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IntrodutionDeux problématiques sont abordées dans ette thèse. La première, développée dans les trois premiershapitres, onerne l'approximation à temps disret de la loi, à un instant T > 0 donné, d'un proessus dedi�usion multidimensionnel (ou plus généralement d'un proessus d'It�) tué/stoppé à la sortie d'un domaine.La deuxième, développée au Chapitre 4, est relative à l'étude d'un algorithme probabiliste pour les équationsaux dérivées partielles (EDP en abrégé) quasi-linéaires. Le pendant probabiliste de et algorithme est unproédé de disrétisation d'équations di�érentielles stohastiques progressives rétrogrades (EDSPR en abrégé).1 Disrétisations assoiées à des proessus dans un domaineDans ette partie, qui regroupe trois hapitres, nous nous sommes intéressés pour un instant T > 0 donnéà l'approximation de quantités du type E [g(T ^ �;XT^� )℄ (1)où g est une fontion borélienne, (Xt)t�0 est un proessus d'It� d-dimensionnel et � := infft � 0 : Xt 62 Dgoù D est un domaine de Rd .Les espéranes de fontionnelles stoppées ou tuées de type (1) apparaissent dans de nombreux ontextes.En mathématiques �nanières, elles peuvent représenter le prix d'options à barrière de pay-o� g lorsque ladynamique de l'atif risqué sous-jaent est donnée par elle de X (f. Karatzas et Shreve [KS98℄). Dans unadre Markovien et sous des hypothèses appropriées, l'expression (1) orrespond à la représentation Feynman-Ka de la solution à l'instant initial et au point x = X0 d'une EDP parabolique ave des onditions aux limitesde type Cauhy-Dirihlet (f. Freidlin [Fre85℄).Dans es ontextes, il paraît essentiel de pouvoir approher (1) en ayant de bons ontr�les des vitesses deonvergene par rapport aux paramètres d'approximation.Dans le premier hapitre de ette thèse, nous onsidérons le as où X est un proessus de di�usion, dontles oe�ients véri�ent une hypothèse de type hypoelliptiité, lorsque le domaine D est su�samment régulier.Pour approher (1), nous disrétisons ensuite la di�usion par son shéma d'Euler tué à temps disret le longd'un maillage régulier en temps de pas h = T=N; N 2 N� . Sous les hypothèses préisées i-après, nousisolons d'abord le terme prinipal de l'erreur faible assoiée, i.e. elui qui reste à développer dans la perspe-tive d'obtenir un équivalent. Jusqu'à présent, seule une majoration de l'erreur faible avait été prouvée, f.Gobet [Gob00℄, et e sous une hypothèse d'uniforme elliptiité du oe�ient de di�usion. Nous obtenons iiun enadrement de l'erreur sous une hypothèse d'hypoelliptiité restreinte exhibant ainsi la vitesse exate deonvergene de l'erreur (qui est ph) dans un adre où le oe�ient de di�usion peut dégénérer.Dans le deuxième hapitre, nous étudions l'impat dans (1) de la disrétisation du temps de sortie � lelong d'un maillage en temps régulier de pas h = T=N; N 2 N� , lorsque X est un proessus d'It�. Sousdes hypothèses peu ontraignantes nous retrouvons, pour un domaine D régulier (ou une intersetion �niede domaines réguliers), la vitesse préédente de ph pour l'erreur faible. Cei met en évidene que l'ordrepréédemment trouvé est en quelque sorte intrinsèque à l'approximation disrète du temps de sortie et n'estpas relié à l'utilisation du shéma d'Euler. Par ailleurs, dans e adre non Markovien, pour palier à l'absene1



d'EDP sous-jaente nous avons introduit des nouvelles tehniques spéi�ques au alul stohastique pourdévelopper et ontr�ler l'erreur faible.En�n, le troisième hapitre est relatif au as partiulier du mouvement Brownien lorsque le domaine D estune intersetion de m demi-espaes (m 2 [[1; d℄℄). Notons que lorsque m � 2, le domaine D présente des singu-larités le long des intersetions des demi-espaes. Dans e ontexte nous avons obtenu un développement del'erreur faible assoiée à la disrétisation du temps de sortie. D'un point de vue numérique, les développementsd'erreur sont utiles dans la mesure où ils légitiment l'emploi de tehniques d'aélération de la onvergene detype Romberg. Dans notre as, nous nous appuyons sur le développement limité de l'erreur pour proposer uneméthode d'aélération originale basée sur une orretion appropriée du domaine qui permet de ompenserle biais de disrétisation dans (1). Notre tehnique se révèle moins oûteuse que Romberg et les résultatsnumériques ainsi obtenus sont enourageants.1.1 Vitesse de onvergene pour des di�usions hypoelliptiques tuées approhéespar le shéma d'Euler disretCe sujet est abordé dans le Chapitre 1 de la thèse. Soit (Xt)t�0 un proessus de di�usion d-dimensionnelde dynamique Xt := x+ Z t0 b(Xs)ds+ Z t0 �(Xs)dWs (2)où (Wt)t�0 désigne un mouvement Brownien (MB en abrégé) standard de Rd0 .Considérons un domaine D, i.e. un ouvert onnexe, de Rd tel que x 2 D et dé�nissons � := infft � 0 : Xt 62Dg. Pour un temps déterministe T > 0 donné, nous nous sommes dans e hapitre intéréssés à l'approximationde quantités du type Ex [f(XT )I�>T ℄ (3)où f est une fontion borélienne.Pour estimer la quantité (3), la stratégie naturelle onsiste à utiliser un shéma de disrétisation de ladi�usion X , puis à approher l'espérane de la fontionnelle du proessus disrétisé par une méthode deMonte-Carlo en préisant un proédé d'approximation du temps de sortie assoié au shéma disrétisé.Pour disrétiser la di�usion, notre hoix s'est porté sur le shéma d'Euler. Pour une subdivision régulièrede pas h = T=N; N 2 N� de l'intervalle [0; T ℄, notons pour tout i 2 [[0; N ℄℄; ti = ih. Le shéma d'Euler disret(XNti )i2[[0;N ℄℄ assoié à (2) sur l'intervalle [0; T ℄ est dé�ni omme suitXN0 = x;8i 2 [[1; N ℄℄; XNti = XNti�1 + b(XNti�1)h+ �(XNti�1)(Wti �Wti�1):Indiquons que l'on peut prolonger e proessus onstant par moreaux en un proessus ontinu en posant sur[ti�1; ti) XNt = XNti�1 + b(XNti�1)(t� ti�1) + �(XNti�1)(Wt �Wti�1):Au shéma d'Euler disret (resp. ontinu) on assoie le temps de sortie disret �N := inffti � 0 : XNti 62 Dg(resp. le temps de sortie ontinu �N; := infft � 0 : XNt 62 Dg).Dans ette partie, nous avons restreint par hoix l'étude au as du shéma d'Euler tué à temps disretpour sa simpliité algorithmique. En e�et, pour un nombre donné NMC de trajetoires du shéma d'Euler,l'approximation par méthode de Monte-Carlo de Ex [f(XNT )I�N>T ℄ est donnée par la moyenne empiriqueENMC (f;N) = 1NMC NMCXj=1 f(XN;jT )I�N;j>Toù les (Xjti)(i;j)2[[0;N ℄℄�[[1;NMC℄℄ désignent des réalisations indépendantes du shéma d'Euler. Rappelons que dansl'estimateur i-dessus la simulation du shéma d'Euler ne requiert que la simulation de variables Gaussiennes2



standard quelle que soit la dimension d du proessus de di�usion sous-jaent. Ensuite, en e qui onerne les�N;j , il su�t de véri�er à haque instant de disrétisation si le shéma d'Euler est hors du domaine, auquelas l'on tue la trajetoire et elle-i n'apporte auune ontribution dans la moyenne empirique, ou bien s'il estdans le domaine et l'on poursuit alors la simulation jusqu'au temps �nal T ou jusqu'à e que le shéma d'Eulersorte de D à un instant de disrétisation ultérieur.L'erreur totale entre la quantité à estimer et e que l'on simule dans la pratique se déompose de la façonsuivanteEx [f(XT )I�>T ℄�ENMC (f;N) = (Ex [f(XT )I�>T ℄� Ex [f(XNT )I�N>T ℄) + (Ex [f(XNT )I�N>T ℄�ENMC (f;N)):= Err(T; h; f; x) +ES :L'erreur Err(T; h; f; x) est assoiée à la disrétisation du proessus et du temps de sortie. Elle est ontr�léepar les relations (5) et (6) i-dessous. Le terme ES orrespond à une erreur statistique qui, sous les hypothèsesqui permettent d'établir (5), est ave grande probabilité ontr�lée à l'ordre 1=2 par rapport à N�1MC , vitesseusuelle du théorème de limite entrale. Une vitesse de onvergene presque sûre pour e terme est donnée parla loi du logarithme itéré, i.e. log(log(NMC))pNMC .Indiquons par ailleurs que des tehniques de simulations existent pour approher le temps de sortie ontinu�N; du shéma d'Euler. Il su�t par exemple sur l'événement f�N; > tig et onditionnellement à la réalisationde XNti ; XNti+1 où XNti+1 2 D, de simuler une loi de Bernoulli de paramètre p := P[9s 2 [ti; ti+1℄ : Xs 62DjXNti ; XNti+1 ℄. Si la réalisation de la simulation vaut 1, i.e. le proessus est sorti entre les instants ti et ti+1, onannule la ontribution, on ontinue sinon. Par dé�nition du shéma d'Euler, p est liée à la probabilité de sortiedu pont Brownien d'un domaine donné. Si l'expression de ette probabilité est expliite en dimension 1 pourun domaine de la forme (�1; b), il n'en est pas de même en dimension supérieure et/ou pour des domainesplus généraux. A e propos, mentionnons le travail de Baldi, [Bal95℄, qui a obtenu des asymptotiques deette probabilité pour des domaines assez généraux lorsque le pas de temps h ! 0, à l'aide de tehniquesde grandes déviations. Ces proédés permettent d'améliorer la vitesse de onvergene de Err(T; h; f; x), f.Gobet [Gob00℄, ou dans un autre ontexte Baldi [Bal95℄ ainsi que Baldi, Caramellino et Iovino [BCI99℄ pourdes appliations �nanières. Ils se révèlent néanmoins numériquement oûteux pour des domaines arbitrairesen dimension d.Prinipaux résultatsDans un premier temps, nous montrons que lorsque les oe�ients b; � de (2) sont Lipshitziens et que �véri�e une ondition de frontière non aratéristique par rapport à �D de lasse C2 et bornée (hypothèse (C)du Chapitre 1), alors pour toute fontion ontinue f à roissane polynomialeErr(T; h; f; x) �!h�!0 0:Mentionnons que ette hypothèse (C) de frontière non aratéristique est en quelque sorte minimale dans lamesure où il existe des exemples pour lesquels (C) n'est pas véri�ée et Err(T; h; f; x) 6�! 0h�!0 .Dans la suite de ette setion nous supposons f � 0. Si les oe�ients b; � sont réguliers et véri�ent despropriétés de non dégénéresene de type hypoelliptiité générale, (H'), alors, pour un domaine régulier àfrontière bornée et une fontion f bornée s'annulant sur un voisinage de la frontière, nous pouvons isoler unterme dominant dans l'erreur Err(T; h; f; x). Préisément on obtientErr(T; h; f; x) = 12Ex [Z T0 �v�n (s;XNs )dL0s^�N (F (XN ))℄ + o(h1=2) (4)
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où v(t; x) := Ex [f(XT�t)I�>T�t℄, F représente la distane signée à la frontière et L0(F (XN )) désigne le tempsloal du shéma d'Euler à la frontière.Pour prouver e résultat les outils utilisés proviennent essentiellement des travaux de Talay et Tubaro,[TT90℄, pour l'analyse de l'erreur à l'aide de l'EDP satisfaite par v. Rappelons néanmoins que dans notre asv est solution d'un problème parabolique de type Cauhy-Dirihlet ontrairement à la référene indiquée oùseul le problème de Cauhy est onsidéré. Cei est soure de quelques di�ultés tehniques supplémentaires(i.e. développement en semi-martingale de la projetion sur �D du shéma d'Euler XN ).L'utilisation du alul de Malliavin onditionnel pour ontr�ler les dérivées de v lorsque t est prohe deT sont présentes hez Cattiaux, [Cat91℄. Toutefois, pour obtenir les estimées néessaires à nos aluls, desontr�les trajetoriels assez �ns doivent être en plus employés. Nous sommes notamment amenés à ra�nerertaines estimées de Bally et Talay [BT96a℄.Indiquons en�n que dans un adre d'uniforme elliptiité l'on peut s'a�ranhir de l'hypothèse de support surla fontion f lorsque elle-i est su�sament régulière et véri�e des onditions de ompatibilité sur la frontière.Il est également possible dans e ontexte d'a�aiblir les hypothèses de régularité portant sur le domaine et lesoe�ients.Le deuxième résultat de e hapitre onerne la vitesse de onvergene de Err(T; h; f; x) lorsque h tendvers 0. Sous les hypothèses préédentes de régularité et d'hypoelliptiité générale sur les oe�ients b; �, derégularité sur le domaine et de support sur f , il vient9C > 0; h � h0; jErr(T; h; f; x)j � Cph: (5)Ce résultat avait été obtenu par Gobet, [Gob00℄, dans un adre d'uniforme elliptiité du oe�ient dedi�usion. Nous le généralisons à un adre où le terme � peut dégénérer, i.e. sous (H').En onsidérant ensuite une hypothèse d'hypoelliptiité restreinte, f. (H), qui garantit la strite positivitéde la densité de la di�usion tuée, on a également9C 0 > 0; 8h � h0(x); C 0ph � Err(T; h; f; x): (6)De e dernier ontr�le l'on déduit en partiulier que Err(T; h; f; x) � 0. Cette propriété apparaissait lairementpour le mouvement Brownien, pour lequel XN = X , dans la mesure où f � 0 et �N � � p.s. En revanhe,dans le as général ela n'était pas a priori évident, bien que ela eût déjà été remarqué numériquement dansplusieurs as de �gures (voir Rubinstein et Reiner [RR91℄, Boyle et Lau [BL94℄ ou Baldi [Bal95℄). De (6) nousdéduisons don que e biais de surestimation est inhérent au hoix de meurtre disret.De façon générale, es résultats mettent en évidene que la vitesse de onvergene du shéma d'Euler disretest exatement d'ordre 1=2. Dans le adre Brownien, ei avait été prouvé par Broadie, Glasserman et Kou[BGK97℄ qui ont obtenu un développement de l'erreur ave un terme de premier ordre en ph. Nous n'avonsmalheureusement obtenu dans le as général qu'un enadrement, néanmoins les simulations numériques e�e-tuées tendent à mettre en évidene l'existene d'un développement limité de l'erreur à l'ordre 1=2. Rappelonsque du point de vue numérique un développement de l'erreur permet d'utiliser des tehniques d'améliorationde la vitesse de onvergene de type extrapolation de Romberg, voir Talay et Tubaro [TT90℄ et Chapitre 3.Un aspet essentiel pour l'analyse de l'erreur est que le terme prinipal mis en évidene dans (4) peuts'exprimer omme une moyenne de l'overshoot du shéma d'Euler disret (voir les preuves du Théorème 1.5.2et du Lemme 1.4.5), où l'overshoot désigne la distane à la frontière du proessus lorsqu'il quitte le domaine.Cei donne une intuition de l'origine de l'erreur: les inréments du proessus sont d'ordre 1=2 et il en est demême pour l'overshoot. Les bornes (5) et (6) de l'erreur se déduisent ensuite des ontr�les sur l'overshoot etrespetivement de la bornitude et strite positivité de la dérivée normale �v�n .4



Indiquons que dans une perspetive de développement de l'erreur, il faudrait obtenir la loi asymptotiquede l'overshoot. Ce type de problèmes est généralement analysé à l'aide de tehniques de renouvellement pourles haînes de Markov. Cependant, dans un ontexte multidimensionnel général, les hypothèses d'ergodiitérequises, voir Alsmeyer [Als94℄, Fuh et Lai [FL01℄, ne sont jamais satisfaites sur le shéma d'Euler hangéd'éhelle. Mentionnons que dans le as Brownien, i.e. pour Xt = x + �t + �Wt, il est possible d'obtenir laloi asymptotique de l'overshoot lorsque D est une intersetion de demi-espaes, voir Setion 1.3 et Chapitre3. De ette loi asymptotique l'on déduira sous ertaines hypothèses de régularité sur v un développement del'erreur.1.2 Ehantillonage disret de fontionnelles de proessus d'It�La vitesse obtenue préédemment en (5) et (6) soulève la question suivante. Le terme dominant de l'ordre1=2 en h provient-t-il de la disrétisation d'Euler ou bien de l'approximation disrète du temps de sortie?Nous répondons à ette question au Chapitre 2. Dans le ontexte des proessus de di�usion uniformémentelliptiques, et pour un domaine régulier, Gobet, f. [Gob00℄, avait montré que l'ordre 1=2 était intrinsèqueau temps de sortie disret. Dans le Chapitre 2, nous étendons e résultat au as de proessus d'It�, don apriori non Markoviens, dont le oe�ient de di�usion peut en un ertain sens dégénérer. Dans la mesure oùl'on n'a plus forément omme au hapitre préédent d'EDP sous jaente, d'autres types d'outils doivent êtreintroduits pour analyser l'erreur.En fait on a reours à des tehniques de type martingales qui se révèlent partiulièrement e�aes dansla mesure où l'on obtient ave des arguments assez standards de alul stohastique (hangements de tempsde Dambis-Dubins-Shwarz, inégalités BDG,...) le ontr�le à l'ordre 1=2 pour une lasse de fontions plusgrande qu'au hapitre préédent. Indiquons notamment que si la fontion est su�samment régulière, il n'estpas néessaire d'imposer qu'elle s'annule à la frontière pour obtenir la majoration attendue. Ce type d'outilspermet également d'étendre aisément e résultat à une intersetion de domaines réguliers.Prinipaux résultatsSoit (Xt)t�0 un proessus d'It� d-dimensionnel de dynamiqueXt = x+ Z t0 bsds+ Z t0 �sdWsoù omme préédemment W désigne un MB standard de Rd0 . Par la suite on supposera que les oe�ientsb; � sont bornés. Dé�nissons de nouveau � := infft � 0 : Xt 62 Dg. Pour un domaine D donné et un temps�nal �xe T > 0, nous nous sommes intéréssés à l'impat de la disrétisation de � dans des quantités du typeE [g(T ^ �;XT^� )℄:Préisément, pour un maillage régulier de pas h = T=N; N 2 N� de l'intervalle [0; T ℄, si ti = ih; i 2 [[0; N ℄℄ et�N := inffti � 0; Xti 62 Dg, on souhaite ontr�ler la onvergene vers 0 en fontion de h de la quantitéErr(T; h; g; x) = E [g(T ^ �N ^ �R; � �D(XT^�N^�R))℄� E [g(T ^ �;XT^� )℄:Ci-dessus �R := infft � 0 : Xt 62 D(R)g, où D(R) := fx 2 Rd : d(x;D) � Rg est un domaine pour lequel laprojetion � �D sur �D est dé�nie de façon unique.Pour un domaine D de lasse C2 à frontière ompate, si le oe�ient de di�usion (�t)t�0 satisfait p.s.une ondition de frontière non aratéristique (hypothèse (C) du Chapitre 2) et si la fontion g est boréliennebornée et véri�e une ondition de support, f. (G1), ou bien si g 2 C1;2b ([0; T ℄ � �D), f. (G2), i.e. g estbornée et ontinûment di�érentiable (1 fois en temps, 2 fois en espae) et que toutes ses dérivées partiellessont bornées, alors Err(T; h; g; x) = O(ph):5



Rappelons que le résultat i-dessus est relatif à l'impat de la disrétisation du temps de sortie seulement etnon du proessus X . Il ne peut don être diretement omparé ave les résultats énonés à la Setion 1.1, saufdans le as partiulier du mouvement Brownien. Dans e ontexte, indiquons que l'on obtient beauoup plussimplement la borne supérieure de l'équation (5).Nous montrons ensuite que sous (G1) le résultat préédent reste valable pour une intersetion de domainesde lasse C2 et à frontière ompate. Ce dernier point est intéressant même dans le adre Markovien dumouvement Brownien. En e�et pour des domaines non réguliers, il n'est pas faile d'utiliser les tehniquesusuelles d'analyse de l'erreur qui requièrent la régularité de l'EDP satisfaite par v introduite dans la setionpréédente jusqu'à la frontière, f. Chapitre 3 à titre illustratif. Dans le adre du Chapitre 3, nous souhaitonsobtenir un développement de l'erreur faible lorsque D est un orthant et n'avons pas réussi à e propos à nouspasser de l'EDP sous-jaente. En revanhe l'extension du résultat prinipal du Chapitre 2 à une intersetionde domaines met en relief le fait que dans un ontexte Brownien, l'erreur faible se majore simplement et quela prinipale di�ulté ne réside pas dans l'absene de régularité du domaine.Dans e hapitre nous avons par ailleurs également étudié l'impat d'une disrétisation en temps pourd'autres fontionnelles du proessus d'It� X . Des arguments simples de type Fubini permettent de montrerque pour une fontion  Lipshitzienne, si l'on dé�nit pour t 2 [0; T ℄; �(t) := inffti : ti � t < ti+1g alors  Z T0 Xtdt!�   Z T0 X�(t)dt! =Lp(P)O(h); p � 1:En�n, dans le adre unidimensionnel, i.e. d = d0 = 1, nous nous sommes intéréssés à l'approximationdisrète du maximum d'un proessus d'It�. Notons MT := supt2[0;T ℄Xt; MNT := supt2[0;T ℄X�(t). Dans le aspartiulier où �s = �(Xs) et � � �0 > 0, i.e. le oe�ient de di�usion est Markovien et uniformément elliptique,alors, en utilisant les tehniques de martingales préalablement introduites pour les proessus stoppés/tués, onarrive à montrer 9C > 0; E [MT �MNT ℄ � Cph: (7)Dans le adre Brownien, e résultat est une onséquene d'un travail de Asmussen, Glynn et Pitman [AGP95℄,qui avaient obtenu, à l'aide de déompositions trajetorielles en ponts de Bessel du Brownien autour de sonmaximum, la loi limite de pN(MT �MNT ). Nous retrouvons la majoration préédente ave des tehniquesélémentaires. L'hypothèse de oe�ient de di�usion Markovien et uniformément elliptique permet ensuite dese ramener au as Brownien à l'aide de la transformation de Rogers [Rog85℄. Dans des travaux futurs nousherherons à prouver (7) sans l'hypothèse de Markovianité sur �.1.3 Développement d'erreur et orretion dans un orthant: le as BrownienLe dernier aspet de ette première partie est relatif à l'étude de l'erreur faible dans le adre de domainesnon réguliers lorsque X est un mouvement Brownien d-dimensionnel de dynamique Xt = x + �t + �Wt où��� est dé�nie positive. Nous nous sommes restreints à des �nes de la forme D = \mj=1Dj ; m 2 [[1; d℄℄ où les(Dj)j2[[1;m℄℄ sont des demi-espaes d'intersetion non vide.Développement d'erreurPour une fontion f s'annulant sur �D, si l'on a des bonnes propriétés jusqu'à la frontière de la fontionv(t; x) = Ex [f(XT�t)I�>T�t℄ alors on peut montrer que pour h assez petit et ave les notations des deux
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paragraphes préédentsErr(T; h; f; x) = Ex [f(XT )I�N>T ℄� Ex [f(XT )I�>T ℄ = Cph+ o(ph) (8)où C est une onstante dépendant de D; f; x. Comme indiqué dans (4), le terme dominant reste elui assoiéau temps loal du proessus tué à temps disret à la frontière, en l'ourrene ii le mouvement Brownien.Préisément, si D = fy 2 Rd : yi > bi0; i 2 [[1;m℄℄g et la fontion v 2 C1;2([0; T ℄� �D) on obtientErr(T; h; f; x) = 12 mXi=1Ex [Z T^�N0 �xiv(s; � �D(Xs))dLbi0s (X i)℄: (9)De l'expression préédente et de la propriété v(s; :)j�D = 0, on déduit qu'il n'y a pas dans l'erreur de ontribu-tions assoiées aux parties singulières du domaine. En e�et, si pour x 2 �D il existe j 2 [[1; d℄℄; xj 2 �D, alorspour i 6= j, �xiv(s; x) = 0.Comme indiqué à la setion 1.1, la partie dominante du temps loal est en fait l'overshoot du proessusau dessus de la frontière, où l'on rappelle que l'overshoot est la distane du proessus à la frontière lorsquee dernier quitte le domaine. Dans le as partiulier du mouvement Brownien et pour une intersetion dedemi-espaes, il est possible d'obtenir la loi limite de l'overshoot et don un équivalent du temps loal. A epropos nous étendons les travaux de Siegmund [Sie79℄ qui avait identi�é dans un adre unidimensionnel la loilimite de l'overshoot et prouvé son indépendane asymptotique ave le temps de sortie disret du domaine.On déduit ensuite le développement de l'erreur (8) à partir de (9) à l'aide d'intégrations par parties. C'estpour justi�er ette dernière étape que de fortes hypothèses de régularité sont imposées sur v (dans la pratiqueon la supposera C2;4b ([0; T ℄� �D)). Obtenir une telle régularité est un point déliat dans la mesure où D n'estpas régulier lorsque m � 2.Conernant la régularité jusqu'au bord de la solution d'une EDP parabolique ave onditions aux limitesde type Cauhy-Dirihlet pour une intersetion de domaines réguliers, des résultats ont été publiés. Nousmentionnons à et égard les travaux de Azzam [Azz85℄ et Azzam et Kreyszig [AK80℄, [AK81℄. Néanmoins,à notre sens, les preuves sont en partie inorretes et nous n'avons pas utilisé les résultats énonés dans esartiles. Nous avons réussi à obtenir la régularité requise pour v dans le as de la dimension 2 à l'aide del'expression expliite de la densité du mouvement Brownien tué hors d'un �ne, f. Carslaw et Jaeger [CJ59℄ etIyengar [Iye85℄. Cette dernière s'obtient par extension de la méthode des images qui, lorsque l'angle � du �neest de la forme �=m0; m0 2 N� , permet d'exprimer ette densité omme somme �nie de noyaux gaussiens.La prinipale di�ulté que nous avons renontrée dans le as d'un angle � général est relative au ontr�le desdérivées de la densité qui s'exprime omme série de fontions de Bessel modi�ées. En dimension supérieureà 2, indiquons que la méthode des images reste valable pour des angles de la forme (�i = �=mi0; mi0 2N� )i2[[1;m℄℄; m 2 [[1; d℄℄ et que dans le as général, Bañuelos et Smits [BS97℄ ont obtenu l'expression de ladensité de transition du MB tué hors d'un orthant. Cette dernière n'est toutefois pas aisée à manipuler en equi onerne le ontr�le de ses dérivées et nous réservons es aluls pour des reherhes ultérieures.Corretion de domaine et aélération de la onvergeneRappelons que d'un point de vue numérique, le fait d'avoir un développement de la forme (8) permetd'appliquer des tehniques d'aéleration de la onvergene de type Romberg, f. Talay et Tubaro [TT90℄.Rappelons brièvement e prinipe. Pour h assez petit on déduit de (8) que1p2� 1E [f(XT )(p2I�2N>T � I�N>T )℄� E [f(XT )I�>T ℄ = o(ph):Cei suggère de remplaer l'estimateur de Monte-Carlo standard ENMC (f;N) de Ex [f(XT )I�>T ℄ introduitpréédemment parERombergNMC (f;N) := 1p2� 1  p2(NMCXi=1 f(X iT )I�2N;i>T )� (NMCXi=1 f(X iT )I�N;i>T )! :7



On se débarasse ainsi, à l'erreur statistique près, du terme dominant de l'erreur. Notons malgré tout que etteméthode nééssite le ra�nement du pas de temps et engendre don un oût supplémentaire de omplexité.Nous proposons une méthode alternative de simulation qui va permettre, de façon similaire à l'extrapolationde Romberg, d'annuler le terme prinipal de l'erreur tout en gardant la même omplexité algorithmiqueque l'estimateur de Monte-Carlo usuel ENMC (f;N). L'idée intuitive de ette orretion onsiste à tuer lemouvement Brownien non plus lorsqu'il quitte D à un instant de disrétisation mais lorsque qu'il quitte undomaine plus restreint Dh à préiser. En e�et, nous avons indiqué à la setion 1.1 que pour f � 0 le meurtre àtemps disret entraîne une surestimation de la quantité Ex [f(XT )I�>T ℄. Une idée naturelle est don de herherà ontraindre le domaine de sorte à ompenser ette surestimation. Indiquons qu'une démarhe de même natureest au entre d'un travail de Broadie, Glasserman et Kou [BGK99℄ qui dans un as unidimensionnel ont établiEx [f(XT )I�N>T ℄ = Ex [f(XT )I�~Dh>T ℄+o(ph); � ~Dh := inffs � 0 : Xs 62 ~Dhg; D � ~Dh := fy 2 R : y� ~Cph 2 Dgpour D = (�1; b); f(x) = e�rT (exp(x) � K)+; K 2 R+ . Leur propos était d'approher l'espérane avetemps de sortie disret par l'espérane ave un temps de sortie ontinu d'un domaine modi�é pour laquellel'on possède, dans e as partiulier, une expression expliite, i.e. il su�t d'exploiter la densité du mouvementBrownien unidimensionnel tué.Cette relation indique également que pour ompenser la surestimation due au meurtre disret, il est nées-saire de modi�er le domaine à l'ordre 1=2 par rapport à h.Pour établir notre orretion dans le adre multidimensionnel d'une intersetion de demi-espaes, nousutilisons, et étendons dans une moindre mesure au as de ertains domaines non réguliers, les travaux deCostantini, El Karoui et Gobet, [CKG03℄, relatifs à la sensibilité du problème de Dirihlet par rapport audomaine. Soit Dh := \mi=1Dih; Dih := fx 2 Rd : x � Ciphni 2 Dig où ni désigne la normale rentrante audomaine Di, et Ci est une onstante positive dépendant de Di, du oe�ient � et d'une onstante universelleprovenant des tehniques de renouvellement employées pour obtenir l'équivalent du temps loal. Dé�nissons�NDh := inffsi � 0 : Xsi 62 Dhg. On montre alors queErr0(T; h; f; x) := Ex [f(XT )I�NDh>T ℄� Ex [f(XT )I�>T ℄ = o(ph):L'estimateur de Monte-Carlo assoié s'éritECorretion DomaineNMC := 1NMC NMCXj=1 f(XN;jT )I�N;jDh >T :Du point de vue numérique, nous avons omparé les résultats fournis par les estimateurs ECorretion DomaineNMC etERombergNMC sur plusieurs exemples (demi-espae et �ne en dimension 2 pour di�érentes fontions). En termesd'erreurs relatives par rapport à une quantité de référene donnée pour Ex [f(XT )I�>T ℄, ECorretion DomaineNMCs'est toujours révélé plus préis, à oût moindre, que ERombergNMC . De plus sa variane empirique était égalementtoujours inférieure.1.4 Appliations des résultats préédents en mathématiques �nanièresDans e adre, l'inertain est modélisé par un espae de probabilité �ltré (
;F ;Ft;P) où P désigne laprobabilité historique et Ft représente l'information disponible à l'instant t. Nous onsidérons un ensemble ded atifs sous jaents (S1; :::; Sd) dont la dynamique sous P est donnée par8i 2 [[1; d℄℄; dSitSit = Bitdt+ dXj=1�ijt dW jtoù W est un P-mouvement Brownien d-dimensionnel. Nous supposons que �t est p.s. inversible, e qui assure,au prix de quelques hypothèses d'intégrabilité, l'existene d'une unique probabilité équivalente Q (probabiliténeutre au risque) sous laquelle les atifs atualisés sont des martingales.8



La théorie moderne des options [KS98℄ montre qu'en l'absene d'opportunités d'arbitrage et dans un marhésans fritions le prix d'une option de maturité T et de �ux  est donné parEQ [e�rT ((St)t2[0;T ℄)℄si le taux d'intérêt r est onstant, et B(0; T )EQT [ ((St)t2[0;T ℄)℄si le taux est stohastique, où B(0; T ) désigne alors le zéro oupon de maturité T et QT la probabilité forwardneutre.Une option barrière de pay-o� f , éhéane T > 0 et domaine D de type �out� sur S donne le �ux f(ST ) àson détenteur à l'horizon T si S est resté dans D sur l'intervalle [0; T ℄ et se trouve désativée sinon. Ave lesnotations préédentes ei orrespond au hoix de  ((St)t2[0;T ℄) = f(ST )I�>T , où � := infft � 0 : St 62 Dg.L'option barrière peut également être ave �rebate� 'est à dire que le �ux est Rt 6= 0 lorsque la barrière esttouhée à la date t 2 [0; T ℄. Le pay-o� prend alors la forme plus générale  ((St)t2[0;T ℄) = g(T ^ �; ST^� ).En onlusion, les étapes préédentes montrent qu'après le hangement de variables X it = log(Sit) (ladynamique de X i est alors elle des rendements du i�eme atif risqué), la valorisation des options barrière seramène au alul de E [f(XT )I�>T ℄ ou E [g(T ^ �;XT^� )℄ave de nouvelles fontions f; g et domaines D, sous une ertaine probabilité (Q ou QT ).Dans les paragraphes suivants nous donnons une interprétation de nos résultats en termes d'options barrière.Chapitre 1On a onsidéré dans e hapitre le as où X a une dynamique Markovienne de la formedXt = b(Xt)dt+ �(Xt)dWt:Les résultats donnés en (5) et (6) sont don des indiateurs de la vitesse de onvergene de l'espérane dela fontionnelle du shéma d'Euler de X tué à temps disret vers le prix de l'option lorsque elle-i est detype �out�. Ces ontr�les sont essentiels pour la simulation. A titre indiatif, la vitesse a priori donnée par(6) va permettre de alibrer le nombre NMC de trajetoires dans ENMC (f;N) pour atteindre en un ertainsens une préision donnée. Indiquons également que l'hypothèse d'hypoellitiité permet à � de dégénérer, equi autorise le as des options Asiatiques à barrière de pay-o� f(ST ; Z T0 Stdt)Isupt2[0;T ℄ St<U où U est un seuildonné.Chapitre 2Dans e hapitre, nous avons quanti�é la di�érene entre les prix d'options lorsque l'on observe la positionde l'atif par rapport à la barrière à temps ontinu et à temps disret. Pour une dynamique assez générale, i.e.X est ii un proessus d'It�, nous avons montré que ette di�érene est d'ordre 1=2 par rapport à la périodeh d'observation dans le as d'options de type �out� ou �rebate� lorsque le pay-o� est assez régulier.Le résultat onernant le maximum permet quant à lui d'établir le même type de ontr�le pour les options� look-bak �, i.e. lorsque l'on a  ((St)t2[0;T ℄) = f(ST ;maxt2[0;T ℄ St). En e�et, si f est Lipshitz ontinue, et quel'on s'attahe à la di�érene des prix entre les options faisant intervenir un maximum ontinu (resp. disret),on peut déduire du ontr�le mentionnéjE [f(ST ; maxt2[0;T ℄St)℄� E [f(ST ; maxt2f(ih)i2[[0;N℄℄gSt)℄j � Cph:
9



Chapitre 3Nous nous sommes ii restreints au as oùXt = x+ �t+ �Wtqui orrespond au modèle de Blak-Merton-Sholes (i.e. S est un MB géométrique standard) et au as del'option �out�.Dans la pratique il est assez naturel de hoisir D (assoié à l'atif S) sous la forme d'un domaine produit�mi=1(0; bi); m 2 [[1; d℄℄. Cei signi�e que pour que l'option �out� reste ative auune des m premières om-posantes de l'atif S ne doit dépasser un seuil donné sur [0; T ℄. Dans e ontexte et pour une ertaine lasse defontions f , nos résultats préédents permettent don d'avoir le développement de la di�érene des prix entreoption à barrière désativée à temps ontinu et à temps disret. On pourrait également retrouver, à l'aide destehniques préédentes de orretion de domaine, un résultat similaire à elui de Broadie et al., [BGK97℄, dansnotre adre multidimensionnel où, de plus, le domaine présente des singularités. Préisément, nous pouvonsindiquer omment ompenser, en modi�ant le domaine de l'option, la surestimation assoiée à l'observationdisrète.2 Algorithme probabiliste pour les EDP paraboliques quasi-linéairesLes liens entre proessus de di�usion et EDP linéaires sont lassiques. La formule de Feynman-Ka établitune orrespondane laire entre un problème aux limites linéaire et l'espérane d'une fontionnelle de proessusde di�usion.D'un point de vue algorithmique, ette représentation o�re l'intérêt de pouvoir estimer la solution du prob-lème de départ en simulant des trajetoires d'un shéma de disrétisation (shéma d'Euler, Milstein ou autre)assoié à la di�usion sous-jaente. Cette approhe est partiulièrement adaptée à la simulation en grandesdimensions de par sa simpliité algorithmique, qui permet d'éviter l'inversion de grands systèmes linéairesassoiés aux méthodes analytiques de di�érenes ou éléments �nis.Au début des années 90, Pardoux et Peng [PP90℄ ont introduit ave les équations di�érentielles stohastiquesrétrogrades (EDSR en abrégé) le bon adre probabiliste pour donner une représentation de type Feynman-Kade ertaines EDP non linéaires, dites semi-linéaires. Au Chapitre 4, nous nous intéréssons à une lasse plusgénérale d'EDP, dites quasi-linéaires, ayant préisément pour un T > 0 donné, sur [0; T [�Rd la forme :(E)8>><>>:�tu+ hb(x; u(t; x);rxu(t; x)�(x; u(t; x)));rxu(t; x)i+ 12tr(���(x; u(t; x))r2x;xu(t; x))+f(x; u(t; x);rxu(t; x)�(x; u(t; x))) = 0;u(T; x) = H(x);où u est à valeurs dans R.Sous des hypothèses garantissant une régularité su�sante de la solution u de (E), d'un point de vueprobabiliste, l'outil permettant de donner une interprétation de type Feynman-Ka pour u est fourni par lathéorie des équations di�érentielles stohastiques progressives rétrogrades (EDSPR en abrégé).Sur un espae de probabilité �ltré (
;F ; (Ft)t2[0;T ℄;P) et pour un P-mouvement Brownien d-dimensionnelB, résoudre une EDSPR 'est trouver un triplet (U; V;W ), (Ft)t2[0;T ℄ progressivement mesurable solution duouple d'équations (E)8>>>>><>>>>>:8t 2 [0; T ℄;Ut = x0 + Z t0 b(Us; Vs;Ws)ds+ Z t0 �(Us; Vs)dBs;Vt = H(UT ) + Z Tt f(Us; Vs;Ws)ds� Z Tt WsdBs10



et satisfaisant la ondition d'intégrabilitéE [Z T0 (jUsj2 + jVsj2 + jWsj2)ds℄ < +1:Ces équations ont été introduites par Antonelli [Ant93℄ qui a prouvé des résultats d'existene et uniité entemps ourt. Ensuite, Ma, Protter et Yong [MPY94℄ ont mis en évidene une méthode onstrutive de telsobjets à partir de la régularité de la solution de (E), 'est le Four step sheme. Néanmoins ette tehniquerequiert une régularité assez forte des oe�ients, qui est par ailleurs assez inhabituelle dans le adre des EDSet des EDSR. En�n, d'un point de vue plus général, Delarue [Del02℄ a montré l'existene et l'uniité sous deshypothèses usuelles de Lipshitz ontinuité pour les oe�ients de (E) et d'uniforme elliptiité de �. En termesd'appliations, es équations interviennent dans de nombreux domaines tels que les mathématiques �nanières(problème du gros investisseur) ou la formulation Hamiltonienne de problèmes de ontr�les. Nous renvoyonsau livre de Ma et Yong [MY99℄ pour un aperçu des di�érents hamps d'appliations.Sous de bonnes hypothèses la relation de type Feynman-Ka entre (E) et (E) se résume de la façon suivante8t 2 [0; T ℄; Vt = u(t; Ut); Wt = rxu(t; Ut)�(Ut; Vt); Vt = E [VT jFt℄ + E�Z Tt f(Us; Vs;Ws)dsjFt�:Au Chapitre 4, nous déduisons de la théorie des EDSPR un algorithme omplètement implémentable pourapproher la solution u de l'équation (E). La ontrepartie probabiliste de et algorithme est de fournir uneproédure de disrétisation du triplet (U; V;W ).La plupart des méthodes numériques proposées jusqu'à présent pour disrétiser des EDSPR reposent surdes tehniques analytiques de type di�érenes �nies pour approher la solution u de (E). Cette approximationest ensuite utilisée pour obtenir une disrétisation d'Euler de l'équation progressive. Le shéma proposé parDouglas, Ma et Protter [DMP96℄ s'insrit dans e adre.A l'opposé, nous proposons de déduire de la représentation en terme d'EDSPR de la solution u de (E)un shéma numérique pour aproher u. Notre stratégie s'inspire du shéma de disrétisation temps-espaeinitialement introduit par Chevane [Che97℄ dans le as déouplé. Dans e adre, les oe�ients b et � nedépendent pas de V et W de sorte que l'équation progressive se réduit à une EDS �lassique�. Le proessus Uapparaît don omme une �di�usion objetive�. Indiquons que dans e as partiulier, l'idée de disrétisationtemps-espae permet d'utiliser une approhe usuelle de �prinipe de programmation dynamique�.Du point de vue numérique, deux autres approhes ont été développées dans le as rétrograde. La premièreest basée sur des méthodes de Monte-Carlo, ouplées à des intégrations par parties de type Malliavin hezBouhard et Touzi [BT04℄ ou à des résolutions de problèmes de moindres arrés hez Gobet, Lemor et Warin[GLW04℄. La deuxième repose sur des tehniques de quanti�ation d'une version disrétisée de l'équationprogressive. La quanti�ation onsiste à approher une variable aléatoire par une loi disrète appropriée.Cette tehnique fournit une alternative numériquement peu oûteuse et e�ae aux méthodes de Monte-Carlopour l'estimation d'espéranes. Dans les travaux de Bally, Pagès [BP03℄ ou Bally, Pagès et Printems [BPP02℄relatifs à l'estimation du prix et de la ouverture d'options amériaines, l'idée prinipale onsiste à quanti�erde façon �optimale� une version disrétisée du proessus de di�usion, de sorte à approher une fois pour toutespar une méthode de Monte-Carlo le semi-groupe assoié. On e�etue ensuite une desente de programmationdynamique standard. Pour d'autres appliations de la quanti�ation, nous renvoyons aux travaux de Pagès,Pham et Printems, [PPP04℄ ou Pagès et Printems, [PP04℄.Stratégie de disrétisationDans le as ouplé, soit dans le adre quasi-linéaire, la di�usion U n'est plus �objetive�. En e�et, dufait de la non-linéarité de l'équation (E), les oe�ients de l'équation progressive sous-jaente dépendent de lasolution ainsi que de son gradient. 11



En partiulier, il n'est plus possible de quanti�er un shéma de disrétisation du proessus de di�usionomme indiqué i-dessus dans la mesure où nous ne pouvons pas obtenir �a priori�, i.e. sans approher u,de grille optimale pour e dernier. Nous quanti�ons don les inréments Browniens qui apparaissent dans ladisrétisation de l'EDS progressive et nous hoisissons de dé�nir la di�usion approhée sur une suite de grillesCartésiennes tronquées d-dimensionnelles. Indiquons que la proédure de disrétisation de U est désormaisfortement ouplée à l'approximation de (u;rxu) laquelle est également alulée le long de la suite de grillesCartésiennes tronquées d-dimensionnelles. Notons-la de façon générique (u; v).On peut dé�nir (u; v) ainsi que les approximations des transitions de U de façon à retrouver une sorte de�prinipe de programmation dynamique�. En e�et, onsidérons un maillage régulier en temps (ti = ih)i2f0;:::;Ngde [0; T ℄, où h est le pas de disrétisation. A haque instant de disrétisation ti assoions une grille Cartésiennespatiale Ci � f(xik)k2f1;:::;Nigg telle que 8i 2 f0; :::; N � 1g; Ci � Ci+1. Partant de tN = T pour lequel lasolution de (E) et son gradient sont onnus, on injete les valeurs de u(ti+1; :) et v(ti+1; :) sur la grille Ci+1dans la transition de la di�usion approhée entre ti to ti+1, i 2 f0; :::; N � 1g. Cela permet d'exprimer u(ti; :)à l'aide d'une version disrétisée de la formule de Feynman-Ka.Il reste désormais à détailler la façon de mettre à jour l'approximation du gradient de la solution u. Pré-isément notre méthode permet d'approher rxu(tk; :)�(:; u(tk ; :)) et non rxu(tk; :), d'où l'ériture spéi�quede l'EDP (E). Nous proédons en deux étapes. Nous utilisons tout d'abord une proédure de type inrémentde martingale similaire à elle proposée dans le shéma de disrétisation de Bouhard et Touzi [BT04℄, ouenore employée dans Bally et al. [BPP02℄. La deuxième étape onsiste à quanti�er les inréments Gaussiensqui apparaissent dans la représentation préédente.Référenes omplémentairesCertains aspets préliminaires de notre approhe sont utilisés par Milstein et Tretyakov [MT99℄ dans le aspartiulier où (b; f)(x; u(t; x);rxu(t; x)�(t; x; u(t; x))) se réduit à (b; f)(x; u(t; x)). Mentionnons toutefois quela preuve de onvergene du shéma numérique proposé dans ette référene est valable pour des équationsà �petit paramètre� (i.e. à petite matrie de di�usion). De façon générale, les auteurs doivent ontr�ler lespropriétés de régularité de la solution du problème de transport assoié à l'équation (E) (i.e. la même équationque (E), sans terme d'ordre 2). Auune ondition de e type n'apparaît dans e hapitre: en partiuliernous supposerons la matrie ��� uniformément elliptique. Aussi, nous pensons que le travail de Milsteinet Tretyakov [MT99℄ s'insère dans un ontexte di�érent du notre. Pour ette raison nous éviterons touteomparaison ultérieure entre les deux situations. Indiquons pour onlure que Makarov [Mak03℄ a adapté avesuès la stratégie de Milstein et Tretyakov [MT99℄ au as (b; f) � (b; f)(x; u(t; x);rxu(t; x)�(t; x; u(t; x)))sous des hypothèses de régularité su�sante des oe�ients. Bien entendu, la ondition assoiée au �petitparamètre� reste néessaire.Quelques aratéristiques de l'AlgorithmeConvergene sous des hypothèses faiblesDans Douglas, Ma and Protter [DMP96℄, les auteurs se plaent sous des hypothèses de régularité quipermettent d'exprimer le gradient de u omme la solution de l'EDP dérivée.Par notre stratégie d'inréments de martingales, nous évitons ette di�érentiation et pouvons don a�aiblirles hypothèses de régularité portant à la fois sur les oe�ients de (E) et sur la régularité de la solutionu de (E). Dans [DMP96℄, les oe�ients sont supposés di�érentiables et bornés. Nous les supposons justeLipshitziens et bornés en x. Dans la référene préédente, la solution u de (E) est au moins bornée dansC2+�=2;4+�([0; T ℄ � Rd); � 2℄0; 1[. Nous imposons seulement que u appartienne à C1;2([0; T ℄ � Rd ) ave desdérivées bornées d'ordre 1 en temps et d'ordre 1 et 2 en x. Sous es hypothèses nous obtenons des estimations12



de onvergene de u vers u, et des proessus disrets onstruits vers (U; V;W ), en fontion des paramètres dedisrétisation.Un algorithme omplètement implémentableRappelons que dans [DMP96℄, les auteurs onsidèrent toujours le as de grilles in�nies. Cei est plus simplepour l'analyse de la onvergene mais ne fournit pas en toute généralité un algorithme implémentable. Nouspréisons de notre �té l'impat de la tronature des grilles et quanti�ons ette ontribution dans l'erreurglobale.Finalement, indiquons qu'une proédure d'interpolation linéaire est néessaire à Douglas et al. pour dé�nirleur algorithme. Cela peut être lourd en grande dimension. Notre algorithme permet de dé�nir les solutionsapprohées aux seuls noeuds de la grille spatiale. De la sorte nous pensons que notre méthode est plus simple àimplémenter et numériquement moins oûteuse. Par ailleurs nous évitons également les inversions de �grands�systèmes linéaires inhérentes aux tehniques usuelles d'analyse numériques.Du point de vue numérique, les résultats obtenus par notre algorithme pour l'équation de Burgers unidi-mensionnelle ave oe�ient de visosité non nul, l'équation KPZ déterministe en dimension 2 et l'équation desmilieux poreux en dimension 1 sont bons et enourageants pour des situations plus omplexes. Notamment,les tehniques employées pour prouver la onvergene de l'algorithme devraient pouvoir s'adapter au as d'unproblème quasi-linéaire de type Cauhy-Dirihlet.Soumissions et PubliationsChaque hapitre de ette thèse a fait ou fera l'objet d'une soumission à une revue sienti�que ave omitéde leture. Préisément:- Chapitre 1: E. Gobet et S. Menozzi. �Exat approximation rate of killed hypoellipti di�usions usingthe disrete Euler sheme�. Stohasti Proesses and their Appliations, vol. 112 (2004), p. 201-223.- Chapitre 2: E. Gobet et S. Menozzi. �Disrete sampling of funtionals of It� proesses�. Soumis au Séminairede Probabilités.- Chapitre 3: S. Menozzi. �Improved Simulation of a disretely killed Brownian Motion in a one�. En prépa-ration.- Chapitre 4: F. Delarue et S. Menozzi. �A Forward-Bakward Stohasti Algorithm for Quasi-Linear PDEs�.Soumis à Annals of Applied Probability.
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Chapter 1Convergene rate of the Disrete Eulersheme for killed di�usionsIntrodutionLet (Xt)0�t�T be a d-dimensional di�usion proess, whose dynamis is given byXt = x+ Z t0 b(Xs)ds+ Z t0 �(Xs)dWs (1.0.1)with a �xed initial data x and a �xed terminal time T . Here, W is a d0-dimensional standard Brownian motion(BM in short) and the mappings b; � are Lipshitz ontinuous.LetD be a domain, i.e. an open onneted subset, of Rd . In this hapter, we are interested in approximatingthe law of this di�usion proess, killed when it exits from D. Namely, for a measurable funtion f , we wantto estimate the quantity E [f(XT )I�>T ℄ (1.0.2)with � := infft � 0 : Xt 62 Dg.Consider now a regular time mesh of the interval [0; T ℄ with N time steps, (ti = ih)i2[[0;N ℄℄, h = T=N beingthe step size. For a simulation proedure of (1.0.2), we de�ne the Euler approximation of (1.0.1) byXNt = x+ Z t0 b(XN�(s))ds+ Z t0 �(XN�(s))dWs (1.0.3)where �(t) := supfti : ti � t < ti+1g. Note that the values (XNti )0�i�N are straightforward to obtain usingthe simulations of the Brownian inrements along the mesh. The so-alled disrete Euler sheme orrespondsto the killing time �N := inffti � 0 : XNti 62 Dg. Thus, in a Monte-Carlo proedure the random variable tosimulate is simply given by f(XNT )I�N>T whih an diretly be derived from the realization of (XNti )0�i�N .We will fous on the disretization errorErr(T; h; f; x) := Ex [f(XNT )I�N>T ℄� Ex [f(XT )I�>T ℄:Main resultsIf b and � are Lipshitz ontinuous and D is smooth with �D bounded, we �rst show that under anon-harateristi boundary ondition (C), for every ontinuous funtion f with polynomial growthErr(T; h; f; x) �!h�!0 0:15



We also indiate that this ondition is somehow minimal to ensure a onvergent approximation.For a smooth domain D with ompat boundary, if � is in some-sense non-degenerated one an obtain apreise error deomposition and estimate the speed of onvergene.In the following we always assume f to be non-negative. Under the �usual� hypoelliptiity onditions (H')on the oe�ients b; � of (1.0.1) and for a bounded measurable funtion f vanishing on a neighbourhood ofthe boundary we obtainErr(T; h; f; x) = 12Ex [Z T0 �v�n (s;XNs )dL0s^�N (F (XN ))℄ + o(h1=2)where v(t; x) := Ex [f(XT�t)I�>T�t℄, F is the signed distane to the boundary and L0(F (XN )) is the loaltime of the Euler sheme on the boundary.Under uniform elliptiity onditions on ���(:), the same holds true without support ondition under someadditional smoothness assumptions on f .Conerning the speed of onvergene, in the uniformly ellipti ase, Gobet, f. [Gob00℄ and [Gob98℄, provedwith the above onditions on f 9C > 0; h � h0; jErr(T; h; f; x)j � Cph:We �rst extend this result under (H') when d(supp(f); �D) � 2" > 0. Then, strengthening the hypoelliptiityassumption, f. (H), we prove that9C 0 > 0; 8h � h0(x); C 0ph � Err(T; h; f; x):In partiular, we derive that in this ase Err(T; h; f; x) � 0. The step h0(x) depends on the distane d(x; �D)of the initial point x to the boundary. If the domain is bounded, the onstant C 0 of the lower bound is uniformw.r.t. the starting point x 2 D. For unbounded domains, this onstant is only loally uniform and alsodepends on d(x; �D).These results show that anyway the order of onvergene for the disrete Euler sheme is exatly 1=2. In aBrownian setting, this had been observed by Broadie and al., see [BGK97℄, who obtained an error expansionwith �rst order term in ph, thus proving that it was in that ase the true speed of onvergene. Conerningthe positivity of Err(T; h; f; x) for f � 0 it is straightforward if Xt = Wt sine in this ase Xt = XNt and�N � � a.s. It had been numerially observed in the general ase, see Boyle and Lau [BL94℄, Baldi [Bal95℄,but not yet proved.We also provide numerial examples that on�rm the theoretial onvergene results. Atually, they aresomehow better sine they tend to show, numerially speaking, that an expansion holds true even in the gen-eral ase.An essential feature whih omes up is that the main part of the error Err(T; h; f; x) an be expressed as asuitable average with positive weights of the overshoot of the disretely killed proess above the boundary (seethe proof of Theorem 1.5.2 and Lemma 1.4.5) (the overshoot being de�ned as the distane to the boundary ofthe proess when it exits the domain). Hene, it provides a lear explanation of the main origin of the error:16



roughly speaking, the inrements are of order 1=2, and hene (but this is not so straightforward as it will beseen), the same estimate holds for the overshoot.Then, the lower and upper bounds for the error derive from the ontrols on the overshoot and the respe-tively positivity and boundedness of the normal derivatives of the solution of the underlying PDE satis�ed byv introdued for the error analysis.The derivation of an expansion for Err(T; h; f; x) at the order 12 would require the omputation of theasymptoti law of the overshoot: this is a lassial issue whih is usually analyzed with the renewal theoryfor Markov hains. Unfortunately, in a general multidimensional setting, the available results only hold underergodiity type onditions (see Alsmeyer [Als94℄, Fuh and Lai [FL01℄ and referenes therein), whih are neversatis�ed on the relevant proess (i.e. the time-resaled Euler sheme). However, in a Brownian framework, i.e.when Xt = x+�t+�Wt, it is possible to obtain an error development when D is an intersetion of half-spaes,see Chapter 3.Plan of the hapterIn Setion 1 we state our working assumptions and also reall some basi properties onerning smoothdomains and the Euler sheme.In Setion 2 we introdue the PDE satis�ed by v(t; x) = Ex [f(XT�t)I�>T�t℄ and give some smoothnessproperties of its Green kernel, i.e. the transition density of the underlying killed di�usion proess.Writing an It�-like formula using the smoothness of the PDE we then deompose Err(T; h; f; x) in Setion3. The various ontributions of the former error deomposition are analyzed in Setion 4. This is the tehnialore of the hapter. This Setion is divided into three parts: the �rst one onerns the estimation of theboundary terms, overshoot and normal derivative of v. The seond part is dediated to the ontrol of theexpetations of derivatives of v. The last one onerns the analysis of a residual in the error. For the last twoparts, in the hypoellipti framework, we adapt ideas from Bally and Talay, see [BT96a℄, using some more orless standard Malliavin alulus omputations.We state our main results in Setion 5 putting together the previous ontrols. We �rst isolate the leadingterm in the error deomposition. Then, we give the upper and lower bounds for the error in the hypoelliptiase when f satis�es a support ondition, f. (F1). Finally, we detail the ase of a smooth funtion, f. (F2-l),without support ondition when the di�usion is uniformly ellipti.In Setion 6 we present some numerial results.Eventually, we onlude in Setion 7 giving some extensions and evoking some remaining open problems.
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1 Notations and assumptions1.1 About the proessFor the oe�ients of equation (1.0.1) we introdue the assumption(S-k) b 2 Ckb (Rd ;Rd) and � 2 Ckb (Rd ;Rd 
 Rd0 ),where Ckb (Rd ;Rd) (resp. Ckb (Rd ;Rd 
 Rd0 )), k 2 [[0;1℄℄, denotes the spae of bounded Rd (resp. Rd 
 Rd0 )valued funtions having k bounded ontinuous derivatives on Rd .We also require the oe�ients to satisfy some Hörmander like assumptions. Identifying the oe�ients(�i)1�i�d0 with the vetor �elds whih they de�ne, we denote by LM (x) the set of these vetor �elds and oftheir Lie brakets of length lower or equal toM taken at point x. We de�ne the strong Hörmander assumptionby(H) 9M 2 N; 9C > 0;8x 2 Rd ; 8z 2 Rd ; XY2LM (x)hY; zi2 � Cjzj2.To introdue the seond type of Hörmander-like assumption we �rst need to rewrite (1.0.1) in Stratonovithform. It omes Xt = x+ Z t0 A0(Xs)ds+ d0Xi=1Z t0 �i(Xs) Æ dW is ;where the Æ stands for the Stratonovith integral andA0(:) = (b�12 d0Xi=1�ri �i)(:) with for all j 2 [[1; d℄℄; (�ri �i)j(:) =dXl=1�li(:)�l�ji (:). More generally, 8(j; k) 2 [[1; d0℄℄2; �rj �k := ( dXl=1�lj�l�ik)i2[[1;d℄℄ denotes the ovariant derivativeof �k in the diretion �j . The notation [�j ; �k ℄ := �rj �k ��rk �j stands for the Lie braket between �j and �k.Identifying one again the oe�ient A0 with the vetor �eld it de�nes, we denote by L0M (x) the set of the�elds (�i)i2[[1;d0℄℄ and of the Lie brakets of length lower or equal to M of the �elds (�i)i2[[1;d0℄℄ [ A0 taken atpoint x. We introdue:(H') 9M 2 N; 9C > 0;8x 2 Rd ; 8z 2 Rd ; XY2L0M (x)hY; zi2 � Cjzj2.Remark 1.1.1 In (H) and (H'), we took x 2 Rd for notational onveniene. It is atually su�ient, for theonvergene analysis, to have the previous statements for x 2 D, where D denotes the domain at hand.Assumption (H') is often referred to as the general Hörmander assumption. (H') is su�ient to obtainthe existene and smoothness of the density for the law of Xt for smooth oe�ients b; �, f. Theorems 2.3.2and 2.3.3 in [Nua95℄. However, it does not guarantee the positivity of the density whih is needed to obtain alower bound for the error. This positivity property holds true under (H), see Property (P) in Subsetion 2.2.In the following we say we are in a hypoellipti framework if (H) or (H') is in fore1.Remark 1.1.2 For a Rd valued di�usion proess, the uniform elliptiity ondition(UE) 9C > 0; 8x 2 Rd ; 8z 2 Rd ; h���(x)z; zi � Cjzj2,is simply a speial ase of (H) or (H') with M = 0.1A di�erential operator A with smooth (i.e. in�nitely di�erentiable) oe�ients is said to be hypoellipti in an open set G iffor u 2 D0(G), u 2 C1(G) as soon as Au 2 C1(G). For A = d0Xi=1(Ai)2 + A0, Hörmander's Theorem, f. [Hör67℄, states that ifLie(A0; A1; :::Ad0) has full rank at every point x 2 Rd then A is hypoellipti.18



