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Chagdali, A. Guessab, J. Jaffré et Madame Z. Mghazli, de l’attention qu’ils ont porté à
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Casa, pour leur soutien, leur encouragement et leur bonne humeur, ce qui m’a parfois
permis de surmonter les moments difficiles.

Enfin, J’exprime toute ma reconnaissance à mes parents et à toute ma famille pour
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Résuḿe

Dans ce travail, nous nous intéressons̀a des ḿethodes nuḿeriques pour un mod̀ele
d’écoulements incompressibles et miscibles ayant des applications dans l’ingénierie
pétrolière et l’hydroǵeologie. De manière pŕecise, le probl̀emeétudíe est mod́elisé par
un syst̀eme coupĺe compośe d’une équation elliptique (1), et d’unéequation de type
diffusion-convection-ŕeaction (2). SoitΩ un ouvert polygonal de frontièreΓ compośee
de trois parties telles queΓ = Γ1 ∪ Γ2 ∪ Γ3. On s’int́eresse au modèle d’́ecoulements
miscibles en milieux poreux donné par le syst̀eme suivant :
Equation en vitesse-pression :

~q = −K(x)
µ(c)

∇p dans Ω×]0, T [

div ~q = 0 dans Ω×]0, T [
~q.~n|Γ1 = −q0 ; ~q.~n|Γ2 = 0 ; p|Γ3 = p0 sur ]0, T [

(1)

Equation en concentration : Φ(x)∂c
∂t
− div (D(x, ~q)∇c− c~q) + R(x)c = f(x, t) dans Ω×]0, T [

c|Γ1 = c1; D∇c.~n|Γ2 = 0; (D∇c− c~q).~n|Γ3 = c3 sur ]0, T [
c(x, 0) = c0(x) sur Ω

(2)

où p et ~q sont la pression et la vitesse de Darcy du fluide,Φ et K sont la porosit́e
cinématique et la perḿeabilit́e absolue du milieu poreux. La viscosité du fluideµ est
une fonction non lińeaire de la concentrationc de la phase,R est le terme de réaction, et
f est le terme source.q0 est le flux impośe surΓ1 et p0 est la pression donnée surΓ3. c1

est la concentration donnée surΓ1, c3 est le flux total donńe surΓ3. c0 est la concentration
initiale.

Le tenseur de diffusion-dispersionD est donńe par :

D(x, ~q) = deI + |~q|[αlE(~q) + αt(I − E(~q))]

avecEij(~q) =
qiqj

|~q|2 , de est le coefficient de la diffusion moléculaire effective,αl etαt sont
les dispersivit́es intrins̀eques longitudinale et transversale respectivement.

Nousétudions et analysons un schéma nuḿerique combinant une ḿethode d’́eléments
finis mixtes (EFM) et une ḿethode des volumes finis (VF) pour approcher le système
coupĺe (1)-(2). Pour l’impĺementation nuḿerique, on utilise l’́elément fini triangulaire de
Raviart-Thomas de bas degré pour approcher l’équation de Darcy et la discrétisation de
la concentration utilise un maillage dual non structuré de type Voronoi. Le schéma VF
consid́eŕe est de type ”vertex centred” semi-implicite en temps : explicite pour la convec-
tion et implicite pour la diffusion. On utilise un schéma de Godunov pour approcher le
terme convectif et une approximationélément finiP1 pour le terme de diffusion. Nous
montrons des ŕesultats de stabilité L∞, des estimations BV et le principe du maximum
discret sous une condition CFL appropriée. Ensuite, nous montrons la convergence de la



solution approch́ee obtenue par le schéma combińe EFM-VF vers la solution du problème
coupĺe. La d́emonstration de la convergence se fait en plusieursétapes : premièrement, on
déduit la convergence forte de la solution approchée de la concentration dansL2(Q), en
utilisant la stabilit́eL∞, les estimationsBV et des arguments de compacité. Dans l’́etape
suivante, ońetudie le sch́ema d́ecoupĺe EFM, en donnant des résultats de convergence
pour la pression et la vitesse. Enfin, le processus de convergence de la solution approchée
du sch́ema combińe EFM-VF vers la solution exacte est obtenu par passageà la limite et
par unicit́e de la solution du problème continu. Des simulations numériques acad́emiques
et ŕealistes pour des problèmes bidimensionnels confirment la stabilité et l’efficacit́e du
sch́ema combińe.

Enfin, nousétudions des estimateurs d’erreur a posteriori de type résiduel pour une
équation de convection-diffusion-réaction discŕetiśee par un sch́ema VF ”vertex centred”
semi-implicite en temps. Nous introduisons deux sortes d’indicateurs. Le premier est local
en temps et en espace et constitue un outil efficace pour l’adaptation du maillageà chaque
pas de temps. Le second est global en espace mais local en temps et peutêtre utiliśe
pour l’adaptation en temps. Nous montrons que l’estimateur est une borne supérieure de
l’erreur. Des ŕesultats nuḿeriques d’adaptations de maillage sont présent́es et montrent
l’efficacité de la ḿethode.

La partie logiciels de ce travail porte sur deux volets. Le premier a permis de réaliser
un code de calcul 2D, MFlow,écrit en C++, pour la ŕesolution du système deśecoulements
miscibles consid́eŕes dans cette thèse. Le second volet concerne la collaboration avec un
groupe de chercheurs du GdR MoMaS (http ://momas.univ-lyon1.fr/) pour l’élaboration
de la plate-forme Homogenizer++ de calcul numérique des coefficients effectifs obtenus
par des ḿethodes asymptotiques d’homogéńeisation de misèa l’échelle. Cette plate-forme
en Java est basée sur une Interface Homme Machine conviviale et utilisée comme un pré-
processing̀a des simulations nuḿeriques d’́ecoulements en milieux poreux hét́erog̀enes.
Notre contribution dans cette partieétait de ŕeunir trois modules pour le calcul des co-
efficients effectifs sous le m̂eme environnement en proposant une interface graphique.
Le premier module consistèa calculer la perḿeabilit́e effective pour uńecoulement mo-
nophasique. Le second module est consacré à la d́etermination des caractéristiques ef-
fectives (perḿeabilit́es relatives, pressions capillaires) pour desécoulements diphasiques.
Le dernier module permet d’obtenir la dispersion effective pour un modèle d’́ecoulement
miscible.
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_`X=8(arah;=I�5J>c5Ja�B�;-a�E5JPSX�B�8�Kh?�X=>¯e;-RJ5JBAB�5+4\D 8(>v_(aSX�d(B�e5HIV5Ze;QIV;WKYaY?�RG5�Pz¥�I�E5GKYaY?An�8c5�4�E5G�9>(?A5�_`X�~
PY?�Kh?A@=5=m�RGX�>(PS?�PSKY5ye;v4(8(;=B�?APY5Ja�B�5JP�RGX�>(4(?�Kh?AX�>(P�4(5QaY;WRJRJX=aY4u4(5JP�698�:`L�°lBNPJD ;=w�?�K�4�D�?�>1KhaSX�4c8(?�aS5
4(5JP�I�8(BAKY?�_(BA?�R,;�Kh5J8caYP�4(5Qq*;=w�ah;W>(w�5-PS8(a+B�5GP�;=aJ±5HKh5HP�_`X�8ca+X�dcKY5J>(?Aa+Bi;gRGX�>1Kh?A>�8c?AK�E5�4(5JP+698�:
>(X�aSI�;=8�:²e;kKYah;,@�5GaYP-BA5JP�?�>1Kh5Ga�E5JBHE5JI�5J>1KhPGL�³�>¤X�dcKY?A5J>1K�;=?�>(PS?NB�5GPVI�E5GKYT(X�4c5JP�4c5JPuE5GBHE5GIV5G>�KYP
�9>(?APtI�?�:�KY5JPNT1¥�d(aY?A4(5JP��������g´x�{�!RGjFL
���=¡W��m��s�,�c�G�*5­K+����¢��i�HL#MO5HKYKY5{I�E5GKYT(X�4c5r5JPSK�RJX=>(PY?A4OE5Ja�E5J5
RJX�I�I�5ZI�E5GKYT(X�4(5§4c5JPuE5GBHE5GIV5G>�KYPV�9>c?�P�>(X�>�~�RJX�>cj®X=aYI�5JPJL�MO5HKYKh5ZKh5GRUT(>(?�n�8(5§a�E5G4(8(?AKVBi;Cj!X�aF~
I+8(B�;WKh?AX�>kIV?s:�KY5=m
X*e8|BA5JP{?�>(RGX�>(>�8(5JP�PYX�>1K�B�;Z_(aS5JPzPY?�X=>�5GK+B�;Z@�?AKY5JPSPY5=m�e;§8(>c5�j!X�aYI�8(Bi;WKY?�X�>
_(aY?AI�;WB�5�4(X�>1KNB�;�PY5G8(B�5�?A>(RJX=>(>�8(5�5JPzK�B�5t@�5JRHKh5G8(a�4(5JPNI�8(BAKY?�_(BA?�R,;�Kh5J8caYP�4(5rq*;=w�aY;=>(w�5WLc�r;W>(P
B�5�R,;=P�4�D 8c>(5-4(?APYRJa�E5GKY?�Ph;�Kh?�X=>}aY5GRGKh;=>(w�8(B�;=?�aS5V5HK+4\D�8(>yKY5J>(PS5J8(a+4c5-_`5GaYI�E5,;=dc?�B�?�K�E5�4(?�;=w�X�>(;=Bfm
B�5kKhaY;�@W;=?ABp5G[`5JRGKY8�E5y49;W>(P��µ�����&��I�X�>1KhaS5|n�8�D�5J>¶8cKY?�BA?�Ph;W>�KZ4(5GPgj!X�aSI+8(B�5GP§PS_�E5JRG?i;=BA5JPZ_`X=8(a
BfD�?�>1K�E5Gw�ah;�Kh?�X=>}>�8(I�E5JaY?An�8(5=m�Bi;gI�E5GKYT(X�4c5-4(5JP������ PS5ba�E5J4c8(?AK�;W8�PYRUT�E5GI�;C4(5GP��r�OL^�r;W>(P
B�5�R,;WP{4�D�8(>|I�;=?AB�B�;=w�5{KYaY?�;=>(w�8(B�;=?�aS5=m#8(>(5�>(X�8c@=5JBAB�5�j!X�aYI+8cBi;WKY?�X�>7I�?�:�KY5�PY;=>(P�BfD�8cKh?AB�?APh;WKY?�X�>
4(5�j!X=aYI+8(BA5JP�4�D�?�>1K�E5Gw�ah;�Kh?�X=>V>�8(I�E5JaS?�n�8(5=m�n�8(?#5JPzKVE5Jn18(?�@W;=B�5G>�KY5�e;pBi;pI�E5HKhT(X�4(5t4(5JP��o���g´{m�;
E5GK�E5N4OE5G@=5JB�X=_(_�E5J5�49;W>(P��µ�����J�\L��+D ;=8cKhaS5JP�E5HKh8(4(5GP�RJX�I�_9;=aY;WKh?�@�5JP�5J>1KhaS5�B�5JP^I�E5HKhT(X�4(5JP��o���·5HK
�����g´¤X=>�K{E5GK�E5O;=d#X�aS4OE5J5GP�49;=>(P����W¡W����_#X�8(a
8(>+IV;W?�BABi;=w�5�aY5GRGKU;W>(w�8(B�;=?�aS5��35GK�49;=>(P��s�&�&���!_`X=8(a
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4(57698;:=<�<�8;>�?A@CBD:�8;5(>�4E<F8;:=BD?HGJI#KL5(?NM?O@D4(P(?�QSR�6�TU8;BV8W@C:YX�?�P(47QSR;6ZT#R�BV@D?S6�?S51@A5�4(6NM?SBD:=[�4(?�P(?
P(?S4�\�]!R�BD6^4(<F8W@D:�R�5E_�`badce?O@f`badchgi8hM?O@�M?j@CBD8;:=@�M?jP(8;5(_LkmlEnOo(?S5�6ZR�51@DBC8;51@b[�4(?p<F8q6rM?O@Ds(R�P(?
P(?S_^`badchgt5E?ZXbM?SBV:=uU?ZTU8;_^<=?ZTEBD:�5EQS:�T#?�P(4v6Z8�\�:�6+4E6wP(:�_VQSBV?O@,x
QS?Z[�4(:y:=5(P(4(:Y@z_VR�4(_zQS?SB|{
@}8;:=5(_As1~�T#R;@Ds3�?S_V?S_+P(?O_^B�M?S_D4E<=@}8�@C_�P(?9QS8;<�QO4(<dT(B�M?O_D?�5�@C8;51@�P(?O_^R�_VQS:�<=<F8W@D:�R�5E_�5(R�5�T(s1~�_V:�[�4(?O_SI
� 8�T(BV?S6�:��?OBD?�_DR�<=4E@C:=R�5�T�R�4EBfBV?S6NM?SP(:=?SB��8�QO?LTEBDR��(<��?O6�?p?S_V@y4(59BD8W��5(?S6�?S51@�>�<�R;�U8;<UR�4�<�R�Q,8;<
P(4�698;:=<�<�8;>�?;I � 8�PE?S4�\�:��?O6Z?p:=PyM?S?p?S_�@yPE?�@DBDR�4EX;?SBfPE?S_f6NM?O@CsER�P(?O_bP���:=51@�M?S>;BC8W@D:�R�5(_f8;P�M?S[�4U8W@D?S_
T�R;4(BjB�M?OP(4(:=BD?q<�8^6NM?O@CsER�P(?qP(?S_p`badchg��8+4(5�_DQ}s�M?O6Z8�P(?O_yX�R;<�4(6�?S_yu(5(:�_A����adGf?O@�PU8W5(_j<�?O_
P(?S4�\�Q,8;_p<�?�TEBD:�5EQS:�T#?�P(4�6Z8�\�:�6+4(6/?S_�@qBV?S_VT�?OQO@�M?�I

