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∂U

∂t
+
∂F (U)

∂x
= Q(x, t, U), ∀x ∈ D ⊂ R, t > 0

U(x, 0) = U0(x), ∀x ∈ D.
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� lZn#�:��7Xopt %�� A��)% � /1 c� U : D × R
+ −→ R

#�bd7:� /1bd]_�� 0/1b �X7v]_*,�1\ \^7 C1 ')���+´/1� ] 76��# J �
� *J/1��\�*J7 \ª����/1 J\('a��/ '&/^\_ c�� 0/1b)\Ñ\_#X 0�1��b&� 7 \+\^/1b&��%65$#X 0�1��*J7_b&� 7 \;N

  � U 7 \_� #Xbd7Ö\^/1*.#��� 0/1b �X7"!$# �%#��Ð��#-\^7_b)\;�X7 \ �� J\_���! �"$#��� 0/1b)\"!|/1#-\^/1*.#��� 0/1bM�~�� �"$*J7&� �
 c  � � #��ª� /1#��I�X/���� cbd7 R ⊂ D × [0,+∞[ N

∫

∂R

(Uηt + F (U)ηx) dσ =

∫

R

S(x, t, U)dxdt,

 c c  �
# � U 7 \_� #Xbd7Ö\^/1*.#X�� 0/1bp]_*,�1\ \_ �5$#&7;�X7"!$# �%#��Ó* 	 /(' U 7 \_� C1 $
) � U \$���� J\ �~�� c�(*,��] /1b,�� c�� 0/1b �X7 � ��b �1 cbd7�" � #�	X/1b& 0/1��*J7v*J/1b�	 �X7 \´] /1#X�$"_7 \ �X7 �� J\^] /1b&�� 0"
b&#X c� % \ N

s[U ] = [F (U)].

��+* , ��©��-¢ �-¤ �-¤��.- ¢�£$�	� ¤��0/�§~�-§$�

�	1��
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,=C?)@(Ì$=CFA}�D�@|?AGJ@|E+IÃL���{~D�Ê)=�MAEÑMAEÖÅC=CIH?A��E$}+�&F)GJ}$¿)=CF	?)D�GHIJGJ}|E�IJL9	3=C@6��EÖGHFzD6{$KC@6L�IJE�MAE+I � {$�z?&L-�
D�GH=CF ��� º � ��}6?A@�IJE-M)=C�´LUGJFAE R ⊂ D × [0,+∞[

º ��=CGHD η =

[
ηx

ηt

]
¿�IJE-ÅCE~Ì~D6E$?A@ÐFA=C@6�ÐL�I

?AFAG,D L�GH@6EÖE!Ç�D6{$@|GJE$?)@�� ∂R ¿�	3@6=�FzD6GJÍ~@6E+MA? MA=C�ÐL�GJF)E R ºÆ�F�?)D6GJIHGJ}�LUFzD�IÃL�<A@|=C<>=�}6GHD6GJ=CF-GHG ��MA? D6ÊA{$=�@6Í$��EÓ� º � º ��¿A=CF L e
∫

∂R

(Uηt + F (U)ηx) dσ =

∫

R

Q(x, t, U)dσ.
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� ������� � � � ��� 	 ��� ����� ������� �	� � 	�� � � �D����� ��� � � ��� ��� � ��� �"���
��� �6� � ��� � �$� � � � � � � 	�������� � ������� ��� ���I� ��� � � � �	�����
�ÖF-MAGJ}|Ì$@6{_D�GH}6EÖIHEÑMA=C�ÐL�GHFAE�E~F-E$}|<&L�Ì$E+E_D(E$F-D6E$��<A}®E~F }|?ABaMAGHÅXGJ}6L�F�D D E~F-GJF�D�E~@|ÅUL�IJIHE$} }6?AÌ �
Ì$E~}6}6G8	3} e
=CF <>=C}|E ∆xi = xi+ 1

2

− xi− 1

2

, i ∈ Z
¿&E_D ∆tn = tn+1 − tn, n ∈ N

º

�ÖF�GHFzD6Í$KC@|E+I � {$�z?&LUD6GJ=CF � � º � �®}6?A@�?AFAEªÌ~E$IJIH?AIJE [xi− 1

2

, xi+ 1

2

] × [tn, tn+1]
e

−
∫ x

i+1
2

x
i− 1

2

U(x, tn)dx+

∫ tn+1

tn

F (U(xi+ 1

2

, t))dt+

∫ x
i+1

2

x
i− 1

2

U(x, tn+1)dx−
∫ tn+1

tn

F (U(xi− 1

2

, t))dt =

∫ tn+1

tn

∫ x
i+1

2

x
i− 1

2

Q(x, t, U)dx dt, ��� º � �

E~Df=CF	Ì ÊA=CGH}6G,D�MAEª<A@6E~FAMA@6E�<a=C?A@({~D�LUDf�Ð=^È�E$F³¿&IJL��X?AL�F�D�GHD6{

Un
i =

1

∆xi

∫ x
i+1

2

x
i− 1

2

U(x, tn)dx.

Æ�F��&F³¿h=CF	<a=C}6E

F (U(xi+ 1

2

, t)) = φ(Un
i , U

n
i+1).

� � º . �

φ @6E~<A@6{~}6E$F�D6EVIJE�?A?�Ç Fz?A�Ð{~@6GH�X?)E���I � GHFzD6E$@ 	�L�Ì$E xi+ 1

2

¿&<>=C?)@ t Ì$=��Ð<A@|GJ}�E~F�D�@6E tn E~D tn+1

º
Ô � {~�X?ALUD�GH=CF ��� º � �®MAE_Å�GHE$F�D e

−∆xiU
n
i + ∆tnφ(Un

i , U
n
i+1) + ∆xiU

n+1
i − ∆tnφ(Un

i−1, U
n
i )

=

∫ tn+1

tn

∫ x
i+1

2

x
i− 1

2

Q(x, t, U)dx dt.
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Un+1

i = Un
i − rn,i

[
φ(Un

i , U
n
i+1) − φ(Un

i−1, U
n
i )
]
+ ∆tnQ

n
i

=�� =CF LÓ<a=C}|{ rn,i =
∆tn
∆xi

º

Qn
i
E$}|D�I � L�<)<A@6= Ç�GJ�ÐLUD�GH=CFfMA?+D�E$@|�ÐE�}|=C?A@|Ì$E�¿$MA{!�&F)GJE�GJÌ~GC<&L�@ 1

∆xi∆tn

∫ tn+1

tn

∫ x
i+1

2

x
i− 1

2

Q(x, t, U)dxdt.
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IJ?A��E$} �AFAGJ} º
,yL�@�E!Ç)E~�Ð<)IJE�¿&<a=C?A@(IJL�Ì$IJL�}6}|E�M)E$} Q � }6Ì ÊA{~�´LU}$¿&IJE�?A?�Ç Fz?A�Ð{~@6GH�X?)E+} � {$Ì$@|GHD e

φ(Un
i , U

n
i+1) =

1

2
(f(Un

i+1) + f(Un
i )) − 1

2
|Q(Un

i , U
n
i+1)|(Un

i+1 − Un
i ).

Q E$}�DfIÃLv�´L1D�@6GHÌ$EÖÌ$L�@�LUÌ~D�{~@6GH}|D�GH�z?AE+MA? Q− }6Ì Ê){$�ÐL ºËÖL�FA}�IHEÖ}6Ì ÊA{~�´LvMAEªÀ�=XE�¿ Q(Un
i , U

n
i+1) = A(Ũ) MA{!�AFAGHD(IJL��´L1D�@6GHÌ$E�MAEªÀf=XE�¿)=�� Ũ @6E~<A@6{ �

}6E~FzD6E�I � {_D LUD���=^ÈCE~F �vMA{_D�E$@|�ÐGHFAE$@(E~F6	3=�FAÌ~D6GJ=CF	MAE~}fM)E$?�Ç {_D LUD6} Un
i
E_D Un

i+1

º
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Á =CFA}|GJMA{~@6=CFA}®?AF }|ÈX}�D�Í$��E+MAE�IJ=CGH} M)EÖBAGJIJL�F�M&L�FA}
R

m ¿�GH}6}|?AEÖMAE�IÃL���{$Ì$L�FAGH�X?)EÑMAE~}+?&?AGHMAE$}~¿
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∂W

∂t
+
∂F (W )

∂x
= Q(x,W ) M&L�FA} R×]0, T [

W (x, 0) = W0(x).

� � º?> �

��=C?)} 	�L�GJ}|=CFA}®I � Ê�ÈX<a=�D�ÊAÍ~}6E�	3=CF)M&L���E$F�D L�IHEÑ�z?AEÖIHEÖ<A@|=CBAIJÍ~�ÐE�MAE+À�GJE~�´L�F)F´Ì$=�@6@6E~}6<a=CFAM&LUFzD$¿
MA{!�AFAGZ<&L�@ e

W0(x) = WL
}|G x < 0, E~D W0(x) = WR

}|G x > 0,

L�MA��E~D�?AF)E�}|=CIJ?�D�GJ=�F	L�?)D�=�}6GJ��GJIJL�GJ@|E�F)=�D�{~E W (x, t) = H
(x
t

) º
,�IJ?A}�<A@|{$Ì$GH}6{~�ÐE~FzD e
��G =CF�F)=�D�E aL

E_D aR
MAE~}+<>E~FzD6E$}ªMAEvÌ~=C?A@6BaE$}+M)E�MAGJ}|Ì$=CF�D6GJFz?AGHD6{�=C?�MAEvM){~D�E~F�D�E�¿¬GHIE!Ç�GJ}|D6E

?AF =C<>{~@�LUD6E$?A@�FA=UD�{ Rs D6E$I¬�z?AE

W (x, t) = H
(x
t

)
=





WL,
}|G x
t
< aL

H
(x
t

)
= Rs

(x
t
,WL,WR

)
, }6G aL <

x

t
< aR

WR,
}|G x
t
> aR.

� � º � �

À�LU<A<>E~IJ=CF)}��z?AE�¾�IJÌ~@6?AMA=ÐE~DÖÄ®E$FAÉzÊ&LUIJMA=C?)F;=CF�DÖ��=CF�D�@|{�M&LUFA}�� ¾ÖÄ��)� �y�z?AEVIJE$}f{$�z?&L1D�GJ=�FA}
MAE6�)L�GHF�D �(#�E~F&L�F�DÓL ÅCE~Ì	?AF 	3=CFAM E$F 	3=C@|�ÐE´MAE-�´LU@6Ì ÊAEU¿yMA=CF)F&L�GJE~F�DÓIJGJE~? �;?AFAE-}|=CIJ?�D�GJ=�F
L�?)D6=C}6GH�ÐGHIÃL�GH@6E MA?Ð<)@6=CBAIHÍ$��E�MAEfÀfGHE$�ÐL�FAF³¿C�z?&LUFAM´IJLªM)GJ}6Ì~=CF�D�GHFX?)GHD�{(GHFAGHD6GÃL�IHE®MAE�IJLª}|=CIJ?�D�GJ=�F
{~D�L�GHD�}|GHD�?){$E��vI � E$FAMA@|=CGHD�MAEªIÃL��ÐL�@6Ì ÊAE º
,yL�@ªLUGJIJIHE$?A@|}$¿aFA=C?A}+E!Ç�<A@6GH�Ð=CF)}Ö�z?AEÓFA=C?A}+Ì~=CFA}6GHMA{$@|=CFA}ª?AFAEv}|=CIJ?�D�GJ=�F�L�?9}6E~FA}ªMAE$}+MAGH}|D6@6G8�
BA?)D6GJ=CFA}�MA?	<A@|=CBAIHÍ$��E ��� º > �_¿)E$F ?)D�GHIJGJ}6L�F�D(IÃL�<)@6=C<a=C}6G,D�GH=CF ii) MA?-D�ÊA{~=C@6Í~�ÐE ��� º � º � � e

∫

∂R

[W.nt + f (W ) .nx] dσ =

∫

R

Q (x,W ) dxdt. ��� º = �

�ÖF�}|E-<A@6=�<>=C}|E-MAE-Ì$=�FA}|D6@6?AGH@6E ?AF }|Ì ÊA{$�ÐL�FX?)�Ð{~@6GJ�z?AE-BAL�}6{-?AF)GJ�z?AE$��E$F�DÓ}|?A@vIJE~}�MAE$?XÇ
<A@6=�<A@6GH{~D�{~} ��� º � �®E~D � � º = � º

��@
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ËÑ{!�AFAGJ}|}6=CFA}f<a=C?A@�?AF �´L�GHIJIJL�KCE�?AFAG8	3=C@6��E e
rn =

∆tn
∆x

, L ÅCE$Ì ∆tn = tn+1 − tn
E_D ∆x = xi+ 1

2

− xi− 1

2

¿)IHE$}�<&LU}�MAEÑD6E$��<A}�E~D�M � E~}6<&LUÌ$E
@6E~}6<aE$Ì~D6GHÅ�E$��E$F�D º
��=C?)}fF)=�D�E~@6=CFA} xi

IJE+Ì~E$F�D�@|E�M)E�IJLvÌ$E$IHIJ?AIHE ]xi− 1

2

, xi+ 1

2

[
º

� � GJFA}|<AGJ@6L�F�D�MAE�IJLÖMA{$�ÐL�@|Ì ÊAE�M)EÑÏ+=XMA?AFA=^Å � Ïª=XMh�ORz¿XÏ+=�M =����hE~D E~FÐ?)D6GJIHGJ}�LUFzD ?AFAE�<A@6E~�ÐGHÍ$@|E
	3=CGJ} IJE~}�<A@6=�<A@6GH{~D�{~} � � º � � E~D � � º = �_¿X}6?A@®IJEÑM)=C�´LUGJFAE R =]xi− 1

2

, xi+ 1

2

[×[tn, tn+1[
¿�=�F-{$Ì$@|GHD e

W n+1
i = W n

i − rn

[
F
(
Rs(0,W n

i ,W
n
i+1

)
− F

(
Rs(0,W n

i−1,W
n
i

)]
+ ∆tnQ

n
i ,

=�� Qn
i
E~}|Df?AFAE�L�<A<)@6= Ç�GJ�ÐLUD�GH=CF MAE 1

∆tn∆x

∫

R

Q (x,W ) dxdt.

,=C?)@�I � {_ÅUL�IJ?&L1D�GJ=�FÖMAE F (Rs(0,W n
i ,W

n
i+1)
) ¿ I � GJMA{~E�GJÌ~G�E$}�DyM � {_Å�G,D�E~@¬MAE�Ì L�IHÌ$?AIHE$@¬IÃL�}|=CIJ?�D�GJ=�F

E_Ç)L�Ì_D�E Rs ¿C=C?v�<;$��E�M � GJF�D�@|=�M)?AGJ@|E�?AFÓ<A@6=�BAIJÍ~�ÐE�M)E�ÀfGHE$�ÐL�FAF�IHGJFA{$L�@6GH}6{ º ��=�?A}�Ì ÊAE$@|Ì ÊA=CFA}MAGJ@|E$Ì_D�E$��E$F�D�?AF)EÑÅUL�IJE~?A@(L�<A<)@6=XÌ ÊA{$E+MAE+IJLV}6=�IJ?)D6GJ=CFÐE_Ç)L�Ì~D6E�¿&E~F-E_Ç�<AIJ=�GHD LUFzD®IJE~}�<A@6=�<A@6GH{~D�{~}
��� º � �®E_D � � º = � º
¾ÑGHFA}6G�¿A=CF	{$Ì~@6GHD�<AL�@�E_Ç�E$��<AIJE+}|?A@�IJE+Ba=C@6M xi+ 1

2

e

W n
i+ 1

2

= L�<A<A@|=^Ç�GH�´LUD6GJ=CF´MAE Rs
(
0,W n

i ,W
n
i+1

)
.
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i− 1

2

))
,

}6=CG,D 



wn
i+ 1

2

=
1

2

(
wn

i + wn
i+1

)
− 1

2
sgn

(
f ′(an

i+ 1

2

)
) (
wn

i+1 − wn
i

)

wn+1
i = wn

i − r
(
f
(
wn

i+ 1

2

)
− f

(
wn

i− 1

2

))
.

D tXopi �1r³sZt
��G =CF }6?)<A<>=�}6E-�z?AE f ′ K�L�@|MAE´?)F }6GJK�FAE´Ì~=CFA}|D�L�F�D�E_Dv�z?AE I � =CFR{$Ì$@|GHD�IJEÐ}6Ì ÊA{~�´L ��À�� Î �
}6=C?)}�IJL9	3=C@6��E

wn+1
i = H

(
wn

i−1, w
n
i , w

n
i+1

)
,

I � E$@|@6E$?)@fM)EªD6@6=CF)Ì LUD6?A@6E+E~}|D�MA=CFAFA{~Eª<&L�@ � #�=CGH@(ÀfL^ÅXGJL�@|D(E_DÑÏª=XMAIJE ��}6ÉzG���RQR�� �`ÏªÀ R���� �

ET (w)(x, t) = −τ ∂
∂x

[
B (w, r)

∂w

∂x

]
+ ◦(τ 2)

L ÅCE$Ì B (w, r) =
1

2r2

j=1∑

j=−1

j2 ∂H
∂wn
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2
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2
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r

2
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B (w, r) =
1

2r2
r |f ′(w)| − 1

2
f ′(w)2

=
|f ′(w)|

2r
(1 − r |f ′(w)|) .

