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XCD æ D ã � ×�Ü�ÙÛë�â)à�Ü�ëìÙ�à�×�ÜÃâ à � ÙÛØ�ä�Ú D9D|D|D|D9D|D|D9D|D|D|D9D|D|D9D|D|D|D9D|D|D9D ã�ã,J
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� Ú;éCÚ-ä�ÜCà�ÚEäAî-×�Ü�ÙÛà�ÚEÜ�ÙAØ�Ü�Ú;Ú � Ù�Ú-Ü�ï�à�×�ÜºéCÚ;ß ëvù[×�ä�âÁØ�ß�Ú·é�Ú 	 à�îEÚ�Ý�×�ØCäAØ�Üºî ��ë�â)Ý ��ë�ØCï�ï�à�Ú-ÜÃé�ë�Ü�ïß�ë�á�Ø�Ú-ß�ß�Ú;ÜC×�Ø�ï·ëìÙ�Ù�ä�à�Þ�Ø�×�Ü�ïÕØCÜ�Ý�×�à�é�ï7úÏî ��ë�îEØ�Ü�é�ÚEï·é�ð-Ý�ë�ï�ï�Ú-â)Ú-Ü�ÙÛï D
� ��ë�á�Ø�Ú.î ��ëìÝ�à�Ù�ä�ÚÕé�Ú7î-Ú7é�×�î-Ø�â)Ú-Ü�Ù Ý�×�ï�ï �-é�Ú·ïÛëvÝ�ä�×�Ý�ä�ÚÕÞ�à�Þ�ß�à�× ��äÛëìÝ���à�Ú D �.×�ØCï éC×�Ü�Ü�×�ÜCï Ú-Ü ��ÜéCÚ=â ëìÜ�Ø�ï�î-ä�à�ÙÒØCÜ&à�Ü�éCÚ � é�Ú-ïvë�ØCÙ�Ú-Ø�ä�ïÒî-à�Ù�ð-ï �,Ý�ë,��ÚºãBN W �·ÚEÙÒî-Ú=ä�ðEï�Ø�â)ð=é�ÚÁÙ����-ï�ÚÏÚ-Ü<ê�ÚEä�ï�à�×�ÜëìÜ���ß ëìà�ï�Ú �,Ý�ë,��ÚÏã,N`J � D

�.×�ØCïÆÝ�×�Ø�ä�ï�Ø�à�ê�×�Ü�ïÕë0ê�Ú-î;ß�ë9Ý�ä�ÚEâ)à �-ä�Ú�Ý�ë�ä�Ù�à�Ú	��éCà�ÙÛÚ.é�Ú�Ý�ä�ðEï�Ú-Ü�Ù�ëìÙ�à�×�Ü ��ðEÜ�ðEäÛë�ß�Ú	�Wá�Ø�àPé�ð-îEä�à�ÙéCÚvù,ë��-×�ÜzéCðEÙ�ëìà�ß�ß�ð-Ú;ß�ÚÒî-ë�é�ä�Ú|Ú
Ù·ß�ÚEï7à�éCð-Ú-ï7ß�à�ðEï7ë�Ø � ä�ðEï�Ø�ß�Ù�ëìÙ�ï7×�ÞCÙ�Ú-Ü�Ø�ï D





� � �����8
���� �

� ����� �
	 
 � 
����
	 � � � ��� �
� �

� Ú·Ý�ä�Ú-â)à�ÚEä î ��ë�Ý�à�ÙÛä�Ú7ÚEï�Ù é�Ú-ï�ÙÛà�ÜCð.úÒÝ�ä�ðEï�ÚEÜ�ÙÛÚEä���é�ÚÕù,ë	�-×�Ü)ï�à�â Ý�ß�ÚÆÚ
Ù ÝPÚEØ)ù[×�ä�â ÚEß�ß�Ú	��ß*ûý×�ÞWå�Ú
Ùëìß�ð0ë�ÙÛ×�à�ä�Ú îE×�Ü�ï�à�é�ðEä�ðºÙÛ×�ØCÙ)ë�ØÊß�×�Ü��<é�Ú�îEÚ�â ë�Ü�Ø�ï�î-ä�à�Ù D � Ü�Ý�ë�ä�ÙÛà�î-ØCß�à�Ú-ä��YÜ�×�Ø�ïÏéCð-îEä�à�ê�×�Ü�ïÏß�ÚEïî-ë�äÛëìîEÙÛðEä�à�ï�ÙÛà�á�Ø�Ú-ï·á�ØCÚ2ÜC×�Ø�ï.ï�×�Ø���ë�à�ÙÛ×�ÜCï·ðEÙ�Ø�é�à�ÚEä·ÚEÙ.é�Ú-ï.Ú � ÚEâ ÝCß�Ú-ï·é û ëìÝ�Ý�ß�à�î0ë�ÙÛà�×�Ü�ïÕî-×�ÜCî-ä��
ÙÛÚEï×�Ø�ë�Þ�ï�ÙÛäÛëìà�ÙÛÚEï7á�Ø�à�â)×�ÙÛà�ê�Ú-Ü�Ù7ß�Ú-Ø�ä�ï·ë�Ü�ëìß�í�ï�ÚEï D
����� ��������� �!�!"#�$�&%!���('#)��&%!*�+,"-� �

��ÚÏâ)×�é��Eß�ÚÁâ ëìÙ���ð-â ëìÙ�à�á�Ø�Ú2î-×�â)âÁØ�Ü&ú ÙÛ×�ØCÙ�Ú-ïÒß�Ú-ï;ðEÙÛØCé�Ú-ïvÝ�ä�ðEï�ÚEÜ�ÙÛðEÚ-ï9ÚEï�Ùvß�ÚÁÝ�ä�×�îEÚ-ï�ï�Ø�ïï�ÙÛ×�î ��ë�ï�ÙÛà�á�Ø�Ú D 	 ëìÝ�Ý�Ú-ß�×�Ü�ï2ä�ë�Ý�à�é�Ú-â)Ú-Ü�ÙÁá�Ø û à�ß�ï-ûýë,��à�Ù2é û Ø�Ü Ú-ÜCï�Ú-âÁÞ�ß�Ú {X(t), t ∈ T} é�Ú êìë�ôä�à ë�ÞCß�Ú-ïvëìß�ð0ë�ÙÛ×�à�ä�ÚEïÒé�ð���Ü�à�ÚEï9ï�Ø�ä
T
Ú
Ù9à�îEà�� ú�ê�ë�ß�ÚEØ�ä�ï|é�ë�Ü�ï

R
k D � û Ú-ï�Ý�ë�î-Ú é�ÚEï9Ý�ë�ä�ë�â �EÙÛä�Ú-ï TÚEï�Ù·Ø�ï�Ø�ÚEß�ß�Ú-â)Ú-Ü�Ù7Ø�Üzï�×�Ø�ï:ô�ÚEÜ�ï�ÚEâ=ÞCß�Úvé�Ú

. N
×�Ø

Z / ×�ÜzÝ�ë�ä�ß�ÚÒé�Úvï�Ø�à�Ù�Ú|ë�ß�ð0ëìÙ�×�à�ä�Ú;×�Øzé�Úvï�ðEä�à�ÚÒî ��ä�×�Ü�×�ß�× ��à�á�Ø�Ú	�. R
+
×�Ø

R / ×�ÜzÝ�ëìä�ß�Ú;Ý�ß�ØCÙ���ÙÕé�Ú|ÝCä�×�î-ÚEï�ï�Ø�ï�ú=ÙÛÚEâ ÝCï7î-×�Ü�ÙÛà�Ü�Ø��. R
n / ×�Ü]Ý�ë�ä�ß�Ú9ë�ß�×�ä�ï7é�Ú9î ��ëìâ Ý]ë�ß�ð-ëìÙÛ×�à�ä�Ú �,ï�à k > 1

�ÕÚEÙ�éCÚ2ÝCä�×�î-ÚEï�ï�ØCï;ï�ÙÛ×�î ��ë�ï�ÙÛà�á�ØCÚÁúÝ�ß�ØCï�à�ÚEØ�ä�ïÕÝ�ë�ä�ë�â �
ÙÛä�Ú-ï
�[ï�à
k
êìë�ØCÙ|ã � D

ø?ëìä�â)à ß�ÚEï|Ý�ä�×�î-Ú-ï�ï�Ø�ïÁú�Ù�Ú-â)Ý�ï|î-×�Ü�ÙÛà�Ü�Ø���×�Ü¢î-×�â)ÝCÙÛÚÏé û Ø�Ü�Ú Ý�ë�ä�Ù9ß�Ú-ïvÝ�ä�×�îEÚ-ï�ï�Ø�ï2Ý�×�Ü�îEÙ�Ø�Ú-ß�ï��éC×�Ü�Ù;ß�Ú-ï.î ��ë�Ü���ÚEâ ÚEÜ�ÙÛï�é û ðEÙ�ë�Ù;ï�×�Ü�Ù;é�à�ä�à ��ðEï.Ý�ëìä�Ø�Ü�Ú2ï�ØCà�ÙÛÚ9é�ÚÁÝ�×�à�Ü�ÙÛï
ti
��Ü�à�Ú9×�ØÑà�Ü���Ü�à�Ú	�`ÚEÙé�û ë�ØWÙÛä�Ú2Ý�ëìä�Ù�ß�ÚEï�Ý�ä�×�î-Ú-ï�ï�Ø�ïÒîE×�Ü�Ù�à�Ü�Ø�ï D ÿ�ßTÚ-ï�ÙÒé ûýë�à�ß�ß�ÚEØ�ä�ï·à�Ü�ÙÛð-ä�Ú-ï�ïÛë�Ü�ÙÒé�Ú9ê�×�à�ä��`Ú-ÜÑÝ�ë�ä�Ù�à�îEØ�ß�à�ÚEäé�ë�Ü�ïÒî-ÚÁÙÛä�ë�ê�ë�à�ß ��á�Ø�ÚÏß�ëÃä�ð-ï�×�ß�ØWÙÛà�×�Ü<é�ûýØ�Ü&Ý�ä�×�Þ�ß��-â)ÚÁé�×�Ü�Ü�ð=Ý�Ú-ØWÙ|ÜCð-î-ÚEï�ï�à�ÙÛÚEävß4û à�Ü�ÙÛä�×�éCØ�îEÙ�à�×�ÜéCÚ|îEÚ-ï·é�ÚEØ � Ù�í�Ý�Ú-ï·é�ÚvÝ�ä�×�îEÚ-ï�ï�Ø�ï D

� Ú0ëìØ�î-×�ØCÝ�é�Úvï�í�ï�Ù��-â)Ú-ï.ä�ð-ÚEß�ï7Ý�ÚEØCê�Ú-Ü�Ù 
EÙ�ä�Úvâ)×�é�ð-ß�à�ï�ð-ï7ëìà�Ü�ï�à��Cî-à�ÙÛ×�Ü�ï7ÚEÜ�Ú � ÚEâ)Ý�ß�ÚÏñ. ß4û ðEê�×�ß�ØCÙÛà�×�ÜºéCÚ|ß�ëÁÙ�ë�à�ß�ß�Ú;é û Ø�Ü�Ú|Ý�×�Ý�Ø�ß ë�ÙÛà�×�Üºï�Ø�Þ�à�ï�ï�ë�Ü�Ù·é�Ú-ï·îE×�Ü�Ù�äÛë�à�Ü�Ù�Ú-ï7Ú � ÙÛð-ä�à�ÚEØ�ä�ÚEï.é�ÚÙÛÚEä�ä�à�ÙÛ×�à�ä�Ú�×�Øzé�Úvä�ðEï�ÚEä�ê�Ú2ë�ß�à�âÏÚ-Ü�Ù�ë�à�ä�Ú	�
. ß ë-0�Ø�î
ÙÛØ�ëìÙ�à�×�Üié�ûýØ�Üiî-×�Ø�äÛëìÜ�Ù2é�ë�Ü�ï9Ø�Üiî-à�ä�îEØ�à�Ù|ðEß�Ú-î
ÙÛä�à�á�Ø�Ú ÚEÜiÝ�ä�ðEï�Ú-ÜCî-ÚÃé�Ú Ý�ä�ðEÙÛÚEÜ�é�ØÞ�ä�ØCà�ÙÕÙ���Ú-ä�â à�á�ØCÚ	�
. ß�ÚEïAî ��ë�Ü���ÚEâ ÚEÜ�Ù�ïÆé�ØÃÜ�à�ê�Ú-ë�ØÃé�Ú-ïÆï�à ��Ü�ë�Ø � ô�ä�ë�é�à�×|ä�Ú��EØ�ïÆÚ-ÜºÝCä�ð-ï�Ú-Ü�îEÚvéCÚ;Ý�Ú-ä�ÙÛØ�ä�Þ�ëìÙ�à�×�Ü�ïâ ð
ÙÛðE×�ä�×�ß�× ��à�á�Ø�Ú-ï��
. ß4û ð-îE×�Ø�ß�ÚEâ)Ú-Ü�ÙÆÙÛØ�ä�Þ�Ø�ß�Ú-Ü�Ù7é û Ø�Ü�ß�à�á�Ø�à�é�Ú;×�Øzé�ûýØ�Ü ��ë � �
. ß ë ��ë�ØCÙ�Ú-Ø�ä7é û Ø�Ü�Ú|Ý�ë�ä�Ù�à�ÚÒéCÚ|ß�ë=ï�Ø�ä�ù,ëìî-Ú|éCÚ|â)Ú-ä Dõ î-ÚEïÁé�Ú-ä�Ü�à�ÚEä�ï2ï-ûýë�å�×�ØCÙ�Ú-Ü�ÙÁîEÚ-ä�ÙÛë�à�Ü�ï2Ý�ä�×�î-ÚEï�ï�Ø�ï=à�Ü�é�Ø�ï�ÙÛä�à�Ú-ß�ï9ë�î-îE×�â Ý�ë,��Ü�ðEï2é�Ú�0�Ø�î
ÙÛØ�ëìÙ�à�×�Ü�ïëìß�ð0ë�ÙÛ×�à�ä�ÚEï��EÚEÙ�ð ��ë�ß�Ú-â)Ú-Ü�Ù�îEÚ-ä�ÙÛë�à�ÜCï�Ý�ä�×�îEÚ-ï�ï�Ø�ïTÝ�ä�×�é�Ø�à�Ù�ï é�ÚNß�ëÆÞCà�×ìô�Ý���í�ï�à�á�Ø�Ú	�-é�Ú ß ë ��ð-×�Ý���í�ï�à�á�Ø�ÚÚ
ÙÒé�Ú-ïÒï�îEà�ÚEÜ�î-ÚEïvð-îE×�Ü�×�â à�á�ØCÚ-ï D ø ä�ð
ê�×�à�ä�ß�ÚEï;î-×�ÜCï�ð-á�Ø�ÚEÜ�î-Ú-ï|é�ÚÁî-Ú-ä�Ù�ë�à�Ü�Ú-ï;ï�à�ÙÛØ�ë�ÙÛà�×�Ü�ï���ä���îEÚ=ú

ã.J
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é�ÚÒÙÛÚEß�ïÕâ ×�é��Eß�ÚEïÕÚ-ï�Ù·Ø�Ü�Ú|ë�à�éCÚÒÝ�ä�ðEî-à�Ú-Ø�ï�Ú9Ý�×�Ø�ä7ð
Ù�ë�Þ�ß�à�äAé�Ú-ï·ï�ÙÛäÛë�ÙÛð ��à�ÚEï D
þTä�×�à�ïÕî-ß�ë�ï�ï�Ú-ï·Ý�ä�à�Ü�îEà�Ý�ëìß�ÚEïÕéCÚ|ÝCä�×�î-ÚEï�ï�Ø�ï.ï�ÙÛ×�î ��ë�ï�ÙÛà�á�ØCÚ-ï·ï�Ú|éCÚ-ï�ï�à�Ü�ÚEÜ�Ù Dã D ��Ú-ï2Ý�ä�×�î-ÚEï�ï�ØCïÏë�Ø � ë�îEî-ä�×�à�ï�ï�Ú-â)Ú-Ü�ÙÛï2à�Ü�éCð-Ý�Ú-ÜCé�ë�Ü�ÙÛïÁÝ�×�Ø�ä2ß�Ú-ï�á�ØCÚ-ß�ï9ß�×�ä�ï�á�Ø�Ú ß�Ú-ï9Ý�ëìäÛë�ôâ �EÙ�ä�Ú-ï ê�ð-ä�à���ÚEÜ�Ù

t1 < t2 ≤ t3 < t4
�Aß�Ú-ï ê�ë�ä�à�ë�Þ�ß�ÚEïÃë�ß�ð-ëìÙÛ×�à�ä�Ú-ï

X(t2) − X(t1)
Ú
Ù

X(t4)−X(t3)
ï�×�Ü�Ù·à�Ü�éCð-Ý�ÚEÜ�é�ë�Ü�ÙÛÚ-ï Dæ D ��Ú-ï â ×�é��Eß�ÚEï éCÚ ò ë�ä ��×�êÑå�×�Ø�ÚEÜ�Ù Ø�Ü¬ä���ß�Ú�ÙÛä �-ï à�â Ý�×�ä�Ù�ëìÜ�Ù D
� à�ï�Ù�×�ä�à�á�ØCÚ-â)Ú-Ü�Ù)à�ß�ïÏà�Ü�ôÙ�ä�×�é�Ø�à�ï�ÚEÜ�ÙÏß ëÑÜC×�ÙÛà�×�Ü é�Ú�éCð-Ý�Ú-ÜCé�ë�Ü�îEÚ]ë�ß�×�ä�ïÁá�Ø�Ú��På�Ø�ï�á�Ø û Ú-ÜÅã,NCã L �?ß�ÚEïÏë�ß�ð-ë�ï=ð
Ù�ë�à�Ú-Ü�ÙÝ�ÚEä��-ØCï;î-×�â)â)Ú|à�Ü�éCð-Ý�ÚEÜ�é�ë�Ü�ÙÛï�ß�Ú-ï.ØCÜ�ï�é�Ú-ï;ëìØCÙÛä�ÚEï D ü.Ü]Ý�ä�×�îEÚ-ï�ï�Ø�ïÒé�Ú ò ë�ä ��×�êzÚ-ï�Ù�Ú-ÜÚ 
�Ú
Ù9î0ëìäÛë�î
ÙÛðEä�à�ï�ð)Ý�ëìävß�ÚÁù,ë�à�Ùvá�Ø�Ú)ß ëÃÝ�ä�×�Þ�ë�Þ�à�ß�à�Ù�ðÁî-×�ÜCé�à�Ù�à�×�Ü�ÜCÚ-ß�ß�ÚÁé�Ú-ï|ðEÙÛëìÙÛïvÝ�×�ï�ï�à�Þ�ß�Ú-ïë�Ø � à�Ü�ï�Ù�ëìÜ�ÙÛï tn+1, tn+2, . . .

�ìîE×�Ü�Ü�ë�à�ï�ï�ë�Ü�Ù"ß�Ú-ï?ð
Ù�ëìÙÛï"ë�Ø � à�Ü�ï�ÙÛë�Ü�Ù�ï t1, . . . , tn Ü�ÚÆé�ðEÝPÚEÜ�éá�Ø�Ú|éCØ�éCÚ-ä�ÜCà�Ú-äÕà�Ü�ï�Ù�ë�Ü�Ù7Ý�ë�ï�ï�ð	��ú=ïÛë0ê�×�à�ä
tn D

LCD ��Ú-ï|Ý�ä�×�î-ÚEï�ï�ØCï ��ë�Ø�ï�ï�à�ÚEÜ�ïvê�ð-ä�à���ÚEÜ�Ù9Ý�×�Ø�äÒÙÛ×�ØCÙ|Ú-Ü�ÙÛà�ÚEä n ÚEÙvÙÛ×�ØCÙvê�ÚEîEÙ�Ú-Ø�ä
(t1, . . . , tn)é�ëìÜ�ï

R
n
ñ�ß�ëÁé�à�ï�ÙÛä�à�Þ�ØCÙ�à�×�Ü|å�×�à�Ü�ÙÛÚ;é�ÚEï7êìëìä�à ëìÞ�ß�ÚEï7ëìß�ð-ëìÙÛ×�à�ä�Ú-ï

X(t1), . . . , X(tn)
Ú-ï�Ù·Ø�Ü�Úß�×�à(��ë�Ø�ï�ï�à�ÚEÜ�Ü�Ú �,×�Ø9Ü�×�ä�â ë�ß�Ú���âÁØ�ß�ÙÛà�êìëìä�à�ðEÚ D �Të7ß�×�à�Ü�×�ä�â ë�ß�Ú ðEÙÛë�Ü�ÙYé�ð
ÙÛÚEä�â)à�Ü�ðEÚ é�Ú ù,ë��-×�ÜØ�ÜCà�á�Ø�Ú9Ý�ëìä.ï�Ú-ï�Ý�ä�Ú-â)à�ÚEä·Ú
Ù�é�ÚEØ � à �-â)Ú9â)×�â)Ú-Ü�ÙÛï���Ø�Ü�ÙÛÚEßTÝ�ä�×�î-ÚEï�ï�ØCï;ï�ÙÛ×�î ��ëìï�ÙÛà�á�Ø�Ú2ÚEï�Ùî-ë�äÛë�î
ÙÛðEä�à�ï�ðÕÝ�ëìä ï�ë;ù[×�Ü�î
ÙÛà�×�Ü=â)×�í�ÚEÜ�Ü�Ú

m(t) = E (X(t))
ÚEÙNï�ë;ù[×�Ü�î
ÙÛà�×�Ü=é�ÚÕîE×�ê�ë�ä�à�ë�Ü�î-Ú

r(s, t) = E (X(s)X(t)) − m(s)m(t) D ��ëÑî-×�ÜCÜ�ë�à�ï�ïÛë�ÜCî-Úºé�ÚEï=ß�×�à�ï9Ü�×�ä�â ë�ß�Ú-ï2Ú
Ù=Ý�ß�Ø�ï
��ðEÜ�ð-ä�ë�ß�ÚEâ)Ú-Ü�ÙÏß ëÑÝ�ß ëìî-Ú�á�Ø�àÕß�ÚEØ�ä=Ú-ï�ÙÏù,ë�à�Ù�Úºé�ëìÜ�ï)ß ëÑß�à�Ù�ÙÛðEäÛëìÙ�Ø�ä�ÚÃÝ�ÚEä�â)ÚEÙ)éCÚÁå�Ø�ï�ÙÛà���Ú-äß*ûýà�Ü�ÙÛðEä�

Ù7à�Ü�Ù�ä�à�ÜCï��-á�Ø�ÚÒé ûýØCÜ�Ú|ðEÙ�Ø�é�Ú|Þ�ë�ï�ðEÚ|ï�Ø�ä7ß�ÚEï7Ý�ä�×�î-ÚEï�ï�ØCï���ë�Ø�ï�ï�à�ÚEÜ�ï D

� Ú-Ý�ÚEÜ�é�ë�Ü�ÙÒß ë=Ù ��ðE×�ä�à�Ú9â ëìÙ �Cð-â ëìÙÛà�á�Ø�Úvé�Ú-ï�Ý�ä�×�î-Ú-ï�ï�Ø�ï;ï�Ù�×�î ��ëìï�ÙÛà�á�Ø�Ú-ï�×�Ø]é�Ú-ï�î ��ë�â)Ý�ï�ë�ß�ð0ë�ôÙÛ×�à�ä�ÚEïºîE×�â)Ý�ä�ÚEÜ�éÅë�ØCï�ï�àÒéCÚ&Ü�×�âÁÞ�ä�Ú-Ø � ä�ð-ï�Ø�ß�ÙÛëìÙÛïºï�ØCä�Ø�Ü�Ú<ï�ð-ä�à�ÚEï�é�Ú&ï�×�Ø�ï�ô�î-ß�ë�ï�ï�Ú-ï��7×�Ø¾ë�Øî-×�Ü�ÙÛä�ë�à�ä�ÚÒé û Ú � ÙÛÚEÜ�ï�à�×�Ü�ï·é�Ú-ï7î-ß ëìï�ï�ÚEï·é�ÚvÝ�ä�×�î-Ú-ï�ï�Ø�ï.Ý�ä�ð-ï�ÚEÜ�Ù�ð-Ú-ï.î-à ô�é�ÚEï�ï�Ø�ï D
� ��� � ���#��%!* �����-����� � ���-� �-� �,��� �!�!" �

�·×�Ø�ïvÜ�×�Ø�ïvï�×�â)â)Ú-ïÒà�Ü�ÙÛðEä�ÚEï�ï�ðEï2úºîEÚ-ä�ÙÛë�à�ÜCÚ-ïvî-ë�äÛë�î
ÙÛðEä�à�ï�ÙÛà�á�ØCÚ-ïvé û Ø�Ü¢Ý�ä�×�î-Ú-ï�ï�Ø�ï9ï�ÙÛ×�î ��ë�ï:ôÙÛà�á�ØCÚ {X(t), t ∈ T} ú=êìëìß�Ú-ØCä�ï7ä�ðEÚ-ß�ß�ÚEï7× � T
Ú-ï�Ù.Ø�Üzï�×�Ø�ï�ô�Ú-Ü�ï�Ú-âÁÞ�ß�Ú|é�Ú

R
n D��Ú-ï�ÝCä�à�ÜCî-à�Ý�ë�Ø � ä�ð-ï�ØCß�Ù�ë�ÙÛï.Ý�ä�ð-ï�Ú-Ü�Ù�ð-ï;é�ë�Ü�ï.î-Ú9â ëìÜ�Ø�ï�î-ä�à�Ù.î-×�Ü�î-ÚEä�Ü�ÚEÜ�ÙÒß�Ú-ï.Ú � ÙÛä�ÚEâ ë ��ß�×�Þ�ëìØ �é�Úvî-Ú
Ù�ÙÛÚvî-×�ØCä�Þ�Ú|×�Øzï�Ø�ä�ù,ë�î-Ú|ë�ß�ð0ëìÙ�×�à�ä�Ú;é�×�Ü�Ü�ð-ï·Ý�ë�ä

MT = sup
t∈T

X(t)
ÚEÙ

mT = inf
t∈T

X(t).

� Ú�Ý�ä�×�ÞCß �-â)Úzë¢Ø�Ü¬ï�ÚEÜ�ï ß�×�ä�ï�á�Ø�Ú
T
Ú-ï�Ù é�ð-Ü�×�âÁÞ�äÛë�ÞCß�Úz×�Ø¬Þ�à�Ú-Üµï�×�Ø�ï éCÚ-ï ��í�Ý�×�Ù ���Eï�ÚEïÃé�Úï�ðEÝ�ë�äÛëìÞ�à�ß�à�Ù�ð D � û Ú-ï�Ù�é û ëìà�ß�ß�Ú-Ø�ä�ï îEÚ<á�Ø�Ú<Ü�×�Ø�ïºï�Ø�Ý�Ý�×�ï�×�Ü�ï�à�â)Ý�ß�à�î-à ÙÛÚ-âÏÚ-Ü�Ù Ù�×�ØCÙºë�Øgß�×�Ü��ié�Øé�×�î-ØCâ ÚEÜ�Ù�� {X(t), t ∈ T} ÚEï�ÙÏï�ð-Ý�ëìäÛë�Þ�ß�Ú D ���&@�	�� 6 �����
���"!&��%����
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MV = sup
t∈V ∩D

X(t)
Ú
Ù
mV = inf

t∈V ∩D
X(t).

� û ×�ä�é�ä�Ú é�Ú ��ä�ë�Ü�é�ÚEØ�äÁéCÚ-ïÁÚ � ÙÛä�Ú-â ë���ß�×�Þ�ëìØ � é�ðEÝPÚEÜ�éÊé û Ø�Ü�ÚÃÝ�ë�ä�ÙÁé�ÚÃß�ë�ä�ð ��Ø�ß ëìä�à�Ù�ð)é�ØÝ�ä�×�îEÚ-ï�ï�Ø�ï Ú
ÙNé�û ë�ØWÙÛä�ÚÆÝ�ë�ä�Ù éCÚÕß ë.ÙÛë�à�ß�ß�Ú�é�ÚÕß*ûýÚEï�Ý�ëìî-ÚÕé�ÚEïNÝ�ëìäÛë�â �EÙ�ä�Ú-ï
T D � à�Ú-Ü=á�Ø�ÚÕß�ÚEï"Ù�äÛë0êìë�Ø �Ý�ä�ðEï�ÚEÜ�ÙÛðEï�é�ë�ÜCï·î-Ú
Ù�ÙÛÚvÙ � �-ï�Ú|ï�×�à�Ú-Ü�Ù·é�Ú|Ü�ëìÙ�Ø�ä�ÚÒêìë�ä�à�ð-Ú���é�Ú-Ø � î-ë�é�ä�Ú-ï·é ûýð
ÙÛØ�éCÚ9ï�Ú|é�à�ï�ÙÛà�Ü���ØCÚ-Ü�ÙÙÛ×�ØWÙ·éCÚ|â�
-â)Ú D
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. ��Ú-ï.î ��ë�Ý�à�ÙÛä�Ú-ï�è � X Ú
Ù JÏï�Ú9ä�Ú�å�×�à ��Ü�Ú-Ü�Ù.ï�Ø�ä.ß�Úvù,ëìà�Ù7á�ØCÚ T
ÚEï�Ù�î-×�â Ý�ëìîEÙ �[×�Ø]ú ��×�ä�à � ×�Ü��Ü�à �Æë�ê�ÚEî

T = [0, T ]
�
T = [−T, T ]

ÚEÙ
T = Sn−1

ß�ë=ï�Ý����-ä�Ú9ØCÜ�à�Ù�ðvéCÚ
R

n D. ��Ú-ï)î ��ë�Ý�à�ÙÛä�ÚEï W ÚEÙ X î-×�Ü�ÙÛà�ÚEÜ�Ü�ÚEÜ�Ù ß�Ú�î-ë�ï)× � T
Ú-ï�Ù â ×�Þ�à�ß�Ú �[×�Øµú ��×�ä�à � ×�Ü�à�Ü���Ü�à � D�.×�ØCï.×�Þ�ï�ÚEä�ê�×�ÜCï;ë�ß�×�ä�ï���á�Ø�ë�Ü�é

t
Ù�Ú-Ü�ézê�Ú-ä�ï.ß4û à�Ü ��Ü�à �Cß�ÚvîE×�â Ý�×�ä�ÙÛÚEâ ÚEÜ�Ù7é ûýØCÜ�Ú9Ü�×�ä�â ë�ôß�à�ïÛëìÙ�à�×�ÜºéCÚ

Mt = sup
s∈[0,t]

X(s)
×�Ø

M̃t = sup
s∈[−t,t]

X(s).

�;ë�Ü�ïºß�Ú]î0ë�é�ä�Ú<é�ÚÑß4ûýë�Ü�ëìß�í�ï�Ú]é�ÚÑî-ÚEïºù[×�ÜCîEÙÛà�×�Ü�Ü�ÚEß�ß�Ú-ï é�Ø°ÝCä�×�î-ÚEï�ï�Ø�ï
X
�AØ�Ü�Ú<ë�Ý�Ý�ä�×�î �CÚîEß ë�ï�ï�à�á�ØCÚÒî-×�ÜCï�à�ï�ÙÛÚvú=à�Ü�Ù�ä�×�é�Ø�à�ä�Ú�ß�Ú-ïÆÝ�ä�×�îEÚ-ï�ï�Ø�ï·Ý�×�Ü�î
ÙÛØ�ÚEß�ïÕé�Ú;ù[äÛëìÜ�î �Cà�ï�ï�Ú-â)Ú-Ü�Ù���Ú
Ù7é�ÚÒé�ð-Ý�ë�ï�ôï�Ú-â)Ú-Ü�Ùvé�Ú=Ü�à�ê�Ú0ëìØ<ê�ÚEä�ïvß�Ú ��ëìØCÙÒ×�ØÑê�Ú-ä�ïÒß�Ú2Þ�ë�ï D ø ä�ðEï�Ú-Ü�ÙÛ×�ÜCï�ô�ß�Ú-ïvé�ë�Ü�ïÒß�ÚÁî-ë�ïÒï�à�â ÝCß�Ú9× � ß�ÚÝCä�×�î-ÚEï�ï�ØCï9îE×�Ü�ï�à�é�ðEä�ð {X(t), t ≥ 0} ÚEï�Ù9úÃÙ�äÛë�å�Ú-î
ÙÛ×�à�ä�ÚEïÒÝ�ä�Ú-ï�á�ØCÚ ï ��ä�ÚEâ ÚEÜ�Ùvé�à�
Pð-ä�Ú-Ü�ÙÛà ëìÞ�ß�ÚEï DøY×�Ø�äÕÙÛ×�ØCÙ·à�Ü�Ù�Ú-ä�ê�ë�ß�ß�Ú

B
��×�ÜzéCð���Ü�à�Ù

UX
u (B) = #{t ∈ B : X(t) = u,X ′(t) > 0},

DX
u (B) = #{t ∈ B : X(u) = u,X ′(t) < 0},

NX
u (B) = Uu(B) +Du(B).

UX
u (B)

Ú-ï�Ù7ë�Ý�Ý�Ú-ß�ð;ß�Ú;ÜC×�âÁÞ�ä�Ú�é�Ú;Ø�Ý�î-ä�×�ï�ï�à�Ü���ï��,×�Øºé�ðEÝ�ë�ï�ï�Ú-â)ÚEÜ�ÙÛïÕê�ÚEä�ïÕß�Ú���ë�ØWÙ���é�ØºÜ�à�ê�Ú0ë�Ø
u
Ý�ë�ä

X
ï�Ø�ä

B D ��Ú·â�
-â)Ú	�
DX

u (B)
Ú
Ù
NX

u (B)
ï�×�Ü�Ù�ë�Ý�Ý�ÚEß�ðEï ä�Ú-ï�Ý�ÚEîEÙ�à�ê�ÚEâ ÚEÜ�Ù�ß�ÚÕÜ�×�âÁÞ�ä�Ú7éCÚéC×+'7Ü�îEä�×�ï�ï�à�Ü ��ï
�[×�Ø�éCð-Ý�ëìï�ï�ÚEâ ÚEÜ�Ù�ï7ê�Ú-ä�ï7ß�Ú�Þ�ë�ï �AÚEÙÕß�Ú;ÜC×�âÁÞ�ä�Ú;é�ÚÒîEä�×�ï�ï�à�Ü���ï �[×�Øºù[ä�ë�Ü�î ��à�ï�ï�Ú1ôâ)Ú-Ü�ÙÛï �Õé�Ø�Ü�à�ê�Ú-ë�Ø

u
Ý�ëìä

X
ï�Ø�ä

B D ÖWÚ|ä�ð
ù[ð-ä�Ú-ä�ú � äÛë�â)ð-ä7Ú
Ù ��Ú-ë�é�Þ�Ú
Ù�ÙÛÚEä ��ã,N X J��AÝ�×�Ø�ä·Ø�ÜCÚéCð���Ü�à�ÙÛà�×�Ü é�ë�ÜCïÆØ�ÜÃî0ë�éCä�Ú;ÝCß�Ø�ï ��ð-Ü�ðEäÛë�ß D ��×�ä�ï�á�Ø û à�ßPÜ û íÃë2Ý�ë�ïAé û ëìâ=ÞCà ��Ø �4ÙÛð���Ü�×�ØCïÆÜ�Ú.ù,ë�à�ï�×�Ü�ïÝ�ë�ï·ë�Ý�Ý�ë�ä�ë���ÙÛä�Ú;ß�ÚÒÜC×�â
X

é�ØzÝ�ä�×�îEÚ-ï�ï�Ø�ï.×�Þ�ï�Ú-ä�ê�ð D
��Ú;ß�à�Ú-ÜÃÚEÜ�ÙÛä�ÚÒß�Ú�â ë � à�âÁØ�âkÚEÙÕß�Ú�Ü�×�âÁÞ�ä�Ú;é�ÚÒØCÝ�î-ä�×�ï�ï�à�Ü���ïÕÚ-ï�Ù7ï�à�â Ý�ß�Ú.Ý�Ø�à�ï�á�Ø�Úvß*ûýð
ê�ð-ÜCÚ-â)Ú-Ü�Ù
{Mt > u} ÚEï�Ù.ÝCä�Ú-ï�á�Ø�Ú9ï ��ä�Ú-â)Ú-Ü�Ù.ß*ûýØCÜ�à�×�Üºé�à�ï[å�×�à�Ü�Ù�ÚÒéCÚ. {X(0) > u} ��ß�ÚÒÝCä�×�î-ÚEï�ï�Ø�ï.î-×�â)â)Ú-Ü�îEÚvïÛë=Ù�äÛë�å�Ú-î
ÙÛ×�à�ä�ÚvëìØWô�é�ÚEï�ï�Ø�ï.éCØ�Ü�à�ê�Ú0ëìØz×�Þ�ï�Ú-ä�ê�ð��. ÚEÙ {X(0) ≤ u, Uu(0, t) ≥ 1} ��ß ë ÙÛä�ë�å�ÚEîEÙ�×�à�ä�ÚÁÝ�ëìä�ÙÒÚ-Ü&é�ÚEï�ï�×�Ø�ï|é�Ø&ÜCà�ê�Ú-ë�Ø

u
â ëìà�ï�ß�Úé�ð-Ý�ë�ï�ï�Ú2ë�ê�ë�Ü�Ù·ß�Ú;ÙÛÚEâ ÝCï

t D
�·×�Ø�ï;ù,ë�à�ï�×�Ü�ïÒëìÝ�Ý�Ú-ß ë�Ø<Ý�ä�×�îEÚ-ï�ï�Ø�ï|é�Ú-ïÒØ�Ý�î-ä�×�ï�ï�à�Ü���ïvé�ë�ÜCïvß�Ú-ï;î ��ë�Ý�à�Ù�ä�ÚEï W ��èÃÚ
Ù XCD � Ú-Ý�ÚEÜWôé�ë�Ü�Ù��"Ü�×�Ø�ï=Ü�Ú�ÜC×�Ø�ï)ë�Ù�Ù�ëìî ��×�Ü�ï=Ý�ä�à�Ü�î-à�Ý�ë�ß�Ú-â)ÚEÜ�ÙÁá�Ø û ëìØ�î0ë�ß�î-Ø�ßAé�Úºï�Ú-ïÏÝ�ä�Ú-â)à�Ú-ä2ÚEÙÏï�ÚEî-×�Ü�éâ)×�â)Ú-Ü�ÙÛïÆù,ëìà�ïÛëìÜ�ÙÕä�ðEù[ðEä�ÚEÜ�î-Ú9úÏß�ë=â)ðEÙ���×�é�Úvé�Ú 	 à�îEÚ �[é�ð-îEä�à�ÙÛÚvé�ë�Ü�ï7ß�ÚÒî ��ë�Ý�à�ÙÛä�Ú N � Dü·ÜÃÝ�ä�×�îEÚ-ï�ï�Ø�ïÕï�ÚEâÁÞ�ß ëìÞ�ß�Ú·ÚEï�ÙÆî-×�Ü�ï�à�é�ðEä�ð;ë�Ø î ��ëìÝ�à�Ù�ä�ÚsJ9Ý�×�Ø�äAîE×�â)ÝCÙÛÚEäAß�Ú.Ü�×�âÁÞ�ä�Ú.é�Ú�é�ð-Ý�ë�ï�ôï�Ú-â)Ú-Ü�ÙÛï7ê�ÚEä�ï·ß�ÚÒÞ�ë�ï7é�ØzÜ�à�ê�Ú-ë�Ø

u = 0
Ý�ë�äÕß ë=éCð-ä�à�ê�ð-Úvé�ØzÝ�ä�×�îEÚ-ï�ï�Ø�ï.à�ÜCà�ÙÛà�ë�ß�Ú-â)ÚEÜ�ÙÕðEÙ�Ø�é�à�ð D

����� 	�
 �
� ��� � � ��� ) � � � *���) %!*����#�
��ëÁéCà�ï�Ù�ä�à�Þ�ØCÙÛà�×�Ü é�ÚEïÕÚ � Ù�ä�ÚEâ ë ��ß�×�Þ�ë�Ø � é û Ø�ÜºÝ�ä�×�î-Ú-ï�ï�Ø�ïÕï�ÙÛ×�î ��ë�ï�ÙÛà�á�ØCÚvë�ÝCÝ�ë�äÛë���ÙAé�ë�Ü�ïÆé�ÚÜC×�âÁÞ�ä�ÚEØ � ÝCä�×�Þ�ß��-â)Ú-ïAï�Ù�ëìÙ�à�ï�ÙÛà�á�Ø�ÚEï���úÁß ë9ù[×�à�ïAÙ���ð-×�ä�à�á�Ø�ÚEï7Ú
Ù·ë�ÝCÝ�ß�à�á�Ø�ð-ï D �·×�Ø�ïÕîE×�â)â ÚEÜ �-×�Ü�ïÝ�ë�ävÝ�ä�ðEï�ÚEÜ�ÙÛÚEä9é�Ú-ï9ë�ÝCÝ�ß�à�î0ëìÙ�à�×�Ü�ïÒë�ï�ï�×�î-à�ð-ÚEï2ú�é�ÚEï9ÜCà�ê�Ú-ë�Ø � ��Ü�à�ïvÚ
Ù9ÜC×�Ø�ïvÙ�Ú-ä�â)à�Ü�×�Ü�ïÒÝ�ë�äÒß�ÚÝ�×�à�Ü�ÙÕé�ÚÒê�Ø�Ú9ë�ï�íWâ)ÝCÙ�×�ÙÛà�á�ØCÚ D
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� � ������� ���# ��� ��� ���!���  ����� ��� �[îEù D î ��ë�ÝCà�ÙÛä�Ú|è��øY×�Ø�ä é�×�Ü�ÜCÚ-ä Ø�Ü�Ú]éCð���Ü�à�ÙÛà�×�Üµï�à�â)Ý�ß�Úzé�Ú]ß�ë¢Ý�Ú-ä�ï�à�ï�Ù�ë�ÜCî-Ú	��î-×�Ü�ï�à�é�ð-ä�×�Ü�ï Ø�ÜeÝ�ä�×�î-ÚEï�ï�ØCïºï�ÙÛ×�ôî ��ë�ï�Ù�à�á�Ø�Ú2á�Ø�àYÜ�Ú2Ý�Ú-ØCÙ;ÝCä�Ú-ÜCé�ä�ÚÁá�Ø�Ú2ß�ÚEï.ê�ë�ß�ÚEØ�ä�ï7ô�ã2×�Ø ã D ��ë Ý�Ú-ä�ï�à�ï�Ù�ë�ÜCî-Ú·å�Ø�ï�á�Ø û ëìØÑÙÛÚEâ Ý�ï
t
îE×�ä�ä�Ú-ï�Ý�×�Ü�é úzß�ë�ï�à�Ù�Ø�ëìÙ�à�×�Ü&ß ë�ÝCß�Ø�ï|Ú � Ù�ä�
Eâ Ú × � ß�ëºêìë�ä�à ë�ÞCß�ÚÏÜ�û ëzÝ�ë�ï|î ��ë�Ü���ð é�ûýð
Ù�ëìÙ D � Üé ûýë�ØCÙÛä�Ú-ïAÙ�Ú-ä�â ÚEï��Wß�ë �EÝ�ëìä�ÙÛà�î-Ø�ß�Ú �·ë2Ý�ë�ï�ï�ð�ÙÛ×�ØCÙAï�×�Ü ÙÛÚEâ ÝCïAé�ë�Ü�ïAØ�Ü�Ú�ï�Ú-ØCß�Ú�é�Ú-ïÆéCÚ-Ø � Ý ��ë�ï�ÚEïÝ�×�ï�ï�à�Þ�ß�Ú-ï D ��ë)Ý�ä�×�Þ�ë�ÞCà�ß�à�ÙÛðÒé�Ú9îEÚEÙ�ð
ê�ð-Ü�ÚEâ ÚEÜ�Ù��PÝ�ä�×�Þ�ë�Þ�à�ß�à�Ù�ðÒé�Ú9Ý�Ú-ä�ï�à�ï�Ù�ë�ÜCî-Ú��Pé�ðEî-ä�×	��Ù�ë0ê�Ú-î9ß�ÚÙÛÚEâ Ý�ïÏë0ê�Ú-î�Ø�ÜÊÚ � Ý�×�ï�ë�Ü�Ù)Ü�×�Ü Ù�ä�à�ê�à�ë�ß D �TëÑä�Ú-î ��ÚEä�î ��Úzé�Ú�îEÚ-ïÏÚ � Ý�×�ï�ë�Ü�Ù�ï)Ú-ï�Ù)Ø�ÜÊé�×�â ë�à�ÜCÚé û à�Ü�ê�Ú-ï�Ù�à ��ë�ÙÛà�×�Ü�ÙÛä �-ï.Ý�ä�ð-ï�ÚEÜ�Ù;é�ë�ÜCï�ß�ëÏß�à�Ù�ÙÛðEäÛëìÙ�Ø�ä�ÚÒé�Ú-ï.Ý���í�ï�à�î-à�Ú-Ü�ï.é�ðEî-ä�à�ÙÛÚ9à�î-à�ú)Ù�äÛë0ê�Ú-ä�ï���Ú1ôß�×�Ø�Þ�ä�à��-ä�ÚÒÚ
Ù � à�ß ��×�ä�ï�Ù �*æ�ç�ç�ç � � � �Cä���ë�ä�éCÙ·ÚEÙ.ëìß D �4æ�ç�ç�æ���ÚEÙ ò ×�ß�î ��ë�Ü�ÚEÙ%"���× � ��ß�×�ê �4æìç�ç W � DÖWà�ß4û ×�Üeï-û à�Ü�Ù�ð-ä�Ú-ï�ï�Ú&â ë�à�Ü�Ù�Ú-Ü�ëìÜ�Ùºú î0ëìäÛë�î
ÙÛð-ä�à�ï�Ú-äºß�ÚÑï�à���Ü�ÚÑé û Ø�Ü°Ý�ä�×�îEÚ-ï�ï�Ø�ïzï�ÙÛ×�î ��ë�ï�Ù�à�á�Ø�Úî-ÚEÜ�Ù�ä�ð {X(t), t ≥ 0} �"ß�ÚÃÝ�ä�×�Þ�ß �Eâ Ú é�Ú�Ý�ÚEä�ï�à�ï�ÙÛë�Ü�îEÚzä�ÚEê�à�ÚEÜ�Ù)ú<ð
ÙÛØ�éCà�Ú-äÁß ëÑÝ�ä�×�Þ�ëìÞ�à�ß�à�ÙÛð éCÚÝ�Ú-ä�ï�à�ï�Ù�ë�ÜCî-Ú

p0

Ý�×�Ø�ä.á�Ø�ÚÁß�Ú|â ë � à�âÁØ�â ä�Ú-ï�ÙÛÚÁÚEÜ<é�ÚEï�ï�×�Ø�ïÒé�ØÑÜ�à�ê�Ú0ë�ØÑç D �;ë�Ü�ï�î-Ú2î0ë�ï���ï�×�Ø�ïî-×�Ü�é�à�Ù�à�×�Üºé û Ú � à�ï�ÙÛÚEÜ�î-Ú���ß�ë=ß�à�â)à ÙÛÚ
q(0) = lim

t→+∞
−1

t
log P(Mt ≤ 0)

Ú-ï�Ù2îE×�â)âÁØ�Ü�ð-â)Ú-Ü�Ù9ëìÝ�Ý�Ú-ß�ð-Ú)Ú � Ý�×�ïÛë�Ü�Ù2é�Ú)Ý�ÚEä�ï�à�ï�ÙÛë�Ü�î-Ú)î0ëìä|ÚEß�ß�Ú=é�×�Ü�Ü�Ú)Ø�Ü�Ú)ÚEï�ÙÛà�â ë�ÙÛà�×�Ü<é�Úß ëÁÝ�ä�×�Þ�ë�Þ�à�ß�à�Ù�ð;é�ÚvÝ�Ú-ä�ï�à�ï�Ù�ëìÜ�î-Ú
p0

ï�×�Ø�ï·ß�ëÁù[×�ä�â)Ú
exp (−tq (0)) D

� �  ����  ��� �!��� ������� �  ���� �,î
ù D î ��ë�ÝCà�ÙÛä�Ú<J �ü.Ü�Ú�â)ðEÙ �C×�é�Ú�Ý�×�Ø�äÆëìÜ�ë�ß�í�ï�Ú-äAß�ë9ï�Ù�ä�Ø�î
ÙÛØ�ä�Ú;é ûýØCÜÃÙ�ë�ÞCß�Ú-ë�Ø é�Ú;éC×�Ü�Ü�ðEÚ-ï
A
î-×�Ü�ï�à�ï�ÙÛÚ;ú2Ú-ï�ÙÛà�â)ÚEäß ëzâ ë�ÙÛä�à�î-Ú)é�Ú î-×�êìë�ä�à ë�Ü�îEÚ Ù �Cð-×�ä�à�á�Ø�Ú

Σ
é�ÚÃß�ë�Ý�×�ÝCØ�ß ë�ÙÛà�×�Ü D ü·Ü Ù�Ú-ï�ÙÁé�Ú ï�Ý��Cð-ä�à�î-à�ÙÛð ÚEï�ÙÁØ�Üâ ×�í�Ú-ÜzÝ�×�Ø�ä7ä�ð-Ý�×�Ü�éCä�Ú9ëìØ�ÙÛÚEï�Ù·é�Ú|ß*û ��í�Ý�×�Ù � �-ï�Ú

(H0) : Σ = σIm
îE×�Ü�Ù�ä�Ú

(H1) : Σ 6= σIm.ÿ�ß�Ý�ÚEØCÙ 

ÙÛä�Ú9îE×�Ü�ï�ÙÛä�ØCà�Ù·Ú-Ü�ä�Ú ��ë�ä�é�ë�Ü�Ù·é�ÚEï·ù[×�Ü�î
ÙÛà�×�Ü�Ü�Ú-ß�ß�Ú-ïÕé�Ú-ï7êìë�ß�Ú-Ø�ä�ï·Ý�ä�×�ÝCä�Ú-ï·Ú � Ù�ä�
-â)Ú-ï·é�Úß ëÁâ ë�ÙÛä�à�î-Ú
ATA

��îìûýÚEï�Ù�ô�ú�ô�éCà�ä�Ú
λmin = min

s∈Sm−1
X(s)

Ú
Ù
λmax = max

s∈Sm−1
X(s)

ë�ê�ÚEî
X(s) = sTATAs D

� �  ����  ����� ����������� ��� �#���������  ������� �����!����% "$����� ��� �,î
ù D î ��ë�Ý�à�ÙÛä�Ú X �ü.Ü�ÚNâ ð
Ù ��×�éCÚ ù[×�Ü�é�ë�â)ÚEÜ�Ù�ëìß�Ú"Ú-ÜÁÖ�ÙÛëìÙÛà�ï�Ù�à�á�Ø�Ú Ý�×�Ø�ä�îE×�Ü�ï�Ù�ä�Ø�à�ä�ÚNØ�Ü|Ú-ï�ÙÛà�â ëìÙ�Ú-Ø�ä�é�ÚNÝ�ë�ä�ë�â �
ÙÛä�Ú-ïà�Ü�îE×�Ü�Ü�Ø�ï;Ú-ï�ÙÒß ë â)ðEÙ���×�é�ÚÁé�Ø<â ë � à�âÁØ�â éCÚÁê�äÛëìà�ï�ÚEâÁÞ�ß ëìÜ�î-Ú D Ö�Ø�Ý�Ý�×�ï�×�Ü�ïÒá�ØCÚ=Ü�×�Ø�ïvë0ê�×�Ü�ï��Ý�×�Ø�ä�Ø�Ü<ð-î ��ëìÜ�ÙÛà�ß�ß�×�Ü
Y1, . . . , Yn

éCÚÁé�à�ï�ÙÛä�à�Þ�ØCÙÛà�×�Ü
Pθ

éCð-Ý�Ú-ÜCé�ë�Ü�Ùvé�ûýØ�Ü<Ý�ëìäÛë�â �EÙ�ä�Ú2à�Ü�î-×�Ü�Ü�Ø
θ ∈ Θ j R

k
��ß�Ú9Þ�ØWÙ;é�ûýÚEï�ÙÛà�â ÚEä

θ D ��×�ä�ï�á�Ø�Ú9ÙÛ×�ØWÙÛÚ-ï.ß�Ú-ï.â)Ú-ï�Ø�ä�Ú Pθ

ï�×�Ü�Ù;ë�Þ�ï�×�ß�ØCâ ÚEÜ�Ù.î-×�Ü�ÙÛà ôÜ�Ø�ÚEï ä�Ú-ß�ëìÙÛà�ê�Ú-â)Ú-Ü�ÙNúÒØ�Ü�Ú7â)Ú-ï�ØCä�Ú7é�ÚÕä�ðEù[ðEä�ÚEÜ�î-Ú
µ
��ß ë�ù[×�Ü�î
ÙÛà�×�Ü=é�ÚÕê�äÛë�à�ï�Ú-âÁÞCß ë�Ü�îEÚÕÚEï�Ù é�ð ��Ü�à�ÚÝ�ë�ä

L(θ) =
n∏

i=1

dPθ

dµ
(Yi).

� ÚEÙ�ÙÛÚ9â ð
Ù ��×�éCÚ9Ý�ÚEä�â)ÚEÙ.é�Ú|Ù�Ú-ï�Ù�Ú-ä.ß4û ��í�Ý�×�Ù����-ï�Ú2Ü�Ø�ß�ß�Ú (H0) : θ = θ0

îE×�Ü�Ù�ä�Ú
(H1) : θ ∈ Θ1 D��ëÏï�Ù�ëìÙ�à�ï�Ù�à�á�Ø�ÚÒé�ÚÒÙÛÚEï�Ù·Þ�ë�ï�ð-Ú|ï�ØCä·ß�ÚÒâ ë � à�âÁØ�â é�ÚÒêWä�ë�à�ï�Ú-âÁÞ�ß�ë�Ü�îEÚÒÚ-ï�Ù

λn = sup
θ∈Θ1

logL(θ)/L(θ0).
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an(Mn − bn)

L−−−−→
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G

��� L−→ ��
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lim
n→+∞

F (x/an + bn)n = G(x).
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c1 > 0
�?�
c2 ∈ R
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x
�������

R
;

G(x) = G1(c1x+ c2).
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G @�ACBED < ACF >�=�< AHG�BEIKJMLONPI >�=?>�=)< AQA < ARG�JTSUJ	ACJTIVJWBYX ; @'L�L < ZK< A Z\[ @6] =_^ Ba` =_Z'> B an > 0 B >
bn ∈ R L < @�I >b< @ > n ∈ N

∗ > B ^cZd[ @8B

P (an(Mn − bn) ≤ x) = F n(x/an + bn) −−−−→
n→+∞

G(x)
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?G1(x) =

{
0

Za=
x < 0

exp(−x−α)
Z = A < A L < @�I @�A F B	I > N = A α > 0,

B >#^ N G =_Z'> I =�� @ >�=)< A N Z ZK< F = J B�� G1 B Z'> NWL�L B ^ JWB ^)< = G�B��"IKJWF��CB >��

?G2(x) =

{
exp(−(−x)α)

Za=
x < 0

1
Z = A < A L < @�I @�A FWBTI > N = A α > 0,

B >#^ N G =_Z'> I =�� @ >�=)< A N Z ZK< F = J B�� G2 B Z'> NWL�L B ^ JWB ^)< = G�B�� B = � @ ^_^!�

?G3(x) = exp(−e−x) L < @�I x ∈ R,

B >#^ N G =_Z'> I =�� @ >�=)< A N Z ZK< F = J B�� G3 B Z'> NWL�L B ^ JWB ^)< = G�B#" @%$ � B ^ X
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�`�V�����X�
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���$����������� �
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�`�^�<�����D���������F�$���!�����s:%���F�������������!�����i�
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[x]
��
����!9������b���!�D�����#���!�n�
�b�$�!e����h���

x
�����!�D�
���b���
��A

9��
�����F�������¦����

�F���s�$��
�����e�12��;����q� �<�����p�������
t
�<�����B�$�B'

F [nt](x/a[nt] + b[nt]) −−−−→
n→+∞

G(x)

�?�������#���
F [nt](x/an + bn) = (F n(x/an + bn))

[nt]
n −−−−→

n→+∞
Gt(x).
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y
���6

��
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�b�"���

R 1 �
�6
��$�����,���%�=�!�
�^�
���#�
1+7����
� inf{x,H(x) ≥ y} �¦����� H = G
���

H = Gt �����<�����/1����%�������p:%�CTa�!�\�?>@�!�`�$�	�����@>Q']�����?�$�������i��

���!���
�p1��
�#���$��7��!��� α ��� β ��
?G����!����#���
R
;��R�����

α(t) > 0
�<�����i�$���@�

t
;��$�
���!���p:%���

lim
n→+∞

a[nt]/an = α(t)
�?�

lim
n→+∞

b[nt]/bn = β(t).
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Gt(x) = G (α(t)x+ β(t)) .
¬m© - ©�®
fg�������`�$�!�����!�����
;@���q�

Gts(x) = G (α(ts)x+ β(ts))
�?�/�CTU�����$�#�	�����#�

Gts(x) = G (α(s)α(t)x+ α(t)β(s) + β(t))
���6�@�$�!�����$���b�+¬�© - ©�®/H5�����@>¢�#�
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�9�
���

�#�
�����
���
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G
�<�
�#12�?�=�CTU������1��
��:%���

�<�����p�$�����
t > 0

�?�
s > 0

α(ts) = α(s)α(t)
���

β(ts) = α(t)β(s) + β(t) = α(s)α(t) + β(s).
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α(t) = t−θ �R����� θ ∈ R.

0 �
θ = 0

;<���W1����b�$���	�$�����^�CTU��7<���#�W:0���
β(t) = −c log(t)
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t > 0
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c > 0
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exp(−e−p)
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θ > 0
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β/(1 − α)

�
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�b�Q
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Gt(x+ d) = G(t−θx+ d)
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an(Mn − bn)

L−−−−→
n→+∞

G3.

¥�����1��¦�!���i12�0��e
���
�S���$���!���#

�S�������p���
�i���������!���_�$�������z�
����

���D���X��

7��@�D���=�,�.�#�
�?�$�!����© - § - §�;
7<�������
�����+��

�����������%���mTa
����������$�����	�\TU���&�#[0�`�$e
1��z�
�F�$��12���N�
���b�$���0� - �^�h���!����; ���������,�p���!�������#�
���
�^�����^�CTU
?�$������;\�!���^
��$���$�^��7����
�`��

�"�#���%�^']���`�$�
1����%�^��

�<���������b�$� -NP �
�=�
�����#�$���$�=1������������%�
�!���z���$�������@>��0�!�$���%�iH+�_�C����7������n��TU������

�<�����������
�^���iH.���#���!����9��
�h�!�F����

�����!���<�����S�
���$�����$
��������
�
�!�/�
��1��<���`�$�
1����%�z�?>0�$�#Z
1��^���
�S�������$���S�����_�����!��7����
�z����
������������
�n��

�<���������b�$���p���S���
�S���#�0�
�
��A
�����/�����b�$�!�%��� -

�/��� ������12��e
�#�+��

12���#�Y��� �<�����"���#�
�������V���8����1����$�+�,�5��
��<�
���������
�����#�	��� �
����������

�#�
�
��� ����

����1�e
���¢�`�������!���������!�#� - 0 � {Xn, n ∈ N

∗} �
�#�X�����¢�#�������W�#�$���$�����������!�#��9b�����#���!��������#�$���������#�s�$�
���!�=:%���
ρ(n) log(n) → 0,���

ρ(n) = E(X0Xn)
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an =
√

2 log(n),

bn = an −
1

2

log(log(n)) + log(4π)
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.
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Mt = max
s∈[0,t]

X(s).
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at > 0
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bt ∈ R
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at(Mt − bt)
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t→+∞
G3.
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ρ(t) log(t) → 0
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ρ(t) = E ((X(0)X(t)))
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at =
√

2 log(t),

bt = at −
log(2π)
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S(t) =

∫ t

0

√
r11(s, s)ds.
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(G1) ∀ t ∈ R, r11(t, t) > 0

� �
limt→+∞ S(t) = +∞,

(G2) sup|S(s)−S(t)|≥A r(s, t) log |S(s)− S(t)| −−−−→
A→+∞

0,

(G3) ∀ ε > 0, sup|S(s)−S(t)|> ε |r(s, t)| < 1,

(G4) r
��� � " �;� -<�������
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∀ γ > 0, rY
01
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04

��
 � �>= 
 � �@? ���A� � � {(s, t) ∈ R
2, s > γ

� �
t > γ},

(G5)
√

log ◦S(t)m(t) −−−−→
t→+∞

0.
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2 log ◦S(t)
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bt = at − log(2π)a−1

t

�
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(H1) : k g = (1− π)f0 + πft, 0 ≤ π ≤ 1, t ∈ T l .
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r(s, t) =
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exp(t2)− 1
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(U1) ∀ t ∈ R, r11(t, t) = 1,

(U2) sup|s−t|≥A r(s, t) log |s− t| −−−−→
A→+∞

0,

(U3) ∀ ε > 0, sup|s−t|> ε |r(s, t)| < 1,

(U4) r
��� � " �6� -<�������

C4

∀ γ > 0, r01
� �
r04

��
 � �>= 
 � �@? ���%� � � {(s, t) ∈ R
2, s > γ

� �
t > γ},

(U5)
√

log(t)m(t) −−−−→
t→+∞

0,

(U6) m′(t) −−−−→
t→+∞

0.
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 � � Cu = 1
2π
e−u2/2
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Y (t) = b+W (t)
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P( sup
0≤s≤t

X(s) = X(t) ∈ dx, Y (t) ∈ dy).
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√
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� �<����� α ∈ [0, 2]
;
ρ(t) =





1− αt, t ∈ [0, 1] �?�
ρ(t) = ρ(−t) = ρ(t+ 2).

1− α(t− 2), t ∈ [1, 2]
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0 ≤ T ≤ 1
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α < 2
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u = 0
� �

0 ≤ T ≤ 1
C
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u = 0

� �
T ≥ 2

+

� �<����� β ∈ (0, 1/2]
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Tβ = 1−β ; ρ(t) = maxt∈[−Tβ ,Tβ ] (1− |t|/(1− β),−β/(1− β))
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g(u, t) = exp

(
−u2 (1− cos (t)) / sin2 (t)
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P (MT ≥ u) =





Ψ (u) + ϕ (u)
T√
2π

∀ 0 < T < π,

Ψ (u) + ϕ (u)
T√
2π

−
∫ T

π

g(u, t)
dt

2π
∀π ≤ T < 2π,

exp

(
−u

2

2

)
∀T ≥ 2π.
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(−1)m+1νm

m!

N � BWF νm = E(N
[m]
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(A1)

-)��� � � ��	 ��� � 
�� � ��� " � Z = (X,X10)
��
 � � ( �6� 
 � ��� ��� ��� � � " � � ? � � � �(����=&-)��� C

(A2)
( 
 � � W ∈ R

2
� F ? C ( � ��- � 
 1 � ( ��� " � ( 
�� � � t � � - �&� � Z(t) = W

� �
det(Z ′(t)) = 0

C
(A3)

( 
 � � t ∈ S C -<� -)
�� " � Z(t)
��� � � 
 � � "2? � ? �@? � ? ��C

(A4)
( 
 � � (s, t) ∈ S2

C
s2 = t2

� �
s 6= t

C -<��-)
�� 	 
�� � � � " � Z(s), Z(t)
��� � � 
 � � "2? � ? �@? � ? � +

(A5) Var (X (t)) = 1
C

(A6) Var (X ′ (t)) = Id
C

(A7) Var (X20(t))
��� � ��
 � � � � � � � +B -)
 � ��C ( 
 � � �:
 � � u " � � � R

P
(
M[0,T ]2 ≥ u

)
≤ Ψ (u) +

T

π
exp

(
−u2/2

)
+

T 2

(2π)
3
2

[c ϕ(
u

c
) + uΦ(

u

c
)] exp

(
−u2/2

)

�'$'���
c = (Var (X20)− 1)

1
2
�

f 7eM���,�.-,�+%6�78�p.-�/0�&5 324&�@����� 3��78�d6�+ [  32;��&��%,-V8M'�/('�
Φ

ϕ(a)/a− ϕ(a)/a3 ≤ 1− Φ(a) ≤ ϕ(a)/a,

7�&5M'+�('"1('M�,-+%&�7'+dM'7e"�V)M�,�=�6�.��17��d('�*.-6FE4&5@�7'�*('Me01&5@�&5.-.-6�,C@%� � � � � © K]+%6�=5&�,-@

Ψ (u) +
T

π
exp

(
−u2/2

)
+

T 2u

(2π)
3
2

exp
(
−u2/2

)
,
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T 2

√
2π2u2

exp(−3u2/4).
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24&5+�6�78����+j^ � .\��+��/('&57'0H,- #24&5@Q�j6�7��<(��F+%6�=5&5,�@R����+�����@/+%,\.\$f,�78��@�&)('M'0:��,�&57}()$fM'7��F01.-6�+%+��F+�M'2'2'.�":k
 3��78��6�,-@��*�1+Q� /�M'+Q��,�c'"1�F^ �<M;��@%�� 3��78�R(',C�UN?�17�@%��=5��7?6�7��/K#.\$f�P9;�1 #2'.-�*B5"�7'"��%,-V8M'�T('�!.S6]+��10��%,-&57
! ^YA5N'7'&5M'+A=5&5M�.-&57'+A('"��%�1@� 3,�7'�1@A.-6H=�6�.-��M'@�('�

p
�

" p = 1
No.S6i24&�2'M'.S6l��,-&�7��1+Q�X$'&5 #&5BJ,�7'��N�.-�e016�@�6�0��m,�@%��"���M�(',-"�&5E4"�,��3+��1M'.��1 #�17��LKiM'7

('":����@% #,-7',�+% #�>24&5.Q*)B5"�7',�V)M���N?,�.q7)$ *W6F2?6�+�('�*BJ,17��TKF�P[ ���d 36n/���M'@1N
" p = 2

N\.S6}24&52'M'.-6���,�&57 @�"1+�M'.��%�L(.$ M'7�0�@%&�,-+%�� 3��78�F('�L('��M;9 +%&5M'+ km24&52�M'.S6��%,-&57�+H$�&5 3&lk
BJ,�7'��+1No('&57��#.%$ M'7'�L24&5+%+L,1('��.��LBJ,17��e 36n/���M'@j^ ( �W016�@�6�0:�m,�@%�e":��M'(�,-"W��+��3@�"1B5,p2?6�@FM'7
('":����@% #,-7',�+% #�> 3, 9)����N�&Jle.\$ �P[ ���� �60/��1M�@A+j$f6n/�&�M����!KF.%$ �P[ ����24&5.Y*;B�"17',�V)M��F^

: ,Q[ "1@��17���+*����+��%+T&57��!"���"#,�78�%@%&)('M',C��+/24&�M'@!6�7?6�.Y*;+��1@*01��+T #&)(M,1.��1+P^ N ,��%&57'+*.S6L #"��%$'&)('�]('�1+
 3&� 3��78�%+#&Jl
.S6Z+���6���,�+���,�V8M'�e('���%�1+Q�X�1+Q�X2?6�@3�:9;�� 32�.-��.-6i #&0*5�17�7'�}&�M
E',-��7
.-6Z=�6�@�,S6�7�01�
�1 #2',�@%,-V8M'�X^ N ,��%&57'+<6�M'+%+�,\.\$f6�2'2'@�&)0P$'�TE?6 *5"1+�,-�17�7'��N^&Jl}.-��+<2'6�@�6� ,��%@%��+<(�MY #&)(M,�.-�!+%&57��/6�2;k
2'@%"�$'�17�('"1+�01&5 # #��('�1+�=�6�@%,S6�E'.-��+�6�.-"16���&5,�@��1+j^ : $f6�M���@��R2?6�@Q�UN82�.-M'+�,-�1M�@%+o��@%6�=l6�M;9#&578��2'@%&524&�+%"
M'7'�G 3":��$'&)('�GE'6�+%"��F+�M'@>M�7'�GIg&57�0���,�&57}01&�78�%@�6�+��%��N .-�T 36l9;,- HM' ('�G=)@�6�,-+%�� HE'.S6�7'01�T��7�IJ6�,C�
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2'6�@��%,-�F^��<,�7'+%,�24&5M'@/M'7i"10j$?6�7���,�.-.�&57
X1, . . . , Xn

('�]('��7'+%,C��"],�7'01&57�7)M'�
g
Nq7'&5M'+*+%&�M'$?6�,C��&57'+

M;��,-.�,�+%��@W.-6 +��j6l��,-+Q��,�V)M��i('M �%�1+Q�}('M @%6�2'24&5@Q��('�i �6l9;,� HM' ('�h.�&5B�k =)@�6�,�+��1 HE'.-6�7'01� ?J7'&��%"
� � _�� ��� (h_ � ��7}6�7�B5.S6�,�+mIb24&5M'@A�%�1+Q���1@�.%$ $+*)24&��%$M,1+��!7)M'.�.-�

(H0) : � g �1+Q�RM'7e #"1.-6�7'B5�>('� p0

24&52'M'.-6���,�&57'+ �
0�&578�%@%�*.%$ $+*)24&��%$M,1+��T6�.C���1@�7?6��%,�=5�

(H1) : � g ��+��dM'7� #"1.-6�7'B��/('� p 24&52'M'.-6���,�&57'+ �
6U=5�10

p0 < p
^ � 78�%@%&)('M',�+%&57�+�.-��+��17�+%�1 HE'.��1+�01&57�����7?6�7��R.��1+�(�,-+��%@%,�E'M���,�&57�+�6�+%+%&)0�,-"��1+��

M0 =

{
gp0,π0,T0,α, π0 ∈ [0, 1]p0 , T0 ∈ T

p0 , α ∈ A,

p0∑

i=1

πi = 1, i = 1, . . . , p0

}
,

M =

{
gp,π,T,α, π ∈ [0, 1]p, T ∈ T

p, α ∈ A,

p∑

i=1

πi = 1, i = 1, . . . , p

}
.

� 7h7'&��j6�78�
`n(g) =

∑n
i=1 log g(Xi)

.S6L.-&5Blka=)@�6�,�+��1 HE'.-6�7'0���NO.-6W+Q�j6��%,-+��%,-V8M'�]('M
� _ � � �1+Q�
(�"�c?7',��*('�*.S6H �6�7', ,�@%�>+%M',C=�6�78�%���

λn = sup
g∈M

`n(g)− sup
g∈M0

`n(g).

_ 6�2'24��.-&57�+�V)M��/24&5M�@p(��1+p 3&)(M,�.-��+�@%"�B5M'.�,-�1@�+ ?J01�<7.$f��+��A2?6�+p.��<016�+p('��+A #&)(M,�.-�1+b('�> #"1.-6�7'B5�
V8M'�37�&5M'+T0�&57'+�,-('"�@%&57'+mI*�:�G+�&5M'+T0��1@Q�j6�,�7'�1+!01&57�(',��%,-&57'+�N

λn

0�&578=5��@%B5�3��7 (',�+���@�,-E'M��%,-&�7Z+%&5M�+
.\$f$H*)24&���$M,�+%�!78M'.-.��>=��1@%+

1

2
χ2

N−N0&Fl
N
���
N0

+%&�78�d.-��+�(�,- #�17'+�,-&57'+p@%��+%24�10:��,C=5�1+R('�
M

���
M0

^

c���� � 6 ��!�!�"#!%$&"(' e 8 !�)�"+*

N-,�./.�,102, 34.�576�890 $ 578:02;:57<2,�=:,1>@?A;B?C<D.�5@, ADCa^ V =FE9>@57G�</,H=:,�GI?I89=:, <��J?�?C</. ?BADCFCJEHI 02EF<K>@,�0
=F5@0/.2<257L:EF.�576�8:01, MH;:5@</5@N�E:,�0 ^ N-6�8F025@=FO <26C8:0

X1, . . . , Xn

EF8PO�3RQB?C8�.25@>7>@6C8S=:,T=:570/.2<25@LFEF.�576�8
P
^

k 6CE:<&E:8F,VUW6C8:3�.25@6�8XM�,�02E:<2?CL:>7,
f Y 8:6�E:0&8F6C.�6�8F0

Pnf
> $ ,�02;ZO <2?C8:3�,T=:,

f
026�EF0[>@?9MH, 0/E:<2,

,�M�;F5@<257N�E:,
Pn = n−1

∑n
i=1 δXi

,4.
Pf

0/6�8A, 02;ZO�<�?C8F3 ,�026CE:0\>@?�>76�5
P Y

Pnf = n−1

n∑

i=1

f(Xi) Pf =

∫
fdP.

(�,];:</6�3 ,�0202EF0^,�M�;F5@<257N�E:,]?IEA;Z6�578�.
f

, 0D._=:O4`B8:5�;B?C<

Gnf =
√
n(Pnf − Pf).

�a8b?I;:;:>75@N�EB?C8c.d>7,e.2Q:O 6C< , MH,f=:,f>g?h>75@MH5i.�,_3 , 8c.�<2?C>@,]jhE:8A,�8:02,�MhL:>@,e`B8:5k=:,eUW6�8:34.�576�8:0+M�,�02Eml
<2?CL:>7, 0

fi

.�,�>@>7, 0dN�E:,
Pf 2

i < +∞ 8:6�EF0_?nG�6�8:0

(Gnf1, . . . ,Gnfk) → (GPf1, . . . ,GPfk),
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����� �F�

6 l >7,eG�, 34.�, EF<_>75@MH5i.�,e?C=:MH,�.#E:8:,]>@6C5k8F6�<2M�?C>@,^MhE:>7.25 GI?C<25 O ,e3�, 8�.2<2O�,�=:,]3�6 GI?I<25g?I8:3 ,

E(GPfGPg) = Pfg − PfPg.

