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å{�>i�m�_/£

Ts = 2.2
¶v£¬_sr�a�c�_s~Je�ct�:�¬ej�>k�_x~D_sy:a¥u>ct��|�p>_om�_�k�eDad_x~Du�wsc�e�ad�>c�_�_sr�adil~Dws_

m�_vk�e4|®�/y{m�_sy�r�e�adil�hy¨m�_ án�¸�äm1�Ä�>yC»ze�ôvu¬ejct©ªe�i�aXm�_b~Dès~D_vm�_sy>rti�adwD�:�>_bk¡�Äp>wskli��>~
k�i��:�>i�m�_/£

Ts = 3.2
¶v£�_xa�ws~Di�a�k<�Ái�m�ws_D�z�>_vkl_sr}m�_x�@§$u>p>wsy>�h~Dqsy>_xr�wxa�eji�_xy:a}c�_sk�ilwsrg¹

�n�Ái�m�ws_�m�_��­�hy{m��hy�_sr�aJkl_Fu��hi�yza!m�_�m�wsu{e�cÅa!m�_Hat�/��at_sr kl_srDadp>ws�hctil_sr ~D��m�_scty>_sr
rt�>cÀk<�Áp>wsklil�>~,kli��:�>i�m�_/¹{^�_su�_sy>m{e�y:ag£�k�e�|x�/y>y�_®§�il�/y4_syzadct_�k�eo|®�/y{m�_xy>r�e�adil�hyFm@_�án�¸�
_xa k¦e$rt�>u�_sc�å>�>i�m�i�adwFy­�Á_xrta u¬ejr wxf@i�m�_syzad_/¹6�'e$rt�>u�_sc�å>�>i�m�i�adw¾�¡ej�>rt_sy{|x_Had��a�ejkl_�m�_
f@ilr�|®�/rti�adw���m�_ k<�Áp�wsk�il�>~ kli��z�>i�m�_ _sr�a�ct_xk�ilws_!e��@§�ily:at_sc�e�|®adil�hy>r�©A�hc�at_srX_sy:atct_ u¬ejc�adi �
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|x�>kl_srg£(e�kl�hctr¥�:�­���¢i�y�rtat_si�y�|x�hy>rti�m@wsc�ejila¥�>y�»ze�ôXu¬ejct©�eji�a�¹(°¤_Xu>kl�>rg£¬kl_sr¤_®§�u�wsctil_sy{|x_sr
m�_�m�i�î���rdil�hy m�_�y>_x��adct�hy>r!m{e�y�r!k<�Áp>wsklil�>~ k�i��:�>i�m�_.�

T = 0
¶ e����h��adilrtrd_xy:a4�

�>y>_X©Acdeh|®atil�/y�|x�hy{m�_sy>rtws_�y>_�m�wsu¬ejrtr�e�y:a¥u{e�r�ÈsÇe½ �v�¬ejrtrt_�u>c�_srtrdil�hy­£(ejk��hctr¥�:�­�Ä�/y
u>ctwgm@ilaÀ�:�>_¤at�/�>r�kl_sr����hrd�hy>rµe�ad�h~Di��z�>_sr�rd�hy:aÀ|x�hy{m�_sy>rtwsrÀu��h�>c���y!»ze�ô¥u¬ejct©ªe�i�aµm�_
ad_s~vu�wsc�e�ad�>ct_�y:�>k�kl_/¹
âÂ�/��at_s©A�hi�rg£gk¦eµm�wg|x�h��fz_sc�at_`m@_6k�eµrt�>u�_sc�å{�>i�m�i�adw6~ e�ct�:�¬eµkl_6m�ws�>��a8m1�Á�>y>_nily:ad_sy�rd_

e�|®adi�f@i�adw¥e��>rtrti{�>il_syDadp>ws�hcti��:�>_¤�:�­�Ä_®§�u�wsc�i�~D_xy:a�ejk�_¿f@ilr�ejy:aÀ��wg|xk�eji�ct|xilc`kl_sr6cde�u>u��hc�atr
_sy:atct_4rt�>u�_sc�å>�>i�m�i�adw4_xa |x�hy{m�_sy>r�e�adil�/yÆm�_�á¼�¸��m{ejy>rDk<�Áp�wsk�il�>~#k�i��:�>i�m�_/¹¼·ðkµ_sr�a �
y>��ad_scD�.|x_4u>c��/u��hrD�:�>_Hm@_4ct_s~ e�ct�:�¬ej�>k�_srDm@wxfz_skl�/u>u�_x~D_sy:adrDm{ejy>rD|x_Hm��h~Jejily>_
m�_�c�_g|�p>_sct|�p>_$esfheji�_syza4|x�hy{m��>i�aH��k<�Áily:adc��@m��>|®adil�/y m�_�y>�h��fz_ge��@§Ó|®�/y{|x_xu�adrg£6at_sklr
�:�>_ æ{k�ebf@i�ad_srtrt_�|xc�ilati��z�>_Xily:adc��@m��>i�ad_Xu{e�c¤�'ejy{m{e���m>e�y>r�rd�hy�©ªe�~v_s�@§F|xcti�adqsc�_�³ b µð£
u>p>�hy>�/y>r)_xa!f�ilat_srtrd_.m�� rt�hy u>c�wgm�i�adr)u¬ejc4á`�/»h�hk�il�>����f¾³ÄËHµ¡£��:�¬ejy:adi�Ð¬|ge�adil�/yãm@_sr
fz�hc�at_®§&u�ct�hu��/rtws_�u¬ejc!ë{_x�@y>~ e�y�³¿`Iµð£6_xad|h¹µ^`_su�_sy{m{ejy:ag£`k�_xr!i�y:at_sc�e�|®adil�hy>r!©A�hc�ad_sr
m{ejy>r�k<�Áp>wxk�il�>~�kli��:�>i�m�_/£�u>k��>r�k�_xr�å{�{|®at�¬e�adil�/y>r�atp>_sct~Di��:�>_xr�_xa��:�¬ejy:adi��:�>_sr�y1�Á�hy:a
u¬ejr�u�_sc�~Dilr�k�e}©¦�/c�~o�>k�ejati��hy!m1�Á��y!~v�@m�qskl_¤atp>ws�hcti��:�>_¤~Di�|xct�hr�|®�/u>i��:�>_¤r�e�adilrt©�eji�r�ejy:a
_xa |se�u¬ej�>kl_Fm1�Á_®§@u>k�i��:�>_xcDkl_4~Dwg|gejy>ilrd~v_Fm@_4u>ct��m��{|®adil�hy�m�_4k¦e�rd��u(_xc�å{�>i�m�i�adwH_sy
kli�_sy�esfz_g|�k�ev|x�hy{m�_sy>r�ejati��hy�m�_Xán�¸�¿¹
^¥�Áw®a�e�i�a�ej�Hm�wx�>��a¿m�_sr¿e�y>y>ws_xr�È�`l_hÇv�z�>_X÷¥ct�hrdrÀ_xa¿�¼i�a�ej_xf@rtó�iliÀ³lÈsÇHµ��/y:aÀctws�>rtrti

rtwsu¬ejct_s~D_syza ��©¦�/c�~o�>kl_sco�>y�~v�@m�qskl_!adp>wx�/cti��:�>_h£¼��k<��eju>u>ct�g§�il~Je�adil�/y�m�_4|�p¬ej~Du
~D���z_sy­£�rt�h�>r�©A�hct~D_vm1�Á�>y�_vwg�:�¬e�adil�/y�m�i�î�wxct_sy:ati�_sklkl_Dy>�hyCk�ily>w�ejilct_Jeju>u�_sklws_vwg�:�¬e��
adil�hy m�_C÷�ct�hrtrÅ�Å�¢i�a�e�_®f@rtó�ilib�¡�6÷��`�v�h�Ówg�:�¬e�adil�/y m�_C��|�p>ctï�m�ily>»/_sc!y>�hyÓk�ily>w�ejilct_
�¡�6���¤�8�®¹(�n�Äwg�:�¬e�adil�/y$m�_v÷�� m�wg|xcti�a�k<�Áwxf/�/kl��ati��hy$m@�@y¬ej~Di��z�>_ortu¬ejati��j�¡ad_s~Du��hct_xk�kl_
�
T = 0

¶v£¼m�_4k<�Á�hy{m�_4~Je�|xct�hr�|®�/u>i��:�>_��<|�p¬ej~Duìrd|gejk¦ejilct_F|®�/~Du�k�_®§@_��vejrtrt�@|xilws_
ej�H|®�/y{m�_xy>r�e�a¿m�_�án�¸�¿¹>^�_xa�ad_�ws�:�¬ejati��hyH|®�/y:ati�_xy:aµ�>y!ad_xct~D_�y>�hy)kli�y>wge�ilct_�at_sy¬ejy:a
|x�h~Du�ad_4m�_)k¡�Äily:adwscdeh|®ati��hyì©�eji��>kl_4_xav�>ily¬eji�c�_4_sy:atct_)kl_srv���/rt�hy>rDm{ejy>rvk�_4|x�/y>m�_sy@�
r�ejabm�_)án�¸�Q|x�hy>rti�m�wsc�w/¹½�n��esfhe�yza�ej»/_!m�_)|x_J~D�@m@qsk�_!c�wsrti�m�_!m{ejy>rok�_J©�ejilab�:�>_Jkl_sr
ily:ad_scdeh|®ati��hy>r��>ily¬eji�c�_sr�rt�/yza�_sy:atilqsct_s~D_syza�u¬ejc�ej~Dwxadc�i�rtws_sr¿u¬ejc¿�>yHrt_s�>k­u¬ejc�ej~Dqxatct_
~Di�|xct�hrd|x�/u�i��:�>_$æ½k�e�kl�hy>»/�>_s��cDm�_4m�i�î(�>rti��hyì_sy��hy{m�_

s
£8y>��adws_

a
¹¼��i

a > 0
£½kl_

|x�hy{m�_sy>r�eja!_srta!ctwxu>�>k�rtil©¸¹�·ðk¤_sr�a4eja�adc�e�|®adil©�rti
a < 0

¹�°¥_�u>k��>rg£6k¦e�kl�/y>»h�>_s�>c)m�_
m�i�î��>rtil�hy

a
_xrta�m�ilct_g|®at_s~D_sy:a�c�_skli�ws_bm1�Á�>y>_ou¬ejc�a��Jk�e!m�_sy�rdi�adwortu¬ejati¦ejkl_

n
m@�$»ze�ô

�:�¬ejrti�u¬ejct©ªe�i�a)m�_.á`�hrt_ Ô °��
T = 0

¶v£nu¬e�c k�e�ct_xk¦e�adil�/y æ
n | a |3<< 1

£`|x_
�:�>i¢e�rtrt�>ct_okl_v|gejc�e�|®atqsct_o�>i�y¬ejilct_bm�_sr�ily:ad_xc�eh|�adil�/y>r�©�e�il�>kl_srg£�_xa�m1��ej��adc�_ou¬e�cÅa}�Jk�e
rt_g|®adil�hy$_xÑ |ge�|x_oat�ha�e�kl_bm�_bm�i�î��>rtil�/y�æ

σ = 8πa2
u��h�>c�m�_sr����/rt�hy>r}�

T ' 0
¶v¹

�­_ou�_xati�a�u¬ejc�ej~Dqxatct_
(n | a |3)1/3

_sr�a���adilklilrdwbm{ejy>r�kl_b|se�k�|x�>k½m�_ok<�Áws|ge�cÅa�_syzadct_�k�e
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ad_s~Du�wxc�e�ad�>ct_

Tc
m1�Á�>y.»ze�ôou¬ejct©�eji�a}m�_vá`�hrt_o_xa�|x_sklk�_vm@�$~vès~D_o»ze�ôbm�_vá`�hrd_o_sy

ad_sy¬ejy:a¤|®�/~Du�at_}m�_sr¿©�eji��>kl_sr�ily:ad_scdeh|®atil�/y>rg¹
^`_su�_sy{m{ejy:a�£¼|x_xatat_Fm@_sr�|®ctilu�adil�/yìatp>ws�/c�i��:�>_Fm��ì»:ejôF�z�¬e�rtilu¬e�c�©�ejila m�_Fá`�/rt_��

T = 0
¶
u{e�cbk<�Áwg�:�{ejati��hyÆm�_�÷��S_xrtavc�_srtatws_4r�ejy>rbf/wscti�Ð¬|ge�adil�/yì_®§@u�wsctil~D_sy:a�e�kl_

�$|gej�>rt_Hm�_srD|x�hy{m�i�adil�/y>rvu>p:�@rti��:�>_srD_®avat_g|�p>y>i��:�>_srDm{e�y>rvkl_srd�:�>_sklkl_sr m��/i�fz_xy:aDrt_
ctw�ejkli�rt_sc¿kl_}|xcti�adqsc�_Xm1�Í�¼ily>r�ad_sily�æ{m�_sy>rti�adw

n
wskl_xfzws_�_xa

T ' 0
¶v¹

^¥�Á_sr�aFu�_sy>m{e�y:aFkl_sr�e�y>y>wx_sr¨È\`/ËZc���È\`l`Ocì�:�>_Ck�e�u>p:��rdi��:�>_¨e�ad�h~Di��:�>_$f@i�aFk�e
y¬e�ilrtr�e�y{|®_!_xa�kl_srom�wxfz_skl�hu>u�_s~D_sy:atrortu�_g|®a�eh|x�>k�eji�c�_srbm�_srXad_g|dp>y>i��:�>_srokl_sr�u>kl�>r�rt���
u>p>ilrtati��z�>ws_sr¥m�_}u>ilws»/_ge�»h_X_xa¥m�_}c�_s©Act�hi�m�i�rtrt_s~D_xy:a¥m1��e�ad�h~D_sr�y>_s��atct_sr¥e�k�|gejk�ily>r¤u¬ejc
©�eji�rd|x_�ej�@§�k¦ejrt_scg¹1^�_bm��h~Jejily>_vm�_�ct_g|dp>_scd|�p>_o_sr�a�m�wsrt�/c�~Je�ilr�|x�hy>y��.rt�/�>r�kl_oy>�h~
m1�fÁ ±µad�h~D_sr�©Act�hi�m@r�Âz¹��­_vu>c�i�§C���h��_skµÈ�`l` b eJctwg|x�h~Du�_sy>rtwJ�(¹­^�p��­£­^�¹Â^��hp>_sy@�
â½ejy>y>�/�{m�ºÒi�_xa|Ã�¹>°�¹>�¢p>ilk�klilu>rµu(�h�>cÀkl_s�>c�rÀadcdegfhej�@§!u>il�hy>y>il_sctr�ej�>rtrdi(�>i�_xy4_®§@u�wscti �
~D_sy:a�e��@§4�:�>_�adp>ws�hcti��:�>_sr�m{e�y�r¤|x_}m��h~Jeji�y>_/³lÈhÈ/£1È�Ê@£­È Ô µ¡¹
�½e�cde�klklqskl_s~D_sy:ag£hkl_sr¢wg�z�>i�u�_srn|dp>_scd|�p{e�y:an�¤ct_s©Ac��/i�m�ilc¢�>yb»ze�ôµm1�Äp:��m�c��/»hqsy>_Àu��/k�e��

ctilrtw¿_xa6u�i�ws»hw¿~Je�»hy>wxati��z�>_s~D_sy:a6m�wxfz_skl�hu>u�qsct_syza`k�e¥ad_g|�p>y�i��:��_¤m��Dc�_s©Ac��/i�m�ilrdrt_s~v_sy:a
wxfhe�u��hc�e�adil©�³�ÈsÌ>£�È�c;µð¹½�­_srvejat�/~v_srbrt�hy:abu>ilws»hwsrv~ e�»hy>wxadi��:�>_s~v_sy:a�£8~ e�ilrbk�e�u>c����
©A�hy{m�_s�>c�m��.u>ilqs»h_o_sr�a�ejº¸��rta�e��>kl_/¹(�Â_xr�e�ad�h~D_sr¥k�_sr¥u>k���r�|�p¬e��>m�r�rg�Áwg|�p{e�u>u�_syza�m��
u>ilqs»/_/£¼_xa kl_sr!e�ad�h~D_srDct_sr�a�ejy:atrvfz�/il_syza)ejkl�/c�r kl_s�>cvad_s~vu�wsc�e�ad�>ct_Hrg�Íe��¬ejilrdrt_scDu¬ejc
adp>_sc�~Jejk�ilr�ejati��hy

via
k�_srD|®�/klk�ilrtil�/y>rvwsk¦ejr�adi��:�>_srg¹n�¼yÆej�¬e�ilrtr�e�y:avk�e�p¬e���at_s�>cvm�_4k�e

|x�/��u>�>ct_/£­�hy�ct_s©Ac��/i�m�i�a�|x�/yzadily5¶>~D_syzaXk�_D»ze�ôDu>ilws»/w/¹Âë8ily¬ejk�_s~v_sy:a�£'e���u>c�i�§�m��Á�>y>_
u�_sc�at_¥m1�Íejat�/~D_xr�£/k¦e}m�_sy>rti�adw

D
�
D = nλ3

dB

�¼m{ejy>r`k<�Á_srtu¬e�|x_¥m�_sr6u>p¬e�rt_sr`rg��e�|s|xc��Ha�a
u¬e�co|x_Ju>c��@|xwgm�w)m@_!c�_s©Act�hi�m�i�rtrt_s~D_syzavm�_J©�e�õx�hyçrdu�_s|®a�e�|x�>k�e�ilct_/¹¢°�ejy>rokl_)|gejrbm�_sr
ejat�/~v_sr�ejk�|ge�klily>r�|x�hy�Ð{y>wsr¿m{ejy>rµ�>y)u>ilqs»/_�~Je�»hy>wxat���ð�hu�adi��:�>_/£@k<��ejº¸�>r�at_s~D_sy:a¿m�_�k�e
u>ct�h©A�hy{m�_s�>cvm��çu>ilqs»/_Hej�ì|®�/�>c�rvm���c�_s©Act�hi�m�ilrdrt_s~D_xy:avwxfheju��/cdejati�©�rt_!ctw�ejkli�rt_)u¬ejc
k¡�Íe�u�u>k�i�|ge�adil�/y�m1�Á��y�|dp¬e�~vuHc�e�m�i��j�ð©Actws�:�>_sy{|x_
³�È�_Iµð¹
^¥�Áwxa�e�i�a�»/cdÏh|x_ ej�Crt�{|s|xqxr}m�_sr�ad_g|�p�y>i��z�>_srXm�_bu>i�wx»/_�ej»/_v~Jej»/y>w®ad�j�Ò�hu�adi��:�>_b_xa

m�_Xc�_s©Ac��/i�m�ilrdrt_s~v_sy:a¤wxfhe�u��hc�e�adil©¢�:�>_Xkl_X|xcti�adqsc�_Xm1���¼ily>r�ad_sily¾æ
nλ3

dB ' 2.612
evwxatw

ctw�ejkli�rtw�u��h�>c�m�_sr¤©�e�il�>kl_sr�m�_sy>rtilatwsroæ
n ' ÈgÇ 6 ��ÈsÇ 8 ejat�/~D_xr®Éj|x~ 3

£¬_xa�m�_sr¤at_s~Du�wscde��
ad�>c�_srXæ

T ' µ
¶¥�ðy{¶v¹�^`_}rt�{|s|®qsr¥ebil~D~Dwsm�i¦e�ad_s~v_sy:a¤|x�hy{m��>i�a¥�bk¦eoctw�ejk�ilr�ejatil�/y�m�_

k¦e�|x�/y>m�_sy>r�ejati��hy m�_�án�¸��m{ejy>r6m�_sr¼»:ejô¿m�ilk��>wxr`m@_¿���hrt�/y>r6ejat�/~Di��:�>_sr¼�>k�adc�ej©Ac��/i�m�rg¹
�'eHu>ct_s~Dilqsc�_!�h�>rt_sc�fhe�adil�/yçm�ilct_g|®at_)m@_!k�eF|x�/y{m�_xy>r�e�adil�hy�m�_)án�¸�SeHwxadwJ©ªe�i�ad_

_sy�È�`l`Ocvm{ejy>r¤m@_sr�»zejôXm�ilk���wsr��>k�adc�ej©Ac��/i�m�r¤m1�Íejat�/~D_sr¿���hrd�hy>i��:�>_sr¥ejk�|se�klily>r¤u>ilws»hwsr
~Jej»/y>wxati��z�>_s~D_sy:a¼m{e�y>r¼m�_sr¢u>ilqs»h_sr¼p¬ejct~D�hy>i��:�>_sr Ô °�¹��8e¥m�wg|x�h��fz_scÅad_µm1�Á��y>_�ad_sklk�_
|x�/y>m�_sy>r�ejati��hy!e�wxadw¿c�w�e�klilrtws_�u>ct_srd�:�>_¿rtil~o�>k�a�ejy>ws~D_sy:ag£/u¬ejc¼adct�hilr6»hct�h�>u�_sr�ej~Dwscti �
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87
«¿��³�È b µð£>kl_�»/c��/�>u�_Xm�_#Ã�¹{¶�_xa�ad_sc�k�_ �¡¯�·Òâ�£¬á6�/r�ad�hy���rt�>c¿�>y

»ze�ô}m1��e�ad�h~D_sr¤m�_
23
�¥e�³lÈsËHµ¡£>_xa�kl_}»hct�h�>u�_Xm�_o^¥¹�^¥¹¬á`c�e�m�kl_x���<³��/�>r�ad�hy���rt�>c¿�>y

»ze�ô}m1��e�ad�h~D_sr�m�_
7
�­i!³�È�`Hµ¡¹¬°¤_su>�>ilr�|x_xatad_}m{e�ad_ �ÅÈ�`l`Oc/�®£�k¦eb|x�/y{m@_sy>r�ejadil�hy�m�_Xán�¸�

eDwxatwXct_su>c��@m��>i�ad_�u{e�c¤��y>_Xadc�_sy:a�ejily>_�m�_�k�ej���/cdejat�/ilct_sr�m{ejy>r¥kl_X~D�/y{m@_/¹(°���ej���/ctm
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|x�/yzadc�ejily:ad_sr¿rt_�atc�ejilat_}rtil~Du>kl_s~D_syza�u¬e�c¿k�eb~vwxadp>��m�_Xm�_sr¿~o�>k�adilu>kli�|ge�ad_x�>ctr¤m�_}�'e��
»/cde�y>»h_/¹�é¥yH�h��adil_sy:aXæ

ρ̂ =
e−αN̂−βĤ

ZG
,

��Èh¹ Ô �
egf/_g|væ

ZG = Tr(e−αN̂−βĤ) .
��Èh¹ÁÌ:�

�'e}©A�hy{|®adil�hy
ZG
_sr�aµe�u�u(_xk�ws_¥©¦�/y{|®ati��hy)m�_¤u¬ejc�adi�adil�hy!»hc�ejy{m��Ò|ge�y>�hy>i��:�>_/¹@�­_sr`~o�>k �

adilu>kli�|ge�ad_s��ctr�m�_X�'e�»hc�ejy>»/_
α
_xa
β
rt�hy:a�e�rtrt�@|®wsr�ej�@§�|x�hy:adcde�ily:at_sr¤rt�>c

< Ĥ >
_xa
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·�áhà32�Ø54vß(ØzÝ�ïAØBºlÚ®à60k¸�Ø�Ù@Ú\º70k¸�áhà MM¬

< N̂ >
�ÂÈh¹�È��®¹��Â_6u¬e�cde�~vqxadct_

β
_xrta8c�_sk�ilwÀ��k�eµad_s~Du�wxc�ejat�>ct_

T
u¬ejc�æ

β = (kBT )−1 £esfz_g|
kB
_sr�a¤k�eD|®�/y>r�a�ejy:at_�m@_�á`�hklatôs~Je�y�y­¹¬�­_}u¬ejc�ej~Dqxadc�_

α
_sr�a¤c�_sk�ilw�ej��u���ad_xy@�

adil_sk�|�p>il~Di��:�>_
µ
m��¾»:ejô$��wxy>_sct»hi�_)�F©A�h�>cty>ilcou��h�>cbejº¸�h��ad_sc��>y>_Ju¬e�cÅadi�|x�>kl_��}u¬ejc

α = −βµ £heji�y>rti��z�­����k¦e�©A�>»ze�|xilatw z = e−α = eβµ
¹j�8e¤m�w®ad_sct~vi�y¬e�adil�hyvm�_sr8fhe�kl_s�>c�r

m�_
z
_xa
β
�:�>i�fzwsc�ilÐ{_syza�kl_sr¤|x�hy:adcde�ily:at_sr��ÅÈ/¹lÈ��`rd_�©ªe�i�a�u¬ejc¿k<�Áily:at_sct~Di�m�i�e�ilct_}m�_Dæ

N = z
∂

∂z
ln ZG(z, β, V ) ,

�ÅÈ/¹~cz�

E = − ∂

∂β
ln ZG(z, β, V ) ,

�ÅÈ/¹¿_:�
�:�­�Äi�k1rd��Ñva¤m��Áily:fz_sc�rd_xc¿u��/�>c¿�h��at_sy>i�c

z
_xa
β
|®�/~D~v_�©A�hy{|®adil�hy>r¤m�_

N
_xa
E
¹

ê¿y>_n©¦�/ilr
ZG
m�wxad_sc�~Dily>ws_/£xad�h��ad_sr­kl_srÂ»hc�ejy{m�_s�>c�r­atp>_sct~D��m@�@y¬ej~Di��:�>_sr

(P, S, ...)rg�Á_syDm�wgm��>ilrt_sy:anu¬ejc¼rti�~Du>kl_¿m�wsc�ilfhe�adil�/y­¹h±¥ily>rti¡£hk�e�u>ct_xrdrtil�/yvrt_¿m�wxad_sc�~Dily>_¤�¥u¬e�cÅadilc
m�_Dæ

P = kB T
∂

∂V
ln ZG(z, β, V ) .

�ÅÈ/¹ b �
�¿�/�>r8y��had�hy>r½�z�>_`kl_�|gejk�|®�>k�_®§�u�k�i�|xi�ad_�m�_

ZG
_sr�a'adctqsr½e�ctm��om{ejy>r8kl_`|ge�r8»hwsy>wsc�ejk

m1�Á�>yoå{�>i�m�_µ_syvily:adwxc�e�|®adil�/y­¹z�¢yvct_xfhejy{|�p>_/£hkl_¿|gejr6m��v»zejôµu¬e�c�©�e�i�anu�_s��a¼èxadc�_Àadc�eji�adw
_®§{e�|®ad_s~v_sy:a¥m1�Ä�>y>_X~ e�y>ilqsct_}c�_s~Jejcd�:�¬ej�>kl_s~D_sy:a¤rtil~Du>kl_/¹��¢y�_xî(_xag£{u��/�>c��>yFr��@rÅ�
adqs~v_�m@_

N
���hrd�hy>rÀ�h�)©A_sc�~Dil�/y>rÀi�m�_syzadi��:�>_srÀy­�Áily:adwxc�ej»/ilrtr�ejy:aÀu¬e�rg£�k¡�Äp¬ej~Di�k�at�/y>il_sy

ad��a�ejk
Ĥ
_sr�a¿�>y>_}rt�h~D~D_�m1�Áp¬ej~Dilklat�/y>il_sy>r

ĥ
�b�>yF|x�hctu>r}æ

Ĥ =
∑

N

ĥi .
��Èh¹ÍËz�

�¼y¨y>�ha�e�yzaou¬ejc {| λ >} k�eH�¬ejrd_Jm�_ fz_s|®ad_s�>c�r�u>ct�hu>ct_srom�_ k¡�Äp¬e�~vi�k�ad�hy>il_syì�H��y|x�hctu>r
ĥ
£Â_xa

ελ
k<�Áwsy>_sc�»/il_4ejrtrd��|xilws_4� | λ >

£'�hy¾u�_s��aowg|xc�i�c�_!u��h�>co|�p¬e��:�>_Jwxa�e�a
ily{m�ilf�i�m���_sk6æ

ĥ | λ >= ελ | λ > .
��Èh¹~`z�

�8�h�>c�m�wxat_sct~Dily>_sc¿k�ev©¦�/y{|�adil�/y�m�_�u¬ejc�adi�adil�hyF»/cde�y{m:�¸|se�y>�hy>i��:�>_
ZG
£>�hyFily:atct�@m@�>ila

kl_�©¦�/c�~Jejk�ilrt~D_�m�_�k¦e�rt_g|x�/y{m@_}�:�¬ejy:adi�Ð¬|ge�adil�/yF�z�>i�ati�_syza�|x�h~Du�ad_�m�_�fhe�c�i¦e�adil�hyFm��
y>�h~o�>ct_�m�_�u¬ejc�adi�|x�>kl_sr

N̂
¹`°�e�y>r!|x_�©A�hct~Jejkli�rt~D_h£6kl_srJ»/cde�y>m�_s�>ctr

Ĥ
_xa
N̂
m�_®�

f@il_sy>y>_sy:a�m�_sr6�/u�wscdejat_s�>ctr�m�_¿fhe�kl_s�>ctr6u>ct�hu>ct_sr
El
_xa
Nl

m{ejy>r`k�e��¬ejrt_¥m�_�k<�Á_srtu¬e�|x_
m�_}ë{��|�ó!y>��adws_ | l >=| nλ, n,λ, ... >

£
N̂ | l >= Nl | l > avec Nl =

∑

λ

nλ ,
�ÅÈ/¹lÈgÇz�

Ĥ | l >= El | l >
esf/_g|

El =
∑

λ

nλ ελ ,
�ÅÈ/¹lÈ/È��
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¸�ðlØzÚ�º�Þ@ÙY·�á�ðlØ¢¹�Þ@Ùg·�áhÙ(à�ØzÚ�º�Þ@ÙY·�á
o¿Û�q3î
egf/_g|Xæ

nλ = a+
λ aλ
�
a+
λ

_xa
aλ
rt�hy:a`ct_srtu�_g|®atilf/_s~D_sy:a�m�_sr`�hu�wsc�e�ad_s�>c�rÀm�_¤|xctw�e�adil�/y

_xa�m�_�m�_sr�adct�>|®adil�/y.m��Á�>y>_Xu¬e�cÅadi�|x�>kl_om{e�y�r¥k¡�Äwxa�e�a | λ > £¬_®a nλ kl_�y>�h~o�>c�_�~D���z_xym1�Á��|s|x�>u¬e�adil�/y�r¥m�_}|x_xa¿wxa�e�a®�®¹
�'e�©A�hy{|®adil�hy

ZG
m��/y>y>wx_�u{e�c���Èh¹ÁÌ:�6rd_�|ge�k�|x�>kl_}e�ilrt_s~D_sy:a¿m{ejy>rµk¦e��¬ejrd_ | l > ¹é¥yH�/��ati�_xy:aXæ
ZG =

∑

l

e−αNl−β El =
∏

λ

ζλ
��Èh¹�ÈgÊ/�

egf/_g|væ
ζλ =

∑

Nλ

e−(α+β ελ)nλ .
��Èh¹�È Ô �

^�_xa�ad_)©�e�|®ad�hctilr�ejati��hyÆm�_
ZG
_sy�u>ct��m��>ilaDm�_)©A�/y>|®adil�/y>rDm�_)u¬ejc�adi�adil�hy>rg£¢c�_sk¦e�adi�fz_sr

|�p¬e�|x�>y>_sr�� ��y.wxa�eja��z�¬e�y:ati��:�>_oily{m�i�f@i�m��>_sk
λ
_sr�a�k<��esfhe�y:a�e�»h_o~Je�º¸_s�>c�m@_ok<�Á��ati�kli �

r�ejati��hyFm��H©A�/c�~Jejk�ilrt~D_�»hc�ejy{m��Ò|ge�y>�hy>i��:�>_/¹

�
���
�98 :;�<!=�$��>?���&-/.��@>A���B>A'C!
DE��!
"�FG!
�%�$>H-/.�!
�I�$��-/.��@>
J !�>A���@>AFK�B"�LM�����N>POQ:;�<!=�$��>?�$��-/.��R���R���B"�LS�T)+UV��"�!
�
�'�/�>c�m@_sr�©A_sc�~Di��hy>rg£>kl_sr¿fhe�kl_s�>ctr¿u(�hrtrti��>kl_sr¤m�_

nλ
m>e�y>r�k�ebrt�/~v~D_ ��Èh¹ Ô ��rt�/yza

nλ = 0
�/�

nλ = 1
�<m1�Íe�u>c�qsr¿k�_�u>ctily{|xilu�_Xm1�Ä_®§>|xkl�>rti��hy�m�_X�¢ej�>kliA��¹�é¥y�ebm��/y{|væ
ζλ

(F ) = 1 + e−α−βελ = 1 + z e−βελ .
��Èh¹�ÈxÌ:�

�¼y���adilkli�r�ejy:a¿�ÅÈ/¹lÈsÌ:�®£@��Èh¹�ÈgÊ/�Â_xaµ�ÅÈ/¹~cz��£j�hyo_xybm�wgm��>i�a¢k<�Á_®§@u>ct_srtrti��hybm���y>�/~��>ct_6ad��a�ejk
~D���z_syFm�_�u{e�cÅadi�|x�>k�_xr¥m>e�y>r¿kl_}r��@r�adqx~D_Dæ

N =
∑

λ

nλ avec nλ =
1

eβ (ελ−µ) + 1
.

��Èh¹�È�c/�
�n�Á_®§�u>c�_srtrti��hyç��È/¹lÈ�c/�µm��/y>y{e�y:a

nλ
_sr�a�e�u>u�_sklws_�r�a�e�adilr�adi��:�>_!�ª�/��m�ilr�adctil�>��ati��hy��¿m�_

ë{_sc�~Di �Å°¤ilc�e�|h¹��¼klkl_6c�_su>ctwsrt_sy:at_nk�_ny>�h~o�>c�_n~D���z_syXm@_6u¬ejc�ati�|x�>kl_sr'��|s|x�>u¬ejy:a'�>y}wxa�e�a
�:�¬ejy:adi��:�>_vily{m�i�f@i�m���_sk

λ
m{ejy>r�k�_D|se�r}m1�Á�>yCr��@r�atqs~D_Dm�_v©¦_sct~Dil�hy>r}r�ejy>r�ily:adwscdeh|��

adil�/y�r�~���ad�>_sklkl_srg¹¬°¤_�u>kl�>rg£�_sk�kl_�~D�hy:adct_��z�>_/£>u��h�>cµ�>yHr��@r�adqs~D_�m�_�at_s~Du�wsc�e�ad��ct_
Ð�§�ws_/£:kl_¥u��hat_sy:adil_sk(|�p>il~Di��:�>_

µ
u�_s��a�u>ct_sy{m@ct_¥y­�Äi�~Du��hc�at_��:�>_xk�kl_¤f/ejkl_s�>cg£:u��hrdi�adi�fz_

�/� y>ws»zejatilf/_/¹�ê�y>_¿f/ejkl_s�>c6»/cde�y{m�_�_xa`y>ws»ze�adi�fz_¥m�_
µ
|x�hctc�_srtu��/y{m!�

nλ
atctqsr6©�ejil�>k�_/£

m��/y>|X�o�>yHrt��rtatqs~D_��>il_syFm�wg|xc�ila�u¬ejc¿k�ebr�a�e�adilr�adi��:�>_}m�_Xá`�hklatôs~Jejy>y�|®k¦ejrtrdi��:�>_Dæ
µ −→ −∞ : nλ ' z e−β ελ .

��Èh¹�È\_z�
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¸gð�ØzÚ�º�Þ@ÙY·�á�ðlØ¢¹�Þ@ÙM·�áhÙ�à�Ø/Ú\ºlÞ�ÙY·�á
o¿Û�q M �
ê�y>_4f/ejkl_s�>c u��/rti�adi�fz_F_xa »/cde�y>m�_�m@_xf/ejy:a

kB T
|x�/c�ct_srtu��/y>mÓej�&|x�hy:adcde�ilct_��$�>y

y>�h~o�>ct_¢atctqsrÂwxk�_xf/w/£g_xa'm��hy{|6�À�>y�»:ejô6m�_6ë>_sct~Dih©A�hc�ad_s~v_sy:a'm�ws»hwsy>wsctwh¹gk�_xrÂy>�/~��>ct_sr
m1�Á��|s|x�>u¬e�adil�hy

nλ
fhe�kl_sy:a¿u>ctwsrd�:�>_DÈ�rdi

ελ < µ
_xa�Çvrti�y��/y­¹

J !�>A���@>[ZQ��>5����>EOQ:I�$!=�$�&>\�$��-/.��R���R]^��>5�,) Ð ����>#"$�B���
�'�h�>cÂm�_srÂ���hrt�/y>rg£skl_sr­fhe�kl_s�>ctr­u��/rtrti���k�_sr'm�_

nλ
m{ejy>rÂk�eÀrt�/~D~v_���Èh¹�È Ô �(rd�hy:a'm@_sr

_sy:ati�qsc�_sr�u��hrdi�adi�fz_xr��/�Hy��>klk�_sr���|x�/y{m@_sy>r�ejati��hy�m�_�á6�/rt_���£>_xa�k¦ebrt�h~D~D_�rt_�c�ej~Dqsy>_
�b�>y�_}rtwsc�i�_�»hws�/~vwxadcti��:�>_/£�rt�/i�aXæ

ζλ
(B) =

1

1− e−α−βελ
=

1

1− z e−βελ
.

�ÅÈ/¹lÈ b �
�­_�y>�/~��>ct_�at�ha�e�k­m�_�u¬ejc�adi�|x�>kl_sr�_sr�a¥ejkl�/c�r¤m��hy>y>w�u¬e�c}æ

N =
∑

λ

nλ
esfz_g|

nλ =
1

eβ (ελ−µ) − 1
=

z

eβ ελ − z .
�ÅÈ/¹lÈgËz�

�n�Á_®§@u>ct_srtrti��hyç��Èh¹�ÈsË:�µm��/y�y¬e�y:a
nλ
_sr�a�e�u>u�_sklws_�r�a�ejati�r�adi��:�>_!�ª�/��m�ilr�adc�i��>�@adil�/y��¿m�_

á`�hrt_®�¸�¼ily>rtat_sily­¹­�¢klk�_oct_su�ctwsrt_sy:at_ok�_oy>�h~o�>ct_�~D���z_sy$m@_ou¬e�cÅadi�|x�>kl_sr��@|s|®�>u¬e�yza��>y
wxa�e�an�:�¬ejy:adi��:�>_µily{m�ilf�i�m��>_xk

λ
m{ejy>rnkl_¿|gejrnm1�Á�>yvr��@r�adqs~D_µm�_µ���hrt�/y>r¼r�e�y>r¼ily:adwxc�eh|��

adil�hy>r�~o��at�>_sklk�_xr�¹1°�ejy>r�|x_b|gejrg£(_xa}�Dad_s~Du�wscdejat�>ct_�Ð�§�wx_/£(k�_ou���ad_sy:ati�_sk¢|dp>i�~vi��z�>_
µ
u�_s��aHu�ct_sy{m�c�_.ad�h��ad_sr4kl_sr)fhejk�_s��ctrHm�_su>�>ilr −∞ º¸��r��z�­��� ε0

£µ�z�>i�ct_su>c�wsrt_sy:ad_
k<�Áwsy>_sc�»/il_�m��Æy>i�fz_�ej��©¦�/y{m{ej~D_syza�e�k¿m�_

ĥ
¹n�8�h�>c

µ > ε0

£6ejk��hctrDk¦e.u(�hu>�>k�e�adil�/y
n0

m�_H|x_)y>i�fz_�ej�Æ©¦�/y{m{ej~D_syza�ejk¿m�_xf�i�_gm@c�ejilaDy>ws»ze�adi�fz_/£¢|x_H�:�>iÀy­��e��>il_syìrÅ¶>cDe��@�
|x�>yFrt_sy>rg¹(^`�/~v~D_}u��h�>c�kl_}»:ejôXm�_Xë{_sc�~Di<£{kl_sr¿f/ejkl_s�>ctr�»/cde�y{m@_sr¤_xa�y>ws»zejatilf/_sr¥m�_
µ
|x�hctct_srtu��hy{m�_sy:a��!�>yC»ze�ôv��i�_sy�m�wg|xc�i�a}u¬ejc�k�e!u>p:�@rti��:�>_vrta�ejati�r�ati��:��_D|xk�e�rtrti��:�>_
�<m�ilr�adc�i��>��ati��hy�m@_Xá`�/k�adôx~Je�y>y¬��æ

µ −→ −∞ : nλ ' z e−β ελ .
�ÅÈ/¹lÈ�`z�

ñ�òK_ `�ü�ø	a �cb�þ?û¡ù�ü�ý �"ô�b�þ ÷|ü�ýc�"ô1ý�ö+þ?û¡ù�ü�ý �"ô�dfehg
�'ebr�a�e�adilr�adi��:�>_}m�_�á`�hrt_®�¸�¼ily>r�ad_silyFctws»hilrdr�ejy:a��>yFr��@r�adqs~v_�i�m�w�ejkÂm�_�á`�hrt_}u�_sc¸�

~D_xa�m1�Á�h��at_sy>i�cs£­�Jad_x~Du�wsc�e�ad�>c�_oÐ�§�ws_
T
£(k�_by>�h~o�>ct_

n0

m1�Ä�@|s|x��u¬ejati��hy�m�_bk¡�Äwxa�e�a
�:�¬ejy:adi��:�>_�©A�hy{m{ej~D_sy:a�e�k­ily{m�i�f@i�m��>_sk'm��Áwsy>_sc�»/il_

ε0

æ
n0 =

1

eβ (ε0−µ) − 1
=

z

eβ ε0 − z .
�ÅÈ/¹ÍÊhÇz�
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é¥yJct_s~ e�ct�:�>_¥�z�>_/£:�:�¬ejy{m

µ
ad_sy{mvfz_sctr

ε0

£:kl_¤y>�h~o�>c�_
n0

m�_®f@i�_xy:a�_®§�adctès~v_s~D_sy:a
»/cde�y{m�_xa�m�_ k¡�Ä�/ctm�ct_Jm�_

N
ad_sk6�:�>_�æ

n0 ≡ N0

£Â�ji
N0

_sr�a�kl_ y>�/~��>ct_ ~D���z_xy
ad��a�ejk�m�_nu¬e�cÅadi�|x�>kl_sr½m��Xr��@r�atqs~D_��µk<�Áwxa�eja'©A�hy{m{ej~D_sy:a�ejk�m1�Äwsy>_sc�»/il_

ε0

¹j^�_®atad_6|x�/y>rtw®�
�:�>_sy{|x_¤m�_¤y¬e�ad�>c�_�u>�>ct_s~D_xy:a`r�a�e�adilrtati��:�>_¥|x�hy>r�adi�ad�>_�k�e�u>ct_s~vi�qsc�_¤rtil»/y¬e�ad�>c�_¥m�_�k�e
|x�/y>m�_sy>r�ejati��hy!~ eh|xc��/rd|x�hu>i��:�>_�m@_¤u¬ejc�adi�|x�>kl_sr`���/rt�hy>i��z�>_sr�r�e�y>r6i�y:atwsc�e�|®adil�hy>r�~��@�
ad�>_sklkl_srÀm>e�y>r`kl_¤~vès~D_�wxa�eja��:�¬ejy:adi��:�>_�©A�hy{m{e�~v_sy:a�ejk<¹@°¤_¤u>kl�>rg£z_sklk�_¤_sr�aÀ��k�e��¬e�rt_
m�� ~Dwg|gejy>i�rt~D_¤m�_¿adcde�i�ad_s~v_sy:a`_xa6©A�hct~o�>k�e�adil�/yJm�_�k�e}|x�/y{m�_xy>r�e�adil�hy!m�_�án�¸�¨m{e�y>r
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∑

λ6=0

1
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∑
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µ < ε0

£½u>�>ilrDm�i�fz_sc�»/_4�:�¬ejy{m
µ −→ ε0

¹
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Nc > N
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∑
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∫ ∞
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( n
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m

( n
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m�_
NT
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¹
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T > Tc
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T
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Tc
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kB Tc
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δε

kB Tc
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kB
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kB

¹
°¤_v~vès~D_/£�k�e)|x�h~Du¬ejc�ejilrd�hy�m�_

N0
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£�_syv©A�hy{|®adil�hy
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£>m�_����/rt�hy>r¤|x�hy{m�_sy>rtwsr¤m>e�y>r¿k¡�Äwxa�e�a�©A�hy{m{ej~D_sy:a�e�kÂm1�Ä�>y>_����Ha�ad_ Ô °o¹
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»/wsy�wsct_srd|x_sy{|x_h¹�^`_$|xcti�adqxatct_/£��:�>i¥_sr�a4rt_sy>rtil�>kl_s~D_sy:a)wg�:�>i�f/ejkl_sy:aF�¾|x_sk���i��/�@ad_sy��
m�ilct_g|®at_s~D_sy:ab��Èh¹ Ô Ì���£¬ily{m�i��z�>_b�:�1�Á�>y>_o|x�hy{m�_sy>r�e�adil�/y.m{ejy>r¥�>y�»ze�ôXi�m�w�e�k8m�_�u¬ejcÅ�
adi�|x�>kl_sro���hrt�/y>i��:�>_sr�y>_Ju�_s��aort_Ju>c��@m��>ilct_!�:�>_Jrti6k�e�m�_xy>rdi�adw!m{ejy>r�k¡�Ä_srtu¬eh|®_)m�_sr
u>p¬ejrd_sr}æ

nλ3
T

m��H»ze�ôXe�atad_xi�»hy>_}k�e�f/ejkl_s�>c�|xcti�adi��:�>_Dæ
nλ3

T ' 2.612 ,
��È/¹ÄÌ{È��

egf/_g|væ
λT =

h√
2πmkBT

.
��Èh¹ÁÌzÊ/�

�¼kl�>r�u>ctwg|xilrt_s~D_sy:ag£1k�e4|x�hy{m�_sy>r�e�adil�/y¨m�_ á6�/rt_®�¸�¼ily>r�ad_sily�y>_vu�_s��a�rd_Dm�w®fz_skl�/u>u�_sc
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n
_sr�a!��y>i�©¦�/c�~D_�m{ejy>rJ�>y>_�»hc�ejy{m�_����Ia�ad_ Ô °o£nk�e
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ĥ
�b�>y>_�u¬e�cÅadi�|x�>kl_}fhejk�_xy:aXæ

εl = l ~ωesfz_g|
l 6= 0

¹¬�­_}y>�/~��>ct_}~D���z_syHat�ha�e�k
nl
m�_}u¬e�cÅadi�|x�>kl_sr¥��|s|x�>u¬ejy:a¥��y�wxa�eja¤ily{m�i �

f@i�m��>_sk½�v�>y>_Xu¬ejc�adi�|x�>kl_bejrtrd��|xilwbej��y>i�fz_�ej�.m1�Äwsy>_sc�»/il_
εl
�<egf/_g|

l 6= 0
�¿m���u>ilqs»h_

p¬ejct~D�hy>i��:�>_/£j_sr�a¢m��hy>y>w�u¬e�c8k�e�rta�ejati�r�ati��:��_Àm�_µá`�hrt_®�¸�¼ily>r�ad_silyH�ÅÈ/¹lÈgËz�®£�_sy�u>ct_sy¬ejy:a
µ = ε0

æ
nl =

1

z−1 eβ l ~ω − 1
=
[ 1

z
el ξ − 1

]−1

,
�ÅÈ/¹~c Ô �

esfz_g|væ
ξ =

~ω
kBT

<< 1 ,
�ÅÈ/¹~c�Ì:�

nl
_sr�a}u��hrdi�adil©�rti

0 < z ≤ 1
¹­�­_Dy>�h~o�>c�_D~v���/_sy$ad��a�e�k

N
m�_D���hrd�hy>r}u>i�wx»/wsr

m{ejy>r�kl_�u��hat_sy:adil_sk­p¬ejct~D�hy>i��:�>_�_sr�aXæ
N =

∑
nl
£>_xa¿r��Äwg|xcti�ag£{m1��eju>ctqsrX�ÅÈ/¹ÍÊ�È���æ

N = N0 + NT =
z

1− z + NT ,
�ÅÈ/¹~cZc/�

esfz_g|væ
NT =

∑

l 6= 0

nl =
∑

l 6=0

[ 1

z
el ξ − 1

]−1

<
∑

l 6=0

[
el ξ − 1

]−1

≡ N
′
max ,�ÅÈ/¹~cl_z�

�ji
N0

_srtabk�_)y>�/~��>ct_!ad��a�ejkµm�_)u¬e�cÅadi�|x�>kl_srv�@|s|x��u¬e�y:avk¡�Äwxa�e�av©A�hy{m{e�~v_sy:a�ejkÀy>�/y
_®§>|xi�adw¤m1�Áwxy>_sct»hi�_

ε0

£
NT

kl_�y>�/~��>ct_¿at�ha�e�k¬m�_¤u{e�cÅadi�|x�>k�_xr`�@|s|x�>u¬ejy:a6ad�h�>r6k�_sr6wxa�e�adr
_®§>|xi�adwxr�egf/_g|

z < 1
£{_xa

N
′
max

kl_Xy>�h~o�>c�_}at�ha�e�k­~Je�§@i�~Jejk`�ª�/�Fy>�/~��>ct_Xm�_Xr�e�ad�@�
c�e�adil�hy��Àm�_�u¬e�cÅadi�|x�>kl_sr��@|x|x�>u¬e�yza�at�/�>r¿kl_sr¿wxa�e�adr¿_®§>|xi�adwsr¼º¸�>rd�:�­�Í�

z = 1
¹

�­_�|ge�k�|x�>k�m@_
N
′
max

rt_�©�eji�aÀ��k�e�klil~Di�ad_�rt_s~Di �Ò|xk�e�rtrti��:�>_��¡eju>u>ct�g§�il~Je�adil�/y rt_s~vi��
|xk�e�rtrti��:�>_��®£�esfz_g|

ξ =
~ω
kBT

<< 1
¹�^�_su�_sy>m{e�y:ag£¬�>y�|gejk�|x�>kÂu>kl�>r¤u>c�wg|xilrt³¿_Zc�£k_l_Hµ

u�_sct~v_xa¤m1�Áws|xctilct_
N
′
max

rd�h�>r¿k¦eo©A�hct~D_Dæ
N
′
max = ξ−3 g3(z) +

3

2
ξ−2 g2(z) + ...

��Èh¹dc b �



Õ ­gë�ì Ø:ß�ºlÚ�Ý�á�í5î1ÜµÝ�ãl·gº�¹gÚ\ºlÞ�Ù=ájÚ�ïªÞ�Ý\â
¸�ðlØzÚ�º�Þ@ÙY·�á�ðlØ¢¹�Þ@Ùg·�áhÙ(à�ØzÚ�º�Þ@ÙY·�á
o¿Û�q3î
egf/_g|væ

NT =
(kBT
~ω

)3

g3(z) ,
�ÅÈ/¹~chËz�

_xa
g3(z) = ζ(3) , g2(z) = ζ(2) ,

��Èh¹dcH`:�
�?i

ζ(3) et ζ(2)
rd�hy:a�m�_sr¿©¦�/y{|�adil�/y>r�m�_X«µil_s~Jejy>y­£�_xa

g3(z) et g2(z)
©A�hy{|®ati��hy>r

m�_Xá`�hrd_h¹
�­_brt_g|x�/y>m.ad_sc�~D_vm�_F�ÅÈ/¹~c b �¤_sr�a�u>kl�>r�u�_®adi�aX�:�>_bkl_vu>c�_s~Dil_sc�u¬ejc��>yC©ªeh|®at_s�>c

~ω
kBT

<< 1
¹@��i¬k<�Á�hy y>ws»/klil»/_¤kl_¤m�_scty�i�_scnad_xct~D_�m�_o�ÅÈ/¹~c b �®£/�/y �h��adil_sy:a`�>y>_¿f/ejkl_s�>c

m�_�k�eoad_s~Du�wxc�e�ad�>ct_}|xc�ilati��:�>_
Tc

0 m�wxÐ{y>il_}u¬ejc}æ
kB Tc

0 = ~ω
( N

g3(1)

)1/3

= 0.94 ~ωN 1/3 ,
��Èh¹~_hÇz�

u¬e�c¿|x�/y�rdwg�z�>_sy:a�£>u��h�>c
T ≤ Tc

0 £�k<�Áwg�:�¬e�adil�hy¾��Èh¹�Ê@È���u>ct_sy{m4k�eb©A�hct~v_Dæ
N ' N0 +

(kBT
~ω

)3

g3(1) .
�ÅÈ/¹¿_>È��

�¼yHwsklil~Di�y{e�y:a
g3(1)

m�_sr�_®§@u>ct_srtrti��hy>r��ÅÈ/¹¿_/Çz��_xaX��Èh¹~_�È���£>�hyH�/��ati�_xy:aXæ
N0

N
' 1 −

( T

Tc
0

)3 u��h�>c
T ≤ Tc .

��Èh¹~_/Ê/�
N0

N

ct_su>c�wsrt_sy:ad_)k�e�©Acdeh|®ati��hyì~ eh|xc��/rd|x�hu>i��:�>_Hm�_4���hrt�/y>rD|®�/y{m�_xy>rdwxrJ��k<�Äwxa�e�a
©A�hy{m{e�~v_sy:a�ejk¬m@�Du>ilqs»/_¿p¬ejct~D�hy>i��:�>_¿ilrt�hatct�hu(_ Ô °�¹z�n�Ä_®§�u>ct_srtrtil�/y��ÅÈ/¹¿_zÊ/�8_sr�a6wg�z�>i��
f/ejkl_sy:ad_X�b|x_sklk�_}�h��at_sy��>_}m{e�y>r¿kl_}|ge�r�m�_�k¦eo���Ha�ad_ Ô °ø��Èh¹ Ô _:��¹
����ad�hy>r¿�:�>_�k¦e�u>ctilrd_�_syH|x�h~Du�ad_�m��Hm�_sc�y>i�_xcµat_sct~D_�m�_D��Èh¹dc b �`ily:adc��@m��>i�a¿�>y>_

|x�/c�ct_g|®atil�/y
∆Tc
rt�>c

Tc
0 æ ∆Tc = Tc − Tc

0 ¹Â�¼y�_xî(_xa�£­�>y¨|gejk�|®�>k6u�_scÅad�>c��¬ejati�©
m�_

∆Tc
�}u¬ejc�adilc�m�_b�ÅÈ/¹~c b �¼_xa��ÅÈ/¹¿_/Çz�nm��hy>y>_¥k¡�Ä_®§�u>c�_srdrtil�hy)m�_ Tc

Tc
0

_syJ©A�/y{|�adil�/y)m�_
N
æ

Tc

Tc
0 ' 1 − 0.727

1

N1/3
.

