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Résumé en français
0.1 IntrodutionDans ette thèse nous onsidérons une lasse de systèmes dissipatifs hors d'équi-libre. Avant de dé�nir plus préisément quelle est ette lasse, il est utile d'aborderles notions de dissipation et de non-équilibre.Soit un système marosopique onstitué de N partiules lassiques en interationdans un volume donné. Comme un tel système est formé de beauoup de partiules(typiquement N est de l'ordre du nombre d'Avogadro, N ∼ 1023), la desription destrajetoires individuelles est en général un objetif non réalisable. On est don amenéà adopter une desription probabiliste. Une on�guration du système (orrespondantà une ertaine éhelle spatio-temporelle, ou degré de �oarse-graining�) sera notée ω.Alors l'état du système à un moment t sera dérit par la distribution de probabi-lité P (ω, t) assoiée aux on�gurations possibles {ω} du système. Supposons que leniveau de �oarse-graining� soit tel que l'évolution du système soit markovienne etdon desriptible par une équation maîtresse. La dynamique du système peut êtretelle qu'auun état stationnaire n'est atteint durant la période d'observation (e.g., lesystème peut présenter un yle limite ou un omportement haotique). Il est évidentqu'un tel système est hors d'équilibre. Au ontraire, supposons qu'un état stationnairesoit atteint ; l'ensemble des taux de transition Ws(ω|ω′) devient stationnaire, ainsique la distribution des on�gurations possibles Ps(ω). Un état d'équilibre est un asbien partiulier d'état stationnaire. Outre l'indépendane temporelle des grandeursaratéristiques du système, il n'y a pas d'éhange marosopique entre le système etl'extérieur (i.e., auun �ux ne parourt le système et ses frontières). Du point de vuestohastique, ei se traduit par la ondition de bilan détaillé dans l'espae des on�-gurations, i.e., à l'équilibre Ps(ω)Ws(ω|ω′) = Ps(ω

′)Ws(ω
′|ω), ∀ω, ω′. Au ontraire, unétat stationnaire de non-équilibre orrespond à un système parouru par au moins un�ux marosopique à l'intérieur ainsi qu'à travers ses frontières (le système est nées-sairement ouvert). Ce �ux marosopique orrespond à des �boules de ourant� dansl'espae des on�gurations, plus préisément, à une violation du bilan détaillé pourertaines on�gurations : il existe ω et ω′ tels que Ps(ω)Ws(ω|ω′) 6= Ps(ω

′)Ws(ω
′|ω).Cei est la aratéristique générale des systèmes stohastiques dans un état station-naire de non-équilibre.Qu'entend-on par système dissipatif ? Une dé�nition ourante est de dire que l'évo-lution d'un tel système ne onserve pas l'énergie. Nous adoptons ii une dé�nition plusvii



viii CHAPITRE 0. RÉSUMÉ EN FRANÇAISgénérale. Considérons les grandeurs néessaires (nombre de partiules, énergie, et.)pour dérire l'état d'un système. Il y a alors deux sénarios possibles permettant dedé�nir un système dissipatif. Le premier est le as d'un système pour lequel au moinsune des grandeurs aratéristiques n'est pas onservée au ours de l'évolution. Parexemple l'énergie totale diminue (ollisions inélastiques), ou le nombre total de par-tiules diminue (réations d'annihilation). Le seond sénario est tel que le systèmeatteint un état stationnaire dans lequel il existe un �ux �imposé par l'environnement�d'au moins une de es grandeurs aratéristiques. Il s'agit par exemple de matière gra-nulaire soumise à une exitation externe : malgré les ollisions inélastiques dissipant del'énergie, ette exitation représente une injetion d'énergie ompensant exatementla perte due aux ollisions.Nous étudions dans un premier temps un gaz dilué en dimension d > 2 formé departiules ayant des trajetoires balistiques entre ollisions. Lorsque deux partiulesentrent en ollision, elles disparaissent ave probabilité p et subissent une ollisionélastique ave probabilité (1 − p). Il est alors possible d'établir une desription hy-drodynamique d'un tel système en se basant sur la théorie inétique. L'étude d'unetelle desription peut révéler d'importantes onséquenes sur la question de la validitéde l'hydrodynamique des systèmes dissipatifs. Les réalisations expérimentales d'unetelle dynamique sont néanmoins di�iles à trouver, même si la dynamique des dé-fauts pontuels dans des ristaux liquides nématiques de géométrie partiulière peutrévéler des similitudes. Dans un seond temps, nous étudions un modèle pour la sépa-ration de la matière granulaire. Des partiules granulaires (qui subissent des ollisionsinélastiques) sont réparties dans des urnes ommuniquantes seouées vertialement(e qui orrespond à une injetion d'énergie). Ce modèle simple reproduit ertainsrésultats expérimentaux, omme par exemple la brisure spontanée de symétrie de larépartition des partiules entre les urnes ainsi que la formation spontanée d'inhomo-généités spatiales. L'approhe théorique est ette fois basée sur une desription enterme d'équations maîtresses.La lasse onsidérée est don formée de systèmes dissipatifs dilués hors d'équi-libre. Le formalisme hydrodynamique développé s'applique à plusieurs types de telssystèmes (mélanges granulaires, annihilation pure, annihilation probabiliste). Un pen-dant de es systèmes est le modèle pour la matière granulaire.Nous ommençons par dérire le ontexte et les outils théoriques prinipaux pourl'étude de la desription hydrodynamique d'un système dissipatif.0.1.1 Contexte généralSoit un gaz dilué de partiules dont les trajetoires sont balistiques entre olli-sions. Les partiules subissent des ollisions binaires élastiques. La théorie inétiqued'un tel système est un sujet bien établi dont l'étude remonte à plus de 40 ans. L'exis-tene d'invariants ollisionnels permet d'établir de façon naturelle une desriptionhydrodynamique basée sur la théorie inétique. Au ontraire, on peut onsidérer unedynamique telle que lors des ollisions soit le nombre de partiules, leur impulsion,ou leur énergie inétique n'est plus onservée. La théorie inétique ainsi que la des-ription hydrodynamique d'un tel système sont bien plus déliates et de nombreuses



0.1. INTRODUCTION ixquestions restent sans réponse. Plusieurs travaux visant à établir une desription hy-drodynamique ont été réalisés pour le gaz granulaire. Un tel système se aratérisepar des ollisions inélastiques entre partiules, où l'inélastiité est aratérisée par unoe�ient de restitution α ∈ [0, 1] (la limite élastique orrespond à α = 1). Néan-moins, la dynamique d'un tel système fait apparaître un inonvénient majeur. Ene�et, l'évolution est telle que des régions de plus en plus denses se forment. Dans detelles régions, le gaz devient si dense que les orrélations prennent une importanemajeure. Or la desription inétique d'un tel système se base sur l'équation de Boltz-mann, qui fait intervenir l'hypothèse du haos moléulaire (fatorisation des fontionsde distribution à deux points des vitesses, e qui revient à négliger les orrélations desvitesses des partiules sur le point d'entrer en ollision). Dans es régions de hautedensité de partiules, qui apparaissent dans la limite des temps longs, l'équation deBoltzmann n'est plus en mesure de fournir une desription adéquate.Considérons à présent un système tel que lorsque deux partiules entrent en ol-lision elles disparaissent (annihilation). Il a été montré que l'équation de Boltzmanndevient alors asymptotiquement exate (dans la limite des temps longs). Par ontre,un tel système est hautement dissipatif (dans le sens où auun des hamps hydro-dynamiques densité n, vitesse u, et température T n'est onservé). Une desriptionhydrodynamique soulève don des problèmes fondamentaux dont la solution n'est a-tuellement pas onnue. Pour ontourner es di�ultés, une idée est de onevoir unmodèle tel qu'il soit possible de ontr�ler l'amplitude de la dissipation tout en gardantune dynamique adéquatement dérite par l'équation de Boltzmann. Un tel modèle estfourni par l'annihilation balistique probabiliste.Considérons un système tel que lorsque deux partiules entrent en ollision, ellesdisparaissent ave probabilité p (annihilation) ou subissent une ollision élastique aveprobabilité (1−p). On parle alors d'annihilation balistique probabiliste. La dissipationpeut être hoisie aussi faible que désiré (p ≃ 0). Cei permet de diminuer arbitrai-rement l'ampleur des e�ets remettant en ause une théorie inétique de l'hydrody-namique des systèmes dissipatifs. De plus, le problème des orrélations des vitessesdans la limite des temps longs ne se pose pas. En e�et, l'équation de Boltzmann del'annihilation balistique probabiliste fournit une desription adéquate de l'évolutionpour temps longs si p 6= 0.Notre objetif majeur est don de fournir une desription inétique bien établie del'hydrodynamique de l'annihilation balistique probabiliste. Une telle desription estpartiulièrement bien adaptée pour permettre, dans un seond temps, une véri�ationquantitative de la validité de l'hydrodynamique d'un tel système. Nous rappelons briè-vement les outils prinipaux permettant d'établir ette desription, plus préisémentl'équation de Boltzmann et le développement de Chapman-Enskog.0.1.2 L'équation de BoltzmannL'équation de Boltzmann s'obtient sur la base de l'hypothèse du haos moléulaire.Plus préisément, il s'agit de la fatorisation de la fontion de distribution des vitessesà deux points des partiules sur le point d'entrer en ollision. Cela revient à dire queles orrélations des vitesses avant ollision sont négligées. Une telle approximation est



x CHAPITRE 0. RÉSUMÉ EN FRANÇAISjusti�ée dans le as d'un gaz su�samment dilué. On fait l'hypothèse supplémentaire(d'autant mieux justi�ée que la densité est faible) selon laquelle toutes les orrélationsd'ordre supérieur sont négligées. Seules les ollisions binaires sont prises en onsidé-ration.Soit un gaz dilué dans un espae d-dimensionnel onstitué N ≫ 1 partiulessphériques de masse m et diamètre σ, sous l'in�uene d'une fore externe F. Noussupposerons que es partiules iteragissent par un potentiel binaire de ontat, i.e., queles partiules subissent des ollisions à deux orps instantanées. Entre es ollisionselles ont une trajetoire balistique. Soit f(r,v; t) la fontion de distribution du gazdonnant la probabilité de trouver une partiule de vitesse v à la position r au temps
t. L'équation de Boltzmann dérit alors l'évolution de f :

∂

∂t
f(r,v1; t) + v · ∇rf(r,v1; t) + ∇v · F(r,v1)f(r,v1; t)

m
= J [f, f ], (1)où l'opérateur de ollision J est dé�ni par

J [f, f ] = σd−1

∫Rd

dv2

∫
dσ̂ θ(g · σ̂)(g · σ̂)(b−1 − 1)f(r,v1; t)f(r,v2; t), (2)et σ̂ est un veteur unitaire rejoignant le entre des partiules au ontat. Nous avonsnoté g = v1 − v2 la vitesse relative, θ la fontion de Heaviside, et b−1 l'opérateurrestituant les vitesses de ollision dont l'ation est dé�nie par

b−1v1 = v′
1 = v1 − (g · σ̂)σ̂, (3a)

b−1v2 = v′
2 = v2 + (g · σ̂)σ̂. (3b)Dans l'opérateur de ollision (2), le terme multiplié par b−1 est un terme de gain,tandis que le seond représente une perte.L'opérateur de ollision de l'annihilation s'obtient de l'Eq. (2) en gardant unique-ment le terme de perte.Les aluls analytiques basés sur le modèle des sphères dures sont néanmoinstrès onséquents. Cette di�ulté alulatoire déoule de la présene du module d'unevitesse relative g = |v1 −v2| dans l'opérateur de ollision. Il est alors instrutif d'étu-dier d'autres modèles plus simples dans l'espoir qu'ils apturent la même physiqueque elle de l'annihilation balistique probabiliste des sphères dures. Considérons dondeux autres modèles d'interation entre partiules. Les modèles de Maxwell et dessphères très dures (VHP) peuvent être aratérisés par leur setion e�ae. La se-tion e�ae est proportionnelle à la vitesse relative pour le premier modèle, et à soninverse pour le seond. L'opérateur de ollision de es modèles s'obtient de l'Eq. (2)par une moyenne de la fréquene de ollision (g · σ̂) sur l'angle solide. Les e�ets de lasetion e�ae sont alors inlus dans une fréquene de ollision e�etive nσd−1φv1−x

T .Le paramètre libre φ(x) dé�nit l'éhelle de temps du système, où x permet de séle-tionner un modèle, i.e., x = 0 pour le modèle de Maxwell, x = 2 pour le modèle VHP,tandis que la dynamique des sphères dures orrespond au as x = 1. vT est la vitessethermique dé�nie par vT =
√

2kBT/m où kB est la onstante de Boltzmann, T (t) la



0.1. INTRODUCTION xitempérature inétique dépendante du temps, et σ la portée du potentiel d'interation.L'opérateur de ollision prend la forme
J [f, f ] = σd−1φ(x)v1−x

T

Sd

∫Rd

dv2 v
x
12

∫
dσ̂ (b−1 − 1)f(r,v1; t)f(r,v2; t), (4)où Sd = 2πd/2/Γ(d/2) est la surfae de l'angle solide, et Γ la fontion gamma d'Euler.En�n, il est utile de onsidérer un autre système souvent étudié dans la littérature :le gaz granulaire. Dans e as, les ollisions sont inélastiques. On a alors

b−1v1 = v′
1 = v1 −

1 + α

2α
(g · σ̂)σ̂, (5a)

b−1v2 = v′
2 = v2 +

1 + α

2α
(g · σ̂)σ̂, (5b)où α ∈ [0, 1] est le oe�ient de restitution de la omposante normale des vitesses.L'opérateur de ollision s'obtient par un simple hangement de variables :

J [f, f ] = σd−1

∫Rd

dv2

∫
dσ̂ θ(g · σ̂)(g · σ̂)(α−2b−1 − 1)f(r,v1; t)f(r,v2; t). (6)Le gaz granulaire va nous permettre de réaliser une omparaison de résultats onnusave eux issus d'une nouvelle méthode générale (qui s'applique à une lasse de sys-tèmes bien plus large que le gaz granulaire) que nous avons développée.Nous abordons à présent un autre développement théorique majeur utilisé danse mémoire.0.1.3 Le développement de Chapman-EnskogLe développement de Chapman-Enskog se base sur le onept général de sépara-tion des éhelles de temps. La dynamique d'un système peut être telle que di�érentsphénomènes physiques se déroulent sur di�érentes éhelles de temps. L'hypothèse deséparation des éhelles de temps sous-tendant le développement de Chapman-Enskogmène à deux onséquenes fortement reliées.La première est l'existene d'une solution normale, i.e., toute dépendane spatialeet temporelle de la fontion de distribution f(r,v; t) s'exprime par dépendane fon-tionnelle dans les hamps hydrodynamiques. La fontion de distribution f prend alorsla forme

f(r,v; t) = f [v, n(r, t),u(r, t), T (r, t)]. (7)Quelle est la justi�ation d'une telle solution ? Soit ℓ le libre parours moyen. Suppo-sons que la variation des hamps hydrodynamiques sur une éhelle de longueur ℓ soitfaible, e.g., ℓ|∇ lnn| ≪ 1. On assoie les éhelles de temps orrespondantes τ (pour
ℓ) et τh (pour |∇ lnn| + ℓ−1

h ). τ est bien entendu le temps moyen de ollision. Sur deséhelles t telles que t ≫ τh ≫ τ , les partiules se sont déplaées de plusieurs fois ladistane ℓh. Ce régime hydrodynamique est alors indépendant des onditions initiales(à distinguer du régime inétique pour des temps de l'ordre de τ). Par onséquent,



xii CHAPITRE 0. RÉSUMÉ EN FRANÇAISpour t≫ τh l'état est entièrement aratérisé par les hamps n, u, et T . Toute dépen-dane spatiale et temporelle de la fontion de distribution peut don être exprimée parune dépendane fontionnelle dans les hamps hydrodynamiques, menant à l'Eq. (7).L'existene d'une solution normale repose don sur la séparation d'éhelles de temps
τh ≫ τ , e qui mène aussi à la seonde onséquene.La seonde onséquene se base aussi sur l'existene de es deux éhelles de tempsdistintes : l'éhelle mirosopique dé�nie par le temps moyen de ollision τ et l'éhellemarosopique dé�nie par le temps τh assoié aux variations des hamps hydrodyna-miques et de leur inhomogénéités. Par dé�nition τh ≫ τ , e qui revient à dire que surdes éhelles de temps mirosopiques τ les hamps hydrodynamiques ne varient quefaiblement, i.e., es hamps ne sont don que faiblement inhomogènes. Cei permetde réaliser un développement de la fontion de distribution dans les gradients :

f = f (0) + λf (1) + λ2f (2) + . . . . (8)L'ordre f (0) représente don la fontion de distribution homogène qui apparaît aprèsde ourts temps t tels que τ ≪ t≪ τh. On doit avoir τ ≪ t pour satisfaire l'équilibreloal. Chaque puissane dans le paramètre formel λ signi�e un ordre donné dansles gradients. Le paramètre λ ≪ 1 s'interprète omme le rapport τ/τh ∼ ℓ/ℓh. Onsuppose de même l'existene d'une hiérarhie d'éhelle de temps don
∂

∂t
=
∂(0)

∂t
+ λ

∂(1)

∂t
+ λ2∂

(2)

∂t
+ . . . , (9)où ∂(k)/∂t dérit l'évolution sur l'éhelle de temps k. Le développement de Chapman-Enskog s'obtient en insérant les séries (8) et (9) dans l'équation de Boltzmann. Ré-oltant les termes de même ordre en λ puis résolvant es équations ordre par ordre ilest possible de onstruire expliitement la solution.Supposons à présent que ertains hamps hydrodynamiques ne soient plus onser-vés par la dynamique. L'intégration de l'équation de Boltzmann sur les vitesses v avepoids 1, mv, mv2/2 fournit les équations de bilan des hamps n, u, et T , respeti-vement. Il s'agit des équations hydrodynamiques dérivant l'évolution de es hamps.A haque hamp non onservé est alors assoié un taux de délin apparaissant danses équations. Chaque taux dé�nit une éhelle de temps qui lui est inversement pro-portionnelle. Le problème est alors de déterminer si es nouvelles éhelles de tempspeuvent être si petites (forte dissipation) qu'elles deviennent de l'ordre du temps ara-téristique mirosopique τ . L'existene d'une solution normale serait alors invalidée,et la validité d'une desription hydrodynamique remise en question.L'annihilation balistique probabiliste permet d'avoir une dissipation aussi faibleque désirée. En e�et, pour de petites probabilités d'annihilation p ≃ 0 la dynamiqueest essentiellement donnée par elle des sphères dures. Ce paramètre ontinu p permetdon de plaer la dynamique aussi prohe de la limite de validité de la desriptionhydrodynamique d'un système dissipatif que voulu. De plus, la dynamique à longtemps de l'annihilation balistique probabiliste est adéquatement dérite par l'équationde Boltzmann. Nous ommençons don par l'étude de l'annihilation pure, i.e., p = 1,onfrontant une solution exate de l'équation de Boltzmann ave des simulations dedynamique moléulaire pour véri�er l'hypothèse sous-jaente du haos moléulaire.



0.2. RÉSULTATS EXACTS SUR LA DYNAMIQUE D'ANNIHILATION . . . xiii0.2 Résultats exats sur la dynamique d'annihilation deBoltzmannSoit un système de sphères de diamètre σ se mouvant balistiquement dans Rd.Lorsque deux partiules entrent en ontat, elles disparaissent. Nous supposons la dis-tribution de partiules initialement spatialement homogène, et que ette propriété estonservée par l'évolution. La fontion de distribution prend alors la forme f(v; t) =
n(t)ϕ(v; t), où n(t) est la densité de partiules et ϕ(v; t) est la distribution de proba-bilité des vitesses. Le problème se simpli�e onsidérant une distribution initiale desvitesses de spetre disret. Un tel spetre est alors onservé par la dynamique. Un assimple en dimension d = 2 est

f(v; t) = X(t)
1

2πc1
δ(v − c1) + Y (t)

1

2πc2
δ(v − c2), (10)où c2 > c1 > 0. X(t) et Y (t) sont les densités de partiules de module de vitesse

c1 et c2, respetivement. Ces densités véri�ent X(t) + Y (t) = n(t). Nous établissonsalors analytiquement une équation impliite donnant la solution de l'équation deBoltzmann. Dans la limite des temps longs, nous trouvons les relations expliites
X(τ)

τ→∞≃ 1

4γ
τ−1, (11a)

Y (τ)
τ→∞≃ V0

4γ
(4γX0)

−1/α

(
4 − κ

κ− 4γ
V0 + 1

)β/α

τ−κ/4γ , (11b)ave τ = 2πσc2t, γ = c1/c2, α = 4γ/(κ−4γ), β = κ/(4−κ), V0 = Y0/X0, X0 = X(0),
Y0 = Y (0), et κ =

∫ π
0 dϕ

√
1 + γ2 − 2γ cosϕ.Considérons à présent le problème de l'annihilation balistique où une partie X(t)des partiules est immobile, c1 = 0. Ce système dérit le problème de l'annihilationbalistique en présene de pièges statiques. A nouveau, nous obtenons une solutionanalytique, dont la limite des temps longs donne les relations expliites
X(τ)

τ→∞≃ X∞[1 + ε2(X0, Y0; τ)], (12a)
Y (τ)

τ→∞≃ X∞ε2(X0, Y0; τ), (12b)où β = π/(4 − π) et
ε2(X0, Y0; τ) = V

1/(1+V0/β)β+1

0 exp (−JX∞/X0) exp (−X∞τ) , (13)ave
J =

∫ V0

0
du ln(u)

d2

du2

[
−
(
β + V0

β + u

)β
]
. (14)

X∞ = X(t→ ∞) = X0/(1+V0/β)β 6= 0 est la onentration asymptotique de pièges.Des simulations de dynamique moléulaire permettent de tester la validité del'hypothèse du haos moléulaire sous-jaente à l'équation de Boltzmann. Pour unsystème de l'ordre de 105 sphères, nous avons pu véri�er aussi bien l'établissement du



xiv CHAPITRE 0. RÉSUMÉ EN FRANÇAISrégime asymptotique que les préditions des Eqs. (11) et (12). En onlusion, nousavons montré que la théorie inétique de Boltzmann fournit une desription adéquatede la dynamique de l'annihilation pour une lasse partiulière de onditions initiales.L'hydrodynamique d'un gaz de sphères dures est onnue depuis longtemps. Pourun gaz su�samment dilué ette dynamique ne génère pas de fortes orrélations desvitesses. D'autre part, nous avons montré que l'équation de Boltzmann fournit unedesription adéquate de l'annihilation pure. Ainsi, l'équation de Boltzmann reste pourdes temps longs une desription adéquate si les partiules subissent une ollisionélastique ave probabilité (1 − p), p 6= 0.Notre but est d'étudier l'annihilation balistique probabiliste. Pour ela, dans unpremier temps, nous établissons et testons une nouvelle méthode permettant de alu-ler de manière approximative la fontion de distribution des vitesses dérivant l'étathomogène pour une large lasse de systèmes. Pour estimer les avantages de ettenouvelle méthode il est utile de onsidérer d'abord le gaz granulaire pour lequel desrésultats basés sur la �méthode traditionnelle� sont disponibles dans la littérature.0.3 La première orretion de SonineSoit un système homogène sans fores externes et admettant (d + 2) invariantsde ollision (la densité, haque omposante de l'impulsion, et l'énergie inétique). Lafontion de distribution peut alors être obtenue exatement et est une Maxwellienne.Par ontre, si un des hamps hydrodynamiques n'est pas onservé [i.e., il existe moinsde (d+2) invariants de ollision℄, il n'est pas possible en général de trouver exatementla fontion de distribution dérivant l'état homogène. Une méthode approximativepour la trouver est la suivante.De nombreux travaux montrent que la fontion de distribution isotrope pour di�é-rents systèmes [annihilation balistique (probabiliste), gaz granulaires, ou enore agré-gation balistique℄ prend la forme d'une solution d'éhelle (ou de �saling�)
f(v; t) =

n

vd(t)
f̃(c), (15)où v(t) =

√
2〈v2〉/d et c = v/v. La méthode de alul de f̃(c) onsiste à développerette distribution dans la base des polyn�mes Si(c

2) orthogonaux par rapport à lamesure Maxwellienne M̃(c) = π−d/2 exp(−c2) :
f̃(c) = M̃(c)


1 +

∑

i>1

aiSi(c
2)


 . (16)Les Si sont appelés polyn�mes de Sonine, et a2 fournit la première orretion deSonine (la ontrainte 〈c2〉 = d/2 impose la nullité du oe�ient a1).Nous savons que pour une large lasse de systèmes dissipatifs, la �queue� de ladistribution des vitesses est surpeuplée (déroissane moins rapide que gaussienne).Par onséquent, une distribution de la forme M̃(1 + a2S2) ne fournit pas une bonne



0.4. ANNIHILATION BALISTIQUE PROBABILISTE xvdesription pour de grandes vitesses et ela quelle que soit la valeur de a2. Par ontre,nous sommes en général amenés à aluler des moments de petit ordre, e qui requiertune meilleure préision de la fontion de distribution près de l'origine. La méthodetraditionnelle permettant le alul de a2 fait intervenir des moments d'ordre 4 dans lesvitesses. Don, s'il est possible de développer une méthode impliquant des momentsd'ordre inférieur, les erreurs issues des grandes vitesses seront minimisées. Cei mèneà onlure que la limite des faibles vitesses de l'équation de Boltzmann �resalée�
µ2

d

(
d+ c1

d

dc1

)
f̃(c1) = Ĩ(f̃ , f̃) (17)ontient une information utile. Une telle limite revient en e�et à attribuer plus depoids près de l'origine. Dans l'Eq. (17) on a

Ĩ(f̃ , f̃) =

∫

Rd

dc2

∫
dσ̂ θ(σ̂ · ĉ12)(σ̂ · c12)

[
α−2f̃(c′1)f̃(c′2) − f̃(c1)f̃(c2)

]
, (18)et µp = µ2p〈cp〉/d. Cette limite fournit l'équation µ2f̃(0) = limc1→0 Ĩ(f̃ , f̃). Le alulà l'ordre linéaire en a2 fournit

a2 =
4(α2 + 1)2(α2 − 1)

[√
2(α2 + 1) − 2

]

A(α, d)
, (19)où

A(α, d) = 5 + d(2 − d) + 8α(α2 + 1)(d− 1) − α2(23 − 6d+ d2) + α4(3 + 6d+ d2)

+ α6(−1 + 2d+ d2) −
√

2(α2 + 1)3(α2 − 1)(3 + 4d+ 2d2)/4. (20)Nous avons réalisé des simulations Monte Carlo aussi bien pour le gaz libre quepour un gaz hau�é à l'aide d'un thermostat stohastique. Ces simulations permettentde onlure que la méthode de la limite fournit de très préises préditions dans ledomaine d'intérêt des petites vitesses. Par ontre, dans le régime de moindre intérêtdes grandes vitesses les résultats obtenus sont moins préis que eux issus de la mé-thode �traditionnelle�. En e�et, ette méthode onsiste en une interpolation globalede la fontion de distribution des vitesses.Comme disuté auparavant, notre but est de fournir une desription de l'anni-hilation balistique probabiliste. Ayant don véri�é la préision de la méthode de lalimite pour la première orretion de Sonine, nous pouvons à présent l'appliquer à esystème.0.4 Annihilation balistique probabilisteSoit à présent un système tel que lorsque deux partiules entrent en ontat ellesdisparaissent ave probabilité p et subissent une ollision élastique ave probabilité
(1 − p). L'opérateur de ollision est don omposé de la somme des opérateurs deollision de l'annihilation ave poids p et de ollision élastique ave poids (1−p). Nous



xvi CHAPITRE 0. RÉSUMÉ EN FRANÇAISonsidérons d'abord un système homogène et appliquons la méthode de la limite pourétablir la première orretion de Sonine. La onnaissane de ette solution homogènepermettra ensuite d'appliquer le développement de Chapman-Enskog pour étudier lesinhomogénéités ainsi que l'hydrodynamique de l'annihilation balistique probabiliste.0.4.1 La solution homogène0.4.1.1 Les exposants de délinLa dynamique est telle que ni le nombre de partiules ni l'énergie ne sont onservés.Dans le régime de l'Eq. (15) nous avons établi exatement les exposants de délin dela densité ξ et de l'énergie γ :
n

n0
=

(
1 + p

1 + αe

2
ω0t

)−ξ

, (21a)
v

v0
=

(
1 + p

1 + αe

2
ω0t

)−γ

, (21b)où la fréquene de ollision ω est donnée par
ω(t) = n(t)v(t)σd−1

∫
dc1dc2dσ̂ (σ̂ · c12) θ (σ̂ · c12) f̃(c1)f̃(c2), (22)et le paramètre de dissipation d'énergie αe par

αe =

∫
dc1dc2dσ̂ (σ̂ · c12) θ (σ̂ · c12) c

2
1f̃(c1)f̃(c2)[∫

dcc2f̃(c)
] [∫

dc1dc2dσ̂ (σ̂ · c12) θ (σ̂ · c12) f̃(c1)f̃(c2)
] . (23)Dans l'Eq. (21) on a ω0 = ω(t = 0), v0 = v(t = 0), et les exposants de délin

ξ =
2

1 + αe
, (24a)

γ =
αe − 1

αe + 1
. (24b)Ce résultat est exat (dans le ontexte du haos moléulaire) ar auune approxima-tion n'est faite sur f̃ dans les Eqs. (22) et (23). Supposant à présent un développementde la forme (16) tronqué au premier oe�ient non nul a2, il résulte

αe = 1 +
1

2d
+ a2

1

8

(
1 +

3

d

)
+ O(a2

2). (25)L'évaluation expliite des exposants ξ et γ néessite don la onnaissane de la pre-mière orretion de Sonine a2.



0.4. ANNIHILATION BALISTIQUE PROBABILISTE xvii0.4.1.2 La première orretion de SonineL'appliation de la méthode de la limite présentée dans la Se. 0.3 fournit
a2(p) = 8

3 − 2
√

2

4d + 6 −
√

2 + 1−p
p 8

√
2(d− 1)

. (26)Les exposants de délin sont don donnés par l'insertion des Eqs. (26) et (25) dans (24).Nous avons implémenté un shéma numérique Monte Carlo simulant la dynamiquede l'annihilation balistique probabiliste. Ces simulations sont en très bon aord aveles exposants de délin prédits, ainsi qu'ave la distribution des vitesses issue du a2donné par l'Eq. (26).Soit µ tel que f̃(c) ∝ cµ pour c→ 0. Dans le as de l'annihilation pure, il est onnuque l'évolution préserve µ. Plus préisément, pour une distribution initiale ontinuearatérisée par un µ donné, l'évolution sera telle que pour tout temps la fontionde distribution des vitesses sera aratérisée par le même µ. Une lasse d'universalitéorrespond don à un µ donné. Cei n'est plus vrai pour l'annihilation balistique pro-babiliste. En e�et, les simulations numériques mènent à onjeturer l'universalité desdistributions des vitesses. Pour toute distribution initiale de µ quelonque, l'évolutionest telle que la distribution est attirée asymptotiquement vers elle aratérisée par
µ = 0.0.4.2 La desription hydrodynamique des sphères dures pour l'an-nihilation balistique probabilisteSoit un système qui à présent est inhomogène. Dé�nissons les hamps hydrodyna-miques loaux de densité n, vitesse u, et de température T par

n(r, t) =

∫

Rd

dv f(r,v; t), (27a)
u(r, t) =

1

n(r, t)

∫

Rd

dvvf(r,v; t), (27b)
T (r, t) =

m

n(r, t)kBd

∫

Rd

dvV2f(r,v; t), (27)où V = v−u(r, t) est la déviation à la vitesse moyenne. L'intégration de l'équation deBoltzmann ave moments 1, mv, et mv2/2 fournit les équations de bilan des hampshydrodynamiques. Ces équations font apparaître des taux de délin qui dépendentde la fontion de distribution f . Il est don néessaire d'appliquer le développementde Chapman-Enskog pour déterminer f . Le premier terme f (0) du développementde f étant déjà onnu, nous alulons approximativement (par un développement deSonine au premier ordre) la première orretion f (1) à la distribution f (0) aratérisantle système homogène.



xviii CHAPITRE 0. RÉSUMÉ EN FRANÇAISLes équations de bilan au premier ordre sont ainsi
∂tn+ ∇i(nui) = −pn[ξ(0)n + ξ(1)n ], (28a)
∂tui +

1

mn
∇jPij + uj∇jui = −pvT [ξ(0)ui

+ ξ(1)ui
], i = 1, . . . , d, (28b)

∂tT + ui∇iT +
2

nkBd
(Pij∇iuj + ∇iqi) = −pT [ξ

(0)
T + ξ

(1)
T ]. (28)Les ξ(n)

A sont les taux de délin de la grandeur A obtenus à l'ordre n. Ainsi
ξ(0)n =

d+ 2

4

(
1 − a2

1

16

)
ν0, (29a)

ξ(0)ui
= 0, i = 1, . . . , d, (29b)

ξ
(0)
T =

d+ 2

8d

(
1 + a2

8d+ 11

16

)
ν0, (29)et

ξ(1)n = 0, (30a)
ξ(1)ui

= −vT

(
κ∗

1

T
∇iT + µ∗

1

n
∇in

)
ξ∗u, (30b)

ξ
(1)
T = 0, (30)où

ξ∗u =
(d+ 2)2

32(d − 1)

[
1 + a2

−86 − 101d + 32d2 + 88d3 + 28d4

32(d + 2)

]
. (31)Le oe�ient ν0 est dé�ni par le rapport ν0 = p(0)/η0, où p(0) = nkBT est lapression à l'ordre zéro et

η0 =
d+ 2

8

Γ(d/2)

π(d−1)/2

√
mkBT

σd−1
(32)est la visosité du gaz homogène de sphères dures. Le tenseur de pression Pij estdonné par

Pij(r, t) = p(0)δij − η

(
∇iuj + ∇jui −

2

d
δij∇kuk

)
, (33)où η est le oe�ient de visosité de isaillement. Le ourant de haleur qi est donnépar la loi linéaire de Fourier :

qi = −κ∇iT − µ∇in, (34)où κ est le oe�ient de ondutivité thermique et µ un oe�ient de transportqui n'a pas d'analogue dans le as sans dissipation (e oe�ient est responsable duphénomène d'inversion de température qui sera présenté plus loin). Ces relations ainsi



0.4. ANNIHILATION BALISTIQUE PROBABILISTE xixque les oe�ients de transport sont, bien entendu, issus de la théorie inétique. Lesoe�ients de transport sont solutions du système linéaire
η∗ =

η

η0
=

1

ν∗η − 1
2pξ

(0)∗
T

, (35a)
κ∗ =

κ

κ0
=

1

ν∗κ − 2pξ
(0)∗
T

[
1

2
pξ(0)∗n µ∗ +

d− 1

d
(2a2 + 1)

]
, (35b)

µ∗ =
nµ

Tκ0
=

2

2ν∗µ − 3pξ
(0)∗
T − 2pξ

(0)∗
n

[
pξ

(0)∗
T κ∗ +

d− 1

d
a2

]
. (35)Dans les Eqs. (35), les taux de délin sans dimensions sont ξ(n)∗

A = ξ
(n)
A /ν0. Lesoe�ients ν∗κ, ν∗µ, et ν∗η sont donnés par

ν∗κ = ν∗µ = p
1

32d

[
16 + 27d+ 8d2 + a2

2880 + 1544d − 2658d2 − 1539d3 − 200d4

32d(d + 2)

]

+(1 − p)
d− 1

d

(
1 + a2

1

32

)
, (36a)

ν∗η = p
1

8d

[
3 + 6d+ 2d2 − a2

278 + 375d + 96d2 + 2d3

32(d+ 2)

]

+(1 − p)

(
1 − a2

1

32

)
. (36b)Les Eqs. (28) forment ainsi un ensemble de (d+2) équations pour les (d+2) hampshydrodynamiques au premier ordre (i.e., l'ordre Navier-Stokes). Ces équations ne sonten général pas solubles analytiquement. A�n de faire une analyse de stabilité nousles linéarisons en onsidérant une légère déviation δy(r, t) de l'état homogène yH(t) :

δy(r, t) = y(r, t) − yH(t), où y = {n,u, T}. Insérant ette forme dans l'équation deNavier-Stokes, on obtient des équations aux dérivées partielles dont les oe�ientsdépendent du temps. Cette dépendane peut être éliminée par un hangement devariables spatiale l = ν0H(t)
√
m/[kBTH(t)]r/2 et temporelle τ =

∫ t
0 ds ν0H(s)/2,ainsi qu'en dé�nissant les hamps de Fourier adimensionnels ρk(τ) = δnk(τ)/nH(τ),

wk(τ) =
√
m/[kBTH(τ)]δuk(τ), et θk(τ) = δTk(τ)/TH(τ), où la transformée deFourier est δyk(τ) =

∫
Rd dl e−ik·lδy(l, τ). L'indie H indique une grandeur évaluéedans l'état homogène. Notons que l est dé�ni (à une onstate près) en unités de libreparours moyen d'un gaz homogène de densité nH(t).Les équations hydrodynamiques ainsi linéarisées montrent l'existene d'un modede vitesse wk⊥

déouplé des autres modes. Ce mode wk⊥
= wk − wk‖

est par dé-�nition transverse à la perturbation de nombre d'onde k. Le mode de vitesse lon-gitudinal est dé�ni par wk‖
= (wk · êk)êk où êk est le veteur unitaire dans ladiretion k. Nous trouvons que pour toute perturbation de nombre d'onde k telleque k > k⊥ = [2pξ

(0)∗
T /η∗]1/2, wk⊥

est linéairement stable. De façon similaire, les
(d+ 1) autres modes étant ouplés, on dé�nit k‖ tel que pour tout k > k‖ es modessont linéairement stables. Nous trouvons néanmoins k‖ < k⊥. Bien que wk⊥

soit li-néairement déouplé des autres modes, il peut leur être ouplé non linéairement (par



xx CHAPITRE 0. RÉSUMÉ EN FRANÇAISexemple pour le gaz granulaire, e ouplage non linéaire est responsable de la perte destabilité de l'état homogène). Par onséquent, omme k‖ < k⊥ et grâe à e ouplage,la limite de stabilité est issue des onditions sur k⊥ uniquement. Soit par exemple uneboîte ubique de volume Ld, alors dans l'espae adimensionnel le plus petit nombred'onde d'une perturbation est kmin = 2π/(Lnσd−1C), où C est une onstante. Etantdonné que la densité n(t) déroît en fontion du temps, kmin(t) roît de façon mono-tone. Il existe don un temps tel que kmin(t) = k⊥. Ainsi la borne inférieure kmin(t)entre inévitablement dans la région où la solution homogène est stable. Même si ettea�rmation n'est pas rigoureusement dérivée, on en onlut que toute instabilité nepeut être qu'un phénomène transitoire. Par un argument approximatif, nous avonsestimé pour p = 0.1 (et pour des onditions typiques orrespondant à elles requisespour une implémentation de dynamique moléulaire) que l'état homogène redevientstable après que la densité ne soit plus que d'environ la moitié de la densité initiale.Cei orrespond à moins de 10 ollisions par partiule. Par analogie, les inhomogénéi-tés dans un gaz granulaire ne sont observées qu'après quelques entaines de ollisionspar partiule. Il est ainsi improbable que des simulations de dynamique moléulairepuissent révéler des inhomogénéités pour l'annihilation balistique probabiliste. Nousn'avons en e�et pas observé d'inhomogénéités à l'aide de nos simulations.Les nombres d'ondes k⊥ et k‖ sont des fontions roissantes de la probabilitéd'annihilation p. Ainsi, plus la dissipation augmente plus la plage de modes stables seréduit. Néanmoins, omme k⊥ augmente rapidement en fontion de p, la région stable
k > k⊥ peut orrespondre à un régime �non hydrodynamique� lorsque p est supérieurà une valeur ritique (di�ile à quanti�er). En e�et, notre desription est restreinte àdes valeurs k ≪ 1. Dans l'espae réel, k est proportionnel au libre parours moyen. Cedernier est inversément proportionnel à la densité n qui déroît en fontion du temps.Ainsi les grandes valeurs de k orrespondent à de très faibles densités. Or lorsquela densité est faible le temps de libre parours moyen devient grand, éventuellementde l'ordre de gandeur de la variation des hamps hydrodynamiques. Il n'y a alorsplus séparation des éhelles de temps, e qui invalide la méthode de dérivation deséquations de Navier-Stokes. k ≪ 1 assure don que le temps de variation des hampshydrodynamiques soit sensiblement supérieur au temps de libre parours moyen.Comme déjà mentionné dans la Se. 0.1.2, les aluls analytiques basés sur lemodèle des sphères dures sont lourds. Il est alors instrutif d'étudier d'autres modèlesplus simples, dans l'espoir qu'ils apturent la même physique que elle de l'annihilationbalistique probabiliste des sphères dures. Nous étudions don les modèles de Maxwellet VHP.
0.4.3 La desription hydrodynamique des modèles de Maxwell etVHPL'analyse est similaire à elle basée sur l'annihilation balistique probabiliste dessphères dures, mais fait à présent usage de l'équation de Boltzmann sous la forme (4).



0.4. ANNIHILATION BALISTIQUE PROBABILISTE xxi0.4.3.1 Le modèle de MaxwellNous établissons le résultat exat a2 = 0 et hoisissons l'éhelle de temps φ desorte à e que les oe�ients de transports soient normalisés pour p = 0. Un alulexat [i.e., sans hypothèse sur la forme de la fontion de distribution f (1)℄ fournit
η∗ =

1

pd+2
2 + (1 − p)

, (37a)
κ∗ =

1

pd(d+2)
2(d−1) + (1 − p)

, (37b)
µ∗ = 0. (37)Les équations hydrodynamiques ont la forme (28), ave omme seul taux de délinnon nul

ξ(0)n =
d+ 2

2
ν0. (38)0.4.3.2 Le modèle VHPUn alul exat de la première orretion de Sonine (i.e., en tenant ompte destermes non linéaires en a2) fournit à nouveau a2 = 0. En hoisissant l'éhelle de temps

φ de sorte à e que η∗(p = 0) = 1, un alul ontenant des approximations similairesà elles pour les sphères dures donne
η∗ =

1

ν∗η − 1
2pξ

(0)∗
T

, (39a)
κ∗ =

d− 1

d

2ν∗µ − 2pξ
(0)∗
n − 3pξ

(0)∗
T

X
, (39b)

µ∗ = 2p
d− 1

d

ξ
(0)∗
T

X
, (39)où X = ν∗κ[2ν∗µ − 2pξ

(0)∗
n − 3pξ

(0)∗
T ] + pξ

(0)∗
T {−4ν∗µ + 3p[ξ

(0)∗
n + 2ξ

(0)∗
T ]} et

ν∗η = p
2(d+ 2)

d+ 4
+ (1 − p), (40a)

ν∗κ = ν∗µ = p
2(d+ 3)

d+ 4
+ (1 − p)

4(d− 1)

d(d+ 2)
. (40b)Les équations hydrodynamiques ont la forme (28), ave omme seuls taux de délinnon nuls

ξ(0)n =
2d

d+ 4
ν0, (41a)

ξ(1)ui
= −vT

(
κ∗

1

T
∇iT + µ∗

1

n
∇in

)
d2(d+ 2)

2(d− 1)(d + 4)
, (41b)

ξ
(0)
T =

2

d+ 4
ν0. (41)



xxii CHAPITRE 0. RÉSUMÉ EN FRANÇAIS0.4.3.3 Comparaisons ave les sphères duresNous avons alulé les taux de délin de densité n et de la vitesse thermique
v =

√
2〈v2〉/d. Les modèles de Maxwell et VHP fournissent des bornes inférieures etsupérieures aux taux de délin des sphères dures ξ et γ :

2d

2d+ 1
< ξ < 1, 0 < γ <

1

2d+ 1
, (42)où ξ est le taux de délin de la densité donné par l'Eq. (24a) et γ elui de v donnépar l'Eq. (24b) [en faisant enore usage des Eqs. (25) et (26)℄. Notons qu'auun destaux de délin des modèles de Maxwell ou VHP ne dépend de p. Nous implémentonsdes simulations Monte Carlo et montrons l'exellent aord ave les taux de délin dumodèle VHP.La omparaison des oe�ients de transport (35), (37), et (39) montre que les mo-dèles de Maxwell et VHP génèrent une dépendane en p similaire à elle des sphèresdures. De plus, le modèle de Maxwell (VHP) fournit, respetivement, une borne infé-rieure (supérieure) à haun des oe�ients de transport des sphères dures.Nous réalisons à nouveau une analyse de stabilité linéaire des équations hydrody-namiques pour de faibles perturbations autour de la solution homogène. Le modèle deMaxwell est tel que tous les modes sont stables. Par ontre, le modèle VHP montreun omportement qualitativement similaire à elui des sphères dures. Comparant leslimites de stabilité linéaires, on onlut à nouveau que les modèles de Maxwell et VHPfournissent respetivement une borne inférieure et supérieure aux sphères dures.En onlusion, les modèles de Maxwell et VHP apturent les mêmes phénomènesphysiques que l'annihilation balistique probabiliste de sphères dures. Ces derniers mo-dèles fournissent des bornes inférieures et supérieures à toutes les grandeurs physiquespertinentes et omparables. De plus, la simpliité tehnique liée à es modèles ouvredes perspetives pour l'étude de l'in�uene des termes d'ordre supérieur entrant dansles équations de Navier-Stokes.Même si e résultat n'est pas rigoureusement dérivé, l'analyse des équations deNavier-Stokes a permis de onlure que les inhomogénéités de l'annihilation balis-tique probabiliste sont un phénomène transitoire. Au ontraire, il est onnu que pourle gaz granulaire la dynamique génère des zones de plus en plus denses, menant éven-tuellement à une singularité de la fréquene de ollision dans es régions. Exploitantette idée, nous formulons un modèle reproduisant es inhomogénéités pour étudierla séparation de matière granulaire.0.5 Le modèle d'urnes0.5.1 Dé�nition générale du modèleNous étudions un modèle d'urnes pour la séparation de matière granulaire. Soient

L > 2 urnes onnetées séquentiellement par une fente à hauteur h. L'urne numéro iest don diretement reliée aux urnes (i− 1) et (i+ 1). Les onditions aux bords sont



0.5. LE MODÈLE D'URNES xxiiipériodiques. N partiules granulaires sont distribuées dans les L urnes. Le nombre departiules dans l'urne i est noté Ni, et ni = Ni/N . Les partiules peuvent hangerd'urne si elles ont une énergie inétique su�sante leur permettant d'atteindre la hau-teur h. Ces urnes sont soumises à une osillation vertiale, et les partiules subissentdes ollisions inélastiques. Il s'agit don à nouveau d'un système hors d'équilibre dansle sens où il y a dissipation d'énergie par les ollisions inélastiques, dissipation om-pensée par un méanisme d'injetion lié au mouvement vertial périodique du systèmed'urnes. Plut�t que de reourir à la théorie inétique, nous énonçons un modèle phé-noménologique apturant l'essentiel des propriétés physiques d'intérêt.Nous savons que pour un système granulaire la température inétique est unefontion déroissante de la densité. Le modèle le plus simple qui reproduise la dé-roissane de la température T dans l'urne i en fontion de sa densité ni est T (ni) =
T0 + ∆(1 − ni), où T0 et ∆ sont des onstantes positives. On suppose de plus que ladistribution de partiules en fontion de la hauteur depuis le fond d'une urne satis-fait la distribution de Boltzmann. On mesure la température en unités mgh/kB , où
m est la masse des partiules, g la onstante de gravitation, et kB la onstante deBoltzmann. La dynamique du modèle est dé�nie par :(i) une des N partiules est séletionnée au hasard,(ii) ave probabilité exp[−1/T (ni)] la partiule séletionnée est plaée aléatoire-ment dans une des deux urnes voisines, où i est l'urne à laquelle appartientinitialement la partiule.Le �ux de partiules quittant l'urne i est alors donné par

F (ni) = ni exp [−1/T (ni)] . (43)En fontion des paramètres T0 et ∆, e modèle permet de dérire la transition dephase entre une distribution symétrique et asymétrique des partiules dans les urnes.Pour reproduire une telle brisure de symétrie, il su�t que le �ux F (n) possède unseul maximum.0.5.2 Le diagramme de phase et les propriétés dynamiquesNous étudions dans un premier temps le modèle à L = 3 urnes sur la base deséquations maîtresses. Nous établissons le diagramme de phase en fontion des deuxparamètres T0 et ∆ (partiellement analytiquement). Il existe ainsi deux phases : laphase symétrique (haque urne ontient le même nombre de partiules) et la phaseasymétrique. Pour de faibles valeurs de T0 et ∆, l'état asymétrique (n1 > n2 = n3)est stable (région II). Augmentant T0 (pour ∆ �xé), l'état symétrique (n1 = n2 =
n3) devient métastable (région III) jusqu'à une ligne spinodale où l'état symétriquedevient stable et l'état asymétrique métastable (région IV). En�n, augmentant enore
T0 l'état asymétrique perd sa métastabilité et seul l'état symétrique est stable (régionI). Les valeurs de T0 dé�nissant es régions dépendent évidemment de la valeur de ∆.Contrairement au as à L = 2 urnes, le point triritique est ii loalisé à l'origine T0 =
∆ = 0. Ainsi une transition de phase sera toujours de premier ordre et aompagnéed'hystérèse.



xxiv CHAPITRE 0. RÉSUMÉ EN FRANÇAISLe reours à des simulations Monte Carlo permet d'avoir aès pas seulement auxvaleurs moyennes, mais à toute la dynamique inluant les �utuations.Dé�nissons le temps de vie τ d'un luster. Soit un état initial asymétrique méta-stable donné par la solution des équations maîtresses (pour des paramètres T0 et ∆situés dans la région IV où l'état asymétrique est métastable). Une des urnes ontientdon une majorité de partiules, notée N0. On onvient que et état asymétrique estdétruit si le nombre de partiules dans ette urne devient inférieur ou égal à, parexemple, 0.99N0. τ est alors dé�ni par le temps néessaire pour que et état asymé-trique soit détruit.En approhant la ligne séparant les régions IV et III (i.e., partant d'un état asy-métrique métastable et en se rapprohant de la limite de stabilité de et état), selonla théorie des phénomènes ritiques, τ diverge omme τ ∝ N z, z > 0. Nous avonsréalisé des simulations pour di�érentes valeurs de L > 2 qui indiquent bien un telomportement, ave de plus z = 1/3.En�n, pour L ≫ 1 nous avons étudié numériquement la di�usion d'un lusterdans les urnes après perte de stabilité. Plus préisément, nous onsidérons un étatasymétrique qui perd sa stabilité à ause des �utuations. Le luster de partiules estdon détruit, et les partiules di�usent dans les urnes adjaentes. Cette di�usion estnormale ave exposant 1/2 (i.e., dérite par l'équation de di�usion usuelle). La taille
y du luster ayant perdu sa stabilité déroît en fontion du temps t selon y ∝ t−1/2.On peut reproduire une di�usion anomale en onsidérant les ollisions à deuxpartiules, omme nous l'expliquons dans le paragraphe suivant.0.5.3 Le modèle de pairesIl est possible de dé�nir plusieurs modèles dérivant la brisure de symétrie despartiules dans les urnes. Pour ela, il su�t que la fontion �ux F (n) n'ait qu'un seulmaximum. Considérons don un modèle tenant ompte de ertaines des orrélationsà deux points et dont la dynamique est dé�nie par :(i) deux des N partiules sont séletionnées au hasard,(ii) si et seulement si les partiules sont dans la même urne, ave probabilité

exp[−Bn2
i ] les deux partiules sont plaées aléatoirement dans une des deuxurnes voisines, où i est l'urne à laquelle appartiennent initialement les deuxpartiules et B > 0 est une onstante positive.La probabilité que deux partiules séletionnées au hasard appartiennent à la mêmeurne est Ni(Ni − 1)/[N(N − 1)], qui dans la limite N → ∞ devient n2

i . La fontion�ux est alors elle du modèle de Eggers : F (ni) = n2
i exp(−Bn2

i ). Pour L = 2 la valeurritique Bc = 4 donne la transition entre les phases symétrique (B < 4) et asymétrique(B > 4). Pour L = 3, il existe deux points ritiques B1 = 6.552703411 . . . et B2 = 9.Pour B < B1 la solution symétrique est stable alors que la solution asymétrique eststable pour B > B2. Dans l'intervalle B ∈ [B1, B2] les deux solutions sont stables,et il y a hystérèse. A nouveau, des simulations numériques indiquent que τ ∝ N z,
z = 1/3. La di�usion d'un luster devient anomale d'exposant 1/3.