( $ 578�.2O < & .^= $ E:8:,K3 >@?C020/,
F
? =:,�UW6�8:34.�5@6C8:0

f
I =:57.2,

P
lK:^6�8:0 � , <^, 0D.e= $ ?nG�6�57<_3�,K<2O�02E:> .R?I.^=F,�U ? l

� 6C8 E:8:5 UW6�<2MH, ^ (�? 02E:5 .�,1=:, ;F<26�3 ,�020/E:0 {Gnf, f ∈ F} 3 6C8�G�,�<���, , 8 =:570/.�</5@L:Em.�5@6C8 G�, </0�E:8
;:<26�3�, 0/02E:0��c?CEF020257, 8

GP

3 , 8c.�</O�=:,fUW6�8:34.�5@6C8[=:,]3 6 GI?C</5g?C8F3 ,]=:O / j =:6�8F8:O , ^
_\,��c?C</=:6�8:0 M1?C578�.2, 8B?C8c. E:8:,A3n?C<2?C3�.2O </5@0�? .�5@6C8
=F, 0�3�>g?C0/02, 0H=:, :^6�8:0 � , < ^ k 6�EF<H=:, E�� UW6�8:3 l
.�576�8:0

l
,�.
u Y >@,�3�<26�3RQ:,�.

[l, u]
, 0/.^> $ ,�8:02,�M�LF>@,�=:,�0_UW6�8F3�.�576�8:0

f ∈ F
.�,�>�N�E:,

l ≤ f ≤ u
^�� 8

ε
l 3�<26�3RQ:,4.d=B?I8:0

Lr(P)
, 0D.dE:8 3 <26�3RQ:,4.

[l, u]
? GC, 3

P(l− u)r < εr
^�� 6CE:0+8:6I.�6�8:0

NF,[],r(ε)
>7,

8:6�MhL:</,�=:,
ε
l 3�<26�3RQ:,4.�0^8:O�3 , 0/0�?C57<2, 0^;Z6�E:<_<2,�3 6�EmGm</5@<

F
^ ( $ ,�8�.�</6�;:57,�, 8c.�<2,�3 <26�3RQ:,4.

HF,[],r(ε), 0D.^?C>76�<20+>@,f>76��c?I<25 .2Q:MH,e=:,]3�,�8:6CM�LF<2, ^
��� �"!$#&%('*),+.-0/�-�132547698;:<)"#>=?676�#&@�A
B<C�DFEHGJI�KLKMD

F N D�OQP&C�ESRUT�P&C7KWVXDHKZY�[HI7\�G�DHK]D^KZR P _Q` P&C�K�a(D^[ N7b Kdc�Y(D ∫ 1

0

√
HF,[],r(ε)dε < +∞ e

fhgji�kdl�m�inl�ojp<qrpts<inu.m"vtw	w&ixl	vtq.vykdz9{ q |~}jp<i �
= 6�5 .

F = {fθ, θ ∈ Θ} E:8K, 8:0/, MhL:>7,�=:, UW6C8:3�.25@6�8:0�M�,�02E:<2?CL:>@,�0 578:=:,
�FO�;:?C<�E:8K026�EF0Dl ,�8:02,�MhL:>@,
LZ6�<28FO

Θ
=:,

R
d
^.= E:;F;Z6�026�8F0fN�E $ 5@> ,
�m5@0/.2,hE:8F,KUW6�8:34.�576�8 M�,�02E:<2?CL:>7,

m
.�, >7>@,�N�E:,h;Z6�E:<_.26�EF.

θ1

,�.
θ2

|fθ1(x)− fθ2(x)| ≤ m(x)‖θ1 − θ2‖.= 5
P|m|r < +∞ ?I>@6�</0+5@> ,
�m5@0/.2,]E:8:,]3�6�8:0D.R?C8c.�,

K
=FO ;Z,�8:=B?C8c.�,�=:,

Θ
,4.
d
02,�E:>@,�MH, 8�. Y .�, >7>@,N�E:,

NF,[],r(ε(P|m|r)1/r) ≤ K(

=:5g?IM
Θ

ε
)d

;Z6�E:<+.�6�EF.
0 < ε <

=:5@?CM
Θ
^

k ?C<#0/E:57.2, Y > $ , 8c.�<26C;:5@,e, 0D._= $ 6�</=:<2,];:>7E:0#;Z,4.�5 .\N�E:,
log(1/ε)

^
k 6�E:<JO�.�?CL:>@57<a>@?fLZ6�<28:,#02E:;ZO�<25@,�E:<2, Y 8F6�E:0 EF.25@>@5 026�8:0a=F, 0 3 <26�3RQ:,4.�0�=:EH. * ;Z,

[fθ−εm, fθ +εm]? G�,�3
θ

=B?C8F0 E:8
026�EF0Dl ,�8:02,�MhL:>@,[=:,
Θ
^ (�,&=:5g?CM , .�<2, =F,[3 ,[3 </6�3 QF,�.H, 0D.

2ε(P|m|r)1/r
^ = 5

θ
;:?C<23�6�E:</.]E:8

ε
l <2O�02,n?IE =F,

Θ Y ?I>@6�</0f>7, 0f3 </6�3 QF,�.�0]<2, 3�6�EFG�<2,�8�.
F
��<^�C3�,Hj&>g? 3�6�8:=:5 .�576�8V=:,

(�5@;:0/3 QF57. q Y 025 ‖θ1 − θ2‖ ≤ ε Y fθ1 − εm ≤ fθ2 ≤ fθ1 + εm.
� 6�E:0�?nG�6�8:0�?C>@6C<20]LZ,�026�578 =:,

LZ6�E:>7, 0#=F,�<2? * 6�8
ε/2

;Z6�E:<#</, 3�6�EFG�<257<
Θ
^

c1�Bc 2 g4" 8 � 5h"�� 64" � � 3 g�� ��� $���� 8 � * e �-"#!�! �A! !.� e ���[��!��
�hg����&"

(�? .�QFO 6�</5@,�?I0 * M�;m.�6C.25@N�E:,�3 >@?C020/5@N�E:,�<�?C;:;Z,�>@O�,KjH>g?�`:8 =:,�>@? 02, 34.�576�8 ! ^QA 8:,�0 $ ?I;:;:>75@N�E:,
;B?C0_0/6�E:0^8F6�0_Q * ;Z6C.2Q , 0/, 0 ^ �a8 ;B?C</.25@3�E:>@57,�<#>g? 8:6�8�l 5@=F, 8c.�57`B?CL:57>75i.�Of5@MH;:>757N�E:,]E:8:,�=:O��CO 8:O�<2,�0Dl
3 ,�8:3 ,�=F,H>g? M1?I.2<2573 ,h= $ 578FUW6�</M1?I.2576C8V=:, � 5@02QF, <],4.�;:?C<]02EF57.�, > $ 57MH;Z6�0/025@LF57>75i.�Oh=:, LZ6�<28F, <]=:,
U ? � 6�8AE:8:5 UW6�<2MH,e>7,f<2, 0D.�,�=FEb=FO�G�, >76�;:;Z,�M�,�8�.\=:, � ? * >@6�<d=:,]>@?�>76��Il G�<2?C5702,�MhL:>@?C8F3 , ^
; QF6�02Q ,�. = ,�8 ?BADCFEHGJI 0/6�8�.e>7, 0^;:</, MH5@,�<20^j1=:O�.2, </M�578:, <_E:8V,�8:02,�MhL:>@,K= $ Q * ;Z6C.2Q , 0/, 0 ? 3�6�M�l
;:<2,�8B?C8c.bE:8:,TUW6C</.�,VQ * ;Z6C.�Q , 02, =:, 0/O ;B?I<�?I.25@6�8 =:, 0A;Z6�;:EF>g?I.25@6�8:0 I 0/6�E:0A>@,�N�E:, >fE:8:, ?CEm.�<2,
=:5@0D.�</5@L:EF.25@6C8&>@57MH5i.�,e=F,�>@?�0D.R?I.25@0/.25@N�E:,f=:E � _ � � ,�0/.\6�LF.2, 8�EF, ^
:e?C3�E:8:QB? lBN+?C0D.�, >7>@,�,4. ; ?C020/5g?I. ?pADCJC��FI 6�8c.h? [ ?I5@L:>75a>7, E:</0�Q * ;Z6C.�Q , 02,�0�,�.K=:6�8:8FO1=:, 0���O�8:O4l
<�?C>75@02?I.�5 6�8:0 ^ (�, EF<_5@=:O�,�,�0/.^=:,�;B?C<2?CM�O4.�</, <\>7,�M�6�= , >7,�?nG�, 3�=:, E��b;B?C<2?CM , .�</, 0\=:,�026�<D.�,�N�E:,



������� ����
�� ���
	���
 ����� ����� ����� 
���� � 	�	 	 ���

>7, ;:<2,�MH5@, < Y MH, 0/E:<�?I8�.�>g?&=:5@0D.R?C8:3�,�j[>g? Gm<2?C5@, =F, 8:0/57.�O Y 026�5 .�57=:, 8c.�57`B?CL:>@,h026�EF0�> $ Q * ;Z6I.�Q , 02,
8�E:>@>7, ^�� >70]> $ ?C;:;Z,�>@>7, 8�.f>g?&;:?C<�?CMHO�.2<2570�?I.2576�8V>@6�3 ?C>@,�MH, 8�.f3 6C8:5@N�E:, ^<� ? .�E:<2,�>@>7, MH, 8c.], >7>@,�;Z,�<2= Y;:?C< <2?C;:;Z6�<D. ?CE���<2O 0/E:>7.�?I.�0�6�LF.2, 8�EF0 026�EF0 Q * ;Z6I.�Q , 02, 0 =:,�</O���E:>@?C<25 .�O Y > $ ?C0 * M�;F.26C.�57N�E:, 3�6�8:0/5@0Dl
.�?C8:3�,#=:EH=:,�E��m5 , MH,#;:?C<�?CM , .2<2, ^ ( $ Q * ;Z6C.�Q , 02,\3 ,�8�.�<2?C>@,d=:,d>@, EF< .�<2? GI?I5@>F,�0/. =:,#0/E:;:;Z6�02,�< N�E:,
>@?�UW, <2MH,4.�E:<2,h=:,�0]=FO <25 G�O ,�0]=:,h>g?1>@6 �Il G�<�?I5702,�M�LF>@?C8:3�,K3 6C8:0/.�5 .�E:,hE:8:,�3�>g?C0/02,�=F,S:^6�8:0 � , <]=:,
G ?C<25@?CL:>7, 0 ?C>7On?I.26�5@</, 0 ^ (�?�=:570/.�</5@L:Em.�576�8H?C0 * MH;F.�6I.�5@N�E:,#, 0/.+?I>@6�</0JE:8:,\UW6C8:3�.25@6�8H=:E�02E:;:</, MhE:M
= $ E:8 ;:<26�3�, 020/E:0 �c?CE:0/025@,�8 ^ _\,�M1?I<2N�E:6�8:0�N�E:,1>7,H3n?C=F<2,1N�E $ 5@>70�EF.�57>@570/, 8�.�, 0D.h;:>7E:0�>@?C<���, N�E:,
>7, 0 M�6�= , >@,�0 =:,^MHO�>g?C87�C, ^ :e?C3�E:8:QB? lpN+?C0/.2, >7>@,_,4. ; ?I02025@?I. M�6�8c.�</, 8�. Y j�.2<�? GC, <20�> $ ?C;:;:>7573n?I.2576C8
j�=F, 0#M�6�= , >@,�0d;B?I</.�573 E:>757, <20 Y N�E:,]3 ,]</O 0/E:>7.�?I.#;Z,�<2MH,�.#=:,f.2<�?C5 .�, <-=:, 0d.�,�0/.20_?CEF02025kG ?C<257O 0dN�E:,
3�, >7E:5�=:,]> $ Q * ;Z6I.�Q , 02,

(H0)
3 6C8�.�</,

(H1)
;:</O 0/, 8�.2OK?CE[M�57>757,�E[=F,]>g?�0/, 34.�5@6C8 ! ^YAJ^

N-,�;Z, 8:=:?C8�. Y 8:6�E:0 ? G�6�8F0 3 QF6�5@0/5�= $ ?I;:;:>@57N�E:, <�>@,�0 <2O 0/E:>7.�?I.�0 =:, ; ?I02025@?I. ?\VFWJWHVJI ^�� >�0 $ ? ��5 . = $ EF8:,�CO 8:O�<�?C>75@0�? .�576�81=:E .�<2? GI?C57> =F,<:e?C3�E:8:QB? lBN+?C0D.�, >7>@,e,4. ; ?C0/025g? .+=B?C8F0d>g?IN�EF, >@>7,_>g?K3�6�8:0D.�<2EF3�.�576�8
= $ E:8F,�;B?C<2?CM�O4.�</5@0�? .�576C8&8 $ , 0D._N�EF,�026�EF0Dl / ?I3 ,�8�.�, ^
= 6�57.+E:8[O 3RQB?C8c.�5@>7>@6C8

(X1, . . . , Xn)
=:,f=:, 8:0/57.2O]578:3 6C8:8�E:,

f0

?C;F;B?C</.2, 8B?I8�.\jhE:8A,�8:02,�MhL:>@,
G=F,_=:, 8F0257.2O 0�;B?C< <2?C;:;Z6�<D.-j�E:8F,_M�,�02E:</,_;Z6�0/57.�5 G�,

ν
^ :^O4`B8:5702026C8:0 Y ;Z6�EF< ‖ · ‖2

>@?]8:6�</M�,#=B?C8:0
L2(f0ν) Y > $ , 8:0/, MhL:>7,f=:, 0\0/3 6�</, 0

S =

{
sg =

(g − f0)/f0

‖(g − f0)/f0‖2

, g ∈ G

}
.

� 8c.�<26�=FE:5@0/6�8:0 ?CE:020/5m> $ , 8:0/, MhL:>7,�=:,�0 0/3 6�</, 0
D

3 6�MHM�, > $ ,�8:02,�MhL:>@, =:, 0 UW6�8:34.�576�8:0
d ∈ L2(f0ν).2, >7>@, 0\N�E:,�8:6�E:0_;:E:5@0/02576�8:0\.2<26�EmG�, <_E:8:,K0/E:57.2,

gn

=:?C8:0
G

02?I.�570/U ?C570�?C8c. � ‖(gn − f0)/f0‖2

,�.
‖d− sgn‖2

.�,�8:=:, 8c.dG�,�<20 W-^�� 6C.�6�8F0
Pn

> $ ,�8:02,�MhL:>@,_=:, 0+;:</6�LB?CL:57>@5i.�O 0
(gc/

√
nν)

⊗n 6 l
gc/

√
nν,�0/. =B?C8:01E:8 G�6�5@0/5@8B?���,b= $ 6�</=:<2,

1/
√
n

=:,
f0

^ � 6I.�6�8:0
d0

0/6�8S0/3 6C<2,V?C0/026�3�5@O ^ �a8F`:8S026�5 .
{Z(d), d ∈ D} >7,-;F<26�3 ,�0202EF0 �c?IE:020/5@, 8h3 ,�8�.2<2O+=:,�UW6�8:3�.25@6�8K=F,+3 6 GI?C</5g?C8F3 ,->7,-;:</6�=:E:5 . 023 ?C>g?C57<2,
=:?C8:0

L2(f0ν)
^

� �<�"!�#&%('*) +�-0+.-�1�2��X6��	�	
�6�@ A
� Y	���jP&KMPSC7Kdc7Y"D ∫ 1

0

√
HS,[ ],2(ε)dε < +∞ e�
 G�PS[�KWC�P"Y K I��&P&C7K

� supg∈G(`n(g)− `n(f0)) = 1
2
supd∈D(max{ 1√

n

∑n
i=1 d(Xi), 0})2 + oPn(1),

� (f0ν)
⊗n D&R

Pn

KMPSC�R�VXY7RLY(DHG0G�DHVXD^C�R E�P&C$RUT��9Y��HK��

� KMP(Y�K
Pn

�
supg∈G(`n(g)− `n(f0))

E�P&C��&D^[���D��&D^[�K

1

2
sup
d∈D

(max{Z(d) + c

∫
dd0f0dν, 0})2.

N-,K.�QFO 6�< , MH,h0 $ ?C;F;:>@57N�EF,h=F5@<2,�3�.2, MH, 8c.]?CE 3n?I0f6 l > $ Q * ; 6I.�Q , 02,�8�E:>@>7,�3 6C8:02570/.�,h,�8TEF8V;Z6�5@8c.
EF8:5@N�E:, Y >g?hG�<2?C5@,f=:,�8:025 .�O

f0

^Zk 6CE:<#=:, 0#Q * ;Z6C.2Q , 0/, 0^8�E:>7>@, 0+;:>@E:0d3 6�MH;:>7,M�m, 0 Y 8:6�E:0#O 3�<25 G�6�8:0

λn = sup
g∈M

`n(g)− sup
g∈M0

`n(g) = sup
g∈M

(`n(g)− `n(f0))− sup
g∈M0

(`n(g)− `n(f0)).

�a8�EF.�57>@570�?I8�.�jd=:, E��]<2, ;F<25@0/, 0�>@, .�Q:O�6�< , MH, ! ^ ! ^QA 8:6�E:0�=:O =FE:5@0/6�8:0�N�E:, >@?d=:570/.�</5@L:Em.�5@6C8]?C0 * MH;ml
.26C.�57N�E:,�=:,

2λn

,�0/. =:6�8F8:O ,�G�5g?\>g?\=F5 [ O <2,�8:3 ,�=:,-3n?I<2<2O�0 =:,-0/E:;:</, M�?^=:,�;:<26�3�, 0/02E:0j�c?CE:0/025@,�8:0 ^
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:e?C8:0_>@? 02,�3�.�576�8 R-^ V =:E 3RQB?C;:5 .�<2, R 8:6�E:0^?nG�6�8:0_,
�m;:>@573 5 .�O Y G�6�5@</,�0257M�;F>@5 `:O Y > $ ,M�m;:</, 020/5@6�8b=:,
>g?h=:5@0D.�</5@L:EF.25@6C8[?C0 * MH;F.26C.�57N�EF,]=:,

λn

;Z6CE:<#=:5 [ O�<2,�8�.�0#MH6�= , >@, 0d=:,]MHO >@?C87��, ^

• � z�m"vys���i,w&|~kdl�m(i ? 0/, 34.�5@6C8 R-^ Va^YA0I � M0 = {f0}
,�.-;Z6�E:<

T
E:8 0/6�E:0 l , 8F02, MhLF>@,^3 6�MH;B?I3�.

=:,
R

k =F6�8�.\> $ 5@8�.2O </5@,�E:<+3�6�8�.25@, 8c.
0 Y

M = {gπ,t = (1− π)f0 + πft, 0 ≤ π ≤ 1, t ∈ T} .

k >@E:0/5@,�E:<20#,
�m, MH;:>@,�0\;:</O 3�5@0#026C8�.\=:6�8F8:O 0 Y ;Z6�E:<#>7, 0/N�E:, >70\>7, 0dQ * ;Z6C.�Q , 02,�0^0/6�8�.\</O =:EF57.�,�0 Y
" >7,fM�O�>g?C8���,e=:,f.�<�?C8F02>g? .�576�8 Y ft(·) = f0(· − t) Y
" >7,fM�O�>g?C8���,]�c?CE:0/025@,�8A6 l

ft
,�0/.\>g?h=:, 8F0257.2O�= $ E:8F,�>@6C5k8F6�<2M�?C>@,^MhE:>7.25 GI?C<25 O ,

N(t, I) Y
" >7,fM�O�>g?C8���,eL:5@8:6CM�5@?I>k?nG�, 3

ft ∼ Bi(k, θ0 + t)
" >7,^MHO >@?C87��,\=B?C8:0+E:8F,^U ?CMH5@>7> ,\,M�m;Z6�8:,�8�.25@, >7>@, 1 ;Z6�E:<-E:8:,e0D.R?I.25@0/.25@N�E:,_,M�mQB?CE:0D.�5 G�,

T (x);:</, 8:6C8:0

ft(x) = f0(x) exp

(
k∑

i=1

tiTi(x)− φ(t)

)
.

• � i�wS{��
	 p<stirl�ojl�p<m(v�{ |~ojs u.oys<{ q i��yi�p g ? 02,�3�.25@6�8 R-^ Va^ VFI �
p0 = 1

,�.
p = 2

^ � 6�E:0
=:O =FE:5@0/6�8:0�>@?&>@6�5 ?C0 * MH;F.26C.�57N�EF, =:,

λn
= $ EF8:,H,M�m;:<2,�0202576�8 =:O ;Z,�8:=B?C8c.K=:E 02E:;F<2, MhEFM = $ E:8

02,�E:>:;F<26�3 ,�0202EF0 �c?CE:0/0257, 8 ^�� 6�E:0a?C;F;:>@57N�E:6�8:0 =F,+8:6�EFG�, ?CE >7, 0 <2O 0/E:>7.�?I.�0 ?CE��K>@6�570 ;:?C</.25@3 EF>@5 , </, 0
3 6C8:0257=:O </O , 0\=B?C8F0\>7,f3n?C0#=:EAM�O�>g?I87��,e0257M�;:>7, ^

• � z�m"vys���inw&|~kdl�m�inv
�ji�u�pts l	vtq.vyk��9{ q i��ti*s<pt|~wSvtstu.ixu.ojkdkdpts v.p.g��yi�p g;vtm
�
{ i�q<s v�{ |��ji�w ? 02,�3�.�576�8 R-^ Va^ ! I ^Z= 6�57.

A
E:8A026�EF0Dl ,�8:02,�MhL:>@,]3 6CM�;B?I3�.#=:,

R
h Y

M0 = {f0,α, α ∈ A}, ,4.

M = {gπ,t,α = (1− π)f0,α + πft,α, 0 ≤ π ≤ 1, t ∈ T, α ∈ A} .

(�?�<2O�=:E:34.�576�8[=:,f>g?K=:5@0D.�<257L:EF.25@6�8 ?C0 * MH;F.�6C.25@N�E:,e=:,
λn

j�E:8F,fUW6�8:34.�576�8:8:,�>@>7,^= $ E:8A0/, E:>k;:<26Il
3 ,�0202EF0 ��?CE:020/5@,�8b,�0/.\=:,]8:6�EFG�, ?CEbO�.�?CL:>75@, ^9� 6�E:0#<2,�;:<2,�8:6�8:0\> $ O4.�E:=:,f=:,�>@?h.2<�?C8F02>g? .�5@6C8&,4.\=:,
>g?h>@6�5 �c?IE:020/5@,�8:8:,�=F,]G ?C<25@?C8:3 ,f5@8F3 6�8:8�E:, ^

• � i$wS{��yi p0

l�ojl�p<m(v�{ |~ojs<w u.ojs { q i
p = p0 + 1

l�ojl�p<m(v�{ |~ojs<w ? 0/, 34.�5@6C8 Ra^ Va^ b+I ^ (�?
>@6C5 ?C0 * MH;F.�6C.25@N�E:,h=:,

λn

,�0/.],M�m;:</5@MHO ,h026�E:0f> $ Q * ;Z6I.�Q , 02, 8�E:>@>7,���<^�I3 ,�?CET0/E:;:<2,�MhE:M = $ E:8
;:<26�3�, 0/02E:0 ��?CE:020/5@,�8 ^�� 6CE:0a3 6CM�MH, 8c.�6�8:0 >@,+3 ?C0a= $ E:8�.�, 0D. ��O 8:O�<�?I>:=:,

p0
;Z6�;FE:>g?I.25@6�8F0 3 6C8�.�</,

p
;Z6�;FE:>g?I.25@6�8F0+026�E:0#Q * ;Z6C.2Q , 0/,�8�E:>7>@,e,�.\Q * ;Z6C.�Q , 02,�0^3�6�8�.25 ��E���0 ^
N-,�./.�,^O�.2E:=:, Y L:?C02O�,e0/E:<->7,_3 ?C=:</,e?CL:0D.�<�?I57.�6�Lm.�, 8�E ;B?C< ; ?C0/025g? . Y ?I8B?C> * 0/,^=F, 0-M�6�= , >7, 0-?I0202, q
=:5 [ O�<2, 8c.�0-;:?C<�E:8:,^M & MH,\M�O4.�Q:6�=:, ^ :^,^;:>@E:0 Y > $ O�.2E:=:,_=:,^>@6C5@0J6�E1=:,^8�EF5@0�?I8:3 ,^;:?C</.25@3 EF>@5 , </, 0
?C;:;Z6�<D.�,]EF8b578�.2O < & .#0 * 8�.2Q:O�.25@N�E:,�j 3 ,f.�<2? GI?I5@> ^
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c���� � 8 ��"#!.� 87ei8 � 8 g�� e *j� ��� " 8 � 6�" � 6��[! � � g !�!�� 8 �
� >:8 $ * ?]?IE:3 E:8F,#<2?C5@0/6�8�=FO�`B8:5 .�5 G�,+;Z6�E:< N�E:?C>@5 `B, < >@?^M�O4.�Q:6�=:,+=:,dM�?	�m5@MKE:M =:,+G�<�?C5702,�M l

LF>g?C8:3�,f= $ 6�;F.25@M�?C>7, ^ N-,4.2.2,�6C;:5@8F5@6�8 , 0D.\3 ,�;Z, 8F=B?C8�.#.�< , 0#<2O�;B?C8:=FE:, ^ ( $ 5@=:O�,f=:,]0/6�8A,���3 ?C3 5 .�O
0 $ ,�0/.13 6�8F0/.�</E:57.2,A02E:<H>@,��C<�?C8:=
02E:3�3 , 0&?nG�, 3b>7, N�E:, >#,�>@>@,[? O4.�Ob?C;:;:>75@N�E:O ,Aj =F,b8:6CM�LF<2, E(�
;F<26�L:> , MH, 0-3�6�8:3 </,�.20 Y ,�.d;B?I</.�57, >7>7, MH,�8�.-0/E:<+=:, 0+;:<26�;F<25@O4.�O�0d?C0 * MH;F.�6I.�5@N�E:,�0+= $ 6�;F.�57M1?I>75 .2O_<25il
�C6�E:<2,�E:02,�M�,�8�.\O�.�?CL:>@57, 0 ^
_#,�G�,�8:6�8:0H;B?I< ,
�F,�MH;:>@,A?IE��
?I;:;:>@573n? .�576�8F0h=B?C8:0 >7,&=:6�M�?C5@8F, =:,[>g?,��O�8:O�.25@N�E:, Y =:O / jTO�GC6Il
N�E:O�, 0 ^ (�?&3 6C8:8B?C57020�?I8:3 , ,
�m;ZO <257M�,�8�.�?C>@,h;Z,�<2MH,�.]= $ ?	�H8:,�<]>@? <2,�;:<2O�02,�8�.R? .�5@6C8 =F, 0]MH6�= , >7, 0
=F,�MHO >@?C87��,�0+.�,�0/.2O 0 ^

" � Q:6�=:, Y � 5@8F3 QV,4. � , 8:=F, >@> ?pADCJEJEJI MH6�8�.2<2,�8�.f8�E:M�O�<257N�EF, MH, 8�.fN�E:, > $ ?C;F;:<26Z�m5@M�?I.2576C8
;:<26 G�, 8B?I8�.\=:,]>g?K.2Q:O 6�</5@,f3�>g?C0/0257N�EF,], 0D._02?I.�570/U ?C570�?C8c.�,e=B?C8F0\>7, E:<+;:<26�LF> , MH,e= , 0#N�EF,�>g?
.R?C57>@> ,e=:,]> $ O�3 QB?I8�.�57>@> 6�8&=FO ;B?I0202, A WJWJW 578:=:5 Gm57=:E:0 ^

" :e?C8:0 >7,&;B?I;:5@,�<�=:, ; 6
�H8:,4. Y (�6�5702,�>+,�. (�?CE:</, 8�. ?BA CJCHVJI >@, ; 6C5@=:0
π

, 0/.H3�6�8:8�E ^ � >@0
O�.2E:=:5@,�8�.e>g?�;:E:5@0/0�?C8F3 ,�=:,h>@?10D.R?I.25@0D.�5@N�E:,K=:E � _ � � ,�.fMH6�8c.�<2,�8�.eN�E:,h3 ,�>@>@, l 3�5 </, 0/.2,
LZ6�8:8:,e=B?I8:0+>@,^3 ?C0+6 l >g?�;:</6�;Z6�</.25@6�818 $ ,�0/.#,�0/.25@MHO ,^N�E $ j

10−1 ;F< , 0 ^ :^, 0dQ * ;Z6I.�Q , 02, 0
02,�M�LF>g?CL:>7, 0a026C8�. 02E:;:;Z6C02O ,�0-=B?C8:0J> $ ?C</.25@3�>7,+=:, (�6�5@0/, > Y ; 6
�H8:,�. Y � 6�8:6�=H,�. � 6�8c.�, 0 =:,
� 3n? ?pADCJCFb+I ;Z6�E:<d>@,e.2, 0/.\= $ E:8:,�;Z6C;:E:>g? .�5@6C8&3 6C8�.�</,f.�<26C5@0 ^
� >+U ?CEF. 8:6C.2, < N�E:,A>7, 0 =:570/.2<25@LFEF.�576�8:0�?C0 * MH;F.26C.�57N�E:, 0 =:,[>g? >@6��Il G�<�?C570/, MhL:>@?I8:3 , 026C8�.
?C>@6C<20 � , 8c.�<2,_>@?].2Q:O 6C<25@,#3 >g?I020257N�E:,_,�.�>g?f.�Q:O�6�<257,\=:6�8:8:O�,^=B?I8:0->@?]02, 34.�576�81;:</O 3 O�=:, 8c.�, � ^� > ,�0/.f3 >g?I5@<_N�E:,�3�, 0fMH6�= , >7, 0^026�8c. / E:0/.257`BO�0f;:?C<e=:,h0257M�;F>@, 0_3 6C8:0257=:O <2?I.�576�8:0 ��O 8FO�.�57N�E:, 0f,�8

?IM�6�8c. ^
� ?C> ��</O >g?
026�EF;:>@,�0202,9= $ ?C=B?I;F.R?I.25@6�8P=:, 3 , .�, 0D. Y 5@>], 0/. 5@MH;Z6�</.�?C8�.A=:, 3n?C>73 E:>7, <A0�? ;:E:570Dl
02?C8:3�, ^!k 6�E:<h3�, >@? Y 8:6�E:0h<2,��c?C<2=F6�8:0h> $ Q * ;Z6C.2Q , 0/,&8�E:>7>@,�,�.�E:8:, Q * ;Z6C.2Q , 0/,A?C>7.2, <28:?I.�5 G�,1N�E:5
0/6�8�.\MhEF.2E:, >7>@,�MH, 8�.+3 6�8c.�50��E�� 0 ^Zk >@E:0d;:<2O�3 5702O MH, 8c. Y ;Z6�E:<d>@,f3 ?C0\= $ E:8AM�O�>g?C8���,e025@MH;:>7,f? G�,�3
T = [−T, T ] Y 3 6�8F025@=FO <26C8:0 πn

,�.
tn

=:, 0\0/E:57.2, 0dG�O </57` ?I8�. �
limn→+∞

√
nπn‖(ftn − f0)/f0‖2 = c Y ;Z6�EF<#E:8:,]3 6C8:0/.�?C8�.2,�;Z6�025 .�5 G�,

c
^

k ?I<#3 6C8:02O�N�EF, 8�. Y026�5 .
tn

.2, 8:=[G�, </0
t0 6= 0

,4. √
nπn

.2, 8:=[G�, <20\EF8:,�3�6�8:0D.R?C8c.�,�;Z6�0/57.257G�, Y026�5 .
tn

.2, 8:=[G�, </0
0 Y ,�. tn/‖tn‖ 3 6�8cG�, <L��,]G�, </0\E:8:,]>@5@M 5 .2,e8:6C.2O ,

τ
^

� 6C.�6C8:0\?C>76�<20
Pπn,tn =

(
gπn,tn · ν

)⊗n ,4.
P0 =

(
f0 · ν

)⊗n

.

:^?C8:0�>7,#3n?C0 6 l > $ ,�8:02,�MhL:>@,#=:,�0�;B?I<�?CM , .2<2, 0
T

,�0/.-EF813�6�MH;B?C3�. =:,
R Y 8:6CE:0 3 6�8:8:?C5@0/026�8:0 >@,�0

>76�570e?C0 * M�;F.26C.�57N�E:, 0e=:,
λn

026CE:0f3 ,�0]Q * ;Z6C.2Q , 0/, 0 ^ (�?1;:E:5@0/0�?C8F3 ,�8 $ O4.R?C8c.];B?I0e.�</57G�5g?I>7,�8:6�E:0
8F6�E:0]=F, M�?C8:=:6�8F0]3�, N�E $ 57> ,�8 , 0D.�>@6�</02N�E:,�> $ , 8F02, MhL:>7,h=:, 0];B?C<2?CM , .2<2, 0

T
?&E:8:,�.�?C5@>7>7,KN�E:5

=F,�G�5@,�8�.d=:,f;:>7E:0+,�8���<2?C8:=:, ^7� 6�EF0d<2,�3RQ:, </3 Q:6C8:0\> $ , [ ,�.d;F<26 GC6�N�EFO Y 02E:<+>g?�;:E:5@0/0�?C8F3 ,]?C0 * MH;ml
.26C.�57N�E:,]=F,�3�,].2, 0D. Y ;B?C< T → +∞ ^
:e?C8:0h>7,H.�Q:O�6�< , M�, Ra^ ! ^YA 8:6�E:0K02E:;:;Z6C026�8:0hN�E:, >@,�0KQ * ;Z6C.2Q , 0/, 0H?I02026�3�5@O�, 0�?CE9MHO >@?C87��,

0/5@MH;:>@,]026C8�.^G�O�<25 `BO ,�0 ^�� 6�E:0^02? G�6C8:0f?C>76�<20\N�E:,K>g?H0D.R?I.25@0/.25@N�E:,
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3�,�./.�,�O�.2E:=:, Y 8F6�E:0�6CLF.�,�8:6�8:0�>@?&U ?C57L:>@,�3�6�8�G�,�<���,�8:3�, =:E 02E:;:</, MhE:M <2,�8:6�<2M�?C>75702OhG�, <20�E:8:,
=F5@0/.2<257L:EF.�576�8 =:,<,fE:MhLZ, > '

= ��>���*@??�h�
��,�.

X
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rij(s, t) =
∂i+j

∂si∂tj
r(s, t).

� Q:<26CE7��Q:6CEF. .�Q:,-;B?C;Z,�<
X

+#57>@>�0�? .�5@0DU ��6�8:,-6CU:.�Q:,�. +-6e02,4.�0 6CUBQ ��;Z6C.�QF, 02,�0J,
�m;:<2,�0202, = LZ, >@6`+ '

• � Q:,-< E:8:5 ./l 02;Z, ,�=(=f0/,�.>�

(U1) ∀ t ∈ R, r11(t, t) = 1,

(U2) r(s, t) log |s− t| −−−−−−→
|s−t|→+∞

0,

(U3) ∀ ε > 0 sup|s−t|> ε |r(s, t)| < 1,
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(U4) r
570d6CU 3�>g?C0/0

C4

∀ γ > 0, r01
?I8:=

r04
?I<2,]LZ6�EF8:=:, =b6C8 {(s, t) ∈ R

2, s > γ
?I8:=

t > γ},

(U5)
√

log(t)m(t) −−−−→
t→+∞

0,

(U6) m′(t) −−−−→
t→+∞

0.

• � 8 �C, 8:,�<�?C>�3 ?C02, +-,�=F,�`B8:, �

? ∀ t ∈ R, S(t) =

∫ t

0

√
r11(s, s) ds,

? Y = {Yt = XS−1(t), t ∈ R} .2Q:, < E:8F57./l 02;Z,�, =(=�.�<�?C8F0/UW6�</M1? .�576�8 6IU
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(G1) ∀ t ∈ R, r11(t, t) > 0
?C8:=

limt→+∞ S(t) = +∞,

(G2) r(s, t) log |S(s)− S(t)| −−−−−−−−−−→
|S(s)−S(t)|→+∞

0,

(G3) ∀ ε > 0 sup|S(s)−S(t)|> ε |r(s, t)| < 1,

(G4) r
570d6CU 3�>g?I020

C4 +#57.2Q
s→ r11(s, s)

6CU 3�>g?C0/0
C3,

∀ γ > 0, rY
01

?C8:=
rY
04

?C<2,fLZ6�E:8:=F, =b6�8 {(s, t) ∈ R
2, s > γ

?C8:=
t > γ},

(G5)
√

log ◦S(t)m(t) −−−−→
t→+∞

0,

(G6) m′(t)√
r11(t,t)

−−−−→
t→+∞

0.
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∀B ⊂ R, Uu(B) = # {t ∈ B,Xt = u,X
′
t > 0}.
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� 6�<#?C8 � GI?I>@E:,]6CU

u Y +-,�=:,4`B8:,
Cu
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exp

(
− u2

2

)
=
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2π
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?
� 6�<

t > 0
?C8F=

B ⊂ R Y +-,]=:,�`B8F,
Mt = sups∈(0,t)Xs

?C8F=
MB = sups∈B Xs.
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at =
√

2 log ◦S(t)
?I8:=

bt =
√

2 log ◦S(t)− log(2π)√
2 log ◦S(t)

·
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X = {Xt, t ∈ R} S P�T�e?Thg�_�_2biT3^ �jW�XHk<P)_�_�lnboR\p�g�^$boR�q8T3W2biT3^wk�P]TZ^w{�_ug	���}XF_8PvR\p;T&R
t _2_ug�[ �}R\b�XF^$_V�����<Yu���8�/T3W�P?_�ThR\b�_2zwP<{;s
��P�z&^wPVRNpwP?yNT3['b�~�c�XFy��}XFb"^wR �wW8XHk<P)_�_�P�_

Ru S c

∀B ⊂ R, Ru(B) = Uu(C
−1
u B).

��pwP)^vTZ_
u→ +∞ � Ru

k<XF^=qFP�W��&P�_�l�P8TZ�H~�c � XF^ (0,+∞) � RdX�TV_<RaT3^={hT3W8{���XFb"_�_�XF^ �jW8XHk�P�_2_us
@*A�BDC=EFBHG I�J�KLJ"�
OQPFR

X = {Xt, t ∈ R} S P�T�e?Thg�_�_2biT3^ �jW�XHk<P)_�_�lnboR\p�g�^$boR�q8T3W2biT3^wk�P]TZ^w{�_ug	���}XF_8PvR\p;T&R
t _2_ug�[ �}R\b�XF^$_V��e��<Y)e ���>T3W8P>_�T&RNb�_2zwP<{=s
��P�z&^wPVRNpwP?yNT3['b�~�c�XFy��}XFb"^wR �wW8XHk<P)_�_�P�_

Ru S c

∀B ⊂ R, Ru(B) = Uu

(
S−1(C−1

u B)
)
.

��pwP)^vTZ_
u→ +∞ � Ru

k<XF^=qFP�W��&P�_�l�P8TZ�H~�c � XF^ (0,+∞) � RdX�TV_<RaT3^={hT3W8{���XFb"_�_�XF^ �jW8XHk�P�_2_us
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� 4�� �'�<! �)� �
? 
 7 √log(t)m(t) → τ ��!&�2�)�<��# 4 7 (U5) �3!$# √log ◦S(t)m(t) → τ �"!$�2���u��# 4 7 (G5)

:
Ru� 45!��5����%��<�*.��u� B , � 4�! (0,+∞) ��� u → +∞ �)4���! ($4�� 45%��<!$��45+$� * 4������245! �$�24 � �<�2�*.0�-�)(

�"!D���<!$�2�"� � eτ dx � ( �2%5+$�'�<! �)�m4 7 ��($� #$��� 45!&�2�)���3�)�"45! �3���'��($� �)���'� ������($45�2� +$�2�<# 7 45� �)($�� ����� τ = 0 �
?
� 4����������3����45!6�3� � �$�24 � ����� : � 45!$#$�-�)��4�!$� (U1)

: ��� � 45!$#������3���<�'�<! �94 7 (U4)
:
(U5) ��!$# (U6)

�3���]45���h�"45+$�2, � �)�3�������6�<#�� 4 45�2�<4��5�<����!��)($�"� � ����� (U3) �"���v#$�"��� � � � 45!$�����D+$�<! � �14 7 (U2) �� (D+$�>45+$�r( � �=4���($�<�2�<�/����� � 45�'�6�������$,��/��4���($45�2��4 7�� �u��#$�=�8�����<� :�� ��!$#$%����<!`��!&# S 4H4�� 0�� !��
?
S �<� ��� B �)($�3� +$!$#$��� (U1) ��!$#��2���Z�)��4�!6��� � ( � �=4��)($�������0.���%5��� λ2 = r11(t, t) = 1 ���>�<! � �
.����2����,",j,�4H4 B �Z�0��($� �)���'� 7 �3� �", � (Ru)u>0 �
?
� ($� ���<���)��� � ����45! ��4��)($���=45�2�"�)���5�/(6��, 7 ,"��!$�?���9#$+$����4��)(&� �=45+&!$# (U5) 4�� (G5) 45! m ��(6�3�
� � B ���9����!$����4�!$, �V7 45� t �=45�2�"�)���5�	� � 45� 0 ����4
�a� �<��! �$�24 � ��������� �)(&� � 4�!��5�<�2%5�<! � � 4 7 �)($� 7 ���'��, �
4 7 �=45�"!D�0�&��4 � �����2�<� Ru ��� �3��,"��#]45! R �
? ! 7j� 45+&�����>� � ���6� � �"�a���"�5�<�2�����$�",��-� � �)($�0�)���'� B �"!$#'4 7 �)($��45����� ($4�,�#$�n����+$� 7 45� u �)($�3���)��!$#$�
��4 −∞ �
? #>4��)�9��(6�3�n( � �w43�)($������� (U4) ��!$# (G4) ���'�$, � ��(6�3�}��($�r�&��4 � ����� X �3#$� �-�)�Q��� 4H#$��� � �3�)�"45!
.0�-�)( C1− �)���'�$,����6�3��($� : ��4���($� !H+$���=���04 7 +$� � �245���2��!$%5�0��� .9��,�,L#$���$!$�<#��
( ���"�n���Q.9�<,", B !&4F.0!'��($�>��� � � �&��4��)� � * 4����2��45! � (6�3�)� � �)�<���"� �&,"�"�<�Q��(6�3�n��($�0��+&�$�����V+&� �)��!$#$�
.��u� B , � �)4'� , +$���=�<,L#$�"�2�)�2���$+h�)��4�!��
$ C;EFC&%'%�($E�)�I�J"K�JNM
OQP�R

X = {Xt, t ∈ R} S P�T�e?Thg�_�_2biT3^ �wW8XHk<P)_�_ lnbaRNp g�^$boR�q8T3W2biT3^=k<P*_�ThR\b�_2y"c&b�^&� ��e �uY)e+*<��s
��p=P�^

P
(
at(Mt − bt) ≤ x

)
−−−−→
t→+∞

exp(−e−x).

� 4�� �'�<! �)� �
? 
 7 (G5) ��� �2�<�$,�� � ��#�� � √log ◦S(t)m(t) → τ ∈ R .9� � ��!��$�24,�5����(6�3� ��($�'�$�2� � �<#$�"!$%
�&��45�6�3�$��,"�-� � � 45!��5����%5���>�)4 exp(−eτ−x) �
? #?43�)�>��(6�3���)($� � 45!&#$�"����45!.- , ��/ ����!$4���!$���<#$��#�� � (&��� � 45�'�<� 7 ��4�� �m���)4 � (6�����)� � �3��%5+$�'�<! �
4 7Q� 4�� �$�����"��45!����0#$�8�����",���#`�3�r�)($� ��!$#14 7 �)(&���&��4H4 7 �
���105��� 243 '65 4+7*7 #98 ' 4 4+7*);: '&%()*# +
( !��"<&���'�$,"�]4 7 �$��4 � �<�2�'�)�Z�)��� 7i� ��!$% ��($�������2+$� �h�)��4�!$�V4 7 � 45�245,�,���� � b � 5 ��=��"�V%5���5�<! � �

��($���$�24 � �������)($�3��#$�<� � �2���=� �)($���=��(6���H�"45�*4 7 �)(&��,�� B �<,"�"($4H4H#f�)���2�V�����3�����2��� �'7 4��m�)($� ���"� �$,"�, ��+$�2������!�� �><h��+$���
�@?�� � 45!&����#&�<�r�)($� 7 4�,�,"4F.r��!&%����<�2����!$%����-�)+6�Z�)��4�! �
{

(H0) : N(0, 1)
(H1) : (1− p0)N(0, 1) + p0N(t0, 1)

.0(&�<��� p0 ∈ [0, 1] ��!$# t0 ∈ Γ = [−T, T ], t0 6= 0 �A
a� �����$��4��5�<#f��! : � � +$!$($�B� � �3�2�)��,�,"����!$#, ���2���x�Z�C-�=�D	D�E : =FDGDGD / ��(6�3�>+$!$#$���/�',�4 � ��,���,-�)����!6�3���H�5� �����2+$� �h�)��4�! (t0 �@<h�<# ��!$# p0 = δ√
n7 4��
�"!$�2�)��! � � / �)($�9��� � �'�&�)43�)� � #&���2�����"�$+&�)�"45!I-N�����)($��!D+$���=�<� n 4 7 �"!$#$�<�=��!$#$��!D�}45�$�2�<�J�Z�3�)�"45!$�

���<!$#&�?��4 �"!@�6!$�-� � / 4 7 �)($��,�� B �<,"�"($4H4D#]�)�<���/�����3�����2��� � ���0���<,��3���<#`��4'�)($�3�?4 7 �)($����+&�$������+$� 4 7
� , �3+$���2�x��!��$�24 � �����>.0�-�)(�� �<��!`��!$# � 4,�3�3���x�3! � �

m(t) =
δ2(ett0 − 1)√

et2 − 1
�3!$# r(s, t) =

est − 1√
es2 − 1

√
et2 − 1

·
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a� ����#$��#$+ � �<#���! (10 � 2 � ������,'� - 5C787���/ �)($�3� :w7 45����+ � ( B ��!$# 4 7 �'��<H�)+$�2�V��!$# 43�)($��� %5�<!&�<�)�3,
� �><H�)+$�2�<� : ��($��,�45%
�a,"� B �<,"�"($4H4D# �)�3����4f���<�2�����'.94��2�)(&,��<�2� .0(&�<! �)($���6�3�)���'�����<� � ���<!$#&� �)4
��!@�$!$�"� � �
� G�� � ? P L �QM Mm
)>


�! �)($�"� �6����� .9� �"<h�$�2�<��� � ,������2� � �3,?�2�<��+&,"�)�����=45+&� * 4������245! � 45!��5�<�2%5�<! � �f��!&#|!$4���� ��,� 4�� �6�3�����245!�� � ��� J #$��!$4����1�)(&� 7 ��� �", � �)($�3� � 45!$�2�����)� 4 7 �$!$�"���1+&!$��45!&� 4 7 �=45+$!&#$�<#|��!&#
#$����	245�"!D�r��! �)���J�3�3,��r4 7 R �

 EFC��nC�
������iC�� I�J"�LJNM���� ( % %NB����nBDE����<M��! $�!"�"
OQPFR

(Nn)n∈N

TV_�P$#&gHP�^wk<PmXFy��}XFb�^=R �jW�XHk<P)_�_8P)_�X�^
R
_�T&RNb�_�y"c&b"^&�'yoXFW>TZ^5c

B ∈ J �

a) E

(
Nn(B)

)
−−−→
n→∞

|B|,

b) P

(
Nn(B) = 0

)
−−−→
n→∞

exp(−|B|).
��pwP)^vTZ_

n→ +∞ � Nn
k<XF^=qFP�W2�hP�_mlnP8T3�D~�c�RdX�TV_uRoT3^w{hTZW8{���XFb�_2_8XF^ �wW8XHk<P)_�_<s

� 45�'� ��!D� �

a�v��� ��!$45+$%�( �)4 ��� B � J �����)($� 7 ���'��, � � 45!$�2�����)��!&%|��! �<,"�<�'�<! �)� 4 7 �)(&� 7 45�2� 4 7 B =⋃p

i=1(ci, di]
:$� ��,",��<# J �

( � ��!D�)����,>��4H45,0��! 45+$� ���)+$# � �"�'�)(&��#$�"� � ������� 0 �3�)�"45! 4 7 �)($�1��!$�-�)���3, , ��+$���2�x��! �$��4 � �<�2�&% �(r� �)+$��,�, � .��>!$�<��# ��4���(&4F. �)($�0�"!$#$�<�=��!$#$��! � �?4 7 ��($�0� �B<h�"��+$� 4 7 �)($�0#$��� � �2���)� 0 ��# �$�24 � �����
45!1#$����	245��! �?�3!$#��=45+&!$#$�<#����8�)�/4 7 (0,+∞) - � �<�'� � � � � � 9 �$��4��5�<#���!('h� � �)�"45! � � ��/ ��
a�>.0�",�,
�=��+$��� 7 +$,Q�)4 B !$4F. ($4�. ��4 � 45�'�6�����*�"! #$�����)���"�$+&����4�!1�d.�4 , ��+&��������!.�5� � �)45�2��� � ($�"��������+$,-� :
�6���2�<#�45!]�u�3��, � .�45� B �r4 7 * ,x� � B �8��� -�=�D ! ��/ : 'h,"�<�$����! -�=FD � 5G/ ��!$# � �<�2� �3! -�=FD ��� : =�D�E =<� / : �"�
�$��������!D�)��#�($�<�2��+$!&#$�<�0�"�)� �5�����2��45!`�"� �$�24,�5��#�� � � ����!$#('h(6�34.- 53787 5G/ �

 EFC��nC�
������iC�� I�J"�LJ"K)��*`C;E3G ( %,+5C=G-��($E��.
<C���/�BhG G (!"
OQPFR0g�_�k<X�^$_�b�{$P�W�Ral�X]e>T&g�_2_�biTZ^�qFP�kFR�XFW�_

U ∼ Nk(0,Σ)
T3^w{

V ∼ Nk(0,Λ).t _2_ug�[]P�RNp;T&R
Σii = Λii = 1

yoXFW>TZ~�~
i ∈ {1, . . . , k} s��P�^=XHRdP S c ρij = max(|Σij|, |Λij|)
s���pwP�^

P(Ui ≤ wi, i = 1, . . . , k)− P(Vi ≤ wi, i = 1, . . . , k)

≤ 1

2π

∑

1≤i<j≤k

(arcsin(Σij)− arcsin(Λij))
+ exp

(
− w2

i + w2
j

2(1 + ρij)

)
.

� G0� 1 � M M323>
!�! � � � (&�<45�2�<� � � 5 � 5 (6���}�=�<��!��$��4��5�<# : �)(&� �$��4H4 7 4 7 � ($��45����� � � 5 � 9 �"�Q#$���2� � �n+$�2��!$%/�)(&�< +$!&�"�J�a���=���<# = ���)��!$� 7 45��� �3����4�!�� � (D+$��.��*.0��,",�4�!$, � �&��4,�5� � ($�<4����<� � � 5 � 5 �3!$#�.945� B +$!$#&�<�

�)($� �2���>4 7 � � �=4���($�<�2�<� (U1− U6) � � (&� #$45� ����!�4 7
� 4�!��5�<�2%5�<! � ��4 7 Ru �=����!$% (0,+∞)
: �"�

��+54 � �<� �)4 � ($� � B �)($� � ($���)� � �)����� 0 �3����45!v4 73� ��,�,"�<!D�=�<�2%]4,�5��� J̃ .0($� � ( � 45! �����"!$���)(&� 7 ���'�", �
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4 7 ���8�)� B = ∪p
i=1(ci, di] .0($����� 0 < c1 < d1 < c2 < d2 < . . . < dp < +∞ �� (&��45+$%�($45+&�0��($� #$���w�<�2�<! �>�$�24H4 7 �r.�� .0��,", � 4�!$���"#$�<�

?
' ����� �>��#&��,"�3���<# ' �"!D���<�J�Z��,��

Iu = (tua, tub) .0�"��( 0 < a < b ��!$# tu = O(C
− 1

2
u ),

?
' #$�",x�3���<# ' ��! �)�<���3��,"�

Du,i = (C−1
u ci, C

−1
u di]

7 4�� i ∈ {1, . . . , p} �3!$# B = ∪p
i=1(ci, di] ∈ J̃- � ��= /

Du = (C−1
u c, C−1

u d] .0�-�)( 0 < c < d,- � � 5G/
? (Iu,j)j=1,...,n �*�6�����)�-�)�"45! 4 7 Du ��!D��4 n = nu

' �2�<�'���a#$��,"�3���<# ' �"!D���<�J�Z��,���� � 4�����($���2���D+$��, : �"�
�"�r���'�=45�2�)��!D�9�)4 B �<�����"!��'��!$#��)(6�Z� n = O(C

− 1
2

u ) �
? �0.0��,�,$+$���?#$�"� � �2����� 0 �Z�)�"45! ���2%5+$�'�<! �)����! 4���#$�����"! 45�2#$�<���)4*���&�$, � !$45��� ��, � 45�'�6�����"��45!� ��� � �@� � 45!&�����D+$�<! �), ��: ,��8� q = qu �V#$��� � ���8�)� 0 �3����45!]���)�<���)(6�3�0#$���=�<!$#$�?4�! u �2+ � (1��(6�3�

(U7) qu→ 0 ��� u→ +∞ �: ���6!$� 7 45�0��! � ��+&�$���8� B 4 7 R

U q
u(B) = #{l ∈ Z, q(l − 1) ∈ B, ql ∈ B,X(q(l − 1)) < u < X(ql)}.

��������� ����# #98 #68�� 0-78#	� 7 5 ��� 05�10
� � 7 4���� �)+&��!$�"!$%V�)4V�)($� �&��4H4 7 4 7 4�+$�0� ���"!]������+$,-� : .9��� <h�$�������?��! �)�<�2� ��#$�x�Z�)���2�<��+&,"�)���

/�BHG�G ( I�J I�JNM
��^w{$P)W t _�_ug�[ �}RNbNXF^&_�����
�Yu� *<� �

P(MIu > u) = E
(
Uu(Iu)

)
+ o
(
C

1
2
u

)
,

lnboR\p
o
(
C

1
2
u

) g�^&b�yoXFW2[ yoX�W?TZ~�~jb�^=RdP)Wuq8T3~"_
Iu
_<gHk�p R\p;T&R

a ≥ γ > 0
s

/�BHG�G ( I�J I�J"K
��^w{$P)W t _�_ug�[ �}RNbNXF^&_������ � �
�ZYu��� � ���2� �

E
(
Uu(Iu)− U q

u(Iu)
)

= o(C
1
2
u ),

lnboR\p
o(C

1
2
u )
g�^$b"yoXFW�[ yoXFW>T3~"~

Iu
_ugHk�p R\p;ThR

0 < γ ≤ a < b ≤ Γ
s

/�BHG�G ( I�J I�J"�
��^w{$P)W t _�_ug�[ �}RNbNXF^&_�����
�Yu���2� �

P
(
X(ql) ≤ u,∀ ql ∈

n⋃

j=1

Iu,j

)
=

n∏

j=1

P
(
X(ql) ≤ u,∀ ql ∈ Iu,j

)
+ o(1),

P
(
X(ql) ≤ u,∀ ql ∈

p⋃

i=1

Du,i

)
=

p∏

i=1

P
(
X(ql) ≤ u,∀ ql ∈ Du,i

)
+ o(1),

P
( p⋂

i=1

{MDu,i
≤ u}

)
=

p∏

i=1

P(MDu,i
≤ u) + o(1).



��� � � � ��� �	����� �

/�BHG G (fI�J I�J I
��^w{&P�W t _�_<g�[ �}R\b�XF^$_

(U1− U6) �
P(MDu ≤ u) = exp

(
− (d− c)

)
+ o(1).

� ($� �$��4H4 7 �r4 7 �)($������,���� � �3�r����� �=45�2���w4�!$�<#1+&�`��4'!$� <H�?��� � ����45!$���
#?4�. ,���� B =

⋃p
i=1(ci, di] �=����! �<,"�<�'�<!D�m4 7 �)($� 7 ���'�", � J̃ � : �"�6!$� �)($� 7 +$! � ����45! µ(t) =

sups>t |m(s)| � ( ����+&� �&����45! (U5) ���'�$,"�"��� ��(6�3� 7 45�0��! � �=45�2�"�)���5� c
lim

u→+∞
uµ(C−1

u c) = 0.

?������������>� �]� ($� � B �"!$% � 45!&#$�"����45!�� / 4 7N* ��45�=45�2�"�)�"45! � � 9 ��=G�� �2��!$%m�)($� 7 � � ���)(6�3���)($� �3�3���x�3! � �/�"� � 45!$������! � : �-�9� � � �=�/�����<!]��(6�3� 7 4�� �3! � �=45���-�)���5� t ��($�
�3���2�x���&,��<� Xt ��!&# X ′

t ���2� �"!$#$���=�<!$#$��!D��� � 45!&�����D+$��!D�), � � � S � � � 7 45����+&,x����($�+�6�2�2�0�'45�'�<! �4 7 Ru(B) ���

E
(
Ru(B)

)
= E

(
Uu

(
C−1

u B
))

=

∫

C−1
u B

E(X ′+
t )ϕ

(
u−m(t)

)
dt.

'h��! � � E
(
X ′+

t

)
= E

(
(G−m′

t)
+
) .0($�<�2� G �"�>�V�2�)��!$#6�3��# , ��+&��������! �3���2�x���&,�� ��!&#

sup
t∈C−1

u B

|m′
t| → 0,

�"�Q���Q45���H��45+$�
�)(6�Z� E
(
X ′+

t

)
= 1√

2π

(
1+o(1)

) .0�-�)( o(1) +$!&� 7 45�2� .0�-�)(��������=� � ����4 t ∈ C−1
u B �(?7 ���<�>� � (6��!$%5� 4 7 �3���2�x���$,"�<�9.9��%����

E
(
Ru(B)

)
=

∫

B

exp
(
um
(
C−1

u v
)
− 1

2
m2
(
C−1

u v
))
dv
(
1 + o(1)

)
.

?
� !$� 7 4����', � .r�"�)(��������=� � �?��4 v ∈ B ��!$#1� ��� 45�2#$��!&%���4 (U5)

exp
(
um
(
C−1

u v
)
− 1

2
m2
(
C−1

u v
))
≤ exp

(
uµ
(
C−1

u c1
))
≤ (Const).

?
� 4��r���5��� � v ∈ B : limu→∞ exp

(
um
(
C−1

u v
)
− 1

2
m2
(
C−1

u v
))

= 1.
� (H+&�?� � ���$�$,"� � �3�)�"4�!]4 7�� �<�=����%5+$� � ($�<4����<� : 45!&� 45�&���3��!$�

E
(
Ru(B)

)
= |B|

(
1 + o(1)

)
.- � � 9�/

#?4�. .�� � ($� � BH( ���2+$�'�&�)�"45!`� / 4 7N* �245�=45�2�"�)�"45! � � 9 ��=G�
P
(
Ru(B) = 0

)
= P

( p⋂

i=1

{
Ru

(
(ci, di]

)
= 0
})

= P

( p⋂

i=1

{
Uu(Du,i) = 0

})
.

� ($�"�0,x�����0�$��4��6���$�",�� � � ���r����,x�Z�)�<#]�)4V�)(&���2+$�$������+$� 4 7 �)($� �$�24 � �<�2�?�2��! � �

0 ≤ P

( p⋂

i=1

{
Uu(Du,i) = 0

})
− P

( p⋂

i=1

{
MDu,i

≤ u
})

≤ p Φ
(
u−m(C−1

u c1)
)

= o(1).
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� (D+$�0.9� #$�<#$+ � � 7 �245� � �<�'� � � � � � 9 �)(6�Z�
P
(
Ru(B) = 0

)
= P

( p⋂

i=1

{
MDu,i

≤ u
})

+ o(1) =

p∏

i=1

P
(
MDu,i

≤ u
)

+ o(1).

� (&��#$�<�2���2�<#`���<�2+$,"�0���r45�h�����"!$�<#����"! � � � ��� � � � � � � � ,��<��#$� �)4

P
(
Ru(B) = 0

)
=

p∏

i=1

exp
(
− (di − ci)

)
+ o(1) = exp

(
− |B|

)
+ o(1). �

������� 0 ����# #98 #68�� 7 5 5 ' �������!�

� ($��+$�&�=�<�>�=4�+$!$# � 45�'�<� 7 �245� �)(&�����D+6��,"�"� �
{
MIu > u

}
=
{
X
(
tua
)
≥ u

}
∪
{
X
(
tua
)
< u,Uu(Iu) ≥ 1

}
a.s.- � � ��/

.0(&� � (`,��u�3#$� : � ��4 �3� B 4,�]�"!$���D+6�3,��-� ��: �)4
P(MIu > u) ≤ Φ

(
u−m(tua)

)
+ E

(
Uu(Iu)

)
.

� (&� �6�����>�2���3%5� 7 45,",�4�.0� 7 ��45� ��($� ���D+$���3��,���! � � Φ
(
u−m(tua)

)
= o(C

1
2
u ) �

'H��� ν2 = E

(
Uu(Iu)

(
Uu(Iu) − 1

)) � � ���"!$% - � � ��/ .���#$��#$+ � � : �3�/�"�?���?#&45!$�*��! (10 � 2 �/������,1�
-;=�DGDGD / : �)(6�Z�

P(MIu > u) = P

(
X
(
tua
)
≥ u

)
+ P

(
Uu(Iu) ≥ 1

)
− P

(
X
(
tua
)
≥ u, Uu(Iu) ≥ 1

)

≥ P

(
X
(
tua
)
≥ u

)
+ E

(
Uu(Iu)

)
− ν2

2
− P

(
X
(
tua
)
> u,Uu(Iu) ≥ 1

)

≥ E
(
Uu(Iu)

)
− ν2

2
+ o(C

1
2
u ).


a�����L�)(&�<!���+54 � �"�<! ����4?��!$��, � 0 �n�)(&� 7 � � ��45������,��'45�'�<! ��4 7 45�2#$�<�L�d.�4>4 7 �)($���)�3!$#$45� �3�3���x�3�$,����
Uu(Iu)

:

ν2 =

∫∫

I2
u

E(X
′+
s X

′+
t /Xs = Xt = u) pXs,Xt(u, u) ds dt.

'H��� Au(s, t) = E(X
′+
s X

′+
t /Xs = Xt = u) pXs,Xt(u, u). !��$�2�<�J�5�1�)($�3� � � (U2)

: �)($�����
� <h���2��� T0 > 0 �2+ � (1��(6�3�

RT0 = sup
|s−t|≥T0

|r(s, t)| < 1

3
·

� 4��0��%5���5�<!���� ��,�,j��!$45+$%�( δ > 0
: .9���$���2�)�-�)�"45! I2

u �"!D�)4��)($� ��($����� 7 45,",�4�.0�"!$%���+&�$���8�)�
Eu =

{
(s, t) ∈ I2

u, |s− t| < δ
}

Fu =
{
(s, t) ∈ I2

u, δ ≤ |s− t| < T0

}

Gu =
{
(s, t) ∈ I2

u, |s− t| ≥ T0

}
.



� � � � � ��� �	����� �

? ?�� �=�<%5�"!�� � �2�)+&# � ��!$%1��($� �"!D���<%5����,n45! Fu � ? � B !&4F. � � (U4) ��(6�3� r01 ��� +$!$� 7 45���', �
�=45+$!$#&�<#145! Fu ��!$#`� � (U3) ��(6�3� sup(s,t)∈Fu

|r(s, t)| < 1 ��?�� �$!$#`��(6�3�
E(X

′+
s X

′+
t /Xs = Xt = u) ≤ 1

4
E((X

′
s +X

′
t)

2/Xs = Xt = u)

≤ 1
4

{
E(X

′
s +X

′
t/Xs = Xt = u)2 +

T �3� (X ′
s +X

′
t/Xs = Xt = u)

}

≤ 1

4

{(r01(s, t) + r10(s, t)

1 + r(s, t)

)2

u2 +
T ��� (X ′

s +X
′
t)
}

≤
(r01(s, t) + r10(s, t)

1 + r(s, t)

)2u2

4
+ 1

≤ (Const)u2

.0($����� �)($� � 45!$�2�)��!D�>#$���=�<!$#&�?45!$, � 45! δ ��
��>��,�,"4�.0�r+&�0�)4�+$�$�=���>�=45+&!$#`��($� ��! �)�<%��)��,j� �
∫∫

Fu

Au(s, t) ds dt ≤
∫∫

Fu

(Const)u2pXs,Xt(u, u) ds dt.

'h��! � � Rδ = sup|t−s|≥δ |r(s, t)| < 1 �=� � �3+$����4 7 (U3)
: .9��%����

pXs,Xt(u, u) ≤ (Const) exp
(
− u2

1 +Rδ

)
,

��!$#�.�� � �3! � 45! � ,�+$#&� ��(6�3�
∫∫

Fu

Au(s, t) ds dt ≤ (Const)u2 exp
(
− u2

1 +Rδ

+
u2

4

)
= o
(
C

1
2
u

)
.

? ? �"�)(���($�`����� �`���2%5+$�'�<! �)�'��� 7 4�� Fu

: �)($� � 45!$#$�-�)�"45!6��,9�"<h�=� � ���3����45! 4�! Gu ����+&�$�=�<�
�=45+$!$#&�<#1� �

E(X
′+
s X

′+
t /Xs = Xt = u) ≤ (Const)u2

.0($������!$4F.��)($� � 45!$������! �?#&�<�=�<!&#$�?45!$, � 45!���($� �$��4 � �<�2� X ���>�<! � �
∫∫

Gu

Au(s, t) ds dt ≤ (Const)u2 exp
(
− u2

1 +RT0

+
u2

2

)
= o
(
C

1
2
u

)
.

? !�! Eu .9���2���
µs = E(X

′
s/Xs = Xt = u) =

r10(s, t)

1 + r(s, t)
u

µt = E(X
′
t/Xs = Xt = u) =

r01(s, t)

1 + r(s, t)
u

σ2
s =
T ��� (X ′

s/Xs = Xt = u) = 1− r2
10(s, t)

1− r2(s, t)

σ2
t =
T ��� (X ′

t/Xs = Xt = u) = 1− r2
01(s, t)

1− r2(s, t)
·
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Au(s, t) �=����!$%>� � �'� �8�)��� � �"! (s, t) .9��� � � �3����+&� ���)(6�Z� s < t � � 45���245�'� ξ1 ��!$# ξ2 ∈ (s, t)
:

� � � ,"45�r�"<h�6�3!$���"45!$�>4 7 r ��!$# r01 ���=45+h�0��($� �=45��! � (s, s) %5�H�5�

r(s, t) = 1− (t− s)2

2
+

(t− s)4

4!
r04(s, ξ1)

�3!$#
r01(s, t) = −(t− s) +

(t− s)3

3!
r04(s, ξ2).

� ���"!$% (U4)
:
µt = u ×

(
− t−s

2
+ O

(
(t − s)3

)) .0�-�)(��]+$!$� 7 4���� ���<� ���"!$#$����� � (D+$� 7 4�� δ
�2+54 � �"�<!D��, � ��� ��,�,w.���(6�F�5�

µt ≤ −t− s

4
u ��!$# µs ≥

t− s

4
u

7 4���� <$�3� �&,��	�G
a� 7 45,",�4�.0�}��(6�3� µt ≤ 0 �3!$# µs ≥ 0 � (?7 ���<���245� � � ��, � +$,��3�)�"4�!$�}.��>45�&�)����! 7 �245�
(U4)

σ2
t = (t− s)2

{r04(s, γ)
3

+
1

4
+
r04(s, ξ)

4!

}
+O

(
(t− s)4

)

.0�-�)( ��,��24�� +$!&� 7 45�2� ����� �3��!$#&�<��� � (H+$�/.9� � ��!.�6!$#v� � 4�!$�2�)��!D� C1 #$�<�=��!$#$��!&%]45!$, � 45! δ
�2+ � (1��(6�3� �

∀ (s, t) ∈ Eu, σ2
t , σ

2
s ≤ C1 (t− s)2.

� +$���)($�����'45�����������
	���
������������������������������
��	
��������������.9�?(6�F�5� 7 �245� � ��+ � ( � � ' � (D. ��� 0 ��!$���D+6�B�
,"�"� � �

E(X
′+
s X

′+
t ) ≤

√
E(X ′+2

s )

√
E(X

′+2
t ).


�!1��#&#$�"����45! : � 7 Z ∼ N(µ, σ2) ��($�<!
E(Z+2) ≤ E(Z2) ≤ µ2 + σ2 7 45� µ > 0

E(Z+2) ≤ σ2

2
exp

(
− µ2

2σ2

) 7 45� µ < 0 �
� 4��V�&��!$�"!$%���($� ,x�Z���)���r�2�<��+&,"�)� : .9� %5���0��!�45+$� � �3���

E(X ′+
s X ′+

t /Xs = Xt = u) ≤ (µ2
s + σ2

s)
1
2
σt√
2

exp
(
− µ2

t

4σ2
t

)

≤ (Const) (t− s)2 u exp
(
− C2 u

2
)
.

.0(&�<��� C2 �"�>�V�=45�2�"�)���5� � 4�!$�2�)��!D���	� 4 45����4,�5��� :67 45� δ �2+54 � ����!D��, � �2� �3,�,
1

1− r2(s, t)
≤ (Const)

(t− s)2
,

.0(&�<! � �
pXs,Xt(u, u) ≤

(Const)

t− s
exp

(
− u2

1 + r(s, t)

)
,



��� � � � ��� �	����� �

Au(s, t) ≤ (Const) (t− s)u exp
(
− u2

(1
2

+ (Const)
))

��!$# ∫∫

Eu

Au(s, t) ds dt ≤ (Const)u exp
(
− u2

(1
4

+ (Const)
))

= o
(
C

1
2
u

)
.

� ($���$��4H4 7 ���*!&4F. � 4�� �$,"����� � � �@<h�"!$% δ ��! 45�2#$�<�m�)4 (6�F�5�]��,�,����<,��3�)�"45!$� � 45! � ����!$�"!$% �)(&�
+$�$�=�����=45+&!$# 45! Eu

: ��!&#'�)($��!��3�$�$, � �"!$% �)($�>�=45+&!$#$� 7 4��n�)($�>�"!D���<%5����,��}4,�5�<����($�0��.94m4���($�<�
#$45� ���"!$����#?43�)� ��(6�3�045+$�r���<�2+$,"�0���r+$!&� 7 45�2� 7 4��0��,�,j��! �)���J�3�3,�� Iu ��+ � (`�)(6�3� a ≥ γ > 0 � �

��������� ��� #5#68 #98 � 7 5 5 ' ������� 0
� ($� �$��4H4 7 �"�0�2���'��,"������4��)($�3�04 7 � �<��#$�=���2�)���>���?��,'� -�=�D�� 9 :�� ���'� ��� E � 9 �H=���!&#��@� 5 � 5	/ �

? �"��(]�)($� �)�3� � ����%�+$� ��!D���>��� �)($45�2��+$�2�<#1�"! - � � 9�/ : .�� � ��!`�$��4��5� ��(6�3�
E
(
Uu(Iu)

)
= |Iu| Cu

(
1 + o(1)

)- � ��� /
.0�"��( o(1) +$!&� 7 45�2� 7 45�?��,",���! �)���J�3�3,�� Iu ��+ � ( ��(6�3� 0 < γ ≤ a < b ≤ Γ. 
a�/���0�)(D+$�/��!$45+$%5(
�)4����)+$# � E

(
U q

u(Iu)
) � #>4F. �-�������2+54 � �"�<!D����4��$��4��5�0�)(6�3� 7 4�����,", 7 ���'��, � 4 7 ��! �)�<���3��,"� Ju .0�-�)(

�<!$#��w4���! � au, bu �=�<��!&%'�V��+$,-�)�"�$,"�?4 7 q(u) ��!$#��2+ � (��)(6�Z� au ∼ C
− 1

2
u a ��!$# bu ∼ C

− 1
2

u b .9�
(6�F�5�

E
(
U q

u(Ju)
)

= |Ju| Cu + o
(
C

1
2
u

)
.