� ?O_�6NM?O@CsER�P(?O_hP(?O_h��at_DR�51@�8;Q�@C4(?O<�<=?S6�?S51@�<=?S_�T(<�4(_�4E@C:=<�:=_�M?S?O_�T#R�4(B�<F8�B�M?O_DR�<=4E@C:=R�5
5�4(6NM?OBD:=[�4E?vP(?S_�?OP(T�:�_V_D4(?O_�P(?S_h<�R�:=_hP(?vQOR�5(_V?SB�XW8W@D:�R�5�T(s1~�_V:�[�4(?O_SI�`d<�<�?O_hQOR�5(_D:=_V@D?S51@��8
P(:�_VQSB�M?O@C:=_D?OB�_V4(B�Q}sU8;[�4(?7QS?O<�<�4E<�?;xy8;T(T#?S<�M?S?�X�R�<=4(6�?�P(?�QSR�51@CB&�R�<�?Wxj<F8v]!R�BV6Z?h:�51@�M?O>�BC8;<=?�P(4
T(BDR;�(<��?O6Z?��8�B�M?O_DR�4(PEBD?��8h<�8hT(<�8;QS?ZP(?-_C8�]!R�BD6�?9PE:Y��M?OBD?O5�@D:�?O<�<�?�QSR;5(_D:=PyM?SB�M?S?-?O5rP(:=��M?SBV?S5(QO?S_
uU5(:=?S_SI � 8�QOR�5(5U8;:=_D_D8;5(QS?�P�� 4(5�@C?O<p_DQ}s�M?O698�X;R�<�4E6�?O_�uU5E:�_9BV?ST#R�_D?�P(R�5(Q�_D4EB9<���8;T(TEBDR�Q}s(?
P(?S_�¡(4�\�P�� 4(5(?�6Z8;5(:��?SBD?��8�8,X�R�:=B�<F89QOR�5(_V:�_V@C8;5(QO?+?O@A<F8ZQSR�5(_V?SB�X;8�@C:�R;5�I � �¢8,XW8;51@}8W>�?+P(?�QO?S_
6NM?�@Cs(R�P(?O_�B�M?S_V:�P(?�PU8;5(_�<�?O4(BD_�]�8;QO:�<=:=@�M?O_jP���8;PU8;T�@}8W@V:�R�5�8;4�\�>�M?SR�6NM?O@DBD:�?O_pQSR�6�T(<�?J\�?S_pQSR�6�6�?
Q;� ?S_�@+<�?�Q,8W_^PU8;5E_^P(?Z5(R�6+�(BV?S4�\£T(BVR��(<��?O6Z?O_z:=5(PE4(_�@CBV:�?S<=_SI*¤�?�T(<�4E_Sx
?S<�<=?S_�T�?OBD6�?O@V@C?S51@^P(?
T(BD?O5(P(BV?�?S5NQSR�6�TE@D?-<F8hTEB�M?S_V?S5(QO?�P(?S_�s�M?�@�M?OBDR�>�M?O:=5�M?�@�M?O_�?O@�P(?9@DBC8;:Y@C?OB+P(?9]�8�¥QOR�5r5U8W@D4(BD?O<�<=?
<�?O_-QSR�5EP(:=@D:�R�5(_-8;4�\¦<=:�6�:=@D?S_SI�§y?O_�6rM?O@Ds(R�P(?S_�T#?SB�6Z?�@D@C?O51@�P(?�T(B�M?O_D?OBVX�?OB�PE?S_�T(BDR;T(BD:�M?O@�M?O_
T(s1~�_D:�[�4(?O_Z:=51@�M?SBV?S_V_C8;51@C?O_�¨�QSR�5E_D?SB�XW8W@C:=R�5rP(?S_+¡(4�\©M?S<�M?S6�?S51@�TU8WB£M?S<�M?S6�?S51@�8,X�?OQ�4E5(?�_V@C8�{
�(:�<=:=@�M?-5�4(6NM?OBD:=[�4E?�?�@�4(5(?�P(:=��4(_D:=R�5r5�4(6NM?SBD:=[�4(?�6�:�5E:�6Z8;<�?O_z?�@ZBV?S_VT�?OQO@-PE4ªT(BV:�5(QO:�T#?�P(4
698&\E:=6+4(6«P(:=_DQOBD?O@Sx���X�R�:=BSxfT�I ?;IYx�kml�¬Wo�x�k ­�o�x�km®Wo�x�k¯n,°Wo�xqk�±;l�o�xqk ®�±�o�xqkm²;³;o�x�k ´�´&oL?O@�k ®;³�o�GJIyK�5(?
M?S[�4U8W@D:�R�5�X;?S5U8W5�@�P�� 4(5(?�<=R�:µP(?�QOR�5(_V?SBVXW8W@D:�R�578-PER;5(Q�P(?��#R�5(5(?O_�Q}s(8;5(QS?O_zPE?�_D?+@CBVR�4EX;?SB
QSR�BVBD?OQO@C?O6Z?O51@�P(:�_VQSB�M?O@C:=_�M?O?-TU8;Bz4(5(?-6NM?O@Ds(R�PE?9P(?O_^��ayIµ§y?O@V@C?-P(?OBD5(:��?SBV?-?�\�:�>;?9P(?-P�M?OuU5(:=B
8,X�?SQ�_VR�:�5¦4(5i6Z8;:�<=<F8;>;?�PE4U8;<�8W_D_DR�QS:�M?��8v4(5i698�:�<�<�8;>�?�T(BV:�6Z8;<+�![�4(:�T#?S4E@��?�@CBD?�@DBD:�8;5(>�4�{
<F8;:=BD?�R�4�[�4U8;P(BV:�<�8W@�M?OBC8;<
_V@DBD4(Q�@C4(B�M?�R�4�5(R�5$GJI*§y?SQO:µP(R�5E5(?�<�� :�P�M?O?^P(?��(8;_D?+PE47TEBD:�5EQS:�T#?^PE?S_
��a-¶�QOR�6�6Z?+<=?S4(B�P�M?OuU5(:Y@C:=R�5�T(B�M?OQS:�_V?�?S_�@zP�M?S<�:=Q,8W@V?�?O@AP�M?OT�?O5(P£PE?�<��|M?S[�4U8W@D:�R�5·M?O@D4(P(:�M?S?���<�8
698W5(:��?OBD?�P(R�51@�R�5�T(8;BV@D:=@C:=R�5(5(?z¸·?S5�T#?O@D:=@D_LX�R;<�4(6�?S_LP(?+QSR;5�@DB��R�<=?S_LPyM?ST#?S5(P�P(?^<F8Z5(8W@C4(BV?
P(?�<��|M?S[�4U8W@D:�R�5�¨Us1~�T�?OBD�#R�<�:=[�4E?;x$?S<=<�:�T�@C:�[�4(?WxETU8WBC8;�$R�<�:=[�4(?;x�IYIYI¹GJx#5ER�4(_pP(R�5(5ER�5(_qP(8;5(_pQS?�[�4(:
_D4(:Y@9PE:=��M?SBD?O51@C_-6Z8;:�<=<F8;>;?S_�P(4U8W4�\ª4E@C:=<�:�_�M?S_�PU8;5(_Z<�?�Q,8;_-_�@CBV4(QO@D4(B�M?�R;4º5(R�5º_�@CBV4(QO@D4(B�M?�?�@
?S5(_V4(:=@D?�5(R�4(_AT(B�M?S_V?S51@CR�5E_z[�4(?O<�[�4(?S_�_DQ}s�M?S6Z8;_���aº4E@C:=<�:=_�M?S_LPU8;5(_A<�8-<�:=@�M?SBD8W@C4(BV?^T#R�4(B�@DBDR�:=_
T(BDR;�(<��?O6Z?O_^P(:Y��M?OBD?S51@D_�¨µT(BVR��(<��?O6Z?�s1~�T�?OBD�#R�<�:=[�4E?WxµTEBDR��(<��?S6�?9?O<�<�:=TE@C:=[�4(?Z?�@�4(5rT(BVR��(<��?S6�?
P(?�@»~�T�?AQSR;5�X;?SQ�@C:�R;5�{»P(:Y�¼4E_D:�R;5�I
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4658765:9 ; <>=@?:?A<CB�D*EGFIHJ<>HLKMFN<>OJEP?@DRQ�<CEPE�S(T$HJQUS(HJTIVD

WNXZY([]\_^a`bXdceXZf�cgXZ`(h(^didjZY+[lknm�Y1o�p^_cg^_[g[g^rqXLs(^l[�s(mt[:\lc�p^uoemt[eXdogm�j�Y([
`bXZc
v�j�wtx(y�^l[�z(Y(m�[]X{vZ^l\|s}^l[
y~Xdm�w�w�XZf�^_[�[:ogcgx(\uoex(c�p^l[_���
j�x}o�s�k�XZ��jZcgs�Y(j�x([�m�Y1oec:j�s}x(m�[:j�Y([Iw�^_[�Y}jZo�Xdogm�j�Y}[N[gx(m�vZXdY�og^l[��*[gj�m�o
�����R�{�A�{�,�����t�g�@�6��x(Y(^|`(XZc:ogmtoemtj�Yrs}^��������}�g���8iZ r�¢¡��£� ¡{¤�¥�¦ � ¡ w�^�`bXZ[�s}^aoe^_y§`([]^_o> +�>�
y~X&¨ ¡  ��¢¡��3©��r�ª�¬«�­�®�¯_°>x(Y}^�`bXZc@oem�oem�jZY�c:^l\uo�XZY(fZx}w±XZmtcg^6s(^³²´ i�j3qx~­�®�¯|�¶µ_®(·�µg¯�i�`#j�x(c�¸]�
¹ �,�,�l�_��ºI»|^uo�¼�� ¹ �,�,�l�l��ºI½d��¾CY([:x(mtog^Zi�j�Yrs�p^_[gmtf�Y(^>`bXZc$¿3���¶��«!Àb®8�eÁ,¯u°uÂg¸]� ¹ �,�,�l�l��ºI»a^uo3¼+�
¹ �,�,�l�_��ºI½d��w8kn^lY([:^ly+�}w�^�s(^l[�[gjZy§y�^_og[CsbXZY([N©L�1�}ÃÄXZm�Y1oe^_YbXZY1o�`�jZx(c>\lj�Y([@oec:x(m�c:^�wt^�y~XZmtw�w�XZf�^
s(xbXZw�i]j�YÅs}m�[:ogm�Y(fZx(^-s(^_x�¨Åo¢Æ�`�^_[Ç��È�\l^_w�w�v�^lc@oe^É¨}È�^_o�È�\_^lwtwa\l^_Y1oecg^_s(È(�>Ê*XË`(c:^ly�m8q^lc:^-oe^_\�h�Ì
Y(m�Í�x(^�[g^Îs�p^_z(Y(mto³\lj�y�y�^�mtY(s(mtÍ�x�p^�s(XZY([�w�XÐÏ]m�f�x�cg^ÎÑ�� ¹ ��Ê*^_[�`#j�m�Y1og[Äs}^Îs(mt[g\_c�p^_ogm�[gXdoemtj�Y
Ò j�cgy�^lY1o6Y(Xdoex(c:^lwtw�^ly�^lY1o6x}YÄ^_[g`bXd\l^�s�kAp^_wup^_y§^_Y�og[|z(Y(mt[libÓ ¥ «g� Àb®Ô�gÀb® ¤�¥ �3·Õ�ÖÁ,¯{�eÁl¯ ¤�¥ �×°Éi(`(x(mt[gÍ�x(^
\l^_[�`#j�m�Y1og[�s}^�s}m�[g\_c�p^uoem�[gXdoemtj�Y([Ns�p^uzbY(mt[g[g^_Y1o+w�^_[Icg^l\Éo�XZY}f�w�^_[~� Àb®Ô�:Àb® ¤�¥ �C·P��Ál¯&�gÁ,¯ ¤�¥ �8�*Ê3^_[�vZjdÌ
w�x(y�^l[>s(^�\ljZY�ogc�Øj�wt^L[:j�Y1oawt^l[�\l^_w�w�x}w�^l[>s(x(XZw�^_[�s(^_[a`$j�m�Y1og[�s}^Ls(mt[g\_c�p^_ogm�[gXdoemtj�Y�i1\Zkn^l[@o:Ì_qX�Ì¢s(mtcg^�w�^_[
cg^_\_o�XdY(f�w�^_[L�ÖÀb®�Ù ¥�ÚÔÛ �:Àb® ¤�¥�ÚÔÛ ��·Ü�ÖÁ,¯�Ù ¥�ÚÔÛ �eÁ,¯ ¤�¥�ÚÔÛ ���1Ê3^l[>`#jZm�Y1oe[�Àb® ¤�¥�ÚÔÛ ^_o�Á,¯ ¤�¥�ÚÔÛ [gj�Y1o�w�^_[�y�m�wtm�^_x�¨
s(^l[�XZclØ^_og^l[��ÖÀb®8�gÀb® ¤�¥ �b^uoJ�ÖÁ,¯{�eÁl¯ ¤�¥ �$cg^l[:`�^_\_ogmtv�^_y§^_Y1ol��WNXZY([>w�^6\lXZ[>s�knx(Y§`}cgj��(w8q^ly�^|`(x(c:^ly�^lY1o
s(mtÝ�x([:m Ò i(wt^�[:\�h�p^ly§X~[_k�^É¨}`}cgm�y�^I\lj�y�y�^�x}Y�[g\�h�p^ly�XÞp^lwup^ly�^lY1oe[6zbY(mt[Lj3qxÇwt^l[ Ò j�Y(\_ogm�j�Y}[�og^l[@oe[
[gj�Y1o�\ljZY([:oeXZY1oe^l[�`bXZc�y�j�cg\_^,XZx�¨Ü[gx}cLwt^l[|v�jZw�x(y�^l[6s(^I\ljZY�ogc�Øj�wt^�­�®�¯�«×v�j�mtcli(`U��^d�ti���ß ¹ �±°u�

(Xi+1,Yj+1)

(Xi+1,Yj)

(Xi,Yj−1/2)

(Xi,Yj+1/2)

(Xi+1/2,Yj)(Xi−1/2,Yj) (Xi,Yj)

Mij

(Xi,Yj+1)

à�á×âaã�Ñ�� ¹JäÜå ^_w�w�x}w�^N\l^_w�wæÌÔv�^_c:og^u¨

Ê
XÜs(^_x�¨�m8q^_y§^+og^l\�h(Y(mtÍ�x(^�\lj�Y([:m�[@oe^ËqXÜsap^_zbY}m�cJwt^l[Jv�jZw�x(y�^l[Ns}^�\_j�Y1oec�ØjZw�^+s(^�og^lw�wt^ Ò X�ç\_j�Y

è}¹
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4�5(68796;:=<#>�?�@1AB:=C(6DC(?9:FE;G�H6IAF?�:BJ�AB?�>K@L:M>�?�6I@1AN796;:=E;6I@1ABGM6I:OC(6QP�GFJSR�?TA�H6QC(6;:NE;6I7�7�5U7�6;:VCU5WJK7�6I:NXZY\[&]
^ 6;:_<`>K?�@1AB:�aWY#6IAcb;[�:F>K@�Ac796;:_de?97�?96;5�f8C(6I:�JgG;h6IAF6;:jika Y9lWm�npoSq a Ysr`m�npoBt 6IANikb [ulWm�npo,q b [Fr`m�npoFt GM6;:M<`6IEwv
AB?TR�6;d�6;@1Ajx!RK>�?�Gcyz?9P�5(GM6|{�]}{K~w] ^ 6N:MEu��H6;deJ8:I��6�f�<(GF?9d�6|6;@e7�>�E,JK79?�:BJg@�Az7���?�@(EI>�@(@�5(6NJK5�f�EI6;@1ABGM6;:

(Xi+1,Yj+1)

(Xi+1,Yj)

Mij

(Xi,Yj+1)

(Xi−1/2,Yj) (Xi+1/2,Yj)

(Xi,Yj−1/2)

(Xi,Yj+1/2)

(Xi,Yj)

�=����� {�]}{D����6;797�5(796�E;6;797TvpE;6;@1AFGF6;C�]

C(6�PKGBJ,R�?9A�H6DC(6I:jE;6I7�795(7�6I:|<UGF?�deJK796;:;�W6I@�E;>K@(:F?9C�H6;GFJK@1AO7�6I:|RgJK796;5(GM:|CU6�7�J�C�H6IGF?9R�H6I6�7�6D7�>K@(PeCU6;:
JKG;h6wAB6I:�E;>�d�de685(@(6�?�@UE;>�@(@�5(6�?9@1AB6;GMd�H6IC(?�Jg?�GF6g] ^ 6�<UGF>��(7��6;d�6�CWJ�@(:�E;6wAFAB6�d�H6IAF�(>�C(6�6;:�AQC(6
ABGM>�5UR�6IG87�J��!>�GFd�5(7�6�C���?�@1A�H6;P�GFJgAB?9>�@�@�5(d�H6IGF?94�5U6�4�5(?_<#6;GMde6wAQC���H6w7�?9de?9@(6;GO796�P�GBJgC(?�6I@�ADCWJg@(:
7�6�:���:�A,�6Ide6DC(?�:ME;GM6IA�x!RK>�?�GI�(<�]�6K]T�
is � ,¡ t ~�]

¢V£�¤V£¥¢ ¦ §_¨�©M©�§�ª�«*¬®­Q¯O§_¯N°±­�§_²O¬³©�«µ´3§�¬¶²O·�²¸¬�¹UºW¯O´�¹(¯OºD»«
¼ >�5(G3P�H6;@�H6IGBJK79?�:F6IG�7�J�AF6;Eu�(@U?�4�5(68½ME;6I7�7svpR�6IGMAF6wf�¾+�J�5(@Q6;@(:M6;d+�(796�4�5(6;79E;>�@(4�5(6cC(6�C(?9:FEIG�H6IAF?�:FJgAB?9>�@

a�[jCWJK@U:N¿O�W?97���JK5UA=4�5(6Q796;:�a�[j<#6;GMde6wAFAB6I@1ANCU6DEI>�@(:�ABGF5U?�GF6Q5(@À6I:M<WJKEI68C���H6I7wH6;d�6;@1A=ÁW@(?*J,RK6;E
5(@�C(6IP�G�H6NC(6O7�?9�`6IGMA�H6N<WJgG�a�[&�U>3�5�796;:ca�[|:M>�@1AV7�6I:�:F>Kded�6IAF:�JK:M:F>�EI?wH6I:8�J�7�JDABGM?�JK@UP�7�5(7�JgAB?9>�@�ÂUÃ
C(6O¿O]�Ä�JK@(:cE;6NE,JK:�7�6|d�Jg?�7�7�JKP�6�C(5WJK7�Å�Ã+ÆÈÇÉXÊ[8x�R�>�?9G�y�?�P�5(GM6;:�{�]�Ë86IA�{�]�Ì�~�6;:MA�E;>�@U:MABGM5(?9AQ�J
<WJKG�AB?�GVCU6D7�J+ABGF?�JK@(P�5U7�JgAF?�>�@e<(GF?9d�JK796�ÂUÃ1] ^ 6�R�>�795(d�6DCU6DEI>�@1ABG&h>�7968XÍ[OJg:F:F>�E;?wH6DJK5Ê:M>�d�de6wA
a�[�6;:MA8>��UAF6;@�5Î6I@ÀÏM>�?9P�@WJK@1AD7�6��WJKG���E;6;@1AFGF6-C(6�Eu�WJK4�5(6�ABGM?�JK@(PK7�6�ÐÒÑÓÂUÃ�4�5U?�EI>�@1AB?�6I@1A�796
:F>�d�d�6IAja�[�JSRK6;E�7�68de?97�?96;5ÍCU6�Eu�WJK4�5(6�JKG;h6wAB6�C(6+ÐÔE;>K@�AF6;@WJg@�AOa�[&] ^ 6�deJK?�797�JKP�6�CU5WJK7_Å�Ã

Ë1{
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4!5�687�9;:=<(9?>A@B6DCFEGCFE�5B<IH(9KJML1NO:(@B<1CQP@QRS@T7VU9WCFX(5�H(9�YBZ[9[R\RG]^Z[9[<1C8689[H=Y(_BR\9[`�C89[ZaX(<=E�b�:(9[`c:=C8E�R\E�`F@d<�C
RS@I4!5�6e7+:(R�@dCFE\5�<-7�EGf�CF9O<(9g`e5�<1CQ>A@d`h4�@dZ[E�R\9iP@jU9kC89[<=H(6e9I@d:�fl7i@BE�R\RS@Bm�9k`;<(5B<n`DCF6e:(ZkC8:(6�U9k`[Lpo?@B6
E�R?4�@B:�C�C8685�:�q�9[6iRS@r4!5�687I:(RS@dC8E�5�<jqd@B6eES@dC8E�5�<=<(9[R\R�9-7�EGf�CF9l9WCsU9Wq�9[<1C8:(9[R\R�9[7�9[<1CtRvuwE�<1C�U9km�6F@dC8E�5�<
<�:(7VU9k68E\b�:=9T@dH;U9[b�:A@dC89T>#5�:(6+U9kR�E�7�E�<=9[6�R�uxE\<(Z[5�<=<�:=9?y(:�f�HA@B<=`�R\9K`ez�`eC,P9[7�9QH(E\`8Z[6e9kCQ{�ZaX=5�EGf�H=9[`
9[`e>A@BZ[9k`TH=9|H=E�`8Zk6�U9WCFE�`8@dCFE\5�<l>}5B:(6KRvuwE�<(Zk5�<�:(9O9kC~`e5�<nmB6F@BH(E\9[<1C,_=9kC~H(9[`h9k`8>A@BZk9[`TH(9O4!5�<(ZkC8E�5�<=`
CF9k`eCF`F�WL���ZkE�R\9[`QqB5�R�:(7�9[`QH(9+Z[5B<�C86��5�R\9[`MZk5�E�<=Z[E�H=9[<1CM@,q�9kZ�R�9[`~CF6eES@B<(mBR�9[`TH(:r7i@BE�R\RS@Bm�9O>=68E�7i@BR
{!qB5�E�6K��E�m�:(6e9g��L����WL(��5�:(6hZk9kC8C89O4!5�687+:=RS@dC8E�5�<�_�R\9[`KH=9km�6�U9k`~H=9|R\E��#9[6DC�U9Q`e5�<1C~>(68E\`h@B:�f�Zk9[<1CF6e9[`
H(9ImB6F@,q�E\C�U9gH(9k`TC868ES@d<(m�R�9k`[Lr�h9[7i@B6eb�:=5�<(`Qb�:(9�HA@B<=`TRS@�4!5�687I:(RS@dC8E�5�<�:�CFE�R\E�`8@B<1ChR�9|7t@BE\R�R�@Bm�9

�~���;� ��Lx�+����@BE\R�R�@Bm�9Q>=68E�7i@BR}9kChH(:A@dRvL

M
l = M

l '

l

l'

T

�h���?� ��Lx�I�lo;9[R�R\:(R�9Tq�9[6DCF9�f�]^Z[9k<�C89[6e9[H�L

. .

