the purpose is to estimate the density g of X. It is
known that the slowest rates of convergence for estimating g are obtained for the smoothest
error densities. When the errors are normally distributed, Fan (1991c) proved that the optimal
rate of convergence for estimating ¢ is of order (logn)~'/2 and Carroll and Hall (1988) proved
that this optimal rate is of order (logn)~"/? when ¢ admits m bounded derivatives, whereas
Taupin (2001) shows that the rate for estimating h is of order (logn)/*/\/n.

We now come to the problem of estimating I'y focusing on functions f of type f(z) =
Zi:o Bra, or f(z) = Zf;:o B cos(kx). In the polynomial case, Taupin (2001) established the
following upper bounds. Assume that f(z) = Zi:o Bra®, with £ > 1 and 8 = (B, ..., B¢) is a
fixed (¢ + 1)-tuple of real numbers. For any yo in R,

lim sup vn

/27 2
msu WE PPI0 (o) — T (y0))? < oo,

and if Zo denotes any compact subset of R

lim sup vn

msup e S [en() = Tr)l] < oo

Note that, due to the fact that the errors ¢ are Gaussian, the functional I'y when f is a
polynomial function, can be related to the derivatives of h up to order ¢ (see Lemma 3.2.1).
Therefore the problem of estimating I'; is related to the problem of estimating the derivatives

"May 1996, talk at the Ecole Normale in Paris (ULM)
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of the density h up to order ¢. As a consequence, the comments made just above about the
regularity of the density h still hold for I';.

We now come to the previous result about pointwise estimation of I'y, when f is a linear
combination of cosines. Taupin (2001) proved the following upper bounds. Assume that f(x) =
Zi:o B cos(kx), with £ > 1 and 8 = (fy, ..., B¢) is a fixed (¢ + 1)-tuple of real numbers. For any

yo in R,
. vn e 2
1 — K4y, -T < 00.
1713Lsotip exp{ly/Togn} (L fn(yo) (o) o0

Moreover if Z¢ denotes any compact subset of R,

. Jn _
! E Lin T < 00.
M g mep{tvIogn) g, | W) Trwll < ee

Taupin (2001) noticed that for general f, the smoother f is, the faster the rate of conver-
gence for the estimation of I'y is. In both previous cases, f admits analytic continuation in
the whole complex plane and also does the functional I'y. Nevertheless, it is interesting to note
here that, even if the function f and the functional I'; still admit analytic continuation on the
whole complex plane when f is a linear combination of cosines, the rate of convergence is slightly
slower in that case than the one in the polynomial case. We will show in this chapter that this
rate of convergence can essentially (see below) not be improved.

Note that the previous two bounds with respect to the Lo (R)-norm hold for y lying in a
compact set and that there is a loss of v/log n in the rate of convergence compared to the pointwise
estimation. We improve here these two bounds, by giving a result valid for the uniform norm on
R and with a loss equal to v/log logn which is optimal in the polynomial case and quite optimal
in the trigonometric case. We show that if f(z) = Zi:o Brx® then

lim sup vn
nooo (logn)H1)/4/loglogn

In the same way if f(z) = Zi:o B cos(kx) (or the same expression with sinus), then

lim sup vn
n—oo v/10glognexp{ly/logn}

We also extend those results to upper bounds for risks with respect to the L,(R)-norm, for

E || Tpn—Tf lloo< o0.

E | Tn—Tf o< o0,

2 < p < oo in the polynomial case. We prove that if f(z) = Zi:o Bra® then for 2 < p < oo,

lim sup vn

oo WE | Ty =T [[p< oo

These results come either from Rosenthal’s inequality (see Rosenthal (1970)) with the optimal
constants given by Pinelis (1995), or from results given in Ibragimov and Hasminskii (1983).

Let us describe now the main results of this chapter which concern lower bounds. First note
that all the rates of convergence obtained in the polynomial case are optimal in the minimax
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sense. As a matter of fact we prove the following lower bounds. Fix an integer £ > 1 and a
polynomial function f of degree less or equal to £. Then we have:

e Vn 1/2 2
lim inf inf — v EY?[1,-T >0, 3.8
e 17% Fffégf (logn)(2t+1)/4 [ 7 (o)l (3:8)

where the infimum is taken over all the estimators T}, based on the observations Yi,...Y,. For
the L,(R)-norm risk, the lower bound becomes

liminf inf sup vn

———E|l'r — T,
n—oo T, eg, (logn)@HD/A 1Ty = Tallp >0,

valid for every 1 < p < oo when £ = 0 and for every 1 < p < oo when £ > 1. And if p = oo,

liminf inf
whee T peg, (logn) /A /loglog n

where the infima are taken over all the estimators T}, based on the observations Y7, ..., Y.

ETy = Thllec >0,

The lower bound (3.8) was already known for the pointwise estimation of the density h, that
is to say in the case where £ = 0. Indeed, Taupin (1998) proved that the rate of convergence of the
pointwise quadratic risk (logn)/4/y/n for the estimation of h over the class H is the optimal one.

The trigonometric case is more complicated. We prove two lower bounds : a lower bound
for the pointwise minimax risk and a lower bound for the risk with respect to the Lo (R)-norm.
Concerning the pointwise quadratic risk, if f(z) = Zi:o B cos(kx) we prove the following lower
bound

vn(logn)'/*

liminfinf sup Y——2>—2_ EY2[T, - T 250

n—oo Ty FfEIQ)'f exp{ﬁ\/@} [ " f(yO)] ’
where the infimum is taken over all the estimators 7, based on the observations Yi,...,Y,.
Note that in this case, the rate achieved by our estimator is nearly minimax with a small loss

of (logn)'/4.

Concerning the minimax risk with respect to the Lo, (R)-norm, the lower bound is

Vn(logn)3/4

liminfinf sup ————EF||I' — T, > 0.
n—oo T, rfelg’),f exp{ly/logn) | nlloe

Also notice here that the rate achieved by our estimator is nearly minimax with a loss in

(logn)3*//Toglog n.

The main tool for establishing lower bounds are the van Trees Inequality (see Gill and Levit
(1995)) for the pointwise quadratic minimax risk and Fano’s Lemma (see Fano (1952), Cover
and Thomas (1991) and for the application to statiscics, Ibragimov and Has'minskii (1981) and
Birgé (1983, Birgé (2001)) for lower bound of the L, (IR)-risk.

This chapter is organized as follows. Section 3.2 is devoted to the construction of the estima-
tor and to the presentation of some elementary properties of I' ¢ in cases we are interested in. In
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Section 3.3, we give the results about pointwise estimation, starting by recalling previous results
on upper bounds and thus giving lower bounds. Sections 3.4 and 3.5 consider the problem of
estimation with respect to Lj,(R)-norm, when 1 < p < oo, starting with upper bounds (Sec-
tion 3.4) and thus establishing the optimality properties of our estimator through lower bounds
(Section 3.5). Proofs essentially follow the theorems or the propositions, except some technical
proofs which are presented in Appendix C.

3.2 Construction of the estimator and preliminary results

3.2.1 Construction of the estimator

We start by introducing the notations used to recall the estimator of the functional I' ; for general
functions f. Fix yo in R and denote by Ty, and T7 =~ the following quantities:

Ty (&) = [0 — 1) and T3, (0) = [ €Ty (a)do

The function f being in this chapter either a polynomial or a real valued trigonometric function,
the functions T, and Tf,yo belong both to L1 (R). Denoting by < -,- > the scalar product on
Lo(R) and applying Parseval’s equality, I'f(yo) can be written as:

1 1 Ky —
Ff(yO) = <Tf,yovg> = o <T}(,yo?g*> = o <T£yo’h*(@1) 1>'

Replace h*(t) by its empirical estimator
~ 1 < . 1 O
ho(t) = — D () = - > b, (3.9)
j=1 j=1

where K, (z) = C,K(Cyx) is a kernel to be chosen and {Cy,},>0 is a sequence converging to
infinity, generally chosen in order to balance the bias and the variance terms. By using the
independence between X, and ¢, the function h* equals ®7¢*, and then we propose to estimate
g* by
~ TORE (D) 1SN )
x () = = »J _ thjK*tt/2
G =13 ) LS s e

j=1 7=1

where ﬁjlj (t) = e®Zi K*(t) and (®%(t))"! = et’/2,
Denoting by Re(z) the real part of z, and following Taupin (2001), the linear functional I ¢(yo)
is then estimated with

~ 1 * -~ ]_ "~ * 2 —itY; *
Lynyo) = o e <Tf,y0,g£> =5 ZRe/Tf,yO(t)et 12e=1Y5 O (—t)dt. (3.10)
=1

Note that due to the presence of the term exp{t?/2}, the function t T% o () exp{t?/2} will
often be non-integrable. In order to ensure the existence of the estimator r #n(y0) we choose a
kernel with a Fourier transform compactly supported. More precisely the kernel K is assumed

to satisfy the following conditions:
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[K1] The kernel K belongs to La(R) and is an even function.
[K2] Its Fourier transform satisfies K*(t) = 1 for any ¢ in [—1, 1].
[K3] [K*(t)] < 1j_g,9(t) for any ¢ in R.

Remark 3.1. Assumption [K1]| ensures that the Fourier transform of the kernel is an even
real valued function. Assumption [K2] allows us to control the bias term, and Assumption [K3]
ensures the existence of the estimator I'¢,,(y). The so-called naive kernel defined by

sin(z)

VeeR, S(z)= with VteR, S*(t) =1 1.q(), (3.11)

T
satisfies the previous Assumptions [K1]-[K3]. The choice of the kernel S corresponds to the
truncation of the previous integral,

jfi?@OU)eﬁ/ze“Y3SZ(—¢)dt::]/1?@06)69/26”Y}ﬂﬂ<6hdt

Note that this kernel is not integrable, which can be inconvenient. We may prefer the second

kernel, defined by:
cos(z) — cos(2x)
VeeR, V(x)= . 3.12
reR. V() — (312)
This kernel, called the analogue of the de La Vallée-Poussin kernel (see Nikol’skii (1969)) satis-
fies Assumptions [K1]-[K3] and is furthermore an integrable kernel. More precisely its Fourier

transform satisfies:

1 ifte[-1,1]
V*(t) = 0 ifftf>2
2—|t]) if t| € [1,2].

Noting that VX (t) = V*(t/C,,), the above properties become:
VEER, |Vi(t)] < Wiac,o0,)(t) and [1—=Vi(0)] < Lysc,-

In this chapter, the letter S is used to denote the first kernel, the letter V is used for the
de La Vallée-Poussin kernel and K is used for some non specified kernel satisfying the above
conditions.

The derivatives of the density h() (£ > 0) are estimated by the following kernel estimator

~ 1 & CI &
W) =~ KOy =Yy === K9(Culy - Y))). (3.13)
j=1 Jj=1

Note that the kernel used for the estimation of h is not necessary the same as the one used
for the estimation of h(¥) nor T i
3.2.2 Some properties of our functionals

We focus here on the case of functions f being either polynomial of the form z — Z?:O Bja’ or
real-valued trigonometric functions (that can be viewed as linear combination of trigonometric
functions of the form Cgy :  — Zgzo Bjcos(jx) or Sgy : x — Zgzo Bjsin(jx), where £ is a
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fixed integer and the parameters (3;)o<j<¢ are real fixed numbers). These particular forms of
the function f that we consider here, imply that I'; satisfy some formulae given here.

By the linearity of f — I'y, we will focus on the more specific forms defined by the following
formulae:

To(y) = /xeg(x)q)l(a: —y)dzr, VyeR,leN, (3.14)
Feoly) = /cos(ﬁx)g(x)fbl(x —y)dzr, VYyeR, leN, (3.15)
Lso(y) = /Sin(fx)g@)q)l(x —y)dz, VyeR, el (3.16)

There exists a relation between the functionals I'y where f is a polynomial function and the
derivatives of the density h of the observations. More precisely, we have the following lemma.

Lemma 3.2.1. For all fized integer ¢ there exist polynomial functions { P;}1<j<¢ with deg(Pj) =
7 such that:

Vy eR, Ty(y) ‘|‘ZPZ s (y).
The proof of this lemma stands in Appendix C.

Arguing as for Lemma 3.2.1 the estimator fg’n of T'y defined by (3.10) can be written in the
following way

-1
Ton(y) =1+ Pw(y)hP(y), (3.17)
k=0
also given by:
R 1 n -1 n
Cen(v) =~ K=Y+ Prsly)- D Ky -))
j=1 k=0 j=1

When f is a polynomial function of degree equal to ¢ a straightforward application of
Lemma 3.2.1 gives the existence of a real number a # 0 and polynomial functions {f;}i<;<¢
with deg(f;) = j, such that

/-1
Ti(y) = ahO@)+> fie)hP(y)
k=0

and therefore,

(-1
Tin(y) = abP@)+> fer)hP (). (3.18)
Consequently, when f is a polynomial function of degree ¢, the study of the rates of convergence
in the estimation of I'y is given by the study of the rates of convergence in the estimation of

fo_ih'®) for all 0 < k < £.

We now come to the trigonometric case. Using that ®; is the standard Gaussian density we
have the following identities.
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Lemma 3.2.2.

b2 |
Teoly) = /cos(ﬁw)g(w)@l(:v —y)dx = 5 [ewyh(y +il) + e_wyh(y - zé)} ,

e

Fooly) = /sin(f:v)g(x)@l(aj —y)dr = 5 [ewyh(y +il) — e Wh(y — Zf):| .

The proof of this lemma stands in Appendix C. R
Arguing as for Lemma 3.2.2, the estimators I';, .o and I';, 5 ¢ of I'cy and I's ; defined by (3.10)
can be written

~ o t/2

Docely) = 5= [haly +il) + ey — i0)] (3.19)
~ 6_6/2 PPN i YR .
Lhsely) = 5 [ewyhn(y +il) — e "h,(y — zﬁ)}

All these formulae are useful to construct lower bounds, especially to construct sub-families
related to the density h.

3.3 Pointwise estimation: upper and lower bounds

We start by recalling previous results obtained by Taupin (2001) about upper bound for the
pointwise quadratic risk before giving the lower bound in the case of polynomial functions.

Theorem 3.3.1. Proposition 3.1. in Taupin (2001).
Fiz an integer £ > 1 and a polynomial function f with degree less or equal to L. Consider the
kernel estimator I'¢,, defined by (3.10) with the kernel V' defined by (3.12) and the bandwidth

Cn = Vlogn.

2

. n fa
limsup sup vn E!/? Crn(yo) — Tp(yo)| < oo.

n—oo Teg; (logn)ZH1/4

The following theorem states that this rate of convergence is the best achievable rate of
convergence and that our estimator achieves it.

Theorem 3.3.2. Fix an integer £ > 1 and a polynomial function f with degree less or equal to
£, then

. . . \/ﬁ 1/2 2
lim inf inf — vV __EY2[1,-T >0,
n=s T, ryeg, (log n)CED/ [ #(o)]

where the infimum is taken over all the estimators Ty, based on the observations Y1,...Y,.

The lower bound when ¢ = 0 was already known and proved in Taupin (1998). The main
tool of the proof is the van Trees Inequality (see Gill and Levit (1995)). It follows the lines of
Taupin’s proof in two steps.

The first step is to construct a sub-family

{ho, 10] < 0, = py/logn/v/n}
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included in H for n large enough. Then we construct the sub-family {T'y, ; 0| < 0, =
pvIogn/\/n}, where, according to (3.2.1), T'p, = h((f) + Ef;_:%) Pg,khék) It is clear that, by con-
struction, the sub-family {T'g ¢, 0| < 6,, = py/logn/y/n} is included into Gy for the polynomial
function f(z) = 2.

It follows that we have

R, (f) > inf sup E,[T), — To(yo)]%
T 16]<6n
The second step consists in applying the van Trees inequality. The proof of this theorem can
be found in Appendix C.

We now come to the trigonometric case. The upper bound for the pointwise estimation is
given in the following theorem.

Theorem 3.3.3. Proposition 3.1. in Taupin (2001).

Let £ > 1 be a fized integer and f a trigonometric function of the form Cgy or Sge where
{Bj}o<j<e are real parameters. Let ffyn be defined by (3.10) or equivalently by (3.19), with the
kernel S defined by (3.11) and the bandwidth C,, = \/logn. Then, for all yo in R, there exists a
constant k(3,€) such that

. Vn 1211 2
lim sup WE [T (o) = T(wo)]* < w(5,0).

We give a new proof of this theorem in Appendix C, based on the relation expressed in
Lemma 3.2.2. This proof is interesting as it uses techniques specifically related to this link
between trigonometric functionals and the density h.

The following theorem states that the estimator defined by (3.10) or equivalently by (3.19) is
nearly minimax. As a matter of fact the upper bound is of order n~/2 exp{vIogn} and the
lower bound of order n='/2(logn)~/* exp{y/Iogn}, with a loss of order (logn)/*.

Theorem 3.3.4. Let £ > 1 be a fized integer and f a trigonometric function of the form Cg
or Sg o where the {B;}o<j<¢ are real parameters. Then we have

vn(logn)'/*

liminfinf sup Y——2—"2  EY2[T, — T 2>,
nso T reg, explly/logn} [T = T (90)]
where the infimum is taken over all the estimators T, based on the observations Y1,...,Y,.

The proof based on the van Trees Inequality follows the line of the proof of Theorem 3.3.2
and can be found in Appendix C.

3.4 Estimation in L,(R)-norm: upper bounds

The main part of our work concerns the problem of estimating I'y and h with respect to L, (R)-
norm, for 1 < p < co. We start with upper bounds for the rate of convergence of the L, (R)-risk
before stating that these rates are the best achievable and that the rates of convergence of our
estimator defined in (3.10) with suitable kernel, essentially achieve them.

In this section, we give upper bounds for the rate of convergence of r #n defined by (3.10)
for the risk with respect to the LL,(IR)-norm, for 1 < p < oo, starting with the density case.
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3.4.1 Upper bounds in L,(R)-norm in the density case i.e. f=1

In this subsection, we are interested in the rate of convergence in L,(R)-norm of the estimator
defined by (3.13) of the density h of the observation Y7, ..., Y.

Theorem 3.4.1. Let h be the estimator defined by (3.13) with the kernel V' defined by (3.12)
and the bandwidth Cy, = \/logn.
If p = oo, then

) vn ~
lim su sup Ep, || An — b ||oo< 00.
n—>oop (logn)'/4\/loglog n he»ﬂ ol P loo

If 2 < p < o0, then we have

lim sup

sup By, || o — h ||p< oc.
MSUP g myi/i Sup Bl i = [l < o0

The result for p = oo is already known and proved in Taupin (2001).

Proof. The result is proved by two different methods. More precisely, we have, according to the

triangular inequality;, R R R R
Ellhin = hllp < [ERp — hllp + El Ay — Ehylp. (3.20)

The first term is the bias term. This term is upper bounded by only one method, valid for
all kernel K satisfying the property |1 — K| < 1>, ,which is an immediate consequence of
[K2]. The second term appearing in (3.20) is the corresponding one for the well-known “variance
term” appearing in the pointwise quadratic risk. We will give two different proofs for its control.
The first method we present follows from the results of Ibragimov and Hasminskii (1983). The
second one is based on Rosenthal’s inequality (Rosenthal 1970), with optimal constants as given
in Pinelis (1995).

