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e Applications : Seismic, Geophysic, Undersea and underground,
Trabecular bone propagation, Modeling of polymers ...

e Objective : Powerful numerical methods

e fast.

e precise.
e robust.

e Realistic.
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o I. Viscoelastic waves

o II. Poroelastic waves

e \Wave propagation model

e Mathematical analysis

e Numerical analysis

e Implementation



[I-VViscoelastic waves



I.1 Viscoelastic models Viscoelastic rheological model

ij(u) = 2 ox + ox;

e Viscoelastic model (Solids with memory) :

)

R :Tensorial Relaxation function Riiki = Rjikl = Ryiij

t 0
oij(x,t) = /_OO Rijpi(x,t — T)Egkl(xﬂ') dr

+o0 0
= / Rijr(x,t — T)a—%z(w, T) dT
— 00 T
Oe OR

= Rx—=mxe (m=—)
ot ot

e Hooke's law (Elastic model)

R=C(x)H(t) & m=C(x)l & oc=Cke



I.1 Viscoelastic models Differential model

e 1D model: P(D)o =T(D)e(u)

P(D)= > U T(D)= )_ bk@

e Elementary models :

(a) : o= FEe Spring W

(b) : 0 =ne Dahpot 3 ”

—

e Combination of elementary models :
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I.1 Viscoelastic modaels Zener’'s model

o+ 7900 = ,u[e(u) + 71 e(c%u)]

Absorption condition? 71 — 79 > O.

_ _t
Relaxation function : R(x,t) = u(l + 177, TO)H(t)
70
e General case :

o+ 790t0 = Ce(u) + 79De(0pu) C, D are symmetric >0

Absorption condition 7?7 (D—-C)>0
Tensorial Relaxation :

Rz, t) = [C’(az) + (D(a) - C(x))e‘W]H(t)



I.2 Mathematical analysis Model problem

(

92u d
p@—V'O':f, RX]OaT]a
\ U—I—T@—Ca(u)—l—T Ds(%) R%x]0.77]
0815 - 0] 8t Y . y

U(.CU, O) — UuQ, atu(xa O) — uj, O-(xa O) — 00, Rd-

ed=1,23.

d

e (V.0);, = Z

=1

olegy
Oz ;

e p(x), 7o(x), C(x) and D(x) are measurable.

e 0<p, 70— < p(x), 7o(x) < py, 704 < +00 a.e.x € R,



I.2 Mathematical analysis Existence and uniqueness

Z(x)=(D(x)—C(x)) >0 (& 71 >70in 1D)

o L2(RY, LV(RY) = {0 R — LV (RY) / /Rd o2 de < o)

o V" (div,RY) = {0 € L2R%, £V™(RY) / V - 0 € (L2(R™)"}

Theorem 1 ;
o (ug,u1,00) € ([HY(RD]Y)™ x HY™(div,RY),

e f € OO, T, [L2(RD]),
e u e CH0,T; [H®RD]Y) n C2(0,T; [L2(RH]Y),

o o € C0(0,T; HV™(div, R))NC (0, T; L2(RY, L¥™(R7)))
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I.2 Mathematical analysis Energy decay

o /=104 = 1o(D —C),

o ||o]2 = /Rd G(2)o () : o(2)] da.

Energy
The energy of (u,0) at time ¢ is given by

1 0u, - 1
Be(u,0,8) = |2 1R+ SlleCE +5llo — et
Theorem 2 r
< F=0 _ dEe _ g
= o= Celfa+ [ 15 || 250
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I.2 Mathematical analysis Plane wave analysis

e Plane wave solutions of the form :

i(wt— kx) i(wt—kx)

uw(x,t) =ue o(x,t) =0ce

e Dispersion equation :

14
2= 2edtien,
1 4+ iw7q I
e Three solutions:
e 2 purely damped mode : w(k) = —iS*(k) € C/{R}

S{H

i

70
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I.2 Mathematical analysis Plane wave analysis

e two propagative damped modes: w(k) = tw*(k) —in(k) € C

n <0 — dissipation

w* — propagation
(k) w* (k)
k -
kK 70
____________________________________________________________________________________________________ 0~ T1
27'17'0 _k
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I.2 Mathematical analysis Plane wave analysis