.
.

�h���?� ��L��|�no;9kR�R\:(R�9MZk9[R\RG]�Zk9[<1CF6e9[H�L

YBq�9k6eC89Wf�]�Zk9[<1CF6e9[H(Y(_pE�R3z�@�>}9k:�H�uwE�<(Zk5�<(<�:(9k`tP@VU9kqd@BR\:(9[6k_}7i@BE\`~R�uxEG<(Z[5B<�q�U9k<(E�9k<�CQ>A@B6T6F@B>(>#5�6DC
P@nZk9[R\R�9�:=CFE\R�E\`F@B<1CgY�Zk9[R�R�]�Zk9[<1CF6e9[H(Yn9[`DCIb�:(9iR�9[`|@BE\689k`|H=9[`�qB5�R�:=7i9W`|H=9iZk5�<1CF6��5BR�9[`|`85B<�C�>(R\:(`
E�7�>}5B6eC8CF@B<1CF9k`[L
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4658765:9 ;=<?>A@B
CEDGFIHKJ�LNMOCEB*FIPRQOSTFVUWJXMZY[MOQZB @B*\=MZD^]_S`JKQ >6a UWB*Y$bWJ�cLNS`\=MZBd*egfih(jNelk�m�egjnfifNoqp�relktsuf=vOwyx�re{z�eg|�}�h(h�relfZfN}�~1�Zsuh(h(sujn�(fis,z�elo���}�x(�(~(}�z�el~����1�u��h?}u�(j�(~�h(jn}u�(|8�egkteZp1��h#eljn�#}�|�m����(e��!zu}�m�jg�(h���eu���
���������*�����&�3eg�������l� �{�(¡¢}��(f£x(}u~(~(}�~(f6m�olm���~(e��(jl�e{z�ex(elfNoljNm�h��nm�}�~�x(��fnoqp�regk¤s�x(e��O}�x(��~(}�z¥h?}u�(j6|�eOh(jT}��(|8�elk�eOx(e�o,su�(oqp1��fN�(m�z�su~1�R¦

§©¨qª¨¬«�­ ¨{®,¯�ªg°¨q± ²´³�µ6¶¸·º¹=µ�»½¼y³�µ¾ � ¶*µ¿³ � ² ¾$À � ¶ �¬Á �8���ÃÂ ³ �
Ä ~¤fn��h(h?}ufneZ���(e�Å ·¸Æ�Ç � ¹ � µ ¾$À ·ÉÈËÊ � ¹ �£eg�K}�~¤h#}�fneiÌ#� ¾ � ² Å#Í8� ¾ �¬��Î�}�m�eg~��½Ï » ��Ï ¶ |�egfh_suf£x(eO�¿egkth�f=e{�£x�Ð�elfnh(suole�jnelfNh?egog�nm�z�egkteg~1�ie{�ZÑ ²IÒ «Ò ± ÁÓ�}��(jGj�relfN}��(x(jNe6|�eKh�jn}��(|8�elk�e��8���ÃÂ ³ �{�u��}�x(�(~(}�zWsZx�regzuel|�}�h(h�re6�(~�fNoqpKrelktsi~��(kÔregjnm�����e6x(e�Õ��h?e£z�}�|��(k�elfGÖ_~(m�f����(m$elfT��×!}u~(x�re=fn�(jX| sOj�regfn}�|����¿m�}�~�x�Ð��(~¤h(jN}��(|8�elk�e=x�e¢Ø£m�e{k¤s�~(~�|�}�o,su|�m�f�re�s¸oqp_su���(e�m�~1�¿egjN×�suoge¥x(e�k¤sum�|�|�suÙ�eu�*Ó
}��(j�h(|��(f�x(e�x�reg�¿sum�|�f+fn��j�ogeg�N�¿e�kÔre{�¿p�}�x(e¥|�e¥|�elo{�¿eg�(jh?}u�(jnjns�og}�~(fN�(|��nelj��������*eg�W���1�&���$d3e�h(jn}���|8�elk�eOx(eRØ£m�elktsu~(~¥egfN�=x(}�~�~Kre�h(sujZ¦

ÚÛÜ ÛÝ
¨¬ª¨q« ­ ¨{®l¯Ãªg°¨¬± ²Þ³�µ¾ � ¶*µq³ � ² § ¾$ß fnm ¶áàâ³�µ¾_ã fnm ¶áäå³ Á �8���ÃÂ����

¡¢}���fifn��h(h?}ufn}�~(fix_su~(f=�¿}����ne�|�stfN�(m��ne����(e�|�eRh(jn}���|8�elk�eRx(e+Ø£m�egk¤su~�~������ÃÂ��&�6sux(k�eg�¢�(~(e�(~(m�����eRfN}�|����¿m�}u~¥el~1�¿jN}�h(m����(e�æ£ç^�TÁ�è ¾$ß µ ¾_ã �½���(m3flÐÕrelogjnm��¢fN}��(f£| s+×!}�jNkteifn��m�zus�~��ne�¦
¾ � ¶*µn» � ² æ£ç�� ¶?é�» è ¾#ß µ ¾_ã � µ6¶©·º¹=µR»K¼â³ �8���ÃÂ1�u�

}*��¥æ£çáx�relh#el~�xºfneg�(|�egkteg~1�¢x�eR|�s+×!}�~(og�nm�}�~�Å
�dËÐ�m�x�releRelfN�¢x(eRx(m�fNolj�reg�¿m�fnegjisu���¿egkth(f »ÕêW² Ï » |�e�oqp_suk�hëm�~(ol}u~(~�� ¾ ê � ¶ �£h(suj6z�}�|��(ktegfÖ_~(m�fl�½�(~ìoqp_suk�hìol}�~(fT�qsu~1��fn��j�oqp(su���(eízu}�|���kte¸x(eÉog}�~1�¿j�î}u|�eÉï ² � ¶�ð¬ñ_ò�ó Ç µn¶�ðNô?ò�ó Ç �iõ�ö�÷lö¾ ê � ¶ � ² ¾ êð � ¶ � µ^¶º· ïø�uÎ��(h(h#}�fn}u~(f^og}�~(~��(e ¾ êR² � ¾ êð � ð¬ùgú s�h(h(jn},û�m�kts��nm�}�~�x(e�| s¢fN}�|����¿m�}u~�8����Â ³ �½s����nelk�h(f » ê �_|�ÐÃs�h(h(jn},û�m�kts��nm�}�~ ¾ ê ô?ò �s�|�Ð�m�~(fN�¿su~1� » ê ô?ò elfT�i}����¿eg~��(e�og}�ktk�eOfn��m���¦ü ��	�.ø�Ný	��&	þ�	10�%�'G	 ¦Ä ~�j�regfn}����¢e¬û�suog�nelk�el~1�i|�eOh(jn}u�(|8�egkte+¦

Âu�
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46587589;: 5=<?>@7BA5DC EGFIHKJMLMNOHQPRL*STPVU(HWPVUYX[ZVS�H\+] J*H^PVU�_`Eba$c ] J*H^PVU1_DH ]ed�fhg�g _

i*jk a$cGlnmWo�p�ql=rBs(t�lvuBwyx-z�a#c{E|a U} H~JGLbSTJ }D� Z����YH+J } X[Z����&� f���k t�mW� k l�a#c�L��`� ] N�_=�R�?lu(x iy�(�ejln��lOwyp(��lno k sIl k s(t�� k l�m i�� k o�t i s�lns1o�x i u(t�� k l fI� i o i sIm�� k l�a$c ] J*HWPVU�_�l?m�o�� i s(mWo�wys1o�lm k x��8�Bwy� k l��nl ��� k � l�STJ }D� Z����YH�J } X[Z������1lno�l ��� lOl?mWoRp(t�mW� i s1o^t�s k l jwQ�8�Bw�� k l�u i t�s1o`J } X[Z���� f�� i k x�e� t�s1o�lnxW��wy�nl�J } X[Z���� � i s p�qlnrBs(tTo k s¡uIx i��(�ejl?��l�p(lQ¢Ot�l?��wys(s�lns�o^x^l � l=m�qlno8w�o�m�a U} lnoOa U} X[Z z£¤¥ ¤¦
587589 : 5=<?>h7(A58C EGFIH\�] J*H�F1_�E 4 a U} m^t§JM¨©J } X[Z����YHa U} X[Z m^t§JMª«J } X[Z���� H ]ed�fhgy¬ _

­ w�m i�� k o�t i s�p(l®�?l®u(x iy�(�ejln��l�lnmWoOp i s(s�ql?lQuBwyx�z
a ] J*H^PW_`E \�¯�] Jv°±J } X[Z����P²°±P U ³ a U} H�a U} X[Z _DH´PRªµP U(¶ ]ed�fhg1· _

­ l?m�p(l k�¸ u(x i��I�ejl?��l?m
p(lK¢�t�ln�vw�s(sº¹ i t�mWt�s(m�s � w�»�t�mWm^l?s1o²uBwym ��� k sºm k x �e� w k o�xWlRw,¹�wys1o � l�o^l?��u(m¼ PD�[� � lnmWo jw�p(t�xWlº� k l �e�½i s(p(lº� k t�uBw�xWo�t�x�w�p(lºJ }8� Z���� s � w�o^o^l?t�s(p(x�w�uBw�m � l?m � t�»�s(lnmOJME¾J }D� Zlno�J¿EÀJ } w,¹yw�s�o � l�o�l?��u(m ¼ P ]�Á t�» k x^l d�fhÂ _ f

j−1/2
n

uj+1/2
n

u

un

0 x x x xj−1/2 j +1/2 j+3/2Ã�ÄÆÅ�Ç d�fhÈÊÉ-Ë t�m^�nx�ql=o�t�m^w�o�t i s�w k o�ln��uIm�P U p k �8�(wy��u a U ] J[_ f
� wyx3� i s(m�ql?� k l?s1o � l�uIx i��(�ejl?��l ]ed�fhg�g _[u[l k o�Ìlno^x^l�¹ k � i ����l k s(l�m k u[lnx^u i m^tTo�t i s�p k u(x i��I�ejl?��lp(lQ¢Ot�l?��wys(s ��i �?w � f(Í w�m i�� k o�t i s�l ¸ u � t��?tTo�l�lnmWoOp i s(s�ql?l®uBw�x®z

\+] J*H^PVU,X[ZW_`E \�¯�]W] J�°±J } X[Z����DÎ ¼ PW_ ³ a U} H^a U} X[Z _DH^J¡L3STJ } H^J } X[Zn�ÏHVÐ�LÒÑ;H ]ed�fhg�È _
g1·
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Xj−1 Xj−1/2 Xj Xj+1/2 Xj+1
Tn

Tn+1

46587:9�;�<>=@?BA�C�D�E�FHG�CJIBK(EMLONPC�Q(DSRTVU�T K TXW,Y E W[Z1\^] C�E ] D Y�W C�I(K(G_FHG�CJIBK TX] F Y Q(G�D`G`F�aT <
b 	��3c*�ed	�.f	g�	10h%O'i	 jkmlhnpoq T ] F
KraTts IOG W C U�U T D YruvY D T E(N U C \ T I(I T K T D Y�] C�D`EOFHG`C�I�wS;�<yx�z1{#K Y I ] D Y:U|Y G`D�D Tr} ~ q�� o����h� ~ q npo����H� <kmlhnpoq � �� ~ �������1�`��������J�`����� w ~ �P��lhnpo {e� ~*� wS;�<�x1=J{
�iIMEOFPG�D`G ]HY I�FXwS;�<yx�z1{ T F�D Y��:����] E(G uvY I1F T j  U¡Y�¢¤£�¥ ¦ w k { ¥>§ k T I�FPN T EO¨© � o T F�EO¨©pª¡« �h¬ ; � wS;�<�x�­�{C�I®C�QOFPG T I1F j
k l,npoq � �� ~°¯ � ��± � ���² �6³ w ~ ¬ � � § k lq � k lq npo {e� ~+´ � ²± � ��� �6³ w ~ ¬ � � § k lq�� o � k lq {�� ~(µ�� wS;�<�x�¶�{
·�C�EON Y,u C�G�N�E(I T^T�¢ L(N Tt]P] G`C�I�LOD�E ]�] G U L(D T K T kml,npoq ¸ CJI¹G�I1F,RTtº N T D�»¼aTt½ E Y FHG`C�I*w�;�<�xJx1{ ] EON�D YWVT D�D�EOD T � ~ q�� o���� � ~ q npo���� }!¾ �À¿O� � � } ¸ C�I^C�QOFPG T I1F j
¿ � � ±ÂÁ² � ���S���`������¼�v�`��� wtÃ �Ã � ´ ÃÃ ~rÄ w � {P{(� ~ � �� �����S���`������¼�v�`��� w � w ~ � � � {ÆÅ � w ~ �[¿ {e{e� ~Ç´ � ±ÂÁ² w Ä w � w ~ q npo���� Å ¿��e� {P{�Å Ä w � w ~ q�� o���� ´ ¿��P� {P{e{(� �� � ~ w kmlhnpoq Å kmlq {iÅ � � w Ä w �6³ w ¿ � § kmlq � k$lq npo {ÆÅ Ä w �6³ w ¿ � § kmlq[� o � kmlq {P{ ��
Y:È C�I W FHG`C�IÊÉ�Å#Ë Ä w �6³ w!É § k#Ì � kmÍ {P{ TV] F W C�I1FHG�I�E TÎY EÏL#C�G`I�F#É � ¿ w�L#C�E(N�D Y K�aTtU C�I ] FHN Y FHG`C�I
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R�S!TVUGS�W�XGY[Z$\A][ZE^ @N@`_ R�S!TaUGS�W�b3Y[Z$\!][ZE^ @N@dc
egf 5�7NH f MhHNikj�lMnmoF�p(MrqO5�p(J(Ps5&4-MtHKLI5�u�L[MtP�JwvEFx7hy

ZEz{X}|~ _ ZEz~:����� R�S�TVU�S�WsYNZ$z~ ][ZEz~ X}| @K@ � R�S�TVU�S�WsYNZ$z~ bE| ][ZEz~ @N@���c S�� B<� W @
� MOHNikj�lMnmoF�MtH�Lgin5�P(HNMn7K4>F>LN68��MnL f M�� �*�����
./�	�����
��*	��� #�}�#	��x0&�!� MtH�Lgp(5xP(P�lMOvEFx7hy

��� S�Z*][� @�_ R�S�TVU�S�WsYNZ
]N� @K@ ]
f 5�7KHN��J(M R MtH�L f 6�P�lM,Fx687NMx��5xJ�v f JsHo��lMnP�lMt7NF f Mnm�MnP�Ln����JEFxPsp R MtH�L�it5�P14xMd��Mx� f M�HNikj�lMtm�F�p(MqO5�p(J(Ps5&4-Ht ¡lMtit7K68LVHK5�J(H f F¢�!5�7Km�MhHK6�m�v f M+y

TVUGS�WsY[Z*][� @�_/£ Z HN6 ¤+_ R#¥3¦�W�]� HN6 ¤+_ R ¥3§ W�] S�� B<�(¨{@
F f 5x7NH©��J(M f M�ªEJ��«P�J(m¬lMn7N68��JsMx�EpEFxPsH­inM:itFxHt�EMnHKLIps5�PsP�lMOvEFx7Oy