� ($�"�0���0��#&����� � � � 45!&�����D+$��! � �*4 7 �)(&� 7 � � �r�)(6�3�
Pk,q(u) = P

(
X
(
k q(u)

)
< u < X

(
(k + 1) q(u)

))
= q Cu

(
1 + o(1)

)

+$!$� 7 45���', ��7 45� k �2+ � ( �)(6�Z� C− 1
2

u γ < k q(u) < C
− 1

2
u Γ � � ($�"� �"���$�24,�5��#f�"! �)(&�V!$� <h� �6�3�)�B�

%5�)�3�$(��
'h��� dk = k q(u)

: �)(&� ���5�<! �
{
X
(
k q(u)

)
< u < X

(
(k + 1) q(u)

)} � ��!`�=� .0���-�����<!1�3�
{
X(dk) < u < X(dk+1)

}
=
{
|Y1,k − u| < q

2
Y2,k

}

.0($����� Y1,k = X(dk)+X(dk+1)

2

( ���<�2��� Y2,k = X(dk+1)−X(dk)

q

) �"� � , �3+$���2�x��! �3���������$,"�].0�-�)(
� �<��! m1,k = m(dk)+m(dk+1)

2
��!$# �3���2�x��! � � σ2

1,k = 1+r(dk,dk+1)

2( ���������$.0�"��(`�'�u�3! m2,k = m(dk+1)−m(dk)

q
��!$# �Z��������! � � σ2

2,k = 2(1−r(dk,dk+1))

q2

) �

q−1C−1
u Pq,k(u) = C−1

u

P
(
|Y1,k − u| < q

2
Y2,k

)

q

= ψ(u, k)

∫ ∞

0

dy

∫ 1

−1

dx y exp
(
f(y, x, u, k)

)

.0�"��(
f(y, x, u, k) = −

(
y − m2,k√

2σ2,k

)2

−
q2x2y2σ2

2,k

4σ2
1,k

− (u−m1,k)σ2,kqxy√
2σ2

1,k

��!&# ψ(u, k) =
σ2,k

σ1,k

exp
(
− u2

2σ2
1,k

(1− σ2
1,k)−

m2
1,k

2σ2
1,k

+
um1,k

σ2
1,k

)
.
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� � ���

? um1,k ≤ uµ(C
− 1

2
u γ).

� 45!&�����D+$��!D�), � um1,k �3!$# m1,k

� 45!��5����%�����4 7 �
? |m2,k| ≤ sup

x∈(C
−1/2
u γ,C

−1/2
u Γ)

|m′
(x)|. �?��! � � m2,k ��,"��4 � 45!����<��%��<�>��4 7 �

? σ1,k ��!&# σ2,k

� 4�!��5����%5� �)4 =G��
�!$#$���<#
|σ2

1,k − 1| = |r(dk, dk+1)− 1

2
| = |r(dk, dk+1)− r(dk, dk)

2
|

≤ q supx∈(dk,dk+1) |r01(dk, x)|.

'H��! � � r01 �"�>�=4�+$!$#$��# 4�! (C
−1/2
u γ, C

−1/2
u Γ)

: .9� � ��! � 45! � ,"+$#$�	�&#>4F. : ,��8�>+$�?,"4H4 B �3�0.0(6�3�
4 ��� +$�2� 7 45� σ2

2,k � � ($� � � � ,"45�r�"<h�6�3!$���"45!14 7 45�2#$�<� 7 45+$�r4 7 r �"�
r(dk, dk+1) = 1− q2

2
+
r04(dk, τ) q

4

4

.0(&�<��� τ ∈ (dk, dk+1) � ( �2��+$�'�&�)�"45! (U4) ,"�u�3#$�r�)4
|σ2

2,k − 1| ≤ r04(dk, τ) q
2

4
≤ (Const) q2 −−−−→

u→+∞
0.

� ������� 4 7 �3,�, : 4�!$� � �3! #$�<#$+ � � 7 ��45� �&��� � �<#$�"!$% � 4�!��5����%5��! � �<� �)($�3� ψ(u, k)
� 45!��5�<�2%5�<� �)4 1

+&!$� 7 45�2� , � �"! k � 4 45����4,�5��� : .���(6�F�5� �)(&� +$�$�=�<�0�=45+$!$#
f(y, x, u, k) ≤ −

(
y − m2,k√

2σ2,k

)2 − (u−m1,k)σ2,kqxy√
2σ2

1,k

≤ −
(
y − m2,k√

2σ2,k

)2
+

(u−m1,k)σ2,kqy√
2σ2

1,k

4��&���3��!$��# 7 4�� x = −1

≤ −y2 +
{√2m2,k

σ2,k

+
(u−m1,k)σ2,kq√

2σ2
1,k

}
y.

� 4�!$�����H+&�<!D�), �5: .0($��! y > 2
√

2m2,k

σ2,k
+

√
2(u−m1,k)σ2,kq

σ2
1,k

: 4�!$� (6���

f(y, x, u, k) ≤ −y
2

2
·

� (D+$�0�)($� �"!D���<%5����, 7 4�� (y, x) 45!
[2
√

2m2,k

σ2,k

+

√
2(u−m1,k)σ2,kq

σ2
1,k

,∞
)
× [−1, 1]

���<!$#&�>� � #$45�'�"!6�3�)��# � 45!��5�<��%��<! � ���)4
2

∫ ∞

0

y exp(−y2) dy = 1.

� (&������� ���"!$�"!$%���! �)�<%��)��,j���r+$�&�w���>�=45+&!$#$�<#1� �
(2
√

2m2,k

σ2,k

+

√
2(u−m1,k)σ2,kq

σ2
1,k

)2

exp
(
2
{√2m2,k

σ2,k

+
(u−m1,k)σ2,kq√

2σ2
1,k

}2
)

.0(&� � ( � 45!��5�<��%��<�>��4 7 � 
�!`�2($45�2�>�2��! � � q−1C−1
u Pq,k(u) → 1 ��($� �$��4H4 7 �"� � 45�'�$,��8�)�
� �



��� � � � ��� �	����� �

��������� ��� #5#68 #98 � 7 5 5 ' ������� �
� ($� �$���2�m�d.�4 �����3���<�'�<! �)� � 45� � 7 ��45� �)�3� � �3��%5+$�'�<! �)��� � 4 �$�24,�5� ��($� �$���2�*�6�����m.9�

#$�<!&4��)��� � Λ ��($� �3���2�x��! � �1� �3�)�2��<�4 7 �)(&� �5� � �)45� (X(ql), ∀ ql ∈ ⋃n
j=1 Iu,j) � 
a� � ��! �=�

.0���-���)��! +$���"!$% Λj1j2

: �)($� �3��������! � � � �3�����><f4 7 X(ql)
7 45�*��,", ql ∈ Iu,j1 ��!$# X(ql)

7 45�*�3,�,
ql ∈ Iu,j2 � � �8� Σ �w� ��($� #$�x��%�45!6��,w� �3�����><�� <&�-�>4 7 Λ �

Λ =




Λ11 Λ12 . . . Λ1n

Λ21 Λ22 . . . Λ2n��� ��� � � �
Λn1 Λn2 Λnn


 Σ =




Λ11 0 . . . 0
0 Λ22 0��� � � �
0 0 Λnn




?��?.0���-�)� {d1, . . . , dN} �)(&�/���8�r4 7 #$��� � ���8�)� 0 �<# �w4���! �)���$�2�<�2�<!D� ��! Du =
⋃n

j=1 Iu,j �@!�!$� � ��!
#$�<� � �2���=� ��($�<�2� �d.�4'� �3����� � �<� ��!]��($� 7 45,�,"4�.0�"!$%*. � � �
���<,"�<�'�<! �)�04 7 Λ �������)($� λl,k = r(dl, dk)

7 45� (l, k) ∈ {1, . . . , N}2

���)($4���� 4 7 Σ ����� #$�<!&4��)��#1� � σl,k

7 45� (l, k) ∈ {1, . . . , N}2 �
��� ���&�$, � ��!&%V��.0� � � #?4���� ��, � 45�'�6���2���245! � ��� � � : .9� (6����� �
∣∣∣P
(
X(ql) ≤ u,∀ql ∈ ⋃n

j=1 Iu,j

)
−∏n

j=1 P
(
X(ql) ≤ u,∀ql ∈ Iu,j

)∣∣∣

≤ 1

2π

∑

1≤l<k≤N

∣∣ arcsin(λl,k)− arcsin(σl,k)
∣∣ exp

(
−
(
u−m(dl)

)2
+
(
u−m(dk)

)2

2
(
1 + |λl,k|

)
)
.

!�!`�)($��#$����%545!6�3,L4 7 Λ
: �"!143�)($���0.945��#&�>.0($��! l �3!$# k �)�3����� 7i� dl, dk ∈ Iu,j

: .�� B !$4F. �)($�3�
λl,k = σl,k � � (D+$� : �-�0�"�0�2+54 � �"�<! �>�)4 � �3��� � 45+&�0��($���r�2+$� 45!��)(&� � 45+$�&,��<�

K =
{
(l, k), 1 ≤ l < k ≤ N, ∃ j1 6= j2, dl ∈ Iu,j1 , dk ∈ Iu,j2

}
.

� ($���$�2� � �<#$�"!$%'��!$���D+6��,��-� � �=� � 45� ��� �
∣∣∣P
(
X(ql) ≤ u,∀ql ∈ ⋃n

j=1 Iu,j

)
−∏n

j=1 P
(
X(ql) ≤ u,∀ql ∈ Iu,j

)∣∣∣- � � ��/

≤ (Const)
∑

(l,k)∈K |r(dl, dk)| exp
(
−
(
u−m(dl)

)2
+
(
u−m(dk)

)2

2
(
1 + |r(dl, dk)|

)
)

≤ (Const)
∑

(l,k)∈K |r(dl, dk)| exp
(
− u2

1 + |r(dl, dk)|
+
u
(
m(dl) +m(dk)

)

1 + |r(dl, dk)|
)
.

� �2��!$% (U2)
: .9� � �3!.�6!$# T0 ��+ � ( ��(6�3� RT0 = sup|s−t|>T0

|r(s, t)| < 1
3
.
� ���/+$�/��! �)��4H#&+ � �

�)($� 7 4�,�,"4F.0�"!&%V�2���)� �

K1 =
{
(l, k) ∈ K, |dl − dk| < T0

}

K2 =
{
(l, k) ∈ K,T0 < |dl − dk| < C−1

u

n
(d− c)

}

K3 =
{
(l, k) ∈ K, C−1

u

n
(d− c) < |dl − dk| < C−1

u (d− c)
}
.
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'H��� Z(a) ��($��!D+$���=�<�/4 7 4 �<� +&������! � ��� 4 7 (l, k) ∈ K ��+ � (v�)($�3� |dl − dk| = qa � 
a� �"�/�u��� �
��4'�2�<� ��(6�3� �

Z(a) = a(n− 1)
7 45� qa < C−1

u

n
(d− c)

Z(a) ≤ C−1
u

q
(d− c)

7 45�r�"�5�<� � a.
?
� �2��!$% #K1 ≤ (n− 1)(T0 + T0 − 1 + . . .+ 2 + 1) ��!$# 0 ≤ |r(dl, dk)| ≤ 1

: .9� (6���5� �
∑

(l,k)∈K1
|r(dl, dk)| exp

(
− u2

1+|r(dl,dk)| +
u(m(dl)+m(dk))

1+|r(dl,dk)|

)

≤ (Const)C
− 1

2
u exp

(
− u2

2
+ (Const)u

)

≤ (Const) exp
(
− u2

4
+ (Const)u

)
−−−−→
u→+∞

0.

?
� ($� � 45!$#$�-�)�"45!]45! RT0 ��!$��+$�2�<�>��(6�3� �

∑

(l,k)∈K2

|r(dl, dk)| exp
(
− u2

1 + |r(dl, dk)|
+
u
(
m(dl) +m(dk)

)

1 + |r(dl, dk)|
)

=

C−1
u
n

(d−c)∑

qa=[T0]+1

Z(a) exp
(
− u2

1 +RT0

+ (Const)u
)

≤ C−1
u

n

C−1
u

n
(n− 1) exp

(
− u2

1 +RT0

+ (Const)u
)

≤ (Const)
C−2

u

n
exp

(
− u2

1 +RT0

+ (Const)u
)
−−−−→
u→+∞

0.

? ?�� .0�2�"��� ρ(τ) = sup|s−t|>τ |r(s, t)|
: +&����!&% � (6��!&%5�<�>4 7 �3���2�x���&,���� .9� %5���0��+ ��� �<�2�)���5�<, � �

∑

(l,k)∈K3

|r(dl, dk)| exp
(
− u2

1 + |r(dl, dk)|
+
u(m(dl) +m(dk))

1 + |r(dl, dk)|
)

≤ C−1
u

q2

∫ C−1
u (d−c)

C−1
u (d−c)

n

ρ(t) exp
(
− u2

1 + ρ(t)
+ 2uµ(C−1

u c)
)
dt

≤ C−2
u

q2u2

∫ d−c

(d−c)
n

u2ρ(tC−1
u ) exp

(
− u2

1 + ρ(tC−1
u )

+ 2uµ(C−1
u c)

)
dt

≤ 1

q2u2

∫ d−c

(d−c)
n

u2ρ(tC−1
u ) exp

(
u2ρ(tC−1

u ) + 2uµ(C−1
u c)

)
dt.

'H��! � � u2ρ(tC−1
u ) → 0 � � (U2) ��!$#`+$�2��!$% (U5)

:�� �<�=����%5+&� � ($��45����� ���'�$,"�"��� ��(6�3�
∫ d−c

(d−c)
n

u2ρ(tC−1
u ) exp

(
u2ρ
(
tC−1

u

)
+ 2uµ

(
C−1

u c
))
dt −−−−→

u→+∞
0.
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� (H+&��.9��%5�8�/�)($� � 45!��5�<�2%5�<! � �V��4 7 4 7 ��($���2+$� 45! K3

7 45�/� � 45!��5�<!&���<! � � (&45� � ��4 7 q ��!&#
�6!6��,", � �)($� � 4�!��5�<�2%5��! � ���)4 7 4 7 - � � �G/ �

#>4F. .9�*�&��4,�5���)($�*,����2�?�2�)�3�)���'�<!D�/4 79� �<�'� � � � � � 9 � ( �/��!`�)($�m���<,��3�)�"45! - � � D / .9� � ��!
��($4�. �)(6�Z�

0 ≤ P

( p⋂

i=1

{
X(ql) ≤ u,∀ ql ∈ Du,i

})
− P

( p⋂

i=1

{
MDu,i

≤ u
})

≤ o(C
1
2
u ).- � � E /

( �$�&, � ��!&%V.0(6�3�>�$�2� � �<#$��� : .9� (6���5�
P

( p⋂

i=1

{
X(ql) ≤ u,∀ ql ∈ Du,i

})
=

p∏

i=1

P
(
X(ql) ≤ u,∀ ql ∈ Du,i

)
+ o(1)- � ��� /

��!$#1�)($��! +$���"!$% - � � E / ���&�$,��"�<#`�)4 Du,1, . . . , Du,p �3!$#1�)4 �u� � ( Du,i �2�<�6�����3�)��, � .��*%5���?�)(&�
������+$,-�F� �

������� � ��� #5#68 #98 � 7 5 5 ' ���������
� ($� #$�<�'45!$���)���3�)�"45!]�"� #$�<�2�H�5��# 7 �245� �V�$���2���"�)�"45! 4 7 Du �"!D��4 ' �2�<�'���a#$��,"�Z�)�<# ' ��! �)�<���3��,"���(r�<� 4���#$�"!$%'�)4 � �<�'� � � � � � 5 : .9� B !$4F. �)(6�3� E

(
Uu(Iu,j)− U q

u(Iu,j)
) ���?�3! o(C 1

2
u ) +&!$� 7 4����7 45� (Iu,j)j=1,...,n

: .0(&� � (1��,�,"4F.0� +$�r�)4V.0���-�)�

0 ≤ P
(
X(ql) ≤ u,∀ ql ∈

n⋃

j=1

Iu,j

)
− P(MDu ≤ u)

≤
n∑

j=1

{
P
(
X(αj) > u

)
+ P

(
X(αj) ≤ u, Uu(Iu,j) ≥ 1, U q

u(Iu,j) = 0
)}

≤
n∑

j=1

{
Φ
(
u−m(αj)

)
+ E

(
Uu(Iu,j)− U q

u(Iu,j)
)}

��!$#���4'45�h�����"!

0 ≤ P
(
X(ql) ≤ u,∀ ql ∈

n⋃

j=1

Iu,j

)
− P(MDu ≤ u) ≤ n× o(C

1
2
u ) = o(1).- � � D /

��� +$�2��!$%V.0(6�3�>�&��� � �<#$���/��!$#��)(&� �$���2�>�6�3�2�04 7 � ��� � � � � � � 9 : .9� � ��!�.0���-�)�
P(MDu ≤ u) =

n∏

j=1

P
(
X(ql) ≤ u,∀ ql ∈ Iu,j

)
+ o(1).

( �0��!]��($� �$��4H4 7 4 7 �)(&���2�<,��3�)�"45! - � � D / : .���(6�F�5�
P
(
X(ql) ≤ u,∀ ql ∈ Iu,j

)
= P(MIu,j

≤ u) + o
(
C

1
2
u

)
.- � �H= 7G/
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� � � �

� +$���)($�����'45��� : � ��� 45�2#$��!&%���4 � ��� � � � � � �H=
P(MIu,j

≤ u) = 1− |Iu,j| Cu + o
(
C

1
2
u

)
= 1− d− c

n
+ εn

.0�-�)( (εn)n �)�Z�)��� 7i� ��!$% n supn∈N
εn → 0 �3� u → +∞ � � �2��!$% - � �H= 7G/ : ��($�������'� B ��!&#�4 7

�2�<,��3�)�"45!]�"� �)��+&�m� 7 �)�<�r#$�"� � ������� 0 �3�)�"45!
P
(
X(ql) ≤ u,∀ ql ∈ Iu,j

)
= 1− d− c

n
+ ε̃n

.0�-�)(`��% ���"! n supn∈N
ε̃n → 0 ��� u→ +∞ �@? � 45�h�����"!

n∏

j=1

P
(
X(ql) ≤ u,∀ ql ∈ Iu,j

)
−−−−→
u→+∞

exp
(
− (d− c)

)

� � +$�$�=���?��!$#`,"4F.��<�r�=45+$!$#&��� �

������� � ����# #98 #68���#	� #97;7!'	�(2 � �105�!�
� � ��� �� �8� X ���3�)�"� 7i� ��!$%������2+$�'�&�)�"45!$�r4 7 � 4���45,",x��� � � � 5 ��=���!$#1�3,���4 (G6)

: �"!�4��)(&�<�r.�45��#$�
m′

X(t)√
r11(t, t)

−−−−→
t→+∞

0.

: �<!$4���� Y = {Yt = XS−1(t), t ∈ R} ��($�0�$�24 � �<�2� � 45!$���)�2+ � ���<# � �6< +$!$�"�����2�=�<�<# = �)����!$� 7 45��� �B�
����45!A�@
a�>���3�)�"�J�6���>�����2+$�'�&�)�"45!$�r4 7 � ($��45����� � � 5 � 5 � 'h��� MY : RY

u

:
RY

u �3!$# mY ��($� 4����H��45+&�
!&4����3����45!&�r����,x�Z�)�<#]�)4V�)($� �&��4 � ����� Y �� �8� x ∈ R

:
τ = exp(−x) ��!$# u2 = 2

(
log ◦S(t) + x+ log(

√
2π)
)
�

P(Mt ≤ u) = P(MY
S(t) ≤ u) ∼ P

(
UY

u

(
S(t)

)
= 0
)

= P

(
RY

u

(
CuS(t)

)
= 0
)

( �2���'�$,"� � ��, � +$,��3�)�"45!]��($4�.0�?��(6�3� CuS(t) = τ � 4 45����4,�5�<� :;7 ��4�� � ($�<45�2�<� � � 5 � 5 : .9�m($���5�
��($� � 45!��5�<�2%5�<! � � P

(
RY

u (τ) = 0
)
−−−→
t→∞

exp(−τ) 7 �245� .0($� � (�.9� %5���
P(Mt ≤ u) −−−→

t→∞
exp

(
exp(−x)

)
.

� (&��������+$,-� 7 45,",�4�.0�r�3�045! � ���2��! � � u ��� .0�2�"�����<!���!]�)(&� 7 4���� x
at
− bt + o(a−1

t ) �
� � ��� �

?�� !$4F. ���2��+$�'� �)(6�3� X 45!$, � �)�3�����J�$�<� ( ���2+$�'�&�)�"45!$� (G1−G5) �� �8�>+$� � 45!$�2��#$��� K � C∞
7 +&! � ����45!].0�"��(`�2+$�$�=45���?�"! � ,"+$#$��#`�"! [0, 1] �3!$#`�)�Z�)��� 7i� ��!$%

∫
K(t) dt = 1.

?�� #$���$!$�
m1(t) = sup

s>t
mY (s), m2(t) = m1 ∗K(t) ��!$# v(t) = m2

(
S(t)

)
.
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,��"�5�<, u �"! [0, T ] �"ir($�0�����24 � �x�Z�)�<#V�$��4��6���$�",��-� � ���}�"!��5���2�)�"% �3���<#V���"! � � ��($�r�<����, � .94��DQD��4 7 ' � ! �
J>� � ���3!$# 3 �-,�� � � 
�!���,�,�%5�<!$���)��,"�"� �5: .��SQD!$4�. � � �)($�"�*� �8�)($4H# ��(6�3�*.0($��! �)($������� �&,��
�6�3��($�04 7 X ����� ��,��'45���r��+&���<, � ���$�245,�+h�)�<, ��� 45! �)��!D+$45+$�

P (MT ≥ u) ≤ P (X(0) ≥ u) +

∫ T

0

E(X ′(t)+/X(t) = u)pX(t)(u)dt- � �H= /

.0($����� pV (v) #$��!$4����<� �)($�V�&��45�6�3�$��,"�-� � #$��!$���-� ��7 +$! � �)�"45!v4 7 �]�)�3!$#$45� �5� � �)45� V �Z� �=4���! �
v �)($�245+$%5($4�+&� �)(&� �6�3�=�<���@
a�r����.9�<,",j+$!$#&�<�����)4H4H#]�)(6�Z� 7 45�9,x���2%5�/,"���5��, u : �)($����4B� � �3,�,���#SJ0� � �
+$�$�=���>�=45+$!&# - � �H= / ���0��!1� �<� +&�)�3�������H+&�H�3�3,��<! �>4 7 P (MT ≥ u) �
'.)<��*a����!$# ?�� � ($�<�=45� -8=@?A?A= / %5���5�0� %5��!$�<����, 7 45�2��+$,x� 7 45� P (MT ≥ u) .0���"����!$%/�)($�3� E(T, u)
�������D+6��,}��4]�)($���"�5�<! � {Uu([0, T ]) = , {X(0)<u} ≥ 1}. ir(&�'�2+$�J�H�H�Z��, 7 +&! � ����45! 4 7 MT �"���)(D+$�
�"<h�$�2�<���2�<# � � �'�u�3!$��4 7 ��! ��!@�$!$�"��� �������"�<�*.0($� � (��)�<�2� � � 45! �����"! �)($� 7 � � �)45�2�x��,�� 45�'�<! �)�
4 7 �)($�"�r�2,��"%5(D�9� 4H#$��� � �Z�)�"45! 4 7 ��($� !H+&�V�=���r4 7 +$� � �245���2��!$%���� � ! 7 45���)+$!$�3�)��, � ��($� �����24 � ���3�)��#
�<���)��� �3����!$% �'���)(&4H# �"��!$4�� �)�3�)�"� 7 � � �)4�� � .0($��! :L7 45� �I�@<h�<#f,��"�5�<, u : ��($�V�6������� �8�)��� T �=�"�� 4�� ���0,x���2%5�	�


�!f����+$,"���"#$�"���<!$�2��45!$��, 7 �)���'��.�45�DQ : .9�V�����2�)�2� � � 4�+$������,H�5��� �)4������<��,��Z��,�+&�<#�% ��+$�2���x�3!
�6�<,"#�#$���$!$�<#�45! � � 45� �$� � � S 4 7 ��($���&,x��!$� -\��,"��4 � �3,�,"�<# ($����� ��.94
���$���)���'�8�)�<�m�$�24 � ����� / �
'/� �6�����m45�$�2�<�J�Z�3�)�"45! : ��($�<�2�'��� !$41��!f�"<&� � � 7 45����+$,���!$4�� �=45+$!$#$� 7 45���)(&�'#$�"�2�)�2���$+h�)��4�!v4 7
�"���0� �B<h����+$� MS ���?4�.9�"�5�<�>�)(&�<����� <h���2���>#$���w�<�2�<!D�0.9� � �>��4 ���$�$�24�<h��� �3��� �"�r��(6�3�>� � � �=�
45��%5��!$�/)<�<#`��,"45!$%���($� 7 45,�,"4�.0�"!$%V�'�8�)($4H#$���
-�' / ir($��%��<!$���)��,"�0)<�3�)�"45!�� � 'r#$,���� -;=�D �@= / 4 7 �)($��!H+&�V�=����4 7 +&� � ��4������"!$%5��.0�-�)( �)($�9
�!D���<%5����,

% �<45�'����� �m� (6�3�)� � �)�<�2�����)� � .0(&� � (V���Q���D+6�3,&�)4/�)(&�=Un+$,"�<� � ($���)� � �)���������)� � 4 7 A(u) = {t ∈
S,X(t) ≥ u} � 7 �)(&���r���8�?#$4H���>!$43�>��! � 45+&!D�)���0�)($� �=45+&!$#6��� � 4 7 S �

- � / ir($� +$�2� 4 7 �)(&� �545,�+&� ��4 7 �)+$�=��� 7 45� �6���2��� � +$,x��� +$!&�"�J�1�3���2�x��! � ��% ��+$���2�x��! �6�<,"#$�m� �
'h+&! -;=�DGD�1 / ��!$# iQ�@Q3�<��+$�)�'�3!$#2, +$��� QH�9->=@?A?A= / �

- � / ir($�m#$45+&�$,�����+&� � �8�)($4H#14 743 �"�)�����6�3��% -;=�DGD�5 / ��(6�3� � 45!$���"�2���/�"!1#$���H��#$�"!$%���($�m�6�3�)�B�
�'�����<�r���6� � ����! �)4�� �6!$�-�)� +$!$�"45!�4 7 ��� ��,�,"�<�9���8�)���

- I / ir($��%��<!$���)��,"�0)<�3�)�"45!�4 7 ��($��!H+$���=����4 7 +$� � ��45�2����!&%5��.0�-�)( ��($��!H+$���=����4 7 ,"4 � ��,�� �,<h��� �
� �63 �-�)�����6���2% -�=FDGD�5 / ��!$#7'()u��*o�>��!$# I ��,�� ��� -8= ?A?*= / �
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ir(&�9�=4H4AQD�
4 7 'r#$,���� -�=�D��@= / ��!&#!'r#$,����
��!$# i
� � ,"45� ->=@?A? � / %5�H�5� � 45�'�$,��8�)����� 7 ������! � ��� 7 45���)($�
�2�<�2+$,"���n,��"! Q��<#*.0�"��(V��($�<�2�>���&�$��4 � � (&�<���;U�� � ('4 7 �)($��� ,��<��#���4 ��!�� <h�6��!$�2��45!�4 7 ��($�r�2+$�J�H�H�Z��,7 +&! � ����45!�4 7 MS ���645�r��!$������! � � : .0($��! X �"�>� � �<!D���<�2�<#��2�)�3�)�"45!6��� � %��3+$���2�x��! �6�<,"#`4 7 +$!&�"�J�
�Z��������! � ��45! S = [0, T ]2

: .0($� � ( #$�����H�Z�3�)���5�<� 	245�"!D�*#$�"�2�)�2���$+h�)��4�!����2��!$45! �a#$�<%��<!$���)�3��� : .��
QD!$4�. ���"! � � 'r#$,���� -�=�D � = / ��(6�3� P

(
M[0,T ]2 ≥ u

)
= EQA(T, u) + o (u exp(−u2/2)) .0($�����

EQA(T, u) =
T 2det (Σ)

1
2

(2π)
3
2

ue−
u2

2- � � = /

�3!$# Σ = Var (X ′ (t)) �
ir(&����(6���'�=���<! ���'�$��4��5�<#�� � 3 �"�)�����6�3��% -�=�DGD 5 / : '.)u�+*a�'��!$# I �<,"� ��� -8= ?A?*= / �3!$# �$!6��,�, �
� � iQ� � ,�45���8� �3,1� -8=@?@? ��/ ���645�V��,",��w4����-�)�H�5� δ : .9��(6�F�5� P(M[0,T ]2 ≥ u) = EQT (T, u) +
o (exp(−u2(1 + δ)/2)) .0($�����

EQT (T, u) = Ψ(u) +
T 2det(Σ)

1
2

(2π)
3
2

ue−
u2

2 + T
Σ11 + Σ22

2π
e−

u2

2- � � 1 /

�3!$# Ψ ��� ��($� �����",j4 7 �V�2���3!$#6���2# % ��+$�2������!�#$�����)���"�$+&����4�!��
ir(&�<��� #&���w�<����!D�r���)+$#&���<� 45� �"�'�$��4��5�<�'�<! �)�9(6�F�5� ���'45���/%5��!$�<����, �5�<�2����4�!]��(6��!��)($���$�2�<����!D�
4�!$����!$#�.�������� �3�DQ �)($�3�r�)($� �'4H#$�<, � 45!$���"#$�<�2�<#1� � i
� � ,�45�r�8�?��,'�$�&�����Z����,"���


�!`!D+$�'�<��4�+$�r�2���Z�)�"�2�)� � ��,w�$�245�$,"�<�'� ��!��545,H�H�"!$%�����!$#$45� �$��4 � �<�2�����/��!$# �$�<,�#&� : �)(&� � �B<h���
��+$� �$,�� � �v�=4��)��!D���x��,", � ��! ���'�=45�2�)��!D����45,"�	��
�! !$45! ����#&�<! �)�H�6���$,"� � �><h��+$�����'4H#$�<,"���)($�
�3� � � �h�)4���� � #$�"�2�������&+&�)�"45!�4 7 ��($�V,�45%B��,"� Q��<,"�"($4H4D# �)�Z�)��4 ���<���������3�����2��� � �����<,"������45!v��(6�3� 4 7 �)($�
� �B<h����+&� 4 7 �2��4 � ($���2��� � �$�24 � �����������%ir($����� QD!$4�.0,���#$%5���<!6�3�$,���� �)4 � 45!&�2�)�2+ � ��.��<,",���#&���6!$��#
���<���)� 7 45�}.0(&� � ('45!$� � �3!'���Z��,�+$�3�)� ��($�0�=4�.9�<���5.��0��� 7 ���n��4 I �F�h�"�<� -;=�D�EGE / 7 45�}�$��45!&�<���}.945�DQ :
% ���2���x�Z� -8= ?A?*= / ��!$##'()u��*o� ���m��,'� -8=@?A? ��/ � ir($�"� �)($��45� � (6�3� 7 4�+$!$#f�$��� � ��� � ��,n���$�$,"� � �3�)�"4�!$�
�"!�� �3! � ���2�u���r��! � ,�+$#$�"!$%V�"� �3%5���$�24 � �������"!$% ��!$#`%5��!$����� � ���

�!�����.94
�a#$���'�<!&����4�!6��,�#$�"�6!$�-�)��4�! �2�6� � � : � �)�3!$#$45� �6��,�# ���*+$����# 7 45����!&�2���3! � � �)4v� 4H#&�<,
�2�6�3���x��,�#6�3��� ���?��($�*���<��,"���5��, : 45�?�'45����%5�<!$���)��,", � �"�5�<� ��� + � ��+6�3�)�"!$% ��+$� 7 � � �����9J0�<��+&,"�)�?45!
Un+$,"�<� � (6���)� � �)�����"�2�)� � (6�F�5���=�<��!�+$����#�� � ? 4�����,"� � -�=FDGD � : � : � / �)4'45�h�����"!`�"! 7 45�2� �Z�)�-45!$� 45!
�"� �3%5�<�r���2���2��!$%V�"!`���2����45�&( � ��� � �?��!&#`� ��#$� � ��!$�
�

�!��&( � ��� � �n.9�r�'�<�8��� � 4�! � ���&���)4 � 45!D����45,h�)(&�r�2���3�$��,"�-� � 45�Q��($�r�'�<�'45� � 4��5�<����,�4�!$%/�)���'�94 7
� � + � ��+6�3�)�"!$%����)��+ � �)+$�2� -������ 7 4��/��!&�2���3! � � 3145, � ($��!v��!$# , ($4AQD($,�4�� : =@?A? � : ��!$# Un($��(6�3��#&�
�8���3,1� : =@?A?A= / �'ir(&�����=�<�2�������)��! � � � <&�=4�!$�<! � � (6���)� � �)�����/)<���m��($� �&��45�6�3�$��,"�-� � �)($�3�*�`����!$#$45�
�&��4 � ����� ���<� ���"!$�/�=��,�4F. � ���=� � �H� � ,������<,
.0�"��($��! ��%5���5�<!v�"!D���<�J�Z��,
4 7 �)�"�'� : ��! 4���($�<�?.945��#&�
��($��� �B<h����+&� ���?�=45+$!$#$��#f�3�=4,�5�	� 
a�����/�"�'�w4��2���3!D�>��4 QD!$4F. �)(6�Z����+ � (v.�45�DQD� � 45!&����#&�<���
,"���5��,����u�3,�, ��� ,"45����4��>���D+6��,���4'��($��� �<��! �Z��,�+&��4 7 �)($���$�24 � �<�2����!&# � 45!&�����D+$�<! �), � .9�m!$���<#
��4'($���5����!`�"<h�$�2�<�2����45!14 7 �)($� �Z��,�+&� P(MS ≥ u) ���5��! 7 4��r!$4��0,x���2%5� ,"���5��, u �

ir($�0%54 �3,&4 7 �)($�r�$�2�<����!D���6���=�����"�}�)4 ���'�$��4��5�r���$�&��4�<h�"� �Z�)�"45!&� - � ��= / : - � � = / ��!$# - � � 1 / 4 7
��($� #$�"�2�)�2���$+h�)��4�!�4 7 ��($� � �B<h����+$� MS ��
�!`�=4��)(�#$���'�<!&����4�!6��, � 45! �)� <h��� : ��($� ��#&�u� � 45!$���"�2���
�"!]�"!D�)�24H#$+ � ��!$%m�)($�+�$���2�r�6���2�)��%5�������'�/45�9,�4 � �Z�)��4�! -N��!]������!$��� �)($�3� .9� (6�F�5���)4V#$�"�6!$� / �3�
��($��,��"�5�<, u � � X ��!$# � 45�'�$+&�)�*��($�V�����24 � ���3�)��#v�$��45�$���$��,"�-� � � � ���$�$,"� � �Z�)�"4�!�4 7 �2�<�2+$,"��� 4 7� ��!6� � (`45���6�<#$�����<���

�!)'h� � ����45! � � =v.��1%5���5�]�)($� 7 4�����+$,x� 7 4��V�)($�`#$�"�2�������&+&�)�"45! 4 7 ��($�`� �B<h����+$� 4 7 ���$�245,�+ �
���<, � � 45! �)�"!H+$4�+$�r4�!$�"�a�6���)�3� �8�)�<�9�$��4 � �<�2���<�C-#ir($�<4����<� � � = ��= / � ? � �&��4,��� ��($� �=45+&!$#$�<#`��!$#
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� 4�!D�)�"!H+$�-� � 4 7 �)($��#&�<!$�2�"� �]7 +$! � �)�"45!`4 7 ��($� �6�2�2�?�6�3���)�3%5� �)���'� - 3 ��45�=45�2�"����45! � � = �H= / ���>�<! � �
�)($�/�2+$�J�H�H�Z��, 7 +$! � �)��4�!�4 7 �)($�/� �B<h����+$� ���@Q����9�)($�/���"� �&,�� 7 45�2� - � � 5 / ��! �)(&� � ������4 7�� 4�!D�)�>�
!H+$4�+$��, � #$���w�<�2�<!D���x�3�$,�� %��3+$���2�x��!1�$��4 � �<���2�<��� ? �"��(���+ � (v�2�<%5+&,x���2�"� �5: �)(&���?�"� �&,�� � �-� 7 45����+$,��� �3!1�=����,"��4�4��&�����"!$�<# 7 �245� J �H� ($,"�HQ -;=�D ��E / �
'/�/� � 4�!$�����H+&�<! � �*.9�m#$�<#$+ � �*�"<h�$,"� � �-�>�=45+$!&#$� 7 45�r�)($�m�2+$�J�H���3��, 7 +&! � ����45!���'h4 'H� � �)��4�! � � 1
�����=45�2�����3!��<�2����� �3����!$%/�2��+$# � .0(&� � ('��!6���$,"�r+$�}�)4 ��#$#&���<�2���245�'�r�$�245�$,"�<�'� 7 ��45� ��($�r!H+&� � �
��� � ��,L�=45�"!D�04 7 �H���8. �*i�4'��($���r�<!$# : .�� � ���<�3�)�m� < �24 7 ��. ����� < �$������#�45!��)(&� ? ' ��! ��4H45,��a�=4�<
- � �24H#&� Q�4���� ������,1� : = ?A?A? / ��(6�3���<�2����� �3�)��� % ��+$�2���x�3! �"!D�)��%5�)�3,�����!�+$�V�3�$�$��4F<h��� �3�)�"4�!$�*������ 4�� �6�3���<#�.0�-�)(���($� �'45��� � ,x���2��� � ��,n�)4H4�,���(6�3�*�"� J0� � � +$�&�=�<�*�=45+$!&# ��!$#���,��24`.0�"��( �<�2�����
� �Z�)�"45!$��4 7 '()u��*o�r��!$#4?�� � ($�<�=4�� -8= ?A?*= / � 'h� � ����45! � � � �$��4��h�"#$���0��!D+$�'�<��� � ��,=�2�)+&# � 4 7 �d.94
!$45! �a���'4H4��)(]�$��4 � �<�2���<� "$��($� � ��4�.0!$����!�� 4�����4�!���!$#���($� !���!$���)�<�"! � � ($,"�<!H�=� � Q��$�24 � �������
?����&���<�2�<! �]�"!)'h� � �)�"45! � �����3! ���'�$,"� � �-� 7 45����+$,�� 7 45���)($�1#$�"�2�������&+&�)�"45!�4 7 ���2�u�3, �3��,"+$�<#
%��3+$���2�x��! �6�<,"# #&���6!$��#�45! ���6���2��4 7 �)($���&,x��!&� - ir($��45�2�<� � � � �H= / � 
�! ��#$#$�-�)��4�! : .9��%5���5�
�����"� �$,"�*��!$#v�"<h�$,�� � �-��+$�&�=�<� �=45+$!$# 7 4��/��($�V��+&�J�H�H�3�3, 7 +&! � ����45!v�"! ��($� < +$!$�"�����2�w���<# < � �����
- � 45�245,",x��� � � ��� ��= / �)(6�3�����<��� ����4m�=�>��($� �6�2�2���$+$�$,"����(&�<# �=45+$!$# 7 45�n�)($�.%���+&��������! �$�<,�#&����
�!
���6�����)� � +$,���� � 45! �)� <H� : .9� ����� ��(6�3� ��($���9+$�$�=���r�w4�+$!$#�(6�3�=U � i 7 4�� ���H+&�H�3�3,��<! � - � 4���45,",x��� �
� ��� � =��3!$#]����� ��� Q��)(6�Z� 7 4�,�,"4F.0� / ��?�� �&��45�=45�2� �"! 'h� � �)�"45! � � 5m�)4 � 45�'�6���2�/45+$� ���2����� �3�)�"45!&�
�)4��"<h�6�3!$���"45!$�>�6�3���<#14�!��)($� 
�! �)��%5�)��, % ��45�'���)� ��� (6���)� � ���<���"�2�)� � �

ir($�"�0�6���=��� � 45! �����"!$�r�����5���)�3,��=4�+$!$#$�>�2+$�'� �3���0)��<#]��!]�)(&� 7 45,�,"4�.0�"!$%��)���$,"�	�
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	 �GP�� M M � M

� �8� T #$��!$4��)�����/�=4����"���H�5�����<��,&��!$# � 4�!$���"#$�<� {X(t), t ∈ [0, T ]} �?���u�3, �3��,"+$�<#��2��4 � (6�3�2�)� �
�$��4 � �<�2�>.0�-�)(��)���'�$,"� �6�3��($�0��+$�$�=4����<#1��4'�=����,"� 4��2�r�2+$����, � �3�$��45,"+&�)��, � � 45! �)�"!H+$4�+$���
@*A�BDC=EFBHG 
LJ�KLJNM
� PFR {X (t) , t ∈ [0, T ]} T �jW�XHk<P)_�_�lnbaRNp*T3~�[]XF_<R$_<g�W8P)~ c*T S _8X�~ag$R�P�~ c�k�XF^wRNb�^=gHXHg�_�_�TZ[ �j~�P���T&R\p&_us�]Pr_<g	���}XF_�P�R\p;ThR�yoXFW9TZ~�[]XF_uRQP�qFP�W�c

t
b"^

[0, T ] � X ′ (t)
b"_�b"^wR�P)� W)T S ~�PrTZ^w{�R\p;ThR X (t)

T {D[ boR\_
T {$P)^$_�boR-c

pX(t)

s���pwP)^�yoX�W/PFqFP)Wdc
u
b"^

R �

P (MT ≥ u) = P (X (0) ≥ u) + lim
δ→0

1

δ

∫ u+δ

u

dx

∫ T

0

dt f (t, x)- � � ��/
lnpwP)W8P

f
b"_/{$P�z&^wP<{ S c f (t, x) = E

(
X ′ (t)+ � ~

{X(s)<x,∀s<t}/X (t) = x
)
pX(t) (x) .

ir($�"� 7 45�2�V+&,x�v�"�'!$4�� � <&�&,�� � �"� : �"! �6�����)� � +$,������)($�1�2+$�$�2�<��+$� 4 7 ��($�1�$�24 � �<�2�����$�=�<����� ��!
�)($�m�"!$#$� � �3��45� 7 +$! � �)�"45!1�$�2�<����!D����!`��($�m���"%5(D����(6�3!$#`� �����=�<�����?4F.����5�����-�?�"�>��!D���<�2�<�2����!$%��)4
45�&�)����!���!`���D+6��,"�"� � �"!]�)($�"�r,x���2%5� 7 �)���'��.�45�DQ .0(&� � (`#$4H�<�0!$4��>�����2+$�'� X �=�<�"!$%�%��3+$���2�x��!��

2 	 � � ` � ` � 
�����	��IA � 4 � 4 � 4 ? �>.0���-�)� E(T, u) ��� {τu ∈ (0, T )} .0($����� τu �"��#$�"�6!$��# : .0�-�)(
�)($� � 45!��5��!D����45!���(6�3� inf ∅ = −∞ : � �

τu = inf{t ∈ (0, T ) , X (t) = u,X (s) < u,∀s < t}.- � ��� /
!�+$�0�'����($4H#`�"�r�6���2�<#145!���($� ��!&#$� � �3�)45� �3���2�x���$,"�

IT,u = =�, {τu∈(0,T )}

.0($� � (��3,�,"4F.0��+$���)4>.0���-�)����($����+&�J�H�H�Z��, 7 +$! � �)�"45!*��� P (MT ≥ u) = P (X (0) ≥ u)+E (IT,u) �i�4 � 45�'�$+&���>�)(&� �6�����9� 45�'�<! ��4 7 IT,u

: ,�����+$� � 45!$�2��#$��� B ��!$# E �245� � � 45�2�<,"�x��!$��4 7 R : x :
R → R ��! ���$��4�,�+&���<, �]� 45! �)�"!H+$45+&� 7 +$! � �)�"45! �3!$# �2��� N (E,x, u) = #{t ∈ E,x (t) = u}.I �<!&4��)� � � x

′ �)($� #$�����H�Z�3�)���5� 4 7 x �"!]��($� �2�<!$�2��4 7 ���$�245,"+&�)��, � � 45!D����!H+&�"� � �@
 7 N (E,x, u) ���
�6!$�-�)� 7 45�0��,"� 4��2�r�"�5�<� � u .9� � ��!`�$��4��5� +$���"!$% � 7 45����+$,��*4 7}� ��!6� � (��)(6�3�

∫

B

N (E,x, u) du =

∫

E

|x′ (t) | =�, B (x (t)) dt.

� ���>+$�0#$�"�6!$� �)($� �2� � 45��#`�=45��! �)�r���8�?4 7 �)(&� �$��4 � �<���
E = {t ∈ [0, T ], X (s) < X (t) ,∀s < t}.

?���($���5� N (E,X, u) = IT,u ��!&#1��,��'45���r��+$�2�<, �
∫

B

IT,u du =

∫ T

0

|X ′ (t) | =�, {X(s)<X(t),∀s<t} =�, B (X (t)) dt.

i
�@QD��!$%f�)($�1�"<h�=� � ���Z�)��4�! : +$���"!$% �6+&�$��!$�=i ($�<45�2�<� : ��! �)�<%��)���$�","� � � 4 7 X ′ (t) ��!$# ���&��45,"+&�)�� 4�!D�)�"!H+$�-� � 4 7 X (t)
: .9� %5��� 7 45�r���5��� �`� 45�2�<,"�x��! B 4 7 R

∫

B

E (IT,u) du =

∫

B

du

∫ T

0

dtE
(
|X ′ (t) | =�, {X(s)<u,∀s<t}/X (t) = u

)
pX(t) (u) .

i
�@QD��!$% �"!D�)4 � ��� 45+&!D�/�)(&�*��!&#$� � �3�)45� 7 +$! � �)�"45! ��!$#1�)($� � 45!$#&�"�)�"45!$�"!$% : .9�*����� �3�DQ]��(6�3�?�)(&�
���$�245,�+h�)� �3��,"+$���"!��)($��,����2�0�"<h�$���������"45!����>���=45���-�)���5� �6�����/�3!$#`.9��#$�<#$+ � ���)(6�3� 7 45�>��,"�'45�2�
���5��� � u ��! R

:
E (IT,u) =

∫ T

0
f (t, u) dt � ir($���2��%5( � � 45! �)��!D+$�-� � 4 7 �)(&� 7 +&! � ����45! P (MT ≥ u)−

P (X (0) ≥ u) ,"�u��#&�r��4 �645�2��+$,x� - � � ��/ � 2
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"��������	�� ��� 
���� �B��	 ��
"���	� � ��� � �+��
�� � ��
!��
 � �

' � �)+6�3,�, � .9� �$!$#���% �3��!���($� J>� � �0+$�$�=�<���=4�+$!$# 7 45���$��4 � �<�2���<�9�)�3����� 7i� �"!$%�( � �=4���($�<�2�<� 4 7
ir(&�<45�2�<� � � = �H=	� I �"�6!$��!&% �)(&� � 4�!$#$�-�)��4�!6��,L�"<h�=� � ���3����45! E(X ′(t)+/X (t) = u) �3�>��($�m,"���'� �
4 7 1

δ

∫ u+δ

u

E(X ′(t)+/X (t) = x)dx ��� δ �)��!$#$�0�)4 )��<��4�.9� %5���

P (MT ≥ u) ≤ P (X (0) ≥ u) +

∫ T

0

E
(
X ′(t)+/X (t) = u

)
pX(t) (u) dt.

? �'��+$��!�!$4F. �)4`��($� � ���2� 4 7 % ��+$�2���x�3!��$��4 � �<�2���<���Dir($� �3�3,�+$� f (t, u) ��� �)($� #$��!$���-� �7 +&! � ����45! �3� �=45��! � t 4 7 �)($���6���2�)��%����)�"� � τu 4��&�����"!$�<# � � J �H� ($,�� Q -�=FD ��E / ��! ��($� � ���2�
4 7r� 45! �)��!D+$45+&��, � #$� �j�����<! �)�����$,"�'����� �&,��'�6�3��($��� � 45!$�����D+$�<!D��, �f7 45�m�2+ � (��$��4 � �<�2���<��.�� � ��!
#&����� � ��, � .0�2�"��� ��(6�3�

P (MT ≥ u) = P (X (0) ≥ u) + P (τu ∈ (0, T ))

= P (X (0) ≥ u) +

∫ T

0

f (t, u) dt.

�>4F.����5�<�0.9���$��4��=45���m�3!14�����%���!$��,j�$�24H4 7 4 7 ��($��� 7 45����+$,����"!���($��� 7 �)���'��.�45�DQ : .0($� � (1�����<�'�
�2���'�$,������

 EFC���C�
�������C�� 
LJ�KLJNM
� PFR {X (t) , t ∈ [0, T ]} T e>T&g�_2_�bxT3^ �wW8XHk<P)_�_�lnboR\pmTZ~�[]XF_uRh_<g�W8P)~ c�k<X�^wR\b"^wgHXDg�_�~�c�{ b � P�W8P)^wRNbiT S ~NP_)T3[ �j~NP ��T&RNp$_us �]P _ug	���}XF_8PvR\p;ThR

σ2
T = mint∈[0,T ] Var (X (t)) > 0

s?��pwP)^ R\pwP ydg3^wkFRNbNXF^
∫ T

0
f (t, ·) dt {$P)z$^wP�{]b�^���p=P<XFW�P�[ *Ds 
&s-� b�_/k<X�^wR\b"^wgDXHg�_?T3^={ yoXFW/PFqFP)Wdc

u
b"^

R �

P (MT ≥ u) = P (X (0) ≥ u) +

∫ T

0

E
(
X ′ (t)+� ~

{X(s)<u,∀s<t}/X (t) = u
)
pX(t) (u) dt.- � � 5 /

� 4�!$�����H+&�<!D�), � �)($�?#$�"�2�������&+&�)�"45!'4 7 ��($�?� �,<&�"��+$� ��� QD!$4�.0! 7 �245� 45!&, � ��.94m���<�2� ��� ' � �6�2�2�
�2��%5( �*��($���"!D�)�������2��4 7 - � � 5 / � 45+$,"# ���$�=�<����,"�����-�)��# �$+h�V�-��,"�����m��!��)($��+&�$�=�<���=45+$!&# - � � E /
��(6�3�0���r#$��#$+ � �<#���! 'H� � ����4�! � � 1@�

2 	 � � ` � ` 2 	 � ��� �
��������� � 4 � 4 � 4 J0�<%5+&,x���2�"� � 4 7 �)($���)���'�$,"���$�3�)($�'�"�'�$,"�"�<�*�)(6�3� E (X ′ (t))
�3!$# Var (X ′ (t)) �3��� � 45!D����!D+$45+$�r��4��)($�3� eT = supt∈[0,T ] E (|X ′ (t) |) ��!$#
s2

T = supt∈[0,T ] Var (X ′ (t)) ���2�I�6!$�-�)�	��? ���=45��! ��45+&����(6�3�V� 7 N ����� %��3+$���2�x��!��)��!$#&45�
�Z���������$,"�9��($�<! E (N+) ≤ |E (N) |+

√
Var (N). '/�$�$, � ��!$%���4 N = X ′ (t) +$!$#$��� � 4�!$#$�"����45!$��,

#&���2�����"�$+&�)�"45! ��!$#�+$���"!$%*�)($� % ��+$�2���x�3!�����%5���������"45! 7 45�2��+$,x� .�� 4��&�����"!�� 7 �)���9�����'�$,"��� � �3�)�"4�!$�
��(6�3� f (t, u) ≤ (eT + 2sT ) /σT �� ,"�u���2, � �"���"��!$4�. ��+�4 � ����!D�`�)4��$��4��5� �)($�3� u 7→ E

(
X ′ (t)+ =�, {X(s)<u,∀s<t}/X (t) = u

)

�"� � 45!D����!D+$45+$��� � �8� r (·, ·) #$�<!&4��)�v��($� � 4,�Z��������! � � 7 +&! � ����45!|4 7 ��($� �$�24 � ������� 3 �<� 7 4���� �
% ��+$�2������! �2�<%5�2�<�2����4�!�4 7 {(X (s) , X ′ (s)) ,∀s < t} : .0�-�)( ���<�2�=� � � �)4��)($� �3���2�x���&,�� X (t)

: � �
.0�2�"����!$%

X (s) = at (s)X (t) + (t− s)U t (s)

X ′ (s) = bt (s)X (t)− U t (s) + (t− s) Ũ t (s)

.0(&�<��� 7 45� ��,", s < t
:
at (s) =

r (s, t)

r (t, t)
��!$# bt (s) =

∂

∂s
at (s) �Pir($� �&��4 � ��������� U t �3!$# Ũ t ���2�

% ��+$�2������! : !$4�! ��#$��%5�<!&�<�)�Z�)�<# : ��!$#&�<�=�<!&#$�<! �>�)4 X (t) �
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&���
����������	 	 ��� � � 

����� 	 	 ��	

����� +��0��! �
	 4H#$+ ��� Dt,u = bt (t)u− U t (t) �3!$# Bt,u = =�, {Mt,u<0} .0( ��	
�

Mt,u = sup
s<t

{
U t (s)− u

1− at (s)

t− s

}
.

? � % ��� E
(
X ′ (t)+ = , {X(s)<u,∀s<t}/X (t) = u

)
= E

(
D+

t,uBt,u

)
. �64 	 un ��� � �D+ � ! ����� (�� �� 4�!�� ��	 % � � � 4 u ��� n �
� !&#�� � 4���!@�$!$� ���5: . � � 45!��2��# ��	

|E
(
D+

t,un
Bt,un

)
− E

(
D+

t,uBt,u

)
| ≤ E

(
|D+

t,un
−D+

t,u|
)

+ E
(
D+

t,u|Bt,un −Bt,u|
)
.

��� ��#$4�������� �
���'� 4���� ��	���� � ��� � 	
� +�� � � �u:������ � 	 � ���
��	 � 4 7��
����	 � ������� ��� � � � � � ��	!��� � � �� 4 ) ��	 4����64 	"�
��� � ��� 4�� �#����	 � 	�� �$� 	 Q �
� � �
P (Bt,un 6= Bt,u) ≤ P (Mt,un < 0,Mt,u ≥ 0) + P (Mt,un ≥ 0,Mt,u < 0)

�
� � � � � 4() ��	 4!" Mt,un → Mt,u ��� n �
� � � � � 4���� ����� ��� �%� � � ��� 4 	
� ��� �&� 4=e('H�)�����@Q ��	 -�=�D�5�� /�* �� �F� ����� � � ��'+�-,�� � �
. 	�� ' � Mt,u 6= 0 � i ��� � �
��� �+� ������	 ������'/� ��� ,�0 D+
t,u ' � � � � � , �
����� ,�� � '�.��
��,����

i ���1� � �2, �
��� ����� σ2
T > 0 ���'��'+� � �".3����� � �
�3�(����� , 	�� �4,�0)e1'��5�+�
� Q ��	 -;=�D�5�� / ��� � � P (MT ≥ ·)

��� � ,�� � �+�).�,�.3���Oi ��� � 	 ,),�06�+���3, * ,����5�+,�.�� � ,�� �������+� � '���� � ����� ��	7� ��,��98Oi ��� , 	�� � � � = ��= ��� �
':�%� �0� ,�� � ���;.�� ��� � 2

����� <>= � � 	�� P N@?SN 
 
 ? � P NBA � �!� M 2 � 	 M � ���BA � C ND= M M � N � 

	 �BE
P�� M M � M

���F� {X (t) , t ∈ [0, T ]} � � �7%@��.3��������� � 	 , ��� ���@��� � �+�
0 � ��� ��� ,�� � � � �+,����(,�0 36	 ,5�2,���� � �+,��
� � = ��=D�%� �`� ,���� � �;. � � � ' � - � � 5 / �!i ��� ��. 	 �2,�� � ��� � , * 	 � ��� .$�$� ��	 ��� � '�, * ��	 �2,�.�� � �G0H, 	I�
�3�
��. 	 �)�H�%�%'J0H.3� ��� ��,��K,�0 �
�3� �-�B<5��� .��L,�0 X �%i ��	 ,�. ���M��� ��������� ��	 * � .�� � ϕ 8 Φ ��� � Ψ

� ,��� �3, �
�"�
�3� � � ��� � � 	�� ��, 	 �-��'H� 	 ,��������+'�� ���B��� ����� �d� 0H.�� �F� ��,��98 � �+� ��	 ���3. � �+,��@0H.�� �F� ��,��N��� �O� ���+'	�� ��� �<�F� ��� � ' � �
��, 	P� � ��	�� n �+� N

∗ 8 * � ,�� � �����Q���Q.$�$� ��	 �2,�.3� �R	�� �3':� � ��� �S����� ��� �
��	 �%��' [0, t) � �T�����
��.�� � �H�)���
��,�� ∆t,n = {kt/n, k = 0, . . . , n− 1}

P (MT ≥ u) ≤ �/� 3 � (T, u, n)- � � E /

�/� 3 � (T, u, n) = P (X (0) ≥ u) +

∫ T

0

E
(
X ′ (t)+ =U' {X(s)<u,∀s∈∆t,n}/X (t) = u

)
pX(t) (u) dt.


 � ��� � ��� �$� ,N� ���(�
� � � - � � E / ��� �V��'�� � .�� ����	 ���
��.��'� � �+,����",�0%i ��� , 	�� � � � = ��=B�%�G��,),������ �
�3�� ,�� �2,�� � � � �W,�0 ��� ���G��� � �;.���'+� ��� � 	
� � ,�� � ���).3,�.����
!(� ����� , �
����	W� ��� �P����� � 	 ,����%����'+� ��� P (MT ≥ u)

� �%�W,����5�+,�.��G'+, * ��	 �2,�.3� � �W,�� � ����� ��� � �� ��� ��	
��� �/)X� � ��,���� ��, 	G� � ��	�� n ��� N
∗ 8�,�� �B� ���

P (MT ≥ u) ≥ ��� 3 � (T, u, n)- � � � /
* � ��� ��� 3 � (T, u, n) = 1−P

(
X (s) ≤ u,∀s ∈ ∆̃T,n−1

)
�%� � ∆̃T,n = {kT/n, k = 0, . . . , n} �

'�0 ����	Y�����J��� � ��	 ��� � ��,��@,�03,�. 	 �;.�� ��	 � � ��'�0 	 ��� � * , 	 Q * ��� ,��'��� 	�� ,�. 	 � ����� , �B� , �
��� Q;��, * �� ,),�'+�r� 	�� � � � �
��� �+� �
��� �+� �
	 , � . �F� ��,����



������������
�� � � � ��
 � ��	 � ��

��
"��������	�� ��� 
���� �B��	 ��
"���	� � ��� � �+��
�� � ��
!��
 � �

� � � � � � �������
	 �
����
��������

��, 	$����� ���@Q � ,�0@�
������'������ ��� * � ��, * 	
� � ��	 ��� � ,�. 	 � � '�� � � � ,�� � � �
��	���� � 	 ,�� � ��� � � * � �
�
.3��� �! �%� 	 �:�%�"� � ��� � * �B��� ��, ��� � � r ����� ��,��%� 	 �:���#� � 0H.��#� � �+,��%$Pi , ��'+'+.�� �
	 � �
� ,�. 	G	
� ��.3' � � * �
��,����
� ����	G�
��� 0H,�'+'�, * �+� � ��,��%� 	 �:���#� � 0H.��#� � �+,���� "

7 r1 (t) = exp (−t2/2) �
��� %B��.����
�:�%�&��,'�V� 	 �����"� � 8
7 r2 (t) = (cosh (t))−1 �
��� �+�(� ��	 � � ,�0 �����B�(� � ��	 �2,�'��)�*��,��
��� � 8
7 r3 (t) =

(√
3t
)−1

sin
(√

3t
) �
��� ��,��%� 	 �:���#� � ,�0I�P'+, *  �������*� 	 ,�� � ��� �
� � � ���B� * � � ���

��,��+� � ������� �����
��	 ,�. ��� �N'�, *  ���%����+�' ����	 8
7 r4 (t) = e−

√
5|t|
(√

5|t|3
3

+ 2t2 +
√

5|t|+ 1
) ����� ��, 	 �-��'�� )X� � �+,�� ,�0 �
��� ��,��(��,�'�. � ��,��

r0 ∗ r0 ∗ r0 ∗ r0 ,�0 ������,(	 ��� �
� �+�  .- ' ��� �)� � � Q/��,'�%� 	 �:�%�"� � r0(t) = exp(−|t|) 8
7 r5 (t) = cos (t)

�
��� ��,'�%� 	 �:�%�"� � ,�0 ����� ��,��
��� � � 	 ,�� � ����8
7 r6 (s, t) = exp(st)−1√

exp(s2)−1
√

exp(t2)−1

�
��� ��,'�V� 	 �����"� � ,�0 �
��� %B��.��
���:�%�&� 	 ,�� � �
� � ���)��� � �
���
��� � ��� � , � ��� � ��� ��	 �+��. � �+,��M,%0 �
��� '+, �0 '+� Q � '�� � ,), �M	 � � �+, �
� � � �+� ����� ��������' � %@�%.����������
�-�21 � . 	
� 8�� ��� % � ,�� � ��� �435� �65!798;:=<;> 8 %B���
���:� � 5>=@?A?*=;>"��� � '()X�+* � ��� �%'?$@58= ?A?BA(>C$DK� �����
��� � ,�� ����� 0 �B� �Y��� � � r6 �+�Y��,��  � � � � ��,���� 	E� * ����	
� ��� �
��� , �
����	 � � 	�� � � � � ��,���� 	E� $ � , 	9�
���

� � � � ��,���� 	E� ��,��%� 	 �����"� � � �
���@� �+� �B� ����� ��� � ��, 	 �-��'+�/) ��� �
."� � �
� � � Var (X ′ (t)) ≡ 1 $Oi � ���
�3, 	 �-��'�� )X� � �+,��98���,�� �F� ��� � �*����'�' ��� < .��3� �E �F� ����� < �
	 �%���
0H, 	 �$� � �+,��98�' � � � � � ,#�G� ��	E� ���+�H��' �
0H, 	 � ,�0 �
���B	 � �����E � ��� � � � � � ��	 ,�0�5?<I$�7'>." Ψ (u) + ϕ (u)

T√
2π

$
J .�� ��	 ������'!�B�#��'��)�X� � �+,���� � �9� � � ��� � 	 .��K.�� �3��	LKNM#O�P�MRQ $ , . 	 � 	 ,�� ��� . 	
� �+� � � � � 	
� ' �

����� ��� ,�� 	 ��� � $ � 0 	 ,�� �
�3� � ��	 ���+,�� =�$ ?#$S<@,%0 D ' � , 8 * 	 � �
�
� �$� �HT"	 , �3� Q�, 	 � ��� ��'U$V58= ?A?A?=>�$
i � ��� 	 ,�. � ��� � ��,�����. �
� � %B��.��
���:�%� ��� �
����	 �%'�� �
� � � �$� � � � ���+� � .3':� 	 ��� � ,BW ��	 �G� � � ��	 ��'9� �C ��� , � ��,�0 ��� �
����	 � � ��,��%$ DM� �-� ��� �%'�'@��,��H��. � � � ��,���� * � �
���
��� � �F�
� , � �����
,������ �
���#� , % � � )
�%' � , 	 � �
� � 5!798;8*=;> 8 � � Q)�+� �#�
�3� ,;� � ��,�� J � � = −1 $Di ��� ��� �
����	 � � ��,��K��� �
�3� ."�#� ��	 �2,�.�� �
5U<I$SX;>W�+����� 	�	 � ��� ,�. � � �P�
�3��KNM#O�P�MRQ 0H.3�"� � ��,��ZY.[;.�� �I\ * � �)� � �B�"� 	 ,�15���-� ��� � �
��� ��� �
����	 ��'
,%0 � 0H.��"� � ��,���8 * � �
� ���P� � ��� � � ��	�	 , 	 8�.����+� � 	�� ��. 	 �
�)� � � � �B� � �)� �]3 �������
,��G[;.�� ��	 � � . 	�� $^ � ����� , 	E� '�� 	�����	 ��� ����� ��� 	 ��� �F�
��	 n 8 �
��� � �F���
��	 � 	��W�
��� �2,�.�� � �_5?<I$SX;>!��� � 5?<I$`:=>C$ T . �J�
���
�%. �
� , 	 � ,%0 �����O	 ,�. � �+� � � � �5�+� �D� ,$��� ������	 � �
� ��� R

100 $ - �50H, 	
� .3��� �
� ' � 8 �
�3�D� ��� � ,%0 � � � �+�$�  � ��,���,�0 ����� 0H.��"� � ��,�� -�T 3 � �-� � � � ��,�� �@� ,),-'�,�� � 0H, 	 ':� 	
��� �V��'�. � ��,�0 n $ DK�@�
� �+� Q �
� � ������ �%��'+. � n = 30 �+�W� �
� � ���70 �B� � , 	E� ��,���� 	 ,��-�+� � $
3�, 	�� ,'� ��	 0H, 	 ���-��'�' n 8 �
��� ��. 	 �5���%��'�0H.��"� � ��,��#���a��' � � 	 ' � .�� ����	�� � � ���-� ����� � � 5?<�$S:=>C$ D �3�b 	
� ��� * ��� � n �+� � ,), '�� 	���� �+�c��,������ 	 �+��,�� * � ��� T 8 �
��� ��,��%� 	 �:���#� � �-� �
	 ��1�������,����:� �
���K� ,� ' � � � � � � ,�0 �
��� �+� � �)�X� � , 	 0H.3�"� � ��,�� ,�0R5?<�$S:=> �+� ��'+�-,�� � �
��� � .�':� 	 $ 3 �+�"� ���
���"��	 . � �V��'�. � ��,�.�' �
� � ,�� ��	
� � � ���-� �
��� 8)0H, 	 ��� �3� ' � �%�%'�. � ,�0 T 8 * �(��� ��� �3� � , �$� Q � �O��'+� ���;�"	 ��� � ,��-�/)X� � �+,���0H, 	
� � � � � � �+�$� � �+,��%$
?
-dT 3 � (T, u, n, r) � � � �+�$� ��� � �
�3� .#�"� ��	 �2,�.�� � 5?<I$SX;>C$

?
-dT 3

(T, u, r) =
-dT 3 � (T, u, 30, r) $

? e T 3 � (T, u, n, r) � � � ���-� �
� � �
��� '+, * ��	 � ,�.�� � 5?<I$`:=>b$
? e T 3 (T, u, r)

� �)� � � ����� � � ��� ,�0Ve T 3 � (T, u, n, r) ��,��H��. �
��� 0H, 	 n = 10, 15, 20, . . . , 100 $
? J ^!f�g (T, u)

� � � ���-� �
� � ����� ."�#� ��	 �2,�.�� � 5?<I$�7'> * � ��� � ��� �
	 ���)�:��' � 1I� � � � 0H, 	 ����� ��,'�V�  	 �:���#� � r6 $i �3� � � 0H.��"� � ��,��3�&� 	
� ���V����'�����' � ,�� ����� * � � �
� ��� 3 ��	 ��� � � ��	 58= ?A?=<;>C$
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����� 	 	 ��	

' '+' 	
� �
.�' � �J� 	��G��	 �B� � �)�X��'+' � � 	�� � � � �
��� * � �
� ��� �
��	 �2,�':� �
��� �V��'�. � �!� � �
�3�_KNM"O�P(MRQ 0H.��"� � �+,��
Y �E��'��+� �b\ 5 f .��3���B�E��'��+� �1� � � � �+� ����	 �2,�':� � �+,�� >b$
� ��� ��� ����������� ��!#"��$�&%$' � !�')(+* (,��-.�0/1( 
32 (4"�� �$!#"����&�0'�' � '

, ��� ����� , 	���� ������'���� ���(����� ��,����+� � � 	 ,�� � ����8 ��, 	�	
� �E�2,�� � �+� �N� , ����� ��,'�%� 	 �:�%�"� � r5 8��+� �
�3�
,���' � ����,), �
� � 	 ,�� � ���10 	 ,�� ,�. 	 '+��� � 0H, 	 * � ��� � �
���N� ��� �
	 �+��. � �+,�� ,%0 �
��� �$� 15�+� .�� MT �+�Q;��, * � $ ^ � ������� 8 ���+�"� �]T"��	 �-���N5!7�8;XI7'>"��� � I � '��-���]58= ?A?�1=> 8�,�� �B� ���G0H, 	 ��� � �2,��
� � �)� � u

P (MT ≥ u) =





Ψ (u) + ϕ (u)
T√
2π

∀ 0 < T < π,

Ψ (u) + ϕ (u)
T√
2π

−
∫ T

π

exp

(
−u

2 (1− cos (t))

sin (t)2

)
dt

2π
∀π ≤ T < 2π,

exp

(
−u

2

2

)
∀T ≥ 2π.