Let us start with the control of the bias term. We start with the case p = co. Using the
properties of the kernel V;, and in particular, the inequality |1 — V*| < I >c,, we get

IEhn — oo < (7C,) e Cr/2, (3.21)

We now control the bias in the case 2 < p < co. For any function u belonging to L,(R) with
p > 2, the quantity || u ||b can also be written:

| w (5= W / ’ / e~y (t)dt

and is thus bounded by Parseval’s equality in the following way:

p—2
Ju(z)|*dz,

g < s | [ rr] 1 i3

Consequently || u ||h is bounded by

-2
[ [p< SR e (3.22)

1
PR
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Apply this result to the function V;, *h — h, to obtain that for p > 2, |[Ehy, — hllp =|| Vaxh—=h ||,
is bounded in the way

o * * -2 * * 2
|Eh, — hl|, < IR (1= Vo) P27 mr = vy (177

1
(277)(1)—1)/1)

Note that
|-V 3 < / ey, di < Ot exp{—C2),

and similar arguments ensure that
—2 DY
| (1= V) P < 277207 exp{— (0 — 2)C2/2).

So that we finally get
1 670721/2

—hll, < ol/ppl-=1/p x ngp—l)/p'

|IEh, (3.23)

Now, we are interested in the behaviour of the second term appearing in Inequality (3.20).
We give two different proofs for its control.

First method: This method is based on Ibragimov and Hasminskii’s results (1983) that we
start by recalling. The following lemma gives a control of Ej, || h, — Ep(hy) ||, depending
explicitly on p and on the bandwidth C,,.

Lemma 3.4.2. Lemma 4, Inequalities (11) and (12), Ibragimov and Hasminskii (1983).

There exists some positive constant A such that for all 2 < p < oo and for all h in H, we have:

~ ~ C,
Ep || b = En(hn) llp= AvP(L+ (L A flp)y /==

If p = oo, there exists some positive constant A such that for all h in H, we have:

~ ~ [Cplog C,
Ep H hn _Eh(hn) ||oo§ A(1+ H h HOO) T

Note that this result does not apply to the kernel S(-) = sin(-)/(7-) as the constant A in the
preceding lemma depends on ||V]|1, which does not exist for the kernel S.

Applying this lemma and gathering Inequalities (3.20) and (3.23), we find that if 2 < p < oo,
there exists a positive constant A such that:

Ch 1 e=Cn/2
DR T

E || b =B [p< Ayp(1+ | 7 ) (3.24)

and if p = oo, there exists a positive constant A’ such that:

~ ChlogC, 1 _
E || by —hlloo< A1+ || b [loo)y/ St e Ca/2, (3.25)

Taking C,, = v/logn gives the desired result.
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Second method: based on Rosenthal’s inequality (Rosenthal 1970).
We aim at bounding the variance term E|h,, — Ehy,||,, for p > 2. We start with the case

2 < p < co. Write h,, — Eh,, as a sum of independent random variables

n

where the &), (z,Y}) are centered random variables defined by X, (z,Y;) = V,(x = Y;) —E(V,(z —
Y;)). We need thus to control

- - p 1/p
Bl ~ Bl =B |- 3" A1) | =B | [ |23 (e 1)) do
J=1 7=1
P
Using the concavity of the function z — z'/? for p > 1, we have
p 1/p
1O 1 ¢
SED SRS 0] IR LY A SEACR OIS
7j=1 7j=1
p
and therefore applying Fubini’s Theorem, we get that
P 1/p
~ ~ R 1o
El|fn — Ehnllp =E ||~ z;xn(-,yj) < /IE - E;Xn(x,n) dr| . (3.26)
j= j=

p

We now apply Rosenthal’s inequality, with optimal constants as given in Pinelis (1995), to the

P
quantity E [n~! Z?Zl X (z, YJ)‘ . We will see later that the optimal constants are useful in the
case p = 0o.

Lemma 3.4.3. Corollary 1 in Pinelis (1995).
Let X1,...,X,, be n independent centered random variables and let S,, = X1 + --- + X, and
X = maxi<i<p |X;|. Then there exists an absolute constant k such that, for allp > 1,

EVP (S, < k [ey/p EY2|S,[2 + p EVP yx;yp} . (3.27)

An immediate consequence of Inequality (3.27) is the following one:
n

EVP |Su[P < erv/p EY2(S, 2 + kpEYP S " XP.
i=1

Therefore, provided that the random variables X; are centered and identically distributed, In-
equality (3.27) becomes

Sn|P ery/D Kp
Up|Zn| « ZWVE pl/2)x 2 4 M gl/p x, P
BV |Sh] < SR RGP 4 B (3.28)
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P
Apply Inequality (3.28) to the quantity E'/? )n‘l Z?:l X (z, YJ)‘ , to get that

p
E %ixn(x,}/}) < o1 [% EI/ZIXn(fC,Yl)I2]p+2p_1 [ 1%}; EYP| X, (x, Yl)|p]
which implies, by using (3.26) that
El[n — Ehall,
< ol-1/p { [%F/IEP/Q|X”($,}G)|2(1$+ [%}p/mﬁfn(w,ﬁﬂpdaﬁ}

We control the last term [ E|X,(z,Y1)[Pdz, using that for p > 1,

1/p

E|X (2 Y1)[P < 2P E [V (z = Y1)IP,
and by applying Fubini’s Theorem we get:
[E@yPde <2 [ [ Vi - y)Phtay
and therefore

/E|Xn(x,§q>|de <2rcr e, (3.29)

It remains now to bound the first and main term pr/2|Xn(x,Y1)|2dx. By applying Cauchy-
Schwarz inequality, we have

p/2
/Ep/2\X (z,Y1)[2dx < / (/C V2(u)h(z +u/Cy )du> dz.

Proceeding to a Taylor expansion of u — h(z + u/C,,) (the function h in H admits an analytic
continuation to the whole complex plane) gives that the term [ EP/2|X,,(x,Y1)[?dz is bounded
by

05/2/(h(x)|yV||§+Cinh’(g;)/uv%u)du

1 w22 ! 7 su v
02 VE(u )/0 h (a:—l—c—n) dsdu) dzx (3.30)

Since [u?V?(u)du < oo, (note that this does not hold for the kernel S) and using both Jensen’s
Inequality and Fubini’s Theorem we obtain the bound

' / ( / V3 (u) /0 1 h"(az+su/Cn)dsdu>p/2 dz

( / u2v2<u>du)p/2 /0 1 / / V()1 (2 + su/Cy)|P 2dwduds,
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and therefore, using that according to the structure of the convolution model h and all of its
derivatives are integrable, we get that:

) p/2 1+p/2
/(/u2V2(u)/ ]h"(m+su/0n)dsdu> dz| < (/u2V2(u)du> ”h”HZ;'
0

This ensures the convergence to zero in L, /5(IR)-norm of the sequence of functions

1
T = CEQ/UQVQ(U)/ h"(z + su/Cy)dsdu.
0

Moreover, the dominated convergence Theorem ensures the convergence to h[[V[|3 of the Ly, 5(R)-
norm of the sequence of functions

z— h(z)| V|3 + C W (x) /uVQ(u)du.

Returning to the bound (3.30), we conclude on the equivalence of this bound to the quantity

ch? V5 ||h||§§; Finally, this entails that

/Ep/2|/'\.’n(x,Y1)|2da: < 05/2 [\l Hh||§?§(1 +0o(1)), as n tends to infinity. (3.31)

Gathering (3.29) and (3.31) we find

1/p
~ e evpl” P 1P op e
Elf - Bl < 20 | 22" 22 i 1m0y + [ L) ez i)

Finally for p > 2 we have:

E|hy — Ehyll, < 25 % 1V ]|2 ||h|]11£ (1+0(1)), asn tends to infinity, (3.32)

and for p = 2, there exists some finite constant x’ such that

E|[hn — Ehyl|2 < ﬁ',/ﬁ.
n
The result follows for 2 < p < co gathering (3.20), (3.23) and (3.32) and taking C,, = v/logn.

For p = oo, the control of the analogue of the variance term follows arguing as Ibragimov
and Hasminskii (1983). More precisely the bound for E||h,, — Ehy||s follows from the following
lemma, due to Nikol’skii (1969). Denote by Mc, the set of functions belonging to L,(R) and
having a Fourier transform compactly supported on [—C; C|.

Lemma 3.4.4. Nikolskii (1969), p. 150.
If1 <p<p < oo, then for g in Mc, we have ||g|,y < 2C1/P=1/P || g,
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Since /f;n —Eﬁn belongs to Mac,, p,, we can thus apply Lemma 3.4.4 to get that for any p < oo,
i = Ehinlloo < 2(2C0)"7|[h, = By [
Take p = log C), to write that
e, = Bhinloo < 2(2C0)" "8 [Ty — By
with
2(2Cn)1/log0n||/ﬁn - E/}\Ln”p = 26||/ﬁn - E/ﬁnnp(l +0(1)),

and therefore by applying (3.32) with sup,s, [|hll, < A%, A 2 (2m) 2| hr||1]|h* I3 (due to
Inequality (3.22)), we find

VCplog C,
\/’r_l

and the result follows for p = oo by taking C,, = v/logn.

Elhyn — Ehpllco < 4Are> 1V]l2(1 + o(1))

This final argument shows how the optimal constants in Rosenthal’s Inequality are important
to get the result when p = cc. O

3.4.2 Upper bounds in L,(R)-norm in the case of polynomials

In this subsection, we are interested in the rate of convergence in L,(R)-norm of estimators of
the functional I'y when f is a polynomial function of degree less or equal to £, with ¢ > 1.
According to Lemma 3.2.1, we will first focus on the rate of convergence of estimators of the
derivatives h(®) 0 < k < ¢ of the density h.

Theorem 3.4.5. Let ¢ be a fized integer, and Eﬁf) the estimator defined by (3.13) with the kernel
V' and the bandwidth C, = v/logn. If p = oo, then

: vn NG
1 E || b — bl [|so< +oo.
ey ;Slgg (logn)@+1)/4, /loglog n I 2 oo +o0

If 2 <p < oo, then

: vn (e
| S A —— O A O P .
mSup S T | A [p< +o0

We now give the proof of Theorem 3.4.5.

Proof. Arguing as for the density we give two methods to bound E || /i\L%) —h |lp- The first one
is based on an extension of Lemma 4 in Ibragimov and Hasminskii (1983). The second method
is based on Rosenthal’s inequality as given in Pinelis (1995).

By using the triangular inequality, we get

E || O =D [l,<|| B9 = VO s h |l +E | AP —BRP |, - (3.33)
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We start with the control of the bias term (the first one in the right hand side of the previous
inequality). Note that for all ¢ in R, we have the equality:

(Vi b= hO) (1) = @) B (1) (Vi (1) — 1),

Consider first the case p = oco. Using the properties of the kernel V,, and the fact that the
function |h*(t)| is bounded by e~ /2, we get that :

| VO % — 5O o< (20) / 15 (8) [y s,
and therefore that
| VO s b= B o< 2(m) 1 G eCR 2, (3.34)

for large enough n (depending on ¢). Let us now study the case 2 < p < co. Arguing as in the
proof of Theorem 3.4.1, we infer that

p=2 1/p
P _ 42
| VO s h—n®||,< </ It|fe /2 ]lt|>cldt> </ |t[2¢e! ]1|t|>cndt> .

Note that for large enough n,
/ |t e Py, dt < 40T CR/2,

and also that
/ 1™ Dy, dt < 407 e,

which implies finally that
H Vn(g) * h _ h(é) HP S [2(7.‘_)—1] l—l/p Cf;—l-ﬁ-l/pe—Cﬁ/Z' (335)

We are now interested in the control of the second term in the right hand side of Inequality
(3.33) for which we give two different proofs.

First method: based on Ibragimov and Hasminskii’s results (1983).

The following lemma provides a bound for E || o - E(Ag )) |lp- This is a straightforward
application of Lemma 4 (formulae (11) and (12)) of Ibragimov and Hasminskii (1983)), and its
proof is omitted.

Lemma 3.4.6. For 2 < p < oo, there exists a positive constant k such that:
ARk

Ep, || B —Exh® 1,< kv/p || [l NG

For p = oo, there exists a positive constant k such that:

CiV2 og T,

e e Y
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The constants x and ' depending on || V' ||; and ||V o, the proof does not apply for the
kernel S.
Combining this lemma with the control of the bias term (3.35), we get that if 2 < p < oo,

CHI/2 2\ 7V/p 2
Y Y M e e (3.36)
T
and if p = oo,
¢ (¢ Cfb+1/2\/ lOg Cn 2 ¢ C2
E |2 —h0 o <K | hoo 0t ol e/, (3.37)
n i
Take C), = +/logn, to get
2041 =1
E H h(f) _/};(6) H < K H h H (logn) i~ /loglogn + z(logn) 2
nolee = * vn T \/n
, (logn) e Vloglogn
< N :
Moreover, for 2 < p < oo,
2041 p(¢—1)+1
~ logn)~1  2171/P(logn)™ 2
E | rO —nO |, < k| h (
(logn)“%"
< /
< KVp Jn

which completes the proof.

Second method: based on Rosenthal’s inequality (Rosenthal 1970).

We aim at bounding the term EH}\L% ) Hp Arguing as for the density, write O —ERY as
a sum of independent random Variables
(A~ BRY) (x) Z X0 (2, Y;),

where the random variables Xy) (x,Y;) are centered and defined by
X (2, Y;) = V0w = ;) BV (2 - Y)).
Arguing as for the density, we control

P 1/p

1 n
/ EZX (x,Y;) dx ,

J]=

—_

p
by applying (3.28) to E ’ -1 PR ¢ é)( Yj)‘ . We deduce that there exists an absolute constant

K such that:
P

1 & _1|erv/p P _
E _E X0 (2. v < or1 EY21 20 (2. V)2 p—1
nj:1 n (.Z‘, ]) <2 |: \/’E i n (.%', 1)i 2 [

P
1-1/p IE’1/IH|X (*TaYl)ip]
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and therefore

N - p
B[RO — ERO), < {zpl [Wﬁ’] [0 ) P

Kp 1P 1/p
+2P—1{ ]/Ew,gf)(x,mwdx} .

nl—l/p
We control the last term [ E|XT(L€) (x,Y1)[Pdx by using Fubini’s Theorem

/ E|X{O (z, V1) [Pda < 2P / / ‘Vn“) (x — y)’p h(y)dydz = 22CEOP |V |B. (3.38)

It remains now to bound the first term [ EP/ Q\quz)(x,Yl)\zdx. Again apply Cauchy-Schwarz
inequality to write

9 p/2
[erletenf e < [ ([ vOuwrne )

The same Taylor expansion as the one used in the proof of Theorem 3.4.1, valid since the integral
[ w2V (u)]?du is finite, gives us

/ EP/ 2| X (2, Y1) |2de = C2EFVP/2 ||y O p Hhuggu +0(1)), asn tends to infinity. (3.39)

Gathering (3.38) and (3.39) we find that EHE%) —EAY ||p is bounded by

1/p
VP etz e g2 [P 1P o+ np-1) 0
2 {| 2] e jr Ol i+ o + 2 [ 2] o L

Finally for p > 2 we have:

7O _EHO VP (2e1)/2 |10 1/2
Ellhy’ —Eh [l < 2 Tn Cy V2 (1P, (1 +0(1)), (3.40)
and for p = 2, there exists a constant x’ such that
(2¢+1)/2
EIRO —RERO|, < /22
|| n n ||2 > K \/ﬁ

The result for 2 < p < 0o follows gathering (3.35) and (3.40) and taking C,, = v/logn.

We now come to the case p = co. Arguing as for the density and noting that since Eﬁf ) —Eﬁ%)

belongs to Mac,, p, we can thus apply Lemma 3.4.4 to get that for any p < oo,
1A~ ERD oo < 2(2C)" 7[R — ERD .
Take p = log C), to get that
1A~ ERD oo < 2(2C)" 1 [B — ERD |y,

Y2 < A for all p, we find

and therefore applying (3.40) with Hh||p/2 <

o~ o~ 1
B[R — R oo < e VRS CRED/2|Y O],(1 4 o(1))
LD
and the result follows for p = oo always by taking C,, = v/log n. O
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Remark 3.2. Note that the proofs of Theorem 3.4.1 and 3.4.5 are valid for any integrable
kernel K satisfying assumptions [K1], [K2] and [K3].

The same arguments applied to a kernel admitting a more regular Fourier transform than
V' (that means a kernel admitting more finite moments) will give, with the use of Lemma 3.2.1,
an estimator of the functional I'y when f is a polynomial function of degree less or equal to /,
that converges at the rate obtained in the estimation of h(9).

Recall the expression of our estimator T' #n given by (3.18):

-1
Lo =abl + 3" froihP.
k=0

To give a meaning to this expression in LL,(R), it is necessary that the kernel satisfy the condition:
[K4] For all 0 < k < ¢ —1 and for all p > 2, the integral [ |z|P~F)|K®)(z)[Pdz is finite.

Classical analysis results give the existence of an integrable kernel satisfying [K1], [K2],
[K3] and [K4] (the assumption [K4] is in fact valid for all £ € N). Note that the proof of
Theorem 3.4.5 also applies with this kernel.

Corollary 3.4.7. Let { be a fized integer, and f a polynomial function of degree less or equal to
L. Consider the estimator 'y, defined by (3.18) with the kernel K satisfying [K1]|, [K2], [K3|
and [K4], and the bandwidth C,, = /logn. If p = oo, then

limsup sup 57 1\/54
n—oo Tseg; (logn)@H1/4/loglogn

If 2 < p < o0, then

E || T —Ts [loo< +00.

. NG -
hTrLrLsolip Figgf (log n)CE I/ E||Tfn—T¢ |p< +o00.

Remark 3.3. Note that this result is an improvement of the result in Taupin (2001) since her
result gives an upper bound only for a uniform norm on a compact set and the rate she gives,
vn(logn)~+D/4(logn)~1/2 is quite slower than this one. This comes from the method that is
used, which is based here on Rosenthal’s Inequality combined with Inequality (3.4.4) and not
based on a chaining method.

We now give the proof of this corollary.

Proof. The main point of the proof lies in stating that the rate of convergence of r #.n 18 given by

the rate of convergence of ﬁﬁf ). This follows by using equality (3.18), the result of Theorem 3.4.5
and the triangular inequality. More precisely, denoting by s the function y — y*, we show that
there exist constants C' and C” such that for all 0 < k < £—1 and for all 0 < s </ —k, we have,
when 2 < p < oc:

C(log n) (2¢+1)/4
<

p = \/ﬁ ?