As usual, the index x in Ex and Px refers to the initial value of a given proess for whih we omputethe expetation or the probability: this will be lear from the ontext. When needed, we will use the usualnotation Xt0;x for the solution of (1.0.1) starting from x at time t0.The notation L stands for the in�nitesimal generator of the di�usion, Lg(x) = b(x):rg(x)+12tr(���(x)Hg(x)),where rg (resp. Hg) denotes the gradient (resp. the Hessian matrix) of g. We additionally de�ne for all z 2 Rdthe operator Lz by Lzg(x) = b(z):rg(x)+ 12tr(���(z)Hg(x)), whih an loally be interpreted as the generatorof the Euler approximation.1.2 About the domainIn the following of the hapter, we onsider a domain D � Rd , i.e. an open onneted set, whih satis�essome smoothness assumptions.De�nition 1.1.1 We reall, f. Gilbarg and Trudinger [GT77℄ pp. 88-89, that a domain D � Rd ; d � 2 issaid to be of lass Ck; k � 1 if for all s 2 �D there exists a ball B = B(s) and a Ck di�eomorphism  fromB to B0 � Rd s.t. 8>><>>: (B \D) � Rd+ := fy 2 Rd ; y1 > 0g; (B \ �D) � �Rd+ := fy 2 Rd ; y1 = 0g; 2 Ck(B);  �1 2 Ck(B0):We introdue the hypothesis(D-k) The domain D is of lass Ck with bounded boundary �D.In pratie, D will satisfy at least (D-2). Suh a smoothness ensures the existene of a tangent spae at everypoint of �D and is also needed for some PDE results, see Setion 2. Note also that under (D-k) the domainD an be unbounded.For x 2 �D, denote by n(x) the unit inward normal vetor at x. For r � 0, set V�D(r) := fz 2 Rd :d(z; �D) � rg and D(r) := fz 2 Rd : d(z;D) � rg: B(z; r) stands for the losed ball with enter z and radiusr. We now state standard fats on the distane to the boundary and the orthogonal projetion on �D (seeLemma 1 and its proof from [GT77℄ p. 382).Proposition 1.1.1 Assume (D-k), k � 2. There is a onstant R > 0 suh that:i) for any x 2 V�D(R), there are unique s = ��D(x) 2 �D and F (x) 2 R suh that x = ��D(x) +F (x)n(��D(x)).ii) The funtion x 7�! ��D(x) is the normal projetion of x on �D: this is a Ck�1-funtion on V�D(R).iii) The funtion x 7�! F (x) is the signed normal distane of x to �D: this is a Ck-funtion on V�D(R),whih an be extended to a Ck funtion on Rd with bounded derivatives. This extension satis�es F (x) �d(x; �D) ^ R on D, F (x) � �[d(x; �D) ^ R℄ on D and F = 0 on �D.iv) For x 2 V�D(R), one has rF (x) = n(��D(x)).We now de�ne the non harateristi boundary ondition by assuming(C) 9a0 > 0;8x 2 V�D(R); �(x) := rF (x):���(x)rF (x) � a0.From property iv) of the previous proposition, assumption (C) means that � is non-tangential to the boundary�D.
19



1.3 About the funtionIn this hapter we will onsider two kinds of assumptions for f . The �rst one is given by(F1) f is a non-negative bounded measurable funtion with support stritly inluded in D:d(supp(f); �D) � 2" > 0:We may assume that 2" � R and that f is not identially equal to 0.To de�ne (F2-l) we need to introdue the spaes of Hölder ontinuous funtions. We follow the notationsof Ladyzenskaja and al., [LSU68℄, pp. 7-8. Let l > 0; l = m+ �; m 2 N; � 2 (0; 1). We denote by H l( �D) theBanah spae of funtions u of lass Cmb ( �D) having an �-Hölder ontinuous m-th derivative endowed with thenorm kuklD = huilD + mXj=0hui(j)D ;where hui(0)D = juj(0)D = supx2D ju(x)j; hui(j)D = X�;j�j=jj��xuj(0)D ; hui(l)D = X�;j�j=mh��xui(�)D ;hui(�)D = supx;x02D ju(x)� u(x0)jjx� x0j� :For l satisfying the above onditions we de�ne(F2-l) f is a non-negative funtion and belongs to H l( �D).One an now extend the de�nition of (S-l) and (D-l) for a nonintegral number l. We simply mean by thisthat for (S-l), l 62 N, the oe�ients b; � belong to H l( �D) and for (D-l) that the domain is of lass H l, i.e.the funtion  in De�nition 1.1.1 belongs to H l( �D).1.4 MisellaneousFor smooth funtions g(t; x), we denote by ��x g(t; x) the derivative of g w.r.t. x aording to the multi-index�, whereas time derivatives of g are denoted by �tg(t; x); �2t g(t; x); : : :. The notation �g�n (t; x) = rg(t; x):n(x)is the normal derivative on the boundary.The distribution funtion of the standard normal law is denoted by �.We will keep the same notation C (or C 0) for all �nite, non-negative onstants whih will appear in ouromputations: they may depend on D, T , b, � or f , but they will not depend on the number of time steps Nand the initial value x. We reserve the notation  and 0 for onstants also independent of x, T and f .In the following Opol(h) (resp. O(h)) stands for every quantity R(h) suh that 8n 2 N, for some C > 0,one has jR(h)j � Chn (resp. jR(h)j � Ch) (uniformly in x).1.5 Usual ontrols.We now give some basi estimates for the Euler sheme XN , whih will be useful in the whole hapter.They only exploit the boundedness of the oe�ients (and are thus also valid for X).Lemma 1.1.2 (Bernstein's type inequality) Assume (S-1). Consider two stopping times S; S0 upperbounded by T with 0 � S0 � S � � � T . Then for any p � 1 and 0 > 0, there are some onstants > 0 and C, suh that for any � � 0, one has a:s:P[ supt2[S;S0℄ kXNt �XNS k � � �� FS ℄ �C exp���2�� ;E [ supt2[S;S0 ℄ kXNt �XNS kp �� FS ℄ �C�p=2;E [exp ��0 d2(XNS0 ; �D)� � �� FS ℄ �C exp��d2(XNS ; �D)� � :20



Proof. To simplify the notations we prove the �rst inequality for d = d0 = 1. The ase d^ d0 > 1 is similar.Two ases an be distinguished.- If � � 2jbj1�, we upper bound the probability by 1. Namely, P[supt2[S;S0℄ jXNt � XNS j � �jFS ℄ � 1 �exp(4jbj21T ) exp(��2� ).- If � > 2jbj1�, we write P[supt2[S;S0℄ jXNt �XNS j � �jFS ℄ � P �supt2[S;S0℄ ����Z tS �(XN�(s))dWs���� � �2 ����FS�.We then introdue the martingale: (Mt := Z t0 IS<s�S0�(XN�(s))dWs)t�0, whose braket satis�es hMi1 =hMiT � j�2j1�. Hene, as a onsequene of Bernstein's inequality, f. Revuz-Yor [RY99℄ p.154 we getP" supt2[S;S0℄ jXNt �XNS j � � �����FS# � P[ supt2[0;T ℄ jMtj � �2 ℄ � 2 exp�� �28j�j21��whih proves the result.The seond inequality in Lemma 1.1.2 is a diret onsequene of the �rst one noting thatE [ supt2[S;S0 ℄ kXNt �XNS kpjFS ℄ = pZR+d��p�1P[ sup2[S;S0℄ kXNt �XNS k � �jFS ℄:For the last inequality we onsider the events A := fkXNS0 �XNS k < 12d(XNS ; �D)g and AC . On A one hasd(XNS0 ; �D) � 12d(XNS ; �D). Hene,E [IA exp��0 d2(XNS0 ; �D)� � �� FS℄ � exp��0 d2(XNS ; �D)4� � :On AC we simply write E [IAC exp��0 d2(XNS0 ; �D)� � �� FS ℄ � P[kXNS0 � XNS k � 12d(XNS ; �D)jFS ℄ andderive the result from the �rst inequality. �2 Some smoothness and positivity properties for vAs explained before, we are going to analyze the error using the mixed Cauhy-Dirihlet problem satis�edby v(t; x) := Ex [f(XT�t)I�>T�t℄; (t; x) 2 [0; T ℄� �D:In this setion, we speify some smoothness and positivity properties for v under our two main workingassumptions. Namely:- Hypoelliptiity onditions (H) or (H') assoiated to a non harateristi boundary ondition (C), and tothe assumptions (D-1) for the domain, (S-1) for the oe�ients, (F1) for the funtion.- Uniform elliptiity onditions (UE) assoiated to the assumptions (D-l+2), l 2 (0; 1), for the domain, (S-1)for the oe�ients and (F2-l + 2) for the funtion.2.1 Smoothness propertiesHypoellipti aseProposition 1.2.1 Assume (C), (D-1), (H'), (S-1). For every bounded Borel funtion f , v satis�es thefollowing paraboli PDE8>><>>:�tv + Lv = 0 on [0; T )� �D;v(t; x) = 0 on [0; T ℄�D;limt!T;y!x v(t; y) = v(T; x) = f(x); if x 2 D and f is ontinuous in x: (1.2.1)21



The funtion v belongs to C1([0; T )� �D;R) and for any multi-index � there exist onstants �, C s.t.8t 2 [0; T ); supx2 �D j��x v(t; x)j � Ckfk1=(T � t)� :Proof. It is a diret onsequene of the existene of a smooth kernel qs(:; :) s.t.v(t; x) = ZDqT�t(x; y)f(y)dy:From a probabilisti viewpoint, qT�t represents the transition density of the killed proess at time T � t.Under our assumptions, Cattiaux, f. [Cat91℄, proved that the funtion q is C1((0; T ℄ � �D � �D;R) andsatis�es Kolmogorov's forward and bakward equations. Hene, v satis�es (1.2.1).From Proposition 3.44 in [Cat91℄ and following the arguments used in the proof of Proposition 1.12 in[Cat90℄ we also derive that for any multi-index � there exist onstants  > 0; � > 0 and C s.t.8(s; x; y) 2 (0; T ℄� �D � �D; j��qs(x; y)j � Cs� exp(�kx� yk2s ): (1.2.2)This gives the seond statement of the Proposition. �Note that if we additionally assume (F), as a onsequene of (1.2.2), v and its derivatives near �D areuniformly bounded and exponentially dereasing as t ! T : for all multi-index � there exist onstants  >0; � > 0 and C suh that8(t; x) 2 [0; T )� V�D("); j��x v(t; x)j � C kfk11 ^ "� exp(� "2T � t ): (1.2.3)Uniformly ellipti aseBefore giving the main result of this setion we need to introdue some additional funtional spaes. As inSetion 1.3 we follow the notations of Ladyzenskaja and al., [LSU68℄ pp. 7-8.For a positive nonintegral number l, we denote by H l=2;l([0; T ℄� �D) the Banah spae of funtions u(t; x)that are ontinuous in [0; T ℄� �D together with all derivatives of the form �rt �sxu for 2r+ s < l, and have �nitenorm kuk(l)(0;T )�D = hui(l)(0;T )�D + blXj=0hui(j)(0;T )�D;wherehui(0)(0;T )�D = juj(0)(0;T )�D = sup(t;x)2(0;T )�D ju(t; x)j; hui(j)(0;T )�D = X2r+s=jj�rt �sxuj(0)(0;T )�D;hui(l)(0;T )�D = hui(l)x;(0;T )�D + hui(l=2)t;(0;T )�D;hui(l)x;(0;T )�D = X2r+s=blh�rt �sxui(l�bl)x;(0;T )�D; hui(l=2)t;(0;T )�D = X0<l�2r�s<2h�rt �sxui( l�2r�s2 )t;(0;T )�D;hui(�)x;(0;T )�D = sup(t;x);(t0;x0)2(0;T )�D ju(t; x)� u(t0; x0)jjx� x0j� ; hui(�)t;(0;T )�D = sup(t;x);(t0;x0)2(0;T )�D ju(t; x)� u(t0; x0)jjt� t0j� ;� 2 (0; 1):Proposition 1.2.2 Let l 2 (0; 1). Under (UE), (D-l + 2), (S-1), (F2-l + 2), if f satis�es the ompatibilityonditions f j�D = Lf j�D = 0, v is of lass H l=2+1;l+2([0; T ℄� �D) and satis�es8>><>>:�tv + Lv = 0 on [0; T ℄� �D;v(t; x) = 0 on [0; T ℄�D;v(T; x) = f(x); x 2 D: (1.2.4)22



Furthermore, one has kvkl=2+1;l+2(0;T )�D � Ckfk(l+2)D : (1.2.5)Proof. It is a diret appliation of a well known result in PDE theory. Indeed, under the assumptions ofthe proposition, Theorem 5.2 p 320 from [LSU68℄ states that there exists a unique solution u satisfying (1.2.4)and (1.2.5). For l > 0 this solution u is at least C1;2([0; T ℄� �D). Hene, for all (t; x) 2 [0; T ℄� �D, we get thatu(t; x) = v(t; x). It su�es to write the semi-martingale deomposition of Ms := u(s^ �;Xt;xs^� ) between t andT using It�'s formula and to take the expetation. This is the usual Feynman-Ka veri�ation proedure. �2.2 Positivity properties in the domainWe �rst state a positivity property for v whih is used for the lower bound and requires the strongerassumption (H). Sine we assume the funtion f is not identially equal to 0, we have:(P) Under (C), (D-1), (F1), (H), (S-1), (resp. (UE), (D-l+2), (F2-l+2), l 2 (0; 1), (S-1)) v(t; x) > 0on [0; T )�D.Proof. We are redued to hek the positivity of qt(x; y) on (0; T ℄�D�D. For the �rst set of assumptions, thisproperty follows from the arguments used for Lemma 5.37 in [Cat92℄, that an be adapted to our ase. For theseond set of assumptions, i.e. under a uniform elliptiity ondition, we refer to Friedman, [Fri64℄ Theorem11 p 44. For SDEs in the whole spae under (H), see Ben Arous and Léandre, [BL91℄, and for a Malliavinalulus approah, Theorem 3.3.6.1 in Mihel and Pardoux [MP90℄ or Setion 4.3 in Nualart [Nua98℄. �To derive a lower bound for the error we also need to have a positivity property for �v�n . We �rst give ageneral result from whih we derive in Lemma 1.2.4 the required one in our framework.Atually, the type of result stated in Lemma 1.2.3 is known in the PDE theory as the Hopf boundary pointlemma: in the uniformly paraboli ase, see Friedman, [Fri64℄; for partially degenerate ellipti operators seeLieberman, [Lie85℄. We give here a variant of this result, using a probabilisti proof under the sole assumption(C) and without smoothness properties on u, whih seems to be new.Lemma 1.2.3 Assume (C), (D-2) and (S-1). Consider (t0; x0) 2 R+ � �D and the time-spae set D =[t0; t0 + Æ) � (D \ V�D(R)) (with Æ > 0 and R de�ned as in Proposition 1.1.1). If u is a bounded ontinuousfuntion de�ned on D suh that Ux = (Uxs = u(s ^ �D; Xt0;xs^�D))s�t0 (with �D = inffs � t0 : (s;Xt0;xs ) =2 Dg �t0 + Æ) de�nes a super-martingale and u(t; x) > u(t0; x0) for (t; x) 2 D, then one haslim inf�#0 u(t0; x0 + �n(x0))� u(t0; x0)� > 0:Proof. The main idea is to onsider a losed subset A � D ontaining the points (t0; x0 + �n(x0))0����0(�0 > 0 small enough) and a C1b (D) funtion w with the four following requirements:i) w(t0; x0) = 0.ii) �tw + Lw � 0 on A.iii) �w�n (t0; x0) > 0.iv) u � u(t0; x0) + "0w on �A for some "0 > 0.Then for suh A and w, if we set �A for the exit time of (s;Xt0;xs )s�t0 from A (for (t0; x) in A), weeasily dedue by ii) that (Zs := u(s ^ �A; Xt0;xs^�A) � u(t0; x0) � "0w(s ^ �A; Xt0;xs^�A))s�0 is a super-martingale,and thus using iv) and i) 0 � E [Z�A ℄ � Zt0 = u(t0; x) � u(t0; x0) � "0(w(t0; x) � w(t0; x0)). Take (t0; x) =(t0; x0 + �n(x0)) 2 A with � # 0 to get the result onsidering iii).Now, we turn to the onstrution of A, w and "0. Assumption (C) is here ruial. Up to modifying u for23
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PSfrag replaementsx0 A \ ft = t0gP+ \ ft = t0g�R x� �B \ ft = t0g �DFigure 1.1: Spae representation of A at t = t0.t < t0, we an assume that D is of the form D = (t0 � Æ; t0 + Æ) � (D \ V�D(R)). Under (D), x0 satis�esan interior sphere ondition in D that permits to onstrut a time-spae ball B := B(P �;R) � D (w.l.o.g.R < Æ ^R=2), P � = (t0; x�) s.t. x� � x0 = Rn(x0) and B \ �D = f(t0; x0)g (see Figure 1.1). Now, introduethe time ylindrial half-spae P+ := [t0 � Æ; t0 + Æ℄ � fz 2 Rd : (x� � z):n(x0) � �Rg for � 2 (0; 1) anddenote A := B \ P+ the expeted set. For � > 0, we de�ne w�(t; x) = exp ���r2� � exp ���R2� wherer2 := kx � x�k2 + (t � t0)2: easily, we get [�t + L℄w�(t; x) � exp(��r2) �2h���(x)(x � x�); x� x�i�2 � C��for (t; x) 2 A. Sine by ontinuity limx!x0h���(x)(x� x�); x� x�i � a0R2 under (C), it is lear that we anhoose the utting-level � lose enough to 1 to ensure [�t +L℄w� � exp(��r2)(a0R2�2 �C�) � 0 on A for �big enough: for suh �, w = w� satis�es iii). Indeed, �w�n (t0; x0) = 2� exp(��R2) > 0. Statements i) and ii)are straightforward to hek. It remains to exhibit "0 > 0 in iv): sine w = 0 on �B, we may onsider only(t; x) 2 �An�B. But on this ompat set, u > u(t0; x0) and thus, iv) holds true for "0 small enough. �As a diret onsequene of the previous Lemma applied to the funtion v we haveLemma 1.2.4 (Positivity of the inner normal derivative). Under (C), (D-1), (F1), (H), (S-1)(resp. (UE), (D-l+2), (F2-l+2), l 2 (0; 1), (S-1), f j�D = Lf j�D = 0), for any (t; x) 2 [0; T [��D, we have�v�n(t; x) > 0:Proof. The martingale property for the above Ux taking u = v easily follows from the one for (v(t^ �;Xt^� ) =E [f(XT )I�>T jFt℄)0�t�T (Markov property). Sine v(t0; x0) = 0 for (t0; x0) 2 [0; T [��D, Property (P),introdued in Setion 2.2, provides the required strit lower bound for v.At last, sine as a onsequene of Proposition 1.2.1 (resp. Proposition 1.2.2) v is smooth up to the boundary,the lim inf in Lemma 1.2.3 equals the normal derivative. �3 Error deompositionFrom now on, R denotes the onstant introdued in Proposition 1.1.1 for domains satisfying (D-k), k � 2.Reall that in this framework, 8x 2 DR the projetion � �D(x) is uniquely de�ned. Put �NR := inffs � 0 : XNs 62DRg. Under the assumptions of Proposition 1.2.1 or Proposition 1.2.2 we deompose the error Err(T; h; f; x)as follows:Err(T; h; f; x) = Ex [f(XNT )I�N>T ℄� Ex [f(XT )I�>T ℄= Ex [f(XNT )I�N^�NR >T ℄ + Ex [f(XNT )I�N>T��NR ℄� v(0; x)= Ex [v(�N ^ �NR ^ (T � h); XN�N^�NR ^(T�h))℄� v(0; x)+Ex [v(�N ^ �NR ^ T;XN�N^�NR ^T )℄� Ex [v(�N ^ �NR ^ (T � h); XN�N^�NR ^(T�h))℄+Ex [I�NR�T<�Nf(XNT )℄ := E1(h) +E2(h) +E3(h): (1.3.1)24



Lemma 1.1.2 gives E3 = Opol(h). The term E2(h) is the ontribution to the error of the last time step. It isshown in Setion 4.4, Lemma 1.4.12 and Lemma 1.4.13, that it is a term of order 1 w.r.t. h.For E1(h) we reall from Lemma 1.2.4 that rv is disontinuous on the boundary. Thus, we an not diretlyapply It�'s formula and we use the semi-martingale deomposition of v(t^ �NR ; XNt^�NR ) as in [Gob00℄ Corollary3.1. In order to be self-ontained we brie�y reall the main steps that yield this development. Note thatsine 8t 2 [0; T ℄; supp(v(t; :)) � �D, one has E1(h) = Ex [v(�N ^ �NR ^ (T � h); � �D(XN�N^�NR ^(T�h)))℄ � v(0; x).Hene, to obtain the semi-martingale deomposition of E1(h) it su�es to show that the projetion of theEuler sheme (� �D(XNt^�NR ))t2[0;T ℄ is a semi-martingale and to give its deomposition. Indeed, the result thenfollows from the smoothness properties of the previous setion regarding v and a diret appliation of It�'sformula.3.1 Semi-martingale deomposition for � �D(XNt^�NR )Let us �rst onsider the ase of a half spae D = fx 2 Rd : x1 > ag. The algebrai distane of x 2 Rd to�D writes x1 � a. Thus, for the projetion of the Euler sheme we have:� �D(XNs ) = �(XNs )1 � a)+ + a; (XNs )2; : : : ; (XNs )d�� :From Tanaka's formula, � �D(XNs ) is a semi-martingale with deomposition� �D(XNs ) = �(x1 � a)+ + Z s0 IXNu 2Dd(XNu )1 + 12Las((XN: )1); (XNs )2; : : : ; (XNs )d�� :Assumption (D-k), k � 2 allows to loally map some neighborhood of the boundary into a portion ofhalf-spae using loal hart hanges. We now speify, without proof, some properties stated in Proposition1.1.1. For details see Gilbarg and Trudinger [GT77℄ pp. 381-384, Ladyzenskaja and al., [LSU68℄, Chapter 4�4 and Gobet [Gob98℄ Chapter 3 Setion 3.3.Property 1.3.1 Normal Chart hangeAssume (D-k), k � 2. There exist a onstant R0 > 0 s.t. for every s 2 �D there exists a Ck�1-di�eomorphismJs; (Ks = (Js)�1) from a neighbourhood Us of s, in [�2R0; 2R0℄� V s, s.t.:� Us � Rd �! [�2R0; 2R0℄� V s � R � Rd�1x 7�! (z1; z) s:t: x = gs(z) + z1n(gs(z))where gs is a loal parameterization of �D.Remark 1.3.1 Note that the ompatness assumption in (D-k) is needed in order to hoose a global R0 forevery s 2 �D.Remark 1.3.2 The omponent Js1 (x) = z1(x) represents the algebrai distane from x to �D. Observing thatV�D(2R0) = Ss2�D Us, we get that Js1 does not depend on the point s 2 �D. As in Proposition 1.1.1 we denoteit by F . We reall that, under (D-k), F is a Ck funtion on V�D(R).From Property 1.3.1, we derive that for every s 2 �D; x 2 Us the projetions on �D and �D are respetivelygiven by the mappings Ks0BBB� 0Js2 (x)...Jsd(x) 1CCCA ; Ks0BBB� [F (x)℄+Js2 (x)...Jsd(x) 1CCCA : (1.3.2)To go from this loal desription of the projetion to a global one we introdue a partition of unity of �D.25



Property 1.3.2 Partition of unity.Assume (D-k), k � 2. By ompatness there exist a �nite number of points (si)i2[[1;k℄℄; si 2 �D for whih weonsider the assoiated U i; V i; J i;Ki from Property 1.3.1 and s.t. S1�i�k U i overs V�D(3=2R0). Consider anopen set U0 s.t. d(�D;U0) > 0 and S0�i�k U i overs D3=2R0 . One an build a partition of unity subordinatedto S0�i�k U i, i.e. a set of non-negative C1b funtions (�i)i2[0;k℄ s.t.:D � �DR0 � [i2[0;k℄Ui; 8i 2 [0; k℄; supp(�i) � Ui; kXi=0�i(x) = 1 on �DR0 :So far, the funtions J i (resp. Ki) have been well de�ned only on U i (resp. (�2R0; 2R0)�V i). We extendthem smoothly on Rd . Anyhow this extension is only formal sine we are going to loalize using the abovepartition of unity. As a matter of fat, the onstant R of Proposition 1.1.1 is atually equal to R0.From (1.3.2) and Property 1.3.2 we obtainLemma 1.3.1 Projetion on �D.Assume (D-k), k � 2. For x 2 DR the projetion on �D writes� �D(x) = �0(x) + kXi=1�i(x)Ki0BBB� [F (x)℄+J i2(x)...J id(x) 1CCCA : (1.3.3)Remark 1.3.3 The restrition to DR is needed to uniquely de�ne the projetion on �D. If the domain D isonvex, one an take R = +1.We are now in position to give the semi-martingale deomposition of the projetion of the stopped Euler-sheme.Proposition 1.3.2 Assume (D-3), (S-1). The proess � �D(XNt^�NR )t�0 is a semi-martingale with deomposi-tion � �D(XNt^�NR ) = x+ Z t^�NR0 IXNs 2DdXNs + Z t^�NR0 IXNs 62DdXN;�Ds + 12n(XNt^�NR )L0t^�NR (F (XN))where on the set ft < �NR g, XN;�D is a ontinuous semi-martingale with deomposition:dXN;�Dt = kXi=1�i(XNt )d0BBB�Ki0BBB� 0J i2(XNt )...J id(XNt ) 1CCCA1CCCA :Proof. Sine we have assumed (D-3) for the domain, we get from Property 1.3.1 that the funtionsKi; J i; �iin (1.3.3) are at least C2. Hene, the result follows identifying the terms in the It� di�erential of � �D(Xt^�NR )using (1.3.3) and Tanaka's formula for the term [F (XNs )℄+. For details, see Proposition 3.1 in [Gob00℄. �3.2 Semi-martingale and error deomposition of E1(h)Propositions 1.3.2 and 1.2.1 (resp. 1.2.2) readily give
26



Proposition 1.3.3 Assume (C), (D-1), (H'), (S-1) (resp. (UE), (D-3), (S-l+1), (F2-l+2), l 2 (0; 1),f j�D = Lf j�D = 0). One has:E1(h) = Ex "Z (T�h)^�N^�NR0 IXNt 2D�tv(t;XNt )dt+ 12 �v�n (t;XNt )dL0t (F (XN))+ IXNt 2D �rv(t;XNt ) � dXNt + 12tr(Hv(t;XNt )dhXN it)�+ IXNt 62D �rv(t; ��D(XNt )) � dXN;�Dt + 12tr(Hv(t; ��D(XNt ))dhXN;�Dit)�� :Let us now rewrite E1(h) exploiting the properties of Setion 2. Using the PDE one getsEx "Z (T�h)^�N^�NR0 IXNt 2D�tv(t;XNt )dt# = �Ex "Z (T�h)^�N^�NR0 IXNt 2DLv(t;XNt )dt# :Under the assumptions of Proposition 1.3.3, we derive from Proposition 1.2.1 (resp. 1.2.2) that the �rstorder derivatives of v are bounded. Hene, the martingale terms anel taking the expetation. It omes,Ex "Z (T�h)^�N^�NR0 IXNt 2D �rv(t;XNt ) � dXNt + 12tr(Hv(t;XNt )dhXN it)�#= Ex "Z (T�h)^�N^�NR0 IXNt 2DLXN�(t)v(t;XNt )dt# :Finally, we isolate three main omponents in E1(h). Namely,E1(h) = Ex "Z (T�h)^�N^�NR0 12 �v�n(t;XNt )dL0t (F (XN ))+Ex "Z (T�h)^�N^�NR0 IXNt 2D �(LXN�(t) � L)v(t;XNt )� dt#+Ex "Z (T�h)^�N^�NR0 IXNt 62D �rv(t; ��D(XNt )) � dXN;�Dt + 12tr(Hv(t; ��D(XNt ))dhXN;�Dit)�#:= ELT1 (h) +EI1 (h) +EO1 (h): (1.3.4)3.3 Main deomposition of the error Err(T; h; f; x)From (1.3.1) and (1.3.4) we eventually writeErr(T; h; f; x) = ELT1 (h) +EI1 (h) +EO1 (h) +E2(h) +Opol(h): (1.3.5)It therefore remains to quantify the ontribution of eah term in the above deomposition. This is thepurpose of the next setion.4 Error AnalysisLet us �rst analyze expression (1.3.5).- The term ELT1 (h) involves the loal time of the Euler sheme on the boundary and the normal derivative ofthe funtion v. It is atually the leading term in the error development. We give bounds on the expetationof the loal time as well as results onerning the positivity of �v�n in Setion 4.1.27



- For the term EI1 (h) we have IXt2D in the integrand. Regarding its analysis, the main idea is to applyreursively It�'s formula ontrolling the derivatives of v. In the uniformly ellipti ase we use the smoothnessresults given by Proposition 1.2.2. In the hypoellipti ase the key tool is the integration by parts formulafrom the Malliavin alulus. These fats are detailed in Setion 4.3. The useful results from Malliavin alulusare given in Setion 4.2.- Controlling EO1 (h) amounts in both the uniformly and hypoellipti ase, thanks to the boundedness of(��x v; j�j � 2) on the boundary, to estimate Z T0 dtPx[�N > t;XNt 62 D℄. Sine this kind of integral is alsoneeded for the ontrol of the loal time, we upper-bound it in Setion 4.1.- The term E2(h) is assoiated to the last time step. As for EI1 (h) we have to distinguish the two ases. Weanalyze this ontribution in Setion 4.44.1 Boundary termsWe prove in this setion various boundary estimates under mild assumptions, namely (C), (D-2), (S-1), sothat they are useful in both the uniformly ellipti and hypoellipti ases. This signi�antly improves the pre-vious results obtained by Gobet in the uniformly ellipti ase [Gob00℄. We mention that the ontrols obtainedtherein for the terms outside the domain, i.e. EO1 (h), were not sharp enough to derive our urrent main results.Control of the loal timeWe �rst state a preliminary bound for the integral of the exit probability.Lemma 1.4.1 Under (C), (D-2), (S-1), we have R T0 Px[XNt 62 D; �N > t℄dt � Cph:Proof. Applying twie Lemma 1.1.2 �rst with S0 = t, S = �(t) and then with S0 = �(t) + h, S = t, we easilyget: Z T0 Px[t < �N ; XNt 62 D℄dt �ChN�1Xi=0 Ex �I�N>ti exp��d2(XNti ; �D)h ���CZ T0 Ex �I�N>t exp��d2(XNt ; �D)h �� dt+ Ch:We now wish to apply the oupation times formula and use for this a loalization argument. Namely, under(C), (D-2), it is lear that for some r0 > 0 (w.l.o.g. r0 � R=2):8z 2 V�D(R=2);8y 2 B(z; r0); h���(z)rF (y);rF (y)i � a0=2: (1.4.1)Thus, for XN�(t) 2 V�D(R=2) and XNt 2 B(XN�(t); r0), we have XNt 2 V�D(R), d2(XNt ; �D) = F 2(XNt ) and thusdhF (XN )it = k�(XN�(t))�rF (XNt )k2dt � a0=2dt: The oupation times formula gives:Z T0 Px[t < �N ; XNt 62 D℄dt� CZ T0 Ex �I�N>t;XN�(t)2V�D(R=8);XNt 2B(XN�(t) ;r0=4) exp��d2(XNt ; �D)h �� dt+ Ch� 2Ca0 Z R=4�R=4dy exp(�y2h )Ex [LyT^�N (F (XN))℄ + Ch (1.4.2)where the disarded events in the seond inequality are negleted using Lemma 1.1.2. Note that Ex [LyT^�N (F (XN ))℄ �C uniformly in y 2 [�R=4; R=4℄: the proof is omplete. �28



The preliminary bound from Lemma 1.4.1 helps now to prove the upper bound for the expetation of theloal time.Lemma 1.4.2 Under (C), (D-2), (S-1), we have Ex [L0T^�N (F (XN ))℄ � Cph:Proof. As a onsequene of Tanaka's formula and after taking the expetation, we have:����Ex [ 12L0T^�N (F (XN ))� F�(XNT^�N )℄���� � CZ T0 Px[XNt 62 D; �N > t℄dt: (1.4.3)Hene using Lemma 1.4.1 it remains to ontrol the expetation of the overshoot:Ex [F�(XNT^�N )℄ = NXi=1Ex [F�(XNti )I�N=ti ℄ = NXi=1Ex [I�N>ti�1EXNti�1 [F�(XNti )℄℄= NXi=1Ex [I�N>ti�1IXNti�12V�D(R=2)EXNti�1 [F�(XNti )℄℄ +Opol(h): (1.4.4)On the set fXNti�1 2 V�D(R=2)g we have to upper-bound: EXNti�1 [F�(XNti )℄ = EXNti�1 [I�Nti�1�tiE [F� (XNti ) j F�Nti�1 ℄℄with �Nti�1 := infft > ti�1 : XNt 62 Dg. Remind that F� is Lipshitz so EXNti�1 [F�(XNti )℄ � CphPXNti�1 [�Nti�1 �ti℄: We onlude the proof using Lemma 1.4.3 and summing over i. �Lemma 1.4.3 Under (C), (D-2), (S-1), for h small enough, we have for x 2 V�D(R=2) \D:Px[�N0 � h℄ � CPx[XNh 62 D℄ +Opol(h):Proof. We adapt ideas from [Gob00℄: in the quoted paper, the uniform elliptiity ondition enabled to use aGaussian type lower bound for the transition density of XNh w.r.t. the Lebesgue measure, together with someomputations related to a one exterior to D. Here, under (C), the law of XNh may degenerate and our proofrelies on the saling invariane of the one and of the Brownian inrements.We restrit to the event A = fXN�N0 2 B(x; r0)g, noting thanks to Lemma 1.1.2 that Px[A℄ = Opol(h).Furthermore, on A, equation (1.4.1) guarantees that��N0 := h���(x)n(XN�N0 ); n(XN�N0 )i � a0=2: (1.4.5)It is enough to prove that a:s on A \ f�N0 � hg, one hasP[XNh 62 D j F�N0 ℄ � 1C : (1.4.6)Indeed, it follows that Px[XNh 62 D℄ � Ex [IAI�N0 �hP[XNh =2 D j F�N0 ℄ ℄ � Px[�N0 �h℄C +Opol(h) and Lemma 1.4.3is proved.To get (1.4.6), write XNh = XN�N0 + �(x)(Wh �W�N0 ) + b(x)(h � �N0 ). The domain D is of lass C2, and thussatis�es a uniform exterior sphere ondition with radius R=2 (R de�ned in Proposition 1.1.1): for any z 2 �D,B(z� R2 n(z); R2 ) � D. In partiular, if we de�ne for � 2℄0; �=2[ the one K(�; z) = fy 2 Rd : (y�z):[�n(z)℄ �ky � zk os(�)g, then one has K(�; z) \ B(z;R(�)) � B(z � R2 n(z); R2 ) � D for some appropriate hoie of
29



the positive funtion R(:). Then, it follows thatP[XNh =2 D j F�N0 ℄ � P[XNh 2 K(�;XN�N0 ) \ B(XN�N0 ; R(�)) j F�N0 ℄� P[XNh 2 K(�;XN�N0 ) j F�N0 ℄� P[XNh =2 B(XN�N0 ; R(�)) j F�N0 ℄� P[(XNh �XN�N0 ):(�n(XN�N0 )) �q��N0 (h� �N0 ) � kXNh �XN�N0 k os(�) j F�N0 ℄� P[XNh =2 B(XN�N0 ; R(�)) j F�N0 ℄ � A1 �A2(�)�A3(�); (1.4.7)where A1 = P[(XNh �XN�N0 ):(�n(XN�N0 )) �q��N0 (h� �N0 ) j F�N0 ℄;A2(�) = P[q��N0 (h� �N0 ) < kXNh �XN�N0 k os(�) j F�N0 ℄;A3(�) = P[XNh =2 B(XN�N0 ; R(�)) j F�N0 ℄:Term A1. Clearly, one has A1 � P[(�n(XN�N0 )):�(x)(Wh � W�N0 ) �2q��N0 (h� �N0 ) j F�N0 ℄ � P[jn(XN�N0 ):b(x)(h � �N0 )j � q��N0 (h� �N0 ) j F�N0 ℄ := A11 � A12. The randomvariable (�n(XN�N0 )):�(x)(Wh �W�N0 ) is onditionally to F�N0 a entered Gaussian variable with positive vari-ane ��N0 (h � �N0 ). Thus A11 = �(�2) > 0. Sine b is bounded, we have A12 = 0 uniformly, for h smallenough.Term A2(�). From Markov's inequality, A2(�) � E[kXNh �XN�N0 k2 os2(�) j F�N0 ℄��N0 (h��N0 ) � C os2(�) using (1.4.5) and esti-mates of Lemma 1.1.2. In partiular, taking � lose to �=2 ensures that A2(�) � A114 .Term A3(�). Using Lemma 1.1.2, one readily gets A3(�) � C exp � � R2(�)h � � A114 for h small enough(R(�) > 0).Putting together estimates for A1; A2(�) and A3(�) into (1.4.7) give P[XNh =2 D j F�N0 ℄ � A112 : This proves(1.4.6). �Thanks to the previous Lemmas 1.4.1 and 1.4.2 , we now speify the behaviour of the expetation of theloal time near the boundary. Namely,Lemma 1.4.4 Under (C), (D-2), (S-1), we have for y 2 [�R=4; R=4℄Ex [LyT^�N (F (XN ))℄ � C(jyj+ h1=2):Proof. Tanaka's formula gives:Ex [LyT^�N (F (XN ))℄ =2Ex [(F (XNT^�N )� y)� � (F (x) � y)�℄+ 2Ex [Z T0 IF (XNt )�yI�N>td(F (XNt ))℄: (1.4.8)Using Lemmas 1.4.2, 1.4.1 and estimates (1.4.3), we obtain that the �rst term of the r.h.s. above is upperbounded by 2(Ex [F�(XNT^�N )℄ + jyj) � Ch1=2 + 2jyj. For the other term it is enough to prove that !(y) :=Ex [Z T0 IF (XNt )�yI�N>tdt℄ � C(ph + jyj). Sine ! is inreasing, for y � 0 one has !(y) � !(0) � Cph byLemma 1.4.1. For y > 0, it is enough to upper bound !(y) � !(0) by C(y + ph): write !(y) � !(0) =Ex [Z T0 I0<F (XNt )�yI�N>tIXN�(t)2V�D(R=2)dt℄ + Opol(h) using Lemma 1.1.2 (with jyj � R=4). The loalizationtehnique of Lemma 1.4.1 assoiated to the oupation times formula gives:Ex [Z T0 I0<F (XNt )�yI�N>tdt℄ � CZ y0 duEx [LuT^�N (F (XN ))℄ +Opol(h): (1.4.9)The expeted loal time in the above integral is uniformly bounded in u 2 [0; R=4℄, and this gives !(y)�!(0) �Cy +Opol(h). 30



�As a diret onsequene of (1.4.2) and the above Lemma 1.4.4 one an re�ne the result of Lemma 1.4.1 toobtainLemma 1.4.5 (A sharp ontrol for the integral of the exit probability). Under (C), (D-2), (S-1),we have R T0 Px[t < �N ; XNt 62 D℄dt � Ch:Let us now prove the lower bound for the expetation of the loal time.Lemma 1.4.6 Under (C), (D-2), (H), (S-1), we have for h small enough (depending on d(x; �D) > 0)Ex [L0T=2^�N (F (XN ))℄ � Cph (1.4.10)with C > 0. If the domain D is bounded the onstant C is uniform w.r.t. x 2 D. Otherwise it also dependson d(x; �D) but is still loally uniform.Proof. For notational onveniene, we prove the result for the loal time at time T instead of T=2. SetLN = Ex [L0T^�N (F (XN ))℄; starting from (1.4.3), (1.4.4) and using Lemma 1.4.5, one has:LN � 2 NXi=1Ex [I�N>ti�1;XNti�12V�D(0h1=2)EXNti�1 [F�(XNti )℄℄� Ch (1.4.11)where 0 denotes a onstant to be �xed later on. If we write F (XNti ) = F (XNti�1) +rF (XNti�1):�(XNti�1 )(Wti �Wti�1)+RNi , then EXNti�1 [jRNi j℄ � Ch and thus EXNti�1 [F�(XNti )℄ � EXNti�1 [(F (XNti�1)+rF (XNti�1):�(XNti�1 )(Wti�Wti�1))�℄� Ch. A diret omputation gives:EXNti�1 [F�(XNti )℄ � �(XNti�1)h1=2g F (XNti�1)�(XNti�1)h1=2!� Ch (1.4.12)where g(z) := exp(� z22 )(2�)1=2 � z�(�z) is a positive dereasing funtion on R+ . Note that for h small enough(0h1=2 � R), one has �(x) � a0 for x 2 V�D(0h1=2) (Assumption (C)); thus, plugging (1.4.12) into (1.4.11)it omes: LN � 2a0h1=2 NXi=1Ex "I�N>ti�1IF (XNti�1)2(0;0h1=2℄g F (XNti�1)a0h1=2 !#� S(h)with S(h) = Ch NXi=1Px h�N > ti�1; F (XNti�1) 2 (0; 0h1=2℄i. Assume for a while that S(h) � Ch3=4 and onsiderthe other ontribution. Use that 8i 2 [[2; N ℄℄; t 2 [ti�2; ti�1℄; It<�N � Iti�1<�N , and that g does not vanish onthe ompat sets of R+ , to obtain:Ex "I�N>ti�1IF (XNti�1)2(0;0h1=2℄g F (XNti�1)a0h1=2 !#� C1Ex �I�N>tIF (XNt )2[0h1=2=4;30h1=2=4℄g�F (XNt )a0h1=2 �P hF (XNti�1) 2 (0; 0h1=2℄jFti� :where C1 > 0. On fF (XNt ) 2 [0h1=2=4; 30h1=2=4℄g, we easily onlude by Lemma 1.1.2: P[F (XNti�1) 62(0; 0h1=2℄jFt℄ � C exp(�20=16), so that P[F (XNti�1) 2 (0; 0h1=2℄jFt℄ � 1=2 for 0 large enough. We haveobtained: LN � a0C1h�1=2Z T�h0 Ex [I�N>tIF (XNt )2[0h1=2=4;30h1=2=4℄g�F (XNt )a0h1=2 �℄dt� Ch3=4� a0C1h�1=2k��k21krFk21Z 30h1=2=40h1=2=4 g� ya0h1=2� Ex [Ly(T�h)^�N (F (XN ))℄dy � Ch3=4� a0C1h�1=2k��k21krFk21Z 30h1=2=40h1=2=4 g� ya0h1=2� Ex [LyT=2^�N (F (XN ))℄dy � Ch3=431



where the oupation times formula is one again the key tool for the last but one inequality (we do not needhere the rather tedious loalization proedure of Lemmas 1.4.1 and 1.4.5, and only use �'s boundedness). Thelast inequality is a diret onsequene of the inreasing property in time of the loal time.Lemma 1.4.7 below and equation (1.4.8), written with T=2 instead of T , then yield: Ex [LyT=2^�N (F (XN ))℄ =2(Ex [(F (XNT=2^�N )� y)�℄� (F (x)� y)�)� Ch = 2Ex [(F (XNT=2^�N )� y)�℄�Ch for y small enough (namelyy � F (x)). This explains the dependene in d(x; �D) for the step size h.If we put C2 = 2a0C1k��k21krFk21 > 0, it follows thatLN �C2h�1=2Z 30h1=2=40h1=2=4 g� ya0h1=2� Ex [(F (XNT=2^�N )� y)�℄dy � Ch3=4�C2Z 30=40=4 g� za0� Ex [(zh1=2 � F (XNT=2^�N ))Izh1=2>F (XNT=2^�N )℄dz � Ch3=4�C2h1=2�Z 30=40=4 zg(z=a0)dz�Px[�N � T=2℄� Ch3=4noting that (zh1=2 � F (XNT=2^�N ))Izh1=2>F (XNT=2^�N ) � zh1=2I0�F (XNT=2^�N) = zh1=2I�N�T=2. To onludethe proof, note that Px[�N � T=2℄ � Px[XNT=2 =2 D℄ whih onverges pointwise (see [BT96a℄) in x 2 D toPx[XT =2 D℄. Under (H), this last quantity is positive (see [BL91℄).If the domain D is bounded the previous onvergene is atually uniform (see Theorem 3.1 in [BT96a℄)and Px[XT=2 62 D℄ � infy2 �D Py[XT=2 =2 D℄ = C > 0. Indeed, under (H), fD(x) := Px[XT=2 =2 D℄ de�nes aontinuous funtion. We take its in�mum over a ompat set. This in�mum is positive.If the domain D is not bounded the onstant C in (1.4.10) depends on d(x; �D). Anyhow, from Theorem3.1 in [BT96a℄ we get that this onstant an be made uniform for every given neighbourhood V (x) � D of x.It remains to estimate S(h). For this, remark that for 8i 2 [[2; N ℄℄; ti�2 � t < ti�1Px h�N > ti�1; F (XNti�1) 2 (0; 0h1=2℄i � Px h�N > t; F (XNt ) 2 (�0h3=8; 0h3=8℄i+Opol(h):This provides the way to transform the sum over i in an integral over t. We onlude using Lemma 1.4.7. �Lemma 1.4.7 Under (C), (D-2), (S-1), we have for y � R=4Z T0 Px[F (XNt ) � y; �N > t℄dt � C(h+ y2):Proof. The ontribution assoiated to y � 0 is already ontrolled by Lemma 1.4.5. For y 2 (0; R=4℄, by (1.4.9),write Z T0 Px[F (XNt ) � y; �N > t℄dt � CZ y0 duEx [LuT^�N (F (XN ))℄ + Ch � C(h + yph + y2) using Lemma1.4.4. �4.2 Reminders on Malliavin CalulusWe brie�y reall in this setion elementary aspets of Malliavin alulus and present the main tools thatwill be needed in our analysis. Namely- The integration by parts formula, intensively used in the next two setions for the hypoellipti ase.- The loal riterion of absolute ontinuity for the law of a one-dimensional random variable. This will be usedto show a onvergene result for Err(T; h; f; x) under weak assumptions, f. Setion 5.The various results are stated without proof. We refer to the monograph of Nualart, [Nua95℄, for details.32



Notations and de�nitionsLetW be a standard d0-dimensional Brownian motion de�ned on a �ltered probability spae (
;F ; (Ft);P).Consider the Hilbert spae H = L2([0; T ℄;Rd0 ). For h 2 H we denote W (h) the Wiener-integral Z T0 h(t) � dWt.The spae S of simple funtionals is the spae of random variables of the form F = f(W (h1); :::;W (hn))where f 2 C1p (Rn ); (h1; :::; hn) 2 Hn; n � 1. For a given simple funtional F we de�ne the derivative operatorD as the H-valued random variable that writesDF = nXi=1 �f�xi (W (h1); :::;W (hn))hi:As an operator from Lp(
) into Lp(
; H), D is loseable for p � 1. Let us denote D 1;p its domain with thenorm kFk1;p = (E [jF jp ℄ + E [jDF jpH ℄)1=p :For F 2 S and k 2 N; k > 1 one de�nes the kth derivative, denoted DkF , iterating k times the operator D.The variable DkF is a H
k valued random variable. As for k = 1, the operator Dk is loseable from Lp(
)into Lp(
; H
k). Let us denote D k;p its domain with the normkFkk;p =  E [jF jp ℄ + kXi=1E [jDiF jpH
i ℄!1=p :We denote D1 = \p�1;k�1D k;p .For F 2 (D1 )m the notation F stands for the Malliavin ovariane matrix of F . This a (m�m) matrixde�ned by 8(i; j) 2 [[1;m℄℄2; i;jF = hDiF;DjF iH :The inverse of F , when it exists, is denoted by �F .Integration by parts and assoiated ontrolsLet G 2 D1 , and F 2 (D1 )d satisfy the non degeneray ondition �F 2 Tp�1 Lp. For any smooth funtion' with polynomial growth and any multi-index � there exists a family of random variables H� s.t.E [��'(F )G℄ = E ['(F )H� (F;G)℄: (1.4.13)Furthermore for any p > 1 and any multi-index �, there exist a onstant C and integers (qi)i2[[1;5℄℄; (ji)i2[[1;2℄℄depending on p; � s.t. for any measurable set A � 
 and F;G as above, one hasE [jH� (F;G)jpIA℄1=p � Ck�FIAkq4Lq3 kFkq5Dj1 ;q1 kGkDj2 ;q2 : (1.4.14)This will help to establish a �loal� version of (1.4.13) as stated in Proposition 4.4 in [BT96b℄. AssumeG 2 D1 ; F 2 (D1 )d and satisfy the partial non-degeneray ondition IG6=0Sj�j�j�jD�G6=0�F 2 Tp�1 Lp. FromProposition 4.4 in [BT96b℄, (1.4.14) and the Cauhy-Shwarz inequality we getjE [��'(F )G℄j � Ck'(F )kL2k�FIG6=0Sj�j�j�jD�G6=0kq4Lq3 kFkq5Dj1 ;q1 kGkDj2 ;q2 (1.4.15)for some universal onstants (depending on �) and for any smooth funtion ' with polynomial growth.Inequality (1.4.15) is a ruial tool in Setions 4.3 and 4.4.
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A riterion for (loal) absolute ontinuity of one dimensional random variableThe following theorem puts together Theorem 2.1.3 and Corollary 2.1.1 from Nualart, [Nua95℄, understronger assumptions. It onerns one dimensional random variables.Pratially, we will apply this result to the minimum of the distane of the proess to the boundary inorder to show the onvergene of Err(T; h; f; x) under weak assumptions, f. Proposition 1.5.1 in Setion 5.Theorem 1.4.8 Let F be a one dimensional random variable in D 1;2 . Suppose kDFkH > 0 a.s. Then thelaw of F is absolutely ontinuous w.r.t. the Lebesgue measure of R.From a loal viewpoint, the measure (kDFkH :P)ÆF�1 is absolutely ontinuous w.r.t. the Lebesgue measureof R.4.3 Interior estimatesIn this setion we give estimates onerning the term EI1 (h) in (1.3.5).Hypoellipti aseIn the whole paragraph we work under the assumptions (C), (D-1), (H'), (F1), (S-1).Equation (1.2.3) gives a point-wise estimate on the derivatives of v lose to the boundary. Lemma 1.4.9below gives ontrols of the expetations of these derivatives far from the boundary.From now on we denote by  a ut-o� funtion near �D suh that: 2 C1b (Rd ;R); IV�D("=2) � 1�  � IV�D(") and k�� k1 � Cj�j1 ^ "�for all multi-index �.Lemma 1.4.9 (Expetation of the derivatives �far� from the boundary). Under (C), (D-1), (F1),(H'), (S-1), for all multi-indies �; �0, all funtion g 2 C1b (Rd ;R), there exist onstants � and C suh that8i 2 [[0; N � 1℄℄; t 2 [ti; T � h℄:���Ex hIt<�N^�NR g(XNt )��x (v��0 )(t;XNt )i��� � C kfk11 ^ "� ;���Ex hIt<�N^�NR g(XNti )��x (v��0 )(t;XNt )i��� � C kfk11 ^ "� :We postpone the proof of this Lemma to the end of the setion. We now state the main result of thisparagraph.Lemma 1.4.10 Under (C), (D-1), (F1), (H'), (S-1), one hasEI1 (h) = Ex "Z (T�h)^�N^�NR0 IXNt 2D �(LXN�(t) � L)v(t;XNt )� dt# = O(h):Proof of Lemma 1.4.10.Using  we isolate the values of XNt ; t 2 [0; T � h℄ that are �far� from the boundary and those that arelose to it. It omesEI1 (h) = Ex "Z (T�h)^�N^�NR0 dtIXNt 2D (�Lv + Lzv) jz=XN�(t) (t;XNt )# =Ex "Z (T�h)^�N^�NR0 dtIXNt 2D (�L+ Lz) jz=XN�(t) ((1�  )v)(t;XNt )#+Ex "Z (T�h)^�N^�NR0 dtIXNt 2D (�L+ Lz) jz=XN�(t) ( v)(t;XNt )# := AC +AF :34