0.5. LE MODÈLE D'URNES xxv0.5.4 Les zéros de Yang-LeeIl est possible d'établir de façon analytique la distribution de probabilité dansl'état stationnaire en terme de la fontion de �ux F (n). Cei peut être aisémentréalisé dans le as général L > 2 à l'aide du formalisme des �zero-range proesses�.Dans le as L = 2, on trouve
ps(M) =

1

ZN

N∏
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F
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N

)

F
(

i
N

) , (44)où le fateur de normalisation (fontion de partition) ZN est
ZN = 1 +

N∑
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F
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)

F
(

i
N

) . (45)Le hoix le plus simple pour un �ux F (n) reproduisant la brisure de symétrie est
F (n) = n exp(−An), A > 0. Dans la limite thermodynamique N → ∞ la brisure desymétrie pour A = 2 est une transition de phase de seond ordre (pour A < 2 l'étatsymétrique est stable). Ave e hoix pour F (n) la fontion de partition (45) prendla forme
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zM(N−M), (46)où (N
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)
= N !/[M !(N − M)!] est le oe�ient bin�mial et z = exp (−A/N) est lafugaité e�etive.Il est important de onstater que z est une fugaité qui dépend de la taille dusystème N . Notons aussi que la fontion de partition (46) est mathématiquementéquivalente (ave un hangement de variables approprié) à la fontion de partitiondu modèle de Weiss-Ising en hamp moyen. Néanmoins et malgré l'équilibre détaillé,notre système est physiquement hors d'équilibre. En e�et, il y a balane entre l'in-jetion d'énergie (osillations vertiales des urnes) et dissipation (par les ollisionsinélastiques).Nous étudions la théorie de Yang-Lee des transitions de phases sur la base de lafontion de partition (46), ave une fugaité dépendant de la taille du système. Leszéros de (46) sont obtenus numériquement pour di�érentes valeurs de N . Dans lalimite thermodynamique es derniers s'approhent du erle unité dans le plan desfugaités z omplexes. Dans le plan omplexe du paramètre de ontr�le A, les zérosapprohent le point ritique A = 2 ave une pente de π/4. Cei on�rme l'existened'une transition de seond ordre. En�n, nous montrons analytiquement que la densitéde zéros sur la ligne de zéros dans le plan omplexe de A s'annule en loi de puissaneà l'approhe du point ritique. Il s'agit à nouveau d'une aratéristique de la théoried'équilibre des transitions de phase du seond ordre.



xxvi CHAPITRE 0. RÉSUMÉ EN FRANÇAIS0.6 Conlusions, extensions et problèmes ouvertsNous avons étudié une lasse de systèmes hors équilibre dissipatifs dilués. Unobjetif majeur du travail reporté dans e mémoire était de fournir une desriptionhydrodynamique basée sur la théorie inétique. Nous avons don étudié plusieurs pro-priétés de l'hydrodynamique de l'annihilation balistique probabiliste. L'analyse destabilité des équations hydrodynamiques a montré entre autres que les inhomogénéi-tés étaient transitoires, ontrairement à e qui est onnu des gaz granulaires où ladynamique génère des zones de plus en plus denses. Nous avons ensuite formulé unmodèle pour étudier la séparation de matière granulaire dans des urnes, permettantainsi de reproduire ertaines observations expérimentales.0.6.1 Résumé des résultats obtenusNous avons trouvé la solution analytique de l'équation de Boltzmann pour unmodèle d'annihilation pure en dimension d > 2. Ce modèle est formé de sphères duresave distribution initiale isotrope bimodale des vitesses. Des simulations de dynamiquemoléulaire ont été onfrontées ave la solution analytique. Cei a permis de onlureque l'équation de Boltzmann fournit une bonne desription de la dynamique déjà endimension d = 2 (en dimension supérieure d > 2 on s'attend à e que le r�le desorrélations diminue enore, alors qu'en dimension d = 1 l'équation de Boltzmannn'est pas adéquate).Considérant ensuite des distributions initiales ontinues, nous avons développéune nouvelle méthode pour aluler la première orretion à la maxwellienne pour ungaz balistique homogène. Des simulations Monte Carlo ont permis de tester la pré-ision de la méthode. Non seulement notre méthode est tehniquement plus simpleà implémenter, mais en plus elle fournit des résultats bien plus préis que la mé-thode �traditionnelle� dans le régime d'intérêt des faibles vitesses pour les grandeursphysiques pertinentes.Ayant développé ette nouvelle méthode générale et testé la préision de l'équa-tion de Boltzmann pour dérire l'annihilation pure, nous avons tourné notre attentionvers l'annihilation balistique probabiliste. Ainsi, les partiules qui entrent en ollisiondisparaissent ave probabilité p ou subissent une ollision élastique ave probabilité
(1−p). Nous avons établi la première orretion à la distribution des vitesses maxwel-lienne pour le système homogène. Des simulations Monte Carlo ont montré la grandepréision de nos résultats analytiques. De plus, es simulations mènent à postulerl'universalité des distributions des vitesses f̃(c). En e�et, soit µ tel que f̃(c) ∝ cµpour c → 0, alors pour toute distribution initiale de µ quelonque ette distributionest asymptotiquement menée par la dynamique vers la distribution aratérisée par
µ = 0.Nous avons ensuite étudié les inhomogénéités du gaz grâe à un développementde Chapman-Enskog. Nous avons ainsi établi une desription hydrodynamique d'unsystème pour lequel auun des hamps hydrodynamiques n'est assoié à une grandeuronservée. L'analyse de stabilité linéaire des équations hydrodynamiques indique que



0.6. CONCLUSIONS, EXTENSIONS ET PROBLÈMES OUVERTS xxviitoute inhomogénéité ne peut être qu'un phénomène transitoire. Nous avons aussimontré que les modèles simpli�és de Maxwell et des partiules très dures (VHP)apturent l'essentiel de la physique de l'annihilation balistique probabiliste du gaz desphères dures. De plus, es modèles fournissent respetivement des bornes inférieureset supérieures à toutes les grandeurs physiques pertinentes omparables.En�n, se basant sur une desription en terme d'équations maîtresses (et reou-rant à des simulations Monte Carlo) nous avons étudié un modèle reproduisant laséparation de matière granulaire répartie dans des urnes ommuniquantes. Cela nousa permis d'illustrer des aspets ontre-intuitifs omme par exemple la brisure spon-tanée de symétrie, ainsi que de reproduire ertaines observations expérimentales. Ladynamique de e modèle est telle que le système est hors d'équilibre. Néanmoins, auniveau de �oarse-graining� de la modélisation onsidérée, le bilan détaillé est véri�ée qui en fait un système d'équilibre. Nous avons montré que la théorie de l'équilibrede Yang-Lee des transitions de phase fournit une desription adéquate de la transitionde seond ordre dans un as où la fontion de partition est exprimée en terme d'unefugaité dépendant de la taille du système.0.6.2 Extensions et problèmes ouvertsMentionnons ertains problèmes ouverts vers lesquels pointe e mémoire.Une aratéristique de l'annihilation balistique probabiliste est que pour les tempslongs l'équation de Boltzmann fournit une desription adéquate de la dynamique. D'unautre �té, la dynamique moléulaire permet de simuler la dynamique sans auuneapproximation. Par onséquent, l'implémentation de simulations de dynamique molé-ulaire de l'annihilation balistique probabiliste permettrait un test diret de la validitéde la desription hydrodynamique. Cette omparaison serait don indépendante del'hypothèse du haos moléulaire. L'implémentation de telles simulations représenteependant un travail onsidérable qui va au-delà du adre de ette thèse.Nous avons vu que les inhomogénéités pour l'hydrodynamique de l'annihilationbalistique probabiliste sont transitoires, ontrairement au as du gaz granulaire. Laphysique de l'annihilation balistique probabiliste révèle don des di�érenes impor-tantes ave la physique du gaz granulaire. On peut don s'attendre à déouvrir d'autresomportements a priori inattendus en onsidérant d'autres variantes de la dynamiquede l'annihilation balistique probabiliste, omme disuté i-dessous.La dynamique de l'annihilation balistique probabiliste est telle qu'auun des hampshydrodynamiques ne peut être assoié à une grandeur onservée. Cependant, par l'a-tion d'un thermostat et d'un réservoir de partiules il serait possible de ompenserexatement la perte de partiules, d'impulsion, et d'énergie inétique. La densité étantalors onservée, il est possible que les inhomogénéités ne soient plus transitoires. Ilserait alors envisageable de les étudier à l'aide de la dynamique moléulaire.A part le test numérique de la validité de l'hydrodynamique, il existe un grandnombre d'études pouvant être réalisées sur la base du formalisme présenté dans emémoire et apportant don des résultats onernant l'annihilation balistique pro-babiliste. Plusieurs modèles �initialement utilisés pour les gaz granulaires� peuvent



xxviii CHAPITRE 0. RÉSUMÉ EN FRANÇAISêtre traduits dans le langage de l'annihilation balistique probabiliste (thermostats,mélanges de partiules, partiules ave degrés de liberté interne, ou ave des règlesde ollision plus omplexes, . . . ), pour di�érentes interations (modèles de Maxwell,des sphères dures, ou VHP) ou approhes numériques (gaz sur réseau, dynamiquemoléulaire, ou méthodes Monte Carlo).Finalement, il est possible de généraliser les résultats de e mémoire aux ollisionsinélastiques. Cei mènerait à une théorie uni�ée de l'annihilation balistique probabi-liste granulaire. A nouveau, des extensions possibles du modèle seraient de onsidérerla dépendane du oe�ient de restitution dans la vitesse (annihilation balistique pro-babiliste visoélastique), un oe�ient de restitution aléatoire, ou enore un oe�ientde restitution tangentiel di�érent de l'unité. Il est bien onnu que les inhomogénéitésdu gaz visoélastique sont transitoires. Par onséquent, il serait instrutif d'étudierles onséquenes de la dépendane du oe�ient de restitution dans la vitesse sur lastabilité linéaire de l'annihilation balistique probabiliste visoélastique.



Chapter 1Introdution
1.1 General introdutionIn this thesis we shall fous on a lass of out-of-equilibrium dissipative systems. Letus de�ne �rst the general frame de�ning these systems.1.1.1 General ontextLet us onsider a low density gas of hard spheres that move ballistially in the intervalbetween binary elasti ollisions. The kineti desription of this problem was initiatedmore than 40 years ago, and is now well established. For this model the number ofpartiles, the momentum, and the kineti energy are all onserved. More generally,one may onsider a system for whih the dynamis does not onserve one of the abovequantities. The fundamental theoretial bakground for the hydrodynami desriptionof suh a system remains a ontroversial issue. The di�ulty to establish the validityof suh a desription is due to the following point.A hydrodynami desription rooted in the kineti theory is based on the generalonept of separation of time sales. A �rst time sale is the mirosopi time salede�ned by the average mean free ollision time between partiles. The seond oneharaterizes the variations of the oarse-grained hydrodynami �elds. The hydro-dynami desription of a ballisti gas based on the kineti theory exploits expliitlythe separation between these time sales, through a Chapman-Enskog perturbationexpansion. However, the piture of well-separated time sales hanges if any of theoarse-grained hydrodynami �elds is not onserved by the dynamis. Indeed, toeah non onserved �eld there is an assoiated deay rate due to the loss term in thehydrodynami equations. The inverse of eah deay rate de�nes a new time sale.Hene, if the deay rate inreases, the assoiated time sale dereases. For strongdissipation (large deay rates), one of the deay rates may beome of the order ofthe mean ollision time. Consequently, this would invalidate the derivation of thehydrodynami desription of the system.This problem has been muh investigated in the ase of granular gases where1



2 CHAPTER 1. INTRODUCTIONpartiles ollide inelastially. However, no lear onlusion has been drawn yet on-erning the domain of validity of the orresponding hydrodynami desription. Theonly ommon-sense onlusion was that the desription should be valid �signi�antly�lose to the elasti limit. The granular gases show some intrinsi �drawbaks� thatompliate the answer to the question of validity of a hydrodynami desription. In-deed, it is known that the dynamis is suh that density inhomogeneities and lustersof partiles form. Some lusters may beome so dense that the veloity orrelationsof the partiles beome essential in desribing the dynamis. Eventually, the granulargas may ollapse. In suh onditions, the Boltzmann desription underlying the hy-drodynamis would be invalidated. On the other hand, one may onsider a di�erentsystem whih does not show the emergene of suh strong orrelations generated bythe dynamis: annihilation dynamis. In suh a system, when two partiles ollidethey instantaneously disappear from the system. A great advantage of ballisti an-nihilation is that in the long time limit the Boltzmann equation beomes an exatdesription of the dynamis. On the other hand, suh a system is highly dissipative inthe sense that neither the density, nor the momentum, or the kineti energy are on-served. In view of the disussion above, it would be desirable to ontrol the amplitudeof the dissipation with an additional parameter. To this purpose we introdue theannihilation probability p ∈ [0, 1]. When two partiles meet, they either disappearfrom the system with probability p or satter elastially with probability (1−p). Thismehanism is referred to as probabilisti ballisti annihilation (PBA).To sum up, we have at our disposal a system suh that for p 6= 0 the Boltzmannequation is likely to desribe exatly the dynamis. Moreover, the ontinuous ontrolparameter p allows the system to be in a regime that is as lose as desired to theelasti limit (p ≃ 0) in order to avoid the problem of non-separation of time sales.1.1.2 ObjetivesThe major objetive of this work is to provide a well-established kineti desriptionof probabilisti ballisti annihilation. Suh a desription then provides an adequateframework for probing the validity of hydrodynamis of dissipative systems.In order to ahieve this goal, many properties of PBA (or kineti theory of dilutegases in general) have to be studied. We shall �rst fous on an exatly solvable modelfor pure annihilation. For this system, we onfront the exat asymptoti Boltztmannsolution to moleular dynamis in order to probe the hypothesis of moleular haos.It is known that the veloity funtion distribution desribing the homogeneous stateof the granular gas is non Gaussian in several aspets. We develop a new method toompute the �rst nonzero orretion to the Maxwellian distribution in the small velo-ity domain (the so-alled �rst Sonine orretion). Monte Carlo simulations show thatthis method turns out to be muh more aurate than the �traditional� method. Thisnew method is used next to establish analytially the veloity distribution funtionin a homogeneous gas for PBA and for di�erent ontinuous initial onditions. Theseresults are onfronted to Monte Carlo simulations. Starting from di�erent ontinuousinitial onditions, the simulations lead to onjeture that for long times the veloitydistribution beomes universal: it does not depend on its initial form. The next step



1.2. NONEQUILIBRIUM SYSTEMS 3is to study inhomogeneities. This is ahieved with a �rst order Chapman-Enskog ex-pansion in the gradients of the spatial inhomogeneities, leading to the Navier-Stokeshydrodynami desription of PBA. A linear stability analysis is performed. It showsthat inhomogeneities in PBA are only a transient e�et, whih is unlikely to be observ-able by moleular dynamis simulations. It means that if for short times some denselusters form, they will inevitably be destroyed by the dynamis for longer times.Therefore, and ontrarily to granular gases with onstant restitution oe�ient, themoleular haos assumption is likely to be well-justi�ed for all times beyond this shorttransient regime. The analytial treatment of PBA of the hard sphere gas is howeverquite involved. We therefore study two other models assoiated with two di�erentforms of the interation between partiles. Those models not only apture the essentialfeatures of the hard sphere gas, but provide as well analytial upper and lower boundsfor all omparable quantities. The whole study therefore provides a well establishedframework that may be further used in order to probe the validity of hydrodynamisof dissipative systems. The above-mentioned systems are nonequilibrium dissipativeones, in the sense that is stated below.1.2 Nonequilibrium systemsThe marosopi system Λ we are onsidering is made of N ≫ 1 interating lassialpartiles in a given volume. Sine the typial system of interest is made of manypartiles (of the order of the Avogadro number, N ∼ 1023), the knowledge of allindividual trajetories in the phase spae is in general an unrealisti goal. A moretratable desription an thus be obtained from a statistial approah. A mirosopion�guration of the system (orresponding to a given level of oarse-graining) is de-noted ω. The de�nition of a nonequilibrium system may be understood best if westart from the de�nition of a system at equilibrium.Depending on the onstraints imposed on the system, several desriptions arepossible. Imposing onstant energy E, number of partiles N , and volume V yields(assuming ergodiity) the miro-anonial statistial ensemble for the distribution ofon�gurations {ω}. If the onstraint of onstant energy is relaxed and the system Λis put in ontat with a thermal bath at temperature T , then it is desribed by theanonial ensemble. The distribution funtion of the on�gurations {ω} is given bythe anonial distribution Pe(ω) = exp[−βE(ω)]/Z, where β = 1/(kBT ) (with kBthe Boltzmann onstant and Z the partition funtion). If moreover the onstraintof onstant number of partiles N is relaxed and that the system is put in ontatwith a reservoir of partiles, then it is desribed by the grand anonial ensemble.Depending on the onstraints, other statistial ensembles an be obtained.We now turn to the dynamis. The desription is then obtained from the theoryof stohasti proesses. We suppose that the evolution of the system is Markovian.Let ω and ω′ be two di�erent on�gurations of the system, and the transition ratefrom ω to ω′ denoted by W(ω|ω′). The time-dependent probability distribution is
P (ω; t). It is therefore possible to desribe the dynamis of Λ through a masterequation. A system at equilibrium is suh that there are in average no �uxes inside



4 CHAPTER 1. INTRODUCTION
Λ and through its boundaries. In the anonial ensemble this property translatesinto the detailed balane ondition Pe(ω)We(ω|ω′) = Pe(ω

′)We(ω
′|ω), ∀ω, ω′ for thestationary equilibrium distribution Pe and the equilibrium transition rates We. In themiroanonial ensemble the probability distribution Pe(ω) is uniform on a surfaeof onstant energy and the detailed balane ondition therefore beomes We(ω|ω′) =

We(ω
′|ω), ∀ω, ω′, whih expresses the miroreversibility. For example, a Hamiltoniandesription (with the underlying time reversal symmetry) obeys the miroreversibilityondition [1℄.We now onsider a nonequilibrium system. The dynamis of a nonequilibriumsystem Λ is driven by open boundaries. There is a nonzero (average) �ux between Λand its environment. As a onsequene, there is a nonzero (average) �ux inside thesystem.The asymptoti dynamis of Λ may not reah a steady state, but instead show alimit yle or a haoti behavior. It is lear that suh a system is out of equilibrium.Suppose on the other hand that the system reahes asymptotially a steady state

Ps(ω) (the orresponding transition rates are denoted Ws). Of ourse, the equilibriumstate (de�ned by the onstraints disussed above) is a very partiular ase of stationarystate.1 But in a nonequilibrium steady state there exist �uxes inside the system andthrough its boundaries. These marosopi �uxes orrespond to �loops� of urrent inthe on�guration spae. From a stohasti point of view, a nonequilibrium steady-state is suh that the miro-dynamis does not obey detailed balane: there exist ωand ω′ suh that Ps(ω)Ws(ω|ω′) 6= Ps(ω
′)Ws(ω

′|ω) [3, 4℄.Note that the de�nition given here may not be appropriated in some ases wherea given oarse-grained desription of a system is taken into aount. As a matterof illustration, we shall onsider the urn model de�ned in Chap. 6. Although de-tailed balane is veri�ed at a ertain oarse-grained level, the urn model desribes anonequilibrium system. The dynamis is generated by an energy injetion mehanism(through the vertial shaking of the sand beads) whih ompensates exatly the loss ofenergy due to inelasti ollisions between the partiles. In the thermodynami limitthe oarse-grained steady state is suh that the number of partiles in eah of theurns remains onstant. Therefore this system is at equilibrium at the oarse-grainedmarosopi sale, but out-of-equilibrium at a mirosopi sale.1.3 Dissipative systemsWhat are dissipative systems? An ommon de�nition is that the evolution of thesystem does not onserve the energy. We shall here onsider a broader de�nition.Let Λ be the dynamial system of N interating partiles, and Ω the environment.We onsider the total number of partiles, the total momentum, the total energy ofthe system, or any other pertinent quantity that is needed to formulate a oarse-grained desription of Λ. Alternatively, one may onsider the mirosopi rules de�n-1Note that the time sale of the dynamial relaxation proess in glassy systems may be so largeompared to experimental sales that the system may merely be onsidered as relaxing to equilib-rium [2℄.



1.4. THE BOLTZMANN EQUATION 5ing the dynamis of the partiles (two or many body ollisions of non spherial objets,harged partiles interating through the Coulomb potential, . . . ) and the orrespond-ing loal quantities (number of partiles, impulsion, kineti energy, eletri harge,et.). The global ounterpart of those quantities (i.e., their average in Λ) are denotedby X. We shall distinguish two di�erent lass of dissipative systems.The �rst one orresponds to the ase of a non stationary state where one or moreof the quantities X is not onserved by the dynamis of Λ. For example, the totalnumber of partiles diminishes (annihilation reations), or the total energy dereases(inelasti ollisions).The seond one is suh that the stationary state of Λ requires a �ow of any suh aquantity X between Λ and Ω. This is for example the ase of a granular material whihis shaken: although the inelasti ollisions dissipate energy, there is a onstant energyinjetion mehanism through the shaking whih exatly ompensates the energy lossdue to the ollisions.1.4 The Boltzmann equation1.4.1 Introdution and hypothesisWe onsider a dilute gaz of N ≫ 1 idential partiles of mass m in a d-dimensionalvolume whih may be under the in�uene of an external fore F. The partiles interatthrough a two-body potential. Let f(r,v; t) be the one-partile distribution funtionof the system. f(r,v; t)drdv gives the average number of partiles at time t in thevolume dr entered at position r, with speed dv around v. We de�ne the averagenumber of partiles at position r at time t by
n(r, t) =

∫Rd

dv f(r,v; t), (1.1)and the loal �ow veloity density u(r, t) by
u(r, t) =

1

n(r; t)

∫Rd

dvv f(r,v; t), (1.2)suh that the loal �ow veloity �eld is given by n(r, t)u(r, t). The average kinetienergy T (r, t) is de�ned from the priniple of energy equipartition
d

2
n(r, t)kBT (r, t) =

∫Rd

dv
1

2
mV2f(r,v; t), (1.3)where V = v − u(r, t) desribes the deviation around the mean loal �ow, and kB isthe Boltzmann onstant. It follows that

T (r, t) =
m

n(r, t)kBd

∫Rd

dvV2f(r,v; t). (1.4)We shall establish an evolution equation, a kineti equation, for the distributionfuntion f(r,v; t). An evolution equation involves an expression for ∂f/∂t, and thus



6 CHAPTER 1. INTRODUCTIONintrodues a time sale τ (roughly, the mean time between two suessive ollisionsof the partiles) on whih there is a �signi�ant� hange of the veloity distributionfuntion. Let τc be the duration of suh a ollision event.A �rst approximation of Boltzmann's desription is to assume τc ≪ τ , whihmeans that the ollisions are instantaneous on a sale τ . As shown below, this ondi-tion is intimately related with the ondition of having a dilute gas.Let σ be the diameter of the partiles (the domain-size of the interation potential).For a low density gas, n−1/d ≫ σ, whih means that the average distane between twopartiles is muh larger that the range of the interation. This may be rewritten inthe form nσd ≪ 1. The mean free path is ℓ ≈ 1/(nσd−1), and the ondition nσd ≪ 1translates into σ ≪ ℓ. Let vT =
√

2kBT/m be the thermal veloity, then τc ≈ σ/vTis the ollision time and τ ≈ ℓ/vT is the mean free time. The ondition nσd ≪ 1 thentranslates into τc ≪ τ , and we reover the assumption of instantaneous (and spatiallyloalized) ollisions.This will also allow to take into aount only binary ollisions. Sine σ ≪ ℓ onemay neglet the diameter of the partiles at ontat and state that they ollide onlyif they are at the same position r at time t. For instane, a Helium gas under normalonditions is haraterized by σ ≈ 3 Å, n−1/3 ≈ 30 Å, vT ≈ 1′000 m/s, and λ ≈ 1′500Å, whih gives τc/τ ≈ 2 × 10−3 ≪ 1. Finally, the last hypothesis is to neglet theorrelations of the pre-ollisional veloities of the partiles that are about to satter.This hypothesis is known under the name of moleular haos assumption. Moleularhaos is expeted to fail for dense gases. It is also an inappropriate approximationin d = 1, but it holds with a good auray for d > 2. Note that the post-ollisionalveloities (i.e., the veloities after the ollision event) are strongly orrelated.1.4.2 The Knudsen gasOne may write the Boltzmann equation under the form
∂f

∂t
=
∂f

∂t

∣∣∣∣
free

+
∂f

∂t

∣∣∣∣
coll

, (1.5)where ∂f/∂t|free desribes the hange of f due to the motion of the partiles betweenollisions. ∂f/∂t|coll desribes the hange of f due to the mutual interations betweenthe partiles. We �rst turn to the evaluation of ∂f/∂t|free. For this purpose, we on-sider the Knudsen gas where ollisions between partiles are negleted. The evolutionof eah partile is then governed by Newton's equation dvi(t)/dt = m−1F[ri(t),vi(t)],
i = 1, . . . , N . A partile at position r and with veloity v at time t is at position
r′ = r + vδt with veloity v′ = v +m−1Fδt at time t+ δt. Therefore

f(r,v; t)drdv = f(r′,v′; t)dr′dv′, (1.6)where
dr′dv′ =

(
1 +

1

m
∇v ·Fδt +

1

m
∇r ·Fδt2

)
drdv. (1.7)



1.4. THE BOLTZMANN EQUATION 7A �rst-order expansion for small δt yields
f(r′,v′; t′) = f(r,v; t) + v · ∇rfδt+

F

m
· ∇vfδt+

∂f

∂t
δt + O(δt2). (1.8)Inserting Eqs. (1.8) and (1.7) in (1.6) one obtains

∂f

∂t

∣∣∣∣
free

= −v · ∇rf − ∇v · F

m
f. (1.9)This result is not restrited to onservative fores sine the �eld F may depend onthe veloity v.1.4.3 The binary enounterThe ollision term ∂f/∂t|coll may be obtained from the trunation to �rst order ofa hierarhy of equations for the many body distribution funtions (BBGKY hierar-hy [5℄). We deide however to present another route in order to derive the equation,that is loser to the original derivation by Ludwig Boltzmann and maybe ontainsmore physial insight into the mehanisms of the ollisions.We onsider two partiles with veloities v1 and v2 The interation is desribedby an isotropi binary potential V (|r1 − r2|). The post-ollisional veloities are givenby v′

1 and v′
2, respetively (.f. Fig. 1.1).
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Figure 1.1: Sketh of a binary ollision, where the domain of interation of the twopartiles is given by the dark-gray region.The impulsion and energy are onserved in an elasti binary enounter, i.e., v1 +
v2 = v′

1 + v′
2 and v2

1 + v2
2 = v′21 + v′22 , respetively, where we have written v = |v|.Making use of the last two onservation laws one obtains |v1 −v2|2 = |v′

1 −v′
2|2. It isinstrutive to onsider the binary enounter in the frame of the enter of mass. Theveloity of the enter of mass is u = (v1 + v2)/2, the relative veloity g = v1 − v2,



8 CHAPTER 1. INTRODUCTIONand the relative position ρ = r1 − r2. The onservation laws thus give
u = u′, (1.10a)
g = g′, (1.10b)whih simply mean that the enter of mass undergoes an uniform translation andthat the relative energy is onserved. Consequently, the problem in the enter of massframe is equivalent to the di�usion of one partile of veloity u by the entral potential

V (|ρ|), for whih only the diretion of the relative veloity hanges at ollision (seeFig. 1.2).
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g, i.e., I is the number of partiles passing per unit time through a unit surfaeorthogonal to g. That is, I = n(g)Agdt/(Adt) = n(g)g, where n(g) is the numberof partiles with veloity g per unit volume. B(g,Ω) is de�ned through the relation
I = B(g,Ω)dΩ. B therefore represents the number of partiles sattered in thesolid angle dΩ around Ω per unit time with inoming �ux I. Sine we onsidera symmetrially spherial potential, the ross setion depends only on g and thesattering angle χ.



1.4. THE BOLTZMANN EQUATION 91.4.4 The ollision termThe ollision term is obtained from the di�erene of a gain term Cg and of a loss term
Cl, i.e.,

∂f/∂t|coll = Cg − Cl. (1.11)Let dr be an in�nitesimal volume entered around r, and dv an in�nitesimal volumeentered around v in the veloity spae. Cldrdvdt gives the number of ollisionsduring t and t+ dt suh that a partile of veloity v in dr aquires a post-ollisionalveloity v′ /∈ dv. Cgdrdvdt gives the number of ollisions during t and t+dt suh thata partile with initial arbitrary veloity v′ in dr aquires a post-ollisional veloity
v ∈ dv (those are the inverse ollisions of the kind {v′

1,v
′
2} → {v1,v2}).We �rst turn our attention to the loss term Cl. In the enter of mass we on-sider the target and inident partiles of veloity v1 and v2, respetively. Sine

f(r,v2; t)dv2 is the number of partiles per unit volume with veloity in dv2, a simi-lar argument to that of the previous paragraph gives the orresponding �ux of partiles
f(r,v2; t)dv2g. The number of partiles sattered per unit time into the element dΩis therefore f(r,v2; t)dv2gB(g,Ω). Sine in dr there are f(r,v1; t)drdv1 target par-tiles with veloity between v1 and v1 + dv1, the number of partiles sattered intothe element dΩ reads

f(r,v1; t)f(r,v2; t)dv1dv2drgB(g,Ω). (1.12)Note that in the latter expression we have made use expliitly of the moleular haosassumption. The total number of sattered partiles is obtained upon integrating overall sattering diretions and all veloities v2 of inoming partiles. It follows
Cldrdv1 =

∫Rd

dv2

∫
dΩ f(r,v1; t)f(r,v2; t)dv1drgB(g,Ω), (1.13)so that

Cl =

∫Rd

dv2

∫
dΩ gB(g,Ω)f(r,v1; t)f(r,v2; t). (1.14)In order to �nd the gain term Cg, we onsider the inverse ollisions {v′

1,v
′
2} →

{v1,v2} suh that the �nal veloity v1 ∈ dv1. Following the same route as for theloss term, the number of suh ollisions per unit time in dr is given by
Cgdv1 =

∫

v1(v′
1
,v′

2
)∈dv1

dv′
1dv

′
2

∫
dΩ g′B(g′,Ω)f(r,v′

1; t)f(r,v′
2; t), (1.15)where the �nal veloity v1(v

′
1,v

′
2) of target partiles depends on the initial veloities

v′
1 and v′

2. Let σ̂ be the unit vetor joining the enter of the partiles at their losestapproah (hosen suh that σ̂ points from the inident partile to the target partile).The onservation laws (1.10) then give the relation between the pre-ollisional {v′
1,v

′
2}and post-ollisional veloities {v1,v2}:

v′
1 = v1 − (g · σ̂)σ̂, (1.16a)

v′
2 = v2 + (g · σ̂)σ̂. (1.16b)



10 CHAPTER 1. INTRODUCTIONThe Jaobian of the transformation (v′
1,v

′
2) → (v1,v2) is equal to 1 (for an inverseollision, the unit vetor joining the enters of the partiles at ollision is −σ̂). Sinefrom Eq. (1.10b) we have g = g′, upon simplifying both sides of Eq. (1.15) by dv1one obtains

Cg =

∫Rd

dv2

∫
dΩ gB(g,Ω)f(r,v′

1; t)f(r,v′
2; t). (1.17)Inserting Eqs. (1.14) and (1.17) in (1.11), from Eqs (1.5) and (1.9) the Boltzmannequation reads

∂

∂t
f(r,v1; t) + v · ∇rf(r,v1; t) + ∇v · F(r,v1)f(r,v1; t)

m
= J [f, f ], (1.18)where the ollision operator J is de�ned by

J [f, f ] =

∫Rd

dv2

∫
dΩ gB(g,Ω)

[
f(r,v′

1; t)f(r,v′
2; t) − f(r,v1; t)f(r,v2; t)

]
.(1.19)PSfrag replaements
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Figure 1.3: Sketh of the geometry of a binary enounter in the enter of mass framefor a repulsive potential. The line joining the point A of maximum approah and thetarget partile O de�nes the vetor σ̂.In the following, for the sake of simpliity we onsider the partiular ase of
d = 3 dimensions. The results may however be generalized to arbitrary dimensions.We would like to hange variables from an integration over the solid angle dΩ =
sinχdχdϕ about g′ to the solid angle dσ̂ = sinψdψdϕ about σ̂. The sattering angle
χ satis�es π−χ = 2ψ, where ψ is the angle between g and σ̂ (see Fig. 1.3). Therefore
2 sinψ cosψ = sinχ and one obtains

gdΩ = 4θ(g · σ̂)(g · σ̂)dσ̂, (1.20)where the integration is restrited to a hemisphere with the help of the Heavisidefuntion θ (for example the one de�ned by g · σ̂ > 0). In Eq. (1.19) the gain term is



1.5. THE COLLISION OPERATOR FOR SEVERAL SYSTEMS 11suh that {v′
1,v

′
2} are the pre-ollisional veloities of the ollision {v′

1,v
′
2} → {v1,v2},and thus we need to express the pre-ollisional veloities as a funtion of the post-ollisional ones. We therefore introdue the operator for restituting ollisions b−1 suhthat

b−1v1 = v′
1 = v1 − (g · σ̂)σ̂, (1.21a)

b−1v2 = v′
2 = v2 + (g · σ̂)σ̂, (1.21b)and b−1h({vi}) = h(b−1{vi}) for any funtion h of the veloities. The operator bgives the post-ollisionnal veloities as a funtion of the pre-ollisional ones. Notethat the veloity of the enter of mass (v1 + v2)/2 is invariant under the ation of b.For hard spheres of diameter σ, the di�erential ross setion is simply the geometrialradius B(g, χ) = (σ/2)d whih is independent of both relative veloity g and satteringangle χ [6, 7℄. The latter expression ombined with Eqs. (1.20) and (1.19) gives inarbitrary dimension d:

J [f, f ] = σd−1

∫Rd

dv2

∫
dσ̂ θ(g · σ̂)(g · σ̂)(b−1 − 1)f(r,v1; t)f(r,v2; t). (1.22)The Boltzmann equation

∂

∂t
f(r,v1; t) + v · ∇rf(r,v1; t) + ∇v · F(r,v1)f(r,v1; t)

m

= σd−1

∫Rd

dv2

∫
dσ̂ θ(g · σ̂)(g · σ̂)(b−1 − 1)f(r,v1; t)f(r,v2; t) (1.23)is a nonlinear integro-di�erential equation for the one partile distribution funtion

f(r,v; t). For a homogeneous system, the stationary veloity distribution is given bythe Maxwellian f(v) = A exp(−Bv2), where the onstants A and B are found fromthe de�nitions (1.1) and (1.3).1.5 The ollision operator for several systems1.5.1 The Enskog equationFor dense gases, the Boltzman equation (1.18) is not expeted to provide an auratedesription due to a violation of the basi hypothesis that led to it (�nite densitye�ets). A heuristi modi�ation of the Boltzmann equation was proposed by Enskogin 1922, known under the name of Enskog equation. This equation is based on thetwo following ideas. First, the partiles (whih have a spherial shape) are separatedby the distane σ (their diameter) at ontat. Seond, the ollision frequeny mustbe modi�ed by a fator C orresponding to exluded volume e�ets. The Enskogollision operator is thus given by [5, 7℄
JE [f, f ] = σd−1

∫Rd

dv2

∫
dσ̂ θ(g · σ̂)(g · σ̂)

×
[
C(r, r − σ̂)f(r,v′

1; t)f(r − σ̂,v′
2; t) − C(r, r + σ̂)f(r,v1; t)f(r + σ̂,v2; t)

]
,(1.24)



12 CHAPTER 1. INTRODUCTIONwhere C(r, r±σ̂) is the equilibrium pair orrelation funtion at ontat as a funtionalof the nonequilibrium density n(r, t) de�ned by Eq. (1.1). Further investigations haveshown that the Enskog equation needs a slight modi�ation in order to be ompatiblewith the Onsager reiproity relations in nonequilibrium thermodynamis (leadingto the modi�ed Enskog equation) [8, 9, 10℄. Moreover, it was reently shown thatfor granular mixtures the range of densities for whih the Enskog equation appliesdereases with inreasing dissipation [11℄.1.5.2 The granular gasThe granular gas is a system of hard spheres that upon ontat satter inelastiallywith onstant normal restitution oe�ient α ∈ [0, 1] (i.e., α does not depend on timeor on the veloities). This is a minimal model for the ollisions, whih still apturesmany interesting features reprodued by experiments, see below. Some re�nementshave also been onsidered. For instane, the gas of visoelasti partiles where therestitution oe�ient depends on the relative veloity modulus g [12, 13℄, the asewhere partiles have rotational degrees of freedom [14, 15℄, or ollision rules involvinga non-unity tangential restitution oe�ient [16℄. The elasti ase desribed in Se. 1.4orresponds to the limit α = 1. If {v′
1,v

′
2} are the pre-ollisional veloities, {v∗

1,v
∗
2}the post-ollisionnal ones, then the operator b [�rst introdued in Eq. (1.21)℄ ats as

b−1v1 = v′
1 = v1 −

1 + α

2α
(g · σ̂)σ̂, (1.25a)

b−1v2 = v′
2 = v2 +

1 + α

2α
(g · σ̂)σ̂, (1.25b)and

bv1 = v∗
1 = v1 −

1 + α

2
(g · σ̂)σ̂, (1.26a)

bv2 = v∗
2 = v2 +

1 + α

2
(g · σ̂)σ̂. (1.26b)From the rule (1.26), the tangential omponent of the veloity v‖ = v − (g · σ̂)σ̂is not modi�ed by the ollisions. In the inelasti limit α = 0, the post-ollisionalveloity redues to its tangential omponent.From Eq. (1.25), the Jaobian of the transformation (v′

1,v
′
2) → (v1,v2) is equalto α−2 and Eq. (1.17) must therefore be multiplied by α−2. The equivalent of theollision term (1.22) for inelasti hard spheres thus reads

J [f, f ] = σd−1

∫Rd

dv2

∫
dσ̂ θ(g · σ̂)(g · σ̂)(α−2b−1 − 1)f(r,v1; t)f(r,v2; t). (1.27)The dynamis of rapid granular gases has attrated a lot of attention sine morethan 20 years [14, 17, 18℄. It has now beome a well studied topi [19, 20℄. Flow ofgranular media is said to be rapid when it is ollision driven (referred to as granulargas), and quasi-stati when the ontat proess plays an important role (referred to asgranular liquid) [21℄. The methods of kineti theory are thus suitable to desribe the



1.5. THE COLLISION OPERATOR FOR SEVERAL SYSTEMS 13granular gas regime. The dynamis of granular gases amounts for several spetaularor unexpeted manifestations. For a review of some of these e�ets, see [21, 22, 23℄.We shall mention here only a few ones.Contrarily to the hard sphere gas, it is known that the dynamis of granular gasesexhibits density inhomogeneities and lustering [24℄. This may ultimately lead to anin�nite number of ollisions between partiles in a �nite time, the so-alled inelastiollapse [25, 26, 27℄. This behavior may be understood qualitatively from the fatthat more ollisions take plae per unit time in the dense regions. Therefore theloal granular �temperature� de�ned by the loal variane of the veloity distributiondereases and so does the average veloity. Consequently, there is a �ux of partiles�owing from the more dilute to the denser regions of the system. This leads to theabove mentioned inhomogeneities and eventually to the granular ollapse. In the aseof visoelasti partiles, those density inhomogeneities are transient [12, 13℄.Making use of the Chapman-Enskog expansion that we review in Se. 1.6, one mayestablish a hydrodynami desription of the granular gas. It is then possible to deriveFourier law's with transport oe�ients that are obtained from the mirosopi rules.The heat �ux is not only proportional to the gradient of the temperature, but also tothe density gradient. One onsequene is that the heat �ow may be direted from theregion of low temperature to the region of high temperature, whih is the so-alledgranular temperature inversion [28℄, that was also observed experimentally [29, 30℄.We then onsider a granular mixture made of two di�erent speies of partiles(de�ned by di�erent masses, diameters, and normal restitution oe�ients). It wasthen predited that the equipartition of energy in the equilibrium state is not satis�ed.Hene, the kineti temperature of the two speies are di�erent [31, 32, 33℄. This wason�rmed experimentally [34, 35℄. In a rough granular gas with a single speies, theequipartition of energy between the average translational and rotational energies wasalso shown to be broken [36℄.Sine ollisions are dissipative, the stationary state is obtained through an in-jetion of energy that exatly ompensates the ooling due to inelasti ollisions.Suh an injetion mehanism is modeled by an external fore [through the term F inEq. (1.18)℄, i.e., a �thermostat� whih mimis the di�erent possible injetion meha-nisms [37℄. The veloity distribution in the (stationary) homogeneous state shows de-viations from the Maxwell distribution both for low and high veloities [37℄. Whereasfor small veloities the deviations from the Maxwellian are quite small, for large velo-ities the distribution shows an overpopulated tail proportional to exp(−Avν), where
ν = 3/2 (ν = 2 orresponds to the Maxwell distribution). Again, experiments tendto on�rm this predition [23, 38℄.1.5.3 The annihilation ollision operatorAnnihilation dynamis is suh that when two partiles meet they disappear from thesystem. Therefore only the loss term of Eq. (1.22) remains, so that

J [f, f ] = −σd−1

∫Rd

dv2

∫
dσ̂ θ(g · σ̂)(g · σ̂)f(r,v1; t)f(r,v2; t). (1.28)



14 CHAPTER 1. INTRODUCTIONA remarkable feature of ballisti annihilation is that the Boltzmann equation in d > 2dimensions is likely to beome an exat desription of the dynamis at late times [39℄.Let ℓ be the mean free path, then the Grad limit onsists in taking simultaneouslythe limits of vanishing diameter σ → 0 and in�nite density n(t) → ∞ suh that themean free path ℓ is onstant n(t)σd−1 = ℓ. Piaseki et al. have established the hierar-hy equations obeyed by the redued distribution funtions fk(r1,v1, . . . , rk,vk; t) forannihilation dynamis. In the Grad limit the hierarhy takes the form of a Boltzmann-like hierarhy, where all terms hindering the propagation of the moleular haos havevanished. Consequently, if the initial state is fatorized, then the whole hierarhy re-dues to one single nonlinear equation for the one point distribution funtion f(r,v; t):the Boltzmann equation (1.18) with the ollision operator (1.19). Annihilation dy-namis is suh that the partile density dereases in time. Therefore the ratio ofpartile diameter to mean free path σ/ℓ → 0 for long times, whih is a ommon pointwith the Grad limit. The long time limit of annihilation dynamis for d > 2 is thuslikely to be adequately desribed by the Boltzmann equation. This onlusion wason�rmed by moleular dynamis simulations (see Chap. 2 or Refs. [39, 40℄).1.5.4 The Maxwell and VHP ollision operatorsWe onsider partiles interating through a two body potential V (r) ∝ r−n. Fordimensional reasons the energy onservation implies r−n ∼ g2. Again, for dimen-sional reasons and from the de�nition of B(g,Ω), the di�erential ross setion satis�es
B(g,Ω) ∝ rd−1 [see Eq. (1.19)℄. Consequently gB(g, χ) ∝ gµ, µ = 1−2(d−1)/n. Thehard sphere gas is suh that µ = 1, or equivalently gB(g, χ) ∝ g, therefore n→ ∞.The Maxwell gas (or the gas of Maxwell moleules) is de�ned by a veloity inde-pendent gB(g,Ω), therefore µ = 0 and the partiles interat through a pair potentialde�ned by n = 2(d− 1). On the other hand, the ase µ > 1 annot be obtained fromany positive n, i.e., from any simple power-law interation. In this sense we say thatthe interation is �harder� than for hard spheres. We shall onsider here the gas ofvery hard partiles (VHP) de�ned by gB(g, χ) ∝ g2.The ollision operator for the Maxwell and VHP models an be obtained fromEq. (1.22). For this purpose, one may average the ollision frequeny (g · σ̂) over thesolid angle and inlude the e�ets of a partiular ross setion into an e�etive ollisionfrequeny nσd−1φv1−x

T . The dimensionless parameter φ(x) de�nes the relevant timesale (or equivalently the amplitude of the e�etive ollision frequeny) of the system,where x is an index for the model onsidered (x = 0 orresponds to the Maxwellmodel, x = 1 to the hard spheres, and x = 2 to the VHP model). φ(x) may be freelyhosen to optimize the agreement with PBA of hard spheres, see, for example, [41℄.One thus obtains
J [f, f ] = σd−1φ(x)v1−x

T

Sd

∫Rd

dv2 v
x
12

∫
dσ̂ (b−1 − 1)f(r,v1; t)f(r,v2; t), (1.29)where Sd = 2πd/2/Γ(d/2) is the solid angle surfae, Γ the Euler gamma funtion,

vT =
√

2/βm the time-dependent thermal veloity, β = (kBT )−1, and σ is thediameter of the partiles (or the range of the interation potential).