BIQu(AL) — ) < 0BTV IogTog T,
n
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We follow the lines of the proof of Theorem 3.4.5. The control of the bias term defined by
Qs (RF) — K® & h)|lp uses the following identity valid for all ¢ € R:

®) g0 ) = 29 k) _ k) O 0ht (1 — K*
Qu(h®) = K b)) ()) = = o0 — KO« (1) = QU (1= KDI(). (341)
So that concerning the uniform norm, we get:
||Qs( (k) kh)|oo < —/’% [Qrh™ (1 — K)|(¢ ))dt
* 88 J *
< ()/ﬂag%h ) g0 = K|

Under Assumptions [K2] and [K4], the kernel K satisfies that for all 0 < j < s, there exist a
constant C(s) satisfying:

=

oI J(l—K*)

(t) < C(s)>c, - (3.42)

Moreover, the quantity %Qkh* (t) is a linear combination of powers of ¢ times derivatives of h*
at t. Note that h* = ®]g¢* so that its derivative is a linear combination of derivatives of ®] times
derivatives of g*. Since E|X|* < oo for all k < £, the k-th derivative of g* exist and is uniformly
bounded. We thus bound the bias term

1Qs(A™) — K % h)loo < “/ HFHoe 2y o dt < KCEHS—1e=CR/2
where 0 <k </—1and 0 <s </{—F, and finally:
1Qs(A®) — KM 5 h)loo < KChtemCR/2.

Arguing as for the proof of Theorem 3.4.5, we bound the bias term for the L,(R)-norm (p < c0)
by writing that:

1Qs (A — K b, < WII[QS( — EP < )PP [Qs(h®) — K 5 n)]*57
) (p—2)/p ) 1/p
< & [/ £ oe /2ﬂ|t>cndt} [/ItIQ(’““)et Uy>c, dt
< K,Jck+s—1e—cg/2
< wOElemCR/2

the last inequality being valid as 0 < k</—1land 0 <s </ —k.
Let us study the analogue of the variance term E||Q (] 0 _ g R)|lp for 0 <k <t¢-1

and 0 < s < £ — k. We focus on the second method used in the proof of Theorem 3.4.5 based
on Rosenthal’s inequality. Use the notations:

Qs(@) (W) — K + }:ﬁx (2,)),
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and apply Rosenthal’s inequality to get that:

~ e p
B - K sl < {2 [T [ a e, vl

1/p
_ Kp 1P .
4 or—1 [nl_l/p} /E\Xék)(x,yl)’pmp d:c} -

Arguing as for the proof of Theorem 3.4.5, we need to control fIE”/2\X7(Lk) (z,Y7)]?|x|**dz and
[EXP (2, V1) P|z[Poda. Writing that

J=0

we bound the first term in the following way:

p/2
/ V2|20 (2, V1) 2o 2 de < / ( / x|28<Ké’f><x—y>>2h<y>dy) d.

and thus

/EP/2|X,§k>(x,Y1)|2|x|28dg;

2/p

<2s+1p/22<28> / ( JE R >>2h<y>dy) dr.

7=0

Now, we let u = C),(y — =) in the previous integral to get:

o 2/p
J ([ 1= v 50— ) 2nay) - ao
. . . 2/p
_ / < / cgk+1—2s+ﬂ|uy2s—ﬂ|x+o;luv(K('f)(u))?h(x+c,;1u)du> d

and thus by using a Taylor expansion and arguing as in the proof of Theorem 3.4.5

/ (/ o =y Iy (K (@ — y))zh(y)dy> "
< C(2k+Dp/2 (/ |u]28_j(K(k)(u))2du>p/2 </|xjh(x)|p/2dx> (1+o(1).

We finally obtain that:

(25 + 1772 Z (2) / ( [ 1=y RO - ) h(y)dy) " do < w2,
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We now come to the second term [ E\Xék) (,Y1)|P|z[P*dz. By using Fubini’s Theorem and
Jensens’s Inequality, we infer that:

/ EIX®) (2, Y1) |afP*de < 2 / / 2P| KB (@ — ) Ph(y)dyda

which is bounded by:

260 [ [ o=y KO @ = pPht)dyds + 26 [ [ - plPh)dyds,
and therefore, since the first term is negligible in front of the second one for 0 < s < ¢ — k,
/EIXrgk)(w,H)\plw\psdw < /iCék“)p_lHK(k)Hﬁ/\ylpsh(y)dy(l +o(1)).
One ends up the proof of the Corollary 3.4.7 in the same way as the proof of Theorem 3.4.5. [

3.4.3 Upper bounds in L, (R)-norm in the trigonometric case

Consider a fixed integer ¢ > 1 and fixed real parameters {3;}i<j<¢. Assume that f is the
fixed trigonometric function Cgy :  — Z§=1 Bj cos(jx) (the same reasoning applies for Sg :
x 22:1 Bjsin(jx)). Let fﬁn be defined (31A0) with the kernel S defined by (3.11) and the
bandwidth C,, = y/logn. According to (3.2.2), I's,, can be written

¢ ¢ 1

~ ~ 6_‘7/2 PP . P .

Drn =Y Bincs®) = Y. 55— (¢Whaly+ i) + e Vhaly 1)), (343)
j=1 j=1

where fn’c,g is defined by (3.19).

Theorem 3.4.8. Let ff,n be defined by (3.10) or equivalently by (3.43) with the kernel S and
the bandwidth C,, = v/logn. Then, if p = 0o, we have

lim sup vn

E[Tyn—Tf o< 0.
n—oo exp(fy/logn)y/loglogn I Tt F lloo< 00

Moreover, the same control applies when f equals the function Sg, and ff’n is the estimator

defined by: ff,n = Zﬁzl ﬂjfn,s,j(y)'

Proof. Using the linearity of f + I'y, we only give the proof for the function f : x — cos({x),
the proof being the same in the case of the sinus.
We aim at bounding E||T'y,, — I'¢|,, for p > 1. According to the triangular inequality,

ElCfn =Tllp <E[Tfn = ELallp + [T p0 =Tyl

Let us study the bias term. According to the definition (3.43),

o—t/2

ELfn(y) = / €S, (y + il — z) + e S, (y — il — x)|h(x)dz,
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which can also be written

—t/2

~ e
Erf,n(y) = T

o [simene e ans e [ sioen o).

It leads to the expression of the bias:

o t/2

T(y) = ELpaly) = —

[e“’y / (1 — Sx(t))e™te ™ h* (t)dt
+ e / (1- S;(t))eiyte“h*(t)dt] .

Upper bounding those terms gives that:
—£/2 l(t=1)/2 ,—(Crn—£)?/2

w(Cp — L)

T4(y) — EF fa(y)] < © /llt|>cne“|e_t2/2dt <

So that we conclude
ll=1)/2 ,—(Cn—£)?/2

7(Cp —¥)
Note that a control of the bias term for the L, (R)-norm cannot be based on the previous upper-
bound. Such a control seems to be more complicated.

It remains now to control the variance term E||f fn— ET #nlloo- Write T fn— EL fn @S asum
of independent random variables

IT; —ETfnlloo < (3.44)

~ ~ 1 &
Ff,n(x) — El“fm(x) = E Z Xmg(.%‘, Y}),
7=1

where the X, ¢(x,Y;) are centered random variables defined by

e—t/2
_ezm[sn(x + il — Y'j) — ESn($ + il — Y})]

Xn,é(xayj) = 9

—eiim[sn(l“ — il — Y]) —ES,(x — il — Y])]

We first control E||T fn —ET #nllp when 2 < p < oo and use the same argument as for the density
or the polynomial case to get the result when p = co. Arguing as for the density, we control

P 1/p

by applying (3.28) to E ’n_l > =1 Xne(z, Yj))p. This gives that

RS _1 [ e8P o o|” —1[_KP 1y p
E!g;Xn,fZ(%Yj)!péﬂ [WE [ Xz, Y1) 7| 42 {WE | e, )P
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and therefore E||T fn — ET #nllp is bounded by

1/p

p
{217—1 [—ef/\[ﬂ /EP/2|Xn,e(:c,Y1)|2d:c+2”_1 [ & r/EWmé(%Yl)’pdx}
n

nl_l/P

We control the last term [ E|X, s(z,Y7)[Pdz by using Fubini’s Theorem. Since the following
inequality holds,

E|X,(z,Y7)]P < e_gp/22p_1(IE\Sn(a: + il —Y1)|P + E|S,(x — il — Y7)]P),

we deduce the bound
/nyn,g(x, Vi) [Pda < 2P~Le 02 //(!Sn(ac Fil — )P + |Su(x — il — y)P)h(y)dydz
and therefore by the definition of the kernel S,
/E[Xmg(a:, Y1) |Pda < 2P~ te=tP/2CP1 //(\S(u +ilCH) P + |S(u — ilCp)P)h(x + u/ey)dudz.
Using that [ h(z + u/cy)dz =1 we obtain that
/ E| Xy (i, Y1) [Pde < 27T e~tP/200 1 / (1S(u+i0C) P + |S(u — iCy)|P)du.

Note that for all real number v:

) 6280"
. < )
IS (v+ilCy) |* < 2 2CE) (3.45)
and consequently
or—1 du
P & —tp/2,p-1 tpCn [ ¥
/E|Xn,g(:n,Y1)| dzr < ¢ Ch~e /(u2+€2072l)19/2'
We finally get that
271 e e dv 27 e e
/E\Xn,g(m,Ylﬂpdfc < € pretp /(v2+€2)1’/2 <A ¢ PreetPim, (3.46)

It remains now to bound the first term pr/2|Xn(9:, Y1)|?dz. Note first that we have
EP2| X, (2, Y1) P < e P21 (P28, (x + il — Y1) + EP2|S, (2 — il — Y1) [%).

Therefore, we only need to control | EP/2|S,,(x + il — Y1)|?dz, the control of the second term
fIEp/2|Sn($ — il — Y71)|?dz being the same. We have:

/Ep/2|Sn(x il — Vi) 2da = / (c,% / 1S(Co(z — y) + iECn)]2h(y)dy)p/2 da.
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Using the bound (3.45) we deduce that:

/2 2 2 e2On v
P il — Y] <
/E | Sy (x + il 1)|*dx < / (Cn/ e IO +£ch)h(y)dy) dx

< ([tite)

1o—tp/Agp/2
Ae 2 e

P

Consequently for all 2 < p < oo, we have the bound
/E”/2|Xn,z(w,Y1)|2dx < (3.47)

Gathering (3.46) and (3.47) we find that

1/p
~ ~ _ [ewy/D)? e=tl4op/2 o 7 kp P 207, /2 _pCh,
ElTfn —ELfnllp < {2p [ Vn } 4 7P ern + 2 [nl—l/P} A P et ’

and finally by using that p > 2 we have

E(T;, —El;,

e\/p D «
< K= n
lp < m(\/ﬁ—i—nll/p)e

and hence

Efyn — B pal, < w2l (3.48)
n

NG

and the result follows for 2 < p < 0o, gathering (3.44) and (3.48) and by taking C,, = v/logn.

We now come to the case p = co. Note that fn’c’g(yo) — Efmag(yg) belongs to M, , since
its Fourier transform equals

1 . A .
§ez£tyoe—€/2 |:e—t+z€yo + et—z€y01| S;(t),

which is compactly supported on [—C,, Cy,]. Arguing as for the density or for the polynomials,
we apply Lemma 3.4.4 with p’ = co and p = log C}, and thus use (3.48) to get that there exists
a constant A such that

~ ~ log C
EHFn,c,E - Ern,c,é o < A%Jcn- (3'49)
We complete the proof of Proposition 3.4.8 by taking C,, = v/logn in (3.49). O

Remark 3.4. We controled the analogue of the variance term when 2 < p < co. The only
thing needed to get the rate of convergence of our estimator for the L,(R)-norm is the control
of the bias term for 2 < p < o0.
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3.5 Estimation in L,(R)-norm: lower bounds

We now present our lower bounds for the minimax risk with respect to the L,(R)-norm, for
1 < p < oo. We first prove that the rates found in Theorem 3.4.1 and 3.4.5 are the best
achievable ones. Generalizing the method, we also prove that when f is a polynomial function,
the rates obtained in Corollary 3.4.7 also are the best achievable one.

3.5.1 Lower bounds in L,(R)-norm: the density and the polynomial case

The following theorems give lower bounds for the minimax risk over H with respect to the
L,(R)-norm, for the estimation of the density h of the observations and its derivatives h(0),
when ¢ > 1. We give two different theorems as the one concerning the estimation of the density
h is valid only for p > 1.

Theorem 3.5.1. For all 1 < p < 0o, we have:

_Vn

liminf inf su h—T,|, > 0,
n—oo T, he’]lt—){ (log n)1/4 H 7L”p
and if p = oo,
1 f inf s h—T, > 0,
P 1%1 216171.)[ (log n)1/4\/10g lognH nlloc
where the infima are taken over all the estimators T, based on the observations Yi,...,Y,.

Theorem 3.5.2. For all integer £ > 1 and all 1 < p < oo, we have:

vn

. . I AR T )
hnn—1>1<>2f lﬁf 216172 (logn)@t+1)/4 17 Tally >0,
and if p = oo,
. Vn ©
it B o gy gl e > 0
where the infima are taken over all the estimators T, based on the observations Yi,...,Y,.

We give the proofs of Theorems 3.5.1 and 3.5.2. The first part of those proofs is the same for
the two theorems. It concerns the construction of a finite sub-family of densities in the model,
in order to apply Fano’s Lemma.

Proof. The proof is based on Fano’s lemma (1952), for example in its recent version due to
Birgé (2001), that we start by recalling. Consider a metric space (©,d) and a set of probability
measures P indexed by ©: P = {Py;0 € ©}. The problem is to give an infimum bound to the
minimax risk for the estimation of 8 in © from an observation X with law Py:

R(©) = inf supEq(d(6;60(X)))
4(X) 60

where the infimum is over all estimators é(X ) with values in ©. Consider a finite subset ©’
of © such that the cardinal |©’| > 3 and for all pair (6,6’) of distinct points in ©’, we have
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d(6,0") > 6 > 0. Now, we have

R(O©) > R(@')Zéiggf)gsggEe(dw;é(X)))

> inf sup Ey (d(Q;é(X))]ld

0(x) bcor (G;é(X))za/Q)

> 2 inf sup Py (dw;é(X)) > é) .
0(X) 6cO’ 2

Using the fact that the points in ©' are d-separated, we get the following inclusion
{w € 0/ angmind(#'. (X (+)) # 0} < {w € Q/d(0,0(X (w))) > g} .
Then
R(®) > ééi(n;) 95;1(5 Py <arg9rlnin d(0';0(X)) # 9)

> 0 inf sup Py (T(X) # 0)
T(X) 0co’

where the last infimum concerns estimators T(X ) taking values only in the finite subset ©'. In
other words, we have the following infimum bound

5 )
ey . _
R(©) > nf <1 jnf Py (T(X) 9))

when T(X ) ranges over all estimators with values in ©’. Now, we use the following result, based
on Fano’s inequality (1952) and proved by Birgé (2001):
Lemma 3.5.3. Let 0y be a fized point in © and set
— 1
K= @ ZK(P@,P@O)
0co’

where IC(Py; Py,) denotes the Kullback-Leibler divergence between Py and Py,. There exists an
absolute constant « such that if T(X) is an estimator taking values in ©’, we have

. K
inf Py(T(X)=10) < _
bc6r W(T(X)=6) < av log(|©'| + 1)

And finally

6 K
%02 (1= i)

We are going to apply this result for P = {hd\ ; h € H}®"™ where d) is the Lebesgue measure
on R, and (©,d) = (H; = {h\9 ; h € H},| - |l,) when 1 < p < oo and £ is a positive integer.
In other words, we estimate the density of the observations and its derivatives, and compute an
infimum bound for the minimax risk expressed with the L, (R)-norm

R, p(Hy) = inf sup By ||T5, — |,
Tn heH
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where the infimum is taken over all the estimators T}, based on the observations Y7,...Y,. Fix
an integer m > 3. In order to apply Fano’s Lemma, we will

- define a family of probability densities belonging to H: (¢m.a)ec.a indexed by some finite
set A whose cardinal depends on m,

- calculate the minimum distance between two points in this family: inf, oc4 ng&,?a —
lllp > b,

- check that there exists a constant C1 < o and a point ¢,, o in the family such that

nZaeA’C(@m,m‘Pm,O) <0
|Allog(JA]+1) = 7

(note that the Kullback-Leibler distance between points in this family of probabilities satisfies
IC(P;%’:;; PS?(L)) = nK(¢m,a; ¥m.,0), where Py, , denotes the probability ¢, .d\),
- and then conclude that

Ry p(He) > %5m.

We start with the construction of the family. Define the following functions on R:

.92
a(x):w; ap = akxa; Jo=ap* Py
™
— 2
Vi) = SOy ) = 0V me— ), 1< <m 1 Vs =0,

where m is an integer greater or equal to 3, and the sequence {0, }m>0 is positive and converges
to zero as m tends to infinity. Note that o and then also ag and fy are probability densities on
R. We denote by V,, ; the normalizing constant:

WmZ/thmww,WKjém—L (3.50)

Now, let us consider the following family of probability densities:

m—1
ema(®) = fol@)+ > a(i)fo(z)(Vin;(z) = Vin,;) (3.51)
7=1
m—1 B m—1
= (1= ali)Vmy | o= @1(2) + D a(j)fo(z)Vim,;(x)
j=1 j=1

where a ranges the set A of applications of {1;---;m —1} to {0;1}. Note that the constant V, ;
ensures that [ ¢, q(z)dz = 1. The following lemma states that the set of functions {¢m ¢ teca
is a family of probability densities included in H under suitable assumption on the parameter
O

2
2m=+4m 0.

m—o0

Assumption 3.1. mf,,e

Lemma 3.5.4. Under Assumption 3.1 and for large enough m, the family {pm. q}acA is included
into H.

The proof of Lemma 3.5.4 can be found in Appendix C.
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First case: the uniform norm

We first consider the case of the uniform norm. Consider the subset A1 of A of the applications
of {1;---;m — 1} to {0;1} that take value 0 everywhere, except at one point. For simplicity of
notations, we denote by

om,j(7) = fol@)(1+ Vinj(@) = Vi), YO<j<m-—L (3.52)

The resulting family (¢m.a)aca,0{0} is exactly the family (¢m j)o<j<m-1. This is the family we
will work with.

Now that our family is defined, the second step of the proof consists in lower bounding the
distance between the different parameters in this family that we wish to estimate. We compute
this minimum distance in the following lemma.

Lemma 3.5.5. For all fized integer £, there exists a positive constant C' such that for all j, k in
{0;--+;m — 1}, we have

l Y4
1ol — %9 oo > Cm6,.

Proof. We will consider the different cases £ = 0 (concerning the estimation of the density of
the observations) and ¢ > 1 (concerning the derivatives of this density).

First case: £ = 0.

By definition, we have:

”SOm,J - @m,k‘”oo = HfO(Vm,] - Vm,k - Vm,] + vm,k)Hoo

and therefore satisfies the inequalities

lomg = malle 2 mfo (L) (V10 = v - ) = s =]
m em
. . |Vm] - Vm k‘

> 0, inf — k)| - —.