Ô¬EÖ}6Ì ÊA{~�´L�E~}|D(M)=CFAÌÖ�z?&L�}|GdM � =C@|MA@6E 2 }6G>IÃL�Ì~=CFAMAG,D�GH=CF´MAE�}|D�L�BAGJIHGHD6{�E~}|D(MAEÑI � =C@6MA@|E�M)E 1
º ��G

IÃLvÌ$=�FAMAGHD6GJ=CF-M)E�}�D L�B)GJIJG,D�{�E$}|DfGHF�	3{$@|GJE$?)@6E�� 1 IJE+}6Ì Ê){$�ÐL�E~}|DfM � =C@6MA@|E 1
º

� 1 � 1�� � GK5@;�� 7)� 7@5 4 ; EHG�9�?�� ;DCK5

� r³sZi)kmq � � ��t�������9ht#�Uu
Ô � {~�X?ALUD�GH=CFÐM)EÑÄ
	)@6KCE~@6} @6E$<)@6{$}|E$F�D�E�?AFAEfIJ=CG)MAE�Ì~=CFA}|E$@|ÅULUD6GJ=CF�FA=CF�IJGHFA{ LUGJ@6E®Ì$=C��B)GJFA{~E�L Å�E$Ì
?AFAE+<&LU@|D�GHEÖFA=CF-Ê)=C�Ð=�KCÍ$FAEÑMAG� >?A}6G,ÅCEU¿)��=�MA{~IJGH}�L�F�D�M)EÖ�´LUFAGJÍ~@6EÖ}|GJ��<AIJG8�&{$Ef?AF-{$Ì~=C?AIHE$��E$F�D
E~Df�z?AG¬} � {$Ì~@6G,D e

∂w

∂t
+

∂

∂x
(
w2

2
) = ν

∂2w

∂x2
,

=�� w E$}�D�?AFAEÖÅUL�@|GÃL�BAIHEÑÌ~=CFA}6E~@|ÅULUD6GHÅCEU¿ ν E$}�Df?AF	Ì$=XE��Ì$GHE$F�D�MAEÖÅXGJ}|Ì$=C}|GHD�{ º �ÖF	Ì$=CF)}6GJM)Í$@6E+IHEÌ L�}�=�� ν D�E$F)M Å�E$@6} 0
º ËÖL�FA}fÌ$EªÌ LU}fI � {~�z?&LUD�GH=CF-MAE_Å�GHE$F�D e

∂w

∂t
+
∂(w2

2
)

∂x
= 0,

E~Df=CF	<A@|E$FAM�Ì$=C���ÐEÑÌ$=CFAM)GHD�GH=CF-GJF)GHD�GJL�IJE

w0(x) =





0 }|G 0 ≤ x < 0.2,

1 }|G 0.2 ≤ x < 0.4,

1 − 5(x− 0.4) }|G 0.4 ≤ x < 0.6,

0 }6GHFA=CF .
Á%� E~}|D�?AF <)@6=CBAIHÍ$��E�MAE ÀfGHE$�ÐL�FAF�D�E~}|D6{R<&LU@ » º ËÑE�#�?)ÈX}|D � Ë #+� > �0¿(MA=�FzD IJL }|=CIJ?�D�GJ=�F
Ì$=CF�D6GJE$F�D+?)FAE�=CFAM)E�MAE�@6L�@6{ 	�L�Ì~D6GJ=CF;�z?AG}6E9	3=�@6��E �´<&LU@|D�GH@ÑMAEVIÃLÐ<)@6E$��GJÍ~@6E�MAGJ}|Ì$=CF�D�GHFz?AGHD6{
E~D´�X?)GÑÌ$=��Ð<A@|E$}|}6E;IJL �~=CFAE;E~FzD6@6E x = 0.4 E_D x = 0.6 ¿ E_D ?AF)E =CFAM)E;MAE Ì Ê)=�Ì��X?)GÑ}6E
<A@6=�<&L�KCE*�+<&L�@�D�GJ@yMAE x = 0.6 L ÅCE~Ì�?)FAEfÅXG,D�E$}|}6E�{$KCL�IJE2� σ =

1

2
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i+ 1

2

= 1
E~DfIJEª}|Ì ÊA{$�ÐLÐÊ�ÈXBA@6GHMAEª{$K�LUIJE$��E$F�D�<a=C?A@�IJEª<&LU@�L���Í~D6@6E θn

i+ 1

2

= 0 ¿&FA=C?)}�LUIJIJ=�FA}�L��Ì ÊAE$@fIJE~}
Ì$=C?)@6BaE$}fMAEª@6{$<AL�@|D6GHD�GH=CF MAE αn

i+ 1

2

E~D θn
i+ 1

2

º
ËÑEª<AIJ?)}�IJE~}�<&L�@6L��ÐÍ_D�@|E$} αn

i+ 1

2

E~D θn
i+ 1

2

Ì$=�FzD6@VSCIHE$F�D(IJL�MAG� >?A}6GH=CF Fz?A��{$@|GJ�z?AE�¿)=CF-@6E~�´L�@|�z?AE
�z?AEVÌ~E$IJIHEªÌ$G�E$}|D�{$IHE~Å�{$EV<a=C?A@fIJEª}|Ì ÊA{$�ÐLE�)À*� Î � �ÐI � E~FAMA@|=CGHD�M � ?AFAE�=CFAMAE�MAE�@�L�@|{!	�L�Ì_D�GJ=�F
E~DÑL�?A}|}6G�GJ��<>=C@�D L�F�D6EÖ<>=�?A@�IHEª}6Ì ÊA{~�´L�ÊzÈXBA@|GJMAE"�ÓI � GJ}6}|?AE�MA? <A@|=C<&L�KCLUD�GH=CF-M � ?AFAEV=�FAMAE�MAE
Ì ÊA=XÌ º
Ô¬E�?A?�Ç	Fz?A��{$@6GH�z?AEªMA?�}|Ì ÊA{$�ÐLÓÊzÈXBA@|GJMAEª} � {~Ì$@6G,DfMAEªIÃL9	�L�½~=CF�}|?AGHÅUL�F�D6E
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i+ 1

2

(
θn

i+ 1

2

;W n
i ,W

n
i+1, r

)
= θn

i+ 1

2

φMLF
i+ 1

2

(
W n

i ,W
n
i+1, r

)
+
(
1 − θn

i+ 1

2

)
φLW,ε

i+ 1

2

(
W n

i ,W
n
i+1, r

)
,

=�� φMLF (U, V, r) E~DªIHE9?&?�Ç;Fz?A�Ð{~@6GH�X?)EvMA?9}6Ì ÊA{~�´L-MAEÓÔZL1Ç7� » @|GJE$M)@6GJÌ Ê)}Ö�Ð=XMAG8�&{VMA=�FAFA{<&L�@
φMLF (U, V, r) =

1

2
(f(U) + f(V )) − 1

4r
(V − U)

E~D φLW,ε (U, V, r) E~D�I � LU<A<A@6= Ç�GJ�ÐLUD6GJ=CF�MA? ?&?�Ç�Fz?A�Ð{~@6GH�X?)E�}6?AG,ÅUL�F�D�?AFAE�M){$@6G,ÅC{~E(MAGJ@|E$Ì~D6GJ=CF��FAE$IHIJE+E_D�?)F <AL�@�L���Í~D6@6E ε MA? }6Ì ÊA{~�´LÓMAE�ÔZL1Ç7� �RE$FAMA@|=� 9MA=CF)FA{ª<&L�@

φLW,ε (U, V, r) =
1

2
(f(U) + f(V )) − r

2

f [ϕ̄ (U, V ) + ε (f(V ) − f(U))] − f (ϕ̄ (U, V ))

ε
,

=�� ϕ̄ (U, V ) E$}|Dª?)F;{~D�LUD+��=mÈ�E$F�}6LUD�GH} 	�L�GH}�L�F�D�IÃLÐ@|E$IJLUD�GH=CF MAEVÌ$=CFA}|GJ}�D L�FAÌ~E ϕ̄ (U, U) = U ¿E$}�D®Ì ÊA=�GJ}6G&D6E$Ih�z?AE�IJL��ÐLUD6@6GJÌ~E Ā (U, V ) = A (ϕ̄ (U, V )) ¿�E~D IJE'?&?�Ç�Fz?A��{$@|GJ�z?AEfMA?´}|Ì ÊA{$�ÐLMAE�ÔZL1Ç7� �RE$FAMA@|=� 9E$}�DfMA=CFAFA{ª<&LU@

φLW (U, V, r) =
1

2
(f(U) + f(V )) − r

2
Ā (U, V ) (f(V ) − f(U)) .

θn
i+ 1

2
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2
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2
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i
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,

=�� S(U) =
1

2
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2
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(
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2
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∂W

∂t
+ A∂W

∂x
= 0, (x, t) ∈ D × R

∗
+, D ⊂ R

W (x, 0) = W0(x), x ∈ D
�0� º �m� �

L ÅCE$Ì W : D × R+ → Ω ?)F ÅCE$Ì_D�E~?A@ � m Ì$=C��<a=C}�L�F�D6E$}�MAE´�X?AL�F�D�GHD6{$}�Ì~=CFA}|E$@|Å�{$E~}$¿�=��
ÅUL�@6GJL�BAIJE~}vM � {~D L1D ¿ Ω {_D L�F�DÐ?AF�=C?)ÅCE~@|DÐB>=�@6FA{	MAE

R
m ¿ A E$}�D´?AF)E��ÐLUD�@|GJÌ~E Ì L�@|@6{~E�M&LUFA}

Mm(R)
º
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W n
i+ 1

2

=
1

2

(
W n

i+1 +W n
i

)
−

αn
i+ 1

2

2Sn
i+ 1

2

A
(
W n

i+1 −W n
i

)

W n+1
i = W n

i − rA
(
W n

i+ 1

2

−W n
i− 1

2

)

=��
Sn

i+ 1

2

= max
p=1,...,m

(|λp|) = ρ (A) ,

L ÅCE$Ì ρ(A) IJE�@�L ÈC=�F;}6<aE$Ì_D�@�LUIMAE A ¿ [λp]p=1,...,m
}|=CF�DÖIJE~}fÅUL�IHE$?A@|}�<)@6=C<A@|E$}ÖM)EVIÃLÓ�ÐLUD�@|GJÌ$E

A E_D αn
i+ 1

2

E$}�Df?AF�<AL�@�L���Í~D6@6E+MAEªÌ~=CF�D�@VS�IJE º
Ô¬Ev}|ÈX}|D6Í$��E ��� º �^� ��E$}�D�ÊzÈX<aE$@|B>=CIHGJ�z?AEU¿³GJI} � E$FA}|?AGHDª�z?AEÓIÃL �ÐLUD6@6GJÌ~E A E$}�D�M)GÃL�KC=�F&L�IJGH}�L�B)IJE
M&L�FA}(?)FAE+B&L�}|E+MAE$}(ÅCE~Ì~D6E$?A@|}f<)@6=C<A@|E$} º �+F-F)=�D�E λ1 ≤ λ2 ≤ ... ≤ λm

}6E~}�ÅUL�IHE$?A@|}�<A@|=C<A@6E~}
L�}6}|=�Ì~GJ{~E$} L�?�ÇÓÅCE~Ì~D6E$?A@|}®<A@|=C<A@6E~} {r1, ..., rm} ¿zE~D =CF�FA=�D6E B = {r1, ..., rm} IÃL+B&L�}|E�MAE R

m

	3=C@6��{$Eª<&LU@fIHE$}(ÅCE~Ì~D6E$?A@|}Ñ<A@|=C<A@6E~}�M)E A º �X=CGHD R = [r1, ..., rm] IÃLv�ÐLUD�@|GJÌ$E+M)E�<AL�}6}6L�KCE�MAEIÃL-B&L�}|EÐÌ$L�FA=CF)GJ�z?AEÓMAE
R

m �	IÃL BAL�}6E B ¿¬GJI } � E~FA}6?AG,DV�z?AE�IÃL-�ÐLUD�@|GJÌ~E A = RΛR−1 ¿¬=��
Λ E~}|DÖIJLÐ�ÐLUD�@|GJÌ~E�MAE~}�ÅUL�IHE$?A@|}Ñ<A@|=C<A@6E~}ÖE~D R−1 E~}|D+IJLÐ�ÐLUD�@|GJÌ$EªGHFzÅ�E$@|}6E�MAEVIÃLÓ�´LUD6@6GHÌ$E�MAE
<&L�}|}�L�KCE º
Ô � {_D L�<aEª<A@6{~MAGJÌ_D�E$?)@f} � {~Ì$@|GHD

W n
i+ 1

2

=
1

2

(
W n

i+1 +W n
i

)
−

αn
i+ 1

2

2Sn
i+ 1

2

A
(
W n

i+1 −W n
i

)
.

�ÖF�<a=C}6E V = R−1W ¿&I � {_D L�<aEÖ<A@|{$MAGHÌ~D6E$?A@�MAE_Å�GHE$F�D

V n
i+ 1

2

=
1

2

(
V n

i+1 + V n
i

)
−

αn
i+ 1

2

2Sn
i+ 1

2

Λ
(
V n

i+1 − V n
i

)
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V n+1
i = V n

i − rΛ
(
V n

i+ 1

2

− V n
i− 1

2

)
.
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V n
i+ 1

2

=
1

2

(
V n

i+1 + V n
i

)
−

αn
i+ 1

2

2Sn
i+ 1

2

Λ
(
V n

i+1 − V n
i

)
,

V n+1
i = V n

i − rΛ
(
V n

i+ 1

2

− V n
i− 1

2

)
,
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∂V

∂t
+ Λ

∂V

∂x
= 0, (x, t) ∈ D × R

∗
+, D ⊂ R,

V (x, 0) = V0(x), x ∈ D.
Á Ev}|ÈX}|D6Í$��EÓE$}|Dª{~�z?AGHÅUL�IHE$F�D�� m {$�z?&LUD6GJ=CFA}ÑGJFAMA{~<>E~FAM&L�F�D6E$}�� m ÅUL�@|GÃL�B)IJE$}~¿>Ì � E~}|D ��� � MAGJ@|E
�z?AE�IHE+<A@6=�BAIJÍ~�ÐEÖ}|E�@6L���Í$FAE�� e ∀p ∈ {1, ..., m} e





∂vp

∂t
+ λp

∂vp

∂x
= 0, (x, t) ∈ D × R

∗
+, D ⊂ R,

vp(x, 0) = (vp)0(x), x ∈ D,
E~DfIJE+}|Ì ÊA{$�ÐL��)À�� Î } � {$Ì$@|GHDf<a=C?A@(Ì$E~}�<A@6=CB)IJÍ$��E$} 1D }|Ì L�IJL�GJ@|E�¿ ∀p





(vp)
n

i+ 1

2

=
1

2

(
(vp)

n

i+1 + (vp)
n

i

)
−

αn
i+ 1

2

2Sn
i+ 1

2

λp

(
(vp)

n

i+1 − (vp)
n

i

)
,

(vp)
n+1
i

= (vp)
n

i
− rλp

(
(vp)

n

i+ 1

2

− (vp)
n

i− 1

2

)
.
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1) αn
i+ 1

2

≥ ρ(A)

|λp|
∀(i, n) ∈ Z × N

$ ∀p ∈ {1, ..., m} � 7_*Z5$#&7 λp 6= 0 $

2) r ≤ ρ(A)−1 �
� 7+\^] 2&%���Ó\$���� J\ �~�� c��*J7('a�! cbd]_ `'&7;��#A���JC 0v#�±*J/^]6��*

min
i∈Z

(vp)
n

i
≤ min

i∈Z

(vp)
n+1
i

≤ max
i∈Z

(vp)
n+1
i

≤ max
i∈Z

(vp)
n

i
.

� �mtXs�'>t
�ÖF L ∀p

(vp)
n+1
i

= (vp)
n

i
− r

2
λp

[
(
(vp)

n

i+1 + (vp)
n

i

)
−
αn

i+ 1

2

Sn
i+ 1

2

λp

(
(vp)

n

i+1 − (vp)
n

i

)
]

+
r

2
λp

[
(vp)

n

i
+ (vp)

n

i−1 −
αn

i− 1

2

Sn
i− 1

2

λp

(
(vp)

n

i
− (vp)

n

i−1

)
]
.
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(vp)
n+1
i

= βn
i−1(vp)

n

i−1 + βn
i (vp)

n

i
+ βn

i+1(vp)
n

i+1,

L ÅCE$Ì
βn

i−1 =
r

2
λp

(
1 +

αn
i− 1

2

Sn
i− 1

2

λp

)
,

βn
i = 1 − r

2

(
αn

i− 1

2

Sn
i− 1

2

+
αn

i+ 1

2

Sn
i+ 1

2

)
λp

2,

βn
i+1 =

r

2
λp

(
αn

i+ 1

2

Sn
i+ 1

2

λp − 1

)
.

�ÖF�<a=C}6E [δn
i+ 1

2

]
p

=
αn

i+ 1

2

Sn
i+ 1

2

λp

º

1) Æ�FRL�<A<AIHGJ�z?&L�F�DªIJEv�<;$��EÓL�@|KC?A��E$F�Dª�z?AEÓM&L�FA}ªIJEvÌ$L�}ª}6Ì$L�IÃL�GH@6EU¿d=CFRL�?A@6L βn
i+1 ≥ 0 E~D

βn
i−1 ≥ 0 }|=C?A}�IÃLvÌ~=CFAMAG,D�GJ=�F-}6? �}�LUFzD6E αn

i+ 1

2

≥
Sn

i+ 1

2

|λp|
¿ ∀(i, n) ∈ Z × N

¿ ∀p ∈ {1, ..., m} º

2) Ë � LU<A@6Í~} 1) ¿>=CF MA{$MA?)GHDÖ�z?AE 1
αn

i+1
2

Sn

i+1
2

+
αn

i− 1
2

Sn

i− 1
2

≤ |λp|
2

∀p ∈ {1, . . . , m} ;dE_DÖIÃL�Ì$=CF)MAGHD6GJ=CF

βn
i ≥ 0 E$}�D�}�LUD6GJ} 	�L�GHD6EÑ}6G rλp

2 ≤ 2(
αn

i+1
2

Sn

i+1
2

+
αn

i− 1
2

Sn

i− 1
2

) ∀(i, n) ∈ Z ×N
¿ ∀p ∈ {1, ..., m} ¿)Ì~E

�z?AG¬E$}�D�Å�E$@6G8�&{ª}6=C?)}fIJLvÌ$=CFAM)GHD�GH=CF-}6? Ð}6L�F�D�E rρ(A) ≤ 1
º

� 1��
1 � �	� 9A� E���7:9<CJADC = 2	4 7:9����$C 5@2	;D5�� 2 9<EHC E � 7@9�?$=�?$C¬� �+C

ËÑE �ÐL�FAGHÍ$@6E´L�F&L�IH=CKC?AE�� I � {_D�?AMAE<	�L�GHD6E´M&LUFA}�IJE�Ì LU}�}6Ì$L�IÃL�GH@6EU¿=CFp}6E <A@|=C<a=C}6E M)E´Ba=C@6FAE~@
I � {~D�LUD GJF�D�E~@6��{$MAGJL�GJ@|E (vp)

n
i+ 1

2

∀p ∈ {1, . . . , m} º ,=C?)@®Ì$E~IÃL���Ì ÊAL��z?AEÖGJF)}|D LUFzD =CFÐGJ��<>=�}6E
}6?A@ vn

i+ 1

2

IÃLvÌ$=CF)MAGHD6GJ=CF-}|? �}�L�F�D�E�}6?)GHÅUL�F�D�E e

(vp)
n

i+ 1

2

∈
[
(vp)

n

i+1⊥(vp)
n

i
, (vp)

n

i+1>(vp)
n

i

]
∀ (i, n) ∈ Z × N

E~D ∀p ∈ {1, ..., m}.
�0� º �/. �

�Ö@
(vp)

n

i+ 1

2

=
1

2

(
1 + [δn

i+ 1

2

]p

)
(vp)

n

i
+

1

2

(
1 − [δn

i+ 1

2

]p

)
(vp)

n

i+1,

<>=�?A@(�z?AE�IJL�Ì$=CF)MAGHD6GJ=CF ��� º � . �®}6=CG,D�@6E~�Ð<AIHGJEU¿)GJI>}6? ÓD�M � L^Å�=CGJ@

1 +
[
δn
i+ 1

2

]
p
≥ 0 E~D 1 −

[
δn
i+ 1

2

]
p
≥ 0,
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GJI³} � E~FA}6?)GHDf�z?AE
∣∣∣[δn

i+ 1

2

]p

∣∣∣ ≤ 1 ∀p ∈ {1, . . . , m}, ∀(i, n) ∈ Z × N.

» GJFAL�IJE~�ÐE~FzD�}6=C?A}�IJLÓÌ~=CFAMAG,D�GH=CF �0� º �/. �!¿)=CF	D�@|=C?)Å�E

∀p ∈ {1, . . . , m}
∣∣∣[δn

i+ 1

2

]p

∣∣∣ ≤ 1. ��� º � > �

Ô¬E$}+MAE~?�Ç9GJF){$K�L�IHGHD6{$} αn
i+ 1

2

≥
Sn

i+ 1

2

|λp|
�3Ì$=CFAM)GHD�GH=CF;MAEv}�D L�B)GJIJG,D�{�MAEvIÃLÐ<A@6=C<a=C}|GHD�GH=CF�� º . º � ��E_D

αn
i+ 1

2

≤
Sn

i+ 1

2

|λp|
GJ��<AIJGH�z?AE$F�D ∀(i, n) ∈ Z × N

E_D ∀p ∈ {1, ..., m} αn
i+ 1

2

=
Sn

i+ 1

2

|λp|
º �ÖF�ÅC=CG,D

MA=CFAÌ��z?AE�IHE�<AL�@�L���Í~D6@6E�MAEfÌ$=CF�D6@VSCIHE αn
i+ 1

2

M){$<aE$FAM M)E$} ÅUL�IHE$?A@|} <)@6=C<A@|E$}~¿�M � =��ÐIJE�Ì ÊA=CG Ç�MAE
IJE+<A@|E$FAM)@6E�}6=C?A}�IJL�	3=�@6��EÖM � ?AFAE��´LUD6@6GHÌ$EÖMAGJL�KC=CFAL�IJE

αn
i+ 1

2

=




Sn

i+1
2

|λ1| 0 . . . 0

0
Sn

i+1
2

|λ2| . . .

ººº
ººº

0

º º º
0

0 . . . 0
Sn

i+1
2

|λm|
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�Ö@ V = R−1W
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W n
i+ 1

2

=
1

2

(
W n

i+1 +W n
i

)
− 1

2Sn
i+ 1

2

Rαn
i+ 1

2

ΛR−1
(
W n

i+1 −W n
i

)

=
1

2

(
W n

i+1 +W n
i

)
− 1

2Sn
i+ 1

2

Rαn
i+ 1

2

R−1A
(
W n

i+1 −W n
i

)
.

�ÖF�<a=C}6E
Qn

i+ 1

2

= Rαn
i+ 1

2

R−1.
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W n
i+ 1

2

=
1

2

(
W n

i+1 +W n
i

)
− 1

2Sn
i+ 1

2

Qn
i+ 1

2

A
(
W n

i+1 −W n
i

)
,

W n+1
i = W n

i − rA
(
W n

i+ 1

2

−W n
i− 1

2

)
.