1.6. THE CHAPMAN-ENSKOG EXPANSION 15Note that we shall onsider Maxwell and VHP models of granular gases [41, 42℄,pure annihilation [43, 44℄, or PBA [45℄.1.6 The Chapman-Enskog expansionThe Chapman-Enskog expansion is based on the general onept of separation oftime sales. The dynamis of a system may be suh that di�erent physial proessestake plae on di�erent time sales. The identi�ation of those time sales allowsto develop a perturbation theory in order to reonstrut the solution in terms of aonvergent time series: this is the so-alled method of the multiple time sales [46, 47℄.We shall desribe here the partiular ase of the Chapman-Enskog expansion. Thisexpansion is targeted at building a solution to the Boltzmann equation where thespatial average of the hydrodynami (oarse-grained) �elds n, u, and T (density,momentum, and temperature, respetively) are onserved by the evolution. Sinethose �elds are onserved, it is expeted that their evolution is muh slower thanany mirosopi portion of the system. This allows to state that for long times(as ompared to the mean free path) all spae and time dependene of the veloitydistribution ours through a funtional dependene on the hydrodynami �elds: thisis the so-alled normal solution for the distribution funtion. It is the starting pointfor the Chapman-Enskog expansion. Of ourse, more subtle questions arise if oneor some of the hydrodynami �elds are not onserved by the dynamis. We shalltherefore disuss this expansion in more details in the following subsetions.1.6.1 The hypothesisThe Chapman-Enskog expansion relies on two key hypothesis. The �rst one is theexistene of a normal solution. The seond one is based on the existene of twowell-separated time sales. However, as it will be shown below, these hypothesis arerelated to eah other. In the following we shall onsider for the sake of simpliity thease where there is no external fore �eld, i.e., F = 0.As explained in Se. 1.4.1, in order to derive the Boltzmann equation it is requiredto have a dilute gas. The time sale assoiated to a ollision event τc is therefore muhsmaller than the mean ollision time τ between two partiles. This was shown to beompatible with the ondition σ ≪ ℓ, where σ is the range of the interation and ℓ themean free path. We now introdue a new length sale, the hydrodynami length ℓhsuh that on this sale the hydrodynami �elds vary �signi�antly�. The orrespondingtime sale is τh = ℓh/vT . The hypothesis for the existene of a normal solution isthat the variations of the hydrodynami �elds are small on the sale of the meanfree path. This means, for example, ℓ|∇ lnn| ≪ 1, whih is equivalent to ℓ ≪ ℓh,or τ ≪ τh. Assuming this hypothesis, we shall see how the existene of the normalsolution beomes justi�ed.We onsider a time t suh that τ ≪ t≪ τh, and a small volume δV of typial sizemuh smaller than ℓh. Due to the ollisions we then expet that the gas in δV reahesa state lose to the loal equilibrium haraterized by the loal values of n, u, and T



16 CHAPTER 1. INTRODUCTION(these values may vary depending on where δV is loated). This �rst rapid stage isthe so-alled kineti stage whih depends on the initial onditions. Sine t ≪ τh, thehydrodynami �elds do not signi�antly vary over the period t. On the other hand,for t ≃ τh the partiles have moved over distanes of the order of ℓh and the systemreahes the loal equilibrium state. This seond slower stage is the hydrodynamistage, whih does not depend on the initial onditions. Consequently, for times t ofthe order of τh the state may be entirely haraterized by the hydrodynami �elds
n, u, and T . The hoie of these �elds is motivated by the fat that in elasti gases(whih is the lass of system for whih the Chapman-Enskog proedure was originallydeveloped) they represent onserved quantities. Therefore, these �elds vary only oververy long timesales τh ≫ τ . All spatial and temporal dependene of the distributionfuntion f(r,v; t) may onsequently be expressed as a funtional dependene on thehydrodynami �elds, the so-alled normal solution:

f(r,v; t) = f [v, n(r, t),u(r, t), T (r, t)]. (1.30)In order to determine f at one point the knowledge of the �elds over the whole systemis therefore required. As disussed before, the hoie of these hydrodynami �elds ismotivated by the fat that they are onserved by the ollisions and therefore vary onlyon time sales that are muh bigger than the mean ollision time τ . The question thatarises is to determine if the onditions for the existene of a normal solution are metwhen some (or all) of the �elds are not onserved. This is typially the ase of granulargases where partiles ollide inelastially, or annihilation where partiles are removedupon ollision. For suh dissipative systems (in the broader sense), one may assoiate anon zero deay rate to eah non-onserved �eld. The question is to determine whetherthe new time sales thereby introdued by those deay rates are shorter than whatis allowed for the existene of a normal solution. This point is not yet quantitativelylari�ed and is still subjet to disussion [48, 49, 50℄. The justi�ation of the normalsolution may be done a posteriori by studying the relevane of the results through theappearane of the homogeneous ooling state (HCS) for example [39, 51℄. Note thatthe existene of onserved �elds is not a ondition required for the Chapman-Enskogexpansion to hold. It is only neessary that the time sales introdued are bigger thanthose assoiated to the mirosopi non hydrodynami exitations, e.g., τ . In the aseof granular gases for example, the temperature deay rate in proportional to (1−α2)where α is the restitution oe�ient. The time sale is inversely proportional to thedeay rate. Therefore α may be hosen as lose to unity as required in order to havean arbitrary long time sale.The seond hypothesis states the existene of two distint time sales. The mi-rosopi time sale τ is haraterized by the average ollision time, and the spatiallength is de�ned by the orresponding mean free path ℓ. On the other hand, themarosopi time sale is de�ned by a typial time τh desribing the evolution of thehydrodynami �elds and of their inhomogeneities. The hydrodynami �elds thus varyonly slightly on a time of the order of τc. They are only very weakly inhomogeneouson suh length and time sales. This allows for a series expansion in orders of thegradients of the �elds:
f = f (0) + λf (1) + λ2f (2) + . . . , (1.31)



1.6. THE CHAPMAN-ENSKOG EXPANSION 17where eah power of the small parameter λ ≪ 1 means a given order in a spatialgradient. Sine τ/τh ≈ ℓ/ℓh ≪ 1 and |∇ ln f | ≈ 1/ℓh, the formal parameter λ maybe seen as the ratio of the mean free path to the typial length of the hydrodynamivariations λ ≈ ℓ/ℓh ≪ 1. Note that the existene of those two well separated timesales is already required for the formal onstrution of the normal solution. Thereforethe existene of a normal solution and the separation of time sales appear to berelated hypothesis.Sine f (0) desribes the homogeneous solution of the loal equilibrium distribu-tion, it has the same veloity moments vn, n = 0, 1, 2, as the omplete distribution
f . Therefore ∫Rd dvvnf (k) = 0, n = 0, 1, 2, k > 1. The evolution of the systemexhibits several time sales τk ∼ λkt, k > 0. To obtain hierarhial equations for theapproximations f (k), we thus have to expand the time derivative operator as [46℄

∂

∂t
=

∂

∂τ0
+ λ

∂

∂τ1
+ λ2 ∂

∂τ2
+ . . . ≡ ∂(0)

∂t
+ λ

∂(1)

∂t
+ λ2∂

(2)

∂t
+ . . . , (1.32)where we have made use of the shorthand notation ∂(k)/∂t. To a given order in

λ in the temporal hierarhy (1.32) orresponds thus the same order in the spatialhierarhy (1.31).1.6.2 The hierarhyInserting the expansions (1.32) and (1.31) in the Boltzmann equation (1.18) yields

∑

k>0

λk ∂
(k)

∂t
+ v1 · ∇


∑

l>0

λlf (l) = J


∑

l>0

λlf (l),
∑

l>0

λlf (l)


 . (1.33)Equating the terms of the same order in λ and solving the equations order by orderallows one to build the Chapman-Enskog solution. Sine f depends on time onlythrough the hydrodynami �elds, the ation of the time derivative is given by

∂(k)

∂t
=
∂(k)n

∂t

∂

∂n
+
∂(k)ui

∂t

∂

∂ui
+
∂(k)T

∂t

∂

∂T
, (1.34)where we have used Einstein's summation onvention. The time derivative ∂(k)/∂tdesribes the evolution of the �eld on the orresponding time sale. The time deriva-tive of the hydrodynami �elds are obtained upon integrating the Boltzmann equationover the veloities v1 with weight 1, mv1, and mv2

1/2, and making use of the expan-sions (1.31) and (1.32). Of ourse, the form of the balane equations thus obtaineddepends on the system being modeled.To zeroth order in the gradients, Eq. (1.33) gives
0 = J [f (0), f (0)]. (1.35)The solution is given by the loal homogeneous equilibrium distribution. Note thatdepending on the system, this solution may or not be given by the loal Maxwellian.



18 CHAPTER 1. INTRODUCTIONFor granular gases [37℄, ballisti annihilation [39℄, or PBA [52℄, it was shown that theloal equilibrium distribution was not Maxwellian in several aspets (although �lose�to the Maxwellian for small veloities).To �rst order in the gradients, Eq. (1.33) gives the equation governing the �rstorretion to the homogeneous state:
[
∂(0)

∂t
+ L

]
f (1) = −

[
∂(1)

∂t
+ v1 · ∇

]
f (0). (1.36)Note from Eq. (1.34) that the zeroth order derivative ∂(0)/∂t applied on f (1) is equalto zero if all hydrodynami �elds are onserved. L is the linearized ollision operatorde�ned by

Lf (1) = −J [f (0), f (1)] − J [f (1), f (0)]. (1.37)1.6.3 The linear ollision operatorThe linearized ollision operator L depends of the model onsidered. In general it isnot possible to �nd the �rst order distribution funtion without further approxima-tions. The usual approximation, irrespetive of the model, is to expand the distribu-tion funtion to �rst nonzero order in a set of orthogonal polynomials [7, 20, 53℄. Theseso-alled Sonine polynomials are eigenfuntions of the linearized ollision operator forMaxwell moleules.In order to disuss some useful properties of the linearized ollision operator, weshall onsider the partiular lass of systems where the homogeneous solution is givenby the Maxwellian veloity distribution funtion. For this lass of systems, all hydro-dynami �elds are onserved. Note that the knowledge of some of the properties of thelinearized ollision operator will allow then to build in a similar way the appropriateseries expansion of the solution in the general ase where the homogeneous state isnot Maxwellian (the Sonine polynomial expansion).Sine the hydrodynami �elds are onserved, the term ∂(0)f (1)/∂t in Eq. (1.36)vanishes. Dividing both sides of the latter equation by f (0)(v1) one obtains
Lf

(1)

f (0)
= −

[
∂(1)

∂t
+ v1 · ∇

]
ln f (0). (1.38)

f (0) is Maxwellian and thus f (0)(v1)f
(0)(v2) = f (0)(v′

1)f
(0)(v′

2). The linear ollisionoperator then reads
LΦ(v1) =

∫Rd

dv2

∫
dΩ gB(g, χ)f (0)(v2)[Φ(v1) + Φ(v2) − Φ(v′

1) − Φ(v′
2)], (1.39)where Φ(1) = f (1)/f (0).The properties of the linear ollision operator (1.39) were studied for several dif-ferential ross setions [7℄. We shall reall here only the main properties of interest



1.6. THE CHAPMAN-ENSKOG EXPANSION 19in the ontext of the work presented in the next hapters. For the sake of simpliity,we shall onsider the three-dimensional ase. Let
〈Φ1|Φ2〉 =

∫R3

dv f (0)(v)Φ†
1(v)Φ2(v) (1.40)be the salar produt in L2(R3, e−v2

dv). It is then easy to verify that L is Hermitian,i.e., 〈Φ1|LΦ2〉 = 〈Φ2|LΦ1〉†, and 〈Φ|LΦ〉 > 0. The eigenvalues of L are therefore realand positive. It an be shown that for two-body interation potentials of the form
V (r) ∝ r−n, n ∈]2,∞[ the spetrum has a ontinuous part, and moreover that L isisotropi, i.e., L ommutes with the rotation operators in the veloity spae [54, 55,56℄. Therefore L[Y m

l (V̂)X1(V )] = Y m
l (V̂)X2(V ) where X1 and X2 are funtions thatdepend only on V = |V|. Y m

l (V̂) are the spherial harmonis. The eigenfuntions
Ψnlm of L thus take the form

Ψnlm(V) = ψnl(V )Y m
l (V̂). (1.41)There is a 5-time degenerated zero eigenvalue orresponding to the ollisional invari-ants 1, v, and v2. The eigenvalues λnl depend only on the two indies n and l.The exat alulation of the eigenvalues and of the eigenvetors is possible only forMaxwell moleules. In this ase [7, 54, 55, 56℄

Ψnlm(V) =

√
2n!

Γ(n+ l + 1)
clS

(n)
l+1/2(c

2)Y m
l (ĉ), (1.42)where c = V/vT , vT =

√
2kBT/m is the thermal veloity. Sn

l (x) are the Soninepolynomials de�ned by
S

(n)
l (c) =

∑

k>0

(−c)k Γ(n+ l)

Γ(l + k)(n − k)!k!
(1.43)whih are related to the generalized Laguerre polynomials Ll

n by
Ll+1/2

n =

√
Γ(n+ l + 3/2)

Γ(n+ l + 1)
S

(n)
l+1/2. (1.44)The Sonine polynomials are orthogonal in L2([0,∞[, cle−c2dc), i.e.,

∫ ∞

0
dc cle−c2S

(n)
l (c)S

(n′)
l (c) =

Γ(n+ l + 1)

n!
δnn′ . (1.45)The eigenvetors (1.42) are thus orthonormal by respet to the salar produt in

L2(R3, e−c2dc). The orresponding eigenvalues may be found in [6, 7, 55, 56℄. Theyare de�ned as funtionals of the di�erential ross setion, and their expliit form mayonly be found for Maxwell moleules where gB(g, χ) does not depend neither on gnor on the sattering angle χ. For other interation potentials, the eigenvalues areobtained numerially [7℄. Sine for Maxwell moleules f (0) is the loal Maxwellian,



20 CHAPTER 1. INTRODUCTIONthe ollision operator (1.39) expresses a salar produt of the form (1.45) (with anadditional angular integration).In the ase of the hard spheres gas it is possible to rewrite Eq. (1.38) in the form
LΦ(1)(V) = Si(V)∇i lnT + Cij(V)∇iuj, (1.46)where S(V) is proportional to S(1)

3/2(V
2)V, the tensor C(V) is proportional to S(0)

5/2(V
2)

(ViVj − δijV
2/3), and Φ(1)(V) = f (1)(V)/f (0)(V). Sine the operator L is isotropi,the solution for Φ(1)(V) has the form

Φ(1)(V) = A(V 2)Vi∇i lnT +B(V 2)Cij(V)∇iuj, (1.47)with the additional onditions
L[A(V 2)Vi] = Si(V), (1.48a)

L[B(V 2)Cij(V)] = Cij(V). (1.48b)In the ase of Maxwell moleules, S(V) and C(V) are proportional to the eigen-funtions Ψ11m(V ) and Ψ02m(V ), respetively. Therefore LS(V) = λ11S(V) and
LC(V) = λ02C(V), whih ombined to Eqs. (1.48) gives A(V 2)Vi = Si(V)/λ11and B(V 2)B(V 2)Cij(V) = Cij(V)/λ02 where λnl are the eigenvalues. However, forother models the right-hand side of Eqs. (1.48) is in general not proportional to aneigenvalue of the linearized ollision operator. One therefore expands the unknownfuntions A(V 2) and B(V 2) in the basis of the eigenfuntions of the linearized olli-sion operator of Maxwell moleules. Moreover, it is required that for the partiularase of Maxwell moleules the expansion satis�es Eqs. (1.48) exatly. This leaves onlythe hoie l = 1 for the expansion of A(V 2):

A(V 2) =
∑

n>0

anS
(n)
3/2(c

2), (1.49)and l = 2 for the expansion of B(V 2):
B(V 2) =

∑

n>0

bnS
(n)
5/2(c

2). (1.50)Sine the moments 1, V, and V 2 of Φ(1) must be equal to zero, one has 〈A(V 2)|V 2〉 =
0, whih leads to a0 = 0. Consequently, we verify that for Maxwell moleules onlythe �rst terms a1 and b0 are di�erent from zero, and thus the expansions satisfyEq. (1.48), i.e., A(V 2) ∝ ψ11 and B(V 2) ∝ ψ02. For other interation models, theunknown oe�ients ai, i > 1, and bi, i > 0, have to be determined from Eqs. (1.48).However, in order to simplify the problem one usually trunates the series (1.49)and (1.50) to their �rst nonzero oe�ients a1 and b0, trunation referred to as the�rst Sonine approximation [6, 7, 55, 56, 57℄.



Chapter 2Some exat results for Boltzmann'sannihilation dynamis
2.1 Outline of the hapterThe problem of ballisti annihilation for a spatially homogeneous system is revisitedwithin Boltzmann's kineti theory in two and three dimensions. Analytial resultsare derived for the time evolution of the partile density for some isotropi disretebimodal veloity modulus distributions. Aording to the allowed values of the ve-loity modulus, di�erent behaviors are obtained: power law deay with non-universalexponents depending ontinuously upon the ratio of the two veloities, or exponentialdeay. When one of the two veloities is equal to zero, the model desribes the prob-lem of ballisti annihilation in presene of stati traps. The analytial preditions areshown to be in agreement with the results of two-dimensional moleular dynamissimulations. The ontent of this hapter is based on Ref. [40℄.2.2 IntrodutionIn ballistially ontrolled reations, partiles with a given initial veloity distributionmove freely (ballisti motion) in a d-dimensional spae. When two of them meet,they annihilate and disappear from the system. This apparently simple problem hasattrated a lot of attention during the past years [39, 43, 58, 59, 60, 61, 62, 63, 64,65, 66, 67, 68, 69, 70℄ for the following reasons. First, this is one of the few problemsof nonequilibrium statistial physis that an be exatly solved in some ases, andseond it models some growth and oarsening proesses [71℄.This �eld was entered with the pioneering work by Elskens and Frish [58℄, wherea one-dimensional system with only two possible veloities +c or −c was studied. Us-ing ombinatorial analysis, they showed that the density of partiles was dereasingaording to a power law (t−1/2) in the ase of a symmetri initial veloity distribu-tion. The investigation of this one-dimensional problem was generalized by Droz etal. [63, 64℄ to the three-veloity ase where the initial veloity distribution is given21



22 CHAPTER 2. SOME EXACT RESULTS FOR BOLTZMANN'S . . .by ϕ(v; 0) = p+δ(v − c) + p0δ(v) + p−δ(v + c) with p+ = p− (symmetri ase) and
p+ + p0 + p− = 1. It turns out that the deay of the partile density depends onthe details of the initial veloity distribution. The following analytial results wereobtained. For p0 < 1/4, the density n(v; t) of partiles with veloity v = {0,+c,−c},behaves in the long-time limit as n(0; t) ∼ t−1, n(±c; t) ∼ t−1/2. When p0 = 1/4,
n(0; t) ∼ n(±c; t) ∼ t−2/3. Finally, for p0 > 1/4, one �nds that n(0; t) saturates to anonzero stationary value, while n(±c; t) deays faster than a power law. Moreover, itwas shown that in one dimension, annihilation dynamis reates strong orrelationsbetween the veloities of olliding partiles, whih exludes a Boltzmann-like approx-imation. Pairs of nearest neighbor partiles have the tendeny to align their veloitiesand propagate in the same diretion [63, 64℄.An analytial investigation of the one-dimensional ase with a ontinuous veloitydistribution is muh more di�ult. A dynamial saling theory, whose validity wassupported by extensive numerial simulations for several veloity distributions, ledRey et al. [65℄ to the onjeture that all the ontinuous veloity distributions ϕ(v)that are symmetri, regular and, suh that ϕ(0) 6= 0 are attrated in the long-timeregime towards the same Gaussian-like distribution and thus belong to the sameuniversality lass.For higher dimensions, most of the studies are based on an unontrolled Boltzmann-like desription [43, 59, 60℄ or numerial simulations [69℄. However, based on phenom-enologial mean-�eld-like arguments, Krapivsky et al. have studied the annihilationkinematis of a bimodal veloity modulus distribution in d > 2 dimensions [61℄. In thease of a mixture of moving and motionless partiles they showed that the stationarypartiles always persist, while the density of moving partiles deays exponentially.This approah ontains unknown phenomenologial parameters, and thus a ompleteomparison with the results obtained by numerial simulation is not possible.In a reent paper, Piaseki et al. [39℄ gave an analytial derivation of the hierarhyequations obeyed by the redued distributions for the annihilation dynamis. Indimension d > 1 for a spatially homogeneous system, and in the limit (the so-alledGrad limit) for whih the partile diameter σ → 0, and the partile density n(t) → ∞suh that n(t)σd−1 = ℓ−1, where ℓ is the mean free path, the hierarhy redues to theBoltzmann-like hierarhy. This hierarhy propagates the fatorization of the redued
k-partile distribution in terms of one-partile distribution funtions. Thus, if theinitial state is fatorized, the whole hierarhy redues to one nonlinear equation forthe one-partile distribution. For annihilation kinetis, the ratio of partile diameterto mean free path vanishes in the long-time limit and the situation beomes similar tothe Grad limit disussed above for ℓ→ ∞. Thus the long-time limit of the annihilationdynamis (for d > 1) is likely to be adequately desribed by the nonlinear Boltzmannequation.A saling analysis of the nonlinear Boltzmann equation led to analytial expres-sions for the exponents desribing the deay of the partile density and of the root-mean-square veloity in the ase of ontinuous veloity distributions [39℄.In view of the di�erent behaviors observed in one dimension for disrete or on-tinuous veloity distributions, it is relevant to study the ase of distributions with



2.3. AN EXACTLY SOLVABLE MODEL 23disrete modulus spetrum in dimensions higher than 1. The goal of this hapter isto investigate simple examples of this kind in two dimensions for whih the non linearBoltzmann equation with ollision operator given by Eq. (1.28) an be exatly solved.The generalization of this approah to an arbitrary dimension is straightforward [40℄.The validity of the Boltzmann desription in the long-time limit will be on�rmedby omparing our analytial preditions with the results obtained by a moleulardynamis simulation.The hapter is organized as follows. In Set. 2.3 we de�ne the model. In Set. 2.4the two-dimensional Boltzmann equation is solved analytially for a two veloity mod-ulus (c1 and c2) isotropi distribution. For simpliity we �rst onsider the one veloitymodel c1 = c2 > 0 in three dimensions that allows to draw interesting omparisonswith the same model in one dimension. Then the impliit solution for the partiledensities in the general ase c1 > c2 > 0 is established in two dimensions. It isshown analytially that in the long-time limit the partile densities deay aordingto power laws, with exponents depending ontinuously on the value of the veloitymodulus ratio. We show that in arbitrary dimension and for any number of velo-ity modulus suh that c1 < . . . < cN , the density desribing partiles with veloitymodulus c1 always deays as the inverse of a resaled time. We also �nd upper andlower bounds to the partile densities that are ompared with the numerial solutionof the dynamial equation. The partiular ase of a mixture of moving (c2 > 0) andmotionless (c1 = 0) partiles is also investigated. It turns out that the partile densi-ties deay exponentially to zero for the moving partiles, and to a nonzero value forthe motionless ones. This phenomenology is independent of spae dimension, and inSet. 2.5, it will be shown expliitly to hold in two dimensions by implementing mole-ular dynamis simulations. This numerial method has the advantage of being freeof the approximations underlying Boltzmann's dynamis and, therefore, provides aninteresting test for the analytial preditions. Setion 2.6 ontains our interpretationsand onlusions.2.3 An exatly solvable modelWe onsider a system made of spheres of diameter σ moving ballistially in d-dimensionalspae. If two partiles touh eah other, they annihilate and thus disappear fromthe system. We onsider only two-body ollisions. The initial spatial distributionof partiles is supposed to be and to remain uniform uniform during the evolution.Existing numerial simulations seem to be ompatible with this assumption of homo-geneity [39℄. We are interested in the time evolution of the number density of partileswith a given veloity modulus.Let f(v; t) be the distribution funtion of the density of partiles in Rd withveloity v ∈ Rd at time t. For spatially homogeneous states, the distribution funtionhas the form
f(v; t) = n(t)ϕ(v; t), (2.1)where ϕ(v; t) is the veloity probability density. In the long-time limit, Piaseki etal. [39℄ have shown that the hierarhy satis�ed by the redued distributions ap-



24 CHAPTER 2. SOME EXACT RESULTS FOR BOLTZMANN'S . . .proahed the Boltzmann hierarhy. If the initial state is fatorized, the nonlinearBoltzmann equation provides then the omplete desription of annihilation dynam-is,
∂

∂t
f(v1; t) = −σd−1

∫
dσ̂ θ(σ̂ · v̂12)(σ̂ · v̂12)

∫Rd

dv2 |v12|f(v1; t)f(v2; t). (2.2)Here θ is the Heaviside funtion, v12 = v1 − v2 the relative veloity of two partiles,
v̂12 = v12/v12 a unit vetor, v12 = |v12|, and the integration with respet to dσ̂ isthe angular integration over the solid angle.We onsider spherially symmetri initial onditions f(v; 0), v = |v|. This sym-metry property is propagated by the dynamis. The Boltzmann equation (2.2) thentakes the form

∂

∂t
f(v1; t) = −σd−1β1f(v1; t)

∫Rd

dv2 |v12|f(v2; t), (2.3)where βk is given by (see App. A.1)
βk =

∫
dσ̂ θ(σ̂ · v̂12)(σ̂ · v̂12)

k = π
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Γ
(

k+1
2

)

Γ
(

k+d
2

) . (2.4)Equation (2.3) is a nonlinear homogeneous integral equation for the distributionfuntion f(v; t). A simpli�ation arises if the initial veloity distribution has a disretemodulus spetrum. This spetrum is preserved by the annihilation dynamis as nonew veloities are reated. A simple ase is provided by the bimodal distribution
ϕ(v, 0) =

A

Sdc
d−1
1

δ(v − c1) +
1 −A

Sdc
d−1
2

δ(v − c2), (2.5)where c2 > c1 > 0, A denotes the fration of partiles with veloity modulus c1, and
Sd =

2πd/2

Γ(d/2)
(2.6)is the surfae of a d-dimensional sphere of unit radius, where Γ is the gamma funtion.2.4 Exat resultsBefore addressing the general ase, we �rst onsider the single-speies problem for

d = 3 where c2 = c1 > 0. The rest of the setion presents the details of the alulationsfor d = 2. We have arried out the d = 3 ase (whih is tehnially a bit easier) in [40℄,and we will only quote the results (that are similar to those of d = 2).2.4.1 Single-veloity modulus distributionThe Boltzmann equation (2.3) for d = 3 takes the form
∂

∂t
f(v; t) = −σπf(v; t)

∫ ∞
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duu2f(u; t)
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(u+ v)3 − |u− v|3

uv

]
. (2.7)



2.4. EXACT RESULTS 25Setting c2 = c1 = c > 0 in Eq. (2.5), one obtains from Eq. (2.1)
f(v; t) = n(t)

1

2πc
δ(v − c). (2.8)From the kineti equation (2.7), we �nd

1

4πc2
δ(v − c)

∂
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n(t) = −2

3
(πσ)2

n(t)2

4πc2
δ(v − c)

∫ ∞

0
du

δ(u− c)

4πc2

[
(u+ v)3 − |u− v|3

uv

]
,(2.9)whih gives

d

dt
n(t) = −4

3
πσ2c n(t)2, (2.10)whose solution is

n(t) =
n0

1 + 4
3πσ

2n0ct
, (2.11)where n(0) = n0. A striking observation is that, in the limit t→ ∞, the density (2.11)beomes independent of its initial value n0. Note that the same phenomenon isalso present for simple di�usion limited annihilation suh as A + A → 0, when thedimension of the system is larger than 2 [72℄.Contrary to the one-dimensional ase for whih it has been rigorously shownthat the density deays proportionally to t−1/2 [58℄, one sees from Eq. (2.11) thatin three dimensions, Boltzmann's dynamis is faster as the density deays aordingto t−1, whih is the mean-�eld value [61℄. We note, however, that the same behavior

n(t) ∝ 1/t holds in all dimensions within Boltzmann's kineti theory (and in fat,more generally within the framework of a saling analysis of the hierarhy governingthe dynamis of ballisti annihilation [39℄). This disrepany between Boltmann'spredition and the exat result in one dimension illustrates the ruial importane ofdynamial orrelations when d = 1. On the other hand, as suggested in Ref. [39℄ andexpliitly shown below by moleular dynamis simulations, the nonlinear Boltzmannequation is relevant for desribing the long-time dynamis of ballisti annihilationwhen d > 2. In this ase the partiles are very diluted and no dynamial orrela-tions an develop during the time evolution, whih would violate the moleular haoshypothesis.2.4.2 Mixture of partiles with two nonzero veloity moduliIn the following we will present the details of the alulations for d = 2. The d = 3ase (whih is tehnially a bit easier) was done in details in [40℄, and we will onlyquote the results that are similar to d = 2.Consider the ase where partiles with veloities c1 > 0 and c2 > c1 are initiallypresent. Thus f(v; t) is of the form
f(v; t) = X(t)

1

2πc1
δ(v − c1) + Y (t)

1

2πc2
δ(v − c2), (2.12)where X(t) and Y (t) are, respetively, the densities of partiles with veloities c1 and

c2. They add up to the total density X(t) + Y (t) = n(t). Inserting Eq. (2.12) into



26 CHAPTER 2. SOME EXACT RESULTS FOR BOLTZMANN'S . . .Eq. (2.3) gives
d

dt
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I21
c2

]
, (2.13a)

d

dt
Y (t) = −σ

π

[
X(t)Y (t)

I12
c1

+ Y 2(t)
I22
c2

]
, (2.13b)where

Iij =

∫R2

dv2 |v1 − v2|δ(v2 − ci)

∣∣∣∣
|v1|=cj

= ci

∫R2

du |v̂1cj − ûci|δ(u− 1), (2.14)with u = v2/ci and û = u/|u|. The integration is straightforward and leads to
Iij =

{
8c2i , i = j,

4ci|ci − cj |E[k], i 6= j,
(2.15)where

E[k] =

∫ π/2

0
dx

√
1 + k2 sin2(x), k = 2

√
cicj

|ci − cj |
. (2.16)Upon resaling the time aording to τ = 2πσc2t, it follows from Eq. (2.13) that

Ẋ(τ) = −4γX(τ)2 − κ(γ)X(τ)Y (τ), (2.17a)
Ẏ (τ) = −4Y (τ)2 − κ(γ)X(τ)Y (τ), (2.17b)where 0 6 γ = c1/c2 < 1, κ(γ) =

∫ π
0 dϕ

√
1 + γ2 − 2γ cosϕ, and the overdot denotestime derivative with respet to τ .The set of equations (2.17) is a nonlinear homogeneous system of oupled di�er-ential equations with onstant oe�ients. An impliit solution an be obtained byintroduing the funtion V (τ) de�ned as V (τ) = Y (τ)/X(τ). From Eq. (2.17) we get

dY

dX
=

4Y 2 + κXY

4γX2 + κXY
=

4V 2 + κV

4γ + κV
. (2.18)Aording to the de�nition of V , the left-hand-side of Eq.(2.18) beomes dY/dX =

V +XdV/dX whih yields
X

dV

dX
=

(4 − κ)V 2 + (κ− 4γ)V

4γ + κV
, (2.19)so that

dX

X
=

4γ + κV

(4 − κ)V 2 + (κ− 4γ)V
dV. (2.20)The deomposition of the latter equation in simple elements gives

dX

X
= dV

(
α

V
+

β

V + 4 − κ

)
, (2.21)



2.4. EXACT RESULTS 27with α = 4γ/(κ − 4γ) > 0 and β = κ/(4 − κ) − α > 0. Integrating Eq. (2.21) yields
X0

X
=

(
V0

V

)α
(
V0 + κ−4γ

4−κ

V + κ−4γ
4−κ

)β

, (2.22)with V (0) = V0 = Y0/X0, X0 = X(0), Y0 = Y (0). The speial ase of γ = 0 willbe disussed in Se. 2.4.3, hene from now on we assume that γ > 0, so that α > 0.Equations (2.17) an also be written as
d

dτ

(
1

X

)
= 4γ + κ

Y (τ)

X(τ)
, (2.23a)

d

dτ

(
1

Y

)
= 4 + κ

X(τ)

Y (τ)
. (2.23b)Multiplying the right-hand side of Eq. (2.23a) by X0 and making use of d/dτ =

(dV/dτ)d/dV one obtains
dV

dτ

d

dV

(
X0

X

)
= (4γ + κV )X0, (2.24)so that making use of the derivative of the right-hand side of Eq. (2.22), one obtainsupon integration from 0 to τ the relation

X0τ =

∫ V0

V
du

1

4γ + κu



− d

du



(
V0

u

)α
(
V0 + κ−4γ

4−κ

u+ κ−4γ
4−κ

)β




 . (2.25)Equation (2.25) impliitly de�nes the time dependene of the funtion V (τ). Theproedure to obtain the densities X(τ) and Y (τ) from Eq. (2.25) is as follows. Theintegration in Eq. (2.25) leads to Appel funtions, that may be inverted (at least nu-merially) in order to give V (τ). The insertion of V (τ) in Eq. (2.22) then gives X(τ).It is then straightforward to obtain Y (τ), having determined V (τ) and X(τ). Thestruture of the impliit relation (2.25) permits us to establish interesting analytialresults.First, let us investigate the long time behavior of the partile densities X(τ) and

Y (τ). When τ → ∞, the left-hand side of Eq. (2.25) diverges linearly whih impliesthat limτ→∞ V (τ) = 0. So, in the long-time limit, the impliit relation (2.25) leadsto the asymptoti formula
X0τ

τ→∞≃ 1

4γ

(
V0 + κ−4γ

4−κ
κ−4γ
4−κ

)β ∫ V0

V
ds

[
− d

du

(
V0

u

)α]

=
1

4γ

(
V0 + κ−4γ

4−κ
κ−4γ
4−κ

)β [
−1 +

(
V0

V

)α]
. (2.26)Sine limτ→∞ V (τ) = 0, then −1 + (V0/V )α ≃ (V0/V )α, then from Eq. (2.26) oneobtains

X0τV
α τ→∞≃ 1

4γ

(
V0 + κ−4γ

4−κ
κ−4γ
4−κ

)β

V α
0 , (2.27)
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V (τ)

τ→∞≃ V0

(
V0 + κ−4γ

4−κ
κ−4γ
4−κ

)β/α

(4γX0τ)
−1/α. (2.28)On the other hand, Eq. (2.23b) may be written as

d

dτ

(
1

Y

)
= 4 +

κ

V
, (2.29)in whih we insert Eq. (2.28) in order to obtain the long-time relation

d

dτ

(
1

Y

)
τ→∞≃ 4 + κ

1

V0

(
V0 + κ−4γ

4−κ
κ−4γ
4−κ

)−β/α

(4γX0τ)
1/α. (2.30)For τ → ∞ the onstant term on the right-hand side of the latter equation is ne-gletible by omparison to τ1/α, so that upon integration we obtain

Y (τ)
τ→∞≃ V0

4γ
(4γX0)

−1/α

(
4 − κ

κ− 4γ
V0 + 1

)β/α

τ−κ/4γ . (2.31)Note that the exponent for the density Y (τ) is a funtion of the ratio γ = c1/c2and thus is nonuniversal. In the limit γ → 1 one reovers the asymptoti behaviorof the single-veloity modulus distribution (see Se. 2.4.4). On the other hand as
limτ→0 V (τ) = 0, Eq. (2.23a) takes the asymptoti form d/dτ(1/X) = 4γ. Hene weonlude that

X(τ)
τ→∞≃ X0

1 + 4γX0τ

τ→∞≃ 1

4γ
τ−1. (2.32)Seond, we may �nd analytial upper and lower bounds for X(τ) and Y (τ).Granted that α > 0 and β > 0, the integrand of Eq. (2.25) is a stritly monotonidereasing positive funtion of u, therefore V (τ) < V0 for all τ > 0. Considering that

(4γ)−1 > [4γ + κu]−1 for u > 0, the insertion of Eq. (2.22) in Eq. (2.25) provides theinequality X0τ 6 (X0/X − 1) /4γ, whih leads to an upper bound for X(τ). On theother hand, the inequality (4γ + κu)−1 6 [4γ + κV0]
−1 yields a lower bound, so thatwe �nally get

X0

1 + (4γX0 + κY0)τ
6 X(τ) 6

X0

1 + 4γX0τ
. (2.33)Note that for times suh that

4γX0τ ≫ 1, (2.34)the upper bound (2.33) oinides with the exat asymptoti relation (2.32). The samekind of analysis as that leading to Eq. (2.33) yields the upper bound,
0 6 Y (τ) 6

Y0

1 + κX0τ
. (2.35)The width de�ned by the di�erene of the bounds in both ases (2.33) and (2.35)is O

(
τ−1

). Figures 2.1 and 2.2 show the numerial solution for X(τ), Y (τ), thebounds (2.33) and (2.35), as well as their asymptoti behaviors (2.32) and (2.31) ona logarithmi sale.The knowledge of the numerial solution (see Figs. 2.1 and 2.2) allows to determinethe rossover time, separating the early and long-time (power law) regimes.
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Figure 2.1: Upper and lower bounds (2.33) (dotted lines) as well as the numerialsolution of the set of equations (2.17) for X(τ) with X0 = Y0, γ = 0.2 (ontinuousline). The inner logarithmi plot shows indeed the power law behavior X(τ) ∼ τ−1for τ → ∞, where the asymptoti solution (2.32) is represented by the dashed straightline. Moreover, in this regime the solution onverges to the upper bound (2.33).2.4.3 Mixture of moving and motionless partilesWe now onsider a partiular ase of Se. 2.4.2 that we solve exatly in the asymptotilimit τ → ∞. The system is now haraterized by a ertain number of motionlesspartiles (zero veloity, c1 = 0) whereas the rest of the partiles have a given nonzeroveloity modulus. Thus, setting γ = 0 in Eq. (2.22) we obtain
X

X0
=

(
β + V

β + V0

)β

, (2.36)where β = π/(4 − π). Sine V (τ) tends to zero, in the asymptoti limit τ → ∞ theright-hand side of Eq. (2.36) is �nite and positive. The density X(τ) annot thustend to zero, and must approah a stritly positive value X(∞) = X∞ > 0. We thusobtain
lim

τ→∞

X

X0
=
X∞

X0
=

(
β

β + V0

)β

=
1

(1 + V0/β)β
, (2.37)so that

X∞ =
X0

(1 + V0/β)β
. (2.38)The long-time behavior of X(τ) is obtained from Eq. (2.23a) by setting γ = 0 andresaling the time to absorb the term κ(γ = 0) = π so that

d

dτ

(
1

X

)
= V. (2.39)
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Figure 2.2: Upper bound (2.35) (dashed lines) as well as the numerial solution ofthe set of equations (2.17) for Y (τ) with X0 = Y0, γ = 0.2 (ontinuous line). Theinner logarithmi plot of the numerial solution shows indeed the power law behavior
Y (τ) ∼ τ−κ/4γ for τ → ∞, where the asymptoti solution (2.31) is represented bythe dashed straight. Furthermore, the use of both the upper bound (2.35) and theasymptoti form (2.31) allows to �nd an analytial approximation for Y (τ), whihturns out to be exat in both limits τ → 0 and τ → ∞.Again, multiplying the latter equation by X0, inserting Eq. (2.36) in the left-handside, and making use of d/dτ = (dV/dτ)d/dV we obtain

X0dτ =
1

V
dV

d

dV

(
β + V0

β + V

)β

, (2.40)whih upon integration yields
X0τ =

∫ V0

V
du

1

u

d

du

[
−
(
β + V0

β + u

)β
]
. (2.41)Integrating by parts we obtain

X0τ = −
∫ V0

V
du ln(u)

d2

du2

[
−
(
β + V0

β + u

)β
]

+ ln(u)β
(β + V0)

β

(β + u)β+1

∣∣∣∣
V0

V

. (2.42)Sine τ → ∞ we may replae V by 0 in the lower bound of the �rst integral of theright-hand side of Eq. (2.42) so that
X0τ

τ→∞≃ −J − ln

[
V (1+V0/β)β

V
1/(1+V0/β)
0

]
, (2.43)
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J =

∫ V0

0
du ln(u)

d2

du2

[
−
(
β + V0

β + u

)β
]
. (2.44)Extrating V (τ) from Eq. (2.43) we obtain

V (τ)
τ→∞≃ V

1/(1+V0/β)β+1

0 e−JX∞/X0e−X∞τ + ε2(X0, Y0; τ). (2.45)Inserting Eq. (2.45) in Eq. (2.39) yields the expression
d

dτ

(
1

X

)
τ→∞≃ V

1/(1+V0/β)β+1

0 e−JX∞/X0e−X∞τ (2.46)that we integrate in order to �nd
X(τ)

τ→∞≃ X∞

1 − ε2(X0, Y0; τ)
≃ X∞[1 + ε2(X0, Y0; τ)]. (2.47)Making use of Eq. (2.17a) for γ = 0 with the appropriate resaling of the time inorder to absorb κ(γ = 0) = π we obtain Ẋ = −XY . Eq. (2.47) then allows to �nd

Y (τ)
τ→∞≃ X∞ε2(X0, Y0; τ). (2.48)Hene we have

X(τ)
τ→∞≃ X∞ + Y (τ). (2.49)There is a qualitative di�erene from the ase c1 > 0. As shown in Fig. 2.3, thedensity of partiles at rest approahes the asymptoti value X∞ > 0 exponentiallyfast, while the density of moving partiles goes to zero exponentially. Table 2.1summarizes the long-time behavior for the di�erent ases.

c2 = c1 > 0 c2 > c1 6= 0 c2 > c1 = 0

X(τ) τ−1 τ−1 X∞[1 +A exp(−X∞τ)]

Y (τ) τ−1 τ−κ/4γ X∞A exp(X∞τ)Table 2.1: Summary of the density long-time behavior in two dimensions, where
A = A(X0, Y0) = ε2(X0, Y0; τ) exp(X∞τ).Note that generalizing our results to any dimension d > 2 is straightforward(see [40℄, the main results for d = 3 being realled in Table 2.2). The algebrai orexponential deay of the partile densities hold irrespetive of d. In partiular, forthe general ase c1 > 0 the exponent of the density of �slow� partiles is independentof d so that X(τ)

τ→∞∼ τ−1 (see Se. 2.4.4). Finally the relation (2.49) still holds.2.4.4 Generalization to d > 2 and many-veloity moduliWe shall now show that in arbitrary dimension d > 2 and for any number of veloitymodulus satisfying c1 < . . . < cN the density of the slowest partiles n1 in the long-time limit always deays as n1 ≃ (4γ1τ)
−1, where γ1 = c1/cN .
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c2 = c1 > 0 c2 > c1 6= 0 c2 > c1 = 0

X(τ) τ−1 τ−1 X∞[1 + 3 exp(−3X∞τ)]

Y (τ) τ−1 τ−(3+γ2)/4γ X∞3 exp(−3X∞τ)Table 2.2: Summary of the density long-time behavior in three dimensions.The distribution funtion is of the form
f(v; t) =

N∑

i=1

ni(t)

Sdc
d−1
i

δ(v − ci), (2.50)where Sd is the surfae of a d-dimensional sphere of unit radius given by Eq. (2.6).Inserting Eq. (2.50) into the kineti equation (2.3) yields
d

dt
n(t) = −σ

d−1β1

Sd
ni(t)

N∑

j=1

nj(t)

cd−1
j

Iji, (2.51)where Iij is the d-dimensional ounterpart of Eq. (2.14):
Iij = 2πJd

√
c2i + c2jc

d−1
i Fd(ci, cj), ∀i, j = 1, . . . , N, (2.52)
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Jd =





π−1, d = 2,

1, d = 3,
d−3∏

k=1

∫ π

0
dθk (sin θk)

k, d > 3,

(2.53)
Fd(ci, cj) =

∫ π

0
dθ

√
1 − 2

cicj
c2i + c2j

cos θ sind−2 θ. (2.54)We note that the partiular ase Fd(ci, ci) + Fd does not depend on any veloitymoduli. Upon resaling the time aording to (suh that one reovers the previouslyused resaling for d = 2 or d = 3 [40℄)
τ = tσd−1β1JdFd

Sd

π√
2
cN , (2.55)Eq. (2.51) beomeṡ

ni(τ) = −2
√

2

Fd
ni(τ)

N∑

j=1

nj(τ)
√
γ2

i + γ2
jFd(ci, cj), (2.56)where γi = ci/cN . Sine ni < nj for all i < j, in the limit τ → ∞ the density produts

n1nj for all j 6= 1 may be negleted. Therefore the evolution of the density n1(τ) ofslowest partiles is asymptotially given by ṅ1(τ)
τ→∞≃ −4γ1n

2
1(τ). It follows uponintegration

n1(τ)
τ→∞≃ 1

4γ1
τ−1. (2.57)Fig. 2.4 shows the numerial solution of Eq. (2.56) for d = 3 and the predition (2.57).2.5 Comparison with moleular dynamis simulationsThe analytial preditions obtained in the preeding setion rely on the validity ofthe moleular haos assumption, leading to the Boltzmann equation. It is thereforeinstrutive to ompare these preditions to the results of moleular dynamis (MD)simulations, where the exat equations of motion of the partiles are integrated (seeRef. [39℄ for more details onerning the method).MD simulations are most e�iently performed in two dimensions, where the beststatistial auray an be ahieved.MD simulations have been implemented with systems of typially N = 105 to

4 × 105 spheres in two dimensions (diss). Periodi boundary onditions were en-fored, and low densities onsidered, in order to minimize the exluded volume e�etsdisarded at the Boltzmann level (note that these e�ets are neessarily transientsine the density dereases with time).Figure 2.5 ompares the MD results obtained with γ = 1/10 to the preditions ofEqs. (2.32) (for γ = 1/10, the time deay of the �fast� partiles is governed by the
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Y ∝ Xκ/4γ dedued from Eqs. (2.31) and (2.32).We have also performed MD simulations for a mixture of moving and motionlesspartiles (γ = 0), where it is expeted that the density X of partiles at rest de-reases down to a nonvanishing value X∞. In the situation of an equimolar mixture(X0 = Y0), we have V0 = 1 so that aording to Eq. (2.37), X∞/X0 ≃ 0.414. TheMD simulations are in agreement with this senario, and we �nd X∞/X0 ≃ 0.408irrespetive of the initial onditions for a system with initially N = 2× 105 partiles.The results for the time dependene of X and Y are displayed in Fig. 2.6. We on-lude that the numerial simulations are again in agreement with the predition ofBoltzmann's kineti theory.2.6 ConlusionsWe have shown that for some simple spatially homogeneous systems, haraterizedby a veloity distribution with a disrete veloity modulus spetrum, it is possible to�nd the exat solution for the nonlinear integral equation desribing the dynamis ofballisti annihilation. These results, obtained at the level of a Boltzmann equation,
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2.6. CONCLUSIONS 37exited gas atoms with quenhing on ontat [74℄. However, the orrespondenebetween suh experimental situations and our model is not yet lose enough to allowomparison. We would be highly interested in the knowledge of other physial systemsthat ould be desribed by the models studied here.