��Èh¹~_ Ô �
�n�Ä_®§�u>ct_srtrtil�/yS�ÅÈ/¹¿_ Ô �vi�y{m@i��:��_$�z�>_çæ6k�_�©�ejila)�:�>_

N
rt�/i�aJÐ{y>i¤_sy:adcde�ily>_��>y>_

m�il~Di�y:��adil�/y�m�_!k�eHad_s~Du�wscdejat�>ct_)|xc�ilati��z�>_
Tc
¹½�¢ejc�_®§�_s~vu>k�_/£'u(�h�>c

N = 1000
£

k¡�Íe��{e�ilrtrd_x~D_sy:a¤c�_sk�ejati�© Tc0 − Tc

Tc
0

m�_�k�ebat_s~Du�wsc�e�ad�>c�_X|®cti�adi��:�>_}_sr�a¤m�_}k<�Á�hcdm�c�_
7%³lÈ\_Hµð¹�^�_su�_sy{m>e�y:ag£¬rti

N −→ ∞ £{klil~Di�ad_}atp>_sct~D��m@�@y¬ej~Di��:�>_/£�e�kl�hctr Tc = Tc
0 _xak¡�Äwg�:�¬e�adil�hy¾��Èh¹~_/Ê/��u>ct_sy{m4k�eb©¦�/c�~D_Dæ

N0

N
= 1 −

( T
Tc

)3 u��/��c
T ≤ Tc .

��Èh¹~_�Ì:�



íBîlk�î ë Þ@ÙM·�áhÙ(à�Ø/Ú\ºlÞ�Ù=·Má/o�Û qs·�á�2@Ø\4/º�·�ã�ØBðD·�á
o¤Þ@à2á
·(Ø:Ù(à?·�áhà?¹�Þ�Ùnm�Ù�álâ�áhÙ�Ú®àker Õ �

o�prq*s Èh¹ Ô t�^`�/�>c���_sr�c�_su>ctwsrt_syza�ejy:a�kl_srFfhe�c�i¦e�adil�hy>r.m�_�k¦eì©Acdeh|®atil�/y |x�hy{m�_sy>rtws_
N0/N

£�_syC©A�hy{|®ati��hy�m�_ T

Tc
0

£�u��/�>c��>yC»ze�ôvi�m�w�ejk¼m1��e�ad�h~D_sr����hrt�/y>i��:�>_sr}|x�hy�Ð{y>w
m{ejy>r��>y.u>i�qx»/_bp¬ejct~D�hy>i��:�>_ Ô °]_xa�ilrt�hatct�hu�_/¹��Â_sr�|x�/�>c���_sr�_sy.u�_xadi�adr�|x_xcd|xkl_sr�_xa
_sy�kli�»hy>_b|x�hy:ati�y���_b|x�hctc�_srtu��/y{m�_syza}ej�.|ge�r¤Ð{y>i�æ

N = 1000
ejat�/~v_srb�6k�eJ|x�h�>ct��_

_syD|x_scd|xkl_sr�æ/|gejk�|x�>k>_®§{e�|®a6m�_
Nmax

′ ��Èh¹dcH_z�®¹/�'e�|®�/�>c���_¿_syDklil»/y�_�|x�hy:adily��>_�æ/|ge�k�|x�>k
ad_sy¬ejy:a�|®�/~Du�at_}m��4rt_g|x�hy{m)at_sct~D_�m@_ ��Èh¹dc b �t�®¹��8eo|x�h�>ct��_�_sy4kli�»hy>_�ily:ad_sc�ct�h~Du>�>_
|x�hctct_xrdu��hy{m��ok�ebk�il~Di�ad_�adp�_sct~D��m@�@y¬ej~Di��:�>_ �

N −→∞ ��Èh¹~_�Ì���¹

�'evÐ{»h�>ct_!��Èh¹ Ô �¿c�_su>ctwsrt_sy:at_�kl_sr¤fhe�c�i¦e�adil�hy>r�m@_ N0

N

_sy�©A�hy{|®adil�/y.m�_ T

Tc
0

u��h�>c
�>yHu>ilqs»/_�p¬ejct~D�hy>i��:�>_ Ô °Q_®a�ilrd��adc��/u�_/¹
é¥y4_syHm�wgm@�>ila��:�>_�kl_�m�_scty>il_scÀad_sc�~D_�m�_D��Èh¹dc b �6adil_sy:a¿|x�/~vu�ad_�m�_srµrdi�ad�{ejati��hy>r

m{ejy>r�kl_srd�:�>_sklk�_xrÀkl_
N
_sr�a`Ð{y>i<¹@°¤_¥u�k��>rg£:k<�Áwg�z�¬ejati��hy$�ÅÈ/¹¿_/Çz�¼~D�hy:adct_¤�:�>_

(g3(1) =

1.2 )
æ

~ω
kBTc

' 1

N1/3
<< 1

�/�
kBTc >> ~ω .

�ÅÈ/¹¿_Oc/�
�'e.ct_sk�ejati��hyò��Èh¹~_Zcz��i�y{m@i��:��_��:�>_4k¦e$|x�hy{m�_sy>r�ejati��hy&m�_�á¼�¸��y­�Ä_sr�a u¬ejrD�>yÆ_xî(_xa
adp>_sc�~Di��:�>_badc�ilf@i�ejkn�:�>i6eju>u¬ejc�e�a�atc�ejilaX�:�¬ejy{m$k¡�Äwsy>wsct»hil_vadp>_sc�~Di��:�>_

kBTc
m�_xf@il_sy:a



Õ�M ë�ì Ø:ß�ºlÚ�Ý�á�í5î1ÜµÝ�ãl·gº�¹gÚ\ºlÞ�Ù=ájÚ�ïªÞ�Ý\â
¸�ðlØzÚ�º�Þ@ÙY·�á�ðlØ¢¹�Þ@Ùg·�áhÙ(à�ØzÚ�º�Þ@ÙY·�á
o¿Û�q3î
m�_µk<�Á�hcdm�ct_µm�_¿k<�Äwg|ge�cÅa

~ω
_sy:adc�_µkl_µy>i�y�_�e��v©A�hy{m{e�~v_sy:a�ejk>_xa¼k�_Ày>ilf/_�e��v_®§>|®ilatw/£h~Jeji�r

|h�Á_sr�a���y>_X|x�hy>rtwg�:�>_xy{|x_Xm�_�k�ebr�a�e�adilrtati��:�>_}m�_Xá`�/rt_®�¸�¢i�y>r�at_si�y­¹
�¢y.ct_srt�>~Dw/£��Jm�_sr¥ad_s~Du�wscdejat�>ct_sr

T < Tc
kl_sr����hrd�hy>r�©A�hct~Jejy:a��>y.»:ejôou¬ejcÅ�

©�ejila}|x�hy�Ð{y>wDm{ejy>r}��yCu>ilqs»h_Dp¬ejct~v�/y>i��:�>_ Ô ° _xa�ilrd��adc��/u�_/£�rt_D|x�hy{m�_sy>rt_sy:a}m{e�y>r
k�_C~Dès~D_C_xaF�>y>i��:�>_�wxa�e�a��:�¬ejy:ati��:��_¨©¦�/y{m{ej~D_syza�ejkXm�_�|x_�u>ilqs»h_/£¿_xa�m��/y�y>_sy:a
y¬e�ilrtr�e�y{|®_$���>y&ctws»hil~D_�m�_.m�wx»/wsy>wxct_srd|x_sy{|x_.�:�¬ejy:adi��:�>_ç��u¬ejc�ati�_�»ze��{|dp>_.m�_�k�e
Ð{»/��ct_$Èh¹8Ì���¹¼�¢yì|x�h~Du¬ejc�eji�rt�hyÆesfz_g|!��y�»ze�ô)u{e�c�©�e�i�avm�_)©A_sc�~Dil�/y>rb�h��wsilrtr�ejy:a �
k¦e4r�a�e�adilr�adi��:�>_ m�_ ë{_sct~vi��¸°¤ilc�e�|h£Â�hy�ct_s~Jejcd�:��_J�z�>_J|dp¬eh�z�>_ wxa�e�a��:�¬ejy:adi��:�>_D_sr�a
�@|s|®�>u�wFu¬ejcv�>yÆrt_s�>kµ©A_xct~Dil�/y��<m1�Íe�u>c�qsrDkl_Hu>c�i�y{|xilu�_Fm1�Ä_®§>|xkl�>rti��hy&m@_��¢ej�>kliA��£¢_xa
�>y�ctwx»/il~D_)m�_4m�ws»hwsy>wsctwxr�|x_xy{|x_H�:�¬ejy:adi��:�>_$��u¬ejc�adil_4m�c��/i�ad_)m�_)k�e�Ð{»h�>ct_.È/¹ÄÌ��}rt_
m�wxfz_skl�hu>u�_.�z�¬e�y{m

T < TF
�
TF
_sr�aJk�e$ad_s~Du�wscdejat�>ct_�m�_�ë>_sct~Di�m�wxÐ{y>il_�u¬ejc�æ

kBTF = EFermi = ~ω (N)1/3
�®¹

â'�h��at_s©A�hi�rg£1kl_sr}c�wsrt�>kla�ejatr}�h��ad_xy��>r}u��h�>c��>yCu>ilqs»h_Dp¬ejct~D�hy>i��:�>_vi�rt��adc��/u�_ Ô °
rt_ »hwsy>wscde�kli�rt_syzabej�¾|gejr�m1�Á�>y�u>ilqs»h_ p¬e�c�~D�/y�i��:��_!e�y>ilrt�hatct�hu�_ _sy�ct_s~Du>k�e�õge�yza

ωu¬e�c}æ
ω̃ = (ω1 ω2 ω3 )1/3 � ω̃ _sr�a�k�eb~D���z_sy>y>_�»hws�h~Dwxadc�i��:�>_Xm�_sr ω1 , ω2 ,

_xa
ω3

�
³¿_hËHµð¹

o�prq*s Èh¹ÁÌQt��¡e/���½ejc�adil_�»ze��>|�p>_bæ@u��h�>c
T < Tc

£�kl_srÀ���/rt�hy>rµrt_�|x�/y{m�_xy>rd_xy:a¿m{e�y>r
k¡�Äwxa�e�aJ©A�hy{m{ej~D_sy:a�e�k<¹�°¤ws»hwsy>wsc�_sr�|®_sy{|x_��:�¬ejy:adi��:�>_/¹¤�����v�¢ejc�ati�_�m�c��/i�ad_¨æ6|�p{eh�:�>_
wxa�e�a}_sr�a}�@|s|x�>u�wDu¬ejc}�>yCrd_x�>kn©¦_sct~Dil�hy­¹Â«¿ws»hil~D_ m@_ m�ws»hwsy>wsct_srd|x_sy>|x_J�:�¬ejy:adi��:�>_
�:�¬ejy{m

T < TF
¹

EB�(��JMLXAXNBLX[\UVG;CKJMLW[��XU]G;CKU�TKN
é¥y$eDadc��/��f/wb�z�>_ok�eJm�_sy>rtilatwortu¬e�adi�e�kl_bm�_sr����hrt�/y>r�m{ejy>r��>y�u>i�qx»/_oy­�Ä_sr�a�u¬e�r

�>y>il©A�hct~D_bm{e�y>r�k<�Á_srtu¬e�|x_bc�ws_sk¢m�_sr�u��hrdi�adil�hy>rD��Èh¹ÁÌhÌ���¹Â^`_octwsrt�>k�a�e�a�u�_sc�~D_xa�m�_oct_®�
u>ctwsrt_sy:at_scg£­m{e�y�rXk<�Á_srtu¬e�|x_ c�ws_sk<£­k�eH|x�hy{m�_sy>r�ejatil�/y¾m�_sr}���hrd�hy>r�|x�hy�Ð{y>wsrXm{e�y�rX�>y



íBîlk�î ë Þ@ÙM·�áhÙ(à�Ø/Ú\ºlÞ�Ù=·Má/o�Û qs·�á�2@Ø\4/º�·�ã�ØBðD·�á
o¤Þ@à2á
·(Ø:Ù(à?·�áhà?¹�Þ�Ùnm�Ù�álâ�áhÙ�Ú®àker Õ i
u>ilqs»/_�p¬ejct~D�hy>i��:�>_/¹
�­_sr­u¬ejc�adi�|x�>kl_sr'|x�/y{m�_xy>rtws_sr'm{e�y>r­k¡�Äwxa�e�aÂ©A�hy{m{e�~v_sy:a�ejkzm1�Á�>y�u>ilqs»/_¼p¬e�c�~D�hy>i��z�>_

ejy>i�rt��adct�hu�_��hy:a ad�h��ad_srJk�eC~Dès~v_�©¦�/y{|�adil�/yÓm1�Ä�/y{m�_��:�¬ejy:adi��:�>_�~ eh|xc��/rd|x�hu>i��:�>_
φ(~r)
¹��n�Á_®§�ad_sy>rtil�/y.rdu{ejati¦ejk�_vm�_

φ(~r)
rt�>ilfhejy:a�k¡�Ä�>yCm�_xr}e�§�_srg£(u¬e�c�_®§�_x~Du>kl_bk<��e�§�_

m�_sr
x
£Â_sr�aom�_ k<�Á�hcdm�ct_

∆x0

¹'°�ejy>r�kl_J|ge�rom��Á�>y¾u�i�qs»h_Jp¬ejct~D�hy>i��:�>_ i�rt��adct�hu�_/£Âk�_
|gejk�|x��kÂm�_

∆x0

u�_x��a¿rt_�©�eji�c�_X��u¬ejc�ati�cµm�_væ
∆x0 ∆p0 ' ~

esfz_g|oæ 1

2m
(∆p0)2 =

m

2
ω2 (∆x0)2 ¹¬é¥yH�h��adil_sy:aXæ

∆x0 '
( ~
mω

)1/2 u��h�>c
T < Tc .

�ÅÈ/¹¿_Z_z�
é¥yXc�_s~Jejcd�:�>_6�:�>_

∆x0

_sr�a8ily{m�wsu�_sy{m{ejy:at_�m�_
N
_xa'ws»ze�kl_À�

σx
ægk�e�c�»/_s�>c'~v���/_sy>y>_

m�_�k�eb©A�hct~D_}m1�Ä�/y>m�_Xm{ejy>r¿k¦ebm�i�c�_g|®adil�hy
x
¹{°¤_�~Dès~D_/£��hy�|gejk�|x�>kl_

∆y0

_xa
∆z0

¹
± æ

T > Tc
£@kl_sr¿u¬ejc�ati�|x�>kl_srµy>�/yH|x�hy{m�_sy>rtws_sr¿©A�hct~v_sy:aµ�>y4y��¬ej»/_�adp>_sc�~Di��:�>_

m��hy:aCk¡�Ä_®§@ad_xy>rdil�hy
∆xT
£�m�wgm��>i�ad_Æm�_�k<�Áwg�:�¬e�adil�hy 1

2
mω2 (∆xT )2 =

1

2
kB T
£

rg�Áwg|xc�ila}æ
∆xT '

(kB T
m

)1/2 1

ω
,

�ÅÈ/¹¿_ b �
_xa¥ej�4fz�hi�rtily¬ej»/_Xm@_

T = Tc
£>�hyH�h��adil_sy:aXæ

∆x0

∆xT
'
( ~ω
kB T

)1/2

∼
( ~ω
kB Tc

)1/2

,
�ÅÈ/¹¿_/Ëz�

m1�Á�ji­£>_xyF��ati�klilr�ejy:a�k<�Áwg�z�¬ejati��hy¾�ÅÈ/¹¿_Oc/��æ
∆x0

∆xT
' N−1/6 .

�ÅÈ/¹¿_Z`z�
�'eJct_xk¦e�adil�/yì��Èh¹~_l`:��~v�/y:atct_o�:�>_ok¡�Ä_®§@ad_sy�rdil�hy

∆x0

£�e�ily>rti¢�:�>_
∆ y0

_xa
∆ z0

£�m�w®�
u�_sy{mãm�_

N
u��/��c

∆xT
Ð�§@ws_/¹µ�¼yã_xî(_xag£¿�¨k¦e¾kli�~Di�ad_

N −→ ∞ £�k�_.u>i�|$m�_sru¬ejc�adi�|x�>kl_sr�|®�/y{m�_sy�rdws_xr¥_sr�a¥��_ge��{|x�h�>u�u>kl�>r¤wxadc��/i�a��z�>_Xkl_X©A�hy{mHadp>_sc�~Di��:�>_
∆xTm�_�u¬e�cÅadi�|x�>kl_sr¼y>�hyv|x�hy{m�_sy>rtws_srg£�_xa¢k�e¥|x�hy{m�_sy>r�ejati��hyvm�_¿á¼�Å�Ceju>u¬ejc�e�a�a¢rt�/�>r½©A�/c�~D_

m1�Á�>y�_!|x�hy{m�_sy>r�ejati��hy¾rdu¬e�adi�ejk�_ atctqsrXy>_xatat_/¹8�¢ejcX_®§�_s~vu>k�_/£Âu��h�>c
N = 106 £ ∆x0_sr�a�_sy:f�i�c��/y>r

10
©A�hilr�u>kl�>r�u�_xatila��:�>_

∆xT
¹

AÀ��&|CFR�C�G�N�G;¦hN5>IR=J+Ah�XL+U�R�Cf�+ShN
�'e¤k�il~Di�ad_�adp>_xct~D��m@�@y¬ej~Di��:�>_µ_xrta¢�/�@ad_sy��>_À_syb©�ejilr�ejy:a¢at_sy{m�ct_

N
fz_sc�r¢k<�Áily�Ð{y>i<¹

·ðk��ãe�|x�hy{m�_sy>r�e�adil�/y�m�_�án�¸�Urti
Tc
y>_$at_sy{mãu¬ejr4f/_sctr4ôswsc��ìk��hctrFm��Á�>y>_.ad_sklkl_

kli�~Di�at_/¹¬°�ejy>r�kl_}|gejr�m�_sr¿���/rt�hy>r¤|x�hy�Ð{y>wsr�m{ejy>r��>y4u>i�qx»/_�p¬ejct~D�hy>i��:�>_�i�rt��adc��/u�_/£



Õ¬Õ ë�ì Ø:ß�ºlÚ�Ý�á�í5î1ÜµÝ�ãl·gº�¹gÚ\ºlÞ�Ù=ájÚ�ïªÞ�Ý\â
¸�ðlØzÚ�º�Þ@ÙY·�á�ðlØ¢¹�Þ@Ùg·�áhÙ(à�ØzÚ�º�Þ@ÙY·�á
o¿Û�q3î
k¡�Äwg�:�¬e�adil�hyÆæ

kB Tc ∼ ~ωN 1/3
��Èh¹~_Zc/��~D�/yzadct_b�z�­�Áilk½©�ej��a�wx»:ejkl_s~D_sy:a�ad_sy{m�c�_

ωfz_sc�rJôswxct�¾�:�{e�y{m
N −→ ∞ £¼_sy�»:ejcdm{ejy:a ωN 1/3

�/�
N ω3

|x�hy>r�a�ejy:a�¹�^`_xa�ad_
|x�/y>m�ilati��hy&rt_Fctw�ejkli�rt_F_sy�u¬ejc�a�ejy:a!m@�&©ªe�i�a!�:��_�k�e�m�_xy>rtilatw�~D���z_sy�y>_�m���y��¬ej»/_
adp>_sc�~Di��:�>_ N

(
∆xT

)3

m��hila�èxatct_oÐ{y>i�_D�
T = Tc

�:�¬e�y>m
N −→ ∞ ¹­�¢yC_xî(_xa�£�k�e

m�_sy>rti�adw�m��)y��¬ej»/_¥atp>_sct~Di��:�>_¥u�_s��aµèxadc�_�|gejk�|x�>k�wx_}��u{e�c�atilcµm�_srÀwg�:�¬e�adil�hy>r}��Èh¹~_l_z�
_xa���Èh¹¿_Oc/�®¹¬é¥yH�/��ati�_syzaXæ

N
(

∆xT

)3 '
( m

kB Tc

)3/2

N ω3 .
��Èh¹ b Çz�

�n�Áwg�:�¬e�adil�hyF��Èh¹ b Çz�'ily{m�i��:�>_¿m��hy{|µ�z�>_µk�e�m�_sy�rdi�adwµm��by��¬ej»/_�adp>_xct~Di��:�>_Àct_sr�at_�Ð{y>i�_
_xa¤|x�hy>r�a�ejy:ad_�rti

N ω3 = cte
u��/�>c

N −→∞ _xa ω −→ 0
£¬esfz_g|væ

Tc 6= 0
¹

°¤_b~Dèx~D_/£�m{ejy>r�k�_b|ge�r�m�_ok�e!���Ia�at_/£�k�e!m�_sy>rti�adwbrtu¬ejati¦ejkl_bct_sr�ad_�Ð{y>il_b_xa��>y>i��
©A�hct~D_D�:�{e�y{m

N −→ ∞ £ V −→ ∞ ¹­�¼yC_xî(_xa�£­� T = Tc
£1k<�Áwg�:�{ejati��hy>rJ��Èh¹ Ô Ì:�

~D�hy:adc�_}�:�>_Dæ

n =
N

V
=

2.612

λ3
Tc

= cte
�:�¬ejy{m

N −→∞ , V −→∞ .
��Èh¹ b È��



íBî��Mî ë Þ@ÙM·MáhÙ(à�Ø/Ú\º�Þ@ÙY·�á
o¿Û�q�·�á
2�Ø54�º�·�ã�ØBðD·�á
o¤Þ�à2á/·Má/·gº�â�áhÙ(à�ºlÞ�Ùº�ÙMïFã�Ý�º§ál¸�Ý�á
�!Ú�ÝxÞVº�à Õ1ñ
ñ�ò&� w ü�ýx�"ô1ý�ö+þ?ûDù�ü�ý �"ô(dfehg �"ô���þ��%ùz�c{vþ|b��"ô(d�ü�ö+ô

�"ô��¢ùza ô1ý�öhù�ü�ý ù\ý��+{vø¡ù�ô��"øDô�� ûXøDü�ù\ö
�¿�/�>r�ejk�kl�hy>r�_®§{ej~Dily>_sc�m{ejy>r�|x_�u¬ejc�ej»/cde�u>p�_okl_sr¥u��/rtrti��>ilkli�adwsr�m�_om�wxf/_sk��hu>u�_®�

~D_sy:anm�_¿k�e�|x�/y{m�_xy>r�e�adil�hyJm�_�á`�hrd_®�¸�¢i�y>r�at_si�y m{ejy>rn�>yv»:ejô¿i�m�w�ejk¬m�_¿���hrt�/y>rnu>ilws»hw
m{ejy>r!m@_sr!|®�/y�Ð{y>_x~D_sy:atrJ�>i�_®aJ�>y>i �Òm�il~D_sy>rtil�/y>_sklrg¹6±¤Ð{y�m�_Fy>_Fu¬ejrJc�wsu�wxad_scDkl_sr
wxa�eju�_sr�m�_¥|se�k�|x�>k��:�>i¬rd�hy:a6atctqsr�e�y¬ejkl�/»h�>_srµ�}|®_s�@§Jm��J|ge�rnadcti �Òm�il~D_sy>rtil�/y>_sk<£:�hyJrt_
|x�hy:ad_syzad_µm�_Àu>c�wsrt_sy:ad_sc¢m�i�c�_g|®ad_s~v_sy:a¼kl_sr¢ctwsrt�>k�a�e�adr¼m�_µ|gejk�|x�>k{��Ê¤_xa¿ÈÀm�il~D_sy>rtil�/y�r�£
u>�>ilr`|®�/~D~v_sy:ad_sc¼kl_s�>c¢f/ejkli�m�i�adw¿u>p:�@rti��:�>_/¹:���h�>r6|x�hy>rti�m�wxct�hy>r`m�_sr6|x�hy{m�i�adil�/y>r`e��@§
kli�~Di�at_sr�u�wsc�i���m�i��:�>_sr¤m{e�y>r¿kl_}|gejr¤m�_sr¿���Ia�at_sr¥Êh° _xaXÈg°o¹{���/��r�|x�/~D~v_sy{õx�hy>r�u¬ejc
adcde�i�ad_sc�m1��ej���/ctm.kl_b|gejr�m�_xr�u>ilqs»/_xr�p¬e�c�~D�hy>i��z�>_sr}�!Ê!m�il~D_sy>rtil�/y>rg£(u>�>ilr�_xy>rd��ilat_
�4È�m�il~D_sy>rtil�/y­¹

�
������� Î �&��'
�@>A��!C"�LS������-/.��@>�8=U �����BU
Î ���B'
� ��!
"�L����N�&-*.���8=U
�­_�y>�/~��>ct_�at�ha�e�k

NT

m@_À�(�hrt�/y�r¼��|s|x�>u¬ejy:a¢ad�h�>r¢k�_xr¼w®a�e�adr¢ily{m�ilf�i�m��>_xk�r¼_®§>|xi�atwsr
�
T > Tc

_sr�a¤m�_�k�eb©A�hct~v_Dæ

NT =
(kB T
~ω

)2

g2(z) .
�ÅÈ/¹ b Ê/�

±
T = Tc

�
z = 1

�®£>�hy�e4æ

N =
(kB Tc
~ω

)2

g2(1) , et kB Tc = ~ω
( N
g2

)1/2

avec : g2(1) = 1.465�ÅÈ/¹ b�Ô �
_xa¥�

T ≤ Tc
£>�hy�e4æ

N = N0 +
(kB T
~ω

)2

g2(1) ou
N0

N
= 1 −

( T
Tc

)2 �ÅÈ/¹ b Ì:�
é¥yä_xyòm�wgm@�>ila��z�>_Ck�_srHctwsrt�>k�a�e�adrH�/�@ad_sy��>rFm{ejy>rHk�_�|gejr�m�_Cu>ilqs»h_�p¬ejct~D�j�

y>i��:�>_X�bm�_s�@§Hm@i�~D_xy>rdil�hy>r�rt�hy:aµadctqsr�e�y¬ejkl�/»h�>_sr¥�b|x_x�@§4�/��at_sy��>r�m{ejy>r¿k�_�|ge�r�m��
u>ilqs»/_bp¬e�c�~D�hy>i��z�>_vilrt�hadc��/u�_ Ô °�¹1�'eJk�il~Di�ad_oadp>_sc�~D�@m@��y¬e�~vi��:��_D|x�hctct_srtu��hy{m$i�|xi
�
N −→ ∞ _xa ω −→ 0

esfz_g|
Nω2 = cte

u��/�>c¤k�eh�:��_sk�kl_�k�e m�_sy>rti�adwoe���|x_sy:atct_
m��Hy��¬ej»/_�adp>_sc�~Di��:�>_Dæ N(

∆xT

)2 ∝ N ω2 _sr�a¤|x�hy>r�a�ejy:ad_/¹



Õ Ægë�ì Ø:ß�ºlÚ�Ý�á�í5î1ÜµÝ�ãl·gº�¹gÚ\ºlÞ�Ù=ájÚ�ïªÞ�Ý\â
¸�ðlØzÚ�º�Þ@ÙY·�á�ðlØ¢¹�Þ@Ùg·�áhÙ(à�ØzÚ�º�Þ@ÙY·�á
o¿Û�q3î
ê�y&u>ilqs»h_�p¬ejct~v�/y>i��:�>_�ilrd��adc��/u�_.�

2D
u�_s��a!rt_�ctw�ejk�ilrt_scJ_sy&u¬ejc�a�ejy:a!m1�Á�>y

u>ilqs»/_�p¬e�c�~D�hy>i��z�>_ Ô ° atctqsr¤ejy>i�rt��adc��/u�_Xegf/_g|væ
ω3 >> ω1 = ω2 ,

��Èh¹ b c/�
_xa¿u��h�>c¿�:�>_�kl_}m@_s»/c�w}m@_�klil��_sc�atw}|x�hctct_srtu��hy{m{ejy:a¤�

ω3

rt�/i�a¿»h_sk�w}�o�>y>_�at_s~Du�wscde��
ad�>c�_

T
rt��Ñ r�ej~D~D_sy:a¿�¬ejrtrd_h£>ilk­©�ej��a¤�:�>_

T
f/wscti�Ð{_�k�ev|x�/y>m�ilati��hy¨æ

kB T << ~ω3 ,
��Èh¹ b _z�

�'e�|x�/y>m�ilati��hy �ÅÈ/¹ b _z�Jrg��eju>u>k�i��:�>_¨ej�>rtrti��>i�_syärt�>c4k�e¾ad_s~Du�wscdejat�>ct_C|xcti�adi��:�>_
Tc|x�/c�ct_srtu��hy{m{e�yza��ok�ev|x�/y>m�_sy>r�ejati��hy�Êh°o¹

Î �&��'
�R��!
"�LS������-/.�� �����N��L��@��><�����
�­_sr¿���/rt�hy>r�r�e�y>r¿i�yzadwsc�e�|®ati��hy>r�~o��at�>_sklk�_xr�rd�hy:a�|x�/y�Ð{y�wsr¥m>e�y>r¿�>yFu>ilqs»h_}p¬ejcÅ�

~D�hy>i��z�>_��X�>y>_�m�il~D_sy>rtil�/y­¹@�­_�|gejk�|x�>k1m��)y>�h~o�>c�_¥at�ha�e�k
Ne

m�_����hrt�/y>rµm{ejy>rÀk�_sr
wxa�e�adr¿ily{m�ilf�i�m���_sk�r�_®§>|xi�adws_xr¥�

T > Tc
_xa
T = Tc

£>m��/y>y>_Dæ

Ne = −kB T
~ω

ln
[

1 − z e
−
~ω

2kBT
]

pour T > Tc ,
��Èh¹ blb �

_xaXæ

NT = −kB Tc
~ω

ln
[

1 − e
−
~ω

2 kBTc
]

pour T = Tc (z = 1) .
�ÅÈ/¹ b Ëz�

^`�/~v~D_
~ω << kB Tc

£(�>y$m�wxf/_sk��hu>u�_s~D_xy:a}m�_4��Èh¹ b Ë:�¤|x�hy{m��>i�a}�Jk�eJct_sk�e��
adil�/y�æ

NT =
kB Tc
~ω

ln
(2 kBTc
~ω

)
.

��Èh¹ b `z�
�8�h�>c

T < Tc
£>k�ebc�_sk¦e�adil�hy¾�ÅÈ/¹ bZb ��u>c�_sy{mHk�ebk�eo©A�/c�~D_ �¡esfz_s|

z ' 1
�¥æ

Ne =
kB T

~ω
ln
(2 kBT

~ω

)
,

��Èh¹ÍËhÇz�
_xa¥�ou¬e�cÅadilc�m�_�k<�Áwg�:�{ejati��hy

N = N0 + Ne

£��hyH�/��ati�_syzaXæ
N = N0 +

kB T

~ω
ln
(2 kBT

~ω

)
,

��Èh¹ÍË�È��
�/��æ

N0

N
= 1 − T

Tc

ln (2 kBT /~ω)

ln (2 kBTc/~ω)
.

��Èh¹ÍË/Ê/�



í5î���î,íBî��Mî ë6 6¡ rtq ¡ u¬ÖÇn8y  6¡ rtqso¿Û�q�rtqR¢bÖ�£�y�r�¤�Ö�p rtqso   u�q�r�qrty�w.q ¡ uky  Q¡ y ¡ YC¤|{�y�q;¥�{�q�¦'n3{   yÍu Õ+¬

o�prq*s È/¹~c*t�´`ejcti�ejati��hy>r¼m�_�k¦e¤©¦c�e�|®adil�/yb|x�/y{m�_xy>rtws_
N0/N

m1�Ä�>yb»zejôÀi�m�w�e�k�m1�Íejat�/~D_xr
���/rt�hy>i��:�>_sr�|x�hy�Ð{y>w�m{ejy>rµ�>y)u>i�qs»h_�p¬ejct~D�hy>i��:�>_��>y>i�m�il~D_sy>rti��hy>y>_sk<£�_sy4©A�hy{|®adil�hy
m�_
T/Tc
¹��Â_xr¿|x�/�>c���_sr¿rt�hy:aÀadcdeh|xwx_srµu(�h�>c�æ

N = 102
��kli�»hy>_�|x�hy:adily��>_���£

104
£
108��klil»/y>_sr¿i�y:at_sctc��/~Du��>_sr��®£�_xa

N −→∞ �ªadcde�i�a¿_syFu��hily:adilklk�wsr���¹

�'eDÐ{»h�>ct_)��Èh¹dc/�¤m��hy>y>_ok�eJ|x�/�>c���_ N0

N
= f

( T
Tc

) u��h�>c�m�i�fz_sc�rt_sr¥f/ejkl_s�>ctr�m�_
N
æ
N = 102 , 104 , 108 , ∞ ³¿_ b µ¡¹{é¥y!f/�/i�a¿�z�>_�k¡�Äwxa�ej�>kli�rtrt_s~D_syza¿m1�Á�>y>_�u��hu>�>k�e��

adil�hy�~Je�|xct�hr�|®�/u>i��:�>_
N0

ej�Xfz�hi�rtily¬e�»h_�m�_
T = Tc

_sr�a¢m1�Íe��@a�ejy:a½u>kl�>r8�>ct��a�e�kl_��:�>_
N
_sr�a�»hc�ejy{m1¹{�­_srµf/ejcti�e�adil�/y>r�m�_

N0/N
esfz_g|

T/Tc
rt�/y:a¤ejk��hctr��:�¬ejrdi �ðkli�y>wge�ilct_srg¹

§ �&LM�%�<�¨�$����"�LS�*��©���!
LM��-/.��ª��!��N>��&�(�,!�>����(�N�&��'
����!
"�L���)
�N�&-*.�� ��� ����LS�B�N>#�&���
^`�h~D~D_

kB Tc >> ~ω
_xa¿�:�>_væ

ln u << u
rti
u >> 1

£��hy4u�_s��a¤eju>u>ct�g§�i �
~D_scµk¦eoct_sk�e�adil�/y¨��Èh¹ b `:�`u¬e�c

N =
(kB Tc
~ω

)
ln 2N

£{|x_}�:�>i­m��hy>y>_ æ
kB Tc
~ω

' N

ln N
−→ kB Tc '

N ~ω
ln N

.
�ÅÈ/¹ÁË Ô �

�¢ejc¥eji�klkl_s�>ctrg£(�bk¦evkli�~vilat_
N −→ ∞ £ ω −→ 0

esfz_g|
N ω = cte

£{k¦evu>c�wsrt_sy{|x_�m�_
ln N

ej�Cm�wsy>�h~Dily¬e�ad_s�>c�m�_4��Èh¹ÍË Ô ��_sy:atc�ejily>_v�:�>_
Tc −→ 0

£�|h�Ä_sr�aX�!m�ilct_b�:�>_bk�e
|x�hy{m�_sy>r�ejati��hy�m�_Xán�¸�ìy>_�rt_�u>ct�@m@�>ila�u¬ejr¤m{ejy>r¿�>yHu>ilqs»/_�p¬ejct~D�hy>i��z�>_ Èg°Qu��h�>c



ÕMm ë�ì Ø:ß�ºlÚ�Ý�á�í5î1ÜµÝ�ãl·gº�¹gÚ\ºlÞ�Ù=ájÚ�ïªÞ�Ý\â
¸�ðlØzÚ�º�Þ@ÙY·�á�ðlØ¢¹�Þ@Ùg·�áhÙ(à�ØzÚ�º�Þ@ÙY·�á
o¿Û�q3î
�>yCy>�h~o�>c�_bi�y�Ð{y>i¼m�_bu¬e�cÅadi�|x�>kl_sr�¹­���/��r�~D�hy:adc�_sct�hy>r}m{ejy>r�kl_D|�p{e�u>i�adc�_F�<·�·Å�¥�:�>_
k�_xr�_®§�u�wsc�i�_xy{|x_sr�ctwg|x_syzad_sr¿�/yza�wxadw�c�w�e�klilrtws_sr¥esfz_g|

N
Ð{y>i<¹

�
�����98 «¬!
DE����­B!�������ZQ�
>#����>[�,����®3��­ ��!��N>¯.N���EZQ���v�<��ZN�°�,�
.N�N�9)+�N�&LS�B�N>#�&�����@�&�

]^���v�<��8=U
�­_sr6���hrd�hy>r6r�ejy>r6ily:adwxc�e�|®adil�/y>r6~o��at�>_sklk�_sr6rt�hy:a�|®�/y�Ð{y>wxr�m{ejy>r6�>y>_����Ha�ad_¥Êh°Sæ

�>yD|gejctc�w¿m�_¿|���adw
L
¹h�­_¿|gejk�|x�>k{m��vy>�h~o�>c�_�ad�ha�e�k

N
m@_µu¬ejc�adi�|x�>kl_sr¼�@|s|x�>u¬ejy:a¼at�/�>r

k�_xr�wxa�e�adr¿ily{m�i�f@i�m��>_sklr¤_®§�|xilatwsr¤m��hy>y>_Dæ

N = 2
[ L

λT (Tc)

]2

ln
( L

λT (Tc)

)
.

��Èh¹ÍË�Ì:�

^��h~D~D_
L >> λT

£��hyãu�_s��aHc�_s~Du>k�e�|x_sc
ln
( L

λT (Tc)

) u¬ejc 1

2
ln N

|x_$�:�>i
~D�hy:adc�_C�:�>_$k¦eçm�_sy>rtilatwCrtu¬e�adi�e�kl_Crt�>ct©ªeh|xi��:�>_ìæ

ns '
[ 1

λT (Tc)

]2 £��/��at_sy��>_¨�
u¬e�cÅadilcom�_�æ

ns λT
2 ' 1

£Â_srta�u>ct�hu��/cÅadil�/y>y>_xk�kl_H� N

L2 ln N

_xa�at_sy{m¨f/_sctr�ôswsc��
�:�¬ejy{m

N −→∞ £ L −→∞ esfz_g| N
L2

= cte
¹h°¥_À~Dèx~D_/£j_sybu¬ejc�a�ejy:a¼m��b©�eji�an�:�>_

kB Tc ' ns
�ÅÈ/¹ Ô Ê/�®£>�hyH_syFm�wgm��>i�a¥�z�>_

Tc −→ 0
�:�¬e�yza

N −→∞ _xa L −→∞¹­·ðk¢y­�Ä�$e4m@�/y{|bu¬ejrXm@_D|x�/y{m�_xy>r�ejadil�hy¨m�_ án�¸�äm{e�y�r}�>y>_v���Ia�at_
2D
�)k�e!k�il~Di�ad_

adp>_sc�~D�@m@��y¬e�~vi��:��_/¹

]^���v�<�y�BU
�'�/�>c½��yv|x�hy�Ð{y>_s~v_sy:a¢©A�hc�a¢rt_skl�hybk�_xrne�§�_sr

x
_®a
y
£jkl_sr¼m�il~D_sy>rti��hy>r½adcde�y>r�f/_sctrt_sr

Lx
_xa
Ly
m1�Á�>y>_��(�Ia�ad_

3D
m�_xf@il_sy>y>_sy:a`atctqsr`u�_xatilat_sr�m�_xfhe�y:a

Lz
_xa`k¦e����Ia�at_¤u>ct_sy{m

�>y>_)©A�hct~D_4e�klkl�/y>»hws_H�:�¬ejrti��ð�>y�i�m�il~D_sy>rtil�/y�y>_sk�_h¹6�¼kl�>rbu>c�wg|xilrd_s~v_sy:a�£8�/y�rt�>u>u��hrd_
�:�>_�k<�Áwsy>_xct»hi�_�y>wg|x_srtr�e�ilct_�u��/�>c6_�§>|xi�ad_sc6kl_�~D�h��fz_s~D_syza�m��Á�>y>_�u¬ejc�adi�|x�>kl_¤rt_skl�/yJ|x_sr
m�ilct_g|®ati��hy>r�æ 2 ~2 π2

mL2
i

�¡esfz_s|
i = x, y

�¼_sr�aÀ�>il_sy)rt�>u�wsc�i�_x�>ct_��}k<�Áwsy>_sc�»/il_¥adp>_xct~Di��:�>_
kB T

£>|h�Á_xrta¤�vm�ilct_Dæ
2 ~2 π2

mL2
i

>> kB T .
�ÅÈ/¹ÁËOc/�



í5î²±Vî ë Þ�ÙM¹Ið�¸(à�º�Þ@Ù´³+{�ã�Ø5ðKº�Ú�ã
·�á
ð�Ø�¹�Þ�ÙM·�áhÙ(à�ØzÚ�º�Þ@ÙY·�á
o�Û q Õ �
�­_À|ge�k�|x�>k�m�_Àk�e¥m�_sy�rdi�adw�k�ily>wsi��:�>_

Λ
′ m�_Àr�e�ad�>cdejadil�hyvm�_sr½wxa�e�adr½ily{m�ilf�i�m��>_xk�r¢_®§>|xi�adwsrg£

ejrdrt��|xi�wx_��v|x_}|x�hy�Ð{y>_s~v_sy:a�k��hy>»hilat�{m�ily¬e�kl_/£¬m��hy>y>_Dæ
Λ
′

=
N
′
max

Lz
' 4

π

Lz
λ2
T

.
�ÅÈ/¹ÁËZ_z�

�'eDct_sk�e�adil�/y��ÅÈ/¹ÁËZ_z�µ~D�/yzadct_��z�>_
Λ
′ y­�ÍeDu¬ejr�m�_�kli�~vilat_XÐ{y>il_o�:�¬ejy{m��hy�u>c�_sy{m�k�e

kli�~Di�at_oadp>_sc�~D�@m@��y¬e�~vi��:��_
Lz −→ ∞

¹1�¼yCm1�Íe��@adct_sr�at_sct~D_srg£(u��h�>c��>y>_bm�_sy>rtilatw
kli�y>wxi��:�>_

Λ
′ _xa¢�>y>_`ad_s~vu(wxc�e�ad�>ct_`Ð�§�wx_/£ji�k��oe��>y>_�a�e�ilklk�_

Lz
e��bm�_srtrt�>r¼m�_�k�eh�z�>_sk�kl_

kl_sr�u¬e�cÅadi�|x�>kl_sr¤���hrd�hy>i��:�>_sr¤rt_�ctwsu¬ejc�ati�rtrt_sy:a�_srdrt_syzadil_sk�kl_s~D_xy:a¤rt�>c�kl_sr�y>i�fz_�ej�@§H_®§��
|xi�adwsrg£/k�e�©Ac�e�|®adil�hyJm�_�u¬ejc�ati�|®�>k�_xr�m{ejy>r6kl_¿y>ilf/_�e�� ©¦�/y{m{ej~D_syza�ejk{wxa�ejy:a6y>ws»hk�il»h_�e��>kl_/¹
°�e�y>r¿|®_�|gejr¿�:�¬ejrdi �ð�>y>i�m�il~D_sy>rtil�/y>_sk<£�k¦e�r�e�ad�>c�e�adil�hyHm�_srµy�ilf/_�e��@§!_®§>|xi�adwsrµy­�Íe�u¬ejr
rt�>c�fzws|x���bk�ebkli�~vilat_�atp>_sct~v�@m@�@y¬ej~Di��:�>_/¹
�¢y$ctwsrt�>~vw/£­�Jk�e!klil~Di�ad_oadp>_xct~D��m@�@y¬ej~Di��z�>_/£�ilk¢y1�Ä�.e!u¬ejr�m�_v|x�hy{m�_sy>r�e�adil�/y

m�_Xán�¸��m{ejy>r¿�>y>_}���Ia�ad_�y>i'�
2D
y>i'�

1D
¹

ñ�òKµ w ü�ý¢÷;b¶��öhù�ü�ý^·�¸¹{vþ|b\ùÍû´{���ôºb�þ ÷|ü�ýc�"ô1ý�öhþ?ûDù�ü�ý ��ô
dfehg

�n�Ä_sy>rt_s~o�>kl_$m�_sr)c�wsrt�>kla�ejatrHejy¬e�k���ati��:��_sr4�h��ad_sy���rHm>e�y>r!k�_sr)rt_g|®ati��hy>r)u>ctwg|xw��
m�_sy:at_sr}m�_D|x_vu�ct_s~Dil_sc�|�p¬eju>i�adct_v~v�/y:atct_v�:�>_vkl_Dm�w®fz_skl�/u>u�_x~D_sy:aXm�_bk¦e)|x�/y>m�_sy@�
r�ejati��hy�m�_Dán�¸�äm{e�y>r���yC»:ejôvi�m�w�ejknm�_b���/rt�hy>r�_sr�a}��y>_D|x�/y�rdwg�z�>_sy{|x_Dm�ilct_g|®at_v_xa
rtu�_g|®a�e�|x�>k�e�ilct_!m�_sro_xî(_xatr�u>�>ct_s~D_xy:aor�a�ejati�r�adi��:�>_xro_xao�:�¬ejy:adi��:�>_srom��ç|x�h~Du��/cÅad_®�
~D_sy:aom�_sro���hrt�/y�r�¹¢^�_xro_xî(_xadrg£8�:��i`y>_!rt_J~Jejy>il©A_sr�ad_sy:ab�z�­����m�_srXad_s~Du�wscdejat�>ct_sr
rt��Ñ r�ej~D~D_sy:a��¬ejrtrd_xr�£Â~Dqsy>_sy:a�k�_J»ze�ôJ���hrd�hy>i��:�>_4�H�>y¾wxa�e�ab�:�¬ejy:ati��:��_)�:�¬ejrti �
~D_sy:a¢©A�hc�at_s~D_sy:a¢m�ws»/wsy�wsctwµm{e�y>r¢kl_g�:�>_sk@�>y>_À©Ac�e�|®adil�hyb~Jeh|®ct�hr�|x�hu>i��:�>_µm�_sr¢���/rt�hy>r
rg��e�|s|x�>~o�>kl_sy:avm{ejy>rvkl_)~Dès~v_)_xab�>y>i��:�>_)wxa�e�av�:�¬ejy:adi��:�>_)©A�hy{m{ej~D_sy:a�e�kÀily{m�i�f@i �
m��>_skÂ�o�>y�_�u¬ejc�adi�|x�>kl_/£>m�_�u>kl�>r¿�¬ejrtrt_�wsy>_xct»hi�_�_xa�m��Áil~Du>�>klrdil�hyHy��>klkl_/¹{�­_srµ���/rt�hy>r
|x�hy{m�_sy>rtwsrDm{ejy>rv|x_®avwxa�e�av|x�hy>rtati�ad�>_sy:av|x_4�z�­�Á�hyÆeju>u�_sk�kl_4��yì|x�hy{m�_sy>r�e�aDm�_Hán�
�¿¹ÂâÂ�/��at_s©A�hi�rg£Â|x_srXc�wsrt�>kla�ejatr�m�wg|xc�ilf/_sy:a�£Âm1�Ä�>y>_ ~ e�y>ilqsct_Du>c�wg|xi�rt_/£­kl_sr�|x�hy{m�ilatil�/y>r
u>p:�@rti��:�>_srÀm�_��{e�rt_��}fzwsc�ilÐ{_xcÀ�:�¬ejy:adi�a�e�adi�fz_s~D_xy:aÀu¬ejc�k�_sr�»/cde�y{m�_x�>ct_sr�atp>_sct~D��m@�:�
y¬ej~Di��:�>_sr¥|gejc�e�|®adwsc�ilr�ejy:a¤k<�Áwxa�eja¥m��F»ze�ôX|x�hy>rti�m�wxctw!�

T ≤ Tc
_xa
nλT

3 = 2.612
�®£

u��/��c��:��_bk�e)|®�/y{m�_sy�r�e�adil�hy�m�_ván�¸� u��/�>c�c�ejila�rt_vm@wxfz_skl�/u�u(_xcg¹­°¤�$u��hily:a}m@_of@�>_
�:�¬ejklila�ejati�©¸£­|x_xrX|x�hy{m�i�adil�/y�rXu�_xct~D_xa�ad_sy:ag£­m1�Ä�>y>_vu¬e�cÅa�£­m@_vu>ctwg|xilrt_sc�k�e)»/wx�/~Dw®adctil_/£
k�e�a�eji�klkl_/£z_xa`k�_xr�m�il~D_sy>rtil�/y>r`rtu¬e�adi�ejk�_sr�m�_sr`|x�hy�Ð{y>_s~D_syzadr�|x�hy:at_sy¬e�yza`k�_�»:ejô����/rt�j�
y>i��:�>_/£>_xa¤m���ej��adct_�u¬ejc�ag£{m�_�»hct�/��u�_sc�kl_sr�|x�/y{m�_xy>r�e�adr�m�_�á¼�Å�ì_syFm�_s�@§4»/c��/��u�_srXæ



ñ ­gë�ì Ø:ß�ºlÚ�Ý�á�í5î1ÜµÝ�ãl·gº�¹gÚ\ºlÞ�Ù=ájÚ�ïªÞ�Ý\â
¸�ðlØzÚ�º�Þ@ÙY·�á�ðlØ¢¹�Þ@Ùg·�áhÙ(à�ØzÚ�º�Þ@ÙY·�á
o¿Û�q3î
iA��|®�/y{m�_sy�r�e�adr}p>�h~D�h»/qsy�_sr}y>�/yCu>ilws»/wxrX�h��|x�/y{m�_xy>r�e�adr}ily�Ð{y>ilrX|gejc�eh|�adwsctilrtwsr}u¬ejc
�>y>_Xm�_sy>rti�adw}rdu¬e�adi�ejk�_�Ð{y>il_X_xa��>y>il©A�/c�~D_J�n|gejr¤m�_sr¤»ze�ôX|x�hy�Ð{y>wsr¥m>e�y>r��>y>_}���Ha�ad_
�vk�evklil~Dilat_�adp>_sc�~D�@m@��y¬e�~Di��:�>_o�®£>_xa�i�i¦�µ|x�hy{m�_sy>r�e�adr¤ily>p>�/~v�/»hqsy>_sr¤_xa�u>i�wx»/wsr��/�
|x�/y>m�_sy>r�ejatr6Ð{y>ilr�|se�cdeh|®atwsctilrtwsr`u¬ejc6�>y>_�m�_sy>rtilatw�rdu¬e�adi�ejk�_�y>�hy �>y>il©A�/c�~D_��­|ge�r`m�_sr
»:ejô}|x�/y@Ð{y>wsr¤m{ejy>r¤m�_sr¿u>ilws»/_xr�p¬e�c�~D�hy>i��z�>_sr���¹
^`_su�_sy{m{ejy:a�£{ilk­_sr�a¤�>il_syFklws»/i�adil~D_X�:�1�Áily:adwsc�_srtr�ejy:a¤m�_}rg�Áily:ad_sc�ct�h»/_sc¿rt�>c¿k¦ebctwge��

k�i�adw�u>pz�@rti��z�>_¥m�_�k�e}|x�hy{m�_sy>r�e�adil�/y!m@_�á¼�Å�µ£z_®a`u>kl�>r`u>c�wg|xilrd_x~D_sy:ag£zrd�>cnk<�Á_®§@i�r�ad_xy{|x_
m1�Á�>yH»:ejô}~D��m�qskl_Xm�_}���/rt�hy>r¤m{e�y>r�kl_g�:�>_xkÂkl_sr¤|x�/y{m@ilati��hy>r�atp>ws�/c�i��z�>_sr¤m�_}u>c�wgm�i�|��
adil�/y m�_�k�e�|x�hy{m�_sy>r�ejati��hyJm�_¥án�¸��u�_s��f/_sy:a6èxadc�_�_®§@u�wsctil~D_sy:a�e�kl_s~D_syza6f/wscti�Ð{ws_srg£/_xa
e�~vqsy>_sy:a�£/u{e�c`eji�klkl_s�>ctrg£����>y�_�wxfz_syzad�>_sklkl_¤c�w�ejk�ilr�ejati��hyJm�_sr`|x�hy{m�_sy>r�e�adr`m�_¥án�¸�µ¹/±
Ð{y!m1�Áwg|xk�eji�ct|xi�c�|x_xa�ad_¤u>ct�h�>klws~Jejati��:�>_/£:i�k¬_srta6adctqxr��@adilk�_¥m1�Áw®f/ejkl�>_sc�k<�Ä�/ctm�ct_¥m�_¥»hc�ejy@�
m�_s�>cµm�_�k�e}ad_s~Du�wscdejat�>ct_�m�_�|x�hy{m�_sy>r�e�adil�/y

Tc
_xaµm�_�|x_sklk�_�m�_�k�eom�_sy>rti�adw�rtu¬ejati¦ejkl_

n
£­adp>ws�hcti��:�>_s~D_xy:aou>ctw®f@�>_sr�u¬e�cb�¢i�y�rtat_sily­¹½�8�h�>co|®_!©ªe�ilct_h£'�/y¾rt_Ju>k�e�|x_)m{ejy>r�k�_
|ge�r`m�_�k¦e�»hc�ejy{m�_¤���Ia�ad_ Ô °�¹z±¥i�y�rdi<£z_sy ct_s~Du�k¦e�õgejy:a�m{e�y>r6k¡�Ä_®§�u>ct_xrdrtil�/y���Èh¹ Ô Êz��£zk�_sr
|x�/y�rta�e�yzad_sr

~
_xa
kB
u{e�c`k�_s�>c�r`f/ejkl_s�>ct_sr�y��>~Dwsc�i��z�>_sr���_syH�(¹Á·Å�®£:�/y!�h��adil_sy:a

Tc
�ª_sy

◦ ó���_syH©A�hy{|®adil�hy�m�_ n �ª_sy�e�ad�/~v_sr�É m3
�`_xa

m
��_xyFó:»��¥æ

Tc =
2π~2

kBm

( n

2.612

)2/3

' 6.68 10−18
(n2/3

ma

)
.