Æ�F�}|GJ��<AIJG8�hL�F�D�=CF =CB)D6GJE~FzD�IHE+}6Ì ÊA{~�´L��)À*� Î �




W n
i+ 1

2

=
1

2

(
W n

i+1 +W n
i

)
− 1

2
sgn (A)

(
W n

i+1 −W n
i

)
,

W n+1
i = W n

i − r
(
F
(
W n

i+ 1

2

)
− F

(
W n

i− 1

2
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,
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L ÅCE$Ì sgn (A) = R sgn (Λ)R−1 E~D sgn (Λ) = diag

(
λk

|λk|

) º
D tXopi �1r³sZt
,=C?)@�?AF <A@|=CBAIJÍ~�ÐE+IHGJFA{$L�GJ@|E F (W ) = AW IHEª}6Ì ÊA{~�´L��)À*� Î �	}6E�@�L���Í$F)E"�v?AF�}6Ì ÊA{~�´L
MA{$Ì~E$F�D�@|{�L���=CF�D(Ì~=C�Ð��E+IJE+}|Ì ÊA{$�ÐLÓMAE�Àf=XE�¿�# » »�Á E_D*# » À�=�EÖE~F�E  dE_D e

ΦV FFC
(
W n

i ,W
n
i+1

)
=

1

2
A
(
W n

i +W n
i+1

)
− 1

2
sgn (A)A

(
W n

i+1 −W n
i

)

=
1

2
A
(
W n

i +W n
i+1

)
− 1

2
|A|
(
W n

i+1 −W n
i

)

= ΦRoe
(
W n

i ,W
n
i+1

)
.

ΦSRNHS
(
W n

i ,W
n
i+1

)
=

1

2
A
((
W n

i +W n
i+1

)
− sgn (A)

(
W n

i+1 −W n
i

))

= ΦV FFC
(
W n

i ,W
n
i+1

)
.

Ë � L�?)D�@|E�<&L�@�D-}6GÖ=�F�<)@6=1�|E_D6D�E W n
i+1 − W n

i
MAL�FA} IJL B&L�}6E�M)E$} ÅCE~Ì~D6E$?A@|}�<A@|=C<A@|E$}-MAE�IJL

�´LUFAGJÍ~@6E+}6?)GHÅUL�F�D�E W n
i+1 −W n

i =

p=m∑

p=1

γprp
=CF�L�?A@�L

W n
i+ 1

2

= W n
i +

1

2

(
W n

i+1 −W n
i

)
− 1

2
sgn (A)

(
W n

i+1 −W n
i

)

= W n
i +

1

2

p=m∑

p=1

γp (1 − sgn(λp)) rp

= W n
i +

∑

λp<0

γprp

= WV FRoe

(
0,W n

i ,W
n
i+1

)
,

=�� WV FRoe

(
0,W n

i ,W
n
i+1

) E~}|DZIJL�}6=CIH?)D�GH=CFÖMA?ª<A@|=CBAIJÍ~�ÐEMAE ÀfGHE$�ÐL�FAF³¿ γp = tlp·
(
W n

i+1 −W n
i

)
E~D tlp

<>=�?A@ p = 1, . . . , m IHE$}ÖÅCE~Ì~D6E$?A@|}V<A@|=C<A@6E~}9�-K�LU?AÌ ÊAE�MAE A ÅC{~@6G8�hL�F�D tlp · rq = δpqM � =���<a=C?A@(Ì~EªÌ L�}fIJGHFA{ L�GH@6E
ΦSRNHS

(
W n

i ,W
n
i+1

)
= AW n

i+ 1

2

= AWV FRoe

(
0,W n

i ,W
n
i+1

)
= ΦV FRoe

(
W n

i ,W
n
i+1

)
.
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∂W

∂t
+
∂F (W )

∂x
= 0, (x, t) ∈ D × R

∗
+, D ⊂ R

W (x, 0) = W0(x), x ∈ D
�0� º �m� �

> .
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m
º ÔZL 	3=CFAÌ_D�GH=CF

F MA{ �&FAGHEÖMAE Ω M&L�F)}
R

m @6E$<)@6{$}|E$F�D�E�IÃL�	3=CFAÌ~D6GJ=CF�?&?�Ç-�z?AE+I � =�F }6?A<)<>=C}|EªL�}6}|E �+@|{$KC?AIHGJÍ~@6E º
Ô¬E�}|Ì ÊA{$�ÐL��)À�� Î <>=C?)@(Ì$Eª<A@6=�BAIJÍ~�ÐE+} � {~Ì$@6G,Df}6=C?A}�IJL9	3=C@6��E+}6?AG,ÅUL�F�D�E e





W n
i+ 1

2

=
1

2

(
W n

i+1 +W n
i

)
−

αn
i+ 1

2

2Sn
i+ 1

2

(
F
(
W n

i+1

)
− F (W n

i )
)
,

W n+1
i = W n

i − r
(
F
(
W n

i+ 1

2

)
− F

(
W n

i− 1

2

))
,

L ÅCE$Ì
Sn

i+ 1

2

= max
p=1,...,m

(
max

(∣∣∣λn
i ,p

∣∣∣ ,
∣∣∣λn

i+1,p

∣∣∣
))

=�� [λp]p=1,...,m
}6=CF�D+IHE$}ÑÅUL�IHE$?A@|}Ñ<A@|=C<A@6E~}+MAE�IJL´�´L1D�@6GHÌ$E��6L�Ì$=�BAGJE~FAFAE�MAE F ¿ λn

i ,p
��@|E$}6<aE$Ì �

D�G,ÅCE$��E$F�D λn
i+1,p

�ÓÌ$L�IJÌ~?AIJ{~E$}��RI � {_D LUD W n
i
�3@6E~}6<aE$Ì~D6GHÅ�E$��E$F�DE� I � {~D L1D W n

i+1
�vE~D αn

i+ 1

2

?AF
<&L�@6L��ÐÍ_D�@|E�M)E�Ì~=CF�D�@VS�IJE º �ÖF }6?A<)<>=C}|EV�z? � GJI¬E!Ç)GH}|D6E�?AF {~D�LUD�GJF�D�E~@6��{$MAGJL�GJ@|E V̄ (W n

i ,W
n
i+1

)
D�E~I¬�X?)E

F
(
W n

i+1

)
− F (W n

i ) = A
(
V̄
(
W n

i ,W
n
i+1

)) (
W n

i+1 −W n
i

)
.

ÔZLÓ�ÐLUD6@6GJÌ~E+MAE�Àf=XE � Àf=XE+@)� �Z�z?&L�FAM E$IHIJEÖE!Ç)GH}|D6EªÅ�{$@|G��&E�E_Ç)L�Ì_D�E$��E$F�DfÌ$E_D6D6E�Ì~=CFAMAG,D�GJ=�F º
ËÖL�FA}fÌ$EªÌ$L�}�I � {~D LU<>E+<A@|{$MAGHÌ~D6E$?A@�MAE_Å�GHE$F�D e

W n
i+ 1

2

=
1

2

(
W n

i+1 +W n
i

)
−

αn
i+ 1

2

2Sn
i+ 1

2

A
(
V̄
(
W n

i ,W
n
i+1

)) (
W n

i+1 −W n
i

)
.

Á =C���ÐE IHE }|ÈX}�D�Í$��E �0� º �m� �aE$}|DZÊ�ÈX<aE$@6Ba=CIHGJ�z?AE�¿$GJI�} � E~FA}6?)GHDZ�z?AE�IÃL��ÐLUD�@|GJÌ~E A (V̄ (W n
i ,W

n
i+1

))
E$}�DvMAGÃLUKC=CF&L�IHGJ}6L�BAIJE º �ÖF FA=�D6E λ̄1 ≤ λ̄2 ≤ ... ≤ λ̄m

IJE~}VÅUL�IJE~?A@6}�<A@6=C<)@6E$}�L�}6}|=�Ì~GJ{$E~}vL�?�Ç
ÅCE~Ì~D�E~?A@6} <A@6=�<A@6E~} {r̄1, ..., r̄m} ¿CE_D =�FÐFA=UD�E B̄ = {r̄1, ..., r̄m} IÃLÖBAL�}6E�MAE~} Å�E$Ì~D6E$?A@|}®<A@|=C<A@|E$}MAE

R
m º ��=CG,D R̄ = [r̄1, ..., r̄m] IÃL��´LUD6@6GHÌ$E�MAE-<&L�}|}�L�KCE´MAE IÃL�B&L�}6E´Ì L�FA=�FAGJ�z?AE M)E R

m �
IÃL B&L�}6E B̄ 	3=C@6��{$E�<&L�@�IJE~}�ÅCE~Ì~D6E$?A@|}�<)@6=C<A@|E$}�M)E A

(
V̄
(
W n

i ,W
n
i+1

)) ¿GHI } � E~FA}6?AG,Dv�z?AE IJL
�´L1D�@6GHÌ$E A

(
V̄
(
W n

i ,W
n
i+1

))
= R̄i+ 1

2

Λ̄i+ 1

2

R̄−1
i+ 1

2

¿ =�� Λ̄i+ 1

2

E$}�D-IÃL �´LUD6@6GHÌ$E MAE$} ÅUL�IHE$?A@|}
<A@6=�<A@6E~}+E~D R̄−1

i+ 1

2

E~}|DªIJL´�´L1D�@6GHÌ$E�GJF�ÅCE~@6}|E�M)E�IÃL´�ÐLUD6@6GJÌ~EVMAEV<&L�}6}6L�KCE º ��G =CF Ì$=CFA}|GJMAÍ~@6EvIHE
Ì$=C��<a=C@|D6E$��E$F�D�MA?´}|ÈX}|D6Í$��E+IJ=XÌ L�IHE$��E$F�D®E~F�D�@6EÑIJE$} �´LUGJIJIHE$} xi

E_D xi+1
¿XI � {~D�L�<>E�<A@6{~MAGJÌ_D�E~?A@

MA? }|ÈX}|D6Í$��E���� º �^� �®MA=CFAF)E e

R̄−1
i+ 1

2

W n
i+ 1

2

=
1

2
R̄−1

i+ 1

2

(
W n

i+1 +W n
i

)
−

αn
i+ 1

2

2Sn
i+ 1

2

Λ̄i+ 1

2

R̄−1
i+ 1

2

(
W n

i+1 −W n
i

)
.

�ÖF�<a=C}6E V̄ n
i+ 1

2

= R̄−1
i+ 1

2

W n
i+ 1

2

, V̄ n
i = R̄−1

i+ 1

2

W n
i
E_D V̄ n

i+1 = R̄−1
i+ 1

2

W n
i+1

=CF L�?)@�L

V̄ n
i+ 1

2

=
1

2

(
V̄ n

i+1 + V̄ n
i

)
−

αn
i+ 1

2

2Sn
i+ 1

2

Λ̄i+ 1

2

(
V̄ n

i+1 − V̄ n
i

)
.

>Q>
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Æ�F	D6E$F&LUFzD�Ì$=C��<)D�EÑMAE+I � L�F&L�I,ÈX}6EÑM)? }|Ì ÊA{$�ÐL �)À*� Î M&LUFA}�IJEÑÌ L�}�IHGJFA{$L�GJ@|EfÅ�E$Ì_D�=C@|GJE$I�¿)M&LUFA}
IJE+Ì$L�}�=�� λp 6= 0 ∀p ∈ {1, . . . , m} =CF	<aE$?)Df{~Ì$@6GH@6E+MAEª�ÐL�FAGHÍ$@6EªLUF&L�IJ=�KC?AE e

Q̄
(
V̄
(
W n

i ,W
n
i+1

))
= R̄i+ 1

2

αn
i+ 1

2

R̄−1
i+ 1

2

,

L ÅCE$Ì

αn
i+ 1

2

=




Sn

i+1
2

|λ̄1| 0 . . . 0

0
Sn

i+1
2

|λ̄2| . . .

ººº
ººº

0

º º º
0

0 . . . 0
Sn

i+1
2

|λ̄m|




.

ËÖL�FA}fÌ$EªÌ$L�}�IJE+}6Ì Ê){$�ÐL>�)À*� Î MAE_ÅXGJE$F�D




W n
i+ 1

2

=
1

2

(
W n

i+1 +W n
i

)
− 1

2Sn
i+ 1

2

Q̄
(
V̄
(
W n

i ,W
n
i+1

)) (
F
(
W n

i+1

)
− F (W n

i )
)
,

W n+1
i = W n

i − r
(
F
(
W n

i+ 1

2

)
− F

(
W n

i− 1

2

))
.

Æ�F�}|GJ��<AIJG8�hL�F�D�=CF�L�?A@6L




W n
i+ 1

2

=
1

2

(
W n

i+1 +W n
i

)
− 1

2
sgn

(
A
(
V̄
(
W n

i ,W
n
i+1

))) (
W n

i+1 −W n
i

)
,

W n+1
i = W n

i − r
(
F
(
W n

i+ 1

2

)
− F

(
W n

i− 1

2

))
.
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W n
i+ 1

2

=
1

2

(
W n

i+1 +W n
i

)
− 1

2

∣∣∣A
(
V̄
(
W n

i ,W
n
i+1

))−1
∣∣∣
(
F (W n

i+1) − F (W n
i )
)
,

W n+1
i = W n

i − r
(
F
(
W n

i+ 1

2

)
− F

(
W n

i− 1

2

))
,

L ÅCE$Ì
∣∣∣A
(
V̄
(
W n

i ,W
n
i+1

))−1
∣∣∣ = R̄i+ 1

2

∣∣∣Λ̄−1
i+ 1

2

∣∣∣ R̄−1
i+ 1

2

E~D ∣∣∣Λ̄−1
i+ 1

2

∣∣∣ = diag

(
1

|λp|

)
.
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ËÖL�FA}ÐIJE	BA?)D�MAE��z?&L�IJG8�&E$@vÌ~E�}|Ì ÊA{$�ÐLpFA=�?A}´LUIJIJ=�FA}vIJE	Ì$=��Ð<&LU@6E$@�L ÅCE~Ì MAE~}Ð}|Ì ÊA{$�ÐL�}ÐMAE
ÅC=CIH?A��E$}��AFAGJ}�E��Ì LUÌ$E$}-<a=C?A@�IÃL9}6GH��?AIJLUD�GH=CF FX?)�Ð{~@6GJ�z?AE�MAE$}´}|ÈX}|D6Í$��E$} Ê�ÈX<>E~@6Ba=CIJGH�z?AE$}~¿
� }�L ÅC=CGH@-IJE;}|Ì ÊA{$�ÐL � ?&?�Ç�Ì$L�@�L�Ì_D�{~@6GJ}�D�GH�X?)E � # » »�Á ��� Ï�ÒªÔ Á RQ=)¿(Ä =C? RQ@��0¿�M)=CF�D	IJED?&?�Ç
Fz?A�Ð{~@6GH�X?)E�} � {~Ì$@|GHDf}6=C?)}fIJL9	3=C@6��E+�ÐLUD�@|GJÌ$GHE$IHIJEf}6?AG,Å�LUFzD6E e

gV FFC(V,W ) =
1

2
(F (V ) + F (W )) − 1

2
sgn(A(Ū)) (F (W ) − F (V ))

> �



�����:� ���D��	���	�� � � �D����� ������� 	 � ������� � � � 	���� ����� ��� ���
��� � � � � �����

B&L�}|{�}|?A@�IHE$}�Ì$=�?A@6BaE$}fÌ L�@6L�Ì~D6{$@|GJ}|D6GJ�z?AE~} Xk(t)
�z?AGZ}6=CF�D�MAE$}f}6=�IJ?)D6GJ=CFA}(M)E$}Ñ{~�z?&LUD�GH=CFA}�MAG8	B�

	3{$@|E$F�D�GHE$IJIHE$}(}|?AGHÅUL�F�D�E~} e
dXk

dt
= λk(V (Xk, t)).

Ô¬E�}|Ì ÊA{$�ÐL # » »�Á L9?AFAE KC@�L�F)MAE�@|E$}|}6E$�VBAIÃL�F)Ì$E�L^Å�E$Ì�IJE	}6Ì ÊA{~�´L MAE Àf=XE	M&L�FA}�IJE	Ì$L�}
MAE$}�}|ÈX}|D6Í$��E$}�Ê�ÈX<aE$@6Ba=CIHGJ�z?AE$}�ÊA=C��=CKCÍ~FAE$}~¿ZMA=CF�DVIHE�?&?�ÇRFz?A�Ð{~@6GH�X?)EÐ<aE$?)D�} � {$Ì~@6GH@6E�MAE´IJL
�´LUFAGJÍ~@6E+}6?)GHÅUL�F�D�E e

gRoe(V,W ) =
1

2
(F (V ) + F (W )) − 1

2
sgn

(
ARoe

)
(F (W ) − F (V ))

E$F Ì Ê&L�FAK�E L�F�D�IÃL���=mÈ�E$FAF)E�MAE�À�=�E+<AL�@(?AFAE��Ð=^È�E$FAFAE�L�@|GHD6ÊA�Ð{_D�GH�X?)E Ū =
1

2
(V +W )

º

�ÖF FA=�D6E�{~K�L�IHE$��E$F�D�IJEª}6Ì Ê){$�ÐL�# » À�=XE � ¹ » ÏERQR�¿>Ï Î �)��� �0¿hMA=�FzD�IJE�?&?XÇ FX?)�Ð{~@6GJ�z?AE�E$}�D
MA=CFAF){�<AL�@

gV FRoe (V,W ) = F (WV FRoe (0;V,W )) ,
=�� WV FRoe (0;V,W ) MA{~}6GHKCFAE+IÃL�}6=CIH?)D�GH=CF MA?-<)@6=CBAIHÍ$��EÑMAEÖÀfGHE$�ÐL�FAF´IHGJFA{$L�@6GH}6{�}6?AG,Å�LUFzD e





∂W

∂t
+ A(Ū)

∂W

∂x
= 0,

W (x, 0) =




V, x < 0,

W, x > 0,

E$F }6?A<)<>=C}6L�F�DÑ�z?AEªIJLÓ}|=CIJ?�D�GJ=�F-MA?�<)@6=CBAIHÍ$��EÖFA=CF IJGHFA{ LUGJ@6E�E$}�D�Ì~=CFAFz?AE"��I � GHFA}|D�L�F�D tn ºÔ¬E�}|Ì ÊA{$�ÐL´Lv{_D�{ª{$Ì~@6GHDf<a=C?A@(IHE$}�<A@6=�BAIJÍ~�ÐE~}(ÊzÈX<aE$@|B>=CIHGJ�z?AE~}fÌ~=CFA}|E$@|ÅULUD6G�	3}~¿&E~Df<&L�@�IÃLv}|?AGHD6E
Lv{~D�{�<A@|=CIJ=CF)KC{+L�?�Ç-<A@6=CB)IJÍ$��E$}(F)=CF�Ì~=CFA}|E$@|ÅULUD6G�	3} � Ä(Ï Î �C��� º
Ô¬E+}6Ì ÊA{~�´L��)À*� Î � @|E~D�@|=C?)Å�E+IJE+}6Ì Ê){$�ÐL�# » À�=�EÖ<a=C?A@®IJE$}(}�ÈX}|D�Í~�ÐE~}�ÊzÈX<aE$@|B>=CIHGJ�z?AE~}(FA=CF
ÊA=C��=CKCÍ~FAE$}�E$F E! >E~DfI � {_D L�<aE+<A@6{~MAGJÌ_D�E~?A@�} � {$Ì$@|GHD

W n
i+ 1

2

= W n
i +

1

2

m∑

p=1

γ̄p

(
1 − sgn(λ̄p)

)
r̄p

= W n
i +

∑

λ̄p<0

γ̄pr̄p

= WV FRoe

(
0;W n

i ,W
n
i+1

)
,

M&L�FA}¬IHE�Ì L�}¬=��+I � {~D L1D¬�Ð=^È�E$F V̄ (W n
i ,W

n
i+1

)
=

1

2

(
W n

i +W n
i+1

)
, E~D γ̄p = t l̄p·

(
W n

i+1 −W n
i

) ¿
��<a=C?A@(<AIH?A}�MAEªMA{~D�L�GJIH}®ÅC=�GJ@(<&L�@6L�KC@6L�<AÊAE �0� º . º > � � º
,=C?)@�?)FAE-IJ=CG MAE-Ì$=�FA}6E~@|ÅULUD�GH=CF }6Ì$L�IÃL�GH@6EÐ}6?A@Ó?AF �ÐL�GJIHIÃL�KCEÓ@|{$KC?AIHGJE~@$¿�IJE-}6Ì Ê){$�ÐL ��À�� Î �
Ì$=C����E IHE$}�}6Ì ÊA{~�´LU}<# » »�Á E~D<# » À�=XE }|=CF�D´D6@6Í$}�<A@|=�Ì ÊAE~} º Æ�F�E! >E~D$¿ }|G�=CF Ì~=CFA}6GHMAÍ$@|E
I � {$�z?&LUD6GJ=CF	MAEªÌ~=CFA}6E~@|ÅULUD6GJ=CF	}6Ì$L�IÃLUGJ@6E e

∂v

∂t
+
∂f(v)

∂x
= 0

> =
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=�� v ∈ R
E~D f ?AFAE�	3=CFAÌ~D6GJ=CF�@6{~KC?AIHGJÍ$@|E M)E R

M&L�FA}
R
¿1IJE~}E!Ç�<A@6E~}6}6GH=CFA}�MAE~} ?&?XÇ�Fz?A��{$@|GJ�z?AE$}

}6=CF�DfMA=CF)FA{$E~}�<&LU@ e

gSRNHS(v, w) =





f(v) }6G f ′(û) > 0

f(w) }6G f ′(û) < 0

f(ū) }|G f ′(û) = 0

gRoe(v, w) =





f(v) }|G f ′(û) > 0

f(w) }|G f ′(û) < 0

1

2
(f(v) + f(w)) }|G f ′(û) = 0

gV FFC(v, w) =





f(v) }|G f ′(ū) > 0

f(w) }6G f ′(ū) < 0

1
2
(f(v) + f(w)) }|G f ′(ū) = 0

=��

f ′(û) =





f(w) − f(v)

w − v
}|G w 6= v

f ′(v) }6G w = v

E~D ū =
1

2
(v + w).