Chapter 3On the �rst Sonine orretion forgranular gases
3.1 Outline of the hapterWe onsider the veloity distribution for a granular gas of inelasti hard spheresdesribed by the Boltzmann equation. We investigate both the free of foring aseand a system heated by a stohasti fore. We propose a new method to omputethe �rst orretion to Gaussian behavior in a Sonine polynomial expansion quanti�edby the fourth umulant a2. Our expressions are ompared to previous results andto those obtained through the numerial solution of the Boltzmann equation. It isnumerially shown that our method yields very aurate results for small veloitiesof the resaled distribution. We �nally disuss the ambiguities inherent to a linearapproximation method in a2. This hapter follows the ontent of Ref. [75℄.3.2 IntrodutionMost theories of rapid granular �ows onsider a granular gas as an assembly of inelas-ti hard spheres and assume unorrelated binary ollisions desribed by the Boltz-mann equation, with a possible Enskog orretion to aount for exluded volume ef-fets [24, 31, 51, 76, 77, 37, 78, 79, 80, 81, 82, 83℄. The deviations from the Maxwellianveloity distribution may be aounted for by an expansion in Sonine polynomials,and it is often su�ient to retain only the leading term in this expansion, quanti�edby a2, the fourth umulant of the veloity distribution [24, 51, 79, 84, 85℄. The pur-pose of this hapter is twofold: �rst, we present a novel route to ompute a2, diretlyinspired from a method that has been reently proposed to ompute with auraythe deay exponents and non Maxwellian features of gas subjeted to ballisti annihi-lation dynamis [39, 70℄ (where partiles undergoing free �ight motion disappear uponontat [43, 59℄). In essene, this method onsiders the limit of vanishing veloities ofthe Boltzmann equation, and dedues a2 from moments of the veloity distributionthat are a priori of lower order than those involved in the standard derivation [37, 79℄.39



40 CHAPTER 3. ON THE FIRST SONINE CORRECTION FOR GRANULAR GASESWe may onsequently expet a better preision from this alternative approah, thatis analytially simpler to work out. We also know that the veloity distribution is nonGaussian at high energies [37, 79℄, so that extrating the relevant kineti informationfrom the behavior at vanishing veloities seems a promising route. The seond goal ofthis hapter is to disuss the ambiguities �ommon to both approahes� enounteredperforming omputations up to linear order in a2, negleting not only higher orderSonine ontributions but also terms in ak
2 , k = 2, 3. Suh an ambiguity has �rst beenmentioned by Montanero and Santos [79℄.3.3 The limit method for the �rst Sonine orretionWithin the framework of the Boltzmann equation, as shown in Se. 1.5.2 the one-partile veloity distribution funtion f(v; t) for a homogeneous system free of foringobeys the relation

∂tf(v1; t) = I[f, f ], (3.1)where the ollision integral reads
I[f, f ] = σd−1

∫

Rd

dv2

∫
dσ̂ θ(σ̂ · v̂12)(σ̂ · v12)

(
α−2b−1 − 1

)
f(v1; t)f(v2; t). (3.2)In Eq. (3.2), σ is the diameter of the partiles, θ the Heaviside distribution, v12 =

v1 −v2 the relative veloity of two partiles, v̂12 = v12/v12, v12 = |v12|, and σ̂ a unitvetor joining the enters of the grains. The spae dimension is d. The preollisionalveloities v′
i and the postollisional ones vi are related through the operator b−1 andread

v′
1 = b−1v1 = v1 −

1 + α

2α
(v12 · σ̂)σ̂, (3.3a)

v′
2 = b−1v2 = v2 +

1 + α

2α
(v12 · σ̂)σ̂, (3.3b)with α ∈ [0, 1] the restitution oe�ient. Note that b−1g(v1,v2; t) = g[b−1v1, b

−1v2; t].If energy is supplied to the system, an additional foring term is present in Eq. (3.1) [79℄,but the general arguments and method presented below remain valid. To be morespei�, we shall also onsider the situation where the system is driven into a non equi-librium steady state by a random fore ating on the partiles [37, 78, 79℄. With thisenergy feeding mehanism, oined �stohasti thermostat�, the Fokker-Plank term
ξ20∇2

vf should be added to the right-hand side of Eq. (3.1) [37℄, where ξ0 is related tothe amplitude of the random fore ating on the grains.We are searhing for an isotropi saling solution f̃(c) of Eq. (3.2). The require-ment of a time independent behavior with respet to the typial veloity v(t) =√
2〈v2〉f/d imposes that [51, 37, 79, 86℄

f(v; t) =
n

vd(t)
f̃(c), (3.4)where the resaled veloity is given by c = v/v(t) and the angular brakets 〈·〉fdenote the average over f(v; t): 〈v2〉f =

∫Rd dvv2f(v, t)/n. The saling form (3.4) is



3.3. THE LIMIT METHOD FOR THE FIRST SONINE CORRECTION 41physially �reasonable� within the saling theory [86℄, and this form may be justi�eda posteriori making use of numerial simulations [51, 37, 79℄. The presene of thedensity n on the right-hand side of Eq. (3.4) ensures that ∫ dcf̃(c) = 1 and 〈c2〉 =∫
dc c2f̃(c) = d/2. Integrating Eq. (3.1) over c1 with weight cp1, this saling funtiondesribing the homogeneous ooling state satis�es the time-independent equation [51,37, 79℄

µ2

d

(
d+ c1

d

dc1

)
f̃(c1) = Ĩ(f̃ , f̃), (3.5)where

µp = −
∫

Rd

dc1 c
p
1Ĩ(f̃ , f̃), (3.6)and

Ĩ(f̃ , f̃) =

∫

Rd

dc2

∫
dσ̂ θ(σ̂ · ĉ12)(σ̂ · c12)

[
1

α2
f̃(c′1)f̃(c′2) − f̃(c1)f̃(c2)

]
. (3.7)It is useful to onsider the hierarhy of moment equations obtained by integratingEq. (3.5) over c1 with weight cp1 [37℄

µp =
µ2

d
p〈cp〉. (3.8)The solution of Eq. (3.5) is non-Gaussian in several respets. The high energy tailis overpopulated ompared to the Maxwellian [37℄, a generi although not system-ati feature for granular gases (a partiular heating mehanism leading to an under-population at large veloities has been studied in [79℄). Deviation from Gaussianbehavior may also be observed at thermal sale or near the veloity origin. To studythe latter orretion, it is onvenient to resort to a Sonine expansion for the distrib-ution funtion f̃(c) [87℄

f̃(c) = M̃(c)

[
1 +

∑

i>1

aiSi(c
2)

]
, (3.9)where M̃(c) = π−d/2 exp(−c2) is the Maxwellian, and Si(c

2) the Sonine polynomials(that may be found in [87℄; the �rst few are realled in [37℄). Suh an expansion isnon perturbative in α sine the distribution funtion is lose to the Maxwellian forall values of α. Due to the onstraint 〈c2〉 = d/2 the �rst orretion a1 vanishes [37℄,and for our purposes it is su�ient to know S2(x) = x2/2 − (d+ 2)x/2 + d(d+ 2)/8.If we de�ne the normalization fator Ni by
∫Rd

dcM̃(c)Si(c
2)Sj(c

2) = δijNi, (3.10)then for j > 0 and making use of S0(c
2) = 1 one obtains the oe�ients ai aspolynomial moments of the saling funtion:

1

Nj

∫Rd

dc f̃(c)Sj(c
2) = aj . (3.11)



42 CHAPTER 3. ON THE FIRST SONINE CORRECTION FOR GRANULAR GASESIn partiular, the oe�ient a2 is related to the kurtosis of the veloity distribution
〈c4〉 =

d(d+ 2)

4
(a2 + 1), (3.12)so that, upon taking p = 4 in Eq. (3.8), we get

µ4 = (d+ 2)(1 + a2)µ2. (3.13)3.3.1 The free ooling gas3.3.1.1 The �rst Sonine orretionIn the following analysis, we will only retain the �rst orretion in the expansion (3.9):
f̃ = M̃(1 + a2S2). Computing µ2 and µ4 to linear order in a2 with this funtionalansatz [and further linearizing Eq. (3.13)℄, one dedues a2 [37, 79℄. This approah isnonperturbative in the restitution oe�ient. However, sine the high energy tail of
M̃(1 + a2S2) is very distint from that of the exat solution of Eq. (3.5), omputing
a2 from relation (3.8) with p > 4 is expeted to give a poor estimate, all the worse as
p inreases. With this in mind, it appears that the limit of vanishing veloity of theresaled Boltzmann equation (3.5) ontains an interesting piee of information:

µ2 f̃(0) = lim
c1→0

Ĩ(f̃ , f̃). (3.14)The main steps to ompute this limit are given in appendix A.2. Up to a geometrialprefator, the loss term of lim Ĩ on the right-hand side reads f̃(0)〈c1〉 and is thus oflower order than the quantities appearing in (3.13). Working at linear order in a2, onemay therefore expet to ahieve a better auray when omputing the various terms(exept may be the gain term) appearing in (3.14) than in (3.13). In the ontext ofballisti annihilation, a related remark lead to analytial preditions for the deayexponents of the dynamis and non-Gaussian features of the veloity statistis, inexellent agreement with the numerial simulations [39, 70℄. In the present situation,the gain term of Ĩ in (3.14) annot be written as a ollisional moment, so that thesituation is less lear and deserves some investigation. We propose to ompare thevalue of a2 following this route to the standard one of Refs. [37, 79, 84℄. Evaluating(3.14) at �rst order in a2, we obtain:
a2 =

4(α2 + 1)2(α2 − 1)
[√

2(α2 + 1) − 2
]

A(α, d)
. (3.15)where

A(α, d) = 5 + d(2 − d) + 8α(α2 + 1)(d − 1) − α2(23 − 6d+ d2) + α4(3 + 6d+ d2)

+ α6(−1 + 2d+ d2) −
√

2(α2 + 1)3(α2 − 1)(3 + 4d+ 2d2)/4. (3.16)In Fig. 3.1, we ompare this result with the analytial expression of van Noije andErnst [37℄. We also display the fourth umulant a2 obtained by Monte Carlo sim-ulations from the numerial solution of the nonlinear Boltzmann equation (3.1) (so
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Figure 3.1: Comparison of the orretion a2(α) for the free ooling in two dimensionsobtained in [37℄, with Eq. (3.15). The rosses orrespond to the �exat� result, ob-tained by solving the Boltzmann equation with the DSMC method, for 106 partilesand approximately 500 ollisions for eah partile. The inset is a zoom in the regionof the smallest root of the fourth umulant.alled DSMC tehnique [88, 89℄). Our expression appears more aurate at smallinelastiity, but less satisfying lose to elasti behavior. The smallest root of a2 = 0obtained with Eq. (3.15) is α∗ = (

√
2 − 1)1/2 ≃ 0.643 . . .. This root di�ers from thevalue α∗∗ = 1/

√
2 ≃ 0.707 . . . obtained upon solving (3.13) (both α∗ and α∗∗ do notdepend on spae dimension d). The inset shows that the exat root is loated in theinterval ]α∗, α∗∗[, and seems loser to α∗∗.In order to understand the disrepany lose to the elasti limit shown in Fig. 3.1,it is useful to study the �rst Sonine orretion f̃(ci)/M̃(ci) = 1+a2S2(c

2
i ). The resultfor α = 0.8 where our method seems to be the less aurate is shown in Fig. 3.2, andin Fig. 3.3 for α = 0.5.In spite of the impreision of our analytial expression for a2 seen in Fig. 3.1,Fig. 3.2 shows that the limit method is very aurate for small veloities, but turnsto quikly beome more impreise for bigger veloities. This suggests that omputingthe fourth umulant from the limit of vanishing veloities gives more weight to thisregion whih leads to a better behavior of the Sonine expansion for small veloities.On the other hand, the traditional route yields a global interpolation for all veloities.The good preision of our result for small veloities and the lower auray for higherveloities is on�rmed in Fig. 3.3. Exploiting the above qualitative interpretation ofthe limit method, we expet to arhieve a good auray using Eq. (3.15) in order to�nd the �rst moment [39℄:

〈|c|〉 =

√
π

2

(
1 − a2

8

)
. (3.17)Indeed, we suppose that the funtion a2 obtained from the limit method gives a preise
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3.3. THE LIMIT METHOD FOR THE FIRST SONINE CORRECTION 47linearization approximation at small α. However �and onentrating on Fig. 3.5�it appears that all urves do not have the same status. Brilliantov and Pöshelhave indeed solved analytially the full nonlinear problem [i.e., working again withthe distribution funtion f̃ = M̃(1 + a2S2) but keeping nonlinear terms in a2℄, andobtained results that are very lose to those of Noije/Ernst, exept for α < 0.2 wherethey found slightly larger fourth umulants [80℄. Their result is therefore fartheraway from the exat one obtained by DSMC (see, e.g., Fig. 3.1 where it appears thanthe Noije/Ernst expression already overestimates the exat urve). The di�erenebetween the DSMC results and those of Brilliantov/Pöshel therefore illustrates therelevane of Sonine terms ai with i > 3 in expansion (3.9). However, some of theurves shown in Fig. 3.5 lie lose to the exat one, whih means that it is possible toorret the de�ienies of trunating f̃ at seond Sonine order by an ad-ho linearizingsheme. The agreement obtained is nevertheless inidental, and the orrespondinganalytial expression should be onsidered as a semi-empirial interpolation supportedby numerial simulations. One should thus emphasize that the right way to ompute
a2 is to use its de�nition involving the fourth resaled veloity umulant of Eq. (3.12)beause this relation is not sensitive to higher order Sonine terms, nor to nonlinearities,even if this route doesn't give the most aurate desription in the small veloitydomain (as seen from Figs. 3.2 and 3.3)3.3.2 The heated granular gasFor ompleteness, we now brie�y onsider the stohasti thermostat situation [37, 78,79, 85℄, where the ounterpart of Eq. (3.5) reads

−µ2

2d
∇2

c1
f̃(c1) = Ĩ(f̃ , f̃). (3.18)The Fokker-Plank di�usion term ∇2

c1
represents the hange of the distribution fun-tion aused by small random kiks (see, e.g., [90℄). Considering again the limit c1 → 0and retaining only the �rst orretion in the expansion (3.9), we get

µ2

2πd/2

[
2 + a2

(d+ 2)(d + 4)

4

]
= lim

c1→0
Ĩ(f̃ , f̃). (3.19)Given that the right-hand side is already known from the free ooling alulation,it is straightforward to extend the previous results to the present ase. As before,there are 8 possible ways to extrat a2 from Eq. (3.19) working at linear order. Theresulting expressions are displayed in Fig. 3.7. On the other hand, the moment methoddesribed in Refs. [37, 79℄ makes use of the identity µ2(d + 2) = µ4, that is a diretonsequene of Eq. (3.18). There are thus 4 possible rearrangements leading to thedi�erent umulants shown in the inset of Fig. 3.7. For omparison, we have alsoimplemented Monte Carlo simulations in the present heated situation (see the rossesin Fig. 3.7). It is di�ult to ompare the dispersion of the urves with both methods(8 possibilities versus 4), sine our approah makes use of Eq. (3.19) whih is of higherorder in a2 than µ2(d+2) = µ4, the starting point used in Refs. [37, 79℄. Our methodappears here less aurate than for the free ooling, with again an underestimation of

a2 at large α. However, this should be put in the ontext of the results of Se. 3.3.1.2.
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Chapter 4Probabilisti ballisti annihilation
4.1 Outline of the hapterWe investigate the problem of ballistially ontrolled reations in dimension d > 2where partiles either annihilate upon ollision with probability p, or undergo anelasti shok with probability 1 − p. Restriting to homogeneous systems, we pro-vide in the saling regime that emerges in the long time limit, analytial expressionsfor the exponents desribing the time deay of the density and the root-mean-squareveloity, as ontinuous funtions of the probability p and of a parameter related tothe dissipation of energy. We work at the level of moleular haos (non-linear Boltz-mann equation), and using a systemati Sonine polynomials expansion of the veloitydistribution, we obtain in arbitrary dimension the �rst non-Gaussian orretion andthe orresponding expressions for the deay exponents. We implement Monte-Carlosimulations in two dimensions, that are in exellent agreement with our analytialpreditions. For p < 1, numerial simulations lead to onjeture that unlike for pureannihilation (p = 1), the veloity distribution beomes universal, i.e., does not dependon the initial onditions. For suh a system neither mass, momentum, nor kineti en-ergy are onserved quantities. We establish the hydrodynami equations from theBoltzmann equation desription. Within the Chapman-Enskog sheme, we deter-mine the transport oe�ients up to Navier-Stokes order, and give the losed set ofequations for the hydrodynami �elds hosen for the above oarse grained desription(density, momentum and kineti temperature). Linear stability analysis is performed,and the onditions of stability for the loal �elds are disussed. The ontent of thishapter is strongly based on Refs. [52, 53℄4.2 IntrodutionWe onsider an assembly of partiles that move freely in d-dimensional spae betweenollisions, where only two body ollisions are taken into aount. The purpose of thishapter is to present a model that uni�es both the dynamis of annihilation [39, 43, 59,60, 63, 64, 70℄ and of hard-sphere gases [56℄ using a ontinuous parameter p ∈ [0, 1],51



52 CHAPTER 4. PROBABILISTIC BALLISTIC ANNIHILATIONthe probability that two partiles annihilate when they touh eah other [44℄. Themodel of probabilisti ballisti annihilation in one dimension for bimodal disreteinitial veloity distributions was introdued in [67, 91℄, whereas for higher dimensionsand arbitrary ontinuous initial veloity distributions it was onsidered in [52℄. Inthe limiting ase p = 1, we reover the annihilation model originally de�ned byElskens and Frish [58℄, that has attrated some attention sine [39, 40, 43, 59, 60,62, 65, 68, 70℄ and for p = 0 the system of hard-spheres. In our system in the limit
p → 0, p > 0 (denoted p → 0+), a partile will ollide elastially many times beforebeing annihilated. Thus the partiles have a di�using-like motion before annihilating.In one dimension (again for p = 1), the problem is well understood for disreteinitial veloity distributions [62, 65℄. On the ontrary, higher dimensions introdueompliations that make the problem muh more di�ult to treat [39, 70℄. Only afew spei� initial veloity onditions lead to systems that are tratable using thestandard tools of kineti theory [40℄.Another extensively studied lass of problems is the one of di�usion-limited anni-hilation in whih di�using partiles annihilate on ontat with a given rate [72, 92, 93℄.The simplest ase orresponds to the reation A + A → ∅. The number of partilesdeays, in the long time regime, as a power law n(t) ∼ t−ξ. The deay exponent anbe exatly omputed [94℄ and is ξ = min(1, d/2), where d is the dimension of thesystem. However, the time deay exponents for the density found in our ase when
p → 0+ are di�erent from the exponents found in di�usion-limited systems. Thereason for this di�erene is that the underlying mirosopi mehanisms responsiblefor di�usion are di�erent. In our ase, partiles whih have a bigger veloity modulushave a bigger annihilation rate than the slow partiles. The veloity dependene ofthe annihilation rate is not present in the usual di�usion-limited annihilation.It was reently shown [39℄ that in the long time limit, the annihilation dynamisfor dimensions higher than one is adequately desribed by the nonlinear Boltzmannequation. This may be understood in a qualitative way by the fat that the densityof the gas deays as a funtion of time, so that the paking fration (whih is thetotal volume oupied by the partiles divided by the total volume of the system)dereases, and the role played by orrelations (re-ollisions) beomes negletible. TheBoltzmann equation thus beomes relevant at late times. With this phenomenologyin mind, we onjeture that in the ase of probabilisti ballisti annihilation, theBoltzmann equation adequately desribes the dynamis for p > 0. For p = 0, theresulting elasti hard sphere system would be orretly desribed by Boltzmann'sequation in the low density regime only [56, 95℄.The seond part of the hapter (Se. 4.4 and below) reports on the hydrodynamidesription of the system. The hydrodynami desription of a low density gas of elastihard spheres supported by an underlying kineti theory has attrated a lot of attentionalready more than 40 years ago [7, 96, 97℄. It has now beome a well establisheddesription [20℄. A key ingredient in the hydrodynami approah is the existeneof ollisional invariants (quantities onserved by the ollisions). The question of therelevane of a oarse-grained hydrodynami approah is therefore more problematiwhen the kineti energy is no longer a ollisional invariant [98℄. This is the ase of rapidgranular �ows (that may be modeled by inelasti hard spheres in a �rst approah),



4.2. INTRODUCTION 53where the hydrodynami piture, despite inluding a hydrodynami �eld assoiatedwith the kineti energy density, is nevertheless reliable (see, e.g., [78, 99, 100, 101℄and Dufty for a review [48℄). It seems natural to test hydrodynami-like approahesfurther and in more extreme onditions, and investigate a system where partiles reatso that there exist no ollisional invariants. This hapter, fousing on the derivationof the hydrodynami desription for suh a system, is a �rst step in this diretion.Our starting point will be the Boltzmann equation, whih desribes orretly thelow density limit of granular gases (see [102℄ and [56, 95℄ for the elasti ase). Forannihilation dynamis, the ratio of partile diameter to mean free path vanishes inthe long-time limit, suh that for d > 1 the Boltzmann equation is valid at least atlate times [39, 40℄. For suh a dynamis, none of the standard hydrodynami �elds(i.e., mass, momentum, and energy) is assoiated with a onserved quantity. Thereare therefore three nonzero deay rates, one for eah �eld. Numerial evidenes showthat in the long time limit, a non-Maxwellian saling solution for the homogeneoussystem appears (homogeneous ooling state HCS [39, 70℄, whih also exists for inelas-ti hard spheres [51℄). Nothing is known about the stability of the latter solution,the only existing result being that in one dimension, with a bimodal initial veloitydistribution, lusters of partiles are spontaneously formed by the dynamis [65℄. Inview of this situation we develop a hydrodynami desription for probabilisti ballistiannihilation. The limiting ase of vanishing annihilation probability p → 0 gives theknown results for elasti dilute gases [24℄, whereas the other limit p → 1 yields thease of pure annihilation.In order to derive the hydrodynami equations, we make use of the Chapman-Enskog method. We thus onsider (at least) two distint time sales in the system.The mirosopi time sale is haraterized by the average ollision time and theorresponding length sale de�ned by the mean free path. The marosopi time saleis haraterized by the typial time of evolution of the hydrodynami �elds and theirinhomogeneities. The fat that those two time sales are very di�erent implies that onthe mirosopi time sale the hydrodynami �elds vary only slightly. Therefore theyare on suh length- and time sales only very weakly inhomogeneous. Combined withthe existene of a normal solution for the veloity distribution funtion (i.e., a solutionsuh that all time dependene may be expressed through the hydrodynami �elds),this allows for a series expansion in orders of the gradients, i.e., to apply the Chapman-Enskog method. The knowledge of the hydrodynami equations thus obtained to �rstorder allows us to perform a stability analysis. Taking the HCS as a referene state,we study the orresponding small spatial deviations of the hydrodynami �elds.The hapter is organized as follows: in Se. 4.3.1, we �rst introdue the Boltzmannkineti equation desribing the probabilisti annihilation dynamis of a homogeneoussystem in the saling regime, that orresponds to asymptotially large times. We thenprovide analytial expressions for the exponents ξ and γ governing the algebrai timedeay of the partile density and the root mean-square-veloity respetively. Next, wegive the �rst non-Gaussian orretion a2 to the resaled veloity distribution by meansof a Sonine polynomial expansion. This allows to give expliit expressions for theexponents ξ and γ up to the �rst orretion in a2. Set. 4.3.2 shows the results of diretMonte-Carlo simulations (DSMC) that are in very good agreement with the analytial



54 CHAPTER 4. PROBABILISTIC BALLISTIC ANNIHILATIONresults. In the insight of those simulations we larify the ambiguities following from theanalytial omputation of a2 [75℄ and selet the simplest and most aurate relationfor a2. It is numerially shown that unlike for pure annihilation, the �rst Sonineorretion for 0 < p < 1 does not depend on the parameter µ haraterizing theinitial distribution f for small veloities: lim|v|→0 f(v; t = 0) ∝ |v|µ. We also showanalytial and numerial evidene that the onjeture put forward in [70℄ aordingto whih the exponent ξ = 4d/(4d + 1) beomes exat in the limiting ase p →
0+ [70℄. Set. 4.3.3 ontains onlusions onerning the �rst part of the hapter.In Setion 4.4.1 we present the inhomogeneous Boltzmann equation for probabilistiballisti annihilation, and establish the subsequent balane equations. Setion 4.4.2 isdevoted to the Chapman-Enskog solution of the balane equations. For this purposewe onsider an expansion of the latter equations in a small formal parameter. Thesolution to zeroth order provides the hydrodynami �elds of the HCS. Assuming smallspatial inhomogeneities, we make use of an expliit normal solution for the veloitydistribution funtion to �rst order. This allows us to establish the expression for thetransport oe�ients and for the deay rates to �rst order, and thus the losed setof equations for the hydrodynami �elds. The tehnial aspets of the derivationsare presented in the appendies while our main results are gathered in Eqs. (4.72).In Setion 4.4.3, we study the linear stability of those equations around the HCS.Finally, Setion 4.4.4 ontains the disussion of the results and our onlusions. Sinefrom the point of view of dissipation probabilisti ballisti annihilation shares somefeatures with granular gases, making several parallels between those two systems willprove to be instrutive.4.3 The �rst Sonine orretion4.3.1 Boltzmann kineti equation4.3.1.1 Saling regimeWe onsider a system made of spheres of diameter σ moving ballistially in d-dimensionalspae. If two partiles touh eah other, they annihilate with probability p and thusdisappear from the system. With probability 1− p, they undergo an elasti ollision.We onsider only two body ollisions. The initial spatial distribution of partiles issupposed to be and assumed to remain homogeneous. The Boltzmann equation forthe instantaneous one partile distribution funtion f(v; t) of a homogeneous free offoring low-density system of hard-spheres annihilating with probability p is given by

∂tf(v1; t) = pJa[f, f ] + (1 − p)Jc[f, f ], (4.1)where the annihilation operator Ja is de�ned by [39℄
Ja[f, g] = −σd−1

∫Rd

dv2

∫
dσ̂ θ (σ̂ · v̂12) (σ̂ · v12) f(v2; t)g(v1; t)

= −σd−1β1

∫

Rd

dv2 v12f(v2; t)g(v1; t), (4.2)



4.3. THE FIRST SONINE CORRECTION 55and the elasti ollision operator Jc is de�ned by [103, 95, 102℄
Jc[f, g] = σd−1

∫

Rd

dv2

∫
dσ̂ (σ̂ · v12)θ(σ̂ · v12)(b

−1 − 1)g(v1; t)f(v2; t). (4.3)Note that Eq. (4.3) is obtained from Eq. (3.2) in the elasti limit α→ 1. In the aboveexpressions, σ is the diameter of the partiles, v12 = v1 − v2 the relative veloity,
v12 = |v12|, θ is the Heaviside distribution, σ̂ a unit vetor joining the enters of twopartiles at ollision and the orresponding integral is running over the solid angle,

β1 = π(d−1)/2/Γ[(d + 1)/2] (4.4)is a partiular ase of Eq. (2.4), where Γ is the gamma funtion, and b−1 an operatorating on the veloities as follows [104℄:
b−1v12 = v12 − 2(v12 · σ̂)σ̂, (4.5a)
b−1v1 = v1 − (v12 · σ̂)σ̂. (4.5b)Eqs. (4.5) follow from Eqs. (3.3) in the elasti limit. Sine Jc desribes elastiollisions, this operator onserves the mass, momentum, and energy. On the otherhand, Ja desribes the annihilation proess and thus none of the previous quantitiesare onserved.We are searhing for an isotropi saling solution of the homogeneous system,where the time dependene of the distribution funtion is absorbed into the partilesdensity n(t) and in the typial veloity v(t) =

√
2〈v2〉/d, where 〈v2〉 is the meansquared veloity. This imposes the saling form [39, 37℄

f(v; t) =
n(t)

vd(t)
f̃(c), (4.6)where the resaled veloity is given by c = v/v(t). By onstrution, ∫ f̃ = 1. Forboth the elasti (p = 0) and pure annihilation (p = 1) ases the form (4.6) was shownto be an adequate solution [39, 37℄. It is therefore expeted to remain adequate forarbitrary p ∈ [0, 1].4.3.1.2 Deay exponents in the saling regimeMaking use of Eq. (4.6) and integrating Eq. (4.1) over v1 with weights 1 and v2

1 , weobtain the number density and energy time evolution
dn

dt
= −pω(t)n, (4.7a)

d(nv2)

dt
= −pαeω(t)nv2, (4.7b)where the ollision frequeny ω is given by

ω(t) = n(t)v(t)σd−1

∫
dc1dc2dσ̂ (σ̂ · c12) θ (σ̂ · c12) f̃(c1)f̃(c2), (4.8)



56 CHAPTER 4. PROBABILISTIC BALLISTIC ANNIHILATIONand the time-independent energy dissipation parameter αe by
αe =

∫
dc1dc2dσ̂ (σ̂ · c12) θ (σ̂ · c12) c

2
1f̃(c1)f̃(c2)[∫

dcc2f̃(c)
] [∫

dc1dc2dσ̂ (σ̂ · c12) θ (σ̂ · c12) f̃(c1)f̃(c2)
] . (4.9)The time dependene of ω(t) ours only through n(t)v(t). We made use of the fatthat the elasti dynamis does not ontribute to the deay of energy or density, thusthe integration over the elasti ollision term vanishes. The resolution of Eqs. (4.7)follows the method of Ref. [39℄. We de�ne the variable C ounting the number ofollisions, suh that dC = ωdt. With this variable, the integration of the system (4.7)is straightforward and gives

n(t) = n0 exp[−pC(t)], (4.10a)
v2(t) = v2

0 exp[−p(αe − 1)C(t)]. (4.10b)From the de�nition of C(t) and Eq. (4.8)
dC
dt

= ω = ω0
n(t)v(t)

n0v
, (4.11)where ω0 = ω(t = 0). Making use of Eqs. (4.10) one obtains

dC
dt

= ω0 exp

[
−p1 + αe

2
C(t)

]
, (4.12)whih upon integration yields

C(t) =
1

p

2

1 + αe
ln

(
1 + p

1 + αe

2
ω0t

)
. (4.13)The time evolution of n(t) and v(t) is therefore

n

n0
=

(
1 + p

1 + αe

2
ω0t

)−2/(1+αe)

, (4.14a)
v

v0
=

(
1 + p

1 + αe

2
ω0t

)(1−αe)/(1+αe)

, (4.14b)where ω0 = ω(t = 0) and v0 = v(t = 0). Note that Eqs. (4.14) are still valid forthe non fatorized two-point distributions [39℄. We onlude from this result that thedynamis are up to the time resaling t→ t/p (and importantly up to the numerialvalue of αe) the same as the ones obtained for pure annihilation [39℄. The deayexponents are given by n(t) ∝ t−ξ and v(t) ∝ t−γ , with
ξ =

2

1 + αe
, (4.15a)

γ =
αe − 1

αe + 1
. (4.15b)The saling exponents onsequently satisfy the onstraint ξ + γ = 1.



4.3. THE FIRST SONINE CORRECTION 574.3.1.3 Resaled kineti equationInserting the saling form (4.6) in Eq. (4.1) and making use of Eqs. (4.14), we obtain(see App. A.3)
〈c12〉

[
1 +

1 − αe

2

(
d+ c1

d

dc1

)]
f̃(c1)

= f̃(c1)

∫

Rd

dc2 |c12|f̃(c2) −
1 − p

p

1

β1
Ĩ(f̃ , f̃), (4.16)where

Ĩ [f̃ , f̃ ] =

∫

Rd

dc2

∫
dσ̂ θ(σ̂ · ĉ12)(σ̂ · c12)

[
f̃(c′1)f̃(c′2) − f̃(c1)f̃(c2)

] (4.17)and β1 is given by Eq. (4.4). In equation (4.16), the angular brakets denote averagewith weight f̃ : for a given funtion q(c1, c2)
〈q〉 =

∫
dc1dc2 q(c1, c2) f̃(c1)f̃c2) (4.18)Making use of the identity [37℄

∫

Rd

dc ck
(
d+ c

d

dc

)
f̃(c) = −k〈ck〉, (4.19)and integrating Eq. (4.16) over c1 with weight ck1 , one obtains

αe = 1 +
2

k

( 〈c12ck1〉
〈c12〉〈ck1〉

− 1

)
+

1 − p

p

2

kβ1

µk

〈c12〉〈ck1〉
, ∀k > 0, (4.20)where µk = −

∫
Rd dc1c

k
1 Ĩ(f̃ , f̃) and from Eq. (4.9) αe = 〈c12c21〉/(〈c12〉〈c21〉) is theenergy dissipation parameter.4.3.1.4 First non-Gaussian orretionThe solution of the Boltzmann equation for pure annihilation dynamis (p = 1) isnon Gaussian in several aspets. The tail of the distribution is overpopulated [39℄,and deviations from the Gaussian behavior may also be observed near to the veloityorigin [39, 70℄. It is thus reasonable to think that the veloity distribution funtionobtained upon solving Eq. (4.16) will show similar deviations. To study the orretionlose to the origin, it is onvenient to apply a Sonine expansion for the distributionfuntion f̃(c) [87℄
f̃(c) = M̃(c)

[
1 +

∑

i>1

aiSi(c
2)

]
, (4.21)where M̃(c) = π−d/2 exp(−c2) is the Maxwellian, and Si(c
2) the Sonine polynomials.Due to the onstraint 〈c2〉 = d/2, the �rst orretion a1 vanishes [37℄. For our



58 CHAPTER 4. PROBABILISTIC BALLISTIC ANNIHILATIONpurposes, it is su�ient to push the trunation of expression (4.21) to seond order,where S2(x) = x2/2 − (d + 2)x/2 + d(d + 2)/8. In order to ompute α and a2, onemay follow the method used for inelasti granular gases in Ref. [37℄: we may use thehierarhy (4.20) for k = 2 and k = 4 to obtain a system of two equations for thetwo unknowns αe and a2. The alulations are however tedious and it appears usefulto onsider the alternative method that onsists in invoking the limit of vanishingveloities of Eq. (2.3) [39℄. Indeed, sine we expet that the tail of the exat solutionfor the distribution funtion di�ers signi�antly from M̃(c)[1 +
∑

i>1 aiSi(c
2)], theomputation of low order moments of f̃ should give a more aurate result. FromEq. (4.16)

〈c12〉
[
1 + d

1 − αe

2

]
f̃(0) = f̃(0)〈c1〉 −

1 − p

p

1

β1
lim

c1→0
Ĩ[f̃ , f̃ ]. (4.22)We see that the limit in Eq. (4.22) involves moments of a lower order than µ4. Ne-gleting the orretions ai, i > 3, the omputation of the latter limit is obtained fromthe elasti limit of the result in App. A.2:

lim
c1→0

Ĩ[f̃ , f̃ ] =
SdM̃(0)

2
√
π

[
1 − d

2
a2 +

d(d+ 2)

16
a2

2 + O(a3
2)

]
, (4.23)where Sd = 2πd/2/Γ(d/2) is the surfae of the d-dimensional sphere. InsertingEq. (4.23) in Eq. (4.22), one obtains a relation between αe and a2 that is supple-mented with that orresponding to k = 2 in (4.20), in order to �nally obtain αe and

a2. To this end, we make use of the various relations between moments of the veloitydistribution and the fourth umulant a2 derived in [39℄. To linear order in a2, theorresponding system reads
αe = 1 +

2

d

(
1 −

√
2

2

)
+ a2

√
2

2d

[
1

8
− 1 − p

p
(d− 1)

]
. (4.24)

αe =
〈c12c21〉
〈c12〉〈c21〉

= 1 +
1

2d
+ a2

1

8

(
2 +

3

d

)
+ O(a2

2), (4.25)where use have been made of the relation µ2 = 0 (the elasti shoks onserve thetotal kineti energy of the olliding pairs), whih onsequently eliminates p in theseond relation. However, as it was shown in previous works [75, 79℄, there are someambiguities arising from the linearization proedure, that may a�et a2 if this quantityis not small enough. We have thus solved the full nonlinear problem, and then in orderto have a simpler expression of a2, hosen the linearizing sheme that yields the losestresult (the di�erene does not exeed 10%) to the nonlinear solution. It turns out aswell that this sheme is the losest one to the numerial simulations of Set. 4.3.2.This orretion is given by:
a2(p) = 8

3 − 2
√

2

4d + 6 −
√

2 + 1−p
p 8

√
2(d− 1)

. (4.26)In the limiting ase of pure annihilation p→ 1, one reovers the result of Ref. [39℄.



4.3. THE FIRST SONINE CORRECTION 59Inserting this result into the de�nition Eqs. (4.15), we obtain the deay exponents
ξ and γ = 1 − ξ. In the limit p → 0+, we note that a2 vanishes, as may have beenantiipated: the veloity distribution then beomes lose to its elasti Maxwellianounterpart that holds for p = 0. In this limit, the deay exponent is ξ = 4d/(4d+1),as onjetured in [70℄. We emphasize that the limit p → 0 is singular: ξ is boundedfrom above by 4d/(4d+ 1) for any p > 0, whereas ξ vanishes for p = 0. It is thereforeimportant to exlude p = 0 from the limit of small annihilation probabilities p inorder to get well behaved limiting expressions.4.3.2 Simulation resultsWe implement a diret Monte-Carlo simulation (DSMC) sheme in order to solve theBoltzmann equation. The algorithm may brie�y be desribed as follows. We hooseat random two di�erent partiles {i, j}. If their veloity is suh that ω = vij · σ̂ > 0,they may ollide. Time is subsequently inreased by (N2ω)−1, where N is the numberof remaining partiles. With probability p the two partiles are then removed from thesystem, and with probability 1 − p their veloity is modi�ed aording to Eqs. (4.5).For more details on the method see [39, 88, 89, 105, 106℄. As the number of partilesdereases, the statistis at late times su�ers from enhaned noise. It is thus neessaryto average over many independent realizations.In dimension one, the dynamis of annihilation reates strong orrelations betweenpartiles [63, 64℄. This preludes a Boltzmann approah that relies on the moleularhaos assumption. We will thus fous on numerial simulations of two-dimensionalsystems, and we expet the role of orrelations to diminish when the dimensionalityinreases.4.3.2.1 First Sonine orretionMaking use of the relation between a2 and the fourth umulant of the resaled veloitydistribution [79℄

a2 =
4

d(d+ 2)
〈c4〉 − 1, (4.27)we show in Fig. 4.1 the numerial values of the �rst Sonine orretion a2 for di�erentvalues of p. The agreement with Eq. (4.26) is good in most ases.It turns out that the disrepany between Eq. (4.26) and DSMC is mainly due tothe limit method of omputing a2. This method yields a very preise distribution f̃in the relevant region of interest in the framework of a Sonine polynomial expansion,namely the small veloity region. On the other hand, it is less aurate in the lessinteresting high veloity region, hene the disrepany (see Chap. 3 or [75℄).4.3.2.2 Deay exponentsPlotting the density n/n0 (and the root-mean-squared veloity v/v0) as a funtion oftime t on a log-log plot gives the deay exponents (see Fig. 4.2).
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Figure 4.3: The time dependene in two dimensions of n and v (inset) on a logarithmisale for p = 0.6 and a Gaussian initial veloity distribution, showing a lear powerlaw behavior. The straight line is the linear interpolation giving the deay exponent.
N0 (N) is the initial (remaining) number of partiles. We have denoted v0 the initialroot-mean-square veloity v. The same quantity is denoted v for t > 0. The deviationobserved for large times is due to the low number of remaining partiles.The numerial results are in agreement with the analytial preditions obtainedfrom the set of Eqs. (4.24) and (4.25) that is inserted in Eq. (4.15). The preditedpower-law behavior is observed over several deades, as shown by Fig. 4.3 for p = 0.5.In Fig. 4.4, we show that the saling relation ξ+γ = 1 is well obeyed for all valuesof p. Suh a relation holds in fat independently of the moleular haos assumptionunderlying the Boltzmann equation.4.3.2.3 Evolution toward the asymptoti distributionIn order to have a more preise understanding and auray hek of our results, it isuseful to study the veloity distribution in the saling regime. Indeed, the distributionmay be adequately desribed by the Sonine orretion a2 at late times only. Beforethe saling regime is reahed, the veloity distribution f̃(c1) is time-dependent. Avery preise hek onsists in studying the evolution of the non-Gaussianities. To thisend, it is useful to onsider numerially the quantity f̃(ci)/M̃(ci) = 1 + a2S2(ci).Fig. 4.5 shows the evolution of f̃(ci)/M̃(ci) for di�erent times orresponding to dif-ferent densities, starting from an initial Gaussian distribution.It turns out that both methods of omputing a2 [diretly using its de�nitionin terms of the fourth umulant (4.27) or using f̃(ci)/M̃(ci)℄, are fully ompatiblenumerially. However, the latter method requires muh more extensive simulations.It is instrutive to investigate the evolution toward the asymptoti solution starting
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f̃ (µ=0)(c1)/f̃

(µ=3)(c1) = [1 + a
(µ=0)
2 ]/[1 + a

(µ=3)
2 ].The ratio tends to unity, whih implies that a(µ=0)

2 = a
(µ=3)
2 . Moreover, we hekedthat for the negative value µ = −3/2, the same onlusion holds. The onvergeneis however slower due to the divergene of the initial distribution near the veloityorigin. We thus onjeture that not only the �rst Sonine oe�ient of probabilistiannihilation but also the full veloity distribution (and hene, all deay exponents)show an universal property in the sense that they do not depend on the initial veloitydistribution if 0 < p < 1. This is a nontrivial result sine it was shown that this isnot true in the ase of pure annihilation p = 1 [70℄.Finally, in order to larify the relevane of the saling funtion, we studied thefourth umulant a2 as a funtion of N0/N , for the same parameters as those in
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66 CHAPTER 4. PROBABILISTIC BALLISTIC ANNIHILATIONThe relation ξ+γ = 1 was shown to hold for all values of p. The study of the dynam-is of non-Gaussianities embodied in a2S2 reveals a qualitative di�erene with pureannihilation dynamis: the parameter µ desribing the small veloity behavior of theresaled distribution is not onserved for probabilisti annihilation when 0 < p < 1.Numerial results for di�erent values of µ leads to onjeture the universality of theresaled veloity distribution in this proess (this universality being lost for pureannihilation only, i.e., for p = 1).4.4 The hydrodynami desriptionSine the notations in this setion are quite involved, Appendix A.4 ontains a sum-mary of the notations used.We now onsider a loal inhomogeneity of the distribution funtions.1 Thus theBoltzmann equation (4.1) now reads
(∂t + v1 · ∇)f(r,v1; t) = pJa[f, f ] + (1 − p)Jc[f, f ], (4.28)where the annihilation operator Ja is de�ned by [39℄
Ja[f, g] = −σd−1β1

∫

Rd

dv2 v12f(r,v2; t)g(r,v1; t), (4.29)where β1 is given by Eq. (4.4) and the elasti ollision operator Jc is de�ned by [103,95, 102℄
Jc[f, g] = σd−1

∫

Rd

dv2

∫
dσ̂ (σ̂ · v12)θ(σ̂ · v12)(b

−1 − 1)g(r,v1; t)f(r,v2; t). (4.30)4.4.1 Balane equationsIn order to write hydrodynami equations, we need to de�ne the following loal hy-drodynami �elds:
n(r, t) =

∫

Rd

dv f(r,v; t), (4.31a)
u(r, t) =

1

n(r, t)

∫

Rd

dv vf(r,v; t), (4.31b)
T (r, t) =

m

n(r, t)kBd

∫

Rd

dvV2f(r,v; t), (4.31)where n(r, t), u(r, t), and T (r, t) are the loal number density, veloity, and tem-perature, respetively. The de�nition of the temperature follows from the prini-ple of equipartition of energy. In Eq. (4.31), kB is the Boltzmann onstant and
V = v − u(r, t) is the deviation from the mean �ow veloity. The balane equations1The alulations of this setion may be found in even more details in [107℄.



4.4. THE HYDRODYNAMIC DESCRIPTION 67follow from integrating the moments 1, mv, and mv2/2 with weight given by theBoltzmann equation (4.28). We thus obtain (see App. A.5)
∂tn+ ∇i(nui) = −pω[f, f ], (4.32a)
∂tui +

1

mn
∇jPij + uj∇jui = −p 1

n
ω[f, Vif ], i = 1, . . . , d, (4.32b)

∂tT + uj∇jT +
2

nkBd
(Pij∇iuj + ∇jqj) = p

T

n
ω[f, f ]− p

m

nkBd
ω[f, V 2f ], (4.32)where we have summation over repeated indies, u = (u1, . . . , ud), and

ω[f, g] = σd−1β1

∫

R2d

dv1dv2|v12|g(r1,v1; t)f(r2,v2; t). (4.33)In the balane equations (4.32), the pressure tensor Pij and heat-�ux qi are de�nedby
Pij(r, t) = m

∫

Rd

dvViVjf(r,v; t) =

∫

Rd

dv f(r,v; t)Dij(V) +
n

β
δij , (4.34)

qi(r, t) =

∫

Rd

dvSi(V)f(r,v; t), (4.35)where
Dij(V) = m

(
ViVj −

V 2

d
δij

)
, (4.36)

Si(V) =

(
m

2
V 2 − d+ 2

2
kBT

)
Vi. (4.37)One sees from Eqs. (4.32) that when the annihilation probability p→ 0, all quantitiesare onserved. In addition, the long time solution of the system in this limit is givenby the Maxwell distribution [52℄.4.4.2 Chapman-Enskog solutionIn order to solve Eqs. (4.32), it is neessary to obtain a losed set of equations forthe hydrodynami �elds. This an be done using the Chapman-Enskog method, byexpressing the funtional dependene of the pressure tensor Pij and of the heat �ux

qi in terms of the hydrodynami �elds. Note that other routes have been developedas well [103, 108℄. A thorough omparison of the di�erent approahes seems howeverto be a di�ult attempt [108℄. In order to apply the Chapman-Enskog method, itis neessary to make two assumptions. The �rst one is that all temporal and spatialdependene of the distribution funtion f(r,v; t) may be expressed as a funtionaldependene on the hydrodynami �elds:
f(r,v; t) = f [v, n(r, t),u(r, t), T (r, t)] . (4.38)What is the physial justi�ation for the existene of suh a normal solution? Supposethat the variations of the hydrodynami �elds are small on the sale of the mean



68 CHAPTER 4. PROBABILISTIC BALLISTIC ANNIHILATIONfree path ℓ ≃ 1/(nσd−1), i.e., ℓ|∇ lnn| ≪ 1. Therefore, to �rst order the funtionaldependene of the distribution funtion may be made loal in the hydrodynami �elds,leading to the normal solution written above. Note that none of the hydrodynami�elds is assoiated with a onserved quantity. The theoretial question that arises isto know if the new timesales thereby introdued by the ooling rates are shorter thanwhat is allowed for the existene of a normal solution [48℄. For su�iently small pthis should be the ase. However, in the related ontext of granular gases, this pointis not yet quantitatively lari�ed and is still subjet to disussions [48, 49, 50℄. Thejusti�ation of the normal solution may be done a posteriori by studying the relevaneof the results through the appearane of the homogeneous ooling state (HCS) forexample [39, 51℄. The seond assumption is based on the existene of (at least) twodistint timesales. The mirosopi timesale is haraterized by the average ollisiontime and the spatial length de�ned by the orresponding mean free path. On theother hand, the marosopi timesale is de�ned by a typial timesale desribingthe evolution of the hydrodynami �elds and their inhomogeneities. The di�erenein those two timesales implies that on the mirosopi timesale the hydrodynami�elds vary only very slightly. Thus, those �elds are on suh time and spae salesonly very weakly inhomogeneous. This allows for a series expansion in orders of thegradients of the �elds:
f = f (0) + λf (1) + λ2f (2) + . . . , (4.39)where eah power of the formal small parameter λ means a given order in a spatialgradient. The formal parameter λ may be seen as the ratio of the mean free path tothe wavelength of the variation of the hydrodynami �elds. This shows again the ideaof the separation of both mirosopi and marosopi time and length sales. TheChapman-Enskog method assumes the existene of a timesale hierarhy, and thus ofa time derivative hierarhy as well:
∂

∂t
=
∂(0)

∂t
+ λ

∂(1)

∂t
+ λ2∂

(2)

∂t
+ . . . , (4.40)where a given order in the temporal hierarhy (4.40) orresponds to the same order inthe spatial hierarhy (4.39). One thus onludes that the higher the order of the spatialgradient, the slower the orresponding temporal variation. Inserting expansions (4.39)and (4.40) in the Boltzmann equation (4.28) one obtains


∑

k>0

λk ∂
(k)

∂t
+ v1 · ∇


∑

l>0

λlf (l)

= pJa


∑

l>0

λlf (l),
∑

l>0

λlf (l)


+ (1 − p)Jc


∑

l>0

λlf (l),
∑

l>0

λlf (l)


 . (4.41)Colleting the terms of a given order in λ and solving the equations order by orderallows us to build the Chapman-Enskog solution.