��Èh¹ÍË b �
�?i

ma

_sr�abk�e�~ e�rtrt_4ejat�/~vi��z�>_/£8r�ejy>rvm�il~D_sy�rdil�hy>rg£¢m�_!k�e�u{e�cÅadi�|x�>k�_!���/rt�hy>i��z�>_
|x�/y�rdi�m�wsc�ws_/¹¢�n�Ä_®§�u>ct_xrdrtil�/yã��Èh¹ÍËhËz�}~D�hy:adc�_)�:�>_

Tc
_xrta�adctqxrb�¬ejrtrt_)_®abu>ct_sy>m�m�_sr

f/ejkl_s�>ctrom�_ k<�Á�hcdm�ct_Jm�_!�:�>_xk��:��_srbm�_s»hctwxroóh_sk�f@ily>ro~vès~D_ u��h�>com�_sr�m�_sy>rtilatwsrowxk�_®�
fzws_srg¹/�¢ejc¼_®§@_s~Du>kl_}æ

Tc ' 2 ◦
¶ãu��/��c

n = 1027
ejat�/~D_xr®É8~

3
_xa
ma = 4

¹:é¥cs£z�
m�_sr�ad_s~Du�wscdejat�>ct_sr�adc�qsrÀ�¬ejrtrd_srg£@m�_�k¡�Ä�/ctm�ct_�m�_��:�>_xk��z�>_sr¿m�_s»hctwsrÀó/_sk�f@ily>rg£�ad�h�>rÀk�_sr
»:ejô�m�_¥k�e�y¬e�ad�>c�_�rt_¥rt�/kli�m�ilÐ{_xy:a��Xk¡�Ä_®§>|x_su�atil�/y4m�_�k<�Äp>wsk�il�>~b�ðÌ>£@»zejô�e�ad�/~vi��z�>_��Xk�e
ad_s~Du�wxc�e�ad�>ct_oe�~o��i¦ejy:ad_h£(�:��i8c�_sr�ad_�kli��:�>i�m�_v�

T ≤ 2.2 ◦ ¶v¹��n�Áp>wsklil�>~b�ðÌ!kli��:�>i�m�_e�|x_su�_sy{m{ejy:aµ�>y�_�m�_sy>rti�adw�wskl_xfzws_�m�_�k<�Á�hcdm�ct_�m�_
1027
e�ad�h~D_sr�É

m3
£�_xaÀrt_sr¿e�ad�h~D_sr

���/rt�hy>i��:�>_sr¤rt�/yza¤_syFily:ad_xc�eh|�adil�/y­¹{�hyFu�_s��a¥m�ilct_h£¬m1��eju>ctqsr�kl_sr�_srtati�~ ejati��hy>r�u>ctwg|xw®�
m�_sy:at_sr�£��z�­�Áilk�y­�Á_®§@i�r�ad_¤u¬ejr��>y!»zejô¥i�m�wge�k�~D��m�qsk�_¥m�_¥u¬ejc�ati�|x�>kl_sr����hrd�hy>i��:�>_srÀm{e�y>r
k�_s�:�>_sknu�_s��f/_sy:aXrt_vf/wscti�Ð{_sy:a}_®§�u�wsc�i�~D_xy:a�ejk�_x~D_sy:aXkl_srX|x�hy{m�i�adil�/y>r�m�_vu>ctwgm�i�|®adil�hy
m�_ok¦e!|x�hy{m�_sy>r�e�adil�/yCm�_ván�¸�¿¹ÀÁ)^¥�Á_sr�a��>y>_o��_sklkl_batp>ws�hctil_/£(~Je�ilr�|x�/c�ct_srtu��/y>m��ð_sk�kl_
�Fk�eFctw�ejklilatwD»�Âz¹½^��Ä_srta�u¬ejco|x_sr�~D�hatro�:�­���¢i�y>r�at_si�yçm�wg|xc�ilf�ilaort_srXadc�esfhej�@§¨rd��c�k�e
u>ctwgm�i�|®ati��hy�m�_4k�e.|x�/y{m�_xy>r�e�adil�hy�m�_4���hrt�/y>rg£¼m{ejy>rD�>y�_4k�_xa�adc�_F�.rt�hy�e�~Di¿�½ej�>k
�¼p>c�_sy>©A_sr�a�£­egfhejy:a}m�_Drt_Dm�wxat�/�>c�y>_sc}m�w®Ð{y>ilatilf/_s~D_sy:aXm@_ |x_v|�p¬e�~vu�m�_vct_g|�p>_sct|�p>_
³ Ô µð¹



í5î²±Vî ñ �
°¤_su>�>ilrbÈ\`/ÊZc�£¬k¦eDu>ctwgm�i�|®ati��hy.m1���¼ily>r�ad_sily�_sr�a�ct_sr�atws_o|x�hy:adc�_xfz_sc�rdws_�_xa¥~��@r�atw®�

ctil_s�>rt_�ºÒ�>r��z�­�Á_sy$È\` Ô Ë�£�m>ejat_�m�_�k�e�m�wg|x�h��fz_sc�at_�m�_�k�eXrt�>u�_sc�å{�>i�m�i�adw�m�_�k<�Áp>wxk�il�>~b�ðÌ
kli��:��i�m�_¥u{e�c�¶}eju>i�adô�e
³ Ìlµ¡£:±¤k�kl_syJ_xaµ¯Filrd_sy�_sc#³~cIµ¡¹�^¥�Á_sr�a��Â�hy{m��hy*³¿_Iµ��:�>i¬ct_s~Jejcd�:�{e
ejk��hctr��:�>_¤k¦e�ad_x~Du�wsc�e�ad�>c�_�m�_¤k�e�adcde�y>rti�adil�hy!rt�>u�_sc�å{�>i�m�_�m�_¤k<�Áp>wsklil�>~b�ðÌ{£

Ts = 2.2
◦ ¶
£¬_sr�a�c�_s~Jejcd�:�¬ej�>kl_s~D_sy:a¥u>ct��|�p>_om�_�k�eDat_s~Du�wscdejat�>ct_om�_�k�e |x�hy{m�_sy>r�ejati��hy$m�_án�¸�Óm1�Á��y�»:ejô�u¬ejct©ªe�i�a�m�_X~Dès~D_�m�_sy�rdi�adw��:�>_�k<�Áp>wxk�il�>~b�ðÌJk�i��:�>i�m�_/£

Tc = 3.2 ◦
¶v£

_xa�ilk­ws~vila¿k¡�Äi�m�ws_X�:��_}kl_sr�m�_s�@§4u>p>wsy>�h~Dqsy>_sr�w®a�eji�_syza�ct_skli�wxr�¹
�n�Äi�m�wx_}m�_��­�hy{m��/y4_sr�a¿kl_�u��/ily:a�m�_�m�wsu{e�cÅa�m�_�ad�h��ad_srµkl_srµatp>ws�/c�il_sr¿~D��m�_scty�_sr

rt�>cvk<�Áp>wsklil�>~�kli��:�>i�m�_/¹`^`_su�_sy{m{ejy:a�£¢k¦e.|x�/y>y�_®§�il�/yÆ_sy:atct_H|x�hy{m�_sy>r�ejatil�/y�m�_Fán�¸�
_xa�rt�>u�_scÅå{�>i�m@ilatw�y1�Á_sr�a�u¬ejr�w®f@i�m�_xy:ad_/¹��'e}rt�>u�_scÅå{�>i�m�ilatwb�¡ej�>rt_sy{|x_�m�_¥m�ilrtrti�u¬e�adil�hy��
_sr�a�c�_skli�ws_Xej�@§4ily:adwscdeh|®ati��hy>r�_xy:adc�_�u¬ejc�adi�|x�>kl_srg£¬e�kl�hctr��:�­���¢i�y>r�at_si�yF|®�/y>rti�m�wsc�eji�a¤�>y
»ze�ô�u¬ejct©�ejilag¹>�¼kl�>rµ�:�¬e�yzadi�a�e�adi�fz_s~D_xy:a�£@kl_srÀ_®§�u�wsctil_sy{|x_xr�m�_�m�i�î(�>rdil�hyHm�_�y>_s��atct�hy>r
ej�(�h��ati�rtrt_sy:a���~D����ejy>y¬ejy:a��>y>_¥ily:ad_xctu>ctw®a�e�adil�/yJÐ{y>_¥m�_srÀm��hy>y>ws_sr��`�}�>y>_¤©Ac�e�|®adil�hy
|x�hy{m�_sy>rtws_bm{e�y>r¥k¡�Äp>wskli���~b�ðÌ)kli��:�>i�m@_oy>_bm�wsu¬ejrtr�e�y:a�u¬ejrbÈgÇ"½
� �¬ejrdrt_ou�ct_srtrti��hy­¹
�¢ejc�|x�h~Du¬e�cde�ilrt�hy­£(�hy.u>ctwgm�i�a��z�>_�ad�h��ad_xr�k�_sr�u¬ejc�ati�|x�>kl_sr�rd�hy:a�|x�hy{m�_sy>rtws_sr�u��h�>c
�>yÓ»:ejô�u¬ejct©�eji�aHm�_����hrt�/y>r)m�_�ad_s~Du�wxc�e�ad�>ct_�y��>klkl_/¹À°¤_.u>kl�>rg£`�hyÓy>�hat_$�z�>_�k�_
|xcti�adqxct_)m�_!|x�hy{m�_sy>r�ejati��hy�m�_4án�¸�ø�ÅÈ/¹ÄÌ{È���~D�/yzadct_!�z�>_Jad�h��ad_!m�il~Dily���adil�hy�m�_!k�e
m�_sy>rti�adw¥rdu{ejadi�ejk�_

n
m��!rt��rtatqs~D_¥���hrt�/y>i��:�>_�_sy�ºÒ_s�)il~Du>kli��:�>_��>y4ej�¬e�ilrtrt_s~D_sy:aµm�_

k�eoad_s~vu(wxc�e�ad�>ct_
T
¹

�¢yo|x�/y>|xk��>rtil�/y1£jilk�rt_s~o�>kl_��z�>_`k¦e¿ctw�ejk�ilr�e�adil�/yb|x�hy{|xc�wxad_�m�_`k�e¤|x�hy{m�_sy>r�e�adil�/y­£�_xa
u¬ejc¼ejilk�kl_s�>c�r¢k<�Á�h��ad_syzadil�/ybm1�Ä�>yo|x�/y{m�_xy>r�e�a¼m�_Àán�¸�¿£�y>_`u��/�>c�c�ejila½èxadc�_�_xy:f@ilr�ej»h_�e��>kl_
�:�>_�m{ejy>r�m�_sr¤»:ejôom@i�kl�>wsr�m�_X���/rt�hy>r�e�ad�h~Di��z�>_sr¥�>k�adcde�©¦ct�hi�m�ro�

T ' 0
��£¬_sy�©�eji��>kl_

ily:adwscdeh|®ati��hy}_xa8m�_n©�ejil�>kl_`m�_sy>rti�adwn_syX|x�h~Du¬ejc�eji�rt�hyoesfz_g|¼|x_sklk�_6m�_nk¡�Äp>wskli��>~vÌ��ðkli��z�>i�m�_
�
n << 1027

ejad�h~D_sr�É
m3
�®¹



ñ¬M ë#ì Øzß+º�Ú®Ý�á�WVî+{�ã�Ø5ðKº�à�ØzÚ\ºlÞ�Ù=·Máhà ë Þ�ÙM·�áhÙ(à�ØzÚ®à?·Má/o¿Û�q ker
î



Ø å PQ[Ä��T4YFÿ »

à ç&P�ý+�­\4PòT��­Z�R ��ÿ�\ Ø Z�R²��ÿÆRþ\4PòTF\ �*ÿ
Þ V�Ü ¼�Û ê

_�ò�ñ ½ ø	{1ö+ô1ýtûDþ?ûDù�ü�ý
±¤��m�ws�>��a}m�_D|x_D|�p¬eju>i�adc�_/£1y>�h�>r�rdil»hy¬e�kl�hy>rX�:�>_Dm�_su��>i�r�k¦e)m�wg|x�h��fz_scÅad_vu¬ejcÅ�

adil_sklk�_v�ÅÈgÇO½D�6m�_�k�e�|x�hy{m�_sy>r�ejati��hyHm�_�án�¸��m{ejy>rÀk¡�Äp>wskli��>~o�ðÌbk�i��:�>i�m�_/£�k¦eXct_g|�p>_xcd|�p>_
m�_sr½rt��rtatqs~D_sr½u>kl�>r¢u>c��@|�p�_sr¼m��o~D��m�qskl_Àily>i�adi�e�k�m1���¢i�y>r�ad_xi�yoy­�Á_sr�a¼m@_xfz_sy��>_`adc�qsr¼eh|��
adi�fz_¥�:�1��ej�)|x�h�>ctr�m�_sr�m�_s�@§Jm�_scty>ilqsc�_srÀm�wg|x_sy>y>il_srÀm�� f@ily>»hati�qs~v_¥rtilqg|xkl_o¹@�¢y!_®î�_xag£
m{ejy>r�|x_sr¤ejy>y>ws_sr¿kl_}m�wxfz_xk��hu>u�_s~D_syza¤m�_srµad_g|dp>y>i��:�>_sr¿rd�hu>p>ilr�adi��:�>ws_sr�m�_�u>ilws»h_�ej»/_
_xaom�_!c�_s©Act�hi�m�i�rtrt_s~D_syzabm1��e�ad�h~D_sr�u¬ejcom�_sr�©�e�ilrd|x_�ej�@§¾kl�>~Dily>_s�@§¨_xabm�_xrb|�p¬ej~Du>r
~Jej»/y>w®adi��:�>_sr¥r�a�e�adi��:�>_srg£(evu�_sct~vi�r¥m�_X©�eji�c�_Xr�ej��ad_sc�k�_xr¤fz_sc�ct�h�@§��:�>i8egfheji�_syza�e��@�
u¬ejc�esf/ejy:a��>kl�@�z�>wD|x_xatat_vct_s|�p>_scd|dp>_/¹Â�¢yÆÈ\`l`Oc@£1kl_sr�_xî(�hc�adr�|x�hy>rti�m�wscde��>kl_s~D_xy:a�eh|��
|x�h~Du>kli�rom{ejy>ro|x_!m��h~Jeji�y>_Jm�_Jct_s|�p>_scd|dp>_J�/yzaow®adw!|®�/�>c��/y>y>wxrou¬ejc��>y¨»/cde�y{m�_xa
ct_s~ e�ct�:�¬e���k�_�rt�{|s|xqsrg£��Dr�egf/�/ilcoæ¬k¦eDctw�ejkli�r�e�adil�/y._®§@u�wsctil~D_sy:a�e�kl_om�_�k¦eJ|x�hy{m�_sy>r�e��
adil�hyFm�_}á¼�Å�ìm{ejy>r�m�_srÀfhe�u�_s�>c�r�m�ilkl�>ws_sr¿_xaµu>i�ws»hws_sr�m1�Íejat�/~v_sr¤ejk�|ge�klily>r¿�>klatc�ej©Act�hilr
m�_�æ

87
«¿�1£

23
�¥e._xa

7
�­i¡¹6^�_xa�ad_Fm�wg|x�h��fz_scÅad_�e$wxatwFc�w�ejk�ilrtws_/£¼u��/�>cDk�e$u>c�_s~Dilqsct_

©A�hi�rX_xaXu>c�_srd�:�>_ rti�~��>k�a�ejy>ws~D_sy:ag£Âu¬ejc�adct�hilrX»/c��/��u(_xrbej~Dwscti�|geji�y�r!æ­i¦��kl_ »hct�h�>u�_
m�_b�µ¹1^`�/c�y>_sklk8_xa}^¥¹VÃäil_s~Jejy��ðÎh·Ò�­±o£(á`�h�>k�m�_sc��¿u��h�>c

87
«µ��³�È b µOÌ¬i�i¦�¿kl_�»hct�h�>u�_

m�_
Ã�¹½¶�_xatat_sctkl_C�¡¯�·Òâ�£¼á6�/r�ad�hy��}u��/�>c
23
�¥e ³lÈsËIµeÌ8_xabili�i¦�Xkl_)»hct�h�>u�_4m�_F^�¹¼^¥¹

á`cdehm�kl_x���¡³¿�/�>r�ad�hy��¢u��/�>c
7
�­iD³�È�`Hµ¡¹�°¥_su��>i�r�|x_xa�ad_¥m{e�ad_/£zk¦e}|x�hy{m�_sy>r�e�adil�/y)m�_¥án�¸�

eJwxatwbct_xu>ct��m��>ilat_bu¬ejc��>y�_oadc�_sy:a�ejily>_vm�_ok�e����hc�e�ad�hi�c�_sr}m{ejy>r�kl_b~v�/y{m�_h£�m1��ej���/ctm
esfz_g|)kl_srD~Dès~D_xrD_srtu�qg|®_sr!e�ad�h~Di��:�>_srH£¢u>�>ilrJesfz_g|4m�_srJe�ad�h~D_sr eg�:e�y:aDm�_srDu>c����
u>ctilwxatwsrµadctqsr¿m�ilî(_sc�_sy:ad_srg£>|x�/~v~D_�k<�Ápz��m�ct�h»/qxy>_ £�_syCÈ�`l`/ËH�¡¯�·Òâ�£{á6�/r�ad�hy��,³ÁÊhÇIµ­_xa

c Ô



ñ�Õ ë#ì Øzß+º�Ú®Ý�á�WVî+{�ã�Ø5ðKº�à�ØzÚ\ºlÞ�Ù=·Máhà ë Þ�ÙM·�áhÙ(à�ØzÚ®à?·Má/o¿Û�q ker
î
k¡�Äp>wskli���~b�ðÌ)m{ejy>r¥k¡�Äwxa�e�a�~vwxa�ejr�a�ej�>k�_

23 S1

£�_sy.ÊhÇhÇ�È)�¡�n���z�¸�¢ejctilrg£¬_xa¥k�e����hc�e�ad�hi�c�_
^�p¬ejctkl_®�Òë�ej�>c��z�Åé¥ctr�eg�>�t³ÁÊ�Èh£1Ê/Ê;µð¹�â'�h��ad_s©¦�/ilrg£­eju>ctqsr�k�eJctw�ejkli�r�e�adil�/y$_®§�u�wsc�il~D_sy:a�ejkl_
m�_sro|x�hy{m�_sy>r�e�adrom�_)án�¸�¿£'|®_s�@§��Ò|xi6rt�/y:a�c�_gm�wxÐ{y>ilrb|x�h~D~D_ wxa�e�yzaom�_sr�»:ejô!m�ilkl�>wsr
m1��e�ad�h~D_sro���/rt�hy>i��:�>_srb�>k�adc�ej©Ac��/i�m�r4�

T
_sr�abm�_!k¡�Ä�/ctm�ct_)m�_)�:�>_xk��:��_srvm�ilô�e�ily>_srvm�_

y¬e�y��/ó/_xklf@ily>r��®£:_xa�_sy!©ªe�il�>kl_srÀily:atwsc�e�|®adil�/y�r�¹:±�|x_`ºÒ�/�>cs£:k¦e}klilrtat_�m�_srÀ|®�/y{m�_sy�r�e�adrÀm�_
án�¸�¿£�w®a�e���k�il_ou¬ejc¥�/cdm@ct_o|xct�hi�rtr�ejy:a�m�_o~Jejrtrd_be�ad�h~Di��:�>_/£(|x�hy:adil_sy:abæ�k<�Áp:�@m�ct�h»/qsy>_
³ÍÊ�ÇHµð£�k�_Dkli�adp>il�>~ ³lÈ\`Iµð£1k¡�Äp>wskli���~*~Dwxa�ejr�a�ej�>k�_�³ÍÊ@È/£ÂÊhÊIµð£1kl_Drt�@m�il�>~ ³�ÈgËIµð£1kl_Du���a�ejr��
rti��>~Ä³ÍÊ Ô µ¡£{k�_Xc��>�>i�m�i��>~:³�È b µ¡£¬_xa¤kl_�|xwsrti���~:³ÍÊjÌlµ¡¹�°¥_}u>k��>rg£{k�_xr¥_®§�|xilat�/y�r�m{ejy>r¤k�_sr
rt_s~Di �¸|®�/y{m��{|�ad_s�>c�r¢©A�h�>cty>ilrtrt_sy:a¢�>ybe���atct_`_®§�_s~Du>kl_Àm�_�r��@r�adqs~v_sr¢m�_`���/rt�hy>r¼m�ilkl�>wsr
u��/�>c�k�_srd�:�>_xk�r�m�_xrX_xî(_xadrXm�_Dr�a�e�adilr�adi��:�>_ �:�¬ejy:adi��:�>_Drtu�_g|®a�e�|x�>k�e�ilc�_sr�u�_s�@fz_sy:aXrt_
~Jejy>i�©¦_sr�ad_sc�³ÁÊZc@£¬ÊH_>£{Ê b µð¹
é¥y4y>��ad_��:�>_�k�ebm�ws|x�/��f/_sc�at_�m�_sr¿|x�/y>m�_sy>r�ejatr�m�_}á¼�Å��_xaµk<�Áwxad�>m�_�_®§�u�wsc�i�~D_xy@�

a�ejk�_�_xa¿atp>ws�hcti��:�>_}m�_�kl_s�>c�r�u�ct�hu>ctilwxadwsr��:�¬ejy:adi��:�>_xr�~Je�|xc��/rd|x�hu>i��z�>_sr¿�/y:a¿u�_sct~vi�r
m1�Á�h��f@c�i�c'_xa½m1�Áwsk�e�c�»/ilc8u>kl�>rtil_s�>ctr½��c�ejy{|�p>_sr½m�_`ct_g|dp>_scd|dp>_�m�_`k�e�u>p:��rdi��:�>_`~v�@m�_sc�y>_/£
y>�ha�e�~v~D_sy:a�_sy�u>pz�@rti��:��_ m�_sr�å{�>i�m�_srX�:�¬ejy:adi��:�>_xr}���/rt�hy>i��z�>_D_xa}©A_sc�~Di��hy>i��:�>_Hæ
rt�/kli�ad�hy>r�£8fz�hc�ad_�§1£½rd��u�_sc�å{�>i�m�i�adw/£¢rt�>u>c�e�|x�hy{m��{|®adi�f@i�adw/£¢k�e�rt_scD�Ce�ad�h~D_srg£½~D_sc�rDm�_
ë{_sc�~Di<£­¹�¹l¹
���h�>r�u>ctwxrd_syzad�hy>r¤m{e�y>r¤|x_X|dp¬e�u>i�adc�_}k¡�Ä_sy>rt_s~o�>kl_Xm�_sr¿at_g|�p>y>i��:�>_sr�_®§�u�wsc�i�~D_xy@�

a�ejk�_xrbc�wg|x_s~D~D_xy:ab��atilk�ilrtws_srvm{ejy>rbk�eFu>ctwsu¬ejc�e�adil�hyìm1�Á��yç»:ejô)m�i�kl�>w!_xab��klatc�ej©Act�hi�m
m1��e�ad�h~D_sroejk�|ge�klily>rom{ejy>rXk�_g�z�>_sk6kl_srXu>ct_s~vi�_sc�r�|x�hy{m�_sy>r�e�adrom�_Ján�¸�ò�hy:aXwxatw ctwge��
k�ilrtwsrg¹�°�e�y>rJk¦e�rt_g|�adil�/yQ�¡Ê��ÅÊ/�vm�_.|x_�|�p¬eju>i�adc�_/£6y>�/�>r!m�wg|xc�ilf/�/y>rJk�_sr ad_g|�p�y>i��z�>_sr
m�_¨u>ilws»h_�e�»h_¾~ e�»hy>wxad�j�ð�hu�adi��:�>_Ó�¡�6¯.é��)u�_xct~D_xa�a�ejy:a�m1�Á�h��ad_sy>ilc��>y�»:ejô¾m�ilkl�>w
m1��e�ad�h~D_sr¥���/rt�hy>i��z�>_sr�©Act�hi�m�rv��u>ilqs»/_om�_b·ð��î(w®�¸�¼cti�a�|dp¬e�ctm¬�®¹����h�>r�_®§@u��/rt�hy>r�m{e�y>r
k¦eort_g|®adil�hy¾�<Ê�� Ô ��k�eb~vwxadp>��m�_}m�_�ct_s©Ac��/i�m�ilrtrd_x~D_sy:a�wxfheju��/cdejati�©½�:�>iÂe�~vqsy>_��>yH»ze�ô
u>ilws»/wDm1�Íeja�ad_sily{m�ct_bkl_vrt_s�>ilk¼m�_D|®�/y{m�_sy�r�e�adil�hy¾esfz_s|vm@_sr}m�_sy>rti�adwsr�atctqsr�©�eji���k�_srg£�_xa
m�_sr¤ad_x~Du�wsc�e�ad�>c�_sr¥_xî(_g|®atilf/_sr�m�_�k<�Ä�/cdm@ct_om���~Di�|xc��/ó/_xklf�i�y­£{fz�hi�c�_om@��y¬ejy>�/óh_sklf�i�y­¹
�'eDrt_g|®adil�hy��¡Ê��ðÌ��µ_xrta¥|x�/y>r�e�|xctws_o�Dk<�Á�h�>rd_xc�fhejati��hy.m�i�c�_g|®ad_X_xa¥rtu�_g|®a�eh|x��k¦eji�c�_bm@_�k�e
|x�/y>m�_sy>r�ejati��hy�_xa�m�_sr¥u>ct_x~Di�_xctr�|x�hy{m�_sy>r�e�adr�m�_oán�¸�¿£�m{ejy>r�m�_sr¤fheju�_s�>ctr¥u>ilws»hws_sr
m1��e�ad�h~D_sr`ejk�|gejkli�y�r6�>klatc�ej©Act�hi�m�rg¹��¿�/�>r¼at_sct~Dily>�hy>r6|x_�|�p¬eju>ilatct_X�ªrd_g|�adil�/y��¡Ê@¹dc/�t�8u¬ejc
�>y>_¥|x�hy{|xkl�>rti��hy!rt�h~D~Jeji�c�_¥egf/_g|�kl_sr6adi�atct_sr`m�_¤y>�h��fz_�ej�@§Jm��h~Je�ily>_sr�m�_�ct_g|�p>_sct|�p>_
m�wxfz_skl�hu>u�wsr6ctwg|x_s~v~D_sy:an_syDu>kl�>rti�_s��ct_sr6�>cde�y{|�p�_sr`m�_¿k�e�u>p:��rdi��:�>_¿~v�@m�_sc�y>_�»hc�Ï�|x_
�bk�ebc�w�e�klilr�e�adil�hyF_xa¥ej�Hrt�{|s|xqsr¤m�_xr¤|x�hy{m�_sy>r�e�adr¤m�_Xán�¸�µ¹



WkîXWkî�WVî²WVî´{�q;YÀ{   y�rtyÍugu�q|w.q ¡ nSÜ8Ö�{UÜvyG¤/¢(q`Ö�¢�qw&ÖQ¢ ¡ ¤|n   Û   Ü1n8y¿¾6¥�q�ÀðÜ1w  |Á ñ�ñ
_�òK_ ¸ ô*�HøXü�ù¶�¢ù�öXö+ô*a ô1ýtû�ú�þ�ø ú�ù¿{���ôvþ���ô a þ���ý�{|ûXüÂekü�ú�û¡ù�ÿ
�"ô

Ã ½RÄ Å(Æ
�'e�ctw�ejkli�r�e�adil�/y4_®§�u�wsc�i�~D_xy:a�ejk�_�m1�Á��yH|x�/y{m@_sy>r�eja�m�_}án�¸�ìm{ejy>rµk�_sr¿|x�hy{m�ilatil�/y>r

m��C~D��m�qskl_ m1�Í�¼ily>r�ad_sily�rg�Ä_sr�a}©ªe�i�a�e�atat_sy{m�ct_vu�_sy{m{ejy:a b ÇFejy>rg¹'^`_vct_xa�e�cdm._sr�aXm]¶
ej�ç©ªe�i�ab�:�>_h£'u��h�>com�_srom�_sy>rti�adwsro»zejôs_s�>rt_sr

n =
N

V

aÒ�@u>i��:�>_srg£Âi�k6_sr�aoy>wg|®_srdr�ejilct_
m�_)c�_s©Act�hi�m�i�cok�_)»ze�ôH����y>_!adctqsro�¬e�rtrt_!ad_x~Du�wsc�e�ad�>c�_)u��h�>cDeja�ad_sily{m�ct_)kl_)c�ws»/il~D_
m�_�m�ws»hwsy>wsc�_sr�|®_sy{|x_væ

nλ3
T = 2.612

¹��­_sr�ad_g|�p>y�i��:��_sr¿m�_�ct_x©Act�hi�m�i�rtrt_s~D_syzaµk¦ejrt_scÀ_xa
m�_¥u�i�ws»h_�ej»/_¥~Jej»/y>wxati��z�>_/£�m�wxfz_skl�hu>u�ws_sr¿esfz_g|�rd�>|s|xqsrÀm{ejy>r�kl_sr¿ejy>y>ws_xr�È\`hË/ÇJ£:�hy:a
u�_sct~vi�r`m1�Íeja�ad_sily{m�ct_¤m�_¿adctqxr6�¬e�rtrt_sr�m@_sy>rtilatwsrg¹��¼y _xî(_xa�£zkl_�u>ct_x~Di�_xc`|x�hy{m�_sy>r�eja�m�_
án�¸�ì»:ejôs_s�@§Hm�_

87
«µ�­£>c�w�ejk�ilrtw}_xy�È�`l`ZcDej��Îh·¸�­±o£>egfhejila¿�>y>_}m�_sy>rti�adw}m�_}�:�>_xk��z�>_

1018
e�ad�h~D_sr�É�~

3
£{rt�/i�a#`D�hcdm�c�_sr¥m�_X»/cde�y{m@_s�>c¤u>kl�>r¤©�e�il�>kl_��:�>_�|x_xk�kl_om�_}k¡�Äp>wskli���~

kli��:��i�m�_µ_®a!c¥�hcdm@ct_sr¼m�_À»/cde�y{m�_x�>c¢u>k��>r¢©�ejil�>k�_¿�z�>_µ|x_sklk�_µm�_Àk¡�Íe�ilc¼�:�>i@y>�/��r¼_sy:at�/�>c�_/¹
�­_Ju>c�i�§¾�Hu¬es�z_xc�m{e�y>ro|x_xa�ad_Dfz�hi�_Jm�_=Á)�¬ejrdrt_Jm�_sy>rtilatw�Â$_srta�k<�Íe��¬ejilrdrt_s~D_xy:abm�_
k�eXad_x~Du�wsc�e�ad�>c�_���k�e��:�>_sklk�_�k�_�|x�hy{m�_sy>r�e�aµrt_�©A�hct~D_/¹@�­_�u>c�_s~Dil_scµ|x�hy{m�_sy>r�e�a¿rg�Ä_sr�a
©A�hct~Dw��¿�>y>_nad_s~Du�wscdejat�>ct_`m�_`k<�Á�hcdm�c�_�m�_ÀÊ�ÇhÇ¤y¬ejy>�/¶�_sk�f@i�y)��y>¶X�®£�_xa¢�¿�>y>_�m@_sy>rtilatw
rtu¬ejati¦ejkl_Xm�_�k<�Á�hcdm�c�_}m�_

1012
ejat�/~v_sr�É�|x~

3
¹

8*�98*��� Ï �BFG"$�
���N�&><>5�@L��@�����&!�>5�B"BÇN�Â��­B'
�B!
'C�R�����(�N�&><>#�&��!=�$��F
�­_bct_s©¦ct�hi�m�ilrtrt_s~D_sy:a}m1�Ä�>yC»zejôDm1�Íejat�/~v_sr�rt_vm�wxfz_skl�hu>u�_vu¬e�c�|x�h~Du>c�_srtrdil�hy�m�_

|x_µ»:ejô¿m{ejy>rn�>yvu>ilqs»h_¤�¥u¬e�c��/ilrn~Je�ad_sc�i�_xk�kl_sr¤��|x_sklk��>kl_�|xcÅ�z�h»/wsy�i��:��_�m��/yzankl_srnu¬ejct�hilr
rt�/yza�c�_g|x�h��fz_sc�at_sr�m1�Áp>wxk�il�>~ kli��:�>i�m@_}u��h�>c�e�~D_sy�_sc¿kl_�»ze�ôXe�ad�h~Di��:�>_Xej�@§)at_s~Du�w®�
c�e�ad�>c�_sr�k�_xrou>kl�>ro�¬ejrtrd_sr���¹½°�e�y>r��>y¨ad_sk6u>i�qs»h_/£'��ati�klilrdwJu��/�>c�kl_Jct_s©Ac��/i�m�ilrtrd_x~D_sy:a
m1�Á�>y&»:ejô.ejad�h~Di��:�>_�m1�Áp:�@m�ct�h»/qsy>_ ³lÈxÌlµ¡£6ilk�e¨w®adw�ct_s~Jejcd�:��w.�:��_.m�_srJ_xî�_xatr)m�_
ct_g|®�/~o��i�y¬ejilrd�hy¾�!adct�hilrX|x�/c�u>r}rt_Du>c��@m��>ilrt_sy:aXrt�>c�k�_xrXrt�>c�©�e�|x_srXm�_ |x�hy�Ð{y>_s~D_syza�£
_xa�k¦eHat�ha�e�kli�adw!m�_srbejat�/~v_srort_!|x�hklk�_Ji�~v~Dwgm�i�ejat_s~D_sy:abe���§¨u¬e�c��/ilrou��h�>c�y>_Ju>kl�>r
_sy$���h�>»/_xcD��_xî(_xadr�m�_bu¬ejct�/ilr�~Je�ad_sc�i�_sklkl_sr��®¹­^�_bu>ilqs»h_Dm@i�rtrtilu¬ejati�©6©ªe�i�a�u¬ejrtrt_sc��>y>_
���/y�y>_}u¬ejc�ati�_}m��H»ze�ô}m1��e�ad�h~D_sr¤�bk<�Äwxa�e�a�kli��:��i�m�_/¹
�'�h�>c!wxf@i�ad_sc!kl_sr!_xî�_®adr4m@_.c�_g|x�h~o�>ily¬e�ilrt�/yÓ_xa4m�_.|x�hk�k�ej»/_.u>c��@m��>i�adr!rd�>cJkl_sr

rt�>ct©�e�|x_sr ~ ejat_sctil_sklk�_srJm�_F|x�/y�Ð>y>_s~D_sy:ag£n�hy���ati�klilrt_Fk�_Hc�es�z�hy>y>_s~D_syza k¦ejrt_sc u��h�>c
|x�h~Du>ctil~D_sc8_®a¢c�_s©Ac��/i�m�ilc½m�i�c�_g|®ad_s~v_sy:a½kl_�»ze�ôµe�ad�h~Di��:�>_/¹h^`_xatat_`at_g|�p>y>i��:�>_Àe�u>u�_sklws_
ct_s©¦ct�hi�m�ilrtrt_s~D_sy:aHk�ejrt_sc���c�_s©Act�hi�m�i�rtrt_s~D_syzaHk��>~vi�y>_x�@§¬�Ju�_sct~v_xaFm�_$u>ilws»h_sc4k�_$»ze�ô
e�ad�/~vi��z�>_4m{ejy>rv�>yçu>i�qs»h_)�/u�ati��:�>_4y1��es��ejy:abu¬ejrDm�_!u¬e�c��/ilrv~ ejat_sctil_sklk�_srb_xaby>�/y
m�ilrdrtilu¬e�adil©¸¹



ñ Æ ë#ì Øzß+º�Ú®Ý�á�WVî+{�ã�Ø5ðKº�à�ØzÚ\ºlÞ�Ù=·Máhà ë Þ�ÙM·�áhÙ(à�ØzÚ®à?·Má/o¿Û�q ker
î
�­_`ct_s©¦ct�hi�m�ilrtrt_s~D_sy:a½ily>i�adi�ejk�m���y��¬ej»h_µe�ad�h~Di��z�>_/£��¿k¡�Íe�i�m�_Àm�_xr½k�e�rt_sc�rg£�e�u�_sct~vi�r

m1��ej�¬eji�rtrt_sc6k¦e�ad_s~Du�wxc�ejat�>ct_¤m�� »ze�ô¤m1�Íejad�h~D_srg£zm�_su>�>ilr`k¦e�ad_s~Du�wscdejat�>ct_¥ej~o�>i�e�yzad_
º¸�>rd�:�­�Í��m�_srXat_s~Du�wsc�e�ad�>c�_sroily>©Awxctil_s�>ct_srbe��¾~Dilklk�iló/_xklf@ily ³lÈhÈ/£`ÈgÊ�£6È Ô µð£Â_xaom1�Á�h��ad_®�
y>ilcg£1ej�$|x_sy:adc�_bm1�Á�>y>_o_sy{|x_sily:at_D� at_s~Du�wsc�e�ad��ct_vej~o�>i�e�y:at_/£(�>y.»ze�ôbm�_ou>kl�>rti�_s�>c�r
~Dilk�k�ejcdm�r¤m���e�ad�h~D_srg¹
�­_ c�_s©Act�hi�m�i�rtrt_s~D_syza�k�e�rt_scs£Ây>�h��fz_sklkl_ ad_s|�p>y>i��:�>_!m�_Du>i�ws»h_�ej»/_Jm�_sroejat�/~D_sr}_xa

�:�>i�rt_!c�w�e�klilrt_Heji�rt_s~D_xy:avm{ejy>rbkl_)|ge�rbm�_srvejat�/~v_srDejk�|ge�klily>rg£¢|x�hy>rtilrtat_H�F��adilkli�rt_sc
m�_srJws|�p¬ejy>»/_srJ�:�¬e�rti �ðctwsrt�hy>y¬ejy:adr!m1�Äi�~vu>�>klrdil�hy&_sy:atct_�e�ad�h~D_sr _xaJu>p>��ad�hy>rJu��h�>c
m�il~Di�y:�>_sc�ej�ä~Je�§�il~o�>~ k�eìm@i�rtu�_sc�rdil�hy

δp
m�_srFil~Du>��k�rtil�/y>r

p
m1�Á�>yä_sy>rt_s~��>k�_

m1��e�ad�h~D_srg£��/��_sy{|x�hct_�k�e¥m@i�rtu�_sctrtil�hy
δv
m�_`k�_x�>c8f@i�ad_srtrt_

v
³¿_l`Hµ¡¹j�Â_�m�ilrdu��hrtilati�©{_®§�u�w��

ctil~D_sy:a�e�k:ctw�ejkli�r�ejy:a½�>yoc�_s©Ac��/i�m�ilrdrt_s~v_sy:a½k�e�rt_sc½m�_sr¢e�ad�h~D_sr¼ejk�|gejk�ily>rg£�|x�h~Du��hc�ad_�m�_sr
©�eji�rd|x_�ej�@§�k¦ejrt_sctr�|x�hy:fz_sy¬ej�>kl_s~D_sy:a�m�i�c�i�»hwsrg£(m�_�©Ac�wg�:�>_sy{|x_xr��>il_sy.|�p>�hi�rtil_srg£(_®a��z�>i
e�~vqsy>_sy:a¥�vk�ev©A�hct~Je�adil�hy�m��Á�>y>_"Áo~Dwsk�e�rtrt_}�hu�adi��:�>_tÂ4m{e�y>r�k�eh�:��_sk�kl_Xrg�Á_sy>»hkl�>_sy:a
_xaorg�Äi�~D~v�/�>ilkli�rt_syzabkl_srbejat�/~v_srg£'»hc�Ï�|x_4ej�@§¨wg|�p{e�y>»h_srbm1�Áwxy>_sct»hi�_J_xabm��Áil~Du>�>klrdil�hy
egf/_g|¤kl_srÀu>p��hat�/y>rg¹@�­_¥c�_s©Ac��/i�m��>rtrt_s~D_sy:aÀk�ejrd_xcµe�e�~D_sy�w�kl_¥y��¬ej»/_�e�ad�h~Di��:�>_�m�_¥rt_
c�eju>u>ct��|�p>_sc¿rt��ÑDr�ej~D~D_syza¤m�_�k�ev|x�hy{m�i�adil�/yFm�_}|x�/y{m@_sy>r�ejati��hy�m�_Xán�¸�¿¹

8*�98*�98 Î ��­B'
��!
'
�RLS!C'���­��$-/.��
�­_6u>ilws»h_�e�»h_`~Jej»hy>wxadi��:�>_`m�_xr8u¬ejc�ati�|x��k�_sr'~Je�adwsc�i�_sklkl_sr8c�wsrt�>klat_`m���|x�h�>u>k¦ej»h_Àe�a��

adc�e�|®ati�©8m1�Á��yF|�p¬ej~Du4~Jej»/y>wxati��z�>_Xesfz_g|�k¦eb|dp¬e�c�»/_�wxk�_g|�adcti��:�>_�»hkl�/�¬ejkl_}u��hc�atws_�u¬ejc
|�p¬e��:�>_4u¬ejc�ati�|x�>kl_/¹n°�ejy>rDkl_4|ge�rDm�_xrJe�ad�h~D_srby>_s��adc�_srg£¼|x_4|x�/��u>k¦ej»h_/£¼��_ge��{|x�h�>u
u>kl�>r6©�eji��>kl_¤�:�>_�|x_skl�>i¬m�_sr6il�/y>rg£/_sr�a`m]¶J��k<�Áily:adwscdeh|®atil�/yJm�� |�p¬ej~Du |x�hy>rti�m�wxctw¥egf/_g|
k�_xrbm�_s»hctwsrom�_Jkli���_scÅadwJi�yzad_scty�_srbm�_srbe�ad�h~D_sr�y>_s��atct_sr!æ'~D�h~D_sy:atr�~Jej»/y>w®adi��:�>_srg£
u�_sct~Jejy>_sy:atr��/�$ily{m��>i�adrg¹�·Òk½©�eji�a}m��hy{|bm�wsu>k�eh|®_sc�k�_sr�y>i�fz_�ej�@§$m��Áwsy>_sc�»/il_bi�y:at_scty>_sr
m�_srbejat�/~D_sr)��m�wsu>k�eh|x_x~D_sy:adrví(_s_x~Je�y¬�}m1�Á�>y>_!�z�¬e�y:atilatw!�:�>i6fhejctil_!m1�Á�>y¾u��hi�yzaD�
k¡�Íe��@adct_�m�_�k<�Á_srtu¬e�|x_/¹¬°¤_�u>kl�>r�£�kl_�u>�>i�adr�m�_�u���ad_sy:ati�_xk­ctwxrd�>k�a�ejy:a�m��4u>ilws»/_�ej»h_}~Je��
»/y>w®adi��:�>_�_sr�a¿��_�ej�{|x�h�>uH~D�hi�y�rµu>ct�h©A�hy{mH�z�>_�kl_srµu>i�qs»h_sr�m�_��8_sy>y>ily>»b�/�Hm�_}�½ej�>k
��adilkli�rtwsrnu��/�>c¼u>i�wx»/_sc¼k�_srnil�/y>rg¹:^��Ä_srtanu��h�>cd�:���/i{��yDct_s©Ac��/i�m�ilrtrd_x~D_sy:anu>ctw�ejk�e��>kl_¤m�_sr
ejat�/~v_sr6y>_s��adc�_srg£zu¬ejc6k�e�rt_scs£z_sr�a`y>ws|x_srtr�ejilct_¤u��h�>c`�:�>_�kl_s�>c6wxy>_sct»hi�_¤|xily>wxadi��:�>_�rt�/i�a
i�y�©Awsctil_s�>c�_���k¦e}u>ct�h©A�hy{m�_s�>c�m��!u>�>i�adr�m��!u>ilqs»h_�~ e�»hy>wxadi��:�>_h¹@�­_¥c�_s©Ac��/i�m�ilrdrt_s~v_sy:a
k¦ejrt_sc½m1�Ä�>y�»:ejôÀe�ad�h~Di��z�>_`rt�>ilf@i:u¬ejc8�>y�u>ilws»h_�e�»h_�~ e�»hy>wxadi��:�>_�|x�hy>r�adi�ad�>_`�>y�u>ilqs»/_
~Jej»/y>wxat���ð�hu�adi��:�>_ �¡�6¯.éo£��/��¯.é�âä_xy�e�y>»hk¦ejilr��®¹
ê�yDe�ad�h~D_Ày>_s��atct_µm�_À~D�h~D_sy:a¢~Jej»/y>w®adi��:�>_

~µ
u>k�eh|xwµm{e�y>r¢�>yD|dp¬e�~vub~Je�»hy>w®�

adi��:�>_bi�y>p��/~D�h»hqsy>_ ~B £�u>ctwg|®_srdrt_De���at�/�>c�m�_v|x_skl�>i��Ò|xin�!k�e!©Actwg�z�>_sy{|x_Dm�_v�'e�c�~D�/c
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ωL = µB/~
¹��n�Áwsy>_xct»/il_¥~Jej»hy>wxadi��:�>_�m�_¥|x�h�>u>k¦ej»h_�m�_¥|x_xaµe�ad�/~v_�esfz_g| ~B _xrtaÀm�_k�eb©A�hct~D_væ

W = − ~µ . ~B �¡Ê@¹�È��
^�_®atad_vwsy�_sct»hi�_�º¸�h�>_vk�_vcÅ�hkl_ m��Á�>y>_vwsy>_sc�»/il_Du���ad_syzadil_sklk�_Du��h�>c�kl_v~D�/��f/_s~D_sy:a}m��
|x_sy:atct_¥m�_¥~Jejrtrt_�m�_¤k<��e�ad�h~D_/£:_xa�k�e}©A�hcd|x_¤~Je�»hy>wxati��:��_��:�>i�_syJctwsrt�>k�ad_¤u(_xct~D_xaÀm�_
|x�hy�Ð{y>_sc¿k¡�Íejat�/~v_/¹
�:i�k<��e�ad�h~D_`rt_`m�wsu>k�eh|x_`rt��Ñ r�ej~D~D_sy:a8kl_sy:at_s~D_sy:a½m{ejy>r8k�_`|�p¬ej~Du�~Jej»/y>w®adi��:�>_/£

|h�Á_xrtaÅ�¸���Òm�ilct_�rti{k�_¿ad_x~Du>r`|gejc�e�|®adwsc�i�r�adi��:�>_¤m�_¿fhe�c�i¦e�adil�/yJm��J|�p¬ej~Du _sr�a`u>kl�>r6»/cde�y{m
�:�>_$k�e¾u�wsctil�@m�_Cm�_$u>c�wg|x_srtrti��hyäm��ã~D�h~D_sy:a)~Je�»hy>wxati��:��_/£Àk¦eçm�ilct_g|®atil�/yäm�_C|x_
m�_scty�i�_sc½c�_sr�ad_�u{e�c�ejklk�qxk�kl_¿�¥|®_sk�kl_µm��b|dp¬e�~vu)æj�hyou¬ejctkl_¿ejkl�/c�r¼m@_Àrt�>i�f@i>e�m�i�e��{ejati��:�>_h¹
°�e�y>r6|x_¿|ge�rg£hrti

~µ
_xa ~B rt�hy:an�/c�i�_syzadwsr6m{ejy>rnkl_¿~Dès~v_¿rt_sy>rg£hk<�Áwsy>_sc�»/il_¿~Je�»hy>wxati��z�>_m�_�k<�Íejat�/~D_�m�il~Dily��>_�kl�hctrd�:�>_Xk�_X~D��m��>k�_�m�_ ~B e��>»h~D_syzad_!� W < 0

�®£¬_xa¥k<��e�ad�h~D_
_sr�abm��/y>|)eja�adilctw fz_sctr�k�_xroctws»hi��hy>rbm�_sro~Je�§�il~Je�m@_ | ~B| ¹½�¢yçc�_xfhe�y{|�p�_/£8rti ~µ _sr�am�_�rt_sy>r¥�hu>u��/rtwb� ~B � W > 0

��£�k<��e�ad�h~D_�rt_sc�eJe�atati�c�w�u¬ejc¥kl_sr¥ôs�/y>_xr�m�_sr¥~Dily>il~Je
m�_ | ~B| ¹n�­_srJe�ad�h~D_srDu�_s��fz_syzaJm��/y{|4èxadc�_Hkl�@|gejkli�rtwsr!ej�ìfz�hi�rtily¬e�»h_�m�_srD_®§@atctws~Jem��ç~v�@m��>kl_)m�_ ~B ¹¢é¥cs£8kl_srowg�z�¬ejati��hy>rbm�_4¯�e�§eËµ_sklk`i�yzad_sctm�i�rt_sy:ave��¾~D�@m���k�_)m��|�p¬ej~Duv~Jej»hy>wxadi��:�>_}�<m�_À~Dès~D_Àu��/�>c¢�>yD|�p¬ej~Duvwskl_g|®adc�i��z�>_��8rta�ejati��z�>_¿m1��esfz�hilc¼�>y
~Je�§�il~o�>~ k���|gejk�m{ejy>rÀ�>y>_¥ctwx»/il�hy4m�wxu��/�>cÅf@�>_�m�_�|x�h�>cde�y:atr�£�|h�Á_xrtaÅ�¸���Òm�ilct_�m{ejy>r�k�_
f@i�m�_/¹
^`_�ctwsrt�>k�a�e�a¿_sr�a�|x�hy>y��4rt�h�>r¿kl_�y>�/~,m�_
Á}adp>ws�hctqs~v_}m�_�Ããily>»
Â*³ b ÇHµ¡¹>·ðk�_s~b�

u�èg|�p>_Dm��hy{|vkl_vu>ilws»/_�ej»h_ m1��e�ad�h~D_sr}m{e�y�r}�>yCwxa�eja�e�atati�c�wvu¬ejc�kl_srX|�p¬ej~Du>r�©A�hc�atr�¹
�'eFrt_s�>kl_!u��hrdrtil�>ilk�i�adw!_sr�abm��hy{|!m�_Ju>ilws»h_scokl_srbejad�h~D_sr�_sy¾k�_xrou��/k�ejctilr�e�y:aoi�y�ilati¦e��
kl_s~D_sy:ag£µu¬e�cHct_x©Act�hi�m@i�rtrt_s~D_sy:aFk�e�rt_scs£¿_syärt_sy>rF�/u�u(�hrtw¾ej�ò|�p¬ej~Duä~Je�»hy>wxati��z�>_
r�a�e�adi��:�>_/£>e���atct_s~D_syza�m�i�a�£@kl_sr¿u>ilqs»h_sr¿~Jej»/y�wxadi��:�>_sr¿r�a�ejati��:��_sr¿y�_}|®�/y�Ð{y>_xy:a�m��hy{|
�:�>_�m�_sr�e�ad�h~D_sr¤u��/k�e�c�ilrdwsr�m{ejy>r¥�>y�wxa�e�a�e�yzadilu¬e�cde�klklqsk�_bej�.|dp¬e�~vu�~Jej»/y>w®adi��:�>_/¹
�¢ejc6e�ilklk�_x�>ctrg£:ej�vfz�hi�rtily¬ej»/_�m1�Á�>yv~Dily>i�~��>~]m�_ | ~B| £hk¡�Äwsy>_sct»hil_�~ e�»hy>wxadi��:�>_ W _sr�a_sklk�_��Ò~vès~D_�~Dily>i�~ e�kl_¤_®a`u��/rti�adi�fz_��

W = µB > 0
�®£/_xa`k<��e�ad�h~D_¿fhe�_xî(_g|®ad�>_xc`m�_sr

�hr�|xilklk�ejadil�hy>r¤r�a�ej�>kl_sr¥e��@ad�h�>c¤m�_}|x_}~vi�y>il~o�>~H£¬�b��y>_}©Ac�wg�:�>cty>|x_Xm�_�k¡�Ä�/ctm�ct_}m�_}k�e
|x_sy:a�e�ily>_}m�_}p>_xc�adô/¹
�'evÐ{»h�>ct_!�¡Ê@¹�È��µct_su>c�wsrt_sy:ad_Xkl_sr¥rt�/�>rÅ�ðy>i�fz_�ej�@§$í�_s_s~Jejy.m�_sr�e�ad�h~D_sr¥m�_�c��>�>i �

m�il�>~�Ë b � 87
«µ���¿u��/k�ejctilrtwsr�m{ejy>rbæ | F = 2 , mF = 2 >

��k<��e�§�_bm�_b�z�¬e�y:ati�Ð��
|ge�adil�/yJwxa�ejy:a�|�p>�hilrdi¬rt_sk��hyJk�eXm�ilct_g|®ati��hy!m��!|�p¬ej~DuJ~ e�»hy>wxadi��:�>_ ~B ��¹@^�_xa�ad_�Ð{»h�>ct_~D�hy:adc�_D�:�1��ej�$fz�hi�rtily¬e�»h_Dm1�Á�>yC~vi�y>il~o�>~�m�_D|dp¬e�~Du­£�kl_vu��hat_sy:adil_sk¢~Je�»hy>wxati��z�>_
W (x, y, z)

f@�Æu¬ejcDk�_sr m�ilî(wsc�_sy:adr rt�h�>rÅ�ðy>ilf/_�e��@§&í�_s_s~JejyÓejrtrd��|xilwsr!�$k�eC~��>klati �



ñkm ë#ì Øzß+º�Ú®Ý�á�WVî+{�ã�Ø5ðKº�à�ØzÚ\ºlÞ�Ù=·Máhà ë Þ�ÙM·�áhÙ(à�ØzÚ®à?·Má/o¿Û�q ker
î

o�prq*s Ê�¹lÈ3tF�8��ad_syzadil_sk'~Jej»/y>wxati��z�>_
W = E

f@��u¬ejc¤k�_xr�|xily{�4rt�h�>r��ðy>i�fz_ge��@§.í(_s_��
~Jejy!m�_¤k�e}~o�>k�adilu>kli�|xi�adw

F = 2
m��Jct�>��i�m�il�>~øË b ¹:·Òk¬_®§�ilr�ad_¥m�_s�@§ y>i�fz_�ej�@§ u>ilws»/wsrg£

mF = +2
_xa
mF = +1

¹

u>kli�|xi�adw
F = 2

£¢y>_4u��h�>ctc�ejy:aDèxatct_4u��hrtilati�©¥�:�>_4u��h�>cDkl_srDm�_s�@§�rt�/�>rÅ�ðy>i�fz_�ej�@§ãæ
mF = + 2

£�_®a
mF = + 1

£:_xa�u¬ejc�|x�hy>rdws�:�>_sy:ag£�kl_sr`adc��/ilrµej��adc�_sr�rt�h�>r��ðy>i�fz_�ej�@§�æ
mF = 0

£
mF = −1

_xa
mF = −2

u��/��c¿k�_srd�:�>_xk�r
W ≤ 0

£>rt�hy:a�_�§�u>�>klrdwxr�¹

8*�98*��� Ö ©*�Q�@>A��� �N�&­B'C�@>ALS!C'���­��$-/.��B>
Ug��&ÈN*�¡CK©e¥�N^�+ShU�AX>ISX�ÀJMTKU�Cf>�N
�'�/�>cÀctwge�klilrd_xcµ�>y4~Dily>il~o�>~,m�_�|�p¬ej~Du)~Je�»hy>wxati��z�>_}e��{�z�>_sk1_sr�a�ejrdrt��|xi�w��>y>_

wsy>_sct»hil_)m�_Ju>ilws»/_�ej»h_!~Je�»hy>wxati��:�>_J~Dily>il~Je�kl_J_xaou��hrdi�adi�fz_h£8u>kl�>rtil_s�>ctrb|x�hy�Ð{»h�>c�e��
adil�/y�rDrt�hy:av_sy:f@ilr�e�»h_�e���k�_srg¹¼�­_4u>i�qx»/_4kl_Hu�k��>rvrtil~Du>kl_Fe��{�z�>_skµ�/y�u>�>i�rtrt_4u�_sy>rt_sc
u��/�>c�u>c��@m��>ilct_J�>y¾~Di�y�i�~��>yçm��ç~D��m��>kl_)m@��|�p¬ej~Du¾~Jej»hy>wxadi��:�>_J_srta�kl_!u>ilqs»/_
�:�¬e�m�ct�>u��hk¦ejilct_/£{�ji�|®_}~Dily>il~o�>~Uf/ej��a�ôswsc���³ b È�µ¡¹�é¥yHu�_s��a¤c�w�ejk�ilrt_sc¿rdil~Du>kl_s~D_syza
�>ybad_sk>u�i�qs»h_¤�¥k¡�Íe�i�m�_¿m�_�m�_x�@§v���h�>ily>_srn~Dilrd_xrn©ªeh|x_���©�e�|x_/£h_®anu¬ejcd|x�h�>ct�>_srnu¬ejcnm�_sr
|x�/��c�ejy:adrX_xy¨rt_sy>rX�hu>u��/rtwsr!��u��hrti�adil�/yçejy:adi �¸³�_skl~Dp>�hklatô��®¹Â�­_ ~v�@m��>kl_Jm��¨|�p¬ej~Du
~Jej»/y>wxati��z�>_brg�Íe�y>y:�>k�_ort�>c�kl_ou��/ily:a�wg�z�>i�m�ilr�a�ejy:a�m�_sr�m�_s�@§����h�>i�y>_xr�_®a}eju>u¬ejc�ad_®�
y¬e�yzaµ�}k¡�Íe�§@_

z
m�_¤k�_s��c�r��@~Dw®adctil_¥|®�@klily{m�cti��:�>_/¹�±¥� fz�hilrti�y¬ej»h_�m�_�|x_¤~Dily>i�~��>~F£zk�_
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|�p¬ej~DuH~Jej»/y�wxadi��:�>_�_sr�a¥e��Hu�ct_s~Dil_sc¿�hcdm�c�_}m�_�k¦eo©A�hct~D_Dæ

~Bquad =



−b′x
−b′y
2b
′
z




�¡Ê@¹�Ê/�

·ðk1r�e�adilrt©�ejila¿�>il_syFej�@§)wg�:�¬e�adil�hy>r�m�_}¯�e�§5Ëµ_xk�k1u��h�>cµ��yF|dp¬e�~vu4~Jej»/y>w®ad�/r�a�ejati��z�>_
m{ejy>r�kl_�f@i�m�_ æ

m�i�f ( ~Bquad

)
= 0

_xa
~rot
(
~Bquad

)
= ~0 .