��� S�Z*][� @�_®£ R�S!Z @¯HN6 ¤ ¦�Ws]R�S�� @°HN6 ¤ § W c S�� B<� � @
±a²�³a²�´ µI¶}·¹¸º
»½¼�¾À¿�Á�Â�Ãh»½º
¾ÀÄ:ÅhÆ�¾�Ç¢Á�ÃgÈ�ÃhÅ�º ¸º
ÉIÃ�¼GÊ(Æ�Á�Å°º
ÂKÂ�ÆKÇ­Ê(Æ¡É­Ã�ºË FxP(H
itMnLKL[MÌHNMninL[685�P��&5�Prp(5�P(P(MÌ��J(M f ��J(MtH�7�lMn�,lMn7NMnPsitMtH�u(6�u f 6�5x��7[Fxvsj(6���J(MnH3HNJ(7 f MnH�HKikj�lMtm�FxH4�5 f J(m�MtH©ÍEP(68HVJsL[6 f 6�H�lMtH©v#5�J(7aps6�HNin7�lMdL[6�HKMt7VJ(P(MÎlMt��JEF&L[6�5xPQvsJ(7NMnm�MnP�LIp(6ÐÏ�JsHN68� S�� B<��=1@gy

� p(6Ð4 S�ÑÓÒ�Z @�_ R HKJ(7IÔ S�� B<�1=�@
Õ F�m¬lMdL[j(5�p(M�p(MtH+4x5 f J(m�MtH:ÍEP(68H¢it5xP(HN68HKL[M×ÖF�6�P1L�lMn�x7NMn7 f  �lMt��JEF�L[6�5xP S�� B<�1=�@:HNJs7+ikjEFx��J(M-4x5>Øf J(m�MQp(M�it5xP�LN7�Ù5 f MÎÚÛB � M���J(6g7KMn4�6�MnP1L,���x7�ÙFxinMÀÖF f FÓ�!5�7Nm¢J f MQp(MÓqh7NMnMtP��OÖFÜikj(Mt7Kikj(Mt7 f Fm¬lMdL[j(5�p(M�Fxp�lMn��J(F>L[M�v}5�Js7rF>v(v(7N5�ikj(Mn7 f  Ý6�P1L�lMt��7NF f M�Þ{ß ÑÓÒ�Z cáàâ�ãgä ß HNJs7 f MnHr68P1L[Mt7���FxitMnH¢å�B Õ Fp�lMnÍ(P(68LN6�5�P×p(5�P(i�p� ÝJ(PÜL[M f HNikj�lMnmoFwæ�çèMnHKL f 6dlMnM�F�JÜikj(5�6é�×p(JÜ4x5 f J(m�M�p(M�in5�P1L[7&Ù5 f M�MnL¢p(Mf FÓm¬lMdL[j(5�p(MQp� Ý6�P1L�lMn��7[F>LN6�5�PÀFxp�lMn��JEF>L[Mwv}5xJ(7oF>v(vs7N5�ikj(Mn7 f  <68P�L�lMt��7NF f M>B`D f J(HK6�MtJs7NH�L�ê�v#MtHop(MHNikj�lMnmoF>Hgæhç�v}MnJs4�MnP�L�ÙMdL[7KM¢JsLN6 f 68H�lMnHIv#5�J(7gFxv(v(7K5�i[jsMt7 f  ¡lMn��JEF>L[685�P S�� BÝ�1=1@dB#ëIP�HNikj�lMnmoF�æhç
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46587(9:7(;<4(9=5�>@?BACED�C�C ?F?�GF4@HIGFJ�7 C+KMLC H LCNLC HI7(O(G LCEC�C H K ; K ?FP�Q LCRC O K ;(QTSVU@WEX C H-SVU�YZX�O K ;(Q[? C�\EK Q
G�Q]58HI9]5�4 CZ^�_:K ;@Q+? CT\,K Q K ;@G�Q=5ZHI9=584 C 58;`9 C ;1a85�G C AK Scb(WEX ^�d 7(GFQ=J�7�ef5�;g; C-\ 5�;@Q]HI9]7(GFH�4 K Q+? C Q
h 7�ijO CkDlK ;@GBAC 9 Cm\ 5�;(Q]G�QnH K ;1H CZo ?�ep584 LC 9 K H C 7(9qO@G�Q \ 9 C Hsr�? K O@GFa C 9=t C ; \EC O(G�Q \ 9EAC H C O C Q h 7�i(u
;�e C Q]Hv4 K Q \ 5�;(Q]G�QnH K ;1H C ;wt LC ; LC 9 K ? ^yx ; CRz6C H o ?Bef7�H=G�?�GFQ K H=G�5�;{O�ef7(; DlK G�?�? K t C ;(5�;|9 LC t�7(?FG C 9
46587(9 K 4@4(9=5 \~}(C 9�?Be LC J�7 K H=G�5�;NrB� ^ b1U1u K 7�Q C ;(Q:O C Q�O(G z�LC 9 C ; \RC Q��(;(G C Q C QnH:G�;(Q]7@��Q K ;1H C 46587(9
K a�5�GF9�? K[\ 5�;(Q=GFQ]H K ; \EC r!a85�G�9 o 4 ^pCZ^Fo SV�@WEX�u ^�d�K 9�Q=7(G�H C ? C Q \~}�LCEDTK+K Q=Q]5 \ G LC ;�e C Q]Hy4 K Q��!5�9 \RCED�C ;1H
\ 5�;1a C 9=t C ;1H ^8d ?F7(Q=G C 7(9]Q
H CE\~} ;@G�J�7 C Q�4 C 9 D�C H=H C ;1H�; LCEK ; D 5�GF;(Q*O C O LCED 5�;1HI9 C 9�? K�\ 5�;1a C 9=t C ; \EC
O(7vQ \~}�LCRDlK r \ � ^ Sp��W�X o S�W�W�Y�X C H�SV�1��X�u ^

_ e K 7�HI9 C Q�Q \~}yLCEDTK Q����gQ=58;�H LC HI7@O(G LC Q C H�O LC a C ?�5�4(4 LC Q o 4 K 9 C i CED 4(? CZo O K ;(Q�? C�\EK Q�O�ef7(;
LCE\ 5�7(? CRDTC ;1H C ; D G�?�G C 7�4#5�9 C 7�i }�LC H LC 9]5�t(AC ; C r!a85�GF9 \ � ^ SV�1��X�u o 7(;kQ \~}�LCRDlK a�5�?F7 DTC Q[�(;(G�Q K
LC H LC O LC a C ?�584(4 LCEC 4#5�7(9�H=9 K G�H C 9+?Be LC J�7 K H=G�5�;MrB� ^ b1U1u K a CE\v� O(G�Q \ 5�;1HIGF;�7 C�C H�a K 9]G K ;1H+> C,K 7��
\ 5�7@4 ^�x ;�7�HIG�?FG�Q K ;1H�? C Q D 5&P C ;(; C Q }�K 9 D 5�;(G�J�7 C Q�O Ck�No ? C Q DsLC H } 5�O C Qqa85�?�7 D�C Q���;(GFQ
\EC ;�H=9 LC Q�Q=7(9�? C Q DTK G�?F? C Q�4 C 9 D�C H=H C ;1H�O�ep5�>�H C ;@G�9�7@; C >#5�;(; C+K 4(4@9=5,i�G DTK HIGF5�;�O C ? K a�GFH C Q]Q C
O C�_:K 9 \ P o H=5�7@H C ;�9 C Q=4 CE\ H K ;1H ? C Q�4(9]5�4(9]G LC H LC Q�O C¡\ 5�;@Q C 9na K HIGF5�;(Q K 7+;(GFa C,K 7�O C ? K�DlK GF?�? C O C
O(G�Q \ 9 LC HIGFQ K H=G�5�; ^@x ;�9 LC Q=7 D`LC8o ? C Q�H CE\~} ;(G�J�7 C Q�O C O(G�Q \ 9 LC HIGFQ K H=G�5�; o J�7(G�58;�Hy� K GFH�?Bef5�>�¢ C H�O�ef7(; C
K ; K ?�P�Q C¡DTK H }�LCEDTK HIGFJ�7 C8o�K Q=Q]5 \ G C ;�H�AK ? K Q]5�?�7�HIG�58; K 4(4(9]5 \~}�LCEC 7(; C �!5�; \ H=G�5�;�O LC 9]GFa K >(? C O�ef7(;
C Q]4 K8\EC O C H£P�4 C¤LC ? LCED�C ;1HIQ[��;(G�Qlr \ � ^ SVU@WEX o Sf¥�WEX o S�W,UZX o SV¥�YZX o S¦W�Y8§�X C H�Sf¨�W�X�u o 5�7k>(G C ;NQ=7@4��
4658Q C ;1H�J�7 C ? C h 7�i C Q]H K 4(4(9=5 \~}�LC O C�DTK ;(GBAC 9 C�\ 5�;�Q=G�QnH K ;1H C 4 K 9¡O(G z�LC 9 C ; \EC Q��(;(G C Q¡O K ;(Q�? K
O(G�9 CE\ HIG�58;<4 C 9]4 C ;(O(G \ 7(? K G�9 C AK ?�epGF;�H C 9n� K8\EC�©�^*_:K ;(Qª? C�\EK Q[O C Q DlK GF?�? K t C Q�;(5�; \ 5�;��!5�9 D�C Q o
7(; C ;(5�7@a C ?�? C H CE\~} ;(G�J�7 C J�7(G C Q]H¡O@GFH Cl«]\RC ?�?F7(? C Q O@G KZDlK ;1H=Q=¬ KmLC H LC 7�HIG�?FG�Q LCEC r!a85�G�9 o 4 ^pCZ^Fo Scb1UZX o
SVb1��X C H�Scb�b�X­u ^�x ?F? C�\ 5�;(Q]G�QnH C AK 9 CE\ 5�;(QnHI9=7@G�9 C ? C t�9 K O(G C ;�H \ 5 D 4(? C H O C ? K Q]5�?�7�HIG�58; K 4(4(9]5 \~}�LCEC
? C ?�5�;(t�O C ?�epGF;�H C 9n� K8\EC�©�^@x ?�? C 7@H=G�?FG�Q C 7(; C a K ? C 7(9�GF;�H C 9]465�? LCEC O C ? K Q=5�?F7@HIGF5�; K 4(4(9=5 \~}�LCRC:C ;
\~}�K J�7 C ;(5 C 7(O�O@7 DlK G�?�? K t C 465�7@9 \EK ? \ 7(? C 9�? C t�9 K O(G C ;�H�O K ;@Q�? K O(GF9 CR\ HIGF5�;�H K ;@t C ;1HIG C ?F? C AK
?BefG�;1H C 9]� K8\RC8^

®�¯B°�¯£± ²�³6´`µ¶
·¹¸ ºT»�¼y½n¾:·¹¶
ºT¿[À:ÁnºlÂ�¼y¾�Ã-¾:À�¶ µ¶*Ä�¾�¸�Å(Án¼�ÀÇÆ:¶ ³ ¼�À¡»y¶ ³ Å(Án¼�À�È
ÆªÁÊÉ+¾�º(ÁÊ¼yÀ

Ë C 4@9=5�>(?BACED�C J�7(G(;(5�7@Q�GF;1H LC 9 C Q]Q C�C QnH D 5�O LC ?FG�Q LC 4 K 9 7(;�QnP�QnH,ACRDTC O�e LC J�7 K H=G�5�;(Q \ 5 D 465�Q LC
4 K 9�7@; C�LC J�7 K H=G�5�; C ?�?FG�4@H=G�J�7 CyC H 7(; C-LC J�7 K HIGF5�;�O C H£P�4 C�\ 5�;1a CR\ HIGF5�;��ÌO(G z 7(Q=GF5�; ^8Í 5�7(Q K a85�;(Q
4(9 LC Q C ;�H LC 4(9 LCE\#LC O CED�D�C ;1H:O C Q�Q \~}�LCEDTK Q��:�{O�ef7(; C<LC J�7 K HIGF5�; } P�4 C 9=>#5�?�GFJ�7 C�C H C ?�?�GF4@HIGFJ�7 C8o
G�?
;(5�7(Q�9 C QnH C AKgLC HI7(O(G C 9�?Be LC J�7 K H=G�5�;�O C+\ 5�;1a CE\ H=G�58;��£O(G z 7(Q]G�5�; ^�d 587(9 \EC ? K 5�; \ 5�;(Q]G�O�AC 9 C ? C

U�§
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4(57698(:<;=?>@=A> 6�B�;= : =DC7E(FHG9IKJ�LNM

B FHGPORQDSUT�VXW/YZ V?[]\_^#` O<a�bdc�c1[
e 6 >�>@= B I9JfC : =]ghI9C
= :�: F 4 L7F�i�E(=Kj : = 4(5 F�J(g?F 4 = B =hC�C7glk�m=?>nI9C
oApq=hCrL : =sCtE(FuGKI9J1L]M 6 Jvg 6 J(CtF B�;= 5 =E(J(= 4 I 5 LlFHLlF 6 J 4(5 F�>@I : =vwfx B =�yzi�EfF 4 =?EfL�{=?L 5 = B}| m= : m=h>�=hJ1LlCAi�E(= : g 6 J(i�E(=hC@O!L 5 F�I9J(~ : =9j 5 =hg��L�I9Jf~ : =Kj�L�m=�L 5 I ;= B(5 =hC?j
bHbHb�[�j(=hJ(CtE(FuL7= 6 Jqg 6 J(CrL 5 E(FuL�E(Jf= 4 I 5 LlFHLlF 6 J B E�I : =���x B =�y ;I 4 I 5 LlF 5�B =: I 4 I 5 L7FuL7F 6 J 4(5 Fu>nI : =�wfx1b��3=hC�m= : m=?>@=?J1LlC B =U��x�C 6 J1L�I 4(4 = : m=hC�G 6�: Ef>@=?C B =-g 6 J1L 5 {6�: =-��b� g�k�IKi�Ef=�G 6�: E(>�= B =vg 6 J1L 5 {6�: =9j 6 J�I9CtC 6 ghFu=vE(Jf=�F�J(g 6 J(J�E(=�V?�nb��XJ�F�J1L�m=h~ 5 I9J1L :�| m=?i�E(IKLlF 6 JO<a�b�c�c�[�CtE 5 g�k�I9i�E(=NG 6�: E(>�= B =Ng 6 J 5 {6�: =�� 6 J 6�8 L7F�=hJ1L : =ACt��CtL ;=h>�= B FuC7g 5 =?L�CtE(FuGKI9J1LNM

��r�h� � O��v�]��O�V?��[3W�� �]�,O�V���[t[�¡£¢f¡K\¥¤ � ^$¦ O<a�bdc�§9[
6*;E��v�]�X=?L�� �]�XC 6 J1L : =?Cs¨(E�©�J�E(>ªm= 5 Fui�Ef=hC B =�g 6 J�G�=?g?L7F 6 J@=?L B = B Fu«�E(CtF 6 J 5 =?C 4 =hg�LlFuG9=h>�=hJ1LI9EUL 5 I�G9= 5 C B =?C¬F�J1Ll= 5t­ I9g?=hC�¢vi�E(F3g 6 > 4#6 Ct=hJ1L : I ­!5t6 J�L7F ;= 5 = B =v� 6�5 Fu=hJ1L�m=?C®G�= 5 C :�| =�©�L�m= 5 F�=?E 5B =¯�°b²± : C B(6 FuG�=?J1L�I 4(4f576 g�k(= 5³: =hCq¨�E�©_=�©(IKg?LlC�QP´ � S � T�V � `µY¶ �D· � j¬=?L�´ � V � YZ � `µY¶ �D· � b��*IB m=?¸(J(FuL7F 6 J B�| E(J¹Ll= : Ctg�k�m=h>@I�oºp 4#6 E 5 EfJ(=zm=?i1E�IKLlF 6 J B =Pg 6 J1G�=?g?L7F 6 J�� B Fu«�E(CtF 6 J 5 = 4�6 C7=B(6 J(gDC7E 5®: I B m=�Ll= 5 >�F�J�IKL7F 6 J B =A��� � =?L®� � � B =DLt= :�: =²>@I9J(F ;= 5 = ;I�I,G 6 F 5]: I�g 6 J(C7= 5 GKIKL7F 6 J-=�L: I+g 6 J(C7FuCtLlI9J1Ll=9b$�3=NC7g�k�m=h>@I B =�» 6�B E(J 6 GU=?CtL : =ºCrg�k�m=h>@I : = 4(: E(C¼EfLlF : FuC�m= 4#6 E 5¼B m=�Ll= 5 >�F�J(= 5: =-¨�E�©ªJ�E(>ªm= 5 Fui�Ef=qI9C7C 6 g?F�m=qI9EªLl= 5 >�= B =Ug 6 J1G9=?g?L7F 6 J}j]ghI 5 F : =hCrL@g 6 J(CtF�CtLlI9J1L�=?L�g 6 JfC7= 5 �GKIKLlF ­®4 I 5�B m=�¸�J(FuL7F 6 J}b
½AE(I9J1L�I9E¾Ll= 5 >@= B = B Fu«�EfC7F 6 J�j : =hCNLl=hg�kfJ(F�i�E(=?C B�| I 4(4(576 ©�F�>@IKL7F 6 J(CGKI 5 Fu=hJ1L¼C7EfFuGKI9J1L : IvJ�IKLlE 5 = B =A>@I9F :�: IK~�=¼=?L : =²Ll=?JfC7=?E 5¬B = B FH«}EfC7F 6 JUS¿O�g ­ b3À£c�§�Á�j3ÀÃÂ�ÄKÁ�j3À£c�c9Á�jÀ�ÅKc9Á<j3À�ÅfÆ?Á<j
ÀÃÂ1a�Á�j
À�Ç�a&Á*=?L�À�§�ÁÈ[�b$ÉAI9J(C : =Ag,I9C 63;E : I ­Ê6 Jfg?LlF 6 J�SË=?CtL : FuJ�m=,IKF 5 =Kj 6 JqL 5t6 EfG9= B IKJ(CÀÃc�ÌKÁ�E(J�C7g�k�m=h>@I�oºp�j�Æ�ÉÍ=�L²a9É+jfEfL7F : F�C�m= 4�6 E 5 L 5 IKFuL7= 5 E(J 4(5t6�8(:<;=h>�= B�| F�J1Ll= 5t­ I9g?=9b��*I+Ll=?g�k��J(F�i�E(=vEfLlF : FuC�m=h=�g 6 J(C7FuCtLl= ;I@> 6�B FH¸�= 5�: =�C7g�k�m=h>@I-g : IKC7C7Fui�E(=9j�=hJ ­ I9FuClI9J1LDE(J B m=�G�= :u6�4(4 =h>�=hJ1LI9Ct��> 4 L 6 LlF�i�E(= B = : I@C 6�: EfL7F 6 J ;Ing�k�IKi�Ef=+J 6 =hE B IKEÎG 6 FuC7FuJ�I9~�= B E 4#6 F�J1L B�| F�J1Ll= 5t­ I9g?=9j#EfLlFÏ�: FuC7= 5¼: =hC¼g 6 J B FHLlF 6 J(C B�| F�J1Ll= 5t­ I9g?= B I9J(C : = 8 EfL B =ºL 5 I9J(C ­!6�5 >�= 5¼: =hC B m= 5 FuGXm=?=hC ;I�~1IKE(g�k(=N=?L ;IB(576 FuLl= B = :<| F�J1Ll= 5t­ I9g?=9b(� | F�J1L�m= 5 {=�L B =Agh=�L7Ll=�I 4f4(576 ©�F�>@IKLlF 6 J-=?CtL�i�E | = :�: =AI9C7CtE 5 =Ni�E(= :<| = 5t5 =?E 5B =UL 5t6 J(g,I�LlE 5 = 4#6 E 5�: =hC+¨�E�©�C 6 FHL B�|d6957B(5 =Îa�bXÐ : E(CtF�=hE 5 C�I9EfL7=hE 5 C 6 J�L�L 5 I9FHL�m= :�| m=?i�E(IKLlF 6 JB =�g 6 J1G�=?g?L7F 6 J�� B Fu«�E(CtF 6 J 4 I 5 E(JÑCtg�k�m=h>@I³oºpÒ=?JÑg 6 > 8 F�J�IKJ�L : Iq>¯m=?L7k 6�B = B =hC¾m= : m=?>@=?J�L7C¸�J(FuC�=?L : =²C7g�k�m=?>nI B m=?gh=?J�L 5 m=NI9> 6 J1LºO!G 6 F 5 j 4 b�=9bHj3ÀÃa�Æ?Á�j3À£c1Â&Á<j�À�Â9c�Á<j}À�§9ÇKÁ�=?L�ÀÓÆ�Ì1§�ÁÊ[�bfÉAI9JfCAÀÃÂ9c9Á�j6 JÔL 576 E�G�=�E(JÕC7g�k�m=h>@I¾oAp 4�6 E 5 E(J(=Òm=?i�E�IKLlF 6 J B =Îg 6 J1G�=hg�LlF 6 J�� B Fu«�E(C7F 6 JÔi�E(F�g 6 > 8 F�Jf=: Iq>ªm=�Llk 6�B = B =hC+�]p�Ö =?L B =hCvoAp�b
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Abstract

