N

N

Stabilisation frontiere du systéme élastodynamique en
présence de singularités

Romain Brossard

» To cite this version:

Romain Brossard. Stabilisation frontiere du systéme élastodynamique en présence de singularités.
Mathématiques [math]. Ecole Centrale de Lyon, 2004. Francais. NNT: . tel-00008910

HAL Id: tel-00008910
https://theses.hal.science/tel-00008910
Submitted on 30 Mar 2005

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-00008910
https://hal.archives-ouvertes.fr

ECOLE CENTRALE DE LYON

Année 2004 numéro d’ordre 2004-26

THESE

Présentée et soutenue publiquement le 30 novembre 2004

Pour 'obtention du

Doctorat de I’Ecole Centrale de Lyon

Discipline : Mathématiques et informatique fondamentale (M ATHIF)

Par

Romain Brossard

Sujet :

Stabilisation frontiére du systéme élastodynamique
en présence de singularités

Composition du jury :

Mme Fatiha ALABAU-BOUSSOUIRA
M. Vilmos KOMORNIK

M. Jean-Pierre LOHEAC

M. Mohand MOUSSAOUI

M. Serge NICAISE

Mme Michelle SCHATZMAN






Résumeé : Nous considérons le cas d’un corps faiblement élastique dont une partie de la
frontiére est encastrée. Notre probléme est de déterminer un contréle sur la partie de la
frontiere laissée libre (non-encastrée), de telle sorte que le systéme, quelque soit son état
d’origine, s’amortisse le plus rapidement possible.

En d’autres termes, nous considérons un systéme élastodynamique, amorti au moyen
d’une rétroaction définie par une condition de type Neumann sur une partie de la frontiére,
I’autre partie de la frontiére étant munie des conditions de Dirichlet homogéne. Nous
obtenons des résultats de stabilisation frontiére linéaire et non-linéaire, ainsi qu’un résultat
de controlabilité. Nous démontrons pour cela des relations ad-hoc, dites de Rellich, puis
nous utilisons la méthode des multiplicateurs.

L’originalité de ce travail réside dans la présence d’une interface entre la partie Dirichlet
et la partie Neumann, qui génére des singularités.

Mots clés : Systéme linéaire de I’élasticité, Singularité, Régularité, Condition aux limites
Dirichlet-Neumann, Stabilisation frontiére du systéme élastodynamique, Contrélabilité
frontiére du systéme élastodynamique, Relation de Rellich, Méthode des multiplicateurs.

Abstract : We consider the case of a weakly elastic body, with a sinked part along its
boundary. Our problem is to build a control along the free part of the boundary, such
that the energy function vanishes as quick as possible.

In other words, we consider an elastodynamic system, damped by a Neumann feedback
on the free part of the boundary. We assume that homogen Dirichlet condition holds on
the other part. We obtain linear and nonlinear boundary stabilization results, and a
controllability result. We need so-called Rellich relations, and we use multipliers method.

The originality of this work lies in the existence of a non-empty interface between
Dirichlet part and Neumann part, which generates singularities.

Key words : Linear elasticity system, Singularity, Regularity, Dirichlet-Neumann boun-
dary condition, Boundary stabilization of elastodynamic system, Boundary controllability
of elastodynamic system, Rellich relation, Multipliers method.
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8 INTRODUCTION

Nous considérons le cas d'un corps faiblement élastique dont une partie de la frontiere
est encastrée. Notre probléme est de déterminer une rétroaction (un feedback) sur la partie
de la frontiere laissée libre (non-encastrée), de telle sorte que le systéme, quelque soit son
état d’origine, s’amortisse le plus rapidement possible.

0.1 Le probléme considéré

Soit £ un ouvert borné de R" suffisamment régulier. On suppose que sa frontiére 02
vérifie :

0Qp NIy =10,
00 = 00p U Iy, avec] mes(0€)p) # 0, (1)
mes(0Qy) # 0.

On note I' = 9On N INp, interface entre la partie encastrée 0Q2p et la partie libre
00y (cf figure 1).

Fic. 1 — Un exemple de domaine €.

Soit v un champ de vecteurs suffisamment régulier. On définit pour ce champ le tenseur
des déformations e(v) € M, (R) par :

e(v) = Jac(v) +" Jac(v).

Nous allons considérer dans la suite un corps élastique homogeéne et isotrope. Soient
A>0et u>0,les coefficients de Lamé, tels que, en vertu de la loi de Hooke, le tenseur
des contraintes o(v) € M,,(R) s’écrit :

o(v) =2ue(v) + Mr(e(v))I,.
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Le systéme élastodynamique linéaire isotrope, controlé sur la partie 92y par le feed-
back F, s’écrit :

u” — div(o(u)) =0 dans 2 x R, ;

u=>0 sur 0Qp X Ry ; 5
o(u)v = F(x,u) sur 0Qn X Ry ; (2)
u(0) = ugp, W' (0) =u; dans Q;

ol

u : Q xR, — R" est le champ des déplacements, u’ et u” les dérivées en temps,
— v est le vecteur normal sortant sur la frontiére,

F est la fonction feedback.

~ (ug,uy) sont les conditions initiales.

Pour ce systéme, on définit ’énergie :

E(u,t) = %/Q(|u’|2 +o(u):e(u))dx ;

ot o(w): () = S0, (W ()
Le probléme est de donner des conditions sur €, I et F afin que cette énergie soit
exponentiellement décroissante en temps, au sens suivant :

Pour tout C' > 1, il existe une constante w > 0 telle que pour toute condition initiale
(ug, wy) suffisamment réguliere, la solution u du probléeme (2) vérifie

Vt € Ry, E(u,t) < Ce ' E(u,0).

Quelques notations pour la suite

On introduit les espaces suivants :
S12(0) = (I2(Q)",  B(Q) = (HHQ)", pour >0 ;
- HL(Q)={veH(Q) /v=0sur 0Qp} ;

H

— H =H}L(Q) x L?(Q), avec la norme suivante :

V(VQ,Vl) € H, ||(V0,V1)||'H = [2 <|V1|2 + O(VQ)IE(V())) dx.

— Pour un champ de vecteurs v régulier, on définit

611}1 e @nvl
Vv = (0jvi)1<ij<n = : -
al”Un e anvn
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0.2 Les résultats obtenus précédemment pour le systéme élasto-
dynamique

L’étude de la stabilisation frontiére du systéme élastodynamique a débuté par Lagnese
([22]), en 1983. 1l a pour cela introduit le feedback dit “naturel”. Le systéme élastodyna-
mique linéaire isotrope, avec ce feedback naturel, s’écrit :

u” —div(o(u)) =0 dans Q x Ry ;

u=0>0 sur 0Qp X Ry ; (3)
oc(u)v =F(x,u,u’) sur 0Qy x Ry ;

u(0) = ugp, W' (0) =uy; dans Q;

oit F(x,u,v) = —a(x)u — b(x)u’, avec a,b € C'(Iy).
Par une méthode classique de semi-groupe, on montre que le probléme (3) admet une
unique solution, sous la condition suivante :

(up,m) €' H (4)

Pour le probléme (3), I’énergie s’écrit :

Eut)= ( [+ otwsewyax+ |

a|u|2dF) ;
12:95%

Les résultats obtenus dans [22] ne s’appliquent pas aux systémes isotropes. Dans [23],
Lagnese montre un résultat de stabilisation pour les systémes isotropes en dimension 2,
en introduisant un feedback artificiel. Dans [20], Komornik passe a la dimension 3 pour
0y sphérique, toujours pour ce feedback artificiel.

C’est en 1997, dans [1], qu’Alabau et Komornik obtiennent un résultat de stabilisation
avec le feedback naturel pour des systémes isotropes et anisotropes, a l'aide d’une nouvelle
identité. Ces résultats ont été par la suite étendus dans [15, 17, 2, 3|, pour des géométries
moins restrictives. Cependant, dans tous ces travaux, les différents auteurs supposent
que Oy N OQp = 0, ce qui permet d’avoir des solutions fortes dans C'(R*, H?(2)). En
revanche, lorsque 0Qy N OQp # 0, le changement de conditions au bord génére pour les
solutions fortes des solutions singuliéres qui n’ont plus la régularité H?, comme dans le
cas des ondes que nous décrirons plus loin.

Le résultat le plus général pour le systéme de Lamé, toujours sans singularité, a été
obtenu par M. A. Horn [18], a I’aide de techniques micro-locales, mais ces techniques ne
conduisent pas & un taux de décroissance explicite, dans ce cas.

Notre objectif était donc d’obtenir un résultat de stabilisation frontiére du systéme
¢lastodynamique dans le cas ou il existe une interface I' non vide entre la partie Dirichlet
0€)p et la partie Neumann 0§y, et si possible avec des techniques permettant d’avoir des
taux explicites de décroissance.

0.3 Le cas de I’équation des ondes

Nous nous sommes donc intéressés d’abord a 1’équation des ondes (cf [19] et les réfé-
rences de ce livre), pour laquelle cet objectif avait été précédemment atteint. Des condi-
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tions géométriques induisant des singularités ont d’abord été étudiées dans [13]. Ce travail
a ensuite été étendu dans [21], ol a été introduit le feedback décrit ci-dessous, puis dans
[4], ot le cas de la présence d’une interface Dirichlet-Neumann a été étudié. Nous donnons
ici un rappel des résultats obtenus dans cette derniére référence.

Soit n > 3. Soit © un ouvert borné connexe de R” tel que, au sens de Necas ([31]), 02
est de classe C2. En tout point x de 92, on définit v(x) le vecteur normal unitaire sortant

(cf figure 2).

Fic. 2 — Un exemple de domaine ).

On fixe xo € R™\ Q et on définit la partition de la frontiére de Q de la fagon suivante :

m(x) =x—xXg, VxeR";
0Ny ={x €0 / m(x)v(x)>0}; (5)
00p ={x €N/ m(x)-v(x) <0}

On note I' = 99y N OQp. On suppose que

I" est une sous-variété de codimension 2 et de classe C? telle
qu’il existe un voisinage 2'de I' tel que 02 N Vest une sous-variété (6)

de codimension 1 et de classe C3.(cf figure 2)
Nous pouvons considérer OS2y comme un ouvert régulier de 0€2, et ainsi définir en tout
point s de I, 7(s) le vecteur unitaire normal & 9y, pointant vers 'extérieur de 9y et
tangent a 0L). On suppose alors que, pour tout s € I, on a

m(s)-7(s) < 0, (7)

ce qui est toujours vrai si €2 est convexe.
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On regarde alors le probléme suivant :

" —Au=0 dans Q x Ry ;

u=20 sur 0Q0p X Ry ; (8)
g—z = —(m-v)u sur 00y X Ry ;

u(0) = ug, v'(0) =uy dans €.

On suppose que (ug,u1) € HH(Q) x L*(2). Dans ce cas, le probléme (8) admet une
unique solution :

u € CO(RT, HH(Q)) N CHRY, L*(Q)).

On définit alors son énergie :

1
B(u,t) = | /Q(|u’|2 +[Vul) dx.

Nous considérons u une solution forte. Une singularité apparait au voisinage de I'. Par
réflexion, on montre qu’en fait, cette singularité est du méme type que la singularité qui
apparait dans le cas d’une fissure avec condition de Dirichlet.

On regarde la solution u a t > 0 fixé. Au voisinage de tout point de Q\ T, la solution
est H2.

0 -02

Fic. 3 — Comportement local de la fonction de Shamir.

Au voisinage d'un point s de I', on considére le repére orthonormé formé de v(s)
et 7(s), et complété par n — 2 vecteurs (z1,...,Z,—2). Les dérivées partielles de u par
rapport aux z; sont H!. Et surtout, u se décompose en la somme d’'une fonction H? et
d’une fonction singuliére, produit tensoriel d’une fonction H? sur T et de la transformée
isomorphe de la fonction ug, définie sur un demi-disque en coordonnées polaires par :

usr6) = Visin (5 ) <0, 9)

ot ¢(r) est une fonctions de troncature, C*°, valant 1 au voisinage de 0 et 0 & partir d'un
certain ry. Cette fonction a été introduite par Shamir [36]. (cf figure 3)
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Ce résultat permet d’obtenir une relation, dite de Rellich (cf. [34]) :

Soit uw € H'(Q) tel que :
— Au € L*(Q) ;

~ ujn, € HY2(0Qp) ;
- &,u|3QN € H1/2(@QN)

Alors, 2(m-Vu)o,u — (m-v)|Vul? est intégrable sur 02, et il existe ( € HY*(T') tel
que
2/(m-Vu)Audx = (n—Q)/ |Vu|2dx+/ (2(m-Vu)d,u — (m-v)|Vul?) dvy
Q Q 00
+/(m-7’)|§|2ds. (10)
r

Ce résultat est en fait utilisé sous la forme suivante, grace a (7) :

2/(m-Vu)Audx < (n—Q)/ |Vu|2dx+/ (2(m-Vu)d,u — (m-v)|Vul?) dv.
Q Q o9
On utilise alors la méthode des multiplicateurs (cf [19]), pour obtenir le résultat de sta-

bilisation frontiére suivant :
Il existe C > 1 et w >0, indépendants de (ug,uy) tels que

Vt € Ry, E(u,t) < Ce ™ E(u,0).

0.4 Les résultats obtenus

0.4.1 La piste que nous avons suivie

Nous nous sommes inspirés du cas de I’équation des ondes pour obtenir la stabilisation
frontiere du systéme élastodynamique (2). Nous nous sommes d’abord demandés quel
feedback F adopter. La question qui se posait était de savoir si nous pouvions garder
le feedback naturel général, ou bien si un feedback plus proche de celui utilisé pour les
ondes pouvait mieux convenir. Afin de se donner une premiére idée de la réponse & cette
question, nous avons cherché quel feedback adopter pour stabiliser I’équation suivante,
qui est une équation des ondes plus générale :

u”" —div(AVu) =0 dans Q x Ry ;

u=0 sur 0Q0p X Ry ; -
aaTZ:F(X,U’) sur 0Qy X Ry ; (11)

u(0) = ug, v'(0) =uy; dans Q ;
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ot A est une matrice n X n, définie positive, et oil % est la dérivée conormale associée &
la matrice A.

Nous avons raisonné dans le cas simple ot I' = (), et on montre qu’alors, le méme feed-
back, F' = —(m-v)u/, stabilise encore. On peut donc voir ici que la matrice A n’intervient
pas dans le choix du feedback.

Nous avons donc voulu vérifier si nous pouvions étendre ce résultat au systéme élas-
todynamique. En d’autres termes, nous avons voulu savoir si le feedback F = —(m-v)u’,
qui est en fait un feedback naturel particulier, permettait de stabiliser le systéme élasto-
dynamique, en présence de singularités.

En étudiant la preuve de la stabilisation de I’équation des ondes, on s’apergoit qu’un
point essentiel du succes du feedback de type F' = —(mw)u’ est qu’il tend vers 0 lorsqu’on
s’approche de I'. Plus précisément, (m(x)-v(x)) ~ d(x,I'), ot d est la distance. Ainsi,
la forme du feedback doit dépendre de la géométrie du domaine, et non de la forme de
I’équation étudiée, ce qui renforce I'idée que F = —(m-v)u’ est un feedback susceptible
de stabiliser le systéme élastodynamique.

Nous avons donc d’abord vérifié directement que ce feedback stabilisait lorsque I' = ().
Ici, nous avons procédé comme dans le cas des ondes (cf [21]). La difficulté essentielle a été
d’obtenir une relation de type “Korn frontiére”, ce que nous avons fait en nous inspirant
de [3].

Puis, nous nous sommes attaqués au cas ot I' # (), et donc au cas ot des singularités
apparaissent. Nous avons procédé par étapes, traitant tout d’abord le cas ot §2 est un
polygone plan, respectant la la chronologie des travaux sur I’équation des ondes (cf [13]).
I’ est alors réduit & deux points, et, au voisinage de ces points, ) est une portion de
disque. Puis, nous avons étendu ce résultat a un ouvert plan plus général. Enfin, nous
nous sommes intéressés au cas de la dimension supérieure, la seule difficulté résidant dans
le passage & la dimension 3, le passage a la dimension n > 4 se faisant de la méme facon.

Comme dans le cas des ondes, la difficulté essentielle est d’obtenir une relation de type
Rellich, et pour cela, d’étudier la régularité des solutions fortes & temps fixé. Ensuite,
cette relation étant obtenue, la preuve de la stabilisation est identique a tous les cas.

(C’est pourquoi nous avons organisé nos articles présentant ces résultats de la facon
suivante :

Nous avons groupé les relations de type Rellich pour les différents cas dans [7], ce qui
constitue le premier chapitre de cette thése.

Nous avons ensuite détaillé la preuve de la stabilisation frontiére dans [8], ce qui
constitue le deuxiéme chapitre.

Ces résultats sont complétés par un résultat de contrélabilité et un résultat de stabi-
lisation pour un feedback non linéaire dans [9], ce qui constitue le troisieme chapitre.

Nous avions rédigé une note aux Comptes Rendus de I’Académie des Sciences sur la
stabilisation de I’équation élastodynamique dans un polygone. Cette note est placée dans
la premiére annexe.

Enfin, un proceeding [10]| du Fifth Furopean Conference on Elliptic and Parabolic
Problems : A special tribute to the work of Haim Brezis (30/05-03/06/2004), résumant

les relations de Rellich pour différentes équations elliptiques, consitue la deuxiéme annexe.
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0.4.2 La relation de type Rellich pour I’équation de 1’élasticité dans les dif-
férents cas

Nous voulons donc tout d’abord obtenir une relation de type Rellich pour I'élasticité,
analogue & (10). Nous reprenons les notations du paragraphe 0.1. On consideére I’équation
de I’élasticité isotrope avec les conditions mélées suivant :

—div(o(u)) =f dans Q;
u=g sur dQ2p ; (12)
o(u)v =h sur 0Qy ;

ot f € L2(Q), g € H¥?(0p) et h € H/2(0Qy).

Il est bien connu que ce probléme admet une unique solution dans H ().

Pour vy et vo deux champs de vecteurs suffisamment réguliers, on introduit la notation
suivante :

O(v1,va) =2(a(vi)v) - (m-V)vy — (m-v)o(vy) 1 €(va).

La relation de type Rellich que nous voulons obtenir consiste & estimer 'expression
suivante, lorsque O(u, u) est intégrable sur 02 :

2 [ div(o(w)-(m-V)uds — (n=2) [ otw:ewix+ [ Owudy

o0
Nous considérons donc successivement les cas suivants :
- QCR"et I =10).
— Q0 C R? est un polygone et I est réduit & deux points.

~ Q C R? est un domaine régulier de classe C? et T' est réduit & deux points.
~ Q C R" est un domaine régulier de classe C?, T une sous-varié¢té de codimension 2.

Le cas d’un domaine de dimension n sans interface

Soit n > 3. Soit © un ouvert borné connexe de R” tel que, au sens de Necas ([31]), 02
est de classe C2. En tout point x de 92, on définit v(x) le vecteur normal unitaire sortant
(cf figure 4).

On fixe xo € R™ \ Q et on définit la partition de la frontiére de Q comme en (5). On
suppose :

['=0Qn NNy = 0. (13)

On obtient la relation de type Rellich suivante :

Théoréme 0.4.1. Soit n > 2. Soit Q C R™ un domaine borné de classe C*> dont la
frontiere vérifie (1) et (13). Soit u € H'(Q) solution du probleme (12) avec

feL2(Q), geH”*00p), heHY*00y).
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X0

89]\7 aQD

Fic. 4 — Un exemple de domaine 2 sans interface.
O(u,u) appartient ¢ L1(00Q) et

Q/div(a(u))-(m-V)udx:d/ o(u):€e(u) dX—I—/ O©(u,u)dy.
Q Q o0

Preuve. Pour prouver cette relation, on commence par prouver que u € H?(2). Pour
la régularité intérieure, on se raméne par troncature & une équation de ’élasticité dans
R”, dont les solutions sont HZ2. Pour la régularité a la frontiére, on utilise une méthode
classique de quotients différentiels.

On applique alors deux fois la formule de Green, pour obtenir le résultat.

Le cas d’un polygone plan

Soit © C R? un polygone plan convexe, dont la frontiere vérifie (1) et (5), (cf figure
5). On a alors

I'= {Sl,Sg}, (14)

oll 81 et sy sont considérés comme des sommets de J€). C’est donc en s; et sy que des
singularités apparaissent, et on va noter ¢(s) le coefficient de singularité associé au point
S.

En chaque point s;, on définit w(s;) 'angle de Q, et si w(s;) = 7, on note 7(s;) le
vecteur tangent unitaire & 02 dirigé de 0Qy vers 0Qp. La condition (5) implique :

w(s;) =7 = m(s;)-v(s;) = 0. (15)

On va poser

T:8(2M+)\73;3M+)\) (W2+ln2 (?Z:L;)) (16)
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9

Fic. 5 — Un exemple de domaine polygonal.

et on obtient la relation de type Rellich suivante :

Théoréme 0.4.2. Soit Q C R%*un polygone plan convexe, dont la frontiere vérifie (1),
(14) et (15). Soit u € H(Q) la solution du probleme (12) avec

fcL?(Q), geH?(0Qp), heHY30Qy).

O(u,u) appartient ¢ L1(00Q) et

2/ div(o(u))-(m-V)udx = / O(wu)dy+T Y cs)’(m(s)-7(s)). (17)
Q G19)
s€{s1,82}
w(s)=m
Pour prouver ce théoréme, on utilise les résultats de P. Grisvard [12], étendus par B.
Merouani [27] et on procéde comme dans [13]. _ _
Preuve. La solution u est H? au voisinage de tout point de Q\ I'. Pour un point de
qui n’est pas un sommet, on procéde comme dans le cas précédent, et pour un sommet
qui n’est pas s; ou sy, on utilise [12, 27, 14].
On considére donc s € I', et on se raméne par troncature au probléme suivant :

—div(o(n)) =f dans H ;
u=0 sur OHp ; (18)
o)y =0 sur OHy ;

ot H = {(r,0) € R*" x (0,w)}, OHp = {(r,0) / r > 0}, IHN = {(r,w) / 7 > 0} en

coordonnées polaires, et ott £ € L?(H).
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aHDe’

Fic. 6 — Exemple de H, pour w < 7.