D tXopi �1r³sZt A
gSRNHS(v, w) = gV FRoe(v, w) M&L�FA}ÑIJEVÌ$L�}Ö=C?�I � {_D LUDÑ�Ð=^È�E$F û MA?�}|Ì ÊA{$�ÐL �)À*� Î � E~}|D<A@6GH}{~K�L�I�� ū º Ô¬E }|Ì ÊA{$�ÐL��)À*� Î �VL���=CF�D�@|{ ?)FAE®@|=CBA?)D6E$}6}|E�E~D?AFAE®KC@�L�F)MAE E �Ì L�Ì~GHD�{ <>=�?A@IÃL	}6GH��?AIÃL1D�GJ=�F;Fz?A�Ð{~@6GH�X?)EÐMAE�Ì$E~@|D�L�GJFA}ª<A@|=CBAIHÍ$��E$}ªÊ�È�<aE$@|B>=�IJGJ�z?AE~}�Ê)=C�Ð=�KCÍ$FAE~} º¹ L�GH}ªMAE
�´LUFAGJÍ~@6E�L�FAL�IJ=CK�?AE�L�?�Ç+}6Ì ÊA{~�´L�}ZMAE À�=�EU¿ # »y»Á E~D�# » Àf=XE �z?AG�}|E BAL�}6E~FzDE$}|}6E~FzD6GJE~IJIJE~�ÐE~F�D
}6?A@-I � LU<A<A@6= Ç�GJ�ÐLUD6GJ=CF MA?�<A@|=CBAIJÍ~�ÐE�MAE�À�GJE~�´L�F)F IJ=XÌ LUI�<&LU@ ?AF�<A@|=CBAIJÍ~�ÐE�IJGHFA{ L�GH@6EU¿ Ì~E
}6Ì ÊA{~�´L�<>E~?)DVM)=CFAFAE~@�MAE~}V}|=CIJ?)D6GJ=CF)}+FA=CFp<)ÊzÈX}|GJ�z?AE$}VE~D��ÐE~FAE$@"� I � LU<A<&L�@|GHD�GH=CF�MAE�Ì ÊA=XÌ$}
}|D�LUD�GH=CFAF&L�GH@6E~}$¿�L�IJ=C@|}��z?AE+IÃL�}6=CIH?)D�GH=CF <AÊ�ÈX}6GH�X?)E��z?AGaÅC{~@6G��AE+I � GJFA{~K�L�IJG,D�{�M � E$F�D�@|=C<AGHE+E$}|D�?)FAE
=CFAMAE´MAE MA{_D�E$F�D6E�¿ Ì~E$IÃL�FA=C?A}�=�BAIJGHKCE<� 	�L�GJ@|E´?AF)E Ì$=C@|@6E~Ì~D�GH=CF E~FzD6@6=C<)GJ�z?AE-L�?pFAGHÅ�E L�? MAE~}
<>=�GJF�D�}(}|=CFAGJ�z?AE~} º

� 1��
1�� � 2IA6?�� =d� 7@?$2	4 CK4 7:9�2 �D?�� ;DC

ËÖL�FA}ªI � {_D L�<aE�<A@|{$MAGHÌ~D�E~?A@ªMA?9}6Ì ÊA{~�´L �)À*� Î �>¿³=CF L-E$}|}�L ÈC{�MAE�D�@|=C?)Å�E$@ª?AFAEÓBa=CFAFAEÓL�<��
<A@6= Ç�GJ�ÐLUD6GJ=CF MAE IJL }6=CIH?)D�GH=CFRL�<A<A@|=�Ì ÊA{~E-MA? <A@|=CBAIJÍ~�ÐE�MAE-À�GJE~�´LUFAFpIHGJFA{$L�@6GH}6{�<&L�@VI � E!Ç7�
<A@6E~}6}|GJ=CF e

W n
i+ 1

2

=
1

2

(
W n

i+1 +W n
i

)
− 1

2
sgn

(
A
(
V̄
(
W n

i ,W
n
i+1

))) (
W n

i+1 −W n
i

)
.

> P
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�ÖF�<)@6=1�|E_D6D�E W n
i+1 − W n

i
M&L�FA}vIJL B&L�}|E M)E$}�ÅCE~Ì~D6E$?A@|}Ð<A@|=C<A@|E$} B̄ = {r̄1, ..., r̄m} MAE-IJL� L�Ì$=�BAGJE~FAFAE A Ì$L�IJÌ~?AIJ{~EªLvI � {~D L1D��Ð=^ÈCE~F³¿&=CF�L�?A@6L e

W n
i+1 −W n

i =

m∑

p=1

γ̄pr̄p.

�Ö@
A
(
V̄
(
W n

i ,W
n
i+1

))
= R̄ sgn

(
Λ̄
(
V̄
(
W n

i ,W
n
i+1

)))
R̄−1,

L ÅCE$Ì sgn
(
Λ̄
(
V̄
(
W n

i ,W
n
i+1

))) E$}|DfMA=�FAFA{$Eª<&LU@

sgn
(
Λ̄
(
V̄
(
W n

i ,W
n
i+1

)))
=




λ̄1

|λ̄1|
0 . . . 0

0 λ̄2

|λ̄2| . . .

ººº
ººº

0

º º º
0

0 . . . 0 λ̄m

|λ̄m|




,

M&L�FA}�IHE+Ì L�}�=�� λ̄k = 0 ¿A=CF	<a=C}6E sgn(λ̄k) = 0 ¿AGJI³} � E~FA}6?)GHDf�z?AE

sgn
(
Ā
(
V̄
(
W n

i ,W
n
i+1

))) (
W n

i+1 −W n
i

)
= R̄ sgn

(
Λ̄
(
V̄
(
W n

i ,W
n
i+1

)))
R̄−1

m∑

p=1

γ̄pr̄p

= R̄ sgn
(
Λ̄
(
V̄
(
W n

i ,W
n
i+1

))) m∑

p=1

γ̄pR̄−1r̄p.

�Ö@ tl̄qr̄p = δpq
=�? l̄q E~}|D�IJE+� � GHÍ$��EÑÅCE~Ì~D6E$?A@�Ì$=CIH=CFAFAE+MAEªIJL��´LUD6@6GHÌ$E R̄−1 ¿&M � =��

sgn
(
Ā
(
V̄
(
W n

i ,W
n
i+1

))) (
W n

i+1 −W n
i

)
=

m∑

p=1

γ̄p sgn(λ̄p)r̄p,

MAEª<AIJ?)}f=�F�L e
1

2

(
W n

i+1 +W n
i

)
= W n

i +
1

2

(
W n

i+1 −W n
i

)

= W n
i +

1

2

m∑

p=1

γ̄pr̄p.

Ë � L�?)D�@|Eª<&L�@|D
1

2

(
W n

i+1 +W n
i

)
= W n

i+1 −
1

2

(
W n

i+1 −W n
i

)

= W n
i+1 −

1

2

m∑

p=1

γ̄pr̄p.

> @
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Ë � =��

W n
i+ 1

2

= W n
i +

1

2

m∑

p=1

γ̄p

(
1 − sgn(λ̄p)

)
r̄p

= W n
i+1 −

1

2

m∑

p=1

γ̄p

(
1 + sgn

(
λ̄p

))
r̄p.

�ÖF�}|?A<A<a=C}6E��z? � GHI³E_Ç�GH}|D�E j ∈ {1, . . . , m} D�E~I¬�z?AE

λjl < 0 < λjr

=�� λjl
E$}�DÑIJL���� GJÍ~�ÐE�Å�LUIJE$?)@(<A@6=C<)@6E�MAEªIÃL��6L�Ì$=�BAGJE~FAFAEªÌ L�IHÌ$?AIH{$EªLÓI � {~D�LUD W n

i
E~D λjr

E$}�DÑIJL
��� GHÍ$��EÖÅ�LUIJE$?)@f<)@6=C<A@|E�M)E�IJLÖ�6L�Ì~=CBAGHE$FAFAE�Ì LUIJÌ$?)IJ{$E�LÓI � {~D�LUD W n

i+1
¿aMAL�FA}fÌ$EVÌ$L�}f} � GJFA}|<AGJ@6L�F�D

MAE Î L�@|D6E$F³¿ Î ÈX�ÐL�F´E_D�ÔZL1Ç � ÎÑÎ Ô4P =��aE~D Î L�@|D6E$FÐE~D Î ÈX�´L�F � Î�Î @ .��>=�F´@6E~�Ð<)IÃL�Ì~E λjl
<&LU@

λ̂jl
E_D λjr

<AL�@ λ̂jr
L ÅCE$Ì

λ̂jl = λjl

λjr − λ̄j

λjr − λjl

E~D

λ̂jr = λjr

λ̄j − λjl

λjr − λjl

.

Æ�FA}6?AG,D�Eª=CF I � GJF1�|E~Ì~D6EÖM&L�FA}fI � E_Ç�<A@|E$}|}6GJ=�F�MAE W n
i+ 1

2

MAEªIÃL9	�L�½~=CF	}6?AG,Å�LUFzD6E e

W n
i+ 1

2

= W n
i +

1

2

m∑

p=1,p6=j

γ̄p

(
1 − sgn(λ̄p)

)
r̄p +

1

2
γ̄j

(
1 − sgn(λ̂jl)

)
r̄j

�0� º ��= �

E~D

W n
i+ 1

2

= W n
i+1 −

1

2

m∑

p=1,p6=j

γ̄p

(
1 + sgn(λ̄p)

)
r̄p −

1

2
γ̄j

(
1 + sgn(λ̂jr)

)
r̄j.

�0� º ��P �

�ÖF L�M)MAGHD6GJ=CFAF)E �0� º ��= �®E_D �0� º ��P � =�F L�?)@�L

W n
i+ 1

2

=
1

2

(
W n

i +W n
i+1

)
− 1

2

m∑

p=1,p6=j

γ̄p sgn(λ̄p)r̄p −
1

4
γ̄j

(
sgn(λ̂jl) + sgn(λ̂jr)

)
r̄j.
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� ���65x)7Xopt���t B i&q � k � -�t � i � k
Ô¬E$}9{$�z?&LUD6GJ=CF)};MAEC�)L�GHFzD �(#�E~F&L�F�D���=CFA=XMAGJ��E$FA}|GJ=CF)FAE$IHIJE$}	��=�M){$IJGH}�L�F�D I � {$Ì$=�?AIJE~�ÐE~FzD;MAE
I � E L�?	M&LUFA}�?AF�Ì$L�F&L�I¬} � {~Ì$@|GHÅCE~F�D e





∂h

∂t
+

∂

∂x
(hu) = 0, x ∈ [−10, 10]

∂

∂t
(hu) +

∂

∂x

(
hu2 + g

h2

2

)
= 0

=�� h E$}�DfIÃLvÊ&L�?)D6E$?A@�MAEªI � E$L�?³¿ u E$}|DfIJLVÅ�G,D�E~}6}6E�M � {$Ì~=C?AIJE~�ÐE~F�D�MAEªI � E L�?	E~D g = 9.81ms−2

I � L�Ì$Ì~{$IH{$@�L1D�GJ=�F-MAEªIÃL�<aE$}�LUFzD6E$?A@ º
ÔZLÓ�ÐLUD6@6GJÌ~E � L�Ì$=�BAGJE~FAFAE+E$}�DÑM)=CFAFA{~E�<AL�@

A(W ) =




0 1

c2 − u2 2u




=�� c =
√
gh
º

Ô¬E�M)E$?�Ç	ÅUL�IHE$?A@|}f<)@6=C<A@|E$}fMAE A }|=CF�D u− c E~D u+ c ¿&IÃLv�ÐLUD�@|GJÌ$E+M)E�<AL�}6}6L�KCE�E$}|D�MA=CF)FA{$E<&L�@

R(W ) =




1 1

u− c u+ c




E~DfI � GJF�Å�E$@6}|EªMAEªIJE+�ÐLUD�@|GJÌ$EÑMAEª<&L�}6}6L�KCE�E$}�D e

R−1(W ) =
1

2c




u+ c −1

−u+ c 1


 .

ÔZL��ÐLUD�@|GJÌ$E�}|GJKCFAE�MA{ �&FAGHEÑM&L�F)} IHE�}|Ì ÊA{$�ÐL �)À*� Î �>¿XE$}|D®E$FÐ<A@6GHFAÌ$GH<>E�MA{ �&FAGJEf<&L�@ IJE~} {_D LUD6}
�Ð=^È�E$FA}�MAEÓÀ�=�E � Àf=XE+@�� ���z?AG�}6=�FzD�MA=�FAFA{$E~}�<AL�@ h̃ =

hl + hr

2
E_D ũ =

ul

√
hl + ur

√
hr√

hlhr

º
Á E$<aE$FAMAL�F�D´M&LUFA}vIJE~}�D�E$}�D�}ÓFz?A��{$@6GH�z?AE$}v=CF�L;}|GJ��<AIJE~�ÐE~FzD�<A@6GH}�IJE~}v{~D L1D�}v��=mÈ�E$FA} h̄ =
hl + hr

2
E_D ū =

ul + ur

2
¿d=�� hl

E~D ul
}6=�FzDª@|E$}|<>E~Ì~D�G,ÅCE~�ÐE~FzDªIJL´Ê&L�?�D�E$?)@+E~D+IJLÐÅXGHD�E~}6}|EvMAE

I � E L�?Ð}6G x < 0 ¿ hr
E~D ur

}|=CF�D�@|E$}6<aE$Ì_D�G,ÅCE$��E$F�D®IÃLªÊ&L�?)D6E$?A@ E~D IÃL+Å�G,D�E~}6}6E�MAEÑI � E$L�?�}6G x > 0
º

,=C?)@fÅUL�IHGJMAE~@(IJEª}6Ì ÊA{~�´L>�)À*� Î �	E~D�IÃLÓ�Ð=XMAG8�&Ì LUD6GJ=CF´E$F�D�@|=C<AGJ�z?AE�FA=C?A}2	�L�GH}6=CFA}�MAE~}fD6E$}�D�}
Fz?A�Ð{~@6GH�X?)E$}V}|?A@VM)E$}VÌ$L�}V=��pGJIH}ªE_Ç�GJ}�D�E$F�DvM)E$}V<a=CGHFzD6}�}|=CFAGH�X?)E$}VE_DVF)=C?A}VGHF�D�@6=XMA?AGH}6=CF)}�IJL
Ì$=C@|@6E~Ì~D�GH=CF�E$F�D�@|=C<AGJ�z?AE � Ì$E FAGHÅ�E L�? º ,�=C?A@ Ì$E$IJL�=�F:<A@|E$FAM Ì$=C���ÐE�Ì~=CFAMAG,D�GH=CF�GJFAG,D�GÃLUIJE
hl = 20m ¿ hr = 1m ¿ ul = 0 E_D ur = 0 � t = 0.3s L ÅCE~Ì ?AFR�´L�GHIJIJL�KCE�MAE 100 <a=CGJF�D6}
� �&K�?A@6E~} ������� � º @)¿ ������� � º R ��E~D®?AF´Ì$L�} D6E$}�D(L ÅCE~Ì%	3=CFAMÐ}6E$Ì � �&K�?A@6E~} ������� � º �^�)¿ ������� � º �C� �

���
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º Æ�FA}6?)GHD�E®FA=C?A}�L�IHIJ=CF)}y@6E~<A@6E~FAMA@|E(�X?)E$IJ�z?AE~}�E_Ç�E$��<AIJE~} D�E~}|D�{~}�<&L�@$& º Ä ?� ³LU@6M³¿
& º Ï�LUIJIJ=�?AE~D
E~D �)º ¹ º�Î {$@�LU@6M � Ä(Ï Î RQ@��XM&L�FA}�� ?AF�}6Ì ÊA{~�´Lf}6GJ��<AIHE�<>=C?)@IHE$}�{$�z?&LUD6GJ=CFA}�MAE+�)L�GHFzD �(#�E~F&L�F�D��
<>=�?A@�ÅC=CGH@�I � E��Ì L�Ì~GHD6{+MA?�}|Ì ÊA{$�ÐLÓ<>=C?)@(IÃL�@6{~}6=CIH?)D�GH=CF	MAEªÌ$E~}f<)@6=CBAIHÍ$��E$} º
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GJFAG,D�GJL�IJE~} e

(h,Q)(x < 0, t = 0) = (1, 0), (h,Q)(x > 0, t = 0) = (0.3, 0)

��FAEÓ�!� =CFAMAEªMAEªMA{_D�E~FzD6E�}|?ABA}|=CFAGJ�z?AE�E~D�?)F;�-� Ì ÊA=XÌ�}|E�	3=C@6��E$F�D º
� #^'a��#X��7 �X7V" ���_�|�@	X7Ö\_#X�E� /1b,�Ó\^7 ]ve Ô¬E~}fÌ~=CFAMAG,D�GH=CFA}�GHFAGHD6GÃL�IHE$}®}|=CF�Df�´L�GHF�D�E$FAL�F�D e

(h,Q)(x < 0, t = 0) = (1, 0), (h,Q) (x > 0, t = 0) = (0, 0)

��FAEÓ�!� =CFAMAEÑMAEªMA{~D6E$F�D�Eª}6?)BA}6=CF)GJ�z?AEªE~D�?AF��-� Ì ÊA=XÌ+M � LU�Ð<AIHGHD6?AMAE�D6@6Í~}2	�LUGJBAIHE$}®}|E�	3=C@6��E$F�D º
�ÖF Ì$=�FA}|D�LUD�E�BAGJE~F �z?AEVIHE$}f@6{~}6?AI,D LUD6}ÑFz?A��{$@6GH�z?AE$}f}6?A@�<AIJ?)}6GJE~?A@6}fÌ LU}�D�E~}|DÑ=CB)D�E~Fz?A}Ñ<&LU@�IHE
}6Ì ÊA{~�´L��)À*� Î � �3=C?6# » À�=�E � Ì$=CGHFAÌ$GHMAE$F�D�L ÅCE~Ì�Ì~E$?�Ç MA?	}|Ì ÊA{$�ÐLÐMAE�À�=�E º
�ÖFRÌ~=CFA}|D�LUD�EÐL�?A}|}6G��z?AEÓIJEÓÌ LUIJÌ$?)I MAE�IÃL � L�Ì~=CBAGJE~FAFAE�E$F ?)D�GHIJGH}�L�F�D+IJL	��=^ÈCE~FAFAEÐL�@6G,D�ÊA��{ �
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� ���65x)7Xopt���� � s�x3tL�
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∂W

∂t
+
∂F (W )

∂x
= 0, x ∈ [0, 10],

W (x, 0) = W0(x).