We analyse a residual error estimator for a semi-implicit finite volume discretiza-
tion of a time-dependent convection-diffusion-reaction boundary value problem,
modeling the transport of contaminant in porous media. The error estimators with
respect to both time and space yield global upper and local lower bounds on the error
measured in the energy norm. Computational results of various model simulations
of fluid flow and transport of contaminant in heterogeneous aquifers are presented
and discussed.
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1 Introduction
Convection–diffusion equations are an important class of partial differential equations
(PDEs) that arise in many problems in science and engineering, and present serious nu-
merical difficulties. It is known that standard finite difference and finite element methods
generate solutions that exhibit non-physical oscillations and/or artificial numerical diffu-
sion and grid orientation which smears out sharp fronts of the solution where important
chemistry and physics take place. The application of the classical conforming finite el-
ement method to fluid flow in porous media, in general, does not locally conserve mass
(see, e.g., [15]) due to its global continuity requirement. Many specialized methods have
been developed to resolve these difficulties. Eulerian methods use fixed spatial grids and
incorporate some form of upstream weighting or other dissipation techniques in their for-
mulations (see, e.g., [13], [42] and the references therein). Hence, they can eliminate
the nonphysical oscillations present in the standard finite difference and finite element
methods. Some of the Eulerian methods, such as the Godunov scheme, the total variation
diminishing (TVD) schemes, and the ENO/WENO schemes, can resolve shock discon-
tinuities from the nonlinear hyperbolic conservation laws. Characteristic methods take
advantage of the hyperbolic nature of the convection-diffusion equations by utilizing a
characteristic tracking to treat the advective component of the governing equation [19],
[39]. These methods symmetrize the governing equations and significantly reduce the
temporal truncation errors. Thus, they allow large time steps to be used in numerical
simulations without loss of accuracy, and lead to a greatly improved efficiency. However,
most characteristic methods have difficulties in treating flux boundary conditions when a
characteristic is tracked to the boundary of the domain, and fail to conserve mass.

The Eulerian-Lagrangian localized adjoint method (ELLAM) was introduced in [13]
for solving convection-diffusion PDEs. The ELLAM formalism provides a general char-
acteristic solution procedure for convection-dominated PDEs and a consistent framework
for conserving mass and treating general boundary conditions. The ELLAM techniques
symmetrize these PDEs, generate accurate numerical solutions even if large time steps
are used, and eliminate nonphysical oscillations, numerical dispersion, and grid orienta-
tion artifacts. Thus, the ELLAM framework overcomes the principal shortcomings of the
previous characteristics methods while maintaining their numerical advantages (for more
details, see, e.g., [42] and [50]).

Finite volume (FV) methods are a class of discretization schemes that have proven
highly successful in approximating the solution of a wide variety of conservation laws
systems. There is an extensive literature on this subject. We will not attempt a literature
review here, but merely mention a few references. They are extensively used in fluid
mechanics, meteorology, electromagnetics, semi-conductor device simulation, models of
biological processes and many other engineering areas governed by conservative systems
that can be written in integral control volume form (see, e.g., [6], [21], [25], [28], [29],
[32], [33]). The primary advantages of these methods are numerical robustness through
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the obtention of discrete maximum principles, applicability on very general unstructured
meshes, and the intrinsic local conservation properties of the resulting schemes.

The literature associated with the foundation and analysis of the finite volume methods
for hyperbolic problems is extensive (see, e.g., [21], [32] and the references therein).
FV methods for elliptic problems have been proposed and analyzed under a variety of
different names: box methods, covolume methods, diamond cell methods, integral finite
difference methods and finite volume element methods (see, e.g., [33] for a review).

More recently, FV methods were developed and analyzed for convection-diffusion
problems (see, for instance, [12], [17], [20], [21], [25], [26], [27], [30], [31], [34],
[35], [36], [38], [51]). There are various approaches in deriving FV approximations of
convection-diffusion equations. The most general classification is obtained depending on
the choice of: (1) the finite volumes and (2) the discrete space to which the approximate
solution belongs. The domain is meshed and depending on whether the finite volumes
are the elements from the original splitting or volumes around the vertices of the original
splitting, we have correspondingly cell-centered and vertex-centered finite volume meth-
ods. For the vertex-centered finite volumes, depending on whether the discrete space is
piecewise constant over the finite volumes or piecewise linear over the original mesh, we
have correspondingly vertex-centered finite volume difference methods or vertex-centered
finite volume element methods. The cell-centered finite volumes can lead to cell-centered
finite volume difference methods or mixed methods.

The stability of the FV methods often depends on the way the flux surface integrals
are approximated. The most important example is for fluxes with strong convection part.
For such cases a straightforward approximation of the flux integrals often yields oscillat-
ing solutions. Therefore, it is not surprising that different flux approximations also serve
as benchmarks in the classification of the FV methods. The most popular and efficient
way approach is to use various upwind schemes (see, e.g., [21], [25], [33]). For such
problems we are interested in approximation methods which produce solutions satisfying
the maximum principle and are locally conservative. Such schemes are also known as
monotone schemes (see, e.g., [41], [43]). The interest of these methods stems from their
compactness in terms of numerical stencil, their effectiveness on unstructured multidi-
mensional meshes and their efficiency in insuring robust, stable and convergent schemes
thanks to the upwind strategy. However, the discretization of second-order terms, es-
pecially for anisotropic problems, is problematic in the sens of the efficiency (cf., e.g.,
[22]). The stencil has to be enlarged and it generally implies constraints on the mesh. On
the opposite side, finite element approximations based on energy methods are naturally
suited for diffusive problems. However these methods may involve some numerical in-
stability in case of problems with convection dominating diffusion and in order to cure
these drawbacks, some extra-stabilization terms have to be added to the equations. Then
an attractive alternative for solving convection dominated diffusion equations consists in
sharing the advantage of these two numerical techniques. One is led to combine a finite
volume discretization for the convective terms with a finite element discretization for the
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diffusive part (see, e.g., [1], [2], [23], [25]). This approach is considered here.
Subsurface phenomena can involve multiple time and spatial scales, long simulation

time periods, and many coupled components which are convection dominated. The latter
requires steep gradients to be preserved with minimal oscillation and numerical diffusion.
Thus, dynamic time and spatial adaptivity based on a posteriori error estimates is essential
for accuracy and efficiency.

In this paper we construct, theoretically justify, and test a computational method that
yields reliable error control of the FV discretization of a convection-diffusion-reaction
equation, arising from the modeling of flow and transport in porous media, in 2-D on
unstructured grids. A detailed description of the model is given by e.g. [7]. We achieve
balance between obtaining reliable control of the error and efficient use of the available
computational resources by an adaptive process of local grid refinement based on a poste-
riori error analysis. In our a posteriori error analysis we exploit the ideas known from the
finite element method. Namely, we use estimators based on local residuals type estima-
tors. We have constructed such estimators for vertex centred FV approximations and have
therotically justified them by proving, under appropriate assumptions, that they provide
both lower and upper bounds for the error.

There is an extensive literature on adaptive methods for finite element approximations
with emphasis on both theoretical and computational aspects of the methods. Among the
vast literature we refer, e.g., to [3] and [44]. There are few works related to a posteriori
error estimates for FV methods of convection-diffusion problems. Earlier results related
to this topic in the context of flow and transport in porous media were published in [12],
[28], [31], [37], [38] and the references therein.

The paper is organized as follows. In section 2 all necessary mathematical notations
are defined, the problem is formulated and the general assumptions are stated. In sec-
tion 3, the numerical scheme for the model problem is presented with emphasis on the
finite volume method employed for the solution of the convection-diffusion-reaction equa-
tion. The construction of error indicators for this approximation and the proof of upper
and lower bounds for the error as a function of the indicators are established in section 4.
A series of numerical examples demonstrates the effectiveness of the methodology for 2-
D miscible flow problems through heterogeneous porous media where large permeability
variations are allowed.

2 Problem Formulation
We consider the following convection-diffusion-reaction problem: Find ��������������� such
that ��� ��! " �" �$# div %'&(�)��������*+� #-,. �0/21435�6��7 in 8:9<;�=>��?A@B��6�C= on DE9F;G=H��?A@I��J��K��L=M�N�O�'P in 8RQ
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Here 8 is a bounded polygonal domain in IR
�
, with Lipschitz boundary D and ;�=>��?A@ a

time interval, & is a uniformly positive function in S8T9F;�=>��?A@ , ,. is a given vector function
(velocity), 3 is the given absorption/reaction coefficient, and 7 is a given source term.

Let us state the following assumptions.

(A1) & is a positive and continously time-differentiable function such thatU �(V S8R� U �WVX;�=>��?A@I�Y=TZ[&:\^]�_+`a&(�)�������W`a&b\Jc�dbZe1gf�Q
(A2) 7(Vih � ��=>��?gjLh � �
8E��� .
(A3) ,. V(kl�
=>��?gjm��n �po q �
8E��� � �
(A4) 3$V(kl�
=>��?gjLh q ��8E��� .
(A5) There are two constant rtsa= and uvsa= such thatwx div ,. 143lsOr and y	3zy	{M| 
�}~� `�u:r in @�=>��?�;
Q
(A6) �0PEV(� � �
8E� .

For ��Vi� � , we use the usual Sobolev space� \ �
8E�W���-�M��V(h � �
8E�W�5& ] ��V(h � �
8E����� w ��Q�Q�Q����t�E�
and we denote � �P �
8E�W�����5�lV�� � �
8E���5�X� �b�O=0���

equipped with the energy norm

� � � �X� � ����%Ny	& �
��� *T�X��� �P o } 12r�y���y �P o } / �
��� Q (2.1)

The dual space of � �P �
8E� is denoted ��� � ��8E� , and for any numbers 3(Z�� we denote byh � �
3 �L��jL� �P ��8E��� and h � ��3 �L��j�� � � �
8E��� , the spaces of measurable functions � defined
on �
3 �L�	� with values in � �P ��8E� and � � � �
8E� respectively, such that the function � #¢¡y����£K������my �po } and � #¢¡ y����£K������my � �po } are square integrable. We denote the dual norme
associated to (2.1) by� � �¥¤F� � � ¦�� §�¨ª©«L¬�­<®¯ 
�}~�)o «±°² P Ze¤^���l³� � � ��� � � � U ¤´V(� � � ��8E� (2.2)

For �lV(h � �
=>����j�� �P �
8E��� we introduce the norm

@�@µ�5;�;������<�¶%Ny��·�)���my �P o } 1[¸4¹P � � � �¢�»ºm�¼� � � �L½ ºm/ �
��� Q (2.3)
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where � � �mKª� � � is defined by (2.1).
Assumptions (A1)-(A6) imply that the weak form of problem (2.1):������ �����!

Find �´V(h � �
=H��?�j�� �P �
8E��� such that ¾L¿¾ ¹ V(h � �
=>��?�jL� � � �
8E��� and¸ } " �" � � ½ �b1 ¸ } &�*T�TKÀ*T� ½ �:1 ¸ } div � ,. �·��� ½ �1 ¸ } 35�0� ½ ��� ¸ } 70� ½ � U ��Vi� �P �
8E��� for a.e. �WVX;G=H��?A@���£K��L=5�N�O�0P
(2.4)

admits a unique solution (cf. [18]), and by taking � equal ������� in (2.4) and integrating on
the interval ;G=H����@ , we derive the following estimate, for all � in @¥=>��?E; :

@�@µ� ;�;������W`Á%Fy��'PÀy �P o } 1 w&:\^]�_ y�7Ây �{MÃ 
 P o ¹GÄ ­<Å ® 
�}~��� /
�
��� � (2.5)

or @�@¥� ;�;p�)����` % y��'PÆy �P o } 1 wr y�7Ây �{MÃ 
 P o ¹GÄ {ÆÃ 
�}~��� /
�
��� Q (2.6)

In the case where 3+ÇÈ= , i.e. no reaction term in the equation, we take u-�É= and keep r
in the definition of the energy norm.

3 Discretization of the Problem
In order to describe the time discretization of the problem (2.1), we introduce a partition
of the interval @�=H��?E; into subintervals @ �£_ � � ���p_�; , w `ËÊÌ`Ë� such that =��Ë�£PÍZ�� � ZQ�Q�Q�ZÎ�£ÏÐ�Á? . We denote by Ñ±_ the length �p_ # �p_ � � , by Ñ the � -uplet �)Ñ � �±Q�Q�Q±��Ñ�ÏÒ�
and by � Ñ�� the maximum of the Ñ±_ , w `ÐÊÉ`Ó� . Since our aim is mesh adaptivity, for
each Ê , =�`ÌÊÔ`È� , we consider �
Õ _Ö � Ö a regular triangulation of 8 by closed triangles.
Each triangulation Õ _Ö is derived from Õ _ � �Ö by cutting some elements of Õ _ � �Ö into a few
number of subelements or, in opposit, gluing together some elements of Õ _ � �Ö into a new
triangle. We denote also by × _Ö the dual decompostion associated to Õ _Ö . Note that at the
same time ��_ , several triangulations can be employed for mesh adaptivity and we use the
notation Õ _Ö only for the last one. We introduce the notation � _ �v���)�p_M� , & _ ��&(���p_M� ,3 _ �C30���p_5� and 7 _ ��7N�)�p_5� .

The semi-implicite semi-discret problem is given by� _ # � _ � �Ñ	_ # div % & _ *T� _ #Ø,. _ � � � _ � � / 1Ô3 _ � _ �C7 _ in 8RQ (3.7)

We now describe the space discretization with a finite volume scheme wich is ob-
tained by integrating the equation on a given control volume of a discretization mesh and
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Figure 1: A vertex-centred cell in 2D

taking an approximation of the flux on the control volume boundary in terms of discrete
unknowns. Let us give the assumptions which are needed on the mesh.

Assume that we have a family of triangulations Õ _Ö , which is regular (see [16]). The
partition × _Ö is chosen as the set of �á_ volumes â ] that constitute the dual of the trian-
gulation Õ _Ö known as the Voronoi mesh (cf. [49]) and such that S8È�-ãJ] ² �poµäµäµä o Ï å�â ] . This
mesh is constructed by connecting the middle points of edges and circumcenters of each
neighboring pair of triangles having a common edge with a straight line segment (See
Figure 1).

We denote by æ _Ö the set of edges ç of triangulation Õ _Ö , èé³�= and D _ Ö the set of edgesê of the dual decomposition × _Ö . We denote by ê ]¥ë the intersection of boundary
" â0] and" â~ë of two control volumes.