Control of AC :One an extend the solution v of problem (1.2.1) into a funtion �v de�ned on the whole spae so that thederivatives of �v on DC have the same properties as those of v on V�D("). For a justi�ation of this statementsee e.g. Theorem 4.1 Chapter 4 from [LSU68℄. Hene, 8(t; x) 2 [0; T � h℄ � DC [ V�D(") the ontrols ofequation (1.2.3) hold true for �v.It omesAC = Z T�h0 dtEx [I�(t)<�NEXN�(t) [I�NR>tIXNt 2D (�L+ Lz) jz=XN�(t) ((1�  )�v)(t;XNt )℄℄= Z T�h0 dtEx [I�(t)<�NEXN�(t) [(�L+ Lz) jz=XN�(t) ((1�  )�v)(t;XNt )℄℄ +RC =: A1C +RCwherejRC j � �����Z T�h0 Ex [I�(t)<�NEXN�(t) [I�NR�t (L�Lz) jz=XN�(t) ((1�  )�v)(t;XNt )℄℄�����+ �����Z T�h0 dtEx [I�(t)<�NEXN�(t) [IXNt 62D (L�Lz) jz=XN�(t) ((1�  )�v)(t;XNt )℄℄�����+ �����Z T�h0 dtEx [I�(t)<�NEXN�(t) [I�NR�tIXNt 62D (L�Lz) jz=XN�(t) ((1�  )�v)(t;XNt )℄℄����� := R1C +R2C +R3C :Realling supp(1�  ) � V�D(") we get9C > 0; � > 0; 8�; j�j � 4; 8(t; x) 2 [0; T � h℄� Rd ; j��((1�  (x))v(t; x))j � C1 ^ "� : (1.4.16)For R1C , equation (1.4.16) and Lemma 1.1.2 give R1C = Opol(h). From (1.4.16) and Lemma 1.4.5 we alsoderive R2C � Ch1 ^ "� . The term R3C an be handled just as R1C . Hene, RC = O(h).Regarding A1C , let us writeA1C = Z T�h0 dtEx [I�(t)<�NZ t�(t)ds[�s + LXN�(t) ℄��L+ LXN�(t)� [(1�  )�v℄(s;XNs )℄:We note that (�t + LNX�(t) )(�L+ LXN�(t) )[(1�  )�v℄(s;XNs ) is a �nite sum of terms that write��x [(1�  )�v(s;XNs )℄g(XNu ); u 2 fs; �(s)g; j�j � 4where g is bounded and only depends on the oe�ients b; � of the di�usion. Equation (1.4.16) readily givesjA1C j � Ch1^"� . We �nally obtain jAC j � Ch1 ^ "� +Opol(h): (1.4.17)Control of AF :AF = Z T�h0 dtEx [It<�N^�NR IXNt 2D ��L+ LXN�(t)� [ v℄(t ^ �N ^ �NR ; XNt^�N^�NR )℄= Z T�h0 dtEx [It<�N^�NR ��L+ LXN�(t)� [ v℄(t ^ �N ^ �NR ; XNt^�N^�NR )℄= Z T�h0 dtEx [I�(t)<�N^�NR Z t�(t)dsIs<�N^�NR [�s + LXN�(t) ℄��L+ LXN�(t)� [ v℄(s;XNs )℄:As for A we write:(�s + LXN�(s) )(�L+ LXN�(s) )( v)(s;XNs ) = Xj�j�4;j�j+j�0j�4;u2fs;�(s)gg�;�0(XNu )��x [v��0 ℄(s;XNs )35



where the funtions g�;�0 only depend on b; � and their derivatives. Lemma 1.4.9 yields:jEx [Is<�N^�NR (�s + Lz)(�L+ Lz)( v)(s;XNs )℄j � kfk11 ^ "� CT � :Thus, jAF j � Ckfk11 ^ "� h: (1.4.18)Equations (1.4.18), (1.4.17) give the result. �We onlude this paragraph giving the proof of Lemma 1.4.9.Proof of Lemma 1.4.9.We prove the �rst identity stated in the Lemma. One ould derive the seond one in a similar way. From(1.2.2) and the de�nition of  we get that for t < T=2:���Ex hIt<�N^�NR g(XNt )��x (v��0 )(t;XNt )i��� � kfk1C1 ^ "j�0j+j�j 1T � :For t � T=2, following an idea from Cattiaux, f. [Cat91℄, we write:Ex hIt<�N^�NR g(XNt )��x (v��0 )(t;XNt )i =Ex hg(XNt )��x (v��0 )(t;XNt )i� Ex hIt��N^�NR g(XNt )��x (v��0 )(t;XNt )i:= AUS +AC :The term AUS is �usual�. Lemma 4.1 in [BT96a℄ gives the expeted result. For AC we ompute a �onditional�Malliavin alulus after the exit time. As a onsequene of assumption (F1) we also use Bernstein likearguments, f. Lemma 1.1.2. We point out that the support ondition is here ruial.Put: �� := �N ^ �NR ; ~t0 = 0; ~t1 = �(�� ) + h� �� ; 8i > 1; ~ti = ~ti�1 + h. We de�ne the proess (Y Ns )s�0:Y N0 = XN�� ;8s 2 [0; ~t1℄; Y Ns = Y N0 + b(XN�(��))s+ �(XN�(��))(W��+s �W�� ) (1.4.19)and for s 2 [~tk; ~tk+1℄; k � 1, Y N is de�ned as the usual Euler sheme. Put (v��0 )(:; :) := U(:; :). Conditioningin AC w.r.t. F�� , for u := t� �� it omesAC = Ex [I���tEXN�� ;XN�(��) [��U(t; Y Nu )g(Y Nu )℄℄:The two indies in EXN�� ;XN�(��) respetively refer to the initial value of the proess Y and to the value taken intoonsideration in the pieewise onstant approximation of the drift and di�usion terms for the �rst time step,see (1.4.19).In the following we disuss the ase u > 0 sine if u = 0 the de�nition of  yields AC = 0. Let us denoteby u the Malliavin matrix of the di�usion (Yv)v�0 starting from XN�� at time 0. We write �u := �1u , and̂u := det(u). The same notations indexed by N stand for Y N .Following the loalization tehniques from Bally and Talay, [BT96a℄, we partition f�� < tg into
D(u)S
S(u)where 
D(u) := f! 2 
 : �� < t; ĵNu � ̂uj > ̂u=2g, and 
S(u) = f! 2 
 : �� < t; ĵNu � ̂uj � ̂u=2g.We show P[
D(u)℄ is small enough to ompensate the explosive terms in the derivatives of the Green kernel.For this we use two fats. First, the Euler sheme is a good approximation of the di�usion. Seond, under ourassumptions the norms k̂�1u kLp are �nite. On 
S(u) the Malliavin ovariane matrix of the Euler sheme issomehow �lose� to the one of the di�usion. In this ase we use integrations by parts.Let us introdue an even funtion � 2 C1b (R) s.t. for x � 0; I[0;1=4℄ � � � I[0;1=2℄. Put rNu := (̂Nu � ̂u)̂u .We have AC = Ex [I��<tEXN�� ;XN�(��) [��U(t; Y Nu )g(Y Nu )�(rNu )℄℄ +Ex [I��<tEXN�� ;XN�(��) [��U(t; Y Nu )g(Y Nu )(1� �(rNu ))℄℄:= AIBPC +ADC : 36



Under the assumptions of the Lemma we reall, f. [BT96a℄, that8p > 1;8j � 1; 9Q 2 N; supN kY N;xu kDj;p < C(1 + kxkQ); and supN kY xu � Y x;Nu kDj;p � Cph:Furthermore; 9L 2 N; 8u > 0; k̂�1u kLp < CudL : (1.4.20)Control of ADCADC = Ex hI��<tEXN�� ;XN�(��) �g(Y Nu )��xU(t; Y Nu )(1� �(rNu ))(IYNu 2V�D("=2) + IYNu 2DnV�D("=2))�i := AD;1C +AD;2C :Sine supp( ) � DnV�D("=2), we get AD;1C = 0. From Proposition 1.2.1 and Lemma 1.1.2 we obtainjADC j � Ex hI��<tENXN�� ;X�(��) �jg(Y Nu )��xU(t; Y Nu )j(1� �(rNu ))IYNu 2DnV�D("=2)�i� Ex [I��<t exp��"2u � Ckfk1(1 ^ "j�0j+j�j)(T � t)q EXN�� ;XN�(��) [j1� �(rNu )j2℄1=2℄: (1.4.21)Realling j1� �(rnu)j � 1 we write:EXN�� ;XN�(��) [j1� �(rNu )j℄ � PXN�� ;XN�(��) [jrNu j � 1=4℄� PXN�� ;XN�(��) [̂u � N�1=4℄ + PXN�� ;XN�(��) [ĵNu � ̂uj � 1=4N�1=4℄� N�p=4EXN�� ;XN�(��) [ĵuj�p℄ + (4N1=4)pEXN�� ;XN�(��) [ĵu � ̂Nu jp℄� N�p=4� CudLp + C�where the last inequality is a onsequene of (1.4.20). Plugging this ontrol into (1.4.21) it omes:jADC j � Ckfk1(1 ^ "j�0j+j�j)(T � t)qN�p=8Ex [I��<t exp��C "2u �u�dLp=2℄: (1.4.22)Note that for t � T � h; (T � t)�q � CN q . Hene, taking p = 8q we dedue from (1.4.22)jADC j � kfk1C1 ^ "j�0j+j�j+�(p) (Nq�p=8) � kfk1C1 ^ "� : (1.4.23)Control of AIBPC .To ontrol this term we introdue a perturbed proess (Y N;Æ)s�0 := (Y N + Æ ~W )s�0, where ~W is a d-dimensional BM independent from W and Æ 2 [0; 1℄. As before N;Æs ; ̂N;Æs ;�N;Æs respetively denote the Malli-avin ovariane matrix, the determinant, the inverse of the Malliavin ovariane matrix of Y N;Æ at time s.The proess Y N;Æ satis�es the non-degeneray ondition �N;Æs 2 \p�1Lp for all Æ > 0; s > 0. Atually, onehas k�N;Æs kp � C(s1=2Æ)�2d. This perturbation allows us to integrate by parts to get rid of the explodingderivatives of v. We show that all our estimates are uniform in Æ and then take the limit. Let us point outthat with the above perturbed proess we do not need like in [BT96a℄ to make a time extension of the domain.The same perturbation tehnique is also used in the next paragraph to analyze the ontribution of the lasttime step in the error.Put AIBP;ÆC := Ex [It>��EXN�� ;XN�(��) [��U(t; Y N;Æu )g(Y N;Æu )�(rN;Æu )℄℄:The integration by parts formula (1.4.13) givesAIBP;ÆC = Ex [It>��EXN�� ;XN�(��) [U(t; Y N;Æu )H�(Y N;Æu ; g(Y N;Æu )�(rN;Æu ))℄;jAIBP;ÆC j � Ex [It>�� �EXN�� ;XN�(��) [U(t; Y N;Æu )2℄�1=2 �EXN�� ;XN�(��) [jH�(Y N;Æu ; g(Y N;Æu )�(rN;Æu ))j2℄�1=2℄:(1.4.24)37



Following the proof of the �rst inequality of Lemma 1.1.2 for the perturbed proess we obtain8� � 0; P[ sups2[0;u℄ kY N;Æs � Y N0 k � �℄ � C exp�� �2(k���k1 + dÆ2)u�whih is uniform w.r.t. Æ 2 [0; 1℄. Sine U(t; Y N;Æu ) = 0 for kY N;Æu � Y N;Æ0 k � "=2, we have�EXN�� ;XN�(��) [U(t; Y N;Æu )2℄�1=2 � kfk11 ^ "j�0jC exp�� "24u� : (1.4.25)By de�nition of �, if jrN;Æu j 62 [0; 1=2℄ then g(Y N;Æu )�(rN;Æu ) = 0. The proess H an be expressed as a sum ofterms, eah one being a produt that inludes a partial derivative of � taken at point rN;Æu . From the de�nitionof H�, see equation (2.1) in [BT96a℄, and the loal property of the Skorohod integral, f. Proposition 1.3.6from [Nua95℄, we haveH�(Y N;Æu ; g(Y N;Æu )�(rN;Æu )) = H�(Y N;Æu ; g(Y N;Æu )�(rN;Æu ))I[0;1=2℄jrN;Æu j:Using now (1.4.14) and (1.4.20) it omes�EXN�� ;XN�(��) [jH(Y N;Æu ; g(Y N;Æu )�(rN;Æu ))j2℄�1=2 � k�N;Æu ÎN;Æu �1=2̂ukq4Lq3kY N;Æu kq5Dp1 ;q1 kg(Y N;Æu )�(rN;Æu )kDp2 ;q2� Ck�ukq4Lq3 1 + kXN�� k�udL (1.4.26)where the upper-bound in (1.4.26) is uniform w.r.t. Æ. Let us now plug (1.4.25), (1.4.26) into (1.4.24). Sinev is ontinuous on [0; T � h)� �D, the dominated onvergene Theorem yields limÆ!0 AIBP;ÆC = AIBPC . Hene,jAIBPC j � kfk11 ^ "j�0jC exp�� "24u� Ex [ 1 + kXN�� kqu�1 ℄� kfk11 ^ "j�0j+2�1 C: (1.4.27)Relations (1.4.23) and (1.4.27) give the result. �Uniformly ellipti aseLemma 1.4.11 Assume (UE), (D-3), (S-l + 1), (F2-l + 2), l 2 (0; 1) with f satisfying the ompatibilityonditions f j�D = Lf j�D = 0. One has EI1 (h) = O(h1=2+l=2):Proof. From Proposition 1.2.2 and Theorem 4.1 Chapter 4 from [LSU68℄, one an extend v into aH l=2+1;l+2([0; T ℄� Rd) � C1;2([0; T ℄� Rd ) funtion �v s.t. �vj[0;T ℄� �D = v. It omesEx "Z T0 dtI�NR^�N>tIXNt 2D (�Lv + Lzv) jz=XN�(t) (t;XNt )# =Z T0 dtEx [I�(t)<�NEXN�(t) [I�NR>tIXNt 2D (�L�v + Lz�v) jz=XN�(t) (t;XNt )℄℄ =Z T0 dtEx [I�(t)<�NEXN�(t) [I�NR>t (�L�v + Lz�v) jz=XN�(t) (t;XNt )℄℄�Z T0 dtEx [I�(t)<�NEXN�(t) [I�NR>tIXNt 62D (�L�v + Lz�v) jz=XN�(t) (t;XNt )℄℄ := A�B:Control of A: from Lemma 1.1.2 one hasA = Z T0 dtEx [I�N>�(t)EXN�(t) [(�L�v + Lz�v) jz=XN�(t) (t;XNt )℄℄ +Opol(h):38



Write A = Z T0 dtEx�I�N>�(t) �EXN�(t) �(b(XN�(t))� b(XNt )) � r�v(�(t); XN�(t))+12tr((���(XN�(t))� ���(XNt ))H�v(�(t); XN�(t)))�+EXN�(t) �(b(XN�(t))� b(XNt )) � (r�v(t;XNt )�r�v(�(t); XN�(t))) +12tr((���(XN�(t))� ���(XNt ))(H�v(t;XNt )�H�v(�(t); XN�(t))))�� �+Opol(h):= Z T0 dtEx [I�N>�(t)(A1(t;XN�(t)) +A2(t;XN�(t)))℄ +Opol(h): (1.4.28)For A1(t;XN�(t)); t 2 [0; T ℄ we do a Taylor expansion of the oe�ients around XN�(t) := z. We getA1(t; z) = r�v(�(t); z) � �Ez [b(XNt )� b(z)�Db(z)(XNt � z)℄ +Db(z)Ez [XNt � z℄�+12tr�H�v(�(t); z) �Ez [���(XNt )� ���(z)�D���(z)
 (XNt � z)℄ + Ez [D���(z)
 (XNt � z)℄��:From assumption (S-l + 1) the funtions Db;D��� are l-Hölder ontinuous. It omesjA1(t; z)j � C(Ez [kXNt � zk1+l℄ + h) � Ch1=2+l=2where we used Lemma 1.1.2 for the last inequality.For A2(t; z); t 2 [0; T ℄ we use the l-Hölder ontinuity in spae (resp. l=2-Hölder ontinuity in time) of H�vand the Lipshitz property of the oe�ients. We obtainjA2(t; z)j � C(Ez [kXNt � zk1+l℄ + h1=2+l=2) � Ch1=2+l=2:Plugging the ontrols on A1(t; z); A2(t; z) into (1.4.28) we �nally derivejAj � Ch1=2+l=2:Control of B: Proposition 1.2.2 readily gives jBj � CZ T0 dtPx[�(t) < �N ; Xt 62 D℄. From Lemma 1.4.5 wethen derive jBj � Ch.The ontrols on A and B give the result. �4.4 Last stepHypoellipti aseLemma 1.4.12 (Control of the last time step). Under (C), (D-1), (F1), (H'), (S-1), there existC; � suh that:jEx [v(T ^ �N ^ �NR ; XNT^�N^�NR )� v((T � h) ^ �N ^ �NR ; XN(T�h)^�N^�NR )℄j � C1 ^ "� h:As in the previous setion in that framework, the main ideas involved in the proof ome from [Cat91℄, forthe onditional Malliavin alulus, and [BT96a℄ for the loalization tehniques that allow the integrations byparts in order to get rid of the derivatives of v: nevertheless, the proof of Lemma 4.3 in [BT96a℄ seems to beinomplete2. We provide extra arguments that justify the result.2The authors seem to assert that the non degeneray of the Malliavin ovariane matrix of the Euler sheme at time T=2 isenough to guarantee this property at time s > T=2. This property holds true for the di�usion but an fail for the Euler sheme.Atually, Lemma 4.3 in [BT96a℄ an be proved using the same proedure as for A1 and A2, with a perturbed proess XN;� whihperturbation amplitude equals h2 instead of h. 39



Proof. We denote  v(:; x) :=  (x)v(:; x) and reall 1 �  (x) 6= 0 =) x 2 V�D("). As a onsequene of(F1), (1.2.3) and Lemma 1.1.2 the expetation in Lemma 1.4.12 writes:Ex [v(T ^ �N ^ �NR ; XNT^�N^�NR )� v((T � h) ^ �N ^ �NR ; XN(T�h)^�N^�NR )℄=Ex [I�N>T�h( v(T;XNT )�  v(T � h;XNT�h))℄ +Opol(h)=� Ex [I�N�T�2hE�N ;XN�N ( v(T;XNT )�  v(T � h;XNT�h))℄+ Ex [ v(T;XNT )�  v(T � h;XNT�h)℄ +Opol(h) := �A1 +A2 +Opol(h):The hoie of T � 2h in the last equation will be justi�ed later on. We detail the ontrol of A1 that is the lessusual term, we would treat A2 in the same way. For sake of simpliity, denote E : = E�N ;XN�N . In order to uselassial expansion tehniques for smooth funtions, we write E :[ v(T;XNT )� v(T�h;XNT�h)℄ = A3(m)+Rmwith A3(m) = E :[ vm (T;XNT )�  vm(T � h;XNT�h)℄ (1.4.29)where we put vm(t; x) := Ex [fm(XT�t)I�>T�t℄ for fm 2 C10 (Rd)and Rm := E :[( f �  fm)(XNT )℄ + E :[( vm �  v)(T � h;XNT�h)℄:By a density argument, we an hoose (fm)m�0 s.t. for all m � 0; kfmk1 � 2kfk1; d(supp(fm); �D) � 3=2"and fm L1(�N )�!m�!1 f , where �N (dy) := Ex [qh(XNT�h; y)℄dy + P Æ (Xx;NT )�1(dy). Hene, for m large enoughEx [jRmj℄ � Ch. It is enough to prove jA3(m)j � Ch uniformly in m, �N and XN�N 2 V�D(R).Sine  vm is smooth, one would like to develop A3(m) with It�'s formula and then use standard Malliavinintegrations by parts; this last step an not be so diret beause the variables of interest may be degen-erate in the Malliavin sense. To irumvent this di�ulty, we introdue a family of perturbed proesses(XN;�s )s2[�N ;T ℄ := (XNs + �h( ~Ws � ~W�N ))s2[�N ;T ℄ (� 2 [0; 1℄) starting from XN�N at time �N , where ~W is astandard d-dimensional BM independent from W . We also onsider the di�usion (Xs)s��N starting at �Nfrom XN�N : in the following, estimates will be uniform in �N � T � 2h and XN�N 2 V�D(R) and we omit fromnow on to indiate this dependene.The next Malliavin alulus omputations will be performed w.r.t. the (d0 + d)�dimensional BM (W; ~W )after time �N : kZkLp;: and kZkDj;p ;: stand for the assoiated Lp and Sobolev norms of Z. We denote s theMalliavin ovariane matrix of Xs and ̂s := det(s) its determinant. The same notations indexed by N(resp.N; �) stand for XNs (resp. XN;�s ). We now give an extension of the previous ontrols (1.4.20). Under the aboveassumptions, one has for any p > 1 and j � 1kXN;�s kDj;p ;: � C; k̂�1s kLp;: � C(s� �N )� ; kXs �XN;�s kDj;p ;: � Cph; (1.4.30)for some onstants, uniform in � 2 [0; 1℄, �N � s � T and XN�N 2 V�D(R).From (1.4.29), A3(m) is equal toE :[ vm (T;XNT )�  vm(T;XN;1T )℄ + E :[ vm (T;XN;1T )�  vm(T � h;XN;1T�h)℄+ E :[ vm (T � h;XN;1T�h)�  vm(T � h;XNT�h)℄ := (A4 +A5 +A6)(m):For A4(m); A6(m) we have to hek that the di�erene between the Euler sheme and the perturbed proessis negligible. For A5(m), sine XN;1 satis�es the non degeneray ondition we an use It�'s formula assoiatedwith integrations by parts tehniques.Control of A4(m); A6(m). We only detail A4(m), the other term an be handled in the same way thanksto the restrition to �N � T � 2h. Let �T be a D1 [0; 1℄-valued random variable, satisfying (C1): P:[�T 6=40



1℄ � C h2(T��N)� and (C2): �T 6= 0 ) 8� 2 [0; 1℄; ̂N;�T � ̂T =4. It follows from (C2) and (1.4.30) thatk(̂N;�T )�1I�T 6=0kLp;: � C(T��N )� for � 2 [0; 1℄. A Taylor expansion yields:A4(m) :=E :[( vm (T;XNT )�  vm(T;XN;1T ))(1� �T )℄� hZ 10 E :[r vm (T;XN;�T ):( ~WT � ~W�N )�T ℄d� := (A41 +A42)(m):From the support property of fm, Lemma 1.1.2 and (C1) we easily dedue jA41(m)j � C exp(� "2T��N )E :[1 ��T ℄1=2 � C h1^"� . Taking additionally into aount (1.4.15) and (C2) yields jA42(m)j � C h1^"� .We now turn to the onstrution of �T . To satisfy (C2) we will hoose �T as a molli�ed indiator funtion of thesets where N;�T is lose enough to T uniformly in � 2 [0; 1℄. Remark that A(�) := N;�T = NT +�2h2(T��N )Idis a:s invertible for � > 0. The funtion a(�) := det(A(�)) is di�erentiable in � and its derivative is givenby (see Theorem A.98 from [RT99℄) a0(�) = tr(Cof(A(�))A0(�)) = 2�h2(T � �N )tr(Cof(N;�T )). Simpleomputations yield ja0(�)j2 � Ch4�Z T�NfkDtXNT k2 + h2gdt�2 := RN so that ja(�) � a(0)j2 = ĵN;�T � ̂NT j2 �RN for � 2 [0; 1℄. Introdue now an even funtion � 2 C1b (R) s.t. I[0;1=4℄(x) � �(x) � I[0;1=2℄(x) forx � 0, and put �1T := �((̂T � ̂NT )=̂T ); �2T := �(8RN=[̂T ℄2): we set �T = �1T �2T . Indeed, (C2) is ful�lled:�1T �2T 6= 0 ) ̂NT � ̂T =2; RN � [̂T ℄2=16 and thus ̂N;�T � ̂T =4 for � 2 [0; 1℄. To hek (C1), write:E :[1 � �1T �2T ℄ � P:[�1T 6= 1℄ + P:[�2T 6= 1℄. Using Markov's inequality and (1.4.30), one readily getsP:[�1T 6= 1℄ �qE :[4q ĵNT � ̂T jq ℄qE : [̂�qT ℄ � Cq hq=4(T � �N )�q (1.4.31)for any q. An analogous estimate is available for P:[�2T 6= 1℄.Control of A5(m). Using It�'s formula A5(m) writes as a �nite sum of termsZ TT�hE :[��x [(��0x  )vm℄(s;XN;1s )g�;�0(XN;1s ; XN;1T�h)℄dswhere j�j � 2; j�j + j�0j � 2 and g�;�0 is a bounded funtion that only depends on b; � in (1.0.1). Combin-ing (1.4.15) with estimates (1.2.3) (written for fm) and Lemma 1.1.2 give jA5(m)j � C kfk11 ^ "2 Z TT�h exp � � "2s� �N �k(̂N;1s )�1kqLp;:ds. To omplete the proof, we assert that k(̂N;1s )�1kLp;: � k(̂N;1s )�1ÎN;1s �̂s=2kLp;: +k(̂N;1s )�1ÎN;1s <̂s=2kLp;: � C(s��N )� . Indeed, the �rst term readily satis�es the required upper bound if weapply (1.4.30). For the seond, note that sine ̂N;1s � ((s � �N )h2)d, it is enough to get that P:[̂N;1s <̂s=2℄ � Cp hp(s��N )�p for p large enough. This last estimate an be proved as (1.4.31). Indeed, P:[̂N;1s <̂s=2℄ � CP:[���� ̂N;1s � ̂ŝs ���� > 1=2℄ � CqE :[2q ĵN;1s � ̂sjq ℄qE : [̂�qs ℄. Using the de�nition of RN and (1.4.30) weget the result. �Uniformly Ellipti aseLemma 1.4.13 Under (UE), (D-3), (S-l + 1), (F2-l + 2), l 2 (0; 1) with f satisfying the ompatibilityonditions f j�D = Lf j�D = 0:E2(h) = Ex [v(T ^ �N ^ �NR ; XNT^�N^�NR )� v((T � h) ^ �N ^ �NR ; XN(T�h)^�N^�NR )℄ = o(h1=2):Proof. From Proposition 1.2.2, u 2 H l=2+1;l+2([0; T ℄ � �D). Using this smoothness property and the semi-martingale deomposition of the projetion of the Euler sheme, f. equation (1.3.2), we write,E2(h) = Ex "I�N>T�hZ T^�NRT�h 12 �v�n(t;XNt )dL0t (F (XN )) + IXNt 2D �(LXNT�h � L)v(t;XNt )� dt+ IXNt 62D �rv(t; ��D(XNt )) � dXN;�Dt + 12tr(Hv(t; ��D(XNt ))dhXN;�Dit)�� := E12 (h) +E22(h) +E32(h):41



Sine by Proposition 1.2.2 the integrands in E22(h); E32 (h) are bounded, we readily get from Lemma 1.4.5E22(h) +E32(h) = O(h). For E12 (h), the boundedness of �v�n and Lemma 1.4.5 yieldjE12 (h)j � Ex [I�N>T�h(IXNT�h2V�D(h1=4) + IXNT�h 62V�D(h1=4))E [F� (XT^�NR )jFT�h℄℄ +O(h):= E112 (h) +E122 (h) +O(h):Lemma 1.1.2 gives E122 (h) = Opol(h). On the other hand, following the proof of Lemma 1.4.2 we getE112 (h) � CphPx[XNT�h 2 V�D(h1=4)℄ � Ch3=4where the last inequality is a onsequene of (UE), under whih one has Gaussian upper bounds for themarginal density of the Euler sheme. �5 Main resultsBefore stating our main results, we mention that Assumption (C) is su�ient to guarantee the onvergeneto 0 of the error.Proposition 1.5.1 (Weak error onvergene). Under (C), if D is of lass C2 with a ompat boundaryand the oe�ients in (1.0.1) are Lipshitz ontinuous, for every ontinuous funtion f with polynomial growthwe have: limh�!0Err(T; h; f; x) = 0:Proof.Let us �rst onsider f is bounded. Aording to Proposition 1.1 in [Gob00℄ it su�es to satisfy the onditionPx[9t 2 [0; T ℄ : Xt 62 D; 8t 2 [0; T ℄; Xt 2 �D℄ = 0. This ondition an also be written Px[M = 0℄ = 0, whereM := infs2[0;T ℄ F (Xs). From Proposition 2.1.3 in [Nua95℄ we derive M 2 D 1;2 and, f. proof of Proposition2.1.4 from the same referene, DM = DF (Xs) on the set of s 2 MT := fu 2 [0; T ℄ : F (Xu) =Mg. Aordingto Theorem 1.4.8 it is enough to prove that kDF (Xt)kL2[0;T ℄ > 0 a.s for t 2 MT �℄0; T ℄ on the eventjM j � R^F (x)2 . But for t 2 MT and jM j � R=2; Xt 2 V�D(R) and thus kDtF (Xt)k2 = �(Xt) � a0 > 0: byontinuity of s 2 [0; t℄ 7! DsF (Xt), it easily follows kDF (Xt)kL2([0;T ℄) > 0 a.s.If f has polynomial growth, from Lemma 1.1.2 one derives that 8" > 0; 9C := C(");Px[kXTk+ kXNT k �C℄ � "=2. Choose now a funtion � 2 C1b (Rd); Ikxk�C � �(x) � Ikxk�C+1. The previous arguments thengive that for N large enoughjEx [f(XNT )�(XNT )I�N>T ℄� Ex [f(XT )�(XT )I�>T ℄j � "=2: �The following ounter example illustrates that (C) is also somehow minimal to ensure the onvergene ofErr(T; h; f; x).For the one dimensional deterministi proess (Xs)s2[0;1℄ = (exp(s))s2[0;1℄, orresponding to the hoie ofb(y) = y; �(y) = 0; x = 1 in (1.0.1), and D = (�1; e) one has � = 1. Sine � = 0, Assumption (C) is notsatis�ed.Put T = 1. The Euler sheme of the previous proess writes 8s 2 [0; T ℄; XNs = XN�(s)(1 + s � �(s)) =(1 + N�1)�(s)=h(1 + s � �(s)). By onstrution XN is inreasing on [0; 1℄ and XN1 = (1 + N�1)N . Hene�N > 1 and for f = 1, Err(T; h; f; x) = 1.
42



5.1 Statement of the main resultsWe brie�y reall our two main working assumptions, see also Setion 1 and Appendix B.- Hypoelliptiity onditions (H) or (H') assoiated to a non harateristi boundary ondition (C), and tothe assumptions (D-1) for the domain, (S-1) for the oe�ients (the domain and the oe�ients of thedi�usion proessX are in�nitely di�erentiable), (F1) for the funtion (f is a bounded Borel funtion satisfyinga support ondition w.r.t. D).- Uniform elliptiity onditions (UE) assoiated to the assumptions (D-3) for the domain, (S-l + 1) for theoe�ients (the domain is of lass C3 and the oe�ients of the di�usion proess X belong to the Hölder spaeH l+1( �D)), (F2-l+ 2) for the funtion (the funtion f belongs to the Hölder spae H l+2( �D)).Theorem 1.5.2 Under (C), (D-1), (F1), (H'), (S-1) (resp. (UE), (D-3), (S-l+1), (F2-l+2), l 2 (0; 1)with f satisfying f j�D = Lf j�D = 0) we haveErr(T; h; f; x) = 12Ex [Z T0 �v�n(s;XNs )dL0s^�N (F (XN))℄ + o(h1=2):Theorem 1.5.3 Under (C), (D-1), (F1), (H'), (S-1) (resp. (UE), (D-3), (S-l+1), (F2-l+2), l 2 (0; 1)with f satisfying f j�D = Lf j�D = 0), for h small enough (depending on d(x; �D) > 0), we havejErr(T; h; f; x)j � C2ph (1.5.1)with C2 > 0.Under (C), (D-1), (F1), (H), (S-1) (resp. (UE), (D-3), (S-l + 1), (F2-l + 2), l 2 (0; 1) with fsatisfying f j�D = Lf j�D = 0), for h small enough (depending on d(x; �D) > 0), we haveC1(x)ph � Err(T; h; f; x) (1.5.2)with C1(x) > 0. If the domain is bounded, C1(x) an be taken uniform w.r.t. the starting point x 2 D.Proposition 1.5.4 Under (C), (D-2), (S-1), for some 0 > 0 one has:supN;s2[0;T ℄Ex [exp(0[h�1=2F�(XNs^�N )℄2)℄ <1:Hene, the sequene of random variables (h�1=2F�(XNs^�N ))N�1 is uniformly tight on [0; T ℄.The �rst theorem exhibits the relevant term of the error, i.e. the one that has to be developed in order togive an expansion of the error. The seond one states that the leading term is really of order 12 . Moreover, themain term an be interpreted in terms of Tanaka's formula as a suitable average of the overshoot. Indeed, weshow, see Lemma 1.4.5, that 12Ex [L0s^�N (F (XN ))℄ = Ex [F�(XNs^�N )℄ + O(h). Therefore, Theorem 1.5.2 andProposition 1.5.4 are somehow the �rst step for a future expansion of the error.Remark 1.5.1 To illustrate the neessity of assumption (H) to get a lower bound, we provide the followingexample suggested by P.Cattiaux, [Cat03℄. Consider a domain D =℄ � �=2; 3�=2[ and a di�usion proessfollowing the dynamis of equation (1.0.1) with X0 = �=2, b(x) = os(x), �(x) = sin(x). Assumption (C) isreadily satis�ed. With the notations of Setion 1, or equivalently writing the above dynami in Stratonovithform, one has A0(x) = (1� 12 sin(x)) os(x); A1(x) = sin(x):The di�usion oe�ient A1 degenerates along the set fk�; k 2 Zg. Thus (H) is not satis�ed. Anyhow, sine[A0; A1℄(x) = �(1� 12 sin(x)) os(x)� os(x) ���12(os2(x) � sin2(x)) � sin(x)� sin(x)= 1� 12 sin3(x);([A1℄2 + [A0; A1℄)(x) = sin2(x) + 1� 12 sin3 x � 12 :43



Hene, assumption (H') holds true. Note also that (Xt)t�0 lives in [0; �℄. Indeed Feller's test for explosions iseasily veri�ed, see e.g. Proposition 5.22 Chapter 5 from [KS91℄. We therefore derive that the killing boundaryhas no e�et in that ase for whih Err(T; h; f; x) = O(h) (see [BT96a℄). We fail to obtain a lower bound withrate ph.5.2 Proof of the main resultsProof of Theorem 1.5.3. As a onsequene of Theorem 1.5.2, the lower bound follows from Lemmas 1.2.4and 1.4.6. Indeed, from Lemma 1.2.4 and Proposition 1.2.1(resp. Proposition 1.2.2) we derive that the funtion�v�n is positive and ontinuous on the ompat set [0; T=2℄ � �D. It is therefore uniformly positive. Lemma1.4.6 then gives a lower-bound for the expetation of the loal time.The upper bound is derived from equation (1.2.3) in the hypoellipti ase (resp. Proposition 1.2.2 in theuniformly ellipti ase) and Lemma 1.4.2. �Proof of Theorem 1.5.2.To show Theorem 1.5.2, we use the tehnial results of Setion 4 and the smoothness properties of v givenin Setion 2. This allows to ontrol the terms EI1 (h); EO1 (h); E2(h) of the fundamental error deomposition(1.3.5).Lemma 1.4.12 (resp. 1.4.13) states that E2(h) = O(h) (resp. E2(h) = o(h1=2)). Estimates (1.2.3) (resp.Proposition 1.2.2) and Lemma 1.4.5 diretly yield that the ontribution EO1 (h) = O(h).We then derive from Lemma 1.4.10 (resp. 1.4.11) that EI1 (h) = o(ph). Note that in the hypoellipti asewe atually have EI1 (h) = O(h).At last, the di�erene between the integrals w.r.t. the loal time stopped in (T � h) ^ �N ^ �NR appearingin ELT1 (h), f. (1.3.4), and T ^ �N is a Opol(h). This is easy to prove using (1.2.3) (resp. Proposition 1.2.2),Lemma 1.1.2 and the loal Lp boundedness of the loal time, we omit details. �Proof of Proposition 1.5.4. We only have to prove that there exist onstants  > 0 and C s.t: 8A �0; supN Px[F�(XNt^�N ) � Ah1=2℄ � C exp(�A2) for t 2 [0; T ℄, then any hoie of 0 <  is valid. We write:Px[F�(XNt^�N ) � Ah1=2℄ =�(t)=hXi=1 Ex [I�N>ti�1I�Nti�1<tiP[F�(XNti ) � Ah1=2jF�Nti�1 ℄℄+ Px[F�(XNt ) � Ah1=2; �N > t℄ := At +Btwhere we de�ne �Nti�1 := infft � ti�1 : XNt =2 Dg. Bt is diretly estimated applying Lemma 1.1.2. This Lemmaalso enables to develop At as follows:At ��(t)=hXi=1 Ex [I�N>ti�1I�Nti�1<tiC exp � A2hti � �Nti�1!℄�C exp(�A2)h�1Z T0 dtPx[�N > �(t); �(t) + h > �N�(t)℄�C exp(�A2)h�1Z T0 dtEx [I�N>�(t) exp �d2(XN�(t); �D)h !℄:In the proof of Lemma 1.4.5, we have shown that the last integral is bounded by Ch, whih ompletes theproof. �44



6 Numerial resultsIn this setion we �rst assume that one of the sets of assumptions of Theorem 1.5.3 is in fore. Wepresent some numerial experiments that illustrate the results of the previous setion. We detail in Subsetion6.1 the simulation parameters we hoose in order to analyze the disretization error. We then desribe inSubsetion 6.2 a simulation proedure whih avoids some numerial "variane" e�ets. Two examples aregiven in Subsetion 6.3. Finally, in Subsetion 6.4 we deal with a non-zero funtion on the boundary.6.1 Simulation parametersIn this subsetion we speify our hoie of parameters in order to isolate the disretization error. Thetheorems of Setion 5 give some bounds onerning expetations. From a pratial viewpoint the expeta-tions involving the killed Euler sheme are approximated by a Monte-Carlo proedure. It is therefore ruialto ontrol that the statistial error indued by the Monte-Carlo approximation is negligible w.r.t. to thedisretization error we want to haraterize.For NMC 2 N and N 2 N� de�ne:ENMC (f;N) := 1NMC NMCXi=1 f(XN;iT )I�N;i>Twhere N still stands for the total number of time steps and NMC denotes the number of paths for the Monte-Carlo method. By XN;iT ; i 2 [[1; NMC ℄℄ we denote independent realizations of the Euler sheme taken at timeT . The notation �N;i; i 2 [[1; NMC ℄℄ stands for the disrete exit time assoiated to the ith path of the Eulersheme.In what follows, to approximate Err(T; h; f; x), we ompute numerially the quantity ENMC (f;N) �ENMCR(f;NR). The seond term in this di�erene is a "referene" approximation value of the quantityEx [f(XT )I�>T ℄. Namely, we take NR; NMCR so that the di�erene Ex [f(XT )I�>T ℄� ENMCR(f;NR) is negli-gible w.r.t. h1=2. One has,ENMC (f;N)�ENMCR(f;NR) = Err(T; h; f; x) + (ENMC (f;N)� Ex [f(XNT )I�N>T ℄)+(Ex [f(XT )I�>T ℄� Ex [f(XNRT )I�NR>T ℄) + (Ex [f(XNRT )I�NR>T ℄�ENMCR(f;NR)):= Err(T; h; f; x) +D1 +D2 +D3:For a given N 2 N� representing the maximum number of steps for whih we want to study the disretizationerror, it remains to alibrate NMC ; NR; NMCR so that D1 +D2 +D3 = o(h1=2) in some sense.Theorem 1.5.3 readily gives D2 � Cp1=NR. A problem is anyhow that we know little about the onstantC appearing in the bounds of Err(T; h; f; x).The terms D1; D3 orrespond to a statistial error that an be ontrolled by the entral limit theorem, seeLapeyre and al., [LPS98℄ for details. Namely, 8n 2 N�limNMC P"s NMCV[f(XnT )I�n>T ℄�ENMC (f; n)� E [f(XnT )I�n>T ℄� 2 [a; b℄# = P[N (0; 1) 2 [a; b℄℄:Hene, replaing V[f(XnT )I�n>T ℄ by the usual unbiased estimator of the variane�̂2NMC (f; n) := 1NMC � 1NMC�1Xi=1 f(Xn;iT )2I�n;i>T �� NMCNMC � 1�E2NMC (f; n)we heuristially derive that for NMC large enoughE [f(XnT )I�n>T ℄ 2 �ENMC (f; n)� 1:96 �̂NMC (f; n)pNMC ; ENMC (f; n) + 1:96 �̂NMC (f; n)pNMC �with probability 95%.Thus, for N large enough one gets from the above ontrols that the hoie of NR = NMC = NMCR = N2yields D1 +D2 +D3 = O(h) with a high probability. 45



6.2 Simulation proedureAssume the proess X follows the dynamis of equation (1.0.1). Let NI 2 N� be the minimal numberof time steps for whih we want to simulate ENMC (f;N). For S 2 N de�ne NS;I := NI � 2S . Let nowNS0;I ; S0 2 N� be the maximum number of time steps for whih we want to simulate ENMC (f;N).The following Algorithms desribe our simulation proedure.Algorithm 6.1 (Path simulation of (XNS;I )S2[[0;S0℄℄ using ommon Gaussian inrements.)- Simulate a RNS0 ;I
d0 valued random vetor V whose omponents are i.i.d. entered Gaussian vetors withovariane matrix (T=NS0;I)Id0 .- For every S 2 [[0; S0℄℄, de�ne hS = T=NS;I ; RS = NS0;I=NS;I = 2S0�S ; 8k 2 N; tSk := khS.For all k 2 [[0; NS;I � 1℄℄ introdue �tSk := (k+1)RS�1Xi=kRS Vi. By onstrution �tSk � N (0; hSId0).We now de�neXNS0 = x; 8k 2 [[1; NS;I ℄℄; XNS;ItSk = XNS;ItSk�1 + b(XNS;ItSk�1 )hS + �(XNS;ItSk�1 )�tSk�1 :Note that to obtain a realization of V we an also use NI initial i.i.d. Gaussian inrements with ovarianematries (T=NI)Id0 and then simulate onditional laws to get the intermediate inrements. When S0 goes toin�nity, this proedure leads to Lévy's onstrution of BM, see e.g. Chapter 2.3 in [KS91℄.Algorithm 6.2 (Approximation proedure)- Let (Vj)j2[[1;NMC ℄℄ be a sequene of i.i.d. random variables with law V introdued in the previous Algorithm.For every j 2 [[1; NMC ℄℄, use Algorithm 6.1 with Vj to ompute independent paths (in terms of j) (XNS;I;jtk ) forS 2 [[0; S0℄℄; k 2 [[0; NS ℄℄; j 2 [[1; NMC ℄℄ and derive the assoiated expressions for (ENMC (f;NS;I))S2[[0;S0℄℄.The key idea in the above Algorithm onsists in using the omponents of (V j)j2[[1;NMC ℄ to simulate all thepaths (XNS;I;jtk )k2[[0;NS;I ℄℄ of the Euler sheme for S 2 [[0; S0℄℄. In this way, we diminish the variane e�ets inthe estimation of (ENMC (f;NS;I))S2[[0;S0℄℄.In the Brownian ase we observe that (ENMC (f;NS;I))S2[[0;S0℄℄ is by onstrution dereasing. As a onse-quene of Theorem 1.5.3 we had this property for Ex [f(XNT )I�N>T ℄ that also always overestimates Ex [f(XT )I�>T ℄.This is the �overshoot� e�et assoiated to the disrete killing. In a Brownian framework this dereasing prop-erty is also satis�ed by the empirial mean.6.3 ResultsBrownian Motion living in the unit ball of R2We onsider for this example a standard BM in R2 , killed when it leaves the unit ball. Put T = 1; x =0; D = ÆB(0; 1); f(y) = ( 12 � kyk)+. The funtion f satis�es (F1). We let the number of time steps N varybetween 15 and 120 following the proedure of Subsetion 6.2. We hoose NMC = NMCR = 106; NR = 14400to ompute ENMCR(f;NR) de�ned in Subsetion 6.1.We obtain ENMCR(f;NR) = :0204271 and the assoiated 95% on�dene interval writesIC(NMCR) = [ENMCR(f;NR)� 1:96�̂NMCR=pN;ENMCR(f;NR) + 1:96�̂NMCR=pN ℄ = [0:0203672; 0:0204871℄:We have N = 15 N = 30 N = 60 N = 120 N = 240 N = 480ENMC (f;N) .032521 .0290039 .026411 .0244848 .0231462 .0222035�̂2NMC (f;N) .0103078 .00933837 .00860405 .00804047 .00764966 .0073686ENMC (f;N)� 1:96�̂NMC(f;N)=pN .032322 .0288145 .0262292 .0243091 .0229748 .0220353ENMC (f;N) + 1:96�̂NMC(f;N)=pN .03272 .0291933 .0265928 .0246606 .0233177 .022371846
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PSfrag replaementsx0A \ ft = t0gP+ \ ft = t0g�Rx��B \ ft = t0g�DThe urves bounding the logarithm of the relative error represent the image of the bounds of the on�deneinterval by the mapping g(x) = � log(jx� ENMCR(f;NR)j=ENMCR(f;NR)).Remark 1.6.1 The striking point in the above graphi is that the slope obtained by simulation is very loseto 12 . This is a �rst numerial evidene that emphasizes that an error expansion is likely under our workingassumptions. Indeed, assume for a while the error writes Err(T; h; f; x) = Cph + o(ph) for h small enough.In that ase, reall from Theorem 1.5.3 the error is positive, ln Err(T; h; f; x) = lnC + 12 lnh + o(1). That isexatly what we observe on the previous graphi. We also point out that sine we represent the logarithm ofthe relative error in funtion of the logarithm of the time step the onstant C an numerially be estimatedby exp(b)ENMCR(f;NR) where b is the ordinate to the origin assoiated to the right line in the previous �gure.A speial Hypoellipti di�usionConerning our onluding remark in the previous paragraph, one ould objet that the Brownian ase isvery spei�. This is the reason why we onsider in this paragraph a general di�usion proess whose di�usionmatrix satis�es real hypoellipti assumptions, i.e. the matrix itself an degenerate. The numerial results weobtain are qualitatively very similar to the previous ones.We now present the disretization error assoiated to the R2 -valued proessXt = x+ Z t0 �(Xs)dWswhere 8x 2 R2 ; �(x) = � 1 01 sin(x2) � :We set T = 1; D := fy 2 R2 : hy; Ii � 1g; I = � 11 � ; f(y) = (hy; Ii � 1:2)+.Let us point out that ���(x) = � 1 11 1 + sin2(x2) � degenerates along fx 2 R2 : x2 = k�; k 2 Zg.
47



Anyhow [�1; �2℄(x) = � 0os(x2) � so that, following the de�nitions of Setion 1 we obtain8x 2 R2 ; 8z 2 R2 ; Xy2L1(x)hY; zi2 = �� 11 � ; z�2 +�� 0sin(x2) � ; z�2 +�� 0os(x2) � ; z�2= �� 1 11 2 � z; z� := h ~Az; zi:Sine ~A is positive de�nite we have that (H) holds true with M = 1. The support ondition of (F1) issatis�ed. One ould objet that the boundary �D is unbounded. Anyhow, the boundedness ondition forthe boundary is essentially imposed to go from a loal desription of the boundary to a global one and is notneeded for half-spaes. In partiular the results of Setion 5 remain true for half-spaes, see also Setion 7.We let the number of time steps N vary between 15 and 240 following the proedure of Subsetion 6.2. Wealso hose NMC = NMCR = 106; NR = 14400 to ompute ENMCR(f;NR). For the referene value we obtainENRNMCR = :929443 and the assoiated 95% on�dene interval writes [:925116; 93377℄.It omes N = 15 N = 30 N = 60 N = 120 N = 240 N = 480ENMC (f;N) 1.06498 1.02991 1.00212 0.980918 0.965342 0.954138�̂2NMC (f;N) 2.23472 2.25 2.23472 2.22405 2.21645 2.21190ENMC (f;N)� 1:96�̂NMC (f;N)=pN 1.06205 1.0269 0.99919 0.977995 0.962424 0.951223ENMC (f;N) + 1:96�̂NMC (f;N)=pN 1.06792 1.03284 1.00505 0.983841 0.96826 0.957052
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PSfrag replaementsx0A \ ft = t0gP+ \ ft = t0g�Rx��B \ ft = t0g�D6.4 Non-zero boundary onditionsConerning the uniformly ellipti framework, put�(t; x) = (f(x); (t; x) 2 fTg� �Dg(t; x); (t; x) 2 [0; T ℄� �D48



with g 2 H l=2+1;l+2([0; T ℄� �D); f 2 H l+2( �D); l 2 (0; 1); g 6= 0.Assume also that f; g satisfy the paraboli ompatibility onditions g(T; x) = f(x); �tg(T; x) + Lf(x) =0; x 2 �D. Under (UE), (D-3), (S-l + 1), we derive from Theorem 5.2 p. 320 in [LSU68℄ that the system� (�t + L)u(t; x) = 0; (t; x) 2 [0; T ℄�D;u(t; :)�D = �(t; x); t 2 [0; T ℄has a unique solution u 2 H l=2+1;l+2([0; T ℄� �D). As in Proposition 1.2.2 one gets 8(t; x) 2 [0; T ℄� �D; u(t; x) =v(t; x) = Ex [�(T ^ � t;x; Xt;xT^� t;x)℄; � t;x := inffs � t : Xt;xs 62 Dg. Hene, we still have �good� smoothnessproperties on v. We now modify the de�nition of the error and onsiderErr2(T; h;�; x) = Ex [�(T ^ �N ^ �NR ; � �D(XNT^�N^�NR ))℄� Ex [�(T ^ �;XT^� )℄:From a theoretial aspet, the upper bound stated in Theorem 1.5.3 remains valid for jErr2(T; h;�; x)j.Conerning the lower bound, it is not that easy to derive in this ase a positivity property for the normalderivative �v�n . Indeed, Lemma 1.2.4 strongly relies on the positivity of v inside the domain and on the fatthat it vanishes on the boundary.From a numerial point of view we approximate Ex [�(T ^ �N ^ �NR ; � �D(XNT^�N^�NR ))℄ by the followingMonte-Carlo proedure ENMC (�; N) := 1NMC NMCXi=1 �(T ^ �N;i; � �D(XN;iT^�N;i))I�N;iR >T :The last indiator funtion means that we do not take into aount in our empirial mean the paths for whihthe Euler sheme has exited the region that allowed to uniquely de�ne the projetion on �D. Reall anyhowthat the probability of suh events is a Opol(h), f. Lemma 1.1.2.We also introdue�̂2NMC (�; N) := 1NMC � 1NMCXi=1 �(T ^ �N;i; � �D(XN;iT^�N;i))2I�N;iR >T �� NMCNMC � 1�ENMC (�; N)2whih is the usual unbiased estimator of the variane.Let us now present some numerial results forXt = �Wt; � = 0� :6 0 0:05 :6 0:02 :15 :6 1A ; W standard 3� dimensional BM;D = B(0; 1); 8(t; x) 2 [0; T ℄� �D; �(t; x) = (T � t)2 + x1 + x2 + x3:The paraboli ompatibility ondition �t�(T; x) + 12 tr(���H�(T; x)) = 0 is readily ful�lled sine �t�(T; x) =H�(T; x) = 0.We let the number of time steps N vary between 15 and 240 following the proedure of Subsetion 6.2. Wealso hoose NMC = NMCR = 106; NR = 14400 to ompute ENMCR(�; NR).The referene value is ENMCR(�;NR) = :1357. The assoiated 95% on�dene interval writes [0:1341; 0:13766℄.It omes N = 15 N = 30 N = 60 N = 120 N = 240 N = 480ENMC (�; N) 0.119944 0.120825 0.123838 0.127331 0.130715 0.133467�̂2NMC (�; N) 0.965721 0.980102 0.991336 1.00032 1.00714 1.0123ENMC (�; N)� 1:96�̂NMC (�; N)=pN 0.118017 0.118884 0.121887 0.125371 0.128748 0.131495ENMC (�; N) + 1:96�̂NMC (�; N)=pN 0.12187 0.122765 0.125789 0.129292 0.132682 0.135439
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PSfrag replaementsx0A \ ft = t0gP+ \ ft = t0g�Rx��B \ ft = t0g�DAlthough we do not observe a �nie� right line as for the examples of Subsetion 6.3, the above results donot give numerial evidene that an expansion is unlikely, even when the boundary data is non-zero.To onlude the setion we insist on the fat that numerially speaking, the results of Subsetions 6.3 and6.4 globally tend to show that an error expansion holds true (see also Remark 1.6.1).All the omputations presented in the setion have been exeuted on a Personal Computer, with Pentiumproessor at 2GHz and 1GO of RAM memory. This last memory aspet is not very relevant for these examplessine all we need is pure CPU fore, and thus a powerful proessor (or set of proessors sine Monte-Carloapproximations are well adapted to parallelism).We used a Linux Operating System, C++ as programming language and g++ as C++ ompiler. Noexternal libraries have been used.For every presented example, the simulation of the referene value ENMCR(f;NR); NMCR = 106; NR =14400 took about 1h30 � 2 hours whereas the simulations of (ENMC (f;N))N�480; NMC = 106 took about15 � 20 minutes. Note the previous omputing times are not proportional in terms of N �NMC . This is aonsequene of the simulation proedure desribed in Subsetion 6.2. Indeed, reall that sine we keep thesame Brownian inrements to ompute ENMC (f;N) for various N � 480 we have to do intermediary partialsums of these inrements. The ode ould still be optimized but is not naive. The indiated simulation timesare signi�ant.7 ExtensionsWe onlude giving some extensions of the previous results.7.1 Half-spaeAs indiated in Subsetion 6.3, the ompatness assumption on �D may be removed in the half-spae ase.Indeed, the ompatness is needed- to go from a loal desription of the boundary to a global one, f. Setion 3.1.50



- to give a lower-bound of the normal derivative �v�n (t; x) uniformly on KT � �D where KT is a given ompatinterval of [0; T ), f. proof of Theorem 1.5.3.- to build neigbourhoods that allow to apply the time-oupation formula, f. proof of Lemma 1.4.1.We now larify eah of these steps in the speial ase of the half-spae. W.l.o.g., up to a hange of oordinatewe an onsider D = Rd+ := fx 2 Rd : x1 > 0g.Conerning the �rst point, we do not have to straighten the boundary. We simply get 8x 2 Rd ; F (x) =x1; � �D(x) = (x+1 ; x2; :::; xd)�.For the lower bound we introdue �NK := inffti : XNti 62 B(x;K)g, where K will ondition the lower boundfor �v�n on B(x;K) \ �D. We writeEx [Z T^�N0 �v(t;XNt )�n dL0t (F (XN ))℄ � Ex [Z T^�N^�NK0 �v(t;XNt )�n (XNt )dL0t (F (XN ))℄� CKEx [L0T=2^�N^�NK (F (XN ))℄:Following the proof of Lemma 1.4.6 we getEx [L0T=2^�N^�NK (F (XN))℄ � CZ 30=40=4 dzg(z=�00)zphPx[F (XNT=4^�N^�NK ) � 0℄� Ch3=4:One has Px[F (XNT=4^�N^�NK ) � 0℄ � Px[�N � T=4; �NK > T=4℄ � Px[�N � T=4℄� Px[�NK � T=4℄� Px[XNT=4 62 D℄� C exp(�K2=T )where the last inequality is a onsequene of Lemma 1.1.2. From Theorem 3.1 in [BT96a℄ we have the pointwiseonvergene Px[XNT=4 62 D℄ �!N P[XT=4 62 D℄. Choose K s.t. C exp(�K2=T ) � 1=2P[XT=4 62 D℄. We onludeas in Lemma 1.4.6.Conerning the last point, in the half-spae ase assumption (C) writes 8x 2 Rd ; jx1j � R; h���(x)e1; :e1i �a0 > 0; e1 = (1; 0; :::; 0)�. Hene, we still loally have dt � dhF (XN )ita0 and an therefore apply the oupationtimes formula.Remark that the previous arguments ould be applied to a domain delimited by two hyperplanes.7.2 Funtion fThe boundedness assumption on f in (F1) an also be relaxed into f(x) � C exp(jxj). This is a diretonsequene of the standard ontrol Ex [supt2[0;T ℄ exp(rkXNt k)℄ � C exp(rkxk) for the Euler sheme under(S-1). The above ontrol follows from Lemma 1.1.2.Unfortunately, it seems di�ult to get rid of the support assumption in (F1) in the general ase, beausewe are not able to deal with exploding derivatives of v near �D.
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Chapter 2Disrete sampling of funtionals of It�proessesIntrodutionIn Chapter 1 we foused on the analysis of the weak error Err(T; h; f; x) = Ex [f(XNT )I�N>T ℄�Ex [f(XT )I�>T ℄where X was a di�usion proess, XN its Euler sheme , � was the exit time of X from a given smooth domainD and �N the exit time of the Euler sheme along a regular time mesh with step h. In Theorem 1.5.3 weshowed that Err(T; h; f; x) was of order 1=2 w.r.t. h under suitable assumptions.One an wonder whether the order 1=2 stated in Theorem 1.5.3 omes from the disretization of the exittime, from the Euler disretization of the proess or if it is related to the Markov property of di�usion pro-esses. In [Gob00℄, Gobet proved in a uniformly ellipti Markovian setting and for smooth domains that theorder 1=2 was intrinsi to the disrete time killing.In this hapter we extend this result in a possibly degenerate non-Markovian framework. Sine we do nothave in that ontext an underlying PDE we introdue some martingale tehniques to analyze the error. Thisallows to take into aount a wider lass of funtions than in the previous hapter and to handle a ertainlass of non-smooth domains.We then turn to the ontrol of the weak error assoiated to some speial disretized funtionals (integral,maximum of a proess with Markovian di�usion oe�ient).Main resultsLet (Xt)0�t�T be a d-dimensional It� proess, whose dynamis is given byXt = x+ Z t0 bsds+ Z t0 �sdWs (2.0.1)with a �xed initial data x and a �xed terminal time T . Here, W is a d0-dimensional standard Brownian motion(BM in short) de�ned on a �ltered probability spae (
;F ; (Ft)0�t�T ;P), with the usual assumptions on the�ltration (Ft)0�t�T . The progressively measurable oe�ients (bs)s�0 and (�s)s�0 are bounded.We are more spei�ally interested in the law of this It� proess, stopped when it exits from some �xeddomain D. Namely, for a measurable funtion g, we onsider the quantityE [g(T ^ �;XT^� )℄ (2.0.2)with � := infft � 0 : Xt 62 Dg, and we fous on the impat of a disretization of the exit time in the aboveexpetation. 53