I . �I� , �
��� ��� 	
� ����.�':� 	 0H, 	 � ,�0 P (MT ≥ u) 8�' ��� .�� +#1N�d�V��'�. � ,%0 u ��� � � � . �#�O�
�3� 0H.��#� � �+,��
,�0 �
��� ��� 	 ��� ������	 T $ DM� � 	
� � � � � ,�. 	 �).3� ��	 ������' 	�� �
.�' � �W���65 ����' � <�$)7;$

T = 0.5 T = 1.5 T = 3.1 T = 4.5 T = 10 T = 15-dT 3 ?#$ 1=XB:;: ?#$S<I7�8*= ?#$SX0A 1;8 ?#$`:=X@?;8 ?#$`:;:�5 5 ?#$S:B:BA*?
5 	 . � ?#$ 1=XB:;: ?#$S<I7�8*= ?#$SX0A 1;8 ?#$`:=X@?;8 ?#$`:;:*=B< ?#$S:B:*=;<
e T 3 ?#$ 1=XB:�5 ?#$S<I7�8#7 ?#$SX0A 1;: ?#$`:�5;8;8 ?#$`:=XB8;X ?#$S:;XB8�1

798;:�<)=><@?BADCFEHG�IKJ�L�G�INMPOQMSR
P (MT ≥ 0.5)

RTM�U
r5 VXW MYEHIKOBZ+[BU�M W Z\E�E�] ^
_BMPU1La`�IKb�Z3O

T c	d Z
d U�IeG�Z�fhgji c G�kBZ4G�U�lBZ�b�LSmKlBZ�LSO
n�o;gji)^

DK� ,���� ��	 � ����� � � ����� ."�"� ��	 �2,�.�� � �P,�� � ���+� ��� � � ����� 0H.��"� � ��,�� -dT 3 � 	�� � 13�B� � 0H, 	
T < π ")� � ���J��, � �
. 	 � 	 ���
��� � ���+�"� � J&�)� � .#�"� ��	 �2,�.�� � ��� � 13�B� � ,�� ��� ��� ��� 	
� ����.�':� 	!� ,��$�%���%$^ � ��� � ��	 ��' * � � ���&�
� � �J�
��� � 	 , ��	 ��� � ��� � �J��� � �B� � �X��� � � � ,), � ��� �
��	 �%��'U$ T . �J�
� ��� � 	 ,�� � ���
���_� ��	!� �E� � ���:��'6���+�"� � � � �+� � ��	 ��, � ���B$ ^ ��5 ����' � <�$ = * � ��,������ 	
� ,�. 	 �%��'+. � � * � �
� ����, ������	* , 	 Q/��,��#� ��	 ����� � ,�. 	 + 	 � � ��,'�V� 	 �����"� � 0H.��"� � ��,�� ��� � � ���G' � ��� ��� 	
� �)��.�'�� 	 $

u = −2 u = −1 u = 0 u = 1 u = 2 u = 3-dT 3 ?#$`8;8BA;A ?#$`8*=BXB: ?#$ 5=<A= 5 ?#$ =B<0A*? ?I$ ?BABA = ?#$ ?A?�1I7g � � ���-� �
� � ?#$`8;8BA;A ?#$`8*=BXB8 ?#$ 5=<A=;X ?#$ =B<0A"7 ?I$ ?BABA = ?#$ ?A?�1I7
e T 3 ?#$`8;8BA(< ?#$`8*=0:#7 ?#$ 5=<A=;X ?#$ =B< 1;8 ?I$ ?BA�1A? ?#$ ?A?*=B<
798;:�<)=><Kp>ADCFEHG�IKJ�L�G�INMPO$MSR

P (M1 ≥ u)
RTM�U

r1
^q_BMPU0L+`PINb�Z\O

u crd Z d U�IeG�Zsf1gji c ZtE
G�INJ�LSuG�INMPO�MSR)vhw\L�xyE0Z GhLSmy^ VHz\{P{�{ c [DL�`�Z z�zt| ]9LSODn}o;gji)^
f ' � � 	 ' �(�
����� � � �+�$� � �+,��@,%0�5?<�$ XB>Y��� � 5?<�$S:=>�� �@	 �+� � $ � ��� ��, � � 1��0� � 5H� ���J�
��� ����� � 5 ���3' � <I$ =)8
u = −1 >C$�5 ,&� 	�� � � � � ��,�� � � ��	 0H, 	 ����� � 	
� ��.3' � � * � 	�� � �
	 ��� � ,�. 	B� 1I� ��	 � � �"� � �D,�� T ≤ 25
��� � u ≥ 1 $ % � � ��	 ��'+' � �E� � �@Q;�+� � * �O�
� �+� Q ��� � � ,�� �
� �+� � ,��-����� * � �X��� ��	 .�� � �
��� 	
� �
.�' �
."� � ,G7 ? −3 $
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5 ��� � 	
� � ��� ��� � � � . �#� ����� � �@��'+'�, * .�� � ,P����� ��	7�1�
� � � * �N� ���F�2,�� � 8���� �
,�� � �X��� � ��89,�0J�
� � * � �F�
� , �$� , � � � ���-� �
������� �%��'+. � P (MT ≥ u) $ T . � ,�� � ����� * ,�� ����	 * ���F�
����	 � � �-�@Q � �
�N��� � ����+ �X��� � �+�H� 	 ,'� � � � � � ��,��H��� 	����P� , �
��� ��':���
���)�X��' JW��� � ."�"� ��	 �2,�.�� � 5?<�$)7'>C$^ � � � � . 	�� <I$�7 * � � 	�� � � � � �2, ��� � � � ���-� � ��,����@,�0 �
�3� 0H.��#� � �+,�� T 7→ P (MT ≥ 1) 0H, 	D� * ,� �)W ��	�� � � ��,��%� 	 �:���"� � � $
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r5
^Y_DU�M�J G�MP[ G�M"!	M�GHG�M�J c$#&%�' C V EHG�L�U ] cf1g9i V !BU�MPLPn�nBMSGHG�Z\n,mKIKOBZt] c G�U�lBZ9b�L�mNlDZ\E V EHMPmNI�n�mKIKOBZt] c o�g9i V ( OBZ0nqMSG�G�Z\n,mKIKOBZt] ^

V !
] CFEHG�IKJ�L�G�INMPO�M�R
P (MT ≥ 1)

RTM�U
r6

^Y_BU�M�J G�MP[ G�M)!	MSGHG�M�J c$#&%�' C V EHG�L�U ] cf1g9i V !BU�MPL�n�nqMSG�G�Z\n�mKINOBZ ]0LSODn}o;gji V ( OBZ,nqM�GHG�Z\n�mNIKOBZt] ^
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DK� * �+'�'��
� � �
� � � ��� ."�#� ��	 �2,�.�� � �+� �;.�� ��	 �)�X��'+' � �
� � ����+ ����� � �/0D� � � �����
,�'�. �
� ��� �	�� ':� � �)� �&��	
	 , 	 �I� 	
� 	
� �E� � � � �)� � ' � ."�"� ��	 �2,�.�� ����� � � 10−2 ��� � 10−1 $ D ��� � �
���&�
	 . � �%��'+. �
���G.�� Q)�3, * � * � ��,��H�3. �
�(�
��� � �@��	
	 , 	 � * � �
�P	�� �F� � � �&� , ����� � � ���P,�0�5Ue T 3 8 -�T 3 >b$^ � 5 �%��' � <I$ 1 * �O� � � �+�-� �
� 8�0H, 	 � � ��� � � �V��'�. � ,�0 u �%� � r 8 �
��� �-� 15���-��'9�
�0) � ,�0 T ' � � � ��� �� ,�� �
� � �3�)+ ����� � J&�)� � ."�"� ��	 �2,�.3� � �%� � -dT 3 � ,�.�� � $

u = 1 u = 1.5 u = 2 u = 2.5 u = 3
J ^!f�g -dT 3 J ^!f�g -�T 3 J ^!f�g -dT 3 J ^!f�g -dT 3 J ^!f�g -dT 3

r1 = = ? 1 =@? : =@? 7�8 > =;< > =;< > =;<
r5 A = ? A =@? < > =B< 5 > =;< 5 > =;<
r6 7 = ? 1 =@? X =@? 7'X > =;< > =;< > =;<

798;:�<)=>< � A
_DM�U�L `�IKb�Z3O
(r, u)

G�kDZ ( U�EHG V U�ZtEH[ ^ E�Z W MPODnD] W M�mKlBJ O `�IKb�Z\E G�kDZ�J�L��qINJ�LSmE�INw\Z M�R
T

RTMPU d kBI W k # I W Z lB[B[	Z\U !	M�lBO
n V U�Z\E�[ ^�fhgji !	MPlBODnD]$U�Z\J�LSIKODEOrlBJ Z3U�I W L�mKm�� E�IN`POBI (
W L�OPG\^

5 ��� � 	�� � ��� ��� � � ���3' � � 	 ,'� � � �����N��� ��� � �"� � ,�0 -�T 3 ��� ��,������ 	 �+��,�� * � ��� JW��� � .#�"� ��	
�2,�.�� � 8 ��� 	
� ����.3':� 	 ' � 0H, 	 ��, � ':� 	
��� �%��'+. � �W,�0 �
��� ' � � � ' u $
' � � .���'�' � 8 ��� ��� ���B� ��	�� , � �"��, � ,���' � � 	 ,;�2,�� � ���$."�"� ��	 �2,�.�� � ��. � ����,��H��' ������� � � �+�-� � �+� �
� �F�
� , � " ����� ��,�.#��' � 5 e T 3 8 -dT 3 >C$�� � �"� � ' ��� .��O��, * ��,��H��� 	�� ,�. 	 � �F�
� , �K� , ��� � � ,�0
'.)���* �O��� �cD �F� ��� �2, 	 5>=@?A?*=B> * � ��� � ��,�����' � 15� ��� ������'�,�� ���M� , ,�. 	 � $ ^ � ������� 8 �
��� � 	 .#�"� ��	
�2,�.�� � 5 ��� ��, ����� � �L-dT ' D >6�+� ��,���� �
	 .#� �
��� * � ��� ����� + 	 � �J����	����W����	 ���!,%0 �
��� JW��� � � ��	 � � ��8�
��� � 	 '�, * ��	 �2,�.�� � 5 ��� ��, �
��� � � e T ' D > * � �
� ����� + 	 � �N� * , �
��	 ��� $���, 	 ����� � ���"� � 8 � � Q �
u = 1 �%� �S����� ��,'�V� 	 �����"� � r1 8 ,�. 	 � �F�
� , � � � ��,�� � � ��' � � 	 ' � ��, 	��$�	� ��� � � � * ��� � T �+���	�� � �
��	G��� ��� 7 ?I$
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^�_DU�M�J G�M�[ G�M !	MSG�G�MPJ

d Z [BmKMSG�fhg0v�
 c fhgji V !BU�MPL�n nqM�GHG�Ztn mKINOBZ ] c o;gji V ( OBZ�nqMSG�G�Z\n mKIKOBZt]sLSODno;g0v�
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���� �D��	S��
����	���H��� � �+��
����
��
!��
 ���

� �H� ��� � �>"��3*#(4"�� � � � � "���� % �0' �;� �>"������9� � � % � �$��� "
DM�I	�� � �
	 ��� �6����	
� ,�. 	 � ���
� � � ��,�� ,�� ����� � ��� ���)�+, 	 ,�0 −1/T ln P (MT < u) ��� T ��� � � � � ,

�+�#+���� �.� ��� � u �+��+I1 ��� 8 � � 	 ,���' � �4�$�%����' ����� ��' � * � ��� ��� ����� '+� ����	 � � . 	
� ,%0 �
�3� � �=� ��������� � � $
' � ��, 	�� ��� �-� , 3 ' � �3�:���65!798�5*=;>W�%� � e�� ��� � 35� ��, 58=@?@?BA(> * � Q;��, * �
� � � �+0 X �+� ��� ��'���,�� �
�
. 	�� ' � ��,�� � �+�).�,�.3� � � � ����	���� � � � � ��,���� 	E� %B��.����
�:���
� 	 ,�� � ��� * � ��� �2,���� � �)� � ��,��%� 	 �:���"� � r �
��� �
0H, 	G� � ��	!� u ��� R

��� ���G'+����� �G� 15��� � � * � �
�

q(u) := lim
T→+∞

− 1

T
ln P (MT < u) = inf

T>0
− 1

T
ln P (MT < u) .

3 , ' ��� .3� ��,����
� ����	 �4� 	 ,�� � ��� {X(t), t ∈ [0, T ]} ��� � �+�
0 � ��� � �
."� � �(� �2, �
�3� � � � $ 3 �+�"� �-�
����3���
��	 ������� � ��,�� ,�0 q(u) 	
� �-���+���$���T,B� � � � 	 ,���' � �#8!,�. 	$� ,���'��+� � , �3� �F� 	 �+� � �M� ����� , �
' � � � ��� �"� ,&�I'�, * ��	 ��� � �%�B."�"� ��	 �2,�.�� � ,�0 �
� �+� � 1I�2,�� � � � qLB(u) ≤ q(u) ≤ qUB(u). 5 �@Q;�+� �
�+� � ,O�B� ��,�.�� �"�
�3� �%�%'�. � 0H, 	 T � [;.��%'�� � ,!) ��	 ,�83� ��� � ��	 ��'2��. �"	�� ����,�������' � �B�"� 	 ,�15�+�$� � �+,���,%0����� � 	 ,��������+'�� ���-� ��� �
	 �+��. � ��,��$0H.��"� � ��,����+� � �)� � ��� �

P (MT < u) ∼ Φ (u) exp (−q(u)T ) .5?<I$`8=>
5 � ���W0H, 	 � .�'�� � 1I��':���+��� �����@����	 � ,�0 � ��	 ���+� �
� �"� �O� 1I�2,�� � � � .�� ��� 0H, 	 q(u) $ 3 , * � * �+'�'���'+��,�3� ��' * � �
� �
��� 0H,�'+'+, * �+� � ��� +���� � ��,��

q(u) = lim
T→+∞

− 1

T
ln

P(MT < u)

Φ (u)

* � ��� � '�,��
� ����� �+�30 	�� � 	�� � � � � � � ��,��%$�� ��	E� .�� ��	! 0 	 � � � � ' � �%� � ��� ��� � � � 8 ����� 0H.��"� � ��,�� e T 3 �� �)� � �W� '+, * ��	 �2,�.�� �

qLB(u) = lim
T→+∞

− 1

T
ln

1− LBPn (T, u, nT , r)

Φ (u)
.5U<I$�7 ?=>

e ��� .3�@� � � 	7� * � �
������� ��,�� �B� � � ��.3' � �X��� ����� � � ��� * ��� � u ��� � [;.���' � ,7) ��	 ,#$���, 	(�
���
��,'�V� 	 �����"� � r2 8Be��3��� ��35� �%,�5>=@?A?A=;> � � � ����'+��� �����O�
� � � b = 2q(0) '+� � � ��� (0.5, 1] $ 3 ��� .�'�� � �+,����
,%0 I � � � , ��� ��'U$�5>=@?A?A=;>"�
. ����� � � b = 0.76± 0.03.
e �F� .��
��,������ ����	 ,�. 	 + 	 � � 0H,�. 	 ��,'�V� 	 �����"� � � $ ^ �6� 	 �B� � �)� � * � ��, �����M�
� � �D�
��� '+����� � �V��'�. �
5U<I$�7 ?=>&�+�1�0� � � � � ��� 0 	 ,�� T

� [;.���'�� � , 7 ?I$ 3 �+�"� � T ���d[;.�� � ':� 	���� 8 * � 	�� � �
	 ��� � ,�. 	 � � '�� � � � ,
�V��'�. � �N,%0 nT

��	
� � ����	O�
� ��� A*?I$ 3 , �
� ��� '+����� � �+�
��,��H�3. �
��� ��� �
��� � � ���6�%��'+. � ,�� T ���
{10, 15, 20} �%� � ��'+' �
��� �+� ��������	 � nT ���#��'�. ����� ��� [40, 100] $�� � � . 	�� <I$ 1*� 	
� � � � � � �
�3�W����� ����'+�
,%0 ,�. 	G	�� ��.�' � �W,�� �
��� ��,��%� 	 �:���#� � r2 $
e �F� .��$��.����-� 	 �/) � ��� 5 �%��' � <I$ A ,�. 	 '+, * ��	 �2,�.�� �T� � � ���-� �
� ��0H, 	-� �B� � ��,��%� 	 �����"� � 5 �+�  
��'�. � ��� � r3 * � ��� ��� , � �W��, � �
� � ���70 � ����� �2,���� � ���5� �.�-�(� �2, ����� �
���&,%0 e��Y�%� �435� ��,=>b$
J � �-� 	 Q �
� � � ,�. 	 ��,��#��'+.����+,���� 0H, 	O����� ��,��%� 	 �����"� � r2 � 	�� �+� �B� ��, 	�� ���"� � * � �
� �
��� , 	��F� �  ����' ��� � �;.�� ��	 ���X�%' 	�� ��.�' � �d� 	�� �)��,�.3��' � ��� �
��� $ DK� ,���� ��	 � �O�
� � ���
�3� � ��	 ���+� ��� �"� �N� 1I�2,�� � � �
q(0)

��� � � � � �/��' � � 	 ' � ,�� , ������	 � � � 	 �B� ����	 ��� � ����� �
� �%� ����� '�,�����' � 	 ,;� ��	7� � � �-���+�"� � 0H, 	 ��'+'
��,����
� ����	���� � 	 ,�� � ��� � � * �@� ��� � � � ) ��	 ,

r(t) = 1− t2 +O(t4).
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��� �9<)=>< � A ' M�OYb�Z\U�`PZ3O W Z�EHG�lDn � G�MQM !qG LSIKO L�O Z\EHG�IKJ LSG�ZaM�R V�� ^ z � ]1RTMPU�G�kBZ W M�b�L�U�I�LSO W Z
r2

^ # Z\[BU�ZtEHZ\OPG L�G�IKM�O MSRsG�kDZ}RTlDO W G�IKMPO cFd ING�k U�ZtEH[	Z W G�G�M
nT c −1/T ln(1 −

LBPn(T, 0, nT )) d kDZ3O
T = 10, 15

LSODn |	� ^

r1 r2 r3 r4
qLB(0) ?#$ A"79A 1 ?#$ 1;X@?BA ?#$`A=<A=I7 ?I$ 1;:;XB8

798;:�<)=><��;A
o;M d Z\U !	M�lBO
n MSRFG�kBZ [	Z3U EHI�E
G�Z3O W Z Z �r[	MPOBZ3OYG
q(0)

RTMPU4M�lBU ( U�EHGsRTM�lDU W M�b�L�uU�IKL�O W ZtE3^

5 � ��� Q)� � , �
��� �+�30 	�� � 	�� � � � � � � ��,��98 q(u) �+�G."�"� ��	 �2,�.�� ����� � �

qUB(u) = inf
T>0

− 1

T
ln (1− UBPn (T, u, n, r))5U<I$)7B7'>

��� � ��,���� � [;. � � � ' � ��'+��,N� �

qRICE(u) = inf
T>0

− 1

T
ln (1− RICE (T, u, r)).5?<�$)7 =;>

- �30H, 	
� .3��� �
� ' � ,�. 	 � 	 ,�� ��� . 	���-dT 3 �#���G.���� � ���3' �1� , ����	 �)� � ����."�"� ��	 �2,�.�� � ,�0 q(0) $ , ��
��� , ������	 � ��� � qRICE(0) = 0.8525 �+� ' � ��� ���3� �
	 ."� � �)� �$��� ��� �
���$�
�3� , 	
��� �)�X��'��2,�.�� � ?#$S<
,���' � Q;��, * � �+� �
�3� ����� � ,�0 r2 $

J , * * �#�3� ��' * � ��� �
��� �X��� � * ��� � u � �)W ��	 �N0 	 ,�� ) ��	 ,�8!��� �S� [;.���'+� � , ,�� � , 	N� * ,"$^ � � ��� ��� ��� � �O����� � ��	 �
��� ��� �"� � � 1I�2,�� � � � q(u) � � ��,�� � �
� 	 �B� � ������'�' � �
��� �
��� � 0H, 	D� � ��	!�
� 	 ,�� � �
� ��� * � ������� ��� �+� �
���1� ����' � <I$S<I$
� ��	�� ���W��� �3� . 	 ��� � ���*� 	 ,;� ��	7�.� ,�0 �
� �+�G� ��� �9�)��, 	 $���, 	 ���-��'�'V�V��'�. � �W,�0 T 8�� � �+� Q)�3, * � �
� � �

P (MT < u) ∼ Φ (u) + T
exp (−u2/2)

2π
.5?<�$)7 1;>
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r1 r2 r3 r4
qLB(1) ?#$�7 = 5;< ?#$�7;7'X 1 ?#$)7�1A?;: ?I$)7 =I7;7
qUB(1) ?#$�79A;A=< ?#$�7 1�5=X ?#$)7�<@?BA ?I$)7 A"7 5
qRICE(1) ?#$�7�8�5@? ?#$�7�8�5A? ?#$)798�5A? ?I$)798�5A?
qLB(2) ?#$ ?*=A=@= ?#$ ?*=I7 1 ?#$ ?A=A= 1 ?I$ ?A=I7'X
qUB(2) ?#$ ?*=0ABA ?#$ ?*= 1=X ?#$ ?A=0A;A ?I$ ?A=0A*?
qRICE(2) ?#$ ?*=;X�7 ?#$ ?*=;XI7 ?#$ ?A=;XI7 ?I$ ?A=;XI7

7F8;:�<)=><N= ADCFEHG�IKJ LSG�IKM�O MSR4[	Z3U EHI�EHG�Z3O W Z Z �q[	M�OBZ\OPG�E
q(1)

LSODn
q(2)

RTM�UaMPlBU ( U�EHG�RTM�lBU
W M�b�LSU�I�LSO W Z\E\^

5 �3� ,���' � 0H.��"� � ��,���,�0 �
��� ��� � � � �)� � ��� � ����� ' � 0 �E � ��� � � � � � ��	 ,%0_5?<�$S8=> * � ��� � � ��� �
���
5 � � '+, 	$� 1I�����3����,�� � ��� � �T� � 5?<�$)7 1;>����$,�� � �%��� ��� �%0 ����	 ��.���� � � � . � �+,�� ,�0 q(u) � � h(u) =
exp (−u2/2) / (2πΦ (u)) $ D ����	�� �%� � � � �+�$� � �+,���� ,�0$5 �%��' � <I$`A * ��	�� �X��')��.3':� ����� 0H, 	 ':� 	����
�V��'�. � �W,%0 T 8 * �B	�� �-� 	 Q ��� � �G�
�3� � � 	
� 8���� �
�3� �X��� � ,%0 u = 2 8"��'�,�� �1� , �
� �+��� ��	!� ��� . 	 ��� � ���� [;.��)�%�%' � � � " h(2) = 0.0220 $
� ��� <>= � � 	-� P NB? N����P? � P NBA � �!� M�� � 	 � � � E M � ���BA
	 C ND= M M � N �

� 	 �;P�� M M � M

e ��� .3� ��,����
� ����	 ��� ��� ���"� � � � �+,����
� � � �
��	���� %B��.����
�:���/� 	 ,�� � ��� X * � ,�� � �
������' � ��� �
� �
� 	�� ��,�� � ���;.�,�.3�D��. � ��, �D� ��W ��	�� � � ������' � $ ' � ���+� * � * �+� �K� , Q;��, * �
�3�-� ��� �
	 ����. � ��,�� ,�0I� � �
�-� 15��� .3�&$ , �(�)��,�.���' � * � �X�����3, � �B�#��' � ��, 	 � .�'��/5?<I$ 5=>��+� , 	�����	I� , ����	 ��� � ."�"� ��	 �2,�.�� � �
0H, 	I�
��� ��. 	 �)�)�%�%'90H.��"� � ��,��%$)5 * ,H� 	
� '+�����+��� 	E� �B�"� 	 ,��B� ��� � � ��� � � ��� � � 13������� ��� $
5�� 7'> - � � ,�0 �
��� ."�"� ��	 �2,�.3� � 5U<I$ XB> � , ����,), �
������� [;.����%��' � � � �W,�0 X $
5�� =;> - � � ,�0 �
��� ."�"� ��	 �2,�.3� � 5U<I$ XB> * ����	
� X ′(t) �+�&�0�"� 	 ,915���-� �
��� � � ��,�� �

(X(t)−X(s))/(t− s) $
5 �3� � ����� , � 5�� =;>@��� �
��� , 	��F� �)�X��'+' ��
 .�� � ��+ ��� � � �
�3� 	
� ��.3' � ,�0 I . 	 ���+� 5.7�8;:=<B>b$ �&, * � � ��	����� � �2, ��� ' � � �M� , �).�� ��	 ������'�� 	 ,�� ��� . 	
� � �
� � � � 	�� � ��	E� .���� � ����' � $ f ,���� � [;. � � � ' � 8 ���+�"� �
e T 3 ���+��� ��	E� �B� ��. 	 � �
� 8 * � � 	 ,;�2,�� �1� , � �F� ."���+� �
� �+� �X�%� � ��� � � � �+�$� � ��� � � ���
� , � ����� ���
,�� �
���B� �+�F� 	��F� �0)�� � �+,��%$

DM� � ��� �+�D� �1�
�3�J��� �E� 	 ��� � ��,��@,�0 �����J��� � ��	 ��';� �3� ��� $'e �F� {X(t), t ∈ [0, T ]} � � � � � � ����	
���
%B��.��
������� � 	 ,�� � ���@��� � ' ��� {t1, . . . , tn} � � � ��.�� � �)�)���
��,�� ,%0 (0, T ) $ DK� �%����.�� � �
� � �1�
�3�
�+� ����	 �V��' [0, T ] ��� �
���B� ��� 
 ,���� � .����+,��P,�0 ����� ��� �
��	 �%�%'�� [tk − d, tk + d] 0H, 	 � �2,���� � �)� �(	�� ��' d $3 , * �B� ��� �1�
��� '+, * ��	 �2,�.�� �

P (MT ≥ u) ≥ 1− P (X(tk) < u,∀k = 1, . . . , n) .5?<I$�79A(>
J , * �
."�"�2,�� � �
� � � * � Q)�3, * ����� '+,��X��'Y� ��� �9�5�+, 	 ,�0 ����� � 	 ,�� � ��� X ��� �
��� � � � ��� �2, 	�� ,), �
,�� �L+#1 ��� �2,��+� � $��#, 	
� � 	�� ���+� � ' � 8 �����
.�� �@�
� � �&������	
�O� 15��� � �(� ���F�
��	 �-�+����� � �)�10H.��#� � �+,�� L 8
�+�"� 	
� ���
��� � ,�� [0, d] 8���.#� ���
� � � 0H, 	 ��'�' t∗ * �B� �9� � ��'+�-,�� � �
. 	�� ' �

lim sup
t→t∗

|X(t)−X(t∗)|
L (|t− t∗|) = 1.



��� ����� � � � 
���
������ � ��� � �������	�
��� � 	,����
 � � ��� 	 
 ���	� � ������	 	���� � � 

����� 	 	 ��	

5 ��� � * � ����� ��,���� �
	 ."� � ��� ��� . 	 �+� � ��� ."�"� ��	 � ,�.�� � 0H, 	 ����� ��. 	 �5���%��'(0H.��"� � �+,��Q,%0 MT

�B�"��' � ��� �-�
��� '���� �(� [).3�)�%�%' � � �(� , �
��� � �+�F� 	���� �0)�� � �+,��4�2,���� � � $ I � +�� � M[a,b] ��� ����� 	 ��� � ,���%� 	 �:���3' � supt∈[a,b]X(t) $ T�� ��,������B� � � � ��� � �B� � �-� 15��� .�� �+���0� � � � � ��� � � � �2,��+� � t∗k ,�0
[tk − d, tk + d] ��� � � � ���#���3.������ � .3� � ,�0 �
��� �
."� ��	 ��, 	 '��+��� � 8 * �@����� 0H, 	G� �B� � �V��'�. � ,�0 k

M[tk−dk,tk+dk] −X(tk) / L (d) .

^ �&��,���� � [;. � �"� � * � � 	 ,B�2,�� �1�
��� 0H,�'+'+, * �+� � Y .#�"� ��	 �2,�.3� �I\
P (MT ≥ u) = 1− P(MT < u)

= 1− P(M[tk−d,tk+d] < u,∀k = 1, . . . , n)

/ 1− P (X(tk) < u− L (d) ,∀k = 1, . . . , n) .5?<I$�7'<;>
��, 	 �).�� ��	 ������'��+�H��' � � � � � � � �+,���� * � �
� �+� �
��� ��,��  ����,), �
� 0 	 ��� � * , 	 Q * � � � ,),�� �&����� � � �)�  
� ��� '+����� � �%�%'�. � ,�0 	 ��� � $ � * � �)� � ��,�����. ��� � %B��.��
���:�%� ��� �
����	 ��'+� �+� �E���B� � �6���#��'+. ����� �+� R

100 $f ,���� � [;. � � � ' � * �1��� +�� �(�
����KNM#O�P(M Q 0H.��#� � �+,�����e T J_3 (T, u, r) �%� �G-dT J_3 (T, u, r) �
� � �� � � ���-� ��� 5?<I$�79A(>!��� � 5?<I$�7'<;>6� � �X�%'�'+�+� � e T 3 � (T, u, 100, r) �%� � e T 3 � (T, u−L(d), 100, r)	�� �F� � � � ��� � ' � $ 5 ���b� � 	
� ��'+��,��9�%���+':����' � ,�� �
��� * � �#��� ��� � ��	 ��� � � ��	 58= ?A?=<;>C$
^ � ����� � � � � ��,���� 	E� ����� � 8 * �N��� �%' * � ��� ������,(	 ��� �
� �+�  .- ' �3� �)� � � Q4� 	 ,�� � ��� * � ,�� � ��,��%�  	 �����"� � 0H.��#� � �+,�� � ��� � ��� � ��' 	
� � �I� ��� �
	 , � ."� ��� ��� r0 (t) = exp (−|t|) $Be�,��X�%'�' �1�
�3� � ��� �9�5�+, 	

,�0Y�
."� �P� �)W .����+,�� � 	 ,�� � ���G�+� �
��� �
�%� �&� , ��� � � ,�0 �����_T"	 , * ���:�%� ��, � ��,�� $ 5 ���b� �
� � ���
0 � �
�3�
':� * ,�0 ����� � ����	 � �
��� '+, � � 	 � �
� �4��� � * �@� �9� � 0H, 	W� � ��	!� �2,���� � �)� � τ

L (τ) =
√

2τ log |log (1/τ)|.

5 � �+� 0H.��"� � �+,��N��� ���"� 	�� �����+� � ,�� [0, d] �/0 d ≤ 0.17 $ DK�I� � Q � 0H, 	 � � ��	!� �%�%'�. � ,�0 k 8 tk = kT/n
��� � d = T/2n $ ^ � ��� � � * � � * � ��,'� ��	 ������� ,��-����� [T/2n, T+T/2n]

* � �)� � � � � � � � �+,���� 	 � ���
��� ����� �
��� � �%� [0, T ] $ I � e�,�� � 5!798;:#7�8#��� ��� =A=I7 ?=> � �)� � � �
��� �%�%'�. � �W,�0

P

(
sup

1<t<T

B(t)√
t
≥ u

)

* ����	��
B(t) ��� �
����T"	 , * ���������-, � ��,��%$ DK�@����	 �)� �B�
� � � ,�0 P (MT ≥ u) 0H, 	G�
�3� ��,'�V� 	 �����"� �

r0 0 	 ,�� �����1�
	 �����
0H, 	 �-� � �+,��
X(t) = B(exp (2t))/

√
exp (2t).

� � � . 	�� <I$ A45 �=> � 	�� � � � � �&,�. 	G	�� �
.�' � �G0H, 	I�
��	
���B� �)W ��	
� � � �%�%'�. � �W,�0 u $
��, 	W����� �3,��  � � � � ��,���� 	E� �X�%� � 8 * � �-�@Q �@�
�3� � � . �#� ,�� �
��� T"	 , * ���:�%� ��, � �+,���,�0 ��,��%�  	 �����"� � r7 (s, t) = min (s, t) $ ' �@�
��� � � � 0H, 	
������� 0H.��#� � �+,�� L �+� � ��� � �K� � �
�3� ':� * ,�0 �����

� ����	 � �
��� '+, � � 	 � ��� �&$ DK� �$� Q � � ��'+� ���;� ��, � ��+ �X� � �+,��K,�0 �
��� �
.�� � �)�)�+���+,�� �+�6��,������ 	 ���
,��* � ���P����� � � � � �+,���� 	!� ����� � $ DK� ��,'� ��	W�
�3� ��� ����	 �%��' [T/2n, T ] � �
∪n−1

k=1 [kT/n± T/2n] ∪ [T − T/4n± T/4n].

3 ���#� �I�
��� �%��'+. � �6,�0 �
��� � 	 ,�� � �
��� 	�� � ��� '�� � �+��' � � 	 ,�.�� � ) ��	 , * �W� � � ���-� ��� MT � � M[T/2n,T ] $DK�@	
� � 	
� � � � � ,�. 	G� � � ���-� � ��,����"0H, 	 T = 1 �+��� � � . 	�� <I$ A45H� >b$
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5 � >
��� �F<)=><��;A V LP]4C9E
G�INJ�LSG�IKM�O M�R

P (MT ≥ u)
RTM�U

r0
LSODn G�kBU�Z\Zab�L�mNlBZtE�M�R

u
^�_DU�MPJ G�MP[G�M !	MSG�G�MPJ c
d Z ( ODnQfhg���� c G�U�lBZ+b�LSmKlBZtE V�� Zto MPOB` c z\{	�Dz c [DLS`PZ |P|qz � ]jL�ODno�g
��� ^ V !
]�CFEHG�IKJ�L�G�INMPO MSR

P (M1 ≥ u)
RTM�U

r7
^�_DU�MPJ G�M�[ G�M !	MSGHG�M�J c;d Z

( O
n�f1g���� c G�U�lBZ4b�L�mNlDZ\EjRTU�MPJ U�Z
�DZ W G�IKM�O�[BU�INO W IK[BmNZ,LSODn�o�g���� ^

DM���
����	�� 0H, 	�� ��,��#��'+. ���-�
� � �D�
��� '+,��X��'!� ��� ���)�+, 	 ,�0W�4� 	 ,�� � ��� ���O�%� �+� �
��	�� � � �+� �#� ,),�'� ,Z��,���� �
	 ."� � �B�"� 	 ,�15���-� � �/,���� ,%0 �����N� �+� �
	 ����. � ��,�� ,�0J� � � � '�,�����' �-� 15��� .3��82��� ��� 	
� ����.�':� 	
0H, 	J�
��� � � � � �+,���� 	E� �X��� � $ ��, 	�� ,'� ��	 * � 	�� �-� 	 Q �
� � �"��� ����� ����� , � ' � � � � � , ��, 	�	�� � � �2,�.�� � �� � � �#��� ����� ��,��  � � � � �+,���� 	!� �X��� � $



��� � � ������� � � ����
 � 

�Y� ��
$������	 	���� � � 

����� 	 	 ��	
��� � ��� �1E � N 	 N � �IA � 	 C ND= M M � N � � 	 �GP�� M M � M

5 ��� ���+� ,�0 �
� ��� ��� 	
� ��� � , ,�� � ����� �����M� �+� �
	 ����. � ��,��Q,�0 �
��� �-� 15�+�N.3� ,�0 � � * ,  
��� 	 ��� ���
��	 %@�%.����
�:���G� 	 ,�� � ��� $ DK� � 	�� � � � � � 0H, 	 � .�'��O�$� ��� ."��,�0 0 � * �
��	 �-� �
� � �W� �����3' �
.�� � ,L��,�����. ��� ��,�� � �).�� ��	 ������'9�2,�.�� � � $
DK� 	
� � �
	 �)� ���
��� � � . �#� � ,N��� 	7� ����.�':� 	 �
.���� �F� � S ,%0 �
�3� ��':��� �P�
� � � �
� � ���70 � � � �2, ����� � � �
5 �d> "
5 �]7'> S �+� ��,������B� � 8
5 � =;> S �+�G��������' � ��,���� � � �
��� 8
5 �(1=> 5 ����	��1� 15�+� � �G�
�2,���� � ��� � 	�� �%' L ��� � �O0H.��#� � �+,�� ρ : [0, L] → ∂S ��."� � �
� � � ρ �+�G� C1  � ��W � ,���, 	 � � ���
� � 1I� � � � � � �a+��3� �
� �;.�� � ��	 ,�0 �2,���� � � 0H, 	 * � ,�� � ρ ��� 
 .�� � ��,�� � �+�).�,�.�� $^ �K��'+' ��� � ��	 �%'�� ��� 8 * � ��,�.�' � �����
.�� �N�
� � � L = 1 $ �&, * � � ��	B����� ��, 	�	�� �F�2,�� ��� �"� � � ��� * ��� �
,�. 	 � � 1 �&	�� ��.�' � ��� � � � �G�B�"��'+���X� � �+,�� � , S = [0, T ]2 ��� 35� � � ��,�� <I$ 5N� ��� ���a��' � � 	���	 �/0 * �@� ,
��, � $ J � �-� 	 Q �
� � �&� 1 �
	�� �$�%'@�2,���� � �G,�0 [0, L] � 	�� � ��� � � ��+ ��� $
�#, 	
� ,�� ��	 8 * � �%����.�� � * � �
� ,�. � '+,����1,�0 ��� � ��	 ��'+� ���#�
� � �1�
�3� ��� 	 ��� �F�
��	 �/)X� � ��,�� ρ �
� � ���E+ � �
‖ρ′(θ)‖2 = 1 0H, 	G� � ��	E� θ �+� [0, L] $
DK�-� �@Q �-�
��� 0H,�'�'+, * �+� � ��, � � � �+,���� $ I � �3, �
� � � π1 ��� � π2

����� , 	7�
� , � ,����%'�� 	 , 

� � � , 	 �O,���
��� 1  � 15�+����� ���
�3�a�= �'13�+� 	�� �F� � � � ��� � ' � $ D ��� � t ���J�]�2,��+� � ,�0 S * � * 	 � ��� ��'+��, ti 0H, 	 πi (t) $
��, 	 s ��� � t �+� S ��� � 0H, 	 ��'�' �2,��
� � ��� � ��� �
������	 � i, j, k ��� � l 8 * � � �F�

Xij (t) =
∂i+j

∂ti1∂t
j
2

X (t).

5 ��� %B��.��
���:�%�G� 	 ,�� � ��� Y ��� �����B	�� � �
	 ��� � ��,��P,�0 X ,�� �
��� �2,�.�� � � 	E� ∂S ��� +�� ��� � �

Y (θ) = X ◦ ρ(θ)

��� � * � �X�%'�' Z �
��� %B��.��
���:�%�G+ � ' � (X,X10) $ J � ����'�' ��� � � MS = supt∈S X(t) $
5 ��� �B�"� 	 ,��B� � ��� �����@��� � ��	 ��'��/)X� � ��,��P,�0 �
�3� � �F�
� , ����� �E� 	 ��� ��� �+� 35� � � �+,�� <�$ =I$ e �F� .��

� 	 ���)��' ����� � � � 	�� � � �+,��S,%0 �
�3� �3':��� � " * � � 	 ��� �
	 � 	 �+' � � � ,),�� � �
���/�= � 15��� $-' '+,�� � �
��� ,�� �C � ��� � �����+,�����'�� � . �I� 8 �
�3� �2,��+� � t = 0 �+���)� � * ��� ��� �
��� � � � 	7� ��� � �2,���� � ,�0 �
��� ��� �
��	 �%��' [0, T ] $DK�O� , �
�3� �
��� �D�3��	�� ���
��.������ � 8 * � ��� ,�. � '�,��
��,�0 ��� � ��	 ��'�� �.� 8 �
� � � π2 (ρ (0)) = inf π2 (S)
��� �P� �@Q;��� � ρ (0) ��� ����� � � � 	
� �+� � �2,���� � ,�0 ����� ��.��3� ��� S $
��, 	-�
��� ,�� �b ��� 	 ��� �F�
��	 � 	 ,�� � ����8 * � ��� �%' � * � �
� ����� � � � � � {X(0) < u,MT ≥ u} � �	�� � � � 	 � � ��� � �
�3� ���-��'+' � � � �2,���� � t �%����,����:� �
���$� , ��� ."� � 	 ,����
��� � ,�0 �
�3� ' � � � ' u $ T�� �����%'�, �0�* � * ��'�' 	
� � � � 	 � � �2,��+� � �G,�0

{t ∈ ∂S,X(t) = u} , 	 {t ∈ ◦
S,X(t) = u,X10(t) = 0}

* � ��� �����3�+�-��' �= ��,), 	
� ����� �
� $ DM� * �+'�')� ���I��� � � � � �X�%� � �I� 1#� 	�� �
� ��� � � � � ���3� ,�0 �
��� �
.���� ���

Γt = {s ∈ S, s2 ≤ t2}.



�������)�
��
�� � � � ��
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���� �D��	S��
����	���H��� � �+��
����
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!��
 ���
�������
	��
� 
�� 
����
����� {X (t) , t ∈ S} ��� � ����������� � �"! �#�%$&$(')�+*-, � � �.�/� ,#* � �10 *2��$ ��3�$ ��� S 0�4

R
2
�65 � � $7� � '8$&, � $9;: � 0
�65<� $ � $>= 9@?�A#B $($C�%D �-��5 � �

(A1)
��5<� $7��D � � � � � ��5 $ 0�4

Z = (X,X10) ��� � ���8D 0 $ � $ �%� � � :FE 0 * � 'G*<� 0 �%$&� : � ' �H� � � * � 'I�/3�� � J
(A2)

4K0 � W ,ML � � 'G* R
2
J@��5<� � � '8$2�+�GD 0 $ � $C�%� � � : * 0"NO0 '8* � t $ � E 5P��5 � � Z(t) = W ��* �

det(Z ′(t)) = 0
J

(A3)
4K0 � t '8* S JQ��5<�R� 'G$ � �('S3#� � ' 0 * 0�4

Z(t) 'G$T* 0 *�U �#�WV#� * � �W� �X�YJ
(A4)

4K0 � (s, t) 'G* S2 Z ' ��5 s2 = t2 ��* � s 6= t
J��65[�]\ 0 '8* �^� 'G$ � �&'�3#� � ' 0 * 0_4

Z(s), Z(t) 'G$
* 0 *�U �#�WV#� * � �W� �X� A` 5[� * 4K0 � � � � � : u 'G* R

J
P (MS ≥ u) = P (Y (0) ≥ u) +5U<I$�7 5=>

∫ L

0

E

(
|Y ′ (θ) | ab� {X(s)≤u,∀s∈Γρ(θ)}/Y (θ) = u

)
pY (θ)(u)dθ +

∫

S

E
(
X20 (t)−X01 (t)+ ab� {X(s)≤u,∀s∈Γt}/X (t) = u,X10 (t) = 0

)
pX(t),X10(t) (u, 0) dt.

DK�B	�� 0 ��	G� , '.)���* �W��� �GD �F� ��� �2, 	 56c%ded=<B>�0H, 	 �
. � ��� � � � ��,�� � � � ��,����"0H, 	 (A2)
� , � ,�' � $

5 �3��� �+� �
	 ����. � ��,��B,%0 ����� �$�'13�+� .��R,�0�� � * ,  ��� 	 ��� ���
��	Qf ��.��
���:�%� + � ' � �+�Y������'+�)��� � ' �]g �3, * �
� � � � �%��� ,�0 � * , �+� ������	 ��'�� $F5 �3� �+� ����	�� � � ,�0 ��� ���&0H, 	 � .�'����-� � �B�"� � � 	 '��+��� ����� �����#� �D�
���
�-� 15��� .3� �B�"� � � 	 �J��� � , �
� � � �N� ��	 �!,�0 �
�3�&� [;.���'+� ��� $ ��, * � � ��	 * � * ��'+'�� ��� �+� 35� � � �+,�� <I$bh��� � � ��,�� � �B� ��. 	 � ��� .#�"� ��	 �2,�.�� � � �X����� �B����� ."� ��� $

ikjWl_lXm.lXmon�p�q7l+jWqsr ��t)��t ��t e �F� .��&� ��� ���P� � � � . �I� �+� � �
�3�@� � � � �
{∃t ∈ S,X(t) = u,X(s) ≤ u,∀s ∈ Γt}.

uW� �-� 	(g-�
� � � * �@� �9� � ��'+�-,�� � �
. 	�� ' � �����B� [;.��%'�� ���

{∃t ∈
◦
S,X(t) = u,X(s) ≤ u,∀s ∈ Γt} = {∃t ∈

◦
S, Z(t) = (u, 0), X(s) ≤ u,∀s ∈ Γt}.

5 �3� 0H,�'�'+, * �+� � ' � �-�-�O��� � �%� � .3����� �HT .3'����3� g � � �N� �F�
� , � $
v �
�w�yx{z��8z|���
} �_�

I 3 � �1$C��3�$ ���T0�4
R

d
0_4~� '8D � */$&' 0 * m A�} ���

U 3 � �2�W��* �/0 D�, � � ���#� ,/* �Y��0 *���* 0sNO� *
* � ' Ve5 3 0 � 5<0
0
� O 0�4

I
J Z ' �65 �s�+��� � $^'G* R

m+k
4K0 �R$ 0 D �]NO0 $(' � 'K� � k AT� � ��$($C�%D ���65 � �R�65<�

$W��D N � �ON � �65 $ 0�4
U �+� � ���8D 0 $ � $ �%� � � :�E 0 * � 'G*<� 0 �%$&� : � '8� � � � * � 'I�/3�� � ��* ���65 � ��4K0 � � � � � : t 'G*

O
JQ�65[�R�/� */$(' � : pU(t)(W ) '8$^3 0 �%* �/�Y� 'G*��-* � ' V�5 3 0 � 5<0
0
��0�4

W ∈ R
m+k A�` 5<� *

P(∃t ∈ I, U(t) = W ) = 0.

� � ��,e�&�#�G�/�>�&� (A1, A4) �[�k�N�B�"�/� � �&�/�G�]�8� ���-�2�@�8�W� In = {(s, t) ∈
◦
S

2

, s2 = t2, ‖s − t‖ >
1/n} �%�#� U(s, t) = (Z(s), Z(t)).

D ���/� �/�#� �R�W���+�&�%�G���e���T�(�/�&�Y� � �W�/�Y�&�R�b1M�8�(�W�@�/���&�L���%�G�
(s, t) �G�
I = {(s, t) ∈

◦
S

2

, s2 = t2, s 6= t} �(�"�7���&����� Z(s) = (u, 0) �%�/� Z(t) = (u, 0) $D ���W���W�#�^�
�%���R�"�s�W�/�
�#�%�G���e���@�&�#�&� � � �k�]�X�����/�%� +��/� �������G� (s, t) ∈ ∂S2 �@���W� s2 = t2
���/� s 6= t �&�#�����&����� X(s) = u �%�#� X(t) = u $
���e�&�Y�'�e� �Y�/�&�/�]�����
�G�
� g � � ���;�W�#� �e�(� ���G���/�8��� � �W���+�T�&�/� �(�R�8�;�/�2�8���X�%�<�-� 1M�G�-�/�¡�@�8�&�Z�V�%�G�/�
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u �
�(�.�W�#� �&���b1M�G���W�k�/�%�I�]���%�G� (s, t) ∈ S2 �@�8�&� s2 < t2 �&�"�7���&����� X(s) = u � X(t) = u �%�/�
X(z) ≤ u,∀z ∈ Γt $� �&�L�Y�e�/�(� [��/� �"� �%� ���G���e�(�;�&�/�(� � �

{MS ≥ u} = {Y (0) ≥ u} ∪ {∃t ∈ S,X(t) = u,X(s) ≤ u,∀s ∈ Γt}
�@�/�Y�&�1�&�/�1�/�#�G�e�F�8�1�%�8���e�(�]�&�/�(� � � �#�G� 
 �#�"�Y�&�)�e�N�%�/���@�/� �(�1�W�#�1�b1M�8�(�W�Y�"� �2��� �(�"�7� �[�e�8��� t
�G���/�8�8�Y�;�8�W�T�#�/��[��/�Y�/� �(� $ 3 �1�k�^�%�Y� P(MS ≥ u) = P(Y (0) ≥ u) + P1(u) + P2(u) �@�/�Y�&�

P1(u) = E(#{t ∈ ∂S,X(t) = u,X(s) ≤ u,∀s ∈ Γt}),
P2(u) = E(#{t ∈

◦
S, Z(t) = (u, 0), X(s) ≤ u,∀s ∈ Γt}).D �2��� �%���! � � �%�H�/�M�W�G�#���&�/�-�W�Y�&� P1(u) $j5T�/�����&�&���Y�:���&� � ���/�" [� �_�X�%�# [�1�b1I�/�(� �&�(� �$ �

�"���%�/�T���Q�&�/�%� �/�"�s�W�G�%� ρ �%�
#{θ ∈ (0, L), Y (θ) = u,X (s) ≤ u,∀s ∈ Γρ(θ)}.D �8�&���W�/�1���%�"�N�%�(�e�/��� ���&�B��� �W�/�%�&�1�/�&�Y�{�8���W�#�L�#�&�
���~���+5T�/� �%�&� � <I$ c�$)7 �%�#�F�@�8�W���W�#�

�&� � �e�(� �[�e�8���&�@�(�Y� E = {θ ∈ (0, L), X (s) ≤ Y (θ),∀s ∈ Γρ(θ)} � �^�e�s�&� �e�W�%�8�"�%�(�T�b�e� � � u
�G� R

P1(u) =

∫ L

0

E

(
|Y ′ (θ) | 7 � {X(s)≤u,∀s∈Γρ(θ)}/Y (θ) = u

)
pY (θ) (u) dθ.5U<I$�7'X;>

5T�/���-�%�G���#�)W<� �&�Y�"� �' [�Y�S�k� �Y���W�/�R�W�(�X���&�"�Y��� ��� ∫ T

0
f(t, ·)dt �G���W�#���/�(�
���O���)( �&�;�[�%�&�8�&�G�e�

<I$bcI$�7��%�#� �&�/�o�&�8�e���  ���%�#� ��� �" [�Y�-���
5?<�$)7�X;>��G�.�W�����1�&�/�Z�/�&���Y� �(� Y �-� � ���9�e���4+��/�8�&�
�
�/�" [�Y����� �[�e�G���W� θ � �e�R�@�/�e�(���(�e�"�"�(� �e�#�:�%�(�8� � �G�^�G�e���9$ f �e�/�(� [��/� ���&� � �/� �(�"�k�>�/�&�"�W�#�
�&�Y�e�/���%�&��� � �%�&�(�/���#�W�8�e� (A1) �W�1�/�e���G�����W���&�/�G�;�G���W�Y�e�
���/�o�G�/�#� �[� �#�/� ���W� � ��� u  � �%���8���&�  
�e�
�� /�G�!� �#�"�Y�&�G�e�%$ 5T�/�Y���k� ���G�&�H�[�Y�*� �e�(� � f ���/�&�(�:�%���&� �%�&� �(�&�8�e����� X(s) �@�8�&���&�Y�F�[� �s� �W�
Y (θ) �&���#� �/�"�Y�^�&�����T�W�/�8�@�8���&� �e���%���G�W�L�Y�e���&�G���/�e�/��� �/�"�Y�&�G�e����� u $

D �2�W�#�&� �&���&�/�����W�/� � ��� �W�/�1�W� �(� P2(u) �&�����R�k��� �e���/�M�W�2�&���%� g �R�W���/�C1M���G�Y�"�-�
5 �/�(�'�e�Y����� �&�/�;� �#� >��W�����O�8� � �%� �/�Y�
�%�8��+X�+�W�8�e�������W�/� u ���Y��,��e�&�-�/��� ��� � +���-�� �%�/� D �F�7�/�� [�e�
5Kc%d%d=<;>C$
v �
�y�yxyz��8z��/.
0
���

Z : S ⊂ R
2 → R

2 3 � � ! �#��$&$&'I��*�, � � � $7� � 'G$ 4 : '8* V (A1)
J
(A2) ��* � (A3)

A
B $($C�%D ����5 � �
g : C(S,R) × S → R 'G$ E 0 * � 'G*[� 0 �%$-�+* � 3 0 �%* �#� �/J|N � �&� 'G* V 0 * C(S,R)

�65<� $ � N * 0 �(D A
` 5<� * 4K0 � � � � � : W 'G* R

2

E




∑

t∈
◦
S∩Z−1({W})

g(Z, t)


 =

∫
◦
S

E (|det(Z ′(t))|g(Z, t)/Z(t) = W ) pZ(t)(W )dt

Z 5<� � � 3 0
�65 D � D�3 � �&$ 0�4k��5<�R�21 ��� � ' 0 *���� � E 0 * � '8*<� 0 �%$ 4 �%* E � ' 0 */$ Z ' �65 � � $ NO� E ���S0
W

A
e|�Y� (kn)n  [�-���&� [��/� �"� �>�����Y�e���&�G�
�#�e�/�D�%�#�y���e�/���W�e�/�"� �/�"�Y�&�G�e�#�^�&�"�7�{�W����� kn(x) = 1
�/� x ≤ 0 �%�/� kn(x) = 0 �/� x > 1/n $ D �
�X�%� �e�Y�&�3� � �&�����]�W�#�-�G�8����� �T�8�W���&�Y�F�[� �Y���W� n ���
kn(x) �8�*7 � (−∞,0](x) $ D �@�B�"�#� � e|� ���-��<�$ <�$ c.�@�8�&� W = (u, 0) �%�/�

gn(Z, t) = kn(sup
s∈Γt

Z(s)− u).
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D �R�e�Y�& � ���e�/���W�e�/�1�%�/���/�e���G�����W�Y�G�Y�e�(�%� �&�%� �"�Y� ���&�e�#�"�Y���W�;�W���+�
P2(u) =

∫
◦
S

E
(
|det(Z ′(t))| 7 � {X(s)≤u,∀s∈Γt}/Z(t) = (u, 0)

)
pZ(t)(u, 0)dt

=

∫

S

E
(
X20 (t)−X01 (t)+ 7 � {X(s)≤u,∀s∈Γt}/X (t) = u,X10 (t) = 0

)
pX(t),X10(t) (u, 0) dt

�@�#� �&�' [�%�&����� �" [� �(�&�%�(� � �%���&�G�
�#�e�/� � �/�#�Y�W�8�e�/�T��� u $
5Q���&�#�"�-�%�&�/+ ���|�k� g �/�_� �&�������&�/�>� [
���%�G��� � 5U<I$�7_h=>��G�R�W�&�#� � �e�D�%�G���e���^� �e� � � u ��� R

���/� �W�����R�8�&���&�8�e���  �����/�F�"�Y�" [� ���8�B�Z� �e���W�G���/�e�#�%� �/�"�s�W�8�e� ��� u $ D �2�/� �#�"� �2�W�#�1�@�/�e�G�
� [����%�G��� �  � �0�"�/�8���X�+�W�8�e�����Q�&�/���W�#� �e�(� �����H���)�
�8�
� g �Y��5.7�8eh;:;>b$ 2

ikjWl_lXm.lXm
�Hqsr1r�� ��t)��t �
t e|�Y� β : R
2 → R  [� �6� �%���W�8�
�#�e�/��� �/�#�Y�W�8�e� �@�8�&� �Y�e�����B�Y�

�(�"�"�[�e���(�%�/���8�Y� NZ
W (I) �/� �#�%�W�Y���W�/�^�
�/�" [�Y�����O�(�e�G�#�&�G�e�#� t �G�#�H�Y�e�����B�Y���(�� /�(�Y� I ��� ◦

S���T�W�#�>� [������&�G�e� Z(t) = W $ � �"�#� � �G�/���W�/� �Y�  �%�(�X� � �e�(�-�/�:�����&,�� �/�Y�&� �Z5!798eh;8=>��H� �/�X���
�#�&�'�e���W�����

∫

R2

β(W )
∑

t∈
◦
S∩Z−1({W})

g(Z, t)dW =

∫
◦
S

β (Z(t)) |det(Z ′(t))|g(Z, t)dt.5?<I$�7�:=>

5T�#���-�%�8���/� � � �/��� � �/�Y�&�^�G�;�W���/�%�"�8�����&� �W�#�^�
�#�" <�Y�@��� � �8� ��� ���W�@�G� Z−1({W}) $��]�b+��/�
� �%���X�0��� �[�e�(�8�W���e� η � �&�/���&�  /�&�s� Iη = {t ∈ S, ||t − s|| ≥ η,∀s /∈ S} �%�/� � �e�#�&�G�#� �$�
�Y�e���&�G���/�e�/�R�/�e�  �/� � �&���%�&�8�/� � �#�"�Y�&�G�e� F �@�8�&� F (x) = 0 � �%� x ≤ 1/2 �%�/� F (x) = 1 � �e�
x ≥ 1 $ e|�Y�Q�/�H� � g � β(W ) �����&�/� �/�&�
�/�"�s� α∆,η(W )f(W ) �@�/�Y�&� f �G� �a�Y�e���&�G�
�#�e�/� � �/�"�s�W�8�e�
�@���W�G� �e�����B�s�@�&�"�"�[�%�(���%�/�

α∆,η(u) = F (
1

2∆
inf
s∈Iη

[λmin(Z ′(s)) + ||Z(s)−W ||])× (1− F (
2

∆
ωZ′(η)))

�@�#� �&� λmin ���/� ω �%�(�@�(� �F�[� �Y�&�)�e�Y� � �W�/�@�(�$���G�8� ��� � �8�e� �=�%�%�8�/�W�%�/�2�&�/� � �%���&�G�
�#�8� � �"�
�/�#�G�/� $
5T�#� � �/�"�s�W�8�e� α∆,η(W ) �G�$� �&�
�e�@�&�6�Y�e���W�&�%� �&�/� �%���G�/����� �W�#���
�/�" [�Y�>�����(�e�G�#�&�G�e�#�����
Z(t) = W �G� Iη $
5 � g �8�/�o�W�#�2�C1I�[� �Y�
���W�8�e� ���  [�%�&� �"�Y�" [� �&� ���_5U<I$)79:=> �@�8�&� �� <���e� � �e���W�b1
�R�k�1�/� �#�"� ���%�
� [����%�G��� � �����W�/�%� �e�8�G�_�@�8�/�.�S�k���b1I�/�(� �(�&�G�e�/�&� �e�W���G���e�(�T�b�e� � � W ∈ R

2

E


α∆,η(W )

∑

t∈Iη∩Z−1({W})
g(Z, t)




∫

Iη

E (|det(Z ′(t))|α∆,η(W )g(Z, t)/Z(t) = W ) pZ(t)(W )dt.

^ � �G�;�W�/�Y���(� � � �8� �����&�H�#�&���e�^�&�����  [�%�&����� �" [�Y�&�&�%�&� �Y�e���&�G�
�#�e�/� � �/�"�s�W�G�%����� W ���/���W�
�
� g �R�W�/�^�8�G��� �T�G� η �%�/� ∆ �W���� #�
�%�G�o�W�/�]� �%�"� �8�/�&�8�e����� eH�Y�"�-��<I$S<I$ c�$ g �0�����(�W� �4�X���  [�
�@�(�8�(�W� �o�@�8�&���&�/�@�%�&�e�#�"�Y���&�@��� � +���-��&���/� D �F�7�/�2 [�e� 5Kc�ded=<M��5T�/�Y�e�&�Y� cI$�7'>b$ 2
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,��(�e� �&�/�@���%�(�O�W�/�Y�e�&�Y� �k�@�� M� �%�8�������"�#�<�Y�� [�e�/�/���e�X�%�(�G� � �Y�e���/�#�
�� /�G���%�G�1�&�/� ���%�&�@���
�%� � �#�/�8�  �F�[�Y� � � f �%�/�(�&���%� +�� �8�%$ 3 �G�"�Y�-�W�/�1�G���W�Y�
���&�/�&�.�e�#� � �/�(�;�[�e�(�2� [��/���%�%�8� ���W�����~�&�"�7�
�&�/�!�
�)�%��� � �/�"�Y�&�G�e�#� �#�W�/�8�@�(� �(�/�8�@�G�T�/�s� ���/���8�T�G�T�e�/�R��� �e�#�@�-�%�G���&� �(�/�8�&� $
� �[	�������x#	�� z|�8z����
0
��� {X(t), t ∈ S} � E � * �S� � � � ! �#�%$($&'I��* , � � � $W� � '8$ 4 : 'G* V E 0 * � ' � ' 0 */$ 0�4 ` 5[� 0 � � D � A � A a AB $($C�%D �-��5 � �
(A5) Var (X (t)) = 1

J
(A6) Var (X ′ (t)) = Id

J
(A7) Var (X20(t)) 'G$ E 0 */$ � ��* � A` 5<� * 4K0 � � � � � : u 'G* R

P (MS ≥ u) ≤ Ψ (u) +
λ1(∂S)

π
exp

(
−u2/2

)
+
λ2(S)

(2π)
3
2

[c ϕ(
u

c
) + uΦ(

u

c
)] exp

(
−u2/2

)5?<�$)7�8;>

Z ' ��5 c = (Var (X20) − 1)
1
2 �+* � Z 5<� � � λ1 ��* � λ2

�/� * 0��X�o��5<� } � 3 � $ V � � D � �+$C�%� ��0 * R

��* � R
2 � � $ NO� E � '�� � � :�A

i jWl�lXm.lXm	� l+j7l�
�
 �ej�
 ��t)��t ��t ^ � ,��e�(�-�/���c5U<I$�7_h=>��&�/�>�G���W�Y�e�
���/� �%�&�(��� �����W�Y�y�W���W�/�� [�%�/�  
���%� � ��� S �G�T�(� �/�"�Y� ���W�

E(|Y ′|)pY (u) =
2√
2π

exp(−u2

2
)√

2π

�&�8�"� � � �e�O�%� � θ ∈ [0, L] � E(Y (θ)) = E(Y ′(θ)) = 0,Var(Y (θ)) = 1 �%�/� Var(Y ′(θ)) =
‖ρ′(θ)‖2

2 = 1 $
u �Y�-�%� g �&����� � �e�W�%� � t �G� S �

� X20(t) ���/� X01(t) �%�&�% [�%�W���8�/�/� �[� �/�/�Y������� X10(t) �� �Y�'� (X20(t)X(t)) = −1 �
� X20(t) ���/� X01(t) �%�&���G�/�/� �[� �#�/� ���d�Y�e�/�#�8�W�8�e�/�8�/�-�e�T�/�%�& � X(t) �
� X01(t) ���/� X(t) ���&�R�8�/�/� �[� �/�/�Y��� $

^ �&� �e�8�G�_�@�k�W�/�%� �%�G�8���@�8�#�1�"�#�<�Y�  [�%�/�/�����Q�&�/�R�G���W� �%�
�%�/�����&�&���Y�:���&� ���W�1�W�#�^�8���&� �(�G�e�k��� S

E(X+
01)E(X−

20/X = u)pX,X10(u, 0) =
1√
2π

[c ϕ(
u

c
)+uΦ(

u

c
)]

exp(−u2

2
)

2π
. 2

D ���#�&�;�[�e�(���/�_� �&�e���^�8�H�#�&�'�e�Y�"�Y���&�@���O�"�"�[�Y�  [�e�/�/�65?<I$�7�8=>;�G���&�/�������(�W�)� �/���%� ���%�&�
�@�/�Y�&� S �G�T�(�e�"���F[������&� [0, T ]2 $� �Y�W���%�G� � �&�G���8�����T�G���/�&���e� ��� ���W� �/�%�G� � �%� � �e�Y� � �&�  /�&�s� S �@�#�e�&� �����
�%���Y�&� �(��+X�+�W�8�e�����%� �
�/� �(�)�V���W���e� ρ′ �W�����@�G� � �%�/�(� ����� �e�#�1�&��  �G���W�Y�E�%���|��� [0, L] $
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	���� � x/	 � z��8z|�/.
0���� {X(t), t ∈ [0, T ]2} � ! �M�%$&$(')��*�, � � � $7� � 'G$ 4 : '8* V E 0 * � ' � ' 0 */$ 0�4�� 0 � 0 �8�)�+� : � A � A a A ` 5<� *4K0 � � � � � : u 'G* R

P
(
M[0,T ]2 ≥ u

)
≤ �����

0
(T, u)5?<I$bc%d=>

Z ' ��5 �����
0
(T, u) = Ψ (u) +

T

π
exp

(
−u2/2

)
+

T 2

(2π)
3
2

[c ϕ(
u

c
) + uΦ(

u

c
)] exp

(
−u2/2

)

�+* � c = (Var (X20)− 1)
1
2
A

- �(�G�/���W�#�$�%� � ���#�W���W���Y�^��� Φ �k�"�&� ���W�����^�&�/�G�^�#�"�[� �  [�e�/�/�y�����W�8�E+��Y� ��� u  [� � �%�"�Y�
���%�&�%�

-�T�-_3
(T, u) ∼ Ψ (u) +

T

π
exp

(
−u2/2

)
+

T 2u

(2π)
3
2

exp
(
−u2/2

)
.5U<I$bcI7'>

�@�#���7���G�T�b13�B�s�W� � �W�/�R�C1#���%�/�&�8�e� g�� 5*$ 5T�/�8� �X�%�  [�@�%�G�(�2�C1#�#�&� �(�&� �  � �
� � �G�/�1�W�����
0 ≤ -dT�-d3

(T, u)− g�� 5 (T, u) ≤ T 2

√
2π2u2

exp(−3/4u2).

ikjWl_lXm.lXm � l+jWl�
�
 �%j�
 ��t)��t �
t 5T�/� �7���%�/�e�% [�Y�S�k� �Y��5U<I$�7�8=>"�%�/�N5?<�$ c%d;> �Y�e��� ��� �&�e� �W�#�R�(�  
�Y�e�/���&� �(��� � �%�&�&�Y�F�[�e�/�#�G�/�"�W�"�&�/�  <�%�/�/����� � ��� S $ D �  [� �%�G�  � ��� �0�"�/�G�)�X���&�8�e�����Q���)�
�  
��� g � � 5!7�8ehB:=>;��� � �G�#���W����� �%�8���e�(�@�(�/�&�Y� � �&�/�^�$� 1M�8�-�/���#�
� ���/��� � � g �^�&�/� +#1G�%�%�8�/� u �%�
�8���X�%���C1M�&�&�Y�1�#� $ f �e�#�&� [��/� ���W� � �G� 5U<I$�7_h=>@�&�/�-�&� � �e�#� �8���&� �e���%���G�]�&�Y�/�"�Y� �F�W� �%�F�8���&� �e���  
�&�G�e�o�%� [0, T ]× {0} ∪ {0} × [0, T ] ∪ {T} × [0, T ] $)5T�/�R�G���W� �%�
�%�<�e� [0, T ]× {0} �G�;�"�"�[�Y�
 [�%�/�/�/�Y�  �

∫ T

0

E(X10(θ, 0)
+/X(θ, 0) = u)pX(θ,0)(u)dθ =

T√
2π
ϕ (u) .

5 � g �8�/�>�G���W�$�B� �Y�e�/���]�W����� {X(s) ≤ u,∀s ∈ Γ(0,θ)} ⊂ {X10(0, θ) ≤ 0} �/�/�#� ���W�/��� �e�#�/�  
�&�G�e� {X(θ, 0) = u} �/�W�#�^�8���&� �e���%���e� {0} × [0, T ] �G�T�"�"�[�Y�  [�e�#�/�/� �  �

∫ T

0

E(X01(0, θ)
+ 7b� {X10(0,θ)≤0}/X(0, θ) = u)pX(0,θ)(u)dθ =

T

2
√

2π
ϕ (u) .

3 �G���G�+�%�I�%�(�e�/��� ���W�T�G���/� � �&�����T�W�/�R�8���W�Y�e���%���%� {T} × [0, T ] �8�@�#�"�[� �& [�e�/�/�/�Y�  �
∫ T

0

E(X01(T, θ)
+ 7b� {X10(T,θ)≥0}/X(T, θ) = u)pX(T,θ)(u)dθ =

T

2
√

2π
ϕ (u) .

3 �2�W�/�R�(� �Y�e�/���&� �(������5?<I$�7�8=>��X�%�  [�R�&� �/�:�B�Y� �  � T exp(−u2/2)/π $ 2
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� ������������� � ��������������� ��! � ���"� �#�%$ �
�%�&�'� ���(���*)+��
�!,$
!-����� �.�&���/�0!(!-�0!

5T�/�8���&� �s�W�8�e���#� �e�Y�G�;�/���&�/�.���/�"�Y�&�)�X�%�H�8���&� �&�Y�(�]����,��e�(�1�#�:�&5?<I$�7_h=>T�e���
�G�/�2�W�/���&�/�!�
�)�%�%�
� �/�"�s�W�G�%� ��� �&�/���-� 1M�G�-�/� ���1� �X�k�  ���%���%���Y�&� � f �%�/�(�&���%� +�� �8� �#� +��/�Y� �%� � � �e�����B�s�
�/�e�-�%�8�%$ D �>�(� �(�&�&���s�.�/�Y�&�>�e�#�O���&�&� ���W�G�%�{�e�y�G�(�%�W�(�;�/�)���Y� ���W� �(� � f �%�/�(�&�:���N+��Y�G�/�����;�/�/�8�
�%�%�(�:�%�#� �^�/�b+��/�Y���e� [0, T ]2 $ � �G�_�k� �& [�e�/�/���G� �� #� �%�8�/�Y� �%� �G� 3 � �Y�&�G�e� <I$21  � �(�G�/�%�G�R�/�8�  
� �(�Y�W�/+X�+�W�G�%����� S �
� g �G�/�1�&�/�^�#�e�$���G� ∇T,n = {(kT/n, lT/n) , k = 0, . . . , n, l = 0, . . . , n} .D �^�����e�

P
(
M[0,T ]2 ≥ u

)
≥ LBF (T, u, n)5?<I$bcec;>

�@�/�Y�&� LBF (T, u, n) = 1− P (X (s) < u,∀s ∈ ∇T,n) $
J �_� �k� �/� �#�"� �K�%� �"�"�[�Y�  [�e�/�#�  � �#�G�F�Y�&�s�W��+����W�8�e� ��� Γt �W�������B�"�[���%�&���G� �&�/� �G�/�/�  
�X�+�W�e� � �/�"�s�W�G�%�/�������W�/� �Y�e�/�/���W�8�e���%�]�b1I�[� �s� ���&�G�e�/�����G5U<I$�7_h=>>�
� g �G�/� Γt,n = Γt ∩ ∇T,n.^ � �&�/���#�b1
�  [�e�/�/��� �k���B�#�/� � �W�#���
���"� �%�&�e�#�"�Y��� �%�1�G�w�W�/�Z�/�&�
������� f �%�&�e�8�:�%� � <I$S<I$bc
�W� �(� �/�#� � �8� ,��e�&�-�/��� 5U<I$)7Ch=>2�W�/���G���W� �%�
���&�G�%� �e� �W�/�  [�e�/�/����� � ��� [0, T ]2 �&�w�W�����o�e�
[0, T ]× {0} ∪ {0} × [0, T ] ∪ {T} × [0, T ] $ - �&�8�/�2�W�/�^�8�&���W�&�;�#���B���&�&�#�H�#�&�G�e���/�&�/� +�� �8���%�
�W�/�R���%�(�;�X�k�2�&� �%�"�Y���W�@���%�T�&�/�R�
�%��� �#�&�;�[�Y�(�W�8� � $)5T�
�/�@� �^�e�s�

P
(
M[0,T ]2 ≥ u

)
≤ UBF (T, u, np, nq, nr)5?<�$ c31;>

�@�8�&� UBF (T, u, np, nq, nr) = Ψ (u) + ϕ (u)
[
Pnp (T, u) + 2Qnq (T, u) +Rnr (T, u)

]

�%�/�
Pn (T, u) =

∫ T

0

E

(
X10 (θ, 0)+ 7b� {X(s)≤u,∀s∈Γ(θ,0),n}/X (θ, 0) = u

)
dθ,

Qn (T, u) =

∫ T

0

E

(
X01 (0, θ)+ 7 � {X(s)≤u,∀s∈Γ(0,θ),n}/X (0, θ) = u

)
dθ,

Rn (T, u) =
1√

2πΣ11

∫∫

[0,T ]2
E
(
X20 (t)−X01 (t)+ 7 � {X(s)≤u,∀s∈Γt,n}/X (t) = u,X10 (t) = 0

)
dt.

, �/�1�e�����;�8�-�&� � �e�����%�(���W�#�G�1�Y�(�&�G�-���W�8�/�����Y�&�/�
� �W�F�&�/� g �/�_�@� �C1I���%�/�(�G�e�/� 5?<�$ cB> �%�/�
5?<I$21=> �/�&�Y�&� ���W�Y���G�o�W�/�^�8���&�&�
�/�"�s�W�8�e�%$�5Q���&�/�G�T� �/����� ���Y�e�/�(�G�/�Y�@�W�/� f �%�#�&�&���%�&�Y�'�%���&�:���"� �
� �/�"�s�W�G�%�

r8 (s, t) = exp

(
−||s− t||2

2

)
.

^ ���e�&�#� � �&� �Y�e�H�#�#�W� -dT , �%�/� e T , �k���X�%�8�|�&�/���&�e�M�W�G�#�^�&�G�#�%$ ����� D � , , �@�#���7�4� �e�  
�/�#�&� � f �%�/�&�(�:�����8���&� �e���%�G� 5 �&� � 3 � �s�W�8�e�4<I$21�� �%�T�/�Y�
�%�G�8�T�%���W�/�8�;�W�
�e�   [�91 >C$
?
-�T , (T, u) �Y�(�W�8�$�+�W�Y�T�&�/�R�"�"�[�Y�  [�e�/�#�65?<�$ c41=> �@�8�&� np = 100, nq = 15 �%�#� nr = 10 $

? e T , (T, u) �e���e� �T�&�/�R� �(�&�G�-���W�8�%�o����5?<I$bcec;> � �%� n = 10 $
5T�/�Y�&�'� �/�"�s�W�8�e���%�&�B���%���G���� /�8�]�e���W�#�R� �2 ��(�8�W����� �E�X���/�G�Y��5Kc%ded;<;>b$
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5T�#���/�)W<� �(� �"�Y�  [�s�X� � � � �&�/���e�&�#� �"��� np ���/� �W�/�����W�/�Y�&�H���%�
���"�s�W� �(�H�Y�e�"�Y� � �&�e� �W�/�
� �0�Y���&����� � �e�1�%�G� θ �G� [0, T ] � �2�����%�1�W���+� Γ(θ,0),n �G� �G�"�Y�G�/�#� � �8� [0, T ] $ f �e�/�&�8�/� �(�G�/���W�/�
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M0 = {f0} , M = {gπ,t = (1− π)f0 + πft, 0 ≤ π ≤ 1, t ∈ [−T, T ]}
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�5)�0K'd$	2";60%$	'9;7)10B24)(=.?�-/:`b\;7'9[$2Ji.-6'A;6=.;62G?50.:E;/)100$�- &%$�@U$	2"?
'9?�@A; * $	'9;6)�0GQTS

� 0~f1?�0.?5@*$�-obN[.?50 M0 �5)10�'d$�;60.:Q2")1@E?R'9[%$	0~)10.?P=.?50�:A;6' 8�X D0 ⊂ D X	$�0.=~;6+ '9[.?K&%$�@*$�2"?l:
'9?�@A; * $	'9;6)103;6:p:A24)()�'9[I?�0.)1i.f1[rXa;6']b\;/-/-oD,?<&,)�:A:A;6D.-/?v'A)$=.?T-�0.?.$j:A?
' U ;/0 R

k0 × R
k1 $�0.= $

:A?
' U0 ;60 R
k0 :AiF�Y[H'9[0$	'

D = {du,u ∈ U} $�0.= D0 = {d(v,0),v ∈ U0}.

"]?�-.0.?u'A[.? �5)CXW$�@E;`$�0���?n+�i.0F��'9;6)10 r(·, ·) )�0 U× U DR8
r(u1,u2) =

∫
du1du2g0dν.

[N[.?�0aXmi.0.=.?�@ J�wVS PRQ
X%$'&V&.-b8(;/0�f<[N[.?�)1@A?�2h�VS � ;60 F $�:A:E;`$	'�J L'N'NRLOQ
X

2λn = sup
u∈U

(
max

{
1√
n

n∑

i=1

du(Xi), 0

})2

− sup
v∈U0

(
max

{
1√
n

n∑

i=1

d(v,0)(Xi), 0

})2

+oP0(1),

:A)G'A[%$	' 2λn ��)10RX1?5@Af�?5:S;60$=.;6:E'9@E;/D.i�'A;/)�0j'9)
J wVS W Q sup

u∈U

(max {Z(u), 0})2 − sup
v∈U0

(max {Z(v,0), 0})2

b\[.?�@A? Z(·) ;6:*'A[.? F $	i.:A:A;>$�0 &.@E)!�5?5:E:")�0 U b\;6'9[ �5)CXW$�@E;`$�0F�5? r(·, ·) $�0.= P0 ;/:J'A[.?��E)1;/0�'
=.;/:O'9@E;/D.i�'A;/)�0")	+Z'A[.?])1D.:E?5@vXW$	'A;/)10.: X1, ..., Xn i�0.=.?5@k'9[�?]0(i.-6-,[R8f&,)�'9[.?�:A;6:BS � 0�'A[.?I&%$	@E'9;��5i.->$�@
�5$	:A?Jb\[�?50 M0 ;6:]@A?�=.i���?5=q'A)^$j:E;/0.f�-/?P?5-6?524?50�'�X $�=.;/@E?��
'4$W&0&.-/;��5$�'9;6)108)�+ # )1@A)�-/->$�@98H�VS � )�+F $	:A:A;>$	'�J L'NONOLOQkf1;bX1?�:N'9[%$�' 2λn ��)10wX1?�@Af1?�:S;/0B=.;/:O'9@A;6D.i�'9;6)10�'9)
J wVS�wRQ sup

u∈U

(max {Z(u), 0})2 .