Pour € > 0, on définit (cf figure 6) :

He ={(r,0) € (¢,+0) x (0,w)},
OHpe = {(r,0) / r> e},
OHy: ={(r,w) / r > ¢},
FE = {(579) / 9 € (O,Ld)},

tels que OH, = OHp. U OHy- U I..
Comme u € H?(H.), le théoréme 0.4.1 donne

2/ div(o())-(m-Vu) dX:/ O(u,u)dy. (19)
€ 8H5
Grace au théoréeme de Lebesgue, on a

/ div(a(ﬁ))-(m-V)ﬁdX: Hdiv(o(ﬁ))-(m-V)ﬁdX.

Pour la convergence de I'intégrale frontiere dans (19), on utilise la structure de la
solution de (18) qui est fourni par [12, 27, 14]. On consideére alors deux cas.

1 A
2X+
consideére alors 1’équation en « suivante :

Premier cas : w < 7. On note v = le coefficient de Poisson du systéme. On

sin?(aw) =

(20)



INTRODUCTION 19

Soit (ev)i=1 k les racines complexes de (20) telles que Ra €]0, 1]. Grace a [12, 27, 14],
on obtient

Jug € H*(H), Vi € [1,K],3v},v? € (C>(][0,w],C))? :

1) (2

= wp - 5 R (VEO) + In(r)vE(6). (21)

Or, nous obtenons la propriété suivante sur les racines (cf [37, 33]) :
: 1
Lemme 0.4.1. Vi € [1, K|, Ro; > 3"
Dans ce cas, la régularité est suffisante pour qu’aucun terme correctif n’apparaisse
dans la relation de type Rellich. On obtient :

/ O(u,u)dy — O(u,u)dy. (22)
OHe =0 Jon

-0.2

02 02

F'1G. 7 - Comportement local de ugy et uga, ot ug = (ugi, ugs) (coefficients de Lamé : A = p = 1).

Second cas : w=7. A nouveau, nous utilisons [12, 27, 14]. Dans ce cas, ’équation (20)
devient

4(1—v)*—a?

3—4v (23)

sin®(ar) =

Les racines de (23) telles que Ra €]0, 1] sont

1 1 In(3 -4
az——i-z'k'etaz——z'k:,oﬁk::M.
2 2 2w

La solution singuliére de (18) est donc

ug(r,0) = R (r*v(0)), (24)
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ot v est une fonction C* connue. (cf figure 7) On obtient alors le résultat suivant :
Jlup € H*(H), les € R tels que @t = up + csug. (25)

Dans ce cas précis, O(1,, 1) = 0 sur IHy et sur Hp. Il reste donc l'intégrale sur I,
et on obtient :

lir% O(u,u)dy = c% lir% O(ug, us) dy = Tcg(m(0)-7(0)),
e=0 [, e=0 Jf_

ce qui donne le résultat. O

Le cas d’un domaine de dimension 2.

Fic. 8 — Un exemple de domaine €2 en dimension 2.

Nous considérons ici un domaine connexe 0 C R?, dont la frontiére 9 est de classe
C? et vérifie (1) et (14) (Dans (14), s; et sy sont deux points de 9 (cf figure 8)). On
suppose de plus qu’il existe xg € R? tel que (5) est vérifié. En tout point s;, on note 7(s;)
le vecteur tangent & 0€, dirigé de OS2y vers 0)p.

On observe que :

m(s;)-v(s;) = m(s2)-v(s2) =0. (26)
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Dans ce cas, la relation de type Rellich s’écrit :

Théoréme 0.4.3. Soit Q C R? un domaine borné connexe de classe C* qui vérifie (1),
(14) et (26). Soit u € H'(Q) une solution du probléme (12) avec

felL?(Q), geH?00p), heHY?00). (27)
O(u,u) appartient a L'(0Q) et
2 [ div(o(u))-(m-V)udx = O(u,u)dy+ 7T c(s)*(m(s)-7(s))
J . Z,

ot c(8) est le coefficient de singularité de w en's, et ot Y est une constante positive définie
en (16).

A nouveau, nous avons besoin de connaitre la structure de la solution. Nous allons
d’abord regarder le cas d’un demi-disque, puis passer au cas général.

Le cas du demi-disque Pour p > 0, on définit en coordonnées polaires : DT (p) =
(0,p) x (0,7) 5 ODX(p) = (0,p) x {7} et ODp(p) = (0, p) x {0} U {p} x (0,7) (cf figure

9). On consideére alors le probléme suivant :

—div(o(u)) =f dans D" (p) ;

u=0 sur OD%(p) ; (28)
o(u)r =0 sur 0D (p) ;
ot f € L?(Q).
0D} (p)

0Dy (p) OD(p)

FiG. 9 — Le demi-disque D% (p).
On note ug la fonction définie en (24) dans tout le demi-plan. On définit alors
Uus (T7 9) = ﬁs(ﬁ 9)§(7’), (29)

ot ¢(r) est une fonctions de troncature, C*°, valant 1 au voisinage de 0 et 0 & partir d’un
certain rg.
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Gréce aux résultats du cas polygonal, on a :

Théoréme 0.4.4. Soit u le solution du probleme (28), ou f € L*(D*(p)). On a :
Jlug € HX(D"(p)), s € R tels que u = ug + csusg,

ot ug est définie en (29).

En d’autres termes, si on définit 'opérateur A, par

{ D(A,) ={v e H,(D"(p))/A,v € L3(D*(p)), o(v)v =0 sur D% (p)}
A,v = —div(o(v)),

on a :
D(A,) € B2(D*(p)) & Rus.
Nous aurons de plus besoin dans la suite de deux théorémes, permettant d’estimer
respectivement le coefficient de singularité cg et la partie réguliére ug.
Théoréme 0.4.5. Pour f € L?(D"(p)), soit u la solution du probleme (28) et soit cg le
coefficient de singularité de u. Il existe 32 € R*, indépendant de f, tel que

cg = l/ S*.fdx.
7 JD+(p)

Preuve. On s’inspire de ce qui a été fait pour ’équation des ondes dans [11], en utilisant
une solution L? du probléme (28), avec f = 0.

Théoréme 0.4.6. Pour £ € L?(D"(p)), soit u € D(A,) la solution du probleme (28).
Soit up € H*(D™(p)) la partie régulic¢re de u. il existe C' > 0 indépendant de f tel que

g+ p)) < ClifllL2p+ ()

Preuve. On applique essentiellement le théoréme de 'application ouverte.

Le cas général. On considére maintenant le cas d’un domaine {2 vérifiant les conditions
géométriques données en début de paragraphe. Comme dans le cas polygonal, la solution
du probléme (12) est H? au voisinage de tout point de Q\ T'.

Soit maintenant s un des deux points de I'interface, et soit W C R? un voisinage de s.

On note (cf figure 10) :
w=WnN, owy=WnNoQy, wp=WnNolp)U(QwnNQ). (30)
Gréce a un procédé de localisation, on se raméne au probléme suivant :
—div(o(u)) =g dans w;
u=0 sur Owp ; (31)

oc(u)y =0 sur Owy ;

ot g € L*(w).
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Jwp

8wN
owp

S
Fic. 10 — Exemple de w.

Pour ce probléme, on définit 'opérateur B par

{ D(B) = {v € H(w)/Bv € L*(w), o(v)v = 0 sur dwy}
Bv = —div(o(v)).

On peut supposer que w est tel qu'il existe un C2-difféomorphisme ¢ de w sur le
demi-disque DT (p), pour un p > 0, tel que

d(s) =0, @(Owp) =ID}(p), G(Own) = 0D (p). (32)
Gréce a ce diffeomorphisme, on se raméne au systéme perturbé suivant :
—div(a(u)) =g dans Dt (p) ;

0 sur OD5(p) ; (33)
v=_0 sur D% (p) ;

oit g € L2(D*(p)), et ou 6(11) = pV@(VaVe + Ve'Va) + A(Veo: Vi) Ve.
Comme dans [4], on regarde le probléme (33) comme une petite perturbation du pro-
bleme (28), et on obtient le résultat de régularité suivant :

Théoréme 0.4.7. Soit w un ouvert de R? défini en (30). Il existe p > 0 et un C*-
difféomorphisme ¢ de w sur DT (p) tel que (32) est vérifié et

D(B) € H?*(w) & R(us o ¢),
ot ug est défini en (29).
Preuve. On prend p et ¢ comme dans le théoréme. Soit ./le I'opérateur défini par

{ D(A,) = {¥ € HL(D* (p))/ A, € LA(D*(p)), 5(¥)v = 0 sur 9D (p)}

A = —div(5(¥)).

La preuve repose alors essentiellement sur le lemme suivant, qui exprime la perturba-
tion :
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Lemme 0.4.2. Pour p > 0 et v € D(A,), B(v) appartient & H'(D*(p))* et il existe
C > 0, indépendant de p, tel que

vv € D(Ay), 180 lmprps < CVolIVIDea,).

Preuve de la relation de type Rellich. On peut maintenant prouver le théoréeme 0.4.3.
Soit u € H'(Q) une solution du probléme (12), satifaisant les conditions (27). On procede
comme dans le cas polygonal.

On se raméne par un résultat de trace au probléme suivant :

—div(e(U)) =F dans Q ;
U=0 sur 0€)p ; (34)
c(Upy =0 sur 0Sy ;

ot F € L*(Q).

On prend un ¢ > 0 suffisamment petit, et on note

Q. = Q\ (D(s1,2) U D(s2.2)) :
0. = 90p \ (D(s1.£) UD(ss.)) :
0. = 90\ (D(s1.2) U D(sz. <)) :
. = (0D(s1,e) UOD(s2,e)) NQ;

de telle sorte que 00, = 0Q2p. U 0y, U T..

Pour s € T, on applique le théoreme 0.4.7 & U sur D(s,e) N . On a alors ug €
H?(D(s,e) N Q) et cs € R tels que u = ug + cg(ug o @).

On injecte cette décomposition dans ©(u,u) pour prouver que ©(u,u) appartient a
L'(09).

Puis, comme u € H?().), on applique deux formules de Green pour obtenir

/ div(o(u))-(m-V)udx = / O©(u,u)dy.
€ Qe
Grace au théoréme de Lebesgue, on obtient

/ div(oc(u))-(m-V)udx — [ div(c(u))-(m-V)udx,

e—0 Q

/ O(u,u)dy — ©(u,u)dy.
00 p U N

e—0 a0

Puis, comme dans le cas polygonal, on a :

/ O, 1) dy — Te(m(0)-7(0)).

e—0
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Le cas d’un domaine de dimension n

Nous considérons maintenant le cas d’'un domaine {2 C R", avec n > 3, dont la frontiére
I est de classe C? et vérifie (1). On suppose que I' = 90Qp N ONy vérifie (6). (cf figure
11). On suppose de plus qu’il existe xo € R" tel que (5) est vérifié, et on observe que :

m-v=0, surl. (35)

v

0O

Fic. 11 — Un exemple de domaine 2.

En tout point s de ', on considére I' comme une sous-variété de 0§2 de co-dimension
1, et on note 7(s) le vecteur normal unitaire a I" dirigé de 0Qy vers 0Qp.
On pose d = n — 2. La relation de type Rellich s’écrit :

Théoréme 0.4.8. Soit Q C R™ un domaine borné connexe de classe C* qui vérifie (1),
(6) et (35). Soit u € H'(Q) une solution du probleme (12) avec

feL2(Q), geH”*00p), heHY00y). (36)

O(u,u) appartient a L*(00Q), et on peut calculer ¢, cs1,... ,csq les coefficients de
singularités de u appartenant & L*(T) tels que

2 [ div(o(w)-(m-Vyudx = (0-2) [ otwsewix+ [ o) dy

+/F <Tc§(s)2 + /%T ZCsz(S)2> m(s)-7(s) ds,

ot Y est la constante positive définie en (16).

Encore une fois, nous devons d’abord connaitre la structure de la solution. Nous allons
d’abord commencer par le cas d’un demi-cylindre, puis nous passerons au cas général.
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Le cas du demi-cylindre On considére le cas 2 = CT(p) = D" (p) x R4, (cf figure 12).
Les coordonnées de x € CT(p) seront notées (11, 79,2), ott z = (21,...,24) € R%L

oC} ()

FiG. 12 — Le demi-cylindre C*(p).

On definit 9C5(p) = ODF(p) x BY, 9CH(p) = 0DH(p) x BY, T(p) = {(0,0)} x R,

On considére alors le probléme suivant :

—div(o(u)) =f dans C*(p) ;
u=0 sur 0C}(p) ; (37)
o(u)r =0 sur 0O (p).

On veut généraliser les résultats obtenus pour la dimension 2. Pour cela, on note
ug € (H' (D% (p)))? la solution singuliére définie en (29) pour 'équation de I’élasticité en

dimension 2. On note uy € H'(D"(p)) la fonction de Shamir définie en (9) pour I’équation
de Laplace. On définit alors ug € H'(D*(p)) par :

ug

Ul
us —

Ul

On obtient alors :
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’ az,
ou _

Théoréme 0.4.9. Soit u la solution du probléme (37), avec £ € L2(CT(p)). On a :
< Clflleaer o 5
025 o+ (o)) ’

0
1) Vi e{l,...,d} ey H' (C*(p)), et il existe C > 0, indépendant de p tel que
2) g € L2(RYHA(DT(p))) et Iles € L2(RY) tels que u = ug + us @ cg, 0w ug est
défini en (38), et tels qu’il existe C' > 0, indépendant de p tel que

gl c2@am p+()) < Cliflleer o) et llesllza < Cllf[lLacr (o)

Preuve. Le premier point du théoréme s’obtient grace & la méthode des quotients
différentiels.

Pour le deuxiéme point, on note u = *(uy,... ,u,) la solution du probléeme (37). Nous
allons montrer que la solution singuliére du systéme de 1’élasticité en dimension n est
composée, pour (uj,us), de la solution singuliere du systéme de 1’élasticité en dimension
2, et dans les autres directions, de la solution singuliére de 1’équation de Laplace.

On note

w = (W) e
2

On note de plus divy opérateur de divergence dans R?, ep(u®) et oy(u) le tenseur des

déformations et le tenseur des contraintes en dimension 2. u® vérifie alors :

—divy(aa(u®)) = g° dans C*(p) ;
ut =0 sur 0C}(p) ; (39)
oy () = he sur IC(p) ;

ot g € (I(C*(p)))? et b € (H'2(C*(p)))2

Gréace a un résultat de trace, on se raméne a h® = 0. Comme il n’y a aucune dérivée
par rapport & z dans cette équation, nous pouvons travailler & z fixé. On se raméne alors
a une équation de I’élasticité en dimension 2. Gréace aux théorémes 0.4.4, 0.4.5 et 0.4.6, on
peut écrire u(.,z) = u%(.,z) + cg(z)u§, ou ¢ € L*(R?) avec [|c§||r2ra < Cllf|lL2c+(p)
et ug € (L*(RY, H*(D*(p))))* avec [[ugll2@amzp+ ()2 < Clifllaet (0)-

On écrit Ag = 011 + Oao, et pour i € {3,... ,n}, on a:

—Agu; = ¢; dans CT(p) ;
u; =0 sur 0CH(p) ; (40)
82u,» = h, sur 60ﬁ(p)

ol g; € L*(CT(p)) et h; € HY/2(CT(p)).
Grace a [4], il existe ug; € L3R, H*(D*(p))) et cs; € L*(R?) tel que

U = up; + uly ® cs5,
et tel qu’il existe C' > 0 indépendant de p tel que

[urillL2@e 2o+ (o)) < CllEllLze+ ) Nesillzzga < CllfllLa ).
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On note donc

c
e S
uR e
Cs
UR3
up = ) et cg = | €s3
URn
CSn
et on obtient le résultat. O

Remarque. Nous allons utiliser le théoréme 0.4.9 sous une forme différente. Pour p > 0,
soit By(p) la boule de R? de centre 0 et de rayon p. On définit alors

C*(p) = D*(p) x Ba(p),

9 ~]—\‘rf(p) = 61?}(;)) X Bfl(p)» (41)
9CH(p) = 9C*(p) \ OCK(p),

I'(p) = {(0,0)} x Ba(p),

et on considére le probléme suivant :

—div(o(u)) =f dans C*(p) ;
u=0 sur 9CH(p) ; (12)
o(u)r =0 sur aC']J\”,(p).

ou £ € L2(C*(p)).
Si on définit 'opérateur A, par

{ D(A,) = {v e HL(C*(p))/A,v € L2(C*(p)), o(v)vr = 0 sur dC¥(p)}
A,v = —div(o(v)),

on obtient

D(A,) C H(C*(p)) & (us © L*(Ba(p))) -

Il reste maintenant & estimer la norme H? de la partie réguliére, et comme dans le cas
de la dimension 2, on obtient :
Théoréme 0.4.10. Pour f € 1L.2(C*(p)), soit u € D(A,) la solution du probleme (42).
Soit ur € H*(C*(p)) la partie réguliere de u. Il existe C' > 0 indépendant de f tel que

gz @+ < ClElL2G+(0)-

Le cas général. On considére maintenant le cas d’un domaine connexe borné () de
classe C? et vérifiant (1), (6) et (35). Comme dans le cas de la dimension 2, la solution
du probléme (12) est H? au voisinage de tout point de Q\ T

Soit maintenant s € I, et soit W C R"™ un voisinage de s. On définit (cf figure 13) :

w=WnQ; dwy=WnNoQdy; owp=WnNodp)UOQwnNQ); ~=WnT.
(43)
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Fic. 13 — Exemple de w.

Par un procédé de localisation, on se raméne au probléme suivant :

—div(o(u)) =g dans w ;
u=20 sur Jwp ; (44)
o)y =0 sur Qwy ;

ot g € L*(w).
Pour ce probléme, on définit 'opérateur B par

{ D(B) = {v € H(w)/Bv € L*(w), o(v)v = 0 sur dwy}
Bv = —div(o(v)).

On peut supposer que w est tel qu’il existe un C*-difféomorphisme ® de w sur C'* (p),
pour un p > 0, qui satisfait :

®(s) =0, ®(dwp) =9CH(p), ®(dwn)=03C{(p), ®(y)=T(p).  (45)

De la méme fagon que dans le cas de la dimension 2, on obtient le résultat de régularité
suivant :

Théoréme 0.4.11. Soit w un ouvert de R™ défini comme en (43). Il existe p > 0 et un
C2-difféomorphisme ® de w sur CT(p) tel que (45) est vérifié et

D(B) © H2(w) & ((us ® L3(Ba(p))) 0 ®)

ot ug est donné en (38).
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Preuve de la relation de type Rellich. On peut prouver & présent le théoréme 0.4.8.
Soit u € H'(Q) une solution du probléme (12), vérifiant les conditions (36). On se rameéne
grace & un résultat de trace au probléme suivant :

—div(e(U)) =F dans Q ;
U=0 sur 0€)p ; (46)
c(Ur=0 sur 0Qy ;

ot F € L*(Q).

On prend un € > 0 suffisamment petit et on note
Q. =O\D(T,e); 00p. =02\D(L,e); Q. =0U\D([T,e); T.=0D(T,e)NQ;

o D(T,e) = {x € R*/d(x,T) < ¢} et de telle sorte que I = INp. U 0Qn. UT. (cf
figure 14).

Fic. 14 - Q..

Comme dans le cas de la dimension 2, ©(u,u) appartient a L'(9Q). Et comme dans
le cas de la dimension 2, on applique la formule de Green pour obtenir :

[ divtotw)-(mVyudx = (n-2) [ olwsew) ax+ [ O(u)dy.

e e 00

Toutes les intégrales sur €., 0Qn. et 0Q2p. convergent.

Il reste & étudier la convergence de I'intégrale sur I.. Soit s € I". Nous supposons que
s est a l'origine, et que T(s) et v(s) sont les deux premiers axes de coordonnées. On écrit
I.(s)=T.N(s,T,v), ol (s, T,v) est le plan contenant s et généré par T et v,

On applique alors le théoréme 0.4.11 pour avoir u = ug + (ug o ®) ® cg(s) sur un

voisinage w(s) de s. On a ®(I'.) = {} x (0,7) en coordonnées polaires.
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On obtient :

™

| ety =6? [ ot ugeds
f‘s(s)

0=0

T
6=0

d
3 eslo? [ plor V) (m9) — (ma) Vubfled + OFc),
i=1
En utilisant les résultats de [11, 4], on obtient :

[ 194 (V) — ()9Sl 06 = Fom(s) r(s) + O

=0

De plus, on a obtenu dans le cas de la dimension 2 :

/; O(ug,ug)edd = Y(m(s)-7(s)) + O(e).

=0

On obtient donc :
/f ( )@(u, u) dy = ¢§(s)*T (m(s)-7(s)) + ZCSi(S)zug(m(S)'T(S)) + O(e).

On integre le résultat précédent sur w(s) NT'. Par compacité de I' on peut introduire
un recouvrement fini de I' par les {w(s)}ser et les fonctions de troncatures associées qui
constituent une partition de 'unité de I'. On somme alors un nombre fini de relations
pour obtenir :

/f O(u, u) dy = / (’rcg<s>2 +2 chxs)z) (m(s)-7(s)) ds + O().

On obtient la relation de type Rellich en passant a la limite quand ¢ tend vers 0. 0
Remarque : on a obtenu au théoréme 0.4.11 un résultat de regularité locale. Nous
pouvons obtenir un résultat de régularité globale.
Grace a la régularité de €2, on peut construire un voisinage €)' de I" de telle sorte que
les fonctions suivantes soient bien définies :

(Ls, LryLy): @ — T'xRY x[0,7]

x +— (s,7,0).

ol Ls(x) est la projection de x sur I'. x est donc dans le plan contenant Ls(x) et généré
par v(Ls(x)) et 7(Ls(x)). L,(x) et Ly(x) sont alors les coordonnées polaires de x dans
ce plan (cf figure 15).

Soit ¢ une fonction de troncature C' telle que ( = 0 hors de Q' et ( = 1 sur un
voisinage de T. 1l existe alors ug € H?(Q2) et cg € L*(T) tels que

u=up + CCs(ﬁs)uS(ﬁr, ,Cg) dans Q,

ol ug est la fonction singuliére définie en (38).
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v(Ls(x))
Fic. 15 — Les fonctions L.

0.4.3 La stabilisation frontiére du systéme élastodynamique

On peut a présent montrer le résultat de stabilisation.

Nous considérons le cas d'un domaine 0 C R”, dont la frontiére 0 est de classe C?
et vérifie (1). On suppose que I' = 9Qp N Iy vérifie (6). (cf figure 11). On suppose de
plus qu’il existe xo € R™ tel que (5) est vérifié, et, a nouveau, on a (35).