> int fox (1V00) - VG- 0] - P
Using the expression (3.50), we get

Vi < Ollollc [ 1V o
and hence p
Vil < EmeO”oo”VHL (3.53)
It follows that
|Vm,j - Vm,k’

2
< — .
5 < follslV I =2, 0

Since the function V is an even function that converges to zero at infinity, we obtain

v~
[V(0) =V (j k)l_}g{

3 V(l)‘ > inf (43, inf

2 T 1<I<mqg

% - V(Z)D >0,
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for some positive fixed integer mg. Finally, there exists a non-negative constant C' such that the
uniform distance between two points of this family is lower bounded in the following way:

lom,; — mklloo = COr.

Second case: ¢ > 1.
Now, let us consider the case £ > 1. We have the following identity, valid for all 0 < j <m —1:

(0) (0) 5 A
o () = £ (56)(1+Vm,j(fv)Vm,j)+2<p>fo (VP (@),

Then by definition,

/-1
0 ¢ ¢
108 = 0 lloo = || £8”? (Ving = Vinsk = Ving + Vi) + <>
=0

o0

Use the triangular inequality to get that:

ot et 2 vt vl -5 G I - v
p=1
N P e T

The first term is lower bounded in the following way:

u€R

u+j ,
1oV = Viuilllso = mBrsup (7’) VO = vOu+j - k)

v

m'0, sup fo (u_ﬂ) ‘V(g) (u) — 148 (u+j— k:)‘
u€(0;1] m

v

m0,, inf fo (M) sup ‘v“)(u)—v@(uﬂ—k)).
u€[0;1] mJ uelo;1]

Note that for all v in [0;1] and all 0 < j < m — 1, the real number (u + j)/m belongs to [0;1].
Then we get

1V =Vl = mon, (inf fo> inf sup [VO(u) = VO (utn)
[051] [n|>1 u€l0;1]
> Clmeem,
where (' is a positive constant. Now upper bounding the remainder terms appearing in (3.54),
we get:

© _ O . © (©
s el 2 0 () o, o 100 =V Ot

_2€ -1 ( )
" emlg%?iil HV Hoo”fo lloo

Z —_ —
D e (1Vinsg — Vinilloe Vg — Vi) -
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Use the definition of V}, ; and the inequality (3.53) to get:

0 _ 0 oo>mz9m <inf ) inf sup [VO(@) - VO +n
lom,; = Pmilloe = i Jo ) Inf, sup [VE(u) (u+mn)

ol -1 (p) (p)
2'm 0 max (V@ o)l 57l

¢ 0
118w (26 1V e + 22 Ul VI )
For large enough m, and using that £ > 1, we have

O o 1o (. - O () — VO
N ([lorglf]fo) e s VO VOt )

Finally, the uniform distance between two points of this family is lower bounded in the following
way
l {4
loms = Pomlloe = Cm6un,

where C' is a positive constant. This concludes the proof of Lemma 3.5.5. (I

The following step of the proof is to check that there exists a constant C'; < « such that

”272_11 K(‘Pm,j;@m,ﬁ) <Cl
mlog(m + 1) -

We first compute the Kullback-Leibler divergence involved in our family:

K(pm.j; om,0) = K(pm.j; fo) = / log <¢;;ZS)> Pm,j(z)dz.

By definition, and using the inequality log(1 + u) < u, we get that K(¢m,j; fo) given by
K fo) = [ 108 (14 Vi @) = Ving) So@) 1+ Ving ) = Vo)

is bounded in the following way

K(omi fo) < / (Vinog (2) = Vin) fo@) (1 + Vi (2) — Vi)

Since
/ (Vs (&) = Vi) fola)da = 0,
then
K pm s fo) < / (Viny (@) = Vs fo ) da

which combined with the fact that
[ Wns(a) = VP hola)de = [ V2 @) fow)d = V2,
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give the bound
2

0
Komsi o) < [ V2 s(a)olarde < 2 ol V13
Finally, Fano’s Lemma tells us that there exists a positive constant C' such that

inf sup 1B — By e > CmbO2 (1),

hn heH

where 0% (n) is the supremum over all the parameters 6,, satisfying the following conditions

92
||f0”oo” Hgn—m and m9m62m2+4m Y

<
g(m =+ 1) =@ m— o0
Choose

1 1 1
Om = e=3m’ m = \/6 logn — T loglogn — 8 log log log n.

We finally have 6,, = e 3™ = (logn)/4(loglogn)*/2/\/n and we obtain the result for p = oo:

5 1 Q+1)/4 floaT
inf sup A0 — oo > 108 Vioglogn
hn heH \/ﬁ

This concludes the proof of Theorem 3.5.1.

Second case: the L,(R)-norm

We now come to lower bound the risk with respect to the L,(R)-norm, when 1 < p < oo.
Consider the subset Az of applications of {1;---;m — 1} to {0;1} containing the application
identically equal to zero and such that for all a # a’ in As, we have

m—1 m— 1
2 la(7) 7| > 1
The cardinal of this set of applications satisfies
Ao > ™5

(the proof of this result stands in Ibragimov and Hasminskii (1983)). We will work with this
family of densities {¢©m q tacA,-
The first step consists in computing the minimum distance in L,(R)-norm between two points

in our family of parameters {gog,?a}ae Ay
Lemma 3.5.6. For all 1 < p < oo, there exists a positive constant C such that for all a,a’ in
As:
H‘Pm,a - @m,a’”p > COp,.
Moreover, for all fized integer £ and all 1 < p < oo, there exists a positive constant C' such that
for all a,a’ in As:
£) 4
I = Parlly = C'm O,
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The proof of this lemma stands in Appendix C. It is a careful generalization of the meth-
ods used to prove Lemma 3.5.5. Note that in this proof, we do not work with the function
V but with the function V) = V(\-) for some fixed well-chosen A > 0. In the following of the
proof, we will assume with no loss of generality and in order to simplify notations, that A = 1 fits.

Now, we apply Fano’s lemma and claim that for all 1 < p < oo, there exists a positive
constant C' such that

inf sup ||h — hnll, > COF,(n),
hn heH

and for all integer £ > 1 and all 1 < p < oo, there exists a positive constant C” such that

inf sup Hh(é) — ]Alan > C'm@fn(n),
hn heH

where 0% (n) is the supremum over all the parameters 6,, satisfying the following conditions

nY et K(©ma; fo) o dim

o and mb,,e — 0.
‘AQ, logOA?’ + 1) N m—o0
Compute the Kullback-Leibler divergence between ¢, , and fo:
’C(@m,a; fO)
m—1 ~ m—1 ~
= [log | 14 3 al)Vars@) = Vin) | fo@) {15 3 0l (Vi (0) = Vins) | do
j=1 j=1

Using that log(1 + u) < u combined with the definition of V,, ;, we get the bound

m—1 m—1
K(fm.a; fo) < alj) /(Vm,j(x) — Ving) fo(2) (1 + > a(k)(Vinp() - Vm,k)) dx
j=1 k=1

and using that

m—1

a(j)

—

m—1
(Vin,j (%) = Vin,g) fo(z) (1 + 2 alk)(Vink(z) — Vm,k)> dx
k=1

J=1

also equals
m—1m—1

6)alh) [ (Vg ) = V) Vi 0) = Vi) ol
j=1 k=1
we get the bound
m—1m—1
Klomai ) < Y 3 0)al®) | [ Vors @Vosl) o) = Vo Vo
j=1 k=1

Apply Cauchy-Schwarz inequality to

— §2

)/Vm’j(x)vmﬁk(x)fo(x)dx

/V(mx — )V (mx — k) fo(z)dx
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to obtain that

1/2

' / Vi, (€) Vi 1o () fo () d| < 67, ( / V2 (ma — j)fb(:v)dx) " ( V2 (ma — k)fo(:v>d:c>

and therefore 5
< m 2.
< llfolllVI

[ Vnsoslofea

The use of Inequality (3.53) provides

62, 1
K mai o) < (= D222 ol (VI + 1 ollel VI ) < 282 ol IV

Now, remember that the cardinal of Ay satisfies log(|.Az2|) > (m — 1)/8. We have to find the
supremum of the parameters 0,, satisfying the conditions

92
16 folloo V322 <& and et
Choose
_3m2

1 1
and m:\/glogn—ﬁloglogn

to get that there exists a positive constant C' such that

, . log ) (2+1)/4
inf sup |10 — ||, > Cmte,, — ¢ 18—
hn heX | Io Vn

for all 1 < p < co and all £ > 1, and that there exists a positive constant C’ such that

R 1 3/4
infsup ||h — hy|lp > COp, = CM,
hin hEX vn

for all 1 < p < oo, which entails the result. O

The following corollary of Theorem 3.5.2 gives lower bounds for the estimation of I'y when f
is a polynomial function. It is based on the use of Lemma 3.2.1 and its proof is a generalization
of the methods used in the proof of Theorem 3.5.2.

Corollary 3.5.7. Fiz an integer £ > 1 and a polynomial function f of degree less or equal to L.
Then, for all 1 < p < oo, we have:

liminf inf sup vn

VY ip Ty, > 0
noo T, req, (logn)CD/A T = Tallp > 0,

and if p = oo,
liminf inf su LT >0,
n—oo T FfeIg)f (log n) @D/ /Tog log n ITf = Tnlloo
where the infima are taken over all the estimators T,, based on the observations Y1,...,Y,.
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Proof. The family used in the preceding proof is not adapted here in the sense that the product
of a polynomial function with a derivative of fj does not always belong to L,(R). We use a new
function fj , for which we will prove that the induced family (¢m,4.¢)aca still belongs to H, and
such that the Kullback-Leibler distance between the densities behaves in the same way. More
precisely, when f is a polynomial function of degree equal to ¢, define the densities:

. 2042
Sinxr
ay(z) = Cy ( ) :

T

where Cy is a normalising constant, and
Qo = Qg * oy, Jo,e = ag g * Pq.

The family of functions {¢m ¢.¢}aca is defined in the same way as {¢m. ¢ }aca, replacing fo by
fo,e. This new choice of fy, changes the proof of Lemma 3.5.4. Let us consider the assumption
needed to generalize this lemma.

2m2+4(L+1)m

Assumption 3.2. mf,,e —m—oo 0.

Lemma 3.5.8. Under Assumption 3.2 and for large enough m, the family {@m ataca is in-
cluded into 'H.

The proof of this lemma stands in Appendix C.
The following lines of the proof of Theorem 3.5.2 are not modified by the change of fy. In
particular, we still have the property that for all a # o’ in A,

l 4 Y/
1ol =09y > o,

and the Kullback-Leibler distance of the family is bounded in the same way (replacing the
uniform norms of fy and its derivatives by the uniform norms of fy, and its derivatives).
Using Lemma 3.2.1, this family of densities induces a family of functionals {I'f, 4 }ac.a defined
by

Ff,m,a(y)_'y‘-;omag +Zf€ k SOmaf( )

where v # 0 and f; is a polynomial function of degree j related to f.
The only thing to care about is that the minimum distance between two functionals ||I" ¢, o —
It |lp in the family is still lower bounded by a constant times m*0,,. Then the conclusion

follows arguing as in the proofs of Theorem 3.5.1 and Theorem 3.5.2.

Let us lower bound the distance ||T'fmq — I'fm.a'|l[p when a # o’ belong to A. Using the
triangular inequality:

l k
ITfma = Crmaly = el s — ooy oy Zrm O =08 iy
— k k
> Cm'G,, — Z 1fe-r(l) = &% Dl
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When p = o0, k = 0, we immediatly deduce the bound:

||f£(§0m,s,€ - @m,tl)”oo = ||f€f0,£(vm,s - Vm,t - Vm,s + Vm,t)Hoo
Om,
< Ueforloe (2 lVle + 221 ol V1
< Cbp.

When p =00,1 <k < /¢ —1, we have the bound:

k k =
1 fer@® = 0B oo = 1 fe-rfo.)® Vins = Ving = Vinss + Vint)

k—1
k . . »
+) ( > (fo—rfo) D (VD) — Vrgft Nloo

ek @® o= o™ Moo < Nemrfo)® lloc (wmnvuw )

2kt onax 1 (fo—rf0)D|ocf mmk jnax. HV )|

and is thus bounded by

< Cm',,.

When 1 <p < 00,k =0, the bounds are the following ones:
m—1
fepm.ae = Pma o)y < Z | fefollooll Vinj = Vinjllp < Cm!~/rg,,
j=1

which is still negligible with respect to m?6,,.
When 1 <p<o0,1<k</l—-1,

m— k—1
eeie®., o8 ), < Z VGt For)® (Vins = Vo)l + Z()u forf) OV
j=1 7=0

< Crml-l-k—l/pem’

which is still negligible with respect to m*6,,.

My

The proof of Corollary 3.5.7 is completed by using the same arguments as in the proof of

Theorem 3.5.2.

3.5.2 Lower bounds in L. (R)-norm: the trigonometric case

We prove the following theorem.

O

Theorem 3.5.9. Fiz an integer £ > 1 and a function [ of the form x — Zle Bjcos(jx) or

T 2521 Bjsin(jx) where the {B;}1<j<¢ are real fized parameters. Then we have:

3/4
lim inf inf sup vn(logn)
n—oo T, T;eGy exp(ﬁ\/loﬂ

where the infimum is taken over all the estimators T, based on the observations Y1,...,Y,.

)H f_TnHoo >0,
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Proof. We only give the proof for the function f : x +— cos(¢x) the one for x — sin(¢x) is proved
exactly in the same way, and by linearity of f + I'y, we obtain the general case.
The idea is to use Fano’s Lemma with the same family {¢p, j}o<j<m—1 as in the density case
(Theorem 3.5.1). The only thing to care about is the minimum distance between two points in
this family. Using Lemma 3.2.2, we have the following identities on the functionals induced by
the family of densities {¢m, ;}o<j<m—1:

ot/2

Lo 0) 2 [ cos(t)gms(a)n(o — y)do = <5 (Do y +i6) + & Doy — i6)).

Now, the following result gives the minimum distance between two parameters to be esti-
mated in our family.

Lemma 3.5.10. There exists a positive constant C' such that for all j, k € [0;m — 1], we have:

0 eZmé
m

||Fm,j - Fm,k”oo > C

We now give the proof of the lemma. By definition, we have:

-

€ ; . . . — —
ITomg = Tmklloo = —5 i 4 e fo(y + i) (Vin (y + i) = Vi (y + i) = Ving — Vi)
ye

+e™ " foly — i) (Vinj(y — i) = Vi k(Y — i) = Vinj = Vi)
And using the triangular Inequality, we get:

)2 ,
e fo(y + i) (Vi (y + i) — Vi i (y +i0))

Hrm,j - I‘m,k:Hoo >

sup (
yeR

e fo(y — i) (Vinyj (y — i) — Vi so(y — L))
— Vi = Vil foly +i€) + fo(y — i€)]) .

Now, using (3.53) we get that:

Vinig = Vingoll fo(y + i) + fo(y — i0)|

20, ) ) 0.,
S——UMMWM%M%@+M+%@—MN=OC—>
m yeR m

So that finally:

-

e . . . .
T — Conklloo > sup e fo(y + i) (Vini (y + i) — Vi i (y + i0))

ye

Fe oy = 6) (Vi i6) ~ Vinaly — 6] + 0 (2.

We now come to the study of the main term. Straightforward calculations provide that

_HmeQmZefQimy<e2ij + T, (y))

2m(my + mil — j)?

)

Vin,j(y +if) =
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with |7, (y)| < 3e™™, and also that

_0m€2m£€2imy(e—2ij + fm,j (y))

21t (my — mil — j)?

Vm,j (y - ZE) =

)

with |7, (y)| < 3e~™F. Tt follows that

—0/2 2mly
Hpm’j _ Fm,k e ¢ Um

= 47m?2

y+il —j/m)2  (y+il —k/m)?

i) o ()

Now consider the particular point y = j/m and lower bound this quantity in the following way:

sup | =2my £, (y +1if)
yeR

+e R fo (y — i0) <

((6%14-rmd(y) e?* + 1y k() >

676/2 eQmZem

inf

Ipj—T

oo

oy G -
1(£/m—2)7 1 ) o
e fo(g/m +if) < AR - k)/m)2>

ol

6722_] 872116

2 VSt —Rm)

+e M2 o (j fm — ie) ( 2> +0(e™™)

This leads to:

412 o (i0) 2t 1 — e2i(k=3) 1 _ p—2i(k—j)
e o(zf)e m |. e €
1T, &l 47 m?2 ]H;k 02 + 2 +o(1)
And finally,
_6/2f (E) 2mé‘9 1— (Q(k _ ))
e o(2f)e m | . COoS J
Toi — Congelloo = f 1)].
T = T el G- Ll,gk 7 '+o( )}

Consequently we get that there exists a positive constant C' such that

e2m€ em

m2

HFm,j - Fm,kHoo > C

Then we conclude using Fano’s Lemma, in the same way as we did in the case of the density.
More precisely, there exists a positive constant C' such that:

203, (n)

inf Ty —T, >C
1 Sup || f HHOO— m2 )

n TG,

where 0%, (n) is the supremum over all the parameters 6 satisfying the following conditions:

n@?n 2 2
—_m @<L m<+4m .
”f0||°o||v||2mlog(m+ 1 S a and mbOpe m—>_)oo()
Choose the parameters
logn)/4 1
0,, — % and m = 3/logn — C, where C' > 1
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in order to get that

), e2m*Hm _ 602—4()(%\/@ _ C) (log n)/e~2C-DVIogn __,

n—oo

and there exists a positive constant x such that

2
néz, K .0

<
mlog(m+ 1) ~ loglogn n—oo

Finally there exists a positive constant C' such that

6é\/log;n
inf sup ||I'—1T, >C——,
To TyeGy | nlloe vn(logn)3/4

which completes the proof.
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Preuve. Preuve de la Proposition I.1.

La variance o2 du bruit est un paramtre identifiable si pour toutes chanes de Markov homognes
{Xn}n>0, {X] }n>0 de transitions respectives ¢ et ¢’ vrifiant les Hypothses I.1 et 1.2, et pour
toutes suites de bruits blancs {e,}n>0 et {£],}n>0 de lois normales centres et de variances res-
pectives o2 et (¢/)2, on a I'implication suivante :

Loi

Loi
{Xn + En}nZO - =

{Xptent=o = o0=0" et {Xn}lnzo ={X)}nx0. (A1)

Pour montrer cela, nous allons prouver la proprit suivante :

Lemme A.1. Si {X,}n>0 est une chane de Markov homogne dont la transition q vrifie les
Hypothses 1.1 et 1.2 et {e,}n>0 est un bruit blanc de loi normale centre, de variance a2 >0
et indpendant de { Xy, }n>0, alors la suite {Yy,}n>0 dfinie par'Y, = X, + &, pour tout entier n
positif, n'est pas une chane de Markov vrifiant I’Hypothse 1.1 (i.e n’est pas une vraie chane de
Markov).