�¡Ê@¹ Ô �
�­_�u��hat_sy:adil_sk­~Jej»hy>wxadi��:�>_

W
_sr�a¤m��hy{|�m�_�k¦eo©A�/c�~D_Dæ

W = µ b
′√
x2 + y2 + 4z2

�¡Ê@¹ÁÌ:�
^�_bu��hat_sy:adil_sk¢k�ily>w�eji�c�_ m�_v|x�/y@Ð{y>_s~D_sy:a�u��/cÅad_vkl_vy>�h~�m�_vu>ilqs»h_ �z�¬ehm�c��>u��/k�eji�c�_/£
�C|gej�>rt_�m�_Hk�e$©¦�/c�~D_Fm�_Hrt�/y�m�wxf/_sk��hu>u�_s~D_xy:aJ~o��klati�u��hk�e�ilct_�³ b ÊIµð¹¼�­_F»hc�e�m�il_sy:a
a¸��u>i��z�>_¤_sr�a

b
′

= 100
÷�ej�>rtr�É�|x~F£zkl_¤c�es�z�hy!m�_sr`���h�>ily>_sr�_sr�a�m�_¤k¡�Ä�/ctm�ct_¤m�_#cX|x~H¹

�­_¿|�p¬ej~Duv_sr�a`ejk��hctr6��|x_®atad_¿m�ilr�a�ejy{|x_}æ | ~B| ∼ 1000
÷�ej�>rtr�¹h�'e�u>c��/©A�hy{m�_s�>cnm1�Ä�>y

ad_sk¼u>i�qx»/_ _xrtaXm��/y{|Dm�_Dk¡�Ä�/ctm�ct_ m�_ �:�>_sk��:�>_srX~ ¶*�ª~Dilk�kliló/_sk�f@ily��D�ªu��/�>c}kl_
87
«µ��æ

µ = µB
£8_xa

T = µB | ~B|/kB ∼ 30
~D¶
egf/_g|!kl_srofhejk�_x�>ctrbu>c�wg|xwgm�_sy:at_srg£

µB
k�_

~Jej»/y>w®ad�hy!m�_¥á`�/p�c��®¹:�'e}|geju�ad��ct_¤_®a`k�_�u>ctwsc�_s©Act�hi�m�i�rtrt_s~D_syzaµejrtrt�>ctwsr`u¬ejc6kl_¤u>ilqs»h_
~Jej»/y>w®ad�j�Ò�hu�adi��:�>_h£{rt�hy:a¤m��hy{|}e�m{e�u�atwsr¥�ord�hyHct_s~Du�k�ilrtr�e�»h_/¹
^`_�u�i�qs»h_�~Jej»/y>w®adi��:�>_ì�:�¬e�m�ct�>u��hk�e�ilct_�u>ctwxrd_xy:ad_ç�>y�m�wx©�e��@aC~JejºÒ_s�>c�æ¥kl_sr

e�ad�/~v_sr��:�>inrg��eju>u>ct��|�p>_syzaom��¨©¦�/y{m¨m���u>i�qx»/_/£Âk��4�?i�k�_J|dp¬e�~Du�_sr�aXy��>k<£­fz�hi�_xy:a
k�e$m�ilct_g|�adil�/yÆm��Æ|dp¬e�~vuì~Jej»/y>w®adi��:�>_H|�p¬ejy>»h_scDm�_)rd_sy�rbadct�hu�f�ilat_4u��h�>cD�:�>_)k�_
|xcti�adqxct_Dm�_vrt�>ilf�i6e�m�i¦ej�¬e�adi��:�>_Drt�hila�r�e�adilrt©�ejilag¹Â�¢ejc}e�ilklk�_x�>ctrg£�ad�/��r}kl_srXejat�/~D_sr}�z�>i
rg��eju>u>ct��|�p>_sy:a¥m���|x_sy:adc�_�m��Fu>ilqs»h_Xrd�hy:a¤_®§@u>�>k�rtwsr¥m��Fu>ilqs»/_X�:�¬ehm�c��>u��hk¦eji�c�_/¹�^`_sr
u�_sc�at_srXm1�Íejad�h~D_srg£1m��>_sr�ej�@§.adc�ejy>rtilati��hy>r}y>�hy@�¸e�m�i¦ej�¬e�adi��:�>_srX_®aX|x�/y>y:�>_sr}rd�h�>r�k�_
y>�h~ m�_xÁ)adcde�y>rti�adil�hy>rbm�_!¯�ejº¸�hc�ejy¬e*Â/£Ârd�hy:aom1��ej��a�e�y:a�u>kl�>rom�c�ej~Jejati��z�>_sro�:�>_
k<�Áwg|�p¬ejy:ati�klkl�/y4_sr�aÀu>k��>rÀ©Act�hi�m1£@u¬e�ct|x_��:�>_�kl_sr�e�ad�h~D_srÀrt�/yza�e�kl�hctrµkl��|ge�klilrtwsr¿rt�>cÅad�h��a
m{ejy>r¢k�e¤c�ws»hi��hyof/�/ilrti�y>_Àm��oôswxct��m��b|dp¬e�~vu­¹h�¢ejc¢e�ilklk�_s��ctrg£h|®_�u>i�qx»/_�y>_�u�_sct~D_xa½u¬ejr
m1��e�atat_sily{m�ct_�kl_�rt_s�>ilk­m�_�|x�/y{m�_xy>r�e�adil�hyFm�_}án�¸�¿¹�·ðk1©ªe���aµi�~vu(wxc�e�adi�fz_s~D_syza¿ctw�ejkli�rt_sc
�>yHu>ilqs»/_}m��hy:a�kl_}~vi�y>il~o��~ kl�@|gejk­rt�/i�a�y>�hyHy��>k<¹
� ��&!N^�¡CK©e¥�N*	����
�­_}u>i�qx»/_�â¤é�� ��Ávâµil~D_®�¸esfz_scde�»h_gm.é¥c��>i�adily>»)�'�hat_sy:adi�ejk�Â>�¿evwxadw}u>ct�hu��/rtwXk�e

u>ct_s~vi�qxct_�©A�hi�rÀu¬ejcÀk�_�»hct�h�>u�_�m@_�á`�/�>k�m�_scÀ_sy$È\`Z`Zc"³ b�Ô µ¡¹�·ðk1e�u�_sc�~Dilrµk�e�u>c�_s~Dilqsct_
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�/�>rt_scÅf/e�adil�hyÆm�_4k�e.|x�hy{m�_sy>r�ejati��hy�m@_Fán�¸��esfz_g|)m�_sr e�ad�h~D_srDm�_
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«µ��³lÈ b µð¹¼^�_

u>ilqs»/_�_sr�a)|x�hy>r�adi�ad�>w�u¬ejcJ�>y&u>ilqs»/_��:�¬e�m�ct�>u��hk¦ejilct_$ej�{�:�>_sk¤�hy ejº¸�h��ad_�m{ejy>r!kl_
u>k�e�y�adcde�y>r�fz_xctrt_o�>y$|�p¬ej~Du�at�/�>c�y¬e�yza}� k¦e ©Actwg�z�>_sy{|x_

ω0/(2π)
¹1^�_xa�ad_bm�_sc�y>i�qsc�_

_sr�a¤|dp>�/ilrtil_�u�_xadi�ad_}m�_®f/ejy:a¿k¦eo©Ac�wg�:�>_sy{|®_}m�_}�'ejct~D�hcg£�u��h�>cµy>_�u¬ejr¿u>ct��fz���:�>_sc¿m�_
adc�ejy>rti�adil�/y�y>�hy@�¸ehm�i�ej�¬ejati��:��_/¹­é¥y.©ªe�i�a�eji�y>rti'ad�h�>cty�_sc¥k�_�ôswsc��)m�_b|dp¬e�~vu.~ e�»hy>w®�
adi��:�>_/¹

~BTOP = ~Bquad + ~B0(t) =



−b′x
−b′y
2b
′
z


+




B0 cos(ω0t)

B0 sin(ω0t)

0




=



−b′x+B0 cos(ω0t)

−b′y +B0 sin(ω0t)

2b
′
z




�¡Ê@¹dc/�

��i��/y�|dp>�/ilrtila
ω0/(2π)

»hc�ejy{mäm�_xfhe�y:aHk�_xrF©Ac�wg�:�>_sy{|®_sr�m1�Á�hrd|xilk�k�e�adil�/y>r�m{ejy>r
k�_ u��hat_sy:adil_sk`~ e�»hy>wxadi��:�>_/£Âkl_srbejat�/~D_xr�y>_Jrt�/yzaou¬ejr�_syzadc�ejily>wsrou¬ejcXkl_Ju��hat_sy:adil_sk
ad�h�>cty¬ejy:a�£>~Je�ilr¤wxf/�/kl�>_syza�m{ejy>r¤k�_}u���ad_sy:ati�_xk'~D���z_sy

W (x, y, z)
_xa¥�:�>i­fhej��a�£�ej�

fz�hi�rtily¬ej»/_}m��F~vi�y>il~o�>~ m��H~D��m��>k�_}m��F|�p{e�~DuH~ e�»hy>wxadi��:�>_Dæ
W (x, y, z) = µ

〈
| ~B|
〉
ω0

' µB0 +
1

2
mω2(x2 + y2 + 8z2)

�¡Ê@¹~_z�
esfz_s|væ

ω2 =
µ b
′2

2mB0

^`_Ju��hat_sy:adil_sk`_sr�a�p¬e�c�~D�/y>i��:�>_)ej�¨fz�hi�rtily¬ej»/_!m�_Jrd�hyç|x_xy:adct_h£½ejy>i�rt��adc��/u�_J_xa
m�_�ctwxf/�/kl��adil�hy�ej��ad�h�>c¿m�_�k<�Íe�§�_

z
¹��'e�c�eji�m�_s��c¿m{e�y>rµkl_�u>k�e�y)adc�ejy>r�fz_sc�rt_

xy
_sr�a¿Ë

©A�hi�r¤u>kl�>r¤u�_xatilat_��:�>_}rd�>i�fhe�yza¥k<�Íe�§�_
z
¹�����ad�hy>r¥�:�>_

W 6= 0
ej��|x_sy:atct_Xm���u>ilqs»h_

�
x = y = z = 0

�®¹'�'�h�>c}�>y����hy¨©A�hy{|®ati��hy>y>_s~D_xy:a�m���u>i�qx»/_/£­kl_srXu>�>klr�e�adil�/y>r
ωm��/i�fz_xy:a¿fzwsc�i�Ð{_sc}æ

ω << ω0 << ωL
�¡Ê@¹ b �

�'e�m�_s�@§�ilqs~D_¿ily>ws»ze�kli�adw¥ejrtrt�>ct_¿kl_�|xc�ilatqsct_¿m1��e�m�i�e��¬e�adi�|xi�adw/£/k�e�u>c�_s~Dilqsct_µu(_xct~D_xa6m�_
©�eji�c�_¥w®fz�/kl�>_sc`kl_srµe�ad�h~D_sr�m{ejy>r�kl_¤u��hat_sy:adil_sk�~D���z_sy

W (x, y, z)
�¡Ê@¹~_z�®¹:�Â_xr��hcdm�c�_sr
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m�_�»hc�ejy{m�_s�>cµa¸�@u>i��:�>_xr�rt�hy:aXæ

B0 ∼ 10
÷�ej�>rtr

, b
′ ∼ 100

÷�ej�>rtr
/cm

�<Ê�¹ÁË:�

ω/(2π) ∼ 100
³�ô

, ω0/(2π) ∼ 5
ó@³�ô

, ωL/(2π) ∼ 14
¯�³�ô �<Ê�¹¿`:�

�­_sr¿wg|dp>_sk�kl_sr�m�_�at_s~Du>rµrd�hy:a¤ejily>rdi1�>il_syHrtwsu¬ejctws_srg¹>�­_�c�es�z�hyFm��H|x_scd|xkl_�u¬ejcd|®�/�>c��
u¬ejc¥k�_o|x_sy:atct_om��.�:�¬e�m�ct�>u��hk�_o_xrta

R0 =
B0

b′
¹�ê�y$ejat�/~v_o�:�>i'atc�esfz_sctrt_o|®_b|x_sct|xkl_

_sr�a6u�_scdm@� u¬ejc¼adcde�y�rdi�adil�hy>r6y>�hy@�¸ehm�i�ej�¬ejati��z�>_srg¹:�'e�u>c��/©A�hy{m�_s�>c
Wp

m��Du>ilqs»/_�_sr�a�æ

Wp ' µB0/4
�<Ê�¹lÈgÇz�

^�_®atad_�u>c��/©¦�/y{m�_x�>c¿_sr�a¤m�_�k<�Á�hcdm�ct_}m�_}�:�>_xk��:��_sr¤|x_syza�eji�y>_sr�m�_
µ
¶ �ª~Di�|®ct�hó/_sk�f@ily��®¹

^�_�u�i�qs»h_}u�_s�@a�èxadct_}|dp¬e�c�»/wX�ou¬e�cÅadilc�m1�Á�>yHu�i�qs»h_}~ e�»hy>wxad�j�ð�/u@adi��:�>_/¹

EB����CK©e¥�N*AXN�G2�h�ÀN���J�ÉÈ@Z02��>IC�G�EH¦hUk>;A
�]�(��JMLh¨D¥MSX>�U]G;CKJgL
�­_¼u>i�qs»h_6m�_6·ð�hî(w®�¸�¼c�ilad|�p¬ejcdm�u>c�wsrt_sy:ad_n��y>_`e��@adct_6|®�/y�Ð{»h�>c�e�adil�hyXu��h�>cÂk�eh�z�>_sk�kl_

�>y&~Dily>il~o�>~�y>�/y&y:�>k¤m��&~D��m��>kl_�m��Ó|�p¬ej~Du�_sr�aJ�/��at_sy�� esfz_g|Fm�_sr!|�p¬ej~Du>r
u>�>ct_x~D_sy:a6r�a�e�adi��:�>_xr�¹:^�_¿u>ilqs»h_¥e�ily>i�adi�ejk�_s~v_sy:a`wxatw¿u>ct�hu��/rtw/£zm{ejy>r6kl_sr�ejy>y>ws_sr!_/Ç�£
u¬ejc�·Ò��î(w¢³ b ÌHµ¢u��h�>c�k�_b|x�hy�Ð{y>_s~D_syza}m�_sr�u>k�e�rt~Jejrg£(u>�>ilr�ct_su>c�i�r�m{e�y�r�kl_sr}ejy>y>ws_sr
È\`/ËhÇvu¬ejc¿kl_}»hct�h�>u�_Xm�_X�¢cti�a�|�p{e�ctmHu��h�>c�|x�hy�Ð{y>_sc�m�_sr¤ejat�/~v_sr�y>_x��adct_xr�³ b c@£ b _Hµð¹
ê¿y u>ilqs»h_Cm�_.·Ò��î(w®�¸�¼cti�ad|�p¬e�ctmÓ_sr�a4|x�hy�Ð{»/�>c�w$u{e�c)�:�¬e�adct_�Ð{klr)u¬e�cde�klklqsk�_xr4_xa

m�_s�@§&���h�>i�y�_sr4|xi�ct|x�>k�e�ilct_xr4i�m�_syzadi��:�>_srg£Àe�u>u�_sklws_sr)���h�>ily>_sr4m�_$³�_skl~Dp>�hk�adô��ªf/�/ilc
ë8i�»>¹1Ê�¹ÍÊz��¹��­_sr�Ì!Ð{klr�u¬ejc�ejk�klqskl_sr�rt�hy:a�wg�:�>i�m�ilr�a�ejy:adr�m��$u��hily:aXéo£(_xa�u¬e�rtrt_sy:a�u¬ejc
kl_sr¤rt�/~v~D_xadr¤m1�Ä�>y�|gejctctwXm��Fu>k�e�y

xz
m�_Xm�_s~Di �Òm�i�e�»h�hy¬e�kl_

a
¹{·Òklr�rt�/y:a¤u{e�cd|®�/�>c��>r

u¬ejc�m�_sr�|x�/�>cde�yzadr|Ê�·¿_xa¥�Ò·�¹1�­_sr}Ê!���h�>ily>_srX|®i�ct|x�>k�e�ilct_sr�rt�hy:a}|x_syzadctws_xr�rt�>c�k<�Íe�§�_
�ç_xaDu¬ejcd|x�h�>ct�>_srDu¬ejcv�>yÆ|x�/��c�e�yzaJm@_H~Dès~v_4rt_sy>r · ′ ¹6���hila

R
k�_4c�es�z�hyÆm�_F|®_sr

���/��i�y>_sro_xa
A
kl_s�>com�i�r�a�e�y{|x_)e��çu��hily:aDéo¹¢é¥y�|dp>�/ilrtilaok�eFu��/rti�adil�/y æ

A > R/2u��/��c�|xctws_scµ�>yH~Di�y�i�~��>~
B0 6= 0

m��H~D��m��>kl_}m���|dp¬e�~Du4~Jej»/y>wxati��z�>_�ej�Hu��/ily:a
éo¹��­_µ|�p¬ej~Duo~Jej»/y>wxati��z�>_µ|xctwswÀu{e�c½kl_sr¢Ì¥Ð{k�r¢u�_sc�~D_xa¼m�_µ|®�/y�Ð{y>_xc¢k�_�~D�/�@fz_s~D_syza
m�_srXejat�/~D_sr}m{ejy>r}kl_Du>k�ejy$§�ôz�

Bxz 6= 0
£
By = 0

�®£­e�kl�/c�rX�:��_ |x_xk��>in|xctwswvu¬ejc�kl_sr
m�_s�@§4���h�>i�y>_xr�k�_xr¤|x�hy�Ð{y>_}kl_�k��hy>» m�_�k<��e�§�_��z¹
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o�prq*s Ê@¹�Êxt��@|�p>wx~Je$m���u>ilqs»/_Hm�_H·ð��î�w��Å�¢cti�a�|�p¬ejcdm�¹¼�­_srD�:�{ejadc�_)Ð{klrvrt�/y:avwg�z�>i��
m�ilrta�e�yzadr�m��$u��hi�y:a�éo£(_xa�u¬e�rtrt_sy:a�u¬e�c�k�_xr�rt�h~D~D_xadr�m1�Á�>yC|gejctc�wvm��$u>k�ejy

xz
m�_

m�_s~Di �Òm�i�e�»h�/y¬ejkl_
a
¹6·ðklr rt�/yza u¬e�ct|x�/�>c��>r u¬ejcJm�_sr |x�/�>cde�yzadr�æIÊ�·�_xav�Ò·�¹`é¥y�rt�@�

u�_sctu��hrt_Dm@_s�@§.���h�>ily>_sr}|xilcd|x��k¦ejilct_sr�|x_sy:adc�ws_sr�rt�>c�k¡�Íe�§@_
y
_xa�u{e�ct|x�/�>c��>_sr�u{e�c��>y

|x�/��c�ejy:a¤m�_�~Dès~D_�rd_xy>r¤· ′ ¹

�­_}|�p¬ej~DuH~Jej»hy>wxadi��:�>_�ctwsrt�>k�a�ejy:a�_sr�a�m�_}k�eb©¦�/c�~D_Dæ

~B Ë �%ÌzÍ = ~B Î%ÏÑÐ � + ~B ÒTÓ � Ó (t) =



−b′x

0

−b′z


 +




−b
′′

2
xy

B0 +
b
′′

2

(
y2 − 1

2
(x2 + z2)

)

−b
′′

2
yz




�¡Ê@¹�ÈhÈ��

_xa¿rd�hyH~D��m��>kl_/£{_xyHy>_}c�_xad_sy¬ejy:a¤�z�>_�k�_xr¿ad_sc�~D_sr�m1�Ä�/ctm�ct_XÊo_sy
x
£
y
_xa
z
æ
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| ~B Ë �%Ì¿Í | =
√
(
B0 +

b
′′

2

(
y2 − 1

2
(x2 + z2)

))2

+
9b
′2

4
(x2 + z2)

�<Ê�¹lÈ�Ê/�
�ji

b
′

=
2µ0 I

π2 a2

_xa
b
′′

=
3µ0 I

′
R2 (4A2 −R2)

2(A2 +R2)5/2

�<Ê�¹lÈ Ô �

ê¿y>_6at_sk�kl_�|x�hy�Ð{»/��c�e�adil�/yom�_�|dp¬e�~vu�u�_sc�~D_xa½m�_�|x�hy:atcÅ�hk�_sc'kl_sr8»/cdehm@i�_syzadr'adcde�y>rÅ�
fz_sc�rt_sr

b
′ »hc�Ï�|x_�ej�X|x�/�>cde�yza

I
¹��8e¿|®�/�>c��>�>ct_

b
′′ rt�>ilfhejy:a'k¡�Íe�§@_

y
m�wxu�_sy{m}rt_s�>k�_x~D_sy:a

m���|x�h�>c�ejy:a
I
′ ¹�°¤_`u�k��>rg£�_xy�rt�>u�_sc�u��/r�ejy:a8�>y�|�p¬ej~DuX~Jej»hy>wxadi��:�>_6p>�h~D�/»hqsy>_`|xctwsw

u¬ejc¥�>y>_Xadc��/ilrtilqs~D_����/�>ily>_b³�_skl~Dp>�hklatôom1��e�§�_
y
£�ilk8_sr�a¥u��/rtrti���k�_om�_�~D�@m@ilÐ{_sc

B0r�e�y>rbejî(_g|®at_sc�k�e�|®�/�>c��>�>ct_
b
′′ rt�>i�f/ejy:aok<��e�§�_

y
£'y>i`kl_!»hc�e�m�i�_xy:a

b
′ m{ejy>rokl_!u>k�ejy

adcde�y>r�fz_xctrt_/¹
�¢k���rdil_s�>c�r¥|®�/y�Ð{»h�>c�e�adil�hy>r�fz�hilrdily>_sr¤m�_}|x_sklk�_Xm�_}·Ò��î(w®�¸�¼cti�ad|�p¬e�ctm4�/y:a�wxatw}u>c����

u��/rtws_xrb_xab��ati�klilrdwx_srH�ªf/�/ilcbë8il»�¹¢Ê@¹ Ô �®¹¢^�_xc�a�ejily>_srvm�i�î�wxc�ejy:abkl_srb�>y�_srvm�_srve��@adct_sr
u¬ejc¿k�eb~ e�y>ilqsct_}m��hy:a¿�/yHct_x©A_sct~v_�kl_sr�|x�/�>cde�yzadr�m�_srµÐ{k�rg£>|ge�r�m�_Dæ�u>ilqs»h_Xm�_}·ð�hî(w®�
�¼c�ilad|�p¬ejcdm4a¸�@u�_}�¬ejrt_s�¬e�klk<£�m1�Íe���atct_sr���adilk�ilr�ejy:a�m1�Íe���atct_sr¿a¸��u(_xr¥m�_}»/wx�/~Dw®adctil_/£¬|gejr
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dt

)
evap

+
(dN
dt

)
dev

,
�<Ê�¹ÄÌO_z�

�ji!k�_sr`atct�hi�r`ad_xct~D_sr`ct_su>c�wsrd_xy:ad_sy:a�kl_srÀu�_xc�ad_sr�u¬ejcÀ|x�hklk�ilrti��hy>rÀ_sy:atct_�e�ad�h~D_sr�u>ilws»hwsr
_xaD|x_s�@§�m��ì»zejô4ctwxrdi�m��>_sk<£½wxfhe�u��hc�e�adil�/yì_xaDm�wxf/_sctrt_s~D_syzaF��rtu>ilk�klily>»:��ct_srtu�_g|®atilf/_®�
~D_sy:ag¹{�¢ejc�m�wxÐ>y>ilati��hy­£

(dN
dt

)
res

= − N
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(dN
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ρ(ε) ḟ(ε) dε .
�¡Ê@¹ÁÌZ`:�

±¥u>ctqsr��z�>_sk��:�>_sr¤|gejk�|®�>k�rg£>�/yH�h��adil_sy:aXæ
(dN
dt

)
evap
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)
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A =
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ψk(~r) ∼ ei
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.
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u¬ejc�k�eJ©¦�/y{|®ati��hy$m1�Á�hy{m�_v� k<�Á�hcdm�ct_
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ei
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m�_À|®�/y>y¬e�a�adct_`k¦e¿rd�hkl��adil�/ybm@_�k<�Äwg�:�¬e�adil�/ybm�_µ�@|�p>c�ï@m�ily>»h_scg¹j·Òk:rg��ej»/i�a¢m1�Á�>y�u>ct�h�>klqs~D_
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¹
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θ
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cosθ = ~n.~n
′ ��¹½é¥y

y>�hat_}m�wsrt�/c�~Jeji�r
fk(~n, ~n

′
) ≡ fk(θ)
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z
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eikz
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ψk(~r)
rt�>cµk�eb�¬ejrt_}m�_sr¿fhejk�_x�>ct_sr

u>ct�hu>ct_xr
l
_xa
m
c�_srtu�_g|®adi�fz_s~D_xy:avm�_

L2
_xa
Lz
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ψk(~r) =
∞∑

l=0

l∑

m=−l
Y m
l (θ, φ)

υk,l,m(r)

r
,

� Ô ¹lÈgÇz�
�ji

φ
_sr�a�k<��ejy>»hk�_bejôsil~o��a�ejk¢ej��ad�h�>c¥m�_�k<��e�§�_

z
£
Y m
l (θ, φ)

rt�hy:a¥k�_sr¥p¬ejct~D�hy>i��:�>_sr
rtu>p>wscti��:�>_sr¿_xa

υk,l,m(r)
k�_xr�©A�hy{|®ati��hy>r�cdehm�i�e�kl_srg¹

^`�h~D~D_}k<�Ä�/y{m�_}ily{|xi�m�_sy:at_X_sr�a¤��yFwxa�e�a¤u�ct�/u�ct_Xm�_
Lz
u��h�>c�k�ebfhejk�_x�>c�u>ct�hu>ct_

m = 0
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ei k z ' 1

2ikr

∞∑

l=0

(2l + 1)Pl(cosθ)((−1)l+1e−i k r + ei k r)
u��/��c

kr >> 1
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�ji�kl_sr

Pl(cosθ)
rt�hy:aFkl_srFu��hkl��yV�/~v_sr�m�_��­_s»/_sy{m@ct_/¹��n�Ä�/y{m@_�u>k�ejy>_�ily{|xi�m@_sy:ad_
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π
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l
¹
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eikz
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fk(θ)e
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~D_xa�adct_�rt�/�>r¿k�eb©A�hct~D_Dæ

ψk(~r) ∼
1

2ikr

∞∑

l=0

(2l + 1)Pl(cosθ)((−1)l+1e−i k r + e2i δlei k r) ,
� Ô ¹lÈ�Ê/�

�ji
δl
_sr�aµ�>yHm�wsu>p¬ejr�ej»h_�ctws_sk<£>m�wxÐ>y>i­~v�@m��>kl�

π
¹>�'e�ctw�ejk�i�adw�m�_

δl
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r = 0
£�k¡�Äwg�:�¬e�adil�/y¨� Ô ¹ Ô ��u>ct_xy{mHk�eo©A�/c�~D_Dæ

υ
′′
k,l(r) +

(
k2 − l(l + 1)

r2
− 2mrV (r)

~2

)
υk,l(r) = 0 .

� Ô ¹lÈ Ô �
�¼yFe�|s|x�hcdmHesfz_s|v� Ô ¹�ÈhÈ��®£@�/y4|�p>_scd|dp>_��>y>_�rt�hk���ati��hyHm��hy:a¿k�e�©A�hct~D_�ejrt��~Du�ad��adi��:�>_
u��/�>c | r |>> b

_sr�aXæ
υk,l(r) ∼ (−1)l+1e−i k r + e2i δlei k r .
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fk(θ) =
1

2ik

∞∑

l=0

(2l + 1) (e2i δl − 1)Pl(cosθ) .
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∞∑

l=0

σl(k)
esfz_s|

σl(k) =
4π

k2
(2l + 1)sin2δl(k) .
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ψ(~r1, ~r2) = ei
~KG . ~RG ψk(~r) .
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^�_�u�ctily{|xi�u�_�r��Äwg|xcti�aXæ

ψ(~r1, ~r2) = ε ψ(~r1, ~r2) ,
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�ji
ε = +1
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ψk(~r) = εψk(−~r)
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�¥æ
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2
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2
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.
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dσ

dΩ
= | fk(θ) + ε fk(π − θ) |2

� Ô ¹�Ê�Çz�
�?i

θ ∈ [0;π/2]
¹:é¥yvu�_s��a¼~Jeji�y:at_sy¬ejy:an��ati�klilrd_xc¼k¦e¥u¬ejcti�adw¿m�_sr¼p¬ejct~D�hy>i��:�>_sr¼rtu>p>w®�

cti��:�>_srÀæ
(−1)l

¹j�Â_xr¢rt_s�>kl_sr¢�hy{m�_sr½u¬e�cÅadil_sklk�_sr¼�z�>i�|x�hy:adc�i��>�>_xy:an�¤k�e¤rt_g|®adil�/yo_xÑ |geh|x_
m�_}m�i�î��>rtil�/yFm�_sr����hrt�/y�r�rt�/yza¤|x_sklk�_xr¤m�_

l
u¬eji�c}�

l
i�~Du{e�ilc¿u��h�>c¿k�_sr¿©A_sc�~Dil�/y>r��¥æ

δtot(k) =
8π

k2

∑

l pair

(2l + 1) sin2 δl(k) .
� Ô ¹ÍÊ�È��

�8�h�>cµm�_srµ©¦_sct~Dil�hy>rµi�m�_sy:ati��z�>_srg£�ilk�©�ej�{m�c�ejilaµct_x~Du>k¦e�|x_sc�æ ∑
l pair

u¬ejc�æ ∑
l impair

¹
�'�/�>c¢k¡�Ä�/y{m�_µu¬e�cÅadil_sklk�_

l = 0
�ª�/y{m�_

s
�®£hkl_µu��hat_sy:adil_sk>i�yzad_sc�f/_sy¬ejy:a`m>e�y>rnk<�Äwg�:�¬e��

adil�/ySm�_���|�p>ctï�m�i�y�»/_sc$cdehm�i�ejk�_ä� Ô ¹lÈ�Ê/�F_sr�a$rti�~vu>k�_s~v_sy:a$k�_çu��hat_sy:ati�_skoi�yzad_scdejat���
~Di��:�>_/¹��8�h�>cHkl_sr�ej��adc�_srF�hy{m�_srFu¬ejc�adil_sklk�_xrç�

l 6= 0
�®£µk�e��¬e�c�ctilqsct_�|x_sy:atctil©A�>»h_�æ

~2l(l + 1)/(2mrr
2)
rt_bc�ejºÒ�/��at_D�)|x_bu���ad_syzadil_sk¡¹­°�e�y>r�|x_vm�_sc�y>i�_sc�|gejrg£�k�e!u¬ejc�ati��

|x�>kl_bct_xk¦e�adi�fz_bm��hy:a�k<�Äwsy>_sct»hil_b_sr�a�u>kl�>r�u�_xadi�ad_b�:�>_ok�eJp¬ej��ad_s�>c�m�_ok¦e �¬e�c�ctilqsct_oy>_
Áord_xy:a,Â)u¬e�r�kl_Xu���ad_sy:ati�_xk

V (r)
¹¬�¼klk�_}_sr�a¤rti�~vu>k�_x~D_sy:a¤c�wxå{wg|�p>il_Xu¬ejc�k�ev�¬e�c�ctilqsct_

|x_sy:atctil©A�>»h_/¹@é¥y rg�Íeja�ad_sy{mDm��/y{|¿�:�¬ejk�i�a�e�adi�fz_s~v_sy:aÀ��|x_��:�>_�k�e�m�i�î���rdil�hyJu{e�cnk�_¿u����
ad_sy:atil_sk

V (r)
ad_sy>m�_�fz_xctr�ôswxct�Du��/�>c¿kl_sr��hy{m�_sr�u¬e�cÅadil_sklk�_xr�ej��adc�_sr¤�:�>_

l = 0
u��/�>c

m�_srvwsy>_sc�»/il_srvrd�@Ñ r�e�~v~D_sy:av�¬ejrtrd_srg¹n^�_xu�_sy{m{e�yza�£¢u��h�>cDm�_srv�hy{m�_srvu¬ejc�adil_sklkl_sr
s�

l = 0
��egf/_g|X�>y�u���ad_sy:atil_sk½|x_sy:adcde�k

V (r)
£�k�eDrd_g|�adil�/y�_xÑJ|seh|x_)� Ô ¹�Ê�Ç:�µ_xa�k<�Íe�~Du>kli �

ad�{m�_¥m�_¥m�i�î(�>rti��hy.� Ô ¹�È�cz�¢u>ct_sy>y>_xy:a�£@��k�e}kli�~vilat_¥m�_�adctqxr`�¬e�rtrt_¤wsy>_sc�»/il_b�
k −→ 0

�
k�_xr�©A�hct~D_xr}æ

lim
k→0

σl=0(k) = 8πa2 ,
� Ô ¹�ÊhÊ/�

_xa
lim
k→0

f(k) = −a , � Ô ¹�Ê Ô �
�?iHk�ev�:�{e�y:ati�w

a
£¬eju>u�_sklws_}k��hy>»h�>_sc�m�_}m�ilî(�>rtil�/yH_syH�/y{m�_

s
£>_sr�a�m�wxÐ{y>il_}u¬ejc}æ

a = − lim
k→0

sinδ0(k)

k
.

� Ô ¹�ÊjÌ:�
é¥y _sy!|x�hy{|xkl��aÀ�:�>_�k¦e�rt�/kl��ati��hy!m��Ju�ct�/��k�qs~v_¥m�_¥m�i�î(�>rti��hyJu��/�>c6kl_sr`wsy>_sct»hil_sr

�>k�adc�ej©�eji���k�_sro�
k −→ 0

�Àrt_}ctwsm��>ila¥�vk�evm�wxad_sc�~Di�y{ejati��hy�m1�Ä�>y>_}rt_s�>kl_��:�¬ejy:atilatw æ{k�e
k��hy>»h�>_s�>c�m�_bm�i�î(�>rti��hy

a
¹(�'eJm�wxad_xct~Dily¬e�adil�/y$m�_

a
_sr�a�_sy.u>c�i�y{|®i�u�_owxf@i�m�_sy:at_/¹�·ðk

rt��ÑDa¼m�_Àc�wsrd�h�{m�c�_Àk¡�Äwg�:�¬e�adil�/yvm�_��@|dp>ctï�m�i�y>»h_sc¢c�e�m�i�e�kl_À�>y>i�m�i�~v_sy>rti��hy>y>_sklkl_X� Ô ¹�ÈgÊ/�
u��/�>c¿kl_sr¿�/y>m�_sr

s
�
l = 0
��_®a�u��h�>c¿�>y>_�wsy>_sct»hil_}y��>klkl_J�

k = 0
�®¹
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δ
·�á/r(º�ÝxØe¹ �5­ ñ

�¿�hat�/y>r��z�­���D©�ejil�>k�_�wsy>_xct»hi�_)�
k −→ 0

�®£¬�hy�u�_s��a�|gejk�|x��k�_sc
a
�Dk<��eju>u>ct�g§�il~Je��

adil�hyFm�_}á6�/c�y4_sy4ct_s~Du>k�e�õge�yzaX� Ô ¹�Ê Ô �`m{e�y>r}� Ô ¹~`z�®¹{é¥y4�h��adil_sy:ag£�u��/�>c¿m@_sr¤e�ad�h~D_sr
i�m�_sy:adi��:�>_srg£¬esfz_g|

mr = m/2
æ

a ' aBorn =
m

4π ~2

∫
V (~r) d3r .

� Ô ¹ÍÊZc/�
�n�Áwg�z�¬ejati��hyä� Ô ¹ÍÊZc/�}_sr�aofhe�k�ej�>k�_!u��/�>cbm�_srou��hat_sy:adil_sklrby>�/yçr��@~Dwx�@c�i��z_sro_xaD��r��:�
~Dwxatctil_Crtu>p>wscti��:�>_h¹�¯.ejilr��z�­�Á_sklkl_�_sr�aHk¦eç©A�hct~D_�e�m�wg�:�¬e�ad_�m�_

V
u��h�>cFm�wg|xc�i�c�_

k<�Áily:adwscdeh|®atil�/yH_sy:adc�_}m�_s�@§Fejat�/~D_xr�m{e�y>r¿�>yF|x�hy{m�_sy>r�eja¤m�_Xán�¸�
»/¹

u
òK_ � ýtû	{vøDþ�÷ÈûDù�ü�ý �"ô%÷|ü�ýtûXþ�÷!û/·�ú¢öhô��c�"ü�ú*ü?ûDô1ýtûDù�ô�b¢ô8ý
δ
�"ôÔóõù�øDþ�÷

o�p�q�s Ô ¹ÍÊ�t4�'��ad_sy:ati�_sk­m�_�´�ejyFm�_sc|Ã�ehe�klrg¹
�¿�hat�/y>ro�:�>_ k¦eFm�wxad_sc�~Dily¬ejati��hyçm�i�c�_g|®ad_!m�_xro»hc�ejy{m�_s�>c�r

a
£
fk
_xa
σ
�Hu¬e�cÅadilc

m1�Á�>y!f@cde�i(u��hat_sy:ati�_sk1m�_¥aÒ�@u�_¥´`e�y4m�_xc6Ã�ehe�klr��ªÐ{»>¹�� Ô ¹�Ê/�t�6m�wg|xc�ilfhejy:aµk¡�Äi�yzadwscdeh|®ati��hy
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·�áhà?¹�Þ�ÙM·�áhÙ(à�ØzÚ®à�îKî�î
_sy:adc�_vm�_s�@§$ejat�/~D_sr�|x�/y{m@�>ila�_sy$»hwsy>wsc�ejkn�!m�_sr�|gejk�|®�>k�r�y>�/y�eji�rtwsrv£(y>_bu�_sct~v_xa��
a�ejy:a�u¬ejrÀm1�Ä�/��at_sy>ilcÀm�_xr�_®§�u>ct_srtrtil�/y>rÀe�y¬ejk���adi��:�>_sr�rti�~vu>k�_xrÀm�_�|®_sr�»/cde�y{m@_s�>ctrg¹@�¼y
ct_xfhejy{|�p>_/£�ilk:_sr�a8u��hrtrdil�>kl_�m�_`m�wxad_sc�~Dily>_sc'_®§�u�wsc�i�~D_xy:a�ejk�_x~D_sy:a8k¦eµk��hy>»h�>_s�>c½m@_�m�il©��
©A�>rtil�/y

a
£�u¬e�c�_®§�_s~Du>kl_Du{e�c�~D_srt�>c�_sr�rdu�_g|�adct�hrd|x�/u�i��:��_sr
³ÁËl`Hµð£�u>�>i�r�ct_s~vu¬eh|x_xc�k�_

f@c�eji�u��hat_sy:adil_sk>u¬ejc¼�>yvu���ad_sy:ati�_sk�~D�@m�qskl_/£zeju>u�_sklw¿u>rt_s�{m��hu��hat_sy:adil_sk<£zm1�Ä_®§�u>ct_xrdrtil�/y
~Je�adp>ws~Je�adi��:�>_Du>kl�>rXrti�~vu>k�_/¹8^`_ u>rt_s�{m��hu���ad_sy:ati�_sk`m��hy>y>_scdeFm��hy{|Dkl_ ���hy¾|x�h~b�
u��/cÅad_s~D_xy:aXejr��@~Du�at�hati��z�>_vm�_sr�©A�hy{|®adil�hy>r}m1�Ä�/y>m�_sr�u��h�>c�m�_xr}m@i�r�a�ejy{|x_sr�»hc�e�y>m�_sr
_sy:adc�_�k�_sr¥e�ad�h~D_srg¹¬�¢ejc�|x�hy:adc�_/£>i�k­y>_}m�wg|xctilc�ebu¬ejr¤|x�hctct_g|�ad_s~D_syza�k�_sr¤|®�/c�ctwsk�ejati��hy>r
�J|x�h�>c�at_om�i�r�a�ejy{|x_/¹1^`_su�_sy{m{ejy:a�£�rti8kl_�»:ejô�_sr�a�m�ilk���w/£�|gejr�m��$|®�/y{m�_xy>r�e�a�m�_bán�¸�
m�ilk��>w�_xa6_sy ©�eji��>kl_�i�yzadwsc�e�|®ati��hy­£zkl_sr�ejat�/~D_xr6rt_sct�hy:a6k¦e�u>kl�>u¬e�cÅa�m��Dad_s~vu>r6kl�/ily>r6k�_sr
�>y>r�m�_sr¥ej��adc�_srg£>_xa��hyHu�_s��a�_srtu�wsc�_sc��:�>_�k<�Á_sc�ct_s�>c�|®�/~D~vi�rt_�rt_sc�eoy>ws»hk�il»h_�e��>kl_/¹
°�ejy>rH�>y�|x�hy{m�_sy>r�e�a�m�_�án�¸�¿£Àk<�Áily:atwsc�e�|®adil�hyäk¦eçu>kl�>rHrtil~Du>kl_��:�­�Ä�/yãu>�>ilrtrd_

|x�/y�rdi�m�wsc�_sc6_sy:atct_¤m�_s��§Jejat�/~v_sr6_sr�a6k¡�Äi�yzadwsc�e�|®adil�hyJm�ilat_¤m�_¤|x�hy:a�e�|®a6�/� ily:atwsc�e�|®adil�/y
k���|gejk�_/¹¬�¼klkl_}rt_�u>c�wsrt_sy:ad_�_syFm�_s�@§4©A�hct~v_sr}æ

U ���3J�G�NBL�G;CKN]T!N]L
δ
AXN^�¢Cf>�U�E

�n�Äi�y:atwsc�e�|®adil�hyvm@_À|x�/yza�e�|®a¢u�_s��a¢è®adct_Àe�u>ctil�/c�i�m�wg|®cti�ad_�u¬e�c8�>y�u>rd_x�{m��/u���ad_syzadil_sk
adctqxrvk���|gejk�ilrtwH_syÆÇ�£¼m�_)at_sklk�_4rt�/cÅad_4�:�­�Áilkµrt�hilavct_xu>ctwsrt_sy:atw4u¬e�cbk¦e�©A�hy{|®adil�hy

δ
m�_

°¥ilcdeh|væ
Vδ(~r) = gδ(~r) ,

� Ô ¹�ÊH_:�
�?i
g
_sr�a¼k�e�|®�/y>r�a�ejy:at_µm�_µ|x�h�>u>k¦ej»h_µ_sy:atct_Àm�_s�@§ve�ad�h~D_srg¹h���hat�/y>r¼�z�>_Àkl_Àu��hat_sy:adil_sk

� Ô ¹�ÊH_:�J_sr�a��çk�e��¬ejrt_�m�_Ck<��eju>u>ct��|�p>_¨m�_xrH»:ejô��:�¬e�yzadi��:�>_srFm{e�y�rFk�eçatp>ws�hctil_¾�
N
|x�hctu>rg¹½^��h~D~D_syza�i�y:atct��m��>ilct_J�>y¨at_sk6u��hat_sy:adil_sk`_sy�adp>ws�hctil_!m�_Jk�eFm�i�î��>rtil�/y3»

�'e¨ctwsu��hy>rt_.y1�Á_sr�a)u¬ejr)wxf�i�m�_syzad_/¹À�¢ejc!_�§�_s~Du>kl_/£`ilk¥_sr�a)�>il_sy |x�/y>y:�ã�:�>_ÑÁC�>y
u��hat_sy:adil_sk

δ
�Jadct�hilrXm@i�~D_xy>rdil�hy>r}y>_Dm�i�î(�>rd_vu¬ejr�Âz¹Â^�_xu�_sy{m{e�yza�£1kl_Du���ad_syzadil_sk

Vδ� Ô ¹�ÊH_:�¿c�_gm��hy>y>_o�>il_sy­£1�Dk¡�Íe�u>u>c���§@i�~ ejati��hy$m�_bá`�hcty�_xa�u��/�>c�m�_o©ªe�il�>kl_sr�wsy>_sct»hil_sr
�
k → 0

��£1kl_sr�ctwsrt�>k�a�e�adr}m��$f@c�eji¢u��hat_sy:adil_sk<£1rti¼k<�Á�hyCrd_bk�il~Di�ad_ ej�Cu>ct_s~vi�_sc��/ctm�ct_
_sy

g
¹¬�¼yH_xî(_xa�£�_syHct_su��hc�a�e�y:aX� Ô ¹�ÊH_:��m{e�y�r�� Ô ¹�Êlc/�®£>�hyH�/��ati�_xy:aXæ

aBorn ' a =
gm

4π~2
.

� Ô ¹�Ê b �
â'�h��ad_}at_sy:a�e�adi�fz_Xm1��ejk�kl_sc��Dm�_sr¤�hcdm@ct_sr¤rt�>u�wsctil_s�>c�r¥_sy

g
|x�hy{m��>i�a��Dm�_sr¤ctwsrt�>k�a�e�adr

_sctc��/y>wsr�³¼`/ÇHµ¡¹
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δ

�5­ ¬
� ����[\NBSXAD�ÀJkG�NBL�GICKNBT6AXN^ +NB>IR�C
±�Ð{yHm�_�rd_�m�ws�¬ejctc�ejrtrt_sc¿m�_srµrtily>»h�>k¦ejcti�adwxr�m��)u(��ad_xy:adil_sk

Vδ
� Ô ¹�ÊH_z�®£@ilk1_sr�aµu��hrÅ�

rti�u>kl_�m�_om�wg|®ctilct_/£¬_xa¥r�ejy>r�ej~o�>il»h��ù<adw/£¬k<�Áily:adwxc�e�|®adil�/y.m@_o|x�hy:a�eh|®a¥u¬ejc¤�>y�u>rt_s�{m��j�
u��hat_sy:ati�_sk­y>�hy@�ðkl�@|gejkÂ_xa��:�¬ejrdi �ði�m�_sy:adi��:�>_Xe��Hu>c�wg|xwgm�_sy:ag£>~Jeji�r�m�_�k�eb©A�hct~D_væ

V ���§� �Å��� (~r)ψ(~r) = g δ(~r)
∂

∂r
(rψ(~r)) .

� Ô ¹�Ê�Ë:�
V ����� �Å��� e�wxadwµi�y>i�adi�ejk�_x~D_sy:a6ily:atct�@m@�>ilanu¬e�cnë>_sct~Dih³¿cl`Iµð¹z°�ejy>rnk�_¿|ge�r¼�?iDk�e�©A�hy{|®adil�hy
ψ
_sr�aJctws»h�>k�ilqsc�_.|h�Ä_sr�a��¸���Òm�i�c�_FÐ{y>il_�_sy

r = 0
£nkl_�u���ad_sy:ati�_sk

Vδ
_xaJkl_�u��hat_sy:ati�_sk

V ����� �Å��� m��hy>y>_syzaDkl_)~Dès~D_!ctwsrt�>k�a�e�a�£½~ e�ilr V ����� �Å��� e�k¡�Íesf/ejy:a�ej»h_Hm�_4m��hy>y>_scb�>yctwsrt�>k�a�e�a¿Ð{y>i1u��/�>c�m�_sr¿©A�hy{|®ati��hy>r
ψ
m�ilf/_sct»h_�e�yza¤|x�/~v~D_ 1

r

�bk<�Á�hctil»hi�y>_J�
r = 0

��¹
���98*��� U¬­��<�B"�LM�&��!=�$�����}���

fk
���
σ
��!���>��&�¬�,!
>����

V �������
	
� �,��Q��.�"ô�zÞ��������
s

�¿�hat�/y>r�at�/��a�m���ej�(�hcdm.�:�>_bk<��e�|®ati��hyCm�_
V ���§� �Å��� rt�>c��>y>_o�/y{m@_by>�/y.ctws»h�>kli�qxct_

ψ
_sr�a¿Ð{y>il_/¹¬�¼yH_xî(_xaXæ
− rdi ψ _sr�a�ctwx»/�>klilqsct_}_sy r = 0,

e�kl�/c�r
V ���§� �Å��� (~r)ψ(~r) = g ψ(0)δ(~r) ;

� Ô ¹ÍÊl`z�
�zrdi

ψ
_sr�a�y>�hyHctws»h�>k�ilqsc�_Xm�_�©A�hct~D_væ

ψ(~r) =
υ(~r)

r

£¬ejkl�/c�rXæ
V �������Å��� (~r)ψ(~r) = g υ

′
(0) δ(~r)

� Ô ¹ Ô Ç:�
�ji

υ
_sr�a�c�ws»h�>k�ilqsct_�_sy

r = 0
£>_xa

υ
′
(0) =

(∂υ
∂r

)
r=0

¹
±�Ð{y m�_�m�w®ad_sct~vi�y>_xc

fk
_xa
σ
m{ejy>r!kl_.|se�r!m�_�u>rd_x�{m��/u���ad_syzadil_sk�m�_�ë{_xct~Di<£

y>�h�>r�y>�/�>r�u>ct�hu��hrd�hy>rom�_Jctwsrt�h�{m�ct_Jk<�Áws�:�¬ejatil�/yçm�_4�@|�p>c�ï@m�ily>»h_sc�c�ehm@i¦ejkl_$� Ô ¹lÈ Ô �
esfz_g|

V = V ���§� �Å��� £(_sy$»:ejcdm{ejy:a�_sy$~Dwx~D�/ilct_b�:�>_bkl_sr�rt�hkl��adil�/y>r�m��/i�fz_xy:a�ily{|xk���ct_m�_sr¥©A�hy{|®adil�hy>r�m��Fa¸�@u�_Jæ
ψ(~r) =

υ(~r)

r

¹��n�Á_®§@u>ct_srtrtil�/y��hu�wsc�e�ad�hctil_sk�kl_)æ
∆ψ
m��hila

èxadc�_�~D�@m@ilÐ{ws_h¹¬�¼yH��adilkli�r�ejy:aXæ
ψ(~r) =

υ(~0)

r
+
υ(~r)− υ(~0)

r
,

� Ô ¹ Ô È��
ilk1f@il_sy:aXæ

∆ψ(~r) = −4π υ(~0) δ(~r) +
1

r

∂2υ

∂ r2
− 1

~2r2
L2 ψ(~r)

� Ô ¹ Ô Ê/�



�5­ m ë�ì Ø:ß�ºlÚ�Ý�á�kkî�rtáhàÍ¹�Ý�º�ß�Ú�º�Þ@ÙY·�ù�Ù�Ø5â�º70k¸�á
·�áhà?¹�Þ�ÙM·�áhÙ(à�ØzÚ®à�îKî�î
�'�/�>com�_sro�/y{m@_srbu¬ejc�ati�_sklkl_srDej��adct_xrb�:�>_

l = 0
£'�/y¾f/wscti�Ð{_4e�ilrtws~D_sy:ab�:�>_!k�e

u>ctwsrt_sy{|x_�m�_Ck¦e��¬ejctc�i�qxct_�|x_sy:adc�il©A�>»h_�il~Du��/rt_¨��k�e�©A�hct~D_Cm1�Á�hy{m�_
ψ(~r)

m1�Áèxatct_
ctws»h�>kli�qsc�_D_xaXm�_bad_sy>m�ct_bfz_sc�r

0
k��hctrd�:�>_

~r
ad_sy{m.fz_sc�r ~0 ¹Â�¢yC��adilk�ilr�e�yza!� Ô ¹ÍÊl`z�®£��/y~D�hy:adc�_}�:�>_

V �������Å�2� y­�Íejî(_g|®at_}u¬ejr�|x_sr¿�/y{m�_xr�u¬ejc�adil_sklkl_srg¹^`�/y�rdi�m�wsc��/y>r�~Jejily:ad_sy¬ejy:a�kl_}|gejr¤m�_�k�evm�i�î(�>rti��hy�m�_sr¿�/y>m�_sr
s
�
l = 0
�`u¬e�cµk�_

u>rt_s�{m��hu��had_xy:adil_sk
Vpseudo

¹z�'e�©A�hy{|®adil�hyJm1�Á�hy{m�_¥��|x�hy>rti�m�wsc�_sc6_sr�a`m��hy{|¤��r��@~Dwxatctil_
rtu>p>wscti��:�>_bæ

ψ(r) =
υ(r)

r

¹��¼y!i�y:atct��m��>ilr�ejy:a¿|x_xa�ad_�©A�hy{|®ati��hyHm>e�y>rÀk<�Áwg�:�¬e�adil�hyHm�_
�@|�p>c�ï@m�ily>»/_xc�c�e�m�i�e�kl_J� Ô ¹lÈ Ô �µesfz_g|

V = V ���§� �Å��� £�i�k�f@il_sy:aXæ

− ~2

2mr

(
− 4π υ(0) δ(~r) +

υ
′′
(r)

r

)
+ , g υ

′
(0) δ(~r) =

~2k2

2mr

υ(r)

r
.
� Ô ¹ ÔhÔ �

�¼yìrtwsu¬ejc�ejy:avkl_srvat_sct~v_srvctws»h�>klil_sctrv_sy
r = 0

_xavk�_srbad_xct~D_srbu>ct�hu��hc�adil�hy>y>_sklr!�
δ(~r)
£>k<�Áwg�z�¬ejati��hy¾� Ô ¹ Ô/Ô ��u>c�_sy{mHk�eo©A�hct~D_Dæ

δ(~r) [ 4π υ(0) +
mg

~2
υ
′
(0)] − 1

r
[υ
′′
(r) + k2 υ(r) ] = 0 .