En tout point s de I', on considére I' comme une sous-variété de 02 de co-dimension
1, et on note 7(s) le vecteur unitaire normal a I' dirigé de 9Qy vers 0Q2p. On suppose
alors que (7) est vérifié, ce qui est en particulier toujours le cas quand € est convexe.

On considére le systéme élastodynamique isotrope suivant :

u” —div(o(u)) =0 dans Q x Ry ;

u=0>0 sur 0Q0p X Ry ;

oc(u)y = —(m-v)u' sur 00y x Ry ; (47)
u(0) = ug dans ) ;

u'(0) =wm dans €.

Par la méthode des semi-groupes, on montre que le probléme (47) est bien posé, sous
la condition (4).
L’énergie du systéme est donnée par :

E(u,t) = %/Q(|u’|2 +o(u):e(u)) dx. (48)

Théoréme 0.4.12. Soit ) un domaine connexe borné de R". On suppose que sa frontiére
OO est de classe C* et vérifie (1) et (6). On suppose de plus qu’il existe xg € R™ lel que
(5) et (7) sont vérifiés.
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Il existe C > 0 et w > 0 tel que pour tout (g, uy) vérifiant (4), la solution u du
probleme (47) vérifie :

VteR,, E(ut)<Ce “E(u,0).

Preuve. On va suivre la méthode des multiplicateurs, utilisée dans [21] et décrite dans
[19].

On prouve d’abord le théoréme pour les solutions fortes, le résultat pour les solutions
faibles sera ensuite obtenu par densité.

L’outil principal de la preuve est le lemme suivant, montré dans [19] :

Lemme 0.4.3. Soit £ : R™ — RT une fonction décroissante telle qu’il exviste C' > 0
indépendant de t tel que

/ E(s)ds <CE(t), Vt>0; (49)
¢
on a alors

E(t) < E(0)e"" ¢, Vt>C.

On vérifie facilement que 1’énergie décroit avec le temps. En effet, grace & la formule
de Green, on a, pour tout t > 0 :

E'(u,t) :/Q(u-u’%—a(u):e(u’))dx: _/ag (m-v)[u)? dy. (50)

Soient 7' > S > 0. On introduit le multiplicateur Mu = 2(m-V)u+ (n — 1)u, et on

écrit :
T T
/ /u”-Mudxdt:/ /div(a(u))-]\/[udxdt. (51)
s Ja s Ja

On développe alors chacune des deux parties de cette égalité, par des intégrations par
parties et des formules de Green.

On est amené a utiliser le théoréeme 0.4.8 (la relation de Rellich) et la condition (7)
pour obtenir :

Q/Qdiv(a(u))-(m-V)udx < (n—Q)/Qa(u):e(u)dx
—/BQN(m-u)[Qu’-(m-V)u%—a(u):e(u)] dry.

Nous avons alors besoin du lemme suivant, inspiré de [3] :

Lemme 0.4.4. Pour tout 0 > 0 assez petit, il existe C' > 0 indépendant de S et T tel que

T

—/T/(m-u)[Qu’-(m-V)u+a(u):e(u)] d’ydtSG/E(u,t) dt + CE(u, S).
s Joqy S
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Nous obtenons en fin de compte que, pour tout 8 > 0 suffisamment petit, il existe
C > 0 indépendant de S et de T tel que

(2—0) /STE(t) dt < C3E(u, S).

On prend @ assez petit, et le passage a la limite lorsque T" tend vers I'infini permet de
conclure. Le résultat est facilement étendu aux solutions faibles par densité, puisque les
constantes qui apparaissent ne dépendent pas de la solution forte considérée. O

Remarque : toutes les constantes qui apparaissent dans la preuve sont explicites, et
nous pouvons donc obtenir le taux de décroissance en fonction des données (géométrie,
coefficients de Lamé).

0.5 Controlabilité frontiére

Gréace au résultat de stabilisation, nous sommes en mesure d’obtenir la contrélabi-
lité frontiere du systéme élastodynamique. On utilise pour cela le principe de Russell (cf
[35]). Ce probléme a été étudié en particulier par Lions [25], et il est classique de déduire
la controlabilité de la stabilisation. (Voir par exemple [20, 16, 32] pour le systéme élas-
todynamique) A noter que, dans [1], la contrélabilité est démontrée directement par la
méthode HUM de Lions.

Soit 2 C R™ un domaine connexe borné, dont la frontiére 9 est de classe C? et vérifie
(1). On note I' = 9Qp N Iy, et on suppose que I' vérifie (6) (cf figure 16).

1 74 7

Fic. 16 — Un exemple de domaine €.

On note v(x) le vecteur normal unitaire en x € 0€2, pointant hors de €. On suppose
qu’il existe xo € R™ tel que, si on note m(x) = x — Xg, on a (5).
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En tout point s € I, on considére I' comme une sous variété de 92 de codimension 1,
et on note 7(s) le vecteur normal unitaire a I'; dirigé de 0Qy vers 92p. On suppose alors
que l'on a (7).

On considére le probléme suivant :

On fixe T > 0. Pour tout (yo,y1) € H, on cherche ¢ € L2(9Qy x [0,T)) telle que la

solution de probléme suivant :

y" —div(e(y)) =0 dans  x [0,7T7;

y=0 sur dQp x [0,77;
oy)v=2¢ sur 0Qn x [0,77; (52)
y(0)=0 dans §2;
y'(0)=0 dans ;
vérifie
y(T)=yo; ¥'(T)=y1 sur . (53)

Afin de trouver cette fonction ¢, nous considérons deux problémes intermédiaires. Soit
(vo,v1) € H. On note v la solution du probléme :

v —div(o(v)) =0 dans  x [0,T7;

v=20 sur dQp x [0,77;
oc(viv=(m-wv)v' sur 0Qy x [0,T]; (54)
v(T) = vy dans Q;
v (T) = vy dans Q.
Gréce au théoréme 0.4.12, on a :
Vte[0,T], E(v,t) < Ce =T DEN,T). (55)
Soit maintenant w la solution du probléme :
w’ —div(o(w)) =0 dans Q x [0,T7;
W = sur dQp x [0,T7;
oc(w)v =—(m-v)w' sur 0Qy x [0,T7; (56)
w(0) = v(0) dans €2;
w'(0) = v'(0) dans €.
A nouveau, on a :
Vvt € [0,T], E(w,t) < Ce ™ E(v,0). (57)

On pose y = w — v. y vérifie (52) avec ¢ = —(m-v)(v' +w') € L2(0Qx x [0,T]).
On définit U'opérateur A par :

A H — H
(vo,v1) +— (w(T),w'(T)).

et on montre grace & (55) et (57) qu’il existe T > 0 tel que l'opérateur A — I5 est un
isomorphisme. Donc, pour tout (yo,y1) € H, on prend (vo,v1) = (A — I)) " (yo,y1) et y
vérifie alors (53).

On a donc obtenu le théoréme de contrélabilité suivant :
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Théoréme 0.5.1. Soit Q) un domaine connexe borné de R™. On suppose que sa frontiére
OO est de classe C* et vérifie (1) et (6). On suppose de plus qu’il existe xg € R™ lel que
(5) et (7) sont vérifiés.

Il existe alors Ty > 0 tel que, pour tout T > Ty et pour tout (yo,y1) € H, il existe
¢ € L2(0ONx[0,T1]) tel que la solution'y du probleme (52) vérifie y(T) =yo ety (T) = y1

sur ).
Remarque : de la preuve, on déduit, ce qui sera utile dans la suite, que
" [m |
@200 x0,17) < WH(YO,YDHH-
Remarque : Le théoreme 0.5.1 est habituellement exprimé sous la forme suivante :

Théoréme 0.5.2. Soit Q) un domaine connexe borné de R™. On suppose que sa frontiére
OO est de classe C* et vérifie (1) et (6). On suppose de plus qu’il existe xg € R™ lel que
(5) et (7) sont vérifiés.

Il existe alors Ty > 0 tel que, pour tout T > Ty et pour tout (yo,y1) € H, il existe
¢ € L2900y x [0,T]) tel que la solution 'y du probléme suivant :

y" —div(o(y)) =0 dans Q x [0,T7;

y=0 sur 0Qp x [0, T];
o(y)v=0¢ sur 00y x [0,T7;
y(0) = yo dans Q;
y'(0) =y dans Q;

verifie y(T) =0 et y'(T') = 0 sur Q.

0.6 Stabilisation frontiére non-linéaire

Nous voulons maintenant, & l'aide du résultat de controélabilité précédent, élargir le
résultat de stabilisation, en considérant un feedback non-linéaire, c¢’est-a-dire de la forme
F = —(m-v)g(u’). En fonction des propriétés de g, nous n’obtiendrons plus forcément
une décroissance exponentielle de 1’énergie, mais parfois une décroissance polynomiale.
On utilise pour cela le principe de Liu (cf [32]).

Soit 2 C R™ un domaine connexe borné, dont la frontiére 9 est de classe C? et vérifie
(1). On note I' = 9Qp N Iy, et on suppose que I' vérifie (6) (cf figure 16).

On note v(x) le vecteur normal unitaire en x € 0€2, pointant hors de €. On suppose
qu’il existe xo € R™ tel que, si on note m(x) = x — Xg, on a (5).

En tout point s € I, on considére I' comme une sous variété de 92 de codimension 1,
et on note 7(s) le vecteur normal unitaire a I, dirigé de 9y vers 9Qp. On suppose alors
que l'on a (7).

Soit g € C'(R™, R™) une fonction continue telle que g(0) = 0. On suppose que

g(x)x>0, VxeR" (58)
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On suppose de plus qu’il existe des constantes ¢; > 0, co >0, ¢c3 >0,¢c4 >0, p>1et
q €]0,1] tels que

alx” < [g(x)] < eofx|” Vx| <1; (59)

cslx| < |g(x)| < calx| VIx[> 1 (60)

ot |.| est ici la norme euclidienne sur R™.
On considére alors le systéme élastodynamique suivant :

u” —div(o(u)) =0 dans Q x Ry;

u=0>0 sur 0Q0p X Ry;

oc(u)y = —(m-v)g(u') sur 0Qy x Ry; (61)
u(0) = ug dans Q;

u'(0) =wm dans Q.

Par la méthode des semi-groupes, on montre que le probléme (61) est bien posé, sous
les conditions (59), (60) et (4).

On veut prouver alors le théoréme suivant :

Théoréme 0.6.1. Soit Q) un domaine connexe borné de R™. On suppose que sa frontiére
OO est de classe C* et vérifie (1) et (6). On suppose de plus qu’il existe xog € R™ tel que
(5) et (7) sont vérifiés.

Soit g € C(R™,R"™) une fonction continue telle que g(0) = 0 et qui vérifie (58), (59)
et (60).

Pour tout (g, wy) satisfaisant (4), la solution u de (61) vérifie

VteR,, E(ut)<Coe ™ E(u,0), sip=q=1; (62)
Vi e Ry, E(ut) < Ci(1+1)7T7, silpq) # (1,1); (63)
our = min(zﬁ, qi—ql), ot gy > 0 et Cy > 0 sont des constantes indépendantes de (ug, uy),

et ou Cy > 0 est une constante dépendante de (ug,uy).

Ce résultat a été obtenu par différents auteurs (|23, 1, 16]), pour des conditions géo-
métriques plus restrictives. En particulier, les travaux précédents supposent que I' = ().

Le résultat le plus général obtenant un résultat de stabilisation non linéaire & partir
d’un résultat de stabilisation linéaire a été obtenu par Nicaise [32], pour une equation
d’évolution hyperbolique abstraite.

Nous considérons ici le feedback, introduit dans [21], et utilisé dans [5], pour I’équation
des ondes. Malgré tout, nous nous sommes inspirés de [16] pour de larges parts de notre
preuve. Cependant, notre résultat peut étre aussi vu comme une conséquence directe de
[32].

Preuve : soit u la solution du probléme (61). On consideére ici les solutions fortes.
Grace au théoréme 0.5.1, on prend T' > Tj et ¢ tels que y solution du probléme (52)
vérifie (y(T), y(T)) = (u(T),/(T)).
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On rappelle qu’on a :
E'(u,t) = —/ (m-v)g(u')-u’dx (64)
2193%

On multiplie la premiére équation de (61) et (52) par y’ et u’ respectivement, et on
développe. On obtient :

e -
EuT) == // (m-v) (u’-¢ - y’-g(u’)) dldte. (65)
2 Jo Joay
On distingue alors deux cas.

Premier cas : p=¢=1. Grace a (59), (60) et (64), on obtient

N[

E(u,T) < k(E(w,0) — B(u,T))? E(u,T)?,

oll k est une constante positive indépendante de u et ¢.

On a donc 2
E(u7 T) S 1+ sz(u7 0)7
et donc, pour tout m € N, on a
1
E T) < E(u,0
() < B, 0)

On en déduit qu’il existe Cy > 0 et @w > 0 tels que
E(u,t) < Coe " E(u,0),

ce qui donne (62). Dans ce cas, ce résultat permet de passer aux solutions faibles, par un
argument de densité.

Second cas : (p,q) # (1,1). Pour tout ¢t € R*, on coupe 9y :
o0t = {x €y : |W|>1}, 09y ={xecdy:|[u|<1}.
Puis, grace a (59), (60) et (64), on a
E(w,0) < k ((E(w,0) = B(a, 7)) + (B(w,0) = E(w, 7)) + (B(u,0) — B(u, T))77 ) .
De méme, pour tout ¢ > 0, on a
E(u,t) < k((B(ut) = Bt +T))+ (E(w,1) - E(u,t + 1))
(E(ut) — B(u,t + T))p%) , (66)

ot k ne dépend pas de t.
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On sait que E(u,.) est une fonction positive décroissante. Elle admet donc une limite
a I'infini. Or, le membre de droite de (66) tend vers 0 a I'infini. On obtient alors que

E(u,t) — 0.

t—o0

On prend un T suffisamment large pour que E(u,T) < 1. On a alors
(B(u,t))” <k (E(ut)— E(ut+T), Vt>T,

our= miﬂ{qi_ql» ;z%}v ce qui donne (63) (cf [16, 30]).

0.7 Perturbation de m

Aussi bien dans la définition de la partition de la frontiére que dans le feedback, la
fonction m joue un réle central. Or, par exemple dans 'optique d’une application concréte,
il peut étre intéressant de s’affranchir de la définition trés stricte de m.

Comme dans nombre de travaux précédents (|22, 23, 3| par exemple), nos résultats
s’étendent & des fonctions m € (Cl (ﬁ))n telles qu’il existe a > 0 tel que :

— o(v):(Vv-Vm) > ao(v):e(v), ¥ve (C(Q)"
— mﬁax(div(m)) - mﬁin(div(m)) < 2a.
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Boundary stabilization of elastodynamic systems.
Part I : Rellich-type relations for a mixed boundary
problem in elasticity:.

Résumeé en frangais Pour le systéme de Lamé, les conditions mélées générent des singu-
larités dans la solution, en particulier lorsque la frontiére du domaine est connexe. Nous
prouvons ici des relations de type Rellich prenant en compte ces singularités.

Ces relations interviennent dans le probléme de stabilisation frontiére du systéme élas-
todynamique lorsqu’on utilise la méthode des multiplicateurs. Ce probléme sera étudié
dans la deuxiéme partie.

Ce chapitre est constitué d’une prépublication soumise a SIAM, J. Control Optim.

(n " 383, http ://maply.univ-lyonl.fr/publis/publiv/2004 /publis.html)

Les résultats obtenus dans ce travail ont été repris dans un proceeding [10]. De plus, le
cas polygonal a fait 'objet d’une note aux CRAS [6]. Le proceeding et la note aux CRAS
ont été placés en annexe.

English abstract For the Lamé’s system, mixed boundary conditions generate singula-
rities in the solution, mainly when the boundary of the domain is connected. We here
prove Rellich relations involving these singularities.

These relations are useful in the problem of boundary stabilization of the elastodyna-
mic system when using the multiplier method. This problem is studied in Part II.

Introduction

In this work, we present a detailed proof of a result which has been announced in [6]
and some extension of this result.
Let 2 C R™ be a bounded connected open set such that its boundary satisfies

0Qp NIy =10,
00 = 00p U 0Ny, with { meas(0Qp) # 0, (1.1)
meas(0y) # 0.

We denote the boundary interface by I' = 9Qp N ONy. At a given x € 02, we can
consider v(x) the normal unit vector pointing outward of €. For a regular vector field v,
we define the strain tensor and the stress tensor by

1
€;(v) = i(ﬁivj + 0;vi), o(v) =2ue(v) + Mdiv(v)L,.
where \ and p are the Lamé’s coefficients and [, is the identity matrix of R".

We introduce following Sobolev spaces : L2(Q) = (L?(Q))", H*(Q) = (H*(Q))", Vs > 0,
and HL(Q) = {v e H'(Q)/v =0 on 0Qp}.
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We here consider the following mixed boundary problem :

—div(o(u)) =£f in
u=g on 0€)p; (1.2)
o(u)v =h on 0y;

where f € L2(Q), g € H¥?(0Qp) and h € HY2(0Qy).

It is well known that this problem admits a unique solution in H(().

Furthermore, singularities are generated in the solution when the boundary interface
" is non-empty. These singularities are described in [12, 27, 14] in the bi-dimensional case.
Similar situations appear in Laplace problems and have been addressed by many authors
(see for example [13, 4]).

We prove here integral relations for problem (1.2), of the type of those introduced in
[34] by Rellich.

For a given point Xy in R™, we denote by m the following function : m(x) = x — x,.

For v; and vy two vector fields, let us define

O(v1,va) =2(a(vi)v) - (m-V)vy — (m-v)o(vy) 1 €(va).

Rellich-type relations are estimate of following expression :

2 [ div(o(w)-(m-Vpudx = (1=2) [ o(w:ew dx+ [ O w)dy

o2

We obtain in this paper Rellich-type relations in following cases :

- QCR"and T" = ().

— Q C R? is a polygonal domain and I" contains two points. We there use results of

[12, 27, 14].

~ Q C R?is a smooth domain of class C? and I" contains two points.

— Q C R" is a smooth domain of class C* and T is a (n — 2)-submanifold.

We emphasize that these Rellich relations are useful for proving boundary stabilization
results for the elastodynamic system by using the multiplier method as well as in [13, 21, 4].
This work will be published in a second part.

1.1 The case of the n-dimensional domain without interface

In this section, we assume (1.1) and that 0Qy and 0€Qp are defined by means of above
function m,

0Ny ={x€dQ / mx)vx)>0}; 00p={xecd/mx)rvx)<0}; (1.3)
so that (see figure 1.1)
I'=0. (1.4)

We obtain the following Rellich-type relation.
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9

0Qp

Fia. 1.1 — An example of a domain 2 without interface.

Théoréme 1.1.1. Let Q C R” be a bounded connected open set, where n > 2, such that
its boundary is of class C* and satisfies (1.1) and (1.4). Let u € H'(Q) be the solution of
problem (1.2) with

feL2(Q), geH”*00Qp), heHY*00y).

Then ©(u,u) belongs to LY (09Q) and

2/ div(o(u))-(m-V)udx = (n — 2) / o(u):e(u)dx + / ©(u,u)d~.
Q Q G19)

Proof. Our proof is composed of two steps : first we prove a hidden regularity result,
secondly we apply Green’s formula.

First step. Let us prove that u € H?(Q).

Interior reqularity. For every open subset V such that ¥V C Q, multiplying by a cut-off
function leads us to the following problem

—div(g(a)) = £, inR™

We know that for this problem, f € L?(R") implies € H?(R"). So we have u € H?(V).

Boundary regularity. let x be a point of 9Qp. We introduce a neighborhood V of x
in R" such that YV N o =V N oQp. Multiplying by a cut-off function and changing the
coordinates leads us to some problem in the following form

—div(e(a)) =f in R"*;
u=g on R"! x {0};



1.2. THE CASE OF A BI-DIMENSIONAL POLYGONAL DOMAIN 45

where R"" = {(21,... ,2,) €R" / z, > 0}, f € L*R"") and g€ H3/2(R™1).
Using a trace result, we can build U € H2(R"") such that U = g, on R~ 1'% {0}.
We write f = div(5(U)) — div(d(@)). f € L2 (R"") and U = i1 — U is a solution of

—div(6(U)) =f in R™;
{ U=0 on R"! x {0}.

Using the differential quotients method, we prove that u € H?*(R""). So we have
uecH(QNY).

And now, let x be a point of 9Qy. By a similar method, we prove that u is H? in some
neighborhood of x.

Finally, since €0 is compact, we can conclude that u € H?(12).

Second step. Green’s formula.

We can now apply Green’s formula a first time,

Q/Qdiv(a(u))-(m-V)udx = Q/BQ(J(u)u)-(m-V)udfy
—2/90(11):V((m-V)u) dx
= QLQ(a(u)u)-(m-V)udfy—Q/QJ(u):e(u) dx

and a second time,

Q/Qdiv(a(u))-(m-V)udx = 2/89(0(11) v)-(m-V)udy — 2

Hence, we get the required results. O

1.2 The case of a bi-dimensional polygonal domain

We here study the case of a convex polygonal domain Q0 C R?. We assume that its
boundary OS2 satisfies (1.1) and furthermore,

I'= {Sl,Sg}, (15)

where s; and sy will be considered as two vertices of 0€, (see figure 1.2).
We assume moreover that there exists xo € R? such that

(m-v) >0, on 0 ; (m-v) <0, on 0Qp. (1.6)
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0O

FiG. 1.2 — A polygonal domain Q with a non-empty interface I' = {s1,s2}.

Let us recall that changing boundary conditions generates singularities in the solution
of our problem. We will denote by ¢(s) the coefficient of the singularity associated to point
S.

At each point s;, we define w(s;) the angle of Q. If w(s;) = 7, we denote 7(s;) the unit
tangent vector to OS2 pointing toward 02p, (see figure 1.2). Let us observe that condition
(1.6) leads to

w(s;) =7 = m(s;) v(s;) =0. (1.7)
Let us define

T A

We here obtain a Rellich-type relation in the following form :

Théoréme 1.2.1. Let Q C R? be a bounded convexr polygonal open set such that its
boundary satisfies (1.1), (1.5) and (1.7). Let u € H'(Q) be the solution of problem (1.2)
with

fcL?(Q), geH?(0Qp), heHY30Qy).

