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εij(u) =
1

2
(
∂ui
∂xj

+
∂uj

∂xi
)

• � � 
 � �
 � � 
 � � � � � �
 � � � � � � � 
 " � �� � 
 � � � � � �

# � � 
 	 
 � � �� � # 
 � � � � � � �	 � �	 � � � � 	 Rijkl = Rjikl = Rklij

σij(x, t) =

∫ t

−∞
Rijkl(x, t− τ)

∂

∂τ
εkl(x, τ) dτ

=

∫ +∞

−∞
Rijkl(x, t− τ)

∂

∂τ
εkl(x, τ) dτ

= R ∗
∂ε

∂t
= m ∗ ε (m =

∂R

∂t
)

•� � �� 
 � 
 � � " ��� � � 
 � � � � � �
 � �

R = C(x)H(t) ⇔ m = C(x)δ ⇔ σ = Cε
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• �� � � �
 � � P (D)σ = T (D)ε(u)

P (D) =
k=n
∑

k=0

ak
∂k

∂tk
; T (D) =

k=m
∑

k=0

bk
∂k

∂tk
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 �
E

�� � � σ = Eε � � � �	 �

� � � � σ = ηε̇� � � � � �

η
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ε

ε0ε1

E1

η
E0

σ
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σ+ τ0 ∂tσ = µ
[

ε(u) + τ1 ε(∂tu)
]

� �� �� �
	 � �� 
 �� � �	 � �� � τ1 − τ0 > 0.

# 
 � � � � � � �	 � �	 � � � �	 � R(x, t) = µ
(

1 +
τ1 − τ0
τ0

e
− t
τ0

)

H(t)

•� 
 	 
 �� � �� 

 �

σ+ τ0 ∂tσ = Cε(u) + τ0Dε(∂tu) C, D � �
 
 � � � 
 � � � � > 0

� �� �� �
	 � �� 
 �� � �	 � �� � (D − C) > 0

� 
 	 
 � � �� � # 
 � � � � � � �	 �

R(x, t) =

[

C(x) +
(

D(x) − C(x)
)

e
− t
τ0(x)

]

H(t)
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



ρ
∂2u

∂t2
− ∇ · σ = f, Rd×]0, T ],

σ+ τ0
∂σ

∂t
= C ε(u) + τ0D ε(

∂u

∂t
), Rd×]0.T ],

u(x,0) = u0, ∂tu(x,0) = u1, σ(x,0) = σ0, Rd.

• d = 1,2,3�

• (∇ · σ)i =
d

∑

j=1

∂σij

∂xj

�

• ρ(x), τ0(x), C(x)� 	 � D(x)� �
 � 
 � 
 � �� �� 
 �
• 0 < ρ−, τ0− ≤ ρ(x), τ0(x) ≤ ρ+, τ0+ < +∞ a.e. x ∈ Rd�
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Z(x) = (D(x) − C(x)) > 0 (⇔ τ1 > τ0 �	 �� )

• L2(Rd,Lsym(Rd)) =
{

σ : R
d → Lsym(Rd) /

∫

Rd
|σ|2 dx <∞

}

• Hsym(div,Rd) =
{

σ ∈ L2(Rd,Lsym(Rd)) /∇ · σ ∈ (L2(Rn))n
}

� � � 
 � � � �

• (u0, u1, σ0) ∈
(

[H1(Rd)]d
)2

×Hsym(div,Rd) �

• f ∈ C1(0, T, [L2(Rd)
]d

) �

• u ∈ C1
(

0, T ; [H1(Rd)]d
)

∩ C2
(

0, T ; [L2(Rd)]d
)

�

• σ ∈ C0(0, T ;Hsym(div,Rd))∩C1
(

0, T ;L2(Rd,Lsym(Rd))
)

�
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• Zτ = τ0Z = τ0(D − C),

• ‖σ‖2G =

∫

Rd

[

G(x)σ(x) : σ(x)
]

dx.
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 � � � �� (u, σ) � � � �� 
 t � 
 � �  
 	 � � �

Ec(u, σ, t) � 1

2
‖
∂u

∂t
‖2ρ +

1

2
‖ε(u)‖2

C
+

1

2
‖σ − Cε(u)‖2

Z−1

� � � 
 � � � �

dEc

dt
= −‖σ − Cε(u)‖2

Z
−1
τ

+

∫

Rd
f
∂u

∂t
dx.



















f = 0

Z > 0

⇒
dEc

dt
≤ 0�
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u(x, t) = ū ei(ωt−kx), σ(x, t) = σ̄ ei(ωt−kx)

•� � 
 �
 � 
 � �	 
 � � � � � � 	 �

ω2 = c2k2(
1 + iωτ1
1 + iωτ0

), c =

√

µ

ρ
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 � ω(k) = −iS∗(k) ∈ C/{R}
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 � ω(k) = ±ω∗(k) − iη(k) ∈ C

∣

∣

∣

∣

∣

∣

∣

∣

∣

η < 0 → � � 
 
 � � � � � �	

ω∗ → � � � � � � � � � � 	

� �� �

�
� � � � �

	 � � � �


�� 
� �
�

� � �
� �

�
�

� $



� �� � �� � � � �� � � � � �	 � � � � � � � 
 � � 	 � �� 	 � � � 
 � �� �

� � � 
 � � �� � �� � � 
 � �� � � �	 �	 �� �� 



−3 −2 −1 0 1 2 3

T=0.4

−3 −2 −1 0 1 2 3

T=0.8

−3 −2 −1 0 1 2 3

T=1.2

−3 −2 −1 0 1 2 3

T=1.6

τ1
τ0

= 4,
τ1
τ0

= 2,
τ1
τ0

= 1.2

� �



� �� � �� � � � �� � � � � �	 � � � � � � � 
 � � 	 � �� 	 � � � 
 � �� �

� � � 
 � � � � � � � � � 



� 
 � �	 
 � �
 � �� 
 � � � � � 
 �


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

















ρ ü− ∇ · σ = 0

σ+ τ0σ̇ = λ
[

� � (ε(u)) + γλ � � (ε(u̇))
]

I + 2τ0µ
[

ε(u) + γµε(u̇)
]

• � �� 

 
 �

• ~k ‖ ~d � " �  
 � ω2(1 + iωτ0) = vp2|k|2(1 + iωτp)

• ~k ⊥ ~d � " �  
 � ω2(1 + iωτ0) = vs2|k|2(1 + iωτs)

" � 
 �
 vs =

√

µ

ρ
; vp =

√

λ+ 2µ

ρ
; τs = τ0γµ ; τp = τ0

λγλ + 2µγµ

λ+ 2µ

�  
 � vs =

√

µ

ρ
; vp =

√

λ+ 2µ

ρ
; τs = τ0γµ ; τp = τ0

λγλ + 2µγµ

λ+ 2µ
ω2(1 + iωτ0) = c2k2(1 + iωτ1), c =

√

µ

ρ � �
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(MP )


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















ρ
∂2u

∂t2
− ∇ · σ = f

σ + τ0
∂σ

∂t
= C ε(u) + τ0D ε(

∂u

∂t
)

� 
 �	 � � � � � �
 � s = σ − C ε(u)

(MP ) ⇐⇒
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


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













ρ
∂2u

∂t2
− ∇ · σ = f

Mτ s+ M
∂s

∂t
= ε(

∂u

∂t
)

A σ −A s = ε(u)

M = (D − C)−1, Mτ = τ−1
0 M, A = C−1

� �



� � � � � � �� � � �� � 	 � � � � � � � � � 	 � �� 
 � � 
 � � � � �

� �	 � (u(t), σ(t), s(t)) ∈M × (Hsym)2 
 � �� �� � � �� �	 � (u(t), σ(t), s(t)) ∈M × (Hsym)2 
 � �� �� � � �� �	 � (uh(t), σh(t), sh(t)) ∈Mh × (H
sym
h )2 
 � �� �� � � �







































