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∂
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. �� n+ �= n− ����� A ��� ��� ������������ ����(��+������ 
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�#$� �	 ��#�$&� 
'���&�	 �	 ��	
��'	 �	 �&�%	�� H = L2(Rd) ��� 	<	.��	 �#$�
$� ��#%�3.	 	� d �&.	�
&#�
8 -�&
 '	�� �	 ��?�&� ��
 $� #�����	$� 
$� H 5
��#��	.	�� ����	� �$&
6$	H '#��&	�� �	
 :#�'�&#�
 6$& �	 
#�� ��
 '#��&�$	
;

��
 ����	� �	 ���&��%�	
8

�� ��	.&3�	 ����	 	
� �#�' �	 '�	�'�	� $� �#.�&�	 D �	�
	 ���
 H

$� �	6$	� ����.&��#�&	� :#�.	� 	
� %&	� ��?�& '#..	 #�����	$� �&���&�	 H8
�#$�	��; D 	
� ��	
��'	 C∞

0 (Rd) �	
 :#�'�&#�
 C∞ 5 
$��#�� '#.��'� ���

R

d8 �& ����.&��#�&	� ���
	��	 �	
 
&�4$���&��
 �#'��&
�	
 	� '	���&�
 �#&��

H'	 
	�� �#��	 '�
J; #� ��	�� ��#�
 ��	
��'	 �	
 :#�'�&#�
 5 
$��#�� '#.��'�
�	 '#��	���� ��
 '	
 �#&��
8 �&�
& 	� '�#&
&

��� %&	� D; ��#�����	$� :#�.	��
�	.	�� �$�#���)#&�� �	�&	�� $� #�����	$� 
/.���&6$	 	� �	�
	 
$� D8 !3

�#�
; #� �	$� $�&�&
	� �����&��	�&	 6$& �&	�� ��C��	 ���
	���	 �#$� '#�
��$&�	 �	

	<�	�
&#�
 �$�#���)#&��	
 �	 H �	 '�
 �'�����8

�� 	
� �	.�
 �	 ��

	� 5 ��	<	.��	 6$& �#$
 &����	

	 5 
��#&� ����$�	
�	
 	<�	�
&#�
 �$�#���)#&��	
 �	 ��#�����	$� �&=��	��&	� − d2

dx2 8 ����	�#�
 6$	
�#��	 �#&�� �	 ������ 	
� �	 �#��	� $� 
	�
 �&4#$�	$< 5 ����.&��#�&	� ��?�&
��� H�8�8M8�OJ ���
 �	 '���	 ��$�	 ���#�&	 $�&�&.	�
&#��	��	8 �� 	
� '��&� 6$	

$� D = C∞

0 (R\{0}); ��#�����	$� H0 = − d2

dx2 	� �� �	�
&#� 5 $�	 �&.	�
&#� �	
��#�����	$� H�8�8M8�OJ '#Z�'&�	��8 �� #$��	; $�	 
&.��	 &���4���&#� ��� ����&	

.#���	 6$	 H0 	
� 
/.���&6$	 
$� D .$�& �$ ��#�$&� 
'���&�	 ��%&�$	� �	
L2(R) H�#$� �� .	
$�	 
������� �#��	 dxJ (

∀ φ,ψ ∈ L2(R), 〈φ,ψ〉 =

∫
R

φ∗(x)ψ(x)dx H�8�8M8M�J

�#$� ��&�
����; #� �&
�#
	 �#�' ��$� #�����	$� �&=��	��&	� �	�
	 	� 
/.��
��&6$	8 �� �#$
 :�$� .�&��	���� ��#$�	� 
� :	�.	�$�	 	� '	�� ��'	

&�	 �	 �	�
'#$�
 5 $� 	
��'	 �	 �#%#�	�8 !	 .��&3�	 4������	; �#$� $� #$�	�� Ω �	 R;



�*

������� 	�
������ �� �	�
��� �� ��������� ��

�����������

$� 	��&	� ���$�	� s 	� $� ��	� p ∈ [1,+∞]; ��	
��'	 �	 �#%#�	� W s,p(Ω) 	
�
��?�& ���

W s,p(Ω) = {f ∈ Lp(Ω)| ∀r � s,f (r) ∈ Lp(Ω)} H�8�8M8M�J

f (r) ����� �� ���&��	 r�&3.	 �	 f 8 �� 	
� �#

&%�	 �	 �#��	� $�	 
��$'�$�	
��	
��'	 �	 *���'� 5 W s,p(Ω) 	� �#$� p = 2; '	��	 
��$'�$�	 �	$� .C.	
C��	 ��#.$	 	� 	
��'	 �	 �&�%	��8 +#..	 ��#�����	$� �&=��	��&	� 6$& �#$

&����	

	 	
� ��#���	 2 	� 6$�#� �����&��	 ���
 L2(R); ��	
��'	 �	 �#%#�	�
�	6$&
 	
� W 2,2(R)8 �� 	=	�; �� :	�.	�$�	 �	 H0 	
� ��?�&	 
$� �	 �#.�&�	 D
�	
 :#�'�&#�
 ψ �	 W 2,2(R) �	��	
 6$	 ψ(0) = ψ′(0) = 0 V�W8

����)#&�� �	 H0 	
� 6$��� 5 �$& ��?�& 
$� W 2,2(R \ {0}); V�W; 	� #� $�&�&
	
�	 ���#�3.	 �	 �#� �	$.���8 "� '�	�'�	 �	
 
#�$�&#�
 �	 ���6$��&#�

− d2

dx2
f(x) = iλ2f(x) , λ > 0. H�8�8M8MMJ

���6$��&#� '���'���&
�&6$	 �	 '	��	 �6$��&#� �&=��	��&	��	 ��.	� �	$< ��'&�	

�&
�&�'�	
 λ± = ±( i−1√

2
)λ8 �&�
&; ��&��&'	 �	 ��?'&	�'	 n+ 	
� �4�� 5 2 	� �	


:#�'�&#�
 �	 %�
	 �	 N+ 
#�� �	 �� :#�.	

f+(λ+,x) = θ(x)eλ+x , f−(λ−,x) = θ(−x)eλ−x H�8�8M8MJ

θ ����� �� :#�'�&#� �	 �	��&
&�	8 "� � �	
 .C.	
 '#�'�$
&#�
 �#$� N− 	�
�	.���F��� λ± ��� 
#� '#�)$4$� λ∗±8 �&�
&; �	
 &��&'	
 �	 ��?'&	�'	 
#��
(2,2) 	� #� '#�'�$� 6$�&� / � $�	 &�?�&�� ��	<�	�
&#� �$�#���)#&��	
 �	 H0 
$�
C∞

0 (R \ {0}) ����.����	
 ��� �	
 .���&'	
 U �	 U(2)8 +	
 	<�	�
&#�
 
#��
�#���	
 ��� �	
 �	
��&'�&#�
 �	 H†

0 �4&

��� 
$� �	
 �#.�&�	
 DU �	 �� :#�.	