Then ©(u,u) belongs to LY(9Q) and

Q/Qdiv(a(u)).(m.v)udx:/m@(u,u)d'y—l—’f Z c(s)*(m(s)-7(s)) (1.8)

s€{s1,s2}
w(s)=m

where c(8) is the singularity coefficient of u at point s.
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We emphasize that in (1.8), singular term c(s)?(m(s)-7(s)) appears only if w(s) = 7.
In order to prove this theorem, we use results of P. Grisvard and B. Merouani [12, 27, 14|
and we proceed as well as in [13].

Proof. As well as for theorem 1.1.1, we can prove that for every open set V such that
Y C Q,u € H (V). Similarly, for every x € 9Q\ T such that x is not a vertex, there exists
a neighborhood V of x such that u € H*(V N Q).

For a vertex § € 9Q\ I', we use [12, 27, 14| to prove that there exists a neighborhood
V of § such that u € H*(V N Q).

Now consider s € I'. Let 7y and 71 be the adjacent edges to s. Using a cut-off function,
we can suppose that u vanishes outside a disk D(s,d). We can suppose that § is small
enough so that D(s,d) NI C v U.

We take some € > 0 and define (see figure 1.3)

He =A{(r,0) € (e, +00) x (0,w)},
OHpe = {(r,0) / r> e},
OHy: ={(r,w) / r> e},
FE = {(579) / 9 € (O,UJ)},

so that OH, = OHp. U OHn: U fe.

// T
OH p. - /
o

0 OH e

Fic. 1.3 — An example of H, for w < .

Then u € H?(H.) and theorem 1.1.1 gives
2/ div(o(u))-(m-Vu) dx:/ ©(u,u)dy. (1.9)
€ OHe

Using Lebesgue’s theorem, we get easily

/ div(a(u))-(m-V)udx: Hdiv(a(u))-(m-V)udx.
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We now consider the convergence of the right-hand side of (1.9). Projecting method
and changing coordinates leads us to consider the following problem

—div(e(n)) =f in H;
u=0 on OHp; (1.10)
o)y =0 on OHy;

where H = {(r,0) € R*" x (0,w)}, OHp = {(r,0) / r > 0}, OHNy = {(r,w) / r > 0} in
polar coordinates, and where f € L2(H).

Hence, we can write u = U+1u where U € H?*(H). We use the structure of the solution
of (1.10) which is given in [12, 27, 14]. We will now consider two cases.

1.2.1 First case : w <
A
Let us denote by v the Poisson’s coefficient of the system, i.e. v = SEw
1
Following 12, 27, 14|, we have to consider this equation in «,
4(1 —v)? — a?sin*w
3—4v
Let (o)iz1.x be the sequence of complex roots of (1.11) such that Ra €]0,1]. From
[12, 27, 14], we get
Jug € H*(H), Vi € [1,K],3v},v? € (C>([0,w],C))? :

=g+ 0 R (v)(0) + In(r)vi(0))].

We write ug = U + ug, and we have :

sin?(aw) = (1.11)

u=up+ Z R[r (vi(0) + In(r)v2(6))]. (1.12)

The main point of our proof lies in the following lemma which will be proved at the
end of this section.

1
Lemme 1.2.1. Vi € [1, K|, Ra; > 5"

Hence, for the Rellich-type relation, there is no corrective term. We then prove

/ O(u,u)dy — O©(u,u)dy. (1.13)
M. =0 Jon

We know that u can be written in the form (1.12). Using this form, we expand the
left-hand side in (1.13) and we have to consider u; and us two functions taken among the

following ones : ug ; R[r*iv}(6)] ; R[r* In(r)vi(0)].

[ [

We have, 3C' > 0: |O(ug, up)| < C|Vw||Vuyl.

First case : u; = uy = up

In this case, ug € H?(H), we can then use Lebesgue’s theorem to get the result.
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Second case : u; = ug and uy = R[riv}(0)]

We have, 3C' > 0: |Vuy| < CrRai—1,
Hence, 3C > 0: |O(uy, up)| < C|Vuy|rFei—t,
Now, with lemma 1.2.1, a; — 1 > —1/2. Then we use Lebesgue’s theorem and we get

/ O(ur,ug)dy — [ Our, ug) dy:
OHpe =0 JoHp

/ O(uy,uy)dy — O(uy, uy) dv.
OHue e=0 JoHy

Moreover, there exists C' > 0 such that

e—0

/ O(uy, uy) d@} oL gu—
0

[ ot -

since Ray; > 1/2.

Then (1.13) is satisfied.

Remark. We get a similar result with uy = R[r® In(r)v?(0)]. We get also the same
result, reversing the roles of u; and us,.

Third case : u; = R[r®v}(0)] and uy = %[Tajvjl'(e)]

We have, 3C' > 0: [Vuy| < Cri~t, |[Vuy| < Critet,

Then, 3C > 0: |O(uy, uy)| < OrReitRa;=2,

Now, with lemma 1.2.1, a; + Ra; — 2 > —1. Then we use Lebesgue’s theorem and
we get

/ O(ur, ug)dy — [ O(ur, ug) dy:
OHpe =0 JoHp

/ O(uy,uy)dy — O(uy, uy) dv.
OHue e=0 JoHy

Moreover, there exists C' > 0 such that

0

e—0

[ @(Ub 112) d’)" =&
T

since oy, + Ry — 1 > 0.
Then (1.13) is satisfied.

Remark. we get a similar result with uy, ug or both in the form R[r® In(r)vZ()]. O

Proof of lemma 1.2.1

This lemma has been proved in a different form especially in [37, 33].
Assume that a solution of (1.11) o = + in is such that v €]0,1/2][.
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We have
1-— 2
sin?(aw) = 1= cos(2aw)
2
1
= 5(1 — cos(2yw) cosh(2nw) + i sin(2yw) sinh(2nw)).
Moreover,
41 -v)? —a?sin*w 41 —v)? = (42 = + 2iyn) sin®w
3—4v B 3—4v '
We then get
(3 — 4v)(1 — cos(2yw) cosh(2nw)) = 2(4(1 — )2 + (n* — 4?) sin* w), (1.14)
(3 — 4v) sin(2yw) sinh(2nw) = —4ynsin®w. '

The first equation of (1.14) is even with respect to n, the second is odd. We conclude
that, if a is a solution of (1.11), then @ also is.

We then assume in the following 0 < v < 1/2 and n > 0.

We rewrite the second equation of (1.14)

(3 — 4v) sin(2yw) sinh(2nw) + 4yn sin® w = 0. (1.15)

Let us remind that 0 < v < 1/2, 0 < w < 7.
We then have in (1.15)

(3 — 4v)sin(2yw) sinh(2nw) > 0,
n sinw > 0

And
= 0,

(3 — 4v) sin(2yw) sinh(2nw)
ynsinfw = 0.

Hence n = 0, and the first equation of (1.14) gives
(3 — 4v) cos(2yw) + 8(1 — v)* — (3 — 4v) — 2¢*sin*w = 0.

Since 3 — 4v > 0, for every v €]0,1/2], we have

0

Vv

1
3 —4v)cosw + 8(1 — v)? — (3 — 4v) — §sin2w
(cos?w +2(3 — 4v) cosw + 1602 — 24v + 9

(cosw + (3 — 4v))?

SN =N =

which is impossible. O



1.2. THE CASE OF A BI-DIMENSIONAL POLYGONAL DOMAIN 51

1.2.2 Second case : w=r
Structure of the solution

Once again, we use [12, 27, 14].
In this case, equation (1.11) becomes

4(1-v)?2—a?
3 —4v '
The roots of (1.16) such that Ra €]0, 1] are

sin?(ar) =

(1.16)

In(3 — 4v)
2m '
Then the singular solution of (1.10) is ug(r,0) = R (r*v(0)).

We need to know exactly ug. To this end, we introduce the following intermediate
functions

1 1
a:§+ikandaz§—ik, where k =

a(f) = vy [sin ——9 — sin (— ) 2k (COS 39 — oS (%9)) e
b(8) = vy |cos ——9 — cos (30) + 2k (smE 9; — sin (%9))}]&9;
m(0) = 4(vo + 2) sin (—9) cosh(kf);
n(0) = 4(vo + 2) cos ( ) sinh(k0);
where 1y = M——,u
1
We have

us(r,0) = /r [cos(k In(r)) ( ‘;)((99)) 1%9)) ) Fsin(k In(r) ( ;?9()0):77?((5)) )} (L)

Then we get the following result
Jlag € H*(H), Jles € R: 11 = g + csug.
and then, if we write ug = U + ug, we have

u = up + cgug. (1.18)

End of the proof of theorem 1.2.1 in the second case

As well as in paragraph 1.2.1, we use (1.18) and expand ©O(u,u). Similarly, terms
where ug appears converge to 0.

We now consider the remaining term, quadratic with respect to ug.

Since w = 7, we have (m-v) = 0, on OH.

Hence, o(ug)v =0, on OHy. Then ©(ug,us) = 0, on OHx.

Moreover, ug = 0, on OHp. This implies that (m-V)ug = (m-v)(v-V)ug. Then
O(ug,ug) = (m v)(2(c(us)v)-(v-V)ug — o(ug):€(ug)) = 0, on OHp.

It only remains to compute the integral on I'..



52 RELATIONS DE TYPE RELLICH

For a given € > 0, Maple computation gives
| Blus.ug)dy = Tm(0)-7(0) + O)
T’
We then have

lim [ O(u,u)dy = c% ll_r%  O(ug,ug) dy = Tcg(m(0)-7(0)).

e—0 . .

This achieves the proof of theorem 1.2.1. O

1.3 The case of a bi-dimensional domain

We here study the case of a bounded connected domain 2 C R%2. We assume that its
boundary 9f is of class C? and satisfies (1.1) and (1.5) (In (1.5), s; and s are two points
of 00 (see figure 1.4).).

Fia. 1.4 — A smooth bi-dimensional domain 2 with a non-empty interface.

We assume moreover that there exists xg € R? such that (1.6) is satisfied. At each
point s;, we denote 7(s;) the unit tangent vector to 92 pointing toward 90€p.
It can be observed that

m(sl)-u(sl) = m(Sg)'V(Sg) =0. (119)

In this case, the Rellich-type relation can be written as follows :
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Théoréme 1.3.1. Let Q C R? be a bounded connected domain of class C* which satisfies
(1.1), (1.5) and (1.19). Let u € H'(Q) be a solution of problem (1.2) with

feL2(Q), geH”*00p), heHY*00y). (1.20)
Then ©(u,u) belongs to LY(9Q) and
2 [ div(o(u))-(m-V)udx = O(u,u)dy+ 7T Z c(s)*(m(s)-7(s))
/Q /89 se{s1,s2}

where c(s) is the singularity coefficient of u at s.

Once again, we need to know the structure of the studied functions.

1.3.1 The case of the semi-disk

We first study the case QQ = D% (p), where p > 0 so that in polar coordinates, we may
define D*(p) = (0, p) X (0,7), OD(p) = (0, p) x {x} and ADH(p) = (0, p) x {0} U{p} x
(0,7), (see figure 1.5) and we consider the problem

—div(o(u)) =f in D*(p);

u=0 on D} (p); (1.21)
o(w)r =0 on dD%(p).
0D (p)

Dy (p)

Fi1a. 1.5 — The considered domain is a semi-disk.

We denote by ug the function defined by (1.17) in the whole half-plane. Let ¢ be a
cut-off function belonging to C°°(R™,[0,1]) such that supp(s) C [0, ps] and ¢ = 1 on
0, p1], with 0 < p1 < pa < p. We can define

ug(r,0) = ug(r,0)s(r). (1.22)

Using results of paragraph 1.2.2, we get
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Théoréme 1.3.2. Let u be the solution of problem (1.21) where £ € L2(D*(p)). We have
Jlup € H3(D'(p)), Jles €R: u =ug + csusg,

where ug is defined by (1.22).
This theorem means that, if we define the operator A, by

{ D(A,) ={v e H,(D"(p))/A,v € L3A(D*(p)), o(v)v =0o0n dD%(p)}
A,v = —div(o(v)),

we get
D(A,) € H(D*(p)) & Rus.

We want now to characterize the singular coefficient cg according to f. To this end,
we introduce the following intermediate functions

a(f) = vy [sin (—%9) — sin (—%10) + 2k (C?S (—%0) — cos (_1%9))} o,
b~(9) = 1) [COS (-5?) — COS (—59) — 2k <51n <_§9) — sin (_59))} k6';
(6) = 4(1 + 2) sin (—16) cosh(k8);

(0) = 4(vo + 2) cos (—10) sinh(k0);

N

where k and vy have been introduced in subsection 1.2.2.

We then define

() — cos(kIn(r)) a(9) +m(0) sin(kIn(r)) [ —b(0) — n(0)
¥ (r,0) NG ( b(0) — n(h) )+ NG ( a(f) —m(0) )

In the distributions sense, X* is a L% solution of the following problem

—div(o(u)) =0 in D*(p);
u=20 on (0, p) x {0};
s(u)y =0 on dDy(p).

Let us now consider g(#) = X*(p, 0), for every 0 €]0,w[. We have g € C*°([0, 7]). Let
U € H' (D" (p)) be a weak solution of the following problem

—div(o(u)) =0 in DT (p);

u=0 on (0, p)  {0};
u=g on {p} x (0,7);
oc(u)y =0 on dD%(p).

We define S* = X* — ¥*. S* is then, in sense of distributions, a L% solution of the
following problem
—div(e(u)) =0 in DT (p);
u=0 on 0D} (p);
o(u)r =0 on dD%(p).

We get the following result
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Théoréme 1.3.3. For f € L%(D*(p)), let u be the solution of problem (1.21) and let cg
be the singular coefficient of this solution. There exists »x € R*, independent of £, such

that
1

cg = —/ S*.f dx.
# J D+ (p)

Proof. Let (vy,)nen € HhL(D(p))Y be such that (v,,) tends to S* in L2(D* (p)).
For all n € N, we have

/ o(ug):€e(vy)dx + cs/ o(ug):€(vy,)dx = / f-v, dx.
D+(p) D+(p) Dt (p)

Now, we have of course

/ f-v,dx —— f-S*dx.
D*(p)

n—o0 J Dt (p)

Moreover,

/jj+(p)a(u3):6(vn) dx = —/DW) div(o(ug))-vn dx

S _/ div(o(ug))-S*dx = 0,
Dt (p)

n—oQ

since Up = U — cgug satisfies the homogeneous Neumann condition on @D]J\’, (p).
Then, there exists s € R such that

n—oQ

/ o(ug):e(vy,)dx —— .
D+ (p)

We then get

»Cg = / S*.f dx.
Dt (p)

Now, s is independent of f. Thus s € R* and the theorem is proved. O
We want now to get an estimate of the H?-norm of the regular part according to f.

Théoréme 1.3.4. For f € L?(D"%(p)), let u € D(A,) be the solution of problem (1.21).
Let ug € H?(D*(p)) be the regular part of u. There exists C > 0 independent of £ such
that

Mzl o) < Clifllzms -
Proof. We define L%(D"(p)) = {f € L*(D*(p)) / u € H*(D"(p))}. Using theorem
1.3.3, we may consider cg as a continuous linear form of f. We then have L% (D™ (p)) =
ker(cg) and L%(DT(p)) is closed in L2(D*(p)).

Now, let us define

T: L(D*(p) — D(A,) NEZ(D*(p))

fR ——  UuR.
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T is continuous linear and one-to-one. Moreover, we have T~!(ug) = —div(c(ug)), for
every ug in D(A,) NH?*(D"(p)). We can then apply the open-mapping theorem :

JC>0: Vug € D(A,) NE(D*(p)),
[div(o(ur))llLzp+ () < Cllurlle p+p)- (1.23)

Consider now

T: (D(A) NH (D" (), o+ () — L&D (p))
urp +H— —div(a(uR)).

T is linear, one-to-one, and obviously continuous. Moreover, we can easily see that
(D(A,) NH*(D*(p)), ||-lk2 (p+(p))) is a Banach space.

We apply once again the open-mapping theorem :
3C > 0: VYug € D(A,) NH*(D*(p)),
[arllep+p) < Clldiv(o(ur))llLzp+(p)- (1.24)

Consider f € L*(D*(p)) and u € D(A,), be the solution of problem (1.21) for f.
Let up € H*(D"(p)) and cs € R be such that u = ug + csus. Writing the variational
formulation with v = ug, we get

/ o(ugr):e(ug) dx—i—cs/ o(ug):e(ug)dx = / f-updx.
D+(p) Dt (p)

D*(p)
Using theorem 1.3.3, there exists some constant C' > 0 independent of f such that
les| < Clf[lLa(o+(op-

Then there exists C' > 0 independent of f such that

Cs / O(us) . E(UR) dx S O||f||L2(D+(p)) ||uR||H1 (D+(p))-
D*(p)
Moreover, we get easily the existence of ¢ > 0 independent of f such that
[ otansetu) dx = cljunl e
D*(p)

At last, we have

< Iflleap+ oy sl (p+ o))

/ f-updx
D*(p)

Then, there exists C' > 0 independent of f such that

Jug|lm o) < CllfllL2nt(p)- (1.25)
We deduce theorem (1.3.4) from (1.23), (1.24) and (1.25). O
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1.3.2 The general case

We now consider the case of a bounded connected domain €2 satisfying geometrical
assumptions given in the introduction of this paragraph. As well as in the case of the
polygon, the solution of problem (1.2) will be locally H? in the neighborhood of every
point of €2 and of every point of the boundary, except the points of I'. We will then work
at these points.

Jwp

8ZUN
owp

S

Fic. 1.6 — An example of w.

Let then s be one of the two points of the interface, and let W C R? be a neighborhood
of s. We denote (see figure 1.6)

w:WﬂQ, 6wN:WﬂﬁQN, 6wD: (Wﬂ@QD)U(ﬁwﬂQ). (1.26)
Using a localization process leads us to consider the following problem

—div(o(u)) =g in w;
u=20 on Jwp; (1.27)
oc(u)r =0 on Jwy;

where g € L*(w).
For this problem, we define the operator B by

{ D(B) = {v € H(w)/Bv € L*(w), o(v)v = 0 on dwy}
Bv = —div(o(v)).

We assume that w is such that there exists a C*-diffeomorphism ¢ from w onto D (p)
for some p > 0, such that

P(s) =0, @(0wp) =9Dp(p), ¢(0wn) = IDy(p). (1.28)

Without any restriction, we suppose that s is located at origin and that zi-axis is
tangent to w at this point. Reducing w if necessary, there exists ¢ € C?(R,R) such that
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IUNW C {(x,¢¥(x))/z € R}. Let us consider

¢1(71, 29) = 71,
P21, T2) = 12 — P (71).

Using these local coordinates, (1.27) can be written as follows

—div(g()) =g in DT (p);
u=0 on 0D} (p); (1.29)
v=0_0 on dD(p);

where g € L?(D%(p)) and where we have (with f=5— o),

Pu(a) = —2p + N (z1) 02,

Pra(0) = —pt)’(21)02tt2, (1.30)
Bor (@) = (2p + N/ (21)?0ptin — (201 + N9 (21)01n — (1 + M)y (1) Oatlz, '
Boa(@) = pa)! (21)?0pttz — ' (1) 01tz — (b + M)’ (1) Oatn.

As well as in [4], we consider problem (1.29) as a perturbation of problem (1.21) in
order to get the following regularity result.

Théoréme 1.3.5. Let w be an open subset of R? defined in (1.26), There exist p > 0
and a C*-diffeomorphism ¢ from w onto DV (p) such that (1.28) is satisfied and

D(B) C H*(w) & R(us o ¢),

where ug is given by (1.22).

Proof. We take p and ¢ as above.
Let A, be the operator defined by

{ D(A,) = {v € HL(D*(p)) /A, v € L*(D*(p)), 5(¥)v = 0 on 9D} (p)}
A = —div(5(¥)).

We need the following lemma, which gives the perturbation.

Lemme 1.3.1. For p > 0 and v € D(A,), 3(v) belongs to H' (D" (p))* and there exists
C > 0, independent of p, such that

¥ € D(Ay),  IBM)lmm+y < CVlIvIIDea,)-

We first assume that this lemma is proved. We then take a solution u of (1.29) be-
longing to D(A,). Using lemma 1.3.1, we get that 3(u1) belongs to H'(D"(p))*. Using a
classical trace result, we can build u” € H?(D™(p)) such that

i =0 on ODH(p), (i) = —(H) on ODG(p)
and such that there exists C' > 0, independent of p and u, so that

0" ||z D+ (py) < CllBQ@) || 1 (D+(0))s-
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We can write problem (1.29) in the following form :

—div(e(@)) — div(B(n)) — div(c(@")) =g in DT (p);
a=0 on 0D} (p);
oc(@v =0 on 0D (p).

We now define the operator P, by

P, D(A,) — L*(D*(p))
Vo —div(3(¥)) — div(o(¥7)).

Using lemma (1.3.1), we get that P, is continuous and that its norm is bounded by
C,/p, where C is independent of p. Furthermore, A, is an isomorphism from D(.A,) onto

L2(D*(p)). Hence, for p > 0 small enough, A, = A, + P, is an isomorphism from D(A,)
onto L?(D"(p)). Theorem 1.3.5 is then proved. O

Proof of lemma 1.3.1

For p>0and v € Q(.AP), we will prove that 311(v) belongs to H'(D*(p)), the proof

will be similar for any f;;(v).
Since v € D(A,), there exists cs € R and v € H?*(D"(p)) such that v = vg + csusg.
For i € {1,2}, we have

0B (v) = 0B (vr) + cs0ifn(us).
The term depending on v satisfies
0P (VR) = —(2u+ N0 (11)0evrr — (21 + N (21) 02V rr.
On one hand, there exists C' > 0 independent of p such that
12+ NP (21)02Vrillze < Cpllvels

since 1'(0) = 0 and there exists C' > 0 independent of p such that |¢'(x1)| < Cp.
Thanks to theorem 1.3.4, there exists C' > 0 independent of p such that

|2+ N (21)02vri| 2 < Cp||V]ipea,)-

On the other hand, since v and ug satisfy boundary conditions, vy satisfy them. Then
O1vp satisfy a Dirichlet condition on D} (p). Thanks to theorem 1.3.4, there exists then
C > 0 independent of p such that

101vR[lLe < Cpllviinea,),

since Poincaré’s constant is proportional to p. Moreover, o15(vg) and g9(vg) satisfy a
Dirichlet condition on 9D}, (p). Finally we get C' > 0 independent of p such that

102vRlLz < Cpllviipea,)
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and there exists C' > 0 independent of p such that

120 4+ X0 (1) 02V il 22 < Cpllvlpea,)-

Consider the remaining term depending on ug. Again, we have

32’311(05115) = —(2u + N)esO) (1) Ohust — (21 + N)est (1) 0ipugy.