ρ
∂2u

∂t2
− 
 �� σ = f × ũ ∈M

Mτ s+ M
∂s

∂t
− ε(

∂u

∂t
) = 0 × s̃ ∈ Hsym

A σ −A s− ε(u) = 0 × σ̃ ∈ Hsym
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





















ρ
∂2u

∂t2
− 
 �� σ = f × ũ ∈M

Mτ s+ M
∂s

∂t
− ε(

∂u

∂t
) = 0 × s̃ ∈ Hsym

A σ −A s− ε(u) = 0 × σ̃ ∈ Hsym











































∫

Ω
ρ
∂2u

∂t2
· ũ dx−

∫

Ω


 �� σ · ũ dx−
∫

Ω
f · ũ dx = 0 ∀ ũ ∈M

∫

Ω
Mτ s : s̃ dx+

∫

Ω
M

∂s

∂t
: s̃ dx−

∫

Ω
ε(
∂u

∂t
) : s̃ dx = 0 ∀ s̃ ∈ Hsym

∫

Ω
A σ : σ̃ dx−

∫

Ω
A s : σ̃ dx−

∫

Ω
ε(u) : σ̃ dx = 0 ∀ σ̃ ∈ Hsym


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


















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









∫

Ω
ρ
∂2u

∂t2
· ũ dx−

∫

Ω


 �� σ · ũ dx−
∫

Ω
f · ũ dx = 0 ∀ ũ ∈M

∫

Ω
Mτ s : s̃ dx+

∫

Ω
M

∂s

∂t
: s̃ dx−

∫

Ω
ε(
∂u

∂t
) : s̃ dx = 0 ∀ s̃ ∈ Hsym

∫

Ω
A σ : σ̃ dx−

∫

Ω
A s : σ̃ dx−

∫

Ω
ε(u) : σ̃ dx = 0 ∀ σ̃ ∈ Hsym
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









∫

Ω
ρ
∂2u

∂t2
· ũ dx−

∫

Ω


 �� σ · ũ dx−
∫

Ω
f · ũ dx = 0 ∀ ũ ∈M

∫

Ω
Mτ s : s̃ dx+

∫

Ω
M

∂s

∂t
: s̃ dx+

∫

Ω

∂u

∂t
· 
 �� s̃ dx = 0 ∀ s̃ ∈ Hsym

∫

Ω
A σ : σ̃ dx−

∫

Ω
A s : σ̃ dx+

∫

Ω
u · 
 �� σ̃ dx = 0 ∀ σ̃ ∈ Hsym











































∫

Ω
ρ
∂2u

∂t2
· ũ dx−

∫

Ω


 �� σ · ũ dx−
∫

Ω
f · ũ dx = 0 ∀ ũ ∈M

∫

Ω
Mτ s : s̃ dx+

∫

Ω
M

∂s

∂t
: s̃ dx+

∫

Ω

∂u

∂t
· 
 �� s̃ dx = 0 ∀ s̃ ∈ Hsym

∫

Ω
A σ : σ̃ dx−

∫

Ω
A s : σ̃ dx+

∫

Ω
u · 
 �� σ̃ dx = 0 ∀ σ̃ ∈ Hsym







































∫

Ω
ρ üh · ũh dx−

∫

Ω


 �� σh · ũh dx−
∫

Ω
f · ũh dx = 0 ∀ ũh ∈Mh

∫

Ω
Mτ sh : s̃h dx+

∫

Ω
M ṡh : s̃h dx+

∫

Ω
u̇h · 
 �� s̃h dx = 0 ∀ s̃h ∈ H

sym
h

∫

Ω
A σh : σ̃h dx−

∫

Ω
A sh : σ̃h dx+

∫

Ω
uh · 
 �� σ̃h dx = 0 ∀ σ̃h ∈ H

sym
h

∣

∣

∣

∣

∣

∣

∣

∣

∣

M =
[

L2(Ω)
]2
,

Hsym =
{

σ ∈ L2(Ω,Lsym(R2)) / 
 �� σ ∈M
}

.
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� � � � � � �� � � � � � 	 �� � � � � � � � � 	 �� �� 
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Mh = {uh ∈M /∀K ∈ Th, uh/K ∈ Q0},