DU = {ψ = ψ + A+f+(λ+,x) + A−f−(λ−,x) +B+f+(λ∗+,x) +B−f−(λ∗−,x) |

ψ ∈ D ,

(
B+

B−

)
= U

(
A+

A−

)
} H�8�8M8MQJ

�/)/0/0 ���������� �	" ����

�� '���'���&
��&#� ���'��	��	 �	
 	<�	�
&#�
 �$�#���)#&��	
 �	 ����.&��#�
�&	� �&%�	 
$� C∞

0 (R\{0}) ��	
� ��
 ��3
 ����&6$	 ��$�&�&
��&#� ���
 �	 '#��	<�	
�	 �� .�'��&6$	 6$���&6$	 #D ��#� ���:3�	 ��#&� $� ��#%�3.	 �&=��	��&	� ��	'
�	
 '#��&�&#�
 �$< %#��
 �#$� �� :#�'�&#� ��#��	8 +�	
� �#$�6$#& #� '�	�'�	
5 '���'���&
	� �	 �#.�&�	 DU ��� �	
 '#��&�&#�
 	� x = 0 
$� 
	
 ���.	��
8
����4$.	�� ����&�&#��	� 
����$&	 
$� �� :#�.	 
	
6$&�&���&�	 
$&����	

FU(φ,ψ) = 〈H†
0φ,ψ〉 − 〈φ,H†

0ψ〉 , φ,ψ ∈ DU . H�8�8M8M�J

��	 
&.��	 &���4���&#� ��� ����&	
 .#���	 6$�	��	 �	 ���	�� 6$	 �	
 ���	$�

��&
	
 ��� ψ 	� φ 	� 0+ 	� 0−8 �� #$��	; '#..	 H†

0 	
� �$�#���)#&�� 
$� DU ;
FU 	
� �$��	 	� 	� ����&'$�&	�; �#$� ψ = φ; #� ��#$�	

FU(φ,φ) = 0 = (φ∗)′(0+)φ(0+)− φ∗(0+)φ′(0+)

−(φ∗)′(0−)φ(0−) + φ∗(0−)φ′(0−) . H�8�8M8MRJ



����� %�
&������� ���	������� �+

�#&� ��#�
 v± �	
 �	'�	$�
 �	 C
2 ��?�&
 ���

v± =

(
φ(0+)± iL0φ

′(0+)
φ(0−)∓ iL0φ

′(0−)

)
H�8�8M8MOJ

#D #� � &���#�$&� �� �#�4$	$� L0 ��� �#.#4���&��8 "� � ��#�
 ���6$&���	�'	

FU(φ,φ) = 0⇔ ||v+|| = ||v−|| . H�8�8M8MNJ

"� ���4��&�� �$ .	.%�	 �	 ��#&�	 	
� 5 
#� �#$� �6$&���	��	 5 ��	<&
�	�'	 ��$�	
.���&'	 V ���
 U(2) �	��	 6$	 v− = V v+8 ��?�; �� ��?�&�&#� H�8�8M8MQJ &.�
��&6$	 6$	 V = U 8 �&�
&; �	
 	<�	�
&#�
 �$�#���)#&��	
 �	 (H0,C

∞
0 (R \ {0}))


#�� ��?�&	
 
$� ��	�
	.%�	 �	
 :#�'�&#�
 φ ∈ W 2,2(R \ {0}) 
��&
:�&
��� �	

'#��&�&#�
 �$< %#��
 
$&����	


(U − I)

(
φ(0+)
φ(0−)

)
+ iL0(U + I)

(
φ′(0+)
−φ′(0−)

)
= 0 , U ∈ U(2) , H�8�8M8MTJ

�� / � 6$���	 ����.3��	
 ��	�
 '#���K���� '	
 	<�	�
&#�
 '#��	
�#����� 5 U(2)
	� &� 	
� .#���� ���
 VMRW 6$	 �� �#�4$	$� L0 ���)#$�	 ��
 �	 �	4�� �	 �&%	���
���
 �	
 '#��&�&#�
 �$< %#��
8 "� �� ��	���� �4��	 5 1 ���
 �#$�	 �� 
$&�	8

�� �	
�	 .�&��	���� 5 :�&�	 �	 �&	� ��	' �#��	 ��#%�3.	 �	 ������ '#�'	��
���� �� �	�
&#� 5 $�	 �&.	�
&#� �	 ����.&��#�&	� H�8�8M8�OJ8 +	��	 ����	 	
�
��3
 �	'��&6$	 �4��	.	�� 	� �#$
 �#$
 ���$/#�
 	�'#�	 
$� V�W 	� �	��#/#�
 5
VONW �#$� �	
 ����&�
8 �	 ��
$���� ?��� 	
� 6$	 ��	<��	

&#� 
$&����	 H:#�.	��	J
�#$� �	 �#�	��&	� 
&�4$�&	� 4������&
��� �	 �#�	��&	� δ;

2gδ(x) + 2λ
d

dx
δ(x)

d

dx
+ 2(μ+ iν)

d

dx
δ(x)− 2(μ− iν)δ(x) d

dx
,H�8�8M8�J

'#��	
�#�� �$< '#��&�&#�
 �$< %#��
 H�8�8M8MTJ; ��	' $�	 '#��&�&#� ����#��&�	

$� U H�#&� ��� 	<	.��	 �����&'�	 V����WJ; 6$	 ��#� �	$� ���'�&�	;(

φ(0+)
φ′(0+)