For this terms, we know ug explicitly. We then get C' > 0 independent of p such that

121+ A)esO)' (1) ausi[| 2 < C/plcs]
and there exists C' > 0 independent of p such that

120 + A)est'(#1)Opust || 2 < Cy/ples].
Now, by theorem 1.3.3, we know that
1
cg = —/ S*div(o(v)) dx.
* JD*(p)

Then, there exists C' > 0 independent of p such that
les| < ClIvipa,)-

Finally, we get that 8y1(v) belong to H' (D" (p)), and that there exists C' > 0 inde-
pendent of p such that

181 ()| o+ (o)) < CV/olIVIpea,)-

We proceed similarly for B,»j (v) and we obtain the required result. O

1.3.3 Proof of the Rellich-type relation

We can now prove theorem 1.3.1.

Let u € H'(2) be a solution of problem (1.2) satisfying conditions (1.20). We proceed
as in the polygonal case.

Using a trace theorem, we build u € H?(Q) such that @ = u and o(0)v = o(u)v on
0. U =1 — u is a solution of

—div(e(U)) =F in O
Uu=0 on 0€)p; (1.31)
c(Ur=0 on 0Ny

where F = div(o(1)) — div(o(u)) € L?(Q).
We take € > 0 small enough and we define

Q. =Q\ (D(s1,€) U D(s2,€)),
aQDE = aQD \ ( (817 ) U D(S27€))
0. = 0\ (Di(s1.2) U D(ss.2)).
. = (0D(s1,e) UOD(s2,€)) N,
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so that we have 9. = 9Qp. U 9. UT..

For s € T', we apply theorem 1.3.5 to U in D(s,e)NQ. We obtain Ug € H?(D(s, £)NS)
and cg € R such that U = Ug+cgugoep. Writing ug = Ug+1u, we get u = ug+cg(ugog),
where up € H?(D(s,e) N Q).

Using this form, we expand ©(u,u). Terms with ug are obviously integrable on 92 N
D(s,¢). Let us consider terms depending on ug.

Observe that on 02 N D(s,¢), |(m-v)| < Cd(.,s). By a computation, we get that
|(m-v)o(us o @):e(ug o @)| is bounded on 9N N D(s, ).

Now, (o(us o @)v)-(m-V)ug o ¢ is of course integrable on 9y N D(s,¢), since it
vanishes. On 9Qp N D(s, ), since ug o ¢ = 0, we have (m-V)ugo ¢ = (m-v)(v-V)ug o ¢.
Hence, |(o(ug o @)v)-(m-V)ugs o ¢| is bounded on 0Qp N D(s, €).

We then obtain that ©(u, u) belongs to L'(0QN D(s, €)). Hence, it belongs to L' (992).

Now, since u € H?(€.), we apply twice Green’s formula and we obtain

[ dvtotw)-mVyudx= [ 6wy

€ 00,
Using Lebesgue’s theorem, we get

/ div(oc(u))-(m-V)udx — [ div(c(u))-(m-V)udx,

e—0 Q

/ O(u,u)dy — ©(u,u)d~.
80 pUOON - e=0 Jaq

For the remaining integral on fe, we observe that |J(¢) — Ir] = O(e). With a similar
computation as in section 1.2.2, we get

/f O(u, 1) dy — Tc(m(0)-7(0)).

e—0

The Rellich-type relation is then proved. O

1.4 The case of a n-dimensional domain

We here study the case of a bounded connected domain €2 C R". We assume that
its boundary 99 is of class C? and satisfies (1.1). We assume furthermore that T is a
(n — 2)-dimensional submanifold of class C* such that there exists a neighborhood €' of
[ such that 9Q N is a (n — 1)-submanifold of class C3, (see figure 1.7).

We assume moreover that there exists xo € R” such that (1.6) is satisfied.

It can be observed that

m-v =0, onl. (1.32)

At each point s of I', we consider I' as a submanifold of 02 of co-dimension 1 and we
denote by 7(s) the unit normal vector to I' pointing outward of 9.
In this case, the Rellich-type relation can be written as follows :
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Fic. 1.7 — A general smooth domain € with a non-empty interface.

Théoréme 1.4.1. Let Q C R” be a bounded connected domain of class C* which satisfies
(1.1) and above geometrical assumptions. We assume moreover that the boundary satisfies

(1.32). Let u € HY(Q) be a solution of problem (1.2) with

feL?(Q), geH?00p), heHY?00). (1.33)

Then ©(u,u) belongs to LY(OQ) and we can compute on T singularity coefficients of
u belonging to L*(T') such that

2 [ divto(w)-(m-Vyudx = (1=2) [ atwsewixr [ o) dy

Y

n—2
+ / <Tcg(s)2 + %” ZCSi(s)2> m(s)-7(s) ds.
r i=1
We need to know the structure of the studied function.

1.4.1 the case of the semi-cylinder

We use notations of section 1.3.1. D% (p) is the semi-disk with radius p in dimension
2. For d = n — 2, we here consider the case 2 = CT(p) where CT(p) = DT (p) x R%, (see
figure 1.8).

Coordinates of x € C*(p) will be denoted by (z1,x2,2), where z = (2,

ce ,Zd) € R%.
Let us define dCY(p) = ODL(p) x RY, 9C](p) = ODL(p) x RY.
We consider the problem

—div(o(u)) =f in Ct(p);
u=20 on 605(p);

(1.34)
o(u)jy =0 on C(p).
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L2

Fic. 1.8 — The considered domain is a semi-cylinder.

We want to generalize regularity results got in section 1.3.1.
Let u§ € (H' (D% (p)))? be the singular solution defined by (1.22).
Let ul, € H' (D" (p)) be the function defined in polar coordinates by

ubr0) = ()i ).

where ¢ is a cut-off function belonging to C*°(R™, [0, 1]) such that supp(s) C [0, p2] and
s = 1 on [0,p1], with 0 < p; < pa < p. Roughly speaking, u} is the singular solution
of a Laplace equation with mixed boundary conditions (see [4]). This function has been
introduced by Shamir in [36].

We define ug € H'(D*(p)) by

We then obtain
Théoréme 1.4.2. Let u be the solution of problem (1.34). We then have
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1) for every i in {1,...,d}, ou belongs to HY(CT(p)) and there exists C > 0, inde-
Zi

ou
5 < Cllf[lae+ s
“illE o+ (p)
2) g € LA (R4, H2(D*(p))) and Fles € L*(R?) such that u = up + ug @ cg, where
ug is defined by (1.35) and such that there exists C > 0, independent of p such that

pendent of p such that ‘

gl c2@ame o) < ClifllLacr ) and [les|lizmey < Cllf|lLzct )

Proof. The first point of above theorem is easily obtained by using differential quotients.
Hence we only develop the proof of the second one.
We denote the solution of problem (1.34) by u= *(uy,... ,u,). Let us define

w=(w) euricmn

2
Using Ag = 011 + 022, we rewrite (1.34) in the following form :
—Agu; = g; in O+(P)§

Vie{3,... ,n}, u; =0 on 0C}(p); (1.36)
82ui = hz on 80;;(p)

With the first point, we have g; € L>(C*(p)) and h; € H'?(C*(p)).
Moreover, we get that there exists C' > 0 independent of p such that

gill2c+ o)) < ClifllLzcrpyy,  hillmzer ) < CliEllLze+p)-
Then, using [4], there exist ugr; € L2(R%, H*(D*(p))) and cs; € L?*(R?) such that
u; = up; + Uk ® csi,
and such that there exists C' > 0 independent of p such that
[urillL2@a 2o+ ) < CllfllL ey lesillzees < ClifllLcr)-

It remains to obtain the result for u®. We denote by divy the divergence operator in R2.
We also denote by e2(u®) and o9(u®) the strain tensor and the stress tensor in dimension
2. Hence, u® verifies

—divy(oa(u)) = g° in C7(p);
u® =0 on 0C}(p); (1.37)
oa(u®)v = h° on 0C(p);

where g€ € (L?(C*(p)))?, he € (H'/?(C*(p)))?, such that there exists C' > 0 independent
of p such that

Il 2+ ()2 < CllifllLaccrey, Ml azcr e < ClifllLzc+ )
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Using a trace result, we can build u® € (H?*(C*(p)))? such that there exists C' > 0
independent of p such that ||0°|(m2(c+(p)))2 < C|lfllL2c+(p)) and such that U® = u® — u°
satisfies an equation in the form (1.37) with h® = 0. In this equation, there are no
derivative with respect to z. We then can work for a given z, and we get that, for almost

every z, U° satisfies

—divy(02(U*(,2))) = G°(.,z) in D" (p);
U¢(.,z) =0 on 0D} (p); (1.38)
o2(U°(., 2))v on dCY(p);

where G¢(.,z) € (Lz(DJr (p)))z, such that there exists C' > 0 independent of p such that
1GE(., 2) |l (2o ()2 < ClEC, 2) 2o+ (p))-

With theorems 1.3.2, 1.3.3 and 1.3.4 we can write u®(.,z) = u%(.,z) + c5(z)ug where
uy(.,2z) € (H*(D*(p)))? such that there exists C' > 0 independent of p such that

[z 2) L2+ ()2 < ClIEC, 2)[|L2(p+ (o), and
cs(z) :/ S*(x)G¢(x, z) dx.
D*(p))
We easily get that ¢g € L*(R?) with [[c§| 2wy < C||f[lLzc+(p)). We also get that

€ (L*(R?, H*(D"(p))))?* with [[ugllze@aem2p+p)2 < CllfllLzc (0)-

We now write

€
c
e S
Up e
Cs
UR3
ug = | . and cg = | €s3
URn
Csn
and we obtain the required result. O

Remark. Theorem 1.4.2 may be expressed in other words.

For p > 0, let By(p) be the ball of R? centered at the origin of radius p. We define

gf(% a”() y2y

v(p Di(p) x Ba(p

9C () =9C*(9)\ oCT(p) (1-39)
F(p) = {(0,0)} X Ba(p

and consider the following problem
—div(o(u)) =f in C~'+~(p),
u=0 on dC(p); (1.40)
o)y =0 on 9C3(p).

Using a cut-off function, theorem 1.4.2 allows us to prove that, if we define the operator

A, by

{ D(A,) = {v € Hp(C*(p)/Av € L(C*(p)), o(v)v = 0 on IC}(p)}
Apv = —div(a(v)),
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we get

D(A,) C H*(C*(p)) @ (us @ L*(Ba(p))) -

We now can estimate of the H?norm of the regular part according to f.

Théoréme 1.4.3. For f € L2(C*(p)), let u € D(A,) be the solution of problem (1.40).

Let up € H2(C*(p)) be the regqular part of u. There exists C > 0 independent of £ such
that

Iurllge @+ ) < ClEllz e )
Proof. We only follow the proof of theorem 1.3.4. 0

1.4.2 The general case

We now consider the case of a bounded connected domain €2 satisfying geometrical
assumptions given in the introduction of this paragraph. As well as in the 2-dimensional
case, the solution of problem (1.2) is locally H? in the neighborhood of every point of
and of every point of 90Q\ T'.

Fic. 1.9 — An example of w.

For s € I, let W C R™ be a neighborhood of s. We define (see figure 1.9)

w=WnqQ,
6wN:Wﬂ6§2N,

6wD: (Wﬂ@QD)U(ﬁwﬂQ),
vy=WnTI.

(1.41)
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A localization process (see [4]) leads us to consider the following problem :

—div(o(u)) =g in w;
u=20 on Jwp; (1.42)
o)y =0 on dwy;

where g € L*(w).
For this problem, we define the operator B by

{ D(B) = {v € Hy(w)/Bv € L*(w), o(v)v = 0 on dwy}
Bv = —div(o(v)).

We assume that w is such that for any p > 0, there exists a C%diffeomorphism ® from
w onto C'T(p) which satisfies

®(s) =0, @(dwp) =9CH(p). @(Owy)=03C{(p), @(7)="TL(p). (1.43)

Modifying w if necessary, and for simplicity, we will consider a particular P.

As well as in subsection 1.3.2, without any restriction, we suppose that the considered
point s of I is located at the origin, that Jw is tangent to xs-axis and v to the subspace
{z1 = 22 = 0} at this point.

Reducing w if necessary, there exists ¢ € C*(R" !, R) and 1 € C?(R% R) such that

Vx = (21, 29,2) € w, P®(x)=(xr1 —YP(2),r2— ¢P(11,2),2) (1.44)
and
V,(0,0) = V,4(0) = 0, %(0, 0) = 0. (1.45)

Hence, the Jacobian matrix of ® is given by :

DO = —52 1 —'V,¢
0 0 I

Especially, D®(0) = I,.

Using these local coordinates, (1.42) can be written as follows

—div(6(a)) =g in C*(p):;

=0 on 9CH(p); (1.46)
gu)r =0 on 0C(p);
where g € L2(C*(p)) and where
g(a) = uVe(Vave +' Ve'va) + A\(Ve:Va)Ve. (1.47)

Once again, we write f(u) = 6(u) — o(u) and we consider (1) as a perturbation of
problem (1.40) in order to get the following regularity result.
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Théoréme 1.4.4. Lel w be an open subset of R™ defined as in (1.41). There exist p >0
and a C*-diffeomorphism ® from w onto CT(p) such that (1.43) is satisfied and

D(B) © H2(w) & ((us @ L*(Ba(p))) 0 ®)

where ug is given by (1.35).

Proof. We take p and ® as above.
Let A, be the operator defined by

{ LA = (5 EBNCNIAS €11C* ). 3w = 0on 003
A, v = —div(6(V)).

We need the following lemma, which gives the perturbation :

Lemme 1.4.1. For p >0 and v € D(A,), 3(v) belongs to H'(C*(p))™ and there exists
C > 0, independent of p, such that

W e DA, 1B merye < Cy/AlVlowm,
Assuming that lemma 1.4.1 holds, we follow the proof of theorem 1.3.5. 0

Proof of lemma 1.4.1

Using (1.47), we can write, for (i,7) € {1,...,n}* and v € D(A,), above functions B,»j
in the form :

ﬁzg Z kalakvl

k=1

where V(i,j, k,1) € {1,...,n}*, & € CY(C*(p)) and £(0) = 0.
For v € D(A,) and t € {3,...,n}, we have

atﬁzg Z atf‘ffklakvl + Z kalaktvl

k=1 k=1

On one hand, we use the first point of theorem 1.4.2 : there exists C' > 0 independent
of p such that

||8ktvl||L2(@+(p)) < CHVHD(-Ap)‘

Since £(0) = 0, there exists C' > 0 independent of p such that

n
E ]

k=1

< Cpl|vllpea,)-

L2(C*(p))

On the other hand, since v satisfies a Dirichlet condition on @C’g(p), OV satisfies
also a Dirichlet condition on a part of the boundary, for k € {3,... ,n}. Then, since the
Poincaré’s constant is proportional to p, there exists C' > 0 independent of p such that

||akv||L2(C'+(p)) < CPHVHD(A,,)-
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Moreover, since 015(v) and 0gy(Vv) satisfy a Dirichlet condition on AC(p), we get that
there exists C' > 0 independent of p such that

102v L2+ () < CrlIVIIDa,)-
We get then C' > 0 independent of p such that

n
E ij

k=1

< Opllviipa,)-

L2(C*(p))

We then have got C' > 0 independent of p such that
10:8i5 (V)| L2+ () < CplIVIID(A,)-
We now assume that ¢ € {1,2}. Similarly, there exists C' > 0 independent of p such

that
6t <Z Z fzz@kvl>

< Opllviipa,)-

k=3 [=1

L2(C*(p))

Since v € D(A,), there exists vg € L?(RY,H?(DT(p))) and cg € L*(R?) such that

V=Vrp+ug® Cg.
Once again, as above, we get C' > 0 independent of p such that

2 n
Oy <Z Z nZ&m)

k=1 [=1

< Cpl|vllpea,)-
L2(C+(p))

For the remaining term with ug, we have
2 n N 2 n - 2 n -
O <Z Z Hglak(Vs & Cs)z) = Z Z 8tf<c§§l(6kus ®cg) + Z Z K/Zjl(aktus ® Cg);-
k=1 I=1 k=1 I=1 k=1 I=1

Observe that ug is explicitly known. A technical computation gives C' > 0 independent
of p such that

2 n
> D 0kl (Opus @ cs), < Cyplles|es
k=1 I=1 L2(C+(p))
and
2 n y
YD A (Owus @ cs) < Cv/plles|
k=1 I=1 L2(C+(p))

Since there also exists C' > 0 independent of p such that

lesllee < Clvlipea,),
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we get C' > 0 independent of p such that

O <Z Z mZﬁk(vS X Cs)z)

k=1 [=1

< CVplvlpea,)-

L2

Finally, for every (i,7) in {1,... ,n}?, we get : Bij(v) e HY(C*(p)), and there exists
C > 0 independent of p such that

1855l 1@+ () < CVPIVIIDCA,)-
Lemma 1.4.1 is then proved. O

1.4.3 Proof of the Rellich-type relation

We now can prove theorem 1.4.1.
Proof. Let u € H'(Q2) be a solution of problem (1.2) satisfying conditions (1.33).
Using a trace result, we build u € H?*(Q) such that . = u and o(2)v = o(u)v on 9.
U = u — u satisfies
—div(e(U)) =F in O
U=0 on 0fp; (1.48)
c(Ur=0 on 0Ny

where F = div(c(a)) — div(e(u)) € L*(Q).

Fig. 1.10 - Q..

Let € > 0 be small enough and define (see figure 1.10)
QE = Q\D(F7€)7
6QD€ = 8QD \ D(F,E),
QQNE = 6QN \ D(F,E),
. =0D[I,e)NQ,
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where D(I,¢) = {x € R"/d(x,T) < e} and so that we have 0, = 9Qp. U Q. UT..
As well as for theorem 1.3.1, ©(u, u) belongs to L'(99).
Observe that u € H?(£2.). We apply twice Green’s formula and obtain

/ divlo(u)-(m-V)ud = (n -2 / o) efu) ¢ / Oy

Using Lebesgue’s theorem, we get

/ div(o(u))-(m-V)udx — [ div(c(u))-(m-V)udx,

e—0 Q

/ o(u):e(u)dx — [ o(u):e(u)dx,

e—0 Q

/ O(u,u)dy — ©(u,u)d~.
80 pUOON - e=0 Jaq

It remains to study the convergence of the integral on T'.. We consider s € I'. After
convenient rotation and translation, we assume that this point s is the origin, and that 7(s)
and v(s) give the first and the second axises of coordinates. We write I'.(s) = I'.N(s, 7, v)
where (s, 7,v) is the plane containing s generated by 7 and v.

Applying theorem 1.4.4 we get u = ug + (ug o ®) ® cg(s) on some neighborhood w(s)

of s. We have ®(I'.) = {¢} x (0, 7) in polar coordinates.
We obtain

™

| ety = [ o gz
f‘s(s)

0=0

T
6=0

+ZCSi(s)2/ (v Vel - (m- Vi) — (m-)| Va2 6 + O(e).

Using results of [13, 4], we get

[ (b)) — ()| TPl o = (m(s) (s)) + OGe)
=0
Moreover, we have obtained in section 1.2.2
/ O(ug,ug)edd = T(m(s)-7(s)) + O(e).
=0

Hence, we obtain
/f " O(u,u) dy = c5(s)*T(m(s) 7(s)) + Z CSi(S)zug(m(S)'T(S)) +0(e).

We integrate the previous result on w(s) NT'. Since I is compact, we can introduce a
finite covering of I by {w(s)}ser and the associated cut-off functions which constitute a
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partition of the unity of I'. We then combine a finite number of equalities and we finally
obtain

/f O(u,u)dy = /1“ <Tcg(s)2 + '%T ZCSi(S)2> (m(s)-7(s))ds + O(e).

The Rellich-type relation is obtained by passing to the limit when € tends to 0. 0



Chapitre 2

Stabilisation frontiére du systéme
élastodynamique

Partie II : Stabilisation frontiére d’un
systéme élastodynamique en présence
de singularités
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Boundary stabilization of elastodynamic systems.
Part II : Boundary stabilization of an elastodynamic
system involving singularities.

Résumeé en frangais Nous considérons un systéme élastodynamique muni d’un feed-back
de type Neumann. Nous prouvons des résultats de stabilisation en utilisant la méthode des
multiplicateurs et les relations de Rellich obtenues dans la premiére partie. Nous prenons
en compte les singularités qui apparaissent lorsque les conditions frontiére changent.

Ce chapitre est constitué d’une prépublication soumise a SIAM, J. Control Optim.

(n " 384, http ://maply.univ-lyonl.fr/publis/publiv/2004 /publis.html)

Les résultats obtenus dans le cas polygonal ont fait ’objet d’une note aux CRAS [6],
placée en annexe.

English abstract We consider an elastodynamic system damped by a boundary feedback
of Neumann-type. We prove stabilization results by using the multipliers method and
Rellich-type relations given in Part I. Especially, we take in account singularities which
appear when changing boundary conditions.

Introduction

This work follows Part I, where we have proved some Rellich-type relations for the
Lamé’s system. We give the detailed proof of some extensions of a result which has been
announced in [6].

We here study the problem of boundary stabilization involving singularities. These
singularities can appear when the feedback is defined on a strict subset of the boundary.

We have chosen to study our problem by the multipliers method because of its robust-
ness. Furthermore, this method leads to explicit decay rates of the energy function.

Similar problems of boundary stabilization have been addressed by many authors. We
especially mention :

— the case of the waves equation (see [19] and references of this book). Geometrical

assumptions involving singularities have been firstly studied in [13]. This work has
been later extended in [21] and [4].
— the case of elastodynamic systems :

u” —div(e(u)) =0 in Q x Ry;

u=20 on 0Q2p X Ry;
o(u)v =F(x,u,u’) on 0Qy x Ry; (2.1)
u(0) = ug in Q;
u'(0) =wm in Q.
In [22], Lagnese has introduced a "natural" feedback : F(x,u,u’) = —au — bu'.

In |23, 20], another feedback is introduced, in order to obtain a stabilization re-
sult. In [1], Alabau and Komornik obtained a stabilization result with the natural



75

feedback. This work has been extended in [15, 16, 2, 3]. In all these works, geome-
trical restrictions are such that singularities do not appear. The most general result
concerning Lamé system has been obtained by M. A. Horn [18], using micro-local
analysis techniques. Here, as well as in the case of waves equation, our generalized
Rellich relations obtained in Part I leads us to give boundary stabilization results
for the elastodynamic system under weak geometrical restrictions.