Ce lemme permet de conclure de la faon suivante : si la premire galit dans I'implication (A.1)
est vraie, alors supposons par exemple ¢’ > o, ce qui permet d’crire que

Loi

{Xn}nzﬂ = {X’;L + nn}nzﬂv

0 {Nn}n>0 est un bruit blanc de loi normale centre et de variance (0/)? — o2. Mais alors si
o' > o, la suite de variables alatoires dfinie par Y,, = X/ + n, pour tout n positif, vrifie les
hypothses du Lemme A.1 donc n’est pas une vraie chane de Markov. Ceci est en contradiction
avec 'hypothse faite sur la loi la chane {X,,},>0, nous en concluons donc que o = o', et donc

que {Xnbnzo =X }n>0.

Prouvons prsent le Lemme A.1. Nous noterons v une mesure dominante pour la loi de la
chaine (v peut étre la mesure de Lebesgue ou bien une mesure a support dénombrable ou fini)
sur l’espace des états X' (fini ou non). Notons que les variables aléatoires Y,, ont une loi a densité
par rapport a la mesure de Lebesgue sur R. Dans la suite, la lettre f désignera de faon générique
une densité de loi, soit par rapport a la mesure de Lebesgue, soit par rapport a la mesure v, ou
encore par rapport a un produit tensoriel de ces deux mesures. Supposons que {Y;, },>0 est une
vraie chane de Markov, ce qui équivaut a :

Yy1,y2,y3 € R, f(ys|Y1 = y1;Ye = y2) = f(y3|Y2 = v2),
ce qui quivaut encore :
Vo v € R [ FlunlXa = ) faalYy = 15 Y = p)d(as)
X

- /X f(ys| Xs = x3) f(23]Ya = ya)dv(xs).

Or, nous avons 'galit f(y3|Xs = x3) = ®,(y3 — x3), et la famille {®,(y — x3)}yecr forme un
systme total dans Le(R). L’identit prcdente quivaut donc encore

Yy, y2 € R \Vos € X, f(x3|Y1 = y1:Ye = y2) = fas|Yo = y2),
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ce qui s’crit encore

Vy1,y2 €R V3 € X, / q(z2;23) f(22|Y1 = y1; Y2 = y2)dv(z2)
X
— [ i o0) f(aal¥s = )i (o).
X
On utilise alors I’'Hypothse 1.2 sur le noyau de transition ¢ pour crire que ceci quivaut :

Vyi,y2 € R, Vg € X, f(a2|Y1 = y1;Ye = y2) = f(a2|Ye = y2).

Ainsi, nous obtenons les quivalences suivantes :

{Y,.}n>0 est une vraie chane de Markov
= Vy1,y2 € R Vo € X, f(22Y1 = y1;Y2 = y2) = f(22|Y2 = y2)
= Yy1,y2 € R Vo € X, f(x2592) f(y1592) = flx2591592) f(y2)
flz23y1592)
Cflaye)

En notant p; la densité de la loi initiale de la chane de Markov par rapport a v (c’est dire la
loi de X7), on obtient 1’galit suivante

— VyLy €R Vs e X, f(yi|Ya=y2) =

f@aiyiiye) [ m@n)q(as; 22) f (] Xy = 21) f (32 Xo = @2)dy (1)
f(z2;92) f(y2| X2 = x2) f(22)
S m(E)g(zr; @) f(ya| Xa = x1)dv(a)
B f(z2) ’

ce qui donne finalement

{Y,}n>0 est une vraie chane de Markov

S (@)g(@;22) f (11X = 21)dv(21)
f(x2) '

Il suffit alors de remarquer que le membre de droite de cette galit ne dpend pas de y2, ce qui
signifie que la loi de Y] est indpendante de la loi de Y5. Comme la chane de Markov {Y,},>0
est homogne, il s’ensuit que toutes les variables sont indpendantes, d’o une contradiction avec
I’hypothse de vraie chane de Markov.

Ceci achve la preuve du Lemme A.1 ainsi que la preuve de la Proposition I.1. O

<— Vyl,yg cR VZ’Q e X, f(y1|Y2 = yg)
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B.1 Exponential forgetting for the prediction filter

Proof. (Proposition 1.2.1) Only the main steps of the proof will be described here. It is adapted
from Mevel (1997) and uses results from Seneta (1981). The original idea comes from a work
of Arapostathis and Marcus (1990). Proofs which are not easily deduced from the finite state
space case are entirely described here.

15! step: Let p be a transition density function on (X, B(X), ). Define

T1(p) & —esssup/\p z,v) — p(z’,v)|dy(v)

z,x’

and, for all u,v in K, for all f measurable and non-negative, denote, for n > m

lI>

A (u,0) / g (tn, v)go(Ynlun) - - / 6 (Um+ 1, Um+2) 99 (Yom-1]Umt1)
Un, Um+1
XQG(U7 um-&-l)gG(Ym’u)d’Y(um—H) cee d7(un>

N @) 2 [ A o)

JRAEIE / 40 (w)dy () (v)

[I>

N(AS . f)

Lemma B.1.1.

H(pn—m-&-l(ynma fs 0) - (I'n—m-‘rl(YJm f/§ 9)”1
N R
=m\Nw@g, ) | vag,n’ T a7

Proof. With the previous definitions, we may write

H(I)n—m+1 (nyny f; 9) - q’n—m—&-l (ernv f/; 9)H1
A0 () [N(A D) . N(AZ )
 NAL () | VA, T T N,

f’(U)] dry(u) | dy(v)

We then use the following general result: let ¥ be a measurable function such that [ W(u)dy(u) =
0, then we have [¥+ = [T~ =1/2 [ |¥|, where U = max(¥,0), ¥~ = max(—¥,0). We may
also write

U (s)Ut
U(z) = /a(s,ﬂv)d'y(s) — /a(ac,t)d’y(t) where a(s,t) = %
Note that [ [ a(s,t)dvy(s)dy(t) =1/2 [ |¥(z)|dy(z). Applying this result to the function

N(AS ) . NS ),
v =Fae 7 1™ wae,
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(with mean zero), we get

AP (u,v)
\ N(Azmxu) lu)dy(w)

< / als, u)dy(s /t a(u,t)dv(t)) dy(u)

dry(v)

S~

dry(v)

Il
c\

N(A,,)(w)
= ( z )a(y,x) Az,m(y?v)a(yvaj)
- //:Ey N(AT (@) 1) = /x,y NGy @) d)
m(@,0)  AD L (y.v)

= /U,x’y (A%,m)( D) NAL)®W) a(y, z)dy(z)dy(y)dvy(v)

1 A%m(iﬁ, U) A?L,m (yv ’U)
i (esii?p/v (AL~ NCAL,)G) d”“”)

(Ae )( ) (A9 m) (W)
N(AYm)
- N(Az,mf'>f 1
which concludes the proof of Lemma B.1.1. ]

274 step: it consists in bounding from above the last term of the right hand side of the
previous inequality.

Lemma B.1.2.
N(AS ) N(AS.) 0 N(AS,.f)
n,m . n,m < ot 0 _ n,m
HN(Az,mf> N(Ag,, ) || =2 S where W= s mre oy

The supremum is taken over the set of measurable and non-negative functions f and g such that
[ fdy=[gdy=1.
37 step: we prove that

Lemma B.1.3. W’ < ¢y 19y(Y;,).

The proofs of Lemmas B.1.2 and B.1.3 are straightforward adaptations from Mevel (1997,
Propositions A.1 and A.2), and are omitted here for brevity. Then we conclude

AH
Hq)n—m—i-l(Yr:n;f;e) - q)n—m—l—l(ernaf/;e)Hl <2 69( ) X T1 (N(Ae )) Hf f Hl

Let us examine now the behavior of (A% nm! N (A% )). We want to proceed by analogy be-
tween Afhm and a product of random matrices (Whlch appears in finite state space models): this
technique will bring out the term (1 — €y)”~™*!. We obtain an upper bound for 7; by using
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another coefficient, denoted 75 (Birkhofl’s coefficient), which does not depend on the normal-
ization N (A9 ,,).

4'h step: All these results are generalizations of those obtained by Seneta (1981, Theorems
3.12 and 3.13, p.106-110) and the proofs will be omitted. Let us define Birkhoff’s coefficient by

. _ d(p* f,p*9) wher { d(f,g) = esssup,, . log [5((;6))?@”
B(p) sup d(f,g) ere p*f(’U) _ fup*(v,u)f(u)d'y(u) _ fup(u,v)f(u)d'y(u)

First supremum is taken over the set of measurable and non-negative functions f and g such
that f # Ag (A € R), and p* is the transpose density function associated with p (i.e p*(z,y) =
p(y,x)). With this definition, 75 does not depend on the normalization, and is, moreover,
sub-multiplicative. We now give another expression of 75, and then the upper bound of 7 by
TB.

Lemma B.1.4.

_1-a(p)
1+ a(p)

> 711(p) where a(p) = essinf pi(a:, 2)p(y;?) = a(p*)

.
B(p) zy.zt pla,t)p(y, 2)

N=[ N

We now apply these results with p = A% | /(N (49 ,,)), we have

A? AP
n,m < n,m
E (N(Az,m>> =P (N(Az,m>>

It follows from the definition that the quantity oz(AfL,m /N (Aflm)) equals a(A%m), and then
m8(A% . /N(A9 ) = (A% ) by application of Lemma B.1.4. Since 75 is sub-multiplicative,

78(A} ) < 75 la0(-, )90 (Yel.)]
Finally, using again Lemma B.1.4, 75[qs(.,.)90(Yx|.)] = 7B(qp), and under assumption 1.1

t
o(qp) = essinf 205 20W ) 2
x7y727t q9 ($7 t)qg (y? Z)

Thus 75(gg) < 1 — €g, which finally implies that TB(A%m) < (1 —eg) ™t

B.2 Geometric ergodicity of the extended chain

Proof. (Proposition 1.2.2) Let h in Lip(E), and z = (z,y, f, f*),2' = (.4, f', (f*)) in E. In
order to get an upper bound for |IIjh(z) — IIjh(2")], use the decomposition

th‘(z) - th(zl) = [th‘(xv Y, f7 f*) - th(.f, yla f/7 (f*)/>]
+ [,y f, (f)) = TGy, f (F))]

Denote A (resp. B) the first (resp. second) term of the right hand side in the previous equation.
A and B will be treated separately.
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1% term: denote for i < j, y; = (yj,...v;) and with an abuse of notation d’y(m?-) =
dy(xi) . .. dy(x;), and dv(y}) £ dv(y;)...dy(yj). Then,

A=/ [h(wn,yn,¢>n(yi_1,y,f;9),¢n(yi_1,y,f*;9*))
T1Yn

- h(xnv yn; q)n(yrlL—h yla f/7 9)7 (bn(yq%—h y,7 (f*)/a 9*))]
X qg (2, 21) -+ Qo= (Tn—1, Tn) 9o+ (Y1|21) - - - go= (Y |20 ) dy (7, ) dv (7))

Then, using Definition 1 of Lip(E), and the fact that for all  in ©,
Dy (Yp_1:9: [10) = Pn1(yp_1, P1(y, f;0);0), we have

|A| S/ ip (R, T, Yn) | | @r—1 (Yp— 15 P1(y, £56):0) — 1 (ym_1, @1y, f50):0) |1
T1"Yn

+ H(I)nfl(y'}z—l’ (I)l(ya f*v 0*)7 0*) - (I)nfl(ng—la (I)l(ylv (f*)/, 9*)7 0*)”1]
X qg (2, 21) - - - qor (Tn—1, Tn ) go= (Y1|21) - - - go= (Yn|n ) dy (] )dv (y,,)
Exponential forgetting of the prediction filter yields
@1 (yp_1,P1(y, [10);0) — Pr—1(yp_1, 21y, f:0);0) |11

20 100 (y1) (1 — €g)" | D1 (y, £30) — D1(y/, f:0)]|1

<
< deg 0p(yr) (1 —eg)" !

The same inequality holds at the point 8*. Integrating the above expression and using assup-
tion 1.1 yields

|A] < 4lip(h) [eg " Ar(1 —€p)" " + g T AL(1 — ege)"
< Slip(h)e A (1 — et (B.1)

Remark B.1. We may prove along the same line that if & is in Lip(E) then for any integer
n, HQZL belongs to Lip(E) too, with lip(II} h, x,y) < lip(h)de(y) and k(IIjh, z,y) < k(h).
2™¢ term:

B= / B (s Yo B (g1 F130), Byl .o/ (F5)'56%))
T1Yn

X [qo+ (x, 1) — qo= (2, x1)] go= (w1, T2) - - - qo= (Tn—1, Tn)
X go= (y1]1) - - gor (Yn|n ) dy (@} )dv (y,h)

Let m = [n/2] and F, F* be fixed functions in S*. Note that
h(.’L'n, yn7 (I)n(y}l—lﬂ y/7 f/7 0)7 q)n(y}z—h y/a (f*)/v 0*))
= h(@n, Yn, Prm (U515 P Y1, Y, £10):0), Prm (U515 P (Y1, ¥, (F4)'367)56%))

- h(fUm Yn, ‘I’n—m(yff_l, F 9)7 (I)n—m(yzl_p F*; 0*))
+ h(xnayn’q)n—m(ygl_pF; 9)7(I)n—m(y;n_1aF*;9*))
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Insert this form into B and use that h is in Lip(E) for the first part and take the integral with
respect to y. ; and ! | in the second; it yields

’B| S / hp(h7xnayn) X (H(I)n—m(y:?—hq)m(y}n—lﬂy/vf/;e);0> - (I)n—m(y;n—lvF; 9)”1
Z1"Yn

+ 1 Prm (U1, P (Y15, (FF)50%);0%) — Py (1, F*50%)]]1)
X !CJQ* (3371‘1) — qo~ (xlaxl)‘ g6+ (3U1,962) YV (%-1,%)
X go= (y1]1) - - gor (Ynln ) dy (), ) dv (yy,)

+ / / (@ Yo ®n (g, 5 0), By, F*:67))

X ’qgi (.%', :L'm) - qgn* ($/7 xm)’%* (:L'm, mm—f—l) C e (mn—h xn)
X go= (Ym|Tm) - - go= (Yn|zn)dry(z3)dv (y;)")

Using Proposition 1.2.1 and inequality (1.9) yields

Bl < / lip(h, 2, y) X 2671 (1= €7
T1Yn

X (1@ (Y195 f50) = Fll106(ym) + 1P (w154, (f*)50%) — F* 106+ (ym) ]
X [qo= (z, x1) + go= (', 1)) qo= (@1, @2) - - - @o= (Tr—1, T)
X go=(y1|21) - - - gor (Yn|@n)dry (2} ) dv ()

+ / / k(h, Tn, Yn) o' @0* (Tms Tm+1) -+ - @o* (Tn—1, Tn)
X go+ (ym‘xm) © o go+ (yn’xn)dpy(xnm)dy(yzn)

sothat  |B| <16 x lip(h)e 1A (1 — €)™ 4 k(h)p" (B.2)
Inequalities (B.1) and (B.2) complete the proof. O

Proof. (Corollary 1.2.3 and 1.2.4) The existence of Ay(h) follows from Proposition 1.2.2, using
the same ideas as in Sunyach (1975, Theorem 1). Then we can easily check that the function
defined on E by

V(z) = SOIh(z) — Ag(h)] (B3)

n>0

is a solution to the Poisson equation. As the space E is not locally compact, we cannot use
the Riesz representation theorem to show that Ag(h) is the expectation of h under a suitable
measure. Let us show that the family of probability measures (IIj(2,.))n>0 is asymptotically
tight (see for definition Van der Vaart and Wellner (1996), p.20), using the same basic ideas as
in Sunyach ((1975), Theorem 1).

Let d(.,.) be a distance in E. For D a compact set of E and § > 0, define ¢sp(2)
inf (1, 3d(z,D)). It is straightforward that psp(2) is in Lip(E), with lip(psp) < 67! and
k(psp) < 1. Moreover, for any set A, denote As = {z € E;d(z, A) < 6} the d-enlargement of
A.

L
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Let €,6 > 0 and z in E, there exists p sufficiently large such that C [(571 + 1] PP(1—p)t<
€/2 (where C is the constant appearing in (1.12)). Now, choose a compact D¢ such that
I1% [z, (D)¢] < €/2 for k = 1,...,p which is possible since any probability measure in a sep-
arable and complete space is tight (the superscript ”c¢”denotes the complement in the space E).
Note that we have 1(peys)e < wspe < L(peye so we get, for any n > p,

I [z, (D)) < (wsne)(2)

1
< TII? . -
< HG(SO&D )(Z)+C|:5+1:| 1—p

IN

[z, (D)) + 5
€ (B.4)

IN

So, (I} (2, .))n>0 is asymptotically tight. Hence, by Prohorov’s theorem (Van der Vaart and
Wellner 1996, p.21), there exists a probability measure A\g and a subsequence (n;);>o such that
I1,*(z,.) converges weakly to Ag. This proves that for any continuous and bounded function h
in Lip(E), Ag(h) = [ h(2)dN\g(z). Using the result of Corollary 1.2.3, we obtain that for any
continuous and bounded function i in Lip(E),

MO 2 [ IGAINO () = Bano(b(Z0)) —, [ b)) = dalh) (B

n—oo

Then, using the fact that for any h in Lip(E), IIgh is still in Lip(E) (see Remark 1), Ay is the
unique invariant probability measure associated with the kernel IIy.
Now let h be a function in Lip(E) (h is not necessarily continuous and bounded). Define

Gala,y. £, 17) 2 / B0, you £ £)g6- (ol20) £ (0)dv o)y (o) (B.6)

It can be easily checked that G}, is a bounded and continuous function in Lip(E). Applying the
previous result to the function Gy, we obtain

llinA(C)HgGh = /Gh(z)d)\g(z)
- / W0, 90, f. £) g6 (yolx0) £* (z0)dv (o) dy () Mo (K., V. df df ) (B.T)

Using the remark 2,

AMOIGh = Eg o) (h(Zn))
= B [B* (h(X0, Yoo £5 00 f )|V )]

_ R (Gh(Xn, Yoo £ fé’f,n))

= Egxe)(Gr(Zn))
= MGG (B.8)
But we already know by (B.5) that
lim A(Q)IIgh = Ag(h) (B.9)

128



Annexe B. Technical proofs for the Hidden Markov model

Combining with (B.7), (B.8) and (B.9),

Ag(h) Z/h(fvo,yo,f, F) g0+ (yolwo) f* (wo)dv (yo)dy(xo) Ao (K, Y, df , df™)
But we have,

9o+ (Yolzo) f* (o) dv (yo)dy(x0) Ao (K, ¥, df , df*) = Ae(dixo, dyo, df, df”)

as these measures are entirely identified by their integrals on Lipschitz and bounded functions
on E. Then we obtain, for all 4 in Lip(E)

Aa) = [ hz)dda(z).