)
= α

(
a b
c d

)(
φ(0−)
φ′(0−)

)
, H�8�8M8�J

�#$� λg−μ2 +(1− iν)2 �= 0 	� ��	' αα∗ = 1; ad− bc = 1; α ∈ C; a,b,c,d ∈ R8
��&�	��&?'��&#� 
��'�&�

α =
1

Δ(λg − μ2 + (1− iν)2)
,

a = ((1 + μ)2 + ν2 − λg)Δ , b = 2λΔ ,

c = 2gΔ , d = ((1 + μ)2 + ν2 − λg)Δ ,

#D Δ = |λg − μ2 + (1 + iν)2|−18 �	 '�
 λg − μ2 + (1 − iν)2 = 0 '#��	
�#��
5 �	
 '#��&�&#�
 �$ %#�� �	���	�� V�W 6$	 �#$
 �	 '#�
&���#�
 ��
 .�&
 6$&
�	$�	�� �	 �#$�	 :�F#� C��	 �	��#$��	
 '#..	 '	���&�	
 �&.&�	
 �$ ����.��
���4	 H�8�8M8�J8
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$� $�	 ���4���	 &��	�������&#� ��/
&6$	 �	 ��
'#��&�&#� H�8�8M8MRJ8 ����� �#���	 �� :#�'�&#� ��#��	 H
'���&�	J φ ��$� ��#�
%�3.	 �	 .�'��&6$	 6$���&6$	; #� ��?�&� �� �	�
&�� �	 ��#%�%&�&�� �	 '#$����
j(x) '#��	
�#�����	 ���

j(x) = −i ((φ∗)′φ− φ∗φ′) (x) . H�8�8M8MJ

��#�
; �#$� �	 ��#%�3.	 ��'�&� ��� $�	 �	
 	<�	�
&#�
 �$�#���)#&��	
 
$� DU ;
H�8�8M8MRJ .#���	 6$	 j 	
� '#��&�$	 5 ����	�
 �	 �#�	��&	� �#�'�$	� 	� x = 0
��'�&� ��� �	
 '#��&�&#�
 �$< %#��
 H�8�8M8MTJ8 �� �	�
&�� �	 ��#%�%&�&�� �	
'#$���� 	
� '#�
	���	 ( �	 �#�	��&	� ��	
� ��
 �&

&���&:8
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 ��/
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 �$ ����4����	 �8�8� 	� �	
 ��
$����
 .�����
.��&6$	
 �$ ����4����	 �8�8M8 ��#%)	'�&: 	
� �	 ��'�&�	 $� 4�9 &.���:�&� �	
%#
#�
 5 $�	 �&.	�
&#� ��� ����.&��#�&	� 5 N ����&'$�	
 &���#�$&� ��� �8
�&	% 	� Y8 �&�&4	� VNMW 	� 6$�
&.	�� 
&.$�����.	�� ��� A8* -',$&�	 ���

VNNW8 +	 .#�3�	; 	� 
� 4������&
��&#� ��� +8�8 1��4; 	
� $� 
/
�3.	 	<�'�
�	.	�� ��
#�$%�	 	� 
	�� $�&�&
� ���
 '	 .��$
'�&� �#$� ���
	��	� '	���&�
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 �	
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#�&4&��$< VNM; �MNW 6$& ����&��	�� '	��	 �	'��&6$	 �?� �	 ��#$�	� �	
 ��#��&���

��	�.#�/��.&6$	
 �$ 4�9 '#�
&����8

�	 �#&�� �	 ������ 	
� ���6$��&#� �	 �'��7�&�4	� 
���&#���&�	 �#$� N
����&'$�	
 �	����	
 ��� x1, . . . ,xN 	� &��	��4&

��� �&� $� �#�	��&	� δ 
$� $�
'	�'�	 �	 '&�'#�:��	�'	 L((

−
N∑

i=1

∂2

∂x2
i

+ 2g
∑
i<j

δ(xi − xj)

)
ψ = Eψ , 0 � xi � L , H�8�88J

g ����� �� '#�
����	 �	 '#$���4	 �	 ��&��	��'�&#� 	� ψ �� :#�'�&#� ��#��	 5 N
����&'$�	
 
��&
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��� �	
 '#��&�&#�
 ���&#�&6$	
; '#.��3�	.	�� 
/.���&6$	
�#$� �	
 %#
#�
8 �#$� $� �#�	��&	� ���$�
&:; g 	
� �#
&�&�	 	� &� ��/ � ��

������
 �&�
8 �	 '�
 �����'�&: � ��� �&
'$�� ���
 VNNW8 �	 �#�	��&	� δ 	
� $� '�

����&'$�&	� �	
 	<�	�
&#�
 �$�#���)#&��	
 �&
'$��	
 ���
 �� 
	'�&#� ���'��	��	
'#��	
�#����� 5 α = a = d = 1; b = 0 	� c = 2g ���
 H�8�8M8�J8 ���'�&#�



����# ������&���� �� &����&� ���
 �� ���"���� ! - &���
 ��

�$ �#�	��&	� δ 
$� �� :#�'�&#� ��#��	 	
� �#�' '���'���&
�	 ��� �	
 '#��&�&#�

�$< %#��
 
$&����	


ψ|xi=x+
j

= ψ|xi=x−
j
, H�8�88QJ(

∂

∂xi

− ∂

∂xj

)
ψ|xi=x+

j
=

(
∂

∂xi

− ∂

∂xj

)
ψ|xi=x−

j
+ 2gψ|xi=xj

. H�8�88�J

�� :#�'�&#� ��#��	 	
� '#��&�$	 
$� '��6$	 �/�	����� xi = xj �	 R
N .�&



� ���&��	 / :�&� $� E
�$�E ��#�#��&#��	� 5 �� ���	$� �	 �� :#�'�&#� ��#��	

$� '	� �/�	�����8 +#..	 �� :#�'�&#� ��#��	 	
� '#.��3�	.	�� 
/.���&6$	;
&� 
$G� �	 �� '#���U��	 ���
 �� ��4&#� 0 � x1 � x2 � . . . � xN � L �#$� ��
'���'���&
	� 	��&3�	.	��8 �	 ��#%�3.	 5 ��
#$��	 ?���	.	�� ��	�� �� :#�.	