We use a particular natural feedback which conveniently behaves with respect to Rel-
lich relations. The case of the general natural feedback when singularities appear is still
open.

Let us now introduce notations and main assumptions.

We here consider an elastic body which satisfies Lamé’s laws. As usual, we define the
strain tensor and the stress tensor for a regular vector field v by

€;(v) = %(Givj + 0;v;), o(v) =2pue(v) + Mdiv(v)1,.

where A and p are the Lamé’s coefficients and [, is the identity matrix of R™.
Let 2 C R™ be a bounded connected open set such that its boundary satisfies

0Qp NIy =10,
00 = 00p U Ny, with ¢ meas(0Qp) # 0, (2.2)
meas(0€y) # 0.

We denote the boundary interface by I' = 0Qp N 9Qy. We assume that  is smooth
enough so that for almost every x € 0f), we can consider v(x) the normal unit vector
pointing outward of €.

We assume moreover that there exists xg € R™ such that, setting m(x) = x — x¢, we
have

(m-v) >0, on 00, (m-v) <0, on 0Qp. (2.3)
It can be observed that, if I # (), and if 92 is smooth enough,
m-v =0, onl. (2.4)
We here consider the linear isotropic elastodynamic system

u’ —div(e(u)) =0 in Q x Ry;

u=0>0 on 0Qp X Ry;

oc(u)y = —(m-v)u’ on 00Qx x Ry; (2.5)
u(0) = ug in Q;

u'(0) =wm in Q.

As well as in the case of waves equation, because of the change of boundary conditions,
singularities appear along I'. Nevertheless, we have seen in Part I that, since the feedback
vanishes on I' (cf (2.4)), we can obtain Rellich type relations.

We introduce following Sobolev spaces : L2(Q2) = (L*(Q2))", H*(Q) = (H*(Q))", Vs > 0
and HL(Q) = {v e H'(Q)/v =0 on 0Qp}.



76 STABILISATION FRONTIERE

The semi-group method leads to well-posedness of problem (2.5) under the following
assumption

(0, u;) € HL(Q) x L2(Q). (2.6)

Energy function is given by
1 112
E(u,t) = 5 (0] + o(u):e(u)) dx. (2.7)
Q

We will prove, under convenient geometric assumptions, results in the following form

There exist constants C > 0 and w > 0 such that for all (ug,wy) satisfying (2.6), the
solution u of (2.5) satisfies

Vte Ry, E(ut)<Ce ' E(u,0).

This paper is organized as follow :

— section 2.1 : we give boundary stabilization results when 2 is a bi-dimensional po-
lygonal domain (Theorem 2.1.1).

— section 2.2 : we give this result when Q is a n-dimensional smooth domain (Theorem
2.2.1).

— section 2.3 : we give the proof of theorem 2.2.1. This proof can be easily adapted
for theorem 2.1.1, following [6].

2.1 Stabilization of the elastodynamic system for a polygonal do-
main

We here express the result in the case of a polygonal domain Q@ C R?, as in section
2.1. We assume that its boundary 0f satisfied (2.2) and furthermore,

I'= {Sl,SQ}, (28)

where s; and sy will be considered as two vertices of 09 (see figure 2.1).

The following theorem has been announced in [6]. The proof is similar to the proof
given in section 2.3.

Théoréme 2.1.1. Let Q be a polygonal domain of R? satisfying (2.2), (2.3) and (2.8).
There exist C > 0 and w > 0 such that for every (o, uy) satisfying (2.6), the solution u
of (2.5) satisfies

Vte Ry, E(ut) <Ce ™ E(u,0).
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9

FiG. 2.1 — A polygonal domain Q with a non-empty interface I' = {s1,s2}.

2.2 Stabilization of the elastodynamic system for a n-dimensional
domain

2.2.1 Introduction

We consider a bounded connected domain 2 C R™. We assume that its boundary 02
is of class C? and satisfies (2.2). We assume furthermore that :

[ is a (n — 2)-dimensional submanifold of class C*® such that
there exists a neighborhood € of I" such that 0Q2 N QY (2.9)
is a (n — 1)-submanifold of class C3.(see figure 2.2)

We assume that there exists xo € R” such that (2.3) is satisfied. At each point s of T,
we consider I' as a submanifold of 99 of co-dimension 1 and we can denote by 7(s) the
unit normal vector to I' pointing outward of 0Q2x. We assume that :

m-7 <0, onl. (2.10)

We emphasize that such a condition appears in the case of waves equation (see [4]).
When using multipliers method, we shall take in account this condition in Rellich-type
relation and this will give the behavior of the energy function.

Condition (2.10) is especially satisfied when € is convex, and xq outside of Q.
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Fic. 2.2 — A general smooth domain € with a non-empty interface.

Théoréme 2.2.1. Let Q) be a bounded connected domain of R™. We assume that its boun-
dary 0 is of class C* and satisfies (2.2) and (2.9). We assume moreover that there exists
xg € R" such that (2.3) and (2.10) hold.
There exist C > 0 and w > 0 such that for every (g, uy) satisfying (2.6), the solution
u of (2.5) satisfies
VteR,, E(ut)<Ce ™ E(u,0).

In order to prove theorem 2.2.1 in this case, we will follow the method used in [21]
and described in [19], so-called the multipliers method.

Some notations
For a regular vector field u, we define
61u1 e &ml

Vu = (0ju;)1<ij<n = : :
alun e &mn

As well as in Part I, we need to introduce

T A

and for two regular vector fields v; and vy, we define

O(vy1,va) =2(c(v)v)-(m-V)vy — (m-v)o(vy):€(va).

We first prove theorem 2.2.1 for strong solutions. The result for weak solutions follows
thanks to a density result.
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2.2.2 The Rellich-type relation

Let us recall results obtained in the first part of this work.

Théoréme 2.2.2. Let Q C R"™ be a bounded connected domain of class C* which satisfies
(2.2)-(2.4). Let u € H'(Q) such that

div(o(u)) € L3(Q), ue HY*0Qp), o(u)-v e HY*(00y). (2.11)

Then ©(u,u) belongs to LY(ON) and we can compute on T singularity coefficients of
u belonging to L*(T") such that

Q/QdiV(O(u))-(m-V)udx = (n_2)/90(11):6(“)(1)(4’/m@(u,u)dfy
+/F <Tc§(S)2 + %ZCSi(S)2> (m(s)-T(s))ds,

2.3 The proof of theorem 2.2.1

The main tool of our proof is the following lemma proved in [19] :

Lemme 2.3.1. Let E : RT™ — R be a non-increasing function such that there exvists
C > 0 independent of t such that

/00 E(s)ds < CE(t), Vt>0; (2.12)

then we have

E(t) < E(0)e'" ¢, Vt>C.

We can easily verify that the energy function is non-increasing with respect to time.
Indeed, using Green’s formula, we get, for every ¢ > 0,

E'(u,t) :/Q(u-u’%—a(u):e(u’))dx: _/ag (m-v)[u)? dy. (2.13)

In order to prove that the energy function satisfies (2.12), we use the multipliers
method (see for example [19] and [25]).

Let T'> S > 0 be two constants. We now introduce Mu = 2(m-V)u+ (n — 1)u. We
have

/ST/Qu/.Mudth: /ST/Qdiv(O(“))'M“dth' (2.14)

Integrating the left-hand side by parts with respect to t, we get

T T T
/ /u”-Mudxdt = {/ u’-Mudx] —/ /u’-Mu’dth. (2.15)
s Ja Q S s Ja
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But we can write :

Q/u’-(m-V)u’dx = /(m-V)|u’|2dX
Q Q
= / (m-u)|u’|2d'y—/div(m)|u’|2dx
o0 Q
= / (m-u)|u’|2d'y—n/ [u'|? dx.
o0 Q
Therefore,
T T
/ /u”-Mudxdt = {/ u’-Mudx]
s Ja Q s
T T
+/ /|u’|2dxdt—/ / (m-v)|u|?dvydt. (2.16)
s Ja s Jooy

The right-hand side of (2.14) can be written as follows :

/ /le )-Mudxdt = / /le )-(m-V)udxdt

+(n—1) / /le )-udx dt.
Green’s formula gives

//le )-udx dt = // m-v)u’ ud’ydt—// u) dx dt.
[2193%

Now, since u is a strong solution of (2.5), u(t) satisfies conditions of theorem 2.2.2 for
almost every t. Thanks to (2.10), the integral on I' is non-positive. Hence, we get

2 [ divto(w)-(m-Ppudx < (0-2) [ awsewixr [ o) dy
< (0-2) [ otwse(u) e
- /8 ()20 (m T ofu) o)) dy
T /8 2o (w)w) (m-V)u— (m-v)o(w):e(w)] dy.

Qp

We have u = 0 on 0Qp. Then, Vi, Vu;, = (Vu;-v)v on 0Q2p. We observe that (o(u)v)-
(m-V)u= (m-v)o(u):e(u) on dQp. Thanks to (2.3), we get

QLQD(J(u)u)-(m-V)udfy - /{MD(m-u)a(u):e(u) dy <0
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and

Q/Qdiv(a(u))-(m-V)udx < (n—Q)/Qa(u):e(u) dx
— /m]v(m-u)[Qu ‘(m-V)u+o(u):e(u)] dv.

Hence

/ /le )-Mudxdt < / / u) dx dt

—// (m-v)2u"-(m-V)u+ o(u):e(u)] dvydt.
s Joax

T
—(n— 1)/ / (m-v)u'-udydt. (2.17)
From (2.16) and (2.17), we obtain

T
2/ E(u,t)dt < —{/u Mudx} / / (m-v)|u'|> dvy dt
S QN
n—l/ / m-v)u' -udydt
N

_// (m-v)2u'- (m-V)u + o(u):e(u)] dydt.  (2.18)
S 15J93N;

One can easily prove that there exists C7 > 0 such that for all ¢ > 0,

/u’-Mudx
Q

Then, since energy function is non-increasing, we get

T
{/ u’-Mudx]
Q S

Moreover, for a given 6 > 0, we get Cy > 0 independent of S and T such that

S ClE(u, t)

<20,E(u, S). (2.19)

(m-v)u'-udy dt' < Q/STE(u, t)dt + CoE(u, S). (2.20)

121935

At last, we use the following lemma which is proved at the end of this paper.
Lemme 2.3.2. For all 0 > 0 small enough, there exists C > 0 independent of S and T
such that

T

// (m-V)u+o(u):e(u)] d’ydtSQ/E(u,t) dt + CE(u,S). (2.21)
o0

S
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Hence, from (2.18), (2.19), (2.20) and (2.21), we obtain that for every # > 0 small
enough, there exists C5 > 0 independent of S and T such that

(2-0) /S TE(t) dt < C3E(u, S). (2.22)

It is convenient to take # small enough. The limit when T tends to infinity gives the
result. This result can be extended to weak solutions by a density argument, since decay
rate does not depend on the considered strong solution. OJ

Remark : all constants that appear in the above proof are explicit, so we can get the
exponential decay rate with respect to data.

2.3.1 Proof of lemma 2.3.2

For the proof of this lemma, we follow [3].
Since 0N is of class C?, for all x € 91, we can build a local C%-diffeomorphism ¢ from
an open subset Vi C R"™! onto an open neighborhood V, C 9. Then vectors

_0¢
9
are independent and generate Ty (0€2), the tangent space at a x. Moreover, we denote by

T(09) the tangent bundle (see [24] and [38]).
We then denote by g the metric tensor related to ¢

a;(x) (' (x)), Vie{l,...,n—1},

gij = a;-aj, V(Z,j)é{l, ’n_l}z’

and by (gij)(,»7j)e{1 ..... n—1)2 its inverse.
We denote by m(x) the orthogonal projection on Ty(9€2). Then, for every vector field
v defined on €2, we have for almost every x in 0f2,

V(%) = vr(x) + v, (x)v(x),

where v (x) = 71(x)v(x), v,(x) = v(x)-v(x).
Especially for vector m, we have for almost every x in 052,

m(x) = myp(x) + my, (x)v(x).

We will denote by Or the tangential derivative, by d, the normal derivative and by
Vr the tangential gradient. For every smooth enough vector field v, we have

dv = 1(0rvr)m + v, (0rv) + (Ouvr)V + v(0rvy =V (0rv) + (Ouv,)), on 0. (2.23)
We then have

e(v) = er(v) + Ves(v) + es(V)v + e (V)V'v,  on 99, (2.24)

o(v) =op(v) +Vios(v)+os(v)v + o, (v)VY'v, on 09, (2.25)
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with
QET(V) = W(@TVT)W + W@TVTW + QUVaTV
2e¢5(v) = Opvy + Vv, — (Orv) vy,
€ (V) = Opvy,

or(v) = 2uer(v) + Atr(er(v) + €,(v)) Lo,
(V) = 2M€5(V)7
ou (V) = 2ue, (V) + Atr(er(v) + €(v)).

)
Remark : It can be observed that ep(v) and op(v) correspond to some symmetric
(n — 1) x (n — 1)-matrices, and that es(v) and og(v) correspond to some vectors of
dimension n — 1, such that in some orthogonal basis (ti,...,t,_1,v), where ty,...  t,_1
belong to the tangent space, tensors €(v) and o(v) are represented by matrices

(e 28)) e (7 =)
We first estimate
I:iLTL;NﬂnrumﬂmmVﬁMWdt

>From (2.23), we deduce
u-(m-V)u = up-(Orur)mr + (upuy — u,ur)-(Orv)my
+ul, Vru, -myp + my, (Wro,ur + u,dyuy, ). (2.26)

Using this form, we expand I and we study each term.

T
e Estimate of [; = / / 2my,u,, NV 7y, -myp doy dt.
oQN

0f) is a compact manifold of dimension n — 1. Then there exists a finite number of
local maps associated to a partition of unity (61, ... ,0;). We denote U; = supp(6;). We
then have

/ 2myu, Vru, -mpdy = / 2myul, Vru, -myp dey
00N o0

k
= Z/ 2my, 0u,V ru, -mr dy.
j=1 /Ui

For j € {1,...,k}, we consider the j-th term in the above sum. For simplicity, we
have denoted 0; and U; by 6 and U, respectively. We have

n—1
myr = Zm’a,
i=1
We write |g| = |det(g)| and W = ¢ (U) and we get

/ 2m,, 0u,, ¥V u,, -y day
U

”1auyo¢ AT
= /WQ(m,,oqb)(Qo (u,, o @) Z lg|Z d~. (2.27)

=1
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We write v, =u, 0@ € H%(W) There exists C' > 0 such that

[yl < Olluw [l

1
HZ (W) HI(UY

We now introduce a partition of W :

{ WH={(&,... &) ER™ /mY(&, ... &) >0} NW,
= {(617- <. >fn—1) S Rn_l / ml(fl,. .. ,fn_l) < 0} NWw.

and we look at the term with m! on W7 in the right-hand side of (2.27).
We write ¢ = <(m,, o@)(fo ¢)m1|g|%) ®. So we have

[

. . v, B 2, ,81},,
| 2o o)ooy GEmlatay ~ [ +2w e (2.25)
o (Q/WV) . 61/1

Consider the right-hand side of (2.28). We have

! oz o 1
AV —
/S W Q/](UV) 651 d,-), dt |i ¢Uu 651 :| *

There exists C' > 0 independent of u and of ¢ such that

Uy < C/ ul*d
‘Wﬁﬁ &1 ‘ aQN|| 7

< C/ lu|? d.
o

Using a trace result, there exists C' > 0, independent of u and ¢ such that

/ uf? dy < Clfull o).
o0

Now, using Poincaré’s inequality and Korn’s inequality, there exists C' > 0, inde-
pendent of u and ¢, such that

lall% o) < CE(u,1).
Then, since E(u,.) is non-increasing, we get C' > 0, independent of u, such that
(o2 ¢ dydt| < CE(u,S), (2.20)
W+

Now, for the first term of (2.28), we define

oo Y inWEXR,
10 in (RI\WH) xR,
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(Q/WV) /aG
dvy = G'— dv
/sz o5 7 /RMQ 96,

We denote by G the Fourier transform of G with respect to &, and we get

/W+ 29, (gg}y) v = 4n_12iwn1(éz)’dv.

Now, there exists C' > 0, independent of u and ¢, such that

We have

H2 (Rn 1)

/ mszv‘ <clal,
Rn 1

Moreover, there exists C' > 0, independent of u and t, such that

< Cllunl?

G2, o

HQ(RTL 1 —
and thanks to a trace result, we get C' > 0, independent of u and t, such that

IGI < Clulige,
Thanks to (2.13), E(u,.) is non-increasing. We then can find C' > 0, independent of
u, such that

Y

zm,’,a(gg”) dvy dt‘ < CE(u,S). (2.30)
w+ 1

>From (2.29) and (2.30), we build C' > 0, independent of u, such that

wa %o d7}<0E( .9).

For the integral in W™, we replace a; by —a;, m! by —m/!, respectively and proceed
as above. We can also get similar results concerning the integral terms containing m?, for
i€{2,...,n—1}. Finally, we get C' > 0, independent of u, such that

1| < CE(u,S). (2.31)

T
e [stimate of [, = / / 2m, Wy Orurmy d-y dt.
oQN

We write .
Up
ur = :
n—1
Up
We have

n—1
y ,
2m, Wp-Orurmy = E 2myurV ruy - my.
i=1
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As well as for I, we get that, for all ¢ € {1,... ,n—1}, there exists C' > 0, independent
of u, such that

T
/ / 2my,ul NV rul-my dy dt| < CE(u, S).
S 12193
And then, there exists C' > 0, independent of u, such that
|I;] < CE(u,5). (2.32)

T
e Estimate of I3 = / / 2m2u)-O,ur dy dt.
S JOQN

We have
Opur = 2eg(u) — Vru, + Orv ur.

Now, for some 6 > 0, there exists C' > 0, independent of u and ¢, such that

C
/ 2m2ul.- (Orv ur) d’y' < —/ m,,|u’T|2d'y—|—9/ lu|? d~.
00N 9 12/ 955 12/ 955

Therefore, as in (2.29), for some 6 > 0, there exists C' > 0, independent of u and ¢,
such that

C
/ 2m2ul- (Orv ur) d’y‘ < —/ my |u'|> dy + 0E(u,t). (2.33)
12193 0 121933
Moreover, for some 6 > 0, there exists C' > 0, independent of u and t, such that
C
/ 4m2ul-es(u) d'y‘ < 5/ my |2 dy + 9/ my|es(u)|? dy. (2.34)

T
Let us now estimate the remaining term / / 2m2u}.-Vru, dy dt. We have
S JoQn
T T
/ / 2m2uy.-Voru, dydt = {/ 2m2ur-Voru, d'y}
S BQN 8QN S
T
—/ / 2mZur-Vru,, dvy dt. (2.35)
S JoQn
We have

/ 2miur-Vru, dy = —/ 2ul, divy(mZur) d’y—l—/Qu;mzuT-Td'y
oy o0 r

= — / 2ul, divr(mZur) dy.
N

Observe that divp(mZur) = m2dive(ur) + 2m, Vr(m,)-ur. We then get

/ 2ul, divy(m2ur) d’y‘ < / 2u,m2divy(ur) d’y‘
BQN 8QN

_|_

/ 4u;,m, Vr(my,)-ur d'y‘ )
00N
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Therefore, for some 6 > 0, there exists C' > 0, independent of u and ¢, such that

/ 2u/, divy(mZur) d’y' < 9/ (|u|* + my|divy(ur)|?) dy
BQN 8QN
C
+— my, [u'|* dy.
0 Joay

But |divT(uT)|2 S QET(UT)IET(UT).
Therefore, for some 6 > 0, there exists C' > 0, independent of u and ¢, such that

/ 2u/, divy(mZur) d’y‘ < OFE(u,t)+6 myer(ur):er(ur) dy
BQN 8QN
¢ 112
+— my || dy. (2.36)
0 Joay
T
Let us now study the remaining term in (2.35), {/ 2m2ur-Vru, d'y}
1o}

QN S

/ 2m2ur-Vou, dy = —/ 2divp(miur)u, dy
BQN 8QN
= — / 2m2divy(ur)u, dvy — / dm,, (Vrmy, -ur)u,, d-.
89]\7 8QN

There exists C' > 0, independent of u and ¢, such that

/ dm,, (Vrmy, -ur)u, d'y‘ < C/ lu? d~.
a0y )

QN

Hence, there exists C' > 0, independent of u and ¢, such that

/ dm,, (Vrmy, -ur)u, d'y‘ < CE(u,t). (2.37)
e

T

It remains {/ 2m2divy(ur)u, d’y} .
oy S

For a given ¢t > 0, let us define £ € H*(9Qy) such that

{ ¢ — Aré = divyp(ur)(t), in 0Qy;
E=0 on I

We have divy(ur)(t) € H™2(9Qy), then ¢ satisfies

£ € H3(0Qy) and ) < Clluz|

HE (005, T(00))

1€l 00y < Cllurllz2pay T@0n):;
1€l 1% o0y
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Using &, we get

/ 2m2divy(ur)u, dy = / 2m2u, € dy — / 2m2u, A€ d.