������� �����
	G�d���
	��Y� �	������� � �v��� � 	���� � ����	 ������� � � 	 ���	� � � 	�� ��� ��� ��!"	�� �K���

� ']b\;6-/-&D,?v:A?�?50I;/0H'9[.?v?l?0$	2_&.-6?5:SD,?5-6)db 'A[%$	' r(·, ·) ;/:S;/08f1?50�?5@U$	- 0.)�' �5)10�'9;60(i.)�i.:]?TX1?T:
@v8Kb\[.?5@E?J)108'A[.?&�5-/)�:Ai.@E?P)�+ U × U S Z(·) ;6:Q0.)�'I$��5)�0K'9;60(i.)�i.: F $	i.:A:E;`$�0�-�?�-/=aX�'9[�)1i.f1[8'A[.?
;6:A)10�)1@A2_$�-�&.@A)!��?5:E:P)�0 D ;6:(�5)10�'9;60(i.)�i.:5Xa:A)$'A[%$	'n'9[�?G:Ai0&�@A?52_$$;60wX1)1-@X1?5=q;60ZJ wVS W QI$�@A?<$VSt:BS
-.0.;6'A?'S � 0Bf1?�0.?5@*$�- X r(·, ·) ;6:H��)10K'A;/0Ki.)1i.:t$�-62")�:E'c?TX1?5@98Kb\[.?5@E?'S � 0j'9[.?p:A;62_&�-/? �5)�0K'd$	2";60%$	'A;6)10
24;@?('Ai.@A?n24)(=.?�-�J wVS � Q
XF+�)1@N0.)10H0Ki.-/- s $�0�= t X

J�wVS � Q r(s, t) =

∫ ( ft−f0

f0

‖ft−f0

f0
‖2

)(
fs−f0

f0

‖fs−f0

f0
‖2

)
f0dν;

r ;6: �5)10�'9;60(i.)1i�:N+�)1@N0.)10 * ?5@E) s $	0.= t $�0.=7$�=.24;6'A:c'9[.?n+�)1-6-6)db\;60.fJ-6;/24; '9:
r(0+, 0+) = r(0−, 0−) = 1, r(0+, 0−) = −1.

� '\;6:t$�-/:E)�&.@E)�X1?�=H;/0 F $�:E:A;`$�'�JML'NONRL'Q_'A[%$	'N;6+Z'9[.?n=.?�0.:A;7'9;6?5: gn ;60 M \M0 $	@A?n:Ei��z[$'9[%$	'
gn−g0

g0
/‖ gn−g0

g0
‖2 �5)�0wX1?�@Af1?�:N'9)J:A)124? du0 b\;7'9[ √n‖ gn−g0

g0
‖2 '9?�0.=.;60.fJ'A)<$m&,)1:E;6'A;bX1? �5)�0.:E'U$�0K'

c XZ'9[.?�0�'9[.?"=�;/:E'A@A;6D.i�'9;6)10.: (g0 · ν)⊗n $	0.= (gn · ν)⊗n $�@A?42Ji�'9i%$	-/-@8���)10K'A;/f1i.)�i.:5X $	0.= 2λn

��)10wX1?�@Af�?5:S;60$=.;/:O'9@A;6D.i�'A;/)�0Bi.0.=�?5@\'A[.;/: ��)10K'A;/f1i.)�i.:($�-6'A?5@A00$	'9;@X1?p'A)
J�wVS V Q sup

u∈U

(max {Z(u) + c · r(u,u0), 0})2− sup
v∈U0

(max {Z(v,0) + c · r((v,0),u0), 0})2 .

� 03f1?�0.?5@*$�- J�wVS W Qx$	0.= J�wVS V Q\@E?5=.iF�5?v'A)"'9[.?P:*aKi%$�@E?J)�+x)10.-b8$)10�?v:Ei0&.@A?�2Ji.28Xm=.i.?P'9)4'9[.?
&0$�@E'A;��5i�-`$�@c:E'9@Ei���'Ai.@A?u)	+ '9[�? F $�i�:A:A;>$�0 &.@A)!��?5:E:BS
��?Gb\;/-6-x:A?�?�Xo;60q'9[.?4:Ei.D.:A?�a(i.?50�'J:Ai.D�:A?��
'9;6)10.:5Xo?l?V$�2_&�-/?5:R:Ai��z[ $�:4�a'9@*$�0.:A->$	'9;6)10I2";�?F'Ai.@A?�:5X
?l?k&,)10.?50�'9;>$�-a++$�24;/-7;6?�:5X�;/0 &0$�@E'A;��5i�-`$�@`}c?5@E0.)1i.-6-/;r)1@ F $�i.:E:A;`$	0H24;@?('Ai.@A?�:BS
�������	� 
���
���������
���������
����������� �!

� ?'�5)�0.:A;6=.?5@"[.?5@E?8'9[.?'�5)�0K'd$	2";60%$	'A;6)10 24;@?('9i�@A?H24)(=.?5-Nb\[.?5@E? &0$�@U$�24?�'A?5@ t 2_$C8<D,?
2Ji.-7'9;6=.;724?�0.:A;6)10%$�- � t ∈ T X T D,?5;60.f_$ �5)12.&%$��
'Q:Ai.D�:A?�'])	+ R

k :Ai��z[8'9[0$	' 0 D,?5-6)10.f1:N'A)G'9[.?
;60K'A?5@A;6)1@`)�+ T SG�Z?
' ‖ · ‖ $�0�= 〈·, ·〉 =.?50.)	'9?R'A[.?&�|i���-/;6=.?5$	0H0.)1@E2 $�0�=8:#�5$�->$�@t&.@A)(=�i���'Q;/0 R

k S
�SfR$�;60aX

M0 = {f0}, M = {gπ,t = (1− π)f0 + πft, 0 ≤ π ≤ 1, t ∈ T} ,

S =

{
dt =

ft−f0
f0

‖ft−f0
f0

‖2

, t ∈ T

}
.

��?~:E[%$�-/-\i.:A?8'9[.?8+�)�-/-6)Ub\;/0�f �]:A:Ei.2.&�'9;6)10.:iJ # H Q
Xk;60.:Ai�@A;/0�f :E2")()	'9[.0.?�:A:j$�0.={:A)124?80.)10
=�?5f1?�0.?5@*$���8q�

J # HgQ
� ft = f0 ν $VSt?'S�;7+s$�0.=H)�0.-b8�;6+ t = 0 S� t → ft ;/:`'�b\;���? �5)10�'9;60(i.)�i.:A-@8j=.;6��?5@E?50�'9;`$	D.-/? ν $VSt?'S%$	'x$�0w8 t ∈ T S� ∃η > 0,∀t ∈ T :AiF�Y[H'9[0$	' ‖t‖ ≤ η X ∑k

i=1 τi
∂ft
∂ti

= 0 ν $VS�?WS�;6+�$�0.=H)10�-b8j;7+ τ = 0 S� [N[.?5@E?J?T?F;/:O'9: $_&,)1:A;7'9;@X1?P@A?B$�- η $�0.=i$4+�i.0��
'9;/)�0 B ∈ L2(f0 · ν) '9[%$�'pi0&V&,?5@pD,)1i�0.=.:$�-/-�+�)1-6-6)db\;60.fv+�i.0��
'9;6)10.:R�
ft
f0
,

1

f0

∣∣∣∣
∂ft
∂ti

∣∣∣∣ , i = 1, . . . , k, t ∈ T,



����� �d���K��� ��� �+� � � ��� �J� ���Y�6�
� �
� ��� � � �	� � � 	�

� �&�

1

f0

∣∣∣∣
∂2ft
∂ti∂tj

∣∣∣∣ , i, j = 1, . . . , k, t ∈ T, ‖t‖ ≤ η.

� )	'9;���?�'9[%$	'*;/0g'A[.;/:�$�:E:Ai.2.&�'A;/)10g'A[.?B@A?B$�-`0Ki.2JD,?5@ η ;6: -V?F?5=pS���?B:A[%$�-6-u&.@E)�X1?j'9[%$	'J'9[�?
�5)�0.=.;6'A;/)10 J�wVS PRQc[.)1-6=.:N'A@Ai.?n+�)�@ S Dw8B:9&.-/;7'A'9;60.fJ;6'N;/0�'9)J' bc)G:A?�'A:

S1 = {dt, t ∈ T, ‖t‖ ≥ η} $�0.= S2 = {dt, t ∈ T, ‖t‖ < η}.

MF;/0F�5? ‖(gπ,t − f0)/f0‖2 = π‖(ft − f0)/f0‖2 '9?�0.=.:Q'9) 0 $�:Q:A)()10g$�: π )1@ t '9?50�=.:Q'9) 0 Xm;6'
;/:N?5$�:v8$'A)4:A?�?u'9[0$	']$G-/;/2G;7't&,)�;/0K'\?l?�;6:E'A:S)�0.-b8j;6+ ?5;7'9[.?�@ t �5)10RX1?5@Ef1?5:Q'A)A$G-6;/24; 'N=.;7�r?�@A?�0K'Q)�+
0 )1@ t

‖t‖ �5)�0wX1?�@Af1?�:Q'9)G:A)124? τ S % 0.?R)1D�'U$�;/0�:N?5$�:E;/-@8

D =

{
dt =

ft−f0
f0

‖ft−f0
f0

‖2

, t ∈ T

}
∪
{
d̄τ =

1

f0

k∑

i=1

τi
∂f0
∂ti

/‖ 1

f0

k∑

i=1

τi
∂f0
∂ti

‖2, ‖τ‖ = 1

}
.

MF?�' ht = ft−f0
f0

S0[N[.?�0aX�+�)1@ i = 1, . . . , k X�;7+ J # HgQN[.)�-/=.:�X
∂dt

∂ti
=

∂ht

∂ti

‖ht‖2

−
∫ ( ∂ht

∂ti

‖ht‖2

)(
ht

‖ht‖2

)
f0dν ·

ht

‖ht‖2

.

[N[.;6:3&.@A)CX1?5:_'A[%$	'�X1'A[.?5@E?S?l?�;6:E'A:u$ �5)10.:O'd$�0�' C :Ei��z["'9[%$	'5X�+�)�@3$�-/- t $�0.= s :Ai��z["'9[%$	' ‖t‖ ≥ η
$�0.= ‖s‖ ≥ η X |dt − ds| ≤ C · B · ‖t − s‖ Xa:A)$'A[%$	'n'9[�?G0(i.2JD,?�@R)�+kD.@*$��l=	?�'9:u)�+k-6?50.f�'A[ ε
0.?5?�=.?�=B'9) ��)�X1?�@ S1 ;/:k)�+&)�@A=.?�@ $	'c2")1:O' O(1/εk) $	0.=�'9[%$	' # )10.=�;6'9;6)10 J wVS PwQl[.)1-6=.:_'9@Ai�?]+�)�@
'9[.?R:E?�' S1 S
� )dbRX.+�)1@($	0w8 τ ∈ T :Ai��z[H'9[%$	' ‖τ‖ = 1 X�)10�?R[%$�:\-/?
'A'A;/0.f t = λτ X λ ∈ R X

∂

∂λ
(dλτ ) =

∑k
i=1 τi

∂ht

∂ti

‖ht‖2

−
∫ (∑k

i=1 τi
∂ht

∂ti

‖ht‖2

)(
ht

‖ht‖2

)
f0dν ·

ht

‖ht‖2

.

}ci�'Qi�:A;/0�f.[�$C8(-6)1@N?T?k&%$�0�:A;/)�0.:5X.'9[.?�@A?R?T?F;/:O'9: λ̂ X λ∗ $�0.= λ̃ ;60 [0, λ] X�:Ei��Y[H'A[%$	'

ht = λ

k∑

i=1

τi
∂hλ̂τ

∂ti
= λ

k∑

i=1

τi
∂h0

∂ti
+
λ2

2

k∑

i,j=1

τiτj
∂2hλ∗τ

∂ti∂tj
,

k∑

i=1

τi
∂ht

∂ti
=

k∑

i=1

τi
∂h0

∂ti
+ λ

k∑

i,j=1

τiτj
∂2hλ̃τ

∂ti∂tj
.

�]-6-r'9[�;/:N-/?B$�=.:`'9)
∂

∂λ
(dλτ ) =

Ht

‖∑d
i=1 τi

∂hλ̂τ

∂ti
‖2

−
[∫

Ht

‖∑d
i=1 τi

∂hλ̂τ

∂ti
‖2

(
ht

‖ht‖2

)
f0dν

]
· ht

‖ht‖2

.

b\;6'A[
Ht =

1

λ

k∑

i=1

τi
∂ht

∂ti
− 1

λ2
ht =

k∑

i,j=1

τiτj
∂2hλ̃τ

∂ti∂tj
− 1

2

k∑

i,j=1

τiτj
∂2hλ∗τ

∂ti∂tj
.



������� �����
	G�d���
	��Y� �	������� � �v��� � 	���� � ����	 ������� � � 	 ���	� � � 	�� ��� ��� ��!"	�� �K���

}ki�'Qi.:E;/0.f7J # H QYX�'A[.;/:N;62_&.-6;7?5:c'9[0$	'\+�)�@N:A)124? ��)10.:O'd$�0�' C X ∀λ ∈ (0, η] X
∣∣∣∣
∂

∂λ
(dλτ )

∣∣∣∣ ≤ C ·B,

$	0.=$'9[%$�'

lim
λ→0

∂

∂λ
(dλτ ) = ∂dτ

=
1

2

∑k
i,j=1 τiτj

∂2h0

∂ti∂tj

‖∑k
i=1 τi

∂h0

∂ti
‖2

−1

2

∑k
i=1 τi

∂h0

∂ti

‖∑k
i=1 τi

∂h0

∂ti
‖2

∫ (∑k
i,j=1 τiτj

∂2h0

∂ti∂tj

‖∑k
i=1 τi

∂h0

∂ti
‖2

)( ∑k
i=1 τi

∂h0

∂ti

‖∑k
i=1 τi

∂h0

∂ti
‖2

)
f0dν,

:E)G'9[%$	' λ→ dλτ ;/: ��)10K'A;/0(i�)1i.:A-@8j=.;7�r?�@A?�0K'9;>$�D.-6?p)10 [0, η] SmeQ:A;/0�fG'A[.?n++$���'N'9[%$�'
|dλτ − dλ′τ ′ | ≤

∣∣dλτ − dτ

∣∣+
∣∣dτ − dτ ′

∣∣+
∣∣dλ′τ ′ − dτ ′

∣∣
≤ C ·B · (λ+ λ′) +

∣∣dτ − dτ ′
∣∣

$	0.=$'9[%$�'�X.i.:A;60.f7J # H Q
X.'A[.?5@E?u?l?�;6:E'A:]$<&,)�:A;6'A;bX1?(��)10.:O'd$�0�' C̃ :AiF�Y[H'A[%$	'

inf
‖τ‖=1

‖
k∑

i=1

τi
∂h0

∂ti
‖2 ≥ C̃,

bk?u)1DF'd$�;60B'9[0$	'\+�)�@N:A)124? ��)10.:O'd$�0�' C∗ XG$�0�=7$�0w8 τ, τ ′ :Ei��Y[H'A[%$	' ‖τ‖ = 1, ‖τ ′‖ = 1 X
∣∣dτ − dτ ′

∣∣ ≤ C∗ ·B · ‖τ − τ ′‖.
� '`;/:c:E'A@U$�;6f1[K'E+�)1@Ebu$�@A="'9)J:A?�?p'9[%$�'`'A[.?p0(i.2JD,?�@`)�+&D.@U$��d=�?�'A:N)�+o-6?50.f	'9[ ε 0.?5?�=.?5=B'9)B��)�X1?�@ S2;6:N)�+y)�@A=.?�@x$	'\2")�:E' O(1/εk) S%[N[Ki.: �]:E:Ai.2.&�'9;6)10.:�J # H Q`;/2.&.-@8 # )�0.=.;6'A;/)10 J�wVS PRQTS
"]?�-.0.?P0�)db +�)1@($�-/-r0.)�0H0(i.-6- s $�0.= t ;/0 T X

J�wVS T Q r(s, t) =

∫
dsdtf0dν,

$	0.=8-/?
' Z(·) D,?u'A[.? F $�i�:A:A;>$�0 -�?5-6=8)10 T \ {0} b\;6'A['�5)CXW$�@E;`$�0F�5? r S � )�'A;��5?n'9[0$	'�X�)108?B$��Y[
=�;/@A?G��'A;/)10 τ :Ei��Y[I'A[%$	' ‖t‖ → 0 b\;7'9[ t/‖t‖ → τ Xr)10.?J2_$C8H?T?('9?�0.= r(·, ·) Dw8 �5)10�'9;60(i.;7';8�X
:E?�'E'9;/0�f

J�wVS � NRQ r̄(τ, t) = r̄(t, τ) =

∫
d̄τdtf0dν ; r̃(τ, τ ′) =

∫
d̄τ d̄τ ′f0dν.

�Z?
' πn $�0.= tn D,?u:E?BaKi.?�0��5?5:]:Ei��Y[H'A[%$	'� limn→+∞
√
nπn‖(ftn − f0)/f0‖2 = c +�)�@N:A)124?4&,)�:A;6'A;bX1? c X� ?5;7'9[.?�@ tn '9?�0.=.:N'A)G:E)12"? t0 6= 0 $�0�= √nπn 'A?50.=�:N'9)*:A)�2"?q&,)1:A;7'9;@X1? �5)�0.:E'U$�0K'5X.)1@ tn'9?�0.=.:\'9) 0 XG$�0�= tn/‖tn‖ ��)10wX1?�@Af1?�:Q'A)4:E)12"?n-/;624; ' τ S[N[�?50��
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� �&�
����� ; - ��� 	�

��
��
�����������������! #"%$'&(�*)

(f0 ·ν)⊗n + )(, [((1−πn)f0 +πnftn) ·ν]⊗n +.- �/���10�� +.232547698 )%0;:3<=� 8 ���?>
2λn

698 )%@#� - <��*����)(,1� - (f0 · ν)⊗n
:
)A,B:3��0 - :�C���0;: 8 )D0 8

sup
t∈T

(max{Z(t), 0})2 =
(

sup
t∈T

Z(t)
)2

,

+ )(,A�.)(,1� - [((1− πn)f0 + πnftn) · ν]⊗n
0 8

sup
t∈T

(
max{Z(t) + µ(t), 0}

)2
=
(

sup
t∈T

(Z(t) + µ(t))
)2

E :F0�&
J wVS �O� Q
µ(t) = c · r(t, t0)

:
G
tn → t0 6= 0

> + )(, µ(t) = c · r̄(t, τ) :3G ‖tn‖ → 0 + )(,
tn/‖tn‖ → τ.

H ��� / -#IKJ MF?�' m ≡ 0 i.0.=.?�@ (f0 · ν)⊗n $�0.= m ≡ µ i�0.=.?�@ [((1− πn)f0 + πnftn) · ν]⊗n S
�Z?�'A'A;/0.f t f1)j'9) 0 @*$�=.;>$�-/-�8H;/03'�bc)$)O&V&,)1:A;7'9?J=.;/@E?���'A;/)�0.: $�0.=qi�:A;/0�f8��)�XW$	@A;`$	0��5?m&.@A)O&,?�@E'A;/?5:
;/0I'9[.?G0.?5;6f1[(D,)�i.@A[.)()(=�)	+ 0 bc?4:A?�?4'A[%$	'K$	-/24)1:E'n:Ai�@A?5-@8 supt∈T

(Z(t) + m(t)) > 0 b\[%$�'
�Ei.:E'A;b-�?�:\?BaKi%$�-6;6'A;/?5:`;60 &.@A?G�5?5=�;/0.fG'9[�?5)1@E?52�S

�Z?
'Qi.:Qf�;bX1?4$'&0&�-/;��B$	'9;6)�0.:`)�+o'9[.;6:`'9[.?�)1@A?�2 'A).&0$�@E'9;��5i�-`$�@c2")(=�?5-/:p�
� -0/1LNM�7�/:305�;%L � 5PO 3RQ�- � M

��? �5)10�:A;/=�?5@N'9[�?R'A@U$�0�:A-`$�'9;/)�0B24;@?('9i�@A?n24)(=.?�- XFb\[.?�@A? ν ;6:`'9[.?��Z?5D,?�:Af1i�?P24?5$�:Ei.@A?�$�0�=
ft(·) = f0(· − t).

[N[.?�0aX1;6'y;6:y?5$	:98P'9)p:A?�?`'9[0$	'�[N[.?5)�@A?52 wVS1LkS � $W&0&.-6;/?5:s$�:y:A)()10<$	:y'9[�?c+�)1-/-6)Ub\;60.f �]:E:Ai.2.&�'9;6)10.:
J # [xH Q`[.)1-/=q�

J # [xH Q
� f0 ;/:t&,)1:E;6'9;@X1?n)10 R

k X� x→ f0(x) ;/:`'�b\;���? �5)�0K'9;60(i.)�i.:A-@8j=.;6��?�@A?50�'9;>$�D.-/? ν $kS�?WS� [N[.?�@A?Q?T?F;6:E'9:3$n+�i.0��
'9;6)10 B ∈ L2(f0 ·ν) '9[%$	'li0&0&,?�@_D,)1i.0�=.:�$�-/-F+�)1-6-6)db\;60.f]+�i.0��
'9;6)10.:\�
f0(x− t)

f0(x)
,

1

f0(x)

∣∣∣∣
∂f0
∂xi

(x− t)

∣∣∣∣ , i = 1, . . . , k, t ∈ T,

1

f0(x)

∣∣∣∣
∂2f0
∂xi∂xj

(x− t)

∣∣∣∣ , i, j = 1, . . . , k, t ∈ T, ‖t‖ ≤ η.

� 0.=.?�?5=aX_:A;/0F�5? ∂ft
∂ti

(x) = −∂f0
∂xi

(x − t) Xl;6+ τ ;6:4:AiF�Y[C'9[%$	' ∑k
i=1 τi

∂ft
∂ti

= 0 ν $VS�?WSl+�)�@_$�-6-
‖t‖ ≤ η X,'A[.?50 ∑k

i=1 τi
∂f0
∂xi

= 0 ν $VSt?WS6X�:E)�'9[%$	' f0(x + λτ) = f0(x) +�)1@I$	-/- λ ∈ R Xmb\[.;��Y[
;/:N;62_&,)1:E:A;6D.-6?pi.0.-6?5:E: τ = 0 S

� ?5@A?t$�@A?c:A)124?`?l?V$�2.&.-/?�:x)�+,:E;6'Ai%$	'9;6)10.: ;/0vb\[�;��z[*'A[.?5:E?($�:A:Ei.2_&F'9;/)�0.: $	@A?`24?�'`� f0 D,?5;60.f'9[.?v;60wX1?�@A:A?v)�+3$_&,)1-b8(0.)�2";>$�-ab\;6'A[3=�?5f1@E?5?�$	']-/?B$�:E' 2 X $�24)10�f"b\[.;��Y[~'9[�? # $�i��z[w8~=.?�0.:A;7';8�X



������� �����
	G�d���
	��Y� �	������� � �v��� � 	���� � ����	 ������� � � 	 ���	� � � 	�� ��� ��� ��!"	�� �1�(�

'A[.? F $	i.:A:E;`$�0$=.?�0.:A;7'9;6?5:x$�0�=$'9[.?R0.)1@E2A$	-/; * $	'A;6)�0B)�+ �Y[ (x)−1 S
[N[.?���)�XW$	@A;`$	0��5?p+�i.0���'A;/)10 r ;6:Nf1;bX1?�0$+�)1@N0.)�0H0(i.-6- s $�0.= t Dw8

r(s, t) =

∫
f0(x− s)f0(x− t)

f0(x)
dν(x)− 1

√∫
f0(x− s)2

f0(x)
dν(x)− 1

√∫
f0(x− t)2

f0(x)
dν(x)− 1

,

$	0.=H;6+&'9[.?R=.;62"?�0.:A;6)10 k = 1 X.)10.?R2_$C8j=�?�-�0.? r(0+, 0−) = −1 X%$�0.=$+�)1@N0.)�0H0(i.-6- t

r(0+, t) = − r(0−, t) =

∫ −f ′
0
(x)f0(x− t)

f0(x)
dν(x)

√∫
f
′2
0

(x)

f0(x)
dν(x)

√∫
f0(x− t)2

f0(x)
dν(x)− 1

,

b\[�?5@A?R'A[.?R=.?5@E;bXW$�'9;/)�0$;6:`b\;6'9[$@A?�:*&,?G��'Q'9) x S
� /=Q'M�M�56/1L � 5PO 3#Q - � M

� ;6'A[.)1i�'`-/)�:A:`)�+of1?�0.?5@*$�-/;7';8Gbc?n2A$58A$�:A:Ei.2"?]'9[%$	' f0 ;6:`:E'U$�0.=%$	@A=$0.)�@A2_$�- Sk�Z?
' K D,? $
D,)�i.0.=8+�)1@ ‖t‖ X t ∈ T SG[N[.?�0~'9[�?u+�)1-6-/)Ub\;60.f*D,)1i.0.=.:S:E[.)db '9[%$�'Q'9[.?R+�i.0��
'9;6)10 B ?T?F;6:E'9:Q+�)�@
$	0w8 η S � )1@N?�X�?5@98 i $	0.=H?�X1?�@98 i 6= j X

f0(x− t)

f0(x)
= exp

(
〈x, t〉 − ‖t‖2/2

)
≤ exp

(
K‖x‖

)
,

1

f0(x)

∣∣∣∣
∂f0
∂xi

(x− t)

∣∣∣∣ = |xi − ti|
f0(x− t)

f0(x)
≤ (‖x‖+K) exp

(
K‖x‖

)
,

1

f0(x)

∣∣∣∣
∂2f0
∂xi∂xj

(x− t)

∣∣∣∣ = |xi − ti||xj − tj|
f0(x− t)

f0(x)
≤ (‖x‖+K)2 exp

(
K‖x‖

)
,

1

f0(x)

∣∣∣∣
∂2f0
∂x2

i

(x− t)

∣∣∣∣ = |(xi − ti)
2 − 1|f0(x− t)

f0(x)
≤ [1 + (‖x‖+K)2] exp

(
K‖x‖

)
.

M() J # [xHgQ][.)1-6=.:5X $	0.=i[N[.?�)1@A?�2�wVS1LkS � $'&0&.-6;/?�:5X $�:p:E)()10�$�: f0 ;/:]:E)12"? F $�i.:E:A;`$	03=.?50�:A;6' 8)�0 R
k $	0.= T ;6:)��)12.&%$��
'5S0[N[.?���)�XW$	@A;`$	0��5?n)�+ 'A[.?4&.@A)!��?5:A:��I;/:n�

r(s, t) =
exp(〈t, s〉)− 1√

exp(‖t‖2)− 1
√

exp(‖s‖2)− 1
.

��5�L�; � 5�/27 � 5PO 3#Q�- � M
� ?�@A? ν ;/:p'A[.?G24?5$�:Ei.@A?Jb\;6'9[q=.?�0.:A;7' 8 k!

x!(k−x)!
b\;6'A[q@A?5:9&,?��
'P'A)B'9[.? ��)1i.0�'9;/0�f$2"?B$�:Ai�@A?

)�0$'9[.?R:E?�' {0, 1, . . . , k} SV��?���)10.:E;/=.?�@N'9[.?RD.;60.)124;>$�-,++$�24;/-�8 Bi(k, θ) b\;6'A[H=.?�0.:A;7';8
θx(1 − θ)k−x ; x = 0, 1, ..., k. �Z?
' θ0 ∈ (0, 1) $�0.= ft D,?*'A[.?*=.?50.:E;6' 83)�+ Bi(k, θ0 + t) S
[N[�?u24)1:E'N@A?�-/?�XE$�0K')�B$�:A?n+�)1@Nf�?50.?
'9;��4$'&V&.-/;��5$	'A;6)10.:c;/:`'A[.? �B$�:A? θ0 = 1/2 X.:A?�?P�|@A)�D.-/?�2 � ;/0# [�?5@A0�)��c$	0.=7�r$�0.=.?�@KJ �UT1T1W QTSk��?R[%$CX1?

ft(x) = (t+ θ0)
x(1− t− θ0)

k−x,



����� �d���K��� ��� �+� � � ��� �J� ���Y�6�
� �
� ��� � � �	� � � 	�

� �&�

∂ft

∂t
(x) =

(
x

t+ θ0

− k − x

1− t− θ0

)
ft(x),

∂2ft

∂t2
(x) =

[(
x

t+ θ0

− k − x

1− t− θ0

)2

− x

(t+ θ0)2
+

k − x

(1− t− θ0)2

]
ft(x).

� '_;6: �5-6?5$	@x'9[%$�' ft(x) $	0.= ∂ft

∂t
(x) $	@A?Ni.0.;6+�)�@A24-@8Pi0&0&,?�@_D,)1i�0.=.?5=_$�0.=G'A[%$	' ∂2ft

∂t2
(x) ;/:xi0&0&,?5@

D,)1i.0.=�?5=H+�)1@ t :A2_$�-6-r?50.)�i.f1[aX%&.@E)�X(;/0�f �]:A:Ei.2.&�'9;6)10.:KJ # H QTS "];/@E?��
' �5$	-��5i�-`$	'A;/)�0.:`-6?5$�=B'9)
ft − f0

f0

(x) = (1 +
t

θ0

)x(1− t

1− θ0

)k−x − 1,

r(s, t) =
Γ(s, t)√

Γ(s, s)
√

Γ(t, t)
,

b\;6'A[

Γ(s, t) =
k∑

x=0

[
(1+

s

θ0

)x(1− s

1− θ0

)k−x− 1
][

(1+
t

θ0

)x(1− t

1− θ0

)k−x− 1
]
θx
0 (1− θ0)

k−x

b\[.;��Y[H;/:N?�aKi.;bXW$	-/?�0K'\'A)G'A[.?R@A?�:Ai.-7'Q)�+ # [.?5@E0.)�� $�0.=7�r$�0�=.?5@KJ ��T1T�W QlS
� 5PO 3RQ�- � M 5;L � O�� ;%L � L 305�/27�� / � 56765 � M

[N[.;6:��5$�:E?Bf�?50.?�@U$�-6; * ?5:P'A[.?j&�@A?���?5=.;60.f0Ss�Z?�' ft D�?j$~@A?�f1i.->$�@P?T?k&,)10.?�0K'A;`$�-_++$�24;/-�8Ib\;7'9[?T?F[%$	i.:E'9;@X1?u:E'U$	'9;6:E'9;�� T (x) = (T1(x), . . . , Tk(x)) �

ft(x) = f0(x) exp

(
k∑

i=1

tiTi(x)− φ(t)

)
,

$�0.=�$�:E:Ai.24? T ;6:�$ �5)12.&%$��
'x:Ei.D.:A?
'l;60v'A[.?`;60K'A?5@A;6)1@o)�+.'9[.?c=.?T-�0.;6'A;/)10v:E?�'|)	+�'9[.?c?T?k&,)10�?50�'9;`$	-
++$�24;/-�8OS�[`[.?50 t → ft ;/:a;60V-�0.;7'9?�-b8S=�;6��?5@A?�0K'A;`$�D.-6?y)10 T SC�Z?
' F (x) = supt∈T

exp
(∑k

i=1 tiTi(x)
)
X

�]:E:Ai.2.&�'9;6)10cJ # �3H Q`b\;6-/-rD,?G�
J # �3H Q

� [N[.?�@A?]?T?F;6:E'9: B ;60 L2(f0 · ν) '9[%$�'ci0&0&,?�@cD,)1i.0.=�: $�-/-.+�)1-/-6)Ub\;60.fR+�i�0���'A;/)10�:S� F X |Ti|F X
|TiTj|F X i, j = 1, . . . , k S% 0.? �5$�0H:A?�?u?5$�:E;/-@8�'A[%$	'KJ # �3H QN;/2.&.-6;7?5:4J # H QYXm:E)G'9[%$	'([N[.?�)1@A?�2hwVS1LkS � $'&0&�-/;6?5:`'A)4?l?V&,)E:

0.?50�'9;>$�-r++$�24;/-7;6?�:t$�:\:A)()107$	:KJ # �3H QN[.)�-/=.:�S "S;/@A?G��')�5$�-��5i.->$	'9;6)�0.:t$�fR$�;60B-/?B$�=B'9)
ft − f0
f0

(x) = exp
( k∑

i=1

tiTi(x)− φ(t)
)
− 1,

r(s, t) =
exp

(
φ(s + t)− φ(s)− φ(t)

)
− 1√

exp
(
φ(2s)− 2φ(s)

)
− 1
√

exp
(
φ(2t)− 2φ(t)

)
− 1

.



������� �����
	G�d���
	��Y� �	������� � �v��� � 	���� � ����	 ������� � � 	 ���	� � � 	�� ��� ��� ��!"	�� �1��#

��������� ��� ��� ��� ������������
	� ��
���� 
	� � ��� ��
�
���! ��
 !

� ?��5)10.:E;/=.?�@H[.?�@A?q'9[.? �B$�:A?qb\[.?5@E?�)10.?Ib $�0�'9:$'9)<'9?�:E'g$<:A;/0�f1-/?i&,)O&.i�-`$	'A;/)10 ;/0 '9[.?
++$	2";6-@8~)�+c=.?50.:E;6'A;/?5: ft, t ∈ T X T ��)12.&%$���'u:Ei.D.:A?
'J)	+ R

k $�fO$�;/0�:E'K$$24;@?('9i.@E?G)�+k'�bc)8:AiF�Y[
&,)'&.i.-`$�'9;/)�0.:BSV[N[%$�'Q;/:n�

M0 = {ft, t ∈ T},
$	0.=

M = {gπ,t1,t2 = (1− π)ft1 + πft2 , 0 ≤ π ≤ 1, t1 ∈ T, t2 ∈ T} .
��?$:Ai0&0&,)�:A?824)1@A?�)�X1?�@*'9[%$�' 0 ;6:<$�0 ;/0�'9?5@E;/)1@m&,)�;/0�'G)�+ T $�0�= 'A[%$	' f0 ;6:J'9[.?$i.00=K0.)Ub\0
=�;/:E'A@A;6D.i�'9;6)10G)�+�'9[.?Q)1D.:A?�@9XE$	'9;6)10.:IJ�b\;6'A["0.)P-6)1:A:l)�+af1?�0.?5@*$�-/;7';8VQTS'��?S:A[0$�-/-�i.:A? �S:A:Ei.2_&F'9;/)�0.:
J [\�3Q
X�;/0.:Ei.@A;60.fG:E2")()	'9[.0.?�:A:x$�0.=H:A)�2"?n0.)10H=.?�f1?50�?5@U$C��8q�

J [\��Q
� (1−π)ft1+πft2 = f0 ν $VSt?'S�;7+k$�0�=R)10.-b8S;6+ (π = 0 $�0.= t1 = 0) )1@ (π = 1 $�0�= t2 = 0)
)1@ (t1 = 0 $�0.= t2 = 0) X� t → ft ;/:`'9[�@A?5?n'9;62"?�: ��)10K'A;/0Ki.)1i.:E-b8j=.;7�r?�@A?�0K'9;>$�D.-6? ν $VS�?WSG$	'x$�0R8 t ∈ T X� ∀τ ∈ R

k, ∀t ∈ T X ∀s ∈ T X ∀ρ ≥ 0 X ρ(fs − f0) +
∑k

i=1 τi
∂ft
∂ti

= 0 ν $VSt?WSm;6+s$�0�=8)10.-@8
;6+ ρs = 0 $	0.= τ = 0 X
$�0.= ∃η > 0 X�:Ei��z[8'9[0$	' ∀τ ∈ R

k, ∀t ∈ T b\;7'9[ ‖t‖ ≤ η
∑k

i,j=1 τiτj
∂2ft

∂ti∂tj
= 0 ν $VSt?'S

;6+s$	0.=H)10.-@8j;7+ τ = 0 X� '9[.?�@A?]?l?F;/:E'A: $u+�i.0��
'9;6)10 B ∈ L2(f0 · ν) '9[0$	'ci0&V&,?5@cD,)1i�0.=.: $�-6-�+�)1-6-/)Ub\;60.fn+�i.0���'A;/)10�:S�
ft
f0
,

1

f0

∣∣∣∣
∂ft
∂ti

∣∣∣∣ ,
1

f0

∣∣∣∣
∂2ft
∂ti∂tj

∣∣∣∣ , i, j = 1, . . . , k, t ∈ T,

1

f0

∣∣∣∣
∂3ft

∂ti∂tj∂tl

∣∣∣∣ , i, j, l = 1, . . . , k, t ∈ T, ‖t‖ ≤ η.

[N[�?50 S ⊂ D X S0 ⊂ D0 XG$�0�= D �B$�0HD,?�&0$�@U$�24?
'9?5@E; * ?5=�$�:N+�)1-6-/)Ub\:p�

D =

{
dt,a,τ =

aft−f0
f0

+
∑k

i=1 τi
1
f0

∂f0
∂ti

‖aft−f0
f0

+
∑k

i=1 τi
1
f0

∂f0
∂ti
‖2

, t ∈ T \ {0}, τ ∈ R
k, a ≥ 0, a+ ‖τ‖ = 1

}
,

D0 = {d0,0,τ , ‖τ‖ = 1} .
�Z?
' r(·, ·) D,?�$�:\;608MF?��
'9;6)108wVS1LkS � �

r(s, t) =

∫ (
hs

‖hs‖2

)(
ht

‖ht‖2

)
f0dν

b\;7'9[ ht = (ft − f0)/f0 XG$�0�= Z(·) '9[.?�$	:A:A)!��;`$	'A?5= F $�i.:E:A;`$	0 -.?5-/= S
�Z?
' W D,?Q'9[.? k :�=�;/24?50.:E;/)100$�- ��?50�'9?5@E?5= F $�i.:E:A;`$	0_XW$	@A;`$	D.-/?Nb\;6'A[_XW$�@E;`$	0��5? Σ b\;6'9["?50�'9@A;6?5:S�

Σi,j =

∫ ( 1
f0

∂f0
∂ti

‖ 1
f0

∂f0
∂ti
‖2

)(
1
f0

∂f0
∂tj

‖ 1
f0

∂f0
∂tj
‖2

)
f0dν, i, j = 1, . . . , k,



��� � �d���K��� ��� �+� � � ��� �J� ���Y�6�
� �
� ��� � � �	� � � 	�

� �&�

$�0.=$+�)�@($�0w8 t X.-/?
' C(t) D,?n'9[�? k :�=.;62"?�0.:A;6)10%$	- X1?G��'A)1@Q)�+ �5)CXW$�@E;`$�0F�5?5:\)�+ Z(t) $�0.= W �

C(t)i =

∫ ( 1
f0

∂f0
∂ti

‖ 1
f0

∂f0
∂ti
‖2

)(
ht

‖ht‖2

)
f0dν, i = 1, . . . , k.

[N[.?�0 D �5$	08D,?R@E?B&%$�@*$�24?�'9@E; * ?5=�$�:N+�)�-/-6)db\:
D =

{
dt,a,τ ; t ∈ T \ {0}, τ ∈ R

k, a ≥ 0, a2 + τT Στ + 2aτTC(t) = 1
}
.

eS:E;/0.fv'A[.?p:U$	2"?S'9@E;��d=K:t$�:k+�)1@u&�@A)�X(;60.fm[N[.?�)1@A?�2 wkS LkS � X 2λn �5)10RX1?5@Ef1?5:Ni.0.=�?5@ (f0 · ν)⊗n ;/0
=.;/:O'9@E;/D.i�'A;/)�0j'9)

J wVS � L'Q




sup
a ≥ 0, t ∈ T, τ ∈ R

k

a2 + τT Στ + 2aτTC(t) = 1

(aZ(t) + 〈τ,W 〉)




2

−
(

sup
τT Στ=1

〈τ,W 〉
)2

.

\Q?�2_$�@*="'A[%$	'R�
J wVS � �OQ

(
sup

τT Στ=1

〈τ,W 〉
)2

= W T Σ−1W,

$�0.=*'9[%$�'|'9[.?N:Ai0&�@A?52Ji�2 ;/: $	'A'U$�;/0�?5=J+�)1@ τ �5)�-/;60.?5$�@ '9) Σ−1W SO[N[.?�0��5)�0.:A;6=.?5@x'9[.?N2A$�'9@A;�?��
Σ̃ =

[
1 C(t)T

C(t) Σ

]

b\;6'A[H;60wX1?�@A:A?
(Σ̃)−1 =

[
α uT

u M

]

b\[.?�@A? M = M(t) =
(
Σ− C(t)C(t)T

)−1 X u = u(t) = −M(t)C(t) X
α = α(t) = 1 +C(t)TM(t)C(t) S � )Ub �5)10.:E;/=.?�@c'A[.?p2_$E?F;/24; * $	'9;7)10_&.@E)1D.-6?52 ;/0 a $�0.= τ �

J wVS � PRQ
(

sup
a≥0,a2+τT Στ+2aτT C(t)=1

(aZ(t) + 〈τ,W 〉)
)2

.

� + '9[.?R2_$E?F;/2Ji�2 ;6:($	'A'd$	;/0.?�=B+�)1@ a > 0 X.'A[.?50HDw8 J wkS � �RQc;7'9: XW$�-6i.?n;/:
(
Z(t)
W

)T

(Σ̃)−1

(
Z(t)
W

)
,

b\[.;��Y[H;/:N?�aKi%$�-a'9)
α
(
Z(t) +

uTW

α

)2
+W T

(
M − uuT

α

)
W = α

(
Z(t) +

uTW

α

)2
+W T Σ−1W.

[N[.;6:\;/:`'9[.? �B$�:A?nb\[.?50H'9[�? -�@A:O' ��)()1@A=�;/0%$	'A?n)�+
(Σ̃)−1

(
Z(t)
W

)



������� �����
	G�d���
	��Y� �	������� � �v��� � 	���� � ����	 ������� � � 	 ���	� � � 	�� ��� ��� ��!"	�� �1� �

;6:`0�)10k:�0�?5fR$�'9;bX1?S'9[%$�'N;6: αZ(t) + 〈u,W 〉 ≥ 0 S � 0B'A[.?n)	'9[.?�@H�5$�:E? (a = 0) '9[�?n2_$E?F;/2Ji�2 ;/:
W T Σ−1W DR8 J wVS � �RQlS � ;60%$�-6-@84bc?u[0$CX1?4&.@A)CX1?5=H'A[%$	'N'9[.?R:Ei0&.@A?�2Ji.2 ;/0cJ wkS � PRQc;/:N?�a(i0$�-Z'A)

J�wVS �dW Q
{

max

{
Z(t)− C(t)TM(t)W

1 + C(t)TM(t)C(t)
, 0

}}2 (
1 + C(t)TM(t)C(t)

)
+W T Σ−1W.

[N[�;/:\;62_&.-6;7?5:c'9[%$�'\'A[.?R-/;624;7'`)�+ 2λn i.0.=.?�@ (f0 · ν)⊗n ;/:N?BaKi%$	-&;60$=.;/:O'9@A;6D.i�'A;/)10�'9)

sup
t∈T

{(
Z(t)− C(t)TM(t)W

1 + C(t)TM(t)C(t)

)2 (
1 + C(t)TM(t)C(t)

)
}
.

� 0�=.?5?�=L)10.?H2_$C8g:A?5?	X_-/?
'A'9;60.f t f1)q'9) 0 @U$	=.;`$	-/-�8g;60 '�bc)�)'&0&,)1:A;7'9?$=.;/@E?��
'9;/)�0.:5Xx'A[%$	'G'9[.?
:Ei0&.@A?�2Ji.2 )�+�'9[.? F $�i.:A:E;`$�0.&�@A)!�5?�:A:k;/0RX1)1-bX1?�=";60G+�)1@A2Ji�-`$<J wVS �dW Qy;/:l0.)�0"0.?5fR$�'9;bX1?WSf�Z?
'k0.)db
πn X t

n
1 $	0.= t

n
2 D,?I:A?BaKi.?�0��5?5:8:Ei��z[ 'A[%$	' (1−πn)ftn

1
+πnftn

2
−f0

f0
/‖ (1−πn)ftn

1
+πnftn

2
−f0

f0
‖2 '9?�0.=.:

'A)�:E)124? dt0,a0,τ0 ;60 D X|b\;7'9[ limn→+∞
√
n‖ (1−πn)ftn

1
+πnftn

2
−f0

f0
‖2 = c +�)1@G:E)124?�&,)1:E;6'A;bX1?

��)10.:O'd$�0�' c S%[`[.?50aXmi�:A;/0�fG'A[.?R:U$�24?n'A@A;��l=K:x$�fO$�;/0I�
���'� ; - ��� 	�
3��
3�
� � �9���!� � $ �  #"%$'&(�*)

(f0 ·ν)⊗n + )(, [((1−πn)ftn
1
+πnftn

2
) ·ν]⊗n +.- � ���10�� +.232547698 )(0�:3< � 8 ��� >

2λn
6 8 )(@#� - <�� ����)%,1� - (f0 · ν)⊗n

:3)A,B:
�90 - :FC��10;: 8 ) 0 8

sup
t∈T

{(
Z(t)− C(t)TM(t)W

1 + C(t)TM(t)C(t)

)2 (
1 + C(t)TM(t)C(t)

)
}
,

+ )(,A��)(,1� - [((1− πn)ftn
1

+ πnftn
2
) · ν]⊗n

0 8

sup
t∈T

{(
aZ(t) + a0cr(t, t0) + cC(t)T τ0 −

C(t)TM(t)(W + cΣτ0 + ca0C(to))

1 + C(t)TM(t)C(t)

)2

×
(
1 + C(t)TM(t)C(t)

)}
,

E &%� - ��:3G
t0 = 0

0�&(�*)
a0 = 0

"

� )�'9;��5?n'A[%$	'�X.b\[.?�0 t0 = 0 X d0,a0,τ0 = d0,0,τ0 XG$�0.= 〈d0,0,τ0 , dt,a,τ 〉 = cC(t)T τ0 + cΣτ0 SG[N[.;6:;6:`b\[w8B)10.?R[%$�:N'A)G'U$'=�? a0 = 0 b\[.?�0 t0 = 0 ;/0B'A[.?R-`$�:O'N+�)1@E2Ji.-`$v)�+�[N[.?5)�@A?52 wVS LfS LkS
� O / � � 7 � M 


\Q?�:Ai.-7'9:\)	+|MF?G��'9;6)108wkS LkS1L�$'&0&.-@8�'9)*'9[.?R:*$�24?4&.@E?�X(;/)�i.:\?T?V$�2.&.-/?�:BS� � -0/=L'M�7�/:305�;(L � 5 O 3#Q - � M X.i�0.=.?5@ J # [xH QNb\;6'A[824)1@A?�)�X1?�@ x→ f0(x) ;6:\'A[.@A?�?u'9;62"?�:
�5)10�'9;60(i.)�i.:A-@8P=.;6��?5@E?50�'9;`$	D.-/? ν $VSt?'S7XO$�0.=J'A[.?c+�i.0��
'9;/)�0 B ∈ L2(f0 ·ν) ;/:�$	-/:A)q$�0*i0&0&,?�@D,)1i.0.=$+�)1@

1

f0(x)

∣∣∣∣
∂3f0

∂xi∂xj∂xl

(x− t)

∣∣∣∣ , i, j, l = 1, . . . , k, t ∈ T, ‖t‖ ≤ η.

� � /=Q'M�M�5�/=L � 5PO 3RQ�- � M X ;/0g'9[.;6:B�5$	:A? W ;/:<$I:O'd$�0�=%$�@A=<0.)1@A2_$�-3X1?���'A)1@.$�0.=>+�)1@�$�-/-
t ∈ T C(t) = t√

e‖t‖2−1
S



��� � �d���K��� ��� �+� � � ��� �J� ���Y�6�
� �
� ��� � � �	� � � 	�

� �&�

� � � - L�;%Q�79765 � 5 O 3#Q - � M X� � 5 O 3#Q - � M 5;L � O�� ;%L � L 3056/ 7 � / � 56765 � M XUi.0.=.?�@(J # �3H Q&b\;6'A[J24)1@E?5)CX1?5@k��'A[.?k+�i.0��
'9;6)10
B ∈ L2(f0 ·ν) ;6:3$	-/:A)�$�04i0&V&,?5@_D,)1i.0.=G+�)1@ |TiTjTl|F X i, j, l = 1, . . . , k S � 0G'9[.;6: �5$	:A?�X
W ;6:k'A[.? F $�i�:A:A;>$�0_X1?���'A)1@cb\;7'9[���)�XE$�@A;>$�0���? Σ '9[.? �5)�@A@A?�-`$�'9;/)�0"2A$�'9@A;�?4)�+a'9[.?]X1?��
'9)1@
(T1(X), . . . , Tk(X)) X_b\[.?50 X [%$�:j=.?�0.:A;7';8 f0 S \\?��B$�-/-Q'A[%$	'j'A[.?gXW$�@A;>$�0���?32A$�'9@A;�?)�+c'A[.?.X1?G��'9)�@ (T1(X), . . . , Tk(X)) b\[.?50 X [0$�:P=.?�0.:A;7';8 f0 ;/:n'9[.?42A$	'A@A;�? D2φ )�+
:E?��5)�0.=~=�?5@A;@XW$	'A;bX1?�:\)�+o'9[.?n+�i.0��
'9;6)10 φ $	'x&,)�;/0K' 0 XG$�0�=$'9[.? X1?��
'9)�@ C(t) ;/:Nf1;@X1?50HDR8

C(t)i =

∂φ
∂ti

(t)− ∂φ
∂ti

(0)
√

exp(φ(2t)− 2φ(t))− 1
√

(D2φ(0))i,i

, i = 1, . . . , k.

��������� 
���
 ��������
 ��������
 � ������� 
�� 
 � � 
�
�� � � ��
�� ! � �� �����! ��!  

��? �5)�0.:A;6=.?5@ [.?5@E?c'A[.? �5)�0K'U$�2";60%$	'A;6)10u2";�?('9i.@E?k24)(=.?5-�b\;6'A[J:E)124?ci�00=K0.)db\0�&%$	@U$�24?�'A?5@5X
b\[.;��Y[I;/:S'9[�?*:*$�24?v+�)1@q$�-6-�&,)'&.i.->$	'9;6)10.:BS � ' 8f&.;��B$�- ?T?V$�2.&.-/?v2_$C8HD�?v'9[0$	'n)	+_24;@?('9i.@E?5:])�+F $	i.:A:E;`$�0j=�;/:E'A@A;6D.i�'9;6)10.:lb\;6'9[�'A[.?p:U$	2"?]i.00=K0.)Ub\0 XE$�@A;>$�0���?�XF)1@k'9@*$�0.:E-`$	'A;/)10"24;@?('9i.@E?5:kb\;7'9[
'9[.?J:U$�24?Ji.0V=(0�)db\0�:#�5$�-6?�&0$�@U$�24?�'A?5@�S ��?*:E[%$�-6-�$�:E:Ai.24?J'A[%$	'p'A[.?*0Ki.;/:*$�0���?�&%$�@*$�2"?
'9?�@p;6:
;/=.?�0K'A;b-G$	D.-/?	X :A)I'9[%$	'*;6'9:J2_$E?F;/2Ji.2 -/;>=�?�-/;7[.)()(=g?�:E'9;62A$�'9)1@v;/: �5)�0.:A;6:E'9?�0K'BS [N[.;/:Jb\;6-/-u$�-6-/)Ub
'9)3@A?�=.i���?j'9[.?j&,)�:A:A;6D.-/?"0(i.;6:U$�0���?j&%$�@*$�2"?
'9?�@A:v;/0 'A[.?j=.?T-�0.;7'9;6)10g)	+\'A[.?j:A?
' S '9)3D,?j;60 $
0.?5;6f1[KD,)1i.@A[�)()(=<)�+Q'9[.?j'9@Ai�?$i.00=K0.)Ub\0C)10.? J�@E?��5$	-/-k'9[%$	' S ;6:*)10.-@8 $3'9[.?�)1@A?
'9;��B$�-c'A)()1-k'9)
X1?5@E;6+ 8v'9[%$	'l:A)�2"?`'9[.?�)1@A?�2 $W&0&.-b8�XR$�0.= �5)�2_&�i�'9?N'A[.?\:A?�'_)�+r0�)1@A2_$�-6; * ?�=G:#�5)1@E?5:5XK:E)u'A[%$	'|'9[.;6:
=.)(?5:p0.)�'p@A?�:E'A@A;��
'p'A[.?J24)(=.?5- M X,+�)1@Sb\[.;��z[3'9[�?J0(i.;6:U$�0F�5?m&%$�@*$�2"?
'9?�@];/:]0.)	'n@E?5:E'A@A;���'9?�=3'9)
D,?R;/0�$G0�?5;6f1[(D,)1i�@A[.)()(=$)�+o'9[.?n'9@Ei.?R)10.?5QTS
�Z?�' F = {ft,α, t ∈ T, α ∈ A} D,?_$H:A?
'J)	+`=.?50�:A;6'A;/?�:ub\;7'9[�@E?5:*&,?G��'v'A)8:A)124?4=.)124;60%$	'9;70.f
2"?B$�:Ei.@A? ν X,b\[�?5@A? T ;/:I$ �5)�2_&%$C��'p:Ei.D.:E?�'R)�+ R

k $	0.= A ;/:I$ �5)12.&%$��
'p:Ei.D.:A?
'R)�+ R
h S	��?

�5)�0.:A;6=.?5@\[.?�@A?R'A[.? �5$	:A?Rb\[�?5@A?
M0 = {f0,α, α ∈ A},

$�0.=
M = {gπ,t,α = (1− π)f0,α + πft,α, 0 ≤ π ≤ 1, t ∈ T, α ∈ A} .

[N[.?Ii.00=K0.)Ub\0 '9@Ei.?I=.;6:E'A@A;/D�i�'9;6)10{)�+R'A[.?I)1D�:A?5@vXW$	'A;/)10.:�b\;/-6-SD,? f0,α0 S�� ?3:Ai0&0&,)�:A?I'9[0$	'
(0, α0) ;6:�$�0 ;60K'9?�@A;6)1@^&,)1;60K'$)�+ T × A St��?�:A[%$�-6-ni.:A? �]:A:Ei.2.&�'9;6)10.:eJ # H � QYXQ;60.:Ai.@E;/0.f
:A24)()�'9[�0.?5:E:]$�0.=H:E)124?R0.)�0H=.?5f1?�0.?�@U$��T8��

J # H � Q
� (1− π)f0,α + πft,α = f0,α0 ν $VSt?'S.;6+s$	0.=H)10.-@8j;6+ α = α0 $�0�=	� π = 0 )1@ t = 0 
 X� (t, α) → ft,α ;/:`'�b\;��5?(�5)10�'9;60(i.)1i�:A-b8�=.;6��?5@E?50K'A;`$�D�-/? ν $VSt?'SG$�']$	0w8 (t, α) ∈ T× A X� ∃η > 0 X.:Ai��z[H'9[%$	' ∀δ ∈ R

h, ∀t ∈ T X ∀α ∈ A b\;6'A[ ‖α− α0‖ ≤ η X ∀ρ ≥ 0 �
ρ(ft,α0 − f0,α0) +

∑h
i=1 δi

∂f0,α

∂αi
= 0 ν $kS�?WS�;6+�$�0.=H)10.-@8j;7+ ρt = 0 $�0.= δ = 0 X

$�0�= ∀τ ∈ R
k, ‖t‖ ≤ η X ‖α − α0‖ ≤ η � ∑k

i=1 τi
∂ft,α0

∂ti
+
∑h

i=1 δi
∂f0,α

∂αi
= 0 ν $VSt?'S,;6+

$�0�=H)10.-@8j;6+ τ = 0 $�0.= δ = 0 S� [N[.?�@A?*?T?F;/:O'9:4$�+�i.0��
'9;6)10 B ∈ L2(f0,α0 · ν) '9[%$�'ni0&0&,?�@nD,)1i.0.=.:4$�-6-o+�)1-6-6)db\;60.f4+�i.0��T:'A;/)10.:p�
ft,α
f0,α0

,
1

f0,α0

∣∣∣∣
∂ft,α
∂ti

∣∣∣∣ , i = 1, . . . , k,
1

f0,α0

∣∣∣∣
∂ft,α
∂αi

∣∣∣∣ , i = 1, . . . , h,
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1

f0,α0

∣∣∣∣
∂2ft,α
∂ti∂tj

∣∣∣∣ , i, j = 1, . . . , k,
1

f0,α0

∣∣∣∣
∂2ft,α
∂ti∂αj

∣∣∣∣ , i = 1, . . . , k, j = 1, . . . , h,

1

f0,α0

∣∣∣∣
∂2ft,α
∂αi∂αj

∣∣∣∣ , i, j = 1, . . . , h, (t, α) ∈ T× A, ‖α− α0‖ ≤ η, ‖t‖ ≤ η.

[N[�?50aXm:A;60��5?n'9[.?R2A$E?F;62Ji.2 -/;b=�?5-6;6[.)()K=$?�:E'A;/2_$	'9)1@`)�+s&0$�@U$�24?�'A?5@ α ;6:)�5)�0.:A;6:E'9?�0K'5Xm)10.?R)10.-@8
0�?5?5=�:Q'9)�X1?�@A;6+ 8��]:E:Ai.2.&�'A;/)10cJ wVS PwQk+�)1@

S = {(1− π)f0,α + πft,α − f0,α0

f0,α0

/‖(1− π)f0,α + πft,α − f0,α0

f0,α0

‖2,

0 ≤ π ≤ 1, t ∈ T, α ∈ A, ‖α− α0‖ ≤ η},

b\[�?5@A?]bk?p@E?5:O'9@A;���'c)1i.@k=.?T-�0.;6'A;/)104'9) π, t $�0�= α :Ai��z[j'9[0$	' (1− π)f0,α + πft,α =.;6��?5@E:k+�@E)12
f0,α0 S % 0.?R[%$�:x$�-6:A)

S0 =

{
f0,α − f0,α0

f0,α0

/‖f0,α − f0,α0

f0,α0

‖2, 0 ≤ π ≤ 1, α ∈ A, ‖α− α0‖ ≤ η

}
.

"S?�-�0.?	Xm+�)�@ (t, ρ, δ, τ) ∈ T× R+ × R
h × R

k X

Ht,ρ,δ,τ = ρ(ft,α0 − f0,α0) +
h∑

i=1

δi
∂f0,α0

∂αi

+
k∑

i=1

τi
∂f0,α0

∂ti
,

$	0.=
dt,ρ,δ,τ =

Ht,ρ,δ,τ/f0,α0

‖Ht,ρ,δ,τ/f0,α0‖2

.

[N[�?u:A?
'9: D $�0.= D0 �B$�0HD,?4&%$�@U$	2"?
'9?5@E; * ?5=�$�:N+�)1-6-6)db\:p�
D =

{
dt,ρ,δ,τ , t ∈ T, ρ ≥ 0, δ ∈ R

h, τ ∈ R
k, ρ2 + ‖δ‖2 + ‖τ‖2 = 1

}
,

D0 =
{
d0,0,δ,0, δ ∈ R

h, ‖δ‖ = 1
}
.

� )�'9?]'9[%$	'N=.i.?p'9)J'9[.?n?l?�;6:E'A?50���?u)�+&'9[.?n0Ki.;/:*$�0���?4&%$	@U$�24?�'A?5@cb\[.;��Y[$;6: -k?�?�=$'9) α0 X.0.)Ub D

=�)(?5:Q0�)�' ��)10K'U$�;/0 S S
� '|b\;/-6-�D,?(&,)�:A:A;6D.-/?c'9)R)1DF'd$�;60*'A[.?x$�:v8(2_&�'A)�'9;��`=.;/:O'9@A;6D.i�'A;/)10�:x;/0J'9[.?N:U$�24?`b $58<$�:|;/04MF?��
'9;/)�0
wkS LkS1LkS%�Z?
']$�fR$�;60

r(s, t) =

∫ (
hs

‖hs‖2

)(
ht

‖ht‖2

)
f0,α0dν

b\;7'9[ ht = (ft,α0 − f0,α0)/f0,α0 X%$�0.= Z(·) '9[.?�$�:E:A)!�5;>$	'9?�= F $	i.:A:E;`$�0^-�?�-/=pS� )�'9?p'9[%$�'N'9[.;6:t&.@A)!��?5:E:Q;/:`'A[.?R:U$	2"?4$�:`'9[.?n)10.?R)	+|M(?���'A;/)�08wVS1LkS � ;6+&bc?R:A?
' f0 = f0,α0 S%�&?
'
$	-/:A) W X Σ $�0.= C(t) D,?n'9[.?R:*$�2"?4$�:\;608MF?��
'9;6)108wVS1LkS � @A?B&�-`$���;/0.f ∂f0

∂ti
Dw8 ∂f0,α0

∂ti
S

�Z?
' V D�?n'A[.? h : =.;/24?50�:A;/)�0%$�- �5?�0K'A?5@A?�= F $�i.:E:A;`$	0 XE$�@A;>$�D.-6?]b\;6'9[^XW$�@E;`$�0F�5? Γ �

Γi,j =

∫ 


1
f0,α0

∂f0,α0

∂αi

‖ 1
f0,α0

∂f0,α0

∂αi
‖2






1
f0,α0

∂f0,α0

∂αj

‖ 1
f0,α0

∂f0,α0

∂αj
‖2


 f0,α0dν, i, j = 1, . . . , h,



��� � �d���K��� ��� �+� � � ��� �J� ���Y�6�
� �
� ��� � � �	� � � 	�

� �&�

$�0.=$+�)�@($�0w8 t X.-/?
' G(t) D,?n'9[.? h :�=�;/24?50.:E;/)100$�-	X1?��
'9)1@\)�+>��)�XE$�@A;>$�0��5?�:\)�+ Z(t) $�0.= V �

G(t)i =

∫ 


1
f0,α0

∂f0,α0

∂αi

‖ 1
f0,α0

∂f0,α0

∂αi
‖2



(

ht

‖ht‖2

)
f0,α0dν, i = 1, . . . , h.

�Z?�']$�-6:A) S D,?R'A[.? �5)10RXW$�@E;`$�0F�5?R2_$	'9@E;@?�)�+ W $�0.= V X.b\;7'9[$?50�'9@A;6?5:R�

Si,j =

∫ 


1
f0,α0

∂f0,α0

∂αi

‖ 1
f0,α0

∂f0,α0

∂αi
‖2






1
f0,α0

∂f0,α0

∂tj

‖ 1
f0,α0

∂f0,α0

∂tj
‖2


 f0,α0dν, i = 1, . . . , h, j = 1, . . . , k.

"]?�-.0.?u'A[.?R2A$�'9@A;��5?�: U(t) $�0.= N(t) DR8

U(t) =

(
C(t)T

G(t)

)
, N(t) =

((
Σ ST

S Γ

)
− U(t)U(t)T

)−1

.

�Z?�' πn X tn $�0�= αn D,?R:A?BaKi.?�0��5?5:]:Ei��z[8'A[%$	'
(1− πn)f0,αn + πnftn,αn − f0,α0

f0,α0

/‖(1− πn)f0,αn + πnftn,αn − f0,α0

f0,α0

‖2

'9?�0.=.:"'A) :E)12"? dt0,ρ0,δ0,τ0 ;60 D X|b\;6'A[ limn→+∞
√
n‖ (1−πn)f0,αn+πnftn,αn−f0,α0

f0,α0
‖2 = c +�)�@

:A)124? &,)1:A;7'9;bX1? �5)10�:E'd$�0�' c S0[N[.?50rXmi.:A;60.fG'A[.?R:U$�24?p'9@A;��d=(:x$	:N+�)1@t&.@A)CX(;/0.f<[N[�?5)1@E?52hwVS1LkS1Lj�
����� ; - ��� 	�

��
 �
����������� �F�����  R"N$'&(�*)

(f0,α0 · ν)⊗n + )%, [((1− πn)f0,αn + πnftn,αn) · ν]⊗n +.- � �!��0 � +.23254
698 )(0;: < � 8 �.� > 2λn

698 )%@#� - <��*����)(,1� - (f0 · ν)⊗n
:
)A,B:3��0 - :�C���0;: 8 )D0 8

sup
t∈T

{(
Z(t)− U(t)TN(t)

1 + U(t)TN(t)U(t)

(
W
V

))2 (
1 + U(t)TN(t)U(t)

)
}

+

(
W
V

)T (
Σ ST

S Γ

)−1(
W
V

)
− V T Γ−1V,

+ )(,A�.)(,1� - [((1− πn)f0,αn + πnftn,αn) · ν]⊗n
0 8

sup
t∈T

{(
Z(t) + cρ0r(t, t0) + cC(t)T τ0 + cG(t)T δ0

− U(t)TN(t)

1 + U(t)TN(t)U(t)

(
W + cΣτ0 + cρ0C(t0)
V + cΓδ0 + cρ0G(t0)

))2 (
1 + U(t)TN(t)U(t)

)}

+

(
W + cΣτ0 + cρ0C(t0)
V + cΓδ0 + cρ0G(t0)

)T (
Σ ST

S Γ

)−1(
W + cΣτ0 + cρ0C(t0)
V + cΓδ0 + cρ0G(t0)

)

− (V + cΓδ0 + cρ0G(t0))
T Γ−1(V + cΓδ0 + cρ0G(t0)),

E &(� - � ρ0 = 0 E &(� )
t0 = 0

"
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	G�d���
	��Y� �	������� � �v��� � 	���� � ����	 ������� � � 	 ���	� � � 	�� ��� ��� ��!"	�� �1� �

� -0/=L'M�76/
3056;%L � 5 O 3#Q - � M � 5�3 � Q'L'I L ; � L M�1$/27 � ��/ -0/ � � 3 � -
� ?�@A? h = 1 X ν ;6:`'9[.?��Z?5D,?�:Af1i�?P24?5$�:Ei.@A?�$	0.=

ft,α(·) = αf0,1(α(· − t)),

b\;7'9[ A = [a,A] +�)1@\:A)124? a > 0 SG[N[.?50rX�;6'Q;/:Q?5$	:98$'9)":A?5?P'A[%$	'][N[.?�)1@A?�2 wVS1LkS �_$'&V&.-/;6?5:]$	:
:E)()107$�:N'A[.?n+�)1-/-6)Ub\;60.f �]:A:Ei.2.&�'9;6)10.:KJ # [xH � QN[.)�-/=q�

J # [xH � Q
� f0,1 ;6:t&,)1:A;7'9;bX1?p)10 R

k X� x→ f0,1(x) ;/:`' bN;��5?(�5)10�'9;/0Ki.)1i�:A-b8j=�;6��?5@A?�0K'A;`$�D�-/? ν $VSt?'S7X� [N[.?5@E?c?l?F;/:E'A:s$\+�i.0��
'9;6)10 B ∈ L2(f0,1 ·ν) 'A[%$	'oi0&0&,?5@ D,)�i.0.=.:s$�-6-1+�)1-6-/)Ub\;60.f`+�i.0���'A;/)10�:_�
f0,1(x− t)

f0,1(x)
,

1

f0,1(x)

∣∣∣∣(1 + |xi|)
∂f0,1

∂xi

(x− t)

∣∣∣∣ , i = 1, . . . , k, t ∈ T,

1

f0,1(x)

∣∣∣∣(1 + |xi||xj|)
∂2f0,1

∂xi∂xj

(x− t)

∣∣∣∣ , i, j = 1, . . . , k, t ∈ T, ‖t‖ ≤ η.

[N[�?5:A?t$�:E:Ai.2.&�'9;6)10.:s$�@E?c24?�'ob\[.?50 f0,1 ;/:o'A[.?c;/0RX1?5@E:A?c)�+G$]&,)1-b8(0.)�2";>$�-1b\;7'9[v=.?�f1@A?�?t$�'y-/?B$�:E'
2 X	$�2")�0.fGb\[.;��z[8'9[�? # $�i��z[w8H=.?50.:E;6' 81X,)�@Q'A[.? F $�i.:E:A;`$	08=.?50.:E;6'A;/?5:]$�0.=H'9[.?P0.)�@A2_$�-/; * $	'A;6)�0
)	+>�z[ (x)−1 S

� /=Q'M�M�56/1L � 5PO 3#Q - � M � 5�3 � QNL�I L�; � L��:/ -�5�/=L 1 �
� ?�@A? h = k(k+1)/2 :A;60��5? α ;6:y'A[.?Ni.0V=(0�)db\0<XW$	@A;`$	0��5?WS � '|;/:y?5$�:v8v'9)n:E?5?`'9[%$	' �]:A:Ei.2.&k:

'A;/)10�:mJ # [xH � QQ[.)�-/=aXG$�0.=g[N[.?5)�@A?�2 wVS LfS �_$'&0&.-6;/?�:5X	$	:S:A)()10 $�:Q'9[�? ft,α $�@A?u'A[.? F $	i.:A:A;>$�0=�;/:E'A@A;6D.i�'9;6)10.: N(t, α) )10 R
k X T ;/:��5)12.&%$��
'�X A ;/:s$ ��)12.&%$���' :Ai.D.:E?�'|)�+�:98(2424?�'9@E;��_2_$	'9@E;���?5:

'A[%$	'x$�@A? &,)1:A;7'9;@X1?n=.?�-.0.;6'A?'S
��������� � ! 
 !  �� � ���������� �! � � � ������
 � 
�� � 
�
���� � ��
�� ! � �  �����! ��!  

�Z?�' F = {ft,α, t ∈ T, α ∈ A} D,?4$J:E?�'\)�+o=.?�0.:A;7'9;6?5:cb\;6'A[B@A?�:*&,?��
'\'9)*:E)12"?]=.)124;/0%$	'A;60.f
24?5$	:Ai.@E? ν X_b\[.?5@E? T ;6:j$5��)12_&0$���'�:Ai.D.:E?�'$)�+ R

k $�0�= A ;/:j$5��)12.&%$��
'j:Ai.D�:A?�'$)	+ R
h S

[N[�?g&%$�@U$	2"?
'9?5@ t b\;/-6-)�z[%$�@*$��
'9?5@E; * ?8'A[.?g&,)'&.i.-`$�'9;/)�0 ;/0 '9[�?~24;@?('9i�@A?�X|'A[.?7&%$�@U$	2"?
'9?�@ α
b\;6-/-rD,?R'A[.?R:U$�24?n+�)1@($�-6-p&,)O&.i�-`$	'A;/)10�:BSF�]:]$*:A;/2.&.-6?p?T?V$�2.&.-/?n)10.?R2_$C8�'A[.;/00="'9) F $	i.:A:A;>$�0
=�;/:E'A@A;6D.i�'9;6)10.: J+&,)1:E:A;/D�-b8H2*i�-6'9;6=�;624?�0.:A;6)10%$�->Q`b\;7'9[ t '9[.?v2"?B$�0gX1?��
'9)1@ $�0.= α '9[.? XE$�@A;>$�0���?
2_$	'A@A;@? S % 0�?u2_$58j=.?�-.0.?K$G24;@?('9i�@A?pb\;7'9[ p &,)O&.i�-`$	'A;/)10�:t$�:

J�wVS � wRQ gp,π,T,α =

p∑

i=1

πifti,α.

� ?5@E? π = (π1, . . . , πp) ;6:�$ X1?G��'A)1@H)�+v0�)10 0�?5fR$�'9;bX1?I@A?5$	-n0(i.2JD,?�@A:$'A[%$	'H:Ei.2 '9) )10�?�X
T = (t1, . . . , tp) ∈ T

p $�0�= α ∈ A S % 0.?Rbk)1i.-/=$-/;>=�?p'A)4i.:A?R'9[�?K�r\s[ +�)1@N'A?5:E'A;/0.f (H0) : % g



�$# � �d���K��� ��� �+� � � ��� �J� ���Y�6�
� �
� ��� � � �	� � � 	�

� �&�

;/:�$u2";�?('9i.@A?\)�+ p0 &,)'&.i.-`$�'9;/)�0.:C6($	fR$�;60.:E' (H1) : % g ;6:�$P24;@?('Ai.@A?Q)	+ p &,)'&.i.-`$�'9;6)10.:C6�X1b\[.?5@E?
g ;6:`'9[.?R=.?�0.:A;7' 8B)�+y;MS�;MS�=pSF)1D.:A?�@9XE$	'9;6)10.: X1, . . . , Xn XG$�0�= p0 < p S%[N[.;6:\;/:`'9[�? �5$�:E?Rb\[.?50

M0 =

{
gp0,π0,T0,α, π0 ∈ [0, 1]p0 , T0 ∈ T

p0 , α ∈ A,

p0∑

i=1

πi = 1

}
,

M =

{
gp,π,T,α, π ∈ [0, 1]p, T ∈ T

p, α ∈ A,

p∑

i=1

πi = 1

}
.