� Ô ¹ Ô Ì��
�n��ejy>y��>k�ejati��hy�m��F|x�:_xÑJ|xil_syza¥m�_

δ(~r)
|x�hy{m��>i�a��)æ

υ(0)

υ′(0)
= −a � Ô ¹ Ô c/�

egf/_g|væ
g =

2π ~2

mr

a =
4π ~2

m
a ,

� Ô ¹ Ô _z�
_xabk<�Áwg�z�¬ejati��hyä� Ô ¹ Ô Ì:�Xm�_xf@il_syzaDe�kl�/c�r4æ

υ
′′
(r) + k2 υ(r) = 0

£½m��hy:abk�e�rt�/kl��ati��hy
_sr�aXæ

υ(r) = C sin [ k r + δ0(k) ] .
� Ô ¹ Ôeb �

�¼y¨ct_su��hc�a�e�y:a)� Ô ¹ Ôeb ��m{e�y�r)� Ô ¹ Ô cz��_xaX_sy¾©�ejilr�ejy:a
r = 0

£Â�/y¨�/��atil_sy:a�_sy�Ð{y¾�>y>_
wg�:�¬e�adil�/yHct_skli�e�yza

δ0(k)
�
a
æ

ad»
δ0(k)

k
= −a �h� k

|x��ad»
δ0(k) = −1

a
.

� Ô ¹ Ô Ëz�

��×h�D>�N5[�[�CKJgLWAhN
fk
U�[�[\J+EOCf@eN�Õ

V ��
��������
�n�Íe�~Du>kli�ad�{m�_bm�_om�i�î��>rtil�/y

fk
m{e�y�r�k¡�Ä�/y{m�_

s
_sr�a�ct_sklilws_ve��$m�wxu>p¬e�r�ej»/_

δ0(k)u¬e�c}�ªfz�hilc¿wg�z�¬ejati��hy¾� Ô ¹lÈ�c/�t�¥æ

fk =
ei δ0(k)

rtily
δ0(k)

k
=

1

k [
|®�had»

δ0(k) − i ]
.

� Ô ¹ Ô `z�



kkîXkkî1q;0k¸�Ø/Ú\ºlÞ�ÙY·�á�¢oÝxÞ�à�àtÛÅÜ8ºlÚ®ØOáj×�à���º�º �5­��
�¼yHc�_su��/cÅa�ejy:a�� Ô ¹ Ô Ëz�Àm{ejy>r�� Ô ¹ Ô `z�®£��/yH�h��adil_sy:aXæ

fk = − a

1 + ika

u��h�>c
a =

gm

4π~2
.

� Ô ¹ÄÌzÇz�

��×h�D>�N5[�[�CKJMLWAXN
σtot(k)

U�[�[\J+EeCK@eNÈÕ
V ��
��������

�'e�rd_g|�adil�/y�_xÑJ|ge�|x_¢ad��a�ejk�_
σtot(k)

rd_nm�wsm��>ilaÂ©�e�|xilkl_s~D_sy:a8�Àu¬ejc�ati�c­m�_srÂc�wsrt�>kla�ejatr
u>ctwg|®wgm�_sy:atrXæ

σtot(k) =
8π a2

1 + k2 a2
.

� Ô ¹ÄÌ{È��
����ad�hy>r¤�z�>_�k�_sr¿_®§�u>c�_srtrdil�hy�m�_

fk
� Ô ¹ÄÌzÇz��_xa�m�_

σtot
� Ô ¹ÁÌ>È���m�_xf@il_sy>y>_xy:a�æ

fk = −a ' −aBorn
_xa

σtot(k) = 8π a2 u(�h�>c ka << 1 ;
� Ô ¹ÄÌ:Ê/�

_xaXæ
σtot(k) = 8π/k2 u��/�>c ka >> 1 .

� Ô ¹ÄÌ Ô �
�n�Áwg�z�¬ejati��hy¨� Ô ¹ÁÌzÊz�6atc�e�m��>ila¿kl_�ctwsrt�>k�a�e�a¥e�atat_sy{m��Hu��h�>cµk�_sr¿wsy�_sct»hi�_sr¿©�eji��>kl_srg£¬ejkl�/c�r
�:�>_�k¡�Äwg�:�¬e�adil�/y¨� Ô ¹ÁÌ Ô �À|x�hctc�_srdu��hy{mF�bm�_sr¿wsy>_sct»hil_sr�u>kl�>r¿wskl_xfzws_sr+Ì>k�ebrt_g|®ati��hyH_xÑv�
|ge�|x_Xad��a�ejk�_be�atat_si�yza�£�m{e�y>r�|x_o|gejrg£¬k¦eDk�il~Di�ad_�~ e�§�il~Jejkl_be���at�/c�i�rtws_�u¬ejc¥kl_sr¥�hy{m�_sr
s
æ{|��Á_sr�a¤|x_}�:�­�Ä�/y�eju>u�_sklk�_}k�ebklil~Dilat_��>y>i�a�eji�c�_/¹
«�eju>u�_skl�/y>rv�:�>_.æ 1

k
∝ λ
£8_xav�:�­�Í��©�ejil�>k�_!wsy>_sct»hil_

λ ∼ n−1/3
�
d ∼ n−1/3

£
d
wxa�e�y:a4k¦eçm�i�r�a�ejy{|x_$~D���z_sy>y>_$_syzadct_Cm�_s�@§äe�ad�h~D_srg£�_xa

n
k�e�m�_sy>rti�adwCm��ä»ze�ô

���/rt�hy>i��:�>_F|x�/y>rti�m�wsc�w��®¹`^�_s|xi¿u�_sc�~D_xa m1�Áwg|®ctilct_Hk�e$|x�/y{m@ilati��hy
ka << 1

rt�/�>rDk�e
©A�hct~D_væ

n a3 << 1 .
� Ô ¹ÄÌ/Ì:�

�'eJ|x�hy{m�ilatil�/yì� Ô ¹ÁÌhÌ���e�rtrt�>ct_b� k�eJ©¦�/ilr�k�eDf/ejkli�m@ilatwbm�_sr�©�ejil�>k�_xr�wsy>_sc�»/il_srg£(_®a�m@_ok�e
m�ilk���atil�/y�m��ç»zejô!���/rt�hy>i��:�>_/¹¢°¤_!u>kl�>rg£'_sk�kl_!i�y>m�i��z�>_4�z�>_!k�e�m�i�r�a�e�y{|x_!~v���/_sy>y>_
_sy:atct_¤m�_s�@§!ejat�/~v_sr

d ∼ n−1/3
_srta6atctqsr`»hc�ejy{m�_¥m�_xfhejy:a�k�e�k��hy>»h�>_s�>c�m�_¥m�i�î(�>rti��hy

a
�
n−1/3 >> a

�

u
òvu g�ÿ��"þ?û¡ù�ü�ý �"ô �¤øDü�öhöne�½�ùÍûXþ�ô;Ü�ö��/ù\ù
±¤��m�ws����a¥m�_}|x_xatat_}rt_g|®ati��hy­£>i�k­_sr�a�ily>r�adct�{|�adil©¢m�_}rtil»hy¬e�kl_sc¤�z�>_X|h�Ä_sr�a¥�Dá`�/»h�j�

kli��>����fH�:�>_}ct_xf�i�_syza¤kl_X~Dwxcti�ad_Xm@_Xk<�Äi�y:atct��m��{|®adil�hy�_sy¨È�`�Ì b m��F~D��m�qsk�_�adp�ws�/c�i��z�>_
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·�áhà?¹�Þ�ÙM·�áhÙ(à�ØzÚ®à�îKî�î
m���»ze�ôom�ilkl�>wom�_����/rt�hy>r�e�ad�h~Di��:�>_sr��

T = 0
¶v£(eju>u�_sklwows»ze�kl_s~D_syza�»:ejôo�:�¬ejrti �

u¬e�c�©�ejila!m�_�á`�hrd_h¹��¢y�atc�ejila�e�y:aJ|x_�»ze�ô�m�ilk���w$ej�Æfz�hi�rtily¬e�»h_�m�_
T = 0

¶v£nu¬ejc
rt�/yJe�u>u�ct�@|dp>_�u�_sc�at�>ct�¬e�adi�fz_X�¡eju>u>ct��|�p>_�m�_¥á6�/»h�/klil�>������£�á`�h»/�hkli��>����f e�u>�Dily:adc����
m��>ilct_�k�_sr�|x�/y{|®_su�adr�m�_sr¥u>p>�hy>�/y�rv��_®§>|xi�a�e�adil�hy>r�wsklws~D_sy:a�e�ilct_sr�klily>w�eji�c�_sr®�¿_xa�m�_�k�e
f@i�ad_srtrt_ m��Crt�/y.³ÁËIµð¹Âê�y�_ m�wxr�|xc�ilu�adil�/yCatp>ws�/c�i��z�>_Du>ct_g|®i�rt_ m��C»:ejô m@i�kl�>w m�_ á`�/rt_
y­��eDwxadwX©A�/c�~o�>klws_o�:�1��ej�$m�wx�>��a�m�_sr�ejy>y>ws_sroÈ�`l_/ÇJu{e�c�÷�ct�hrdr¤_xa��¢ila�e�_®f@rtó�i�i|³lÈsÇHµð¹
°�ejy>r¿|x_xatat_�rd_g|�adil�/y­£�y>�h�>r¤ejklk��hy>r¿ily{m�i��:�>_scµkl_sr¿wxa�eju�_sr¿u>c�ily{|xi�u¬ejkl_sr�|x�/y{m���i�r�ejy:a¥�
k¦e�©A�hct~o��k¦e�adil�hy!m�_¤k¡�Äwg�:�¬e�adil�hy)m�_�÷�� Ô °ãrta�ejati��hy>y¬ejilct_¤_xaÀm@wsu�_sy{m{ejy:aµm@� ad_s~Du�r�¹
��������� Ð -/.�!=�$���������è«¬"$��>#>j) Î �T�$!
��ß�>��*���Û>?�<!=�$�&������!���"$�
U ����>�@5[\NBLMG�U]G;CfJML
^`�/y�rdi�m�qsc��/y>r

N
���/rt�hy>r$i�m@_sy:adi��:�>_sr$u>ilws»hwsrCm{ejy>r$�>yQu��hat_sy:adil_sko_®§@atwsctil_s�>c

U(~r)
£6_syÓwg�:�>ilkli��>c�_C��k¦eCad_s~Du�wscdejat�>ct_

T = 0
¶v¹À��i¥kl_sr!���/rt�hy>r)y­�Áily:atwsc�ej»/ilrÅ�

r�e�il_sy:a�u¬ejr�£(ilk�r�rt_scde�il_sy:a�ad�h�>r�m{ejy>r�k¡�Äwxa�e�a�©A�hy{m{e�~v_sy:a�ejk¢m��$u>ilqs»h_/¹­�¼y.u>ctwsrt_sy{|x_
m1�Áily:atwsc�e�|®adil�/y>rg£�k¦e r�adc��{|®ad�>c�_bm1�Ä�>y�ad_xk¢|®�/y{m�_sy�r�e�a�_sr�a�~D��m�ilÐ>ws_/¹1�¼y�u>ctily{|xilu�_/£(ilk
©�ej�{m�c�ejila¤|se�k�|x�>kl_sc�k<�Áwxa�eja¿©A�hy{m{e�~v_sy:a�ejkÂm���³¥ej~Dilklat�/y>il_sy

H
æ

H =
N∑

i=1

[ p2
i

2m
+ U(~ri)

]
+

1

2

∑

i

∑

j 6=i
V (| ~ri − ~rj |) .

� Ô ¹ÄÌec/�
�­_ m�_scty>il_sc�at_sct~v_ m�_�� Ô ¹ÄÌec/��c�_su>ctwsrt_syzad_Dkl_srXily:atwsc�e�|®adil�hy>rX_syzadct_vk�_sr}���hrt�/y>rg¹Â�­_
©�e�|®ad_s�>c

1/2
_sr�a¢m]¶be���©�eji�a¼�z�­�Áilk�y>_`©�ej��a½u¬ejr8ad_sy�i�c½|x�h~Du�at_

2
©A�hi�r½m�_`k¡�Äily:adwscdeh|®ati��hy

_sy:adc�_�kl_sr�u¬ejc�ati�|®�>k�_sr
i
_xa
j
¹

�'e�m�wxad_sc�~Dily¬ejati��hy _®§>eh|®at_�m�_¿k¡�Äwxa�e�a6©A�hy{m{ej~D_sy:a�e�k¬m@_�� Ô ¹ÄÌec/�½y­�Ä_sr�a6_syD»hwsy>wsc�ejk
u¬e�r�u��hrtrdil�>kl_/¹­^�_su�_sy{m>e�y:ag£(i�k8_srta�u��hrdrtil�>kl_vm�_oc�_g|�p>_sct|�p>_sc��>y.wxa�eja�©A�hy{m{e�~v_sy:a�ejk
e�u>u�ct�@|dp>w�_sy4|x�hy>rti�m�wsc�ejy:aÀ�>y>_�©ªe�~Dilklk�_¥fhejcti�ejati��hy>y>_sklkl_�m1�Äwxa�e�adr�_xaÀ_sy)~vi�y>il~Dilr�e�yza
< ψ | H | ψ > / < ψ | ψ >

�!k<�Áily:atwsctil_s�>c�m�_D|x_®atad_b©�ej~Dilklk�_/¹­�'�/�>c�|x_v©ªe�ilct_/£
|x�/y�rdi�m�wsc��/y>r�k<�Áwxa�eja}æ

| ψ >= | ϕ(1) > | ϕ(2) > .... | ϕ(i) > .... | ϕ(N) >
� Ô ¹ÄÌO_z�

|x�/c�ct_srtu��hy{m{e�yzav�H�>y>_Jrti�ad�¬e�adil�/y¾�ji¨ad�h�>r�kl_sr����hrt�/y>r�rt�/yzaom{e�y>r�kl_J~Dèx~D_ wxa�e�a
| ϕ >

¹1�­_vó/_xaJ� Ô ¹ÄÌO_z�¤_sr�a�f@ilrti��>kl_s~D_syzaX|x�/~vu>k�qxat_s~D_sy:a�rt��~Dwxadc�i��:��_v_xa}_sr�a}m��/y>|
eh|s|®_su�a�ej�>kl_�u��h�>cµm�wg|xc�i�c�_�m�_srÀ���/rt�hy>rÀi�m�_syzadi��:�>_srg¹��­_�rt�h�>rÀ_srtu¬eh|x_�©¦�/c�~Dw�u{e�c�k�_sr
wxa�e�adr�� Ô ¹ÄÌO_z�b|x�hctc�_srtu��/y{m��.at�/�>rDkl_sr | ϕ >

u��/rtrtil�>k�_srg¹6°�e�y>r |x_Hrt�/��r _xrdu¬e�|x_/£



kkîlk�î1q;0V¸(Ø/Ú\ºlÞ�Ù=·Má�¢oÝxÞ@à�àdÛÅÜ8ºlÚ�Øeáj×�à���ºKº½àdÚ�ØzÚ�º�Þ@Ù(Ù(Ø5º�Ý�á �����
k<�Áwxa�e�a��:�>iÂeju>u>ct�g§�il~Dilrd_�k�_�~Dil_s�@§)k¡�Äwxa�e�a¿©A�/y{m>e�~D_xy:a�ejkÂm�_

H
_sr�a¿�h��ad_sy��4u��/�>cµk�_

| ϕ >
�:�>i­~vi�y>il~Dilrt_�k¦eb�:�¬ejy:adi�adwDæ

E [ϕ ] =
< ψ | H | ψ >

< ψ | ψ >
.

� Ô ¹ÄÌ b �

E [ϕ ]
_sr�aÀ�>y�_�©¦�/y{|�adil�/y>y>_sklkl_�m�_

ϕ
�:�>i<£��X|�p¬e��:�>_

ϕ
£@e�rtrt�@|®i�_¥�>y!y>�/~��>ct_

E [ϕ ]
¹

�'e�~Dwxadp��@m�_4m��hy:avy��/�>rofz_sy>�hy>rvm1�Á_®§@u(�hrt_scbkl_)u>ctily{|xilu�_4_sr�a ejy¬e�kl�h»/�>_H��k�e
~Dwxatp>�@m�_�m�_.³¥ejc�at_s_®�Òë{��|�óì_sy&u>p:��rdi��:�>_.e�ad�h~Di��:�>_/¹À^`�/~v~D_�k<�Áw®a�e�a$� Ô ¹ÁÌZ_:�b_sr�a
�>y4u>ct��m��>i�a¿at_sy>rt�/ctil_sk<£�ilk1y>_�u�_s��a¿u¬ejr¿m�wg|xctilct_�kl_sr�|x�hctctwsk�e�adil�/y�r�_xy:adc�_�u¬ejc�ati�|x�>k�_xr�¹
�n�Áwg�z�¬ejati��hy��h��ad_sy:�>_Xu��/��c | ϕ > _syF~Di�y�i�~Dilr�ejy:ao� Ô ¹ÁÌ b �µm�wg|xc�i�cdeDkl_}~D�h��fz_s~D_syzam�_}|�p¬e��:�>_�u¬e�cÅadi�|x�>kl_Xm{ejy>r�kl_}|�p¬ej~DuH~D���z_syHm�_sr

N − 1
e���atct_srg¹

� ����@5>IC��]UVG;CKJMLWAXN*T%Öä@5�+ShU]G;CKJgL.AXN � �
0t��U�TfEeSDT6AXN

< ψ | H | ψ >

�`â'_xct~D_}m�_�k<�Äwsy>_sct»hil_X|xily>wxadi��:�>_
Ecin
æ

Ecin = N

∫
d3r

~2

2m

[
~∇ϕ(~r)

]2

.
� Ô ¹ÄÌzËz�

�`â'_xct~D_}m�_�k<�Äwsy>_sct»hil_Xm�_�u>ilws»/_�ej»h_
E ��� ��� � æ

E ��� ��� � = N

∫
d3r ϕ∗(~r)U(~r)ϕ(~r) .

� Ô ¹ÄÌO`z�
�`â'_xct~D_}m�_�k<�Äwsy>_sct»hil_Xm1�Áily:adwxc�e�|®adil�/y

Eint
æ

Eint =
N(N − 1)

2

∫ ∫
d3r d3r

′
ϕ∗(~r)ϕ∗(~r

′
)V (| ~r − ~r′ |)ϕ(~r)ϕ(~r

′
) .� Ô ¹~chÇz�

0��#��ShUVG;CKJMLX[��VUk>ICKUVG;CKJMLDLhNBTFTKNB[
±¤�ok�il_s�bm�_À~vi�y>il~Dilrt_scµ� Ô ¹ÄÌ b �®£�ilk@_sr�a¢u>kl�>r¼|®�/~D~v�@m�_Àm�_�~Dily>il~Dilrd_xc

< ψ | H |
ψ >
egf/_g|�k�ev|x�hy:adcde�ily:at_

< ψ | ψ >= 1
¹>�n�Á��adilklilr�e�adil�hy�m�_sr¿~o�>k�adilu>kli�|sejat_s�>ctr�m�_

�'e�»hc�ejy>»h_X|x�hy{m��>i�a�ejkl�/c�r¥�ve�y�y��>kl_sc�k�e�f/ejcti�e�adil�/y�æ
δ < ψ | H | ψ > −λ δ < ψ | ψ >= 0 .

� Ô ¹~c�È��



��� M ë�ì Ø:ß�ºlÚ�Ý�á�kkî�rtáhàÍ¹�Ý�º�ß�Ú�º�Þ@ÙY·�ù�Ù�Ø5â�º70k¸�á
·�áhà?¹�Þ�ÙM·�áhÙ(à�ØzÚ®à�îKî�î
�­_J|gejk�|®�>k`m�_

δ < ψ | H | ψ >
_®a
δ < ψ | ψ >

©�ejilaXily:ad_scÅfz_sy>ilc�m�_srXily:atw®�
»/cde�kl_srµ|®�/y:at_sy¬e�yza

δϕ
_xa
δϕ∗
¹��¢y)|x�/y>rti�m�wsc�ejy:a

δϕ
_xa
δϕ∗
|x�h~D~D_�m�_xr�fhe�c�i¦e�adil�hy>r

i�y>m�wsu�_sy{m{ejy>_srg£{k¡�Äwg�:�¬e�adil�hy¾� Ô ¹dc@È���m��/y�y>_ æ
0 = N

∫
d3r δϕ∗(~r)

{
− ~2

2m
∆ϕ(~r) + U(~r)ϕ(~r) +

(
N − 1

) [ ∫
d3r

′
V (~r − ~r′) | ϕ(~r

′
) |2

]
ϕ(~r) − λϕ(~r)

}
+ c.c,

� Ô ¹dchÊ/�

�<|h¹Á|Dæ{|x�hy>r�a�ejy:ad_sr¤|x�h~Du>kl_®§�_sr���¹(^��h~D~v_
δϕ∗
u�_s��a�èxadc�_X�:�>_xk�|x�hy{�:�>_/£{k�ebrd�hkl��adil�/y

m�_ � Ô ¹dc@È��`r��Äwg|xcti�aXæ
− ~2

2m
∆ϕ(~r) +U(~r)ϕ(~r) + (N−1)

[ ∫
d3r

′
V (~r−~r′) | ϕ(~r

′
) |2

]
ϕ(~r) = λϕ(~r) .� Ô ¹dc Ô �

�­_�m@_scty>il_scDad_sc�~D_�m@�&~v_s~o�>ct_Fm�_F»:ej�{|�p>_�m�_¾� Ô ¹dc Ô �oct_su>c�wsrt_sy:ad_Fkl_Fu��hat_sy:adil_sk
~D���z_sy¨_®§�_sct|xwJrt�>cX�>y>_ u¬e�cÅadi�|x�>kl_Ju¬e�cXkl_sr

(N − 1)
e���atct_sr!�ªatp>ws�/c�i�_Jm�_!|�p{e�~Du

~D���z_sy���¹`�6�Äwg�:�¬e�adil�hy�� Ô ¹~c Ô � e¨k�e�r�adct�{|®at�>ct_�m1�Á�>y>_�wg�:�¬e�adil�/y m�_C�@|dp>ctï@m@i�y>»h_scg£
|�p¬e��:�>_�u¬ejc�ati�|®�>k�_¤m�_¿~Jejrtrd_

m
wxfz�hk��{e�y:a`m{ejy>r6k¦e�rt�h~D~D_�m��Du��hat_sy:adil_sk{_®§@atwsctil_s�>c

U
_xa¤m��Hu���ad_syzadil_sk­~D���z_syF|®ctwsw�u¬e�cµk�_sr¤e��@adct_srg¹
0�
/NBRY�¡TKU�ElN]R=NBL�G/A¡S �h>�U�C6��J�G�NBL�G;CKN]T6A�Ö§C�L�G�@5>�U�EHG;CfJMLW�XUk>

V ��
�� �����
�'eH~Dwxadp>��m�_J��adilk�ilrtws_!i�|xi`y>ws»hkli�»h_!kl_srb|x�hctc�wsk¦e�adil�hy>rv��|x�h�>c�at_!m�i�r�a�e�y{|x_J_sy:atct_

ejat�/~v_sr�¹n^��h~D~D_4kl_4»:ejôH_xrtavrt�>u>u���wFm�ilkl�>w/£¼kl_sr ejat�/~D_xrDrt�/yzaDk�e.u>k���rDu¬e�cÅa m��
ad_s~Du�r`kl�/ily>r�kl_sr`�>y>r`m�_srÀe���atct_srg¹�°�ejy>r�|x_sr�|x�hy{m�i�adil�/y>rg£:�hyJu�_s��a`��adilkli�rt_sc`kl_¤u>rt_s�@�
m��/u���ad_xy>i�_sk

V �������Å��� �4k�eHu>k�e�|x_Jm���f@cde�inu���ad_sy:ati�_xk V ¹8é¥cg£­kl_srX©A�hy{|®adil�/y>r�m1�Ä�/y{m�_
ϕ(~r)
y>_¥|x�hy{m��>ilrd_syzaµ�Xe��{|x��y>_¥rtily>»h�>k¦ejcti�adw¤_sy

~r = ~r
′ £:|x_¥�:�>i¬u�_sct~D_®aÀm�_�u>ct_sy{m�_

V ���§� �Å��� ws»ze�kÂ� Vg £{|h�Ä_sr�a��¸���Òm�ilct_Dæ
Vg = g δ (~r − ~r′) =

4π ~2

m
aδ(~r − ~r′) . � Ô ¹~c�Ì:�

ê�yÓ|ge�k�|x�>k¤rdil~Du>kl_�~v�/y:atct_��:�>_
λ ≡ δE[ϕ]

δN

��k�e�kli�~vilat_
N >> 1

_xa!u��h�>c
V = Vg

¹
λ
_sr�abm��hy{| k�eHf/ejcti�e�adil�/yçm�_Jk¡�Äwsy>_sct»hil_!~D���z_sy�y>_!m��¾rt��rtatqs~D_!�:�{e�y{m

�/y$kl�>inejºÒ�/��at_b�>y>_bu¬e�cÅadi�|x�>kl_/¹­|x�h~D~D_b|x_xatat_oadcde�y>rt©A�hct~ ejadil�hy$rd_o©�ejilaX�J_sy:adc��/u>il_
S
|x�hy>r�a�ejy:ad_!���hy�ct_xrtat_b�

T = 0
m�_Xrd�hc�at_o�z�>_

S = 0
�®£
δE[ϕ] / δN

y­�Ä_sr�a�ej��adc�_
�:�>_�kl_}u���ad_xy:adil_skÂ|�p>il~Di��:�>_

µ
æ
µ = λ =

δE[ϕ]

δN
.

� Ô ¹dclc/�
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0����+ShU]G;CKJMLWAXN � � [�G�U]G;CfJMLDL+U�Cf>�N
�¢yHct_su��hc�a�e�y:aX� Ô ¹dcjÌ���_®a�� Ô ¹dclcz��m{ejy>r�� Ô ¹dc Ô �®£��/yH�h��adil_sy:a�u��h�>c

N > 1
æ

− ~2

2m
∆ϕ(~r) + U(~r)ϕ(~r) + N g | ϕ(~r) |2 ϕ(~r) = µϕ(~r) ,

� Ô ¹dcH_:�
esfz_g|væ

∫
d3r | ϕ(~r) |2 = 1 .

� Ô ¹~c b �
�¼y�»hwsy>wscde�k<£��/y.|�p>�hilrdi�ag£�u��/�>c¥�>y�»ze�ôom�_bá`�hrt_/£��>y>_�y>�hct~Jejk�ilr�e�adil�/y.m�_

ϕ
m�i�î�w��

ct_syzad_}m�_ � Ô ¹dc b ��æ
∫
d3r | ψ0(~r) |2 = N ,

esfz_s|
: ψ0(~r) =

√
N ϕ(~r) ,

� Ô ¹dc�Ë:�
_xa�k<�Áws�:�¬ejati��hy¾� Ô ¹~cl_z�Àm�_xf�i�_xy:aXæ

− ~2

2m
∆ψ0(~r) + U(~r)ψ0(~r) + g | ψ0(~r) |2 ψ0(~r) = µψ0(~r) .

� Ô ¹~cl`z�

| ψ0(~r) |2 c�_su>ctwsrt_syzad_�ejk��hctrDk�eCm�_sy>rti�adwHrtu¬ejati�e�kl_ n(~r)
m�_H���hrt�/y>rJe��Æu��hi�yza

~r
æ

| ψ0(~r) |2 = n(~r)
¹/�n�Äwg�:�¬e�adil�/yF� Ô ¹dcH`:�½|®�/y:at_sy¬ejy:ank�_Àad_xct~D_µy��/y@�ðkli�y"!�ilct_ | ψ0(~r) |2

ψ0(~r)
_sr�a�eju>u�_sklws_�wg�:�¬e�adil�/y�m�_b÷�ct�hrtrÅ�Å�¢ila�e�_®f@rtó�i�i��<�`÷��6��³�ÈgÇIµð£{�/��wg�z�¬ejati��hy.m@_

�@|�p>c�ï@m�ily>»h_sc�y>�hy@�ðkli�y>w�ejilct_J�¡�6���¤�8�®¹
�������98 Ð -/.�!��������E���^«à"��
><>j) Î �T�<!
��ß�>#�*���
��­B�Q�@����!����ä��.¬�<�@LS�N>
U ����>�@5[\NBL�G�U]G;CKJgL
°�ejy>r�m�_Dy>�h~o�>c�_s�>rt_srX_®§@u�wsctil_sy{|x_srg£Âkl_Du���ad_sy:ati�_skn_�§@adwsc�i�_s�>cXm{ejy>r}k�_s�:�>_skn_sr�a

u>ilws»/w�kl_À|x�hy{m�_sy>r�e�a¼m�_µán�¸�.�:�{e�rtilu¬e�c�©�ejila¢_sr�a½~D��m��>klwµm>e�y>r½kl_`at_s~Du>rg£jm�_�~Jejy>ilqsct_
� ~D_srt�>c�_sc¥k�_sr�©¦ctwg�:�>_xy{|x_sr�u>ct�hu>ct_sr�m�_o|x_sr�~D��m�_srg¹1°�ejy>r�m1��ej��adc�_sr�_®§�u�wsc�i�_sy>|x_srg£
|x_�u���ad_sy:ati�_sk1_sr�a¿�>ct�>rd�:�>_s~D_xy:a¤|x�h�>u�w�_xa��hyH�h�>rt_sc�f/_�k¡�Ä_®§�u¬ejy>rti��hyF�¬ejkli�r�ati��:��_Xm��
|x�hy{m�_sy>r�eja¥�ªctw�ejk�ilr�e�adil�/y m�_srnu>ct_s~Dil_sc�r6|x�/y{m�_xy>r�ejadrn_syFÈ\`Z`Zc@£�^�p¬eju­¹�Ê/�®£h_®§�u¬ejy>rti��hy
�:�>i­_sr�a�rt�/��f/_sy:a�_srtrd_syzadil_sklk�_s~v_sy:a¥m�wxat_sct~Dily>ws_}u¬ejc¿k�_xr�i�yzadwsc�e�|®adil�hy>r¤_syzadct_�kl_sr¤m�i �
fz_sc�rDe�ad�/~v_srvm��ì|x�hy{m�_sy>r�e�a�¹¼°�e�y>rbkl_)�>��aDm@_4»hwsy>wscde�klilrt_scvk<���6÷��Sr�a�ejadil�hy>y¬eji�c�_
� Ô ¹dcH`z�X�Fm�_ ad_sklkl_sr�rdi�ad�¬e�adil�hy>rg£'y>�h�>rvejklk��hy>rbm1�Íe����hcdm¨ily:adc��@m��>ilct_Jk<�Í�`÷��Qm@wsu�_sy@�
m{ejy:a�m���ad_s~Du�r�m{e�y�r�r�e ©A�hct~v_ok�eJu�k��>r�rtil~Du>kl_/£(u>�>ilr�m{ejy>r�r�e ©A�hct~v_vej~Dwsklil�/ctwx_



��� Õ ë�ì Ø:ß�ºlÚ�Ý�á�kkî�rtáhàÍ¹�Ý�º�ß�Ú�º�Þ@ÙY·�ù�Ù�Ø5â�º70k¸�á
·�áhà?¹�Þ�ÙM·�áhÙ(à�ØzÚ®à�îKî�î
�:�>i1ati�_xy:a¤|x�h~Du�at_}m�_sr�©ªe�il�>kl_sr�_®§>|xi�a�e�adil�hy>r�¹
� �t�"@5>IC��VU]G;CKJgL.AXN*T%Ö§� � � Ah@B��NBLXAXU�L�G�A¡SÑG�NBRY�D[
·ðk/_�§�i�r�at_nu>kl�>rtil_s�>ctrÂ~vwxadp>��m�_sr­wg�:�>i�f/ejkl_sy:ad_xr'u�_sc�~D_xa�a�ejy:a'm�_nm�wg|xc�ilct_¼�>yX|®�/y{m�_sy��

r�eja6m@_¤á¼�¸��m�i�kl�>w¤�
T = 0

£jad�h��ad_sr¼rt_¿c�wsrt�>~Jejy:a`��m�wg|xctilct_µkl_�|®�/y{m�_sy�r�e�a6u¬ejc¼�>y>_
©A�hy{|®adil�hy�m1�Á�hy{m�_J�>y>i��:�>_Jrta�ejati��hy>y¬eji�c�_!�h�çm�wsu�_sy{m{ejy:abm��¨ad_s~Du>rg¹8°�ejy>rXad�h��ad_sr
|x_sr�~Dwxadp>��m�_srg£��/y!u¬ejc�a�£:u��/��cÀwxa�e���k�ilc�k¡�Í�`÷���m�wxu�_sy{m{e�yza¿m��Jad_x~Du>rg£@m�_¥k<�Á�hu�wsc�e��
ad_s�>c�|�p{e�~Du

Ψ̂(~r, t)
¹1���/�>r}e�klkl�/y>r���ati�klilrd_xc�i�|xi¼k<��eju>u>c��@|�p>_Dm@_ á`�h»/�hkli��>����f.u��/�>c

wxa�ej�>kli�c¿k<���6÷���m�wsu�_sy{m>e�y:a¤m��4ad_s~vu>r�¹
0��¢U�R�CFT�G�JMLDCKNBLWAX@5EO>IC��VU�L�G
TKN*ElJgLhAXN]Lh[\UVG/AhN*-�02��A¡CFTFSh@
�­_¼p¬ej~Dilklat�/y>il_syXm�wg|®cti�f/ejy:aÂk<�Áwxf/�/kl��adil�hyXm�_

N
���hrd�hy>r'|x�hy:at_sy��>r'm{ejy>r­kl_6|x�hy{m�_sy@�

r�eja�m�_Xán�¸��m�ilkl�>w}_xa�u�i�ws»hw}rg�Äwg|xcti�a�_syHrt_g|x�hy{m�_X�:�{e�y:atilÐ¬|sejati��hy¨æ
Ĥ =

∫ [ ~2

2m
~∇Ψ̂†~∇Ψ̂ + U(~r)Ψ̂†Ψ̂

]
d3~r+

1

2

∫
Ψ̂†(~r)Ψ̂†(~r

′
)V (~r

′ − ~r)Ψ̂(~r)Ψ̂(~r
′
)d3~rd3~r

′
.

� Ô ¹~_hÇz�

�?i
U
m�wsrti�»hy>_�k�_�u���ad_sy:ati�_sk@m�_�u>i�wx»/_�ej»h_À_xa

V
_sr�a½k�_�u���ad_syzadil_sk�m1�Áily:atwsc�e�|®adil�hyb_sy:atct_

m�_s�@§Ce�ad�h~D_srg¹1�­_sr��hu�wsc�e�ad_x�>ctr�|�p¬e�~vu>r
Ψ̂
_xa

Ψ̂†
ct_xu>ctwsrt_sy:at_sy:a�c�_srtu�_g|®adi�fz_s~v_sy:a

k�_xro�/u�wscdejat_s�>ctrbm1��ejy>y>ilp>ilk¦e�adil�hy�_xabm�_)|xwgejati��hy�m1�Á�>y¾���/rt�hyì�Fk�e�u��hrti�adil�/y
~r
¹8·ðk�r

�/��wsilrtrt_sy:a¥e��@§4|x�/~D~���a�e�ad_s�>c�r}æ
[Ψ̂(~r) , Ψ̂†(~r

′
)] = δ(~r − ~r′) , et : [Ψ̂, Ψ̂] = [Ψ̂†, Ψ̂†] = 0 .

�­_)adc�ejilct_s~D_xy:avu¬e�cDá`�h»/�hkli��>����f�_syäÈ\`�Ì b m�_srv_®§>|xi�a�e�adil�hy>rDwsklws~D_sy:a�e�ilct_srF��u>p����
y>�/y�r®�}m{e�y>ro�>yç»ze�ô)m�ilkl�>w4m�_4á`�hrt_!p>�/~v�/»hqsy>_$��y>�hyçu>i�wx»/w���eFwxadw!�¬ejrtw!rd�>c�k�e
m�wg|x�h~Du��/rti�adil�hyFrt�>ilfhejy:ad_}m�_�k¡�Ä�/u�wxc�e�ad_s�>c�|�p¬ej~DuHr�a�e�adil�hy>y¬e�ilct_

Ψ̂
æ

Ψ̂ = ψ0 + δΨ̂ (
e�u>u>c��@|�p�_Xm�_Xá`�h»/�hkli��>����f

)
� Ô ¹¿_>È��

�?i
ψ0

_sr�a½�>yb|�p¬ej~Duord|gejk¦ejilct_À|x�/~Du�k�_®§@_µm�ws|xcti�f/ejy:a½k¡�Äwxa�e�a¼m��b|x�hy{m�_sy>r�e�an�
T = 0

£
_xa
δΨ̂
_xrta¢��y>_Àu�_®adi�ad_Àu�_scÅad�>ct�¬e�adil�hybrt�>c½k<�Á�hu�wsc�e�ad_s�>c¢|�p{e�~Duor�a�e�adil�hy>y¬e�ilct_

Ψ̂
u��h�>c

0 ≤ T < Tc
¹'�'eH»hwsy>wsc�ejkli�r�e�ad�hyçm�_.� Ô ¹~_�È��}�H�>y¾�hu�wsc�e�ad_x�>co|�p¬ej~Du¨���/rt�hy>i��z�>_

Ψ̂(~r, t)
y>�hyH�>y>il©A�hct~D_�_xa¤m�wxu(_xy{m{e�yza¥m��4ad_x~Du>r¿rg�Áwg|xc�ila�³~c b µnæ

Ψ̂(~r, t) = ψ(~r, t) + δΨ̂(~r, t) .
� Ô ¹¿_zÊ/�
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^��h~D~D_Xy��/�>r�esfz�hy>r�f@�.m>e�y>r¥k�eDrt_g|®ati��hy�� Ô ¹�Ê/�®£�� m�_sr¥©ªe�il�>kl_sr¥wsy>_sct»hil_srg£(|h�Ä_srtaÅ�¸���
m�ilct_b�

T ' 0
£¬�/y�u�_s��a�c�_s~Du>k�eh|x_xc�m>e�y>rb� Ô ¹~_hÇ:�

V
u¬ejc

Vδ
� Ô ¹�ÊH_z�®¹1^`_su�_sy{m{ejy:a�£

k<�Áwg�:�¬e�adil�hy)m1�Äwxfz�hk���ati��hy)m�_¤k<�Ä�/u�wscdejat_s�>c�|�p¬ej~Du
Ψ̂
_sr�aÀm��hy>y>ws_¤_syJct_su>c�wsrt_sy:a�e�adil�hy

m�_X³�_silrt_sy���_sc�» u{e�c}æ
i~
∂

∂t
Ψ̂ = [Ψ̂, Ĥ] =

∂Ĥ

∂Ψ̂†
,

� Ô ¹¿_ Ô �
|x_}�:�>i­|x�/y{m@�>ila¥�4æ

i~
∂

∂t
Ψ̂ =

[
− ~2

2m
∆ + U(~r) + g Ψ̂†Ψ̂

]
Ψ̂ .

� Ô ¹¿_hÌ:�
é¥yby>�hat_µ�:�>_Àk�_Àct_s~vu>k¦e�|x_s~D_xy:anm��bf�c�e�i@u��hat_sy:adil_sk>m1�Äi�y:atwsc�e�|®adil�hy

V
u¬e�c¢kl_µu���ad_xy@�

adil_sk1m�_}|®�/y:a�eh|®a
Vδ
m{ejy>r}� Ô ¹¿_/Çz�6_sr�a¿wg�:�>i�fhe�kl_syza¥��y>ws»hk�il»h_sc

δΨ̂(~r, t)
m{e�y>r}� Ô ¹¿_zÊ/�®£

|x_v�:��i¢u�_sc�~D_xa}m@_bct_s~Du�k¦e�|x_sc�k¡�Ä�/u�wscdejat_s�>c�|�p¬ej~Du
Ψ̂
m{e�y>r�� Ô ¹¿_hÌ:�¤u¬ejc�kl_v|�p¬ej~Du

rd|ge�k�eji�c�_X|xk�ejrdrti��:�>_
ψ
_xa��h��at_sy>i�c}æ

i~
∂

∂t
ψ =

[
− ~2

2m
∆ + U(~r) + g | ψ |2

]
ψ .

� Ô ¹¿_Oc/�
�n�Áwg�z�¬ejati��hy � Ô ¹¿_Oc/�!u��hc�ad_Ckl_Cy>�/~ m1�Äwg�:�¬e�adil�hyòm�_¾÷�� m�wsu�_sy>m{e�y:a�m��ãad_s~vu>r�¹
�­_¾|�p¬ej~Du�r�|gejk�e�ilct_¾|x�h~Du>kl_®§�_¾|xk�e�rtrti��:�>_

ψ
m{ejy>r

(3.65)
_sr�a�rt�h��fz_sy:a.e�u�u�_sk�w

�hy{m�_X�z�¬e�yzadi��:�>_}~ eh|xc��/rd|x�hu>i��:�>_Xm��F|x�hy{m�_sy>r�e�a�¹{·Òk1_sr�a¥ej�>rtrdiÂe�u>u�_sklw}u¬ejc�ej~Dqxatct_
m1�Á�hcdm�c�_Dm��Crt��rtatqs~D_/¹Â^�_bu¬e�cde�~Dq®adct_Dm1�Ä�/ctm�ct_D|x�hy:ati�_syza}�>y>_vu>p¬e�rt_D�:�>i¼_xrta��>y>i �
©A�hct~D_Jm{ejy>r��>yç|x�hy{m�_sy>r�e�ave��¾c�_su��/r+Ì'k<��eju>u¬ejcti�adil�hy�m�_!|®_xatad_ u>p¬e�rt_/£8e�kl�hctro�:�>_
ctil_syçy>_Jk¦eFu>ctwgm@i�rtu��hrd_4�Fu>ct_sy{m�c�_!�>y>_Jfhejk�_x�>cb�:�­�Ä�>y>_4ej��adct_h£8_sr�aokl_!©�ejilabm1�Á�>y>_
�>ctilrt�>ct_�rtu��/yza�ejy>ws_Xm�_�r��@~vwxadctil_/¹
�n�Äwg�:�¬e�adil�/y � Ô ¹~_Zcz�(y�_nc�_sy{m�|x�/~vu�ad_¼y>izm�_¼k¦eÀm�wsu>klwxadil�/y�atp>_sct~Di��:�>_¼y>i/m�_nk�eµm�w®�

u>klwxadil�/y)�:�{e�y:ati��z�>_/£�~Jejilr�_sklk�_¥c�_su>ct��m��>ila�k�_¤rdu�_s|®adct_�m��Á_®§>|xi�a�e�adil�hy>rµm�_¤k<��eju>u>ct��|�p>_
m�_¤á`�h»/�hk����(��f�¹:����ad�/y�r`m�_¿u>kl�>r`�:�­�Ä�/yDu�_s��a`m�wgm��>ilct_¿k¡�Äwg�:�¬e�adil�hy rta�ejati��hy>y¬eji�c�_¤m�_
÷�� � Ô ¹dcH`z�}�Hu¬ejc�adilc�m�_�� Ô ¹~_Zcz��_sy¾u>c�_sy¬e�yza)æ

ψ(~r, t)
rt�h�>r�k�eH©A�hct~v_�æ

ψ(~r, t) =

ψ0(~r) e−iµt/~
¹�^`_}�:�>iÂ|x�hy{m��>i�a�_xî�_s|®adi�fz_s~D_xy:a¥�)æ

− ~2

2m
∆ψ0(~r) + U(~r)ψ0(~r) + g | ψ0(~r) |2 ψ0(~r) = µψ0(~r) .

� Ô ¹¿_Z_z�

E^��&�Ö§� � � AX@5�ÀNBLXAXU�L�G/A¡S G�NBRY�D[�EZJML�G�NBLhU�L�G
µ



���BÆ ë�ì Ø:ß�ºlÚ�Ý�á�kkî�rtáhàÍ¹�Ý�º�ß�Ú�º�Þ@ÙY·�ù�Ù�Ø5â�º70k¸�á
·�áhà?¹�Þ�ÙM·�áhÙ(à�ØzÚ®à�îKî�î
�­_bu���ad_syzadil_sk

U
m{e�y>r�kl_g�:�>_sk½k�_b|x�/y{m�_xy>r�e�a�_sr�a�u>ilws»/wby­�Á_xrta�u¬ejr�r�a�e�adi��:�>_b_sy

»/wsy�wsc�ejk¡£À~Je�ilrHilk�m�wsu�_sy{mäm��ãad_x~Du>r
U(~r, t)

¹�^�_skl�>i �Ò|xi�u�_s��aHrd_$~D_xa�adct_h£Àu��/�>c
|x_sc�a�e�ily>_sr�_®§@u�wsctil_sy{|x_srg£>rd�h�>r¿k¦eo©A�hct~D_Dæ

U(~r, t) = U(~r) + δU(~r, t) ,
� Ô ¹¿_ b �

�?i
U(~r)

_sr�a¿k�_�u���ad_syzadil_sk­r�a�e�adi��:�>_�_xa
δU(~r, t)

��y>_�u�_xadi�ad_�u�_sc�at�>ct�¬e�adil�hy�m�wsu�_xy@�
m{e�yza¤m��4ad_s~vu>rg¹
�À��i¼æ

δU = 0
£��/yHu�_s��a�wg|®ctilct_

ψ(~r, t) = ψ0(~r)e−itµ/~ ,
� Ô ¹~_hËz�

|x_}�:�>i'eb|x�hy{m��>i�a��ok¡�Ä�/�@ad_sy:ati��hy�m�_�k<�Äwg�:�¬e�adil�/yFr�a�e�adil�hy>y¬eji�c�_Xm�_�÷��ò� Ô ¹¿_Z_z�MÌ
�À��i¼æ

δU
_sr�aµadctqxr¿u�_xadi�a�£��/yHrg�Íeja�ad_sy{mF�b|x_}�z�>_

ψ(~r, t)
rt�hi�a�u�_s�Fm�i�î�wsc�_sy:a�m�_

� Ô ¹~_hË:��¹���i1k¡�Ä�/yHu��hrd_Dæ
ψ(~r, t) = ψ̃(~r, t)e−itµ/~ .

� Ô ¹~_l`z�
�¼yHct_xu��/cÅa�e�yza�� Ô ¹~_ b ��_xa�� Ô ¹¿_Z`z�Àm{ejy>r�� Ô ¹¿_Oc/�®£��hyF�h��ati�_syzaXæ

i~
∂

∂t
ψ̃(~r, t) =

[
− ~2

2m
∆ − µ + U(~r) + δU(~r, t) + g | ψ̃(~r, t) |2

]
ψ̃(~r, t) .� Ô ¹ b Çz�

���hat�/y�rn�:�>_µrti�k<�Á�hyv~D_xa
δU(~r, t) = 0

m{ejy>r¼k<�Áwg�:�¬e�adil�hy�� Ô ¹ b Çz�®£��hyv�h��adil_sy:a¼k¡�Í�`÷��
m�wsu�_sy{m{ejy:a)m��Æat_s~Du>rJ|x�/yzad_sy¬ejy:aJkl_�u���ad_sy:ati�_xk¥|dp>i�~vi��:��_

µ
_xa!�z�>i�rg�Áwg|®cti�a�£n_sy

�/~v_xata�ejy:a
˜
æ

i~
∂

∂t
ψ(~r, t) =

[
− ~2

2m
∆ − µ + U(~r) + g | ψ(~r, t) |2

]
ψ(~r, t) .

� Ô ¹ b È��
ê�y¨|x�hy{m�_sy>r�e�a�y��/y�u>ilws»hw��

U = 0
�¥_sr�a��:�¬ejklilÐ>wJm1�Äp>�/~v�/»hqsy>_ �h��ily�Ð{y>i<¹'·ðk¼_sr�a

m�i�a�i�y�p>�/~D�h»hqsy>_}�h�4Ð{y>i­rti
U 6= 0

¹
0�A �� "�X�¡TFCFElU � CFTFC�G�@*AXN*T%Öä� � �8��EZJMLX[\N5>��VU]GICKJMLWAXN^�9NOG/�
0� ��D�¡TFCfEZU � CFTFCKG�@*AhN*T�Öä� � �
�n�Íe�u>u>kli�|ge���i�kli�adw�m�_�k<���6÷��Æy>_�u�_s��a�u{e�r¿èxadct_�ctw�ejk�ilrtws_X�:�>_Dæ
Cv� rti­kl_�y>�/~��>ct_�ad��a�ejk

N
m�_}���hrt�/y>r¿rt�/i�a¥ejrtrd_sô�»hc�ejy{m��

N >> 1
�MÌ

CFC�� rti¼k¦e4m�ilkl��adil�/y¨m���»ze�ôDm�_D���/rt�hy>r��!adctqsr��¬ejrdrt_vat_s~Du�wsc�e�ad��ct_��
T ' 0

�
rt�/i�a¤fzwxcti�Ð{ws_Xu¬ejc¤k�_X|xcti�adqsc�_!æ

na3 << 1
¹(^�_xa�ad_�|®�/y{m�i�adil�hy�u�_sct~D_®a�m1�Äi�»hy>�hct_sc¤k�e



kkîXkkî1q;0k¸�Ø/Ú\º�Þ@Ù=·Má�¢oÝxÞ�à�àtÛÅÜ8ºlÚ®ØOáj×�à���º�º¡·�ã�ßháhÙM·�Ø�Ù@Ú�·g¸.Ú�álâ4ß�à ��� ¬
m�_su>klwxadil�hyoadp>_sc�~Di��:�>_�_xa¢�:�¬ejy:ati��:��_µm��b|®�/y{m�_sy�r�e�a¼m�_µán�¸�µ£j_xa½il~Du>kli��z�>_¿��k�e¤y>�hcÅ�
~Jejk�ilr�e�adil�/yvm�_

ψ
e��oy>�h~o�>ct_`at�ha�e�k

N
m�_À���hrt�/y>rne�ad�h~Di��z�>_srµæ ∫ | ψ |2 d3r = N

¹
0t��JMLX[\N5>��]UVG;CKJMLWAXN^�9NOG/�
�¿�hat�/y>rXad�h��aom1��ej���/ctmç�:�1�Á_syçm@��y¬e�~Di��:�>_Jp¬ej~Dilklat�/y>il_sy>y>_�æ

i~
∂ψ

∂t
=

∂H

∂ψ∗
£

k<�Áwg�:�¬e�adil�hy�m�_o÷��&m�wsu�_sy{m{ejy:a�m@�Fad_x~Du>r�� Ô ¹~_Zcz�Àu�_s�@a¥èxatct_}�/�@ad_sy��>_}_syFu¬e�cÅa�ejy:a
m�_�k�eb©A�hy{|®adil�hy>y>_sklk�_Xm1�Áwxy>_sct»hi�_�ad��a�ejk�_}m�_�÷�c��/rtrÅ�¸�¼i�a�ej_xf@rtó�ili

H
m��hy>y>ws_}u¬ejc}æ

H =

∫
d3r
[ ~2

2m
| ∇ψ |2 +U(~r) | ψ |2 +

g

2
| ψ |4

]
.

� Ô ¹ b Ê/�
�¿�/�>rbejklk��hy>rXfz�hi�c�m{ejy>r�kl_Ju¬ejc�ej»/cde�u>p>_ rd�>i�fhe�yzab�:�>_ k<�Áwg�:�¬e�adil�hyçm�_4÷�� m�w®�

u�_sy{m{ejy:aJm@�ìat_s~Du>rF� Ô ¹~_Zcz�}fzwsc�ilÐ{_4�>il_syÆkl_srDkl�hi�rDm�_F|x�hy>rt_sc�fhe�adil�/y�m@_
N
_xa m�_

H
¹



��� m ë�ì Ø:ß�ºlÚ�Ý�á�kkî�rtáhàÍ¹�Ý�º�ß�Ú�º�Þ@ÙY·�ù�Ù�Ø5â�º70k¸�á
·�áhà?¹�Þ�ÙM·�áhÙ(à�ØzÚ®à�îKî�î
u
ò&� `"ü�ø´a ô ï%$��"øDü
�&$�ý"þ�a ù\ÿ��"ô �"ô b('&g)�ª½ ��{vúxô1ý�e

��þ�ýtû��x� ûXô*a ú�öI·�Ütü�øhûXô�í ô|û}Ü�ùÍûXô1öhö+ô��c� öhü�ý
��������� ���C"�LS���I©���"$�*��©���!
LM��-/.��è�����zÞ Ð « Î ��­B�Q�B�N��!
�I�¬��.

�$�BLS�N>
�n�Äwg�:�¬e�adil�/yã� Ô ¹¿_Oc/�}m�_)�`÷ m�wsu�_sy{m{ejy:avm@�¾ad_x~Du>rom�wg|xcti�aok¡�Äwxfz�hkl��adil�/y�m��@y¬e��

~Di��:�>_¿rtu¬e�adil���¡at_s~Du��/c�_sklk�_�m�_¿k¦e�©A�hy{|®adil�hyJm1�Ä�/y{m@_
ψ
m�� |®�/y{m�_xy>r�e�a`m�ilk��>w�m�_¤án�¸�µ¹

é¥you�_s��a¼|�p>_sct|�p>_sc½�>y�_¿ej��adc�_�©A�/c�~D_Àm�_À|x_xa�ad_�wg�z�¬ejati��hybrti��/yo_®§@u>ctil~D_
ψ
_xyb©¦�/y{|��

adil�/yJm�_¤k¦e}m�_sy>rti�adw
n
_xaÀm�_�k¦e�u>p¬ejrd_

θ
¹@�'�/��c�|x_�©�eji�c�_/£:�hyJ©�ejila`k�e�adcde�y�rd©¦�/c�~Jejati��hy

rt�>ilfhejy:ad_}m�i�ad_}m�_X¯�ehm�_xk��>y>»�³¿`�È/£V`/ÊIµ6æ
ψ(~r, t) =

√
n(~r, t) eiθ(~r,t) ,

� Ô ¹ bjÔ �
θ
_sr�a�k�ebu>p¬ejrt_Xm@_

ψ
_xa √

n(~r, t)
rt�/yH~D��m��>kl_/£¬egf/_g|væ

n(~r, t) = | ψ(~r, t) |2 .
� Ô ¹ b Ì:�

°���eju>ctqxr.� Ô ¹ b Ì:�®£¼�hyÓeÆæ ∂n
∂t

= ψ∗
∂ψ

∂t
+ ψ

∂ψ∗

∂t

¹6�¼yÆwg|xcti�fhe�yzaJk<�Áwg�:�¬e�adil�hy
|x�/~vu>k�_�§�_}|x�hyhº¸�>»h�>ws_}m�_ � Ô ¹~_Zc/�®£�_syHk�eo~o�>k�adilu>k�i�ejy:a�u{e�c

ψ
£>u>��i�r¿_sy4k¡�Íejº¸�h��a�ejy:a¥�

� Ô ¹~_Zcz�`~o�>k�adilu>kli�ws_�u¬e�c
ψ∗
£>�hyH�h��adil_sy:aXæ

i~
∂n

∂t
= − ~2

2m

[
ψ∗∆ψ − ψ∆ψ∗

]
.