Consider a regular mesh of the interval [0; T ℄ with N time steps (ti = ih)0�i�N (h = T=N being the stepsize), we put �N := inffti � 0 : Xti 62 Dg. The assoiated weak error is then de�ned byErr(T; h; g; x) := E [g(T ^ �N ^ �R; � �D(XT^�N^�R))℄ � E [g(T ^ �;XT^� )℄:The de�nition of �R depends on the domain and is given later. For instane, with onvex domains we maytake �R = +1. We should always keep in mind that �N < �R with a very high probability.For a smooth domain D with ompat boundary, if (�s)s�0 satis�es a.s a non-harateristi boundary on-dition (C), some ontinuity in probability (S) and the funtion g is supposed to be either bounded measurablewith a support ondition, f. (G1), or to be smooth in both variables, f. (G2), we show thatErr(T; h; g; x) = O(ph):Then, for an intersetion of smooth domains with ompat boundaries we prove the previous ontrol remainsvalid under (G1) if we additionally assume the proess (�s��s )s�0 is a.s uniformly ellipti in a neighborhoodof the orners points resulting from the intersetion. This is an interesting result even in the Markoviansetting of Brownian Motion. Indeed, for non smooth domains it is a hard task to use the traditional erroranalysis tehniques that require the smoothness of the derivatives of the solution of the underlying PDE upto the boundary, see also Chapter 3. We thus provide an alternative tehnique that points out that the maindi�ulty to upper-bound the weak error in the Brownian ontext does not lie in the lak of regularity of thedomain.Finally, we turn to the analysis of some other disretely sampled path-dependent funtionals of the proessX . Let  be a Lipshitz ontinuous funtion. De�ne for all s 2 [0; T ℄; �(s) := inffsi : si � s < si+1g. SimpleFubini like arguments give   Z T0 Xsds!�   Z T0 X�(s)ds! =Lp(P)O(h); p � 1:For d = d0 = 1, introdue MT := sups2[0;T ℄Xs; MNT := sups2[0;T ℄X�(s). In the speial ase �s = �(Xs)in equation (2.0.1), with � smooth and uniformly ellipti, we exploit some results from Asmussen and al., f.[AGP95℄, to show 9C > 0; E [MT �MNT ℄ � Cph:Plan of the hapterIn setion 1 we state our working assumptions and also reall some basi properties onerning It� proessesand smooth domains.In setion 2 we give the deomposition of the error Err(T; h; g; x) and state our �rst results for smoothdomains. A ruial tool for the error analysis is the auxiliary proess Vt := E [g(T ^ �t^ �R; � �D(XT^�t^�R))jFt℄,where �t := inffs � t : Xs 62 Dg. This proess orresponds to the generalization in a non-Markovian setting ofthe Feynman-Ka representation of the solution of the underlying PDE for a di�usion proess. Namely, if Xis a di�usion proess with in�nitesimal generator L, one has 8Xt 2 �D; Vt := v(t;Xt) where v is the solution of(�t+L)v(t; x) = 0; 8(t; x) 2 [0; T )�D; v(t; x) = g(t; x); 8(t; x) 2 [0; T )��D[fTg� �D. As in the Markovianase, we use V to write Err(T; h; g; x) as a sum of inrements of V . Our strategy then onsists in introduing54



some martingale tehniques to ontrol those inrements that we an not anymore develop with It�'s formulaon v.To derive the main results of setion 2 we need two auxiliary lemmas stated at the end of that setion.Their proofs are postponed to setion 3.Setion 4 is dediated to the extension of the previous ontrol of order 1=2 for Err(T; h; g; x) in the speialase of an intersetion of smooth domains when g satis�es a support ondition. The key idea is, for eah domainof the intersetion, to onstrut an auxiliary proess satisfying the non-degeneray onditions of setion 2 inorder to apply the results stated there.We onlude in setion 5 with the speial ases of the weak errors assoiated respetively to a disretelysampled integral and to a disretely sampled maximum of a proess with Markovian di�usion oe�ient.
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1 Notations and assumptions1.1 About the proessWe assume the oe�ients (bs)s2[0;T ℄; (�s)s2[0;T ℄ of (2.0.1) are bounded. Some mild smoothness property on� (some ontinuity in probability) will be also needed: the ondition stated below is not restritive at all andis ful�lled for instane as soon as (�s)0�s�T satis�es a Hölder property in Lp-norm.(S) For any Æ > 0, there is some funtion �Æ with limh!0+ �Æ(h) = 0 suh that a:s, for s 2℄ti; ti+1[ withXs 2 �D, one has P(j R ti+1s (�u � �s)dWuj � Æpti+1 � s j Fs) � �Æ(h).1.2 About the domainWe introdue in this setion the assumptions onerning �smooth� domains. Our working assumptions for anintersetion of smooth domains are spei�ed in setion 4.We de�ne the hypothesis(D-k) The domain D is of lass Ck with bounded boundary �D.For x 2 �D, denote by n(x) the unit inward normal vetor at x. For r � 0, set V�D(r) := fz 2 Rd :d(z; �D) � rg and D(r) := fz 2 Rd : d(z;D) � rg: B(z; r) stands for the losed ball with enter z and radiusr. The one of origin x 2 Rd , diretion n 2 Rd (n 6= 0) and angle � 2 (0; �) is denoted by K(x; n; �).Assume D satis�es (D-2). Following the notations of Proposition 1.1.1, we now introdue the non hara-teristi boundary ondition(C) 9a0 > 0;8Xs 2 V�D(R);8s 2 [0; T ℄; �s := rF (Xs):�s��srF (Xs) � a0; a:s.Assumption (C) is somehow a minimal ondition to ensure a onvergent approximation. Indeed, it easyto imagine a deterministi path whih hits �D only at time � = �T where � is an irrational number in ℄0; 1[:for this, �N > T for any N � 1 and Err1(T; h; f; x) = f(XT ) is onstant.1.3 About the funtionIn the following, the funtion g in (2.0.2) satis�es one of the two assumptions below(G1) g is a bounded Borel funtion and 9" > 0; 8t 2 [0; T ℄; d(supp(g(t; :)); �D) � 2".(G2) g 2 C1;2b ([0; T ℄�Rd) where C1;2b ([0; T ℄�Rd ) is the spae of real-valued bounded funtions on [0; T ℄�Rdwith ontinuous and bounded derivatives up to order 1 in time, up to order 2 in spae.We denote by ��x g(t; x) the derivative of g w.r.t. x aording to the multi-index �, whereas time derivativesof g are denoted by �tg(t; x); �2t g(t; x); : : :. The notation rg(t; x) (resp. Hg(t; x)) stands for the gradient (resp.the Hessian matrix) of g w.r.t. x and �g�n (t; x) = rg(t; x):n(x) is the normal derivative on the boundary.1.4 MisellaneousThe distribution funtion of the standard normal law is denoted by �.We will keep the same notation C (or C 0) for all �nite, non-negative onstants whih will appear in ouromputations: they may depend on D, T , b, �, " or g, but they will not depend on the number of time stepsN and the initial value x. We reserve the notation  and 0 for onstants also independent of x, T and g.In the following Opol(h) (resp. O(h)) stands for every quantity R(h) suh that 8n 2 N, for some C > 0,one has jR(h)j � Chn (resp. jR(h)j � Ch) (uniformly in x).
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1.5 Usual ontrolsWe reall some basi estimates that only exploit the boundedness of the oe�ients.Lemma 2.1.1 (Bernstein's type inequality) Consider two stopping times S; S0 upper bounded by T with0 � S0�S � � � T . Then for any p � 1 and 0 > 0, there are some onstants  > 0 and C, suh that for any� � 0, one has a:s: P[ supt2[S;S0℄ kXt �XSk � � �� FS ℄ �C exp���2�� ;E [ supt2[S;S0 ℄ kXt �XSkp �� FS ℄ �C�p=2;E [exp ��0 d2(XS0 ; �D)� � �� FS ℄ �C exp��d2(XS ; �D)� � :Proof. It is similar to the one of Lemma 1.1.2.2 Main deomposition of the error and �rst resultsIn this setion we assume (D-2) is in fore. The onstant R is the one of Proposition 1.1.1. In partiular,on D(R) the projetion on �D is uniquely de�ned and we reall that if the domain D is onvex one anset R = +1. Put �R := inffs � 0 : Xs 62 D(R)g, �N;R := �R ^ �N . We reall that from Lemma 2.1.1P[�R < �N ℄ � C exp��R2h �. Thus, taking �N;R instead of �N has not a signi�ant impat. This is only atehnial restrition needed to keep the projetion on �D well de�ned.Put 8(t; z) 2 [0; T ℄�D(R); ~g(t; z) := g(t; � �D(z)). The main result of the setion is the followingTheorem 2.2.1 Upper bound in the smooth aseAssume (C), (D-2), (S) and either (G1) or (G2). For some onstant C, one hasjErr(T; h; g; x)j = jE [~g(T ^ �N;R; XT^�N;R)� ~g(T ^ �;XT^� )℄j � Cph:Remark 2.2.1 Note that under (G1), if g is non-negative one also has Err(T; h; g; x) � 0. This readilyderives from the inequality �N;R � � a:s.Proof of Theorem 2.2.1. The error writesErr(T; h; g; x) = E [~g(T ^ �N;R; XT^�N;R)� ~g(T ^ �;XT^� )℄= E [I�<TE [~g(T ^ �N;R; XT^�N;R)� ~g(�;X� )jF� ℄℄:Hene, to show Theorem 2.2.1 it is enough to derivejEj := jE [~g(T 0 ^ �N;R0 ; XT 0^�N;R0 )� ~g(t; x)℄j � Cph; (2.2.1)for an initial point x 2 �D; t 2 [0; T ), for a shifted time mesh de�ned by fti : 0 � i � N 0g with t0 = 0,0 < t1 � h, ti+1 = ti + h (i � 1), for a new terminal time T 0 = tN 0 and a modi�ed exit time �N 0 = inffti �t1 : Xti =2 Dg. The onstant C in (2.2.1) has to be uniform in T 0 in a ompat set, in N 0, in x and in t. Fornotational onveniene, we still write N for N 0, T for T 0 and take t = 0.Introdue now for all s 2 [0; T ℄, on the set f�R � sg; Vs := E [~g(T ^ �s; XT^�s)jFs℄ where �s := inffu � s :
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Xu 62 Dg. For x 2 �D; �0 = 0 so V0 = g(0; x). On the other hand VT^�N;R = ~g(T ^ �N;R; XT^�N;R). Thus,E = E [VT^�N;R ℄� V0 = N�1Xi=0 E [Vti+1^�N;R � Vti^�N;R ℄= N�1Xi=0 E [I�N;R>ti �Vti+1^�R � Vti�℄= N�1Xi=0 E [I�N;R>ti �Vti+1^�R � Vti+1^�ti �℄ + E [I�N;R>ti �Vti+1^�ti � Vti�℄:= N�1Xi=0 E i1 + E i2 := E1 + E2:Term E2.Let us prove that 8i 2 [[0; N � 1℄℄; E i2 = 0. Write E i2 = E [I�N;R>tiE [Vti+1^�ti � Vti jFti ℄℄.- On fti+1 < �tig; Vti+1^�ti = Vti+1 = E [~g(T ^ �ti+1 ; XT^�ti+1 )jFti+1 ℄.- On fti+1 � �tig; Vti+1^�ti = V�ti = ~g(�ti ; X�ti ).Turning to the former de�nition of V it omesE [Vti+1^�ti � Vti jFti ℄ = E [~g(T ^ �ti+1^�ti ; XT^�ti+1^�ti )� ~g(T ^ �ti ; XT^�ti )jFti ℄= E [Iti+1<�ti (~g(T ^ �ti+1 ; XT^�ti+1 )� ~g(T ^ �ti ; XT^�ti ))jFti ℄+ E [Iti+1��ti (~g(�ti ; X�ti )� ~g(�ti ; X�ti ))jFti ℄= 0sine on the event fti+1 < �tig one has �ti = �ti+1 . Therefore we haveE = N�1Xi=0 E [I�N;R>tiI�ti<ti+1(Vti+1^�R � V�ti )℄ := E1: (2.2.2)Term E1.To ontrol this term we state two auxiliary Lemmas whose proofs are postponed to setion 3.Lemma 2.2.2 Assume (C), (D-2), (S) and either (G1) or (G2). For all i 2 [[0; N �1℄℄, on the set f�N;R >ti; �ti < ti+1g one has jE [Vti+1^�R � V�ti jF�ti ℄j � Cph:Lemma 2.2.3 Assume (C), (D-2) and (S). There are some positive onstants C and N0 suh that forN � N0, for any i 2 [[0; N � 1℄℄, one has for Xti 2 DP[9t 2 [ti; ti+1℄ : Xt =2 D j Fti ℄ � C P[Xti+1 =2 D j Fti ℄:Plugging the ontrol of Lemma 2.2.2 into (2.2.2) we obtainjEj � CphN�1Xi=0 E [I�N;R>tiI�ti<ti+1 ℄:Using now Lemma 2.2.3 it omesjEj � CphN�1Xi=0 E [I�N>tiIXti+1 62D℄ = CphN�1Xi=0 P[�N = ti+1℄ � Cphwhih ompletes the proof of Theorem 2.2.1. 58



�Note that under (G1), beause of the support ondition one an de�ne 8t 2 [0; T ℄; ~Vt := E [f(XT )I�t>T jFt℄where f(:) = g(T; :). On ft < �Rg one has ~Vt = Vt. Introdue nowErr(T; h; f; x) := E [f(XT )I�N>T ℄� E [f(XT )I�>T ℄= Err(T; h; g; x) + E [f(XT )(I�N>T � I�N;R>T )℄ := Err(T; h; g; x) +RN :Lemma 2.1.1 and (G1) yield jRN j � kfk1P[�N > T; �R < T ℄ = Opol(h).Hene, as a onsequene of Theorem 2.2.1 we have the followingCorollary 2.2.4 Assume (C), (D-2), (S) and (G1). For some onstant C, one hasjErr(T; h; f; x)j = jE [f(XT )I�N>T ℄� E [f(XT )I�>T ℄j � Cph:Remark 2.2.2 Let us �rst reall that the results of Theorem 2.2.1 and Corollary 2.2.4 onern the impatof a disretization time in the quantity (2.0.2). They an therefore not be diretly ompared to the results ofTheorem 1.5.3 of the previous hapter exept in the speial ase of Brownian motion. Note anyhow that inthat ase we obtain the upper bound of the weak error with a muh simpler proof.The next natural question, under (G1) and when f � 0, onerns a possible lower bound of the same orderfor Err(T; h; f; x) as stated in Theorem 1.5.3 in a Markovian framework. We give a ounter example thatillustrates this property an fail under the sole assumption (C).De�ne for all t � 0, the one dimensional di�usion proess Xt = �=2 + Z t0 os(Xs)ds + Z t0 sin(Xs)dWsand put D :=℄ � �=2; 3�=2[. (C) is readily satis�ed and by onstrution one has Xs 2 [0; �℄ a:s. Hene,I�N>T = I�>T = 1 and Err(T; h; f; x) = 0. A minimal neessary ondition to have a lower bound of order 1=2w.r.t h is to reah the boundary on the interval [0; T ℄ with positive probability.3 Proof of the tehnial LemmasThis setion is devoted to the proof of Lemmas 2.2.2 and 2.2.3.3.1 Proof of Lemma 2.2.2For this proof we distinguish the ases assoiated to the assumptions (G1) and (G2).Proof under (G1)In that ase Lemma 2.2.2 is a diret onsequene of the followingLemma 2.3.1 Assume (C), (D-2), (S) and (G1). There is some onstant C suh that for any t 2 [0; T ℄,on the set f�R � tg one has a:s jVtj � C kfk11 ^ " [F (Xt)℄+: (2.3.1)Indeed, 8i 2 [[0; N � 1℄℄, on f�N;R > ti; �ti � ti+1g one hasE [Vti+1^�R � V�ti jF�ti ℄ = E [Vti+1^�R jF�ti ℄: (2.3.2)Under (D-2) we derive from Proposition 1.1.1 that F 2 C2b (Rd). Hene, plugging the ontrol (2.3.1) of Lemma2.3.1 into (2.3.2) we getjE [Vti+1^�R � V�ti jF�ti ℄j � C kfk11 ^ " E [[F (Xti+1^�R)℄+ � [F (X�ti )℄+jF�ti ℄ � C kfk11 ^ " E [kXti+1^�R �X�tikjF�ti ℄� Cphkfk11 ^ " 59



where we used the Lipshitz property of F+ for the seond inequality, Lemma 2.1.1 for the last one.It therefore remains to prove Lemma 2.3.1.Proof of Lemma 2.3.1W.l.o.g. we assume f � 0. Sine Vt = 0 for Xt =2 D on the set f�R � tg, it is enough to prove the esti-mate for Xt 2 D \ V�D(R ^ "=2) for whih 0 < F (Xt) � R ^ "=2. Denote �Rt = inffs � t : F (Xs) � Rg andsplit V into two parts Vt = V 1t +V 2t with V 1t = E�IT<�tIT<�Rt f(XT ) j Ft� and V 2t = E�IT<�tIT��Rt f(XT ) j Ft�where f(:) = g(T; :).Before estimating separately eah ontribution, we set some standard notations related to time-hangedBrownian martingales.De�ne the inreasing ontinuous proess As = R st �udu (from [t;+1[ into R+ ) and its inreasing right-ontinuous inverse Cs = inffu � t : Au > sg (from R+ into [t;+1[) (see setion V.1 in Revuz-Yor [RY99℄) andput Ms = R Cst rF (Xu):�udWu, Zs = F (XCs). From the Dambis-Dubins-Shwarz theorem, M oinides witha standard BM � (de�ned on a possibly enlarged probability spae) for s < R1t �udu and it is easy to hekthat � is independent of Ft (see the arguments in the proof of Theorem V.1.7 in [RY99℄).Owing to the assumption (C), A and C are stritly inreasing on [t; �Rt ℄ and [0; R �Rtt �udu℄. Thus, for s 2[0; R �Rtt �udu℄, one easily obtains Zs = F (Xt) + �s + Z s0 �vdvwhere �v = f[rF (Xu):bu + 12 tr(HF (Xu)�u��u)℄ju=Cvg 1�Cv is bounded by a onstant C�. De�neZ 0s = F (Xt) + �s + C�s � Zs: (2.3.3)Finally, put �Z0 = inffs � 0 : Zs � 0g, �ZR = inffs � 0 : Zs � Rg and analogously �Z00 , �Z0R for Z 0.Estimation of V 1. Let us �rst prove that for any stopping time S 2 [t; T ℄, one hasE�f(XT ) j FS� �kfk1P[F (XT ) � 2" j FS ℄�Ckfk1 exp ��  (2"� F (XS))2+T � S � a:s: (2.3.4)The �rst inequality simply results from the support of f inluded in DnV�D(2") (assumption (G1)). Tojustify the seond one, note that fF (XT ) � 2"g � fjF (XT )�F (XS)j � 2"� F (XS)g � fjF (XT )�F (XS)j �(2"�F (XS))+g and the proof of (2.3.4) is omplete using Lemma 1.1.2 applied to the It� proess (F (Xs))s�0with bounded oe�ients.We now turn to the evaluation of V 1t . On fT < �Rt g, using the notation with the time hange above, onehas T = CAT � Ca0(T�t) and a0(T � Ca0(T�t)) � Z TCa0(T�t)�udu = AT � ACa0(T�t) . Hene, T � Ca0(T�t) �1a0 (AT � a0(T � t)) � k�k1a0 (T � t). Thus, one obtainsV 1t � E�ICa0(T�t)<�tICa0(T�t)<�Rt IT�Ca0(T�t)� k�k1a0 (T�t)E�f(XT ) j FCa0(T�t)� j Ft�� Ckfk1E�ICa0(T�t)<�tICa0(T�t)<�Rt exp �� 0 (2"� F (XCa0(T�t)))2+T � t � j Ft�� Ckfk1E�Ia0(T�t)<�Z00 ICa0(T�t)<�Rt exp �� 0 (2"� Z 0a0(T�t))2+T � t � j Ft�where one has applied at the seond line the estimate (2.3.4) with S = Ca0(T�t) (here 0 =  a0k�k1 ), at thethird one fCa0(T�t) < �tg = f8s 2 [t; Ca0(T�t)℄ : F (Xs) > 0g = f8u 2 [0; a0(T � t)℄ : Zu > 0g = fa0(T � t) <�Z0 g � fa0(T � t) < �Z00 g and (2"�F (XCa0(T�t)))+ = (2"�Za0(T�t))+ � (2"�Z 0a0(T�t))+. Reminding the law60



of �, one �nally gets that V 1t � Ckfk1�1(a0(T � t); F (Xt)) with �1(r; z) = E�I8u2[0;r℄:z+�u+C�u>0 exp � �a00 (2"�z��r�C�r)2+r ��: With lear notations involving the smooth transition density of the killed drifted BM(see Chapters 1 and 3) and Gaussian type estimates of its gradient (see [LSU68℄ Theorem 16.3), one has�1(r; z) = R10 qr(z; y) exp �� a00 (2"�y)2+r �dy andj�z�1(r; z)j � C Z 10 1r exp(� (z � y)2r ) exp �� a00 (2"� y)2+r �dy:We now justify that j�z�1(r; z)j � C1^" for 0 � z � �=2 and for this, we may split the domain of integrationinto two parts. For y < ", (2" � y)2+ � "2 and the orresponding ontribution for the integral is boundedby R10 1pr exp(� (z�y)2r )� 1pr exp � � a00 "2r ��dy � C1^" : For y � " and 0 � z � "=2, (z � y)2 � "2=4 and theintegral is bounded by R10 1pr exp(� 2 (z�y)2r ) 1pr exp(� 2 "24r )dy � C1^" :Sine �1(r; 0) = 0, one gets �1(r; z) � C1^"z for z 2 [0; "=2℄ and this proves that V 1t � C kfk11^" F (Xt).Estimation of V 2. Clearly, one has V 2t � kfk1P��Rt < �t j Ft�. Note that f�Rt < �tg = f�ZR <�Z0 g � f�Z0R < �Z00 g beause of (2.3.3). Hene, one has V 2t � kfk1�2(F (Xt)) where �2(z) = P[(z + �u +C�u)u�0 hits R before 0℄: It is well-known that �2(z) = 1�exp(�2C�z)1�exp(�2C�R) � Cz (see Setion 5.5 in [KS91℄ e.g.)and this proves that V 2t � Ckfk1F (Xt).Combining estimates for V 1 and V 2 gives the result of Lemma 2.3.1. �Proof under (G2)In this ase, we use the smoothness of g. Sine we also stop Xt in �R the semi-martingale deomposition statedin Proposition 1.3.2 remains valid for (� �D(Xt^�R))t�0. Hene, 8i 2 [[0; N � 1℄℄, on the set f�ti � ti+1g we write~g(T ^ �ti+1^�R ; XT^�ti+1^�R )� ~g(�ti ; X�ti )= Z T^�ti+1^�R�ti �ug(u; � �D(Xu))du+rg(u; � �D(Xu)) � d(� �D(Xu)) + 12tr(Hg(u; � �D(Xu))dh� �D(X)iu):= (MT^�ti+1^�R �M�ti ) + (VT^�ti+1^�R � V�ti ) + Z T^�ti+1^�R�ti �g�n(u;Xu)dL0u(F (X))where M is a loal martingale and V a �nite variation proess. From the boundedness of the derivatives ofg and of the oe�ients bs; �s, we derive that M is a true martingale and that a.s jVT^�ti+1^�R � V�ti j �C(T ^ �ti+1^�R � �ti).It omesjE [~g(T ^ �ti+1^�R ; XT^�ti+1^�R )� ~g(�ti ; X�ti )jF�ti ℄j � C nE [L0T^�ti+1^�R (F (X))� L0�ti (F (X))jF�ti ℄+E [(T ^ �ti+1^�R � �ti)jF�ti ℄	 := C �A1�ti +A2�ti� :Term A1�ti : ontrol of the loal time.Sine the measure dL0t (F (X)) is a:s arried by the set ft : F (Xt) = 0g we writeA1�ti = E [L0ti+1^�R(F (X))� L0�ti (F (X))jF�ti ℄� 2 E [F�(Xti+1^�R)� F�(X�ti ) + Z ti+1^�R�ti IF (Xs)<0dF (Xs)jF�ti ℄!� C(E [kXti+1^�R �X�ti kjF�ti ℄ + h) � Cph: (2.3.5)61



The last two inequalities are a onsequene of the boundedness of F and its derivatives, the boundedness ofthe oe�ients of X and Lemma 2.1.1.Term A2�ti : time-hange tehniquesWriteA2�ti = (T � �ti)P[�ti+1^�R > T jF�ti ℄ + E [(�ti+1^�R � �ti)I�ti+1^�R�T jF�ti ℄ := A21�ti +A22�ti :The key idea is now, as in the proof of Lemma 2.3.1, to use time-hanges in order to apply well known resultsfor hitting times in a Brownian framework.We rewrite A21�ti = (T � �ti)E [I�R>ti+1IXti+12DE [I�ti+1>T jFti+1 ℄jF�ti ℄:Put Cti+1 := P[�ti+1 > T jFti+1 ℄ and de�ne �Rt := inffs � t : F (Xs) � Rg. We deompose Cti+1 = P[�ti+1 >T; �Rti+1 � T jFti+1 ℄ +P[�ti+1 > T; �Rti+1 > T jFti+1 ℄ := C1ti+1 +C2ti+1 . Sine C1ti+1 � P[�ti+1 > �Rti+1 jFti+1 ℄, we anontrol this term in the same way we did for V 2 in the proof of Lemma 2.3.1. Namely, we getE [I�R>ti+1IXti+12DC1ti+1 jF�ti ℄ � CE [F (Xti+1 )+jF�ti ℄: (2.3.6)In the following we use the notation introdued in the proof of Lemma 2.3.1 for time-hanged martingaleswith t = ti+1. For all i 2 [[0; N � 2℄℄, on the set fXti+1 2 Dg we writeC2ti+1 = P[ infs2[ti+1;T ℄F (Xti+1) + �As + �As > 0; �Rti+1 > T jFti+1 ℄� P[ infs2[0;AT ℄F (Xti+1) + �s + C�s > 0; �Rti+1 > T jFti+1 ℄� P[ infs2[0;a0(T�ti+1)℄F (Xti+1) + �s + C�s > 0; �Rti+1 > T jFti+1 ℄� Z 1a0(T�ti+1)dtF (Xti+1)(2�t3)1=2 exp(� (F (Xti+1) + C�t)22t ) � CF (Xti+1)(T � ti+1)1=2 (2.3.7)exploiting the expliit density for the hitting times of the drifted BM, see e.g. [KS91℄ setion 3.5.C, for thelast but one inequality.From (2.3.6) and (2.3.7) we derive that 8i 2 [[0; N � 2℄℄A21�ti � C(T � �ti)E [F (Xti+1 )+(1 + 1(T � ti+1)1=2 )jF�ti ℄:Observing that 8i 2 [[0; N � 2℄℄; T � ti+1 � T � ti2 we derive similarly to (2.3.5)A21�ti � CE [F (Xti+1 )+jF�ti ℄ � Cph: (2.3.8)Sine for i = N � 1 we also have A21�ti � (T � �ti) � h we �nally obtain that equation (2.3.8) is valid for alli 2 [[0; N � 1℄℄.We now turn to the ontrol of A22�ti .A22�ti = E [(�R � �ti)I�R<ti+1 jF�ti ℄ + E [(�ti+1 � �ti)I�R�ti+1;�ti+1�T jF�ti ℄ := O(h) +A221�ti :We reintrodue the events f�Rti+1 > �ti+1g; f�Rti+1 < �ti+1g in A221�ti . It omesA221�ti = E [(�ti+1 � �ti)I�R�ti+1;�ti+1�TI�ti+1>ti+1(I�Rti+1>�ti+1 + I�Rti+1<�ti+1 )jF�ti ℄ +O(h):= A2211�ti +A2212�ti +O(h): 62



Conditioning w.r.t. Fti+1 and using the same arguments as for C1ti+1 we readily getA2212�ti � CE [F (Xti+1 )+jF�ti ℄ �Cph. For A2211�ti writeA2211�ti � h+ E [IXti+12DE [(�ti+1 � ti+1)I�ti+1�TI�Rti+1>�ti+1 jFti+1 ℄jF�ti ℄:= h+ E [IXti+12DQti+1 jF�ti ℄:Regarding Qti+1 , one hasQti+1 � Z T�ti+10 dsP[�ti+1 � ti+1 � s; �Rti+1 > �ti+1 jFti+1 ℄� Z T�ti+10 dsP[ infu2[0;As+ti+1 ℄F (Xti+1) + �u + C�u > 0; �Rti+1 > �ti+1 jFti+1 ℄� Z T�ti+10 dsPy[� ~�0 � a0s℄where we denote y = F (Xti+1), ~�u = y + �u + C�u; � ~�0 := inffs � 0 : ~�s = 0g. Thus, realling that y > 0 onthe set fXti+1 2 Dg, it omesQti+1 � a�10 Z (T�ti+1)a00 dsPy[� ~�0 � s℄ = a�10 Ey [� ~�0 I�~�0�a0(T�ti+1)℄� a�10 Z (T�ti+1)a00 dt ty(2�t3)1=2 exp(� (y + C�t)22t ) � Cy(T � ti+1)1=2:From this last estimate and the previous ontrols we deriveA2211�ti � h+ CE [IXti+12DF (Xti+1)jF�ti ℄ � Cph; A221�ti � Cph:Hene, for all i 2 [[0; N � 1℄℄, A22�ti � Cph: (2.3.9)We onlude the proof of Lemma 2.2.2 under (G2) putting together the ontrols (2.3.5), (2.3.8), (2.3.9) .�3.2 Proof of Lemma 2.2.3We adapt ideas from [Gob00℄: in the quoted paper, a uniform elliptiity ondition was assumed, and thisenabled to use a Gaussian type lower bound for the onditional density of Xti+1 w.r.t. the Lebesgue measure,together with some omputations related to a one exterior to D. Here, under (C), the onditional law of Xti+1may degenerate and our proof relies on the saling invariane of the one and of the Brownian inrements.It is enough to prove that a:s on fti < �ti < ti+1g, one hasP[Xti+1 =2 D j F�ti ℄ � 1C : (2.3.10)Indeed, it follows that P[Xti+1 =2 D j Fti ℄ = E [I�ti�ti+1P[Xti+1 =2 D j F�ti ℄ j Fti ℄ � P[�ti�ti+1 j Fti ℄C and Lemma2.2.3 is proved.To get (2.3.10), write Xti+1 = X�ti +��ti (Wti+1�W�ti )+Ri where Ri = R ti+1�ti budu+R ti+1�ti (�u���ti )dWu. Thedomain D is of lass C2, and thus satis�es a uniform exterior sphere ondition with radius R=2 (R de�ned inProposition 1.1.1): for any z 2 �D, B(z � R2 n(z); R2 ) � D. In partiular, if we de�ne for � 2℄0; �=2[ the oneK(�; z) = fy 2 Rd : (y�z):[�n(z)℄ � ky�zk os(�)g, then one hasK(�; z)\B(z;R(�)) � B(z�R2 n(z); R2 ) � D63



for some appropriate hoie of the positive funtion R(:). Then, it follows thatP[Xti+1 =2 D j F�ti ℄ � P[Xti+1 2 K(�;X�ti ) \ B(X�ti ; R(�)) j F�ti ℄� P[Xti+1 2 K(�;X�ti ) j F�ti ℄� P[Xti+1 =2 B(X�ti ; R(�)) j F�ti ℄� P[(Xti+1 �X�ti ):(�n(X�ti )) �q��ti (ti+1 � �ti) � kXti+1 �X�tik os(�) j F�ti ℄� P[Xti+1 =2 B(X�ti ; R(�)) j F�ti ℄ � A1 �A2(�)�A3(�); (2.3.11)where A1 = P[(Xti+1 �X�ti ):(�n(X�ti )) �q��ti (ti+1 � �ti) j F�ti ℄;A2(�) = P[q��ti (ti+1 � �ti) < kXti+1 �X�tik os(�) j F�ti ℄;A3(�) = P[Xti+1 =2 B(X�ti ; R(�)) j F�ti ℄:Term A1. Clearly, one has A1 � P[(�n(X�ti )):��ti (Wti+1 � W�ti ) �2q��ti (ti+1 � �ti) j F�ti ℄ � P[jn(X�ti ):Rij � q��ti (ti+1 � �ti) j F�ti ℄ := A11 � A12. The random variable(�n(X�ti )):��ti (Wti+1�W�ti ) is onditionally to F�ti a entered Gaussian variable with variane ��ti (ti+1��ti),and thus A11 = �(�2) > 0. Owing to the ondition (S) and sine ��ti � a0 a:s, it is easy to see that theontribution A12 onverges uniformly to 0 when h goes to 0, and thus for h = T=N enough small, one hasA1 � A112 > 0:Term A2(�). From Markov's inequality, A2(�) � E[kXti+1�X�ti k2 os2(�) j F�ti ℄��ti (ti+1��ti ) � C os2(�) using (C) and esti-mates of Lemma 1.1.2. In partiular, taking � lose to �=2 ensures that A2(�) � A116 .Term A3(�). Using Lemma 1.1.2, one readily gets A3(�) � C exp � � R2(�)h � � A116 for h small enough(R(�) > 0).Putting together estimates for A1; A2(�) and A3(�) into (2.3.11) give P[Xti+1 =2 D j F�ti ℄ � A116 : Thisproves (2.3.10).3.3 A simple extensionFrom the previous ontrols we easily derive the followingTheorem 2.3.2 Assume (C), (D-2), (S) and that g is bounded, uniformly Hölder ontinuous with index� 2 (0; 1=2℄ in time and Hölder ontinuous with index 2� in spae. For some onstant C, one hasjErr(T; h; g; x)j � Ch�=2:Proof. Starting from (2.2.2) we writejEj � CN�1Xi=0 E [I�N;R>tiI�ti�ti+1E [(T ^ �ti+1^�R � �ti)� + kXT^�ti+1^�R �X�ti k2�jF�ti ℄℄� CN�1Xi=0 E [I�N;R>tiI�ti�ti+1E [(T ^ �ti+1^�R � �ti)�jF�ti ℄℄using Lemma 2.1.1 for the last inequality. We ontrolled the term E [(T ^ �ti+1^�R � �ti)jF�ti ℄ � Cph in theproof of Lemma 2.2.2 under (G2). Hene, the result is then a onsequene of Hölder's inequality and Lemma2.2.3. �
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4 Extension to an intersetion of smooth domains4.1 Additional notations and assumptionsIn this setion we allow the domain to be singular in the sense of the following Assumption(D') The domain D = Tmj=1Dj ; m � 2. For all j 2 [[1;m℄℄, Dj satis�es (D-2). We denote its boundary by�j := �Dj .For r � 0, we set 8j 2 [[1;m℄℄; V�j (r) := fz 2 Rd : d(z;�j) � rg; V�D(r) := fz 2 Rd : d(z; �D) � rg; D(r) :=D[V�D(r). Sine the �j are C2, we reall from Proposition 1.1.1 that 9Rj > 0 s.t. on V�j (Rj) the projetionon �j is uniquely de�ned. For all x 2 �j , the notation nj(x) stands for the inner normal unit of Dj . In thefollowing, Fj denotes the signed distane to �j whih is C2 on V�j (Rj) and an be extended into a C2 funtionon Rd with bounded derivatives (see one again Proposition 1.1.1 for details). Set R := ^mj=1Rj . Our nondegeneray assumption on the domain D is stated as follows:(C') 9a0 > 0 suh that a:s: �Xs 2 V�j (R) \ V�D(R); s 2 [0; T ℄; j 2 [[1;m℄℄ =) rFj(Xs):�s��srFj(Xs) � a0�.This orresponds to a non harateristi boundary ondition w.r.t. every hypersurfae in a neighbourhoodof the domain D.4.2 Main resultWe are now in a position to state the main result of the setion.Theorem 2.4.1 (Upper Bound for an intersetion of smooth domains in the killed ase)Assume (C'), (D'), (S) and let f be as in Theorem 2.2.1. For some onstant C := C(m), one hasjErr(T; h; f; x)j = jE [f(XT )I�N>T ℄� E [f(XT )I�>T ℄j � C kfk11 ^ " ph:We restrit ourselves to the killed ase for simpliity beause we do not need to projet X�N on the boundaryto de�ne our approximation.Remark 2.4.1 The result of Theorem 2.4.1 is very interesting even in the Markovian setting of BrownianMotion. Indeed, for non smooth domains it is a hard task to use the traditional error analysis tehniques thatrequire the smoothness of the derivatives of the solution of the underlying PDE (1.2.1) up to the boundary, seealso Chapter 3. We thus provide an alternative tehnique that points out that the main di�ulty to upper-boundthe weak error in the Brownian ontext does not lie in the lak of regularity of the domain.4.3 Proof of Theorem 2.4.1Without modifying the rate of onvergene, we an assume Xt 2 D(R) a:s. Indeed, from Lemma 2.1.1,P[�R � �N ℄ = Opol(h).Using the above de�nition of ( ~Vt)t2[0;T ℄, i.e. 8t 2 [0; T ℄; ~Vt = E [f(XT )I�t>T jFt℄, and for an initial pointx 2 �D, we derive in a similar way than for the proof of Theorem 2.2.1E := E [f(XT )I�N>T ℄ = N�1Xi=0 E [I�N>tiI�ti<ti+1 ~Vti+1 ℄:Reall that, to prove Theorem 2.4.1, it is enough to show jEj � Cph ontrolling that C is uniform w.r.t.x 2 �D.Put � jt := inffs > t : Xs 62 Djg and note that �t = ^mj=1� jt . From (C'), we then derive that X satis�es ourprevious assumption (C) w.r.t. Dj ;8j 2 [[1;m℄℄. Hene, as a onsequene of Lemma 2.3.1 it omesj ~Vti+1 j = jE [f(XT )I�ti+1>T jFti+1 ℄j � E [jf(XT )jI�jti+1>T jFti+1 ℄� Ckfk11 ^ " [Fj(Xti+1)℄+; 8j 2 [[1;m℄℄:65



Thus, jEj � N�1Xi=0 E [I�N>ti;�ti<ti+1 j ~Vti+1 j℄ = N�1Xi=0 E [I�N>ti;[mj=1f�jti<ti+1gj ~Vti+1 j℄� Ckfk11 ^ " mXj=1N�1Xi=0 E [I�N;j>ti;�jti<ti+1 [Fj(Xti+1)℄+℄where �N;j := inffsi � 0 : Xsi 62 Djg. Conditioning w.r.t. � jti and applying Lemma 2.1.1 we derive thatjEj � phCkfk11 ^ " mXj=1N�1Xi=0 P[�N;j > ti; � jti < ti+1℄:We onlude the proof using Lemma 2.2.3 for all j 2 [[1;m℄℄. �5 Disrete sampling of some other path dependent funtionalsFor a regular mesh of [0; T ℄ with N time steps (ti = ih)i2[[0;N ℄℄, h being the step size, we de�ne 8s 2[0; T ℄; �(s) := supf(ti)i2[[0;N ℄℄ : ti � s < ti+1g.5.1 Disretely sampled integralWe state the followingTheorem 2.5.1 Let X be an It� proess following the dynamis of equation (2.0.1). Assume the oe�ientsb and � are bounded and that  is a Lipshitz ontinuous funtion from Rd into R. For p � 1 one has (Z T0 Xsds)�  (Z T0 X�(s)ds) =Lp(P)O(h):Note that in the above theorem we do not impose any ontinuity in probability or non-degeneray ondi-tions on �.Proof of Theorem 2.5.1. The idea of the proof is quite simple and relies on Fubini like arguments. For allp � 1 write Qp := E [j (Z T0 Xsds)�  (Z T0 X�(s)ds)jp℄ � CE [jZ T0  Z T0 It2[�(s);s℄dXt! dsjp℄:The assumptions of the theorem allow to apply Fubini's theorem for stohasti integrals, see [RY99℄ ChapterIV.5. We get Qp � CE [jZ T0  Z T0 It2[�(s);s℄ds! dXtjp℄ = CE [jZ T0 (�(t) + h� t)dXtjp℄� C  E [jZ T0 bt(�(t) + h� t)dtjp℄ + E [jZ T0 (�(t) + h� t)�tdWtjp℄! :Owing to the BDG inequality it omesQp � C(hp + E [(Z T0 k�t��t k2(�(t) + h� t)2dt)p=2℄ � Chp:The proof is omplete. 66



�Remark 2.5.1 An appliation of this result in a Mathematial �nane framework onerns Asian options.Consider the ase of a Blak-Sholes model for d = d0 = 1. The prie dynamis of the underlying asset,(St)t2[0;T ℄, follows a Geometri Brownian Motion: St = S0 exp(�Wt + (�� �2=2)t); � > 0.For a given strike level K > 0, the prie of the Asian put option is then essentially given by E [ (Z T0 Ssds)℄where  (x) = (K � x)+, we do not detail the hange of probability measure and the disounting fator.Even though (St)t2[0;T ℄ does not satisfy the assumptions of Theorem 2.5.1, sine 8p < 1; E [Spt ℄ <1 theresult of that theorem holds true.Hene, we obtain that a time disretization of step h in the above integral yields an error of order 1 w.r.t.h.5.2 Disrete sampling for the maximum of some speial proessesIn this setion we assume the dimension d = d0 = 1. For a proess X following the dynamis of equation(2.0.1), we de�ne MT := maxs2[0;T ℄Xs; MNT := maxs2[0;T ℄X�(s).In the following we say we are in a Brownian setting ifXs = x+ �s+ �Ws; (�; �) 2 R � R+� (2.5.1)where W is a standard one-dimensional BM.In that ontext, Asmussen, Glynn and Pitman, f. [AGP95℄, used some path-deomposition tehniquesto obtain the limit distribution as well as the uniform integrability of the non-negative random variablepN"N (T ) := pN(MT �MNT ). Preisely, they showed the followingTheorem 2.5.2 Assume X has the dynamis of equation (2.5.1). Then,(ph)�1"N (T ) �!L;N �pTZ;where Z = minn2Z ~R(U + n); U is uniform on (0; 1) and ~R(t) = R1(t)It�0 + R2(�t)It�0, R1; R2 being twoindependent opies of a three dimensional Bessel proess (Rt)t�0 = (k �Wtk)t�0. The proess �W is the standardBM of R3 .They also provedProposition 2.5.3 Assume X has the dynamis of equation (2.5.1). For any � <1, the sequene of randomvariables (exp(�pN"N ))N2N� is uniformly integrable. In partiular, for p <1, the sequene ((pN"N )p)N2N�is uniformly integrable.The proof of the above results strongly relies on the deomposition in terms of 3 dimensional Bessel Bridgesof the Brownian path around its maximum over a �nite time interval.Namely, in a Brownian setting for X with x = 0; � = 1, and a given �, let � be the a.s. unique timein [0; T ℄ at whih X attains its maximum MT . Conditionally on � = s;MT = m;XT = m � y, the proess(m�Xs�u)u2[0;s℄ is a three dimensional Bessel Bridge BB(3; s;m) independent of (m�Xs+u)u2[0;T�s℄ whihis a BB(3; T � s; y).The above identities are onsequenes of William's path deomposition, f. Theorem VII.4.9 in Revuzand Yor [RY99℄. For an intuitive desription in terms of transition density see also Chapter XI.3 of the samereferene.Proposition 2.5.3 readily gives that there exists a onstant C > 0 s.t.Errmax(h) := E [MT �MNT ℄ � Cph: (2.5.2)We provide another proof of this result using the tehniques of Setion 2 in Appendix 1.67



We now show how the results of Asmussen and al. an be exploited to show (2.5.2) holds true under theassumption(MID) Xs = x+ Z s0 budu+ Z s0 �(Xs)dWs;where (bu)u�0 is a bounded progressively measurable oe�ient and � 2 C1b (R), i.e. � is one ontinu-ously di�erentiable, bounded with bounded �rst derivative, and s.t. 9�0 > 0; 8x 2 R; �(x) � �0:The key idea is to use a Lamperti transform to go from the dynamis of Assumption (MID) bak to the aseof a drifted Brownian motion. Sine the drift we obtain is not onstant we then use a Girsanov transformationto annihilate it and ontrol the expetation of pN"N relying on the previous uniform integrability results forthe driftless BM.The limiting fator in our approah is the use of Lamperti's transformation that imposes to have a Marko-vian di�usion term. Unfortunately, our main attempts to derive (2.5.2) for general non-degenerated It� pro-esses failed. We mainly tried to use Dambis-Dubins-Shwarz time hanges tehniques. The main di�ulty isthat little is known on the dependene between the time-hanged Brownian Motion and the time-hange itself.Let us state the followingTheorem 2.5.4 Assume (MID). There exists a onstant C > 0 s.t.Errmax(h) = E [MT �MNT ℄ � Cph:Proof. De�ne 8x 2 R; '(x) = Z x0 dy�(y) ; 8s � 0; Ys := '(Xs). Under (MID), the funtion ' is C2(R).Hene, for all t � 0 It�'s formula yieldsYt = '(x) + Z t0 '0(Xs)dXs + 12Z t0 '00(Xs)dhXis= '(x) +Wt + Z t0 � bs�(Xs) � 12�0(Xs)� ds := '(x) +Wt + Z t0 ~bsds:This an be found in Chapter VIII Setion 6 of Gikhman and Skorokhod [GS69℄ or in Rogers [Rog85℄. Note thatunder (MID), the funtion ' is stritly inreasing on R+ , let us denote '�1 its inverse on this set. On R+ wealso have xj�j1 � '(x) � x�0 . From this last property we derive that 8x > y > 0; '�1(x)�'�1(y) � j�j1(x�y).We an suppose w.l.o.g. that x = 0 in (MID). Sine MT �MNT � 0, it omesErrmax(h) = E ['�1 ('(MT ))� '�1('(MNT ))℄ � j�j1E ['(MT )� '(MNT )℄ = j�j1E [MYT �MY;NT ℄with MYT := maxs2[0;T ℄ Ys; MY;NT := maxs2[0;T ℄ Y�(s).Put dQdP��Ft = exp(�Z t0 ~bsdWs � 12Z t0 ~b2sds) := E(�Z t0 ~bsdWs). Under Q, we derive from the GirsanovTheorem that Y is a standard BM. We obtainErrmax(h) = phEQ "E(Z T0 ~bsdYs)N1=2"N# � phEQ [N"2N ℄1=2EQ [exp(2Z T0 ~bsdYs � Z T0 ~b2sds)℄1=2:Proposition 2.5.3 readily gives EQ [N"2N ℄ � C. On the other hand, reall that under (MID), ~b is bounded.Thus, EQ [exp(2Z T0 ~bsdYs � Z T0 ~b2sds)℄ � exp(T j~bj21) EQ [E(2Z T0 ~bsdYs)℄| {z }=1; Novikov :This gives the result. 68



�Remark 2.5.2 In Mathematial Finane, the result of Theorem 2.5.4 has appliations for the evaluation oflook-bak options. If the prie dynamis of the underlying asset, (St)t2[0;T ℄, is given by St = S0 exp(Xt), whereX satis�es (MID), omitting the disounting fator the prie of suh options writes E [ (exp(XT ); exp(MT ))℄for a given pay-o� funtion  .For Lipshitz ontinuous funtions  we haveErr(T; h;  ; x) := E [ (exp(XT ); exp(MT ))℄� E [ (exp(XT ); exp(MNT ))℄;jErr(T; h;  ; x)j � CE [exp(MT )(MT �MNT )℄:Thus, following the proof of Theorem 2.5.4 one obtains Err(T; h;  ; x) = O(ph). For instane, the all optionson the maximum with strike level K > 0 or w.r.t. to the terminal value ST enter in that framework withrespetively  (x; y) = (y � k)+ and  (x; y) = y � x.6 ConlusionIn this hapter we �rst emphasized that for killed/stopped It� proesses, under suitable assumptions, the order1=2 for Err(T; h; f; x) is really intrinsi to the disrete time killing.To obtain our main result, i.e. Theorem 2.2.1, we introdued some martingale tehniques that allow to gobeyond the Markovian framework and also to ontrol Err(T; h; f; x) at the expeted rate for a ertain lass ofnon-smooth domains.As a matter of fat, few tehnial tools are needed for the error analysis we present. This is promisingsine even in a Brownian setting, for non-smooth domains the PDE approah for the error analysis is rathertehnial or fails.In terms of �nanial appliations, the results of Setions 2 and 4 provide an upper bound for the error asso-iated to a disrete time observation for barrier options. The results of Setion 5.2 an be seen as preliminaryontrols to deal with the impat of a time disretization for Asian or look-bak options.
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Chapter 3Error expansion and orretion: TheBrownian aseIntrodutionLet (Xt)t2[0;T ℄ be a d-dimensional Brownian Motion (BM in short) with dynamisXt = x+ �t+ �Wt (3.0.1)where W is a standard d-dimensional BM de�ned on a probability spae (
;F ; (Ft)t2[0;T ℄;P) with the usualassumptions on (Ft)t2[0;T ℄. We assume ��� to be positive de�nite.Let D be a domain of Rd . De�ne � := infft � 0 : Xt 62 Dg. For a regular time mesh of the interval [0; T ℄with N time steps, (ti = ih)i2[[0;N ℄℄, h = T=N being the step size, introdue now �N := inffti � 0 : Xti 62 Dg.For a measurable funtion f , and an initial point x 2 D we refer to the quantityErr(T; h; f; x) = Ex [f(XT )I�N>T ℄� Ex [f(XT )I�>T ℄as the weak error assoiated to the disrete time killing of X w.r.t. the domain D. This is the objet studiedin this hapter.Note that from the two previous hapters we already have some ontrols on the above quantity undersuitable assumptions on the funtions and domains. We proved in Chapter 1 that for smooth domains andfuntions f satisfying either some support ondition w.r.t. D or some smoothness properties and ompatibilityonditions one had that Err(T; h; f; x) was upper and lower bounded at order 1=2 w.r.t. h. We also showed inChapter 2 that the upper bound holds true for an intersetion of smooth domains.Main ResultsLet D � Rd be a domain of the form D = \mi=1Di; m 2 [[1; d℄℄ where the (Di)i2[[1;m℄℄ are d-dimensional halfspaes with non-empty intersetion. If we have �good� smoothness properties up to the boundary for thefuntion v(t; x) := Ex [f(XT�t)I�>T�t℄, we obtain that for h small enoughErr(T; h; f; x) = Cph+ o(ph)for some onstant C depending on D; f; x.As emphasized in Theorem 1.5.2, the leading term in the error is still the one assoiated to the loal timeof the proess on the boundary. Aording to Tanaka's formula and to Lemma 1.4.5 we also derived that theovershoot of the killed proess above the boundary was the dominant part in the loal time (the overshoot71



being de�ned as the distane to the boundary of the proess when it exits the domain).In the speial ase of Brownian Motion, for half spaes or intersetions of half spaes forming a one, weare able to obtain the asymptoti distribution of the overshoot, and therefore an equivalent for the loal time,uniformly in time. To derive the error expansion we then use usual tehniques based on It�'s formula. Thesmoothness of v is needed for this last step. From a theoretial point of view, the main di�ulty is analytialand onsists in having good smoothness properties for the Green kernel of the heat operator in non-smoothdomains.In pratie we have been able to show the required smoothness onditions for v in two speial ases.- In the half spae ase, i.e. when m = 1, imposing either that f is smooth and satis�es some ompatibilityonditions, or that f is borelian and d(supp(f); �D) � 2" > 0.- In the bidimensional one, imposing f is smooth, satis�es some ompatibility onditions and has a supportat a stritly positive distane from the origin of the one.In all ases we assume that f is bounded and vanishes on the boundary.A half spae is a smooth domain for whih we have well known results onerning the derivatives of v.For an intersetion of half spaes forming a one, the ontrol of those derivatives is not easy even for d = 2.For some speial ases, i.e. when for � = I2 and the angle of the one writes � = �=m0; m0 2 N� , the transitiondensity of the killed proess (Green kernel of the underlying PDE) has the same smoothness properties as inthe ase of smooth domains. For general angles, the transition density writes as an in�nite sum of modi�edBessel funtions and it is a hard task to obtain tratable ontrols on its derivatives up to the boundary. Weget rid of the problem imposing that the support of f is at a stritly positive distane from the origin of the one.From a numerial point of view, the error expansion is the preliminary step for a proedure that aims toimprove the onvergene rate. A standard one in this framework is the Romberg extrapolation, see Talay andTubaro, [TT90℄, and Setion 5 for details.We propose an alternative orretion method based on the reent work of Costantini, El Karoui and Gobet,see [CKG03℄, onerning the sensitivity of the Dirihlet problem w.r.t. the domain.Unlike in the Romberg extrapolation we do not need to re�ne the time step and thus the proedure isomputationally heaper. We simply proeed to the simulation w.r.t. a more onstrained domain. Namely,instead of killing the proess when it exits from D at one of the disretization times, we kill it when it leavesDh := \mi=1Dih; Dih := fx 2 Rd : x � Ciphni 2 Dig where ni denotes the inner normal assoiated to thehalf-spae Di. The positive onstant Ci depends on Di, on the oe�ient � in (3.0.1) and on a universalonstant that omes from the renewal tehniques employed to obtain the equivalent of the loal time. De�ne�NDh := inffsi � 0 : Xsi 62 Dhg. We getErr0(T; h; f; x) = Ex [f(XT )I�NDh>T ℄� Ex [f(XT )I�>T ℄ = o(ph);removing the main error term.We mention that in a one dimensional setting, both the expansion result and the orretion proedure ouldbe derived by diret omputations from the work of Broadie, Glasserman and Kou, [BGK99℄, who establishedE [f(XT )I�N>T ℄ = E [f(XT )I�~Dh>T ℄+o(ph); � ~Dh := inffs � 0 : Xs 62 ~Dhg; D � ~Dh := fy 2 R : y� ~Cph 2 Dgfor f(x) = e�rT (exp(x) �K)+; K 2 R+ . The domain ~Dh is slightly extended in order to ompensate theoverestimation due to the disrete exit time when f � 0.Plan of the ChapterWe speify our urrent notations and assumptions in Setion 1.In Setion 2 we detail the various steps that lead to the error expansion assuming that v is smooth enough.72



Setion 3 is dediated to the orretion proedure.In Setion 4 we introdue su�ient onditions that guarantee the required smoothness assumptions on vwhen D is a half spae or a bidimensional one.Numerial results are presented in Setion 5. We �rst deal with the half-spae and the bidimensionalone for whih the results on�rm the orretion proedure is rather aurate. Then, we desribe how ourshifting boundary ondition an be adapted in a di�usion framework and give an example that illustrates thisproedure.We �nally onlude in Setion 6 evoking possible extensions and open problems.
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1 Notations and assumptions1.1 Redution to a entered orrelated Brownian motion in an orthantLet (Xs)s�0 be a d-dimensional proess with dynamis Xs := x + �s + �Ws, where W is a standard d-dimensional BM and ��� is assumed to be positive de�nite. Let D = \mj=1Dj , with m 2 [[1; d℄℄, and for allj 2 [[1;m℄℄; Dj := fy 2 Rd : aj � y > bjg; aj 2 Rd ; aj 6= 0; bj 2 R. The matrix A := 0BBB� a�1a�2...a�m 1CCCA 2 Rm
d isassumed to be of rank m. For notational onveniene, we write D := fx 2 Rd : Ax > bg.The next proposition illustrates how, for a given funtion f , one an rewrite Err(T; h; f; x) as the weakerror assoiated to a entered, orrelated BM killed when it leaves an orthant of the form fy 2 Rd : yi > bi; i 2[[1;m℄℄g. This reformulation of the problem then turns out to be more tratable for the error analysis.Namely, we haveProposition 3.1.1 Under the above assumptions on X; D and for a borelian bounded funtion fErr(T; h; f; x) = E0 [f0( �WT )(I�DN0 >T � I�D0>T )℄where �W is a entered d-dimensional Brownian motion with ovariane matrix �0��0 = � � 00 Id�m �, � 2Rm
m and 8(i; j) 2 [[1;m℄℄; �ij = h��ai; ��aji=(k��aikk��ajk).The domain D0 := \mj=1Dj0, where for all j 2 [[1;m℄℄; Dj0 := fy 2 Rd : yj > bj0g; bj0 = bj�aj �xk��ajk . Denoting�Dj0 := inffs � 0 : �Ws 62 Dj0g; �NDj0 := inffsi � 0 : �Wsi 62 Dj0g, we have �D0 := ^mj=1�Dj0 ; �ND0 := ^mj=1�NDj0 . Thefuntion f0 writes f0(y) = exp(��1����1y�k��1�k22 T )f(x+���1y) with � = � ��a1k��a1k ::: ��amk��amk 1 ::: d�m��.The (i)i2[[1;d�m℄℄ form an orthonormal basis of fSpan((��aj)j2[[1;m℄℄)g?.Note that in the half spae ase, i.e. for m = 1, this transformation illustrates that the problem is essen-tially one-dimensional.Proof. The hange of probability measure dQdP��Ft = exp(���1� �Wt � k��1�k22 t) := E(���1� �Wt) yieldsErr(T; h; f; x) = EQ [E(��1� � ~WT )f(x+ � ~WT )(I8s2[0;T ℄:A(x+� ~W�(s))>b � I8s2[0;T ℄:A(x+� ~Ws)>b)℄where ~W is a standard Q-BM and �(s) := inffsi � 0 : si � s < si+1g. De�ne now �W by setting�W = � ��a1k��a1k ::: ��amk��amk 1 ::: d�m�� ~W := � ~Wwhere the (i)i2[[1;d�m℄℄ form an orthonormal basis of fSpan((��aj)j2[[1;m℄℄)g?. By onstrution, �W is a orre-lated Q-BM with ovariane matrix�0��0 = � � 00 Id�m � ; 8(i; j) 2 [[1;m℄℄2; �ij = h��ai; ��ajik��aikk��ajk := �ij :With the above de�nition it omesf8s 2 [0; T ℄ : A(x+ � ~Ws) > bg = (8(s; j) 2 [0; T ℄� [[1;m℄℄ : (A� ~Ws)jk��ajk > (bj � aj � x)k��ajk ):= �8(s; j) 2 [0; T ℄� [[1;m℄℄ : �W js > (bj � aj � x)k��ajk � :74