−
N∑

i=1

∂2

∂x2
i

ψ = Eψ , 0 < x1 < x2 < . . . < xN < L, H�8�88RJ(
∂

∂xj+1

− ∂

∂xj

)
ψ|xj+1=xj

= gψ|xj+1=xj
, H�8�88OJ

��	' �� '#��&�&#� �	 ���&#�&'&�� �	�	����

ψ(0,x2, . . . ,xN) = ψ(x2, . . . ,xN ,L), H�8�88NJ
∂

∂x
ψ(x,x2, . . . ,xN)|x=0 =

∂

∂x
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Ti Tj = Tj Ti , |i− j| > 1 . H�8�88QMJ
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〈f,g〉 =
n∑

j=1

∫
dk

2π
f ∗

j (k)gj(k) ≡
∫

dk

2π
f †(k)g(k) . H�8M8M8MJ
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FH =
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N=0

HN . H�8M8M8J
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?�&8 �& ��#� �	���
	��	 $� ���.	�� �	 FH ��� $�	 
$&�	 (ϕ0,ϕ1, . . . ,ϕN , . . .)
#D '��6$	 ϕp 	
� $� ���.	�� �	 Hp ��#�
 #� ��?�&� F0

H '#..	 ��	�
	.%�	
�	
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 ��#�6$�	
 5 ����&� ��$� '	���&� N 8 ��� '#�
��$'�&#�; '	� 	
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� �	�
	 ���
 FH8 �#�#�
 6$�$� ���.	�� ϕ �	 HN �	$� C��	 �	���
	���
'#..	 $� �	'�	$� '#�#��	 �#�� �	
 	����	
 ϕα1...αN

; αi = 1, . . . ,n �	$�	��
C��	 ���4�	
 	� $�&�&
��� �� �#���&#� ��	
��'	
 �$<&�&�&�	
8 �&�
&; #� �#�	

ϕ1...N(k1, . . . ,kN) =
n∑

α1...αN=1

ϕα1...αN
(k1, . . . ,kN)(eα1 ⊗ . . .⊗ eαN

) . H�8M8M8QJ
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�&�$� �	
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 �	 DN

��?�& ���

DN = {f1 ⊗ f2 ⊗ . . .⊗ fN | fi ∈ H} , D0 = C
n . H�8M8M8�J
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 '����&#� 	� ���&�&���&#�8 �����
�#���	 f ∈ H; #� ��?�&� b(f) 	� b†(f) ���

b(f) : DN → DN−1 , N � 1

f1 ⊗ . . .⊗ fN+1 �→
√
N 〈f,f1〉 f2 ⊗ . . .⊗ fN+1 ,

H�8M8M8RJ

	�

b†(f) : DN → DN+1 , N � 0
f1 ⊗ . . .⊗ fN �→

√
N + 1f ⊗ f1 ⊗ . . .⊗ fN+1 .

H�8M8M8OJ
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||b(f)ϕ|| �
√
N ||f || ||ϕ|| , ||b†(f)ϕ|| �

√
N + 1 ||f || ||ϕ|| . H�8M8M8NJ
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$� HN 	� 	�
$&�	
��� �&����&�� 
$� �#$� F0

H8 �� �#���&#� b
† ��	�� ��#�
 $� 
	�
 �&4#$�	$< �$&
�

6$�#� �	$� .#���	� 6$	 �#$� ϕ,ψ ∈ F0
H;

〈b†(f)ϕ,ψ〉 = 〈ϕ,b(f)ψ〉 . H�8M8M8TJ
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	� .�'��&6$	 6$���&6$	; #� 
�&� 6$�$�	 :#�'�&#� ��#��	 ��'�&���� N %#
#�

H�	
�8 N :	�.&#�
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� '#.��3�	.	�� 
/.���&6$	 H�	
�8 ���&
/.���&6$	J8 ��	�
���� $�	 :#�'�&#� ψ ���
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	� HψBJ #$ �	
�����&
/.���&
	� HψF J

ψB
1...N(k1, . . . ,kN) =

1

N !

∑
P∈SN

ψP1...PN(kP1, . . . ,kPN) , H�8M8M8Q�J

ψF
1...N(k1, . . . ,kN) =

1

N !

∑
P∈SN

(−)P ψP1...PN(kP1, . . . ,kPN) , H�8M8M8Q�J

(−)P ����� �� 
&4���$�	 �	 �� �	�.$���&#�8 �� :�&� '	��	 ��#'��$�	 �	$� C��	
�$	 '#..	 �� �	���
	����&#� ��$� #�����	$� ��#)	'�&#� PB H�	
�8 PF J �

#�
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��&#� �$ '�
 ��	' %#�� 	� ��	'
&.�$�	��J8 +	 �#&�� �	 �$	 �	�.	���� �	 '#�
��$&�	 �	
 �	���
	����&#�
 �	
2#'0 �	 ����43%�	 �	 %#�� 	� �	 ����43%�	 ��S	<&#������
.&

&#� '#..	 �#$

�	 �	��#�
 ���
 �	
 
	'�&#�
 
$&����	
8 ��&��	 	
� �	 ��?�&� $�	 �	���
	����
�&#� �	
 4������	$�
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Ti Ti = 1 , H�8M8M8QMJ

Ti Ti+1 Ti = Ti+1 Ti Ti+1 , H�8M8M8QJ

Ti Tj = Tj Ti , |i− j| > 1 . H�8M8M8QQJ
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#�&6$	 H�	
�8 :	�.&#�&6$	J; #� ��?�&� �#$� ϕ ∈ HN

[TB
i ϕ]1...ii+1...N(k1, . . . ,ki,ki+1, . . . ,kN) = ϕ1...i+1i...N(k1, . . . ,ki+1,ki, . . . ,kN) ,