� Ô ¹ b c/�
�­_6|ge�k�|x�>k:m�_�æ [

ψ∗∆ψ−ψ∆ψ∗
] �µu¬ejc�adilc'm�_¤� Ô ¹ bjÔ �1|x�hy{m��>i�a¢�Àwg|xctilct_nk<�Áwg�:�{ejadil�hy

� Ô ¹ b cz�`rd�h�>r¿k¦eo©A�hct~D_Dæ
∂tn + ~∇.

[
n
( ~
m
~∇θ
)]

= 0
�/�

∂tn + ~∇.~j = 0 ,
� Ô ¹ b _z�

egf/_g|væ
~j(~r, t) = − i~

2m
(ψ∗~∇ψ − ψ~∇ψ∗ ) = n

~
m
~∇ θ . � Ô ¹ bZb �

�­_}f/_g|®ad_s�>c ~j rg�Ái�m�_sy:atilÐ{_o�bk�e m�_xy>rdi�adwXm�_�|®�/�>cde�y:a¥m1�Ä_®§�u>c�_srdrtil�hy�|x�h�>c�ejy:ad_Jæ ~j =

n~v
�b|x�hy{m�ilati��hy��:�­�Ä�/yFm�wxÐ{y�ila�kl_}|�p¬e�~vuFm�_�f@i�ad_srtrt_X|®�/~D~v_Dæ

~v =
~
m
~∇ θ . � Ô ¹ b Ëz�

�n�Áwg�:�¬e�adil�hyÓ� Ô ¹ b _z��_xrta}�>y>_ wg�:�{ejadil�hy¾m�_ |x�hy:adily��>i�adw ily{m�i��:�¬ejy:ao�:�>_Dkl_ y>�h~o��ct_
ad��a�ejk

N
m�_����/rt�hy>r�_sr�a�|x�hy>rt_sc�f/w}m{e�y>r¿kl_�ad_s~Du>rg¹{ê¿y>_}|x�hy>rdws�:�>_sy{|x_}©¦�/y{m{ej~D_sy��

a�ejk�_bm�_ok�eJc�_sk¦e�adil�hy
(3.78)

_sr�a��:�>_ok<�Áwg|x�h�>kl_s~D_sy:a�m��$|x�hy{m�_sy>r�eja�m�_ván�¸�µ£�å{�>i�m�_



kkî���î+*¿Þ�Ý®Ú�á ð�0k¸�Ø�Ù�Ú�º10V¸Máhà ���5�
�:�¬ejy:adi��:�>_/£�_sr�a¿u���ad_sy:ati�_xkn£>|h�Ä_sr�a��¸���¸m�ilc�_}�:�>_

~v
m�wscti�fz_�m1�Á�>y4u��hat_sy:adil_sk1rd|ge�k�eji�c�_

Φu>ctilr¿rt�/�>r¿k�eb©A�hct~D_væ
Φ =

~
m
θ
_xa

~v = ~∇Φ .
� Ô ¹ b `z�

°¤_v~Dès~D_h£Â�!u¬ejc�adilc�m�_F� Ô ¹ bjÔ ��£1�hy�|ge�k�|x�>kl_
i~
∂ψ

∂t

£�u>�>ilr}_syC��ati�klilr�ejy:a}k<���6÷��
� Ô ¹~_Zc/�®£>�hyH�/��ati�_xy:aXæ

i~
[
ψ∗
∂ψ

∂t
− ψ

∂ψ∗

∂t

]
= −2∂tθ .

� Ô ¹ÁË/Çz�
�­_¿~D_s~��>ct_¿m�_µ»:ej�{|�p>_�m�_X� Ô ¹ÁË/Çz�8u�_s��a6rt_¿|ge�k�|x�>kl_sc`��u¬e�cÅadilc6m@_¿k¡�Äwg�:�¬e�adil�hy�� Ô ¹¿_Oc/�
_xa��hyH�/�@adil_sy:a¿Ð{y¬ejk�_s~v_sy:aXæ

~ ∂θt = −U − gn − ~2

2m
(~∇θ)2 +

~2

2m

∆
√
n√
n

.
� Ô ¹ÁË>È��

±'fz_s|�k�_sr¿y>��a�e�adil�/y>r�m�_ � Ô ¹ b `:��£>k<�Áwg�:�¬e�adil�hy¾� Ô ¹ÍË�È���u�_s��a�rg�Áws|xctilct_Dæ

m
(
∂tΦ +

∆Φ

2

)
= −

[
U(~r) + gn − ~2

2m

∆
√
n√
n

]
.

� Ô ¹ÁËzÊ/�
�h�¨æ

m∂t~v = ~∇
[ ~2

2m

∆
√
n√
n
− 1

2
mv2 − U(~r) − gn

]
.

� Ô ¹ÁË Ô �
�n�Áwg�z�¬ejati��hyì� Ô ¹ÍË Ô �¿_sr�a}ejy¬ejk��h»/�>_v�Jk<�Äwg�:�¬e�adil�/y$m�_vá`_sc�y>�/�>klkli¡£(_sy.rt�>u>u>ctil~Jejy:a�k�_
ad_sc�~D_ ~2

2m

∆
√
n√
n

£�m�ws|xcti�f/ejy:aµk<�Äwg|x�/�>kl_s~v_sy:aµi�c�ct��a�e�adil�/y�y>_sk1m1�Á�>y!å{�>i�m�_�u¬ejct©�eji�aµ�/�
rt�>u�_sctkl�>i�m�_D�8i<¹Ä_/¹@r�ejy>r�f@ilr�|®�/rti�adw}�6_sy)wxf/�/kl��adil�hyHm{ejy>rµ�>y)u���ad_sy:ati�_xk�_®§@adwsc�i�_x�>c

U
¹

�­_�ad_sct~v_ ~2

2m

∆
√
n√
n

eju>u¬ejc�eji�rtr�ejy:a¤m{e�y>r�k<�Äwg�:�¬e�adil�/y
(3.83)

_xa¤�:�>i­rg�Äi�m�_syzadi�Ð{_��
�>y>_6u�ct_srtrti��hy­£g_sr�a¢eju>u�_sklw6u>ct_srtrtil�/y��:�¬ejy:ati��:��_`m��X©ªe�i�a½�z�­�Áilk:|x�/yzadil_sy:a'k¦e¿|x�hy>r�a�ejy:ad_
m�_X�¼k�ejy{|�ó

~
£�_xa�kl_�ad_sct~v_

gn
ct_su>c�wsrt_sy:ad_�k�ebu>c�_srtrdil�hy�m@_X|�p{e�~DuH~v���/_sy­¹

�­_srJm�_s�@§Æwg�:�¬e�adil�/y>r!|x�h�>u>klws_sr.� Ô ¹ b _z�b_xa.� Ô ¹ÁË Ô �brt�/yzaJrtatcti�|®ad_x~D_sy:aJwg�:��ilfhe��
kl_sy:ad_srb�Fk<���6÷��Qm�wsu�_sy{m{ejy:abm��¨ad_s~Du>r)� Ô ¹~_Zcz��¹'±¥�>|x�>y>_4eju>u>ct�g§�il~Je�adil�/y¾rt�>u>k�w��
~D_sy:a�e�ilct_)y­��e�wxadw)_xî�_g|�ad�>ws_4u��h�>cvwxa�ej�>klilcD|x_srDm�_s�@§�wg�:�¬e�adil�/y�r�¹n°¤_4u>kl�>rg£¢_sklkl_sr
u�_s��fz_xy:a�èxadc�_¤��adilkli�rtws_srµej�>rtrdi¬�>il_sy!u��h�>c�m�_sr`ctws»hi�~v_sr�klily>w�eji�c�_��:�>_¤y>�hy@�ðk�ily>w�ejilct_srg¹
�������98 ,È�
"#�<����-/.�!����$��-/.��B>
�'e�ct_sk�e�adil�/y�� Ô ¹ b `:�¢�:�>i�e�wxadw�wxa�e��>klil_¤_syvad�/�@a`u��hi�yza�m��J|x�hy{m�_sy>r�eja`�ji

n 6= 0_xa�u��h�>c
θ
�>il_sy$m�wxÐ{y>i<£1e!|x�hy{m��>i�aX� k�eJc�wxfzwsk�ejati��hyCm@_bk�eJy¬e�ad�>c�_ort�>u�_sc�å{�>i�m�_vm�_
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ã
kl�/y>»h�>_s�>cÀm�_�m@ilî(�>rti��hy)kl�hi�y)m�_�k�eXc�ws»hi��hy

m�_Dc�wsrd�hy¬ejy{|x_/¹Â�n�Á_®§@u�_srtrdil�hyÓ� Ô ¹lÈgÇZcz�¥u>ctwsrt_syzad_D�>y>_vctwsrt�/y¬ejy{|x_Du��h�>c}�>y>_vfhe�kl_s�>c
m��$|�p¬ej~Du.~Jej»hy>wxadi��:�>_�ad_sklkl_v�:�>_

B = B0

¹1�¢k�kl_o~D�/yzadct_be�kl�hctrg£(_sy�fhejcti�e�y:a
B
£

�:�­�Ä�/yHu�_s��a¤|dp¬e�y>»h_sc¤�bk�eb©¦�/ilr�k<��ej~Du>kli�ad�{m�_�_xa�kl_�rdil»hy>_Xm�_
a
¹
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«µ�
³ ÔOb £ Ô _Iµ
���9å*��� Õ �N�N"$�B���&LS!=�$��������� Ö ����LS!
>?) ����"�LM�°�Q��.�"

g > 0
����ad�hy>r�e���u>c�w�e�k�ej�>k�_h£'�:�­�Ä�>y¨|x�hy{m�_sy>r�ejaXu>ilws»hw u�_s��aXrt_Du>c�wsrt_sy:ad_sc�_sy¨m�_s�@§

wxa�e�adr}æ>r�a�e�adil�hy>y¬e�ilct_�_xa�wxfz�hk���atil©¢m{ejy>r�kl_�at_s~Du>rg¹>�6�Íe�u�u>ct�g§�il~Jejati��hy�m@_XâÀp>�h~Je�rÅ�
ë{_sc�~Di�|x�hy>rtilrtat_¨�çy>wx»/klil»/_sc4k¡�Äwsy>_sct»hil_�|xi�y�wxadi��:�>_�m1�Ä�>y�|®�/y{m�_sy�r�e�aFr�a�e�adil�hy>y¬e�ilct_
r�a�ej�>k�_)�

g > 0
��m�_xfhejy:a�k<�Áwsy>_sc�»/il_bm1�Áily:adwxc�e�|®adil�/y.c�wsu>�>klrdi�fz_h¹��n�Áwxy>_sct»hi�_b|®i�y>w®adi��:�>_

y>ws»hk�il»hws_Àm{e�y�r¢|®_xatad_�e�u>u>c���§@i�~ ejati��hyoy�_�m�wg|xcti�a¢�z�>_`k�_xr8fhejcti�ejati��hy>r½m�_`k¡�Íe�~Du�k�i�ad�{m�_
m�_�k�e�©A�/y{|�adil�/yJm1�Ä�/y{m�_

ψ
_xa6y>�/y u¬ejr`|x_sklkl_sr�m�_¿r�e�u�p¬e�rt_/¹:�8�h�>c¼ad_sy>ilc6|x�/~Du@ad_¤m�_xr

f/ejcti�e�adil�/y>r½m�_6u>p¬ejrt_/£��hy��@adilk�ilrt_`k�_xr½m�_s�@§}wg�:�¬e�adil�/y>r8p:�@m�ct��m@�@y¬ej~Di��z�>_sr8ctws»hilrdr�ejy:a
k¡�Äwxfz�hkl��adil�/y)ad_s~vu��/ct_xk�kl_�m1�Á�>y4|x�/y{m�_xy>r�e�a¤��k¡�Íe�u�u>ct�g§�il~Jejati��hyHm�_�âµp>�h~JejrÅ�Òë{_sct~vi¡¹
°�ejy>r�|x_}�:�>i­rt�>i�a�£>y��/�>r¿��adilkli�rt_sc¿kl_sr¿y>�ha�ejati��hy>r¤m��Hu¬ejc�ej»/cde�u>p�_}u>ctws|xwgm�_sy:ag¹
0�UM�(��JMLXAXNBLX[\UVG�[�G�UVG;CKJMLDLhU�Cf>�N
���h�>r.egf/�/y>r�~D�hy:adctw¾m>e�y>r�k�_¨u¬ejc�e�»hc�eju>p>_¾u>c�wg|xwgm�_syza$�:�>_¨rti

a > 0
£�k�_

|x�/y>m�_sy>r�eja¢m@_Àán�¸��_sr�a'ad�/��º¸�/��c8r�a�ej�>kl_/¹hÃ¥�{e�y{mJæ
Na/aoh >> 1

£�kl_sr8i�yzadwsc�e�|®adil�hy>r
rt�/y:ao_srtrt_sy:adil_sklkl_srb_xaokl_Jad_sc�~D_!_�§�u>�>klr�ejy:abkl_!u>kl�>ro©A�/cÅao_sr�av|x_xk��>i�m]¶ì�Fk¡�Äwsy>_sct»hil_
m1�Áily:atwsc�e�|®adil�/y­¹:°�e�y�r`|x_�|gejr6�hy u¬ejctkl_�m�_�c�ws»hi�~D_¿�h�Je�u>u>c��g§�i�~ ejati��hy m�_¤âÀp>�h~Je�rÅ�
ë{_sc�~Di<¹­°�ejy>r�kl_D|se�r�m1�Ä�>yC|x�hy{m�_sy>r�e�a�u�_s�>u>klwDm�_)ÈgÇ

5
e�ad�h~D_sr�m�_

87
«µ�Cm>e�y>r��>y

u>ilqs»/_)m�_J©Actws�:�>_sy{|x_
100
³�ô/£'�/y¨adct�h��fz_

Na/aoh ≈ 500
¹¼^`_!ctwxrd�>k�a�e�ab|x�hctct_xr��

u��/y{m u>kl_sily>_s~D_syzaµe��Jc�ws»hi�~D_¤m�_¥âµp>�h~JejrÅ�¸ë>_sct~vi¡¹��½§@u�wsctil~D_sy:a�e�kl_s~D_syza�£:u�ct_srd�:�>_
ad�h�>r�kl_sr}|x�/y{m@_sy>r�ejatr}rt�/yza}c�w�e�klilrdwxrXm{ejy>r�k�_bctws»hi�~D_vm�_DâÀp>�/~ e�rÅ�Òë{_sc�~Di<¹1�Â_xr�i�y@�
adwscdeh|®ati��hy>r�m{ejy>r�|x_bc�ws»/il~D_brt�hy:a�ctwsu��>k�rti�fz_sr�_xa��hy:a�at_sy{m{ejy{|x_D�J©�eji�c�_b»hct�/rtrtilc�kl_
|x�/y>m�_sy>r�ejag¹­°�e�y�r�|x_bctws»hil~D_/£(�hy$u�_s��a�m��hy{|oy>ws»hkli�»h_sc�k�_�ad_sc�~D_bm�_ok¡�Äwsy>_sct»hil_v|xi��
y>wxadi��:�>_¥m{e�y�r�k<�Áwg�:�¬e�adil�hy)m�_�÷��¾r�a�e�adil�hy>y¬e�ilct_o� Ô ¹~_l_:��£�m�_�ad_xk�kl_¥rt�hc�ad_¥�z�>_¥|x_sklk�_®�Ò|xi
u>ct_sy{m4k�eb©A�hct~D_�adctqxr¿rdil~Du>kl_�rt�>ilfhejy:ad_Dæ

U(~r)ψ0(~r) + g | ψ0(~r) |2 ψ0(~r) = µψ0(~r) .
� Ô ¹�ÈsÇl_:�

^`_xatat_Jws�:�¬ejatil�/y¾u>�>c�_s~D_syzabe�kl»hws�>cti��:�>_Jrt_ ctwxrd�h��abeji�rtws~v_sy:a�£­_xa�k¡�Ä�/y�adc��/�@fz_
u��/�>c¿k�evm�_sy�rdi�adw | ψ0(~r) |2 m���|x�hy{m�_sy>r�e�aXæ

| ψ0(~r) |2 =
µ − U(~r)

g

u��h�>c
µ ≥ U(~r)

� Ô ¹lÈgÇ b �
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g > 0

�5i�i
_xaXæ

| ψ0(~r) |2 = 0
u(�h�>c

µ ≤ U(~r)
� Ô ¹lÈgÇhËz�

é¥yvfz�hila6�:�>_¿k�e�m�_xy>rdi�adw�m�� |x�hy{m�_sy>r�e�a`c�_su>ct��m��>i�a6_syDy>ws»:e�adil©(k�e�©A�hct~D_�m��Du���ad_sy��
adil_sk1�:�>i�k�_�|x�hy�Ð{y>_/¹{°�ejy>rµk�_�|gejr¿m��4u���ad_sy:ati�_xk1p¬e�c�~D�hy>i��:��_/£�kl_�u>ct��Ð{k­m�_�m@_sy>rtilatw
_sr�aµ�>y>_�u¬e�cde����hkl_�ily:f/_sctrtws_��z�>i�u¬ejc�a¿m�_�k�e�fhejk�_x�>c

µ/g
_sy
r = 0

_xa¿�z�>i�rg��ejy>y��>kl_
ej��m@wsk¦Ïvm�_

r ;=< É ��u��h�>c¿kl_}|ge�r�m1�Á��yFu���ad_sy:atil_sk­p¬e�c�~D�hy>i��:��_}ilrt�hatct�hu�_���æ
r ;>< É =

√
2µ

mω2
.

� Ô ¹�ÈsÇl`:�
�­_sr'|gejk�|x�>klr'u>ctws|xwgm�_sy:atrÂrt_n»hwsy>wsc�ejkli�rt_sy:a8e�ilrtws~D_sy:a8ej�X|gejr'm1�Á��y}u>ilqs»/_¼p¬e�c�~D�hy>i��z�>_
ejy>i�rt��adct�hu�_/¹
�­_�u���ad_sy:ati�_xk�|�p>il~Di��:�>_

µ
rt_¤|gejk�|x�>kl_¤©�eh|®i�kl_s~D_syza`u¬e�cnk¦e�|x�/y>m�ilati��hy!m�_�y>�hct~Je��

kli�r�e�adil�/yFm�_
ψ0

¹¬é¥y4adct�h��fz_}e�kl�/c�rXæ
N =

∫
d3r| ψ0(~r) |2 =⇒ µ =

~ω̄
2

( 15Na

āoh

)2/5

,
� Ô ¹�ÈhÈsÇ:�

�ji
ω̄3 = ωxωyωz

m{e�y>r½k�_À|gejr¼m1�Ä�>you��hat_sy:adil_sk@p¬ejct~D�hy>i��:�>_¿ejy>ilrt�hatct�/u�_�_xa
āoh
_sr�a

k�e}a�e�ilklk�_�m�_¥k¡�Äwxa�e�a�©A�/y>m{e�~D_xy:a�ejk(p¬ejct~D�hy>i��z�>_�e�rtrt�@|xilw��
ω̄
£:rt�/i�a

āoh =
√
~/mω̄

¹
����ad�hy>r¥m{ejy>r¥|x_X|gejr¥�:��_Xk<�Ä�/y�eHæ

µ >> ~ω̄
£¬|gejcg£{m{e�y>r�kl_Xctwx»/il~D_Xm�_Xâµp>�h~Jejr��

ë{_sc�~Di<£
Na/aoh >> 1

¹
�'e`a�eji�klkl_6|gejc�e�|®adwsc�i�r�ati��:��_n�hu�adil~Jejk�_nm��}|x�hy{m�_sy>r�ejag£�e�u>u�_sklws_nc�es�z�hy}m�_nâÀp>�/~ e�rÅ�

ë{_sc�~Di
RTF

£�_sr�a¤m��hy>y>ws_}u{e�c¿k�ev|x�hy{m�i�adil�hy
µ = U(~r)

æ

µ = U(~r) =⇒ RTF = R ;=< É =

√
2µ

mω̄2
= āoh

( 15Na

āoh

)1/5

.
� Ô ¹�ÈhÈhÈ��

é¥y&|x�/y�rta�ejat_��:�>_�k�e$a�ejilk�kl_�m��Ó|x�hy{m�_sy>r�ejaJ_sr�a)|®�/~D~v_.e�atad_xy{m��&�>il_sy&u>kl�>r
»hc�e�y>m�_X�z�>_X|®_sk�kl_Xm@_}k<�Á�hrd|xilk�k�e�ad_s�>c¿p¬e�c�~D�/y>i��:�>_h¹
«µ_s~ e�ct�:�>�/y�rJ�:�>_Hk<��eju>u>ct�g§�il~Je�adil�/y�m�_�âÀp>�h~Je�rÅ�Òë{_xct~Diµy­�Á_sr�a u>kl�>rDfhejk�e��>kl_

ej�ì���hcdm�m��Æ|®�/y{m�_sy�r�e�aD|ge�co_sk�kl_H|x�hctc�_srdu��hy{mÆ���>yçad_sct~v_4m1�Áwxy>_sct»hi�_4|xi�y>w®adi��:�>_
m�i�fz_sc�»/_sy:ag¹


/Uk�D�ÀJ�>�G/A�Ö U�[���N5ElG^�@?xUk[��ÀN5ElG/>�UVG;CKJA?´�
�'�h�>c½�>you>ilqs»h_Àp¬e�c�~D�hy>i��z�>_Àm�_Àr��@~vwxadctil_�m�_Àc�wxfz�hk��@adil�/yvej��ad�h�>c¢m�_��/ô/£j|ge�cdeh|��

adwsc�i�rtwXu¬ejc�k�_sr¤©Actws�:�>_sy{|x_
ωz
�<e�§�i�ejk�_��µ_xa

ω⊥
��c�e�m�i�e�kl_���£¬k�_Xu���ad_sy:ati�_sk

U(~r)
u>ct_xy{m

k�eb©A�hct~D_væ
U(~r) =

1

2
m
[
ω2
zz

2 + ω2
⊥r

2
]
.

� Ô ¹�ÈhÈgÊz�
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·�áhà?¹�Þ�ÙM·�áhÙ(à�ØzÚ®à�îKî�î
�¼y�c�_su��/cÅa�ejy:aµ� Ô ¹lÈ/ÈgÊ/�Âm{e�y>rÀ� Ô ¹�ÈsÇhË:��£��hy�u�_s��a¢m�wxat_sct~Dily>_sc'k�_sr'fhe�kl_s�>c�r½~Je�§�il~Jejk�_sr
z ;=< É _xa R ;=< É m�_ z _xa r u¬ejc¿kl_sr¿wg�:�¬e�adil�/y>r}æ

µ − 1

2
mω2

zz
2;=< É = 0

_xa
µ − 1

2
mω2

⊥r
2;>< É = 0 .

� Ô ¹�ÈhÈ Ô �
^�_ �:��i6|x�hy{m��>i�aXu��/�>c}kl_Dc�eju>u��/cÅa�m1��ejrtu�_g|®a�m��¨|x�hy{m�_sy>r�ejaX_sy�u>c�wsrt_sy{|x_Jm1�Äi�yzadw®�
c�e�|®adil�hy¨æ

z ;>< É
r ;>< É =

ω⊥
ωz

.
� Ô ¹�ÈhÈsÌ:�

é¥cg£¼_sy ej�>rt_sy{|x_�m1�Áily:atwsc�e�|®adil�hy>r�£nkl_sr!m�il~D_sy>rtil�/y>r!m��&|x�hy{m�_sy>r�ejaJrt�/yza!m��/y>y�ws_sr
u¬e�c √

~/mωz
kl_Xk��hy>»!m�_X�hôX_xa √

~/mω⊥
m{e�y>r¤k�_xr�m�ilct_g|�adil�/y>r¥cdehm@i¦ejk�_xr�£�|x_��z�>i

|x�/y>m��>ila¥ej�Hc�eju>u��/cÅa¤m1��ejrtu�_g|®aXæ
az
a⊥

=

√
ω⊥
ωz

.
� Ô ¹�ÈhÈ�c/�

^��h~D~D_
ω⊥ / ωz >

√
ω⊥ / ωz

�Àrti
ω⊥ > ωz

���hy�_sy¨m�wgm���ilag£­_sy¨|x�h~Du¬e�cde�yza
� Ô ¹�ÈhÈsÌ:�D_xaC� Ô ¹�ÈhÈ�c/� �:�>_�k�_sr)ily:atwsc�e�|®adil�/y�rFej�>»/~v_sy:ad_xy:a)k¡�Íe�klkl�>ct_Cejy>i�rt��adc��/u�_$m��
|x�/y>m�_sy>r�ejag¹
0 � �(��JgLhAXNBLX[\UVG(N]LÑ@O�MJMTFS+G;CKJML
�n�Íe�u>u>c���§@i�~ ejadil�hyXm�_nâÀp>�h~Je�rÅ�Òë{_xct~DizeÀwxatw¼�/�@ad_sy��>_¼_sy�y>ws»hk�il»h_�e�yza'kl_sr­at_sct~D_xr

_sy
∆
m{ejy>r�k¡�Í�`÷��çr�a�ejati��hy>y¬eji�c�_�m�wg|xc�ilfhejy:aÀ�>y>i��:�>_s~D_xy:aÀk�_sr`fhe�c�i¦e�adil�hy>rÀrtu¬ejati¦ejkl_sr

m�_
ψ
_xa¤y>�hy�u¬ejr¥|x_sklkl_sr¥m�_}r�evu�p¬e�rt_/¹(��i8�vu>c�wsrt_sy:a¤�hy�c�_xad�h�>cty>_�e���|gejr¤»hwsy>wsc�ejk

m1�Á�>y.|®�/y{m�_xy>r�e�a�wxfz�hkl�¬e�y:a�m{e�y>r¥kl_Xad_s~Du�r�£¬k<��eju>u>c���§@i�~Je�adil�hy$m�_�âµp>�h~Jejr��Òë>_sct~Di
y>_�rt_�ctwsrt�>~D_�u¬ejr���y>ws»hkli�»h_scµk�_xrÀad_sc�~D_srÀ_sy

∆
�ªwsy>_sct»hil_�|xi�y�wxadi��:�>_���m{ejy>rµk<���6÷��

m�wsu�_sy{m{ejy:a¿m��!ad_s~Du�r}� Ô ¹¿_Oc/�®£@|gejcg£�m{ejy>rµ|x_�|gejr�£
ψ
m�wxu�_sy{m4m�_�r�eXu>p¬e�rt_

θ
¹��8�h�>c

wg|xk�e�ilcd|xilc�|®_xatad_�u>ct�h�>klws~Je�adi��:�>_/£:|x�/y>rti�m�wsc��/y>r`kl_¥|se�r`u¬ejc�ati�|®�>k�il_sc�m1�Ä�>y>_�_®§�u¬ejy>rdil�hy
�¬e�klilr�adi��:�>_Jm1�Ä�>y¨|x�hy{m�_sy>r�eja!�ªf/�/ilc}�h�>rt_sc�fhe�adil�/y¨m�i�c�_g|®ad_ m�_Dk�e4u>c��@m��{|®ati��hy¾m�_Dk�e
|x�/y>m�_sy>r�ejati��hyÆm�_Hán�¸�¿£'Ð{yì|�p¬eju­¹¼Ê/�Jæ8k<�Áwsy>_sc�»/il_Hm�_4|dp¬e�~vu�~D���z_syÆe�|s|x�>~��>k�ws_
u¬e�c6kl_¤u>i�wx»/_�ej»/_¤_sr�a�|x�/yzfz_sc�ati�_¤_syJwxy>_sct»hi�_¥|xily>wxadi��:�>_¥m��>cde�y:a`k<�Á_®§�u>kl�hrti��hy­¹�·Òk¬y­�Ä_sr�a
m��/y>|�u>k��>r��:�>_sr�adil�hy­£¬eju>ctqsr¿k<�Á_®§@u>k��hrti��hy­£{m�_�y>ws»hk�il»h_sc¿k¡�Äwsy>_sct»hil_X|xily>wxati��z�>_Xm�_xfhejy:a
k¡�Äwsy>_sc�»/il_Fm1�Äily:adwscdeh|®ati��hy­¹6^�_s|xiµu�_s��aDrt_H|x�h~Du>c�_sy{m�ct_4_syìu¬ejc�a�ejy:aDm�_4k<�Áwg�:�{ejadil�hy
p:��m�c��@m@�@y¬ej~Di��:�>_ ��wg�:�¬e�adil�hy¾� Ô ¹ÁË Ô �t�¥æ

m
(
∂tΦ +

∆Φ

2

)
= −

[
U(~r) + gn − ~2

2m

∆
√
n√
n

]
.

� Ô ¹�ÈhÈ�_z�
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ξ

�5i ñ
�n�Íe�u>u�ct�g§�i�~ ejati��hy�m�_DâÀp>�h~Je�rÅ�Òë{_xct~Di¼|x�hy>rtilrtat_ �!y>ws»hk�il»h_sc�kl_Dm�_sc�y>i�_sc�ad_sc�~D_

m��H~D_s~o�>c�_}m�_}m�ct�hi�ad_Xm@_}k<�Áwg�z�¬ejati��hy¾� Ô ¹lÈ/È\_:��£{|h�Ä_srtaÅ�¸���Òm�ilct_�kl_�at_sct~D_}m@_}k�ebu>ct_srÅ�
rti��hyF�:�¬ejy:adi��:�>_/£>_xa¿y>�/yHu¬ejr�kl_�ad_sc�~D_�_sy

∆
ejrtrt�@|xilw��)æ

Φ =
~
m
θ
¹{�¼yHct_xrd�>~vw/£
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1/n1/3

£{m{ejy>r¤|x_®atad_}|xk�ejrdrti�Ð¬|ge�adil�/y¨æ
a ( 5nm) << 1/n1/3 ( 0.2µm ) < ξ ( 0.3µm ) << aoh ( 1µm ) << R ( 5µm ) .� Ô ¹�ÈgÊhÇz�
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�À~r�r��}�y��r{ �1��©l��{ �l�ny�ª(y�� �F�(�e�¸ye�(�e�+�����@�
�F���e� � �Æ�1�l������y������
�1�Æ� �l���Æ Ñ�l{ �¶�ø�
�kv¡� { �l��w�Á"��~r~r�e�Æ� �l���Óy����p�1~�}e�1�¤�e�H���
����¦����É�����
�À~r�r��}�y��r{ �É� �l~��F���l���
ªl{ �r�ÖØ�ª�{�ye±U� �l~��F���l���.�l{.�"y�{VxÎ� ��~r�F���l��� Ü Á(×��e��{��x¬���{��e� ���r�l�½y��ny�~r±#� ��¦����¤�e���ÓÙÄßfr�©lß
u Û d

Au(x, t) =
(c+ iλ)2/2 + exp[λ(x− x0 − ct)]

1 + exp[λ(x− x0 − ct)]
,

Ø�ß�Áyu Ü
ye�(���zd

c2 + λ2 = 2 ,
Ø�ß�Á t(Ü

�#e
c

�1�
λ

� �l���É{ �e� �����x���F�(�1���e���ø~£y½�
�F���e� � �¶�1�ø~£y½��{ �l Ñ�l�"���e��{ø���²� ��~r�F���l��©��x�
x0��yA����� �F���r���û§

t = 0
ÁÅ×���� �l~��F� ���ûy��Ô{ �1�����|Ø

c = 0
Ü �e���Ãy������e~r}����l~r�r� ���Ô�����r{�Á

×zy¾~£y�{ ª��1��{Ã���û���l~r�r� ���ûª�{������e���Ã}e¦����F��y�~r�e�����»§¯~£y¾~��l��ªl���e��{Ã���|{ �e~£y�¬�y�� ���l�¼���
�1�l�"���e����y��Ó�1�l��� �£�
}e{ }ø�x�Ó��������}e�ø�ny�{Æ~´�µ�x¬
��{ �e� � ���l�{d

ξ =
~√

2mgρ

Á
| ~�y¤}1��}¸� °�}e��{��£¦(���e���e������}e���l��� { }+¦(���@~��1�Å���l~r�r� �����Åª�{��r���"y��������e���1�l�"���e����y����

{ }e����~�� �r Ñ�­°����¶��ªl«e���e�¶Ø��r��Õ"���r� Ü¤d�Ç �x�øÈ Ç ���l���­�r������y�®�~��1��Ù ß
g Û ©=y�~r�l{ �_¦����Ä�r~��­� �l���
����y�®�~��1�¶§ c�Ç ÙÄßfr�© ßlu Û Á<} }��1�e���¶�e����© ~r�e�%� �l~r�r� �����%�"y����%���e�%�1�l�"���e����y�� �U�������
�í{ }e����~�� �r Ñ� d�Ç �l���&}1��}�ªl}e��}e{�}e�½�"y����Ã~��

23 � yûÙsg Ú�Û �x�&~��
87
} ®�Ùsg c1Û �ny�{Ã�����

������°�����¦����ø�l������¦����ø�>�µ�r����{��e� � ���l�����ø��°"y�� �e�Ó�
�ø�1�e�¤� �l~��F���l����Á
Ç y����&~��A��y��&�>�µ���¼�1�l�"���e����y���y�� � {�y��x���r ¶Ø

a < 0
Ü ©.¦(�ny�� �C� c�Ç �1�&�r��Õ"���´©.~r�e�

� ��~r�����r�l�������²~´�¨�¸·É¹ýØ�ß"ÁÄß Ü ye�(���
g < 0

� �����|��{ ���"y�ª(y�� �r���e�|�1�|�e�º Ñ�l{ ���²���
v4®���� � ��w�Án��~r~��1�¤���l���Öy������e~r}e�e�Ó� �l~��F���l���¤®�{ �r~r~¢y���� �%Ø�®�{ �rª�°(�Ó� �l~��F���l��� Ü Á�Â¸�e�Ó���e{ ���r�e{��
�l���¤}1��}_� { «e�Æ{�}��1�e�����1���¤�l®�� �e{���}e�ÎÙ ß�ß Û Á
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� �l���Hy�~�~r�l���H�1����� ����}e{ �1{H�"y������1�1�����»� ���x���r���J���6�1�l�"���e����y��|�
�²���4� ���r~r��}
{ }e����~r� �r 4©�¦��ny�� �F� c�Ç �1�U������°��l���lª�«1����©��l�a�1�l�"���e����y��UÕ"���Ò©��l�Ä�e�����4§��¡���r{ ���1���
Õ"��}
�"y����.���Ã�������e�(���r�e~n����«eªl�

U
®����e�Ã��}1Õ"���´Á � ~£y­���e�¶�p}1{�y�����{ �

T = 0 � ©�~Ò�¨�¸·É¹ c�Ç
��}��1{ �F�ly��(�¤~´�Ä}1�(�l~���� ���l���
±
�ny�����¦����ø�
�ø�1�É�1�l�"���e����y��Æ���r}eª�}É�1� �Æ�l®����1�#���[§Î�ny�{3���r{
���ø~´�µ}e¦��ny�� ���l�ÐØ�ß"ÁÄß Ü �1�»y�¥4�l����y����Öy������e�Î®�{ �É���[��{����F���ø���[�x�e~�~r�x�¡�1��~��É���l� �e�����r�e~
���r«eª��

U(x)
©��1�Æ���Ä}��1{ �F�Cd

i∂tA = −∂xxA− A+ |A|2A+ U(x)A .
Ø�ß�Ás� Ü

���a{�}eª��r���H����y����r�l���ny��r{��ÏØ
i∂tA = 0

Ü ©�~´�µ}�¦��ny����r�l� Ø�ß"Á�� Ü §¯~´��y�����{���¬��r�&y����r�l�Í���
� °��l�&y��3�����e{ �¶� �x���"�����F�Ö§?d

ρ = 1− U(x) .
Ø�ß�Á ceÚ�Ü

×��µ}�¦��ny����r�l�aØ�ß�Á ceÚ�Ü �¶����� { �%¦����
0 ≤ ρ ≤ 1 − U(x)

©p���µ�e�����4§��¡����{��U¦(���%~´�µ�1Êp�1�_���
���l� �e�����r�e~Å���r«eª��

U(x)
� ��{­~r�U�1�������e����y��É�1����������}e{�}U�e���É���U�������r�#���1{­��y&���e��� �r� }

ρ
Á

×��e�Ã�x����Õ"���1���e��� �Ã�"y����¶~��1��¦(���e~���~r�e�Ã�1�l�"���e����y����Ã�������4�ï�l����}1� }|{�}�y�~r�r� }e�
� ����� ªl}e��}e{�y�~r�e���e���Æ�e�H Ñ�l{ �¶�_ªl}e����}x��{ ��¦����_°ny�{ ���l����¦���� d�Ç Ùsg�r�©�gfu Û Á Ç y����Æ���e�
�x¬���}e{����e�"�x�e�Ó��{�«e�¤{ }��1�e��� �e��©n���e�Ö�1�l��Õ"���e���1�����Ó�e�� Ñ�l{ ���[¦��ny�{�� �£¦(���[�l���Ó}1��}ø�����C�
~��r� }e�ÃÙ ceÚ � Û Á � �����É�������É��{������l� �����ø�"y����[�x�¶��}e���l��{������%��°�«e� �¶~´�µ��� ��~r�r��y����r�l�Ï���
���r«eª��e�Æ������°ny�{ �¶������¦����e� c�Ç Á
�k���Z�*� �(���T������ M�¡�¢ �£��T¤*¥�¦k�¨§k��©�¤�ªM����«^¬(�¡¬�­(®¯�T���¯¬�¤*¥�¦k�M«]�M°

×�� �������e�(���r�e~����r«eª�� ���l��°ny�{ ���l����¦����
U(x)

c�Ç ��{ �l�p�l� }Æ�"y������1� �¶}e���l��{�� �e���
��°��l��� ���e�����e�
¬& ¢��{����e��Á Ç y����@~¢yø��{ �e�¶��«e{��Ö ¢��{ �¶��©

U(x)
�e���+��{����+�1�l�����Ó���½�����

���e��� �r�e~>��~£y��
U1(x)

~��r���F��}øye�(���_���e� ®���{��
�Æ�ny�{�y�®���~r��¦����e�[Ø��ny�{ �l���Æ�"y�{�y�®��l~���¦����e� Ü Á
±#���|�x¬���{ �e� � ���l�Ay��ny�~F±#����¦����ø}1��y��(�Cd

U1(x) =





(
x− x1

L
)2  Ñ�l{$d

0 ≤ x ≤ x1 ;

0
 Ñ�l{$d

x1 ≤ x ≤ (l − x1) ;

(
x− l + x1

L
)2  Ñ�l{$d

(l − x1) ≤ x ≤ l. ,

Ø�ß�Á clc�Ü
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²�����£knweo³��������jc�µ´¶)Z·Ut�¸li�¹M�º���¢oFw��������
v�o��_j�w�	������������ f(g�»
�#e
l
�1� �Å~£yÓ~£y�{�ª��e��{Å���

U1(x)
©�ye�(�e�

l
�1� �Å��~r����ªl{�y��"���+¦����

x1

Ø
x1 = 27

©
l = 200.

Ü ©
�1�
L

�e���Å���Î�ny�{�y���«1��{��@�����e��� �£¦(��� §¤�����¸~��l��ªl���e��{�©��1��¦����
��y�{�y��x��}1{ �r���¸~¢yÓ���l�"�1�e��{
���e��®��l{��������

U1(x)
Ál×zyÖ���e�1���"�
�Æ ¢��{����

U2(x)
�1� ���l®����e����� �e�Ãy�¥4�l����y����.§

U1(x)�"y����Æ��yÎ�ny�{3���r�É��~£y�� ��©����H��®�����yl�1~r�É�e�| ¢��{����ø�>�Ä�����É®��l� ���Éª(y���� ���r�e�����
W (x)

���
���e~r~r�ø� �l{����É¦����^d

U2(x) = U1(x) +W (x)
Á"×��Ä�x¬���{��e��� �r�l�A���

W (x)
�e���Cd

W (x) = W0 exp[−(
x− x0

σ
)2] ,

Ø�ß"Á c È Ü
�#e

σ
�1� �¤~£y¶~£y�{ ªl�e��{Ó��y�{�y��x��}1{ �r� � �£¦(���[���ø~¢yU®��l� ���øª(y���� ���r�e������©"�1�

W0

��yU��{ �l Ñ���#�
���e��{[Ø

W0 = 0.5
Ü Á

� ������y�~�~r�����¶�����(��{ �e{U¦�����~r�e�¶®��l{����U�ny�{�y�®��l~r�£¦(���e�����
U1(x)

y������ � ¦(���H~£y
®���� � �[ª�y���� � ���1�����

W (x)
�1���(���e�#���Î�"y����

U2(x)
¥4�l���e{ �l���Ö���A{m¼�~r�[�������l{���y��(�Ö�1�

�r�ny������e�"���a�"y����¶~£y»��{ �l�ny�ª(y�� ���l�û�
�e�¶� �l~��F���l���¶ªl{ �r��§���{�ye�(�1{ �U~r�H�1�l�"���e����y������
���4�Í���r~r��}ø�1�Æ{ }e����~�� �r ��1�l��� ����}e{ }�Á
�k���Z��� ½Z�¡¾�¦L£�¤��¡¬k«¿¬�¦��¢ M�T¤*¥�¦(��«À§(�+¾9ÁÃÂÅÄÇÆ �M° ®_È¡��ÉÊ¦k¬Ë©$�DÌ

£���¬�£�¤Í��¾+©Î¤ÍªM�¯� ¬(�¡¬�­(®¯�T���¯¬�¤*¥�¦k� ÏÊ½Z�¯¾*¤Ð£��¡¬k«Ñ�¯�T¤*«Ò��£
©Î­(�¡¬k�¡¬k«

¹�{ }�y�~£y�®�~r�e���e�(��©��������­� �rª��"y�~r�����É¦����U�1�l����{�y��r{ �1���e���É§�~Ò�Ä}�¦��ny����r���aØ�ß"ÁÄß Ü ¦(���
�e���Æy��ny�~r±�����¦����e���e�(�+���(��}eªl{�y�®�~��l©
�r~����µ�x¬��r�����Ö�ny��+���Ö��}1� °��
���1�Æy��ny�~F±#� �£¦����e�+�����#�
�ly����Æ�1�l�"�����r{ �ø§Î~´�µ�r����}eªl{�y����r�l�����r{ �������É���_~´�µ}�¦(�ny�� ���l� Ø�ß�Ás� Ü �1�H{�y��r���l�|���_~£yÎ��{ }x�
� �e�"�1�¯���Í���e{����

U(x)
Á+Â¸�e���e�"�"y�����©.~��1�½��}1��°��#���e�����¯�ey�~��1��~Ö�"y�{&� �r�%��~£y�� ���l�

�#����}1{ ��¦����%�1�l�������F�����e���­���e�Ö����� ��~r�_y�����y��(�­�����r� ��y���� �_¦(���Î��{ }��1�r�Ö������{Ó����� }eªl{ �e{
���e�.}�¦��ny����r�����¸���Æ�4±
���ÎØ�ß"Á�� Ü Á � �ly����@���¤��{�}e� �e�����e{�~��1�¸� �l~���� ���l���@¦����Ó���l���@y��������
�l®����e�#�Ï�ny�{[~´�µ�r��� }eª�{�y�� ���l�Ð�#���¶}e{ ��¦����&����{����x���&���&~´�µ}�¦(�ny�� ���l�6Ø�ß�Ás� Ü © �r~¸�1�l���
�r�e���
�>�µ��¬���~r�£¦����1{Æy�� ���e³Ö®�{���«x�(�e���e�(�+~£y[��{ �#�1}�����{ �Ö�#����}1{ ��¦����Éy����l����}e�Ö������{@����� }eªl{ �e{
~´�µ}�¦��ny����r�l�ÐØ�ß�Ás� Ü Á

Ó�Ô$Õ"Ö�×fØ�Ù<Ú_Õ"Û¨Ü�Ú<Ý�ØlÕßÞÃà�Ú�Û
×��Ä���(��}eªl{�y����r�����#����}1{ ��¦��������Ð~´�µ}�¦��"y�� ���l� Ø�ß"Á�� Ü � �Ð �y��F�¯�e���ny�{���y����¯�>�µ�����

�1�l�"���F���r���|�r���F���£y�~��É�l�H���l~r�����r���H�r���r� �£y�~r�É{ �e��{�}e� �e����y���� ~Ò�Ä}1��y��Æ Ñ�l�"�"y����e����y�~
A0

���
~´�µ}�¦��ny����r�l�JØ�ß�Ás� Ü �1�Ï{�}eªl����������y����r�l���ny���{��»Ø

i∂tA = 0
Ü Á�×.�¨y�~rªl��{��r� °����Ã¦��������l���

ye�(�l���&��� ��~r�r��}A�1�������r�����¯§²~£y²���r���r���r��y�� ���l�J����~¢y² ¢���"�����r�������e~r~r�¯�>�Ä}e���e{ ªl�r�A� ���C�
�ly���� ��©n�1�l���#���[� �l���Ó~r�[���l� ���ø Ñ�����x���r�������e~�~r�%�
�U·­{���� �3�4¹��F��y��1�
�Vx#�r�Ò©"�1�­y�� ���#�1�r}e�
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y����1�l�"���e����y��Ó�1����� ����}e{ }^d

H =

∫
dx
[
|∇A|2 +

1

2
(|A|2 − 1)2 + U(x)(|A|2 − 1)

]
.

Ø�ß�Á ced(Ü
� �l� ������¦�����~Ò�Ä}�¦��ny����r���÷Ø�ß�Ás� Ü ���e���¶Þ1��{ �H���r{ ���x� �e���e���¶�l®����e�#����§»�ny�{3���r{¶���H~£y
 Ñ�l�"�x���r�l�����e~r~��

H
Ø�ß"Á c�d(Ü �1�������r~��r��y��(�U~��½��±
��� «e���½°ny����r~F���l�����e�Çd

i∂tA =
∂H

∂A∗
Á

×zy|�¶�����r���r��y�� ���l�Ð����~¢yH Ñ�l�"�x� ���l�����e~r~��
H

�e���[{ }�y�~r��� }e�Ã�ny�{[�r��� }eª�{�y�� ���l��¥4����¦����¨§
{ �e~£y�¬"y�� ���l�A���É~´�µ}�¦(�ny�� ���l��{�}e�e~r~�� c�Ç ���Î·­�r��³e®���{ ª��¡×zy��"��y���� ���F�ly���� �5d

−∂tR = −∂xxR−R +R2R + U(x)R .
Ø�ß�Á c ß Ü

×��µ�r����}eªl{�y����r�l�U¥4����¦����¨§Î~¢y[{ �e~£y�¬�y�� ���l�|���­~Ò�Ä}�¦��ny����r��� Ø�ß"Á c ß Ü ©
�l�µ�e�����4§��¡���r{ �ø§[�ny�{3���r{
���¯~´�Ä��������y����

t = 0
¥4����¦����¨§Ï~Ò�Ä��������y����

t = t â�ãåä y��º�
�e~¢§Ð���"¦����e~
R

���A�ly�{����
�ny��Ó�"y����¤~��É� �e������©"� �ø �y��F�Ó�1�A�ny�{���y��(�Ö���ø~£y��1�l�"���F���r���������r� �¢y�~r�

α(x)
�1�� Ñ�l{ ���

ª�y���� � ���e�����5d
α(x) = α0 exp

[
−
(x− x0

σ1

)2]
,

Ø�ß�Á c g Ü
y������Åd

α0 = 0.5
©
x0 = 100

©z�1�
σ1 = 30

ÁÝ×zy|���l~r�����r���Ð{ }1�e~�~r�½�x�%����y�®�~r�
R0��®�� �e�#�����"y�{%�r����}1ª�{�y�� ���l�¯¥4����¦����¨§A~¢yA{��e~¢y�¬"y����r�l�û�
��~´�µ}�¦��"y�� ���l� Ø�ß�Á c g Ü ©Å�1��{�{ �e�3�

�����"��y��½���
����~��­���Ö~´�µ}1��y��+ ¢���"�"y����e����y�~
A0

��y����@� ��~r�F���l��Á�æ¤�½� ��~r�F���l�½ª�{����@���e���
Þ1��{��Ã�r��� }e{ }Ã�1��y�¥4�l����y����%§

R0

~r�Ã���#����~r�
bs

��� ���l~r�r� ���Ïªl{ �r�
Au(x, t)

§
t = 0Ø�}�¦��"y�� ���l�»Ø�ß"Áhu Ü�Ü Á�×��Æ���#����~r�¤���Æ~¢y_�1�������r� ���l�Ã�r���F���£y�~r�

A0

�1� ����{ �r��� ������~£y_ ¢��{����
�1���(�(�e�ny�®�~r�ø� ���r�ly������^d

| A0 |= R0 + bs − 1 ,
Ø�ß"Á c r Ü

�1�½~¢y ��°ny�� �
φ0

���
A0

�e���½���¶��}����£y�� �e���e������}1���1{ ���r��}e�»�e�J{��e�&y�{ ¦��ny�����¦����
φ0 = φs

��y�{
R0

�e���¤{ }1�e~�~r��©��1�
φs

}1��y����Æ~¢y%��°ny�� �ø���
Au(x, t)

§
t = 0

Á
×zy»��{ �#�1}�����{��|¦����H���l���U�(�e���l�������H��}��1{ �r{ �H���1{ ���1��������~¢y��1�e{¶~r�H� �l~��F���l��©

��{ �r�¤§
t = 0

©��"y����
A0

§Î~¢yÎ����� �F���r�l����}e� ��{�y�®�~��
x0

Á�×.�Ä�r����}eªl{�y����r���H�#����}1{ ��¦����É���
~Ò�Ä}�¦��ny����r�l�JØ�ß"Á�� Ü y�}1� }�{ }�y�~r��� }e���ny�{ø~£y���}1��°��#���Ã���e�ø���rÊp}e{ �1�"�1�e�øÕ"���r�e�Îye�(���¶~r�
����°�}e�&yÉ���ÖÂ@{�y��Tx(� � ����°��l~r���l�&¦����"�e���@�x����{�y����¶�e���.�����r~r��� }¤���l��{.�r����}eªl{ �e{�~´���¸·_¹
c�Ç Ù�g t�Û Á�×��e�.{ }e� ��~F��y����¸�#���¶}e{ ��¦����e�¸�l®����e�����¸�ny�{¸~´�µ��� �r~��r��y�� ���l�����Ó�1�Ó����°�}1�&yÉ���(�
}1��}����e����}1�Î�1�Î� �����Î�1�Ð�ny�{  �y��F�¶y��e�1�l{���ye�(���Ã�1�e�
¬ ��®�� �e�#���Î�"y�{[~´�µ�����r~r����y����r�������
����°�}e�&y%� �p�e�x��{�y�~ ¦(�����e���¤®���y��"�1�l������~r���¤��{�}��1�r�Ó¦����ø�1�e~r��� ���ÎÂ¸{�y���x(� � �£��°���~r� ���
Ù clc�cxÛ Á

×zyA���r���1{ }1� ����y����r���Ô���&~Ò�Ä}�¦��ny����r�l�ºØ�ß�Ás� Ü �ny�{Î~£y���}1� °��
���½���e�U���FÊ=}e{��e�"�1�e�ÎÕ��
���r�e�²yû}1��}Ï �y��F���Ð�1�)���l��y��(��d

A = Y + iZ
©Öy������ | A |= √

Y 2 + Z2
�1�
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φs =
y�{ �x��ª (

Z/Y
) Á � �l���|ye�(�l������� ��~r�r��}¾�1�l�����»�ny��H���¾���r���1{ }1� ����y����r���6� �ny��

���£y�~��
∆x = 0.05

�x�Æ���1������{��e~r~��
∆t = 0.2× 10−4

Á

ÓUè�Ö�éÃÚMêëÞ-Ö�Ü_ìLÜMÚ_Ý�Ø�ÕßÞíàMÚMÛ�ìZÙ�Û7éÍî³ï�ð?Ô�ñ g�ò,ó�ôLõ ìEÖ�éÃÞ,ê2Ö�Ü_ìZö�ÕßÞíì�Û÷êLøDù�Ö�Ü�Ö�Ü_ì
� ������y��������H�#����}e{��£¦����1���e���|�r����}1ª�{�}²~´���¸·É¹ c�Ç Ø�ß�Ás� Ü ye�(���¯~��¾���l� �e��� ���e~

���r«eª������l��°ny�{ ���l����¦����
U1(x)

©e�����r� �e��� ���r� �¸ye�(���
U2(x)

Á�×��Ä����� }eªl{�y����r���[����~Ò�Ä}�¦��ny��
���r�l�ÐØ�ß�Ás� Ü ©"y������ø��°"yl�1���A�
�e�Ó���e�
¬H���l� �e�����r�e~r�

U1(x)
�1�
U2(x)

©"yU}1��}É �y��r� �[�"y����
���e�
¬A{ }eªl���¶�e�úd�� Ü ~r�%{ }eªl�r���%����y����r�l���ny��r{ �U�x��{�{ �e� �����"��y����ø§

i∂tA = 0
�1�_¦�����y

���e{ �¶���Æ~´�µ�l®����e�(���r������� | A0 |
�x�
φ0

{ �e��{�}e� �e����y����Æ{ �e� �����x���F���e���e���Æ~��É�¶�
����~r�É�1�
~£yU��°ny�� �[���É~£yU� �l~��
���r���|�r���r� �¢y�~r�

A0

©��l�|� ��~r��� ���l������y����r�l���ny��r{���©ny������_���|� ��~r�F���l�
~r�
��y�~r��� }�§Ã~£y&���l� �r� ���l�

x0

������{
t = 0

Á���� Ü ×��%{ }eªl���¶�%}1�(�l~r�����r .�1��{�{ �e� ���l�"�"y��(�ø§
i∂tA 6= 0

Á=×��e�_� �l~��
���r�����É���HØ�ß�Ás� Ü �"y����_�1�U{�}eª��r���%{ �e��{�}e� �e�����e�(�_~��e�_���l� �F���r�����
� �"�e�1�e� � �r���e�U�ny�{%~��1��¦(���e~�~r�e�¶�ny�� � ��~���� �l~r�r� ���Ôªl{ �r�U�e�Ô�ny�{ �1����{�y����¶~r�H�1�l�"���e����y��
{ }e����~�� �r ����U���4�6�1�l��� ����}e{ }Uy������[~£y��
�F���1��� �

c < cs
Ø
cs =

√
2

�e� �Ö~£y��
�F���1��� �%���
� ���|�l®����e�����Î§%�ny�{3���r{¤���ÃØ�ß�Á t ���l��{

λ = 0
Ü Á

×zy_Õ"ªl��{ �ÎØ�ß"Á c�Ü {��e��{ }e� �e�(���¤~��1�¸� ��~r�����r�l���¸�#����}e{��£¦����e�@���r{ �������e�¸�1�¸}�¬"yl�����e�@���
~´�µ}�¦��ny����r�l��Ø�ß"Á�� Ü ye�(���

U1(x)
©ny���� ����®��r�e������y����r�����ny��r{ �e�

A0

Ø��ny�{����r�ø� ����}e{����e��{ �5d
| A0 |

�1�
φ0

Ü ©�¦����Ä}1�(�l~���� �r���e�
A

Ø��ny�{����r�É���� Ñ}e{ �r�e��{��5d | A | �1� φs Ü Á±���{Ã~¢y²�"y�{�� �r�A�r�� Ñ}e{����e��{ �»����~¢y¾Õ�ª���{���Ø�ß"Á c�Ü ©��l�J�1�l������y����A¦�����~���� ��~r�F���l�
� �U��{����ny�ªl�¶���Uª(y��"��°���§½��{����F���%�e�¾�ny�{��1�l��{�y����_�����r Ñ��{���}e���e�(�_~¢y&�ny�{�� ���%��~£y�� �
���

U1(x)
§|�1���¶�����e{[���

t = 0
y�� ���#�1�r}�§H~¢yH���l���F���r�l�

x0 = 100
© �����r�Î�r~�����®��r�

�����Ã{ }9û"�x¬
���l��¦��ny��"�Ï�r~@y������e�r���Î~��Ã�����r���%���&� �l�Ï��{ �e���r�e{[{ �1� ����{½Ø�®���{ �Ð��{����F���
���¯�1�l�"���e����y�� Ü Á=Â@�1�����Î{ }�û"�x¬��r���¯���»� �l~��F� ����©p¦(���Ý� �Î �y��F�Éy���� � ��y��»�����r���­���Î� ���
� ���1�l�"�|{ �x���l��{[Ø�®��l{��Hª(y��"��°��[�����1�l�"���e����y�� Ü ©�����y��e�1�l���ny�ª����É�ny�{Æ�����ø}1����� � �r���
� ��������y���}e�_�1� ���ny�� � �e�"�����É���_���x���F���e� �l�"���e� � �����l{ �e�+������°������l���øØ������r{+~r�e� ��°����
���l���U� ��{%~r�e�¶�x����{�®��e��y����1�e���"y���� �e�¶��� | A | �x� φs ���½~£y�Õ"ª���{��¾Ø�ß�Á c�Ü Ü Á�Â@�1�����
}e���r� � ���l�½���Ó��°��l�������+yø}1� }Ó}eª(y�~r�e���e�(�@��®�� �e{3�(}e�Ó~r��{���¦(���µ�l��yø��~£yl�x}Ö���&�l®�����y��1~r�
�"y����@~£yø�ny�{�� ���Ó��~£y����Ö���

U1(x)
�1�@~r���r���
�e�@®��l{����@���½�1�������e����y���Á�Â@�1�����Ö���e{�����«e{��

� �r� �ny�� �r��� y&}1��}%{ }�y�~r��� }e�U~r��{���¦����µ�l� y&�#���¶}e{ ��¦����e���e�(�_���(��}eªl{ }U~´�µ}�¦(�ny�� ���l�ûØ�ß�Ás� Ü
ye�(����~r�&�������e�(���r�e~

U2(x)
Ø������r{øÕ"ªl��{��¯Ø�ß�Á�È Ü Ü ÁÝ���Ï�xÊ=�1��© ~£y|�ny�{3���r�&�r�� Ñ}1{ �r�e��{ �½�
�

~£y�Õ"ªl��{ ��Ø�ß�Á�È Ü Ü { �e��{ }e� �e����y����ø~¢y���{����ny�ª(y����r�l�Ð���¶� ��~r�F���l�Ð§|�1�l����� �e{[�
�
t = 0y���� �#�1��}U§Ã~£y������ �F���r���

x0 = 70
©��¶����� { �Î¦����%¦��ny��"�A~��Î� �l~��F� ���»{ �e�"�1�l��� { �Î~´�µ�l®��3�

��y��1~r�Ö�e�½ ¢��{����Óª�y���� � ���e�����­�1�@��~£y��1}_§
xb = 120

©#�r~�~��¤��{�y����e{ � �Ó�e�½}1���1� ��y����@���e�
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ý¡þÃÿ�� ß�Á c � ±#�l~r�����r�����É������}e{ ��¦����e�É���U~´���.·É¹óØ�ß"Á�� Ü ���
t = 0

¥4����¦(����§
t = 320

©
y������

U1(x)
Ø´��¦�Á£Ø�ß"Á c�c�Ü ©

l = 200
©
L = 6.9006

©
x0 = 100

©��1�
x1 = 27

Ü ©��1�¤���l��{
c = λ = 1

Á����½°ny�����© | A0 |
�1�
φ0

�e�½ Ñ�l�"�x� ���l�H���
x

Ø�� �l~��
���r�����+����y�� ���l���ny���{��e� ���
~Ò�Ä}�¦��ny����r�l��Ø�ß"Á�� Ü�Ü Án����®ny���©"� �l~���� ���l���Ó��{ �l�ny�ª�y����F�(�e�Ö���ø~´�µ}�¦��ny����r�l��Ø�ß�Ás� Ü �1��{�{ �e�3�
�����"��y����øy��
¬»���l���F���r�l���É� �"�e�1�1��� �F�(�e�É���¯� ��~r�F�����¯ª�{����_�x�øy�� � �
�1�r}e�e�øy��#¬¯�r������y������
t = 0, 40, 80, ...320

ÁÝÂ¸�e�ø����� �F���r�����Î�x������� }e�e�[���¶ª�y��"��°��&§H��{����F���Ã§��ny�{����r{ø���
x0 = 100

©�� �����.�l®�� �e{��(}1�e�¸� ��{ | A | �1� φ ye��y����.�1�@y���{�«e�.~��e�.���l���(���¸���¤{��1���l��{¸�
�
� ��~r�F���l��Á��Ö�²�1�l��� ��y�� �¶~´�µ}1����� � �r���²���e�É��°��l���l���[§½�ny�{�� ��{É���¾��{ �e�¶���e{_�x�É� ���1���"�
�����r��� �Ó���É{ �x���l��{¤���|� ��~r�F���l��ªl{ �r��Á
��°��l��������Á�Â@�1�U�l®�� ��yl�1~r�����H�1�l�����l{�� �|�1�l�����½���Ô�����r��������{ �1� ����{¶���Ô� ��~r�F�����
ª�{����Æ� �

c ≤ 0.5
ye�����

W0 < 0.5
©"�1�

W0 ≥ 0.6
������{

c = 1
Á��Ö���������ø¦����ø�"y����¤~��

��y������
U1(x)

©�~´�µ}e�¶��� � �r������� ��°������l���.���r���r�#���Óye�����+~¢y­�����¶���������r�������Æ~£yÖ�#�r� �e� ���
���É��{ �l�ny�ª�y����r��������� �l~��F���l�|ª�{����Æ���l��{¤���É �y��r®�~r�e�Æ�
�F���1��� �e�Æ�r���r� �¢y�~r�e�Cd

c < 0.3
Á
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�¶~´�¨�¸·É¹óØ�ß"Á�� Ü ���
t = 0

¥¡����¦�����§
t = 320

©
ye�(���

U2(x)
�1�l�����e�ny����+~¢y[®��l� ���Öª�y���� � ���e�����

W (x)
��~¢y��1}e�É§

x2 = 120
Ø
U2(x) =

U1(x) + W (x)
©>ye�(�e�

l = 200
©
L = 6.9006

©
x0 = 70

©p�1�
x1 = 27

�p�l��{
U1(x)

©
�1�
W0 = 0.5

�1�
σ = 2

������{
W (x)

Ü ©=�x�ø������{
c = λ = 1

Á ���²°ny�����© | A0 |
�1�

φ0

�e�� Ñ�l�"�x���r�l�&���
x

Ø�� ��~r��� ���l���.����y����r�����ny��r{ �e� Ü Á�����®ny���©l���l~r�����r�����.��{ �l�ny�ª(y�� �F�(�e�
���½~Ò�Ä}�¦��ny����r��� Ø�ß"Á�� Ü y�� ���#�1�r}e�e��y��
¬Ð����� �F���r�l���¶� �"�e�1�1��� �F�(�e�¶����� ��~r�F���l�aªl{ �r�¶y��
¬
�r��� ��y��(���

t = 0, 40, 80, ...320
ÁÅÂ¸�e�[����� �F���r�l���%�1�l������}1�e�%�
�Ãª(y��"��°��½§��
{ �l�r� �Ã�1�

�ny�{����r{­���
t = 0

�1�
x0 = 70

©p� �l���­�l®����1{��(}e�e�­� ��{ | A | �1� φ ye�ly��(�_�1�Éy���{ «e�­~r�e�
�����r��� � ���Ö{ �1���l��{+���½� �l~��F���l��ªl{ �r��Á��Ö�H�x��������y����Ö~´�µ}e���r� � ���l�H���Ö��°��l�������Æ§ø�ny�{3���r{
��� ��{��e���r�e{ø�1�ø� ���1�l�"� ���l�r�����[����{��1���l��{[���²���l~r�r� ��� ªl{ �r�ø�1�[~r�l{ ��¦�����~r��� ��~r�F���l�
��{�y����e{ � �É~£yU®��l� � �øª(y������ �r�e�����

W
Á
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� �£¦(���[�
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��y��Ö���

U1(x)
�1�Ö���

U2(x)
Ø�Õ"ªl��{��½Ø�ß�Á d(Ü �+�x����{�®��e�Ö�e�A~r�rª����Î�1���(���r�#��� Ü Á � Õ"�»���

�1���¶�ny�{��e{Æ~��e�Ó���e�
¬���{�y�¥4���x� ���r{ �1�Ó��{�}��1}����e�(���e�Ö§¶�>��y�����{ �1�¤{ }e� ��~F��y�����©����l���­ye�������
��{�y��1}�� ��{&~£y²��Þe���|Õ"ªl��{ �ÐØ�Õ"ªl��{ �ÐØ�ß�Á d(Ü �%�1�l��{ ®��e�&�e�¼~r�rª����»���r���1�l�����r�#��� Ü ©.~£y
��{�y�¥4���x���l�r{ �|���a� ��~r�F���l�ûªl{ �r�Ã�1�l��� �£�
}e{ }��"y����¶�����H}1���"������°�}e�l{ ��¦����H��{ }��x}����e�����
�1���¶���­�����É¦(�ny�� �C�À�ny�{3�����1��~r�_�e�����l���(�e�¶�e��� �"y����+�������l���1�����r�e~=���r«eªl� c�Ç y�{�®��F�
��{�y��r{ �

Ua
Á�×zy¶��{�y�¥4���x� ���r{ �Î���A� ��~r�F���l�»�e����y����­¦(���%¦(�ny�� �C�À�ny�{3�����1��~r�Î�e���Ö�l®����e�#���

�ny�{.~´�µ�r��� }eª�{�y�� ���l�&�#����}e{��£¦����Ö���r{ ���x� �Ö���Ó� �l�&}�¦��ny����r���½���¤���l���(�e���e�(�¸�����r�ly������
Ù clc�Ú�Û d

ẍ =
d2x

dt2
= − dUa

dx
.

Ø�ß�Á c u Ü
×��Ä����� }eªl{�y����r���ø����~´�Ä}�¦��ny����r���ÃØ�ß�Á c u Ü y+}1� }�{ �e� �����x���F�(�1���e���  �y��F����������{

Ua(x) =

U1(x)
�1�
Ua(x) = U2(x)

Á
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ý¡þÃÿ�� ß�Á d � Â¸�l���ny�{�y��r� ���U���@~£y¤� {�y�¥4�e�x���l��{��+���%� ��~r�F���l�Uªl{ �r�����r{ ���x� �e���e������y�~��1��~r}e�
Ø�~r��ªl���%�1����� ������� Ü §��ny�{3���r{­���e�­� �l~���� ���l���­�#���¶}e{ ��¦����e�­���%~´�µ}�¦(�ny�� ���l�¾���¶·É¹ c�Ç
ØÒ��¦nÁ.Ø�ß�Ás� Ü Ü ©zye�(���¶~¢y���{�y�¥4���x� ���r{ �»Ø�~r�rª����½���r���1�l�����r�#��� Ü �l®����1�#���Ã�ny�{ø�r����}eªl{�y����r���
�#����}e{��£¦(���H���½~´�µ}�¦��ny����r�l� Ø�ß"Á c u Ü ÁÅ×zy�Õ"ªl��{ �H�
��ª�y��"��°��½�e���U��®�� �e�#�������l��{U~r�
���r«eª��[���l��°ny�{ ���l����¦����

U1

©"�x�Ö���Î��{����F���ø���l��{
U2

Á��Ö�A�1��������y�� �Î¦����ø~��1�¤��{�y�¥4�����
���l��{��e�_���r{ �������e���e�(�É�ey�~��1��~r}e�e�ø§��ny�{3���r{_�
�%~´�µ}�¦(�ny�� ���l�aØ�ß�Ás� Ü � �����­�1�²ye�ly��"�1�Î� ��{
�1�e~r~��1�¤��®�� �e�#���e�Ó§U�ny�{�� ��{¤�
�ø~´�µ}�¦(�ny�� ���l�ÐØ�ß"Á c u Ü Á

×zyUÕ"ªl��{ �&Ø�ß�Á d(Ü ���l����{��[¦����ø~��e�Ó���e�
¬H��{�y�¥¡���x���l�r{ �e�Ö�1�l�����r�#���ø�1�Ö���r���x����� �������
y���� � ��®����e�����l��{

U1(x)
¦����

U2(x)
©l���Æ� �¤�1�l�� Ñ�l�"���e���¸¦�����ye�ly����.~r�Æ��{ �e�¶���e{������r���
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��¡´y�#v�o���o,��j5	������xo
	"k�j&��jc�µ´ynls|o,�;�xo����!��j5	������������ f�»>f
���+{��1���l��{����U� ��~r�F���l����y�����~r� ��y������

U1(x)
©��x�.ye�ly��(��¦����+~��@���l~r�r� ���Uªl{ �r�Å��{�y����e{ � �

~£y%®��l� ���­ª�y���� ���r�e�����_���l��{ ~£yÎ��{ �e���r«e{��_ Ñ�l�r�¤�"y���� ~r�É��y��Æ���
U2(x)

Á"Â@���x�>���l��� { �
¦����¾~¢yÐ�
�F���e� � � ��� � ��~r�F���l�÷ªl{ �r�|�e�º��y�����¦����¾� ��~r�����r�l� ���r{ �e�x��� ���²~´�µ}�¦(�ny�� ���l�
Ø�ß�Ás� Ü ©p�1�_��yÃ�#�r� �e� ���%�e�¯��y��(�É¦����¶¦(�ny�� �C�À�ny�{3�����1��~r�¶���%� �����_�����e�(����¦����e�É¦����¨y��ly����
~r�Î��{ �e�¶���e{Ó���l���(�_���Î{��1���l��{Ö���»� �l~��F���l�»�1�Ö��y���{ �e���r«e{��[��{�ye�(�e{ � }e�Î���[~Ò�Ä��®�����y��1~r�
ª(y���� � ���1��Á Ç �_��~r����©����|�1�l������y����É¦����_~£yÎ��{�y�¥4���x� ���r{ �É�1�l�����r�#���_�e���Æ�e��ye�ly��"�1�_� ��{
�1�e~r~r���
�����1�l�����r�#����y���� � �¸®��r�e�Ð���l��{[~��&�������e�(���r�e~¸���r«eªl�

U1(x)
¦(���&���l��{

U2(x)
Á

�Ö�ny�~��F��y����F�(�e�¶�e����©��1�1� � �&y��ly��"�1��� ��ªl���FÕ"�&¦�����~¢y½�
�F���e� � �Ã��� � �l~��F���l� ª�{����Îy�� ��®��
����� ~�}eªl«e{��Óy���ªl���e�(��y����r���É¥¡�������¤y���{�«e��~r�e�����l�r�����.��� { �x���l��{������ �l~��F���l���1�.¦(�ny��"�
�r~>��{�y����e{ � �É~´�µ�l®�����y��1~r�øª(y���� � �r�e��Á

�Ö�"y���� �r��y�� �r���e���e����© ~r�½��y�~£�x��~@���Ã~¢y|���rÊp}e{��e�"�1�
∆v

���e�ø�
�F���e� � �e�%���Ï� ��~r�F���l�
ye��y����¶�1��y���{�«e�¶~r����{ �e���r�e{U���l�r�������H� �l�Ô{ �1���l��{|Ø

∆v � Ú Á Ú ß(È¯�"y����¶~r�|��y������
U1(x)

Ü ©(���l��� { �Ó¦����Ó~£yø���FÊ=}e{��e�"�1�
∆v

{ �e��� �Ó��{�y�����¦����1���e���@�1�l��� ��y��(���Ö�"y����¸~´�µ�r�
�
���e{3��y�~r~��¾� }e�ny�{�y����|~r�²��{ �e���r�e{H�1�H~��¾� ���1�l�"�º���l�r�������¾{ �1� ����{e©+�����r�|�e~r~r� �1{������
~r}eª�}e{��e���e���Öy���{ «e�Æ~��É� ���1�l�"�|���l�����Ó�
�ø{ �1� ����{�Án¹�°�±
� �£¦(���e���e����©�~£y¶�1{ �l�r����y��"�1�[���
~£yÖ�
�F���e� � �Æ���¶� ��~r�F���l�&y��
¬U�����r��������� � �l��{��1���l��{����x���e�¶}1�#�£���1�"�1�¤¦����Æ�1�e�������r��� �
¥4�l���e���É~r�U{V¼l~��¶�>��y���� �F�4y����l{����r� � �e���e����ØÒy������C�¡�"y��¶������ª Ü �"y����É~r�U�����
�(�e���e�(�ø���
� ��~r�F���l�Uª�{�����Á � �������������l����¦����+~£yÓ��{ }e� �e�"�1� ���+~´�Ä��®�����y��1~r�+®p�l� � �+ª�y���� � ���e����� �"y����
~r�¤���r«eªl�

U2(x)
¥¡�����Æ~��Æ��Þe�¶�Æ{V¼l~��¤¦����¤�1�e~r���n���Ã���l�r���@���Æ{��1���l��{��e�Ã �y��r��y��(�+y���ª��

���e��� �e{Æ~£yÎ�
�F���e� � �[���|� �l~��F� ����¦��ny����|�r~>� {�ye�(�e{ � �É�1�1�¤�l®�����yl�x~���Á

×��Ä�e��� �e�%®�~r�Ö�
�e�¸{�}e����~r��y�� �¸��{�}��1}����e��� �¸{�}1�(«e~r�Ö¦(���Ó~£yÉ��{����ny�ª(y�� ���l�½���Ã� ��~r�F���l�
ªl{ �r�Ó�1� �¤���l�
�¡����� � �r�ny�� �r���Î�"y����Ó�����1���"�
�e����y��Ö���Î���4�Í���r~���}�©"{ }e����~r� �� Å�1�Ó�1�l��Õ"��}
�"y����H���J����«1ª��¯���l��°ny�{����l���£¦(��� c�Ç ©¸��y��� [y��
¬¼�����r�����H���¯{��1���l��{����¾�1�¯� ��~r�C�
���l�|�1�¤¦��ny��"�H�r~>� {�ye�(�e{����_~´�µ�l®�����y��1~��É®���� � �Éª(y���� � �r�e������Á�Â@�1�Æ�1Ê=�x�Ó���r� ���r�ny����r Ý �y��F�
y���ª����1�����e{Ö~¢y��
�F� �e��� �%���%��{ �l�ny�ª�y����r�l�²���%� �l~r�r� ���aØ´y���� �F�4y����l{����r� � �e���e��� Ü ©n�1�_� �
�&y����r Ñ�e�����_���l���Æ ¢��{����É�>�µ}e�¶��� � ���l�H�����l����y���}e�ø���_��°��l���l����Á Ç �É��~r����©�~Ò�¨y���ª����e�#�
��y����r�l�¯�1�l������y������[�1�Ö��{ �lªl{ �e� � �r���%���[~¢yU�
�F���e� � �%���[��{ �l�ny�ª(y����r���¯���A� ��~r�F���l�»ªl{ �r�
�"y����[~r�Ã�1�l�"���e����y��Î�1�l��� ����}e{ }��1�%y��
¬²���l���(���Î�
�Ã{��1���l��{�©> �y��F�Î���r���r�#���e{ø~£yH��{����
 Ñ�l�"���e��{

λ
�������l~r�r� ���|�>�¨y���{�«e� ~£yÎ{ �e~£y����r���

c2 + λ2 = 2
ØÒ��¦nÁ£Ø�ß�Á t(Ü Ü Á�¹Åy�{Æy��r~�~r�e��{���©

�l� ���e���[�
��{��Ã¦(����y��²®������[�>�Ä��� �1�e{���y��r�¾���e�����
τ
©�y������1~�}Ã����{�}e�U������y�~����>��y���� �F�

y�����{3���r� ���e�¶�e����©�~¢yø�#�r� �e� ���­���½���l~r�r� ���Hy������e�r���+~£y[�#�r� �e� ���­���½���l�
cs =

√
2
©#�����r�

~r�ø� �l~��F���l�����r���ny�{�y����%Ø
λ = 0

Ü Á
×zy+Õ"ªl��{ �ÖØ�ß�Áµß Ü { �e��{�}e���1�����¸§Æ~£yÆ ¢���r�z~¢y+��{�y�¥4���x� ���r{ �¸���[� �l~��F� ���½Ø��e�ø~��rªl���¸���l�r{ � Ü
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ý¡þÃÿ�� ß"ÁÄß � Â@�l��{ ®��e��{��e��{ }e� �e�(��y�����{ �1�����������F�(�e���e�(��~¢yÆ��{�y�¥¡���x���l�r{ � �
�%���l~r�r� ���%ª�{����
Ø��e�»~��rªl���U���l�r{ � Ü �x�É�1�e~r~r�U���e�_��°������l����Ø��e�¯~r�rª����%ªl{ �r� � Ü Áp× �1�_���e�
¬A��{�y�¥4���x� ���r{ �e�
� �����ø������}e{ ��¦����e�¶�e���ø��®�� �e�#���e�Î§��ny�{�� ��{ø���e�ø� ��~r��� ���l���[����~´�µ}�¦(�ny�� ���l�¼Ø�ß"Á�� Ü �1�
�"y����|~��²��y������ ���r«eªl�

U1

Á��Ö� �1��������y�� � ¦����¾~Ò�Ä}e���r� ���r�l�÷���e�|��°��l���l���|���²� �
��{ �#�����F�­¦(����y��
¬����l�r�����Ó���[{��1���l��{Ó�
�A� ��~r�F���l�Aªl{ �r�¤�1�Ö¦����ø~r�e�Ö���e�
¬H��{�y�¥4���x� ���r{ �e�
� �����Æ�r�"��}e���e�"�"y������e�¤�1�¤���É���Ä���(��}e{  ¢«e{ �e�(�¤�ny���Á

�1�+�x�e~�~r�­���Ó��°��l���l���_Ø��1�&~��rªl���Öªl{ �r��� Ü }e���r�+§ø�ny�{�� ��{¸���&��{ �e���r�e{.�����r���+���Ó{ �x���l��{
���Ï� �l~r�r� ����Á��Ö�Ï�1��������y����Ã¦�����~Ò�Ä}e���r� ���r�l�Ð���Ã��°������l���[����� �Ã��{��
�����F�Î¦�����y���{ «e�
~��&��{ �e���r�e{%�x�U~r�½� ���1�l�"�����l�r���¶���½{ �x���l��{U����� �l~r�r� ����©Ý�1�U¦����½~r�e��{[�
�F���e� � �½�e���
�1����� ��y��(���|�1�Ã��~����Ãª�{�y������A¦������1�e~r~r�A���Í� �l~r�r� ����Á Ç �|��~r����©����û{ �e�Ãy�{ ¦�����¦����
~��1�_��°��l���l���_}e�¶���­���%� �%{����1���Î®��r���e���_�ny��Éye�(���Î~r�%� ��~r�F���l�¾ªl{ �r�Éy��¾�1����{��É�
�%��y
��{ �l�ny�ª�y����r���A��y����Æ~r�[�1�l�"���e����y��Ó�1����� ����}e{ }lÁ

� �l���z���l���l���Ý§ ~£y+Õ"�Î���.�1���ny�{�y�ª�{�y���°��¸¦�����~��.��y�~��1��~��#���¶}e{ ��¦����.����~Ò�Ä}e���e{ ªl�r�
������y�~��

E
Ø´��¦�Á�Ø�ß"Á c�d(Ü Ü �1�Æ�1�1~����>�������l�%®�{ �Ö� �l��y�~

N
�>�¨y�� �����1�¤yÎ�¶����� { }_¦(���É�x�e�

���e�
¬|¦(�ny��(���F��}e�Æ� ���(�Ó�x����� �e{3�(}e�e�Óy����1�l��{ �¤���H� �e�����¤y��ly����Æ�1�Óy���{�«e�Æ~r�e�Æ�����r�����
���É{ �1� ����{¤y������É���e�Æ��{ }��1�r� �r�����Cd

∆E = 2× 10−3
�1�

∆N = 3× 10−3
Á
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��}1Õ"���r�¶Ø
L = 6.9006

©
�1�
σ = 2

Ü ©#~´�µ}e�¶��� � �r���H���­��°��l���l���Æ��y����+���H�1�l�"���e����y��Æ���
���4�¯�
��~r��}¸�1�Å{�}e����~r���r ��e���Å�����+§¤~´��y���ª��¶�e����y����r�l�U�
�@~£y �
�r� �e� � �

∆v
�
�%� �l~r�r� ���Îªl{ �r�

y��
¬¾�����r��� �[���¶� �l�²{ �1���l��{_�1�[¦��ny��"�¾�r~���{�ye�(�e{ � �U~¢y½®���� � �¶ª�y���� � ���e������©��l�²��~r���
}x¬"y��x���e�¶�e���¸~´�µ}1����� � �r���&���¤��°��l���l���¸� �¤{�}�y�~r�r� �­§É��y���� �Ó���¤~Ò�¨y��(���C�3y����l{�� ��� � �e���e�(�
���a� ��~r�F���l�Íy��#¬Ô�����r��� �Ã�������l�a{��1���l��{¶�x�&§»~£y»� {�ye�(�e{���}1�|���H~´�µ�l®�����y��1~r�|®��l� �����
ª(y���� � ���1������Á
¹Ý�l��{.� �e���r{@�1���¶�����Ö���Ó~´�Ä����û"���1�"�1�­���Ó~£yø Ñ�l{ �¶�Ó���l��°ny�{ ���l����¦����­���
���r«eª�� c�Ç � ��{ ~´�Ä}e���r��� �r���|���É��°������l����©����l���Óye�(�l��� }1���"���r}É~r�e� �ly�{ �£y�� ���l���¤���

∆v�e�¾ Ñ�l�"�x���r�l� ���
L
©=ªl{�y��"���e��{É¦�������y�{�y��x��}e{���� �U~¢y½�������1�e��{É���e�_�ny�{ �l���É���¾����«1ª���©

�1�Ó���É~£y¶��y�{�y��x��}1{ �r� � �£¦(���
σ

���É~£yU®��l� �����¡ª(y���� ���r�e�����
W

Á
±���{&~¢y²Õ"ªl��{ ��Ø�ß�Áhg Ü ©.���l���Hye�(�l���½{��e��{ }e� �e��� }»�ny�{½���e�½���l�r������©.~Ò�¨y�~r~r��{ �¯�
�e�

�ly�{��¢y����r�l���%���
∆v

�e�Ï Ñ�l�"�x� ���l�Ð{ �1�����������F�(�e���e�(�%���
L

������{[~��Ã��{ �1�����1{½Ø����1� �r� �
�1�e{ �1~��e� Ü �1�_~r�%� ���1�����aØ����1� �r� �É��y�{ {�}e� Ü �����r�����_���%{ �1� ����{­���¾� �l~��F� ���²�"y����

U1(x)Ø�Õ"ªl��{ �Îª�y��"��°�� Ü ©p�x�­�e�¯ Ñ�l�"�x� ���l�¾���
σ

���l��{­~£yÃ��{ �1����«1{ �Î� {�ye�(�e{ � }e�%���Î~¢yÃ®��l� ���
���

U2(x)
�ny�{Î~r�&���l~r�r� ���Ðªl{ �r�HØÑÕ"ª���{��½��{ �l�F��� Ü ÁÝ×zy|Õ"ªl��{��½ª(y��"��°��¯Ø�ß�Áhg Ü ���l��� { �

¦����
∆v

�1{ ������ye�(���Ã~¢y�~r����ªl���e��{
L

�1�%��Þ1����¦(�ny��"�
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¦��������Ö¦����pyÉ}1� }Ó~r�Ó� �e��~���y��"�
�£�"y��@���l��{.� �e�����e{.~£yÉ�ly�~������F��}Ö���e�@�1�l�"�1�e��� �@��{�}��1�F��}e��©
�e���¤���?û"�������[¦��"y���� �£¦(���ø�&y��r�¤�r~����É{ �e��{�}e� �e�����É�ny��Æ� ����� �e�¤~r�e�Ó��y�{�y��x��}1{ �r� � ��¦����e�
���¯���
�
«e~��U���%ª(y�³U�����.��� �U���r~���}l©>��y�{­~r�e�_�r��� �e{�y��x���r�l���_�e��� { �%� �e�Éy�� �����e�­� �l���
 Ñ�l{�� �e��Á

c gfu
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ÂÖ�µ�e����ªl{�Ìl�x�A§¯~£y¯��{ �#���"�x���r���Í���e���1���"���1����y����Ã���A���4�ó����~r��}e�Ã¦����H~Ò�Ä}1���"���

���e� �x¬��1�F��y����r�l���Æ}e~r}e���e����y��r{ �e�+�¡±
���e�+�(�l{����x¬=©
���l~r�r� ����� �1�Æ��°������l���ÓyÎ{ }��1�1�����e���
�1�����#�����e��y��ly��"�1}e�e���x¬#��{ Þe�¶�e���e�������¶����{3��y������e��y���� � ��®��r�e�¶�x¬
��}e{ �r���e����y�~r�e��¦����
��°�}e�l{ ��¦����e��Á������1Êp�1��©"���»�1�l�"���e����y��­���Î���4�¼���r~r��}Î�1�l�������F�����ø������}e{ �F��y�®�~r�[�����
��«e~r�|���cû"�������|¦��ny���� �£¦����H�&y��1{������1�l���£¦(���|�1�l����{��e��� �r®�~r�|�"y����¶~r��¦����e~+���e�����e���
Þ1��{��É}1���"�
��}e�Æ~£yÎ�
�r� �e� ���ø�x{ �F����¦����É�1�Æ~r�e�¤��°�}e�����¶«e���e�¤���É� �����e{mû"�������F��}É�1�Ó�
�ø���r���
� ���ny����r�l� �ny�{|~£yÔ�1{�}�y�� ���l�÷���¯�(�l{�� �x¬>© ���¾� ��~r�F���l���|�1�����¾��°�����������Á Ç y��������e�
�x¬���}e{����e�"�x�e� { }��1�1�����e��©
~r�e�@�(�l{�� �x¬½�l���+}1��}Ö{ }�y�~��r� }e�Æ�"y���� ���e� �1�l�"���e����y�� �Æ���_���4�
���r~���}e�%�1�%{ }e����~�� �r Ñ�HÙÄß t ©zßf� Û ©Ýy�~r��{��U¦����½~r�e�%� �l~��F���l���%���(�U}x��}½ªl}e��}e{�}e�¶��y����U���e�
�1�������e����y�� ��{ }e����~�� �r Ñ� d�Ç ���

23 � y¼Ùsg Ú�Û ©.�1�H���
87
} ® Ùsg c1Û �ny�{&�����A������°�����¦����

����� ��¦����%���e{ ���x� ��y����­~´�µ�r����{ �1��� �r���¯���e�­��°ny�� �e�É���Î� ��~r�F��������Áp×zy��
�F���e� � �U�1{ �F����¦����
�1�Ö~��e�Ö��°�}1������«1���e�_���[�������1{mû"�������F��}%�1�­���%���r� � ���ny����r�l�¯�l���Ö}1��}ø��°�}e�l{ ��¦����e�¶�e���
}1���"���r}e�%�"y����%�1�e�Î���r~r���e�
¬ d(Ç �1�UÈ Ç ÙsglÈ�© clc È Û Áz×zy|{ }�y�~��r��y����r���Ð�x¬���}e{��r���e����y�~r�
�>�µ���H���������e���e��� { ���x� �r~��rª�����©"������ ¢��{����É�1�Æ�l���1�r~r~£y�� ���r{ �[§%~Ò�¨y������ø�>�Ä���|~£y�� �e{Æ�"y����
���¾�1���"���1����y��É���¶���4�º���r~���}�©={�}e����~r� �� ��1�_�e�¯ Ñ�l{ �¶�U���¶�x��ª(y�{��|Ø��1�������e����y�� d�ÇÉÜ ©
yU���e{����r�¤���l��{Æ~£yU��{ �e�¶��«e{��ø ¢���r�Ó�=�µ}1���������e{Æ~£y%�
�F� �e��� �ø�1{��r� �£¦(���ø�1�Æ~��e�¤�1���¶����{3���x�
���e��� �Ö� �����e{mû"���£���e�Ö�1�­����� � �r�ny�� �� ¢�_�>�Ä���A���e~Ý�x���"���e����y��¶Ùsg d�Û Á�×��µ}1� �"���[��°�}e�l{ ��¦����
���­~£y%�1{ }�y�� ���l�H���­���l~r�r� �����+ª�{����+�x�Æ���­��°��l���l��� �ny�{+~r�­�����
�(�e���e�(� {����x���r~r��ªl���­�1�
�����r Ñ�l{ ���Î�>�µ���A�������e��� ���1~z��®�����y��1~r�%�"y����Ö���¯�1�l�"���e����y��_�
�U���3�¼����~r��}�©n{ }1����~�� �r 4©
�����&����}eªl�r}­�1�+¦��ny�� �F� c�Ç ©�yø}1��}Ó �y��F���Ó�ny�{¸~´�µ�r����}eªl{�y����r�l���#���¶}e{ ��¦����­���Ó~Ò�¨�¸·É¹ c�Ç
Ùsg t © c�ced © c�c r Û Á

� �l���Å��{�}e� �e�����l�����"y������1�@���e{ ���r�e{���°ny����F��{���©�~��e�Å{�}e� ��~r��y�� �����¸���l� { �@}1� �"���+¦(���
y%���l{�� }_� ��{�d
� Ü ~£y%�1{ }�y����r�l���
�_���l~r�r� ����� ªl{ �r�Æ�x�¤���_��°������l��� �ny�{+~��_�¶�������e���e���
{ ���x� ��~r�rª����l©��l���x��~r~£y�� ���r{ ���1�Ã�����r Ñ�l{ �����>�Ä���Í�������e�(���r�e~¤�l®�����y��1~r���e�û Ñ�l{ ���|ª(y������
� ���e������©p�"y����Ö���¯�1���"���1����y��_���¶���3�J���r~���}�©�{ }1����~�� �r 4©p¦��ny�� �F� c�Ç �1�_�x����Õ"��}%�"y����
�������r«eª��Æ� ��y�� �£¦(���Æ������°ny�{���������¦����98���� Ü ~£yÉ��}e���e�"��y��"�1�Ó���e�.�1�l�����l{����e�¶�e������� �
�
���e{mû"�������e�@�1�+����� � �r�ny�� �� ¢� �����1�l�"���e����y�� �1�l��� �£��}e{�}_y��
¬&���rÊp}e{ �1�����e�¸�ly�~��1��{ �+���Ö~£y
�
�F���e� � �É���É~´�µ�l®�����y��1~r�Éª(y���� � ���1��©ny��r�����>¦�����y��
¬��ny�{�y���«1��{��e�Æ��y�{�yl�x� }e{ �r��y��(�¤~£y%��{����
 Ñ�l�"���e��{Ó�
�[�1�1�¤��®�����y��1~r�ø�1�¤��yU~£y�{ ªl�e��{�Á � �l� { �É}1���"���[y¶�¶���¤�1��}1�
�����e�"�1�[¦����ø~r�
�1�������e����y��¸���Ó���4� �1����� ����}e{ }Æ� �¤�1�l������{3���¤�1�l�����Æ���Ã�¶��~r�r�e�&¦(�ny�� �C�À� �����e{mû"�������
~��l{ ��¦����ø~£y%�
�F���e� � �ø�1�l������y������ø���É~´�µ�l®�����y��1~��É��{ �e�"�|���Éªl{�y��"���e�Æ�ly�~��e��{ ��Á
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N �*�¯�*� °¿��«lÉ��T¤�©(£�¤��¯¬Ê§��L¬k®¡��¤*¥�¦k�!§k¦ÊÉ��¡¬k§k��¬k«
®p£0�M¬G©��� M«l��¬kÉ��
§k�G¾9Áí�9OÎ«f£�®¯É�¾��G�¡«lÉ�¤*¾*¾Í®¡¬¡£

� �����Å�1�l��������}e{������Å���%�1�l�"���e����y������+���3�»����~r��}�©�{ }e����~�� �r "�1�Å¦��ny����C� c�Ç �1�l��Õ"��}
�"y���� ���ø���r«eªl������y�����¦��������l��°ny�{ ���l����¦����

V (x, 0) = U1(x, 0)
©1�fe

U1(x, 0)
�e���Ý��}��

Õ"�����ny�{�~´�µ}�¦��ny����r�l�AØ�ß�Á clc�Ü �Ý��°ny����F��{��Æß�Á�×zy­{ }�y�~r����y����r���Ã�>�Ä�����¶�������e���e�����l���1�r~r~£y��
���l�r{ ��©�{ ���x� ��~r�rª����+�1�������r Ñ�l{ �¶�Æ§Ó~Ò�¨y������ �>�µ���U�������e��� ���1~���®�����yl�1~r�

W (x, t)
§¤��{�y����e{ �

~r�Æ�1�������e����y����r���F���£y�~r�e���1���¸�x����� ����}e{ } �e�¶}�¦(����~r�r®�{ ��©��1�l�"�����F�¸§Ö~¢yÖ��{��
���"�x� ���l�Ã�
�e�
�x¬��1�F��y����r�l���+}e~r}e���e����y��r{ �1� �"y����+�1�­�1�l�"���e����y��@{ }e����~r� �� ¡Á � ���������+¦����Ö~r�Ö���l� �e��� ���e~
�l®�� ��yl�x~��[�l���1��~r~£y��(�

W (x, t)
{ �e��{�}e� �e�����ø~��ø~¢y�� �e{¤�x¬���}e{ �r���e�(��y�~��e�¶�e���Ö��� ��~r�r� }½Ùsg d�Û

������{U}1� �"�����1{U~����1���¶����{3���e���e�(�¶� �����e{*û"���£�
�H�1�¶���r� ���r�ny����r Ó�>�µ���Ô�1���"���1����y������
���4�÷{�}e����~r� �� @�e�  Ñ�l{ �¶�Ã���Ã�1�rª�y�{ ��Á<±#�

W (x, t) << V (x, 0)
©�~´�µ}�¦(�ny�� ���l�Ð�
��·_¹

c�Ç ��}e�1{ �F��y����¶~´�µ}1����~r�����r�l�û�
±#�ny��¶�£¦����|���a�x���"���1����y������|���4�)�e�Ô��{ }e� �e�"�x�|���
W (x, t)

���µ}e�1{ �F�Cd

i∂tA = −∂xxA− A+ |A|2A+ U(x, t)A ,
Ø�g�Á c�Ü

ye�(���zd
U(x, t) = V (x, 0) +W (x, t).

Øåg
Á¨È Ü
���¶�����r~r����y����.~r�Æ��±
����«e��� °ny����r~r� �����r�e�Åd

i∂tA =
∂H

∂A∗
©�~´�µ}e¦��ny�� �r���AØåg
Á c�Ü ���e���.Þ1� { �

���r{ ���x� �e���e���Æ��®�� �e�#���Î§%�ny�{����r{Æ���ø~£yU ¢���"�x� ���l�����e~r~r�
H(x, t)

d

H(x, t) =

∫
dx
[
|∇A|2 +

1

2
(|A|2 − 1)2 + U(x, t)(|A|2 − 1)

]
.

Øåg
Á d(Ü
×��Ã���l� �e�����r�e~.��®�����yl�1~r�

W (x, t)
�l���1�r~�~£y����U�"y����Î~r�½�1�l�"���e����y��%�e���Î��{ �r�%�"y����

�1�1�����É}1���"�
�ø� �l���¤~£yU ¢��{����Éª(y���� � �r�e�����ø� ���F��y���� �5d

W (x, t) = W0 exp
[
−
(x− x(t)− x0

σ

)2]
,

Øåg
Áµß Ü
�#e

x0

�1� �¸~£yÉ����� �F���r���&�r���r� �¢y�~r�­�
�
W (x, t)

Ø
t = 0

Ü ©
W0

�1�
σ

� �l���¸~��1�¸�ny�{�y���«x��{ �e�
��y�{�y��x��}e{�����y����¤{ �e� �����x� �r���e���e���¤~£y%��{ �l Ñ�������e��{Æ�1�¤~£yU~£y�{�ª��e��{Ó���

W (x, t)
Á
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×��+���������e���e���������1�r~r~¢y����l��{��Æ������ Ñ�l{ �¶�Æ���

W (x, t)
� � {�}�y�~r�r� � �e�¶��{��e�ny��(�

x(t)� �����Æ~£yU Ñ�l{ ���­��{ �£y���ª���~£y���{��ø� ���r�ly������^d

x(t) =





v
(
t− n

f

) ���l��{$d
0 <

(
t− n

f

)
<

1

2f
;

−v
(
t− n

f

)
+ 4α

���l��{$d 1

2f
<
(
t− n

f

)
<

1

f
,Øåg
Áhg Ü

�fe
n

�e���.~��¤���l�%®�{ �Ó�>�Ä�����1~r~£y�� ���l���@�1�l����~r«1���e��©
α

~Ò�¨y��¶��~��F���"�
�Ö���1�¸�l���1�r~�~£y����r�����@���
 Ñ{ }e¦����e�"�1�

f = 1/T
Ø
T

~£y½��}1{ �r�
����©p�1�
α

�e���_}eª(y�~r��§&~£y&���l�r� ��}U���%~¢y½���r����y��"�1�
�e����{��_~��e� �x¬
� { Þe�&y%���H�����
�(�e���e�(�Æ�l���1��~r~£y�� ���r{ �ø���

W (x, t)
Ü ©��1�

v
�e� � ~£yÎ�
�F���e� � �

�1����� ��y��(���¯���A~´�µ�l®�� ��yl�x~��»ª(y���� � �r�e�J�����1�r~�~£y�����©@�=�µ�x¬���{��e� ���r�l�
v = 4αf

Á � �l� �����
¦����»~r�¾�x���"���e����y��H���¾���4�¿���¯���e�
��Þ1��{��¯�1����� ����}e{�}¾�1�l�����¯¦(�ny�� �C� c�Ç ¦(���»� �
~¢y�~r�l��ª����e��{U�����1�l°�}e{��e�"�1�

ξ
��y�{�yl����}e{ �r��y����¶�1�½�1�l�"���e����y��%���l�F�%®���y��"�x��������~����

ª�{�y��"�
�ø¦����_~£yU���r����y��"�1�É�¶��±��e����� 1

ρ

��}e�"y�{�y����Æ���e�
¬|y�� �����1�¤�1�l��� }��1��� �� ¢��©��l�Ä�e�����
§��¡���r{ �^d

ρ ξ � 1
Ù c�Ú#t�Û Á

N �*�¯��� P� M«�¦k¾Ð£�®p£�«À¬Z¦k�� M�T¤�¥Z¦(��«ÊÏRQ��� �®p£�¤��¡¬ §k�+«l�¡¾�¤Ð£��¡¬k«À�¯�T¤*«
��£�©Î­(�¡¬k�¯¬�«

ÓCÔ�Õ"ÖM×fØlÙDÚ_Õ"Û¨Ü�Ú<Ý�ØlÕßÞíàMÚ�Û

� �l���@ye���������#���¶}e{ ��¦����e���1���.�r����}eªl{ }Æ~´�µ}�¦��ny����r�l�»Øåg
Á c�Ü �ny�{�~£y_��{ �#�1}�����{ �Æ�#�
�
��}e{ ��¦����.� ���r�#���@�"y����Ý~´�µ�r����}eªl{�y����r�l�%���¸~´�µ}�¦��ny����r�l�HØ�ß"Á�� Ü ©£Ø������r{z~r�¸� �l�����À�ny�{�y�ªl{�y���°��
ß"Á¨È�Á¨È|���Ï��°ny����r� { �Ãß Ü Á ×zyH��{�}e�ny�{�y�� �r���Ð�
�Ã~£y|�1�������r� ���l�Ï�����F� �¢y�~��

A0

���Ã~´�µ}�¦(�ny��
���r���²Øåg
Á c�Ü yÎ}x��}­�£�1�= �y��F���­�ny�{ ~£yÎ���r���r���r��y����r�l�|���­~£y% ¢���"�����r�������1~�~r�ø�=�µ}e���e{�ª��r�É���
·­{ �l� ���4¹��r��y��1�#��x����>�����r�ly�������©ny�� ���#�1�r}e�Î§%~Ò�Ä}�¦��ny����r�l�ÐØåg
Á c�Ü d

H =

∫
dx[|∇A|2 +

1

2
(|A|2 − 1)2 + U(x, 0)(|A|2 − 1)] ,

Øåg
Ásr Ü
y������zd

U(x, 0) = V (x, 0) +W (x, 0)
Øåg
Áyu Ü

�fe
W (x, 0)

�e���¤~´�µ�l®�����y��1~��øª(y���� � ���1�A����y�� ���l���ny���{��Î§
t = 0

Á"×zyU���r���r������y����r�������
Øåg
Ásr Ü y­}1��}Æ{ }�y�~r�r��}e�Æ�ny�{�~Ò�Ä�r����}eªl{�y����r���É¥4����¦����¨§_~£y_{ �e~£y�¬"y����r���Ã���Æ~Ò�Ä}�¦��ny����r���Ã{�}e�e~r~��
���Î·­�r��³e®���{ ª��¡×zy��"��y���� ���F��y������^d

∂tR = −∂xxR−R +R2R + U(x, 0)R .
Ø�g�Á t�Ü
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Ãflá�f
×zy¶�1�l�"���F���r�l�������F���£y�~��É�����F�ly��(���É�e���¤�����r~r��� }e�É������{Æ�r��� }eª�{��e{Æ~´�µ}�¦(�ny�� ���l�ÐØ�g�Á t�Ü d

γ(x) = γ0

(
exp [−

(x− x0

σ1

)2

]
)
,

Øåg
Ás� Ü
�#e

γ0 = 0.5
©
x0 = 100

�1�
σ1 = 30

Á
×zy6���r���1{ }1� ����y����r���ó���Ô~´�µ}�¦��ny����r�l� Ø�g�Á c�Ü yJ}1� }a�xÊ=��������}e�a�ny�{²~£yJ��}1� °��
���

���e�U���rÊp}e{��e�"�1�e�%Õ"���r�e�U�x�U~´�µ�����r~r����y����r���a��������°�}e�Ãy»���|Â¸{�y��Tx(� � ����°��l~�� �l��Á � �����
ye�(�l���U��{����U�1���¶���½�ny��¶�������r���1{�}1���r��y�� ���l�Ô� �ny�� �¢y�~r�

∆x = 0.05
�1�%���e�¶�p�l{ �1~�~r�

∆t = 0.2× 10−4
Á

Ó-S&Ølì"Ú<é,êUTTê"ì5Ü�Ú<Ý�ØlÕßÞíàMÚ�Ûlì

� �l� �����Îy�� ��{�}�y�~¢y�®�~r�&¦�����~´�µ�x¬���{��e� ���r�l�Ð����~´�µ�l®�����y��1~���ª�y���� � ���e�¼ØÒ��¦nÁ.Ø�g�ÁÄß Ü�Ü
���l����{��|¦(���|��y» Ñ�l{ �¶���ly�{�����ye�(����~r�e�¶�ny�{�y���«1��{��e�

W0

�1�
σ
©�y�~r��{���¦����H~£y»�ly��

~r�e��{_���U��yÃ�
�F���e� � �
v

��}e���e�"�²§&~£y& Ñ�l���É���%~´��y�����~r�r� �"���
α

�1�É���%~£y½ ¢{ }�¦����e���1�
fØ

v = 4α f
Ü Á � �����Uye�(�l���%������}e{ ��¦����e�¶�e���%�r����}1ª�{�}½~´�µ}�¦��ny����r�l�ºØåg
Á c�Ü ���l��{%���e�

���FÊ=}1{ �e��� �e�_�ly�~��e��{��É���U~¢y& Ñ{�}�¦����e�"�1�
f
©=¦������ �l���øy�� � �
�1�r}e�e�øy��
¬¯���rÊp}e{��e�����e�­�ly��

~r�e��{ �¸���¤~£y­�
�F���e� � �Ó�1�l������y������
v

���¤~´�µ�l®�����y��1~r��©(�1�@y��
¬����rÊp}e{��e�����e���ly�~��e��{��¸���
W0�1�Ó���

σ
Á

±���{U~£y�Õ"ªl��{ �¾Øåg
Á c�Ü ©Ý��������ye�(�l���U{��e��{ }e� �e�(��}½~��1�U���l~r�����r�l���¶�#����}e{ ��¦����e�U���C�
{ �������e�Ã���|~´�µ}�¦��"y����r�l��Øåg
Á c�Ü ©�ye�(���

W0 = 0.5
©
σ = 5

�1�
α = 5

©����l��{Ã¦��ny���{ �
 Ñ{�}�¦����e�"�1�e�&���FÊp}e{ �e�(���e�&�1�l{ {��e�����l�"�"y����&{��e� �����x���F�(�e�¶�e���½y��#¬Í¦��ny���{��|�#�r� �e��� �e�]d
v = 0.16 , 0.625 , 1.40 , 3.36

Á
×zy Õ"ªl��{ �­Ø�g�Á c�Ü �¶����� { �¸¦����.~��.���������e���e���Ý�l���1�r~�~£y����l��{��@�����r Ñ�l{ �¶�@���

W (x, t)�e������{�«e���
���
¬%�1����� �1�l�"�����r���ny���§Ö~£yÖ��{ �#���"�x���r�l�Ã�=�µ�x¬��1�F��y����r�l�����"y�����~�� �1�������e�
�
��y��+~r�l{ ��¦����Ö~¢yø�#�r� �e� ���Ó�&���Ö~Ò�Ä��®�����y��1~r�­���­��}e�ny�� � �­�ny��+�����_�1�e{3��y������Ó�
�r� �e� � �_�1{��F�
����¦����

vc
Ø��´Áµ��Ár©

v < vc
Ü Áp���»�1Êp�1��©n������{Ö~£y&�Ý�rª"Ásg�Á c Ø´y Ü d

v = 0.16
�x�
vc = 0.28

Á
���Ð{ �1�ly�����°���©Ý���l��{U���1�%�
�F� �e��� �e�

v > vc
©z~��½�¶�������e���e���%�����r Ñ�l{ ���½���½~´�µ�l®��3�

��y��1~r�½��{ �
�
���r�¶���1�U� �l~��F���l���Uªl{ �r�%�1�U��°������l���U� �"�e�1�e� � �F�(�e���1���U}e���r�U���½�ny�{��%�1�
�>��y�����{��¤���e�¸�9¼���}e�.��{ �l�r� �¤�1�.ª(y��"��°��Ó���Æ~´�µ�l®�����y��1~��ÎØÑ�(���r{¡�Ý�rª���Ásg�Á c Ø�® Ü d

v = 0.625
©

�1�?�Ý�rª"Ásg�Á c Ø�� Ü d
v = 1.40

Ü Á � �l���Hy����������1�l��� ��y�� }¯¦����»~¢y �#�r� �e� ���¯���J� �l~��F���l�
ªl{ �r�¶�e���¶��~r���Uª�{�y��"���H¦����H�1�e~r~r�|����~Ò�Ä��®�����yl�1~r� Ø�� ��{U~£y¨�Ý��ª�Áhg
Á c Ø�® Ü d

v = 0.625�1�
v V�WYX Z [
W]\ = 0.92

Ü ©��1�Æ¦����Ä�e~r~��øy���ª��¶�e�����­��{ �lª�{��e� ���F�(�1���e���¤y������­~´��y���ªl���e����y�� ���l�
���H~£y»�
�F���e� � �

v
���H~´�µ�l®�����y��1~��lÁ¸Â¸�e���e�"�"y�����©�~´��y���ªl���e����y�� ���l�û��{���ªl{ �1��� �F�(�|���

v �y��r�­y���ªl���e�(���e{¤~��[���l�%®�{��ø������y�~z���[� ��~r�F�������Ö�1�Ö���[��°��l�������Ö}1������©n�1�l�����ø��~Ýy
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Á c �_^ y�{ �£y�� �r����� �e�� Ñ�����x���r���|���­~£y%���l� �r� ���l�
x

���H���#����~r� | A | ���e� � �l~��#�
���r�������#����}e{ ��¦����e�

A
��� ~´�µ}�¦(�ny�� ���l��Øåg
Á c�Ü �l®����1�#���e��������{�~��1��¦��ny�� { �+ Ñ{ }�¦(���e�"�1�e�Ld

ØÒy Ü
f = 0.0080

©ÅØ�® Ü
f = 0.03125

©ÅØ´� Ü
f = 0.0700

©��1�¶Ø�� Ü
f = 0.1666

�1��{�{ �e�3�
�����"��y����É{��e�����e�x���F�(�e���1���[y��#¬¾¦��ny���{ �%�#�r� �e� ���e�zd

v = 0.16, 0.625, 0.1.40, 3.36
Á

�Ö�²�1��������y�� ��¦(���U~��U���l���(�1���e���_�����1�r~r~¢y����l�r{ �¶�1�É������ ¢��{����¶���U~Ò�Ä��®�����yl�1~r�¶ª(y������
� ���e�Í§»�ny�{3���r{����H~£y¯���l���F���r�l�û�r���r� �¢y�~r�

x0 = 100
���|�1{ }e�H�ny��Ã�=�µ�x¬��1�F��y����r�l����� �

v < vc
Ø ØÒy Ü d

v = 016
©#�1�

vc = 0.28
Ü Á�¹Ý�l��{+���e�@�
�F���e� � �e�

v > vc
©#~��­�¶�������e���e���

�����1�r~r~¢y����l�r{ �&����~Ò�Ä��®�� ��yl�1~r�&�x{ }e�Ã���e�ø�x¬��1�F��y����r�l���ø�4±
���¶���l~r�r� �����[ªl{ �r�ø�1�[��°��l���l���
Ø��Ý�rª���Á Ø�® Ü �1��Ø´� Ü�Ü Á`�Ö�a�1�l������y����H¦�����~��e�U�x¬��1�F��y����r������� �H���r� �ny�{�y��r� � �e���Ã¦��"y��"�
~Ò�Ä��®�� ��yl�1~r�¤�l���1�r~r~r�­ye�(���¤���Æª�{�y��"�
�e�¸�x�@�1�l������y������1�.�#�r� �e��� �e�kd

v = 3.36
Øµ�Å�rª�Á�Ø�� Ü Ü Á

}1��}��1�l������y���}Ã��y����ø~r����y��[�
�Ã�1�l�"���e����y����[���&���3�º{ }e����~r� �r Ñ� d(Ç Ø�}1���"���¶�x¬
��}e{ �C�
���e����y�~r� Ü Ù�g d�Û �1�UÈ Ç Ø�}1���"�
�½������}e{ ��¦���� Ü Ù clc È Û ÁÝ×��&���l�%®�{��Ã������y�~@���&� ��~r�F���l���
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�1�%���Ã��°��l�������Î}e���r�Uy�� ���1�����[�����Ã�ly�~r�e��{Î�Ãy�¬��r�&y�~r�&���l��{[~£yH�
�F���e� � �

v = 1.40Ø��Ý�rª"Ásg�Á c Ø�� Ü Ü ©������r�@�����¶���#���Ó��{ �lª�{��e��� �F�(�e�¶�e��� ye�(�e�¤~´��y���ª����1����y����r���½���
v