We may construct an other partition of 8 , denoted by ì _ Ö and formed by Quadrilateralsí
defined by

í �¶âïî[Õ . We also need to define the set ð ]Ö �¶ñ4ò , formed by the
triangles K having �¢óLô (the center of the control volume â'] ) as a vertex and ê as an edge.
Next we define the spaces õ � ��Õ _Ö � and õ�PÀ��× _Ö � byõ � �
Õ _Ö �<� � � Ö Vik P �mS8��ö�Ì� Ö � ÷øV´õ � j U ÕÓV(Õ _Ö � �
and õWPÀ��× _Ö �<�-�5ù Ö V(h � �ÀS8E�ú�Ìù Ö �µóLô�V´õ�P�j���� w ��Q�Q�Q	�L�g_'���
where õEû is the set of polynomial functions of degree `aü .

Denote by ��\ý�Âh � �
8E� #0¡ õ�PÀ��× _Ö � the global × _Ö -piecewise constant interpolation
operator which is defined by

��\Â�����
��� ��! w�µâÍ� ¸ ó � ½ � for interior volume â

= for boundary volume â$� i.e.
" âOþéDeÿ���à��Q (3.8)

Note that the operator �±\ satisfies homogeneous Dirichlet boundary conditions i.e. �m\Ò�:�= on D .
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Let ����]���] ² �poµäµäµä o Ï å be the set of basic functions of õ � �
Õ _Ö � . We integrate the semi-
discrete problem (3.7), over any control volume â0] :
¸ óLô � _ # � _ � �Ñ�_ # ¸ ó�ô div ��& _ *+� _ �X14¸ óLô div � ,. _ � � � _ � � � ½ �:14¸ ó�ô 3 _ � _ ½ ���É¸ óLô 7 _ ½ ��Q

By an integration by parts, we obtain

¸ óLô � _ # � _ � �Ñ	_ # ¸ ¾ óLô & _ *T� _ K ,Ê¢] ½ ºÂ1 ¸ ¾ ó�ô ,. _ � � � _ � � K ,Ê¢] ½ ºÒ1 ¸ óLô 3 _ � _ ½ �6� ¸ óLô 7 _ ½ ���
where ,Ê¢] is the unit outward normal vector on

" â'] .
By writing

" â ]z� ���� ¾ óLô ê , we obtain

¸ óLô � _ # � _ � �Ñ	_ #	���� ¾ óLô 
 ¸ � & _ *+� _ K ,Ê � ½ º # ¸ � ,. _ � � � _ � � K ,Ê � ½ º���1 ¸ óLô 3 _ � _ ½ ��� ¸ ó�ô 7 _ ½ ���
(3.9)

where ,Ê � is the unit outward normal vector on ê .
If we denote 
 ���'� ê ����� ¸ � &6*T�gK ,Ê � ½ ºM�
and � ���'� ê �W��� ¸ � ,. �áK ,Ê � ½ ºM�
the equation (3.9) could be written in the following form:

¸ óLô � _ # � _ � �Ñ	_ # ���� ¾ óLô � 
 ��� _ � ê � # � ��� _ � � � ê ���X1 ¸ óLô 3 _ � _ ½ �6� ¸ óLô 7 _ ½ ��Q
The finite volume discretization is ended by defining a numerical flux functions


 Ö ��� _Ö � ê �
and
� Ö ��� _ � �Ö � ê � . For this, we will consider â Ö the space of all continuous, piecewise linear

finite element functions corresponding to Õ _Ö and vanishing on D :â Ö �����m� Ö V´õ � ��Õ _Ö � and � Ö � �A��=��ÂQ (3.10)

Let ��_ be the number of interior vertex. For � Ö ��� å� ] ² � � ]��^] , the numerical flux functions
 Ö ��� _ Ö � ê � and
� _ � �Ö ��� Ö � ê � are defined by
 Ö ��� _ Ö � ê �<� �ë ¬�� 
 ] �Go � ² � ô � ¸ � ô � & _Ö *+� _Ö K ,Ê � ½ ºM�
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and� Ö ��� _ � �Ö � ê �Â� �ë ¬�� 
 ] �)o � ² � ô � ¸ � ô � ��� ,. _ � � K ,Ê � ô �����¢� _ � �Ö �)� ]��X1�� ,. _ � � K ,Ê � ô �±� � � _ � �Ö �)�~ë±��� ½ ºM�
where � �����Â�����$V � w �±Q�Q�Q	�!��_"� ��º��$#%#&��]>þiº��$#%#&�zëbÿ�'�(�Â�� ,. _ � � K ,ÊX� � �a��35����=>� ,. _ � � K ,ÊX�	� � ,. _ � � K ,ÊX� � �C�6�»ÊN�
=>� ,. _ � � K ,ÊX���
and & _Ö is an approximation of &(�)�£_M� which is a piecewise polynomial of degree smaller
than a fixed integer ) and such that there exists a constant *Æ��&6� only depending on &
satisfying y	&(�)�p_5� # & _Ö y {Æ| 
�}~� `+*��
&6��è�,-� � w `�Ê�`a�ÍQ (3.11)

We assume that 3 _ Ö is also an approximation of 3¢�)�£_5� which is piecewise polynomial of
degree smaller than a fixed integer ) and such that there exists a constant *Æ��3H� only de-
pending on 3 satisfyingy	30���p_M� # 3 _ Ö y�{ | 
�}~� `+*��
3~��è",.� � w `aÊ(`O�éQ (3.12)

The fully discrete problem is given by�������������������� �������������������!

Find ��� _ Ö ��P0/à_1/HÏeV2�
â Ö � Ï � � satisfying� PÖ ��2 Ö �'P in 8R�
¸ ó åô � _ Ö # � _ � �ÖÑ	_ # �ë ¬43 
 ] � % ¸ � ô � & _Ö *T� _Ö K ,Ê � ô �# 5 � ,. _ � � K ,Ê � ô ��� � � _ � �Ö ��� ]��X1C� ,. _ � � K ,Ê � ô ��� � � _ � �Ö ���~ë	�76 / ½ º1t¸ ó åô 3 _ Ö � _ Ö ½ �6�É¸ ó åô 7 _ ½ �
for ��� w � x ��Q�Q�Q8��_>��ÊÍ� w ��Q�Q±Q��é�

(3.13)

where â _] for
w ` �:`9��_ , are the interior control volumes in × Ö o _ , 3 _ Ö is a piecewise

linear approximation of 3 _ and 2 Ö is the h � # projection on â Ö .
The analysis and numerical results of this scheme applied to immiscible and miscible

flow in porous media could be find in [1]–[2] and [4]–[5].
With the family ��� _ Ö ��P0/à_1/HÏ we associate the function � Ö!: on @�=>��?�; which is affine on

each interval @ ��_ � � ���p_�; , w `OÊt`C� , and equal to � _ Ö at �p_ , for =T`�Êt`C� . This function
writes, for

w `�Ê�`a�� Ö!: �����F�C� _Ö # �p_ # �Ñ�_ ��� _ Ö # � _ � �Ö �	� U �WV2@ �p_ � � ���p_À;
Q (3.14)
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� Ö4: �����<�O� _ � �Ö 1 � # �p_ � �Ñ�_ ��� _ Ö # � _ � �Ö �	� U ��V2@ �p_ � � ���p_�;
Q (3.15)

Remark 1 The terms ¸ óLô � � _ # � _ � �Ñ�_ � ½ � and ¸ óLô 3 _ � _ ½ � can be approximated by

�¥âª]��B� � _] # � _ � �]Ñ	_ � and �¥â ]��µ3 _] � _] respectively where � _] �C� _Ö ��� ]�� and 3 _] �C3 _Ö �)� ]�� .
4 A Posteriori Error Estimates
With the notation (2.3), we intend to bound the norms of @�@µ� # � Ö4: ;�;����p_M� , for

w `OÊ�`O� ,
as a function of indicators.

4.1 An upper bound for the error
For all ��V(� �P ��8E� we have

¸ } "" � ��� # � Ö!: �£�H1 ¸ } &6*´��� # � Ö4: ��KB*T�H1 ¸ } div � ,. ��� # � Ö4: �����>1 ¸ } 30��� # � Ö4: �£�:� ¸ } �»7 # 7 _Ö �£�
1 ¸ } 7 _Ö � # ¸ } � _ Ö # � _ � �ÖÑ	_ � # ¸ } & _Ö *+� _Ö KB*+�H1 ¸ } & _Ö *´��� _Ö # � Ö4: �	K�*T�H1 ¸ } �
& _Ö # &6��*+� Ö!: KB*+�

# ¸ } div � ,. _ � � � _ � �Ö �£�R1 ¸ } div � ,. _ � � ��� _ � �Ö # � Ö4: ���£�R1 ¸ } div ��� ,. _ � � #Ø,. �£� Ö4: ���
# ¸ } 3 _ Ö � _ Ö �R1 ¸ } 3 _ Ö ��� _ Ö # � Ö!: �£� 1 ¸ } �
3 _ Ö # 3~��� Ö4: �'Q (4.16)

For all ��V(� �P ��8E� we denote by�������������� �������������!

; ���H�ú����¸ } 7 _Ö � # ¸ } � _ Ö # � _ � �ÖÑ�_ � # ¸ } & _Ö *T� _Ö KÀ*T� # ¸ } div � ,. _ � � � _ � �Ö �£� # ¸ } 3 _ Ö � _ Ö �'�< ���H�ú��� ¸ } & _Ö *é��� _Ö # � Ö4: �JKÀ*+�R1 ¸ } div � ,. _ � � ��� _ � �Ö # � Ö4: ���£� 1 ¸ } 3 _ Ö ��� _ Ö # � Ö4: �£�'�
kl���H�ú��� ¸ } �»7 # 7 _Ö �£�R1 ¸ } ��& _Ö # &6��*T� Ö4: KÀ*T� 1 ¸ } div ��� ,. _ � � #Ø,. �£� Ö4: ���1 ¸ } �
3 _ Ö # 3~�£� Ö4: �'�

(4.17)
and evaluate separatly each term

; ���>� , < ���H� and kl���H� .
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Evaluation of the term
;

:
Since ��\Ò� is piecewise constant we can write

;
as; ���>�F� �ó ¬>= å? ¸ ó %07 _Ö � # � _ Ö # � _ � �ÖÑ	_ � # & _Ö *+� _Ö K�*´��� # �	\��H� # div � ,. _ � � � _ � �Ö ��� # 3 _ Ö � _ Ö �~/gQ

An integration by part gives; ���H� � �ó ¬�= å? 
 �@ � ó ¸ @ %07 _Ö � # � _ Ö # � _ � �ÖÑ	_ � 1 div �
& _Ö *T� _Ö ��� # ��\Ò�>���
# div � ,. _ � � � _ � �Ö �£� # 3 _ Ö � _ Ö �H/21 ¸ ¾ ó & _Ö *T� _Ö K ,Ê¢��\Ò�A�1 �B ¬>C å? ¸ BED & _Ö *T� _Ö K ,Ê BGF ��� # �	\��H�

� �ó ¬ ÷ å? 
 �@ � ó ¸ @ %¢7 _Ö # � _ Ö # � _ � �ÖÑ	_ 1 div �
& _Ö *T� _Ö �
# div � ,. _ � � � _ � �Ö � # 3 _ Ö � _ Ö /b��� # ��\Â�H�1 ¸ ¾ ó & _Ö *+� _Ö K ,Ê·��\Â� � 1 �B ¬�C å? ¸ BED & _Ö *T� _Ö K ,Ê BHF ��� # �	\��H�1 �ó ¬ ÷ å? ¸ ó % 7 _Ö # � _ Ö # � _ � �ÖÑ	_ # div � ,. _ � � � _ � �Ö � # 3 _ Ö � _ Ö / �	\��'Q

For interior volumes â the finite volume discretization (3.13 ) implies that the last term is
equal to

# �ó�ô ¬ ÷ å? ���	\Ò�H�p]$I �� ô � � ¾ óLô ¸ � ô � % ,. _ � � K ,Ê � ô ��� _ � �Ö �)�¢�
# � ,. _ � � K ,Ê � ô �±�J�·� _ � �Ö �)� ]�� # � ,. _ � � K ,Ê � ô �±� � � _ � �Ö �)�~ë±� / ½ º�K��

where ����\Ò�H�p]^�Ó����\Ò�H��L M ô , and if we take ,SÊ to be the normal to ê ]¥ë such that ,. _ � � K ,SÊtsÉ=
and the indices ( ��� ) are such that �)�0] # �~ë±�JK ,SÊ�`O= the last term is equal to

# �÷ ¬ ÷ å? �� ô � ¬ � å ? o � ô � � ÷ ������\Ò�>�p] # ���	\��H��ë�� ¸ � ô � ,. _ � � K ,SÊF��� _ � �Ö ��� ]�� # � _ � �Ö ���¢��� ½ ºMQ
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Let NPOQ � @ ��� %07 _Ö # � _ Ö # � _ � �ÖÑ	_ 1 div �
& _Ö *T� _Ö �
# div � ,. _ � � � _ � �Ö � # 3 _ Ö � _ Ö / (4.18)R OQ � B ��� D & _Ö *T� _Ö K ,Ê BHF (4.19)S OQ � � ��� ,. _ � � K ,SÊ � ��� _ � �Ö ��� ])� # � _ � �Ö �)�¢���	Q (4.20)

The expression
; ���H� writes; ���>�¶� �ó ¬>= å? �@ � ó ¸ @

NPOQ ��� # �	\��H�z1 �B ¬�C å? ¸ B R
OQ ��� # �	\��H�

# �÷ ¬ ÷ å? �� ô � ¬ � å ? o � ô � � ÷ ������\Â�H��] # ����\Â�H�
ë�� ¸ � ô � S
OQ Q (4.21)

Lemma 4.1 (Interpolation error bounds for ��\ )
Let ��Vi� �P �
8E� and ��\ defined by (3.8), then we havew � y�� # ��\Â�Xy�P o T `+* �VUWT � � � �X� � � XZY U ò ViðT�Lò\[ í (4.22)x � y�� # ��\Â�Xy�P o B `+* � & � �
�^]\^]�_ U �
���B � � � �X� � � XZ_ U ç-V´æ _Ö (4.23)` � y�����\Ò�H��] # ����\Ò�H�
ëMy�P o � ô �R`+*!aL& � �
�^]\�]�_ U �
���� ô � � � � �X� � � X�b ô � U ê ]¥ë V�D _Ö (4.24)

where UWc ���O�6�»ÊN�»è c & � �
���\^]�_ ��r � �
��� � for dY�Oòi�Lçl� ê ]¥ë , and the constants * � , * � and *!a are
independent of è .

Proof.
1) Consider an arbitrary �lV(� � �
8E� , an arbitrary âØVi× _Ö , ò Viðl��ò\[ í and an arbitrayç-V´æ _Ö . We have the standard estimationsy�� # �	\Ò�Xy�P o T `+*�è T y�*T�Xy8X Y �y�� # ��\Ò�Xy�P o T `+*!e»y���y T Q
Hence we get the bound (4.22)y�� # �	\��Xy�P o T `+* � min ��è T & � �
���\�]�_ ��r � �
��� � y
� �X� y8X Y Q
2) In order to show the interpolation bound (4.23) we consider the well-known trace
inequality (cf. [45]) for ùÌV(� � ��Õ:� , for an arbitrary ÕvViÕ _Öy�ùTy�P o B `f*hg¼è � �
���÷ y�ùTy�P o ÷l1Èy�ùly �
���P o ÷ y�*Tùly �
���P o ÷Ai Q
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We take ùØ�Ø� # ��\Ò� and restrict ouwself to the small triangle ò [ Õ where we haveùÌV(� � ��ò�� , and use the bound (4.22)y�� # ��\Ò��y �P o B � �T � Xkj y�� # ��\Ò�Xy �P o Bml T` * �T � Xkj % è � �T U �T y»� �X� y �X j 1 UnT y»� �X� y8X j & � �
���\^]�_ y»� �X� y8X j /
` * �T � Xkj % è � �T U �T 14& � �
���\�]�_ UnT / y»� �X� y �X j
` x * �T � Xkj & � �
���\�]�_ UnT y»� �X� y �X�j
` * � & � �
���\^]�_ U B y»� �X� y �Xkj Q

3) For the bound (4.24), we remark thaty�����\Ò�H��] # ����\Ò�H�
ëMy�P o � ô �R`Øy�����\Â�H��] # �Xy�P o � ô �F1Ìy�� # ����\Â�H�
ë5y�P o � ô �mQ
and use the same argument as in 2). This completes the proof of Lemma 4.1

One conclude from Lemma 4.1 and (4.21) that; ���>� ` �ó ¬�= å? �@ � ó U @ y
N OQ y�P o @ � � � �X� � � XZoA1 �B ¬>C å? & � �
�^]\^]�_ U �
���B y R OQ y�P o B � � � �X� � � XZ_

1 ��¼¬ � å ? & � �
�^]\^]�_ U �
���� y S OQ y�P o � � � � �X� � � X�bMQ (4.25)

We define the spatial error indicator by�-p _q � � ��� �ó ¬ ÷Gr �@ � ó U �@ y
NPOQ y �P o @ (4.26)

�-p _s � � ��� & � �
���\^]�_ �B ¬>C U B y R OQ y �P o B (4.27)

�-p _t � � ��� & � �
���\^]�_ ��¼¬ � å ? U � y S
OQ y �P o � (4.28)

�-p _Ö � � ��� ��p _q � � 1C�-p _s � � 1C�-p _t � � (4.29)

By using the fact that the domains u @ , u B and u � ô � only consist of a finite number
of elements that is bounded by the minimal ratio of the diameter of any element to the
diameter of its largest inscribed ball, we conclude that; ���H�W`vp _Ö y
� �X� ym�
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and _�\ ² � ¸4¹xw¹ w Å ® ; ���H��` _�\ ² � ¸4¹xw¹ w Å ® p \Ö � � � ��� � �à` _�\ ² � p \Ö Ñ �
���\ % ¸4¹ åP � � � �X� � � � / �
��� Q (4.30)

If we use the definition of p _y and p _z without the term & � �
���\^]�_ we obtain_�\ ² � ¸ ¹ w¹ w Å ® ; ���>�W`ak � _�\ ² � ¸ ¹ w¹ w Å ® p \Ö � � � �X� � �à`ak � _�\ ² � p \Ö Ñ �
���\ % ¸ ¹ åP � � � �X� � � � / �
��� (4.31)

where k � � sup � w �L& � �
���\^]�_ � .
Evaluation of the term

<
:

By (3.14), (3.15), (3.11) and (3.12) we have for =:`e�W`e��_
¸ } & _Ö *é��� _Ö # � Ö4: �JKÀ*+� � % �p_ # �Ñ	_ / ¸ } & _Ö *´��� _Ö # � _ � �Ö �JKÀ*+�

` % �p_ # �Ñ	_ / k � �
&��my��
& _Ö � �
��� *´��� _Ö # � _ � �Ö �¼y5� � � ��� � ��j
where k � ��&6�<� � w 1	{ 
}|X� Ö8~�� ®| ®�� Ãw ô å � .