Sine we assumed A is of rank m, � is invertible. Hene,Err(T; h; f; x) = E� exp(��1� � ��1 �WT � k��1�k2T2 )f(x+ ���1 �WT )�(I8(s;j)2[0;T ℄�[[1;m℄℄; �W j�(s)> (bj�aj �x)k��ajk � I8(s;j)2[0;T ℄�[[1;m℄℄; �W js> (bj�aj �x)k��ajk )�:With the notations of the proposition we �nally writeErr(T; h; f; x) = E0 [exp(��1� � ��1 �WT � k��1�k2T2 )f(x+ ���1 �WT )(I�DN0 >T � I�D0>T )℄= E0 [f0( �WT )(I�DN0 >T � I�D0>T )℄:The proof is omplete. �Aording to the previous proposition, in the following of the hapter we restrit ourselves to the ase of aorrelated BM for the proess X and to an orthant for the domain D. We introdue the following assumptions.1.2 About the domainWe suppose our domain satis�es Assumption(D) D = \mj=1Dj ; 8j 2 [[1;m℄℄; Dj := fy 2 Rd : yj > bj0g, where m 2 [[1; d℄℄.1.3 About the proessWe introdue(BM) The d-dimensional proess (Xs)s�0 has the form Xs := x+ �0Ws, where W is a standard d-dimensionalBM and �0��0 = � � 00 Id�m � is assumed to be positive de�nite and � is a orrelation matrix withoe�ients (�ij)(i;j)2[[1;m℄℄2 . The integer m 2 [[1; d℄℄ is the same as in assumption (D).1.4 About the funtionAssume (BM), (D). For a funtion f 2 C0b ( �D) vanishing on the boundary, de�ne now 8(t; y) 2 [0; T ℄ �Rd ; v(t; y) := Ey [f(XT�t)I�>T�t℄; � := inffs � 0 : Xs 62 Dg. The error writesErr(T; h; f; x) = Ex [v(T ^ �N ; XT^�N )℄� v(0; x) (3.1.1)where we reall �N := inffti � 0 : Xti 62 Dg.From Theorem 16.1 Chapter 4 in [LSU68℄ we dedue that v 2 C1;2([0; T )�D)\C0b ([0; T ℄� �D) and satis�es� (�tv + 12 tr(Hv�0��0))(t; y) = 0; (t; y) 2 [0; T )�D;v(t; :)j�D = 0; t 2 [0; T ℄; v(T; y) = f(y); y 2 �D (3.1.2)where �tv (resp. Hv) denotes the time derivative (resp. the Hessian matrix) of v.In the following, under (BM), (D), we assume(S) The funtion f vanishes on the boundary. The assoiated funtion v belongs to C2;4b ([0; T ℄ � �D), i.e.there exists a onstant C > 0, s.t. for all multi-indies ; �, jj � 2; j�j � 48(t; y) 2 [0; T ℄� �D; j�t v(t; y)j+ j��yv(t; y)j � Cand the partial derivatives of order 2 in time (resp. order 4 in spae) of v are ontinuous on [0; T ℄� �D.In partiular, this means that the funtion f is at least C4b ( �D).We speify in Setion 4 su�ient onditions on f to obtain (S) in some speial ases.75



1.5 MisellaneousFor smooth funtions g(t; x), the notation rg(t; x) stands for the gradient of g w.r.t. x.The density of the standard normal law N (0; sId) is denoted by gs(x) := exp��kxk22s � (2�s)�d=2.We will keep the same notation C (or C 0) for all �nite, non-negative onstants whih will appear in ouromputations: they may depend on D, T , �0, or f , but they will not depend on the number of time steps Nand the initial value x. We reserve the notation  and 0 for onstants also independent of x, T and f . Otherpossible dependenes for the onstants are expliitly indiated.2 Error ExpansionThe aim of this setion is to present an expansion result of the error Err(T; h; f; x) under (BM), (D) and (S).In Subsetion 2.1, we deompose the error in terms of the expetation of an integral w.r.t. the inrementsof the loal time on the boundary before the disrete exit time. Although the domain is non-smooth, theexpression we obtain is very similar to the one stated in Theorem 1.5.2. We point out that in the Brownianase, sine there is no disretization error on the proess, we do not have any residual terms as in the itedtheorem.Then, in Subsetion 2.2, we speify some asymptoti behaviours for the expetation of the loal time ofthe disretely killed proess on the boundary. Reall that under (BM), we get from Tanaka's formula thatthe expetation of the loal time is twie the one of the overshoot (the overshoot being de�ned as the distaneto the boundary of the proess when it exits the domain). Up to a resaling, we an establish a onnetionbetween this overshoot and the ladder height of a Random walk with Gaussian inrements. This provides anequivalent of the expetation of the loal time.Eventually, Subsetion 2.3 is dediated to the error expansion.2.1 A �rst error deompositionFrom (3.1.1) and the fat that f vanishes on �D we deriveErr(T; h; f; x) = Ex [v(T ^ �N ;� �D(XT^�N ))℄� v(0; x):Under (D) we have a simple expression for � �D . Indeed, for D := fy 2 Rd : yj > bj0; j 2 [[1;m℄℄g,8y 2 Rd ; � �D(y) = ((y1 � b10)+ + b10; :::; (ym � bm0 )+ + bm0 ; ym+1; :::; yd):Sine we have assumed (S), It�-Tanaka's formula givesErr(T; h; f; x) = Ex "Z T^�N0 �sv(s;� �D(Xs))ds + Z T^�N0 rv(s;� �D(Xs))d� �D(Xs)+12Z T^�N0 tr(Hv(s;� �D(Xs))dh� �D(X)is)#= Ex "Z T^�N0 IXs2D�sv(s;Xs)ds+ 12 mXi=1Z T^�N0 �xiv(s;� �D(Xs))dLbi0s (X i)+ 12Z T^�N0 tr(Hv(s;� �D(Xs))�0(Xs))ds#where, realling �0��0 = � � 00 Id�m �, we have 8y 2 Rd ; 8(i; j) 2 [[1;m℄℄2; (�0(y))ij := (�0��0)ijIyi>bi0;yj>bj0 ,and 8(i; j) 2 [[1; d℄℄2n[[1;m℄℄2; (�0(y))ij = Æij , Æ being the Kroneker symbol.Remark 3.2.1 Note that 8y 2 Rd s.t. 9k 2 [[1;m℄℄; yk � bk0 one has 8s 2 [0; T ℄; v(s;� �D(y)) = 0. Thus,8(i; j) 2 [[1;m℄℄2; i 6= k; j 6= k; �2xixjv(s;� �D(y)) = 0. 76



From the above remark we deriveErr(T; h; f; x) = Ex "Z T^�N0 IXs2D��sv(s;Xs) + 12tr(Hv(s;Xs)�0��0)�ds+12 mXi=1Z T^�N0 �xiv(s;� �D(Xs))dLbi0s (X i)# :Realling that v satis�es (3.1.2) we �nally writeErr(T; h; f; x) = 12 mXi=1Ex "Z T^�N0 �xiv(s;� �D(Xs))dLbi0s (X i)# : (3.2.1)2.2 Equivalent of the loal time on the boundaryPreliminary one-dimensional resultsWe now introdue some notations related to one dimensional random walk tehniques (see Siegmund [Sie79℄),whih will be used in the sequel. Let us de�ne s0 := 0;8n � 1; sn :=Pni=1Gi, where the Gi are i.i.d. standardentered normal variables. We introdue the stopping times ��a := inffn > 0 : sn > ag for a � 0, �+ := ��0 andde�ne H(x) := (E0 [s�+ ℄)�1 R x0 dyP0[s�+ > y℄.Lemma 3.2.1 (Asymptoti independene of the overshoot and the disrete exit time - Equiva-lene of the expetation of the loal time.) Let W be a standard linear BM. Put x > 0 and onsider thedomain D :=℄�1; x[. We have for any y � 0limh�!0P0[�N � t; (W�N � x) � yph℄ = P0[� � t℄H(y) (3.2.2)12E0 [Lxt^�N (W )℄ = ph E0 [s2�+ ℄2E0 [s�+ ℄P0[� � t℄ + o(ph): (3.2.3)Both limits are uniform in t 2 [0; T ℄.One knows from [Sie79℄ and [AGP95℄ that E0 [s2�+ ℄2E0 [s�+ ℄ = ��(1=2)p2� = 0:5823 : : :, where � denotes Riemann's Zetafuntion.Proof. Equality (3.2.2) is a diret onsequene of Lemma 3 in [Sie79℄ for a �xed t. We derive the uniformityon [0; T ℄ using Dini-like arguments noting that the l.h.s. of (3.2.2) de�nes a sequene of (disontinuous)inreasing funtions and that the simple limit is ontinuous (see e.g. problem 7.2.3 in [Die71℄).To prove (3.2.3), use Tanaka's formula to get12E0 [Lxt^�N (W )℄ = phE0 [h�1=2(W�N � x)I�N�t℄ + E0 [(Wt � x)+I�N>t℄ := A1(t) +A2(t):For A2(t), introduing 8t 2 [0; T ℄; �t := inffs � t : Ws = xg we getA2(t) � E0 [I�N>tI��(t)�tE [jWt � xjjF��(t) ℄℄ � CphE0 [exp(� (W�(t) � x)2h )℄where the last inequality is a onsequene of Lemma 1.1.2. Expliit omputations giveA2(t) � Ch(�(t) + h)1=2 exp(� x2�(t) + h) � Cx h:To deal with A1(t), put 	N(y; t) = P0[h�1=2(W�N �x) � y; �N � t℄: it onverges owing to (3.2.2) to 	(y; t) :=P0[� � t℄(1 � H(y)) uniformly on [0; T ℄. Proposition 1.5.4 guarantees that the sequene (	N (:; t))N is uni-formly integrable, uniformly in t 2 [0; T ℄. Thus, the dominated onvergene theorem gives ZR+	N (y; t)dy �!NZR+	(y; t)dy = E0 [s2�+ ℄2E0 [s�+ ℄P0[� � t℄ for eah t, and using again Dini-like arguments, uniformly on [0; T ℄. �77



Correlated BM in dimension d > 1We now extend the result of the previous paragraph to the speial ase of our working assumptions (BM),(D) when m � 2.Lemma 3.2.2 Assume (BM), (D). Put 8i 2 [[1;m℄℄; � i := infft � 0 : X it = bi0g; �N;i := infftj := jh � 0 :X itj � bi0g. Stiking to the notations of the previous paragraph one has8y 2 R+;� ; Px[ph�1(X1�N � b10)� � y; �N � t; �N;1 � ^mi=2�N;i℄ �!N (1�H(y))Px[�1 � t; �1 < ^mi=2� i℄and the limit is uniform on [0; T ℄.Proof. Let us �rst show that 8(t; y) 2 [0; T ℄� R+;� ; �N (t) := Px[ph�1(X1�N;1 � b10)� � y; �N � t; �N;1 �^mi=2�N;i℄ �!N (1�H(y))Px[�1 � t;^mi=2� i > �1℄ := �(t). We write�N (t) = Px[ph�1(X1�N;1 � b10)� � y; �N;1 � t℄� Px[ph�1(X1�N;1 � b10)� � y; �N;1 � t; �N;1 > ^mi=2�N;i℄:= (�1N � �2N )(t): (3.2.4)From Lemma 3.2.1 one gets �1N (t) �!N �1(t) := (1�H(y))Px[�1 � t℄ (3.2.5)uniformly on [0; T ℄. Let us turn to the ontrol of �2N . As a onsequene of the strong Markov property of Xit omes�2N (t) = Ex [Î mi=2�N;i�tI�N;1>^mi=2�N;iP[ph�1(X1�N;1 � b10)� � y; �N;1 � tjF^mi=2�N;i ℄℄= Ex [Î mi=2�N;i�tI�N;1>^mi=2�N;iPX 1̂mi=2�N;i [ph�1( ~X1~�N;1 � b10)� � y; ~�N;1 � t�^mi=2�N;i℄℄:= Ex [Î mi=2�N;i�tI�N;1>^mi=2�N;i�N (X 1̂mi=2�N;i ;^mi=2�N;i; t)℄where ( ~X1t )t�0 is a standard BM with starting point X 1̂mi=2�N;i and ~�N;1 := inffti � 0 : ~X1ti � b10g.For a given arbitrary ompat interval K := [K;K℄ � (b10;+1) we split �2N (t) into two parts.�2N (t) = Ex [Î mi=2�N;i�tI�N;1>^mi=2�N;iIX 1̂mi=2�N;i2K�N (X 1̂mi=2�N;i ;^mi=2�N;i; t)℄+ Ex [Î mi=2�N;i�tI�N;1>^mi=2�N;iIX 1̂mi=2�N;i 62K�N (X 1̂mi=2�N;i ;^mi=2�N;i; t)℄ := �21N (t) + �22N (t):Fix " > 0. We now show that one an hoose K("); N0 := N0(";K(")) s.t. for N � N0,�2N (t) = (1�H(y))Px[^mi=2� i < �1; �1 � t℄ +O("): (3.2.6)Control of �21N (t).Write �rst �21N (t) = ��21N (t)� (1�H(y))Px[^mi=2� i < �1; �1 � t;X 1̂mi=2� i 2 K℄�+(1�H(y))Px[^mi=2� i < �1; �1 � t℄�R(t;K)where R(t;K) = (1�H(y))Px[^mi=2� i < �1; �1 � t;X 1̂mi=2� i =2 K℄.Note that0 � R(t;K) � Px� ^mi=2 � i � T;X 1̂mi=2� i � K�+ Px� ^mi=2 � i � T;X 1̂mi=2� i 2 (b10;K℄� := R1(K) +R2(K):Lemma 1.1.2 readily gives R1(K) � C exp(� (K�x1)2T ). On the other hand, R2(K) �!K�!b10 0.78



Hene, for " > 0 we an hoose K = K(") s.t.�21N (t) = ��21N (t)� (1�H(y))Px[^mi=2� i < �1; �1 � t;X 1̂mi=2� i 2 K℄)�+ (1�H(y))Px[^mi=2� i < �1; �1 � t℄+O(") := ÆN (t) + (1�H(y))Px[^mi=2� i < �1; �1 � t℄ +O("):For the term ÆN(t) we introdue the following Lemma whose proof is postponed to the end of the setion.Lemma 3.2.3 Let ~X1 be a standard BM with starting point ~x in a given ompat interval K = [K;K℄ �(b10;+1). Then P~x[ph�1( ~X1~�N;1 � b10)� � y; ~�N;1 � u℄ �!N (1�H(y))P~x[~�1 � u℄uniformly on (~x; u) 2 K � [0; T ℄.From Lemma 3.2.3, 8" > 0; 9N0 := N0(K("); "), s.t. N � N0ÆN (t) = (1�H(y))�Ex [Î mi=2�N;i�tI^mi=2�N;i<�N;1IX 1̂mi=2�N;i2KPX 1̂mi=2�N;i [~�1 � t�^mi=2�N;i℄℄� Px[^mi=2� i < �1; �1 � t;X 1̂mi=2� i 2 K℄�+O("):= (1�H(y))�Ex [Î mi=2�N;i�tÎ mi=2�N;i<�N;1IX 1̂mi=2�N;i2K�t(X 1̂mi=2�N;i ;^mi=2�N;i)℄� Ex [Î mi=2� i�tÎ mi=2� i<�1IX 1̂mi=2�i2K�t(X 1̂mi=2� i ;^mi=2� i)℄�+O("):Note that �t(x; u) = Px[~� � t� u℄ is ontinuous in (x; u) 2 (b10;+1)� [0; t℄. Reall that �N;i �!N;a:s � i; i 2[[1;m℄℄, and by ontinuity X 1̂mi=2�N;i �!N;a:s X 1̂mi=2� i . One an hek that the law of (�1;^mi=2� i; X 1̂mi=2� i) isabsolutely ontinuous w.r.t. the Lebesgue measure. We thus derive by onvergene in law that for N largeenough ÆN (t) = O(");�21N (t) = (1�H(y))Px[^mi=2� i < �1; �1 � t℄ +O("): (3.2.7)Control of �22N (t).The arguments we use to ontrol this term are quite similar to those introdued to treat the termsR1(K); R2(K) above.Indeed, sine �N 2 [0; 1℄ one gets�22N (t) � Px[^mi=2�N;i � T;X 1̂mi=2�N;i � K℄ + Px[^mi=2�N;i � T;X 1̂mi=2�N;i 2 (b10;K℄℄ := RN1 (K) +RN2 (K):From Lemma 1.1.2 we get RN1 (K) � Px1[sups2[0;T ℄X1s � K℄ � C exp(� (K�x1)2T ). The previous hoie of Kgives RN1 (K) = O(").With the previous notations we write,RN2 (K) := (RN2 (K)�R2(K)) +R2(K):On the one hand, the former hoie of K yields R2(K) = O("). On the other hand, for the di�erene (RN2 �R2)(K), sine �N;i �!N; a:s � i; i 2 [[2;m℄℄; X 1̂mi=2�N;i �!N; a:s X 1̂mi=2� i , with the same arguments we employed toontrol ÆN (t), we derive by onvergene in law9N0 := N0(K; "); N � N0; j(RN2 �R2)(K)j � ":Hene, for N := N(K; ") large enough, we write�22N (t) = O("): (3.2.8)79



Equations (3.2.7) and (3.2.8) give (3.2.6). From (3.2.6), (3.2.5) and (3.2.4) we derive the simple onvergeneof �N to � for a �xed t 2 [0; T ℄.The uniformity in t 2 [0; T ℄ derives from the fat that �N (t) is a umulative distribution funtion withontinuous limit, see also the arguments at the beginning of the proof of Lemma 3.2.1. �Proof of Lemma 3.2.3.Let us de�ne 8(x; u) 2 K = [K;K℄� [0; T ℄; K > b10; 	N(x; u) = Px[ph�1( ~X1~�N;1 � b10)� � y; ~�N;1 � u℄. Fora �xed x 2 K, Lemma 3.2.1 yields that 	N (x; u) �!N (1�H(y))Px[�1 � u℄ := 	(x; u) uniformly on u 2 [0; T ℄.Let us now show that for a �xed u 2 [0; T ℄ we have the uniform onvergene w.r.t. x 2 K. Write	N(x; u) = Px[ph�1( ~X1~�N;1 � b10)� � y℄� Px[ph�1( ~X1~�N;1 � b10)� � y; ~�N;1 > u℄ := 	1N(x) �	2N(x; u):With the notations of the previous paragraph, 	1N (x) = Px[ph�1( ~X1~�N;1 � b10)� � y℄ = P0[(s��(x�b10)=ph � (x �b10)=ph) � y℄. Equation (19) from [Sie79℄ gives limb�!1 P0[s��b � b � y℄ = 1 � H(y). Hene, 	1N(x) �!N(1 � H(y)) uniformly on x 2 K. We develop 	2N like in the proof of Lemma 3 from the same referene,ontrolling that we an isolate uniform rests. We get	2N(x; u) = P[(s��(x�b10)=ph � (x� b10)=ph) � y; ��(x�b10)=ph > �(u)=h℄= Z 10 P[��(x�b10)=ph > �(u)=h; (x� b10)=ph� s�(u)=h 2 [z; z + dz)℄P[s��z � z � y℄:We split the above integral into three terms 	21N ;	22N ;	23N respetively assoiated to the intervals (0; "(x �b10)=ph), ("(x� b10)=ph, (x� b10)=("ph)), ((x � b10)=("ph);1). One has	21N (x; u) � P[ (1� ")(x� b10)php�(u)=h � N (0; 1) � x� b10php�(u)=h ℄� P[ (1� ")(x� b10)T 1=2 � N (0; 1) � x� b10T 1=2 ℄� C"(K � b10)T 1=2uniformly for x 2 K. We also have	23N (x; u) � P[N (0; 1) � (1� "�1) x� b10�(u)1=2 ℄ � P[N (0; 1) � (1� "�1)K � b10T 1=2 ℄� CT 1=2K � b10 "1� "whih is still uniform w.r.t. x 2 K. From these omputations we derive that for N large enough, 	22N (x; u) =(1 �H(y))Px[~�N;1 > u℄ + O("), where the rest is uniform w.r.t. K. It therefore remains to show Px[~�N;1 >u℄ := N (u; x) �!N (u; x) := Px[~�1 > u℄ uniformly on K. We note that 1� N(u; x) = P0[supi2[[0;�(u)=h℄℄ ~X1ti �(x � b10)℄ is dereasing in x, so that N (u; :) is inreasing. Sine the simple limit is ontinuous, we derive theuniformity using the same arguments as in the proof of Lemma 3.2.1.Now, we have shown that for a �xed parameter x 2 K, u 2 [0; T ℄, we have the uniform onvergene withrespet to the other. Let us now show the joint uniform onvergene. The limit 	 is uniformly ontinuous onK � [0; T ℄. This reads8" > 0; 9� := �(");8(x; x0)� (t; t0) 2 K2 � [0; T ℄2; jt� t0j+ jx� x0j � �; j	(x; t)�	(x0; t0)j � ": (3.2.9)In partiular, jt� t0j � � ) supx2K j	(x; t)�	(x; t0)j � ". Let us now onsider a regular grid � := fsigi2[[1;a℄℄of [0; T ℄ with step s = si+1� si � �. Sine for a �xed t 2 [0; T ℄ we have uniform onvergene in spae it omes8" > 0; 9N0 = maxi2[[1;a℄℄N0(si); N � N0; supi2[[1;a℄℄ supx2K j	N (x; si)�	(x; si)j � ": (3.2.10)80



Noting that both 	N (x; :);	(x; :) are inreasing funtions we derive from (3.2.9), (3.2.10)8t 2 [si; si+1℄; 	(x; si)�	(x; si+1) + 	(x; si+1)�	N (x; si+1)� 	(x; t)�	N(x; t) � 	(x; si+1)�	(x; si) + 	(x; si)�	N (x; si);8" > 0; 9N0; N � N0; supt2[0;T ℄ supx2K j	(x; t)�	N(x; t)j � "whih shows the joint uniformity and ompletes the proof. �2.3 Expansion resultOur main expansion result is given by the followingTheorem 3.2.4 (Error expansion for the orrelated Brownian motion in an orthant). Assume(BM), (D) and (S). For h small enough the error writesErr(T; h; f; x) = C1ph+ o(ph)with C1 = C0 mXi=1Ex [I� i�T;^j2[[1;m℄℄nfig�j>� i(�yiv(� i; X� i))℄; C0 = E0 [s2�+ ℄2E0 [s�+ ℄ .Proof.We separate the ase m = 1 orresponding to the half-spae, whih is muh easier, from the ase m > 1.Case m = 1.From (3.2.1) the error writes Err(T; h; f; x) = 12Ex "Z T0 YsdLb0s^�N (X1: )#, withYs = �x1v(s; (b0; X2s ; � � � ; Xds )):Note that dYs = ysds+dMs, where M is a martingale, and that Y (and (ys)s2[0;T ℄) is independent of X1 (andhene of � = �1 and �N = �N;1). Exploiting these independene properties and using twie the integration byparts ombined with equality (3.2.3), one obtainsEx "Z T0 YsdLb0s^�N (X1)# = Ex hYTLb0T^�N (X1)i� Ex "Z T0 Lb0s^�N (X1)ysds#= phE0 [s2�+ ℄E0 [s�+ ℄  Px[� � T ℄Ex [YT ℄� Z T0 Px[� � s℄Ex [ys℄ds!+ o(ph)= phE0 [s2�+ ℄E0 [s�+ ℄Ex [Y�I��T ℄ + o(ph)and the result follows.Case m > 1.In this ase we lose the above nie independene property that made the problem essentially one-dimensionalfor the half-spae ase. From (3.2.1) writeErr(T; h; f; x) = 12 mXi=1Ex [Z T0 �xiv(s;� �D(Xs))dLbi0s^�N (X i)℄ = mXi=1Ei:81



Limit behaviour of EiWe detail the term E1, the other ones an be handled exatly in the same way. Sine the measure dLb10s (X1)is a.s. arried by the set fs � 0 : X1s = b10g we writeE1 = 12Z T0 Ex [�x1v(s; b10;� �D2;d(X2s ; :::; Xds ))dLb10s^�N (X1)℄where for simpliity we denote 8y 2 Rd�1 ; � �D2;d(y) := ((y1 � b20)+ + b20; :::; (ym�1 � bm0 )+ + bm0 ; ym; :::; yd�1).Reall from Remark 3.2.1 that sine v vanishes on �D, 8(s; y) 2 [0; T ℄� Rd�1 , 9k 2 [[2;m℄℄; yk�1 � bk0 wehave �x1v(s; b10;� �D2;d0 (y)) = 0:In other words, there are no ontributions assoiated to the orner points in E1.Under (S), we an integrate by part in E1. We obtainE1 = 12 (Ex [Lb10T^�N (X1)�x1v(T; b10;� �D2;d(X2T ; :::; XdT ))℄�Ex [Z T0 Lb10s^�N (X1)d��x1v(s; b10;� �D2;d(X2s ; :::; Xds ))�℄) :Developing the last It� di�erential with It�-Tanaka's formula we getd��x1v(s; b10;� �D2;d(X2s ; :::; Xds ))� = dMs + dys;dMs = dXi=2�2xi;x1v(s; b10;� �D2;d(X2s ; :::; Xds ))(IXis>bi0;i2[[2;m℄℄ + Ii2[[m+1;d℄℄)dX is;dys = mXi=2�2xi;x1v(s; b10;� �D2;d(X2s ; :::; Xds ))12dLbi0s (X i) +0��s�x1v(s; b10;� �D2;d(X2s ; :::; Xds ))+12 dXi;j=2�3x1;xi;xjv(s; b10;� �D2;d(X2s ; :::; Xds ))(�ijIXis>bi0;Xjs>bj0I(i;j)2[[2;m℄℄2 + Ii=jIi2[[m+1;d℄℄)1A ds:(3.2.11)From Remark 3.2.1 we derive that for (s; y) 2 [0; T ℄�Rd�1 ; 9j 2 [[2;m℄℄; yj�1 � bj0, the rossed derivatives�x1;xjv(s; b10;� �D2;d(y)) = �3x1;xi;xjv(s; b10;� �D2;d(y)) = 0. Hene, in dys there is no ontribution of the loaltime of the proess on the orner regions anddys = ��s�x1v(s; b10;� �D2;d(X2s ; :::; Xds )) + 12 dXi;j=2�3x1;xi;xjv(s; b10;� �D2;d(X2s ; :::; Xds ))(�ijI(i;j)2[[2;m℄℄2+Ii=jIi2[[m+1;d℄℄)�ds := �(s; b10;� �D2;d(X2s ; :::; Xds ))ds:We point out that under (S), � 2 C1=2;1b ([0; T ℄ � �D);�(s; b10;� �D2;d(:))j�D2;d = 0 and (Ms)s2[0;T ℄ is a truemartingale.Tanaka's formula then givesE1 = Ex [ (X1T^�N � b10)� + Z T^�N0 IX1s<b10dX1s!�x1v(T; b10;� �D2;d(X2T ; :::; XdT ))℄�Ex [Z T0 ds (X1s^�N � b10)� + Z s^�N0 IX1u<b10dX1u!�(s; b10;� �D2;d(X2s ; :::; Xds ))℄= Ex [(X1�N � b10)�I�N�T�x1v(T; b10;� �D2;d(X2T ; :::; XdT ))℄�Ex [Z T0 ds(X1�N � b10)�I�N�s�(s; b10;� �D2;d(X2s ; :::; Xds ))℄ +R1 +R2 (3.2.12)82



where R1 = Ex [ ~MT�x1v(T; b10;� �D2;d(X2T ; :::; XdT ))℄� Ex [Z T0 ~Msd��x1v(s; b10;� �D2;d(X2s ; :::; Xds ))�℄;~Ms := Z s0 IX1u<b10;u<�NdX1u;R2 = �Ex [Z T0 ds(X1s � b10)�I�N>s�(s; b10;� �D2;d(X2s ; :::; Xds ))℄:Note in (3.2.12) that (X1�N � b10)� 6= 0 () �N = �N;1. Now, our strategy onsists in onditioningw.r.t. �N;1 in (3.2.12). In order to isolate the overshoot ZN := ph�1(X1�N � b10)� we rewrite the omponentsX2; :::; Xm, of the orrelated part of X in terms of X1 and an additional orrelated (m� 1)-dimensional BM~X independent of X1 and (X i)i2[[m+1;d℄℄. Namely,8i 2 [[2;m℄℄; X is = �1iX1s + (1� �21i)1=2 ~X i�1s ; ~X i�10 = xi0 � �1ix10(1� �21i)1=2 :Introdue also for notational onveniene8(s; t) 2 [0; T ℄2; s � t; Xt!s := Xs �Xt;as well as, for all s 2 [0; T ℄,(�1:X1s + (1� �21:)1=2 ~X :�1s )2;m := (�12X1s + (1� �212)1=2 ~X1s ; :::; �1mX1s + (1� �21m)1=2 ~Xm�1s )= (X2s ; :::; Xms ) := X2;ms ;Xm+1;ds := (Xm+1s ; :::; Xds ):With the above notations it omesE1 = ph�Ex [ZNI�N;1�T;^mj=2�N;j��N;1E [�x1 v(T; b10;� �D2;d((�1:X1�N;1 + (1� �21:)1=2 ~X :�1�N;1)2;m +X2;m�N;1!T ;Xm+1;d�N;1 +Xm+1;d�N;1!T ))jF�N;1 ℄℄� Z T0 dsEx [ZNI�N;1�s;^mj=2�N;j��N;1 �E [�(s; b10 ;� �D2;d((�1:X1�N;1 + (1� �21:)1=2 ~X :�1�N;1)2;m +X2;m�N;1!s; Xm+1;d�N;1 +Xm+1;d�N;1!s))jF�N;1 ℄℄�+R1 +R2:Introduing expliitly the overshoot ZN in the onditional expetations of the former development we getE1 = ph�Ex [ZNI�N;1�T;^mj=2�N;j��N;1 �E [�x1 v(T; b10;� �D2;d((�1:(�phZN + b10) + (1� �21:)1=2 ~X :�1�N;1)2;m +X2;m�N;1!T ; Xm+1;d�N;1 +Xm+1;d�N;1!T ))jF�N;1 ℄℄�Z T0 dsEx [ZNI�N;1�s;^mj=2�N;j��N;1E [�(s; b10 ;� �D2;d((�1:(�phZN + b10) + (1� �21:)1=2 ~X :�1�N;1)2;m +X2;m�N;1!s;Xm+1;d�N;1 +Xm+1;d�N;1!s))jF�N;1 ℄℄	+R1 +R2: (3.2.13)Thanks to the strong Markov property the above onditional expetations are funtions of ZN ; �N;1; ~X�N;1 ,Xm+1;d�N;1 . Introdue now, 8s 2 [0; T ℄;8(z; u; w) 2 R� � [0; s℄� Rd�1 , �hs (z; u; w) :=E [�(s; b10 ;� �D2;d((�1:(phz + b10) + (1� �21:)1=2w:�1)2;m +X2;mu!s; wm;d�1 +Xm+1;du!s ))℄:Similarly, we de�ne 8(z; u; w) 2 R� � [0; T ℄� Rd�1 ,	h(z; u; w) := E [�x1 v�T; b10;� �D2;d((�1:(phz + b10) + (1� �21:)1=2w:�1)2;m +X2;mu!T ; wm;d�1 +Xm+1;du!T )�℄:83



Using these funtions in (3.2.13) we getE1 = ph(Ex [ZNI�N;1�T;^mj=2�N;j��N;1	h(�ZN ; �N;1; ( ~X�N;1 ; Xm+1;d�N;1 ))℄�Z T0 dsEx [ZNI�N;1�s;^mj=2�N;j��N;1�hs (�ZN ; �N;1; ( ~X�N;1 ; Xm+1;d�N;1 ))℄)+R1 +R2:Let us set �s(u;w) = �hs (0; u; w); 	(u;w) = 	h(0; u; w), it omesE1 = ph(Ex [ZNI�N;1�T;^mj=2�N;j��N;1	(�N;1; ~X�N;1; Xm+1;d�N;1 )℄� Z T0 dsEx [ZNI�N;1�s;^mj=2�N;j��N;1�s(�N;1; ~X�N;1 ; Xm+1;d�N;1 )℄)+R1 +R2 +R3 (3.2.14)whereR3 := ph(Ex [ZNI�N;1�T;^mj=2�N;j��N;1(	h(�ZN ; �N;1; ~X�N;1; Xm+1;d�N;1 )�	h(0; �N;1; ~X�N;1 ; Xm+1;d�N;1 ))℄� Z T0 dsEx [ZNI�N;1�s;^mj=2�N;j��N;1(�hs (�ZN ; �N;1; ~X�N;1 ; Xm+1;d�N;1 )��hs (0; �N;1; ~X�N;1 ; Xm+1;d�N;1 )℄) :Put R := R1 + R2 + R3. Reall that the law of (�1;^mi=2� i) is absolutely ontinuous w.r.t. the Lebesguemeasure and that under (S), �s; 	 are ontinuous and bounded. Thus, from (3.2.14), Lemma 3.2.2 anduniform integrability arguments similar to those of the proof of Lemma 3.2.1, we derive by onvergene in lawthat for h small enoughE1 = ph(Ex [ZIT>�1;^mj=2�j>�1	(�1; ~X�1 ; Xm+1;d�1 )℄�Z T0 dsEx [ZIs>�1;^mj=2�j>�1�s(�1; ~X�1 ; Xm+1;d�1 )℄)+R+ o(ph) (3.2.15)where Z is independent of �1 and with distribution funtion given by H de�ned in Setion 2.2. Fromthe limit laws, the asymptoti independene of the overshoot and the former semi-martingale expansion of(�x1v(s; b10;� �D2;d(X2s ; :::; Xds )))s�0 given in (3.2.11), one obtainsE1 = phE [Z℄(Ex [I�1�T;^mj=2�j>�1��x1v(0; b10; x2; :::; xd) +MT + Z T0 �(s; b10;� �D2;d(X2s ; :::; Xds ))ds�℄�Ex [I�1�T;^mj=2�j>�1E [Z T�1 �(s; b10;� �D2;d(X2s ; :::; Xds ))dsjF�1 ℄℄) :Thus, E1 = phE [Z℄(Ex [I�1�T;^mj=2�j>�1��x1v(0; b10; x2; :::; xd) +M�1 + (MT �M�1)+Z �10 �(s; b10;� �D2;d(X2s ; :::; Xds ))ds�℄) :Hene, sine (Ms)s2[0;T ℄ is a martingale and realling E [Z℄ = C0 = E [s2�+ ℄2E [s�+ ℄ , we getE1 = phC0Ex [I�1�T;^mj=2�j>�1�x1v(�1; b10; X2�1 ; :::; Xd�1))℄ + R+ o(ph): (3.2.16)84



Control of the restsFor R1 one getsR1 = Ex [ ~MT�x1v(T; b10;� �D2;d(X2T ; :::; XdT ))℄� Ex [Z T0 ~Msd(�x1v(s; b10;� �D2;d(X2s ; :::; Xds )))℄= Ex [Z T0 �x1v(s; b10;� �D2;d(X2s ; :::; Xds ))d ~Ms℄ + Ex [h�x1v(:; b10;� �D2;d(X2: ; :::; Xd: )); ~MiT ℄= Ex [h�x1v(:; b10;� �D2;d(X2: ; :::; Xd: )); ~MiT ℄= mXi=2�1iEx [Z T0 ds�xi�x1v(s; b10;� �D2;d(X2s ; :::; Xds ))Is<�N;X1s<b10 ℄:We reall that under Assumption (S),9C > 0; 8�; j�j � 4; 8(s; x) 2 [0; T ℄� �D; j��x v(s; x)j � C (3.2.17)Hene, denoting �1t := inffs � t : X1s = b10g we getjR1j+ jR2j � CZ T0 dsPx[�N > s;X1s < b10℄ + CZ T0 dsEx [I�N>�(s)I�1�(s)�sE [jX1s � b10jjF�1�(s) ℄℄� CZ T0 dsPx1 [�N;1 > s;X1s < b10℄ + Ch1=2Z T0 dsPx1 [�N;1 > �(s); �1�(s) � s℄where the last inequality is a onsequene of Lemma 1.1.2. From Lemma 1.4.5 and its proof we derive thatR1 +R2 = O(h).Owing to (3.2.17), we also have that � Æ� �D is uniformly Lipshitz ontinuous in spae. We getjR3j � Ch Ex [Z2NI�N;1�T;^mj=2�N;j��N;1 ℄ + Z T0 dsEx [Z2NI�N;1�s;^mj=1�N;j��N;1 ℄! :In the proof of Proposition 1.5.4, we showed 9 > 0; C > 0; s.t. 8s 2 [0; T ℄; supN Px[ZN � y; �N;1 � s℄ �C exp(�y2). Hene, jR3j � Ch.From the above ontrols on R1; R2; R3 we get R = O(h) whih together with (3.2.16) givesE1 = phC0Ex [I�1�T;^mj=2�j>�1�x1v(�1; X�1)℄ + o(ph)for h small enough, whih onludes the proof. �Remark 3.2.2 The ontrols in the previous proof as well as the residual terms appearing in the omputationsare loally uniform w.r.t. the domain D.Remark 3.2.3 In the above proof, for m > 1, we strongly used that the derivatives up to order 4 of the funtionv were well ontrolled, the upper bounds being in that ase given by Assumption (S). One an wonder why weimposed suh a regularity in (S) sine the only quantity that appears eventually is the derivative of order one.Note that the orrelation between the proesses X1; X2; :::; Xm does not allow to separate the overshoot andthe derivatives of v like in the proof with m = 1. For the half spae, this last fat is remarkable sine it permitsto get rid of the potentially degenerate derivatives of third order thanks to the seond integration by part (seeabove proof). Thus, for the half spae ase all the previous omputations hold true if we replae (S) by(S') The funtion f j�D = 0.The funtion v 2 C2;4([0; T ) � �D) and there exist C > 0;  > 0, 8(t; y) 2 [0; T ℄ � �D; 8�; j�j � 2,j��yv(t; y)j � C exp(jyj). 85



For a real intersetion ase, if v does not satisfy (S), we should introdue a molli�ed version of �x1v.Unfortunately, one an lose the uniformity of the residual terms w.r.t. the mollifying parameter from equation(3.2.14) to (3.2.15).Remark 3.2.4 To onlude this setion, we would like to emphasize that the main di�ulty in order to applythe previous Theorem onsists in �nding onditions on f that guarantee (S) is ful�lled. We provide somesu�ient onditions in Setion 4 but in all generality this is far from being easy. Anyhow, this di�ulty isessentially of analytial nature.3 Error Corretion3.1 Main resultUnder our urrent assumptions (BM), (D), (S), the next Theorem improves the auray of the numerialproedure by removing the term of order 12 in the error.For this, the simulation of (Xti)0�i�N is performed in a modi�ed domain, namely Dh := fy 2 Rd : 8i 2[[1;m℄℄; yi > bi0 + C0phg instead of D := fy 2 Rd : 8i 2 [[1;m℄℄; yi > bi0g.We denote �NDh (resp. �Dh) the disrete (resp. ontinuous) exit time from this domain Dh.Theorem 3.3.1 Assume (BM), (D), (S). For h small enough we haveErr0(T; h; f; x) := Ex [f(XT )I�NDh>T ℄� Ex [f(XT )I�>T ℄ = o(ph):Remark 3.3.1 Consider now the more general ase Xs = x + �s + �Ws; D := fx 2 Rd : A:x > bg whereA = 0B� a�1...a�m 1CA is of rank m. If we have good smoothness properties for the funtion v0 introdued in Proposition3.1.1, then the former error expansion remains valid. We an as in the previous theorem remove the leadingterm of the error by simulating w.r.t. Dh := fx 2 Rd : A:x > b+ C0ephg; e = (k��a1k; :::; k��amk)�.3.2 Proof of the Main ResultIn this subsetion we detail how the arguments from Costantini, El Karoui and Gobet, see [CKG03℄, an beemployed to prove our orretion result. We writeErr0(T; h; f; x) = Ex [f(XT )I�NDh>T ℄� Ex [f(XT )I�Dh>T ℄ + Ex [f(XT )I�Dh>T ℄� Ex [f(XT )I�>T ℄:= E1 +E2:From Remark 3.2.2 we derive that one ould show just like in Theorem 3.2.4 that even though the domaindepends on h we have E1 = C1ph+ o(ph), where C1 denotes the onstant introdued in the ited theorem.For E2 we adapt some ideas from [CKG03℄ onerning the sensitivity of the Dirihlet problem w.r.t. thedomain.For a given  2 Rd , let us denote 8� > 0; D� := fy 2 Rd : y � � 2 Dg. We de�ne �D� := inffs > 0 : Xs 62D�g and we introdue for all x 2 D the mapping J x : � �! Ex [f(XT )I�D�>T ℄. We show below that under theassumptions of Theorem 3.3.1, the mapping J x is di�erentiable in � = 0 and for  = (1; :::; 1| {z }m ; 0; :::; 0| {z }d�m ), one has��J x (�)j�=0 = �Ex [rv(�;X� ):I�<T ℄ = � mXi=1Ex [�xiv(� i; X� i)I�i�T;^j2[[1;m℄℄nfig�j>� i ℄: (3.3.1)From (3.3.1) we then derive that E2 = J x (C0ph)�J x (0) = ��J x (0)C0ph+o(ph) = �C1ph+o(ph) whihproves the Theorem. �86



Proof of (3.3.1)Let us de�ne X�s := Xs � �; �D;� = inffs > 0 : X�s 62 Dg. Note that one has �D� = �D;� . Denoting�� := Ex [f(X�T + �)I�D;�>T ℄� v(0; x), we have to identify the limit of ��=� as � �! 0. It omes�� = Ex [f(X�T + �)I�D;�>T ℄� Ex [f(X�T )I�D;�>T ℄ + Ex [f(X�T )I�D;�>T � v(T ^ �D;�; XT^�D;� )℄+Ex [v(T ^ �D;� ; XT^�D;�)℄� v(0; x) := ��;1 +��;2 +��;3:Sine (Mt)t2[0;T ℄ := (v(t ^ �;X0;xt^� ))t2[0;T ℄ is a martingale and �D;� < � , we readily get ��;3 = 0.Note that f(X�T )I�D;�>T = v(T ^ �D;� ; X�T^�D;�). One also has �D� �!��!0; a:s � . From Assumption (S), vis ontinuously di�erentiable. Thus, one gets lim��!0��;2=� = �Ex [rv(T ^ �;XT^� ):℄.On the other hand, sine we assumed f to be ontinuously di�erentiable we obtain lim��!0��;1=� =Ex [rf(X� ): I�>T ℄. Realling 8x 2 �D; v(T; x) = f(x) we write��J x (�)j�=0 = �Ex��rv(T ^ �;XT^� )�rf(XT )I�>T�:� = �Ex [I��Trv(�;X� ):℄whih for  = (1; :::; 1| {z }m ; 0; :::; 0| {z }d�m ) proves (3.3.1). �3.3 Alternative proof in the half-spae aseWe give a more expliitly probabilisti proof of Theorem 3.3.1 when D is a half spae, i.e. m = 1. Write asbefore Err0(T; h; f; x) = Ex [f(XT )I�NDh>T ℄� Ex [f(XT )I�>T ℄ = E1 +E2where Dh = fy 2 Rd : y1 > b0 + E0 [s2�+ ℄2E0 [s�+ ℄phg, E1 = Ex [f(XT )I�NDh>T ℄ � Ex [f(XT )I�Dh>T ℄ and E2 =Ex [f(XT )I�Dh>T ℄� Ex [f(XT )I�>T ℄.As indiated in the previous proof, for h small enoughE1 = E0 [s2�+ ℄2E0 [s�+ ℄phEx [I��T(�y1v(�;X� ))℄ + o(ph):For the estimation of E2, note that it is enough to get�b0v(0; x) = �b0Ex [f(XT )I�>T ℄ = Ex [I��T(��y1v(�;X� ))℄:To justify this equality, we exploit the expliit form of the killed transition densities for the linear BM (see[KS91℄ p.97-98). To simplify, put X 0t = (X2t ; � � � ; Xdt ), reall gt(z) = e�z2=(2t)p2�t and de�ne a(x1 � b0; t) =x1�b0t gt(x1 � b0) = �g0t(x1 � b0) the density at time t of � . Clearly, by independene of X1 and X 0, one hasv(t; y) = R +1b0 (gT�t(z � y1)� gT�t(z + y1 � 2b0))E [f(z;X 0T )jX 02t = y2; � � � ; X 0dt = yd℄dz, from whih it is easyto derive ��y1v(t; (b0; X 0t)) = � Z +1b0 2a(z � b0; T � t)E [f(z;X 0T )jX 0t℄dz;�b0v(0; x) = �2 Z +1b0 a(z + x1 � 2b0; T )Ex2 ;:::;xd [f(z;X 0T )℄dz;Ex [I��T(��y1v(�;X� ))℄ = Z T0 a(x1 � b0; t)Ex2 ;:::;xd[��y1v(t; (b0; X 0t))℄dt;= �2 Z +1b0 Ex2 ;:::;xd[f(z;X 0T )℄� Z T0 a(x1 � b0; t)a(z � b0; T � t)dt�dz:Thanks to the Markov property on hitting times, see [KS91℄ p.197, the onvolution integral w.r.t. t simplyredues to a(z + x1 � 2b0; T ). This proves our assertion. �87



4 Some su�ient onditions to ful�ll (S)In the whole setion we assume (BM), (D).4.1 Half-spaeMain working assumptionWe introdue Assumption(F1) The funtion f belongs to C4b ( �D); f j�D = 0, tr(Hf�0��0)j�D = 0.In the half spae ase D := fy 2 Rd : y1 > b0g. From the expliit law of the one dimensional BM killed atb0, we derive 8(t; x) 2 [0; T ℄�Dv(t; x) := ZDf(y)qT�t(x; y)dy = Z(b0;+1)�Rd�1f(y)q1T�t(x1; y1) dYi=2 gT�t(yi � xi)dy1:::dyd (3.4.1)where q1s(x1; y1) = gs(y1 � x1)� gs(y1 + x1 � 2b0).Under (F1), we readily get (S) by simple di�erentiation after a lear hange of variable in the aboveintegral.Alternative assumption in the half spae aseIn the speial ase of the half spae, we now show that under (BM), (D), the following assumption on f issu�ient to satisfy (S') introdued in Remark 3.2.3.(F1') The funtion f is borelian with support satisfying d(supp(f); �D) � 2" > 0 and has exponential growth,i.e. 9 > 0; C > 0; 8x 2 Rd ; jf(x)j � C exp(kxk).From the expliit representation of the killed transition density qs(:; :) in (3.4.1) we derive by di�erentiationthat 90 > 0; C 0 > 0 s.t. 8(s; x; y) 2 (0; T ℄� �D � �D; 8�; j�j � 4,j��xqs(x; y)j � C 0s(d+j�j)=2 exp��0 kx� yk2s � :The funtion v 2 C2;4([0; T ) � �D). Owing to the support ondition and to the exponential growth inAssumption (F1') we get from the above ontrol that 8x 2 Rd ; x1 2 [b0; b0 + ");8t 2 [0; T ); 8�; j�j � 4,j��xv(t; x)j � C 0ZDdy exp��0 "22(T � t)� exp(kyk)(T � t)(d+j�j)=2 exp��0 kx� yk22(T � t)� � C exp(kxk)1 ^ "j�j :Thus, (F1') assoiated to (BM), (D), guarantees Assumption (S') introdued in Remark 3.2.3 is satis�edand the error expansion of Theorem 3.2.4 holds true. We ould show as in Theorem 3.3.1 that the orretionresult remains valid under (BM), (D), (S').4.2 Bidimensional oneIn this subsetion we provide su�ient onditions on f to ful�ll (S) under (BM), (D), when the dimensiond = 2.We �rst give the expliit expression for the heat kernel in a bidimensional one (up to a simple transforma-tion this gives the expression of the density for the killed orrelated BM in an orthant). In our two-dimensionalontext, this had been obtained by Carslaw and Jaeger extending the well known method of images, see [CJ59℄and details below. For the sake of ompleteness, we present the slightly di�erent proof of Iyengar, f. [Iye85℄,justifying every step and orreting minor mistakes. During the proof we also state useful ontrols for thederivatives of the heat kernel.Then, using some usual PDE results and the previous ontrols on the derivatives of the heat kernel wederive suitable assumptions on f to obtain (S). 88
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Figure 3.1: Connetion between orrelated BM in the positive quartant and standard BM in a wedge.Expliit expression of the heat kernel in a bidimensional oneIn our urrent framework, assumption (BM) writes Xs = x + �0Ws, where W is a standard BM, �0��0 =� 1 �� 1 � ; � 2 (�1; 1). For the sake of simpliity we also assume in (D) w.l.o.g. that the origin of the oneb0 = 0. We write D := D0 = fy 2 R2 : y1 > 0; y2 > 0g.By simple transformations we derive that this density is linked to the one of the non-orrelated BrownianMotion W killed when it leaves a wedge. Indeed, put 8i 2 f1; 2g; � iD0 := inffs � 0 : X is = 0g, one has�D0 = �1D0 ^ �2D0 . Using the Cholesky fatorization of �0��0 , i.e. �0 = � 1 0� (1� �2)1=2 �, rewrite now�2D0 := inffs � 0 : x2 + sin(�)W 1s + os(�)W 2s = 0g where � = sin(�); � 2 (��=2; �=2). One gets Px[�D0 >t℄ = P~x[� ~D0 > t℄ where ~x = (x2= os(�) � x1 tan(�); x1), ~D0 := fy = (r os �; r sin �) 2 R2 : r > 0; 0 < � < �gwith � = �2 + arsin(�) = �2 + �, and � ~D0 := inffs �: Ws 62 ~D0g. Introduing the hange of variablez = Ay; A = � � tan(�) os(�)�11 0 � ; det(A�1) = � os(�) (3.4.2)that maps D0 onto ~D0 we �nally getPx[�D0 > t;Xt 2 [y; y + dy)℄ = j os(�)�1jP~x[� ~D0 > t;Wt 2 [z; z + dz)℄: (3.4.3)The previous transformation is illustrated in the Figure 3.1.The wedges with respetive angles �1; �2 in the above piture are assoiated to initial orrelation oe�ients�i = sin(�i � �2 ); i 2 f1; 2g. If � 2 (�1; 0), (resp. � 2 [0; 1)) fy 2 R2 : y1 > 0; y2 = � tan(�)y1g � P+ := fy 2R2 : y1 > 0; y2 � 0g (resp. P� := fy 2 R2 : y1 > 0; y2 � 0g). This establishes a lear orrespondene betweenthe original orrelation oe�ient and the angle of the wedge. We inverted the oordinates in (3.4.3) in orderto use a standard polar representation.Method of ImagesWe present in this paragraph the so-alled method of images that provides a simple expression for P~x[� ~D0 >t;Wt 2 dz℄ in terms of standard Gaussian kernels when the angle � from the above de�nition has the form� = �=m0; m0 2 N� .This method initially omes from physis, see Carslaw and Jaeger [CJ59℄, and onsists in using suessivere�etions aross the lines x2 = tan(j�=m0)x1; j 2 [[0; 2m0 � 1℄℄ alternating heat soures and sinks along theorbit assoiated to a given starting point in the wedge.89
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Figure 3.2: Orbit for z 2 ~D0; � = �4 .It provides a way to eliminate the di�ulties assoiated to the stopping time � ~D0 in the determination ofan expliit expression for the density.Preisely, one has the followingProposition 3.4.1 LeW be a standard Brownian motion with starting point x 2 ~D0 := fy = (r os �; r sin �) 2R2 : r > 0; 0 < � < �g; � = �=m0;m0 2 N� . For all t > 0 one hasPx[� ~D0 > t;Wt 2 dz℄ = ~P (t; x; z)dz = 2m0�1Xj=0 (�1)jgt(x� Tjz)dz (3.4.4)with T0 = I and 8j 2 [[1; 2m0 � 1℄℄; Tj = RjTj�1 where the (Rj)j2[[1;2m0�1℄℄ are the matries representing there�etion aross the line x2 = tan(j�=m0)x1.Remark 3.4.1 From equation (3.4.4) we derive that in this speial ase we have the �usual� ontrols forthe derivatives of ~P , that also orresponds to those of the Green kernel assoiated to problem (3.4.5) below.Namely, noting that 8(x; z) 2 ~D0 � ~D0; 8j 2 [[0; 2m0 � 1℄℄; jx� zj � jx� Tjzj, we get that for a given T > 0and all multi-indies �;  there exist onstants C := C(m0; j�j; jj; T ) > 0;  := (jj; j�j) > 0 s.t.8(t; x; z) 2 (0; T ℄� ~D0 � ~D0; j��t �x ~P (t; x; z)j � C exp(� jx�zj2t )t1+j�j+jj=2 :Proof.Let h be a positive bounded ontinuous funtion de�ned on ~D0 and vanishing on � ~D0. De�ne for all(t; x) 2 [0; T ℄ � �~D0, w(t; x) = Z ~D0h(z)Px[� ~D0 > T � t;WT�t 2 dz℄. The funtion w satis�es the mixedCauhy-Dirihlet problem 8>><>>: (�t + 12�)w(t; x) = 0; (t; x) 2 [0; T )� ~D0;w(t; x)j� ~D0 = 0; t 2 [0; T ℄;w(T; x) = h(x); x 2 �~D0: (3.4.5)With the above notations de�ne 8y 2 R2 ; ~h(y) = 2m0�1Xj=0 (�1)jh(T �1j y)Iy2Tj( ~D0) and introdue the Cauhy90



problem 8<: (�t + 12�)u(t; x) = 0; (t; x) 2 [0; T )� R2 ;u(T; x) = ~h(x); x 2 R2 : (3.4.6)From the standard Feynman-Ka representation we derive that the solution of (3.4.6) writesu(t; x) = Ex [~h(WT�t)℄ = ZR2dy~h(y)gT�t(y � x):Computing for eah j 2 [[0; 2m0 � 1℄℄ the hange of variable z = T �1j y for y 2 Tj( ~D0) it omesu(t; x) = Z ~D0dzh(z)2m0�1Xj=0 (�1)jgT�t(x� Tjz):Put 8t > 0; ~P (t; x; z) := 2m0�1Xj=0 (�1)jgt(x � Tjz). By onstrution, sine we have Gaussian kernels, (�t �12�x) ~P (t; x; z) = 0. To identify ~P (T � t; x; z)dz with Px[� ~D0 > T � t;WT�t 2 dz℄ for x 2 ~D0, it thereforeremains to hek that for all t > 0; ~P (t; x; z) satis�es the boundary onditions w.r.t. x 2 � ~D0.- For x 2 fy 2 R2 : y2 = 0g, by onstrution 8z 2 ~D0; 8j 2 [[0; 2m0 � 1℄℄; jx � Tjzj = jx� T2m0�1�jzj. Thus,~P (t; x; z) = 0 sine (�1)j + (�1)2m0�1�j = 0.- For x 2 fy 2 R2 : y2 = y1 tan�g, we get 8z 2 ~D0; 8j 2 [[0; 2m0 � 1℄℄; jx � Tjzj = jx � T2m0+1�jzj. Thus,~P (t; x; z) = 0 sine (�1)j + (�1)2m0+1�j = 0.Observe � ~D0 = fy 2 R2 : y2 = 0g [ fy 2 R2 : y2 = y1 tan�g, the proof is omplete. �Remark 3.4.2 From equation (3.4.4) in Proposition 3.4.1 we derive by simple di�erentiation that for angles� = �=m0; m0 2 N� , if h 2 C4b ( �~D0); hj ~D0 = �hj ~D0 = 0 then the solution w of problem (3.4.5) belongs toC2;4b ([0; T ℄� �~D0).Thus, using the hange of variable given in (3.4.2), we derive that under (BM), (D), the solution v ofproblem (3.1.2), with �0��0 = � 1 �� 1 � ; � = sin(� � �2 ); D0 = fx 2 R2 : x1 > b10; x2 > b20g; f(x) =h(A(x� b0)) satis�es Assumption (S).Extension to the general aseIn this paragraph we use Proposition 3.4.1 to derive an expliit expression for Px[� ~D0 > t;Wt 2 dz℄ for generalangles � 2 (0; �).Proposition 3.4.2 LeW be a standard Brownian motion with starting point x 2 ~D0 := fy = (r os �; r sin �) 2R2 : r > 0; 0 < � < �g; � 2 (0; �). For t > 0 one hasPx[� ~D0 > t;Wt 2 dz℄ = ~P (t; x; z)dz = 2t� exp(�r2 + r202t ) 1Xn=0 sin (�n�) sin (�n�0) I�n �rr0t � r0dr0d�0 (3.4.7)where x = (r os �; r sin �); z = (r0 os �0; r0 sin �0);8n 2 N; �n = �n� and I� denotes the modi�ed Besselfuntion of order �.
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Remark 3.4.3 For some other expliit expressions assoiated to the killed/stopped bidimensional BrownianMotion in a wedge, suh as Px[� ~D0 2 dt;W� ~D0 2 da℄; Px[�1~D0 2 ds; �2~D0 2 dt℄, we refer to the artile of Iyengar,[Iye85℄. Conerning the expression of Px[� ~D0 > t℄ that one obtains by simple integration of (3.4.7), we orretthe statement of equation (10) in Iyengar in Setion 5.4.We also mention the paper of Bañuelos and Smits, [BS97℄, who extended the idea used for the proof ofProposition 3.4.2 to obtain an expliit expression for the heat kernel in generalized ones of Rd . In theirontext a general one with origin 0 generated by a proper open onneted subset G of Sn�1, where Sn�1 isthe unit sphere in Rn , is the set of all rays emanating from 0 and passing through G.Proof. We adapt the proof proposed by Iyengar, [Iye85℄, speifying at some steps useful ontrols for thederivatives of the heat kernel in wedges with general angles.Let us start from (3.4.4) in the speial ase � = �=m0; m0 2 N� . Denote (�j)j2[[0;2m0�1℄℄ the argument ofTjz. Writing (3.4.4) in polar oordinates it omes~P (t; x; z) = 12�t exp(�r2 + r202t )2m0�1Xj=0 (�1)j exp(rr0 os(� � �j)t ):From identity 9.6.34 in Abramowitz and Stegun [AS72℄ we also have 8z 2 Rexp(z os(� � �j)) = I0(z) + 2 1Xn=1In(z) os(n(� � �j)) (3.4.8)where In is the modi�ed Bessel funtion of order n. Note that equation (6) from [Iye85℄ onerning the expan-sion of the exponential in series of modi�ed Bessel funtions is inorret, anyhow his following omputationsare not a�eted.Observing that 2m0�1Xj=0 (�1)j os(n(� � �j)) = 2m0 sin(n�) sin(n�0)if m0 divides n and 0 otherwise, we �nally rewrite~P (t; x; z) = 2t� exp(�r2 + r202t ) 1Xn=0 sin�n��� � sin�n��0� � In�=� �rr0t � (3.4.9)where � = �=m0; m0 2 N� . Anyhow, identity (3.4.9) is meaningful for all � 2 (0; �), and we laim that fora bounded ontinuous funtion h vanishing on � ~D0, w(t; x) = Z ~D0dzh(z) ~P (T � t; x; z); (t; x) 2 [0; T ℄ � �~D0,satis�es (3.4.5). The boundary onditions are readily ful�lled. It thus remains to show (�t + 12�)w(t; x) = 0.To this end we introdue a tehnial Lemma whose proof is postponed to the end of the setion.Lemma 3.4.3 For all R > 0; T > 0 and all multi-indies �; �; j�j � 2; j�j � 5 there exist positive onstantsC := C(R; T; 2; 5);  := (2; 5); � := �(2; 5) s.t. 8(t; x; z) 2 (0; T ℄�( ~D0\B(0; R))� ~D0, x = (r os �; r sin �); z =(r0 os �0; r0 sin �0) one hasexp��r2 + r202t � 1Xn=0 ����(��t + ��x)�sin�n��� � sin�n��0� � In�=� �rr0t ������ � Ct� exp�� jr � r0j2t � :Lemma 3.4.3 guarantees we an di�erentiate under the sum in (3.4.9). Using the reurrene relationsddz I�(z) = (I��1 + I�+1)(z)=2; �I� (z) = z2 (I��1 � I�+1)(z) for modi�ed Bessel funtions, see 9.6.26 in [AS72℄,
92



we obtain�t ~P (t; x; z) = ~P (t; x; z)��1t + r2 + r202t2 �� rr0t3� exp��r2 + r202t � 1Xn=0 sin(�n�) sin(�n�0) (I�n�1 + I�n+1)�rr0t � ;�x1 ~P (t; x; z) = �x1t ~P (t; x; z) + r0t2� exp��r2 + r202t � 1Xn=0 sin(�n�0)nsin((�n � 1)�)I�n�1 �rr0t �+ sin((�n + 1)�)I�n+1 �rr0t �o := �x1t ~P (t; x; z) + ~F1(r; �; z);�x2 ~P (t; x; z) = �x2t ~P (t; x; z) + r0t2� exp��r2 + r202t � 1Xn=0 sin(�n�0)nos((�n � 1)�)I�n�1 �rr0t �� os((�n + 1)�)I�n+1 �rr0t �o := �x2t ~P (t; x; z) + ~F2(r; �; z);�2x1 ~P (t; x; z) = � ~P (t; x; z)t � x1(�x1 ~P (t; x; z) + ~F1(r; �; z))t+ r202t3� exp��r20 + r22t �Xn�1 sin(�n�0)n� sin((�n � 2)�)I�n�2 �rr0t �+2 sin(�n�)I�n �rr0t �+ sin((�n + 2)�)I�n+2 �rr0t �o ;�2x2 ~P (t; x; z) = � ~P (t; x; z)t � x2(�x2 ~P (t; x; z) + ~F2(r; �; z))t+ r202t3� exp��r20 + r22t �Xn�1 sin(�n�0)nsin((�n � 2)�)I�n�2 �rr0t �+2 sin(�n�)I�n �rr0t �� sin((�n + 2)�)I�n+2 �rr0t �oFrom the above expressions, one heks 8(t; x; z) 2 R+;� � ~D20; (�t � 12�x) ~P (t; x; z) = 0. This ompletes theproof. �Remark 3.4.4 Note that Lemma 3.4.3 also gives a radial ontrol on ~P and its derivatives. In partiular,for given R > 0; T > 0, there exist positive onstants ; C s.t. for x = (r os �; r sin �) 2 ( ~D0 \ B(0; R)); z =(r0 os �0; r0 sin �0) 2 ~D0, with jr � r0j � " > 0 we have8�; j�j � 5; and 8s 2 (0; T ℄; j��x ~P (s; x; z)j � C1 ^ "� exp(�"2s ) exp(� jr � r0j2s ): (3.4.10)This kind of estimates will be ruial in the following.Proof of Lemma 3.4.3.The key tool in the proof of the Lemma is the following identity8x > 0; 8� > � � 0; I�(x) < I�(x): (3.4.11)Relation (3.4.11) was proved by Jones in [Jon68℄. The arguments are rather simple and in order to be selfontained we reall them at the end of our proof.From (3.4.8) we get that exp(z) = I0(z) + 2 1Xn=1In(z). Hene, (3.4.11) yields~P (t; x; z) � exp(� r2+r202t )t� 1Xn=1I�n �rr0t � � exp(� r2+r202t )t� 1Xn=1In �rr0t � � exp(� jr�r0j22t )2t� :93