,=C?)@2	3E~@6��E$@(IHE+}|ÈX}|D6Í$��E�¿h=CF�Lm�|=C?)D6E+I � {$�z?&LUD6GJ=CF	M � {~D�LUDfMAE$}�K�L��+<AL�@ 	�L�G,D�}

p = (γ − 1)

[
E − 1

2
ρu2

]
.

Ô¬E$}(ÅUL�@6GJL�BAIJE~}(Ì$=CF)}6E$@�ÅULUD�G,ÅCE$}fE~D�IJL 	3=CFAÌ~D6GJ=CF-M)?6?&?XÇ <AÊ�È�}|GJ�z?AE�}6=CF�DfMA=CF)FA{$}f<&L�@ e

W =




ρ

ρu

E


 , E~D F (W ) =




ρu

ρu2 + p

(E + p) u




=�� ρ @|E$<A@|{$}|E$F�D�EÖIJL�MAE~FA}6G,D�{�MA? K�L��U¿ u E$}|D®IÃLªÅ�G,D�E~}6}6EU¿ p E$}|D®IÃL�<A@6E~}6}6GH=CF E_D E E$}�D�I � {$F)E$@6K�GJE
D�=�D�L�IJE º γ E$}|D®IJEf@�L�<)<>=C@�D®M)E$}�Ì Ê&LUIJE$?)@6}®}|<>{~Ì$G8�&�z?AE$} º � I>E~}|D®}6?A<A<a=C}|{ÖÌ$=CF)}|D LUFzD�E~D�{~K�L�I � 1.4
��Ì$L�}�M � ?)F�K�L���<AL�@ 	�L�G,D(MAGJLUD�=C��GJ�z?AE � º
�ÖF M){!�&FAG,D�{$K�L�IHE$��E$F�D+I � E~FzD6Ê&L�IH<AGJEVD6=�D LUIJE H <&L�@ H =

1

ρ
(E + p) E_D�IÃL Ì${~IJ{~@6GHD6{vMA?9}6=CF

c =

√
γp

ρ

º
ÔZL � LUÌ$=CBAGHE$FAF)E�M)E F E$}|D�MA=CF)FA{$Eª<&L�@

∇F (W ) =




0 1 0

(γ − 1)H − u2 − c2 (3 − γ)u γ − 1

(γ − 2)uH − uc2 H − (γ − 1)u2 γu


 .

ÔZLÓ�ÐLUD6@6GJÌ~E ∇F (W ) E~}|D�MAGÃLUKC=CF&L�IHGJ}6L�BAIJEU¿z}6E$}�ÅUL�IJE~?A@6}(<)@6=C<A@|E$} λj
}6=CF�DfMA=CFAF){$E$}f<&L�@ e

λ1 = u− c, λ2 = u, λ3 = u+ c

E~Df}6E~}fÅ�E$Ì_D�E$?)@6}Ñ<)@6=C<A@|E$}fL�}|}6=XÌ$GJ{~}�}6=CF�DfMA=CFAF){$}f<&L�@

R1(W ) =




1

u− c

H − uc


 , R2(W ) =




1

u

1
2
u2




E_D R3(W ) =




1

u+ c

H + uc


 .
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t = 0.005 E_D�IJLvÌ$=CFAM)GHD�GH=CF-MAEª}|D�L�BAGHIJGHD6{Ñ{~K�L�IJE�� 0.9 e
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f : R −→ R

0&�b��'/�����3� C1 �:�
s(x, u)

�\�D'��
�.�:��51�]�3 "!��3����º

�"�



� �%�������E����� � ��� �	�*�	� � �%�%����
 �����
 ������� � ��� ���������2��� 
 �*�9�*�
�����*�����2��
������ �*�	����� ��������������*�

{v�$������4:5b��0���9" �'/!�51�������&�/��6&<=HJI M�����4;��!&�v'G(*��!&�. ����/51�/'/�������.4v0��$'/�|�� "'�!&�.�� "�0�!^���3 "M�' A 51�0��]<=����52�����}�� ��e�� �52 @�A ����P���(�4��:�����=0��^'/�75b���&� A �3�_��!���9����U�.�!K




un
i+ 1

2

= 1
2

(
un

i+1 + un
i

)
−

αn

i+1
2

2Sn

i+1
2

(
f(un

i+1) − f(un
i )
)

+
αn

i+1
2

2Sn

i+1
2
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�3�

1.4 ≤ x ≤ 1.6

0
�3�/�� "�

{v������ "�&0������/ "���T���������N��'����i�� "�U�=0� "���&4����=�����

u(x, 0) = 0.0 et h(x, 0) =
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∂W (x, t)

∂t
+
∂F (W (x, t))

∂x
+ S1(x,W ) = S2(x,W )

W (x, 0) = W0(x)

i *�� � k
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W (x, t) =




αvρv

αvρvuv

αlρl

αlρlul
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αvρvuv

αvρvu
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αlρlu
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(αv, αl, ρv, ρl, uv, ul, p)
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_
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c = 105 _ γ = 1.4

_
a = 4.37 × 10−5 �?" kl = 987, 57
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p− pi
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p− pi
k

) � P-RE0'0�p=_ � �F���H.'��p(��& ��! ���6����������C"$����I('�,(0��! �C��/ ����� ��"�6����+����� /:6[Z
����c�6�(0(%���I�C��.��8��4"$.M�:����P)� I*� [B��J��DK�� � [B��J).��qp W�6�!B��.,%��!0"

p− pi
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p− pi

v = 0

p− pi
l = Cp(αv)ρl(uv − ul)
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Cp(αv) = αv

��6
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, ᾱv = 1 − ᾱl,
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√
αvρvuv)R

(
√
αvρv)L

+ (
√
αvρv)R

,

ūl =
(
√
αlρlul)L

+ (
√
αlρlul)R

(
√
αlρl)L

+ (
√
αlρl)R

,

�;�

ρ̄v =
( p̄
c

) 1

γ �;�
ρ̄l = klp̄

a

.'�
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�&�� ∇F (W )

�v2w���_���.#�L �($#1\�
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����!()"k��
������ #�O�/���U��
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�����")#�� 
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∂W (x, t)

∂t
+ ∇F (W (x, t))

∂W (x, t)

∂x
+ C(W )

∂W (x, t)

∂x
= S2(x,W )

p *�� ,sq

#0B����
C(W )

∂W (x, t)

∂x
= S1(x,W )

� 6Y������(6���U
�� ����()",()����")�<���98�:;�<#  ���� &�#�;��()
������������s�
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∂Ŵ

∂t
= S2(Ŵ )

Ŵ (x, tn) = W n(x)
�;��#0B��;�D",�!���98�:;�<#F=�>r?�@A=U
��-&�:;��
��O��",�!� KG�'��]����





∂W (x, t)

∂t
+
∂F (W (x, t))

∂x
+ S1(x,W ) = 0

W (x, tn) = W n+1(x)

p *�� *sq

PA#���r������#��"$#%��&'����()]�&'�!:�g��.#1��()
��- ��*� KG�_��]���� p *�� *�qM��2w:��;&�(6�

∂W (x, t)

∂t
+ ∇F (W (x, t))

∂W (x, t)

∂x
+ C(W )

∂W (x, t)

∂x
= 0

⇐⇒ ∂W (x, t)

∂t
+ (∇F (W (x, t)) + C(W ))

∂W (x, t)

∂x
= 0,


��*�I
��'� A(W ) = ∇F (W (x, t)) + C(W )
�
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∂W (x, t)

∂t
+ A(W )

∂W (x, t)

∂x
= 0

W (x, 0) = W0(x).

p *�� Vq

PA#��� "W24:+�9#�k�o��&':� �(,�;������&;N���� (,����:�\�&�#�s� "32w:�g��.#|��()
� p *�� V�q* .#��� ",�  �
��F#(,���
[tn, tn +

θ[×[xi, xi+1[
� 6Y� \s#&' .#�s�u")�;�u�F^;�F�;�%��
��#1��(,
����%g����-�;��")",���% ��*")#	��&'����()]�&'�U�.#&_��()�<
��

#��&�#

W n
i+ 1

2

=
1

2

(
W n

i +W n
i+1

)
−

αn
i+ 1

2

2Sn
i+ 1

2

A(W̄ )
(
W n

i+1 −W n
i

)
.

p *��Z(�q
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ρ̃v =
ρv

ρ0
v

�+�
ρ̃l =

ρl

ρ0
l

#0B���
ρ0

v

�;�
ρ0

l

��
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ε =

ρ0
v

ρ0
l
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ε << 1

�
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A(W ) =




0 1 0 0
−u2

v + αvp,1 2uv αvp,3 0
0 0 0 1

εαlp,1 + θlαl,1 0 −u2
l + εαlp,3 + θlαl,3 2ul


 .

p *�� q

6Y� ���;�.#�s�<�;
��������* �� ��#")�;��"�� #(,�E �#��� � �M
��!.'0ON Y Qd[\ ����+ir .#���F")�-�0#��
$# ")� /.��() ��
")(,gG��() ��D���'��(,����
�F��&'���'��()J�")�Nk
��x#

αvp,1 =
γp

ρv

N
p,3 =

γp

αvρl

N���
����F�
ρl

�;�'�!�;
����'��#�s�H
��

�I
���
ρl = ρ0

l


��*#��&�#
p,3 =

γp

αvρ0
v

ρ0
v

ρ0
l

= ε
γp

αvρ0
v

N
αl,1 = 0

�;�
αl,3 =

1

ρl

�
;A�7�k
����

γp

ρv

= c21
�+�

c22 =
θl

ρl

,

�;�r
��-&��;�F��"$#�;�! .#��� p *�� �q N�
��7#��&�# A(W ) = A0(W ) + εH(W )
#CB���

A0(W ) =




0 1 0 0
−u2

v + c21 2uv 0 0
0 0 0 1
0 0 −u2

l + c22 2ul




�;�

H(W ) =




0 0 0 0
0 0 γp

ρ0
v

0

0 0 0 0
αlp,1 0 αlp,3 0


 .

[{�H�k
�" KO�����F���0#&�#�;��:�&�(,�'��()g����H#���'
O�;():�n A0

���'�r �
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P0(λ) =
(
(λ− uv)

2 − c21
) (

(λ− ul)
2 − c22

)

�����k
�" KG��������# ����;��g��.#|��&��!B1#",����&'�/��&�
���&����� �(,�'��()���+������g���({�'
��s�

λ1 = uv − c1, λ2 = uv + c1, λ3 = ul − c2
�+�

λ4 = ul + c2
�;�

R(W ) =




1 1 0 0
λ1 λ2 0 0
0 0 1 1
0 0 λ3 λ4


 .

6Y�7&'������"$#���#�s� A(W̄ ) = A0(W̄ ) + εH(W̄ )
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W n
i+ 1

2

=
1

2

(
W n

i +W n
i+1

)
−

αn
i+ 1

2

2Sn
i+ 1

2

(
A0(W̄ ) + εH(W̄ )

) (
W n

i+1 −W n
i

)

=
1

2

(
W n

i +W n
i+1

)
−

αn
i+ 1

2

2Sn
i+ 1

2

A0(W̄ )
(
W n

i+1 −W n
i

)
−

αn
i+ 1

2

2Sn
i+ 1

2

εH(W̄ )
(
W n

i+1 −W n
i

)
.
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ε << 1
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ε
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R
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λ′j

 �� B′ ��
��s�M#����&'
O�98�:;���L�.#&[����",")�;�
 �����B1#")�;��&��/��&�
���&'���

λj

 �� B �.#&�"$#%&'��"$#|��()
�U����(6B#1�����

|λ′j − λj| = ◦(ε).6Y�V������#�s����
�F������ ������;��&�:;����"6�9#1���M
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R
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 ��T�;��",")���� �� A0

�;�A �#�����;�%�0#1��
��h�k���O����&�#(,����&�")�D� KG�'��]����%�.#&r")�H��(,\����D ��T")#F�F#1��&'()���
A0
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W n

i+ 1

2

=
1

2

(
W n

i +W n
i+1

)
− 1

2
sgn

(
A0(W̄ )

) (
W n

i+1 −W n
i

)

W n+1
i = W n

i − r
(
F
(
W n

i+ 1

2

)
− F

(
W n

i− 1

2

))
+ ∆t(S1)

n

i ,

p *��Z0�q

#0B����

(S1)
n

i =




0

(αv)
n
i

2∆x

(
pn

i+1 − pn
i−1

)

0

(αl)
n

i

2∆x

(
pn

i+1 − pn
i−1

)
− 1

2∆x
δ(ρl)

n

i (αv)
n

i ((ul)
n

i − (uv)
n

i )
2 (

(αl)
n

i+1 − (αl)
n

i−1

)
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δ = 0
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δ
(
p− pi

k

) ∂αk

∂x
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A0

(
W̄
)

=




0 1 0 0
−ū2

v + γp̄

ρv
2ūv

γp̄

ρ̄l
0

0 0 0 1
ᾱl

ᾱv

γp̄

ρ̄v
0 −ū2

l + ᾱl

ᾱv

γp̄

ρ̄l
2ūl
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B0 = A0

Bn+1 =
3An − A3

n

2
.

;A&Y")���YB1#",����&}��&�
���&'���[ �� A0

������
��s�[�.#�Y��
�����;�[ ��/�F
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1
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M > 0
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sgn (A0) = |A0|A0
−1 = |MA0| (MA0)

−1 = sgn (MA0) ,
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(
W̄
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M
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(
W̄
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M =
1

L0

#0B����

L0 = max

(
|ūv| +

∣∣∣∣
√
γp̄

ρv

∣∣∣∣ , |ūl| +
∣∣∣∣
√
γp̄

ρv

∣∣∣∣
)
.
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(
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[−L0,−1] ∪ {0} ∪ [1, L0]
p ���;��(X���_���I
��'��(,J�")�E#��&�]���")#
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��U �� A0

(
W̄
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a0 =
1

L0(L0 + 1)

N
B0 = A0
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Bn+1 = Pan
(Bn),

Ln+1 =
2(an + 1)

3

√
an + 1

3
,

an+1 =
1

Ln+1(Ln+1 + 1)
,


$#
Pa
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Pa(X) = −aX3 + (a + 1)X.
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ut(x, t) + div(F (x, t, u(x, t))) = 0, ∀ x ∈ R

N , ∀ t ∈ R+

u(x, 0) = u0(x) ∀ x ∈ R
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n
i >un
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]
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ij =

1

2

(
1 + δn

ij

)
un
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1

2

(
1 − δn

ij

)
un

j ,
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���	��
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ij ≥ 0 3
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ij
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ij ≤

Sn
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ij · ηij
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� + "�$�,� -��� �$�,�/����7�����������	/������ ��	 � ���
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ij
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αn
ij =

Sn
ij∣∣∣~V n

ij · ηij

∣∣∣
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un
ij =

1

2

(
un

i + un
j

)
− 1

2
∣∣∣~V n

ij · ηij

∣∣∣

(
F (un

j ) − F (un
i )
)
· ηij

un+1
i = un

i − ∆tn

Ai

∑

j∈Ni

|eij|g(un
i , u

n
j , S

n
ij, ηij)

u0
i =

1

Ai

∫

Ci

u(x, y, 0)dxdy,

1�� � � � 2
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un
ij =

1

2

(
un

i + un
j

)
− 1

2
sgn

(
~V n

ij · ηij

) (
un

j − un
i

)

un+1
i = un

i − ∆tn

Ai

∑
j∈Ni

|eij|g
(
un

i , u
n
j , S

n
ij, ηij

)

u0
i = 1

Ai

∫
Ci
u(x, y, 0)dxdy.
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∂u

∂t
+
∂u

∂x
+ 2

∂u

∂y
= 0, (x, y) ∈ D, t ∈ R+

u(x, y, 0) = u0(x, y) = cos2
[
2π
(
(x− 0.5)2 + (y − 0.25)2

)]
,

1�� � � q#2

� -��� D = [0, 2] × [0, 1]
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1D
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∂W

∂t
+ div(F (W )) = 0 ∀x ∈ R

2 , ∀ t ∈ R+,

W (x, 0) = W0(x) ∀x ∈ R
2,

1�� � �"! 2

� -���
F (W ) = (F1(W ), F2(W ))

���
F1

��
F2

 ��	 �*����+ =���	���������	� �
R

m -�"� 
R

m , m ≥
1
� ���$�  �

C1 ��
W : R

2 × R+ → R
m � �
 ��D�����<�;�B-��#� �����$#�	�� @� �����8��
��� ����������

1�� � �"! 2 �( ���"�����:���$� �<� 	����"��  ����-!� 	 ��

W n+1
i = W n

i − ∆tn

Ai

∑

j∈Ni

|eij|g
(
W n

i ,W
n
j , ηij

)

���
g
(
W n

i ,W
n
j , ηij

) � �:�$� =���	���������	Q��
	 �J+ 	 ���7�"����� ������	�	/����&�#�

g
(
W n

i ,W
n
j , ηij

)
=

1

|eij|

∫

eij

F (W ) · ηijdσ.

� ��� � � 	� �#����� �.+J��� ����� ��	 ��"� �	��� 	 �� �����D�����<�7� �J+0- ��� �����%# 	/�  ��� 	������"��� �
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	 �J+ 	 ���7�"����� ����� ��D����� � � I ���� 	 � - � �����	 	�����&�#�

g
(
W n

i ,W
n
j , ηij

)
=

1

2

(
F (W n

i ) · ηij + F (W n
j ) · ηij

)
− 1

2
Sn

ij

(
W n

j −W n
i

)
,

1�� � ��
 2

� -���
Sn

ij

� � �$�0-������ � �<I � �� 	��.- � � � �!�� �7�&�#� � �� O( � � ����<� �D�&�#� �� �#������7� ���
������ �/��
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���	 	�����&�#�

Sn
ij = max

(
max

1≤p≤m

∣∣∣[λn
i ]p

∣∣∣ , max
1≤p≤m

∣∣∣
[
λn

j

]
p

∣∣∣
)
,

���
[λn

i ]p
�� [

λn
j

]
p
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F : R

m → R
2 MO"a(E1J$'"a;+3Q-/$'"NAO(I;+GPD'C�C.( C1 !�(+3 W0

Mn"a(^1J$'"a;+3S-/$'"
AiD)"WC

L∞(R2)
AO$'"7"a|�( -��u"LC+M�UiU7$.C.(tAO(ZUEGfMiCIgBM7(YGV( UWD'CIAO(t3d(+>#U7C

∆tn
!�GV( U7|+*+-6>@c+3S*v( |∂Ci|(+3�Go� D)-6*v(

Ai

AO( GPDk;�(+G6GfMOGV(
Ci

&)|+*,- lu(+"73mGPD@*v(+GPD)3Q-/$'"

∆tn ≤ Ai

|∂Ci|Sn
i

, ∀i, n ∈ N,

$��
Sn

i = sup
j∈Ni

Sn
ij

(�C+3�GPD4&.-632(�C�C.(\AO(��tM CBD)"a$'& -
�u" D !�D)GV$'*vC GPDk;�$'"EA)-63S-/$'"_AO(<C+3/DieB-6Gf-632|

L∞

||W n||L∞(R2) ≤ ||W0||L∞(R2)'�D@"a$'*+>@(
L∞ U7$'MO* Mn"w&)(�;+3d(+MO*

X = (X1, . . . , Xm) ∈ R
m (�C+3TAO$'"7"a|�(uUWD)*

||X||L∞ = sup
1≤r≤m

|Xr|.