¸ } 3 _ Ö ��� _ Ö # � Ö!: �£� � % �p_ # �Ñ�_ / ¸ } 3 _ Ö ��� _ Ö # � _ � �Ö �£�
` % �p_ # �Ñ�_ / *��
3~�¼y��
3 _Ö � �
��� ��� _ Ö # � _ � �Ö �my5� � � �X� � ���

where k � ��3~�Â� � w 1 { 
 c � Ö ~�� ®� ®�� Ã � , and

¸ } div � ,. _ � � ��� _ � �Ö # � Ö4: ���£� � % � # �p_ � �Ñ�_ / ¸ } div � ,. _ � � ��� _ � �Ö # � _ Ö �����` % � # �p_ � �Ñ�_ / r � �
��� y div � ,. _ � � ��� _ � �Ö # � _ Ö ���my5� � � �X� � ��Q
Let � OQ ��� % �p_ # �Ñ	_ /ly���& _Ö � �
��� *é��� _Ö # � _ � �Ö �my (4.32)� OQ ��� % � # �p_ � �Ñ	_ / y div � ,. _ � � ��� _ � �Ö # � _ Ö ���¼y (4.33)� OQ ��� % �p_ # �Ñ	_ /ly���3 _Ö � �
��� ��� _ Ö # � _ � �Ö �mymQ (4.34)
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One conclude that < ���H�W`ak ] �
&´��3'��rJ�1� � OQ 1 � OQ 1 � OQ�� � � � �X� � ��Q
where k ] ��&´�L3 ��r��F� max �
k � ��&6�	�Lk�a¼�
3~�	��r � �
��� � .

We define the temporel error indicator as� OQ ��� 5 Ñ�_` % y���& _Ö � �
��� *´��� _Ö # � _ � �Ö �¼y �1$y div � ,. _ � � ��� _ � �Ö # � _ Ö ���my � (4.35)1�y���3 _Ö � �
��� ��� _ Ö # � _ � �Ö �my � / 6 �
��� Q
So we have _�\ ² � ¸ ¹xw¹ w Å ® < ���H�W`ak ] �
&´��3'��rJ� _�\ ² � �P�

Q % ¸ ¹xw¹ w Å ® � � � ��� � � � /
�
���

`ak ] ��&´�L3 ��r�� _�\ ² � � �Q % ¸ ¹ åP � � � �X� � � � / �
���
Evaluation of the term k :

kl���H�ú��� ¸ } ��7 # 7 _Ö 1 div ��� ,. _ � � #Ø,. ��� Ö!: �X1���3 _Ö # 3~�£� Ö4: � �1t¸ } ��& _Ö # &���*T� Ö4: Km*+�` % r � �
��� y�7 # 7 _Ö 1 div ��� ,. _ � � #Ø,. �£� Ö4: �X1C�
3 _Ö # 3~�£� Ö4: y�P1 & � �
���\�]�_ y��
& _Ö # &6��*T� Ö4: y�P / � � � �X� � ��Q
Let � OQ �)���ú��� % r � �
��� y�7 # 7 _Ö 1 div ��� ,. _ � � #Ø,. ��� Ö!: �X1���3 _Ö # 3H��� Ö!: y�P1 & � �
���\^]�_ y��
& _Ö # &6��*+� Ö4: y�P / Q (4.36)

One conclude that_�\ ² � ¸ ¹ w¹ w Å ® k$���>��` _�\ ² � % ¸ ¹ w¹ w Å ® �
� OQ �)���m� � / �
��� % ¸ ¹ åP � � � �X� � � � / �
��� Q
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Now we take �:�Ø��� # � Ö4: �±��K������ for =T`e��`e�p_ and we use the fact that for all ��Vi� �P ��8E�
we have¸ } �µ& �
��� *+�X� � 1[¸ } div � ,. �H�£�R1[¸ } 3X� �X� � �É¸ } �µ& �
��� *+�X� � 1e¸ } � wx div ,. 1Ô3H�¼� �X� � sØ� � � �X� � � �
to obtain the following theorem.

Theorem 1 Let � be the unique solution of problem (2.4) and ��� _ Ö ��_1� � the solution of
problem (3.13), then there exists a constant k independant of è , ,. , 3 , & and r such that

@�@µ� # � Ö4: ;�;p�)�p_5�W`ak 5 y�� P # 2 P�� P y �P 1 _�\ ² � ���-p \Ö � � Ñ�\�1�� � �Q � � 1[¸ ¹xw¹ w Å ® �
� OQ �)���m� � �76 �
���

where p \Ö ,
� �Q

and

� OQ
are defined by (4.29), (4.35) and (4.36) respectively andkÌ� max �
k � �Lk ] �
&´�L3 ��r���� .

4.2 A lower bound for the error
In order to derive lower bound for the error, we prove separate bound for each indicatorp \Ö and

� �Q
. We begin with the later.

Proposition 4.2 There exists constante � � ��� � ��&´��r<� ,. � such that� OQ `�� � 5 % ¸ ¹ å¹ å Å ® y "" � ��� # � Ö4: �¼y � � �po } /
�
��� 1 % ¸ ¹ å¹ å Å ® y»� � # � Ö4: y
� � /

�
���
1RÑ �
���_ p _Ö 1 % ¸ ¹ å¹ å Å ® �

� OQ ���À��� � / �
��� 6
for all

w `�Ê�`a�ÍQ
Proof. First of all we remark that

% Ñ�_` / �
��� y»� � _ Ö # � _ � �Ö y
��� % Ñ	_` / �
��� 5 y��
& _ � �
��� *´��� _Ö # � _ � �Ö �my � 12rEy�� _Ö # � _ � �Ö y � 6 �
���
` % Ñ	_` / �
��� 5 *��
&6��è ,-� � y��
& _Ö � �
��� *é��� _Ö # � _ � �Ö �my �

1�*Æ��3~��è",.� � y��
3 _ Ö � �
��� ��� _ Ö # � _ � �Ö �¼y � 6 �
���
So we have % Ñ�_` / �
��� y
� � _ Ö # � _ � �Ö y»�~`ak�� � OQ � (4.37)
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where k����Éè ,.� � max �.*��
&��	�4*��
3~��� .
By (4.16) and (4.17) we have with �:�O� _Ö # � _ � �Ö� � OQ � � � ¸ ¹ å¹ å Å ® ¸ }

"" � ��� # � Ö4: �£�R1 ¸ } &6*´��� # � Ö4: �JKm*+� 1 ¸ } div � ,. ��� # � Ö4: ���£�1 ¸ } 30��� # � Ö!: �£� # ¸ ¹ å¹ å Å ® % ; ��� _ Ö # � _ � �Ö �^1Ôk$��� _Ö # � _ � �Ö � /
` ¸ ¹ å¹ å Å ® %

w& �
���\^]�_ y
� "" � ��� # � Ö4: y»� ¦1+� w 1Èy ,. y 
 { | 
�}H��� Ã ��r^&b\�]�_M� � �
��� �¼y»� � # � Ö4: y
�µ/+y»� � _ Ö # � _ � �Ö y»�
1 ¸ ¹ å¹ å Å ® % k � p _Ö 1

� OQ ���À�£/Ty»� � _ Ö # � _ � �Ö y
�
` 5 % ¸ ¹ å¹ å Å ® w&b\^]�_ y
� "" � ��� # � Ö!: �my
� � ¦ / �
��� 1Ôk��¢% ¸ ¹ å¹ å Å ® y»� � # � Ö4: y»� � /

�
���
1 k � Ñ �
���_ p _Ö 1 % ¸ ¹ å¹ å Å ® �

� OQ ���À��� � / �
��� 6 Ñ �
���Ö y
� � _ Ö # � _ � �Ö y»�
where k���� w 1Èy ,. y 
 {M| 
�}H��� Ã ��r^&b\�]�_M�L� �
��� . We conclude by using (4.37)� OQ `�� � 5 % ¸ ¹ å¹ å Å ® w&:\^]�_ y»� "" � ��� # � Ö4: �¼y»� �¦ / �
��� 1 % ¸ ¹ å¹ å Å ® y»� � # � Ö4: y
� � /

�
���
1 Ñ �
���_ p _Ö 1 % ¸ ¹ å¹ å Å ® �

��OQ ���À�¼� � / �
��� � 6
where � � ��� ` k�� max � w �Lk��±�Lk � � . This completes the proof of Proposition 4.2

Proposition 4.3 There exists a constant � � �+� � �
3 �L&é��r<� ,. � such that

Ñ �
���_ p _Ö ` � � 5 % ¸ ¹ å¹ å Å ® y»� "" � ��� # � Ö4: �¼� y � ¦ /
�
��� 1 % ¸ ¹ å¹ å Å ® y»� � # � Ö4: � y � /

�
���
1ø% ¸ ¹ å¹ å Å ® y div � ,. ��� # � Ö4: �my � / �
��� 1Ë% ¸ ¹ å¹ å Å ® �

� OQ ���À��� � / �
���
1 % ¸ ¹ å¹ å Å ® ��y
� � _ �

�Ö # �Fy»� � � / �
��� 1Ìy��'PÆy�P o } 12r � �
��� y�7Ây { Ã 
 P o ¹ å Ä { Ã 
�}H��� 6
for all

w `�Ê�`a� .
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Proof. Recall that for all �$Vi� �P �
8E� the term
; ���H� is given by; ���>�¶� �ó ¬>= å? �@ � ó ¸ @

N OQ ��� # �	\��H�z1 �B ¬�C å? ¸ B R
OQ ��� # �	\��H�

# �÷ ¬ ÷ å? �� ô � ¬ � å ? o � ô � � ÷ ������\Â�H��] # ����\Â�H�
ë�� ¸ � ô � S
OQ � (4.38)

and has also the expression; ���H�F� �÷ ¬ ÷ å? ¸(�
NPOQ � 1 �B ¬>C å? ¸ B R

OQ �'Q
Following [46], we introduce for any element Õ VÔÕ _Ö and any edge çÎVÔæ _Ö the corre-
sponding bubble functions � T and � B . We denote by u B the support of � B which is the
union of two elements of Õ _Ö sharing ç and setùW_g� � � �÷ ¬ ÷ å? U �� � �

N OQ 1 � � & � �
���\^]�_ �B ¬>C å? U B � B R
OQ Q

Using the same arguments as in [46] we can choose the constants ê � and ê � such that; ��ùW_5�ús �-p _q � � 1���p _s � � � (4.39)y
� ùW_'� y ` k % �-p _q � � 1���p _s � � / �
��� Q (4.40)

So we have �-p _q � � 1���p _s � � 1���p _z � � � ��p _Ö � � ` ; ��ùW_5�X1C�-p _z � �� � � ùW_0� � �à`Ok ¦ p _Ö
To bound the term p _Ö we use the last inequalities and (4.16). Let U be an arbitrary param-
eter such that U sa= .Ñ	_ ��p _Ö � � � ¸ ¹ å¹ å Å ® � U 1 w � % �p_ # �Ñ�_ /�� ��p _Ö � �

` ¸ ¹ å¹ å Å ® � U 1 w � % �p_ # �Ñ�_ / � ; ��ù Ö �X12Ñ	_ª�-p _z � �
`O¸ ¹ å¹ å Å ® � U 1 w � % �p_ # �Ñ�_ /�� ¸ } "" � ��� # � Ö4: �£ùW_1 ¸4¹ å¹ å Å ® � U 1 w �ª% �p_ # �Ñ	_ /�� ¸ } &6*é��� # � Ö4: �JKÀ*TùW_1 ¸ ¹ å¹ å Å ® � U 1 w � % �p_ # �Ñ	_ /�� ¸ } div � ,. ��� # � Ö4: ���£ùW_
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1 ¸ ¹ å¹ å Å ® � U 1 w � % �p_ # �Ñ	_ /h� ¸ } 30��� # � Ö4: �£ùW_
# ¸4¹ å¹ å Å ® � U 1 w � % �p_ # �Ñ	_ / � % < ��ùW_5�X1Ôk$��ùW_5� / 12Ñ	_ ��p _z � �

` ¸ ¹ å¹ å Å ® k ¦ p _Ö � U 1 w � % �p_ # �Ñ	_ /h�Ò%Fy
� "" � ��� # � Ö4: �my
�µ¦^1�y»� � # � Ö4: y»�12r � �
��� y div � ,. ��� # � Ö4: ���¼yF12uiy»� � # � Ö4: y
��1 � OQ ������/
# ¸ ¹ å¹ å Å ® � U 1 w �ª% �p_ # �Ñ	_ / � < ��ùW_M�X12Ñ	_ ��p _z � �

Since % ¸ ¹ å¹ å Å ® 5 � U 1 w � % �p_ # �Ñ�_ /h� 6 � / �
��� �OÑ �
���_ U 1 w� x U 1 w
we conclude that

Ñ�_ª�-p _Ö � � ` k ¦ p _Ö Ñ �
���_ U 1 w� x U 1 w 5 % ¸ ¹ å¹ å Å ® y
� "" � ��� # � Ö!: �m� y � ¦ /
�
���

1+� w 1ÔuT� %'¸4¹ å¹ å Å ® y
� � # � Ö4: � y � /
�
��� 1Ôr � �
��� %0¸4¹ å¹ å Å ® y div � ,. ��� # � Ö!: �my � / �
��� 6

# ¸ ¹ å¹ å Å ® � U 1 w � % �p_ # �Ñ	_ /�� < ��ùW_5�X1ïÑ�_ �-p _z � � Q
Let us now bound the last integral in term of p _Ö . We have

¸ ¹ å¹ å Å ® � U 1 w � % �p_ # �Ñ�_ /�� < ��ùW_5� � Ñ	_ U 1 wU 1 x ¸ } ��& _Ö *´��� _Ö # � _ � �Ö ��*TùW_�1Ô3 _Ö ��� _ Ö # � _ � �Ö �£ùW_M�
1 Ñ�_ wU 1 x ¸ } div � ,. _ � � ��� _ Ö # � _ � �Ö ���£ùW_` Ñ �
���_ U 1 wU 1 x k ] ��&´�L3 ��r�� � ` � OQ k ¦ p _Ö Q

Using Proposition 4.2 we obtain

Ñ	_ ��p _Ö � � ` ��a�Ñ �
���_ p _Ö 5 % ¸ ¹ å¹ å Å ® y
� "" � ��� # � Ö4: �m� y � ¦ /
�
��� 1 % ¸ ¹ å¹ å Å ® y
� � # � Ö4: � y � /

�
���
1 % ¸ ¹ å¹ å Å ® y div � ,. ��� # � Ö4: �my � / �
��� 1 % ¸ ¹ å¹ å Å ® �

� OQ ���À�¼� � / �
��� 6
1RÑ	_ª�-p _Ö � � k ¦ � � k ] U 1 wU 1 x 12Ñ	_ ��p _z �±��p _Ö �
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where ��a�� max � � � �� � � � � max � w 12u6��r � �
��� �	� � � �� � � k�a � ` � � � .Let � s w
be an integer. Since � � �� � � ` � � \� � � , we can choose U and � such thatk ¦ � � k ] � � �� � � � �� and conclude that

Ñ �
���_ p _Ö ` x �(a 5 % ¸ ¹ å¹ å Å ® y
� "" � ��� # � Ö!: �m� y � ¦ /
�
��� 1Ë% ¸ ¹ å¹ å Å ® y
� � # � Ö!: � y � /

�
���
1 % ¸ ¹ å¹ å Å ® y div � ,. ��� # � Ö4: �¼y � / �
��� 1 % ¸ ¹ å¹ å Å ® �

�POQ ���À�¼� � / �
��� 6 1 x Ñ �
���_ p _z Q
Let us now bound the term Ñ �
���_ p _z . By (4.20), Lemma (4.1) and (2.6) we have��Ñ �
���_ p _z � � � ¸ ¹ å¹ å Å ® ��p _z � �� ¸ ¹ å¹ å Å ® & �

�
���\�]�_ �� ô � � � å ? U � ô �ày ,. _ � � K ,S Ê � ô �M��� _ � �Ö �)� ]�� # � _ � �Ö ���¢�my �P o � ô �
` & � �
���\^]�_ y ,. y 
 { | 
�}~��� Ã * � ¸ ¹ å¹ å Å ® �� ô � � � å ? U �� ô � y»� � _ � �Ö y»� �X b ô �
` & � �
���\^]�_ y ,. y 
 { | 
�}~��� Ã x * ���¡ Z¢�¼¬ � å ? U � ¸4¹ å¹ å Å ® y»� � _ � �Ö y
� �
` & � �
���\^]�_ y ,. y 
 { | 
�}~��� Ã8£ * ���¡ Z¢�¼¬ � å ? U � ¸ ¹ å¹ å Å ® �Ly»� � _ � �Ö # �<y
� � 1Èy
� �Fy»� � �
` �(a % ¸ ¹ å¹ å Å ® �Ly»� � _ � �Ö # �<y
� � �X1Ìy��'PÆy �P o } 12r � � y�7Ây �{ Ã 
 P o ¹ å Ä { Ã 
�}~��� /

where � ] ��& � �
���\^]�_ y ,. y 
 { | 
�}~��� Ã x * ���¡ Z¢ �¼¬ � å ? U � . The result of Proposition 4.2 is proved by
taking � � � max ��� � ���(a�� .
5 Numerical Simulations
In this section, we present some numericals results in 2-D based on the scheme presented
in this paper for the concentration equation for miscible flow problems.