�	
�8

[T F
i ϕ]1...ii+1...N(k1, . . . ,ki,ki+1, . . . ,kN) = −ϕ1...i+1i...N(k1, . . . ,ki+1,ki, . . . ,kN) .
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[TS
i ϕ]1...ii+1...N(k1, . . . ,ki,ki+1, . . . ,kN)

= Si,i+1(k1,ki+1) ϕ1...i+1i...N(k1, . . . ,ki+1,ki, . . . ,kN) , N � 2 H�8M8M8QNJ
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H = PSFH 
��'�&�

[a(f)ϕ]1...N (k1, . . . ,kN) H�8M8M8QTJ

=
√
N + 1

∫
dk

2π
f †

0(k)ϕ01...N(k,k1, . . . ,kN)[
a†(f)ϕ

]
1...N

(k1, . . . ,kN) =
1√
N
f1(k1)ϕ2...N(k2, . . . ,kN)

+
1√
N

N∑
j=2

Sj−1,j(kj−1,kj) . . .S1j(k1,kj)

× fj(kj)ϕ1...̂j...N(k1, . . . ,k̂j, . . . ,kN) H�8M8M8��J
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a(f) =

∫
dk

2π
f ∗j(k)aj(k) , a†(f) =

∫
dk

2π
a†j(k)fj(k) . H�8M8M8��J
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aα1(k1)aα2(k2) = Sβ2β1
α2α1

(k2,k1)aβ2(k2)aβ1(k1) H�8M8M8�MJ

a†α1(k1)a
†α2(k2) = a†β2(k2)a

†β1(k1)S
α2α1
β2β1

(k2,k1) H�8M8M8�J

aα1(k1)a
†α2(k2) = a†β2(k2)S

β1α2

α1β2
(k1,k2)aβ1(k1) + 2πδα2

α1
δ(k1 − k2)1H�8M8M8�QJ
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H ���	�� �	 �&�	
	� �#�� Ω 	� 6$& ���&?	

aj(k)Ω = 0 . H�8M8M8��J
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��&#� ��3
J 	� #� ��	�� Ω = (1,0,0, . . .)
�#$� #%�	�&� $� �	'�	$� $�&��&�	8 �#$� �	��#$�	� �� �#�&#� ������ in 	� out;
#� &���#�$&� $� #���	 H����&	�J � 
$� �	
 :#�'�&#�
 E����%&���4	E f (

f1 � f2 ⇔ ∀k1 ∈ supp(f1), ∀k2 ∈ supp(f2) , k1 > k2 . H�8M8M8�RJ
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|Aa1(k1) . . . AaN
(kN)〉in = a†a1(k1) . . . a

†aN (kN)Ω , k1 > . . . > kN , H�8M8M8�OJ

|Ab1(k
′
1) . . . AbM

(k′M)〉out = a†b1(k′1) . . . a
†bM (k′M)Ω , k′1 < . . . < k′M . H�8M8M8�NJ
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1) . . . AbM

(k′M)|Aa1(k1) . . . AaN
(kN)〉in =

〈a†b1(k′1) . . . a†bM (k′M)Ω,a†a1(k1) . . . a
†aN (kN)Ω〉 H�8M8M8�TJ

�� '��'$���� '	
 �.��&�$�	
 �	 ����
&�&#�; #� �	��#$�	 ��&�	..	�� �#$�	

�	
 ��#��&���
 �	 �� ���#�&	 :�'�#�&
�%�	 '#�
&����	 ( �%
	�'	 �	 ��#�$'�&#� �	
����&'$�	
 HN = MJ; '#�
	����&#� �	
 &.�$�
&#�
 &��&�&�$	��	
 H'���'���&
�	
��� �� ���
	�'	 �	 :#�'�&#� δJ 	� :�'�#�&
��&#� 	� $�	 
$''	

&#� �	 .���&'	
�	 �&=$
&#� 5 �	$< ����&'$�	
8 �#$�&4�#�
 	�?� 6$	 '	��	 �	���
	����&#� �	
2#'0 :#$��&� %&	� �	
 #�����	$�
 '����&#� ��#�$&
��� �	
 :#�'�&#�
 ��#��	 �	
*	��	 H�$ �&	$ �	
 #��	
 ����	
 �#$� ����43%�	 ��#
'&����	$�
 �#� ��:#�.�	J8
�� 	=	�; ���
 �	 '�
 
'���&�	; 
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∫ ∞
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T0(k) = 1 +
∞∑

m=1

(−1)m

m!

∫
dmk

(2π)m
a†m...1 T

(m)
01...m(k,k1, . . . ,km) a1...m , H�8M8M8RQJ

�6

a†m...1 = a†m(km) . . . a†1(k1) , H�8M8M8R�J

a1...m = a1(k1) . . . am(km) , H�8M8M8RRJ

��

T
(m)
01...m(k,k1, . . . ,km) ∈ (End(Cn))⊗(m+1) (k,k1, . . . ,km) . H�8M8M8ROJ
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L1(k1) a2(k2) = S21(k2,k1) a2(k2) L1(k1) , H�8M8M8RNJ

L1(k1) a
†
2(k2) = a†2(k2) S12(k1,k2) L1(k1) . H�8M8M8RTJ
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]

= 0 , ∀p ∈ N , H�8M8M8O�J

S12(k1,k2)L1(k1)L2(k2) = L2(k2)L1(k1)S12(k1,k2) . H�8M8M8O�J
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	�	������� a(k)" a†(k)" r(k) �� t(k) �	������ ��� ��������� ��
�	������� ���������

a1(k1)a2(k2) = S21(k2,k1)a2(k2)a1(k1) H�8M8Q8���J

a†1(k1)a
†
2(k2) = a†2(k2)a

†
1(k1)S21(k2,k1) H�8M8Q8��MJ

a1(k1)a
†
2(k2) = a†2(k2)S12(k1,k2)a1(k1) + 2πδ12δ(k1 − k2)1

+2πr12(k)δ(k1 + k2) + 2πt12(k)δ(k1 − k2) H�8M8Q8��J

a1(k1)r2(k2) = S21(k2,k1)r2(k2)S12(k1,− k2)a1(k1) , H�8M8Q8��QJ

r1(k1)a
†
2(k2) = a†2(k2)S12(k1,k2)r1(k1)S21(k2,− k1) , H�8M8Q8���J

a1(k1)t2(k2) = S21(k2,k1)t2(k2)S12(k1,k2)a1(k1) , H�8M8Q8��RJ

t1(k1)a
†
2(k2) = a†2(k2)S12(k1,k2)t1(k1)S21(k2,k1) , H�8M8Q8��OJ

S12(k1,k2)r1(k1)S21(k2,− k1)r2(k2)