�������<���
� ��� ����� ∑

j∈Ni

|eij|F (W n
i ) · ηij = 0,

�#� ��� �� 	 � �� �;���"������<�� ��D�����<� �7-�������� � # 	���

1�� � ��
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W n+1
i = W n

i − ∆tn

Ai

∑

j∈Ni

|eij|
(
g
(
W n

i ,W
n
j , ηij

)
− F (W n

i ) · ηij

)

= W n
i − ∆tn

2Ai

∑

j∈Ni

|eij|
[(
F (W n

j ) − F (W n
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)
· ηij − Sn

ij
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W n

j −W n
i

)]
.
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(
W n

i ,W
n
j ; ηij

) �	 ���� ���
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i

��
W n

j

 �/��-!� 	 �7�$� ��������������	
ηij
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��� ��� 8��� ��������������  �/��-!� 	 ��� �RI �  ! � � �

(i) Ã (W n
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(ii) Ã
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n
j ; ηij
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j ) − F (W n
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)
· ηij

(iii) Ã
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n
j ; ηij
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j∈Ni

|eij|
(
−Ã
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∂W

∂t
+ A

∂W

∂x
+B

∂W

∂y
= 0

W (x, y, 0) = W0 (x, y) ,
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J (ηij) = A · (ηij)x +B · (ηij)y
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αn
ij

&)|+*,- lu( GPD@*v(+GPD)3Q-/$'"

min
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−
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∣∣∣
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W (x, y, 0)dxdy,

1�� ��h8"C2

���
g
� ���$� =���	���������	Q�� 	��J+ 	 ���7�"����� ��������D�����<�<G/I�K�L ���	�	/�� �&�#� �

g
(
W n

i ,W
n
j , S

n
ij, ηij

)
= F

(
W n

ij

)
· ηij

��
Sn

ij = max
1≤p≤m

(∣∣∣∣
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(
W n

i ,W
n
j ; ηij

) � �@/�$����� 	&�#������#�/��
 ���

R
�� �#�����

m
-����������  �/� ������� ([R̃n

ij

]
p

)

p=1,...,m

�   � �������A� �J+ -#�!����/� *��� �������
([
λ̃n

ij

]
p

)

p=1,...,m

3
�	� ������ ��	 ��������7��� �F��� ���D��� 

W n
i

��
W n

j

�� 	� �$� �&� � ��

-���������� ���� �#����� ([R̃n
ij

]
p

)

1≤p≤m

3
��	 � �����

W n
i =

p=m∑

p=1

[ξn
i ]p

[
R̃n

ij

]
p
, W n

j =

p=m∑

p=1

[
ξn
j

]
p

[
R̃n

ij

]
p
, W n

ij =

p=m∑

p=1

[
ξn
ij

]
p

[
Rn

ij

]
p
,

1�� ��h � 2
��

W n+1
i =

p=m∑

p=1

[
ξn+1
i

]
p

[
R̃n

ij

]
p
.

�
	,� ��� [
δn
ij

]
p

=
αn

ij

Sn
ij

[
λ̃n

ij

]
p
3
��	,� �����

ξn
ij =

1

2

(
1 +

[
δn
ij

]
p

)
[ξn

i ]p +
1

2

(
1 −

[
δn
ij

]
p

)
[ξn

j ]p.
1�� ��h 	 2

�B� ∑

j∈Ni

|eij|F (W n
i ) · ηij = 0 3

��� �( �	� �/���:� ��

W n+1
i = W n

i − ∆tn

Ai

∑

j∈Ni

|eij|
(
F (W n

ij) − F (W n
i )
)
· ηij.

�
	 � ���������;��� � ����<�/� � �"�" ����
3
�!( � � � 9�� /���� ��	 ����	  ��� ����� �$� �<���������� ��� 	��"�#���� � I � 

Ă
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∂W

∂t
+
∂F (W )

∂x
+
∂G(W )

∂y
= 0

W (x, y, 0) = W0(x, y),

� -���

W =




h

hu

hv


 , F (W ) =




hu

hu2 + 1
2
gh2

huv


 , G(W ) =




hv

huv

hv2 + 1
2
gh2
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�������������	�	�8 � 	 �J+;��� � ���� �� "(R���"����� A (W ; η) = A1(W )ηx +A2(W )ηy

� -��� A1(W )�� A2(W )
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A1(W ) =




0 1 0

−u2 + gh 2u 0

−uv v u




�� A2(W ) =




0 0 1

−uv v u

−v2 + gh 0 2v
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A(W, η) = A1(W )ηx + A2(W )ηy
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0 ηx ηy
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−uvηx + (c2 − v2)ηy vηx uηx + 2vηy
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gh
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λ1(W, η) = ~V · η − c, λ2(W, η) = ~V · η, λ3(W, η) = ~V · η + c,

��� ~V · η = u · ηx + v · ηy
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r1(W, η) =




1
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0
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r3(W, η) =




1
u+ cηx

v + cηy
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(h, u, v)(x < 6, t = 0) = (5, 0, 0),
��

(h, u, v)(x > 6, t = 0) = (1, 0, 0).
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∂W

∂t
+
∂F (W )

∂x
+
∂G(W )

∂y
= 0

W (x, y, 0) = W0(x, y).

 -���

W =




ρ

ρu

ρv

e



, F (W ) =




ρu

ρu2 + P

ρuv

(e+ P )u




��
G(W ) =




ρv

ρuv

ρv2 + P

(e + P )v
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ρ
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3 V
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u
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v 3 e
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3 P
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P = (γ − 1)

(
e− ρ

u2 + v2

2

)
,

���
γ
� � ��	� ����	� ��� 	 �� ��� �������-�

3
���#��� ��� �:����D���#������  �� �����&#&� ���
�� �C� � ����	 ���/�"���

3
T
� ���$������<� �"����� �/�� ��

R = Cv − Cp

#
� � ��� ���������	�	� � �:���	 	��� �&�#� A (W,n) = ∇F (W )ηx + ∇G(W )ηy 3
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∇F (W ) =




0 1 0 0

1
2
[(γ − 3)u2 + (γ − 1)v2] (3 − γ)u (−γ + 1)v (γ − 1)

−uv v u 0

−u[ c2

γ−1
+ (1 − γ

2
)(u2 + v2)] c2

γ−1
− (γ − 3

2
)u2 + 1

2
v2 (1 − γ)uv γu
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∇G(W ) =




0 0 1 0

−uv v u 0

1
2
[(γ − 3)v2 + (γ − 1)u2] (1 − γ)u (3 − γ)v (γ − 1)

−v[ c2

γ−1
+ (1 − γ

2
)(u2 + v2)] (1 − γ)uv c2

γ−1
− (γ − 3

2
)v2 + 1

2
u2 γv
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c =

√
γP

ρ
=
√
γRT .
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λ1(W, η) = V · η − c, λ2(W, η) = V
��

λ3(W, η) = V · η + c
� � �<����������>��8-���������� 
��� ������� � �� ��	�	��� �&�!�

R (W ; η) =




1
c

1 0 1
c

u
c
− ηx u ηy

u
c

+ ηx

v
c
− ηx v −ηx

v
c

+ ηx

|V |2
2c

− v · η + c
γ−1

|V |2
2

u · ηy − v · ηx
|V |2
2c

+ v · η + c
γ−1
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R−1 (W ; η) =
1

2




V · η + (γ − 1) |V |2
2c

−(ηx + (γ − 1)u
c
) −(ηy + (γ − 1) v

c
) γ−1

c

2(1 − (γ − 1) |V |2
2c2

) (2(γ − 1) u
c2

) 2(γ − 1) v
c2

−2γ−1
c2

2(ηx · v − ηy · u) 2ηy −2ηx 0

−V · η + (γ − 1) |V |2
2c

(ηx − (γ − 1)u
c
) ηy − (γ − 1) v

c

γ−1
c
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(ρ, p, u) (x < 6, t = 0) =
(
12, 106, 0

)
,

��
(ρ, p, u) (x > 6, t = 0) =

(
1.2, 105, 0

)
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§ �nTVQE���7¨ � # �tTVQ d ��WL`�© BC9.ª�D32A 17/K,?DE(C'srt>.J�'cG.17,a43/£2¤'�JuD«,a/£2 0{JL17>g>.,aDEª�4�J{*-,.(�=?(cGI4617¬
z-/��DE(¯®np�4617>.0u'~4+2 ,�=?(C's(�>5D32 Ju/u/£2)8?(C'�>@17>°'�0{4�,&B�0{,a46ªC'±2H=H2�GI0²2 0³p6' `µ´n� #·¶ #7�+��j-YlW�Yi`�<��WV��j h YlWV�6¸cX�j f ����ji��`�� d �H�?W�j h �v������#

§ 	�c¹ �¯��ºe¨o!7��# # 	[��WVX d }�TVW d `  # [��Q k.deh ��` d ��X 	 #~¹�j ���a�&`3» >@("DEª�0¼9.1-=?(;½uA 17/K,?DE(C'
rt>.J�'e¾o®q¿�, � B+2 4l2?B�0$ª�4�J�'�0{J{*-,&(C'wG.17,a4«/£246ªC')17/K,?0MJL17>À>.,?DEª�4�J{*-,&(3=?(C'°'�yµ'�0��DE(C'
9?yCG.(�4-z�17/KJ{*-,.(C'w=?(</�17J�'w=?(cBC17>�')(�4�A72 0{JL17> ` � # f #  | d X #a�a|iW�#�´ d h WVY��?¸ h #���# d �6� #
Á Z&ZÀ]��)� ��ºH_�`���� #��)¥a`.� ! ���?� ! ! #

§ 	 f ���-¨ � # 	[�aX�T�jiÂsYl �W d ��X°´��  # f d �?W d h �v`�Ã y�G.(�4iz�17/KJLB�'�y)'�0�(�D�'w1$p<BC17>�')(�4�A72 0{JL17>5/£2 ÄU' `# d �+��¸-Q d �+W�����j-Y�S  R�R�TVW�| d �6WV����Y<]M´ d h WVYC_ § # d �6��jiQ d �+W�|iY d ��X  R�R�T�W�| d �6WV����Y�¨L`
��� T�#&¦HÅeÆ�` �nT�T�WVR�Y+jiY-`�´ d h W�Y-`��v����� #

§ 	 f ��ºe¨ `�Ç ,aDE(�4�JLB+2 /�2�GHGI461 � JuD32 0MJL17>N1$p[9?yCG.(�4iz�17/KJLB['�yµ'�0�(�D�'x1$pxBC17>�')(�4�A72 0{JL17>
/£2 ÄU' `  R�R�TVW�j-XÈ# d �6��j-Q d �6WV| d T��a|-WVj-��|ij-Yi`w����T #���� ! `[�aR h W���}�j h � �tj h T d }�`<��jiÂ
É�� h  I`��v����º�#

§ b�W�T�� ! ¨ � # �	b<WVT�T d W h j��v`P© BC9.�D32¤A 17/K,?DE(C'srt>.J�'�G.17,a4E=?(C'[GI4617/��DE(C(°9?yCG.(�4-z�17/KJ{*-,.(C'EF
BC17>.A (�4M8?(�>@BC(À(�0�(C'�0MJuD32 0{JL17>�'N=�ÊË(�4�46(�,a4 `s´n� #·¶ #��+��j-YlW�Yi`w����WV� j h YlWV�+¸¡´ d h WVYº�`
�)��� ! #
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§ b�W�T����e¨ � # �Nb�W�T�T d W h ji�-`)� Ju>.Ju0$(�A 17/K,?DE(n')BC9.(�DE(C'&pv174~2[>@17>./KJu>@(+2 4U9?yCG.(�4iz�17/KJLB±(+*-,�2 0{JL17>�m 17>.A (�4M8?(�>@BC( 0�17Ä�2 4+=7' 0¼9.( (�>.0{461CGIyg')17/K,?0MJL17>�2 >I= (�4�46174À(C'�0{JuD32 0$( `<# �  �
# d �+� #I#¤�?X�j-T #.�<��Q5j h #  � d T�# ÁIÁ ]��)��� �H_�`���� #���`�� � �$�I�µ�eº�#

§ b�� k ���7¨ # # � #@b<� k�k�d h X�`�� ,?/K0MJ{= JuDE(�>�'�JL17>I2 /�'�/�1CG.(�/KJuD«Ju0$(�46'�pv174 � »P©�m�� ¬�0{y�G.(±rt>.Ju0�(
A 17/K,?DE(�')BC9.(�DE(C' 17> ,a>�'�0{4�,&B�0{,?4C(+=;8 4�J{=7' `�!�# ��� Q5R��a� #t´n�H¢aY #������ ]��)��� �H_�`
��� #�� `&�eÆ��g�7Æ #

§ c� f �H�µ¨ ¶ #  h�� ��j h `µ� #µ�<�?j-TVT�je` d ��X°# # f �� H¢�� d `.m 17>.A (�4M8?(�>@BC(¯1$p�9?J£879.(�4�174l=?(�4�,)GIÄnJu>I=
rt>.Ju0�(�A 17/K,?DE(s')BC9.(�DE(C'q17>O,?>�'�0M4�,.B�0M,?46(+=�8 4�J{=7'�pv174s')B+2 /£2 4cBC17>�')(�4�A72 0{JL17>�/£2 ÄU'
Ju>')(�A (�4l2 /�'�G�2?BC(o= JuDE(�>�'�JL17>�' `��<��Q3j h #&# d �+� #��@� ]��v���H��_�`���� #�Æ�`I� �������eº�¥�#

§  h � � ¥e¨ � #�� #  h ��Y+�� e�µ�I`t� Ju46'�0c174l=?(�45*-,�27'�Ju/KJu>@(+2 4E(+*-,�2 0{JL17>�'3ÄnJu0¼9 ')(�A)4l2 /�'�G�2?BC(3A72 ¬
4�J{2Hz-/�(C' `&# d �+� #&����� f #I� k ���À]$�)� � ¥�_�`��)¥����I���)� #

§ [� �'� ºe¨ � # [� �i��ji�+Y+�)�I` %�BCB�,?4l2?B�yq1$pn')17DE(~2�GHGI461 � JuD32 0$(�DE(�0u9.1-=�pv174±B+2�GI0MJu>?8w0u9.(�Ä�(C(��
')17/K,?0MJL17>�'51$p«2�rt46'�0w174+=?(�4°*-,�27'�Ju¬�/KJu>@(+2 4«(+*-,�2 0MJL17> ` ����Q5R #�# d �6� d ��X # d �6� #
´n�H¢aY��?�¡]��v� � ºH_�`��)¥H���&���)��#

§ ���aj-�H�7¨ � # �<�?j-T�TVj `&m 17>.A (�4M8?(�>@BC(s1$p~9?J£879.(�4s174+=?(�4�rt>.Ju0$(�A 17/K,aDE(~')BC9.(�DE(C's17>EJu4�46(L8 ,a/£2 4
8 4�J{=7' `  X�� # ����Q3R���� #.# d �6� # Á ]��)� �H��_�`a��� #&¦�`@�)� ��� �?� ! #

§ ���aj-��ºe¨ ` % >@170$(�17>�(�>.0{461CGIy¤Ju>@(+*-,�2 /KJu0MJL(C'32 >I=;(�4�46174 (C'�0{JuD32 0$(C'spv174�9?J£879.(�4�¬
174l=?(�4±2?BCB�,?4l2 0$(�rt>.Ju0$(�A 17/K,?DE(�')BC9.(�DE(C's17>3Ju4�4C(L8 ,?/£2 4�pi2 D«Ju/KJL(C's1$p�8 4�J{=7' `7# d �6� #
����Q3R #I���¡]$�)����ºH_�`���� # �a�µ�a`�� �µ�����I� �)º�¦�#

§ f �?j ! �-¨ ´�#�¹ # f �?j ` %�GHGI4C1 � JuD32 0�(��±JL(�D32 >.> ')17/KA (�46'� �G�2 4l2 DE(�0$(�4oA (CB�0$1746'� �2 >I="= J !�(�¬
46(�>@BC([')BC9.(�DE(C' `.!�# ����Q3R����$#.´n�H¢aY #�" Á ]��)� ! �µ_�`a��� # �a`.¦������a¦ � � #

§ �?Q5� ! ¦e¨ !�#��aQ3��T�TVj h `�© 9.1)B�� Ä�2 A (C'O2 >I=N46(+2?B�0{JL17>.¬�= J !s,�'�JL17> (+*-,�2 0MJL17>�' ` 	 h ����X�TVj-� h j-�
X�j h # d �6��j-Q d �6WVY+|C��ji�$#�WVY+Ylj-��Yl|C� d �u�6ji� §&% ����X d Q5ji��� d T�´ h W���|iW�R�TVj-Y¯� ��# d �6��j��
Q d �6WV| d T��a|-WVj-��|iji¨M`&� ��T�# ��� ! `&�?R h WV��}�j h � �tj h T d }�`���jiÂ É�� h  &`��)� ! ¦ #
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�! #"%$�&  
¶ d ��Y�|-j�|C� d R�WV� h jw������Y d R�R�T�WV�?������Y�TVjwYl|C��¸-Q d � f �wbw�E� k �6ji����X d ��Y¯TVjw|C� d R�WV� h j

5
R�� � h

T�j�R h � k T('iQ5jsX�jw� d WV����� �tji� d �H� k W�X�WVQ5ji��Y+WV������jiT d ��j-|<�6��RI��} h+d R���WVj±W h+h ¸-}���T�W(' h j #H´���� h T*) d Ra�
R h �,+aW�Q d �+W�����X��"�6j h Q3jqYl��� h |-jqX d ��Y�T d R�� d Y+jqR h ¸iX�W�|��6j-� h `&���"ji��j-|i�+��j�T d R h ���lji|i�+W����"X��
Yl¢?Yl�-'-Q3joYl� h T d ��� h Q d T�j<X�j-Y�W��H�6j h � d |ij-Y

eij

#.¹�jcR d YlY d }�j/.«T*) � h X h j
2
ji�"jiY+R d |-jqj-Yl��j��@ji|��

�6��¸xji�;WV�H� h �?X���WVY d �H�[X�j-YcT�WVQ5W£�6j-� h YwX�j«R�ji���+j5X�j°��¢aRIj5#���10¯¹t`�|ijx�?��WnR�j h Q3ji�cX2) d ����W h
X�j-Y h ¸-Y+��TV� d �6Y�����Q3¸ h W�����j-YnX�j±} h6d ��X�j¯R h ¸-|-WVY+WV���«|-��Q3R d h ¸3.�T d Y+��TV���6WV��� d � d TV¢��6WV�?��j�Q�4-Q3j
R�� � h X�jiYn| d Y�| h W£�6W�����jiY$# ´���� h T*) d R�R�TVW�| d �6W�� �qX��3Yl|C��¸-Q d � f �wbw� d �5+�R h � k T('-Q3j-Y k W !.��W�X�jiY
Q°��T£�6W�X�W�Q3j-��YlW�����jiT�Y�� � X�¸-| h W£��TVj-Y�Q5¸��6���?X�j-Y�RIj h Q3ji�l� d �H�~X�jw| d T�|i��T�j h T d Q d � h W�|ijsY+W�} ��j76a�
}�� h+d �H�xX d ��Y«T8)·¸�� d RIj R h ¸-X�WV|i�6ji� h X�� Yl|C��¸-Q d `nj-�g���+W�TVW�Y d ���oT d Q5¸��6���?X�j�W��H� h �?X���WV�+jER deh
� # � ����Q3W<j���Y+jiY�|-��TVT d k � h+d �6ji� h Y § 0�� h ¥���`30¯¶ � �:9�` � c´�� ��` � c��ºa` � ���.��ºe¨ k.d Yl¸-j Yl� h
T*) d �l�����¯X�� �6j h Q3j�X�j[R h j-Y+YlW����OWV���+j h � d |-W d T�j�ji�sT d R�j h �+� h+k.d �6W�� ��R d h X�ji��Y+W£�6¸ #.´���� h T�j�Y�¢aY$�
�;'iQ5j k W !.��W�X�j3� h W�} W���jiT±]{Y d ��Y d �l�����qX�j3T*) j<+aRIj-YlY+W�� �NWV���+j h � d |-W d T�je`@���;���6WVT�WVY+j«T d Q3¸i�+���aX�j
X�j % #  T�� ��}�j-Y §  TV�H�:97¨ k.d Y+¸-j<Y+� h T*) d TV}�� h W£�6��Q3j�X�jw��jiÂ±�6� �O�a|C����TV� �<RI��� h T�js| d T�|i��T&X2)·����j
Q d � h WV|-j�YlW�}���j #