4.4. THE HYDRODYNAMIC DESCRIPTION 694.4.2.1 Zeroth orderTo zeroth order in the gradients, Eq. (4.41) gives
∂

(0)
t f (0) = pJa[f

(0), f (0)] + (1 − p)Jc[f
(0), f (0)]. (4.42)This equation has a solution, desribing the HCS, and whih obeys the saling relation

f (0)(r,v; t) =
n(t)

vT (t)d
f̃(c). (4.43)The approximate expression for f̃(c) was established in Se. 4.3.1.4 and is realled byEq. (4.65). In Eq. (4.43), vT = [2/(βm)]1/2 is the time dependent thermal veloity,where β = 1/(kBT ), and c = V/vT , V = v − u. The existene of a saling solutionof the form (4.43) seems to be a general feature that is on�rmed numerially (diretMonte-Carlo simulations or moleular dynamis) not only for ballisti annihilation [39℄or granular gases [41℄, but for the dynamis of ballisti aggregation as well [109, 110℄.The funtion f (0) is isotropi. Thus to this order the pressure tensor (4.34) be-omes P (0)

ij = p(0)δij , where p(0) = nkBT is the hydrostati pressure, and the heat-�ux (4.35) beomes q(0) = 0.The balane equations (4.32) to zeroth order read
∂tn = −pnξ(0)n , (4.44a)
∂tui = −pvT ξ

(0)
ui
, i = 1, . . . , d, (4.44b)

∂tT = −pTξ(0)T , (4.44)where the deay rates are
ξ(0)n =

1

n
ω[f (0), f (0)], (4.45a)

ξ(0)ui
=

1

nvT
ω[f (0), Vif

(0)], i = 1, . . . , d, (4.45b)
ξ
(0)
T =

m

nkBTd
ω[f (0), V 2f (0)] − 1

n
ω[f (0), f (0)], (4.45)For antisymmetry reasons, one sees from Eq. (4.45b) that ξ(0)ui = 0. The two otherdeay rates are given later on by Eqs. (4.68).4.4.2.2 First orderTo �rst order in the gradients, the Boltzmann equation (4.41) reads

[∂
(0)
t + J ]f (1) = −[∂

(1)
t + v1 · ∇]f (0), (4.46)where

Jf (1) = pLa[f
(0), f (1)] + (1 − p)Lc[f

(0), f (1)], (4.47)
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La[f

(0), f (1)] = −Ja[f
(0), f (1)] − Ja[f

(1), f (0)], (4.48)
Lc[f

(0), f (1)] = −Jc[f
(0), f (1)] − Jc[f

(1), f (0)]. (4.49)The balane equations (4.32) to �rst order beome
∂

(1)
t n+ ∇i(nui) = −pnξ(1)n , (4.50a)
∂

(1)
t ui +

kB

mn
∇i(nT ) + uj∇jui = −pvT ξ

(1)
ui
, i = 1, . . . , d, (4.50b)

∂
(1)
t T + ui∇iT +

2

d
T∇iui = −pTξ(1)T , (4.50)where the deay rates are given by

ξ(1)n =
2

n
ω[f (0), f (1)], (4.51a)

ξ(1)ui
=

1

nvT
ω[f (0), Vif

(1)] +
1

nvT
ω[f (1), Vif

(0)], i = 1, . . . , d, (4.51b)
ξ
(1)
T = − 2

n
ω[f (0), f (1)] +

m

nkBTd
ω[f (0), V 2f (1)] +

m

nkBTd
ω[f (1), V 2f (0)]. (4.51)By de�nition we know that f (1) must be of �rst order in the gradients of thehydrodynami �elds, therefore for a low density gas [57℄

f (1) = Ai∇i lnT + Bi∇i lnn+ Cij∇jui. (4.52)The oe�ients Ai, Bi, and Cij depend on the �elds n, V, and T . Inserting Eq. (4.52)in Eq. (4.46) and making use of Eqs. (4.38), (4.43), and (4.44) one obtains the followingset of equations for Ai, Bi, and Cij (see Appendix A.6):
{
−p
[
ξ
(0)
T T∂T + ξ(0)n n∂n + 1

2ξ
(0)
T

]
+ (J − pΩ)

}
Ai − p1

2ξ
(0)
n Bi = Ai, (4.53a)

{
−p
[
ξ
(0)
T T∂T + ξ(0)n n∂n + ξ

(0)
T

]
+ (J − pΩ)

}
Bi − pξ

(0)
T Ai = Bi, (4.53b)

{
−p
[
ξ
(0)
T T∂T + ξ(0)n n∂n

]
+ (J − pΩ)

}
Cij = Cij, (4.53)where

Ai =
Vi

2

∂

∂Vj
[Vjf

(0)] − kBT

m

∂f (0)

∂Vi
, (4.54a)

Bi = −Vif
(0) − kBT

m

∂f (0)

∂Vi
, (4.54b)

Cij =
∂

∂Vi
[Vjf

(0)] − 1

d

∂

∂Vk
[Vkf

(0)]δij , (4.54)and Ω is a linear operator de�ned by
Ωg = f (0)ξ(1)n [f (0), g] − ∂f (0)

∂Vi
vT ξ

(1)
ui

[f0, g] +
∂f (0)

∂T
Tξ

(1)
T [f (0), g], (4.55)



4.4. THE HYDRODYNAMIC DESCRIPTION 71where g is either Ai, Bi, or Cij , and the funtionals ξ(1)n , ξ(1)ui , and ξ(1)T are obtainedfrom Eqs. (4.51) upon replaing f (1) by g. It is possible to show that from Eqs (4.54)the solubility onditions ensuring the existene of the funtions Ai, Bi, and Cij aresatis�ed (see App. A.7).4.4.2.3 Navier-Stokes transport oe�ientsThe hydrodynami desription of the �ow requires the knowledge of transport oe�-ients. The onern of the present setion is to determine the form and oe�ients ofthe onstitutive equations. This an thus be ahieved by linking those marosopitransport oe�ients with their mirosopi de�nition. Using a �rst order Soninepolynomial expansion, it is then possible to �nd expliitly the transport oe�ientsto �rst order. This will allow us to express the funtions Ai, Bi, and Cij in terms ofthe transport oe�ients, thus determining the distribution funtion f (1).The pressure tensor may be put in the form
Pij(r, t) = p(0)δij − η

(
∇iuj + ∇jui −

2

d
δij∇kuk

)
− ζδij∇kuk, (4.56)where p(0) = nkBT is the ideal gas pressure, and η is the shear visosity. For a lowdensity gas, the bulk visosity ζ vanishes therefore the last term in the pressure tensormay be negleted [57, 111, 48℄. Fourier's linear law for heat ondution is

qi = −κ∇iT − µ∇in, (4.57)where κ is the thermal ondutivity and µ a transport oe�ient that has no analoguein the elasti ase. A similar quantity appears for granular gases, whih again is non-vanishing in the inelasti ase only [24, 112℄.The identi�ation of Eq. (4.56) with Eq. (4.34) using the result of the �rst-orderalulation yields
P

(1)
ij =

∫

Rd

dvDij(V)f (1). (4.58)Similarly, the identi�ation of Eq. (4.57) with Eq. (4.35) using the �rst-order alu-lation leads to
q
(1)
i =

∫

Rd

dvSi(V)f (1). (4.59)The main steps of the alulation are shown in Appendix A.8, and the result is
η∗ =

η

η0
=

1

ν∗η − 1
2pξ

(0)∗
T

, (4.60a)
κ∗ =

κ

κ0
=

1

ν∗κ − 2pξ
(0)∗
T

[
1

2
pξ(0)∗n µ∗ +

d− 1

d
(2a2 + 1)

]
, (4.60b)

µ∗ =
nµ

Tκ0
=

2

2ν∗µ − 3pξ
(0)∗
T − 2pξ

(0)∗
n

[
pξ

(0)∗
T κ∗ +

d− 1

d
a2

]
, (4.60)
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a2 =

4

d(d + 2)

1

v4
Tn

∫

Rd

dV f (0)(V ) − 1, (4.61)and
κ0 =

d(d + 2)

2(d − 1)

kB

m
η0, (4.62)

η0 =
d+ 2

8

Γ(d/2)

π(d−1)/2

√
mkBT

σd−1
, (4.63)are the thermal ondutivity and shear visosity oe�ients for hard-spheres, respe-tively [5℄. ξ(0)∗n = ξ

(0)
n /ν0 and ξ(0)∗T = ξ

(0)
T /ν0 are the dimensionless deay rates, where

ν0 = p(0)/η0, with p(0) = nkBT . The dimensionless oe�ients ν∗η , ν∗κ, and ν∗µ aregiven by
ν∗κ =

1

ν0

∫
Rd dVSi(V)JAi∫
Rd dVSi(V)Ai

− p
1

ν0

∫
Rd dVSi(V)ΩAi∫
Rd dV Si(V)Ai

, (4.64a)
ν∗µ =

1

ν0

∫
Rd dVSi(V)JBi∫
Rd dVSi(V)Bi

− p
1

ν0

∫
Rd dVSi(V)ΩBi∫
Rd dVSi(V)Bi

, (4.64b)
ν∗η =

1

ν0

∫
Rd dVDij(V)JCij∫
Rd dVDij(V)Cij

− p
1

ν0

∫
Rd dVDij(V)ΩCij∫
Rd dVDij(V)Cij

. (4.64)It must be emphasized that the above results are still exat within the Chapman-Enskog expansion framework. However, the relations (4.64) and the deay rates (4.45)annot be evaluated analytially without approximations. For this purpose, we �rstonsider the Sonine expansion for f (0). We have shown in Se. 4.3.1.4 that to �rstnon-Gaussian ontribution in Sonine polynomials the distribution f (0) reads
f (0)(V) =

n

vd
T

M̃
(
V

vT

){
1 + a2

[
1

2

(
V

vT

)4

− d+ 2

2

(
V

vT

)2

+
d(d+ 2)

8

]} (4.65)where
M̃
(
V

vT

)
=

1

πd/2
e−V 2/v2

T (4.66)is the Maxwellian and
a2 = 8

3 − 2
√

2

4d+ 6 −
√

2 + 1−p
p 8

√
2(d− 1)

. (4.67)The oe�ient a2 was shown to be in very good agreement with diret Monte-Carlosimulations [52℄. The relation (4.65) allows us to ompute the deay rates (see Ap-pendix A.9):
ξ(0)∗n =

d+ 2

4

(
1 − a2

1

16

)
, (4.68a)

ξ
(0)∗
T =

d+ 2

8d

(
1 + a2

8d+ 11

16

)
. (4.68b)



4.4. THE HYDRODYNAMIC DESCRIPTION 73Next, we retain only the �rst order in a Sonine polynomial expansion applied to A,
B, and C (see App. A.10). We thus have

A(V) = a1M(V)S(V), (4.69a)
B(V) = b1M(V)S(V), (4.69b)
C(V) = c0M(V)D(V), (4.69)where a1, b1, and c0 are the oe�ients of the development. This allows us toompute the relations (4.64). For this purpose, as already shown the probabilistiollision operator J given by Eq. (4.47) an be split into the sum of an annihilationoperator and of a ollision operator. Eah ontribution may thus be treated separately.Therefore we make use of previous alulations for the ollision proess [99℄. Thealulations for the annihilation operator are shown in Appendix A.11, and the �nalresults read

ν∗κ = ν∗µ = p
1

32d

[
16 + 27d+ 8d2 + a2

2880 + 1544d − 2658d2 − 1539d3 − 200d4

32d(d + 2)

]

+(1 − p)
d− 1

d

(
1 + a2

1

32

)
, (4.70a)

ν∗η = p
1

8d

[
3 + 6d+ 2d2 − a2

278 + 375d + 96d2 + 2d3

32(d+ 2)

]

+(1 − p)

(
1 − a2

1

32

)
. (4.70b)One may hek that these expressions approah unity when p → 0. The transportoe�ients are thus found from Eqs. (4.60) using Eqs. (4.62), (4.63), (4.67), (4.68),and (4.70).In order to establish the deay rates to �rst order, one needs the distribution f (1)(see Appendix A.12):

f (1)(V) = −β
3

n
M(V)

[
2m

d+ 2
Si(V) (κ∇iT + µ∇in) +

η

β
Dij(V)∇jui

]
. (4.71)4.4.2.4 Hydrodynami equationsThe pressure tensor and the heat �ux de�ned by Eqs. (4.56) and (4.57), respetively,are of order one in the gradients. Thus their insertion in the balane equations (4.32)yields ontributions of order two in the gradients. Consequently there are seond orderterms (so alled Burnett order) that ontribute to the �rst order (so alled Navier-Stokes order) transport oe�ients, and the knowledge of the distribution f (2) is thusneessary. Indeed, use was made of the zeroth order relations Pij = p(0)δij and qi = 0to establish the balane equation for energy (4.50). However, it was shown in theframework of the weakly inelasti gas � onsequently for an elasti gas � that thoseBurnett ontributions were three orders of magnitude smaller than the Navier-Stokesontributions [24℄. For the sake of simpliity, we will here neglet those seond orderontributions. For small annihilation probabilities p, this approximation is thus likely



74 CHAPTER 4. PROBABILISTIC BALLISTIC ANNIHILATIONto be justi�ed. However, we have a priori no ontrol on the error made when theannihilation probability p is lose to unity.The hydrodynami Navier-Stokes equations are given by
∂tn+ ∇i(nui) = −pn[ξ(0)n + ξ(1)n ], (4.72a)
∂tui +

1

mn
∇jPij + uj∇jui = −pvT ξ

(1)
ui
, i = 1, . . . , d, (4.72b)

∂tT + ui∇iT +
2

nkBd
(Pij∇iuj + ∇iqi) = −pT [ξ

(0)
T + ξ

(1)
T ], (4.72)where the deay rates ξ(0)n and ξ(0)T are given by Eqs. (4.68a) and (4.68b), respetively.

Pij and qj are given by Eqs. (4.56) with ζ = 0, and (4.57) respetively. The rates
ξ
(1)
n , ξ(1)ui , and ξ

(1)
T may be alulated using their de�nition (4.50) and the distribu-tion (4.71). We �nd (see Appendix A.13):

ξ(1)n = 0, (4.73a)
ξ(1)ui

= −vT

(
κ∗

1

T
∇iT + µ∗

1

n
∇in

)
ξ∗u, (4.73b)

ξ
(1)
T = 0, (4.73)where

ξ∗u =
(d+ 2)2

32(d − 1)

[
1 + a2

−86 − 101d + 32d2 + 88d3 + 28d4

32(d + 2)

]
. (4.74)We thus have a losed set of equations for the hydrodynami �elds to the Navier-Stokes order.4.4.3 Stability analysisThe hydrodynami Eqs. (4.72) form a set of �rst order nonlinear partial di�erentialequations that annot be solved analytially in general. However, their linear stabilityanalysis allows us to answer the question of formation of inhomogeneities. The sopeof the present study is to �nd under whih onditions the homogeneous solution tozeroth order, i.e., the HCS, is unstable under spatial perturbations. To this end weonsider a small deviation from the HCS and the linearization of Eqs. (4.72) in thelatter perturbation. Eqs. (4.44) give the time evolution of the HCS, whih is foundto be (see App. A.14)

nH(t) = n0

(
1 + p

t

t0

)−γn

, (4.75a)
TH(t) = T0

(
1 + p

t

t0

)−γT

, (4.75b)where the deay exponents are γn = ξ
(0)
n (0)t0, γT = ξ

(0)
T (0)t0, and the relaxationtime t−1

0 = ξ
(0)
n (0) + ξ

(0)
T (0)/2. The subsript H denotes a quantity evaluated inthe homogeneous state. The density and temperature �elds of the HCS are thus



4.4. THE HYDRODYNAMIC DESCRIPTION 75dereasing monotonously in time, with exponents that depend on the annihilationprobability through the kurtosis of the veloity distribution. The expliit expressionof the deay exponents may be obtained straightforwardly using Eqs. (4.68).The linearization proedure used here follows the same route as the method usedfor granular gases [24℄. We de�ne the deviations of the hydrodynami �elds from theHCS by
δy(r, t) = y(r, t) − yH(t), (4.76)where y = {n,u, T}. Inserting the form (4.76) in Eqs. (4.73) yields di�erential equa-tions with time-dependent oe�ients. In order to obtain oe�ients that do notdepend on time, it is neessary to introdue the new dimensionless spae and timesales de�ned by
l =

1

2
ν0H(t)

√
m

kBTH(t)
r, (4.77a)

τ =
1

2

∫ t

0
ds ν0H(s), (4.77b)as well as the dimensionless Fourier �elds

ρk(τ) =
δnk(τ)

nH(τ)
, (4.78a)

wk(τ) =

√
m

kBTH(τ)
δuk(τ), (4.78b)

θk(τ) =
δTk(τ)

TH(τ)
, (4.78)where

δyk(τ) =

∫

Rd

dl e−ik·lδy(l, τ). (4.79)From Eq. (4.77a), it appears that lengths are made dimensionless making use ofthe time dependent mean free path as a referene sale. Making use of Eqs. (4.78)and (4.77) in Eqs. (4.72), the linearized hydrodynami equations read (see App. A.15)
[
∂

∂τ
+ 2pξ(0)∗n

]
ρk(τ) + pξ(0)∗n θk(τ) + ikwk‖

(τ) = 0, (4.80a)
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]
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1 − pξ∗uκ

∗
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= 0, (4.80b)
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∂τ
− pξ
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1
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]
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(τ) = 0, (4.80)
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∂

∂τ
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(0)∗
T +

d+ 2

2(d − 1)
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]
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+
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2pξ

(0)∗
T +

d+ 2

2(d− 1)
µ∗k2

]
ρk(τ) +

2

d
ikwk‖

(τ) = 0, (4.80d)
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and wk⊥

are the longitudinal and transverse part of the veloity vetorde�ned by wk‖
= (wk · êk)êk and wk⊥

= wk−wk‖
, where êk is the unit vetor alongthe diretion given by k. Eq. (4.80) for the shear mode is deoupled from the otherequations and an be integrated diretly so that

wk⊥
(τ) = wk⊥

(0) exp[s⊥(p, k)τ ], (4.81)where
s⊥(p, k) = pξ

(0)∗
T − 1

2
η∗k2. (4.82)The transversal veloity �eld wk⊥

lies in the (d− 1) dimensional vetor spae that isorthogonal to the vetor spae generated by k, and therefore the mode s⊥ identi�es
(d − 1) degenerated perpendiular modes. The longitudinal veloity �eld wk‖

lies inthe vetor spae of dimension one generated by k. Hene there are three hydrodynami�elds to be determined, namely the density ρk, temperature θk, and longitudinalveloity �eld wk‖
= wk‖

êk. The linear system thus reads


ρ̇k
ẇk‖

θ̇k


 = M ·



ρk
wk‖

θk


 , (4.83)with the hydrodynami matrix

M =




−2pξ
(0)∗
n −ik −pξ(0)∗n

−ik(1 − pξ∗uµ
∗) pξ

(0)∗
T − d−1

d η∗k2 −ik(1 − pξ∗uκ
∗)

−2pξ
(0)∗
T − d+2

2(d−1)µ
∗k2 −2

d ik −pξ(0)∗T − d+2
2(d−1)κ

∗k2


 . (4.84)The orresponding eigenmodes are given by ϕn(k) = exp[sn(p, k)τ ], n = 1, . . . , 3,where sn(p, k) are the eigenvalues of M. Eah of the three �elds above is a linearombination of the eigenmodes, thus only the biggest real part of the eigenvalue

sn(p, k) has to be taken into aount to disuss the limit of marginal stability of theparallel mode of the veloity �eld. Fig. 4.10 shows the real part of the eigenvalues for
p = 0.1 and d = 3 (obtained numerially).One may identify three regions from the dispersion relations. We �rst de�ne k⊥(dimensionless) by the ondition ℜ[s⊥(k⊥, p)] = 0 (ℜ denotes the real part), i.e.,

k⊥ =

√
2pξ

(0)∗
T

η∗
, (4.85)and k‖ by maxk‖

ℜ[s‖(k‖, p)] = 0 (the expression for k‖ is too umbersome to begiven here); we have k‖ < k⊥. Figure 4.11 shows the dependene of k⊥ and k‖ asa funtion of the annihilation probability p. Then for all k > k⊥ all eigenvalues arenegative and therefore, aording to Eq. (4.81), orrespond to linearly stable modes.For k ∈ [k‖, k⊥] only the shear mode wk⊥
of the veloity �eld is linearly unstable. Inthe ase of granular gases in dimension larger than one this region exhibits veloityvorties [26, 27, 51, 113℄, with a possible subsequent non-linear oupling to density
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Figure 4.10: Real part of the eigenvalues in dimensionless units for probabilistiballisti annihilation with p = 0.1 and d = 3. The dispersion relation obtained fromEq. (4.82) is represented by a dashed line (labeled s⊥) whereas the three remainingrelations obtained upon solving Eq. (4.84) are represented by ontinuous lines (labeled
s‖).inhomogeneities. From ξ

(0)∗
T = ξ

(0)
T /ν0 and Eq. (4.77b) one may integrate Eq. (4.44)in order to �nd TH(τ) = TH(0) exp[−2pξ

(0)∗
T τ ]. Then equating Eqs. (4.78b) and (4.81),making use of the latter expression for TH(τ), of Eq. (4.82), and of Eq. (4.78b) for

τ = 0, one �nds
δuk⊥

(τ) = uk⊥
(0) exp

(
−1

2
η∗k2τ

)
. (4.86)The exponential deay in the redued variable τ translates in a power-law-like deayin the original variable t [sine the exponent k = k(t) depends itself on time℄. Indeed,the integration of Eq. (4.44) yields τ = − ln[TH(t)/TH(0)]/2ξ

(0)∗
T , that we replae inEq. (4.86) and make use of the homogeneous solution TH(t) given by Eq. (4.75b) inorder to �nally obtain

δuk⊥
(t) = uk⊥

(0)

(
1 + p

t

t0

)− η∗k2

4t∗
0

, (4.87)where t∗0 = t0/νH(0) is the dimensionless relaxation time. In the linear approximationthe perturbation of the transversal veloity �eld therefore deays even if s⊥(k, p) > 0.The resaled modes with k < k‖ are linearly unstable.However, a ruial point is that for any real (�nite) system, the wave-numbers arelarger than 2π/L (assuming a ubi box of size L), whih orresponds to a time de-pendent dimensionless wavenumber kmin = 2π/(Lnσd−1), whih inreases with timeas 1/n. This lower uto� therefore inevitably enters into the stable region kmin > k⊥,
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Figure 4.11: Wavenumber k⊥ and k‖ in dimensionless units as a funtion of theannihilation probability p for d = 3.so that an instability may only be a transient e�et. In other words, an unstablemode assoiated to a given value of k orresponds to a perturbation at a wavelengthwhih inreases with time in real spae, and ultimately beomes larger than systemsize. However, at late times, the Knudsen number de�ned as the ratio of mean freepath (whih is proportional to kmin) over system size, beomes large, whih shouldinvalidate a Navier-Stokes-like desription. Similarly, the present oarse-grained ap-proah is a priori restrited to low enough values of k. Given that k⊥ inreases quiterapidly with p (see Figure 4.11), the stable region k > k⊥ might orrespond to a�non-hydrodynami� regime when p is larger than some (di�ult to quantify) thresh-old. Conlusions onerning the stability of the system for suh parameters rely onthe validity of the hydrodynami desription (that ould be tested by Monte Carlo orMoleular Dynamis simulations) whih is beyond the sope of the present hapter.At this point, we onlude that the system may exhibit transient instabilities,but safe statements may only be made for very low values of p for whih k⊥ is lowenough to guarantee that the hydrodynami analysis holds. The stable region is thenultimately met irrespetive of system size.With the above possible restritions in mind, it is instrutive to onsider theounterpart of Figure 2.1 for �large� values of p (see Fig. 2.3). For p > 0.893 . . .,we obtain the unphysial result that some eigenvalues inrease and diverge uponinreasing k. This de�ieny, whih is a priori deoupled from the question of thevalidity of hydrodynamis or of the Chapman-Enskog proedure, might be asribableto the approximations made in the present alulations (Sonine expansion limited toleading non Gaussian order, together with a linear approximation with respet to thekurtosis a2).
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Figure 4.12: Real part of the eigenvalues in dimensionless units for probabilistiballisti annihilation with p = 0.95 and d = 3. The �gure aption is the same asfor Fig. 4.10.4.4.4 ConlusionsIn this hapter we onstrut a hydrodynami desription for probabilisti ballistiannihilation in arbitrary dimension d > 2, where none of the hydrodynami �elds anbe assoiated with a onserved quantity. The motivation is not only to disuss thepossibility of large-sale instabilities in suh a system, but also to provide the startingpoint for further (numerial) studies entered on the appliability of hydrodynamisto systems in whih there are no ollisional invariants. To this aim, we onsider thelow density and long time regimes in order to make use of the Boltzmann equationwith the homogeneous ooling state (HCS) as a referene state. The Chapman-Enskogmethod then allows us to build a systemati expansion in the gradients of the �elds,with an assoiated timesale hierarhy. We onsider only the �rst (Navier-Stokes)order in the gradients to build the hydrodynami equations desribing the dynam-is of probabilisti ballisti annihilation. The transport oe�ients and deay ratesare established from the mirosopi approah negleting Burnett ontributions andrestriting ourselves to the �rst non-Gaussian term in a Sonine expansion. We thenlinearize the hydrodynami equations around the HCS. The subsequent dispersionrelations inform on the range of the perturbation's wavelength and time-sales forwhih the system may exhibit density inhomogeneities.Interestingly, the behavior of the dispersion relations and of the wave-numbers
k⊥ and k‖ is qualitatively similar to its ounterpart obtained for (inelasti) granulargases [24, 114℄. This leads us to onlude that some features of those models donot depend on the details of the dynamis, but rather on the parameter ontrollingthe dissipation (referring to the existene of non onserved quantities) in the system,namely p [or (1 − α2) in the ase of granular gases, where α is the restitution oe�-



80 CHAPTER 4. PROBABILISTIC BALLISTIC ANNIHILATIONient℄. However, a spei� feature of our model is that the mean free path inreasesrapidly with time. Consequently, even if the stability analysis leads us to the onlu-sion that this feature drives the system in a region where the homogeneous solutionwith a vanishing �ow �eld is stable, the assoiated Knudsen numbers may be too largeto validate our oarse-grained approah. At very small values of p however, the stableregion (k > k⊥ with the notations of setion 4.4.3) should be relevant, but then, thee�ets of transient instabilities in the ase where the system is large enough to allowfor kmin < k⊥ or kmin < k‖ seem di�ult to assess.Another point to emphasize is the amplitude of the dissipation in the system,whih appears through the deay rates of the hydrodynami �elds. Again, there mustbe a lear separation between the marosopi timesales desribed by those deayrates, and between the mirosopi timesales. This separation of sales is requiredin the hydrodynami approah in order to make use of the hydrodynami �elds n,
u, and T that are assoiated with non onserved quantities. The deay rates havingthe dimension of the inverse of a time, their inverse thus de�nes a timesale. Ifthose deay rates inrease, the assoiated timesales deay. In our ase, we learlyintrodue three suh timesales that are supposed to be marosopi; one for eah non-onserved �eld. It is therefore required that the maximum of these deay rates de�nesa marosopi timesale that is muh bigger than the mirosopi one. Neverthelessthose deay rates inrease as a funtion of the annihilation probability, hene thederease of the assoiated timesale. One question that arises is to determine forwhih value of p the smallest timesale introdued by the deay rates is of the orderof the mirosopi timesale � whih inreases as a funtion of time beause of thedereasing density of partiles remaining in the system. When this is the ase, thehydrodynami desription beomes irrelevant and one may not make use of the �elds
n, v, and T any more. As the parameter p ontrols the dissipation in the system,the question at hand here �left for future work� is reminisent of the ontroversialissue of the validity of hydrodynamis for granular gases with �low� oe�ients ofrestitution. Probabilisti ballisti annihilation is a partiularly well suited system totreat this problem by omparison to granular gases sine the phenomenon of granularollapse is absent. The subsequent orrelations that may arise are therefore absentfor probabilisti ballisti annihilation.



Chapter 5Maxwell and very hard partilemodels for probabilisti ballistiannihilation: hydrodynamidesription
5.1 Outline of the hapterThe hydrodynami desription of probabilisti ballisti annihilation, for whih noonservation laws hold, is an intriate problem with hard sphere-like dynamis forwhih no exat solution exists. We onsequently fous on simpli�ed approahes,the Maxwell and very hard partiles (VHP) models, whih allows us to omputeanalytially upper and lower bounds for several quantities. The purpose is to test thepossibility of desribing suh a far from equilibrium dynamis with simpli�ed kinetimodels. The motivation is also in turn to assess the relevane of some singular featuresappearing within the original model and the approximations invoked to study it. Thesaling exponents are �rst obtained from the (simpli�ed) Boltzmann equation, and areonfronted against Monte Carlo simulation (DSMC tehnique). Then, the Chapman-Enskog method is used to obtain onstitutive relations and transport oe�ients.The orresponding Navier-Stokes equations for the hydrodynami �elds are derivedfor both Maxwell and VHP models. We �nally perform a linear stability analysisaround the homogeneous solution, whih illustrates the importane of dissipation inthe possible development of spatial inhomogeneities. The ontent of this hapter isbased on Ref. [45℄.5.2 IntrodutionThe possibility to desribe in terms of hydrodynami equations the evolution of asystem where some physial quantities are not onserved is a hallenging problemof non-equilibrium statistial mehanis. Several questions have to be faed as for81



82 CHAPTER 5. MAXWELL AND VERY HARD PARTICLE MODELS . . .example the validity of the underlying kineti theory, the hoie of the hydrodynamial�elds that are supposed to desribe the relevant exitations in the problem, or theonsisteny of the method itself that is used to dedue the oarse-grained desriptionfrom the kineti theory. Muh attention has been reently paid to suh questions,mainly in the �eld of granular gas dynamis (see, e.g., [12, 48, 104, 115℄). In suhsystems, the kineti energy is not onserved, while the linear momentum and numberof partiles are. However, even for low dissipation, the derivation of the hydrodynamirelations, based on a hard-sphere-like Boltzmann equation is not a simple task andseveral approximations have to be invoked [48℄. These di�ulties lead to onsidersome simpler models by hoosing ad-ho ollision term in the Boltzmann equation.The so-alled Maxwell and very hard partiles (VHP) models [116, 117, 118℄ arepartiularly interesting and reprodue some qualitative features of the granular gasof inelasti hard spheres [41, 119, 120, 121, 122, 123℄.Another lass of problems for whih not only energy but also the density andmomentum are not onserved is probabilisti ballisti annihilation (PBA). In suha system, the partiles move ballistially between ollisions. When two partilesmeet, they undergo an instantaneous ollision and are removed from the system withprobability p or undergo an elasti sattering with probability (1−p). Sine ollisionsare assumed to be instantaneous, two body events only are taken into aount. ThePBA model was �rst introdued in one dimension in [91℄. In the limit p → 0, wheredensity, momentum and kineti energy are onserved, one reovers a system of hardspheres for whih the hydrodynami equations are well known [7, 96, 97℄. The otherlimit p = 1 (pure annihilation) has been the objet of some work [39, 40, 43, 58, 59,60, 62, 65, 68, 70℄. It was shown that in the long time limit the annihilation dynamisis exatly desribed by the Boltzmann equation in dimensions higher than one [39℄.This may qualitatively be understood by the fat that the density of the gas deaysand, at late times, the paking fration is very low. This fat lead to onjeture thatthe Boltzmann equation is an adequate desription of PBA at late times for p > 0 [52℄.Given that p may be onsidered as a perturbation parameter allowing to reoverthe elasti limit, the PBA model is partiularly interesting in view of testing therelevane and validity of the hydrodynami desription in general, whih is a on-troversial issue. The analytial treatment with usual hard sphere dynamis howeverappears to be quite involved [53℄, and we study here the simpli�ed Maxwell and VHPversions of PBA. The motivation is here is not only to test the ability of simpli�edkineti models to mimi the hard sphere dynamis for a model far from equilibrium(and with no onserved quantity, a more severe situation than that of granular gases)but also to shed some light on some peuliar features obtained in the hydrodynamistudy of Ref. [53℄. In partiular, this work exhibited divergent transport oe�ientsfor a ritial value of p. We will see that suh singularities are absent in the simpli-�ed approahes, whih may indiate that they are not assoiated with any physiallyrelevant phenomenon. It will also appear that Maxwell and VHP approahes provideuseful bounds for the hard sphere dynamis, so that similar inequalities as those foundin [43, 44℄ onerning the saling exponents an be obtained.The hapter is organized as follows. In setion 5.3 we introdue the Boltzmannequation for both Maxwell and VHP models of probabilisti ballisti annihilation, as



5.3. THE BALANCE EQUATIONS 83well as the balane equations for the oarse-grained �elds. In setion 5.4 we brie�ydesribe the Chapman-Enskog sheme while setion 5.5 is devoted to the Maxwellmodel. We �rst �nd the homogeneous state, and solve the orresponding homoge-neous balane equations. To �rst order in the Chapman-Enskog expansion we thenstudy the e�et of a small spatial inhomogeneity. We follow the traditional routeto ompute the transport oe�ients, whih onsists in trunating the �rst-orderveloity distribution funtion to the �rst nonzero term in a Sonine polynomial expan-sion [53℄. We then show that this trunation does not onstitute an approximation forthe transport oe�ients sine they an be obtained by solving the Maxwell modelexatly to �rst order. The VHP model is subsequently investigated in setion 5.6.We �rst �nd the homogeneous ooling state, and then solve the orresponding ho-mogeneous equations. We implement Monte Carlo simulations in order to hek thedeay exponents found analytially. Next, we establish the transport oe�ients to�rst order in the Chapman-Enskog expansion before presenting a omparison of thetransport oe�ients of the di�erent models. In Se. 5.7 we �nally perform a linearstability analysis of the Navier-Stokes hydrodynami equations around the spatiallyhomogeneous state, and ompare the results with PBA of hard spheres. Our main�ndings and onlusions are summarized in setion 5.8.Sine the underlying alulations of this hapter are umbersome, we present onlythe main steps in order to fous onto the more relevant results. Further tehnialdetails or explanations may be found in Chapter 4 [53℄ and Appendix A.4 ontains asummary of the notations used.5.3 The Balane EquationsThe Boltzmann equation for the one partile distribution f(r,v; t) of partiles anni-hilating upon ollision with probability p reads
(∂t + v1 · ∇)f(r,v1; t) = pJa[f, f ] + (1 − p)Jc[f, f ], (5.1)where Ja is the annihilation operator de�ned by

Ja[f, g] = −σd−1φ(x)v1−x
T g(r,v1; t)

∫Rd

dv2 v
x
12f(r,v2; t) (5.2)and Jc is the ollision operator:

Jc[f, g] = σd−1φ(x)v1−x
T

Sd

∫Rd

dv2 v
x
12

∫
dσ̂ (b−1 − 1)g(r,v1; t)f(r,v2; t). (5.3)In these equations, d denotes the spatial dimension, v12 = |v1 −v2| is the modulus ofthe relative veloity, Sd = 2πd/2/Γ(d/2) is the solid angle surfae, Γ the Euler gammafuntion, vT =

√
2/βm the time-dependent thermal veloity, β = (kBT )−1, σ is thediameter of the partiles, σ̂ is a unit vetor joining the enters of two partiles andthe orresponding integral is running over the solid angle. Finally, b−1 an operatorating on the veloities as given by Eqs. (4.5). The hoie x = 0 (x = 2) orrespondsto the Maxwell (VHP) model, respetively. For hard sphere dynamis, that would



84 CHAPTER 5. MAXWELL AND VERY HARD PARTICLE MODELS . . .orrespond to x = 1, the relative veloity v12 gives the rate of ollision and its presenemakes analytial progress di�ult. A onvenient simpli�ation [118℄ to overome thisdi�ulty is to replae it by vx
12v

1−x
T where vT is introdued for dimensional reasons.The quantity φ(x) whih sets the relevant time sale in the problem an be freelyhosen, and will be used in the following analysis to obtain the desired limiting be-haviour in the limit p→ 0 (see also [41℄ for related onsiderations). We also note thatpartiles interating with an inverse power-law potential are desribed by a kinetiequation with a ross setion of the same form as in Eq. (5.3) [118℄.In order to write hydrodynami equations, we de�ne in Eqs. (4.31) the loal hy-drodynami �elds number density n(r, t), veloity u(r, t), and temperature T (r, t)(the latter de�nition being kineti with no thermodynami basis). The de�nition ofthe temperature follows from the priniple of equipartition of energy. In Eq. (4.31),

kB is the Boltzmann onstant and V = v − u(r, t) is the deviation from the mean�ow veloity. The balane equations follow from integrating the moments 1, mv, and
mv2/2 with weight given by the Boltzmann equation (5.1). Following the same routeas in Chapter 4 we obtain the balane equations (4.32), where again

ω[f, g] = −
∫Rd

dv1 Ja[f, g], (5.4)and the pressure tensor Pij and heat-�ux qi are de�ned by Eqs. (4.34) and (4.35),respetively. As expeted, when the annihilation probability p → 0, all three oarsegrained �elds n, u, and T are onserved.5.4 The Chapman-Enskog solutionThe Chapman-Enskog method allows from Eqs. (4.32) to build a losed set of equa-tions for the hydrodynami �elds (see, e.g., [12, 48℄). For this purpose, it is requiredto express the funtional dependene of the pressure tensor Pij and of the heat �ux
qi in terms of the hydrodynami �elds. The Chapman-Enskog approah relies on twoimportant assumptions. The �rst one is the existene of a normal solution in whihall temporal and spatial dependene of the distribution funtion f(r,v; t) may be ex-pressed in terms of the hydrodynami �elds, f(r,v; t) = f [v, n(r, t),u(r, t), T (r, t)].The disussion of the relevane of this �rst assumption an be found elsewhere (e.g.,in [48℄). The seond assumption is based on the separation of the mirosopi timesale (the average ollision time and the spatial length de�ned by the orrespond-ing mean free path) and marosopi time sale (the evolution of the hydrodynami�elds and their inhomogeneities). This separation implies that the hydrodynami�elds are only weakly inhomogeneous, whih allows for a series expansion in the gra-dients of the �elds, f = f (0) + εf (1) + ε2f (2) + . . ., where eah power of the formalsmall parameter ε is assoiated to a given order in spatial gradients. The Chapman-Enskog method assumes the existene of an assoiated time derivative hierarhy:
∂/∂t = ∂(0)/∂t + ε∂(1)/∂t + ε2∂(2)/∂t + . . .. The insertion of these expansions inthe Boltzmann equation yields Eq. (4.41). The Chapman-Enskog solution is obtainedupon solving the equations order by order in ε.



5.5. THE MAXWELL MODEL 855.5 The Maxwell Model5.5.1 The homogeneous stateTo zeroth order in the gradients, Eq. (4.41) gives
∂

(0)
t f (0) = pJa[f

(0), f (0)] + (1 − p)Jc[f
(0), f (0)]. (5.5)This equation has a solution, desribing the homogeneous state, and whih obeys thesaling relation

f (0)(r,v; t) =
n(t)

vd
T (t)

f̃(c), (5.6)where vT = [2/(βm)]1/2 is the time dependent thermal veloity, and c = V/vT ,
V = v − u. The existene of a saling solution of the form (5.6) seems to be ageneral feature present in di�erent but related ontexts [39, 41, 44℄. This solutionbeing isotropi, one has u = 0.Santos and Brey [124℄ showed that there exists a relationship between the homo-geneous solutions of the Maxwell model with p = 0 and p 6= 0. We shall here brie�yreprodue their arguments. It is possible to rewrite the Boltzmann equation (5.5) for
x = 0 under the form
∂

(0)
t′ f

(0)(v; t′) = −(CS +CR)n(t′)f (0)(v; t′) +

∫Rd

dv1

∫
dσ̂ χ(σ̂)f (0)(v; t′)f (0)(v1; t

′),(5.7)where t′ = (1 − p)t, CS =
∫

dσ̂χ(σ̂), χ(σ̂) = σd−1φ(x = 1)vT /Sd, and CR =∫
dσ̂χ(σ̂)p/(1 − p) is the removal ollision frequeny. Integrating Eq. (5.7) over v,the evolution of the number density is governed by ∂t′n(t′) = −CRn

2(t′), the solutionbeing n(t′) = n0/(1+n0CRt
′), where n0 = n(t′ = 0). If we de�ne τ(t′) =

∫ t′

0 dsn(s)/n0and F (v; τ) = f (0)(v; t′)n0/n(t′), then F (v; τ) satis�es the Boltzmann equation with-out annihilation (i.e., CR = 0). F (v; τ) therefore evolves towards a Maxwellian, andso does f (0): we have f̃(c) = e−c2/πd/2.5.5.2 The zeroth-order Chapman-Enskog solutionSine f (0) is isotropi, to zeroth order the pressure tensor (4.34) beomes P (0)
ij =

p(0)δij , where p(0) = nkBT is the hydrostati pressure, and the heat �ux (4.35) be-omes q(0) = 0. The balane equations to zeroth order read
∂

(0)
t n = −pnξ(0)n , (5.8a)

∂
(0)
t ui = −pvT ξ

(0)
ui
, (5.8b)

∂
(0)
t T = −pTξ(0)T , (5.8)



86 CHAPTER 5. MAXWELL AND VERY HARD PARTICLE MODELS . . .where the deay rates are
ξ(0)n =

1

n
ω[f (0), f (0)], (5.9a)

ξ(0)ui
=

1

nvT
ω[f (0), Vif

(0)], i = 1, . . . , d (5.9b)
ξ
(0)
T =

m

kBTd
ω[f (0), V 2f (0)] − 1

n
ω[f (0), f (0)]. (5.9)For antisymmetry reasons, one sees from Eq. (5.9b) that ξ(0)ui = 0. The alulation of

ξ
(0)
n and ξ(0)T are straightforward and give ξ(0)n = nσd−1φMvT and ξ(0)T = 0. We havewritten φM for φ(x = 0). The temperature of the Maxwell model is therefore onservedin the homogeneous state (time independent thermal veloity vT ). In addition, onehas

nH(t) =
n0

1 + ptξ
(0)
n (0)

, (5.10)where the subsript H denotes a quantity evaluated in the homogeneous state, and
ξ
(0)
n (0) is the deay rate for t = 0. Note that Eq. (5.10) was already established inSe. 5.5.1.5.5.3 The �rst-order Chapman-Enskog solutionTo �rst order in the gradients, the Boltzmann equation (4.41) reads

[∂
(0)
t + J ]f (1) = −[∂

(1)
t + v1 · ∇]f (0), (5.11)the operator J being de�ned by Eqs. (A.31) and (A.32). The balane equations (4.32)to �rst order beome

∂
(1)
t n+ ∇i(nui) = −pnξ(1)n , (5.12a)
∂

(1)
t ui +

kB

mn
∇i(nT ) + uj∇jui = −pvT ξ

(1)
ui
, i = 1, . . . , d, (5.12b)

∂
(1)
t T + ui∇iT +

2

d
T∇iui = −pTξ(1)T , (5.12)where the deay rates are given by

ξ(1)n =
2

n
ω[f (0), f (1)], (5.13a)

ξ(1)ui
=

1

nvT
ω[f (0), Vif

(1)] +
1

nvT
ω[f (1), Vif

(0)], i = 1, . . . , d, (5.13b)
ξ
(1)
T = − 2

n
ω[f (0), f (1)] +

m

nkBTd
ω[f (0), V 2f (1)] +

m

nkBTd
ω[f (1), V 2f (0)].(5.13)By de�nition f (1) is of �rst order in the gradients of the hydrodynami �elds; fora low density gas [12℄

f (1) = Ai∇i lnT + Bi∇i lnn+ Cij∇jui. (5.14)The oe�ients Ai, Bi, and Cij depend on the �elds n, V, and T .