Numerical illustration in 1D case

T=0.4 T=0.8

3 2 1 0 1 2 3 -3 -2 -1 0 1 2 3
T=1.2 T=1.6

71 71 71
Ly L=—o 1t—-102
70 70 70
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I.2 Mathematical analysis Plane wave analysis

3D isotropic case

We consider the problem

2

pu—V-0=0

o+ 706 = A|Tr(e(u)) + 1Tr(e(@)| I + 270 |e(u) + yue(iv)

\
e 2 Ccases

° EH d P wave : w2(1 + iwTg) = vp2|k|2(1 + iwTp)

1Ld S wave: w?(1l+ iwrg) = vs2|k|2(1 + iwTs)

a1

w2(1 + iwrg) = 02k2(1 + iwry), c¢= ®
P 14



I.3 Numerical Analysis Reformulation of the problem

( 82
—2—V O'_f
(MP) | "ot 5 5
o+ 70 8:_cg(u)+Tng(8—7:) i

We introduce : s = o — Ce(u)

4 82
o Vo =1
MP) = Mes+mP =T ©
Ao — As=¢e(u) E'

=(D-C) Y Mr=715'M, A=C71
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I.3 Numerical Analysis Mixed formulation

Find (up(t), on (), sp(t)) € My, x (H;?™)? such that

Ty d:z;—/div i d:v—/ Gy dr =0 Vi, e M
/quh up, o Op - up, Qf h h€ Mp

/QMTsh:§hda:—|—/Q/\/léh:§hdx+/Quh-div§hda;:O V5, € H™

N\

/QAUh35hdw—/QAsh:5hdx+/9uh-div5hdxzo V&, € H™

M= [12(@))”,

HSY™ = {0 € L2(Q, £5Y™(R2)) /divo € M}.
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I.3 Numerical Analysis Space discretization

My ={up e M /VK € T}, up/K € Qo},

HY™ = {0}, € HV™ /YK € Ty, 0/ K € Q1}.

12 22 2, 3 ol
bc o};zb —11
2 11 o
AL ER
le ‘211 22 N 22
212. zzg 59 .212 O‘Iil
(
d?U
My, 2 B> =F
dS dU
\ M+S+ Ms—+ B*— =0
7S+ Ms g + g
AYX —AS+B*U=0
\

Bécache et al., A new family of mixed finite elements for the linear elastody-
namic problem, 2002.



III.Numerical Analysis Time discretization

\

Un—l—l — U™ 4 Un—l
JANZ:
Sn—l—l + gn Sn—|—1 _ gn Un—l—l _yn

| M7 2 T Ms At + 5 At =0

My, —BX"=F"

i
n+1 20N n—1
MUU v +U — BS"+ BAlB*U" = "
JANZ
Sn—l—l qn Sn—l—l _gn Un—l—l _yn
M ~ ™ —+ Mg + B* =0

2 At At
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I.3 Numerical Analysis Stability analysis

e Result of discrete energy decay

n—l—l 1 Un_l_l - Un 2 1 -1 1
E, 2="Z —(A~1prynTl pryn
12 =Sl I3, + 5( )
4 Ms Ms 4 At At

At
7||B|| < 1| Sufficient stability condition

B>.U
18l = sup —2=0)

K= (AT 4 My
U,=70 = 1U1az,, ’

hmax { (vpy/22) 71, (vs /7)1

< hool
— Up 19

At

IA

Isotropic homogeneous case :




I.4 Numerical results

Energy decay

E(t)
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I.4 Numerical results Elastic and viscoelastic waves

in homogeneous medium

7\
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I.5 Realistic models Wave dissipation-Quality factor

e 1D model: pﬁtztuzaqga, o = m * OzU.

» Solutions of the form: u = 7 ¢/Wt=k2) , — 5 gilwt—kz)

—M(w)k? 4 pw? =0, w=ws~+in, u= 7 e Mtet(wst—kz)

M(w) = /+OO m(t) et dt = Re M(w) + i Sm M (w)

—00
— Re M 1 21
o n(k)Q = M) — Jte k> = Re M\/ Ta k2
2p 2p
14+Q2+1
ow*(k)2=|M|+§R€Mk2 =§R6M\/ TeTT T k2
2p 2p