�1�¸Õ"���F�
�ny�{������|����� �ny�{ �F���r���Í�1�l����~r«1���|���l��{Ã���|ªl{�y��"���e�¶�
�F���e� � �e�

v = 4 , 5 , 10
ØÑ�(�l��{

�Ý��ª�Áhg
Á c Ø´� Ü d
v = 4

Ü ÁÝ×zy»���r� �ny�{��r� ���l�a���½� ��~r�F�������¶ªl{ �r�¶§»���e�%ª�{�y��"���e�Î�
�F���e� � �e�
v

���¶~´�µ�l®�����yl�x~������e���øÞ1��{ �¶�ny�{����r�e~r~��1���e���ø����� �e{ ��{�}1��}e�¶�e�²���e�ny����[�1�l������������~£y
{ �e~£y����r���

c2 + λ2 = 2
ØÒ��¦nÁ£Ø�ß�Á t(Ü Ü ¦����=���l��� { �_¦����­~r�_� �l~��F���l�Hªl{ �r�Æ���r� �ny�{�y ���Æ���l��{

λ = 0
©������r�¸� �¤��{�y����  Ñ�l{ ���¤�e�&��°��l���l���@~��l{ ��¦����Ó��y_�
�F���e� � �Ó�x¬��1«e���Ö~£yÉ�#�r� �e� ���Ö���

� ���
cs =

√
2

Ø��Ý�rª"Ásg�Á c Ø�� Ü Ü Á�×��µ}e�¶��� � �r���U���@��°������l�����l®�� �e{���}e� y��%�1�l��{ �����e�Å�l���x��~C�
~£y�� ���l���.�����r Ñ��{����e�¸���¤~´�Ä��®�����y��1~r�¤�e���.� ���
�@�=��y�®p�l{����21��Öy��Ã��°ny���ª��1���e���.®�{ ����¦����
��� �
�F� �e��� �Æ���Æ~´�µ�l®�����y��1~��Óy��
¬¶��¬
��{ Þ1�&y_���Æ� �l�����l���(�e�¶�e����©������r�@y���ªl���e��� �Óye�(���
v

�1�ÎÕ"���r�%�ny�{U���r� �ny�{�y��£� { ��¦��ny�� �F�¡�1�l����~r«1���1���e���%������{%���½ªl{�y��"���e�Î�
�F���e� � �e�U���
~´�µ�l®�� ��yl�x~��ÃØ��(�l�r{(�Ý��ª�Áhg
Á c Ø´� Ü�Ü Á

×��Ä�e��� �e�%®�~r�¾���e��{ }1����~F��y�� �H��{ }��1}����1���������l����{ �¯¦(���¯~��e��� �l~��
���r�����H����{����x�����
���e���H�l®����1�#���e�H�ny�{����(��}eªl{�y����r���º�#���¶}e{ ��¦����²���¾~´�µ}�¦(�ny�� ���l�÷�
�Ï·É¹ c�Ç Øåg
Á c�Ü
���l���.���(�¸���1{ ���r�¸�>�µ�����¤�ny�{���©(���Æ� ���r�#{ �¤~r�¤���l���(�e�¶�e���.�l���1��~r~£y�� ���r{ �¤�1�.�����r Ñ�l{ ���
���Ö~´�Ä��®�����y��1~r�­�"y����@~��Ö�1�l�"���e����y�� �
�_���4�Ð{�}e����~r���r ��1�+¦(�ny�� �C� c�Ç ©��1�+�>��y�����{��Ö�ny�{���©
�>�µ�l®�� �e{����e{�~£y­�x{ }�y����r���¶�>�Ä�x¬��1�F��y����r������}e~�}1���e����y��r{ �e��� ������ Ñ�l{ �¶� ���+� �l~��F���l�����1�����
��°��l�������Ó������{Ó�1�e{���y��r���e�Ó�ly�~r�e��{��­�
�Î~£y¶�#�r� �e� ���Î���[~´�µ�l®�����y��1~r�%�"y����Ö� �l�A�����
�(�x�
���e���������1�r~r~¢y����l�r{ ���1� �����r Ñ�l{ ����©e������� ~£y ���r� �ny�{��r� ���l�ø��{���ªl�e� � �r���.�����1�e� �x¬��x�r��y�� ���l���
~r��{���¦(���[�x�1� ���_�#�r� �e� ���ø��}e�ny�� � �ø�����_�ly�~��e��{Æ� �e���r~��1�¤���1�
�r�e���Öy�� ���e³Éªl{�y��"����Á

M /�~ 0+4C� Y¨4CB�:_KZ� KL= :�>�I?Y¨KZB�f]I?8EF0KÊKa:�F?8E>�>�89Y?H�:<89[^FUI
Ja47=?F0KL=?>�H�:PF0KÒONQ�S \^I0H7>�8�QD1Z`

×��e�+{�}e� ��~r��y�� �+�l®����e�#��� ��y����+~r�­�ny�{�y�ª�{�y���°��­��{ }��1}����1��� �l���+}1��}­¦��ny������FÕ"}e�+�1�
�����r~r��� }e�Ó� �����Ö�>��y�®���{ �A���l��{Ö}1� �"���r�e{Ö~r�Î�1�l������{3���e���1���­���r��� �r�ny����r ��1�Ö� �����e{�~��������
���[�1�l�"���e����y��Ý���¸���4�A�1�l��� ����}e{ }¸y��
¬É���rÊp}e{��e�����e���ly�~r�e��{ �z�����#�r� �e� ���.����~Ò�Ä��®�����y��1~r�
�1�����²���1����y�{�yl�x� }e{ �r������¦����e�

W0

�1�
σ
© �����r�|�e��� ���F���²���l��{|�x¬���~r�£¦(���e{|~Ò�Ä��{��rª��r���

��°�±
� ��¦����¤���Æ~£yÉ���r� �ny�{��r� ���l�&���1�.�x¬��1�r��y�� ���l���@y��
¬¶ª�{�y������e���
�F���e� � �e�.���Æ~´�µ�l®�� ��yl�x~���Á
���²�1Êp�1��©>���l���Îye�(�l���ø�
���r~��r� }�~r�e�ø� �l~���� ���l���ø�#���¶}e{ ��¦����e�

A
���¶~´�µ}�¦��ny����r�l�¼Øåg
Á c�Ü

������{���y�~£�x��~��e{�������}e{ ��¦����e�¶�e�����1��������{����FÊp}e{ �e��� �e�Å��y�~r�e��{ ���
�+~¢y¤�
�F���1��� �
v

�1�����
���e�¶���

t
©#~Ò�Ä}e���e{�ª��r�­������y�~r�

E
���|�x���"���e����y��Æ��������}1�_�ny�{+~´�µ}�¦��ny����r�l� Øåg
Á d(Ü ©�y������ d

E ≡ H
Á��Ö{�©"~��Î��y�~��1��~Ý���[~Ò�Ä}e���e{ ªl�r�

E
�1Ê=�e�x����}[������{Ó�����ø�ly�~��1��{Ö�1��������y���� �Î���

v
©��������.y­���l��� { } ¦����

E
�e���������Æ ¢���"�����r���Ã�x{ ���r� ��y��(��� �1����}e{����#����¦����¤��� ~¢y­����{ }e�
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���A���e�����Ö�>�µ�r����}eªl{�y����r�l�¾���Î~´�µ}�¦(�ny�� ���l�aØ�g�Á c�Ü Á>ÂÖ�µ�e���­���l��{�¦(�����Ý�������_y��������­��{����
�1�����l��{.��°ny�¦����+��y�~r�e��{.���

v
©l~r� ��y��
¬U����±(�e���>�Ä}e���e{ ªl�r� ���l��y�~r�$d

<
dE

dt
>

y�� ���#�1�r}
E

Á
±#��{¤~£yUÕ"ªl��{ �&Øåg
Á�È Ü ©��������Öy��������Æ��{�yl�1}ø� �����¤ Ñ�l{ ���[���ø���l����� �Ó���l��{���©n~r�É��y��
¬

����±(�e�
<

dE

dt
>

���|~´�µ}e���e{�ª��r�|������y�~r�»y�� ���#�1�r}e�»y��
¬û���FÊ=}1{ �e��� �e���ly�~r�e��{ �Ã����~£y
�
�F���e� � �¶�1�l������y������

v
���%~Ò�Ä��®�����y��1~r�U�����1�r~�~£y����

W (x, t)
©>ye�(���cd
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Gray solitons and phonons in repulsive Bose-Einstein condensates confined
in one-dimensional nonharmonic traps
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We numerically solve the time-dependent Gross-Pitaevskii equation~GPE! that describes the evolution of an
elongated dilute repulsive atomic Bose-Einstein condensate trapped in a one-dimensional~1D! nonharmonic
potential. We find that the gray solitons, which are propagative solutions of the 1D GPE, traveling at an initial
constant velocity, smaller than the speed of sound, oscillate through the trapped condensate, but that this
oscillatory motion is accompanied by a spontaneous emission of small sound waves. By examining the gray
soliton trajectory and its velocity in the trapped repulsive Bose-Einstein condensate, we show that the oscil-
latory motion is uniform and nondissipative except at the returning points of the gray soliton, where it exhibits
a slight radiative acceleration~antidamping!. Our numerical results are in good agreement with previous
theoretical predictions, but show the need to take radiation emission into account.

DOI: 10.1103/PhysRevA.68.043620 PACS number~s!: 03.75.Kk, 42.65.Tg, 67.40.Hf

I. INTRODUCTION

After the remarkable realization of Bose-Einstein conden-
sation~1995!, in dilute vapor of alkali-metal atoms in three-
dimensional~3D! magnetic traps on (87Rb,23Na,7Li) @1–3#
and on atomic hydrogen gas~1998! @4#, the dilute atomic
Bose-Einstein condensates~BEC’s!, compressible, nonlinear,
and macroscopic quantum fluids, have received a great deal
of attention in many areas of condensed matter physics. Re-
cently, the BEC’s in lower dimension systems~1D, 2D! have
been extensively studied and crowned by the successful re-
alization of dilute repulsive BEC in 1D and 2D traps~2001!
on 23Na @5# and in 1D traps on7Li @6#. In this realization,
the BEC’s have been restricted to lower dimensions by a
crossover from 3D to 1D or 2D by reducing the number of
atoms in condensates trapped in highly elongated harmonic
1D magnetic traps and in disk-shaped optical harmonic 2D
traps. Today, more than 30 groups have produced BEC’s in
hydrogen, metastable helium, lithium, sodium, potassium,
and most often in rubidium@7,8#.

A dilute BEC is a quantum macroscopic degenerate gas
~bosonic gas! where the behavior of atoms can be described
by the same state wave function, known as the condensate
wave function or the quantum macroscopic wave function. In
a dilute BEC, only binary elastic interparticles collision are
relevant at lower temperatures (T.0) and they have been
characterized by a single parameter: thes-wave scattering
length denoted bya. Usually, the dynamical evolution, in
time and space, of such BEC’s, is accurately described by the
nonlinear Schrodinger equation, also known as the Gross-
Pitaevskii equation~GPE!. This equation was directly de-
rived starting from the mean-field theory for the order pa-
rameter@9#. In the present work, we will study the dynamical
evolution of a BEC in a very elongated trap, where the dy-
namics takes place only in one dimension due to the strong
trap confinement in the transverse direction. This elongated

BEC in 1D is spatially homogeneous~an infinite 1D BEC!
and characterized by a constant density. It can be described
dynamically, for a sufficiently low temperature (T.0) by
the following 1D GPE:

i\]tc52
\2

2m
]XXc2mc1gucu2c, ~1!

where c is the complex field amplitude of the condensate
wave function,m is the chemical potential,ucu2 is the time-
dependent density of the condensate, andg is the coupling
constant characterizing the interparticle interactions in the
BEC. The constantg is related to the scattering lengtha
throughg5(4p\2/mS)a, whereS is the transverse area of
the elongated BEC andm is the mass of the particle. The
caseg.0 corresponds to a dilute repulsive BEC (a.0),
whereasg,0 corresponds to a dilute attractive BEC (a
,0). The last nonlinear term in Eq.~1! represents the self-
interparticle-interaction energy. By choosing a system of re-
duced units in whicht, x, andA are defined as

t5
t

t0
, x5

X

j0
, and A5

c

Ar0

, ~2!

where t05(\/gr0) is the correlation time, j0

5(\/A2mgr0) is the healing length~correlation length!, m
5gr0 is the chemical potential, andr0 is the inflow density
of the BEC in equilibrium, Eq.~1! takes the simple form

i ] tA52]xxA2A1uAu2A. ~3!

In this system of reduced unitst, x, A, and speed of sound
defined ascs5Agr0/2m are dimensionless. We note that in
the considered elongated BEC, described by Eq.~1!, the
healing lengthj0 must be much larger than the mean inter-
particle separation (1/r0) along thex axis of the BEC, i.e,
r0j0@1 @10#, and also larger than the mean half-radial width
R' of this elongated BEC, i.e,j0@R' . This latter criterion
is equivalent tom!v' , with m being the chemical potential
of BEC in 3D andv' the transverse frequency used to con-*Email address: azizrad@hotmail.com; Radouani@lps.ens.fr
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fine the BEC in the elongated form. Now, by confining the
preceding elongated BEC in a 1D potential trapU(x), it
becomes spatially inhomogeneous~a finite or a trapped 1D
BEC!. In this case, Eq.~3! takes the form

i ] tA52]xxA2A1uAu2A1U~x!A. ~4!

Here, the densityr and the total number of atomsN of the
BEC are defined asr5uAu2 and

N5E dxuAu2. ~5!

In the stationary regime (i ] tA50), the Thomas-Fermi
approximation@that consists of neglecting the second deriva-
tive term in Eq.~4!# allows us to obtain

r512U~x!. ~6!

This last equation indicates that 0<r<12U(x) and the ef-
fect of U(x) is to decrease the densityr in the BEC. Ana-
lytically, Eq. ~4! for an untrapped BEC@U(x)50# is directly
integrable by the inverse scattering method@11,12# and has
the following stable propagative soliton solutions, called
gray solitons or dark solitons in nonlinear optics,

Au~x,t !5
~c1 il!2/21exp@l~x2x02ct!#

11exp@l~x2x02ct!#
, ~7!

with

c21l252, ~8!

wherec andl are the velocity and depth gray soliton param-
eters, respectively, andx0 is its position att50. Theoreti-
cally, Zakharov and Shabat@11,12# first treated solitons in an
infinite 1D BEC ~untrapped 1D BEC!, while Reinhardt and
Clark @13# first treated the case of solitons in a trapped BEC.
Gray soliton creation by a moving potential was studied
theoretically in Ref.@14#. In recent experiments, dark soli-
tons have been generated by optical phase imprinting tech-
niques in repulsive BEC of sodium~Na! and rubidium~Rb!,
respectively@15,16#.

It is instructive to note that the dilute BEC, although free
of container walls, are realized within the confines of a trap-
ping potential in three and lower dimensions. Early confining
traps were well approximated by harmonic potentials@13,17#
but more general ones are now in use@18#.

The purpose of the present work is to study numerically
the dynamical behavior of an elongated dilute repulsive
atomic BEC confined in 1D nonharmonic potential traps, and
described by the 1D GPE@Eq. ~4!#. To do that, we have
chosen a 1D nonharmonic potential trapU(x) in two forms.
In the first case,U(x) is taken as a flat potentialU1(x) with
the parabolic boundaries,

U1~x!55
S x2x1

L D 2

for 0<x<x1,

0 for x1<x<~ l 2x1!,

S x2 l 1x1

L D 2

for ~ l 2x1!<x< l ,

~9!

where l is the width ofU1(x), l is larger thanx1 (x1527,
l 5200) and L ~length! characterizes the smoothness of
U1(x). In the second case, we consider a flat potentialU2(x)
formed by the same flat potentialU1(x) with an added
Gaussian humpW(x) @with U2(x)5U1(x)1W(x)],

W~x!5W0expF2S x2x0

s D 2G , ~10!

wheres is the characteristic of the Gaussian hump andW0
50.5.

This work is organized as follows in Sec. II, we present
our numerical results that consists of gray solitons, their tra-
jectories, and velocities through the dilute repulsive atomic
BEC confined in nonharmonic potential traps. Section III is
devoted to a discussion of these results and conclusion of the
present work.

II. NUMERICAL RESULTS

We present briefly our numerical procedure. The initial
condition is built from the ground state of the 1D GPE@Eq.
~4!# which is a stationary solutionA0 of this equation for
i ] tA50. The algorithm consists of first minimizing the fol-
lowing Gross-Pitaevskii energy functionalH associated to
the considered BEC,

H5E dxF u¹Au21
1

2
~ uAu221!21U~x!~ uAu221!G .

~11!

We note that Eq.~4! can be obtained directly fromH by
using a Hamiltonian system:i ] tA5(]H/]A* ). The minimi-
zation of H is performed by integrating to relaxation the
following 1D real Ginzburg-Landau equation (RGLE):

2] tR52]xxR2R1R2R1U~x!R,

starting from an initial conditiona(x) in the Gaussian form
with a(x)5a0exp@2(x2x0 /s1)

2# ~with a050.5, x05100,
and s1530). This allows us to obtain the real and stable
ground state wave functionR0. A gray soliton is then in-
serted by adding att50 the modulusbs of the gray soliton
Au(x,t) @Eq. ~7!# to R0.

The initial conditionA0 for the numerical integration of
the GPE is thus taken in the convenient form:uA0u5R0
1bs21. The phasef0 of A0 is immediately determined by
remarking thatf05fs becauseR0 is real, withfs being the
phase ofAu(x,t) at t50. The latter procedure allows one to
place the stationary soliton contained inA0 at a suitable po-
sition. A finite-difference Crank-Nicholson scheme is used to
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compute the numerical results presented in this paper, with
the respective discretization in space:Dx50.05, and in time:
Dt50.231024.

The numerical solutions of the 1D GPE@Eq. ~4!# with
U1(x) andU2(x) are shown in Figs. 1 and 2, respectively, in
which we plotteduA0u, f0 , uAu, and f as a function of
positionx. In these figures, the gray soliton motion is repre-
sented at timest50,40, . . . ,320~with t50 for uA0u andf0)
corresponding to the successive positions of the gray soliton
shown inuAu andf, respectively. The gray soliton motion is
started from an initial positionx0, in the right direction, and
with an initial constant velocityc51 smaller than the speed
of sound cs5A2. The figures show that the gray soliton
motion, through a repulsive BEC trapped inU1(x) and
U2(x), respectively, is oscillatory. It is accompanied, as can
be seen inuAu and f, respectively, by a spontaneous emis-
sion of small sound waves at each gray soliton returning
points, and after the crossing of the Gaussian humpW(x),
respectively. However, in the case ofU2(x), the Gaussian
hump W(x) stops the gray soliton motion when the initial
velocity of the gray soliton isc<0.5 @with W0,0.5)] and
W0>0.6 ~with c51), respectively, and therefore, behaves,
for any value ofs, as a returning point. The preceding re-
sults show thatW(x) plays the role of an obstacle placed in

the flat part ofU2(x), and its effect on the gray soliton
motion depends on the parameter valuesW0 ands, respec-
tively. We note that, in the case ofU1(x), and for a low
initial velocity c,0.3, the gray soliton motion remains os-
cillatory, but the emission of sound waves decreases with
velocity. In order to understand and study quantitatively the
origin of the emission of these sound waves, we numerically
computed the gray soliton trajectories in theU1(x) and
U2(x) traps. The trajectories, plotted in Fig. 3~solid line!,
are used to calculate the value of the gray soliton velocityv
before and after returning points, and before and after the
crossing of the Gaussian hump. Thus, we deduced that the
gray soliton velocityv, after each returning point and after
each crossing of the Gaussian hump, is constant but slightly
greater than its value before. For example, for the first re-
turning point: v151 before andv251.042 after; withDv
5v22v150.042 for U1(x) @with L56.9006 andl 5200
~see Fig. 3!#. This slight and progressive increase ofv, pro-
duced after returning points, leads the gray soliton, moving
in U1(x), to reach the speed of soundcs and to disappear
after the antidamping time scalet. So, the preceding results
allow us to conclude that the motion of the gray soliton is
uniform through the repulsive BEC trapped inU1(x), and
not dissipative except at returning points where the gray soli-

FIG. 1. Numerical solutions of the GPE@Eq. ~4!# from timest
50 to t5320~for c5l51) with a nonharmonic flat form potential
trap U1(x) in 1D @Eq. ~9! with l 5200, L56.9006,x05100, and
x1527]. Top: modulusuA0u ~left! and phasef0 ~right!, as a func-
tion of position x, of the stationary solutionA0 of the 1D GPE.
Bottom: modulusuAu ~left! and phasef ~right!, as a function of
positionx, of the gray solitonA, solution of the 1D GPE, at succes-
sive timest50,40, . . . ,320, respectively~in ascending order!. We
note that, traveling through the trapped repulsive BEC in the right
direction from the initial positionx05100 and with a constant ve-
locity c,cs ~with cs is the speed of sound!, the gray soliton is
accompanied after the first~in the right forxr5178), and the sec-
ond ~in the left, for xl522) returning points, by emission of small
sound waves shown on modulusuAu and phasef, respectively. The
motion of the gray soliton before the first returning point is in the
right direction for 0,t,80, in the left direction after the first re-
turning point for 80<t,240, and in the right direction after the
second returning point for 240<t<320. uA0u andf0 correspond to
t50.

FIG. 2. Numerical solutions of GPE@Eq. ~4!# from timest50 to
t5320 ~for c5l51) with a nonharmonic flat form potential trap
U2(x) in 1D with a Gaussian humpW(x) placed on the position
x05120 @Eq. ~10!, with l 5200,L56.9006, x0570, W050.5, and
s52]. Top: modulusuA0u ~left! and phasef0 ~right!, as a function
of positionx, of the stationary solutionA0 of the 1D GPE. Bottom:
modulusuAu ~left! and phasef ~right!, as a function of positionx,
of the gray solitonA, solution of the 1D GPE, at successive times
t50,40, . . . ,320, respectively~in ascendant order!. We note that,
travelling through the trapped repulsive BEC in the right direction
from the initial positionx0570 and with a constant velocityc
,cs (cs is the speed of sound!, the gray soliton is accompanied,
after the first~in the right, forxr5178) and the second~in the left,
for xl522) returning points, by emission of small sound waves
shown on modulusuAu and phasef, respectively. The motion of the
gray soliton before the first returning point is in the right direction
for 0,t,80, in the left direction after the first returning point for
80<t,240, and in the right direction after the second returning
point for 240<t<320. uA0u andf0 correspond tot50.
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ton velocity changes. This acceleration leads to the radiative
emission~sound waves! at returning points. In order to com-
pare our numerical results with previous theoretical predic-
tions, we have computed the gray soliton trajectory starting
from the following equation of motion in one dimension

ẍ5
2dU

dx
. ~12!

Equation~12! was established for the motion of a gray soli-
ton considered as a particlelike object oscillating in an arbi-
trary potentialU(x) @19#. The normalization of Eq.~12! cor-
responds to our normalization of the GPE in Eq.~4!. In Fig.
3, we plotted~dashed line! the gray soliton trajectories ob-
tained by integrating numerically Eq.~12! for U1(x) and
U2(x), respectively~with l 5200, L56.9006, ands52). In
Fig. 3, we note a slight difference between the trajectories
directly computed from Eq.~4! GPE ~solid line! and pre-
dicted theoretically by Eq.~12! ~dashed line! for the same
initial velocity c51 and l51. Indeed, the trajectories di-
rectly computed starting from GPE~solid line! are advance
in time, compared with those computed from Eq.~12!. This
advance~or difference! corresponds to the velocity increase
of the gray soliton after the returning points and the crossing
of the Gaussian hump. In contrast, the velocity of the par-
ticlelike soliton@Eq. ~12!# is constant and has the same value
before and after the returning points, and after the crossing of
the Gaussian hump. The comparison of the two trajectories
of the gray soliton confirms the production and emission of
sound waves at the returning points and at the crossing of the
Gaussian hump in the elongated repulsive BEC trapped in
potentials U1(x) and U2(x), respectively. Figure 4 is a
space-time plot where the trajectory of the gray soliton

~black line! and the trajectories of the emitted phonons~gray
line! can both be seen. Phonon emission is clearly produced
at the first and the second returning points. The phonons
travel with a velocity greater than that of the gray soliton,
and their trajectory is almost undisturbed when they recross
the soliton path.

The computation of total energyE @Eq. ~11!# and total
number of particlesN @Eq. ~5!# of the repulsive BEC trapped
in U1(x) show thatE andN are numerically well conserved
in the course of time before and after the first returnig point,
respectively~beforeE1524.182 andN15152.960, afterE2
524.184 andN25152.963, with DE5231023 and DN
5331023).

Now, we present the numerical results obtained by study-
ing the velocity increaseDv, produced at a returning point,
as a function of the variation of the smoothnessL, and the
characteristicss of the Gaussian humpW(x), respectively.
So, in Fig. 5, we plotted the velocity increaseDv produced
on the first and the second returning points, respectively, as a
function ofL for U1(x) @Fig. 5 ~left!#, and as a function ofs
for U2(x) on the first crossing of the Gaussian humpW(x)
by the gray soliton@Fig. 5 ~right!#. Figure 5~left! shows that
Dv increases as the length scaleL of the boundary becomes
longer. Figure 5~right! shows thatDv increases progres-
sively with the length scales for 0.25<W0<0.5 ~with l
5200 andL56.9006), but it becomes practically constant
for a larges. So, we find that the total emitted radiation
increases as the potential becomes smoother~but also
longer!, contrary to what could naively be expected.

III. DISCUSSION AND CONCLUSION

We have used nonharmonic potential traps in 1D of the
form U1(x) andU2(x) to treat the dynamical evolution of an
elongated dilute repulsive atomic BEC confined inU1(x)

FIG. 3. Left: comparison of two trajectoriesx, as a function of
time t, of a gray soliton moving through the repulsive BEC trapped
in a nonharmonic flat form potentialU1(x) in 1D with l 5200, L
56.9006@Eq. ~9!#, andx05100. The trajectory~solid line! is com-
puted directly from numerical solutions of GPE@Eq. ~4!#. This tra-
jectory is in advance in time compared with the gray soliton trajec-
tory ~dashed line! computed from the equation of motion in 1D@Eq.
~12!#. This advance is due to a small increasing of the gray soliton
velocity after returning points. Right: comparison of two trajecto-
riesx, as a function of timet, of the gray soliton moving through the
repulsive BEC trapped in a nonharmonic flat form potentialU2(x)
in 1D with a Gaussian hump, withl 5200, L56.9006, x0570,
W050.5, ands52 @Eq. ~10!#. The trajectory~solid line! is com-
puted directly from numerical solutions of the GPE@Eq. ~4!#. This
trajectory is in advance in time as compared with the gray soliton
trajectory ~dashed line! computed from the equation of motion in
1D @Eq. ~12!#. This advance is due to a small increase of the gray
soliton velocity after the crossing of the Gaussian hump and return-
ing points.

FIG. 4. Space-time plot in gray level of the difference
uA(x,t)u2R0, where uA(x,t)u corresponds to Fig. 1~bottom! and
R0 is the ground state wave functionR0(x). The plot shows the
trajectory of motion of the gray soliton~black line! and that of the
emitted phonons~gray line!. The phonons are emitted after the first
(x15178) and the second (x2522) returning points of the gray
soliton. Their velocity is constant and greater than that of the gray
soliton. One can note that once the phonons are emitted they do not
recombine with the gray soliton.
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and U2(x), respectively, and accurately described by the
GPE. Our numerical results obtained from integration of
GPE @Eq. ~4!#, have allowed us to reveal a spontaneous
emission of small sound waves~phonons! which were ac-
companying, after each returning point, the uniform and non-
dissipative motion of the gray soliton through the trapped
elongated repulsive BEC. The production and emission of
these small sound waves result in a small variation of the
gray soliton velocity after each returning points, and after the
crossing of the Gaussian hump, respectively. The difference
between the velocities of the gray soliton before and after the
returning points and before and after the crossing of the

Gaussian hump depends nonlinearly onL and ons, respec-
tively ~Fig. 5!. Flat parabolic boundaries~large L), or an
elongated Gaussian hump~larges), corresponds to a finite
increase ofDv. In contrast, a very small increase ofDv is
associated to sharply rising parabolic boundaries~small L),
or to well localized Gaussian hump~small s).

The effect appears qualitatively quite similar to radiation
emission by a moving charged particle. The particle does not
radiate when it moves at a constant velocity but radiates as
soon as it is accelerated since it is coupled to the excitations
of the corresponding ground state, that is, the photons. Simi-
larly, the gray solitons moving at constant velocity are exact
solutions of the Gross-Pitaevskii only when the potential is
flat. When the potential varies, the soliton emits sound waves
since it is coupled to the excitations of the ground state, that
is, the sound waves. It could have been thought that
smoother potentials would lead to smaller radiation emis-
sion. In fact, the results of Fig. 4 suggest that the ‘‘greater
adiabaticity’’ of the smoother potential is counterbalanced by
the fact that the soliton reflection time is longer. It remains to
be seen if the qualitative view presented above can be pushed
so as to give a complete calculation of phonons emission in
the present case and explains this surprising result. Although
this may appear a rather difficult task at present, it would
also be interesting to investigate radiation emission in ex-
periments@20#.
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FIG. 5. Left: this figure shows the variation of the differenceDv
between the velocities of the gray soliton before and after the first
~solid line! and the second~dashed line! returning points, respec-
tively, as a function of the smoothnessL for U1(x) ~with l
5200). In these two cases,Dv increases as the length scaleL
becomes longer. Right: this figure represents the differenceDv be-
tween the velocities before and after the first crossing of the Gauss-
ian humpW(x) by the gray soliton, as a function ofs for U2(x)
~with l 5200, L56.9006). To take into account the slight variation
of the velocity of the gray soliton after the Gaussian humpW(x),
we plotted, forW050.5 in Eq.~10!, the mean values ofDv, with
error bars, associated withs52,4,6,8,10, respectively. This figure
shows thatDv is very small for a smalls, and it becomes relatively
relevant but practically constant with the increase of the length
scales.
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Soliton and phonon production by an oscillating obstacle
in a quasi-one-dimensional trapped repulsive Bose-Einstein condensate
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We use the one-dimensional(1D) Gross-Pitaevskii equation to investigate the dynamical evolution of a
dilute repulsive Bose-Einstein condensate(BEC) confined in an elongated static nonharmonic trap and stirred
by an oscillating Gaussian obstacle moving at uniform speed in alternate direction. Direct numerical solutions
of this equation show that above a critical obstacle velocity, the motion of the obstacle creates gray solitons and
phonons. At first, when the velocity of the obstacle increases, the dissipation also increases. But the dissipation
reaches a maximal value and then decreases dramatically and vanishes at high obstacle velocities. Our results
at low obstacle velocities are similar to those previously obtained experimentally and by simulations in the case
of vortice and phonon production in 3D and 2D trapped repulsive BEC’s. But at high obstacle velocities, we
show that the quasi-1D trapped repulsive BEC behaves as a quasisuperfluid medium with disappearance of
gray soliton and phonon excitations. This extends previous results and provides the main dependence of the
phenomenon on the obstacle characteristics.

DOI: 10.1103/PhysRevA.70.013602 PACS number(s): 03.75.Kk

I. INTRODUCTION

Since the discovery of superfluidity in helium II[1], in-
tensive experimental and theoretical efforts have been de-
voted to the investigation of elementary excitations and su-
perfluidity in quantum Bose gases. Remarkable
developments in this field have led to new concepts such as
the critical velocity first introduced by Landau[2] in his
famous criterion, phonons and speed of sound predicted by
Bogoliubov [3], quantized vortices proposed by Feynman
[4], and others. However, strong interparticle interactions
within superfluid liquid helium, plus thermal and quantum
fluctuations, impede the formulation of a satisfactory micro-
scopic theory that can be able to explain from first principles
the mechanism of superfluidity and production of vortices in
liquid helium.

With the successful experimental realization of Bose-
Einstein condensates(BEC’s) [5–7] in trapped dilute alkali
vapors, remarkable experimental studies of the dynamical
properties of BEC’s have been performed. In particular, im-
portant features of these condensates were found in the MIT
experiment on the interference of two independently pre-
pared condensates[8]. In the JILA experiment[9] in a dilute
and almost pure BEC at zero temperaturesT=0d, it was
found that only binary elastic interparticle collisions are rel-
evant and can be characterized by a single parameter: the
s-wave scattering length denoteda. These latter results have
constituted a direct verification of the Bogoliubov approach
of weakly interacting Bose gases[3] and justified the use of
the mean-field approximation to model the dynamical and
quantum properties of a dilute BEC near zero temperature. A
very remarkable consequence is that the time evolution of

such a condensate wave function can be accurately described
by the nonlinear Schrödinger equation(NLSE), also known
as the Gross-Pitaevskii equation(GPE) [10]. This has al-
lowed for direct quantitative comparisons between theory
and experiment[12]. The stability of large BEC’s requires
repulsive interparticle interactions(positivea).

Two different directions have recently attracted particular
interest. One of them is the study of BEC’s in reduced di-
mensionality. Indeed, development of the trapping tech-
niques has allowed for the realization of very anisotropic
geometries, where the confinement is so strong in one or two
spatial directions that at low temperatures the transversal
motion is “frozen” and does not contribute to the dynamics
of the system. The mean-field energy, due to binary interpar-
ticle interactions, becomes smaller than the typical trapping
energy in these directions. In this way, dilute repulsive
BEC’s have been realized in one dimension(1D) and 2D on
23Na [14] and in 1D on7Li [15]. Another trend is the study
of the creation of elementary excitations(vortices, solitons,
and phonons) and dissipation in BEC’s. The critical velocity
and dissipation in these systems were studied theoretically
[16,17] and experimentally first by Ramanet al. [18] by
moving a focused laser beam through a cigar-shaped repul-
sive BEC.

In recent experimental developments, vortices were real-
ized in repulsive BEC’s[19,20], while gray solitons have
been generated in 3D repulsive BEC’s by phase imprinting
techniques on sodium23Na [21] and on rubidium87Rb [22].
Theoretically, gray solitons and phonons creation by a poten-
tial obstacle moving at a uniform speed in a quasi-1D infinite
fluid have also been studied[23–25]. Early confining traps
were well approximated by harmonic potentials[11–13], but
more general ones are now in use[26]. Very recently, the
dynamical evolution of a repulsive BEC confined in a
quasi-1D static nonharmonic trap has been numerically stud-
ied and revealed that the reflection of a gray soliton by the
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parabolic boundaries of the nonharmonic trap gives rise to
the emission of phonons[27,28]. In the present work, we
consider a very elongated dilute repulsive BEC confined in a
static nonharmonic trap. In order to create elementary exci-
tations of soliton and phonon types, we stir this trapped con-
densate by an oscillating Gaussian obstacle(an external lo-
calized repulsive potential). The speed of the obstacle
through the condensate is constant but its direction reverses
periodically. We numerically solve the 1D GPE that de-
scribes the dynamical evolution of this trapped condensate
and investigate the superfluidity and dissipation in this
quasi-1D trapped condensate at different constant obstacle
velocities.

This work is organized as follows: In Sec. II, the model
describing the dynamical evolution of the trapped quasi-1D
BEC stirring with the oscillating obstacle in the Gaussian
form and the numerical procedure are presented. Our nu-
merical results are presented in Sec. III. They consist in the
identification of elementary excitations created by the motion
of the oscillating Gaussian obstacle through the quasi-1D
trapped BEC and in the exploration of superfluid and dissi-
pative behaviors of this condensate for different obstacle ve-
locities. Section IV is devoted to a discussion of these results
and to the conclusions of the present work.

II. DYNAMICAL DESCRIPTION

A. Model and oscillating obstacle

The dynamical evolution of the condensate wave function
can be accurately modeled by the usual dimensionless 1D
GPE:

i]tA = − ]xxA − A + uAu2A + Usx,tdA, s1d

where A is the complex field amplitude of the condensate
wave function,r= uAu2 the time-dependent density of the
condensate(with N=edxuAu2 the total number of atoms in the
trapped BEC), and Usx,td the 1D static nonharmonic trap
Vsxd superimposed upon the time-dependent oscillating
Gaussian obstacleWsx,td with Usx,td=Vsxd+Wsx,td. We
chooseVsxd as a flat potential with parabolic boundaries:

Vsxd =5S
x − x1

L
D2

for 0 ø x ø x1,

0 for x1 ø x ø sl − x1d,

Sx − l + x1

L
D2

for sl − x1d ø x ø l ,

s2d

where l is the width ofVsxd (l is larger thanx1, x1=27, l
=200) andL (length,L=6.9) characterizes the smoothness of
Vsxd. The oscillating Gaussian obstacleWsx,td, initially cen-
tered atx0, is expressed as

Wsx,td = W0expF− Sx − xstd − x0

s
DG , s3d

whereW0 and s are the obstacle depth and width, respec-
tively. The oscillatory uniform motion of theWsx,td is ob-
tained by takingxstd in the following triangular form as a
function of the timet:

xstd =5vSt −
n

f
D for 0 , St −

n

f
D ,

1

2f
,

− vSt −
n

f
D + 4a for

1

2f
, St −

n

f
D ,

1

f
,

s4d

where n is the number of completed oscillations,a is the
amplitude (half of the distance between motion extrema),
andv, expressed asv=4af, is the constant obstacle velocity.
We note thatWsx,td represents the laser beam used in the
experiment of Ramanet al. [18]. For this 1D description to
be valid, the healing lengthj of the condensate must larger
than the mean interparticle separation 1/r along thex axis of
the BEC—i.e.,rj@1—and also larger than the mean half
radial widthR' of this elongated BEC—i.e.,j@R' [27,29].

B. Numerical procedure

We present briefly our numerical procedure. The initial
condition is built from the ground state of the 1D GPE[Eq.
(1)] which is the stationary solutionA0 of this equation with
a stationary Gaussian obstacleWsx,0d at t=0. It is obtained
by minimizing the Gross-Pitaevskii energy functionalH as-
sociated with Eq.(1):

H =E dxFu¹Au2 +
1

2
suAu2 − 1d2 + Usx,0dsuAu2 − 1dG . s5d

The minimization ofH is performed by integrating to relax-
ation the 1D real Ginzburg-Landau equation(RGLE) [with
Usx,0d=Vsxd+Wsx,0d]

]tR= − ]xxR− R+ R2R+ Usx,0dR, s6d

starting from an initial conditiongsxd of the Gaussian form
with

gsxd = g0HexpF− Sx − x0

s1
D2GJ ,

with g0=0.5,x0=100, ands1=30. This provides the real and
stable ground-state wave functionR0, which constitutes our
initial condition A0sA0=R0d. A finite-difference Crank-
Nicholson scheme is then used to evolve Eq.(1) starting
from this initial condition. We checked that the total number
of atoms in the trapped condensate is conserved for all our
numerical results.

III. NUMERICAL RESULTS

The shape ofWsx,td varies with the parametersW0 ands
as can be seen from Eq.(3), whereas the value of its velocity
v depends on amplitudea and frequencyf (with v=4af).
The 1D GPE[Eq. (1)] has been integrated at various fre-
quencies associated with different obstacle velocities and for
different obstacle parametersW0 and s. In Fig. 1, we first
present numerical solutions of Eq.(1) (with W0=0.5, s=5,
and a=5) at four frequencies associated with different ob-
stacle velocities,v=0.16, 0.625, 1.40, 3.36. As expected for
obstacle velocitiesv below a critical valuevc (e.g., for v
=0.16, vc=0.28), the oscillatory uniform motion ofWsx,td
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produced almost no excitations in the condensate[Fig. 1(a)].
In contrast, whenv exceedsvc, the obstacle uniform motion
produces gray solitons and phonons which are successively
emitted to the right and left of the obstacle[Figs. 1(b) and
1(c)]. We note that the soliton velocities are greater than that
of the obstacle[for example, in Fig. 1(b), v=0.625,vsoliton

=0.92]. The increase ofv first leads to the increase of total
emission of solitons and phonons[Fig. 1(c)] as previously
reported in 2D and 3D repulsive condensates. However, fur-
ther increase inv reveals a different phenomenon. Whenv
exceeds a given value(v=1.4 for Fig. 1), gray soliton emis-
sion reaches a maximum atv=1.4 [Fig. 1(c)] and then dis-
appears progressively[Fig. 1(d)], and finally almost com-
pletely vanishes at high velocitiessv=4,5,10d. The
progressive disappearance of gray solitons in the condensate
depends on the obstacle velocity and is accompanied by an
increase of emitted phonons. This numerical observation can
be partially understood by taking into account the relation
between the depthl of a gray soliton and its velocityc2

+l2=2 (see Ref.[27]). This indicates that a gray soliton
which is steady in the obstacle frame disappears forl=0 and
transforms into phonons, because its velocityc exceeds the
speed of sound defined ascs=Î2 [Fig. 1(d)].

As for phonons, the emission first is only due to the
abrupt change of the obstacle velocity at motion extrema;
then, it increases with the increase ofv and finally also com-
pletely disappears at high velocity.

In order to further quantify these results and investigate
dissipation at different obstacle velocities and for various
parameter values ofW0 and s, we have computed both the
total energyE of the condensate[Eq. (5)] and the associated
mean rate of energy dissipationkdE/dtl for different obstacle
velocities. This mean rate is obtained by a linear regression
analysis of the energy-time data and represents the variation
in time of the condensate total energy. In Fig. 2, we plotted
kdE/dtl associated with different obstacle velocities(black
circles) and forW0=0.5, s=5, anda=5. This figure shows
that below a critical velocityvc=0.28, the total energyE
remains constant in timeskdE/dtl.0d. But for v.vc,
kdE/dtl increases approximately linearly withv, attains an
upper limit, and then decreases and vanishes at high obstacle
velocities. The decrease ofkdE/dtl is exponential for high
obstacle velocities, as can be seen in the inset of Fig. 2.

In order to make contact with previous results, we first
examine the dependence ofkdE/dtl and the critical velocity
vc on the depthW0 and separately on the widths of the
oscillating obstacleWsx,td (with W0,1). We plot in Fig. 3
the energy increase as a function of obstacle velocityv for
W0=0.30, 0.50, 0.75(with s=5 anda=5). The figure shows
that the dissipation in the condensate increases with an in-
crease of the obstacle depthW0. The critical velocity value
associated with every curvesvc=0.10,0.28,0.47d can be
evaluated by extrapolation. The critical velocity is found to
depend onW0. In the inset,W0 is plotted as a function ofvc
by using directly the preceding evaluated values ofW0 and
vc. The different values obtained are compared to a previous
prediction valid forW0,1 ands@1 [23]:

FIG. 1. Solution modulusuAu of Eq. (1) (with W0=0.5,s=5, and
a=5) obtained at four frequenciesf =0.0080, 0.03125, 0.0700, and
0.1666 which correspond to the constant obstacle velocitiesv
=0.16, 0.625, 1.40, and 3.36, respectively. These four figures, in
which uAu is plotted as a function of positionx, indicate that the
oscillatory obstacle motion(v=0.16,vc=0.28, wherevc is the criti-
cal velocity) does not create excitations forv,vc (a), but that this
motion produces elementary excitations of gray soliton and phonon
types forv.vc: v=0.625 (b) and v=1.40 (c). We note that these
excitations disappear progressively at high obstacle velocities—for
example,v=3.36 (d).
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W0 =
v2

4
−

3

2
Sv2

2
D1/3

+ 1. s7d

This inset illustrates that the numerically values obtained of
W0 and vc are in good agreement with those theoretically
predicted by Eq.(7).

Figure 4 represents the dependence ofkdE/dtl for a fixed
depthW0,1 and amplitudea.2 (hereW0=0.5, a=5), on
the widths of the oscillating obstacleWsx,td. In this figure,
kdE/dtl is plotted as a function of the obstacle velocityv for
s=1, 3, 5. We note that ass decreases, both the dissipation
represented bykdE/dtl and the critical velocityvc in the
condensate increase. The increase ofs favors the suppres-
sion of gray solitons and phonons in the condensate at high
obstacle velocities.

Analytical interpretation of emission suppression
at high velocity

The exponential decrease ofkdE/dtl at high obstacle ve-
locities (see inset of Fig. 2) contrasts with previous results
reported in two and three dimensions. We provide here a
simple explanation of this effect modeled upon classic cal-
culations of radiation of capillary-gravity waves by a moving
obstacle[30]. An estimate of the radiation emitted by a par-
ticle is also provided in Ref.[31], but without consideration
of the high-velocity behavior in 1D.

We can linearize Eq.(1) for small oscillations in the form

A = 1 +hsx,td, s8d

where h is a small perturbation(h!1, and hsx,td
=h0expfiskx−vtdg). This leads to the well-known dispersion
relation

v = kÎk2 + 2 s9d

and provides the wave phase velocitycskd=v /k=Îk2+2.
Dissipation is dominated by waves that appear steady in the

FIG. 2. The mean ratekdE/dtl, which represents the increase of
the condensate energy by the oscillating obstacle motion, is plotted
as a function of different constant obstacle velocities(black circles),
with W0=0.5, s=5, anda=5. This figure shows thatkdE/dtl.0
for velocity valuesv below a critical velocityvc=0.28. Forv.vc,
it increases approximately linearly with the increase ofv, attains its
upper limit, and then decreases progressively and tends to zero at
high obstacle velocitiessv.4d. The decrease ofkdE/dtl with the
increase ofv is exponential as shown in the inset.

FIG. 3. Dependence of the mean ratekdE/dtl and critical veloc-
ity vc on the depthW0,1 of the oscillating obstacleWsx,td for
fixed width s@1 and amplitudea.2 (heres=5, a=5). We find
that vc=0.10 for W0=0.75 (dashed circles), vc=0.28 for W0=0.50
(black circles), andvc=0.47 forW0=0.30 (black diamonds). In the
inset, the preceding values(vc with error bars) are compared to the
equationW0=v2/4− 3

2sv2/2d1/3+1. The three values ofvc directly
evaluated and represented by error bars are in good agreement with
those predicted theoretically(line).

FIG. 4. Dependence of the mean ratekdE/dtl and critical veloc-
ity vc on the widths of the oscillating obstacleWsx,td for fixed
depth W0,1 and amplitudea.2 (here W0=0.5 anda=5). The
three curves correspond, respectively, tos=1 (black squares), s
=3 (black circles), and s=5 (black triangles). We note that the
dissipation represented bykdE/dtl and the critical velocityvc in-
crease with the decrease ofs. The increase ofs favors the suppres-
sion of gray solitons and phonons in the condensate at high obstacle
velocities.
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obstacle frame and satisfycskd=v. This determines the wave
number of the emitted phonons as

k = Îv2 − 2. s10d

Now, the emission rate of phonons of wavelengthk is

proportional to the Fourier transformP̃ss ,kd of the modulus
of the superfluid wave function modulationPsx/sd due to
the moving obstacle. Considering an obstacle moving at sta-
tionary speedv [23], Psx/sd is approximately obtained as

PS x

s
D . F1 − 4

Wsx,0d
v2 G−1/4

. s11d

For v@Î2, Eq. (10) can be approximately written ask.v,
and the wavelength of the emitted phonons becomes much
shorter than the length scale of the potential. So

P̃ss,kd =E expsikxdPS x

s
Ddx~ exps− bskd for k @ 1

s12d

or

P̃ss,kd ~ exps− bsvd, s13d

whereb=Îlnsv2/4W0d andW0 is the prefactor of the expo-
nential in Eq.(3). Here b depends on the shape ofP and
comes from the complex singularity of Eq.(11) closed to the
real axis. In the range of velocities considered,b depends
very weakly onv and Eq.(12) explains the exponential sup-
pression of emission at high velocities observed in Fig. 2. It
also explains why an increase ins favors this suppression as
seen in Fig. 3 since this further increases the moving poten-
tial length scale as compared to the wavelength of the emit-
ted phonons. The estimate given by Eq.(13) is of course
only valid for a smooth potential. Dissipation suppression at

high velocity is much less prononced for nonsmooth poten-
tials like those considered in Ref.[25], since their singulari-
ties lie on the realx axis.

IV. DISCUSSION AND CONCLUSION.

In this paper, we have analyzed the creation of elementary
excitations produced by an oscillating obstacle through a
quasi-1D trapped repulsive Bose condensate. We have shown
that the creation of excitations, gray solitons, and phonons
depends on the obstacle velocity and on the obstacle shape.
We have confirmed previous calculations of critical veloci-
ties in 1D[23]. We have found that the dissipation increases
with the increase of the obstacle velocity value, like in the
case of the formation of vortices previously studied[17,18],
but contrarily to the case of vortices, we have found that it
attains an upper limit and then decreases exponentially with
the obstacle velocity increase. At high obstacle velocity, the
dissipation vanishes and the repulsive condensate behaves as
a quasisuperfluid. This absence of dissipation already noted
in Ref. [25] is reminiscent of that previously described for
the motion of a smooth potential withs@1 [32] at fixed
velocity as interpreted in Ref.[33]. In both cases, dissipation
suppression comes because the wavelength of the emitted
phonons is short compared to that of the stirring potential.
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Résumé :

Depuis la réalisation expérimentale en 1995 des premiers condensats gazeux de Bose-Einstein (B-E) d'atomes
alcalins :

(
87Rb , 23Na , 7Li

)
, ultra-froids (T = 0 oK) et con�nés dans des pièges magnétiques 3D, la physique

des condensats de Bose-Einstein et de Fermi a connu un développement remarquable aussi bien expérimental
que théorique. L'objectif de ce mémoire de thèse a été �xé dans le cadre général du progrès récemment accompli
dans l'étude de l'évolution dynamique des condensats de B-E répulsifs, et de la réduction de leur dimensionnalité.
Le manuscrit de cette thèse comprend deux parties. La première a été consacrée, d'une part, à la présentation
du phénomène de la condensation de B-E depuis sa prédiction en 1925 par Einstein, dans un gaz idéal de Bose,
jusqu'à sa réalisation en 1995, et d'autre part, à la description de la dynamique des condensats dilués de B-E, à
la température T = 0 oK, par l'équation nonlinaire de Schrödinger (ENLS), connue aussi sous le nom : équation
de Gross-Pitaevskii (EGP). La seconde partie comprend les résultats numériques de notre étude portant sur la
dynamique d'un condensat de B-E répulsif, quasi-1D et con�né dans un piège non-harmonique (piège allongé
avec des bords paraboliques), et sur son comportement dissipatif et super�uide. Notre étude a montré que: i)
les bords paraboliques du piège considéré, ainsi qu'un obstacle en forme d'une bosse gaussienne, placé dans la
partie plate de ce piège, ont un e�et d'anti-amortissement sur la propagation uniforme d'un soliton gris dans
le condensat, et cet e�et se manifeste par une émission spontanée des phonons; ii) le mouvement uniforme
et rectiligne (en va-et-vient) d'un obstacle gaussien dans le condensat considéré conduit, lorsque la vitesse
constante de l'obstacle dépasse une certaine valeur critique ( vitesse critique ), à la création des solitons gris
et des phonons dans ce condensat qui devient un milieu dissipatif. Nous avons montré que le comportement
dissipatif du condensat croît avec l'augmentation de la vitesse de l'obstacle, atteint son maximum et �nit par
disparaître quasi-totalement pour de grandes valeurs de la vitesse constante de l'obstacle, pour lesquelles le
condensat se comporte comme un quasi-super�uide.

Mots clés : Condensation de Bose-Einstein, Piégeage magnétique, Refroidissement évapo-

ratif, Condensat de Bose-Einstein quasi-1D, Equation de Gross-Pitaevskii, Solitons gris, Anti-

amortissement, Vitesse critique, Super-�uidité et Dissipation.

Abstract :

Since the experimental realization of the �rst Bose-Einstein condensates (BEc's), in 1995, in ultra-cold
(T = 0 oK) dilute vapor of alkali-metal atoms

(
87Rb , 23Na , 7Li

)
, con�ned in three-dimensional (3D) magnetic

traps, the physics of the BEc's and of the Fermi has known a remarkable development both experimentally and
theoretically. The purpose of this thesis has been �xed in the general frame of the recent progress accomplished
in the study of the dynamical evolution of the repulsive BEc's and the reduction of their dimensionality. This
thesis contains two parts. In the �rst, we describe the Bose-Einstein condensation phenomenon like it was
predicted in 1925 by Einstein in an ideal gas of bosonic atoms, and then realized in 1995 in a dilute gas of
alkali-metal atoms. We point out that the dynamical evolution of a dilute Bose-Einstein condensate at T = 0 oK
is accurately described by the non-linear Schrödinger equation (NLSE), also known as the Gross-Pitaevskii
equation (GPE). In the second part, we study the dynamical, dissipative and super�uid behaviours of a quasi-
1D repulsive dilute Bose-Eintein condensate con�ned in an elongated nonharmonic trap (elongated trap with
parabolic boundaries). Our numerical results show that : i) the e�ect of the trap parabolic boundaries and of a
Gaussian hump placed in the �at part of the same trap, is anti-damping on the uniform propagation of a gray
soliton in the condensate. This e�ect manifests by a spontaneous emission of phonons ; ii) the production of
a rectiline oscillating uniform motion by a Gaussian obstacle in the condensate, leads to the creation of gray
solitons and phonons when the obstacle constant velocity exceeds a critical value. In this case, the Bose-Einstein
condensate becomes a dissipative medium. We have illustrated that the dissipative behaviour of the condensate
increases with the increase of the obstacle velocity, attains its maximum, then decreases and disappears at
high values of the obstacle constant velocities. In this limit, the Bose-Einstein condensate behaves as a quasi-
super�uid.

Keywords : Bose-Einstein Condensation, Magnetic Traps, Evaporative Cooling, Quasi-1D

Bose-Einstein condensate, Gross-Pitaevskii equation, Gray Solitons, Anti-Damping, Critical Ve-

locity, Dissipation and Super�uidity.