Put At := 1Xn=1�t(sin(�n�) sin(�n�0)I�n �rr0t �). One getsjAtj � rr02t2 1Xn=1(I�n+1 + I�n�1)�rr0t � � C rr0t2 exp�rr0t � :Thus, exp��r2 + r202t � jAtj � C rr0t2 exp��jr � r0j22t � � C(R2t2 + Rjr � r0jt2 ) exp�� jr � r0j22t �� (R2t2 + Rt3=2 ) exp�� jr � r0j2t � � Ct� exp�� jr � r0j2t �whih gives the result for the time derivative. The upper bounds for the seond time derivative andexp��r2 + r202t � 1Xn=1 �����x (sin(�n�) sin(�n�0)I�n �rr0t �)��� ; j�j � 5ould be derived in a similar way. �Proof of (3.4.11).Turning to the de�nition, the modi�ed Bessel funtion I� ; � � 0 is a solution, for all x > 0, of the followingdi�erential equation: ddx (xI 0�(x)) ��x+ �2x � I�(x) = 0: (3.4.12)For � 62 N, the funtion K�(x) = �2 I��(x)�I�(x)sin(��) is also solution of (3.4.12).From (3.4.12) one easily derives that 8(�; �) 2 (R+ )2;8x > 0I�(x) ddx �xI 0�(x)� � I�(x) ddx (xI 0�(x)) = (�2 � �2)I� (x)I�(x)x :Integrating the above equation we getx[I� (x)I 0�(x)� I 0�(x)I�(x)℄ = (�2 � �2)Z x0 I�(y)I�(y)y�1dy: (3.4.13)De�ne 8x > 0; G(x) = I�(x)=I�(x). For � > � � 0, equation (3.4.13) gives G0(x) > 0. Realling theasymptotis for modi�ed Bessel funtions, i.e. I�(x) �x!0 (x=2)�=�(1 + �) and I�(x) �x!+1 exp(x)=p2�x, see9.6.7 and 9.7.1 in [AS72℄ for details, we also get8� > � � 0; limx!0G(x) = 0; limx!+1G(x) = 1:Sine in this ase G0(x) > 0 for all x > 0 we have G(x) < 1 whih ompletes the proof of (3.4.11). �Some smoothness results for the underlying Dirihlet problemWe have already indiated, see Remark 3.4.2, that when � = �=m0;m0 2 N� , under suitable assumptions onthe �nal ondition h one has the �usual� smoothness properties for the solution w of problem (3.4.5). We thenderived that for some orrelation oe�ients, namely those of the form �m0 = sin(�=m0 � �=2); m0 2 N� ,94



and for a funtion f 2 C2;4b ( �D) satisfying some ompatibility onditions, Assumption (S) was satis�ed by thesolution v of problem (3.1.2) that we now reall.� (�tv + 12 tr(Hv�0��0))(t; x) = 0; [0; T )�D;v(t; :)j�D = 0; t 2 [0; T ℄; v(T; x) = f(x); 8x 2 �D;where �0��0 = � 1 �� 1 � ; � 2 (�1; 1); D := fx 2 R2 : xi > bi0g.We now give a smoothness result for the solution v of the above system in dimension 2. We introdueAssumption(F2) The funtion f 2 C5b (D), f j�D = tr(Hf�0��0)j�D = tr(�0��0Htr(Hf�0��0 ))j�D = 0 andd(supp(f); b0) � 2" > 0:Proposition 3.4.4 Assume (F2). For D := fx 2 R2 : x1 > b10; x2 > b20g; �0��0 = � 1 �� 1 � ; � 2 (�1; 1), theunique solution v of (3.1.2) belongs to C2;4b ([0; T ℄� �D). In partiular 9C > 0; 8(t; x) 2 [0; T ℄� �D; 8�; j�j �4; j��xv(t; x)j � C.Proof. From Proposition 3.4.2 we derive that problem (3.1.2) has a unique solution v 2 C1;2([0; T )�D) \C0b ([0; T ℄ � �D) and 8(t; x) 2 [0; T ℄ � �D; v(t; x) = E [f(Xt;xT^� t;x )℄; 8s � t; Xt;xs = x + �0(Ws �Wt); � t;x :=inffs � t : Xt;xs 62 Dg.Let us now note that as a onsequene of the support ondition in (F2) and the radial ontrol of equation(3.4.10) there exist positive onstants C; ; � s.t.8(t; x) 2 [0; T )� (B(b0; ") \ �D); 8�; j�j � 5; j��xv(t; x)j � C1 ^ "� exp�� "2T � t� : (3.4.14)Choose now ~D to be a C5 domain1 s.t. d( �~D; b0) � "=3 > 0 and fx 2 R2 : jx � b0j � "; x 2 �Dg = fx 2R2 : jx� b0j � "; x 2 � ~Dg. We point out that ~D is an in�nite domain (see Figure 3.3 below).
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Figure 3.3: Covering strategy.It therefore remains to show that under (F2), v 2 C2;4b ([0; T ℄� �~D). Consider now the paraboli problem( (�tu+ 12 tr(Hu�0��0))(t; x) = 0; (t; x) 2 [0; T )� ~D;u(t; x)j� ~D = v(t; x); t 2 [0; T ); u(T; x) = f(x); x 2 �~D: (3.4.15)From (3.4.14) we derive that there exists ~v 2 C2+�=2;4+�b ([0; T ℄ � �~D); � 2 (0; 1) s.t. ~vj� ~D = v. Hene,Theorem 5.2 Chapter 4 from [LSU68℄ yields that there exists a unique solution u1 to (3.4.15) and u1 21We mean by this that the di�eomorphism  from De�nition 1.1.1 belongs to C5(Rd).95



C2;4b ([0; T ℄ � �~D). Denote � t;x~D := inffs � t : Xt;xs 62 ~Dg. From the Feynman-Ka representation and theMarkov property it then follows u1(t; x) = E [~v(T ^ � t;x~D ; Xt;xT^� t;x~D )℄ = E [f(Xt;xT^� )℄ = v(t; x).This ompletes the proof. �Hene, Assumption (F2) is su�ient to obtain (S) .5 Numerial ResultsIn this setion we provide some numerial tests and ompare our orretion method from Theorem 3.3.1 withthe usual Romberg orretion that we brie�y reall.From Theorem 3.3.1, we have that the disretization error writes Err(T; h; f; x) = C1ph + o(ph) for hsmall enough. Thus, Err(T; h=2; f; x) = C1php2 + o(ph). It omesE [f(XT )�(p2I�2N>T � I�N>T )� (p2� 1)I�>T�℄ = o(ph);1p2� 1E [f(XT )(p2I�2N>T � I�N>T )℄� E [f(XT )I�>T ℄ = o(ph):The above relation therefore suggests to modify the Monte-Carlo simulation in the following way. For a givenN 2 N� ; NMC 2 N� we de�ne~ENMC (f;N) := 1p2� 1  p2(NMCXi=1 f((XT )i)I(�2N)i>T )� (NMCXi=1 f((XT )i)I(�N)i>T )! :We point out that our orretion is numerially less expensive than the Romberg proedure that requiresto re�ne the time step.5.1 Half-Spae aseWe take an example from �nanial appliations. Consider a two-dimensional risky asset following the Blak-Sholes-Merton dynamis, S1t = S10 exp(�1W 1t + (r � �212 )t); S2t = S20 exp(�2�W 1t + �2p1� �2W 2t + (r � �222 )t),where W = (W 1;W 2) is a standard two dimensional BM. For a �xed �nal time T , given level B and strikeK, put D := fs 2 R2 : s1 > Bg, we are interested in omputing the quantity E [e�rT I�>TI(S1T^S2T )�K ℄ asso-iated to the prie of a digital barrier option. Using the transformation of Proposition 3.1.1 we derive thatassumption (F1') introdued in Setion 4.1 is satis�ed as soon as K > B. Sine (F1') guarantees (S'), f.Remark 3.2.3, the orretion result of Theorem 3.3.1 holds true. For r = :04; �1 = �2 = :3; � = :5; S10 = S20 =K = 100; B = 90; T = 1 we ompute the standard Monte-Carlo approximation, the Romberg extrapolationand the orretion of Theorem 3.3.1 with 106 paths. The referene value has been omputed with the usualBrownian bridge tehniques for 108 paths. These tehniques have been introdued by Lerhe and Siegmund[LS89℄ in the ase of BM in two-dimensional smooth domains, and later generalized in arbitrary dimensionsby Baldi [Bal95℄. Some numerial studies with �nanial appliations have been developed by Andersen andBrotherton-Ratli�e [ABR96℄, Beaglehole, Dybvig and Zhou [BDZ97℄, Baldi, Caramellino and Iovino [BCI99℄among others.For the empirial mean we obtain MC MC Shift Romberg RefereneN = 20 0:2159 0:1713 0:1779 0:1709N = 50 0:2003 0:1702 0:1740 0:1709N = 80 0:1946 0:1707 0:1729 0:1709N = 110 0:1922 0:1713 0:1726 0:1709N = 140 0:1897 0:1711 0:1723 0:1709N = 170 0:1877 0:1712 0:1722 0:170996



For the usual unbiased estimator of the variane, we getMC MC Shift Romberg RefereneN = 20 :174189 :146521 :285529 :07236N = 50 :165018 :145789 :241693 :07236N = 80 :161527 :146099 :224704 :07236N = 110 :16006 :1465 :215754 :07236N = 140 :158467 :146372 :208061 :07236N = 170 :157189 :146422 :202833 :07236The width of the 95%-on�dene interval is essentially equal to 1:5 10�3.
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Convergene results w.r.t. the number of steps N .Note �rst the positive bias for the standard proedure as proved in hapter 1. What also appears is thatthe shifting boundary orretion is more aurate than the Romberg extrapolation: it is promising sine theomputational time is also lower. We �nally point out that the empirial variane assoiated to our orretionproedure is lower than the one of the Romberg extrapolation.5.2 Cone aseWe keep a two-dimensional risky asset following the Blak-Sholes-Merton dynamis, S1t = S10 exp(�1W 1t +(r � �212 )t); S2t = S20 exp(�2(�W 1t + (1 � �2)1=2W 2t ) + (r � �222 )t), where W is a standard bidimensional BM.For a �xed �nal time T , a given strike K and threshold B, put D := f(s1; s2) 2 R2 : s1 > B; s2 > Bg, weare interested in omputing E [e�rT I�>Th(ST )℄, where h is a smooth approximation of the indiator funtionthat one expets in the ase of a digital barrier option. We take h(s) := I?K;"(s1)I?K;"(s2) with I?K;"(s1) =0; if s1 � K � ", I?K;"(s1) = 1 if s1 � K, and in between we use the smooth interpolating funtion I?K;"(s1) =10"�3(s1 � (K � "))3 � 15"�4(s1 � (K � "))4 + 6"�5(s1 � (K � "))5: The previous funtion h satis�es theompatibility and support onditions from assumption (F2) as soon as K > B + ". Let us mention thatthe assoiated funtion f0 from Proposition 3.1.1 is not bounded, but has exponential growth. Thus, weare not exatly under our previous working assumptions. Anyhow, following the notations of Proposition3.1.1 and using a Girsanov transform in the expression of v0, we obtain 8(t; y) 2 [0; T ℄ � �D0; v0(t; y) =exp(k~�k2T2 � k��1�k2T2 )Ey [f(x+ ���1�0XT�t)I�D0>T�t℄ where Xt = y + ~�t+Wt; ~� = ��0(��1)���1� and Wis standard BM. Hene, we are redued to adapt our previous arguments of Setion 4.2 to the ase of a driftedBM. In the sequel we freely use the notations of Setion 4.2.For the transition density, the drift a�ets the radial ontrol of equation (3.4.10). Denoting by ~Pb(t; x; z)dz =exp(b � (z � x) � kbk2t=2) ~P (t; x; z)dz the transition density of the killed BM with drift b in a wedge, we get97



that there exist positive onstants ; C; 0 s.t. 8x = (r os �; r sin �) 2 ~D0 \B(0; R); z = (r0 os �0; r0 sin �0) s.t.jr � r0j � "8�; j�j � 5; and 8s 2 (0; T ℄; j��x ~Pb(s; x; z)j � C1 ^ "� exp(0r0) exp(�"2s ) exp(� jr � r0j2s ):On the other hand, whenK > B+", sine d(f; �D0) > 0, the funtion f satis�es the ompatibility onditionsup to order two for the operator ~� � r+ tr(�0��0H:). Thus one ould show as in Proposition 3.4.4 that we stillhave the required smoothness properties on the funtion v0.For r = :04; �1 = �2 = :3; � = :5; S10 = S20 = 100 = K;B = 90; T = 1; " = 5 we ompute the standardMonte-Carlo approximation, the Romberg approximation and the orretion proposed in Theorem 3.3.1 for106 paths. The referene value has been omputed with 106 paths and 15000 times steps.For the empirial mean we obtain MC MC Shift Romberg RefereneN = 20 :180807 0:12295 0:124209 0:122017N = 50 :159831 0:121661 0:123736 0:122017N = 80 :15251 0:12184 0:122422 0:122017N = 110 :147821 0:121735 0:122145 0:122017N = 140 :144559 0:122581 0:122338 0:122017N = 170 :142827 0:122393 0:122717 0:122017For the usual unbiased estimator of the variane, we getMC MC Shift Romberg RefereneN = 20 :146365 0:106928 :298985 :10413N = 50 :132417 0:105984 :230244 :10413N = 80 :127643 0:106117 :205762 :10413N = 110 :12445 0:106048 :191531 :10413N = 140 :122845 0:106683 :182411 :10413N = 170 :121412 0:106549 :175806 :10413
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MC MC Shift Romberg RefereneN = 20 :114593 :0686465 :0664721 :0681463N = 50 :0968083 :0679943 :0671348 :0680067N = 80 :0908229 :06679159 :0674427 :0679375N = 110 :0870839 :0678774 :0669212 :0680465N = 140 :0856083 :0680759 :0677883 :0680259N = 170 :0837043 :0682977 :0674671 :0681076For the usual unbiased estimator of the variane, we getMC MC Shift Romberg RefereneN = 20 :114593 :0632417 :22177 :062833N = 50 :0968083 :062702 :161051 :062729N = 80 :0908229 :0626483 :140756 :0626703N = 110 :0870839 :0625886 :129253 :0627543N = 140 :0856083 :0627679 :122527 :06275N = 170 :0837043 :062994 :115846 :0628089
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For given domain D and funtion f � 0, we know from Theorem 1.5.3 that under suitable assumptions onb; �;D; f there exists a onstant C > 0 s.t.0 � Err(T; h; f; x) := Ex [f(XNT )I�N>T ℄� Ex [f(XT )I�>T ℄ � Cphwhere �N := inffsi � 0 : XNsi 62 Dg.We would like as in Theorem 3.3.1 to have an alternative simulation proedure that inreases the abovespeed of onvergene.In the following we freely use the notations of Proposition 1.1.1 and assume the domain D is at least C3(see Assumption (D-k) in Chapter 1 for a preise de�nition).Note that the Euler sheme (3.5.2) is loally in time nothing else but a Brownian Motion with onstant driftand di�usion oe�ients. For a Brownian Motion in an intersetion of half spaes, the orretion of Theorem3.3.1 onsisted in onstraining the domain in the diretions (ni)i2[[1;m℄℄, ni being the inner normal vetor ofthe ith half spae, with intensities C0phk��nik. Thus, on the set �N > ti; i 2 [[0; N � 1℄℄, and for XNti in aneighbourhood of the boundary s.t. ��D is well de�ned, mimiking the previous proedure, we heuristiallyextend the orretion to the Euler sheme of a di�usion and a more general smooth domain by killing theEuler sheme in ti+1 whenever it is outside Dh(XNti ) := fy 2 D : d(y; �D) � C0phk��(XNti )n(��D(XNti ))kg.From an algorithmi point of view, the omputation of n(��D(XNti )) an be very demanding. Lemma 1.1.2provides a hoie for the neighbourhood on whih we ompute the orretion. Indeed, on f�N > tig for agiven � > 0 s.t. XNti 2 DnV�D(h1=2��) Lemma 1.1.2 gives P[�N = ti+1jFti ℄ � C exp(�h��) = Opol(h). It istherefore useless to re�ne the simulation proedure for those events.We sum up this heuristi orretion in the followingAlgorithm 5.1 Empirial orretion proedure in a di�usion framework- Let the domain D be at least C3 with bounded boundary.- Assume X follows the dynamis of equation (3.5.1).We provide a simulation proedure for the orresponding disretely killed Euler sheme by settingi) XN0 = x, �x � > 0.ii) 8i 2 [[0; N � 1℄℄ s.t. �N > ti set XNti+1 := XNti + b(XNti )h+ �(XNti )(Wti+1 �Wti).- If Xti 2 V�D(h1=2��) and Xti+1 62 Dh(XNti ) = fy 2 D : d(y; �D) � C0k��(XNti )n(��D(XNti ))kphgKill the path.ElseIf i+ 1 6= N , iterate step ii).- If Xti 62 V�D(h1=2��) and Xti+1 62 DKill the path (rare event).ElseIf i+ 1 6= N , iterate step ii).We now present the results assoiated to D = B(0; 1) � R2 , when the proess X is a standard BM andf(y) = ( 12 � kyk)+. We reall from Chapter 1 that the 95% on�dene interval assoiated to the referenevalue omputed for NMCR = 106; NR = 14400 is IC(NMCR) = [:0203672; :0204871℄.Denote by ENMC (f;N) the empirial mean and by �̂2NMC (f;N) the usual unbiased estimator of the varianefor NMC paths and N disretization steps. Put I+NMC (f;N) = ENMC (f;N)+1:96�̂NMC(f;N)=pNMC . ForNMC = 106, with the previous algorithm we getN = 15 N = 30 N = 60 N = 120 N = 240 N = 480ENMC (f;N) :0200716 :0201528 :0202128 :0202142 :0201588 :020114�̂2NMC (f;N) :00671978 :0067683 :00678523 :00678666 :00677632 :00674031I�NMC (f;N) :019911 :01999915 :0200514 :0200527 :0199975 :0199531I+NMC (f;N) :0202323 :020314 :0203743 :0203756 :0203202 :0202749100



Even though most of the intervals I+NMC (f;N) do not interset IC(NMCR), they are quite lose to it. This ispromising beause the omputational time employed to get the above estimates is signi�antly redued w.r.t.to the one needed to obtain IC(NMCR). Furthermore, the fat that the quantity to estimate is small bringsadditional numerial di�ulty.5.4 Numerial estimation of the law of the exit timeTo onlude this numerial part, we present some results assoiated to the estimation of the distributionfuntion of the exit time in the ase of a bidimensional one.In the sequel we use freely the notations of Proposition 3.4.2. From the identities Z 10 e��t2I�(�t)dt =12r�� exp(�2=(8�))I�=2 ��28�� ; 2I 0�(x) = I��1(x) + I�+1(x), f. 11.4.31 and 9.6.26 in [AS72℄, we obtain bydiret integration of expression (3.4.7) that for an initial point x = (r os �; r sin �) 2 ~D0Px[� ~D0 > t℄ = 2rp2�t e� r24t Xn�1; n odd 1n sin(�n�)�I(�n�1)=2�r24t�+ I(�n+1)=2�r24t�� : (3.5.3)Equation (3.5.3) orrets equation (10) from Iyengar, [Iye85℄.We estimate the above quantity with a standard Monte Carlo proedure using the orrespondene of Setion4.2 between the standard BM in a wedge and the orrelated BM in an orthant. We point out that onerningtheoretial estimates for the speed of onvergene, we are not under the assumptions of Theorem 3.2.4. Indeed,(S) is not satis�ed sine we take f = 1. Both f j�D = 0 and the support ondition of Assumption (F2) areviolated.Take � = �=4; t = 1; x = (2 1)�. Denoting ENMC (N) the empirial mean and �̂2NMC (N) the usual unbiasedestimator of the variane we obtain for NMC = 106N ENMC (N) �̂2NMC (N) True Value60 0:321123 0:218003 0:26341076270380 0:313229 0:215117 0:263410762703100 0:308674 0:213395 0:263410762703120 0:304988 0:211971 0:263410762703140 0:301315 0:210524 0:263410762703160 0:299338 0:209735 0:263410762703180 0:297315 0:208919 0:263410762703200 0:295794 0:2083 0:263410762703Even though the assumptions needed for our previous expansion result fail, if we plot the logarithm of theerror in funtion of the logarithm of the number of time steps, we still observe a nie right line with slope 1=2.
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The main motivation that led us to deal with onial ases omes from Mathematial �nane. Indeed, withmulti assets, one often de�nes the domain of a barrier option as a produt domain. For the moment we areonly able to handle the ase of bidimensional domains in a Blak-Sholes framework.Conerning further extensions in bigger dimensions, let us point out that the remaining e�orts to be doneonern the smoothness properties of the underlying funtion v(t; x) = Ex [f(XT�t)I�>T�t℄.Anyhow, for some speial angles, or equivalently for speial orrelation oe�ients, we an extend themethod of images presented in Setion 4.2 and thus express the transition density as a sum of standard Gaussiankernels. In that ase, assuming (F2) for f , we have the usual smoothness properties on v, Assumption (S) isful�lled and both the expansion and orretion results hold true.For general angles, or orrelations, Bañuelos and Smits, see [BS97℄, gave the expliit expression of theGreen kernel for a generalized one in arbitrary dimensions. It therefore remains to �nd assumptions on thefuntion f that guarantee (S). This will onern further investigations.We also mention that our smoothness ontrols are not optimal. A possible framework onsists in takingthe funtion v in C1+�;3+�b ([0; T ℄� �D); � 2 (0; 1), instead of C2;4b ([0; T ℄� �D) in Assumption (S). In this waywe would get rid of the paraboli ompatibility ondition of order 2 in (F2).The boundedness assumption on f gave the boundedness of the derivatives ��x v; j�j � 4. However, all weneed for the proof of our main results is a ontrol of the type9 > 0; C > 0; �; [�j � 4; j��x v(s; x)j � C exp(kxk); for (s; x) 2 [0; T ℄� �D:Hene, we an weaken the assumptions on f while this last ondition is ful�lled (and take for instane fbounded and vanishing in a neighbourhood of the boundary in the half spae ase).Anyhow, up to now, we are fored for the error analysis to onsider funtions f vanishing on the boundaryof the one. We reall however, see Setion 5.4 for details, that from a numerial point of view our resultsseem to hold without these assumptions.
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Chapter 4A Forward-Bakward StohastiAlgorithm for Quasi-Linear ParaboliPDEs1 IntrodutionIntrodued �rst by Antonelli [Ant93℄, and then by Ma, Protter and Yong [MPY94℄, Forward-Bakward Stohas-ti Di�erential Equations (FBSDEs in short) provide an extension of the Feynman-Ka representation to aertain lass of quasi-linear paraboli PDEs. These equations also appear in a large number of appliation �eldssuh as the Hamiltonian formulation of ontrol problems or the option hedging problem with large investorsin �nanial mathematis (i.e. when the wealth or strategy of an agent has an impat on the volatility). Werefer to the monograph of Ma and Yong, [MY99℄ for details and further appliations.1.1 FBSDE Theory and Disretization AlgorithmConnetion between FBSDEs and Quasi-linear paraboli PDEs. Consider a probability spae (
;F ;P)endowed with a d-dimensional Brownian motion (Bt)t2[0;T ℄, where T denotes an arbitrarily presribed nonneg-ative real. For a given initial ondition x0 2 Rd , a Forward-Bakward SDE strongly ouples a di�usion proessU to the solution (V;W ) of a Bakward SDE (as de�ned in the earlier work of Pardoux and Peng [PP90℄):(E)8>>>>><>>>>>:8t 2 [0; T ℄;Ut = x0 + Z t0 b(Us; Vs;Ws)ds+ Z t0 �(Us; Vs)dBs;Vt = H(UT ) + Z Tt f(Us; Vs;Ws)ds� Z Tt WsdBs:In the whole paper, the oe�ients b, f , � and H are deterministi (and for simpliity also time independent).In this ase, Ma, Protter and Yong [MPY94℄, Pardoux and Tang [PT99℄ and Delarue [Del02℄ have investigatedin detail the link with the following quasi-linear PDE on [0; T [�Rd :(E)8>><>>:�tu(t; x) + hb(x; u(t; x);rxu(t; x)�(x; u(t; x)));rxu(t; x)i+ 12tr(a(x; u(t; x))r2x;xu(t; x))+f(x; u(t; x);rxu(t; x)�(x; u(t; x))) = 0;u(T; x) = H(x);with a(x; y) = (���)(x; y); (x; y) 2 Rd � R. 105



A Probabilisti Numerial Method for FBSDEs and Quasi-Linear PDEs. This paper aims to derivefrom the probabilisti theory of FBSDEs a ompletely tratable algorithm to approximate the solution of theequation (E). As a bypass produt, the proedure also provides a disretization of the triple (U; V;W ).Most of the available numerial methods proposed so far are purely analyti and involve �nite-di�erene or�nite-element tehniques to approximate the solution u of (E). For example, the disretization proedure forFBSDEs of type (E) given in Douglas, Ma and Protter [DMP96℄ onsists in disretizing �rst the PDE (E) andthen in deriving an approximation of the underlying FBSDE.At the opposite, we propose in this paper to derive from the FBSDE representation a numerial sheme forquasi-linear equations of type (E). This strategy �nds its origin in the earlier work of Chevane [Che97℄ whointrodued a time-spae disretization sheme in the deoupled or so-alled �pure bakward� ase. In this latterframe, the oe�ients b and � do not depend on V and W and the forward equation redues to a lassialSDE. The proess U then appears as an �objetive di�usion�. Note in this partiular ase that the time-spaedisretization sheme and the spei� form of the system (E) permit to use a standard �dynami programmingpriniple�.From a numerial point of view, two other kinds of approahes have been developed in the bakward ase.The �rst one is based on Monte-Carlo simulations and Malliavin integration by parts, see Bouhard and Touzi[BT04℄. The other one relies on quantization tehniques for a disretization sheme of the underlying forwardequation. Quantization onsists in approximating a random variable by a suitable disrete law. It providesa heap and numerially e�ient alternative to usual Monte-Carlo methods to estimate expetations. In theworks of Bally and Pagès [BP03℄ or Bally, Pagès and Printems [BPP02℄ on Amerian options, the key idea isto perform an optimal quantization proedure of a disretized version of the underlying di�usion proess inorder to ompute one for all by a Monte-Carlo method the orresponding semi-group. Then, the seondstep onsists in doing a dynami programming desent. For other appliations of quantization, we refer to theworks of Pagès, Pham and Printems, [PPP04℄ or Pagès and Printems, [PP04℄.Disretization Strategy. In the oupled ase, or quasi-linear framework, the di�usion U is not �objetive�anymore. Indeed, due to the strong non-linearity of the equation (E), the oe�ients of the underlying forwarddi�usion depend on the solution and on its gradient.In partiular, we an not quantify a disretization sheme of the di�usion proess as explained above. Thisis well understood: without approximating u, we do not have any a priori knowledge of the optimal shape ofthe assoiated grid. Hene, we just fous on the quantization of the Brownian inrements appearing in theforward SDE and then hoose to de�ne the approximate di�usion on a sequene of trunated d-dimensionalCartesian grids. Note that the disretization proedure of U is now oupled to the approximation proedureof (u;rxu) (denoted in a generi way by (u; v)) whih is omputed along the same sequene of grids. Thetime-spae disretization sheme allows to de�ne (u; v) and the approximations of the transitions of U inorder to reover a kind of �dynami programming priniple�. Consider indeed a given regular time mesh(ti = ih)i2f0;:::;Ng of [0; T ℄, h being the step size. To every disretization time ti, assoiate a spatial Cartesiangrid Ci � f(xik)k2Iig; Ii � N� , suh that 8i 2 f0; :::; N � 1g; Ci � Ci+1. Starting from tN = T for whih thesolution of (E) and its gradient are known, the transition of U from ti to ti+1, i 2 f0; :::; N�1g, is then updatediteratively through the Brownian quantized inrements and through the values of u(ti+1; :) and v(ti+1; :) on thegrid Ci+1. This permits to express the approximation u(ti; :) through a disretized version of the Feynman-Kaformula.At this stage, it remains to preise the way we update the approximation of the gradient of the solutionu. We mention atually that the strategy aims to approximate the produt rxu(tk; :)�(:; u(tk; :)) instead ofrxu(tk; :) itself. This explains the spei� writing of the PDE (E). We then proeed in two di�erent steps.A �rst approximation is performed through a martingale inrement proedure as done in the disretizationsheme of BSDEs explained in Bouhard and Touzi [BT04℄, or as used in Bally et al. [BPP02℄. A seond steponsists in quantizing the Gaussian inrements appearing in the former representation. This is an alternativesolution to the usual tehniques based on Monte-Carlo simulations or on Malliavin integration by parts asemployed in [BT04℄. Of ourse, if the matrix ��� is non-degenerate, the strategy still applies, up to an106



inversion proedure, to oe�ients of the form (b; f)(x; u(t; x);rxu(t; x)).Extra Referenes. Some of the preliminaries of our approah an be found in Milstein and Tretyakov [MT99℄in the spei� ase where (b; f)(x; u(t; x);rxu(t; x)�(t; x; u(t; x))) redues to (b; f)(x; u(t; x)). Note howeverthat the proof of the onvergene of the underlying numerial sheme proposed in this referene just holds forso-alled �equations with small parameter� (i.e. with a small di�usion matrix). Generally speaking, the authorshave then to ontrol the regularity properties of the solution of the transport problem assoiated to the equation(E) (i.e. the same equation as (E), but without any seond order terms). Without disussing in detail the basiassumptions made in our paper, note that no ondition of this type appears in the sequel: in partiular, thematrix a is assumed to be uniformly ellipti. Hene, we feel that the work of Milstein and Tretyakov [MT99℄applies to a di�erent framework than ours. For this reason, we avoid any further omparisons between bothsituations. Add �nally for the sake of ompleteness that Makarov [Mak03℄ has suessfully applied the strategyof Milstein and Tretyakov [MT99℄ to the ase (b; f) � (b; f)(x; u(t; x);rxu(t; x)�(t; x; u(t; x))) under suitablesmoothness properties on the oe�ients. Of ourse, the small parameter ondition is then still neessary.1.2 Novelties Brought by the PaperA purely probabilisti point of view. The proof of the onvergene of our algorithm is somehow the �rstto be essentially of probabilisti nature, sine we are able to adapt the usual stability tehniques of BSDEtheory to the disretized framework. Note in partiular that we follow the proof of uniqueness in the fourstep sheme given in Ma, Protter and Yong [MPY94℄ to handle the strong oupling between the forward andbakward omponents.In the disretized framework, the gradient terms appearing in b and f bring additional di�ulties. Indeed, ourgradient approximation does not appear as a representation proess given by the martingale representationtheorem as the proess W in (E). In partiular, the strategy introdued by Pardoux and Peng [PP90℄ toestimate the L2 norm of W over [0; T ℄ fails in the disretized setting. We then propose a spei� probabilististrategy to overome this deep trouble and thus to handle the nonlinearities of order one, see Subsetions 3.3and 9.3 for detailsConvergene under weak assumptions. In Douglas, Ma and Protter [DMP96℄, the authors handle thegradient terms by working under smoothness assumptions that allow them to study the gradient of u as thesolution of the di�erentiated PDE.Our strategy permits to avoid to di�erentiate the PDE and thus to really weaken the assumptions requiredboth on the oe�ients of (E) and on the smoothness of the solution u of (E) in the above referene. In theprevious paper, the oe�ients are assumed to be smoothly di�erentiable and bounded. We just suppose thatthey are Lipshitz ontinuous and bounded in x. In Douglas and al., the solution u of (E) is at least bounded inC2+�=2;4+�([0; T ℄�Rd); � 2℄0; 1[. In our paper, we only impose u to belong to C1;2([0; T ℄�Rd) with boundedderivatives of order one in t and one and two in x.A Completely Tratable Algorithm. Furthermore in [DMP96℄, the authors always take into onsiderationthe ase of in�nite spatial grids. This turns out to be simpler for the onvergene analysis, anyhow it does notprovide in all generality a fully implementable algorithm. We disuss the impat of the trunation of the gridsand analyze its ontribution in the error.Finally, a linear interpolation proedure is also used in Douglas et al. to de�ne the algorithm. This anbe heavy in large dimension. The algorithm we propose allows to de�ne the approximate solution only atthe nodes of the spatial grid. In this way, we feel that our method is simpler to implement and numeriallyheaper. Note moreover that we avoid the inversion of large linear systems assoiated to �usual" numerialanalysis tehniques.
107



1.3 Organization of the PaperIn Setion 2, we detail general assumption and notation as well as several smoothness properties of the solutionu of (E). We also preise the onnetion between the FBSDE (E) and the quasi-linear PDE (E). Setion 3explains the main algorithmi hoies. We present in partiular the various steps that led us to the urrentdisretization sheme. The main results are stated and disussed in Setion 4. In partiular, we give an estimateof the speed of onvergene of the algorithm. As a probabilisti ounterpart, we estimate the di�erene betweenthe approximating proesses and the initial solution (U; V;W ) of (E). Numerial examples are presented inSetion 5.The end of the paper is then mainly devoted to the proof of the onvergene results. The proof is divided intothree parts. Various a priori ontrols of the disrete objets are stated and proved in Setion 6. In Setion 7,we adapt the FBSDE mahinery to our setting to prove a suitable stability property. Setion 8 is then devotedto the last step of the proof and more preisely to a spei� re�nement of Gronwall's Lemma.As a onlusion, we ompare in Setion 9 our strategy to other methods and explain some tehnial pointsthat motivated the hoie of our urrent algorithm. We also indiate further oneivable extensions.2 Non-Linear Feynman-Ka FormulaIn this setion, we �rst give the assumptions on the oe�ients of the FBSDE and then brie�y reall theonnetion with quasi-linear PDEs. As detailed later, under these assumptions, the underlying PDE admits aunique strong solution, whose partial derivatives of order one in t and one and two in x are ontrolled on thewhole domain by known parameters. For the sake of simpliity, we also assume that the oe�ients do notdepend on time.2.1 Coe�ients of the EquationFor a given d 2 N� , we onsider the following oe�ients:b : Rd � R � Rd ! Rd ; f : Rd � R � Rd ! R; � : Rd � R ! Rd�d ; H : Rd ! R:In the following, we denote by j:j the Eulidean norm of Rn ; n � 1.Assumption (A)We say that the funtions b, f , H and � satisfy Assumption (A) if there exist four onstants� > 0, �, � and � > 0 suh that:(A.1) 8(x; y; z) 2 Rd � R � Rd , ��(b; f; �;H)(x; y; z)�� � ��1 + jyj+ jzj�.(A.2) 8(x; y) 2 Rd � R; 8� 2 Rd ; h�; a(x; y)�i � �j�j2, where 8(x; y) 2 Rd � R; a(x; y) = ���(x; y).(A.3) 8(x; y; z); (x0; y0; z0) 2 Rd � R � Rd :��(b; f; �;H)(x; y; z)� (b; f; �;H)(x0; y0; z0)�� � ��jx� x0j+ jy � y0j+ jz � z0j�:(A.4) The funtion H belongs to C2+�(Rd ) and its C2+� norm is bounded by �.From now on, Assumption (A) is in fore.2.2 Forward-Bakward SDEConsider now a given T > 0 and a probability spae (
;F ;P) endowed with a Brownian motion (Bt)0�t�Twhose natural �ltration, augmented with P null sets, is denoted by fFtg0�t�T .Fix an initial ondition x0 2 Rd and reall (see Ma, Protter and Yong [MPY94℄ and Delarue [Del02℄) that108



there exists a unique progressively measurable triple (U; V;W ), with values in Rd � R � Rd , suh that:E supt2[0;T ℄�jUtj2 + jVtj2� < +1; E Z T0 jWtj2dt < +1;and whih satis�es P almost surely the ouple of equations (E).2.3 Quasi-Linear PDEAording to Ladyzhenskaya et al. [LSU68℄, Chapter VI, Theorem 4.1, and to [MPY94℄ (up to a regularizationproedure of the oe�ients), we laim that (E) admits a solution u 2 C1;2([0; T ℄� Rd ;R) satisfying:Theorem 4.2.1 There exists a onstant C4:2:1, only depending on T and on known parameters appearing in(A), suh that 8(t; x) 2 [0; T ℄� Rd ,ju(t; x)j+ jrxu(t; x)j+ jr2x;xu(t; x)j+ j�tu(t; x)j+ supt02[0;T ℄;t6=t0�jt� t0j�1=2jru(t; x)�ru(t0; x)j� � C4:2:1:Moreover, u is unique in the lass of funtions eu 2 C([0; T ℄� Rd ;R) \ C1;2([0; T [�Rd ;R) whih satisfy:sup(t;x)2[0;T [�Rd�jeu(t; x)j + jrxeu(t; x)j� < +1:From Ma, Protter and Yong [MPY94℄, Pardoux and Tang [PT99℄ and Delarue [Del02℄, the FBSDE (E) isonneted with the PDE (E).Set 8(t; x) 2 [0; T [�Rd ; v(t; x) = rxu(t; x)�(x; u(t; x)). The relationship between (E) and (E) an be summedup as follows:8t 2 [0; T ℄; Vt = u(t; Ut); Wt = v(t; Ut); Vt = E [VT jFt℄ + E�Z Tt f(Us; Vs;Ws)dsjFt�: (4.2.1)3 Approximation ProedureIn this setion, we detail the onstrution of the approximation algorithm of the solution u of (E). We explainhow the �nal form of the disretization proedure an be derived step by step from the forward-bakwardrepresentation (E). We also present the quantization tehniques used in order to ompute expetations re-lated to Brownian inrements and we disuss the hoie of the underlying spatial grids whih appear in theapproximating sheme.3.1 Rough AlgorithmsLoalization Proedure. As already seen in the introdution, the forward-bakward equation (E) appearsas the starting point of our disretization proedure. Indeed, this ouple of stohasti equations provides aprobabilisti representation of the quasi-linear PDE (E) and summarizes in an integral form the loal evolutionof the solution u. De�ne now, for a given integer N � 1, a regular mesh of [0; T ℄ with step h � T=N :t0 � 0; t1 � h = T=N; t2 � 2h; :::; tN � T:Using (E), for k 2 f0; :::; Ng, the evolution of the solution u along the interval [tk; tk+1℄ writes from aprobabilisti point of view:8>><>>:Utk+1 = Utk + Z tk+1tk b(Us; Vs;Ws)ds+ Z tk+1tk �(Us; Vs)dBs;Vtk = Vtk+1 + Z tk+1tk f(Us; Vs;Ws)ds� Z tk+1tk WsdBs; (4.3.1)109



where the initial ondition Utk is a square integrable and Ftk -measurable random vetor with values in Rd . Inpartiular, onditioning by Utk = x 2 Rd , we dedue:U tk;xtk+1 = x+ Z tk+1tk b�U tk;xs ; V tk;xs ;W tk;xs �ds+ Z tk+1tk ��U tk;xs ; V tk;xs �dBs; (4.3.2)and V tk;xtk = E�V tk;xtk+1 + Z tk+1tk f�U tk;xs ; V tk;xs ;W tk;xs �ds�;E�Z tk+1tk W tk ;xs ds� = E�V tk;xtk+1 �Btk+1 �Btk��+O(h3=2);where the supersript (tk; x) denotes the starting point of the di�usion proess U . The remaining termO(h3=2) is a onsequene of Assumption (A.1), (4.2.1) (relationships between V;W and u) and Theorem 4.2.1(boundedness of u and rxu). Relation (4.2.1) also yieldsu(tk; x) = E�u�tk+1; U tk;xtk+1�+ Z tk+1tk f�U tk;xs ; V tk;xs ;W tk;xs �ds�;E�Z tk+1tk W tk;xs ds� = E�u�tk+1; U tk;xtk+1�(Btk+1 �Btk)�+O(h3=2): (4.3.3)In the following, the Brownian inrement Btk+1 � Btk is denoted by �Bk. In partiular, we derive from theabove relation that, negleting the rest, the best onstant approximation of (Ws)s2[tk;tk+1℄ in the L2([tk; tk+1℄�
; ds
 dP) sense is given by: Ŵ tk;xtk � h�1E [u(tk+1 ; U tk;xtk+1)�Bk ℄: (4.3.4)Relationships (4.3.2), (4.3.3) and (4.3.4) provide a rough bakground to disretize the loal evolution given in(4:3:1). However, this �rst form is not satisfatory from an algorithmi point of view. Indeed, beause of thestrong oupling between the forward and the bakward equations, the transition of the di�usion depends onthe solution itself, both in the drift term and in the martingale part. At the opposite, in the so-alled �purebakward� ase, or orrespondingly for semi-linear equations, the underlying operator does not depend on thesolution. In suh a ase, the lassial Euler mahinery applies to disretize the deoupled di�usion U .Indution Priniple. Reall that similar di�ulties our to establish the unique solvability of the FBSDE(E). In Delarue [Del02℄, the �rst author overomes the strong oupling between the forward and bakwardequations by solving by indution the sequene of loal FBSDEs (4.3.1), k running downwards from N to 0.By analogy with this approah, the disretization proedure of the forward omponent on a step [tk; tk+1[,0 � k � N � 1, must take into aount the issues of the former loal disretizations of the bakward equation,and more spei�ally the approximations of u(tk+1; :) and v(tk+1; :).Preditors. Assume to this end that, at time tk+1, some approximations u(tk+1; :); v(tk+1; :) of u(tk+1; :),v(tk+1; :) are available on the whole spae. These approximations appear as the �natural" preditors of thetrue solution and of its gradient on [tk; tk+1[. Introduing the forward approximating transitionT (tk; x) � b(x; u(tk+1; x); v(tk+1; x))h + �(x; u(tk+1; x))�Bk ; (4.3.5)we derive an assoiated updating proedure by setting:u(tk; x) � E�u�tk+1; x+ T (tk; x)��+ hf�x; u(tk+1; x); v(tk+1; x)�;v(tk; x) � h�1E�u�tk+1; x+ T (tk; x)��Bk�: (4.3.6)One the preditors are updated, the proedure an be iterated. Of ourse, at time T = tN we set: u(tN ; :) �H(:) and v(tN ; :) � rxH(:)�(:; H(:)). Note in partiular that the expetations appearing in (4.3.6) areorretly de�ned. Indeed, a simple indution proedure shows from Assumptions (A.1) and (A.4) that u andv are bounded on ft0; :::; tNg � Rd (but the bound depends on the disretization parameters).110



Spatial Disretization. In pratie, it is anyhow impossible to de�ne and to update u; v on the whole spaeas done above. The most natural strategy onsists in de�ning the approximations u(tk; :) and v(tk; :) of thetrue solution and its gradient on a disrete subset of Rd . Those approximations ould then be extended tothe whole spae with a linear interpolation proedure. However, in high dimension, this last operation an beomputationally demanding. We thus prefer for simpliity to restrit the approximations to a given spatialgrid Ck � f(xkj )j2Ik ; Ik � N�g � Rd , for k 2 f0; :::; Ng. This hoie imposes to modify (4.3.6). Indeed, the�terminal� value x+ T (tk; x) must belong to the former grid Ck+1.Hene, denoting by �k+1 a projetion mapping on the grid Ck+1, we replae (4.3.6) by:8x 2 Ck; u(tk; x) � E�u�tk+1;�k+1(x+ T (tk; x))��+ hf�x; u(tk+1; x); v(tk+1; x)�;v(tk; x) � h�1E�u�tk+1;�k+1(x + T (tk; x))��Bk℄: (4.3.7)In the following, we suppose that 8(i; j) 2 f0; :::; Ng2; j < i ) Cj � Ci, so that u(tk+1; x); v(tk+1; x) arewell de�ned for x 2 Ck. Note that if the ardinal of Ck is �nite for every k, the above sheme is alreadyimplementable up to the omputations of the underlying expetations.We then need to detail the way the Gaussian integrals appearing in (4.3.7) are omputed and to preise thehoie of the grids. This is done in Subsetions 3.2 and 3.4.Global Updating. Our updating method using the preditors u(tk+1; :); v(tk+1; :) is an alternative to the stan-dard �xed point proedure. This latter onsists in giving �rst some global preditors u0(tk; :); v0(tk; :); k 2f0; :::; Ng. These are used to ompute the transitions of the approximating forward proess. In this way, weobtain a deoupled forward-bakward system, whose solution may be omputed by a standard dynami pro-gramming algorithm. A omplete desent of this algorithm from k = N to k = 0 produes u1(tk; :); v1(tk; :); k 2f0; :::; Ng, from whih we an iterate the previous proedure. In this frame, the underlying distane used todesribe the onvergene of the �xed point proedure involves all the disretization times and all the spatialpoints. This strategy appears as a �global updating� one.From a numerial point of view this seems unrealisti. Indeed, one would need to solve a large number of linearproblems. This would either require to use massive Monte-Carlo simulations at eah step of the algorithm orto apply, again at eah step of the algorithm, a quantization proedure of the approximate di�usion proessassoiated to the urrent linear problem. Furthermore, it seems intuitively lear that a loal updating is farmore e�ient than a global one.3.2 QuantizationExpetations Approximation. Two methods are oneivable to ompute expetations appearing in (4.3.7).The �rst one onsists in applying the lassial Monte-Carlo proedure for every k 2 f0; :::; N � 1g and forevery x 2 Ck, and therefore to repeat this argument PN�1k=0 jIkj times. From the entral limit Theorem, suh astrategy would lead to perform PN�1k=0 jIkj � "�2MC elementary operations to ompute underlying expetationsup to the error term "MC. This approah seems rather hopeless.A more e�ient method onsists in replaing the Gaussian variables appearing in (4.3.7) by disrete ones withknown weights. This proedure is known as �quantization�. Consider to this end a probability measure onRd with �nite support (yi)i2f1;:::;Mg and denote by (pi)i2f1;:::;Mg the assoiated weights. Replae then theGaussian inrements in (4.3.7) by this law. For a given x 2 Ck, 0 � k � N , the expetations appearing in the
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indution sheme (4.3.7) then write:u(tk ; x) � MXi=1�piu�tk+1;�k+1(x+ b(x; u(tk+1; x); v(tk+1; x))h+ �(x; u(tk+1; x))yi)��+ hf(x; u(tk+1; x); v(tk+1; x));v(t; x) � h�1 MXi=1�piu�tk+1;�k+1(x + b(x; u(tk+1; x); v(tk+1; x))h+ �(x; u(tk+1; x))yi)�yi�;and are expliitly omputable.Quantization Priniple. We brie�y reall the basi priniple of quantization and refer to the monograph ofGraf and Lushgy, f. [GL00℄, for details. Generally speaking, for a given random variable �, the quantizationproedure onsists in replaing � by its projetion on a �nite grid �(M) � f(yi)i2f1;:::;Mgg � Rd ; M 2 N� .The projetion mapping G�(M) simply writes:G�(M)(y) = MXi=1yi1Vi(y);where, for every i 2 f1; :::;Mg, Vi � fy 2 Rd ; jy � yij = minj2f1;:::;Mg jy � yj jg. In quantization theory, Vi isknown as the Voronoi tessel of yi.De�ne now the quantization of � with respet to the grid �(M) by: �̂ � G�(M)(�). The law of �̂ thenwrites: pi � Pf� 2 Vig, i 2 f1; :::;Mg. For a given grid, one an ompute these values one for all, using e.g.a Monte-Carlo method, so that we may assume to have the �exat" values of these weights.The ruial step in the quantization proedure therefore lies in the hoie of the grid �(M). To this end, weintrodue the so-alled �distortion� in order to measure the error assoiated to the grid �(M):D�;p��(M)� � k�� �̂kLp(P); p � 1: (4.3.8)Optimal Grids. The Buklew-Wise Theorem, see Theorem 6.2 Chapter II in [GL00℄ for details, then givesfor ��(M) ahieving the minimum in (4.3.8):Mp=dDp�;p���(M)� �! C(p; d) as M ! +1; (4.3.9)where C(p; d) is a onstant depending on p; d and the variable at hand.Various algorithms are available to ompute an optimal grid ��(M). In dimension 1, one may use Lloyd'salgorithm, whih is deterministi. For d > 1, one usually uses the Kohonen algorithm whih is a stohastione, see Bally and Pagès [BP03℄. We also reall that, for d > 1, the optimal grid is not unique.Up to a resaling, the basi objet assoiated to Brownian inrements is a d-dimensional standard normalrandom variable. Hene, we assume in the following that an optimal grid ��(M) for � � N (0; Id) as well asthe assoiated weights (pi)i2f1;:::;Mg are given and �perfetly� omputed. Let us remark that the Feynman-Kaformula gives an analytial interpretation of pi. Indeed, one has 8i 2 f1; :::;Mg; pi = ui(0; 0), where ui is thesolution of the bakward heat equation�tui(t; x) + 12�ui(t; x) = 0; (t; x) 2 [0; 1[�Rd ; ui(1; :) = 1Vi(:):Quantized Algorithm. We are now in a position to introdue a more tratable indution priniple. To thisend, for every k 2 f0; :::; N � 1g, set g(�Bk) � h1=2G��(M)(h�1=2�Bk). In partiular, we note from (4.3.9)that, for every p � 1, there exists a onstant CQuantiz(p; d) suh that:E�jg(�Bk)��Bkjp�1=p � CQuantiz(p; d)h1=2M�1=d: (4.3.10)Turn now (4.3.5) and (4.3.7) into:8x 2 Ck; T (tk; x) � b(x; u(tk+1; x); v(tk+1; x))h+ �(x; u(tk+1; x))g(�Bk); (4.3.11)112



and, 8x 2 Ck; u(tk; x) � E�u�tk+1;�k+1(x+ T (tk; x))��+ hf�x; u(tk+1; x); v(tk+1; x)�;v(tk; x) � h�1E�u�tk+1;�k+1(x+ T (tk; x))�g(�Bk)℄: (4.3.12)To sum up our strategy, the use of preditors allows to reover a kind of standard dynami programmingpriniple. The quantization provides an easy, heap and omputable algorithm.3.3 AlgorithmsIn the following algorithms, we de�ne approximation shemes of the solution u of (E), on spatial grids(Ck)0�k�N s.t. Cj � Ck; j � k. We denote by �k(x) the projetion of x 2 Rd on the grid Ck.We �deouple� the system plugging into the forward transition the available estimates of the solution andits gradient at the previous time step. We use quantized Gaussian inrements to ompute the onditionalexpetations deriving from the disretization of the loal evolution of the FBSDE.The algorithm assoiated to (4.3.11) and to (4.3.12) takes the following form:Algorithm 3.1 For a given sequene of spatial grids (Ck)0�k�N , we set:8x 2 CN ; u(T; x) � H(x); v(T; x) � rxH(x)�(x;H(x));8k 2 f0; :::; N � 1g; 8x 2 Ck;T (tk; x) � b(x; u(tk+1; x); v(tk+1; x))h+ �(x; u(tk+1; x))g(�Bk);u(tk; x) � E�u�tk+1;�k+1(x + T (tk; x))��+ hf(x; u(tk+1; x); v(tk+1; x));v(tk; x) � h�1E�u�tk+1;�k+1(x+ T (tk; x))�g(�Bk)�:Up to the hoie of the underlying grids, this form follows heuristis given in Subsetion 3.1: the oe�ients ofthe loal transition T (tk; x) are expressed in funtion of the former approximations u(tk+1; :) and v(tk+1; :).For tehnial reasons detailed in Setion 9 we onsider for the onvergene analysis a slightly di�erent ver-sion of the above algorithm. Namely, we need to hange, at a given time tk, the disretization of b and fand in partiular to replae v(tk+1; :) by a new preditor. Conerning the driver of the BSDE, we replaef(x; u(tk+1; x); v(tk+1; x)) by f(x; u(tk+1; x); v(tk; x)): the de�nition of v(tk; x) does not involve u(tk; x).The story is rather di�erent for b. Indeed, the de�nition of v(tk; x) relies on the hoie of the underlyingtransition. In partiular, putting v(tk; x) in b as done in f would lead to an impliit sheme.Nevertheless, for a given intermediate preditor v̂(tk; :) of v(tk; :), we an put:T (tk; x) � b�x; u(tk+1; x); v̂(tk; x)�h+ ��x; u(tk+1; x)�g(�Bk):The whole di�ulty is then hidden in the hoie of v̂(tk; x). Our strategy onsists in hoosing v̂(tk; x) as theexpetation of v(tk+1; :) with respet to the transition T 0(tk; x) � �(x; u(tk+1; x))g(�Bk). This transitiondi�ers from T (tk; x) in the drift b and leads to an expliit sheme. Namely, we set:v̂(tk; x) � E�v�tk+1;�k+1(x+ T 0(tk; x))��: (4.3.13)The preditor v̂(tk ; :) in (4.3.13) appears as a �regularized� version of v(tk+1; :). Thanks to a Gaussian hangeof variable, the laws of the underlying transitions T 0(tk; x) and T (tk; x) are ompared in Subsetion 7.3.
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Final Algorithm.Algorithm 3.2 The �nal algorithm writes:8x 2 CN ; u(T; x) � H(x); v(T; x) � rxH(x)�(x;H(x));8k 2 f0; :::; N � 1g; 8x 2 Ck;T 0(tk; x) � ��x; u(tk+1; x)�g(�Bk)v̂(tk ; x) � E�v�tk+1;�k+1(x+ T 0(tk; x))��;T (tk; x) � b�x; u(tk+1; x); v̂(tk; x)�h+ ��x; u(tk+1; x)�g(�Bk);v(tk ; x) � h�1E�u�tk+1;�k+1(x + T (tk; x))�g(�Bk)�;u(tk; x) � E�u�tk+1;�k+1(x+ T (tk; x))��+ f�x; u(tk+1; x); v(tk; x)�h:A Disrete Probabilisti Representation. Note that Algorithm 3.2 provides a disretization proedureof the FBSDE (E) just like (E) provides an analytial ounterpart to the stohasti system of equations (E).Consider to this end an initial ondition x0 2 C0 and de�ne a Markov proess on the grids (Ck)0�k�N aordingto the transitions (T (tk ; x))k2f0;:::;N�1g;x2Ck :X0 � x0; 8k 2 f0; :::; N � 1g; Xtk+1 � �k+1�Xtk + T (tk; Xtk)�: (4.3.14)Referring to the onnetion between U and (V;W ), see e.g. (4.2.1), put now:8k 2 f0; :::; Ng; Ytk � u(tk; Xtk ); Ztk � v(tk; Xtk): (4.3.15)Note that Y and Z are orretly de�ned sine Xtk belongs to the grid Ck. The ouple (Y; Z) appears as adisrete version of the ouple (V;W ) in (E). More preisely, one an prove the following disrete Feynman-Kaformula (see Proposition 4.6.1 for a preise statement):80 � k � N � 1; Ytk = E�H(XtN ) + h NXi=k+1 f�Xti�1 ; u(ti; Xti�1); Zti�1�jFtk�: (4.3.16)Note anyhow that the proess Z does not appear as the martingale part of the proess Y . However, thanks tothe martingale representation theorem, there exists a progressively measurable proess Z, with �nite momentof order two, suh that: YtN + h NXi=1 f�Xti�1 ; u(ti; Xti�1); Zti�1� = Y0 + Z tN0 ZsdBs: (4.3.17)Of ourse, the proess Z does not math exatly the proess Z. However, for a given k 2 f0; :::; N � 1g,it is readily seen from the above expression that the best Ftk -measurable approximation of (Zs)s2[tk ;tk+1℄ inL2([tk; tk+1℄�
; ds
 dP) is given by: h�1E�Ytk+1�Bk�:Up to the quantization proedure, this term oinides with v(tk ; Xtk). In other words, the proesses Z and Zmay be onsidered as lose.3.4 Choie of the GridsAs indiated at the end of Subsetion 3.1, it remains to preise the hoie of the grids. Beause of the strongoupling, little is a priori known on the behaviour of the paths of the forward proess. Hene, we an notompute a kind of optimal grid for X . The most natural hoie turns out to be the one of Cartesian grids.Unbounded Cartesian Grids. Two di�erent hoies of grids are oneivable. First, we an treat the aseof in�nite Cartesian grids: 8k 2 f0; :::; Ng; Ck � C1; C1 � ÆZd; (4.3.18)114