5.5. THE MAXWELL MODEL 875.5.3.1 The approximate �rst-order Chapman-Enskog solutionThe hydrodynami desription of the �ow requires the knowledge of transport oef-�ients, whih may be determined from a Sonine polynomial expansion of the �rstorder distribution funtion. In addition, the pressure tensor may be put in the form
Pij(r, t) = p(0)δij − η

(
∇iuj + ∇jui −

2

d
δij∇kuk

)
− ζδij∇kuk, (5.15)where p(0) = nkBT is the ideal gas pressure, η is the shear visosity, and ζ is thebulk visosity whih vanishes for a low density gas [48℄. Fourier's linear law for heatondution is

qi = −κ∇iT − µ∇in, (5.16)where κ is the thermal ondutivity and µ a transport oe�ient that has no analoguein the elasti ase [24, 28℄.The identi�ation of Eq. (5.15) with Eq. (4.34) using the result of the �rst orderalulation yields
P

(1)
ij =

∫

Rd

dvDij(V)f (1). (5.17)Similarly, the identi�ation of Eq. (5.16) with Eq. (4.35) using the �rst order alu-lation leads to
q
(1)
i =

∫

Rd

dvSi(V)f (1). (5.18)The alulation follows the same route as in Chapter 4, and we obtain
η∗ =

η

η0
=

1

ν∗η
, (5.19a)

κ∗ =
κ

κ0
=
d− 1

d

1

ν∗κ
, (5.19b)

µ∗ =
nµ

Tκ0
= 0, (5.19)where the thermal ondutivity κ0 and shear visosity η0 oe�ients for hard spheres(used here to obtain dimensionless quantities) are given by Eqs. (A.27) and (A.28),respetively [5℄. The dimensionless oe�ients ν∗η and ν∗κ are given by

ν∗κ =
1

ν0

∫
Rd dV Si(V)JAi∫
Rd dVSi(V)Ai

− p
1

ν0

∫
Rd dVSi(V)ΩAi∫
Rd dVSi(V)Ai

, (5.20a)
ν∗η =

1

ν0

∫
Rd dVDij(V)JCij∫
Rd dVDij(V)Cij

− p
1

ν0

∫
Rd dVDij(V)ΩCij∫
Rd dVDij(V)Cij

, (5.20b)where ν0 = p(0)/η0, with p(0) = nkBT . Note that the above relations are still exatwithin the Chapman-Enskog expansion. The approximation onsists in trunatingthe funtion f (1) to the �rst nonzero term in a Sonine polynomial expansion:
A(V) = a1M(V)S(V), (5.21a)
B(V) = b1M(V)S(V), (5.21b)
C(V) = c0M(V)D(V), (5.21)



88 CHAPTER 5. MAXWELL AND VERY HARD PARTICLE MODELS . . .where a1, b1, and c0 are the oe�ients of the development, and
M(V) =

n

vd
Tπ

d/2
e−V 2/v2

T (5.22)is the Maxwellian in the saling regime. This allows one to ompute the rela-tions (5.20), and one �nds (see Appendix A.16)
ν∗η = φM

√
2Γ(d/2)

4π(d−1)/2

[
p
d+ 2

2
+ (1 − p)

]
, (5.23a)

ν∗κ = φM

√
2Γ(d/2)

4π(d−1)/2

[
d+ 2

2
+ (1 − p)

d− 1

d

]
. (5.23b)The parameter φM governing the ollision frequeny may be freely hosen to allowfor a relevant omparison with hard sphere dynamis (see, e.g., [41℄). We hoose φsuh that the transport oe�ients are normalized to one for p→ 0, that is when allollisions are elasti. It is remarkable that for the Maxwell model a single parametersuh as φ is su�ient to ensure normalization of all the transport oe�ients (thiswill not be the ase in the VHP approah). This leads to

φM =
4π(d−1)/2

√
2Γ(d/2)

. (5.24)The above value turns out to be the same as the one obtained from the elasti limit ofthe Maxwell model of granular gases [41℄. In the latter ase, φ was hosen mathingthe temperature deay rate with that haraterizing the homogeneous ooling state ofinelasti hard spheres. With the hoie (5.24) the transport oe�ients (5.19) beome
η∗ =

1

pd+2
2 + (1 − p)

, (5.25a)
κ∗ =

1

pd(d+2)
2(d−1) + (1 − p)

, (5.25b)
µ∗ = 0, (5.25)Following the same route as in Chapter 4, the �rst-order distribution funtion (5.14)reads

f (1)(r,V; t) = −β
3

n
M(V)

[
2m

d+ 2
Si(V)κ∇iT +

η

β
Dij(V)∇jui

]
. (5.26)5.5.3.2 The exat �rst-order Chapman-Enskog solutionBy onstrution of the Chapman-Enskog method, the veloity moments of f are givenby those of the loal equilibrium distribution f (0). It is then easy to show that thedeay rates to �rst order (5.13) are equal to zero [therefore Ωf (1) = 0, where theoperator Ω is de�ned in Appendix A.17℄. Proeeding in a similar way as in [41℄, we



5.5. THE MAXWELL MODEL 89obtain in Appendix A.17 the exat transport oe�ients for the Maxwell model, i.e.,without any approximation on the form of f (1). This may be done by integratingthe Boltzmann equation (A.169) over V with weight mViVj and mV 2Vi/2. With thehoie for φM given by Eq. (5.24), one �nds the same transport oe�ients as thosegiven by Eqs. (5.25). This means that the trunation of f (1) to its �rst nonzero termin a Sonine polynomial expansion is a harmless approximation when looking at thetransport oe�ients (this is a peuliarity of the Maxwell model). In fat, it turns outthat the transport oe�ients depend only on the �rst term in the Sonine polynomialexpansion of f (1) [7℄. For example, the heat urrent (4.35) may be rewritten underthe form [6, 7℄
q
(1)
i = −d+ 2

2

n

mβ3
(a1∇iT + b1∇in) , (5.27)where the �rst nonzero oe�ients (a1, b1) (that may depend on n and T ) in theSonine expansion are de�ned by Eqs. (5.21). Therefore the latter oe�ients alwaysgive an exat result for the transport oe�ients, but the problem at hand is toalulate them exatly. This turns out to be possible within the Maxwell model.5.5.4 Hydrodynami equationsSine the pressure tensor and the heat �ux de�ned by Eqs. (5.15) and (5.16), respe-tively, are of order 1 in the gradients, their insertion in the balane equations (4.32)yields ontributions of order 2. Knowledge of the seond order veloity distribution

f (2) is therefore required in order to �nd the orret deay rates that ontribute toNavier-Stokes order. It was shown in the framework of the weakly inelasti gas ofhard spheres � and onsequently for an elasti gas � that those Burnett ontributionswere three orders of magnitude smaller than the Navier-Stokes ontributions [24℄. Forthe sake of simpliity, we shall therefore neglet those terms, with a priori no ontrolon the resulting error. Nevertheless, suh an approximation is expeted to be inreas-ingly more aurate as the annihilation probability is dereased. The orrespondinghydrodynami Navier-Stokes equations are given by
∂tn+ ∇i(nui) = −pn[ξ(0)n + ξ(1)n ], (5.28a)
∂tui +

1

mn
∇jPij + uj∇jui = −pvT [ξ(0)ui

+ ξ(1)ui
], i = 1, . . . , d, (5.28b)

∂tT + ui∇iT +
2

nkBd
(Pij∇iuj + ∇iqi) = −pT [ξ

(0)
T + ξ

(1)
T ]. (5.28)

Pij and qj are given by Eqs. (5.15) with ζ = 0, and (5.16) respetively. The rates
ξ
(1)
n , ξ(1)ui , and ξ

(1)
T may be alulated using their de�nition (5.12) and the distribu-tion (5.26) [53℄. We �nd that all deay rates are equal to zero exept

ξ(0)n =
d+ 2

2
ν0. (5.29)We thus have a losed set of equations for the hydrodynami �elds to the Navier-Stokes order.



90 CHAPTER 5. MAXWELL AND VERY HARD PARTICLE MODELS . . .5.6 The VHP model5.6.1 The homogeneous ooling stateIntegrating the Boltzmann equation (5.1) over V for x = 2, one obtains
dn

dt
= −pω(t)n, (5.30)where

ω(t) = n(t)vT (t)σd−1φVHP〈c212〉, (5.31)and 〈g(c1, c2)〉 =
∫R2d dc1dc2 g(c1, c2)f̃(c1)f̃(c2) denotes the average of a funtion

g(c1, c2) in the homogeneous ooling state (HCS). We have written φVHP for φ(x = 2).Following the same route as in [39, 52℄ or in Appendix A.3, the Boltzmann equationmay be rewritten in the form
〈c212〉

[
1 +

1 − αe

2

(
d+ c1

d

dc1

)]
f̃(c1) = f̃(c1)

∫Rd

dc2 c
2
12f̃(c2) −

1 − p

p

1

Sd
Ĩ[f̃ , f̃ ],(5.32)where

αe =

∫R2d dc1dc2

∫
dσ̂ c212c

2
1f̃(c1)f̃(c2)[∫Rd dc c2f̃(c)

] ∫R2d dc1dc2

∫
dσ̂ c212f̃(c1)f̃(c2)

=
〈c212c21〉
〈c21〉〈c212〉

, (5.33)and
Ĩ[f̃ , f̃ ] =

∫Rd

dc1

∫
dσ̂ c212(b

−1 − 1)f̃ (c1)f̃(c2). (5.34)The limit c1 → 0 of the Boltzmann equation (5.32) enodes a useful informationfor ballistially ontrolled dynamis [39, 52, 70, 75℄:
〈c212〉

(
1 + d

1 − αe

2

)
f̃(0) = f̃(0)〈c2〉 − 1 − p

p

1

Sd
lim
c1→0

Ĩ[f̃ , f̃ ]. (5.35)Next, we onsider the �rst nonzero orretion to the Maxwellian in a Sonine polyno-mial expansion of the HCS:
f̃(c) = M̃(c)

[
1 + a2S2(c

2)
]
, (5.36)where M̃(c) = π−d/2e−c2 is the Maxwellian and S2(c

2) = c4/2 − (d+ 2)c2/2 + d(d +
2)/8 the seond Sonine polynomial [7℄. Eqs. (5.35) and (5.33) form a system of twoequations for the two unknown αe and a2. Making use of the relations (A.164), it isa straightforward task to ompute the limit in the right-hand side of Eq. (5.35) [75℄,whih gives

lim
c1→0

Ĩ [f̃ , f̃ ] = −a2
Sd

πd/2

d2(d+ 2)

16
. (5.37)Using Eq. (5.36), one easily obtains from Eq. (5.33)

αe =
d+ 1

d
+ a2

d+ 2

2d
. (5.38)
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Figure 5.1: Plot of a2 as a funtion of the densities N0/N for di�erent values of µ forthe VHP model and p = 0.5, d = 2, N0 = 5 × 107. There are approximately 5 × 104independent runs. The deviation from the asymptoti value of a2 (inset) is due to thelow remaining number of partiles (large N0/N).Note that Eqs. (5.37) and (5.38) are exat relations for whih all nonlinear ontribu-tions in a2 were kept. However, those nonlinear terms anel out in eah ase. Makinguse of 〈c212〉 = d, the insertion of Eqs. (5.37) and (5.36) in (5.35) gives
(

1 − a2
d+ 2

2

)[
1 + a2

d(d + 2)

8

]
= 1 + a2

d(d + 2)

8

1

p
. (5.39)Eq. (5.39) admits two solutions, the �rst one being a2 = 0 and the seond one a2 =

−2[d+p(4−d)]/[d(d+2)p]. The seond solution is not physial sine it diverges for p =
0. Therefore a2 = 0 and the HCS of the VHP model within the approximation (5.36)is desribed by the loal Maxwellian M̃(c) = π−d/2e−c2 . We also note that upondisussing the potential ambiguities resulting from suh a linearization sheme in a2(as done in [75, 79℄), the same onlusion is reahed.We study the evolution towards the asymptoti saling solution starting fromdi�erent initial distributions haraterized by their behavior near the origin. Wede�ne the exponent µ by f̃(c) ≃ |c|µ for c→ 0. Similarly to Se. 4.3.2.3, we implementDSMC simulations and study the fourth umulant a2 as a funtion of N0/N for severalvalues of µ (see Fig. 5.1). The fat that a2 reahes a plateau indiates that thedistribution enters the saling regime at late times. Moreover, it seems from the insetthat the saling values for a2 do not (or very weakly, note the y sale of the inset)depend on µ. For negative values of µ, the onvergene is however slower due to thedivergene of the initial veloity distribution (see, e.g., Fig. 4.7) near the origin (theomparison of Figs. 5.1 and 4.9 shows that the onvergene for µ = −3/2 in the VHPase is muh slower).



92 CHAPTER 5. MAXWELL AND VERY HARD PARTICLE MODELS . . .5.6.2 The zeroth-order Chapman-Enskog solutionProeeding in a similar way as already desribed, we obtain a set of equations formallyidential to Eqs. (5.8) and (5.9). The alulation of the deay rates gives ξ(0)ui = 0,
ξ
(0)
T = nσd−1φVHPvT , and ξ(0)n = ξ

(0)
T d. The HCS is therefore given by

nH(t) = n0(1 + pt/t0)
−γn , (5.40a)

TH(t) = T0(1 + pt/t0)
−γT , (5.40b)where the deay exponents are γn = ξ

(0)
n (0)t0, γT = ξ

(0)
T (0)t0, and the relaxationtime t−1

0 = ξ
(0)
n (0) + ξ

(0)
T (0)/2. In other words, we have

γn =
2d

2d+ 1
, γT =

2

2d+ 1
. (5.41)These quantities do not depend either on φ nor on the annihilation probability p.The former result is an exat property of the dynamis under study (the fator φ maybe absorbed into a resaling of time t, leaving saling exponents una�eted) whilethe latter may a priori be an artifat of the approximations made (it will howeverbe shown below that the p dependene �if any� is extremely weak). If we de�nethe root-mean-square veloity by v =

√
〈v2〉, then from the de�nition (4.31) of thetemperature v(t) ∝ T

1/2
H (t), and from Eq. (5.40b) we have v ∼ t−γv for long times,with γv = γT /2. The deay exponents γn and γv, as well as the deay exponentsfor the Maxwell model, agree with the predition of Krapivsky and Sire [43℄, andsatisfy the saling onstraint γn + γv = 1, whih essentially expresses the uniity ofthe relevant time sale in the problem. Moreover, making use of the expression forthe deay exponents of PBA of hard spheres γHS

n and γHS
v obtained to linear order in

a2 (see Chapter 4) [52, 53℄, it is easy to verify expliitly that the Maxwell and VHPmodels provide bounds [43℄
2d

2d+ 1
< γHS

n (p) < 1, 0 < γHS
v (p) <

1

2d+ 1
, (5.42)for all p ∈ [0, 1]. We emphasized however that the previous inequality have the statusof �empirial� observations, and ould not be antiipated from rigorous arguments.We performed Diret Monte Carlo Simulations (DSMC) in order to verify thedeay exponents of the VHP model. The algorithm is similar to the one desribedin [44, 52℄. For the sake of ompleteness, we brie�y outline the main steps of the algo-rithm. We hoose at random two di�erent partiles {i, j}. The time is then inreasedby vT /(N

2v2
ij) where N is the number of remaining partiles. With probability p thetwo partiles are removed from the system, and with probability 1− p their veloitiesare modi�ed aording to Eqs. (4.5). As the �utuations inrease for small N , it isneessary to average over several independent realizations in order to diminish thenoise. A log-log plot of the density n/n0 and the root-mean-squared veloity v/v0 asa funtion of time gives the deay exponents (see Fig. 5.2). The DSMC results arein exellent agreement with the analytial preditions and the expeted power-lawbehaviors are observed over several deades (see. Fig. 5.3).
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η∗ =

1

ν∗η − 1
2pξ

(0)∗
T

, (5.43a)
κ∗ =

d− 1

d

2ν∗µ − 2pξ
(0)∗
n − 3pξ

(0)∗
T

X
, (5.43b)

µ∗ = 2p
d− 1

d

ξ
(0)∗
T

X
, (5.43)where X = ν∗κ[2ν∗µ − 2pξ

(0)∗
n − 3pξ

(0)∗
T ] + pξ

(0)∗
T {−4ν∗µ + 3p[ξ

(0)∗
n + 2ξ

(0)∗
T ]},

ν∗µ =
1

ν0

∫
Rd dV Si(V)JBi∫
Rd dVSi(V)Bi

− p
1

ν0

∫
Rd dVSi(V)ΩBi∫
Rd dVSi(V)Bi

, (5.44)and ξ(0)∗n = ξ
(0)
n /ν0, ξ(0)∗T = ξ

(0)
T /ν0. Trunating the funtion f (1) to the �rst term ina Sonine polynomial expansion as it was the ase for Eqs. (5.21), the oe�ients ν∗η ,
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ν∗κ, and ν∗µ may be alulated with the help of App. A.16. We �nd

ν∗η = φVHP

√
2Γ(d/2)

4π(d−1)/2

[
p
(d+ 2)2

2
+ (1 − p)

(d+ 2)(d+ 4)

4

]
, (5.45a)

ν∗κ = ν∗µ = φVHP

√
2Γ(d/2)

4π(d−1)/2

[
p
(d+ 2)(d+ 3)

2
+(1 − p)

(d− 1)(d+ 4)

d

]
. (5.45b)The free parameter φVHP setting the frequeny ollision has a priori no reasonfor being the same as for the Maxwell model. We hoose this quantity suh that

η∗(p = 0) = 1, whih means that the shear visosity for the VHP gas is set forvanishing p to oinide with the shear visosity η0 of hard spheres. This allows fora better omparison of the transport oe�ients for the Maxwell, hard sphere, andVHP models. Other hoies for φVHP are possible. The ondition η∗(0) = 1 leads to
φVHP = φM 4

(d+ 2)(d + 4)
, (5.46)so that

ξ(0)∗n =
2d

d+ 4
, (5.47a)

ξ
(0)∗
T =

2

d+ 4
. (5.47b)The �rst order distribution funtion reads

f (1)(r,V; t) = −β
3

n
M(V)

[
2m

d+ 2
Si(V) (κ∇iT + µ∇in) +

η

β
Dij(V)∇jui

]
. (5.48)where the transport oe�ients are given by Eqs (5.43).5.6.4 Hydrodynami equationsThe deay rates to �rst order may be alulated using the de�nitions (5.12) and thedistribution (5.48) [53℄, whih gives

ξ(1)n = 0, (5.49a)
ξ(1)ui

= −vT

(
κ∗

1

T
∇iT + µ∗

1

n
∇in

)
ξ∗u, (5.49b)

ξ
(1)
T = 0, (5.49)where
ξ∗u =

d2(d+ 2)2

8(d− 1)
φVHP

√
2Γ(d/2)

4π(d−1)/2
. (5.50)The Navier-Stokes hydrodynami equations are thus given by Eqs. (5.28) with thedeay rates (5.47) and (5.49).
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Figure 5.4: Dimensionless shear visosity η∗ as a funtion of the annihilation proba-bility p for the Maxwell (thin ontinuous line), VHP (dashed line), and hard spheresmodels (thik ontinuous line).
5.6.5 Comparison of the transport oe�ientsWe ompare the transport oe�ients for the Maxwell, VHP, and hard sphere models(the oe�ients for the latter model being given in [53℄). Figs. 5.4, 5.5, and 5.6 show
η∗, κ∗, and µ∗, as a funtion of the annihilation probability.Note that one we have hosen φ(x = 2) suh that η∗ → 1 for p → 0 there is noreason to expet κ∗ → 1 in the same limit. Other hoies would have been possiblesuh as enforing κ∗ → 1 when p→ 0.From Figures 5.4, 5.5, and 5.6 it �rst appears that Mawxell and VHP modelsapture the essential p dependene of the �hard sphere� transport oe�ients. Inaddition, they provide in most ases lower and upper bounds for η∗, κ∗ and µ∗.However, as already pointed out in [53℄, for strong annihilation probability p ∼ pd,the hard sphere thermal ondutivity and �Fourier� oe�ient µ diverge (see Figs5.5 and 5.6) whih leads to a violation of the VHP upper bound for κ and µ in theviinity of pd. The fat that VHP and Maxwell models lead to smooth and regulartransport oe�ients for all values of p is a hint that the hard sphere divergeneobtained in previous work [53℄ is a possible artifat of the underlying approximationsand probably does not point towards a hange of behavior nor a qualitative di�erenein the saling or transport properties. This point will be further disussed in theonluding setion. We �nally note that an a priori similar de�ieny was alreadyreported for the Maxwell model of inelasti hard spheres [41℄.
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Figure 5.6: Transport oe�ient µ∗ as a funtion of the annihilation probability p(see Fig. 5.5 for more details). The Maxwell model is not represented sine in thisase µ∗ = 0.



98 CHAPTER 5. MAXWELL AND VERY HARD PARTICLE MODELS . . .5.7 Stability analysis of the Navier-Stokes hydrodynamiequations5.7.1 Dispersion relationsThe hydrodynami equations. (5.28) annot be solved analytially in general. How-ever, their linear stability analysis allows one to answer the question of formationof spatial inhomogeneities. The present study establishes under whih onditionsthe homogeneous state is stable. We onsider here a small deviation from spatialhomogeneity [see Eqs. (5.10) and (5.40)℄ and the linearization of Eqs. (5.28) in thelatter perturbation. The proedure used here follows the same route as for granu-lar gases [24℄ or PBA of hard spheres [53℄. We de�ne the deviations of the hydro-dynami �elds from the homogeneous solution by δy(r, t) = y(r, t) − yH(t), where
y = {n,u, T}. Inserting this form in the Navier-Stokes-like equations yields di�eren-tial equations with time-dependent oe�ients. In order to obtain oe�ients thatdo not depend on time, it is neessary to introdue the new dimensionless spae andtime sales de�ned by l = ν0H(t)

√
m/[kBTH(t)]r/2, τ =

∫ t
0 ds ν0H(s)/2, as well as thedimensionless Fourier �elds ρk(τ) = δnk(τ)/nH(τ), wk(τ) =

√
m/[kBTH(τ)]δuk(τ),and θk(τ) = δTk(τ)/TH(τ), where δyk(τ) =

∫
Rd dl e−ik·lδy(l, τ). Note that l is de-�ned (up to a onstant prefator) in units of the mean free path for a homogeneousgas of density nH(t). The dimensionless time τ(t) gives the aumulated number ofollisions per partiles up to time t. Sine we will study both the Maxwell and VHPsystems, we reall here the general results valid for non-vanishing deay rates ξ(0)n ,

ξ
(0)
T , and ξ(1)u . Making use of the dimensionless variables, the linearized hydrodynamiequation for the transverse mode wk⊥

= wk−wk‖
appears to be deoupled from theother equations, where the longitudinal veloity �eld is given by wk‖

= (wk · êk)êkand êk is the unit vetor along the diretion given by k. The transversal veloity �eld
wk⊥

onsequently de�nes (d− 1) degenerated shear modes. Upon diret integration,we have
wk⊥

(τ) = wk⊥
(0) exp[s⊥(p, k)τ ], (5.51)where

s⊥(p, k) = pξ
(0)∗
T − 1

2
η∗k2. (5.52)On the other hand, the longitudinal veloity �eld wk‖

lies in the one dimensional ve-tor spae generated by k. Hene there are three hydrodynami �elds to be determined,namely the density ρk, temperature θk, and longitudinal veloity �eld wk‖
= wk‖

êk.The hydrodynami matrix of the orresponding linear system is given in [53℄. Theorresponding eigenmodes are given by ϕn(k) = exp[sn(p, k)τ ], n = 1, . . . , 3, where
sn(p, k) are the eigenvalues of M. Eah of these three �elds is a linear ombinationof the eigenmodes; thus only the biggest real part of the eigenvalue sn(p, k) has to betaken into aount to disuss the limit of marginal stability of the di�erent modes.We de�ne k⊥ by the ondition Re[s⊥(k⊥, p)] = 0, i.e.,

k⊥ =

√
2pξ

(0)∗
T

η∗
, (5.53)
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Re[s‖(k‖, p)] = 0, k‖ < k⊥. Therefore if k > k⊥ all resaled modesare linearly stable. For k ∈ [k‖, k⊥] only the resaled shear mode is linearly unstable(the latter may however be non-linearly oupled to the other modes), and for k < k‖all eigenvalues are positive whih leads to instabilities. However, it should be keptin mind that the previous disussion involves resaled modes only, and should beonneted to the original r variable. Indeed, for any real system (for example a ubibox of volume Ld) the smallest wavenumber allowed for a perturbation is given by

2π/L, whih from the de�nition of l orresponds to the time-dependent dimensionlesswavenumber kmin = 2π/(Lnσd−1C) where C = 4π(d−1)/2/[(d + 2)Γ(d/2)]. Sine thedensity n(t) is a dereasing funtion of time, kmin inreases monotonously and thereexists a time t⊥ suh that kmin(t) > k⊥ for t > t⊥. The lower ut-o� kmin thereforeeventually enters the region where the homogeneous solution is stable. For t = t⊥,the system is however not in a spatially homogeneous state, but it is neverthelesstempting to onlude that the perturbations will be damped for t > t⊥. Althoughthis statement is not rigorously derived, we onlude here that an instability anonly be a transient e�et (transient instabilities were also predited for visoelastigranular gases with veloity-dependent restitution oe�ient [13℄).The time t⊥ an be estimated from the ondition kmin(t⊥) = k⊥. Making useof the hypothesis of small spatial inhomogeneities, we may replae the density n(t)appearing in the de�nition of kmin(t) by the homogeneous density nH(t) given byEq. (5.40a). We obtain
t⊥
t0

=
1

p





[
Ln0σ

d−12π(d−3)/2

(d+ 2)Γ(d/2)
k⊥(p)

]1/γn

− 1



 . (5.54)Is the transient instability alluded to easily observable in a simulation? A typialnumber of partiles for moleular dynamis simulations is of the order of 105, and

n0σ
2 = 5 × 10−3 (whih orresponds to a rather low total initial paking funtion

πn0σ
2/4 ≃ 0.004). For p = 0.1 and d = 2 Eq. (5.54) gives t⊥ ≈ 8.6 t0 . . .. Makinguse of Eq. (5.40a) to approximate the density, one obtains n(t⊥) ≈ 0.61n0. Thedensity inhomogeneities therefore start to derease after that the density dereasedto only 0.61 times its initial value, whih for p = 0.1 orresponds in average to only 4ollisions per partile. For omparison purposes, inhomogeneities in granular gases areobserved after a few hundred ollisions per partile [12, 113℄. In order to observe theprevious (and presumably transient) instabilities one would need moleular dynamissimulations with very large systems. Another ondition is to have a large enough p,whih inreases k⊥, see Fig. 5.9. Equivalently, inreasing p inreases the divergenerate s⊥ at �xed k, see Eq. (5.52). For su�iently small p (or small system sizes)Eq. (5.54) does not have a positive solution beause kmin > k⊥ already for t = 0.To sum up, the typial size of the inhomogeneities may grow as a funtion of timeuntil t ≃ t⊥ but the subsequent evolution should drive the system bak to a timedependent homogeneous regime.
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d−1) are propagating. Fig. 5.10 shows kp as a funtion of the anni-hilation probability p for the VHP, hard sphere, and Maxwell models. One more,the VHP and Maxwell models appear as upper and lower bounds, respetively. FromFig. 5.7 the Maxwell sound modes are degenerated for all k and therefore the soundmodes of the Maxwell model are always propagating, i.e., kp = 0. In the VHP ase,Fig. 5.8 shows a propagation gap for the sound modes, i.e., a k- window with k > kp,where the sound modes are not degenerated. This is on�rmed by Fig. 5.10 (smallerinset). A propagation gap in the sound mode dispersion relation has been observedin neutron sattering experiments for example [125, 126℄.5.8 ConlusionsMaking use of the Chapman-Enskog sheme, we have derived in this hapter the hy-drodynami equations governing the oarse-grained number density, linear momentumand kineti energy density �elds for an assembly of partiles undergoing annihilatingollisions with probability p and an elasti sattering otherwise. In between ollisions,the motion is ballisti. To this aim, the relevant �hard sphere�-like Boltzmann equa-tion has been simpli�ed �rst into its Maxwell, and seond into its very hard partile(VHP) form. In both ases, the orresponding Navier-Stokes equations take the same



5.8. CONCLUSIONS 103form as in the initial hard sphere desription and read
∂tn+ ∇i(nui) = −pn ξn, (5.55a)
∂tui +

1

mn
∇jPij + uj∇jui = −pvT ξui

, (5.55b)
∂tT + ui∇iT +

2

nkBd
(Pij∇iuj + ∇iqi) = −pT ξT , (5.55)with

ξn =
d+ 2

2
ν0 = 4

π(d−1)/2

Γ(d/2)
nσd−1

√
kBT

m
, (5.56)

ξui
= 0, (5.57)

ξT = 0, (5.58)for the Maxwell model, and
ξn =

2d

d+ 4
ν0, (5.59)

ξui
= −vT

(
κ∗

1

T
∇iT + µ∗

1

n
∇in

)
d2(d+ 2)

2(d− 1)(d + 4)
, (5.60)

ξT =
2

d+ 4
ν0, (5.61)in the VHP ase [the transport oe�ients κ∗ and µ∗ are given by Eqs. (5.43)℄.Our analysis showed that the Maxwell and VHP simpli�ations, that are moreamenable to analyti treatment, not only apture the essential features of hard spheredynamis, but also provide lower and upper bounds for all omparable quantities.Some important di�erenes should however be ommented upon. A �rst di�erene isthat Maxwell and VHP lead to regular transport oe�ients for all values of the anni-hilation probability, whereas a divergene ours for annihilating hard sphere thermalondutivity κ and Fourier oe�ient µ. We onluded from this omparison thatthis divergene is presumably not physial and ould result from the more stringentapproximations put forward in the hard sphere omputation. It turns out that thehard sphere ase is suh that the veloity distribution is non-Gaussian to zeroth orderin spatial gradient, whereas it is Gaussian in Maxwell and VHP ases. This fat ouldbe at the root of the divergene observed in the transport oe�ients.The seond important di�erene between Maxwell, hard sphere and VHP dynam-is is that within the Maxwell model, all Fourier modes are found to be linearly stable.This fat is intimately related to the non dissipative nature of the orresponding dy-namis, an aspet whih may be surprising at �rst: although partiles are permanentlyremoved from the system, the mean kineti energy is onserved on average (ξT = 0).This may be onsidered as a de�ieny of the Maxwell (over)simpli�ation. On theother hand, VHP dynamis is suh that the ollision frequeny inreases with the ve-loity of a given population of partiles, whih in turn implies that the kineti energydereases faster than the number of partiles, hene ξT > 0. This dissipation is atthe root of possible instabilities in the oarse-grained �elds. However, these insta-bilities manifest themselves for suitably resaled �elds, and we argued in setion 5.7



104 CHAPTER 5. MAXWELL AND VERY HARD PARTICLE MODELS . . .that they should presumably only translate into transient instabilities for the �real��elds. Indeed, due to the derease of density n(t), an unstable Fourier mode has awavenumber inreasing like n−1, and eventually enters into a regime where dampingshould wash out the perturbation. This feature presumably provides at least a linearsaturation mehanism for instabilities, di�erent from usual non-linear saturation ef-fets, that may also play a transient role here if the initial onditions are su�ientlyunstable [in other words, if n(t⊥) ≪ n(t = 0)℄. Our stability analysis was never-theless restrited to perturbations around the time dependent homogeneous state, sothat stritly speaking, the e�ets of transient instabilities that may drive the systeminto a strongly modulated state are unlear at the moment. This alls for a arefulnumerial (moleular dynamis) study of the oarse-grained �elds, whih is left forfuture work. This would also allow to question the validity of the hydrodynami de-sription, in a regime where the wave number is not muh smaller than the inversemean free path ℓ−1 ∝ nσd−1 (in the previous Figures, k is expressed in units of ℓ−1,up to a prefator of order one).



Chapter 6Dynamis of the breakdown ofgranular lusters
6.1 Outline of the hapterReently van der Meer et al. studied the breakdown of a granular luster [127℄. Wereexamine this problem using an urn model, whih takes into aount �utuationsand �nite-size e�ets. General arguments are given for the absene of a ontinuoustransition when the number of urns (ompartments) is greater than two. Monte Carlosimulations show that the lifetime of a luster τ diverges at the limits of stability as
τ ∼ N1/3, where N is the number of partiles. After the breakdown, depending onthe dynamial rules of our urn model, either normal or anomalous di�usion of theluster takes plae. We also study the Yang-Lee theory of phase transitions with atwo urn model where the partition funtion an be expressed as a polynomial of asize-dependent e�etive fugaity z. This hapter is based on Refs. [128, 129℄.6.2 IntrodutionDissipation of kineti energy during inelasti ollisions in gaseous granular systemshas profound onsequenes [130, 131℄. One of the most spetaular is the formation ofspatial inhomogeneities [113℄, whih drastially ontrast with the uniform distributionof moleules with essentially elasti ollisions.Some time ago Shlihting and Nordmeier presented a simple experiment whihdemonstrates some onsequenes of inelastiity of granular systems [132℄. They useda ontainer separated into two equal ompartments by a wall whih has a narrowhorizontal slit at a ertain height. The ontainer is �lled with partiles and subjetedto vertial shaking. For vigorous shaking the partiles distribute equally between thetwo ompartments. However, when the shaking is su�iently mild, a nonsymmetridistribution ours. In suh a ase the ompartment with majority of partiles, due tonumerous inelasti ollisions, is e�etively �ooler� than the other one. Consequently,less partiles are leaving this ompartment, whih stabilizes suh an asymmetri dis-105



106 CHAPTER 6. DYNAMICS OF THE BREAKDOWN OF GRANULAR CLUSTERStribution of partiles. To explain this experiment, Eggers derived a phenomenologialequation for the �ux F (n) of partiles leaving a given ompartment [133℄
F (n) = Cn2exp(−Bn2). (6.1)In the above equation n ∈ [0, 1] is the onentration of partiles in a given urn and

B and C are onstants whih depend on the properties of partiles, typial sizes ofthe system, and on the parameters of shaking (the onstant C may be eliminatedby an appropriate rede�nition of the time sale). In agreement with the experiment,Eq. (6.1) predits unequal distribution of partiles for su�iently large B. The abovetype of experiment was repeated in the ase when the number of ompartments L wasgreater than two by van der Meer et al. [134℄. In suh a ase the appearane of unequaldistributions of partiles is aompanied by strong hysteresis, whih is in agreementwith theoretial analysis [135℄. Moreover, ertain aspets of these phenomena for
L = 2 were approahed using a hydrodynami desription that stems from kinetitheory of granular gases [136℄.Another aspet of the L > 2 setup was further examined by van der Meer etal in [127℄. They studied the dynamis of on�gurations (lusters) starting fromall partiles loalized in a single ompartment. Using a theoretial model based onEq. (6.1), they have shown that when shaking is strong enough suh a luster breaksdown and di�uses with the anomalous di�usion exponent 1/3 (in the following werefer to this model as MWL). For less vigorous shaking, the luster remains relativelystable and only after some time it abruptly breaks down. Some of their preditionswere on�rmed experimentally.In the framework of the MWL model it is rather di�ult to inlude the e�et of�utuations. Suh �utuations might originate due, for example, to a �nite number ofpartiles and espeially lose to ritial points they might play an important role. Inan attempt to take suh e�ets into aount a generalization of Ehrenfest's [137, 138℄urn model was reently examined in the ase L = 2 [139℄. The relative simpliity ofthe model allowed for a detailed study of its various harateristis.The motivation of the present hapter is to re-examine the breakdown of granularlusters using the urn model in the ase L > 2. In setion 6.3 we de�ne the modeland present its steady-state phase diagram for L = 3. We also argue that, in analogyto the L-state Potts model in the mean-�eld limit, there are no ontinuous transitionsfor L > 2. In setion 6.4 we examine the dynamis of the breakdown of lusters in asimilar way as van der Meer et al. [127℄. Although qualitatively our results are similarto theirs, in our model the di�usion of the luster is normal with the exponent 1/2.Moreover, we alulate the size dependene of the lifetime of a luster τ and showthat at the limits of stability it sales as N1/3. In setion 6.5 we present a modi�edversion of the urn model whih in the steady state reprodues the �ux (6.1). Thedi�usion of the broken down luster is then shown to be anomalous with exponent
1/3, as it was already found [127℄. It was suggested that the essential features of theMWL model are independent on the detailed form of the �ux (6.1), as long as it hasa single hump [127℄. On the ontrary, our results show that at least the di�usionexponent depends on some details of the �ux and not only on its qualitative shape(in our models the �ux is also a single hump funtion). Quantitative riterions on



6.3. THE MODEL AND ITS STEADY-STATE PROPERTIES 107the form of the �ux funtion ensuring the existene of anomalous di�usion were givenin [140℄. We then turn our attention in setion 6.6 to the study the zeros of thepartition funtion of a two-urn model with a size-dependent e�etive fugaity. Weshow that several preditions of the Yang-Lee theory of phase transitions apply toour model. In Setion 6.7 we mention the onnetion between the urn model and thelass of the so-alled zero-range proess [141, 142, 143℄. Finally, setion 6.8 ontainsour onlusions.6.3 The model and its steady-state propertiesOur model is a straightforward generalization of the two-urn model that was intro-dued to desribe spatial separation of vibrated sand [139℄. Namely, N partiles aredistributed between L > 2 urns and the number of partiles in i-th urn is denoted as
Ni, with the onstraint ∑L

i=1Ni = N . Urns are onneted through slits sequentially:
i-th urn is onneted with (i−1)-th and (i+1)-th. Moreover, periodi boundary on-ditions are used, i.e., �rst and L-th urns are onneted. Partiles in a given urn (say
i-th) are subjet to thermal �utuations and the temperature T of this urn dependson the number of partiles in it as:

T (ni) = T0 + ∆(1 − ni), (6.2)where ni is a fration of the total number of partiles in a given urn (ni = Ni/N)and T0 and ∆ are positive onstants. Equation (6.2) is the simplest funtion whihreprodues the fat that due to inelasti ollisions between partiles, their kineti �tem-perature� dereases as their number in a given urn inreases. The relation betweenthe temperature and the number of partiles is ompliated and depends on severalparameters like density of partiles or type of driving [144℄, however indiation of asimple dependene of the form (6.2) may also be found in the literature [145, 146℄. Wesuppose that the distribution of partiles as a funtion of height z above the bottomof the urn satis�es the Maxwell-Boltzmann distribution
p(z,Ni) =

mgNi

kBT (ni)
exp

[
− mgz

kBT (ni)

]
, (6.3)where g is the Earth aeleration, m the mass of the partiles, and kB the Boltz-mann onstant. The fration of partiles whih are above a ertain height h is givenby ∫∞

h dz p(z,Ni) ∝ exp[−mgh/kBT (ni)]. We measure the temperature in units of
mgh/kB , and de�ne the dynamis of the model as:(i) One of the N partiles is seleted randomly.(ii) With probability exp[−1/T (ni)] the seleted partile is plaed in a randomlyhosen neighboring urn, where i is the urn of the seleted partile.The above rules implies that the �ux of partiles leaving i-th urn is, up to aproportionality onstant [that may be absorbed in the de�nition of the time in the
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Figure 6.1: The steady-state phase diagram for the three-urn model. The small �guresprovide a short desription of the di�erent regions and their stability. See text formore details of the desription of phases.evolution equations (6.5)℄, given by
F (ni) = ni exp

[
− 1

T (ni)

]
, (6.4)where T (ni) is de�ned in (6.2). Let us notie that the �ux (6.4), similarly to (6.1), isa single hump funtion. Having an expression for the �ux we an write the equationsof motion as:

dni

dt
=

1

2
F (ni−1) +

1

2
F (ni+1) − F (ni), (6.5)where i = 1, 2, ..., L. Steady-state properties of this model an be obtained usingsimilar analysis as in the L = 2 ase [139℄ or as for the L > 2 ase in [135℄, but with�uxes given this time by Eq. (6.1). The results of this analysis in the L = 3 ase arepresented in Fig. 6.1.In region I the symmetri n1 = n2 = n3 = 1/3 phase is stable. In region II theasymmetri n1 > n2 = n3 phase is stable. In the steady state sine there is no externaldriving there are no steady state �uxes. Therefore the �ux leaving and entering agiven urn must be equal, whih means the detailed balane ondition

〈ni〉ω(〈ni〉) = 〈nj〉ω(〈nj〉), (6.6)



6.3. THE MODEL AND ITS STEADY-STATE PROPERTIES 109for all i, j = 1, . . . , 3, where the brakets 〈〉 denote a time average in the steadystate, and ω(n) = exp[−1/T (n)] is the transition rate. We de�ne the di�erene ofoupanies of the urns by
ε1 =

n1 − n2

2N
, (6.7a)

ε2 =
n1 − n3

2N
. (6.7b)In terms of the variables 〈ε1〉 and 〈ε2〉 the detailed balane onditions 〈n1〉ω(〈n1〉) =

〈n2〉ω(〈n2〉) and 〈n1〉ω(〈n1〉) = 〈n3〉ω(〈n3〉) give
(1 + 2〈ε1〉 + 2〈ε2〉)ω

[
N

3
(1 + 2〈ε1〉 + 2〈ε2〉)

]

− (1 − 4〈ε1〉 + 2〈ε2〉)ω
[
N

3
(1 − 4〈ε1〉 + 2〈ε2〉)

]
= 0, (6.8)and

(1 + 2〈ε1〉 + 2〈ε2〉)ω
[
N

3
(1 + 2〈ε1〉 + 2〈ε2〉)

]

− (1 + 2〈ε1〉 − 4〈ε2〉)ω
[
N

3
(1 + 2〈ε1〉 − 4〈ε2〉)

]
= 0. (6.9)A solution to Eqs. (6.8) and (6.9) is the symmetri state 〈ε1〉 = 〈ε2〉 = 0. However,the question is to determine whether this solution is stable against �utuations. Tothis purpose, we expand Eq. (6.8) to �rst order in 〈ε1〉 and 〈ε2〉. Equating the �rstorder terms gives the ontinuous line in Fig. 6.1 loating the limit of stability of thesymmetri phase [note that Eq. (6.9) gives the same result℄:

T0 =

√
∆

3
− 2∆

3
. (6.10)This equation has a very similar form to the orresponding equation in the L = 2ase [139℄. In region III (IV) the symmetri (asymmetri) phase is metastable. Theline separating regions I and IV (or regions IV and III) an be determined only nu-merially as a solution of a transendental equation, similarly to the L = 2 ase [139℄.For example, in order to �nd the line between regions I and IV, the proedure onsistsin (i) solving the transendental equation (e.g., using Newton's method) giving ε1 and

ε2 in region II in order to obtain the stable asymmetri solution (ii) inreasing ∆ by asmall amount δ∆ and solving the transendental equation for the steady state, untilthe solution is suh that ε1 = ε2 = 0 (iii) starting again from point (i) but with aslightly di�erent value of T0. There is also a third type of solution where two urnsontain majority of partiles and the third urn has only a small fration of them(n1 = n2 > n3). Suh a solution, whih has saddle-like stability, exists only in regionII (see Fig. 6.2). Similar solutions an be found for the MWL model [134, 135℄.An important, qualitative di�erene with the ase L = 2, is that regions I and IIare always separated by regions III and IV, hene the triritial point is loated at
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Figure 6.2: Urn oupanies ni(t), i = 1, . . . , 2, in region II for T0 = 0.001, ∆ = 0.3,and N = 9999, starting from the symmetri state. One time step orresponds to Niterations. The evolution shows the existene of the metastable phase n1 = n2 > n3.the origin T0 = ∆ = 0. It means that a phase transition between these two phasesis always aompanied by hysteresis e�ets. On the other hand in the L = 2 aseontinuous transitions are possible, whih are not aompanied by hysteresis [139℄.Suh a behaviour is atually in agreement with experimental data and with MWLmodel [134℄.Has this qualitative di�erene a more general explanation or is it rather a oin-idental property? In our opinion, absene of ontinuous transitions for L > 2 is ageneri property of suh systems and at least to some extent ould be understood.First, let us notie that the phase transition for L = 2 is a manifestation of thespontaneous symmetry breaking in the system: in ertain regime one of the two iden-tial urns is preferentially �lled with partiles. Suh a situation resembles the phasetransition in the S = 1/2 Ising model, where below ertain temperature the up-downsymmetry is broken and the system aquires spontaneous magnetization [147℄. Atu-ally, this analogy an be on�rmed more quantitatively. It was shown that for L = 2and at the ritial point the probability distribution has the same moment ratios asin the Ising model in dimension d greater than the so-alled upper ritial dimension(d > 4) for whih the ritial exponents take mean-�eld values [148℄. Let us notie,that in our model partiles are seleted randomly whih means that this is essentiallya mean-�eld model, and therefore it may be regarded as above the upper ritial di-mension. Moreover, our model is a dynamial, spaeless model, ontrary to the Isingmodel, whih is a lattie equilibrium model. The fat that suh di�erent models havesome similarities shows that as far as the ritial behavior is onerned what reallymatters is symmetry. In both ases this is the Z2 symmetry whih is broken belowthe ritial point.