B.3 Consistency of the maximum likelihood estimator

Proof. (Proposition 1.2.5)

i) Denote V, the solution of the Poisson equation associated to the function h (see Corol-
lary 1.2.3) and F,, the o-algebra generated by {Zy, ..., Z,}. It is easy to show, using inequal-
ity (1.12) for n > 1 that

lip(h) + k(h)
V(2)| < Cp———5—
V) < ot
and thus there exist s > 1 (cf assumption 1.3) such that IIp|V|® is bounded which implies that

Eo(|V(Zn+1) — UgV(Zy)|*|Fn) is bounded independently from n. The proof follows from the
classical identity (Meyn and Tweedie, 1996, 17.4.3)

+ [Ag(h)| + k(h, z,y) (B.10)

n—1 n
% W Zp) = Ao (h) + % > V(Zm) =TV (Zim1)]
m=0 m=1

n % LoV (Zo) — LgV (Zn) + h(Zo) — h(Zn)]

by applying the corollary of Chow’s theorem (Hall and Heyde, (1980), p.36).
ii) This is a direct consequence of i) by applying the Remark 2.

O
Proof. (Proposition 1.2.6) It is easy to show that
B N Jugo(ylu)(f1 — f{)(u)dV(u)>'
\hg(x,y, f17f2) h@(xaya f17f2>’ - ’k)g <1 =+ fuge(y\U)f{(U)d’y(U)
< Gfr = filly (B.11)
and
|h9(x7yaflaf2)‘ Ske(y) (B12)

which proves that h is in Lip(E) and verifies equation (1.15), using assumptions 1.2 and H3. [
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Proof. (Lemma 1.2.8) Let n > 0 and ||§ — 6'|] < n. By Proposition 1.2.1,

[Pnr1(Yy G5 0) — Prg1 (Y, G011 = 190 (Y, , @1(Y0, (5 0);0) — u (Y, , @1(Y0, ;06
<N @n (Y, P1(Y0,¢50);0) — @n(Y,,, @1(Y0,¢:0');0) |10
{1 Pn (Y, @1(Y0, G 6');0) — Pn (Y, @1(Yo, (:6'); 6
< 26, 69(Y1)p"(|@1(Yo, (5 0) — ©1(Y0, ¢ 0|1y
+St}p\|‘1>n(Y£,f;9)—‘Pn(Ynl,f;G')\h (B.13)

It is straightforward that

| [ (ant, ) — ap (o, g (Vo)) )
e e s 1
‘fqef oo (Bolu)c(u)dy(u) _ J ap (. Jap (V) (u)dy ()
J 96(Yolu)C(u)dy(u) fge/ Yolu)¢(u)dy(u)

The first term of the right hand side of this expression is upper-bounded by w?(n). The second
term of the right hand side is upper-bounded by 26’(Yp,n), by breaking the difference into two

terms including fq"f'gel ;;Z\i/)()h(‘)gz(h)( )( ) Combining these two bounds with (B.13),

1

Slép [@rg1(Yyy, ¢ 0) — Pra1 (V) G011 < 26 69(Y1) (w?(m) + 28" (Yo, n))p" |60 — ¢

+sup [@n(Y,), G 0) — 2n(Yy, G0
¢

A straightforward recurrence completes the proof. O

B.4 Asymptotic normality of the maximum likelihood estimator

B.4.1 Exponential forgetting for the gradient of the prediction filter and
consequences

Iterating equation (1.35) at order m, m < n yields, for all v in K,
Vfgn+l (v) = Vo1 (Y, fgm, Vfgm; 0)(v), where W, is the vector function (V%) <x<, defined
by

vk (Y o3 0)(v) =
/ ag(Ya, fn)(tn,v) ... / ag(Ym, f) (m, tmi1) 0% (um)dy(um) - . . dy(un)

n—1
+ ag (Y, fn)(un,v) ...
)

/ ag(Yit1, firr)(wig1, wis2) X Upr(Yy, fi) (wigr)dy(wis1) - - . dy(uy)
Up+1

+ Ue,k(Yna fn)(v)
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where we use the notation : for all [ <m + 1, f; £ S (Y, f30).

In this part, it is proved the exponential forgetting for W of the initial conditions. It is straight-
forward that for any k in {1,...,p}, Uy, verifies a Lipschitz condition :

For all y in ), for all f, f' in ST,

|Us,k (v, f) — Ugie(y, f') 11
1Uo1(y, f)II1

lip(Ug e, y)|I.f — f'lla
k(Upk,y)

IN A

where

(U 5) = )1+ 0(0) (s | esssup Ohan(e )l ) ) + 85000 1+ Gl

+269(y)55(y) (1 + 34(y)?)

K(0ne,) = 8a) s [ essup 0kan(o, ) (7)) + 05001+ 8)

Note that lip(Uy ) £ esssup, fy lip(Up.k, y)go+ (y|x)dv(y) < oo as soon as Ay and (AA’)3; are
finite, and k(Uy ) = esssup, fy k(Up i, y) g0+ (y|z)dr(()y) < oo as soon as A; and (AA’)y; are
finite.

Proposition B.4.1. Under assumptions 1.1 and 1.7, and for all f, f' in ST, 0,0’ in X, 0 in
O, and all1 <k <p,

H\Ijﬁ—m—i-l (Yr;n’ f7 g; 6) - \Ilﬁ—m—i-l(ynmv f/7 J/; 9>H1
< 609(Ym)?eo 1 (1 — €)™ ™ [llow — aplly + I1f = FIh @+ okl + llokll1)]
+ 1089 (Yin)eo (1 — €0)" ™ = f'l

n—1 n—1
lip(Up e, Ya) + Y 1ip(Up s, Y1)60 (Yig1)” + > 69(Yig1) k(Up,p, Y1)]
l=m l=m

The proof is a straightforward adaptation from Mevel (1997, Part I, Proposition 4.4) and is
omitted here.

Now, define a class of Lipschitz functions on E’

Definition B.4.1. Lip (E’) is the set of vector-valued functions h = (hi)i1<k<p such that each hy,
is a real valued measurable function on E’ and for all (z,y) in K x Y, there exists lip’(hg, z,y)
and X' (hg, x,y) such that for all f, f’ in S*, for all 0,0 in X,

’hk('xay7 f7 U) - hk(x,% f/70/)| <
lip' (hi, 2, 9) ok — oglls + I1f = F/lln < (14 [lowllr + llokll)]

(2, y, f,0)| K (b, 2,9) (1 + [Jokln)
p { lip'(hy) = esssup,, [ 1ip'(he, z, y) go~ (ylx)dv(y) < oo
k' (hi) = esssup,, [ X (hg,z,y) go- (y|x)dv(y) < oo

We prove the analog of Proposition 1.2.2.
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Proposition B.4.2. Under assumptions 1.1 and 1.7, there exists constants C > 0 and p €]p; 1]
such that, for all z,z" in E’, for all h in Lip(E’), for alln > 1, and for all 1 < k < p, we have

G i (2) = TG ()] < C(K (Ag) + 1 (hr))A™ (1 + llowlls + [l 1)
(G0(y)* + 00(4/)? + k(Ug i, y) + k(Ui ')
Corollary B.4.3. Under assumptions 1.1 and 1.7, there exists constants C > 0 and p €|p; 1],

such that for all h in Lip(E’), there exists a family of constants (Ag(hy))1<k<p, such that for all
zim E’, foralln>1, and for all1 <k < p,

TGy (2) — Ag(hy,)| < C(1ip (he) + K (hi)) ™ (1 + [lowll1) (3(y)* + k(Up,k, v))

For any initial probability measure X on (E’, B(E?)), and for any function h in Lip(E?)

Ro(h) = lim B, 5(h(Zn)) (B.14)

n—oo

and, for all 1 < k < p, there exists a solution in E’> to the Poisson equation
(I =)V (.) = () — No(hi).

The proofs are similar to the proofs of Proposition 1.2.2 and its Corollary, and are omitted
here (note that they assume that Ag is finite).
Now, we can prove the convergence of the gradient of the normalized log-likelihood.

B.4.2 Proof of Proposition 1.3.1
Proof. Differentiating the expression of the log-likelihood, we get for all k in {1,...p},

I Ougo(Yom|u) £5 , (w)dy (u) + [ go(Yom ) O £, (1) dry(w)
S 90(Ym fem( u)dy(u)

P*—a.s

1 1=
~Ouln(0,€) = EZ

1% . ~
= - Je,k(Zm) Py i) —as
m=0
where
ion(@y f0) 2 J Ogo(ylu) f (w)dy(u) + [ go(ylu)or(u)dy(u)

L go(ylu) f(w)dry(u)

We check (with simple calculus) that jg is in Lip(E’), assuming that Ay and (AA');; are finite.
(IH fact, hp’(j@vl'ay) = 55(3,/)(1 =+ 59(?J)) + 59(y)2 and k’(jeal'ay) = 59(1/) + 5&(3/)) Assuming
moreover that for some s > 1, A; and A/, are finite (in order to get a condition like (1.15)), we
prove, just as in Proposition 1.2.6, that for all £ in {1...p},

1 <~ N

—Obn(0,C) — Ag(jo) P" —as.
But the score function Ag(js) vanishes at #*: Propositions 1.3.2 and 1.3.3 show that the con-
vergence of (1/n)V?2/,(6,¢) happens P* almost surely and uniformly for 6 in a neighborhood of

0*, for some sub-sequence; and then for the whole family, as it is yet P alonst surely conver-
gent. Thus, (1/n)V£,(0,¢) is uniformly convergent, vanishes at 6,,((), and 6,,(¢) converges to

132



Annexe B. Technical proofs for the Hidden Markov model

0*, which proves the result. ) .
Let V' denote the solution to the Poisson equation (I —g«)V = jg= ) — Ao+ (Jo= 1) (which exists
by Corollary B.4.3). We have, P, i(¢) dlmost surely

1 1 - .
S Oln(07,0) = — ) Jor1(Zm) — Mo (o k)
nz nZ m—o
1 e -
= 1 Vk (Zm) — Iy~ Vk (mel)
n2 1

The second term converges to zero as the quantities IIg- Vi#(.) and jg , are bounded (Recall that
an inequality like (B.10) still holds. In fact, V;*(2) < C(9(y) + k(Upk,y)) + k(jo* k, ,y)). So
that, for all 1 < k < p,

n

Z (Vk*(Zm) — ﬁg*Vk*(Zm1)>] =0, PG*A(C) —a.s

m=1

1

n

lim
n—oo

1
— Ol (0%, ) —
n2

D=

Now, since (1:[9* Vk*(Zn)) is bounded, the convergence holds in La(P,. 5\(0):

n

2
— 0 (B.15)

n—oo

Eo- 5 [n2ak£ % Z Vi (Zim) = Mg Vil (Zim-1)

Let u be a fixed vector of R? ; >0 _ u!B,,, £ " _ LU YV*(Zym) —HpeV*(Zm_1)) is a real valued
Martingale adapted to the Borel o-field {Z,, = 0((Zk)r<n) }n>0 (the superscript ”t” denotes the
transpose vector in RP). We shall use Theorem 3.2 in Hall and Heyde (1980). We study

2 = t 2
on = ZE 20w -Bm)

m=1
- gt Y Eo 5
1<k,I<p m=1
By 50 [(VE (Zn) = T Vi (Zon )V (Zi) = W02V (1)) 2]

- w3 By 50 [V (o) = o Vi (Zin )Tl Vi (Zin )
<k,i<

Consider the function defined by:
2= (VEVi)(2) = Via(2)
We check that this function is in Lip(E’) and verifies the condition (1.15). First

Via(2)] < C(89+(y) + 65- (y))?
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(where C' depends on Ay and A)), with Ags and Al finite for some s > 1, by assumption.
The Lipschitz criteria is verified studying the quantity Vi (z,v, f,0) — Vi(z,y, f',0’) where
z=(x,y, f,0) and 2’ = (z,y, f’,0’) are elements of the space E’. We have:

ViVi"(z) = ViV (2)
< Vi@ x Vi (2) = ViE ()] + V7 (2)] x Vi (2) = V(2]
< O3+ (y) + G- (v)) max |V/"(2) = V' ()]

and by definition :

Vi(2) = > (o= 1(2) — Mge (o= 1)) = Y Tgeo- 1(2)

n>0 n>0

But jg+; is in Lip(E’) and for n > 1, the function II}.jp-; belongs to Lip(E’) too, with
lip’ (11, jg= 1, x, y) < C(g(y)* + lip(Ug i, y) + k(Ug i, y))p" (the same argument as in remark
1 can be used to see this result). Then, assuming that Ay, (AA")41 and (AA’)3 9 are finite, we
obtain that Vi ; belongs to Lip(E’).

The same argument shows that z — I Vk*(z)ﬁg* V/*(2) belongs to Lip(E’) and then

n

1 XY R\ (17 1 *T7 *\ (77
S V) ) — (e VT Vi) (Znr) —
m=1

Ro- (VEVI)(2) = Roe (Mg Vi x T1ge Vi) Py 5y — s

: 1 . *Y 7k 4 1 * T * 7
e — > > wa [(Vkvl W Zm) — (T Vi Tge Vi) (Zip—1)
1<k,l<pm=1

— Ao (Vi V") — Age (TTp- Vi x g Vi) P,

S — Q.S

And, as this family is uniformly integrable under assumption 1.7, the convergence also happens
for its first moment so that :

Ee*’;\(o[(ut.Bm)Qﬁm,l] — 1 in PO*,X(C) — probability.

We prove now that for any positive e,

Z~m_1> — 0 in ]59*’;\(0 — probability.

n—oo

1 o= ~
n Z Ea*;\(g) <(Ut-Bm)2-ﬂ|ut.Bm\zane
m=1
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For a > 0,

. 1 - -
Pe*,Z\(g) <E Ee*,,”\(g) [(Ut-Bm)2ﬂ\ut-Bm\2one|Zm—1] 2 a)

= E 3 ]l n o4
MO\ TTn o By Ao (@h-Bm)?1 |ut~BnL>0n€ZM1)2na>
1 L ~ t 2 Z
< = 2 Bos) Bo sl - Br) Nt B 206l Em-1]
m=1
1 ~ t 2
= Eénﬁ%(nEe*,X(o[(“ Bin) Wyt g, =23 (022
1
< max E (|ut.Bm|2s)

a(€0,)?72 1<m<n

as (fEe* X(C)(\ut.Bm\Qs))m is bounded and 1/0,, tends to zero, we get the result. We conclude
that

—Zu B, — N(0,1) weaklyunderP*~().

m=1

which means
1

1
n2

Z B — N(0,u".Jg=.u) weakly underp*j\(o.

m=

where (Jg+ )i = Ag*(V Vi*) — Mg~ (Hg* Vi x HQ*‘/Z ). Moreover,
1 n
=D By 5o (BiuBu) = Jor
m=1

Then, equation (B.15) shows that:

n_%an(H*, ¢) — N(0,J5) weakly under P*
1
and lim ~E* (Ve,(6°,C). V(6" 0)) = Jp-

]

B.4.3 Exponential forgetting for the Hessian of the prediction filter and con-
sequences

The chain {Z,} lies in the space E? = K x J x ST x ¥ x £5 (where X2 = {7 = (741) /74 :
K — R and for all vin K, 7(v) is symetric and positive}).
We first need to find a recurrence relation between V2 fg a1 and \& fg - Using the recurrence re-

lation (1.35) between V fg ny1 and V fg s We obtain that {Vv? fg .} is a functional auto-regressive
process

O 1S5 1 (0) = / ag(Yo, f§,)(w,0)02 f5 , (Wdy(u) + To g (Y, f5,,. Vf5,)(0)  (B.16)
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where

J 92196 (u, 0) g (ylu) f (u)dy(u)

TG,k,l(ya fv U)(U) = f99 y|w) ( )d’Y(w)

Oyl () + g ulon() (o [ gyl o)) F)dr(w)
+f T go(yw) Flu)dn (u) <a’“%( ) T g lylw) F(w)dy(w) )d”( )

Oegylu) F(u) + go <y|u>ak< ) (o oo )yl )
+f T g yl) () (w) (W )T ) F(w)dy ) )d'”)

Igo(y|u)or(u) + Age(ylu)ox(u)
+f [ [ g0(ylw) () ()
B (fﬁzge(y’w) (w)dy(w) + [ go(ylw)or(w )d’Y(w)> " <99(Z/\U)Uk(u) +3k99(y|u)f(u)>
I go(ylw) f(w)dry(w) [ go(ylw) f(w)dry(w)
B <f3kge(y\w) (w)dy(w) + [ go(ylw)oy(w )dV(w)> " <ge(y|u)0z(u)+3z99(y\u)f(u))]
J go(ylw) f (w)dy(w) J g6(ylw) f(w)dy(w)
y [qe(u’v) Sl w,v)ge(y\w)f(w)dv(w)] iy ()

[ go(y|w) f(w)dry(w)
07 190 (ylu).f (u) o J ww v)gelylw) f(w)dy(w)]
T a0(yTw) F(w)dn (w) [qa( ) e lylw) f(w)dy (w) ]d”( )

Relation (B.16) can be iterated to obtain VQfgnH = p—mit1 (Y, fgm, Vfgm, VQfgm; 0).

Such as in the preceding sections, we prove an exponential forgetting of the initial conditions
for ap—m(.;0).

Proposition B.4.4. Under assumptions 1.1 and 1.9, there exists C > 0 such that,

k,l kl
sup Han m+1(yn >f70- ) 0) n m+1(yn ,f,,UI,T/;9)||1

9o+ (Ym|Tm) - - - go= (Yn|Tn)dV(Ym) - . . dv(yn)
< Cln—m)* (1= )" " Hmgy — 1yl + [llow — okl + llov = o7l
(1 + llowlh + loulls + llokll + llozlla)
I = el + Il + (4 lowll + ol + lloklh + llofl)?]

Then we define a set of Lipschitz functions on E”

Definition B.4.2. Lip(E” ) is the set of vector-valued fuctions h = (hy;)i1<ki<p with each hy
being a measurable function on E” such that for all k,l in {1...p}, for all (x,y) in K x Y,

there exists lip”(h,x,y) and kK’ (h,x,y) such that: for any f,f" in ST, 0,0’ in X, and 7,7’ in
227

|hk,l(x7y7 f7 g, T) - hk,l(xa Y, f/a 0-/77_/)’
< 1ip"(h, @, y) (17 — 71l + (low — op Il + llor = oyll1) x (1 + llowlls +log ]l + lloull + llogll)
I = el + gl + @+ llowll + ol + ol + [logll)?]]