H
sym
h = {σh ∈ Hsym /∀K ∈ Th, σh/K ∈ Q1}.
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


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










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











Mu
Un+1 − 2Un + Un−1

∆t2
−BΣn = Fn

Mτ
Sn+1 + Sn

2
+Ms

Sn+1 − Sn

∆t
+B?

Un+1 − Un

∆t
= 0

AΣn+1 −ASn+1 +B?Un+1 = 0

m






















Mu
Un+1 − 2Un + Un−1

∆t2
−B Sn +BA−1B?Un = Fn

Mτ
Sn+1 + Sn

2
+Ms

Sn+1 − Sn

∆t
+B?

Un+1 − Un

∆t
= 0
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• # 
 
 �� � �� � � 
 � �
 �
 
 	 
 � � � �
 � � �

E
n+1

2
d =

1

2
‖
Un+1 − Un

∆t
‖2Mu

+
1

2

(

A−1B?Un+1, B?Un
)

+
1

4
(‖Sn+1‖2Ms

+ ‖Sn‖2Ms
) −

∆t2

4

(Un+1 − Un

∆t
, B

Sn+1 − Sn

∆t

)

∆t

2
‖B‖ ≤ 1 � �� � �
 	 � 
 �� � �� � � � � � 	 � � � � �	

‖B‖ = sup
U,Σ6=0

(BΣ, U)

‖Σ‖ �� ‖U‖Mu

, � � = (A−1 +M−1
s )−1

� 
 � � � � � � � � � � � �
 	 
 � � 
 �� 

 �

∆t ≤ hmax
{

(vp
√τp
τ0

)−1, (vs
√

τs
τ0

)−1
}

≤ h v−1
p � �
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ρ = 1. ; vp = 2.74 ; vs = 1.43

τ0 = 0.7 ; τp = 1.013 ; τs = 1.015
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 �� � � �� 	 �� � �� � � � � � ��� � � � 
 � � � � � � �� 


• �� � �� 	
� ρ ∂2
ttu = ∂xσ, σ = m ∗ ∂xu.

• � � 
 
�� �� � �� �� 	 � �� � � u = ū ei(ωt−kx), σ = σ̄ ei(ωt−kx)

−M(ω)k2 + ρω2 = 0, ω = ω∗ + iη, u = ū e−ηtei(ω∗t−kx)

M(ω) =
∫ +∞

−∞
m(t) e−iωt dt = <eM(ω) + i=mM(ω)

• η(k)2 =
|M | − <eM

2ρ
k2 = <eM

√

1 +Q−2 − 1

2ρ
k2

• ω∗(k)
2 =

|M | + <eM

2ρ
k2 = <eM

√

1 +Q−2 + 1

2ρ
k2

• � 
� 
� � � � �� � �� � Q(ω) =
<eM

=mM
Q <<⇒� � � �� �� �� �� � � � � � � � 	� �� ��
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• � 	� 	� � � � 	 
 σ + τ0σ̇ = µ(ε(u) + τ1ε(u̇))⇒Q(ω) =
1 + ω2τ1τ0
ω(τ1 − τ0)

• � 	� 	� � 
� � 	� � 	� 	� � � � 	


σ =
L

∑

l=1

σl, σl + τ0lσ̇l = µ(ε(u) + τ1lε(u̇)) l = 1, · · · , L

• min
τ0l,τ1l

F (τ01, · · · , τ0L, τ11, · · · , τ1L) = min
τ0l,τ1l

∫ ωb

ωa
(Q(ω)−Q0)

2 dω

10
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σ =
L

∑

l=1

σl, σl + τ0lσ̇l = Cε(u) + τ0lDlε(u̇) ∀ l = 1, · · · , L

20 40 60 80 100 120 140 160 180 200
0

50

100

150

200

250

f (Hz)