6.4. DYNAMICAL PROPERTIES OF CLUSTER CONFIGURATIONS 111Pushing this analogy further, we expet that for L > 2 the phase transitionin our model should be similar to the phase transition of the L-state Potts modelabove the ritial dimension (sine the Ising model is reovered from the q = 2 statePotts model) [149℄. In the L-state Potts model at su�iently low temperature one ofthe L symmetri ground states is preferentially seleted. However, it is well-knownthat above the upper ritial dimension and for L > 2 there are only disontinuoustransitions in the Potts model [149℄. Consequently, the transition in the urn modelshould be disontinuous.The analogy may be pushed ever further. Let ξ be the orrelation length, τ therelaxation time (that orresponds to the lifetime of the asymmetri state in the urnmodel, or to a state of broken up-down symmetry for Ising model). At the ritialpoint there is a power-law divergene τ ∼ ξz. For Ising model above ritial dimensionwith Glauber dynamis (where the order parameter is not onserved by the dynamis,sometimes referred to as �model A�) the dynamial ritial exponent is z = 2 [150℄. Atthe ritial point sine the orrelation length diverges, one may identify the orrelationlength with the length of the system suh that the number of partiles N in the systemis given by N = ξdc , the lifetime therefore reads τ ∼ ξ2 = N2/dc . Going bak to thetwo-urn model, the order parameter orresponding to the Glauber dynamis is thedi�erene of oupanies of the urns ε = NA −NB, suh that ε relaxes to zero, whihorresponds to the symmetri state. It was shown that the relaxation time divergesas τ ∼ N z, where at the line of ontinuous transitions z = 1/2, at the triritialpoint z = 2/3, and at the spinodal line z = 1/3 [139℄. Making use of the latterritial exponents and of τ ∼ N2/dc , one �nds for the urn model dc = 4 (line ofontinuous transitions), dc = 3 (triritial point), and dc = 6 (spinodal line). Thelatter ritial dimensions are the same ones as those found from a �eld theory for Isingmodel [151, 152, 153, 154, 155℄. Those results on�rm again the analogy at ritialitybetween urn and L-state Potts models for Glauber dynamis in high dimensions.However, it should be pointed out that it is not obvious to de�ne the system length
ξ for the (spaeless) urn model.Let us notie that one an easily break the symmetry of the ompartments, e.g.,hanging the boundary onditions, whih in our analogy introdues some asymmetryin the Potts model. It is possible that in suh a ase the system e�etively willbeome similar to the L = 2 system and will exhibit a ontinuous transition. Finally,we expet that for L > 3 the phase diagram should be topologially similar to theone for L = 3 shown in Fig. 6.1.6.4 Dynamial properties of luster on�gurationsIn the present setion we study ertain dynamial properties of luster on�gurations.We used Monte Carlo simulation. Sine it is rather straightforward, we omit a moredetailed desription of the numerial implementation of the dynamial rules of ourmodel. Initially, we plae all partiles in one urn and examine its subsequent evolution.If the parameters T0 and ∆ are suh that the system is in region I then suh a luster isunstable and after some time due to �utuations it breaks down and partiles spread
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Figure 6.3: The time evolution of the fration of partiles of the luster ncl lose tothe limits of stability of the asymmetri phase (N = 5 × 104, L = 3). The valuesof T0 are indiated. For ∆ = 0.3 the limit of stability of the asymmetri phase is at
T0 = 0.169829772 . . .. For a larger number of partiles N , stohasti �utuations willdiminish.throughout all urns. This is illustrated in Fig. 6.3 whih shows the onentration ofpartiles in the urn in whih the partiles were initially plaed. Let us notie that(i) the breakdown is relatively abrupt and during the evolution up to the breakdownthe onentration of partiles only slightly dereases; (ii) upon approahing the lineseparating regions IV and III the lifetime of the luster τ inreases.Note the time asymmetry of the lustering proess. Indeed, metastable (or un-stable) lusters are shown to ollapse very abruptly (see Fig. 6.3 or Ref. [127℄). Onthe other hand, formation of lusters starting from a metastble (or unstable) uniformdistribution of partiles is a muh slower proess [134, 135℄.Sine in region III the asymmetri state has an in�nite lifetime it means that τmust diverge upon approahing this region. This behavior is seen in Fig. 6.4. Inaddition to the three-urn ase we also made analogous measurements of τ for L = 5and 7 and the results are also shown in Fig. 6.4. Let us notie that results presentedin Fig. 6.3 and Fig. 6.4 are similar to those obtained by van der Meer [127℄, althoughthey are parametrized by a di�erent variable.The limit of stability of the asymmetri phase an be regarded as a ritial point.Thus, we expet that exatly at this point, e.g., the lifetime τ has a power-law diver-gene τ = N z, and z > 0. Suh a behavior is shown in Fig. 6.5. From the slope ofthe straight line, whih is a least-square �t to our data we estimate z = 0.32(3). Letus notie that in the two-urn model at the limits of stability τ exhibits a very similardivergene [139℄. In the ase L = 2 more preise alulations were possible stronglysuggesting that z = 1/3 whih is also onsistent with the present three-urn model
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Figure 6.6: The average oupany of a entral urn Ncl as a funtion of time t. Theslope of deay is very lose to 0.5 whih on�rms the di�usive nature of spreading(Ncl ∼ t−1/2). Eah urve is obtained from averaging over 50 independent runs.result. Let us emphasize that beause in our model the number of partiles is �nite,we an study size dependent quantities as shown in Fig. 6.5.Finally, let us examine the breakdown of a luster in the many-urn ase L≫ 1. Insuh a ase a ontinuous approah to the MWL model shows that after breaking down,the luster di�uses with the anomalous exponent 1/3 [127℄. Results of our simulationsare shown in Fig. 6.6. From these data we onlude that spreading of a luster ourswith the ordinary exponent 1/2 rather than anomalously. Ordinary di�usion in ourmodel an be also easily explained analytially applying basially the same ontinuousapproah as used in [127℄. In this approah the set of equations of motion (6.5) istransformed into a partial di�erential equation. Then, one immediately realizes thatthe linear term in front of the exponent in Eq. (6.4) leads to the ordinary di�usionequation. On the other hand, the anomalous di�usion of MWL model an be traedbak to the quadrati (in n) term in the �ux in Eq. (6.1). This quadrati term isrelated with two-partile ollisions [127℄.6.5 The pair modelOne an easily onstrut urn models for whih the expression for the �ux will have adi�erent form. In partiular, rede�ning the e�etive temperature (6.2) and drawingeah time a pair of partiles we obtain an urn model with the �ux of exatly thesame form as Eq. (6.1). This dynamis takes into aount some of the two partilesorrelations. It allows us to reover some properties of the MWL model and establishfurther results.
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i ]the seleted partiles are plaed in the same randomly hosen neighboring urn,where i is the urn of the seleted partiles.One an easily see that the probability that two randomly seleted partiles belongto the i-th urn is given as Ni(Ni − 1)/[N(N − 1)], whih for N → ∞ beomes n2
i .Multiplying n2

i with the transition probability exp(−Bn2
i ) we obtain that the �ux inthe pair model is proportional to Eq. (6.1). It means that as far as the steady-stateproperties are onerned, the pair model is equivalent to the MWL [134, 135℄. Inpartiular for L = 2 one easily obtains the ritial value B = 4 for the ontinuoustransition between the symmetri (B < 4) and asymmetri phase (B > 4). For L = 3one obtains two ritial points B1 = 6.552703411 . . . and B2 = 9. The �rst one anonly be determined numerially. Similarly to Fig. 6.1, for B < B1 the symmetrisolution is stable whereas for B > B2 the asymmetri solution is stable. In theinterval B ∈ [B1, B2] both symmetri and asymmetri solutions are stable, whih isthe interval showing hysteresis with respet to the driving parameter B (see Fig. 6.7).Qualitatively the dynamial properties of luster on�gurations in the pair modelare similar to those desribed in previous setion. In partiular for L = 3 and B = B1,the average lifetime of a luster τ as a funtion of the number of partiles N one moreshows a power-law divergene τ = N z, with z = 0.31(3) suggesting that z = 1/3. Itshows a ertain universality of this exponent with respet to di�erent dynamial rules.Finally, Fig. 6.8 shows the di�usion of the broken down luster. Sine the as-ymptoti slope of our data is very lose to 1/3 we onlude that in this ase thedi�usion is anomalous, as already predited by van der Meer et al. who used the
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Figure 6.8: The average oupany of a entral urn Ncl as a funtion of time t forthe pair model. The slope of deay is very lose to 1/3 whih on�rms the anomalousdi�usive nature of spreading (Ncl ∼ t−1/3). Eah urve is obtained from averagingover 50 independent runs.ontinuous approah [127℄. This predition was reently on�rmed from an analytialderivation [141℄.The pair model and the model examined in the previous setion exhibit quali-tatively similar behavior for most of the physial quantities. The main di�erene isthe di�usion: it is anomalous in the pair model and ordinary in model examined inthe previous setion. It would be desirable to experimentally examine the nature ofdi�usion in suh systems.6.6 The Yang-Lee zerosThe mirosopi dynamis of the urn model is out of equilibrium. Indeed, in thestationary state there is a balane between an energy injetion mehanism (vertialshaking of the urns) and dissipation (through inelasti ollisions between partiles).However, level of oarse graining of our desription is suh that the orrespondingstationary probability distribution obeys the detailed balane [140℄. Therefore themodel we are studying is formally an equilibrium one. Moreover, as it will be shown,it an be mapped onto an equilibrium mean-�eld Ising model [159, 160℄. A basiingredient of the Yang-Lee theory of equilibrium phase transitions is that the grand-anonial partition funtion an be expressed as a polynomial of a size-independentontrol parameter � the fugaity. The purpose of this setion is to show, on oursimple model, that this might not be a neessary ondition. Indeed, this model has apartition funtion with a polynomial struture in terms of a size-dependent e�etive



6.6. THE YANG-LEE ZEROS 117fugaity, and thus the validity of the Yang-Lee approah might be highly questionable.We show, however, that the Yang-Lee strategy for this model still works.We �rst de�ne the model and the partition funtion is introdued as a polynomialof an e�etive size-dependent fugaity. Then the zeros of the partition funtion arestudied numerially. They are shown to form a very ompliated struture in theplane of the omplex fugaity. Nevertheless, they o�er information about the natureof the phase transition in our model.6.6.1 The L = 2 modelLet us now onsider the two-urn model [139℄, a generalisation of Ehrenfest's urnmodel [137, 138℄. The N partiles are distributed between two urns, the �rst urnontaining M partiles and the seond one N − M . The dynamis is de�ned asfollows. At eah time step, one partile is hosen at random in one of the urns. Then,with a probability that depends on the number of partiles present in the hosenurn, i.e., with a state-dependent transition rate, this partile moves to the other urn.Correspondingly, the �ux F (n) of partiles leaving a given urn at a ertain timedepends on the fration n of the total number of partiles in the given urn at thatmoment. This model is thus by onstrution mean-�eld like. The master equationfor the probability distribution p(M, t) that there are M partiles in a given urn attime t writes [139℄:
p(M, t+ 1) = F
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)
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+
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)
− F

(
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N

)]
p(M, t). (6.11)Its stationary solution is found to be [141℄:
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) , (6.12)where the normalization fator (the partition funtion) is:
ZN = 1 +
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(

N−i+1
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)

F
(

i
N

) . (6.13)This model an desribe the transition between a symmetri distribution of thepartiles in the two urns, assoiated with a single peak of the probability distributionat M = N/2 (for N even), to a symmetry breaking state desribed by a bimodaldistribution with peaks at M = N(1/2 ± ε). The order parameter ε measures thedi�erene in the oupany of the two urns. To produe this symmetry breaking itis su�ient that the �ux funtion F (n) has a single hump [133, 134, 139℄. Indeed,sine in the steady-state the �ux leaving an urn is equal to the �ux entering this urn,



118 CHAPTER 6. DYNAMICS OF THE BREAKDOWN OF GRANULAR CLUSTERSit is su�ient that there exists two di�erent values of the density n1 6= n2 suh that
F (n1) = F (n2). The simplest possible hoie for F (n) having this property is

F (n) = n exp (−An) , (6.14)whih orresponds to a state-dependent transition rate exp(−An). Thus the problemis haraterized by a single ontrol parameter A. In the thermodynami limit N → ∞,this symmetry breaking orresponds to a seond-order phase transition. In this limit,the probability distribution beomes δ-peaked around the marosopi stable state,that is determined by the ondition that the �ux of partiles direted from the �rsturn to the seond one equals the �ux of partiles from the seond urn towards the�rst one, F (1/2 − ε) = F (1/2 + ε), namely
(1/2 − ε) exp [−A (1/2 − ε)] = (1/2 + ε) exp [−A (1/2 + ε)] . (6.15)A �rst order Taylor expansion in ε allows one to �nd the ritial value Ac = 2. Itfollows that in the thermodynami limit for A < Ac = 2 the stationary state is thesymmetri one, while for A > Ac = 2 the equipartition of partiles is broken, i.e., aseond order phase transition takes plae at A = Ac = 2.6.6.2 Analysis of the zeros of the partition funtionWith suh a hoie of the �ux F (n), one may rewrite the normalization fator (6.13)as:
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zM(N−M). (6.16)Here (N

M

)
= N !/[M !(N −M)!] is the binomial oe�ient and z = exp (−A/N) is thee�etive fugaity. One an see that ZN is a polynomial in z, that is related to the on-trol parameter A of the model, but z is not a size-independent quantity, and dependson the number of partiles N . The partition funtion (6.16) an be mapped onto thepartition funtion of the mean-�eld Weiss-Ising model. This an be done by settingin Eq. (5) of Ref. [160℄: H = 0, n → M , β → A/2, z = exp(−2βJ), and thus theIsing-Weiss anonial partition funtion beomes ZN = z−N/4

∑N
M=0

(
N
M

)
zM(N−M),up to the prefator z−N/4 that is irrelevant [159℄.We embark on studying the zeros of the partition funtion ZN . As a �rst stepwe �nd zeros of Eq. (6.16), onsidering z as a omplex N -independent variable. The



6.6. THE YANG-LEE ZEROS 119results of our numerial alulations, using Mathematia, for three values of N arerepresented in Fig. 6.9. Note that the order of the polynomial of Eq. (6.16) inreasesrapidly like N2/4, and therefore we were not able to perform preise alulations ofthe roots beyond N = 71.With inreasing N these roots approah the unit irle. One an argue that thisshould indeed be the ase. First, let us assoiate with the partition funtion (6.16)the omplex free energy density
fN (z) = (1/N) ln(ZN ). (6.17)For large N and |z| > 1 the partition funtion is dominated by the entral term

M = N/2 and hene fN (|z| > 1) ∼ (N/4) ln z. Thus we de�ne f (1)(z) = (N/4) ln zas the free energy of the symmetri (M = N/2) phase. On the other hand, for |z| < 1the dominant ontribution are oming only from the M = 0 and M = N terms, andthus fN (|z| < 1) ∼ 1/N → 0 in the thermodynami limit. This allows to de�ne
f (2)(z) = 0 as the free energy of the asymmetri phase. To obtain the loation of thezeros of ZN in this limit we have to equate real parts of the omplex free energies onboth sides of the transition [161, 162℄. Namely, we require that

Re f (1)(z) = Re f (2)(z). (6.18)Using a polar representation z = reiφ we obtain from Eq. (6.18) Re(ln r + iφ) = 0and the only way to satisfy this equation is to have r = 1. Hene, asymptotially, thezeros should be loated on the unit irle, as on�rmed by our numerial alulations.However, the model with z as a ontrol parameter (whih has a transition with ajump of the e�etive free energy density) is quite di�erent from the original urn modelwith A as a ontrol parameter (whih has a ontinuous phase transition). Therefore,in order to infer some information about the phase transition in the urn model wehave to analyze the behavior of zeros of Eq. (6.16) in the omplex A-plane, that anbe obtained from the zeros in the z-plane using the relation A = −N ln(z). Thosezeros are in our model the equivalent of the Fisher zeros (zeros of the anonialpartition funtion in the omplex temperature plane for equilibrium systems) [163℄.Transformation of zeros into the omplex A-plane is shown in Fig. 6.10.With inreasing N the zeros approah the ritial point Ac = 2 with a slope of
π/4, and with a vanishing density of zeros. These numerial observations seem toon�rm the seond-order nature of the phase transition [156℄.In the following we establish analytially the form of the line of zeros lose to theritial point, and the �nal result is presented as a ontinuous line in Fig. 6.10. Asalready mentioned, in the thermodynami limit the partition funtion is dominatedby the stationary state (6.15). Below the ritial point the leading term of ZN for
N → ∞ is given by the entral peak M = N/2:

ZN ∼
(
N

N/2

)
exp

(
−AN

4

)
, A < Ac = 2. (6.19)On the other hand, for A > Ac there are two leading ontributions to ZN oming,respetively, from M = N(1/2 − ε) and M = N(1/2 + ε), where ε is the solution of
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)
exp

[
−AN

(
1

4
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)]
, A > Ac = 2. (6.20)Correspondingly, the e�etive free energy density f = limN→∞(1/N) ln(ZN ) [161,162℄ assoiated with this partition funtion is

f (1) = −A/4 + ln 2, A < Ac = 2, (6.21a)
f (2) = −A(1/4 − ε2) − (1/2 − ε) ln(1/2 − ε)

−(1/2 + ε) ln(1/2 + ε), A > Ac = 2. (6.21b)Let us now onsider the behavior of the partition funtion and of the e�etive freeenergy density as a funtion of the omplex parameter A. Then the ondition (6.18),
Re f (1) = Re f (2), together with Eq. (6.15) determine the line of zeros in the om-plex A-plane. Note that now ε is a omplex variable obtained from the steady-stateEq. (6.15).However, Eq. (6.18) is now too ompliated to allow for a omplete analysis ofthe zeros line in the entire A-plane. But we are mainly interested in the behavior ofthis line in the viinity of the ritial point Ac = 2. Therefore, we shall look for aperturbative solution of Eqs. (6.15) and (6.18) in the small real parameter α = ReA−2around Ac. Making use of the form A = (2 +α) + ia and ε = x+ iy, Eq. (6.15) givesfor the real part

4(2 + α)x− 4ya+ ln
[
(1/2 − x)2 + y2

]
− ln

[
(1/2 + x)2 + y2

]
= 0, (6.22)
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2(2 + α)y + 2ax− arctan
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= 0. (6.23)Equation (6.18) gives
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2
(1/2 − x) ln
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(1/2 − x)2 + y2

]
= 0. (6.24)From Eqs. (6.22) and (6.23) one onludes that a sales like α and that x sales like y.Sine the model exhibits a seond order phase transition, the transition is mean-�eld-like, whih guides us to a saling for x and y like α1/2. We are thus led to onsiderthe following developments:

A = (2 + α) + iα(a0 + αa1 + α2a2 + . . .), (6.25a)
ε = α1/2(x0 + αx1 + α2x2 + . . .) + iα1/2(y0 + αy1 + α2y2 + . . .). (6.25b)We substitute these expressions in Eqs. (6.22) to (6.24), then solve them order byorder in α. This leads to the following parametri expression for the line of zeros inthe A-plane, in the viinity of Ac = 2:

A = (2 + α) + iα
[
1 + 0.6α + 0.2443 . . . α2 + 0.1749 . . . α3 + 0.1235 . . . α4 + O(α5)

]
.(6.26)The result of this perturbative alulation up to O(α5) is represented by the ontin-uous line in Fig. 6.10. Note that, indeed, the slope of this urve at the ritial pointis π/4, sign of a seond-order phase transition. For ompleteness we shall give as wellthe solution for ε up to order O(α5):

x = α1/2[0.6728 . . . − 0.1182 . . . α+ 0.0169 . . . α2

−0.0137 . . . α3 + 0.0014 . . . α4 + O(α5)], (6.27a)
y = α1/2[0.2787 . . . − 0.2854 . . . α+ 0.0754 . . . α2

−0.0477 . . . α3 + 0.0115 . . . α4 + O(α5)]. (6.27b)Moreover, one an ompute the density of zeros on the urve de�ned by Eq. (6.26)in the viinity of the ritial point using the relationship [161, 162℄:
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)∣∣∣∣ , (6.28)where µ(s) is the density of zeros at a distane s from the transition point, distanemeasured along the line of zeros. Making use of Eqs. (6.21) one �nds
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Figure 6.11: The minimum distane between the zeros of ZN and Ac = 2 in theomplex A-plane as a funtion of N−1/2. The ontinuous line is a least-square �t ofthe form a+ bN−1/2(1 + cN−1), where a, b, and c are �tting parameters. Note thatthe orretion term N−3/2 is used in view of the small values of N that are aessibleto alulations. Extrapolating to the N → ∞ limit we obtain a/Ac ≃ 1%, i.e., verylose to zero, that on�rms the theoretial value Ac = 2.Making use of
s = α

√
1 + (1 + 0.6α + . . .)2, (6.30)of ∂/∂s = (∂s/∂α)−1∂/∂α, and of the solution (6.27), this gives in the viinity of thetransition point µ(s) = as+O(s2), with s =

√
2α and a = 0.0045 . . .. The density ofzeros vanishes as a power law towards the transition point on the real axis � i.e., wereovered yet another harateristi of the equilibrium theory for seond-order phasetransitions.Up to now, we have shown that the zeros of the partition funtion indeed provideinformation about the loation and the type of the phase transition. But, as pointedout [157, 158℄ ertain ritial exponents are also enoded in the behavior of these zeros.A similar onlusion an be drawn in our model. As shown in Fig. 6.11, the distane

|A−Ac| between the losest root A to Ac = 2 in the omplex A-plane dereases like
N−1/2. A simple saling argument shows [157, 158℄ that |A−Ac| should sale with thesystem size as N−1/ν , where ν is the orrelation length ritial exponent. However,our urn model is strutureless and the orrelation length does not seem to be a well-de�ned quantity. Nevertheless, we an implement a de�nition of the ritial exponent
ν that is based on the �nite-size saling of moments of the order parameter [164℄.Sine the probability distribution at the ritial point for urn models is known [141℄,using the standard presription [164℄ we obtain ν = 2. Suh a value agrees with the�nite-size saling observed in Fig. 6.11.In onlusion, we onsidered a simple stohasti model with state-dependent tran-



124 CHAPTER 6. DYNAMICS OF THE BREAKDOWN OF GRANULAR CLUSTERSsition rates for whih the partition funtion an be omputed analytially, and thatexhibits a seond order phase transition. Our aim was to show that, although it is nota straightforward task to apply the onepts of the Yang-Lee theory, it is a remarkableand non-trivial fat that they still apply when the mirosopi transition rates (ob-tained from a master equations desription) of the model are state-dependent. Onemore, this system is an equilibrium one in a mathematial sense sine it satis�es de-tailed balane at a ertain oarse-grained level of desription. On the other hand,from the physial point of view it is a nonequilibrium system, sine there is a ontinu-ous �ow of energy through the system. The energy input is due to the shaking of theontainer, and energy is ontinuously dissipated through inelasti ollisions betweenthe partiles.6.7 The link with zero-range proessesIt was possible to write the evolution equations (master equations) for the probabilitydistribution p(M, t) that in a given urn at time t there are M partiles [139℄. Theorresponding master equations were thus solved analytially for L = 2 [141℄ and
L = 3 [140℄. However, in order to obtain results for arbitrary L it is useful to onsiderthe model as a zero-range proess (ZRP) [140, 142℄, as �rst de�ned by Spitzer [165℄.A ZRP is a proess de�ned on a lattie of arbitrary dimension where the hoppingprobabilities uµ(nµ) from one site to another one depend only on the number ofpartiles nµ in the initial site. Therefore if nµ is the oupation number of site
µ, the on�guration of the system is de�ned by the set (whih may be in�nite) ofoupation numbers {nµ}L

µ=1. The total number of partiles is onserved by thedynamis: ∑µ nµ = N . The ZRP formalism provides a steady state probabilitydistribution P ({nν}) whih is a produt measure of the form
P ({nν}) =

1

Z(N,L)

N∏

µ=1

fµ(nµ), (6.31)where L is the number of states (sites), Z(N,L) the normalization fator, and fµ(nµ)the marginals whih are given by [142℄
f(n) =





n∏

m=1

1

u(m)
, n > 1,

1, n = 0.

(6.32)The urn model orresponds to the partiular ase of a homogeneous ZRP for whihthe hopping probabilities u(nµ) do not depend on the site. The hopping rates u(n) ofthe urn model are given by Eq. (6.4), so that the probability distribution of �nding thesystem of L urns in the state {n1, . . . , nL} reads o� straightforwardly from Eqs. (6.31)and (6.32).



6.8. CONCLUSIONS 1256.8 ConlusionsWe examined two versions of the L-urn model for vibrated sand (L > 2). Our modelsreover qualitatively experimental �ndings and previous steady-state alulations. Inaddition, they take into aount �utuations aused by the �nite number of partiles.Using symmetry properties, we relate them with high-dimensional Potts model andargue that for L > 3 the phase transitions in suh systems should be disontinuous.Although several quantities exhibit qualitatively similar behaviors for the two di�erentversions of the model, there are important di�erenes too. In partiular, these modelspredit a di�erent di�usion of a broken-down luster, whih an be either ordinary oranomalous, i.e., the type of di�usion is very sensitive to the dynamial rules of themodel, and thus to the form of the �ux. Next, for L = 2 we have shown that theonepts of the Yang-Lee theory still apply for the seond order symmetry-breakingphase transition of the system, although the mirosopi transition rates of the modelare state-dependent. Finally, we have noted that the urn models belong to the lassof zero-range proesses.





Chapter 7Conlusions and outlookThe lass of systems we studied is de�ned by nonequilibrium dilute dissipative systemsmade of many interating partiles. The methods we developed may be appliedto several systems suh as granular gases, granular mixtures, pure annihilation, orprobabilisti ballisti annihilation to ite a few ones. We also developed another(although related) model of a nonequilibrium dissipative system, namely the urnmodel for the separation of sand, whih aptures an essential feature of granulargases: the formation of lusters and symmetry breaking. We shall �rst reall themain results presented in this thesis.7.1 Summary of the main resultsOne of the main objetives of this thesis was to provide a well established hydrody-nami desription of probabilisti ballisti annihilation (PBA). In order to reah thisgoal, we made use of kineti theory to study several properties of PBA.We foused �rst on a model of pure annihilation that was solved exatly. Thissystem is made of hard spheres with isotropi disrete bimodal initial veloity distribu-tions. For suh a system olliding partiles disappear, therefore the disrete spetrumof the veloity distribution is preserved by the dynamis. This is the key ingredi-ent leading to the analytial solution for the veloity distribution. We implementedmoleular dynamis simulations whih were onfronted with the analytial solutionbased on Boltzmann's equation. This allowed to draw the important onlusion thatBoltzmann's equation provides an aurate desription of the dynamis already in twodimensions (it is expeted that in higher dimensions the role of orrelations diminish,while in dimension one the Boltzmann desription fails) [40℄. In the following, weturn our attention to ontinuous initial veloity distributions.The next step was to develop a new method for building the �rst nonzero or-retion to the Maxwell distribution for a homogeneous dissipative ballisti gas. Thismethod mainly onsists in taking the limit of vanishing veloities of the resaled Boltz-mann equation. The sope of this method is very wide sine it applies to granulargases, mixtures of partiles, pure annihilation, probabilisti annihilation, et. For127



128 CHAPTER 7. CONCLUSIONS AND OUTLOOKomparison, we �rst used our method on granular gases, for whih several resultsbased on the �traditional� method are already available in the literature. We im-plemented Monte Carlo simulations in order to hek the preditions of the veloitydistribution for granular gases in the saling regime f̃ obtained analytially from ourlimit method. Our onlusion was that f̃ provides a very aurate desription (notattained by the �traditional� method) in the veloity domain of interest (small velo-ities). Moreover, this new method turns out to be tehnially simpler to implementthan the �traditional� method [75℄.Having developed this new general method and tested the auray of the Boltz-mann equation for annihilation dynamis, we turned our attention to PBA. In thisase olliding partiles annihilate with probability p and satter elastially with prob-ability (1 − p). The �rst result was to obtain the veloity distribution funtion forthe homogeneous state and the deay exponents for the oarse grained density andthermal veloity �elds. Monte Carlo simulations have shown that the preditionsobtained from our limit method turned out to be very aurate (however the limitof vanishing annihilation p → 0 is singular). Let µ haraterize the behavior of theveloity distribution lose to the origin: f̃(c) ∝ cµ, c → 0. It is known that forpure annihilation the dynamis preserves the exponent µ. On the other hand, oursimulations led us to onjeture that in the long time limit the veloity distributiondoes not depend on the ontinuous initial veloity distribution. All distributions areattrated towards the same distribution haraterized by µ = 0, and thus beomeuniversal [52℄.The next step was to study inhomogeneities in the gas. This allows for the exis-tene of �uxes inside the system, assoiated with nonzero transport oe�ients. In-homogeneities were desribed by means of a �rst order Chapman-Enskog expansion.We thus established a hydrodynami desription of a system where none of the usualhydrodynami �elds is assoiated with a onserved quantity. The main result was toobtain the Navier-Stokes equations (�rst orretion to the hydrodynami equationsdesribing a homogeneous �ow) with transport oe�ients and deay rates that stemfrom the mirodynamis. The linear stability analysis of the latter equations allowedto onlude that presumably any inhomogeneity may only be a very short transiente�et. This is to be ontrasted to granular gases with onstant restitution oe�ient,where dense lusters form as a result of an initial inhomogeneity [45℄. We have alsostudied two models that are simpler to treat analytially: the Maxwell and very hardpartiles models. We have shown that they not only apture the essential featuresof the hard sphere gas, but also provide upper and lower bounds to all omparablephysial quantities [53℄.Finally, we developed an urn model for the separation of granular matter. Thisphenomenologial model is based on a master equations desription. The model wasshown to illustrate interesting and sometimes ounterintuitive features like sponta-neous symmetry breaking (lusterization), existene of metastable states, or anom-alous di�usion of lusters for example. The model reovers qualitatively experimental�ndings. Moreover, using symmetry properties we argued that for L > 2 urns themodel seems to be related with high-dimensional L-state Potts model [128℄. In the
L = 2 ase, we were also able to show that the Yang-Lee theory adequately desribes



7.2. EXTENSIONS AND OPEN PROBLEMS 129the phase transition in the ase where the partition funtion is expressed in terms ofa size-dependent e�etive fugaity [129℄.7.2 Extensions and open problemsWe would like to mention some problems opened by and whih have not been treatedin this thesis.One peuliarity of probabilisti ballisti annihilation is that for long times theBoltzmann equation is likely to give an adequate desription of the dynamis. On theother hand, moleular dynamis simulations allow to reprodue the exat dynamiswithout any underlying assumption (like moleular haos). Consequently, an impor-tant point would be to implement moleular dynamis simulations of PBA of hardspheres in order to obtain numerially the transport oe�ients for di�erent annihi-lation probabilities p. Indeed, omparing those transport oe�ients with the onesobtained analytially in this thesis would allow to probe diretly the validity of thehydrodynami desription. This omparison would be independent from the prob-lem of moleular haos. The implementation of suh a moleular dynamis programrepresents, however, a onsiderable amount of work and is beyond the range of thisthesis.The dynamis of PBA revealed di�erent physial phenomena as ompared to gran-ular gases, e.g., inhomogeneities in PBA appear to be transient.1 One may thereforepresumably enounter unexpeted behaviors from the study of slightly modi�ed ver-sions of PBA. It would therefore be worth to investigate several other variants of PBAas disussed below.The undriven system of PBA of hard spheres is suh that none of the hydrody-nami �elds is assoiated with a onserved quantity. However, one ould onsiderthe ation of a generalized �thermostat� F that plays the role of a soure term in theBoltzmann equation (1.18). One usually onsiders a deterministi fore proportionalto the veloity V (Gaussian thermostat) [166, 167℄
∇v · Ff(r,v; t) = γ(r, v)∇v · [Vf(r,v; t)] (7.1)or a stohasti fore (white noise thermostat) [37, 78, 168, 169, 170℄

∇v · Ff(r,v; t) = −γ(r, t)T (r, t)

m
∇2

vf(r,v; t), (7.2)where γ(r, t) desribes the amplitude of the fore. However, the latter two thermostatsare suh that the number of partiles and the impulsion are onserved: ∫ dvvk∇v ·
Ff(r,v; t) = 0, k = 0, 1. One has therefore to invent an additional partile andmomentum injetion mehanism. It would then be possible to have soure termsthat ompensate exatly the loss of partiles, momentum, and kineti energy. Thesystem ould therefore be driven into a nonequilibrium steady state (di�erent from the1We shall make a omparison with granular gases sine it is a well studied system whih unveilsa rih variety of models.



130 CHAPTER 7. CONCLUSIONS AND OUTLOOKhomogeneous ooling state). Sine the density would be onserved, the onlusionsregarding the linear stability of the hydrodynami equations are likely to hange.This study would provide some valuable theoretial insight. Indeed, it is probablethat inhomogeneities would not show up only as transient phenomena and that theyould be observed from moleular dynamis simulations. Again, this analysis ouldbe arried out for PBA of hard spheres, as well as for the simpler Maxwell and VHPmodels whih allow for a higher order analysis in the Chapman-Enskog expansion.Besides probing the validity of hydrodynamis there is a very large amount of pos-sible studies starting from the PBA formalism developed in this thesis. Indeed, manyof the models implemented in the ontext of granular gases may be translated in theontext of PBA (thermostats [37, 166, 171℄, mixtures of partiles [6, 172℄, partileswith internal degrees of freedom [14, 15℄, more omplex ollision rules with non-unitytangent restitution oe�ient [173, 174℄, . . . ) for several interations (Maxwell [41℄,hard spheres [53℄, and VHP models [45℄), or numerial approahes (lattie gas au-tomata [175, 176℄, moleular dynamis [83, 88, 102, 105℄, or Monte Carlo meth-ods [102, 121, 177℄), or even taking into aount exluded volume e�ets with theEnskog equation [57℄. Obtaining interesting onlusions for some of those extensionswould be a rather straightforward work based on the results of this thesis. We shallmention as well that �nding an experimental realization of (probabilisti) ballistiannihilation is a di�ult task. However, it seems that the dynamis of point defetsin nemati liquid rystals in spei� geometries shares some features with ballistiannihilation [178℄.Finally, using the results presented in this thesis it is straightforward to generalizethe formalism of PBA to inelasti ollisions. This would lead to a uni�ed kineti theoryfor probabilisti ballisti annihilation of granular gases. Again, a further possibleextension would be then to take into aount the veloity dependene of the restitutionoe�ient (PBA of visoelasti partiles), or a random restitution oe�ient [84℄. Inthe ase of granular gases, it is known that if the restitution oe�ient depends onthe veloity, then instabilities are transient [12, 13℄. It would therefore be interestingto study how this veloity dependene modi�es the onlusions regarding the linearstability of PBA, and if inhomogeneities ould therefore be observed from moleulardynamis simulations.



Appendix AAppendix
A.1 Calulation of βkWe note Ωd =

∫
dσ̂ = 2πd/2/Γ(d/2) the surfae of a d-dimensional sphere, then

βk =
1

2
Ωd

∫
dσ̂ (σ̂ · v̂12)

kθ(σ̂ · v̂12)
1
2Ωd

=
1

2
Ωd

(∏d−2
l=1

∫ π
0 dϕl

) ∫ 2π
0 dψ

∏d−2
m=1(sinϕm)m cos(ϕd−2)

kθ(cosϕd−2)
(∏d−2

l=1

∫ π
0 dϕl

) ∫ 2π
0 dψ

∏d−2
m=1(sinϕm)m

=
1

2
Ωd

∫ π/2
0 d θ(sin θ)d−2(cos θ)k

∫ π/2
0 dθ (sin θ)d−2

=
1

2
Ωd

Γ[(d−1)/2]Γ[(k+1)/2]
2Γ[(d+k)/2]

Γ[(d−1)/2]Γ(1/2)
2Γ(d/2)

= π
d−1

2
Γ [(k + 1)/2]

Γ [(k + d)/2]
, (A.1)whih is Eq. (2.4).A.2 Calulation of the limit c1 → 0 of the ollision termWe de�ne the loss term Ĩl and gain term Ĩg by

Ĩl = − lim
c1→0

∫

Rd

dc2

∫
dσ̂ θ(σ̂ · ĉ12)(σ̂ · c12)f̃(c1)f̃(c2) (A.2a)

Ĩg = lim
c1→0

1

α2

∫

Rd

dc2

∫
dσ̂ θ(σ̂ · ĉ12)(σ̂ · c12)f̃(c′1)f̃(c′2), (A.2b)so that limc1→0 Ĩ(f̃ , f̃) = Ĩl + Ĩg. 131



132 CHAPTER A. APPENDIXTaking the limit c1 → 0 of the loss term yields the exat result
Ĩl = −β1f̃(0)〈c2〉, (A.3)where β1 = π(d−1)/2/Γ [(d+ 1)/2] is the partiular ase k = 1 of Eq. (2.4). Makinguse of the relation

∫

Rd

dx |x|ne−αx2

=
πd/2

α(d+n)/2

Γ [(d+ n)/2]

Γ(d/2)
(A.4)for α ∈ R+, with Γ the Euler gamma funtion, it is easy to show that within theframework of the Sonine expansion (4.21), negleting the oe�ients ai, i > 3,

〈cn2 〉 =
[
1 +

a2

8
n(n− 2)

] Γ [(d+ n)/2]

Γ(d/2)
. (A.5)Making use of the partiular ase n = 1, Eq. (A.3) beomes

Ĩl = −SdM̃(0)

2
√
π

[
1 + a2

d(d+ 2)

8

](
1 − a2

8

)
, (A.6)where Sd =

∫
dσ̂ = 2πd/2/Γ(d/2) is the surfae of the d-dimensional sphere.De�ning β = (1 + α)/(2α) > 1, the preollisional resaled veloities c′i and post-ollisional ones ci are related by

c′1 = c1 − β(c12 · σ̂)σ̂, (A.7a)
c′2 = c2 + β(c12 · σ̂)σ̂. (A.7b)The gain term (A.2b) thus reads

Ĩg =
1

α2

∫

Rd

dc2

∫
dσ̂ θ(σ̂ · ĉ2)(σ̂ · c2) f̃ [β(c2 · σ̂)σ̂] f̃ [c2 − β(c2 · σ̂)σ̂] , (A.8)where the funtion f̃ is isotropi. Performing the integration over c2 before that over

σ̂, we hoose the x Cartesian oordinate as orresponding to the σ̂ diretion. Theveloity c2 is thus written c2 = cxx̂+ c⊥, with cx = (c2 · σ̂) ∈ R and c⊥ = c2 − cxx̂ ∈
R

d−1. Eq. (A.8) beomes
Ĩg =

1

α2

∫
dσ̂

∫

Rd

dc2 θ(cx) cxf̃(βcxσ̂)f̃(c2 − βcxσ̂) (A.9)
=
Sd

α2

∫ ∞

0
dcx cx

∫

Rd−1

dc⊥ f̃(βcx)f̃

(√
c2⊥ + c2x(1 − β)2

)
. (A.10)Eq. (A.10) is an exat relation within Boltzmann's framework. Making use of thethe Sonine expansion (4.21) where we retain only the �rst orretion a2, Eq. (A.10)beomes

Ĩg =
Sd

α2πd

∫ ∞

0
dcx cxe−[β2+(1−β2)]c2x

∫

Rd−1

dc⊥ e−c2⊥
[
1 + a2S2(β

2c2x)
]

×
{
1 + a2S2

[
c2⊥ + c2x(1 − β)2

]}
. (A.11)



A.3. BOLTZMANN EQUATION INVOLVING MOMENTS 133With the de�nition of the seond Sonine polynomial S2(x) = x2/2 − (d + 2)x/2 +
d(d + 2)/8, one sees that Eq. (A.11) may be expressed as a sum of produts of theintegrals

J⊥(n) =

∫

Rd−1

dc⊥ e−c2⊥cn⊥, (A.12a)
Jx(n) =

∫ ∞

0
dcx e−[β2+(1−β2)]c2xcnx, (A.12b)that are straightforwardly omputed using the relation (A.4). Tedious but tehniallysimple alulations thus lead to

Ĩg =
SdM̃(0)

2
√
π

[
2

1 + α2
+ a2D1(α, d) + a2

2D2(α, d)

]
, (A.13)where

D1(α, d) =
1

8(1 + α2)3

[
2(1 + α2)2(d2 − 2d− 5) + 4(d − 1)(α − 1)2(1 + α2)

+ 8(α4 + 6α2 + 1)
] (A.14)and

D2(α, d) =
1

32(1 + α2)5

[
12α3(1 + α2)(d− 1)(d − 2) − 4α2(1 + α4)(24 + 4d− d2)

+ 4α(1 + α6)(d + 6)(d− 1) − (1 + α8)(26 + 28d+ 9d2)
]
. (A.15)Finally, the limit c1 → 0 of Eq. (3.7) is given by the sums of Eqs. (A.6) and (A.13).A.3 Boltzmann equation involving momentsInserting the saling form (4.6) in the Boltzmann equation (4.1), the ontributions ofthe right-hand side beome

pJa[f, f ] = −pσd−1 n2

vd−1
β1

∫Rd

dc2 |c12|f̃(c1)f̃(c2), (A.16)and
(1 − p)Jc[f, f ] = (1 − p)σd−1 n2

vd−1
Ĩ[f̃ , f̃ ], (A.17)where
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dc2
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dσ̂ θ(σ̂ · ̂12)(σ̂ · ̂12)|c12|

[
f̃(c′1)f̃(c′2) − f̃(c1)f̃(c2)

]
. (A.18)The left-hand side of Eq. (4.1) beomes

∂tf(v1; t) =
1

vd
f̃(c1)∂tn− d

vd+1
nf̃(c1)∂tv +

n

vd

∂c1
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f̃(c1)
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n
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1
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∂tn− df̃(c1)
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v
∂tv − c1
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dc1
f̃(c1)

1

v
∂tv

]

=
n

vd

[
∂t lnn− ∂t ln v

(
d+ c1

d

dc1

)]
f̃(c1). (A.19)



134 CHAPTER A. APPENDIXOn the other hand, Eqs. (4.14) and (4.15) provide:
lnn = −ξp ln

(
1 + p

1 + αe

2
ω0t

)
, (A.20a)

ln v = −γp ln

(
1 + p

1 + αe

2
ω0t

)
, (A.20b)therefore

∂t lnn = −ξp p1+αe

2 ω0

1 + p1+αe

2 ω0t
, (A.21a)

∂t ln v = −γp p1+αe

2 ω0

1 + p1+αe

2 ω0t
, (A.21b)Making use of Eqs. (A.21) in Eq. (A.19), and of Eqs. (A.16) and (A.17) the Boltzmannequation reads

p
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2 ω0
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2 ω0t
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dc1

)]
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= −pσd−1nvβ1

∫Rd

dc2 |c12|f̃(c1)f̃(c2) + (1 − p)σd−1nvĨ[f̃ , f̃ ]. (A.22)Eqs. (4.14) yield
nv = n0v0

1

1 + p1+αe

2 ω0t
, (A.23)that we insert in Eq. (A.22) in order to obtain

p
1 + αe

2
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−ξ + γ

(
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d

dc1

)]
f̃(c1)

= −pσd−1β1

∫Rd

dc2 |c12|f̃(c1)f̃(c2) + (1 − p)σd−1Ĩ[f̃ , f̃ ]. (A.24)Eq. (4.8) gives ω0:
ω0 = n0v0σ

d−1β1〈c12〉, (A.25)whih in Eq. (A.24) yields the form (4.16) of the Boltzmann equation.A.4 Summary of the notationsWe shall reall here some of the notations used through hapters 4 and 5. κ and µare the transport oe�ients appearing in Fourier's linear heat ondution law (4.57),and η is the shear visosity appearing in the pressure tensor (4.56). A quantity Athat is made dimensionless is noted A∗. The orresponding dimensionless transportoe�ients are written
η∗ =

η

η0
, (A.26a)

κ∗ =
κ

κ0
, (A.26b)

µ∗ =
nµ

Tκ0
, (A.26)
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κ0 =

d(d+ 2)

2(d− 1)

kB

m
η0, (A.27)

η0 =
d+ 2

8

Γ(d/2)

π(d−1)/2

√
mkBT

σd−1
, (A.28)are the thermal ondutivity and shear visosity oe�ients for hard spheres, respe-tively. The dimensionless oe�ients ν∗η , ν∗κ, and ν∗µ are given by

ν∗κ =
1

ν0

∫
Rd dVSi(V)JAi∫
Rd dVSi(V)Ai

− p
1

ν0

∫
Rd dVSi(V)ΩAi∫
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, (A.29a)
ν∗µ =

1

ν0

∫
Rd dVSi(V)JBi∫
Rd dVSi(V)Bi

− p
1

ν0

∫
Rd dVSi(V)ΩBi∫
Rd dVSi(V)Bi

, (A.29b)
ν∗η =

1
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∫
Rd dVDij(V)JCij∫
Rd dVDij(V)Cij

− p
1

ν0

∫
Rd dVDij(V)ΩCij∫
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, (A.29)where V = v − u,
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p(0)
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8

d+ 2

π(d−1)/2

Γ(d/2)
nσd−1

√
kBT

m
, (A.30)and p(0) = nkBT is the zeroth order pressure. In Eqs. (A.29), the operator J is givenby

Jg = pLa[f
(0), g] + (1 − p)Lc[f

(0), g], (A.31)where
La[f

(0), g] = −Ja[f
(0), g] − Ja[g, f

(0)], (A.32a)
Lc[f

(0), g] = −Jc[f
(0), g] − Jc[g, f

(0)], (A.32b)(A.32)
g being an arbitrary funtion. The ollision operator Jc (annihilation operator Ja)is de�ned by Eq. (5.3) [Eq. (5.2)℄. The linear operator Ω is de�ned by Eq. (4.55).The veloity distribution funtion is denoted f(r,v; t). In the saling regime

f(r,v; t) =
n(t)

vd
T (t)

f̃(c), (A.33)where c = V/vT . The time dependent [through T (t)℄ thermal veloity is
vT =

√
2kBT

m
. (A.34)We note the Maxwellian in the homogeneous ooling state by

M(V ) =
n(t)

vd
T (t)πd/2

exp

(
−V

2

v2
T

)
, (A.35)



136 CHAPTER A. APPENDIXand the Maxwellian by
M̃(c) = π−d/2 exp(−c2). (A.36)Therefore, we obtain a similar relation to Eq.(A.33): M(V ) = (n/vd

T )M̃(c).The deay rate for the �eld A = {n, ui, T} reads ξ(m)
A , where m denotes the orderin the Chapman-Enskog expansion. The orresponding dimensionless deay rate is

ξ
(m)∗
A =

ξ
(m)
A

ν0
. (A.37)A.5 Balane equationsIn the following we adopt Einstein's summation onvention.A.5.1 MassIntegrating Eq. (4.28) over v1 we obtain

∂t

∫Rd

dv f(r,v; t) + ∇i

∫Rd

dv vif(r,v; t)

= p

∫Rd

dv Ja[f, f ] + (1 − p)

∫Rd

dv Jc[f, f ]. (A.38)Using the de�nition (4.31), the �rst term of the left-hand side gives ∂tn, and theseond nui. The last term of the right-hand side is equal to zero sine the ollisionoperator preserves the number of partiles. Finally, using Eqs. (4.29) and (4.33) wesee that the �rst term of the right-hand side is equal to −pω[f, f ]. We thus obtainEq. (4.32a).A.5.2 MomentumIntegrating Eq. (4.28) over v1 with weight mv1 we obtain
∂t

∫Rd

dvmvif(r,v; t) + ∇j
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dvmvivjf(r,v; t)

= p

∫Rd

dvmviJa[f, f ] + (1 − p)

∫Rd

dvmviJc[f, f ]. (A.39)Again, for similar reasons Eq. (A.39) beomes
∂t(nui) + ∇j

∫Rd

dv vivjf(r,v; t) = −pω[f, vif ]. (A.40)Making use of the de�nition (4.34) for the pressure tensor, we establish
∇j

∫Rd

dv vivjf(r,v; t) =
1

m
∇jPij + ∇jnuiuj, (A.41)that we insert in Eq. (A.40). Making then use of the balane equation for mass (4.32a)we obtain Eq. (4.32b).