Fe M

S M

e Quality factor: Q(w) = () << = dissipation and dispersion



I.5 Realistic models Quality factor

1+ w27'17'o

o Zener model o + 196 = p(e(uw) + 71e()) = Q(w) = o(r1 —10)

e Generalized Zener model

L
o= o1, o1+ o0 = p(e(u) + (i) 1=1,-- L

=1
min F( ) min u}b(Q() 00)?d
o TOL, " »TOL>T11ls" " 57T = w) — w
ToLT 1] 01, y TOLy 7T 11> y 1L 701711 Joo, 0]
0.0208 —
- L=3
0.0206 -= L=4
— =5
“““““ L=oc0
0.0204}
0.0202}
g

0.02f1
0.0198}

0.0196

0.0194 : 23

f(Hz)



1.5 Realistic models

Generalized Model in 3D

L
O — Z Ol, O-l_I_TOlO:l :C€(u)-|—7'0lDl€(?l) Vi = 1,--- ,L
=1

250 \ I
— Q=10
— Q=200
150
e
04
100+
501

0 Il Il Il Il Il Il Il Il
20 40 60 80 100 120 140 160 180 200
f (Hz)
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I.5 Realistic models Viscoelastic waves in heteregeneous
medium

vp{mfs) vsfmfs)

aan aan

2800

0 50 100 180 200 250 0 50 100 1580 200 250
X—axis X—axis
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I.5 Realistic models Viscoelastic waves in heteregeneous
medium
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I.5 Realistic models Viscoelastic waves in heteregeneous
medium

800

- 16000

- 15800

0 50 100 150 200 250
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II. Poroelastic waves
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II.1 Biot’s model Assumptions

e The wavelength is large in comparison with the size of the
macroscopic elementary volume of the material.

e The displacement is small (for solid and fluid phase)

e The fluid phase is continuous (saturated medium)

e No thermomechanical coupling




II.1 Biot’s model

w = Qb(uf — Us)

e Biot’s Ia:

piis + ppiv —V -0 = fu in R*x]0, T,
prils + pw i + K+ Vp = fu in R%x]0, 71,
) 7= Ce(us) — Bply in Rx]0, T,
—p=m(BV  -us+ V- w) in R9x]0, 71,

us(z,0) = ug(x), dus(x,0) = ui(x) in R,

w(z,0) = wo(z), drw(z,0) = wi(z) in RY.

\

*M. A. Biot. Theory of propagation of elatic waves in a fluid-saturated porous
solid. I. low-frequency range. JASA, 1956
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II.2 Mathematical analysis Existence and uniqueness

H = [ D) x 2R x (1L2@D)1) x 2R

(u,w, @, w,p) € H/4c [HY(RH]?, pc HI(RY), @ ¢ H(div,RY),

V- (Ce(w) - V(Bp) € [L2(RD)

\

Theorem 4

® (ug,wq,u1,w1,pg) € D,

o (fur fu) € CL(0, T, [L2(®D]") x C1(0, T, [L2(RY] ),
o us € C1(0,T; [H}(R)]Y) N C?2(0,T; [L*(RH)]Y),

o w € CL(0,T; H(div,R?)) N C2(0, T; [L2(R9)]9),

e p e CO0,T; HL(RY)) nCl(0, T; L?2(RY)).

31




II.2 Mathematical analysis Energy decay

Energy
The energy of (us,w,p) at time ¢ is given by
1 .
E(t) = 5 Ja _p|u5|2+08(u3):5(u3)} dx
+ 2 ol + =] 2] da +/ s - W da
2 JRd e mp def i

ppw — p7 > 0= E(t) >0

Theorem 5

dE
— =— | K|lw|?ds
dt Rd

32



II.3 Numerical analysis Higher-order mixed finite element

e Numerical dispersion of slow wave

e Higher-order method

e Mixed finite eIementH
e NO classical formulation H! — L2
e Problem with V and V- (= V*)

*S. Fauqueux. Eléments finis mixtes spectraux et PML pour la propagation
d'ondes élastique en regime transitoire. PhD thesis, Université Paris 9, 2003
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II.3 Numerical analysis Reformulation of model problem