(@, y, foo, ) <K (hyz, )l + 1+ llowlls + llou1)?]
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and lip”(h) = esssup,, [ lip”(h,z,y) go- (y|x)dv(y) < oo
k”(h) = esssup,, [ k" (h,z,y) go-(y|z)dv(y) < oo

The transition kernel IT satisfies a condition of contraction for those functions, and then we
prove the ergodicity of the chain.
Proposition B.4.5. Under assumptions 1.1 and 1.9, there exists finite constants p €|p;1[ and
C >0, and for all z,2" in E”, h in Lip(E” ), and n > 1,
15 by (2) = T hy ()] < C(K"(B) +1ip" (h))p" [[let (9, £, 0,75 0) [
k1l
+la (s o T 0+ L+ 25y, £ o3 0) [l + W (y, £030)[h
HIEW, 05 0) 1+ 15, f, 0’5 0) 1))
Corollary B.4.6. Under assumptions 1.1 and 1.9, the Markov Chain Z, is geometrically er-
godic.
There exists finite constants p €]p;1[ and C' > 0, such that for all h in Lip(E”), there ezists a
finite constant Ag(h), such that for all z in E” and, for alln > 1,
115 hka(2) = Ag(R)| < C x (lip"(h) + K" (h)) 7"
Il (. om0+ L+ [WE(y, £.030) 1 + | Wiy, £,050)[1)%] (B.17)
For any initial probability measure X on (E”, B(E”)), and for any function h in Lip(E”)
Ro(h) = lim By 5(h(Zy) (B.18)
and there exists a solution in E”to the Poisson equation
(I —Tlg)V = h — Ag(h)

Proofs of Proposition B.4.5 and Corollary B.4.6 follow the same lines as Proposition B.4.2
and Corollary B.4.3.

Proof. (Proposition 1.3.2) Differentiating the expression of the gradient of the log-likelihood, we
get for all £, in {1---p},

8]6 l£ 9 C Z Z@ kl Z VQ,S\(C) — a.Ss. (Blg)

where,

s J9oylw) T (w)dy(w) | [ 0fyg0(ylu) f(w)dy(u)
L g6( ylu ) dry(u) fge ylu) f (u)dy(u)
J Orgo( y\U)UZ( )dy(u) | [ ge(ylu)ow(u)dy(u)
I go(ylu) f(w)dry(u ) J go(ylu) f(u)dy(u)
B <f3190(y|u) (u)d 7 + [ go(ylu)or(w) 7(“))
Jao(ylu) fu)dy(u) [ go(ylu) f(u)dy(u)
y (f go(y|u) f(u)dy(u) n fge(ylwffk(U)dV(U))
[ 9o(ylu) f(w)dy(u) [ go(ylu)f(u)dy(u)

ig (2, Y, fr0,T)
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With long but simple calculus, we check that igy; is in Lip(E”) and verifies (1.15), assuming
that Agg, A, A (AA”); 1, and (AA')y 5 are finite for some r,s,t > 1.
Using similar arguments as for Proposition 1.2.5, we obtain

1 -
EV%L(@*,C) — Age(ig+) = —Ip-
Then,

n—oo

And as permutation between differentiation and integration is valid in our case,

1 1
Jg = lim E* (—wn(e*,c)t.wn(o*,g)> = — lim E* <—v2£n(9*,g)> = Iy-
n n

n—oo n—oo

O

Proof. (Proposition 1.3.3) Same proof as for the quantity ¢, (0, () —£,(¢’, (), generalizing Lemma
1.2.8 to the gradient and the Hessian of the prediction filter. O
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Proof. Proof of Lemma 3.2.1.
We write the functional I'y in the following way:

L
/ .
Lo(y) = /(w —y+y) Oi(z —y)gla)dr = <j> Y /(w —y) ®1(z — y)g(z)dz,
j=0
where
' ! @2 _ d*
(@ =y (e —y) = Zo=(o —ye "V = kZ:O’y(k,J)d -1z —y) (C.1)
with known constants (y(k,7))o<k<j, and ¥(j,7) = 1. It leads to the equalities
A d*
Ty = 3 < )y 7 [ Y d) i — (o)
=0 k=0 dy
] =
¢ i o J dk
-y <)y 3 k) [ - pgle)ds
=0 M k=0 Y
And finally, we get
14 ) ' J {—1
Te(y) = ( > v Ak P () = B (y) + > Per(y)h® (y), (C.2)
— \.J — —
j=0 k=0 k=0
for some polynomial functions {P;}i<;<, with deg(P;) = j, which concludes the proof. O

Proof. Proof of Lemma 3.2.2
We only give the proof for the functional I'. ¢, the proof concerning I's , being exactly the
same. Use cos({z) = [exp(ilx) + exp(—ilz)]/2, to write I'c ¢ as

1 : —(y—z 1 —ilr —(y—x
eoly) = 2\/%/6%% =22 () dr + 2\/%/6 =020 (1) da

—¢)2
_ ¢ ity —(y+il—x)?/2 d / —ily —(y—il—x)2/2
= eVe x)dr+ | e e x)dx| .
e/ e e
We finish the proof by using that the function h defined as z — fe_(z_m)Q/Qg(x)dx admits
analytic continuation on the whole complex plane. O

Proof. Proof of Theorem 3.3.2.

The use of the van Trees inequality (Gill and Levit 1995) requires to construct a one-dimensional
family of densities included into H. Consider the kernel S,(z) = C,S(Chx) with S(z) =
sin(z)/(mx), a sequence {Cy, },>0 of real positive numbers tending to infinity. Denote by g2 the
function x — go(x) = sin?(x)/(nz?), and define go and hg by:

go=9g2%g2 and hg=P1*go. (C.3)
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Note that go and then gy and hg are probability densities. Moreover define the normalising
constant:

5, (o) = / S (4o — ) ho(u)d. (C.4)

For some fixed sequence of parameters {6, },>0 decreasing to zero (to be specified later), we
define the parametric path {hg}g<g, by the formula:

Vy e R, ho(y) =ho(y) [1+ 60 (Su(yo —y) — Sn(w0))], V6] < 6n, (C.5)

where Sy, (yo) is defined by (C.4). Note that the constant S, (yo) ensures that [ hy = 1.
Denote by I(6) the Fisher information for the family of probability densities {hy;|0] < 6,,}:

10)= [ [ ] wyas - | Tt

2
Sn(yO))
- Sn (yO))
The following result due to Taupin (1998) ensures that for an appropriate choice of the param-

eters {Cy, }n>0 and {6, }n>0 the family of densities defined by (C.5) is included into the set H.
Moreover, it gives an upper-bound on the Fisher information of this family.

ho(z)dz. (C.6)

Assumption C.1. an%e(c”“)Q/2 — 0.

n—oo

Lemma C.0.7. Under Assumption C.1 we have, for large enough n,
{he}61<6, is included in H.
Moreover, there exists a positive constant k such that for large enough n:
1(0) < kCy, V0] < 0,.

We now use the van Trees inequality to get an infimum bound for the minimax quadratic
risk for the estimation of polynomial functionals I'y. Using Lemma 3.2.1, we turn this problem
to the estimation of the derivatives h(*) of the density h for 0 < k < £. In fact, the point yq is
fixed so that in this context, I'f(yo) is exactly a linear combination of the derivatives () (yo)
for 0 < k < ¢, when f is a polynimial function of degree equal to ¢. Consider 6 — Ao(f) a
probability density on [—1, 1] verifying A\o(—1) = Aop(1) = 0 and \¢ is continuously differentiable
on | — 1;1[. Its Fisher information is defined by

AP0
Ig_/l R

Rescaling this probability density on the interval [—0,,;6,], we define: A\(0) = 0,1 X\o(6;,16) with
Fisher information I()\) = 6, 21,.
Fix yg in R and an integer 0 < k < £. We have:

~ ~

inf sup Efh, — h” (yo)]> > inf sup Ep,[hn — hi (y0)]?
hn heH B 16]<6,

o0 X
> inf / En, [ — byt (y0) PA(0) o,
hn J—6,
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where the infima are taken over all the estimators /f;n based on the observations Yi,...,Y,.
Applying the van Trees inequality (Gill and Levit 1995), we get:

o () T -
/ 0 MA(H)W] "/ " rop@an+ 10|

inf supE/l{n — pk) y)? >
nf sup Eff — 1) (y0)] e B

hn heH

By definition of hék), we have the equalities

(#) "
Oa W) O )1+ 08— =)~ Sulvo))_,
k
= o)t — A1, — ) (0)Sa(a0).

Since S (0) = CF*+1S5(*)(0) we obtain that

k k
%ho(z)Sn(yg - Z)] = Z <k> (—1)k’mhgm)(y0)s7(f*m)(o)

m
|z:yo m=0

= ho(yo)[(—1)*SF(0) + () (yo)),

where 7 (yo) = O(CF). This leads to the equality

(k)
%T,(yo) = ho(y0)[(=1)¥ S (0) + O(CH)] = B (46) S (0).- (C.7)

We now use a result proved by Taupin (1998).
Lemma C.0.8.

Sn(yo) = ho(yo) + m(%0),

where r,(yo) converges to zero as n tends to infinity.

Combining this result with equation (C.7) leads to

w op®) ?
[ /9 %9—@0))\(9)(19] = [holw) O 5®(0) +-0(ch)]
. 00

and finally

On 8h(k) 2
l/ %Wﬂd@ > 5 CR (o) [S™M (0))
-0,

where ' is a positive constant. Using that for large enough n, I(0) < kC,, (Lemma C.0.7), we
obtain the following lower bound:

A 1 ~2(k+1) ;9 (k) 9
inf sup E[h, — h® ()2 > K Cn ho(yO)[f (0)] .
hn h€H nChk + 0521,

Maximise this bound under the constraint given by Assumption C.1 (ensuring that the family
{hg, 0] < 0,} is included into to H):

0,C2e(Cnt2* 2 g,

n—oo
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Choose

V1
Cn, =+valogn with a < 1; 0, = \;gn,
n

to get that there exists a positive constant x” such that
R CQk—l—l
inf sup E[h, — b*) (yo)]? > K" —2—.
hn h€H n
Finally, we obtain the desired result:

. Vn : - (), V12
liminf — Y infsupE[h, — h >0,
! ey e = o)

and its corollary (with the use of Lemma 3.2.1):

o Vn . = 9
liminf —————inf sup E[I', - T > 0.
n—oo (1og n) (2¢+1)/4 fn FEgpsy,e [ f (yo)]

Proof. Proof of Theorem 3.3.3.
For sake of simplicity, we only study the rate of convergence for the estimation of

Lo(on) = | cos(a)® (g0~ 2)g(a)do.

with the estimator
e—1/2 M

2n
k=1

~

Pcyn(yo) = [eiyOSn(yo +17— Yk) -+ e*iyOSn(yo — 7 — Yk)]

Using the triangular inequality, the term E[fcyn(yo) — T'(y0)]? is bounded by the sum of the

~

square of the bias term E[I'c,,(yo)] — I'c(yo) and the variance term Var (I'c,). We start with the
bound of the bias E[I'. ,(y0)] — I'c(yo), given by

e—1/2

[ (ESn(yo +1i — Y1) — h(yo +1)) + e (ESu(yo — i — Y1) — h(yo —1))] -

Use that
/e”ytsg(t)dt = Su(y +1),

to get the bounds
1
ESu(un+i- YD) b+ < 5= [ R OIISHO - 1l
1
and [ES,(s0— i~ YD) ~h(n - 0| < oo [ 0S;) - at,

which provide, using the Fourier transform properties of S, [K1]-[K3], the bound of the bias

~

61/2 _ 42
sup [BEc(u0)] — Tolun)| < 5= [ e, .
yo a
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Finally we have,
~ 2 6_1 e_(Cn_1)2
sup E[Fc,n(yo)] —Te(yo)| < 5 XA T (C.8)
Yo (Cn - 1)
We now come to the variance term. Combining both that Var (X) < E[X?] and that e S, (yo+
i— Y1) +e WS, (yo—i— Y7) belongs to R, to get

—1
= € i . i . 2
Var (Fc,n(y0>) < EE lezyosn(yo +1— )/1) +e 7JyOSn(yO — 1= Yl)‘

Since
E ‘eiyOSn(yo +17— Yl) + €_iyOSn(y0 — 4 — Yl)‘Q <
2F | Sy (yo + i — Y1)|* + 2B [Sn(yo — i — Y1)|?,

we have .
= e 4 .
Var (I'cn(yo)) < 5 [E|Sh(yo + i — Y1)[> + E|Sn(yo — i — Y1)|*] .

By definition
BIS,(0-+i = YOI = G [ I8(u-+iC.)hiuo -+ u/Cu)du
and  E|[S,(yo—i—Y1)|* = Cn/ 1S(u —iCp)[*h(yo + u/Cy)du.
Since |h(yo + u/Cp)| <|| h ||co< 00, the variance is bounded by

R -1
Var (I'cn(yo)) < Z—thHooCn/ (\S(u + iCn)|2 +|S(u— Z'Cn)’2) du,

with

—-2C 2C, —-2C
n n_9 n 2
Su+iC,)2 = & F¢ e cos( “),
42 (u? + C2)

e20n 4 20n — 2¢2Cn cos(2u)

and  |S(u—iC,)|* = 2021 0D 7

and therefore
e2Cn 4 3
42 (u? 4+ C2)’

3e2Cn 41
. 2

1S (u+iCy)|?

It follows that

Var (Te.n(y0)) <

e—ly\h\loocn(3620n+1)/ du <e—1||h|yoo(3e20n+1)/ dv

dm2n u?+C2 — 472n v2+1’

and therefore there exists a constant A such that

€2Cn

sup Var (To(yo)) < A

Yo n

(C.9)
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Combining inequalities (C.8) and (C.9) entails the result with the choice C), = v/logn.

O

Proof. Proof of Theorem 3.3.4.

We only give the proof for the function f : x +— cos(¢x). By linearity of the functional f +— I'f,
it induces the result for linear combinations of this type. The proof concerning the sinus is a
simple adaptation of this one.

To prove this theorem, we consider the same path {hg}‘g‘g@ as the one used in the proof of
Theorem 3.3.2 and the path {I'p}gco induced by the equation of Lemma 3.2.2. More precisely:

~t/2 .
To(z) = & [ ho(z + i) + e (= — it)] (C.10)

where hg is defined by (C.5). Assume that the parameters 6,, and C,, satisfy Assumption C.1,
so that the family {hg, |0| < 6,} is included in H. By construction, we get the inclusion:

We now use the van Trees inequality to obtain an infimum bound on the pointwise minimax
quadratic risk. Proceeding as in the polynomial case, we consider \o(#) a probability density on
the interval [—1, 1] with Fisher information given by

1 )\12(0)
Iy = 0 1" d,
0 /1 Ao(0)

where A\g(—1) = A\p(1) = 0 and )\ is continuously differentiable on | — 1;1[. Using the fact that
the sub-family {T', || < 6,,} is included G; we get that the pointwise minimax quadratic risk is
lower bounded in the following way:

~ . +Hon
inf sup E[T, —T't(yo)]> > inf sup Ep[T,, — To(yo))* > ipf/ Eo[Ty — To.r(y0)]*A(0)db.
Ty Ffégf Ty \6\§0n T, J—0,

Now, we apply the van Trees inequality and get that

2 0 —1

. & 2 P Ty (yo)
it sup EIF o) 2[ / o A(&)d&} [n / RRCROTER(EY

The denominator of this expression has already been studied in the proof of Theorem 3.3.2. The
purpose is then to study the behaviour of the numerator of this expression. Using Definitions
(C.5) and (C.10) of the families {hg;|0| < 0,} and {T'p; < 6, }, we get

b —£/2 676/2

%Fe(yo) —° 5 €i£y°h0(yo+i€)(5n(—if)—S_n(yo))+Te_wyoho(yo—if)(sn(ig)—S_n(yo))a

and therefore

Og(yo) e */?
00 2

0 o (yo + i0) S (—if) + e~ ho (yo — w)sn(w)] — To(40)Sn (v0).
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where
To(yo) = e~ /2/2[e 0 ho(yo + il) + e~ "0 hg(yo — i€)].

Using that the kernel S is even, S,,(if) = Sy, (—if) = C), S, (i£C,,) which implies that

3Fg(9yo) _ CpS(ilC) [€™ho(yo + if) + e~ ho(yo — i€)] — To(Y0)Sn (Yo)
= CnS(ilCn)To(y0) — To(y0)Sn(v0)-
Finally
3Fg(9y0) = To(yo) (CnS(i€Cy) — Sn(v0)) »
and using (C.4)
[/_Z 8Fg(0y0))\(9)d9 g To(yo)2C2S2(iC)[1 + O(1)].

Using the definition of the kernel S, we get

LCh —LCn

& — €

which leads to

On 2 9
[/—en aFgéyO)A(e)de = Fjﬁ?ﬁl e2Cn[1 4+ O(1)).

Noting that there exists a positive constant x1 such that I(f) < kjc, (see the proof of Theo-
rem 3.3.2), we get that for large enough n:

2 €2ZC’TL

. = r2l0(¥0)
inf sup E[l', — Ts(yo)]? > —F——.
T, TeGs I #(wo)] neqkn + 021y

We have to optimize this lower bound under the constraint imposed by Assumption C.1:

0, (2Ot D2 g

n—oo

Choose
Cn:\/@—%/? and 6, = \/1;?,
which ensures the existence of a positive constant s such that
. R , 20v/Togn
B, I T 2
and completes the proof. O
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Proof. Proof of Lemma 3.5.4.
Recall that the family is defined by

m—1 m—1

pma(@) = (1= ali)Vim; | a0 * ®1(x) + D a(j) fo(x)Vin,;().
Jj=1 j=1
According to (3.53),
_ 0,,
Vingl < Il folloo [V ]]1- (C.11)

which combined with ||V, j{lcc < 0m ||V ||co, glves that ¢, 4 is a positive function for large enough
m, satisfying moreover:

m—1
[ ematariz = [ tarao+ 3 ati) [ foleVins (oo = Vo) =1

j=1
and hence ¢, , is a probability density. The main point of the proof lies in checking that there
exists a family of probability densities {au, q}qca on R such that for all integer m,

Vae A, oma*P1 = Yma. (C.12)

We start with the proof of the existence of a family of real valued functions {3 j }1<j<m—1 such
that:
Vi<j<m—1, foVim;=Ppn;*P1

The following proof follows the lines of Theorem 2.2.1 in Taupin (1998). Consider the function
am,; defined by

am () = €2 (fo Vi i) (1) (C.13)

The Fourier transform of the product foV,, ; is the convolution product between fj = ag®] and
O —iuj . .. .. .

Vi i(u) = T2e g/ "V*(5=) all having a compact support. This implies in particular that the

function a,, ; has a compact support, included in the algebraic sum of the preceeding supports,

that is to say included in [—-2 —2m;2 4 2m]. In particular, the function a,, ; belongs to Li(R)N

L2(R), and we can define f3, ; as its inverse Fourier transform (denoted by *) defined by

7 1
g () = a3 () = 5=

/ e (foVin )" ().
Then we get the identity:
B, * @1 = apy j* @1 = [ag, ;81]° = [(foVing)'T = foViny-

By construction fyV}, ; is a real valued function. Consequently, Im(3,, ; * ®1) = 0 and therefore
@1 * Im(Bp,;) = 0. This implies that ®7(Im(By,,;))* = 0 and thus Im(8,,,;) = 0. We finally get
that 3, ; is a real valued function. Now we define o, , in the following way:

m—1 m—1
Am,a = 1— Z a(j)vm,j ag + Z a(j)/@m,j- (Cl4>
j=1 j=1
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The function o, 4 is a real valued function that satisfies the equalities:

m—1
amax P = [1-— a(])Vm] aO*CI)l—i—Za (7)Bm,j * ®1
j=1
m—1 m—1
= (1- a(j)V; mj | Jo+ a(j) foVin,j
j=1 j=1

and therefore

Ama * ® = Pm,a-

The last thing is to prove that o, 4 is a probability density on R. The main point lies in proving
that oy, 4 is a positive function. This, combined with the facts that ¢,, 4 is a probability density,
©ma = Omq * P1 and Fubini’s Theorem, give us that it integrates to one. It remains thus to
prove that, for m large enough, it is a positive function.