=?>A@ B�CED�FHG�I $�J D%KAGLC

¹ dh ��Ra�6� h j X�j k.deh+h6d }�j5RIj-�a�M4i� h j�."T*) � h WV}�W���jxX�jER�T���YlW�ji� h YoX�¸-} d �6Y�Q d �+¸ h WVj-TVY-`Pji��R�ji���
R d h �¼��W�Y<|-�:N��+j h T d �?W�jM. X�jiYO4i� h j-Y[����Q d WV��Y$#@¹ d |i��Q3R�T�jP+�W£�6¸q�6��¸i� h WV�?��j°X�j«T d5h ¸-Yl��T��a�6W�� �
X�j-Y~¸-��� d �+W�����Y~X�jw� d WV�H�l� �tji� d �H�~Q°��TV�+W�X�WVQ5ji��Y+WV������jiT�TVj-Y d � j-|w�+j h Q5jsY+� � h |ij«]¼�+��RI��} h6d R���W�j
W hlh ¸-} ��T�WQ' h je`-� h �e�+�6jiQ5ji�H��_�.�WV��|-W£�6¸tT�jiYP|C��j h |C��j-� h YR.�X�¸i��jiT���R�R�j h X�jiYUQ3¸i�+���aX�j-Y��?��Q5¸ h W�����jiY
R�� � h T d Y+WVQ°��T d �6WV���EX�jq|-jiYsR h � k T('-Q3j-Y #
: h;S |-jT.�����j�W��H�+j h R h ¸i� d �6WV���c|-WV��¸i�+W�����jtX���Y�¢?Yl�;'iQ5j~�H¢aRIj hlk � T�W�����jtX�j�T�� W�Y�X�j�|-����Y+j h � d �6WV���
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 #  ��X���Y+Yljqj���# #�� # � h W�Yl�+j d ��� ���¯X�¸ h WV��¸[����Y+��T£��j-� h ����Q3��}:'-��jwYl� d k TVj�ji�±����W@R h ¸iY+j h ��j
T d RI��Y+W£�6WV�?W£�6¸¯X�jsT d � d ���+j-� h `?j�� d W���YlW�W�TVY����H��|-����Yl� h ��WV�����3Y+|C��¸-Q dod X d R��6¸ d �3Yl¢?Y��;'-Q3j�X�j
� d WV������tji� d �H� d � j-|w�+j h Q3j�Y+��� h |-j��6��RI��} h+d R���WV�?��j #  TV| h ��X��oj�� 	 d h |iW d �²� d � d h+h � §  	c�w����¨
���H��X�¸���jiT���R�RI¸����Y+|C��¸-Q d X�jo� ��T���Q5jiY76.��W�Y�X�jo��¢?RIj ` 	c�?X������)�OX2) � h X h jo¸-T�j���¸oj-� ���+W�TVW£�
Y d �H�qT d �+j-|C����W�����j5#���10¯¹ # 	[T d W�Yl�+j h«§ 	[T d ��¦)¨ d ���+W�T�WVY+¸oT d �6ji|C����WV�?��j3X�j !��5+ Y+R�T�WV�l�6WV��}�`
 Q k�h ��YlW §  Q k �H�µ¨ d ���+W�TVW�Y+¸s���EY+��T£��j-� h X�j f �?j d � j-|�TVW�Q3WV�6ji� h X�j<R�ji�H�6j«]M#���10¯¹�_�R���� hh ¸iY+����X h j�TVjoR h � k TQ'-Q3jcX�j«�a� d T�TV�µÂ # d �6j h # f #I¹�W�Yl  d ji� � # #¡ji��X h � � § ¹ # ���7¨�� ��� d R�R�TVW£�
����¸cT�j�Yl|C��¸-Q d X�jc¹ d + %.h WVj-X h W�|C��Y�R h ¸i|-¸-X�¸qR d h ����j[R�� d Y+j[R h ¸-X�WV|i�+j-� h X�jc¹ d +�� #¡ji��X h �e�
R�� � h T d YlW�Q°��T d �6WV�������Q3¸ h W�����j«X��;Yl¢?Y��;'-Q3jxX�j3� d WV�H�l��tji� d �H� d ��ji|x�+j h Q5j«Yl��� h |ijxQ°��T£�
�6WVX�W�Q3j-��YlW�����j-T�Yl� h ���NQ d W�T�T d }�jq� h6d R�j
�-���LX d T�j #  T8) d W�X�j«X2) ���ÀYl|C��¸-Q d X�j5��� T���Q3j-Y 6.��WVY
j-� |-jiT�TV��T�jq|-ji��� h ¸ k.d Yl¸«Y+� h T*) d R�R h � +aWVQ d �+W����"X�� Y+� TV��ji� h X�j f W�jiQ d ��� X�j���¢?RIj f �?j°Yl� h
T�jiY5WV���+j h � d |-jiY-`~´�# ����� d �^ji�E´�# 	 deh |-W d �$� d � deh+h � §³k 	c�w¥�¥7¨<� ��� d k �����+W . X�jiY h ¸iY+��T£� d �+Y
j-��|i��� h+d }�j d ���+Y�RI��� h TVjoR h � k TQ'-Q3joX�j«� d WV�H�l��tji� d �H� d � j-|�� h � �+�+j-Q3j-�H��Yl� h X�j-Y�Q d W�TVT d } j-Y
�����gYl� h ��|��6� h ¸-Y3X�j���¢?R�j"¶wjiT d ��� d ¢ # ��j h Q°��X�j
� § �¯¶w¶���:9 ¨±j��xY+j-Y3|-� T�T dek � h+d �6ji� h YoR h �7�
R�� Y+j-�H�q����jxX�WVY+| h ¸i�+W�Y d �6WV��� X�¸-|ij-�H� h ¸5X��;�+j h Q3j«Y+� � h |ij3����WnjiYl�q|-� Q5R d �6W k T�j d � j-|3T�j !.�5+
����Q5¸ h WV�?��jEX�¸i|-j-�H� h j h RI��� hod YlY+� h j h T d R h ��R h W�¸i�+¸EX�j5|-����Y+j h � d �6WV���Àji�o���H�°R�� h ¸iY+����X h j
T�j[R h � k TQ'-Q3j�X�jo� d WV������tji� d �H� d ��ji|q�+j h Q3j[Y+� � h |ijqYl� h ���OQ d W�T�T d }�js�����"Yl� h ��|��6� h ¸ d R h 'iY
T*) ¸i�+��X�jcX�j-Ys|i����X�W£�6W�� ��Y d �5+OTVW�Q3WV�+j-Y$#
´���� h T8) d R�R�T�WV| d �+W����NX��^Yl|C��¸-Q d � f �<b�� d �^R h � k TQ'-Q3j�X�j� d W��H����tj-� d �H� k W�X�WVQ5ji��Y+WV���a�
��j-T d ��j-| �+��RI��} h6d R���W�j"W hlh ¸i}���T�WQ' h j"Yl� h ��� Q d WVT�T d }�jE� h W d ��}���T d W h jO��� � Yl� h ��|��6� h ¸ `¯��� ��Y
ji��j-|��6������YwT d R h ���lj-|��6W�� �¤X��¤Yl¢?Yl�-'-Q3j�]{º�#V�)_±Yl� h T d ��� h Q d TVj[X�j-Y<W��H�6j h � d |ij-Yi`I|ij-|iW�RIj h Q5j��
X�j h ¸iX���W h j TVj-Y°|i��Q5RI��Y d �H�6j-Y«X��g�+j h Q5j Yl��� h |-j ( �«¸-| h W h j�T*) ¸i� d R�j5R h ¸iX�W�|��6ji� h X d ��Y«����j
Y+ji��T�j"X�W h j-|��6W�� � #n´�� � h T d Y+W�Q���T d �+W���� ����Q3¸ h W�����j"X�j-Y3Yl¢?Y��;'-Q3j-Y k W !���W�X�jiYxQ°��TV�+W�X�WVQ5ji�a�
Y+WV������jiT�Y-`����5��� �+j<T8)·jP+a�+j-��YlW����5X�� Yl|C��¸-Q d  % % 0^W��H� h �aX���WV��R d h 	[��W�X d }�T�W d � [��Q k�d h �e��¹�j
0��a� § 	�c¹ 0¯��º7¨M`UR deh # d h | ������|C ej h"§ �~���.�:9e¨ d � R h � k T('iQ5j5X�W�R�� d Y+WV����jE� h W�X�WVQ5ji��Y+WV���a�
��j-TM`.j-�¤���6WVT�W�Y d �H�s����jqQ5¸��6���?X�jiY�YlW�Q°��TV� d ��¸-j[��� T���Q3j-Y36.��WVY��²¸-T�¸iQ5ji�H�6Y36.��WVY<R h ��RI��Y+¸ijoR deh
	c��W�X d } T�W d �$´ d Y+| d T § 	c´t���7¨ # 0�jiT d RIj h Q5j��¯X�j h ¸-Yl����X h j[T�j-Y~R h � k T('iQ5jiY�|-� ��R�T�¸iY¯X�j�|i���H��ji|��
�6WV����j��UX�j~X�WV����YlW���� #µ´���� h � d W h j~T8)·jP+a�+j-��YlW����oX��°Yl|C��¸-Q d X�j f �?j d �5+qR h � k T('iQ5jiY k W � !.��W�X�jiY
� # � ����Q3Waj��nY+jiYn|-��TVT d k � h+d �6ji� h Y����H� d �l���a�6¸¯����j¯j<+aR h j-Y+YlW����xX�j�R h jiY+Y+WV���«W��H�+j h � d |-W d T�j�R���� hh ji��X h joT�jcYl¢?Y��;'-Q3j°�H¢?R�j h+k ��T�WV����joj��wWVT�Y±���H�<W��H� h �aX���WV��T d Q3¸i�+���aX�joX�joR�j h �+� h+k.d �6W�� �¤R deh
X�j-��Y+WV�+¸ § 0�� h ¥ �a`T0¯¶ � �:9�` 0�� h � �a` � c��ºe¨ #�
n� Ylj k.d Y d �H�5Y+� h |-ji�l�6j¤Q5¸��6���?X�jO��� d R��
� h ������j h ���x|-���H��ji|i�+j-� h ��¢?RIj hlk ��TVW�����j±RIj h Q5j��+� d ���tT d X�¸i�+j h Q5WV� d �6WV���°X�j±T d Q d � h WV|-j¯YlW�}���j
¸i� �a����¸ijoX d ��Y±T d R�� d Y+jcR h ¸-X�WV|i�6ji� h X��OY+|C��¸-Q d � f �wbw� #.´���� h T*) d R�R�T�W�| d �6WV���EX��"Yl|C��¸-Q d
� f �wb�� d ��Yl¢?Yl�-'-Q3j k W !.��WVX�j�� h W�} W���jiTL`)���«| d T�|i��T�j~T d Q d � h W�|ij~YlW�}���j�X�j±T*) ¸i� d R�j~R h ¸iX�W�|��6ji� h
R d h T d Q3¸i�+���?X�j[X�j % #  T�����} j-Y k.d Yl¸-jcY+� h T8) d TV}�� h WV�6��Q5j�X�jq�<j�Â±�6���a�$�a|C����TV� � §  TV�H�:9)¨�#
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��� 	 � � � ��� � � 	�� � ��� � 	 � � � � ��� � ������� 	 � � ��� � ��� � � � � � ��� � ��� � � �
�	� �
�	� ���� ��� � � � � � � � � � � � � � � � � � � � �

=?>�� ���?D��#C " K<G C I $ "%J��� #& � �?� ����� �/$ � FHG�� �"! & � I#�
�$� K CMD&%(')�#C � CMD ��* � J D%G � G,+/F ��-� K"� KPF F  + $ �AK"! F.�/�#C I�K0%
& �#C " KAGLC

2

1 
 �
32 4 �6587:9(;=<�>?; �A@ � �)B=C �EDF>?G � � �

¹�j°R h � k T('iQ5jqX�jx� d W��H�l� tj-� d �H� d � j-|°�+j h Q3j�Yl��� h |-j k WVX�W�Q3j-��Y+W�� ����j-TPjiYl� h ¸-}�W�R d h TVj�Y�¢aY$�
�;'iQ5jc|-W ��X�jiY+Yl����YH





h,t + (hu),x + (hv),y = 0

(hu),t + (hu2),x + (huv),y + g
(

h2

2

)
,x

= −gh(Zf),x

(hv),t + (huv),x + (hv2),y + g
(

h2

2

)
,y

= −gh(Zf),y ,

]{º�#V�)_

�JI
h
jiYl��T d � d ���6ji� h X�j�T*) j d ��`LK

= t (u, v)
jiYl�wT d �aW£�6jiY+Y+j�ji� ∇Zf

jiYl�wT d R�ji���+j°X���¼� ��X
]
Zf(x, y)

ji� ∇Zf

X�j-�5+N�¼����|��6W�� ��YoRI����� d �H� 4i� h j-Y°����� h ¸i}���TVW(' h j-Yqj-�À} ¸-��¸ h6d T _�`�|-��Q3Q5j
������YsQ3���H� h jqT d 6.}�� h jcY+��W£� d ���+jMH

20
Q

(Zf )l
= 0

Q
(Zf )r

= 1
Qhr + (Zf)r

= 1.1
Q

hl + (Zf )l
= 4

Q
(u, v)l = (0, 0)

QEÅeY
(u, v)r = (0, 0)

QEÅeY

NPORQTS&º�#£�VU % ����X"X�jcT d°h WV�?W(' h j

�VI
(.)l

Yl���H�cT�jiYw� d T�ji� h Y�X�j-Y[� d h W d k T�jiYwR��H¢?Y+WV����j-Y/. } d ��|C��j«X�j«T d X�W�Yl|-���H�6WV����WV�+¸°ji�
(.)rY+���H��T�jiY±� d T�j-� h Y±X�jiY�� d h W d k TVj-Y¯R���¢?YlW�����j-Y .xX h ��W£�6j�X�joT d X�W�Yl|-���H�6WV����WV�+¸ #
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� ����� ��� � � � � � � � ��� � ������� 	 � � ��� � 	 � � � � ��� ��� � � � � 	 � ������� � � 	 � �
	 � � � � � � �� ��	 � � � � � ��� ��� � ��� � � � � � � � � � � � � � �

2

´���� h T d Y+WVQ°��T d �6W�� � �?��Q5¸ h W�����j5X��ÀR h � k TQ'-Q3j ]{º�#V�)_�`P������Y d T�TV����Y d R�R�T�W�����j h TVj5Yl|C��¸-Q d
� f �wb�� X�¸<6.��W�X d ��Y TVj |C� d R�W£� h j

5
# 0���Q5Q3jX d ��Y�T*) ¸i� d RIj R h ¸iX�W�|��6ji� h ������Y�j-Y+Y d ¢�����Y

X�j � h ����� j h ����j d R�R h �,+aW�Q d �+W����NX�j�T d Yl��T����+W����NX��gR h � k T('iQ5j X�j f WVj-Q d ��� d �5+ WV���+j h �
� d |-jiY-`���� ��Y h j-R h j-������YcT d X�¸iQ deh |C��j«R h ¸-Ylj-�H�6¸ijEX d ��Y §  ����¥�¦a`�#¤���.¥H�)¨L`�j��c|-����Y+W�X�¸ h � ��Y
����j R h �	�lji|i�6WV���¡X��ÀR h � k T('iQ5j3Y+� h T d ��� h Q d TVj3X )·����j W��H�6j h � d |ijE��� ��Y�� k �6j-������Y d WV��Y+WtTVj
Yl¢?Yl�-'-Q3j$H





ht + (huη),η = 0

(huη)t +
(
hu2

η + g h2

2

)
η

= −gh(Zf),η

(huτ ),t + (huηuτ ),η = 0,

]{º�#�
 _

d ��j-|
uη =

K · η, uτ =
K · τ ` η ji�

τ
Yl���H� h jiY+RIj-|i�+WV� j-Q3j-�H�cT d ��� h Q d T�jqji�wT d � d ��}�ji�H�6jM.

T*) W��H�6j h � d |ij
eij

`�ji�
(.),η

j-Yl��T d X�¸ h W£��¸ijqTVj[T�����}«X��"� j-|��6j-� h ��� h Q d T
η
#

¶ d ��Y�|-jc| d YsT*) ¸i� d R�j[R h ¸-X�WV|i�+j-� h
Un

ij

X��"Y+|C��¸-Q d � f �wbw�OYA)·¸i| h WV��X�jcT d Q d � ' h jcY+��W£� d �H�6j

Un
ij =

1

2

(
Un

i + Un
j

)
− 1

2
sgn

(
∇Fη

(
Ū
)) (

Un
j − Un

i

)

+
1

2

∣∣∣∇Fη

(
Ū
)−1
∣∣∣Qn

ij

]{º�# ¦�_
d ��j-|

U =




h

huη

huτ


 , Fη(U) =




h

hu2
η + g h2

2

huηuτ


 , Qn

ij = −g
2

(hi + hj)
(
Zf j

− Zf i

)



0

1

0




]{º�#·ÆH_
ji�
Ū

jiYl��T*) ¸i� d �sX�j f �?j[X�������¸cR d h

Ū =
1

2
(hi + hj)




1

ui

√
hi+uj

√
hj

√
hi+

√
hj

ηx +
vi

√
hi+vj

√
hj

√
hi+

√
hj

ηy

−ui

√
hi+uj

√
hj

√
hi+

√
hj

ηy +
vi

√
hi+vj

√
hj

√
hi+

√
hj

ηx



.

]{º�# � _

¹�j-Y±� d T�ji� h YsR h ��R h jiYsY+���H��X�������¸-j-Y�R d h
λ1 = uη, λ2 = uη +

√
gh

j��
λ3 = uη −

√
gh,

]{º�#·ºH_
T d Q d � h W�|ij�X�j-Y±� j-|i�+j-� h YwR h ��R h j-Ysji�sT d Q d � h WV|-j�X�jiY±��j-|��6ji� h Y<R h ��R h j-YsWV��� j h Y+jcY+���H��X����?�
��¸-jiY<R d h

R(U) =




0 1 1

0 λ2 λ3

1 uτ uτ


 , R−1(U) =




−uτ 0 1

−λ3

2
√

gh
1

2
√

gh
0

λ2

2
√

gh
− 1

2
√

gh
0


 ,

]{º�#�� _
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��� 	 � � � ��� � � 	�� � ��� � 	 � � � � ��� � ������� 	 � � ��� � � � � � � � � ��� � ��� � � �
�	� �
�	� ���� ��� � � � � � � � � � � � � � � � � � � � �

sgn
(
∇Fη

(
Ū
))

= R(Ū) sgn
(
Λ(Ū)

)
R−1(Ū)

ji� ∣∣∣∇Fη

(
Ū
)−1
∣∣∣ = R(Ū)

∣∣∣
(
Λ(Ū)

)−1
∣∣∣R−1(Ū).


n�16.�� �"¸i| h WV�sT*) ¸i� d RIj[|-� hlh j-|��6ji� h X�jqT d Q d ��W(' h j[Y+��WV� d �H�6j

W n+1
i = W n

i − ∆tn

Ai

∑

j∈Ni

g
(
W n

i ,W
n
j , Q

n
ij, η
)

+ ∆tQn
i ,

]{º�# 9�_
d ��j-|

g
(
W n

i ,W
n
j , Q

n
ij, η
)

= F
(
W n

ij

)
· ηij, W n

ij =




hn
ij

(huη)
n

ij
ηx − (huτ )

n
ij ηy

(huτ )
n
ij ηy + (huτ )

n
ij ηx


 .

]{º�# ��_

ji�

Qn
i = −g hi

Ai




0
∑

j∈Ni

Zij · (ηij)x|eij|
∑

j∈Ni

Zij · (ηij)y|eij|


 ,

d ��j-|
Zij =

ZiAi + ZjAj

Ai + Aj

1 
 �
� ��� > � @ 5?; �A@�� B�� � 9 � 9��  � @ �658<�CA7 ���	��
�������

��� X�¸A6.��WV�°���À������� j-T¯jiY+R d |-j�X2) d R�R h �,+�WVQ d �6W�� ��`��JIÀT8)·��� d R�R h �a|C��jET*) ¸i� d ��R��H¢?Y+WV����j
VR d h ����j�X�WVYl� h W k ���6WV���5TVW���¸ d W h jsR d h Q3� h |-j d �5+�`�����W@jiYl�±T8)·jiY+R d |-j�X�jiY��¼����|��6WV����Y d�� ��j-Y±R deh

|-jiT�T���T�j #
��� d R�R�TVW�����jt����j~X�¸-Q d h |C��j�����W d ¸��6¸��a�6W�TVW�Yl¸-jtR d h � #�
nTVQ d ��W § 
nT�Q5���)¨L`7|-j��+�+j�X�¸iQ d h |C��j�Ylj
X�¸-|i��Q3R���Ylj[j-�OX�ji�5+O¸i� d RIj-YH�����jq¸�� d RIj[X�j h j-|-� ��Yl� h ��|��6W�� �"X�j-Ys¸i� d �6Y±} d ��|C��j[ji�sX h ��W£�6j `
ji������jc¸�� d RIjcX�jcT�W�Q3WV� d �6WV���3X�j-Ys} h+d X�W�ji�H�6YsR�� � h ¸i�?WV�+j h T�jiY±��Y+|iW�TVT d �+W�����Y #
���������À� ] h ji|-����Y�� h ��|i�+W����OT�WV��¸ d W h jwX�j-Ys¸i� d �6Y6_

 � RI��W��H�
Xij

X�j°T8) deh 4i�+j
Γij

Y+¸-R d h6d �H�cX�ji�5+ � ��T���Q5jiY�X�j«|-� ��� h�� TVj
Ci

j��
Cj

`@��� X�¸<6.��W£�
X�j-� +¤� d TVj-� h Y<X�j

V
`&����j .5} d ��|C��j

V −
ij

X d ��YwT d |-j-TVT���TVj
Ci

`&ji�<����j .3X h ��WV�+j
V +

ij

X d ��YwT d
|-jiT�T���T�j

Cj

R d h H




V −
ij = Vi +

1

2
~∇Vi

~GiGj

V +
ij = Vj −

1

2
~∇Vj

~GiGj.