where Æ > 0 denotes a spatial disretization parameter. In this ase, the projetion mapping takes the followingform: 8x 2 Rd ; �1(x) � Xy2C1�y dYj=1 1[�Æ=2;Æ=2[(xj � yj)�: (4.3.19)In other words, for every j 2 f1; :::; dg, the oordinate j of �1(x) is given by (�1(x))j = ÆbÆ�1xj + 1=2.This hoie atually simpli�es the onvergene analysis and allows a diret omparison with the results from theexisting literature, see Douglas et al. [DMP96℄. Note however that it does not provide a fully implementablesheme sine the set C1 is in�nite.Trunated Grids. We now disuss the ase of trunated grids. Atually, several trunation proedures maybe onsidered, but all need to take into aount the spei� geometry of a non-degenerate di�usion, or moresimply, of the Brownian motion. Set for example, for a given R > 0, C0 � C1 \�0, where:�0 � �x 2 Rd ; 81 � j � d; �ÆbRÆ�1 � Æ=2 � xj < ÆbRÆ�1+ Æ=2	: (4.3.20)The partiular hoie of the bounds in the de�nition of �0 ensures that for all x 2 Rd , �1(x) 2 C0 , x 2 �0.Due to the drift part and to the di�usive part of the forward proess, it is lear that we need to enlarge thespatial grids as time inreases. To this end, �x � > 0 and de�ne, for every i 2 f1; :::; Ng, the trunated gridCi � C1 \�i, where:�i � �x 2 Rd ; 81 � j � d; �Æb(R+ �)Æ�1 � Æ=2 � xj < Æb(R + �)Æ�1+ Æ=2	: (4.3.21)Note in this way that the size of the grid Ci, i.e. of the grid at time ti, does not depend on ti itself. In otherwords, the Hölder regularity of the paths of the Brownian motion does not interat with the de�nition of thegrids. To take into aount these pathwise properties, the following type of grids ould also be used:�i � �x 2 Rd ; 81 � j � d; �Æb(R+ �t�i )Æ�1 � Æ=2 � xj < Æb(R+ �t�i )Æ�1+ Æ=2	;for a given 0 < � < 1=2. With this de�nition, the number of points involved in the disretization proedureis smaller. However, sine the proof of the onvergene of the algorithm is far from being trivial, we prefer,for the sake of simpliity, to keep the �rst de�nition of the trunated grids. Hene, for every i 2 f0; :::; Ng, �iwrites: 80 � i � N; 8x 2 �i; �i(x) � Q�R+ �;�1(x)� � �1(x);81 � i � N; 8x 62 �i; �i(x) � Q�R+ �;�1(x)�;8x 62 �0; �0(x) � Q�R;�1(x)�; (4.3.22)where for a given (r; y) 2 R+� � Rd , Q(r; y) denotes the orthogonal projetion of y on the hyperube[�ÆbrÆ�1; ÆbrÆ�1℄d: Q(r; y) � �(yi _ (�ÆbrÆ�1)) ^ (ÆbrÆ�1)�1�i�d:Note �nally that R is �xed by the reader one for all in funtion of the set on whih u has to be approximatedat the initial time. At the opposite, � appears as a disretization parameter hosen by the reader in funtionof the required preision and of the a�ordable omplexity for Algorithm 3.2.4 Convergene ResultsThis setion is devoted to the onvergene analysis of u to u. As stated in the following theorem, whih is themain result of the paper, �ve di�erent types of errors an be distinguished:
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Theorem 4.4.1 Let p � 2. There exist two onstants 4:4:1 and C4:4:1, only depending on p, T and on knownparameters appearing in (A), suh that for h < 4:4:1, Æ2 < h, M�2=d < h and � � 1:supx2C0 ju(0; x)� u(0; x)j2 � C4:4:1�E2(time) + E2(spae) + E2(trun) + E2(quantiz) + E2(gradient; p)�;with: E(time) � h1=2; E(spae) � h�1Æ; E(trun) � R=(R+ �); E(quantiz) � h�1=2M�1=d;E(gradient; p) � hp=2+d=4�1=2M�p=dÆ�p�d=2Remark 4.4.1 The FBSDE ounterpart of Theorem 4.4.1 is given in Subsetion 4.3: see Theorems 4.4.2 and4.4.3. Sine additional notations are needed to detail these results in a relevant form, we prefer, for the sake oflarity, to postpone their statement (and thus the de�nition of the assoiated probabilisti tools) to a di�erentpart.4.1 Classi�ation of ErrorsWe now detail the meaning of the di�erent errors appearing in Theorem 4.4.1:Temporal Disretization Error. E(time) denotes the temporal disretization error due to the disretizationof [0; T ℄ along a regular mesh. In a nutshell, the 1=2 exponent appearing in the de�nition of E(time) orrespondsto the Hölder regularity of u andrxu in time and to the L2(P) 1=2-Hölder property of the Brownian inrements.Spatial Disretization Error. E(spae) denotes the spatial disretization error. This quantity highlydepends on the ratio between the spatial and the temporal steps. This onnetion between Æ and h an beexplained as follows: the drift part of the transitions (T (tk ; :))0�k�N is of order h and the di�usive one is oforder h1=2. Thus, to take into aount the in�uene of the drift at the loal level, the spatial disretizationparameter must be smaller than h. In other words, Æh�1 must be small.Quantization Error. E(quantiz) denotes the error due to the quantization proedure of the Brownianinrements. This error depends on the ratio between the distortion and the temporal step. The quantityE(quantiz) represents the typial bound between v(tk; x) and the best onstant approximation of the proess(Zs)s2[tk ;tk+1℄, i.e. between v(tk; x) and:h�1E�u�tk+1;�k+1(x+ T (tk; x))��Bk�:Note indeed that the distane between �Bk and g(�Bk) is of order h1=2M�1=d, see (4.3.10). Sine the un-derlying expetation is divided by h�1, this leads to a term in h�1=2M�1=d.Trunation Error. E(trun) denotes the error assoiated to the trunation proedure. As written in Theo-rem 4.4.1, it depends on R and �, where R denotes the radius of the initial grid C0 and R + � the radius ofthe grids (Ck)1�k�N . If � tends to +1, i.e. if the grids are not trunated, this error term redues to zero.Generally speaking, E(trun) appears as the Bienaymé-Chebyhev estimate of the probability that the approx-imating proess X stays inside the grids (Ck)0�k�N . The lak of relevant estimates of the disretized versionof the drift b (reall that the funtion b is not bounded), and more speially of the disretized gradient vexplains the reason why the Bienaymé-Chebyhev estimate applies in this framework and not better ones (asBernstein inequality). We also reall that the unboundedness of the oe�ients is the most ommon ase inthe appliations, see e.g. Burgers equation in Setion 5.Gradient Error. E(gradient; p) denotes an extra error generated by the lak of estimates of the disretizedgradient v. This term follows from the spei� hoie of the preditor v̂ made in Subsetion 3.3 and appearsin the seond step of the proof of Theorem 4.4.1, see more preisely Subsetions 7.1 and 7.3.The onvergene of E(gradient; p) towards 0 relies on the term hp=2M�p=dÆ�p, M being hosen large enoughand p as large as neessary. In short, this redued form represents the probability that the distane between116



the Gaussian inrement and its quantization exeeds the spatial step Æ. Note indeed from (4.3.10) that forevery p � 2: P�j�Bk � g(�Bk)j > Æ	 � CQuantiz(p; d)hp=2M�p=dÆ�p: (4.4.1)Thus, the error term E(gradient; p) depends on the ratio between the spatial disretization step and thequantization distortion of the underlying Gaussian inrements.The probability (4.4.1) appears in the ontrol of the distane between the preditor v̂ and the true gradient v.In this frame, the strategy onsists in writing the preditor v̂ as an expetation with respet to the Gaussiankernel and not to its quantized version. Generally speaking, this strategy holds when the quantized transitionT (tk; x) and its Gaussian ounterpart belong to the same ell of the spatial grid, i.e. when the distanebetween the Brownian inrement and the quantized one is of the same order as the length of a given ell. Sinethe spatial grid step is given by Æ, we then need to ontrol the probability that the di�erene between theinrements exeeds Æ.Of ourse, when b does not depend on z, there is no reason to de�ne v̂. In suh a ase, E(gradient; p) reduesto 0.4.2 Comments on the Rate of ConvergeneError in funtion of h. To detail in a more expliit way the rate of onvergene given by Theorem 4.4.1,we give an example in whih � (� < +1), Æ and M are expressed as powers of h. Assume indeed that �, Æand M are hosen in the following way:� = Rh�1=2; Æ � h1+�; M�2=d � h1+� ; �; � � 0:In suh a ase:E(gradient; p) = hp=2+d=4�1=2M�p=dÆ�p�d=2 = exp�ln(h)�p(�=2� �)� (d=2 + 1 + �d)=2��:To ensure the onvergene of the algorithm we then need to hoose:p(�=2� �) � (d=2 + 1 + �d)=2 > 0() � > 2�+ (1=p)(d=2 + 1 + �d):Put �nally � = 2�+(d=2+1+�d)=p+�; � > 0. The rate of onvergene of the fully implementable algorithmis given by: supx2C0 ju(0; x)� u(0; x)j2 � C4:4:1�h+ h2� + h� + hp��:Taking � = 1=2 and � = 1=p then yields:supx2C0 ju(0; x)� u(0; x)j2 � C4:4:1h:In partiular, for p large enough, the exponent � is lose to 1 and the number M of points needed to quantifythe Brownian inrements is lose to h�d. Here is the limit of the method: for a large d and a small h, weneed a rather large number of points for the Gaussian quantization. Reall anyhow that the Gaussian gridsare omputed one for all. Thus, the numerial e�ort to get sharp quantization grids an be made apart fromour Algorithm.Estimates of rxu. The reader might wonder about the estimate of the gradient of u. Note in this frameworkthat two strategies are oneivable.First, the probabilisti ounterpart of Theorem 4.4.1 given in Subsetion 4.3 provides an L2 estimate of thedistane between v and the gradient of the true solution. Note however that the underlying L2 norm is takenwith respet to the distribution of the disrete proess X (f. (4.3.14)).To get a joint estimate of the solution and of its gradient with respet to the supremum norm, the reader anapply the following strategy: di�erentiate if possible the PDE (E) and apply, one again if possible, Algorithm3.2 to (u;rxu) seen as the solution of a system of paraboli quasi-linear PDEs. Suh a strategy is applied inSetion 5 to the solution of the porous media equation and to its gradient. Note that this approah oinideswith the one followed by Douglas et al. [DMP96℄. 117



4.3 Estimates of the Disrete ProessesWe now translate Theorem 4.4.1 in a more probabilisti way. Reall indeed that, in several situations (e.g.in �nanial mathematis), the knowledge of the triple (U; V;W ) is as ruial as the knowledge of the ouple(u;rxu).Reall from (4.3.14), (4.3.15) and (4.3.16) that the disrete proess (X;Y; Z) given by:X0 � x0; 8k 2 f0; :::; N � 1g; Xtk+1 � �k+1�Xtk + T (tk; Xtk)�;8k 2 f0; :::; Ng; Ytk � u(tk; Xtk); Ztk � v(tk; Xtk);provides a disretization of (U; V;W ).We then prove that (X;Y; Z) and (U; V;W ) get loser in a suitable sense as h, Æ, M�1 and ��1 vanish. Notehowever that we are not able to prove that the distane between (X;Y; Z) and (U; V;W ) over the whole interval[0; T ℄ tends to zero. Indeed, sine the projetions (�i)0�i�N map every point outside the sets (�i)0�i�N ontothe boundaries of (Ci)0�i�N (see e.g. (4.3.22)), we do not ontrol e�iently the transition of the proess Xafter the �rst hitting time of the boundaries of the grids by X . It is then well understood that we have to stopthe triple (X;Y; Z) at this �rst hitting time. Put to this end:�1 � inf�tk; 1 � k � N; Xtk�1 + T (tk�1; Xtk�1) 62 �k	; inf(;) = +1: (4.4.2)First, as a bypass produt of the proof of Theorem 4.4.1, the funtion v provides an approximation of v in thefollowing L2 sense:Theorem 4.4.2 Let p � 2. Then, there exist two onstants 4:4:2 and C4:4:2, only depending on p and onknown parameters appearing in (A), suh that for h < 4:4:2, Æ2 < h, M�2=d < h and � � 1:hN�1Xi=0 E�jv(ti; Xti)1fti<�1g � v(ti; Xti)j2�� C4:4:2�E2(time) + E2(spae) + E2(quantiz) + E2(trun) + E2(gradient; p)�:Moreover, the triple (X;Y; Z) stopped at time �1 satis�es:Theorem 4.4.3 Let p � 2. Then, there exist two onstants 4:4:3 and C4:4:3, only depending on p and onknown parameters appearing in (A), suh that for h < 4:4:3, Æ2 < h, M�2=d < h and � � 1:E� supi2f0;:::;Ng jXti^�1 � Uti j2�+ E� supi2f0;:::;Ng jYti^�1 � Vti j2�+ hN�1Xi=0 E�jZti1fti<�1g �Wti j2�� C4:4:3�E2(time) + E2(spae) + E2(quantiz) + E2(trun) + E2(gradient; p)�:5 Numerial ExamplesIn this setion, we illustrate the behaviour of the algorithm with numerial examples. To this end, we hooseequations that admit an expliit solution. This permits to ompare the results obtained with our algorithmto a referene value. In this frame, we fous on three examples: the one-dimensional Burgers equation, thedeterministi KPZ equation in dimension two and the one-dimensional porous media equation.5.1 One Dimensional Burgers EquationConsider �rst the bakward Burgers equation:�tu(t; x)� (u�xu)(t; x) + "22 �2x;xu(t; x) = 0; (t; x) 2 [0; T [�R; " > 0;u(T; x) = H(x); x 2 R; H 2 C2+�b (R); � 2℄0; 1[: (4.5.1)118



Using a non-linear transformation, one an derive an expliit expression of the solution of (4.5.1). This isknown as the Cole-Hopf fatorization, see Whitham [Whi73℄, Chapter IV, or Woyzy«sky [Woy98℄, ChapterIII, for details. The solution of (4.5.1) then writes:8(t; x) 2 [0; T ℄� R; u(t; x) = E [H(x + "BT�t)�(x + "BT�t)℄E [�(x + "BT�t)℄ ; (4.5.2)where B is a standard Brownian motion and 8y 2 R; �(y) � exp��"�2Z y0 H(u)du�.From the expliit representation (4.5.2), we an derive numerially, using e.g. a Riemann sum, a Monte-Carlomethod, or a quantized version of the expetation (4.5.2), a referene solution to test the algorithm.The reader may objet that Burgers equation is atually semi-linear and not quasi-linear. Atually, it dependson whether we onsider the non-linear term as a drift or as a seond member. We desribe below the algorithmsassoiated to these two points of view, even if the oupled ase is the only one to ful�ll Assumption (A).Moreover, in the forward-bakward representation of Burgers equation, the estimation proedure of the gradientis not neessary to ompute the approximate solution u. Numerially, this ase turns out to be the most robust.Finally, in both ases, the intermediate preditor v̂ is useless: in the oupled ase, the drift of the di�usion Uredues to V (and thus does not depend on W ), and in the deoupled one, the drift vanishes.Expliit Expression of the AlgorithmsFor a given �nal ondition H 2 C2+�b (R); � 2℄0; 1[, we write:Algorithm 5.1 (Coupled ase)8x 2 CN ; u(T; x) � H(x),8k 2 f0; :::; N � 1g; 8x 2 Ck, u(tk ; x) � E [u(tk+1;�k+1(x� u(tk+1; x)h+ "g(�Bk)))℄,8k 2 f0; :::; N � 1g; 8x 2 Ck; v(tk; x) � h�1E [u(tk+1;�k+1(x� u(tk+1; x)h+ "g(�Bk)))g(�Bk)℄.Algorithm 5.2 (Pure Bakward ase)8x 2 CN ; u(T; x) � H(x),8k 2 f0; :::; N � 1g; 8x 2 Ck; u(tk; x) � E [u(tk+1;�k+1(x+ "g(�Bk)))℄ � h"�1u(tk+1; x)v(tk; x),8k 2 f0; :::; N � 1g; 8x 2 Ck; v(tk; x) � h�1E [u(tk+1;�k+1(x+ "g(�Bk)))g(�Bk)℄.Numerial ResultsIn order to avoid �rst to trunate the grids, we hoose a periodi initial solution. Put to this end H(x) =sin(2�x) and derive from (4.5.2) that u is 1-periodi. This allows to de�ne u(tk; :) on C1 by setting 8x 2C1; u(tk; x) � u(tk; x � bx). Hene, we an set Ck � C1 for k 2 f0; :::; N � 1g. For T = 1; Æ = 10�3; h =:01;M = 160; " = :15, we present below the results of the previous algorithms. The expliit solution given by(4.5.2) is approximated by quantization tehniques with a 500 points grid. We plot below some pro�les of thereferene value for various disretization times as well as the pointwise absolute error between this referenesolution and the approximations obtained with our algorithms.
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5.2 Quadrati Bakward Equation: Deterministi KPZ EquationIn this subsetion, we fous on the so-alled �deterministi KPZ� equation (see e.g. Kardar, Parisi and Zhang[KPZ86℄ and Woyzy«ski [Woy98℄, Chapter I, for a physial interpretation):�tu(t; x) + 12tr(���r2x;xu(t; x)) + �2 h���rxu(t; x);rxu(t; x)i = 0; (t; x) 2 [0; T [�Rd ;u(T; x) = H(x); x 2 Rd ; (4.5.3)where � 2 R+� is a given parameter and � a given onstant matrix suh that ��� is positive de�nite.Suh an equation admits too a �Cole-Hopf expliit solution�, see again [KPZ86℄, that writes:u(t; x) = log(E [exp(�H(x + �BT�t))℄)� : (4.5.4)We then apply Algorithm 3.2 to Equation (4.5.3) seen as a true quasi-linear equation (so-alled �oupled ase�in the former subsetion).Conerning the initial ondition, we hoose H(x) =Qdi=1 sin(2�xi). By onstrution, we have 8x 2 Rd ; 8k 2Zd; u(t; x + k) = u(t; x). Sine the solution is periodi, u an be de�ned on the whole grid C1 (see alsoParagraph 5.1). We now present the results for d = 2; � = :3; T = :5; h = :02; Æ = 5 � 10�4;M = 160 and��� = � 1 �� 1 � with � = :8. The referene value and its gradient have been derived from (4.5.4) usingquantization tehniques with a 500 points grid. At t = 0, one has:
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True solution at time t=0: First component of Gradient
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PSfrag replaementsx0A \ ft = t0gP+ \ ft = t0g�Rx��B \ ft = t0g�D�1�2y2y1P�P+y2y1zT1zT2zT3zT4zT5zT6zT7z�1�2""=3b0� ~DThe relative error between the approximate and true solutions is at most .25. The explanation seems rathersimple: the expliit solution quikly deays as time dereases. Anyway, we feel that our algorithm manages toath this spei� dereasing phenomenon.Let us also mention that the last piture represents the pointwise di�erene of the true and approximatedgradients, but the ontrol given by Theorem 4.4.2 just holds in L2.5.3 Porous Media EquationTo onlude this setion, we fous on the equation (this example is taken from Makarov [Mak03℄):�tu(t; x) + (u�2x;xu)(t; x) + (�xu)2(t; x) + u2(t; x) = 0; (t; x) 2℄0; T ℄� R;u(T; x) = T�1 43 os2(�xL ); L = 2p2�; (4.5.5)whih admits the L-periodi expliit solution u(t; x) = t�1 43 os2(�xL ).Note that (4.5.5) does not ful�ll Assumption (A). In the sequel, we hoose without any rigorous justi�ationsto apply Algorithm 3.2 on [T=2; T ℄ (note however for a rough explanation that the quadrati growth of theoe�ients ensures that Theorem 4.4.1 holds on a suitable interval [t; T ℄, for t lose enough to T , and, in thesame way, Theorem 4.2.1 applies away from 0).Nevertheless, as explained in Subsetion 4.2, this proedure just provides an L2-estimate of rxu. In thisframework, we have deided to apply the so-alled �di�erentiated" approah, desribed in Subsetion 4.2, toobtain a pointwise estimate of rxu (see Algorithm 5.3 below).Note �nally from the periodiity of u that u an be de�ned on the whole grid C1 as in the previous example(see also Paragraph 5.1).Algorithm 5.3 (Di�erentiated Algorithm) 123



8x 2 CN ; u(T; x) = T�1 43 os2(�xL ); w(T; x) = T�1�� 8�3L os(�xL ) sin(�xL )�,8k 2 f0; :::; N � 1g;8x 2 Ck,u(tk ; x) = E�u�tk+1;�k+1(x + w(tk+1; x)h+p2u(tk+1; x)g(�Bk))��+ hu(tk+1; x)2,w(tk; x) = E�w�tk+1;�k+1(x+ 3w(tk+1; x)h+p2u(tk+1; x)g(�Bk))��+ 2hu(tk+1; x)w(tk+1; x).For T = 1; h = :02; Æ = L=500;M = 160, we present below the results obtained �rst with Algorithm 3.2 (theapproximation of the gradient with this algorithm is unde�ned at x = �L=2 and we thus arbitrarily set it tozero) and then with Algorithm 5.3. On [�L=2; L=2℄ it omes:
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6 Proof, First Step: A Priori Controls of the Disrete ObjetsIn this setion, we give various a priori estimates of the ouple (Y; Z) introdued in (4.3.15) and of the ap-proximate di�usion X de�ned in (4.3.14). These ontrols are neessary to establish Theorems 4.4.1, 4.4.2 and4.4.3.About Constants. In the following, we keep the same notation C;C�; � (or C 0; C 0�; 0�) for all �nite, non-negative onstants whih appear in our omputations: they may depend on known parameters in (A), on Tand on p, but not on any of the disretization parameters. The index � in the previous notation refers to thenumbering of the Proposition, Lemma, Theorem, ... where the onstant appears.Conditions on Parameters. Reall that p denotes in Theorems 4.4.1, 4.4.2 and 4.4.3 a real larger than 2.It is from now on �xed. Furthermore, we assume that the onditions of Theorem 4.4.1 on h, Æ, M and � areful�lled. Namely, the statements of the following Propositions and Lemmas hold for h, h�1Æ2, h�1M�2=d and��1 small enough even if these onditions are not expliitly written.6.1 Disrete Bakward Equation and Assoiated a priori EstimatesDisrete Feynman-Ka Formula.Proposition 4.6.1 With the notations of Algorithm 3.2 and Subsetion 4.3, the sequene (Ytk )0�k�N satis�esthe disrete Feynman-Ka representation:80 � k � N � 1; Ytk = E�H(XtN ) + h NXi=k+1 f�Xti�1 ; u(ti; Xti�1); Zti�1�jFtk�: (4.6.1)Proof. Reall �rst that u and v are bounded (but estimates are not uniform with respet to the parameters):see Subsetion 3.1, (4.3.6). In partiular, the r.h.s. in the above expression is orretly de�ned. Note moreover,by de�nition of X , Y and Z, that for a given k 2 f0; :::; N � 1g:Ytk = E�Ytk+1 + hf�Xtk ; u(tk+1; Xtk); Ztk�jFtk�:The proof of Proposition 4.6.1 follows by iteration of this last identity. �Reall now from the Martingale Representation Theorem, that there exists a progressively measurable proessZ, with �nite moment of order two, suh that:YtN + h NXi=1 f�Xti�1 ; u(ti; Xti�1); Zti�1� = Y0 + Z tN0 ZsdBs: (4.6.2)This representation permits to apply the BSDE mahinery to our frame. However, as well-know in the literaturedevoted to SDEs (or equivalently to PDEs), several a priori estimates of the solution are neessary to applythis strategy.Propositions 4.6.2 and 4.6.3 provide a priori estimates of the supremum norm of u and of the L2 norms of Zand Z, as well as a pointwise upper bound of the preditors v and v̂ de�ned in Algorithm 3.2. Lemma 4.6.4gives a ruial estimate of the di�erene between Z and Z. The proofs are postponed to Subsetion 6.3.Proposition 4.6.2 There exists a onstant C4:6:2 suh that:supi=0:::N� supx2Ci ju(ti; x)j2� � C4:6:2:Proposition 4.6.3 There exists a onstant C4:6:3 suh that:E�Z T0 jZsj2ds�+ hN�1Xi=0 E�jZti j2�+ h supi=0:::N� supx2Ci jv(ti; x)j2�+ h supi=0:::N�1�supx2Ci jv̂(ti; x)j2� � C4:6:3:125



The distane between Z and Z an be estimated as follows:Lemma 4.6.4 There exists a onstant C4:6:4 suh that for k 2 f1; :::; Ng:E ����hZtk�1 � E�Z tktk�1 ZsdsjFtk�1�����2 � C4:6:4h2E2(quantiz):6.2 Approximate Di�usionExtension of the �Disrete Di�usion�. Reall from (4.3.14) that, up to now, the approximate di�usionX is de�ned at the disretization times (tk)0�k�N . For the proof, we need to extend the de�nition of X tothe whole set [0; T ℄. Put for all k 2 f0; :::; N � 1g and t 2 [tk; tk+1[:Xt � Xtk + b�Xtk ; u(tk+1; Xtk); v̂(tk; Xtk)�(t� tk) + ��Xtk ; u(tk+1; Xtk)��Bt �Btk�: (4.6.3)Hene, the extended proess (Xt)0�t�T is disontinuous at times (tk)1�k�N�1. At a given time tk, 1 � k � N ,the size of the jump performed by the proess depends on the quantization error and on the spatial projetionerror. The �rst error is easily ontrolled by the distortion. Conerning the seond one, the projetion error islose to the spatial step Æ when the grids are in�nite. For trunated grids, the story is slightly di�erent. Infat, as soon as the proess stays inside (�k)0�k�N , the projetion error is lose to the step Æ of the interiormesh of the grid (Ck)0�k�N . At the opposite, outside (�k)0�k�N , the jump of the proess may take largevalues.Hitting Time of the Boundaries of the Grids. It is then well understood that we need to ontrol the sizeof these jumps. In partiular, we need to ontrol the �rst hitting time of the boundaries of the sets (�k)0�k�Nby the disrete proess (Xtk )0�k�N . This is the reason why the stopping time �1, de�ned in (4.4.2), appearsin the statement of Theorems 4.4.2 and 4.4.3.Inrements of the Forward Proess.Lemma 4.6.5 There exists a onstant C4:6:5 suh that for every k 2 f0; :::; N � 1g:8t 2 [tk; tk+1[; E�jXt �Xtk j2jFtk� � C4:6:5h:Proof. The proof just follows from Assumption (A.1), i.e. b and � have linear growth, and from the bound-edness of u and hjv̂j2 (see Propositions 4.6.2 and 4.6.3). �Lemma 4.6.6 For a given k 2 f0; :::; N � 1g, the norm of the inrement Xtk+1 �Xtk is always bounded byjT (tk; Xtk )j+ Æ. In partiular, there exists a onstant C4:6:6 suh that:E�jXtk+1 �Xtk j2jFtk� � C4:6:6�h+ Æ2�:Proof. Sine Xtk 2 C1, one has �1(Xtk + T (tk; Xtk)) = Xtk + �1(T (tk; Xtk )) (invariane by translationof the grid C1). By de�nition of Xtk+1 , we get Xtk+1 = Q(R + �;�1(Xtk + T (tk; Xtk))) = Q(R + �;Xtk +�1(T (tk; Xtk))), where Q is de�ned in Setion 3.4. Now, for every y in the image of the projetion Q(R+�; :)and for every z 2 Rd , the distane jQ(R+ �; y + z)� yj is bounded by jzj. Hene:jXtk+1 �Xtk j = ��Q�R+ �;Xtk +�1(T (tk; Xtk))��Xtk ��� j�1(T (tk; Xtk ))j� jT (tk ; Xtk)j+ Æ: (4.6.4)Thanks to Propositions 4.6.2 and 4.6.3, we are able to bound the drift b appearing in the transition. SineE [jg(�Bk )j2℄ � Ch, from Assumption (A.1) and Proposition 4.6.2, we also ontrol the martingale part of thetransition. This ompletes the proof. �Auxiliary Controls of the Forward Proess. The time ontinuous extension of X remains lose to thedisrete version of X up to time �1: 126



Lemma 4.6.7 There exists a onstant C4:6:7 suh that:N�1Xi=0 E�1fti+1<�1gjXti+1 �Xti+1�j2� � C4:6:7h�E2(spae) + E2(quantiz)�:The proof is postponed to Subsetion 6.3.6.3 Proofs of the A Priori ControlsDisrete BSDEThis paragraph is devoted to the proof of Propositions 4.6.2, 4.6.3 and Lemma 4.6.4. We �rst give a ontrolof the L2 norm between Ztk�1 and the onditional expetation of R tktk�1 Zsds appearing in Lemma 4.6.4. Thispreliminary estimate permits to prove Proposition 4.6.2. We then derive the omplete proofs of Proposition4.6.3 and Lemma 4.6.4.Step One: Preliminary Control in Lemma 4.6.4.The strategy just follows from the loal BSDE writing explained in the proof of Proposition 4.6.1. Indeed,from (4.6.2), write for a given k 2 f0; :::; N � 1g:Ytk+1 + hf�Xtk ; u(tk+1; Xtk); Ztk� = Ytk + Z tk+1tk ZsdBs:Multiplying this identity by �Bk and taking the onditional expetation w.r.t. Ftk we obtain:E�Ytk+1�BkjFtk� = E�Z tk+1tk ZsdsjFtk�:Reall now that: hZtk = hv(tk; Xtk)= E�u(tk+1; Xtk+1)g(�Bk)jFtk� = E�Ytk+1g(�Bk)jFtk�:Hene, we dedue that: hZtk � E�Z tk+1tk ZsdsjFtk� = E�Ytk+1�g(�Bk)��Bk�jFtk�: (4.6.5)Reall now from (4.3.10) that there exists C > 0 s.t.:E [jg(�Bk )��Bk j2℄ � ChM�2=d: (4.6.6)From (4.6.5) and (4.6.6) we derive:E�����hZtk � E�Z tk+1tk ZsdsjFtk�����2� � ChM�2=dE�Y 2tk+1�: (4.6.7)As already explained, this preliminary estimate (4.6.7) is neessary to prove Proposition 4.6.2 from whih wewill derive E [Y 2tk+1 ℄ � C, and thus omplete the proof of Lemma 4.6.4.Step Two: Proof of Proposition 4.6.2 (Boundedness of the Approximate Solution)To estimate the supremum norm of u over the grids C0; :::; CN , we follow the basi strategy of the BSDE theoryand therefore apply a disrete version of It�'s formula to the disrete BSDE formula given in Proposition 4.6.1.Suh a formula an be found in Shiryaev [Shi96℄, Chapter VII, Subsetion 9:127



Lemma 4.6.8 Let (Ak)0�k�n be a sequene of vetors with values in Rq , q � 1. Then :jAkj2 = jA0j2 + 2 kXi=1h�Ai; Ai�1i+ kXi=1 j�Aij2;where 81 � i � n; �Ai � Ai �Ai�1.Apply now Lemma 4.6.8 to the sequene (Ytk )0�k�N . We obtain:jYT j2 = jY0j2 + 2 NXi=1hYti � Yti�1 ; Yti�1i+ NXi=1 jYti � Yti�1 j2:Reall from Subsetion 6.1 that:Yti � Yti�1 = �hf(Xti�1 ; u(ti; Xti�1); Zti�1) + Z titi�1 ZsdBs:We dedue that: E jYT j2 = jY0j2 + 2h NXi=1 Eh�f(Xti�1 ; u(ti; Xti�1); Zti�1); Yti�1i+ h2 NXi=1 E�f2(Xti�1 ; u(ti; Xti�1); Zti�1)�+ E Z T0 jZsj2ds:Thanks to Assumption (A.1), there exists a onstant C suh that:jY0j2 + E Z T0 jZsj2ds � E jYT j2 + Ch NXi=1 E�jYti�1 j�1 + ju(ti; Xti�1)j+ jZti�1 j��:From Young's inequality, we derive for every � > 0:jY0j2 + E Z T0 jZsj2ds � E jYT j2 + C��1h NXi=1 E�jYti�1 j2�+ C�h NXi=1 E�1 + ju(ti; Xti�1)j2 + jZti�1 j2�: (4.6.8)From (4.6.7) we get that for every i 2 f1; :::; Ng:hE�jZti�1 j2� � 2�E Z titi�1 jZsj2ds+ CM�2=dE�Y 2ti��:Hene, from (4.6.8) and the above identity:jY0j2 + h2 N�1Xi=0 E�jZti j2� � E jYT j2 + C(1 + ��1)(h+M�2=d) NXi=0 E�jYti j2�+ C�h NXi=1 E�1 + ju(ti; Xti�1)j2 + jZti�1 j2�: (4.6.9)Choose � = (4C)�1 and dedue (with a new onstant C) that:jY0j2 � E jYT j2 + C(h+M�2=d) NXi=0 E�jYti j2�+ Ch NXi=1 E�1 + ju(ti; Xti�1)j2�:128



Reall that jYT j � jH j1. Thus, we laim (reall that M�2=d < h):supx2C0 ju(0; x)j2 � C + Ch NXi=0 supx2Ci ju(ti; x)j2:Therefore, there exists a onstant  > 0 suh that for h <  (reall indeed that h is small):supx2C0 ju(0; x)j2 � C + Ch NXi=1 supx2Ci ju(ti; x)j2:As usual in BSDE theory, we ould establish in a similar way that for every initial ondition (tk; x), 1 � k � N :8k 2 f0; :::; N � 1g; supx2Ck ju(tk; x)j2 � C + Ch NXi=k+1 supx2Ci ju(ti; x)j2:A disrete version of Gronwall's Lemma yields the result. �Step Three: Proofs of Proposition 4.6.3 and Lemma 4.6.4.Proof of Proposition 4.6.3. The L2-estimate of Z follows from Proposition 4.6.2 and (4.6.9). Then, the L2-estimate of Z follows from (4.6.8).Finally, as a onsequene of Proposition 4.6.2 and the de�nitions of v and v̂, see Algorithm 3.2, we dedue theestimates of the supremum norms of v and v̂. �Proof of Lemma 4.6.4. Lemma 4.6.4 follows from (4.6.7) and Proposition 4.6.2. �Approximate Forward Di�usion: Proof of Lemma 4.6.7.Reall from (4.6.3) that the di�erene Xti+1 �Xti+1� writes:Xti+1 �Xti+1�= ��i+1�Xti + T (ti; Xti)�� �Xti + T (ti; Xti)��+ ��Xti ; u(ti+1; Xti)��g(�Bi)��Bi�� E1(i+ 1) +E2(i+ 1): (4.6.10)E1(i+1) appears as a projetion error and E2(i+ 1) as a quantization one. There is no di�ulty to estimatethe seond term: it is readily seen from (4.3.10) that E [jE2 (i + 1)j2jFti ℄ � ChM�2=d. To estimate the �rstterm, note that Xti + T (ti; Xti) belongs to �i+1 on the event fti+1 < �1g. Thus, the distane betweenXti + T (ti; Xti) and �i+1(Xti + T (ti; Xti)) is then bounded by the step Æ. Dedue that the term E1(i+ 1) isbounded by Æ on fti+1 < �1g. Finally,NXi=1 E�1fti+1<�1gjXti+1 �Xti+1�j2� � Ch�1�Æ2 + hM�2=d�: (4.6.11)This ompletes the proof. �7 Proof, Seond Step: Stability PropertiesThis setion fouses on the seond step of the proof of Theorems 4.4.1, 4.4.2 and 4.4.3, and aims to establishmore spei�ally a suitable intermediate inequality, lose to usual stability properties of FBSDEs.Strategy. Reall �rst that two main strategies are oneivable in the theoretial framework to establishlassial stability theorems for FBSDEs.Denote to this end by (U 0; V 0;W 0) a solution of another FBSDE of type (E) with di�erent oe�ients. Theassoiated PDE solution is just denoted by u0. In order to ompare u0 with u, reall that the followingapproahes have been employed in the literature devoted to FBSDE:129



1. First, the reent indution priniple given in Delarue [Del02℄ an be applied. In short, u and u0 areompared on a neighborhood of the boundary T with lassial arguments of stohasti analysis and theestimate of the di�erene between these solutions is then extended by indution from the �nal boundT to the initial bound 0. The loal estimates onsist in studying the distane between U and U 0 andbetween (V;W ) and (V 0;W 0). This strategy has been suessfully applied to establish the existene anduniqueness of solutions to FBSDEs under a non-degeneray assumption, see again [Del02℄, or to establishonvergene properties arising in homogenization of quasilinear PDEs [Del04℄.2. A seond approah follows the earlier Four Step Sheme of Ma, Protter and Yong [MPY94℄. In anutshell, instead of studying the di�erene between U and U 0 and between (V;W ) and (V 0;W 0), theproess (u(t; U 0t))0�t�T is written with It�'s formula as the solution of a BSDE. This BSDE is thenompared with the one satis�ed by (V 0;W 0). In partiular, these BSDEs are both written with respetto the same di�usion U 0. Generally speaking, this strategy holds when u is smooth enough (e.g. if usatis�es Theorem 4.2.1). It is then more diret than the previous one.Thanks to Theorem 4.2.1, we will apply the seond strategy: we will ompare the proess Y with the proess(u(t;Xt))0�t�T^�1 (see (4.6.3) for the de�nition of the extension of X).7.1 Statements of the Stability ResultsFirst Stability Property. Applying the usual FBSDE mahinery, we are able to establish in Subsetion 7.2the following �rst inequality:Proposition 4.7.1 There exists a onstant C4:7:1 suh that for � small enough:j(u� u)(0; x0)j2 + C�14:7:1h NXj=1 E�j(v � v)(tj�1; Xtj�1)j21ftj�1<�1g�� C4:7:1�Pf�1 < +1g+ E2(time) + E2(spae) + E2(quantiz)+ ��1h NXj=1 E�j(u� u)(tj ; Xtj�1)j21ftj�1<�1g�+ ��1h NXj=1 E�j(u� u)(tj�1; Xtj�1)j21ftj�1<�1g�+ (� + h)h NXj=1 E�j(v̂ � v)(tj�1; Xtj�1)j21ftj�1<�1g��:
(4.7.1)

When the drift b does not depend on z, the last term of the r.h.s. does not appear.Estimates of the Gradient Inrement. Assume for the moment that Proposition 4.7.1 holds. Note thatthe main problem then remains to estimate the last term in the r.h.s. of (4.7.1). Thanks to the spei� hoieof v̂ in Subsetion 3.3, we are able to establish in Setion 7.3 the following ontrol:Proposition 4.7.2 There exists a onstant C4:7:2 suh that, for k 2 f0; :::; N � 1g, on ftk < �1g:j(v̂ � v)(tk; Xtk)j � C4:7:2�E(gradient; p) + E(time) + hE(spae) + E�j(v � v)(tk+1; Xtk+1)j2jFtk�1=2�:Main Stability Theorem. From Propositions 4.7.1 and 4.7.2, we laim:
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Theorem 4.7.3 There exists a onstant C4:7:3 suh that for � small enough:j(u� u)(0; x0)j2 + C�14:7:3h NXj=1 E�j(v � v)(tj�1; Xtj�1)j21ftj�1<�1g�� C4:7:3�Pf�1 < +1g+ E2(time) + E2(spae) + E2(quantiz) + E2(gradient; p)+ ��1h NXj=1 E�j(u� u)(tj ; Xtj�1)j21ftj�1<�1g�+ ��1h NXj=1 E�j(u� u)(tj�1; Xtj�1)j21ftj�1<�1g�+ (� + h)h NXj=1 E�j(v � v)(tj ; Xtj )j21ftj�1<�1g��:
(4.7.2)

Appliation of Theorem 4.7.3 to the proof of Theorems 4.4.1, 4.4.2 and 4.4.3 is given in Setion 8.7.2 Proof of Proposition 4.7.1Starting Point: Time Continuous Bakward Proesses.Reall that we aim to apply the seond strategy exposed in the beginning of this setion and thus to applyIt�'s formula to (u(t;Xt))0�t�T . Referring to the struture of the PDE (E), set to this end for notationalonveniene: 8t 2 [0; T ℄; V t � u(t;Xt); W t � rxu(t;Xt)�(Xt; V t): (4.7.3)Note moreover that the martingale part of (V t)0�t�T is driven by:8t 2 [0; T [; Ŵt � rxu(t;Xt)��X�(t); u(�(t) + h;X�(t))�: (4.7.4)where �(t) = tk for tk � t < tk+1; k 2 f0; :::; N � 1g.From Theorem 4.2.1, we derive the following a priori estimates of V ;W :8k 2 f0; :::; N � 1g; 8s 2 [tk; tk+1[; E�jV s � V tk j+ jW s �W tk j jFtk� � CE�(s� tk)1=2 + jXs �Xtk j jFtk�:Hene, from Lemma 4.6.5, we get for s 2 [tk; tk+1[ (reall that h is small) :E�jV s � V tk j+ jW s �W tk j jFtk� � Ch1=2: (4.7.5)Step One: It�'s formula for �V .Using It�'s formula and the equation satis�ed by u, we obtain for t 2 [ti; ti+1[, i 2 f0; :::; N � 1g:V t = V ti + Z tti hrxu(s;Xs); b�Xti ; u(ti+1; Xti); v̂(ti; Xti)�� b(Xs; V s;W s)ids+ 12 Z tti tr��a(Xti ; u(ti+1; Xti))� a(Xs; V s)�r2x;xu(s;Xs)�ds� Z tti f�Xs; V s;W s�ds+ Z tti rxu(s;Xs)��Xti ; u(ti+1; Xti)�dBs:Let t tend to ti+1 and dedue with obvious notation that:V ti+1 � V ti= V ti+1 � V ti+1� + Z ti+1ti �F �s;Xs; Xti ; u(ti+1; Xti); v̂(ti; Xti)�� F �s;Xs; Xs; V s;W s��ds� Z ti+1ti f�Xs; V s;W s�ds+ Z ti+1ti ŴsdBs:131



Step Two: Di�erene of the Proesses.The strategy is well-known: we aim to make the di�erene between V and Y and then to apply the usualBSDE mahinery to estimate the distane between these proesses. Hene, we laim from (4.6.2):V ti+1 � Yti+1 � �V ti � Yti� = V ti+1 � V ti+1�+ Z ti+1ti �F �s;Xs; Xti ; u(ti+1; Xti); v̂(ti; Xti)�� F �s;Xs; Xs; V s;W s��ds� Z ti+1ti �f�Xs; V s;W s�� f(Xti ; u(ti+1; Xti); Zti)�ds+ Z ti+1ti �Ŵs � Zs�dBs� �Ei+1(1) + �Ei+1(2) + �Ei+1(3) + �Ei+1(4):As explained above, we now aim to estimate the distane between the proesses V and Y up to time �1 ^ T .Lemma 4.6.8 yields:E jV T^�1 � YT^�1 j2 = jV 0 � Y0j2+ 2E NXj=1�1ftj�1<�1g�V tj�1 � Ytj�1���Ej(1) + �Ej(2) + �Ej(3) + �Ej(4)��+ E NXj=1�1ftj�1<�1g��Ej(1) + �Ej(2) + �Ej(3) + �Ej(4)�2�: (4.7.6)Denote 8j 2 f1; :::; Ng; Ej � �Ej(1) + �Ej(2) + �Ej(3). From the above expression, we get:jV 0 � Y0j2 + NXj=1E [1ftj�1<�1g�Ej(4)2℄ = E jV T^�1 � YT^�1 j2� 2E NXj=1�1ftj�1<�1g�V tj�1 � Ytj�1�Ej�� NXj=1E [1ftj�1<�1g(E2j + 2Ej�Ej(4))℄:From Young's inequality we derive:jV 0 � Y0j2 + 12 NXj=1E [1ftj�1<�1g�Ej(4)2℄ � E jV T^�1 � YT^�1 j2� 2E NXj=1�1ftj�1<�1g�V tj�1 � Ytj�1�Ej�+ NXj=1E [1ftj�1<�1gE2j ℄: (4.7.7)Put: D(1) � �2E NXj=1�1ftj�1<�1g�V tj�1 � Ytj�1�Ej�; D(2) � NXj=1E [1ftj�1<�1gE2j ℄;D(3) � NXj=1E [1ftj�1<�1g�Ej(4)2℄: (4.7.8)Step Three: Standard BSDE Tehniques.Following the BSDE tehniques, we have to upper bound D(1); D(2) (resp. lower bound D(3)) by termsappearing in the r.h.s. (resp. l.h.s.) of (4.7.1). The following lemmas whose proofs are postponed to the endof the subsetion give the needed ontrols. 132



Lemma 4.7.4 There exists a onstant C4:7:4 suh that for � 2℄0; 1℄:jD(1)j+D(2) � C�E2(time) + E2(spae) + E2(quantiz) + Pf�1 < +1g�+ Ch NXj=1���1E�j(u� u)(tj�1; Xtj�1)j21ftj�1<�1g�+ E�j(u� u)(tj ; Xtj�1)j21ftj�1<�1g��+ h(� + h) NXj=1�E�j(v̂ � v)(tj�1; Xtj�1)j21ftj�1<�1g�+ E�j(v � v)(tj�1; Xtj�1)j21ftj�1<�1g��:Lemma 4.7.5 There exists a onstant C4:7:5 > 0 suh that:D(3) � C�14:7:5h NXj=1E [1ftj�1<�1gj(v � v)(tj�1; Xtj�1)j2℄� C4:7:5E2(quantiz)� C4:7:5E2(time)� C4:7:5h NXj=1E [1ftj�1<�1gj(u� u)(tj ; Xtj�1)j2℄:Note to onlude the proof of Proposition 4.7.1 that YT = V T . Hene, from Theorem 4.2.1 and Proposition4.6.2 (boundedness of u and u), E jV T^�1 � YT^�1 j2 � CPf�1 < Tg � CPf�1 < +1g. Choose �nally �small enough to obtain inequality (4.7.1) from (4.7.7), (4.7.8), and Lemmas 4.7.4 and 4.7.5. This ompletes,up to the proofs of Lemmas 4.7.4 and 4.7.5, the proof of Proposition 4.7.1. �Proof of Lemma 4.7.4.Reall that: D(1) = �2E NXj=1�1ftj�1<�1g�V tj�1 � Ytj�1���Ej(1) + �Ej(2) + �Ej(3)��: (4.7.9)Note from Theorem 4.2.1 that �E(2) and �E(3) may be seen as �Lipshitz" di�erenes sine the partialderivatives of u of order one and two in x are bounded. Hene, it is readily seen that there exists a onstantC, suh that: jD(1)j � CE NXj=1�1ftj�1<�1gjV tj�1 � Ytj�1 j ��jV tj � V tj�j+ Z tjtj�1�jXs �Xtj�1 j+ jV s � u(tj ; Xtj�1)j+ jW s � v̂(tj�1; Xtj�1)j�ds+ Z tjtj�1�jXs �Xtj�1 j+ jV s � u(tj ; Xtj�1)j+ jW s � Ztj�1 j�ds��:Reall that V s = u(s;Xs). From Theorem 4.2.1 (Hölder regularity of u in t), (4.7.5) (regularity of V and W )and Lemma 4.6.5 (ontrol of the inrements of X), we then dedue:jD(1)j � CE NXj=1�1ftj�1<�1gjV tj�1 � Ytj�1 j ��jV tj � V tj�j+ Z tjtj�1�h1=2 + j(u� u)(tj ; Xtj�1)j�ds+ Z tjtj�1�jW tj�1 � v̂(tj�1; Xtj�1)j+ jW tj�1 � Ztj�1 j�ds��: (4.7.10)
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Reall now that W tj�1 = v(tj�1; Xtj�1) and Ztj�1 = v(tj�1; Xtj�1). Thus, applying Young's inequality to(4.7.10), it omes for every � 2℄0; 1℄:jD(1)j � CE2(time) + CE NXj=1�1ftj�1<�1g�jV tj�1 � Ytj�1 jjV tj � V tj�j��+ Ch NXj=1���1E�j(u� u)(tj�1; Xtj�1)j21ftj�1<�1g�+ E�j(u� u)(tj ; Xtj�1)j21ftj�1<�1g��+ �h NXj=1�E�j(v̂ � v)(tj�1; Xtj�1)j21ftj�1<�1g�+ E�j(v � v)(tj�1; Xtj�1 )j21ftj�1<�1g��: (4.7.11)
It now remains to estimate the seond term in the r.h.s. of (4.7.11). Note �rst that for all j 2 f1; :::; Ng,ftj�1 < �1g = ftj < �1g [ ftj = �1g. Hene, thanks to the boundedness of u and u (see Theorem 4.2.1 andProposition 4.6.2):E NXj=1�1ftj�1<�1g�jV tj�1 � Ytj�1 jjV tj � V tj�j��� �E NXj=1�1ftj<�1gjV tj�1 � Ytj�1 j2��1=2�E NXj=1�1ftj<�1gjV tj � V tj�j2��1=2+ CPf�1 < +1g: (4.7.12)Dedue from Lemma 4.6.7 (jumps of the proess X) and the global Lipshitz property of u (see Theorem 4.2.1)that: E NXj=1�1ftj�1<�1g�jV tj�1 � Ytj�1 jjV tj � V tj�j��� C�E NXj=1�1ftj<�1gj(u� u)(tj�1; Xtj�1 )j2��1=2h1=2�E2(spae) + E2(quantiz)�1=2+ CPf�1 < +1g� C�E2(spae) + E2(quantiz)�+ ChE NXj=1�1ftj<�1gj(u� u)(tj�1; Xtj�1)j2�+ CPf�1 < +1g:

(4.7.13)
Plug (4.7.13) in (4.7.11) to derive the required ontrol for D(1).Let us now turn to the estimation of D(2). Reall that D(2) is given by:D(2) = E NXj=1�1ftj�1<�1g��Ej(1) + �Ej(2) + �Ej(3)�2�:We �rst give a ontrol of �Ej(1), for a given j 2 f1; :::; Ng. To this end, note again from Lemma 4.6.7 (jumpsof the proess X) that:NXj=1 E�1ftj�1<�1g(�Ej(1))2� = NXj=1 E�1ftj�1<�1gju(tj ; Xtj )� u(tj ; Xtj�)j2�� C NXj=1 E�1ftj<�1gjXtj �Xtj�j2�+ CPf�1 < +1g:� Ch�E2(spae) + E2(quantiz)�+ CPf�1 < +1g: (4.7.14)
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We reall that �Ej(2) and �Ej(3) are �Lipshitz� di�erenes. Hene, as done in (4.7.10) to estimate D(1),we an derive that:NXj=1 E�1ftj�1<�1g��Ej(2) + �Ej(3)�2�� Ch20�1 + NXj=1 E�j(u� u)(tj ; Xtj�1)j21ftj�1<�1g�+ NXj=1�E�j(v̂ � v)(tj�1; Xtj�1)j21ftj�1<�1g�+ E�j(v � v)(tj�1; Xtj�1 )j21ftj�1<�1g��1A : (4.7.15)
Equations (4.7.14) and (4.7.15) give the required ontrol for D(2). This ompletes the proof of Lemma 4.7.4.�Proof of Lemma 4.7.5.Write �rst: h NXj=1E [1ftj�1<�1gjv(tj�1; Xtj�1)� v(tj�1; Xtj�1)j2℄� Ch NXj=1(E�1ftj�1<�1g����v(tj�1; Xtj�1)� 1hE�Z tjtj�1Zsds��Ftj�1�����2�+ E�1ftj�1<�1g����1hE�Z tjtj�1 [Zs � Ŵs℄ds��Ftj�1�����2�+ E�1ftj�1<�1g����1hE�Z tjtj�1 [Ŵs � v(tj�1; Xtj�1)℄ds��Ftj�1�����2�)� A(1) +A(2) +A(3):From Lemma 4.6.4 (distane between Z and Z) we then derive A(1) � CE2(quantiz). For the term A(2), theCauhy-Shwarz inequality yields:A(2) � C NXj=1E�1ftj�1<�1gZ tjtj�1 jZs � Ŵsj2ds� = C NXj=1E�1ftj�1<�1g��Ej(4)�2� = CD(3):Conerning A(3) it omes:A(3) � C NXj=1E�1ftj�1<�1gZ tjtj�1 jŴs � v(tj�1; Xtj�1)j2ds�= C NXj=1E�1ftj�1<�1gZ tjtj�1 jrxu(s;Xs)��Xtj�1 ; u(tj ; Xtj�1 )��rxu(tj�1; Xtj�1 )��Xtj�1 ; u(tj�1; Xtj�1)�j2ds�:Following the tehniques employed in the previous proof, relying on the smoothness of the true solution, f.Theorem 4.2.1, on the boundedness of the approximate solution, f. Proposition 4.6.2, and on intermediateontrols of the proess X , f. Lemma 4.6.5, we get:A(3) � Ch�1 + NXj=1E�1ftj�1<�1gju(tj ; Xtj�1)� u(tj ; Xtj�1)j2��:135