There exists C' > 0, independent of u and ¢, such that

/ 2m3uu€d7‘§0 / (a2 + €2) dv.
BQN 89N

There exists C' > 0, independent of u and ¢, such that

/ 2m2u, & d’y' < C/ lu|? d.
BQN 89N

And then, there exists C' > 0, independent of u and ¢, such that

/ 2m2u, & d’y‘ < CE(u,t).
N

Moreover,

L[5

/ oy, Agé dy = / (—Ar) (m2u, )(~Ar)}(€) do.
00N NN

Then, we get C' > 0, independent of u and ¢, such that

2
< P

and there exists C' > 0, independent of u and ¢, such that

/ 2m2u, Apé d’y‘ < C||u||]%11(9).
N

Hence, there exists C' > 0, independent of u and ¢, such that

/ 2m2u, Aré d’y‘ < CE(u,t).
N

We finally get C' > 0, independent of u, such that

T
{/ 2m2div(ur)u, d’y}
oy S

With (2.37) and (2.38), we get C' > 0, independent of u, such that

< CE(u,8). (2.38)

T

H/ 2m,2juT~VTu,,d'y] < CE(u,S). (2.39)
[2193% S
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Now, thanks to (2.33), (2.34), (2.36) and (2.39), we get that for some 6 > 0, there
exists C' > 0, independent of u, such that

T

|| < 9/5 /ag m,,(|65(u)|2+eT(uT):eT(uT))d'ydt—|—9/s E(u,t)dt

T
+€// m,|u'|?dy dt + CE(u, S). (2.40)

T
e [stimate of [, = / / 2my, (upuy — ulur)- (Orv)my dy dt.
S 15J93N;

Using Cauchy-Schwarz inequality, we can prove that for some 6 > 0, there exists
C > 0, independent of u, such that

T O T
|1,] < 9/ / lu|? dy dt + —/ / my, [’ |* dy dt.
s Joay 0 Js Joay

Then, for some 6 > 0, there exists C' > 0, independent of u, such that

T C T
|1,] < 9/5 E(u,t)dt + 5/5 /{m my,|u'|? dy dt. (2.41)

T
e [istimate of 5 = / / 2m2ul,dpu, dy dt.
S [2}9)
Similarly, for some 6 > 0, we get C' > 0, independent of u, such that

T C T
|I5| < 9/ / my |0y, |* dy dt + —/ / my,|u'|? dy dt. (2.42)
s Jooy 0 Js Joay

e End of the proof.
We now use (2.31), (2.32), (2.40), (2.41) and (2.42) and, for some 6 > 0, we get C' > 0,

independent of u, such that

T
Il < 9/ / i (les(U)]? + ex(ur) : er(ug) + |Gy |2) dy dt

T T
+9/ E(u,t) dt—I—g/ / my, [0'|? dy dt + CE(u, S). (2.43)
S 0 Js Joay

Now, using (2.24) and (2.25), we get
o(u):e(w) = 2u(les(u)|* + er(ur) er(ur) + [ un|?).

Therefore, for every 8 > 0 small enough,

/s/ag my (—o(u):e(u) + 0(les(u)|* + er(ur) :er(ur) + [dyuy|?)) dydt < 0.

This completes the proof. O
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Chapitre 3

Controélabilité et stabilisation frontiére
non-linéaire du systéme
élastodynamique en présence de
singularités
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Controllability and non-linear boundary stabilization
of elastodynamic systems involving singularities.

Résumeé en francais Nous considérons un systéme élastodynamique avec des conditions
frontiére mélées. Nous prouvons un résultat de stabilisation a "aide d’un feed-back non-
linéaire de type Neumann. Nous sommes alors amenés a prouver un résultat de controla-
bilité pour ce systéme.

Ce chapitre est constitué d’une prépublication soumise aux proceedings de [FIP7.2,
suite & une communication dans le cadre de la conférence FCCOMAS, juillet 2004, Jyvds-
kyld, Finlande, lors du workshop Boundary control, moving boundary, smart material and
structural control.

(n " 388, http ://maply.univ-lyonl.fr/publis/publiv/2004 /publis.html)

English abstract We consider an elastodynamic system with mixed boundary condi-
tions. We prove boundary stabilization results by damping the system by a nonlinear
feed-back of Neumann-type. While proving this result, we prove a controllability result
for the system.

Introduction

This paper follows our works (|7, 8|), where we have obtained the boundary stabiliza-
tion of elastodynamic systems, with a linear feed-back of Neumann-type.

We here consider an elastic body which satisfies Lamé’s laws. As usual, we define the
strain tensor and the stress tensor for a regular vector field v by

€;(v) = %(@ivj + 0;vi), o(v) = 2ue(v) + Mdiv(v)1,.

where \ and p are the Lamé’s coefficients and [, is the identity matrix of R"™.
Let 2 C R™ be a bounded connected open set such that its boundary 0 is of class
C? and satisfies

0Qp NIy =10,
00 = 00p U 0Ny, with { meas(0Qp) # 0, (3.1)
meas(0y) # 0.

We denote the boundary interface by I' = 9Qp N Q. We assume that :

[ is a (n — 2)-dimensional submanifold of class C*® such that
there exists a neighborhood €2 of T such that 992 N &/ (3.2)
is a (n — 1)-submanifold of class C®.

We consider v(x) the normal unit vector pointing outward of (2. We assume that there
exists xg € R" such that, setting m(x) = x — xg, we have

(m-v) >0, on 0y, (m-v) <0, on 9Qp. (3.3)
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At each point s of T', we consider I' as a submanifold of 0f2 of co-dimension 1 and we can
denote by 7(s) the unit normal vector to I" pointing outward of 92y. We assume that :

m-7 <0, onl. (3.4)
Let g € C(R™,R"™) be a continuous function such that g(0) = 0 and
g(x)x>0, VxeR"™ (3.5)

We assume moreover that there exist constants ¢; > 0, co > 0,¢c3 >0,¢4 >0,p>1
and ¢ €]0, 1] such that

erfxl? < lg(x)] < ealx]? Vx| < 1 (3.6)

colx] < lg(x)] < ealx| Vx| > 1 (3.7)

where |.| is the euclidian norm on R™.
We here consider the linear isotropic elastodynamic system

u” —div(o(u)) =0 in Q xRy;

u=0>0 on 0Qp X Ry;

oc(u)y = —(m-v)g(u') on 00yn x Ry; (3.8)
u(0) =uy in €

u'(0) =wm in Q.

We emphasize that, as in the linear case, singularities appear along I' beacause of the
change of boundary conditions.

We introduce following Sobolev spaces : L2(Q2) = (L*(Q2))", H*(Q) = (H*(Q))", Vs > 0
and HL(Q) = {v € HY(Q)/v = 0 on 0Qp}. We define an Hilbert space H = H}(Q) x
L2(Q), with the following norm :

V(VQ,Vl) € H, ||(V0,V1)||'H = [2 <|V1|2 + O(VQ)IE(VQ)) dx.

The semi-group method leads to well-posedness of problem (3.8) under assumptions

(3.6), (3.7) and the following one :
(up, ;) € H. (3.9)

Our main purpose is to prove the following stabilization result :

Théoréme 3.0.1. Let Q) be a bounded connected domain of R™. We assume that its boun-
dary OS) is of class C? and satisfies (3.1) and (3.2). We assume moreover that there exists
xg € R"™ such that (3.3) and (3.4) hold.

Let g € C(R™,R") be a continuous function such that g(0) = 0 and such that (3.5),
(3.6) and (3.7) hold.

For every (ug, wy) satisfying (3.9), the solution u of (3.8) satisfies

Vte Ry, E(ut)<Coe ™ E(u,0), ifp=q=1; (3.10)
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VieRy, E(ut)<Ci(1+t) 7, if (p,q) # (1,1); (3.11)

2 2q
P17 g+l
(ug,uy), and where Cy > 0 is a constant depending on (ug, uy).

where v = min(=5 ), where wy > 0 and Cy > 0 are some constants independent of

This result has been obtained by some authors ([23, 1, 16]), for stronger geometrical
assumptions. In particular, all of previous works assume that I' = ().

The most general result obtaining a nonlinear stabilization result using a linear sta-
bilization result has been obtained by Nicaise [32], for an abstract evolution equation of
hyperbolic type. The result proved in this chapter is a direct consequence of this paper,
and we can as well follow it to prove our result.

We here consider the feed-back, introduced in [21], and used in [5] for the wave equa-
tion. Nevertheless, we follow [16] for large parts of our proof. Hence, our proof is made of
two steps. We first prove a boundary controllability result (part 1) by using Russel’s prin-
ciple. In the second part, we deduce the boundary stabilization by a non linear feedback,
by using a principle called in [32] Liu’s principle.

3.1 Boundary controllability

We will first obtain the boundary controllability of elastodynamic systems. We here
use Russel’s principle (see [35]). This problem has been studied in particular by Lions
[25]. Deducing controllability results thanks to stabilization results is classical. (see for
example [20, 16] for elastodynamics systems) Let us consider the following problem :

For a given T > 0, for all (yo,y1) € H, we look for a control function ¢ € L?(0Qy x
[0,77) such that the solution of the following problem :

y" —div(e(y)) =0 in Q x [0,T7;

y = on 0Qp x [0,T];
oly)v=0¢ on 0Qy x [0,T7; (3.12)
y(0)=0 in €2;
y'(0)=0 in Q;
satisfies
y(T)=yo; ¥Y(T)=y1 onQ. (3.13)

In order to find the control function ¢, we will consider a first intermediate problem.
For (vo,v1) € H., find v such that

v' —div(e(v))=0 in Q x [0,T7];

v=0_0 on 6QDX [O,T],
oc(vi)v=(m-wv)v' on 0Oy x[0,T]; (3.14)
v(T) = vy in Q;
v (T) =wv; in Q.
This problem admits one and only one solution v € C([0, T'], H}(£2)). We denote by v

the function belonging to ([0, T],H}(2)), and such that v(¢) = v(T —t), Vt € [0,T]. We
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apply the boundary stabilisation estimate that we obtained in [8] to get constants C' > 0
and w > 0, such that

Vvt € [0,T], E(v,t) <Ce ™E(v,0).
We then have
Vt € [0,T], E(v,t) < CeTDE(N,T). (3.15)
Let us now consider a second intermediate problem. Find w such that

w' — div(o(w)) =0 in Q x [0,7];

W= on 0Qp x [0,T];

o(w)v = —(m-v)w on 0Qy x [0,77]; (3.16)
w(0) = v(0) in €2

w'(0) = v/(0) in Q.

This problem admits one and only one solution w € C([0, T], H,(f2)), and, using [3]
again, we get

Vvt € [0,T], E(w,t) < Ce ™ E(v,0). (3.17)

Now, y = w — v satisfies (3.12) with ¢ = —(m-v)(v/ + w') € L*(0Qn x [0,T7]).
Let us define the operator A by :

A H — H

(w

(V07 Vi —

) (T),w'(T)).
Let (vo,v1) € H. Using (3.15) and (3.17), we have

Ao vl = W (D), w/(T)
= 2E(w,T)
20E(v,0)e ™"
20°E(v,T)e T
C%e™27 | (vo, vi) 13-

IA A

We then have ||[A| < Ce ™7 and then

1
A <1, ifT>2C (3.18)
w

We suppose that T > % The operator A — I3 is an isomorphism and then, for all
(yo,¥1) € H, we define (vo,vi) € H by (vo,vi) = (A — Iy;) ' (yo,y1) and we have

(y(1),y'(T)) = (wW(T), w'(T)) = (vo, v1) = (A = L) (vo, V1) = (Y0, ¥1)-

Then y satisfies (3.13), and we have obtained the following theorem :
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Théoréme 3.1.1. Let Q be a bounded connected domain of R™. We assume that its boun-
dary 0 is of class C* and satisfies (3.1) and (3.2). We assume moreover that there exists
xo € R" such that (3.3) and (3.4) hold.

Then there exists Ty > 0 such that, for all T > Ty and for all (yo,y1) € H, there exists
¢ € L2(00N % [0,T)) such that the solution 'y of problem (3.12) satisfies y(T) =y and
vy (T) =1y on Q.

Remark : We take T > Ty and (yo,y1) € H. We then have a control function ¢ €
L2(0Qn x [0,T]) which satisfies theorem 3.1.1. Following the proof of this theorem, we
write ¢ = (m-v)¢. We then have ¢ = —(v/ +w'). ¢ € L2(0Qy x [0,T]) and we have :

QR/O /ag (m-v) ([v']* + |w'|?) dTdt
= 2R(E(v,T)— E(v,0)+ E(w,0) — E(w,T))
< Rll(vo,v1)ll3.

IN

10IIE 2060 x[0.177)

Where R = ||m||.
We then get :

~ VR
| @lL200y <017 < WH(YGJQHH- (3.19)

Remark : Theorem 3.1.1 is usually expressed on the following form :

Théoréme 3.1.2. Let Q) be a bounded connected domain of R™. We assume that its boun-
dary 0 is of class C* and satisfies (3.1) and (3.2). We assume moreover that there exists
xog € R" such that (3.3) and (3.4) hold.

Then there exists Ty > 0 such that, for all T > Ty and for all (yo,y1) € H, there exists
¢ € L2(0ON x [0,T]) such that the solution'y of the following problem

Y’ —div(o(y)) =0 inQx [0,T];
y=0 on 0Q2p x [0,T7;
o(ly)v=0¢ on 0Qy x [0,T];
y(0) = yo in §;
y'(0) = y1 in €

satisfies y(T) =0 and y'(T) = 0 on Q.

This result can be easily deduced from theorem 3.1.1 by reversing time-scale.

3.2 Non-linear stabilization

We will now prove theorem 3.0.1. Let u be the solution of problem (3.8). We take here
strong solutions.

According to the previous section, we take Ty > 0 such that theorem 3.1.1 holds. We
then fix T" > Ty. Then, applying theorem 3.1.1 with (yo,y1) = (u(T),u/(T)), we get y
solution of problem (3.12) such that (y(7),y'(T)) = (u(7),u'(T)).



3.2. NON-LINEAR STABILIZATION 97

Let us recall that
E'(u,t) = —/ (m-v)g(u') v dx (3.20)
QN

Multiplying first equation of (3.8) and (3.12) by y’" and u’ respectively, and integrating
by parts, we get :

0 = // (0" —div(o(u)) +u'-(y" — div(o(y))) dxdt

= [ [ty oty axars [ o) (va) - ) ana

_ / (W(T)-y'(T) + o(u(T)): e(y(T))) dx + / /8 (o) (yg(w) — ') drds

= 2E(u,T)+ /OT/{m (m-v) <y’-g(u’) - u’-q~§) dI'dt.

We then have :
1 [T -
= —// (m-v) <u’-¢ - y’-g(u’)) dI'dt. (3.21)
2 Jo Joay

We now consider two cases.

First case : p = ¢ = 1.

In the following, k, k', k", ... denotes non-negative constants, independent of u and ¢,

which can change line by line. Using (3.6), (3.7) and (3.20), we have

B < 3 [ [t ]+ lg) (1 + 18]) ara

< k (/OT/agN(m-u) (I| + |g()])? dth)%
(/OT/%N(m.V) (Iv'?+19P) dth)%
K (/OT/agN(m.u)uag(u,) dth)%

<

(/0/8QN(m-u) (W7 + w2+ 1817) dth) |
< K (B(w,0) = B(w,1)* (B(v.T) = B(w,T) + Bl|®| 200, o))
< K'(E(u,0) — E(u,T))? E(u,T)3.
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We then have

72

1+ k"

E(uT) < E(u,0),

and then, for all m € N, we get

//2 m
E(u,mT) < (1ik”2) E(u,0).

We deduce that there exists constants Cy > 0 and w > 0 such that
E(u,t) < Coe " E(u,0),

which gives (3.10). In this case, we have the same result with weak solutions, by using a
density argument.

Second case : (p,q) # (1,1).
For all t € RT, we split 0Qy :

00, ={xe€dQy: |u|>1}, 90y ={x€dy:u] <1}

Using (3.6), (3.7) and (3.20), we have

ho //ag— m-v)[u'l|¢| dTd¢
</0 /8% ot drdt) (/OT/aQN (m-v)|¢|” drdt) :
< </ /aQ— m-v)|u' [P drdt>m (/OT/agN(m.y)(|vf|2+|W,|2) dth)%

< K (E(u,0) — E(u,T))77 E(u,T)?.

IN

M|,_.

Moreover, we have

T
7; = / / (m-v)|y'||g(w)| dTds
0 Joay

</0T/89N(m.y)g(u/)2drdt>% (/OZQN(m'V)|y’|2dth) 2
</ /aQ— m-v)|g(u)|*" dth)m (ATLQN(m.u)(Iv’|2+|W/|z)drdt)%

< (u,0) — E(u,T))7 E(u,T)?.

IN

IN
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On the other hand, as well as for p = ¢ = 1, we obtain

N[

/0 /8 o () (0@~ y"g(w)) drdt < k (E(u,0) - E(u,T))? B(u,T)*.
We then get
B, T)} < k((E(,0) = B(u,T)? + (E(u,0) - B(u, 7))
+ (E(u,0) - E(u,T))7
We finally obtain
E(w,0) < k ((B(u,0) = E(w, 7)) + (B(w,0) = B(u,T))# + (E(u,0) - B(u, T))77) .

Applying above reasoning for any ¢t > 0, we get

29
q+1

E(ut) < k ((E(u, t)— B(w,t + 1))+ (B(u,t) — B(u,t +T))
F(B(u,t) — B(u,t + T))p%) : (3.22)

where k doesn’t depend on t.

We know that E(u,.) is a non-negative and non-increasing function. It then admits a
limit at infinity. The right-hand side of (3.22) tends then to 0 as t tends to infinity. We
obtain

E(u,t) — 0.

t—o0

We take T large enough such that E(u,T) < 1. We then have
(E(w,t))" <k(E(wt)— Bw,t+T)), Vt>T, (3.23)

where r = min{qi—ql, Z%} As weel as in [16], this will give (3.11). We follow the proof

given in [29], in a more general case. Since the proof is simpler in our case, we write it.
We write ¢(t) = E(u, t)%l, for all £ > 0. For all t > T', using (3.23), we have

o(t+T)—o(t) = /OT % (%E(u,t +7T)+ (TT_Q) E(u, t)) - dé

1—r

(E(u,t) — E(u,t+1T))
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We now consider t > T, and we take n € N such that n+7T <t <n+T+ 1. We have

1—r

ot) = olt—m)+n

> o(T+1)+(t—-T-1)

1—r

kr

We then get

_r_

E(u,t) < (</>(T+ D+ (t—T- 1)1];7’)_1_?,

which gives (3.11). O




Annexe A

Stabilisation frontiére du systéme
élastodynamique dans un polygone plan
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In this paper, we study the boundary stabilization of the elastodynamic system in
a plane polygonal domain. Here, we take in account singularities which appear when
changing boundary conditions. To cite this article : R. Brossard, J.-P. Lohéac, C. R.
Acad. Sci. Paris, Ser. I 358 (2004).

Résumé

Dans ce travail, nous étudions la stabilisation frontiére du systéme élastodynamique dans

un polygone plan. Ici, nous prenons en compte les singularités générées par un changement
de conditions au bord. Pour citer cet article : R. Brossard, J.-P. Lohéac, C. R. Acad. Sei.
Paris, Ser. I 338 (2004).

Abridged English version

Let Q C R? be an open bounded convex polygonal set and let 90 be its boundary. We
assume

00 = 90y U0y, OOy NO0D = {s1, 8}, (A1)

where 00y and 0€)p are two open connected non-empty parts of 9€2, s; and sy are two
points of €2, which we will consider as vertices of 9. At almost every point x of 0f2,
we denote by v(x) the normal unit vector pointing outward of Q. We assume that there
exists xo € R? such that function m(x) = x — x¢ satisfies (see figure A.1)

(m-v) >0, on 0y, (m-v) <0, on 0Qp. (A.2)

Let X and p be Lamé’s coefficients. If a vector function v is smooth enough, we define
the strain tensor and the stress tensor by

€;(v) = %(@ivj + 0;vi), o(v) =2ue(v) + Mdiv(v),. (A.3)

We will set o(u):e(u) = tr(o(u)e(u)). We consider the linear isotropic elastodynamic
system

u” —div(o(u)) =0 in Q@ x Ry;
u=0>0 on 0Qp X Ry;
o)y =—(m-v)u' on 00y x Ry;
u(0) = up, W' (0) =uy in .

(A4)

We introduce L2(Q) = (L?(Q))?, HY(Q) = (H'(Q))? and HL(Q) = {v € H(Q)/v =
0 on 0Qp}. One can easily prove the well-posedness of this problem by using semi-group
method, assuming

(0, u;) € HL(Q) x L2(Q). (A.5)

Energy function is given by

E(u,t) = %/Q(|u'|2 + o(u):e(u)) de. (A.6)
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9

Fia. A.1 — an example of domain €.

A similar problem for the wave equation has been studied in [13]. As well as in this
work, we prove here stabilization result for problem (A.4).

Theorem A.0.1. Assume (A.1) and (A.2). Then there exist constants C > 0 and w > 0
such that for all (wg,uy) satisfying (A.5), the solution u of (A.4) satisfies

vt e Ry, E(u,t) < Ce ™' E(u,0).

The case of a disconnected boundary is studied in [22] for some elastodynamic systems
with the natural feedback. This work has been extended in [23, 1, 2| for more general
systems, including the Lamé system, under less restrictive geometrical assumptions, but
always with a boundary such that 9Qy N 0Qp = 0.

Here we inspired from [13, 21, 4]. We have chosen the feed-back of the type (m-v)u’,
which appears for the first time in [21]. This is the first step to prove boundary stabilization
of the elastodynamic system in a n-dimensional domain, with singularities.

Version francaise

Soit €2 un ouvert borné polygonal plan convexe et 02 sa frontiére. On va supposer
que 0S) est découpée en deux parties connexes ouvertes 0y et 0€p telles que (A.1) est
vérifié. Pour presque tout point x de 9€2, on note v(x) la normale unitaire sortante en x.
On suppose qu’il existe xo € R? tel que la fonction m(x) = x — x¢ satisfait (A.2). (voir

figure A.1)
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Pour v un champ de vecteurs suffisamment régulier, le tenseur des déformations et le
tenseur
des contraintes sont définis par (A.3).

Par la méthode des semi-groupes, on prouve que le probléme (A.4) est bien posé, sous
I’hypothése (A.5). L’énergie est définie par (A.6). Un probléme similaire pour I’équation
des ondes a été étudié dans [13]. Ici, nous prouvons un résultat analogue pour le probléme
(A.4).

Théoréme A.0.1. On suppose que (A.1) et (A.2) sont satisfaits. Alors il existe des
constantes C' > 0 et w > 0 telles que pour tout (ug,wy) vérifiant (A.5), la solution u
du probleme (A.[) vérifie

Vt € Ry, E(u,t) < Ce *'E(u,0).

Le cas d’une frontiére non connexe a ét¢ étudié dans [22] pour certains systéme élasto-
dynamiques, en introduisant un feedback dit naturel. Ce travail a été par la suite étendu
dans |23, 1, 2] pour des sytémes élastodynamiques plus généraux, y compris le systéme
de Lamé, et pour des conditions géométriques moins restrictives, mais toujours pour une
frontiére qui vérifie 0QON N OO = 0.

Nous nous sommes ici inspirés de [13, 21, 4]. Nous avons choisi le feedback du type (m-
v)u', qui apparait pour la premiére fois dans [21]. Ce travail constitue une premiére étape
vers la stabilisation du systéme élastodynamique dans un domaine de R™, en présence de
singularités.

La démonstration de ce théoréme repose sur une égalité de type Rellich, énoncée ci-
dessous.