]Mº #V�)¥�_

Gi

j��
Gj

Yl���H� h j-YlR�ji|i�6W£��jiQ5ji���ET�jiY k.d h ¢?|ij-�H� h j-YEX�j-Yx� h W d ��}�TVj-Y
Ci

j��
Cj

` ~∇Vi

j�� ~∇Vjh jiR h ¸iY+j-�H�+j-�H��TVj-Ys} h6d X�W�ji���+Y±Y+� h
Ci

ji�
Cj

#
¹ d �¼� ��|i�+W����OX�j !.�5+ h j-Y��6jqT d Q�4-Q3j `�Ylj-��TVYsY+j-Y d h }���Q3j-�H�6Ys|C� d ��}�j-�H�v`.j������ d H

∫

Γij

F(V,−→n ) dσ = φ(V −
ij , V

+
ij ,

−→ηij)mes(Γij).
]Mº #V���)_

�vÆH¦



������� ��� � ����� � � � ��� � ������� 		� �
� � � 	 � � � � ��� ��� � � ��� 	 � � ����� ����	�� �
	 � � � � � � �� ��	 � � � � � ��� ��� � ��� � � � ��� � � � ����� � � �

2

V +
ij

Gj

Γij

Xij

Gi

V −
ij

NPORQTSIº�#�
,U
¹�j R h � k T('iQ5j | h ��|iW d T�X d ��Y«|-ji�l�6j�¸�� d RIj j-Y��xT*) ¸i� d TV� d �6WV���;X�j-Y«} h+d X�WVj-�H�6Y°X�j T d Yl��T��a�6W�� �
Y+� h |C� d ����j3����TV��Q3j3X�j5|i���H� h�� T�j # 0�ji|-W�R�ji���L4i� h j5j��@ji|i�+��¸EX�j3X�W£�@¸ h j-�H�+j-YqQ d ��W(' h j-Yi`�j-�
R d h �6W�|i��T�WVj h Yl��WV� d �H��T�j[��¢?RIjoX�jq|-jiT�TV��T�jiY±���6WVT�W�Yl¸-jiY$# ���"R h ¸iY+j-�H�+j°����j[�6ji|C����WV�?��j�X�jq| d TV|-��T
X�j�} h6d X�W�j-�H�+Y�X d ��YtT�js| d Y~�JI3���3���6WVT�WVY+j¯X�jiY~Q d WVT�T d }�j-Y�� h W d ��}���T d W h j-Y����3�?� d X h6d ��}���T d W h j-Y$#
�� ������� ��� ����������� �"! ���$# ��!%!&���
´���� h ���"� h W d ��}�T�j

Ci

`�|i����Y+WVX�¸ h ����Y�T*) j<+aR h j-Y+YlW����

∆(Vi, Vj) = Vi + (xj − xi)
∂Vi

∂x
+ (yj − yi)

∂Vi

∂y
− Vj

�JI
(xi, yi)

j��
(xj, yj)

Y+���H� h jiY+RIj-|��6WV� j-Q3j-�H�cT�jiYw|i�a� h X�������¸-j-Y[X�j-Y�|ij-�H� h j-YcX�j°} h+d �aW£�6¸oX�j
Ci

ji�
Cj '¹�js�+j h Q5j

∆(Vi, Vj)
h jiR h ¸iY+ji���+j<WV|-W�T d X�WV��¸ h j-��|ijsj-�H� h j�T d � d T�ji� h ji��j-|��6WV� jsX�j

V
d �x|-j-�H� h j

X�j3T d |-jiT�T���T�j
Cj

j���T d � d T�j-� h � k �6ji����j d �N|ij-�H� h jEX�j
Cj

R deh X�¸i��jiT���R�R�jiQ5ji���oT�WVQ5W£�6¸oX�j
T d �¼����|��6WV���

V
X�¸A6.��WVj d � |-j-�H� h j"X�j

Ci '
¹�jO} h6d X�W�j-�H�xYl� h T d |-jiT�T���T�j

Ci

jiYl�5¸i� d T���¸�j-�
Q5WV��W�Q3W�Y d �H��T d �¼����|i�+W�������� d X h6d �+W�����jMH

Ψi(
∂Vi

∂x
,
∂Vi

∂y
) =

∑

j∈N(i)

|∆(Vi, Vj)|2

�JI ∂Vi

∂x

j�� ∂Vi

∂y

Yl���H� d T�� h Y�Yl��T��a�6W�� ��Y�X�� Y�¢?Yl�;'iQ5jOTVW���¸ d W h j5X�jEX�j-�5+À¸-��� d �+W�����YE.X�j-� +
W���|i��������jiY<Yl��WV� d �H�H

∂Ψi(X, Y )

∂X
= 0

∂Ψi(X, Y )

∂Y
= 0.
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��� 	 � � � ��� ��� 	�� � ��� � 	 � � � ��� � � ������� 		� �
� � � � � � ����� � � � � ��� � � �
� � � �	� ������ � ��� � � � � � � � � ����� � � ��� � � �

�<�"| d TV|-��T@Y+W�Q3R�TVj�X�������j
∂Vi

∂x
=
JxIyy − JyIxy

D

∂Vi

∂y
=
JyIxx − JxIyx

Dd ��j-|qT�jiYs��� � d �6W�� ��Y

Ixx =
∑

j∈N(i)

(xj − xi)
2 , Iyy =

∑

j∈N(i)

(yj − yi)
2

Ixy = Iyx =
∑

j∈N(i)

(xj − xi)(yj − yi) , D = IxxIyy − I2
xy

Jx =
∑

j∈N(i)

(xj − xi)(Vj − Vi) , Jy =
∑

j∈N(i)

(yj − yi)(Wj −Wi)

��������� Z ]¼T�WVQ5W£� d �+W����xX�jiY<RIj-�H�6jiYC_
'¹ ) d R�R h �,+aW�Q d �6WV���O� k �+j-����j d ��ji|°T�jiYw¸�� d �+Yw¸i� d TV��¸-Y�X d ��Y�T*) ¸i� d R�j

1
`&RIj-��� 4i� h j�X�W�Y+RIj h Y+W£��j
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1�� ���32 � ��
�6B � 4 ; <VG�CA58;�� ���
���������	�	����������������� �!�"��#��$#%�&�'#%�(����)1''*��,+-����./#0) ''����)����(1-������243�� .5��*��	������#%�6�'#%./.73����8*�9':��
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)��'3 +JI-3���)��'�D���E243-�!�"*��K9	243-�,�"��#%���D243��L)�9	�'*;��?%�	�A�E���<�'#������	*;?,�,�"��#%�M)��K�B�>243-�,�4������9K)��
.N#�3(?%�	.N�	�4��.N#HG%�	����9	�

'
���,���L�'�7./#0) ''���O���'����'*;.N�	��)��7)������;���-�,����#%�E��#%�A�L�(9':%����:%�'��P����	�

'QR�5ST#�*�./�L:%9'��9	*"�����L)��U�'��.N#0) '	�����	�;�V9	?�#W243�9	�O)-�,���YXZ�L[U\ 9 �	]
'^ �_��#����Y�-�,*

∂t

���/)�9	*��@?%9'�O�-��*V*"���(�`#%*����,3E�"�	.N�(�'+ ∇· �*)Z#%�a9'*"�!�"�'3(*V)(�Y�B�b)��@?%�'*;:%�'�(�'�Y���
∇ �*)Z#%�`9	*"�,���'3�*�)(36:�*"��)����'�A�

'�������V�'�U�'�������'��9	243-�,�"��#%����)��U�'#������	*;?,�,�"��#%�&� )Z9'�	*���?��'�A�	H
• ���'��9	203��,�"��#%����)��U�'#%�(���'*�?,�,�"��#%�&)��U�B�7.N�����;� H

∂t(αkρk) + ∇ · (αkρkUk) = 0, ced ' � fAg

• ���'��9	203��,�"��#%����)��U�'#%�(���'*�?,�,�"��#%�&)��U�B�7243-���A�"�@�"9U)��U./#%3(?%�	.N�	�A��H

∂t(αkρkUk) + ∇ · (αkρkUk ⊗ Uk) + αk∇Pk + (Pk − P i
k)∇αk = αkρk~g, ced ' �'h4g

#JI
k

���5*������a#%*;���5��35+_��1-�,���'�U:A�,i'�'3(��� c ?,���a�'3(* g (k = v)
���L����243���)��

(k = l) ' αk

�	�;�U���
�j��3 +F)(�8?0��)��203(�a?�9'*�� 6-�

αv +αl = 1
+
ρk

�	�;�k���O)��	�����@�"9,+
Uk = t (uk, vk)

�	�;�����U?0�@�"�'�;�������
Pk

�	�;��B�7��*;�'���;��#%�
'

1�� ��� � � � 5 B �A;=5l
 �nm � 9 � � > � 9 �
o 3b���@?%� �,35)�3b�;G0�;�-''./��+ c 9	243-�,�"��#%��� ced ' �HfAg + cpd ' � h4g;g 243����*)Z#%�5��9	�'*;���q�	�@rs)(�'���;3��'+����WG7������3(�
)2)Z�����	#%���43��'�R243��t)2)Z9'243-�,����#%�u+ 243��q�*)Z#%�L�'#�������) ''*;�q�'#%./.N�v)��'�R���(�'#%���43��	�w��*������'���-�����'� XZxy#%3 �:9 ] H
• �"��35+$)��U��*�9	���'�(�'� H

αk k = v, l
• �(*��'�;����#%����.N#HG��'�����	��H

Pk k = v, l
• ?0�@�"�'�;���	�./#HG%�'�(���'�,H

uk k = v, l '^ �C���'3(*5�����;#W�	���$���'�Y?,��*;�B��P(���'�Y��35+W�����B����*��	���;3���?,���A���'�'+v*��'����9	�'�5��3 +C��*;9'�'9	)��'�A���'�/�-��*7)��	�
��#%���k#%36)��'���"��P����	�k�"1��	*�./#W)WGW����.N��243��'� H
• .N���;���'��?�#%��3�./��243��	��.N#HG��'�����	��H

ρk k = v, l 'Qw�'�V��3(��*��'���"�	*�./�'��)���?0*�#%�A� 4	�"*;�U�<+W��*���.N9	�V��3&.N#HG%�	�E)(��*;�'���,�"��#%�D)��LST�'*;.N���"3�*;� H
• �(*��'�;����#%����.N#HG��'�����	�8�,35+&���A���'*;Se�,�'�'�H

P i
k k = v, l0y�'�	�w��#%3���*���. '	���O.7�j1�#�������*y)��	��*��'���,�"��#%���z)��8ST�'*;.N���"3�*;�L��*�#�P-��P����'./�'�A�����	�k����3��k��./�a#%*�r

�j���A���'�V�	�����	������3����,*�)�3��	��	#%���	�'*������A����L.N#0) '	���L)�����1-���;��243��'�7.5)��	35+DI-3���)��'�
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1�� ����� � � B=C�>?;�� @ 
 � m � 9 � � > � 9 � 
 � B=CE<�9 � 5?58;�� @�� � 7L> � C @ > � 5

�������V�'�������O�,��������� �,����#%�F��#%3����'#�������)�9'*;#%�������	�V��#%���y)2) 9��j�,���;3���?,���A���'�,H
P = Avρv

γ ,
�H?��'�

γ = 1.4
���

Av = 105 '
ρl = klP

a, a = 4.73 × 10−5 �	�
kl = 987.57 '0y�	�;�"�U*��	�B�,����#%�D�	#%���'�	*����U���7��*��	������#%�6���A�"�	*;Se���	�B��������3&���@?%� �,36)(���8) ���A�"�'*�Se���'�8:A��i�r ����203(��)���H

Pl = Pv = P i
v = P et Pl − P i

l = ρlΘ, ced ' � � g

Θ
���y3��/�'#0� � �	���'�A�z1�#%./#%::'	���V�H?��'��B��?0���"�	���;�V���'� 243���8) ���u��� )����B�L)����;�`�	*��;��#%�N��3/����?�� ��3

)��k�8) ���4���'*�Se���'�z�'�;�=��*����v�'�5�	#%./�(�"�
'��

#�3�*=����3��v)��y)�9	�"������� �;3�*=�B���*��	������#%�5)��k���VI-3(�	�"3��,�"��#%�
#%�6�`�	3(�V�'#%���;3������'*����'��*�9�ST9'*��	���'�	��;3���?,���A���'�OX xy9	* � d + QR��1 � 
4+ Q�� �:9 ] '�W�'��#%�<�8) �,��������� �,����#%�_)�3<�;�j1�9'.N���(\������ ��3 ��*�#%P(�(''./�bP���I�3���)��b./#%��#0)���./�'�(����#������'�v#%�
�`�	3(�q9	�'*���*��

Θ = δθ
+��	�=#%�5�����(����243��z���z���j1�9	.F���(\������Y��35��GW���;'	.N��#%*;��:%�����'�A�������=�8) � �;#%3(�

)��U�B�5��*;�'���;��#%�6���A���'*;Se�,�'�B�,���8�	�E�a#%�����A�
δ = 0

��#%*;�k)�36� �����'3��w)��U���7.F�,��*����'���;��:%����� ?%�	�O���
.N9��"1�#0)��L)�� %
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∂tW + ∂xF (W ) + ∂yG(W ) + S1(x, y,W ) = S(W ) cpd ' � d g

W
�'���5���b?%�	�	�"�	3�*7)��	�Y?,��*�����P����'�U�'#%�(���'*�?,�,�"�@ST�Y���(�'#%���43��	+

F
���
G

���	��ST#%�(�	�"��#%���O)��NI-3 +
��1AG0����243��8)��8���O�-��*��"���V�	#%���;�'*;?,�,����?���+

S1

�'�;�y�B�U�-��*��"���V��#%�F�'#%���;�'*�?��!�"��?��8���
S

�	�y�����"�	*�./�
��#%3(*��'����#��4�V)�9<6-�����'���-��*

W =




αvρv

αvρvuv

αvρvvv

αlρl

αlρlul

αlρlvl




, S(W ) =




0

αvρvgx

αvρvgy

0

αlρlgx

αlρlgy




���
S1(W ) =




0

αv
∂P
∂x

αv
∂P
∂y

0

αl
∂P
∂x

+ (P − P i
l )

∂αl

∂x

αl
∂P
∂y

+ (P − P i
l )

∂αl

∂y




,
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� ?%�'�
Uk = t(uk, vk)

�	�
~g = t(gx, gy)

F (W ) =




αvρvuv

αvρvu
2
v

αvρvuvvv

αlρlul

αlρlu
2
l

αlρlulvl




, G(W ) =




αvρvvv

αvρvuvvv

αvρlv
2
v

αlρlvl

αlρlvlul

αlρlv
2
l
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'
Qw�'�q�P+(�(*��'�;����#%���

)��'�V)�9	*���?�9'�	�
Pw1

���
Pw4

+-� ?%�	�
w1 = αvρv

�	�
w4 = αlρl

��#%�A�V)�#%�(��9'�	��-�,*,H
Pw1

=
γP

ρvαv

, Pw4
=

γP

ρlαv�	�V���	��)�9'*;��?�9'�'�V)��
(αv)w1

�	�
(αv)w4

��#%�A�V)�#%�(��9'�	��-�,*
(αv)w1

= 0, (αv)w4
= −αv

ρl

.

�������V�'�U�'���
S1(x, y,W ) = A(W )

∂W

∂x
+B(w)

∂W

∂y#JI6���'��.N�,��*����	�'�
A(W )

�	�
B(W )

��#%�A�V)�#%�(��9'�	��-�,* H

A(W ) =




0 0 0 0 0 0

αvPw1
0 0 αvPw4

0 0

0 0 0 0 0 0

0 0 0 0 0 0

αlPw1
0 0 αlPw4

+ Θ 0 0

0 0 0 0 0 0
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B(W ) =




0 0 0 0 0 0

0 0 0 0 0 0

αvPw1
0 0 αvPw4

0 0

0 0 0 0 0 0

0 0 0 0 0 0

αlPw1
0 0 αlPw4

+ Θ 0 0
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∂Ŵ

∂t
= S(Ŵ )

Ŵ (x, tn) = W n(x)
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∂tW + ∂xF (W ) + ∂yF (W ) + A(W )∂xW +B(W )∂yW = 0

W (x, tn) = W n+1(x).
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W n
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1

2

(
W n

i +W n
j

)
− 1
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sgn

(
J
(
W̄ , η

)) (
W n

j −W n
i
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ᾱl
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(αl)L
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(αl)R
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, ᾱv = 1 − ᾱl, cpd ' 
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(αlp)L + (αlp)R

(αl)R + (αl)R
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ūk =

(√
αkρkuk
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i
+
(√

αkρkuk

)
j(√

αkρk

)
i
+
(√

αkρk

)
j
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(√
αkρkvk

)
i
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(√

αkρkvk

)
j(√

αkρk

)
i
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(√

αkρk

)
j
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√
γp̄
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ūk =
Ai(uk)i + Aj(uk)j

Ai + Aj

; k = l, v, ced ' 
 d g

v̄k =
Ai(vk)i + Aj(vk)j

Ai + Aj

; k = l, v, ced ' 
 � g
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ρv → ρv

ρ0
v

, ρl →
ρl

ρ0
l
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ρ0
v
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ρ0
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J
(
W̄ , η

)
= J0

(
W̄ , η

)
+ εJ1

(
W̄ , η

)
. cpd ' 
�� g

� d �



��������� ��� � ��� ������	
� ��� ���"� ��� � � �������� � � � � � ��� ��� ��� � � � � ��� � � �
� � � �	� ������ � ��� � ��	 ��� � � � ����� �"� ��� � 	 �
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J0 (W, η) =




0 ηx ηy 0 0 0

−uvUv + c2vηx uvηx + Uv uvηy 0 0 0

−vvUv + c2vηy vvηx vvηy + Uv 0 0 0

0 0 0 ηx ηy 0

0 0 0 −ulUl + c2l ηx ulηx + Ul ulηy

0 0 0 −vlUl + c2l ηy vlηx vlηy + Ul
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J1 (W, η) =




0 0 0 0 0 0

0 0 0 γP

ρ0
v
ηx 0 0

0 0 0 γP

ρ0
v
ηy 0 0

0 0 0 0 0 0

αl

αv

γP

ρ0
v
ηx 0 0 0 0 0

αl

αv

γP

ρ0
v
ηy 0 0 0 0 0
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cv =

√
∂P

∂ρv

=

√
γP

ρv

, cl =
√

Θ
���

Uk = ukηx + vkηy. cpd ' f � g
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λ1 (W, η) = Uv

λ2,0 (W, η) = Uv − cv

λ3,0 (W, η) = Uv + cv

λ4,0 (W, η) = Ul

λ5,0 (W, η) = Ul − cl

λ6,0 (W, η) = Ul + cl
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J (W, η)
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J0 (W, η)
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W n
ij =

1

2

(
W n

i +W n
j

)
− 1

2
sgn
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(
W̄ , η
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j −W n
i
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W n+1
i = W n

i − ∆t

Ai
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j∈Ni

|eij|G
(
W n

i ,W
n
j , ηij

)
+ ∆t(S1)

n
i cpd ' f 
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n
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1

∆tAi

∫
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S1 (x, y,W (x, y, t))dtdxdy,
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j , ηij
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(
W n
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)
ηij,x +G

(
W n
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)
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