The first step is to note that

m—1 m—1
||Odm7a - aOHOO = (1 ]ao Z alg ﬂmy mjo)o 0, (C15)
Jj=1 j=1

oo
so that for each compact set K in R, we can find an integer mq large enough such that, for all
m greater or equal to mg and for all z in K, we have au;, q(2) > 0. Indeed, easy calculations
provide that a,, ; can be written
am,j(t) — et2/29—m/a8(u—t) —(u—t)2/2 *’L’u,_]/mv*] <U>du’
m 2

m

and therefore
9m 2 * —(u=t)? (X
Bug@] < g [ [P Ucainmlag(u— e v (2] dudt

4 .
< eI o V. (C.16)

Combining (C.11) with (C.16) we get that

m—1
a(i)Vingoo| < laollsollfolloo [V 1160
J=1 00
m—1 2
a(i)Bml| < G llagl VT imbue™ A,
j=1 ~

and the uniform convergence of ;4 to ag in (C.15) follows under Assumption C.1.
The second step deals with what happens for large |z|. For this write 3, ; in the form

5m,j($) _ 27Tm // it t /2 g—iug/m o —(u— t)?/2 aj(u—t)V ( )dudt
_ Om //eztm—zw/me—u2/2+uta8(u _ t)V* (—) dudt
2mm m

0 . o 2
— m ixu—iugj/m 7v(m+u) /27, *
B 27Tm/e (/ o(v )dv)e v (m) du
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Simple calculations show that

/ e vliztu) ag(v)dv =

and then we finally obtain

0 o -9 e2(utiz) _ o—2(utiz) ) u
) _ ’m tru—iuj/m w2 /2y (W d 1
3] 2mm / ‘ ((U +iz)? " 2(u +ix)3 v (m) uw, (C17)

9 e2(utiz) _ o—2(utiz)

(u+ix)? * 2(u + iz)3 ’

and the bound:

m—1

a(f)Bm.j(x)| <

2
C'm@,,e2m +im

22

: (C.18)
j=1

where C' is a positive constant and m9m62m2+4m — 0. Arguing as in Taupin (1998), we get

m-—oo
that large enough |z|, we have

m—1
N\ 0
1 - E la(])Vm,j ag(z) = pok (C.19)
‘7:

(C.20)

where § is a positive constant. This lower bound is based on the following inequalities: for all
x > 0 write x = km +t where k > 0, and 0 < ¢t < w. Then we get

[ sin®(t — u) sin®(u)
ao(w) = / ulhr + ¢ — w2

in?(t — u)sin®(u) /[u(kn —u))?du.
> /uwsm (t — wsin®(u)/[ulkr +t — w)?d

But (k—1/2)t <kr+t—u< (k+1)mr — /2 leads to

ap(z) > [(k+3/2)7] 2 / sin?(t — u) sin®(u) /u*du,

|u|<m/2
and thus
ap(z) > Clk+ 3/2)%]2/ sin(t — u)du
lul<m/2
> K [(k+3/2)7]) 2.

Then we use that
2?2 = kB2n? + 2tkm + 2 > k*n%.

Moreover, there exists a constant C” such that for k large enough, (k + 3/2)27r? < C"k*n? <
C"x?, and then

(k‘ + 3/2)—27_‘_—2 > [C”J,‘Q]_l,
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which gives the result.

Combining (C.18) and (C.19), we get that for large enough |z|, the quantity o, q(z) is
positive.
Note that Equation (C.18) follows from (C.17), by using that

m—1
O 2 e2lul 2
< —1 R,
2 a(j)Bmj(x)| < (m )27rm/ <u2+x2 T (W2 +22)32 | © BEL
< I [ promy g
= T2 ) © || <2
< _2m9m62m2+4m
T
which converges to 0 under Assumption C.1. (I

Proof. Proof of lemma 3.5.6.

We will consider the different cases £ = 0 (concerning the estimation of the density of the
observations) and ¢ > 1 (concerning the derivatives of this density).

First case: £ = 0.

Fix two functions a and @’ in Ay. By definition, the distance ||¢m. o — @m.qo||p is given by

m—
lom,a — Pm,allp = Z ) fo(Vin Vin.i)
=t p
Now, we restrict our attention to the interval [1/(2m); (2m — 1)/(2m)] and lower bound the

integral ||@m,a — @m.qo || by the restricted integral over this subset. This interval is the disjoint
union of the intervals [(2k — 1)/(2m); (2k + 1)/2m], when 1 < k < m — 1, so that we get:

m— 2k+1 m—1 p
oma — @marlly > 3 / 3" (@) — /() fol) (Vi (&) — V)| d
k=1 j=1
We use the following inequality on real numbers, valid for all p > 1,
la|P > 27P|a — bP — |B|?, (C.21)

to obtain that

2k+1

m—1
loma = emarlls = 3 / (277 la(k) — @' (&) 7 F§(2) Vi () = Vi sl?
k=1

_ ’ Z_ ((I(]) - a/(j))fo(.l‘)(vm7j($) _ Vm’j)‘P] d.

ik

Note that the functions a and a’ take values in {0; 1}, so that the quantity |a(k) —a'(k)[P equals
la(k) — a'(k)| and is bounded by 1, for all 1 < k < m — 1. Use also the triangular inequality to
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obtain

m—1 2k+1
2m _
lema—omalf 2 3 Lo [0 - L@ Vinae) = T
= 2m
_ p
Z Jo(@) Vi 5 (z) — Vm,j‘) }dl’-

1<5<m—-1
37k

The interval [1/(2m); (2m — 1)/(2m)] is included in [0; 1], and the density fy is positive on the
compact interval [0; 1], so that we can write:

m—1 2k41
— 1P —p ! . D 2m 5
= 2m
-1 2k+1
_ P
- Z/ ( Z fo(@)|Vin,j(2) — Vm,j!) dx. (C.22)
k=1 1<j<m—1
J#k

Consider the first term, and use the Inequality (C.21) to get that

o B Vorsl?
2m — _ 2m k
S Worala) = Vst = 270 [ 11,00 e - et
= = m
2m 2m
with
2k+1 — _
m Vo . |P gr /2 Voo P
27P ’ ‘Vm,k(fﬁﬂpda}— m — 9—pMm v — | m7k|
2k—1 m m 71/2 m
2m
and therefore by using (C.11)
% » pep / . ep »
o Wonkle) = Vsl 2 200 [ V= SV
2m

Returning to (C.22), we get:

m—1 1/2 2 p
Om Lfol BNV |12
oma = emarlly 2 205, (ﬂélﬁf()) 2 otk (2 f e

—1 1/2
m—1 2k+1

- Z /2’:? fo(m)p( Z Vinj () — Vm,j|>pdl‘.

k=1 2m 1<j<m-—1
Tk

By definition of the set Ay, we have:

m—1
la(k) —a'(k)] >
k=1

m—1
4 )
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and since m > 2, it leads to

9P ' 1/2 f go VP
H‘Pm,a - (Pm,a’Hg > ?051 <1nf f(§2> (/ ’V|p - M

(0;1] ~1/2 mp
m—1 % )
_ Z/z“ fo(x)p< 3 \de(x)—vm,j\) dz. (C.23)
k=1" "2m 1<j<m—1

J#k

Let us consider the second term appearing in this inequality. Combine the triangular inequality,
(C.11), and then the definition of the function V' to get

_ . O,
Y Wing(@) = Vgl < ) Om|V (mz = 5)| + ml| follool[V'll1- =

1<j<m—1 1<j<m—1
J#k J#k
2
<on( Y i olelVIn
1<js<m—1

ik

But when x belongs to the interval [(2k — 1)/(2m); (2k + 1)(2m)], the variable mx — j ranges
the interval [k — j — 1/2;k — j + 1/2] and then we have the upper bound:

2 2 2
D T BN Dl ey Rl D ey

1<j<m—1 1<j<k—1 k+1<j<m—1
J#k
2 2
< 2 ~ 0 ~
- _ 4 _ 2 _ 2
<D w(k—j—1/2) k122 w(k—j+1/2)
4 1
< — —_ C.24
- o Z (n—1/2)2 ( )
n>1

The last quantity is a finite constant denoted by Cj. Then, when x belongs to the interval
[(2k —1)/(2m); (2k + 1)/(2m)], we have

> V(@) = Vgl < 0 (C1L+ I folloolIV 1) -
1<j<m—1
i#k

Now, returning to (C.23), we obtain
l o2 (we ) [ vy
Pm,a — Pm,a’ > m |:— <in ) /
i 8 \[o:]"" ~1/2

2—Pp
- ot ol Pl - 25 (1t 77

[051]

[ follalIVIITY
mP

Let us study the right hand side of this inequality. The third term is negligible in front of the
two others, as m tends to infinity. The last thing to check is that the quantity

9P 1/2
2 (inf fé’) [ e =@ Ll VLAl (C.25)
/2

8 \[0;1] —1
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is positive. Use the function V)(-) = V(\-) instead of V' (there is no loss of generality as the
only important thing we used is the compact support of the Fourier transform of V). Then we

have
1/2 1 (M2
[omr=1 [ v
~1/2 —\/2

and instead of the upper-bound (C.24), we get

. 1 . 1
S me-l<s > IVimz—j)l < 5.
1<i<m—1 1<i<m—1
#k #k

Moreover,
1
i = <l|V]h.
IVl = 1V

Now, the quantity (C.25) becomes:

1|27P A2 1 (Ch P
S 12 (inf P p_ P
A [ 8 ([lor;ll] f0> //\/2|V‘ A1 <>\ T ”foHooHVH1> 1Folly| -

which is positive for some \g large enough, as p > 1. Using this remark, we conclude that there
exists a positive constant C' such that

loma = @malll > COB,-

Second case: ¢ > 1.
By definition Hcp%)ﬂ - gofﬁ) o+ |lp given by

m—1 -1
. . _ J4 _
000 — Comalo = || D (als) = a'(5)) (fo‘%vm,j Vi) + Y @ 15 Vi ’“)
j=1 k=0
p
satisfies the inequality
leld), — (Pgr?,a’”p > A1 — Ay — A (C.26)
with
m—1 y m—1 ’ _
A = Y @) —dMrVO| s A= @) — d DV Ving — Ving)
j=1 =1
p p

m—1 -1

wd 4 = Y (at) - 0D Y () AV
j=1 k=1

p

The purpose is to lower bound A;, and then upper bound As and A3 by quantities that are
negligible in front of A;. We begin with the first term A;, which will be treated in the same
way as the case £ = 0. We restrict our attention to the interval [1/(2m); (2m — 1)/(2m)], which
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is the disjoint union of the intervals [(2k —1)/(2m); (2k +1)/2m], when 1 < k < m — 1, and use
the Convexity Inequality (C.21) to write

Aﬁ’:/}z fo(x)m 0, V()(mx—j)pdm

m—1 .2k+1

=m0, /Q,j"j 2 lalk) — /() @IV Oz — )P
k=1
-1 X @) - d )o@V Oma - j)| | da.

Same computations as in the case £ = 0 lead to

-p 1/2
AP > mfrep, <mf P) / v @p
0;1] —-1/2

55
m/2 > \V“Wm$—jﬂyhﬂ, (C.27)

1<j§ﬂ%*hj¢k

,_.

k=1

and the point is to upper bound the quantity

Yo VOma )

1<j<m—1;j#k
by a finite constant. Remember the definition of the function V:

cos(u) — cos(2u 1 P(cos(u
Vi) = S5 = o) _ 1Pl

where P is a polynomial function, and Q(u) = u?. Now, compute the derivative with respect to

the variable u,
¢ (k)
1 1
P E k) )
E ( ) 0 €oS) (u) (—) (u)

k=0

Easy calculations give

1\® —1)(k +1)!
(@) @

and by obvious upper-bounds on trigonometric functions, there exist a constant M, such that,
for all integer 0 < k < ¢,
(P o cos) M (u)] < M.

Therefore the derivative V) satisfies
¢
(k+1)! Ko/ |u|? if |ul >1
v Z < > |u|2+k = { e [ul>+0 i u] < 1 (C.28)
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where k¢ is a positive constant. For all z in the interval [(2k — 1)/(2m); (2k + 1)(2m)], the
variable mx — j ranges the interval [k — j — 1/2;k — j 4+ 1/2] and then we have

Yoo WOma—j= > VOmz—j+ > [VO(ma-—j)

1<j<m—1;j#k 1<j<k—1 k+1<j<m-—1
which is bounded in the following way
1
l . 4 {4
| Z | VO (ma —5) < ]V()(mx—k+1)|+|V()(ma:—k—1)\+2ﬁgzm.
1<i<m—1;5#k n22

It follows that Y1,y [V (ma — j)| is bounded by

/{g(22+£ﬂ[1/2;1] (’I’)’MU —k + 1) + ]1[1;3/2} (mIE —k + 1))
+ (2 Ny gy (ma — k= 1) + Tz 9,1y (ma — k — 1))

and finally
1
() o 244 .
| > | VO (ma — )| < 260(1 +227) + 26, Y CESYOL (C.29)
1<i<m—1;5#k n>2
The last quantity is a finite constant denoted by Cy. Combining (C.29) with (C.27), we get

A2 > mivgy, |22 (i“f fé’) /  vop ol
8 \[01] —1/2

The next thing to check is that the quantity

- 1/2
27 <inf fé’) / : VO —CPl follp (C.30)
8 \[0:1] —-1/2

is positive. But the same argument as in the case £ = 0 concludes the proof. Use V)\(:) = V(\)
instead of V' (whose Fourier transform has a compact support). Then we have

1/2 22 22
// ’V/\(f)‘p:l// /\fp‘v(f)‘p:)\fp—l// |V(£)\p.
—-1/2 A —\/2 —\/2

Using (C.28), we have

-2 2
@\ — 10 < ] Ry /ul it uf > 1
Vi (w)] = AV ()| < { (A2k0) /||t if Ju| < 1
and the upper-bound (C.29) becomes

> Wme gl <N
1<j<m—1;55#k
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where (Y is a positive constant. The quantity (C.30) becomes then

2-P /2 (cy
P S (it £ Op _ ,
' (8 <E£5f°>/_k/2|v v

For p > 1/2, the second term converges to zero as A tends to infinity, while the first one converges
to 277 /8(inf .1y f5) V|5 So we obtain that there exist some Ao large enough for which this
quantity is positive. Using this remark, we conclude that there exists a positive constant C;
such that

—_

A= > (@) = d (G FVY| = Crm O, (C.31)
j=1

3

p

We now come to upper bound the second term As. By definition and applying the triangular
inequality we obtain

m—1
As = || 3 (@) = ) Ving = Ving)
Jj=1 P
m—1 y
< >0 1” Wi = Vn )l
j=1
-1
< (L Vausll + Vsl 15°1)
7j=1
m—1
< 3 (118 o 1 Vingllp + Vol 1567115 -
7=1

Again using the definition of V;, ;, we get

Om
”Vm,ij 1/pHV”p )

which combined with Inequality (C.11) provide that for p > 1, there exists a positive constant
(5 such that

Hm ¢ am 4
Ay < (m—1) (ml/p IVl £6”llso + =211 olloo 1V 111175 >||p)
< Cym'~'Pg,,, (C.32)
and this quantity is negligible in front of m%@,, when ¢ > 1. Finally, the third term Ajs verifies

_m_l ._,.g_l (=)
45 = |13 () am)Z()fo e

j=1 k=1

( )Hfok)\oo\V( -

IN
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Note that '
U=k)y g TV TR < —1-1/p (r)
||Vm,g lp = Om mi/p 114 [p <m Om 1;}}2}_1 VA1l
And then
As < 2'm! VPG, max HfOT)HOO max ||V, (C.33)

1<r<f—1 1<r<f—1

which is also negligible in front of m‘@,,. Combining (C.26), (C.31), (C.32) and (C.33), we
conclude that for all £ > 1, there exists a positive constant C such that

l9$00 — @ llp > Cmlo,

and the proof is complete. O

Proof. Proof of Lemma 3.5.8.

The computations start exactly in the same way as for the proof of Lemma 3.5.4 until the
discussion about the behaviour of 3, j(x) (which is the analogue of 3,, ; when fy is replaced
by fo,) for large enough |z|. In fact, the expression of ag plays a role in establishing equation
(C.17). Here, the function af, is equal to the square of C; times the convolution product of
20 + 2 times the function S* = Ij_y;1- More precisely:

Qe = C2(S* % ... S")?,

where the convolution product appears 2¢ + 2 times. This function is an even piecewise poly-
nomial, with support equal to [-2¢ — 2;2¢ + 2], and is 2¢ times continuously differentiable. The
behaviour of 3, j¢(x) is related to the quantity:

/ et 0o (0)dy = I(iz+u) + [(—iz — ),

where
2042
I(c) = / e ag o(v)dv.
0

Integrating by parts, we get:

1) = | a0 zm PRGN

CcvU

2042 2042 2042 _cv
€ % 20—1 € * 20 € * 20+1
-S| E e @] - [ g 50 e

Since «f , is 2¢ times continuously differentiable and equal to zero outside [-2¢ — 2;2¢ + 2], its
derivatives up to the order 2¢ are equal to zero at the point 2¢ 4 2. Moreover, aq is an even
function, so that (af ,)@*=1(0) = 0 for all k < £. Now adding I(c) with I(—c), we obtain that:

2042 cv —cv
e —e * (2041
I(c) + I(—c) = — / e (ap) Y (),
0 C
and integrating by parts we get:
- 2042

1)+ 1(-0) = - | “ i (0™ )]
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This gives that

| ' 2042
(iztu)v _ ,—(izt+u)v
o e e .\ (2041
/6 v(iz+ )Oéo,f(v)dv - [ (i + u)?+2 (O‘O,é)( ) (v)
0
A2 glimtuly _ g—(iztwv o0
i /o (iz + w2z \%0s W),

and is bounded in the following way:

- 20+ 1)yl
—v(tTTUuU *
’/e ao,e(v)dv[ < 7@7@2 )

We use this expression to conclude that we have:

m—1 _ Cm9m€2m2+4(€+1)m
(I ﬁm,] L) > 220+2 )

J=1

with, by assumption m0m62m2+4(4+1)m —m—oo 0. The analogue of the lower bound (C.19) is
established in the same way and gives that for large enough |x| there exists a positive constant
6 such that

m—1 B 5
1= Z a(j)Vm,j | aoe(z) > pTEE
j=1

which ends up the proof of Lemma 3.5.8 in the same way as the proof of Lemma 3.5.4. O
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