Aux points s;, on définit w; 'angle d’ouverture de €. Si w; = 7, on note 7(s;) le vecteur
unitaire tangent & 02 dirigé vers 0€Q2p (voir figure A.1). On constate que la condition (A.2)
implique

wi =7 =m(s;) v(s;) =0. (A7)

On obtient alors

Théoréme A.0.2. Soit Q C R? un ouvert borné polygonal plan convexe vérifiant (A.1)
et soil xg € R? tel que la fonction m(x) = x — xq vérifie (A.7). Soit u € H'(Q) tel que

div(o(u)) € L3(Q), u € H¥?(0Qp) et o(u)-v € HY2(00y). (A.8)

La fonction 2(o(u)v)-(m-V)u— (m-v)o(u):e(u) est alors intégrable sur 0 et on a

Q/Qdiv(a(u))-(m-V)udx = [)Q[Q(J(u)u)-(m-V)u— (m-v)o(u):e(u)]dl’
FRICRaIIC TRty (79 + In? (L - A)) Y ClsAm(s)-(s))

T
s€{s1,82}
w(s)=m

ot C(s) est le coefficient de singularité de u au point s.
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Preuve abrégée du théoréme A.0.2 : On démontre grace a la formule de Green que,
pour u € H?(Q),

2/ div(c(u))- (m-V)udx = [ [2(c(u)v) - (m-V)u— (m-v)o(u):e(u)]dl’.  (A.9)
Q G19)

Soit u € H() vérifiant (A.8). Pour tout ouvert V tel que V C Q, u € H3(V).

De plus, pour tout x € 9Q\{s1, s2}, on peut montrer qu’il existe un voisinage V de x tel
que
u € H2(V N Q). Pour cela, si x est un sommet, on utilise les résultats obtenus dans
[27]. Sinon, on utilise la méthode des quotients différentiels.

Les problémes que ’on va rencontrer seront donc en s; et so. Soit s I'un des deux s;.
Soit v et 71 les deux cotés attenants & s. Par troncature, on peut supposer que u est nul
en dehors d’un disque D(s,d). On peut supposer que § est suffisamment petit pour que
D(s,0)NOQ C vy U~;. Par un procédé de relévement et par changement de coordonnées,
on se rameéne au probléme

—div(e(n)) =f dans H
u=0 sur OHp (A.10)
o)y =0 sur OHy

ou H = {(r,0) € R*"x]0,w[}, OHp = {(r,0) / r > 0} et OHNy = {(r,w) / 7 > 0} en
coordonnées polaires, et ot f € L2(H).

Ainsi, on peut écrire u comme somme d’une fonction U € H?(H) et de u solution de
(A.10). En injectant u = U + u dans le terme de gauche de (A.0.2) et en développant,
on constate que les termes en (U, U) et en (U, 1) vérifient une égalité du type (A.9). Il
reste alors le terme quadratique en u.

On va prendre e > 0, et on va poser H. = {(r,0) €]e, +00[x]0,w[}, OHp. = {(r,0) /1 >
e}, OHne = {(r,w) / r>c} et . ={(¢,0) / 0 €]0,w][}.

On a donc 1 € H?*(H,) et on obtient

2/ div(o(ﬁ))-(m-Vﬁ)dx:/aH 2(o(@)v)-(m- V)i — (m-v)o(@) (@] dl.  (A.11)

On a facilement, grace au théoreme de Lebesgue

/ div(c(n))-(m-V)udx — [ div(c(a))-(m-V)udx.
R e—=0 Jn

Pour la convergence des intégrales frontieres de (A.11), on a besoin de la structure
de la solution de (A.10), que I'on obtient grace aux résultats obtenus dans [27]. On va
maintenant séparer deux cas.

Premier cas : w < .

On note v le coefficient de Poisson du systéme, v = et on considére I’équation

1
§A+u
en «
4(1 —v)? — a?sin*w

3 —4v '

(A.12)

sin?(aw) =
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Soit (a;)i=1 i les racines complexes de (A.12) telles que Ra €]0, 1], qui sont en nombre
fini. On a alors

Jup € H*(H), (v}, v)iz1x € [(Cm([O,w],C))z]K et I(Xi)i=1.x € RE tels que
0= up + 355, xR (vH0) + In(r)vE(0))). (A.13)
Or, par des arguments de parité et par des calculs, on peut démontrer le lemme suivant

Lemme A.0.3. ]

Maintenant, on injecte la forme (A.13) dans les intégrales frontieres de (A.11), on
développe la double somme et on étudie la convergence terme & terme. On constate que
les termes ont soit la bonne régularité, soit la bonne puissance en r pour que toutes les
intégrales convergent. On obtient finalement

/d[z(a(ﬁ)u).(m.vm_ (m-v)o(id): e(i)] dT

oM.
— [[2(c(a)v)-(m-V)u— (m-v)o(u):e(u)] dl.
=0 Jon

Deuxieme cas : w = .
On a (m-v) = 0 sur OH. Donc, grace aux conditions au bord, on obtient

/ 2(0(@)v)- (m- V)i — (m-v)o(@): ()] dT = 0.
OH

Pour la structure de la solution, toujours grace aux résultats obtenus dans [27], on
obtient

.In(3—4v)

Juy € H*(H), 3C € R tels que i = ug + Cug, avec ug(r,d) = R (T%+ZTV(9)) )
(A.14)

oil v est une fonction connue de (C*([0,w], C))%. On remarque qu’il n’y a ici qu'une seule
singularité.

On injecte la forme (A.14) dans I'intégrale frontiére sur v, et on développe les sommes.
On constate que toutes les intégrales ot up apparait convergent vers 0. De plus, si on
note 7(0) le vecteur tangent a OH en 0 pointant vers OHy, on obtient par un calcul a
fixé

[ [2(e(us)v)-(m-V)us — (m ( ) ( s)]dl
= 87(2%/\72;3%/\) (7T2 + In? ( A)) )+ O(e).
et le théoréme A.0.2 est démontré. ]

Preuve abrégée du théoréme A.0.1 : on va faire la démonstration pour une solution
forte u. Le résultat pour les solutions faibles s’en déduira par un argument classique de
densité.

Nous allons pour montrer le théoréme utiliser un lemme démontré dans [19] :
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Lemme A.0.4. Soit E : RT — R' une fonction décroissante telle qu’il eviste C > 0
tel que

/00 E(s)ds < CE(t), Vt>0, (A.15)

alors on a

E(t) < E(0)e'"¢, vt >C.

Nous voulons donc a présent obtenir une inégalité de la forme (A.15) pour I’énergie.
Pour cela, nous allons utiliser la méthode des multiplicateurs (voir par exemple [19]).
Soit u la solution du probléme (A.4). Tout d’abord, on a grace a la formule de Green,

pour tout ¢ > 0,
E'(u,t) = —/ (m-v)|u'|*dT. (A.16)
2193

L’énergie est donc une fonction décroissante du temps.
Soient T'> S > 0. On pose a présent Mu = 2(m-V)u+ u et on écrit

/ /u” Mudxdt = / /le ) Mudx dt. (A.17)

On considére le premier membre de cette égalité. On obtient

T T T T
/ /u”-Mudth: {/ u’-Mudx] +/ /|u’|2dxdt—/ / (m-v)[u'|*dI"dt.
s Ja ) s Js Ja s Joay

(A.18)

Pour le second membre de ’égalité (A.17), ’application du théoréme A.0.2 nous donne
2/ div(o(u))-(m-V)udx < —/ (m-v)[2u’-(m-V)u+ o(u):e(u)]dl.
Q 00N

On a donc

/S /dlv( (0))-Mudxdt < / / dxdt+/ /(m (m-v)u-udl di

_// (m-2)[20 - (m-V)u + o (u) : e(w)] dT 1. 19)
S 15J93N;

En regroupant (A.18) et (A.19), on obtient

/ / m-v)[2u’-(m-V)u+ o(u):e(u)] dl dt. (A.20)
[2195%
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On montre par un calcul assez compliqué, inspiré de [3], que pour tout 6 > 0, il existe
C1 > 0 tel que

T

/T/ (m-v)2u"-(m-V)u+ o(u):e(u)]dl'dt < 9/ E(t)dt+ CiE(u,S). (A.21)
s Joay S

On montre alors que pour tout 8 > 0, il existe C5 > 0 tel que
T
(1-— 9)/ E(t)dt < CyFE(u, S). (A.22)
S

Comme C5 ne dépend pas de S et de T', il suffit de prendre 6 suffisamment petit, puis
de faire tendre T' vers l'infini pour obtenir le résultat. Ceci conclut la démonstration du
théoréme. OJ

Remarque 1 : Le feedback que nous avons choisi ici permet d’obtenir la stabilisation
du systéme élastodynamique dans le cas d’une frontiére non-connexe pour un domaine
quelconque de R”.

Remarque 2 : La stabilisation du systéme élastodynamique en présence de singularités
parait peu accessible par la méthode des multiplicateurs utilisée avec le feedback naturel
introduit dans [22].

Remarque 3 : Le cas d’un ouvert & frontiére réguliére connexe est encore & 1’étude et
fera I’objet d’une publication ultérieure.
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Rellich relations for mixed boundary
elliptic problems
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For elliptic partial differential equations, mixed boundary conditions generate singu-
larities in the solution, mainly when the boundary of the domain is connected. Following
previous works concerning the Laplace equation, we here give Rellich relations involving
singularities for the Lamé system.

These relations are useful in the problem of boundary stabilization of the waves equa-
tion and the elastodynamic system, respectively, when using the multiplier method.

Introduction

Let € be a regular bounded open set of R™ and consider the following wave problem,

' —Au=0 inQ x (0,+00),
u=0 on dQp x (0,4+00),
Oyu=F(u') on dQy x (0,+00),
u(0) = u’ in Q,

' (0) = ul in Q.

Here the problem of boundary stabilization is to build some partition (9Qp,9Qy) of
the boundary 0f) and some feedback function F' such that the energy of the solution u is
(exponentially) decreasing with respect to time.

Many authors have studied this problem by using the multiplier method (see [19] and
the references therein). This leads to the choice

0Ny ={x €00 /m(x)-v(x) >0},
00p =00\ 00y = {x €0 /m(x) v(x) <0},
Fu)=—-(m-v),

where v(x) is the normal unit vector pointing outwards of €2 at some point x € 9€) and
m is a function depending on a fixed point xg € R" : m(x) = x — x,.

The main step of this method is to prove some Gronwall-type inequality concerning
the energy of strong solutions (see Theorem 8.1 in [19]). This leads to define H}(Q) =
{veHY(Q)/v=0,o0n 0Qp } and to consider the operator A,

D(Ay) = {(u, 1) € HL(Q) x Hp(Q) / Au € LX(Q); yu = —(m-v)d on IQn},
Aw(u, @) = (=i, —Au), Y(u,q) € D(Ay).

The crucial point in the proof of above Gronwall-type inequality is to verify that if
(u,w) belongs to D(A,), then u satisfies a Rellich relation [34] in the following form

Q/Au m-Vudx = (n—Q)/ |Vu|2dx+/ (20,u m-Vu—m-v [Vul?) dT'. (B.1)
0 Q o9

One can easily observe that this relation is satisfied if u is regular enough. A sufficient
condition is that u is locally H? in . For the above problem of boundary stabilization,
this holds in the particular case when the interface I' = 9Qn NI is empty (this can be
proved by using the method of difference quotients).
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On the other hand, when the interface is not empty, some singular part can appear in
u and the above “hidden regularity result” is generally false.

Anyway, in all cases, using a classical trace result, we can prove that if (u, ) belongs
to D(A,), then there exists ugp € H%(Q) such that U = u — ug satisfies the following
mixed boundary problem for the Laplace equation.

_AU=F nQ,
U=0 on 0Qp, (B.2)
o,U =0 on 00y,

where the right-hand side F belongs to L?(Q).

Under reasonable geometrical assumptions about €, when I' = (), U is locally H? in
some neighborhood of any point of Q and Rellich relation (B.1) is true.

When T # (), U can be singular even if F' is very regular. In this case, formula (B.1)
must be modified. A further term, which takes into account singularities, appears. This
will be presented in the first part of this paper.

In the second part, we consider the case of the Lamé system which is related to the
problem of the boundary stabilization of the elastodynamic system.

In the third part, we give a sketch of the proof of the Rellich relation for the Lamé
system (detailed proofs can be found in [6, 7]).

B.1 Rellich relation for the Laplace equation

We first introduce the main geometrical assumptions.
Let Q be a bounded open set of R™ (n > 2) such that its boundary OS2 satisfies, in the
sense of Necas [31],

00 is of class C2. (B.3)

Given x a point of 0f), we denote by v(x) the normal unit vector pointing outwards of €.
We assume that there exists a partition (0Qy, 0€2p) of 9 such that

meas(0Qp) # 0, meas(dQy) #0 T = 9Qp NIy is a non-empty
C3-manifold of dimension n — 2, there exists a neighborhood w of T (B.4)
such that QN w is a C3-manifold of dimension n — 1.

Furthermore, we suppose that there exists xg € R™ such that, setting m(x) = x — xg, I’
satisfies

m-v=0 onl. (B.5)

We can consider 02y as a submanifold of 0€), so that at each point x of its boundary
I, we can define a normal unit vector 7(x) pointing outwards of 0Q2y. Observe that this
vector is tangential with respect to 02 (see Figure B.1).

Let us now give the extension of Rellich identity.
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Fia. B.1 — An example of domain Q with a non-empty interface I'.

Theorem 1. — Under assumptions (B.3)-(B.5), let u € HY(Q) be such that
Au€el?(Q),  wpa, € HY2(0Qp),  Oyujsa, € H/2(0QN).

Then, 20,u m-Vu—m-v |Vu|? belongs to L' (0) and there exists ¢ € HY*(T) such that
2/ Aum-Vudx = (n—Q)/ |Vu|2dx+/ (20,u m-Vu—m-v |Vuf?) dI
Q Q 09

+/ IC(]* m-Tds.
r

The detailed proof of this result can be found in [4].

The first extension has been proved by P. Grisvard [13, 11| who has taken in account
singularities generated by vortices of a polygonal domain. Observe in this case, that, if
the polygonal domain is convex (with angles lower than 7), formula (B.1) holds without
any further term.

A further term appears when at some point of the interface, the angle is 7. Indeed, this
geometrical configuration generates a singularity which behaves locally like the Shamir
function [36] given in polar coordinates by

Us(r,6) = o(r) Vi sin 3
where o is some cut-off function.

This function satisfies a problem in the form (B.2) and is not locally H? in any neigh-
borhood of the origin (see Figure B.2) : observe only that near the origin, the normal
derivative satisfies 0,Us(r, ) = O(r~'/?) (with Landau notations) and is not locally L?
along the boundary.
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Fi1a. B.2 — Local behavior of the Shamir function.

The second extension of Rellich formula has been proved by M. Moussaoui [28] when
2 is an infinite semi-cylinder (see Figure B.5 at the end of this paper).

This has been extended for general n-dimensional smooth domains in [4] by using local
coordinates at each point of the interface I'.

B.2 Rellich relation for the Lamé system

We first introduce notations and motivate our work by the study of the boundary
stabilization of the elastodynamic system. We end this section by giving main results.
B.2.1 Notations

We will use the following Lamé notations. Assume that v = (v1,v9,v3) is a regular
vector field, we define the strain tensor

1
ey(v) = 5 (O, + 0v,),  (1,7) €{1,2, 3},
and the stress tensor
o(v)=2pe(v) + Adiv(v)Is,

where A > 0 and g > 0 are the Lamé coefficients and I3 is the identity matrix of R3.
We denote the classical inner product by :

o(u):e(v) = tr(o(we(v)) = > oy(u)e,(v).

We write that v belongs to L2(Q) (resp. H*(Q)), if every component of v belongs to
L2(Q) (resp. H¥(Q)).
We also need to define : HL(Q) = {v e H(Q) /v =0, on dQp }.
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B.2.2 Boundary stabilization of the elastodynamic system

In |7, 8], we have considered the problem of the boundary stabilization of the elasto-
dynamic system

u” —div(e(u)) =0 in Q x (0, +00),
u=0 on dQp x (0,4+00),
oc(u)y = —(m-v)u’ on 00y x (0, +00),
u(0) =u’ in Q,

u'(0) = u! in Q.

As well as for the wave equation, we can obtain a stabilization result by using multiplier
method, provided that some Rellich relation is satisfied.
We follow a similar approach. Especially we have to consider the following operator

D(A) = {(u, ﬁ) € HI}(2) x H(Q) / div(o(w) € LA(Q); o(u)y = —(m-v)i, on 0y},
Ac(u, 1) = (—u le( (w)), V(u,1) € D(A).

Again, under reasonable geometrical assumptions, we can use a trace result : if (u, @)
belongs to D(A.), one can build ug € H?*(Q) and F € L*(Q) such that U = u — up

satisfies the following elasticity system

—div(e(U))=F in Q,
U=0 on 0¥)p, (B.6)
c(Upy =0 on 0y .

B.2.3 Main results

The regular case

We first give a result which is similar to (B.1) when u is regular enough.

Proposition 2. — Assume that the open bounded set Q satisfies (B.3). If u belongs to
H?(Q), then 2(c(u)v)-(m-V)u—m-v o(u):e(u) belongs to L1(0Q) and

Q/Qdiv(a(u))-(m-V)udx = (n—Q)/Qa(u):g(u) dx
+/ag<2 (o(u)v)-(m-V)u—m-v o(u):e(u))dr.

One can easily prove this result by applying two Green formulze.

Observe that the above relation holds when u is the solution of problem (B.6) if
0Qp N Oy is empty.

Let us introduce the useful following notation :

O(u,v) =2(c(u)v)- (m-V)v—m-v o(u):e(v).

In order to extend this result, we proceed as well as in the case of Laplace equation.
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The case of a plane polygonal domain

Following works of P. Grisvard, we first consider the case of a plane polygonal domain.

We here suppose that € is a bounded convex polygonal open subset of R? and its
boundary is made of two broken lines 0Q2x and 0Q2p defined thanks to some point xg
belonging to R?\ Q :

O0p = cl({x € 90 /m(x) v(x) <0}), 9Qy =00\, (B.7)

so that T' = 9Qx NOQp = {s1,s2} (see Figure B.3). At s; (resp. s2), let us define angle
wy € (0, 7] (resp. wa € (0,7]) between 02y and 02p. Let us define

J) = {9/ @, =7}

For every j € J(2), we can define as well as above unit vectors v(s,) and 7(s,) (see
an example in Figure B.3).

FiG. B.3 - Q C R? is open, bounded, polygonal and convex, I' = {s1,s2} and J(Q) = {2}.

Theorem 3. — Let Q C R? be a bounded convex polygonal open set such that its boundary
O satisfies (B.7). If u € H'(Q) is such that

div(o(u)) € L*(Q) wjpn, € HY*(0Qp) o(u)r € H/*(0Q).
then ©(u,u) belongs to L(9Q) and there exist at most two real coefficients Y, such that

Q/Qdiv(a(u))-(m-V)udx = /m@(u, u)dl' + Z T? m(s,) 7(s,) .

JEJ ()
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This result has been announced in [6]. The reader will find a detailed proof in [7] and
we only give main ideas of it.

We first observe that under above assumptions, u is locally H? at every point of Q
which is not a vertex. Hence we can apply Proposition 2 in a subdomain of {2 which does
not contain small disks centered at vertices.

The main idea is to compute the limit of each integral term when the rays of these
disks tend to 0. To this end, using some localization process, we can write u as the sum
of a H:part and a singular part which is given in [27].

At each vertex which does not belong to I', the degree of the singularity is convenient
and we get the limit without any further term.

A similar process holds at s, € I' if @, < 7.

If y € J(Q), then in some neighborhood of s,, we can write u as the sum of a H?-part
up and a singular part ug which locally behaves like the following function Ug given in

[27] :
Us(r,0) = R (r*w(0)) ,
where a € C, Ra = 1/2, w is a complex-valued C>®-function (see a detailed formula in

[7]). Components of Ug are represented in Figure B.4 for a particular choice of Lamé
coefficients.

02 02

FiG. B.4 — Local behavior of components of Ug (Lamé coefficients : A = p = 1).

Hence, we write O(u,u) = O(ug,ur) + O(ug,us) + O(ug,ur) + O(us,us) and
we carefully compute the limits of corresponding integral terms. The fourth one gives
T? m(s,)-7(s,) (T? depends on the singularity coefficient of u at s,), other ones give no
further term.

Remark — Assumptions of Theorem 3 can be easily weakened. For a polygonal boun-
ded domain, sufficient conditions are : w, € (0, 7] for every z and, if 3 € J(2), m(s,)v(s,) =

0.
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The general case

We here give an extension of Proposition 2 for the geometrical case described in Section

1.
Theorem 4. — Under assumptions (B.3)-(B.5), let u € H'(Q) be such that

div(e(n)) € LX(Q), wuypq, € H¥?(00p), o(u)r € HY/2(00).

Then ©(u,u) belongs to L1(0Q) and there exists T € L?(T') such that

2/Qdiv(a(u))-(m-V)udx _ (n—Q)/Qa(u):s(u) dx+/

O(u,u)dl’ +/ IT|* m-7ds.
B) r

The following Section is devoted to a sketch of the proof of this result.

aC}(p)

Fic. B.5 — Case of a semi-cylinder.

B.3 Sketch of the proof of Theorem 4

One can find a detailed proof in [7]. This proof is made of three main steps.

First step. We extend theorem 3 for a 2-dimensional open set Q2 which satisfies (B.3)-
(B.5) such that, with notations of Subsection 2.3.2, I' = {1, 82} and J(2) = {1, 2}.
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Fia. B.6 — The general case.

At each point s,, we introduce local coordinates and we get a local mixed boundary
problem which involves an elasticity operator with non-constant coefficients. We prove
that this operator is a small perturbation of Lamé operator and this leads to a similar
structure of its solution.

Second step. We study the case considered in [28] : €2 is a semi-cylinder and T is its
axis. (see figure B.5)

We prove that involved singularities along I' can be written where ug is the

us
Us
singular function considered in Subsection 2.3.2 and Ug is the Shamir function (see Section
1).

We then proceed as well as for Theorem 3 : we apply Proposition 2 in a convenient
subdomain and we use this particular structure of singularities to get the result.

Third step. We consider a general 3-dimensional open set ). As well as in the first
step, we use a localization process in a neighborhood of each point of I'. Similarly, in
local coordinates (see Figure B.6), we get a mixed boundary problem which is a small
perturbation of previous one.

Thus we can use the above structure of singularities.

We finally build T by using a compactness argument.
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