A.6. EQUATIONS FOR AI , BI , AND CIJ TO FIRST ORDER 137A.5.3 EnergyIntegrating Eq. (4.28) over v1 with weight mv2
1/2 we obtain

∂t

∫Rd

dv v2f(r,v; t) + ∇j

∫Rd

dv v2vjf(r,v; t)

= p

∫Rd

dv v2Ja[f, f ] + (1 − p)

∫Rd

dv v2Jc[f, f ]. (A.42)The de�nition (4.35) for the heat-�ux allows to �nd the intermediate result
∇jqj =

m

2
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dv vjv
2f(r,v; t) − m

2
∇juj

∫Rd

dv v2f(r,v; t)

−m∇juk

∫Rd

dv vjvkf(r,v; t) +m∇jnuju
2. (A.43)Making use of the de�nition (4.34) for the pressure tensor, Eq. (A.43) yields

∇j
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dv v2vjf(r,v; t) =
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(Pij∇iuj + ∇jqi) + ∇juj

∫Rd

dv v2f(r,v; t)

− 2∇jnuju
2 + nuj∇ju

2 +
2

m
uk∇jPkj + 2uk∇jnujuk. (A.44)On the other hand, the de�nition (4.31) for the temperature yields

∂tT =
m

kBT

1

n2
(∂tn)

∫Rd

dv v2f(r,v; t)

+
m

kBT
2uj (∂tuj) −

m

kBd

1

n
∂t

∫Rd

dv v2f(r,v; t), (A.45)in whih we use the balane equations (4.32a) and (4.32b) in order to obtain
∂t

∫Rd

dv v2f(r,v; t) = − 1

n
(pω[f, f ] + uj∇jn+ n∇juj)

∫Rd

dv v2f(r,v; t)

+
nkBd

m
∂tT − 2

(
1

m
uj∇kPjk + nujuk∇kuj + pω[f, ujVjf ]

)
. (A.46)Finally, the insertion of Eqs. (A.44) and (A.46) into Eqs. (A.42) leads us to Eq. (4.32).A.6 Equations for Ai, Bi, and Cij to �rst orderWe would like to rewrite the right-hand side of Eq. (4.46) in a form involving gradientsof the hydrodynami �elds. The normal solution (4.38) gives

∂tf
(0)(r,v; t) =

∂f (0)

∂n

∂n

∂t
+
∂f (0)

∂ui

∂ui

∂t
+
∂f (0)

∂T

∂T

∂t
, (A.47)



138 CHAPTER A. APPENDIXand using the lightened notation v1 = (v1, . . . , vd), r1 = (r1, . . . , rd):
v1 · ∇f (0) = vi

∂f (0)

∂n
∇in+ vj

∂f (0)

∂ui
∇jui + vi

∂f (0)

∂T
∇iT. (A.48)Sine f (0) is known [Eq. (4.43)℄, then ∂f (0)/∂n = f (0)/n, and ∂f (0)/∂ui = −∂f (0)/∂Vi,the right-hand side of Eq. (4.42) beomes

− [∂t + vi∇i] f
(0) = −f (0)

(
1

n
∂tn+

1

n
vi∇in

)

+
∂f (0)

∂Vi
(∂tui + vj∇jui) −

∂f (0)

∂T
(∂tT + vi∇iT ) . (A.49)The terms in parenthesis may be rewritten using the �rst order balane equations (4.44).Then Eq. (4.46) �nally takes the form

[∂
(0)
t + J ]f (1) = Ai∇i lnT +Bi∇i lnn+ Cij∇iuj + pΩf (1), (A.50)where Vi = vi − ui,

Ωf (1) = f (0)ξ(1)n − ∂f (0)

∂Vi
vT ξ

(1)
ui

+
∂f (0)

∂T
Tξ

(1)
T , (A.51)and

Ai = −ViT
∂f (0)

∂T
− kBT

m

∂f (0)

∂Vi
, (A.52a)

Bi = −Vif
(0) − kBT

m

∂f (0)

∂Vi
, (A.52b)

Cij =
∂

∂Vi
[vjf

(0)] +
2

d
T
∂f (0)

∂T
δij . (A.52)The veloity dependene of f (0) ours only through V/vT . Beause of the normaliza-tion the temperature dependene of the funtion f (0) is of the form T−d/2f

(0)
(V/T 1/2).Therefore

−T ∂f
(0)

∂T
= −T ∂

∂T

[
T−d/2f

(0)
(V/T 1/2)

]

=
d

2
f (0) − TT−d/2 ∂

∂T
f

(0)
(V/T 1/2). (A.53)If we de�ne x = V/T 1/2, then ∂/∂xi = T 1/2∂/∂Vi, and

∂

∂T
f

(0)
(V/T 1/2) = −1

2
Vi

1

T

∂f
(0)

∂Vi
. (A.54)Inserting Eq. (A.54) in Eq. (A.53) we obtain

−T ∂f
(0)

∂T
=
d

2
f (0) +

1

2
ViT

d/2 ∂

∂Vi
f

(0)
(V/T 1/2). (A.55)
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1

2

∂

∂Vi

[
Vif

(0)
]

=
d

2
f (0) +

1

2
ViT

d/2 ∂

∂Vi
f

(0)
(V/T 1/2). (A.56)Comparing Eqs. (A.55) and (A.56) one obtains

−T ∂f
(0)

∂T
=

1

2

∂

∂Vi
[Vif

(0)]. (A.57)The insertion of Eq. (A.57) in the Eqs. (A.52) yields the relations (4.54).We now turn to the left-hand side of Eq. (4.46). Making use of the form (4.52)for f (1) then
∂(0)f (1)

∂t
= ∇i lnT

[
∂Ai

∂T

∂(0)T

∂t
+
∂Ai

∂n

∂(0)n

∂t
+
∂Ai

∂uj

∂(0)uj

∂t

]

+∇i lnn

[
∂Bi

∂T

∂(0)T

∂t
+
∂Bi

∂n

∂(0)n

∂t
+
∂Bi

∂uj

∂(0)uj

∂t

]

+∇jui

[
∂Cij

∂T

∂(0)T

∂t
+
∂Cij

∂n

∂(0)n

∂t
+
∂Cij

∂uk

∂(0)uk

∂t

]

+Ai∇i
1

T

∂(0)T

∂t
+ Bi∇i

1

n

∂(0)n

∂t
+ Cij∇j

∂(0)ui

∂t
. (A.58)The derivatives of the hydrodynami �elds are expressed using the zeroth-order bal-ane equations (4.44):

∇i
1

T

∂(0)T

∂t
= −p∇iξ

(0)
T

= −p
(
n
∂ξ

(0)
T

∂n
∇i lnn+ T

∂ξ
(0)
T

∂T
∇i lnT +

∂ξ
(0)
T

∂uj
∇iuj

)
, (A.59a)

∇i
1

n

∂(0)n

∂t
= −p∇iξ

(0)
n

= −p
(
n
∂ξ

(0)
n

∂n
∇i lnn+ T

∂ξ
(0)
n

∂T
∇i lnT +

∂ξ
(0)
n

∂uj
∇iuj

)
, (A.59b)

∇j
∂(0)ui

∂t
= −p∇jξ

(0)
ui

= −p
(
n
∂ξ

(0)
ui

∂n
∇j lnn+ T

∂ξ
(0)
ui

∂T
∇j lnT +

∂ξ
(0)
ui

∂uk
∇juk

)
. (A.59)Eqs. (A.59) have to be inserted into Eq. (A.58). On the other hand, sine J is alinear operator we have

Jf (1) = (JAi)∇i lnT + (JBi)∇i lnn+ (JCij)∇jui. (A.60)Eqs. (A.60) and (A.58) [ombined with Eqs. (A.59)℄ allow to express the left-handside of Eq. (4.46): [∂
(0)
t + J ]f (1). Sine again Ω is a linear operator, Ωf (1) has the



140 CHAPTER A. APPENDIXsame form as in Eq. (A.60) where we replae J by Ω. Making use of Eq. (A.50) wethus obtain
−pαi + (J − pΩ)Ai = Ai, (A.61a)
−pβi + (J − pΩ)Bi = Bi, (A.61b)
−pγij + (J − pΩ)Cij = Cij , (A.61)where

αi = Tξ
(0)
T

∂Ai

∂T
+ nξ(0)n

∂Ai

∂n
+ ξ(0)uj

∂Ai

∂uj
+ AiT

∂ξ
(0)
T

∂T
+ BiT

∂ξ
(0)
n

∂T
+ CjiT

∂ξ
(0)
uj

∂T
, (A.62a)

βi = Tξ
(0)
T

∂Bi

∂T
+ nξ(0)n

∂Bi

∂n
+ ξ(0)uj

∂Bi

∂uj
+ Ain

∂ξ
(0)
T

∂n
+ Bin

∂ξ
(0)
n

∂n
+ Cjin

∂ξ
(0)
uj

∂n
, (A.62b)

γij = Tξ
(0)
T

∂Cij

∂T
+ nξ(0)n

∂Cij

∂n
+ ξ(0)uk

∂Cij

∂uk
+ Ai

∂ξ
(0)
T

∂uj
+ Bi

∂ξ
(0)
n

∂uj
+ Ckj

∂ξ
(0)
uk

∂ui
. (A.62)Eqs. (A.61) represents a system of d(d + 2) partial di�erential equations for the

d(d+ 2) unknown Ai, Bi, and Cij. Some simpli�ations are however possible.Using the saling form (4.43) and by de�nition of the deay rates (4.45) one has
ξ(0)n ∼ ξ

(0)
T ∼ nT 1/2. (A.63)Besides the trivial relation ∂ui

ξ
(0)
n,T = 0, this yields
T
∂ξ

(0)
n,T

∂T
=

1

2
ξ
(0)
n,T , (A.64)and

n
∂ξ

(0)
n,T

∂n
= ξ

(0)
n,T , (A.65)where ξ(0)n,T = {ξ(0)n , ξ

(0)
T }. Making use of the relations (A.64) and (A.65) with ξ(0)ui = 0,as explained in Se. 4.4.2.1, from the system (A.61) one obtains the relations (4.53).A.7 Solubility onditionsThe moments of v0, v1, v2 with weight f are given by those of f (0). Therefore

〈χ|f (k)〉 =

∫Rd

dvχ(v)f (k) = 0, ∀k > 1, χ(v) = {v0,v1, v2}. (A.66)Let P be the projetor in the subspae generated by {v0,v1, v2} [57℄:
Pg(v) =

1

n

d+2∑

i=1

ψi(v)f (0)(v)

∫Rd

dv′ ψi(v
′)g(v′), (A.67)



A.8. EQUATIONS FOR THE TRANSPORT COEFFICIENTS 141where
{ψi(v)} = {1, c1v + c2, c3v

2}, (A.68)with ci, i = 1, . . . , 3 are onstants de�ned in [57℄. The ondition (A.66) means that
Pf = Pf (0). (A.69)In partiular
f (1) ∈ P⊥, (A.70)i.e., f (1) is in the orthogonal subspae to P. This ondition reads

Pf (1) = P (Ai∇i lnT + Bi∇i lnn+ Cij∇iUj) , (A.71)therefore
P




A

B

C


 = 0. (A.72)The ondition (A.72) is therefore a diret onsequene of the Chapman-Enskog method.Sine P ommutes with ∂T , ∂n, and J , applying P on both sides of Eqs. (4.53) with theonstraints (A.72) yields the ondition for nonzero Ai, Bi, and Cij to exist (solubilityonditions [57℄):

P




A

B

C


 = 0. (A.73)It is possible to verify expliitly that the relations (A.73) are satis�ed [57℄.A.8 Equations for the transport oe�ientsAs we will apply a Sonine expansion, the symmetry properties of A(V) and B(V)are the same as those of S(V), whereas the properties of C(V) are the same as thoseof D(V). Thus the insertion of Eq. (4.52) in Eq. (4.58) yields

P
(1)
ij =

∫

Rd

dvDij(V)Ckl(V)∇kul. (A.74)The identi�ation of Eqs. (A.74) and (4.56) yields (see, e.g., [111℄)
η = − 1

(d− 1)(d+ 2)

∫

Rd

dVDij(V)Cij(V). (A.75)Integrating Eq. (4.53) over V in R
d with weight −1/[(d − 1)(d + 2)]Dij(V) andmaking use of Eq. (A.75) one obtains

[
−pξ(0)T T∂T − pξ(0)n n∂n + νη

]
η = − 1

(d− 1)(d+ 2)

∫

Rd

dVDij(V)Cij , (A.76)



142 CHAPTER A. APPENDIXwhere νη is given by Eq. (4.64). Funtional dependene analysis shows that n∂nη = 0and T∂T η = η/2. Using the de�nitions (4.36) for Dij(V) and (A.170) for Cij(V), itis possible to ompute the right-hand side of (A.76) whih gives
η =

1

νη − 1
2pξ

(0)
T

1

d

∫

Rd

dVmV 2f (0). (A.77)Using the hydrostati pressure p(0) = nkBT with the de�nition (4.31) for the tem-perature, and dividing Eq. (A.77) by η0 [see Eq. (4.63)℄ we �nally obtain Eq. (4.60a).The insertion of Eq. (4.52) in Eq. (4.59) gives
qi =

∫

Rd

dVSi(V)Ak(V)∇k lnT +

∫

Rd

dVSi(V)Bk(V)∇k lnn. (A.78)It is easy to show that
∫Rd

dVSi(V)Ak(V)∇k lnT =
1

d

∫Rd

dVSk(V)Ak(V)∇i lnT, (A.79)therefore the identi�ation of Eqs. (A.78) and (5.16) yields
κ = − 1

dT

∫

Rd

dVSi(V)Ai(V), (A.80a)
µ = − 1

dn

∫

Rd

dVSi(V)Bi(V). (A.80b)The fat that µ 6= 0 is due to the annihilation proess (or in general to a dissipativemehanism of the dynamis). Integrating Eqs. (4.54a) and (4.54b) over V in R
dwith weight −Si(V)/d and making further use of Eq. (A.80), then making use of

T∂T (Tκ) = 3Tκ/2, T∂T (nµ) = 3nµ/2, and n∂n(Tκ) = n∂n(nµ) = 0 obtained fromfuntional dependene analysis, it follows
κ =

1

νκ − 2pξ
(0)
T

1

T

[
1

2
pξ(0)n nµ− 1

d

∫

Rd

dV Si(V)Ai(V)

]
, (A.81a)

µ =
1

νµ − 3
2pξ

(0)
T − pξ

(0)
n

1

n

[
pξ

(0)
T Tκ− 1

d

∫

Rd

dV Si(V)Bi(V)

]
. (A.81b)Using Eqs. (4.54a), (4.54b), (4.37), and (4.67) one may alulate the integrals ap-pearing in the right-hand side of Eqs. (A.81):

1

dT

∫

Rd

dVSi(V)Ai(V) = −d+ 2

2

nkB

mβ
(2a2 + 1), (A.82a)

1

dn

∫

Rd

dVSi(V)Bi(V) = −d+ 2

4

1

β2m
2a2, (A.82b)where νκ and νµ are given by Eqs. (4.64a) and (4.64b). The insertion of Eqs. (A.82)in (A.81) yields Eqs. (4.60b) and (4.60).
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(0)∗
n and ξ

(0)∗
TThe deay rates (4.45a) and (4.45) may be omputed using the de�nition (4.33)and Eqs. (4.65) and (4.66). We �rst hange variables to ci = Vi/vT , i = 1, 2, thento c12 = c1 − c2 and C = (c1 + c2)/2 in order to deouple the integrals. Next, theintegrals being isotropi with a symmetri weight, only even powers of the omponentsof C and c12 will give nonzero ontributions. Thus the terms (C ·c12)

2 in the integralsbeome C2c212/d. Finally, the resulting integrals may be omputed using the followingrelation [70℄: if we de�ne
M0

np =
1

πd

∫

R2d

dc12dC e−c2
12

/2e−2C2

cn12C
p, (A.83)

Mnp = 〈cn12Cp〉 =
1

πd

∫

R2d

dc12dC e−c212/2e−2C2

cn12C
p

×
[
1 + a2

{
C4 +

1

16
c412 +

d+ 2

2d
C2c212 − (d+ 2)C2 − d+ 2

4
c212 +

d(d+ 2)

4

}]
,(A.84)then

M0
np = 2(n−p)/2 Γ[(d+ n)/2]Γ[(d + p)/2]

Γ(d/2)2
, (A.85)

Mnp

M0
np

= 1 +
a2

16d

[
d(n2 + p2) − 2d(n + p) + 2np(d+ 2)

]
. (A.86)Equations (A.85) and (A.86) may be easily veri�ed using the relation (A.4). Wethus obtain the deay rates to zeroth order (4.68).A.10 First order Sonine polynomial expansion for f (1)The deay rates to zeroth order being known, it is next required to ompute theoe�ients ν∗η , ν∗κ, and ν∗µ. It is however beyond the sope of the present study if thegeneral funtions Ai, Bi, and Cij are used. In order to turn the problem to a tratableone, it is required to expand the latter funtions in Sonine polynomials, keeping onlythe �rst nonzero ontribution.The generalized Sonine polynomials are de�ned by Eq. (1.43). Then S(V) =

−S(1)
3/2(V

2/v2
T )V1/β, and D(V) = mS

(0)
5/2(VV − V 2/d). For the sake of simpliityand as mentioned in Se. 1.6.3, only the �rst nonzero ontribution in the expansion of

Ai, Bi, and Cij is kept. This approximation however yields aurate results [24, 57℄.As an example, we shall expand A in the base of eigenvetors of the linear ollisionoperator Lc:
A(V) = M(V)

∑

i>0

aiS
(i)
3/2(V

2)V, (A.87)



144 CHAPTER A. APPENDIXwhere ai is the projetion of A on the i-th eigenvetor. The eigenvetors are givenby (see Se. 1.6.3 or [6, 7℄)
Ψnlm(V) ∼ V lS

(n)
l+1/2(V

2)Y m
l (V̂), (A.88)where Y m

l (V̂) are the spherial harmonis, V̂ = V/V . The latter eigenvetors areorthogonal in L2(Rd,M(V)dV). The ondition that the moments of f are givenby those of f (0) implies f (1) ∈ P⊥, i.e., PA = 0 (see App. A.7). Therefore sineEq, (A.87) is odd in V, one onludes from the projetion operator (A.67) that theondition PA = 0 writes
∫Rd

dVVf (1)(V) =

∫Rd

dVVM(V)A(V) · ∇ lnT = 0, (A.89)whih implies ∫Rd

dVVM(V)A(V) = 0. (A.90)Inserting the expansion (A.87) gives
∑

i>0

ai

∫Rd

dVM(V)S
(i)
3/2(V

2)VS
(0)
3/2(V

2)V = 0, (A.91)where we have made use of S(0)
3/2 = 1. The latter equation may be written as a salarprodut in L2(Rd,M(V)dV):

∫Rd

dVVf (1)(V) ∝
∑

i>0

ai

〈
S

(i)
3/2V

∣∣S(0)
3/2V

〉
L2(Rd,M(V )dV)

∝
∑

i>0

aiδi,0 = 0. (A.92)Therefore a0 = 0 and the �rst nonzero term is a1. The trunation of the series to �rstorder yields A(V) = a1M(V)S(V). Note that this result does not depend on theform of the ollision operator, thus is valid for annihilation as well. The �rst nonzeroorder expansion in Sonine polynomials thus yields Eqs. (4.69) [24, 7, 57℄.A.11 Evaluation of ν∗
κ, ν∗

µ, and ν∗
ηUsing the �rst order Sonine expansion (4.69), Eqs. (4.64) redue to

ν∗η =
1

ν0

∫
Rd dVDij(V)J [MDij ]∫

R2 dVDij(V)M(V)Dij (V)

−p 1

ν0

∫
Rd dVDij(V)Ω[MDij ]∫

R2 dVDij(V)M(V)Dij(V)
, (A.93a)

ν∗κ = ν∗µ =
1

ν0

∫
Rd dV Si(V)J [MSi]∫

R2 dVSi(V)M(V)Si(V)

−p 1

ν0

∫
Rd dVSi(V)Ω[MSi]∫

R2 dVSi(V)M(V)Si(V)
. (A.93b)



A.11. EVALUATION OF ν∗κ, ν∗µ, AND ν∗η 145The denominators of Eqs. (A.93) are straightforward to ompute using the for-mula (A.4). We thus �nd
ν∗η =

β2

(d+ 2)(d − 1)nν0

[∫

Rd

dVDij(V)J [MDij ]

−p
∫

Rd

dVDij(V)Ω[MDij ]

]
, (A.94a)

ν∗κ = ν∗µ =
2mβ3

d(d+ 2)nν0

[ ∫

Rd

dVSi(V)J [MSi]

−p
∫

Rd

dVSi(V)Ω[MSi]

]
. (A.94b)The ollision operator J de�ned by Eq. (4.47) is made of the sum of the annihilationoperator La with weight p and of the elasti ollisional operator Lc with weight (1−p).Using previous alulations for Lc [99℄ [or making use of Eqs. (A.166) to (A.168)℄, weobtain the elasti gas ontributions proportional to (1 − p) in the right-hand side ofEqs. (4.70), namely

ν∗cη = (1 − p)

(
1 − a2

1

32

)
, (A.95)

ν∗cκ = (1 − p)
d− 1

d

(
1 + a2

1

32

)
. (A.96)The following omputations are tehnially simple, but lengthy. We shall thusonly give the main steps. The annihilation ontributions, written ν∗aη , ν∗aκ , and ν∗aµ ,are given by

ν∗aη =
β2

(d+ 2)(d − 1)nν0

∫

Rd

dVDij(V)La[MDij ] + ν∗a
′

η , (A.97a)
ν∗aκ = ν∗aµ =

2mβ3

d(d+ 2)nν0

∫

Rd

dVSi(V)La[MSi] + ν∗a
′

κ , (A.97b)where La is given by Eqs. (4.48) and (4.29), and
ν∗a

′

η = − β2

(d+ 2)(d − 1)nν0

∫

Rd

dVDij(V)Ω[MDij ], (A.98a)
ν∗a

′

κ = ν∗a
′

µ = − 2mβ3

d(d+ 2)nν0

∫

Rd

dVSi(V)Ω[MSi]. (A.98b)Using the relation (whih may easily be heked from a hange of variables vi → vj,
i 6= j.)
∫

Rd

dv1 Y (v1)La[MX]

= σd−1β1

∫

R2d

dv1dv2 |v12|f (0)(v1)M(v2)X(v2) [Y (v1) + Y (v2)] , (A.99)



146 CHAPTER A. APPENDIXwhere X and Y are arbitrary funtions, hanging variables to ci = vi/vT for i = 1, 2,then hanging variables to c12 = c1 − c2 [in the following we adopt the notation
c12 = (c121

, . . . , c12d
)℄ and C = (c1+c2)/2 in order to deouple the integrals, replaingunder the integral sign for symmetry reasons the relations (C · c12)

2 by C2c212/d, andusing
∫

R2d

dCdc12 F (C)G(c12)(C · c12)
4

=

∫

R2d

dCdc12 F (C)G(c12)

(
3

d2
C4c412 − 2dC4

i c
4
12j

) (A.100)where i and j an be hosen arbitrarily in the set {1, . . . , d} and F , G are arbitraryisotropi integrable funtions, one obtains
ν∗aη =

1

d(d− 1)πd
√

2

Γ(d/2)

Γ [(d+ 1)/2]
H1(a2, d) + ν∗a

′

η , (A.101a)
ν∗aκ = ν∗aµ =

1

dπd
√

2

Γ(d/2)

Γ [(d+ 1)/2]
H2(a2, d) + ν∗a

′

κ , (A.101b)where
Hk(a2, d) =

∑

(i,j)∈Ωk
α

αij

∫

Rd

dC e−2C2

Ci

∫

Rd

dc12e
−c2

12
/2cj+1

12

+
∑

(i,j)∈Ωk
γ

γij

∫

Rd

dC e−2C2

CiC4
1

∫

Rd

dc12e
−c2

12
/2cj+1

12 c4121
, (A.102)with αij and γij that are funtions of d and a2, Ωk

α and Ωk
γ being the sets of allowedvalues for the pairs (i, j) de�ning the moments in the integrals (A.102). Sine thealulations are tehnially simple but umbersome, expressions for αij , γij , Ωk

α, and
Ωk

γ will not be given here. The integrals in the �rst sum of the right-hand side ofEq. (A.102) may be omputed using the formula (A.4). Eq. (A.100) may easily beveri�ed. If x, y ∈ Rd, then
(x · y)4 =

d∑

ijkl=1

xixjxkxlyiyjykyl [(1 − δijkl) + (1 − δijδkl) + (1 − δikδjl) + (1 − δilδjk)]

+
d∑

ijkl=1

xixjxkxlyiyjykyl [δijkl + (1 − δijkl) (δijδkl + δikδjl + δilδjk)] . (A.103)The seond sum ontains all even moments, whereas the �rst sum the odd moments.The latter one will not ontribute if integrated over a symmetri domain with an even
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∫R2d

dxdyF (x)G(y)(x · y)4 =

∫R2d

dxdyF (x)G(y)

[
d∑

ijkl=1

xixjxkxlyiyjykylδijkl

+
d∑

ijkl=1

xixjxkxlyiyjykylδijδkl(1 − δijδklδik)

+

d∑

ijkl=1

xixjxkxlyiyjykylδikδjl(1 − δijδklδik)

+
d∑

ijkl=1

xixjxkxlyiyjykylδilδjk(1 − δijδklδik)

]

=

∫R2d

dxdyF (x)G(y)3
d∑

ij=1

x2
ix

2
jy

2
i y

2
j (1 − δij)

+

∫R2d

dxdyF (x)G(y)

d∑

i=1

x4
i y

4
i . (A.104)The latter expression may be simpli�ed making use of isotropy, thus yielding Eq. (A.100).The integrals in the seond sum of Eq. (A.102) may be omputed using the par-tiular ase i = j = k = l of the following lemma.Lemma A.1 Let x = (x1, . . . , xd) ∈ Rd, a > 0, d > 2, n ∈ N, then:

Mijkl[n] +

∫Rd

dx |x|ne−ax2

xixjxkxl

= πd/2 3

4

(d+ n)(d+ n+ 2)

d(d+ 2)

Γ [(d+ n)/2]

Γ (d/2)

1

a(d+n+4)/2

×
{
δijkl +

1

3

[
δijδkl(1 − δik) + δikδjl(1 − δij) + δilδjk(1 − δij)

]}
. (A.105)Proof: by isotropy the integral does not depend on the orientation of the oordinatesystem thereforeMiiii[n] = Mjjjj[n] + b, ∀i, j. The oordinate system being invariantunder rotations, in order that Mijkl is nonzero it is neessary that (i, j) = (k, l), or

(i, k) = (j, l), or (i, l) = (j, k), whih implies
Mijkl[n] = bδijkl + c(1 − δijkl) (δijδkl + δikδjl + δilδjk)

= bδijkl + c
[
δijδkl(1 − δik) + δikδjl(1 − δij) + δilδjk(1 − δij)

]
,(A.106)



148 CHAPTER A. APPENDIXwith
b =

∫Rd

dx |x|ne−ax2

x4
1

=

∫ ∞

0
dr rne−ar2

∫ 2π

0
dϕ

∫ π

0
dθ1 . . .

∫ π

0
dθd−2 r

4 cos4 ϕ

×
[

d−2∏

k=1

(sin θk)
4

]
rd−1

[
d−2∏

k=1

(sin θ)k

]

=

∫ ∞

0
dr rd+n+3e−ar2

∫ 2π

0
dϕ cos4 ϕ

d−2∏

k=1

∫ π

0
dθ(sin θ)k+4. (A.107)The �rst integral may be alulated using Eq. (A.4), the seond one gives

∫ 2π

0
dϕ cos4 ϕ =

3π

4
, (A.108)and the last one ∫ π

0
dθ(sin θ)k+4 =

√
π

Γ
(

k+5
2

)

Γ
(

k+6
2

) . (A.109)Eq. (A.107) thus beomes
b =

3

32
2d−2πd/2(d+ n)(d+ n+ 2)Γ

(
d+ n

2

)
1

a(d+n+4)/2

×
[

d−2∏

k=1

(k + 1)(k + 3)

k(k + 2)(k + 4)

][
d−2∏

k=1

Γ
(

k+1
2

)

Γ (k/2)

]
. (A.110)Making use of

d−2∏

k=1

(k + 1)(k + 3)

k(k + 2)(k + 4)
=

8(d+ 1)(d − 1)

Γ(d+ 3)
, (A.111)

d−2∏

k=1

Γ
(

k+1
2

)

Γ (k/2)
=

Γ
[

(d−2)+1
2

]

Γ(1/2)
, (A.112)and

Γ
(

d−1
2

)

Γ(d− 1)
=

22−d√π
Γ(d/2)

, (A.113)we �nally obtain
b = πd/2 3

4

(d+ n)(d+ n+ 2)

d(d+ 2)

Γ [(d+ n)/2]

Γ(d/2)

1

a(d+n+4)/2
. (A.114)
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c =

∫Rd

dx|x|ne−ax2

x2
1x

2
2

=

∫ ∞

0
dr rne−ar2

∫ 2π

0
dϕ

∫ π

0
dθ1 . . .

∫ π

0
dθd−1 r

4 cos2 ϕ sin2 ϕ

×
[

d−2∏

k=1

(sin θk)
4

]
rd−1

[
d−2∏

k=1

(sin θk)
k

]

=
b∫ 2π

0 dϕ cos4 ϕ

∫ 2π

0
dϕ cos2 ϕ sin2 ϕ

= b
4

3π

π

4

=
b

3
. (A.115)Inserting Eqs. (A.114) and (A.115) in Eq. (A.106) leads to the result (A.105). �Finally, in order to evaluate ν∗a′

η , ν∗a′

κ , and ν∗a′

µ we need the following lemma.Lemma A.2 Let x = (x1, . . . , xd) ∈ Rd, a > 0, d > 2, n ∈ N, then:
Mij [n] +

∫Rd

dx |x|ne−ax2

xixj = πd/2 d+ n

2d

Γ [(d+ n)/2]

Γ(d/2)

1

a(d+n+2)/2
δij . (A.116)Proof: again, by isotropy the integral does not depend on the orientation of theoordinate system thereforeMii[n] = Mjj[n] + b, ∀i, j. By de�nitionMij[n] = Mji[n]and the oordinate system being invariant under rotationsMij [n] = Mi+1,j+1[n] ∀i, j,whih implies

Mij [n] = Mδij + C(1 − δij). (A.117)In order to see that C = 0 it is su�ient to alulate Mij[n] for given values of iand j:
M12[n] =

∫ ∞

0
dr rn+d−1e−ar2

[
d−2∏

k=1

∫ π

0
dθk (sin θk)

k

]∫ 2π

0
dϕ cosϕ sinϕ, (A.118)whih is equal to zero sine ∫ 2π

0 dϕ cosϕ sinϕ = 0. Therefore Mij = Mδij with
M =

∫Rd

dx |xn|e−ax2

x2
1

=

∫ ∞

0
dr rn+d+1e−ar2

∫ 2π

0
dϕ cos2 ϕ

d−2∏

k=1

∫ π

0
dθk (sin θk)

k+2. (A.119)The �rst integral may be alulated using Eq. (A.4), and the last one is obtained fromEq. (A.108). We thus have
M =

π

4
(n+ d)

Γ
(

n+d
2

)

a(n+d+2)/2
π(d−2)/22d−2

[
d−2∏

k=1

k + 1

k(k + 2)

][
d−2∏

k=1

Γ
(

k+1
2

)

Γ(k/2)

]
.
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d−2∏

k=1

k + 1

k(k + 2)
=

2(d− 1)

Γ(d+ 1)
(A.120)and of Eqs. (A.112) and (A.113) we �nally obtain Eq. (A.116). �The alulation an thus be performed and sine ν∗a′

κ = ν∗a
′

µ = 0, as it will beshown in the rest of this appendix, we obtain the �rst terms in the right-hand side ofEqs. (4.70).A.11.1 Evaluation of ν∗a′

κ and ν∗a′

µSine Si(V) is odd in V (and M even) only the odd terms of Ω[MSi] will give anonzero ontribution to the integral (A.98b), i.e., the term proportional to ξ(1)ui inEq. (4.55). Making use of Eq. (4.51b) we therefore obtain
ν∗a

′

κ = ν∗a
′

µ =
2mβ3

d(d+ 2)nν0
Kij

∫Rd

dVSi(V)
∂f (0)

∂Vj
, (A.121)where

Kij =
1

n

(
ω
[
f (0), VjMSi

]
+ ω

[
Vjf

(0),MSi

]) (A.122)are oe�ients that do not depend on V. Making use of Eq. (A.4) and of thelemma A.2 we obtain ν∗a′

κ = ν∗a
′

µ = 0.A.11.2 Evaluation of ν∗a′

ηWe are going to show that ν∗a′

η = 0 from the result ΩCij = 0. Indeed, we reall that to�rst nonzero order Cij = c0MDij , therefore the onditions ΩCij = 0 and Eq. (A.98a)imply ν∗a′

η = 0.Sine Ω is a linear operator, then
Ωf (1) = (ΩAi)∇I lnT + (ΩBi)∇i lnT + (ΩCij)∇jui. (A.123)From Eqs. (4.69), the symmetry properties of A and B are the same as those of S(V)(i.e., odd in V) and the symmetry properties of C are the same as those of Dij(V)(i.e., even in V). Therefore using Eqs. (4.55) and (4.51) for symmetry reasons

ΩAj = −∂f
(0)

∂Vi

1

n

(
ω
[
f (0), ViAj

]
+ ω

[
Vif

(0),Aj

])
, (A.124a)

ΩBj = −∂f
(0)

∂Vi

1

n

(
ω
[
f (0), ViBj

]
+ ω

[
Vif

(0),Bj

])
, (A.124b)

ΩCij = f (0) 2

n
ω
[
f (0), Cij

]
+
∂f (0)

∂T
T

(
− 2

n
ω
[
f (0), Cij

]

+
m

nkBTd
ω
[
f (0), V 2Cij

]
+

m

nkBTd
ω
[
V 2f (0), Cij

])
. (A.124)



A.12. THE DISTRIBUTION F (1) 151Inserting Eqs. (A.124) in Eq. (A.123) and making use of Eqs. (4.51) we obtain
Ωf (1) = −∂f

(0)

∂Vi
vT ξ

(1)
ui

+ f (0) 2

n
ω
[
f (0), Cij

]
∇jui

+
∂f (0)

∂T
T

(
− 2

n
ω
[
f (0), Cij

]
+

m

nkBTd
ω
[
f (0), V 2Cij

]
+

m

nkBTd
ω
[
V 2f (0), Cij

])
.(A.125)On the other hand, we may use the de�nition (4.55) for Ω whih gives

Ωf (1) = f (0)ξ(1)n − ∂f (0)

∂Vi
vT ξ

(1)
ui

+
∂f (0)

∂T
Tξ

(1)
T . (A.126)We show in App. A.13 that ξ(1)n = ξ

(1)
T = 0. Note that the latter result is not a�etedby the possiblility on a nonzero value for ΩCij. Indeed, the term ΩCij ontributes tothe transport oe�ients only, and as it is seen in App. A.13 those oe�ients are notresponsible for the eventual nullity of the �rst order deay rates. We may thereforemake use of ξ(1)n = ξ

(1)
T = 0 without interferring with the onlusions drawn here.Eq. (A.126) thus gives

Ωf (1) = −∂f
(0)

∂Vi
vT ξ

(1)
ui
. (A.127)Comparing Eqs. (A.127) and (A.125) we onlude that the last two terms in Eq. (A.125)must anel eah other. But reall that those last two terms originate from ΩCij∇iuj(and the �rst one from ΩAi and ΩBi). This implies ΩCij∇iuj = 0. By isotropy

ΩCij = aδij + b(1 − δij), a, b ∈ R. (A.128)Therefore
(ΩCij)∇iuj = a∇juj +

d(d− 1)

2
b∇kul, k, l ∈ {1, . . . , d}. (A.129)The symmetry properties of Cij being the same as those of Dij , we have Tr C =

TrD = 0. Sine Ω is a linear operator
Tr(ΩC) = Ω(Tr C) = 0, (A.130)and from Eq. (A.128)

Tr(ΩC) = da. (A.131)Comparing Eqs. (A.130) and (A.131) it follows a = 0, that we insert in Eq. (A.129)to obtain b = 0. Therefore ΩCij = 0, whih implies ν∗a′

η = 0. Note that this resultan also be obtained from a diret alulation.A.12 The distribution f (1)Using the form (4.52) for f (1) and the �rst order Sonine expansion (4.69) one has
f (1)(V) = M(V) [a1Si(V)∇iT + b1Si(V)∇in+ c0Dij(V)∇jui] . (A.132)



152 CHAPTER A. APPENDIXThe oe�ients a1, b1, and c0 may be expressed as funtions of the transport o-e�ients, thus determining f (1). Eq. (A.75) in whih we insert the Sonine expan-sion (4.69) yields
η = −c0

1

(d− 1)(d+ 2)

∫

Rd

dVDij(V)M(V)Dij(V) (A.133)
= −c0

n

β2
, (A.134)where we have made use of the de�nitions (4.36) and (4.66).Proeeding in a similar way with Eq. (A.80) and (4.69) it follows

κ = −a1
1

dT

∫

Rd

dVSi(V)M(V)Si(V) (A.135)
= −a1

d+ 2

2

nkB

mβ2
, (A.136)

µ = −b1
1

dn

∫

Rd

dVSi(V)M(V)Si(V) (A.137)
= −b1

d+ 2

2

1

mβ3
. (A.138)Replaing in Eq. (A.132) the oe�ients c0, a1, and b1 obtained from Eqs. (A.134),(A.136), and (A.138), one obtains the distribution (4.71).A.13 Evaluation of ξ

(1)
n , ξ

(1)
ui , and ξ

(1)
TThe zeroth order and �rst order distributions f (0) and f (1) being known, it is pos-sible to ompute the �rst order deay rates (4.51). The proedure is similar to thealulation of the zero order deay rates of Appendix A.9. We �rst hange variablesto ci = Vi/vT , i = 1, 2, then to c12 = c1 − c2 and C = (c1 + c2)/2 so that

ω[Af (0), Bf (1)]

= −n Γ(d/2)

Γ
(

d+1
2

)
√

2

πd

d+ 2

4

[
vT

2

d

d− 1

(
κ∗

1

T
∇iT + µ∗

1

n
∇in

)
I1 + η∗∇juiI2

]
, (A.139)where ω[f, g] is de�ned by Eq. (4.33), (A,B) = {(1, 1), (V 2

2 , 1), (1, V
2
1 ), (V2i

, 1), (1, V1i
)},

Vi = (Vi1 , . . . , Vid), and
I1 =

∫

Rd

dc12 |c12|e−c2
12

/2

∫

Rd

dC e−2C2

A(vT c2)B(vTc1)

(
c21 −

d+ 2

2

)
c1i

×
[
1 + a2S2(c

2
2)
]
, (A.140)

I2 =

∫

Rd

dc12 |c12|e−c212/2

∫

Rd

dC e−2C2

A(vT c2)B(vTc1)

(
c1i
c1j

− 1

d
δijc

2
1

)

×
[
1 + a2S2(c

2
2)
]
, (A.141)



A.14. SOLUTION OF THE HOMOGENEOUS COOLING STATE 153In the above integrals, c1 and c2 are expressed as funtions of C and c12. Then, inorder to ompute those integrals one needs lemmas A.1 and A.2. Assuming summationover repeated indies, it is easy to show that
M

(a)
jk M

(a′)
ik = M (a)M (a′)δij , (A.142)

M
(a)
kl M

(a′)
kl = dM (a)M (a′). (A.143)Using the de�nition (A.105) one an show that

M
(a)
ijklM

(a′)
kl =

d+ 2

3
b(a)M (a′)δij , (A.144)

M
(a)
iklmM

(a′)
jklm =

d+ 2

3
b(a)b(a

′)δij , (A.145)
M

(a)
klmnM

(a′)
klmn =

d(d+ 2)

3
b(a)b(a

′). (A.146)For symmetry reasons, many of the terms in the integrals (A.140) and (A.141) vanishupon integration. Nevertheless, the expressions are very umbersome and the use ofsymboli omputation programs is appreiable [179℄. Eqs. (A.4), (A.105), (A.116),and (A.142) to (A.145) thus allow us after a lengthy but tehnially simple alulationto �nd the deay rates to �rst order (4.51).A.14 Solution of the homogeneous ooling stateIf we de�ne a by ν0 = anT 1/2, where ν0 = p(0)/η0 with p(0) = nkBT and η0 given byEq. (4.63), then the zeroth order equations (4.44) take the form
∂tn = −n2T 1/2an, (A.147a)
∂tT = −nT 3/2aT , (A.147b)where an = ξ

(0)∗
n pa and aT = ξ

(0)∗
T pa. Guided by Ha�'s law T (t) = T0(1 + t/t0)

−2,
t0 = ξ

(0)
T (0)/2, for the granular gas [59℄, we may solve Eqs. (A.147) using

n(t) = c1(1 + c2t)
γ1 , (A.148a)

T (t) = c3(1 + c4t)
γ2 . (A.148b)The substitution of Eqs. (A.148) in Eqs. (A.147) imposes

c2 = c4 + c = c1
√
c3(an + aT /2), (A.149)

γ2 = −aT
c1
c

√
c3 = − 2aT

2an + aT
, (A.150)

γ1 = −1 − γ2/2 = − 2an

2an + aT
. (A.151)Initial onditions n(0) = n0 and T (0) = T0 impose c1 = n0 and c3 = T0. Therefore

c = p
[
ξ(0)n (0) + ξ

(0)
T /2

]
+ pt−1

0 , (A.152)whih leads to the solution given by Eqs. (4.75).



154 CHAPTER A. APPENDIXA.15 Linearized hydrodynami equationsA.15.1 DensityFrom Eqs. (4.72a) and (4.76)
∂tδn+ ∂tn+ nH∇jδuj = −pδnν0Hξ

(0)∗
n − pnHν0ξ

(0)∗
n + O(δ2). (A.153)Making use of Eq. (4.44a), i.e., ∂tn = −pnHν0Hξ

(0)∗
n , and integrating Eq. (A.153)over l with weight exp(−ik · l) it follows

1

nH
∂τnk(τ) − 2pξ(0)∗n

∫Rd

dl e−ik·l + ikwk‖
(τ)

= −2pξ(0)∗n ρk(τ) − 2pξ
(0)∗
n

ν0H

∫Rd

dl e−ik·lν0, (A.154)where wk‖
= k · wk(τ). Making use of

∂τρk(τ) =
1

nH
∂τnk(τ) + ρk(τ)2pξ(0)∗n (A.155)and

− 2pξ
(0)∗
n

ν0H

∫Rd

dl eik·lν0

= −2pξ(0)∗n

∫Rd

dl eik·l − 2pξ(0)∗n ρk(τ) − pξ(0)∗n θk(τ) + O(δ2) (A.156)in Eq. (A.154) we obtain Eq. (4.80a).A.15.2 MomentumProeeding in a similar way, we obtain
∂τwkj(τ)−pξ(0)∗T wkj(τ)+ ikjθk(τ)+ ikjρk(τ)+

η∗

2

[
kjklwkj(τ) +

d− 2

d
kjklwkl(τ)

]

= −p
√

m

kBTH

2

ν0H

∫Rd

dl e−k·lvT ξ
(1)
ui

+ O(δ2). (A.157)Lemma A.3 let wk⊥
be the perpendiular omponent of the veloity �eld to k, and

wk‖
the parallel omponent, then

êi

[
kikjwki(τ) +

d− 2

d
kikjwkj(τ)

]
= k2wk⊥

+
2(d − 1)

d
k2wk‖

. (A.158)
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+ wk‖

, wk‖
= wk · êk, wk⊥

= wk − wk‖
,

|wk‖
| = wk‖

, |wk⊥
| = wk⊥

. Then:
d∑

i=1

êi

[
kikjwki(τ) +

d− 2

d
kikjwkj(τ)

]
=




d∑

j=1

kjkj



(

d∑

i=1

êiwki(τ)

)

+
d− 2

d

(
d∑

i=1

êiki

)


d∑

j=1

kjwkj(τ)




= k2

(
wk‖

wk⊥

)
+
d− 2

d

(
k

0

)[(
k

0

)
·
(

wk‖

wk⊥

)]

= k2

(
wk‖

wk⊥

)
+
d− 2

d
kêk

(
kêk · wk‖

êk

)

= k2wk⊥
+

2(d− 1)

d
k2wk‖

. (A.159)
�This lemma allows to rewrite Eq. (A.157) as

(
∂τ − pξ

(0)∗
T

)(
wk‖

wk⊥

)
+ ik [ρk(τ) + θk(τ)]

(
êk

0

)
+
η∗

2
k2

(
2(d−1)

d wk‖

wk⊥

)

= −p
√

m

kBTH

2

ν0H
êi

∫
dl e−ik·lvT ξ

(1)
ui
. (A.160)Making use of

−p
√

m

kBTH

2

ν0H
êi

∫
dl e−ik·lvT ξ

(1)
ui

= pξ∗uκ
∗ikθk(τ)êk + pξ∗uµ

∗ikρk(τ)êk, (A.161)Eq. (A.160) leads to the linearized equations (4.80b) and (4.80).A.15.3 TemperatureFrom Eq. (4.72) and proeeding in a similar way as for the previous ases we obtainthe linearized equations (4.80d) for the temperature �eld θk(τ).A.16 Summary of useful relations for the oe�ients ν∗
κand ν∗

ηThe expressions (4.64) and (5.44) may be alulated with the help of the followingrelations. Let X and Y be arbitrary funtions, M(V) = n/(vd
Tπ

d/2) exp(−V 2/v2
T )



156 CHAPTER A. APPENDIXthe Maxwellian in the saling regime, then
∫

Rd

dv1 Y (v1)La[MX]

= σd−1φ(x)v1−x
T

∫

R2d

dv1dv2 v
x
12f

(0)(v1)M(v2)X(v2) [Y (v1) + Y (v2)] , (A.162)and
∫

Rd

dv1 Y (v1)Lc[MX] − σd−1φ(x)v1−x
T

Sd

×
∫

R2d

dv1dv2 v
x
12f

(0)(v1)M(v2)X(v2)

∫
dσ̂(b− 1) [Y (v1) + Y (v2)] , (A.163)where Lag = −Ja[f

(0), g] − La[g, f
(0)] and Lcg = −Jc[f

(0), g] − Jc[g, f
(0)] for anarbitrary funtion g. Let α ∈ R

+, then
∫

Rd

dx|x|ne−αx2

=
πd/2

α(d+n)/2

Γ[(d+ n)/2]

Γ(d/2)
, (A.164)

∫Rd

dx |x|n e−αx2

xixj =
πd/2

α(d+n+2)/2

d+ n

2d

Γ [(d+ n)/2]

Γ (d/2)
δij . (A.165)In the integrals below, the results when θ(σ̂·g) is absent are obtained upon multiplyingthe value of βn by two. For σ̂ = (σ1, . . . , σd), g ∈ Rd, |σ̂| = 1, we have [79℄

∫
dσ̂ θ(σ̂ · g)(σ̂ · g)nσiσj =

βn

n+ d
gn−2(ngigj + g2δij), (A.166)

∫
dσ̂ θ(σ̂ · g)(σ̂ · g)nσi = βn+1g

n−1gi, (A.167)
βn =

∫
dσ̂ θ(σ̂ · ĝ)(σ̂ · ĝ)n = π(d−1)/2 Γ [(n+ 1)/2]

Γ [(n+ d)/2]
. (A.168)A.17 Exat transport oe�ients of the Maxwell modelFollowing the same route as in [53℄ (or Chapter 4) we may rewrite the right-hand sideof Eq. (4.46) suh that

[∂
(0)
t + J ]f (1) = Ai∇i lnT +Bi∇i lnn+ Cij∇iuj + pΩf (1), (A.169)where

Ai =
Vi

2

∂

∂Vj
[Vjf

(0)] − kBT

m

∂f (0)

∂Vi
, (A.170a)

Bi = −Vif
(0) − kBT

m

∂f (0)

∂Vi
, (A.170b)

Cij =
∂

∂Vi
[Vjf

(0)] − 1

d

∂

∂Vk
[Vkf

(0)]δij , (A.170)
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Ωg = f (0)ξ(1)n [f (0), g] − ∂f (0)

∂Vi
vT ξ

(1)
ui

[f0, g] +
∂f (0)

∂T
Tξ

(1)
T [f (0), g]. (A.171)The funtion g is either Ai, Bi, or Cij, and the funtionals ξ(1)n , ξ(1)ui , and ξ

(1)
T areobtained from Eqs. (5.13) upon replaing f (1) by g.A.17.1 Pressure tensorIntegrating the Boltzmann equation (A.169) over V with weight mViVj and takinginto aount the symmetry properties of the oe�ients (A.170) one obtains

∂
(0)
t P

(1)
ij (r, t) + p

∫Rd

dVmViVjLa[f
(0), f (1)] + (1 − p)

∫Rd

dVmViVjLc[f
(0), f (1)]

=

∫Rd

dVmViVjCkl(V)∇kul, (A.172)where we have made use of the de�nition (5.17) for the pressure tensor. The samede�nition further allows us to write
∫Rd

dVmViVjLa[f
(0), f (1)] = ξ(0)n P

(1)
ij (r, t), (A.173)and using additionally Eq. (A.163), and (A.166) to (A.168):

∫Rd

dVmViVjLc[f
(0), f (1)] = ξ(0)n

2

d+ 2
P

(1)
ij (r, t). (A.174)Finally ∫Rd

dVmViVjCkl(V)∇kul = −p(0)∆ijkl∇kul, (A.175)where
∆ijkl = δikδjl + δjkδil −

2

d
δijδkl. (A.176)Insertion of Eqs. (A.173) to (A.175) in (A.172) yields

[
∂

(0)
t + pξ(0)n + (1 − p)ξ(0)n

d+ 2

2

]
P

(1)
ij (r, t) = −p(0)∆ijkl∇kul. (A.177)The solution of Eq. (A.177) is P (1)

ij = −η∆ijkl∇kul. Funtional dependene analysisshows that η ∝ T 1/2, and sine to zeroth order the temperature is onserved ∂tP
(1)
ij =

0. Eq. (A.177) thus gives
η∗ =

1

pd+2
2 + (1 − p)

. (A.178)



158 CHAPTER A. APPENDIXA.17.2 Heat �uxIntegrating the Boltzmann equation (A.169) over V with weight mV 2Vi/2 and takinginto aount the symmetry properties of the oe�ients (A.170) one obtains
∂

(0)
t q

(1)
i (r, t)+p

∫Rd

dV
1

2
mV 2ViLa[f

(0), f (1)]+(1−p)
∫Rd

dV
1

2
mV 2ViLc[f

(0), f (1)]

=

∫Rd

dV
1

2
mV 2ViAk(V)∇k lnT +

∫Rd

dV
1

2
mV 2ViBk(V)∇k lnT, (A.179)where we have made use of the de�nition (4.35) for the heat �ux to �rst order.Moreover, one �nds

∫Rd

dV
1

2
mV 2ViLa[f

(0), f (1)] = ξ(0)n q
(1)
i (r, t), (A.180)and using additionally Eq. (A.163), and (A.166) to (A.168):

∫Rd

dV
1

2
mV 2ViLc[f

(0), f (1)] =
2(d − 1)

d(d+ 2)
ξ(0)n q

(1)
i (r, t). (A.181)Finally ∫Rd

dV
1

2
mV 2ViAk(V)∇k lnT = −d+ 2

2

p(0)kB

m
∇iT, (A.182)

∫Rd

dV
1

2
mV 2ViBk(V)∇k lnn = 0. (A.183)Insertion of Eqs. (A.180) to (A.183) in (A.179) gives

[
∂

(0)
t + pξ(0)n + (1 − p)ξ(0)n

2(d− 1)

d(d+ 2)

]
q
(1)
i (r, t) = −d+ 2

2

p(0)kB

m
∇iT. (A.184)The solution of Eq. (A.184) is q(1)i = −λ∇iT −µ∇in. Funtional dependene analysisshows that λ ∝ T 1/2 and µ ∝ T 3/2n−1, therefore ∂tq

(1)
i = pξ

(0)
n µ∇in. In order tosatisfy Eq. (A.184) it is therefore required that µ = 0 and

λ∗ =
1

pd(d+2)
2(d−1) + (1 − p)

. (A.185)
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