The above estimates of A(1); A(2); A(3) give:D(3) � C�1h NXj=1E [1ftj�1<�1gjv(tj�1; Xtj�1)� v(tj�1; Xtj�1)j2℄� Ch NXj=1E [1ftj�1<�1gju(tj ; Xtj�1 )� u(tj ; Xtj�1)j2℄� CE2(quantiz)� CE2(time):This ompletes the proof. �7.3 Proof of Proposition 4.7.2 (Di�erene of the Gradients)Strategy.In Proposition 4.7.2, we aim to ontrol the quantity j(v̂ � v)(tk; Xtk )j for tk < �1. Reall to this end (seeAlgorithm 3.2): v̂(tk; Xtk) = E�v�tk+1;�k+1(Xtk + T 0(tk; Xtk))�jFtk�:We �rst write v(tk ; Xtk) in a similar way to study the di�erene (v̂�v)(tk ; Xtk). From Theorem 4.2.1 (regularityof u) and from the proof of Lemma 4.6.6 (regularity of X), we laim:��E �v(tk+1;�k+1(Xtk + T 0(tk; Xtk )))jFtk�� v(tk; Xtk)��� C�h1=2 + ��E�v(tk+1;�k+1(Xtk + T 0(tk; Xtk)))jFtk�� v(tk+1; Xtk)���� C�h1=2 + E�j�k+1(Xtk + T 0(tk; Xtk))�Xtk j jFtk��� C�h1=2 + Æ�:Hene: j(v̂ � v)(tk ; Xtk)j � CE���(v � v)�tk+1;�k+1(Xtk + T 0(tk; Xtk))��� jFtk�+ C(h1=2 + Æ): (4.7.16)Proposition 4.7.2 diretly follows from (4.7.16) and from the next theorem:Theorem 4.7.6 There exists a onstant C4:7:6 suh that on ftk < �1g:E ���(v � v)�tk+1;�k+1(Xtk + T 0(tk; Xtk))��� jFtk�� C4:7:6E(gradient; p) + C4:7:6E�j(v � v)(tk+1; Xtk+1)j2jFtk�1=2:The main di�ulty to prove Theorem 4.7.6 lies in the lak of regularity of v. To overome this point, note�rst that E���(v � v)�tk+1;�k+1(Xtk + T 0(tk; Xtk))��� jFtk� (4.7.17)and E���(v � v)�tk+1;�k+1(Xtk + T (tk; Xtk ))���2jFtk�1=2 (4.7.18)write as expetations of a given funtion with respet to two di�erent kernels. We then aim to ompare theseunderlying kernels. Reall that for a given x 2 Ck, both T 0(tk; x) and T (tk; x) are, up to a quantizationproedure, Gaussian random variables with same ovariane matries but di�erent means. The strategy thenonsists in applying a Gaussian hange of variable to pass from the �rst kernel to the seond one.Step One: Proof of Theorem 4.7.6, Exhibition of Underlying Kernels.We �rst write (4.7.17) with respet to the underlying kernel T 0. Note in this frame, with the notations of
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Subsetion 3.4, that for every x 2 Rd , �k+1(x) = �k+1 Æ �1(x) sine �1(x) 2 �k , x 2 �k. Thus, usingthe invariane by translation of C1 to pass from the seond to the third line, (4.7.17) writes:E ���(v � v)�tk+1;�k+1(Xtk + T 0(tk ; Xtk))��� jFtk�= E���(v � v)�tk+1;�k+1(�1(Xtk + T 0(tk; Xtk )))��� jFtk�= E���(v � v)�tk+1;�k+1(Xtk +�1(T 0(tk; Xtk )))��� jFtk�= Xy2C1���(v � v)(tk+1;�k+1(Xtk + y))��P��1(T 0(tk; Xtk)) = yjFtk	�: (4.7.19)In the same way, the square of (4.7.18) writes:E ���(v � v)�tk+1;�k+1(Xtk + T (tk; Xtk ))���2 jFtk�= Xy2C1���(v � v)(tk+1;�k+1(Xtk + y))��2P��1(T (tk; Xtk)) = yjFtk	�: (4.7.20)Equations (4.7.19) and (4.7.20) provide relevant writings to estimate (4.7.17) and (4.7.18). Indeed, it issu�ient to bound for a given x 2 Ck and a given y 2 C1 the probability Pf�1(T 0(tk ; x)) = yg by (up to amultipliative onstant) the probability Pf�1(T (tk; x)) = yg. Reall to this end that:T 0(tk; x) = �(x; u(tk+1; x))g(�Bk);T (tk; x) = b(x; u(tk+1; x); v̂(tk; x))h + �(x; u(tk+1; x))g(�Bk)v̂(tk; x) = E [v(tk+1;�k+1(x+ T 0(tk; x)))℄:For notational onveniene, we set: �(tk+1; x) = �(x; u(tk+1; x));�(tk+1; x) = b(x; u(tk+1; x); v̂(tk; x)):We also introdue k�k1 = supk2f0;:::;Ng�supx2Ck j�(tk; x)j� and k�k1 = supk2f0;:::;Ng�supx2Ck j�(tk; x)j�.From Assumption (A.1) and Propositions 4.6.2 and 4.6.3 (boundedness of u and h1=2v̂), k�k1+h1=2k�k1 �C.Step Two: Proof of Theorem 4.7.6, Comparison of Kernels.The following proposition, whose proof is postponed to the end of the setion, establishes a onnetion betweenthe previous probabilities P��1(T 0(tk ; x)) = y	 and P��1(T (tk; x)) = y	.Proposition 4.7.7 There exists a onstant C4:7:7 > 0 suh that for every y 2 C1:P��1(T 0(tk; x)) = y	 � �k(y) + �(y)(P1=2��1(T (tk; x)) = y	+ �k)where �k(y) � P�j�(tk+1; x)g(�Bk)� yj1 � Æ=2; jg(�Bk)��Bkj1 > Æ=(2k�k1)	;�(y) � C4:7:7Æd=2h�d=4 exp��C�14:7:7h�1jyj2�; �k � P1=2�jg(�Bk)��Bkj1 > Æ=(4k�k1)	:In the above expression, for all z 2 Rd ; jzj1 � maxi2f1;:::;dg jzij.
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From Proposition 4.6.3, h1=2v is bounded by a known onstant. Owing to Proposition 4.7.7 and (4.7.19), wethen get:Xy2C1��j(v � v)(tk+1;�k+1(x+ y))j�P��1(T 0(tk; x)) = y	�� Ch�1=2P�jg(�Bk)��Bkj1 > Æ=(2k�k1)	+ CÆd=2h�d=4�1=2P1=2�jg(�Bk)��Bkj1 > Æ=(4k�k1)	� Xy2C1 exp��C�1h�1jyj2��+ C� Xy2C1�Ædh�d=2 exp��C�1h�1jyj2���1=2� � Xy2C1 j(v � v)(tk+1;�k+1(x+ y))j2P��1(T (tk; x)) = y	�1=2� T (1) + T (2) + T (3):
(4.7.21)

Thanks to (4.3.10) and to the Bienaymé-Chebyhev inequality:T (1) � Chp=2�1=2Æ�pM�p=d: (4.7.22)Thanks again to (4.3.10) (applied to the exponent 2p):T (2) � Chp=2�d=4�1=2Æ�p+d=2M�p=d� Xy2C1 exp��C�1h�1jyj2��: (4.7.23)Note now from (4.7.20) that:T (3) = C� Xy2C1�Ædh�d=2 exp��C�1h�1jyj2���1=2� E�j(v � v)(tk+1;�k+1(x + T (tk; x)))j2�1=2: (4.7.24)Sine h�1Æ2 is small, note now that:Xy2C1(Æh�1=2)d exp(�C�1h�1jyj2)= 0�Xj2ZÆh�1=2 exp(�C�1j2Æ2h�1)1Ad � C 0 �ZRÆh�1=2 exp(�C�1z2Æ2h�1)dz�d � C 00:Hene: Xy2C1 exp��C�1h�1jyj2� � C 00Æ�dhd=2: (4.7.25)From (4.7.21), (4.7.22), (4.7.23), (4.7.24) and (4.7.25), we omplete the proof of Theorem 4.7.6 (reall againthat h�1Æ2 is small to dominate T (1) by E(gradient; p)). �Proof of Proposition 4.7.7, Gaussian Change of Variable.It now remains to prove Proposition 4.7.7. Note �rst that:P��1(T 0(tk; x)) = y	� P�jT 0(tk; x)� yj1 � Æ=2	= P�j�(tk+1; x)g(�Bk)� yj1 � Æ=2	= P�j�(tk+1; x)g(�Bk)� yj1 � Æ=2; jg(�Bk)��Bkj1 > Æ=(2k�k1)	+ P�j�(tk+1; x)g(�Bk)� yj1 � Æ=2; jg(�Bk)��Bkj1 � Æ=(2k�k1)	� P (1) + P (2): (4.7.26)
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Note that P (1) mathes �k(y) in Proposition 4.7.7. Hene, we just have to estimate P (2):P (2) = P�j�(tk+1; x)g(�Bk)� yj1 � Æ=2; jg(�Bk)��Bkj1 � Æ=(2k�k1)	� P�j�(tk+1; x)�Bk � yj1 � Æ	: (4.7.27)The strategy is now lear. A Gaussian hange of variable permits to introdue arti�ially the drift appearingin the de�nition of T (tk ; x). It omes:P�j�(tk+1; x)�Bk � yj1 � Æ	 = EQk � dPdQk 1fj�(tk+1;x)�Bk�yj1�Æg�where dQkdP = exp�h(��1�)(tk+1; x);�Bki � j(��1�)(tk+1; x)j2h2 �. Under Qk , �Bk is a d-dimensional Gaus-sian random variable with mean (��1�)(tk+1; x)h and ovariane matrix hId. Hene,P�j�(tk+1; x)�Bk � yj1 � Æ	= E �exp��h(��1�)(tk+1; x);�Bki � j(��1�)(tk+1; x)j2h2 �1fj�(tk+1;x)�Bk+�(tk+1;x)h�yj1�Æg�� C exp�C(1 + h�1=2jyj)�P�j�(tk+1; x)�Bk + �(tk+1; x)h� yj1 � Æ	;where the last identity follows from Assumption (A) and Propositions 4.6.2 and 4.6.3.We dedue from (4.7.27) and the above ontrol that:P (2) � C exp�C(1 + h�1=2jyj)�P�j�(tk+1; x)�Bk + �(tk+1; x)h� yj1 � Æ	: (4.7.28)It now remains to quantify the Gaussian inrement in the latter quantity with the onverse proedure. The�rst step is to replae the upper bound Æ in (4.7.28) by Æ=4. Note to this end that, for a given y 2 C1, we an�nd a �nite subset (yi)1�i�N(d) inluded in Rd , N(d) = 4d, suh that:8i 2 f1; :::; N(d)g; jy � yij1 � Æ;�j�(tk+1; x)�Bk + �(tk+1; x)h� yj1 � Æ	 = N(d)[i=1 �j�(tk+1; x)�Bk + �(tk+1; x)h� yij1 � Æ=4	:Hene:P�j�(tk+1; x)�Bk + �(tk+1; x)h� yj1 � Æ	 � N(d)Xi=1 P�j�(tk+1; x)�Bk + �(tk+1; x)h� yij1 � Æ=4	: (4.7.29)In order to reover y instead of yi for eah term of the sum in the r.h.s. of the above expression, we use oneagain a Gaussian hange of variable. Namely, 8i 2 f1; :::; N(d)g, put:dQk (i)dP = exp�h��1(tk+1; x)(yi � y);�Bki � j��1(tk+1; x)(yi � y)j2h2 � :Set Gk(i) = �(tk+1; x)�Bk + �(tk+1; x)h � yi. Under Qk (i), Gk(i) � N (�(tk+1; x)h � y;���(tk+1; x)h).Hene, from (4.7.29):P�j�(tk+1; x)�Bk + �(tk+1; x)h� yj1 � Æ	� N(d)Xi=1 E�exp��h��1(tk+1; x)(yi � y);�Bki � j��1(tk+1; x)(yi � y)j2h2 �� 1fj�(tk+1;x)�Bk+�(tk+1;x)h�yj1�Æ=4g�:139



Arguments similar to the ones used at the preeding Gaussian hange of variable ombined with the inequalityjy � yij1 � Æ then give:P�j�(tk+1; x)�Bk + �(tk+1; x)h� yj1 � Æ	� CN(d) exp(CÆjyj)P�j�(tk+1; x)�Bk + �(tk+1; x)h� yj1 � Æ=4	: (4.7.30)Write now:P�j�(tk+1; x)�Bk + �(tk+1; x)h� yj1 � Æ=4	= P�j�(tk+1; x)�Bk + �(tk+1; x)h� yj1 < Æ=4	� P�j�(tk+1; x)�Bk + �(tk+1; x)h� yj1 < Æ=4; j�Bk � g(�Bk)j1 � Æ=(4k�k1)	+ P�j�(tk+1; x)�Bk + �(tk+1; x)h� yj1 < Æ=4; j�Bk � g(�Bk)j1 > Æ=(4k�k1)	� P�j�(tk+1; x)g(�Bk) + �(tk+1; x)h� yj1 < Æ=2; j�(tk+1; x)�Bk + �(tk+1; x)h� yj1 < Æ=4	+ P�j�(tk+1; x)�Bk + �(tk+1; x)h� yj1 < Æ=4; j�Bk � g(�Bk)j1 > Æ=(4k�k1)	� P (3) + P (4): (4.7.31)
Note �rst from the Cauhy-Shwarz inequality, Assumption (A) and the expliit expression of the Gaussiankernel:P (3) � P1=2�j�(tk+1; x)g(�Bk) + �(tk+1; x)h� yj1 < Æ=2	� P1=2�j�(tk+1; x)�Bk + �(tk+1; x)h� yj1 < Æ=4	� CP1=2��1(T (tk; x)) = y	� ZB1(0;Æ=4) exp ��h�1j��1(tk+1; x)(z � (�(tk+1; x)h� y))j2� dz(2�h)d=2!1=2� C�Ædh�d=2 exp��C�1h�1jyj2��1=2P1=2��1(T (tk; x)) = y	: (4.7.32)
From the same arguments, we also derive:P (4) � P1=2�j�(tk+1; x)�Bk + �(tk+1; x)h� yj1 < Æ=4	P1=2�j�Bk � g(�Bk)j1 > Æ=(4k�k1)	� C�Ædh�d=2 exp��C�1h�1jyj2��1=2P1=2�j�Bk � g(�Bk)j1 > Æ=(4k�k1)	: (4.7.33)Thus, from (4.7.32) and (4.7.33):P (3) + P (4) � �(y)�P1=2��1(T (tk; x)) = y	+ �k�: (4.7.34)Apply Young's inequality to the produt h�1=2jyj and Æjyj in the exponential terms in (4.7.28) and (4.7.30)and dedue �nally from (4.7.28), (4.7.30), (4.7.31) and (4.7.34) that:P (2) � CÆd=2h�d=4 exp��C�1h�1jyj2��P1=2��1(T (tk; x)) = y	+ P1=2�j�Bk � g(�Bk)j1 > Æ=(4k�k1)	�:Thanks to (4.7.26), this ompletes the proof of Proposition 4.7.7. �8 Proof, Third Step: Gronwall's LemmaThis setion is devoted to the �nal step of the proof of Theorems 4.4.1, 4.4.2 and 4.4.3. For notationalonveniene, we set:E2(global) � E2(time) + E2(spae) + E2(trun) + E2(quantiz) + E2(gradient; p):140



8.1 Proof of Theorem 4.4.1, In�nite GridsWe �rst explain how to derive Theorem 4.4.1 from Theorem 4.7.3 when � = +1, i.e. when �1 = +1 a:s:.In this framework, the term E2(trun) in E2(global) redues to 0. The general ase is detailed in the nextsubsetion. For in�nite grids, we obtain from Theorem 4.7.3:j(u� u)(0; x0)j2 + C�1h NXj=1 E�j(v � v)(tj�1; Xtj�1)j2�� C�E2(global) + ��1h NXj=1 E�j(u� u)(tj ; Xtj�1 )j2�+ ��1h NXj=1 E�j(u� u)(tj�1; Xtj�1)j2�+ (� + h)h NXj=1 E�j(v � v)(tj ; Xtj )j2��:Note that, for every x 2 CN , v(T; x) = v(T; x). Hene, hoose � and h small enough to dedue that:j(u� u)(0; x0)j2 + C�1h NXj=1 E�j(v � v)(tj�1; Xtj�1 )j2� � C�E2(global) + h NXj=0 supx2Cj j(u� u)(tj ; x)j2�: (4.8.1)As usual in BSDE theory, note that the estimate (4.8.1) holds atually for any starting point (tk; x), 0 � k � N ,x 2 Ck. Hene: supx2Ck j(u� u)(tk; x)j2 � C�E2(global) + h NXj=k supx2Cj j(u� u)(tj ; x)j2�:Sine h is small, for every k 2 f0; :::; N � 1g:supx2Ck j(u� u)(tk; x)j2 � C�E2(global) + h NXj=k+1 supx2Cj j(u� u)(tj ; x)j2�:Apply now Gronwall's Lemma and dedue that:supx2C0 ju(0; x)� u(0; x)j2 � CE2(global):This ompletes the proof of Theorem 4.4.1 when � = +1. �8.2 Proof of Theorem 4.4.1, General CaseWe now turn to the ase of trunated grids. Generally speaking, most of the approah given in the formersubsetion still applies in the general framework. It is however impossible to mimi word for word the argumentsgiven above and we need to re�ne the previous Gronwall argument.First Step. We �rst aim to get rid of the di�erene v � v appearing in the r.h.s. of (4.7.2). Due to thefuntions (1ftj�1<�1g)j=1;:::;N , the mahinery used in the previous subsetion does not apply. To overomethis di�ulty, we write ftj�1 < �1g = ftj < �1g [ ftj = �1g. Indeed, sine v(T; x) = v(T; x) for x 2 CN andhjv � vj2 is bounded (see Theorem 4.2.1 and Proposition 4.6.3), note that:h NXj=1 E�j(v � v)(tj ; Xtj )j21ftj�1<�1g�= hN�1Xj=1 E�j(v � v)(tj ; Xtj )j21ftj<�1g�+ hN�1Xj=1 E�j(v � v)(tj ; Xtj )j21ftj=�1g�� h NXj=2 E�j(v � v)(tj�1; Xtj�1)j21ftj�1<�1g�+ CPf�1 < +1g: (4.8.2)
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Hene, (4.7.2) and (4.8.2) give for � and h small enough:j(u� u)(0; x0)j2 + C�1h NXj=1 E�j(v � v)(tj�1; Xtj�1)j21ftj�1<�1g�� C�Pf�1 < +1g+ E2(global) + h NXj=1 E�j(u� u)(tj ; Xtj�1)j21ftj�1<�1g�+ h NXj=2 E�j(u� u)(tj�1; Xtj�1)j21ftj�1<�1g��: (4.8.3)
The term E2(time) + E2(spae) + E2(quantiz) + E2(gradient; p) appearing in (4.7.2) has been replaed, fornotational onveniene, by E2(global) in the above referene. Nevertheless, mention arefully that the originof the term E2(trun) has not been explained yet. It is in the following lines.Seond Step. Note that (4.8.3) still holds if X starts at a given time ti, i 2 f0; :::Ng, from an Fti-measurableand square integrable random variable � with values in Ci. In suh a ase:E�j(u� u)(ti; �)j2�� C�Pf� ti;�1 < +1g+ E2(global) + h NXj=i+1 E�j(u� u)(tj ; Xti;�tj�1)j21ftj�1<� ti;�1 g�+ h NXj=i+2 E�j(u� u)(tj�1; Xti;�tj�1)j21ftj�1<� ti;�1 g��; (4.8.4)where the supersript (ti; �) denotes the initial ondition of the proess X . Due to the shift between tj�1 andtj in the r.h.s., there is no possible hoie of � to reover the same form of terms in the left and right handsides. In partiular, Gronwall's Lemma does not apply at this stage of the proof. Note in fat that the sameproblem oured in Subsetion 8.1: this was the reason why the supremum was taken in the r.h.s. of (4.8.1).To mimi this strategy, hoose � = x 2 Ci and take the supremum over these x:supx2Ci j(u� u)(ti; x)j2 � C� supx2Ci Pf� ti;x1 < +1g+ E2(global) + h NXj=i+1 supx2Cj j(u� u)(tj ; x)j2�: (4.8.5)It is then readily seen that Pf� ti;x1 < +1g is far from being negligible when x tends to the boundary of thegrid Ci. In partiular, there is no hope to prove Theorem 4.4.1 in the ase � < +1 with the arguments usedin Subsetion 8.1.Strategy. The reason why the latter method fails is rather lear: the way the supremum is taken in (4.8.5)is too rough to be really e�ient. Our strategy then onsists in applying (4.8.4) to a suitable hoie of �. Wethen have to estimate the probability Pf� ti;�1 < +1g for a random initial ondition (ti; �), � 2 L2(
;Fti ;P)with values in Ci. To this end, we need to ontrol e�iently the tails of the variables (Xti;�tj^� ti;�1 )i�j�N . Sinethe drift b is not bounded, the best we an do onsists in estimating the L2 norms of these variables.An L2 Control of the Proess X.The following lemma is proved at the end of the subsetion:Lemma 4.8.1 For all k 2 f0; :::; Ng, put �k = �1 ^ tk. Then, there exists a onstant C4:8:1 suh that for alli 2 f0; :::; Ng and � 2 L2(
;Fti ;P) with values in Ci:8k 2 fi; :::; Ng; E�jXti;��k j2� � C4:8:1�E j�j2 + 1 + E2(spae) + E2(gradient; p)�:Estimate of the Probability of Hitting the Boundary.Thanks to the previous lemma, we are now able to estimate the probability Pf� ti;�1 < +1g, with (i; �) as in142



Lemma 4.8.1. Indeed, f� ti;�1 < +1g � fjXti;��N j1+Æ � R+�g. Thanks to the Bienaymé-Chebyhev inequalityand to Lemma 4.8.1 (with k = N), it omes:Pf� ti;�1 < +1g � C(R + �)�2�E�jXti;��N j2�+ Æ2�� C�(R+ �)�2E [j�j2 ℄ + E2(spae) + E2(trun) + E2(gradient; p)�: (4.8.6)Plug now (4.8.6) into (4.8.4) to obtain:E�j(u� u)(ti; �)j2�� C�(R+ �)�2E [j�j2 ℄ + E2(global) + h NXj=i+1 E�j(u� u)(tj ; Xti;�tj�1)j21ftj�1<� ti;�1 g�+ h NXj=i+2 E�j(u� u)(tj�1; Xti;�tj�1)j21ftj�1<� ti;�1 g��: (4.8.7)A Re�ned Gronwall Argument.The key idea is to �nd by indution a sequene of onstants i(1), i(2), i 2 f0; :::; Ng, suh that for any� 2 L2(
;Fti ;P) with values in Ci:E�j(u� u)(ti; �)j2� � i(1)E2(global) + i(2)(R+ �)�2E [j�j2 ℄: (4.8.8)If we an exhibit two sequenes i(1) and i(2), i 2 f0; :::; Ng, satisfying (4.8.8) and uniformly bounded by aonstant C, then (4.8.8) yields:E�j(u� u)(ti; �)j2� � C�E2(global) + (R+ �)�2E [j�j2 ℄�: (4.8.9)Choosing i = 0 and � = x0 2 C0, we then omplete the proof of Theorem 4.4.1.Constrution of the Sequenes i(1); i(2).For i = N , we put: N (1) = N (2) = 0.Consider now a given i 2 f0; :::; N � 1g and assume that j(1) and j(2) are known for j = i+ 1; :::; N . Note�rst from (4.8.8), with i = j and � = Xti;�tj�1 , and from Lemma 4.8.1, with k = j � 1, that:E�j(u� u)(tj ; Xti;�tj�1)j21ftj�1<� ti;�1 g� � j(1)E2(global) + j(2)(R+ �)�2E�jXti;��j�1 j2�� j(1)E2(global) + j(2)C4:8:1(R+ �)�2�E [j�j2 ℄ + 1 + E2(global)�� �j(1) + 2j(2)C4:8:1�E2(global) + j(2)C4:8:1(R + �)�2E [j�j2 ℄:(4.8.10)Note that the same holds for E [j(u � u)(tj�1; Xti;�tj�1)j21ftj�1<� ti;�1 g℄ with respet to j�1(1) and j�1(2), j 2fi+ 2; :::; Ng. Thus, from (4.8.7) and (4.8.10):E�j(u� u)(ti; �)j2� � C�(R+ �)�2E [j�j2 ℄ + E2(global)+ 2h NXj=i+1��j(1) + 2j(2)C4:8:1�E2(global) + j(2)C4:8:1(R+ �)�2E [j�j2 ℄�� (4.8.11)Set: i(1) = C + 2Ch NXj=i+1�j(1) + 2C4:8:1j(2)�; i(2) = C + 2CC4:8:1h NXj=i+1�j(2)�: (4.8.12)Gronwall's Lemma diretly proves that the seond sequene is bounded. This allows to derive the boundednessof the �rst sequene. � 143



It now remains to prove Lemma 4.8.1.Proof of Lemma 4.8.1. We remove the supersript (ti; �) in the writing of X . Then:X�k = � + k�1Xj=i�(Xtj+1 �Xtj )1ftj<�1g�= � + k�1Xj=i�T (tj ; Xtj )1ftj<�1g�+ k�1Xj=i���j+1(Xtj + T (tj ; Xtj )) �Xtj � T (tj ; Xtj )�1ftj+1<�1g�+ k�1Xj=i���j+1(Xtj + T (tj ; Xtj )) �Xtj � T (tj ; Xtj )�1ftj+1=�1g�� � + S(1) + S(2) + S(3):
(4.8.13)

Deal �rst with S(2) and S(3). Note to this end that the distane between Xtj + T (tj ; Xtj ) and �j+1(Xtj +T (tj ; Xtj )) is bounded by Æ on ftj+1 < �1g. Dedue in partiular that E [jS(2)j2 ℄ � Æ2(k � i)2 � CE2(spae).Note moreover that the distane between Xtj + T (tj ; Xtj ) and �j+1(Xtj + T (tj ; Xtj )) is always bounded by2jT (tj ; Xtj )j+ Æ (see Lemma 4.6.6). Thus, applying the Cauhy-Shwarz inequality, it is readily seen that:E�jS(3)j2� � CÆ2 + C k�1Xj=i E�jT (tj ; Xtj )j21ftj+1=�1g�� Ch2E2(spae) + CPf�1 < +1g+ C k�1Xj=i E�jT (tj ; Xtj )j4�: (4.8.14)From Propositions 4.6.2 and 4.6.3, we an prove that E [jT (tj ; Xtj )j4℄ � Ch2. We �nally dedue (h beingsmall): E�jS(2)j2�+ E�jS(3)j2� � C�Pf�1 < +1g+ E2(time) + E2(spae)�: (4.8.15)A simpler strategy in (4.8.14) onsists in bounding E [jT (tj ; Xtj )j2℄ by Ch and thus E [jS(3)j2 ℄ by C(1 +E2(spae)). However, the ontrol obtained in (4.8.14) turns out to be useful in the next subsetion.It now remains to deal with S(1). The strategy is slightly di�erent: thanks to Propositions 4.6.3 and 4.7.2, weare able to estimate the drift, and thanks to the independene of the Brownian inrements, we easily boundthe martingale part. From Assumption (A), we dedue that there exists a onstant C suh that (reall thath is small): E�jS(1)j2� � Ch(k � i)�1 + h k�1Xj=i E�jv̂(tj ; Xtj )j21ftj<�1g��:Apply now Proposition 4.7.2 onerning the di�erene v̂ � v. Sine v is bounded, dedue that (reall thatE2(time) = h and h2E2(spae) = Æ2 are small):E�jS(1)j2� � Ch(k � i)�1 + E2(gradient; p) + h k�1Xj=i E�jv(tj+1; Xtj+1)j21ftj<�1g��: (4.8.16)Reall now from Proposition 4.6.3 that hN�1Xj=i E [jv(tj+1; Xtj+1)j2℄ is bounded.Thus, from (4.8.16), we laim: E�jS(1)j2� � C�1 + E2(gradient; p)�: (4.8.17)Thanks to (4.8.13), (4.8.15) and (4.8.17), we omplete the proof of Lemma 4.8.1. �144



8.3 Proofs of Theorems 4.4.2 and 4.4.3We turn to the proof of Theorems 4.4.2 and 4.4.3. The initial ondition of the proess X is given by X0 = x0,x0 2 C0, as in (4.3.14).Proof of Theorem 4.4.2. From inequalities (4.8.3) (deriving from the stability theorem), (4.8.6) (probabilityof hitting the boundary of the grids) and (4.8.10) (estimate of u � u, reall that j(1), j(2), j 2 f0; :::; Ng,are uniformly bounded), Theorem 4.4.2 holds with v(ti; Xti)1fti<�1g instead of v(ti; Xti). Sine v is bounded(see Theorem 4.2.1) and sine the probability of hitting the boundaries of the grids is ontrolled (see again(4.8.6)), we easily omplete the proof of Theorem 4.4.2. �Proof of Theorem 4.4.3. It just remains to study the onvergene of (Xtk ; Ytk ; Ztk)0�tk��1^T towardsthe solution (U; V;W ) of (E). Thanks to the Lipshitz properties of b and �, we �rst dedue by standardomputations the analogue of Proposition 4.7.1. Reall to this end that, for all k 2 f0; :::; Ng, �k = �1 ^ tk.Proposition 4.8.2 There exists a onstant C4:8:2 suh that for k 2 f1; :::; Ng:E jX�k � U�k j2 � C4:8:2�Pf�1 < +1g+ E2(time) + E2(spae) + E2(quantiz)+ h k�1Xj=0�E�jXtj � Utj j21ftj<�1g�+ E�j(u� u)(tj+1; Xtj )j21ftj<�1g��+ h k�1Xj=0 E�j(v̂ � v)(tj ; Xtj )j21ftj<�1g��: (4.8.18)
Sketh of the Proof. Note that X�k � U�k writes:X�k � U�k = k�1Xj=0�[(Xtj+1 � Utj+1)� (Xtj � Utj )℄1ftj<�1g�= k�1Xj=0�[T (tj ; Xtj )� (Utj+1 � Utj )℄1ftj<�1g�+ k�1Xj=0�[�j+1(Xtj + T (tj ; Xtj ))� (Xtj + T (tj ; Xtj ))℄1ftj+1<�1g�+ k�1Xj=0�[�j+1(Xtj + T (tj ; Xtj ))� (Xtj + T (tj ; Xtj ))℄1ftj+1=�1g�� R(1) +R(2) +R(3):Note that R(2) and R(3) exatly math S(2) and S(3) in the proof of Lemma 4.8.1, with i = 0. In partiular,(4.8.15) applies. Due to the Lipshitz properties of b and � and to the smoothness of u (see Theorem 4.2.1),the term R(1) is treated in a lassial way. �Reall now from Proposition 4.7.2 (estimate of v̂ � v), Theorem 4.4.2 (L2 estimate of v � v) and (4.8.6)
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(probability of hitting the boundary of the grids):h k�1Xj=0 E�j(v̂ � v)(tj ; Xtj )j21ftj<�1g�� C�E2(time) + E2(spae) + E2(gradient; p) + h k�1Xj=0 E�j(v � v)(tj+1; Xtj+1)j21ftj<�1g��� C�E2(time) + E2(spae) + E2(gradient; p) + h kXj=1 E�j(v � v)(tj ; Xtj )j21ftj<�1g�+ h kXj=1 E�j(v � v)(tj ; Xtj )j21ftj=�1g��� C�E2(global) + Pf�1 < +1g� � CE2(global):
(4.8.19)

Apply now inequality (4.8.10) (estimate of u�u) and (4.8.19) to (4.8.18) and dedue from Gronwall's Lemma:supk2f0;:::;Ng E jX�k � U�k j2 � CE2(global): (4.8.20)Finally, aording to Theorem 4.2.1, to Theorem 4.4.2 (L2 estimate of v � v) and to (4.8.10) (estimate ofu� u), we dedue the following intermediate estimate:supk2f0;:::;Ng E jX�k � U�k j2 + supk2f0;:::;Ng E jY�k � V�k j2 + hN�1Xj=0 E�jZtj �Wtj j21ftj<�1g� � CE2(global): (4.8.21)Applying Doob's inequality, we easily obtain the upper bound for:E� supk2f0;:::;Ng jX�k � U�k j2�+ E� supk2f0;:::;Ng jY�k � V�k j2�+ hN�1Xj=0 E�jZtj �Wtj j21ftj<�1g�: (4.8.22)It �nally remains to prove that (4.8.22) holds with (Utk ; Vtk ;Wtk )0�k�N instead of (U�k ; V�k ;Wtk1ftk<�1g)0�k�N .Sine the same arguments apply for V and W , we just detail the ase of U . Note indeed that for everyk 2 f0; :::; Ng: supk2f0;:::;Ng jX�k � Utk j2 � C supk2f0;:::;Ng jX�k � U�k j2 + C supk2f0;:::;Ng jU�k � Utk j2:Thanks to Burkholder, Davis and Gundy inequalities, it is readily seen that:E� supk2f0;:::;Ng jU�k � Utk j2� � CE�tN � �1� � CTPf�1 < +1g:Referring to (4.8.6), we easily omplete the proof of Theorem 4.4.3. �9 ConlusionAs a onlusion, we �rst give in Subsetion 9.1 further omments on Theorem 4.4.1 and ompare in partiularthe global error with the one obtained by Douglas et al. in [DMP96℄. We then give some easy extensions inSubsetion 9.2. Finally, we detail in Subsetion 9.3 the tehnial di�ulties assoiated to the natural Algorithm3.1.9.1 Comments and Comparisons with Other MethodsWe disuss in this subsetion the total omplexity and the rate of onvergene of Algorithm 3.2.146



Complexity of the Algorithm. Note �rst that the order of the total omplexity of the algorithm ish�1 �M � (2Æ�1(�+R))d.Rate of Convergene. Reall also that the global error of the algorithm is given by Theorem 4.4.1. Com-paring with the results in [DMP96℄, this global error is worse in our ase. There are two reasons to explain thisdi�erene. The �rst one does not depend on the algorithm, but is a onsequene of our working assumptions.Indeed, under suitable smoothness properties of the oe�ients b; f; � and of the solution u, standard It�developments in (4.7.9) would lead to E2(time) = h2 as in [DMP96℄.At the opposite, the seond reason for whih the global error is worse in our ase, depends on the spei�struture of the algorithm. Indeed, our hoie to avoid linear interpolation proedures indues a rather largeprojetion error E2(spae). To reah a term of order one with respet to h for E2(spae), we then need to takeÆ � h3=2. This hoie is far from being satisfatory and highly inreases the omplexity when the dimensiond inreases. Intuitively, there is no spei� reason for suh a relationship between Æ and h: as explained inSubsetion 4.1, Æ has just to be small in front of h to take into aount the in�uene of the drift b at theloal level. For this reason, we aim to study in further investigations the onvergene analysis of the algorithmwhen using a suitable �smooth� interpolation operator instead of a rough projetion mapping. This point isdisussed in a detailed way in the next subsetion.Further Comments on Errors. To onlude this subsetion, we investigate the three last error termsE(trun), E(quantiz) and E(gradient; p).The trunation error deays linearly when the grid size inreases. This ontrol may seem rather poor to thereader. Reall indeed that E(trun) appears, up to the disretization proedure, as the probability that adi�usion proess leaves a given bounded set. In the ase of ellipti di�usions with bounded oe�ients, it iswell known that this probability deays exponentially fast as the size of the underlying set inreases. Reall inthis frame from Theorem 4.2.1 that the oe�ients of the ellipti di�usion U are bounded. Note however thatthis rough argument fails in the disretized setting sine there is no a priori sharp estimate of the approximategradient v and thus of the assoiated approximate drift. This explains why our strategy to estimate E(trun)lies on the Bienaymé-Chebyhev inequality and thus provides the urrent form given by Theorem 4.4.1.Note �nally that the errors assoiated to the quantization proedure, E2(quantiz), and to the probabilistiapproximation of the gradient, E2(gradient; p), are expliitly ontrolled in terms of M; h, and Æ. They empha-size the prie to pay to weaken the assumptions: we have to assume that the quantization grid is rather smallompared to the spatial disretization one. Obviously, this inreases the number of elementary operations ofthe algorithm and thus its total omplexity. However, this does not a�et so muh the disretization proedureof the Gaussian law itself sine quantization grids an be omputed one for all apart from the implementationproedure of the algorithm.9.2 Extensions and Further InvestigationsWe now disuss some possible extensions of our work.Interpolation Proedure. As announed in the latter subsetion, we �rst investigate the assets and liabilitiesof a smooth interpolation proedure. One of the main advantages of the spatial disretization proposed inSetion 3.4, and then used in Algorithm 3.2, lies in its simpliity of implementation. However, from a purelymathematial point of view, this proedure may be rather awkward, sine it ignores more or less the deepsmoothness of the true solution u.Note in this framework that the funtion �1 may be seen as an operator ating on funtions from Rd intoR. For suh a funtion, the operator provides a rough interpolation of order 0 depending on the values ofthe funtion on the spatial mesh C1. As mentioned above, this interpolation proedure does not preservethe smoothness properties of the underlying funtion: in any ases, exept if the funtion is onstant, theinterpolation proedure indues jumps of size of order Æ. As a onsequene, the distane between the funtionand the interpolated one is also of order Æ. 147



A relevant strategy would onsist in replaing the projetion �1 by a smoother interpolation operator. In ourframework, an interpolation operator is said to be smooth if the distane between a given funtion ` and theinterpolated one dereases with the regularity order of `. For example, in dimension 1, the linear interpolationoperator: ` 7! �x 7! Æ�1(Æ + ÆbÆ�1x � x)`�ÆbÆ�1x�+ Æ�1(x� ÆbÆ�1x)`�ÆbÆ�1x+ Æ��;maps a C2(R;R) funtion into a pieewise smooth funtion and the distane between them is of order Æ2.Algorithm 3.2 an be written with respet to this new hoie, but we also believe that the proof would be moredi�ult to detail. Moreover, smooth interpolation proedures in higher dimension slow down the running ofthe underlying algorithm.Weakening Assumption. Note to onlude this subsetion that some assumptions ould be weakened. First,Theorem 4.2.1 still holds if b and f are just Hölder in x: in suh a ase, usual estimates of the gradient of uhold and Shauder's theory still applies. In partiular, the reader an verify that Theorems 4.4.1 and 4.4.2 arestill valid in this ase (but Theorem 4.4.3 given in Subsetion 4.3 is not).Moreover, Algorithm 3.2 still onverges if b; f; and � depend on t in a Hölder way.Finally, the following extension is oneivable. For H 2 C1+�; � 2℄0; 1[, the partial derivatives of order twoof u have an integrable singularity in the neighborhood of T . In this frame, it would be interesting to adaptthe Gronwall arguments given in Setion 8.9.3 Justi�ation of Algorithm 3.2We �nally explain why we are not able to show the onvergene of Algorithm 3.1.Convergene of Algorithm 3.1. Reall that the main di�erene between Algorithm 3.1 and Algorithm 3.2lies in the de�nition of the forward transitions. Indeed, in Algorithm 3.1:T (tk; x) � b(x; u(tk+1; x); v(tk+1; x))h+ �(x; u(tk+1; x))g(�Bk);X0 � x0; 8k 2 f0; :::; N � 1g; Xtk+1 = �k+1�Xtk + T (tk; Xtk)�:Unfortunately, in this ase, the well known BSDE mahinery fails under Assumption (A). At �rst sight, thisould seem rather amazing. Indeed, reall that very strong a priori estimates of the solution u and of itspartial derivatives hold in our framework. In partiular, we ould expet the disretization proedure of u andof its gradient to onverge under suh smoothness properties.The main di�ulty enountered to establish the onvergene of Algorithm 3.1 appears in Setion 7. Morepreisely, the lak of a priori ontrols of the regularity of u and v makes the stability strategy fruitless. Noteindeed that inequality (4.7.1) beomes in the frame of Algorithm 3.1:j(u� u)(0; x0)j2 + C�14:7:1h NXj=1 E�j(v � v)(tj�1; Xtj�1)j21ftj�1<�1g�� C4:7:1�Pf�1 < +1g+ E2(time) + E2(spae) + E2(quantiz)+ ��1h NXj=1 E�j(u� u)(tj ; Xtj�1)j21ftj�1<�1g�+ ��1h NXj=1 E�j(u� u)(tj�1; Xtj�1)j21ftj�1<�1g�+ (� + h)h NXj=1 E�j(v � v)(tj ; Xtj�1)j21ftj�1<�1g��:
(4.9.1)

Inequalities (4.7.1) and (4.9.1) just di�er in the last term: v̂(tj�1; Xtj�1) beomes v(tj ; Xtj�1). Note to beomplete that a similar shift ours in v, but, due to Theorem 4.2.1, it an be removed without any di�ulties.148



To apply the strategy used in Setion 7, and in partiular to derive an equivalent of Theorem 4.7.3 from (4.9.1),we then need to investigate the regularity in spae of v. Aording to the de�nition of v, a �rst step thenonsists in studying the regularity in spae of u.Lipshitz Control of u. Note that the natural strategy to ontrol the osillations of u would onsist inapplying the usual FBSDE mahinery to the triples (Xtk;x; Y tk ;x; Ztk;x) and (Xtk;y; Y tk;y; Ztk;y) for k 2f0; :::; N � 1g and x; y 2 Ck. Of ourse, supersripts (tk; x) and (tk; y) denote the initial onditions of theMarkov proess X .Nevertheless, we are not able to apply the strategies used in [Del02℄ and [Del03℄ to derive from the forward-bakward writing loal and global estimates of the disrete gradient of u. There are two reasons to explainthis failure.First, the rough projetion mapping hosen in Algorithms 3.1 and 3.2 indues an irreduible error greaterthan Æ when estimating the di�erene between u(tk; x) and u(tk ; y) in funtion of the parameters appearing in(A). The strategy to overome this di�ulty is well known: the projetion mapping has to be replaed by asmoother interpolation operator.Seond, any probabilisti strategy to estimate the Lipshitz onstant of u in x suh as the one exposedin [Del02℄ leads one way or another to the same di�ulty as the one enountered to apply the stabilityproedure to Algorithm 3.1. More preisely, studying the di�erene between the triples (Xtk;x; Y tk;x; Ztk;x)and (Xtk;y; Y tk ;y; Ztk;y), for k 2 f0; :::; N � 1g and x; y 2 Ck, leads to investigate the regularity of v. In short,one needs to estimate �rst the regularity of v to derive the one of u. Intuitively, it is well understood that thisis hopeless.
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Appendix AVarious auxiliary results1 Disrete sampling for the maximum of a Brownian motion: analternative proofIn this subsetion, the proess (Xt)t2[0;T ℄ is a one dimensional Brownian Motion with dynamis Xt = x0+�t+�Wt; � > 0. In the above expression W is a standard Brownian Motion. De�ne MT := maxs2[0;T ℄Xs; MNT :=maxs2[0;T ℄X�s . We are interested in ontrolling the quantity Errmax(h) := E [MT �MNT ℄ w.r.t. h. Note thatby de�nition one has Errmax(h) � 0.Reall from Setion 5.2 that we have the followingTheorem A.1.1 Let X be a one dimensional BM following the above dynamis. There exists a onstantC > 0 s.t. for h small enough Errmax(h) = E [MT �MNT ℄ � Cph:We provide an alternative proof to the one of Asmussen and al., see Setion 5.2 and [AGP95℄, and showthis result using some of the tehniques developed in setion 2. Furthermore this proof also emphasizes wean weaken some assumptions in Theorems 2.2.1 and 2.4.1 in the speial ase of Brownian Motion. In thefollowing of the setion we stik to the notations introdued in Chapter 2.Note �rst that Errmax(h) = �E [ maxs2[0;T ℄(���1s+Ws)� maxs2[0;T ℄(���1�(s) +W�(s))℄:Hene, w.l.o.g. we prove the result for a standard drifted Brownian Motion, i.e. setting x0 = 0; � = 1 in theprevious de�nition.Error deomposition of Errmax(h)Let Xt = �t +Wt. Note that MT � �T + maxs2[0;T ℄Ws. From Levy's identity maxs2[0;T ℄Ws =L jWT j andMT � MNT ; a:s: we �rst derive that Errmax(h) is well de�ned. Put 8a 2 R+� ; �a := inffs � 0 : Xs =ag; �a;N := inffsi � �(�a) + h : Xsi � ag. It omesErrmax(h) = Z 10 daP[MT � a℄� P[MNT � a℄ = Z 10 daP[�a;N > T ℄� P[�a > T ℄= Z 10 daP[�a � T; �a;N > T ℄:To get rid of the drift term we use the usual Girsanov transformation. Put dQdP ����Ft = exp���Wt � �22 t� :=E(��Wt). Under Q the proess X is a standard Brownian Motion. It omesErrmax(h) = Z 10 daEQ [E(�XT )1�a�T;�a;N>T ℄:151



De�ne now 8(a; t) 2 R+� � [0; T ℄; �at := inffs � t : Xs � ag; V at := EQ [E(�XT )1�at >T jFt℄. Set V a�(�a) = 0.Following the strategy of setion 2 we writeErrmax(h) = Z 10 daEQ [1�a�T N�1Xi=�(�a)=hEQ [V ati+1^�a;N � V ati^�a;N jF�a ℄℄= Z 10 daEQ [1�a�T N�1Xi=�(�a)=hEQ [1�a;N>ti;�ati�ti+1EQ [V ati+1 jF�ati ℄jF�a ℄℄:Proof of Theorem A.1.1We split the former deomposition of Errmax(h) into two parts. Namely,Errmax(h) = Z 10 daEQ [1�a<T�h N�2Xi=�(�a)=hEQ [1�a;N>ti;�ati�ti+1EQ [V ati+1 jF�ati ℄jF�a ℄℄+Z 10 daEQ [1�a<T EQ [1�a;N>T�h;�aT�h�T EQ [V aT jF�aT�h ℄jF�a ℄℄ := A1 +A2:For i 2 [[0; N � 2℄℄ on the set f�ati � ti+1g we derive from the Markov property of Brownian Motion and thejoint law of the Brownian Motion and its maximumEQ [V ati+1 jF�ati ℄ =EQ [1Xti+1<aZ a�Xti+10 dsZ s�1du 2(2s� u)(2�(T � ti+1)3)1=2 exp(� (2s� u)22(T � ti+1) ) exp(�(Xti+1 + u)� �22 T )jF�ati ℄= EQ [1Xti+1<aZ a�Xti+1�1 du exp(�(Xti+1 + u)� �22 T )Z a�Xti+10_u ds 2(2s� u)(2�(T � ti+1)3)1=2 exp(� (2s� u)22(T � ti+1) )jF�ati ℄= EQ [1Xti+1<aZ a�Xti+1�(a�Xti+1 )du exp(�(Xti+1 + u)� �22 T ) 1(2�(T � ti+1))1=2 exp(� u22(T � ti+1) )jF�ati ℄� C exp(�a� �22 T )EQ [ jXti+1 � aj(T � ti+1)1=2 jF�ati ℄ � Cph exp(�a)(T � ti+1)1=2where we used Lemma 2.1.1 for the last inequality. Plugging this ontrol into A1 and using Lemma 2.2.3 thatreadily holds true uniformly in a 2 R+� under our urrent assumptions we getA1 � CphZ 10 da exp(�a)EQ [1�a<T�h N�2Xi=�(�a)=h1�N;a=ti+1(T � ti+1)�1=2℄:On the other hand, on the set f�aT�h � Tg, EQ [V aT jF�aT�h ℄ = EQ [exp(�WT � �22 T )1WT<ajF�aT�h ℄ � exp(�a ��22 T ). Thus, A2 � CZ 10 da exp(�a)N�1Xi=0 Q[�a 2 [ti; ti+1); �a;N = T ℄:We now state a tehnial Lemma whose proof is postponed to the end of the setion.Lemma A.1.2 For all i 2 [[1; N ℄℄ on the set f�a < tig put ~i := (ti � �(�a))=h. One hasQ[�a;N = tijF�a ℄ � C �12�2� �(~i� 1=2)�(~i+ 1)�(1=2) + �(b~i=2+~i%2� 1=2)�(b~i=2+~i%2+ 1)�(1=2)� := ~ (~i)where % denotes the rest of the Eulidean division. 152



Term A2Put 8i 2 [[0; N � 1℄℄; ~pi = ~ (N � i). From Lemma A.1.2 we getA2 � CZ 10 da exp(�a)N�1Xi=0 Z ti+1ti ds a(2�s3)1=2 exp��a22s� ~pi� CZ 10 da exp(�a)b (N�1)2 Xi=0 Z ti+1ti ds a(2�s3)1=2 exp��a22s� ~pi+ CZ 10 da exp(�a) N�1Xi=b (N�1)2 Z ti+1ti ds a(2�s3)1=2 exp��a22s� ~pi:= A21 +A22:From Stirling's Formula, i.e. �(x) �x!1 p2�xx�1=2e�x, we derive that for x large enough12p2�xx�1=2e�x � �(x) � 32p2�xx�1=2e�x:Thus, for h small enough, 8i 2 [[0; b (N�1)2 ℄℄,~pi � C � (N � i� 1=2)N�i�1e�(N�i�1=2)(N � i+ 1)N�i+1=2e�(N�i+1) + ((N � i)=2� 1=2)(N�i)=2�1e�((N�i)=2�1=2)((N � i)=2 + 1)(N�i)=2+1=2e�((N�i)=2+1) �� C(N � i)�3=2 � Ch3=2: (A.1.1)Hene, A21 � Ch3=2Z 10 da exp(�a)Q [�a 2 [0; T=2℄℄ � Ch3=2Z 10 daP[MT=2 � a℄ � Ch3=2: (A.1.2)On the other hand for i 2 [[b(N � 1)=2; N ℄℄,Z ti+1ti ds a(2�s3)1=2 exp(�a22s ) � Ch a(2�(T=2)3)1=2 exp(�a2T ) � Ch exp(�a2=T ):From (A.1.1) we derive that 9C > 0; NXi=b(N�1)=2~pi � C. Thus,A22 � ChZ 10 da exp(�a) exp(�a2=T ) � Ch: (A.1.3)From (A.1.2) and (A.1.3) we get that there exists a onstant C > 0 s.t. for h small enoughA2 � Ch: (A.1.4)Term A1Put AI1 := Z 10 da exp(�a)EQ [1�a<T�h N�2Xi=�(�a)=h1�N;a=ti+1(T�ti+1)�1=2℄. We aim to show that this quantityis bounded. Using the Markov property and the stationarity of the inrements of Brownian motion we writeAI1 = Z 10 da exp(�a)Z T�h0 ds a(2�s3)1=2 exp(�a22s )(T�(�(s)+h))=hXj=1 (T � (�(s) + jh))�1=2P[�N;0;s = jh℄:= Z 10 da exp(�a)Z T�h0 ds a(2�s3)1=2 exp(�a22s )(T�(�(s)+h))=hXj=1 (T � (�(s) + tj))�1=2 s(tj)153



putting �N;0;s := inffsi � �(s) + h � s : ~Wsi > 0g, where ~W is a standard BM s.t. ~W�(s)+h�s = 0. FromLemma A.1.2 we get 8s 2 [0; T � h); j 2 [[1; (T � (�(s) + h))=h℄℄;  s(tj) � C ~ (tj=h). Thus,AI1 � h�1Z 10 da exp(�a)Z T�h0 ds a(2�s3)1=2 exp(�a22s )Z (T�(�(s)+h))0 dt(T � (�(s) + �(t)))�1=2 ~ (�(t)=h)� Ch�1Z T�h0 dt ~ (�(t)=h)Z T�h�t0 ds(T � �(s)� �(t))�1=2s�1=2Z 10 da exp(�a) exp��a2s � 1(2�s)1=2� Ch�1Z T�h0 dt ~ (�(t)=h)Z T�h�t0 ds(T � �(s)� �(t))�1=2s�1=2 � CN�1Xi=0 ~ (i):From (A.1.1), we derive that this series onverges. Hene, 9C > 0 s.t.A1 � Cph: (A.1.5)From equations (A.1.4) and (A.1.5) the proof of Theorem A.1.1 is omplete. �Proof of Lemma A.1.2. Let (Yi)i2N� be a sequene of i.i.d. standard Gaussian variables. De�ne, for alla 2 [0; 1℄, a random walk (San)n2N starting from 0 and suh that Sa1 = aY1;8j � 2; Saj = aY1 + jXi=2Yi.From the Markov property of Brownian Motion we get that for all i 2 [[1; N ℄℄ on the set f�a < tig; Q[�a;N =tijF�a ℄ orresponds to the probability that the �rst ladder epoh of Sa; a = ��(�a)+h��ah �1=2 equals i��(�a)=h.Reall now that for entered random walks with i.i.d. inrements the generating funtion of the ladderepohs an be derived from Theorem 1 Chapter 12.7 in Feller, [Fel66℄. Using the above de�nition, S1 entersin this framework.Set by onvention \kj=k+1Aj = 
 for an arbitrary sequene of events (Aj)j�1 and an arbitrary integer k.Put 8n 2 N� ; pn := P[\n�1j=1 S1j � 0; S1n > 0℄; 8s 2 [0; 1℄; G(s) :=Xn�1pnsn. One hasG(s) = 1� (1� s)1=2:From this last expression we also derive by di�erentiation thatp1 = 1=2; 8n � 2; pn = 12 �(n� 1=2)�(n+ 1)�(1=2) : (A.1.6)In our ase we have to manage the time inhomogeneity of the �rst inrement. To this end we introdue8n 2 N� ;8a 2 [0; 1℄; pn(a) = P[\n�1j=1 Saj � 0; San > 0℄. It omes 8a 2 (0; 1℄; p1(a) = 12 ; 8n � 2; pn(1) =pn; pn(0) = 12pn�1. We now aim to upper-bound uniformly in a 2 [0; 1℄; pn(a) in terms of (pj)j�1. Let usdenote gs(x) = (2�s)�1=2 exp(�x2=2s) the density of the entered Gaussian law with variane s > 0. In thefollowing, we use the onvention �kj=k+1ej = 1 for an arbitrary sequene (ej)j�1 and an arbitrary integer k.For a 2 (1=2; 1℄, we get for n � 2pn(a) = Z 0�1dy1ga(y1)0�n�1Yj=2 Z �Pj�1i=1 yi�1 dyjg1(yj)1AZ 1�Pn�1i=1 yidyng1(yn)� p2pn: (A.1.7)For a 2 [0; 1=2℄; n � 2,pn(a) = Z 0�1dy1g1(y1)0�1n�3Z 0�1dy2g1(y2 � a1=2y1)0�n�1Yj=3 Z 0�1dyjg1(yj � yj�1)1AZ 10 dyng1(yn � yn�1)+1n=2Z 10 dy2g1(y2 � a1=2y1)� : 154



Sine we are mainly onerned with asymptoti behaviours of pn w.r.t. n we now fous on the ase n � 3.For n = 2 we simply remark that 8a 2 [0; 1=2℄; pn(a) � 1=2. Using the simple inequality jy2 � a1=2y1j2 �12 jy2j2 � ajy1j2 we obtainpn(a) � p2Z 0�1dy1g1((1� a)y1)Z 0�1g2(y2)0�n�1Yj=3 Z 0�1dyjg1(yj � yj�1)1AZ 10 dyng1(yn � yn�1)� CP[ ~Y1 � 0;\n�1j=3 ~Y1 + jXi=3Yi � 0; ~Y1 + nXi=3Yi > 0℄where ~Y1 =L N (0; 2) and is independent of (Yi)i�3. De�ne 8i � 2; ~Yi = Y2i�1+Y2i. By onstrution, the ( ~Yi)i�1form a sequene of i.i.d. entered Random variables. Hene, the law of the ladder epohs of the assoiatedrandom walk ~S is also given by (A.1.6). It omes,pn(a) � C �P[\bn=2�1j=1 ~Sj � 0; ~Sbn=2 > 0℄1n%2=0 + P[\bn=2j=1 ~Sj � 0; ~Sbn=2 + Yn > 0℄1n%2=1� :For odd n one has f ~Sbn=2 � 0; ~Sbn=2 + Yn > 0g � f ~Sbn=2 � 0; ~Sbn=2 +p2Yn > 0g . We �nally derivepn(a) � Cpbn=2+n%2: (A.1.8)The Lemma is now a simple onsequene of (A.1.6), (A.1.7) and (A.1.8). �Remark A.1.1 In Mathematial Finane, the result of Theorem A.1.1 has appliations for the evaluationof look-bak options. In a Blak-Sholes framework, under whih the prie dynamis of the underlying asset,(St)t2[0;T ℄, follows a Geometri Brownian Motion: St = S0 exp(�Wt + (� � �2=2)t); � > 0, the prie ofsuh options writes E [ (exp(XT ); exp(MT ))℄ for a given pay-o� funtion  . For Lipshitzian funtions  , theproof of Theorem A.1.1 provides an upper bound of order 1/2 w.r.t. h for the weak error assoiated to thedisrete observation of the maximum of the prie of the underlying asset. This had been observed in the Ph.Dissertation of Seumen-Tonou, [ST97℄, who employed rather heavy analytial tehniques.Remark A.1.2 The above proof of Theorem A.1.1 also emphasizes that, for the Brownian Motion, Theorems2.2.1 and 2.4.1 remain valid without the support ondition appearing in (G1).

155





Appendix BIndex of the assumptionsIn this appendix, we sum up our various assumptions.Chapter 1Assumption Meaning De�ned at page(C) Uniform non harateristi boundary ondition 19(D-k), k 2 N The domain D is of lass Ck and has ompat boundary 19(D-l), l =2 N The domain D is of lass H l and has ompat boundary 20(F1) f � 0 is Borel and bounded, d(supp(f); �D) � 2" > 0 20(F2-l), l =2 N f is of lass H l( �D) 20(H') �Usual� hypoelliptiity ondition on the oe�ients b; � 18(H) Strong hypoelliptiity ondition on � 18(S-k), k 2 N The oe�ients b; � are bounded in Ck( �D) 18(S-l), l =2 N The oe�ients b; � are bounded in H l( �D) 20(UE) Uniform elliptiity on the di�usion oe�ient � 18
Chapter 2Assumption Meaning De�ned at page(C) Almost sure uniform non harateristi boundary ondition 56(C') Almost sure uniform non harateristi boundary ondition 65assoiated to (D')(D-k), k 2 N The domain D is of lass Ck and has ompat boundary 56(D') D = \mi=1Di;m 2 N� , where Di satis�es (D-2) 65(G1) g is Borel and bounded, 8t 2 [0; T ℄; d(supp(g(t; :); �D) � 2" > 0 56(G2) g is bounded in C1;2([0; T ℄� Rd ) 56(MID) X is real valued and has a smooth u.e. Markovian di�usion term 68(S) �Continuity� ondition on � 56
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Chapter 3Assumption Meaning De�ned at page(D) D � Rd is an orthant, i.e. D = \mi=1fy 2 Rd : yi > bi0g 75(BM) X is a BM of the form X = x+ �W , W standard BM 75(S) v 2 C2;4b ([0; T ℄� Rd) 75(S') Alternative smoothness assumption for v, 85(F1) Smoothness and ompatibility onditions on f 88(F1') Alternative smoothness assumption on f 88(F2) Alternative smoothness assumption on f 95
Chapter 4Assumption Meaning De�ned at page(A.1) Boundedness of (b; �; f;H) in x, linear growth in y; z 108(A.2) Uniform elliptiity of ��� 108(A.3) Lipshitz ontinuity in all variables of (b; �; f;H) 108(A.4) Boundedness of H in C2+�(Rd ) 108
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