= r2(k2)S12(k1,− k2)r1(k1)S21(−k2,− k1) , H�8M8Q8��NJ

S12(k1,k2)r1(k1)S21(k2,− k1)t2(k2)

= t2(k2)S12(k1,k2)r1(k1)S21(k2,− k1) , H�8M8Q8��TJ

S12(k1,k2)t1(k1)S21(k2,k1)t2(k2)

= t2(k2)S12(k1,k2)t1(k1)S21(k2,k1) . H�8M8Q8�M�J

��

r(k)r(−k) + t(k)t(k) = 1 , r(k)t(−k) + t(k)r(k) = 0 , H�8M8Q8�M�J
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$� HN �$ 4������	$� R ([

TS
Nϕ
]
1...N

(k1, . . . ,kN) = RN(kN)ϕ1...N(k1, . . . ,kN−1,− kN)

+ TN(kN)ϕ1...N(k1, . . . ,kN) , N � 1 . H�8M8Q8�MMJ
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 6$	 �	
 #�����	$�
 TS
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�&#� �	 WN 
$� HN 8 "� �	$� ��#�
 &���#�$&�	 �	 ��#)	'�	$� PS,R,T 5 ����&�
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PN
S,R,T =

1

2NN !

∑
P∈WN

TS
P , H�8M8Q8�MJ
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[t0(k)ϕ]1...N (k1, . . . ,kN) = S01(k,k1) . . .S0N(k,kN)T0(k) H�8M8Q8�MQJ

×SN0(kN ,k) . . .S10(k1,k)ϕ1...N(k1, . . . ,kN) .

�� ����&'$�&	�; �#$� �	 �&�	 Ω; #� #%�&	��

r(k)Ω = R(k)Ω , t(k)Ω = T (k)Ω . H�8M8Q8�M�J
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 H�8M8Q8��N��8M8Q8�M�J

$� Ω; #� #%�&	�� ��� 	�������� �� �	7�����(������������ �� ���������� :;

S12(k1,k2)R1(k1)S21(k2,− k1)R2(k2)

= R2(k2)S12(k1,− k2)R1(k1)S21(−k2,− k1) , H�8M8Q8�MRJ

S12(k1,k2)R1(k1)S21(k2,− k1)T2(k2)

= T2(k2)S12(k1,k2)R1(k1)S21(k2,− k1) , H�8M8Q8�MOJ

S12(k1,k2)T1(k1)S21(k2,k1)T2(k2)

= T2(k2)S12(k1,k2)T1(k1)S21(k2,k1) , H�8M8Q8�MNJ

R(k)R(−k) + T (k)T (k) = I , R(k)T (−k) + T (k)R(k) = 0 . H�8M8Q8�MTJ
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(p)
RT =

∫
dk

2π
kp a†jaj(k) . H�8M8Q8��J
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H(p),H(q)
]

= ((−1)p − (−1)q)

∫
dk

2π
kp+q a†i(k)rj

i (k)aj(−k) . H�8M8Q8��J
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(p)
RT =

∫
dk

2π
|k|p a†jaj(k) H�8M8Q8�MJ
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RT ,r(k)] = 0 , [H

(p)
RT ,t(k)] = 0 . H�8M8Q8�J
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R12(u− v)r1(u)R12(u+ v)r2(v) = r2(v)R12(u+ v)r1(u)R12(u− v) ,H�88M8M�J
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r(u)r(−u) = 1 . H�88M8M�J
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[[a,b]] = −(−1)[a][b][[b,a]] , H�88M8MTJ
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(λ)L(λ,x1) , H��8�8M8�TJ
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(λ) = UT x2
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(
0 g1/2

g−1/2 0

)
. H��8�8M8M�J

�& g < 0; g1/2 	
� 5 '#.��	���	 '#..	 i
√
|g|8 +	��	 �	��&3�	 ��#��&��� �	�.	�

���'�&�	 �� .���&'	 �	 ����
&�&#� 
#$
 �� :#�.	

T x2
x1

(λ) =

(
ax2

x1
(λ) g b∗x2

x1
(λ∗)

bx2
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(λ) =←−exp
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)
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ax2
x1

(λ) = e−i λ
2
(x2−x1)

∞∑
n=0

gn

∫
· · ·
∫

x1<ξ1<...<ξ2n<x2

d2nξ eiλ(ξ2n−ξ2n−1+...−ξ1)

×ψ∗(ξ2n) . . . ψ∗(ξ2)ψ(ξ2n−1) . . . ψ(ξ1) , H��8�8M8MQJ
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bx2
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(λ) = −ie−i λ
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∞∑
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gn

∫
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x1<ξ1<...<ξ2n+1<x2

d2n+1ξ eiλ(−ξ2n+1+ξ2n+...−ξ1)

×ψ∗(ξ2n) . . . ψ∗(ξ2)ψ(ξ2n+1) . . . ψ(ξ1) .H��8�8M8M�J
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σ3 =

(
1 0
0 −1
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, σ+ =
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0 1
0 0
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, σ− =
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0 0
1 0

)
, H��8�8M8MRJ

#� �� �#$�#&� ��?�&� �� .���&'	 �	 .#�#��#.&	 	� '��'$�	� �	
 '�#'�	�
 �	
�#&

#� �	 
	
 ���.	��
8 �� �&.&�	 
$&����	 	<&
�	 	� ��?�&� �� .���&'	 �	
.#�#��#.&	 T (λ)

T (λ) = lim
x1→−∞
x2→∞
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r±(λ− μ) =
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v.p. 1