[o)$i.0�=.?5@E:E'd$	0.=qb\[%$	'n[%$'&V&,?50.:�$	0.=I[.)dbs'A)B=.)$�5)�2_&.iF'd$	'A;/)10.:�X,'9[�?*2_$�;/0g&,)1;60K'p;6:]'9)ji.0k:
=.?5@E:E'U$�0.=4[.)dbC'�bc)R2";�?('9i.@E?5:xb\;7'9[<&,)�:A:A;6D.-b8v=.;7�r?�@A?50�'l0(i�2*D,?�@|)�+ &,)O&.i.->$	'A;/)10.:y2_$C8vD,?���)124?
�5-6)1:A?WS
[N[.?�2_$�;/0Lbk?5$'=L;/=.?�0K'A;b-G$�D�;/-6; ' 8 �S:A:Ai.2.&�'A;/)10 J � � " Q�b\;/-6-]D,?q'9[0$	' gp,π,T,α = gq,π′,T′,α′;6+�$�0�=H)�0.-b8�;7+ α = α′ $�0.= ∑p

i=1 πiδti =
∑q

i=1 π
′
iδt′i b\[.?�@A? δz ;6:`'A[.? "];/@U$C�n24?5$	:Ai.@A?4$	' z S

[N[.?�0aXo;7+k'A[.?.&0$�@U$	2"?
'9?5@E; * $	'9;6)10 (t, α) → ft,α ;6:R:A24)()�'A[�?50�)1i.f1[rXZ'�bc)824;@?('Ai.@A?�:RD,?���)124?
�5-6)1:A?v;6+|'9[�?5;6@q&0$�@U$�24?
'9?5@ α D,?���)124?5:(��-/)1:E?�Xp$	0.=3'9[.?�;/@]24;@?F;/0.f"24?5$�:Ei.@A?JD,?G�5)124?5:(��-/)�:A?J;60
'9[.?nbk?5$'=�'9)O&,)�-/)1f'8'S
�Z?�']0.)db g0 = gp0,π0,T0,α0 D,?m$_&0$�@E'A;���i.-`$�@\24;@?('Ai.@A?u;/0 M0 b\[.;��Y[~[%$�:]?l?V$���'A-b8 p0 &,)'&.i.-`$�:'9;6)10.:K$�0�= 0.)�'P+�?
bc?�@5Xo'A[%$	'ub\;/-6-|=.?50�)�'9?4'9[.?4'9@Ei.?"i.00=K0.)Ub\0>=�?50.:E;6' 8�)�+`'A[.?")1D.:E?5@9XE$	'9;6)10.:BS
��?u=.?�0.)�'A?uDw8 t

0,i 'A[.?R?5-6?524?50�'9:\)�+ T0 S,MF;60��5? &%$�@U$	2"?
'9?5@ α ;/:N;6=.?50�'9;b-%$�D.-/?	X�;6'A:N2A$�?�;62Ji.2
-/;b=�?5-6;6[.)()(=B?5:O'9;62A$	'A)1@N;6:)�5)�0.:A;6:E'9?�0K'Si.0.=�?5@\bc?5$W=$:E2")()�'A[.0.?�:A:]$�:A:Ei.2_&F'9;/)�0.:5X�:E)4'9[%$�'Q'A)4=.?T:
-�0.?]'A[.?]:A?�'A: S $�0.= S0 Dw8 J wVS1LOQ3$�0.=�J wVS��RQYXF)�0.?p2_$C84@E?5:O'9@A;���' α Dw8 ‖α−α0‖ ≤ η +�)1@k:A)�2"?
:A2_$�-6- η Sr[N[.?�0aX�$�:P:E?5?�0g;/0q'9[�?_&.@E?�X(;/)1i�:P:Ai�D.:A?G��'9;6)10.:�Xo'9[.?42_$�;/0�&,)1;60K'u;/:n'9)�-.0.= D $�0�=
D0 X.:A)_$�:N'A)4D,?�$�D.-6?p'9)$�� i.0�=.?5@E:E'd$	0.=~[.)Ub &%$	@U$�24?�'A?5@A; * $	'A;6)10 $�0.=H:E2")()�'A[.0.?�:A:Q2_$C8jD,?Ri.:A?�=8'A) �5)�2_&.iF'9?n'9[�?

)1@E=.?5@N)�+ 'A[.?RD.@U$C�l=�?
'9;60.f4?50�'9@E)O&w8�X� =.?T-�0.?R'A[.? F $�i�:A:A;>$�0 &.@A)!��?5:E:Q'A[%$	'\;/:Ni.:E?5=8;/0B'A[.?R-/;/2G;7'A;60.fJ=.;6:E'9@E;/D.iF'9;/)�0pS� )1@o'9[.?�:A?t&,)1;60K'A:5X	:E2")()	'9[.0.?�:A: $�:E:Ai.2.&�'9;6)10.:�$	0.=*D,)1i�0.=.;/0�f]b\;6'9[m$p:9aKi%$�@A?`;/0�'9?5f�@U$�D.-6?_+�i�0��T:
'9;6)10"[%$5X1?S'9)vD,?Si.:A?�=j'9)�f1?�'A[.?5@_b\;7'9[�:E)12"?Q0.)10�=.?5f�?50.?�@U$��T8�)�+a+�i.0F��'9;6)10.:_'A[%$	' ��)124?S;/04'9[�?
0.)1@E2 $'&V&,?5$�@E;/0.f";608=.?50.)�2";60%$	'9)�@5X.b\[.?�03'A[.;/:Q)10�?vf�)(?5:Q'9) * ?�@A)0S � 08++$���'5X,;7+x;6'Q2A$58$D,?P=.?T:
f1?�0.?5@*$	'9?	X�;6'Q2"?B$�0.:Q'A[%$	'])�0.?P[%$�:Q'9)�f1)4+�i.@O'9[.?�@];60H'9[.?P)1@A=�?5@S)�+x'A[.?K[s$58(-/)1@Q=.?TX1?5-/)'&.24?50K'
i.0K'A;/-r0.)10H=.?�f1?50.?�@U$��T8OSG[N[.;/:�X�)�+ �5)1i�@A:A?	Xm=.?�&,?50.=.:Q)10�&%$�@O'9;��5i.->$�@`?l?V$�2_&�-/?5:�S
� @U$	'A[.?5@Rf1?50�?5@U$	-l:E;6'9i0$	'9;6)10q;6:n'9[�?G+�)1-6-/)Ub\;60.f0S �&?
' q = p − p0 S�"]?�0.)�'A?"Dw8 Dtft,α '9[.? k :
=.;/24?�0.:A;6)10%$�-�X1?��
'9)1@u)�+c=.?5@E;bXW$�'9;bX1?�:u)	+ ft,α b\;6'A[�@E?5:9&,?���'P'9) t X Dαft,α '9[.? h :�=�;/24?50.:E;/)100$�-
X1?��
'9)1@\)	+ =.?5@E;bXW$�'9;bX1?�:N)�+ ft,α b\;7'9[$@A?�:*&,?G��'Q'A) α X D2

t
ft,α '9[.? k × k :�=.;62"?�0.:A;6)10%$�-,2A$�'9@A;�?�)�+

:A?G�5)10�=~=.?�@A;@XW$	'9;@X1?5:N)�+ ft,α b\;6'9[$@E?5:*&,?G��'Q'9) t S � 0K'A@A)(=.i���?��]:E:Ai.2.&�'A;/)10.:�J F H Qp�
J F H Q

� (t, α) → ft,α ;/:Z'A[.@A?�?l'9;/24?�:���)10K'A;/0Ki.)1i.:E-b8n=�;6��?5@A?�0K'A;`$�D�-/? ν $kS�?WSE$	'�$�0R8 (t, α) ∈ T×A X� ∃η > 0 :AiF�Y[*'9[0$	'�X�+�)1@�$�-6- αi ∈ R
h, t̃

i ∈ R
k, τ i ∈ R

k, δi ∈ R
h, πi ∈ R, i = 1, .., p0 X+�)1@u$�-/- ρ1, . . . , ρq ≥ 0 :Ei��z[$'A[%$	' ‖αi − α0‖ ≤ η X ‖t̃i − t

0,i‖ ≤ η X ∑i ρi +
∑

j πj = 0

'A[.?50B� ∑q
i=1 ρifti,α0

+
∑p0

i=1 πifti,0,α0
+
∑p0

i=1〈δi, Dαfti,0,αi〉+∑p0

i=1〈τ i, Dtft̃i,α0
〉 = 0

ν $VSt?'S�;7+s$�0.=H)�0.-b8�;6+∑q
i=1 ρifti,α0

+
∑p0

i=1 πift0,i,α0
= 0 X δ1 = 0, . . . , δp0 = 0 $�0.= τ 1 = 0, . . . , τ p0 = 0 X



������� �����
	G�d���
	��Y� �	������� � �v��� � 	���� � ����	 ������� � � 	 ���	� � � 	�� ��� ��� ��!"	�� � #K�

��� )1@I$�0R88:Ai.D�:A?�' J )�+�$	']2")1:O' inf{p0, q} &,)1;60K'A:];60 T :AiF�Y[3'9[0$	']+�)�@]?B$��z[I)10.?P'A[.?5@E?
;/:`)10�?n)�+o'A[.? t

0,i :($	'N=.;6:E'd$�0F�5?4$	'N24)1:E' η X�+�)1@t$	0w8 (τ j)j∈J )	+ X1?G��'9)�@A:\)�+ R
k XF+�)1@t$�0R8

δ1, . . . , δp0 ;60 R
h �∑p0

i=1〈δi, Dαft0,i,αi〉+
∑

j∈J(τ j)TD2
t
fj,α0(τ

j) = 0 ν $VS�?WS�;7+s$�0.=H)�0.-b8j;7+
δ1 = 0, . . . , δp0 = 0 $�0�= τ j = 0 X j ∈ J �� [N[.?5@E?S?l?F;/:E'A:�$n+�i.0F��'9;6)10 B ∈ L2(g0 ·ν) '9[%$�'_i0&0&,?�@_D,)1i.0�=.:�$�-/-F+�)1-6-/)Ub\;60.f]+�i.0���'A;/)10�:\�

ft,α
g0

,
1

g0

∣∣∣∣
∂ft,α
∂ti

∣∣∣∣ , i = 1, . . . , k,
1

g0

∣∣∣∣
∂ft,α
∂αi

∣∣∣∣ , i = 1, . . . , h,

1

g0

∣∣∣∣
∂2ft,α
∂ti∂tj

∣∣∣∣ , i, j = 1, . . . , k, (t, α) ∈ T× A, ‖α− α0‖ ≤ η

1

g0

∣∣∣∣
∂2ft,α
∂ti∂αj

∣∣∣∣ , i = 1, . . . , k, j = 1, . . . , h,
1

g0

∣∣∣∣
∂2ft,α
∂αi∂αj

∣∣∣∣ , i, j = 1, . . . , h,

1

g0

∣∣∣∣
∂3ft,α
∂ti∂tj∂tl

∣∣∣∣ , i, j, l = 1, . . . , k,
1

g0

∣∣∣∣
∂3ft,α

∂ti∂tj∂αl

∣∣∣∣ , i, j = 1, . . . , k, l = 1, . . . , h

(t, α) ∈ T× A, ‖α− α0‖ ≤ η, ‖t− t
i‖ ≤ η +�)1@N:E)124? i.

M(?�' ∆ = ((δ1)T , . . . , (δp0)T ) Xxb\;6'9[ δi ∈ R
h � Θ = ((τ 1)T , . . . , (τ p0)T ) Xxb\;6'9[ τi ∈ R

d �
T = (t1, . . . , tq) ∈ T

q � Ξ = (ρ1, . . . , ρq) ∈ R
q � Π = (π1, . . . , πp0) ∈ [0, 1]p0 X

HT,Ξ,Π,∆,Θ =

q∑

i=1

ρifti,α0
+

p0∑

i=1

πift0,i,α0
+

p0∑

i=1

〈δi, Dαft0,i,α0
〉+

p0∑

i=1

〈τ i, Dtft0,i,α0
〉,

$	0.=
dT,Ξ,Π,∆,Θ =

HT,Ξ,Π,∆,Θ/g0
‖HT,Ξ,Π,∆,Θ/g0‖2

.

"S?�-�0.?u0.)Ub �
K =

{
(T,Ξ,Π,∆,Θ) : ρ1, . . . , ρq ≥ 0;

∑

i

ρi +
∑

i

πi = 0;

‖δ1‖2 + . . .+ ‖δp0‖2 + ‖τ 1‖2 + . . .+ ‖τ p0‖2 +
∑

i

ρ2
i +
∑

i

π2
i = 1; H(T,Ξ,Π,∆,Θ) 6= 0

}
.

[N[�?50��
D = {dT,Ξ,Π,∆,Θ, (T,Ξ,Π,∆,Θ) ∈ K} ,

$	0.=
D0 = {d0,0,0,∆,Θ} .� '|b\;/-6-�D,?(&,)�:A:A;6D.-/?c'9)R)1DF'd$�;60*'A[.?x$�:v8(2_&�'A)�'9;��`=.;/:O'9@A;6D.i�'A;/)10�:x;/0J'9[.?N:U$�24?`b $58<$�:|;/04MF?��
'9;/)�0

wkS LkS1Lpi.0.=.?�@E�]:E:Ai.2.&�'A;/)10.:]J � � " Q $�0.=gJ F H QTS "]?T-�0.?Q'A[.? F $	i.:A:E;`$�0�-�?�-/= Z(T,Ξ,Π,∆,Θ)
)�0 K b\;6'9[8�5)CXW$�@E;`$�0F�5?

r ((T,Ξ,Π,∆,Θ), (T′,Ξ′,Π′,∆′,Θ′)) =

∫
dT,Ξ,Π,∆,Θ dT′,Ξ′,Π′,∆′,Θ′ g0dν.

� )�'9;��5?J'A[%$	'�X�$�:n;/0�&.@E?�X(;/)�i.:R:A?G��'9;6)10.:�X K ;6:n0.)�' �5-6)1:A?�=aXr$�0�= r(·, ·) ;6:n0.)�' �5)10�'9;60(i.)�i.:R)10
:E)124?c-6;/2G;7'9;70.fx&,)1;60K'9:�X�D.i�'y2A$58uD,?c?l?('9?50�=.?5=G;60v:A)�2"?k:E?50.:E?�XO$�:y[%$�: D,?5?50J=.)10.?k+�)�@ ;/0.:O'd$�0F�5?



�$#1� �d���K��� ��� �+� � � ��� �J� ���Y�6�
� �
� ��� � � �	� � � 	�

� �&�

;/08M(?���'A;/)10HwVS1LkS � S
�Z?�' $�-6:A) pn, πn,Tn, αn D,?|:AiF�Y[R'9[%$�' √n‖ gpn,πn,Tn,αn−g0

g0
‖2 '9?�0.=.:Z'9)N:A)�2"?�&,)1:A;7'9;bX1?>�5)10.:O'd$�0�'

c X.b\;7'9[ gpn,πn,Tn,αn−g0
g0

/‖ gpn,πn,Tn,αn−g0
g0

‖2 '9?�0.=.;60.fG'A) d̄ ;/0B'9[�? �5-/)�:Ai.@E?R)�+ D S
����� ; - ��� 	�

��
 �
� G ��� ���  + )(, ��� �! N& 8#2 ,1> 0�&(�*) (g0·ν)⊗n + )%, (gpn,πn,Tn,αn ·ν)⊗n +.- � ���10 � + 2
254�698 )%0;:3<=� 8 ���?>
2λn

698 )%@#� - <��*����)(,1� - (g0 · ν)⊗n
:3)A,B:
�90 - :FC��10�: 8 )D0 8

(
sup

(T,Ξ,Π,∆,Θ)∈K

Z(T,Ξ,Π,∆,Θ)

)2

−
(

sup
(0,0,0,∆,Θ)∈K

Z(0,0,0,∆,Θ)

)2

,

+ )(,A�.)(,1� - (gpn,πn,Tn,αn · ν)⊗n
0 8

J wVS �d� Q
(

sup
(T,Ξ,Π,∆,Θ)∈K

Z(T,Ξ,Π,∆,Θ) + c

∫
dT,Ξ,Π,∆,Θd̄g0dν

)2

−
(

sup
(0,0,0,∆,Θ)∈K

Z(0, 0, 0,∆,Θ) + c

∫
d0,0,0,∆,Θd̄g0dν

)2

.

� 'p;/:]&,)1:A:E;/D.-6?P'9)�@A?5=�i��5?v'9[.?P+�)1@A2Ji.->$4)�+|'A[.?�$	:98(2.&�'9)�'A;��P=.;6:E'9@E;/D.iF'9;/)�0.:Q;/0g[N[.?5)1@E?52 wVS1LkS P
;/0�'9)p)10�-b8P)10�?N:Ei0&.@E?52Ji.2HX�i.:E;/0.fp-/;/0�?5$�@s$	-/f1?�D.@U$ ��)12.&.i�'d$�'9;/)�0.:�$�:x;60m&.@A?TXF;6)1i.:x:A?G��'9;6)10.:�S'��?
:A[%$	-/-|0.)�'uf1;@X1?G'A[.?4@A?5:Ei.-6'R+�)1@�$�-/-x:E;6'9i0$	'9;6)10.:n:A;/0F�5?4;6'R;/0wX1)�-bX1?�:R'9)()H-/)�0.f7$	0.= �5)12.&.-6;��B$	'9?�=
+�)1@A2Ji�-`$VS � )Ubc?TX1?5@5Xl;/0 �B$�:A? q = 1 Xx'9[�?H@E?5:Ei.-6'G'U$'=�?5:_$I:A;62_&.-6?5@v+�)�@A2 '9[%$�'Gbc?$bN;/-/-cf�;bX1?
D,?5-6)db4S � )�@S'9[.;6:p)10�?*0.?�?5=�:n'9)B=�?�-�0.?*0.)�'U$	'9;6)10.:�S	� [.?�0 q = 1 X Ξ ;/:]@A?�=.i���?5=q'9) ρ $�0�= T

@A?�=.i��5?�:Q'9) t :A)G'9[0$	'Q?�-/?�2"?�0K'A:\)�+ D 2_$58jD,?nb\@A;6'E'9?�07$�: dt,Π,∆,Θ b\;6'A[

Ht,Π,∆,Θ =

p0∑

i=1

πi(ft,α0 − ft0,i,α0
) +

p0∑

i=1

〈δi, Dαft0,i,α0
〉+

p0∑

i=1

〈τ i, Dtft0,i,α0
〉.

b\[.?�@A? ∑p0

i=1 πi ≥ 0 S
�Z?�' W D,?S'9[.? p0(h+ d) :�=.;62"?�0.:A;6)10%$�-��5?50�'9?�@A?5= F $	i.:A:E;`$�0�@*$�0.=.)�2 XE$�@A;>$�D.-6?\b\;6'A[AXE$�@A;>$�0���?
Σ :Ei��z[8'A[%$	'N+�)1@($�-6- ∆ $�0.= Θ X

(
∆
Θ

)T

Σ

(
∆
Θ

)
= ‖H0,0,∆,Θ

g0

‖2
2.

�Z?�' Z(t) D,?P'9[.? (p0) :�=.;62"?�0.:A;6)10%$�-,�5?�0K'9?�@A?�= F $�i.:E:A;>$�07-.?5-/=8b\;7'9[ ��)�XW$	@A;`$	0��5?u'A[.? p0 × p02A$�'9@A;�? Γ(·, ·) :AiF�Y[H'9[0$	'\+�)�@($�-/- t1 X t2 X

Γ (t1, t2)i,j =

∫ 


ft,α0−f
t0,i,α0

g0

‖ft,α0−f
t0,i,α0

g0
‖2






ft,α0−f
t0,j ,α0

g0

‖ft,α0−f
t0,j ,α0

g0
‖2


 g0dν,

$�0.=H-6?�'
Γ = Γ(t) = Γ(t, t).
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"S?�-�0.? C = C(t) '9[�? p0(h+ d)× p0 2_$	'9@E;@?�:Ai��z[H'9[%$�'\+�)1@($	-/- (t,Π,∆,Θ) X
(

∆
Θ

)T

C(t)Π =

p0∑

i=1

πi〈
ft,α0−f

t0,i,α0

g0

‖ft,α0−f
t0,i,α0

g0
‖2

,
H0,0,∆,Θ

g0

〉2,

$	0.=H-/?
' A = A(t) X U = U(t) X M = M(t) D,?R2A$	'A@A;��5?5:`:Ai��z[H'9[%$�'
M =

(
Σ− CΓ−1CT

)−1J�wVS �UV Q
U = −MCΓ−1J�wVS �UT Q
A = Γ−1 + Γ−1CTMCΓ−1.J�wVS1L'NRQ

�Z?
' 1 =�?50.)	'9?R'A[.? p0 :�=.;62"?�0.:A;6)10%$	- X1?G��'A)1@\b\;7'9[�$�-/-
��)()1@A=.;60%$	'A?5:N?BaKi%$�-a'9) 1 S0[N[.?50��
���'� ; - ��� 	�
3��
 �
� � �9���!� ��� ���  + )(, � � �! 9> + )%, p = p0 + 1

" $'&(� )
2λn

698 )(@#� - <�� � ��)(,�� - (g0 · ν)⊗n
:
)

, :
��0 - :FC��10;: 8 ) 0 8

sup
t

(
AZ + UTW

)T
(
A−1 − 11

T

1TA1
1(AZ+UT W )T 1<0

)(
AZ + UTW

)
.

[N[�?v=.;/:O'9@A;6D.i�'9;6)10Hi�0.=.?5@ �5)10�'9;/f�i.)1i.:]$�-6'A?5@E0%$	'9;@X1?5:Q;6:S@*$	'9[.?�@S=.;bo ��i.-6'Q'A)�?T?k&.@E?5:E:n;60~;7'9:\+�i.-/-
f�?50.?�@U$�-6;6' 8P:A)R;7'|;6:x)124;6'E'9?5=v+�)�@x:A;62_&.-6;���;7';8'SW[N[�?(&.@A)()	+�)	+ [N[�?5)1@E?52 wkS LkS W ;/:xf�;bX1?�0G;/0GMF?��
'9;/)�0
wkS W S

� 0H'A[.? �5$	:A?u)�+ F $	i.:A:E;`$�0$24;@?('9i�@A?5:`b\;7'9[$i.00=K0.)db\0�XW$	@A;`$	0��5?	X.'9[�?�$�:A:Ei.2_&F'9;/)�0

%
p0∑

i=1

〈δi, Dαft0,i,αi〉+
∑

j∈J

(τ j)TD2
t
fj,α0(τ

j) = 0ν $VSt?'S�;7+s$�0�=H)10.-@8j;6+
δ1 = 0, . . . , δp0 = 0 $�0�= τ j = 0, j ∈ J”

=�)(?5:]0.)�'][.)1-6=pS � 0�=.?5?�=aXr:A?G�5)10�=q=�?5@A;@XW$	'A;bX1?�:Sb\;7'9[~@A?�:*&,?��
'p'9) t $�@E? &.@E)O&,)1@E'A;/)100$�-Zb\;7'9[~=.?l:
@E;bXW$�'9;bX1?�:vb\;6'A[<@E?5:*&,?G��'G'9) α S � 0>'9[.;6:B�B$�:A?	X|;7'*;/:J0�?��5?�:A:U$	@98>'9)If1)3+�i.@E'A[.?5@J;/0g'9[�? [�$58F-6)1@
=�?�X1?5-6)O&.24?50�'p�Kb\[.?�0j'd$W=(;60.fP'A[.;/@E=�=.?�@A;@XW$	'9;@X1?Qb\;7'9[�@A?�:*&,?��
'`'9) t XK'9[.? �5)10.=�;6'9;6)10")�+Z0.)�0j=.?l:
f�?50.?�@U$��T84[.)�-/=.:�S �S-/:E).Xw$�-6-.=.?5@E;bXW$	'A;bX1?�:l'9;6-/-F+�)1i�@E'9[4)1@A=�?5@_2_$C8JD,?Qi.0.;7+�)1@A24-@8vi0&0&,?5@_D,)1i.0�=.?5=
b\;7'9[�:E)12"?*+�i�0���'A;/)10 B $�:R0.?5?�=.?5= SyMF;/0���?G'A[.?4-6;/24; '9;70.f^&,)1;60K'A:R)�+u&.@E)!�5?5:E: Z 0�?5?5=�0.)�'R'9)
D,?A=(0�)db\0 $	'JD,)1i�0.=%$�@v8cXW$	-/i.?�:J)�+ K '9)3=.?T-�0.?�'9[.?j$�:98(2.&�'9)	'9;��"=.;6:E'A@A;/D�i�'9;6)10�)�+ λn Xo'9[.?+�)�-/-6)db\;60�f*@E?5:Ai�-6'\[.)1-/=�:R�
���'� ; - ��� 	�
3��
3	
$'&%� + � 4 ��� 0 8 0;: 6 , :
��0 - :FC��10;: 8 )1� ��)(,1� - 0�&(��)%� 2
2 & 4 � 8 0;&%�*� :3� + )%, ��)(,1� - 698 )%0;:3<=� 8 ��� & 4 � 8��
0�&(�*�?�*�/< :F@#� ) :3)D$'&(� 8R- �*��� "�� "
	 + )%, $'&(� 8R- �*��� "�� "���& 8R2 , G 8R- � + �.� � : + )7� :�
 0 � - �*� E : 0;& 0;&(�
� + ������)���) 8 E ) @ +.- : + ) 6 � � + 0 - :�
 "
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'Q@A;6=$)�+o'9[.? �5)�2_&%$C��'90�?5:A:]$	:A:Ai�2_&�'A;/)10 S0[N[.;/:\:E?��
'9;/)�07$�0.=$'9[.?R0.?l?('S)10.?�$�0�:v:
bc?�@NDR8"'9[.?p0.?�fR$	'A;bX1?�XF:A[�)db\;60.fJ'9[0$	'N;60�'9[�?n:E;/2.&.-6?5:E' �B$�:A?*� �5)�0K'd$	2";60%$	'A;6)104+�)1@k'9@*$�0.:A->$	'9;6)10
2";�?('9i.@E?5:`)10 R X�'A[.?4�r\s[ ;6:c'9[.?�)1@A?
'9;��B$�-6-b84-/?�:A:t&,)Ubc?5@O+�i.-r'9[0$�0$24)124?50K'k'9?5:O'9:\i�0.=.?5@ �5)�0K'9;�:
f1i.)�i.:x$�-7'9?5@E0%$	'A;bX1?�:BSF�]:x$�-6@A?5$	=V8�:U$�;6=$;/0j'9[.?R;60K'A@A)(=.i��
'9;6)10aXF'A[.? ��)10wX1?�@Af�?50���?u'9)*'9[�;/:N@E?5:Ai�-6'
;/:(X1?5@988:E-/)UbRX,:A)j;7'S;/:Q0.)�']:A)�@A?5-6?�XE$�0K'];/07&.@U$C��'9;��5?WS � 'p2_$�;60.-@8B:A[.)Ub\:]'A[%$	'];7'S;/:S=.;@o �5i.-7'Q'9)
�5)�0.:E'9@Ei���']$�0Hi.0KD,)1i.0.=.?�= $	:98(2_&F'9)�'A;��p'A[.?5)�@98B)�+o'9[.?��r\s[ S
��?��5)10�:A;/=�?5@];608'A[.;/:Q:A?��
'9;6)10~'A[.?���)10K'U$�2";60%$	'A;6)10H24;@?('9i�@A?u2")(=�?5-uJ�wVS � QNb\;7'9[ T = [−T, T ]
+�)1@�$uf1;bX1?�0A&,)1:E;6'A;bX1?Q@E?5$�-m0(i.2JD,?�@ T $	0.= ν '9[.?I�Z?5D,?�:Af1i�?p24?5$�:Ei.@A?WSw��?]i�:A?]0�)�'d$	'A;/)10�:�$�0�=
@A?�:Ai.-7'9:\)�+xMF?��
'9;6)108wVS1LkS � S%�Z?�' πn $�0.= tn D,?R:A?�aKi.?50��5?5:S:Ai��z[H'9[%$�'u�� limn→+∞

√
nπn‖(ftn − f0)/f0‖2 = c +�)�@N:A)124?4&,)1:E;6'A;bX1? c X� ?�;6'9[�?5@ tn 'A?50.=�:S'A)":A)�2"? t0 6= 0 $�0�= √nπn '9?50�=.:Q'9)":E)12"?4&,)1:A;7'9;bX1? ��)10.:O'd$�0�'�X,)�@ tn'A?50.=.:N'9) 0 XG$	0.= tn/‖tn‖ �5)10RX1?5@Ef1?5:\'9)G:A)124?R-6;/24; ' τ S

�Z?�' Pπn,tn =
(
gπn,tn · ν

)⊗n $�0�= P0 =
(
f0 · ν

)⊗n S�[o)3?�XE$�-/i0$	'9?4'9[.?j$�:v8F2.&�'A)�'9;��_&,)dbk?5@
$�0.=j'9[.? $�:98(2.&�'9)	'9;��]-6?�X1?�-r+�)1@c-`$	@Af1?]XE$�-/i�?5:`)�+ T X�)10.?p[%$�:c'9)*;60wX1?�:E'9;6fR$	'A?]'A[.?nD,?�[%$CX(;6)1i.@`)�+
:Ai0&�@A?52_$J)�+&'A[.? F $�i.:E:A;`$	0^&.@E)!�5?�:A:A?�: Z(t) $�0.= Z(t) +m(t) $�:N=�?�-�0�?5=H;60^[N[.?�)1@A?�2 wVS1LkS � S
Z ;6:]'A[.? �5?�0K'9?�@A?�= F $	i.:A:E;`$�0 &.@A)!��?5:E:R=.?T-�0.?�=�;/0qM(?���'A;/)10IwVS1LkS � b\;7'9[ ��)�XE$�@A;>$�0���?Jf1;bX1?�0IDR8
J wVS T QlS � )�@Q:A;/2.&.-6;��5;7' 8jbk?��5)10�:A;/=�?5@Q'9[.;6:]&�@A)!�5?�:A: $	:]=�?�-�0.?�=I)108'A[.?Pb\[�)1-/?P@E?5$�-&-/;/0�? R SG��?
b\;/-6-,i.:E?4$�:E:Ai.2.&�'9;6)10.:ci.0.=�?5@cb\[.;��z[j'9[�?p:Ai0&�@A?52Ji.2 )	+ Z(·) )�X1?�@ [−T, T ] '9?�0.=.:`'A)*;60V-�0.;7' 8
$�: T '9?50�=.:x'A)p;/0k-�0.;6' 81XE$�0.=J;/:s$��Y[�;/?�X�?5=J+�)1@ :A)124? t 'A?50.=.;60.f]'A)p;/0V-.0.;6' 8OS�M()p'A[.?c:E'9i.=k8v)�+�'9[.;6:
:Ai0&�@A?52Ji.2s)10 [0, T ] +�)1@ -`$	@Af1? T �B$�0*D,?c@A?B&�-`$���?5=JDw8u'9[.?c:E'Ai.=V8v)�+�'A[.?`:Ei0&.@A?�2Ji.2 )10 [1, T ] S
[N[.?j=.;6:	�5)�0K'9;60(i�;6' 8�)	+N'9[.? �5)CXW$�@E;`$�0F�5?"+�i.0��
'9;6)10 r $	' 0 b\;/-6-l[%$CX1?"+�)1@vi�:J0.)���)10.:A?�aKi.?50��5?
)10$'9[.?R?T?('9@E?524?uD,?5[%$5XF;6)1i.@\)�+ 'A[.?�&.@E)!�5?�:A: Z S0��?u:A[%$	-/-ai.:A?�� * $WD :x$�0.=gH8?5@#�5$�=.;6?5@KJ L'NON��RQ
'9)>=.?�@A;@X1?3'9[�?�$�:v8F2.&�'A)�'9;��3=�;/:E'A@A;6D.i�'9;6)10{)�+u:Ei0&.@A?�2_$>)�+ F $�i.:A:E;`$	0 &.@A)!��?5:E:A?5:BS � ?�0��5?I-/?�'
M(a, b) = supt∈(a,b)(Z(t) +m(t)) S.MF;60��5?S'9[.? $�:v8(2_&�'A)�'9;��]=.;6:E'A@A;/D�i�'9;6)10�)	+ 2λn XFi.0.=.?�@`'9[�?0(i.-6-o[w8f&,)�'A[.?5:E;/:p)1@Si.0.=.?�@ �5)�0K'9;6f1i.)1i�:q$�-7'9?�@A0%$	'A;bX1?�:5X,;60 [N[�?5)1@E?52 wVS1LkS � �B$�03D,?vb\@A;7'A'A?50i$�:
M(−T, T )2 J�'d$W=K;/0.f m(t) = 0 i�0.=.?�@N'A[.?p0(i.-6-r[R8f&,)�'9[.?�:A;6:x$	0.= m(t) = µ(t) $�:`=.?T-�0.?5=HDR8
J wVS �O� Q`i�0.=.?5@ ��)10�'9;/f�i.)1i.:($�-6'A?5@A00$	'9;@X1?5:dQYX�bc?Rb $	0K'\'9) �z[%$�@*$���'A?5@E; * ?�$�:v8F2.&�'A)�'9;��nD,?5[%$5XF;6)1i.@E:
)�+ M(−T, T ) $�: T → +∞ S0��?n'9[Ki.:Q;60K'A@A)(=.i���?n+�i.@O'9[.?�@\0.)�'U$	'9;6)10.:t$�0.=7$�:E:Ai.2.&�'9;6)10.:�S
��@A;6'A? rij(s, t) ;/0�:E'9?B$�=H)�+ ∂i+j

∂is∂jt
r(s, t) $�0�=8=�?�-�0�? R(t) =

∫ t

0

√
r11(s, s) ds S



������� �����
	G�d���
	��Y� �	������� � �v��� � 	���� � ����	 ������� � � 	 ���	� � � 	�� ��� ��� ��!"	�� � # �

�Z?
' at =
√

2 log ◦R(t), bt = at − log(2π)
at

$�0.= b̃t = at − log(π)
at

S
�Z?
' V = {V (t) = Z(R−1(t)) + m(R−1(t)), t ∈ R} D�?B'9[.? %�i.0.;7'9:�:9&,?5?�= & '9@U$	0.:E+�)1@E2A$�:'A;/)10")�+ Z +m ;/0"'A[.?]:A?�0.:A?]'9[0$	'k'9[.?]XE$�@A;>$�0���?])	+ V ′

(t) ?�aKi%$�-/: 1 +�)�@u$�-/- t ;/0 R Sw��?]=.?50�)�'9?
DR8 rV ;6'9:H�5)�XE$�@A;>$�0���?n+�i.0��
'9;/)�0pS
��?R:A[%$	-/-ai.:E?R'9[.?n+�)�-/-6)dbN;/0�fB�S:A:Ai�2_&�'A;/)10�:KJ F Qc)10 r $	0.= µ �

J F Q
(G1) ∀ t ∈ R, r11(t, t) > 0 $	0.= lim

t→+∞
R(t) = +∞,

(G2) r(s, t) log |R(s)−R(t)| → 0 $�: |R(s)−R(t)| → +∞,

(G3) ∀ ε > 0 sup
|R(s)−R(t)|> ε

|r(s, t)| < 1,

(G4) ? r ;/:`+�)1i�@N'A;/24?5:H�5)10�'9;60(i.)1i�:A-b8�=.;6��?5@E?50K'A;`$�D�-/? ,
? s→ r11(s, s) '9[.@E?5?n'9;/24?5:H�5)10�'9;60(i.)�i.:A-@8j=.;6��?5@E?50�'9;`$	D.-/? ,
? ∀ γ > 0, rY

01 $�0.= rY
04 $�@E?RD,)1i�0.=.?5=8)10 {(s, t) ∈ R

2, |s| > γ $�0.= |t| > γ},
(G5)

√
log ◦R(t)µ(t) −−−−→

t→+∞
0.

��?R[%$CX�?4�
���'� ; - ��� 	�
 � 
��
� � �9���!� �F���! + )(, � �  #" $'&(� )(> + � T 0 � )(,B� 0 8 :3) � )1: 0 4 > aT

(
M(−T, T ) − b̃T

) 0 � )(,B� :
)
, :
��0 - :FC��10;: 8 ) 0 8 0�&(� � ���!C�� 2 ,B:
�90 - :FC��10�: 8 ) E &(� ) m(t) = 0 + � E � 2
2 + � E &(� ) m(t) = µ(t)

"
� ) 8 0�&(� - E 8#- , � >%:
G cT,α

:
� 0;&(��0�& - � � & 8#2 , 8 G/0;&(��0��*��0 ,1� � )(�9,DC 4

lim
n→+∞

P0 (λn > cT,α) = α,

0�&(�*) G 8#- + ) 4 698 )(0;: < � 8 �.� + 2 0 � - ) + 0;:F@R�9>�0;&(� 2 :
� :;0;: )�< � 8 E � - 8 G/0;&(����� $ ����� +.2 � : 0;� 2 �#@#� 2��

lim
T→+∞

lim
n→+∞

Pπn,tn (λn > cT,α) = α.

[N[.?5)�@A?52 wVS �kS � ;/:t&�@A)�X1?�=8;/0HMF?��
'9;/)�08wVS W S
[N[�?H'A[.?5)�@A?52 :U$58F:G'9[0$	'G+�)1@ T -`$�@Ef1?B?50�)1i.f1[aX�$�:98(2.&�'9)	'9;��B$�-6-@8�Xy'A[.?7�r\s[:�5$	0.0.)�'4=.;/:O'9;60k:
f�i.;/:E[$'A[.?R0(i.-6-a[w8f&,)�'A[.?5:E;/:\+�@A)�2�$�0w8��5)10�'9;6f1i.)1i.:($�-7'9?�@A0%$	'A;bX1?�:BS
��?P:E[%$�-6-���)10.:A;6=.?5@\'9[.?R'9@*$�0.:A->$	'9;6)10$24;@?('9i.@E?R2")(=.?�-&=�?�-�0.?�=3;/0~MF?��
'9;6)10~wVS LfS � SG�Z?�' f0 D,?K$=�?50.:E;6' 8j)10 R :U$	'A;/:O+ 8F;60.fB�S:A:Ai�2_&�'A;/)�0.: (H) b\[.?�@A?nbc?n=.?50.)	'9?RDR8 f (i)

0 'A[.?n=.?5@E;bXW$�'9;bX1?p)	+ f0)	+y)1@E=.?5@ i S
J � Q

(H1) ∀x ∈ R, f0(x) > 0, f0 +�)1i�@N'A;/24?5:H�5)10�'9;/0Ki.)1i�:A-b8j=�;6��?5@A?�0K'A;`$�D�-/? ,
$	0.= ∀ i = 1, . . . , 4, ∃Ki > 0,∀x ∈ R,

∣∣f (i)
0

f0
(x)
∣∣ ≤ Ki,

(H2) ∀x ∈ R, limt→+∞
f0(x+t)

f0(t)
= limt→−∞

f0(x+t)
f0(t)

= 1,

(H3) ∃M > 0, ∀x, t ∈ R, f0(x)f0(t)
f0(x+t)

≤M,

(H4) ∃F ∈ L2(λ) : sup|t|≥1 log |t|
√
f0(x+ t) ≤ F (x),

(H5) limt→+∞ log(t)
√
f0(t) = 0.
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% i.@\@E?5:Ai�-6'\;/:N0.)Ub �
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 � 
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(H)
"'$'&(�*) $'&(� 8#- � � � "���"�� + � � 2 :P�*� 0 8 0;&(��0 - + )1� 2 + 0�: 8 ) �7:�
 0 � - � � 8 ,1� 2 "

�|@A)()	+y)�+ # )1@A)�-/-`$	@98�wVS��VS � ;6:Nf1;bX1?�0H;608MF?��
'9;/)�08wVS W S
H ��� / -#I M�J

� �S:A:Ai�2_&�'A;/)10�: (H1) '9) (H5) $�@A?]?�:A:A?�0K'A;`$�-6-b8 �5)10.=�;6'9;6)10.:k)�0j'A[.?S'd$�;6-,)	+ f0 S (H4) $	0.=
(H5) $�@A?�X1?5@v8ubc?B$'=�$�0.=v[.)1-6=u+�)1@�$	-/-�i.:Ai0$�-(=.;/:O'9@A;6D.i�'A;/)�0.:BSd}ciF' (H1) 'A) (H3) 'A[.)1i.f1[
@*$	'9[.?�@Rbk?5$'=mX $�@A?G2")�@A?G@E?5:O'9@A;���'A;bX1?WSr[`[.?�8�[�)1-/=I+�)1@R?l?0$	2_&.-6?G;6+ f0(t) = O(t−α) +�)�@
α > 0 $�: t→ +∞ $�0�= f0(t) = O(t−β) +�)1@ β > 0 $�: t→ −∞ S � )1@N;/0.:O'd$�0���?�X.'9[.?T8
[.)�-/=I+�)1@ f0 D,?5;60.fB'9[.?G;/0RX1?5@E:A?4)	+ $ &,)1-@8(0.)124;`$	-�$	0.=�;/0�&%$	@E'9;��5i.->$�@]+�)�@p'9[.? # $�i��z[w8=.?�0.:A;7' 8OS� [N[.?7&.@A)()	+n@E?5-6;/?�:4)10 '9[.?�X1?�@A;b-��5$	'A;/)10 )�+ $�:A:Ei.2_&F'9;/)�0.:4)�+q[N[.?5)1@E?52 wVS �kS � S � 0 &%$�@v:
'A;��5i�-`$�@�X�$�:98(2.&�'9)	'9;��BD,?�[%$CX(;6)1i.@A:G)�+S'A[.?���)�XE$�@A;>$�0��5? r $�0.= ;7'9:*=.?5@E;bXW$�'9;bX1?�:G[%$CX1?B'9)
D,? �z[.?G�l=�?�=�S��]:E:Ai.2.&�'A;/)10.: (H) )�0.-b84?T?k&.@E?5:E:\:AiVo �5;6?50�')��)10.=�;6'9;6)10.:ki.0.=�?5@cb\[.;��z[j'A[.?
$�:v8(2_&�'A)�'9;��A$�00$�-b8(:A;6:P;/:P=.)�0.?�b\;7'9[ :A)124?�f�?50.?�@U$�-6;6' 8OS � )Ubc?TX1?5@5X '9[�)1i.f1[ (H2) =.)(?5:
0.)	'Q[.)1-6=$+�)�@N'A[.? F $�i.:E:A;`$	0H=.?�0.:A;7';8�X�bc?K$	-/:A)�X1?�@A;@-�?5=H'A[%$	'x[N[�?5)1@E?52hwVS��VS � [.)1-6=.:N+�)�@
)�'A[.?5@R=�?50.:E;6'9;6?5:R:Ei��z[ $�:n'A[.? F $�i�:A:A;>$�0 $�0.=q'9[.?G0.)1@E2A$	-/; * $	'A;6)�0I)�+ �z[ (x)−1 ;60q:*&.;7'9?
)�+ =.;7�r?�@A?50�' �Ei.:O'9;@- �5$�'9;/)�0.:BS

�r\s[ [%$�:~'9)LD,?���)12_&0$�@A?�= b\;6'A[ )�'A[.?5@~'A?5:E'A;/0.f &.@E)!�5?5=�i.@A?�:q:Ai��z[�$�:3:U$�2.&.-6? 2"?B$�0 )1@
� )1-62")�f1)�@A)CXR:OMF2G;6@E0.)�X4'9?�:E'9;60.f<&.@A)!��?5=.i.@E?5:�S

:�"]?�0.)�'A?PDw8 µi =
∫
xif0(x)dν(x) S%� ;7'9[.)�i�'Q-/)�:A:\)�+xf1?�0.?�@U$�-6;6' 8B)�0.?��5$	0 $�:E:Ai.24?R'9[%$	'

µ1 = 0 S � + µ2 < +∞ $W&0&.-b8(;60.f7�Z? # $�2('t:R'9[.;6@A=c�Z?5242A$FXr'9[%$	'u;/:4[N[.?�)1@A?�2�wVS�wH)�+
XE$�08=�?5@ ) $O$�@O'KJ �UT�T1V Q
X√

nXn �5)10RX1?5@Ef1?5:&;/0n=.;6:E'A@A;/D�i�'9;6)10aX�$�: n 'A?50.=�:Z'9)N;/0V-�0�;6' 81X
'9)`'9[.? F $�i.:A:E;`$�0 N(0, µ2)

i.0�=.?5@ P0 $	0.=<'9)q'9[�? F $�i.:E:A;`$	0 N(γ, µ2) i.0�=.?5@ Pπn,tn Xxb\[�?5@A? γ = c/‖ f ′0
f0
‖2 ;6+

tn → 0 $�0�= γ = ct0/‖ft0−f0

f0
‖2 ;6+ tn → t0 6= 0 S# )�0.:A?�a(i�?50K'9-@8B'9[.?�$�:v8F2.&�'A)�'9;�� &,)dbk?5@\;/:Nf1@E?5$	'A?5@N'A[%$�0$'A[.?R-/?TX1?5- S

:j\\?52_$�@9="'9[%$�'�X�b\[.?�080.) �5)�0.=.;7'9;/)�0B)�+y24)124?50�'N;/:($5XW$�;/->$�D.-7?�XF)�'9[.?�@N'9?�:E'A: �5$	08D,?�$�-6:A)
&.@E)O&,)1:E?5=pS "]?T-�0.? Fn 'A[.?j@*$�0.=.)�2�=.;6:E'9@E;/D.i�'A;/)�0�+�i.0���'A;/)�0 $�0.= F0 'A[.?j=�;/:E'A@A;6D.i�'9;6)10+�i.0F��'9;6)10�$�:A:E)!�5;>$	'9?�=J'9) f0 SO�Z?�' I =�?50.)�'A?`'A[.?`;/=.?�0K'A;6' 8u+�i.0F��'9;6)10J)10 [0, 1] $�0�=*-/?�' U D,?
$P}c@A)Ub\0.;>$�0"D.@A;6=.f1?Q)�0 [0, 1] Sk�Z?
' ‖ · ‖∞ =�?50.)�'A?5:k'A[.?S:Ai0&�@A?52Ji.2 0�)1@A2�SR[N[.?]0%$�'9i.@U$	-
0.)�@A2_$�-/; * $	'A;6)�0H)�+ Fn -/?B$�=.:\'9)4'A[.?P=.?T-�0.;6'A;/)10H)�+y'9[�? � )1-/24)�f1)�@A)CXR:OMF24;7@A0�)�Xj:E'U$	'9;6:E'9;��
Kn $�0.=$'A[.? # @U$�2.)5@;:YX1)�0gH8;6:A?5:\:E'U$	'9;6:E'A;�� W

2
n �

Kn =
√
n ‖Fn − F0‖∞ $�0�= W

2
n =

∫ +∞

−∞
n [Fn(x)− F0(x)]

2 dF0(x).

MF?
'Q)10 [0, 1]

∆(x) = γ lim
n→+∞

F0

(
F−1

0 (x)− tn
)
− x

tn
,

b\[.?�@A? tn ;/:P'A[.?�'A@U$�0�:A-`$�'9;/)�0c&%$�@*$�2"?
'9?�@v)�+N'A[.?^$	-6'9?�@A0%$�'9;bX�?'S � ?50���? ∆ =.?�&,?50.=.:*)10
'A[.?�$�:98(2.&�'9)�'A;��pD,?5[%$5XF;6)1i.@N)�+ tn S
? Kn �5)10RX1?5@Ef1?5:4;60>=.;/:O'9@A;6D.i�'A;/)�0aXs$�: n 'A?50.=�:G'A)q;60V-�0.;7';8�X 'A) ‖U‖∞ i�0.=.?5@ P0 $�0.=
‖U + ∆‖∞ i.0.=�?5@ Pπn,tn S
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? W
2
n ��)10wX�?5@Af�?5:Q;/0B=.;6:E'9@E;/D.iF'9;/)�0aXV$	: n 'A?50.=.:N'9)*;/0V-�0�;6' 81XF'A) ∫ 1

0
U

2 dI i�0.=.?5@ P0 $�0.=∫ 1

0
(U + ∆)2 dI i.0.=.?�@ Pπn,tn SM(?5?]MF[�)1@U$��d=�$�0.=<��?5-6-/0.?�@xJ �UT�V wRQ +�)�@3$qX1?5@E:A;/)�0")�+,'9[.?�:A?�: �5)10RX1?5@Ef1?50���?5:BS�MF;/2Ji.->$�'9;7)10.:x:A[�)db

'A[%$	'4;60 D,)�'A[ �5$	:A?5:�Xl'9[�?H=.;/:O'9@E;/D.i�'A;/)�0<i�0.=.?5@ Pπn,tn ;/:G:O'9)!�z[%$�:O'9;��B$�-6-b8 f1@A?B$	'9?�@G'A[%$�0<'9[%$	'
i�0.=.?5@ P0 S # )10.:E?BaKi.?50K'A-b8B'A[.?�$�:98(2.&�'9)	'9;��q&,)dbc?�@Q;6:Nf1@A?B$	'9?�@N'9[0$�0$'9[.?R-6?�X1?�- S
�"��� y |,+�- .^}&�4}&%B� !B%B|p}�~ %BzH#j}&%5� � ��/�}�0$1A25476 /��4~�� �P# |r|Z%B� �

�c� � } �&- % � �4}&%
� � - %�<A}o#j~ 1(| � %l}�0 # � zI�P# � !$1\! - 1(� �
# � !$1 ~{�c� � }&%?@v#B�P# | � ;T}�1 ~ � � }o%�� 1(|

# )10.:E;/=.?�@ T = R J�0.).&.@E;/)1@`i0&V&�?�@QD,)�i.0.=GQt$�0.=$'A[.?n'9?�:E'9;60.f<&.@A)1D�-/?52�J�wVS � Qkb\;6'A[
ft(x) =

1√
2π

exp

(
−(x− t)2

2

)
.

M(?�'
g0 = f0 $	0.= gπ,t = (1− π)f0 + πft, 0 ≤ π ≤ 1, t ∈ T.

�Z?
' πn $	0.= tn D�?4:A?�aKi.?50��5?5:J:Ei��z[ 'A[%$	' limn→+∞
√
nπntn = γ ∈ R $�0.= limn→+∞ tn =

t0 ∈ R S � )	'9?n'A[%$	' t0 �5$	08D,?R?BaKi%$	-Z'9) * ?5@A)VS
λn ;/:N0.)Ub f1;@X1?50$Dw8I�

λn = sup
π∈[0,1], t∈R

n∑

i=1

log
(
1 + π

(
exp[tXi −

t2

2
]− 1

))
.

[N[�?50��
���'� ; - ��� 	�
 � 
��
� �

n
0 � )(,B��0 8 :
) � )�:F0 4 > (2λn − log ◦ log n+ log(2π2))

0��*)(, �/:
)�, :
��0 - :FC��10;: 8 )!0 8 0;&%� � ��� �
C�� 2 ,B:3��0 - :�C �10;: 8 ) ��)%,1� - P0

+ � E � 232N+ ����)(,�� - Pπn,tn

G 8#- + ) 4 γ + )(, t0
" � ) 8 0�&(� - E 8#- ,B�?> 2 �R0

�.� ,1� � )(� + � - ���9� 6 0;: 8 ) @ +.2 �B�*� 0;&%� - � < : 8 ) � (λn > cα,n) E : 0;&

cα,n =
1

2

(
G1−α + log ◦ log n− log(2π2)

)
,

E &%� - � G1−α

:3� 0;&(�
1− α

G - +B6 0�: 2 � 8 G/0;&(� � ���!C�� 2 , :
��0 - :�C �10;: 8 ) " ����& + @#� C 4 ,1� � )1: 0;: 8 )

lim
n→+∞

P0 (λn > cα,n) = α.

$'&%�*) G 8#- + ) 4 γ + )(, t0
>N0;&%� 2 :
� : 0 � 8 E � - 8 G 0�&(����� $ :
�

lim
n→+∞

Pπn,tn (λn > cα,n) = α.

[N[�?\'9[.?�)1@A?�2 :*$C8(:l'9[%$	'3$�:98(2.&�'9)	'9;��B$�-6-@81X�'9[.?x�r\s[ �5$�0.0�)�'_=.;/:O'9;60.f1i.;6:A[*'A[.?\0(i.-6-.[w8f&,)�'A[.?5:E;/:
+�@E)12 $�0w8���)10K'A;/f1i.)�i.:4$�-7'9?�@A0%$	'A;bX1?WS � 0.=.?�?5=aXa'9[.;6:n[%$	:n'9)BD,? �5)12.&%$	@A?5=Ib\;7'9[q)�'A[.?5@p'A?5:E'A;/0.f
&�@A)!�5?�=.i.@E?5:|:AiF�Y[<$�:y24)124?50K'o'9?�:E'A;/0.fq&�@A)!�5?�=.i.@E?5:BS � )1@ ?T?V$�2.&.-6?�X�;6+ Xn ;6: 'A[.?c:U$�2.&.-/?_2"?B$�0aX$W&0&.-b8(;60.fA�Z? # $�2('�:Q'9[.;6@A=g�&?�2"2_$�X √nXn ��)10wX1?�@Af�?5:p;/0~=.;6:E'A@A;/D�i�'9;6)10aX�i.0�=.?5@ Pπn,tn $	: n'A?50.=�:N'A)*;/0V-.0.;6' 81XK'9)J'9[�? F $�i.:E:A;`$	0 N(γ, 1) SV[N[Ki.:N'A[.?p'A?5:E'ND%$�:A?�=H)�0j'9[.?p:E'd$�'9;/:O'9;�� √nXn[0$�:4$�0 $	:98(2_&F'9)�'A;��m&,)Ubc?�@n'A[%$	'n;/:p:O'9@E;���'A-b88f1@E?5$	'A?5@]'9[%$�03'9[.?*-6?�X1?�- S
�S:n2"?�0K'A;/)10.?�=I;/0~'9[.?
;60K'A@A)(=.i��
'9;6)10j'9[.;6:\2_$'=�?�:\:A?50�:A?P;60 &.@U$C��'9;��5?n)10.-@8�+�)1@ X1?�@98$->$�@Af1?p=%$�'d$*:A?�'A:BS
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 � � ��� ��� ��� � �z� � � � � � � � � 	��
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[N[.?�:E?B&%$�@*$	'9;6)10 )	+`'9[.?"[w8f&,)�'9[�?5:A?�:*;/:uf1@A?B$	'9?�@ub\[.?50 γ 6= 0 S eS:A;60.f �Z?5242_$ � P0S�� � )�+
XW$�0*=.?�@ ) $'$�@E'(J ��T1T1V Q&;6'y;/:y?5$	:98v'A)n:A?�?`'9[%$�'x'9[�;/:y;/: '9[�?N)10�-b8&�B$�:A?`'A)(��)10.:A;6=.?5@�SRH8)1@E?5)�X1?�@|DR8
:98(242"?
'9@98jbc?&�5$	0~:Ai0&V&,)1:A?m$�-6:A)G'9[0$	' γ > 0 S	�Z?�'Si.:S;60K'A@A)(=.i���? Sn '9[.?u?52.&.;/@E;��B$�-p&.@E)!�5?�:A:=.?�-.0.?5=8Dw8

Sn(t) =
1√
n

n∑

i=1

{
exp[tXi − t2]− exp(−t

2

2
)
}
.

�Z;/iA$�0�=$M([%$�)^JML'NONONFXw[N[.?�)1@A?�2 � Q|@A?��B$�-6-,@E?5:Ei.-6'A:c)�D�'d$�;60.?�=�DR8"}c;��d=�?5- $�0�= # [.?5@E0.)�� J �UT1T �RQ
)10$'A[.?4&.@A)!��?5:E: Sn �

sup
t∈R

Sn(t) = sup
|t|∈A2,n

Sn(t) + oP0(1)J wkS L � Q

b\[.?�@A? A2,n = [αn, βn] X αn = 2
√

log ◦ log ◦ log n $�0.= βn =
√

log n/2− 2
√

log ◦ log n S
[N[.@E)1i.f�[H'9[�?4&.@A)()�+ )�+o'9[.?�;/@t[N[.?�)1@A?�2 L<�Z;6i�$�0.=~MF[0$�)gJML'NONONRQk:E'U$	'9?n'A[%$	'

2λn = sup
t∈R

Sn(t)2 + oP0(1).

# )12JD.;60.;/0.fvb\;6'A[eJ�wVS1L � Q
XF'9[.?R->$�:E'\?�aKi%$�-6;6' 8jD,?G�5)124?5:
2λn = sup

|t|∈A2,n

Sn(t)2 + oP0(1).

�Z?�'Ji�:J=�?50.)�'A? P̃0 '9[�?�?T?('9?�0.:A;6)10>)�+ P0 �5)�0.:E'9@Ei���'A?5=>Dw8 }c;��d=�?5-u$�0�= # [.?5@E0.)�� J ��T1T �RQnDR8� i.0�fR$�@E;`$�08��)10.:O'9@AiF��'9;6)10pS��)�G�5)1@E=.;/0�fG'9)*'9[�?5;/@`+�)�@A2Ji.->$ J�� T QYX�bc?uf�?�'
2λn = sup

|t|∈A2,n

S0(t)
2 + o

P̃0
(1)J wkS L'LOQ

b\[.?�@A? S0 ;6:`'9[.? * ?5@A)424?5$�0$0.)10f:�:E'U$	'9;6)10%$�@v8 F $�i.:A:E;`$�0 &.@E)!�5?�:A:QbN;6'9[8�5)CXW$�@E;`$�0F�5?n+�i.0F��'9;6)10
ρ(s, t) = exp[−(s− t)2

2
]− exp[−s

2

2
− t2

2
].

� 0u'A[.?5;6@r&0$'&,?5@�X�}c;��l=	?5-w$�0.= # [.?5@E0.)��G@A?52_$�@9=]'A[%$	'Z'9[.;6:r&.@E)!�5?5:E: ;/:pX1?5@v8 �5-6)1:A?|'A)]$\:E'U$	'9;6)10%$	@98
&.@A)!��?5:E:\0%$	2"?�-b8 S̃0 S.}c?G�5$	i.:A?pbc?n0�?5?5=$;7'`->$	'9?�@5XKbc?]b\;/-6-,i.:A?p[.?5@E?4$�0j)�'9[.?�@cb $58OSk��?p=.?�-�0�?'9[.?R:O'd$�0�=%$�@A=�; * ?�=�X�?5@A:E;/)10H)�+ S0

Y0(t) =
S0(t)√
ρ(t, t)

=
S0(t)√
1− e−t2

,

;/0{)1@A=�?5@"'9)gD,? $�D.-/?H'9) $W&0&.-b8<'9[�? � )1@A2_$�- # )�2_&%$	@A;/:E)10 �Z?5242A$ JM�Z;I$�0�= MF[0$�).X L'N'NRLFX
[N[.?�)1@A?�2 LfS � QlS Y0 ;/:x$ * ?�@A)"2"?B$�080.)�0k:�:O'd$	'A;/)10%$	@98 F $	i.:A:E;`$�0�&.@A)!��?5:A:�X,b\;7'9[8i.0�;6'(XW$�@E;`$�0F�5?
$�0.=���)�XE$�@A;>$�0��5?p+�i.0��
'9;/)�0

r(s, t) =
exp

(
st
)
− 1√

exp
(
s2
)
− 1
√

exp
(
t2
)
− 1

·J wkS L��OQ
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��?R[%$CX�?
0 ≤ sup

|t|∈A2,n

|Y0(t)− S0(t)| ≤ sup
|t|∈A2,n

(1−
√
ρ(t, t)) sup

|t|∈A2,n

|Y0(t)|.

� )db '9[.?R+�i.0��
'9;6)10 r :*$	'9;6:9-�?�: ��)10.=.;7'9;/)�0.:\)�+ # )1@A)�-/-`$	@98 � )�+ � * $ED :]$�0.= H8?�@	�B$�=.;/?�@ J L'NON��RQTS# )�0.:A?�a(i�?50K'9-@8Bbc?�=K0.)Ub '9[.?R?l?V$���'S)�@A=.?�@\)�+o'9[.?R2_$E?F;/2Ji.2
sup

|t|∈A2,n

|Y0(t)| = O
P̃0

(
(log ◦ log n)

1
2

)
.

[N[�;/:$-`$�:O'H?�aKi%$	'9;6)10 �B$�0 $�-6:A)<D,?�=.?�=.i���?5= +�@A)12 :E'U$�0.=%$�@E= @A?�:Ai.-7'H)10 '9[.?q2_$E?F;/2Ji.2 )	+
:O'd$	'A;/)100$�@98 F $	i.:A:E;`$�0A&.@E)!�5?�:A:A?�:Ni.:A;60.fv'A[.?I&.@A)!��?5:E: S̃0 ;/0�'9@E)(=.i��5?�=jDw8�}k;��d=�?5- $	0.= # [.?�@A0.)��J �UT1T �OQTS% 0J'9[�?N)�'A[.?5@x:E;/=.?	X	'9[.?`2_$E?F;/2Ji.2 )	+ 1−√ρ(t, t) )10 A2,n ;6:x)�D�'d$�;60.?�=<$	' αn S'[N[.;6:�&�?�@A24;6'A:i�:\'9)*b\@E;6'9?

0 ≤ sup
|t|∈A2,n

|Y0(t)− S0(t)| ≤ O
P̃0

(
(log ◦ log n)

1
2
−4
)
.

� ;/0%$�-6-�8"'A[.;/:($'&0&�@A)C?F;62A$	'A;6)10^$�-/-6)Ub\:Ni.:N'9)G@A?�&.-`$C�5? S0 DR8 Y0 ;60cJ wVS1LOLOQ_'9)Gf1?�'
2λn = sup

|t|∈A2,n

Y0(t)
2 + o

P̃0
(1).J wVS1LWPwQ

� ;7'9[B'9[�?R:U$�24?R;6=.?5$<$�:ND�?
+�)1@E?�X.bc?R=.?�-�0�?
Yn(t) =

Sn(t)√
1− e−t2

.

� )�@($�-/- t0 $�0.=7$�-6- γ X.i.:E;/0.f.$�@Af1i�2"?�0K')��-/)1:E?n'A)G'A[.)1:A?n'9[0$	'Q-6?5$	=$'A)G+�)�@A2Ji.-`$^J � Qc;/0 F $�:A:E;`$	'JML'NONRL'Qkbk?u[%$5X1?
J�wVS1L W Q log

dPπn,tn

dP0

(X1, . . . , Xn) = C(γ, t0)Yn(tn)− C(γ, t0)
2

2
+ oP0(1)

b\;7'9[ C(γ, t0) = γ ;6+ t0 = 0 $	0.= C(γ, t0) = γ

√
et20−1
t0

;7+ t0 > 0 S,MF;/0F�5? γ �B$�08D,?P:Ei0&0&,)1:E?5=
&,)�:A;6'A;bX1?	X t0 ;6:3&,)1:E;6'9;@X1?'S � =.?�'U$�;/-6?5=.&.@E)()�+a)�+r+�)1@E2Ji.-`$<J wVS1L W Qx;/:lf1;bX1?�0";/0�MF?��
'9;6)10�wVS W S(eS:E;/0.f
'A[.?n+�)1@A2Ji.->$^J � T Qc)�+x}k;��d=�?5-r$�0�= # [.?5@E0.)��ZJ �UT�T �RQ
XFbc? �5$�0H@E?B&.->$��5? Yn DR8 Y0 'A)4f�?�'
J�wVS1L�wRQ log

dPπn,tn

dP0

(X1, . . . , Xn) = C(γ, t0)Y0(tn)− C(γ, t0)
2

2
+ o

P̃0
(1).

��?R0.?T?('Si�:A?R'A[.?n+�)1-/-6)Ub\;60.fJ-/?�2"2_$�XF;6'A:t&.@A)()	+y;6:Nf1;bX1?�0H;/08M(?��
'9;/)�08wVS W S
� ��� � / 	�
 � 
��
� 8R-�+.2
2 t0

>
2λn − log ◦ log n + log(2π2) + )(, log dPπn,tn

dP0
(X1, . . . , Xn) + - � + � 4 ��� 0 8 0�: 6 + 2
2 4

:3)(,1� � �*)(,1� )(0 ��)%,1� - P0

"

[N[�?50aXr$�:R:E)()10c$	:R)10.?�&.@A)CX1?5:��Z?5242A$jwVS PVS � 'A[.?*'A[.?5)1@E?52 +�)1-/-6)Ub\:]+�@A)12 $Bf1?50�?5@U$	-/; * $	'A;/)�0
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=�;/:	��@A?
'9; * $	'9;6)10aXZ+�)1-6-6)db\;60�f8;/=.?B$�:v;605� * $WD :m$�0.= H8?�@	�B$�=.;/?�@^J L'NON��RQ
X $�0.= $�0 $'&V&.-/;��5$	'A;6)10�)	+
'A[.?R0.)1@E2A$�-
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[o)H)1DF'd$�;60I'A[.?G:Ai0&�@A?52Ji.2�;60I'9[�?�-�@A:O'P-6;/2G;7'p)�+�[N[.?�)1@A?�2 wVS1LkS P.Xa)10.?*[%$�:n'9)8��)12_&�i�'9?
'9[.?R:Ei0&.@A?�2Ji.2 )�+c�

J wVS1L � Q






Π
∆
Θ




T (
Z
W

)



2

i.0.=.?�@\'A[.? �5)10�:E'9@*$�;/0�'9:

J wVS1L V Q



Π
∆
Θ




T

Σ̃




Π
∆
Θ


 = 1, ΠT

1 ≥ 0,

b\[.?�@A?
Σ̃ =

(
Γ CT

C Σ

)
.

# )10.:E;/=.?�@u'9[�?":Ai�2_&.@E?52Ji.2 i�0.=.?5@u'A[.?.-�@E:E'���)10.:O'9@U$	;/0K'BSr[N[.?�0aXo:A;/24;6->$	@A-@88'9)H'9[�?_&.@E)F)	+`)�+
[N[.?�)1@A?�2hwVS1LkS L(X�'9[.? XW$	-/i.?n)�+ 'A[.?R:Ai0&�@A?52Ji�2 ;6:

(
AZ + UTW

)T
A−1

(
AZ + UTW

)
+W T Σ−1W

$�0.=H;7'\;6:($	'A'U$�;/0.?�=$)10H:E)124? Π :Ai��z[H'9[%$	' ΠT
1 [%$�:N'A[.?R:U$�24?R:E;/f10�$�: (AZ + UTW )T

1 S� + (AZ+UTW )T
1 < 0 X�'A[.?50J'A[.?c:Ai0&�@A?52Ji�2 )�+ J wVS1L � Q&i.0.=.?�@(J wkS L V Q&?BaKi%$	-/: '9[.?c:Ei0&.@A?�2Ji.2

)�+ J wVS1L � Qki.0.=.?�@\'9[.? ��)10.:O'9@U$	;/0K'A:

J wVS1L T Q



Π
∆
Θ




T

Σ̃




Π
∆
Θ


 = 1, ΠT

1 = 0.

# )12.&.i�'U$	'9;6)10$)	+ '9[.;6:\:Ei0&.@A?�2Ji.2 i�:A;/0�f_�r$�f1@*$�0.f1?n2Ji.-6'A;b&.-6;7?5@E:N-6?5$�=.:`'9)G'A[.?R++$C��'\'A[%$	'\;6'\;6:
?BaKi%$	-Z'9)

(
AZ + UTW

)T
(
A−1 − 11

T

1TA1

)(
AZ + UTW

)
+W T Σ−1W

$�0.=$'A[.?4[N[.?5)�@A?52 ;/:t&.@A)CX1?5= S
��������� �  ������ ��� � ��! �� �! � � �����	�

MF?
' uT,x = x
aT

+ b̃T $�0�= MV (a, b) = supt∈(a,b) Vt +�)1@ V 'A[.?\i.0.;7'9: :*&,?5?�=G'9@U$	0.:E+�)�@A2_$	'9;6)10
)�+ Z +m S
? ��?R[%$CX�?

P

(
M(−T, T ) ≤ uT,x

)
= P

(
MV

(
−R(T ), R(T )

)
≤ uT,x

)
.



������� �����
	G�d���
	��Y� �	������� � �v��� � 	���� � ����	 ������� � � 	 ���	� � � 	�� ��� ��� ��!"	�� � �,�

� )dbRX3$'&0&.-@8(;/0.fqb\;7'9[ p = 2 X D1 =
(
− R(T ),−

√
R(T )

) $�0.= D2 =
(√

R(T ), R(T )
)

�|@E)O&,)1:A;7'9;6)10^P4)�+ � * $WD :x$	0.=gH8?5@#�5$�=�;/?�@ JML'NON��RQ
XFbc?R)1D�'d$	;/0
P
(
MV (D1 ∪D2) ≤ uT,x

)
= P

(
MV (D1) ≤ uT,x

)
P
(
MV (D2) ≤ uT,x

)
+ o(1).

\\?52_$�@9="'A[%$	'\;608� * $WD :x$�0�=gH8?�@	�5$	=.;/?�@KJML'NON1�RQ_:A; * ?5:\)�+ ;60K'A?5@9XE$�-/:t$�@E?R=�?�-�0.?�=g$�:`+�i.0���'A;/)10�:
)	+x'A[.?P-/?TX1?5- X�[.?5@E?v;7'S;6:\'9[.?P)O&V&,)1:A;7'9?Rb\[.;��z[~;/:Q2_$�=.?WS � i.@E'A[.?5@E2")1@E?�X�@A?B&,?B$	'9?�=i$'&0&.-6;��B$	'9;6)�0
)	+ # )1@E)1-/->$�@v8 � )�+(� * $WD :j$	0.= H8?5@#�5$	=.;/?�@iJ L'NON��RQ*?50%$�D�-/?�:ji�:�'A)g:O'd$	'A?8+�)1@ τ =

√
R(T )

$	0.= τ = R(T ) '9[.? ��)10wX1?�@Af�?50���?4)	+ aτ

(
MV (0, τ) − bτ

) $�0.= aτ

(
MV (−τ, 0) − bτ

) '9)�'9[.?F i.2JD,?5-MS � 'k+�)�-/-6)Ub\:l'A[%$	' MV
(
−
√
R(T ),

√
R(T )

) ;/:_:O'9)!�z[%$�:E'A;��B$�-/-@8*0.?�f1-/;6f1;6D.-7?)��)12_&0$�@A?�=
b\;7'9[ MV

(
− R(T ), R(T )

) $�0�= $�-/:E)�'A[%$	' M(0,√R(T )
) ( @E?5:9&pS M( − √R(T ), 0

)) ;/:
:O'9)!�z[%$�:O'9;��B$�-/-@8L0�?5f1-6;/f1;6D�-6? ��)12.&%$�@A?�= b\;7'9[ MV

(
0, R(T )

) ( @A?�:*&pS MV
(
− R(T ), 0

)) S\}�8
��)12JD.;/0�;/0.fvb\[%$	'x&�@A?���?5=.?�:5Xmbc?Rf1?�'

P

(
MV

(
−R(T ), R(T )

)
≤ uT,x

)

= P

(
MV

(
0, R(T )

)
≤ uT,x

)
P

(
MV

(
−R(T ), 0

)
≤ uT,x

)
+ o(1),

$	: T '9?�0.=.:\'9)G;60V-�0.;7';8�X%$�0�=$b\[.;��z[HD,?���)12"?�:
P

(
M(−T, T ) ≤ uT,x

)
= P

(
M(0, T ) ≤ uT,x

)
P

(
M(−T, 0) ≤ uT,x

)
+ o(1)

b\[�?50Hbc?u@E?�'Ai.@A0$'9)*'9[.?R;60.;6'A;>$�- &.@E)!�5?�:A: Z +m S
�Z?
' G(x) = exp

(
− exp(−x)

) =.?50�)�'9?B'A[.?$=.;6:E'9@E;/D.iF'9;/)�0 +�i.0��
'9;/)�0<)�+Q'9[�? F i.2JD,?5- S # )W:
@E)1-/->$�@v8 � )�+ � * $WD :x$�0�=gH8?5@#�5$�=�;/?5@KJML'NON1�OQ�8(;/?�-/=�:5X%$�: T 'A?50.=.:\'A)4;60V-�0.;7' 81X

P

(
M(0, T ) ≤ uT,x

)
= P

(
aT

(
M(0, T )− b̃T

)
≤ x

)
+ o(1)

= P

(
aT

(
M(0, T )− bT

)
≤ x+ log(2)

)
+ o(1)

= G(x+ log(2)) + o(1).

M(;/0���?n'9[.?R:*$�2"?n?BaKi%$	-/;6' 8�[.)1-6=.:\)�0 (−T, 0) X�)�0.? �5$	0'��)10���-/i.=.?n'A[%$	'
P

(
M(−T, T ) ≤ uT,x

)
= G(x+ log(2))2 + o(1) = G(x) + o(1).

��� ��� � �  �� ��� ��� 
��  ���� � �  � � ����� �

[N[.?�&.@E)()�+ @A?5-6;/?�:N)10$'A[.? X1?5@E;b- �B$	'9;6)10$)�+s$�:A:Ei.2.&�'9;6)10.:N)�+s[N[�?5)1@E?52hwkS �VS � S
���������	����

������� :A;60��5? f0 ;6: �5)10�'9;/0Ki.)1i.:($�0.=�&,)1:E;6'9;@X1?�XF+�)1@($�0w8j@A?B$�- T X

inf
t∈[−T,T ]

f0(t) = δT > 0.

eQ:A;60.f (H3) X.+�)�@($�-/- t ∈ [−T, T ] $�0.= x ∈ R X
∣∣∣∣
ft − f0

f0

(x)

∣∣∣∣ ≤ sup
x∈R

∣∣∣∣
f0(x− t) f0(t)

f0(x)

∣∣∣∣
1

f0(t)
+ 1 ≤ M

δT
+ 1,



����� ��� � ���8� ��� � �

$�0.=Hi�:A;/0�f (H1) $�0.= (H3)
∣∣∣∣
f ′t
f0

(x)

∣∣∣∣ ≤ K1
M

δT
,

∣∣∣∣
f ′′t
f0

(x)

∣∣∣∣ ≤ K2
M

δT
·

�Z?
'Qi.:Q0�)db &.@A)CX1?��S:A:Ai�2_&�'A;/)�0.: (G) S,M(?�'
N(s, t) =

∫
f0(x− t)f0(x− s)

f0(x)
dν(x).