(A ke = Cikji

%=Vuz 1= 1,d QX]O,T],

d
o; = > Ayv;—Bpé i=1,d Qx]0,T],
J=1

d
Ay GG+ Veow=0 Qx]0,T),

— P
m 1 =1

+ 1.C and B.C.
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(

\

II.3 Numerical analysis Mixed formulation

d
/quh Uh+/Qwah Uh+i;1/9%h ih qu h
- by @ Con @+ [ Vo @y — [ fum @ =0

/pruh wh_l_/prwh wh_I_/Q wp, - Wp, + o Ph h wa—‘ h
/Q%h"?h—/%vuz‘h"?h=0 1 =1,d
/Qgih'5h_jZ:l/QAij’th'5h+/Qﬁph5i'5h:O i =1,d

1 d

ey V.r s oMy — - VD _/ D —= 0O
/Qmphph+i;/957zh e; Ph /Qwh Ph = Jo, fpPn

V (U, Wp, Yy 0nsPp) € Up X W X Wy x Wi, X Py,

U, CU=[HY(DY, W, cW=[L2(Q)]% P, CP = H(Q)



II.3 Numerical analysis Space discretization

Py, = {¢ € CO(Q) / ¢|k, 0 Fe € Qr(K) and ¢|spn = 0} C HE(RY),
U, ={¢ € COUQ) /p|k. 0 Fe € [Qr(K)]} C [HE(RD)]Y,

W, = {¢ € [L2(D]?/ |Je| DFZ M|k, 0 Fe € [Qr(K)]} C [L2(RD]Y,

e © [ ] [ ) o O
e o o oo 0 1,1)7

° ° ° °
I—o o ® Q—I (0,0 X

1,0)

>
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II.3 Numerical analysis

Matrix form-time discretization

Ut -y wptt — nti _  ntd
D h h D h h RZ 2 __ — 2
U N + Doyw N + Z; U
D* h h D h h K h R* 2 —
n—l—% n—%
Dvrih in” e m=0i=1,d
At ‘
d 1
n+i n—I— n—+s
szih2—lew My 2+ Gl 2 =0 i=1,d
j:
Pn—l—% B Pn—% n—I—% B n—%
Dp h h Z G* zh 1h _ RW™ = F;L

At
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II.3 Numerical analysis

EXxplicit scheme

(

\

HUME =F,

At
{ H = Dy — Dyw(Dw + 7K)—lD*

Dy, Duw untl
At !
| Diw | Dwt+ZK | | Wit

YAN / _
F = F1 = Duw(Dw + -K) 1rs.

uw?

H est diagonale par bloc, avec des blocs de taille d x d.

38



II.3 Numerical analysis

EXxplicit scheme

e Exemple :

2% *
*
4 * %
*
6F *
sl
*
10+ * ok
* %
12+ * *
*
14 *
*
16 L - *
2 4 6 10
nz =32

n

© ® ~ =) [ S w N} E
T T T T T T T *

11

12

L
10

L
12

20 o
LI |
4 «a e
L I |
6 « g
8
* [ B |
10 «a
*
* 12
*
14 ]
« a ° q
16 - - - . —e
. 2 4 6 8 10 12 14 16
14 16 nz =48
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II.4 Numerical results Numerical dispersion and higher-order

0.07 0.02 0.07
‘ 0.018
0.06 0.06
" 0.016
)
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| 0.014
-0.04 [ 0.012 -0.04
‘ - oot
0.03 | 0.03
0.008
0.02 0-006 0.02
0.004
0.01 0.01
! 0.002 |
0 o 0

21-57600 elements 5-2304 elements

3500 | —— @ g —Q
Q Q
Q2 2500} Q2
300 Q . Q
Q, Q,
250F| Qg 2000 | —— Qg
3 200t
£ / € 1500
(] ///
[ 7
150} e
/
o 1000}
100 /
sol 500f
0.5 1 15 2 0.5 1 15 2
nd x 10° nd x 10°
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II.4 Numerical results Analytical solution

e infinite homogenuous medium:
Vpp=2927Tm/s, Vps=1.195m/s, Vs = 1.549m/s
e gaussian source: F(x,y,t) = 6(x)d(y) f(t)

e 2=1[0,6] x[0,6], t=1s, h=0.1, At=1.10"3
e ()5-3600 elements

0.08
I 0.07
- (006

Analytical solution Numerical solution Relative error < 0.43%
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II.4 Numerical results heteregeneous medium

42



Prospects

e 3D implementation and validation
e Poroviscoelastic model
e Multiphasic poroelastic model

Fluide2§

v

e Asymptotic method (Vps << Vr)

Fluide 1
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