For the sake of completeness we recall the coupled system used for the simulations.
The flow and transport of miscible displacement of one incompressible fluid by another
through a porous medium 8 over a time period ;G=>��?b@ is governed by the following system
(see, e.g., [7]):

Pressure equation: ¤
,. � # TÒ
 d �¥ 
 { � *�# ¦¨§A8:9<;�=>��?A@
div ,. ��= ¦�§b8:9F;G=>��?b@ (5.41)
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Concentration equation:© �)�¢� " *" �á# div ��&(����� ,. ��*ª* # * ,. �X1¬«+���¢�J*E�É7N��������� ¦�§b8:9F;G=>��?b@ (5.42)

subject to boundary and initial conditions, # and ,. are the pressure and Darcy velocity
of the fluid mixture,

©
and ò are the porosity and the permeability of the medium, ­ is

the viscosity of the mixture, * is the concentration of the contaminant solute, and 7 is the
external flow rate. « is the latency retardation factor.

The form of the diffusion–dispersion tensor & that we use in our simulator is given
by: &(����� ,. �<� ½$® � 1Ì� ,. �I@ U ûIç$� ,. �X1 U ¹ ��� # ç$� ,. ���p; (5.43)

with çE]µëÆ� ,. �E�°¯ ô ¯ �L²±¯ L Ã , ½$® is the effective diffusion coefficient, and U û and U ¹ are the magni-
tudes of longitudinal and transverse dispersion respectively.

Because the magnitude of the diffusion–dispersion tensor & is often much smaller
than that of the Darcy velocity ,. , the concentration equation (5.42) is a strongly
convection–dominated PDE with small diffusion and dispersion terms indicated by the
size of the coefficients

½³®
, U û and U ¹ in (5.43). Moreover, (5.41)–(5.42) is a coupled

system of PDEs which is typically defined on a very large physical domain.
One important issue in the simulation of porous medium flows is the manner in which

the Darcy velocity ,. is calculated. Since the convection and diffusion–dispersion terms in
(5.42) are governed by the Darcy velocity, accurate approximation of the concentration *
requires an accurate approximation to the Darcy velocity ,. .An IMPES simulator, MFlow (cf. [4], [5]), has been developed which applies a mixed
hybrid finite element method [11] for computing an accurate approximation of the veloc-
ity ,. and the FV described here for the concentration equation. Our implementation for
the test problems uses the lowest Raviart-Thomas element that specify piecewise constant
pressure and piecewise continuous flux for the velocity.

It should be mentioned that the theoretical analysis of the method described in this pa-
per for the coupled system is far from complete. Nevertheless the numerical experiments
show, that with the FV discretization, the upwind and the adaptive grid control based on
the error indicators, we have a powerful tool for solving flow and transport of miscible
flow problems.

The three example problems used to illustrate the methodology are (1) a homoge-
neous isotropic reservoir, (2) a heterogeneous reservoir with two different permeability
distributions, with values ranging from

w = � � to
w

and (3) the saltdom problem (cf. [12]).

5.1 Test problem 1: isotropic case
In this example, we consider a homogeneous reservoir 8-� ��=>� w ��9��
=H� w � with perme-
ability ò � w = � P7� . The boundary conditions used are no-flow at the top and bottom, a
constant pressure # Pg� w

on the left and #'Pg��= on the right. The test problem involves
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Figure 2: Adaptive grid and concentration contours at t=0.042 years.

simulation with
© �Ø=>Q x , ­ï� w

, «��Ø= , ½³® � w = � � , U û��µ´ , U ¹ �-=>Q¶´ , and *	P �Ø= . An
injection source is placed at the left side 7é� w

.
The domain was discretized by three meshes, at each level we use the local indicators

to detect the elements of large error and remesh the whole domain (see Table 1). The
concentration front is very sharp due to the small diffusion-dispersion term. Figures 2–4
show the obtained mesh and the concentration contours for three time steps. From these
figures, we can see that the local error estimators lead to local refinement around the
expected concentration front.

nb of triangles CPU time y!p _· ? y�P o @ y!p _y ? y�P o B y!p _z ? y�P o � final time
Mesh0

x £ =%¸M= 0mn32.41s
w Q¶´%¹%¹»ºÆ� P7a ` Q £ ¹1º�� ��� w Q = £%£ º�� P7a =>Q�= £ x years

Mesh1
x ¹»¹ £$¼ 1mn 26.67s

w Q¶´ ¼ º � P7a w Q x ´1º � ��� ½ Q¶¹%´»º � P ] =>Q w years
Mesh2

` £ = ` = 2mn 52.85s
w Q £ w ºÆ� P7a w Q�= ½ º�� ��� w Q £ x º�� P ] =>Q x years

Table 1: Test problem 1.

5.2 Test problem 2: heterogeneous case
In this example, we consider a heterogeneous reservoir 8 � �
=>� w �A9Ì��=>� w � with two
different permeability distributions as shown in Figure 5: (blue, ò � w = � � ) and (red,ò � w

). A source term is placed at the lower left-hand corner of the reservoir, D�]�_ ,
and an outlet, DA¾ ¿ ¹ , is placed at the top right-hand corner of the reservoir. The boundary
conditions are illustrated in Figure 6: ,. Q ,ÊÉ� # =>Q w on D�]�_ and #a� w

on DA¾ ¿ ¹ . All theDz_�¾7¿LûÀ¾^Á boundaries are no flow boundaries. The parameters were chosen as follows:
© �

123



0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Figure 3: Adaptive grid and concentration contours at t=0.1 years.
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Figure 4: Adaptive grid and concentration contours at t=0.2 years.
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=>Q x , ­�� w
, «ý� = , ½³® � w = � � , U ûÒ�Â´ , U ¹ � =>Q²´ , *�PT�ý= and 74� w

on Dz]�_ and � =
elsewhere.

In Figure 7 we present the primal grid and in Figure 8 the adaptive grid. From these
figures, we can see that the local error estimators lead to local refinement around the
expected regions where there are strong and sharp variation of the permeability. In order
to compare these results with those when no local refinement is applied, we also include
the computations obtained with a uniform grid (cf. Table 2). From concentration contours
Figures 9–11 and Table 2, we can conclude that the accuracy of the solution obtained on
a mesh with adaptive grid is comparable to the accuracy of the uniform grid, while the
nombre of triangles are four times smaller.

Figure 5: Permeability distribution.

0 1

1
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Γnoflow

noflow
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Γ

Γ

Γ

Γ

Γ

Figure 6: Boundary conditions.

Figure 7: Primal grid. Figure 8: Adaptive grid.
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Figure 9: Concentration for primal grid.
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Figure 10: Concentration for adaptive grid.
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Figure 11: Concentration for uniform grid.
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nb of triangles CPU time y!p _· ? y�P o @ y!p _y ? y�P o B y!p _z ? y�P o � final time
primal grid ¼ ´ ¼ 0mn8.15s

` Q�=%¹%´»º � P � x Q ½ w�` º � P7Ã w Q £»£ ½ º � P � w = years
adaptive grid

xMx £ ½%½ 7mn51.19s
x Q¶´ wmx º � P � w Q w = w º � � P w Q wÆw ´»º � P � w = years

uniform grid
½ `>w ¸ ¼ 27mn3.51s

x Q £ ½ £ º � P � ` Q¶¹%´%´»º � ��� ¹HQ £%¼»£ º � P7a w = years

Table 2: Test problem 2.

5.3 Test problem 3: Saltdome
We consider the saltdome problem presented in [12] which describes the flow over a
saltdome which is sitting at the bottom of an aquifer initially filled with pure water ( *�P��= ). The computational domain is defined as 8 �Á@¥=>� ½ =M=À;N9�@¥=>� ` =M=�; . The boundary and
initial conditions are illustrated in Figure 12. At the top of the domain 8 a pressure
difference is prescribed. The saltdome is situated in the middle of the lower boundary
(See Figure 12). All other boundaries are no flow boundaries. The parameters were
chosen as follows: ò � ` Q¶´ w = � � , © �Î=>Q x , ½³® �Î=HQ¶¸ ¼ , ­a� w

, U û�� x = , U ¹ � x
, and#$� # wÆwMw �b1 w = � at the top boundary.

p linear
300 m

0

0
c=1
q.n=0

Γinflow

Γnoflow

noflow

noflow

ΓΓ

Γ

Γinout

c(.,0)=0

300 m 600 m

900 m

noflow

Figure 12: Geometry, initial and boundary conditions for the saltdome problem.

Figures 13–15 show the adaptive grid and the salt concentration at three time steps.
Again we can see that the local error estimators lead to local refinement around the ex-
pected concentration front. The salt concentration show good agreement with those in
[12].
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Figure 13: Adaptive grid and concentration contours at t=5 years.
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Figure 14: Adaptive grid and concentration contours at t=40 years.
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Figure 15: Adaptive grid and concentration contours at t=240 years.

nb of triangles CPU time y!p _· ? y�P o @ y!p _y ? y�P o B y!p _z ? y�P o � final time
Mesh0 ´Æ=%´ 0mn1.23s

` Q ½ ¹»¸%º � P � ` Q ½ ¹1¸%º � P � x Q =M=M= x º � P7a ´ years
Mesh1

x ¹ w = 0mn21.60s
x Q ¼ ¸ w º � P7a ¹~Q ¼ x ¸%º � P7a w QÄ¸$´ w º � P7a £ = years

Mesh2
` £ =M= 2mn16.72s

` Q w = x ºÆ� P7a ¼ Q²¹ £»£ º�� P7a w Q ½ ¹»º�� P7a x £ = years

Table 3: Test problem 3.

128



Acknowledgment
This work has been partially supported from the CMIMF Actions Intégrées � P� ;�Å = x Å ` £ and � ;ÆÅ = £ Å ½ £ whose support is gratefully acknowledged.

References
[1] M. Afif M and B. Amaziane, Convergence of finite volume schemes for a degenerate

convection-diffusion equation arising in flow in porous media, Comput. Methods
Appl. Mech. Engrg. 191 (2002) 5265–5286.

[2] M. Afif and B. Amaziane, Numerical simulation of two-phase flow through hetero-
geneous porous media. Numerical Algorithms 34 (2003) 117–125.

[3] M. Ainsworth and J. T. Oden, A Posteriori Error Estimation in Finite Element Anal-
ysis (Wiley , Chichester, 2000).

[4] B. Amaziane, M. El Ossmani and C. Serres, Numerical modeling of the flow and
transport of radionuclides in heterogeneous porous media, Preprint (2004).
http://lma.univ-pau.fr/data/pub/pub pdf2004/0423.pdf

[5] B. Amaziane B and M. El Ossmani, Convergence analysis of an approximation to
miscible fluid flows in porous media by combining mixed finite element and finite
volume methods, Preprint (2005).
http://lma.univ-pau.fr/data/pub/pub pdf2005/0505.pdf

[6] T. Barth and M. Ohlberger, Finite Volume Methods: Foundation and Analysis. In: E.
Stein, R. de Borst, T.J.R. Hughes (Eds.), Encyclopedia of Computational Mechanics.
(John Wiley & Sons, Ltd, 2004).

[7] J. Bear and Y. Bachmat, Introduction to Modeling of Transport Phenomena in
Porous Media (Kluwer Academic Publishers, Dordrecht, 1991).

[8] A. Bergam, C. Bernardi and Z.Mghazli, A posteriori analysis of the finite element
discretization of some parabolic equations, Math. Comp. 74, No.251, (2005) 1117–
1138.

[9] A. Bergam, Z. Mghazli and R.Verfürth, Estimations a posteriori d’un schéma de
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Résumé

Dans cette thèse, nous nous intéressons à des méthodes numériques pour un modèle d’écoulements incom-
pressibles et miscibles ayant des application dans l’hydrogéologie et l’ingénierie pétrolière . Nous étudions et
analysons un schéma numérique combinant une méthode d’éléments finis mixtes (EFM) et une méthode des
volumes finis (VF) pour approcher le système couplé entre une équation elliptique (pression-vitesse) et une
équation de convection-diffusion-réaction (concentration). Le schéma VF considéré est de type ”vertex centred”
semi-implicite en temps : explicite pour la convection et implicite pour la diffusion. On utilise un schéma de
Godunov pour approcher le terme convectif et une approximation élément fini P1 pour le terme de diffusion.
Nous montrons des résultats de stabilité L∞, des estimations BV et le principe du maximum discret sous
une condition CFL appropriée. Ensuite, nous montrons la convergence de la solution approchée obtenue par
le schéma combiné EFM-VF vers la solution du problème couplé. La démonstration de la convergence se fait
en plusieurs étapes : premièrement, on déduit la convergence forte de la solution approchée de la concentra-
tion dans L2(Q), en utilisant la stabilité L∞, les estimations BV et des arguments de compacité. Dans l’étape
suivante, on étudie le schéma découplé EFM, en donnant des résultats de convergence pour la pression et la
vitesse. Enfin, le processus de convergence de la solution approchée du schéma combiné EFM-VF vers la solution
exacte est obtenu par passage à la limite et par unicité de solution pour le problème continu. Des simulations
numériques académiques et réalistes pour des problèmes bidimensionnels confirment la stabilité et l’efficacité du
schéma combiné. Enfin, nous étudions des estimateurs d’erreur a posteriori de type résiduel pour une équation
de convection-diffusion-réaction discrétisée par un schéma VF ”vertex centred” semi-implicite en temps. Nous
introduisons deux sortes d’indicateurs. Le premier est local en temps et en espace et constitue un outil efficace
pour l’adaptation du maillage à chaque pas de temps. Le second est global en espace mais local en temps et peut
être utilisé pour l’adaptation en temps. Nous montrons que l’estimateur est une borne supérieure de l’erreur.
Des résultats numériques d’adaptations de maillage sont présentés et montrent l’efficacité de la méthode.

La partie logiciels de ce travail porte sur deux volets. Le premier a permis de réaliser un code de calcul 2D,
MFlow, écrit en C++, pour la résolution du système des écoulements miscibles considérés dans cette thèse.
Le second volet concerne la colaboration avec un groupe de chercheurs pour l’élaboration de la plate-forme
Homogenizer++ réalisée dans le cadre du GDR MoMaS (http ://momas.univ-lyon1.fr/).

Abstract

In this thesis, we are interested in numerical methods for a model of incompressible and miscible flows
having application in hydrogeology and oil engineering. We study and analyze a numerical scheme combining a
mixed finite element method (MFE) and a finite volumes method (FV) to discretize the coupled system between
an elliptic equation (pressure-velocity) and a convection-diffusion-reaction equation (concentration). The FV
scheme considered is ”vertex centred” type semi-implicit in time : explicit for the convection and implicit for
the diffusion. We use a Godunov scheme to approach the convectif term and a P1 finite element approximation
for the diffusion term. We prove that the FV scheme is L∞ and BV stable and satisfies the discrete maximum
principle under a suitable CFL condition. Then, we show the convergence of the approximate solution obtained
by the combined scheme MFE-FV towards the solution of the coupled problem. The proof of convergence is
done in several steps : first we deduce strong convergence of the approximate solution in L2(Q), using L∞

stability, BV estimates and a compactness argument. In the second step we study the decoupled MFE scheme,
by giving a convergence result for the pressure and velocity. In the final step, the process of convergence of the
approximate solution of the combined scheme MFE-FV towards the exact solution is obtained by passing in
the limit and uniqueness of the solution of the continuous problem. Academic and realistic numeric simulations
for two-dimensional problems confirm the stability and the effectiveness of the combined scheme. Finally, we
analyze a residual error estimator for a convection-diffusion-reaction equation discretized by a semi-implicit
finite volume. We introduce two kinds of indicators. The first is local in time and space and constitutes an
effective tool for the adaptation of the grid to each time step. The second is total in space but local in time and
can be used for the adaptation in time. The error etimators with respect to both time and space yield global
upper and local lower bounds on the error measured in the energy norm. Numerical results of adaptations of
grid are presented and show the effectiveness of the method.

The software part of this work concerns two shutters. The first allowed to carry out an IMPES simulator,
MFlow, written in C++, for the simulation of the system of miscible flows considered in this thesis. The second
shutter relates to the collaboration with a group of researchers for the development of the Homogenizer++
platform realized within the framework of the GDR MoMaS (http ://momas.univ-lyon1.fr/).