"];6��?5@E?50�'9;>$	'9;6)103)	+ r X�+�)1@ s $	0.= t ;/0 R \ {0} Xr;/: $��5)10�:A?BaKi.?�0��5?")	+_'A[%$	'n)�+ N(s, t) S � )UbRX
+�)1@($�0R8B;/0�'9?�f1?5@E: i ≤ 4 $�0�= j ≤ 4 X�i.:E;/0.f (H1) $	0.= (H3)

f
(i)
0 (x− t)f

(j)
0 (x− s)

f0(x)
≤ KiKj

f0(x− t)f0(x− s)

f0(x)
≤ KiKjM

2 f0(x)

f0(t)f0(s)

$�0.= f0(t)f0(s) ;/:�&,)�:A;6'A;bX1?�-b8*-/)dbk?5@kD,)1i�0.=.?5=j)10"'9[.?]0�?5;/f�[(D,)1i.@E[.)()(=�)�+r$�0R8 (s0, t0) X(b\[�;��z[&.@A)CX1?5:\'A[%$	' N ;/:N=.;7�r?�@A?50�'9;>$�D.-6? $	'x$�0w8 (s, t) ∈ (R \ {0})2 b\;6'A[
∂i+jN

∂it ∂js
(s, t) = (−1)i+j

∫
f

(i)
0 (x− t)f

(j)
0 (x− s)

f0(x)
dν(x).

���
����� ��� 
 � � � � bc?R'A[(i.:\[%$5X1?R+�)1@ t 6= 0

r11(t, t) =

∫ f
′2
0 (x−t)

f0(x)
dν(x)

( ∫ f2
0 (x−t)

f0(x)
dν(x)− 1

)
−
( ∫ f0(x−t)f

′
0(x−t)

f0(x)
dν(x)

)2

( ∫ f0(x−t)2

f0(x)
dν(x)− 1

)2

=
‖f ′0(·−t)

f0(·) ‖2
2‖f0(·−t)−f0(·)

f0(·) ‖2
2 −

(
〈f ′0(·−t)

f0(·) ,
f0(·−t)−f0(·)

f0(·) 〉2
)2

‖f0(·−t)−f0(·)
f0(·) ‖4

2

b\[.;��Y[H;/:t&,)�:A;6'A;bX1?nDR8 # $�i��z[w8R: M �Y[�b $�@ * ;/0.?�a(i0$�-/;7';8'S � )UbRX

lim
t→+∞

r11(t, t) =

∫
f
′2
0 dν

∫
f 2

0 dν −
( ∫

f0f
′
0 dν

)2

( ∫
f
′2
0 dν

)2 ·

� 0.=.?�?5=aXm=.?T-�0.?R'9[�?R+�i�0���'A;/)10.:
A(t) =

∫
f 2

0 (x)

f0(x+ t)
dν(x)

B(t) =

∫
f
′2
0 (x)

f0(x+ t)
dν(x)

C(t) =

∫
f0(x)f

′
0(x)

f0(x+ t)
dν(x).

[N[.?�08b\@E;6'A?n'A[.?n+�i.0���'A;/)10 r11 i.0.=.?�@\'A[.?n+�)1-/-6)Ub\;60.fv+�)1@A2 �

r11(t, t) =
B(t)f0(t)

(
A(t)f0(t)− f0(t)

)
−
(
C(t)f0(t)

)2
(
A(t)f0(t)− f0(t)

)2 ·



������� �����
	G�d���
	��Y� �	������� � �v��� � 	���� � ����	 ������� � � 	 ���	� � � 	�� ��� ��� ��!"	�� � � #

[N[0$�00=K:|'9) (H1) $�0.= (H3) X�;60K'9?�f1@U$	0.=.:x)�+ Af0, Bf0 $�0�= Cf0 $	@A?`@A?�:*&,?��
'9;@X1?5-@8J=.)124;/0%$�'9?5=DR8
Mf0(x), K

2
1Mf0(x), K1Mf0(x).

}38�$'&0&�-/;��B$	'9;6)�0R)	+ (H2) $�0.=K�&?�D,?5:Ef1i.?�[N[.?5)1@E?52HXUbc?E�5)�0��5-6i.=.?_i.:E;/0.f\'9[�?l+�)1-/-6)Ub\;60.f �5)10RX1?5@;:
f�?50���?5:u�

lim
t→+∞

A(t)f0(t) =

∫
f 2

0 (x) dν(x)

lim
t→+∞

B(t)f0(t) =

∫
f
′2
0 (x) dν(x)

lim
t→+∞

C(t)f0(t) =

∫
f0(x)f

′
0(x) dν(x).

[N[Ki.:\+�)1@($�&,)1:A;7'9;bX1?(��)10.:O'd$�0�' R
J�wVS��ONRQ R(t) ∼t→+∞ R t.

���������	����
 � � � ���5)10.:E;/=.?�@A;60.f7J wVS��ONRQYX�bc?R[%$5X1?R'9)<&.@E)�X1?n'9[%$	'
J�wVS�� � Q lim

|s−t|→+∞
r(s, t) log |s− t| = 0.

eQ:A;60.f (H3) X
f0(t)f

2
0 (x)

f0(x+ t)
≤Mf0(x),

:E)G'9[%$	'\i.:E;/0.f (H2) X

lim
t→+∞

∫
f0(t)f

2
0 (x)

f0(x+ t)
dν(x) =

∫
f 2

0 (x)dν(x),

$	0.=$'9[.?�@A?R?T?F;/:O'9:x$ ��)10.:E'U$�0K' C :Ai��z[H'9[%$�'\+�)1@ |s− t| -`$	@Af1?p?50.)�i.f1[aX
r(s, t) ≤ C

∫ √
f0(t)

√
f0(s)

f0(x− t)f0(x− s)

f0(x)
dν(x).

[N[�?50aXmi.:E;/0.f (H3) X
r(s, t) ≤

∫
CM

√
f0(x)

√
f0(x+ s− t)dν(x).

}ki�']$��G�5)1@E=.;/0.f*'A) (H5) +�)1@($�0R8 x ∈ R X
lim

|s−t|→+∞
log |s− t|

√
f0(x+ s− t) = 0,

$	0.=H:A).X.)10.?R2_$C8j$'&0&.-@8^�&?�D,?5:Ef1i.?�[N[.?5)1@E?52 i�:A;/0�f (H4) '9)G)1D�'d$	;/0cJ�wVS�� � QlS
���������	����
 � � � � (G5) ;/:($B�5)10�:A?BaKi.?�0��5?v)�+ (G2) $	0.=$+�)1@A2Ji.->$^J wVS �O� Qcf�;bX(;/0�f µ(t) S



��� � ��� � ���8� ��� � �

���
����� ��� 
 � # � ��eQ:A;60.fiJ�wVS �'NRQ($�0.=8'A[.?u++$��
'S'9[0$	' r11 > 0 Xm)10.? �Ei.:O'p[0$�:Q'9)_&.@A)CX1?P'A[%$	'
+�)1@($�0R8 ε > 0 X
J wVS��RL'Q sup

|s−t|>ε

|r(s, t)| < 1.

� ;6@A:E'])�+3$�-/- X r(s, t) ;6:q$���)10�'9;/0Ki.)1i.:S+�i.0��
'9;/)�03)�+ (s, t) $�0.= |r(s, t)| < 1 $�:p:E)()10�$�: s 6= t
Dw8 # $	i��Y[R8R:OM �z[Kb $	@ * ;60.?BaKi%$�-6;6' 8OSV[N[Ki.:\+�)1@($�0R8 ε > 0 X.+�)1@($�0R8$��)12_&0$���'\:A?
' K X

sup
|s−t|>ε, t∈K, s∈K

|r(s, t)| < 1.

% 0�'A[.?])�'A[.?5@k[%$�0.=�D,?��5$	i.:A?p)�+ (G2) +�)1@ |s− t| :EiVo �5;/?�0K'A-b84-`$�@Ef1? r(s, t) ;6:kD,)1i.0.=�?5= $�b $58
+�@A)12 � X,:A)"bc?v2A$58H:Ei0&0&,)1:E?J'A[%$	' |s − t| ;/:QD,)1i.0.=.?�=pSaMFi0&0&,)1:E?v'9[%$�']'A[.?5@E?v?T?F;/:O'9: sn $�0.=
tn :Ai��z[3'9[0$	' |sn − tn| ;/:QD,)1i.0.=.?�=aX |sn − tn| > ε $�0.= r(sn, tn) → 1 S�}�8��5)�2_&%$C��'90�?5:A:];6'
bc)1i�-/=3D,?m&�)�:A:A;6D.-6?P'9)��Y[�)()1:A?J:Ai.D.:E?BaKi.?50��5?5: sϕ(n) $�0�= tϕ(n) :Ei��Y[I'A[%$	' sϕ(n) − tϕ(n) → c S
}ci�'Qi�:A;/0�fG'A[.?R:U$�24?n'A@A;��l=K:x$�:ND�?
+�)1@E?AJ�i.:A;60.f (H2) X (H3) $�0�=7�&?�D,?5:Ef1i.?K[N[�?5)1@E?52AQ
X

lim
n→+∞

r(sϕ(n), tϕ(n)) =

∫
f0(x)f0(x+ c)dν(x)∫

f 2
0 (x)dν(x)

·

MF;/0F�5? |c| ≥ ε > 0 '9[.;6:uXE$�-/i.?]=.;6��?5@E:c+�@A)12 � S � ?50���?nbc?nf�?�'($ �5)�0K'9@*$�=.;���'9;6)10"b\;6'9[ $	:A:Ai�2_&k:
'9;6)10.:N2_$�=.?n)10$:A?BaKi.?�0��5?5: sn $�0.= tn $�0.=eJ wkS �RL'Qc;/:`'A@Ai.?WS

���
����� ��� 
 � � � � [N[.?i-�@E:E'�&%$	@E'$)	+ (G4) [0$�:$D,?�?50 $	-/@E?5$�=V8 &.@E)�X1?�=pS � ?Ii.:A?q:U$	2"?
$�@Af�i.24?50K'A:N'9)<&.@A)CX1?R'A[%$	' s 7→ r11(s, s) ;6:`'9[.@A?�?R'A;/24?5: ��)10K'A;/0Ki.)1i.:E-b8j=.;7�r?�@A?50�'9;>$�D.-/?WS � )UbRX'9[.;6:o-`$�:O' @A?5f�i.-`$	@A;6' 84$	:A:A)!��;`$	'A?5=P'9)mJ wkS �ONOQr$�-/-6)Ubgi.:o'9)S@A?�=.i��5?c)1i�@ :E'Ai.=V8u'A)S'A[%$	'y)	+.+�i.0��
'9;6)10.:
r01 $	0.= r04 S

? [N[.?4-�@E:E'Q=.?�@A;bXE$	'9;@X1? r01(s, t) �5$�0HD,?nb\@A;7'A'9?�07$�:n�
−〈f

′
0(·−t)

f0
, f0(·−s)−f0

f0
〉2

‖f0(·−s)−f0

f0
‖2‖f0(·−t)−f0

f0
‖2

+
〈f0(·−t)−f0

f0
, f0(·−s)−f0

f0
〉f0〈f

′
0(·−t)

f0
, f0(·−t)−f0

f0
〉f0

‖f0(·−s)−f0

f0
‖2‖f0(·−t)−f0

f0
‖3

2

'9[.?�0 # $	i��Y[R8R:OM �z[Kb $	@ * ;60.?BaKi%$�-6;6' 8�-6?5$�=.:`'9)

|r01(s, t)| ≤ 2
‖f

′
0(·−t)

f0
‖2

‖f0(·−t)−f0

f0
‖2

·

[N[.;6:pi0&0&,?�@nD,)�i.0.=I;/:I$���)10K'A;/0Ki.)1i.:S+�i.0��
'9;/)�03)10 t Sr}�882A$W=(;60.fj$'&V&,?5$�@ f0(t) Xr;7'];/:]?B$�:A;6-b8:A?�?50H'9[%$	'\;7')��)10wX1?�@Af1?�:5X	$�: t '9?50�=.:\'9)G;/0V-.0.;6' 81XF'9)
2

∫
f
′2
0 dν∫
f 2

0 dν
·

H8)1@E?5)CX1?5@|+�)1@ $�0w8 δ > 0 X�'A[.?\=.?�0.)124;/00$	'9)1@y;6:|-6)dbc?�@|D,)1i�0.=.?5=4)10 Dδ = {(s, t), s ∈ R, |t| >
δ} S # )�0.:A?�a(i�?50K'9-@8B+�)1@($�0R8 δ > 0 X (s, t) 7→ r01(s, t) ;6:ND,)1i.0.=.?�=8)10 R

2 \Dδ S
? eQ:A;60.fv?5$	:98"D.iF'c'9?�=.;/)�i.: �5)�2_&.iF'd$	'A;/)10.:3$�0.= # $�i��z[w8R:OM!�Y[�b $�@ * ;/0�?BaKi%$�-6;6' 8*)10��5?S2")�@A?�X

bc?R[%$CX1?G�
|r04(s, t)| ≤

∑

i≥1

∑

j≥1

∏4
k=1 ‖

f
(k)
0 (·−t)

f0
‖αijk

2

‖f0(·−t)−f0

f0
‖i

2
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b\[�?5@A?~'A[.?~:Ai.24:�)10 i $�0.= j $�@E?7-�0.;7'9?g$�0.={b\[.?�@A?~+�)1@A$�0R8 i $�0.= j � ∑4
k=1 αijk = i S

�|@E?�X(;/)1i�:($	@Af1i.24?�0K'9:c@Ai�0 $�fR$�;60j$�0.=^&,?�@A24;6'ci.:c'A)<$	:A:A?�@E'`'9[%$�'`+�)�@ $�0w8 δ > 0 '9[�?]+�i.0���'A;/)10
(s, t) 7→ r04(s, t) ;/:ND,)1i.0�=.?5=8)10 R

2 \Dδ S
��� ����� �  �� ��� ����� �  � �	��� � ����� ���

"]?�-.0.?u'A[.?n+�i.0��
'9;/)�0.: L $�0.= L̃ DR8 log(1 + u) = u− u2/2 + u2L(u) $�0.=
L̃(u) = sup|v|<u |L(v)| S � '\;/: �5-6?5$�@`'A[%$	' L̃(u) → 0 $�: u→ 0 $�0�=$bc?u[%$5X1?

J�wVS��1�RQ log
dPπn,tn

dP0

(X1, . . . , Xn) =
n∑

i=1

log
(
1 + πn(etnXi− t2n

2 − 1)
)

= πn

n∑

i=1

(etnXi− t2n
2 − 1) +

π2
n

2

n∑

i=1

(etnXi− t2n
2 − 1)2 + S,

b\;7'9[

|S| ≤ nπ2
nt

2
n

1

n

n∑

i=1


e

tnXi− t2n
2 − 1

tn




2

L̃


πntn max

i=1,...,n

(
etnXi− t2n

2 − 1

tn

)
 ·

� )db ;6'\:EiVo �5?5:Q'9)4@A?�2A$�@9=�'A[%$	'\'9[.?R@U$�0.=�)12 XW$�@A;>$�D.-6?5:

e

tnX− t2n
2 − 1

tn


 X n = 1, 2, . . . +�)�@

� )�+�=.;/:O'9@E;/D.i�'A;/)�0 N(0, 1) [%$5X1?`D,)�i.0.=.?�=J'9[.;6@A=v24)124?50�'5S �]&0&.-b8(;60.fS'A[.?tHg$�@9=�)�XP;60.?BaKi%$	-/;6' 8

max
i=1,...,n


e

tnXi− t2n
2 − 1

tn


 = oP0(

√
n)·

HH)1@A?�)�X1?5@�X�'A[.? �5->$�:A:\)	+ +�i.0��
'9;6)10.:

x→


e

tnx− t2n
2 − 1

tn




2

;6: F -6;@X1?500=�)E: # $�0�'9?5-6-6;l;/0 &.@E)1D%$�D�;/-/; ';8ZJ�;60.=.?�?5=aX ;6'v;/:P'9[�?j:*aKi%$�@A?j)�+]$�"])10�:*=�?5@B�5->$�:A:�X�$�:m$
��)10.:E?BaKi.?50��5?P)�+|M(?��
'9;/)�08wVS1LkS � Q
X�bk?uf1?
' S = oP0(1) $�0.=

1

n

n∑

i=1

[(etnXi− t2n
2 − 1)2 − (et2n − 1)] = oP0(1),

:E)G'9[%$	'
J�wVS��'PwQ

log
dPπn,tn

dP0

(X1, . . . , Xn) =
√
nπn

√
et2n − 1Yn(tn) +n

π2
n

2

1

n

n∑

i=1

(etnXi− t2n
2 − 1)2 + oP0(1)

=
√
nπn

√
et2n − 1Yn(tn) + n

π2
n

2
(et2n − 1) + oP0(1).
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� )Ub :E?�'E'9;/0�f C(γ, t0) = γ ;6+ t0 = 0 $�0.= C(γ, t0) = γ

√
et20−1
t0

bc?R[%$CX1?
√
nπn

√
et2n − 1 = C(γ, t0) + o(1)

$�0.=
log

dPπn,tn

dP0

(X1, . . . , Xn) = C(γ, t0)Yn(tn)− C(γ, t0)
2

2
+ oP0(1).

������� � �  ������ ��� � ! ��������� � �	�

}c?
+�)1@A?�[%$�0�= bk?�:A?�' cn = (log ◦ log n)
1
2 $�0.= bc?�@A?G�5$�-6-p'A[%$	' A2,n = [αn, βn] b\;7'9[

αn = 2
√

log ◦ log ◦ log n $	0.= βn =
√

log n/2− 2
√

log ◦ log n S
� ���5)�@A=.;60.f4'A) J�wVS1LWPwQ $�0.= J wkS L�wOQcbc?u0.?�?5=8'9).&.@E)�X1?R'9[%$�' supt∈A2,n

(Y0(t)− cn) $�0.= Y0(t0)$�@A?4$�:98(2.&�'9)	'9;��B$�-6-@8�;60.=.?�&,?50.=.?�0K'BSG[ )G'A[.;/:N?�0.=aX.bc?���)10.:E;/=.?�@N'9[.?R=.;6:	�5@E?�'A; * ?5=�&.@A)!��?5:E:
{Y0(qnk), k ∈ Z} b\;7'9[ $J:O'9?�&H)	+o=.;/:#�5@E?�'9; * $	'A;/)10 qn =.?B&,?�0.=.;60.fG)10 n ;/0^$J:E?50.:E?Rb\[�;��z[$[%$	:'9)GD,?R=.?�-�0�?5=pS	�Z?�'Qi.:\fR$	'A[.?5@`'9[�?u=�;/:	��@A?
'9; * ?5=�&,)1;60K'9:N)	+ A2,n ;60 Aqn

2,n = {d1, . . . , dN(n)} S}�8j'A@A;`$	0.f1i.->$�@c;/0�?BaKi%$�-6;6'A;6?5:t$�0.=H:E;/2.&.-6;@- �5$�'9;6)�0.:cbc?R[%$CX1?n+�)1@($�0R8 x $	0.= y
∣∣P
(

sup
t∈A2,n

Y0(t)− cn ≤ x;Y0(t0) ≤ y
)
− P( sup

t∈A2,n

Y0(t)− cn ≤ x)P(Y0(t0) ≤ y)
∣∣

≤ 2 P

(
sup

d∈Aqn
2,n

Y0(d)− cn ≤ x; sup
t∈A2,n

Y0(t)− cn > x
)

+J wkS � W Q
∣∣∣P
(

sup
d∈Aqn

2,n

Y0(d)− cn ≤ x;Y0(t0) ≤ y
)
− P

(
sup

d∈Aqn
2,n

Y0(d)− cn ≤ x
)
P

(
Y0(t0) ≤ y

)∣∣∣

[N[.?v'U$�:*=H;6:]0�)db '9)j&�@A)�X�?v'9[0$	']+�)�@x-V?F?5= x $�0.= y ?5$C�Y[��5)12.&,)10.?�0K'p)	+|'9[�?JiV&0&,?5@pD,)�i.0.=
�5)�0wX1?5@Ef1?5:\'9).NVS
? ��?R=.?�-.0.?R'9[.?n+�)1-6-6)db\;60.fJ24)(=.;b-��5$	'A;/)�0B)�+o'9[.?n+�i.0F��'9;6)10 r

r̃(t0, t) = 0 t ∈ Aqn

2,n, t 6= t0,

r̃(s, t) = r(s, t) s, t ∈ Aqn

2,n.

� )	'9? '9[0$	'Ii�0.=.?5@~'9[.? F $�i.:A:E;`$�0 =.;6:E'9@E;/D.iF'9;/)�0 =.?T-�0.?�=sDw8 r̃ 'A[.?eXW$�-6i.?g)	+G'9[.? &.@E)!�5?�:A:
$	' t0 ;/:8;60.=.?�&�?�0.=.?�0K'I)�+J'9[.?cXW$�-6i.?�:3)	+*'9[�? &�@A)!�5?�:A:i$	'3)	'9[.?�@~-/)!�B$	'9;6)10.:$b\[.)�:A?g=.;/:O'9@E;@:
D.i�'A;/)10 =.)(?5:q0.)�'��z[%$�0�f1?5:�S4[N[.;6:�&.@E)�X1?�:q'9[0$	' r̃ ;6:�$ �5)CXW$�@E;`$�0���?>+�i�0���'A;/)10pS]��?<=.?�-�0�?
ξ(t) = supu, |u−t0|>t |r(u, t0)| S � @A)�2�J wVS1L��RQ_bc?u[0$CX1?

ξ(t) = O
(

exp
(
− t2

2

))
.

��?u@E?5:O'9@A;���'\)1i.@($	'A'9?�0K'A;/)10j'9) n '�:\:AiF�Y[H'9[0$	'
cn > 2|x| ; ξ(αn) < 1/2 :E)G'9[%$	' (x+ cn)2

2(1 + ξ(αn))
≥ c2n

12

[N[.? � )1@E2A$�- # )�2_&0$�@A;6:A)10��Z?5242A$�J+�Z; $�0.= MF[0$�).XrL'NONOLFXp[`[.?5)1@E?52�LkS � Q]f1;bX1?�:RD,)1i�0.=.:n'9)
'9?�@A24:\)�+o'9[.?n' 8f&,?

P

(
Y1 ≤ u1, ..., Yn ≤ un

)
− P

(
Ỹ1 ≤ u1, ..., Ỹn ≤ un

)
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b\[�?5@A? Y $	0.= Ỹ $�@E?`'�bc)(�5?�0K'A?5@A?�= F $�i�:A:A;>$�0mX1?G��'A)1@A:xb\;6'9[v'9[.?`:U$�24?uXW$�@E;`$�0F�5?t$�0.=�&,)1:E:A;/D�-b8
=�;6��?5@A?�0K')�5)CXW$�@E;`$�0���?5: ρij $�0.= ρ̃ij X i, j = 1, ..., n S � 'Q:*$C8(:\'9[0$	'
J�wVS��1wRQ P

(
Y1 ≤ u1, ..., Yn ≤ un

)
− P

(
Ỹ1 ≤ u1, ..., Ỹn ≤ un

)

≤ 1

2π

∑

1≤i<j≤n

(
arcsin(ρij)− arcsin(ρ̃ij)

)+
exp

(
− u2

i + u2
j

2(1 + ρ̄ij)

)

b\[�?5@A? z+ = max {z, 0} X ρ̄ij = max {|ρij|, |ρ̃ij|} S �Z?�' (Const) @E?B&.@E?5:A?�0K'A:m$Hf1?�0.?5@E;��<&,)W:
:E;6'A;bX1? ��)10.:O'd$�0�'5S MF;60��5? arcsin(x) ≤ xπ/2 +�)1@ 0 ≤ x ≤ 1 Xr$'&0&.-@8(;/0.f$;60.?BaKi%$�-6;6' 8 J wVS��1wRQ];/0
D,)	'9[4=.;6@A?G��'9;6)10.:y'9)n'9[.?tX1?G��'A)1@ Y0 b\;7'9[ �5)CXW$�@E;`$�0F�5? r $�0.=G'A)R'A[.?tX1?G��'9)�@ Ỹ0 b\;6'A[ �5)CXW$�@A;>$�0���?
r̃ ��)1@A@E?5:9&,)10.=.;60.fG'9)*'9[.?4&,)1;60K'A:\D,?�-/)10�f1;/0�fJ'9) {t0} ∪ Aqn

2,n bc?uf1?
'u�
∣∣∣P
(

sup
d∈Aqn

2,n

Y0(d)− cn ≤ x;Y0(t0) ≤ y
)
− P

(
sup

d∈Aqn
2,n

Y0(d)− cn ≤ x
)
P

(
Y0(t0) ≤ y

)∣∣∣

≤ (Const)
∑

d∈Aqn
2,n

|r(d, t0)| exp
(
− (x+ cn)2 + y2

2
(
1 + |r(d, t0)|

)
)

≤ (Const)
∑

d∈Aqn
2,n

|r(d, t0)| exp
(
− c2n

12

)

≤ (Const)

qn
exp

(
− c2n

12

)∫ +∞

αn−qn

ξ(t)dt =
(Const)

qn
exp

(
− c

2
n

12

)
.

b\[�;��z[$'9?50�=.:\'9) * ?�@A)4;6+kX�+�)1@N?T?V$	2_&.-6?�X qn =
(
log ◦ log n

)−θ $	:\:A)()107$�: θ > 0 S
? [o)P=.?5$	-mb\;7'9[4'A[.?x-�@E:E'_'9?5@E2 )�+�J wVS�� W QYX1bc?S=.?�0.)�'9?SDR8 Uz $�0.= U qn

z '9[.?x&,)1;/0�'3&.@A)!��?5:A:E?5:`)	+
iV&k: ��@A)1:E:A;/0�f1:k)�+a-6?�X1?�- z +�)1@ Y0 $�0.=";6'A: qn : &,)1-@8(f1)10%$	-G$'&V&.@A)5?�;62A$�'9;6)�0gJ�-/;60.?5$�@|;60K'9?�@*&,)1->$	'9;7)10GQ@E?5:9&�?G��'A;bX1?�-b8'S � )1@($�0R8B:Ai�D.:A?
' B )�+ R X
Uz(B) = # {t ∈ B, Y0(t) = z, Y

′
0 (t) > 0},

U qn
z (B) = #

{
l ∈ Z, qn(l − 1) ∈ B, qnl ∈ B, Y0

(
qn(l − 1)

)
< z < Y0

(
qnl
)}
.

M(?�' Φ 'A[.?R=.;/:O'9@A;6D.i�'A;/)�0j+�i.0��
'9;6)10$)�+ 'A[.?R:E'U$�0.=%$�@E= F $�i�:A:A;>$�0�$�0.= Φ = 1− Φ S
P

(
sup

d∈Aqn
2,n

Y0(d)− cn ≤ x; sup
t∈A2,n

Y0(t)− cn > x
)

≤ P

(
Y0(αn) > x+ cn

)
+ P

(
Y0(αn) ≤ x+ cn, Ux+cn(A2,n) ≥ 1, U qn

x+cn
(A2,n) = 0

)

≤ Φ(x+ cn) + E

(
Ux+cn(A2,n)− U qn

x+cn
(A2,n)

)

b\[�?5@A?*'A[.?*-`$	:E'niV&0&,?5@nD,)1i.0.=q;/:p=�i.?*'A)7H7$�@*=�)CX3;/0.?�aKi%$�-/;7' 8OS [N[.?m-�@A:O'n'9?5@E2�$�D,)CX1?J'9?�0.=.:
'A@A;@XF;>$�-6-�8*'9) * ?�@A).X0$	:c+�)1@k'A[.?p:A?G�5)10�=H;7+Zbk?n:E?�' qn =

(
log ◦ log n

)−θ b\;7'9[ θ > 1
2
X # )10�=.;6'A;/)10

J�e � Qc)�+s�Z?5242_$.LJ)�+ � * $WD :($�0.=gH8?�@	�B$�=.;/?�@KJ L'N'N1�RQk;/:N24?�'BS � 'Q;6:N?5$�:v8B'A) �z[.?G�l=j'A[%$	'\:A;60��5?
E

(
Ux+cn(A2,n)

)
;6:\D,)�i.0.=.?�=Hbc?K$	@A?R;60B'9[.? ��)10.=.;7'9;/)�0B)�+�$'&V&.-/;��5$	'A;6)10j)�+ 'A[%$	'\-/?�2"2_$m$�0.=

E

(
Ux+cn(A2,n)− U qn

x+cn
(A2,n)

)
= o(1).
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D = l?nG2F� (λ1, . . . , λm),
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ck = pT
k V

:�z?n�Dx8;junO�5t Var(ck) = λk tRm Cov(ck, cl) = 0 l?�Rsv:�z?t k 6= l M"!ytQI?rLz?sR��rG2�I?j9o �ut��Sm@nOoxp l?t
V l?2Np?sVz?p¦suoxz?s�A£t;suI52��;t�lHtKl?nOwCtRp?s9nOoxp k #®2Nz sut;p?s�l%$}zHp?tKwJnLp?nOw\nOs@2�m@nOoNpfl?t�rG24D�2Nj9nL2Np��;t~l?tr&$�t;juj9t;zHj('§t;s�m�l?oxpHp?8;t�I?2Nj

pT
[1,k]V

o*) p[1,k] = (p1| . . . |pk) tRsum�rL2KwC2Fm@jun+�Rt�lHtym@2NnLrOrOt m× k l?oNp�m�rOt;s+Dxt��Rm9t;z?jus,�;oxrOoxp?p?tRs§s9oxpBm�rLt;sDxt��Sm@tRz?j9s�I?juoxI?j9tRs�2Fs9s9o-�RnL8Rs�2NzT= k I?rOz?s¡�xj92Np?l?tRs¡D�2NrLtRz?j9s¡IHj9oxI?jut;sRM
. oxz?sJsuz?I?I	oxsuoxp?sCwQ2FnLpBm@t;p?2Np�m\:�z?t�p?oxzHsJl?nLsuI	oxs9oxpHsJl%$�z?p?t�wQ2Fm9j9n��;t�l?tfl?oxp?p?8Rt;sCl52Fp?s

Mn,m(R) p?oNm98;t
A = (aij)i=1,...,n;j=1,...,m./ 2Nj�2Np52FrLox�xnOtJ2<Dxt��0�;tQ:�z?n+IHj98��R�;l?tF�0p?oxz?s�suz?I?I	oxsuoxp?sv:�z?tQrLt;sKrOnL�xpHt;s�l?t A s9oNp�m�nLp?l?8RI	t;pTAl52NpBm@tRs;M��§tRI	t;p?l52Fp�m¦pHoxz?sf�¼2FnLs9oNp?s�z?p?t"��6>I	oNm@�H�;s9t suz?jfrLt{Dxt��Sm@tRz?j V j9tR�xj9oxzHI52NpBm�rLtRs m

�<2Fj@2��Sm@�;jut;s¡ox�?s9tRjuDx8Rs;M . oxz?s�s9z?I?I	oNs9oxp?sV:�z%$�nLrWtRsumVl?t~rOoxn pHoxj9wC2NrLt1�Rt;p�m9j98Rt N(0,Σ) o*) Σ t;s�mz?p?tVwC2Fm9j9n+�Rt�l?t Mm(R) M . oxz?s�I	oxz?j9junLoxpHs�l?oNp��Vl?8Rs9nOj9t;j2�;oNp?p52�3Om@j9t�rG2qs�m@j9z��Rm@zHj9tVl?t4�;tRs+lHoxpTAp?8;tRs¡2Nzks9tRp?s�l?tyr&$}2Np52Nr76>s9t�t;p5�RoxwCI	oNs@2NpBm@t;s§I?j9nOp��;nOI52NrOt;s+nOs9s9zHt�l?t�rL2KwQ2�m@j9n��;tVl?t6�RoEDF2Fj9nG2Fp��;tt;wJI?nOj9nL:�z?t S = n−1B 2PDxt��
B = ATA.1 oxj9su:>zHt�rG2 DF2FrLtRz?jvl?t m tRsum4�T=H8RtN��rG2¦s�m@juz��Rm9z?j9t�s9I	t��Rm@j92NrLtkl?t n−1B tRsum4z?p?t��	oxpHp?tf2NI>AI?j9o<=TnLwC2Fm@nOoNpCl?t6�Rt;rLrOt�l?t Σ M � m�rOt;s§j98Rs9z?r7m32Fm9s�2Fs9s9o-�RnL8Rs�|7�;t6�Roxp�m9tS=>m@t�s9oxpBm�j92Ns9s9tRwv�?rL8Rs�l?2Np?srLtRs�j98S��8;jut;p��Rt;s8�;rL2Ns9sunL:�z?t;s6�;oxwJwJt79yp?lHt;j9suoxp:# Ù<;*=�> 'VoNz@? z?nLju�?t<2Fl:# Ù<;*A*B 'SM . oxzHsqp?oxzHsqnLp>Am@8Rj9t;sus9oxpHsq2NzC�<2Ns�o*) rG24DF2FrLtRz?jVl?t m t;sum1�RoxwCI?2Nj@2N�HrLt�|D�;tRrLrOt�l?t n M �1$�t;s�m�l%$�2FnLrOrOt;z?jus¡rLtE�;2Nsl52Np?s¡�	t;2Nz��;oNz?I l?t~l?oxp?p?8Rt;s�2��Sm@z?tRrLrLtRs;M1 t;s�wC2Fm9j9n+�Rt;s0�Roxp?s�m@j9zHnOm@tRs�l?t{rG2 wCURwCt wQ2NpHnL�;jut¦:�z?t B suoxp�m�t;p �¼2NnOmQl?tRs�wC2Fm@jun+�;tRsQ:�z?ns9z?sF�;n7m@t;pBm�z?p�rL2Nj9�xt�nOp�m@8Rj9USm¡m9�?8;oxjunL:�z?tFM

�HGFI2G&J KMLONQP�RTSVUXW1UZY RT[-\1L]P-N
¢ oNnOm A z?pHt4wC2Fm@jun+�RtKl?t Mn,m(R) lHoxp�m�rLtRs�rLnO�xp?tRsysuoxp�mqnOp?l?8RI	t;p?l52Fp�m@tRsqtRm�m9t;rLrOtK:>zHt4rG2nL�RwCt�rLnO�xp?t�suoxnOm¡lHt�rOoxn p?oxjuwQ2FrLt Nm(0,Σ) M 1 24wQ2Fm9j9n��;t�su6>wJ8Rm9j9nL:�z?t~l?t Mm(R)

B = ATA

2vz?pHtqrOoxn¥2NI?I	t;rO8;t�l?nOsum9j9nL�HzHm@nOoxpQl?ty��nOs9�52Nj�m�l?t�l?nLwJt;p?sunLoxp m 2PDxt�� n l?tR�xj98Rs�l?t�rLnL�	tRjum98N�>l?twQ2�m@j9n��;t�l?t8�RoEDF2Fj9nG2Fp��;t Σ M 1 24l?nOsum@junL�?zHm9nLoNp�l?t B tRsum�pHoNm@8Rt
Wm(n,Σ).
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. oNm9oxp?s¡rOt;s m D�2NrLtRz?j9s¡I?juoxI?jut;sVlHt B l?t~rG24wC2NpHnL�;jutqsuz?nOD�2Np�m9t

λmax = λ1 ≥ λ2 ≥ . . . ≥ λm−1 ≥ λm = λmin ≥ 0.

!�nO¤¥8;j9tRp�m9s�j98;suz?rOm@2Fm@s~s9zHj�rG2�l?nOsum@junL�?zTm@nOoxp"2Nsu6>wJIHm@oFm@nL:�z?t\l?tRs�D�2NrLtRz?j9s~I?j9oNI?j9tRsKlHtJwQ2�m@j9n��;tRslHty��nLsu�52Njum§oxp�m§8Rm@8�oN�Hm@tRp>z?sRM . oxz?s�IHj9oxI	oxsuoxp?s�l?tyrLtRs§l?8��Rj9nLjut�tRp�s9t�jut;sum9j9tRnL�xp52Fp�m�2Nz �;2Nl?j9tsuz?nOD�2Np�m 



Σ = Im, rG2vwQ2Fm9j9n��;t�nLl?tRp�m9nOm98ql52NpHs Mm(R)

m

n
−−−−→
n→+∞

γ ∈]0, 1]

. oxz?s �;oNwCwJt;p��Roxp?s�I52Nj�8;p?oxp��;t;jVlHt;sVju8;s9zHrOm32�m@s¡l?t8�Roxp�DxtRj9�xtRp��;tKI?jut;su:>zHtKs! ?jutNM
"�#�$�%�&('*),+.-0/21�/2143!576�&�8�+*9�:�%,+�;=<>6@?�;(AB&*C � 6@D�#0;E+�&�F
GIHKJ�L�MON!NQP(L�NSRUTWV�MXNZY2[!M]\_^�Y`MaP(LcbKd�efMX[gM2h_^*b

Fm

V�b�N�i�TjRab(^k[gNlef[�PQef[�b�NmV�b
n−1B

enTj[

Fm(x) =
1

m

m∑

k=1

o R
n−1λk≤x.

Fm(x) p P(L0i(b�[gq�bref[�b�N�h_^*bsNZtj[�bKdubKLvYwiEbK[!N Fγ(x)
P*x

F ′
γ(x) =

1

2πxγ

√
(d− x)(x− c)

o R
{c≤x≤d}

eyP�^k[
c = (1−√

γ)2 bEY d = (1 +
√
γ)2 z

1 tRsVl?tRzT=�ju8;s9zHrOm32�m@s¡suz?nOD�2Np�m9sVIHj9oxzHDxtRp�m�:�z?t~rLtRs¡�	oxjup?t;s¡l?z suz?I?I	oxj�m�suoxp�m�2�m9m@tRnLpBm@t;sRM
"�#�$�%�&('*),+.-0/21�/O{|3Q}u+*),6�9l~ n��`��� +�&j?�;E+ � 9�F
TE�

n−1λmax
ps−−−−→

n→+∞
(1 +

√
γ)2,

\E�
n−1λmin

ps−−−−→
n→+∞

(1−√
γ)2.

9�I?j9�Rs+rOt;s�m@j92PDF2FzT=Jl?t>�NoN�52Np?sus9oxp # Bk�k��� '0l52NpHs�rLt �;2Ns �;oNwCI?rOtS=TtN�*�Nox�Hp?sum9oxp?t7# Bk���TÙ '0ox�Hm9nLtRp�mrOt;sr�5z��Sm@z52Fm9nLoxpHs¡l?t~rG2vI?rLzHs¡�xj92Np?l?tqD�2NrLtRz?j�I?j9oxIHj9tNM
"�#�$�%�&('*),+.-0/21�/O�|3g�f%v#�9�?�;E%09B+�F
λmax − βnm

γnm

p P(L0i(b�[gq_b�b�L�V�MONZY2[!M�\�^�Y`MaP(L�i(b�[!NwRUT�RaP(M�V�b=�_[�T pg����� M2V�P(d�L0P�Y�H�b
F1

T�i(b p

βnm = (
√
n− 1 +

√
m)2

γnm = (
√
n− 1 +

√
m)(1/

√
n− 1 + 1/

√
m)1/3.

�§tVj98;suz?rOm@2Fm+2�l%$}2NnLrOrOt;zHj9s�8Sm@8V8Rm9t;p?l?zQI52Nj ¢ oxs9�Hp?nX�NoPDC# Bk���*B '�I	oNz?j�rG2ql?nLs�m@j9nO�?zHm@nOoxp>�uoNnLpBm@t¡l?tRs
k I?rLz?s��xj@2Fp?l?t;s�DF2FrLt;zHj9s¡I?juoxI?j9tRs;M1 tRs>�?z��Rm9z52Fm@nOoxp?s�l?tKrG2JI?rOz?s�I	tRm@n7m@t�D�2NrLtRz?j�I?j9oNI?j9tKp?t�suoxp�myI52Nsy8Sm32N�HrLnOt;s7#¼l52NpHsyrLtE�<2Ns�j98;tRr±��RoxwJwCt�n��;n 'SM �§t;I	tRp?l52NpBm<�bp?oxzHsql?nLsuI	oxs9oNp?sql52NpHsqI?rLzHs9nLtRz?j9s6�;2Nsql%$�z?p?t4tS=TI?jut;sus9nLoxp"tS=TI?rOn+�RnOm@t
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l?tCs@2 l?t;pHs9nOm98Qp?oFm@8;t fλmin
M . oxzHs�nLpBm@juo>l?z?nLsuoxp?sR�irLoxjus9:�z?t a > 0 tSm b < 1 ��rL2f��oxp��Sm@nOoxp l?t� j9n+�RoxwJn U(a, b, z) :�z?nbt;s�m�r $}zHp?nL:�z?tqs9oxrOzHm@nOoxp�l?t~r $}8R:>z?2Fm@nOoxpfl?t
	qz?wJwCtRj
zu′′(z) + (b− z)u′(z)− au(z) = 0

s@2Fm9nLs��¼2NnLs92Np�m U(a, b, 0) = Γ(1− b)/Γ(1 + a− b) tSm U(a, b,∞) = 0 M
!yt�IHrLz?sR�5p?oNz?s¡p?oNm@oNp?s L(α)

m (−x) =
∑m

k=0C
m−k
m+αx

k rOtqI	oxrO6>p��NwCt��x8;p?8Rj@2FrLnLsu8ql?t 1 2N�xz?tRj9j9tFM
" #B$�%v&('*),+�-f/21@/�
 3�����+ � ),6@9yF

� RaP([!NQh�^�b
n = m �

fλmin
(λ) =

m√
2π

Γ

(
m+ 1

2

)
λ−1/2e−λm/2U

(
m− 1

2
,−1

2
,
λ

2

)
,

fmλmin
(x) −−−−→

m→+∞

1 +
√
x

2
√
x

e−(x/2+
√

x),

� RaP([!NQh�^�b
n = m+ 1 � mλmin

NZ^kM Y ^kL0bSR2P(M�b���eyPEL0bKLvY`M2b�RXRab

fλmin
(λ) =

m

2
e−λm/2,

� RaP([!NQh�^�b
n = m+ 2 �

fλmin
(λ) =

Γ
(

m+1
2

)
√

2π

[
L

(2)
m−1(−λ)U(

m− 1

2
,−1

2
,
λ

2
) +

λ

2
L

(3)
m−2(−λ)U(

m+ 1

2
,
1

2
,
λ

2
)

]
,

� RaP([!NQh�^�b
n = m+ 3 �

fλmin
(λ) =

1

2(m+ 1)
L

(3)
m−1(−λ).

ZJ[�� ���¡e�� `�� �W`!�#"�c�eka%$�& ' &q`ba�h;g(� d)��g§c+*�&~a�h,&K_fg(�

!�2Fp?sVrG24rLn7m9m98;j@2�m@z?jutN�Hp?oxz?s�m@j9oNzHDxoxp?sVI?rOz?s9nOt;z?jus�m@t;s�m@sVl%$���6>I	oNm@�H�;s9tRs�suz?jVrOt;s¡wQ2�m@j9n��;tRs�l?t�;oPDF2NjunG2Np��RtNM . oxz?sQp?oxzHsks9oNwCwJt;sCnLpBm@8Rj9tRs9s98Rsf| lHt;zT=&m9t;s�m@sk:�z?n�s�$�8��;junODxtRp�m�l?t¦rG2 wQ2NpHnL�Rj9ts9z?n7DF2NpBm@tF� -
.0/2143
(H0) : Σ = Im �;oNp�m@jut (H1) : Σ 6= Im,-
.0/2165
(H0) : Σ = θIm �;oNp�m@jut (H1) : Σ 6= θIm.

�§t;sJlHt;zT= m@tRsum@s\I	t;j9wJtSm9m@tRp�mJtRp �¼2FnOm4lHt�m@j@2FnOm@tRjvl?t;s\��6>I	oNm9�?�;sut;sCI?rLzHs\�N8;p?8Rj@2NrOt;sJ|�s@2<DxoxnOjI	oxz?j¡rOtqI?j9tRwCnOt;j (H0) : Σ = Σ0 tSm (H0) : Σ = θΣ0 I	oxz?j¡rOtqs9t��;oxp?l M87 rWs9z:9\m�I	oxzHj �;tRrG24l?tj9tRp?oxj9wC2NrOnOs9tRj �Roxj9j9t��Rm9t;wJt;pBm�rLtRs�l?oxp?p?8Rt;s�I	oNz?j�I?j98Rs9t;pBm@tRj�z?p4m@tRsum�s9oxz?s�rL2���oxj9wJt§I?ju8��;8Rl?t;pBm@tNM
�HG J G I ; U [ N W=< >@?(A6RCB U WEDGF,W1U@H2>

�§tJI?jut;wJnLtRjqwCo>lH�;rLt4tRsumKz?p@�<2Ns~I52Njum9n+�Rz?rLnOtRjqlHz m@tRsum Ù IHz?nLsu:>zV$}nOr]�;oNp?s9nOl?�;jutJrG2�wC2Fm@jun+�Rtl?t8�;oPDF2NjunG2Np��Rt~I52Fjum@n��;z?rOnO�;j9t�suz?nOD�2Np�m9t
Σr = diag(σ1, . . . , σr, 1, . . . , 1)

o�)
σ1 ≥ σ2 ≥ . . . ≥ σr > 1.
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1 2"wC2Fm@jun+�Rt B :>zHn¡t;sumQ2Fs9s9o-�RnL8Rt | �;t�wJo>l?�;rOt�s9z?n7mJI52Nj �Roxp?s98R:�z?t;p�mQz?p?t�rOoxn�l?t���nLs9�?2Njum
Wm(n,Σr) M
�NoN�?p?sum9oxp?t # Bk�k�HÙ '+l?8RwCoNp�m@jut~:�z?t~I	oxz?j r < m � ��� (r + 1) �����	��
 �
������������� ��� ��� � ��� 
 ��� 
 � ���� ��� � Wm(n,Σr) �

�� ��� !�#"%$&�'�� �)( � ���	� �* 
 �
�+� 
��  �  �,( � � ��� 
 �
�+�-���.���/� �0� ��� � ��� 
 ��� 
 � � ��� ��� �
Wm−r(n, Im−r) M
7 r>I?juoxI	oxsut�2NrOoxj9s�lV$}zHm9nLrOnOs9t;jirLt�j98Rs9z?r7m32Fm�s9zHj0rLtRs��5z��Sm@z52�m@nLoNp?s�l?t§rL2VI?rOz?s��xj92Np?l?t�D�2NrLtRz?j�I?juoxI?j9tF�j92NI?I	tRrL8;t�l?2Np?s�rG2Ks9t��Sm@nOoxp�I?ju8��;8Rl?t;pBm@t #�m9�?8;oNj9�;wJt21>M Ù M > '��TI	oxz?j �Roxp?s�m@j9zHnLj9tyz?pkm@t;s�m¡�?2Ns98�s9z?jrL2�s�m32Fm9nLs�m@nL:�z?t λr+1 M 1 26�;oxwJI52Nj92NnLsuoxpvsum9o-���?2Nsum9nL:�z?t�nLwJI?rOnO:�z?t§:�z?t �Rt�m9t;s�m�tRsum2�;oNp?s9tRjuDF2Fm9nO�­M 7 r�¼2FzHm �Rt;I	tRp?l52NpBm�p?oFm@t;j�:�z?ts�NoN�?p?sum9oxp?t�lHoxp?p?tVz?p?tVnLl?8Rt43Rt;wJI?nOj9nO:�z?t+3�s9z?j�r&$�8��;2Njum�l?tRs+rLoNnLs�l?trL2 (r + 1) nL�;wJtqI?rOz?s¡�xj@2NpHl?t~D�2NrLtRz?j¡I?juoxI?j9t~l%$�z?p?t Wm(n,Σr) tRmVl?t�rL2\IHrLz?s¡�xj92Np?l?tqDF2NrOt;zHjIHj9oxI?jut~l%$�z?p?t Wm−r(n, Im−r) M
!�t;I?z?nOs4�Rt~m9j@2PD�2NnLr®�TrG2 �;oxp?p?2NnLsus@2Np��RtK2NzTm@oxz?j�l?z53 ¢ IHnX�Nt;l�wJo>l?tRr63ys�$�t;s�m�8;rG2Fj9�xnOtNM
"�#�$�%�&('*),+.-0/O{n/2143g<s6�A � F
7 M
k ≤ r

b(Y
σk ≤ 1 +

√
γ � L0P*^kNST�i(P(L�N

n−1λk
ps−−−−→

n→+∞
(1 +

√
γ)2,

bEY�N!M
σk > 1 +

√
γ � L0P*^jN>T�i(P(L�N

n−1λk
ps−−−−→

n→+∞
σk(1 +

γ

σk − 1
).

7 r>tS=TnOsum@t§rL|Vt;p��Roxj9t§z?pvju8;suz?rOm@2Fm0s9zHj0rLtRs��?z��Rm9z52Fm@nOoxp?s�l?t§rL2 k nL�RwCt�I?rOz?s��xj@2Fp?l?t�DF2NrOt;z?j�I?juoxI?jutNM
"�#�$�%�&('*),+.-0/O{n/O{|3g<s6�A � F
7 ^Ze�eyP(N�PEL�NwR2bKN,8 � eyP*Y)8:9KNQbKNSNZ^kM i�TjLvY�bKN<;= M �

σk > 1 +
√
γ �= MXM �

σk
bKNZY V�bSdu^kR]Y2M efROM p M Y�H o �= MXMOM �

m/n− γ = o(n−1/2) z> R2P([gN � LvP*^kNST�i(P(L_N
√
n

[
n−1λk − σk

(
1 +

γ

σk − 1

)]
L−−−−→

n→+∞
N(0, V 2(σk))

T�i(b p V 2(σk) = 2σ2
k

(
1− γ

(σk − 1)2

)
z

7 rxtS=TnLs�m@t�t;pH�5p�l?t;s�ju8;suz?rOm@2Fm@sisuz?jirG2 �;oxpBDxt;ju�xt;p��;t+l?t�r&$}2Np?�NrLt0��oNj9wJ8�t;pBm@jut�rOt;sWDxt��Rm9t;z?jus�I?j9oNI?j9tRs2Fs9s9o-�RnL8Rsv| σk tSm λk jut;s9I	t��Rm@n7Dxt;wJt;pBm<M . oxz?sKj98R��8Rj9oxpHsv| �Nox�Hp?sum9oxp?tQtSm 1 z # Bk����? 'qtSm / 2Fz?r# Bk����? '§I	oxzHj¡l?t~I?rOz?sV2NwJI?rOt;s�lH8Rm32FnLrLsRM. oxz?sbp%$}2PDxoxpHsiI52NsWm9j9oxzHDx8�l%$�8Rm9z?l?t�s�$}2NI?IHzH6B2NpBm�suz?j �;tRsil?t;jup?nL�Rj9t;si2PDF2Fp��;8Rt;siI¥oNz?jbrL2 �Roxp?sum9j9z���Am9nLoxp�l%$�z?p�m9t;sum;M¥�§tRI	t;pHl52Np�m;�	nOr �¼2NzTmVs92PDxoNnLj�:�z?t�rL2 �Roxp?s9nOsum@2Np��;t~l?t~rG2vsum32�m@nLs�m@nO:>zHt~lHt~m9t;sum
V =

1

m
tr[(n−1B − I)2]

#�tRmVl%$�z?p?tq�5p?t~wCo>l?n7���;2Fm@nOoxpkl?t8�;t;rOrLt�A �Rn '�t;sumV8Rm9z?l?nL8Rt~l52Np?s 1 t;l?oNnOm¡tSm¡� oxrO�H# Bk���*B 'SM
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� tRDxtRp?oxp?sfwC2NnOp�m@tRp52NpBmks9zHj�z?p m@tRsumfl?z m 6>I	t B �§:�z?n6�;oNp?sum@n7m@z?t{rG2 wJoNm@n7DF2Fm9nOoNp l?t �;t
�3�52NI?n7m@j9tFM 1 t��<2Fs Σ = θIm �;oxjuj9t;suI	oxp?l |vz?p�m9t;sum¡lHtqs9I?�?8Rj9n��;n7m@8NM / oNz?j�8Sm32N�?rOnLj+z?pfrOnLt;p�2<Dxt��r&$}2Np52FrO6>s9t¡tRp0�RoxwJI	oxs@2NpBm@tRs+I?junLp��RnLI52FrLtRs;�*�;tSm9m@tV��6>I	oNm9�?�;sutyj9tSDTnOt;pBm§|K2 9Jj9wJt;j�:�z%$�nLr5p%$ 6J2�I52Fsl?tQl?nOj9t��Sm@nOoxp I?j9n7D>nLrO8;�xnO8RtJl52NpHs�rG2�sum9j9z��Sm@z?j9tQl?t;s�l?oxp?pH8;t;svjut��;zHt;nOrLrLnOtRs�l52Np?s A M"9�zHm@jut;wJt;pBml?nOm;��rOt;s m �<2Fj@2��Sm@�;jut;sv8Rm9z?l?nO8;s�s9oxpBm<�"�;oNwCI52Fj@2Fm9nODxtRwCtRp�mKrLtRs�z?p?sv2NzT= 2NzTm@j9tRs;��m@oxzHs42FzHm32Fp�mtS=TI?rOn+�;2Fm@n7��s;M1 t;sv2NzHm@tRz?j9s 1 t;l?oxn7m�tRm�� oxr7�E# Bk��� B 'qs�$�nLpBm@8Rj9t;sus9tRp�m\l?2Np?s7�;t0�<2Nsv|¦rL2C�Roxp?s9nOsum@2Np��Rtkl?z m@t;s�m�52Nsu8�s9zHjVrL24s�m32Fm9nLs�m@nL:�z?t

U =
1

m
tr

[(
n−1B

tr(n−1B)/m
− Im

)2
]
.

. oNz?sC2<Dxoxp?s\s9oxzH�52NnOm98 �Roxp?sunLl?8Rj9tRjJz?p?tfsum@2Fm@nOsum@nO:�z?t�l?oxpBmJr&$�nLpBm@t;juI?j98Sm32Fm9nOoxp m9�?8;oxjunL:�z?tfwC2NnOs2Nz?sus9n¥�x8RoxwJ8Rm@junL:�z?tVt;s�m �;rG2FnLj9tFM	�§t<2Nz��;oxz?Ikl?t�I?j9ox�HrL�;wJtRs+l%$�nLpH��8Rj9tRp��;tyt;pQsum32�m@nLs�m@nL:�z?tVoxpBm§l?t;sI?j9oNI?j9nO8Rm@8RsqnLp?�H8;j9tRp�m9t;s~l?t\s�6TwJ8Sm@j9nOt4oxz"l%$�nLpBDF2Nj9nL2Np��Rt4tSm�nOwCI	oNs9t;pBmqp52Fm9z?j9tRrLrLtRwCtRp�m�l?t;s~jut;s�Am@jun+�Rm9nLoxpHs�s9z?j�rOt;s�I?juo-�;8;lHz?j9tRs+tRp�D>nLs92N�xt;2N�?rLtRs;M ¢ 2Np?s�j9tRp�m9j9t;j�l52Np?s�rLtRs�l?8Rm@2NnLrOs�l?t �;tSm9m@t¡p?oFm@nLoNpW�p?oxz?sJp?oxz?sCsuoxwCwJt;s\nLpBm@8;jut;sus98;sk2Nz>= s�m32Fm9nLsum9nL:�z?tRsClHt�m@tRsumQnLpBDF2NjunG2NpBm@tRsJsuoxz?sCr&$}2��Rm9nLoxp�l%$�z?p�xj9oNz?I	tVlHt¡m@j92Np?su��oNj9wC2Fm@nOoxpHs�oxj�m@�?ox�Noxp52NrOt;sRM / rOz?s�I?j98��;nOs98;wJt;pBm<�Bp?oxz?s�jut��3�?t;jF���Hoxp?s§zHp?t¡��oxp���Am@nOoxp4:�z?n52Fmum@junL�?z?t§z?p?t�DF2NrOt;z?j�nLlHt;pBm@nL:�z?t�2NzT=v8;rO8;wJt;pBm@s Σ tRm a2HΣHT rLoxjus9:�z?t a tRsum�zHp\j98;tRrp?oxpJp�z?r5tSm H t;s�m+zHp?tVwC2Fm9j9n��;t�oxj�m@�?ox�Noxp52NrOt�l?t�m@2NnLrOrOt m I?z?nLsu:�z?tVrOt�m@tRsum�l?t¡s9IH�?8;jun+�;n7m@8�j9tRsum@tnLpBDF2NjunG2NpBm�s9oxz?s2�RtRmum@t�m@j92Np?su��oNj9wC2Fm@nOoxp M . oNz?s�I	oxzHDxoNp?s�l?8;wJoxpBm@j9tRj�:�z?t �;tSm9m@tV2FI?I?rLn��<2Fm9nOoxpvtRsumox�?rOnL�B2�m@oNnOjut;wJtRp�m�zHp?t~��oNp��Rm9nLoxpflHz�Dxt��Rm9t;z?j
(
σ1

σm

,
σ2

σm

, . . . ,
σm−1

σm

)

o*) σ1 ≥ σ2 ≥ . . . ≥ σm > 0 s9oxpBm�rLtRs�DF2NrOt;z?jusVI?juoxI?j9tRsVl?t Σ M 7 rbs9z?n7mV:�z?t�m9oxzHm@t~sum@2Fm@nOsum@nO:�z?tnLpBDF2NjunG2NpBm@t�I	oxz?j�rLt�m@tRsumVl?t~s9I?�H8;j9n��;n7m@8qt;sum4�;oNp?sum@juz?nOm9t�|\r $}2NnLl?t�lHt;sVj92NI?I	oxj�m@s
(
λmax

λmin

,
λ2

λmin

, . . . ,
λm−1

λmin

)
.

/ oxz?jbIHrLz?sWl?t�l?8Rm@2NnLrOsWsuz?j �;tRmum@t�2 9CjuwQ2�m@nOoxpW�Sp?oxz?s �;oNp?s9tRnLrLrOoxp?s l?t�rLnOj9t0I?2Njbt�=Tt;wJI?rLt ?�z?nLju�?t<2Nl# Ù<;�A B ��I52F�xt;s Ù<;*= tRm >*>*> '�M 1 2 I?jut;wJnL�Rj9t�DF2NjunG2N�?rOt¦2FrL8<2�m@oxnOj9t�l?t �;t¦Dxt��Rm@tRz?j�s9tRwv�?rLt URm@jutnLpBm@z?n7m@n7DxtRwCtRp�mJm9j9�;sQ�?nOt;p 2FI?I?j9oNI?j9nO8;t I	oxz?jQr $}8Sm@z?lHt¦l?t¦rG2 s9I?�?8Rj9n��;n7m@8NM !�2Np?sQrLtC�;2Nsko�) mt;s�my�H=T8N�¥:�z?t;rO:>zHt;s�j98Rs9z?r7m32Fm9sysuoxp�myl?oxpHp?8;syI52Nj ¢ z?�NnO6B2NwC2 # Ù<; 1 � 'S�5� 2NnO��2NjVtRm ¢ �3�>z?z?juwQ2Fp?p
# Ù<; 1 > '+tRm=	qj9nOs9�?p?2NnG2N��tSm ¢ �3�>z?zHj9wC2Np?p # Ù<; 1 ? 'SM
ZJ[�
 �,h,�b`ba�h
��ek`ih;c�_ d�e _�c '���a ��d)��g§cK_fdfh�`ihRc�_

¢ zHI?I	oxs9oNp?sVI	oxz?j �RoxwJwCtRp��;tRj¡:�z?t
n = m.

!y8R�?p?nLsus9oxp?sVrG2vp?oxjuwCtql?t~rL24wC2Fm@jun+�Rt A �;oNwCwJt
‖A‖ = sup

‖s‖=1

‖As‖,
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2<Dxt���rG2�p?oxjuwCt�tRz��;rOnLlHnLt;pHp?t�s9z?j R
n M 1 oxjus9:�z?t A p%$�t;sum�I52NsisunLp?�xzHrLnO�;j9t,#��;t�:�z?t�pHoxz?sis9zHI?I	oxs9oNp?sI?2Nj¡rL24suz?nOm9t<'S�?s9oNp p?oNwv�?j9tql?t8�;oNp?l?nOm9nLoxp�tRsumVl?8R�5pHniI52Nj
κ(A) = ‖A‖‖A−1‖.1 t�j��xrLtQl?t κ(A) tRsumJ�HnLt;p 8Rm@2N�?rOn§l52Np?s4z?pHt�DF2Fj9nL8Sm@8kl?t�I?j9oN�?rL�RwCtRsvl%$�2Fp52NrO6>sut�p>z?wJ8;junL:�z?tI	oNz?j¡rLt��RoxpBm@j��NrLtql?t~rL24s9tRp?s9nO�?nLrOnOm98q2Nz>=fI	t;j�m@z?j9�?2Fm@nOoxp?s;M

!�8R�5p?nOs9suoxp?s�wC2NnOp�m@tRp52NpBm�rLtqI	oxr76>p��xwJtq:�z52Nl?j92Fm@nO:�z?t X : Sm−1 → R I52Fj
X(s) = sTBs.

� oxzTm�Dxt��Rm9t;z?j�I?j9oNI?j9t sλ pHoxj9wC2NrLn7s98§2Nsus9o-�;nO8�|�rG2VDF2NrOt;zHj�I?juoxI?j9t λ l?t B s@2Fm9nLs��¼2NnOm X(sλ) = λ M
7 rWs9z?n7mV:�z?t

� λmax = maxs∈Sm−1 X(s) = ‖A‖2 �
� λmin = mins∈Sm−1 X(s) = 1/‖A−1‖2 �
� κ(A) = (λmax/λmin)

1/2 M
1 oxjus9:�z?t λmin = 0 �5oNp�I?j9tRp?l I	oNz?j �;oNp�DxtRp�m@nOoxp κ(A) = +∞ M
/ 2Fj �Roxp?s98R:�z?t;p�m;��p?oFm@j9t¦sum@2Fm@nOsum@nO:�z?t¦l%$�nLpBm@8Rj9URmkI	oxz?jQrG2
�Roxp?sum9j9z��Sm@nOoxp l%$�z?p m@tRsum�l?t{suI?�?8SAjun+�RnOm@8�t;s�m�rOt �;2Nj9ju8¦l?t κ(A) M 1 oNj9s9:�z?t n tSm m p?t¦s9oxpBm�I?2NsQ8;�B2Nz>= �+p?oxzHskl?8S�5p?nLsus9oxpHs�rLtpHoxwv�?j9tql?t8�;oNp?l?nOm9nLoxp�lHt A |4m@j92PDxtRj9s¡r&$�8;�B2NrOn7m98�:�z%$�nLr Dx8;j9n7�5t~l52NpHsVrOt��<2Ns �;2Nj9ju8

κ(A) =

(
λmax

λmin

)1/2

.

? 2NrL�?tRz?j9tRz?s9tRwCtRp�m;�¨I	t;z�l?t~j98;suz?rOm@2Fm@s¡2NzHm@oNz?j�l?t~rG24lHnLsum9j9nO�?zHm@nOoxpkl?t κ(A) s9oNp�m4�;oNp?p>z?sRM
� pC�Roxp?s98R:�z?t;p��;tKl?zfm@�?8Roxj9�RwCt 1>M Ù M B �?p?oNz?s¡ox�Hm@tRp?oxp?s

# 1TM Ù ' κ(A)
ps−−−−→

n→+∞

1 +
√
γ

1−√γ .� pQzHm@nOrLnOs92Np�m�r&$�tS=TI?jut;sus9nLoNpklHtyrL2�lHt;p?sunOm@8�lHt fλmin
tSm§rG2~I?jut;wJnL�;jutVI52Nj�m@nOtVl?zCm9�?8;oxju�;wJt 1TM Ù M B �� l?tRrLwC2Np
# Ù�;*A*; '+wJoxp�m9j9tq:�z?t�sun n = m rL24l?tRp?s9n7m@8~l?t κ(A) Dx8;junO�5t

fκ(A)/m(x) −−−−→
m→+∞

2x+ 4

x3
e−2(1/x+1/x2).# 1TM B '

1 ox�NnL:�z?t;wJtRp�m<��pHoxz?s§2PDxoxpHs§suoxz?�52Nn7m@84�<2Fr+�;zHrLt;j�rG2~l?t;pHs9nOm98ylHt λmin I	oxz?j+rOt4�<2Fs§jut��Rm@2Np?�xzHrG2NnOj9t�N8;p?8Rj@2Nr®M
� +*)4),+�-0/O�n/21
��� b��kef[QbKN!N!MaP(L
V_b R�T i�T�R2b(^j[cV_b R�T V�b�L�N!M Y�H

fλmin

T�^ eyP(MOL0Y
λ
bKN�Y [�bKROM2H�b�� RUT NQP(R ^�Y`MaP(L V�b

R	� H�h_^�T_Y`MaP(L�V�M�
BH�[�b�L0Y`MabKRORab � V�� P([QV�[�bIT_^ efR ^kN�
 � T�i(b p ^kL NQb p PEL0V dubKd \j[Qb>L0b V�H�eybKLvV�TjL0Y h_^*b
n−m

bEY V�bSR�TuiQTj[!MUT�\jRab
λ z

� b�N�b p P(L0V d b�d \�[�b�bKN�Y RXMOL0H�TjMO[Qb V�TjL�NIRabKN p TjN n = m � n = m + 1
b(Y
n = m + 3

bEY LvP(L
ROMXL0HQTjMO[�b>V�TjL�N R2b�NST�^�Y`[�b�N p TjN z



����� � � � ��� ��� 
��������Q
������ ��� � � � �����7���7����� ����
������
1 $}zHm9nLrOnOs@2Fm9nOoNp l?t5�RtRm9m9tfwJ8Rm9�?o>l?t�sut;wv�?rOtkl?oxp���rOnLwJnÃm@8Rtk| �Rt;s4m9j9oxnOs �;2Ns;M 1 2�IHj9t;zTDxt�lHt5�;tj98Rs9z?r7m32Fm4pV$}tRsumJ:�z%$�z?p?tft�=Tm9t;p?sunLoxp�l?t�rL2{l?8RwJoxp?sum9j@2Fm9nLoxp l%$ � l?t;rOwQ2Fp l52Np?s4rOt �<2Fs n = m M� rLrOtqtRsumVj9t;I	oNjum@8RtK|4rG2vs9t��Sm@nOoxp 1TM ? M

!�2Fp?sCrLt �<2Ns �;2Nj9ju8N��p?oxz?s �Roxp?p52FnLs9suoxp?sQ2Ns�6>wCIHm9oNm@nO:�z?t;wJt;pBmCrG2":�z?tRz?t¦l?t lHnLsum9j9nO�?zHm@nOoxpl?z p?oxwv�?j9t4l?tJsuoxrLzTm@nLoNpWM ¢ 2��3�52NpBmK:�z?tJsuoxp s9zHI?I	oxjum�t;s�m R+ p?oNz?sK2<Dxoxp?s;�bt;p nLp�m98;�xj92Np�mqrG2l?t;pHs9nOm98~rLnLw\n7m9t�l?t κ(A)/m oN�Hm@tRp>z?t~I52Nj � l?tRrLwC2NpW�
lim

m→+∞
P(κ(A) > mx) = 1− e−2(1/x+1/x2).

7 r5t�=TnLsum9t �;t;I	tRp?l52NpBm+z?pJj98Rs9z?r7m32Fm�p?oNpC2Ns�6TwJIHm9oNm@nO:>zHt¡suz?j�rG2�:�z?t;zHt�lHt¡l?nLs�m@j9nO�?zHm9nLoxpvl?t κ(A) M
" #B$�%v&('*),+�-f/O��/O{ 3�����6��Q?�+�;	� ?ZD�#B+�
 %�&�F
7 M
n = m ≥ 3 � MXRfb��_MONZY�b>V_bKN p P(L�N�Y]TjLvY�b�Ns^kL�M]iEbK[!NQbKROR2bKN�eyP(N!M Y`M i(bKN c b(Y C Y�bKROR2b�N h_^*b�eyP*^k[SY�P*^�Y

x > 1 �
c

x
< P(κ(A) > mx) <

C

x
.

G�bre0R]^kN L0P*^kN NKT�i(P(L�Nmh_^*b
c ≥ 0.140

b(Y
C ≤ 5.55 z

1 t;z?j¡l?8RwCoNp?sum9j@2Fm@nOoxp�s�$}2NI?I?z?nOt~s9z?j¡rG2vwC8Sm@�?o>lHt~l?t � n��;tqI?z?nOs9:�z?t�rOt;s�D�2NrLtRz?j9s¡I?juoxI?jut;s λmaxtRm λmin s9oxpBm¡D>z?t;s4�;oNwCwJtqrOt;s�DF2NrOt;z?jus¡tS=>m@juU;wJt;sVl%$�z?p�I¥oNrO6>p��xwJtq:�z52Fl?j@2Fm9nL:�z?tFM
� p?t�tS=>m9t;p?sunLoxp\l52NpHs�rLt �;2Ns�l?8��;tRp�m9j98¡t;s�m�l?oxp?p?8Rt¡I?2Nj0� s �3�?t;�	oxj4# Bk��� ? '
� A t;sum�zHp?t�wQ2EAm@jun+�;t�j98Rt;rOrLt¡2Nz>=\t;pBm@j98Rt;s+nOp?l?8RI	t;p?l52Fp�m@tRs+:�z?n5s9z?n7Dxt;pBm+z?p?t¡rLoxnH�B2Nz?sus9nOt;p?p?t¡l?tVwJU;wJt�DF2NjunG2Np��;tp?oNm98;t σ M . oNm9oxp?s M rL24wC2Fm@jun+�Rt�l?t;sVtRs9I	8Rj@2Np��Rt;s�l?t;s¡t;p�m9j98Rt;s�lHt A M

" #B$�%v&('*),+�-f/O��/O� 3�� ?ZDj#B+�
�%v&�F
7 M
n = m ≥ 3 � LvP*^kNST�i(P(L_N eyP*^j[�Y�P*^_Y x > 0

P(κ(A) > mx) <
1

x

(
1

4
√

2πm
+ C(M,σ,m)

)

P*x
C(M,σ,m) = 7

(
5 +

4‖M‖2(1 + log(m))

σm

) 1
2 z

��L enTj[ZY2M p ^kRXMabK[sRaP([!NQh�^�b 0 < σ ≤ 1
b(Y ‖M‖ ≤ 1 � MXR b���MONZY�b ^kLvb p P(L�N�Y]TjLvY�b ^kL�M i(bK[!NQbKROR2b KY�b�RXRabmh_^*b e�P�^k[�Y�P*^�Y

x > 0 �
P(κ(A) > mx) <

K

σ1/2x
.

7 r�tS=TnLs�m@t+l%$}2NzHm9j9t+I52Nj�m�z?p7�;tRjum@2NnLpKp?oxwv�Hj9t�l?t+j98Rs9z?r7m32Fm9s�suz?j�rLt�rOox�B2Fj9n7m9�?wJt�l?z�p?oxwv�?jut�l?z�;oNp?l?nOm9nLoxp":�z?n�zHm9nLrOnOs9tRp�m~z?p?tC2NIHI?j9o-�3�?tJs9tRw4�HrG2N�?rOt #±�§z?tRsum@2�A 9�rL�	t;j�m@oxs�tSm�� s �3�?tR�	oxj;� Bk�k�*>���§z��K�Nt;j�tSm¡� s �3�?t;�	oNj;� Bk���*>�� �§z?tRsum@2�A 9�rL�	t;j�m@oxs¡tSm¡� sF���Ht;�	oxjR� Bj����?�� � s �3�?t;�	oxjR� Bj����? '�M� oxn��;nWzHp?t�l?tRs �Rj9nLITm@nLoNp�lHt�rL24wJ8Rm9�?o>l?t~zTm@nLrOnOs98RtqI	oxzHj¡l?8RwCoxpBm@jut;j¡rOt�m@�H8;oxju�;wJt 1TM > M B M
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• ������� . /
	���
 ��� .�	 � . � / oNz?j�m@oxzTm x > 1 �5pHoxz?sV2PDxoxpHs
P (κ(A) > x) = P

(
λmax

λmin

> x2

)
≤ P

(
λmin <

L2m

x2

)
+ P

(
λmax

λmin

> x2, λmin ≥
L2m

x2

)

o�) L tRsum�zHp?tE�Roxp?s�m32NpBm@t�I	oNs9nOm9nODxtq:�z?tRr+�Roxp?:�z?tFM
• ������� . ����� 
 ��� .�	 � . � / oxz?j�m9oxzHm γ > 0 tRm x > 1 �5pHoxz?sV2PDxoxpHs

P (κ(A) > x) = P

(
λmax

λmin

> x2

)
≥ P

(
λmax

λmin

> x2, λmin <
γ2m

x2

)

= P

(
λmin <

γ2m

x2

)
− P

(
λmax

λmin

≤ x2, λmin <
γ2m

x2

)
.