λ−μ
0 0 0

0 0 ±iπδ(λ− μ) 0
0 ∓iπδ(λ− μ) 0 0
0 0 0 v.p. 1

λ−μ

⎞⎟⎟⎠H��8�8M8MJ
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{a(λ),a(μ)} = {a(λ),a∗(μ)} = {b(λ),b(μ)} = 0 , H��8�8M8QJ
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a0 = gN , a1 = −igP +
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8 �#$
 �	��#�
 ���
 �� 
$&�	 �	
 ���&�%�	

6$& #�� �� ��	.&3�	 ��#��&��� ����&
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H = F(P ) ,
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∂Q

∂t
=
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δP
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{ϕ(λ),ϕ(μ)} = {ϕ∗(λ),ϕ∗(μ)} = 0 , H��8�8M8�QJ

{ϕ(λ),ϕ∗(μ)} = iδ(λ− μ) , H��8�8M8��J
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hn =

∫ ∞

−∞
dλ λn ϕ∗(λ)ϕ(λ) . H��8�8M8�RJ
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�#/#�
 �	
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 �$ ��&
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	 ����	���� �� ��?�&�&#� �	

hn H��8�8M8Q�J; ���4��&�� ���'��	��	 �#��	

ln a(λ) = ig

∫ ∞

−∞
dμ
|ϕ(μ)|2
λ− μ . H��8�8M8�OJ

"�; .#/	����� 6$	�6$	
 �/�#��3
	
 
$� �	 '#.�#��	.	�� ����/�&6$	 �	 a(λ)
H�#&� ��� 	<	.��	 VQWJ; #� �	$� �	���
	��	� ln a(λ) 
#$
 :#�.	 &���4���	 	�
$�&�&
��� �� :#�.$�	 �	 +�$'�/ H�#$� g > 0J

ln a(λ) =
i

π

∫ ∞

−∞
dμ

ln |a(μ)|
λ− μ , H��8�8M8�NJ

'	 6$& 
$443�	

|ϕ(μ)|2 =
ln |a(μ)|
gπ

. H��8�8M8�TJ
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|a(μ)|2 − g|b(μ)|2 = 1 , μ ∈ R . H��8�8M8R�J
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$�	 6$	
ln |a(μ)|
gπ
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ϕ(λ) =
b(λ)

|b(λ)|

√
ln |a(μ)|
gπ

, ϕ∗(λ) =
b∗(λ)

|b(λ)|

√
ln |a(μ)|
gπ

. H��8�8M8R�J
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{hn,ϕ(μ)} = −iμnϕ(μ) , H��8�8M8RMJ

{hn,ϕ
∗(μ)} = iμnϕ∗(μ) , H��8�8M8RJ
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ϕ(λ,t) = e−iλ2tϕ(λ) , ϕ∗(λ,t) = eiλ2tϕ∗(λ) . H��8�8M8RQJ
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 0 6$��� |x| → ∞; #� � �	 '#.�#��	.	�� �
/.��#�&6$	

$&����

χ(λ,x) ∼
(
e−i λ

2
x

0

)
, x→ −∞ , H��8�8M8R�J

ξ(λ,x) ∼
(
e−i λ

2
x

0

)
, x→∞ . H��8�8M8RRJ

,�B'	 5 �� ��#��&��� �	 �� .���&'	 L(λ,x) 
& f(λ,x) 	
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#�$�&#� �	 H��8�8M8��J
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�
�&�
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χ̃(λ,x) ∼
(

0

ei λ
2
x

)
, x→ −∞ , H��8�8M8ROJ

ξ̃(λ,x) ∼
(

0

ei λ
2
x

)
, x→∞ . H��8�8M8RNJ
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χ(λ,x) = a(λ)ξ(λ,x) + b(λ)ξ̃(λ,x) , H��8�8M8RTJ

χ̃(λ,x) = gb∗(λ)ξ(λ,x) + a∗(λ)ξ̃(λ,x) . H��8�8M8O�J
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W (f(x),g(x)) = f1(x)g2(x)− f2(x)g1(x) . H��8�8M8O�J
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f(λ,x) ∼
(
τ(λ)e−i λ

2
x

0

)
, x→ −∞ , H��8�8M8OMJ

f(λ,x) ∼
(

e−i λ
2
x

ρ(λ)ei λ
2
x

)
, x→∞ . H��8�8M8OJ
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f(λ,x) = ξ(λ,x) + ρ(λ)ξ̃(λ,x) = τ(λ)χ(λ,x) , H��8�8M8OQJ
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τ(λ) =
1

a(λ)
, ρ(λ) =

b(λ)

a(λ)
, H��8�8M8O�J
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|τ(λ)|2 + g|ρ(λ)|2 = 1 . H��8�8M8ORJ
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#� �	 ρ 	� ρ∗

{ρ(λ),ρ(μ)} = v.p.
2g

λ− μρ(λ)ρ(μ) , H��8�8M8OOJ

{ρ(λ),ρ∗(μ)} =
2g

λ− μ+ i0
ρ(λ)ρ∗(μ) + 2iπδ(λ− μ) . H��8�8M8ONJ
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ξ(λ,x) =

(
e−i λ

2
x

0

)
+

∫ ∞

x

ds K(x,s)e−i λ
2
s , H��8�8M8OTJ
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K(x,y) =

(
K1(x,y)
K2(x,y)

)
. H��8�8M8N�J
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ξ̃(λ,x) =
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ei λ
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x
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∫ ∞
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ds
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gK∗
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1(x,y)
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ei λ
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x

ds
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K1(x,y)
K2(x,y)

)
ei λ
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(y−s) +

∫
C

dλ

2π
ρ(λ)

(
0

ei λ
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(x+y)
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∫
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dλ
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x

ds
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2(x,y)
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)
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ρ(λ) ei λ

2
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x
ds K∗

2(x,s)F (y + s) ,

K2(x,y) + F (x+ y) +
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x
ds K∗

1(x,s)F (y + s) = 0 .
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x

ds1ds2 F
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F (x) =

∫ ∞
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dλ

2π
ρ(λ)ei λ

2
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gn
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dnp dn+1q

(2π)2n+1
r∗(p1) . . . r

∗(pn)r(qn+1) . . . r(q1)