Q
(f

)

Q=10
Q=200

��



� � � � �� �� �� � � 	 
� � � � � � � � 
 � �� �� � � � � � � � �� � � � �� � � �� � 
� �

	 �� �� 	

vp vs

� �



� � � � �� �� �� � � 	 
� � � � � � � � 
 � �� �� � � � � � � � �� � � � �� � � �� � 
� �

	 �� �� 	

0 50 100 150 200 250

800

820

840

860

880

900

920

940

960 20

40

60

80

100

120

I

� �



� � � � �� �� �� � � 	 
� � � � � � � � 
 � �� �� � � � � � � � �� � � � �� � � �� � 
� �

	 �� �� 	

0 50 100 150 200 250

800

820

840

860

880

900

920

940

960

5200

5400

5600

5800

6000

6200

6400

I

� �



� � � � � �

� �



� � � � � � 
 � � � 	 
� � � � � �� � � �� � � �

• �� 	 � � 	 	 
 	� 
 �� � � 
 � � 
 	 � � � � � �� �� � �� �� �� �� 	 �� � 	 � � �� 	
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• �� 	 
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w = φ(uf − us)

• �� � � � � 
 � � ∗�

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
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













ρ üs + ρf ẅ − ∇ · σ = fu � � Rd×]0, T ],

ρf üs + ρw ẅ + Kẇ + ∇p = fw � � Rd×]0, T ],

σ = Cε(us) − β pId � � Rd×]0, T ],

−p = m(β∇ · us + ∇ · w) � � Rd×]0, T ],

us(x,0) = u0(x), ∂tus(x,0) = u1(x)� � Rd,

w(x,0) = w0(x), ∂tw(x,0) = w1(x)� � Rd.

∗ � �� �� � �� �	 
 � �� 
 �� �� � �� � � � � �� �� �� � � � �� � � �� �� � � � � ��� � � � �� � � � � � �� � � �
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H = [H1(Rd)]d × [L2(Rd)]d ×
(

[L2(Rd)]d
)2

× L2(Rd)

D =



















(u,w, ũ, w̃, p) ∈ H / ũ ∈ [H1(Rd)]d, p ∈ H1(Rd), w̃ ∈ H(div,Rd),

∇ ·
(

Cε(u)
)

−∇(β p) ∈ [L2(Rd)]d



















� � � 
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• (u0,w0,u1,w1, p0) ∈ D 	
• (fu, fw) ∈ C1(0, T, [L2(Rd)

]d
) × C1(0, T, [L2(Rd)

]d
) 	

• us ∈ C1(0, T ; [H1(Rd)]d) ∩ C2(0, T ; [L2(Rd)]d) 	

• w ∈ C1(0, T ;H(div,Rd)) ∩ C2(0, T ; [L2(Rd)]d) 	

• p ∈ C0(0, T ;H1(Rd)) ∩ C1(0, T ;L2(Rd))�
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� � �� � �

�� 	 	� 	� 
 � � � (us,w, p) � � �� � 	 t � � 
� 	 	� � � �

E(t) �

1

2

∫

Rd

[

ρ |u̇s|
2 + C ε(us) : ε(us)

]

dx

�

1

2

∫

Rd

[

ρw |ẇ|2 +
1

m
|p|2

]

dx �

∫

Rd
ρf u̇s · ẇ dx

ρρw − ρ2f ≥ 0 ⇒ E(t) ≥ 0

� � � 
 � � 	 �

dE

dt
= −

∫

Rd
K|ẇ|2 dx
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 � � � � 	 	

• �� 
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• �� 	 	� 
 � � � 	 	 
 	 � 	� � ∗

• � �� 
 � � �� � � 
 � �� � 
 
 � �� �� H1 − L2

• � � � � 
 	 � �� �� ∇� � � ∇· � ≡ ∇∗ �

∗  �� � � � � � �
 �� � �� �� � � � � �� � �
 � �� � � � �� � � �
 �� � �� � � �� � � �� � �� � � � � ��

��� �� � �� � � � � � � � � � �� � � � �� � � � � � � �� � �� � � � 
� � 
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(Aij)kl = Cikjl
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

ρ u̇s + ρf ẇ − ∇.σ = fu Ω×]0, T ],

ρf u̇s + ρw ẇ+ Kw+ ∇p = fw Ω×]0, T ],

γ̇i = ∇ui i = 1, d Ω×]0, T ],

σi =
d

∑

j=1

Aijγj − β p ~ei i = 1, d Ω×]0, T ],

1

m
ṗ+ β

d
∑

i=1

γ̇i · ~ei + ∇ · w = 0 Ω×]0, T ],

+ I.C� � � B.C.
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ρ
∂us

∂t
+ ρf

∂w

∂t
− ∇ · σ = fu × ũ ∈ U

ρf
∂us

∂t
+ ρw

∂w

∂t
+ Kw+ ∇p = fw × w̃ ∈ W

∂γi
∂t

−∇ui = 0 i = 1, d × γ̃ ∈ Hγ

σi −
d

∑

j=1

Aijγj + β p ~ei = 0 i = 1, d × σ̃ ∈ Hσ

1

m

∂p

∂t
+ β

d
∑

i=1

∂γi
∂t

· ~ei + ∇ · w = fp × p̃ ∈ P
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∫

Ω
ρ
∂us

∂t
· ũ+

∫

Ω
ρf
∂w

∂t
· ũ−

d
∑

i=1

∫

Ω
(∇ · σi) ũi −

∫

Ω
fu · ũ = 0

∫

Ω
ρf
∂us

∂t
· w̃+

∫

Ω
ρw

∂w

∂t
· w̃+

∫

Ω
Kw · w̃+

∫

Ω
∇p · w̃ −

∫

Ω
fw · w̃ = 0

∫

Ω

∂γi
∂t

· γ̃ −
∫

Ω
∇ui · γ̃ = 0 i = 1, d

∫

Ω
σi · σ̃ −

d
∑

j=1

∫

Ω
Aijγj · σ̃+

∫

Ω
β p~ei · σ̃ = 0 i = 1, d

∫

Ω

1

m

∂p

∂t
p̃+

d
∑

i=1

∫

Ω
β
∂γi
∂t

· ei p̃+

∫

Ω
∇ · w p̃ −

∫

Ω
fp p̃ = 0

∀ (ũ, w̃, γ̃, σ̃, p̃) ∈ U × W ×Hγ ×Hσ × P
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∫

Ω
ρ
∂us

∂t
· ũ+

∫

Ω
ρf
∂w

∂t
· ũ+

d
∑

i=1

∫

Ω
σi · ∇ũi −

∫

Ω
fu · ũ = 0

∫

Ω
ρf
∂us

∂t
· w̃+

∫

Ω
ρw

∂w

∂t
· w̃+

∫

Ω
Kw · w̃+

∫

Ω
∇p · w̃ −

∫

Ω
fw · w̃ = 0

∫

Ω

∂γi
∂t

· γ̃ −
∫

Ω
∇ui · γ̃ = 0 i = 1, d

∫

Ω
σi · σ̃ −

d
∑

j=1

∫

Ω
Aijγj · σ̃+

∫

Ω
β p~ei · σ̃ = 0 i = 1, d

∫

Ω

1

m

∂p

∂t
p̃+

d
∑

i=1

∫

Ω
β
∂γi
∂t

· ei p̃−
∫

Ω
w · ∇p̃ −

∫

Ω
fp p̃ = 0

∀ (ũ, w̃, γ̃, σ̃, p̃) ∈ U × W ×Hγ ×Hσ × P


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
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
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






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
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






















