/ 2Fj �;oNp?s98R:>zHt;p�m<�¨nLr¥�¼2NzHmÙ MV��2Nr+�Rz?rLtRj§z?pHtqwC2(�uoxj@2�m@nOoNpQl?t�rL2�lHt;p?sunOm@8l�uoxnOp�m9t fλmin,λmax I	oNz?j�wC2(�uoxj9tRj+rLtRs�I?juox�52N�Hn7ArLn7m@8;s�l%$�nLpBm@t;jus9t��Rm@nOoxpWMB MV��2Nr+�Rz?rLtRj�z?pHtQwC2(�uoxj@2Fm9nOoxp"l?tCrG2frLoNn�l?t λmin I	oxzHj �;oNp��;rOz?j9tCl?2Np?sKrG2fI52Nj�m@nLt 3R�	oxjup?ts9z?I	8Rj9nOt;z?jut+3FM> MV��2Nr+�Rz?rLtRj�z?p?tCwCnOp?oxj92Fm@n7oxp lHtQrL2�rLoNn�l?t λmin I	oNz?j �;oNp��;rOz?j9tCl52Fp?s�rL2�I52Fjum@nOt 3R�	oxjup?tnLpH��8Rj9nOt;z?jut+3FM
. oxzHs�p?oxz?s�s9oxwJwCtRs�2NrOoxj9s0nOp�m9t;j9juox�x8Rs�s9z?j�rG2yI	oxs9sunL�?nOrLnÃm@8+l%$�tS=>m@tRp?s9nOoxpJl?t �;t�j98Rs9z?r7m32Fm�l52Np?srOt4�<2Ns+j9t��Rm32Fp?�xz?rL2NnLjut7# n 6= m '�tRm���oxzQp?oxpQp>zHr �Roxjuj9t;suI	oxp?l52Fp�m�|Kz?pHtywC2Fm@jun+�;t¡l?t �;oPDF2NjunG2Np��;t

Σ∗ = diag(σ1, . . . , σm).
. oxz?sVI?j98Rs9tRp�m@oNp?syrLtRsV�	oxjup?t;sVox�Hm@tRp>z?tRsyI	oNz?jVrLtRs¡DF2FrLt;zHj9sVI?j9oNI?j9tRs�tS=>m9j9U;wJt;s�lV$}z?pHtKwQ2�m@j9n��;t
B l?t�rOoxn l?tq��nLsu�52Njum Wm(n,Σ∗) M
� +*)4),+�-0/O�n/�
 3!576���%v&(6_; � %v9 � % � ��% � 90;E+�F
��L L0P*Y TjL0Y

σ+ = maxi=1,...,m σi � R�T=V�bKL_N!M]Y�H���P(MXLvY�bmV_b λmin

b(Y
λmax

i(HK[!MOJ0b

fλmin,λmax(λ,Λ) ≤
√

2

4(m− 2)!(n−m)!
Λ

n+m−3
2 λ

n−m−1
2 exp

(
−λ+ Λ

2σ+

)
.

� +*)4),+�-0/O�n/��|3!576���%v&(6_; � %v9���%vA�&
λmin

F
��L L0P*Y]T�L0Y

σ+ = maxk=1,...,m σk

bEY
σ− = mink=1,...,m σk � R�TuV_bKL�NgM]Y�H V�b λmin

b�NZY d T���P([�H�b
e�Tj[

fλmin
(λ) ≤

√
π

2
n+m−1

2

Γ(n)

Γ(n−m+ 1)Γ
(

n
2

)
Γ
(

m
2

) λ
n−m−1

2

σ
n/2
−

exp

(
− λ

2σ+

)
.

1 2�I?rOz?sb�xj92Np?l?t�l?n 9D�;z?r7m@8�n+�RnxtRsum�l?t�p%$}2PDxoxnOjb2Nz��;zHp?t�nLl?8Rt�2�I?j9nOoxj9nFs9z?jbz?p?t�I	oxsus9nO�?rLt0DTn7m@tRs9s9t�l?t�Roxp�DxtRj9�Nt;p��RtN�5sunV�Roxp�DxtRj9�xtRp��;tqnLr¨6Q2HM 1 $�ox�Hm9t;pBm@nLoNpkl%$�z?p?t�wJnLp?oxj92Fm@n7oNpQlHt�rG2KrOoxn	l?t λmin 2PDxt��rL2vwJ8Rm9�?o>l?tql%$ 9��;2! £s�tRm�� s �3�?t;�	oNjVtRsum<�?rG|vtRp��Roxj9tF�?��oxjum9t;wJt;pBm¡l?8RI	t;pHl52Np�m9t�l?tqrG2�D>n7m@t;sus9t~l?t�Roxp�DxtRj9�Nt;p��RtNM . oxz?s�2PDxoNp?s�l?oxp��qs9nOwJI?rLnÃ�58ypHoNm@jut6�<2Nl?jutqtRpfs9z?IHI	oxs@2NpBmVrL2�wC2Fm@jun+�Rt A �;2Nj9ju8;tNM
9�zHm@jut;wJt;pBmKl?n7m<�Wp?oNz?s�j9tR�B2Njul?oxp?s~rG2�I?rOz?s~I	tSm@nOm9t4DF2NrOt;z?jqI?j9oxIHj9tJlHtJrG2kwQ2Fm9j9n��;t B :�z?n�suz?nOmzHp?t Wm(m,Σ∗) M
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� +*),),+.-0/O��/�� 3!5 � 9�%�&(6_; � %v9 ��%vAB&

λmin
F

� P([!NQh�^�b
0 < λ < m−1 bEY σ− > 1/2 � L0P�^kN>T�i(P(L�N P(λmin < λ) ≥ C(σ−, σ+)

√
mλ

T�i(b p

C(σ−, σ+) =
2

3
2

√
3πσ

n/2
+

(
2

σ−
− 2

3

)
.

1 t;s¡I?j9tRzHDxt;s�l?t8�Rt;sVrLtRwJwCtRs�suoxp�mVjut;I	oxj�m@8;tRs�|\rL24sut��Rm9nLoNp 1>M ? M
� ����� . � 1	� ��� .0/ �
? !�
Np?s4rLtRs
�Hj9t;z��xt;sJlHt;s4j��;suz?rOm�
Fm@s

Ns��Tw��Hm9oNm@n��>zHt;s4suz?j4rLtQp?oxwv�?jutkl?t5�;oxpHl?nOm9nLoxp κ(A) ��|s�
��xoxnLj5#�1�� Ù '�tRm #�1�� B 'S� λmax t;sum ��
Nj�
��Rm��;j9nOs�����
Njvs�
 �;oxp��xt;ju�xt;p��;t��Hj9t;s���z?t�sg ?j9t�� / oxz?j

Fm��m@tRnLp?l?jutCz?p?tQl?nOsum@junL�?zTm@nLoNp #¼p?oxp l �R�!�;p �Rj��Rt<'Kl?t κ(A) l�
Np?sKrLt ��
Ns�o*) m/n �;oxp��xt;ju�xt"�xtRj9s
γ ∈]0, 1[ �	nLrb�#
Nz?lHj�
Nn7m$
Nz?sus9n�z?p{j��Rs9z?r7m%
Fm�l?z¦m&�	�	t � j�
��'���±��nLl?oNw(�	oxz?j λmin � �Roxp?p�zW�uz?s���z?trG|vz?p?n��>zHt;wJt;pBmVl�
Np?s¡rLt���
Ns �;oxw��?rOt*)Tt+�
? ,-
�w��Rm@�Ho>l?t zHm9nLrOnOs��Rt"l�
NpHs rOt;sfrLtRwCwJt;s 1�� > � ? � 1�� > � Ú tRm 1	� > � = s9tRwv�?rLt�m@oNzHm�l?t w/.RwCt
�	t;z0�Hz?nLsus�
NpBm@t��	oNz?j+m@j�
NnOm9t;j �;tym1�	�	t�l?tyj9t��3�?tRj �3�?t+�¨�§t'�	t;p?l�
Fp�m¡tRrLrOt�t;s�m��uz?s�m@nO� �;t$��
Nj+rLtV�#
Nn7m
��z?t�rLt ��
Ns�p?oNp�� �Rt;pBm@j��6�Roxp?sunLl �Rj�����
Nj+� sF���?tR�	oxjE# Bk����? '�p?t6�;oNp?p�
�3Om2� 
Ns�l%$3����z?n4��
NrOt;pBm�l�
Fp?sr5
vrLn7m9m��Rj�
Fm9z?j9tyl?nOm9t��;r5
Fs9s9n���z?t+�
? 7 r6
�� ��
Nj�
�3Lm�z?p?t��Roxp?tyl%$7
Np�
Nr4�>s9tys�m%
Fm9nLs�m@n8��z?tVnLp�m��;jut;s9s�
Np�m9t$�¥oNz?j+r5
�l?nOsum@junL�?zTm@nLoNp/
Ns��>w��Hm@o��m@n��>zHt~l?t κ(A) rOoxj9s��>zHt γ = 1 � ¢ z9� �	oxs9oNp?s$
FrLoxjus:��z?t n s�$7���;junOmVl?t~r8
4w/
Np?nO�;jutqs9zHn���
Fp�m@t

n = m+ Cmβ

o*)�rOt$��
Nj�
NwC�Sm@jut C tRsum�sum9j9n+�Sm@tRwCtRp�m2�	oxs9n7m@n7�btRm β tRsum�nLpH�;�Rj9nOt;z?j§| 1 � . oxz?s:
<�xoNp?s�l?nO¤=�;jut;p�m9t;s
�>nOm@tRs9sut;sVl?t8�;oxp��xt;j9�Nt;p��Rt>�	oxz?j¡p?oNs:��
Nj9n8
N�?rOt;s�lV$}nOp�m��;j�.Sm

� C = 0 oxz β = −∞ �
nλmin

L−→ tRm κ(A)/n
L−→,

� C = 1 tSm β = 0 �
nλmin

L−→ tSm κ(A)
ps−→,

� β = 1 �
λmin/n

ps−→ tRm κ(A)
ps−→ .

. oNz?s?�	oxz��xoxp?s�l?oxp��:�	t;pHs9t;j?�>zV$}nOr?t*)TnOsum@t�z?p?t@�	tSm@nOm9t:�?r8
N�xt�l?t:��
Nj�
NwJ�Rm@jut;s β �Roxp�m9t;p�z?tVl�
Fp?sr&$�nLpBm@tRj���
NrOrOt ]0, 1[ �	oxz?jVr8
+��z?t;rOrLtqrLt8�Roxw/�	oNjum@tRwCtRp�mA
Ns��>w/�Hm9oNm@n���z?t�l?tE�;t;sB��
Fj9n5
F�?rLtRs ��� 
Np?�xt�	t�
Nz��;oxz9�C�
? ,D
D�;oxp?s�m@juz��Rm9nLoxp l%$}zHp¦m9t;s�my��
Ns���suz?j κ(A) p ���;t;sus9nOm9t7�;r8
NnLjut;wJt;pBmVzHp?t �;oxpHp�
NnOs9s�
Np��;t>�?rLzHs
�;oNw/�?rO�Rm9t{s9z?j�r8
 l?nLs�m@j9nO�?zHm9nLoNp l?t �RtRm9m9tE�F
Nj9n8
N�?rLt����§tE�?j9ox�HrL�RwCt¦t;s�m�l?oNp���z?p?tE��z?t;s�m@nOoxpoxz9�xtRjum@t��
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Z\[ � � a �¡e)* � � d)� �#$ � ' ' � �

� P�U@<��2UXW < HTU�D D U��HG��4G I
� p nLpBm��R�xj�
NpBm¡r5
vl?t;p?sunOm��r�uoxnOp�m9tql?t;s m ��
NrOt;z?jusB�Hj9o!�?jut;sVlHt B �5pHoxz?sVs�
<�xoNp?sA��z?t λmin 


�	oNz?j¡l?tRp?s9n7m��

# 1�� > ' fλmin
(λ) =

Km,n

(m− 1)!
λ

n−m−1
2 e−

mλ
2

∫

R
m−1
+

m−1∏

i=1

(xi + λ)
n−m−1

2 ∆dΩ


��xt��
� K−1

m,n = (2n/π)m/2
∏m

i=1 Γ(n−i+1
2

)Γ(m−1+1
2

) �
� ∆ =

∏
1≤i<j≤m−1 |xi − xj| �

� dΩ = dµ(x1) . . . dµ(xm−1) �
� dµ(x) = xe−x/2dx �

/ oNs9oxp?s
ω(λ) =

∫

R
m−1
+

m−1∏

i=1

(xi + λ)
n−m−1

2 ∆dΩ.

!$
Np?sVrOt���
Ns n = m+ 1 �5nOrWtRsum4�;r8
NnLj �>zHt ω(λ) p?t~l ���	tRp?l ��
Fs λ �. oxz?s 
FrLrOoxp?s>�?j9oNz9�xt;j
��z?t ω �!�Rj9nO�?t�z?p?t0�'��z�
Fm9nLoxp l?n7¤6�Rj9tRp�m@nOt;rOrOt+� / oxz?j �;tRr5
H��p?oxz?s

<�xoxpHs�	tRs9oxnOp�l?tRsVp?oNm%
�m@nLoNp?s�suz?n��F
Np�m9t;s �
� ∆ = δ∆2 �
� δ =

∏m−1
i=2 |x1 − xi| �

� ∆2 =
∏

2≤i<j≤m−1 |xi − xj| �
� fa,b

j = xa
j (xj + λ)b �

� gj =
∏m−1

i=j (xi + λ)
n−m−1

2 �
� dΩ2 = dµ(x2) . . . dµ(xm−1) �
� I(λ) =

∫

R
m−1
+

f
0, n−m−3

2
1 f

0, n−m−3
2

2 g3∆dΩ �
� 
 ���	� 
0. � � . � ��
�� .
� .

ω �. oxz?s@�	oxz9�xoNp?sB���Rj9nOj9t ω(λ) =
∫

R
m−1
+

g1∆dΩ �5lHt �HrLz?s

g′1(λ) =
m−1∑

i=1

n−m− 1

2
(xi + λ)

n−m−3
2

m−1∏

j=1,j 6=j

(xj + λ)
n−m−1

2 .
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Fj9�xz?wJtRp�m¡l?t~s��>w��Rm9j9nLtF�5pHoxz?s¡ox�Hm@tRp?oxpHs

ω′(λ) = (m− 1)
n−m− 1

2

∫

R
m−1
+

(x1 + λ)
n−m−3

2

m−1∏

j=2

(xj + λ)
n−m−1

2 ∆dΩ

��z?nbs�$�t*)��?j9nOwCtF� 
<�Nt���p?oNsVpHoNm%
Fm9nLoNp?s;�Hl?t~r5
vw"
NpHnL�Rj9t�s9z?n4��
Np�m9t
#�1�� ? ' ω′(λ) = (m− 1)

n−m− 1

2

∫

R
m−1
+

f
0, n−m−3

2
1 g2∆dΩ.

!�
Np?s¡rLt���
Ns n = m+ 3 �?nLr t;s�m �Rr5
NnOj2��z?t ω′(λ) p?t~l ���	tRp?l � 
Ns λ �
� 
 ���	� 
0. / .�� ��� � . � .

ω ��2
Nr��;z?rOoxp?s�r5
vl �Rj9n��!�Rt�lHt�r $}nOp�m��;�xj�
Np?l0�?j������Rl?t;pBm<�
(
f

0, n−m−3
2

1 g2

)′
(λ) =

n−m− 3

2
(x1 + λ)

n−m−5
2 g2(λ)

+
m−1∑

i=2

n−m− 1

2
(xi + λ)

n−m−3
2

∏

j=1,j 6=i

(xi + λ)
n−m−1

2 f
0, n−m−3

2
1 (λ).

!yt�pHoxz9�xt�
Nz z?p 
Nj9�Nz?wCtRp�m¡lHt�s��>w/�Sm@j9nOt~pHoxz?s �;oxp?lHz?nOmV|
#�1�� Ú ' ω′′(λ) = (m− 1)

n−m− 1

2

{
n−m− 3

2

∫

R
m−1
+

f
0, n−m−5

2
1 g2∆dΩ

+(m− 2)
n−m− 1

2
I(λ)

}
.

� � ��� 1�	 � . � .
ω
. ��� ��� � 1 ����� � .

ω′ �/ oxz?j �Rt;r8
\nOrWsuz:9\m�l?t8��
Fr+�Rz?rLtRj g1 t;p���oNp��Rm9nLoxp f1 tRm g2

g1(λ) = (λ+ x1)f
0, n−m−3

2
1 g2,

l?oxp��
ω(λ) = λ

∫

R
m−1
+

f
0, n−m−3

2
1 g2∆dΩ +

∫

R
m−1
+

f
1, n−m−3

2
1 g2∆dΩ.

9yzHm9j9tRwCtRp�mVl?n7m<�Hp?oxz?sB
<�xoNp?s
#�1�� = ' ω(λ) =

∫

R
m−1
+

f
1, n−m−3

2
1 g2∆dΩ +

2λω′(λ)

(m− 1)(n−m− 1)
.

- � � � / � ���D� �:1 ����� � .�� � � � . � ��
�� . ��� 1�
	� � �
� . � .���
 ����� �
• . oxz?s ���Ht�� �3�����?sy| ���������������O¤=�������������! #"��$�%�&�! ��;�$��
����'���(��"��$)5
*�! #)8
 �F
����8
N��)&� x1∫

R
m−1
+

f
1, n−m−3

2
1 g2∆dΩ =

∫

R
m−1
+

x2
1(x1 + λ)

n−m−3
2 g2e

−x1
2 ∆dΩ2dx1,

=

∫

R
m−1
+

f
2, n−m−3

2
1 g2

{
−2

∂

∂x1

(e−x1/2)

}
∆dx1dΩ2,

=

∫

R
m−1
+

f
2, n−m−3

2
1 δ

{
−2

∂

∂x1

(e−x1/2)

}
g2∆2dx1dΩ2,

= 2

∫

R
m−1
+

∂

∂x1

{
f

2, n−m−3
2

1 δ
}
e−x1/2g2∆2dx1dΩ2.#�1	� 1*'
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 ��
 �-��� ����� ��
 ��� �����(�-��� ����� 
�������� ��� ����� � ��� � � ��� ���j�

• �2
�)+� � )�����"#)5
 � �������!� � ��
*�� �&��)&)&��� � �D
+� ��
*��
�3& #��
���" )&$ ���  ��R�$��
*��� ���0# 1�� 1*'*� . � � "B
<���$��"
∂

∂x1

{
x2

1(x1 + λ)
n−m−3

2

m−1∏

i=2

|x1 − xi|
}

=

2x1(x1 + λ)
n−m−3

2

m−1∏

i=2

|x1 − xi|+ x2
1

n−m− 3

2
(x1 + λ)

n−m−5
2

m−1∏

i=2

|x1 − xi|

+ x2
1(x1 + λ)

n−m−3
2

m−1∑

i=2

(
Ù ) x1>xi

− Ù ) x1<xi
)
∏

j=2,j 6=i

|x1 − xj|.

• ,D
 ���������L� �������  ��R�$��
�)&� ��� #�1	� = ' � �'� ��� �! 

# 1�� A '
∫

R
m−1
+

f
1, n−m−3

2
1 g2∆dΩ =

8ω′(λ)

(m− 1)(n−m− 1)
+ (n−m− 3)

∫

R
m−1
+

f
1, n−m−5

2
1 g2∆dΩ

+ 2(m− 2)

∫

R
m−1
+

f
0, n−m−3

2
1

x1

x1 − x2

g2∆dΩ.

• � � �&"��$)8
��! ��� ��� � �$��
 � )8
"��
*���8
N��)�� x1 � ��� � " � 
����$� ���$��" � �#
������

�� ��
���
�3� ���� ω′ ��
���"�)5

"���� �$����� ���! ��;�$��
�)&� ��� #�1�� A '

# 1�� ; '
∫

R
m−1
+

f
1, n−m−5

2
1 g2∆dΩ =

∫

R
m−1
+

(x1 + λ− λ)(x1 + λ)
n−m−5

2 g2∆dΩ

=

∫

R
m−1
+

(x1 + λ)
n−m−3

2 g2∆dΩ− λ

∫

R
m−1
+

(x1 + λ)
n−m−5

2 g2∆dΩ

=
2ω′(λ)

(m− 1)(n−m− 1)
− λ

∫

R
m−1
+

f
0, n−m−5

2
1 g2∆dΩ.

• � �R��
������$��" � �H� �%)8
  ����$�&"��L� ��� ���  ��R�$��
�)&� ��� #�1	� A ' �
∫

R
m−1
+

f
0, n−m−3

2
1

x1

x1 − x2

g2∆dΩ =

∫

R
m−1
+

x1(x2 + λ)

x1 − x2

f
0, n−m−3

2
1 f

0, n−m−3
2

2 g3∆dΩ

= λ

∫

R
m−1
+

x1

x1 − x2

f
0, n−m−3

2
1 f

0, n−m−3
2

2 g3∆dΩ

=
λ

2
I(λ),#�1�� ÙE� '

��)(��� � "B
��$�$��" " � ������"�" �4�$�������  �  ���)&�&"�� )&$7
��  ��"�� �/�  ���&� ��� (x1, x2) 7→ x1x2

x1−x2
�  )����#
��  :� � �

x1/(x1 − x2) + x2/(x2 − x1) = 1 �



��� � ��� � ���2�������(���E�����I� � ��� ���
� ��� � ��	!/ ����� �� �%������������
��   # 1�� = ' �  � � 
+�9��)���� � 
��! #)�� "@�R��
�)&�& �� "E# 1�� A 'S� # 1�� ; ' �  7# 1�� ÙE� 'S� ��� � "B
<���$��"
ω(λ) =

2λω′(λ)

(m− 1)(n−m− 1)
+

∫

R
m−1
+

f
1, n−m−3

2
1 g2∆dΩ

=
2λω′(λ)

(m− 1)(n−m− 1)
+

8 + 2(n−m− 3)

(m− 1)(n−m− 1)
ω′(λ)

−λ(n−m− 3)

[
4ω′′(λ)

(m− 1)(n−m− 1)(n−m− 3)
− (m− 2)(n−m− 1)

n−m− 3
I(λ)

]

+λ(m− 2)I(λ)

=
2(λ+ n−m+ 1)

(m− 1)(n−m− 1)
ω′(λ)− 4λ

(m− 1)(n−m− 1)
ω′′(λ) + λ(m− 2)(n−m)I(λ)

/ �$"�����" �/
����  � ��
��! ω(λ) = u(z) 
<�$��� λ = 2z ��,]$7�'� � 
* �&�$���������'����� �! �� � �'� ��� �! 
#�1�� ÙxÙ ' zu′′(z) + (b− z)u′(z)− au(z) = czI(2z),


<�$���
b = −(n−m+ 1)/2 �
a = −(m− 1)(n−m− 1)/2 �
c = (m− 1)(m− 2)(n−m)(n−m− 1) �

, �8��
�" n = m ���$��� � �& � ) $7�'� � 
* �&�$�'� �O¤=����� �! ���� )�)&� )&��� ��
��&��� � �$���x�x� ���
zu′′(z) + (b− z)u′(z)− au(z) = 0.

!�
���" )�� "B
 �  ��� "4��
�" )���"���������� �����v������� �'�	�����%��� )5
 �F
�)�� � �#��� )5
�� �$���  ������

I(λ) =

∫

R
m−1
+

[(x1 + λ)(x2 + λ)]
n−m−3

2

m−1∏

i=3

(xi + λ)
n−m−1

2

∏

1≤i<j≤m−1

|xi − xj|
m−1∏

i=1

xie
−xi/2dxi


 � �	�����! λ = 2z � 2
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 ��
 �-��� ����� ��
 ��� �����(�-��� ����� 
�������� ��� ����� � ��� � � ��� ���k�
� P�U@<��2UXW < HTU�D D U��HG��4G��
!$��������"�"��$��" " � � Sm−1 )���� ��)�� ���$����� � 
*����
* ��8� � � � ��� ��� ��
��

X(s) = sTBs.

/ � � � s ∈ Sm−1 � ��� � " � �� �$� " πs )5
 �����j�����  ����$�'" � � s⊥ �
� �$�& (λ,Λ) ∈ R

2 
<�$��� λ < Λ � ��� � "A
��$�$��"@����� "�� � � "! ������� �! 
# 1�� Ù B ' {λmin ∈ (λ, λ+ dλ), λmax ∈ (Λ,Λ + dΛ)}

=

{
∃s, t ∈ Sm−1, 〈s, t〉 = 0, X(s) ∈ (λ, λ+ dλ), X(t) ∈ (Λ,Λ + dΛ),

πs(Bs) = 0, πt(Bt) = 0, X ′′(s) ≺ 0, X ′′(t) � 0

}

� � ���� �
��! Nλ,Λ,dλ,dΛ )&� ���$�
	���� ���"��
�������" (s, t) � � ) $ ����"����
	�)�������������� ���! � ��� � "

��$�$��" �
� 
�� � ��"4� �$��"��&� ����
* �&�$�'" � � )���",��� � ��)�� " (±s,±t)

P (λmin ∈ (λ, λ+ dλ), λmax ∈ (Λ,Λ + dΛ)) =
1

4
E(Nλ,Λ,dλ,dΛ).

. �� ����"
V = {(s, t) ∈ (Sm−1)2, 〈s, t〉 = 0}.

! $ 
+� ����"H9���
! " �  �
 "F� � ��		�$� � V ��"� � ���A�F
������  �� "�
�� "�		�$���0� �$�! ���� � � ��
*��" R
2m � � ���&� � ���

"����$� 2m− 3 � � ����" � �����!� �$���  ���8� � � θV (V ) =
√

2θm−1θm−2 �*) θm−1 ���'����� "�� �! �� )&$7
������ ���)8
 " � ���#
�� � � � Sm−1 ⊂ R
m � "����& 

θm−1 =
2πm/2

Γ(m/2)
.

� � � V ��� � " � ��������"�"��$��" )&��� � 
��/��
�)���
* ��$�����

Y : V → R
2m Y (s, t) =

(
πs(Bs)
πt(Bt)

)
.

! �$��� � � �  ��)&�&"�
*�! � )9
��  ��������  )�� "D
���� � �����  " �V$ 9���
! " �  �
�" � � ��		���H# Bk���*> ' � � � � ��� ��������� ���  
� 
�" � � "�� � � ) � ��� ���$���  �� )8
 ��
*)�� � � � � n � � ��� )�)&����� Σ � ��� � "@�	� � ���$��" � � � ���! �����:� � �
# 1�� Ù<> ' E (Nλ,Λ,dλ,dΛ)

≤
∫

V

Eλ,Λ,0

[
∆(s, t)

Ù ) {X′′(s)≺0,X′′(t)�0}
]
pX(s),X(t),Y (s,t)(λ,Λ, 0) θV (d(s, t)),


��$���
∆(s, t) =

(
det
[
(Y ′(s, t))

T
Y ′(s, t)

]) 1
2

�  Eλ,Λ,0 )&$ ��"�� � ��
������ "�� � " )8
 � �$�����  ����� X(s) = λ,X(t) = Λ, Y (s, t) = 0 �
7 )&"�
+�9��)���� � ���! �
�)&�$��" � � 
���� � �����! �%$ ������
����5
������ � � )8
 )��$� ��� A "�� � "�)&$ ��� �  �%$ �&"��$���  ���&��" �
)&� � � �	� �����  � �
��! �%$ ����)&�'�$��� ) $ �&�! ����$��
�)&����� �  :
*��� � �����  �%$ ��"� 2� ) � " �F
�)��&��� � 
���" � �� ��� ��
������+�
,]$ ��� � � � "� $
*)��$��"#���8��
���
��  �� ����"���� )&��":��)��������! �"B
+�9��
���
*��"�"�
��! � 
���" #�1�� Ù<> ' �



��� � ��� � ���2�������(���E�����I� � ��� ���

� �$��"  � � ��"�����" {w3, . . . , wm} ��
�� " (s, t)⊥ � � "��$�  �/� � � {s, t, w3, . . . , wm} "��$�& � ��� 	 
�"��
��� R

m �  {w3, . . . , wm} ��"  �$�  � �����$���������	� � � )8
 ���  ���8� � ���&��� � �  ����
�� Σ � �1$ � "� �� � � � �����

〈wi, wj〉Σ =
m∑

k=1

(wi)k(wj)kσk = δij.#�1	� Ù ? '
. �* �$��" )8
 �/
* ����+� � ��� Mm,m(R) ���'����� "�� �! %
*�! B ��
���" )8
 	�
*"�� {s, t, w3, . . . , wm} � 
��

Bs,t,w = (bs,t,w)i,j=1,...,m.

. � � "A
��$�$��"
X(s) = sTBs = bs,t,w11 ,

X(t) = tTBt = bs,t,w22 ,

X ′′(s) = 2(Bs,t,w
1 − bs,t,w11 Im−1),

X ′′(t) = 2(Bs,t,w
2 − bs,t,w22 Im−1),

Y (s, t) =
m∑

i=3

[bs,t,wi1 (wi, 0) + bs,t,wi2 (wi, 0)] +
√

2bs,t,w12 [(s, t)/
√

2],

�*) Bs,t,w
i ��"  � 	  � � � � � ��
*�� �&� ��� Bs,t,w � � " � �9�����&�"
��  )5
 i � � � )&� �$� � �  )8
 i �����4���$)&�$�������

� ��� ��	 �
.�� 1�. 	 � (X(s), X(t), Y (s, t))

. �* �$��" )5
 ����� ����"����  %
* ����$���"
* ��������&� )&)&� ��� A ��
���" )���" 	 
�"�� " {s, t, w3, . . . , wm} ��� R
m �  

{e1, . . . , en} ��� R
n ��
*�

As,t,w = (as,t,w
i,j )i=1,...,n;j=1,...,m

�  "�
 i �����8� �$)�����������
�� A
s,t,w
i . � ���	� �  ���$�  ��� �:� � �

bs,t,wij = 〈As,t,w
i ,As,t,w

j 〉.

• . � � " ����� � � � � � �$� " )8
 � ����"��& �� ���
bs,t,w31 , . . . , bs,t,wm1 , bs,t,w32 , . . . , bs,t,wm2

"�
�� � 
*�! 
A

s,t,w
1 ,As,t,w

2 , ‖As,t,w
1 ‖2 = λ, ‖As,t,w

2 ‖2 = Λ, 〈As,t,w
1 ,As,t,w

2 〉 = 0.� � �  ��)&�&"�
*�! )&��" ��
*��
��  �������"  �8� � � " ��� "$�$���  � � ��" wi
� 
 �  ���������! ���  # 1�� Ù ? ' � ��� � " � 	  ��� �$��"

� � $ �&) "�$ 
 �$�& #�%$ � ���$���  �� � � ��
 � "�"���� � ��� �! ��� ��� �"
  ������� ���8� � ��
*���5
*�����
Ξ =

(
λIm−2 0

0 ΛIm−2

)
.
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 �-��� ����� ��
 ��� �����(�-��� ����� 
�������� ��� ����� � ��� � � ��� ��� �

,D
 ��
�)&� � �#��� )5
 ����� "��& ��8���$��� �& �&�$����� )�)&��
 � �	�$�&�! � � "� 
# 1�� ÙEÚ ' (2π)2−m(λΛ)

2−m
2 .

• . � � " ����� � ���F� � ����" �/
����  � ��
��  )5
%��� ��"��& �� p ��� ‖As,t,w
1 ‖2, ‖As,t,w

2 ‖2, 〈As,t,w
1 ,As,t,w

2 〉 
 �

�	�����! (λ,Λ, 0) ��,D
 )&�$�����$���  � ��� A
s,t,w
1 �  A

s,t,w
2 ��"� ��
 � "�"���� �����5� ���  ��� �'��� �/
* ������� ���

� � �F
����8
������
Υ =

(
ρ(s, s)In ρ(s, t)In
ρ(s, t)In ρ(t, t)In

)

��) ρ(u, v) =
∑m

k=1 ukvkσk �!A��� ���&"�"��$��" � ���(" � �4��
��  )5
 ���  � � ��� ��� 
�" � � ��		�$� # Bk����? ' � )&$7
+� ��)&����
* ��&���
F : R

n × R
n → R

3 F (u, v) = (‖u‖2, ‖v‖2, 〈u, v〉).

! $ 
+� ����" )5
 � �$��� � )&� ��� )5
 � ��
��&��� ��� � ����� ��� � � )8
 ��� ��"��  �� � �  �������)��  
 � �	�$���  (λ,Λ, 0) �	� �  
"�$7�����������8� �$� ���
# 1�� Ù<= ' p(λ,Λ, 0) =

∫

F−1(λ,Λ,0)

(det[F ′(u, v)F ′(u, v)T ])−
1
2 (2π)−ne−

1
2
(u,v)Υ−1(u,v)T

dγ(u, v)

��) γ � ��"�� ������)8
 � � " � ��� �+���$���  ����8� � � " � � F−1(λ,Λ, 0) �:7 ) "�$ 
 ���& �%$ � �����F
������  �� ��� � � �������! 
� � �=����� �! ��5
 	�)&�(������� ��� ��
�� )�� ""�'� � 
* �&�$��" ‖u‖2 = λ, ‖v‖2 = Λ �  〈u, v〉 = 0 ������� ���
� ��������"����$� 2n− 3 � ��� �	� �  @�!����� � � �@� � �

γ(F−1(λ,Λ, 0)) = (λ+ Λ)
1
2 (λΛ)

n−2
2 θn−1θn−2.

! $ � � 
 �  ���8���� �� � ��� � "A
��$�$��"

F ′(u, v) =




2uT 0
0 2vT

vT uT


 ,

� 
�� " � �& �� � "�� � " )�� " ���������& ����$� " (u, v) ∈ F−1(λ,Λ, 0) � ��� � " � 	  ��� �$��"
# 1�� Ù 1*' det[F ′(u, v)F ′(u, v)T ] = 16λΛ(λ+ Λ).

� � � " )5
 ���$��� �& �&�$� (u, v) ∈ F−1(λ,Λ, 0) � ��� � "B
<�$����"A
 � "�"��
# 1�� Ù<A ' (u, v)Υ−1(u, v)T =

ρ(t, t)λ+ ρ(s, s)Λ

ρ(s, s)ρ(t, t)− ρ(s, t)2
.

, � �����$��� � �	�������  ��� #�1	� Ù<= '2
<�$���0#�1	� Ù 1�' �  7# 1�� Ù<A 'H� �$��� � �& �

p(λ,Λ, 0) =
(2π)−n(λΛ)

n−3
2

4
θn−1θn−2 exp

(
−1

2

ρ(t, t)λ+ ρ(s, s)Λ

ρ(s, s)ρ(t, t)− ρ(s, t)2

)

� � ����" � ��� � � � " 
<�$�$� " ���$�! ����B� � � )8
 ��� ��"��  �� ��� (X(s), X(t), Y (s, t)) 
 � �	�$�&�! (λ,Λ, 0)
�F
 �  
pX(s),X(t),Y (s,t)(λ,Λ, 0) =

(λΛ)
n−m−1

2

2n+mπm+n−2
θn−1θn−2 exp

(
−1

2

ρ(t, t)λ+ ρ(s, s)Λ

ρ(s, s)ρ(t, t)− ρ(s, t)2

)
.



��� � ��� � ���2�������(���E�����I� � ��� ���
� 
 1�. �D� ��� �:1 ����� � .

∆(s, t) �
Y ′(s, t) ��"  � ���A
+� ��)&�+��
  �&��� )&��� ��
��&��� ��� )&$ � "���
�� �  %
�� �����! V 
 � �	�$���  (s, t)

� ��
�)&� � ��" ��
*��"
R

2m � � �$��� � ��������"���
�� ��
*)+� � )�� � )5
 ���'����� "�� �! %
  �&�$� �"
* ��������&� )&)&� ��� Y ′(s, t) � � � ���$��� � � ���

+� ��)&�+��
* �&��� )&��� ��
��&��� Ỹ ′(s, t) ��� R

2m � ��
�)&� � ��" ��
���" R
2m �

Ỹ ′(s, t) =




B − 〈Bs, s〉In − 2ssTB 0

0 B − 〈Bt, t〉In − 2ttTB




,D
 ���'����� "����  %
* ����$� �"
  �������&� )&)&� ��� Y ′(s, t) "�$ � 	  ���� �! ��� �����!
�����
*�! ) $ �&�/
 ��� ��� )8
 	�
�"��
{(w3, 0), . . . , (wm, 0), (0, w3), . . . , (0, wm), (s, t)/

√
2} � 
�� Ỹ ′(s, t) �"9$� ����" ��� )&�$� ��" �"
*��"

"��&�/��)&��" ��
*)+� � )�" � ��� � "# ��� � �$�$� " "�� � " )8
 � �$�����  �&�$� X(s) = λ,X(t) = Λ �  Y (s, t) = 0 �

Y ′(s, t) =




01,m−2 01,m−2 0

01,m−2 01,m−2 (λ− Λ)/
√

2
Bs,t,w

12 − λIm−2 0m−2,m−2 0m−2,1

01,m−2 01,m−2 (λ− Λ)/
√

2
01,m−2 01,m−2 0

0m−2,m−2 Bs,t,w
12 − ΛIm−2 0m−2,1



.

/ 
�� � �$��"���� � ���  
∆(s, t) = |det(Bs,t,w

12 − λIm−2)||det(Bs,t,w
12 − ΛIm−2)|(Λ− λ).

9 �&��"�� )&$ ��"�� ����
������E� �$�����  �&�$����� )�)&� ��� )5
 ����)8
* �&�$�@# 1�� Ù<> ' � �'� ��� �! 
Eλ,Λ,0

(
|det(Bs,t,w

12 − λIm−2)||det(Bs,t,w
12 − ΛIm−2)|(Λ− λ)

Ù ) {Bs,t,w
1 −λIm−1≺0,Bs,t,w

2 −ΛIm−1�0}

)

� � � ��"� �/
����$������� 
��
Λm−2(Λ− λ)Ex,y,0

(
|det(Bs,t,w

12 − λIm−2)|
Ù ) {Bs,t,w

2 −λIm−1�0}

)
.

� � � �$�����  �&�$����
��  0��
*�'��
+� �	�$�  �
A

s,t,w
1 �  A

s,t,w
2

� )�� "0�����  �� � ��" A
s,t,w
i ��) i ≥ 3 "��$�  

��
 � "�"��&����" "� �
�����
*����" �  ����� �'�	����� 
��! �" ��
�� " R
n−2 � / ) � " ������� ��"�� � � �! � � � " �	� � �$����" �������&������  � � ��������� � ��� � "�� ����
���� � ���$�����

E(|det(M − λIm−2)
Ù ) {M−λIm−2�0}|)

�*) M ��"  � ��� �/
* �������� � � Mm−2(R) �  (M)ij = 〈vi, vj〉 �	� � � ��� "2�����  �� � ��" �&��� �'�	������
*�! "
��
 � "�"��&����" "� �
�����
�����" � 
���" R

n−2 � � � � �C� �  � � � ����� � ����� ��"��=� ��
*����� � "� �/
(���$��� ����
*�
E(detM) =

(n− 2)!

(n−m)!
.

� �%����" � �/� � ) $ � "�� � ��
���� �E���������& ����$� ����)&)&��� � �D
+� � 
���
�3& #��
���" #�1	� Ù<> ' ��"  �/
(���$��� ����
��
#�1�� Ù<; ' Eλ,Λ,0

(
∆(s, t)

Ù ) {X′′(s)≺0,X′′(t)�0}
)
≤ Λm−1 (n− 2)!

(n−m)!
.
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	���� 
 ��
 �-��� ����� ��
 ��� �����(�-��� ����� 
�������� ��� ����� � ��� � � ��� ��� �
. � � "@�	� � �$����" ���$���E� �$��� ) � ��� � � � E (Nλ,Λ,dλ,dΛ) ��"� �/
����$��������
��

Λm−1 (n− 2)!

(n−m)!

(λΛ)
n−m−1

2

2n+mπm+n−2
θn−1θn−2

∫

V

exp

(
−1

2

ρ(t, t)λ+ ρ(s, s)Λ

ρ(s, s)ρ(t, t)− ρ(s, t)2

)
θV (d(s, t)).

? 
����$���$��" )���� ��� �$������
* �� � � ��
�� " )&$ �*)��	�$��� �! �����)&)�� ��
�� ρ(s, s)ρ(t, t) �  ρ(s, s) ��
*� σ+ ���
 ���)&)�� "��$�  � � � �

∫

V

exp

(
−1

2

ρ(t, t)λ+ ρ(s, s)Λ

ρ(s, s)ρ(t, t)− ρ(s, t)2

)
θV (d(s, t)) ≤

√
2θm−1θm−2 exp

(
−λ+ Λ

2σ+

)

�  
E (Nλ,Λ,dλ,dΛ) ≤

√
2θm−1θm−2θn−1θn−2

2n+mπn+m−2

(n− 2)!

(n−m)!
Λ

n+m−3
2 λ

n−m−1
2 exp

(
−λ+ Λ

2σ+

)
.

� � ��)��*) ��"  � � ��� � �$��� � )��#� � � � ��)�����
* ������ ��� )5
 � �����  ����$� Γ # �$�$���?� 
�� � ) � �/� )��49�	���
���� � �  �
�  �  ��� � � � Ù<;�; B ' �

Γ(2z) = (2π)−1/222z−1/2Γ(z)Γ(z − 1).� �()&$7
+� ��)&����
* ��&��� �
z = (n− 1)/2 �  z = (m− 1)/2 � ��� � "B
<�$����"
θm−1θm−2θn−1θn−2 =

πm+n−2

(m− 2)!(n− 2)!2−m−n
,

�V$ �*)
fλmin,λmax(λ,Λ) ≤

√
2

4(m− 2)!(n−m)!
Λ

n+m−3
2 λ

n−m−1
2 exp

(
−λ+ Λ

2σ+

)
,

� � � ��"  �	 �����')�������" � )& %
  B
������$�����+� 2



����� ��� � ���2�������(���E�����I� � ��� ���
� P�U@< � UXW=< H U�D D U �HG � G �

/ � � � λ > 0 � ��� � "A
��$�$��"@������"�� � � "! ���� �����! 
{λmin ∈ (λ, λ+ dλ)} = {∃s ∈ Sm−1, X(s) ∈ (λ, λ+ dλ), πs(Bs) = 0, X ′′(s) � 0}

⊂ {∃s ∈ Sm−1, X(s) ∈ (λ, λ+ dλ), X ′(s) = 0, X ′′(s) � 0},
��� �  �&)��&"�
��! )�� " ��.�����" ���� �
* �&�$��"B� � � ��� )�)&��" �  �&)��&"�����" ��
*��" )8
 �9�����$��"  ��
  ����� � � )&����� �
1�� > � ? � � �  � � � �$��" ��� ���� �
��! Nλ,dλ )�� ����� 	 ��� ���A�	�$�&�! s ��� )&$ ����"����
	�)&�B��������� �����  � ��
�� ����"������"��&� ����
* �&�$��"#" � � )&��"�� ����� � � s � ��� � "B
��$�$��"

P(λmin ∈ (λ, λ+ dλ)) ≤ 1

2
E(Nλ,dλ),

�  
fλmin

(λ) ≤ 1

2

∫

Sm−1

Eλ,0

(
|det[X ′′(s)]| Ù ) {X′′(s)�0}

)
pX(s),X′(s)(λ, 0)dθm−1(s),

�*) Eλ,0 � "� )&$ ��"�� � ��
������E� �$�����  ������� ����� 
�� X(s) = λ �  X ′(s) = 0 �
! �'��� � �$��
 � ��� � "D� �$��"  � � ��"�����" � ��� 	 
�"�� {s, w2, . . . , wm} ��� R

m 
<�$��� wi
� ��� �#
�����) )&�

��
���" s⊥ �$�  � �����$�������@�	� � � )5
��/�  ����� � � �&��� � �  �@��
�� Σ � . � � " ���'����� ���$��" )�� " ���� %
  ������" � �

)�� � ��� 1�� > � ? ��� )�� " 
���
+�  %
��  � ���* ��� � �$�! ��*)  ��� � �$����� X(s) = bs,w11 = ‖As,w
1 ‖2

n
� ��� � "

�	� � �$����" � ���! ������:� � � X(s) "�$7�������  � )8
 � �$��"  %
��  � � ����" ρ(s, s) ����� ��� � ��� χ2(n) �%$ �*)
pX(s)(λ) =

1

ρ(s, s)

1

2n/2
√
π

exp

(
− λ

2ρ(s, s)

)(
λ

ρ(s, s)

)n/2−1
Γ(1/2)

Γ(n/2)
.

!7$7
 �  ���/��
��  � )��
�$���  � � � (bs,w21 , . . . , b
s,w
m,1) "�
�� � 
��  A

s,w
1 " � �  � ����)��$� ���$���/
�)&� ��� �! ����� ���

�"
  ������� ���8� � ��
*���5
*����� ‖As,w
1 ‖2

nIm−1 ��7 ) " � �  
pX′(s)/X(s)=λ(z) =

1

2m−1

1

(2π)
m−1

2

1

λ
m−1

2

exp

(
−‖z‖

2
n

4λ

)

�  
pX(s),X′(s)(λ, 0) =

1

2
n+3m−3

2 π
m−1

2 Γ(n/2)

λ
n−m−1

2

ρ(s, s)n/2
exp

(
− λ

2ρ(s, s)

)
.

� 
�� �	��)&�$��"@� � � X ′′(s) = 2(Bs,w
1 −X(s)Im−1) �  B� � � )&��"@��)��������  " ��� Bs,w

1 "��$�  )�� "@�������
� � �  " " ��
�)5
��&��� " ��� "2���$)&�$����� " ��� As,w � � � A

s,w
i �	� � � i ≥ 2 "�
�� � 
��  X(s) = λ �  X ′(s) = 0

��"  ��� )&�$� ���$���"
�)&� "  %
���� 
���� ��
�� " R
n−1 � . � � " �	� � �$�$��" ���$��"  � � ����� � ��� �"
  ������� M ���

Mm−1(R) ��) (M)ij = 〈vi, vj〉 
<�$��� ����"��$���  �� � ��" v �����9���	��� ��
��  " ��
 � "�"��&����" "� �
�����
����
��
���" R

n−1  ���)�)&��� � �
Eλ,0

(
|det[X ′′(s)]| Ù ) {X′′(s)�0}

)
= E(|det[2(M − λIm−1)]|

Ù ) M−λIm−1�0) ≤
2m−1(n− 1)!

(n−m)!
.

! � � ) � "
∫

Sm−1

1

ρ(s, s)n/2
exp

(
− λ

2ρ(s, s)

)
θm−1(ds) ≤

θm−1

σ
n/2
−

exp

(
− λ

2σ+

)
.

,D
 � �$��� ) � "����$�'" � �& ���(��������)8
k��
*�! θm−1 ��
*� "����%� )������ "�"������C� 2



������� ��
���� � �
	���� 
 ��
 �-��� ����� ��
 ��� �����(�-��� ����� 
�������� ��� ����� � ��� � � ��� � � �
� P�U@<��2UXW < HTU�D D U��HG��4G �

/ � � �  �� �  t ∈ Sm−1  ���) � � � X ′(t) = 0 � � �� ����" iX(t) )�� �����
	���� ��� ��
*)�� � ��"������!����� "
�9����
* ����$� " ��� X ′′(t) � / � � � � � 
+� � � λ > 0 �  i ∈ {0, . . . ,m− 1} �	�$"��$��"

Ni(λ) = #{t ∈ Sm−1 : X(t) < λ,X ′(t) = 0, iX(t) = i},

M(λ) =
m−1∑

i=0

(−1)iNi(λ).

�
� � λ ≤ λmin 
�)&�$��" Ni(λ) = 0 �	� � �# � �  i ∈ {0, . . . ,m− 1} �

�
� � λk ≤ λ ≤ λk+1 
�)��$��" Ni(λ) = 2 �	� � � i ∈ {0, . . . , k − 1} �  Ni(λ) = 0 �	� � �
i ∈ {k, . . . ,m− 1} �

�
� � λmax ≤ λ 
�)�����" Ni(λ) = 2 �	� � �  � �  i ∈ {0, . . . ,m− 1} �/ 
*�6������"��'� � ���! � "�� N0(λ) = 0 
�)&�$��" M(λ) = 0 �  �"�� N0(λ) = 2 
*)��$��" M(λ) ≤ 2 � . � � "

�	� � �$�$��" � �%� � � � �&��� � � �
P(λmin < λ) = P(N0(λ) = 2) =

1

2
E (N0(λ)) ≥ 1

2
E (M(λ)) .

� � 
�� ��)���� � 
��  �)�� "���� " � )  %
* �"��%$ 9#��)&���D# Ù<;*AHÙ ' " � ��)5
0��
���
��  ������&"� ��8� � � �%$ � � )�� � M(λ) � ��� � "
"�
<�$�$� "B� � �

E(M(λ)) =

∫ λ

0

dy

∫

Sm−1

E[det(X ′′(t)/X(t) = y,X ′(t) = 0)]pX(t),X′(t)(λ, 0)θm−1(dt).

� � ������������
��  )�� " 
*��� � ��� �! " � �$��� � " ��
�� " )5
�� � � ����"� ���
* ����$� � � )�������� 1	� > � ? � ��� � " 
��$�$��"
E[det(X ′′(t)/X(t) = y,X ′(t) = 0)] = E[det(2(M − yIm−1))],

M �  %
*�! � � �#�/
* ���+� � � � Mm−1(R) �*) (M)ij = 〈vi, vj〉 
<�$���#��� "��$���  � � ��" v ��� � ���	� ����
��  "
�!
 � "�"���� ��" "  %
���� 
����(��
�� " R

m−1 � � �#��� � " "�
��$�$��"B� � �

E[det(M − yIm−1)] = (m− 1)!
m−1∑

k=0

(−1)kCk
m−1

yk

k!
.

� � � " )8
 ���������& ����$� 0 < λ < (m− 1)−1 � ��� � " �����/
���� � �$��":� � � )&�  ������ ��� � )8
 "�� ������� "� ���
�F
�)�� � �B
 	�"���) � � � ��� � �$���  �����'� ��� ������"�"�
��! �� ��� k � ���$���

E[det(X ′′(t)/X(t) = y,X ′(t) = 0)] ≥ 2m−1(m− 1)![1− (m− 1)y].

! $ 
+� ����" )5
 � �����$� "� ��
* �&�$�%� � )�� � ��� 1�� > � Ú � ��� � "1��������
��&"�"�����" )8
���� ��"��  �� �������! �� ��� X(t)
�  X ′(t) � � ) $ 
*����� ��� ����������
* ��&����"2�'� ��� ���  ��" ��� � " � �%� � � � �&"��$� "B� � �

pX(s),X′(s)(y, 0) ≥
1

22m− 3
2π

m−1
2 Γ(m

2
)

y
−1
2

σ
n/2
+

exp

(
− y

2σ−

)
.



����� � ����� ������� ����� �2�E���C� ����� ��
���� �
� �%�����$��� � ��
��  )&��"#��� �=�������  ��" ��� ����
�)&�  �� "#����� � ���&)�)&�&��" � ��� � "A
��$�$��"

P(λmin < λ) ≥ 2m−1(m− 1)!θm−1

22m− 3
2π

m−1
2 Γ(m

2
)σ

n/2
+

∫ λ

0

y
−1
2 [1− (m− 1)y] exp

(
− y

2σ−

)
dy,

"��$�  � �����$���
P(λmin < λ) ≥

√
2π(m− 1)!

2m−1Γ2(m
2
)σ

n/2
+

∫ λ

0

y
−1
2 [1− (m− 1)y] exp

(
− y

2σ−

)
dy.

�  � ���&�$��"#�"
��&�! �����
��  #)&$ ���  ����$��
�) � ��� )5

		�$��� � ����������� ���! ��>� � � ��� � " � � "�� �����$��"@��
*�
I(λ, σ−,m) =

∫ λ

0

y
−1
2 [1− (m− 1)y] exp

(
− y

2σ−

)
dy.

. � � "A
��$�$��" � � � �  ��)&�&"�
*�! #)&� �#
��& :� � � λm < 1 �  σ > 1/2

I(λ, σ,m) ≥
∫ λ

0

y
−1
2 [1− (m− 1)y]

(
1− y

2σ

)
dy,

≥ λ
5
2 (m− 1)

5σ
+

1

3

λ
3
2 (2σ − 1− 2mσ)

σ
+ 2

λ
1
2

σ
,

≥ λ
5
2 (m− 1)

5σ
+
λ

3
2

3

2σ − 1

σ
+

(
2

σ
− 2

3

)
λ

1
2 ,

≥
(

2

σ
− 2

3

)
λ

1
2 .

,D
 � �$���  �&�$�'� � )8
 ��
*���8
 	�)�� m
1√
m

√
2π(m− 1)!

2m−1Γ2(m
2
)

�  �
��! ��������"�"�
��! �� � � � � " )5
 � �&���$������"2��
��#"�

��
*)�� � � � � m = 3 � � "�
��$�$���
2

3
2√
3π
.

� �%�����$��� � ��
��  ����" ����" � )& �
* "#��� � "@�	� � �$����"4��������) � ��� � � �
P(λmin < λ) ≥ 2

3
2

√
3πσ

n/2
+

(
2

σ−
− 2

3

)√
mλ.

2
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N(E) =
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i=1

N(Ei)
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P(A(E)) = P(A(E1), . . . , A(En)).m $ 1'� 79"%)O!21'"X7qp

P(A(E)) = P(N(E) = 0) = exp(−µ(E)) =
n∏

i=1

exp(−µ(Ei)) =
n∏

i=1

P(A(Ei)).
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P(N(B) ≥ 2) =
∑

k≥2

exp(−µ(B))
µ(B)k

k!
≤ µ(B)2.
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P(N(E) 6=
n∑

i=1

º <
A(Ei)c) ≤

n∑

i=1

P(N(Ei) ≥ 2) ≤ εµ(E).
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P(N(F ) 6=
m∑

j=1

º <
A(Fi)c) ≤ εµ(F ).
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|P(N(E) = n,N(F ) = m)− P(N(E) = n)P(N(F ) = m)| ≤ |1|+ |2|+ |3|
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|1| = |P(N(E) = n,N(F ) = m)− P(N(E) = n,

m∑

j=1

º <
A(Fi)c = m)|,

|2| = |P(N(E) = n,
m∑

j=1

º <
A(Fi)c = m)− P(

n∑

i=1

º <
A(Ei)c = n,

m∑

j=1

º <
A(Fi)c = m)|,

|3| = |P(
n∑

i=1

º <
A(Ei)c = n,

m∑

j=1

º <
A(Fi)c = m)− P(N(E) = n)P(N(F ) = m)|.
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|1| = P

(
N(E) = n,N(F ) = m,

m∑

j=1

º <
A(Fi) 6= m
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≤ εµ(F ),
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)
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m∑

j=1

º <
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≤ | P(
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i=1

º <
A(Ei) = n) P(N(F ) = m)− P(N(E) = n) P(N(F ) = m)

+ P(N(F ) 6= ∑m
j=1

º <
A(Fi))|

≤ εµ(E) + εµ(F )
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lim
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lim sup
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P(Nn(K) > t) ≤ lim
t→∞

lim sup
n

E(Nn(K))
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= lim

t→∞

λ(K)

t
= 0
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n
,

,.)-<01y/8TZ! <0/o:;�#)
.
∑n

i=1

º <
N(Bi)>0

L−−−→
n→∞
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f : B ⊂ R → R �'��� ¬�� � ¡������ � § © � ��ª �'�Y�9� �¯¡.� � ��� �	�D�W�q�'� B ®L�'� � � � �6� � § ª8ª �¼�;£ � �'� �¦� � �© � � ¥9ª0� �6� I ⊂ B ®s� � �'� § �¼� �#�
∫

R

N f
u (I)du =

∫

I

|f ′(t)|dt.
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 {goJ�=i j��Z{�
 x2�hx2�����f��7��	�Z����
-r
�2����� {X(t), t ∈ [0, 1]} �'�Z�\� �D¡ �9�%�q�A�C� � � � ¡�� �6�h�6� � � � § ��� � �#� § � �j� § ¢;�h� �$� § � � �'���O¢ ¥ � ����¥ �B�9�
� �
� �9�#��� > � § ¢;� § ��� > �D��� �D� P(X ′(0) = 0) = 0 § ª � �$�3� � �'�3�\�R�9� > �D� �«� � � u � ¥ � ª

E
(
NX

u ([0, 1])
)

= E(|X ′(0)|/X(0) = u)pX(0)(u).
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f : R
d → R

d �'��� ¬�� � ¡������ � A � �\� ¡ �#�����.� �9�#������
 � �'� § ��� �#�
∫

B

h [f (x)]
∣∣∣det

(
f
′
(x)
)∣∣∣ dx =

∫

Rd

h(u)M f
u (B)du

���
B �6� � �'� �9�#�R�9� ©·ª ���h�6�-�'� § ©·ª �-® h : R

d → R � �

� � ����� h �6� � �h�6�q�A� § ©Aª �-®
� � ����� N f

u (B) < +∞ � � �'�3�\�R�9� > �D� �¦� � � u ®
� � ����� t ª B.(h ◦ f).| det(f

′
)| �9� � �h�9�q�'� § ©Aª �¼�
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=

∫
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E

(∣∣∣det
(
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′
(t)
)∣∣∣ /Z(t) = u
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pZ(t)(u)dt
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Z(t) = u
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Z : B → R
d �A� ¡�� § �M� § ª�¥ § �¦��� �j�M¢ ¥ �#� � �q�A� B ®¯�'� � � �'�M�6� �R�6� ©Aª � ¡.� �M� § ¡�� ¢#� R

d ®
� � � ����� u �'� ¥6ª ¥ �h�6� � ¢#� R

d � � �q� � � � � � � > �D������
Z �9� � � § �'�$� � �6��®� t � t 7→ Z(t) �9� � �\�R�9� > �D�?���A�R�6�h�6� �P¡-� � ��� � �'�h�6� � ¢ � �L¥ �j�6� ��� § ©Aª �.®����� � � �'� �¦� � � t ∈ B ® Z(t) § �A���B¢ � � � � �«© � ��� � �h� � � ¢ ¥ � ¥ � ¥ � ¥ ��� � � �¼� Var

(
Z(t)

)
� 0) ®�����

P{∃t ∈ Ḃ, Z(t) = u, det
(
Z ′(t)

)
= 0} = 0 ®�����

λ(∂B) = 0 �� ª � �%�
E
(
NZ

u (B)
)

=

∫

B

E (| det(Z ′(t))|/Z(t) = u) pZ(t)(u)dt,
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Z : B → R
d �A� ¡�� § �M� § ª�¥ § �¦��� �j�M¢ ¥ �#� � �q�A� B ®¯�'� � � �'�M�6� �R�6� ©Aª � ¡.� �M� § ¡�� ¢#� R

d ®
� � � ����� u �'� ¥6ª ¥ �h�6� � ¢#� R

d � � �q� � � � � � � > �D�� ��� � � �'� �¦� � � t ∈ B ® s 7→ (Z(s), Y t(s)) �9� � � § �'�$� � �6��®� t � t 7→ Z(t) �9� � �\�R�9� > �D�?���A�R�6�h�6� �P¡-� � ��� � �'�h�6� � ¢ � �L¥ �j�6� ��� § ©Aª �.®� ��� � � �'� �¦� � � t ∈ B ® s 7→ Y t(s) �6� � �\�j�6� > �D�C���'�j�6�h�6� �P¡.� � ��� ���;�-®� ��� � � �'� �¦� � � t ∈ B ® Z(t) § �A���B¢ � � � � �«© � ��� � �h� � � ¢ ¥ � ¥ � ¥ � ¥ ��� � � �¼� Var
(
Z(t)

)
� 0) ®� ���

P{∃t ∈ Ḃ, Z(t) = u, det
(
Z ′(t)

)
= 0} = 0 ®��� �

λ(∂B) = 0 ®��� �
g : C(B,R) → R �6� � �A��� ¬�� � ¡������ � ¡-� � ��� ���D�O� �4© � �%� ¥ �-® ª�� �%� > ��¤ � ���h�'� � C(B,R) ¢#�ª § � � �$�Y�E¢#� ª § �¦� � ��ª�� � � �?¢ � ª § ¡.� � � �9�@� �9� ¡ �t�'� �0¬�� �$�Y� ||f ||∞ = supx∈B |f(x)| �� ª � �%�

E


 ∑

t∈B∩Z−1(u)

g(Y t)


 =

∫

B

E
(
| det(Z ′(t))|g(Y t)/Z(t) = u

)
pZ(t)(u)dt,

���yª �6�C¢#��� ?Y�Y�9� © �R�9�*� � � � �#� � �q�
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F

7%)-<0<8)O:;�#)
F (x) = 0

!	��� "
x ≤ 1/2

)R7
F (x) = 1

!	��� "
x ≥ 1.

���'7%��&#�
λmin

(
Z ′(s)

) <01h!#<8�#�O!	).7%/879)
V·1'<0).�#"M! "%��!#"$)Z(#)

Z ′(s)
).7
ωZ′

<8)UTZ�D( �#<0)y(#)Z,-��&r79/8&D�#/o79+U( )
Z ′ I�e �'/87 ∆

).7
η
(#).� Q�"$+-)-<8�

!	�'�%/87%/=f �d!	���#"W<0).�%:;�#)-<8�4& ���#�*(#+.x#&#/0�$�%��&#�4<01Tf ��& ,.79/8��&�1'<8+q1·79��/8"%)

α∆,η(u) = F
( 1

2∆
inf
s∈B

[
λmin

(
Z ′(s)

)
+ ‖Z(s)− u‖

])
×
(
1− F

( d
∆
ωZ′(η)

))
,

)R74< $ )-&#�$)-TG=#<8) B−η = {t ∈ B : ‖t− s‖ ≥ η,∀s /∈ B} I
eD/
α∆,η(u) > 0

)R7G�%/
NZ

u (B−η)
&#)�� $ 1'&#&;�#<0)�!21A�-pH��&�!	)-� 7G(#+.TZ��&r79"$)-"M:D� ){(21'&#�N,6521':;�#)

=	�'�#<0)>( )P(#/u1ATZnR79"%) η
2

,-).&;79"$+-)d).&G�#&G!	��/0&r7H(#)
B−η

/8< dN1C1'�N!#<8�#�H�#&#)P�%�'<0� 7%/0��&B(#)P< $ +-:;�21·79/0�'&
Z(t) = u

I���&f1'"%[�� TZ).&;7*(#)B,.��TU!21',./879+E!	)."%TU).74(#)O(#/8"%)O:;�#)
NZ

u (B−η)
).�$7�=	��"$&#+O!21'"*�#& )

,.��&#�X761'&r79)
C(η,B)

p :;�#/\&#)?( +-!	)-& (�:;�#)?(#)
η
)R7W(#)C< $ )-&#�$)-TG=#<8) B IE�¯&Y� 79/0<8/8�91A&;7><0) f�1A/87P:;�#)

g
)-�X7�=	��"$&#+-)Aps�'&�)-&�(#+-( �#/87*:;�#)

∑

t∈B−η∩Z−1(u)

g(Y t)

).�$73=	��"$&#+W!21'"��#& )W,-��&#�X761'&r79)
C(η,B, g)

&#)d(#+-!	).&#(21'&r7�:;�#)*( )
η
p�( )W< $ )-&#�$)-TG=#<8) B ).73( )

g
I

F¯"%)-& ��&#�yTZ1'/8&;7%)-&21'&r7G� &#)yf ��& ,.79/8��&Á(#+.7%)-"$TZ/8&#/0�X79)�,.��&;7%/0&;�#)
f : R

d → R
vÀ�$�#!#!	��"X7

,.��TU!21',.7-I��¯&µ� 79/0<8/8�91A&;7N<01�f ��"%TG�#<8)Z(#) �2).(#)-"$)-"�¹¦º¼»�½'» ' p�"91'!#!	).<0+.)h(#1'&#�t<01³�%).,.7%/0��&µ» I c p <8)
,-1'"91A,.79n."%)NKL/0!#�$,j5 /87 )B( )-�479"91�a$)-,R79��/8"%).�4(#)

Z
)R7C< $ /8&;79+.[�"91A=#/8<8/ 79+E(#) f(u)α∆,η(u)

p	&#�'�#�C1¼V���& �
!	�'�#"W79�'� 7*�%���#�¦@«).&#�%).Tt= <0)O,-��TU!21',R7

K
(#)

B

µ(K) :=

∫

Rd

f(u)NZ
u (K)α∆,η(u)du =

∫

K

f
(
Z(t)

)
| det(Z ′(t))|α∆,η

(
Z(t)

)
dt.

�¯& "%)-[�1'"%(21A&;7
µ
,-�'TZTU)t�#&#)yTZ).�%�#"$)U!	�'�%/87%/8V�)t�$�#"

B
)R7M).&�,-1'<0,.�#<u1A&;7E(#)U( )-� Q TZ1'&#/8n-"$)-�

( / ��+-"%).&;7%)-� ∫
B−η

g(Y t)µ(dt)
p#��&���= 79/0).&;7*< $ +.[r1'<8/o79+

∫

Rd

f(u)
∑

t∈B−η∩Z−1(u)

g(Y t)α∆,η(u)du =

∫

B−η

f
(
Z(t)

)
| det(Z ′(t))|g(Y t)α∆,η

(
Z(t)

)
dt.

F¯"$)-&#��& ��<8)-�W)-�$!	+-"91A&#,-).�C(#)O,6521':;�#)BTU)-TG=#"%)Ap
∫

Rd

f(u)E


 ∑

t∈B−η∩Z−1(u)

g(Y t)α∆,η(u)


 du =

∫

Rd

f(u)du

∫

B−η

E
(
| det(Z ′(t))|g(Y t)α∆,η(u)/Z(t) = u

)
pZ(t)(u)dt.

�?&��'= 79/8)-&;7*:;�#)O<0)-�W(#).� QMf ��& ,.79/8��&#�

(i) : E


 ∑

t∈B−η∩Z−1(u)

g(Y t)α∆,η(u)



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(ii) :

∫

B−η

E
(
| det(Z ′(t))|g(Y t)α∆,η(u)/Z(t) = u

)
pZ(t)(u)dt,

,-�	��&#,./0(#).&;7B! "%)-�$:D� )Z!21'"$7%��� 7O,-�'TZTU)Tf ��& ,.79/8��&#�E(#)
u
IJ´«<¯&#���#�O�%�-wy7M( )U!#"$��� V�)."B<u1{,-�'&;79/ @

&D�#/o79+E(#)O,6521',-� &#)B( $ ).<0<8)-�W!	���#"W,-��&#,.<0�#"$)Bvy� &#)B+.[r1'<8/879+C�%�#"
R

d I

�f�'&;79"$��&#�U:;�#)�<u1 f ��&#,R79/0�'&
(i)

).�$7Z,-�'&;79/8&D� )f1'�¶!	��/0&r7
u = u0

x Q +'IPzP�'&#�%/8(#+-"$��&#�U<u1
VA1'"$/u1'= <0)M1'<0+-1A79�'/0"$)Mv�< $ /8&;79+."%/8)-�#"4( )G< $ ).�%!	+-"%1'&#,.)t(21A&#�

(i)
I\F¯"%)-�$:;�#)y���#"%).TZ).&;7-p\/8<�& $ dÀ1�!#1'�

(#)�!	��/8&;7
t
(21'& �

Z−1(u0)
7%)-<	:;�#)

det(Z ′(t)) �

¾ IDF 1A"><8)*795#+.��"$n-TU)�( $ /0&rV�)-"$�%/0�'&�<8�D,q1A<0)'p
Z(·))-�X7P/8&;V�)."%�%/8=#<8)*(21A&#���#&UV���/0�$/0&21A[�)W(#)4,j5#1':;�#)�!	��/8&;73(#)

Z−1(u0)
)R7><u1E(#/8�$761A&#,-)*(#)

Z(t)
v
u0)-�X7BTU/0& ��"%+.)G!#1'"?�#&°"%+.)-<��$7%"%/0,R79).TZ).&;7E!	���$/879/uf3!	���#"

t ∈ B−η

v{< $ )RQD7%+-"%/8)-� "E( )y,.).7$79)t�#&#/0�'&
(#)UV���/0�$/0&21A[�)-�.I zP).<u1�/0TU!#<8/8:;�#)y:D� ){! "%)-�$:;�#){���#"$)-TU)-&r7qpH,.��TUTZ)Ff ��&#,.7%/0��& (#)

u
p
NZ

u (B−η))-�X7G,-�'&#�$761A&;7N(21'&#�M�#&�V��'/0�%/8&21'[')³¹�1'<8+q1·79��/8"%) ' (#) u0

IHm $ �#& 1'� 79"$)Z,��A79+'p�/0<¯)-�X7G,-<01'/0"E!21'"M�%1
(#+.x#&#/87%/0��&G:;�#)W<u1 f �'&#,.7%/0��&

u 7→ α∆,η(u)
)-�$73=	��"$&#+-)AIr����� �¯!	��� V��'&#��1A!#!#<0/8:;�#)-" <0)>795#+.��"$n-TU)

(#)O,-��&rV�)-"$[�)-& ,-)M(#��TU/0& +-)E:;�21'& (
u→ u0,

!#�#/8�%:;�#)
∑

t∈B−η∩Z−1(u)

g(Y t)α∆,η(u)

)-�X7�=	��"$&#+O!21'"W�#&#)O,-��& �$761A&;79)O:D� /k& )B( +-!	)-& (³!21'�*(#)
u
I

FH�'�#"Y<u1Á,.��&;7%/0&D� /879+À(#)
(ii)

pd/8<?).�$7��%�-wU�91A&;7f(#)°TU��&;7%"%)."h:;�#)'pW!	���#"h,j5#1':;�#)
t
(21'&#�

B
< $ )-�$!	+-"%1'&#,-)Á,.��&#( /879/8��&#&#).<0<8)°(21'&#�³< $ /8&;79+.[�"91A&#( )-�X7 �#&#) f ��&#,R79/8��& ,.��&;7%/0&D� )�(#)

u
I��4)j@

T�1A"%:;�#��& �M:D� )�<u1YV·1'"%/01'=#<8)Z1A<0+q1·79��/8"%) | det(Z ′(t))|g(Y t)α∆,η(u)
).�$7G�#& ) f ��&#,R79/8��&#&#).<0<8)y(#)

{(Z(s), Y t(s), Z ′(s)) : s ∈ B} I � ,."%/oV���&#��<01Jf ��"%TG�#<8)¯( )�"%+.[�"%).�%�%/8��&M[�1'�#�%�$/0).&#&#)�!21'"k"%1'!#!	��"X7v
Z(t)

p2/8<J� $ 1'['/87*( )-�4)jQ ! "%)-�$�%/0��& �
Z(s) = U t(s) + αt(s)Z(t),

Y t(s) = V t(s) + βt(s)Z(t),

Z ′
j(s) = U t

j (s) + γt
j(s)Z(t), j = 1, ..., d

�0/
Z ′

j(s) (j = 1, ..., d)
(#+.,-"$/8V�).&;7W<0).�d,.��<0�'&#&#).�d(#)

Z ′(s)
p
U t(s)

p
V t(s)

).7
U t

j (s)
�%��&r7W[r1'� �X@

�%/8)-&#�.pH/8&#(#+.!	)-&#(#1'&;7%�N(#)
Z(t)

!	���#"B,j521A:D� )
s ∈ B

pk).7N<8)-�MTZ1A7%"%/0,.)-�O(#)Z"%+-['"%)-�$�%/8��&
αt(s)

p
βt(s)

p
γt

j(s) (j = 1, ..., d)
�%�'&;7C( )-� f ��&#,.7%/0�'&#�4,-�'&;79/8&D� )-��(#).��V·1'"%/01'=#<8)-�

s
)R7
t
¹ )-&³!#"$)-&21A&;7

)-&h,.��TZ! 79)C< $ 5
dD!	�'7%5#n-�$) ��� ' I F 1'"P�%�#= �$79/o79� 7%/0��&�(21'&#�d< $ ).�%!	+."91'&#,.)E,-�'&#(#/o79/0�'&#&#)-<8<8)4&#���#�d(#/8�X@!	���%�'&#��T�1A/0&;7%)-&21A&;7*( $ � &#)M)-�%!	+."91'& ,-)N�91'&#��,.��&#(#/o79/8��&#&#).TZ).&;7qI#�¯&³� 79/8<0/8�%1'&;7*<8)3f�1A/87*:D� )N<8)-�
TZ�'TZ).&;7%�W(#���%� !#"%).Tt� T ( $ � &f!#"$�D,-).�%�%�#��[�1'�#�%�$/0).&�!#"%).�%:;�#)M���#"%).TZ).&;74=	��"%&#+O�$��&r7*x2&#/0�.p#<u1
,-�'&;79/8&D�#/o79+?)-&

u
� $ )-&f�$�#/87*!21A"*,.��&;V�)."%[�).&#,-)M(#�'TZ/8&#+-)AI

� / Q ��&#�dTZ1'/0&r79).&21'&;7
u ∈ R

d ).7Jf�1'/0�$��&#�
η ↓ 0, ∆ ↓ 0

(#1'&#�W,-)R74�'"%(#"$)'p#vt<01Hf ��/8�d(#1'&#�
(i)).7

(ii)
I2FH�'�#"

(i)
�'&Y!	)-� 7*� 7%/0<8/8�%)-"P<8)C795#+.��"$n-TU)E(#) 	P)-! !	�ZKL)RV /�I#�*)-TZ1'"$:D� ��&#�W:;�#)E!#"%).�%:;�#)

���#"$)-TU)-&r7
∑

t∈B−η∩Z−1(u)

g(Y t) ↗
∑

t∈Ḃ∩Z−1(u)

g(Y t) =
∑

t∈B∩Z−1(u)

g(Y t).

m $ �#&³1'� 7%"%)O, �'79+O�'&�!	)-� 7�1'�#�$�%/L!#"%��� V�)-"N¹�vy< $ 1A/0(#)?( ) � + ' :;�#)O!#"%).�%:;�#)M���#"%).TZ).&;7
inf
s∈B

[
λmin

(
Z ′(s)

)
+ ‖Z(s)− u‖

]
> 0
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∆
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lim
∆↓0

lim
η↓0

E

( ∑

t∈B−η∩Z−1(u)

g(Y t)α∆,η(u)
)

= E

( ∑

t∈B∩Z−1(u)

g(Y t)
)
.
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(ii)
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