× e
−i(

n∑
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pj−
n+1∑
j=1

qj)x

n∏
j=1

(qj − pj + iε)(pj − qj+1 − iε)
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gn
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r∗(p1) . . . r
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=
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∞∑
n=0

gn

∫
· · ·
∫

x1<ξ1<...<ξ2n<x2

d2nξ eiλ(ξ2n−ξ2n−1+...−ξ1)
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R(k) = A−1(k)B(k) ��#�
 R†(k) = B†(k)A†−1(k) . H��8M8�8�NJ
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R(k1)R(k2) =
k2 − k1 − ig
k2 − k1 + ig

R(k2)R(k1) , H��8M8�8�TJ

R†(k1)R
†(k2) =

k2 − k1 − ig
k2 − k1 + ig

R†(k2)R
†(k1) , H��8M8�8M�J

R(k1)R
†(k2) =

k1 − k2 − ig
k1 − k2 + ig

R†(k2)R(k1) + 2πδ(k1 − k2) . H��8M8�8M�J
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S(k1,k2) = S(k1 − k2) =
k1 − k2 − ig
k1 − k2 + ig
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H
(p)
QNLS =

∫
R

dk

2π
kp R†(k)R(k) , p ∈ N . H��8M8�8MJ
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Ψ(x) =
∞∑

n=0

gn

∫
R2n+1

dnp dn+1q

(2π)2n+1
R†(p1) . . .R

†(pn)R(qn+1) . . .R(q1)

× e
−i(

n∑
j=1

pj−
n+1∑
j=1

qj)x

n∏
j=1

(qj − pj + iε)(pj − qj+1 − iε)
, H��8M8�8MQJ
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Ψ(x,t) = eitH
(2)
QNLSΨ(x)e−itH

(2)
QNLS H��8M8�8M�J

	� 	� ����&'$�&	� ���&?	 ���6$��&#� �	 �'��7�&�4	� �#���&���&�	 6$���&6$	(
i∂t + ∂2

x

)
Ψ(x,t) = 2g : ΨΨ†Ψ : (x,t) , H��8M8�8MRJ
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[Ψ(x,t),Ψ(y,t)] =
[
Ψ†(x,t),Ψ†(y,t)

]
= 0 , H��8M8�8MOJ[

Ψ(x,t),Ψ†(y,t)
]

= δ(x− y) . H��8M8�8MNJ
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lim
t→∞

Ψ̃†(k1,t) . . . Ψ̃
†(kN ,t)Ω = R†(kN) . . .R†(k1)Ω , H��8M8�8MTJ

lim
t→−∞

Ψ̃†(k1,t) . . . Ψ̃
†(kN ,t)Ω = R†(k1) . . .R

†(kN)Ω , H��8M8�8�J

�#$� k1 > . . . > kN 	� #D

Ψ̃†(k,t) =

∫
R

dx eikx−ik2tΨ†(x,t) . H��8M8�8�J
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R12(λ− μ)T̃1(λ)T̃2(μ) = T̃2(μ)T̃1(λ)R12(λ− μ) , H��8M8�8MJ[
T̃ (λ),D(μ)

]
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[D(λ),D(μ)] = 0 . H��8M8�8QJ
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πi = pi + i
∑
j 	=i

V (xi − xj)Pij ≡ pi + i
∑
j 	=i

VijPij . H��88�8�J
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H =
1

2

N∑
i=1

p2
i +

1

2

∑
k 	=j

(
iVjk(pj + pk)Pjk + V ′

jkPjk + V 2
jk

)
−1
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∑
i�=j,k
j �=k

(VijVjk + VkiVij + VjkVki)PijPjk , H��88�8QJ
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V (−x) = −V (x) , H��88�8�J
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VijVjk + VkiVij + VjkVki = Wij +Wjk +Wki , H��88�8RJ
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H =
1

2

N∑
i=1

p2
i +
∑
i<j

(
V ′

ijPij + V 2
ij −Wij

∑
k 	=i,j

PijPjk

)
. H��88�8OJ
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[πi,πj] =
∑
k 	=i,j

(VijVjk + VkiVij + VjkVki) [PijPjk − PjiPik] . H��88�8NJ

"� �#&� �#�' 6$	 
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H(n) =
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πn
j , H��88�8TJ
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H(p),H(q)

]
= 0 , p,q ∈ N . H��88�8��J
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∂x2
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a(a− ε)
(xi − xj)2

, H��88�8��J

��	' ε = 1 �#$� �	
 %#
#�
 	� ε = −1 �#$� �	
 :	�.&#�
8 �	
 ��.&��#�&	�

�	 �/�	 �$��	����� 
#�� #%�	�$
 �#$� �	
 
#�$�&#�
 V �	��	
 6$	 W (x) 
#&�
$�	 '#�
����	 �#� �$��	8 ���.& �	
 
#�$�&#�
 �#

&%�	
 �#$� V ; &� / 	� � ��#&

6$& �#��	�� �	
 .#�3�	
 ��3
 '#��$


V (x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
a cot

x

l
a coth

x

l
a sg

x

l
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a(a− ε)
sin2(xi − xj)

− a2N(N2 − 1)
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	�	�	� H(N) ������	 1 ��� ��
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�� Π1, . . . ,ΠN−1 �����#������ ��� ��������� ���������

ΠiΠi+1Πi = Πi+1ΠiΠi+1 , H��88M8�OJ

Π2
i = 1 , ΠiΠj = ΠjΠi , |i− j| > 1 H��88M8�NJ

ΠjDj = Dj+1Πj + β1 H��88M8�TJ

ΠjDk = DkΠj , k �= j,j + 1 H��88M8M�J

DjDk = DkDj . H��88M8M�J
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$&����; ��?�& �#$� i < j;

Πij = ΠiΠi+1 . . .Πj−1Πj−2 . . .Πi . H��88M8MMJ
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ΠjDj+1 = DjΠj − β1 . H��88M8MJ
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S12(k1,k2)R1(k1)S21(k2,− k1)R2(k2)

= R2(k2)S12(k1,− k2)R1(k1)S21(−k2,− k1) , H���8�88OJ

R(k)R(−k) + T (k)T (k) = I , R(k)T (−k) + T (k)R(k) = 0 , H���8�88NJ
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