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









∫

Ω
ρ u̇h · ũh +

∫

Ω
ρf ẇh · ũh +

d
∑

i=1

∫

Ω
σi h · ∇ũi h −

∫

Ω
fu · ũh = 0

∫

Ω
ρf u̇h · w̃h +

∫

Ω
ρw ẇh · w̃h +

∫

Ω
Kwh · w̃h +

∫

Ω
∇ph · w̃h −

∫

Ω
fw · w̃h = 0

∫

Ω
γ̇i h · γ̃h −

∫

Ω
∇ui h · γ̃h = 0 i = 1, d

∫

Ω
σi h · σ̃h −

d
∑

j=1

∫

Ω
Aijγj h · σ̃h +

∫

Ω
β ph~ei · σ̃h = 0 i = 1, d

∫

Ω

1

m
ṗh p̃h +

d
∑

i=1

∫

Ω
β γ̇i h · ei p̃h −

∫

Ω
wh · ∇p̃h −

∫

Ω
fp p̃h = 0

∀ (ũh, w̃h, γ̃h, σ̃h, p̃h) ∈ Uh × W h × W h × W h × Ph

U = [H1(Ω)]d, W = [L2(Ω)]d, P = H1
0(Ω), Hγ = Hσ = WU = [H1(Ω)]d, W = [L2(Ω)]d, P = H1

0(Ω)Uh ⊂ U = [H1(Ω)]d, W h ⊂ W = [L2(Ω)]d, Ph ⊂ P = H1
0(Ω)
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Ph = {ϕ ∈ C0(Ω) /ϕ|Ke ◦ F e ∈ Qr(K̂)� � � ϕ|∂Ω = 0} ⊂ H1
0(Rd),

Uh = {φ ∈ C0(Ω) / φ|Ke ◦ F e ∈ [Qr(K̂)]d} ⊂ [H1(Rd)]d,

W h = {ψ ∈ [L2(Ω)]d / |Je|DF−1
e ψ|Ke ◦ F e ∈ [Qr(K̂)]d} ⊂ [L2(Rd)]d,

Ke

Fe

X

Y

K̂

(0,1) (1,1)

(1,0)(0,0)

� �
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
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


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Du
Un+1
h − Unh

∆t
+Duw

Wn+1
h −Wn

h

∆t
+

d
∑

i=1

RΣ
n+1

2
i h = F

n+1
2

u

D∗
uw
Un+1
h − Unh

∆t
+Dw

Wn+1
h −Wn

h

∆t
+K

Wn+1
h +Wn

h

2
+R∗P

n+1
2

h = F
n+1

2
w

Dγ
Γ
n+1

2
i h − Γ

n−1
2

i h

∆t
−R∗Uni h = 0 i = 1, d

DγΣ
n+1

2
i h −

d
∑

j=1

T ijΓ
n+1

2
j h +GiP

n+1
2

h = 0 i = 1, d

Dp
P
n+1

2
h − P

n−1
2

h

∆t
+

d
∑

i=1

G∗
i
Γ
n+1

2
i h − Γ

n−1
2

i h

∆t
−RWn

h = Fnp

� �
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





































HUn+1
h = F ,

H = Du −Duw(Dw +
∆t

2
K)−1D∗

uw,

F = F1 −Duw(Dw +
∆t

2
K)−1F2.











Du Duw

D∗
uw Dw +

∆t

2
K





















Un+1
h

Wn+1
h











=











F1

F2











H 	 �� � � � 
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Ke Ke′

ξi

n
′

n

Ke ∩K ′
e 6= ∅ 	� globe(n) = globe′(n
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V pf = 2.927m/s 	 V ps = 1.195m/s 	 V s = 1.549m/s

• 
 � 
 � �� � � � � 
�� 	� F (x, y, t) = δ(x)δ(y)f(t)

• Ω = [0,6] × [0,6] 	 t = 1s 	 h = 0.1 	 ∆t = 1.10−3

• Q5
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�� �� � 	
 � �� 	 	 	� � �� ≤ 0.43 �
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Fluide 2 Fluide 1

• � � � � �� � �� � � ��� � � � V ps << V pf �
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